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The existence of singularities often affects the learning dynamics in feedforward neural
networks. In this paper, based on theoretical analysis results, we numerically analyze the
learning dynamics of radial basis function (RBF) networks near singularities to understand
to what extent singularities influence the learning dynamics. First, we show the explicit
expression of the Fisher information matrix for RBF networks. Second, we demonstrate
through numerical simulations that the singularities have a significant impact on the learning dynamics of RBF networks. Our results show that overlap singularities mainly have
influence on the low dimensional RBF networks and elimination singularities have a more
significant impact to the learning processes than overlap singularities in both low and high
dimensional RBF networks, whereas the plateau phenomena are mainly caused by the
elimination singularities. The results can also be the foundation to investigate the singular
learning dynamics in deep feedforward neural networks.
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The results in (Watanabe, 2007) indicate that the parameter spaces of almost all types of
learning machines have singular regions where the Fisher information matrices degenerate,
including layered neural networks, normal mixtures, binomial mixtures, Bayes networks,
hidden Markov models, Boltzmann machines, stochastic context-free grammars, and reduced rank regressions. For the widely used feedforward neural networks, researchers have
found that the learning dynamics are affected by the existing singularities. Some strange
behaviors occur in the learning process, such as learning dynamics often become very slow
and the learning process is trapped in plateaus.
Researchers have realized that such plateau phenomena arise from the singular structure of the parameter space and the Fisher information matrix degenerates at singularities (Fukumizu, 1996; Fukumizu and Amari, 2000; Amari and Ozeki, 2001; Amari et al.,
2009). The geometrical structure of such statistical models has been studied by information
geometry (Amari and Nagaoka, 2000). The standard statistical paradigm of the CramerRao theorem does not hold at singularities and the model selection criteria, such as Akaike
information criterion (AIC), Bayes information criterion (BIC) and minimum description
length (MDL), may fail due to the existence of singularities (Amari et al., 2006). The effect of singularity in Bayesian inference was studied in (Watanabe, 2001a,b, 2010; Aoyagi,
2010), and a widely applicable Bayesian information criterion (WBIC) was proposed which
remains efficient for the singular model (Watanabe, 2013). Mononen (2015) applied the
WBIC to the analytically solvable Gaussian process regression case.
The error function was used instead of traditional log-sigmoid function to investigate
online learning dynamics of the multilayer perceptrons (MLPs)(Biehl and Schwarze, 1995;
Saad and A.Solla, 1995; Park et al., 2003). Cousseau et al. (2008) used the error function
to discuss the learning dynamics of a toy model of MLPs near singularities. Guo et al.
(2014, 2015) obtained the analytical expression of averaged learning equations and took the
theoretical analysis of learning dynamics near overlap singularities of MLPs. For the Gaussian mixtures, Park and Ozeki (2009) analyzed the dynamics of the EM algorithm around
singularities. Radial basis function (RBF) networks are typical feedforward neural networks
which have been applied in many fields. Wei et al. (2008) gave a general mathematical analysis of the learning dynamics near singularities in layered networks, and obtained universal
trajectories of learning near the overlap singularities. By using the methods in (Wei et al.,
2008), Wei and Amari (2008) obtained the averaged learning equations of RBF networks,
analyzed the learning dynamics near overlap singularities, and revealed the mechanism of
plateau phenomena near the singularities. Nitta (2013, 2015) discussed the singular learning dynamics of complex-valued neural networks. Due to the existence of singularities, the
standard gradient method is not Fisher efficient and the gradient descent direction is no
longer the steepest descent direction. In order to overcome this problem, natural gradient
method was proposed to accelerate the learning dynamics (Rattray et al., 1998; Amari,
1998; Amari et al., 2000; Park et al., 2000; Heskes, 2000; Pascanu and Bengio, 2014; Zhao
et al., 2015a).
In recent years, deep learning has become a very hot topic in the machine learning
community. Deep neural networks are designed based on traditional neural networks; however, it is very difficult to train deep neural networks by using the Backpropagation (BP)
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wi φ(x, J i ),

algorithm. The training is computationally expensive and often presents vanishing gradient problems (Bengio et al., 1994). Till Hinton et al. (2006) proposed deep belief networks to overcome the difficulties by constructing multilayer restricted Boltzmann machines
and training them layer-by-layer in a greedy fashion, many types of deep neural networks,
including deep Boltzmann machine, deep convolutional neural networks, deep recurrent
neural networks etc, have been applied to various fields successively, such as computer vision, pattern classification, natural language processing, nonlinear system identification,
etc (Schmidhuber, 2015; Goodfellow et al., 2016).

k
X

i=1

R1 = {θ|J i = J j },

R2 = {θ|wi = 0}.
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In this paper, we first derive the explicit expression of the Fisher information matrix for
RBF networks. Secondly, we use the average learning equations (ALEs) to investigate the
batch mode learning dynamics of RBF networks. A large number of numerical simulations
are conducted. By judging whether the Fisher information matrix degenerates and tracing
important variables of numerical simulations, we evaluate the learning processes which are
seriously affected by the two types of singularities. We also examine the effects of the
existence of singularities to RBF networks.
The rest of the paper is organized as follows. Section 2 shows the analytical expression
of Fisher information matrix of RBF networks. Section 3 contains the numerical analysis
near singularities for various specific cases. Finally, Section 4 presents our conclusions.

(2) Elimination singularity:

where x ∈ Rn denotes the input vector, J i ∈ Rn is the center vector for neuron i, and wi is
the weight of neuron i in the linear output neuron. φ(·) denotes the Gaussian function and
kx − J i k2
φ(x, J i ) = exp(−
), θ = {J 1 , · · · , J k , w1 , · · · , wk } represents all the parameters
2σ 2
of the model.
Next we introduce two types of singularities. If two hidden units i and j overlap, i.e.
J i = J j , then wi φ(x, J i ) + wj φ(x, J j ) = (wi + wj )φ(x, J i ) remains the same value when
wi + wj takes a fixed value, regardless of particular values of wi and wj . Therefore, we can
identify their sum w = wi + wj , nevertheless, each of wi and wj remains unidentifiable.
When one output weight wi = 0, wi φ(x, J i ) = 0, whatever value J i takes. These are the
only two types of singularities existed in the parameter space of RBF networks (Fukumizu,
1996; Wei and Amari, 2008):
(1) Overlap singularity:

f (x, θ) =

Currently, the effects of singularities to the learning dynamics of neural networks are still
unknown and, therefore, it is important to examine the learning dynamics near singularities.
As there are only two types of singularities (i.e. overlap and elimination singularities) in the
parameter space of RBF networks and Wei and Amari (2008) has obtained the analytical
form of averaged learning equations, we choose the RBF networks as the research objective
in this paper. Based on the theoretical analysis results, we numerically analyze the learning
dynamics near singularities through a large number of simulation experiments. From the
results in (Wei and Amari, 2008; Park and Ozeki, 2009; Guo et al., 2015), it can be seen that
the learning dynamics near singularities are similar in RBF networks, multilayer perceptrons
and Gaussian mixtures. Thus, though the analysis is taken based on RBF networks in this
paper, the statistical results can also reflect other feedforward neural networks.
For typical RBF networks with k hidden units:

Due to the much larger number of hidden layers and architecture size, training deep
neural networks also faces many challenges (van Hasselt et al., 2016; Gulcehre et al., 2017).
On the other hand, the robustness of the training effect cannot be guaranteed, even with
a pre-training process (Erhan et al., 2009). Researchers are very interested in what causes
the difficulties in training the deep neural networks and various analytical tools are used
to study this problem. Goodfellow et al. (2014) provided some empirical evidence that
the learning processes did not seem to encounter significant obstacles on a straight path
from initialization to solution (obtained via gradient descent method). However, they also
puzzled why the training of large models remained slow despite the scarcity of obstacles.
Dauphin et al. (2014) came to the conclusion that the training difficulties were originated
from the proliferation of saddle points and local minima with high error are exponentially
rare in high dimensions. The saddle points caused the long plateaus in the training process.
Choromanska et al. (2015) obtained the results that the gradient descent converge to the
band of low critical points, and that all critical points found there are local minima of high
quality. Lipton (2016) thought that large flat basins in the parameter space were the barrier
to training the networks.
From the point of view of singularities in the parameter space, the above results have
a certain rationality. From the theoretical results in previous literature and simulation
results in this paper, we can find that the points in the elimination singularity are saddles,
the points in the overlap singularity are local minima (in the batch mode learning) and
the generalization error surface near the overlap singularity is very flat. It would be much
clearer if the analytical form of Fisher information matrix of such deep neural networks is
obtained.
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Besides, Saxe et al. (2014) investigated the deep linear neural networks and found that
the error did not change under a scaling transformation. This would cause the training
difficulty which was called scaling symmetries in (Dauphin et al., 2014). The scaling symmetries are very similar to elimination singularities which will be discussed in Section 3.
These results can be applied to a more general case. For instance, deep belief nets are
based on the restricted Boltzmann machine. However, the restricted Boltzmann machine is
singular, which implies the learning dynamics of deep belief nets may be seriously affected
by the singularities. The learning processes of deep convolutional neural networks and deep
multilayer perceptrons also face this problem. The analytical results of learning dynamics
near singularities in shallow neural networks can be generalized to the deep neural networks
and improve the learning efficiency. Due to overfitting issues in deep learning and the singular structure of the learning machine, it is worthy to analyze the influence of singularities
in the deep neural networks in the future.
3

(2)

where:

C(J i , J j ) =



σ2
σ2 + 2

 N2
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 2

σ (kJ i k2 + kJ j k2 ) + kJ i − J j k2
exp −
,
2σ 2 (σ 2 + 2)

Then by using the results obtained in (Wei and Amari, 2008) and taking further calculations, we can obtain the following theorem:
Theorem 1 The explicit expression of Fisher information matrix for RBF networks is:


∂f (x, θ) ∂f (x, θ)
F (θ) =
T
∂θ
∂θ


F11
···
F1k
F1(k+1)
···
F1(2k)
 ..

..
..
..
 .

.
.
.


 Fk1

·
·
·
F
F
·
·
·
F
kk
k(k+1)
k(2k)

=
(6)
F(k+1)1 · · · F(k+1)k F(k+1)(k+1) · · · F(k+1)(2k)  ,


 ..

..
..
..
 .

.
.
.
F(2k)1 · · · F(2k)k
F(2k)(k+1) · · · F(2k)(2k)

As the covariance matrix plays a constant term role in the numerical analysis process and
does not essentially influence the analytical results, without loss of generality, we choose the
covariance to be the identity matrix, namely Σ = I. q(x) can be generalized as an uniform
distribution (Wei and Amari, 2008).
For the RBF networks (1), the Fisher information matrix is defined as follows (Amari
and Nagaoka, 2000):


∂f (x, θ) ∂f (x, θ)
,
(4)
F (θ) =
T
∂θ
∂θ
where h·i denotes the expectation with respect to the teacher distribution. The teacher
distribution is given by:


1
(y − f0 (x))2
p0 (y, x) = q(x) √
exp −
.
(5)
2σ02
2πσ0

where ε is an additive noise, usually subject to Gaussian distribution with zero mean.
We also assume that the training input is subject to a Gaussian distribution with zero
mean and a covariance matrix Σ:


√
1
1
q(x) = ( 2π)−n |Σ|− 2 exp − xT Σ−1 x .
(3)
2

y = f0 (x) + ε,

As the singularities are the regions where the Fisher information matrix of system parameters degenerates, the Fisher information matrix can be seen as an important indicator to
judge whether the learning process has arrived to the singularities. We show the explicit
expression of the Fisher information matrix in this section.
In the case of regression, we have a number of observed data (x1 , y1 ), . . . , (xt , yt ), which
are generated by an unknown teacher function:

2. Analytical Expression of Fisher Information Matrix in RBF Networks
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+
=


C(J i , J j )
In + (J j − (σ 2 + 1)J i )B T (J i , J j ) ,
σ 2 (σ 2 + 2)

= wi C(J i , J j−k )B(J i , J j−k ).

= C(J i−k , J j−k ).

For k + 1 ≤ i ≤ 2k, k + 1 ≤ j ≤ 2k,


∂f (x, θ) ∂f (x, θ)
F ij =
= hφ(x, J i−k )φ(x, J j−k )i
∂wi−k ∂wj−k

For k + 1 ≤ i ≤ 2k, 1 ≤ j ≤ k,
*
+
∂f (x, θ) ∂f (x, θ)
F ij =
= FjiT .
∂wi−k
∂J Tj

For 1 ≤ i ≤ k, 1 ≤ j ≤ k,
*
*
+
+
∂f (x, θ) ∂f (x, θ)
∂φ(x, J i ) ∂φ(x, J j )
F ij =
= wi wj
∂J i
∂J i
∂J Tj
∂J Tj

C(J i , J j )
= wi wj 2 2
In + (J j − (σ 2 + 1)J i )B T (J i , J j ) .
σ (σ + 2)
For 1 ≤ i ≤ k, k + 1 ≤ j ≤ 2k,




∂f (x, θ) ∂f (x, θ)
∂φ(x, J i )
F ij =
= wi
φ(x, J j−k )
∂J i
∂wj−k
∂J i

In is the compatable identity matrix.

∂φ(x, J i ) ∂φ(x, J j )
∂J i
∂J Tj

σ 2 J j − (J i − J j )
,
σ 2 (σ 2 + 2)

(14)

(13)

(12)

(11)

(10)

(9)

(8)
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Remark 1: When the Fisher information matrix is near singular, the condition value
of the matrix becomes very large, namely, the inverse of the condition value is near to
0. Thus the inverse of the condition value can be used to measure how close the system
parameters are to the singularities. In the following numerical analysis, we record the inverse
of condition value of the Fisher information matrix to show the influence of singularities on
the learning process more clearly.
Remark 2: By adding the inverse of Fisher information matrix as an coefficient to the
weights update in the standard gradient descent algorithm, researchers proposed the natural
gradient descent method to overcome or decrease the serious influence of the singularities.
Thus the Fisher information matrix plays a key role in natural gradient descent method.
This means that besides being the fundamental in the following numerical analysis, obtaining the analytical form of Fisher information matrix can greatly help us in designing the
modified natural gradient descent algorithms with better performance in the future.

*

B(J i , J j ) = −
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3. Numerical Analysis near Singularities
After having obtained the analytical form of Fisher information matrix in Theorem 1, we
numerically analyzed the learning dynamics of RBF networks by taking four experiments
in this section, where the specific learning dynamics influenced by different types of singularities are shown and the experiment results are statistically analyzed. In Section 3.1
and Section 3.2, we conduct artificial experiments for low and medium dimensional cases,
where the input distribution is known. For these cases, the Fisher information matrix can
be obtained by using Theorem 1, and the relation between the stage where the singular
learning dynamics occur and the stage where the Fisher information matrix degenerates
can be clearly observed. In Section 3.3, the experiment for high dimensional case is carried
out by a real data set to investigate the effects of the singularities.
3.1 Two-hidden-unit RBF Networks

s
X
i=1

vi φ(x, ti ) + ε,

(15)

The results obtained in (Wei and Amari, 2008) indicate that the batch mode learning dynamics are very similar to the averaged learning dynamics and we can use the averaged
learning equations (ALEs) to investigate the dynamics in batch mode learning. Moreover,
the ALEs do not depend on any specific sample data set which can overcome the disturbance
caused by randomness of the model noise. Besides, as the ALEs are ordinary differential
equations (ODEs), and for the given teacher parameters and initial values of student parameters, the learning processes of the student parameters can be obtained by solving ODEs.
Thus, in this section, we use the ALEs to perform the experiments, where the analytical
form of ALEs in RBF networks has been obtained in (Wei and Amari, 2008).
The student RBF network is defined in Eq.(1). We also assume that the teacher function
is described by a RBF network with s hidden units:
f0 (x) = f (x, θ0 ) + ε =

where ε denotes zero mean Gaussian additive noise that is uncorrelated with training input
x. When the true teacher function f0 (x) cannot be represented by a RBF network, f (x, θ 0 )
is assumed to be its best approximation by the RBF network.
The analytical form of ALEs is as follows (Wei and Amari, 2008):

j=1

j=1

(16)
j=1



s
k
X
X
J˙ i = ηwi 
vj C(tj , J i )B(tj , J i ) −
wj C(J j , J i )B(J j , J i ) ,

(17)
j=1



s
k
X
X
ẇi = η 
vj C(tj , J i ) −
wj C(J j , J i ) ,
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where i = 1, 2, · · · , k. C(t, J ) and B(t, J ) have the same meanings with Eq.(7) and Eq.(8),
respectively.
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i,j

i,j

i,j

The generalization error is:


1
L(θ) =
(f (x, θ 0 ) − f (x, θ))2
2
X
1X
1X
vi vj C(ti , tj ) −
vi wj C(ti , J j ) +
wi wj C(J i , J j ).
2
2
=

(18)

(20)

(19)

Results in (Wei and Amari, 2008) indicate that investigating the model with two hidden
units is enough to capture the essence of the learning dynamics near singularities. Therefore,
we first perform the numerical analysis of the RBF networks with two hidden units, and
we then analyze the RBF networks in a more general case in the following sections. The
learning dynamics of RBF networks are all obtained by solving ALEs for the given teacher
parameters and initial student parameters.
In this subsection we analyze the case where the teacher and student models both have
two hidden units.
The student model has the following form:

f (x, θ) = w1 φ(x, J 1 ) + w2 φ(x, J 2 ).

The teacher model is also described by a RBF network with two hidden units:

f (x, θ0 ) = v1 φ(x, t1 ) + v2 φ(x, t2 ) + ε.

We choose the spread constant σ = 0.5.
In order to investigate the influence of the singularities in the learning process of RBF
networks more accurately, we mainly focus on input x with dimension 1. For this type of
RBF networks, the global minimum is the point where the generalization error is 0, which
makes easier to analyze the simulation results.

3.1.1 Toy Model of RBF Networks

JMLR 19(1):1-39, 2018

In order to visually represent the learning trajectories of parameters in the loss error surface
and given that a 3D figure can only show three parameters, we initially focus on a special
case of RBF networks, where part of the student parameters will remain invariable in the
training process.
In the case of overlap singularity, we choose the teacher model parameters v1 and v2
to be the initial state of w1 and w2 , and only J1 and J2 will be modified in the learning
process. In all the other cases, the weights J2 and w2 are fixed to be the same as the
teacher parameters t2 and v2 , and therefore, only J1 and w1 will be modified in the learning
process. Thus, for all cases, there are only two variable parameters: J1 -J2 or J1 -w1 . When
the learning process has been completed, we can plot the learning trajectories of parameters
through the generalization error surface in a 3D figure. Although the student model is a
toy model, the simulation results can show the influence of singularities during the learning
process in a direct and visual manner.
In what follows, the teacher model is chosen as: t1 = −1.95, t2 = −0.90, v1 = 1.35,
v2 = 1.72, the width spread σ = 0.5. The main reason behind only choosing one teacher
function is to illustrate that the learning process of a RBF network can be affected by all

8

9
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the types of singularities under different initial states. For a given initial state of student
parameters, the learning trajectories of Ji and wi can be obtained by solving Eqs.(16) and
(17). The generalization error trajectory and error surface can also be obtained from Eq.(18)
after Ji and wi have been calculated.
By analyzing the simulation results, we list all the cases of learning processes as follows.
In the following figures, ’◦’ and ’×’ represent the initial state and final state, respectively.
Case 1 (Fast convergence) : The learning process converges to the global minimum
fast.
In this case, the singularities do not affect the learning process and the learning dynamics
quickly converge to the global minimum after the beginning of learning process. An example
is provided in Figure 1, which represents the trajectories in a log scale of the inverse of the
condition number, generalization error and learning trajectory in the generalization error
surface, respectively. In the training process, J2 and w2 remain invariable. As shown in
Figure 1, the parameters J1 and w1 directly converge to the global minimum (Figure 1(c))
and the Fisher information matrix remains regular (Figure 1(a)).
Case 2 (Overlap singularity) :The learning process is significantly affected by overlap
singularity.
In this case, the learning trajectories of parameters J1 and J2 arrive at the overlap
singularity, namely J1 = J2 . An example is given in Figure 2, which shows the trajectories
of log scale of inverse of condition number, generalization error, weights Ji and learning
trajectory in the generalization error surface, respectively. In the training process, w1 and
w2 remain invariable.
From Figure 2(a), we can see that the inverse of the condition number of Fisher information matrix gets closer and closer to 0 as the training process runs, and finally smaller than
10e − 15 which means that the Fisher information matrix nearly degenerates. Meanwhile,
J1 and J2 nearly equal to each other (Figure 2(c)), namely the parameters arrive at the
overlap singularity. The generalization error descents fast at the beginning of the learning
process, and after J1 and J2 nearly overlap, the generalization error changes slightly. As
shown in Figure 2(d), the generalization error surface is very flat near the final state of J1
and J2 , which indicates that the parameters present difficulties escaping from the overlap
singularity. In order to explore what causes the difficulties in training large-scale networks,
(Lipton, 2016) revealed the high degree of nonlinearity in the learning path by analyzing
the learning trajectories using the 2D PCA and thought that the large flat regions of the
weight space hinder the learning process. From Figure 2(d), we can see that the error surface near the overlap singularity is very flat. Due to the so flat error surface around the
overlap singularity, the learning may become very slow even if the two hidden units do not
equal to each other exactly.
Remark 3: It can be seen that the log scale of the inverse of the condition number
obviously fluctuates at the end of the learning process (Figure 2(a)). We think this is
mainly because the value is too small (smaller than 10e − 15), and even a slight change of
the parameters would cause the obvious fluctuation of the condition number of the Fisher
information matrix due to the limit to the degree of accuracy of computer.
Case 3 (Cross elimination singularity): The learning process crosses the elimination and reaches the global optimum after training.
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Figure 1: Case 1 (Fast convergence) in toy model of RBF networks
(0)
(0)
(0)
(0)
The initial student parameters are J1 = 0.30, w1 = 0.57, J2 = t2 , w2 = v2 .
In the training process J2 and w2 remain invariable. The final student parameters
are J1 = −1.95 and w1 = 1.35.

(c) Learning trajectory in generalization error surface
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When the learning process arrives at the elimination singularity, e.g. w1 = 0, the term
w1 φ(x, J1 ) vanishes. Hence J1 does not affect the behavior of f (x, θ) and is not identifiable
on the subspace w1 = 0. An example is shown in Figure 3, where the learning process
arrived at the elimination singularity and finally reached the global optimum after crossing
it. Figure 3 shows the trajectories of the inverse of the condition number, generalization
error, weight w1 and learning trajectory in the generalization error surface, respectively.
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From the trajectory of the inverse of the condition value of Fisher information matrix
in Figure 3(a), the Fisher information became nearly singular at the early stage of training
and remain so for some time. w1 nearly equaled 0 at this stage (Figure 3(c)) which means

Figure 3: Case 3 (Cross elimination singularity) in toy model of RBF networks
(0)
(0)
(0)
(0)
The initial student parameters are J1 = 0.18, w1 = −0.85, J2 = t2 , w2 = v2 .
In the training process J2 and w2 remain invariable. The final student parameters
are J1 = −1.95 and w1 = 1.35.

(c) Time evolution of w1
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Figure 2: Case 2 (Overlap singularity) in toy model of RBF networks
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The initial student parameters are J1 = 1.60, J2 = 0.95, w1 = v1 , w2 = v2 .
In the training process w1 and w2 remain invariable. The final student parameters
are J1 = 4.7504 and J2 = 4.7504.
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that the learning process has arrived at the elimination singularity. It can be clearly seen
from Figure 3(d) that the points on the line w1 = 0 are all saddle points. Then the student
parameters randomly walked around w1 = 0 and finally the learning process skipped the
elimination singularity and the student model exactly learned the teacher model. An obvious
plateau phenomenon can be observed during the learning process as shown in Figure 3(b).
Case 4 (Near elimination singularity): When the student parameters are near the
elimination singularity in the training, the learning process is significantly affected by the
elimination singularity.
In our simulation experiments, we observed another case in which, when w1 is close
to 0 but not equal to 0, the learning process is also significantly affected by elimination
singularity. Then the parameters do not skip the elimination singularity and reach the
global optimal points. Figure 4 shows the trajectories of the inverse of the condition number,
generalization error, weight w1 and learning trajectory in the generalization error surface,
respectively.
The two learning processes are similar to each other by comparing Figure 4(a) with
Figure 3(a) and Figure 4(b) with Figure 3(b), respectively. However, the trajectory of w1
in Figure 4(c) shows that w1 is close to 0 during the training process but does not equal
0. During the stage where w1 approaches 0 and departs from it, the learning process is
significantly affected and a plateau phenomenon can clearly be observed. This means that
the elimination singularity will significantly affect the learning process even if the parameters
are only near to it.
By investigating the deep linear neural networks, (Saxe et al., 2014) obtained a case
similar to the elimination singularity that slows down the learning process. The equation
1
of error E is derived as E(a, b) = 2τ
(s − ab)2 , where τ represents the inverse of the learning
rate, s represents the input-output correlation information, a represents the weight from
the input node to the hidden layer and b represents the weight from the hidden layer to
the output node. Obviously b = 0 represents the elimination singularity. It can be seen
that the error did not change under the scaling transformations a → λa, b → λb . a = 0,
b = 0 is also a fixed point. As shown in Figure 2 in (Saxe et al., 2014), we can see that
certain directions of the learning point to a = 0, b = 0 which implies the parameters will
converge to the point at first under an appropriate initial state. As the point a = 0, b = 0 is
not stable, the parameters will escape from it and finally converge to the global minimum.
During this process, long plateau can be observed. This is basically the same as with the
learning trajectories in Figure 3(d) and Figure 4(d). The results illustrate the importance
of investigating the singularities in deep neural networks.
Case 5 (Output weight 0) : After training, output weight w1 becomes nearly equal
to 0.
In the simulation experiments, we also observe that sometimes the output weight w1
becomes nearly equal to 0 after training. Even if the training process lasts longer, the weight
also remains nearly 0. We give an example of this case in Figure 5. Figure 5 shows the
trajectories of log scale of the inverse of the condition number, generalization error, weight
w1 and learning trajectory in the generalization error surface, respectively.
From Figure 5(d), it can be seen that w1 quickly drops to 0 at the beginning of the
training, and does not escape from it till the end. Even if we continue the training process
for a longer time, the student parameters remain almost unchanged. This is mainly because
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Figure 4: Case 4 (Near elimination singularity) in toy model of RBF networks
(0)
(0)
(0)
(0)
The initial student parameters are J1 = 0.30, w1 = 0.57, J2 = t2 , w2 = v2 .
In the training process J2 and w2 remain invariable. The final student parameters
are J1 = −1.95 and w1 = 1.35.
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Figure 5: Case 5 (Output weight 0) in toy model of RBF networks
(0)
(0)
(0)
(0)
The initial student parameters are J1 = 0.95, w1 = 1.55, J2 = t2 , w2 = v2 .
In the training process J2 and w2 remain invariable. The final student parameters
are J1 = 1.6192 and w1 = 0.

w1
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the radial basis function has little effect on a region that far from the center. When the
centers of the teacher and the student are very far from each other, the student cannot
exactly approximate the teacher and the output weight w1 will become zero in order to
avoid a bigger error. In this example, the initial student center J1 is far away from the
teacher center t1 , and w1 is close to 0 after training. In this case, the student model is
trapped in local optimum after the training process.
Hitherto, four cases of interesting learning processes in RBF networks have been visually
introduced. In addition to the overlap singularity case, the other cases are actually onehidden-unit RBF network to approximate one-hidden-unit RBF network. Even under only
one hidden unit situation, the learning dynamics of RBF networks are still seriously affected
by singularities.
In summary, 1) in the overlap singularity case, as the generalization error surface is very
flat around the overlap singularity, the parameters cannot escape from it once they have
been affected by overlap singularity. 2) For the elimination singularity case, it can be seen
that the points in the elimination singularity are saddles, where part of the region is in a local
minimum direction and another part of the region is in a local maximum direction. When
the learning process arrives near the elimination singularity by local minimum direction,
the parameters walk randomly on the singularity till they arrive at the local maximum
direction, then the parameters converge to the global minimum. During the random walk
stage, a plateau phenomenon can be obviously observed. If the parameters can not walk
to the local maximum direction (mainly because the student center is far from the teacher
center), the output weight finally nearly equals 0.
In the following subsection, we investigate the case of two-hidden-unit RBF networks
approximated by normal two-hidden-unit RBF networks.

3.1.2 RBF Networks with Two Hidden Units

JMLR 19(1):1-39, 2018

In this subsection, we consider three cases of v1 and v2 : (1) v1 and v2 are both positive; (2)
v1 and v2 are both negative; and (3) v1 and v2 have opposite sign, respectively. For each
case of v1 and v2 , we consider three cases of w1 and w2 : (1) w1 and w2 are both positive;
(2) w1 and w2 are both negative and (3) w1 and w2 have opposite sign. Therefore, there
are 9 cases of the teacher parameters.
The procedure followed for the numerical analysis is given as:
Step 1: The teacher parameters are generated uniformly in the interval [−2, 2]. There are
9 cases. For each case, we generate 500 groups of teacher parameters.
Step 2: After each group of teacher parameters is generated, 20 groups of initial student
parameters are generated uniformly in the interval [−2, 2].
Step 3: For each group of teacher parameters and initial student parameters, we use the
ALEs to accomplish the learning process. Some important variables, such as the generalization error, or the student parameters Ji and wi , are traced and recorded.
Step 4: For each learning process, as the student parameters have been traced, the Fisher
information matrix can be obtained. Then we record the inverse of the condition number
of the Fisher information matrix.
Step 5: After the inverse of the condition value of the Fisher information value is recorded,
a primary screening can be taken to judge whether the inverse of the condition number of

16

wi φ(x, J i ),

(21)

18
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Table 1: Statistical results of two-hidden-unit RBF networks
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i=1

From the 4 cases of observed behaviors and the statistical results shown in Table 1, we
can obtain some conclusions as follows:
1) Many researchers have noticed the plateau phenomenon in the learning dynamics
of feedforward neural networks (Amari et al., 2006; Saad and A.Solla, 1995; Biehl and
Schwarze, 1995; Fukumizu and Amari, 2000). However, the reason why the plateau phenomenon occurs remains controversial. From the experimental results in Figure 3 and Figure
4, we found that the existence of singularities in the student parameter space results in the
plateaus.
2) As shown in Table 1, nearly 68 percent of all the experiments did not get affected by
the singularities and the learning dynamics converged to the global minimum fast. Almost
7.5 percent of experiments have been affected by overlap singularities and 12.5 percent of
experiments have been affected by the elimination singularities. The data indicates that
the singularities have a great impact on the learning processes of RBF networks. In light of
the wide application of the RBF networks in practice, the influence of singularities ought
to attract more attention of researchers. For the two-hidden-unit RBF networks, the initial
center of the student model may be often relatively too far from the center of the teacher
model, which causes the output weight of the student model to be nearly 0 after training.
This case has been observed and mentioned in (Wei et al., 2007). From the results in Table
1, nearly 12 percent of experiments belong to this case.
3) From the statistical results shown in Table 1, it can be seen that the elimination singularities have much more influence in the learning dynamics than the overlap singularities.
However, by now, few results in analyzing the elimination singularities have been obtained,
which forms a sharp contrast to the overlap singularities. Due to the serious influence of

90000
61299
6786
11288
10627

i=1

k
X

where k = 10.
We also assume that the teacher model is represented by a RBF network with 10 units,
namely:
s
X
f (x, θ0 ) =
vi φ(x, ti ) + ε,
(22)

f (x, θ) =

In the previous subsection, we showed the results for the RBF networks with two hidden
units. In this subsection, we generalize these results for the general RBF networks.
Without loss of generality, we introduce the student as a ten-hidden-unit model, namely:

where s = 10.
We choose the spread constant σ = 0.5 and the input dimension n = 2.
When the number of hidden units in the student model is larger than that of the teacher,
the redundant case exists. This implies that the teacher parameter might be on the singularity and the learning processes are basically affected by the singularity. In order to
overcome this problem and avoid the overlap of the teacher units, we choose the minimal
distance between the teacher units ti and tj to be bigger than 2σ 2 . The main reason behind
this choice are based on the results obtained in (Wei and Amari, 2008). (Wei and Amari,
2008) obtained that the two teacher units are well separated when the distance between
two hidden units is bigger than 2σ 2 .
In our experiments, the teacher parameters ti , vi , are uniformly generated in the interval
[−4, 4] and we generate 50 groups of teacher parameters. After each group of teacher
(0)
(0)
parameters is generated, 20 groups of initial student parameters J i , wi are generated
uniformly in the interval [−4, 4]. We use the ALEs to accomplish the learning processes.
The experiment procedure is similar to that in Section 3.1.2.
By analyzing the simulation results, the cases where the learning processes present the
undesirable behaviors are similar to those of RBF networks with two hidden units. To
make the paper concise, the teacher parameters, the initial student parameters and the
final student parameters of the following cases are listed in Appendix A. In the following
figures, ’◦’ and ’×’ represent the initial state and final state, respectively.
Case 1 (Fast convergence): The learning process quickly converges to the global minimum and the singularities do not affect the learning process.
We provide an example of this case. Figure 6 shows the trajectories of the inverse of
the condition number, generalization error, and weights wi , respectively.
From Figure 6(a), the Fisher information matrix did not become singular during the
learning process. Meanwhile, the generalization error dropped fast after the beginning of
the learning process, and the singularity did not obviously affect the learning process. After
the training process, the student model has converged to the global minimum.

Number of total experiments
Number of case 1 (Fast convergence)
Number of case 2 (Overlap singularity)
Number of case 3 and case 4 (Elimination singularity)
Number of case 5 (Output weight 0)

elimination singularities on the learning dynamics, it is worthy to take a theoretical analysis
of elimination singularities.

the Fisher information matrix of the learning processes has been close to 0.
Step 6: After this primary screening, we make a further analysis. If weight wi was nearly
equal to 0 in the process, then the process was affected by elimination singularity. If the
two weights J1 and J2 nearly overlapped after training, the learning process was affected
by overlap singularity. We count the numbers of the learning processes which were affected
by elimination singularities and overlap singularities, respectively.
In this experiment, we totally accomplish the learning processes 90000 (3×3×500×20)
times. Given that the cases which are affected by the singularities in this subsection are
exactly the same with those in Section 3.1.1, in order to keep the paper more concise, we do
not show the learning trajectories belong to these cases in this subsection. Next, we count
the number of learning processes which contain one of the cases above and focus on the
ratio of learning processes influenced by different singularities. As the learning processes
are both affected by elimination singularities in case 3 and case 4, we view case 3 and case
4 as one case in the counting process. The statistical results are shown in Table 1.
3.2 RBF Networks in a General Case
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Figure 6: Case 1 (Fast convergence) in RBF networks of general case
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Case 2 (Overlap singularity): The learning process is affected by overlap singularity.
In this case, the learning processes are trapped in overlap singularities after training.
An example belonging to this case is shown in Figure 7.
By analyzing the simulation results, it can be seen that, apart from the case where two
student hidden units overlapped exactly after training, the phenomenon that two hidden
units did not exactly overlap sometimes occurs. For the multidimensional parameters, we
adopt the variable h(i, j) = 21 kJ i − J j k2 to indicate the distance between J i and J j . When
J i and J j nearly overlap, h(i, j) nearly equals 0. Figure 7 shows the trajectories of the
inverse of the condition number, generalization error, h(4, 8), weights wi , respectively.
From Figure 7(a), the inverse of the condition value reduced to nearly 0 at the early stage
of training process which implies that the Fisher information matrix nearly degenerated,
and therefore this state remains till the end. Meanwhile, h(4, 8) (shown in Figure 7(c))
dropped to a very small value which implied J 4 and J 8 nearly overlapped, and the learning
process is trapped in overlap singularities. From the final state of J , it can be seen that
J 4 and J 8 are close to each other, but do not exactly overlap. However, the gradient of
the generalization error L(θ) respect to the final student parameters is nearly 0, which is
too small to influence the learning process, and the student parameters will remain almost
unchanged even though the learning process lasts longer. This is mainly because the error
surface of RBF networks in a general case near overlap singularities is very flat. When the
learning process arrives at the neighborhood of overlap singularities, although the student
units have not overlapped completely, the student units will slightly change as the result of
the relatively unchanged error in the remaining stage. The trajectories in Figure 7(a) and
Figure 7(b) are similar to the corresponding trajectories in Figure 2(a) and Figure 2(b),
respectively.
Case 3 (Elimination singularity): The learning process is affected by the elimination
singularity and a plateau phenomenon can be observed.
In this case, the learning process is significantly affected by the elimination singularity.
This case is similar to cases 3 or 4 in Section 3.1.2. A plateau phenomenon can be observed
during the learning process. We give an example of this case in Figure 8, which shows the
trajectories of the inverse of the condition number, generalization error, and weights wi .
As shown in Figure 8(a), the Fisher information matrix became nearly singular at an
early stage of the learning process, and then became regular again. From the trajectories
in Figure 8(b), it can be observed that w5 (the wider line) skipped 0 when the Fisher
information matrix became singular and then regular. This means that the learning process
was affected by the elimination singularity. A plateau phenomenon can be observed in the
trajectory of the generalization error as shown in Figure 8(b).
Case 4 (Output weight 0): After training, one of output weights wi becomes nearly
equal to 0.
This case is similar to case 5 in Section 3.1.2. When the initial student center is too far
from the center of the teacher model, the output weight wi of the student model usually
becomes nearly 0 after the training process. An example is shown in Figure 9.
Figure 9 shows the trajectories of the inverse of the condition number, generalization
error, and weights wi , respectively. From Figure 9(c), w5 (the wider line) has become nearly
0 after training.
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Figure 7: Case 2 (Overlap singularity) in RBF networks of general case
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Figure 8: Case 3 (Elimination singularity) in RBF networks of general case
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Figure 9: Case 4 (Output weight 0) in RBF networks of general case
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Case 5 (Overlap and elimination singularity): The learning process is affected by
not only the overlap singularity but also the elimination singularity.
Different from the case of RBF with two hidden units, we find that sometimes the learning process in a more general case is simultaneously affected by the elimination singularity
and the overlap singularities. We give an example of this case in Figure 10, which shows the
trajectories of log scale of the inverse of the condition number, generalization error, h(1, 9),
and weights wi , respectively.
From Figure 10(a), the Fisher information matrix became singular at the early stage of
the learning process, and as a result the learning process arrived in singularities. As shown
in Figure 10(b), a plateau phenomenon can be obviously observed. From Figure 10(d), it
can be seen that w3 (the wider line) crossed 0 when the plateau phenomenon occurred,
namely the learning process crossed the elimination singularity. From Figure 10(c), h(1, 9)
became very small along the training process. After training, J 1 = [2.4494, − 2.1973]T
and J 9 = [2.4020, − 2.2118]T , i.e. J 1 and J 9 nearly equaled to each other, so the learning
process was trapped in an overlap singularity.
Case 6 (Elimination singularity and output weight 0): The learning process is
affected by elimination singularity and one of the output weights wi becomes nearly 0
after the learning process.
In addition to the case above, we also find a case where the learning dynamics are affected
by the elimination singularities during the learning process, one of the weights wi becomes
nearly 0 after training and the student parameters are trapped in an local minimum. We
give an example that belongs to this case in Figure 11.
Figure 11 shows the trajectories of the inverse of the condition number, generalization
error, and weights wi , respectively. From Figure 11(b) and Figure 11(c), at the stage where
w3 crossed 0, a plateau phenomenon occurred and the learning process was affected by the
elimination singularity. After training, w5 = −0.0004, which is nearly equal to 0.
In comparison with the analysis results in Section 3.1.2, the RBF networks in a more
general case have similar singular behaviors as those in RBF networks with two hidden
units. The statistical results are summarized in Table 2.

Number of total experiments
Number of case 1 (Fast convergence)
Number of case 2 (Overlap singularity)
Number of case 3 (Elimination singularity)
Number of case 4 (Output weight 0)
Number of case 5 (Overlap and elimination singularity)
Number of case 6 (Elimination singularity and output weight 0)

Table 2: Statistical results of RBF networks in a general case
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From the results shown in Table 2, 67.5 percent of experiments did not get affected by
the singularities and the learning dynamics converged to the global minimum fast. On the
other hand, 20.2 percent of the learning processes are affected by the singularities. This
ratio is close to the one for RBF networks with two hidden units, which implies that the
existence of singularities indeed significantly affects the learning process of RBF networks.
12.3 percent of the experiments belong to case 4, which implies that the case should attract
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(c) Time evolution of h(1, 9)
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Figure 11: Case 6 (Elimination singularity and output weight 0) in RBF networks of general
case
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more attention. In case 5 and case 6, plateau phenomenons can be obviously observed where
the learning dynamics are affected by the elimination singularities.

wi φ(x, J i ).

(23)
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Figure 13: Case 2 (Overlap singularity) in approximating ECSSD data set
The initial state is:
(0)
J 18 = [−0.4159, − 1.0079, − 0.3436, 0.1162, 0.6212, 0.3521, 0.9892]T ,
(0)
J 90 = [−0.1619, 0.0519, 0.1225, 0.6200, − 0.8639, − 0.0874, 0.8953]T .
The final state is:
J 18 = [−0.2480, 0.0515, − 0.1948, 0.2474, 0.0130, 0.0531, 1.2120]T ,
J 90 = [−0.2353, 0.0871, − 0.1995, 0.2585, − 0.0267, 0.0538, 1.1964]T .

h(18,90)

3.3 Extended Complex Scene Saliency Data set (ECSSD)

90
X
i=1

In the above experiments, we use artificial examples. We now perform an experiment by
using a factual data set. Salient object detection plays a key role in many image analysis
tasks that identifies important locations and structure in the visual field (Borji and Itti,
2013; Zhang et al., 2017). In recent years researchers utilize deep learning to improve the
performance of saliency detection (Zhao et al., 2015b; Lee et al., 2016). As a benchmark data
set in saliency detection community, extended complex scene saliency data set (ECSSD) has
been widely used since its release in 2013 (Yan et al., 2013). In this experiment, we use the
method proposed in (Zhang et al., 2014) to extract the features of the images in ECSSD
data set as the input of the RBF networks. We get three conspicuity maps in both the
rarity and the distinctiveness factors, and one conspicuity map in central bias factor. Thus
the number of the nodes in the input layer is 7. The output of the training samples is ’1’
or ’0’, where ’1’ represents this part of the image is salient and ’0’ represents this part of
the image is not salient.
As the distribution of input data is unknown in this experiment, we cannot obtain the
analytical form of both ALEs of the training process and the Fisher information matrix.
Thus we use batch mode learning to accomplish the experiment. By using a trial-and-error
method, we choose the number of hidden unit in the student model to be k = 90 and the
spread constant σ = 0.5, such that the student RBF network for the input x is given by:
f (x, θ) =

JMLR 19(1):1-39, 2018

We use 200 samples to train the RBF network. For the learning rate η = 0.002 , the
model is trained by the gradient algorithm for 15000 times and the sum squared training
90
P
P
1 200
error E =
(yi −
wj φ(xi , J j ))2 is used to replace the generalization error. Then we
2 i=1
j=1
clone it 200 times. Each clone is trained with different random initial weights. The initial
(0)
(0)
student parameters J i and wi are uniformly generated in the interval [−2, 2].
By analyzing the simulation results, the different types of learning processes are listed
as follows. In the following figures, ’◦’ and ’×’ represent the initial state and final state,
respectively.
Case 1 (Fast convergence): The learning process is not affected by singularities.
We give an example of this case in Figure 12, which shows the trajectories of the training
error and part of output weights w. From Figure 12(a), we can see that the training error
comes down to a small number after the training starts and remains small till the learning
stops. We do not observe that the singularities have affected the training process.
Case 2 (Overlap singularity): The learning process is affected by overlap singularity.
We give an example of this case in Figure 13, which shows the trajectories of the training
error and h(18, 90). From Figure 13(b), the Euclid distance between J 18 and J 90 became
nearly 0, which means J 18 and J 90 nearly overlapped after learning.
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Table 3: Statistical results of RBF networks in approximating ECSSD data set
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4. Conclusion

The statistical results confirm the previous results investigating the training difficulties
in large networks from another view of point. (Dauphin et al., 2014) concluded that the
local minima with high error were rare in high dimensions and the training difficulties
were mainly caused by saddle points. From Table 3, we can see that the experiments
affected by the overlap singularities (local minimum case) are much less than those in low
dimensional networks. However, nearly all of the singular learning dynamics are affected by
the elimination singularities (saddle point case). The results are in accordance with those
obtained in (Dauphin et al., 2014).

It can be seen from the statistical results in Table 3 that as many as 22.5 percent of
the experiments were seriously affected by the different types of singularity. There are only
three experiments affected by the overlap singularity. On the other hand, we can see that 21
percent of the experiments were affected by elimination singularities. The results indicate
that, in a high dimensional data scenario, the learning process is more likely affected by
the elimination singularity. Therefore, it is worthy to pay more attention to investigating

200
153
3
42
2

0

10

30

50

the elimination singularity. Moreover, different from our other earlier simulation results,
only 1 percent of the experiments belong to case 4. The ratio is much less than those of
the former experiments. The main reason is that a factual function can be represented by
different suboptimal RBF networks which are equivalent to each other and the case where
the initial center of the student model is far away from the center of teacher model becomes
infrequent.
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Many previous works have demonstrated that the learning dynamics of feedforward neural
networks are affected by the existence of singularities, but which type of singularity has
more influence on the learning dynamics remains unclear. RBF networks are typical feedforward neural networks, and the learning dynamics near overlap singularities have been
theoretically analyzed. Based on the obtained results, we have focused on the relationship
between the existence of singularities and the learning dynamics of RBF networks in this
paper. We have presented the analytical expression of the Fisher information matrix for
RBF networks, as the singularities are the subspaces of the parameter space where the
Fisher information matrix degenerates.

Number of total experiments
Number of case 1 (Fast convergence)
Number of case 2 (Overlap singularity)
Number of case 3 (Elimination singularity)
Number of case 4 (Output weight 0)

Case 4 (Output weight 0): After training, one of the output weights wi nearly equals
to 0.
We give an example of this case. Figure 15 shows the trajectories of the training error
and part of output weights w. From the trajectory in Figure 15(b), it can be seen that w80
(the wider line) became nearly 0 after the training process.
Next, we count the learning processes which belong to each of the three cases and show
them in Table 3.

Training Error

40

w64

Case 3 (Elimination singularity): The learning process is affected by elimination
singularity.
We give an example of this case. Figure 14 shows the trajectories of the training error
and output weight w64 . We can see that during the stage where w64 crosses 0 (Figure
14(b)), a plateau phenomenon can be observed (Figure 14(a)). The learning process is,
thus, significantly affected by the elimination singularity.
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Training Error

Numerical Analysis near Singularities in RBF Networks

From the learning trajectories of the parameters in the generalization error surface, it
can be clearly seen that the learning dynamics of RBF networks are affected by the singularities. Through a large number of numerical simulation experiments for RBF networks with
two hidden units, we have identified 4 cases presenting strange learning behaviors. Nearly
7.5 percent and 12.5 percent of our experiments have shown significant effects of the overlap singularities and the elimination singularities, respectively. The points in the overlap
singularity are local minima and the points in the elimination singularity are saddle points.
The elimination singularities have a more significant impact to the learning processes than
the overlap singularities. Our experimental results have also indicated that the plateau
phenomena are mainly caused by the elimination singularities. Moreover, about 12 percent
of our experiments have shown that one of the output weights of RBF networks could be
close to zero after training and the student parameters are trapped into local minimum.
Through numerical simulation experiments for large scale RBF networks using a practice
data set, we have found that the results are some different. Nearly all singular cases belong
to the elimination singularity case and the overlap singularity case rarely occurred. This
means that the large scale networks are more likely affected by the saddle points. The cases
that converge to a local minimum with high error rarely appeared and the networks mainly
converge to the global minimum or local minimum with good performance. The results
are in accordance with the previous findings in large scale neural networks (Dauphin et al.,
2014; Saxe et al., 2014; Choromanska et al., 2015).
In summary, we conclude that:
1) Overlap singularities lead to genuine local minima and elimination singularities lead
to saddle points. The plateau phenomena are mainly caused by the elimination singularities.
2) The elimination singularities have a more significant impact to the learning processes
than the overlap singularities. The overlap singularities mainly influence the learning dynamics of neural networks with low dimension. The large scale networks predominantly
suffer from elimination singularities (saddle point case) and local minima with high error
have rare influence.
Future research should pay more attention to the elimination singularities, and special
treatments should be designed both for the traditional feedforward neural networks and
deep neural networks to deal with the existence of singularities.
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F (θ) = (Fij )(2k)×(2k) .

(A-2)

(A-1)

wi φ(x, J i ) into Eq.(4), we have

y − f0 (x) = ε ∼ N (0, σ02 ),

(A-3)
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Appendix A. Proof of Theorem 1
By substituting f (x, θ) =

√

From Eq.(5), we have:
then

Thus,

√

2π



√ −n Z +∞ Z +∞
1
hφ(x, J i )φ(x, J j )i =
2π
φ(x, J i )φ(x, J j ) exp − xT x
2
−∞
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(y − f0 (x))2
1
exp −
×√
dydx
2σ02
2πσ0


−n Z +∞
1
φ(x, J i )φ(x, J j ) exp − xT x dx.
2
=

From results in Eq.(B.6)(Wei and Amari, 2008), we have:



∂φ(x, J i )
∂J i



φ(x, J j )

+

hφ(x, J i )φ(x, J j )i = C(J i , J j ).


E
D
i)
i ) ∂φ(x,J j )
Then we calculate φ(x, J j ) ∂φ(x,J
and ∂φ(x,J
:
∂J i
∂J i
∂J T

*

∂φ(x, J i ) ∂φ(x, J j )
∂J i
∂J jT

=

From Eq.(A-1) and Eqs.(A-5)-(A-7), we can obtain the results in Theorem 1.

Appendix B. Teacher and Student Parameters of RBF Networks of
General Case
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Case 1 (Fast convergence):
The teacher parameters are:


2.4872 −1.8617 −3.8418 3.2283 −3.4445 2.4688 −1.7230 −3.8000 2.5460 3.6434
,
−0.8149 3.4688
1.3114 3.8362 −1.5388 −2.2370 −3.9184 0.1137 0.6776 0.0255
t=

32

v = [−3.8032, 3.7781, 0.2144, 0.4885, −3.8106, 3.0554, −2.3919, 2.8606, −2.1003, −3.9480].
The initial student parameters are:

v = [3.6158, −0.3521, 1.9219, 1.9590, −3.3921, −3.9902, 2.8331, −0.5973, 1.8690, −1.9287].

The initial student parameters are:

Case 5 (Overlap and elimination singularity):
The teacher parameters are:


−0.0872 2.5761 −2.5050 −2.7155 2.3981
3.6351 −2.5770 1.7904 −0.9167 −0.1812
t=
,
2.5066 0.0111 −2.3643 0.6209 −2.1824 −2.0130 2.3249 1.0783 −2.6681 −0.9122

Case 3 (Elimination singularity):
The teacher parameters are:


−3.8655 −1.9977 −0.9693 −0.6684 0.8680 1.0865 1.1128 2.2843 3.0604 3.7053
t=
,
−0.2720 −3.6433 0.3606 −1.3656 −1.6714 3.0623 −0.1191 1.5496 0.5356 −0.5962
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w = [1.1474, −2.3942, 1.8534, −0.1541, 0.0024, 1.7245, 2.9327, −1.5772, 0.9781, 3.7390].

w = [−1.6246, 1.7315, −3.0298, −2.4627, 2.4273, −1.5311, −3.9856, 3.4951, −0.5322, −2.2387].

34

J=


−1.9184 1.2261 −2.6233 −1.8287 0.4141 3.7659
1.4521 2.7995 2.8480 −2.4240
,
4.0887 −1.2480 −2.6963 2.8370 2.8316 −3.0412 −4.6956 3.7300 −3.3875 0.1493

J=


−2.2057 3.7966 0.4940
3.9223 −2.3099 −1.3950 0.0860 4.0588 −2.2064 −3.0322
,
3.3668 3.3314 −4.9285 −0.7460 3.4631 −4.7794 2.5181 −0.7819 −1.7263 −1.4229
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The final student parameters are:

The final student parameters are:

33

w(0) = [1.6267, −1.2823, 1.1560, −0.6281, −1.0531, 1.8734, 3.4009, −2.9951, 1.6401, 2.4469].

w(0) = [−1.4711, 1.7100, −3.1748, −2.3028, 3.0340, −1.9053, −1.8244, 3.8838, −1.0591, −3.4191].


−2.5084 3.9684 0.3200
3.9631 −0.8001 −1.1329 −0.4638 2.5393 −2.0853 −2.8973
,
3.3105 3.4805 −3.9175 −0.2992 2.0027 −3.3396 2.6410 −0.7964 −1.1499 −1.0947

J (0) =


−1.6664 1.7394 −1.7774 −1.6198 0.5730 3.1482
0.9029 0.6478 1.7433 −3.7033
,
3.3900 0.1411 −2.1530 2.1560 1.9557 −2.7220 −1.9711 0.8890 −2.1818 1.4784

Case 4 (Output weight 0):
The teacher parameters are:


−2.9683 −3.2510 1.8798 2.8565 −0.9188 −2.3089 1.2504 −2.2858 −2.3246 3.5718
,
t=
−1.2588 0.5826 0.5730 2.3925 −2.0164 −0.0036 −1.2349 −2.2290 3.8091 3.6664

Case 2 (Overlap singularity):
The teacher parameters are:


2.6147 −1.9288 −2.0314 −1.6500 3.6916 0.0861 −3.9215 1.8375 0.4179 −2.8322
,
t=
2.3125 −1.8576 0.4307 −3.5281 −3.3686 2.5186 3.0892 0.5955 −1.7836 −1.3025

=

w = [−0.4462, −2.7326, −2.0156, −3.9234, 0.1763, 1.3621, 2.5836, 3.4922, −1.3202, −1.8928].

w = [2.4010, −2.8088, −2.4106, −1.5482, 1.1832, 1.7415, 0.4593, 0.1452, 2.6930, −0.8301].

J


J=


−3.9125 −3.6358 −3.5306 −3.4661 −3.4104 −3.3225 −0.9603 1.0969 3.6156 4.4242
,
2.7119 −2.5288 2.7775 −4.0849 2.3727 −2.4674 0.3054 −0.1894 0.3816 −1.9401

J=


2.0234 2.8324 −1.7438 −3.6897 3.5900 −3.7365 2.9589 −0.2505 2.5353 −3.7203
,
4.3690 −2.6481 −3.9085 0.9678 −2.8629 0.2693 2.8289 3.8682 −0.7019 1.4435

(0)

The final student parameters are:

The final student parameters are:

J (0) =


2.5721 −2.0317 −3.0520 2.2606 −3.7871 −3.4318 −3.4161 −3.3289 −2.9387 2.9206
,
−0.9149 2.3647
1.9332 0.3286 2.6422 −2.5984 2.3670 −3.9398 −2.0198 −0.9915
w(0) = [0.7242, 2.1926, −2.5681, −2.1687, −0.5425, 1.2113, −0.1622, −3.9397, −2.9404, −2.3096].


0.9014 2.1329 −1.6206 −2.9885 3.7966 −2.5606 2.6824 −0.3329 2.2608 −3.8733
,
2.0291 −3.2296 −3.3590 1.2210 −2.8917 0.7866 2.7598 2.7933 0.0625 1.7027

=

w(0) = [3.0312, −3.2829, −2.5060, −0.7531, 1.1339, 2.5729, 0.7212, 1.2064, 3.5641, −0.4348].

J


The initial student parameters are:

The initial student parameters are:

(0)

v = [−0.3246, 1.3070, 2.5382, 1.4447, 1.8875, −1.5562, 3.3401, 2.5875, −1.1534, 0.8754].
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v = [2.5148, −2.6292, −2.9227, 0.3614, −0.1168, −1.1332, −2.4091, 1.4182, 0.6103, 1.9928].
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v = [−1.5554, −0.9298, −0.2798, 2.5378, 3.0691, 3.3465, −0.7750, −1.5487, 3.6799, −3.2292].
The initial student parameters are:
J (0) =


2.4527
3.3154
0.3844 −2.5047 2.8795
3.2582 −2.7824 1.0668 1.1586 −3.0520
,
−2.2713 −0.8962 −3.8169 1.9851 −3.4619 −1.8005 3.6875 0.7938 −1.7594 −2.5302
w(0) = [0.7493, 1.1685, −0.2370, −3.8941, 3.3049, −2.4357, 0.7329, −0.5840, 1.2373, 0.8759].
The final student parameters are:
J=


2.4494
3.5238 −0.9825 −3.1353 3.5427
4.7567 −2.8540 1.8474 2.4020 −3.2640
,
−2.1973 −1.9146 −2.8404 3.1545 −3.4283 −1.8511 3.5258 0.9770 −2.2118 −2.9316
w = [1.5556, 1.7289, 4.0780, −3.5320, 3.1846, −2.1169, 0.8460, −1.6949, 1.6490, 0.5044].



−1.0613 −3.8576 3.4049 0.5341 −2.6745 −2.2680 3.4429 −2.8965 −3.3202 −0.4482
,
−1.5431 3.7297 3.7183 −2.7340 −3.0857 2.1992 1.9510 −1.8745 0.8943
3.8086

Case 6 (Elimination singularity and output weight 0):
The teacher parameters are:
t=

v = [−3.2804, 3.1900, 2.8246, −0.3471, 3.8166, −1.0072, −2.4852, 3.4311, 3.9074, 3.0455].
The initial student parameters are:
J (0) =


1.8378 −2.5054 0.2820 −2.4732 0.2117 −1.6407 −3.1161 1.1045 1.9858 −2.9216
,
0.7437 2.2043 −2.1807 2.6032 1.0711 2.6934 −0.3361 3.6327 1.7780 −3.6724
w(0) = [2.2498, −3.4754, 1.2272, −1.1583, 0.6268, −0.7964, 0.9334, 1.1823, −3.4548, 2.2123].
The final student parameters are:
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where the p × p matrix Γ has zero diagonal elements and contains regulatory effects, the
q × p matrix Ψ contains causal effects, and  is an n × p matrix of error terms. We assume
that X and  are independent of each other, and each component of  is independently
distributed as normal with zero mean while rows of  are identically distributed.
With gene expression levels and genotypic values as endogenous and exogenous variables,
respectively, the model (1) has been used to represent a gene regulatory network with

Y = YΓ + XΨ + ,

We consider a linear system with p endogenous and q exogenous variables. With a sample of
n observations from this system, we denote the observed values of endogenous and exogenous
variables by Yn×p = (Y1 , · · · , Yp ) and Xn×q = (X1 , · · · , Xq ), respectively. The interactions
among endogenous variables and the direct causal effects by exogenous variables can be
described by a system of structural equations,

1. Introduction

We propose a two-stage penalized least squares method to build large systems of structural
equations based on the instrumental variables view of the classical two-stage least squares
method. We show that, with large numbers of endogenous and exogenous variables, the
system can be constructed via consistent estimation of a set of conditional expectations
at the first stage, and consistent selection of regulatory effects at the second stage. While
the consistent estimation at the first stage can be obtained via the ridge regression, the
adaptive lasso is employed at the second stage to achieve the consistent selection. This
method is computationally fast and allows for parallel implementation. We demonstrate
its effectiveness via simulation studies and real data analysis.
Keywords: graphical model, high-dimensional data, reciprocal graphical model, simultaneous equation model, structural equation model

Editor: Xiaotong Shen

Department of Statistics
Purdue University
West Lafayette, IN 47907, USA

Dabao Zhang

Min Zhang

Min Ren∗

Chen Chen∗

A Two-Stage Penalized Least Squares Method for
Constructing Large Systems of Structural Equations

Journal of Machine Learning Research 19 (2018) 1-34

(3)

2

JMLR 19(2):1-34, 2018

In a classical low-dimensional setting, applying the ordinary least squares method to
the first equation in (2) leads to underestimated γ k and ψ k due to correlated Y−k and k .
Instead, the reduced-form equations in (2) are fitted to obtain least squares estimator π̂ −k
of π −k , and least squares estimators of γ k and ψ k are further obtained by regressing Yk
against Ŷ−k = Xπ̂ −k and X. This procedure is widely known as the two-stage least squares

Y = Xπ + ξ.

Here Y−k refers to Y excluding the k-th column, γ k refers to the k-th column of Γ excluding
the diagonal zero, and ψ k and k refer to the k-th columns of Ψ and  respectively. The
second part of the model (2) is from the following reduced model by excluding the k-th
reduced-form equation, with π = Ψ(I − Γ)−1 and ξ = (I − Γ)−1 ,

each equation modeling the regulatory genetic effects as well as the causal genomic effects
from cis-eQTL (i.e., expression quantitative trait loci located within the regions of their
target genes) on a given gene, see Xiong et al. (2004), and Liu et al. (2008), among others.
Genetical genomics experiments, which collect genome-wide gene expressions and genotypic
values, have been widely undertaken to construct gene regulatory networks (Jansen and
Nap, 2001; Schadt et al., 2003). However, fitting a system of structural equations in (1)
to genetical genomics data for the purpose of revealing a whole-genome gene regulatory
network is still hindered by lack of an effective statistical method which addresses issues
brought by large numbers of endogenous and exogenous variables.
Several efforts have been made to construct the system (1) with genetical genomics
data. Xiong et al. (2004) proposed to use a genetic algorithm to search for genetic networks
which minimize the Akaike Information Criterion (AIC; Akaike, 1974), and Liu et al. (2008)
instead proposed to minimize the Bayesian Information Criterion (BIC; Schwartz, 1978)
and its modification (Broman and Speed, 2002) for the optimal genetic networks. Both
AIC and BIC are applicable to inferring networks for only a small number of endogenous
variables. For a large system with many endogenous and exogenous variables, Cai et al.
(2013) proposed to maximize a penalized likelihood to construct a sparse system. However,
it is computationally formidable to fit a large system based on the likelihood function of the
complete model. Logsdon and Mezey (2010) instead proposed to apply the adaptive lasso
(Zou, 2006) to fitting each structural equation separately, and then recover the network
relying on additional assumption on unique exogenous variables. However, Cai et al. (2013)
demonstrated its inferior performance via simulation studies, which is consistent with our
conclusion.
Instead of the full information model specified in (1), we seek to establish the large
system via constructing a large number of limited information models, each for one endogenous variable (Schmidt, 1976). For example, when the k-th endogenous variable is
concerned, we focus on the k-th structural equation in (1) which models the regulatory
effects of other endogenous variables and direct causal effects of exogenous variables, and
ignore the system structures contained in other structural equations, leading to the following
limited-information model,

Yk = Y−k γ k + Xψ k + k ,
(2)
Y−k = Xπ −k + ξ −k .
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(2SLS) method which can produce consistent estimates of the parameters when the system
is identifiable. The 2SLS estimator was originally proposed by Theil (1953a,b, 1961) and,
independently, Basmann (1957), and can be restated as the instrumental variables estimator
(Reiersøl, 1941, 1945).
As in a typical genetical genomics experiment, we are interested in constructing a large
system with the number of endogenous variables p possibly larger than the sample size n.
Such a high-dimensional and small sample size data set makes it infeasible to directly apply
the 2SLS method. Indeed, p ≥ n may result in perfect fits of reduced-form equations at the
first stage, which implies that we regress against the observed values of endogenous variables
at the second stage and therefore obtain ordinary least squares estimates of the parameters.
It is well known that such ordinary least squares estimates are inconsistent. Furthermore,
constructing a large system demands, at the second stage, selecting regulatory endogenous
variables among massive candidates, i.e., variable selection in fitting high-dimensional linear
models.
In the setting of selecting instrumental variables (IVs) among a large number of candidates, L1 regularized least squares estimators have been recently proposed to replace the
ordinary least squares estimator at the first stage of 2SLS (Belloni et al., 2012; Lin et al.,
2015; Zhu, 2015). Belloni et al. (2012) applied lasso-based methods to select IVs and obtain consistent estimations at the first stage when the first stage is approximately sparse.
For sparse instrumental variables models, Zhu (2015) proposed to replace with lasso-based
methods at both stages of 2SLS and Lin et al. (2015) considered the representative L1
regularization methods and a class of concave regularization methods for both stages. All
of these methods assume that each endogenous variable is only associated to a relatively
small set of exogenous variables, i.e., each row of π in (3) only has a small set of nonzero
components.
Here we consider to construct a general system of structural equations, which allows
us to model nonrecursive or even cyclic relationships between endogenous variables. With
the instrumental variables view of the two-stage approach, we observed that successful
identification and consistent estimation of model parameters rely on consistent estimation
of a set of conditional expectations which are optimal instruments. Therefore, establishing
the system (1) in a high-dimensional setting is contingent on obtaining consistent estimation
of these conditional expectations at the first stage, and effectively selecting and estimating
of regulatory effects out of a large number of candidates at the second stage. Accordingly,
we propose a two-stage penalized least squares (2SPLS) method to fit regularized linear
models at each stage, with L2 regularized linear models at the first stage and L1 regularized
linear models at the second stage.
The proposed method addresses three challenging issues in constructing a large system
of structural equations, i.e., memory capacity, computational time, and statistical power.
First, the limited information models are considered to develop the algorithm. In this way,
we avoid working with full information models which may consist of many subnetworks and
involve a massive number of endogenous variables. Second, allowing us to fit one linear
model for each endogenous variable at each stage makes the algorithm computationally
fast. It also makes it feasible to parallelize the large number of model fittings at each stage.
Finally, the oracle properties of the resultant estimates show that the proposed method
can achieve optimal power in identifying and estimating regulatory effects. Furthermore,
3
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the efficient computation makes it feasible to use the bootstrap method to evaluate the
significance of regulatory effects.
The rest of this paper is organized as follows. First, we state an identifiable model in
Section 2. Section 3 revisits the instrumental variables view on the classical 2SLS method,
which motivates our development of the 2SPLS method in Section 4. We show in Section 5
the theoretical properties of the estimates from 2SPLS, with the proof included in the
Appendix. Simulation studies are carried out in Section 6 to evaluate the performance
of 2SPLS. An application to a real data set to infer a yeast gene regulatory network is
presented in Section 7. We conclude this paper with a discussion in Section 8.

2. The Identifiable Model

We follow the practice of constructing system (1) in analyzing genetical genomics data
(Logsdon and Mezey, 2010; Cai et al., 2013), and assume that each endogenous variable is
affected by a unique set of exogenous variables, that is, the structural equation in (2) has
known zero elements of ψ k . Explicitly, we use Sk to denote the set of row indices of known
nonzero elements in ψ k . Then we have known sets Sk , k = 1, 2, · · · , p, which dissect the set
{1, 2, · · · , q}. We explicitly state this assumption in the below.

Assumption A. Sk 6= ∅ for k = 1, · · · , p, but Sj ∩ Sk = ∅ as long as j 6= k.

k ∼ N (0, σk2 In ),

(4)

The above assumption satisfies the rank condition (Schmidt, 1976), which is a sufficient
condition for model identification. Since each ψ k has a set of known zero components, from
this point forward we ignore them and rewrite the structural equation in the model (2) as,

Yk = Y−k γ k + XSk ψ Sk + k ,

where XSk refers to X including only columns indicated by Sk , and ψ Sk refers to ψ k
including only elements indicated by Sk .

3. The Instrumental Variables View of the Two-Stage Least Squares
Method



Because Y−k and k are correlated, fitting merely the model (4) results in biased estimates
of γ k and ψ Sk . However, the following two sets of variables are independent,

Z−k = E[Y−k |X] = Xπ −k ,
εk = k + ξ −k γ k .

(5)

Consequently, consistent estimates of γ k and ψ Sk can be obtained by applying least squares
method to the following model,

Yk = Z−k γ k + XSk ψ Sk + εk .

JMLR 19(2):1-34, 2018

Observing Y instead of Z = E[Y |X] naturally leads to application of the instru−k
−k
−k
mental variables method (Reiersøl, 1941, 1945), that is, replacing Z−k = Xπ −k with its
√
estimate Ẑ−k = Xπ̂ −k in fitting the linear model (5). When a n-consistent least squares

4

(6)

τ >0

(Yj − Pτ Yj )T (Yj − Pτ Yj )
.
(n − tr{Pτ })2

JMLR 19(2):1-34, 2018
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As an extension of the classical 2SLS method to high dimensions, the proposed 2SPLS
method also has some good theoretical properties. In this section, we will show that the
2SPLS estimates enjoy the oracle properties. As the second-stage estimation relies on the

5.1 The Number of Endogenous Variables is Fixed

5. Theoretical Properties

It is a rotation-invariant version of ordinary cross-validation, and leads to an approximately
optimal estimate of the conditional expectation Zj . At the second stage, the tuning parameter λk in (8) is obtained via K-fold cross validation.

τ >0

τj = arg min Gj (τ ) = arg min

In this method, we need to select tuning parameters at each stage. At the first stage, we
propose to choose each τj in (6) by the method of generalized cross-validation (GCV; Golub
et al., 1979), that is,

4.2 Tuning Parameter Selection

where Hk = I − XSk (XTSk XSk )−1 XTSk , this is equivalent to a variable selection problem in
regressing Hk Yk against high-dimensional Hk Ẑ−k . We will resort to adaptive lasso to select
nonzero components of γ k and estimate them. Specifically, picking up a δ > 0 and obtaining
√
γ̃ k as a n-consistent estimate of γ k , we calculate the weight vector ω k with components
inversely proportional to components of |γ̃ k |δ . The above minimization problem (8) is a
convex optimization problem which is computationally efficient.

where XSk is usually of low dimension, and the above least squares estimator of ψ Sk is easy
to obtain.
Plugging ψ̂ Sk into (7), we can solve the following minimization problem to obtain an
estimate of γ k ,


1
(8)
γ̂ k = arg min
(Yk − Ẑ−k γ k )T Hk (Yk − Ẑ−k γ k ) + λk ω Tk |γ k | ,
γk
2

ψ̂ Sk = (XTSk XSk )−1 XTSk (Yk − Ẑ−k γ k ),

where |γ k | denotes componentwise absolute value of γ k , ω k is a known weight vector, and
λk > 0 is a tuning parameter.
Minimizing for ψ Sk in (7) leads to

where Pτj = X(XT X + τj I)−1 XT . With a proper choice of τj , the ridge regression has a
good estimation performance as shown in the next section.

Ẑj = Pτj Yj ,

where k · k2 is the L2 norm, and τj > 0 is a tuning parameter that controls the strength
of the penalty. The solution to the minimization problem is π̂ j = (XT X + τj I)−1 XT Yj ,
which leads to a consistent estimate of Zj ,

kYj − Xπ j k22 + τj kπ j k22 ,

At the first stage, we use the ridge regression to fit each reduced-form equation in (3) to
obtain consistent estimates of the conditional expectations of endogenous variables given
exogenous variables, that is, for each j = 1, 2, · · · , p, we obtain the ridge regression estimator
of π j by minimizing the following penalized sum of squares,

4.1 The Method

To construct the limited-information model (2), we can obtain consistent estimates of the
conditional expectations of endogenous variables given exogenous variables by fitting highdimensional linear models, and then conduct a high-dimensional variable selection following
our view on the model (5). Accordingly, we propose a two-stage penalized least squares
(2SPLS) procedure to construct each model in (2) so as to establish the large system (1).

4. The Two-Stage Penalized Least Squares Method

The above instrumental variables view implies that the conditional expectation Z−k =
E[Y−k |X] serves as the optimal instrument for Y−k . Although, in a low-dimensional setting,
any consistent estimator π̂ −k leads to the instrument Ẑ−k = Xπ̂ −k , an efficient estimate
of π −k should be used to produce efficient estimates of γ k and ψ Sk . In the following
section, we build up on this view and construct the high-dimensional system (1) by first
fitting high-dimensional linear models to consistently estimate the conditional expectations
of endogenous variables given exogenous variables.

Proposition 3.1 Suppose Assumptions A and B are satisfied for the system (1) with fixed
p  n and q  n. When there exists a consistent estimator π̂ −k of π −k , the ordinary
least squares estimators of (γ k , ψ Sk ) obtained by regressing Yk against (Xπ̂ −k , XSk ) are
also consistent.

Assumption B. n−1 XT X → C, where C is a positive definite matrix.

(7)

At the second stage, we replace Z−k with Ẑ−k in model (5) to derive estimates of γ k
and ψ Sk , specifically, we minimize the following penalized error squares to obtain estimates
of γ k and ψ Sk ,

estimator of π j is obtained by fitting each equation in (3) for j = 1, · · · , p, the resultant
estimators of γ k and ψ Sk are exactly the 2SLS estimators by Theil (1953a,b, 1961) and
Basmann (1957).
Suppose that the matrix X satisfies the assumption in the below. It is easy to prove
that, in a low-dimensional setting, we can obtain consistent estimators for the model (5)
with any consistent estimate of π −k .
1
kYk − Ẑ−k γ k − XSk ψ Sk k22 + λk ω Tk |γ k |,
2

Chen, Ren, Zhang, and Zhang

Two-Stage Penalized Least Squares

Two-Stage Penalized Least Squares

ridge estimates Ẑ−k obtained from the first stage, we start with the theoretical properties
of Ẑ−k .
As mentioned previously, each τj in (6) is obtained by GCV. Interestingly, as stated by
Golub et al. (1979), such a τj is closely related to the one minimizing
Tj (τ ) = (Zj − Pτ Yj )T (Zj − Pτ Yj ).
We have the following result similar to Theorem 2 of Golub et al. (1979).
Theorem 5.1 Suppose that all components of π j are i.i.d. with mean zero and variance
σπ2 , then
τ >0

τ >0


arg min E [E[Gj (τ )|π j ]] = arg min E [E[Tj (τ )|π j ]] = σξ2j σπ2 ,

where σξ2j is the variance component of ξ j in model (2).
This theorem implies that the GCV estimate Ẑj = Pτj Yj is approximately the optimal
estimate of the conditional expectation Zj ; furthermore, as the optimal tuning parameter approximates a constant determined by the variance components ratio, we make the
following assumption on τj .
√
Assumption C. τj / n → 0 as n → ∞, for j = 1, · · · , p.
We then have the following properties on

Ẑ−k .

−1
T (C−C
Theorem 5.2 For k = 1, . . . , p, let Mk = π −k
•Sk CSk ,Sk CSk • )π −k where each CSr Sc
is a submatrix of C identified with row indices in Sr and column indices in Sc (the dot implies
all rows or columns). Then, under Assumptions A, B, and C,
T H Ẑ
a. n−1 Ẑ−k
k −k →p Mk , as n → ∞;

b. n−1/2 (Yk − Ẑ−k γ k )T Hk Ẑ−k →d N (0, σk2 Mk ), as n → ∞.
T H Ẑ
Since n−1 ZT H Z → M , Theorem 5.2.a states that Ẑ−k
k
−k
k
k −k is a good approxi−k
T H Z . On the other hand, H (Y − Ẑ γ ) is the error term in regressing
mation to Z−k
k −k
k
k
−k k
Hk Yk against Hk Ẑ−k , and Theorem 5.2.b implies that n−1 (Yk − Ẑ−k γ k )T Hk Ẑ−k →d 0.
Thus Ẑ−k results in regression errors with good properties, i.e., the error effects on the
2SPLS estimators will vanish when the sample size gets sufficiently large.
In summary, the above theorem indicates that Ẑ−k behaves the same way as Z−k asymptotically, which makes it reasonable to replace Z−k with Ẑ−k at the second stage. Denote
the j-th elements of γ k and γ̂ k as γkj and γ̂kj , respectively. Then, the properties of Ẑ−k
in Theorem 5.2, together with the oracle properties of the adaptive lasso, will lead to the
following oracle properties of our proposed estimates.

JMLR 19(2):1-34, 2018

Theorem 5.3 (Oracle Properties) Let Ak = {j : γkj 6= 0, j 6= k} and Âk = {j : γ̂kj 6= 0, j 6= k}.
Further index both rows and columns of Mk with 1, · · · , k − 1, k + 1, · · · , p, and let Mk,Ak
be the submatrix of Mk identified with both row and column indices in Ak . Suppose that
√
λk / n → 0 and λk n(δ−1)/2 → ∞. Then, under Assumptions A, B, and C, the estimates
from the proposed 2SPLS method satisfy the following properties,
7
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a. Consistency in variable selection: limn→∞ P (Âk = Ak ) = 1;
√
−1
n(γ̂ k,Ak − γ k,Ak ) →d N (0, σk2 Mk,A
), as n → ∞.
k
b. Asymptotic normality:

It is worth mentioning that Theorem 5.2 plays an essential role in establishing the oracle
properties of 2SPLS. In fact, as long as the properties in Theorem 5.2 hold true for the firststage estimates of Z−k , the oracle properties can be expected from the adaptive lasso (Zou,
2006) at the second stage. On the other hand, we can also generalize the second-stage
regularization to a wide class of regularization methods (Fan and Li, 2001; Huang et al.,
2011; Zhang, 2010), the theoretical properties, of which, can still be inherited due to the
results in Theorem 5.2.

5.2 The Number of Endogenous Variables is Divergent

In this section, we investigate the theoretical properties of 2SPLS with a divergent p. That
is, per Assumption A, both p and q may grow with sample size n at the the same order. The
theoretical properties will be described by a prespecified sequence fn = o(n) but fn → ∞.
We first update Assumptions B and C for the divergent p and q.

Assumption B0 . Both p and q grow at the same order of o(n), i.e., p  q = o(n).
Furthermore, the singular values of I − Γ are positively bounded from below, and
there exist positive constants c1 and c2 such that, for any vector δ with kδk2 = 1,
c1 ≥ n−1/2 kXδk2 ≥ c2 .

Assumption C0 . rnk , τk2 kπk k22 /n = o(n).

We have the following properties on the ridge regression estimator of π k from the first
stage.

Theorem 5.4 Under Assumptions A, B0 , and C0 , for each ridge regression estimator π̂ k ,
there exist constants C1 and C2 such that, with probability at least 1 − e−fn ,
(a) kπ̂ k − π k k22 ≤ C1 (rnk ∨ q ∨ fn ) /n;

(b) n−1 kX(π̂ k − π k )k22 ≤ C2 (rnk ∨ q ∨ fn ) /n.

1

o
≤ 3 kγAk k1 .

Denote rmax = max1≤k≤p rnk . Then the system-wise losses in both kπ̂ k − π k k22 and
n−1 kX(π̂ k − π k )k22 have upper bounds in the same order as (rmax ∨ q ∨ fn )/n, with probability at least 1 − e−(fn −log(p)) . With p = o(n), we henceforth select fn to dominate log(p),
i.e. fn − log(p) → ∞, to guarantee the well-controlled losses over the whole system.
Denote Ak = {j : γkj 6= 0, j 6= k}. Indexing all rows and columns with only j =
1, · · · , k − 1, k + 1, · · · , p, we define the restricted eigenvalue for a (p − 1) × (p − 1) matrix
M as

n
φk (M) = min n−1/2 kMγk2 kγAk k2−1 : γAkc
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We further define k · k∞ and k · k−∞ to be the maximum and minimum absolute values of
the components of a vector, respectively. For a matrix, k · k∞ is defined to be the maximum
absolute row sum of the matrix.
We further make the following assumption on the tuning parameter λk of the adaptive
lasso at the second stage.

8

2

2

≤

2

C42 kωk,Ak k2∞ kπ k21 kΓk1
n ) log p
|Ak | (rmax ∨q∨f
.
n
φ20 kωk k2−∞

k −∞

∞

. We then have the following selection property.

2λk θk
n(2−ζ)

∞

< 1 − ζ. Under Assumptions A, B0 , C0 , and D, there exists a

9
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We conducted simulation studies to compare 2SPLS with the adaptive lasso based algorithm
(AL) by Logsdon and Mezey (2010), and the sparsity-aware maximum likelihood algorithm
(SML) by Cai et al. (2013). To investigate whether it is necessary to select instrumental
variables at the first stage as proposed in Belloni et al. (2012), Lin et al. (2015), and Zhu
(2015), we also consider a method which replaces the ridge regression at the first stage
of 2SPLS with the adaptive lasso, that is, the two-stage adaptive lasso (2SAL) method.
Both acyclic networks and cyclic networks were simulated, each involving 300 endogenous
variables. Each endogenous variable was simulated to have, on average, one regulatory
effect for sparse networks, or three regulatory effects for dense networks. The regulatory
effects were independently simulated from a uniform distribution over (−1, −0.5) ∪ (0.5, 1).
To allow the use of AL and SML, every endogenous variable in the same network was

6. Simulation Studies

2SPLS estimator γ̂k satisfying that, with probability at least 1 − e−C5 hn +log(4pq) − e−fn +log(p)
for some constant C5 > 0, Âk = Ak with Âk = {j : γ̂kj 6= 0, j 6= k}.

k

−1
−1
and Wk,A
c Vk,21 Vk,11 Wk,Ak

j∈Ak

Further assume that there exists a positive constant ζ ∈ (0, 1) such that min |γkj | >

Theorem 5.6 (Selection Consistency) Suppose that, for each node k, Vk,11 is invertible,
q
p
and (rmax ∨ q ∨ fn )/n+c1 kπk1 ≤ c21 kπk21 + min(φ20 /64, ζ(4 − ζ)−1 kω k k−∞ /θk )/(C2 |Ak |).

−1
Wk,Ak
and θk = Vk,11

Note that the system-wide upper bounds, defined by replacing |Ak | with maxk |Ak |, can
also be achieved with probability at least 1 − e−C3 hn +log(4q)+2 log(p) − e−fn +2 log(p) .
Let Wk = diag{ω k } and Vk = (vij )(p−1)×(p−1) , n1 π T−k XT Hk Xπ −k . Further denote
Wk,Ak = diag{ω k,Ak }, Wk,Ack = diag{ω k,Ack }, Vk,21 = (vij )i∈Ack ,j∈Ak , Vk,11 = (vij )i∈Ak ,j∈Ak ,

2. n−1 Hk Ẑ−k (γ̂ k − γ k )

0

exist constants C3 > 0 and C4 > 0 such that, with probability at least 1 − e−C3 hn +log(4pq) −
e−fn +log(p) , each 2SPLS estimator γ̂ k satisfies that
q
kωk,Ak k∞ kπ k1 kΓk1
n ) log p
1. kγ̂ k − γ k k1 ≤ 8C4
|Ak | (rmax ∨q∨f
;
n
φ2 kω k

(kΓk21 ∧ 1) ( nq kπk21 ) ∧ (rmax ∨ q ∨ fn ) log p. Under Assumptions A, B0 , C0 , and D, there

Theorem 5.5 (Estimation Consistency) Suppose that, for each q
node k, both inequalities
p

(rmax ∨ q ∨ fn )/n + c1 kπk1 ≤ c21 kπk21 + φ20 64C2 |Ak |
kωk,Ak k∞ kωk,Ack k−1
−∞ ≤ 1 and
hold, and there
exists a positive constant
φ0 such that φk (Hk Xπ −k ) ≥ φ0 . Denote hn =
h
i
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simulated to have the same number (either one or three) of nonzero exogenous effects
(EEs) by the exogenous variables, with all effects equal to one. Each exogenous variable
was simulated to take values 0, 1 and 2 with probabilities 0.25, 0.5 and 0.25, respectively,
emulating genotypes of an F2 cross in a genetical genomics experiment. All error terms
were independently simulated from N (0, 0.12 ), and the sample size n varied from 100 to
1, 000. For each network setup, we simulated 100 data sets and applied all four algorithms
to calculate the power and false discovery rate (FDR).
For inferring acyclic networks, the power and FDR of the four different algorithms are
plotted in Figure 1. 2SPLS has greater power than the other three algorithms to infer both
sparse and dense acyclic networks when the sample size is small or moderate. When the
sample size is large, 2SPLS, SML, and 2SAL are comparable for constructing both sparse
and dense acyclic networks. In any case, AL has much lower power than other methods.
Specifically, AL provides power as low as under 10% when the sample size is small, and its
power is still under 50% even when the sample size increases to 1, 000. On the other hand,
2SPLS provides power over 80% for small sample sizes, and over 90% for moderate to large
sample sizes.
As shown in Figure 1, 2SPLS controls the FDR under 20% except for the case which has
three available EEs with small sample sizes (n = 100). Although SML controls the FDR as
low as under 5% for sparse acyclic networks when the sample sizes are large, it reports large
FDRs when the sample sizes are small. For example, when the sample sizes are under 200,
SML reports FDR over 40% for dense acyclic networks. In general, both 2SPLS and SML
outperform AL and 2SAL in terms of FDR. Only in the case when inferring sparse acyclic
networks with one available EE from data sets of moderate or large sample sizes, AL and
2SAL report FDR lower than 2SPLS.
Plotted in Figure 2 are the power and FDR of the four different algorithms when inferring
cyclic networks. Similar to the results on acyclic networks, 2SPLS has greater power than
SML and AL across all sample sizes and has lower FDR when the sample size is small.
2SPLS has greater power than 2SAL in most scenarios and has much lower FDR than
2SAL except for the case when inferring sparse cyclic networks from data sets of large
sample sizes. SML provides power competitive to 2SPLS for sparse cyclic networks, but
its power is much lower than that of 2SPLS for dense cyclic networks. Similar to the case
of acyclic networks, SML reports much higher FDR for inferring dense networks from data
sets with small sample sizes though it reports small FDR when the sample sizes are large.
2SAL reports the highest FDR, especially for networks with three available EEs.
Although not performing as well as 2SPLS, 2SAL reports competitive power to SML
when inferring either acyclic or cyclic networks. For the acyclic sparse network with one
EE, 2SAL can control FDR at a similar level to 2SPLS because each endogenous variable
may be associated to a very small set of exogenous variables in (3). However, we observed
high FDR of 2SAL in Figure 1.b for the acyclic sparse network with three EEs which triples
the average number of exogenous variables associated to each endogenous variable. The
similar phenomenon of 2SAL appears in Figure 2.b for the cyclic sparse networks. The
dense networks also triple the average number of regulatory effects for each endogenous
variable, which implies an increased number of exogenous variables associated to each endogenous variable in (3). Therefore, we unsurprisingly observed even higher FDR of 2SAL
in Figure 1.d and Figure 2.d, where the FDR is over 0.8. In summary, variable selection at

Assumption D. The adaptive tuning parameter λk is at the same order as kωk k−1
−∞ kΓk1
p
kπk1 n(rmax ∨ q ∨ fn ) log p.

We then have the consistency property of estimator γ̂ k .
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Table 1: The running time (in seconds) of inferring networks from a data set with n = 100.

2SPLS
AL
SML
2SAL

parameter at the first stage. SML is the slowest algorithm which generally takes more than
40 times longer than 2SPLS to infer different networks. In particular, SML is almost 200
times slower than 2SPLS when inferring acyclic sparse networks.

Figure 2: Performance of 2SPLS, AL, SML, and 2SAL when identifying regulatory effects
in cyclic networks with one EE or three EEs.
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the first stage seems work well when each endogenous variable is associated to a small set
of exogenous variables in (3), but may compromise the identification of regulatory effects
at the second stage when the number of exogenous variables associated to an endogenous
variable increases.
Both 2SPLS and 2SAL are two-stage methods developed based on the limited-information
model (2), instead of the full-information model used by SML, leading to fast computation
and potential implementation of parallel computing. To demonstrate the computational
advantage of 2SPLS and 2SAL, we recorded the computing time of all algorithms when
inferring the same networks from small data sets (n = 100). Each algorithm analyzed the
same data set using only one CPU in a server with Quad-Core AMD OpteronTM Processor
8380. Reported in Table 1 are the running times of all four algorithms for inferring different
networks. AL is the fastest although it performs with the least power. The running time of
2SPLS usually doubles or triples that of AL, but the computation time of 2SAL generally
triples that of 2SPLS because 2SAL employed K-fold cross-validation to choose the tuning
11
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Figure 1: Performance of 2SPLS, AL, SML, and 2SAL when identifying regulatory effects
in acyclic networks with one EE or three EEs.
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A total of 18 regulations were constructed from each of the 10,000 bootstrap data sets,
and are shown in Figure 5. There are seven pairs of genes which regulate each other. It
is interesting to observe that all regulatory genes up-regulate the target genes except two
genes, namely, YCL018W and YEL021W.

A gene-enrichment analysis with DAVID (Huang et al., 2009) showed that the three
subnetworks are enriched in different gene clusters (controlling p-values from Fisher’s exact
tests under 0.01). A total of six gene clusters are enriched with genes from the first subnetwork, and four of them are related to either methylation or methyltransferase. Six of 22
genes in the first subnetwork are found in a gene cluster which is related to none-coding
RNA processing. The second subnetwork is enriched in nine gene clusters. While three of
the clusters are related to electron, one cluster includes half of the genes from the second
subnetwork and is related to oxidation reduction. The third subnetwork is also enriched in
nine different gene clusters, with seven clusters related to proteasome.

Figure 3: Performance of 2SPLS in robustness tests when identifying regulatory effects in
acyclic networks with one EE.
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With 112 observations of 722 endogenous variables and 732 exogenous variables, we applied 2SPLS to infer the gene regulatory network in yeast. The constructed network includes
7,300 regulatory effects in total. To evaluate the reliability of constructed gene regulations,
we generated 10,000 bootstrap data sets (each with n = 112) by randomly sampling the
original data with replacement, and applied 2SPLS to each data set to infer the gene regulatory network. Among the 7,300 regulatory effects, 323 effects were repeatedly identified
in more than 80% of the 10,000 data sets, and Figure 4 shows the three largest subnetworks
formed by these 323 effects. Specifically, the largest subnetwork consists of 22 endogenous
variables and 26 regulatory effects, the second largest one includes 14 endogenous variables
and 18 regulatory effects, and the third largest one has 11 endogenous variables and 16
regulatory effects.

We analyzed a yeast data set with 112 segregants from a cross between two strains BY4716
and RM11-la (Brem and Kruglyak, 2005). A total of 5,727 genes were measured for their
expression values, and 2,956 markers were genotyped. Each marker within a genetic region
(including 1kb upstream and downstream regions) was evaluated for its association with
the corresponding gene expression, yielding 722 genes with marginally significant cis-eQTL
(p-value < 0.05). The set of cis-eQTL for each gene was filtered to control a pairwise
correlation under 0.90, and then further filtered to keep up to three cis-eQTL which have
the strongest association with the corresponding gene expression.

7. Real Data Analysis

The robustness of 2SPLS was also evaluated from different aspects: (i) its robustness to
different noise levels by doubling or even quadrupling the error variance; (ii) its robustness to
non-normality of error terms by simulating errors sampled from a t-distribution, i.e., t(3);
(iii) its robustness to uncertainty in the connections between exogenous and endogenous
variables by simulating three exogenous effects for each endogenous variable (to emulate the
genetical genomics experiment, the three exogenous variables are correlated with correlation
coefficients at 0.8, and have effects at 1, 0.5, and -0.3, respectively) but including only
one exogenous variable with the strongest estimated effects for each endogenous variable;
(iv) its robustness to existence of hub nodes by simulating networks with six hub nodes
having five regulatory effects on average while other endogenous variables having on average
one regulatory effect for sparse networks, or three regulatory effects for dense networks.
All networks include 300 endogenous variables, and the networks with errors following
N (0, 0.01) are the same as those shown in Figure 1. As shown in Figure 3, the 2SPLS
method demonstrated robust power while the FDR was slightly affected when the error
variance doubled. When the error variance quadrupled, a higher FDR was reported as
expected. With errors from t(3), we observed similar power and slightly increased FDR
of 2SPLS, which confirms the robustness of 2SPLS to non-normality. The uncertainty in
the connections between exogenous and endogenous variables had almost no effect on the
power of 2SPLS, and only slightly increased the FDR in constructing sparse networks. The
existence of hub nodes rarely affected construction of dense networks, but decreased the
FDR in constructing sparse networks. Overall, the performance of 2SPLS is remarkable in
demonstrating robustness under a variety of realistic data structures.
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Figure 4: Three gene regulatory subnetworks in yeast (the dotted, dashed, and solid arrows
implied that the corresponding regulations were constructed respectively from
over 80%, 90%, and 95% of the bootstrap data sets).
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Figure 5: The yeast gene regulatory subnetworks constructed in each of 10,000 bootstrap
data sets (with arrow- and bar-headed lines implying up and down regulations,
respectively).
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8. Discussion

Chen, Ren, Zhang, and Zhang

JMLR 19(2):1-34, 2018

In a classical setting with small numbers of endogenous/exogenous variables, constructing a
system of structural equations has been well studied since Haavelmo (1943, 1944). Anderson
and Rubin (1949) first proposed to estimate the parameters of a single structural equation
with the limited information maximum likelihood estimator. Later, Theil (1953a,b, 1961)
and Basmann (1957) independently developed the 2SLS estimator, which is the simplest
and most common estimation method for fitting a system of structural equations. However,
genetical genomics experiments usually collect data in which both the number of endogenous
variables and the number of exogenous variables can be very large, invalidating the classical methods for building gene regulatory networks. It is noteworthy that, although each
structural equation modeling gene regulation has few exogenous variables, the genome-wide
gene regulatory network consists of a large number of structural equations and therefore
has a large number of exogenous variables.
The instrumental variables view of 2SLS sheds light on the consistency of 2SLS estimators which is guaranteed by good estimation of the conditional expectations of endogenous
variables given exogenous variables. For large systems, we proposed to estimate these conditional expectations via ridge regression coupled with GCV so as to address possible overfitting issues brought by a large number of exogenous variables. We obtained approximately
optimal estimation of these conditional expectations at the first stage. At the second stage,
we could adopt results from high-dimensional variable selection, e.g., Fan and Li (2001),
Zou (2006), Zhang (2010), and Huang et al. (2011), to consistently identify and further
estimate the regulatory effects of the endogenous variables. As a high-dimensional extension of the classical 2SLS method, the 2SPLS method is also computationally fast and easy
to implement. As shown in constructing a genome-wide gene regulatory network of yeast,
the high computational efficiency of 2SPLS allows us to employ the bootstrap method to
calculate the p-values of the regulatory effects.
Our simulation studies show a seemingly counterintuitive result that our moment-based
method 2SPLS provides higher power than the likelihood-based method SML, because the
maximum likelihood method is usually the most efficient method, and dominates moment
methods. However, as evidenced in Bollen (1996) and Kennedy (1985) (p.134), 2SLS can
perform better than the maximum likelihood method in small samples. Furthermore, SML
is not a pure likelihood method but rather a penalized likelihood method, and 2SPLS is not
a pure moment method but rather a penalized moment method. Therefore, the theoretical
advantage of likelihood methods over moment methods may not carry over to comparing
penalized likelihood methods versus penalized moment methods. In fact, SML uses an L1
penalty to penalize nonzero regulatory effects, but 2SPLS employs an L2 penalty on the
regression coefficients of the reduced models at the first stage and an L1 penalty on the
regulatory effects at the second stage. We conjecture that the different choice of penalty
terms may also distinguish the two different methods as shown in the advantage of the
elastic net (Zou and Hastie, 2005) over lasso (Tibshirani, 1996).
Although applicable to diverse fields, our development of 2SPLS is motivated by constructing gene regulatory networks using genetical genomics data. The algorithm is applicable to any population-based studies with either experimental crosses or natural populations.
Assumption A means that each gene under investigation has at least one unique polymor-
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n(XT X + τj I)−1 → C.

JMLR 19(2):1-34, 2018

(9)

√
a. Since τj / n → 0 for any 1 ≤ j ≤ p, the different choice of τj for each j does not affect
the following asymptotic property involving τj ,

Appendix A: Proof of Theorem 5.2
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phism from its cis-eQTL, which can be detected with classical eQTL mapping methods, e.g.,
Kendziorski et al. (2006), Gelfond et al. (2007), and Jia and Xu (2007). Trans-eQTL (i.e.,
eQTL outside the regions of their target genes) hold the key to our understanding of gene
regulation because their indirect regulations are likely caused by interactions among genes.
When the gene regulatory network is modeled with a system of structural equations, classical eQTL mapping methods essentially identify both cis-eQTL and trans-eQTL involved
in each reduced-form equation in the reduced model (3). Nonetheless, it is challenging, if
not impossible, to recover a large system from the reduced model.
An alternative strategy to construct the whole system is to build undirected graphs first
(Spirtes et al., 2001; Shipley, 2002; de la Fuente et al., 2004) and then locally orient the edges
in the graphs (Aten et al., 2008; Neto et al., 2008). While constructing a small network is
much easier and more robust than constructing a large system, we here intend to construct
large networks, such as whole-genome gene regulatory networks from genetical genomics
data. Furthermore, application of the alternative strategy is contingent on whether the
underlying system is composed of unconnected subsystems, because ignoring the regulatory
effects from other genes outside a subset of genes may lead to false regulatory interaction
(Neto et al., 2008; de la Fuente et al., 2004). Instead, 2SPLS allows to construct a subset
of structural equations inside the whole system, ignoring many other structural equations.
Therefore, we can apply 2SPLS to investigate the interactive regulation among a subset of
genes as well as how these genes are regulated by others.
It is evidenced in different species that effects of trans-eQTL are weaker than those
of cis-eQTL and trans-eQTL are more difficult to identify than cis-eQTL (Schadt et al.,
2003; Dixon et al., 2007). On the other hand, a system of structural equations modeling
genome-wide gene regulation may induce a large number of trans-eQTL to each reducedform equation in (3). While constructing the system is contingent on the accuracy of
predicting each endogenous variable on the basis of the corresponding reduced-form equation in (3), the weak effects of a large number of trans-eQTL privilege the use of ridge
regression at the first stage of 2SPLS for constructing gene regulatory networks (Frank and
Friedman, 1993). By comparing 2SPLS with 2SAL, our simulation studies demonstrated
the superiority of using ridge regression over the adaptive lasso at the first stage. In fact,
when some genes have a relatively large number of trans-eQTL, selecting variables at the
first stage may compromise the identification of regulatory effects at the second stage.
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n−1 π T−k XT X(XT X + τ I)−1 XT Hk X(XT X + τ I)−1 XT Xπ −k

(11)

(10)

= n−1/2 Tk Hk Pτ Y−k + n−1/2 γ Tk {(I − Pτ )Y−k }T Hk Pτ Y−k .

= n−1/2 {(Yk − Y−k γ k ) + (I − Pτ )Y−k γ k }T Hk Ẑ−k

n−1/2 (Yk − Ẑ−k γ k )T Hk Ẑ−k

n−1/2 Tk Hk X →d N (0, σk2 (C − C•Sk C−1
Sk ,Sk CSk • )).

n−1/2 Tk Hk X ∼ N (0, n−1 σk2 XT Hk X),

n−1/2 Tk Hk Pτ Xπ −k →d N (0, σk2 Mk ).
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(13)

(12)
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n−1/2 Tk Hk Pτ ξ −k = n−1/2 Tk Hk X(XT X + τ I)−1 XT ξ −k →p 0.

Since n−1 ξ T−k X →p 0, we can apply Slutsky’s theorem and obtain that

we have

Because of (10) and

Following (11), we have

n−1/2 Tk Hk Pτ Xπ −k ∼ N (0, n−1 σk2 π T−k XT Pτ Hk Pτ Xπ −k ).

We notice that

n−1/2 Tk Hk Pτ Y−k →d N (0, σk2 Mk ).

In the following, we will prove that the second term approaches to zero, and the first
term asymptotically approaches to the required distribution, i.e.,

1 T
n Ẑ−k Hk Ẑ−k

The other three terms approaching to zero directly follows that n−1 ξ T−k X →p 0. Thus,
→p Mk .
b. Since Hk (Yk − Y−k γ k ) = Hk k , we have

→ π T−k (C − C•Sk C−1
Sk ,Sk CSk • )π −k = Mk .

=

n−1 π T−k XT Pτ Hk Pτ Xπ −k

The above result and (9) easily lead to the following result,

n−1 XT Hk X = n−1 XT {I − XSk (XTSk XSk )−1 XTSk }X → C − C•Sk C−1
Sk ,Sk CSk • .

We will consider the asymptotic property of each of the above four terms.
First, n−1 XT X → C implies that

+n−1 π T−k XT Pτ Hk Pτ ξ −k + n−1 ξ T−k Pτ Hk Pτ ξ −k

= n−1 π T−k XT Pτ Hk Pτ Xπ −k + n−1 ξ T−k Pτ Hk Pτ Xπ −k

n−1 ẐT−k Hk Ẑ−k = n−1 (Xπ −k + ξ −k )T PTτ Hk Pτ (Xπ −k + ξ −k )

Without loss of generality, we assume τ1 = τ2 = · · · = τp = τ . Then Ẑ−k = Pτ Y−k .
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(14)

Pooling the above result and (13) leads to the asymptotic distribution in (12).
To prove that the second term asymptotically approaches to zero, we further partition
it as follows,

T
T
= n−1/2 γ kT π −k
XT (I − Pτ )Hk Pτ Xπ −k + n−1/2 γ kT ξ −k
(I − Pτ )Hk Pτ Xπ −k

n−1/2 γ kT {(I − Pτ )Y−k }T Hk Pτ Y−k
T
T
+n−1/2 γ kT π −k
XT (I − Pτ )Hk Pτ ξ −k + n−1/2 γ kT ξ −k
(I − Pτ )Hk Pτ ξ −k .

It suffices to prove each of these four parts asymptotically approaches to zero.
First, notice that
XT (I − Pτ ) = τ (XT X + τ I)−1 XT ,
we have
T
XT (I − Pτ )Hk Pτ Xπ −k
n−1/2 γ kT π −k
T
= n−1/2 τ γ kT π −k
(XT X + τ I)−1 XT Hk X(XT X + τ I)−1 XT Xπ −k → 0,

√
which follows (10) and that τ / n → 0 as n → ∞.
Because CSk • C−1 C•Sk = CSk Sk , we have

(C − C•Sk CS−1
CSk • )C−1 (C − C•Sk CS−1
CSk • ) = C − C•Sk CS−1
CSk • ,
k ,Sk
k ,Sk
k ,Sk
which implies that

→p

0.

(16)

(15)

= n−1 XT Pτ Hk Pτ X − 2n−1 XT Pτ Hk Pτ Hk Pτ X + n−1 XT Pτ Hk Pτ2 Hk Pτ X → 0.

n−1/2 XT PτT HkT (I − Pτ )T (I − Pτ )Hk Pτ X

−

Pτ )Hk Pτ Xπ −k



T
(I − Pτ )Hk Pτ Xπ −k → 0,
Var n−1/2 γ kT ξ −k

Since Var(ξ −k γ k ) is proportional to an identity matrix, the above result leads to that

which implies that

T
n−1/2 γ kT ξ −k
(I



T
Var n−1/2 γ kT π −k
XT (I − Pτ )Hk Pτ ξ j → 0,

Similarly, we can prove that, for each ξ j ,

which implies that

T
n−1/2 γ kT π −k
XT (I − Pτ )Hk Pτ ξ −k →p 0.
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Note that
n
o
T
T
n−1/2 γ kT ξ −k
(I − Pτ )Hk Pτ ξ −k = n−1/2 γ kT ξ −k
(I − Pτ )Hk X (XT X + τ I)−1 XT ξ −k .
19

Since

we have
Therefore,
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n−1 XT Hk (I − Pτ )(I − Pτ )Hk X → 0,



T
Var n−1/2 γ kT ξ −k
(I − Pτ )Hk X → 0.

T
n−1/2 γ kT ξ −k
(I − Pτ )Hk X →p 0,

which, together with (XT X + τ I)−1 XT ξ −k →p 0, leads to that

T
n−1/2 γ kT ξ −k
(I − Pτ )Hk Pτ ξ −k →p 0.

(17)

Pooling (14), (15), (16) and (17), we have proved that n−1/2 γ kT {(I−Pτ )Y−k }T Hk Pτ Y−k →p
0, which concludes the proof.

Appendix B: Proof of Theorem 5.3

√
√
Let ψ n (µ) = kHk Yk −Hk Ẑ−k (γ k +µ/ n)k22 +λk ω kT |γ k +µ/ n|. Let µ̂ = arg minµ ψ n (µ),
√
√
then γ̂ k = γ k + µ̂/ n or µ̂ = n(γ̂ k − γ k ). Note that ψ n (µ) − ψ n (0) = Vn (µ), where

T
Hk Ẑ−k )µ − 2n−1/2 (Yk − Ẑ−k γ k )T Hk Ẑ−k µ
Vn (µ) = µT (n−1 Ẑ−k
√
n(|γ k + n−1/2 µ| − |γ k |).

+n−1/2 λk ω kT ×

0, if kµAc k2 = 0;
k
∞, otherwise.

Denote the j-th elements of ω k and µ as ωkj and µj , respectively.
√
√
If γkj 6= 0, then ωkj →p |γkj |−δ and n(|γkj + µj / n| − |γkj |) →p µj sign(γkj ). By
√
√
√
Slutsky’s theorem, we have (λk / n)ωkj n(|γkj + µj / n| − |γkj |) →p 0. If γkj = 0,
√
√
√
√
√
then n(|γkj + µj / n| − |γkj |) = |µj | and (λk / n)ωkj = (λk / n)nδ/2 (| nγ̃kj |)−δ , where
√
nγ̃kj = Op (1). Thus,


n−1/2 λk ω kT × n1/2 (|γ k + n−1/2 µ| − |γ k |) →p

T
T
µA
M
k,Ak µAk − 2µAk Wk,Ak , if kµAkc k2 = 0;
k
∞,
otherwise.

Hence, following Theorem 5.2 and Slutsky’s theorem, we see that Vn (µ) →d V (µ) for every
µ, where

V (µ) =

−1
Vn (µ) is convex, and the unique minimizer of V (µ) is (Mk,A
Wk,Ak , 0)T . Following the
k
epi-convergence results of Geyer (1994) and Fu and Knight (2000), we have
(
k

−1
µ̂Ak →d Mk,A
Wk,Ak ,
k
µ̂Ac →d 0.
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Since Wk,Ak ∼ N (0, σk2 Mk,Ak ), we indeed have proved the asymptotic normality.
Now we show the consistency in variable selection. ∀j ∈ Ak , the asymptotic normality
indicates that γ̂kj →p γkj , thus P (j ∈ Âk ) → 1. Then it suffices to show that ∀j ∈
/ Ak ,
P (j ∈ Âk ) → 0.

20

T2

T3

(18)

i=1

Var(T2 ) = 4σ̃k2 µT ATk Ak µ.

21

By the classical Gaussian tail probability, we have



P (T2 ≤ t) ≥ 1 − exp −t2 8σ̃k2 µT ATk Ak µ .

E[T2 ] = 0,

(19)

JMLR 19(2):1-34, 2018

τk2 a2ik
= O(τk2 kπ k k22 /n2 ) = O(rnk /n),
(ui + τk )2

where aik is the i-th element of ak = Pπ k with kak k2 = kπ k k2 .
For the term T2 , we have that

T1 = τk2 π Tk PT (U + τk Iq )−2 Pπ k =

q
X

Following Assumption B0 , we have λmin (XT X) > c22 n and λmax (XT X) < c21 n, which
implies that ui  n for all i. Therefore,

(XT X + τk Iq )−2 = PT (U + τk Iq )−2 P.

Via the singular value decomposition of X, we can have the decomposition XT X =
PT UP, where P is a unitary matrix and matrix U is a diagonal matrix with non-negative
diagonal elements ui . Therefore,

T1

kπ̂ k − π k k22 = µT µ + 2µT ATk ξ k + ξ Tk Ak ATk ξ k .
| {z } | {z } | {z }

where µ = −τk (XT X + τk Iq )−1 and Ak = X(XT X + τk Iq )−1 . Then we have

π̂ k − π k = −τk (XT X + τk Iq )−1 π k + (XT X + τk Iq )−1 XT ξ k = µ + ATk ξ k ,

Note that

π̂ k = (XT X + τk Iq )−1 XT Yk = (XT X + τk Iq )−1 XT Xπ k + (XT X + τk Iq )−1 XT ξ k .

(a) From the ridge regression, we have the following closed form solution,

1≤k≤p

Denote λmin (M) and λmax (M) the minimum and maximum eigenvalues of matrix M,
respectively. Follow Assumption B0 to assume that the singular values of matrix I − Γ
are positively bounded from below by a constant c. Further denote σ̃k2 = var(ξ k ), and
σp2 max = max (σk2 ). Noting that ξ = (I − Γ)−1 , we have σ̃k2 ≤ σp2 max /c.

Appendix C: Proof of Theorem 5.4

When j ∈ Âk , by the KKT normality conditions, we know that ẐTj Hk (Yk − Ẑ−k γ̂ k ) =
√
√
λk ωkj . Note that λk ωkj / n →p ∞, whereas ẐTj Hk (Yk − Ẑ−k γ̂ k )/ n = (ẐTj Hk Ẑ−k /n) ×
√
√
n(γ k − γ̂ k ) + ẐTj Hk (Yk − Ẑ−k γ k )/ n. Following Theorem 5.2 and the asymptotic
√
normality, ẐTj Hk (Yk − Ẑ−k γ̂ k )/ n asymptotically follows a normal distribution. Thus,
P (j ∈ Âk ) ≤ P (ẐTj Hk (Yk − Ẑ−k γ̂ k ) = λk ωkj ) → 0. Then we have proved the consistency
in variable selection.
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i=1

q
X

τk2 ui a2ik
= O(τk2 kπ k k22 n3 ).
(ui + τk )4

k

F

(20)

Ak ATk = X(XT X + τk Iq )−2 XT = XPT (U + τk Iq )−2 PXT ,

x6=0

op

2
F

(fn + log 2)/t1 , σ̃k2 Ak ATk

 2
n ) = O(n−1 ).

T4

22

T5

T6
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kX(π̂ k − π k )k22 = µT XT Xµ + 2µT XT XATk ξ k + ξ Tk Ak XT XATk ξ k .
| {z } |
{z
} |
{z
}

(b) Similar to (18), we have

kπ̂ k − π k k22 ≤ C1 (rnk ∨ q ∨ fn )/n.

Collecting the bounds in (19), (20), and (21), we conclude that there exist a positive
constant C1 such that, with probability at least 1 − e−fn ,

(21)


(f
+
log
2)/t
, we obtain
n
1
op

i=1


u2i
= O(q n2 ),
(ui + τk )4

√
T3 = O(q/n) + O( fn q/n) + O(fn /n).

that, with probablity at least 1 − e−fn /2,

q
σ̃k4 Ak ATk

= O(λmax XXT

Letting t = max

Ak ATk

q
X

σ̃k2 ui
= O(σ̃k2 q/n),
(ui + τk )2
= trace(ATk Ak ATk Ak )

i=1

q
X

= trace(P T U(U + τk Iq )−2 U (U + τk Iq )−2 ) =

=

trace(Ak ATk Ak ATk )

= σ̃k2 trace(U(U + τk Iq )−2 ) =

E[T3 ] = σ̃k2 trace(Ak ATk ) = σ̃k2 trace(XT X(XT X + τk Iq )−2 )

2
Ak ATk F

we have

Since

where k·kop = max k·xk2 / kxk2 is the operator norm and k·kF is the Frobenius norm.

k

For the term T3 , we can invoke the Hanson-Wright inequality (Rudelson and Vershynin,
2013) to have, for some constant t1 > 0,
!)
(
t2
t
,
P (T3 ≤ E[T3 ] + t) ≥ 1 − exp −t1 min
,
2
σ̃k2 Ak ATk op
σ̃ 4 Ak AT

√
T2 = O( rnk fn /n).

q
Letting t = 8σ̃k2 µT ATk Ak µ(fn + log 2), we have, with probability at least 1 − e−fn /2,

µT ATk Ak µ = τk2 π Tk PT (U + τk Iq )−2 U(U + τk Iq )−2 Pπ k =

Note that,
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= τk2
i=1

q
X

2

ui aik
= O(τk2 kπ k k22 n) = O(rnk ).
(ui + τk )2

T4 = τk2 akT U(U + τk Iq )−1 U(U + τk Iq )−1 ak

For the term T4 , we have

=

i=1

(2Var(T5 ))

+ τk Iq )−1 U(U + τk Iq )−1 U(U + τk Iq )−1 ak

X u3 a2
i ik
= O(σ̃k2 τk2 kπ k k22 /n).
(ui + τk )4

4σ̃k2 µT XT XAkT Ak XT Xµ
4σ̃k2 τk2 akT (U + τk Iq )−1 U(U
q
4σ̃k2 τk2

2
F

,

t2

σ̃k4 Ak XT XAkT

+

op

)

t
σ̃k2 Ak XT XAkT

+

−1

τk Iq )−1 U (U

(22)

.

(23)

2Var(T5 )(fn + log 2), we can obtain that, with probability at least 1 − e−fn /2,

=

(T5

For the term T5 , by the classical Gaussian tail inequality, we have


P
≤ t) ≥ 1 − exp −t2
,

where

p

Var(T5 ) =

Taking t =
√
T5 = O( rnk fn ).

=

σ̃k2 trace(U (U

X
ui2
= O(σ̃k2 q),
(ui + τk )2

i=1

τk Iq )

For the term T6 , by the Hanson-Wright inequality, we have, for some constant t2 > 0,
!)
(

P (T6 ≤ E(T6 ) + t) ≥ 1 − exp −t2 min

=

q
X

i=1

ui4
= O(q),
(ui + τk )4

op

(24)


(fn + log 2)/t2 ,

= trace(U(U + τk Iq )−1 U(U + τk Iq )−1 U(U + τk Iq )−1 U(U + τk Iq )−1 )

= trace(Ak XT XAkT Ak XT XAkT ) = trace(XT XAkT Ak XT XAkT Ak )

= σ̃k2

σ̃k2 trace(Ak XT XAkT )
q

Similar to managing the term T3 in (a), we have

2
F

E[T6 ] =

Ak XT XAkT

Ak XT XAkT

= X(XT X + τk Iq )−1 XT X(XT X + τk Iq )−1 XT op
op

= O(λ
XXT XXT n2 ) = O(1).
max

q
2
σ̃k4 Ak XT XAkT F (fn + log 2)/t2 , σ̃k2 Ak XT XAkT

Letting t = max

we have that, with probability at least 1 − e−fn /2,
√
T6 = O(q) + O( q fn ) + O(fn ).
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Collecting the bounds in (22), (23), and (24), we conclude that there exists a positive
constant C2 such that, with probability at least 1 − e−fn ,
n−1 kX(πˆk − π k )k22 ≤ C2 (rnk ∨ q ∨ fn )/n.

23

p
(rmax ∨ q ∨ fn ) /n.

Chen, Ren, Zhang, and Zhang

gn = C2 (rmax ∨ q ∨ fn ) /n + 2c1 C2 kπk1

Appendix D: Proof of Theorem 5.5
Let

We will first prove some lemmas, and then proceed to prove Theorem 5.5.

q


(rmax ∨ q ∨ fn ) n + c1 kπk1 ≤ c12 kπk12 + φ02 (64C2 |Ak |)

Then, for any index i and j,

(25)

Lemma 1 Suppose that there exists a positive constant φ0 such that φk (Hk Xπ −k ) ≥ φ0
for all k. If
q

φ02
64|Ak | .

then, with probability at least 1 − e−(fn −log p) , we have φk (Hk Xπ̂ −k ) ≥ φ0 /2.

Proof Note that the inequality (25) implies that gn ≤
we first investigate the bound of

(Hk Xπ̂ i )T (Hk Xπ̂ j ) − (Hk Xπ i )T (Hk Xπ j )

T7

T8

T9

= (π̂ i − π i )T XT Hk X(π̂ j − π j ) + (π̂ i − π i )T XT Hk Xπ j + (Xπ i )T Hk X(π̂ j − π j ) .
|
{z
} |
{z
} |
{z
}

(28)

(27)

(26)

Note that λmax (Hk ) = 1. By Theorem 5.4, we have, with probability at least 1 − e−fn ,

|T7 | ≤ kHk X(π̂ i − π i )k2 × kHk X(π̂ j − π j )k2

≤ λmax (Hk ) × kX(π̂ i − π i )k2 × kX(π̂ j − π j )k2 ≤ C2 (rmax ∨ q ∨ fn ) .
√
Following that kXπ j k2 ≤ c1 n kπ j k2 , we have,
√
|T8 | ≤
× kHk X(π̂ i − π i )k2 ≤ c1 n kπ j k2 × kX(π̂ i − π i )k2
p
n (rmax ∨ q ∨ fn ).
kXπ j k2

≤ c1 C2 kπk1

Similarly, we have,
p
√
|T9 | ≤ c1 n kπ i k2 kX(π̂ j − π j )k2 ≤ c1 C2 kπk1 n (rmax ∨ q ∨ fn ).

Putting together the bounds in (26), (27), and (28), we have, with probability at least
1 − e−fn ,
|(Hk Xπ̂ i )T (Hk Xπ̂ j ) − (Hk Xπ i )T (Hk Xπ j )| ≤ ngn .
(29)

1

By definition, for any set Ak and any β, we have
p
p
+ kβAk k1 )2 ≤ (3 |Ak | kβAk k2 + |Ak | kβAk k2 )2 = 16|Ak | kβAk k22 .

kβk12 ≤ ( βAkc

We then have, with probability at least 1 − pe−fn ,

|β T ((Hk Xπ̂ −k )T (Hk Xπ̂ −k ) − (Hk Xπ −k )T (Hk Xπ −k ))β| (n kβAk k22 )

JMLR 19(2):1-34, 2018

≤ kβk12 kβAk k2−2 max|(Hk Xπ̂ i )T (Hk Xπ̂ j ) − (Hk Xπ i )T (Hk Xπ j )|/n
i,j

≤ 16|Ak | × gn ≤ 16|Ak | × φ02 (64|Ak |) = φ02 /4,

which implies that φk (Hk Xπ̂ −k ) ≥ φ0 /2.

24

T

2

2

T

T10

T

T11

(30)

T14

λk =

tλ kωk k−1
−∞ kΓk1 kπk1

p
n(rmax ∨ q ∨ fn ) log p.

k

k

25
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p
√
δπ = max kπ̂ k − π k k1 ≤ max q kπ̂ k − π k k2 = C1 q(rmax ∨ q ∨ fn )/n.

≤

where t3 = t2λ

≤

≤


P (π̂ −k − π −k )T ∞ × 2n−1 XT Hk k ∞ ≥ λk kωk k−∞ /(6n)


P 2n−1 XT Hk k ∞ ≥ λk kωk k−∞ (6nδπ )


− n t kΓk2 kπk2
2
q exp −λ2k kωk k2−∞ (288nσpmax
δπ2 ) = q · p q 3 1 1 ,

2
288C1 σpmax
and

By the Gaussian tail inequality, we have

P Wk−1 T10 ∞ ≥ λk /(6n) ≤ P (kT10 k∞ ≥ λk kωk k−∞ /(6n))

= P 2n−1 (π̂ −k − π −k )T XT Hk k ∞ ≥ λk kωk k−∞ /(6n)

constant tλ > 0,

1≤k≤p

2
Denote X = (X·1 , X·2 , . . . , X·q ), then X·jT X·j = n due to standardization. With σpmax
=
2
. Further let, for some
max σk2 , we have Var(X·jT Hk k ) = X·jT Hk X·j σk2 ≤ nσk2 ≤ nσpmax

T15

−2n−1 π T−k XT Hk X(π̂ −k − π −k )γ k .
|
{z
}

T13

+ 2n−1 π T−k XT Hk ξ −k γ k −2n−1 (π̂ −k − π −k )T XT Hk X(π̂ −k − π −k )γ k
{z
}
|
{z
}|

J k = 2n−1 Ẑ−k Hk k − 2n−1 Ẑ−k Hk (Ẑ−k − Y−k )γ k
2
= 2n−1 π̂ T−k XT Hk k − π̂ T−k XT Hk (Xπ̂ −k − Xπ −k − ξ −k )γ k
n
= 2n−1 (π̂ −k − π −k )T XT Hk k + 2n−1 π T−k XT Hk k + 2n−1 (π̂ −k − π −k )T XT Hk ξ −k γ k
|
{z
} |
{z
}
{z
} |
T12

+ 2n−1 λk ω Tk |γ̂ k | ≤ 2n−1 λk ω Tk |γ k | + J Tk |γ̂ k − γ k |.

Proof With Y−k = Xπ −k + ξ −k and Ẑ−k = Xπ̂ −k , we have

n−1 Hk Ẑ−k (γ̂ k − γ k )

Furthermore, concurring with the random vector J k , we have the following basic inequality,

P (Jk (λk )) ≥ 1 − e−C3 hn +log(4pq) − e−fn +log(p) .

there exists a constant C3 > 0 such that

Lemma 2 (Basic Inequality) Let random vector J k = 2n−1 Ẑ−k Hk k − 2n−1 Ẑ−k Hk (Ẑ−k −
Y−k )γ k and Wk−1 = diag(w−1
k ), then, for the event

Jk (λk ) = Wk−1 J k ∞ ≤ λk /n ,

T

Two-Stage Penalized Least Squares



2







≥ λk (6n) ≤ P kT12 k∞ ≥ λk kωk k−∞ (6n)


2
288C1 σ̃pmax
. For the term T12 , we have

≤ P

Wk−1 T13

∞

26
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−1
≤ C2 kωk k−1
−∞ kγk k1 n (rmax ∨ q ∨ fn )
n
o
p
 

−1
≤ λk (6n) × 6C2 t−1
n−1 (log p)−1 (rmax ∨ q ∨ fn ) ≤ λk (6n).
λ kπk1

i,j

≤ n−1 kωk k−1
−∞ kγk k1 max kX(π̂ i − π i )k2 kX(π̂ j − π j )k2

i,j

≤ n−1 kωk k−1
−∞ kγk k1 maxλmax (Hk ) kX(π̂ i − π i )k2 kX(π̂ j − π j )k2

i,j

i,j

T T
≤ n−1 kωk k−1
−∞ kγk k1 max|(π̂ i − π i ) X Hk X(π̂ j − π j )|

p
(rmax ∨ q ∨ fn )/(n log p), we have

= qp1−t6 (rmax ∨q∨fn ) .

≤ n−1 kωk k−1
−∞ kγk k1 max kHk X(π̂ i − π i )k2 kHk X(π̂ j − π j )k2

Wk−1 T14

o

−2
kγk k−2
(288n)
1
∞


2
288σ̃pmax
, we similarly have



≥ λk (6n)
n∞
−2
π T−k
≤ qp exp −λ2k σ̃pmax



When tλ is sufficiently large, say tλ ≥ 6C2 kπk−1
1

P

∞

o

−2 
2
(288nσpmax
)
∞





(π̂ −k − π −k )T ∞ 2n−1 XT Hk ξ −k γ k 1 ≥ λk kωk k−∞ (6n)



≤ P δπ max 2n−1 xTi Hk ξ j kγk k1 ≥ λk kωk k−∞ (6n)
i,j



≤ P max 2n−1 xTi Hk ξ j ≥ λk kωk k−∞ kγk k−1
(6nδ
)
π
1
i,j
o
n
2
−2 
2
2
−2
−2
≤ qp exp −λk kωk k−∞ σ̃pmax δπ kγk k1 (288n) = qp1−t5 kπk1 n/q .

Wk−1 T12

k



= q · p−t4 kΓk1 (rmax ∨q∨fn ) .

Letting t6 = tλ

P



n
≤ q exp −λ2k kωk k2−∞ π T−k

≤ P

≤ P

= P




2
288σpmax
, we have

≥ λk (6n) ≤ P kT11 k∞ ≥ λk kωk k−∞ (6n)
∞


−1 T
2n π −k XT Hk k ∞ ≥ λk kωk k−∞ (6n)


π T−k ∞ 2n−1 XT Hk k ∞ ≥ λk kωk k−∞ (6n)

−1 
2n−1 XT Hk k ∞ ≥ λk kωk k−∞ π T−k ∞ (6n)

Wk−1 T11



2
Let σ̃pmax
= max Var(ξ k ) and t5 = tλ

P

Similarly, letting t4 = tλ
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i,j

−1
kωk k−∞
max|X·iT Hk X(π̂ j − π j )|
j

> 0,

−1
kωk k−∞
max kHk X(π̂ j − π j )k2

T
≤ 2n−1 kγk k1 π −k
∞

∞
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∞

p
Similarly, when tλ ≥ 12 C2 / log p,
Wk−1 T15

T
≤ 2n−1/2 kγk k1 π −k

C3

kω k−1 max kX(π̂ j − π j )k2
≤ 2n−1/2 kγ k π T
k
k
−k
−∞
1
∞
j


q 
 

λk (6n) × 12tλ−1 C2 log p ≤ λk (6n).

≤

Putting together all the above results, we have, for some constant
P (Jk (λk )) ≥ 1 − e−C3 hn +log(4pq) − e−fn +log(p) .

2

2

+ 2λk ω kT |γ̂ k | ≤ Hk Yk − Hk Ẑ−k γ k
2

− 2kT Hk (Ẑ−k − Y−k )γ k .

T

2

2

+ 2λk ω kT |γ k |.

(33)

(32)

(31)

Concurring with the random vector J k , we have the following inequality based on the
optimality of γ̂ k ,
Hk Yk − Hk Ẑ−k γ̂ k
With Hk Yk = Hk Y−k γ k + Hk k , we also have
2
2

Hk Y−k γ k + Hk k − Hk Ẑ−k γ̂ k

Hk Yk − Hk Ẑ−k γ̂ k
=
2

2

2
2

2

+ 2γ kT (Ẑ−k − Y−k )T Hk Ẑ−k (γ̂ k − γ k ),

2

2

= kHk k k22 − 2kT Hk (Ẑ−k γ̂ k − Y−k γ k ) + Hk Ẑ−k γ̂ k − Hk Y−k γ k

2

2

= kHk k k22 − 2kT Hk (Ẑ−k γ̂ k − Y−k γ k ) + Hk Ẑ−k (γ̂ k − γ k )
2

+ Hk (Ẑ−k − Y−k )γ k
2

Hk Y−k γ k + Hk k − Hk Ẑ−k γ k

Hk Yk − Hk Ẑ−k γ k
=

= kHk k k22 + Hk (Ẑ−k − Y−k )γ k

2
2



(γ̂ k − γ k )
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2 T
T
Ẑ Hk k − 2n−1 Ẑ−k Hk (Ẑ−k − Y−k )γ k
n −k

+ 2n−1 λk ω kT |γ̂ k |

Combining the equations (31), (32), and (33), we obtain that
n−1 Hk Ẑ−k (γ̂ k − γ k )
≤ 2n−1 λk ω kT |γ k | +

= 2n−1 λk ω kT |γ k | + J kT (γ̂ k − γ k ),
which concludes the proof.
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2
2

≤ 2n−1 λk ω kT |γ k | − 2n−1 λk ω kT |γ̂ k | + J kT (γ̂ k − γ k )

k

−

|

k

≤ 3n−1 λk kωk,Ak k∞ kγ̂k,Ak − γk,Ak k1 .

≤ 3n−1 λk kωk,Ak k∞

2

p
|Ak | kγ̂k,Ak − γk,Ak k2

|Ak | × 2n−1/2 φ0−1 Hk Ẑ−k (γ̂ k − γ k )

2

,

(35)

(34)

By the basic inequality we just proved above and condition on the event Jk (λk ), we
have that
n−1 Hk Ẑ−k (γ̂ k − γ k )

1

1

T
T
T
|γ̂k,Ak | − 2n−1 λk ω k,A
|γk,Ak | − 2n−1 λk ω k,A
≤ 2n−1 λk ω k,A
c |γ̂k,Ac |
k
k
k
k

T
T
+J k,A
c (γ̂k,Ac ) + J k,A (γ̂k,A − γk,A )
k
k
k
k

+

|γ̂

k,Akc

γk,Ak |

T
T
|γ̂k,Ak − γk,Ak | − 2n−1 λk ω k,A
≤ 2n−1 λk ω k,A
c |γ̂k,Ac |
k
k

T
|γ̂k,Ak
n−1 λk ω k,A
k

k,Akc

|γ̂k,Ak − γk,Ak | − n−1 λk ω T

T
+n−1 λk ω k,A
c |γ̂k,Ac |
k
k

≤ 3n−1 λk ω T

k,Ak

1

≤ 3n−1 λk kωk,Ak k∞ kγ̂k,Ak − γk,Ak k1 − n−1 λk kωk,Akc k−∞ γ̂k,Akc
which implies that
n−1 λk kωk,Akc k−∞ γ̂k,Akc

−γ

k,Akc

−1
Note that kωk,Ak k∞ kωk,Akc k−∞
≤ 1, we have that

γ̂

k,Akc

−1
≤ 3kωk,Ak k∞ kωk,Akc k−∞
kγ̂k,Ak − γk,Ak k1 ≤ 3 kγ̂k,Ak − γk,Ak k1 .

p

2

2

On the other hand, following Lemma 1, we have, with C4 = 6tλ ,
n−1 Hk Ẑ−k (γ̂ k − γ k )
≤ 3n−1 λk kωk,Ak k∞

k2 |A |λk2
≤ 36n−2 φ−2 kω
k,A
k
0
k ∞

−2
2
kωk,Ak k∞
kπk12 kΓk12 |Ak |(rmax ∨ q ∨ fn ) log p n.
= C42 φ0−2 kωk k−∞

−1
6kωk,Ak k∞ kωk,Akc k−∞
+2

−1
Employing the inequality (34), along with kωk,Ak k∞ kωk,Akc k−∞
≤ 1, we have


−1
kγ̂k − γk k1 ≤ 3kωk,Ak k∞ kωk,Akc k−∞
+ 1 kγ̂k,Ak − γk,Ak k1

p
−1
≤
3kωk,Ak k∞ kωk,Akc k−∞
+1
|Ak | kγ̂k,Ak − γk,Ak k2

p
|Ak | × n−1/2 Hk Ẑ−k (γ̂ k − γ k ) φ0−1

≤

−1
≤ 8C4 × kωk,Ak k∞ kπk1 kΓk1 φ0−2 kωk k−∞
q

×|Ak | (rmax ∨ q ∨ fn ) log p n.
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Since we condition on event Jk (λk ), the above prediction and estimation bounds hold with
probability at least 1 − e−C3 hn +log(4pq) − e−fn +log(p) .

28

(36)

∞



k



−1
≤ Vk,11
Wk,Ak

∞

∞

∞

∞

−1

≤ ζ/2,

29

∞

θk
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−1
−1
−1
Wk,A
V̂k,21 V̂k,11
− Vk,21 Vk,11
Wk,Ak
c
k
∞


−1
−1
≤ Wk,Ac V̂k,21 − Vk,21 (V̂k,11 )Wk,Ak
k
∞


−1
−1
−1
−1
+ Wk,Ac Vk,21 Vk,11
Wk,Ak Wk,A
V̂
−
V
(V̂k,11
)Wk,Ak
k,11
k,11
k
k
∞


−1
−1
≤ Wk,Ac V̂k,21 − Vk,21
(V̂k,11 )Wk,Ak
k
∞
∞


−1
−1
−1
−1
+ Wk,A
V
V
W
W
V̂
(V̂k,11
)Wk,Ak
c k,21 k,11
k,Ak
k,11 − Vk,11
k,Ak

Therefore,

∞

−1
−1
+ V̂k,11
Wk,Ak − Vk,11
Wk,Ak
∞

−1
−1
≤ θk + θk Wk,Ak (V̂k,11 − Vk,11 )
1 − θk Wk,Ak (V̂k,11 − Vk,11 )
∞

≤ θk (4 − ζ) (4 − 2ζ).

−1
V̂k,11
Wk,Ak

Applying the matrix inversion error bound in Horn and Johnson (2012), we obtain

∞


≤ ζ {(4 − ζ)θk }.


≤ kωk,Ak k−1
−∞ |Ak |gn ≤ ζ {(4 − ζ)θk }.

− Vk,21 )

∞

−1
Wk,A
c (V̂k,21
k

Similarly we have that

−1
Wk,A
(V̂k,11 − Vk,11 )
k

The inequality (36) implies that θk kωk,Ak k−1
−∞ |Ak |gn ≤ ζ/(4 − ζ), we have

i,j

n−1 max (Hk Xπ̂ i )T (Hk Xπ̂ j ) − (Hk Xπ i )T (Hk Xπ j ) ≤ gn .

Proof Following Theorem 5.4, we have, with probability at least 1 − pe−fn ,

k

Under the assumptions and conditions of Theorem 5.6, we have that, with probability at
least 1 − pe−fn ,


−1
−1
Wk,A
V̂k,21 V̂k,11
≤ 1 − ζ/2.
Wk,Ak
c

Lemma 3 Assume that, for each node i, the following inequality holds.
p
(rmax ∨ q ∨ fn )/n + c1 kπk1
q
≤
c21 kπk21 + min(φ20 /64, ζ(4 − ζ)−1 kω k k−∞ /θi )/(C2 |Ak |).

n−1 π̂ T−k XT Hk Xπ̂ −k ,

Denote V̂k = (v̂ij )(p−1)×(p−1) ,
V̂k,21 = (v̂ij )i∈Ack ,j∈Ak , and V̂k,11 =
(v̂ij )i∈Ak ,j∈Ak . The proof of Theorem 5.6 will be presented after the following lemma.
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k

∞

≤ 1 − ζ/2.

(37)

T

T

(39)

(38)

−1
−1
= 2−1 V̂k,11
Wk,Ak (Wk,A
J k,Ak − λk αk,Ak ).
k

−1
T
α
)
(J k,Ak − λk Wk,A
= 2−1 V̂k,11
k k,Ak

(41)

−1
−1
Wk,A
Wk,Ak
c V̂k,21 (V̂k,11 )
k

∞

(

−1
Wk,A
Jk
k

∞

∞

k

−1
+ 2λk /n) + Wk,A
c Jk,Ac
k

k

∞

30
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Therefore, there exists an estimator γ̂k satisfying the KKT condition (39) as well as sign(γ̂k ) =
sign(γk ) which implies Âk = Ak .

≤ (1 − ζ/2)(4/(4 − ζ))2λk /n + ζ/(4 − ζ)2λk /n = 2λk /n.

≤

k

−1
−1
−1
Wk,A
(J k,Ak − 2λk Wk,Ak αk,Ak /n) − Wk,A
c V̂k,21 (V̂k,11 )
c Jk,Ac
k

The above inequality implies that sign(γ̂k,Ak ) = sign(γk,Ak ).
Combining (40) and (41), we can also verify that

j∈Ak

−1
−1
kγ̂k,Ak − γk,Ak k∞ ≤ 2−1 V̂k,11
Wk,Ak
( Wk,A
J k,Ak
+ 2n−1 λk )
k
∞
∞



≤ {θk (4 − ζ) (2 − ζ)} × {4/(4 − ζ)} × {2λk n} = 2λk θk {n(2 − ζ)} ≤ min |γkj |.

Following the similar strategy in proving Lemma 2, we can prove that there exists a
constant C5 > 0 such that Wk−1 J k ∞ ≤ 2λk ζ {n(4 − ζ)} with probability at least
1 − e−C5 hn +log(4pq) − e−fn +log(p) . Therefore, with kαk,Ak k∞ ≤ 1, we have that

γ̂k,Ak − γk,Ak

Manipulating the above equations, we have that

where J k = 2n−1 Ẑ−k Hk k − 2n−1 Ẑ−k Hk (Ẑ−k − Y−k )γ k . For an estimator satisfying
γ̂k,Ack = γk,Ack = 0, the above equation implies that
(

2V̂k,11 (γ̂k,Ak − γk,Ak ) − J k,Ak = −λk Wk,Ak αk,Ak n,

(40)
2V̂k,21 (γ̂k,Ak − γk,Ak ) − J k,Ack = −λk Wk,Ack αk,Ack n.


2V̂k (γ̂k − γk ) − J k = −2λk Wk αk n,

Combining (37) and (38), we can get that

= Hk k − Hk (Ẑ−k − Y−k )γk − Hk Ẑ−k (γ̂k − γk ).

= Hk k + Hk Y−k γk − −Hk Ẑ−k γk + Hk Ẑ−k γk − Hk Ẑ−k γ̂k

Hk Yk − Hk Ẑ−k γ̂k = HY−k γk + Hk k − Hk Ẑ−k γ̂k

where kαk k∞ ≤ 1 and αkj I[γ̂kj 6= 0] = sign(γ̂kj ). Plug in the equation Hk Yk = Hk Y−k γ k +
Hk k , we can have that

−2n−1 (Hk Ẑ−k )T (Hk Yk − Hk Ẑ−k γ̂k ) + 2n−1 λk Wk αk = 0,

By the optimality of γ̂k , it must satisfy the KKT condition as follows,

−1
−1
which implies that Wk,A
c (V̂k,21 V̂k,11 )Wk,Ak
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The above formulation is known (see, e.g., (Das and Kempe, 2008)) to be equivalent
to the problem of sparse approximation over dictionary vectors: the input consists of a
dictionary of n feature vectors xi ∈ Rm , along with a target vector z ∈ Rm , and the goal
is to select at most k vectors whose linear combination best approximates z. The pairwise

Thus, we formulate the Subset Selection problem for Regression as follows: Given the
(normalized) covariances between n variables Xi (which can in principle be observed) and
a variable Z (which is to be predicted), select a subset of k  n of the variables Xi and a
linear prediction function of Z from the selected Xi that maximizes the R2 fit. (A formal
definition is given in Section 3.) The covariances are usually obtained empirically from
detailed past observations of the variable values.

Subset Selection for Regression. To illustrate the usefulness of the approximate submodularity framework, we analyze greedy algorithms for the problem of Subset Selection
for Regression: select a subset of k variables from a given set of n observation variables
which, taken together, “best” predict another variable of interest. This problem has many
applications ranging from feature selection, sparse learning and dictionary selection in machine learning, to sparse approximation and compressed sensing in signal processing. From
a machine learning perspective, the variables are typically features or observable attributes
of a phenomenon, and we wish to predict the phenomenon using only a small subset from
the high-dimensional feature space. In signal processing, the variables usually correspond
to a collection of dictionary vectors, and the goal is to parsimoniously represent another
(output) vector. For many practitioners, the prediction model of choice is linear regression,
and the goal is to obtain a linear model using a small subset of variables, to minimize the
mean square prediction error or, equivalently, maximize the squared multiple correlation
R2 (Johnson and Wichern, 2002; Miller, 2002).

In the present article (Section 2), we formalize this intuition by defining a measure of
“approximate submodularity” which we term submodularity ratio, and denote by γ. We
prove that when a function f has submodularity ratio γ, the greedy algorithm gives a
(1 − e−γ )-approximation; in particular, whenever γ is bounded away from 0, the greedy
algorithm guarantees a solution within a constant factor of optimal. We also show that
for the complementary Minimum Submodular Cover problem, where the goal is to find the
smallest set S with f (S) ≥ C for a given value C, the greedy algorithm gives essentially an
O(log n) approximation when γ is bounded away from 0.

This approximation guarantee has been applied in a large number of settings; see, e.g., a
survey in (Krause and Golovin, 2014). Of course, greedy algorithms are also popular when
the objective function is not submodular. Typically, when f is not submodular, the greedy
algorithm, though perhaps still useful in practice, will not provide theoretical performance
guarantees. However, one might suspect that when f is “close to” submodular, then the
performance of the greedy algorithm should degrade gracefully.

adds the element xi+1 that has largest marginal gain f (Si ∪ {xi+1 }) − f (Si ) with respect to
the current set Si . By a classic result of Nemhauser et al. (1978), this algorithm guarantees
that the final set achieves a function value within a factor 1 − 1/e of the optimum set S ∗ of
cardinality k.
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Over the past 10–15 years, submodularity has established itself as one of the workhorses
of the Machine Learning community. A function f mapping sets to real numbers is called
submodular if f (S ∪ {v}) − f (S) ≥ f (T ∪ {v}) − f (T ) whenever S ⊆ T . One of the most
popular consequences of submodularity is that greedy algorithms perform quite well for
maximizing the function subject to a cardinality constraint. Specifically, suppose that f is
non-negative, monotone, and submodular, and consider the algorithm that, for k iterations,

1. Introduction

We introduce the submodularity ratio as a measure of how “close” to submodular a set
function f is. We show that when f has submodularity ratio γ, the greedy algorithm for
maximizing f provides a (1 − e−γ )-approximation. Furthermore, when γ is bounded away
from 0, the greedy algorithm for minimum submodular cover also provides essentially an
O(log n) approximation for a universe of n elements.
As a main application of this framework, we study the problem of selecting a subset
of k random variables from a large set, in order to obtain the best linear prediction of
another variable of interest. We analyze the performance of widely used greedy heuristics;
in particular, by showing that the submodularity ratio is lower-bounded by the smallest 2ksparse eigenvalue of the covariance matrix, we obtain the strongest known approximation
guarantees for the Forward Regression and Orthogonal Matching Pursuit algorithms.
As a second application, we analyze greedy algorithms for the dictionary selection problem, and significantly improve the previously known guarantees. Our theoretical analysis
is complemented by experiments on real-world and synthetic data sets; in particular, we
focus on an analysis of how tight various spectral parameters and the submodularity ratio
are in terms of predicting the performance of the greedy algorithms.
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D ⊂ V of at most d feature vectors, which will serve as a dictionary in the following sense.
For each of the target vectors, the best k < d vectors from D will be selected and used to
achieve a good R2 fit; the goal is to maximize the average R2 fit for all of these vectors. (A
formal definition is given in Section 4.) The problem of finding a dictionary of basis functions for sparse representation of signals has several applications in machine learning and
signal processing. Krause and Cevher (2010) showed that greedy algorithms for dictionary
selection can perform well in many instances, and proved additive approximation bounds
for two specific algorithms, SDSMA and SDSOMP (defined in Section 4). Our approximate
submodularity framework directly yields stronger multiplicative approximation guarantees.

Das and Kempe
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4. We evaluate our theoretical bounds for subset selection by running greedy and L1relaxation algorithms on real-world and synthetic data, and show how the various
submodular and spectral parameters correlate with the performance of the algorithms
in practice.

3. Again using the approximate submodularity framework, in Section 4, we obtain the
strongest known theoretical guarantees for algorithms for dictionary selection, improving on the results of Krause and Cevher (2010). In particular, we show that the
γ
SDSMA algorithm is within a factor λmax
(1 − 1e ) of optimal.

2. Using the approximate submodularity framework, in Section 3, we obtain the strongest
known theoretical performance guarantees for greedy algorithms for subset selection.
In particular, we show that the Forward Regression and OMP algorithms are within
a 1 − e−γ factor and 1 − e−(γ·λmin ) factor of the optimal solution, respectively (where
the γ and λ terms are appropriate submodularity and sparse-eigenvalue parameters).

1. We introduce (in Section 2) the notion of the submodularity ratio as a predictor of the
performance of greedy algorithms. We show that a submodularity ratio of γ leads to
a (1 − e−γ )-approximation guarantee for the greedy algorithm for maximum coverage.
For the minimum cover probem, we show essentially a logγ n approximation guarantee
for the greedy algorithm.

Our theoretical analysis is complemented by experiments comparing the performance of
the greedy algorithms and a baseline convex-relaxation algorithm for subset selection on
two real-world data sets and a synthetic data set. We also evaluate the submodularity ratio
of these data sets and compare it with other spectral parameters: while the input covariance
matrices are close to singular, the submodularity ratio actually turns out to be significantly
larger.
While the submodularity ratio is always lower-bounded by the smallest (sparse) eigenvalue, our experiments reveal that this lower bound can be loose. This happens when there
are small (sparse) eigenvalues, but the predictor variable is not badly aligned with their
eigenspace. Hence, computing the submodularity ratio explicitly (although it appears computationally intensive to do so) can lead to stronger post hoc approximation guarantees. In
this context, we also discuss ways in which a more careful analysis of the greedy algorithms
allows significantly stronger post hoc approximation guarantees.
Our main contributions can be summarized as follows:

covariances of the previous formulation are then exactly the inner products of the dictionary
vectors.1
This problem is NP-hard (Natarajan, 1995), so no polynomial-time algorithms are
known to solve it optimally for all inputs. Two approaches are frequently used for approximating such problems: greedy algorithms (Miller, 2002; Tropp, 2004; Gilbert et al.,
2003; Zhang, 2008) and convex relaxation schemes (Tibshirani, 1996; Candès et al., 2005;
Tropp, 2006; Donoho, 2005). For our formulation, a disadvantage of convex relaxation techniques is that they do not provide explicit control over the target sparsity level k of the
solution; additional effort is needed to tune the regularization parameter.
Greedy algorithms are widely used in practice for subset selection problems; for example,
they are implemented in all commercial statistics packages. They iteratively add or remove
variables based on simple measures of fit with Z. Two of the most well-known and widely
used greedy algorithms are the subject of our analysis: Forward Regression (Miller, 2002)
and Orthogonal Matching Pursuit (Tropp, 2004). (These algorithms are defined formally
in Section 3).
Our main result is that using the approximate submodularity framework, approximation
guarantees much stronger than all previously known bounds can be obtained quite immediately. Specifically, we show that the relevant submodularity ratio for the R2 objective is
lower-bounded by the smallest (2k)-sparse eigenvalue λmin (C, 2k) of the covariance matrix
C of the observation variables. Combined with our general bounds for approximately submodular functions, this immediately implies a (1 − e−λmin (C,2k) )-approximation guarantee
for Forward Regression. For Orthogonal Matching Pursuit, a similar analysis leads to a
2
somewhat weaker guarantee of essentially (1 − e−λmin (C,2k) ). In a precise sense, our analysis thus shows that the less singular C (or its small principal submatrices) are, the “closer
to” submodular the R2 objective. Previously, Das and Kempe (2008) had shown that R2 is
truly submodular when there are no “conditional suppressor” variables; however, the latter
is a much stronger condition.
Most previous results for greedy subset selection algorithms (e.g., (Gilbert et al., 2003;
Tropp, 2004; Das and Kempe, 2008)) had been based on coherence of the input data, i.e.,
the maximum correlation µ between any pair of variables. Small coherence is an extremely
strong condition, and the bounds usually break down when the coherence is ω(1/k). On the
other hand, most bounds for greedy and convex relaxation algorithms for sparse recovery
are based on a weaker sparse-eigenvalue or Restricted Isometry Property (RIP) condition
(Zhang, 2009, 2008; Lozano et al., 2009; Zhou, 2009; Candès et al., 2005). However, these
results apply to a different objective: minimizing the difference between the actual and
estimated coefficients of a sparse vector. Simply extending these results to the subset
selection problem adds a dependence on the largest k-sparse eigenvalue and only leads to
weak additive bounds.
Dictionary Selection. As a second illustration of the approximate submodularity framework, we obtain much tighter theoretical performance guarantees for greedy algorithms for
dictionary selection (Krause and Cevher, 2010). In the Dictionary Selection problem, we are
given s target vectors, and a candidate set V of feature vectors. The goal is to select a set
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1. For this reason, the dimension m of the feature vectors only affects the problem indirectly, via the
accuracy of the estimated covariance matrix.

3
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5

1.1.3 Subsequent Work

6

In the context of submodular maximization, the celebrated result of Nemhauser et al. (1978)
proved that the greedy algorithm obtained a (1 − 1/e)-approximation for maximizing any
monotone, submodular set function subject to a uniform matroid. The same guarantee was
obtained by Calinescu et al. (2011) for an arbitrary matroid constraint, using a continuous
variant of the greedy algorithm.
While we are not aware of prior work on defining a notion of how far a function is
from being submodular (or analyzing greedy algorithms for such functions), there is a wellknown notion of curvature (Conforti and Cornuéjols, 1984; Vondrák, 2010) that captures
how far a submodular function is from being modular. In particular, the total curvature of a
fS (j)
submodular set function is defined as c = 1 − minS,j ∈S
/ f∅ (j) , where fS (j) = f (S ∪ j) − f (S).
(Additional related notions include average curvature and monotonicity ratio; see (Iyer,
2015) for a discussion.) Intuitively c measures how far away f is from being modular,
and is equal to 0 if f is modular. Conforti and Cornuéjols (1984) analyzed the greedy
algorithm for submodular maximization in terms of the c parameter, and showed a 1c (1−e−c )
approximation for a uniform matroid. The result was extended to an arbitrary matroid by
Vondrák (2010), and an improved guarantee of (1−c/e) was obtained recently by Sviridenko
et al. (2015). Curvature was also used by Iyer et al. (2013) to obtain improved bounds for
submodular function approximation, PMAC-learning and submodular minimization.
Another notion of approximate modularity was recently proposed by Chierichetti et al.
(2015), who defined a function to be -approximately modular if it satisfies all the modularity
requirements to within an  additive error. Chierichetti et al. (2015) analyzed how close (in
the l∞ distance) any approximately modular function can be to a modular function.
Note that both the notions of total curvature and approximate modularity are different
from the submodularity ratio proposed in this paper, which measures how far a set function
is from being submodular.

1.1.2 Submodular Maximization and Curvature

Subsequent to our work introducing the submodularity ratio, several papers have used this
notion for analyzing greedy algorithms for machine learning applications. Das et al. (2012)
proposed diversity-promoting spectral regularizers for feature selection, and used the submodularity ratio to analyze a hybrid greedy and local search algorithm for the diverse feature
selection problem. Grubb and Bagnell (2012) analyzed greedy algorithms for learning an

ditive approximation guarantees. Since their analysis is for a more general problem than
subset selection, applying their results directly to the subset selection problem predictably
gives much weaker bounds than those presented in this paper for subset selection. Furthermore, even for the general dictionary selection problem, our techniques can be used to
significantly improve their analysis of greedy algorithms and obtain tighter multiplicative
approximation bounds (as shown in Section 4).
In general, we note that the performance bounds for greedy algorithms derived using the
coherence parameter are usually the weakest, followed by those using the Restricted Isometry Property, then those using sparse eigenvalues, and finally those using the submodularity
ratio. (We show an empirical comparison of these parameters in Section 5.)

Das and Kempe

There has been a lot of related work in the statistics, machine learning and signal processing
communities on problems with sparsity constraints (such as sparse recovery, compressed
sensing, sparse approximation and feature selection).
In sparse recovery, one is given an n × m dictionary φ of m vectors in Rn (where n < m),
along with another vector y ∈ Rn . It is known that y has some sparse representation in
terms of k vectors of φ, up to a small noise term , and the goal is to recover the coefficients
α given y, φ and . There has been a lot of recent interest in greedy and convex relaxation
techniques for the sparse recovery problems, both in the noiseless and noisy setting. For
L1 relaxation techniques, Tropp (2006) showed conditions based on the coherence (i.e., the
maximum correlation between any pair of variables) of the dictionary that guaranteed nearoptimal recovery of a sparse signal. In (Candès et al., 2005; Donoho, 2005), it was shown
that if the target signal is truly sparse, and the dictionary obeys a Restricted Isometry
Property (RIP), then L1 relaxation can almost exactly recover the true sparse signal. Other
results (Zhao and Yu, 2006; Zhou, 2009) also prove conditions under which L1 relaxation
can recover a sparse signal. Though related, the above results are not directly applicable
to our subset selection formulation, since the goal in sparse recovery is to recover the true
coefficients of the sparse signal, as opposed to our problem of minimizing the prediction
error of an arbitrary signal subject to a specified sparsity level.
For greedy sparse recovery, Zhang (2008, 2009) and Lozano et al. (2009) provided conditions based on sparse eigenvalues under which Forward Regression and Forward-Backward
Regression can recover a sparse signal. As with the L1 results for sparse recovery, the
objective function analyzed in these papers is somewhat different from that in our subset
selection formulation; furthermore, these results are intended mainly for the case when the
predictor variable is truly sparse. Simply extending these results to our problem formulation
gives weaker, additive bounds and requires stronger conditions than our results.
The papers by Das and Kempe (2008), Gilbert et al. (2003) and Tropp et al. (2003);
Tropp (2004) analyzed greedy algorithms for sparse approximation, which as mentioned
previously is equivalent to our subset selection formulation presented in this work. In particular, they obtained a 1 + Θ(µ2 k) multiplicative approximation guarantee for the mean
square error objective and a 1 − Θ(µk) guarantee for the R2 objective, whenever the coherence µ of the dictionary is O(1/k). These results are thus weaker than those presented
here, since they do not apply to instances with even moderate correlations of ω(1/k).
Other analysis of greedy methods includes the work of Natarajan (1995), which proved
a bicriteria approximation bound for minimizing the number of vectors needed to achieve
a given prediction error.
As mentioned earlier, the paper by Krause and Cevher (2010) analyzed greedy algorithms for the dictionary selection problem, which generalizes subset selection to prediction
of multiple variables. They too use a notion of approximate submodularity to provide ad-

1.1.1 Subset Selection and Sparse Recovery

We provide an overview of related work both in the context of subset selection (and its
variants) and in submodular optimization, as well as a discussion of work that appeared
subsequent to the conference version of the present article.

1.1 Related and Subsequent Work

Approximate Submodularity and its Applications

Approximate Submodularity and its Applications

Proof. First, assume that γU,k ≥ 1 for all U and k. By choosing k = 2 and S = {x, y} in
Equation (1), we obtain that f (L ∪ {x}) + f (L ∪ {y}) ≥ f (L ∪ {x, y}) + f (L), or, rearranged,
f (L ∪ {x}) − f (L) ≥ f (L ∪ {x, y}) − f (L ∪ {y}). Now, when we have two sets S and
T = S ∪ {x1 , x2 , . . . , xk }, define Si := S ∪ {x1 , . . . , xi } for 0 ≤ i ≤ k. Setting L = Si now
gives us that f (Si ∪ {x}) − f (Si ) ≥ f (Si+1 ∪ {x}) − f (Si+1 ). Induction on i now completes
the proof.
Conversely, assume that f is submodular. In Equation (1), P
let S = {x1 , . . . , xk } and Si =
k−1
f (L ∪ Si+1 ) − f (L ∪ Si ).
{x1 , . . . , xi }, and write a telescoping series f (L ∪ S) − f (L) = i=0
By submodularity of f , we can bound

Das and Kempe

f (L ∪ {x}) − f (L)
,
f (L ∪ S) − f (L)

x∈S

8
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2. Many other algorithmic optimization problems are easier for submodular function. Some of them are
discussed in Section 6.

Probably the most widely used fact about (monotone) submodular functions is that a simple
greedy algorithm approximately optimizes the function subject to a cardinality constraint.2
This is a celebrated result by Nemhauser et al. (1978). Specifically, Nemhauser et al. (1978)
analyzed the following algorithm.
Let S NG be the final set Sk returned by the algorithm. The following theorem of
Nemhauser et al. (1978) is widely used in the Machine Learning and related communities:

2.2 The Greedy Algorithm for Maximum Coverage

Remark 4 The submodularity ratio is defined as a minimum over exponentially many values, and in general, it is NP-hard to compute exactly (more recently, Bai and Bilmes (2018)
showed that it cannot be computed in polynomial time in the value oracle model). This is
a property it shares with the well-known Restricted Isometry Property (RIP) (Candès and
Tao, 2005): computing the RIP of a matrix is essentially equivalent to computing the expansion of a graph, yet the guarantees for sparse approximation algorithms are frequently
expressed in terms of the RIP.
Whether one can efficiently approximate the submodularity ratio to within non-trivial
factors is an interesting open question. Approximating it would allow one to at least derive
post hoc approximation guarantees, i.e., to give the user guarantees on the approximation
quality for the specific instance that was solved. In the appendix, we discuss some (fairly
strong) assumptions under which one can derive non-trivial lower bounds on the submodularity ratio.
Typically, rather than computing the submodularity ratio on a given instance, one would
use problem-specific insights to derive a priori lower bounds on the submodularity ratio in
terms of quantities that are easier to compute exactly or approximately. For example, in
the primary application studied here (linear regression), the submodularity ratio is lowerbounded by the (easy to compute) smallest eigenvalue of the covariance matrix, and more
tightly bounded by the (not so easy to compute) smallest 2k-sparse eigenvalue of the covariance matrix. Recently, Elenberg et al. (2018) showed how to derive similar lower bounds
for a more general class of linear objective functions. We anticipate that similar types of
bounds can be obtained for other classes of objectives.

which gives us a lower bound of 1 on the ratio.

f (L ∪ Si+1 ) − f (L ∪ Si ) = f (L ∪ Si ∪ {xi+1 }) − f (L ∪ Si ) ≤ f (L ∪ {xi+1 }) − f (L),

ensemble of anytime predictors that automatically trade computation time with predictive
accuracy. Using the submodularity ratio, the authors provide an approximation guarantee
for the performance of their ensemble algorithm. Kusner et al. (2014) analyzed greedy
methods for training a tree of classifiers for feature-cost sensitive learning, and show that
the objective function for obtaining a cost-sensitive tree of classifiers is approximately submodular. Qian et al. (2015) proposed a Pareto optimization approach for subset selection in
sparse regression and analyzed the performance of their algorithm using the submodularity
ratio.
Most directly following up on our initial work is a recent result of Elenberg et al. (2018)
that extends our analysis of greedy algorithms for subset selection from the linear regression
setting to arbitrary Generalized Linear Models. The main result is a lower bound on any
function’s submodularity ratio in terms of its restricted strong convexity and smoothness
parameters, which can then be used to obtain approximation guarantees for greedy feature
selection algorithms.

2. Approximate Submodularity
We begin by defining our notion of approximate submodularity, and explaining its relationship with the traditional notion of submodularity. Then, we show that approximation
results for greedy algorithms degrade gracefully as the function becomes less and less submodular.
2.1 Submodularity Ratio

1. f is monotone iff f (S) ≤ f (T )

We introduce the notion of submodularity ratio for a general set function, which captures
“how close” to submodular the function is. Let X be a universe of elements, and Let
f : 2X → R+ be a non-negative set function.
Definition 1 (Monotonicity, Submodularity)
whenever S ⊆ T .

2. f is submodular iff f (S ∪ {x}) − f (S) ≥ f (T ∪ {x}) − f (T ) whenever S ⊆ T .
Our definition of the submodularity ratio smoothly interpolates between functions that
are submodular and those that are far from so.

min

L⊆U,S:|S|≤k,S∩L=∅

Definition 2 (Submodularity Ratio) The submodularity ratio of a monotone function
f with respect to a set U and a parameter k ≥ 1 is
P
(1)
γU,k (f ) =

where we define 0/0 := 1. Thus, the submodularity ratio captures how much more f can
increase by adding any subset S of size k to L, compared to the combined benefits of adding
its individual elements to L. That Definition 2 generalizes submodularity is captured by
the following proposition.
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Proposition 3 f is submodular if and only if γU,k ≥ 1 for all U and k.
7

i

f (x̂/SiNG ) ≥

9
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γS NG ,k∗
γS NG ,k∗
· f (Si /SiNG ) ≥
· f (Si /SiNG ).
|Si |
k∗

Let x̂ ∈ argmaxx∈Si f (x/SiNG ) maximize f (x̂/SiNG ). Then we get that

x∈Si

Proof. We carry out the analysis in somewhat more generality than needed here, since
most of it will be useful in Section 2.3. Let k be the number of iterations that Algorithm 1
was run, and SiNG the set of elements greedily chosen in the first i iterations. Let SiNG be
the set of variables chosen by the Nemhauser Greedy Algorithm (Algorithm 1) in the first
NG ) to be the gain obtained from the variable
i iterations. Define A(i) = f (SiNG ) − f (Si−1
P
chosen by the algorithm in iteration i. Then f (S NG ) = ki=1 A(j).
For simplicity of notation, we write f (x/S) to denote f ({x} ∪ S) − f (S), and f (T /S)
to denote f (T ∪ S) − f (S), for any element x ∈ X and sets S and T . We will also write
γS NG ,k to denote γS NG ,k (f ).
Let S ∗ be some (optimum) set of k ∗ variables, achieving a value of (at least) C. Let
Si = S ∗ \ SiNG . By monotonicity of f and the fact that Si ∪ SiNG ⊇ S ∗ , we have that
f (Si ∪ SiNG ) ≥ C. We will show that at least one of the x ∈ Si is a good candidate in
iteration i + 1 of the algorithm. First, the joint contribution of Si , conditioned on the set
SiNG , must be fairly large: f (Si /SiNG ) = f (Si ∪ SiNG ) − f (SiNG ) ≥ C − f (SiNG ). Using
Definition 2, as well as SiNG ⊆ S NG and |Si | ≤ k ∗ ,
X
f (x/SiNG ) ≥ γS NG ,|Si | · f (Si /SiNG ) ≥ γS NG ,k∗ · f (Si /SiNG ).

Notice that for submodular functions, because γS NG ,k (f ) ≥ 1, our theorem recovers the
result of Nemhauser et al. (1978) as a special case.

Theorem 6 Let f be a nonnegative, monotone set function, and OPT be the maximum
value of f obtained by any set of size k. Then, the set S NG selected by the Nemhauser
Greedy Algorithm has the following approximation guarantee:


f (S NG ) ≥ 1 − e−γSNG ,k (f ) · OPT.

The centerpiece of our algorithmic analysis is a generalization of Theorem 5 to approximately submodular functions.

Theorem 5 (Nemhauser et al. (1978)) The set S NG returned by the Nemhauser Greedy
Algorithm guarantees that f (S NG ) ≥ (1 − 1e ) · f (Sk∗ ), where Sk∗ is the set maximizing f (S)
among all size-k sets S.
i=1

t
X

A(i) ≤ C · (1 −

t
γS NG ,k∗ t
) ≤ C · e−γSNG ,k∗ · k∗ .
k∗

(2)

i=1

t+1
X

A(i) −



i=1

t
X
γS NG ,k∗
· (C −
A(i))
k∗

A(i) − A(t + 1)

i=1
t+1
X

i=1
t
X

t
X

γS NG ,k∗ 
= (C −
A(i)) · 1 −
k∗
i=1

γS NG ,k∗ t+1
,
≤C · 1−
k∗

≤C−

A(i) = C −

i=1

k
X



A(i) ≥ OPT · 1 − e−γSNG ,k .
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Remark 7 As the submodularity ratio goes to 0, the approximation guarantee of Theorem 6
deteriorates and becomes 0 in the limit. This is not surprising: in the limit, the definition
does not place any restrictions on the function f . Without any restrictions on f , not
only can the greedy algorithm perform arbitrarily poorly, but the same may be true for any
efficient algorithm, since f might be a function that is provably hard to approximate to
within any non-trivial factor.
Indeed, the goal of Theorem 6 is not to provide a universal approximation guarantee, but
rather to outline conditions under which running the greedy algorithm comes with provable
approximation guarantees. Practitioners run greedy algorithms routinely without any guarantees, and the submodularity ratio may provide guidance under what conditions doing so
has theoretical justification, even when the objective function f is not submodular.

This completes the proof of the approximation guarantee.

f (S NG ) =

thus completing the inductive proof. Using Inequality(2) with k = k ∗ , t = k − 1 and
C = OPT, we obtain that

C−

The base case is clearly true for t = 0. Suppose that the inequality is true after t
iterations. Then, at iteration t + 1, we have

C−

We will use the above inequality to prove by induction on t that

j=1

i
X
γS NG ,k∗
γS NG ,k∗
γS NG ,k∗
· f (Si /SiNG ) ≥
· (C − f (SiNG )) ≥
· (C −
A(j)).
k∗
k∗
k∗

Since the x̂ above was a candidate to be chosen in iteration i + 1, and the algorithm
chose a variable xi+1 such that f (xi+1 /SiNG ) ≥ f (x/SiNG ) for all x ∈
/ SiNG , we obtain that

Algorithm 1 The Nemhauser Greedy Algorithm for a non-negative, monotone, and submodular set function f on a universe X .
1: Initialize S0 = ∅.
2: for each iteration i + 1 = 1, 2, . . . do
3:
Let xi+1 ∈ X be an element maximizing f (Si ∪ {xi+1 }), and set Si+1 = Si ∪ {xi+1 }.
4: Output Sk .
A(i + 1) ≥

Das and Kempe

Approximate Submodularity and its Applications

Approximate Submodularity and its Applications

2.3 The Greedy Algorithm for Minimum Submodular Cover

C
NG )
C − f (Sk−1

· k ∗ (C),

The “complementary” problem to submodular function maximization is minimum submodular cover, where the goal is to find a smallest set S with f (S) ≥ C, a given target value.
The name derives from one of the most common instance of submodular functions: coverage
functions.3 Here, the elements x correspond to sets, and the function value f is the size of
the union of the selected sets. In the Maximum Coverage Problem, the goal is to maximize
the size of the union by selecting k sets, and in the Minimum Set Cover Problem, the goal
is to cover all elements selecting as few sets as possible.
For both problems, the greedy algorithm (Algorithm 1) provides essentially best possible
guarantees. The only difference is the termination condition: for maximum coverage, the
algorithm is terminated when k sets are selected, while for minimum cover, the algorithm
is terminated when all elements (or a given number) have been covered. For the Minimum
Set Cover Problem, the greedy algorithm achieves a ln n approximation, which is best
possible unless P = NP. For more general monotone submodular functions, the results are
somewhat less clean to express, but are summarized by the following theorem of Wolsey
(1982).

1 + log

Theorem 8 (Theorem 1 of Wolsey (1982)) Let f be nonnegative, monotone and submodular, and let n = |X |. For any given C, let k ∗ (C) be the size of the smallest set S ⊆ V
such that f (S) ≥ C. Let k be the size of the set S NG selected by Algorithm 1 when run until
f (S) ≥ C. Then,
!!
k≤

NG is the set selected by Algorithm 1 after k − 1 iterations.
where Sk−1
If f is integer valued, then

k ≤ (1 + log(θ)) · k ∗ ,

We show that Theorem 8, too, extends gracefully to approximately submodular functions

where θ = maxx∈X f (x) is the maximum value of the set function obtained by a single
element.

f.

C
NG )
C − f (Sk−1

· k ∗ (C),

Theorem 9 Let f be a nonnegative and monotone function, and let n = |X |. For any
given C, let k ∗ (C) be the size of the smallest set S ⊆ V such that f (S) ≥ C. Let k be the
size of the set S NG selected by Algorithm 1 when run until f (S) ≥ C. Then,
!
1
k ≤1+
· log
γS NG ,k∗ (C) (f )

NG is the set selected by Algorithm 1 after k − 1 iterations.
where Sk−1

JMLR 19(3):1-34, 2018

3. A characterization of coverage functions in terms of functional properties akin to submodularity is given
by Salek et al. (2010).

11

k ≤1+
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1
· log
γS NG ,k∗ (f )

C
NG )
C − f (Sk−1

!

· k∗ ,

Proof. We use the same notation as in the proof of Theorem 6. For notational convenience, write k ∗ = k ∗ (C). Let k be the number of
taken by Algorithm 1, so that
Piterations
k
NG ) < C. Thus f (S NG ) =
f (SkNG ) ≥ C and f (Sk−1
j=1 A(j).
Let S ∗ be a smallest set (i.e., |S ∗ | = k ∗ ) with f (S ∗ ) ≥ C. Substituting t = k − 1 into
Equation (2) and solving for k, we obtain that

as claimed.

As with Wolsey’s result for submodular functions, the bounds can be improved when f
is integer-valued.



θ
γ∅,k∗ (f )

!

· k ∗ (C).

Theorem 10 Assume that f is integer-valued, in addition to all conditions (and notation)
of Theorem 9. Let θ = maxx∈X f (x) is the maximum value of the set function obtained by
any single element. Then, the number k of elements selected by Algorithm 1 satisfies

1
log
γS NG ,k∗ (C) (f )

1
· log(C) · k ∗ (C),
γS NG ,k∗ (C) (f )
1+

k ≤1+
k≤

S

,k

γ NG ∗
S
,k
k∗

·t

≤ k∗ .

NG ) ≥ 1 for
Proof. The first result follow directly from Theorem 9, because C − f (Sk−1
integer-valued functions.
 ∗ 
∗
)
For the second result, substitute t = γ NGk ∗ (f ) · log f (S
into Inequality (2) to obtain
k∗

that

C − f (StNG ) ≤ C · e−

NG ) ≥ 1 for all remaining
Because f is a monotone and integer-valued, f (SiNG ) − f (Si−1
iterations i, and it takes at most k ∗ additional iterations to reach a value of C. Hence,





1
1
θ
· log(C/k ∗ ) · k ∗ ≤ 1 +
· log
1+
· k∗ .
γS NG ,k∗ (f )
γS NG ,k∗ (f )
γ∅,k∗ (f )

k ≤ t + k∗ =

The inequality C/k ∗ ≤ θ/γ∅,k∗ (f ) is directly from Definition 2.

The same techniques can be used to obtain the following bicriteria approximation guarantee below. The bicriteria guarantees are similar in spirit to, for instance, (Krause and
Golovin, 2014, Theorem 1.5). We believe that similar results for submodular functions are
folklore among researchers, though we are unaware of a reference stating precisely the form
we give here.

S

,k
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Theorem 11 For any  ∈ (0, 1), if Algorithm 1 is run until f (S NG ) ≥ (1 − ) · C, the size
of the set S NG that is returned is at most γ NG1 ∗ (f ) log( 1 ) · k ∗ (C).

12

For the proof, simply substitute t =

1
γS NG ,k∗ (f )

log( 1 ) · k ∗ (C) into Inequality (2).

,k

L⊆U,S:|S|≤k,S∩L=∅

min

2
2
i∈S (RZ,L∪{Xi } − RZ,L )
2
2
RZ,S∪L − RZ,L

=

min

L⊆U,S:|S|≤k,S∩L=∅

| L
(bL
S ) bS
,
| (C L )−1 bL
)
(bL
S
S
S
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13

5. Computing λmin (C, k) is NP-hard. In Appendix A we describe how to efficiently approximate the values
for some scenarios.

Lemma 14 Let C be the covariance matrix of n zero-mean random variables X1 , X2 , . . . , Xn ,
each of which has variance at most 1. Let Cρ be the corresponding correlation matrix of
the n random variables, that is, Cρ is the covariance matrix of the variables after they are
normalized to have unit variance. Then λmin (C) ≤ λmin (Cρ ).

For all our analysis in this paper, we will use |U | = k, and hence γU,k ≥ λmin (C, 2k).
Thus, the smallest 2k-sparse eigenvalue is a lower bound on this submodularity ratio; as we
show later, it is often a weak lower bound.
Before proving Lemma 13, we first introduce two lemmas that relate the eigenvalues of
a normalized covariance matrix with those of its submatrices.

Lemma 13 γU,k ≥ λmin (C, k + |U |) ≥ λmin (C).

where C L and bL are the normalized covariance matrix and normalized covariance vector
corresponding to the set {Res(X1 , L), Res(X2 , L), . . . , Res(Xn , L)}.
Our key lemma can now be stated as follows:

γU,k =

P

The key insight enabling our analysis is a bound on the submodularity ratio of the R2
function. To avoid notational clutter, when we are specifically concerned with the R2
objective defined on the variables Xi , we omit the function name in the definition of the
submodularity ratio, and simply write

3.1 Approximate Submodularity of R2

and non-negative (Johnson and Wichern, 2002). We denote the eigenvalues of a positive
semidefinite matrix A by λmin (A) = λ1 (A) ≤ λ2 (A) ≤ · · · ≤ λn (A) = λmax (A). We use
λmin (C, k) = minS:|S|=k λmin (CS ) to refer to the smallest eigenvalue of any k×k submatrix of
C (i.e., the smallest k-sparse eigenvalue), and similarly λmax (C, k) = maxS:|S|=k λmax (CS ).5
We also use κ(C, k) to denote the largest condition number (the ratio of the largest and
smallest eigenvalue) of any k × k submatrix of C. This quantity is strongly related to the
Restricted Isometry Property in (Candès et al., 2005). We also use µ(C) = maxi6=j |ci,j | to
denote the coherence, i.e., the maximum absolute pairwise
correlation between the Xi varipP
2
ables. Recall the L2 vector and matrix norms: kxk2 =
i |xi | , and kAk2 = λmax (A) =
maxkxk2 =1 kAxk2 . We also use kxk0 = |{i | xi 6= 0}| to denote the sparsity of a vector x.
The Rayleigh-Ritz representation for kAk2 is useful in bounding λmin (A), as for any
2
vector x, we have λmin (A) ≤ kAxk
kxk2 .
The part of a variable Z that is not correlated with the Xi for all i ∈ S, i.e., the part
that cannot be explained
P by the Xi , is called the residual (see (Diekhoff, 2002)), and defined
as Res(Z, S) = Z − i∈S αi Xi .
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4. We assume throughout that CS is non-singular. For some of our results, an extension to singular matrices
is possible using the Moore-Penrose generalized inverse.

R2 is a widely used measure for the goodness of a statistical fit; it captures the fraction
of the variance of Z explained by variables in S. Because we
 assumed Z to be normalized
2
to have variance 1, it simplifies to RZ,S
= 1 − E (Z − Z 0 )2 .
For a set S, we use CS to denote the submatrix of C with row and column set S, and
bS to denote the vector with only entries bi for i ∈ S. For notational convenience, we
frequently do not distinguish between the index set S and the variables {Xi | i ∈ S}. Given
the subset S of variables used for prediction, the optimal regression coefficients αi are well
known to be aS = (αi )i∈S = CS−1 · bS (see, e.g., (Johnson and Wichern, 2002)), and hence
2
RZ,S
= b|S CS−1 bS . Thus, the subset selection problem can be phrased as follows: Given C,
2
b, and k, select a set S of at most k variables to maximize RZ,S
= b|S (CS−1 )bS .4
Many of our results are phrased in terms of eigenvalues of the covariance matrix C and
its submatrices. Covariance matrices are positive semidefinite, so their eigenvalues are real

Definition 12 (Subset Selection) Given pairwise covariances among all variables, as
0
well
P as a parameter k, find a set S ⊂ X of at most k variables Xi and a linear predictor Z =
i∈S αi Xi of Z, maximizing the squared multiple correlation (Diekhoff, 2002; Johnson and
Wichern, 2002)


Var[Z] − E (Z − Z 0 )2
2
RZ,S
=
.
Var[Z]

As our first and main application of the approximate submodularity framework, we analyze greedy algorithms for subset selection in regression. The goal in subset selection is
to estimate a predictor variable Z using linear regression on a small subset from the set
of observation variables X = {X1 , . . . , Xn }. We use Var[Xi ], Cov[Xi , Xj ] and ρ(Xi , Xj )
to denote the variance, covariance and correlation of random variables, respectively. By
appropriate normalization, we can assume that all the random variables have expectation
0 and variance 1. The matrix of covariances between the Xi and Xj is denoted by C, with
entries ci,j = Cov[Xi , Xj ]. Similarly, we use b to denote the covariances between Z and the
Xi , with entries bi = Cov[Z, Xi ]. Formally, the Subset Selection problem can now be stated
as follows:

3. Subset Selection for Regression

instead of a smooth degradation of the customary (1 − 1/e) approximation guarantee, we
can choose a smooth increase in the size of the set that the greedy algorithm is allowed to
select, and thus retain the customary (1 − 1/e) approximation, even for functions that are
only approximately submodular.

S

A particularly clean corollary of this theorem is obtained when  = 1/e. In that case,
we obtain a (1 − 1/e) approximation by increasing the set size by a factor γ NG1 ∗ (f ) . Thus,

Proof.
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Var[Xi ]

Proof. Since Cρ is obtained by normalizing the variables such that they have unit variance,
we get Cρ = D| CD, where D is a diagonal matrix with diagonal entries di = √ 1
.
Since both Cρ and C are positive semidefinite, we can perform Cholesky factorization
to get lower-triangular matrices Aρ and A such that C = AA| and Cρ = Aρ Aρ| . Hence
Aρ = D| A.
Let σmin (A) and σmin (Aρ ) denote the smallest singular values of A and Aρ , respectively.
Also, let v be the singular vector corresponding to σmin (Aρ ). Then,

p
1
= max Var[Xi ] ≤ 1.
i
di

kAvk2 = kD−1 Aρ vk2 ≤ kD−1 k2 kAρ vk2 = σmin (Aρ )kD−1 k2 ≤ σmin (Aρ ),
where the last inequality follows since
i

kD−1 k2 = max

Hence, by the Courant-Fischer theorem, σmin (A) ≤ σmin (Aρ ), and consequently, λmin (C) ≤
λmin (Cρ ).
Lemma 15 Let λmin (C) be the smallest eigenvalue of the covariance matrix C of n random
variables X1 , X2 , . . . , Xn , and λmin (C 0 ) be the smallest eigenvalue of the (n − 1) × (n − 1) covariance matrix C 0 corresponding to the n−1 random variables Res(X1 , Xn ), . . . , Res(Xn−1 , Xn ).
Then λmin (C) ≤ λmin (C 0 ).

ci,n cj,n
,
cn,n

0 denote
Proof. Let λi and λi0 denote the eigenvalues of C and C 0 , respectively. Also, let ci,j
the entries of C 0 . Using the definition of the residual, we get that

2
ci,n
.
cn,n

0
ci,j
= Cov[Res(Xi , Xn ), Res(Xj , Xn )] = ci,j −
0
ci,i
= Var[Res(Xi , Xn )] = ci,i −

i=1

n−1
1 X 0
ei ci,n [c1,n , c2,n , . . . , cn−1,n ]| + D · e0 + C 0 · e0
cn,n

i=1

n−1
1 X 0
ei ci,n [c1,n , c2,n , . . . , cn−1,n ]| + C{1,...,n−1} · e0
cn,n

1
Defining D = cn,n
· [c1,n , c2,n , . . . , cn−1,n ]| · [c1,n , c2,n , . . . , cn−1,n ], we can write C{1,...,n−1} =
C 0 + D. To prove λ ≤ λ0 , let e0 = [e0 , . . . , e0 ]| be the eigenvector of C 0 corresponding to
1
1
1
n−1
1 Pn−1 0
|
0
the eigenvalue λ10 , and consider the vector e = [e10 , e20 , . . . , en−1
, − cn,n
i=1 ei ci,n ] . Then,
C · e = [ y0 ], where

y=−
=−

= C 0 · e0 .
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0
0
Thus, C · e = [λ10 e10 , λ10 e20 , . . . , λ10 en−1
, 0]| = λ10 [e10 , e20 , . . . , en−1
, 0]| ≤ λ10 kek2 , which by
Rayleigh-Ritz bounds implies that λ1 ≤ λ10 .

Using the above two lemmas, we now prove Lemma 13.
15

Proof of Lemma 13.

x

≤ max

Since

(bL )| (CSL )−1 bSL
S
(bSL )| bSL

Das and Kempe

λmin (CSL ).

x| (C L )−1 x
1
S
,
= λmax ((CSL )−1 ) =
x| x
λmin (CSL )

min

(L⊆U,S:|S|≤k,S∩L=∅)

we can use Definition 2 to obtain that
γU,k ≥

Next, we relate λmin (CSL ) with λmin (CL∪S ), using repeated applications of Lemmas 14
and 15. Let L = {X1 , . . . , X` }; for each i, define Li = {X1 , . . . , Xi }, and let C (i) be the
(i)
covariance matrix of the random variables {Res(X, L \ Li ) | X ∈ S ∪ Li }, and Cρ the
covariance matrix after normalizing all its variables to unit variance. Then, Lemma 14
(i)
(i)
implies that for each i, λmin (C (i) ) ≤ λmin (Cρ ), and Lemma 15 shows that λmin (Cρ ) ≤
λmin (C (i−1) ) for each i > 0. Combining these inequalities inductively for all i, we obtain
that

λmin (CSL ) = λmin (Cρ(0) ) ≥ λmin (C (`) ) = λmin (CL∪S ) ≥ λmin (C, |L ∪ S|).

Finally, since |S| ≤ k and L ⊆ U , we obtain γU,k ≥ λmin (C, k + |U |).
3.2 Forward Regression

We now use our approximate submodularity framework along with the result of Lemma 13
to achieve theoretical performance bounds for Forward Regression and Orthogonal Matching
Pursuit, which are widely used in practice. We also analyze the Oblivious algorithm, one
of the simplest greedy algorithms for subset selection. Throughout the remainder of this
2
section, we use OPT = maxS:|S|=k RZ,S
to denote the optimum R2 value achievable by any
set of size k.
We begin with an analysis of Forward Regression, which is the standard algorithm used
by many researchers in medical, social, and economic domains.6

Algorithm 2 The Forward Regression (also called Forward Selection) algorithm.
1: Initialize S0 = ∅.
2: for each iteration i + 1 = 1, 2, . . . do
2
Let Xi+1 be a variable maximizing RZ,S
, and set Si+1 = Si ∪ {Xi+1 }.
i ∪{Xi+1 }
Output Sk .
3:

4:

Notice that Forward Regression is exactly the special case of the general Nemhauser
Greedy Algorithm (Algorithm 1) applied to the R2 objective.
Our main result is the following theorem.

JMLR 19(3):1-34, 2018

6. There is some inconsistency in the literature about naming of greedy algorithms. Forward Regression
is sometimes also referred to as Orthogonal Matching Pursuit (OMP). We choose the nomenclature
consistent with Miller (2002) and Tropp (2004).
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i=1

n
X

2
2
RZ,X
≤ RZ,{X
≤
i
1 ,...,Xn }

γ∅,n
i=1

n
1 X
2
RZ,X
≤
i
i=1

n

X
1
2
RZ,X
.
i
λmin (C)

i

X

βi2 λ0i .

We

Cov[Xi , T ] =

Proof.

2
first prove that RZ,S
∗
k−1
∗
0 for all Xi ∈ Sk , and Z

large enough k.

≥ (1 −
P

17

=T+

Xi ∈Sk∗

k

k

αi Xi , where α =

Let T

k
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= Res(Z, Sk∗ ); then,
(αi ) = CS−1
∗ · bS ∗ are
k
k

1 1/λmin (C,k)
2
≥ RZ,S
), for
∗ · Θ(( )
2

1
2
kλmin (C,k) )RZ,Sk∗ .

k/2

2
Θ(( kk )1/λmin (C,k) ), for large enough k. In particular, RZ,S
∗

0

2
Lemma 18 For each k, let Sk∗ ∈ argmax|S|≤k RZ,S
be an optimal subset of at most k vari2
2
ables. Then, for any k 0 = Θ(k) such that λmin1(C,k) < k 0 < k, we have that RZ,S
∗ ≥ RZ,S ∗ ·
0

The next lemma relates the optimal R2 value using k elements to the optimal R2 using
k 0 < k elements.

P 2
P
P
2
,
, and i βi2 = b| b = i RZ,X
Because λ01 ≤ λ0i for all i, we get λ01 i βi2 ≤ RZ,{X
i
1 ,...,Xn }
because the length of the vector b is independent of Pthe basis it is written in. Also, by
2
β
2
definition of the submodularity ratio, RZ,{X
≤ γ i i . Finally, because λ01 = λmax1 (C) ,
1 ,...,Xn }
∅,n
and using Lemma 13, we obtain the result.

2
RZ,{X
= b| C −1 b =
1 ,...,Xn }

Proof. Let the eigenvalues of C −1 be λ01 ≤ λ02 ≤ . . . ≤ λ0n , with corresponding
P orthonormal
eigenvectors e1 , e2 , . . . , en . We write b in the basis {e1 , e2 , . . . , en } as b = i βi ei . Then,

λmax (C)

1

Lemma 17 Let C and b be the covariance matrix and covariance vector corresponding to
a predictor variable Z and a set S of random variables X1 , X2 , . . . , Xn that are normalized
to have zero mean and unit variance. Then,

The first inequality is just an application of Theorem 6 to the R2 objective, and the
second inequality follows directly from Lemma 13 by noticing that |S FR | = k. Thus, our
proof will focus on the third inequality, which relates the performance measured with respect
to the smallest k-sparse eigenvalue to that measured with respect to the smallest 2k-sparse
eigenvalue. We begin with a general lemma that bounds the amount by which the R2 value
of a set and the sum of R2 values of its elements can differ.

≥ (1 − e−λmin (C,2k) ) · OPT
1
≥ (1 − e−λmin (C,k) ) · Θ(( )1/λmin (C,k) ) · OPT.
2
≥1−

α2j
Var[Z 0 ] for all Xj
kαk2
that αj2 ≤ k 2 . As in
eigenbasis of CSk∗ , one

∈ Sk∗ .

αj2
αj2 Var[Xj ]
= 1−
;
0
Var[Z ]
Var[Z 0 ]

k−1

2
RZ,S
∗
k

≥

S
k

k

k

k−1

2
RZ
0 ,S ∗

≥ 1−

k

k

(1 −
i=k0 +1

k
Y

k
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1
2
2
−λmin (C,k)
2
RZ,S
) · Θ(( )1/λmin (C,k) ) · RZ,S
∗,
NG ≥ RZ,S NG ≥ (1 − e
k
k
k/2
2
proving the third inequality.

k/2

2
2
RZ,S
∗ . Now, using Lemma 18 and monotonicity of R , we get

Proof of Theorem 16. As mentioned earlier, the first inequality is a direct corollary of
Theorem 6, obtained by replacing f with the R2 function. The second inequality follows
directly from Lemma 13 and the fact that |S FR | = k.
2
−λmin (C,k) ) ·
By applying the above result after k/2 iterations, we obtain RZ,S
NG ≥ (1 − e
k/2

k0 t
k 0 1/λmin (C,k)
2
) ) ≥ RZ,S
)
).
∗ · Θ((
k
k
k

Using the above lemmas, we now prove the main theorem.

This completes the proof.

k

2
2
RZ,S
∗ ≥ RZ,S ∗ · Θ((
0

Qk
i−t
2
2
Let t = d1/λmin (C, k)e, so that the previous bound implies RZ,S
∗ ≥ RZ,S ∗ ·
i=k0 +1 i .
k
k0
Q
t
k0 −t+i
2
Most of the terms in the product telescope, giving us a bound of RZ,S ∗ · i=1 k−t+i . Since
k
Qt k0 −t+i
k0 t
i=1 k−t+i converges to ( k ) with increasing k (keeping t constant), we get that for large
k,

k

2
2
RZ,S
∗ ≥ RZ,S ∗ ·
0

1
).
iλmin (C, i)

1
1
≥ 1−
.
kλmin (CSk∗ )
kλmin (C, k)

2
Finally, by definition, RZ
0 ,S ∗ = 1, so

2
RZ
0 ,S ∗

k

1
kλmin (CS ∗ ) .

2
RZ,S
∗

≥1−

Now, applying this inequality repeatedly, we get

k−1

2
so RZ
0 ,S ∗

the proof of Lemma 17, by
can show that |α| CSk∗ α| ≥
|α| CS ∗ α|
P
|
2
2
k
kαk2 λmin (CSk∗ ), or kαk2 ≤ λmin (C ∗ ) . Furthermore, α CSk∗ α = Var[ Xi ∈S ∗ αi Xi ] = Var[Z 0 ],

Focus now on j minimizing αj2 , so
writing α in terms of an orthonormal

k−1

2
in particular, this implies that RZ
0 ,S ∗

k

2
RZ
0 ,S ∗ \{X } = 1 −
j

the optimal regression coefficients. We write Z 0 = Z − T . For any Xj ∈ Sk∗ , by definition
of R2 , we have that

Theorem 16 The set S FR selected by Forward Regression has the following approximation
guarantees:

−γS FR ,k
2
RZ,S
) · OPT
FR ≥ (1 − e

Das and Kempe
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Theorem 20 The set S OMP selected by orthogonal matching pursuit has the following approximation guarantees:

Das and Kempe

i=1

(−1)i+j bi bj det(C[i, j])

G

`

`

`

G

`

2
proof of Theorem 6, RZ,X
0 ≥

γS OMP ,k
k

Var[X`0 ]
·
i )]
Var[Res(Xm , SG
λmin (C, 2k)
2
≥ RZ,X
0 · λmin (C, 2k),
i )]
`
Var[Res(Xm , SG
2
≥ RZ,X
0 ·

2
2
RZ,Res(X
≥ RZ,X
0
i
m ,S )

In particular, this implies

because

i

2
≥ RZ,S
0 ·

i )] ≤ 1. As in the
Var[Res(Xm , SG
λmin (C,2k)·γS OMP
k
i
m ,SG )

2
RZ,Res(X

· (OPT −

i

,k
. With the same definition of A(i) as in the proof
Pi
j=1 A(j)). An inductive

λmin (C,2k)γS OMP ,k
k

k

2
A(i) ≥ (1 − e−λmin (C,2k)·γSOMP ,k ) · RZ,S
∗.

of Theorem 6, we get that A(i + 1) ≥
proof now shows that
k
X
i=1

20
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As a baseline, we also consider a greedy algorithm which completely ignores C and simply
selects the k variables individually most correlated with Z.
Lemma 17 immediately implies a simple bound for the oblivious algorithm:

3.4 Oblivious Algorithm

The proofs of the other two inequalities follow the same pattern as the proof for Forward
Regression.

2
RZ,S
=
G

2
· RZ,S
0 , so

i
i 2
2
i
Cov[Res(Z, SG
), Xm ]2 = Cov[Z, Res(Xm , SG
)] = RZ,Res(X
· Var[Res(Xm , SG
)].
i
m ,S )

i ), X ]|.
The OMP algorithm chooses a variable Xm to add which maximizes |Cov[Res(Z, SG
m
Thus, Xm maximizes

G

Var[X`0 ] ≥ λmin (CS i ∪{X 0 } ) ≥ λmin (C, 2k).

Proof. We begin by proving the first inequality. Using notation similar to that in the
proof of Theorem 16, we let Sk∗ be the optimum set of k variables, SiOMP the set of variables
chosen by OMP in the first i iterations, and Si = Sk∗ \ SiOMP . For each Xj ∈ Si , let Xj0 =
Res(Xj , SiOMP ) be the residual of Xj conditioned on SiOMP , and write Si0 = {Xj0 | Xj ∈ Si }.
Consider some iteration i + 1 of OMP. We will show that at least one of the Xi0 is a
2
2
good candidate in this iteration. Let ` maximize RZ,X
0 , i.e., ` ∈ argmax(j:X 0 ∈S 0 ) RZ,X 0 . By
j
i
j
`
Lemma 19,

≥ (1 − e−λmin (C,2k) ) · OPT
1
2
≥ (1 − e−λmin (C,k) ) · Θ(( )1/λmin (C,k) ) · OPT.
2

2

−(γS OMP ,k ·λmin (C,2k))
2
RZ,S
) · OPT
OMP ≥ (1 − e

Algorithm 3 The Orthogonal Matching Pursuit algorithm.
1: Initialize S0 = ∅.
2: for each iteration i + 1 = 1, 2, . . . do
Let Xi+1 be a variable maximizing |Cov[Res(Z, Si ), Xi+1 ]|, and set Si+1 = Si ∪{Xi+1 }.
Output Sk .
4:

3:

3.3 Orthogonal Matching Pursuit
The second greedy algorithm we analyze is Orthogonal Matching Pursuit (OMP), frequently
used in signal processing domains.
By applying similar techniques as in the previous section, we can also obtain approximation bounds for OMP. We start by proving the following lemma that lower-bounds the
variance of the residual of a variable.

n
X
(−1)j bj det(A[1, j + 1])

j=1 i=1

n X
n
X

j=1

n
n
X
X
(−1)j bj
(−1)i+1 bi det(C[i, j])

j=1

(−1)1+j a1,j det(A[1, j])

n+1
X
j=1

Lemma 19 Let A be the (n + 1) × (n + 1) covariance matrix of the normalized variables
Z, X1 , X2 , . . . , Xn . Then Var[Res(Z, {X1 , . . . , Xn })] ≥ λmin (A).


1 b|
Proof. The matrix A is of the form A =
. We use A[i, j] to denote the matrix
b C
obtained by removing the ith row and j th column of A, and similarly for C. Recalling that
i+j det(C[i,j])
the (i, j) entry of C −1 is (−1) det(C)
, and developing the determinant of A by the first
row and column, we can write
det(A) =
= det(C) +
= det(C) +
= det(C) −

= det(C)(1 − b| C −1 b).
Therefore, using that Var[Z] = 1,
det(A)
.
Var[Res(Z, {X1 , . . . , Xn })] = Var[Z] − b| C −1 b =
det(C)
Q
Q
A
Because det(A) = n+1 λA and det(C) = n λC , and λ1A ≤ λ1C ≤ λ2A ≤ λ2C ≤ . . . ≤ λn+1
i
i
i=1
i=1
det(A)
by the eigenvalue interlacing theorem, we get that det(C)
≥ λ1A , proving the lemma.
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The above lemma, along with an analysis similar to the proof of Theorem 16, can be
used to prove the following approximation bounds for OMP:
19

γ∅,k
λmin (C, k)
· OPT ≥
· OPT.
λmax (C, k)
λmax (C, k)

4.2 The Algorithm SDSOMP

4.1 The Algorithm SDSMA

21

22
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2
RZ
.
j ,S
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S⊂D,|S|=k

max

Note that these bounds significantly improve the previous additive approximation guarantee
obtained by Krause and Cevher (2010): F (DMA ) ≥ (1 − 1e ) · F (D∗ ) − (2 − 1e ) · k · µ(C).
In particular, when µ(C) > Θ(1/k), i.e., even just one pair of variables has moderate
correlation, the approximation guarantee of Krause and Cevher becomes trivial.

Now, by applying Lemma 17 for each Zj , it is easy to show that F̂ (D∗ ) ≥ γ∅,k · F (D∗ ), and
γ
1
∗
similarly F̂ (DMA ) ≤ λmax (C, k) · F (DMA ). Thus we get F (DMA ) ≥ λmax∅,k
(C,k) (1 − e )F (D ).
The second part now follows from Lemma 13.

1
1
F̂ (DMA ) ≥ F̂ (D̂) · (1 − ) ≥ F̂ (D∗ ) · (1 − ).
e
e

The SDSMA algorithm generalizes the oblivious greedy algorithm to the problem of Dic2
tionary Selection. It replaces the RZ
term in Definition 22 with its modular approxij ,S
P
2
mation f (Zj , S) = i∈S RZj ,Xi . Thus, it greedily tries to maximize the function F̂ (D) =
Ps
j=1 maxS⊂D,|S|=k f (Zj , S), over sets D of size at most d; the inner maximum can be
computed efficiently using the oblivious algorithm.
Using Lemma 17, we obtain the following multiplicative approximation guarantee for
SDSMA :

j=1

s
X

γ∅,k
1
λmin (C, k)
1
(1 − ) · F (D∗ ) ≥
(1 − ) · F (D∗ ).
λmax (C, k)
e
λmax (C, k)
e

Proof. Let D̂ be a dictionary of size d maximizing F̂ (D). Because f (Zj , S) is monotone
and modular in S, F̂ is a monotone, submodular function. Hence, using the submodularity
results of Nemhauser et al. (1978) and the optimality of D̂ for F̂ ,

F (DMA ) ≥

Theorem 23 Let DMA be the dictionary selected by the SDSMA algorithm, and D∗ the
optimum dictionary of size |D| ≤ d, with respect to the objective F (D) from Definition 22.
Then,

Algorithm 5 The SDSMA algorithm for dictionary selection.
1: Initialize D0 = ∅.
2: for each iteration i + 1 = 1, 2, . . . do
3:
Let Xi+1 be a variable maximizing F̂ (D ∪ {Xm }), and set Si+1 = Si ∪ {Xi+1 }.
4: Output Dd .

Das and Kempe

We also obtain a multiplicative approximation guarantee for the greedy SDSOMP algorithm,
introduced by Krause and Cevher for dictionary selection. Our bounds for SDSOMP are
much stronger than the additive bounds obtained by Krause and Cevher. However, for
both our results and theirs, the performance guarantees for SDSOMP are much weaker than
those for SDSMA .
The SDSOMP algorithm generalizes the Orthogonal Matching Pursuit algorithm for subset selection to the problem of dictionary selection. In each iteration, it adds a new element
to the currently selected dictionary by using Orthogonal Matching Pursuit to approximate
2
the estimation of max|S|=k RZ
.
j ,S
We now show how to obtain a multiplicative approximation guarantee for SDSOMP .
The following definitions are key to our analysis; the first two are from Definition 22 and

F (D) =

Definition 22 (Dictionary Selection) Given all pairwise covariances among the Zj and
Xi variables, as well as parameters d and k, find a set D of at most d variables from
{X1 , . . . , Xn } maximizing

To demonstrate the wider applicability of the approximate submodularity framework, we
next obtain a tighter analysis for two greedy algorithms for the dictionary selection problem,
introduced by Krause and Cevher (2010).
The Dictionary Selection problem generalizes the Subset Selection problem by considering s predictor variables Z1 , Z2 , . . . , Zs . The goal is to select a dictionary D of d observation
variables, to optimize the average R2 fit for the Zi using at most k vectors from D for each.
Formally, the Dictionary Selection problem is defined as follows:

4. Dictionary Selection Bounds

The second inequality of the theorem follows directly from Lemma 13.

∗
Proof. Let S be the set chosen by the oblivious algorithm,
and SP
k the optimum set of
P
2
2
k variables. By definition of the oblivious algorithm, i∈S RZ,X
≥
i∈Sk∗ RZ,Xi , so using
i
Lemma 17, we obtain that
P
P
2
2
γ∅,k
i∈Sk∗ RZ,Xi
i∈S RZ,Xi
2
≥
≥
R2 ∗ .
RZ,S
≥
λmax (C, k)
λmax (C, k)
λmax (C, k) Z,Sk

2
RZ,S
OBL ≥

Theorem 21 The set S OBL selected by the oblivious algorithm has the following approximation guarantees:

Algorithm 4 The oblivious algorithm.
1: Sort the Xi by non-increasing bi values.
2: Return {X1 , X2 , . . . , XK }.
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s
X

s
X

j=1

s
X

j=1

max

max

2
RZ
,
j ,S

f (Zj , S),

2
RZ
.
j ,SOMP (D,Zj ,k)

S⊂D,|S|=k

S⊂D,|S|=k

Algorithm 6 The SDSOMP algorithm for dictionary selection.
1: Initialize D0 = ∅.
2: for each iteration i + 1 = 1, 2, . . . do
Ps
2
3:
Let Xi+1 be a variable maximizing
where
j=1 RZj ,SOMP (Di ∪{Xi+1 },Zj ,k)
SOMP (D, Z, k) denotes the set selected by Orthogonal Matching Pursuit for
predicting Z using k variables from D.
Set Si+1 = Si ∪ {Xi+1 }.
Output Dd .
4:

5:

Theorem 23.
F (D) =
F̂ (D) =
F̃ (D) =
j=1

We first prove the following lemma about approximating the function F̂ (D) by F̃ (D):
Lemma 24 For any set D, we have that
2

F̂ (D)
(1 − e−λmin (C,2k) )
· F̂ (D) ≤ F̃ (D) ≤
.
λmax (C, k)
γ∅,k
Proof. Using Theorem 20 and Lemma 17 and summing up over all the Zj terms, we
obtain that
F̂ (D)
2
2
F̃ (D) ≥ (1 − e−λmin (C,2k) ) · F (D) ≥ (1 − e−λmin (C,2k) )
.
λmax (C, k)
2
2
Similarly, using Lemma 17 and the fact that maxS⊂D,|S|=k RZ
≥ RZ
, we
j ,S
j ,SOM P (D,Zj ,k)
have

F̂ (D) ≥ γ∅,k · F (D) ≥ γ∅,k · F̃ (D).
Using the above lemma, we now prove the following bound for SDSOMP :

2

· (1 − e−λmin (C,2k) ).
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γ∅,k
(1 − e−(p·γ∅,k ) )
λmin (C, k)
(1 − e−(p·γ∅,k ) )
·
≥ F (D∗ ) ·
·
,
λmax (C, k) d − d · p · γ∅,k + 1
λmax (C, k) d − d · p · γ∅,k + 1

Theorem 25 Let DOMP be the dictionary selected by the SDSOMP algorithm, and D∗ the
optimum dictionary of size |D| ≤ d, with respect to the objective F (D) from Definition 22.
Then,

1
λmax (C,k)

F (DOMP ) ≥ F (D∗ ) ·
where p =
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F̂ (D̂)−F̂ (S NG )

Proof. Let D̂ be the dictionary of size d that maximizes F̂ (D). We first prove that
F̂ (DOMP ) is a good approximation to F̂ (D̂).
Let SiNG be the variables chosen by SDSOMP after i iterations. Define Si = D̂ \ SiNG .
By monotonicity of F̂ , we have that F̂ (Si ∪ SiNG ) ≥ F̂ (D̂).
Let X̂ ∈ Si be the variable maximizing F̂ (SiNG ∪ {X̂}), and similarly X̃ ∈ Si be the
variable maximizing F̃ (SiNG ∪ {X̃}).
Since F̂ is a submodular function, it is easy to show (using an argument similar to the

i
.
proof of Theorem 16) that F̂ (SiNG ∪ {X̂}) − F̂ (SiNG ) ≥
d
Now, using Lemma 24 above, and the optimality of X̃ for F̃ (SiNG ∪ {X̃}), we obtain
that

1
· F̂ (SiNG ∪ {X̃}) ≥ F̃ (SiNG ∪ {X̃}) ≥ F̃ (SiNG ∪ {X̂}) ≥ p · F̂ (SiNG ∪ {X̂}).
γ∅,k

Thus, F̂ (SiNG ∪ {X̃}) ≥ p · γ∅,k · F̂ (SiNG ∪ {X̂}), or

F̂ (SiNG ∪ {X̃}) − F̂ (SiNG ) ≥ p · γ∅,k · (F̂ (SiNG ∪ {X̂}) − F̂ (SiNG )) − (1 − p · γ∅,k )F̂ (SiNG ).

j=1

X
p · γ∅,k
d
· (F̂ (D̂) − (1 +
− d)
A(j)).
d
p · γ∅,k

i

NG
Define A(i) = F̂ (SiNG ) − F̂ (Si−1
)
to
be
the
gain,
with
respect
to
F̂
,
obtained from
Pd
the variable chosen by SDSOMP in iteration i. Then F̂ (DOMP ) = i=1
A(i). From the
preceding paragraphs, we obtain

A(i + 1) ≥

d
X
i=1

A(i) ≤ F̂ (D̂) · (1 −

(1 − e−(p·γ∅,k ) )
(1 − e−(p·γ∅,k ) )
≥ F̂ (D∗ ) ·
,
d − dpγ∅,k + 1
d − dpγ∅,k + 1

i=1

X
pγ∅,k d
) + (d − dpγ∅,k ) ·
A(i).
d

d

Since the above inequality holds for each iteration i = 1, 2, . . . , d, a simple inductive
proof shows that
F̂ (D̂) −

d
X
i=1

A(i) ≥ F̂ (D̂) ·

Rearranging the terms and simplifying, we get that
F̂ (DOMP ) =

γ∅,k
(1 − e−(p·γ∅,k ) )
·
.
λmax (C, k) d − d · p · γ∅,k + 1

where the last inequality is due to the optimality of D̂ for F̂ .
Now, using Lemma 17 for each Zj term, it can be easily seen that F̂ (D∗ ) ≥ γ∅,k · F (D∗ ).
Similarly, using Lemma 3.3 on the set DOMP , we have F (DOMP ) ≥ λmax1(C,k) · F̂ (DOMP ).
Using the above inequalities, we therefore get the desired bound
F (DOMP ) ≥ F (D∗ ) ·

JMLR 19(3):1-34, 2018

The second inequality of the Theorem now follows directly from Lemma 13.
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Figures 2, 4 and 6 show the different spectral quantities for the data sets, for varying
values of k. Both of the real-world data sets are nearly singular, as evidenced by the small
λmin (C) values. In fact, the near-singularities manifest themselves for small values of k
already; in particular, since λmin (C, 2) is already small, we observe that there are pairs of
highly correlated observations variables in the data sets. Thus, the bounds on approximation
we would obtain by considering merely λmin (C, k) or λmin (C, 2k) would be quite weak.
Notice, however, that they are still quite a bit stronger than the inverse condition number
κ(C, k)−1 : this bound — which is closely related to the RIP property frequently at the
center of sparse approximation analysis — takes on much smaller values, and thus would
be an even looser bound than the eigenvalues.
On the other hand, the submodularity ratios γS FR ,k for all the data sets are much larger
than the other spectral quantities (almost 5 times larger, on average, than the corresponding
λmin (C) values). Notice that unlike the other quantities, the submodularity ratios are not

On the World Bank data (Figure 3), all algorithms perform quite well with just 2–3
features already. The main reason is that adolescent birth rate is by itself highly predictive
of life expectancy, so the first feature selected by all algorithms already contributes high R2
value.

Figures 1, 3 and 5 show the results for the three data sets. The main insight is that on
all data sets, Forward Regression performs optimally or near-optimally, and OMP is only
slightly worse. This is despite the fact that (as we discuss shortly) the spectral properties
would not necessarily predict such near-optimal performance. Lasso performs somewhat
worse on all data sets, and, not surprisingly, the baseline oblivious algorithm performs even
worse. The last fact implies that the optimal solution is non-trivial in that it must account
for correlation between the observation variables. The order of performance of the greedy
algorithms match the order of the strength of the theoretical bounds we derived for them.

We run the different subset selection algorithms for values of k from 2 through 8, and plot
the R2 values for the selected sets. When including all of the features, the R2 value is close
to 1 in all data sets, implying that nearly all of the variance in the function to be predicted
can be explained by the features.

5.2 Results

To perform tests in a controlled fashion, we also generate random instances from a
known distribution similar to one used by Zhang (2008): There are n = 29 features, and
m = 100 data points are generated from a joint Gaussian distribution with moderately high
correlations of 0.6. The target vector is obtained by generating coefficients uniformly from
0 to 10 along each dimension, and adding noise with variance σ 2 = 0.1. Notice that the
target vector is not truly sparse. As for the other two data sets, the covariances are then
taken to be the empirical ones of the generated data. The plots we show are the average
R2 values for 20 independent runs of the experiment.

health indicators of development, for many countries and over several years. We choose a
subset of n = 29 indicators for the years 2005 and 2006, such that the values for all of the
m = 65 countries are known for each indicator. (The data set does not contain all indicators
for each country.) We choose to predict the average life expectancy for those countries.
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Because several of the spectral parameters (as well as the optimum solution) are NP-hard
to compute, we restrict our experiments to data sets with n ≤ 30 features, from which k ≤ 8
are to be selected. We stress that the greedy algorithms themselves are very efficient, and
the restriction on data set sizes is only intended to allow for an adequate evaluation of the
results.
Each data set contains m > n samples, from which we compute the empirical covariance
matrix (analogous to the Gram matrix in sparse approximation) between all observation
variables and the predictor variable; we then normalize it to obtain C and b. We evaluate
the performance of all algorithms in terms of their R2 fit; thus, we implicitly treat C and
b as the ground truth, and also do not separate the data sets into training and test cases.
Our data sets are the Boston Housing Data, a data set of World Bank Development
Indicators, and a synthetic data set generated from a distribution similar to the one used
by Zhang (2008). The Boston Housing Data (available from the UCI Machine Learning
Repository) is a small data set frequently used to evaluate ML algorithms. It comprises
n = 15 features (such as crime rate, property tax rates, etc.) and m = 516 observations.
Our goal is to predict housing prices from these features. The World Bank Data (available
from http://databank.worldbank.org) contains an extensive list of socio-economic and

5.1 Data Sets

The aim of our experiments is twofold: First, we wish to evaluate which among the
submodular and spectral parameters are good predictors of the performance of greedy algorithms in practice. Second, we wish to highlight how the theoretical bounds for subset
selection algorithms reflect on their actual performance. Our analytical results predict that
Forward Regression should outperform OMP, which in turn outperforms Oblivious. For
Lasso, it is not known whether strong multiplicative bounds, like the ones we proved for
Forward Regression or OMP, can be obtained.

4. the smallest eigenvalue λmin (C) = λmin (C, n) of the entire covariance matrix.

3. the sparse inverse condition number κ(C, k)−1 . As mentioned earlier, the sparse inverse condition number κ(C, k) is strongly related to the Restricted Isometry Property
in (Candès et al., 2005).

2. the smallest sparse eigenvalues λmin (C, k) and λmin (C, 2k). (In some cases, computing
λmin (C, 2k) was not computationally feasible due to the problem size.)

1. the submodularity ratio: γS FR ,k , where S FR is the subset selected by forward regression.

In this section, we evaluate Forward Regression (FR) and OMP empirically, on two realworld and one synthetic data set. We compare the two algorithms against an optimal
solution (OPT), computed using exhaustive search, the oblivious greedy algorithm (OBL),
and the L1-regularization/Lasso (L1) algorithm (in the implementation of Koh et al. (2008)).
Beyond the algorithms’ performance, we also compute the various spectral parameters from
which we can derive lower bounds. Specifically, these are
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Indeed, a slightly more careful analysis of the proof of Theorem 16 and our definition of
the submodularity ratio reveals that we do not really need to calculate the submodularity
ratio over all sets S of size k while analyzing the greedy steps of Forward Regression. We
can ignore sets S whose submodularity ratio is low, but whose marginal contribution to the
current R2 is only a small fraction (say, at most ). This is because the proof of Theorem
16 shows that for each iteration i + 1, we only need to consider the submodularity ratio
for the set Si = Sk∗ \ SiNG , where SiNG is the set selected by the greedy algorithm after i
2
) · RZ,S
iterations, and
is the optimal k-subset. Thus, if
NG , then the

Our theoretical bounds, though much stronger than previous results, still do not fully predict
the observed near-optimal performance of Forward Regression and OMP on the real-world
datasets. In particular, for Forward Regression, even though the submodularity ratio is less
than 0.4 for most cases, implying a theoretical guarantee of roughly 1 − e−0.4 ≈ 33%, the
algorithm still achieves near-optimal performance. While gaps between worst-case bounds
and practical performance are commonplace in algorithmic analysis, they also suggest that
there is scope for further improving the analysis, by looking at more fine-grained parameters.

5.3 Narrowing the gap between theory and practice

The above observations suggest that bounds based on the submodularity ratio are better
predictors of the performance of greedy algorithms, followed by bounds based on the sparse
eigenvalues, and finally those based on the condition number or RIP property.

what larger for small k, still do not fully predict the performance of greedy algorithms,
whereas the submodularity ratio here is close to 1 for all values of k. This shows that the
near-singularities do not at all provide the possibility of strongly supermodular benefits of
sets of variables. Indeed, the plot of R2 values on the synthetic data is concave, an indicator
of submodular behavior of the function.

Figure 5: Synthetic Data R2
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parameters
parameters

monotonically decreasing in k — this is due to the dependency of γS FR ,k on the set S FR ,
which is different for every k.
The discrepancy between the small values of the eigenvalues and the good performance
of all algorithms shows that bounds based solely on eigenvalues can sometimes be loose.
Significantly better bounds are obtained from the submodularity ratio γS FR ,k , which takes
on values above 0.2, and significantly larger in many cases. While not entirely sufficient
to explain the performance of the greedy algorithms, it shows that the near-singularities
of C do not align unfavorably with b, and thus do not provide an opportunity for strong
supermodular behavior that adversely affects greedy algorithms.
The synthetic data set we generated is somewhat further from singular, with λmin (C) ≈
0.11. However, the same patterns persist: the simple eigenvalue based bounds, while some-
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Chandra Chekuri, Jan Vondrák, and Rico Zenklusen. Submodular function maximization
via the multilinear relaxation and contention resolution schemes. In Proc. 43rd ACM
Symp. on Theory of Computing, pages 783–792, 2011.

It would be desirable to verify whether some of these results gracefully degrade when the
submodularity ratio is bounded away from 0. The third property (optimization of nonmonotone submodular functions) seems unlikely to carry over, as our definition was targeted

Emmanuel J. Candès, Justin Romberg, and Terence Tao. Stable signal recovery from incomplete and inaccurate measurements. Communications on Pure and Applied Mathematics,
59:1207–1223, 2005.

Emmanuel J. Candès and Terence Tao. Decoding by linear programming. IEEE Transactions on Information Theory, 51(12):4203–4215, 2005.

2. A monotone submodular function can be approximately maximized subject to a Knapsack constraint (Sviridenko, 2004), Matroid constraint (Vondrák, 2008) or combinations thereof (e.g., (Chekuri et al., 2011)).

3. If the function f is submodular, but not necessarily monotone, it can be approximately
maximized, with or without a cardinality constraint. Without a cardinality constraint,
it can also be exactly minimized.

Gruia Calinescu, Chandra Chekuri, Martin Pál, and Jan Vondrák. Maximizing a submodular set function subject to a matroid constraint. SIAM Journal on Computing, 40(6):
1740–1766, 2011.

Wenruo Bai and Jeffrey A. Bilmes. Greed is still good: Maximizing monotone submodular+supermodular functions, 2018. https://arxiv.org/pdf/1801.07413.pdf.
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1. In valid utility games (Vetta, 2002), where utility functions are essentially submodular
and interact with each other in certain ways, equilibria always achieve high social
welfare.

In this paper, we defined a notion of approximate submodularity. We showed that it naturally captures the performance degradation of the greedy algorithm. As a concrete application of the framework, we connected the submodularity ratio with spectral parameters
of the covariance matrix to obtain the strongest known approximation guarantees for the
Forward Selection and Orthogonal Matching Pursuit algorithms for regression. As a second example, we gave improved approximation guarantees for known greedy algorithms for
dictionary selection.
We believe that our techniques for analyzing greedy algorithms using a notion of “approximate submodularity” are not specific to subset selection and dictionary selection, and
could also be used to analyze other problems in compressed sensing and sparse recovery.
A natural further direction is hence to identify other applications of the approximate submodularity technique.
While approximation guarantees for the greedy algorithm are perhaps the most widely
used consequence of submodularity, they are far from the only one. Some other useful
consequences include the following:

6. Discussion and Concluding Remarks

Table 1: Improved estimates for submodularity ratio

k=2
0.9
0.8

at monotone submodular functions. This raises the natural question of whether there is a
more general definition of approximate submodularity that retains the positive results of
the present work while also yielding an analogue to some or all of the above properties.
Our bicriteria approximation guarantees, trading off a maximization of coverage against
a minimization of cost, could be generalized to more general constraints. For instance, Iyer
and Bilmes (Iyer and Bilmes, 2013) give bicriteria approximation guarantees for maximizing
a submodular function subject to a submodular cost constraint, or minimizing a submodular
function subject to a submodular coverage constraint. It is natural to ask whether similar
guarantees can be obtained for approximately submodular functions.
As discussed in Remark 4, it is open how well one can approximate the submodularity
ratio of a given function f in general; being able to do so would allow one to obtain
approximation guarantees at least for specific instances. Alternatively, it may be possible
to establish approximation hardness results for computing the submodularity ratio.
The approximation guarantees of the greedy algorithm are worst when the covariance
matrix is singular, or close to singular. When the covariance matrix is estimated from data
(rather than explicitly given), the natural variance in data generated from joint distributions
may keep it from being too close to singular. A detailed investigation would constitute an
interesting direction for future work, though to be useful, it would have to provide a lower
bound of ω(1/ log n) on the smallest (sparse) eigenvalue.

By carefully pruning such sets (using  = 0.2) while calculating the submodularity ratio,
we see that the resulting values of γS FR ,k are much higher (more than 0.8), thus significantly
reducing the gap between the theoretical bounds and experimental results. Table 1 shows
the values of γS FR ,k obtained using this method.
The results suggest an interesting direction for future work: namely, to characterize for
which sets the submodular behavior of R2 really matters.

Data Set
Boston
World Bank
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y∈Vj ,x∈Rn ,kyk2 =kxk2 =1,kxk0 ≤k

Then, λmin (C, k) ≥ λj+1 · (1 − βj ).

βj =

|x · y|.
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Lemma 26 Let Vj be the vector space spanned by the eigenvectors e1 , e2 , . . . , ej , and define

Several of our approximation guarantees are phrased in terms of λmin (C, k). Finding the
exact value of λmin (C, k) is NP-hard in general; here, we show how to estimate lower
and upper bounds. Let λ1 ≤ λ2 ≤ . . . ≤ λn be the eigenvalues of C, and e1 , e2 , . . . , en
the corresponding eigenvectors. A first simple bound can be obtained directly from the
eigenvalue interlacing theorem: λ1 ≤ λmin (C, k) ≤ λn−k+1 .
One case in which good lower bounds on λmin (C, k) can possibly be obtained is when
only a small (constant) number of the λi are small. The following lemma allows a bound in
terms of any λj ; however, since the running time by the implied algorithm is exponential
in j, and the quality of the bound depends on λj , it is useful only in the special case when
λj  0 for a small constant j.

Appendix A. Estimating λmin (C, k)
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i=1

n
X

αi2 λi ≥ λj+1 (1 −
i=1

j
X

i=1

αi2 =

|x0 · y| ≤

max

y∈Vj ,x∈Rn ,kxk2 =kyk2 =1,kxk0 ≤k

|y · x|,

αi2 ).
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P
Proof. Any vector y ∈ Vj with kyk2 = 1 can be written as y = ji=1 ηi ei with ηi ∈ [−1, 1]
for all i. The idea of our algorithm is to exhaustively search over all y, as parametrized
by their
pηi entries. To make the search finite, the entries are discretized to multiples of
δ =  · k/(nj). The total number of such vectors to search over is (2/δ)j ≤ (n/)j .
Pj
Let x̂, ŷ attain the maximum in the definition of βj , and write ŷ =
η̂ e . For
Pj i=1 i i
each i, let ηi be η̂i , rounded to the nearest multiple of δ, and y =
η
e
i
i . Then,
i=1
P
√
kŷ − yk2 ≤ kδ ji=1 ej k2 = δ j.
The vector x0 = argmaxx∈Rn ,kxk2 =1,kxk0 ≤k |y · x| is of the following form: Let I be
qP
0
2
the set of k indices i such that |yi | is largest, and γ =
i∈I yi . Then, xi = 0 for
i ∈
/ I and x0i = yi /γ for i ∈ I. Notice that given y, we can easily find x0 , and because
|x̂ · y| ≤ |x0 · y| ≤ |x̂ · ŷ|, we have
√
p
||x̂ · ŷ| − |x0 · y||
||x̂ · ŷ| − |x̂ · y||
kx̂k2 kŷ − yk2
δ j
≤
≤
≤
≤ δ jn/k.
|x̂ · ŷ|
|x̂ · ŷ|
|x̂ · ŷ|
|x̂ · ŷ|
√
The last inequality√follows since the sum of the k largest entries of ŷ is at least k/ n, so
by p
setting xi = 1/ k for each of those coordinates, we can attain at least an inner product
of k/n, and the inner product with x̂ cannot be smaller.
The value output by the exhaustive
search over all discretized values is at least |x0 · y|,
√
and thus within a factor of 1 − δ kjn = 1 −  of the maximum value, attained by x̂, ŷ.

Lemma 27 For every  > 0, there is a 1 −  approximation for calculating βj , running in
time O(( n )j ).

Since all the λj can be computed easily, the crux in using this bound is finding a
good bound on βj . Next, we show a PTAS (Polynomial-Time Approximation Scheme) for
approximating βj , for any constant j.

max

y∈Vj ,kyk2 =1

is the length of the projection of x onto Vj , we have

j
X

2
i=1 αi

Pj

completing the proof.

Since

|

λmin (C, k) = x0 Cx0 =

Proof. Let x0 ∈ Rn , kx0 k2 = 1, kxk0 ≤ k be an eigenvector corresponding to λP
min (C, k).
Let αi P
be the coefficients of the representation of x0 in terms of the ei : x0 = ni=1 αi ei .
Thus, ni=1 αi2 = 1, and we can write

Joel Tropp, Anna Gilbert, S. Muthu Muthukrishnan, and Martin Strauss. Improved sparse
approximation over quasi-incoherent dictionaries. In Proc. IEEE-ICIP, pages 37–40, 2003.

Adrian Vetta. Nash equlibria in competitive societies with applications to facility location,
traffic routing and auctions. In Proc. 43rd IEEE Symp. on Foundations of Computer
Science, pages 416–425, 2002.
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1. A recent data brief from the Office for National Coordinator (ONC) for healthcare technology shows
that the adoption of EHR in US hospitals exhibited a spectacular increase from 9.4% in 2008, 27.6% in
2011, to 75.5% in 2014 (Charles et al. (2015)).

The recent availability of data in the electronic health records (EHR)1 creates a promising horizon for establishing rich and complex physiological models (Gunter and Terry
(2005)). Modern EHRs comprise episodic data records for individual (anonymized) patients; every patient’s episode is a temporal sequence of clinical findings (e.g. visual field
index for Glaucoma patients (Liu et al. (2015)), CD4 cell counts for HIV-infected patients
(Guihenneuc-Jouyaux et al. (2000)), etc), lab test results (e.g. white cell blood count for

in the ability to provide early diagnosis, individualized treatments and timely interventions
(e.g. early warning systems in hospital wards (Yoon et al. (2016)), early diagnosis for Scleroderma patients (Varga et al. (2012); Alaa and van der Schaar (2016)), early detection of a
progressing breast cancer (Bartkova et al. (2005)), etc). Physiological modeling also confers
an epistemic value that manifests in the knowledge extracted from data about the progression and severity phases of a disease (Stelfox et al. (2012))), or the short-term dynamics of
the physiological behavior of critically ill patients (Li-wei et al. (2013)).

Figure 2: An episode of the systolic blood pressure measurements for a patient hospitalized in a
regular ward for 6 days and then discharged home by the ward staff. Measurements are missing in
a 24-hour period during the patient’s stay in the ward.
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Figure 1: An episode of the diastolic blood pressure measurements (as recorded in the EHR) for a
patient hospitalized in a regular ward for 50 days and then admitted to the ICU after the ward staff
realized she is clinically deteriorating.
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Modeling the clinical conditions of a patient using evidential physiological data is a ubiquitous problem that arises in many healthcare settings, including disease progression modeling
(Schulam and Saria (2015); Mould (2012); Wang et al. (2014); Jackson et al. (2003); Sweeting et al. (2010); Liu et al. (2015)) and critical care prognosis (Moreno et al. (2005); Matos
et al. (2006); Yoon et al. (2016); Hoiles and van der Schaar (2016); Alaa et al. (2016)). Accurate physiological modeling in these settings confers an instrumental value that manifests

1. Introduction

Keywords: Hidden Semi-Markov Models, Medical Informatics, Monte Carlo methods.

Modeling continuous-time physiological processes that manifest a patient’s evolving clinical
states is a key step in approaching many problems in healthcare. In this paper, we develop
the Hidden Absorbing Semi-Markov Model (HASMM): a versatile probabilistic model that
is capable of capturing the modern electronic health record (EHR) data. Unlike existing models, the HASMM accommodates irregularly sampled, temporally correlated, and
informatively censored physiological data, and can describe non-stationary clinical state
transitions. Learning the HASMM parameters from the EHR data is achieved via a novel
forward-filtering backward-sampling Monte-Carlo EM algorithm that exploits the knowledge of the end-point clinical outcomes (informative censoring) in the EHR data, and
implements the E-step by sequentially sampling the patients’ clinical states in the reversetime direction while conditioning on the future states. Real-time inferences are drawn via a
forward-filtering algorithm that operates on a virtually constructed discrete-time embedded
Markov chain that mirrors the patient’s continuous-time state trajectory. We demonstrate
the prognostic utility of the HASMM in a critical care prognosis setting using a real-world
dataset for patients admitted to the Ronald Reagan UCLA Medical Center. In particular,
we show that using HASMMs, a patient’s clinical deterioration can be predicted 8-9 hours
prior to intensive care unit admission, with a 22% AUC gain compared to the Rothman
index, which is the state-of-the-art critical care risk scoring technology.
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post-operative patients under immunosuppressive drugs (Cholette et al. (2012)), etc), or
vital signs (e.g. blood pressure and O2 saturation (Yoon et al. (2016))). The time span
of these episodes may be as short as few days in short-term hospitalization episodes (e.g.
patients with solid tumors, hematological malignancies or neutropenia who are hospitalized
in regular wards before or after a surgery (Kause et al. (2004); Hogan et al. (2012); Kirkland
et al. (2013))), or as long as few years in longitudinal episodes (e.g. chronic obstructive pulmonary disease may evolve from a mild Stage I to a very severe Stage IV over a time span
of 10 years (Pedersen et al. (2011); Wang et al. (2014))). In this paper, we develop a
versatile time-series model that provides means for accurate real-time risk prognostication of adverse clinical outcomes. Other applications of the model include but
are not limited to modeling default data in quantitative finance (Giampieri et al. (2005)),
and fault detection in general dynamic systems (Smyth (1994)). In the next Subsection, we
expose our modeling rationale and challenges posed by the structure of modern EHR data.
We conclude this Section by summarizing our contributions in Subsection 1.2.
1.1 Modeling Rationale and Challenges
1.1.1 Rationale
Previous physiological models have branched into two different modeling paths with respect
to the way a patient’s clinical states are defined. One strand of literature adopts fully
observable models; these models assume that clinical states are quantifiable via observable
clinical markers or disease severity measures (e.g. PFVC in Scleroderma (Schulam and
Saria (2015)), GFR in kidney disease (Eddy and Neilson (2006)), etc). Another strand
of literature adopts latent variable models, which assume that clinical states are latent
and manifest only through proximal, noisy physiological measurements. Table 1 lists some
notable previous works that fall under each modeling category2 .

Fully observable models

Methodology

• HIV (Dessie (2014); Foucher et al. (2005)) • Chronic
kidney diseases (Eddy and Neilson (2006)) • Scleroderma
(Schulam and Saria (2015)) • ICU (Ghassemi et al. (2015)).

Previous Works

Table 1: Modeling methodologies in previous works.

Latent variable models

• Alzheimer (Chen and Zhou (2011)) • HIV
(Guihenneuc-Jouyaux et al. (2000)) • Glaucoma (Liu et al.
(2015)) • Comorbidities (Wang et al. (2014)).

JMLR 19(4):1-62, 2018

2. While the models in (Schulam and Saria (2015)) and (Ghassemi et al. (2015)) involve latent variables that
designate patient subtypes, the clinical states in both works are considered to be captured via observable
bio-markers (PFVC in the former and the Cerebrovascular Autoregulation index in the latter).
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Our modeling choice is to go with a latent variable model for the following reasons:

• In a wide range of problems, a concrete clinical marker that can be directly used as a
surrogate for the patient’s true clinical condition is not available. This is especially
true in critical care settings where no solid definition or measure of a “clinical state”
exists (Li-wei et al. (2013)). Previous works that adopted a clinical risk score as a surrogate for the clinical state in critical care settings have found that other physiological
features, when augmented with the clinical risk score, still hold a significant predictive power with respect to end-point clinical outcomes (Ghassemi et al. (2015)). This
implies that a clinical risk score or a severity of illness measure (such as APACHE
II, SAPS and SOFA (Knaus et al. (1991); Subbe et al. (2001))) is not a sufficient
measure of a patient’s true clinical condition, and hence cannot be reliably modeled
as an observable clinical state.

• The same line of argument extends to disease progression models: (Jackson et al.
(2003)) has shown that significant modeling gain can be attained by treating clinical
markers and diagnostic assessments as noisy manifest variables for the patient’s true
clinical state rather than defining a clinical state in terms of those markers.

• For various chronic disease, such as HIV, Scleroderma, and kidney disease, progression stages are well defined in terms of observable clinical markers (CD4 cell count,
PFVC and GFR). However, a latent variable model can help validate and assess the
current domain knowledge-based clinical practice guidelines by learning alternative,
data-driven guidelines. Other diseases, such as COPD, have their progression stages
manifesting only through symptoms (e.g. chronic bronchitis, emphysema and chronic
airway obstruction (Wang et al. (2014))), which may or may not accurately reflect
the disease’s true state, and hence a latent variable model is necessary.

• Conclusive clinical markers that reveal a patient’s true state may be available only occasionally in a patient’s longitudinal episode. For instance, in a breast cancer progression setting, most of the data points associated with a patient’s longitudinal episode
would be imaging test results (e.g. BI-RADS scores of a mammogram or an MRI
(Gail and Mai (2010); Taghipour et al. (2013))), which are noisy markers for the existence of a tumor, whereas a conclusive biopsy result that truly reveals whether the
patient is in a preclinical or clinical breast cancer state may not be available because
the patient did not undergo a biopsy test.

• A fully observable model does not provide diagnostic utility since it assumes that an
already observable clinical marker provides an immediate, domain-knowledge-based
diagnosis for the patient. Contrarily, a latent variable model leaves room for diagnoses
to be learned from evidential data by learning the association between physiological
evidence and clinical states, which may help inform and improve clinical practice.
1.1.2 Challenges

JMLR 19(4):1-62, 2018

Hidden Markov Models (HMMs) and their variants have been widely deployed as temporal
latent variable models for dynamical systems (Smyth (1994); Zhang et al. (2001); Giampieri
et al. (2005); Genon-Catalot et al. (2000); Ghahramani and Jordan (1997)). Such models
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5. This may have resulted due to the patient undergoing a surgery or an intervention, or because the EHR
recording system accidentally did not receive the data from the clinicians during that day.

In order to address the challenges above, we develop a new model –which we call the Hidden
Absorbing Semi-Markov Model (HASMM)– as a versatile generative model for a patient’s
(physiological) episode as recorded in the EHR. The HASMM captures non-stationary transitions for a patient’s clinical state via a continuous-time semi-Markov model with explicitly
specified state sojourn time distributions. Informative censoring is captured via absorbing
states that designate clinical endpoint outcomes (e.g. cardiac arrest, mortality, recovery,

1.2 Summary of Contributions

(E) Censored observations: Episodes in the EHR are usually terminated by an informative intervention or event, such as death, ICU admission, discharge, etc. This is
known as informative censoring (Scharfstein and Robins (2002); Huang and Wolfe (2002);
Link (1989)). Unlike classical HMM settings where training sets comprise fixed length, or
arbitrarily-censored, HMM sequence instances, a typical EHR dataset would comprise a set
of episodes with different durations, and the duration of each episodes is itself informative
of the state trajectory. Learning in such settings requires algorithms that can efficiently
compute the likelihood of observing a set of episodes conditioned on their durations and
terminating states.

3. A detailed description for the data involved in this paper is provided in Section 5.
4. While Figure 1 illustrates a short-term episode for a critical care patient, similar effects are experienced
in longitudinal episodes for patients with chronic disease (see Figure 4 in (Wang et al. (2014))).

(C) Discrete observations of a continuous-time phenomena: A patient’s physiological signals and latent states evolve in continuous time; however, the observed physiological
measurements are gathered at discrete time steps that can differ from one physiological
signal to another. (One alternative view of such a structure is to think of a time series
with irregularly sampled multidimensional measurements and with missing data in every
measurement (Lipton et al. (2016)). We do not address data that is missing not at random

(B) Irregularly spaced observations: The times at which the clinical findings of a
patient (vital signs or lab tests) are observed is controlled either by clinicians (in the case
of hospitalized inpatients), or by the patient’s visit times (in the case of a chronic disease
follow up). The time interval between every two measurements may vary from one patient
to another, and may also vary for the same patient within her episode. This is reflected
in the structure of the episodes in the EHR records, as shown in Figure 1 and 2. Figure 1
depicts an actual diastolic blood pressure episode for a patient hospitalized in a regular
ward for 1200 hours (50 days)3 . The patient’s stay in the ward was concluded with an admission to the ICU after the ward staff realized she was clinically deteriorating. As we can
see, the blood pressure measurements in the first 20 hours were initially taken with a rate
of 1 sample per hour, and then later the rate changed to 1 sample every 5 hours4 . While
some recent works have argued for the parametrization of time in longitudinal data via the
natural event sequence (Hripcsak et al. (2015)), it is often the case that the sampling times
are themselves informative of the patients’ clinical well-being (Alaa et al. (2017)). Thus,
a direct application of a regular, discrete-time HMM (e.g. the models in (Murphy (2002);
Fox et al. (2011b,a); Rabiner (1989); Yu (2010); Matos et al. (2006); Guihenneuc-Jouyaux
et al. (2000))) will not suffice for jointly describing the latent states and observations, and
hence ensuring accurate inferences.

(D) Lack of supervision: The episodes in the EHR may be labeled with the aid of
domain knowledge (e.g. the stages and symptoms of some chronic diseases, such as chronic
kidney disease (Eddy and Neilson (2006)), are known to clinicians and may be provided in
the EHR). However, in many cases, including the case of (post or pre-operative) critical
care, we do not have access to any labels for the patients’ states. Hence, unsupervised learning approaches need to be used for learning model parameters from EHR episodes. While
unsupervised learning of discrete-time HMMs has been extensively studied and is well understood (e.g. the Baum-Welch EM algorithm is predominant in such settings (Zhang et al.
(2001); Yu (2010); Rabiner (1989))), the problem of unsupervised learning of continuoustime models for which both the patient’s states and state transition times are hidden is far
less understood, and indeed far more complicated.

in this paper.) The intervals between observed measurements can vary quite significantly;
as we can see in Figure 2, the systolic blood pressure for a patient who stayed in a ward for
140 hours exhibits an entire day without measurements 5 . This means that the patient may
encounter multiple hidden state transitions without any associated observed data. These
effects make learning and inference problems more complicated since the inference algorithms need to consider potential unobserved trajectories of state evolution between every
two timestamps. This challenge has been recently addressed in (Nodelman et al. (2012);
Wang et al. (2014); Liu et al. (2015)), but only on the basis of memoryless Markov chain
models for the hidden states, for which tractable inferences that rely on the solutions to
Chapman-Kolmogorov equations can be executed. However, incorporating non-stationarity
in state transitions (i.e. addressing challenge (A)) would make the problem of reasoning
about a continuous-time process through discrete observations much more complicated.

have achieved considerable success in various applications, such as topic modeling (Gruber
et al. (2007)), speaker diarization (Fox et al. (2011b)), and speech recognition (Rabiner
(1989)). However, the nature of the clinical setting, together with the format of the modern
EHR data pose the following set of serious challenges that confound classical HMM models:

(A) Non-stationarity: Recently developed disease progression models, such those in
(Wang et al. (2014)) and (Liu et al. (2015)), use conventional stationary Markov chain
models. In particular, they assume that state transition probabilities are independent of
time. However, this assumption is seriously at odds with even casual observational studies
which show that the probability of transiting from the current state to another state depends
on the time spent in the current state (Lagakos et al. (1978); Huzurbazar (2004); Gillaizeau
et al. (2015)). This effect, which violates the memorylessness assumptions adopted by
continuous-time Markovian models, was verified in patients who underwent renal transplantation (Foucher et al. (2007, 2008)), patients who are HIV infected (Joly and Commenges
(1999); Dessie (2014); Foucher et al. (2005)), and patients with chronic obstructive pulmonary disease (Bakal et al. (2014)).
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etc); entering an absorbing state of an HASMM stimulates censoring events (e.g. clinical
deterioration leads to an ICU admission which terminates the physiological observations
for a monitored patient in a ward, etc). Observable variables are modeled via a multi-task
Gaussian process (Bonilla et al. (2007)), for which the observation times (i.e. follow up
visits, vital sign gathering, lab tests, etc) are modeled as a point process. Using multi-task
Gaussian process with state-dependent hyper-parameters, an HASMM accounts for both
correlations among different physiological variables, in addition to the temporal correlations
among the observation variables that are generated by the same hidden state during its sojourn period. In that sense, an HASMM is a segment model (Ostendorf et al. (1996)) and
also a state-switching model (Fox et al. (2011a))).
To allow for real-time inference of a patient’s state, we develop a forward-filtering
HASMM inference algorithm that can estimate a patient’s latent state using her history
of irregularly sampled physiological measurements. The inference algorithm operates by
constructing a virtual, discrete-time embedded Markov chain that fully describes the patient’s state transitions at observation times. The embedded Markov chain is constructed
in an offline stage by solving a system of Volterra integral equations of the second kind using
the successive approximation method; the solution to this system of equations, which parallels the Chapman-Kolmogorov equations in ordinary Markov chains, describe the HASMM’s
semi-Markovian state transitions as observed at arbitrarily selected discrete timestamps.
Offline learning of the HASMM model parameters from patients’ episodes in an EHR is
a daunting task. Since the HASMM is a continuous-time model, we cannot directly use the
classical Baum-Welch EM algorithms for learning its parameters (Rabiner (1989)). Moreover, the semi-Markovianity of an HASMM yields an intractable integral in the E-step of
the Expectation-Maximization (EM) formulation. Since the HASMM’s state transitions are
not captured by the conventional continuous-time Markov chain transition rate matrices,
we cannot make use of the Expm and Unif methods that were used in (Hobolth and Jensen
(2011)), and more recently in (Liu et al. (2015)) for evaluating the integrals involved in
the E-step of learning continuous-time HMMs. To address this challenge, we develop a
novel forward-filtering backward-sampling Monte Carlo EM (FFBS-MCEM) algorithm that
approximates the integral involved in the E-step by efficiently sampling the latent clinical
trajectories conditioned on observations in the EHR by exploiting the informative censoring
of the patients’ episodes. The FFBS-MCEM algorithm samples the latent clinical states
of every (offline) patient episode in the EHR as follows: it starts from the known clinical
endpoints, and sequentially samples the patient’s states by traversing in the reverse-time direction while conditioning on the future states, and then uses the sampled state trajectories
to evaluate a Monte Carlo approximation for the E-step.

2. The Hidden Absorbing Semi-Markov Model (HASMM)
2.1 Abstract Model

JMLR 19(4):1-62, 2018

We start by describing the HASMM’s hidden state evolution process, and then we describe
the structure of its observable variables.
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2.1.1 Hidden States
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n

X

Xn · 1{τn ≤t<τn+1 } ,

(1)

We consider a filtered probability space (Ω, F, {Ft }t∈R+ , P), over which a continuous-time
stochastic process X(t) is defined on t ∈ R+ . The process X(t) corresponds to a temporal
trajectory of the patient’s hidden clinical states, which take on values from a finite statespace X = {1, 2, . . ., N }. Because the process X(t) takes on only finitely many values, it
can be decomposed in the form6
X(t) =

∂g (s)

(2)

where (X(t))t∈R+ is a càdlàg path, Xn ∈ X , and the interval [τn , τn+1 ) is the time interval accommodating the nth hidden state. Every path (X(t))t∈R+ on the stochastic basis (Ω, F, {Ft }t∈R+ , P) is a semi-Markov path (Janssen and De Dominicis (1984); Durrett
(2010)), where the sojourn time of state n, which we denote as Sn = τn+1 −τn , is drawn from
a state-specific distribution vj (Sn = s |λj ) = dP(Sn = s |Xn = j ), with λj being a statespecific duration parameter associated with state j ∈ X . Unlike ordinary time-homogeneous
semi-Markov transitions, in which the transition probabilities among states are assumed to
be constant conditioned on there being a transition from the current state (Gillaizeau et al.
(2015); Murphy (2002); Johnson and Willsky (2013); Yu (2010); Dewar et al. (2012); Guédon
(2007)), our model accounts for duration-dependent semi-Markov transitions, i.e. we have
that

P(Xn+1 = j|Xn = i, Sn = s) = gij (s),

(3)

ij
where gij : R+ → [0, 1], ∀i, j ∈ X is a transition function for which ∂s
is well defined,
PN
and j=1
gij (s) = 1, ∀s ∈ R+ , i ∈ X .
Now consider the bi-variate (renewal) process (Xn , Sn )n∈N+ , which comprises the sequence of states and sojourn times. Semi-Markovianity of X(t) implies that (Xn , Sn )n∈N+
satisfies the following condition on its transition probabilities

P(Xn+1 = j, Sn ≤ s | Fτn ) = P(Xn+1 = j, Sn ≤ s | Xn = i)

= P(Xn+1 = j | Xn = i, Sn ≤ s) · P(Sn ≤ s | Xn = i)

= ESn [gij (Sn ) | Sn ≤ s] · Vi (s | λi ) = ḡij (s) · Vi (s | λi ),

(4)

where {Xn = i} ∈ Fτn , Vi (.) is the cumulative distribution function of state i’s sojourn time,
and ḡij (s) is the probability mass function that reflects the probability that a patient’s next
state being j given that she was at state i and her sojourn time in i is less than (or equal to)
s. Based on (3), we define the semi-Markov transition kernel as a matrix-valued function
Q : R+ → [0, 1]N ×N that describes the dynamics of X(t) in continuous time, with entries
Q(s) = (Qij (s))i,j∈X that are given by

Qij (s) = ḡij (s) · Vi (s | λi ).

JMLR 19(4):1-62, 2018

o ]T ,
The initial state X1 is random7 , and the initial state distribution is given by po = [ p1o , . . ., pN
PN o
where pjo = P(X(0) = j), and j=1
pj = 1.

6. By convention, we set τ1 = 0.
7. We do not consider left-censored observations in this model.
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Figure 3: The Markov chain model for a 5-state HASMM.
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8. The model can be easily extended to accommodate an arbitrary number of competing absorbing states.
9. We assume that the transition functions gi1 (s) and giN (s) for any transient state i is non-zero for every
s. Hence, it follows that (X(t))t∈R+ is an absorbing semi-Markov chain since it has 2 absorbing states,
each of which can be visited starting from any other state (Durrett (2010)).
10. In the clinical applications under consideration, transient states can be ordered by their respective relative
risks of encountering event AN in the subsequent transitions, i.e. in a 5-state chain, it is more likely for
the patient to be absorbed in state 5 in the future when it is in state 4 than when it is in state 3. For
instance, it is more likely for a patient’s chronic obstructive pulmonary disease that is currently assessed
to have a severity degree of GOLD1 (mild severity as defined in the GOLD standard Pedersen et al.

We define A1 as the event that the path (X(t))t∈R+ is absorbed in the safe state 1,
i.e. A1 = {limt→∞ X(t) = 1}, and AN as the event that (X(t))t∈R+ is absorbed in the
catastrophic state N , i.e. AN = {limt→∞ X(t) = N }. Since (X(t))t∈R+ is an absorbing
semi-Markov chain9 , we know that P(A1 ∨ AN ) = 1, and since the events A1 and AN are
mutually exclusive, it follows that P(AN ) = 1 − P(A1 ). The quantity P(AN ) describes a
patient’s prior risk of ending in the catastrophic state, whereas P(AN |Ft ) describes the
patient’s posterior risk of ending in the catastrophic state having observed its evolution
history up to time t10 . Define Ts as an F-stopping time representing the absorption time

We do not assume that the transient states are ordered linearly in terms of clinical risk.
Following the assumptions in (Murphy (2002); Johnson and Willsky (2013)), we eliminate
the self-transitions for all transient states by setting gii (s) = 0, Qii (s) = 0, ∀s ∈ R+ , i ∈
X \ {1, N }, whereas we restrict the transitions from states 1 and N to self-transitions only,
i.e. gii (s) = 1, i ∈ {1, N }. Figure 3 depict the Markov chain for the sequence {Xn }n∈N+ .

• State N is denoted as the catastrophic state, and represents the state at which the
patient is at severe risk or encounters an adverse event (e.g. a very severe stage of
a chronic disease (Bakal et al. (2014)), a cardiac or respiratory arrest (Subbe et al.
(2001)), mortality (Knaus et al. (1991)), etc).

• State 1 is denoted as the safe state, and represents the state at which the patient is
at minimum (or no) risk (e.g. clinically stable post-operative patient, etc).

We assume that whenever the patient enters either state 1 or state N , she remains
there forever8 . Therefore, we model states {1, N } as absorbing states, whereas we model
the remaining states in X \ {1, N } as transient states that represent intermediate levels of
risk. We define and interpret states 1 and N as follows:

1
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n

X

Yn (t) · 1{τn ≤t<τn+1 } ,

(5)
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(2011)) to progress (in the near future) to a severity degree of GOLD2 (moderate) rather than GOLD3
(severe).
11. This means that the sampling times are uninformative of the latent states; which simplifies the inference
problem. The HASMM model can be extended to incorporate a state-dependent sampling process using
a Cox process (Lando (1998)) or a Hawkes process (Hawkes and Oakes (1974)) to modulate the pointprocess intensity;however, such an extension would result in a significantly harder inference problem. A
good discussion on conditional intensity models can be found in (Qin and Shelton (2015)).
12. Note that what is observed is a sequence of sampling times T , the elements of which are not labeled by
the corresponding state indexes, for that the states are latent, i.e. the sets Tn are unobserved partitions
of T .

The sampling times in T represent the times at which a patient with a chronic disease
took clinical tests (i.e. time intervals in T spans years), or the times at which clinicians have
gathered vital signs for a monitored critically ill patient in a hospital ward (i.e. time intervals
in T span days
P or hours). We assume that the sampling times in T are drawn from a pointprocess Φ = m∈N+ δtm , with δt being the Dirac measure. The point-process Φ is assumed
to be independent of the latent states path11 . Define Tn as the set of Mn samples that are
12
gathered
P during the interval [τn , τn+1 ), i.e. Tn = {tm : tm ∈ T , tm ∈ [τn , τn+1 )}, Mn = |Tn |,
and n Mn = M . Since Tn could possibly be empty (Tn = ∅), some states can have no
corresponding observations (i.e. an inpatient may exhibit a transition to a deteriorating
state during the night, even though her blood pressure were not measured during the night.

where (Y (t))t∈R+ is a càdlàg path, comprising a sequence of function-valued variables
{Yn (t)}K
n=1 , with Yn : [τn , τn+1 ) → Y. Even though the path (Y (t))t∈R+ is accessible,
only a sequence of irregularly spaced samples of it is observed over time, and is denoted by
{Y (tm )}tm ∈T , where T = {t1 , t2 , . . ., tM } is the set of observed measurements, and M is the
total number of such measurements. We say that the process is censored if M < ∞; typical
episodes in an EHR are censored: observations stop at some point of time due to a release
from care, an ICU admission, mortality, etc.

Y (t) =

The path (X(t))t∈R+ is unobservable; what is observable is a corresponding process (Y (t))t∈R+
on (Ω, F, {Ft }t∈R+ , P), the values of which are drawn from an observation-space Y, and
whose distributional properties are dependent on the latent states’ path (X(t))t∈R+ . The
observable process (Y (t))t∈R+ can be put in the form

2.1.2 Observations and Censoring

Finally, we define K as the (random) number of state realizations in the sequence {Xn }K
n=1
up to the stopping time Ts , which has to be concluded by either state 1 or N , e.g. when |X | =
4, the sequences {1}, {4}, {2, 3, 2, 3, 4}, and {3, 2, 1} are valid, random-length realizations of
{Xn }K
n=1 , and each represents a certain state evolution trajectory for the patient.

Ts = inf{t ∈ R+ : X(t) ∈ {1, N }}.

of the path (X(t))t∈R+ in either state 1 or state N , i.e.
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Recall the illustration in Figure 2).
K
The paths {Yn (t)}n=1
are assumed to be conditionally independent given the hidden
K , and hence we have that
sequence of states {Xn }n=1

{Y (tm )}tm ∈Tn ⊥⊥ {Y (tm )}tm ∈Tn+1 | Xn , Xn+1 , ∀n ∈ {1, 2, . . ., K − 1}.
The observed samples generated under every state Xn and sampled at the times in Tn
are drawn from Y according to a distribution P({Y (tm )}tm ∈Tn |Xn = j, Θj ), where Θj is an
emission parameter that controls the distributional properties of the observations generated
under state j.
The number of observation samples is finite: the observed sequence is censored at some
point of time, which we call the censoring time Tc , after which no more observation samples
are available. Censoring reflects an external intervention/event that terminated the observation sequence, i.e. death, intensive care unit (ICU) admission, etc. Censoring is informative
(Scharfstein and Robins (2002);Huang and Wolfe (2002);Link (1989)), because the censoring time is correlated with the absorption time Ts , and Ts strictly precedes Tc (in an almost
sure sense). That is, Tc is an F-stopping time that is given by Tc = Ts + SK , i.e. once the
patient enters state 1 or state N , the observations stop after the patient’s sojourn time in
that state (i.e. observations stop after a time SK from the entrance in the absorbing state).
Therefore, the duration distributions v1 (s|λ1 ) and vN (s|λN ) of states 1 and N are used to
K
determine the censoring times conditioned on the chain {Xn }n=1
being absorbed at time Ts .
Every sample from the HASMM is an episode comprising a random-length sequence of
K
M
hidden states {Xn }n=1
,
and
a
random-length
sequence
of
observations
{Y (tm )}m=1
together
M ; the path of latent
with the associated observation times. We only observe {Y (tm )}m=1
states X(t), the number of realized states K, the association between observations and states
(i.e. the sets Tn ) are all unobserved, which makes the inference problem very challenging,
but captures the realistic EHR data format and the associated inferential hurdles. In the
next subsection, we specify the model’s generative process and present an algorithm to
generate episodic samples from an HASMM.
2.2 Model Specification and Generative Process

the states’ sojourn

As have been discussed in Subsection 2.1, the hidden and observables variables of an
HASMM can be listed as follows:
• Hidden
times

K
variables: The hidden states sequence {Xn }n=1
and
K ).
(or equivalently, the transition times {τn }n=1
K
{Sn }n=1
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M
• Observable variables: The observed episode {Y (tm )}m=1
and the associated samM
pling times T = {tm }m=1
.

11
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Figure 5: Depiction for the correlation structure
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13. Note that a semi-Markov chain reduces to a Markov chain if the sojourn times are exponentially distributed.

Now we specify the structure of the transition kernel Q(s) = (Qij (s))i,j , i, j ∈ X . Recall from (4) that the each element in the transition kernel matrix can be written as
ES [gij (S)|S ≤ s] · Vi (s|λi ). Having specified the distribution vi (s|λi ) as a Gamma distribution, it remains to specify the function gij (s) in order to construct the elements of Q(s).

where λi,s > 0 and λi,r > 0 are the shape and rate parameters of the Gamma distribution
respectively.

vi (s|λi = {λi,s , λi,r }) =

We model the state sojourn time of each state i ∈ X via a Gamma distribution. The selection of a Gamma distribution ensures that the generative process encompasses ordinary
continuous-time Markov models for the path (X(t))t∈R+ , since the exponential distribution13 is a special case of the Gamma distribution (Durrett (2010)). Thus, if the underlying
physiology of the patient is naturally characterized by memoryless state transitions, this
will be automatically learned from the data via the parameters of the Gamma distribution.
The sojourn time distribution for state i is given by

2.2.1 Distributional specifications for the hidden variables

The total number of parameters in an HASMM is N 2 + 3N (E + 1).

Γ=

The HASMM model parameters that generate both the hidden and observable variables are
encompassed in the parameter set Γ, i.e.



Figure 4: Exemplary transition func4
tions (g2j )j=1
for a 4-state HASMM.

gij (s)

M1

t1j

y1j

y1

x1

M2
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. . .

. . .

. . .

MK

tKj
yK j

yK

xK

Observable
variables

Latent Gaussian
Processes

Latent clinical
state ∈ X

(6)

e

−

1
2

0

||t−t ||2

E
0
0
Yil (t) · Yiv (t ) = Σi (l, v) · ki (t, t ),

{Yil (t)}t∈T ,1≤l≤E ∼ N (mi (t), Σi ),
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13

Figure. 6 depicts the graphical model for an HASMM. In Figure. 6, the variables
yn are function-valued and correspond to the finite-duration, continuous-time functions
{Yn (t)}t∈Tn . The arrow between the (function-valued) yn and the latent state xn+1
designates the dependence of the transition probabilities on the state sojourn
time (i.e. the domain over which yn is non-zero). In Appendix A, we present
an algorithm (GenerateHASMM(Γ)) for sampling episodes from an HASMM with a hyperparameter set Γ; Figure 7 depicts an exemplary episode sampled via Algorithm 7.

D
E
0
0
where Σi (l, v, t, t ) = Yil (t) · Yiv (t ) . The GP hyper-parameters associated with state i
are given by Θi = (mi , σi , Σi , `i ), i.e. Yn (t)|Xn = i ∼ GP(Θi ).
We note that the HASMM model is a segment model (Ostendorf et al. (1996); Murphy
(2002); Yu (2010); Guédon (2007)), i.e. observation samples that are defined within the
sojourn time of the same state are correlated, but observation samples in different states
are independent. The segmental nature of the model allows for easily handling irregular sampling of temporally correlated observation at the cost of introducing
discontinuities of the observed data at the state transition times; in all clinical
settings of interest, capturing temporal correlations of irregular observations is
crucial whereas the continuity of observations is of less relevance. The model can
also be viewed as a state-switching model, but for which the transition dynamics do not
need to be linear as in (Georgatzis et al. (2016); Fox et al. (2011a)), but rather depend on
0
the covariance kernel ki (t, t ). Figure 5 depicts the correlation structure of the observable
variables in terms of the covariance matrix of a discrete version of Y (t) generated under a
specific hidden state sequence. We can see that conditioned on the hidden state sequence,
the covariance matrix is a block diagonal matrix, where the sizes of the blocks are random
and are determined by the states’ sojourn times.

D

ance kernel ki (t, t ) = σi2 e 2`i
, and a “free-form” covariance matrix Σi between the
different physiological measurements (Bonilla et al. (2007)). Thus, for a E-dimensional
physiological stream Y (t) = (Y 1 (t), . . ., Y E (t)), the observations for state i are generated
as follows

0

As
Y (t) can be decomposed as Y (t) =
PKexplained in Subsection 2.1, the observable process
K
n=1 Yn (t) · 1{τn ≤t<τn+1 } , where the paths (Yn (t))n=1 are conditionally independent given
the state sequence {Xn }K
n=1 . Since observations are drawn from Y (t) at arbitrarily, and
irregularly spaced time instances T , we have to model the distributional properties of Y (t)
in continuous time. We model every path Yn (t) defined over [τn , τn+1 ) as a segment drawn
from a multi-task Gaussian Process (GP), with a hyper-parameter set Θi that depends
on the corresponding latent state Xn = i (Rasmussen (2006); Bonilla et al. (2007)). The
input to the multi-task GP is the time variable and the output is the set of physiological variables at a certain point of time. The GP associated with every state Xn = i
is parametrized by a constant mean function mi (t) = mi , a squared-exponential covari-

2.2.2 Distributional specifications for the observable variables

Alaa and van der Schaar

14. Similar effects for the sojourn time on the transition probabilities has been demonstrated in the progression of breast cancer from healthy to preclinical states in (Taghipour et al. (2013)), where age (the
main risk factor for breast cancer) was shown to affect the probability of progressing across the states
of healthy to preclinical, clinical and death. These effects may be also prevailing in other diseases,
or in critical care settings where the length of time during which a patient stays clinically stable may
imply that the patient is more likely to transit to a more healthy state in the future. Through the
HASMM model, we can recognize whether or not this effect is evident in the EHR data, i.e. whether
the transition function reflects an underlying homogeneous (if gij (s) is independent of s) or durationdependent transitions by learning the parameter βij . Moreover, the parameter βij is defined per state;
the HASMM model can capture scenarios where transitions are duration-independent from some states,
but are duration-dependent from others.

remains constant irrespective of the sojourn time in that state. In the limit when s goes to
infinity, βij dominates the functional form in (6), and we have that gij (∞) = arg maxj βij .
Figure 4 depicts exemplary transition functions for a 4-state HASMM.

k=1

where ηij , βij ∈ R+ . The parameters (ηij )N
j=1 determine the baseline values for the transition
probability mass from state i to state j, i.e. gij (0), whereas the parameters βij controls the
dependence of the transition probability mass on the sojourn time14 . If βij = 0, then we
ηij
have that gij (s) = gij (0) = PNe ηik , ∀s ∈ R+ , i.e. the transition probability out of state i

gii (s) = 1, ∀i ∈ {1, N },

gii (s) = 0, ∀i ∈ {2, . . . , N − 1},

e(ηij +βij ·s)
gij (s) = PN
, ∀i 6= j, i ∈
/ {1, N }
(ηik +βik ·s)
k=1 e

The transition functions (gij (s))i,j are given by multinomial logistic functions as follows

Figure 6: A basic graphical model for the HASMM. The arrow between the (function-valued) variable
yn and the latent state Xn+1 designates the dependence of state transitions on the sojourn time of
the previous state (duration-dependence).
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The inference tasks discussed in the previous Subsection are confronted with 3 main challenges –listed hereunder– that hinder the direct deployment of classical forward-backward
message-passing routines.

3.1 Challenges facing the HASMM Inference Tasks

In the rest of this Section, we drop the conditioning on Γ for notational brevity. The first
inference task corresponds to disease severity estimation for patients with chronic disease,
or clinical acuity assessment for critical care patients. The second task corresponds to risk
scoring for future adverse events for patients who have been monitored for some period of
time, i.e. the risk of developing a future preclinical or clinical breast cancer state (Gail and
Mai (2010)), the risk of clinical deterioration for post-operative patients in wards (Rothman
et al. (2013)), the risk of mortality for ICU patients (Knaus et al. (1985)), etc.

P(AN | Y (t1 ) = y(t1 ), . . ., Y (tm ) = y(tm ), Γ ).

• Prognostic Risk Scoring: Compute the patient’s risk of absorption in the catastrophic state, i.e.

P(X(tm ) = j | Y (t1 ) = y(t1 ), . . ., Y (tm ) = y(tm ), Γ ), ∀j ∈ X .

• Diagnosis: Infer the patient’s current clinical state, i.e. compute

In this Section, we develop an online algorithm that carries out diagnostic and prognostic
inferences for a monitored patient’s episode in real-time. Given an ongoing realization of an
episode {y(t1 ), y(t2 ), . . ., y(tm )} at time tm (before the censoring time Tc ), and the HASMM
model parameter Γ that has generated this realization, we aim at carrying out the following
inference tasks:

3. Inference in Hidden Absorbing Semi-Markov Models

Figure 7: An episode generated by GenerateHASMM(Γ) with N = 5. The realized hidden state
sequence (upper) is {2, 3, 5}, and is absorbed in state 5. The physiological stream (Y 1 (t), Y 2 (t)) is
2-dimensional and stream Y 2 (t) is sampled more intensely than Y 1 (t).

Observable variables Y (t)

6
{Xn }n=1

τ1

9
{Y (tm )}m=1

X1
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τ3
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Time t

Hidden states sequence
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Time t
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t9

Figure 8: An exemplary HASMM episode with 6 hidden state realizations and 9 observed samples.

K
1. In addition to the clinical states {Xn }n=1
being unobserved, the transition times
K , are also unobserved (i.e. we do not know the time at which
among the states, {τn }n=1
the patient’s state changed). Thus, unlike the discrete-time models in (Murphy (2002);
Johnson and Willsky (2013); Yu (2010); Dewar et al. (2012); Guédon (2007)), in
which we know that the underlying states switch sequentially in a (known) one-to-one
correspondence with the observations, in an HASMM the association between states
and observations is unknown. Figure 8 depicts an exemplary HASMM episode with 6
realized states and 9 observations samples; in this realization, the association between
the observations {Y (t1 ), Y (t2 ), Y (t3 )} and state X1 is hidden. The importance of
reasoning about the hidden transition times is magnified by the duration-dependence
K .
of the transition probabilities that govern the sequence {Xn }n=1

2. Since observations are made at random and arbitrary time instances, some transitions
may not be associated with any evidential data. That is, as it is the case for state X2 in
Figure 8, there is no guarantee that for every state Xn , an observation is drawn during
its occupancy, i.e. [τn , τn+1 ). In a practical setting, the inference algorithm should
be able to reason about the state trajectories even in silence periods that come with
no observations (recall the example in Figure 2 where observations of a critical care
patient’s systolic blood pressure stop for an entire day). Hence, one cannot directly
discretize the time variable and use the discrete-time HMM inference algorithms (e.g.
the algorithms in (Rabiner (1989))) since in that case we would exhibit time steps
that come with no associated observations, and with potential state transitions.

JMLR 19(4):1-62, 2018

3. The HASMM model assumes that observations that belong to the same state are
correlated (e.g. in Figure 8, each of the subset of observations {Y (t1 ), Y (t2 ), Y (t3 )},
{Y (t4 ), Y (t5 )} and {Y (t7 ), Y (t8 )} are not drawn independently conditioned on the latent state since they are sampled from a GP), thus we cannot use the variable-duration
and explicit-duration HSMM inference algorithms in (Murphy (2002); Johnson and
Willsky (2013); Yu (2010); Guédon (2007)), as those assume that all observations are
conditionally independent given the latent states. Our model is closer to a segmentHSMM model (Yu (2010); Guédon (2007)), but with irregularly spaced observations
and an underlying duration-dependent state evolution process, which requires a different construction of the forward messages.

16

(7)

0

(8)

i=1 w0 =1

N m−w
X
X
0

dP(X(tm ) = j, ψ(m, w), X(tm−w ) = i, ψ(m − w, w ), {y(tu )}m
u=1 | T ),

0

0

αm−w (i,w0 )

× dP(X(tm−w ) = i, ψ(m − w, w ), {y(tu )}m−w
u=1 ),
|
{z
}

17

(9)
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15. We use the notation dP to denote a probability density defined with respect to (Ω, F, P).

Vj (tm −tm−w |λj )−Vj (tm −tm−w+1 |λj )

P(ψ(m, w) | X(tm ) = j)
|
{z
}

pij (tm −tm−w ,ψ(m−w,w0 ))

dP({y(tu )}m
u=m−w+1 | X(tm ) = j, ψ(m, w)) × P(X(tm ) = j | X(tm−w ) = i, ψ(m − w, w )) ×
|
{z
}

dP(X(tm ) = j, ψ(m, w), X(tm−w ) = i, ψ(m − w, w ), {y(tu )}m
u=1 ) =

0

which can be decomposed using the conditional independence properties of the states, observable variables and sojourn times as follows

αm (j, w | T ) =

for some n, n ∈ N+ , and n 6= n . That is, the forward message αm (j, w | T ) is simply the joint probability that the current state is j, that the associated observations are
(y(t1 ), . . ., y(tm )), and that the current
 state has lasted for the last w measurements. For
notational brevity, denote the event {tu }m
as ψ(m, w). Thus,
u=m−w+1 ∈ Tn , tm−w ∈ Tn0
αm (j, w | T ) can be written as

0

m
αm (j, w | T ) = dP(X(tm ) = j, {tu }m
u=m−w+1 ∈ Tn , tm−w ∈ Tn0 , {y(tu )}u=1 | T ),

Since the HASMM is a segment model, the conventional notion of the forward messages
αm (j | T ) does not suffice for constructing the forward filtering algorithm since we need to
account for the latent correlation structures between the (conditionally-dependent) observations (Murphy (2002)). To that end, we define αm (j, w | T ) as the forward message for
the j th state at the mth observation time (i.e. tm ) with a lag w as follows

The above application of Bayes’ rule implies that, given the observation times T , computing the joint probability density dP(X(tm ) = j, y(t1 ), . . ., y(tm ) | T ) suffices for computing the posterior probability of the patient’s clinical states. As it is the case for the
conventional HMM setting, we denote these joint probabilities as the forward messages
αm (j | T ) = dP(X(tm ) = j, y(t1 ), . . ., y(tm ) | T ).

P(X(tm ) = j | y(t1 ), . . ., y(tm ), T ) =

dP(X(tm ) = j, y(t1 ), . . ., y(tm ) | T )
dP(y(t1 ), . . ., y(tm )|T )
dP(X(tm ) = j, y(t1 ), . . ., y(tm ) | T )
= PN
.
0
j 0 =1 dP(X(tm ) = j , y(t1 ), . . ., y(tm ) | T )

Given a realization of an episode {y(t1 ), y(t2 ), . . ., y(tm )} at time tm , the posterior probability of the patient’s current clinical state X(tm ) is given by15

0

0

(10)

pij (tm − tm−w , ψ(m − w, w )) · (Vj (tm − tm−w |λj ) − Vj (tm − tm−w+1 |λj )) · αm−w (i, w ).

18
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In order to evaluate the term pij (tm − tm−w , ψ(m − w, w )), we construct a virtual
(discrete-time) trivariate embedded Markov chain {X(tm ), tm−w , tm−w+1 }, the transition
probabilities of which are equal to the interval transition probabilities. In the recent work
in (Liu et al. (2015)), a similar embedded Markov chain analysis was conducted for a CTHMM (Continuous-time HMM), but for which the underlying state evolution process was
assumed to be a duration-independent ordinary Markov chain for which the expressions
for the interval transition probabilities are readily available by virtue of the exponential
distributions of the memoryless state sojourn times.

0

As we can see in (10), one can express αm (j, w) using a recursive formula that makes use
0
0
of the older forward messages {αm−w (i, w )}m
w=1 , where αo (i, w ) = 0, which allows for an
efficient dynamic programming algorithm to infer the patient’s clinical state in real-time.
The construction of the forward messages in (10) parallels the structure of forward
message-passing in segment-HSMM (See Section 1.2 in (Murphy (2002)) and Section 4.2.2
in (Yu (2010))), but with the following differences. In (10), the time interval between every
two observation samples is irregular, which reflects in the correlation between the observations in {y(tu )}m
u=m−w+1 (depends on the covariance kernel of the GP, and the probability
of the current latent state’s sojourn time being encompassing the most recent w samples,
i.e. (Vj (tm − tm−w |λj ) − Vj (tm − tm−w+1 |λj )). However, the most challenging ingredient of
0
the forward message is the interval transition probability pij (tm −tm−w , ψ(m−w, w )). This
is because unlike the discrete-time HSMM models in (Murphy (2002); Yu (2010)), which
exhibit transitions only at discrete time steps that are always accompanied with evidential
observations, i.e. no hidden transitions can occur between observation samples, and the
transitions among hidden states are duration-independent, in an HASMM, transitions can
occur at arbitrary time instances, multiple transitions can occur between two observation
samples, and transitions are duration-dependent.

i=1 w0 =1

N m−w
X
X

αm (j, w) = dP({y(tu )}m
u=m−w+1 | X(tm ) = j)×

where we have dropped the conditioning on T for notational brevity. The first term,
dP({y(tu )}m
u=m−w+1 | X(tm ) = j, ψ(m, w)), is the probability density of the observable variables in {y(tu )}m
u=m−w+1 conditioned on the hidden state being X(tm ) = j and that the
time instances {tu }m
u=m−w+1 reside in the sojourn time of X(tm ) = j. The second term,
0
pij (tm − tm−w , ψ(m − w, w )), is the interval transition probability, i.e. the probability that
the state sequence transits to state j after a period tm − tm−w , given that its sojourn time
in state X(tm−w ) = i at tm is at least tm − tm−w+1 , and at most tm − tm−w−w0 . The third
term is the probability that the sojourn time in state X(tm ) = j is between tm − tm−w+1
0
and tm − tm−w , whereas the fourth term, αm−w (i, w ), is the (m − w)th forward message
0
with a lag of w . Thus, we can write the mth forward message with a lag w as follows

In the following Subsection, we develop a forward filtering algorithm that deals with episodes
generated from an HASMM and addresses the above challenges.

3.2 The HASMM Forward Filtering Algorithm
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P

}



and a matrix-valued function

Vi (τ + s|λi ) − Vi (s|λi )
· dVi (s|λi ),
1 − Vi (s|λi )
¯

j∈X \{i} Q̄ij (τ, s, s̄),



.

}

¯



 
+ F −1 F

∂ Q̄(τ, s, s̄)
¯
∂τ

P̃(τ, s, s̄) = B{Q̄(τ, s, s̄)}(P̃(τ, s, s̄)),
¯
¯
¯
where the (functional) operator B{Q}(P̃) is given by
− diag

¯

Q̄1 (τ, s, s̄), . . . , Q̄N (τ, s, s̄)

B{Q̄(τ, s, s̄)}(P̃(τ, s, s̄)) =
¯
¯
IN ×N

o

z

z−1

∞

>

(τ, s, s̄)).
¯

P̃ (τ, s, s̄) = Q̄(τ, s, s̄)
¯
¯
z
z−1
While P̃ (τ, s, s̄) − P̃ (τ, s, s̄)
¯
¯

P̃ (τ, s, s̄) = B{Q̄(τ, s, s̄)}(P̃
¯
¯
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(13)

o
n
,
· F P̃(τ, 0, 0)

(14)

(15)
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16. This is a reasonable initialization since the entries of the semi-Markov kernel correspond to interval
transition probabilities conditioned on there being no intermediate transitions on the way from state i
to state j.

Theorem 2 (Convergence of successive approximations) The functional B{Q̄}(P̃)
∗
has a unique fixed-point P̃ in P, and the successive approximation procedure in (15) always
∞
∗
converges to the fixed point, i.e. P̃ (τ, s, s̄) = P̃ (τ, s, s̄), starting from any initial value
o
¯
¯
P̃ (τ, s, s̄) ∈ P.
¯
Proof See Appendix C.

where δij is the Kronecker delta function.

j

The following Theorem establishes the validity of the procedure in (15) as a solver for (13).
Before presenting the statement of Theorem 2, we define the function space P as follows




X
P̃(τ, s, s̄) : p̃ij (τ, s, s̄) ∈ [0, 1],
p̃ij (τ, s, s̄) = 1, p̃ij (0, s, s̄) = δij , (τ, s, s̄) ∈ S ,


¯
¯
¯
¯
¯
P=

The solution to (13) can be obtained via the successive approximation method (Opial
(1967)) as follows. We initialize the function P̃(τ, s, s̄) with the truncated semi-Markov
¯
kernel16 Q̄(τ, s, s̄), and then iteratively apply the operator B(.) to obtain a new value for
¯
P̃(τ, s, s̄) until convergence. That is, the successive approximation procedure goes as follows
¯

where F is the Fourier transform operator, and the transforms in (14) are all taken with
respect to τ .



where ? is an element-wise convolution operator. (12) follows from (11) by the fact that
the integral in (11) is a convolution integral; (12) can be expressed as follows


P̃(τ, s, s̄) = IN ×N − diag Q̄1 (τ, s, s̄), . . . , Q̄N (τ, s, s̄) +
¯
¯
¯
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s̄

=



.


resort to a numerical method in order to solve (11) for P̃(τ, s, s̄), ∀(τ, s, s̄) ∈ S. Before
¯
¯
presenting the numerical method, we reformulate (11) as follows


∂ Q̄(., s, s̄)
¯
? P̃(., 0, 0) (τ ), (12)
∂u

Size N ×N matrix

p̃ (τ, s, s̄) p̃ (τ, s, s̄) · · · p̃ (τ, s, s̄)
11
21
N
1
¯
¯
¯
p̃12 (τ, s, s̄) p̃22 (τ, s, s̄) · · · p̃N 2 (τ, s, s̄)
¯
¯
.¯
...
...
..
p̃1N (τ, s, s̄) p̃2N (τ, s, s̄) · · · p̃N N (τ, s, s̄)
¯
¯{z
¯

Recall from Subsection 2.1.1 that the semi-Markov kernel of the hidden state sequence
K
{Xn }n=1
is defined as Qij (τ ) = P(Xn+1 = j, Sn ≤ τ |Xn = i), i.e. the probability that
the sequence transits from state i to state j given that the sojourn time in i is less than
or equal to τ . Theorem 1 establishes the methodology for computing the interval tran0
sition probabilities pij (tm − tm−w , ψ(m − w, w )) using the parameters of an HASMM.
In Theorem 1, we define P̃(τ, s, s̄) as a matrix-valued function P̃ : S → [0, 1]N ×N , S =
¯
{(τ, s, s̄) : τ ∈ R+ , s̄ ∈ R+ , s ≤ s̄} , the entries of which are given by
¯
¯


|



P̃(τ, s, s̄) = 
¯


Z
¯

(ḡij (τ + s) − ḡij (s)) ·

In addition, we define a truncated semi-Markov kernel as
Q̄ij (τ, s, s̄) =
¯
s=s
¯

a scalar-valued function


Q̄ (τ, s, s̄) · · · Q̄ (τ, s, s̄)
0
21
N
1
¯
¯
Q̄12 (τ, s, s̄)
0
· · · Q̄N 2 (τ, s, s̄)
¯
.¯
.
.
...
..
.
0
Q̄1N (τ, s, s̄) Q̄2N (τ, s, s̄) · · ·
¯
¯
{z

Q̄i (τ, s, s̄)



Q̄(τ, s, s̄) = 
¯

|

Size N ×N matrix

Theorem 1 (Interval transition probabilities) Let P̃(τ, s, s̄) be the solution to the fol¯
lowing integral equation
Z τ

∂ Q̄(u, s, s̄)
¯
P̃(τ, s, s̄) = IN ×N − diag Q̄1 (τ, s, s̄), . . . , Q̄N (τ, s, s̄) +
× P̃(τ − u, 0, 0) du,
¯
¯
¯
∂u
u=0
(11)
for the three independent variables (τ, s, s̄) ∈ S. Then, the interval transition probability
¯ 0
pij is given by pij (tm − tm−w , ψ(m − w, w )) = p̃ij (τ, s, s̄), ∀i, j ∈ X , at τ = tm − tm−w ,
¯
s = tm − tm−w+1 , and s̄ = tm − tm−w+w0 .
¯
Proof See Appendix B.
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Theorem 1 follows from a first-step analysis that is akin to the derivation of the conventional
Chapman-Kolmogorov equations in ordinary Markov chains (Kulkarni (1996)). The integral
equation in (11) is a (matrix-valued) non-homogeneous Volterra integral equation of the
second kind (Polyanin and Manzhirov (2008)). It can be easily demonstrated that a closedform solution that hinges on conventional kernel methods cannot be obtained. Hence, we
19

e

Γ(λi,s ) λi,r
τ (a∆τ )−g s (x∆s)) (V (a∆τ |λ )−V (x∆s|λ ))
(gij
i
i
i
i
ij

P
Q̄ij (a∆τ, b∆s, c∆s̄) ← cx=b
vi (x∆s|λi )
1−Vi (x∆s|λi )
¯
end for
e=+1
z←1
(o)
p̃ij (a∆τ, b∆s, c∆s̄) ← Q̄ij (a∆τ, b∆s, c∆s̄), ∀a, b, c, i, j.
¯
¯
while e >  do
CQi,j,k (a∆τ,b∆s, c∆s̄) ←


¯

(z−1)
IFFT FFT diff Q̄ik (a∆τ, b∆s, c∆s̄) , FFT p̃jk (a∆τ, b∆s, c∆s̄) ,
¯
¯
P
(z)
p̃ij (a∆τ, b∆s, c∆s̄) ← δij Q̄ij (a∆τ, b∆s, c∆s̄) + N
k=1 CQi,j,k (a∆τ, b∆s, c∆s̄)
h
i
¯
¯
¯
(z)
(z)
P̃ (a∆τ, b∆s, c∆s̄) = p̃ij (a∆τ, b∆s, c∆s̄))
¯
¯
i,j,a,b,c
(z)
(z−1)
e ← P̃ (a∆τ, b∆s, c∆s̄) − P̃
(a∆τ, b∆s, c∆s̄)
¯
¯
∞
z ←z+1
end while
(z)
return P̃ (a∆τ, b∆s, c∆s̄)
¯
end procedure

k=1

procedure TransitionLookUp(Γ, )
Input: HASMM parameters Γ and precision 
Output: A look-up table [ p̃ij (a∆τ, b∆s, c∆s̄) ]i,j,a,b,c
¯
Set the values of A, B and C (number of steps), ∆τ (step sizes)
for a = 1 to A, b = 1 to B, c = 1 to C do

x∆τ
Pa
1
e(ηij +βij x∆τ )
τ (a∆τ ) ←
λi,s −1 e− λi,r
P
gij
∆τ
(x∆τ
)
N
λi,s
(ηik +βik x∆τ )
x=1
k=1 e
 Γ(λi,s ) λi,r

x∆s
Pa
1
e(ηij +βij x∆s)
s (a∆s) ←
λi,s −1 e− λi,r
gij
∆s
λi,s (x∆s)
(ηik +βik x∆s)
x=1 PN

0

return {P(X(tm ) = j
end procedure

Pm
αm (j,w)
PN w=1
Pm
k=1
w=1 αm (k,w)
N
| {y(tw )}m
w=1 )}j=1

end for
end for
P(X(tm ) = j | {y(tu )}m
u=1 ) =
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21

Diagnostic inference, e.g. estimating the patient’s current state after a screening test, can be
conducted by a direct application of the forward filtering algorithm presented in the previous
Subsection. Prognostic risk scoring plays an important role in designing screening guidelines

3.3 Prognostic risk scoring using an HASMM

The number of computations can be reduced by limiting the lags w for every
forward message αm (j, w) to a maximum of W lags. Ignoring the computations
involved in evaluating the GP likelihoods, the complexity of ForwardFilter is
O(mW N + mN 2 ). Since evaluating the GP likelihoods is cubic in the number of observations, the worst caset complexity of ForwardFilter is O((mW N +
mN 2 )W 3 ). (In most practical clinical settings of interest, the number of observations W can be restricted to include the most recent few samples.)

Algorithm 2, ForwardFilter, implements real-time inference of a patient’s clinical state
given a sequence of measurements {y(t1 ), . . ., y(tm )}. In Algorithm 2, we invoke TransitionLookUp
initially to construct the look-up table of transition probabilities, but in practice, the lookup table can be constructed in an offline stage once the HASMM parameter set Γ is known.

Pm
αm (j, w)
P(X(tm ) = j | y(t1 ), . . ., y(tm ) ) = PN w=1
.
Pm
k=1
w=1 αm (k, w)

(16)

p̃ij (a∗ (z, w)∆τ, b∗ (z, w)∆s, c∗ (z, w, w )∆s̄) × (Vj (tz − tz−w |λj ) − Vj (tz − tz−w+1 |λj ))
¯

procedure ForwardFilter(Γ, {y(tw )}m
w=1 , )
Input: Observed samples {y(tw )}m
w=1 , HASMM parameters Γ, and precision 
N
Output: The posterior state distribution {P(X(tm ) = j | {y(tw )}m
w=1 )}j=1
P̃(a∆τ, b∆s, c∆s̄) ← TransitionLookUp(Γ,
)
P
¯
o
α1 (j, 1) = dP(y(t1 ) | X(t1 ) = j) N
i=1 p̃ij (t1 , 0, 0) · pi , ∀j ∈ X
for j = 1 to N
for z = 2 to m do
for w = 1 to z do
a∗ (z, w) = arg mina |tz − tz−w − a∆τ |
b∗ (z, w) = arg minb |tz − tz−w+1 − b∆s|
0
¯
c∗ (z, w, w ) = arg minc tz − tz−w−w0 − c∆s̄
P Pz−w
0
z
α
(i, w ) ×
αz (j, w) = dP({y(tu )}u=z−w+1 | X(tz ) = j) N
i=1
w0 =1 z−w

terms of the forward messages can be written as
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Algorithm 2 Forward filtering inference
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Now that we have constructed the algorithm TransitionLookUp to compute the interval
transition probabilities in the look-up table P̃(a∆τ, b∆s, c∆s̄), we can implement a forward¯
filtering inference algorithm using dynamic programming (by virtue of the recursive formula
in (10)). In particular, the posterior probability of the patient’s current clinical state in

It is important to note that we do not need to solve for P̃(τ, s, s̄) during real-time infer¯
ence. Instead, we create a look-up table comprising a discretized version of P̃(τ, s, s̄) =
¯
[p̃ij (a∆τ, b∆s, c∆s̄))]i,j,a,b,c , and then we query this table when performing real-time in¯
ference for monitored patients. Hence, efficient and fast inferences can be provided for
critical care patients for whom prompt diagnoses are necessary for the efficacy of clinical
interventions. Algorithm 1 shows a pseudocode for constructing a look-up table of interval
transition probabilities, TransitionLookUp(Γ, ), which takes as an input the parameter
set Γ and a precision level  (to control the termination of the successive approximation
iterations), and outputs the interval transitions look-up table P̃(τ, s, s̄). In Algorithm 1,
¯
FFT and IFFT refer to the fast Fourier transform operation and its inverse, respectively,
and “diff(.)” refers to a numerical differentiation operation.
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Algorithm 1 Constructing a look-up table of interval transition probabilities
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(17)

(18)

d

D
Y

d=1

D
Y

d=1

h

d

d

d

k
d
d M
dP({xnd , snd }n=1
, {ym
, tm
}m=1 | Γ)

d

d

k
d
d M
dP({xnd , snd }n=1
, {ym
, tm
}m=1 | Γ)
d

i

k
d
d M
k
dP({xnd , snd }n=1
, {ym
, tm
}m=1 | Γ) · dP({xnd , snd }n=1
| D, Γ),

Exd (t)|D, Γ

Λ(D | Γ) = Ex(t)|D, Γ

=

D Z
Y
d=1

1

d

(20)

(21)

d
d
k
P(x1d |Γ) · dP(s1d |x1d , Γ) · dP({ym
, tm
}tdm ∈T d |x1d , Γ) · dP({xnd , snd }n=1
| D, Γ)

d
d
d
d
d
P(xnd | xn−1
, sn−1
, Γ) · dP(snd | xnd , Γ) · dP({ym
, tm
}tm
d ∈T d | xn , Γ).
n

D Z
Y
d=1

d

k
Y

n=2
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of the learning algorithm proposed in this Section can be used to deal with such datasets. In critical care
settings, it is more common that the EHR records are not labeled with any clinical state assessments
over time (Yoon et al. (2016)).

×

Λ(D | Γ) =

where the expectation is taken with respect to the latent trajectory conditioned on the
observed dataset D, which contains the information on every episode’s censoring
time Tcd and terminating state ld . The integral in (20) can be further decomposed as
follows

=

d

where k d is the number of states that realized in episode d from t = 0 until absorption. The factorization in (19) follows from the conditional independence properties of
the HASMM variables (see Figure 6). Since we cannot observe the latent states trajeckd , the ML estimator deals with the expected likelihood Λ(D | Γ), which is
tory {xnd , snd }n=1
evaluated by marginalizing the complete likelihood over the latent states trajectories, i.e.
"
#

d
d
d
d
d
P(xnd | xn−1
, sn−1
, Γ) · dP(snd | xnd , Γ) · dP({ym
, tm
}tm
d ∈T d | xn , Γ),
n
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,

k
Y

(Gail and Mai (2010)), acute care interventions (Knaus et al. (1985)) and surgical decisions
(Foucher et al. (2007)). A risk score is a measure for the patient’s risk of encountering an
adverse event (abstracted as state N in our model) at any future time step starting from
time tm . That is, the patient’s risk score at time tm can be formulated as
m
= 1 − P(X(∞) = N | {y(tu )}u=1
, Γ),

m
R(tm ) = P(AN | {y(tu )}u=1
, Γ)

j=1

Pm
N
X
αm (j, w)
.
p̃jN (A, 0, 0) · PN w=1
Pm
w=1 αm (k, w)
k=1

which can be computed using the outputs of TransitionLookUp and ForwardFilter as
follows
R(tm ) =

oD

d=1

n=2

the absorbing state which is declared by the variable ld ), i.e. the learning setup is an
unsupervised one. For such a scenario, the main challenge in constructing the ML estimator
Γ∗ resides in the hiddenness of the patients’ state trajectories in the training dataset D; the
dataset D contains only the sequence of observable variables, their respective observation
times, the episode’s censoring time and the state in which the trajectory was absorbed. If the
patients’ latent state trajectories (X(t))t∈R+ were observed in D, the ML estimation problem
Γ∗ = arg maxΓ P(D | Γ) would have been straightforward; the hiddenness of (X(t))t∈R+
entails the need for marginalizing over the space of all possible latent trajectories conditioned
on the observed variables, which is a hard task even for conventional CT-HMM models (Liu
et al. (2015); Nodelman et al. (2012); Leiva-Murillo et al. (2011); Metzner et al. (2007)).
We start by writing the complete likelihood, i.e. the likelihood of an HASMM with a
kd and the observable
parameter set Γ to generate both the hidden states trajectory {xnd , snd }n=1
d
d Md
th
variables {ym
,
t
episode
in
the
dataset
D
as
follows
m }m=1 for the d


d
d
d
kd
d
d Md
dP {xnd , snd }n=1
, {ym
, tm
}m=1 Γ = P(x1d |Γ) · dP(s1d |x1d , Γ) · dP({ym
, tm
}tm
d ∈T d |x1 , Γ) ×

Therefore, the procedures TransitionLookUp and ForwardFilter suffice for executing both
the diagnostic and prognostic inference tasks.

4. Learning Hidden Absorbing Semi-Markov Models

D=

d
d Md
{ym
, tm
}m=1 , Tcd , ld

In Section 3.1, we developed an inference algorithm that can handle diagnostic and prognostic tasks for patients in real-time assuming that the true HASMM parameter set Γ is
known. In practice, the parameter set Γ is not known, and has to be learned from an
offline EHR dataset D that comprises D episodes for previously hospitalized or monitored
patients, i.e.
n
d

d , td }M
th
d
where {ym
m m=1 are the observable variables and sampling times for the d episode, Tc
is the episode’s censoring time, and ld ∈ {1, N } is a label for the realized absorbing state.

We note that unlike the conventional HMM learning setting (Rabiner (1989); Zhang et al.
(2001); Nodelman et al. (2012)), the episodes are not of equal-length as the observations
for every episode stop at a random, but informative, censoring time. Thus, the patient’s
d , td }M d , but
state trajectory does not manifest only in the observable time series, i.e. {ym
m m=1
also in the episode’s censoring variables {Tcd , ld }. In this Section, we develop an efficient
algorithm, which we call the forward-filtering backward-sampling Monte Carlo EM (FFBSMCEM) algorithm, that computes the Maximum Likelihood (ML) estimate of Γ given an
informatively censored dataset D, i.e. Γ∗ = arg maxΓ Λ(D | Γ), where Λ(D | Γ) = dP(D | Γ)
is the likelihood of the dataset D given the parameter set Γ. We start by presenting the
learning setup in Section 4.1, and then we present the FFBS-MCEM algorithm Section 4.3.
4.1 The Learning Setup
We focus on the challenging scenario when no domain knowledge or diagnostic assessments
for the patients’ latent states are provided in the dataset 17 D (with the exception of
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17. For some settings, such as chronic kidney disease progression estimation (Eddy and Neilson (2006)), the
EHR records may include some anchors or assessments to the latent states over time. A simpler version

23

25
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18. Different approaches have been developed in the literature for computing these quantities: (Wang et al.
(2014)) assumes that the transition rate matrix is diagonalizable, and hence utilize a closed-form estimator for the transition rates, whereas (Liu et al. (2015)) uses the Expm and Unif methods (originally
developed in (Hobolth and Jensen (2011))) to evaluate the integrals of the transition matrix exponential.
Unfortunately, none of these methods could be utilized for computing the proximal log-likelihood of an
HASMM due to the semi-Markovianity of the state trajectory (i.e. state-durations are not exponentially
distributed as it is the case in (Liu et al. (2015); Nodelman et al. (2012); Hobolth and Jensen (2011);
Wang et al. (2014))).
19. Note that the censoring information are only available in the model training (learning) phase since we
deal with an offline batch of data through which we can see the full patients’ episodes, whereas realtime inference, discussed in the previous Section, does not take advantage of any external censoring
information.

In the following Section, we present a learning algorithm that addresses the above challenges,
and provides insights into general settings in which informatively censored time series data
are to be dealt with.

3. Learning an informatively censored dataset would naturally benefit from the information conveyed in the censoring variables {Tcd , ld }. However, the availability of censoring information leads to more complicated posterior density expressions for the latent
state trajectories, which complicates the job of any analytic, variational or Monte
Carlo based inference method one would use to infer the latent state trajectories19 .

2. Direct adoption of the conventional Baum-Welch implementation of the EM algorithm
as a solution to the intractable problem of maximizing the expected likelihood in (21)
–as has been applied in HMMs (Rabiner (1989)), HSMMs (Murphy (2002)), EDHMMs
and VDHMMs (Yu (2010)– is not possible for the HASMM setting. This is due to the
intractability of the integral involved in the E-step; a problem that is also faced by
other continuous-time models (Liu et al. (2015); Nodelman et al. (2012)). However,
these models assumed Markovian state trajectories, in which case the implementation
of the E-step boils down to computing the expected state durations and transition
counts as sufficient statistics for estimating the latent trajectories18 (e.g. see Equations
(12) and (13) in (Liu et al. (2015))). This simplification, which follows from the
plausible properties of the Markov chain’s transition rate matrix, does not materialize
for semi-Markovian transitions. Further complications are introduced by the durationdependence of the state-transitions and the segmental nature of the observables.

1. Finding the ML estimate Γ∗ by direct maximization of Λ(D | Γ) is not viable due
to the intractability of the integral in (21), i.e. Λ(D | Γ) has no analytic maximizer.
The difficulty of evaluating the expected likelihood Λ(D | Γ) follows from the need to
average the complete likelihood over a complicated posterior density function for the
latent state trajectory.

The problem of learning the HASMM parameters by maximizing the likelihood function in
(21) is obstructed by various obstacles that hinder the deployment of off-the-shelf learning
algorithms; we list these challenges hereunder.

4.2 Challenges Facing the HASMM Learning Task
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t1 t2

t3

T2 = ∅

t4
t5

T3 = {t4 , t5 }
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Time t

l=N

{Xn }K
n=1

d

d=1

D Z
X

d

d

d

d

d

d
d d k
z−1
),
log(dP({xdn , sdn }kn=1 , {ym
, tdm }M
m=1 | Γ)) · dP({xn , sn }n=1 | D, Γ̂
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Since computing U (Γ; Γ̂z−1 ) does not admit a closed-form solution, as mentioned earlier in
the second challenge stated in Section 4.2, we resort to a Monte Carlo approach for approximating the integral involved in the E-step (Caffo et al. (2005)). That is, in the z th iteration
d,g kd,g G
of the EM algorithm, we draw G random trajectories ({xd,g
n , sn }n=1 )g=1 for every episode

4.3.2 “The Only Good Monte Carlo is a Dead Monte Carlo”

d , td }M , xd (T d ) = ld , Γ̂z−1 ). That
where dP({xdn , sdn }kn=1 | D, Γ̂z−1 ) = dP({xdn , sdn }kn=1 | {ym
m m=1
c
is, the proximal expected log-likelihood U (Γ; Γ̂z−1 ) is computed by marginalizing the liked
d , td }M
lihood of the observed samples of the dth episodes {ym
m m=1 over all potential latent
paths (xd (t))t∈R+ that are censored at time Tcd and absorbed in state ld . Figure 9 depicts a
d , td }M d , xd (T d ) = ld ) for one episode, and a potential latent path
set of observables ({ym
m m=1
c
d
{xdn , sdn }kn=1 that could have generated such observables. Computing U (Γ; Γ̂z−1 ) requires averaging over the posterior density of the latent paths conditional on an observable episode.

U (Γ; Γ̂z−1 ) =

The E-step computes the proximal expected log-likelihood U (Γ; Γ̂z−1 ), which entails evaluating the following integral

• M-step: Γ̂z = arg maxΓ U (Γ; Γ̂z−1 ).

As in the case of classical discrete and continuous-time HMMs, we address the first challenge
stated in Section 4.2 by using the EM algorithm (Liu et al. (2015); Nodelman et al. (2012)).
The iterative EM algorithm starts with an initial guess Γ̂o for the parameter set, and
maximizes a proxy for the log-likelihood in the z th iteration as follows:
h
i
P
d d kd
d
d Md
z−1 .
• E-step: U (Γ; Γ̂z−1 ) = D
d=1 E log(P({xn , sn }n=1 , {ym , tm }m=1 | Γ)) D, Γ̂

4.3.1 Expectation-Maximization

4.3 The Forward-filtering Backward-sampling Monte Carlo EM Algorithm

Figure 9: An episode that comprised 8 observable samples, censored at time Tc , and absorbed in state
N (catastrophic state). The dashed state trajectory is a trajectory that could have generated the
observables with a positive probability. Computing the proximal log-likelihood requires averaging
over infinitely many paths that could have generated the observables with a positive probability.

t=0

T1 = {t1 , t2 , t3 }

{Y (tm )}8m=1
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d

d

(22)

d, and use those trajectories to construct a Monte Carlo approximation ÛG (Γ; Γ̂z−1 ) for the
proximal log-likelihood function U (Γ; Γ̂z−1 ). Sample trajectories are drawn from the posterior density of the latent states’ trajectory conditional on the the observable variables (inkd,g
cluding the censoring information). That is to say, the g th sample trajectory {xnd,g , snd,g }n=1
is drawn as follows
d,g

k
k
d
d M
{xnd,g , snd,g }n=1
∼ dP({xnd , snd }n=1
| {ym
, tm
}m=1 , xd (Tcd ) = ld , Γ̂z−1 ),

D

g=1

G

X 1 X
kd,g
d
d Md
log(dP({xnd,g , snd,g }n=1
, {ym
, tm
}m=1 | Γ)).
G
d=1

(23)

for g ∈ {1, . . ., G}. Hence, the proximal log-likelihood U (Γ; Γ̂z−1 ) can be approximated via
a Monte Carlo estimate ÛG (Γ; Γ̂z−1 ) as follows
ÛG (Γ; Γ̂z−1 ) ,
It follows from the Glivenko-Cantelli Theorem (Durrett (2010)) that
Γ

|| U (Γ; Γ̂z−1 ) − ÛG (Γ; Γ̂z−1 ) ||∞ = sup | U (Γ; Γ̂z−1 ) − ÛG (Γ; Γ̂z−1 ) | → 0 a.s.,
and hence the Monte Carlo implementation of the E-step becomes more accurate as the
sample size G increases. Sampling trajectories from the posterior distribution specified in
(22) in order to obtain a Monte Carlo estimate for U (Γ; Γ̂z−1 ) is not a straight forward task;
the sampler needs to jointly sample the states and their sojourn times taking into account
the duration-dependent transitions among states, and that the number of variables sampled
(number of states) k d,g in each trajectory is itself random.
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Since there is no straightforward method that can generate samples for the random
kd
state trajectory {xnd , snd }n=1
from the joint posterior density in (22), the normative solution for such a problem is to resort to a Markov Chain Monte Carlo (MCMC) method
such as Metropolis-Hastings or Gibbs sampling (Carter and Kohn (1994)). Since the number of state and sojourn time variables, k d , is itself random, one can even resort to a
reversible jump MCMC method (Green and Hastie (2009)) in order to generate the samples
kd . At this point of our analysis, we invoke the classical aphorism with which
for {xnd , snd }n=1
we titled this Subsection: “The Only Good Monte Carlo is a Dead Monte Carlo” (Trotter
and Tukey (1956)). By this quote, Trotter meant to advocate the view that sophisticated
Monte Carlo methods should be avoided whenever possible; whenever an integral is analytically tractable, or whenever some analytic insights can be exploited to built simpler
samplers, doing so should be preferred to an expensive Monte Carlo method. MCMCs are
indeed expensive: they mix very slowly and they generate correlated samples. Adopting
an MCMC to generate random state trajectories in every iteration of the EM algorithm
and for every episode in D is beyond affordable. Fortunately, in the rest of this Section we
kd
show that an efficient sampler that generates independent samples of {xnd , snd }n=1
and for
which the run-time is geometrically distributed can be constructed by capitalizing on the
censoring information and utilizing some insights from the literature on sequential Monte
Carlo smoothing (Godsill et al. (2004)).
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4.3.3 The Forward-filtering Backward-sampling Recipe

The availability of the censoring information for every episode d in D, together with the
inherent non-linearity of the semi-Markovian transition dynamics encourage the development of a forward-filtering backward-sampling (FFBS) Monte Carlo algorithm20 that goes
in the reverse-time direction of every episode by starting from the censoring instance,
and sequentially sampling the latent states conditioned on the (sampled) future trajectory (Godsill et al. (2004)). That is, unlike the generative process (described by the routine
GenerateHASMM(Γ)) which uses the knowledge of Γ to generate sample trajectories by drawing an initial state and then sequentially going forward in time and sampling future states
until absorption, the inferential process naturally goes the other way around: it exploits informative censoring by starting from the (known) final absorbing state (and censoring time),
and sequentially samples a trajectory by traversing backwards in time and conditioning on
the future.
We start constructing our forward-filter backward-sampler by first formulating the posk
terior density of the latent trajectory {xn , sn }n=1
(from which we sample the G trajectories
in the z th iteration of the FFBS-MCEM algorithm as shown in (22)) as follows

x(Tc ) = l) ·

k−1
Y

n=1

Future trajectory

M
dP(xn , sn | {xn0 , sn0 }nk 0 =n+1 , {ym , tm }m=1
, Tc ), (24)
|
{z
}

k
M
dP({xn , sn }n=1
| {ym , tm }m=1
, x(Tc ) = l, Γ̂z−1 ) =
M
dP(sk | {ym , tm }m=1
,

(25)

where the conditioning on the (z − 1)th guess of the parameter set, Γ̂z−1 and the episode
index d are suppressed for notational convenience. The formulation in (24) decomposes the
k
posterior density of the latent trajectory {xn , sn }n=1
into factors in which the likelihood of
every state n is conditioned on the future trajectory starting from n (i.e. the states xn+1
up to the absorbing states, together with their corresponding sojourn times). The posterior
density in (24) can be further decomposed as follows

Elapsed time in the episode

M
dP(xn , sn | {xn0 , sn0 }nk 0 =n+1 , sn < Tc − (sn+1 + . . . + sk ) , {ym , tm }m=1
),
|
{z
}

k
M
dP({xn , sn }n=1
| {ym , tm }m=1
, x(Tc ) = l) = dP(sk | xk = l, sk < Tc ) ×
k−1
Y

n=1

which, using the conditional independence properties of the HASMM (see Figure 6), can be
simplified as follows

k
M
dP({xn , sn }n=1
| {ym , tm }m=1
, x(Tc ) = l) =

dP(xn , sn | xn+1 , sn < Tc − (sn+1 + . . . + sk ) , {(ym , tm ) : tm ∈ T / ∪nk 0 =n+1 Tn0 }).
{z
} |
|
{z
}

dP(sk | xk = l, sk < Tc ) · P(x1 | x2 , s1 = Tc − (s2 + . . . + sk ), {(ym , tm ) : tm ∈ T1 }) ×
k−1
Y

n=2

(26)

Elapsed time in the episode Observable variables up to state n
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20. The methods used in this Section are also known in the literature as sequential Monte Carlo or particle
filtering methods (Godsill et al. (2004)).
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Tn0 })

Forward message

(27)

Vj (s̄|λ̂z−1
)
j

vj (s|λ̂z−1
) · 1{s<s̄}
j
,j ∈ X.

Vxn (s̄|λ̂xz−1
n )

(28)

.

−1

Vuk# (Tc |λ̂z−1
uk# )

k

k#

vuk# (wk# |λ̂uz−1
) · 1{w
#

≤Tc }

.

| uk# ) · guk# ,uk# −1 (s̄) · vuk# (s̄|λ̂uz−1
) · p̂o,z−1
dP({ym0 , tm0 }m
uk#
m0 =1
k#
P
o,z−1 .
z−1
m
0,t 0} 0
dP({y
|
u)
·
g
(s̄)
·
v
(s̄|
λ̂
)
·
p̂
u
u
u
u,uk# −1
u
m
m m =1

wn0 ,

6. If Bk# = 1, then set k = k # and terminate the sampling process. Set the
sampled trajectory by swapping the bi-variate sequence (uk# , wk# ) as follows:
(xn , sn ) = (uk# −n+1 , wk# −n+1 ), ∀n ∈ {1, . . ., k # }.

5. If Bk# = 0, then increment the placeholder index k # and go to step 2 and repeat
the consequent steps.

uk# ∼

n0 =1

Pk# −1

4. If Bk# = 1, then set wk# = s̄. If k # > 1, then sample uk# as follows

wk # ∼

If Bk# = 0 and k # = 1, then sample wk# as follows

, s̄ = Tc −

k

29

30
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·

vxn (sn |λ̂z−1
xn ) · 1{sn ≤s̄}

k

z−1 (u) · g z−1
αm
u,u # (w) ·

k
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·

gxz−1
(sn )
n ,xn+1

u w

and m = arg maxm0 {T : tm0 ≤ s̄}.

where U =

z−1
vu (w|λ̂u
) · 1{w≤s̄}
Vu (s̄|λ̂z−1
)
u

vuk# (wk# |λ̂z−1
uk# ) · 1{w # ≤s̄}
1
k
z−1
· αm
(uk# ) · guz−1
(wk# ) ·
,
,u
#
#
k
k −1
U
Vu # (s̄|λ̂z−1
u #)

P R

(uk# , wk# ) ∼

3. If Bk# = 0 and k # > 1, sample a bi-variate random variable (uk# , wk# ) using
the routines TRSampler and BARSampler as follows

The forward-filtering backward-sampling procedure constitutes of a forward pass in
which we compute the forward messages for all the data points in D using the dynamic programming algorithms presented in Section 3, and a backward pass in which these forward
messages are used to sample latent state trajectories. The backward sampling procedure
for every episode goes as follows. We start from the censoring time at which we know what

)∝

z−1
αm
(xn )

#

2. Sample a Bernoulli random variable Bk# ∼ Bernoulli(P(k = k # | {uk , wk }kk=1−1 , l)).

1. Set a dummy placeholder index as k # = 1 and set uk# = l.

• Backward sampling pass:
For every episode in D, carry out the following steps:

From the factor decomposition in (27), we can see that informative censoring allows us to
construct a sampler for the latent state trajectories that operates sequentially in the reverse
time direction by sampling from the posterior probability of every state n given the future
trajectory of states that starts from state n + 1. From (28), we note that the posterior
density of the latent states conditioned on the future trajectory, from which sequential
sampling is conducted, can be explicitly decomposed in terms of the HASMM parameters.

dP(xn , sn | xn+1 , sn < s̄, {ym , tm }, Γ̂

z−1

Given the representations above, we can write the last factor in (26) in the z th iteration of
the EM algorithm as follows

(Truncated sojourn times) dP(Sn = s | Xn = j, Sn < s̄) =

z−1
(Transition functions) P(Xn+1 = j | Xn = i, Sn = s, Γ̂z−1 ) = gij
(s), i, j ∈ X ,

z−1
, Γ̂z−1 ) = αm
(j), ∀1 ≤ m ≤ M, j ∈ X .
(Forward messages) P(Xn = j | {ym0 , tm0 }m
m0 =1

Thus, a sampler for the latent states trajectories can be constructed using the forward
messages, the HASMM’s transition functions (gij (s))i,j , and the sojourn time distributions.
A compact representation for the factors in (27) is given by

Transition function

× P(xn+1 | xn , sn ) .
|
{z
}

Truncated sojourn time distribution

∝ P(xn | {(ym , tm ) : tm ∈ T / ∪kn0 =n+1 Tn0 }) × dP(sn | xn , sn < Tc − (sn+1 + . . . + sk ))
{z
}
|
{z
} |

dP(xn , sn | xn+1 , sn < Tc − (sn+1 + . . . + sK ), {(ym , tm ) : tm ∈ T /

∪kn0 =n+1

A complete recipe for the forward-filtering backward-sampling procedure for sampling traz−1 ) using
jectories from the posterior density dP({xn , sn }kn=1 | {ym , tm }M
m=1 , x(Tc ) = l, Γ̂
the decomposition in (27) and the posterior density in (28) is provided as follows:

From (26), we can see that for the last state in every episode, i.e. state k, we already know
that xk = l, and hence the randomness is only in the last state’s sojourn time sk = l.
Contrarily, for the first state, we know that conditioned on the sojourn
P times of the “future
states” (s2 , . . . , sk ), the sojourn time of state x1 is equal to Tc − kn0 =2 sn0 almost surely,
and hence the randomness is only in the initial state realization x1 . Generally, (26) says
that a sufficient statistic for the nth state and sojourn time is the future trajectory (starting
from state n + 1) summarized by: the next state, i.e. xn+1 , the observable variables up
to state n, and the time elapsed in the episode up to state n, i.e. the duration of state
n cannot exceed the difference between the censoring time Tc and the sojourn time of the
future trajectory that stems from state n + 1. This is captured by the last factor in (26),
which explicitly specifies the likelihood of a joint realization for a state and its sojourn time
conditioned on the future trajectory. Using Bayes’ rule, we can further represent the last
factor in (26) in terms of familiar quantities that are directly derived from the HASMM
model parameters as follows

• Forward filtering pass:
z−1 (j)} for all time instances
For every episode in D, compute the forward messages {αm
tm ∈ T using the current estimate for the parameter set Γ̂z−1 , i.e. invoke the routine
ForwardFilter(Γ̂z−1 , {ym , tm }M
m=1 , ).
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procedure TRSampler(Γ, u, s̄)
Input: A parameter set Γ, a state u and a truncation threshold s̄
Output: A random variable s
k←0
while k = 0 do
s ∼ vu (s|λu )
Accept s and set k ← 1 if s < s̄. Reject s otherwise.
end while
return s
end procedure

Algorithm 3 Truncated Rejection Sampler
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:

N , Γ, u , w̄)
procedure BARSampler({α(j)}j=1
N , parameter set Γ, and a state u0
Input: A set of N forward messages {α(j)}j=1
0
Output: A bivariate conditional random variable (u, w)|u
k←0
while k = 0 do
u ∼ Multinomial(α(1), . . ., α(N ))
w = TRSampler(Γ, u, w̄)
ũ ∼ Multinomial(gu1 (w), . . ., guN (w))
0
Accept (u, w) and set k ← 1 if ũ = u . Reject (u, w) otherwise.
end while
return (u, w)
end procedure

0

Algorithm 4 Bivariate Adaptive Rejection Sampler
2:

1:

3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
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state has actually materialized, i.e. the absorbing state. Since we do not know the number
of states in the state trajectory, we initialize a placeholder index k # = 1 as an index for the
absorbing state, and increment it whenever a new state is sampled. We start the sampling
procedure as follows. Given the the censoring variables and the observable time series, we
sample the sojourn time of the last state (the absorbing state): this is sampled from a
truncated sojourn time distribution, with a truncation threshold at Tc , and a point mass at
Tc with an assigned measure that is equal to the posterior probability of the absorbing state
being the initial state as depicted in Figure 10. This is implemented by first sampling a
Bernoulli random variable Bk# with a success probability equal to the posterior probability
of the absorbing state being the initial state, and then sampling the truncated sojourn time
if Bk# = 0 using the simple rejection sample executed by the routine TRSampler which
is provided in Algorithm 3. Having sampled the last state’s sojourn time, we sample the
penultimate state and its sojourn time jointly using the routine BARSampler (Algorithm 4)
as depicted in Figure 11. The routine BARSampler uses a sampling algorithm, that we call
the bi-variate adaptive rejection sampler, which jointly samples the current state and its
sojourn time given the next state as follows. First, a state is sampled from a Multinomial
distribution with probability masses equal to the forward messages. Next, given the sam31

1:
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M , x(T ) = l)
procedure BackwardSampling(Γ, {{αo (j)} }, {y , t }m=1
m,j
m
m
c
m
Input: Parameter Γ, forward messages, observables, and censoring information
k
Output: A sampled latent state trajectory {xn , sn }n=1
M , x(T ) = l))
k # ← 1, uk# ← l, Bk# ∼ Bernoulli(P(k = k # |{ym , tm }m=1
c
if Bk# = 0 then
wk# = TRSampler(Γ, uk# , Tc )
k# ← k# + 1
else
wk# = Tc , k = 1, {x1 , s1 } ← {uk# , wk# }
Terminate BackwardSampling.
end if
while k # > 0 do
k# −1
M ))
Bk# ∼ Bernoulli(P(k = k # |{uk , wk }k=1
, {ym , tm }m=1
P # −1
s̄ = Tc − nk 0 =1
wk #
if Bk# = 0 then
o (j)} , Γ, u
(uk# , wk# ) ← BARSampler({αm
j
k# −1 , s̄)
k# ← k# + 1
else
Sample the initial state uk# , set wk# ← s̄
{xn , sn } = {uk# −n+1 , wk# −n+1 }, ∀n ∈ {1, . . ., k # }
k # ← −1
end if
end while
k
return {xn , sn }n=1
end procedure

Algorithm 5 A sampler for latent state trajectories
2:
3:
5:

4:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
17:

16:
18:
19:
20:
21:
22:
23:
24:
25:

pled state, we sample a sojourn time from the truncated sojourn time distribution. Finally,
given the sampled state and the sampled sojourn time, we sample a dummy state from a
Multinomial whose masses are equal to the transition functions, and we accept the sample
only if the sampled dummy state is equal to the next state. It can be easily proven that
BARSampler generates samples that are equal in distribution to the true state trajectory.
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The backward-sampling procedure operates sequentially by invoking the BARSampler
to generate new state and sojourn times samples conditional on the previously sampled
(future) states. The process terminates whenever Bk# = 1, i.e. a state is sampled as
an “initial state”. The routine BackwardSampling (Algorithm 5) implements the overall
backward-sampling procedure for every episode in D. The computational complexity
of the BackwardSampling routine is dominated by the computation of the GP
likelihood (Step 4 in the sampling procedure described above), which is cubic in
the number of observations (O(W 3 )). The computations in the BackwardSampling
procedure scales only linearly with the number of states N .
Note that, unlike the slowly mixing MCMC methods, the backward-sampling algorithm
can generate the latent state trajectory in an efficient manner, i.e. the run-time of the

32

procedure FFBS-MCEM(D, G, )
Input: A dataset D, number of Monte Carlo samples G, and a precision level 
Output: An estimate Γ̂ for the HASMM parameters
Set an initial value Γ̂o for the HASMM parameters
d,o Md
d , td }Md , ), ∀1 ≤ d ≤ D
. Forward pass
{αm
}m=1 = ForwardFilter(Γ̂o , {ym
m m=1
for d = 1 to D do
. Backward pass: sample G latent state trajectories
for g = 1 to G do
d,g kd,g
d
d
d
o
d
d Md
{xd,g
n , sn }n=1 = BackwardSampling(Γ̂ , {ym , tm }m=1 , x (Tc ) = l )
end for
end for
z←1
E ←+1
while E >  do
d,g kd,g
z−1
z−1 )/dP({xd,g , sd,g }kd,g | Γ̂o )
← dP({xd,g
. Importance weights
Id,g
n , sn }n=1 | Γ̂
n
n n=1
P
I z−1
d
d,g d,g kd,g
d
d
M
z−1
ÛG (Γ; Γ̂ ) = d,g log(dP({xn , sn }n=1 , {ym , tm }m=1 | Γ)) · d,g
. E-step
G
. M-step
Γ̂z = arg maxΓ ÛG (Γ; Γ̂z−1 )
z ←z+1
end while
return Γ̂ = Γ̂z
end procedure
td1

α2d (j)

td2

Tcd

w

α3d (j)

P (Bk # = 1)

td3
Time t

α4d (j)

td4

α5d (j)

wk # =

td5

αd6 (j)

td6

TRSampler(Γ, uk # , Tcd )

wk #

uk #

Sampling the final state’s sojourn time (k# = 1, Bk # = 0)

Tcd

td1

αd2 (j)

s̄ = Tcd − w1

w

td2

P (Bk # = 1)

α3d (j)

td3
Time t

α4d (j)

wk #

td4

α5d (j)

uk #

td5

α6d (j)

td6

d,o
(uk # , wk # ) ← BARSampler({αm
(j)}j , Γ, uk # −1, s̄)

Sampling the penultimate state (k# = 2, Bk # = 0)

Tcd

d

k
{xdn }n=1

Hidden states

d,g
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d

d,g k
d
d M
log(dP({xd,g
n , sn }n=1 , {ym , tm }m=1 | Γ)) ·

|

Importance weights

d,g

d,g k
o
dP({xd,g
n , sn }n=1 | Γ̂ )
{z
}

d,g

d,g k
z−1 )
dP({xd,g
n , sn }n=1 | Γ̂

.

34

JMLR 19(4):1-62, 2018

d,g

X
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ÛG (Γ; Γ̂z−1 ) =

This implementation for the E-step offers a tremendous advantage in the computational
cost of FFBS-MCEM. By using importance weights, we need to compute the forward messages
and sample the latent state trajectories only once, and then reuse the sampled trajectories
in all the subsequent EM iterations.

5. Experiments: Intensive Care Unit Prognostication

Figure 11: Depiction of the backward sampling pass for the penultimate state after having sampled
the last state as depicted in the Figure above.

t=0

α1d (j)

d 6
{ym
}m=1

Observables

ld

d

{xdn }kn=1

Hidden states

Figure 10: Depiction of the backward sampling pass for the last state of an episode d.

t=0

α1d (j)

d 6
{ym
}m=1

Observables
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We investigate the utility of the HASMM in the setting of ICU prognostication; we use the
HASMM as a model for the physiology of critically ill patients in regular hospital wards
who are monitored for various vital signs and lab tests. Through the HASMM, we construct
a risk score (based on the analysis in Section 3.3) that assesses the risk of clinical deterioration for the monitored patients, which allows for timely ICU admission whenever clinical
decompensation is detected. Risk scoring in hospital wards and ICU admission management
is a pressing problem with a huge social and clinical impact: qualitative medical studies
have suggested that up to 50% of cardiac arrests on general wards could be prevented by
earlier transfer to the ICU (Hershey and Fisher (1982)). Since over 200,000 in-hospital
cardiac arrests occur in the U.S. each year with a mortality rate of 75% (Merchant et al.
(2011)), improved patient monitoring and vigilant care in wards enabled by the HASMM
would translate to a large number of lives saved yearly.

In Algorithm 6, we avoid the need for running the routine BackwardSampling in every
iteration of the EM algorithm by re-using the sampled trajectories based on the initial
parameter guess Γ̂o through the usage of importance weights in the E-step. That is, in the
z th iteration of the EM algorithm, we implement the E-step as follows (Booth and Hobert
(1999))

backward-sampling algorithm is stochastically dominated by a geometrically-distributed
random variable with a success probability that, other than in a pathological HASMM parameter settings, would not be close to zero. Moreover, since BackwardSampling generates
independent samples, no wasteful burn-in sampling iterations are involved in the FFBSMCEM operation. We provide a pseudocode for the overall operation of the FFBS-MCEM
algorithm in Algorithm 6. We omit the standard EM operations for the sake of brevity.
The details of the M -step is provided in Appendix D.
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5.1 Evidence of the Clinical Utility of Early ICU Admission
Throughout this Section, we will evaluate the clinical utility of our model by investigating
both the accuracy and timeliness of the real-time risk scores that the model computes. This
approach has been the standard approach for evaluating the clinical utility of risk scores
in retrospective clinical cohort studies that deal with critical care data (Pirracchio et al.
(2015); Rothman et al. (2013). More accuracy and timeliness translates to a necessarily
improved clinical outcomes; this fact has been confirmed by a large number of medical
studies (Cardoso et al. (2011); Johnson et al. (2013); Hershey and Fisher (1982)). For
instance, in (Cardoso et al. (2011)), it was shown that each hour of waiting in the ward was
independently associated with a 1.5% increased risk of mortality in the ICU.
We stress that knowing the exact magnitude of the improvement in clinical utility (in
terms of the reduction in the incidence rates of adverse outcomes) upon using our model is
not possible since all available datasets are observational in nature. That is, it is impossible
to answer the question of “what would have happened to the patient in the ICU had she
been admitted earlier?”. Estimation of such counterfactual outcomes is also not viable
due to the highly imbalanced nature of the data and the wide variety of possible adverse
outcomes in the ICU, some of which are not available in our dataset. Evaluating the clinical
utility in terms of the reduction in the incidence rates of adverse outcomes is only possible
through an actual clinical trial. Hence, after consulting with our medical collaborators
and following the clinical literature on observational studies, we rely on the accuracy and
timeliness metrics as proxies for the clinical utility.
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Urethra and urinary attack
Altered mental status
Anemia
Chest pain
Chronic renal failure
Malaise and fatigue
Gastrointestinal hemorrhage
Heart failure
Atrial fibrillation
Nausea

(599)
(780.97)
(285.9)
(786.5)
(585)
(780.79)
(578)
(428)
(427.31)
(787.01)

Renal failure

(584.9)

Shortness of Breath
Hypertension
Septicemia
Sepsis
Abdomen and pelvis
Fever
Pneumonia

(786.05)
(401.9)
(38.9)
(995.91)
(789)
(780.6)
(486)

Chloride
Glucose
Urea Nitrogen
White blood cell count
Creatinine
Hemoglobin
Platelet Count
Potassium
Saturation Sodium
Total CO2

Diastolic blood pressure
Eye opening
Glasgow coma scale score
Heart rate
Respiratory rate
Temperature
O2 Device Assistance
O2 Saturation
Best motor response
Best verbal response
Systolic blood pressure

Lab tests

Vital signs

584.9 (5%)

486 (5%)

780.6 (5%)

780.79 (3%)

789 (5%)

401.9 (6%)

786.05 (7%)

Other (22.5%)

ICD-9 codes’ distribution

Table 2: Characteristics of the patient cohort under study
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Physiological data

599 (4%)

36

ICD-9 codes

5.2 Data
5.2.1 The Patients’ Cohort
Experiments were conducted on a heterogeneous cohort of 6,094 episodes for patients who
were hospitalized in Ronald Reagan UCLA medical center during the period between March
3rd , 2013 to March 29th , 2016. The patients’ population is heterogeneous: we considered
admissions to all the floors and units in the medical center, those include the acute care
pediatrics unit, cardiac observation unit, cardiothoracic unit, hematology and stem cell
transplant unit and the liver transplant service. Patients admitted to those floors (or wards)
are post-operative or pre-operative critically ill patients who are vulnerable to adverse
clinical outcomes that may require an impending ICU transfer. The cohort comprised
patients with a wide variety of ICD-9 codes and medical conditions, including leukemia,
hypertension, septicemia, sepsis, abdomen and pelvis, pneumonia, and renal failure. Table
2 shows the distribution of the most common ICD-9 codes in the patient cohort together with
the corresponding medical conditions . The notable heterogeneity of the cohort suggests
that the results presented in this Section are generalizable to different cohorts extracted from
different hospitals. Every patient in the cohort is associated with a set of 21 (temporal)
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physiological streams comprising a set of vital signs and lab tests that are listed in Table
2. The physiological measurements are gathered over time during the patient’s stay in the
ward, and they manifest -in a subtle fashion- the patient’s clinical state. The physiological
measurements are collected over irregularly spaced time intervals (usually ranging from 1
35

• Gender distribution (Male percentage)
(Training: 50.31% 1.4% - Testing: 51.16% 2.92%)
• Transfers from other hospitals
(Training: 11.88% 0.94% - Testing: 11.08% 1.95%)
• Average age
(Training: 58.9 0.55 years - Testing: 59.37 1.11 years)
• Patients with chemotherapy
(Training: 0.688% 0.272% - Testing: 1.558% 0.9%)
• Patients with stem cell transplants
(Training: 0.121% 0.8% - Testing: 0.008% 0.004%)

Baseline Patient Characteristics (with 95% CI)

780.97 (4%)
285.9 (4%)

786.5 (4%)

585 (3%)

578 (3%)

428 (3%)

787.01 (3%)

427.31 (3%)

995.91 (5%)

38.9 (5%)

0
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4000
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Figure 12: Visualization for the episodes’ censoring information.
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(i) Modified Early Warning System (MEWS): a risk scoring scheme used currently
by many healthcare facilities and rapid response teams to quickly assess the severity
of illness of a hospitalized patient (Morgan et al. (1997)). The score ranges from 0 to 3
and is based on the following cardinal vital signs: systolic blood pressure, respiratory
rate, SaO2 , temperature, and heart rate.

We have conducted comparisons with the most prominent clinical risk scores currently
deployed in major healthcare facilities. We list the clinical risk scores involved in our
comparisons hereunder.

5.3.1 State-of-the-art Clinical Risk Scores

We compare our model with other baseline early warning methods. The comparisons involve
both state-of-the-art clinical risk scores that are currently used in various healthcare facilities
around the world, in addition to benchmark machine learning algorithms. The details of
the baselines are provided in the following subsections.

5.3 Baseline Algorithms

Patient episodes with the absorbing state l = 0 had an average censoring time of 155 hours,
whereas those with l = 1 had an average censoring time of 204 hours. The percentage of
episodes with an absorbing state l = 1 was 4.98% 0.64% in the training period (March
2013 - November 2015), and was 5.19% 1.44% in the testing period (November 2015 March 2016). A two-sample t-test reveals that the censoring information (distributions of
Tc and l) has not significantly changed from the training to testing periods, which suggests
that the HASMM learned from the training data can be sensibly applied to the testing
data. Figure 12 visualizes the informative censoring information over the time period between March 2013 and March 2016. Every patient episode, starting at a certain admission
date, is represented by its censoring time (hospitalization time); light colored episodes are
ones that were absorbed in the clinical stability state (l = 0), whereas dark colored ones
were absorbed in the clinical deterioration state (l = 1).

• The absorbing clinical state (l): with the help of experts from the division of pulmonary and critical care medicine at Ronald Reagan UCLA medical center, we set the
value of the variable l (absorbing state) for every patient’s episode based on the clinicians’
interventions as reported in the dataset. That is, as advised by our medical collaborators,
we assigned the label l = 1 to every patient who was admitted to the ICU and underwent
an intervention in the ICU (e.g. ventilator, drug, etc), or was reported to exhibit a cardiac
or respiratory arrest (before or after the ICU transfer). According to the medical experts,
those patients have experienced “clinical deterioration” as their absorbing state, and would
have benefited from an earlier admission to the ICU. We assigned the label l = 0 to all patients who were discharged home after the clinician’s in charge realized they were clinically
stable. Since the readmission rate at the UCLA medical center is quite low, our medical
collaborators believe that the labels l = 1 and l = 0 represent an accurate representation
for the patients’ true absorbing clinical states upon censoring.
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• The censoring time (Tc ): the length of stay of each patient in the ward is recorded in
the dataset, and hence we have access to the HASMM’s censoring time variable Tc . The
average hospitalization time (or censoring time) in the cohort is 157 hours and 34 minutes
(6.5 days). The patient episodes’ censoring times ranged from 4 hours to 2,672 hours.

All the patient episodes in the cohort were informatively censored. That is, for every patient
in the cohort, we know the following information:

5.2.3 Informative Censoring

In all the experiments hereafter, we split the patient cohort into a training set and a testing
set. In the training set, we included a total of 4,939 patients admitted to the medical center
in the period between March 3rd , 2013 to November 1st , 2015; the testing set comprises 1,155
patients admitted in the period between November 1st , 2015 to March 29th , 2016. This split
of the data allows us to assess the performance under the realistic scenario when a certain
algorithm learns from the data available up to a certain date, and then is used to assess the
risk for patients admitted in future dates. In Table 2, we show statistics for the patients’
baseline static features (e.g. gender, age, etc) in both the training and testing sets; as we can
see, the characteristics of the patients admitted in the period (March 2013 - November 2015)
has not significantly changed from those admitted in the period (November 2015 - March
2016). We have verified this fact using a two-sample t-test through which we compared
the expected values of the baseline co-variates in both the training and testing sets. This
means that the hospital’s management policy with respect to the patients’ acceptance and
triaging has not significantly changed across the two time periods, and hence whatever
is learned from the training data can be sensibly applied to the testing data. We have
excluded all patients who underwent a preplanned ICU admission from the
dataset since those patients did not actually experience clinical deterioration,
but were transferred routinely to the ICU after a surgery.

5.2.2 Inclusion and Exclusion Criteria

to 4 hours); for each physiological time series, we have access to the times at which each
value was gathered.

March 3, 2013

Censoring time Tc (Hours)
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(ii) Sequential Organ Failure Assessment (SOFA): a risk score (ranging from 1
to 4) that is used to determine the extent of a hospitalized patient’s respiratory,
cardiovascular, hepatic, coagulation, renal and neurological organ function in the ICU
(Vincent et al. (1996)).
(iii) Acute Physiology and Chronic Health Evaluation (APACHE II): a risk scoring system (an integer score from 0 to 71) for predicting mortality of patients in the
ICU (Knaus et al. (1991)). The score is based on 12 physiological measurements,
including creatinine, white blood cell count, and glasgow coma scale.
(iv) Rothman Index: a regression-based data-driven risk score that utilizes physiological
data to predict mortality, 30-days readmission, and ICU admissions for patients in
regular wards (Rothman et al. (2013)). The Rothman index is the state-of-the-art
risk score for regular ward patients and is currently used in more than 70 hospitals in
the US, including the Houston Methodist hospital in Texas and the Yale-New Haven
hospital in Connecticut (Landro (2015)). At the time of conducting these experiments,
the Rothman index was also deployed in the Ronald Reagan UCLA medical center.
We implemented the MEWS, SOFA, APACHE II and Rothman scores according to the
specifications in (Vincent et al. (1996); Knaus et al. (1991); Rothman et al. (2013)). Note
that while the SOFA and APACHE II scores are usually deployed for patients in the ICU,
both scores have been recently shown to provide a prognostic utility for predicting clinical
deterioration for patients in regular wards (Yu et al. (2014)), and hence we consider both
scores in our comparisons. All the features used by these scores were also fed to the machine
learning baselines.
5.3.2 Machine Learning Algorithms
In order to demonstrate the modeling gain of HASMMs, we make comparisons with 12
competing machine learning algorithms. We list all the baseline models hereunder.
• Random forest.
• Logistic regression.
• XGBoost.
• AdaBoost.
• Bagging.
• Least absolute shrinkage and selection operator (LASSO).
• Deep Neural Networks (DNN) trained with BFGS.
• DNN trained with ADAM.
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• Recurrent Neural Networks (RNN) trained with BFGS.
• RNN trained with ADAM.
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• Hidden Markov Models (HMM) with Gaussian emissions.

• Multi-task Gaussian process (MTGP).

Recently, notable works have built on ideas from deep learning and deep hierarchical
models to construct survival predictors that learn from time-to-event data: examples of
such models are those in (Katzman et al. (2016)) and (Ranganath et al. (2016)). Unfortunately, these models do not apply directly to our setting for two reasons. First, the models
therein are not well-suited for handling irregularly sampled follow-ups and computing survival curves in a dynamic fashion. Second, and more importantly, our main focus is to
predict whether or not a patient will exhibit clinical deterioration in the future, and not
estimating survival curves with respect to a single endpoint event. Hence, our problem
is technically equivalent to survival analysis with two “competing risks” (Prentice et al.
(1978)), with the competing risks being ICU admission and hospital discharge, and thus
the problem cannot be directly cast to the standard survival analysis setting tackled in
(Katzman et al. (2016)) and (Ranganath et al. (2016)).

In order to ensure that the censoring information is properly utilized by all the discriminative predictors (Random forest, Logistic regression, XGBoost, AdaBoost, Bagging, LASSO,
MTGP, and DNN), we train every predictor by constructing a training dataset that comprises the physiological data gathered within a temporal window before the censoring event
(ICU admission or patient discharge), and using the censoring information (i.e. the variable
l) as the labels. The size of this window is a hyper-parameter that is tuned separately for
every predictor. For the testing data, the predictors are applied sequentially to a sliding
window of every patient’s episode, and the predictor’s output is considered as the patient’s
real-time risk score. We used Python’s Sklearn library (Pedregosa et al. (2011)) for training
the Random forest, Logistic regression, XGBoost, AdaBoost, Bagging, LASSO and DNN
predictors, and the GPy library (group (2012)) for training the MTGP predictor. The
RNN models were implemented in TensorFlow (Abadi et al. (2016)).

Although RNNs are not clinically interpretable, they have been frequently applied to the
problem of clinical time series prediction, and the recent work in (Che et al. (2016)) have
considered RNNs to predict mortality in the ICU using the MIMIC dataset (Saeed et al.
(2002)). We have trained an RNN with 5 hidden layers, and 10 neurons with each layer,
using both the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm21 , where gradients are
computed using the Backpropagation Through Time algorithm (Werbos (1990)). We have
also trained an RNN model using the ADAM optimizer (Kingma and Ba (2014)). All the
training time series were temporally aligned via the endpoint censoring information, and
training was accomplished via 1000 iterations of the gradient descent algorithm. A top layer
with a squashing sigmoid function was used to map the RNN hidden states to a risk score
between 0 and 1 at each point in time. The DNNs are implemented as multi-layer perceptrons, the hyper-parameters of which (number of layers and hidden units) are optimized
using grid search.
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21. We have also tried the Levenberg-Marquardt algorithm, but the network learned by BFGS offered a
significantly better performance.

40

# patients with l = 1 and R(t) exceeding threshold for some t < T c
,
# patients with R(t) exceeding threshold for some t < T c

PPV =

41
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Timeliness = E [ Time at which R(t) exceeds threshold − Tc | R(t) exceeds threshold, l = 1] .

and

# patients with l = 1 and R(t) exceeding threshold for some t < T c
,
# patients with l = 1

TPR =

In order to assess the performance of every algorithm, we compute each algorithm’s risk
score R(t) at every point of time in every patient’s episode. We only use the patient
episodes in the testing set for performance evaluation. The risk score that is based on an
HASMM is evaluated as discussed in Section 3.3. We emulate the ICU admission decisions
by setting a threshold on the risk score R(t) above which a patient is identified as “clinically
deteriorating”. The accuracy of such decisions are assessed via the following performance
metrics: true positive rate (TPR), positive predictive value (PPV) and timeliness. These
performance metrics are formally defined as follows:

5.4.1 Performance metrics

5.4 Results

We used the correlated feature selection algorithm to select the physiological stream for every predictor (Yu and Liu (2003)). To ensure a fair comparison, we did not include
the static (background) co-variates in any predictor, including the HASMM,
since they are not used by the clinical risk scores.

For the multi-task Gaussian process, we used the free-form parametrization (intrinsic coregionalization model) in (Bonilla et al. (2007)), and used the gradient method to learn the
parameters of two Gaussian process models: one for patients with l = 0, and one for patients
with l = 1. The risk score for a patient’s risk score is computed as the test statistic of a
sequential hypothesis test that is based on the two learned Gaussian process models. This
differs from the static simulation setting in (Ghassemi et al. (2015)) were predictions are
issued in a one-shot fashion using only the data obtained within 24 hours after a patient’s
admission.

The three performance metrics described above evaluate the different risk scoring algorithms
in terms of their detection power, false alarm rate, and timeliness in detecting clinical deterioration. We sweep the threshold value of every risk scoring algorithm and report the AUC
of the TPR vs. PPV ROC curve. All results reported hereafter are statistically significant
(p-value < 0.001).

We used the Baum-Welch algorithm for learning the HMM (Murphy et al. (2001)); the
informative censoring information was incorporated by including two absorbing states for
clinical stability (l = 0) and deterioration (l = 1), and informing the forward-backward
algorithm with the labeled states at the end of every episode. We tried many initializations
for the HMM parameters and picked the initialization that led to the maximum likelihood
for the training dataset. The complete data log likelihood after 100 EM iterations was
-1.25× 107 . In real-time, a patient’s risk score at every point of time is computed by first
applying forward filtering to obtain the posterior probability of the patient’s states, and
then averaging over the distribution of the absorbing states. Using the Bayesian Information Criterion, we selected an HMM model with 4 latent states.

42
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We applied the FFBS-MCEM algorithm to the training episodes in order to estimate the
parameter set Γ. Based on the Bayesian information criterion, we have selected a model
with 4 clinical states, i.e. X = {1, 2, 3, 4}. State 1 is the clinical stability state, whereas
state 4 is the clinical deterioration state. We ran 100 MCEM iterations and used Γ̂100 as the

5.4.2 Learning the HASMM

While the traditional AUCROC metric can be interpreted as the probability of miss-ranking
two instances with positive and negative classes, the area under the TPR vs. PPV curve
can be interpreted as a measure of how well an algorithm can identify the positive classes in
a pool of instances with a negative class (Davis and Goadrich (2006)). Note that random
guessing yields an area under TPR vs. FPR curve of 0.5; in the case of the
TPR vs. PPV curve, and given the definitions above, random guessing yields
and AUC that is equal to the fraction of instances with a positive class. That
is, in our dataset, the area under the TPR vs. PPV curve for random guessing
is as small as 0.05.

The usage of precision and recall (TPR and PPV) instead of the conventional (TPR and
FPR) metrics is driven by the following motives. Since we are using our model as an alarm
system, our algorithm only picks patients who are believed to be deterioration (patients
with label 1), and we are not identifying stable patients (i.e. there is no well-defined “true
negative” count). The performance of an algorithm in this particular “information retrieval”
setting is more sensibly assessed via precision and recall. That is, we are trying to identify
as many deteriorating patients as possible (TPR) and avoid overwhelming the ward staff
with many false alarms (PPV). The “true negative” count does not play an important role
in our setting. We also note that the ward’s patient cohort has a significant class imbalance
(the ICU admission rate is around 5%). Hence, we are typically trying to identify a small
number of deteriorating patients in a large pool of stable patients. In such an unbalanced
cohort, it is significantly more difficult to achieve a good PPV (PPV = TP/(TP + FP))
than a low false positive rate (FPR = FP/(FP + TN)) for a fixed TPR, since most patients are already clinically stable and therefore the false positive and true negative counts
(which are counted in the stable population) will naturally be significantly larger than the
true positive counts. Hence, the FPR rates (and consequently the AUC values) may look
deceptively high, but they are not truly reflective of the “usefulness” of the algorithm. This
is because one can still have numerous false alarms, the quantification of which is distorted
by the large true negative rates that results mainly because of the fact most patients are
stable. Due to reasons above, the area under the TPR vs. PPV curve has been recently
identified by the critical care community as being a more sensible measure of accuracy
(Romero-Brufau et al. (2015)).
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estimate for Γ. The parameter set Γ was initialized randomly using uniform distributions
that cover each parameter’s admissible bounds.
We discretized the time domain into steps of 1 hour while computing the elements of the
look-up table holding the values of the tensor P̃. With a granular 1-hour discretization
of the time horizon, the Gaussian covariance matrix was found to be ill-conditioned for
many patient episodes. To ensure the numerical stability of the computations involving the
Gaussian process likelihood functions, we used the Moore-Penrose pseudo-inverse for the
covariance matrix instead of direct matrix inversion. The function TransitionLookUp was
invoked once before running the MCEM iterations, and its run time was 2 minutes and 15
seconds on a dual-core 3 GHz machine. The function ForwardFilter was invoked 150,852
times (all data points in all patients’ episodes in both the training and testing sets), and its
overall run time was 3 hours and 50 minutes (on a dual-core 3 GHz machine). The run time
for every risk score update for a single patient is less than 1 second, which implies that the
algorithm can efficiently prompt quick risk assessments if implemented on a machine with
a reasonable computational power.
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SpO
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From the learned HASMM, we were able to extract the following “medical concept” out of
the training data. The patients’ clinical state space X = {1, 2, 3, 4} comprises the following
4 states:
• State 1: clinical stability.
• State 2: type-1 critical state.
• State 3: type-2 critical state.
• State 4: clinical deterioration.
As implied by the model, states 1 and 4 are absorbing states: once the patient is believed
to be in state 1, the clinicians should release her from care, whereas exhibiting clinical state
4 should be treated with an admission to the ICU. States 2 and 3 are critical states that
require the patient to stay under vigilant care in the ward. The two states are different
ways to manifest “criticality”. We characterize the properties of the four clinical states in
the rest of this subsection.
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State 4: clinical deterioration

JMLR 19(4):1-62, 2018

Respiratory
rate

JMLR 19(4):1-62, 2018

Figures 13-16 depict the different characteristics of the four clinical states. In Figure 13, we
plot a bipartite correlation graph that shows the correlations among the relevant physiological streams in the different clinical states. These graphs were constructed by computing
(Y l ,Y v )
the Pearson correlation coefficient σY l Y v = cov
using the entries of the multi-task
σY l · σY v
Gaussian process covariance matrix Σ. An edge is connected between every two features for
whom the Pearson correlation coefficient exceeds 0.1, i.e. σY l Y v > 0.1. As we can see, different physiological variables become less or more correlated in the different clinical states. For
instance, only the clinically stable patients experience significant correlations between their
urea Nitrogen and the diastolic blood pressure; the Pearson coefficient between those variables becomes insignificant in the other states. Clinicians can use this piece of information,
extracted solely from the data, to construct simple tests for clinical stability by computing
43

Figure 16: Transition functions.

0

Sojourn time s (Hours)

0.1

500

0.3

g2 4

0.4

g3 2
g3 1

0.7

0.8

0.9

g2 3

Urea
Nitrogen

Glucose

SpO

2

0

0

3

2

4

State 2

5

State estim ate
Risk score

State j

6

2

10

8

15

12

Time t (Hours)

10

State 3

Time t (Hours)

10

20

30

40

16

State 2

14

m

50

60

70

18

State 3

20

20

0.5
0.5

11

22

00
25

80

State 4

Clinical deterioration onset

Second intervention onset

0

First intervention onset

1

45

JMLR 19(4):1-62, 2018

Figure 17: Depiction for the episode of a clinically deteriorating patient. (The physiological streams
are color coded as follows: Diastolic blood pressure is in green, systolic blood pressure is in red,
blood urea nitrogen is in cyan, and heart rate is in black, respiratory rate is in purple.)

0

50

100

150

2

3

4

0
4

0.5

1

46

JMLR 19(4):1-62, 2018

Now we illustrate the real-time operation of the inference algorithm as it computes risk
score over time by focusing on an episode of a particular patient who was hospitalized for
1 day and then admitted to the ICU. As shown in Figure 17 (top), the inference algorithm

Figure 16 depicts the transition functions gij out of the transient states 2 and 3 as a
function of the sojourn time in those states. We note that the transition probabilities are
almost a constant function of sojourn time for patients in state 2 (β2j ≈ 0), whereas the
duration-dependence is more significant (β3j > 0); as the sojourn time in state 3 increases,
the transition probabilities become more biased towards state 1. This reinforces our hypothesis that state 3 corresponds to patients for whom interventions were applied. That
is, as time passes for a patient in state 3 after receiving an intervention, her chances for
recovery (transiting to state 1) increases.

0

Figure 15 displays the covariance function ki (t, t ) for the 4 clinical states; the state-specific
covariance function quantifies the physiological streams’ temporal correlations in a particular clinical conditions. Knowing such correlation patterns are useful for deciding the
frequency with which nurses and clinicians should collect physiological measurements over
time for different patients in different clinical conditions (Alaa and van der Schaar (2016)).
We observed that, as one would expect, the temporal correlations increase when the patient
becomes more stable; the temporal correlation is greatest in state 1 and smallest in state 4.
This means that one would expect deteriorating patients to experience more physiological
fluctuations over time. We also note that physiological stream for which the constant mean
function differed significant among the clinical state was the urea Nitrogen. The level of
urea Nitrogen increases significantly when the patient is in a more risky state; the average blood urea nitrogen is 11.7 milligrams per deciliter (mg/dL) in state 1, 23.8 mg/dL in
state 2, 41.1 mg/dL in state 3 and 64.9 mg/dL in state 4. This is consistent with medical
domain knowledge and recent discoveries in the area of critical care medicine; in (Beier
et al. (2011)), it was shown that there is a substantial evidence that that elevated urea Nitrogen can be associated with all cause mortality in a heterogeneous critically ill population.

journ time” of an absorbing state (state 1 or 4) is defined as the time between entering the
state and the censoring time; such a time interval corresponds to the clinicians’ policy with
respect to patient discharge and ICU admission. That is, the sojourn time of an absorbing
state is not a natural physiological quantity, but it rather reflects the speed with which patients are released from care or receive leveraged level of care. The sojourn time distribution
for state i is an exponential distribution if the shape parameter λi,s = 1. The sojourn time
distributions for states 2 and 3 significantly deviate from an exponential distribution of an
ordinary, memoryless Markov model, which supports our assumption of semi-Markovianity.
As we can see in Figure 14, the sojourn time distribution is not concentrated around 0 and
hence is radically different from an exponential distribution (the estimated shape parameter is λ2,s = 2.25). State 2 is the state with the largest first moment for the sojourn time
distribution: this means that most patients in the ward exhibit this state and hence it is
the most relevant for predictions. Figure 14 clearly shows that this state is not memoryless.
State 3 exhibits a sojourn time distribution that is concentrated around 0; however, its shape
parameter is λ2,s = 0.55, and hence cannot be adequately modeled by a memoryless process.

the correlations between blood pressure and urea Nitrogen for a hospitalized patient before
deciding to discharge her. Generally speaking, we observe that the critical, transient states
display more correlations among the physiological streams than the clinical stability and
deterioration states. In particular, the type-2 critical state has most of the physiological
streams being strongly correlated. We speculate that the reason behind these strong correlations is that some kinds of interventions (e.g. drugs, mechanical pumps, ventilators,
etc) applied to hospitalized patients affect all the physiological streams simultaneously; and
hence we believe that type-1 and type-2 critical state patients are hospitalized patients with
and without clinical interventions. We will examine this claim when we retrieve information
about interventions and the time they were applied from the Ronald Reagan medical center;
such information was not available at the time of conducting these experiments.

MAP state estimate

Forward messages αm (j)

Figure 14 shows the sojourn time distributions for the four states. Recall that the “so-
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computes the forward messages whenever new physiological measurements become available. Using the forward messages, the algorithm can display the maximum a posteriori
(MAP) state estimates to the clinicians over time. As we can see in Figure 17 (middle),
the patient under consideration was in clinical state 2 (type-1 critical state) at the time
of admission to the ward. After 6 hours, the patient switched to state 3 (type-2 critical
state), probably due to a clinical intervention. After around 9 hours, the patient switched
back to the type-1 critical state for a brief 2-hour period, before switching to the type-2
critical state (probably due to a second intervention). Our algorithm was able to detect
clinical deterioration (state 4) conclusively (through both the MAP state estimate and the
risk score) more than 6 hours before the clinicians actually sent the patient to the ICU. Had
the clinicians used the algorithm for monitoring that patient, they would have been able
to send the patient to the ICU 6 hours early, allowing for a potentially much more efficient
therapeutic intervention in intensive care. In Figure 17 (bottom), we plot the patient’s
physiological stream and tag the different time intervals with the corresponding clinical
state estimates. The clinicians can rely on these clinically interpretable tags to describe the
patient’s states at each point of time rather than using a high-dimensional, and potentially
inexpressive set of physiological measurements.
5.4.3 Performance comparisons
Since we focus on the AUC for the TPR vs. PPV performance, the AUC values are nominally less than that for the TPR vs. FPR curves. The AUC values in the TPR vs. PPV
analyses are usually less than 0.5, whereas in the TPR vs. FPR analysis they can reach 0.8
(Rothman et al. (2013)). As mentioned earlier, random guessing yields an area under the
TPR vs. PPV curve that is as small as 0.05. Table 3 reports the AUC and timeliness (in
hours) for: ♥ HASMM, ♣ sequential (sliding-window) classification benchmarks, ♠ deep
learning algorithms, F HMMs and ♦ clinical risk scores. As we can see, all the machine
learning algorithms significantly outperform the state-of-the-art clinical risk scores (Rothman, MEWS, APACHE and SOFA). The reason behind the significant performance gain
of the HASMM as compared to the clinical risk scores is that it incorporates the patients’
history when updating the forward messages (as shown in Figure 17), and reasons about
the future trajectory when computing the risk score (as discussed in Section 3.3). Clinical
risk scores are instantaneous in that they map the current physiological measurements to
a risk score without considering the previously measured physiological variables, and hence
they are vulnerable to high false alarm rates (low PPV). Moreover, the clinical risk scores
do not reason about the future trajectory given the current physiological measurements,
and hence they display a sluggish risk signal that fail to quickly cope with subtle clinical
deterioration.
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With the exception of MTGPs, all the competing machine learning baselines are incapable of handling irregularly sampled data. Hence, for the baselines, we discretized the
time domain into steps of 1 hour and interpolated the missing samples using zero-order-hold
filtering. (We have tried cubic spline interpolation as well but this yield worse accuracies
for the baselines.) The timeliness values reported in Table 3 are evaluated for the operating
point for which the TPR is 50% and the PPV is 35%; this operating point was decided by
47
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♣

♥

Random Forest
Logistic Regression
XGBoost
AdaBoost
Bagging
MTGP
LASSO

HASMM

0.293
0.311
0.426
0.366

0.362
0.271
0.374
0.323
0.293
0.365
0.261

0.489

AUC

—

8 hrs 39 mins

7 hrs 48 mins
8 hrs 6 mins
7 hrs 21 mins
6 hrs 21 mins

4 hrs 21 mins
4 hrs 36 mins
7 hrs 6 mins
6 hrs 52 mins
6 hrs 31 mins
6 hrs 44 mins
5 hrs 21 mins

8 hrs 34 mins

Timeliness (hours)

Table 3: Performance comparisons for various algorithms.

♠

RNN-BFGS
RNN-ADAM
DNN-BFGS
DNN-ADAM

0.251

0.321

—

HMM

0.180

—

—

Rothman
MEWS

0.143

0.131

♦

SOFA

F

APACHE

our medical collaborators as an acceptable balance between predictive accuracy and alarm
fatigue. Non of the clinical risk scores were able to achieve the desired operating point at
any timeliness level.

We can see from Table 3 that HASMMs outperforms conventional HMMs; this is a consequence of incorporating temporal correlations and semi-Markovian state transitions, which
more accurately describe the patient’s physiology. This manifests in the sojourn time distributions in Figure 14, which largely deviate from the exponential distribution adopted by an
HMM, and also manifests in the temporal correlation patterns in Figure 15, which largely
deviate from the Dirac-delta function and are clearly discriminative of the different states.
RNNs trained via BFGS and ADAM did not display high predictive power, probably due
to the relatively limited sample size of the patient cohort under study. DNNs operating on
a sliding window provided a competitive predictive accuracy: the most competitive was a
DNN trained with BFGS and had its hyper-parameters (number of layers and hidden units)
optimized using grid search, outperforming the different ensemble methods involved in the
comparisons (XGBoost, Random Forest, AdaBoost, and Bagging).
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As expected, algorithms that involved a principled time series models provided the most
timely predictions as they not only evaluate the current measurements but also forecast the
future. Conventional HMMs, due to their memoryless nature, provided the most timely pre-
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0.462

As we can see in Table 4, every aspect of the HASMM model contributes to its predictive
capacity. Removing temporal correlations from our model (HASMM*) caused the biggest

0.445

HASMM***

We developed a versatile model, which we call the Hidden Absorbing Semi-Markov Model
(HASMM), for clinical time series data which accurately represents physiological data in
modern EHRs. The HASMM can deal with irregularly sampled, temporally correlated, and
informatively censored physiological data with non-stationary clinical state transitions. We
also proposed an efficient Monte Carlo EM learning algorithms that is based on particle
filtering, and developed an inference algorithm that can effectively carry out real-time inferences. We have shown, using a real-world dataset for patients admitted to the Ronald
Reagan UCLA Medical Center, that HASMMs provide a significant gain in critical care
prognosis when utilized for constructing an early warning and risk scoring system.

We would like to thank Dr. Scott Hu (Division of Pulmonary and Critical Care Medicine,
Department of Medicine, David Geffen School of Medicine, UCLA) for providing us with
the clinical data and the appropriate medical background and insights used in Section 5.
We also thank Mr. Jinsung Yoon for his valuable help with the simulations in Section 5.

0.425

HASMM*

0.489

HASMM**

HASMM

Table 4: A controlled analysis of the HASMM modeling aspects.

• HASMM***: this version of the model adopts duration-independent transitions for
all states. We implement this model by forcing the parameters βij to be equal to 0
for all i and j.

• HASMM**: this version of the model adopts an exponential distribution for the
sojourn times of all states. We implement this model by forcing the shape parameter
λi,s for every state i to be equal to 1.

• HASMM*: this version of the model does not capture the temporal correlations in
the observations. We implement this model by forcing the length-scale parameter `
for all the observations to be infinite in all the iterations of the FFBS-EM algorithm.
The resulting observation model corresponds to a model with independent Gaussian
emissions at each time step.

Table 3 demonstrates the performance gains achieved by our model, but it does not show
the individual contributions of the different elements of the model in achieving these gains.
In Table 4, we report the results of a controlled analysis of our model by investigating the
impact of removing individual modeling aspects and assessing the resulting performance.
To this end, we create three versions of our model, listed below, where each version lacks
one of the modeling aspects:

5.4.4 Controlled Analysis of the HASMM Performance

6. Conclusions

drop in the AUC. This shows the importance of capturing temporal correlations (i.e. physiological trends) in predicting the endpoint outcomes. The model HASMM* still significantly
outperforms a standard HMM, mainly because it captures semi-Markovianity, whereas an
HMM exhibits memoryless transitions, which significantly increases the false alarms. As
we can see from the performance of the HASMM**, semi-Markovian transitions are instrumental in improving the AUC performance, mainly because of their role in reducing the
false alarms by mitigating rapid transitions in the state process. The HASMM***, which
removes duration dependence, is also inferior to the full HASMM in terms of accuracy. It is
important to note that the model HASMM*** captures temporal trends in irregularly sampled data, which cannot be achieved via simpler auto-regressive HMM models that operate
in discrete time.
It is important to note that our model is not developed with the exclusive goal of
predicting clinical outcomes; the epistemic value of interpreting the model parameters are
of great importance for managing the complex (and rather poorly understood) critical
care environment. Hence, while Table 4 shows that all modeling aspects contribute to
the predictive accuracy, it is worth mentioning that all of these aspects contribute to the
extracted clinical knowledge as well. (This clinical knowledge is summarized in Figures
13-17.) For instance, modeling the duration dependence is not just aimed at improving
the model’s accuracy, but is also crucial for understating how should a clinician schedule
the therapeutic interventions for a certain patient over time even during the same clinical
state. A concrete example for clinical knowledge extracted from our model is the knowledge
that the HASMM learned about state 3. Having learned from the model that blood urea
nitrogen is predictive of clinical deterioration (see Subsection 5.4.2) and is relatively high
in clinical state 3, the clinician can use the information on duration dependence in 16 to
manage the administration and timing of drugs, such as Allopurinol and Aminoglycoside
antibiotics, that may increase the urea nitrogen.

dictions, slightly exceeding the timeliness of our model with a tight margin of 4.8 minutes.
This comes at a huge false alarms’ cost, manifesting in a relatively poor AUC of 0.32. This
means that using a conventional HMM for risk scoring can provide decent timeliness for
the patients who are identified as deteriorating, but would miss a large number of patients
who will go unidentified. Contrarily, our model provides excellent timeliness together with
high accuracy.

We stress that not only the proposed model outperforms the competing models in terms
of accuracy, but also unlike these models, it provides a clinically interpretable model that
can be used for understanding the nuances of the complex critical care setting and guiding
clinical practice and ward management policies (see Figure 17). This epistemic value cannot
be obtained from any of the black-box predictors, including RNNs and DNNs.
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Starting with the left hand side, we can use a first-step analysis to write every term p̃ij (τ, s, s̄)
¯
as follows
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Recall that the operation

can be written as

u=0

k6=i



∂ Q̄(., s, s̄)
¯
? P̃(., 0, 0) (τ ).
∂u

τn
.
n!

Appendix D. The M -step of the FFBS-MCEM Algorithm

X
d,g
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d

G

,

(31)
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d M
k
d
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}m=1 | Γ)) ·
log(dP({xnd,g , snd,g }n=1
, {ym

The proximal likelihood function at the z th iteration is given by
ÛG (Γ; Γ̂z−1 ) =

52

z−1
Id,g

Thus, for every P̃(τ, s, s̄) ∈ P and every Q̄(τ, s, s̄) < 1, there exists n such that B n {.}(.) is
¯
¯
a contraction mapping. Therefore, the operation P̃(τ, s, s̄) = B{Q̄(τ, s, s̄)}(P̃(τ, s, s̄)) has a
¯
¯
¯
unique fixed point that can be reached via n ∈ N successive approximations.

= Nn ·



Z Z
Z τ −u1
τ
τ
−u
n−1
∂ Q̄(., s, s̄)
∂ Q̄(., s, s̄)
¯
¯
? ... ?
? P̃(., 0, 0) (τ ) ≤ N n ·
...
du1 du2 . . , dun
∂u1
∂un
0
0
0

Now consider n applications of the operator B(.), we have that


P̃(τ, s, s̄) = IN ×N − diag Q̄1 (τ, s, s̄), . . . , Q̄N (τ, s, s̄) +
¯
¯
¯

P̃(τ, s, s̄) = B{Q̄(τ, s, s̄)}(P̃(τ, s, s̄))
¯
¯
¯

Appendix C. Proof of Theorem 2

∀i, j ∈ X , where S(t) is the time elapsed in state X(t), and Si is the sojourn time of state
i. The integral equation in (30) can be written in a matrix form as in the right hand side
of (29), and hence the Theorem follows.

= δij (1 − Q̄i (τ, s, s̄)) +
¯

p̃ij (τ, s, s̄) = P(X(t + τ ) = j|X(t) = i, s ≤ S(t) ≤ s̄)
¯
¯
= δij (P(Si < τ |X(t) = i, s ≤ S(t) ≤ s̄))+
¯
Z τ
P(X(t + u) = k|X(t) = i, s ≤ S(t) ≤ s̄) · P(X(t + τ ) = j|X(t + u) = k) du
¯
u=0
= δij (1 − Q̄i (τ, s, s̄))+
¯
Z
τ
P(X(t + u) = k|X(t) = i, s ≤ S(t) ≤ s̄) · P(X(t + τ − u) = j|X(t) = k) du
¯
u=0
Z
τ
∂ X
Q̄ik (u, s, s̄) · p̃kj (τ − u, 0, 0) du,
(30)
¯
∂u
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Appendix A. An Algorithm for Sampling episodes from an HASMM

1:

procedure GenerateHASMM(Γ)
Input: HASMM model parameters Γ = (N, λ, po , Q(s), Θ, ζ)
K , {τ }K , {Y (t )}M , {t }M )
Output: An episode ({Xn }n=1
n n=1
m m=1
m m=1
τ1 ← 0, k ← 1, T ∼ Poisson(ζ)
. Initializations
o )
x1 ∼ Multinomial(p1o , p2o , . . ., pN
. Sample an initial latent state
s1 ∼ Gamma(λx1 ,s , λx1 ,r ), τ2 ← τ1 + s1
T1 = {t ∈ T : τ1 ≤ t ≤ τ2 }
while xk ∈
/ {1, N } do
. Sample latent states until absorption
xk+1 ∼ Multinomial(gxk 1 (sk ), gxk 2 (sk ), . . ., gxk N (sk ))
sk+1 ∼ Gamma λxk+1 ,s , λxk+1 ,r , τk+2 ← τk+1 + sk+1
Tk+1 = {t ∈ T : τk+1 ≤ t ≤ τk+2 }
{y(tm )}tm ∈Tk+1 ∼ GP(Θxk+1 ) . Sample observations from a Gaussian Process
k ←k+1
end while
K , {τ }K , {y(t )}M , {t }M )
return ({xn }n=1
n n=1
m m=1
m m=1
end procedure

Algorithm 7 Sampling episodes from an HASMM
2:
3:
4:
5:
6:
8:

7:
9:
10:
11:
12:
13:
14:
16:

15:

Appendix B. Proof of Theorem 1
We start by rewriting (11) as follows:

JMLR 19(4):1-62, 2018


 

p̃ (τ, s, s̄) . . . p̃ (τ, s, s̄)
1 − Q̄ (τ, s, s̄) . . .
0
11
1
1N


.¯
. ¯ =
. ¯
.
..
..

 
+
.
.
..
..
..
..
p̃N 1 (τ, s, s̄) . . . p̃N N (τ, s, s̄)
0
. . . 1 − Q̄N (τ, s, s̄)
¯
¯



 ¯ 
Q̄11 (u, s, s̄) . . . Q̄1N (u, s, s̄)
p̃11 (τ − u, 0, 0) . . . p̃1N (τ − u, 0, 0)
Z τ

∂ 
. ¯
. ¯  × 
.
.
..
..



 du.

.
.
..
..
..
..
∂u
u=0
p̃N 1 (τ − u, 0, 0) . . . p̃N N (τ − u, 0, 0)
Q̄N 1 (u, s, s̄) . . . Q̄N N (u, s, s̄)
¯
¯
(29)
51

Md

1

d,g

d

n=1

d,g
log(dP(sd,g
n | xn , Γ)) +

n=1

d,g

k
X

n=2

d,g

d,g
d,g
log(P(xd,g
n | xn−1 , sn−1 , Γ))

d
log(dP({ym
, tdm }tdm ∈Tnd | xd,g
n , Γ)).

G

.

53

JMLR 19(4):1-62, 2018

The optimization problem is intractable for the rest of the parameters, and hence we
resort to approximate solutions. For the transition parameters, we maximize the term
Pkd,g
d,g
d,g
d,g
n=2 log(P(xn | xn−1 , sn−1 , Γ)) using the successive approximations, whereas for the GP
P d,g
d,g
d , td }
parameters, we maximize the term kn=1 log(dP({ym
m tdm ∈Tnd | xn , Γ)) via conjugate gradient descent.
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The bootstrap (Efron, 1979) is a ubiquitous tool in applied statistics, allowing for inference when very little is known about the properties of the data-generating distribution.
The bootstrap is a powerful tool in applied settings because it does not make the strong
assumptions common to classical statistical theory regarding this data-generating distribution. Instead, the bootstrap resamples the observed data to create an estimate, F̂ , of
the unknown data-generating distribution, F . The distribution F̂ then forms the basis of
further inference.

1. Introduction

We consider the performance of the bootstrap in high-dimensions for the setting of linear
regression, where p < n but p/n is not close to zero. We consider ordinary least-squares as
well as robust regression methods and adopt a minimalist performance requirement: can
the bootstrap give us good confidence intervals for a single coordinate of β (where β is the
true regression vector)?
We show through a mix of numerical and theoretical work that the bootstrap is fraught
with problems. Both of the most commonly used methods of bootstrapping for regression—
residual bootstrap and pairs bootstrap—give very poor inference on β as the ratio p/n
grows. We find that the residual bootstrap tend to give anti-conservative estimates (inflated
Type I error), while the pairs bootstrap gives very conservative estimates (severe loss of
power) as the ratio p/n grows. We also show that the jackknife resampling technique for
estimating the variance of β̂ severely overestimates the variance in high dimensions.
We contribute alternative procedures based on our theoretical results that result in
dimensionality adaptive and robust bootstrap methods.
Keywords: Bootstrap, high-dimensional inference, random matrices, resampling
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The high dimensional setting: p/n → κ ∈ (0, 1) In this work we call a high-dimensional
setting one where the number of predictors, p, is of the same order of magnitude as the
number of observations, n, formalized mathematically by assuming that p/n → κ ∈ (0, 1).
Several reasons motivate our theoretical study in this regime. The asymptotic behavior of
the estimate βbρ is known to depend heavily on whether one makes the classical theoretical
assumption that p/n → 0 or instead assumes p/n → κ ∈ (0, 1) (see Section 1.2 and AppendixA and references therein). But from the standpoint of practical usage on moderatesized data sets (i.e., n and p both moderately sized with p < n), it is not always obvious
which assumption is justified. Working in the high-dimensional regime of p/n → κ ∈ (0, 1)
captures better the complexity encountered even in reasonably low-dimensional practice
than using the classical assumption p/n → 0. In fact, asymptotic predictions based on the

We consider the two standard methods for resampling to create a bootstrap distribution
in this setting. The first is pairs resampling, where bootstrap samples are drawn from
the empirical distribution of the pairs (yi , Xi ). The second resampling method is residual
resampling, where the bootstrapped data consists of yi∗ = βbρ0 Xi + ˆ∗i , where ˆ∗i is drawn from
the empirical distribution of the estimated residuals, ei . We also consider the jackknife,
a resampling method focused specifically on estimating the variance of functionals of βbρ .
These three methods are extremely flexible for linear models regardless of the method of
fitting β or the error distribution of the i .

βbρ = argminb∈Rp

We are interested in the bootstrap or resampling properties of the estimator defined as

∀i, yi = β 0 Xi + i , 1 ≤ i ≤ n , where Xi ∈ Rp .

Since its introduction, a large amount of research has explored the theoretical properties
of the bootstrap, improvements for estimating F under different scenarios, and how to most
effectively estimate different quantities from F̂ (see the pioneering Bickel and Freedman,
1981 for instance and many many more references in the book-length review of Davison and
Hinkley, 1997, as well as van der Vaart, 1998 for a short summary of the modern point of
view on these questions). Other resampling techniques exist of course, such as subsampling,
m-out-of-n bootstrap, and jackknifing, all of which have been studied and much discussed
(see Efron, 1982; Hall, 1992; Politis et al., 1999; Bickel et al., 1997; and Efron and Tibshirani,
1993 for a practical introduction).
An important limitation for the bootstrap is the quality of F̂ . The standard bootstrap
estimate of F based on the empirical distribution of the data may be a poor estimate when
the data has a non-trivial dependency structure, when the quantity being estimated, such
as a quantile, is sensitive to the discreteness of F̂ , or when the functionals of interest are
not smooth (see e.g., Bickel and Freedman, 1981 for a classic reference, as well as Beran
and Srivastava, 1985 or Eaton and Tyler, 1991 in the context of multivariate statistics).
An area that has received less attention is the performance of the bootstrap in high
dimensions and this is the focus of our work. In particular, we consider the setting of
standard linear models where data yi are drawn from the linear model

El Karoui and Purdom

high-dimensional assumption can work surprisingly well in very low-dimension (see Johnstone, 2001). Furthermore, in these high-dimensional settings, where much is still unknown
theoretically, the bootstrap is a natural and compelling alternative to asymptotic analysis.
Another motivation for our investigation is that of very large scale applications (Chapelle
et al., 2014; Criteo, 2017; Langford et al., 2007), where one might resort to subsampling
methods or recent variants like the bag-of-little-bootstraps (Kleiner et al., 2014) for uncertainty assessment. Subsampling is also very commonly used in this setting for simple
computational speed-up. In such cases, even if one had started with a data set where
p  n, after subsampling one often ends up with p comparable to n on the subsamples
where bootstrap-like computations are performed. It is therefore important to know if the
bootstrap and other resampling plans perform well when p is comparable to n.

Can We Trust the Bootstrap in High-dimensions?

El Karoui and Purdom
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where ρ defines the loss function for a single observation. The function ρ is assumed to
be convex in all the paper. Common choices are ρ(x) = x2 , i.e., least-squares, ρ(x) = |x|,
which defines L1 regression, or Huberk loss where ρ(x) = (x2 /2)1|x|<k + (k|x| − k 2 /2)1|x|≥k .

βbρ = argminb∈Rp

We consider the setting yi = β 0 Xi + i , where E(i ) = 0 and var (i ) = σ2 . The vector β is
estimated as minimizing the average loss,

1.2 Background: Inference Using the Bootstrap

case discussed in Section 2, the confidence intervals obtained from the pairs-bootstrap are
instead conservative to the point of being non-informative. This results in a dramatic loss of
power. We prove in the case of L2 loss, i.e., ρ(x) = x2 , that the variance of the bootstrapped
b leading to the overly conservative performance we see in
v 0 βb∗ is greater than that of v 0 β,
simulations. We demonstrate that a different resampling scheme we propose can provide
accurate confidence intervals in moderately high dimensions.
In Section 4, we discuss another resampling scheme, the jackknife. We focus on the
jackknife estimate of variance and show that it has similarly poor behavior in high dimensions. In the case of L2 loss with Gaussian design matrices, we further prove that the
jackknife estimator over estimates the variance of our estimator by a factor of 1/(1 − p/n);
we also provide corrections for other losses that improve the jackknife estimate of variance
in moderately high dimensions.
We rely on simulation results to demonstrate the practical impact of the failure of the
bootstrap. The settings for our simulations and corresponding theoretical analyses are idealized, without many of the common settings of heteroskedasticity, dependency, outliers and
so forth that are known to be a problem for bootstrapping. This is intentional, since even
these idealized settings are sufficient to demonstrate that the standard bootstrap methods
have poor performance. For brevity, we give only brief descriptions of the simulations in
what follows; detailed descriptions can be found in AppendixD.1.
Similarly, we focus on the basic implementations of the bootstrap for linear models.
While there are many proposed alternatives (often for specific loss functions or types of
data), the standard methods we study are most commonly used and recommended in practice. Furthermore, to our knowledge none of the alternative bootstrap methods we have
seen specifically address the underlying theoretical problems that appear in high dimensions
without making low-dimensional assumptions about either the design matrix or the sparsity
of β, and therefore are likely to suffer from the same fate as standard methods. We note that
in truly large scale applications, sparsity assumptions are not always made by practitioners
(Chapelle et al., 2014; Langford et al., 2007; Criteo, 2017) and it is hence natural to study
the performance of estimators outside of sparse settings. We have also experimented with
more complicated ways to build confidence intervals (e.g., bias correction methods), but
have found their performance to be erratic in high-dimension and offer no improvement.
We first give some background regarding the bootstrap and estimation of linear models
in high dimensions before presenting our new results.

Defining success: accurate inference on β1 The common theoretical definition of whether
the bootstrap “works” is that the bootstrap distribution of the entire bootstrap estimate
βbρ∗ converges conditionally almost surely to the sampling distribution of the estimator βbρ
(see e.g., van der Vaart, 1998). The work of Bickel and Freedman (1983) on the residual
bootstrap for least squares regression, which we discuss in the background section 1.2, shows
that this theoretical requirement is not fulfilled even for the simple problem of least squares
regression.
In this paper, we choose to focus only on accurate inference for the projection of our
parameter on a pre-specified direction υ. More specifically, we concentrate only on whether
the bootstrap gives accurate confidence intervals for υ 0 β. We think that this is the absolute
minimal requirement we can ask of a bootstrap inferential method, as well as one that is
meaningful from the standpoint of applied statistics. This is of course a much less stringent
requirement than performing well on complicated functionals of the whole parameter vector,
which is the implicit demand of standard definitions of bootstrap success. For this reason,
we focus throughout the exposition on inference for β1 (the first element of β) as an example
of a pre-defined direction of interest (where β1 corresponds to choosing υ = e1 , the first
canonical basis vector).
We note that considering the asymptotic behavior of υ 0 β as p/n → κ ∈ (0, 1) implies that
υ = υ(p) changes with p. By “pre-defined” we will mean simply a deterministic sequence
of directions υ(p). We will continue to suppress the dependence on p in writing υ in what
follows for the sake of clarity.
1.1 Organization and Main Results of the Paper
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In Section 2 we demonstrate that in high dimensions residual-bootstrap resampling results
in extremely poor inference on the coordinates of βρ with error rates much higher than the
reported Type I error. We show that the error in inference based on residual bootstrap
resampling is due to the fact that the distribution of the residuals ei are a poor estimate
of the distribution of i ; we further illustrate that common methods of standardizing the ei
do not solve the problem for general ρ. We propose two new dimension-adaptive methods
of residual resampling that appear promising for use in bootstrapping linear models. We
also provide some theoretical results for the behavior of this method as p/n → 1.
In Section 3 we examine pairs-bootstrap resampling and show that confidence intervals
based on bootstrapping the pairs also perform very poorly. Unlike in the residual-bootstrap
3

5
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Bootstrap in high-dimensional linear models Very interesting work exists already in the
literature about bootstrapping regression estimators when p is allowed to grow with n
(Shorack, 1982; Wu, 1986; Mammen, 1989, 1992, 1993; Parzen et al., 1994; Koenker, 2005,
Section 3.9). With a few exceptions, this work has been in the classical, low-dimensional
setting where either p is held fixed or p grows slowly relative to n (i.e., κ = 0 in our
notation). For instance, in Mammen (1993), it is shown that under mild technical conditions
and assuming that p1+δ /n → 0, δ > 0, the pairs bootstrap distribution of linear contrasts
v 0 (βbρ∗ −βbρ ) is in fact very close to the sampling distribution of v 0 (βbρ −β) with high-probability,
when using least-squares. Other results, such as Shorack (1982) and Mammen (1989),

is no longer consistent in Euclidean norm when κ > 0. We should be clear, however, that
√
projections on fixed non-random directions such as we consider, i.e., υ 0 βbρ , are n consistent
√
0
b
for υ β, even when κ > 0. In particular, the coordinates of βρ are n−consistent for the
coordinates of β (El Karoui et al., 2013, Lemma 1). Hence, in practice the estimator βbρ is
still a reasonable quantity to consider.

Recent research shows that βbρ has very different asymptotic properties when p/n has a limit
κ that is bounded away from zero than it does in the classical setting where p/n → 0 (see
e.g., Huber, 1973; Huber and Ronchetti, 2009; Portnoy, 1984, 1985, 1986, 1987; Mammen,
1989 for κ = 0; El Karoui et al., 2013 for κ ∈ (0, 1)). A simple example is that the vector βbρ

1.3 Background: High-dimensional Inference of Linear Models

In bootstrap inference for the linear model, there are two common methods for resampling, which results in different estimates F̂ . In the first method, called the residual
bootstrap, F̂ is an estimate of the conditional distribution of yi given β and Xi . In this
case, the corresponding resampling method consists of resampling ∗i from an estimate of
the distribution of  and forming data yi∗ = Xi0 βbρ + ∗i , from which βbρ∗ is computed. This
method of bootstrapping assumes that the linear model is correct for the mean of y (i.e.,
that E (yi ) = Xi0 β); it also assumes fixed Xi design vectors because the sampling is conditional on the Xi . In the second method, called pairs bootstrap, F̂ is an estimate of the
joint distribution of the vector (yi , Xi ) ∈ Rp+1 given by the empirical joint distribution
of {(yi , Xi )}ni=1 ; the corresponding resampling method resamples the pairs (yi , Xi ). This
method makes no assumption about the mean structure of y and, by resampling the Xi , also
does not condition on the values of Xi . For this reason, pairs resampling is often considered
to be more generally applicable than residuals resampling (see e.g., Davison and Hinkley,
1997).

Bootstrap methods are used in order to estimate the distribution of the estimate βbρ
under the true data-generating distribution, F . The bootstrap estimates this distribution
with the distribution obtained when the data is drawn from an estimate F̂ of F . Following
standard convention, we designate this bootstrapped estimator βbρ∗ to note that this is an
estimate of β using loss function ρ when the data-generating distribution is known to be
exactly equal to F̂ . Since F̂ is completely specified, we can in principle exactly calculate
the distribution of βbρ∗ and use it as an approximation of the distribution of βbρ under F . In
practice, we simulate B independent draws of size n from the distribution F̂ and perform
inference based on the empirical distribution of βbρ∗b , b = 1, . . . , B.

Can We Trust the Bootstrap in High-dimensions?
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The role of the distribution of X An important consideration in interpreting theoretical
work on linear models in high dimensions is the role of the design matrix X. In classical
asymptotic theory, the results can be stated conditionally on X so that the assumptions
can be stated in terms of conditions that can be evaluated on any observed design matrix
X. In the high dimensional setting, the available theoretical tools do not yet allow for
an asymptotic analysis conditional on X; instead the results make assumptions about the
distribution of the entries of X. Theoretical work in the nascent literature for the high
dimensional setting usually allows for a fairly general class of distributions for the individual
elements of Xi and can handle covariance between the predictor variables. However, the
Xi ’s are generally considered i.i.d., which limits the ability of any Xi to be too influential
in the fit of the model (see AppendixA for more detail). For discussion of limitations of
the corresponding models for statistical purposes, see Diaconis and Freedman (1984); Hall
et al. (2005); El Karoui (2009).

There has been some recent interest in residual bootstrap methods for penalized likelihood methods in high-dimensions (often proposed for the case when p >> n), for example
lasso estimates (Chatterjee and Lahiri, 2010, 2011), adaptive lasso estimates (Chatterjee
and Lahiri, 2013), de-biased lasso estimates (Belloni et al., 2015; Dezeure et al., 2017), and
ridge regression (Lopes, 2014). These bootstrap results make the assumption of sparsity
of some form, generally in terms of the number of non-zero components of β, but in the
case of Lopes (2014) by the assumption that the design matrix X is nearly low-rank. As
explained previously, our work is focused on a very different line of inquiry: the case of
a comparatively diffuse signal in β, where there is no reduction of the high-dimensional
problem to a low-dimensional approximation.

As we previously explained, in this work we instead only consider inference for predefined
contrasts υ 0 β. The important and interesting problems pointed out in Bickel and Freedman
(1983) disappear if we focus on fixed, non-data-dependent projection directions. Hence, our
work complements the work of Bickel and Freedman (1983) and is not redundant with it.

While there has not been much theoretical work on the bootstrap in the setting where
p/n → κ ∈ (0, 1), one early work of Bickel and Freedman (1983) considered bootstrapping scaled residuals for least-squares regression when κ > 0. They show that when
∗
p/n → κ ∈ (0, 1), there exists a data-dependent direction c, such that c0 βbLS
does not
have the correct asymptotic distribution (Bickel and Freedman, 1983, Theorem 3.1, p.39),
i.e., its distribution is not conditionally in probability close to the sampling distribution of
c0 βbLS . Furthermore, they show that when the errors in the model are Gaussian, under the
assumption that the diagonal entries of the hat matrix are not all close to a constant, the
empirical distribution of the residuals is a scaled-mixture of Gaussian, which is not close to
the original error distribution.

also allow for increasing dimensions, for example in the case of linear contrasts in robust
regression, by making assumptions on the diagonal entries of the hat matrix. In our context,
these assumptions would be satisfied only if p/n → 0. Hence those interesting results do
not apply to the present study. We also note that Hall (1992, p. 167) contains cautionary
notes about using the bootstrap in high-dimension.
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While resampling directly from the uncorrected residuals is widespread and often given
as a standard bootstrap procedure (e.g., Koenker, 2005; Chernick, 1999), the discrepancy
between the distribution of i and ei has spurred more refined recommendations in the

2.1 Bootstrapping from Corrected Residuals

p/n increases the error rate of the confidence intervals in least squares regression increases
well beyond the expected 5%: we observe error rates of 10-15% for p/n = 0.3 and approximately 20% for p/n = 0.5. We see similar error rates for other robust-regression methods,
such as L1 and Huber loss, and also for different error distributions and distributions of X
(Supplementary Figures A-1 and A-2). We explain some of the reasons for these problems
in Subsection 2.2 below.

Figure 1: Performance of 95% confidence intervals of β1 : Here we show the coverage error rates for 95% confidence intervals for n = 500 based on applying common resampling-based methods to simulated data: pairs bootstrap (red), residual
bootstrap (blue), and jackknife estimates of variance (yellow). These bootstrap
methods are applied with three different loss functions shown in the three plots
above: (a) L1 , (b) Huber, and (c) L2 . For L2 and Huber loss, we also show
the performance of methods for standardizing the residuals before bootstrapping
described in the text (blue, dashed line). If accurate, all of these methods should
have an error rate of 0.05 (shown as a horizontal black line). Error rates above
5% correspond to anti-conservative methods. Error rates below 5% correspond
to conservative methods. The error rates are based on 1,000 simulations, with
N (0, 1) error, and entries of the design matrix i.i.d N (0, 1); see the description in
Appendix D.1 for more details. The exact values plotted here are given in Table
A-1 in Appendix I.

0.01

0.05

Can We Trust the Bootstrap in High-dimensions?

●

0.30

95% CI Error Rate

0.00

0.10

0.20
0.15
0.05

1.4 Notations and Default Conventions

iid

When referring to the Huber loss in a numerical context, we refer (unless otherwise noted)
to the default implementation in the rlm package in R, where the transition from quadratic
n
to linear behavior is at k = 1.345. We call X the design matrix and {Xi }i=1
its rows. We
have Xi ∈ Rp . β denotes the true regression vector, i.e., the population parameter. βbρ refers
to the estimate of β using loss ρ; from this point on, however, we will often drop the ρ and
b The i-th residual is denoted as ei , i.e., ei = yi − X 0 β.
b Throughout the
refer to simply β.
i
paper, we assume that the linear model holds, i.e., yi = Xi0 β + i for some fixed β ∈ Rp and
that i ’s are i.i.d. with mean 0 and var (i ) = σ2 . We call G the distribution of . When we
need to stress the impact of the error distribution on the distribution of βbρ , we will write
βbρ (G) or βbρ () to denote our estimate of β obtained assuming that i ’s are i.i.d. G.
We denote generically by κ = limn→∞ p/n. We restrict ourselves to κ ∈ (0, 1). The
standard notation βb(i) refers to the leave-one-out estimate of βb where the i-th pair (yi , Xi )
is excluded from the regression, and ẽi(i) , yi − Xi0 βb(i) is the i-th predicted error (based
b We also use the notation ẽj(i) , yj − X 0 βb(i) . The hat
on the leave-one-out estimate of β).
j
matrix is of course H = X(X 0 X)−1 X 0 . oP denotes a “little-oh” in probability, a standard
notation (see van der Vaart, 1998). When we say that we work with a Gaussian design
with covariance Σ, we mean that Xi v N (0, Σ). Throughout the paper, the loss function
ρ is assumed to be convex, R 7→ R+ . We use the standard notation ψ = ρ0 . We finally
assume that ρ is such that there is a unique solution to the robust regression problem—an
assumption that applies to all classical losses in the context of our paper.

2. Residual Bootstrap

JMLR 19(5):1-66, 2018

We first focus on the method of bootstrap resampling where F̂ is the conditional distribution
b X. In this case the distribution of βb∗ under F̂ is formed by independent resampling
y|β,
of i∗ from an estimate Ĝ of the distribution G that generated i . Then new data yi∗ are
formed as yi∗ = Xi0 βb + i∗ and the model is fitted to this new data to get βb∗ . Generally the
estimate of the error distribution, Ĝ, is taken to be empirical distribution of the observed
residuals, so that the i∗ are found by sampling with replacement from the ei .
Yet, even a cursory evaluation of ei in the simple case of least-squares regression (ρ(x) =
x2 ) reveals that the empirical distribution of the ei may be a poor approximation to the
error distribution of i . In particular, it is well known that ei has variance equal to σ2 (1−hi )
where hi is the ith diagonal element of the hat matrix. This problem becomes particularly
iid
pronounced in high dimensions. For instance, if Xi v N (0, Σ), hi = p/n + oP (1) so that ei
has variance approximately σ2 (1 − p/n), i.e., generally much smaller than the true variance
of  for lim p/n > 0. This fact is also true when assuming more general distributions for the
design matrix X (see e.g.,Wachter, 1978; Haff, 1979; Silverstein, 1995; Pajor and Pastur,
2009; El Karoui and Koesters, 2011, where the main results of some of these papers require
minor adjustments to get the approximation of hi we just mentioned).
In Figure 1, we plot the error rate of 95% bootstrap confidence intervals based on resampling from the residuals for different loss functions, based on a simulation when the entries
of X are i.i.d. N (0, 1) and  ∼ N (0, 1). Even in this idealized situation, as the ratio of
7
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Least Squares regression In the case of least squares regression, the relationships given in
Equation (3) are exact, i.e., un = 0. Further, ψ(x) = x, and ci = hi /(1 − hi ), giving the
well known linear relationship ei = (1 − hi )ẽi(i) (see, e.g., the standard reference Weisberg,
2014). This linear relationship is exact regardless of dimension, though the dimensionality
aspects
by hi . This expression can be used to show that asymptotically
 captured
Pn are
2
2
E
i=1 ei = σ (n − p), when i ’s have the same variance. Hence, sampling at random

We apply these results to the question of the residual bootstrap to give an understanding
of why bootstrap resampling of the residuals can perform so badly in high-dimension. The
distribution of the ei is far removed from that of the i , and hence bootstrapping from the
residuals effectively amounts to sampling errors from a distribution that is very different
from the original error distribution, .
The impact of these discrepancies for bootstrapping is not equivalent for all dimensions,
error distributions, or loss functions. It depends on the constant ci and the risk, kβbρ(i) −βk2 ,
both of which are highly dependent on the dimensions of the problem, the distribution of
the errors and the choice of loss function. We now discuss some of these issues.

Behavior of residuals in high-dimensional regression We now summarize the asymptotic
relationship between ei and i in high-dimensions given in the above cited work (see AppendixA for a more detailed and technical summary). Let βb(i) be the estimate of β based on
fitting the linear model of Equation (1) without using observation i, and ẽj(i) be the error of
observation j from this model (the leave-one-out or predicted error), i.e., ẽj(i) = yj − Xj0 βb(i)

2.2.1 Consequence for the Residual Bootstrap

This misbehavior of the residual bootstrap can be explained by the fact that in highdimension, the residuals tend to have a very different distribution from that of the true
errors. Their distributions differ not only in simple properties, such as their variances, but
in more general aspects, such as their marginal distributions. To make these statements
precise, we make use of the previous work of El Karoui et al. (2013) and El Karoui (2013).
These papers do not discuss bootstrap or resampling issues, but rather are entirely focused
on providing asymptotic theory for the behavior of βbρ as p/n → κ ∈ (0, 1); in the course of
doing so, they characterize the asymptotic relationship of ei to i in high-dimensions. We
make use of this relationship to characterize the behavior of the residual bootstrap and to
suggest an alternative estimates of Ĝ for bootstrap resampling.

Interpretation of Equations (3) and (4) Equation (3) means that the marginal distribution
of the leave-i-th-out predicted error, ẽi(i) , is asymptotically a convolution of the true error,
i , and an independent scale mixture of Normals. Furthermore, Equation (4) means that
the i-th residual ei can be understood as a non-linear transformation of ẽi(i) . As we discuss
below, these relationships are qualitatively very different from the classical case p/n → 0.

can be approximated by Xi0 Si−1 Xi /n. Note that when ρ is either non-differentiable at all
points (L1 ) or not twice differentiable (Huber), arguments can be made that make these
expressions valid, using for instance the notion of sub-differential for ψ (Hiriart-Urruty and
Lemaréchal, 2001).

where Zi is a random variable distributed N (0, 1) and independent of i . The variable un
refers to a sequence of numbers tending to 0. The quantities ci , λi and kβbρ(i) − βk2 are
all of order 1, i.e., they are not close to 0 in general
P in the high-dimensional setting. The
scalar ci is given as n1 trace Si−1 , where Si = n1 j6=i ψ 0 (ẽj(i) )Xj Xj0 . For p, n large the ci ’s


are approximately equal and kβbρ(i) − βk2 ' kβbρ − βk2 ' E kβbρ − βk2 ; furthermore ci λ2

ei + ci λ2i ψ(ei ) = ẽi(i) + oP (un )

ẽi(i) = i + |λi |kβbρ(i) − βk2 Zi + oP (un )

For simplicity of exposition, Xi is assumed to have an elliptical distribution, i.e., Xi =λi Γi ,
where Γi ∼ N (0, Σ), and λi is a scalar random variable independent of Γi with E λ2i = 1.
For simplicity in restating their results, we will assume Σ = Idp , but equivalent statements
can be made for arbitrary Σ; similar results also apply when Γi = Σ1/2 ξi , with ξi having
i.i.d. non-Gaussian entries, satisfying a few technical requirements (see AppendixA).
With this assumption on Xi , for any sufficiently smooth loss function ρ and any size
dimension where p/n → κ < 1, the relationship between the i-th residual ei and the true
error i can be summarized as,
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2.2 Understanding the Behavior of the Residual Bootstrap

where hi is the i-th diagonal entry of the hat matrix, e0j = ej /s, s is a estimate of σ, and ψ
is the derivative of ρ, assuming ψ is a bounded and odd function (see Davison and Hinkley,
1997 for a complete description of its implementation for the bootstrap and McKean et al.,
1993 for a full description of the regularity conditions).
Unlike the correction for L2 loss mentioned earlier, however, the scaling described in
Equation (2) for the residuals is an approximate variance correction, and the approximation
depends on assumptions that do not hold true in higher dimensions. The error rate of
confidence intervals in our simulations based on this rescaling show no improvement in high
dimensions over that of simple bootstrapping of the residuals. This could be explained by
the fact that standard perturbation analytic methods used for the analysis of M-estimators
in low-dimension, which are at the heart of the correction in Equation (2), fail in highdimensions.

ri = √

√
case of least-squares: form corrected residuals ri = ei / 1 − hi and sample the ∗i from the
empirical distribution of the ri − r̄ (see e.g., Davison and Hinkley, 1997).
This correction is known to exactly align the variance of ri with that of i regardless
of the design vectors Xi or the true error distribution, using simply the fact that the hat
matrix is a rank min(n, p) orthogonal projection matrix. We see that for L2 loss it corrects
the error in bootstrap inference in our simulations (Figure 1). This is not so surprising,
given that with L2 loss, the error distribution G impacts the inference on β only through
σ2 , in the case of homoskedastic errors (see Section 2.4 for much more detail).
However, this adjustment of the residuals is a correction specific to the least-squares
problem. Similar corrections for robust estimation procedures using a loss function ρ are
given by McKean et al. (1993) with standardized residuals ri given by,

Can We Trust the Bootstrap in High-dimensions?
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from the residuals results in a distribution that underestimates the variance of the errors
by a factor 1 − p/n. The corresponding bootstrap confidence intervals are then naturally
too small, and hence the error rate increases far from the nominal 5% - as we observed in
Figure 1c.
More general robust regression The situation is much more complicated for general robust
regression estimators. One clear implication of Equations (3) and (4) is that simply rescaling
the residuals ei should not in general result in an estimated error distribution Ĝ that will
have similar properties to those of G. The relationship between the residuals and the errors
is very non-linear in high-dimensions. This is why in what follows we will propose to work
with leave-one-out predicted errors ẽi(i) instead of the residuals ei .
The classical case of p/n → 0: In this setting, ci → 0 and therefore Equation (3) shows
that the residuals ei are approximately equal in distribution to the predicted errors, ẽi(i) .
Similarly, βbρ is L2 consistent when p/n → 0, so kβbρ(i) − βk22 → 0 and Equation (4) gives
ẽi(i) ' i . Hence, the residuals should be fairly close to the true errors in the model when
p/n is small. This dimensionality assumption is key to many theoretical analyses of robust
regression, and underlies the derivation of corrected residuals ri of McKean et al. (1993)
given in Equation (2) above for losses other than L2 .
2.3 Alternative Residual Bootstrap Procedures
We propose two methods for improving the performance of confidence intervals obtained
through the residual bootstrap. Both do so by providing alternative estimates of Ĝ from
which bootstrap errors i∗ can be drawn. They estimate a Ĝ appropriate for the setting of
high-dimensional data by accounting for relationship of the distribution of  and ẽi(i) .
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Method 1: Deconvolution The relationship in Equation (3) says that the distribution of
ẽi(i) is a convolution of the correct G distribution and a normal distribution. This suggests
applying techniques for deconvolving a signal from Gaussian noise. Specifically, we propose
the following bootstrap procedure: 1) calculate the predicted errors, ẽi(i) ; 2) estimate the
variance of the normal (i.e., |λi |kβbρ(i) −βk22 ); 3) deconvolve in ẽi(i) the error term i from the
normal term; 4) Use the resulting estimate Ĝ to draw errors i∗ for residual bootstrapping.
Deconvolution problems are known to be very difficult (see Fan, 1991, Theorem 1 p.
1260, that gives 1/ log(n)α rates of convergence when convolving with a Gaussian distribution). The resulting deconvolved errors are likely to be quite noisy estimates of i . However,
it is possible that while individual estimates are poor, the distribution of the deconvolved
errors is estimated well-enough to form a reasonable Ĝ for the bootstrap procedure.
We used the deconvolution algorithm in the decon package in R (Wang and Wang, 2011)
to estimate the distribution of i . The deconvolution algorithm requires knowledge of the
variance of the Gaussian that is convolved with the i , i.e., estimation of |λi |kβbρ(i) − βk2
term. In what follows, we assume a Gaussian design, i.e., λi = 1, so that we need to
estimate only the term kβbρ(i) − βk22 . An estimation strategy for the more general setting of
|λi | 6= 1 is presented in AppendixB.5. We use the fact that kβbρ(i) − βk22 ' kβbρ − βk22 for
all i and estimate kβbρ(i) − βk2 as vd
ar(ẽi(i) ) − σ̂2 , where vd
ar(ẽi(i) ) is the empirical variance
of the ẽi(i) and σ̂2 is an estimate of the variance of G, which we discuss below. We note
11
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that the deconvolution strategy we employ makes assumptions of homoskedastic errors i ’s,
which is true in our simulations but may not be true in practice. See AppendixB for details
regarding the implementation of Method 1.

Method 2: Bootstrapping from standardized ẽi(i) A simpler alternative is bootstrapping
from the predicted error terms, ẽi(i) , without deconvolution. Specifically, we propose to
bootstrap from a scaled version of ẽi(i) ,

σ̂
r̃i(i) = q
ẽi(i) ,
vd
ar(ẽi(i) )

where vd
ar(ẽi(i) ) is the standard estimate of the variance of ẽi(i) and σ̂ is an estimate of
σ . This scaling aligns the first two moments of ẽi(i) with those of i . On the face of it,
resampling from r̃i(i) seems problematic, since Equation (3) demonstrates that ẽi(i) does not
have the same distribution as i , even if the first two moments are the same. However, as we
demonstrate in simulations, this distributional mismatch appears to have limited practical
effect on our bootstrap confidence intervals.

i

1 X 2
ei,L2 .
n−p

Estimation of σ2 Both methods described above require an estimator of σ that is consistent
regardless of dimension and error distribution. As we have explained earlier, for general ρ
we cannot rely on the observed residuals ei nor on ẽi(i) for estimating σ (see Equations (3)
and (4)). The exception is the standard estimate of σ2 from least-squares regression, i.e.,
ρ(x) = x2 ,
2
σ
b,LS
=

2
σ
b,LS
is a consistent estimator of σ 2 for any error distribution G, assuming i.i.d. errors
and mild moment requirements. In implementing the two alternative residual-bootstrap
methods described above, we use σ
b,LS as our estimate of σ , including for bootstrapping
robust regression where ρ(x) 6= x2 .
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Performance in bootstrap inference In Figure 2 we show the error rate of confidence intervals
based on the two residual-bootstrap methods we proposed above. We see that both methods
control the Type I error, unlike bootstrapping directly from the residuals, and that both
methods are conservative. There is little difference between the two methods with this
sample size (n = 500), though with n = 100, we observe the deconvolution performance to
be worse in L1 (data not shown).
The deconvolution strategy, however, depends on the distribution of the design matrix,
which in these simulations we assumed was Gaussian (so we did not have to estimate λi ’s).
For elliptical designs (λi 6= 1), the error rate of the deconvolution method described above,
with no adaptation for the design, was similar to that of uncorrected residuals in high
dimensions (i.e., > 0.25 for p/n = 0.5). Individual estimates of λi might improve the
deconvolution strategy, but this problem points to the general reliance of the deconvolution
method on precise knowledge about the design matrix. The bootstrap using standardized
predicted errors, on the other hand, had a Type I error for an elliptical design only slightly
higher than the target 0.05 (around 0.07, data not shown), suggesting that it might be less
sensitive to the properties of the design matrix.
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13

lim

p
→κ
n,p→∞, n

The dependence of rρ2 (κ; G) on  is characterized, under appropriate technical conditions
on X, ρ and i ’s, by a system of two non-linear equations (El Karoui et al., 2013). Specifically, if we define ẑ =  + rρ (κ; G)Z, where Z ∼ N (0, 1) is independent of , and  has the
same distribution G as the i ’s, then there exists a constant c such that the pair of positive,

rρ2 (κ; G) =

are a bit scattered in the literature, in AppendixA).
For this reason, in the setting of p/n → κ ∈ (0, 1), we need to characterize the risk of βbρ
to understand when different distributions of  result in the same variance of βb1,ρ . In what
follows, we denote by rρ2 (κ; G) the asymptotic squared risk of βbρ (G) as p and n tend to ∞,

2

b
depends
on G only

 by the effect of G on the squared risk of the vector βρ (G), i.e., through
E kβbρ (G) − βk2 (for the convenience of the reader we give a review of these results, which

In the setting of least squares, it is clear that the only property of i v G that matters
for the variance of βb1,L2 is σ2 , since var βb1,L2 = (X 0 X)−1 (1, 1)σ2 . For general ρ, if


we assume p/n → 0, then var βb1,ρ will depend on features of G beyond the first two

moments (specifically through E ψ 2 () /[E (ψ 0 ())]2 , (Huber, 1973)). If we assume
 instead

p/n → κ ∈ (0, 1), then it has been shown (El Karoui et al., 2013) that var βb1,ρ (G)

In the previous section we saw even if the distribution of the bootstrap errors ∗i , given by Ĝ,
is not close to that of G, we can sometime get accurate bootstrap confidence intervals. For
example, in least squares Equation (3) makes clear that even the standardized residuals, ri ,
do not have the same marginal distribution as i , yet they still provide accurate bootstrap
confidence intervals in our simulations. We would like to understand for what choice of
distributions Ĝ will we see the same performance in our bootstrap confidence intervals of
βb1 ?
When working conditional on X as in residual resampling, the statistical properties of
b differ from that of (βb − β) only because the errors are drawn from a different
(βb∗ − β)
distribution: Ĝ rather than G. Then to understand whether the distribution of βb1∗ matches
that of βb1 we can ask, what are the distributions of errors, G, that yield the same distribution
for the resulting βb1 (G)? In this section, we narrow our focus on understanding not the entire
distribution of βb1 , but only its variance. We do so because under assumptions on the design
matrix X, it is known that βb1 is asymptotically normally distributed. This is true for both
the classical setting of κ = 0 and the high-dimensional setting of κ ∈ (0, 1) (see AppendixA
for a review of these results and a more technical discussion). Our previous

question is then
reduced to understanding which distributions G give the same var βb1 (G) .

2.4 Behavior of the Risk of βb When κ → 1

together leads to the conclusion that as p/n → 1 we can estimate Ĝ simply as N (0, σ̂,LS )
regardless of the actual distribution of .
In the next section we give some theoretical results that seek to understand this phenomenon.
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Surprisingly, for larger p/n we do not see a deterioration of the performance of bootstrapping from r̃i(i) . This is unexpected, since as p/n → 1 the risk kβbρ − βk22 grows to
be much larger than σ2 (a claim we will make more precise in the next section); together
2
with Equation (3), this implies that r̃i(i) is essentially distributed N (0, σ
b,LS
) as p/n → 1
regardless of the original distribution of i . This is confirmed in Figure 2 where we superimpose the results of bootstrap confidence intervals from when we simply estimate Ĝ with
2
N (0, σ̂,LS
); we see the Type I error rate of the confidence intervals based on bootstrapping
2
from r̃i(i) do indeed approach that of N (0, σ̂,LS
). Putting these two pieces of information

Given our previous discussion of the behavior of ẽi(i) , it is somewhat surprising that
resampling from the distribution of r̃i(i) performed well in our simulations. Clearly a few
cases exist where r̃i(i) should work well as an approximation of i . We have already noted
that as p/n → 0, the effect of the convolution with the Gaussian disappears since kβbρ −βk →
0; in this case both ei and r̃i(i) should be good estimates of i . Similarly, in the case
i ∼ N (0, σ 2 ), Equation (3) tells us that ẽi(i) are also asymptotically marginally normally
distributed, so that correcting the variance should result in r̃i(i) having the same distribution
as i , at least when Xi,j are i.i.d.

Figure 2: Bootstrap based on predicted errors: We plotted the error rate of 95% confidence intervals for the alternative bootstrap methods described in Section 2.3:
bootstrapping from standardized predicted errors (green) and from deconvolution
of predicted error (magenta). We demonstrate its improvement over the standard
residual bootstrap (blue) for (a) L1 loss and (b) Huber loss. The error distribution is double exponential, but otherwise the simulations parameters are as in
Figure 1. The error rates on confidence intervals based on bootstrapping from a
2
N (0, σ
b,LS
) (dashed curve) are as a lower bound on the problem. For the precise
error rates see Appendix, Table A-3.
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finite, and deterministic scalars (c, rρ (κ; G)) satisfy the following system of equations:
E ((prox(cρ))0 (ẑ )) = 1 − κ ,

κrρ2 (κ; G) = E [ẑ − prox(cρ)(ẑ )]2 .

(5)

In this system, prox(cρ) refers to Moreau’s proximal mapping of the convex function cρ (see
Moreau, 1965; Hiriart-Urruty and Lemaréchal, 2001).
It is therefore not entirely trivial to characterize those distributions Γ for which rρ2 (κ; G) =
rρ2 (κ; Γ). In the following theorem, however, we show that as κ → 1, rρ2 (κ; G) converges to a
constant that depends only on σ2 . This implies that when κ → 1, two different error distributions that have the same variances will result in estimators βb1,ρ with the same variance.
Before stating our theorem formally, however, we will review the necessary assumptions for
the system of equations in (5) to hold. For a precise statement of the assumptions, see El
Karoui (2017)
Assumptions for Equation 5: The proof of (5) provided in El Karoui (2013) assumes
that the Xi ’s have mean 0, cov (Xi ) = Idp , and they satisfy sub-Gaussian concentration
assumptions (with constants dependent on n). El Karoui (2013) further assumes that the
i have a unimodal density, are independent from the Xij , sup1≤i≤n |i | = OP (polyLog(n)),
and that similiar bounds also hold for a few moments of i (the number of such moments
depends on the loss function ρ). Log-concave densities such as those corresponding to
double exponential or Gaussian errors used in the current paper fall within the scope of
this theorem. The reader interested in generalizations and truly heavy-tailed situation is
referred to El Karoui (2017) and references therein.
The loss function ρ is assumed by El Karoui (2013) (in the unpenalized case) to be
non-negative, twice differentiable, strongly convex, non-linear, taking value 0 at 0, and with
a derivative that grows at most polynomially at infinity and a second derivative that is
locally Lipschitz, with local Lipschitz constant that grow at most polynomially at infinity.
It should be noted that distributions with sufficiently many moments, the condition of
strong convexity of ρ can be obtained by adding δx2 /2 to the initial ρ, with δ “small”,
e.g., δ = 10−10 , and that modification will change very little or anything to the estimator.
Furthermore, the requirement of strong convexity of ρ, though superficially limiting, is likely
an artifact of the proof, where the main motivation was log-concave distributions with an
eye towards optimality (Bean et al., 2013). In fact, the theoretical predictions of (5) were
verified numerically in El Karoui et al. (2011) outside of the assumptions stated above,
and the predictions of Equation (5) were found to be very accurate in simulations even for
non-smoothed `1 and Huber losses with certain error distributions.
We now state the theorem formally; see AppendixE for the proof of this statement.

1−κ 2
r (κ; G) = 1 ,
σ2 ρ
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Theorem 1 Suppose we are working with robust regression estimators with loss ρ, and
p/n → κ. Suppose that rρ2 (κ; G) is characterized by the system of equations in (5). Then,
lim

κ→1

provided ρ is additionally differentiable near 0 and ρ0 (x) ∼ x near 0.
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Implications for the Bootstrap For the purposes of the residual-bootstrap, Theorem 1 implies that different methods of estimating the residual distribution Ĝ will result in similar
residual-bootstrap confidence intervals as p/n → 1, if Ĝ has the same variance. This agrees
with our simulations, where both of our proposed bootstrap strategies set the variance of Ĝ
2
equal to σ
b,LS
and both had similar performance in our simulations for large p/n. Furthermore, as we noted, for p/n closer to 1, they both had similar performance to a bootstrap
2
procedure that simply sets Ĝ = N (0, σ
b,LS
) (Figure 2) (see also AppendixA.3 for further
discussion of residual bootstrap methods which draw from the “wrong” distribution, i.e.,
forms of wild bootstraps (Wu, 1986)).
We return specifically to the bootstrap based on r̃i(i) , the standardized predicted errors.
Equation (3) tells us that the marginal distribution of ẽi(i) is a convolution of the distribution
of i and a normal, with the variance of the normal governed by the term kβbρ −βk2 . Theorem
1 makes rigorous our previous assertion that as p/n → 1, the normal term will dominate
and the marginal distribution of ẽi(i) will approach normality, regardless of the distribution
of . However, Theorem 1 also implies that as p/n → 1, inference for the coordinates of β
will be increasingly less reliant on features of the error distribution beyond the variance,
implying that our standardized predited errors, r̃i(i) , will still result in an estimate Ĝ that
will give accurate confidence intervals. Conversely, as p/n → 0 classical theory tells us that
the inference of β relies heavily on the distribution G beyond the first two moments, but in
that case the distribution of r̃i(i) approaches the correct distribution as we explained earlier.
So bootstrapping from the marginal distribution of r̃i(i) also makes sense when p/n is small.
For κ between these two extremes it is difficult to theoretically predict the risk of
βbρ (Ĝ) when the distribution Ĝ is given by resampling from the r̃i(i) . We turn to numerical
simulations to evaluate this risk. Specifically, for i ∼ G, we simulated data that is a
convolution of G and a normal with variance equal to rρ2 (κ; G); we then scale this simulated
data to have variance σ2 . The scaled data are the i∗ and we refer to the distribution of i∗
as the convolution distribution, denoted Gconv . Then, Gconv is the asymptotic version of
the marginal distribution of the standardized predicted errors, r̃i(i) , used in our bootstrap
method proposed above.
In Figure 3 we plot for both Huber loss and L1 loss the average risk rρ (κ; Gconv ) (i.e.,
errors given by Gconv ) relative to the average risk rρ (κ; G) (i.e., errors distributed according
to G), where G has a double exponential distribution. We also plot the relative average
risk rρ (κ; Gnorm ), where Gnorm = N (0, σ2 ). As predicted by Theorem 1, for κ close to
1, rρ (κ; Gconv )/rρ (κ; G) and rρ (κ; Gnorm )/rρ (κ; G) converge to 1. Conversely, as κ → 0,
rρ (κ; Gnorm )/rρ (κ; G) diverges dramatically from 1, while rρ (κ; Gconv )/rρ (κ; G) approaches
1, as expected. For Huber, the divergence of rρ (κ; Gconv )/rρ (κ; G) from 1 is at most 8%,
but the difference is larger for L1 (12%), probably due to the fact that the convolution with
a normal error has a larger effect on the risk for L1 .

3. Pairs Bootstrap

JMLR 19(5):1-66, 2018

As described above, estimating the distribution F̂ from the empirical distribution of (yi , Xi )
(pairs bootstrapping) is generally considered the most general and widely applicable method
of bootstrapping, allowing for the linear model to be incorrectly specified (i.e., E (yi ) is not
a linear function of Xi ). It is also considered to be slightly more conservative compared
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to bootstrapping from the residuals. In the case of random design, it makes also a lot
of intuitive sense to use the pairs bootstrap, since resampling the predictors might be
interpreted as mimicking the data generating process.
However, as in residual bootstrap, it is clear that the pairs bootstrap will have problems,
at least in quite high dimensions. In fact, when resampling the Xi ’s from F̂ , the number
of times a certain vector Xi0 is picked has asymptotically Poisson(1) distribution. So the
expected number of different vectors appearing in the bootstrapped design matrix X ∗ is
n(1 − 1/e). When p/n is large, with increasingly high probability the bootstrapped design
matrix X ∗ will no longer be of full rank. For example, if p/n > (1 − 1/e) ≈ 0.63 then
with probability tending to one as n → ∞, the bootstrapped design matrix X ∗ is singular,
even when the original design matrix X is of rank p < n. Bootstrapping the pairs in that
situation makes little statistical sense (El Karoui, 2010, Subsection 4.4; Zheng et al., 2014).
For smaller ratios of p/n, we evaluate the performance of pairs bootstrapping on simulated data. We see that the performance of the bootstrap for inference also declines

i v G. The Huber loss in this plot is Huber1 and not the default Huber1.345 of
the rlm function.

iid

Figure 3: Relative Risk of βb for scaled predicted errors vs original errors - population version: (a) Plotted with a solid lines are the ratios of the average risk of
b conv ) to the average risk of β(G)
b
β(G
for Huber and L1 loss. (b) shows the same
b
plot, but added to the plot (dotted lines) is the relative risk of β(G)
when the
errors are distributed Gnorm = N (0, σ2 ) . For both figures, the y-axis gives the
relative risk, and the x-axis is the ratio p/n, with n fixed at 500. Blue/triangle
plotting symbols indicate L1 loss; red/circle plotting symbols indicate Huber loss.
The average risk is calculated over 500 simulations, where the design matrix X
has Gaussian entries. The “true” error distribution G is the standard Laplacian
distribution with σ2 = 2. Each simulation uses the standard estimate of σ2 from
the generated i ’s. rρ (κ; G) was computed using a first run of simulations with
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multinomial distribution with expectation 1/n for each entry. In which case, the variance
∗ refers to the standard bootstrap estimate of variance given by the distribution of
of v 0 βbw
v 0 βb∗ over repeated resampling from the pairs (yi , Xi ).

w

∗ to be the random
We assume that the weights are independent of {yi , Xi }ni=1 and define βbw
L
∗ =
variable with distribution equal to that of βbw conditional on the data {yi , Xi }ni=1 , i.e., βbw
∗
n
b
b
βw |{yi , Xi }i=1 . For the standard pairs bootstrap, the distribution of β from resampling
from the pairs (yi , Xi ) is equivalent to the distribution of βb∗ , where w is drawn from a

βbw = argminu∈Rp

In the setting of least-squares, we can for some distributions of the design matrix X theoretically determine the asymptotic expectation of the variance of v 0 βb∗ and show that it is a
b
severe over-estimate of the true variance of v 0 β.
We first setup some notation for the theorem that follows. Define βbw as the result of
regressing y on X with random weight wi for each observation (yi , Xi ). In other words,

3.1 Theoretical Analysis for Least-Squares

dramatically as the dimension increases, becoming increasingly conservative (Figure 1). In
pairs bootstrapping, the error rates of 95%-confidence-intervals drop far below the nominal
5%, and are essentially zero for the ratio of p/n = 0.5. Like residual bootstrap, this overall
trend is seen for all the settings we simulated under (Supplemental Figures A-1, A-2). For
L1 loss, even ratios as small as 0.1 yield incredibly conservative bootstrap confidence intervals for βb1 , with the error rate dropping to less than 0.01. For Huber and L2 losses, the
severe loss of power in our simulations starts for ratios of 0.3.
A minimal requirement for the distribution of the bootstrapped data to give reasonable
inferences is that the variance of the bootstrap estimator βb1∗ needs to be a good estimate
of the variance of βb1 . This is not the case in high-dimensions. In Figure 5 we plot the
ratio of the variance of βb1∗ to the variance of βb1 evaluated over simulations. We see that
for p/n = 0.3 and design matrices X with i.i.d. N (0, 1) entries, the average variance of βb1∗
roughly overestimates the true variance of βb1 by a factor 1.3 in the case of least-squares; for
Huber and L1 the bootstrap estimate of variance is roughly twice as large as it should be.
In the case of least-squares, we can further quantify this loss in power by comparing
the size of the bootstrap confidence intervals to the size of the correct confidence interval
based on theoretical results (Figure 4). We see that even for ratios κ as small as 0.1, the
confidence intervals for some design matrices X were 15% larger for pairs bootstrap than
the correct size (e.g., the case of elliptical distributions where λi is exponential). For much
higher dimensions of κ = 0.5, the simple case of i.i.d. normal entries for the design matrix
gives intervals that are 80% larger than needed; for the elliptical distributions we simulated,
the width of the bootstrap confidence interval was as much as 3.5 times larger than that
of the correct confidence interval. Furthermore, as we can see in Figure 1, least-squares
regression represents the best case scenario; L1 and Huber will have even worse loss of
power and at smaller values of κ.
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Figure 4: Comparison of width of 95% confidence intervals of β1 for L2 loss:
Here we demonstrate the increase in the width of the confidence interval due to
pairs bootstrapping. Shown on the y-axis is the percent increase of the average
confidence interval width based on simulation (n = 500), as compared to the
average for the standard confidence interval based on normal theory in L2 ; the
percent increase is plotted against the ratio κ = p/n (x-axis). Shown are three
different choices in simulating the entries of the design matrix X: (1) Xij ∼
N (0, 1)
√ (2) elliptical Xij with λi ∼ N (0, 1) and (3) elliptical Xij with λi ∼
Exp( 2). The methods of simulation are the same as described in Figure 1;
exact values are given in Table A-2 in AppendixI.

% Increase in Average CI Width

El Karoui and Purdom

We have the following result for the expected value of the bootstrap variance of any
∗ where v is deterministic, assuming independent weights with a Gaussian
contrast v 0 βbw
design matrix X and some mild conditions on the distribution of the w’s.

1
(1+cwi )2



and c is the unique solution of E



κ
1
,
→ σ2
−
1 − κ − f (κ) 1 − κ


1
1+cwi = 1 − κ.

n
Theorem 2 Let the weights (wi )i=1
be i.i.d. and without loss of generality that E (wi ) = 1;
we suppose that the wi ’s have 8 moments and for all i, wi > η > 0. Suppose Xi ’s are i.i.d.
N (0, Σ), Σ is positive definite and the vector v is deterministic with kvk2 = 1.
Suppose βb is obtained by solving a least-squares problem and yi = Xi0 β + i , i ’s being
i.i.d. mean 0, with var (i ) = σ2 .
If lim p/n = κ < 1 then the expected variance of the bootstrap estimator, asymptotically
as n → ∞, is given by






∗
0β
bw |{yi , Xi }n
E var v 0 βbw
E
var
v
i=1
=p
v 0 Σ−1 v

p

v 0 Σ−1 v


where f (κ) = E


 h 
i2
1
1
We note that E (1+cw
≥ E 1+cw
= (1 − κ)2 - where the first inequality comes
2
i
i)
from Jensen’s inequality, and therefore the expression we give for the asymptotic limit of the
expected bootstrap variance is non-negative. For a proof of this theorem and a consistent
estimator of this limit, see AppendixF.
In light of previous work on model robustness issues in high-dimensional statistics (see
e.g., (Diaconis and Freedman, 1984; Hall et al., 2005; El Karoui, 2009, 2010)), it is natural
to ask whether the central results of Theorem 2 still apply when Xi is not Gaussian but
has an elliptical distribution. The formula in Theorem 2 does not apply directly to this
latter case. However, the proof given in AppendixF extends to that setting, and we refer
the interested reader to the AppendixF.1 where we give the necessary details of how to
change the formulas and proof to encompass the elliptical case (we do not provide them in
rigorous mathematical detail in this work as they are substantially more cumbersome than
those in Theorem 2 and do not give enough additional insights to justify inclusion). On the
other hand, a number of the quantities appearing in the proof of Theorem 2 will converge
to the same limit as that given in Theorem 2 when i.i.d. Gaussian predictors are replaced
by i.i.d. predictors with mean 0 and variance 1 and sufficiently many moments (an example
being bounded random variables). Thus the results we present here should be fairly robust
to changing i.i.d. normality assumptions for the entries of the design matrix X, but again
the technical work necessary for making this rigorous is beyond the scope of this paper.

JMLR 19(5):1-66, 2018

Implications for Pairs Bootstrap In the standard pairs bootstrap, the weights are chosen
according to a Multinomial(n, 1/n) distribution. This violates two conditions in the previous theorem: independence of wi ’s and the condition wi > 0. In AppendixF.2, we give the
technical details for how to extend the proof of Theorem 2 to multinomial weights. In what
follows, however, we use i.i.d. Poisson(1) weights, which asymptotically and marginally
correspond to the Multinomial(n, 1/n) weights, to develop intuition about the bootstrap.
In this case, we can apply the formula in Theorem 2 to explain why pairs bootstrap confidence intervals perform poorly in high-dimensions, at least for least squares regression with
Gaussian design matrix.

20


κ
κ
1
=
−
,
1 − κ − f (κ) 1 − κ
1−κ

f (κ) = E



1
(1 + cwi )2


=

1−κ
.
1+κ



(6)
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the expected bootstrap variance would match the theoretical value of κ/(1 − κ)σ2 /p.
We numerically solved this problem to find α(κ) (for details of computation see AppendixC). We then used these values and performed bootstrap resampling
  using the weights
defined in Equation (6). We evaluated bootstrap estimate of var βb1 as well as the confidence interval coverage of the true β1 . We find that this adjustment of the weights in

wi v 1 − α + αPoisson(1) ,

iid

The formula given in Theorem 2 suggests that resampling from a distribution F̂ defined
using weights other than i.i.d. Poisson(1) (or, equivalently for our asymptotics,
Multinominal(n,1/n)) should give us better bootstrap estimators than using the standard
pairs bootstrap. In fact, we should require, at least,
 that
 the bootstrap expected variance
of these estimators match the correct variance var v 0 βb = κ/(1 − κ)σ2 /p (for the Gaussian
design, when Σ = Idp ). We focus our discussion on the case Σ = Idp ; see AppendixC for
the case Σ 6= Idp .
We note that if we use wi = 1, ∀i, the bootstrap variance will be 0, since with such
a resampling scheme the resampled data set is always the original data set. On the other
hand, we have seen that with wi ∼ Poisson(1), the expected bootstrap variance was too
large compared to κ/(1 − κ)σ2 /p. Hence, we tried to find alternative weights via calculating
a parameter α such that if

3.2 Alternative Weight Distributions for Resampling

Theorem 2 predicts that the pairs bootstrap overestimates the variance of the estimator
by a factor that ranges from 1.2 to 3 as κ varies between 0.3 and 0.5. These theoretical
predictions correspond to the level of overestimation of the variance seen in our bootstrap
simulations (Figure 5b).

However, this relationship does not hold for most weight distributions, and in particular does not hold for weights following a Poisson(1) distribution (which asymptotically
corresponds to the standard pairs bootstrap, as explained above). Thus the pairs bootstrap
0b
does not correctly
 estimate
 the variance of v β. In Figure 5a we calculate the theoretical
∗
given by Theorem 2 (using Poisson(1) weights and Σ = Idp ),
predictions of E var βbw
and we compare them to the asymptotic variance of βb1 given by κ/(1 − κ)σ 2 /p. We see that

and hence should have
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Moreover, this strategy for finding a good weight distribution requires knowing a great
deal about the distribution of the design matrix. Hence the work we just presented on
finding new weight distributions for bootstrapping is a proof of principle that alternative
weighting schemes could be used for pairs bootstrapping in high-dimension, but important
practical details would depend strongly on the statistical model that is assumed. This is in
sharp contrast with the low-dimensional situation, where a unique and model-free bootstrap
resampling technique works in a broad variety of situations.

small
However,

changes in the choice of α can result in fairly large changes in
E var v 0 βbw |X,  . For instance, for κ = 0.5, using the value of α = 0.95 which is close
to the correct value of α(0.5) = 0.92 results in an expected bootstrap variance roughly 30%
larger than it should be.

estimating F̂ results in accurate bootstrap estimates of variance and appropriate levels of
confidence interval coverage (Table 1).

design matrices X, and not conditional on X). The theoretical prediction for the
mean of the distribution from Theorem 2 is marked with a ‘X’ for L2 regression.
Simulations were performed with normal design matrix X and normal error i
with values of n = 500. For the median values of each boxplot, see Table A-6 in
AppendixI.

Figure 5: Factor by which standard pairs bootstrap over-estimates the variance:
(a) plotted is the ratio of the value of the expected bootstrap variance computed
from Theorem 2 using Poisson(1) weights to the asymptotic variance κ/(1 − κ)σ2 .
(b) boxplots of the ratio of the bootstrap variance
of βb1∗ to the variance βb1 ,
 
as calculated over 1000 simulations (i.e., var βb is estimated across simulated
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that Xi v N (0, Σ), βb is computed using least-squares, and the errors  have a variance.
Then we have, as n, p → ∞ and p/n → κ < 1,

iid

Theorem 3 Let us call varJACK the jackknife estimate of variance of v 0 βb given in (7),
where v is any deterministic vector with kvk2 = 1. Suppose the design matrix X is such

Again, in the case of least-squares regression with a Gaussian design matrix, we can theoretically evaluate the behavior of the jackknife. The proof of the following theorem is given
in AppendixG (when the observations have covariance Id) and in AppendixH (to show how
to extend the results to general covariance).

4.1 Theoretical Results

2005). Even for p/n = 0.01, the estimate is not unbiased for L1 , with median estimates
twice as large as they should be and enormous variance in the estimates of variance. Higher
dimensions only worsen the behavior with jackknife estimates being 15 times larger than
they should.

Figure 6: Factor by which jackknife over-estimates the variance: boxplots of the
ratio of the jackknife estimate of the variance βb1 to the variance of βb1 as calculated
over 1000 simulations. Simulations were with normal design matrix X and normal
error i with values of n = 500. Note that because the L1 jackknife estimates
so wildly overestimate the variance, in order to put all the methods on the same
plot the boxplot of ratio is on log-scale; y-axis labels give the corresponding ratio
to which the log values correspond. For the median values of each boxplot, see
Table A-6 in AppendixI.

0.3

.2
.9688
0.06
1.0236

(7)

0.1

.1
.9875
0.051
1.0119

i=1

0.01

α
Error Rate of 95% CIs
Ratio of Variances
Table 1: Summary of weight-adjusted bootstrap simulations for L2 : Given are the
results of performing bootstrap resampling for n = 500 according to the estimate
of F̂ given by the weights in Equation (6). “Error Rate of 95% CIs” denotes
the percent of bootstrap confidence intervals that did not contain the correct
value of the parameter β1 . “Ratio of Variances” gives the ratio of the empirical
expected bootstrap variance over our simulations divided by the theoretical value
σ2 κ/(1 − κ). Results are based on 1000 simulations, with a Gaussian random
design and errors distributed as double exponential.

4. The Jackknife

n

n−1X 0 b
(v [β(i) − β̃])2
n

In the context we are investigating, where we know that the distribution of βb1 is asymptotically normal, it is natural to ask whether we could simply use the jackknife to estimate
 
the variance of βb1 . The jackknife relies on leave-one-out procedures to estimate var βb1 .
 
More specifically, for a fixed vector v, the jackknife estimate of var v 0 βb is given by:
b =
vd
arJACK (v 0 β)

Pn b
where β̃ = n1 i=1
β(i) . The case of βb1 corresponds to picking v = e1 , i.e., the first canonical
basis vector. The Efron-Stein inequality guarantees in general that the expectation of the
jackknife estimate of variance gives an upper-bound on the variance of the statistic under
consideration (Efron and Stein, 1981).
Given the problems we just documented with the pairs bootstrap, it is natural to ask
whether confidence intervals based on the jackknife estimate of variance perform better
than pairs bootstrap intervals in high-dimensions. The jackknife is known to have problems
(Efron, 1982 or Koenker, 2005, p.105), but the reliance of the jackknife on leave-one-out
estimates βb(i) might suggest it could be more robust to dimensionality issues than other
methods.
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Empirical findings As in the pairs bootstrap case, simulations show that confidence intervals
based on the jackknife estimate of variance lead to extremely poor inference for β1 (Figure
1) and that the jackknife dramatically overestimates the variance of βb1 (Figure 6). For L2
and Huber loss, the jackknife estimate of variance is 10-15% too large for p/n = 0.1, and for
p/n = 0.5 the jackknife estimate of variance is 2-2.5 times larger than it should be. In the
case of L1 loss, the jackknife variance is completely erratic, even in low dimensions; this is not
completely surprising given the known problems with the jackknife for the median (Koenker,

23

^
^
varJack(β) / var(β)

n

i=1

1X 0
ψ (ei )Xi Xi0 .
n
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Note that when applied to least-squares regression with X ∼ N (0, Idp ) this conforms
to our result in Theorem 3. Theoretical considerations suggest that in our asymptotics, for
smooth ρ, γ̂ ' E (γ̂), which suggests a data-driven correction to the jackknife estimate of
variance; however that correction depends having information about the distribution of the
design matrix.
Equation (8) assumes that the loss function can be twice differentiated, which is not
the case for either Huber or L1 loss. In the case of non-differentiable ρ and ψ, we can use
appropriate regularizations to make sense of those functions. For ρ = Huberk , i.e., a Huber
function that transitions from quadratic to linear at |x| = k, ψ 0 should be understood as
ψ 0 (x) = 1|x|≤k . For L1 loss, ψ 0 should be understood as ψ 0 (x) = 1x=0 .
In Figure 7 we show simulation results for confidence intervals created based on rescaling
the jackknife estimate of variance by E (γ̂) defined in Equation (8). In the case of leastsquares with an elliptical design matrix, this correction—which directly uses the distribution
of the observed X matrix—leads to a definite improvement in our jackknife confidence
intervals. Similarly, for the Huber loss we see a definite improvement as compared to the
standard jackknife estimate, as well as an improvement over the simpler correction of 1−p/n
that would be appropriate for squared error loss.
It should be noted that the quality of this proposed correction seems to depend on
how smooth is the function ψ. In particular, even using the previous interpretations, the

Then in our asymptotic regime, and when Σ = Idp , preliminary heuristic calculations
suggest that we can estimate the amount by which E (varJACK ) overestimates the variance
of βb1 by E (γ̂), where

trace S −2 /p
γ̂ ,
.
(8)
[trace (S −1 ) /p]2

S=

Corrections for more general settings For the more general setting of an elliptical design
matrix X and loss function ρ, preliminary computations suggest an alternative result. Let
S be the random matrix defined by

Correcting the Jackknife in Least Squares Theorem 3 implies that scaling thejackknife

estimate of variance by multiplying it by 1 − p/n will result in an estimate of var βb1 with
the correct expectation; simulations shown in Figure 7 confirm that confidence intervals
based on this corrected estimate of variance yield correct confidence intervals for leastsquares estimates of βb when the design matrix X is Gaussian. However this scaling factor
is not robust to violations of these assumptions. In particular when the X matrix follows
an elliptical distribution the correction of 1 − p/n from Theorem 3 gives little improvement
even when the loss is still L2 (Figure 7).

As in Theorem 2, the proof of Theorem 3 is based on random matrix techniques where
further technical work should allow an extension for the entries of Xi,j to be i.i.d. from a
distribution other than Gaussian, provided Xi,j ’s have sufficiently many moments. This is
also beyond the scope of our work, but interested readers can see AppendixG.3 for more
details.
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Invariance arguments applied to cov (Xi ) can be used to show that when Xi has an elliptical
distribution, then R(βbρ (Idp )) = R(βbρ (Σ)) for all convex loss functions ρ (see AppendixH).

correction does not perform well for L1 (at least for n = 1000 and κ = 0.1, 0.3, 0.5, data
not shown) - though as we mentioned Figure 6 shows that jackknifing in L1 -regression is
probably not a good idea; see also Koenker (2005, Section 3.9).
We also note that the assumption of cov (Xi ) = Idp is essential to the jackknife correction
proposed in Equation (8). Let βbρ (Σ) denotes our estimator of β when cov (Xi ) = Σ. γ̂ in
equation (8) is an estimate of


E varJACK (v 0 βbρ (Idp ))


.
R(βbρ ) =
var v 0 βbρ (Idp )

Figure 7: Rescaling jackknife estimate of variance: Shown are the error rates for
confidence intervals for different re-scalings of the jackknife estimate of variance:
the standard jackknife estimate (green); re-scaling using 1 − p/n as given in
Theorem 3 for the L2 case with normal design matrix X (blue); and re-scaling
based on the heuristic in Equation (8) for those settings not covered by the
assumptions of Theorem 3 (magenta). The Huber loss in this plot is Huber1
rather than the default Huber1.345 ; Huber1 is further from L2 than Huber1.345
and therefore better shows the improvement gained by using the heuristic in
Equation (8).
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However, even though this population quantity is unchanged when cov (Xi ) = Σ changes,
the estimate γ̂ we give above depends crucially on knowing that cov (Xi ) = Idp and cannot
be used as-is when Σ 6= Idp .

5. Conclusion
In this paper, we have studied various resampling plans in the high-dimensional setting
where p/n is not close to zero. One of our main findings is that the two most widely-used
and advocated bootstraps will yield either highly conservative or highly anti-conservative
confidence intervals. This is in sharp contrast to the low-dimensional setting where p is
fixed and n → ∞ or p/n → 0. Under various assumptions underlying our simulations, we
explained theoretically the phenomena we were observing in our numerical work.
Beside our theoretical contributions, we propose improved and dimension-adaptive bootstrap methods for both pairs and residual bootstraps, as well as jackknife corrections, that
give confidence intervals with approximately correct coverage probability. These methods are novel dimensionality-robust resampling techniques for linear models. The resulting
modified pairs bootstrap gives a principled method for pairs bootstrapping regardless of the
value of p/n < 1, and avoids the problem of non-invertible bootstrapped design matrices
X ∗ that commonly result from the standard pairs bootstrap. The most promising of our
proposed resampling schemes is our proposed residual bootstrapping method that resamples
from appropriately scaled predicted errors. This bootstrap routine performed well without
distribution-specific corrections that some of our other methods require. It has the greatest
potential to be a general-purpose bootstrap method for linear models in high dimensions.
This work has focused on estimation of the linear model, where there are theoretical
benchmarks. The real practical power of the bootstrap lays in giving the ability to perform
inference in complicated settings involving sophisticated statistical procedures for which
we do not even begin to have theoretical results for the behavior of our estimators. Yet
our work shows that even for the simple case of inference in the linear model and for the
simplest inferential question, the two most common and natural resampling techniques perform very poorly in only moderately high-dimensions. More importantly, these two equally
intuitive methods have completely divergent statistical behavior with one being extremely
conservative and the other anti-conservative. This casts serious doubts about the reliability, interpretability and accuracy of inferential statements made through generic resampling
methods in moderate and high dimensions. This is troubling for more complicated problems
where resampling techniques are the only inference tools currently available. Our findings
also suggest that appropriate resampling methods for high-dimensional problems may not
be able to rely on generic resampling procedures but rather need to be tailored to the statistical problem of interest. This raises many interesting new theoretical and methodological
questions for the future.
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Notations : in these appendices, we use ei to denote the i-th residual, i.e., ei = yi − Xi0 β.
0
b
b
We use ẽi(i) to denote the i-th prediction error, i.e., ẽi(i) = yi − Xi β(i) , where β(i) is the
estimate of βb with the i-th pair (yi , Xi ) left out. We assume that the linear model holds so
that yi = Xi0 β + i . We assume that the errors i are i.i.d with mean 0.

Appendices
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i=1

n
X

ρ(yi − Xi0 u) , where yi = i + Xi0 β .



cov βbLS = (X 0 X)−1 var () .
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We summarize in this section the key results we use from the recent papers El Karoui et al.
(2011); El Karoui et al. (2013); El Karoui (2013, 2017). The third paper is a mathematically
rigorous version of the heuristic arguments of the first two; the first paper is the long-form
version of the second one. Those papers are concerned with the asymptotic properties of
βbρ when p/n → κ ∈ (0, 1). The predictor vectors Xi ’s are assumed to be random and
independent, with Xi = λi Σ1/2 X̃i , where X̃i has i.i.d (not necessarily Gaussian)
entries

with mean 0 and variance 1. λi ’s are independent random variables with E λ2i = 1. (The

A.2 Summary of recent results on high-dimensional robust regression

Asymptotic normality questions and impact on confidence intervals: p/n → 0 In the case
of least-squares, the Lindeberg-Feller theorem (Stroock, 1993) guarantees that under mild
conditions on the p × n matrix X, the coordinates of βbLS are asymptotically Normal.
Similarly if the 1 × n vector v 0 (X 0 X)−1 X 0 satisfy the conditions of the the Lindeberg-Feller
theorem, then v 0 (βbLS − β) is asymptotically normal. Similarly, under mild conditions on
X, the classic papers mentioned above guarantee asymptotic normality of the coordinates
of βbρ when p/n → 0. In these cases, the width of confidence intervals for the coordinates of
β are hence only dependent asymptotically on the variance of the coordinates of βbρ .

See also the papers Portnoy (1984, 1985, 1987); Mammen (1989) for the situation where
p → ∞ and p/n → 0 at various rates.

Robust regression We recall the classic result of Huber (Huber, 1973) and (Huber and
Ronchetti, 2009), Chapter 7: when p is fixed and n → ∞, the limiting covariance of βbρ is,
with a slight abuse of notation,
  1  X 0 X −1 E ψ 2 ()
.
cov βbρ =
n
n
[E (ψ 0 ())]2

Hence,

βbLS − β = (X 0 X)−1 X 0  .

Least-squares In this case ρ(x) = x2 /2 and we have of course

A.1 Classical Results and Asymptotic Normality

The i ’s are assumed to be i.i.d with mean 0 here.

βbρ = argminu∈Rp

Recall that we consider

Appendix A. Technical Background on Existing Literature on Robust
Regression

El Karoui and Purdom

n × p design matrix X is full rank with probability 1. Σ has only positive eigenvalues.) Xi ’s
are independent of i ’s.
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b Σ) is the regression vector
Role of cov (Xi ) = Σ It is shown in these papers that, if β(β;
corresponding to the situation where yi = Xi0 β + i and cov (Xi ) = Σ for all i,
b Idp ) .
βbρ (β; Σ) = β + Σ−1/2 β(0;

This follows from a simple change of variable. It also means that to understand the properties of βbρ (β; Σ), it is enough to understand the “null case” β = 0 and Σ = Idp .
Consequence for leave-one-out-predicted errors The result we just mentioned has an important consequence for our leave-one-out predicted error, i.e ẽi(i) = yi − Xi0 βb(i) : ẽi(i) (β; Σ) =
ẽi(i) (0; Idp ). In other words, we can assume without loss of generality that β = 0 and
Σ = Idp when working with leave-one-out-predicted errors.

z1−α/2
√ r̂
p
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1
βb ' βb(i) + Si−1 Xi ψ(ei ) ,
n
where ' means that we are neglecting a quantity that is negligible for all our mathematical
and statistical purposes (see the papers for very precise bounds on the quantity we are

Leave-one-out approximations for βb It is shown in the aforementioned papers that

where r̂ is a consistent estimator of kβbρ (0; Idp )k2 . In (Bean et al., 2013), it is said without
more precision that leave-one-techniques can be used to come up with r̂; we propose in the
current paper estimates r̂ based on leave-one-out predicted errors that can therefore be used
for the purpose of building those confidence intervals. (See Section 2.3 in the main paper)

v 0 βb ±

Asymptotic normality questions and impact on confidence intervals: p/n → κ ∈ (0, 1)
Because we know that, in the Gaussian design case, the coordinates of βbρ are asymptotically normal, the width of these intervals is completely determined by the variance of the
coordinates of βbρ . We explain above how these variances depend on the distribution of  and
b Id)k2 and hence rρ (κ). Therefore, as was the
the loss function ρ: basically through kβ(ρ;
case in the low-dimensional situation, the variance of the coordinates of βbρ can be used as a
proxy for the width of the confidence interval in the high-dimensional case where p/n → κ,
0 < κ < 1.
In (Bean et al., 2013), these asymptotic normality results are used to create confidence
intervals for v 0 β in the Gaussian design case: if z1−α/2 is the (1 − α/2)-quantile of the
Gaussian distribution a 100(1 − α)% confidence interval for v 0 β is
q
b −1 v ,
(1 − p/n)v 0 Σ

Consequences for the distribution of βb1 or other contrasts of interest In our simulation setup,
the previous results imply that the distribution of βb1 (or any other coordinates or contrasts
v 0 βb for v deterministic) is asymptotically normal. In the case where Σ = Idp , the variance of
√ b
p(β1 − β1 ) is roughly N (0, rρ2 (κ)). See Bean et al. (2013) and its supplementary material
for a longer discussion and questions related to building confidence intervals.

In this system, prox(cρ) refers to Moreau’s proximal mapping of the convex function cρ
- see Moreau (1965) or Hiriart-Urruty and Lemaréchal (2001). (The system is rigorously
shown in El Karoui (2013) under the assumption that the Xi ’s have i.i.d entries with mean
0 and variance 1, as well as a few other minor requirements; these assumptions are satisfied
when Xi,j have a Gaussian distribution, or are bounded, or do not have heavy tails, the
latter requiring appeal to various truncation arguments. Another proof of the validity of
this system, which first appeared in El Karoui et al. (2011), can be found in Donoho and
Montanari (2013). That proof is limited to the case of Xi ’s having i.i.d Gaussian entries.)
The assumptions on i ’s and ρ are relatively mild. See El Karoui (2017) for the latest,
handling the situation where i ’s have for instance a Cauchy distribution. We note that
some of the results in El Karoui (2013) are stated with ρ strongly convex (and i ’s having
many moments). While the proof in that paper suggests several ways of removing this
assumption, it is also possible to change ρ in to ρ + ηx2 /2 with η very small (e.g η = 10−100 )
to satisfy this technical assumption and change essentially nothing to the statistical problem
at hand.
iid

A non-asymptotic and exact stochastic representation in the elliptical case When Xi v λi υi ,
where υi ∼ N (0, Σ) and λi is a random variable independent of υi , it is shown that
L
βbρ (β; Σ) = β + kβbρ (0; Idp )k2 Σ−1/2 u ,

L

where u is uniformly distributed on the unit sphere in Rp and kβbρ (0; Idp )k2 is independent
of u. kβbρ (0; Idp )k2 is simply the norm of βbρ when β = 0 and cov (Xi ) = Idp . Note that u
has the stochastic representation u = Zp /kZp k2 , where Zp ∼ N (0, Idp ).

=⇒ N (0, v 0 Σ−1 v) ,

Consequence of the previous representation for large p Since kZp k2 has χp distribution, it
is clear that as p → ∞, if v is a deterministic vector,

kβbρ (0; Idp )k2

√ v 0 (βbρ (β; Σ) − β)

p

where =⇒ denotes weak convergence of distributions. Hence, provided kβbρ (0; Idp )k2 and
√
v 0 Σ−1 v remain bounded, v 0 βbρ (β; Σ) is p-consistent for v 0 β.

Properties of kβbρ (0; Idp )k2 It is shown, under various technical assumptions, that as p and n
tend to infinity with p/n → κ, the variance of the random variable kβbρ (0; Idp )k2 goes to zero.
Hence, for practical matters, kβbρ (0; Idp )k2 can be considered non-random. In particular,
that implies that
√ 0 b
pv (βρ (β; Σ) − β) is approximately Normal as p/n → κ .
Of great importance is the characterization of kβbρ (0; Idp )k2 , since it will affect the width of
confidence intervals. It can be characterized, in the case where λi = 1 (see the papers for the
case λi 6= 1) in the following way: kβbρ (0; Idp )k2 → rρ (κ). The non-random scalar rρ (κ) can
be characterized through a system of two non-linear equations, involving another constant,
c. The pair of positive and deterministic scalars (c, rρ (κ)) satisfy: if ẑ =  + rρ (κ)Z, where
Z ∼ N (0, 1) is independent of , and  has the same distribution as i ’s:


(9)
JMLR 19(5):1-66, 2018

E ((prox(cρ))0 (ẑ )) = 1 − κ ,

κrρ2 (κ) = E [ẑ − prox(cρ)(ẑ )]2 .
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b
v 0 (βb∗ − β)
=⇒ N (0, σ2 ) .
kwk
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theorem for triangular arrays, and that limn→∞ var Ĝn,p = σ2 . Then the Lindeberg-Feller
theorem guarantees that

The case of least squares Let us call Ĝn,p the distribution of the errors we use in our residual
bootstrap. We assume that Ĝn,p has mean 0. Let us call w0 = v 0 (X 0 X)−1 X 0 - where we
choose to not index v and w by p for the sake of clarity. v is a deterministic sequence of pdimensional vectors. Assume that w and Ĝn,p satisfy
conditions of the Linderberg-Feller
 the 

Case p/n → κ ∈ (0, 1) We note that at this point in the case p/n → κ ∈ (0, 1) we are
not aware of central limit theorems for the coordinates of βb that are valid conditional on
the design matrix X. However, it is expected that such theorems will hold if the design
matrix results from a draw of a random design matrix similar to the ones we consider (with
very high-probability with respect to the sampling of the design matrix). The discussions
above make then clear that the key quantity to describe the width of the residual bootstrap
confidence intervals becomes the risk kβbρ (0; Idp ; ∗ )k2 , i.e the risk kβbρ (0; Idp )k2 when the
error distribution is ∗ . A “good” error distribution is therefore one for which rρ (κ; ∗ ) '
rρ (κ; ). (We used the notation rρ (κ; ) = limn→∞ kβbρ (0; Idp ; )k, when p/n → κ.)

using a residual bootstrap with “the wrong error distribution”, ∗ , will give us bootstrap
confidence intervals of the right width. An important question then becomes, when p/n is
E (ψ 2 ())
E (ψ 2 (∗ ))
small: what class of distributions ∗ is such that [E(ψ0 (∗ ))]2 = [E(ψ0 ())]2 , as this class defines
all acceptable error distributions from the point of view of our residual bootstrap.



E ψ 2 (∗ )
E ψ 2 ()
=
,
[E (ψ 0 (∗ ))]2
[E (ψ 0 ())]2

Case p/n → 0 Naturally, the classic results mentioned above imply that the distribution
of v 0 (βbρ∗ − βbρ ) is going to be asymptotically normal (under mild conditions on X that are
satisfied in our simulations); the variance of the coordinates of βbρ∗ , on the other hand depends
E (ψ 2 (∗ ))
on [E(ψ0 (∗ ))]2 . Hence, even if the distribution of the estimated errors ∗ is very different
from that of the “true” errors, , the residual bootstrap may work very well: indeed, if 
and ∗ have two very different distribution but

We call {∗i }ni=1 the estimated errors used in the residual bootstrap. When doing a residual
bootstrap, we are effectively sampling from a model with fixed design X, “true β” taken to
be equal to βbρ and i.i.d errors sampled according to the empirical distribution of the {∗i }ni=1 .
As a shortcut, we call this distribution ∗ in what follows. We call βbρ∗ the bootstrapped
b
version of β.

A.3 Consequences for the residual bootstrap

neglecting). This approximation is the key to the approximations
in Equations (3) and (4)
P
which we use in the main paper. Recall that Si = n1 j6=i ψ 0 (ẽj(i) )Xj Xj0 .

Can We Trust the Bootstrap in High-dimensions?

iid

Z̃i v N (0, λ2i kβbρ(i) − βk22 )
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4. Use the resulting estimates of G as the estimate of Ĝ in residual bootstrapping.

3. Deconvolve in ẽi(i) the error term i from the Z̃i term ;

2. Estimate |λi |kβbρ(i) − βk2 (the standard deviation of the Z̃i )

1. Calculate the predicted errors, ẽi(i)

and are independent of i .
We proposed in Section 2.3 of the main text an alternative bootstrap method based on
using deconvolution techniques to estimate G (Method 1). Specifically, we proposed the
following bootstrap procedure:

where

ẽi(i) ' i + Z̃i ,

In the main text, we considered situations where our predictors Xi are i.i.d with an elliptical
distribution and assume for instance
 that Xi = λi ξi , where ξi ∼ N (0, Σ) and λi are i.i.d
scalar random variables with E λ2i = 1. As described in the main text, if X is elliptical,
ẽi(i) is a convolution of the correct G distribution and a Normal distribution,

Appendix B. Deconvolution Bootstrap

Conclusion for the purposes of the main paper In our discussions we use kβbρ (0; Idp ; ∗ )k
and its closeness to its value under the correct error distribution, kβbρ (0; Idp ; )k, as a proxy
to understand a priori the quality of residual bootstrap confidence intervals when using ∗
to sample the errors instead of . The previous discussion explains why we do so. Our
numerical work in Section 2.3 of the main text shows numerically that this yields valuable
b Idp ; )k2
insights. This is why our discussion in Section 2.4 is focused on understanding kβ(0;
for various error distributions. In particular, Theorem 1 shows that when p/n is close to 1,
b Idp ; ∗ )k/kβ(0;
b Idp ; )k ' 1.
if ∗ has approximately the same two first moments as , kβ(0;
This explains why the scaled r̃i(i) is probably a good error distribution ∗ to use in the
residual bootstrap when κ is close to 0 or 1. We note that when κ is close to 1, r̃i(i) gives an
error distribution that is in general very different from the distribution of . Our numerical
work of Section 2.3 shows that it is nonetheless a good error distribution from the point of
view of the residual bootstraps we consider.

These results do not depend on the size of κ, the limit of the ratio p/n.
Informally, what this means is that
 provided that the entries of w are all relatively small,
that Ĝn,p has mean 0 and var Ĝn,p is close to σ2 , then bootstrapping from the residuals
in least-squares works for approximating the distribution v 0 (βb − β).

v 0 (βb − β)
=⇒ N (0, σ2 ) .
kwk

Note that it also guarantees, under the same assumptions on w that
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B.1 Estimating kβbρ − βk and the Variance of the Zi
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The end result of the DeconCdf function was values of the Ĝ evaluated at specific grid points
x. The resulting Ĝ(x) was not always guaranteed to be ≤ 1 nor monotonically decreasing;
this is likely due to the fact that use of higher-order kernels estimates (which is standard
practice in deconvolution literature) does not constrain the estimate be a proper density.
Furthermore, the tail ends of the cdf are based on little data and unlikely to be reliable,
as well as having problems either non-monotonicity or extending beyond the boundaries of
(0, 1). We truncated the left tail of Ĝ(x) to be within 0.001 by finding the largest such x0
such that Ĝ(x0 ) ≤ 0.001 and setting Ĝ(x) = 0.001 for x ≤ x0 ; and we similarly trimmed
the right tail based on 1 − 0.001. We then calculated the differences di = Ĝ(xi ) − Ĝ(xi−1 )

B.3 Random Draws from Ĝ

For both bandwidth selections, we estimated the cdf using the function DeconCdf provided in the decon package and provided the bandwidth parameters described above. We
specified the error distribution as ‘Normal’ and set the variance of Z̃i as described above in
Section B.1. The number of grid points for evaluating the cdf (the ‘ngrid’ argument) was
set to be the number needed to get a space of 0.01 across the range of observed ẽi(i) , with
a lower bound of 512 grid points (the default of ‘ngrid’ given by the DeconCdf function).
Other options were set to the default of DeconCdf.

Figure 8: Different bandwidths for Method 1: We plotted the error rate of 95% confidence intervals for the deconvolution bootstrap (Method 1) using two different
choices of bandwith: the bw.dboot2 in decon (light blue) or that of Delaigle and
Gijbels (2002, 2004) (maroon). The solid lines refer to bootstrapping by drawing
n
n
{i∗ }i=1
as
i.i.d
draws
from
Ĝ;
the
dashed
lines refer to {i∗ }i=1
drawn from ren ) from Ĝ. See section B.4 below. Note
peated resampling of a single draw ({ˆ
i }i=1
that the y-axis for these plots is different than that shown in the main text.

(a) L1 loss
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Deconvolution methods that deconvolve  from the Z̃i require an estimate of the variance
of the Z̃i . Equation (3) gives the variance as λi2 kβbρ(i) − βk22 , and we need to estimate this
quantity from the data. We use the approximation
kβbρ(i) − βk2 ' kβbρ − βk2 .

See AppendixA and references therein for justification of this approximation.
Furthermore, as we note in the main text, in our implementation of this deconvolution in
simulations we assume X ∼ N (0, Idp ) so that λi = 1 (see Section B.5 below for estimating
λi in the elliptical case). This means we are estimating the variance of Z̃i as kβb − βk22 for
all i. We estimate this as
vd
ar(Z̃i ) = vd
ar(ẽi(i) ) − σ̂2 ,

where vd
ar(ẽi(i) ) is the standard estimate of variance and σ̂2 is the estimate of variance from
2
the least squares fit, σ
b,LS
, defined in the main text.
In the case where vd
ar(ẽi(i) ) ≤ σ̂2 , we do not do a deconvolution, but simply bootstrap
from the ẽi(i) . This is generally only the case when p/n is quite small.
B.2 Estimating Ĝ

JMLR 19(5):1-66, 2018

We used the deconvolution algorithm in the decon package in R (Wang and Wang, 2011) to
estimate the distribution of i . Deconvolution algorithms require selection of a bandwidth in
the kernels that make up the functional basis of the estimate. The appropriate bandwidth
parameter in deconvolution problems is tied intrinsically to the use of the estimate, with
optimal bandwidths depending on what functional of the distribution is wanted (e.g. the
pdf versus the cdf). Moreover, the optimal bandwidth depends on the distribution of Z̃i
with which the signal is being convolved. Ultimately, our procedure resamples from the
distribution Ĝ, requiring estimates of G−1 (y), and the distribution of Z̃i is Gaussian. There
is no specific theory for the optimal bandwidth in this setting (though see the work of Hall
and Lahiri (2008) for optimal bandwidth selection for estimations of the quantiles of Ĝ
if the Z̃i are distributed according to a distribution whose characteristic function decays
polynomially at infinity - see Assumption (A.11) on p.2133; this is clearly violated in our
case where Z̃i are normally distributed.)
We used the bandwidth estimation procedure bw.dboot2 provided in the package decon.
Delaigle (2014) outlines problems in the estimation of bandwidth parameter in decon; specifically that the implementation in decon of existing bandwidth estimation procedures does
not match their published descriptions. bw.dboot2 was not one of the bandwidth procedures with these discrepancies. However, we also compared our results with a bandwidth
selected via the bandwidth selection method of Delaigle and Gijbels (2002, 2004) and used
the R code implementation provided by the authors on http://www.ms.unimelb.edu.au/
~aurored/links.html#Code. The two different choices in bandwidth, however, had little
effect on the coverage of the bootstrap confidence intervals (Supplemental Figure 8). The
results in Figure 2 in the main text make use of the bandwidth parameter of Delaigle and
Gijbels (2002, 2004).
35
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To extend the deconvolution bootstrapping method to the elliptical case when p/n →
κ ∈ (0, 1), one needs to be able to estimate λi , at least up to sign. In which case, one
could estimate individually the variance of Z̃i and feed these individual estimates into the
deconvolution method described above.

B.5 Estimation of λ2i

We used Ĝ to create bootstrap errors, {∗i }ni=1 in two ways. For the first method we estimated
{∗i }ni=1 as i.i.d draws from Ĝ, and repeatedly drew such samples from Ĝ, B times. In the
second method, we drew one single estimate {ˆ
i }ni=1 as i.i.d draws from Ĝ and then created
{∗i }ni=1 from resampling from the empirical distribution of the {ˆ
i }ni=1 , and repeated this
resampling from the empirical distribution of {ˆ
i }ni=1 B times. For both methods, we then
calculated βb∗ from the data (Xi , yi∗ ) where yi∗ = Xi0 βb + ∗i , as in the standard residual
bootstrap. The first method seems to do slightly better in simulations, see Figure 8.

B.4 Bootstrap Estimates βb∗ from Ĝ

2
so that the resulting ∗j have mean zero and variance σ
b,LS
. This was done because the
variance of Ĝ was not guaranteed to have the correct variance, despite the fact we had to
pre-specify the variance in the deconvolution call. Ensuring the correct moments of ∗j was
a critical component for reasonable coverage of the bootstrap confidence intervals. When
we did not standardize the results and just took the draws from Ej , the resulting bootstrap
confidence intervals became more and more conservative as p/n grew. This again highlights
the results of Theorem 1 – the variance of Ĝ is the most important feature of the distribution
in order to have accurate confidence intervals.

σ
b,LS
∗j = (Ej − meani (Ej )) p
var (Ei )

To randomly sample from Ĝ, we needed to be able to evaluate Ĝ for all x. We did this
by linearly interpolating between the Ĝ(xj ) values. In what follows, we consider the values
Ĝ(x) based on this smoothed and monotone version of the original output of the DeconCdf
function.
We create random draws from Ĝ by drawing random variables Ui from a U nif (0, 1) and
calculating Ei = Ĝ(Ui ). We further centered and standardized the draws Ej from Ĝ to get

Ĝ(xj ) =

We then renormalized the values C(xj ) so that they extend from 0 to 1, giving the final
monotone estimate of Ĝ(xj ) as

i=1

kXi k2
Pn 2 2 ,
i=1 kXi k2

(10)

38

χ2n−p
v 0 Σ−1 v
∼
→ (1 − κ)in probability.
0
−1
b v
n−1
vΣ
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In the case where Σ 6= Id, both E var v 0 βb∗
and var v 0 βb depend on v 0 Σ−1 v. It is
therefore natural to ask how we could estimate this quantity. If we are able to do so, it is
clear that we could follow the same strategy as above to find α from the data. Standard
Wishart results (Mardia et al. (1979), Theorem 3.4.7) give that

C.1 Case Σ 6= Idp

This was done via a simple dichotomous search for α over the interval [0, 1]. Our initial
α was .95. We specified a tolerance of 10−2 for the results reported in the paper in Table
1. This means that we stopped the algorithm when the ratio of the two terms in Equation
(10) was within 1% of 1. We used a sample size of 106 to estimate all the expectations.
Table 2 gives the values of α(κ) found.

We determined α numerically so that


1
κ
1 
κ
h
i−
=
.
1
1
−
κ
1
−
κ
1 − κ − Ewi (1+cwi )2

wi v 1 − α + αPoisson(1)

iid

The formula given in Theorem 2 suggests resampling from a distribution F̂ defined using
weights other than i.i.d. Poisson(1). An acceptable weight distribution is such that the
variance of the resampled estimator is equal to the variance of the sampling distribution
of the original estimator. In Section 3.2 we consider the least-squares estimator where the
variance, in the case where Σ = Idp is asymptotically κ/(1 − κ)σ2 /p.
In the main text, we proposed to use

Appendix C. Alternative Weight Distributions for Pairs Bootstrap

The intuition and proof are as follows. Concentration of measure arguments (Ledoux, 2001)
show that if ξi ∼ N (0, Σ), kξi k2 /p ' trace (Σ) /p and hence kXi k2 /p ' λ2i trace
P(Σ) /p. The
law oflarge numbers and a little bit of further technical work then imply that n1 ni=1 kXi k2 /p '
E λ2i trace (Σ) /p = trace (Σ) /p.

1≤i≤n

c2 | → 0 in probability.
sup |λ2i − λ
i

b = 1 Pn Xi X 0 . Under mild conditions on Σ and λi , it can be shown that when
where Σ
i
i=1
n
n → ∞ and p/n → κ ∈ (0, ∞)

1
n

We recall a simple proposal from the paper (El Karoui, 2010) to solve this problem.
Specifically, the author proposes to use

and for di < 0 set di = 0. We then defined a monotone cdf based on the cumulative sum of
the di ,
j
X
C(xj ) =
di .
2
kXi2 k2 /p
 =
λbi =
1
b
p trace Σ
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0.05
0.9938
0.30
0.9426

0.10
0.9875
0.35
0.9352

0.15
0.9812
0.40
0.9277

0.20
0.9688
0.45
0.9222

0.25
0.9562
0.50
0.9203
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κ
α(κ)
κ
α(κ)
Table 2: Values of α(κ) to use to fix the variance estimation issue in high-dimensional
pairs-bootstrap

b −1 v as an estimator of v 0 Σ−1 v and solves the
This of course suggests using (1 − p/n)v 0 Σ
question we were discussing above.
However, we note that since



E var v 0 βb∗
 
var v 0 βb

does not depend on Σ when the design is Gaussian or Elliptical, the same α should work
regardless of Σ, provided it is positive definite. In particular, an acceptable weight distribution for resampling as defined above could be computed by assuming Σ = Idp and would
work for any positive definite Σ.

Appendix D. Description of Numerics
Here we describe the implementation of various computational numerics used in the paper.
D.1 Simulation Description
In the simulations described in the paper, we explored variations in the distribution of the
design matrix X, the error distribution, the loss function, the sample size (n), and the ratio
of κ = p/n, detailed below.
All results in the paper were based upon 1, 000 replications of our simulation routine for
each combination of these values. Each simulation consisted of
n and construction of data y = X 0 β + . However,
1. Simulation of data matrix X, {i }i=1
i
i
for our simulations, β = 0 (without loss of generality for the results, which are shift
equivariant), so yi = i .

2. Estimate β̂ using the corresponding loss function. For L2 this was via the lm command
in R, for Huber via the rlm command in the MASS package with default settings
(k = 1.345) (Venables and Ripley, 2002), and for L1 via an internal program making
use of MOSEK optimization package and accessed in R using the Rmosek package
(MOSEK, 2014). The internal L1 program was checked to give the same results as
the rq function that is part of the R package quantreg (Koenker, 2013), but was
much faster for simulations.
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3. Bootstrapping according to the relevant bootstrap procedure (using the boot package)
and estimating β̂ ∗ for each bootstrap sample. Each bootstrap resampling consisted of
39
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R = 1, 000 bootstrap samples, the minimum generally suggested for 95% confidence
intervals (Davison and Hinkley, 1997). For jackknife resampling and for calculating
leave-one-out prediction errors ẽi(i) , we wrote an internal function that left out each
observation in turn and recalculated β̂(i) .

4. Construction of confidence intervals for β̂1 . For bootstrap resampling, we used the
function boot.ci in the boot package to calculate confidence intervals. We calculated
“basic”, “percentile”, “normal”, and “BCA” confidence intervals (see help of boot.ci
and Davison and Hinkley (1997) for details about each of these), but all results shown
in the manuscript rely on only the percentile method. The percentile method calculates the boundaries of the confidence intervals as the estimates of 2.5% and 97.5%
percentiles of β̂1∗ (note that the estimate is not exactly the observed 2.5% and 97.5%
of β̂1∗ , since there is a correction term for estimating the percentile, again see Davison
and Hinkley (1997)). For the jackknife confidence intervals, the confidence interval
q
calculated was a standard normal confidence interval (±1.96 vd
arJack (βˆ1 ))

D.2 Values of Simulation Parameters

Design Matrix For the design matrix X, we considered the following designs for the distribution of an element Xij of the matrix X, ensuring that the vectors Xi had covariance Idp
in all cases :
• Normal: Xij are i.i.d N (0, 1)

• Double Exp: Xij are i.i.d. double exponential with variance 1.

• Elliptical: Xij ∼ λi Zij where the Zij are i.i.d N (0, 1) and the λi are i.i.d according to
√
√

– λi ∼ Exp( 2) (i.e. mean 1/ 2), so E λi2 = 1

– λi ∼ N (0, 1)
q
q

12
12
– λi ∼ U nif ( 13
0.5, 13
1.5) so that E λi2 = 1

Error Distribution We used two different distributions for the i.i.d errors i : N (0, 1) and
standard double exponential (with variance 2).

Dimensions We simulated from n = 100, 500, and 1, 000 though we showed only n = 500
in our results for simplicity. Except where noted, no significant difference in the results was
seen for varying sample size. The ratio κ was simulated at 0.01, 0.1, 0.3, 0.5.
D.3 Details of Additional Numerics

In Tables A-1 to A-5 in AppendixI we give the precise numerical results from our simulations
that are plotted in both the main text and supplementary figures.
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Calculating Correction Factors for Jackknife We computed these quantities using the formula we mentioned in the text and Matlab. We solve the associated regression problems
with cvx (Grant and Boyd, 2014, 2008), running Mosek (ApS, 2015) as our optimization

40

κrρ (κ)2 ' (c/(1 + c))2 [rρ (κ)2 + σ2 ] ' κ2 [rρ (κ)2 + σ2 ] .

Relative Risk (Figure 3) In Figure 3 we plot for both Huber loss and L1 loss the average
risk rρ (κ; Gconv ) (i.e. errors given by Gconv ) relative to the average risk rρ (κ; G) (i.e. errors
distributed according to G), where G has a double exponential distribution. We also plot
the relative average risk rρ (κ; Gnorm ), where Gnorm = N (0, σ2 ). The values for Figure 3
were generated with Matlab, using cvx and Mosek, as described above. We picked n = 500
and did 500 simulations. p was taken in (5, 10, 30, 50, 75, 100, 125, 150, 175, 200, 225,
250, 275, 300, 350, 400, 
450). We used our simulations for the case of the original errors
to estimate E kβb − βk2 . We used this estimate in our simulation under the convolved
error distribution. The Gaussian error simulations were made with N (0, 2) to match the
variance of the double exponential distribution.
σ2 κ
σ2
∼
.
1−κ
1−κ
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In plain English, the variance of v 0 βbw is equal to the variance of the bagged estimator
plus the expectation of the variance of the bootstrap estimator (where we randomly weight
observation (yi , Xi ) with weight wi ).

In our case, T = v 0 βbw , the projection of the regression estimator βbw obtained using the
random weights w on the contrast vector v. Γ represents both the design matrix and the
errors. We assume without loss of generality that kvk2 = 1.
Hence,








.
var v 0 βbw = var v 0 E βbw |Γ + E var v 0 βbw |Γ

var (T ) = var (E (T |Γ)) + E (var (T |Γ)) .

In this section, we compute the expected variance of the bootstrap estimator.
We recall that for random variables T, Γ, we have

Appendix F. Proof of Theorem 2 (Expected Variance of the Pairs
Bootstrap Estimator)

Once these values are guessed, it is easy to verify that rρ (κ)  c and hence all the
manipulations above are valid if we plug these two expressions in the system driving the
performance of robust regression estimators described above. We note that our argument is
not circular: we just described a way to guess the correct result. Once this has been done,
we have to make a verification argument to show that our guess was correct.
In this particular case, the verification is done as follows: we can rewrite the expectations
as integrals and split the domain of integration into (−∞, −sκ ), (−sκ , sκ ), (sκ , ∞), with
sκ = (1 − κ)−3/4 . Using our candidate values for c and rρ (κ), we see that the corresponding zb has extremely low probability of falling outside the interval (−sκ , sκ ) - recall that
1 − κ → 0. Coarse bounding of the integrands outside this interval shows the corresponding
contributions to the expectations are negligible at the scales we consider. On the interval
(−sκ , sκ ), we can on the other hand make the approximations for prox(cρ)(x) we discussed
above and integrate them. That gives us the verification argument we need, after somewhat
tedious but simple technical arguments. (Note that the method of propagation of errors
in analysis described in (Miller, 2006) works essentially in a similar a-posteriori-verification
fashion. Also, sκ could be picked as (1 − κ)−(1/2+δ) for any δ ∈ (0, 1/2) and the arguments
would still go through.)

rρ (κ)2 ∼

In this system, prox(cρ) refers to Moreau’s proximal mapping of the convex function cρ see Moreau (1965) or Hiriart-Urruty and Lemaréchal (2001).
We first give an informal argument to “guess” the correct values of various quantities of
interest, namely c and of course, rρ (κ).
x
Note that when |x|  c, and when ψ(x) ∼ x at 0, prox(cρ)(x) ' 1+c
. Hence, x −
prox(cρ)(x) ' xc/(1 + c). (Note that as long as ψ(x) is linear near 0, we can assume
that ψ(x) ∼ x, since the scaling of ρ by a constant does not affect the performance of the
estimators.)

Proof
Recall the system describing the asymptotic limit of kβbρ − βk when p/n → κ and the
design matrix has i.i.d mean 0, variance 1 entries, is, under some conditions on i ’s and
some mild further conditions on the design (see Section A above): kβbρ − βk → rρ (κ) and
the pair of positive and deterministic scalars (c, rρ (κ)) satisfy: if ẑ =  + rρ (κ)Z, where
Z ∼ N (0, 1) is independent of , and  has the same distribution as i ’s:

E ((prox(cρ))0 (ẑ )) = 1 − κ ,

κrρ2 (κ) = E [ẑ − prox(cρ)(ẑ )]2 .

Appendix E. Proof of Theorem 1 (Residual bootstrap, p/n close to 1)

Calculation of amount of variance overestimated in pairs bootstrap (Figure 5a)
In Figure 5a, we plot the theoretical factor by which the pairs bootstrap overestimates
the actual variance of β1ρ . This figure was generated by assuming Poisson(1) weights
and computing deterministically the expectations of interest. This was easy since if W ∼
Poisson(1), P (W = k) = exp(−1)
.
k!
We truncated the expansion of the expectation at K = 100, so we neglected terms
of order 1/100! or lower only. The constant c was found by dichotomous search, with
tolerance 10−6 for matching the equation E (1/(1 + W c)) = 1 − p/n. Once c was found, we
approximated the expectation in Theorem 2 in the same fashion as we just described.
Once we had computed the quantity appearing in Theorem 2, we divided it by κ/(1−κ).
We repeated these computations for κ = .05 to κ = .5 by increments of 10−3 to produce
our figure.

We see that 1 − κ ' 1/(1 + c), so that c ' κ/(1 − κ) - assuming for a moment that we
can apply the previous approximations in the system. Hence, we have

engine. We used n = 500 and 1, 000 simulations to compute the mean of the quantities we
were interested in.

We can therefore conclude (informally at this point) that
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As explained in Section H, we can study without loss of generality the case where Σ = Idp
and β = 0. This is what we do in this proof. Further the rotational invariance arguments
we give in Section H mean that we can focus on the case v = ep ,the p-th canonical basis
vector, without loss of generality.
iid
We consider the case where Xi v N (0, Idp ). This allows us to work with results in El
Karoui et al. (2011); El Karoui et al. (2013), El Karoui (2013).
Notational simplification To make the notation lighter, in what follows in this proof we use
the notation βb for βbw . There are no ambiguities as we are always using a weighted version
of the estimator and hence this simplification should not create any confusion.
In particular, we have, using the derivation of Equation (9) in El Karoui et al. (2013)
and noting that in the least-squares case all approximations in that paper are actually exact

1
n

Xi0 Si−1 Xi
ψ(ei ) .
n

0
j6=i wj Xj Xj ,

P

wi −1
βb − βb(i) =
S Xi ψ(ei ) ,
n i

equalities,
Pn
w
i Xi (p)ei,[p]
βbp = ĉ i=1
.
p
ei,[p] here are the residuals based on the first p − 1 predictors, when β = 0. We note

that,
under our assumptions on Xi ’s and wi ’s, ĉ = n1 trace Sw−1 + oL2 (1), where Sw =
1 Pn
0
It
is
known
from
work
in
random
matrix
theory
(see
e.g
El
Karoui
(2009))
i=1 wi Xi Xi . 
n
that n1 trace Sw−1 is asymptotically deterministic
in the situation under investigation with


our assumptions on w and X, i.e n1 trace Sw−1 = c + oL2 (1), where c = E n1 trace Sw−1 .
We also recall the residuals representation from El Karoui et al. (2013), which are exact
in the case of least-squares : namely here,

which implies that, with Si =
ẽi(i) = ei + wi

ẽi(i)
,
1 + wi ci

In the case of least-squares, ψ(x) = x, so that
ei =

p

Pn
ẽi(i),[p]
i=1 wi Xi (p) 1+wi ci,[p]

.
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where
X 0 S −1 Xi
ci = i i
.
n
These equalities also follow from simple linear algebra since we are in the least-squares
case. We note that ci = c + oP (1), where c is deterministic, as explained in e.g El Karoui
(2010), El Karoui (2013). Furthermore, here the approximation holds in L2 because of our
assumptions on w’s and existence of moments for the inverse Wishart distribution - see e.g
Haff (1979). As explained in El Karoui (2013), the same is true for ci,[p] which is the same
quantity computed using the first (p − 1) coordinates of Xi , vectors we denote generically
by Vi . We can rewrite
βbp = ĉ
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Let us call bb the bagged estimate. We note that ẽi(i),[p] is independent of wi and so is ci,[p] .
We have already seen that ĉ is close to a constant, c. So taking expectation with respect to
the weights, we have, if w(i) denotes {wj }j6=i , and using independence of the weights,

i=1



n
X

cwi
bbp = 1
Xi (p)Ew(i) ẽi(i),[p] [1 + oL2 (1)] .
Ewi
p
1 + cwi

Now the last term is of course the prediction error for the bagged problem, i.e

Ew(i) ẽi(i),[p] = i − Vi0 (b
g(i) − γ)

cwi
1 + cwi

where gb(i) is the bagged estimate of γ̂ and γ̂ is the regression vector obtained by regressing
yi on the first p − 1 coordinates of Xi . (Recall that in these theoretical considerations we
are assuming that β = 0, without loss of generality.)
So we have, since we can work in the null case where γ = 0 (without loss of generality),




Xi (p) i − Vi0 gb(i) (1 + oL2 (1)) .
n

i=1

X
bbp = 1
Ewi
p

cwi
1 + cwi

=

p
+ o(1) .
n

Hence,

2
n 
  1X

cwi
E
E pbb2 =
(σ 2 + E kb
g k2 )(1 + o(1)) .
w
(i)
p

2
i
p
1
+
cw
i
i=1



Now, in expectation, using e.g El Karoui (2013), E kb
g(i) k22 (1 + o(1)) = E kbbk22 =
 
pE bbp2 . The last equality comes from the fact that all coordinates play a symmetric role
in this problem, so they are all equal in law.
Now, recall that according to e.g El Karoui et al. (2013), top-right equation on p. 14562,
or El Karoui (2010)
n
1X
1
p
= 1 − + oL2 (1) ,
n
1 + cwi
n
i=1

since the previous expression effectively relates trace Dw X(X 0 Dw X)−1 X 0 to n − p, the
rank of the corresponding “hat matrix”.
cw
1
i
=
1
−
Since 1+cw
1+cwi , we see that
i



Ewi

Hence, for the bagged estimate, we have the equation

 p


σ 2 + E kbbk22 (1 + o(1)) .
E kbbk22 =
n
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We conclude that


κ
E kbbk22 = (1 + o(1))
σ2 .
1−κ


κ
Note that 1−κ
σ 2 = E kβbsLS k22 , where the latter is the standard (i.e non-weighted) least
squares estimator.
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is well understood. The rotational invariance arguments

κ
σ 2 kvk22 + o(1) .
1−κ




E kβbw − βk22 = σ2 E trace (X 0 Dw X)−2 X 0 Dw2 X .

1
n

,

wi
0
n Xi Xi



b (i) , we have
+Σ

i=1
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b − zIdp )(Σ
b − zIdp )
(Σ
−1

= Idp ,

i=1
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n
b −2 Xi
1 X 2 Xi0 Σ
trace (X 0 Dw X)−2 X 0 Dw2 X =
wi
.
n
n

0
i=1 wi Xi Xi

Pn

b
b − zIdp . Using the identity
Call Σ(z)
=Σ

bw =
Hence, if Σ

n

 X
trace (X 0 Dw X)−2 X 0 Dw2 X = trace Dw X(X 0 Dw X)−2 X 0 Dw =
wi2 Xi0 (X 0 Dw X)−2 Xi .



(Note that under mild conditions on , X and w, we also have kβbw −βk22 = E kβbw − βk22 +
oL2 (1) - owing to concentration results for quadratic forms of vectors with independent
entries; see Ledoux (2001).)
We now need to simplify this quantity.

Analytical simplification of trace (X 0 Dw X)−2 X 0 Dw2 X Of course,

we see that

βbw − β = (X 0 Dw X)−1 X 0 Dw  ,

In fact, using the notation Dw for the diagonal matrix with Dw (i, i) = wi , since


 kvk2 

2
var v 0 βbw =
E kβbw − βk22 .
p

Now, the quantity var v 0 βbw
we mentioned before give that



So we conclude that





pE var v 0 βbw |Γ = pvar v 0 βbw −


 kvk2 

var v 0 (bb − β) =
E kbb − βk22 .
p

where u is uniform on the sphere and independent of kbb − βk (recall that this simply comes
from the fact that if Xi is changed into OXi , where O is orthogonal, bb is changed into
Obb - and we then apply invariance arguments coming from rotational invariance of the
distribution of Xi ). Therefore,

L b
bb − β =
kb − βku ,

We note that the rotational invariance argument given in El Karoui et al. (2011);
El Karoui et al. (2013) still apply here, so that we have the
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n

i=1

i=1

we have

n−

i=1

n
X

46

1
− znc(z) = p .
1 + wi ci (z)

wi 0 b
1
X (Σ − zIdp )−1 Xi = 1 −
,
n i
1 + wi ci (z)

and using the previously discussed identity

i=1

n
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1X
b − zIdp )−1 Xi − ztrace (Σ
b − zIdp )−1 = p ,
wi Xi0 (Σ
n

(Note that the arguments given in e.g El Karoui (2010) or El Karoui and Koesters (2011)
for why ci (z) = c(z)(1 + oP (1)) extend easily to c0i and c0 given our assumptions on w’s
and the fact that these functions have simple interpretations in terms of traces of powers
of inverses of certain well-behaved - under our assumptions - matrices.)
Going back to

i=1

n

1 X 2 1 0 b −2
1X 2
c0i (0)
1X
wi2
wi Xi Σ Xi =
wi
= c0 (0)
.
n
n
n
[1 + wi ci (0)]2
n
[1 + wi c(0)]2

n

i

1 0 b −2
c0i (0)
X Σ Xi =
,
n i
[1 + wi ci (0)]2

n

b (i) (z)−1 Xi
Xi0 Σ
,
1 0b
1 + wi X Σ(i) (z)−1 Xi

b −2 Xi . Hence,
where of course c0i (0) = Xi0 Σ
(i)

we have, after differentiating,

b −1 Xi =
Xi0 Σ(z)

Also, since, by the Sherman-Morrison-Woodbury formula (Horn and Johnson (1990)),

i=1

n



1X
b −1 = 0 .
b −2 Xi − trace Σ
wi Xi0 Σ
n



b − zIdp )−1 and ci (z) = X 0 (Σ
b (i) − zIdp )−1 Xi , provided
We call, for z ∈ C, c(z) = n1 trace (Σ
i
b
z is not an eigenvalue of Σ.
b is non-singular
Differentiating with respect to z and taking z = 0 (we know here that Σ
with probability 1, so this does not create a problem), we have

i=1

n



1X
b − zIdp )−1 Xi − ztrace (Σ
b − zIdp )−1 = p .
wi Xi0 (Σ
n

we see, after taking traces, that (Silverstein (1995))

El Karoui and Purdom

In other words,

Now,
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n

n

i=1

1X
1
+ zc(z) .
n
1 + wi ci (z)

n

i=1
n

1−κ=

i=1

i=1

1X
1
(1 −
) + η(z)
n
1 + wi ci (z)

1X
wi
1X
1
c(z)
=
(1 −
)
n
1 + wi c(z)
n
1 + wi c(z)
=
= κ + zc(z) + η(z) ,
where η(z) is such that η(z) = oP (1) and η 0 (z) = oP (1) (η has an explicit expression which
allows us to verify these claims). Therefore, by differentiation, and after simplifications,


2
c0 (0)
wi
1X
c0 (0) = κ
− 1 + oP (1) .
n
1 + wi c(0)
[c(0)]2
Hence,





−2 /n
bw
trace Σ



− 1 + oP (1) .
trace (X 0 Dw X)−2 X 0 Dw2 X = κ
−1
bw
[trace Σ
/n]2



1
n

c(0)
.
+ wi c(0))2
i=1 wi /(1

Pn

1X
1
1−κ=
+ zc(z) ,
n
1 + wi c(z)
i=1

b −2 = c0 (0),
Σ
w

n

The fact that we can take expectations on both sides of this equation and that oP (1) is
in fact oL2 (1) come from our assumptions about wi ’s - especially the fact that they are
independent and bounded away from 0 - and properties of the inverse Wishart distribution.
Conclusion We can now conclude that a consistent estimator of the expected variance
of the bootstrap estimator is




b −2
kvk22 2  trace Σw /n
1 


σ κ
−
.
−1
p 
bw
/n]2 1 − κ
[trace Σ

1
n trace

Using the fact that

we see that, since



1
b −2 =
trace Σ
w
n



1
=1−κ.
1 + wi c
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We further note that asymptotically, when wi are i.i.d and satisfy our assumptions,
c(0) → c, which solves:
Ewi

47
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Hence, asymptotically, when wi ’s are i.i.d and satisfy our assumptions, we have


b −2 /n
trace Σ
w
1


→
.
−1
cEwi [wi /(1 + wi c)2 ]
bw
[trace Σ
/n]2

Since cwi /(1 + cwi2 ) = 1/(1 + cwi ) − 1/(1 + cwi )2 , we finally see that







1
1
wi
= Ewi
− Ewi
,
cEwi
(1 + wi c)2
1 + cwi
(1 + cwi )2


1
.
(1 + cwi )2

= 1 − κ − Ewi

1
(1+cwi )2

−


1 
,
1−κ

So asymptotically, the expected bootstrap variance is equivalent to, when kvk2 = 1,


σ2
1



κ
p
1−κ−E



1
= 1 − κ.
where E 1+cw
i
In particular, when wi = 1, we see, unsurprisingly, that the above quantity is 0, as it
should, given that the bootstrapped estimate does not change when resampling.
We finally make note of a technical point, that is addressed in papers such as El Karoui
(2010, 2013) and on which we rely here by using those
 papers. Essentially, theoretical

−k are easier to handle by working
bw
considerations regarding quantities such as p1 trace Σ


b w + τ Idp )−k , for some τ > 0. In the present context, it is easy to
rather with p1 trace (Σ
show (and done in those papers) that this approximation allows us to take the limit - even
in expectation - for τ →
 0 in all the expressions we get for τ > 0 and that that limit is


−k
bw
. Technical details rely on using the first resolvent identity (Kato,
indeed E p1 trace Σ
1995), using moment properties of inverse Wishart distributions and using the fact that
wi ’s are bounded below.
F.1 Extension: Elliptical Design

In this case, we haveX̃i = λi Xi , where Xi ∼ N (0, Idp ) and yi = i + X̃i0 β. We assume
λi 6= 0 for all i, E λi2 = 1, λi ’s are i.i.d and bounded away from 0.
We can go through the proof of Theorem 2 and make necessary adjustments.
Of course, we have





E kβbw − βk22 = σ2 E trace (X̃ 0 Dw X̃)−2 X̃ 0 Dw2 X̃
.
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If we reformulate this expression in terms of X we get



E kβbw − βk22 = σ2 E trace (X 0 Dλ2 w X)−2 X 0 Dλ2 w2 X .

48

1
n trace

g(λ2i ) = Ewi



1
n


,

2
0
i=1 λi wi Xi Xi ,

Pn

cλ2i
1 + cλ2i wi


S −1 , where S =

,
i.e S = n1 X 0 Dλ2 w X.

Eλi (λ2i g 2 (λ2i ))
σ2 .
κ − Eλi (λ4i g 2 (λ2i )) 

49
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A natural question is whether the computations we have made can be extended to wi ’s that
are i.i.d P oisson(1) and/or Multinomial(n, 1/n), as in the standard bootstrap.
In both cases, technical issues arise because with asymptotically negligible but non-zero
probability, the matrix X 0 Dw X may be of rank less than p. This can handled in several
ways. A simple one is to replace the weights wi by wi (τ ) = τ + (1 − τ )wi and study the
problem when τ → 0.
Beyond that technicality, an important question is whether one can handle the fact that

the weights are dependent in the multinomial case. For quantities of the type n1 trace (X 0 Dw X)−1 ,
it was argued in El Karoui (2010) that one could ignore the dependency issue and treat
the problem as if the weights where i.i.d Po(1). This type of arguments would be easy to
extend
 where weneed them here, for instance in quantities that arise in the computation
of E kβbw − βk22 or to show that we can write ci = c + oP (1), where c is deterministic.

F.2 Extension: Multinomial(n, 1/n) weights




∗
Based on this information, we can compute E var v 0 βbw
as we had in the proof of
 
0
b
Theorem 2 and compare it to var v β . The expressions do not seem to simplify much
further however in this case, by contrast to the Gaussian design case where λi = 1 for all i.
(For instance, when λi =1 for all i’s, g(λi ) = g(1) = κ and we recover the results of Theorem
2.)



∗
Importantly, the characteristics of the distribution of λi that affect E var v 0 βbw
go

beyond E λ2i . And hence the expression we gave in Theorem 2 won’t apply directly to
the elliptical case.


E g(λ2i ) = κ .

The same arguments we used before give that



E kb̂k22 =

we see by keeping track of changes in the earlier proof that we have asymptotically

where c = limn,p→∞ E
If we call

ci '

λ2i c

So this quantity is affected by the distribution of λi ’s; hence the risk of βbw is different in
the Gaussian and elliptical design case.
The other important part of the proof is the computation of the risk of the bagged
estimator. In this case, earlier work in random matrix theory (e.g El Karoui (2009); El
Karoui and Koesters (2011)) shows that we can use the approximations
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i=1






n
cwi
cwi
1X
i − Vi0 Ew γ̂(i)
(1 + oP (1)) .
Xi (p) Ewi
p
1 + cwi
1 + cwi


 

 
cwi
cwi
]2 = E kEw γ̂(i)
k2 .
1 + cwi
1 + cwi 2
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As explained in Section H, we can study without loss of generality the case where Σ = Idp
and β = 0. This is what we do in this proof.
We study it in details in the least-squares case, and postpone a detailed analysis of the
robust regression case to future studies.

Appendix G. Proof of Theorem 3 (Jackknife Variance)

Numerical results We verified that our theoretical results (i.e Theorem 2) hold for Poisson(1)
weights in limited simulations (note that in this case wi = 0 is possible). For Gaussian design
matrix, double exponential errors, and ratios κ = .1, .3, .5 we found that the ratio of the
observed bootstrap expected variance of βb1∗ to our theoretical prediction using Poisson(1)
weights was 1.0027, 1.0148, and 1.0252, respectively (here n = 500, and there were R = 1000
bootstrap resamples for each of 1000 simulations).

where b̂ is the bagged estimator. This will yield the same results as in the i.i.d Po(1) case.

where ' means that the approximation is valid in Euclidean norm. The same coupling
arguments will give that

kEw γ̂(i) k ' kb̂k ,

Using the fact that w(i) |wi ∼ Multinomial(n−wi , 1/(n−1)), the only real technical hurdle is
to show that Ewi γ̂(i) is asymptotically deterministic and independent of wi . A strategy for
this is to create a coupling: one can compare γ̂(i) to ĝ(i) , where ĝ(i) is computed using a n−1
dimensional vector of weights with distribution Multinomial(n − 1, 1/(n − 1)) - i.e running
wi − 1 multinomial trials after having obtained w(i) (the case wi = 0 is easy to handle
separately). Clearly, the distribution of ĝ(i) is independent of wi , by construction. On the
other hand, a bit of work on top of the leave-one-observation-out expansions shows that
kĝ(i) − γ̂(i) k22 is roughly of size at most wi2 /n → 0. Furthermore, kEw (ĝ(i) ) − Ew (γ̂(i) )k2 → 0
for the same reason. This suggests that further technical work along those lines will give
that





cwi
cwi
Ew γ̂(i)
' Ew γ̂(i) Ew
,
1 + cwi
1 + cwi



E [Vi0 Ew γ̂(i)


cwi
As before, Ewi 1+cw
= p/n + o(1). The problem is the dependence between γ̂(i) and
i
wi . The rotational invariance arguments we invoked before still hold, so that γ̂i = kγ̂(i) k2 u,
where u is uniform on the unit sphere and independent of kγ̂i k2 . It is also independent of
Vi , since γ̂(i) is the leave-one-out estimate of γ. The same rotational invariance arguments
cwi
hold for the bagged estimate Ew γ̂(i) 1+cw
. Hence, after a little bit of work we see that
i

b̂p =

The remaining question is therefore the characterization of the risk of the bagged estimator. We have, with a slight modification with respect to the case of independent weights,
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.

ẽi(i)
1 0 b −1
n Xi Σ(i) Xi

b −1 Xi
1 + n1 Xi0 Σ
(i)

1 0 b −1
v Σ(i) Xi
n
1+

ẽi(i)

1 b −1
βb − βb(i) = Σ
Xi ei .
n (i)
ei =

v 0 (βb − βb(i) ) =

i=1

0 b −1
2
n
n
X
1 X [v Σ(i) Xi ẽi(i) ]
.
[v 0 (βb − βb(i) )]2 =
1 0 b −1
2
n
i=1 [1 + n Xi Σ(i) Xi ]

.

According to the approximations in El Karoui et al. (2013), which are exact for least
squares, or classic results Weisberg (2014) we have:

Recall also that

Hence,

Hence,
n
Note that at the denominator, we have


1 b −1
1
b −1 + oP (1) ,
1 + Xi0 Σ
(i) Xi = 1 + n trace Σ
n
p
1
1
+ oP (1) =
+ oP (1) .
n 1 − p/n
1 − p/n
=1+

=

b −1 Xi (i
v0Σ
(i)

− Xi0 (βb(i) − β)) .

by appealing to standard results about concentration of high-dimensional Gaussian random
variables, and standard results in random matrix theory and classical multivariate statistics
(see Mardia et al. (1979); Haff (1979)). By the same arguments, this approximation works
not only for each i but for all 1 ≤ i ≤ n at once. The approximation is also valid in
expectation, using results concerning Wishart matrices found for instance in Mardia et al.
(1979).
For the numerator, we see that
Ti =

b −1 Xi ẽi(i)
v0Σ
(i)

b (i) , we see that
Since i is independent of Xi and Σ





 
b −1 Xi )2 + E [Xi0 (βb(i) − β)]2 [v 0 Σ
b −1 Xi ]2 .
E Ti2 = E i2 E (v 0 Σ
(i)
(i)


E (Z1 Z2 )2 = σ12 σ22 + 2γ 2 .
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If α and β are fixed vectors, α0 Xi and β 0 Xi are Gaussian random variables with covariance
α0 β, since we are working under the assumption that Xi ∼ N (0, Idp ). It is easy to check
that if Z1 and Z2 are two Gaussian random variables with covariance γ and respective
variances σ12 and σ22 , we have

We conclude that


E (a0 Xi )2 (b0 Xi )2 = kak22 kbk22 + 2(a0 b)2 .
51

We note that
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b −1 Xi ]2 = E v 0 Σ
b −2 v .
E [v 0 Σ
(i)
(i)

1
kvk22 .
(1 − p/n)3

Classic Wishart computations give (Haff (1979), p.536 (iii)) that as n, p → ∞,

 

1
b −2 =
E Σ
+ o(1) Idp .
(i)
(1 − p/n)3



b −1 Xi )2 →
E (v 0 Σ
(i)

i
h
b −1 βb(i) )2 = 1 v 0 Σ
b −3 v .
E (v 0 Σ
(i)
(i)
n



b −1 βb(i) )2 = o(1)in our asymptotics .
E (v 0 Σ
(i)

Hence, in our asymptotics,

We also note that
Hence,


E T12 = σ2

n

i=1

!
b 2)
(v 0 (βb(i) − β)



 
1
+ o(1) var βb1
1 − p/n

1
+ o(1) .
(1 − p/n)2

1
+ o(1) .
(1 − p/n)4

Therefore,

1
p/n
E T12 =
kvk22 σ2 (1 +
) + o(1)
(1 − p/n)3
1 − p/n


p/n
since E kβb(i) − βk22 = σ2 1−p/n
+ o(1).
When v = e1 , we therefore have

E

n
X
i=1

=

Therefore, in that situation,
!
n
X
b 2) = σ2
(v 0 (βb(i) − β)

In other words,

E

n2 [v 0 (βb − βb(·) )]2 .
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G.1 Dealing with Centering
Pn b
Pn
0 b
Let us call βb(·) = n1 i=1
β
(i) . We have previously studied the properties of
i=1 ([v (β −
Pn
βb(i) )]2 ) and now need to show that the same results apply to i=1
([v 0 (βb(·) − βb(i) )]2 ).
To show that replacing βb by βb(·) does not affect the result, we consider the quantity
b −1 Xi ei , we have
Since βb − βb(i) = n1 Σ
(i)

i=1

n
1 X b −1
βb − βb(·) = 2
Σ(i) Xi ei .
n

52

2

0

2

"

n

i=1

b 2 + n[v 0 (βb − βb(·) )]2 .
[(v 0 βb(i) − β)]
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Our approach could be used to analyze similar problems in the case of elliptical designs.
However, in that case, it seems that the factor that will appear in quantifying the amount
by which the variance is mis-estimated will depend in general on the ellipticity parameters.
b −2 v in that case,
We refer to El Karoui (2013) for computations of quantities such as v 0 Σ
which are of course essential to measuring mis-estimation.
We obtained the possible correction we mentioned in the paper for these more general
settings following the ideas used in the rigorous proof we just gave, as well as approximation

G.3 Extension: More Involved Designs and Different Loss Functions

This completes the proof of Theorem 3

Our previous analyses therefore imply (using v = e1 ) that


  
 
n
1
E JACK(var βb1 ) =
+ o(1) var βb1 .
n−1
1 − p/n

=

i=1
n
X

 
X
n
[(v 0 βb(i) − βb(·) )]2
JACK(var v 0 βb ) =
n−1

The jackknife estimate of variance of v 0 βb is up to a factor going to 1

G.2 Putting Everything Together

Because we have enough moments, the previous result is also true in expectation.

n2 [v 0 (βb − βb(·) )]2 → 0 in probability .

When v is given, we clearly have v 0 (βb − β) = oP (p−1/2 ), given the distribution of βb − β
under our assumptions on Xi ’s and i ’s. So we conclude that

i=1

1 X 0 b −1
v Σ(i) Xi Xi0 (βb − β) = v 0 (βb − β)(1 + c + o(1)) .
n

n

where all ci ’s are equal to p/n/(1 − p/n) + oP (1). Let us call c = p/n/(1 − p/n).
We conclude that

#2
n
1 X 0 b −1
n [v (βb − βb(·) )] =
v Σ(i) Xi (i − Xi0 (βb − β)) .
n
i=1
P
b −1 Xi i → 0 in L2 , since each term has
A simple variance computation gives that n1 ni=1 v 0 Σ
(i)
mean 0 and the variance of the sum goes to 0.
Recall now that
b −1 Xi
Σ
b −1 Xi = (i)
,
Σ
1 + ci

Hence,
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varJACK (u01 βbρ (Idp ; 0))
varJACK (v 0 βbρ (Σ; β))

 =

 .
0
b
var v βρ (Σ; β)
var u01 βbρ (Idp ; 0)
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varJACK (v 0 βbρ (Σ; β))
varJACK (v 0 Σ−1/2 βbρ (Idp ; 0))
 =


 .
var v 0 βbρ (Σ; β)
var v 0 Σ−1/2 βbρ (Idp ; 0)

Calling u1 = Σ−1/2 v/kΣ−1/2 vk, we see that u1 is a unit vector. And we finally see that

So we have

Let us call βbρ (Σ; β) our robust regression estimator when cov (Xi ) = Σ and E (yi |Xi ) = Xi0 β.
It is clear from the previous display that the properties of varJACK (v 0 βbρ (Σ; β)) are the
same as those of varJACK (v 0 Σ−1/2 βbρ (Idp ; 0)). So understanding the null case is enough to
understand the general case, which is why we focus on the null case in our computations.
Furthermore, by the same arguments, we have




var v 0 βbρ (yi ; Xi ; i ) = var v 0 Σ−1/2 βbρ (Idp ; 0) .

(v 0 [βb(i) − β̃])2 = (v 0 Σ−1/2 [βb(i) (i ; Σ−1/2 Xi ; i ) − β̃(i ; Σ−1/2 Xi ; i )])2 .

Naturally the same equality applies to leave-one-out estimators. So, with the notations of
Equation (7) in the main text, we have, when span({Xi }ni=1 ) = Rp and Σ is positive definite,

H.1 Consequences for the Jackknife

In other words, βbρ (ỹi ; Σ−1/2 Xi ; i ) is the robust regression estimator in the 
null case where
β = 0 and Xi is replaced by X̃i = Σ−1/2 Xi . Of course, if cov (Xi ) = Σ, cov X̃i = Idp .

βbρ (yi ; Xi ; i ) − β = Σ−1/2 βbρ (i ; Σ−1/2 Xi ; i ) ,

As discussed in Section A, we have

Appendix H. Going from Σ = Idp to Σ 6= Idp

arguments given in El Karoui et al. (2013) and justified rigorously in El Karoui (2013).
Checking fully rigorously all the approximations we made in this Jackknife computation
would require a very large amount of technical work, and since this is tangential to our
main interests in this paper, we postpone that to a future work of a more technical nature.
It is also clear, since all these results and the proof we just gave rely on random matrix
techniques, that a similar analysis could be carried out in the case where Xi,j are i.i.d
with a non-Gaussian distribution, provided that distribution has enough moments (see e.g
Pajor and Pastur (2009) or El Karoui and Koesters (2011) for examples of such techniques,
actually going beyond the case of i.i.d entries for the design matrix). The main issues in
carrying out this program seem to be technical and not conceptual at this point, so we leave
this problem to possible future work.
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varJACK (v 0 βbρ (Idp ;0))
var(v 0 βbρ (Idp ;0))

for all fixed unit vectors v characterizes
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Hence, characterizing
varJACK (v 0 βbρ (Σ; β))


var v 0 βbρ (Σ; β)

for all β and invertible Σ. This is why our proof is focused on the null case Σ = Idp and
β = 0.
H.2 Consequences for the Pairs Bootstrap
Let us call Dw the diagonal matrix with (i, i)-entry D(i, i) = wi . We consider only the case
where wi > 0, so we do not have to consider the case where fewer than p Xi ’s are assigned
positive weights - which would result in βbρ being ill-defined (since infinitely many solutions
would then be feasible).
In particular, for least squares, we have in our setting
βbw = (X 0 Dw X)−1 X 0 Dw Y = β + (X 0 Dw X)−1 X 0 Dw  .

n ) = Rp ,
More generally, by a simple change of variables, since wi > 0 and span({Xi }i=1
when Σ is invertible,
n
βbw,ρ (yi ; {Xi }i=1
; i ) − β = Σ−1/2 βbw,ρ (i ; Σ−1/2 Xi ; i ) .

=

h

Σ−1/2 βbw,ρ (i ; Σ−1/2 Xi ; i )

−

i
bρ (i ; Σ−1/2 Xi ; i )

If bρ is the corresponding bagged estimate, obtained by averaging βbw,ρ over w’s, we also
have

n
bρ (yi ; {Xi }i=1
; i )

n
bρ (yi ; {Xi }i=1
; i ) − β = Σ−1/2 bρ (i ; Σ−1/2 Xi ; i ) .

−

Hence, we also have
n
βbw,ρ (yi ; {Xi }i=1
; i )

We further note that since yi = i + Xi0 β, yi = i + (Σ−1/2 Xi )0 Σ1/2 β and hence
βbw,ρ (yi ; Σ−1/2 Xi ; i ) = Σ1/2 β + βbw,ρ (i ; Σ−1/2 Xi ; i ) .

The previous equation clearly implies that, if v is a fixed vector and u1 = Σ−1/2 v
n
n
v 0 (βbρ∗ (yi ; {Xi }i=1
; β) − bρ (yi ; {Xi }i=1
; β))
h
i
= u10 βbρ∗ (yi ; Σ−1/2 Xi ; i ) − bρ (yi ; Σ−1/2 Xi ; i ) ,
h
i
= u10 βbρ∗ (i ; Σ−1/2 Xi ; i ) − bρ (i ; Σ−1/2 Xi ; i ) .
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We note that if cov (Xi ) = Σ, the last line in the previous display corresponds to the
bootstrap distribution of our estimator in the null case where β = 0 and Σ = Idp , but v has
been replaced by u1 = Σ−1/2 v. This shows that understanding the bootstrap properties of
v 0 (βbρ∗ − bρ ) in the null case cov (Xi ) = Σ and β = 0 gives the result we seek in the general
case of Σ 6= Idp and β 6= 0. (Here we centered our estimator around the bagged estimator,
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because it is natural when computing bootstrap variances. The arguments above show that
many other centering choices are possible, however.)
The last small issue that one needs to handle is the fact that our computations are done
for v with unit norm and u1 may not have unit norm. This is easily handled by simply
scaling by the deterministic ku1 k. In particular, it is easy to see through simple scaling
arguments that







E var v 0 βbρ∗ (Σ; β)
E var u˜1 0 βbρ∗ (Idp ; 0)


 =

,
var v 0 βbρ (Σ; β)
var ũ10 βbρ (Idp ; 0)

where ũ1 = u1 /ku1 k has unit norm.

H.3 Rotational Invariance Arguments and Consequences

Motivated by the arguments in the previous two subsections, we now consider the null case
where β = 0 and cov (Xi ) = Idp . Note that then yi = i . Also, if Xi is replaced by OXi ,
b In other words,
where O is an orthogonal matrix, and βb is replaced by Oβ.

n
n
βbρ (i ; {OXi }i=1
; i ) = Oβbρ (i ; {Xi }i=1
; i ) , .

L

Note that when the design matrix is such that OXi = Xi for all i (i.e the distribution of
Xi ’s is invariant by rotation),

L
n
n
βbρ (i ; {OXi }i=1
; i ) = βbρ (i ; {Xi }i=1
; i ) .

n ; )
When wi > 0 for all i, we see that exactly the same arguments apply to βbw,ρ (i ; {Xi }i=1
i
L
n ;  ). In particular, for any orthogonal matrix O, since X =
and hence βbρ∗ (i ; {Xi }i=1
OXi ,
i
i







E var v 0 βb∗ (i ; {Xi }n ; i ) = E var v 0 βb∗ (i ; {OXi }n ; i )
ρ
i=1
ρ
i=1



n
= E var v 0 Oβbρ∗ (i ; {Xi }i=1
; i )
.

This implies that for any unit vector v, we have, if e1 is the first canonical basis vector,






.
E var v 0 βbρ∗ (i ; Xi ; i ) = E var e10 βbρ∗ (i ; Xi ; i )

L

Indeed, we just need to take O to be such that O0 v = e1 to prove the above result.
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In the case where Xi ’s are i.i.d N(0, Idp ), we
do have Xi = OXi , so the arguments above
apply. Therefore, to understand E var v 0 βbρ∗
in this case it is sufficient to understand



E var e10 βbρ∗ . This latter case is the case tackled in the proof of Theorem 2. (These
rotational invariance arguments are closely related to those in El Karoui et al. (2013).)
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Figure A-1: Performance of 95% confidence intervals of β1 (double exponential
error): Here we show the coverage error rates for 95% confidence intervals
for n = 500 with the error distribution being double exponential (with σ 2 = 2)
and i.i.d. normal entries of X. See the caption of Figure 1 for more details.
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12
1.5), (c) elliptical with λi ∼ N (0, 1), and (d) elliptical
√ 13
with λi ∼ Exp( 2). In all of these plots, the error is distributed N (0, 1) and
the loss is L2 . See the caption of Figure 1 for additional details.

λi ∼ U (

12
13 0.5,

Figure A-2: Performance of 95% confidence intervals of β1 for L2 loss (elliptical design X):
Here we show the coverage error rates for 95% confidence intervals for n = 500 with different distributions of the design matrix X using
q ordinary
q least squares regression: (a) N (0, 1), (b) elliptical with

(c) Ellip. X, N (0, 1)
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0.041
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κ =0.01
κ =0.1
κ =0.3
κ =0.5

Residual
0.057
0.068
0.090
0.198

(a) L1 loss

κ =0.01
κ =0.1
κ =0.3
κ =0.5

κ =0.01
κ =0.1
κ =0.3
κ =0.5

Normal
1.001
1.016
1.153
1.737

Ellip. Normal
1.001
1.090
1.502
3.123

Ellip. Exp
1.017
1.156
1.655
3.635

Table A-1: Error rate of 95% confidence intervals of β1 for n = 500 This table gives
the exact error rates plotted in Figure 1. κ = p/n indicates the ratio of p/n
used in the simultation for this and future tables. See Figure 1’s caption for
more details.

κ =0.01
κ =0.1
κ =0.3
κ =0.5
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Table A-2: Ratio of CI Width of Pairs compared to Standard. This table gives the
ratio of the average width of the confidence intervals from pairs bootstrapping
to the average for the standard interval given by theoretical results, i.e. using
var(β̂) = σ 2 (X 0 X)−1 and creating standard confidence interval. These values
were used for Figure 4 in the text.
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Residual
0.064
0.091
0.135
0.182

Std. Pred Error
0.048
0.054
0.035
0.034

(a) L1 loss

Std. Pred Error
0.042
0.028
0.026
0.030

El Karoui and Purdom

κ =0.01
κ =0.1
κ =0.3
κ =0.5

Residual
0.065
0.051
0.098
0.174

(b) Huber loss

κ =0.01
κ =0.1
κ =0.3
κ =0.5

Residual
0.064
0.091
0.135
0.182

Jackknife
0.073
0.002
0.001

Jackknife
0.061
0.042
0.009
0.001

(b) Huber loss

Jackknife
0.052
0.036
0.018
0.008

(c) L2 loss

Residual
0.052
0.056
0.114
0.155

Deconv
0.031
0.018
0.022
0.035

Deconv
0.036
0.039
0.037
0.036

Pairs
0.052
0.045
0.022
0.002

Pairs
0.059
0.027
0.009
0.000

Pairs
0.032
0.005
0.001
0.000

Table A-3: Error rate of 95% confidence intervals using predicted errors. This
table gives the exact error rates plotted in Figure 2. See figure caption for more
details.

κ =0.01
κ =0.1
κ =0.3
κ =0.5

Residual
0.065
0.051
0.098
0.174

(a) L1 loss

κ =0.01
κ =0.1
κ =0.3
κ =0.5

κ =0.01
κ =0.1
κ =0.3
κ =0.5
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Table A-4: Error rate of 95% confidence intervals of β1 for double exponential
error This table gives the exact error rates plotted in Figure A-1. See figure
caption for more details.
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Jackknife
0.046
0.034
0.005
0.002

Jackknife
0.041
0.011
0.005
0.000

(c) Elliptical, Exp

Residual
0.059
0.063
0.115
0.157

(b) Elliptical, Normal

Residual
0.041
0.061
0.098
0.177

(a) Ellipical, Unif

Jackknife
0.052
0.047
0.017
0.007

Pairs
0.060
0.025
0.002
0.000

Pairs
0.047
0.036
0.006
0.000

Pairs
0.053
0.056
0.018
0.001

Huber
0.991
1.173
1.613
2.671

Huber
0.923
1.098
1.954
4.507

(b) Pairs Bootstrap

L2
1.078
1.041
1.333
2.808

(a) Jackknife

L2
0.964
1.115
1.411
1.986

L1
1.081
1.351
2.001
3.156

L1
2.060
5.432
10.862
14.045
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Table A-6: Over estimation of variance for Pairs bootstrap and Jackknife This
table gives the median values of the boxplots plotted in Figures 5 and 6. See
relevant figure captions for more details.

κ =0.01
κ =0.1
κ =0.3
κ =0.5

κ =0.01
κ =0.1
κ =0.3
κ =0.5

Table A-5: Error rate of 95% confidence intervals of β1 for elliptical design X This
table gives the exact error rates plotted in Figure A-2. See figure caption for
more details.

κ =0.01
κ =0.1
κ =0.3
κ =0.5

κ =0.01
κ =0.1
κ =0.3
κ =0.5

κ =0.01
κ =0.1
κ =0.3
κ =0.5

Residual
0.057
0.071
0.118
0.171
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J.-J. Moreau. Proximité et dualité dans un espace hilbertien. Bull. Soc. Math. France, 93:
273–299, 1965.
JMLR 19(5):1-66, 2018

66

C.-F. J. Wu. Jackknife, bootstrap and other resampling methods in regression analysis.
Ann. Statist., 14(4):1261–1350, 1986. With discussion and a rejoinder by the author.

P. D. Miller. Applied asymptotic analysis, volume 75 of Graduate Studies in Mathematics.
American Mathematical Society, Providence, RI, 2006.

65

S. Weisberg. Applied linear regression. Wiley Series in Probability and Statistics. John
Wiley & Sons, Inc., Hoboken, NJ, fourth edition, 2014.

X. Wang and B. Wang. Deconvolution estimation in measurement error models: The r
package decon. Journal of Statistical Software, 39(10):1–24, 2011.

K. W. Wachter. The strong limits of random matrix spectra for sample matrices of independent elements. Annals of Probability, 6(1):1–18, 1978.

J. W. McKean, S. J. Sheather, and T. P. Hettmansperger. The Use and Interpretation of
Residuals Based on Robust Estimation. Journal of the American Statistical Association,
88(424):1254–1263, December 1993.

K. V. Mardia, J. T. Kent, and J. M. Bibby. Multivariate analysis. Academic Press [Harcourt
Brace Jovanovich Publishers], London, 1979. Probability and Mathematical Statistics: A
Series of Monographs and Textbooks.

W. N. Venables and B. D. Ripley. Modern Applied Statistics with S. Springer, New York,
fourth edition, 2002. ISBN 0-387-95457-0.

D. W. Stroock. Probability theory, an analytic view. Cambridge University Press, Cambridge, 1993.

E. Mammen. Asymptotics with increasing dimension for robust regression with applications
to the bootstrap. Ann. Statist., 17(1):382–400, 1989.

E. Mammen. Bootstrap and wild bootstrap for high-dimensional linear models. Ann.
Statist., 21(1):255–285, 1993.

J. W. Silverstein. Strong convergence of the empirical distribution of eigenvalues of largedimensional random matrices. J. Multivariate Anal., 55(2):331–339, 1995.

G. R. Shorack. Bootstrapping robust regression. Comm. Statist. A—Theory Methods, 11
(9):961–972, 1982.

S. Portnoy. A central limit theorem applicable to robust regression estimators. J. Multivariate Anal., 22(1):24–50, 1987.

S. Portnoy. Asymptotic behavior of the empiric distribution of M -estimated residuals from
a regression model with many parameters. Ann. Statist., 14(3):1152–1170, 1986.

S. Portnoy. Asymptotic behavior of M estimators of p regression parameters when p2 /n is
large. II. Normal approximation. Ann. Statist., 13(4):1403–1417, 1985.

M. Lopes. A Residual Bootstrap for High-Dimensional Regression with Near Low-Rank
Designs. In Advances in Neural Information Processing Systems NIPS, pages 3239–3247,
2014.

M. Ledoux. The concentration of measure phenomenon, volume 89 of Mathematical Surveys
and Monographs. American Mathematical Society, Providence, RI, 2001.

J. Langford, L. Li, and A. Strehl, 2007. URL https://github.com/JohnLangford/vowpal_
wabbit/wiki.

R. Koenker. quantreg: Quantile Regression, 2013. URL http://CRAN.R-project.org/
package=quantreg. R package version 5.05.

R. Koenker. Quantile regression, volume 38 of Econometric Society Monographs. Cambridge
University Press, Cambridge, 2005.

MOSEK. Rmosek: The R to MOSEK Optimization Interface, 2014. URL http://rmosek.
r-forge.r-project.org/,http://www.mosek.com/. R package version 7.0.5.

P. J. Huber and E. M. Ronchetti. Robust statistics. Wiley Series in Probability and Statistics. John Wiley & Sons Inc., Hoboken, NJ, second edition, 2009.

S. Portnoy. Asymptotic behavior of M -estimators of p regression parameters when p2 /n is
large. I. Consistency. Ann. Statist., 12(4):1298–1309, 1984.

El Karoui and Purdom

Can We Trust the Bootstrap in High-dimensions?

Submitted 1/17; Revised 4/18; Published 8/18

Abstract

JMLR 19(6):1-33, 2018

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/v19/17-016.html.

c 2018 Tianbao Yang and Qihang Lin.

∗. Correspondence

w∈Ω

f∗ := min f (w),

We consider the following generic optimization problem

1. Introduction

(1)

qihang-lin@uiowa.edu

tianbao-yang@uiowa.edu

In this paper, we study the efficiency of a Restarted SubGradient (RSG) method that
periodically restarts the standard subgradient method (SG). We show that, when applied
to a broad class of convex optimization problems, RSG method can find an -optimal
solution with a lower complexity than the SG method. In particular, we first show that
RSG can reduce the dependence of SG’s iteration complexity on the distance between the
initial solution and the optimal set to that between the -level set and the optimal set
multiplied by a logarithmic factor. Moreover, we show the advantages of RSG over SG
in solving a broad family of problems that satisfy a local error bound condition, and also
demonstrate its advantages for three specific families of convex optimization problems with
different power constants in the local error bound condition. (a) For the problems whose
epigraph is a polyhedron, RSG is shown to converge linearly. (b) For the problems with
local quadratic growth property in the -sublevel set, RSG has an O( 1 log( 1 )) iteration
complexity. (c) For the problems that admit a local Kurdyka-Lojasiewicz property with a
1
power constant of β ∈ [0, 1), RSG has an O( 2β
log( 1 )) iteration complexity. The novelty
of our analysis lies at exploiting the lower bound of the first-order optimality residual at the
-level set. It is this novelty that allows us to explore the local properties of functions (e.g.,
local quadratic growth property, local Kurdyka-Lojasiewicz property, more generally local
error bound conditions) to develop the improved convergence of RSG. We also develop
a practical variant of RSG enjoying faster convergence than the SG method, which can
be run without knowing the involved parameters in the local error bound condition. We
demonstrate the effectiveness of the proposed algorithms on several machine learning tasks
including regression, classification and matrix completion.
Keywords:
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1. In this paper, we use SG to refer deterministic subgradient method, though it is used in literature for
stochastic gradient methods.
2. 0 is a known upper bound of the initial optimality gap in terms of the objective value.

• When f admits a local Kurdyka-Lojasiewicz property (see Definition 13) with a
power desingularizing function of degree 1 − β where β ∈ [0, 1), RSG can achieve
1
an O( 2β
log( 1 )) complexity.

• When f is locally quadratically growing (see Definition 10), which is a weaker condition than strong convexity, RSG can achieve an O( 1 log( 1 )) iteration complexity.

• When the epigraph of f over Ω is a polyhedron, RSG can achieve linear convergence,
i.e., an O(log( 1 )) iteration complexity.

• For the general problem (1), under mild assumptions (see Assumption 1 and 2), RSG
has an iteration complexity of O( 12 log( 0 )) which has an additional log( 0 ) 2 term but
has significantly smaller constant in O(·) compared to SG. In particular, compared
with SG whose iteration complexity quadratically depends on the distance from the
initial solution to the optimal set, RSG’s iteration complexity has a quadratic dependence on the distance from the -level set to the optimal set, which is much smaller
than the distance from the initial solution to the optimal set. Its dependence on the
initial solution is through 0 - a known upper bound of the initial optimality gap,
which only scales logarithmically.

where f : Rd → (−∞, +∞] is an extended-valued, lower semicontinuous and convex function, and Ω ⊆ Rd is a closed convex set such that Ω ⊆ dom(f ). Here, we do not assume
the smoothness of f on dom(f ). During the past several decades, many fast (especially
linearly convergent) optimization algorithms have been developed for (1) when f is smooth
and/or strongly convex. On the contrary, there are relatively fewer techniques for solving
generic non-smooth and non-strongly convex optimization problems, which have many applications in machine learning, statistics, computer vision, and etc. To solve (1) with f
being potentially non-smooth and non-strongly convex, one of the simplest algorithms to
use is the subgradient (SG) 1 method. When f is Lipschitz-continuous, it is known that
SG method requires O(1/2 ) iterations for obtaining an -optimal solution (Rockafellar,
1970; Nesterov, 2004). It has been shown that this iteration complexity is unimprovable
for general non-smooth and non-strongly convex problems in a black-box first-order oracle model of computation (Nemirovsky A.S. and Yudin, 1983). However, better iteration
complexity can be achieved by other first-order algorithms for certain classes of f where
additional structural information is available (Nesterov, 2005; Gilpin et al., 2012; Freund
and Lu, 2017; Renegar, 2014, 2015, 2016).
In this paper, we present a generic restarted subgradient (RSG) method for solving (1)
which runs in multiple stages with each stage warm-started by the solution from the previous
stage. Within each stage, the standard projected subgradient update is performed for a
fixed number of iterations with a constant step size. This step size is reduced geometrically
from stage to stage. With these schemes, we show that RSG can achieve a lower iteration
complexity than the classical SG method when f belongs to some classes of functions. In
particular, we summarize the main results and properties of RSG below:
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These results, except for the first one, are derived from a generic complexity of RSG for the
problem satisfying a local error condition (15), which has a close connection to the existing
error bound conditions and growth conditions in the literature (Pang, 1997, 1987; Luo and
Tseng, 1993; Necoara et al., 2015; Bolte et al., 2006). In spite of its simplicity, the analysis of
RSG provides additional insight on improving first-order methods’ iteration complexity via
restarting. It is known that restarting can improve the theoretical complexity of (stochastic)
SG method for non-smooth problems when strongly convexity is assumed (Ghadimi and
Lan, 2013; Chen et al., 2012; Hazan and Kale, 2011) but we show that restarting can be
still helpful for SG methods under other (weaker) assumptions. We would like to remark
that the key lemma (Lemma 4) developed in this work can be leveraged to develop faster
algorithms in different contexts. For example, built on the groundwork laid in this paper,
Xu et al. (2016) have developed new smoothing algorithms to improve the convergence
of Nesterov’s smoothing algorithm (Nesterov, 2005) for non-smooth optimization with a
special structure, and Xu et al. (2017) have developed new stochastic subgradient methods
to improve the convergence of standard stochastic subgradient method.
We organize the reminder of the paper as follows. Section 2 reviews some related work.
Section 3 presents some preliminaries and notations. Section 4 presents the algorithm of
RSG and the general theory of convergence. Section 5 considers several classes of nonsmooth and non-strongly convex problems and shows the improved iteration complexities
of RSG. Section 6 presents parameter-free variants of RSG. Section 8 presents some experimental results. Finally, we conclude in Section 9.

2. Related Work
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Smoothness and strong convexity are two key properties of a convex optimization problem
that affect the iteration complexity of finding an -optimal solution by first-order methods.
In general, a lower iteration complexity is expected when the problem is either smooth or
strongly convex. Recently there has emerged a surge of interest in further accelerating firstorder methods for non-strongly convex or non-smooth problems that satisfy some particular
conditions (Bach and Moulines, 2013; Wang and Lin, 2014; So and Zhou, 2017; Hou et al.,
2013; Zhou et al., 2015; Gong and Ye, 2014; Gilpin et al., 2012; Freund and Lu, 2017). The
key condition for us to develop an improved complexity is a local error bound condition (15)
which is closely related to the error bound conditions in the literature (Pang, 1987, 1997;
Luo and Tseng, 1993; Necoara et al., 2015; Bolte et al., 2006; Zhang, 2016).
Various error bound conditions have been exploited in many studies to analyze the
convergence of optimization algorithms. For example, Luo and Tseng (1992a,b, 1993) established the asymptotic linear convergence of a class of feasible descent algorithms for
smooth optimization, including coordinate descent method and projected gradient method,
based on a local error bound condition. Their results on coordinate descent method were
further extended to a more general class of objective functions and constraints by Tseng
and Yun (2009a,b). Wang and Lin (2014) showed that a global error bound holds for a
family of non-strongly convex and smooth objective functions for which feasible descent
methods can achieve a global linear convergence rate. Recently, these error bounds have
been generalized and leveraged to show faster convergence for structured convex optimization that consists of a smooth function and a simple non-smooth function (Hou et al., 2013;
3
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Zhou and So, 2017; Zhou et al., 2015). Recently, Necoara and Clipici (2016) considered a
generalized error bound condition, and established linear convergence of a parallel version
of a randomized (block) coordinate descent method for minimizing the sum of a partially
separable smooth convex function and a fully separable non-smooth convex function.
We would like to emphasize that the aforementioned error bounds are different from the
local error bound explored in this paper. In particular, they bound the distance of a point
to the optimal set by using the norm of the projected gradient or proximal gradient at the
point, thus requiring the (partial) smoothness of the objective function. In contrast, we
bound the distance of a point to the optimal set by its objective residual with respect to the
optimal value, covering a much broader family of functions. More recently, there have appeared many studies that consider smooth optimization or composite smooth optimization
problems whose objective functions satisfy different error bound conditions, growth conditions or other non-degeneracy conditions and established the linear convergence rates of several first-order methods including proximal-gradient method, accelerated gradient method,
prox-linear method and so on (Gong and Ye, 2014; Necoara et al., 2015; Zhang and Cheng,
2015; Zhang, 2016; Karimi et al., 2016; Drusvyatskiy and Lewis, 2018; Drusvyatskiy and
Kempton, 2016; Hou et al., 2013; Zhou et al., 2015). The relative strength and relationships between some of those conditions are studied by Necoara et al. (2015) and Zhang
(2016). For example, Necoara et al. (2015) showed that under the smoothness assumption
the second-order growth condition (i.e., the considered error bound condition in the present
work with θ = 1/2) is equivalent to the error bound condition considered by Wang and Lin
(2014). It was brought to our attention that the local error bound condition in the present
paper is closely related to metric subregularity of subdifferentials (Artacho and Geoffroy,
2008; Kruger, 2015; Drusvyatskiy et al., 2014; Mordukhovich and Ouyang, 2015).
Gilpin et al. (2012) established a polyhedral error bound condition for problems whose
epigraph is polyhedral and domain is a bounded polytope. Using this polyhedral error
bound condition, they studied a two-person zero-sum game and proposed a restarted firstorder method based on Nesterov’s smoothing technique (Nesterov, 2005) that can find the
Nash equilibrium and has linear convergence rate. The differences between Gilpin et al.
(2012)’s work and this work are: (i) we study subgradient methods instead of Nesterov’s
smoothing technique, where the former have broader applicability than Nesterov’s smoothing technique; (ii) our linear convergence can be derived for a slightly general problem where
the domain is allowed to be an unbounded polyhedron as long as the polyhedral error bound
condition in Lemma 8 holds, which is the case for many important applications; (iii) we
consider a general condition that subsumes the polyhedral error bound condition as a special case and we try to solve the general problem (1) rather than the bilinear saddle-point
problem considered by Gilpin et al. (2012).
The error bound condition that allows us to derive a linear convergence of RSG is
the same to the weak sharp minimum condition, which was first coined in 1970s (Polyak,
1979). However, it was used even earlier for studying the convergence of subgradient
method (Eremin, 1965; Polyak, 1969). Later, it was studied in many subsequent works (Polyak,
1987; Burke and Ferris., 1993; Studniarski and Ward, 1999; Ferris, 1991; Burke and Deng,
2002, 2005, 2009). Finite or linear convergence of several algorithms has been established
under the weak sharp minimum condition, including gradient projection method (Polyak,
1987), the proximal point algorithm (PPA) (Ferris, 1991), and subgradient method with a
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0 )−fslb
H = f (w
and w0 is the initial solution. We note that there are several key differences
f∗ −fslb
in the theoretical properties and implementations between our work and that by Freund
and Lu (2017): (i) Their growth condition has a similar form to the inequality (7) proved
for a general function but there are still noticeable differences in the both sides and the
growth constants. (ii) The convergence results established by Freund and Lu (2017) are
based on finding an solution ŵ with a relative error of 0 while we consider absolute error.
(iii) By rewriting the convergence results of Freund and Lu (2017) in terms of absolute
accuracy  with  = 0 (f∗ − fslb ), their algorithm’s complexity depends on f∗ − fslb and may
be higher than ours if f∗ − fslb is large. However, Freund and Lu’s new SG method is still

attractive due to that it is a parameter free algorithm without requiring the value of the
growth constant G. We will compared our RSG method with the method of Freund and Lu
(2017) with more details in Section 7.
Restarting and multi-stage strategies have been employed to achieve the (uniformly) optimal theoretical complexity of (stochastic) SG methods when f is strongly convex (Ghadimi
and Lan, 2013; Chen et al., 2012; Hazan and Kale, 2011) or uniformly convex (Juditsky and
Nesterov, 2014). Here, we show that restarting can be still helpful even without uniform or
strong convexity. Furthermore, in all the algorithms proposed in existing works (Ghadimi
and Lan, 2013; Chen et al., 2012; Hazan and Kale, 2011; Juditsky and Nesterov, 2014), the
number of iterations per stage increases between stages while our algorithm uses the same
number of iterations in all stages. This provides a different possibility of designing restarted
algorithms for a better complexity only under a local error bound condition.

particular choice of step size (see below) (Polyak, 1969). We would like to emphasize the
differences between the results in these works and the results in the present work that make
our results novel: (i) the gradient projection method and its finite convergence established
in (Polyak, 1987) requires the gradient of the objective function to be Lipschitz continuous,
i.e., the objective function is smooth (see Polyak, 1987, Chap. 7, pp 207, Theorem 1),
in contrast we do not assume smoothness of the objective function; (ii) the PPA studied
in (Ferris, 1991) requires solving a proximal sub-problem consisting of the original objective
function and a strongly convex function at every iteration, and therefore its finite convergence does not mean that only a finite number of subgradient evaluations is needed. In
contrast, the linear convergence in this paper was in terms of the number of subgradient
evaluations; (iii) linear convergence of a subgradient method studied by Polyak (1969) requires knowing the optimal objective value for setting its step size, and its convergence is
in terms of the distance of the iterates to the optimal set, which is weaker than our linear
convergence in terms of objective gap. In addition, our method does not require knowing
the optimal objective value. Instead the basic variant of RSG that has a linear convergence only needs to know the value of the multiplicative constant parameter in the local
error bound condition. For problems without knowing this parameter, we also develop a
practical variant of RSG that can achieve a convergence rate close to linear convergence.
In his recent work (Renegar, 2014, 2015, 2016), Renegar presented a framework of applying first-order methods to general conic optimization problems by transforming the original
problem into an equivalent convex optimization problem with only linear equality constraints and a Lipschitz-continuous objective function. This framework greatly extends the
applicability of first-order methods to the problems with general linear inequality constraints
and leads to new algorithms and new iteration complexity. One of his results related to
this work implies (Renegar, 2015, Corollary 3.4), if the objective function has a polyhedral
epigraph and the optimal objective value is known beforehand, a subgradient method can
have a linear convergence rate. Compared to this result of his, our method does not need to
know the optimal objective value. Note that Renegar’s method can be applied in a general
setting where the objective function is not necessarily polyhedral while our method obtains
improved iteration complexities under the local error bound conditions.
More recently, Freund and Lu (2017) proposed a new SG method by assuming that
a strict lower bound of f∗ , denoted by fslb , is known and f satisfies a growth condition,
kw − w∗ k2 ≤ G · (f (w) − fslb ), where w∗ is the optimal solution closest to w and G
is a growth rate constant depending on fslb . Using a novel step size that incorporates
fslb , for non-smooth optimization, their SG method achieves an iteration complexity of
O(G 2 ( log0H + 102 )) for finding a solution ŵ such that f (ŵ) − f∗ ≤ 0 (f∗ − fslb ), where

(2)

w∈L

6

In the sequel, we also make the following assumption.

w∈L u∈Ω∗
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Let B be the maximum distance between the points in the -level set L and the optimal
set Ω∗ , i.e.,
B := max min kw − uk2 = max kw − w∗ k2 .
(3)

L := {w ∈ Ω : f (w) = f∗ + } and S := {w ∈ Ω : f (w) ≤ f∗ + }.

Note that w∗ is uniquely defined for any w due to the convexity of Ω∗ and that k · k22 is
strongly convex. We denote by L the -level set of f (w) and by S the -sublevel set of
f (w), respectively, i.e.,

u∈Ω∗

We make several remarks about the above assumptions: (i) Assumption 1.a is equivalent
to assuming we know a lower bound of f∗ which is one of the assumptions made by Freund
and Lu (2017). In machine learning applications, f∗ is usually bounded below by zero, i.e.,
f∗ ≥ 0, so that 0 = f (w0 ) for any w0 ∈ Rd will satisfy the condition; (ii) Assumption 1.b
is a standard assumption also made in many previous subgradient-based methods.
Let w∗ denote the closest optimal solution in Ω∗ to w measured in terms of norm k · k2 ,
i.e.,
w∗ := arg min ku − wk22 .

b. There exists a constant G such that maxv∈∂f (w) kvk2 ≤ G for any w ∈ Ω.

a. For any w0 ∈ Ω, we know a constant 0 ≥ 0 such that f (w0 ) − f∗ ≤ 0 .

Assumption 1 For the convex minimization problem (1), we assume

In this section, we define some notations used in this paper and present the main assumptions needed to establish our results. We use ∂f (w) to denote the set of subgradients (the
subdifferential) of f at w. Since the objective function is not necessarily strongly convex,
the optimal solution is not necessarily unique. We denote by Ω∗ the optimal solution set
and by f∗ the unique optimal objective value. We denote by k · k2 the Euclidean norm in
Rd .
Throughout the paper, we make the following assumption.

3. Preliminaries

Yang and Lin

RSG: Beating Subgradient Method without Smoothness and Strong Convexity

RSG: Beating Subgradient Method without Smoothness and Strong Convexity

Assumption 2 For the convex minimization problem (1), we assume that B is finite.

(4)

Remark: B is finite when the optimal set Ω∗ is bounded (e.g., when the objective function
is a proper lower-semicontinuous convex and coercive function). This is because that the
sublevel set S must be bounded for any  ≥ 0 (Rockafellar, 1970, Corollary 8.7.1). Nevertheless, the bounded optimal set is not a necessary condition for a finite B . For example,
f (x) = max(0, x). Although its optimal set is not bounded, B = . In Section 5, we will
consider a broad family of problems with a local error bound condition, which will satisfy
the above assumption.
Let w† denote the closest point in the -sublevel set to w, i.e.,
u∈S

w† := arg min ku − wk22 .

min

g∈∂f (w),v∈NΩ (w)

kg + vk2 .

(5)

Denote by Ω\S = {w ∈ Ω : w 6∈ S}. It is easy to show that w† ∈ L when w ∈ Ω\S (using
the optimality condition of 4).
Given w ∈ Ω, we denote the normal cone of Ω at w by NΩ (w). Formally, NΩ (w) =
{v ∈ Rd : v> (u − w) ≤ 0, ∀u ∈ Ω}. Define dist(0, f (w) + NΩ (w)) as
dist(0, f (w) + NΩ (w)) :=

(6)

Note that w ∈ Ω∗ if and only if dist(0, f (w)+NΩ (w)) = 0. Therefore, we call dist(0, f (w)+
NΩ (w)) the first-order optimality residual of (1) at w ∈ Ω. Given any  > 0 such that
L 6= ∅, we define a constant ρ as
w∈L

ρ := min dist(0, f (w) + NΩ (w)).

(7)

Given the notations above, we provide the following lemma which is the key to our
analysis.

1
(f (w) − f (w† )).
ρ

Lemma 1 For any  > 0 such that L 6= ∅ and any w ∈ Ω, we have
kw − w† k2 ≤

(8)

Proof Since the conclusion holds trivially if w ∈ S (so that w† = w), we assume w ∈ Ω\S .
According to the first-order optimality conditions of (4), there exist a scalar ζ ≥ 0 (the
Lagrangian multiplier of the constraint f (u) ≤ f∗ +  in 4), a subgradient g ∈ ∂f (w† ) and
a vector v ∈ NΩ (w† ) such that
w† − w + ζg + v = 0.
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The definition of normal cone leads to (w† − w)> v ≥ 0. This inequality and the convexity
of f (·) imply


ζ f (w) − f (w† ) ≥ ζ(w − w† )> g ≥ (w − w† )> (ζg + v) = kw − w† k22 ,
7
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kw − w† k22
= kw − w† k2 kg + v/ζk2 ≥ ρ kw − w† k2 ,
ζ

(9)

where the equality is due to (8). Since w ∈ Ω\S , we must have kw − w† k2 > 0 so that
ζ > 0. Therefore, w† ∈ L by complementary slackness. Dividing the inequality above by
ζ gives
f (w) − f (w† ) ≥

where the equality is due to (8) and the last inequality is due to the definition of ρ in (6).
The lemma is then proved.

The inequality in (7) is the key to achieve improved convergence by RSG, which hinges
on the condition that the first-order optimality residual on the -level set is lower bounded.
It is important to note that (i) the above result depends on f rather than the optimization
algorithm applied; and (ii) the above result can be generalized to using other norms such
as the p-norm kwkp (p ∈ (1, 2]) to measure the distance between w and w† and using the
corresponding dual norm to define the lower bound of the residual in (5) and (6). This
generalization allows one to design mirror decent (Nemirovski et al., 2009) variant of RSG.
To our best knowledge, this is the first work that leverages the lower bound of the optimal
residual to improve the convergence for non-smooth convex optimization.
In the next several sections, we will exhibit the value of ρ for different classes of problems
and discuss its impact on the convergence. In the sequel, we abuse the Big O notation
T = O(h()) to mean that there exists a constant C > 0 independent of  such that
T ≤ Ch().

4. Restarted SubGradient (RSG) Method and Its Generic Complexity
for General Problem

In this section, we present a framework of restarted subgradient (RSG) method and prove
its general convergence result using Lemma 1. It will be noticed that the algorithmic results
developed in this section is less interesting from the viewpoint of practice. However, it will
exhibit the insights for the improvements and provide the template for the developments in
next several sections, where we will present improved convergence of RSG for problems of
different classes.
The steps of RSG are presented in Algorithm 2 where SG is a subroutine of projected
subgradient method given in Algorithm 1 and ΠΩ [w] is defined as

u∈Ω

ΠΩ [w] = arg min ku − wk22 .

JMLR 19(6):1-33, 2018

The values of K and t in RSG will be revealed later for proving the convergence of RSG to
an 2-optimal solution. The number of iterations t is the only varying parameter in RSG
that depends on the classes of problems. The parameter α could be any value larger than
1 (e.g., 2) and it only has a small influence on the iteration complexity.
We emphasize that (i) RSG is a generic algorithm that is applicable to a broad family
of non-smooth and/or non-strongly convex problems without changing updating schemes
except for one tuning parameter, the number of iterations per stage, whose best value
varies with problems; (ii) RSG has different variants with different subroutines in stages. In

8

2

9

f (wk ) − f∗ ≤ k + ,
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(10)

and K = dlogα ( 0 )e in
Theorem 3 Suppose Assumption 1 and 2 holds. If t ≥ α ρG
2

Algorithm 2, with at most K stages, Algorithm 2 returns a solution wK such that f (wK ) −
f∗ ≤ 2. The total number of iterations for Algorithm 2 to find an 2-optimal solution is at
2 2
most T = tdlogα ( 0 )e where t ≥ α ρG
2 .

 2 2
Remark: If t also satisfies t = O α ρG
, then the iteration complexity of Algorithm 2 for
2
 2 2

α G
finding an -optimal solution is O ρ2 dlogα ( 0 )e .

Proof
†
Let wk,
denote the closest point to wk in the -sublevel set. Let k := α0k so that
ηk = k /G2 because η1 = 0 /(αG2 ) and ηk+1 = ηk /α. We will show by induction that

2

We omit the proof because it follows a standard analysis and can be found in cited papers.
With the above lemma, we can prove the following convergence of RSG.

Lemma 2 (Zinkevich, 2003; Nesterov, 2004) If Algorithm 1 runs for T iterations, we have,
for any w ∈ Ω,
G2 η kw1 − wk22
b T ) − f (w) ≤
f (w
+
.
2
2ηT

Next, we establish the convergence of RSG. It relies on the convergence result of the SG
subroutine which is given in the lemma below.

fact, we can use other optimization algorithms than SG as the subroutine in Algorithm 2,
as long as a similar convergence result to Lemma 2 is guaranteed. Examples include dual
averaging (Nesterov, 2009) and the regularized dual averaging (Chen et al., 2012) in the nonEuclidean space. In the following discussions, we will focus on using SG as the subroutine.

Algorithm 2 RSG: wK = RSG(w0 , K, t, α)
1: Input: the number of stages K and the number of iterations t per-stage, w0 ∈ Ω, and
α > 1.
2: Set η1 = 0 /(αG2 ), where 0 is from Assumption 1.a
3: for k = 1, . . . , K do
4:
Call subroutine SG to obtain wk = SG(wk−1 , ηk , t)
5:
Set ηk+1 = ηk /α
6: end for
7: Output: wK

b T = SG(w1 , η, T )
Algorithm 1 SG: w
1: Input: a step size η, the number of iterations T , and the initial solution w1 ∈ Ω
2: for τ = 1, . . . , T do
3:
Query the subgradient oracle to obtain G(wτ ) ∈ ∂f (wτ )
4:
Update wτ +1 = ΠΩ [wτ − ηG(wτ )]
5: end for
P
b T = Tτ=1 wTτ
6: Output: w

RSG: Beating Subgradient Method without Smoothness and Strong Convexity

†
kwk−1 − wk−1,
k22
G2 η k
+
.
2
2ηk t

(11)

k
≤  + k .
2

2
k
+ k−12 = k ,
2
2k α

α 2 G2
k
and t ≥
, we have
G2
ρ2

(12)

0
+  ≤ 2,
αK


B ,

10

JMLR 19(6):1-33, 2018

(13)

where B is defined in (3),
B
kw† − w∗ k2
(f (w) − f (w† )) ≤
(f (w) − f (w† )),


where w∗ is the closest point in Ω∗ to w† .

kw − w† k2 ≤

Lemma 4 For any  > 0 such that L 6= ∅, we have ρ ≥
and for any w ∈ Ω

In Theorem 3, the iteration complexity of RSG for the general problem (1) is given
in terms of ρ . Next, we show that ρ ≥ B , which allows us to leverage the local error
bound condition in next sections to upper bound B to obtain specialized and more practical
algorithms for different classes of problems.

where the last inequality is due to the definition of K.

f (wK ) − f∗ ≤ K +  =

†
) = f∗ + , implies (10) for k. Therefore, by
which, together with the fact that f (wk−1,
induction, we have (10) holds for k = 1, 2, . . . , K so that

†
)≤
f (wk ) − f (wk−1,

Combining (11) and (12) and using the facts that ηk =

†
kwk−1 − wk−1,
k2 ≤

†
f (wk−1 ) − f∗ + (f∗ − f (wk−1,
))
1
†
(f (wk−1 ) − f (wk−1,
)) =
ρ
ρ
k−1 +  − 
≤
.
ρ

†
)=
Next, we consider the case that f (wk−1 )−f∗ > , i.e., wk−1 6∈ S . Then we have f (wk−1,
f∗ + . By Lemma 1, we have

†
f (wk ) − f∗ ≤ f (wk−1,
) − f∗ +

We now consider two cases for wk−1 . First, assume f (wk−1 ) − f∗ ≤ , i.e., wk−1 ∈ S . Then
2
†
†
wk−1,
= wk−1 and f (wk ) − f (wk−1,
) ≤ G 2ηk = 2k . As a result,

†
f (wk ) − f (wk−1,
)≤

for k = 0, 1, . . . , K which leads to our conclusion if we let k = K.
Note that (10) holds obviously for k = 0. Suppose it holds for k − 1, namely, f (wk−1 ) −
f∗ ≤ k−1 + . We want to prove (10) for k. We apply Lemma 2 to the k-th stage of
Algorithm 2 and get
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ǫ
B

= tan θ =

w∗

B

A
†
kw−wǫ k

†
†

w

†

†

A ≤ f (w) − f (wǫ )

†

kw−wǫ k

f (w)−f (wǫ )

†

kw − wǫ k

θ

≤

B ≤ dist(wǫ , Ω∗ )

wǫ

RSG: Beating Subgradient Method without Smoothness and Strong Convexity

≤

f (·)

ǫ

ǫ
†
dist(wǫ ,Ω∗ )

Figure 1: A geometric illustration of the inequality (13), where dist(w† , Ω∗ ) = |w† − w∗ |.

by the definition (6).

(14)

Proof Given any u ∈ L , let gu be any subgradient in ∂f (u) and vu be any vector in
NΩ (u). By the convexity of f (·) and the definition of normal cone, we have
f (u∗ ) − f (u) ≥ (u∗ − u)> gu ≥ (u∗ − u)> (gu + vu ) ,
∀gu ∈ ∂f (u) and vu ∈ NΩ (u),

where u∗ is the closest point in Ω∗ to u. This inequality further implies
ku∗ − uk2 kgu + vu k2 ≥ f (u) − f (u∗ ) = ,


B

where the equality is because u ∈ L . By (14) and the definition of B , we obtain
B kgu + vu k2 ≥  =⇒ kgu + vu k2 ≥ /B .
Since gu + vu can be any element in ∂f (u) + NΩ (u), we have ρ ≥

To prove (13), we assume w ∈ Ω\S and thus w† ∈ L ; otherwise it is trivial. In the
proof of Lemma 1, we have shown that (see (9)) there exists g ∈ ∂f (w† ) and v ∈ NΩ (w† )
such that f (w) − f (w† ) ≥ kw − w† k2 kg + v/ζk2 , which, according to (14) with u = w† ,
gu = g and vu = v/ζ, leads to (13).
A geometric explanation of the inequality (13) in one dimension is shown in Figure 1. With
Lemma 4, the iteration complexity of RSG can be stated in terms of B in the following
corollary of Theorem 3.
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Corollary 5 Suppose Assumption 1 holds. The iteration complexity of RSG for obtaining
2 2 2
2 2 2
an 2-optimal solution is O( α G2 B dlogα ( 0 )e) provided t = α G2 B and K = dlogα ( 0 )e.
11
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We will compare this result with SG in Section 7. Compared to the standard SG, the above
improved result of RSG does require knowing strong knolwedge about f . In particular, one
2 2 2
issue is that the above improved complexity is obtained by choosing t = α G2 B , which
requires knowing the order of magnitude of B , if not its exact value. To address the issue
of unknown B for general problems, in the next section, we consider different families
of problems that admit a local error bound condition and show that the requirement of
knowing B is relaxed to knowing some particular parameters related to the local error
bound.

5. RSG for Some Classes of Non-smooth Non-strongly Convex
Optimization

(15)

In this section, we consider a particular family of problems that admit local error bounds
and show the improved iteration complexities of RSG compared to standard SG method.

5.1 Complexity for the Problems with Local Error Bounds

We first define a local error bound condition of the objective function.

∀w ∈ S ,

Definition 6 We say f (·) admits a local error bound on the -sublevel set S if

kw − w∗ k2 ≤ c(f (w) − f∗ )θ ,

where w∗ is the closet point in Ω∗ to w, θ ∈ (0, 1] and 0 < c < ∞ are constants.

α2 G 2 c2
2(1−θ)

in RSG if c and

(16)

Because S2 ⊂ S1 for 2 ≤ 1 , if (15) holds for some , it will always hold when  decreases
to zero with the same θ and c. Indeed, a smaller  may induce a smaller value of c. It is
notable that the local error bound condition has been extensively studied in the community of optimization, mathematical programming and variational analysis (Yang, 2009; Li,
2010, 2013; Artacho and Geoffroy, 2008; Kruger, 2015; Drusvyatskiy et al., 2014; Li and
Mordukhovich, 2012; Hou et al., 2013; Zhou and So, 2017; Zhou et al., 2015), to name just
a few of them. The value of θ has been exhibited for many problems. For certain problems,
the value of c is also computable (see Bolte et al., 2017).
If the problem admits a local error bound like (15), RSG can achieve a better iteration
complexity than O(1/2 ). In particular, the property (15) implies

B ≤ cθ .

Replacing B in Corollary 5 by this upper bound and choosing t =
θ are known, we obtain the following complexity of RSG.

α2 G2 c2
2(1−θ)

2

2

2

2 2

and K = dlogα ( 0 )e.

Corollary 7 Suppose Assumption 1 holds and f (·) admits a local error bound on S . The

2 G 2 c2
logα 0
iteration complexity of RSG for obtaining an 2-optimal solution is O α2(1−θ)
provided t =

JMLR 19(6):1-33, 2018

G
G c
Remark: If t = Θ( α2(1−θ)
) > α2(1−θ)
, then the same order of iteration complexity remains.
If one aims to find a point w such that kw−w∗ k2 ≤ , we can apply RSG to find a solution w

12

f (w) − f∗
,
κ
∀w ∈ Ω.
1 3
κ

(so B ≤


κ)

for any

i=1

(17)

1≤i≤d

14
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13

3. In fact, this property of f (·) is a global error bound on Ω.
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B(F ) = {s ∈ Rd , s(V ) = F (V ), ∀A ⊆ V, s(A) ≤ F (A)},

Since the sum of finitely many polyhedral functions is also a polyhedral function, the epigraph of f (w) is a polyhedron.
Another important family of problems whose objective function has a polyhedral epigraph is submodular function minimization. Let V = {1, . . . , d} be a set and 2V
denote its power set. A submodular function F (A) : 2V → R is a set function such that
F (A) + F (B) ≥ F (A ∪ B) + F (A ∩ B) for all subsets A, B ⊆ V and F (∅) = 0. A submodular
function minimization can be cast into a non-smooth convex optimization using the Lovász
extension (Bach, 2013). In particular, let the base polyhedron B(F ) be defined as

1≤i≤d

where (aj , bj ) for j = 1, 2, . . . , m are finitely many pairs of scalars. The formulation (17)
indicates that `(w> x, y) is a piecewise affine function so that its epigraph is a polyhedron.
In addition, the `1 or `∞ norm is also a polyhedral function because we can represent them
as
d
X
kwk1 =
max(wi , −wi ), kwk∞ = max |wi | = max max(wi , −wi ).

1≤j≤m

`(w> x, y) = max aj w> x + bj ,

P
>
where s(A) =
i∈A si . Then the Lovász extension of F (A) is f (w) = maxs∈B(F ) w s,
and minA⊆V F (A) = minw∈[0,1]d f (w). As a result, a submodular function minimization is
essentially a non-smooth and non-strongly convex optimization with a polyhedral epigraph.

∗
wk−1

i=1

n

1X
`(w> xi , yi ) + R(w),
n

where R(w) is a regularization term and `(z, y) denotes a loss function. We consider a
special case where (a) R(w) is a `1 regularizer, `∞ regularizer or an indicator function of a
`1 /`∞ ball centered at zero; and (b) `(z, y) is any piecewise linear loss function, including
hinge loss `(z, y) = max(0, 1 − yz), absolute loss `(z, y) = |z − y|, -insensitive loss `(z, y) =
max(|z − y| − , 0), and etc (Yang et al., 2014). It is easy to show that the epigraph of f (w)
is a polyhedron if f (w) is defined as a sum of any of these regularization terms and any of
these loss functions. In fact, a piecewise linear loss functions can be generally written as

w∈Rd

min f (w) ,

Many non-smooth and non-strongly convex machine learning problems satisfy the assumptions of Corollary 9, for example, `1 or `∞ constrained or regularized piecewise linear
loss minimization. In many machine learning tasks (e.g., classification and regression),
there exists a set of data {(xi , yi )}i=1,2,...,n and one often needs to solve the following empirical risk minimization problem

We want to point out that Corollary 9 can be proved directly by replacing
by
and replacing ρ by κ in the proof of Theorem 3. Here, we derive it as a corollary of a

†
wk−1,

Corollary 9 Suppose Assumption 1 holds and (1) is a polyhedral convex minimization prob2 2
0
lem. The iteration complexity of RSG for obtaining an -optimal solution is O( ακG
2 dlogα (  )e)
0
α2 G2
provided t = κ2 and K = dlogα (  )e.

Remark: The above inequality is also known as weak sharp minimum condition in literature (Burke and Ferris., 1993; Studniarski and Ward, 1999; Ferris, 1991; Burke and Deng,
2002, 2005, 2009). A proof of Lemma 8 is given by Burke and Ferris. (1993). We also provide a proof (see Yang and Lin, 2016). We remark that the above result can be extended to
any valid norm to measure the distance between w and w∗ . Lemma 8 generalizes Lemma
4 of Gilpin et al. (2012), which requires Ω to be a bounded polyhedron, to a similar result
where Ω can be an unbounded polyhedron. This generalization is simple but useful because
it helps the development of efficient algorithms based on this error bound for unconstrained
problems without artificially including a box constraint.
Lemma 8 provides the basis for RSG to achieve a linear convergence for the polyhedral
convex minimization problems. In fact, the following linear convergence of RSG can be
obtained if we plugin the values of θ = 1 and c = κ1 into Corollary 7.

Thus, f (·) admits a local error bound on S with θ = 1 and c =
 > 0.

kw − w∗ k2 ≤

Lemma 8 (Polyhedral Error Bound Condition) Suppose Ω is a polyhedron and the
epigraph of f (·) is also polyhedron. There exists a constant κ > 0 such that

In this subsection, we consider a special family of non-smooth and non-strongly convex
problems where the epigraph of f (·) over Ω is a polyhedron. In this case, we call (1) a
polyhedral convex minimization problem. We show that, in polyhedral convex minimization problem, f (·) has a linear growth property and admits a local error bound with
θ = 1 so that B ≤ c for a constant c < ∞.

5.2 Linear Convergence for Polyhedral Convex Optimization

Next, we will consider different convex optimization problems that admit a local error
bound on S with different θ and show the faster convergence of RSG when applied to these
problems.

5.2.1 Examples

more general result. We also want to mention that, as shown by Renegar (2015), the linear
convergence rate in Corollary 9 can be also obtained by a SG method for the historically
best solution, provided f∗ is known.

such that f (w) − f∗ ≤ (/c)1/θ ≤  (where the last inequality is due to θ ≤ 1 and assuming
c ≥ 1 without loss of generality). Then under the local error bound condition, we have
kw−w∗ k2 ≤ c(f (w)−f∗ )θ ≤ . For finding a solution w such that f (w)−f∗ ≤ (/c)1/θ ≤ ,
1
e 2(1−θ)/θ
RSG requires an iteration complexity of O(
). Therefore, in order to find a solution

1
e 2(1−θ)/θ
w such that kw − w∗ k2 ≤ , the iteration complexity of RSG is O(
).
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5.3 Improved Convergence for Locally Semi-Strongly Convex Problems
First, we give a definition of local semi-strong convexity.

∀w ∈ S ,
(18)

Definition 10 A function f (w) is semi-strongly convex on the -sublevel set S if there
exists λ > 0 such that
λ
kw − w∗ k22 ≤ f (w) − f (w∗ ),
2
where w∗ is the closest point to w in the optimal set.
We refer to the property (18) as local semi-strong convexity when S 6= Ω. The two papers
(Gong and Ye, 2014; Necoara et al., 2015) have explored the semi-strong convexity on the
whole domain Ω to prove linear convergence of smooth optimization problems. In some
literature (Necoara et al., 2015), the inequality (18) is also called second-order growth
property. Necoara et al. (2015) have also shown that a class of problems satisfy (18) (see
examples given below). The
q inequality (18) indicates that f (·) admits a local error bound
on S with θ = 21 and c = λ2 , which leads to the following the corollary about the iteration
complexity of RSG for locally semi-strongly convex problems.

2

2 4
and
λ

2α2 G2
λ

and K = dlogα ( 0 )e.

the iteration complexity of RSG for obtaining an 2-optimal solution is

Corollary
q 11 Suppose Assumption 1 holds and f (w) is semi-strongly convex on S . Then
2

B ≤

O( 2αλG dlogα ( 0 )e) provided t =

e
e suppresses constants and
Remark: Here, we obtain an O(1/)
iteration complexity (O(·)
logarithmic terms) only with local semi-strong convexity. It is obvious that strong convexity
implies local semi-strong convexity (Hazan and Kale, 2011) but not vice versa.
For examples, let us consider a family of functions in the form of f (w) = h(Xw) + r(w),
where X ∈ Rn×d , h(·) is strongly convex on any compact set and r(·) has a polyhedral
epigraph. According to (Gong and Ye, 2014; Necoara et al., 2015), such a function f (w)
satisfies (18) for any  ≤ 0 with a constant value for λ. Although smoothness is assumed
for h(·) in (Gong and Ye, 2014; Necoara et al., 2015), we find that it is not necessary for
proving (18). We state this result as the lemma below.
Lemma 12 Suppose Assumption 1 holds, Ω = {w ∈ Rd |Cw ≤ b} with C ∈ Rk×d and
b ∈ Rk , and f (w) = h(Xw) + r(w) where h : Rn → R satisfies dom(h) = Rk and is a
strongly convex function on any compact set in Rn , and r(w) has a polyhedral epigraph.
Then, f (w) satisfies (18) for any  ≤ 0 .
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The proof of this lemma can be duplicated following analysis in some existing works (Gong
and Ye, 2014; Necoara et al., 2015; Necoara and Clipici, 2016). For example, it is almost
identical to the proof of Lemma 1 by Gong and Ye (2014) which assumes h(·) is smooth.
However, a similar result holds without the smoothness of h(·).
4. Recall (16).

15
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i=1

1X >
|xi w − yi |p + λkwk1 ,
n

n

(19)

The function of this type covers some commonly used loss functions and regularization
terms in machine learning and statistics. For example, we can consider robust regression
with/without `1 regularizer (Xu et al., 2010; Bertsimas and Copenhaver, 2014):
min

w∈Ω

where p ∈ (1, 2), xi ∈ Rd denotes the feature vector and yi is the target output. The objective function is in the form ofPh(Xw) + r(w) where X is a n × d matrix with x1 , x2 , . . . , xn
n
being its rows and h(u) := i=1
|ui − yi |p . According to Goebel and Rockafellar (2007),
h(u) is a strongly convex function on any compact set so that the objective function above
is semi-strongly convex on S for any  ≤ 0 .

5.4 Improved Convergence for Convex Problems with KL property

Lastly, we consider a family of non-smooth functions with a local Kurdyka-Lojasiewicz (KL)
property. The definition of KL property is given below.

(20)

Definition 13 The function f (w) has the Kurdyka - Lojasiewicz (KL) property at w̄ if
there exist η ∈ (0, ∞], a neighborhood Uw̄ of w̄ and a continuous concave function ϕ :
[0, η) → R+ such that (i) ϕ(0) = 0; (ii) ϕ is continuous on (0, η); (iii) for all s ∈ (0, η),
ϕ0 (s) > 0; (iv) and for all w ∈ Uw̄ ∩ {w : f (w̄) < f (w) < f (w̄) + η}, the Kurdyka Lojasiewicz (KL) inequality holds

ϕ0 (f (w) − f (w̄))k∂f (w)k2 ≥ 1,
where k∂f (w)k2 := ming∈∂f (w) kgk2 .

1
(f (w) − f (w̄))β .
c(1 − β)

The function ϕ is called the desingularizing function of f at w̄, which sharpens the
function f (w) by reparameterization. An important desingularizing function is in the form
of ϕ(s) = cs1−β for some c > 0 and β ∈ [0, 1), by which, (20) gives the KL inequality
k∂f (w)k2 ≥

Note that all semi-algebraic functions satisfy the KL property at any point (Bolte et al.,
2014). Indeed, all the concrete examples given before satisfy the Kurdyka - Lojasiewicz
property. For more discussions about the KL property, we refer readers to some previous
works (Bolte et al., 2014, 2007; Schneider and Uschmajew, 2015; Attouch et al., 2013;
Bolte et al., 2006). The following corollary states the iteration complexity of RSG for
unconstrained problems that have the KL property at each w̄ ∈ Ω∗ .

Corollary 14 Suppose Assumption 1 holds, f (w) satisfies a (uniform) Kurdyka - Lojasiewicz
property at any w̄ ∈ Ω∗ with the same desingularizing function ϕ and constant η, and

S ⊂ ∪w̄∈Ω∗ [Uw̄ ∩ {w : f (w̄) < f (w) < f (w̄) + η}] .
(21)


0
2
RSG has an iteration complexity of O α2 G2 ( ϕ()
 ) dlogα (  )e for obtaining an 2-optimal
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solution provided t = α2 G2 (ϕ()/)2 . In addition, if ϕ(s) = cs1−β for some c > 0 and
2 2 2
2
2 2 2
β ∈ [0, 1), the iteration complexity of RSG is O( α G c2β(1−β) dlogα ( 0 )e) provided t = α G2β c
and K = dlogα ( 0 )e.

16

α2 ĉ2 G2
2(1−θ) ,
ˆ1

1

s=1

S
X

t1 22(s−1)(1−θ) = Kt1 22(S−1)(1−θ)

s=1

S 
X

1
22(1−θ)

S−s

17

Kt1 22(S−1)(1−θ)
≤
≤ O Kt1
1 − 1/22(1−θ)



2(1−θ) !

18

ˆ1


=O




ĉ2 G2
0
dlog
(
)e
.
α

2(1−θ)
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ts = K
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s=1

S
X

Remark: We make several remarks about Algorithm 3 and Theorem 15: (i) Theorem 15
applies only when θ ∈ (0, 1). If θ = 1, in order to have an increasing sequence of ts , we can
set θ in Algorithm 3 to a little smaller value than 1 in practical implementation, and the

TS = K

The total number of iterations during the S calls of RSG is bounded by

f (wS ) − f∗ ≤ 2ˆ
1 /2S−1 ≤ 2.

apply Corollary 7 with  = ˆ1 /2 and 0 = 2ˆ
1 so that the output w2 of the second call
satisfies f (w2 ) − f∗ ≤ ˆ1 . By repeating this argument for all the subsequent calls of RSG,
with at most S = dlog2 (ˆ
1 /)e + 1 calls, Algorithm 3 ensures that

Then, we consider the second call of RSG with the initial solution w1 satisfying (22). By
ĉ2 G2
the setup K = dlogα (0 /)e ≥ dlogα (2ˆ
1 /(ˆ
1 /2))e and t2 = t1 22(1−θ) = (ˆ /2)
2(1−θ) , we can

f (w1 ) − f∗ ≤ 2ˆ
1 .

(22)

we can apply Corollary 7

with  = ˆ1 to the first call of RSG in Algorithm 3 so that the output w1 satisfies

1 )e and t1 =
Proof Since K = dlogα (0 /)e ≥ dlogα (0 /ˆ

ˆ1

1 /)e + 1 calls of RSG in Algorithm 3, we find a solution wS such that
most S = dlog2 (ˆ
2
f (wS ) − f∗ ≤ 2. The total number
 2 2 of iterations
 of R SG for obtaining 2-optimal solution
0
ĉ G
is upper bounded by TS = O 2(1−θ) dlogα (  )e .

Theorem 15 Suppose  ≤ 0 /4 and K = dlogα (0 /)e. Let t1 in Algorithm 3 be large
enough so that there exists ˆ1 ∈ (, 0 /2), with which f (·) satisfies a local error bound
2 ĉ2 G2
condition on Sˆ1 with θ ∈ (0, 1) and the constant ĉ, and t1 = α2(1−θ)
. Then, with at

The key idea is to use an increasing sequence of t and another level of restarting for RSG.
The detailed steps are presented in Algorithm 3, to which we refer as R2 SG. With large
enough t1 in R2 SG, the complexity of R2 SG for finding an  solution is given by the theorem
below.

In Section 5, we have discussed the local error bound and presented several classes of
problems to reveal the magnitude of B , i.e., B = cθ . For some problems, the value of
θ is exhibited. However, the value of the constant c could be still difficult to estimate,
2 c2 G2
which renders it challenging to set the appropriate value t = α2(1−θ)
for inner iterations of
RSG. In practice, one might use a sufficiently large c to set up the value of t. However,
such an approach might be vulnerable to both over-estimation and under-estimation of t.
Over-estimating the value of t leads to a waste of iterations while under-estimation leads to
an less accurate solution that might not reach to the target accuracy level. In addition, for
some problems the value of θ is still an open problem. One interesting family of objective
functions in machine learning is the sum of piecewise linear loss over training data and a

6. Variants of RSG without knowing the constant c and the exponent θ
in the local error bound

While the conclusion in Corollary 14 hinges on a condition in (21) for certain Uw̄ and η,
in practice many convex functions (e.g., continuous semi-algebraic or subanalytic functions)
satisfy the KL property with U = Rd and any finite η < ∞ (Attouch et al., 2010; Bolte
et al., 2017; Li, 2010).
It is worth mentioning that to our best knowledge, the present work is the first to
leverage the KL property for developing improved subgradient methods, though it has
been explored in non-convex and convex optimization for deterministic descent methods for
smooth optimization (Bolte et al., 2017, 2014; Attouch et al., 2010; Karimi et al., 2016). For
example, Bolte et al. (2017) studied the convergence of subgradient descent sequence
for minimizing a convex function under an error bound condition. A sequence {xk } is
called a subgradient descent sequence if there exist a > 0, b > 0 it satisfies two conditions,
namely sufficient decrease condition f (xk ) + akxk − xk−1 k22 ≤ f (xk−1 ), and relative error
condition, i.e., there exists ωk ∈ ∂f (xk ) such that kωk k2 ≤ bkxk − xk−1 k2 . However, for
a general non-smooth function f (x), the sequence generated by subgradient method, i.e.,
xk = xk−1 −ηk ∂∇f (xk−1 ) do not necessarily satisfy the above two conditions. Instead, Bolte
et al. (2017) considered proximal gradient method that only applies to a smaller family of
functions consisting of a smooth component and a non-smooth component by assuming the
proximal mapping for the non-smooth component can be efficiently computed. In contrast,
our algorithm and analysis are developed for much general non-smooth functions.

where we use the monotonic property of ϕ. Then the first conclusion follows similarly as
Corollary 5 by noting B ≤ ϕ(). The second conclusion immediately follows by setting
ϕ(s) = cs1−β in the first conclusion. Please note that the above inequality implies the local
error bound condition with θ = 1 − β for ϕ(s) = cs1−β .

nuclear norm regularizer or an overlapped or non-overlapped group lasso regularizer. In this
section, we present variants of RSG that can be implemented without knowing the value
of c in the local error bound condition and even the value of exponent θ, and prove their
improved convergence over the SG method.

Proof We can prove the above corollary following a result by Bolte et al. (2017) as presented
in Proposition 1 in the Appendix. According to Proposition 1, if f (·) satisfies the KL
property at w̄, then for all w ∈ Uw̄ ∩ {w : f (w̄) < f (w) < f (w̄) + η} it holds that
kw − w∗ k2 ≤ ϕ(f (w) − f (w̄)). It then, under the uniform condition in (21), implies that,
for any w ∈ S
kw − w∗ k2 ≤ ϕ(f (w) − f∗ ) ≤ ϕ(),
6.1 RSG without knowing c
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Algorithm 3 RSG with restarting: R2 SG
1: Input: the number of iterations t1 in each stage of the first call of RSG and the number
of stages K in each call of RSG
2: Initialization: w0 ∈ Ω;
3: for s = 1, 2 . . . , S do
4:
Let ws = RSG(ws−1 , K, ts , α)
Let ts+1 = ts 22(1−θ)
end for
5:

6:

iteration complexity in Theorem 15 implies that R2 SG can enjoy a convergence rate close
to linear convergence for problems satisfying the weak sharp minimum condition. (ii) the 0
in the implementation of RSG (Algorthm 2) can be re-calibrated for s ≥ 2 to improve the
performance (e.g., one can use the relationship f (ws−1 ) − f∗ = f (ws−2 ) − f∗ + f (ws−1 ) −
f (ws−2 ) to do re-calibration); (iii) as a tradeoff, the exiting criterion of R2 SG is not as
automatic as RSG. In fact, the total number of calls S of RSG for obtaining an 2-optimal
solution depends on an unknown parameter (namely ˆ1 ). In practice, one could use other
stopping criteria to terminate the algorithm. For example, in machine learning applications
one can monitor the performance on the validation data set to terminate the algorithm.
(vi) The quantities ˆ1 , S in the proof above are implicitly determined by t1 and one does
not need to compute ˆ1 and S in order to apply Algorithm 3. Finally, we note that when
a local strong convexity condition holds on Sˆ1 with ˆ1 ≥  one might derive an iteration
complexity of O(1/) for SG by first showing that SG converges to Sˆ1 with a number of
iterations independent of , then showing that the iterates stay within Sˆ1 and converge to
an -level set with an iteration complexity of O(1/) following existing analysis of SG for
strongly convex functions, e.g., (Lacoste-Julien et al., 2012). However, it still needs to know
the value of the local strong convexity parameter unlike our result in Theorem 15 that does
not need to known the local strong convexity parameter.
6.2 RSG for unknown θ and c
Without knowing θ ∈ (0, 1] and c to get a sharper local error bound, we can simply let
θ = 0 and c = B0 with 0 ≥ , which still render the inequaity (15) hold (c.f. Definition 6).
Then we can employ the same trick to increase the values of t. In particular, we start with
a sufficiently large value of t and run RSG with K = dlogα (0 /)e stages, and then increase
the value of t by a factor of 4 and repeat the process.

. Then, with at most S = dlog2 (ˆ
1 /)e + 1 calls of RSG in Algorithm 3, we find

Theorem 16 Let θ = 0 in Algorithm 3 and suppose  ≤ 0 /4 and K = dlogα (0 /)e.
Assume t1 in Algorithm 3 is large enough so that there exists ˆ1 ∈ (, 0 /2] giving t1 =
ˆ12

1

α2 Bˆ2 G2

a solution wS
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2
such that f (wS ) − f∗ ≤ 2. The total number of iterations
 of R SG for

Bˆ2 G2
1
dlogα ( 0 )e .
2

obtaining 2-optimal solution is upper bounded by TS = O

19

Yang and Lin

ˆ12

1

α2 Bˆ2 G2

(23)

, we can apply Corollary 5 with

Remark: Since B / is a monotonically decreasing function in  (Xu et al., 2017, Lemma
7), such a t1 in Theorem 16 exists. Note that if the problem satisfies a KL property as in
Corollary 14 and the value of β is unknown, the above theorem still holds.
Proof The proof is similar to that of Theorem 15 except that we let c = Bˆ1 and θ = 0.

Since K = dlogα (0 /)e ≥ dlogα (0 /ˆ
1 )e and t1 =

 = ˆ1 to the first call of RSG in Algorithm 3 so that the output w1 satisfies

f (w1 ) − f∗ ≤ 2ˆ
1 .

B 2 G2

Then, we consider the second call of RSG with the initial solution w1 satisfying (23). By

the setup K = dlog ( /)e ≥ dlog (2ˆ
1 /(ˆ
1 /2))e and t2 = t1 22 = (ˆ1ˆ1/2)2 , we can apply
0
α
α
Corollary 5 with  = ˆ1 /2 and 0 = 2ˆ
1 (noting that Bˆ1 > Bˆ1 /2 ) so that the output w2 of
the second call satisfies f (w2 ) − f∗ ≤ ˆ1 . By repeating this argument for all the subsequent
calls of RSG, with at most S = dlog2 (ˆ
1 /)e + 1 calls, Algorithm 3 ensures that

f (wS ) − f∗ ≤ 2ˆ
1 /2S−1 ≤ 2.

The total number of iterations during the S calls of RSG is bounded by

Kt1 22(S−1)
≤ O Kt1
1 − 1/22

ˆ1


=O


S
S
S 
X
X
X
1 S−s
TS = K
ts = K
t1 22(s−1) = Kt1 22(S−1)
22
s=1
s=1
s=1
!
 2 !
2 2
B

0
ˆ1 G
dlogα ( )e .
2

≤

7. Discussions and Comparisons

G2 kw −w∗ k2

In this section, we further discuss the obtained results and compare them with existing
results.

7.1 Comparison with the standard SG

JMLR 19(6):1-33, 2018

0
0 2
) for achieving an 2The standard SG’s iteration complexity is known as O(
2
optimal solution. By assuming t is appropriately set in RSG according to Corollary 5, its
2 2
iteration complexity is O( G 2B log(0 /)), which depends on B2 instead of kw0 − w0∗ k22 and
only has a logarithmic dependence on 0 , the upper bound of f (w0 ) − f∗ . When the initial
solution is far from the optimal set so that B2  kw0 − w0∗ k22 , RSG could have a lower
worst-case complexity. Even if t is not appropriately set up to be larger than α2 G2 B2 /2 ,
Theorem 16 guarantees that the proposed R2 SG could still has a lower iteration complexity
than that of SG as long as t1 is sufficiently large. In some special cases, e.g., when f satisfies

1
log 1
the local error bound condition (15) with θ ∈ (0, 1], RSG only needs O 2(1−θ)
iterations (see Corollary 7 and Theorem 15), which has a better dependency on  than the
complexity of standard SG method.

20

∀w ∈ Ω,
(24)

21
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5. The Euclidean norm in the definition here can be replaced by a general norm as in (Juditsky and
Nesterov, 2014).

The uniform convexity of f further implies f (w) − f∗ ≥ 12 µkw − w∗ kρ2 for any w ∈ Ω so
 1
ρ
and θ = ρ1 .
that f (·) admits a local error bound on the -sublevel set S with c = µ2


0
G2
Therefore, our RSG has a complexity of O µ2/ρ 2(ρ−1)/ρ log(  ) according to Corollary 7.
Compared to the result of Juditsky and Nesterov (2014), our complexity is higher by a
logarithmic factor. However, we only require the local error bound property of f that is
weaker than uniform convexity and also covers much broader family of functions. Note that
the above comparison is fair, since for achieving a target -optimal solution the algorithms

for any w and v in Ω and any α ∈ [0, 1] 5 , where ρ ∈ [2, +∞] and µ ≥ 0. Inthis case, the

2
method by (Juditsky and Nesterov, 2014) has an iteration complexity of O µ2/ρ G
2(ρ−1)/ρ .

1
f (αw + (1 − α)v) ≤ αf (w) + (1 − α)f (v) − µα(1 − α)[αρ−1 + (1 − α)ρ−1 ]kw − vkρ2 ,
2

Juditsky and Nesterov (2014) considered primal-dual subgradient methods for solving the
problem (1) with f being uniformly convex, namely,

7.3 Comparison with the method by Juditsky and Nesterov (2014)

be reduced to
by choosing the best G in the proof of Theorem 1.1 in Freund
and Lu (2017)’s paper, which depends on f∗ − fslb . In comparison, RSG could have a
lower complexity if f∗ − fslb is larger than  as in Corollary 5 or ˆ1 as in Theorem 15. Our
experiments in subsection 8.4 also corroborate this point. In addition, RSG can leverage
the local error bound condition to enjoy a lower iteration complexity than O(1/2 ).

G2 Bf2∗ −f slb
O(
)
2

where fslb is a strict lower bound of f∗ . The main differences from our key condition (7)
are: the left-hand side is the distance of w to the optimal set in (24) while it is the distance
of w to the -sublevel set in (7); the right-hand side is the objective gap with respect to fslb
in (24) and it is the objective gap with respect to f∗ in (7); the growth constant G in (24)
varies with fslb and ρ in (7) may depend on  in general.
Freund and Lu’s SG method has an iteration complexity of O(G2 G 2 ( log0H + 102 )) for
finding a solution ŵ such that f (ŵ) − f∗ ≤ 0 (f∗ − fslb ), where fslb and G are defined in
0 )−fslb
(24) and H = f (w
f∗ −fslb . In comparison, our RSG can be better if f∗ − fslb is large. To see
this, we represent the complexity of the method by Freund and Lu (2017) in terms of the
2
slb )
absolute error  with  = 0 (f∗ − fslb ) and obtain O(G2 G 2 ( (f∗ −fslb ) log H + (f∗ −f
)). If the
2
gap f∗ − fslb is large, e.g., O(f (w0 ) − fslb ), the second term is dominating, which is at least
G2 kw0 −w0∗ k22
) due to the definition of G in (24). This complexity has the same order of
Ω(
2
magnitude as the standard SG method so that RSG can be better due to the reasoning in
last paragraph. More generally, the iteration complexity of Freund and Lu’s SG method can

kw − w∗ k2 ≤ G · (f (w) − fslb ),

Freund and Lu (2017) introduced a similar but different growth condition:

7.2 Comparison with the SG method by Freund and Lu (2017)
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In this section, we present some experiments to demonstrate the effectiveness of RSG. We
first consider several applications in machine learning, in particular regression, classification
and matrix completion, and focus on the comparison between RSG and SG. Then we make
comparison between RSG with Freund & Lu’s SG variant for solving regression problems. In
experiments, all compared algorithms use the same initial solution unless otherwise specified.

8. Experiments

proposed by Juditsky and Nesterov (2014) do need the knowledge of uniform convexity
parameter ρ and the parameter µ. It is worth mentioning that Juditsky and Nesterov
(2014) also presented algorithms with a fixed number of iterations T as input that achieve
adaptive rates without knowledge of ρ and µ. However, they only considered the case when
ρ >= 2, which corresponds to θ ≤ 1/2 in our notations, while our methods can be applied
also when θ > 1/2.

Figure 2: Comparison of RSG with different t and of different algorithms on the housing
data. One iteration means one subgradient update in all algorithms. (t1 for R2 SG
represents the initial value of t in the first call of RSG.)
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The regression problem is to predict an output y based on a feature vector x ∈ Rd . Given
a set of training examples (xi , yi ), i = 1, . . . , n, a linear regression model can be found by
solving the optimization problem in (19).
We solve two instances of the problem with p = 1 and p = 1.5 and λ = 0. We conduct
experiments on two data sets from libsvm website 6 , namely housing (n = 506 and d = 13)
and space-ga (n = 3107 and d = 6). We first examine the convergence behavior of RSG
with different values for the number of iterations per-stage t = 102 , 103 , and 104 . The value
of α is set to 2 in all experiments. The initial step size of RSG is set to be proportional to
0 /2 with the same scaling parameter for different variants. We plot the results on housing
data in Figure 2 (a,b) and on space-ga data in Figure 3 (a,b). In each figure, we plot the
objective value vs number of stages and the log difference between the objective value and
the converged value (to which we refer as level gap). We can clearly see that with different
values of t RSG converges to an -level set and the convergence rate is linear in terms of
the number of stages, which is consistent with our theory.
Secondly, we compare with SG to verify the effectiveness of RSG. The baseline SG is
√
implemented with a decreasing step size proportional to 1/ τ , where τ is the iteration
6. https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
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Here we consider the hinge loss `(z, y) = max(0, 1−yz) as in support vector machine (SVM)
and a graph-guided fused lasso (GFlasso) regularizer R(w) = λkF wk1 (Kim et al., 2009),
where F = [Fij ]m×d ∈ Rm×d encodes the edge information between variables. Suppose
there is a graph G = {V, E} where nodes V are the attributes and each edge is assigned a
weight sij that represents some kind of similarity between attribute i and attribute j. Let
E = {e1 , . . . , em } denote a set of m edges, where an edge eτ = (iτ , jτ ) consists of a tuple
of two attributes. Then the τ -th row of F matrix can be formed by setting Fτ,iτ = siτ ,jτ
and Fτ,jτ = −siτ ,jτ for (iτ , jτ ) ∈ E, and zeros for other entries. Then the GFlasso becomes

w∈Rd

The classification problem is to predict a binary class label y ∈ {1, −1} based on a feature
vector x ∈ Rd . Given a set of training examples (xi , yi ), i = 1, . . . , n, the problem of training
a linear classification model can be cast into

8.2 SVM Classification with a graph-guided fused lasso

index. The initial step size of SG is tuned in a wide range to give the fastest convergence.
The initial step size of RSG is also tuned around the best initial step size of SG. The results
are shown in Figure 2(c,d) and Figure 3(c,d), where we show RSG with two different values
of t and also R2 SG with an increasing sequence of t. In implementing R2 SG, we restart RSG
for every 5 stages, and increase the number of iterations by a certain factor. In particular,we
increase t by a factor of 1.15 and 1.5 respectively for p = 1 and p = 1.5. From the results,
we can see that (i) RSG with a smaller value of t = 103 can quickly converge to an -level,
which is less accurate than SG after running a sufficiently large number of iterations; (ii)
RSG with a relatively large value t = 104 can converge to a much more accurate solution;
(iv) R2 SG converges much faster than SG and can bridge the gap between RSG-t = 103
and RSG-t = 104 .

Figure 4: Results for solving SVM classification with GFlassso regularizer. In (b), the
objective values of the two initial solutions are 1 and 70.35. One iteration means
one subgradient update in all algorithms.

Objective
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objective

Figure 3: Comparison of RSG with different t and of different algorithms on the space-ga
data. One iteration means one subgradient update in all algorithms.
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In this subsection, we consider low rank matrix completion problems to demonstrate the
effectiveness of R2 SG without having the knowledge of c and θ in the local error bound
condition. We consider a movie recommendation data set, namely MovieLens 100k data 7 ,
which contains 100, 000 ratings from m = 943 users on n = 1682 movies. We formulate
the problem as a task of recovering a full user-movie rating matrix X from the partially
observed matrix Y . The objective is composed of a loss function measuring the difference
between X and Y on the observed entries and a nuclear norm regularizer on X for enforcing

8.3 Matrix Completion for Collaborative Filtering

We also compare the dependence of R2 SG’s convergence on the initial solution with
that of SG. We use two different initial solutions (the first initial solution w0 = 0 and the
second initial solution w0 is generated once from a normal Gaussian distribution). The
convergence curves of the two algorithms from the two different initial solutions are plotted
in Figure 4(b). Note that the initial step sizes of SG and R2 SG are separately tuned for
each initial solution. We can see that R2 SG is much less sensitive to a bad initial solution
than SG consistent with our theory.

P
R(w) = λ (i,j)∈E sij |wi − wj |. Previous studies have found that a carefully designed
GFlasso regularization helps in reducing the risk of over-fitting. In this experiment, we
follow (Ouyang et al., 2013) to generate a dependency graph by sparse inverse covariance
selection (Friedman et al., 2008). To this end, we first generate a sparse inverse covariance
matrix using the method in (Friedman et al., 2008) and then assign an equal weight sij = 1
to all edges that have non-zero entries in the resulting inverse covariance matrix. We
conduct the experiment on the dna data (n = 2000 and d = 180) from the libsvm website,
which has three class labels. We solve the above problem to classify class 3 versus the rest.
The comparison between different algorithms starting from an initial solution with all zero
entries for solving the above problem with λ = 0.1 is presented in Figure 4(a). For R2 SG,
we start from t1 = 103 and restart it every 10 stages with t increased by a factor of 1.15.
The initial step sizes for all algorithms are tuned.

Figure 5: Results for solving low rank matrix completion with different loss functions.

objective
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objective

X∈Rm×n

min
(i,j)∈Σ

1 X
`(Xij , Yij ) + λkXk∗ ,
N

(25)
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In this work, we have proposed a novel restarted subgradient method for non-smooth and/or
non-strongly convex optimization for obtaining an -optimal solution. By leveraging the

9. Conclusion

In this subsection, we compare the proposed RSG with Freund & Lu’ SG algorithm empirit )−f∗
cally. The later algorithm is designed with a fixed relative accuracy 0 such that ff(x
≤ 0 ,
∗ −fslb
where fslb is a strict lower bound of f∗ , and requires to maintain the best solution in terms
of the objective value during the optimization. For fair comparison, we run RSG with a
fixed t and then vary 0 for Freund & Lu’s SG algorithm that is an input parameter, and
then plot the objective values versus the running time and the number of iterations for both
algorithms. The experiments are conducted on the two classification data sets as used in
subsection 8.1, namely the housing data and the space-ga data, for solving robust regression problems (19) with p = 1 and p = 1.5. The strict lower bound fslb in Freund & Lu’s
algorithm is set to 0. The results are shown in Figure 6 and Figure 7, where SGR refers to
Freund & Lu’s SG algorithm with a specified relative accuracy. For each problem instance
(a data set and a particular value of p), we report two results comparing the objective values
vs. running time and the number of iterations. We can see that RSG is very competitive
in performance in terms of running time and converge faster than Freund & Lu’s algorithm
with a small 0 = 10−4 for achieving the same accurate solution (e.g., with objective gap
less than 10−10 ).

8.4 Comparison with Freund & Lu’s SG

where Σ is a set of user-movie pairs that denote the observed entries, `(·, ·) denote a loss
function, kXk∗ denotes the nuclear norm, N = |Σ| and λ > 0 is a regularization parameter.
We consider two loss functions, i.e, the hinge loss and the absolute loss. For absolute
loss, we set `(a, b) = |a − b|. For hinge loss, we follow Rennie and Srebro (2005) by
introducing four thresholds θ1,2,3,4 due to there are five P
distinct ratings in {1, 2, 3, 4, 5}
r (θ − X )),
that can be assigned to each movie, and defining `(a, b) = 4r=1 max(0, 1 − Ti,j
r
ij

1
if
r
≥
Y
ij
where Tijr =
. In our experiment, we set θ1,2,3,4 = (0, 3, 6, 9) and λ = 10−5
0 otherwise
following (Yang et al., 2014). Since the loss function and the nuclear norm are both semialgebraic functions (Yang et al., 2016; Bolte et al., 2014), then the problem (25) satisfies an
error bound condition on any compact set (Bolte et al., 2017). However, it remains an open
problem what are the proper values of c and θ to make local error bound condition hold.
Hence, we run R2 SG by setting θ = 0. To compare with SG, we simply set t1 = 10 - the
number of iterations of each stage of the first call of RSG. The baseline SG is implemented
in the same way as before. The results of the objective values vs the number of iterations
are plotted in Figure 5. We can see that R2 SG converges much faster than SG, verifying
the effectiveness of R2 SG predicted by Theorem 16.

a low rank, i.e.,
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The proof of Corollary 14 leverages the following result (Bolte et al., 2017).

Appendix A. A proposition needed to prove Corollary 14
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lower bound of the first-order optimality residual, we establish a generic complexity of RSG
that improves over standard subgradient method. We have also considered several classes
of non-smooth and non-strongly convex problems that admit a local error bound condition
and derived the improved order of iteration complexities for RSG. Several extensions have
been made to design a parameter-free variant of RSG without requiring the knowledge of
the constants in the local error bound condition. Experimental results on several machine
learning tasks have demonstrated the effectiveness of the proposed algorithms in comparison
to the subgradient method.

Figure 7: Comparison of RSG with Freund & Lu’s SG algorithm (SGR) on the space-ga
data.
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Figure 6: Comparison of RSG with Freund & Lu’s SG algorithm (SGR) on the housing
data.
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Proposition 1 (Bolte et al., 2017, Theorem 5) Let f (x) be an extended-valued, proper,
convex and lower semicontinuous function that satisfies the KL inequality (20) at x∗ ∈
arg min f (·) for all x ∈ U ∩{x : f (x∗ ) < f (x) < f (x∗ )+η}, where U is a neighborhood of x∗ ,
then dist(x, arg min f (·)) ≤ ϕ(f (x) − f (x∗ )) for all x ∈ U ∩ {x : f (x∗ ) < f (x) < f (x∗ ) + η}.
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This paper presents a new approach for Gaussian process (GP) regression for large datasets.
The approach involves partitioning the regression input domain into multiple local regions
with a different local GP model fitted in each region. Unlike existing local partitioned GP
approaches, we introduce a technique for patching together the local GP models nearly
seamlessly to ensure that the local GP models for two neighboring regions produce nearly
the same response prediction and prediction error variance on the boundary between the
two regions. This largely mitigates the well-known discontinuity problem that degrades the
prediction accuracy of existing local partitioned GP methods over regional boundaries. Our
main innovation is to represent the continuity conditions as additional pseudo-observations
that the differences between neighboring GP responses are identically zero at an appropriately chosen set of boundary input locations. To predict the response at any input location,
we simply augment the actual response observations with the pseudo-observations and apply standard GP prediction methods to the augmented data. In contrast to heuristic
continuity adjustments, this has an advantage of working within a formal GP framework,
so that the GP-based predictive uncertainty quantification remains valid. Our approach
also inherits a sparse block-like structure for the sample covariance matrix, which results
in computationally efficient closed-form expressions for the predictive mean and variance.
In addition, we provide a new spatial partitioning scheme based on a recursive space partitioning along local principal component directions, which makes the proposed approach
applicable for regression domains having more than two dimensions. Using three spatial
datasets and three higher dimensional datasets, we investigate the numerical performance
of the approach and compare it to several state-of-the-art approaches.
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Gaussian process (GP) regression is a popular Bayesian nonparametric approach for nonlinear regression (Rasmussen and Williams, 2006). A GP prior is assumed for the unknown
regression function, and the posterior estimate of the function is from this prior, combined
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with noisy (or noiseless, for deterministic simulation response surfaces) response observations. The posterior estimate can be easily derived in a simple closed form using the
properties induced by the GP prior, and the estimator has several desirable properties,
e.g., it is the best linear unbiased estimator under the assumed model and offers convenient
quantification of the prediction error uncertainty. Its conceptual simplicity and attractive
properties are major reasons for its popularity. On the other hand, the computational
expense for evaluating the closed form solution is proportional to N 3 , where N denotes
the number of observations, which can be prohibitively expensive for large N . Broadly
speaking, this paper concerns fast computation of the GP regression estimate for large N .
The major computational bottleneck for GP regression is the inversion of a N × N
sample covariance matrix, which is also often poorly numerically conditioned. Different
approaches for representing or approximating the sample covariance matrix with a more
efficiently invertible form have been proposed. The approaches can be roughly categorized
as sparse approximations, low-rank approximations, or local approximations. Sparse methods represent the sample covariance with a sparse version, e.g. by applying a covariance
tapering technique (Furrer et al., 2006; Kaufman et al., 2008), using a compactly supported
covariance function (Gneiting, 2002), or using a Gaussian Markov approximation of a GP
(Lindgren et al., 2011). The inversion of a sparse positive definite matrix is less computationally expensive than the inversion of a non-sparse matrix of the same size, because its
Cholesky decomposition is sparse and can be achieved more quickly.
Low-rank approximations of the sample covariance matrix can be performed in multiple
ways. The most popular approach for the low-rank approximation introduces latent variables and assume a certain independence conditioned on the latent variables (Seeger et al.,
2003; Snelson and Ghahramani, 2006), so that the resulting sample covariance matrix has
reduced rank. The (pseudo)inversion of a N × N matrix of rank M can be computed with
reduced O(N M 2 ) expense. Titsias (2009) introduced a variational formulation to infer the
latent variables along with covariance parameters, and a variant of the idea was proposed
using the stochastic variational inference technique (Hensman et al., 2013). The latent
variable model approaches are exploited to develop parallel computing algorithms for GP
regression (Chen et al., 2013). Another way for low rank approximation is to approximate the sample covariance matrix with a product of a block diagonal matrix and multiple
blocked low-rank matrices (Ambikasaran et al., 2016).
Local approximation approaches partition the input domain into a set of local regions
and assume an independent GP regression model within each region (Das and Srivastava,
2010). The resulting sample covariance matrix is a block diagonal matrix of local sample
covariance matrices, and inverting the block diagonal matrix is much cheaper computationally. Such local approximation approaches have many advantages. By their local nature,
they adapt better to local and nonstationary data features, and independent local approximation models can be computed in parallel to reduce total computation time. Their major
weakness is that two local models for two neighboring local regions produce different predictions at the boundary between the regions, creating discontinuity of the regression function
over the boundary. This boundary discontinuity is not just an aesthetic problem, as it
was empirically shown that greater discontinuity implies greater degradation in prediction
accuracy, particularly around the boundaries of the local regions (Park and Huang, 2016).
This discontinuity issue has been addressed in different ways. Perhaps the most popular
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approach is to smooth out some of the discontinuity by using some weighted average across
the local models or across multiple sets of local models via a Dirichlet mixture (Rasmussen
and Ghahramani, 2002), a treed mixture (Gramacy and Lee, 2008), Bayesian model averaging (Tresp, 2000; Chen and Ren, 2009; Deisenroth and Ng, 2015), or locally weighted
projections (Nguyen-Tuong et al., 2009). Other, related approaches use additive covariance
functions consisting of a global covariance and a local covariance (Snelson and Ghahramani,
2007; Vanhatalo and Vehtari, 2008), construct a local model for each testing point (Gramacy and Apley, 2015), or use a local partition but constrain the local models for continuity
(Park et al., 2011; Park and Huang, 2016).
In this work we use a partitioned input domain like Park et al. (2011) and Park and
Huang (2016), but we introduce a different form of continuity constraints that are more
easily and more naturally integrated into the GP modeling framework. Both Park et al.
(2011) and Park and Huang (2016) basically reformulated local GP regression as an optimization problem, and the local GP models for neighboring regions were constrained to
have the same predictive means on the boundaries of the local regions by adding some
linear constraints to the optimization problems that infer the local GP models. Park et al.
(2011) used a constrained quadratic optimization that constrains the predictive means for
a finite number of boundary locations, and Park and Huang (2016) introduced a functional
optimization formulation to enforce the same constraints for all boundary locations. The
optimization-based formulations make it infeasible to derive the marginal likelihood and the
predictive variances in closed forms, which were roughly approximated. In contrast, this
paper presents a simple and natural way to enforce continuity. We consider a set of GPs
that are defined as the differences between the responses for the local GPs in neighboring
regions. Continuity implies that these differenced GPs are identically zero along the boundary between neighboring regions. Hence, we impose continuity constraints by treating the
values of the differenced GPs at a specified set of boundary points as all having been “observed to be zero”, and we refer to these zero-valued differences as pseudo-observations. We
can then conveniently incorporate continuity constraints by simply augmenting the actual
set of response observations with the set of pseudo-observations, and then using standard
GP modeling to calculate the posterior predictive distribution given the augmented set of
observations. We note that observing the differenced GPs to be zero at a set of boundary
points is essentially equivalent to assuming continuity at these points without imposing any
further assumptions on the nature of the GPs.
The new modeling approach creates several major benefits over the previous domain
partitioning approaches. The new modeling is simpler than the previous approaches, so the
marginal likelihood function can be explicitly derived for tuning hyperparameters, which
was not possible for the previous approaches. In the previous approaches, the values of
the predictive means on the boundaries of local regions must be explicitly specified, which
involves solving a large linear system of equations. Unlike the previous approaches, observing the pseudo-observations of the differenced GPs to be zero does not require specifying
the actual values of the predictive means and variances on the boundaries. Furthermore,
the proposed approach enforces that the local models for neighboring regions produce the
same values for both the predictive means and variances at the boundary points between
the local regions, while both of the previous approaches are only able to enforce the same
predictive means but not the same predictive variances. Last, the previous approaches are
3
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only applicable for one- or two-dimensional problems, while our new approach is applicable
for higher dimensional regression problems. We view our approach as “patching” together
a collection of local GP regression models using the boundary points as “stitches”, and,
hence, we refer to it as patchwork kriging.
The remainder of the paper is organized as follows. Section 2 briefly reviews the general
GP regression problem and notational convention. Section 3 presents the core methodology
of the patchwork kriging approach, including the prior model assumptions, the pseudoobservation definition, the resulting posterior predictive mean and variance equations, and
the detailed computation steps along with choice of tuning parameters. Section 4 shows
how the patchwork kriging performs with a toy example for illustrative purpose. Section 5
investigates the numerical performance of the proposed method for different simulated cases
and compares it with the exact GP regression (i.e., the GP regression without partitions,
using the entire dataset to predict each point) and a global GP approximation method.
Section 6 presents the numerical performance of the proposed approach for five real datasets
and compares it with Park and Huang (2016) and other state-of-the-art methods. Finally,
Section 7 concludes the paper with a discussion.

2. Gaussian Process Regression

yi = µ + f (xi ) + i ,

i = 1, . . . , N,

Consider the general regression problem of estimating an unknown predictive function f
that relates a d dimensional predictor x ∈ Rd to a real response y, using noisy observations
D=
= 1, . . . , N },
{(xi , yi ), i

where i ∼ N (0, σ 2 ) is white noise, independent of f (xi ). We assume that µ = 0. Otherwise,
one can normalize yi by subtracting the sample mean of the yi ’s from yi . Notice that we do
not use bold font for the multivariate predictor xi and reserve bold font for the collection
of observed predictor locations, x = [x1 , x2 , . . . , xN ]T .
In a GP regression for this problem, one assumes that f is a realization of a zero-mean
Gaussian process having covariance function c(·, ·) and then uses the observations D to
obtain the posterior predictive distribution of f at an arbitrary x∗ , denoted by f∗ = f (x∗ ).
Denote y = [y1 , y2 , . . . , yN ]T . The joint distribution of (f∗ , y) is
 

T
c∗∗
cx∗
0,
,
cx∗ σ 2 I + C xx

P (f∗ , y) = N

(1)

where c∗∗ = c(x∗ , x∗ ), cx∗ = (c(x1 , x∗ ), . . . , c(xN , x∗ ))T and C xx is an N × N matrix with
(i, j)th entry c(xi , xj ). The subscripts on c∗∗ , cx∗ , and C xx indicate the two sets of locations
between which the covariance is computed, and we have abbreviated the subscript x∗ as ∗.
Applying the Gaussian conditioning formula to the joint distribution gives the predictive
distribution of f∗ given y (Rasmussen and Williams, 2006),

T
T
P (f∗ |y) = N (cx∗
(σ 2 I + C xx )−1 y, c∗∗ − cx∗
(σ 2 I + C xx )−1 cx∗ ).
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T (σ 2 I + C )−1 y is taken to be the point prediction of f (x) at
The predictive mean cx∗
xx
T (σ 2 I +
location x∗ , and its uncertainty is measured by the predictive variance c∗∗ − cx∗
C xx )−1 cx∗ . Efficient calculation of the predictive mean and variance for large datasets has
been the focus of much research.

4

5

δk,l (x) = fk (x) − fl (x) for x ∈ Γk,l ,
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(2)

It is important to note that the independence of the GPs in Assumption 1 is prior to
enforcing the continuity conditions via the pseudo-observations, as described below. After
enforcing the continuity conditions, the GPs will no longer be independent a priori, since
the assumed continuity at the boundaries imposes a very strong prior dependence of the surfaces. Since the pseudo-observations should also be viewed as additional prior information,
the independence condition in Assumption 1 might be more appropriately viewed as a hyperprior condition. In fact, we view the incorporation of the boundary pseudo-observations
as an extremely tractable and straightforward way of imposing some reasonable form of
dependency of the fk (x) across regions (which is the ultimate goal), while still allowing
us to begin with an independent GP hyperprior (which results in the tractability of the
analyses).
Now partition the training set D into Dk = {(xi , yi ) : xi ∈ Ωk } (k = 1, 2, ..., K), and
denote xk = {xi : xi ∈ Ωk } and y k = {yi : xi ∈ Ωk }. By the independence part of
Assumption 1, the predictive distribution of fk (x) given D is equivalent to the predictive
distribution of fk (x) given Dk , which gives the standard local GP solution with no continuity
requirements. The primary problem with this formulation is that the predictive distributions
of fk (x) and fl (x) are not equal on the boundary of their neighboring regions Ωk and Ωl .
Our objective is to improve the local kriging prediction by enforcing fk (x) = fl (x) on
their shared boundary. The key idea is illustrated in Figure 1 and described as follows. For
two neighboring regions Ωk and Ωl , let Γk,l = Ωk ∩ Ωl denote their shared boundary. For
each pair of neighboring regions Ωk and Ωl , we define the auxiliary process δk,l (x) to be the
difference between the two local GP models,

Assumption 1 Each fk (x) follows a GP prior distribution with zero mean and covariance
function ck (·, ·), and the fk (x)’s are mutually independent a priori (prior to enforcing the
continuity conditions). The choice of the local covariance function(s) can differ depending
on the specifics of the problem. If f (x) is expected to be a stationary process, then one
could use the same ck (·, ·) = c(·, ·) for all k. In this case, the purpose of this local GP
approximation would be to approximate f (x) computationally efficiently. On the other hand,
if one expects non-stationary behavior of the data, then different covariance functions should
be used for each region.

To specify the idea more precisely, consider a spatial partition of the input domain of f (x)
into K local regions {Ωk : k = 1, 2, ..., K}, and define fk (x) as the local GP approximation
of f (x) at x ∈ Ωk , where Ωk is the closure of Ωk . Temporarily ignoring the continuity
requirements, the local models are assumed to follow independent GP priors:

3.1 Inference with Boundary Continuity Constraints

As mentioned in the introduction, for efficient computation we replace the GP regression by
a set of local GP models on some partition of the input domain, in a manner that enforces
a level of continuity in the local GP model responses over the boundaries separating their
respective regions. Section 3.1 conveys the main idea of the proposed approach,

3. Patchwork Kriging

Patchwork Kriging

1st dimension of 𝑥

𝑓𝑙 𝑥 on 𝑥
∈ Ω𝑙

Ω𝑙

𝛿𝑘,𝑙 𝑥 = 𝑓𝑘 𝑥 − 𝑓𝑙 𝑥 = 0 on 𝑥 ∈ Γ𝑘,𝑙

𝑓𝑘 𝑥 on 𝑥
∈ Ω𝑘

Ω𝑘

Γ𝑘,𝑙
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Likewise, δk,l (x) and δu,v (x) are correlated with covariance


if k = u, l 6= v
ck (x1 , x2 )




c
(x
,
x
)
if
l = v, k 6= u

l 1 2


−c (x , x )
if
k = v, l 6= u
k 1 2
Cov(δk,l (x1 ), δu,v (x2 )) =
−cl (x1 , x2 )
if
l = u, k 6= v




ck (x1 , x2 ) + cl (x1 , x2 ) if k = u, l = v



0
otherwise.

Since Cov(fk (x1 ), fl (x2 )) = ck (x1 , x2 ) for k = l and zero otherwise under Assumption 1,


if k = j
ck (x1 , x2 )
Cov(δk,l (x1 ), fj (x2 )) = −cl (x1 , x2 ) if l = j
(3)


0
otherwise.

= Cov(fk (x1 ), fj (x2 )) − Cov(fl (x1 ), fj (x2 )).

Cov(δk,l (x1 ), fj (x2 )) = Cov(fk (x1 ) − fl (x1 ), fj (x2 ))

and it is only defined for k < l to avoid any duplicated definition of the auxiliary process.
By the definition and under Assumption 1, δk,l (x) is a Gaussian process with zero mean
and covariance function ck (·, ·) + cl (·, ·), and its covariance with fj (x) is

Figure 1: Illustration of the notation and concepts for defining the local models fk (x)
and fl (x). Ωk and Ωl represent two local regions resulting from some appropriate spatial
partition (discussed later) of the regression input domain. The (posterior distributions
for the) GP functions fk (x) and fl (x) represent the local approximations of the regression
function on Ωk and Ωl , respectively. The subset Γk,l represents the interfacial boundary
between the two regions Ωk and Ωl , and δk,l (x) is defined as the difference between fk (x)
and fl (x), which is identically zero on Γk,l by the continuity assumption.

2nd dimension of 𝑥

Patchwork Kriging

Boundary continuity between fk (x) and fl (x) can be achieved by enforcing the condition
δk,l (x) = 0 at Γj,k . We reiterate that fk (x) and fl (x) are no longer independent after
conditioning on the additional information δk,l (x) = 0. In fact, they are strongly dependent,
as they must be in order to achieve continuity a priori. Hence, the independence condition
in Assumption 1 is really a hyperprior independence.
Deriving the exact prior distribution of the surface conditioned on δk,l (x) = 0 everywhere
on the boundaries appears to be computationally intractable, because there are uncountably
infinitely many x’s in Γj,k . Instead, we propose a much simpler continuity correction that
begins with the Assumption 1 prior (including the independence hyperprior ) and augments
the observed data D with the pseudo observations δk,l (x) = 0 for a finite number of input
locations x ∈ Γk,l . As the number of boundary pseudo-observations grows, we can better
approximate the theoretical ideal condition that δk,l (x) = 0 everywhere on the boundary.
The choice of the boundary input locations will be discussed later.
Notice that observing “δk,l (x) = 0” is equivalent to observing that fk (x) = fl (x) without
observing the actual values of fk (x) and fl (x). Thus, if we augment D to include these
pseudo observations when calculating the posterior predictive distributions of fk (x) and
fl (x), it will force the posterior distributions of fk (x) and fl (x) to be the same at each
boundary input location x, because observing δk,l (x) = 0 means that we have observed
fk (x) and fl (x) to be the same (see (19) and (20), for a formal proof). This implies that
their posterior means (which are the GP regression predictive functions) and their posterior
variances (which quantify the uncertainty in the predictions) will both be equal.
Suppose that we place B pseudo observations on each Γk,l . Let xk,l denote the set
of B input boundary locations chosen in Γk,l , let δ k,l denote a collection of the noiseless
observations of δk,l (x) at the selected boundary locations, and let δ denote the collection of
all δ k,l ’s in the following order,
T
T
T
T
T
T
δ T = (δ 1,1
, δ 1,2
, . . . , δ 1,K
, δ 2,1
, . . . , δ 2,K
, . . . , δ KK
).

(k)

(k)

(k)

(k)

(k)

(k)

(5)

Note that the observed pseudo value of δ will be a vector of zeros, but its prior distribution (prior to observing the pseudo values or any response observations) is represented by
(k)
the above covariance expressions. Additionally, let f∗ = fk (x∗ ) denote the value of the
T ). The prior joint distribution
response fk (x) at any x∗ ∈ Ωk , and let y T = (y 1T , y 2T , . . . , y K
(k)
of f∗ , y and δ is



 (k) 


(k)
(k)
c∗∗ c∗D
c∗,δ
0
f∗



(k)
 y ∼N
 0 ,
cD∗ C DD C D,δ  ,
(k)
0
δ
cδ,∗ C δ,D C δ,δ

(k)

(k)

where the expressions of the covariance blocks are given by c∗∗ = Cov(f∗ , f∗ ),
(k)

(k)

c∗D = (Cov(f∗ , y 1 ), Cov(f∗ , y 2 ), . . . , Cov(f∗ , y K )),
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c∗δ = (Cov(f∗ , δ 1,1 ), Cov(f∗ , δ 1,2 ), . . . , Cov(f∗ , δ K,K )),


Cov(y , y ) Cov(y , y ) . . . Cov(y , y )
1
1
1
2
1
K


 Cov(y 2 , y 1 ) Cov(y 2 , y 2 ) . . . Cov(y 2 , y K ) 
cDD = 
,
.
.
.
..


.
..
..
..
Cov(y K , y 1 ) Cov(y K , y 2 ) . . . Cov(y K , y K )
7
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Cov(y 1 , δ 1,1 ) Cov(y 1 , δ 1,2 ) . . .

 Cov(y 2 , δ 1,1 ) Cov(y 2 , δ 1,1 ) . . .
C D,δ = 
.
.
..

.
..
..
Cov(y , δ ) Cov(y K , δ 1,2 ) . . .
1,1
K

Cov(δ 1,1 , δ 1,1 )
Cov(δ 1,1 , δ 1,2 )

Cov(δ , δ 1,1 )
1,2
 Cov(δ 1,2 , δ 1,1 )
C δ,δ = 
.
.

..
..
Cov(δ K,K , δ 1,1 ) Cov(δ K,K , δ 1,2 )

(k)

(k)

(k)

Cov(y 1 , δ K,K )
Cov(y , δ K,K )
2
.
..
Cov(y K , δ K,K )





.






 , and


. . . Cov(δ 1,1 , δ K,K )
. . . Cov(δ , δ K,K )
1,2
.
..
.
..
. . . Cov(δ K,K , δ K,K )

(k)

(k)

(7)

(6)

Note that joint covariance matrix is very sparse, because of the many zero values in (3) and
(4).
From the standard GP modeling results applied to the augmented data, the posterior
(k)
predictive distribution of f∗ given y and the pseudo observations δ = 0 is Gaussian with
mean
(k)

(k)

(k)

−1 T −1
−1 T
C Dδ ) y.
C Dδ )(C DD − C Dδ C δ,δ
E[f∗ |y, δ = 0] = (c∗D − c∗δ C δ,δ

and variance
(k)

(k)

−1
Var[f∗ |y, δ] = c∗∗ − c∗,δ C δ,δ
cδ∗

−1
−1 T −1
−1 T
cδ∗ ).
C Dδ ) (cD∗ − C Dδ C δ,δ
C Dδ )(C DD − C Dδ C δ,δ
− (c∗D − c∗δ C δ,δ

The derivation of the predictive mean and variance can be found in Appendix A.
One implication of the continuity imposed by including the pseudo observations δ = 0
(k)
(l)
is that the posterior predictive means and variances of f∗ and f∗ for two neighboring
regions Ωk and Ωl are equal at the specified input boundary locations xk,l ; see Appendix B
for details. The continuity imposed certainly does not guarantee that the posterior means
(k)
(l)
and variances of f∗ and f∗ are equal for every x∗ ∈ Γk,l , including those not in the
locations of pseudo observations xk,l . Our numerical experiments in Section 5 demonstrate
(k)
(l)
that as we place more pseudo inputs, the posterior means and variances of f∗ and f∗
converge to each other.
From the preceding, our proposed approach enforces that the two local GP models for
two neighboring local regions have the same posterior predictive means and variances (and
they satisfy an even stronger condition, that the responses themselves are identical) at the
chosen set of boundary points corresponding to the pseudo observations. We view this as
patching together the independent local models in a nearly continuous way. The chosen
sets of boundary points serve as the stitches when patching together the pieces, and the
more boundary points are chosen, the closer the models are to being continuous over the
entire boundary. In light of this, we refer to the approach as patchwork kriging.

3.2 Hyperparameter Learning and Prediction
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The hyperparameters of the covariance function(s) ck (·, ·) determine the correlation among
the values of f (x), which has significant effect on the accuracy of a Gaussian process regression. We jointly estimate all correlation parameters (multiple sets of parameters if

8

1
N
C DD C D,δ
log(2π) + log
C δ,D C δ,δ
2
2


C DD C D,δ
C δ,D C δ,δ

−1 
y
0


(8)

= |C DD ||C δ,δ − C δ,D C −1
DD C D,δ |,

(k)

(k)

(k)
(k)

(k)

(10)

3.3 Sparsity and Complexity Analysis

9

where w∗ = L−1 (c∗δ )T . The computation steps of patchwork kriging were described in
Algorithm 1.

(k)

Var[f∗ |y, δ = 0] = c∗∗ − wT∗ w∗ − (c∗D − wT∗ v)Q(c∗D − wT∗ v)T ,

E[f∗ |y, δ = 0] = (c∗D − wT∗ v)Qy

10
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(9)

After the hyperparameters were chosen by the MLE criterion, evaluating the predictive
mean and variance for the patchwork kriging model can be performed as follows. Let Q
denote the inversion result of (9), and let L denote the cholesky decomposition of C δ,δ such
that C δ,δ = LLT . After the pre-computation of the two matrices and v = L−1 C TDδ , the
predictive mean (6) and the predictive variance (7) can be evaluated for each x∗ ∈ Ωk ,

−1
−1
−1
T
T −1
−1 T
(C DD − C Dδ C −1
= C −1
DD + C DD C Dδ (C δ,δ − C Dδ C DD C Dδ ) C Dδ C DD .
δ,δ C Dδ )

Note that the log determinant of the block diagonal matrix C DD is equal to the sum of
the log determinants of its diagonal blocks, and C δ,δ − C δ,D C −1
DD C D,δ is very sparse, so the
cholesky decomposition of the sparse matrix can be taken to evaluate their determinants; we
will detail the sparsity discussion in the next section. Evaluating the quadratic term of the
T
negative log marginal likelihood function involves the inversion of (C DD − C Dδ C −1
δ,δ C Dδ ).
The inversion can be effectively evaluated using
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= log |C DD | + log C δ,δ − C δ,D C −1
DD C D,δ .

The computational expense of patchwork kriging is much less than that of the global GP
regression. The computational expense of the patchwork kriging model is dominated by
evaluating the inversion (9). The inversion comes in two parts. The first part is to invert

C DD C D,δ
C δ,D C δ,δ

C DD . Note that C DD is a block diagonal matrix with the kth block size equal to the size of
Dk . If the size of each Dk is M , evaluating C −1
DD requires only inverting K matrices of size
−1
2
M × M , and its expense is O(KM 3 ). Given C −1
DD , evaluating C DD C Dδ adds O(KBM ) to
the computational expense.
The second part of the inversion (9) is to invert C δ,δ − C TDδ C −1
DD C Dδ . The matrix
P
−1 Cov(y , δ
is very sparse, because Cov(δ k,l , δ u,v ) − K
m u,v )
m=1 Cov(δ k,l , y m ) Cov(y m , y m )
is a zero matrix unless the tuple (k, l, u, v) satisfies the non-zero conditions listed in (4).
The symmetric sparse matrix can be converted into a symmetric sparse banded matrix
by the reverse Cuthill-McKee algorithm (Chan and George, 1980), and the computational
complexity of the conversion algorithm is linearly proportional to the number of non-zero
elements in the original sparse matrix. Let df denote the number of neighboring local
regions of each local region, and B denote the number of pseudo observations placed per
boundary. The number of non-zero elements in the sparse matrix is O(df BK), so the
time complexity of the reverse Cuthill-McKee algorithm is O(df BK). The bandwidth of
the resulting sparse matrix is linearly proportional to df B, and the size of the matrix
is proportional to df BK. The complexity of taking the inverse of a symmetric banded
matrix with size r and bandwidth p through Cholesky decomposition is O(rp2 ) (Golub and
Van Loan, 2012, pp. 154). Therefore, the complexity of inverting C δ,δ − C TDδ C −1
DD C Dδ is
O(d3f B 3 K). Note that df ∝ d if data are more densely distributed over the entire input
dimensions, and df ∝ d0 if data are a d0 -dimensional embedding in d dimensional space.
The complexity becomes O(d3 B 3 K) for the worst case scenario.
Therefore, the total computational expense of the inversion (9) is O(KM 3 + KBM 2 +
d3f B 3 K). Typically, B  M , in which case the complexity is O(KM 3 + d3f B 3 K). Note that
M ≈ N/K, where the approximation error is due to rounding N/K to an integer value.
Therefore, the complexity can be written as O(N 3 /K 2 + d3f B 3 K). Given a fixed data size
N , more splits of the regression domain will reduce the computation time due to the first
term in the complexity, but too much increase would increase the second term, which will

log

which can be used to compute the log determinant term in N L(θ) as follows,

C DD C D,δ
C δ,D C δ,δ

Note that we have augmented the data to included the pseudo observations δ = 0 in the likelihood expression, which results in a better behaved likelihood by imposing some continuity
across regions. This essentially allows data to be shared across regions when estimating the
covariance parameters. Using the properties of a determinant for a partitioned matrix, the
determinant part in the marginal likelihood becomes

=

1
+ [y T 0T ]
2

Algorithm 1 Computation Steps for Patchwork Kriging
Require:
1: Decomposition of domain {Ωk ; k = 1, . . . , K}; see Section 3.4 for a choice.
2: Locations of pseudo data {xk,l ; k, l = 1, . . . , K}; see Section 3.4 for a choice.
3: Hyperparameters of covariance function ck (·, ·); use the MLE criterion (8) for a choice.
Input: Data D and test location x∗
(k)
(k)
Output: E[f∗ |y, δ = 0] and Var[f∗ |y, δ = 0]
−1 T −1
using (9).
4: Evaluate Q = (C DD − C Dδ C δ,δ C Dδ )
5: Take the Cholesky Decomposition of C δ,δ = LLT .
6: Evaluate v = L−1 C T
Dδ .
7: for x∗ ∈ Ωk do
(k)
8:
Evaluate w∗ = L−1 (c∗δ )T .
(k)
(k)
9:
E[f∗ |y, δ = 0] = (c∗D − wT∗ v)Qy.
(k)
(k)
(k)
10:
Var[f∗ |y, δ = 0] = c∗∗ − wT∗ w∗ − (c∗D − wT∗ v)Q(c∗D − wT∗ v)T .
11: end for

different ck (·, ·) are assumed for each region) using maximum likelihood estimation (MLE)
by minimizing the negative log marginal likelihood,

N L(θ) = − log p(y, δ = 0|θ)
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(k)

−1 T
(c∗D − c∗δ C δ,δ
C Dδ ).

(k)

(11)

be shown later in Section 6. When data are dense in the input space, df ∝ d, for which
the complexity would increase in d3 . For d < 10, the effect is pretty ignorable unless B
is very large, but it becomes significant when d > 10. This computation issue related to
data dimensions basically suggests to limit the practical use of this method to d less than
100. We will later discuss more on this issue and how to choose K and B to balance off the
computation and prediction accuracy in Section 5.2.
In addition to the computational expense of the big inverse, additional incremental
computations are needed per each test location x∗ . The first part is to evaluate for the
predictive mean and variances,

(k)

Note that the elements in c∗D are mostly zero except for the columns that correspond
(k)
to Dk (size M ), and similarly most elements of c∗δ are zero except for the columns that
correspond to δ k,l ’s (size df B). The cost of evaluating (11) is O(M + df B). Therefore, the
cost of the predictive mean prediction per a test location is O(M + df B), and the cost for
the predictive variance is O((M + df B)2 ). When data are dense in the input dimensions,
the costs become O(M + dB) and O((M + dB)2 ).
3.4 Tuning Parameter Selection

= {x ∈

(s+1)

(s)
Ωj

:

T
v j,s
x

≤ ν} and

(s+1)
Ω2j

= {x ∈

(s)
Ωj

:

T
v j,s
x

> ν}.

(12)

The performance of the proposed patchwork kriging method depends on the choice of tuning
parameters, including the number of partitions (K) and the number (B) and locations (xk,l )
of the pseudo observations. This section presents guidelines for these choices. Choosing the
locations of pseudo observations is related to the choice of domain partitioning. In this
section, we discuss the choices of the locations and partitioning together.
There are many existing methods to partition a large set of data into smaller pieces.
The simplest spatial partitioning is a uniform grid partitioning that divides a domain into
uniform grids and splits data accordingly (Park et al., 2011; Park and Huang, 2016). This
is simple and effective if the data are uniformly distributed over a low dimensional space.
However, if the input dimension is high, it would either generate too many regions or it
would produce many sparse regions that contain very few or no observations, and the latter
also happens when the data are non-uniformly distributed; see examples in Figure 2-(c)
and Figure 2-(e). Shen et al. (2006) used a kd-tree for spatial partitioning of unevenly
distributed data points in a high dimensional space. A kd-tree is a recursive partitioning
scheme that recursively bisects the subspaces along one chosen data dimension at a time.
Later, McFee and Lanckriet (2011) generalized it to the spatial tree. Starting with a level
(0)
0 space Ω1 equal to the entire regression domain, the spatial tree recursively bisects each
(s)
of level s spaces into two level s + 1 spaces. Let Ωj ∈ Rd denote the jth region in the level
s space. It is bisected into two level s + 1 spaces as
(s+1)
Ω2j−1
(s+1)
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Each of Ω2j−1 and Ω2j
will be further partitioned in the next level using the same
procedure. The choice of the linear projection vector v j,s depends on the distribution of the
11
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Figure 2: Comparison of two spatial partitioning schemes: a uniform grid (left panel) and
a spatial tree (right panel). The spatial tree generates data partitioning of uniform sizes
when data is unevenly distributed, but the uniform grid does not.

12

(s)

(s+1)

for i = 1, . . . , 6000,

13
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where xi ∼ Uniform([0, 6] × [0, 6]) and i ∼ N (0, 1) were independently sampled. We used
the dataset to illustrate how two local GP models for two neighboring local regions change

from a zero-mean Gaussian process with an exponential covariance function of c(xi , xj ) =
10 exp(−||xi − xj ||2 ), where xi ∼ Uniform(0, 10) and i ∼ N (0, 1) are independently sampled, and f (xi ) is simulated by the R package RandomField. Three hundred of the 6,000
observations were randomly selected as the training data D, while the remaining 5,700 were
reserved for test data. Figure 3 illustrates how the patchwork kriging predictor changes for
different K, relative to the global GP predictor and the regular local GP predictor with no
continuity conditions across regions. As the number of regions (K) increases, the regular
local GP predictor deviates more from the global GP predictor. The test prediction mean
square error (MSE) for the regular local GP predictor at the 5,700 test locations is 0.0137
for K = 4, 0.0269 for K = 8, 0.0594 for K = 16, and 0.1268 for K = 32. In comparison,
patchwork kriging substantially improves the test MSE to 0.0072 for K = 4, 0.0123 for
K = 8, 0.0141 for K = 16, and 0.0301 for K = 32.
We also generated a synthetic dataset in 2-d using the R package RandomField, and we
denote this dataset by synthetic-2d. synthetic-2d consists of 8,000 noisy observations
from a zero-mean Gaussian process with the exponential covariance function of c(xi , xj ) =
10 exp(−||xi − xj ||2 ),
yi = f (xi ) + i for i = 1, . . . , 8000,

yi = f (xi ) + i

To illustrate how patchwork kriging changes the model predictions (relative to a set of
independent GP models over each region, with no continuity conditions imposed), we designed the following simple simulation study; we will present more comprehensive simulation
comparisons and analyses in Section 5. We generated a dataset of 6,000 noisy observations

4. Illustrative Example

of the local data. The value for ν is chosen so that Ω2j−1 and Ω2j
have an equal number
of observations. In this sense, the subregions at the same level are equally sized, which
helps to level off the computation times of the local models. When the spatial tree is
applied on data uniformly distributed over a rectangular domain, it produces a uniform
grid partitioning; see examples in Figure 2-(b). The spatial tree is more effective than the
grid partitioning when data is unevenly distributed; see examples in Figure 2-(d) and Figure
2-(f).
In this work, we use a spatial tree with the principal component (PC) direction for v j,s .
Bisecting a space along the PC direction has effects of minimizing the area of the interfacial
boundaries in between the two bisected regions, so the number of the pseudo observations
necessary for connecting the two regions can be minimized. The maximum level of the
recursive partitioning depends on the choice of K via smax = blog2 Kc. The choices of K
and B will be discussed in the next section. Given B, the pseudo observations xk,l are
randomly generated from an uniform distribution over the intersection of the hyper-plane
(s)
v Tj,s x = ν and the level s region Ωj .

(s+1)

local data belonging to Ωj . For example, it can be the first principal component direction

y

x

8

6

8

training data
global GP
local GP
patchwork kriging (mean)
patchwork kriging (var)

6

(c) K = 16

x

10

10

2

4

6

8

10

-6

-6

-4

-6

-4

0

4

4

-4

-2

0

2

4

6

8

10

-2

2

2

training data
global GP
local GP
patchwork kriging (mean)
patchwork kriging (var)

-2

0

0

(a) K = 4

0

2

4

6

8

10

-6

-4

-2

0

2

4

6

8

10

0

0

Park and Apley

2

2

x

4

x

6

8

training data
global GP
local GP
patchwork kriging (mean)
patchwork kriging (var)

8

training data
global GP
local GP
patchwork kriging (mean)
patchwork kriging (var)

6

(d) K = 32

4

(b) K = 8

10

10

14

JMLR 19(7):1-43, 2018

as B changes. We first partitioned the dataset into 128 local regions as shown in Figure
4-(a). For evaluation purposes, we considered test points that fell on the boundary cutting
the entire regression domain into two (indicated by the black solid line in Figure 4-(a)), and
sampled 201 test points uniformly over this boundary; the test locations do not coincide with
the locations that pseudo observations placed. For each point, we get two mean predictions
from the two local patchwork kriging models that straddle the boundary at that point.
We compared the two mean predictions to each other for different choices of B and also
compared them with the optimal global GP prediction, i.e., the prediction using the true
GP covariance function and the entire dataset globally without spatial partitioning. Figure
4 shows the comparison. When B = 0, the two local models exhibited significant differences
in their mean predictions. The differences decreased as B increased, and became negligible

Figure 3: Example illustrating the patchwork kriging predictor, together with the global
GP predictor and the regular local GP predictor with no continuity constraints. K is the
number of local regions.
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In this section, we use simulation datasets to understand how the patchwork kriging behaves
under different input dimensions, covariance ranges and choices of K and B.

5. Evaluation with Simulated Examples

when B ≥ 5. The mean predictions were also very close to the exact GP predictions. The
similar results were observed in different simulated examples, which will be discussed in
Section 5.

Figure 4: Comparison of the patchwork kriging mean predictions of two local models over
interfacial boundaries. Panel (a) shows how the entire regression domain was spatially
partitioned into 128 local regions, which are distinguished by their colors. The black solid
line cutting through the entire space is the interfacial boundary that we selected to study
the behavior of the patchwork kriging at interfacial boundaries. Panels (b), (c), (d) and
(e) compare the patchwork kriging mean predictions of the neighboring local models when
B = 0, 1, 3, and 5. In the panels, the horizontal axes represent the x1 coordinates of test
(1)
(2)
locations on the solid interfacial boundary line shown in panel (a). f∗ and f∗ denote
the mean predictions of the two local models on each side of the solid boundary line. As
B increases, the two local predictions converge to each other, and the converged values are
very close to the benchmark predictor achieved using the true GP model globally.
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TI
T +T
1 X
1 IXB
(µ̃t − µt )2 , and B-MSE =
(µ̃t − µt )2 ,
TI
TB

where τ > 0 is the scale parameter, and ρ > 0 determines the range of covariance. We
randomly sampled 10,000 pairs of xi and yi . Each xi is uniformly from [0, 10]d , and then
evaluate the sample covariance matrix with τ and ρ for the 10,000 sampled inputs, C τ,ρ .
All yi ’s are jointly sampled from N (0, σ 2 I + C τ,ρ ). We fixed τ = 10 and σ 2 = 1, but chose ρ
to 0.1 (short range), 1 (med range) or 10 (long range) to simulate datasets having different
covariance ranges; see Figure 5 for illustrating simulated datasets for one dimensional input.
In addition, the input dimension d was varied over {2, 5, 10, 100}. In total, we considered
12 different combinations of different ρ and d values. For each combination, we drew 50
datasets, so there are 600 datasets in total.
For each of the datasets, we ran the patchwork kriging with different choices of K ∈
{16, 32, 64, 128, 256} and B ∈ {0, 1, 2, 3, 5, 7, 10, 15, 20, 25}. For each run, we evaluate the
computation time and prediction accuracy of patchwork kriging. For the prediction accuracy, we first computed the predictive mean of the optimal GP predictor (i.e., using the
true exponential covariance function) at test locations, and we used these optimal prediction
values as a benchmark against which to judge the accuracy of the patchwork kriging predictions. One thousand test locations are uniformly sampled from the interior of local regions,
denoted by {xt ; t = 1, ..., TI }, and 200 additional test locations were uniformly sampled from
the boundaries between local regions, which are denoted by {xt ; t = TI + 1, ..., TI + TB }.
Let µt denote the estimated posterior predictive mean at location xt , and let µ̃t denote
the benchmark predictive mean at the same location. We measure three performance metrics for the mean predictions. The first two measures are the interior mean squared error
(I-MSE) and the boundary mean squared error (B-MSE)

Simulation datasets are sampled from a Gaussian process with the squared exponential
covariance function,


(xi − xj )T (xi − xj )
for xi , xj ∈ Rd ,
(13)
c(xi , xj ) = τ exp −
2ρ2

5.1 Datasets and Evaluation Criteria

Figure 5: Illustrative Data with Short-range, Med-range and Long-range Covariances
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• When d ≤ 10, the deciding factor for the computation time was K. In general, larger
K gave shorter computation times.

• It appears that the input dimension is not a determining factor of the time if the input
dimension d ≤ 10, but for d > 10, it became a major factor to affect the time. As
we discussed in Section 3.3, the computational complexity of the patchwork kriging is
O(N 3 /K 2 + d3f B 3 K). When data are uniformly located over the regression domain,
df ∝ d and the computation of the patchwork kriging is scaling proportionally to d3 .

Figure 7 summarizes the total computation time of the patchwork kriging for different
configuration.

Figure 6: Performance of Patchwork Kriging for Simulated Cases with 100 Input Dimensions.
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• Boundary Consistency: Both of the MSM and MSM(σ 2 ) goes to zero as B increases
for medium and long-range covariances. This implies that if data change smoothly,
the patchwork idea does not only guarantee the same predictions on the locations
pseudo data placed but also gives the same predictions over the entire inter-domain
boundaries.

• Effect of K: All of the metrics increase in K when the other conditions are kept
same. This is understandable, because the simulated data came from a stationary
process. However, the effect of K on the three metrics was relatively small when
B > 7 and covariance ranges are medium or long. Since the computational complexity
of the proposed method decreases with increase of K, choosing a large K with B > 7
could be a computationally economic option with good prediction accuracy. See our
computation time analysis below for an additional discussion on the choices of K and
B.

• Effect of B: All of the metrics decrease in B but does not change much for B above
8 for medium-range and long-range covariances. However, when the covariance range
is short, the improvement of the three metrics goes slower. This implies larger B is
required to achieve good accuracy for short-range covariances.

• Covariance Ranges: All of the performance metrics became negligibly small for
medium-range and long-range covariances with large B. This implies that the patchwork kriging approximates the full GP very well for medium-range and longer-range
covariances; please see Appendix for detailed plots. This result is opposite to our
initial expectation that local-based approaches would have some deviations from the
full GP for long-range covariances. As long as the underlying covariance is stationary,
the proposed approach works well for long-range covariance cases.

Figure 6 shows the I-MSE, B-MSE and MSM performance of the patchwork kriging for
different covariance ranges and different choices of K and B when d = 100, and Appendix
C contains the plots of all six performance metrics for all simulation configurations. All of
the performance metrics have shown the similar patterns:

5.2 Analysis of the Outcomes and Choices of K and B

which measure the average accuracy of the mean prediction inside local regions and on the
boundary of local regions. For each boundary point in {xt ; t = TI + 1, ..., TI + TB }, we
get two mean predictions from the two local patchwork kriging models that straddle the
boundary at that point. In the B-MSE calculation, we took one of the two predictions
(k)
following the rule: when x∗ ∈ Γkl , choose the prediction for f∗ if k < l. Please note that
when a test location is at a corner where three or more local regions meet, we do have more
than two predictions, which did not happen in all of our testing scenarios. We also evaluated
the squared difference of the two mean predictions for each of 200 boundary points, and
the mean squared mismatch (MSM) was defined as the average of the squared differences.
We also measured the three performance metrics for the variance predictions, which were
named ‘I-MSE(σ 2 )’, ‘B-MSE(σ 2 )’ and ‘MSM(σ 2 )’ respectively.
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We also used the simulated cases to compare the patchwork kriging to a global GP approximation method, the Fully Independent Training Conditional (FITC) algorithm (Snelson
and Ghahramani, 2006, FITC). We decided to compare ours with the global GP approximation method because we thought that the global GP approximation would work better
when stationary covariances are used. For the patchwork kriging, we fixed B = 7 and varied
K ∈ {32, 64, 128, 256}. For the FITC, the total number of pseudo inputs was varied over

5.3 Comparison to a Global Approximation Method

Our numerical studies suggest to choose K so that N/K be in between 200 and 600 and
then choose B so that df B is in between 15 and 400 to balance off the computation and
prediction accuracy; these were based on all of the simulation cases presented in this section
as well as the six real data studies that will be presented in the next section. In order to
keep df B ≤ 400 for efficient computation and B ≥ 7 for prediction accuracy, df ≤ 400/7.
Therefore, the proposed approach would benefit more for df ≤ 55. However, the proposed
approach still worked better than some existing approaches for the simulated cases with
d = 100; see the numerical results in Sections 5.3 and 5.4.

• To keep the total computation time lower, both of N/K and df B should be kept
lower. On the other hand, N/K and df B cannot be too small due to degradation of
prediction accuracy with a large K and a small B.

• With larger K, B becomes more influential to the total computation time. This
is due to the increase of the second term in the overall computational complexity,
O(N 3 /K 2 + df3 B 3 K).

Figure 7: Summary of Total Computation Times for Simulated Cases.
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{16, 32, 64, 128, 256, 512}. The computation times versus MSE of the mean prediction were
compared for different input dimensions and covariance ranges. Figure 8 summarizes the
outcome. The patchwork kriging outperformed the FITC with significant performance gaps
for all short covariance and medium range covariance cases. For long range covariance cases,

Figure 8: Comparison of Total Computation Times vs. MSE for Simulated Cases; triangles
and stars represent the results of the patchwork kriging and FITC respectively.
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We considered five real datasets: two spatial datasets in 2-d with different spatial distributions of observations, one additional spatial dataset with a very large data size, and
three higher dimensional datasets, one with 9-dimension, another with 21-dimension and
the other with 8-dimension.
The first spatial dataset, TCO.L2, 182,591 observations collected by the NIMBUS-7/TOMS
satellite, which measures the total column of ozone over the globe on Oct 1 1988. Two
predictors represent the longitude and latitude of a measurement location, while the corresponding independent variable represents the measurement at the location. The observa-

6.1 Datasets and Evaluation Criteria

In this section, we use five real datasets to evaluate the patchwork kriging and compare
it with the state-of-the-art, including (Park and Huang, 2016, PGP), a Gaussian Markov
random field approximation (Lindgren et al., 2011, GMRF), a robust Bayesian committee
machine (Deisenroth and Ng, 2015, RBCM), and a partially independent conditional approach (Snelson and Ghahramani, 2007, PIC). The comparison with one additional dataset
is presented in Appendix D.

6. Evaluation with Real Data

We also used the simulated cases to compare the patchwork kriging to two local GP approximation methods, a robust Bayesian committee machine (Deisenroth and Ng, 2015, RBCM),
and a partially independent conditional approach (Snelson and Ghahramani, 2007, PIC).
For the patchwork kriging, we fixed B = 7 and varied K ∈ {32, 64, 128}. For RBCM,
we used K ∈ {32, 64, 128}. For PIC, we used K ∈ {32, 64, 128} with the total number of
pseudo inputs fixed to 128. Figure 9 summarizes the comparison of MSE performance. The
patchwork kriging performed very competitively for all simulated cases. The significant
increase of computation time for the input dimension more than 10 was observed for all of
the compared methods.

5.4 Comparison to Local Approximation Methods

the FITC performed better when d < 10, but the patchwork kriging performed comparably
when d ≥ 10.
The performance gap in between the FITC and the patchwork kriging can be explained
by a more efficient computation of the patchwork kriging. Both of the FITC and patchwork
kriging use pseudo inputs. Their accuracies depend on the total number of pseudo inputs
used. When Q pseudo inputs were applied for both of FITC and the patchwork kriging,
the computation of the FITC involves the inversion of a Q × Q dense matrix, while the
computation of the patchwork kriging involves the inversion of the sparse matrix of the
same size that corresponds to equation (9). Therefore, when comparable computation times
were invested, the patchwork kriging could place more pseudo inputs than the FITC, so it
can give better accuracy. In addition, the locations of the pseudo inputs in the FITC need
to be learned together with covariance hyperparameters, and the increase in the number of
pseudo inputs would increase the computation time for hyperparameter learning.
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tions are uniformly spread over the range of the two predictors. The main analysis objective
with this dataset is to predict the total column of ozone at unobserved locations.
The second dataset, ICETHICK, contains ice thickness measurements at 32,481 locations
on the western Antarctic ice sheet and is available at http://nsidc.org/. It has two
predictors that represent the longitude and latitude of a measurement location, and the

Figure 9: Comparison of Total Computation Times vs. MSE for Simulated Cases; triangles,
stars and circles represent data for the patchwork kriging, PIC and RBCM respectively. The
number of circles are not always same because PIC could not produce outcomes for some
simulated cases due to singularity in numerical inversion.

0

5

10

0

1

2

3

4

0

5

10

MSE
MSE
MSE
MSE

MSE
MSE
MSE
MSE

MSE
MSE
MSE
MSE

Park and Apley

(16)

Patchwork Kriging

24

JMLR 19(7):1-43, 2018

This dataset has two input dimensions, and the inputs of the data are densely distributed
over a rectangular domain. For patchwork kriging, we varied B ∈ {3, 5} and K ∈ {256, 512, 1024}.

6.2 Example 1: TCO.L2 Dataset

The NLPD quantifies the degree of fitness of the estimated predictive distribution N (µt , σt2 )
for the test data. These two criteria are used broadly in the GP regression literature. A
smaller value of MSE or NLPD indicates better performance. All numerical experiments
were performed on a desktop computer with Intel Xeon Processor W3520 and 6GB RAM.
The comparison was made in between our method and the state-of-the-art previously
listed. Note that the PGP and the GMRF approaches cannot be applied for more than two
input dimensions, and so were only compared for the three spatial datasets. We tried two
covariance functions, a squared exponential covariance function and an exponential covariance function. Note that the PIC method does not work with an exponential covariance
function because learning the pseudo inputs for the PIC method requires the derivative of
a covariance function but an exponential covariance function is not differentiable. On the
other hand, when an squared exponential covariance function is applied to the GMRF, the
precision matrix construction is not straightforward. Therefore, we used a squared exponential covariance function for comparing the proposed approach with the PIC, RBCM,
and PGP, while using an exponential covariance function for comparing it with the GMRF.
For both of the cases, we assumed the same hyperparameters for local regions, and we used
the entire training dataset to estimate the hyperparameters.
We chose and applied different partitioning methods for the compared methods. The
choice of the partitioning schemes for the patchwork kriging and PGP is restrictive because
every local region needs to be simply connected to minimize the area of the boundaries
between local regions, so we used the spatial tree. The GMRF comes with a mesh generation
scheme instead of a partitioning scheme, and following the suggestion by the GMRF’s
authors, we used the voronoi-tessellation of training points for the mesh generation. We
tested the k-means clustering and the spatial tree for PIC and RBCM, but the choice did
not make much difference in their performance. The results reported in this paper were the
ones with the k-means clustering.
We tried different numbers of the local regions that partition an input domain, and
the numbers of the local regions were ranged so that the numbers of observations per local
region would be approximately in between 80 and 600 for the proposed approach. The
numbers were similarly ranged for the other compared methods with some variations to
have the computation times of all the compared methods comparable; note that we like to
compare the prediction accuracies of the methods when the computation times spent are
comparable. For patchwork kriging, the locations of pseudo observation were selected using
the rule described in Section 3.4. For PIC, the locations were regarded as hyperparameters
and were optimized using marginal likelihood maximization.


T 
1 X (yt − µt )2 1
+ log(2πσt2 ) .
T
2
2σt2
t=1

which measures the accuracy of the mean prediction µt at location xt . The second measure
is the negative log predictive density (NLPD)

(15)
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NLPD =

corresponding independent variable is the ice thickness measurement. The dataset has
many sparse regions where there are very few observations. Regression analysis with this
dataset would give the prediction of ice thickness at unobserved locations.
The third dataset, PROTEIN, has nine input variables that describe the tertiary structure
of proteins and one independent variable that describes the physiochemical property of proteins. These data, which are available at https://archive.ics.uci.edu/ml/datasets,
consist of 45,730 observations. Like typical high dimensional datasets, the measurements
are embedded on a low dimensional subspace of the entire domain. This dataset can be
studied to relate the structure of a protein with the physiochemical property of the protein
for predicting the property from the structure.
The fourth dataset, SARCOS, contains measurements from a seven degrees-of-freedom
SARCOS anthropomorphic robot arm. There are 21 predictors that describe the positions, moving velocities and accelerations of seven joints of the robot arm, and the seven
response variables are the corresponding torques at the seven joints. We only use the first
response variable for this numerical study. The dataset, which is available at http://www.
gaussianprocess.org/gpml/data/, contains 44,484 training observations and 4,449 test
observations. The main objective of the regression analysis is to predict one of the joint
torques in a robot arm when the values of the predictors are available.
The last dataset, FLIGHT, consists of 800,000 flight records randomly selected from
the database available at http://stat-computing.org/dataexpo/2009/. The same size
subset of the database was used as a benchmark dataset in literature (Hensman et al.,
2013). Following the use in the literature, we used 8 predictors that include the age of the
aircraft, distance that needs to be covered, airtime, departure time, arrival time, day of the
week, day of the month and month, and the response variable is the arrival time delay. This
dataset was studied to predict the flight delay time when the predictors are given.

t=1

T
1X
(yt − µt )2 ,
T

Using the five datasets, we compare the computation time and prediction accuracy of
patchwork kriging with other methods. We randomly split each dataset into a training set
containing 90% of the total observations and a test set containing the remaining 10% of
the observations. To compare the computational efficiency of methods, we measure total
computation times. For comparison of prediction accuracy, we measure two performance
metrics on the test data, denoted by {(xt , yt ) : t = 1, . . . , T }, where T is the size of the
test set. Let µt and σt2 denote the estimated posterior predictive mean and variance at
location xt ; when the testing location xt is in the domain boundary Γkl , we may have two
predictions, one for f (k) (xt ) and the other for f (l) (xt ), for which we choose one for f (k) (xt )
if k < l. Please note that when a test location is at a corner where three or more local
regions meet, we do have more than two predictions, which did not happen in all of our
testing scenarios. We also evaluated the squared The first measure is the mean squared
error (MSE)

MSE =

23
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Different from the previous datasets, this dataset features nine input variables. We will use
this dataset to see how the proposed approach works for input dimension more than two.
For the patchwork kriging, we varied B ∈ {2, 3, 4} and varied K ∈ {64, 128, 256}; we have
not included the results for larger B because a larger B increased the computation times
of the patchwork kriging to a range incomparable to those of the other algorithms. The

6.4 Example 3: PROTEIN Dataset

varied the number of local experts K ∈ {50, 100, 150, 200, 250, 300}. For PIC, M was varied over {50, 100, 150, 200}, and the total number of pseudo inputs was also varied over
{50, 100, 150, 200, 300, 400, 500, 600, 700}.
Figure 11 compares the MSE and NLPD performance of the methods. Again, the PGP
approach and the proposed approach outperformed the other methods, and the proposed
approach achieved the best accuracy with much less computation time than the PGP approach. In addition, the proposed approach uniformly outperformed the other methods in
terms of the NLPD. In other words, the proposed approach gives a predictive distribution
that better fits the test data.

Figure 11: Prediction accuracy versus total computation time for the ICETHICK data. A
squared exponential covariance function was used for the results in the top panel, while an
exponential covariance function was used for the results in the bottom panel.
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One characteristic of this dataset is the presence of many spatial voids where there are
no or very little data points. For patchwork kriging, we varied B ∈ {3, 5, 7} and K ∈
{64, 128, 256, 512, 1024}. For the PGP, we used K = 47, while the number of finite element meshes per local region was varied from 5 to 40 with step size 5. For RBCM, we

6.3 Example 2: ICETHICK Dataset

The prediction accuracy of the PGP did not depend on the number of local regions K, so
we fixed K = 623, while the number of finite element meshes per local region was varied from 5 to 25 with step size 5. For RBCM, we varied the number of local experts
K ∈ {100, 150, 200, 250, 300, 600}. For PIC, K was varied over {100, 200, 300, 400, 600},
and the total number of pseudo inputs was also varied over {50, 70, 80, 100, 150, 200, 300}.
Figure 10 shows the main results. The shortest computation time of RBCM (2319
seconds) was much longer than the longest time of the other compared methods, while its
MSE was not competitive as well. Therefore we did not plot its results in the figure. For both
of the square exponential and the exponential covariance functions, our approach and the
PGP approach had comparable MSE. However, our approach significantly outperformed the
PGP and PIC approaches in terms of the NLPD. This implies that our approach provides
more accurate variance estimations.

Figure 10: Prediction accuracy versus total computation time for the TCO.L2 data.
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Figure 12 shows the main results. For this dataset, the PIC approach outperformed our
method in terms of the MSE performance, providing more accurate mean predictions. On
the other hand, our method provided better NLPD performance, which implies that the
predictive distribution estimated by our method was better fit to test data than that of the
PIC. Figure 13 compares the predictive distributions estimated by the two methods. In the
figure, the predicted mean ±1.5 predicted standard deviations was plotted for 100 randomly
chosen test observations. The interval for the PIC was overly narrow and excluded many
of the test response observations, while the interval for our method more appropriately
covered the majority of data, which is reflected in the better NLPD performance for our
method. The percentages of the 4,573 test observations falling within the intervals was
50.47% for the PIC and 86.53% for our method. Note that the probability of a standard

PGP and GMRF approaches do not work with input dimensions more than two, and so
were not included in this comparison. For RBCM, we varied the number of local experts
K ∈ {100, 150, 200, 250, 300}. For PIC, K was varied over {100, 150, 200, 250, 300}, and the
total number of pseudo inputs (M ) was also varied over {100, 150, 200, 250, 300}. In this
comparison, we used a squared exponential covariance function for all three methods.

Figure 12: Prediction accuracy versus total computation time for the PROTEIN data. The
upper panel compares all three methods. Since the performance of the PIC and our method
was very close, the bottom panel provides a closer look of the PIC and our method.
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Figure 13: Comparison of the predictive distributions estimated by our method and by the
PIC method for the PROTEIN data.

normal random variable within ±1.5σ is 86.64%. Clearly, our method provides a better fit
to the test data.
6.5 Example 4: SARCOS Dataset
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This dataset has 21 input variables. For patchwork kriging, we varied B ∈ {3, 5, 7}, and
we varied K ∈ {128, 256}. Again, the PGP and GMRF approaches do not work with high
dimensional inputs, and so were not included in this comparison. For the RBCM approach,
we varied the number of local experts K ∈ {100, 150, 200, 250, 300}. For PIC, K was varied
over {100, 150, 200, 250, 300}, and the total number of pseudo inputs (M ) was also varied
over {100, 150, 200, 250, 300}. In this comparison, we used a squared exponential covariance
function for all three methods.
Figure 14 summarizes the comparison of the MSEs and the NLPDs for the three methods. The MSE performances were comparable for all of the methods, while our approach
provided a better fit to test data, which was evidenced by the smaller NLPD values of our
approach. The PIC produced negative predictive variances for this dataset, so its NLPD
values could not be calculated. In theory, the PIC approach should provide non-negative
predictive variances with infinite precision. It evidently produced negative variances because of numerical errors. To be more specific, the numerical errors are mostly related to
the inversion of covariance matrix of pseudo inputs. The condition number of the covariance
matrix was very large, which incurred some round-off errors. Our patchwork kriging approach did not experience any such numerical issues in any of the examples, and it appears
to be more numerically stable than the PIC approach.
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Table 1 summarizes the MSE and NLPD performance of our method, RBCM and PIC.
The proposed approach gave a better MSE than the RBCM with less use of computation
time. PIC showed very competitive computation performance, but its MSE was not as good
as the MSE of our method. The increase of M could improve the PIC’s MSE performance,
but the improvement was not big in between M = 1000 and M = 1500.

This dataset has 800,000 records and eight input variables. For this dataset, due to memory
limitation of our testing environment, we could not try various cases with different choices
of tuning parameters. For patchwork kriging, we fixed K = 1024 and B = 5. For the
RBCM, we set the number of local experts K = 1024. For PIC, we set K = 1024, and the
total number of pseudo inputs (M ) was chosen to 1000 or 1500, and the further increase
of M gave an out-of-memory error in our testing environment. Note that PIC requires to
precompute K dense covariance matrices of size N/K × M , which could be very large for
this scale of N and M .

6.6 Example 5: Flight Delays Dataset

Table 1: Comparison of MSE and NLPD performance for Flight Delays Dataset.

Methods
Ours
RBCM
PIC (M = 1000)
PIC (M = 1500)

Figure 14: Prediction accuracy versus total computation time for the SARCOS data. A
squared exponential covariance function was used. The PIC approach produced negative
predictive variances, so its NLPD could not be computed. In the MSE plot, four triangles
are supposed to show up. However, two of the four triangles are very closely located, so it
looks like that there are only 3 triangles.
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Table 2: Percentages of test data ranging in between the estimated predictive mean ±c the
estimated predictive standard deviation. The percentages were compared with P (|X| ≤ c)
where X is a standard normal random variable. The percentage numbers closer to P (|X| ≤
c) are better.

c
P (|X| ≤ c), X ∼ N (0, 1)
Our method
PGP
PIC
RBCM

Based on the numerical comparison results for the two spatial datasets and the three higher
dimensional datasets, we can summarize the benefits of the proposed approach as threefold. First, it provides competitive or better mean prediction accuracy for both the spatial
datasets and the higher dimensional datasets. As evidenced by the MSE comparisons, for
the three spatial datasets, the mean predictions of the proposed approach were either more
accurate than or at least comparable to those of the state-of-the-art approaches. For the
first two higher dimensional datasets, its mean prediction accuracy was comparable to those
of the state-of-the-art approaches. For the last dataset, it gave a better MSE performance
than the state-of-the-art approaches.
Second, as evidenced by the NLPD comparisons, the predictive distribution estimated
by the proposed approach provides a better fit to test data. This implies that the proposed
approach provides better predictive mean and variance estimates when taken together. We
designed a simple experiment to investigate this. We used the TCO dataset to compare the
degrees of fitness of the predictive distributions from our approach and the PIC, RBCM, and
PGP approaches when applied to the test data. In the comparison, the tuning parameters of
each compared method were chosen so that the computation time was around 300 seconds,
which resulted in approximately the best MSE value for each of the methods. Using these
parameters, we calculated the predictive means µ̂(x) and predictive standard deviations
σ̂(x) for x in 4,833 test inputs, and we counted the fractions of 4,833 test observations
that fell within µ̂(x) ± cσ̂(x) for different c values, and the fractions were compared with
ground truth P (|X| ≤ c) where X ∼ N (0, 1). The fractional numbers closer to the ground
truth are better. Table 2 shows the fractional numbers for different c values. The fractions
for our method were very close to the ground truth for all choices c. The PGP method
has much higher fractions than the ground truth, which implies that the PGP tends to
overestimate the predictive standard deviation. Both the PIC and the RBCM methods
have much lower fractional numbers than the ground truth, which implies that these two
local methods significantly underestimate the predictive standard deviation.
Last but not least, the proposed patchwork kriging advances the PGP method by broadening the applicability to higher dimensional datasets, while the PGP method is practically
limited to spatial regression with only two input dimensions.

6.7 Discussion

Park and Apley

7. Conclusion

Patchwork Kriging

We presented a new approach to efficiently solve the Gaussian process regression problem
for large data. The approach first performs a spatial partitioning of a regression domain into
multiple local regions and then assumes a local GP model for each local region. The local
GP models are assumed a priori independent. However, a posterior dependence and related
continuity constraints between the local GP models in neighboring regions are achieved by
defining an auxiliary process that represents the difference between the local GP models on
the boundary of the neighboring regions. By defining zero-valued pseudo observations of
the auxiliary process and augmenting the actual data with the pseudo observations, we in
essence force the two local GP models to have the same posterior predictive distributions
at the collection of boundary points. The proposed idea of enforcing the local models
to have the same boundary predictions via pseudo observations is entirely different from
that of Park and Huang (2016), creating an entirely new framework for patching local GP
models. The new approach provides significantly better prediction variance accuracy than
the approach of Park and Huang (2016), while providing computation efficiency and mean
prediction accuracy that are at least comparable and sometimes better. In addition, the
spatial partitioning scheme proposed as a part of the new approach makes the new approach
applicable for high dimensional regression settings, while the approach of Park and Huang
(2016) is only applicable for one or two dimensional problems. Another advantage of the
proposed approach is that its prediction accuracy does not depend strongly on the choice
of tuning parameters, so one can simply fine-tune the tuning parameters to minimize the
total computation time. Those advantages were numerically demonstrated with six well
designed numerical experiments using six real datasets featuring different patterns and
dimensions. The new approach has shown better trade-offs between total computation
times and prediction accuracy than the approach of Park and Huang (2016) and other
local-based approaches for GP regression. We believe that the proposed patchwork kriging
approach is an attractive alternative for large-scale GP regression problems.
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Appendix A. Derivation of the predictive mean and variance of the
patchwork kriging
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This appendix provides the detailed derivation of the predictive mean and variance in (6)
and (7). From the standard GP modeling result (5), the posterior predictive distribution
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Figure 15: Summary of Interior Mean Squared Error for Predictive Mean (I-MSE)
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This appendix presents the full comparison data that are summarized in Section 5. Figures
15, 16 and 17 shows the comparison in a posterior mean prediction, and Figures 18, 19 and
20 shows the comparison in a posterior variance prediction

Suppose that Γk,l 6= ∅, i.e., Ωk and Ωl are neighboring. This appendix shows

(k)

Appendix C. Comparison of the patchwork kriging and the full GP for
the simulated cases in Section 5
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Figure 16: Summary of Boundary Mean Squared Error for Predictive Mean (B-MSE)
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Figure 17: Summary of Mean Squared Mismatch for Predictive Mean (MSM)
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Figure 19: Summary of Boundary Mean Squared Error for Predictive Variance (B-MSE(σ 2 ))
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Figure 18: Summary of Interior Mean Squared Error for Predictive Variance (I-MSE(σ 2 ))
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This appendix includes the numerical comparison with an extra real dataset, which were
not in the main text. The dataset, TCO, contains 48,331 observations collected by the
NIMBUS-7/TOMS satellite, which measures the total column of ozone over the globe on
Oct 1 1988. This dataset has two input dimensions that represent a spatial location of the
measurement, and the inputs of the data are densely distributed over a rectangular domain.
For patchwork kriging, we varied B ∈ {5, 7} and K ∈ {64, 128, 256, 512}. The prediction
accuracy of the PGP did not depend on the number of local regions K, so we fixed K = 145,
while the number of finite element meshes per local region was varied from 5 to 40 with step
size 5. For RBCM, we varied the number of local experts K ∈ {100, 150, 200, 250, 300, 600}.
For PIC, K was varied over {100, 150, 200, 250, 300, 400}, and the total number of pseudo
inputs was also varied over {30, 50, 70, 80, 100, 150, 200, 250, 300}. For the GMRF, following
the suggestion by the GMRF’s authors, we used the voronoi-tessellation of training points
for mesh generation.

Appendix D. Extra real data study

Figure 21: Prediction accuracy versus total computation time for the TCO data. Top panel: a
squared exponential covariance function was used. Bottom panel: an exponential covariance
function was used. In the top panel, eight triangles are supposed to show up. However, two
of the eight triangles are very closely located, so it looks like that there are only 7 triangles.
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Figure 20: Summary of Mean Squared Mismatch for Predictive Variance (MSM(σ 2 ))
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Developing efficient sampling algorithms is an active area of research motivated by tractable
Bayesian inference in large sample settings. Sampling remains a primary tool for inference
in Bayesian models, with Markov chain Monte Carlo (MCMC) and sequential Monte Carlo
(SMC) providing two broad classes of algorithms that are routinely used. Most MCMC and
SMC algorithms face problems in scaling up to massive data settings due to memory and
computational bottlenecks that arise; this has motivated a rich literature in recent years

1. Introduction

Keywords: barycenter; big data; distributed Bayesian computations; empirical measures;
linear programming; optimal transportation; Wasserstein distance; Wasserstein space.

Divide-and-conquer based methods for Bayesian inference provide a general approach for
tractable posterior inference when the sample size is large. These methods divide the data
into smaller subsets, sample from the posterior distribution of parameters in parallel on
all the subsets, and combine posterior samples from all the subsets to approximate the full
data posterior distribution. The smaller size of any subset compared to the full data implies
that posterior sampling on any subset is computationally more efficient than sampling from
the true posterior distribution. Since the combination step takes negligible time relative to
sampling, posterior computations can be scaled to massive data by dividing the full data
into sufficiently large number of data subsets. One such approach relies on the geometry
of posterior distributions estimated across different subsets and combines them through
their barycenter in a Wasserstein space of probability measures. We provide theoretical
guarantees on the accuracy of approximation that are valid in many applications. We show
that the geometric method approximates the full data posterior distribution better than
its competitors across diverse simulations and reproduces known results when applied to a
movie ratings database.
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proposing a variety of strategies to enable better performance in such settings. Our focus
is on proposing a very general divide-and-conquer technique, which is designed to combine
results from any posterior sampling algorithm applied in parallel using subsets of the data.
Massive data pose major problems for existing sampling algorithms. First, if full data
require multiple machines for storage, then a sampler has access to only a small fraction
of the full data stored on the machine where it runs. Posterior sampling given the full
data is expensive due to network latency and extensive communication among machines.
Second, with sample size n, sampling in hierarchical Bayesian models requires generation
of O(n) latent variables, which becomes inefficient as n increases. Finally, even if full data
are available to the sampler, sampling can be infeasible in practice because computation
of Hessians and acceptance ratios can scale as O(n3 ) in some nonparametric models based
on Gaussian process priors (Rasmussen and Williams, 2006). A variety of methods exist to
address these issues using optimization and sampling.
Optimization-based methods for Bayesian inference obtain an analytic approximation
of the full data posterior distribution. The two most common techniques are polynomial
approximation (Rue et al., 2009) and projection of the full data posterior distribution on
a class of distributions with analytically tractable posterior densities, which includes variational Bayes and expectation propagation (Wainwright and Jordan, 2008; Gelman et al.,
2014). Both techniques estimate parameters of the approximate distribution using a variety of optimization algorithms (Tan and Nott, 2013; Kucukelbir et al., 2015; Rezende
and Mohamed, 2015; Ranganath et al., 2016). Stochastic approximation significantly improves the efficiency of estimation by accessing the data in small batches and updating
the parameter estimates sequentially (Broderick et al., 2013; Hoffman et al., 2013); however, optimization can be nontrivial for complex likelihoods frequently used in hierarchical
models. Furthermore, variational Bayes and expectation propagation often have excellent
predictive performance but can be highly biased in estimation of posterior uncertainty and
dependence (Giordano et al., 2017).
There is extensive work in sampling-based methods for Bayesian inference. The three
main techniques used are as follows. First, subsampling-based methods obtain posterior
samples conditioned on a small fraction of the data (Maclaurin and Adams, 2015). Coupling of subsampling with modified Hamiltonian or Langevin dynamics improves posterior
exploration and convergence to the stationary distribution (Welling and Teh, 2011; Ahn
et al., 2012; Chen et al., 2014; Korattikara et al., 2014; Lan et al., 2014; Shahbaba et al.,
2014); see Bardenet et al. (2017) for a review. Second, the exact transition kernel in posterior sampling is replaced by an approximation that significantly reduces the time required
to finish an iteration of the sampler (Johndrow et al., 2015; Alquier et al., 2016). Finally,
divide-and-conquer approaches first divide the data into smaller subsets and sample in parallel across subsets, and then combine the posterior samples from all the subsets. Our focus
is on scalable Bayesian methods based on the divide-and-conquer technique. These methods
have two subgroups that differ mainly in their sampling scheme for every subset and their
method for combining posterior samples obtained from all the subsets.
The first subgroup modifies the prior to sample from the posterior distribution of the
parameter conditioned on a data subset. Let k be the number of subsets, π(θ) be the prior
density of parameter θ, and li (θ) be the likelihood for subset i (i = 1, . . . , k). Samples
from subset posterior distribution i are obtained using li (θ) and π(θ)1/k as the likelihood
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and prior. Consensus Monte Carlo combines subset posterior samples by averaging, which
has been generalized in many ways (Rabinovich et al., 2015; Scott et al., 2016). This
relies heavily on the normality assumption, which is relaxed using a combination based
on kernel density estimation (Neiswanger et al., 2014). Both methods perform poorly if
the supports of subset posteriors are different, which motivates the combination using the
Weierstrass transform and random partition trees (Wang and Dunson, 2013; Wang et al.,
2015). These methods offer simple approaches for combining samples from subset posterior
distributions but have a major limitation that the sampling algorithm depends on the model
parameterization.
The second subgroup modifies the subset likelihood to sample from a subset posterior
distribution and combines samples from subset posterior distributions through their geometric center. These methods modify the likelihood to li (θ)k and use prior π(θ) to sample
from subset posterior distribution i (i = 1, . . . , k). M-Posterior combines subset posterior
distributions through their median in the Wasserstein space of order 1 (Minsker et al., 2014,
2017). The robustness of the median implies that it could ignore valuable information in
some subset posterior distributions, which motivates combination through the mean in the
Wasserstein space of order 2 called Wasserstein Posterior (WASP) (Srivastava et al., 2015).
The WASP approach strikes a balance between the generality of sampling and the efficiency
of optimization. While WASP can be applied to any data or Bayesian model, its computations are developed for independent identically distributed (iid ) data and its theoretical
properties are unknown.
Our main goal is to study the theoretical properties of WASP and apply WASP in a
variety of practical problems. The iid assumption of WASP rules out many important
practical problems, including regression and classification, where the data are independent
and non-identically distributed (inid ). We relax this assumption and our theoretical results
are applicable to inid data. Second, we show that if the number of subsets are chosen
appropriately, then the WASP achieves almost the same rate of convergence as that of the
full data posterior distribution. For linear models with error distribution in the locationscale family, we strengthen this result and show that the WASP and the full data posterior
distribution have the same asymptotic mean and asymptotic variance. This implies that
WASP can be used as an efficient alternative to the full data posterior distribution in massive
data settings. Third, we show that the method for estimating WASP is independent of the
form of the model, which implies that WASP is very general and can be easily used for
estimating posterior summaries for any function of the model parameters. We emphasize
that WASP is not a new sampling algorithm but a general approach to easily extend any
existing sampling algorithms for massive data applications.

2. Preliminaries
2.1 Wasserstein Space, Wasserstein Distance, and Wasserstein Barycenter

JMLR 19(8):1-35, 2018

We recall elementary properties and definitions related to the Wasserstein space of probability measures. Let (Θ, ρ) be a complete separable metric space and P(Θ) be the space of
3
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µ ∈ P(Θ) :

Θ

all probability measures on Θ. The Wasserstein space of order 2 is defined as


Z
ρ2 (θ0 , θ)µ(dθ) < ∞ ,
P 2 (Θ) :=



inf

Z

π∈Π(µ,ν) Θ×Θ

ρ2 (x, y) dπ(x, y)

2

1

.

(1)

(2)

where θ0 ∈ Θ is arbitrary and P 2 (Θ) does not depend on the choice of θ0 . The space P 2 (Θ)
is equipped with a natural distance between its elements. Let µ, ν ∈ P 2 (Θ) and Π(µ, ν) be
the set of all probability measures on Θ × Θ with marginals µ and ν, then the Wasserstein
distance of order 2 between µ and ν is defined as
W2 (µ, ν) =

(3)

In our applications ρ is the Euclidean metric and we refer to P 2 (Θ) and W2 as the Wasserstein space and the Wasserstein distance without explicitly mentioning their order. If
Π1 , . . . , Πk are a collection of probability measures in P 2 (Θ), then their barycenter in P 2 (Θ)
is defined as

k
X
1 2
W (Π, Πj ).
k 2

Π∈P 2 (Θ) j=1

Π = argmin

This generalizes the Euclidean barycenter, which is the sample mean, to P 2 (Θ) (Agueh and
Carlier, 2011). The barycenter Π is analytically intractable, except in few special cases. Let
δ (x) = 1 if a = x and 0 otherwise. If Xj1 , . . . , Xjm are samples from Πj (j = 1, . . . , k),
a
b j (·) = Pm δX (·)/m is an empirical measure that approximates Πj (j = 1, . . . , k).
then Π
ji
i=1
If Π is assumed to be an empirical measure, then the optimization problem in (3) reduces
to a linear program; see Cuturi and Doucet (2014), Carlier et al. (2015), and Srivastava
et al. (2015) for different algorithms to solve this linear program.

2.2 Stochastic Approximation and Subset Posterior Density

Consider a general set-up for inid data. Let Y (n) = (Y1 , . . . , Yn ) be n observations and the
distribution of Yi is Pθ,i , i = 1, . . . , n, where θ lies in the parameter space Θ ⊂ Rp . Assume
that Pθ,i has density pi (·|θ) with respect to
Qnthe Lebesgue measure, so dPθ,i (yi ) = pi (yi |θ)dyi
and the likelihood given Y (n) is l(θ) = i=1
pi (yi |θ). Given a prior distribution Π on Θ
that has density π with respect to the Lebesgue measure, the posterior density of θ given
Y (n) using Bayes theorem is
Qn
p
l(θ)π(θ)
i (yi | θ)π(θ)
=R
.
(4)
π(θ | Y (n) ) = R Qi=1
n
i=1 pi (yi | θ)π(θ)dθ
Θ
Θ l(θ)π(θ)dθ
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In most cases π(θ | Y (n) ) is analytically intractable, and accurate approximations of π(θ |
Y (n) ) are obtained using Monte Carlo methods, such as importance sampling and MCMC,
and deterministic approximations, such as Laplace’s method and variational Bayes. For
example,
in the context of logistic regression, Pθ,i is the Bernoulli distribution with mean

1/ 1 + exp(−xiT θ) , where xiT is the ith row of the design matrix X ∈ Rn×p and Θ = Rp .
The posterior density of θ is analytically intractable, and it is typical to rely on Gibbs
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Πn (· | Y (n) ) = argmin

6

j=1

k
X
1 2
W2 {Π, Πm (· | Y[j] )}.
k
Π∈P 2 (Θ)

(6)

The WASP approach combines subset posterior distributions Πm (· | Y[j] ) (j = 1, . . . , k)
through their barycenter in P 2 (Θ), where the density of Πm (· | Y[j] ) is πm (· | Y[j] ) in (5).
The barycenter represents a geometric center of a collection of probability distributions
that can be efficiently computed using a linear program. Motivated by this, Srivastava
et al. (2015) proposed to combine a collection of subset posterior distributions through
their barycenter in the Wasserstein space called WASP. Assuming that subset posterior
distributions Πm (· | Y[j] ) (j = 1, . . . , k) have finite second moments, the WASP is defined
using (3) as

3.1 Definition and Estimation of the WASP

3. Wasserstein Posterior (WASP): The General Framework

are very similar, indicating all densities have similar spreads. We also notice that subset
posteriors are noisy approximations of the full data posterior in that most of them have a
bias and do not concentrate at the true θ.

Figure 1: Binned kernel density estimates of full data posterior distribution, subset posterior
distributions, and WASP for coefficients (θ1 , θ2 ) in logistic regression. The x and y axes
represent posterior samples for θ1 and θ2 . The true values of θ1 and θ2 are −1 and 1 (black
triangle).
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Consider the following Gaussian example where the WASP is analytically tractable. Assume that the subset posterior distributions, Π1 , . . . , Πk , are Gaussian with means µ1 , . . . , µk
and covariance matrices Σ1 , . . . , Σk . If we fix ρ to be the Euclidean metric and Θ = Rd in
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where γ is a positive real number such that g1 γm ≤ n ≤ g2 γm for some g1 , g2 > 0. In the
present context, we assume that γ = k with g1 = g2 = 1 following Minsker et al. (2014);
more general conditions on γ are defined later in Section 3.2. This modified form of subset
posterior compensates for the fact that jth subset has access to only (m/n)-fraction of the
full data and ensures that πm (θ | Y[j] ) and πn (θ | Y (n) ) in (4) have variances of the same
order. Minsker et al. (2014) refer to this as stochastic approximation because raising lj (θ)
(j = 1, . . . , k) to the power γ is equivalent to replicating every Xji (i = 1, . . . , m) γ-times
so that πm (θ | Y[j] ) (j = 1, . . . , k) are noisy approximations of π(θ | Y (n) ).
One advantage of using stochastic approximation to define πm (θ | Y[j] ) in (5) is that offthe-shelf sampling algorithms can be used directly even when the prior density is the form
of a discrete mixture. Consider a simple example of univariate density estimation using
Dirichlet process (DP) mixtures of Gaussians. Let Xi (i = 1, . . . , n) be iid samples from a
distribution P0 with density p0 . The data are randomly split into k subsets of equal size m.
The truncated stick-breaking representation of DP implies that the prior distribution Π on
P has a finite mixture representation, where P is the set of probability distributions that
have a density. We show in the Appendix that modification of the likelihood using stochastic
approximation leads to nearly identical subset and full data posterior computations.
Stochastic approximation does not add any extra burden to the computations required
for sampling from the subset posterior distribution of θ conditioned on m observations.
We raise the likelihood in every subset to the power γ. This is equivalent to replicating
observations γ-times, which seems to offset the benefits of partitioning. However, the replication of observation is not required in implementation of the sampler; we simply modify
the likelihood in the full data sampler by raising it to the power γ. For example, stochastic
approximation is easily implemented using the increment log prob function in Stan (Stan
Development Team, 2014). We provide more examples for a variety of models in Section 4.
A simple logistic regression example demonstrates that πm (θ | Y[j] ) in (5) is a noisy
approximation of π(θ | Y (n) ) in (4). We simulated data for logistic regression with n = 105 ,
p = 2, θ = (−1, 1)T , and entries of X randomly set to ±1 (Figure 1). We set γ = k = 40 and
obtained samples of θ from π(θ | Y (n) ) and from πm (θ | Y[j] ) (j = 1, . . . , k) using the Stan’s
HMC sampling algorithm. The contours for the subset and full data posterior densities
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{ m pji (yji |θ)}γ π(θ)
lj (θ)γ π(θ)
πm (θ | Y[j] ) = R Qi=1
=R
,
m
γ π(θ)dθ
γ
p
(y
|θ)}
{
ji
ji
i=1
Θ
Θ lj (θ) π(θ)dθ

samplers based on data augmentation (Bishop, 2006). These samplers introduce latent
variables {zi , i = 1, . . . , n} and alternately sample the latent variables and the parameters
from their full conditional distributions. Related algorithms are very common and are
computationally prohibitive for large n because they require repeated passes through the
whole data.
Divide-and-conquer-type methods resolve this problem by partitioning the data into
smaller subsets. Let k be the number of subsets. The default strategy is to randomly allocate
(m )
samples to subsets. Let Y[j] ≡ Yj j = (Yj1 , . . . , Yjmj ) denote data on the jth subset, where
P
mj is the size of the jth subset and kj=1 mj = n. We assume that mjQ
= m (j = 1, . . . , k)
for ease of presentation, so n = km, the likelihood given Y[j] is lj (θ) = m
i=1 pji (yji |θ), and
Q
l(θ) in (4) equals kj=1 lj (θ). Define subset posterior density j given Y[j] as
14
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Algorithm 1 Estimation of the WASP for f (θ) given samples of θ from k subset posteriors

Scalable Bayes via Barycenter in Wasserstein Space

Srivastava, Li, and Dunson

Input: Samples from k subset posteriors, {θji : θji ∼ Πm (· | Y[j] ), i = 1, . . . , sj , j = 1, . . . , k}; mesh size  > 0.
Do:

+

i1
g1

(φmax
1

r
ji

j
= max φir
.

− φmin 1 ) , . . . , φmin
q

+

iq
gq

φmax
q

− φmin
q

o
,

, as

r
ji



j
= min φir
,

(ir = 1, . . . , gr ; r = 1, . . . , q).
g×sj

(u = 1, . . . , g; v = 1, . . . , sj ; j = 1, . . . , k),

(7)

 φmax r −φmin r


Rsj ×q , with φij as row i (i = 1, . . . , sj ). For r = 1, . . . , q, let φmin = (φmin 1 , . . . , φmin q ) with φmin

j
j
1. Define φij = (φi1
, . . . , φiq
) = f (θji ) (i = 1, . . . , sj ; j = 1, . . . , k), the matrix of atoms of subset posterior j, Φj ∈

1

i

âi δφ (·), the atomic approximation of f ]Πn (· | Y (n) ).

j=1

S
X
1
δθ (·)
S ji

i=1

(j = 1, . . . , k).

k X
S
X

(8)

(9)

y = Xθ + ,

 ∼ Nn (0, Σ),

8

Σ = diag(σ12 , . . . , σn2 ),

(10)
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π(θ) ∝ 1,

We use a weighted linear model example to illustrate the theoretical approximation accuracy
of WASP to the true posterior under the inid setup. For i = 1, . . . , n, let yi be a scalar
response, xi be a p × 1 vector of predictors, and i be the idiosyncratic error in yi . Let
θ = (θ1 , . . . , θp )T be the p × 1 regression coefficients vector. Let y = (y1 , . . . , yn )T , X =
[x1 , . . . , xn ]T , and  = (1 , . . . , n )T be the n × 1 response vector, the n × p design matrix,
and the n × 1 error vector, respectively. If Σ is a known diagonal matrix with positive
elements and cov() = Σ, then the weighted linear regression model of y on X with a flat
prior on θ assumes that

3.2.1 Approximation Error of WASP for inid Data: Weighted Linear Model
Example

The WASP, denoted as Πn , replaces the full data posterior distribution, denoted as Πn ,
for inference and prediction in massive data applications where n is large. In motivating
applications, computation of Πn is inefficient, and dividing the data into smaller subsets
and performing posterior computations in parallel leads to massive speed-ups. A formal
asymptotic justification for using Πn to approximate Πn would ideally show that the distance
between Πn and Πn tends to 0 as the full data size n increases to infinity. We will illustrate
this using a linear model example in Section 3.2.1, where we show that n1/2 W2 (Πn , Πn ) → 0
as n → ∞. Since both Πn and Πn have variances of order n−1 , our result implies that the
mean and the variance of WASP match those of the full data posterior distribution.
A general theoretical justification for using Πn in the place of Πn for a multivariate
θ given inid data is technically much more challenging. If the data are iid and θ is onedimensional, then Li et al. (2017) proves that n1/2 W2 (Πn , Πn ) → 0 as n → ∞ for regular
parametric models. The proof in Li et al. (2017) relies heavily on the Bernstein-von Mises
theorem (BvM) for iid data and the one-dimensional quantile representation of Wasserstein
distance. Unlike the iid case, a BvM-type theorem is generally unavailable if the data are
inid or the model is non-regular (Ibragimov and Has’ Minskii, 2013). In Section 3.2.2,
we show that the WASP Πn converges to the true parameter value at almost the same
rate as Πn when the number of subset k increases slowly with n. The previous theoretical
justification of WASP in Srivastava et al. (2015) only includes posterior consistency under
the stronger iid assumption without characterizing the convergence rate. Relaxing these
limitations, we provide the convergence rate for the WASP in the inid case, including the
convergence rate for WASP of general functionals of the original parameters.

3.2 Theoretical Properties of the WASP

where aji (j = 1, . . . , k; i = 1, . . . , S) are unknown weights of the atoms. There are many
specialized algorithms to estimate the WASP that exploit the structure of the linear program in (6) when Πm (· | Y[j] ) and Πn (· | Y (n) ) are restricted to have atomic forms in (8)
and (9), respectively; for example, Cuturi and Doucet (2014) extend the Sinkhorn algorithm
using entropy-smoothed sub-gradient methods, Carlier et al. (2015) develop a non-smooth
optimization algorithm, and Srivastava et al. (2015) propose an efficient linear program that
exploits the sparsity of constraints to solve (6). A simple and efficient algorithm to find the
WASP of a given function of parameters is summarized in Algorithm 1.

and φmax = (φmax 1 , . . . , φmax q ) with φmax
2. Set the number of atoms in the empirical approximation for the WASP g = g1 ×. . .×gq , where gr =
(r = 1, . . . , q).

φmin

3. Define the matrix of WASP atoms Φ ∈ Rg×q with rows formed by stacking vectors
n

j 2
(φur − φvr
) ,

r=1

q
X

4. Set the distance matrix between the atoms of WASP and the jth subset posterior, Dj ∈ R+
(Dj )uv =

where φur is the (u, r)-entry of Φ.

i=1

Pg

5. Estimate â1 , . . . , âg by solving the linear program (42) in Appendix C.
ˆ
Return: f ]Π(·
| Y (n) ) =

j=1

k
k

1X
1 X  1/2
1/2 1/2
µj and Σ is such that
Σ Σj Σ
= Σ,
k
k

(2), then (3) implies that Πn is Gaussian with mean µ and covariance matrix Σ, where
µ=

S

j=1 i=1
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aji = 1,

where A1/2 is the symmetric square root of A (Agueh and Carlier, 2011). If θ is one
dimensional, then (7) says that the standard deviation of WASP is the average of standard
deviations of subset posteriors; therefore, the variance of WASP is typically about the same
order as that of any subset posterior distribution. A similar relation also holds in higher
dimensions and for a large class of posterior distributions, including elliptical distributions
(Álvarez-Esteban et al., 2016).
The WASP is analytically tractable only in special cases, but it can be estimated using a
linear program if the subset posterior distributions have an atomic form. Let {θj1 , . . . , θjS }
be the θ samples obtained from subset posterior density j in (6) using a sampling algorithm,
including HMC, MCMC, SMC, or importance sampling. Approximate jth subset posterior
distribution Πm (· | Y[j] ) using the empirical measure
Π̂m (· | Y[j] ) =

k

0 ≤ aji ≤ 1,

Srivastava et al. (2015) approximate the WASP as

j=1 i=1

ˆ (· | Y (n) ) = X X a δ (·),
Π
n
ji θji
7

θ0

JMLR 19(8):1-35, 2018
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9

(A2) For any θ, θ ∈ Θ and j = 1, . . . , m, there exist positive constants α and CL such that
0
0
h2mj (θ, θ ) ≥ CL ρ2α (θ, θ ), where h2mj is the pseudo Hellinger distance in Definition 2.

0

(A1) Θ is a compact space in ρ metric, θ0 is an interior point of Θ, and g1 γm ≤ n ≤ g2 γm
for some constants g1 , g2 > 0.

Again, this definition generalizes the usual bracketing entropy to the inid cases. If the data
are indeed iid, then Definition 3 coincides with that of the usual bracketing entropy.
Our theory for the convergence rate of WASP is built on the following assumptions.

The hmj -bracketing number of Pj (Ξ), N[] (δ, Pj (Ξ), hmj ), is defined as the smallest cardinality of the generalized bracketing set B (δ, Pj (Ξ)). The hmj
 -bracketing entropy of Pj (Ξ)
is defined as H[] (δ, Pj (Ξ), hmj ) = log 1 + N[] (δ, Pj (Ξ), hmj ) .

lsi (yi ) ≤ pji (yi ) ≤ usi (yi ), for all y ∈ ⊗m
i=1 Y ji , and all i = 1, . . . , m
p
√
and k us − ls k ≤ δ.

be the generalized bracketing set of Pj (Ξ) with cardinality N , such that for any pj (y|θ) ∈
Pj (Ξ), there exists a pair of functions [ls , us ] ∈ B (δ, Pj (Ξ)), such that

For general non-iid data, the standard Bayesian asymptotic theory for posterior convergence
rates has been established in Ghosal and van der Vaart (2007), which also includes our inid

3.2.2 General Convergence Rates of the WASP for inid Data

The proof of this theorem is in the appendix along with other proofs.
Theorem 1 shows that the uncertainty quantification of Πn and Πn are the same in
(n)
Pθ0 -probability for the data following the model in (10). Essentially, the WASP and the
true posterior have the same posterior mean and posterior variance, and their differences
are only in high order of the full data size n. Furthermore, Theorem 1 is valid for any block
diagonal Σ as long as the data that belong to a particular diagonal block of Σ also belong
to the same partition. In other words, Theorem 1 even holds for dependent data in which
the dependence can be expressed as a block diagonal Σ in (10). Finally, Theorem 1 is in
fact true for any error distribution satisfying E() = 0 and cov() = Σ, which includes the
Gaussian distribution; see Definition 2.1 and Theorem 2.3 in Álvarez-Esteban et al. (2016).

θ0

Theorem 1 Assume that there exist an = o(1), bm = o(1) such that Ω0 − an Ip ≺
1 T −1
1
T −1
n X Σ X ≺ Ω0 + an Ip and Ω0 − bm Ip ≺ m Xj Σj Xj ≺ Ω0 + bm Ip for all j = 1, . . . , k,
where Ip , Ω0 are p × p identity and constant positive definite matrices. Then,




EP (n) kµ − µk22 = o n−1 , tr V − V = o n−1 , EP (n) W22 (Πn , Πn ) = o n−1 .

n
B (δ, Pj (Ξ)) = [ls , us ] : ls (y) = (ls1 (y1 ), . . . , lsm (ym ))T , us (y) = (us1 (y1 ), . . . , usm (ym ))T ,
o
y = (y1 , . . . , ym )T ∈ ⊗m
i=1 Y ji , s = 1, . . . , N

be the class of m-dimensional functions indexed by θ. For a given δ > 0, let


Pj (Ξ) = pj (y|θ) = (pj1 (y1 |θ), . . . , pjm (ym |θ))T : y = (y1 , . . . , ym )T ∈ ⊗m
i=1 Y ji , θ ∈ Ξ

Definition 3 (Generalized bracketing entropy) Let Ξ be a fixed subset of Θ. For
an m-dimensional random vector Z = (Z1 , . . . , Zm )T , denote its Lq norm as |Z|q =
 1 Pm

q 1/q and use kZk to represent |Z| . For a fixed j ∈ {1, . . . , k}, let
2
i=1 E (|Zi | )
m

This definition generalizes the usual Hellinger distance to account for the inid data generating mechanism. The space ({⊗m
i=1 Pθ,j,i : θ ∈ Θ}, hmj ) is a metric space.

Hellinger distance between
dPθ,j,i (y) = pji (y | θ)dy}
R p
h(p1 , p2 ) = [ { p1 (y) −
densities p1 , p2 .

setup. We follow the theoretical framework of Ghosal and van der Vaart (2007) and develop
the corresponding theory for divide-and-conquer Bayesian inference using the WASP.
We start with two definitions required to state the assumptions of our theoretical setup.

where π(θ) is the flat prior on θ and Nn (0, Σ) is a n-variate Gaussian distribution with
n × 1 mean 0 and covariance Σ. In this case, the data are inid since the distribution of yi
depends on the value of xi . Since Σ is assumed to be known, the posterior distribution of θ
is normal with mean µ = (X T Σ−1 X)−1 X T Σ−1 y and covariance matrix V = (X T Σ−1 X)−1 .
Although the posterior of θ has a closed form in this example, the computational complexity
of finding µ and V is O(n2 ), which becomes inefficient as the size of the data n increases.
The WASP of θ in (10) is analytically tractable. The computation of WASP has three
steps. First, the training data are randomly split into k subsets. Let yj , Xj , and Σj be the response vector, design matrix, and error covariance matrix specific to subset j (j = 1, . . . , k).
Second, we compute the subset posterior distributions after stochastic approximation on
the k subsets in parallel as in (5) with γ = k. The jth subset posterior distribution of θ
−1 T −1
−1
T −1
−1
is Np (µj , Vj ), where µj = (XjT Σ−1
j Xj ) Xj Σj yj and Vj = k (Xj Σj Xj ) . Third, (7)
implies that the WASP of θ is also Gaussian with mean vector µ and covariance matrix V ,
P
P
1/2
1/2
where µ = k −1 kj=1 µj and V satisfies V = k −1 kj=1 (V Vj V )1/2 .
The WASP and full data posterior distributions lead to the same posterior inference on
θ up to o(n−1 ) terms. Let Πn = Np (µ, V ) and Πn = Np (µ, V ) be the WASP and full data
posterior distributions for θ. Based on the divide-and-conquer technique, the computational
complexity of Πn is O(km2 ), which is smaller than that of Πn by a factor of k. The true
(n)
distribution of y, denoted as Pθ0 , in (10) is Nn (Xθ0 , Σ). If uncertainty quantification using
Πn and Πn is the same, then it suffices to show that the difference in the second moments
(n)
of Πn and Πn is o(n−1 ) in Pθ0 -probability because the variances V and V are both of order
n−1 . This is equivalent to showing that the W2 distance between Πn and Πn is o(n−1 ) in
(n)
Pθ0 -probability, which is proved in the next theorem. In the statement of the theorem, we
denote A ≺ B for positive definite matrices A and B if B − A is also positive definite.
Definition 2 (Pseudo Hellinger distance) The pseudo
(m)
(m)
probability measures Pθ1 , Pθ2 ∈ {⊗m
i=1 Pθ,j,i : θ ∈ Θ,
1 Pm
2
is hmj (θ1 , θ2 ) = m i=1 h2 {pji (· | θ1 ), pji (· | θ2 )}, where
p
p2 (y)}2 dy]1/2 is the Hellinger distance between two generic

Srivastava, Li, and Dunson
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log2 m
m

 α1

,

j = 1, . . . , k.

(13)

(12)
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Corollary 5 is very useful in applications because it says that the combination step in
the WASP is independent of the model parametrization. Let f ]Πm (· | Y[j] ) be the jth
subset posterior distribution for f (θ) (j = 1, . . . , k), then the WASP of k subset posterior
distributions converges to f (θ0 ) at the rate obtained in Theorem 4. In practice, we have
Sj posterior samples of θ obtained from subset posterior j denoted as θji (i = 1, . . . , sj ;
j = 1, . . . , k). Algorithm 1 estimates an atomic approximation of f ]Πn (· | Y (n) ), denoted
ˆ (· | Y (n) ), based on the subset posterior samples f (θ ) (i = 1, . . . , s ; j = 1, . . . , k).
as f ]Π
ji
j
n

CorollaryP
5 Suppose f (·) = {f1 (·), . . . , fq (·)} is a function that maps Θ 7→ Rq such that
q
2
2
|f (θ)|2 =
i=1 {fi (θ)} ≤ Cf {1 + ρ (θ, θ0 )}, where Cf > 0 is a fixed constant. If the
conditions in Theorem 4 hold and f ]Πn (· | Y (n) ) represents the WASP of the subset posterior
distributions for f (θ), then as m → ∞,
s

n
o
2/α
log
m
W2 f ]Πn (· | Y (n) ), δf (θ0 ) (·) = OP (n) 
.
θ0
m1/α

Theorem 4 proves posterior convergence in expectation, which is stronger than the
commonly studied posterior convergence in probability. We present our results using the
W2 distance in order to account for the fact that the k subset posteriors sit on a common
parameter space. Alternatively, from (11), the convergence rates in (12) and (13) are
also the rates of posterior risks for the subset posterior distributions and the WASP. For
regular models with α = 1, if the number of subsets k increases slowly with n (e.g., k =
O(logc n) for some constant c > 0), then Theorem 4 implies that the WASP converges in
W2 distance at a near optimal convergence rate Op (n−1/2 logc/2+1 n) to δθ0 . In this case, the
standard parametric convergence rate of Πn is Op (n−1/2 ), so the WASP attains the optimal
convergence rate up to the logc/2+1 n factor. Equivalently, using (11), the posterior risk of
the WASP converges to zero at the near optimal rate Op (n−1 logc+2 n), compared to the
Op (n−1 ) posterior risk of the true posterior Πn .
In most applications, the interest also lies in functions of θ. Suppose f : Θ 7→ Rq is
a function that maps θ to {f1 (θ), . . . , fq (θ)}, where q ≥ 1 is a positive integer. A direct
application of Lemma 8.5 in Bickel and Freedman (1981) gives the following corollary about
the WASP of a function of θ. As long as the function is bounded almost linearly by the ρ
metric in (1), its WASP possesses the same posterior convergence rate as in Theorem 4.

 2  α1
oi
h
n
log
m
.
EP (n) W22 Πn (· | Y (n) ), δθ0 (·) ≤ C1
m
θ0

Additionally, if Assumption (A5) holds, then as m → ∞,

θ0
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θ0




EP (m) W22 Πm (· | Y[j] ), δθ0 (·) ≤ C1

Theorem 4 If Assumptions (A1)-(A4) hold for the jth subset posterior Πm (· | Y[j] ) (j =
1, . . . , k), then there exists a constants universal C1 > 0 independent of j, such that as
m → ∞,

H[] (u, {pj (y|θ) : θ ∈ Θ, hmj (θ, θ0 ) ≤ r} , hmj ) ≤ Ψ(u, r) for all j = 1, . . . , k;
Z D1 r
p
√ 2
Ψ(u, r)du <
mr ,

D2

(A3) (Entropy Condition) There exist constants D1 > 0, 0 < D2 < D12 /212 , a function
Ψ(u, r) ≥ 0 that is nonincreasing in u ∈ R+ and nondecreasing in r ∈ R+ , such that
for all j = 1, . . . , k, for any u, r > 0 and for all sufficiently large m,

and
D1 r2 /212

where pj (y|θ) = {pj1 (yj1 | θ), . . . , pjm (yjm | θ)}T and H[] is the hmj -bracketing entropy of the set {pj (y|θ) : θ ∈ Θ, hmj (θ, θ0 ) ≤ r} in Definition 3.

i=1

(A4) (Prior Thickness) There exist positive constants κ and cπ , such that uniformly over
all j = 1, . . . , k,
!


m
pji (Yji |θ0 )
1 X
log2 m
EPθ0 exp κ log+
≥ exp(−cπ k log2 m)
−1≤
m
pji (Yji |θ)
m

Π θ∈Θ:

where log x = max(log x, 0) for x > 0.
+
PN
PN
0
0
w
w
(A5) The metric ρ satisfies ρ( i=1
i θi , θ ) ≤
i ρ(θi , θ ) for any N ∈ {1, 2, . . .},
Pi=1
N
θ1 , . . . , θN , θ0 ∈ Θ and non-negative weights i=1
wi = 1.

Θ

Our assumptions above are based on the standard assumptions in Bayesian asymptotic
theory. Similar to Theorem 10 in Ghosal and van der Vaart (2007), we have assumed a
compact support in (A1) and lower bounded pseudo Hellinger distance in (A2). Typically,
α = 1 for most regular models, such as generalized linear models. If the model is non-regular,
then α can be less than 1; for example, the densities may have discontinuities depending
on the parameter (Ibragimov and Has’ Minskii, 2013, Chapters V, VI). Assumption (A3)
parallels the entropy condition used in Theorem 1 of Wong and Shen (1995), which has been
adapted here for the inid setup using the generalized bracketing entropy, and will simplify
to a similar entropy condition to that in Theorem 1 of Wong and Shen (1995) if the data
are iid. Assumption (A4) is crucial in providing a stronger control over the tail probability
as the posterior probability mass moves away from the true parameter θ0 , typically with an
exponentially decaying rate. The convexity property of ρ in (A5) is mainly used to establish
an averaging inequality under W2 distance and is satisfied by, for example, the Euclidean
metric and Lq metric with q ≥ 1.
The posterior risks of Πn and Πn in the ρ metric is directly related to the W2 distance
based on the ρ metric. If θ0 denotes the true parameter value from which the data are
generated, then the posterior risk of Πn in the estimation of θ0 is
Z
Z
h
n
oi
(n)
ρ2 (θ, θ0 )dΠn (θ | Y (n) )dPθ0 (y1 , . . . , yn ) = EP (n) W22 Πn (· | Y (n) ), δθ0 (·) . (11)

Y (n)
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The classical result says that the posterior risk (11) in regular parametric models converges
to zero at the n−1 rate under assumptions similar to (A2)–(A4), with m replaced by n
(van der Vaart, 2000). The next theorem shows that the same posterior risk of the WASP
converges at a similar rate to that of the true posterior Πn , which mainly depends on the
size of subsets m, and can be made close to the standard n−1 rate up to some logarithmic
factors for regular parametric models.
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4.1 Setup
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πl N p (y | µl , Σl ),
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l=1

L
X

We compared WASP with consensus Monte Carlo (CMC) (Scott et al., 2016), semiparametric density product (SDP) (Neiswanger et al., 2014), and variational Bayes (VB). The
sample sizes and the number of parameters in our experiments were chosen such that sam-

fmix (y | θ) =

Finite mixture of Gaussians are widely used for model-based classification, clustering, and
density estimation (Fraley and Raftery, 2002). Let n, p, and L be the sample size, the
dimension of observations, and the number of mixture components. If yi ∈ Rp is the
ith observation (i = 1, . . . , n), then the mixture of L Gaussians assumes that any y ∈
{y1 , . . . , yn } is generated from the density

4.2 Simulated Data: Finite Mixture of Gaussians

The accuracy metric lies in [0, 1] (Faes et al., 2012). The approximation of full data posterior
density by π̂ is poor or excellent if the accuracy metric is close to 0 or 1, respectively. In
our experiments, we computed the kernel density estimates of π̂ and π from the posterior
samples of θ using R package KernSmooth (Wand, 2015) and calculated the integral in (14)
using numerical approximation.

pling from the full data posterior distribution was computationally feasible. Every sampling
algorithm ran for 10,000 iterations. We discarded the first 5,000 samples as burn-in and
thinned the chain by collecting every fifth sample. Convergence of the chains to their stationary distributions was confirmed using trace plots. All experiments ran on an Oracle
Grid Engine cluster with 2.6GHz 16 core compute nodes. Full data posterior computations were allotted memory resources of 64GB, and all other methods were allotted memory
resources of 16GB.
The sampling algorithm for the full data posterior was modified to obtain samples
from the subset posteriors in CMC, SDP, and WASP. The sampling algorithms for subset
posteriors in CMC and SDP were the same and were based on Equation (2) in Scott et al.
(2016). The sampling algorithm for subset posteriors in WASP was based on (5). Samples
from the approximate posterior distributions of θ in CMC, SDP, and WASP were obtained
in two steps. First, samples from subset posteriors of θ were obtained in parallel across k
subsets. Second, the samples of θ from all the subsets were combined using implementations
of CMC and SDP in parallelMCMC package (Miroshnikov and Conlon, 2014) and using
Algorithm 1 for the WASP.
The full data posterior distribution obtained using MCMC served as the benchmark in
all our comparisons. Let π(θ | Y (n) ) be the density of the full data posterior distribution for
θ estimated using sampling and π̂(θ | Y (n) ) be the density of an approximate posterior distribution for θ estimated using the WASP or its competitors. We used the following metric
based on the total variation distance to compare the accuracy π̂(θ | Y (n) ) in approximating
π(θ | Y (n) )
Z
n
o
1
accuracy π̂(θ | Y (n) ) = 1 −
π̂(θ | Y (n) ) − π(θ | Y (n) ) d θ.
(14)
2 Θ
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where π = (π1 , . . . , πL ) lies in a (L − 1)-simplex, µl and Σl (l = 1, . . . , L) are
the mean and covariance parameters of a p-variate Gaussian distribution, and θ =
{π, µ1 , . . . , µL , Σ1 , . . . , ΣL }. We set L = 2 and p = 2 and simulated data from (15) using π = (0.3, 0.7), µ1 = (1, 2)T , µ2 = (7, 8)T , and Σl = Σ (l = 1, 2), where Σ12 = 0.5,
Σ11 = 1, and Σ22 = 2. We performed 10 simulation replications.

4. Experiments

The atomic form of the WASP is supported on a grid with mesh-size  estimated from the
subset posterior samples of f (θ). Algorithm 1 estimates the weights of the atoms located
on the grid by solving a discrete version of (6). The theoretical properties of discrete
ˆ (· | Y (n) ) is supported only on O(k) elements of the grid; see
barycenters imply that f ]Π
n
Theorem 2 in Anderes et al. (2016). We exploit this sparsity by adapting the algorithm in
Srivastava et al. (2015) and by using Gurobi (Gurobi Optimization Inc., 2014).
A key assumption in Theorem 4 and Corollary 5 is that the subset posterior distributions provide a noisy approximation of the full data posterior distribution. This is stated
precisely in (12), which shows that the convergence rate of a subset posterior distribution
in W2 distance is obtained by using m as the sample size instead of n. If any of the assumptions (A1)–(A4) fail, then the subset posterior distributions may approximate the full data
posterior distribution poorly, which could possibly lead to poor approximation quality for
the WASP.
A simple example based on rare events demonstrates this phenomenon. Let Y1 , . . . , Yn be
iid Bernoulli random variables with unknown success probability θ ∈ (0, 1). The assumption
(A1) is violated if the true parameter θ0 is very close to 0; that is, observing 1 is a rare
7
−a
event. In our simulation
Pn example, we set n = 10 and θ0 = 10 for a = 3, 4, 5, 6 so that
as a increases, s = i=1 Yi decreases and θ0 gets closer and closer to the boundary of the
parameter space. The standard Bayesian approach is to put Jefferys’ prior Beta(0.5, 0.5)
on θ and perform inference on θ using Beta(s + 0.5, n − s + 0.5), which leads to a full
data posterior that concentrates around the correct value of θ0 even if θ0 is small (Figure
2). However, if the data are randomly divided into k = 100 subsets, then a majority of
the subsets contain only 0s as θ0 decreases. As a result, a majority of the subset posterior
distributions differ significantly in shape from the full data posterior distribution, leading
to a failure of the WASP in approximating the full data posterior distribution because the
assumption (A1) is severely violated for θ0 = 10−5 , 10−6 (Figure 2).

Figure 2: Kernel density estimates of the posterior densities of θ in the rare events example
where assumption (A1) fails to hold for θ0 = 10−5 , 10−6 .
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ρ1
0.77 (0.31)
k=5
k = 10
0.97 (0.01)
0.96 (0.01)
0.97 (0.01)
0.96 (0.01)
0.97 (0.01)
0.95 (0.01)

ρ2
0.76 (0.29)
k=5
k = 10
0.96 (0.01)
0.96 (0.01)
0.95 (0.01)
0.96 (0.01)
0.97 (0.01)
0.96 (0.01)

g0.05
0.99 (0.00)
k=5
k = 10
0.99 (0.00)
0.99 (0.00)
0.99 (0.00)
0.99 (0.00)

g0.95
0.99 (0.00)
k=5
k = 10
0.99 (0.00)
0.99 (0.00)
0.99 (0.00)
0.99 (0.00)

Table 1: Accuracies of the approximate posteriors for ρ1 , ρ2 , and g0.05 (x) and g0.95 (x) for
x ∈ R. The accuracies are averaged over 10 simulation replications. Monte Carlo errors are
in parenthesis. CMC, consensus Monte Carlo; SDP, semiparametric density product; VB,
variational Bayes; WASP, Wasserstein posterior
VB
CMC
SDP
WASP

l = 1, 2,

g(x) = fmix {(x, x)T } x ∈ R,

(16)

This simple example demonstrated the generality of WASP in estimating the posterior
distribution of functions of θ as described in Corollary 5. We defined two nonlinear functions
of θ as
ρl = (Σl )12 / {(Σl )11 (Σl )22 }1/2

µl | Σl ∼ N 2 (0, 100Σl ),

Σl ∼ Inverse-Wishart(2, 4I2 ),

(17)

where ρl is the correlation of lth mixture component and g(x) is the value of density fmix in
(15) when y = (x, x)T . Our simulation setup implied that ρ1 = ρ2 and g(x) was bimodal for
x ∈ R. We completed the hierarchical model in (15) by specifying independent conjugate
priors on π and (µl , Σl ) (l = 1, 2) as
π ∼ Dirichlet(1/2, 1/2),
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where 2 is the prior degrees of freedom and 4Ip is the scale matrix of the Inverse-Wishart
distribution. The posterior samples of θ were obtained using Gibbs sampling (Bishop, 2006),
which were used to obtain posterior samples for ρ1 , ρ2 , and g.
We compared WASP with the posterior distributions estimated using CMC, Gibbs sampling, SDP, and VB. We used the VB algorithm developed in Bishop (2006). Two values
of k ∈ {5, 10} were used for CMC, SDP, and WASP and full data were partitioned into k
subsets such that the mixture proportions were preserved in every subset. The approximate
posterior distributions of ρ1 , ρ2 , and g(x), x ∈ R, under each method were estimated using
the subset posterior samples obtained after modifying the original Gibbs sampler. The
sampling algorithm for WASP is described in the Supplementary Material.
We compared the accuracy (14) of CMC, SDP, VB, and WASP in approximating the
full data posterior distributions of ρ1 , ρ2 , and point-wise 90% credible bands of g(x) for
x ∈ R, denoted as g0.05 (x) and g0.95 (x). CMC, SDP, and WASP accurately approximated
the full data posterior distributions of ρ1 and ρ2 for both ks, but VB underestimated the
posterior uncertainty in ρ1 and ρ2 . CMC, VB, and WASP were very accurate in estimating
g0.05 (x) and g0.95 (x) for x ∈ R, whereas the application of SDP failed due to a numerical
error in matrix inversion (Table 1). This provides an empirical verification of Corollary 5,
showing that the accuracy of the WASP was unaffected by the form of the parameters in
the combination step. Theoretical guarantees similar to Corollary 5 were unavailable for
CMC or SDP, but our numerical results illustrated that a similar result might also hold for
these methods in mixture models.
15
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4.3 Simulated Data: Linear Mixed Effects Model

ui ∼ N r (0, Σ),

(i = 1, . . . , n),

(18)

Linear mixed effects models are extensively used in extending linear regression to account
for longitudinal and nested dependence structures. Let n, s, and si be the sample size,
total numberP
of observations, and total number of observations for sample i (i = 1, . . . , n)
n
so that s = i=1
si . Suppose Xi ∈ Rsi ×p and Zi ∈ Rsi ×r include predictors in the fixed
and random effects components, respectively. Letting yi ∈ Rsi be the response for sample
i, the linear mixed effects model assumes that

yi | β, ui , τ 2 ∼ N si (Xi β +Zi ui , τ 2 Ini ),
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where ui ∈ Rr is the random effect for sample i with mean 0 and r × r covariance Σ,
β ∈ Rp denotes the fixed effects, and τ 2 is the error variance. The model parameters are
θ = {β, Σ, τ 2 }.
We simulated data for a fixed n and s and varying p and r. We chose two values
of (p, r) ∈ {(4, 3), (80, 6)}, fixed n and s to be 6000 and 100,000, and randomly assigned
the s observations to n samples. The two choices of (p, r) ensured that the number of
unknown parameters in β and Σ was 10 and 100 in the former and latter cases. The
entries of Xi and Zi were set to 1 or −1 with equal probability for every i. We fixed
β entries √
as −2 and 2 alternately
and τ 2 = 1. The random effects covariance matrix
√
√
√
Σ = diag( 1, . . . , r)R diag( 1, . . . , r), where diag(a) is a diagonal matrix with a along
the diagonal and R is a correlation matrix with 1 along the diagonal. We set R = R1 if r = 3
and R = bdiag(R1 , R1 ) if r = 6, where bdiag(A, B) is a block-diagonal matrix with A, B
along the diagonal, (R1 )ii = 1 (i = 1, 2, 3), R12 = −0.40, R13 = 0.30, and R23 = 0.001. The
matrix R1 included negative, positive, and small to moderate strength correlations (Kim
et al., 2013). We used this setup to simulate data from (18) and performed 10 replications.
We used the HMC algorithm in Stan for sampling from the full data and subset posterior
distributions. The full data posterior computations were feasible for the chosen values of
n and s and posterior samples were obtained after completing the hierarchical model in
(18) by using the default weakly informative priors for β, Σ, and τ 2 in Stan. Two values
of k ∈ {10, 20} were used for CMC, SDP, and WASP, and the n samples were randomly
partitioned into k subsets. The sampling algorithms for subset posterior distributions for
the three methods were implemented in Stan and posterior samples of θ were obtained
in parallel across k subsets. This was followed by a combination step to estimate the
approximate posterior distributions for the three methods. The sampling algorithm for
WASP is described in the Supplementary Material. Stochastic gradient Langevin dynamics
(SGLD; Welling and Teh 2011) has proven to be a successful stochastic version of MCMC in
mixture and regression models but has not been extensively tested on linear mixed effects
models in which multiple observations are available on a subject. We compared Stan’s HMC
and SGLD with batch sizes 2000, 4000, step sizes 10−4 , 10−5 and 104 iterations.
We compared the accuracy (14) of CMC, SDP, SGLD, VB, and WASP in approximating
the marginal posterior distributions of fixed effects, variances and covariances of random
effects, and the joint posterior distributions of three pairs of covariances of random effects.
We used the streamlined algorithm (SA; Lee and Wand 2016) and automatic differentiation
variational inference in Stan (ADVI; Kucukelbir et al. 2015) for estimating the VB posteriors
for β and Σ . All methods except SGLD were significantly faster than the full data posterior
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r=6
0.09 (0.23)
0.34 (0.22)
0.73 (0.08)
0.72 (0.08)
k = 10
k = 20
0.89 (0.05)
0.80 (0.08)
0.84 (0.10)
0.77 (0.14)
0.97 (0.01)
0.97 (0.01)
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We use probabilistic parafac model as a representative example for nonparametric density estimation using WASP. Probabilistic parafac is an approach for nonparametric Bayes
modeling of joint dependence in multivariate categorical data (Dunson and Xing, 2009).
Let xi = (xi1 , . . . , xij , . . . , xip ) be the data from sample i, where xij has dj possible categorical values in {1, . . . , dj } (j = 1, . . . , p). The hierarchical model for xij (i = 1, . . . , n;

4.4 Simulated Data: Probablistic Parafac Model

The accuracy of CMC, SDP, and WASP decreased when k increased from 10 to 20
because subset posterior distributions conditioned on a smaller fraction of the data. This
provided an empirical verification of Theorem 4 for the WASP. Our numerical results illustrated that a similar result might also hold for CMC and SDP. The stable performance of
WASP compared to that of CMC and SDP in the approximation of the posterior distributions of variances of random effects showed that the validity of the normal approximation
for subset posterior distributions was crucial in obtaining accurate approximations of full
data posterior using CMC and SDP. On the other hand, WASP results were free of any
such assumptions and were valid for any nonlinear function of µ and Σ; see Corollary 5.

distribution, with SA being the fastest. CMC, SA, SDP, and WASP provided accurate
approximations of the marginal posterior distributions of fixed effects and covariances of
random effects. Unlike Stan’s HMC, SGLD’s performance was sensitive to the choices of
step size and batch size. SGLD failed to converge for all batch sizes when the step size
was 10−4 , and its accuracy increased with batch size. The performance of ADVI and
SGLD deteriorated quickly as r increased from 3 to 6. The accuracy of CMC and SDP in
approximating the marginal posterior distributions of variances of random effects depended
on k and r. ADVI and SA provided a poor approximation for the posterior variances of
random effects. In all these cases, the accuracy of WASP was stable for every k and r
(Tables 2 and 3). All methods except SGLD showed similar accuracies in approximating
the true joint posterior distributions of three pairs of covariances of random effects. The
differences in accuracies of CMC, SA, SDP, and WASP for different values of k and r were
due to the differences in numerical approximation of (14) (Tables 4 and 5 and Figures 3
and 4); see Table 1 in the Supplementary Material.

CMC
SDP
WASP

r=3
0.48 (0.31)
0.26 (0.19)
0.68 (0.08)
0.69 (0.09)
k = 10
k = 20
0.93 (0.03)
0.91 (0.05)
0.92 (0.06)
0.86 (0.07)
0.97 (0.01)
0.97 (0.01)

r=3
0.69 (0.23)
0.94 (0.02)
0.07 (0.11)
0.07 (0.11)
k = 10
k = 20
0.94 (0.03)
0.91 (0.05)
0.92 (0.04)
0.89 (0.06)
0.97 (0.01)
0.97 (0.01)

r=6
0.49 (0.29)
0.94 (0.02)
0.13 (0.09)
0.12 (0.09)
k = 10
k = 20
0.94 (0.03)
0.92 (0.05)
0.89 (0.07)
0.87 (0.10)
0.97 (0.01)
0.96 (0.01)

(σ12 , σ13 )
0.53 (0.28)
0.91 (0.01)
0.03 (0.01)
0.03 (0.01)
k = 10
k = 20
0.88 (0.05)
0.79 (0.06)
0.90 (0.03)
0.89 (0.03)
0.93 (0.01)
0.94 (0.01)

(σ12 , σ23 )
0.62 (0.14)
0.91 (0.01)
0.01 (0.00)
0.01 (0.00)
k = 10
k = 20
0.88 (0.04)
0.82 (0.07)
0.90 (0.03)
0.87 (0.05)
0.93 (0.01)
0.94 (0.01)

(σ13 , σ32 )
0.49 (0.25)
0.92 (0.01)
0.02 (0.01)
0.02 (0.01)
k = 10
k = 20
0.91 (0.02)
0.85 (0.04)
0.92 (0.02)
0.89 (0.04)
0.94 (0.01)
0.94 (0.01)

(j)

zi ∼

h=1

∞
X

Vh

(1 − Vl )δh ≡
l<h

Y

h=1

∞
X

ψh ∼ Dirichlet(aj1 , . . . , ajdj ),

h=1

Vh ∼ Beta(1, α),
α ∼ Gamma(aα , bα ), (19)

νh δh ,

h=1

∞
X

νh

j=1

p
Y

(j)

ψhcj .

(j)

(20)
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The xij s are sampled independently given the latent class zi and probability vectors ψ h
(h = 1, . . . , ∞). The latent class for every sample is generated using the stick breaking
representation of Dirichlet processes. The Gibbs sampling algorithm developed in Dunson
and Xing (2009) is very slow even for moderate sample sizes. This example demonstrates
that WASP can easily scale existing sampling algorithms to massive data, even when efficient
VB alternatives are unavailable.

pr(xi1 = c1 , . . . , xij = cj , . . . , xip = cp ) = πc1 ,...,cp =

where α has prior mean aα /bα . The hierarchical model for probabilistic parafac implies
that

h=1

j = 1, . . . , p) is




(j) ∞
(j) ∞
(j)
(j)
xij | ψh1
, . . . , ψhdj
, zi ∼ Multinomial({1, . . . , dj }, ψzi 1 , . . . , ψzi dj ),

CMC
SDP
WASP

ADVI
SA
SGLD (2000)
SGLD (4000)

Table 4: Accuracies of the approximate two-dimensional joint posteriors for the covariances
of random effects when r = 3 in (18). The accuracies are averaged over 10 simulation
replications. Monte Carlo errors are in parenthesis. ADVI, automatic differentiation variational inference; SA, streamlined algorithm; SGLD, stochastic gradient Langevin dynamics
with batch size in parenthesis; CMC, consensus Monte Carlo; SDP, semiparametric density
product; WASP, Wasserstein posterior

CMC
SDP
WASP

ADVI
SA
SGLD (2000)
SGLD (4000)

Table 3: Accuracies of the approximate posteriors for covariances in (18). The accuracies
are averaged over 10 simulation replications and across all off-diagonal elements of Σ. Monte
Carlo errors are in parenthesis. ADVI, automatic differentiation variational inference; SA,
streamlined algorithm; SGLD, stochastic gradient Langevin dynamics with batch size in
parenthesis; CMC, consensus Monte Carlo; SDP, semiparametric density product; WASP,
Wasserstein posterior

Table 2: Accuracies of the approximate posteriors for variances in (18). The accuracies
are averaged over 10 simulation replications and across all diagonal elements of Σ. Monte
Carlo errors are in parenthesis. ADVI, automatic differentiation variational inference; SA,
streamlined algorithm; SGLD, stochastic gradient Langevin dynamics with batch size in
parenthesis; CMC, consensus Monte Carlo; SDP, semiparametric density product; WASP,
Wasserstein posterior
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We used CMC, SDP, and WASP to approximate the full data posterior distributions
for pr(xi = 1), where i ∈ {2, 4, 12, 14}. Two values of k ∈ {5, 10} were used for CMC, SDP,
and WASP. The full data were randomly partitioned into k subsets and subset posterior
samples for WASP were obtained after modifying the Gibbs sampling algorithm in Dunson
and Xing (2009) using (5). Examples for the application of CMC and SDP were unavailable
for Dirchlet process mixtures, and it was unclear how to raise the prior density to the power
1/k when the prior distribution has an atomic form similar to that in (19); therefore, we did
not raise the prior to a power of 1/k for sampling from the subset posterior distributions

Figure 5: Kernel density estimates of the marginal posterior densities for dimensions 2, 4,
12, and 14. MCMC, Gibbs sampling algorithm of Dunson and Xing (2009); CMC, consensus Monte Carlo; SDP, semiparametric density product; VB, variational Bayes; WASP,
Wasserstein posterior
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Figure 4: Kernel density estimates of the posterior densities of three covariance pairs when
r = 6 in (18), where σab , σcd on every panel represents the two-dimensional posterior density of (σab , σcd ). ADVI, automatic differentiation variational inference; SGLD, stochastic
gradient Langevin dynamics with batch size in parenthesis; CMC, consensus Monte Carlo;
MCMC, Markov chain Monte Carlo; SA, streamlined algorithm; SDP, semiparametric density product; WASP, Wasserstein posterior.
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We followed the simulation setup in Dunson and Xing (2009), except with a much larger
sample size. We fixed the sample size, number of dimensions, and number of categories in
each dimension at n = 105 , p = 20, and dj = 2 (j = 1, . . . , p), respectively. These choices
of n, p, and dj s ensured that computations for sampling from the full data posterior were
tractable. Data were simulated as a mixture of two populations such that any sample belonged to the two populations with equal probability. The two categories in every dimension
excluding 2, 4, 12, and 14 were simulated from a discrete uniform in both populations. The
dependence across dimensions 2, 4, 12, and 14 was induced as follows. The probabilities
π2 , π4 , π12 , and π14 were set to (0.20, 0.80), (0.25, 0.75), (0.80, 0.20), and (0.75, 0.25) in the
first population and to (0.80, 0.20), (0.75, 0.25), (0.20, 0.80), and (0.25, 0.75) in the second
population. The simulation setup was replicated 10 times.
19

5

0

14

Table 5: Accuracies of the approximate two-dimensional joint posteriors for the covariances
of random effects when r = 6 in (18). The accuracies are averaged over 10 simulation
replications. Monte Carlo errors are in parenthesis. ADVI, automatic differentiation variational inference; SA, streamlined algorithm; SGLD, stochastic gradient Langevin dynamics
with batch size in parenthesis; CMC, consensus Monte Carlo; SDP, semiparametric density
product; WASP, Wasserstein posterior
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Figure 3: Kernel density estimates of the posterior densities of three covariance pairs when
r = 3 in (18), where σab , σcd on every panel represents the two-dimensional posterior density of (σab , σcd ). ADVI, automatic differentiation variational inference; SGLD, stochastic
gradient Langevin dynamics with batch size in parenthesis; CMC, consensus Monte Carlo;
MCMC, Markov chain Monte Carlo; SA, streamlined algorithm; SDP, semiparametric density product; WASP, Wasserstein posterior.
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We generated three new predictors for accurate modeling of ratings following Perry
(2017). First, movie genres were grouped into movie categories to reduce the number of
genres from 19 to four: Action category included Action, Adventure, Fantasy, Horror,
Sci-Fi, and Thriller genres; Children category included Animation and Children genres;
Comedy category included Comedy genre; and Drama category included Crime, Documentary, Drama, Film-Noir, Musical, Mystery, Romance, War, and Western genres. If a movie
belonged to multiple genres, then movie category scores were fractions proportional to the
number of genres in the respective categories. Second, popularity predictor was defined as
logit{(l + 0.5)/(n + 1.0)}, where l and n respectively were the number of users who liked and
x
rated the movie in 30 most recent observations for the movie and logit(x) = log 1−x
. Third,
previous predictor was defined to be 1 if the user liked the previous movie and 0 otherwise.

Following the setup in Section 4.3, we compared the performance of WASP with ADVI,
CMC, SA, SGLD with batch sizes 2000, 4000, step size 10−5 and 104 iterations, and SDP
using the full data posterior distribution as the benchmark. Sampling using the HMC
algorithm in Stan was prohibitively slow for the full data posterior distribution, so we first
randomly selected 5000 users and then randomly selected 20 ratings for every user. This
resulted in a data set with 100,000 ratings. We randomly split the users into 10 training
data sets such that ratings for any user belonged to the same training data set. To compute
the approximate posteriors using CMC, SDP, and WASP, we set k = 10 and randomly
partitioned the users into k subsets such that each subset contained all the ratings for a
user. This setup was replicated for every training data.

We used Action, Children − Action, Comedy − Action, Drama − Action, popularity, and
previous as the fixed and random effects in (18).

ADVI
SA
SGLD (2000)
SGLD (4000)
CMC
SDP
WASP

WASP performed better than its competitors in approximating the full data posterior
distributions for variances and covariances of the random effects. Similar to the simulation
results in Section 4.3, ADVI, CMC, SA, SDP, and WASP were significantly faster than
the full data posterior distribution, with SA being the fastest, and SGLD was the slowest.
CMC, SDP, and WASP showed excellent performed in approximating the full data posterior
distributions for the fixed effects. WASP outperformed its competitors in approximating the
full data posterior distributions for variances, covariances, and pairs of covariances of the
random effects (Tables 7, 8, and 9). ADVI, SA, and SGLD significantly under-performed
in the estimation of the posterior distribution for the fixed effects and covariance matrix
of the random effects. The accuracy of marginals in CMC and SDP depended on the
magnitude of covariances, with both methods showing excellent accuracy for covariances
with low magnitude. The accuracies of the two-dimensional joint distributions in CMC
and SDP were poor because the full data posteriors concentrated at different locations
(Figure 6). Except for the poor performance of CMC, SA, and SDP in approximating
the posterior distribution of variances and covariances of the random effects, our real data
results agreed with our simulation results. We concluded that WASP performed better than
its competitors in MovieLens data analysis.

We used MovieLens data to illustrate the application of WASP to large-scale ratings data.
MovieLens data are one of the largest publicly available ratings data with about 10 million ratings from about 72 thousand users of the MovieLens recommender system. Each
observation in the database consists of a user, movie, rating of the movie from 0.5 to 5 in
increments of 0.5, and the time of rating. Every movie is also classified into at least one
of the 19 genres. We fit a linear mixed effects model (18) using movie- and user-specific
information as predictors and the ratings as responses.

4.5 Real Data: MovieLens Ratings Data

The accuracy (14) of CMC and SDP in approximating the full data marginal posterior
distribution depended on k, with WASP outperforming CMC and SDP when k = 5 (Table
6). The approximate and full data posterior distributions were centered at the same value
across all dimensions and replications, but the posterior densities for CMC and SDP were
highly concentrated compared to the full data posterior density when k = 5 (Figure 5). The
accuracy of WASP remained stable with varying k, providing an empirical verification of
Theorem 4 in cases where our theory is not applicable. The time spent in combining subset
posterior samples was negligible compared to the time spent in sampling; therefore, WASP
could be used for data with much larger sample size by choosing k large enough such that
sampling was efficient across all the data subsets.

in CMC and SDP. The sampling algorithm for WASP based on stochastic approximation
is summarized in the Supplementary Material. Subset posterior samples for pr(x2 = 1),
pr(x4 = 1), pr(x12 = 1), and pr(x14 = 1) were combined to obtain their approximate
posterior distributions using CMC, SDP, and WASP.

=
=
=
=

Table 7: Accuracies of the approximate posteriors for variances in (18). The accuracies
are averaged over 10 replications. Monte Carlo errors are in parenthesis. ADVI, automatic
differentiation variational inference; SA, streamlined algorithm; SGLD, stochastic gradient
Langevin dynamics with batch size in parenthesis; CMC, consensus Monte Carlo; SDP,
semiparametric density product; WASP, Wasserstein posterior

Table 6: Accuracies of the approximate marginal posterior distributions for dimensions 2,
4, 12, and 14 in (19). The accuracies are averaged over 10 simulation replications. Monte
Carlo errors are in parenthesis. CMC, consensus Monte Carlo; SDP, semiparametric density
product; WASP, Wasserstein posterior
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Table 8: Accuracies of the approximate posteriors for covariances in (18). The accuracies
are averaged over 10 replications. Monte Carlo errors are in parenthesis. The subscripts
1, . . . , 6 are used for predictors Action, Children − Action, Comedy − Action, Drama −
Action, popularity, and previous. ADVI, automatic differentiation variational inference;
SA, streamlined algorithm; SGLD, stochastic gradient Langevin dynamics with batch size
in parenthesis; CMC, consensus Monte Carlo; SDP, semiparametric density product; WASP,
Wasserstein posterior
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Table 9: Accuracies of the approximate two-dimensional joint posteriors for the covariances
of random effects. The accuracies are averaged over 10 replications. Monte Carlo errors
are in parenthesis. The subscripts 1, . . . , 6 are used for predictors Action, Children −
Action, Comedy − Action, Drama − Action, popularity, and previous. ADVI, automatic
differentiation variational inference; SA, streamlined algorithm; SGLD, stochastic gradient
Langevin dynamics with batch size in parenthesis; CMC, consensus Monte Carlo; SDP,
semiparametric density product; WASP, Wasserstein posterior
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Figure 6: Kernel density estimates of the posterior densities of four covariance pairs, where
σab , σcd on every panel represents the two-dimensional posterior density of (σab , σcd ). ADVI,
automatic differentiation variational inference; SGLD, stochastic gradient Langevin dynamics with batch size in parenthesis; CMC, consensus Monte Carlo; MCMC, Markov chain
Monte Carlo; SA, streamlined algorithm; SDP, semiparametric density product; WASP,
Wasserstein posterior.

3000

5. Discussion

Srivastava, Li, and Dunson

We have presented WASP as an approach for computationally efficient approximation of
the posterior distributions of parameters and their functions when the sample size is large.
WASP allows extensions of existing samplers to massive data with minimal modifications
and is easily implemented using probabilistic programming languages, such as Stan. Theoretically, we have showed that the rate of convergence of WASP to the Dirac measure
centered at the true parameter value in W2 distance matches the optimal parametric rate
up to a logarithmic factor if the number of subsets increases slowly with the size of the full
data set. Empirically, we demonstrated that results from WASP and MCMC agree closely in
several widely different examples, while WASP enables massive speed-ups in computational
time.
We plan to explore several extensions of WASP in the future. First, the combination
of subset posterior distributions using WASP and the proof of the convergence rate for the
WASP in Theorem 4 are valid even if the data in different subsets are dependent; however,
independence assumption within each subset is required in the proof of (12) in Theorem
4 and in our justification of stochastic approximation. Currently, it is unclear how to
extend stochastic approximation to cases where the likelihood is unavailable in a product
form. This extension in crucial for proper uncertainty quantification outside of settings
in which the observations are conditionally independent given latent variables. Second, it
is unclear how to optimally choose k in practice; larger k improves computational time
when abundant processors are available but choosing k too large may lead to increasing
statistical errors (refer to Theorem 4). Our numerical experiments show that the accuracy
of WASP is robust to the choice of k if all the subset sizes are moderately large relative to
the number of parameters. In addition, it is of interest to study more deeply the impact
of the partitioning schemes and attempt to develop approaches that deal with not only
large sample sizes but also high-dimensional data. A possibility in this regard is to combine
WASP with approximate MCMC (Johndrow et al., 2015).
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We now find the asymptotic order of the traces of the covariance matrices in (21).
Following the same arguments used to derive (22), the full data and jth subset posterior
covariance matrices satisfy
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Our assumptions and continuity of the matrix inverse for positive definite matrices imply
that there are exist positive a0n = o(1), b0m = o(1), such that
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as m becomes sufficiently large, where the constant C1 depends on α, c1 , c2 , which further
depends on g1 , g2 , q1 , q2 , r1 , r2 , CL . Since q1 , q2 in Lemma 5 and r1 , r2 in Lemma 6 depend
on g1 , g2 , D1 , D2 , κ, cπ , it follows that C1 depends on g1 , g2 , CL , D1 , D2 , κ, cπ . 2
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and variances
and
If
is the maximum number
of atoms in the stick-breaking representation, then the prior density π is in the form a
discrete mixture. We cannot use existing sampling algorithms directly if π is raised to a
power of 1/k, so it is unclear how to sample from the subset posterior density of competing
approaches in Section 2.2.
We show that it is still possible to sample from the subset posterior density in (5)
using data augmentation. Let Lj be the likelihood given Xj1 , . . . , Xjm and latent variables
zj1 , . . . , zjm in (34), then

bσ
aσ −1

where aσ > 2 and Beta, Gamma, and Inverse-Gamma random variables have means

α ∼ Gamma(aα , bα ),

2
2 ∞
Xji | zji , {µh }∞
h=1 , {σh }h=1 ∼ N (µzji , σzji ),

Let X1 , . . . , Xn be n copies of a scalar random variable X that follows probability distribution P0 with density p0 . The full data are randomly split into k subsets and Xj1 , . . . , Xjm
represent the data on subset j (j = 1, . . . , k). The hierarchical model for density estimation
using the stick-breaking representation of Dirichlet process mixtures is

Appendix B. Univariate Density Estimation

where the first inequality follows from Lemma 7 in the Supplementary Material, the second
inequality follows from the Cauchy-Schwarz inequality, and the third inequality follows from
the subset bound (12). 2

≤
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∗

(1 − Vd )α−1

h=1

l
Y

∗
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α | rest ∝ αaα −1 e−bα α αl

γ]hj + 1
+ aσ ,
2

bjh =

for h = 1, . . . , l∗ . Let
Pm
σh2
1(z
γ i=1
ji = h)xji
,
v
,
mjh =
jh =
γ]hj + 1
γ]hj + 1
m
µ2
γX
1(zji = h) (xji − µh )2 + h + bσ
2
2
ajh =

i=1

(37)

(38)
(39)

(40)

for h = 1, . . . , l∗ , then all full conditional densities are tractable in terms of standard
distributions:
µjh

i=1

log(1 − Vjh )).

1(zji = h), α + γ

∗

l
X

h=1

(41)
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Appendix C. Linear Program
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This linear program can be solved using a variety of linear programming solvers in Matlab
or R, including the algorithms of Cuturi and Doucet (2014) and Srivastava et al. (2015).
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Experience replay is a technique that allows off-policy reinforcement-learning methods to
reuse past experiences. The stability and speed of convergence of reinforcement learning, as
well as the eventual performance of the learned policy, are strongly dependent on the experiences being replayed. Which experiences are replayed depends on two important choices.
The first is which and how many experiences to retain in the experience replay buffer. The
second choice is how to sample the experiences that are to be replayed from that buffer.
We propose new methods for the combined problem of experience retention and experience
sampling. We refer to the combination as experience selection. We focus our investigation specifically on the control of physical systems, such as robots, where exploration is
costly. To determine which experiences to keep and which to replay, we investigate different proxies for their immediate and long-term utility. These proxies include age, temporal
difference error and the strength of the applied exploration noise. Since no currently available method works in all situations, we propose guidelines for using prior knowledge about
the characteristics of the control problem at hand to choose the appropriate experience
replay strategy.
Keywords: reinforcement learning, deep learning, experience replay, control, robotics
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Reinforcement learning is a powerful framework that makes it possible to learn complex
nonlinear policies for sequential decision making processes while requiring very little prior
knowledge. Especially the subfield of deep reinforcement learning, where neural networks
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are used as function approximators, has recently yielded some impressive results. Among
these results are learning to play Atari games (Mnih et al., 2015) and to control robots
(Levine et al., 2016) straight from raw images, as well as beating the top human player in
the game of Go (Silver et al., 2016).
Reinforcement learning methods can be divided into on-policy and off-policy methods.
On-policy methods directly optimize the policy that is used to make decisions, while offpolicy methods can learn about an optimal policy from data generated by another policy.
Neither approach is without its problems, which has motivated work on methods that
combine on and off-policy updates (Wang et al., 2017; Gu et al., 2017; O’Donoghue et al.,
2017).
When a reinforcement learning method is either partially or entirely off-policy, past
experiences can be stored in a buffer and reused for learning. Doing so not only reduces
the sample complexity of the learning algorithm, but can also be crucial for the stability of
reinforcement-learning algorithms that use deep neural networks as function approximators
(Mnih et al., 2015; Lillicrap et al., 2016; Schaul et al., 2016; Wang et al., 2017).
If we have access to a buffer with past experiences, an interesting question arises: how
should we sample the experiences to be replayed from this buffer? It has been shown
by Schaul et al. (2016) that a good answer to this question can significantly improve the
performance of the reinforcement-learning algorithm.
However, even if we know how to sample from the experience buffer, two additional
questions arise: what should the buffer capacity be and, once it is full, how do we decide
which experiences should be retained in the buffer and which ones can be overwritten with
new experiences? These questions are especially relevant when learning on systems with
a limited storage capacity, for instance when dealing with high-dimensional inputs such
as images. Finding a good answer to the question of which experiences to retain in the
buffer becomes even more important when exploration is costly. This can be the case
for physical systems such as robots, where exploratory actions cause wear or damage and
risks need to be minimized (Kober et al., 2013; Garcıa and Fernández, 2015; Tamar et al.,
2016; Koryakovskiy et al., 2017). It is also the case for tasks where a minimum level of
performance needs to be achieved at all times (Banerjee and Peng, 2004) or when the
policy that generates the experiences is out of our control (Seo and Zhang, 2000; Schaal,
1999).
We will refer to the combined problem of experience retention and experience sampling
as experience selection. The questions of which experiences to sample and which experiences
to retain in the buffer are related, since they both require a judgment on the utility of the
experiences. The difference between them is that determining which experiences to sample
requires a judgment on the instantaneous utility: from which experiences can the agent
learn the most at the moment of sampling? In contrast, a decision on experience retention
should be based on the expected long term utility of experiences. Experiences need to be
retained in a way that prevents insufficient coverage of the state action space in the future,
as experiences cannot be recovered once they have been discarded.
To know the true utility of an experience, it would be necessary to foresee the effects of
having the reinforcement-learning agent learn from the experience at any given time. Since
this is not possible, we instead investigate proxies for the experience utility that are cheap
to obtain.
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In this work, we investigate age, surprise (in the form of the temporal difference error),
and the amplitude of the exploration noise as proxies for the utility of experiences. To motivate the need for multiple proxies, we will start by showing the performance of different
experience selection methods on control benchmarks that, at first sight, seem very closely
related. As a motivating example we show how the current state-of-the-art experience selection method of Schaul et al. (2016), based on retaining a large number of experiences
and sampling them according to their temporal difference error, compares on these benchmarks to sampling uniformly at random from the experiences of the most recent episodes.
We show that the state-of-the-art method significantly outperforms the standard method
on one benchmark while significantly under -performing on the other, seemingly similar
benchmark.
The focus of this paper is on the control of physical systems such as robots. The
hardware limitations of these systems can impose constraints on the exploration policy and
the number of experiences that can be stored in the buffer. These factors make the correct
choice of experience sampling strategy especially important. As we show on additional, more
complex benchmarks, even when sustained exploration is possible, it can be beneficial to be
selective about which and how many experiences to retain in the buffer. The costs involved
in operating a robot mean that it is generally infeasible to rely on an extensive hyperparameter search to determine which experience selection strategy to use. We therefore
want to understand how this choice can be made based on prior knowledge of the control
task.
With this in mind, the contributions of this work are twofold:
1. We investigate how the utility of different experiences is influenced by the aspects of
the control problem. These aspects include properties of the system dynamics such
as the sampling frequency and noise, as well as constraints on the exploration.
2. We describe how to perform experience retention and experience sampling based on
experience utility proxies. We show how these two parts of experience selection work
together under a range of conditions. Based on this we provide guidelines on how
to use prior knowledge about the control problem at hand to choose an experience
selection strategy.

JMLR 19(9):1-56, 2018

Note that for many of the experiments in this work most of the hyper-parameters of
the deep reinforcement-learning algorithms are kept fixed. While it would be possible to
improve the performance through a more extensive hyper-parameter search, our focus is
on showing the relationships between the performance of the different methods and the
properties of the control problems. While we do introduce new methods to address specific
problems, the intended outcome of this work is to be able to make more informed choices
regarding experience selection, rather than to promote any single method.
The rest of this paper is organized as follows. Section 2 gives an overview of related work.
In Section 3, the basics of reinforcement learning, as well as the deep reinforcement learning
and experience replay methods used as a starting point are discussed. Section 4 gives a highlevel overview of the simple benchmarks used in most of this work, with the mathematical
details presented in Appendix 9.3. The notation we use to distinguish between different
methods, as well as the performance criteria that we use, are discussed in Section 5. In
3
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Section 6, we investigate what spread over the state-action the experiences ideally should
have, based on the characteristics of the control problem to be solved. The proposed
methods to select experiences are detailed in Section 7, with the results of applying these
methods to the different scenarios in simple and more complex benchmarks are presented in
Section 8. The conclusions, as well as our recommended guidelines for choosing the buffer
size, retention proxy and sampling strategy are given in Section 9.

2. Related Work

JMLR 19(9):1-56, 2018

When a learning system needs to learn a task from a set of examples, the order in which the
examples are presented to the learner can be very important. One method to improve the
learning performance on complex tasks is to gradually increase the difficulty of the examples
that are presented. This concept is known as shaping (Skinner, 1958) in animal training
and curriculum learning (Bengio et al., 2009) in machine learning. Sometimes it is possible
to generate training examples of just the right difficulty on-line. Recent machine learning
examples of this include generative adversarial networks (Goodfellow et al., 2014) and self
play in reinforcement learning (see for example the work by Silver et al. 2017). When the
training examples are fixed, learning can be sped up by repeating those examples that the
learning system is struggling with more often than those that it finds easy, as was shown
for supervised learning by, among others, Hinton (2007) and Loshchilov and Hutter (2015).
Additionally, the eventual performance of supervised-learning methods can be improved by
re-sampling the training data proportionally to the difficulty of the examples, as done in
the boosting technique (Valiant, 1984; Freund et al., 1999)
In on-line reinforcement learning, a set of examples is generally not available to start
with. Instead, an agent interacts with its environment and observes a stream of experiences
as a result. The experience replay technique was introduced to save those experiences in a
buffer and replay them from that buffer to the learning system (Lin, 1992). The introduction
of an experience buffer makes it possible to choose which examples should be presented to
the learning system again. As in supervised learning, we can replay those experiences that
induced the largest error (Schaul et al., 2016). Another option that has been investigated
in the literature is to replay more often those experiences that are associated with large
immediate rewards (Narasimhan et al., 2015).
In off-policy reinforcement learning the question of which experiences to learn from extends beyond choosing how to sample from a buffer. It begins with determining which
experiences should be in the buffer. Lipton et al. (2016) fill the buffer with successful experiences from a pre-existing policy before learning starts. Other authors have investigated
criteria to determine which experiences should be retained in a buffer of limited capacity
when new experiences are observed. In this context, Pieters and Wiering (2016) have investigated keeping only experiences with the highest immediate rewards in the buffer, while our
previous work has focused on ensuring sufficient diversity in the state-action space (de Bruin
et al., 2016a,b).
Experience replay techniques, including those in this work, often take the stream of
experiences that the agent observes as given and attempt to learn from this stream in an
optimal way. Other authors have investigated ways to instill the desire to seek out information that is useful for the learning process directly into the agent’s behavior (Schmidhuber,

4
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In reinforcement learning, an agent interacts with an environment E with (normalized) state
sE by choosing (normalized) actions a according to its policy π: a = π(s), where s is the
agent’s perception of the environment state.
To simplify the analysis in Section 6 and 7, and to aid learning, we normalize the state
and action spaces in our benchmarks such that sE ∈ [−1, 1]n and aE ∈ [−1, 1]m , where n

3.1 Reinforcement Learning

We consider a standard reinforcement learning setting (Section 3.1) in which an agent
learns to act optimally in an environment, using the implementation by Lillicrap et al.
(2016) of the off-policy actor-critic algorithm by Silver et al. (2014) (Section 3.2). Actorcritic algorithms make it possible to deal with the continuous action spaces that are often
found in control applications. The off-policy nature of the algorithm enables the use of
experience replay (Section 3.3), which helps to reduce the number of environment steps
needed by the algorithm to learn a successful policy and improves the algorithms stability.
Here, we summarize the deep reinforcement learning (Lillicrap et al., 2016) and experience
replay (Schaul et al., 2016) methods that we use as a starting point.

3. Preliminaries

1991; Chentanez et al., 2004; Houthooft et al., 2016; Bellemare et al., 2016; Osband et al.,
2016). Due to the classical exploration-exploitation dilemma, changing the agents behavior
to obtain more informative experiences comes at the price of the agent acting less optimally
according to the original reward function.
A safer alternative to actively seeking out real informative but potentially dangerous
experiences is to learn, at least in part, from synthetic experiences. This can be done by
using an a priori available environment model such as a physics simulator (Barrett et al.,
2010; Rusu et al., 2016), or by learning a model from the stream of experiences itself and
using that to generate experiences (Sutton, 1991; Kuvayev and Sutton, 1996; Gu et al., 2016;
Caarls and Schuitema, 2016). The availability of a generative model still leaves the question
of which experiences to generate. Prioritized sweeping bases updates again on surprise, as
measured by the size of the change to the learned functions (Moore and Atkeson, 1993;
Andre et al., 1997). Ciosek and Whiteson (2017) dynamically adjusted the distribution of
experiences generated by a simulator to reduce the variance of learning updates.
Learning a model can reduce the sample complexity of a learning algorithm when learning the dynamics and reward functions is easy compared to learning the value function
or policy. However, it is not straightforward to get improved performance in general. In
contrast, the introduction of an experience replay buffer has shown to be both simple and
very beneficial for many deep reinforcement learning techniques (Mnih et al., 2015; Lillicrap et al., 2016; Wang et al., 2017; Gu et al., 2017). When a buffer is used, we can decide
which experiences to have in the buffer and which experiences to sample from the buffer.
In contrast to previous work on this topic we investigate the combined problem of experience retention and sampling. We also look at several different proxies for the usefulness of
experiences and how prior knowledge about the specific reinforcement learning problem at
hand can be used to choose between them, rather than attempting to find a single universal
experience-utility proxy.

Experience Selection in Deep RL for Control

a
agent

r

environment

N (0, σs )

normalization
sE
s + +

sunnorm

(2)

(1)
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In this paper we use the Deep Deterministic Policy Gradient (DDPG) reinforcement-learning
method of Lillicrap et al. (2016), with the exception of Section 6.3, where we compare it
to DQN (Mnih et al., 2015). In the DDPG method, based on the work of Silver et al.
(2014), a neural network with parameters θπ implements the policy: a = π(s; θπ ). A second
neural network with parameters θQ , the critic, is used to approximate the Q function. The
Qπ (s, a) function gives the expected return when taking action a in state s and following

3.2 Off-Policy Deep Actor-Critic Learning

A reward function ρ describes the desirability of being in an unnormalized state sunnorm and
taking an unnormalized action aunnorm : rk = ρ(skunnorm , akunnorm , sk+1
unnorm ), where k indicates
the time step. An overview of the different reinforcement learning signals and symbols used
is given in Figure 1.
The goal of the agent is to choose the actions that maximize the expected return
P∞ from
k
the current state, where the return is the discounted sum of future rewards:
k=0 γ rk .
The discount factor 0 ≤ γ < 1 keeps this sum finite and allows trading off short-term and
long-term rewards.
Although we will come back to the effect of the sensor and actuator noise later on, in
the remainder of this section we will look at the reinforcement learning problem from the
perspective of the agent and consider the noise to be part of the environment. This makes
the transition dynamics and reward functions stochastic: F(s0 |s, a) and P(r|s, a, s0 ).

aE = a + N (0, σa ).

Similarly, actuator noise changes the actions sent to the environment according to:

s = sE + N (0, σs ).

and m are the dimensions of the state and action spaces. We perform the (de)normalization
on the connections between the agent and the environment, so the agent only deals with
normalized states and actions.
We consider the dynamics of the environment to be deterministic: s0E = f (sE , aE ). Here,
s0E is the state of the environment at the next time step after applying action aE in state
sE . Although the environment dynamics are deterministic, in some of our experiments we
do consider sensor and actuator noise. In these cases, the state s that the agent perceives
is perturbed from the actual environment state sE by additive Gaussian noise

Figure 1: Reinforcement learning scheme and symbols used.

N (0, σa )

aE
+ +

denormalization

aunnorm
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∞
X

k=0

the policy π from next time-step onwards
"
Qπ (s, a) = Eπ
(3)

(5)

(4)

The critic function Q (s, a; θQ ) is trained to approximate the true Qπ (s, a) function by
minimizing the squared temporal difference error δ for experience hsi , ai , si0 , ri i
h

i
−
δi = ri + γQ si0 , π(si0 ; θπ− ); θQ
− Q (si , ai ; θQ ) ,

Li (θQ ) = δi2 ,
∆iθQ ∼ −OθQ Li (θQ ).
The index i is a generic index for experiences that we will in the following use to indicate
−
are copies of θπ
the index of an experience in a buffer. The parameter vectors θπ− and θQ
and θQ that are updated with a low-pass filter to slowly track θπ and θQ
θπ− ← (1 − τ )θπ− + τ θπ ,

−
−
+ τ θQ ,
θQ
← (1 − τ )θQ

(6)

with τ ∈ (0, 1), τ  1. This was found to be important for ensuring stability when using
deep neural networks as function approximators in reinforcement learning (Mnih et al.,
2015; Lillicrap et al., 2016).
The parameters θπ of the policy neural network π(s; θπ ) are updated in the direction
that changes the action a = π(s; θπ ) in the direction for which the critic predicts the steepest
ascent in the expected sum of discounted rewards
∆θπ ∼ Oa Q (si , π(si ; θπ ); θQ ) Oθπ π(si ; θπ ).
3.3 Experience Replay
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The actor and critic neural networks are trained by using sample-based estimates of the
gradients OθQ and Oθπ in a stochastic gradient optimization algorithm such as ADAM
(Kingma and Ba, 2015). These algorithms are based on the assumption of independent
and identically distributed (i.i.d.) data. This assumption is violated when the experiences
hsi , ai , si0 , ri i in (5) and (6) are used in the same order during the optimization of the
networks as they were observed by the agent. This is because the subsequent samples are
strongly correlated, since the world only changes slowly over time. To solve this problem,
an experience replay (Lin, 1992) buffer B with some finite capacity C can be introduced.
Most commonly, experiences are written to this buffer in a First In First Out (FIFO)
manner. When experiences are needed to train the neural networks, they are sampled
uniformly at random from the buffer. This breaks the temporal correlations of the updates
and restores the i.i.d. assumption of the optimization algorithms, which improves their
performance (Mnih et al., 2015; Montavon et al., 2012). The increased stability comes in
addition to the main advantage of experience replay, which is that experiences can be used
multiple times for updates, increasing the sample efficiency of the algorithm.
7
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3.3.1 Prioritized Experience Replay

1
rank(j)

1
rank(i)

α .

(7)

Although sampling experiences uniformly at random from the experience buffer is an easy
default, the performance of reinforcement-learning algorithms can be improved by choosing
the experience samples used for training in a smarter way. Here, we summarize one of
the variants of Prioritized Experience Replay (PER) that was introduced by Schaul et al.
(2016). Our enhancements to experience replay are given in Section 7.
The PER technique is based on the idea that the temporal difference error (4) provides
a good proxy for the instantaneous utility of an experience. Schaul et al. (2016) argue that,
when the critic made a large error on an experience the last time it was used in an update,
there is more to be learned from the experience. Therefore, its probability of being sampled
again should be higher than that of an experience associated with a low temporal difference
error.
In this work we consider the rank-based stochastic PER variant. In this method, the
probability of sampling an experience i from the buffer is approximately given by:

α

j

P (i) ≈ P 

Here, rank(i) is the rank of sample i according to the absolute value of the temporal difference error |δ| according to (4), calculated when the experience was last used to train the
critic. All experiences that have not yet been used for training have δ = ∞, resulting in a
large probability of being sampled. The parameter α determines how strongly the probability of sampling an experience depends on δ. We use α = 0.7 as proposed by Schaul et al.
(2016) and have included a sensitivity analysis for different buffer sizes in Appendix 9.3.
Note that the relation is only approximate as sampling from this probability distribution
directly is inefficient. For efficient sampling, (7) is used to divide the buffer B into S segments of equal cumulative probability, where S is taken as the number of experiences per
training mini batch. During training, one experience is sampled uniformly at random from
each of the segments.
3.3.2 Importance Sampling



1 1
C P (i)

β

.

(8)

The estimation of an expected value with stochastic updates relies on those updates corresponding to the same distribution as its expectation. Schaul et al. (2016) proposed to
compensate for the fact that the changed sampling procedure can affect the value of the
expectation in (3) by multiplying the gradients (5) with an Importance Sampling (IS) weight
ωi =

JMLR 19(9):1-56, 2018

Here, β allows scaling between not compensating at all (β = 0) to fully compensating for
the changes in the sample distribution caused by the sampling strategy (β = 1). In our
experiments, when IS is used, we follow Schaul et al. (2016) in scaling β linearly per episode
from 0.5 at the start of a learning run to β = 1 at the end of the learning run. C indicates
the capacity of the buffer.

8
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In this section, we discuss two relatively simple control tasks that are considered in this
paper, so that an understanding of their properties can be used in the following sections.
The relative simplicity of these tasks enables a thorough analysis. We test our findings on
more challenging benchmarks in Section 8.5.
We perform our tests on two simulated control benchmarks: a pendulum swing-up
task and a magnetic manipulation problem. Both were previously discussed by Alibekov
et al. (2018). Although both represent dynamical systems with a two dimensional statespace, it will be shown in Section 6 that they are quite different when it comes to the
optimal experience selection strategy. Here, a high level description of these benchmarks is
presented, with the full mathematical description given in Appendix 9.3.
The first task is the classic under-actuated pendulum swing-up problem, shown in Figure 2a. The pendulum starts out hanging down under gravity. The goal is to balance the
pendulum in the upright position. The motor is torque limited such that a swing to one

4. Experimental Benchmarks

Not all changes to the sampling distribution need to be compensated for. Since we
use a deterministic policy gradient algorithm with a Q-learning critic, we do not need to
compensate for the fact that the samples are obtained by a different policy than the one we
are optimizing for (Silver et al., 2014). We can change the sampling distribution from the
buffer, without compensating for the change, so long as these samples accurately represent
the transition and reward functions.
Sampling based on the TD error can cause issues here, as infrequently occurring transitions or rewards will tend to be surprising. Replaying these samples more often will
introduce a bias, which should be corrected through importance sampling.
However, the temporal difference error will also be partly caused by the function approximation error. These errors will be present even for a stationary sample distribution
after learning has converged. The errors will vary over the state-action space and their
magnitude will be related to the sample density. Sampling based on this part of the temporal difference error will make the function approximation accuracy more consistent over the
state-space. This effect might be unwanted when the learned controller will be tested on the
same initial state distribution as it was trained on. In that case, it is preferable to have the
function approximation accuracy be highest where the sample density is highest. However,
when the aim is to train a controller that generalizes to a larger part of the state space, we
might not want to use importance sampling to correct this effect. Note that importance
sampling based on the sample distribution over the state space is heuristically motivated
and based on function approximation considerations. The motivation does not stem from
the reinforcement learning theory, where most methods assume that the Markov decision
process is ergodic and that the initial state distribution does not factor into the optimal
policy (Aslanides et al., 2017). In practice however, deep reinforcement-learning methods
can be rather sensitive to the initial state distribution (Rajeswaran et al., 2017).
Unfortunately, we do not know to what extent the temporal difference error is caused by
the stochasticity of the environment dynamics and to what extent it is caused by function
approximation errors. We will empirically investigate the use of importance sampling in
Section 8.4.
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side is needed to build up momentum before swinging towards the upright position in the
opposite direction. Once the pendulum is upright it needs to stabilize around this unstable
equilibrium point. The state of the problem sE consists of normalized versions of the angle
θ and angular velocity θ̇ of the pendulum. The action space is a normalized version of the
voltage applied to the motor that applies a torque to the pendulum. A reward is given
at every time-step, based on the absolute distance of the state from the reference state of
being upright with no rotational velocity.
The second benchmark is a magnetic manipulation (magman) task, in which the goal
is to accurately position a steel ball on a 1-D track by dynamically changing a magnetic
field. The relative magnitude and direction of the force that each magnet exerts on the ball
is shown in Figure 2b. This force is linearly dependent on the actions, which represent the
squared currents through the electromagnet coils. Normalized versions of the position x
and velocity ẋ form the state-space of the problem. A reward is given at every time-step,
based on the absolute distance of the state from the reference state of having the ball at
the fixed desired position.
In experiments where the buffer capacity C is limited, we take C = 104 experiences,
unless stated otherwise. All our experiments have episodes which last four seconds. Unless
stated otherwise, a sampling frequency of 50 Hz is used, which means the buffer can store
50 episodes of experience tuples hsi , ai , s0i , ri i.
Since we are especially interested in physical control problems where sustained exhaustive exploration is infeasible, the amount of exploration is reduced over time from its max-

Figure 2: The two benchmark problems considered in this paper. In the pendulum task,
an underactuated pendulum needs to be swung up and balanced in the upright
position by controlling the torque applied by a motor. In the magnetic manipulation (magman) task, a steel ball (top) needs to be positioned by controlling the
currents through four electromagnets. The magnetic forces exerted on the ball are
shown at the bottom of the figure and can be seen to be a nonlinear function of
the position. The forces scale linearly with the actions a1 , ..., a4 , which represent
the squared currents through the magnets.

(a) Pendulum task

a

x

de Bruin, Kober, Tuyls and Babuška

magnetic force
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imum at episode 1, to a minimum level from episode 500 onwards in all our experiments.
At the minimum level, the amplitude of the exploration noise we add to the neural network
policy is 10% of the amplitude at episode 1. Details of the exploration strategies used are
given in Appendix 9.3.

5. Performance Measures and Experience Selection Notation
This section introduces the performance measures used and the notation used to distinguish
between the experience selection strategies.
5.1 Performance Measures
When we investigate the performance of the learning methods in Sections 6 and 8, we are
interested in the effect that these methods might have on three aspects of the learning
performance: the learning stability, the maximum controller performance and the learning
speed. We define performance metrics for these aspects, related to the normalized mean
reward per episode µr . The normalization is performed such that µr = 0 is the performance
achieved by a random controller, while µr = 1 is the performance of the off-line dynamic
programming method described in Appendix 9.3. This baseline method is, at least for the
noise-free tests, proven to be close to optimal.
The first learning performance aspect we consider is the stability of the learning process.
As we have discussed in previous work (de Bruin et al., 2015, 2016a), even when a good policy has already been learned, the learning process can become unstable and the performance
can drop significantly when the properties of the training data change. We investigate to
what extent different experience replay methods can help prevent this instability. We use
the mean of µr over the last 100 episodes of each learning run, where the learning runs
should have converged to good behavior already, as a measure of learning stability. We
denote this measure by µrfinal .
Although changing the data distribution might help stability, it could at the same time
prevent us from accurately approximating the true optimal policy. Therefore we also report
the maximum performance achieved per learning trial µrmax .
Finally, we want to know the effects of the experience selection methods on the learning
speed. We therefore report the number of episodes before the learning method achieves a
normalized mean reward per episode of µr = 0.8 and denote this by Rise-time 0.8.
For these performance metrics we report the means and the 95% confidence bounds
of those means over 50 trials for each experiment. The confidence bounds are based on
bootstrapping (Efron, 1992).
5.2 Experience Selection Strategy Notation
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We consider the problem of experience selection, which we have defined as the combination of experience retention and experience sampling. The experience retention strategy
determines which experiences are discarded when new experiences are available to a full
buffer. The sampling strategy determines which experiences are used in the updates of the
reinforcement-learning algorithm. We use the following notation for the complete experience
selection strategy: retention strategy[sampling strategy]. Our abbreviations for the retention
11

FIFO

Notation

-

age

Proxy

The buffer capacity C is chosen to be large enough to retain all
experiences.

The oldest experiences are overwritten with new ones.

Explanation

de Bruin, Kober, Tuyls and Babuška

FULL DB

Uniform

Notation

surprise

-

Proxy

Experiences are sampled using rank-based stochastic prioritized
experience replay based on the temporal difference error.
See Section 3.3.1.

Experiences are sampled uniformly at random.

Explanation

Table 1: Commonly used experience retention strategies for deep reinforcement learning.

PER

surprise

PER+IS

Sampling as above, but with weighted importance sampling
to compensate for the distribution changes caused by the sampling
procedure. See Section 3.3.2.

Table 2: Experience sampling strategies from the literature.

and sampling strategies commonly used in deep RL that were introduced in Section 3.3 are
given in Tables 1 and 2 respectively. The abbreviations used for the new or uncommonly
used methods introduced in Section 7 are given there, in Tables 4 and 5.

6. Analysis of Experience Utility

As previously noted by Schaul et al. (2016); Narasimhan et al. (2015); Pieters and Wiering
(2016) and de Bruin et al. (2016a, 2015), when using experience replay, the criterion that
determines which experiences are used to train the reinforcement learning agent can have
a large impact on the performance of the method. The aim of this section is to investigate
what makes an experience useful and how this usefulness depends on several identifiable
characteristics of the control problem at hand.
In the following sections, we mention only some relevant aspects of our implementation
of the deep reinforcement-learning methods, with more details given in Appendix 9.3.

6.1 The Limitations of a Single Proxy

JMLR 19(9):1-56, 2018

To motivate the need for understanding how the properties of a control problem influence
the applicability of different experience selection strategies, and the need for multiple proxies
for the utility of experiences rather than one universal proxy, we compare the performance of
the two strategies from the literature that were presented in Section 3.3 on the benchmarks
described in Section 4.
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1. Schaul et al. (2016) use a FIFO database with a capacity of 106 experiences. We here denote this as
FULL DB since all our experiments use a smaller number of time-steps in total.

The first experience selection strategy tested is FIFO[Uniform]: overwriting the oldest
experiences when the buffer is full and sampling uniformly at random from the buffer. We
compare this strategy to the state-of-the-art prioritized experience replay method FULL
DB[PER] by Schaul et al. (2016). Here, the buffer capacity C is chosen such that all
experiences are retained during the entire learning run (C = N = 4 × 105 for this test).1
The sampling strategy is the rank-based stochastic prioritized experience replay strategy as
described in Section 3.3. The results of the experiments are shown in Figure 3.
Figure 3 shows that FULL DB[PER] method, which samples training batches based
on the temporal difference error from a buffer that is large enough to contain all previous
experiences, works well for the pendulum swing-up task. The method very reliably finds a
near optimal policy. The FIFO[Uniform] method, which keeps only the experiences from
the last 50 episodes in memory, performs much worse. As we reported previously (de Bruin
et al., 2016a), the performance degrades over time as the amount of exploration is reduced
and the experiences in the buffer fail to cover the state-action space sufficiently.
If we look at the result on the magman benchmark in Figure 3, the situation is reversed.
Compared to simply sampling uniformly from the most recent experiences, sampling from
all previous experiences according to their temporal difference error limits the final performance significantly. As shown in Appendix 9.3, this is not simply a matter of the function
approximator capacity, as even much larger networks trained on all available data are outperformed by small networks trained on only recent data. When choosing an experience
selection strategy for a reinforcement learning task, it seems therefore important to have
some insights into how the characteristics of the task determine the need for specific kinds
of experiences during training. We will investigate some of these characteristics below.

Figure 3: Comparison of the state-of-the-art (FULL DB[PER]) and the default method
(FIFO[Uniform]) for experience selection on our two benchmark problems.

µr
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For the magman task, a policy that generalizes over the whole state-space might be
harder to find. This is because the effects of the actions, shown as the colored lines in
Figure 2b, are strongly nonlinear functions of the (position)-state. The actor and critic
functions must therefore be very accurate for the states that are visited under the policy.
Requiring the critic to explain all of the experiences that have been collected so far might
limit the ability of the function approximators to achieve sufficient accuracy for the relevant
states.

For the pendulum swing up task, this over-fitting is particularly risky since the preferred
swing up direction can and does change during learning, since both directions are equivalent
with respect to the reward function. When this happens, the FIFO experience retention
method can cause the data distribution in the buffer to change rapidly, which by itself can
cause instability. In addition, the updates (4) and (6) now use the critic Q (s, a; θQ ) function
in regions of the state-action space that it has not been trained on in a while, resulting in
potentially bad gradients. Both of these factors might destabilize the learning process. This
can be seen in Figure 4f where, after the preferred swing up direction has rapidly changed a
few times, the learning process is destabilized and the policy has deteriorated to the point
that it no longer accomplishes the balancing task. By keeping all experiences in memory and
ensuring the critic error δ stays low over the entire state-action space, the FULL DB[PER]
method largely avoids these learning stability issues. We believe that this accounts for the
much better performance for this benchmark shown in Figure 3.

For the next 300 episodes this favored direction does not change and as the amount of
exploration is decayed, the experiences in the buffer become less diverse and more centered
around this favored trajectory through the state-action space. Even though the information
on how to further improve the policy becomes increasingly local, the updates to the network
parameters can cause the policy to be changed over the whole state space, as neural networks
are global function approximators. This can be seen from Figure 4d, where the updates
that further refine the policy for swinging up in the currently preferred direction have
removed the previously obtained skill of swinging up in the opposite direction. The policy
has suffered from catastrophic forgetting (Goodfellow et al., 2013) and has over-fitted to the
currently preferred swing up direction.

For the pendulum task, learning actor and critic functions that generalize across the
entire state and action spaces will be relatively simple as a sufficiently deep neural network
can efficiently exploit the symmetry in the value and policy functions (Montufar et al., 2014).
Figure 4b shows the learned policy after 100 episodes for a learning run with FIFO[Uniform]
experience selection. Due to the thorough initial exploration, the experiences in the buffer
cover much of the state-action space. As a result, a policy has been learned that is capable
of swinging the pendulum up and stabilizing it in both the clockwise and anticlockwise
directions, although the current policy favors one direction over the other.

One important aspect of the problem, which at least partly explains the differences in
performance for the two methods on the two benchmarks in Figure 3, is the complexity of
generalizing the value function and policy across the state and action spaces.

6.2 Generalizability and Sample Diversity

de Bruin, Kober, Tuyls and Babuška
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0.5

buffer capacity = 1 · 103

0.2

synthetic sample fraction

0.0 0.05 0.1

16

JMLR 19(9):1-56, 2018

The results of performing this experiment for different probabilities and buffer sizes are
given in Figures 5 and 6. Interestingly, for the pendulum swing up task, changing some
fraction of the experiences to be more diverse improves the stability of the learning method
dramatically, regardless of whether the diversity is in the states or in the actions. The effect
is especially noticeable for smaller experience buffers.

To test the hypothesis that the differences in performance observed in Figure 3 revolve
around sample diversity, we will artificially alter the sample diversity and investigate how
this affects the reinforcement learning performance. We will do so by performing the following experiment. We use the plain FIFO[Uniform] method as a baseline. However, with
a certain probability we make a change to an experience hsi , ai , si0 , ri i before it is written
to the buffer. We change either the state si or the action ai . The changed states and
actions are sampled uniformly at random from the state and action spaces. When the state
is re-sampled the action is recalculated as the policy action for the new state including
exploration. In both cases, the next state and reward are recalculated to complete the
altered experience. To calculate the next state and reward, we use the real system model.
This is not possible for most practical problems; it serves here merely to gain a better
understanding of the need for sample diversity.

6.2.1 Buffer Size and Synthetic Sample Fraction

Figure 5: The effect on the mean performance during the last 100 episodes of the learning
runs µrfinal of the FIFO[Uniform] method when changing a fraction of the observed
experiences with synthetic experiences, for different buffer sizes.
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Figure 4: The critic Q (s, π(s; θπ ); θQ ) and actor π(s; θπ ) functions trained on the pendulum
swing up task using FIFO[Uniform] experience selection. The surfaces represent
the functions. The black dots show the trajectories through the state-action space
resulting from deterministically following the current policy. The red and blue
lines show respectively the positive and negative ‘forces’ that shape the surfaces
caused by the experiences in the buffer: for the critic these are δ(s, a) (note a 6=
π(s; θπ )). For the actor these forces represent ∂Q (s, π(s; θπ ); θQ ) /∂a. Animations
of these graphs for different experience selection strategies are available at https:
//youtu.be/Hli1ky0bgT4. The episodes are chosen to illustrate the effect of
reduced sample diversity described in Section 6.2.
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Figure 6: The effects on the learning performance of the FIFO[Uniform] method when replacing a fraction of the observed experiences with synthetic experiences, for
different buffer sizes.

(b) Effect on the number of maximum controller performance obtained per learning run.
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Figure 7: RL algorithm dependent effect of adding synthetic experiences to the
FIFO[Uniform] method. Experiments on the pendulum benchmark. The effect
on µmax
is given in Figure 22 in Appendix 9.3.
r

(a) Effect on the mean performance during the (b) Effect on the number of episodes needed to
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The need for experience diversity also depends on the algorithm that is used to learn from
those experiences. In the rest of this work we exclusively consider the DDPG actor-critic
algorithm, as the explicitly parameterized policy enables continuous actions, which makes
it especially suitable for control. An alternative to using continuous actions is to discretize
the action space. In this subsection, we compare the need for diverse data of the actorcritic DDPG algorithm (Lillicrap et al., 2016; Silver et al., 2014) to that of the closely
related critic-only DQN algorithm (Mnih et al., 2015). The experiments are performed on
the pendulum benchmark, where the one dimensional action is divided uniformly into 15
discrete actions. Results for the magman benchmark are omitted as the four dimensional
action space makes discretization impractical.
For the actor-critic scheme to work, the critic needs to learn a general dependency of
the Q-values on the states and actions. For the DQN critic, this is not the case as the
Q-values for different actions are separate. Although the processing of the inputs is shared,
the algorithm can learn at least partially independent value predictions for the different

6.3 Reinforcement-Learning Algorithm

For the magman benchmark, as expected, having more diverse states reduces the performance significantly. Having a carefully chosen fraction of more diverse actions in the
original states can however improve the stability and learning speed slightly. This can be
explained from the fact that even though the effects of the actions are strongly nonlinear
in the state-space, they are linear in the action space. Generalizing across the action space
might thus be more straightforward and it is helped by having the training data spread out
over this domain.
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actions. These functions additionally do not need to be correct, as long as the optimal
action in a state has a higher value than the sub-optimal actions.
These effects can be seen in Figure 7. The DDPG algorithm can make more efficient
use of the state-action space samples by learning a single value prediction, resulting in
significantly faster learning than the DQN algorithm. The DDPG algorithm additionally
benefits from more diverse samples, with the performance improving for higher fractions
of randomly sampled states or actions. The DQN algorithm conversely seems to suffer
from a more uniform sampling of the state-action space. This could be because it is now
tasked with learning accurate mappings from the states to the state-action values for all
actions. While doing so might not help to improve the predictions in the relevant parts of
the state-action space, it could increase the time required to learn the function and limit
the function approximation capacity available for those parts of the state-space where the
values need to be accurate. Note again that learning precise Q-values for all actions over
the whole state-space is not needed, as long as the optimal action has the largest Q-value.
Due to the better scalability of policy-gradient methods in continuous control settings,
we exclusively consider the DDPG algorithm in the remainder of this work.

Magman

0.1

1.0
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To investigate the effects of adding older experiences for diversity, we perform the following experiment. As before, a FIFO buffer is used with a certain fraction of synthetic
experiences. However, when a synthetic experience is about to be over-written, we only
sample a new synthetic experience with a certain probability. Otherwise, the experience
is left unchanged. The result of this experiment is shown in Figure 8. For the pendulum
benchmark, old experiences only hurt when they were added to provide diversity in the
action space in states that were visited by an older policy. For the magman benchmark the
age of the synthetic experiences is not seen to affect the learning performance.
6.4 Sampling Frequency
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An important property of control problems that can influence the need for experience diversity is the frequency at which the agent needs to produce control decisions. The sampling
frequency of a task is something that is often considered a given property of the environment
in reinforcement learning. For control tasks however, a sufficiently high sampling frequency
can be crucial for the performance of the controller and for disturbance rejection (Franklin
et al., 1998). At the same time, higher sampling frequencies can make reinforcement learning more difficult as the effect of taking an action for a single time-step diminishes for
increasing sampling frequencies (Baird, 1994). Since the sampling rate can be an important hyperparameter to choose, we investigate whether changing it changes the diversity
demands for the experiences to be replayed.
In Figure 9, the performance of the FIFO[Uniform] method is shown for different sampling frequencies, with and without synthetic samples. The first thing to note is that, as
expected, low sampling frequencies limit the controller performance. Interestingly, much
of the performance loss on the pendulum at low frequencies can be prevented through in-
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Figure 9: Sampling frequency dependent effect of adding synthetic experiences to the
FIFO[Uniform] method. The effect on the rise time is given in Figure 23 in
Appendix 9.3.

(a) Effect on the mean performance during the (b) Effect on maximum controller performance
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In the model-free setting it is not possible to add synthetic experiences to the buffer. Instead,
in Section 7 we will introduce ways to select real experiences that have desirable properties
and should be remembered for a longer time and replayed more often. This will inevitably
mean that some experiences are used more often than others, which could have detrimental
effects such as that the learning agent could over-fit to those particular experiences.
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Figure 8: The effects on µrfinal of the FIFO[Uniform] method when changing a fraction of the
observed experiences with synthetic experiences, when the synthetic experiences
are updated only with a certain probability each time they are overwritten. The
effects on µrmax and the rise-time are given in Figure 24 in Appendix 9.3.
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creased sample diversity. This indicates that on this benchmark most of the performance
loss at the tested control frequencies stems from the learning process rather than the fundamental control limitations. When increasing the sampling frequencies beyond our baseline
frequency of 50Hz, sample diversity becomes more important for both stability and performance. For the pendulum swing-up it can be seen that as sampling frequency increases
further, increased diversity in the state-space becomes more important. For the magman,
adding synthetic action samples has clear benefits. This is very likely related to the idea
that the effects of actions become harder to distinguish for higher sampling frequencies
(Baird, 1994; de Bruin et al., 2016b).
There are several possible additional causes for the performance decrease at higher
frequencies. The first is that by increasing the sampling frequency, we have increased the
number of data points that are obtained and learned from per episode. Yet the amount of
information that the data contains has not increased by the same amount. Since the buffer
capacity is kept equal, the amount of information that the buffer contains has decreased
and the learning rate has effectively increased. To compensate for these specific effects,
experiments are performed in which samples are stochastically prevented from being written
to the buffer with a probability proportional to the increase in sampling frequency. The
results of these experiments are indicated with [DE] (dropped experiences) in Figure 10 and
are indeed better, but still worse than the performance for lower sampling frequencies.
The second potential reason for the drop in performance is that we have changed the
problem definition by changing the sampling frequency. This is because the forgetting factor
γ determines how far into the future we consider the effects of our actions according to:

Figure 10: The effect of synthetic actions and stochastically preventing experiences from being written to the buffer [DE] for the FIFO[Uniform] method on the benchmarks
with increased sampling frequencies.
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This section has presented an investigation into how different aspects of the reinforcement
learning problem at hand influence the need for experience diversity. In Table 3 a summary
is given of the investigated aspects and the strength of their effect on the need for experience
diversity. While this section has used the true environment model to examine the potential

6.6 Summary

The final environment property that we consider is the presence of sensor and actuator
noise. So far, the agent has perceived the (normalized) environment state exactly and its
(de-normalized) chosen actions have been implemented without change. Now we consider
Equations (1) and (2) with σs = σa ∈ {0, 0.01, 0.02, 0.05}. The results of performing these
experiments are shown in Figure 11. The results indicate that the need for data diversity is
not dependent on the presence of noise. However, in Section 8.3 it will be shown that the
methods used to determine which experiences are useful can be affected by noise.

6.5 Noise

where Ts is the sampling period in seconds and τγ is the lookahead horizon in seconds. To
keep the same lookahead horizon, we recalculate γ, which is 0.95 in our other experiments
(Ts = 0.02), to be γpendulum = 0.9747 (Ts = 0.01) and γmagman = 0.9873 (Ts = 0.005). To
keep the scale of the Q functions the same, which prevents larger gradients, the rewards
are scaled down. Correcting the lookahead horizon was found to hurt performance on both
benchmarks. The likely cause of this is that higher values of γ increase the dependence on
the biased estimation of Q over the unbiased immediate reward signal (see Equation (4)).
This can cause instability (François-Lavet et al., 2015).

Figure 11: Experiments with altered experiences and sensor and actuator noise. Results are
from the last 100 episodes of 50 learning runs. A description of the performance
measures is given in Section 5.1.

µrfinal
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Medium

High

Very high

Very high

Effect

Small buffers can lead to rapidly changing data
distributions, which causes unstable learning. Large
buffers have more inherent diversity.

The stability of RL algorithms depends heavily on the
sampling frequency. Experience diversity can help
learning stability. Having diverse actions at higher
frequencies might be crucial as the size of their effect
on the observed returns diminishes.

Generalizing across the action space is fundamental to
actor-critic algorithms, but not to critic-only algorithms
with discrete action spaces.

The need for diverse states and actions largely depends
on the ease and importance of generalizing across the
state-actions space, which is benchmark dependent.

Explanation

Experience Selection in Deep RL for Control

Benchmark

Low

Although retaining old samples could theoretically be
problematic, these problems were not clearly observable
in practice.

Noise

Sample age

Buffer size

Sampling frequency

RL algorithm

None

The presence of noise was not observed to influence the
need for experience diversity, although it can influence
experience selection strategies, as will be shown in
Section 8.3.

Table 3: The dependence of the need for diverse experiences on the investigated environment and reinforcement learning properties.

benefits of diversity, the next section will propose strategies to obtain diverse experiences
in ways that are feasible on real problems.

7. New Experience-Selection Strategies
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For the reasons discussed in Section 2, we do not consider changing the stream of experiences that an agent observes by either changing the exploration or by generating synthetic
experiences. Instead, to be able to replay experiences with desired properties, valuable
experiences need to be identified, so that they can be retained in the buffer and replayed
from it. In this section we look at how several proxies for the utility of experiences can be
used in experience selection methods.
23
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7.1 Experience Retention

Although we showed in Section 6.4 that high sampling rates might warrant dropping experiences, in general we assume that each new experience has at least some utility. Therefore,
unless stated otherwise, we will always write newly obtained experiences to the buffer.
When the buffer is full, this means that we need some metric that can be used to decide
which experiences should be overwritten.
7.1.1 Experience Utility Proxies

A criterion used to manage the contents of an experience replay buffer should be cheap
enough to calculate,2 should be a good proxy for the usefulness of the experiences and
should not depend on the learning process in a way that would cause a feedback loop and
possibly might destabilize that learning process. We consider three criteria for overwriting
experiences.

Age: The default and simplest criterion is age. Since the policy is constantly changing and
we are trying to learn its current effects, recent experiences might be more relevant
than older ones. This (FIFO) criterion is computationally as cheap as it gets, since
determining which experience to overwrite involves simply incrementing a buffer index.
For smaller buffers, this does however make the buffer contents quite sensitive to the
learning process, as a changing policy can quickly change the distribution of the
experiences in the buffer. As seen in Figure 4, this can lead to instability.

Besides FIFO, we also consider reservoir sampling (Vitter, 1985). When the buffer is
full, new experiences are added to it with a probability C/i where i is the index of
the current experience. If the experience is written to the buffer, the experience it
replaces is chosen uniformly at random. Note that this is the only retention strategy
we consider that does not write all new experiences to the buffer. Reservoir sampling
ensures that at every stage of learning, each experience observed so far has an equal
probability of being in the buffer. As such, initial exploratory samples are kept in
memory and the data distribution converges over time. These properties are shared
with the FULL DB strategy, without needing the same amount of memory. The
method might in some cases even improve the learning stability compared to using
a full buffer, as the data distribution converges faster. However, when the buffer
is too small this convergence can be premature, resulting in a buffer that does not
adequately reflect the policy distribution. This can seriously compromise the learning
performance.

Surprise: Another possible criterion is the unexpectedness of the experience, as measured
by the temporal difference error δ from (4). The success of the Prioritized Experience
Replay (PER) method of Schaul et al. (2016) shows that this can be a good proxy for
the utility of experiences. Since the values have to be calculated to update the critic,
the computational cost is very small if we accept that the utility values might not be
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2. We have discussed the need for experience diversity in Section 6 and we have previously proposed
overwriting a buffer in a way that directly optimized for diversity (de Bruin et al., 2016a). However,
calculating the experience density in the state-action space is very expensive and therefore prohibits
using the method on anything but small-scale problems.
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For the temporal difference error and exploration-based experience retention methods, keeping some experiences in the buffer indefinitely might lead to over-fitting to these samples.

7.1.2 Stochastic Experience Retention Implementation

Note that the size of the exploration signal is the deviation of the chosen action in a
certain state from the policy action for that state. Since the policy evolves over time
we could recalculate this measure of deviation from the policy actions per experience
at a later time. Although we have investigated using this policy deviation proxy
previously (de Bruin et al., 2016b), we found empirically that using the strength of
the initial exploration yields better results. This can partly be explained by the fact
that recalculating the policy deviation makes the proxy dependent on the learning
process and partly by the fact that sequences with more exploration also result in
different states being visited.

For discrete actions, the cost of taking exploratory actions could be used as a measure
of experience utility as well. The inverse of the probability of taking an action could
be seen as a measure of the cost of the action. It could also be worth investigating the
use of a low-pass filter, as a series of (semi)consecutive exploratory actions would be
more likely to result in states that differ from the policy distribution in a meaningful
way. These ideas are not tested here, as we only consider continuous actions in the
remainder of this work.

Exploration: We introduce a new criterion based on the observation that problems can
occur when the amount of exploration is reduced. On physical systems that are
susceptible to damage or wear, or for tasks where adequate performance is required
even during training, exploration can be costly. This means that preventing the
problems caused by insufficiently diverse experiences observed in Section 6 simply
by sustained thorough exploration might not be an option. We therefore view the
amount of exploration performed during an experience as a proxy for its usefulness.
We take the 1-norm of the deviation from the policy action to be the usefulness
metric. In our experiments on the small scale benchmarks we follow the original
DDPG paper (Lillicrap et al., 2016) in using an Ornstein-Uhlenbeck noise process
added to the output of the policy network. The details of the implementation are given
in Appendix 9.3. In the experiments in Section 8.5 a copy of the policy network with
noise added to the parameters is used to calculate the exploratory actions (Plappert
et al., 2018).

current since they are only updated for experiences that are sampled. The criterion
is however strongly linked with the learning process, as we are actively trying to
minimize δ. This means that, when the critic is able to accurately predict the long
term rewards of the policy in a certain region of the state-action space, these samples
can be overwritten. If the predictions of the critic later become worse in this region,
there is no way of getting these samples back. An additional problem might be that
the error according to (4) will be caused partially by state and actuator noise. Keeping
experiences for which the temporal difference error is high might therefore cause the
samples saved in the buffer to be more noisy than necessary.
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Exploration
Surprise
Age

Expl(α)
TDE(α)
Resv

The buffer is overwritten such that each experience observed
so far has an equal probability of being in the buffer.

Experiences with the smallest temporal difference error are
stochastically overwritten with new ones.

Experiences with the least exploration are stochastically
overwritten with new ones.

Explanation

-

Surprise

Uniform + FIS

PER+FIS

Experiences are sampled using rank based stochastic
prioritized experience replay based on the temporal
difference error. Full importance sampling is used to
account for the distribution changes caused by both
the retention and sampling policies.

Experiences are sampled uniformly at random,
FIS (Section 7.2) is used to account for the distribution
changes caused by the retention policy.

Explanation
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For the choice of proxy when sampling experiences from the buffer, we consider the available
methods from the literature: sampling either uniformly at random [Uniform], using stochastic rank-based prioritized experience replay [PER] and combining this with weighted importance sampling [PER+IS]. Given a buffer that contains useful experiences, these methods
have shown to work well. We therefore focus on investigating how the experience reten-

7.2 Experience Sampling

Additionally, although the overwrite metric we choose might provide a decent proxy for the
usefulness of experiences, we might still want to be able to scale the extent to which we base
the contents of the buffer on this proxy. We therefore use the same stochastic rank-based
selection criterion of (7) suggested by Schaul et al. (2016), but now to determine which
experience in the buffer is overwritten by a new experience. We denote this as TDE(α)
for the temporal difference-based retention strategy and Expl(α) for the exploration-based
policy. Here, α is the parameter in (7) which determines how strongly the buffer contents
will be based on the chosen utility proxy. A sensitivity analysis of α for both Expl and PER
is given in Appendix 9.3. The notation used for the new experience retention strategies is
given in Table 4.

Table 5: New experience sampling strategies considered in this work.

Proxy

Notation

Table 4: New and uncommon experience retention strategies considered in this work.

Proxy

Notation
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β

tion and experience sampling strategies interact. In this context we introduce a weighted
importance sampling method that accounts for the full experience selection strategy.
Importance sampling according to (8) can be used when performing prioritized experience replay from a buffer that contains samples with a distribution that is unbiased with
respect to the environment dynamics. When this is not the case, we might need to compensate for the effects of changing the contents of the buffer, potentially in addition to
the current change in the sampling probability. The contents of the buffer might be the
result of many subsequent retention probability distributions. Instead of keeping track of
all of these, we compensate for both the retention and sampling probabilities by using the
number of times an experience in the buffer has actually been replayed. When replaying an
experience i for the K-th time, we relate the importance-weight to the probability under
uniform sampling from a FIFO buffer of sampling an experience X times, where X is at
least K: Pr(X ≥ K|FIFO[Uniform]). We refer to this method as Full Importance Sampling
(FIS) and calculate the weights according to :

 .
i
≥ j|FIFO[Uniform]) /np

Pr(X ≥ K|FIFO[Uniform])

dnpe
j=1 Pr(X

ωiFIS =  hP

k=0

K  
X
n k
p (1 − p)n−k .
k

Here, n is the lifetime of an experience for a FIFO retention strategy in the number of
batch updates, which is the number of batch updates performed so far when the buffer is not
yet full. The probability of sampling an experience during a batch update when sampling
uniformly at random is denoted by p. Note that np is the expected number of replays per
experience, which following Schaul et al. (2016) we take as 8 by choosing the number of
batch updates per episode accordingly. As in Section 3.3.2 we use β to scale between not
correcting for the changes and correcting fully. Since the probability of being sampled at
least K times is always smaller than one for K > 0, we scale the weights such that the sum
of the importance weights for the expected np replays under FIFO[Uniform] sampling is the
same as when not using the importance weights (n · p · 1). The probability of sampling an
experience at least K times under FIFO[Uniform] sampling is calculated using the binomial
distribution:
Pr(X ≥ K|FIFO[Uniform]) = 1 −
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Correcting fully (β = 1) for the changed distributions would make the updates as unbiased as those from the unbiased FIFO uniform distribution (Needell et al., 2016). However,
since the importance weights of experiences that are repeatedly sampled for stability will
quickly go to zero, it might also undo the stabilizing effects that were the intended outcome
of changing the distribution in the first place. Additionally, as discussed in Section 3.3.2,
the FIFO Uniform distribution is not the only valid distribution. As demonstrated in Section 8.4, it is therefore important to determine whether compensating for the retention
strategy is necessary before doing so.
The notation for the selection strategies with this form of importance sampling is given
in Table 5.
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We start by investigating how these methods perform on the benchmarks in their basic
configuration, with a sampling rate of 50 Hz and no sensor or actuator noise. The results
are given in Figure 12 and show that it is primarily the combination of retention method

8.1 Basic Configuration

Using the experience retention and sampling methods discussed in Section 7, we revisit
the scenarios discussed in Section 6. We first focus on the methods without importance
sampling, which we discuss separately in Section 8.4. Besides the tests on the benchmarks
of Section 4, we also show results on six additional benchmarks in Section 8.5. There we
also discuss how to choose the size of the experience buffer.

8. Experience Selection Results

Figure 12: Performance of the experience selection methods under the default conditions of
moderate sampling frequencies and no state or actuator noise. A description of
the performance measures is given in Section 5.1.

selection
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We also test the performance of the methods in the presence of noise, similarly to Section 6.5.
The main question here is how the noise might affect the methods that use the temporal
difference error δ as the usefulness proxy. The concern is that these methods might favor
noisy samples, since these samples might cause bigger errors. To test this we perform
learning runs on the pendulum task while collecting statistics on all of the experiences in
the mini-batches that are sampled for training. The mean absolute values of the noise in
the experiences that are sampled are given in Table 6. It can be seen that the temporal
difference error-based methods indeed promote noisy samples. The noise is highest for those
dimensions that have the largest influence on the value of Q.
In Figure 14 the performance of the different methods on the two benchmarks with noise
is given. The tendency to seek out noisy samples in the buffer is now clearly hurting the
performance of PER sampling, as the performance with PER is consistently worse than with
uniform sampling. For our chosen buffer size the retention strategy is still more influential
and interestingly the TDE-based retention method does not seem to suffer as much here.
The relative rankings of the retention strategies are similar to those without noise.

8.3 Sensor and Actuator Noise

For higher sampling frequencies, the performance of the different experience selection methods is shown in Figure 13. We again see that higher sampling frequencies place different
demands on the training data distribution. With the decreasing exploration, retaining the
right experiences becomes important. This is most visible on the Magman benchmark
where FIFO retention, which resulted in the best performance at the end of training for the
base sampling frequency, now performs worst. Retaining all experiences works well on both
benchmarks. When not all experiences can be retained, the reservoir retention method is
still a good option here, with the exploration-based method a close second.

8.2 Effect of the Sampling Frequency

and buffer size that determines the performance. It is again clear that this choice here
depends on the benchmark. On the pendulum benchmark, where storing all experiences
works well, the Resv method works equally well while storing only 104 experiences, which
equals 50 of the 3000 episodes. On the magman benchmark, using a small buffer with only
recent experiences works better than any other method.
Sampling according to the temporal difference error can be seen to benefit primarily the
learning speed on the pendulum. On the magman, PER only speeds up the learning process
when sampling from recent experiences. When sampling from diverse experiences, PER will
attempt to make the function approximation errors more even across the state-action space,
which as discussed before, hurts performance on this benchmark.
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Table 6: Mean absolute magnitude of the noise per state-action dimension in the mini
batches as a function of the experience selection procedure.

Expl(1.0)[Uniform]
Expl(1.0)[PER]
TDE(1.0)[Uniform]
TDE(1.0)[PER]

·10−2

position

Figure 13: Performance of the experience selection methods with increased sampling frequencies. Results are from 50 learning runs. A description of the performance
measures is given in Section 5.1.
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Figure 14: Performance of the experience selection methods with with sensor and actuator
noise. Results are from 50 learning runs. A description of the performance
measures is given in Section 5.1.
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8.4 Importance Sampling

Finally, we investigate the different importance sampling strategies that were discussed in
Sections 3.3.2 and 7.2. We do this by using the FIFO, TDE and Resv retention strategies
as representative examples. We consider the benchmarks with noise, since as we discussed
in Section 3.3.2, the stochasticity in the environment can make importance sampling more
relevant. The results are shown in Figure 15. We discuss per retention strategy how the
sample distribution is changed and whether the change introduces a bias that should be
compensated for through importance sampling.

FIFO: This retention method results in an unbiased sample distribution. When combined
with uniform sampling, there is no reason to compensate for the selection method.
Doing so anyway (FIFO[Uniform + FIS]) results in downscaling the updates from
experiences that happen to have been sampled more often than expected, effectively
reducing the batch-size while not improving the distribution. The variance of the
updates is therefore increased without reducing bias. This can be seen to hurt performance in Figure 15, especially on the swing-up task where sample diversity is most
important. Using PER also hurts performance in the noisy setting as this sampling
procedure does bias the sample distribution. Using importance sampling to compensate for just the sampling procedure (FIFO[PER+IS]) helps, but the resulting method
is not clearly better than uniform sampling.

TDE: When the retention strategy is based on the temporal difference error, there is a
reason to compensate for the bias in the sample distribution. It can be seen from
Figure 15 however, that the full importance sampling scheme improves performance
on the magman benchmark, but not on the swing-up task. The likely reason is
again that importance sampling indiscriminately compensates for both the unwanted
re-sampling of the environment dynamics and reward distributions as well as the
beneficial re-sampling of the state-action space distribution. The detrimental effects
of compensating for the latter seen to outweigh the beneficial effects of compensating
for the former on this benchmark where state-action space diversity has been shown
to be so crucial.

Resv: The reservoir retention method is not biased with respect to the reward function or
the environment dynamics. Although the resulting distribution is strongly off-policy
(assuming the policy has changed during learning), this does not present a problem for
a deterministic policy gradient algorithm with Q-learning updates, other than that it
might be harder to learn a function that generalizes to a larger part of the state space.
When sampling uniformly, we do sample certain experiences, from early in the learning
process, far more often than would be expected under a FIFO[Uniform] selection
strategy. The FIS method compensates for this by weighing these experiences down,
effectively reducing the size of both the buffer and the mini-batches. In Figure 15,
this can be seen to severely hurt the performance on the swing-up problem, as well as
the learning stability on the magman benchmark.
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Interesting to note is that on these two benchmarks, for all three considered retention
strategies, using importance sampling to compensate for the changes introduces by PER
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Table 7: The RoboSchool benchmarks considered in this section with the dimensionalities
of their state and action spaces.

|S|
|A|
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InvDoublePnd

3. The code is available at https://github.com/timdebruin/baselines-experience-selection.

As shown in Figure 16, on these noise-free benchmarks with constant exploration and moderate sampling frequencies, the gains obtained by using the considered non-standard experience selection strategies are limited. However, in spite of the limited number of trials
performed due to the computational complexity, trends do emerge on most of the bench-

8.5.2 Results

In the interest of reproducibility, we use the open source RoboSchool (Klimov, 2017) benchmarks together with the openAI baselines (Dhariwal et al., 2017) implementation of DDPG.
We have adapted the baselines code to include the experience selection methods considered
in this section. Our adapted code is available online.3
The baselines version of DDPG uses Gaussian noise added to the parameters of the
policy network for exploration (Plappert et al., 2018). In contrast to the other experiments
in this work, the strength of the exploration is kept constant during the entire learning run.
For the Expl method we still consider the 1-norm of the distance between the exploration
policy action and the unperturbed policy action as the utility of the sample.
For the benchmarks listed in Table 7, we compare the default FULL DB[Uniform] selection strategy in the baselines code to the alternative retention strategies considered in
this work with uniform sampling. We show the maximum performance for these different
retention strategies as a function of the buffer size in Figure 16.

8.5.1 Benchmarks

The computational and conceptual simplicity of the two benchmarks used so far allowed
for comprehensive tests and a good understanding of the characteristics of the benchmarks.
However, we also saw that the right experience selection strategy is benchmark dependent.
Furthermore, deep reinforcement learning yields most of its advantages over reinforcement
learning without simpler function approximation on problems with higher dimensional state
and action spaces. To obtain a more complete picture we therefore perform additional tests
on 6 benchmarks of varying complexity.

8.5 Additional Benchmarks

de Bruin, Kober, Tuyls and Babuška

only improved the performance significantly when using PER resulted in poorer performance
than not using PER. Similarly, using FIS to compensate for the changes introduced in the
buffer distribution only improved the performance when those changes should not have been
introduced to begin with.

Figure 15: Performance of representative experience selection methods with and without
importance sampling on the benchmarks with sensor and actuator noise. A
description of the performance measures is given in Section 5.1.
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Figure 16: Maximum performance during a training run on the Roboschool benchmarks as
a function of the retention strategy and buffer size. Results for the individual
runs and their means are shown. In Appendix 9.3, we additionally show the
mean (Figure 26) and final (Figure 25) performance. Green lines indicate the
rule of thumb buffer sizes of Figure 17.

max return

de Bruin, Kober, Tuyls and Babuška
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marks. On all benchmarks, the best performance is seen not when retaining all experiences,
but rather when learning from a smaller number of experiences. This is most visible on the
reacher task, which involves learning a policy for a 2-DOF arm to move from one random
location in its workspace to another random location. For this task, the best performance
for all retention strategies is observed when retaining less than a tenth of all experiences.
For these noise-free benchmarks, the temporal difference error is an effective proxy for
the utility of the experiences, resulting in the highest or close to the highest maximum
performance on all benchmarks.
The exploration-based retention strategy was introduced to prevent problems when reducing exploration and for high sampling frequencies. Since the exploration is not decayed
and the sampling frequencies are modest, there is no real benefit when applying this strategy
to these benchmarks. However, it also does not seem to hurt performance compared to the
age-based retention strategies. The constant exploration on these benchmarks additionally
means that the performance of FIFO and Reservoir retention are rather close, although due
to premature convergence of the data distribution, reservoir retention does suffer the most
when the buffer capacity is too low.
Figures 16, 25 and 26 show that when the right proxy for the utility of experiences is
chosen, performance equal to and often exceeding that of retaining all experiences can be
obtained while using only a fraction of the memory. This begs the question of how to choose
the buffer size.
As it tends to result in more stable learning, retaining as many experiences as possible
seems a sensible first choice for the buffer size. We therefore base our suggestion for subsequently tuning the buffer size on the learning curves of the FULL DB[Uniform] method.
The complexity of the control task at hand determines the minimal number of environment
steps required to learn a good policy, as well as the number of experiences that need to
be retained in a buffer for decent learning performance. We propose to use the number of
experiences needed to get to 90% of the final performance as a rough empirical estimate of
the optimal buffer size. We show this rule of thumb in Figure 17 and have indicated the
experiments with the proposed buffer sizes in Figure 16 with vertical green lines.
Instead of iteratively optimizing the buffer size over several reinforcement learning trials,
extrapolation of the learning curve (Domhan et al., 2015) could also be used to limit the
buffer capacity when the remaining learning performance increase is expected to be small.
This would allow the method to work immediately for novel tasks.
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Based on these investigations we present a series of recommendations below for the
three choices concerning experience selection: how to choose the capacity of the experience
replay buffer, which experiences to retain in a buffer that has reached its capacity and how
to sample from that buffer. These choices together should ensure that the experiences that
are replayed to the reinforcement learning agent facilitate quick and stable learning of a
policy with good performance. An example of applying the procedure outlined below on
the Magman benchmark is given in Figure 18. Note the proposed methods are especially
relevant when faced by issues that might occur in a physical-control setting, such as a
need for constrained exploration, high or low sampling frequencies, the presence of noise
and hardware limitations that limit the experience buffer size. Section 8.5 shows that the
potential gains might be limited for processes where these problems do not occur.

We then investigated a number of proxies for the utility of experiences which we used to
both decide which experiences to retain in a buffer and how to sample from that buffer. We
performed experiments that showed how these methods were affected by noise, increased
sampling frequencies and how their performance varied across benchmarks and experience
buffer sizes.

We first investigated how factors such as the generalizability over the state-action space
and the sampling frequency of the control problem influenced the balance between the need
for on-policy experiences versus a broader coverage of the state-action space.

In this work, we have investigated how the characteristics of a control problem determine
what experiences should be replayed when using experience replay in deep reinforcement
learning.

9. Conclusions and Recommendations

Figure 17: Learning curves of the FULL DB method on the different benchmarks, averaged
over 5 trials. The curves are normalized by the final performance (the mean
performance over the last 2 · 105 steps). Indicated are the number of steps
needed to get to 90% of the final performance.
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Figure 18: Demonstration of the proposed process for the magman benchmark. 1: Based
on the performance of the Full DB[Uniform] method, the rule of thumb indicates
a buffer capacity of 84 × 103 experiences. As there are no special circumstances
such as high sampling frequencies and the magman requires a very precise policy
that does not easily generalize due to the highly nonlinear behavior of the magnets, FIFO retention is used. 2: By exploring around the proposed buffer size,
a buffer capacity of 42 × 103 experiences is chosen. 3: Sampling from the buffer
based on the temporal difference error can help speed up and stabilize learning,
but is very dependent on the experiences that are in the buffer to begin with.
4: Since the benchmark fully deterministic (noise free), importance sampling is
not needed in this case and can be seen to undo some of the benefits of PER.
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9.1 Choosing the Buffer Capacity
Although it is not the best retention strategy in most of the benchmarks we have considered,
retaining as many experiences as possible is a good place to start. This tends to result in
more stable learning, even if the eventual performance is not always optimal.
If the learning curve for the FULL DB experiments reaches a level of performance close
to the performance after convergence in significantly fewer environment steps than there
are experience samples in the buffer, it might be worthwhile reducing the size of the buffer.
Our proposed rule of thumb is to to make the buffer size roughly equal to 90% the number
of environment steps needed to reach the final performance level.
9.2 Choosing the Experience Utility Proxy
When not all experiences are retained in the buffer, a proxy for the utility of the individual
experiences is needed to determine which experiences to retain and which to discard. In
this work, we have discussed strategies based on several proxies and shown that the right
strategy is problem dependent. Although finding the right one will likely require some
experimentation, we discuss here what properties of the control problem at hand make
certain strategies more likely or less likely to succeed.
FIFO: Although off-policy reinforcement-learning algorithms can learn from samples obtained by a different policy than the optimal policy that is being learned, the reality
of deep reinforcement learning is that a finite amount of shared function approximation capacity is available to explain all of the training data. While simply using larger
networks might help, we show in Appendix 9.3 that learning only from more recent
data (which corresponds more closely to the policy being learned) can work better.
A large potential downfall presents itself when the policy suddenly changes in a way
that changes the distribution of the states that are visited. As shown in Section 6.2,
this can quickly destabilize the learning process. Extra care should be taken when
using FIFO retention in combination with decaying exploration. This is especially
true for problems where multiple policies are possible that give similar returns but
distinct state-space trajectories, such as swinging up a pendulum either clockwise or
anti-clockwise.
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TDE: The idea behind selecting certain experiences over others is that more can be learned
from these samples. The temporal difference error is therefore an interesting proxy,
especially during the early stages of the learning process when the error is mostly
caused by the fact that the value function has not been accurately learned yet. In
the experiments of Schaul et al. (2016) as well as in our own experiments, prioritizing
experiences with larger TD errors was observed to improve both the speed of learning
as well as the eventual performance in many cases. The downside of using the TD
error as an experience utility proxy is that the error can also be caused by sensor
and actuator noise, environment stochasticity or function approximation accuracy
differences as a result of differences in the state space coverage. We have shown in
Section 8.3 how noise can hurt the performance of the algorithm when using this proxy
and argued in Section 3.3.2 how this proxy introduces a harmful bias in the presence
of environment stochasticity.
39
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Exploration: We introduced an additional proxy based on the observation that, on physical
systems, exploration can be costly. By using the strength of the exploration signal
as a proxy for the utility of the experience, some of the problems mentioned for the
FIFO strategy when reducing exploration can be ameliorated. As shown in Section 6.4
and Section 8.2, sufficient diversity in the action space is most important when the
dependency of the value function on the action is relatively small, such as for increased
sampling frequencies. The downside of this strategy is that since it focuses on early
experiences that are more off-policy, it can take longer for the true value function to
be learned. Besides the impact on training speed, the focus on off-policy data can
also limit the maximum controller performance.

Reservoir sampling: By using reservoir sampling as a retention strategy, the buffer contains,
at all times, samples from all stages of learning. As with the exploration-based policy,
this ensures that initial exploratory samples are retained which can significantly improve learning stability on domains where FIFO retention does not work. However, of
the methods mentioned here, reservoir sampling is the one most severely impacted by
a too small experience buffer, as the data distribution in the buffer will converge prematurely and will not cover the state-action space distribution of the optimal policy
well enough.

9.3 Experience Sampling and Importance Sampling

The experiences that are used to learn from are not just determined by the buffer retention
strategy, but also by the method of sampling experiences from the buffer. While the retention strategy needs to ensure that a good coverage of the state-action space is maintained
in the buffer throughout learning, the sampling strategy can seek out those experiences
that can result in the largest immediate improvement to the value function and policy. It
can therefore be beneficial to sample based on the temporal difference error (as suggested
by Schaul et al. 2016), which can improve learning speed and performance, while basing
the retention strategy on a more stable criterion that either promotes stability or ensures
that only samples from the relevant parts of the state-action space are considered by the
sampling procedure.
As discussed in Sections 3.3.2 and 8.4, selecting experiences based on the temporal
difference error in stochastic environments introduces a bias that should be compensated
for through weighted importance sampling in order to make the learning updates valid.
While the other experience selection methods in this work change the distribution of the
samples, these changed distributions are still valid for an off-policy deterministic gradient
algorithm.
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In the magnetic manipulation problem, the action space represents the squared currents
through four electromagnets under the track; ajunnorm ∈ [0, 0.6]A2 for j = 1, 2, 3, 4. The
state of the problem is defined as the position x ∈ [−0.035, 0.105] m of the ball relative
to the center of the first magnet and the velocity ẋ m s−1 of the ball: sunnorm = [x ẋ]T .
For the normalization of the velocities, ẋmin = −0.4 m s−1 and ẋmax = 0.4 m s−1 are used.
When the position of the ball exceeds the bounds, the position is set to the bound and the
velocity is set to 0.01 m s−1 away from the wall. An additional reward of −1 is given for the

A.2 Magnetic Manipulation

Where J = 9.41 × 10−4 kg m2 , M = 5.5 × 10−2 kg, g = 9.81 m s−2 , l = 4.2 × 10−2 m, b =
3 × 10−6 kg m2 s−1 , K = 5.36 × 10−2 kg m2 s−2 A−1 and R = 9.5 V A−1 are respectively the
pendulum inertia, the pendulum mass, the acceleration due to gravity, pendulum length,
viscous damping coefficient, the torque constant and the rotor resistance (Alibekov et al.,
2018). For this task W1 = [50 1] and W2 = 10 and sunnormref = [−π 0]T = [π 0]T . The
absolute value of the state is used in (9).

θ̈ =

For the pendulum swing-up task, the state sunnorm is given by the angle θ ∈ [−π, π] and
angular velocity θ̇ of a pendulum, which starts out hanging down under gravity s0unnorm =
[θ θ̇]T = [0 0]T . For the normalization of the velocities, θmin = −30 rad s−1 and θmax =
30 rad s−1 are used. The action space is one dimensional: it is the voltage applied to a
motor that exerts torque on the pendulum aunnorm ∈ [−3, 3] V. The angular acceleration
of the pendulum is given by:

A.1 Pendulum Swing-Up

In both cases a fixed reference state sunnormref is used.

r = −(W1 |s0unnorm − sunnormref | + W2 |aunnorm |).

Here, a more detailed mathematical description is given of the pendulum swing-up and
magnetic manipulation benchmarks. A high level description of these benchmarks was
given in Section 4.
The benchmarks will be described based on their true (unnormalized) physical environment states sunnorm and actions aunnorm . In the main body of this work the components of
these states and actions are normalized: s, sE ∈ [−1, 1]n , a, aE ∈ [−1, 1]m . See Figure 1 for
a description of the symbols used.
The dynamics of both problems are defined as differential equations, which we use to
calculate the next environment state s0unnorm as a function of the current state sunnorm and
action aunnorm using the (fourth order) Runge-Kutta method. The reward is in both cases
given by:

Appendix A. Simple Benchmarks
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To perform the experiments in this work, the DDPG method of Lillicrap et al. (2016) was
reimplemented in Torch (Collobert et al., 2011). For all experiments except for the control
experiment in Appendix 9.3, the actor and critic networks had the following configuration:
The actor is a fully connected network with two hidden layers, each with 50 units. The
hidden layers have rectified linear activation functions. The output layer has hyperbolic
tangent nonlinearities to map to the normalized action space.
The critic is a fully connected network with three hidden layers. The layers have rectified
linear activation functions and 50, 50 and 20 units respectively. The state is the input to
the first hidden layer, while the action is concatenated with the output of the first hidden
layer and used as input to the second hidden layer. The output layer is linear.
To train the networks, the ADAM optimization algorithm is used (Kingma and Ba,
2015). We use a batch size of 16 to calculate the gradients. For all experiments we use
0.9 and 0.999 as the exponential decay rates of the first and second order moment estimates respectively. The step-sizes used are 10−4 for the actor and 10−3 for the critic. We
additionally use L2 regularization on the critic weights of 5 × 10−3 .
For the DQN experiments, a critic network similar to the DDPG critic was used. The
critic-only differs in the fact that instead of having actions as an input, the output size is
increased to the number of discrete actions considered. The parameters θ− of the target
critic are updated to equal the online parameters θ every 200 batch updates.

Swing-up and Magman

This appendix describes the architecture and training procedure of the used neural networks.

B.1 Neural Networks

This appendix discusses the chosen hyperparameters of the methods discussed in Section 3,
that were used to obtain the results in this paper. Only those hyperparameters that were
not explicitly mentioned in the earlier sections of this work are mentioned here.

Appendix B. Implementation Details

Here, g(x, j) is the nonlinear magnetic force equation, m = 3.200 × 10−2 kg the ball mass,
and b = 1.613 × 10−2 N s m−1 the viscous friction of the ball on the rail. The parameters
c1 and c2 were empirically determined from experiments on a physical setup to be c1 =
5.520 × 10−10 N m5 A−1 and c2 = 1.750 × 10−4 m2 (Alibekov et al., 2018).
For the magnetic manipulation problem we take W1 = [100 5], W2 = [0 0 0 0], s0unnorm =
[0 0]T and sunnormref = [0.035 0]T in (9).

with

ẍ = −

time-step at which the collision occurred. The acceleration of the ball is given by:
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Roboschool Benchmarks
For the experiments on the Roboschool benchmarks, we use a slightly modified version of
the DDPG implementation in the openAI baselines (Dhariwal et al., 2017) repository. We
have adapted the baselines code to include the experience selection methods considered
in this section. Our adapted code is available online.4 We here summarize the relevant
differences from the implementation used on the simple benchmarks.
The actor and critic networks have two hidden layers with 64 units each. Layer normalization (Ba et al., 2016) is used in both networks after both hidden layers. The multiplier
of the L2 regularization on the weights of the critic with is 1 × 10−2 . A batch size of 64 is
used, with a sample reuse of 32. Training is performed every 100 environment steps, rather
than after completed episodes.
B.2 Exploration
Swing-Up and Magman
We use an Ornstein-Uhlenbeck noise process (Uhlenbeck and Ornstein, 1930) as advocated
by Lillicrap et al. (2016). The dynamics of the noise process are given by
u(k + 1) = u(k) + θN (0, 1) − σu(k).
The equation models the velocity of a Brownian particle with friction. We use θ = 5.14,
σ = 0.3. Using this temporally correlated noise allows for more effective exploration in
domains such as the pendulum swing-up. It also reduces the amount of damage on physical
systems relative to uncorrelated noise (Koryakovskiy et al., 2017). For high frequencies,
uncorrelated noise is unlikely to result in more than some small oscillations around the
downward equilibrium position.
The noise signal is clipped between -1 and 1 after which it is added to the policy action
and clipped again to get the normalized version of the control action a.
For the DQN experiments, epsilon greedy exploration was used with the probability of
taking an action uniformly at random decaying linearly from  = 0.7 to  = 0.01 over the
first 500 episodes.
Roboschool Benchmarks
For easy comparison to other work, we use the exploration strategy included in the baselines
code. This means that for the Roboschool benchmarks we do not decay the strength of the
exploration signal over time. Compared to our other benchmarks, the second difference is
that the noise is added in the parameter space of the policy rather than directly in the
action space (Plappert et al., 2018). The amplitude of the noise on the parameters is scaled
such that the standard deviation of the exploration signal in action-space is 0.2.

Appendix C. Baseline Controller
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4. The code is available at https://github.com/timdebruin/baselines-experience-selection.

In this work we use the fuzzy Q-iteration algorithm of Buşoniu et al. (2010) as a baseline.
This algorithm uses full knowledge of the system dynamics and reward function to compute
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i=1

1 X
mean
mean
max(repisode
i,1 , . . . , repisode i,1000 ).
50

50

a controller that has a proven bound on its sub-optimality for the deterministic (noise-free)
case.
For the tests with sensor and actuator noise, the same controller as in the noise-free
setting is used. To make the performance normalization (Section 5.1) fair, the performance
of the controller is taken as the mean of 50 repetitions of taking the maximum obtained
mean reward per episode over 1000 episodes with different realizations of the noise:
rbaseline with noise =

Note that although this equalizes the chances of getting a favorable realization of the sensor
and actuator noise sequences, it does not compensate for the fact that the fuzzy Q-iteration
algorithm is unsuitable for noisy environments. Since the DDPG method used in this work
can adjust the learned policy to the presence of noise in the environment, it outperforms
the baseline in some situations. This is not an issue since we are interested in the relative performance of different experience selection strategies and only use the baseline as a
reference point.

Appendix D. Additional Sensitivity Analyses and Figures

This section contains additional analyses and figures that were left out of the main body of
the paper for brevity.

D.1 Performance on the Magman Benchmark as a Function of Network Size

Architecture

[50, 50, 20]
[50, 50]
[400, 300]
[400, 300]

hidden layer units

3791
2751
122101
121801

parameters swing-up

3941
2904
123001
122704

parameters magman

In the main body of the paper, a number of experiments are shown in which the performance of the magman benchmark is better with a small FIFO experience buffer than it
is when retaining all experiences. As we use relatively small neural networks on the magman benchmark, it could be expected that at least part of the reason that training on all
experiences results in poorer performance is that the function approximator simply does
not have enough capacity to accurately cover the state-action space. We therefore compare
the performance of the networks used on the magman benchmark in the main body of this
work to that of the original DDPG architecture, which has more than 40 times as many
parameters. Table 8 compares the network architectures and the number of parameters of

Small-critic
Small-actor
DDPG original-critic
DDPG original-actor
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Table 8: The architectures of the networks compared in this section, with the number of
parameters.
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In Figure 20 it can be seen that on the Pendulum benchmark, where Expl retention has
already been shown to aid stability, increasing α helps to improve the final performance
more. This increased stability comes at the cost of somewhat reduced maximum performance. With PER sampling it does not seem to hurt the learning speed. On the Magman
benchmark, where FIFO retention works better than Expl retention, increasing α (and thus
relying more on the wrong proxy for the benchmark) hurts performance. Interesting to see
is that compared to uniform sampling, PER speeds up the learning for low values of α,
while it hurts for large values of α. This demonstrates again the need to choose both parts
of experience selection with care.

In both the PER sampling as well as the TDE and Expl retention methods, the parameter
α (7) determines how strongly the used experience utility proxy influences the selection
method. Here, we show the sensitivity of both PER (Figure 21) and Expl (Figure 20) with
respect to this parameter.

D.2 Sensitivity Analysis α

these architectures. It can be seen from Figure 19 that, while the larger network is able
to learn more successfully from the FULL DB buffer, it is outperformed by both the small
and the large network using the FIFO buffer. The eventual performance is best for our
smaller network trained on a small buffer, although learning is somewhat faster with the
larger network.

Figure 19: Influence of network size on the performance of the magman benchmark, when
retaining all 4 × 105 experiences (FULL DB) versus retaining only the last 104
experiences (FIFO). The small policy network used for most of the experiments
on the magman has 2904 parameters, while the original DDPG network has
122704 parameters on the magman benchmark. In both cases the critic networks
had slightly more parameters.
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In Figure 21 it can again be seen that the benefits of PER are mostly to the speed
of learning. Improvements to the maximum and final performance are possible when α is
chosen correctly, but depend mostly on the contents of the buffer that PER is sampling
from.

Figure 20: Influence of α in the Expl algorithm for different sampling strategies.
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D.3 Additional Figures Related to the Main Body
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This subsection contains several figures that were left out of the main text of this work for
brevity. They show the same experiments as Figures 6, 8, 16, according to the remaining
performance criteria.
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Figure 23: Sampling frequency dependent effect on the learning speed of adding synthetic
experiences to the FIFO[Uniform] method. The effect on the final and maximum
performance is given in Figure 9.

10

25

Figure 22: RL algorithm dependent effect of adding synthetic experiences to the
FIFO[Uniform] method on the maximum performance per episode µrmax on the
pendulum swing-up benchmark. The effect on the final performance and the
rise-time is given in Figure 7.
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Figure 21: Influence of α in the PER algorithm for the Full DB strategy (buffer capacity
= 4 × 105 ) and FIFO retention (buffer capacity 1 × 10−4 ).
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Figure 24: The effects on the performance of the FIFO[Uniform] method when changing a
fraction of the observed experiences with synthetic experiences, when the synthetic experiences are updated only with a certain probability each time they
are overwritten. The effects on µfinal
is shown in Figure 8.
r
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Figure 25: Mean performance during the last 2 × 105 training steps of a 1 × 106 step training run on the Roboschool benchmarks as a function of the retention strategy
and buffer size. Results for the individual runs and their means are shown.
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Figure 26: Mean performance during the whole training run on the Roboschool benchmarks
as a function of the retention strategy and buffer size. Results for the individual
runs and their means are shown.
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56

JMLR 19(9):1-56, 2018

Ziyu Wang, Victor Bapst, Nicolas Heess, Volodymyr Mnih, Remi Munos, Koray
Kavukcuoglu, and Nando de Freitas. Sample efficient actor-critic with experience replay.
In International Conference on Learning Representations (ICLR), 2017.

Jeffrey S Vitter. Random sampling with a reservoir. ACM Transactions on Mathematical
Software (TOMS), 11(1):37–57, 1985.

Leslie G Valiant. A theory of the learnable. Communications of the ACM, 27(11):1134–1142,
1984.

George E Uhlenbeck and Leonard S Ornstein. On the theory of the Brownian motion.
Physical Review, 36(5):823, 1930.

Aviv Tamar, Yinlam Chow, Mohammad Ghavamzadeh, and Shie Mannor. Sequential decision making with coherent risk. IEEE Transactions on Automatic Control, 2016.

Richard S Sutton. Dyna, an integrated architecture for learning, planning, and reacting.
ACM SIGART Bulletin, 2(4):160–163, 1991.

Burrhus F Skinner. Reinforcement today. American Psychologist, 13(3):94, 1958.

David Silver, Julian Schrittwieser, Karen Simonyan, Ioannis Antonoglou, Aja Huang,
Arthur Guez, Thomas Hubert, Lucas Baker, Matthew Lai, Adrian Bolton, et al. Mastering the game of Go without human knowledge. Nature, 550(7676):354–359, 2017.

David Silver, Aja Huang, Chris J Maddison, Arthur Guez, Laurent Sifre, George Van
Den Driessche, Julian Schrittwieser, Ioannis Antonoglou, Veda Panneershelvam, Marc
Lanctot, et al. Mastering the game of Go with deep neural networks and tree search.
Nature, 529(7587):484–489, 2016.

Andrew W Moore and Christopher G Atkeson. Prioritized sweeping: reinforcement learning
with less data and less time. Machine Learning, 13(1):103–130, 1993.
Karthik Narasimhan, Tejas Kulkarni, and Regina Barzilay. Language understanding for
text-based games using deep reinforcement learning. In Empirical Methods in Natural
Language Processing (EMNLP), 2015.
Deanna Needell, Nathan Srebro, and Rachel Ward. Stochastic gradient descent, weighted
sampling, and the randomized Kaczmarz algorithm. Mathematical Programming, 155
(1-2):549–573, 2016.
Brendan O’Donoghue, Remi Munos, Koray Kavukcuoglu, and Volodymyr Mnih. Combining
policy gradient and Q-learning. In International Conference on Learning Representations
(ICLR), 2017.
Ian Osband, Charles Blundell, Alexander Pritzel, and Benjamin Van Roy. Deep exploration
via bootstrapped DQN. In Advances In Neural Information Processing Systems (NIPS),
pages 4026–4034, 2016.
Mathijs Pieters and Marco A Wiering. Q-learning with experience replay in a dynamic
environment. In Symposium Series on Computational Intelligence (SSCI), pages 1–8.
IEEE, 2016.
Matthias Plappert, Rein Houthooft, Prafulla Dhariwal, Szymon Sidor, Richard Y. Chen,
Xi Chen, Tamim Asfour, Pieter Abbeel, and Marcin Andrychowicz. Parameter space
noise for exploration. In International Conference on Learning Representations (ICLR),
2018.
Aravind Rajeswaran, Kendall Lowrey, Emanuel V Todorov, and Sham M Kakade. Towards
generalization and simplicity in continuous control. In Advances In Neural Information
Processing Systems (NIPS), pages 6550–6561, 2017.
Andrei A Rusu, Matej Vecerik, Thomas Rothörl, Nicolas Heess, Razvan Pascanu, and Raia
Hadsell. Sim-to-real robot learning from pixels with progressive nets. arXiv preprint
arXiv:1610.04286, 2016.
Stefan Schaal. Is imitation learning the route to humanoid robots? Trends in Cognitive
Sciences, 3(6):233–242, 1999.

JMLR 19(9):1-56, 2018

Tom Schaul, John Quan, Ioannis Antonoglou, and David Silver. Prioritized experience
replay. In International Conference on Learning Representations (ICLR), 2016.
55

Submitted 4/17; Revised 6/18; Published 8/18

Abstract

xllv.math@whu.edu.cn

liuyy@whu.edu.cn

yulingjiaomath@whu.edu.cn

j.huang@polyu.edu.hk

JMLR 19(10):1-37, 2018

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/v19/17-194.html.

c 2018 Jian Huang, Yuling Jiao, Yanyan Liu, and Xiliang Lu.

∗. Also in the Institute of Big Data of Zhongnan University of Economics and Law
†. Also in the Hubei Key Laboratory of Computational Science

Keywords: Geometrical convergence, KKT conditions, nonasymptotic error bounds,
oracle property, root finding, support detection

We propose a constructive approach to estimating sparse, high-dimensional linear regression
models. The approach is a computational algorithm motivated from the KKT conditions
for the `0 -penalized least squares solutions. It generates a sequence of solutions iteratively,
based on support detection using primal and dual information and root finding. We refer
to the algorithm as SDAR for brevity. Under a sparse Riesz condition on the design matrix
and certain other conditions, we show that with high probability, the `2 estimation √
error
of the solution sequence decays exponentially to the minimax error bound in O(log(R J))
iterations, where J is the number of important predictors and R is the relative magnitude
of the nonzero target coefficients; and under a mutual coherence condition and certain
other conditions, the `∞ estimation error decays to the optimal error bound in O(log(R))
iterations. Moreover the SDAR solution recovers the oracle least squares estimator within
a finite number of iterations with high probability if the sparsity level is known. Computational complexity analysis shows that the cost of SDAR is O(np) per iteration. We
also consider an adaptive version of SDAR for use in practical applications where the true
sparsity level is unknown. Simulation studies demonstrate that SDAR outperforms Lasso,
MCP and two greedy methods in accuracy and efficiency.
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y = Xβ ∗ + η

(1)

1
kXβ − yk22 ,
2n

subject to kβk0 ≤ s,

(2)

2
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Several approaches have been proposed to approximate (2). Among them the Lasso (Tibshirani, 1996; Chen et al., 1998), which uses the `1 norm of β in the constraint instead of
the `0 norm in (2), is a popular method. Under the irrepresentable condition on the design
matrix X and a sparsity assumption on β ∗ , Lasso is model selection (and sign) consistent
(Meinshausen and Bühlmann, 2006; Zhao and Yu, 2006; Wainwright, 2009). Lasso is a convex minimization problem. Several fast algorithms have been proposed, including LARS
(Homotopy) (Osborne et al., 2000; Efron et al., 2004; Donoho and Tsaig, 2008), coordinate
descent (Fu, 1998; Friedman et al., 2007; Wu and Lange, 2008), and proximal gradient
descent (Agarwal et al., 2012; Xiao and Zhang, 2013; Nesterov, 2013).
However, Lasso tends to overshrink large coefficients, which leads to biased estimates
(Fan and Li, 2001; Fan and Peng, 2004). The adaptive Lasso proposed by Zou (2006) and
analyzed by Huang et al. (2008b) in high-dimensions can achieve the oracle property under
certain conditions, but its requirements on the minimum value of the nonzero coefficients
are not optimal. Nonconvex penalties such as the smoothly clipped absolute deviation
(SCAD) penalty (Fan and Li, 2001), the minimax concave penalty (MCP) (Zhang, 2010a)
and the capped `1 penalty (Zhang, 2010b) were proposed to remedy these problems (but
these methods still require a minimum signal strength in order to achieve support recovery).

1.1 Literature review

where s > 0 controls the sparsity level. However, (2) is generally NP hard (Natarajan, 1995;
Chen et al., 2014), hence it is not tractable to design a stable and fast algorithm to solve
it, especially in high-dimensional settings.
In this paper we propose a constructive approach to approximating the `0 -penalized
solution to (1). The approach is a computational algorithm motivated from the necessary
KKT conditions for the Lagrangian form of (2). It finds an approximate sequence of solutions to the KKT equations iteratively based on support detection and root finding until
convergence is achieved. For brevity, we refer to the proposed approach as SDAR.

β∈Rp

min

√
where y ∈ Rn is a response vector, X ∈ Rn×p is the design matrix with n-normalized
columns, β ∗ = (β1∗ , . . . , βp∗ )0 ∈ Rp is the vector of the underlying regression coefficients and
η ∈ Rn is a vector of random noises. We focus on the case where p  n and the model is
sparse in the sense that only a relatively small number of predictors are important. Without
any constraints on β ∗ there exist infinitely many least squares solutions for (1) since it is
a highly undetermined linear system when p  n. These solutions usually over-fit the
data. Under the assumption that β ∗ is sparse in the sense that the number of important
nonzero elements of β ∗ is small relative to n, we can estimate β ∗ by the solution of the `0
minimization problem

Consider the linear regression model

1. Introduction
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Although the global minimizers (also certain local minimizers) of these nonconvex regularized models can eliminate the estimation bias and enjoy the oracle property (Zhang and
Zhang, 2012), computing the global or local minimizers with the desired statistical properties is challenging, since the optimization problem is nonconvex, nonsmooth and large scale
in general.
There are several numerical algorithms for nonconvex regularized problems. The first
kind of such methods can be considered a special case (or variant) of minimization maximization algorithm (Lange et al., 2000; Hunter and Li, 2005) or of multi-stage convex relaxation (Zhang, 2010b). Examples include local quadratic approximation (LQA) (Fan and Li,
2001), local linear approximation (LLA) (Zou and Li, 2008), decomposing the penalty into
a difference of two convex terms (CCCP) (Kim et al., 2008; Gasso et al., 2009). The second
type of methods is the coordinate descent algorithms, including coordinate descent of the
Gauss-Seidel version (Breheny and Huang, 2011; Mazumder et al., 2011) and coordinate
descent of the Jacobian version, i.e., the iterative thresholding method (Blumensath and
Davies, 2008; She, 2009). These algorithms generate a sequence of solutions at which the
objective functions are nonincreasing, but the convergence of the sequence itself is generally
unknown. Moreover, if the sequence generated from multi-stage convex relaxation (starts
from a Lasso solution) converges, it converges to some stationary point which may enjoy
certain oracle statistical properties with the cost of a Lasso solver per iteration (Zhang,
2010b; Fan et al., 2014). Huang et al. (2018) proposed a globally convergent primal dual
active set algorithm for a class of nonconvex regularized problems. Recently, there has been
much effort to show that CCCP, LLA and the path following proximal-gradient method can
track the local minimizers with the desired statistical properties (Wang et al., 2013; Fan
et al., 2014; Wang et al., 2014; Loh and Wainwright, 2015).
Another line of research concerns the greedy methods such as the orthogonal matching
pursuit (OMP) (Mallat and Zhang, 1993) for solving (2) approximately. The main idea is
to iteratively select one variable with the strongest correlation with the current residual at
a time. Roughly speaking, the performance of OMP can be guaranteed if the small submatrices of X are well conditioned like orthogonal matrices (Tropp, 2004; Donoho et al., 2006;
Cai and Wang, 2011; Zhang, 2011b). Fan and Lv (2008) proposed a marginal correlation
learning method called sure independence screening (SIS), see also Huang et al. (2008a) for
an equivalent formulation that uses penalized univariate regression for screening. Fan and
Lv (2008) recommended an iterative SIS to improve the finite-sample performance. As they
discussed the iterative SIS also uses the core idea of OMP but it can select more features at
each iteration. There are several more recently developed greedy methods aimed at selecting
several variables a time or removing variables adaptively, such as iterative hard thresholding
(IHT) (Blumensath and Davies, 2009; Jain et al., 2014) or hard thresholding gradient descent (GraDes) (Garg and Khandekar, 2009), adaptive forward-backward selection (FoBa)
(Zhang, 2011a).
Liu and Wu (2007) proposed a Mixed Integer Optimization (MIO) approach for solving
penalized classification and regression problems with a penalty that is a combination of `0
and `1 penalties. However, they only considered low-dimensional problems with p in the
10s and n in the 100s. Bertsimas et al. (2016) also considered an MIO approach for solving
the best subset selection problem in linear regression with a possible side constraint. Their
approach can solve problems with moderate sample sizes and moderate dimensions in min3
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utes, for example, for (n, p) ≈ (100, 1000) or (n, p) ≈ (1000, 100). For the p > n examples,
the authors carried out all the computations on Columbia University’s high performance
computing facility using a commercial MIO solver Gurobi (Gurobi Optimization, 2015).
In comparison, our proposed approach can deal with high-dimensional models. For the
examples we consider in our simulation studies with (n, p) = (5000, 50000), it can find the
solution in seconds on a personal laptop computer.
1.2 Contributions

SDAR is a new approach for fitting sparse, high-dimensional regression models. Compared
with the penalized methods, SDAR generates a sequence of solutions {β k , k ≥ 1} to the
KKT system of the `0 penalized criterion, which can be viewed as a primal-dual active set
method for solving the `0 regularized least squares problem with a changing regularization
parameter λ in each iteration (this will be explained in detail in Section 2).
We show that SDAR achieves sharp estimation error bounds within a finite number of
iterations. Specifically, we show that: (a) under a sparse Riesz condition on X and a sparsity
assumption on β ∗ , kβ k√
−β ∗ k2 achieves the minimax error bound up to a constant factor with
high probability in O( J log(R)) iterations, where J is the number of important predictors
and R is the relative magnitude of the nonzero target coefficients (the exact definitions of J
and R are given in Section 3); (b) under a mutual coherence condition on X p
and a sparsity
assumption on β ∗ , the kβ k − β ∗ k∞ achieves the optimal error bound O(σ log(p)/n) in
O(log(R)) iterations; (c) under the conditions in (a)√and (b), with high probability, β k
coincides with the oracle least squares estimator in O( J log(R)) and O(log(R)) iterations,
respectively, if J p
is available and the minimum magnitude of the nonzero elements of β ∗ is
of the order O(σ 2 log(p)/n), which is the optimal magnitude of detectable signal.
An interesting aspect of the result in (b) is that the number of iterations for SDAR to
achieve the optimal error bound is O(log(R)), which does not depend on the underlying
sparsity level. This is an appealing feature for the problems with a large triple (n, p, J).
We also analyze the computational cost of SDAR and show that it is O(np) per iteration,
comparable to the existing penalized methods and the greedy methods.
In summary, the main contributions of this paper are as follows.

• We propose a new approach to fitting sparse, high-dimensional regression models.
The approach seeks to directly approximate the solutions to the KKT equations for
the `0 penalized problem.

• We show that the sequence of solutions {β k , k ≥ 1} generated by the SDAR achieves
sharp error bounds within a finite number of iterations.
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• We also consider an adaptive version of SDAR, or simply ASDAR, by tuning the
size of the fitted model based on a data driven procedure such as the BIC. Our
simulation studies demonstrate that SDAR/ASDAR outperforms the Lasso, MCP
and several greedy methods in terms of accuracy and efficiency in the generating
models we considered.

4


= XI0  (y − XA βA
 )/n.

0
−1 0
= (XA
XA y,
 XA )

= 0,

= 0,

I k = (Ak )c .

k+1
= XI0 k (y − XAk βA
k )/n.

0
−1 0
= (XA
XAk y,
k XAk )

= 0,

= 0,
(7)

(6)

2λk , kβ k + dk kT,∞

(8)

6
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5

Conversely, if β  and d satisfy (4), then β  is a local minimizer of (3).
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in (6). With this choice of λ, we have |Ak | = T, k ≥ 1. Then with an initial β 0 and using
(6) and (7) with the λk in (8), we obtain a sequence of solutions {β k , k ≥ 1}.

√

Now suppose we want the support of the solutions to have the size T , where T ≥ 1 is a
given integer. We can choose

 k+1
βI k




 dk+1
Ak
β k+1


Ak

 k+1
dI k

Then we can obtain an updated approximation pair {β k+1 , dk+1 } by

n
√ o
Ak = i ∈ S |βik + dki | ≥ 2λ ,

Remark 2 Lemma 1 gives the KKT condition of the `0 regularized minimization problem
(3), which is also derived in Jiao et al. (2015). Similar results for SCAD, MCP and capped`1 regularized least squares models can be derived by replacing the hard thresholding operator
in (4) with their corresponding thresholding operators, see Huang et al. (2018) for details.

(5)

(4)

(3)

I



βI



 d 
A

βA




 d

n
√ o
I  = i ∈ S |βi + di | < 2λ ,

We solve this system of equations iteratively. Let {β k , dk } be the solution at the kth
iteration. We approximate {A , I  } by

and

n
√ o
A = i ∈ S |βi + di | ≥ 2λ ,

Let A = supp(β  ) and I  = (A )c . Suppose that the rank of XA is |A |. From the
definition of Hλ (·) and (4) it follows that
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There are two key aspects of SDAR. In (6) we detect the support of the solution based
on the sum of the primal (β k ) and dual (dk ) approximations and, in (7) we calculate the
least squares solution on the detected support. Therefore, SDAR can be considered an
iterative method for solving the KKT equations (4) with an important modification: a
different λ value given in (8) in each step of the iteration is used. Thus we can also view
SDAR as a method that combines adaptive thresholding using primal and dual information
and least-squares fitting. We summarize SDAR in Algorithm 1.

where Hλ (·) is the hard thresholding operator defined by
(
√
0, if |βi | < 2λ,
√
(Hλ (β))i =
βi , if |βi | ≥ 2λ.

Lemma 1 Let β  be a coordinate-wise minimizer of (3). Then β  satisfies:
(
d = X 0 (y − Xβ  )/n,
β  = Hλ (β  + d ),

1
kXβ − yk22 + λkβk0 .
min
β∈Rp 2n

Consider the Lagrangian form of the `0 regularized minimization problem (2),

2. Derivation of SDAR

In Section 2 we develop the SDAR algorithm based on the necessary conditions for the `0
penalized solutions. In Section 3 we establish the nonasymptotic error bounds of the SDAR
solutions. In Section 4 we describe the adaptive SDAR, or ASDAR. In Section 5 we analyze
the computational complexity of SDAR and ASDAR. In Section 6 we compare SDAR with
several greedy methods and a screening method. In Section 7 we conduct simulation studies
to evaluate the performance of SDAR/ASDAR and compare it with Lasso, MCP, FoBa and
DesGras. We conclude in Section 8 with some final remarks. The proofs are given in the
Appendix.

1.4 Organization

P
For a column vector β = (β1 , . . . , βp )0 ∈ Rp , denote its q-norm by kβkq = ( pi=1 |βi |q )1/q , q ∈
[1, ∞], and its number of nonzero elements by kβk0 . Let 0 denote a column vector in Rp or a
matrix whose elements are all 0. Let S = {1, 2, ..., p}. For any A and B ⊆ S with length |A|
and |B|, let βA = (βi , i ∈ A) ∈ R|A| , XA = (Xi , i ∈ A) ∈ Rn×|A| , and let XAB ∈ R|A|×|B| be
a submatrix of X whose rows and columns are listed in A and B, respectively. Let β|A ∈ Rp
be a vector with its i-th element (β|A )i = βi 1(i ∈ A), where 1(·) is the indicator function.
Denote the support of β by supp(β). Denote A∗ = supp(β ∗ ) and K = kβ ∗ k0 . Let kβkk,∞
and |β|min be the kth largest elements (in absolute value) and the minimum absolute value
of β, respectively. Denote the operator norm of X induced by the vector 2-norm by kXk.
Let I be an identity matrix.

1.3 Notation
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Remark 3 If Ak+1 = Ak for some k we stop SDAR since the sequences generated by SDAR
will not change. Under certain conditions, we will show that Ak+1 = Ak = supp(β ∗ ) if k
is large enough, i.e., the stop condition in SDAR will be active and the output is the oracle
estimator when it stops.

0 , β 0 )0
(βÂ
Iˆ

Algorithm 1 Support detection and root finding (SDAR)
Require: β 0 , d0 = X 0 (y − Xβ 0 )/n, T ; set k = 0.
1: for k = 0, 1, 2, · · · do
2:
Ak = {i ∈ S |βik + dik | ≥ kβ k + dk kT,∞ }, I k = (Ak )c
=0
3:
βIk+1
k
=0
4:
dk+1
Ak
5:
β k+1 = (X 0 X )−1 X 0 y
Ak Ak
Ak
Ak
k+1
6:
dIk+1
= XI0 k (y − XAk βA
k
k )/n
7:
if Ak+1 = Ak , then
8:
Stop and denote the last iteration by βÂ , βIˆ, dÂ , dIˆ
9:
else
10:
k =k+1
11:
end if
12: end for
Ensure: β̂ =
as the estimate of β ∗ .

As an example, Figure 1 shows the solution path of SDAR with T = 1, 2, . . . , 5K along
with the MCP and the Lasso paths on 5K different λ values for a data set generated from
a model with (n = 50, p = 100, K = 5, σ = 0.3, ρ = 0.5, R = 10), which will be described
in Section 7. The Lasso path is computed using LARS (Efron et al., 2004). Note that
the SDAR path is a function of the fitted model size T = 1, . . . , L, where L is the size
of the largest fitted model. In comparison, the paths of MCP and Lasso are functions of
the penalty parameter λ in a prespecified interval. In this example, when T ≤ K, SDAR
selects the first T largest components of β ∗ correctly. When T > K, there will be spurious
elements included in the estimated support, the exact number of such elements is T − K.
In Figure 1, the estimated coefficients of the spurious elements are close to zero.

Figure 1: The solution paths of SDAR, MCP and Lasso. We see that large components
were selected in by SDAR gradually when T increases. This is similar to Lasso
and MCP as λ decreases.

Coefficient
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3. Nonasymptotic error bounds

nkuk22

kXA uk22

≤ c+ (s) < ∞, ∀ 0 6= u ∈ R|A| with A ⊂ S and |A| ≤ s.

In this section we present the nonasymptotic `2 and `∞ error bounds for the solution
sequence generated by SDAR as given in Algorithm 1.
We say that X satisfies the sparse Rieze condition (SRC) (Zhang and Huang, 2008;
Zhang, 2010a) with order s and spectrum bounds {c− (s), c+ (s)} if
0 < c− (s) ≤

We denote this condition by X ∼ SRC{s, c− (s), c+ (s)}. The SRC gives the range of the
spectrum of the diagonal sub-matrices of the Gram matrix G = X 0 X/n. The spectrum of
the off diagonal sub-matrices of G can be bounded by the sparse orthogonality constant θa,b
defined as the smallest number such that
0 X uk
kXA
B
2
, ∀ 0 6= u ∈ R|B| with A, B ⊂ S, |A| ≤ a, |B| ≤ b, and A ∩ B = ∅.
nkuk2
θa,b ≥

J

J

y = X β̄ ∗ + η̄,

(10)

Another useful quantity is the mutual coherence µ defined as µ = maxi6=j |Gi,j |, which char√
acterizes the minimum angle between different columns of X/ n. Some useful properties
of these quantities are summarized in Lemma 20 in the Appendix.
In addition to the regularity conditions on the design matrix, another key condition is the
sparsity of the regression parameter β ∗ . The usual sparsity condition is to assume that the
regression parameter βi∗ is either nonzero or zero and that the number of nonzero coefficients
is relatively small. This strict sparsity condition is not realistic in many problems. Here
we allow that β ∗ may not be strictly sparse but most of its elements are small. Let AJ∗ =
{i ∈ S : |βi∗ | ≥ kβ ∗ kJ,∞ } be the set of the indices of the first J largest components of β ∗ .
Typically, we have J  n. Let
M̄
R=
,
(9)
m̄
where m̄ = min{|βi∗ |, i ∈ AJ∗ } and M̄ = max{|βi∗ |, i ∈ AJ∗ }. Since β ∗ = β ∗ |AJ∗ + β ∗ |(AJ∗ )c , we
can transform the non-exactly sparse model (1) to the following exactly sparse model by
including the small components of β ∗ in the noise,

J

J

where
β̄ ∗ = β ∗ |AJ∗ and η̄ = Xβ ∗ |(AJ∗ )c + η.
(11)
√
Let RJ = kβ ∗ |(AJ∗ )c k + kβ ∗ |(AJ∗ )c k / J, which is a measure of the magnitude of the small
2
1
components of β ∗ outside AJ∗ . Of course, RJ = 0 if β ∗ is exactly K-sparse with K ≤ J.
Without loss of generality, we let J = K, m = m̄ and M = M̄ for simplicity if β ∗ is exactly
K-sparse.
1
ky−Xβk22 , βj = 0, j 6∈ AJ∗ },
Let β J,o be the oracle estimator defined as β J,o = arg minβ { 2n
J,o
†
J,o
†
∗
that is, βA
∗ = XA∗ y and β
(A∗ )c = 0, where XA∗ is the generalized inverse of XAJ and
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0 X ∗ )−1 X 0 if X ∗ is of full column rank. So β J,o is obtained by keeping the
equals to (XA
∗
∗
AJ
AJ
AJ
J
predictors corresponding to the J largest components of β ∗ in the model and dropping the
o = X † y, β o
other predictors. Obviously, β J,o = β o if β ∗ is exactly K-sparse, where βA
∗
A∗
(A∗ )c =
0.

8

h2 (T ) =

A⊆S:|A|≤T

max

0
kXA
η̄k2 /n,

(12)

b1 = 1 +

θT,T
γ
1
and b2 =
b1 +
.
c− (T )
(1 − γ)θT,T
c− (T )
(15)

(14)

(13)

√ p
ε1 = c+ (J)RJ + σ T 2 log(p/α)/n.
(18)

(17)

(16)

9
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Remark 5 Part (i) of Theorem 4 establishes the `2 bounds for the approximation errors
of the solution sequence generated by the SDAR algorithm at the (k + 1)th iteration for a
general noise vector η. In particular, (13) gives the `2 bound of the elements in A∗J not
included in the active set in the (k + 1)th iteration, and (14) provides an upper bound for
the `2 estimation error of β k+1 . These error bounds decay geometrically to the model error
measured by h2 (T ) up to a constant factor. Part (ii) specializes these results to the case
where the noise terms are sub-Gaussian.

where

γ
ε1 ,
(1 − γ)θT,T

kβ k+1 − β̄ ∗ k2 ≤ b1 γ k kβ̄ ∗ k2 + b2 ε1 ,

2

kβ̄ ∗ |A∗J \Ak+1 k ≤ γ k+1 kβ̄ ∗ k2 +

(ii) Assume (A1)-(A3) hold. Then for any α ∈ (0, 1/2), with probability at least 1 − 2α,

where

γ
h2 (T ),
(1 − γ)θT,T

kβ k+1 − β̄ ∗ k2 ≤ b1 γ k kβ̄ ∗ k2 + b2 h2 (T ),

2

kβ̄ ∗ |A∗J \Ak+1 k ≤ γ k+1 kβ̄ ∗ k2 +

(i) Assume (A1) and (A2) hold. We have

Theorem 4 Let T be the input integer used in Algorithm 1, where 1 ≤ T ≤ p. Suppose
γ < 1.

where η̄ is defined in (11).

Define

Let 1 ≤ T ≤ p be a given integer used in Algorithm 1. We require the following basic
assumptions on the design matrix X and the error vector η.
(A1) The input integer T used in Algorithm 1 satisfies T ≥ J.
(A2) For the input integer T used in Algorithm 1, X ∼ SRC{2T, c− (2T ), c+ (2T )}.
(A3) The random errors η1 , . . . , ηn are independent and identically distributed with
mean zero and sub-Gaussian tails, that is, there exists a σ ≥ 0 such that E[exp(tηi )] ≤
exp(σ 2 t2 /2) for t ∈ R1 , i = 1, . . . , n.
Let
√ 2
√
2θT,T + (1 + 2)θT,T
(1 + 2)θT,T
+
.
γ=
c− (T )2
c− (T )

3.1 `2 error bounds

L0 penalized regression

kβ k − β̄ ∗ k2 ≤ ch2 (T )

if

Ak ⊇ A∗J

γh2 (T )
(1−γ)θT,T ξ

if

γ

k ≥ log 1

JR
.
1−ξ

√

for some 0 < ξ < 1, then we have

J M̄
,
h2 (T )

√

(20)

(19)
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(iii) Suppose β ∗ is exactly
√ pK-sparse. Let T = K in SDAR. Suppose (A1)-(A3) hold and
γ
m ≥ (1−γ)θ
σ
K 2 log(p/α)/n for some 0 < ξ < 1, we have with probability
T,T ξ

ε1 γ
where ε1 is defined in (18). Furthermore, assume m̄ ≥ (1−γ)θ
for some 0 < ξ < 1,
T,T ξ
then with probability at least 1 − 2α, we have
√
JR
Ak ⊇ A∗J if k ≥ log 1
.
(22)
γ 1 − ξ

(ii) Suppose (A1)-(A3) hold. Then, for any α ∈ (0, 1/2), with probability at least 1 − 2α,
we have
√
J M̄
,
(21)
kβ k − β̄ ∗ k2 ≤ cε1 if k ≥ log 1
γ
ε1

Furthermore, assume m̄ ≥

γ

k ≥ log 1

(i) Suppose (A1) and (A2) hold. Then

where c = b1 + b2 with b1 and b2 defined in (15).

Corollary 8

Remark 7 Several greedy algorithms have also been studied under the assumptions related
to the sparse Riesz condition. For example, Zhang (2011b) studied OMP under the condition
c+ (T )/c− (31T ) ≤ 2. Zhang (2011a) analyzed the forward-backward greedy algorithm (FoBa)
under the condition 8(T + 1) ≤ (s − 2)T c2− (sT ), where s > 0 is a properly chosen parameter.
GraDes has been analyzed under the RIP condition δ2T ≤ 1/3 (Garg and Khandekar, 2009).
These conditions and (A2) are related but do not imply each other. The order of `2 -norm
estimation error of SDAR is at least as good as that of the above mentioned greedy methods
since it achieves the minimax error bound, see, Remark 10 below. A high level comparison
between SDAR and the greedy algorithms will be given in Section 6.

Remark 6 Assumption (A1) is necessary for SDAR to select at least J nonzero features.
The SRC in (A2) has been used in the analysis of the Lasso and MCP (Zhang and Huang,
2008; Zhang, 2010a). Sufficient conditions are provided for a design matrix to satisfy the
SRC in Propositions 4.1 and 4.2 in Zhang and Huang (2008). For example, the SRC would
follow from a mutual coherence condition. Let c(T ) = (1 − c− (2T )) ∨ (c+ (2T ) − 1), which
is closely related to the the RIP (restricted isometry property) constant δ2T for X (Candes
and Tao, 2005). By (43) in the Appendix, it can be verified that a sufficient condition
for γ < 1 is c(T ) ≤ 0.1599, i.e., c+ (2T ) ≤ 1.1599, c− (2T ) ≥ 0.8401. The sub-Gaussian
condition (A3) is often assumed in the literature on sparse estimation and slightly weaker
than the standard normality assumption. It is used to calculate the tail probabilities of
certain maximal functions of the noise vector η.
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√
at least 1 − 2α, Ak = Ak+1 = A∗ if k ≥ log 1 ( KR/(1 − ξ)), i.e., with at most
γ
√
O(log KR) iterations, SDAR stops and the output is the oracle least squares estimator β o .
Remark 9 Parts (i) and (ii) in Corollary 8 show that the SDAR solution sequence achieves
the minimax `2 error bound up to a constant factor and its support covers AJ∗ within√
a finite
number of iterations. In particular, the number of iterations required is O(log( JR)),
depending on the sparsity level J and the relative magnitude R of the coefficients of the
important predictors. In the case of exact sparsity with K nonzero coefficients in the model,
part (iii) provides conditions√under which the SDAR solution is the same as the oracle least
squares estimator in O(log( KR)) iterations with high probability.

(23)

Remark 10 Suppose β ∗ is exactly K-sparse. In the event kηk ≤ ε, part (i) of Corollary
2
√
8 implies kβ k − β ∗ k2 = O(ε/ n) if k is sufficiently large. Under certain conditions on the
√
RIP constant of X, Candes et al. (2006) showed that kβ̂ − β ∗ = O(ε/ n), where β̂ solves
k2

min kβk1 subject to kXβ − yk2 ≤ ε.

β∈Rp

So the result here is similar to that of Candes et al. (2006) (they assumed the columns of X
are unit-length normalized, here the result is stated for the case where the columns of X are
√
n-length normalized). However, it is a nontrivial task to solve (23) in high-dimensional
settings. In comparison, SDAR only involves simple computational steps.

√
√ √ KM
.
σ T 2 log(p/α)/n

max

0
kXA
η̄k∞ /n,

(1 + 2T µ)T µ
16
5
+ 2T µ and cµ =
+ .
1 − (T − 1)µ
3(1 − γµ ) 3
h∞ (T ) =

A⊆S:|A|≤T

(24)

Remark 11 If β ∗ is exactly K-sparse and T = K, part (ii) of Corollary 8 implies that
SDAR achieves the minimax error bound (Raskutti et al., 2011), that is,

1
γ

√ p
kβ k − β ∗ k2 ≤ cσ K 2 log(p/α)/n

with high probability if k ≥ log
3.2 `∞ error bounds

We now consider the `∞ error bounds of SDAR. We replace condition (A2) by

γµ =

(A2*) The mutual coherence µ of X satisfies T µ ≤ 1/4.
Let

Define

where η̄ is defined in (11).
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Theorem 12 Let T be the input integer used in Algorithm 1, where 1 ≤ T ≤ p.
11
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(i) Assume (A1) and (A2*) hold. We have

4
h∞ (T ),
kβ̄ ∗ |AJ∗ \Ak+1 k < γµk+1 kβ̄ ∗ k∞ +
∞
1 − γµ
4
4
4
kβ k+1 − β̄ ∗ k∞ < γµk kβ̄ ∗ k∞ + (
+ 1)h∞ (T ),
3
3 1 − γµ

ε2 = (1 + (T − 1)µ)RJ + σ

p
2 log(p/α)/n.

4
kβ̄ ∗ |AJ∗ \Ak+1 k < γµk+1 kβ̄ ∗ k∞ +
ε2 ,
∞
1 − γµ
4
4
4
kβ k+1 − β̄ ∗ k∞ < γµk kβ̄ ∗ k∞ + (
+ 1)ε2 ,
3
3 1 − γµ

(25)

(26)

(29)

(28)

(27)

(ii) Assume (A1), (A2*) and (A3) hold. For any α ∈ (0, 1/2), with probability at least
1 − 2α,

where

k ≥ log

(i) Suppose (A1) and (A2*) hold. Then

if

1
γµ

R
.
1−ξ

4M̄
.
h∞ (T )

with ξ < 1, then we have

1
γµ

(31)

(30)

Remark 13 Part (i) of Theorem 12 establishes the `∞ bounds for the approximation errors
of the solution sequence at the (k + 1)th iteration for a general noise vector η. In particular,
(25) gives the `∞ bound of the elements in AJ∗ not selected at the (k + 1)th iteration, and
(26) provides an upper bound for the `∞ estimation error of β k+1 . These errors bounds
decay geometrically to the model error measured by h∞ (T ) up to a constant factor. Part
(ii) specializes these to the case where the noise terms are sub-Gaussian.
Corollary 14

4h∞ (T )
(1−γµ )ξ

kβ k − β̄ ∗ k∞ ≤ cµ h∞ (T )
Furthermore, assume m̄ ≥

k ≥ log

if

Ak ⊇ AJ∗

if

4ε2
ξ(1−γµ )

if

k ≥ log

1
γµ

1
γµ

4M̄
,
ε2

R
.
1−ξ

for some 0 < ξ < 1, then

k ≥ log
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(33)

(32)

(ii) Suppose (A1), (A2*) and (A3) hold. Then for any α ∈ (0, 1/2), with probability at
least 1 − 2α,

kβ k − β̄ ∗ k∞ ≤ cµ ε2

where ε2 is given in (29).
Furthermore, assume m̄ ≥

Ak ⊇ AJ∗

12

1
γµ

R
1−ξ ,

i.e., with at most O(log R) iterations,

1
γµ

σ

√

M
.
2 log(p/α)/n

5

10

15

20

25

K

30

35

40

45

50

(35)
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13

where γ ∗ = γ for the `2 results in Theorem 4 and γ ∗ = γµ for the `∞ results in Theorem
12, and c∗ > 0 is a constant depending on the design matrix. The SRC (A2) and the

where k · k can be either the `2 norm or the `∞ norm. This is a measure of the difference
between A∗J and Ak at the kth iteration in terms of the norm of the coefficients in A∗J but
not in Ak . A crucial step is to show that D(Ak ) decays geometrically to a value bounded
by h(T ) up to a constant factor, where h(T ) is h2 (T ) defined in (12) or h∞ (T ) in (24).
Here h(T ) is a measure of the intrinsic error due to the noise η and the approximate error
in (10). Specifically, much effort is spent on establishing the inequality (Lemma 27 in the
Appendix)
D(Ak+1 ) ≤ γ ∗ D(Ak ) + c∗ h(T ), k = 0, 1, 2, . . . ,
(36)

D(Ak ) = kβ̄ ∗ |A∗J \Ak k,

The detailed proofs of Theorems 4 and 12 and their corollaries are given in the Appendix.
Here we describe the main ideas behind the proofs and point out the places where the SRC
and the mutual coherence condition are used.
SDAR iteratively detects the support of the solution and then solves a least squares
problem on the support. Therefore, to study the convergence properties of the sequence
generated by SDAR, the key is to show that the sequence of active sets Ak can approximate
A∗J more and more accurately as k increases. Let

3.3 A brief high-level description of the proofs

Figure 2 shows the average number of iterations of SDAR with T = K based on 100
independent replications on data sets generated from a model with (n = 500, p = 1000, K =
3 : 2 : 50, σ = 0.01, ρ = 0.1, R = 1), which will be described in Section 7.4. We can see
that as the sparsity level increases from 3 to 50 the average number of iterations of SDAR
remains stable, ranging from 1 to 3, which supports the assertion in Corollary 14. More
numerical comparison on number of iterations with greedy methods are shown in Section
7.2.

Figure 2: The average number of iterations of SDAR as K increases.

1

2

3

4
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Remark 19 The number of iterations in Corollary 14 depends on the relative magnitude
R, but not the sparsity level K, see Figure 2 for the numerical results supporting this. This
improves the result in part (iii) of Corollary 8. This is a surprising result since as far as
we know the number of iterations for the greedy methods to recover A∗ depends on K, see
for example, Garg and Khandekar (2009).

Remark 18 Suppose β ∗ is exactly K-sparse. Part (iii) of Corollary 14 implies that with
high probability, the oracle estimator can be recovered in no more than O(log R) steps if
∗
we set
p T = K in SDAR and the minimum magnitude of the nonzero elements of β is
O(σ 2 log(p)/n), which is the optimal magnitude of detectable signals.

is achieved with high probability if k ≥ log

Remark 17 Suppose β ∗ is exactly K-sparse. Part (ii) of Corollary 14 implies that the
sharp error bound
p
kβ k − β ∗ k∞ ≤ cµ σ 2 log(p/α)/n
(34)

Remark 16 The mutual coherence condition sµ ≤ 1 with s ≥ 2K −1 is used in the study of
OMP and Lasso under the assumption that β ∗ is exactly K-sparse. In the noiseless case with
η = 0, Tropp (2004); Donoho and Tsaig (2008) showed that under the condition (2K −1)µ <
1, OMP can recover β ∗ exactly in K steps. In the noisy case with kηk2 ≤ ε, Donoho et al.
(2006) proved that OMP can recover the true support if (2K − 1)µ ≤ 1 − (2ε/m). Cai and
Wang (2011) gave a sharp analysis of OMP under the condition (2K −1)µ < 1. The mutual
coherence condition T µ ≤ 1/4 in (A2*) is a little stronger than those used in the analysis of
the OMP. However, under (A2*) we obtain a sharp `∞ error bound, which is not available
for OMP in the literature. Furthermore, Corollary 14 implies that the number of iterations
of SDAR does not depend on the sparsity level, which is a surprising result and does not
appear in the literature on greedy methods, see Remark 18 below. Lounici (2008); Zhang
(2009) derived an `∞ estimation error bound for the Lasso under the conditions Kµ < 1/7
and Kµ ≤ 1/4, respectively. However, they needed a nontrivial Lasso solver for computing
an approximate solution while SDAR only involves simple computational steps.

Remark 15 Theorem 4 and Corollary 8 can be derived from Theorem 12 and Corollary
14, respectively, by using the relationship between the `∞ norm and the `2 norm. Here
we present them separately because (A2) is weaker than (A2*). The stronger assumption
(A2*) brings us some new insights into the SDAR, i.e., the sharp `∞ error bound, based on
which we can show that the worst case iteration complexity of SDAR does not depend on
the underlying sparsity level, as stated in parts (ii) and (iii) of Corollary 14.

SDAR stops and the output is the oracle least squares estimator β o .

least 1 − 2α, Ak = Ak+1 = A∗ if k ≥ log

(iii) Suppose β ∗ is exactly K-sparse.
Let T = K in SDAR. Suppose (A1), (A2*) and (A3)
p
4
hold and m ≥ ξ(1−γ
σ 2 log(p/α)/n for some 0 < ξ < 1. We have with probability at
µ)

L0 penalized regression

Average number of iterations of SDAR

mutual coherence condition (A2∗ ) play a critical role in establishing (36). Clearly, for this
inequality to be useful, we need 0 < γ ∗ < 1.
Another useful inequality is

L0 penalized regression

(37)

prespecified noise level ε. Inspired by this, we can also run SDAR by increasing T gradually
until the residual sum of squares is smaller than a prespecified value ε.
We summarize these ideas in Algorithm 2 below.

Huang, Jiao, Liu and Lu

kβ k+1 − β̄ ∗ k ≤ c1 D(Ak ) + c2 h(T ),
where c1 and c2 are positive constants depending on the design matrix, see Lemma 23 in
the Appendix. The SRC and the mutual coherence condition are needed to establish this
inequality for the `2 norm and the `∞ norm, respectively. Then combining (36) and (37),
we can show part (i) of Theorem 4 and part (i) of Theorem 12.
The inequalities (36) and (37) hold for any noise vector η. Under the sub-Gaussian
assumption for η, h(T ) can be controlled
p by the sum of unrecoverable approximation error
RJ and the universal noise level O(σ 2 log(p)/n) with high probability. This leads to the
results in the remaining parts of Theorems 4 and 12, as well as Corollaries 8 and 14.
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We give a high level comparison between SDAR and several greedy and screening methods,
including OMP (Mallat and Zhang, 1993; Tropp, 2004; Donoho et al., 2006; Cai and Wang,
2011; Zhang, 2011b), FoBa (Zhang, 2011a), IHT (Blumensath and Davies, 2009; Jain et al.,
2014) or GraDes (Garg and Khandekar, 2009), and SIS (Fan and Lv, 2008). These greedy
methods iteratively select/remove one or more variables and project the response vector
onto the linear subspace spanned by the variables that have already been selected. From

6. Comparison with greedy and screening methods

We look at the number of floating point operations line by line in Algorithm 1. Clearly it
takes O(p) flops to finish step 2-4. In step 5, we use conjugate gradient (CG) method (Golub
and Van Loan, 2012) to solve the linear equation iteratively. During the CG iterations the
main operation include two matrix-vector multiplications, which cost 2n|Ak+1 | flops (the
term X 0 y on the right-hand side can be precomputed and stored). Therefore the number of
CG iterations is smaller than p/(2|Ak+1 |), this ensures that the number of flops in step 5 is
O(np). In step 6, calculating the matrix-vector product costs np flops. In step 7, checking
the stopping condition needs O(p) flops. So the the overall cost per iteration of Algorithm 1
is O(np). By Corollary 14 it needs no more than O(log(R)) iterations to get a good solution
for Algorithm 1 under the certain conditions. Therefore the overall cost of Algorithm 1 is
O(np log(R)) for exactly sparse and approximately sparse case under proper conditions.
Now we consider the cost of ASDAR (Algorithm 2). Assume ASDAR is stopped when
k = L. Then the above discussion shows the the overall cost of Algorithm 2 is bounded by
O(Lnp log(R)) which is very efficient for large scale high dimension problem since the cost
increases linearly in the ambient dimension p.

5. Computational complexity

Algorithm 2 Adaptive SDAR (ASDAR)
Require: Initial guess β 0 , d0 , an integer τ , an integer L, and an early stopping criterion
(optional). Set k = 1.
1: for k = 1, 2, · · · do
2:
Run Algorithm 1 with T = τ k and with initial value (β k−1 , dk−1 ). Denote the output
by (β k , dk ).
3:
if the early stopping criterion is satisfied or T > L then
4:
stop
5:
else
6:
k = k + 1.
7:
end if
8: end for
Ensure: β̂(T̂ ) as estimations of β ∗ .

4. Adaptive SDAR
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In practice, because the sparsity level of the model is usually unknown, we can use a data
driven procedure to determine an upper bound, T , for the number of important variables,
J, used in SDAR (Algorithm 1). The idea is to take T as a tuning parameter, so T plays
a role similar to the penalty parameter λ in a penalized method. We can run SDAR
from T = 1 to a large T = L. For example, we can take L = O(n/ log(n)) as suggested
by Fan and Lv (2008), which is an upper bound of the largest possible model that can
be consistently estimated with sample size n. By doing so we obtain a solution path
{β̂(T ) : T = 0, 1, . . . , L}, where β̂(0) = 0, that is, T = 0 corresponds to the null model.
Then we use a data driven criterion, such as HBIC (Wang et al., 2013), to select a T = T̂
and use β̂(T̂ ) as the final estimate. The overall computational complexity of this process is
O(Lnp log(R)), see Section 5.
We can also compute the path by increasing T along a subsequence of the integers in
[1, L], for example, by taking a geometrically increasing subsequence. This will reduce the
computational cost, but here we consider the worst-case scenario.
We note that tuning T is no more difficult than tuning a continuous penalty parameter
λ in a penalized method. Indeed, we can simply increase T one by one from T = 0 to
T = L (or along a subsequence). In comparison, in tuning the value of λ based on a
pathwise solution over an interval [λmin , λmax ], where λmax corresponds to the null model
and λmin > 0 is a small value, we need to determine the grid of λ values on [λmin , λmax ]
as well as λmin . Here λmin corresponds to the largest model on the solution path. In the
numerical implementation of the coordinate descent algorithms for the Lasso (Friedman
et al., 2007), MCP and SCAD (Breheny and Huang, 2011), λmin = αλmax for a small α, for
example, α = 0.0001. Determining the value of L is somewhat similar to determining λmin .
However, L has the meaning of the model size, but the meaning of λmin is less explicit.
We also have the option to stop the iteration early according to other criterions. For
example, we can run SDAR by gradually increasing T until the change in the consecutive
solutions is smaller than a given value. Candes et al. (2006) proposed to recover β ∗ based
on (23) by finding the most sparse solution whose residual sum of squares is smaller than a
15

β k + dk ≈ β ∗ .
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7.2 Accuracy and efficiency
We compare the accuracy and efficiency of SDAR/ASDAR with Lasso (LARS), MCP,
GraDes and FoBa.
We consider a moderately large scale setting with n = 5000 and p = 50000. The number
of nonzero coefficients is set to be K = 400. So the sample size n is about O(K log(p − K)).
The dimension of the model is nearly at the limit where β ∗ can be reasonably well estimated
by the Lasso (Wainwright, 2009).
To generate the design matrix X, we first generate an n × p random Gaussian matrix X̄
√
whose entries are i.i.d. N (0, 1) and then normalize its columns to the n length. Then X
is generated with X1 = X̄1 , Xj = X̄j + ρ(X̄j+1 + X̄j−1 ), j = 2, . . . , p − 1 and Xp = X̄p . The
underlying regression coefficient β ∗ is
p generated with the nonzero coefficients uniformly
distributed in [m, M ], where m = σ 2 log(p)/n and M = 100m. Then the observation
vector y = Xβ ∗ + η with η1 , . . . , ηn generated independently from N (0, σ 2 ). We set R =
100, σ = 1 and ρ = 0.2, 0.4 and 0.6.

We implemented SDAR/ASDAR, FoBa, GraDes and MCP in MatLab. For FoBa, our
MatLab implementation follows the R package developed by Zhang (2011a). We optimize
it by keeping track of rank-one updates after each greedy step. Our implementation of MCP
uses the iterative threshholding algorithm (She, 2009) with warm starts. Publicly available
Matlab packages for LARS (included in the SparseLab package) are used. Since LARS and
FoBa add one variable at a time, we stop them when K variables are selected in addition
to their default stopping conditions. Of course, doing so will reduce the computation time
for these algorithms as well as improve accuracy by preventing overfitting.
In GraDes, the optimal gradient step length sk depends on the RIP constant of X, which
is NP hard to compute (Tillmann and Pfetsch, 2014). Here, we set sk = 1/3 following Garg
√
and Khandekar (2009). We stop GraDes when the residual norm is smaller than ε = nσ,
or the maximum number of iterations is greater than n/2. We compute the MCP solution
path and select an optimal solution using the HBIC (Wang et al., 2013). We stop the
iteration when the residual norm is smaller than ε = kηk2 , or the estimated support size
is greater than L = n/ log(n). In ASDAR (Algorithm 2), we set τ = 50 and we stop the
√
iteration if the residual ky − Xβ k k is smaller than ε = nσ or k ≥ L = n/ log(n).

7.1 Implementation

7. Simulation Studies

where HK (·) is the hard thresholding operator by keeping the first K largest elements and
setting others to 0. The step size sk is chosen as sk = 1 and sk = 1/(1 + δ2K ) (where
δ2K is the RIP constant) for IHT and GraDes, respectively. IHT and GraDes use both
primal and dual information to detect the support of the solution, which is similar to
SDAR. But when the approximate active set is given, SDAR uses least squares fitting,
which is more accurate than just keeping the largest elements by hard thresholding. This
is supported by the simulation results given in Section 7. Jain et al. (2014) proposed an
iterative hard thresholding algorithm for general high-dimensional sparse regressions. In
the linear regression setting, the algorithm proposed in Jain et al. (2014) is the same as
GraDes. Jain et al. (2014) also considered a two-stage IHT, which involves a refit step
on the detected support. Yuan et al. (2018) extended gradient hard thresholding for least
squares loss to a general class of convex losses and analyzed the estimation and sparsity
recovery performance of their proposed method. Under restricted strongly convexity (RSS)
and restricted strongly smoothness conditions (RSC), Jain et al. (2014) derived an error
estimate between the approximate solutions and the oracle solution in `2 norm, which has
the same order as our result in Section 3.1. There are some differences between SDAR and
the two-stage IHT proposed in Jain et al. (2014). First, SDAR solves an n × K least squares
problem at each iteration while the two-stage IHT involves two least-squares problems with
larger sizes. The regularity conditions on X for SDAR concerns 2K × 2K submatrices of
X, while the regularity conditions for the two-stage IHT involves larger submatries of X.
Second, our results are applicable to approximately sparse models. Jain et al. (2014) only
considered exact sparse case. Third, we showed in (iii) of Corollary 3.1 that the iteration
complexity of SDAR is O(log K). In comparison, the iteration complexity of the two-stage
IHT is O(K). We also established an `∞ norm estimation result and showed that the
number of iterations of SDAR is independent of the sparsity level, see (iii) of Corollary 3.2.
Last, we showed that the stopping criterion for SDAR can be archived in finitely many steps
(Corollary 3.1 (iii) and Corollary 3.2. (iii)). However, Jain et al. (2014) did not discuss this
issue.

Hence, SDAR can approximate the underlying support A∗ more accurately than OMP and
Foba. This is supported by the simulation results given in Section 7.
IHT (Blumensath and Davies, 2009; Jain et al., 2014) or GraDes (Garg and Khandekar,
2009), can be formulated as
β k+1 = HK (β k + sk dk ),
(38)

and

Fan and Lv (2008) proposed SIS for dimension reduction in ultrahigh dimensional liner
regression problems. This method selects variables with the T largest absolute values of
X 0 y. To improve the performance of SIS, Fan and Lv (2008) also considered an iterative
SIS, which iteratively selects more than one feature at a time until a desired number of
variables are selected. They reported that the iterative SIS outperforms SIS numerically.
However, the iterative SIS lacks a theoretical analysis. Interestingly, the first step in SDAR
initialized with 0 is exactly the same as the SIS. But again the process of SDAR is different
from the iterative SIS in that the active set of SDAR is determined based on the sum of
primal and dual approximations while the iterative SIS uses dual only.

this point of view, they and SDAR share a similar characteristic. However, OMP and FoBa,
select one variable per iteration based on the current correlation, i.e., the dual variable dk
in our notation, while SDAR selects T variables at a time based on the sum of primal (β k )
and dual (dk ) information. The following interpretation in a low-dimensional setting with
a small noise term may clarify the differences between these two approaches. If X 0 X/n ≈ I
and η ≈ 0, we have

dk = X 0 (y − Xβ k )/n = X 0 (Xβ ∗ + η − Xβ k )/n ≈ β ∗ − β k + X 0 η/n ≈ β ∗ − β k ,
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Table 1 shows the results based on 100 independent replications. The first column
gives the correlation value ρ and the second column shows the methods in the comparison.
The third and the fourth columns give the averaged relative error, defined as ReErr =
P
kβ̂ − β ∗ k/kβ ∗ k, and the averaged CPU time (in seconds), The standard deviations of the
CPU times and the relative errors are shown in the parentheses. In each column of Table
1, the numbers in boldface indicate the best performers.

L0 penalized regression

Huang, Jiao, Liu and Lu

time(s)
4.8e+1 (9.8e-1)
9.3e+2 (2.4e+3)
2.3e+1 (9.0e-1)
4.9e+1 (3.9e-1)
8.4e+0 (4.5e-1)
1.4e+0 (5.1e-2)
4.8e+1 (1.8e-1)
2.2e+2 (1.6e+1)
8.7e+2 (2.6e+3)
5.0e+1 (4.2e-1)
8.8e+0 (3.2e-1)
2.3e+0 (1.7e+0)
4.8e+1 (3.5e-1)
4.6e+2 (5.1e+2)
1.5e+2 (2.3e+2)
5.1e+1 (1.1e+0)
1.1e+1 (5.1e-1)
2.1e+0 (8.6e-2)
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The bottom right panel of Figure 3 shows the influence of correlation ρ on the performance
of ASDAR, LARS, MCP, GraDes and FoBa. Data are generated from the model with
(n = 150, p = 500, K = 25, σ = 0.1, ρ = 0.05 : 0.1 : 0.95, R = 102 ). The performance of

7.3.4 Influence of correlation ρ

The bottom left panel of Figure 3 shows the influence of ambient dimension p on the
performance of ASDAR, LARS, MCP, GraDes and FoBa. Data are generated from the
model with (n = 100, p = 200 : 200 : 1000, K = 20, σ = 1, ρ = 0.3, R = 10). We see that
the probabilities of exactly recovering the support of the underlying coefficients of ASDAR
and MCP are higher than those of the other solvers as p increasing, which indicate that
ASDAR and MCP are more robust to the ambient dimension.

7.3.3 Influence of the ambient dimension p

The top right panel of Figure 3 shows the influence of the sample size n on the probability
of correctly estimating A∗ . Data are generated from the model with (n = 30 : 20 : 200, p =
500, K = 10, σ = 0.1, ρ = 0.1, R = 10). We see that the performance of all the five methods
becomes better as n increases. However, ASDAR performs better than the others when
n = 30 and 50. These simulation results indicate that ASDAR is more capable of handling
high-dimensional data when p/n is large in the generating models considered here

7.3.2 Influence of the sample size n

The top left panel of Figure 3 shows the results of the influence of sparsity level K on the
probability of exact recovery of A∗ of ASDAR, LARS, MCP, GraDes and FoBa. Data are
generated from the model with (n = 500, p = 1000, K = 10 : 50 : 360, σ = 0.5, ρ = 0.1, R =
103 ). Here K = 10 : 50 : 360 means the sample size starts from 10 to 360 with an increment
of 50. We use L = 0.8n for both ASDAR and MCP to eliminate the effect of stopping rule
since the maximum K = 360. When the sparsity level K = 10, all the solvers performed
well in recovering the true support. As K increases, LARS was the first one that failed to
recover the support and vanished when K = 60 (this phenomenon had also been observed
in Garg and Khandekar (2009), MCP began to fail when K > 110, GraDes and FoBa began
to fail when K > 160. In comparison, ASDAR was still able to do well even when K = 260.

7.3.1 Influence of the sparsity level K

In this set of simulations, the rows of the design matrix X are drawn independently
from N (0, Σ) with Σjk = ρ|j−k| , 1 ≤ j, k ≤ p. The elements of the error vector η are
generated independently with ηi ∼ N (0, σ 2 ), i = 1, . . . , n. Let R = M/m, where, M =
∗ |}, m = min{|β ∗ |} = 1. The underlying regression coefficient vector β ∗ ∈ Rp is
max{|βA
∗
A∗
generated in such a way that A∗ is a randomly chosen subset of {1, 2, ..., p} with |A∗ | =
K < n and R ∈ [1, 103 ]. Then the observation vector y = Xβ ∗ + η. We use {n, p, K, σ, ρ, R}
to indicate the parameters used in the data generating model described above. We run
ASDAR with τ = 5, L = n/ log(n) (if not specified). We use the HBIC (Wang et al., 2013)
to select the tuning parameter T . The simulation results given in Figure 3 are based on 100
independent replications.

ReErr
1.1e-1 (2.5e-2)
7.5e-4 (3.6e-5)
1.1e-3 (7.0e-5)
7.5e-4 (7.0e-5)
7.5e-4 (4.0e-5)
7.5e-4 (4.0e-5)
1.8e-1 (1.2e-2)
6.2e-4 (3.6e-5)
8.8e-4 (5.7e-5)
1.0e-2 (1.4e-2)
6.0e-4 (2.6e-5)
6.0e-4 (2.6e-5)
3.0e-1 (2.5e-2)
4.5e-4 (2.5e-5)
7.8e-4 (1.1e-4)
8.3e-3 (1.3e-2)
4.3e-4 (3.0e-5)
4.3e-4 (3.0e-5)

Table 1: Numerical results (relative errors, CPU times) on data sets with n = 5000, p =
50000, K = 400, R = 100, σ = 1, ρ = 0.2 : 0.2 : 0.6.
ρ

0.2

0.4

0.6

Method
LARS
MCP
GraDes
FoBa
ASDAR
SDAR
LARS
MCP
GraDes
FoBa
ASDAR
SDAR
LARS
MCP
GraDes
FoBa
ASDAR
SDAR

We see that when the correlation ρ is low, i.e., ρ = 0.2, MCP, FoBa, SDAR and ASDAR are on the top of the list in average error (ReErr). In terms of speed, SDAR/ASDAR
is about 3 to 100 times faster than the other methods. As the correlation ρ increases
to ρ = 0.4 and ρ = 0.6, FoBa becomes less accurate than SDAR/ASDAR. MCP is
similar to SDAR/ASDAR in terms of accuracy, but it is 20 to 100 times slower than
SDAR/ASDAR. The standard deviations of the CPU times and the relative errors of MCP
and SDAR/ASDAR are similar and smaller than those of the other methods in all the three
settings.
7.3 Influence of the model parameters
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We now consider the effects of each of the model parameters on the performance of ASDAR,
LARS, MCP, GraDes and FoBa more closely.
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60

400

110

LARS
MCP
ASDAR
GraDes
FoBa

160

p

600

K

210

800

260

LARS
MCP
ASDAR
GraDes
FoBa

310

1000

360

1

0
0.05

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

30

70

0.15

0.25

LARS
MCP
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We have only considered the linear regression model. It would be interesting to generalize
SDAR to models with more general loss functions or with other types of sparsity structures.

SDAR is a constructive approach for fitting sparse, high-dimensional linear regression models. Under appropriate conditions, we established the nonasymptotic minimax `2 error
bound and optimal `∞ error bound of the solution sequence generated by SDAR. We also
calculated the number of iterations required to achieve these bounds. In particular, an
interesting and surprising aspect of our results is that, under a mutual coherence condition
on the design matrix, the number of iterations required for the SDAR to achieve the optimal `∞ bound does not depend on the underlying sparsity level. In addition, SDAR has
the same computational complexity per iteration as LARS, coordinate descent and greedy
methods. Our simulation studies demonstrate that SDAR/ASDAR is accurate, fast, stable
and easy to implement, and it is competitive with or outperforms the Lasso, MCP and two
greedy methods in efficiency and accuracy in the generating models we considered. These
theoretical and numerical results suggest that SDAR/ASDAR is a useful addition to the
literature on sparse modeling.

8. Concluding remarks

Figure 4: Comparisons the dependence of number of iterations (left panels) and accuracy
(right panels) on sparsity level K with data set (n = 500, p = 1000, K = 5 : 5 :
55, σ = 0.05, ρ = 0.3, R = 1) and (n = 2000, p = 5000, K = 10 : 20 : 250, σ =
0.05, ρ = 0.3, R = 1).
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In this subsection we compare SDAR with GraDes (IHT) in terms of the number of iterations. We run 100 independent replications on data sets generated from the models with
(n = 500, p = 1000, K = 5 : 5 : 55, σ = 0.05, ρ = 0, R = 1) and (n = 2000, p = 5000, K =
10 : 20 : 250, σ = 0.05, ρ = 0, R = 1) described in Section 7.3. The average number of
iteration (left column) and average absolute error in `∞ norm (right column) are displayed
in Figure 4. We can see that the number of iterations of GraDes increases almost sublinearly as the sparsity level K increases while that of SDAR almost varies little. And in
terms of the average error, SDAR is serval times more accurate than GraDes. This provides
empirical support for our theoretical results in Corollary 30.

7.4 Number of iterations

In summary, our simulation studies demonstrate that SDAR/ASDAR is generally more
accurate, more efficient and more stable than Lasso, MCP, FoBa and GraDes.

Figure 3: Numerical results of the influence of sparsity level K (top left panel), sample size
n (top right panel), ambient dimension p (bottom left panel) and correlation ρ
(bottom right panel) on the probability of exact recovery of the true support of
all the solvers considered here.
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all the solvers becomes worse when the correlation ρ increases. However, ASDAR generally
performed better than the other methods as ρ increases.

Probability

Probability

Probability
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It would also be interesting to develop parallel or distributed versions of SDAR that can
run on multiple cores for data sets with big n and large p or for data that are distributively
stored.
We have implemented SDAR in a Matlab package sdar, which is available at http:
//homepage.stat.uiowa.edu/~jian/.
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Appendix A
Proof of Lemma 1.
1
Proof Let Lλ (β) = 2n
kXβ − yk22 + λkβk0 . Suppose β  is a coordinate-wise minimizer of
Lλ . Then


βi ∈ argmin Lλ (β1 , ..., βi−1
, t, βi+1
, ..., βp )
t∈R

t∈R

1
⇒ βi ∈ argmin 2n
kXβ  − y + (t − βi )Xi k22 + λ|t|0
t∈R

⇒ βi ∈ argmin 21 (t − βi )2 + n1 (t − βi )Xi0 (Xβ  − y) + λ|t|0
⇒ βi ∈ argmin 12 (t − (βi + Xi0 (y − Xβ  )/n))2 + λ|t|0 .
t∈R

for i = 1, ..., p,


1
2n kXβ

√

(39)
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− yk22 + λ ≥ λ − |hh, d i|,

√

2λ. Further-

Let d = X 0 (y − Xβ  )/n. By the definition of the hard thresholding operator Hλ (·) in (5),
we have
βi = Hλ (βi + di )
which shows (4) holds.
Conversely, suppose (4) holds. Let
n
√ o
A = i ∈ S |βi + di | ≥ 2λ .

− y + Xhk22 −

2λ. We consider

By (4) and the definition of Hλ (·) in (5), we deduce that for i ∈ A , |βi | ≥
 = X 0 (y − X  β  )/n, which is equivalent to
more, 0 = dA

A A
A
2

1


βA
 ∈ argmin
2n kXA βA − yk2 .


1
2n kXβ

Next we show Lλ (β  + h) ≥ Lλ (β  ) if h is small enough with khk∞ <
two cases. If
6= 0, then
h(A )c

Lλ (β  + h) − Lλ (β  ) ≥
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which is positive for sufficiently small h. If h(A )c = 0, by the minimizing property of βA

in (39) we deduce that Lλ (β  + h) ≥ Lλ (β  ). This completes the proof of Lemma 1.

+ b))

(46)

(45)

(44)

(43)

(42)

(41)

(40)

Lemma 20 Let A and B be disjoint subsets of S, with |A| = a and |B| = b. Assume
X ∼ SRC(a + b, c− (a + b), c+ (a + b)). Let θa,b be the sparse orthogonality constant and let
µ be the mutual coherence of X. Then we have

+ b) − 1) ∨ (1 −

c− (a

T
XA ≤ nc+ (a),
nc− (a) ≤ XA
1
1
T
≤ (XA
XA )−1 ≤
,
nc+ (a)
nc− (a)
p
nc+ (a)

≤

(c+ (a

0
XA
≤

θa,b

∀u ∈ R|A| .

0
kXB
X
∀u ∈ R|A| ,
A uk∞ ≤ naµkuk∞ ,
p
n(1 + (a − 1)µ).

kuk∞
,
n(1 − (a − 1)µ)

0
≤
kXA k = XA

Furthermore, if µ < 1/(a − 1), then

0
k(XA
XA )−1 uk∞ ≤

Moreover, c+ (s) is an increasing function of s, c− (s) a decreasing function of s and θa,b an
increasing function of a and b.

i6=j=1

a
X

|Gi,j | ≤ (a − 1)µ ∀i ∈ A,

0 X /n is
Proof The assumption X ∼ SRC(a, c− (a), c+ (a)) implies the spectrum of XA
A
contained in [c− (a), c+ (a)]. So (40) - (42) hold. Let I be an (a + b) × (a + b) identity
0 X /n is a submatrix of X 0
matrix. (43) follows from the fact that XA
B
A∪B XA∪B /n − I whose
spectrum
norm is less than (1 − c− (a + b)) ∨ (c+ (a + b) − 1). Let G = X 0 X/n. Then,
Pa
Gi,j uj | ≤ µakuk∞ , for all i ∈ B, which implies (44). By Gerschgorin’s disk theorem,
| j=1

| kGA,A k − Gi,i | ≤

a
X

j=1

Gi,j uj | ≥ |ui | −

i6=j=1

a
X

|Gi,j | |uj | ≥ kuk∞ − µ(a − 1)kuk∞ .

thus (45) holds. For (46), it suffices to show kGA,A uk∞ ≥ (1−(a−1)µ)kuk∞ if µ < 1/(a−1).
In fact, let i ∈ A such that kuk∞ = |ui |, then
kGA,A uk∞ ≥ |

(48)

(47)

The last assertion follows from their definitions. This completes the proof of Lemma 20.

|A|≤T
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Lemma 21 Suppose (A3) holds. We have for any α ∈ (0, 1/2),


p
P kX 0 ηk∞ ≤ σ 2 log(p/α)n ≥ 1 − 2α,


√ p
0
P max kXA
ηk2 ≤ σ T 2 log(p/α)n ≥ 1 − 2α.

24

A∗J

4k = β k+1 − β̄ ∗ |Ak .
(Ak )

2

2

∞

(51)

(50)

(49)

25
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3. In Lemma 24 we show that D2 (Ak+1 ) (D∞ (Ak+1 )) can be bounded by the norm of
β̄ ∗ on the lost indices, which in turn can be controlled in terms of D2 (Ak ) and h2 (T )
(D∞ (Ak ) and h∞ (T )) and the norms of 4k , β k+1 and dk+1 on the lost indices.

2. In Lemma 23 we show that the `2 norms (`∞ norms) of 4k and β k − β̄ ∗ are controlled
in terms of D2 (Ak ) and h2 (T ) (D∞ (Ak ) and h∞ (T )).

1. In Lemma 22 we show that the effects of the noise and the approximation model
(10) measured by h2 (T ) and h∞ (T ) can be controlled by the
p sum of unrecoverable
approximation error RJ and the universal noise level O(σ 2 log(p)/n) with high
probability, provided that η is sub-Gaussian.

In Subsection 3.3, we described the overall approach for proving Theorems 4 and 12.
Before proceeding to the proofs, we break down the argument into the following steps.

2

D∞ (Ak ) = kβ̄ ∗ |A◦ \Ak k∞ = kβ̄ ∗ |Ak k .

D2 (Ak ) = kβ̄ ∗ |A◦ \Ak k2 = kβ̄ ∗ |Ak k ,

k
k
|Ak11 | + |Ak22 | = |I33
| + |I44
|,

These notation can be easily understood in the case T = J. For example, D2
and
D∞ (Ak ) are measures of the difference between the active set Ak and the target support
A∗J . Ak1 and I3k contain the correct indices and incorrect indices in Ak , respectively. Ak11 and
Ak22 include the indices in A◦ that will be lost from the kth iteration to the (k+1)th iteration.
k and I k contain the indices included in I ◦ that will be gained from the kth iteration
I33
44
to the (k + 1)th iteration. By Algorithm 1, we have |Ak | = |Ak+1 | = T , Ak = Ak1 ∪ I3k ,
|Ak2 | = |A◦ | − |Ak1 | = |A◦ | − |I3k | = T − (T − lk ) = lk ≤ T , and

and

k
k
Ak11 = Ak1 \(Ak+1 ∩ Ak1 ), Ak22 = Ak2 \(Ak+1 ∩ Ak2 ), I33
= Ak+1 ∩ I3k , I44
= Ak+1 ∩ I4k ,

Denote the cardinality of I3k by lk = |I3k |. Let

These quantities measure the differences between Ak and
in terms of the `2 and `∞
norms of the coefficients in A∗J but not in Ak . A crucial step in our proofs is to control the
sizes of these measures.
Let
Ak1 = Ak ∩ A◦ , Ak2 = A◦ \Ak1 , I3k = Ak ∩ I ◦ , I4k = I ◦ \I3k .

2

We now define some notation that will be useful in proving Theorems 4 and 12. For
any given integers T and J with T ≥ J and F ⊆ S with |F | = T − J, let A◦ = A∗J ∪ F and
I ◦ = (A◦ )c . Let {Ak }k be the sequence of active sets generated by SDAR (Algorithm 1).
Define
D2 (Ak ) = kβ̄ ∗ |A∗J \Ak k and D∞ (Ak ) = kβ̄ ∗ |A∗ \Ak k∞ .

Proof This lemma follows from the sub-Gaussian assumption (A3) and standard probability calculation, see Zhang and Huang (2008); Wainwright (2009) for details.

L0 penalized regression

kXβ ∗ |(A∗J )c k ≤
2

p
nc+ (J)RJ ,

h∞ (T ) ≤ ε2 ,

h2 (T ) ≤ ε1 ,

(54)

(53)

(52)

i≥2

r

i≥1

1
kβk1 ),
J

1
kβAi−1 k1
J

26

0
0
0
kXA
η̄k2 /n ≤ kXA
Xβ ∗ |(A∗J )c k /n + kXA
ηk2 /n
√ 2p
≤ c+ (J)RJ + σ T 2 log(p/α)/n.
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where the first inequality follows from the triangle inequality, the second inequality follows
from (42), and the third and fourth ones follows from simple algebra. This implies (54)
holds by observing the definition of RJ . By the triangle inequality, (42), (54) and (48), we
have with probability at least 1 − 2α,

p
≤ nc+ (J)(kβk2 +

r

i≥2

X
p
p
nc+ (J)kβA1 k2 + nc+ (J)
kβAi k2

X
p
p
≤ nc+ (J)kβk2 + nc+ (J)

≤

under the assumption of X ∼ SRC(c− (T ), c+ (T ), T ) and (A1). In fact, let β be an arbitrary
vector in Rp and A1 be the first J largest positions of β, A2 be the next and so forth. Then
X
kXβk2 ≤ kXβA1 k2 +
kXβAi k2

Proof We first show

where ε2 is defined in (29).

(ii) We have

where ε1 is defined in (18).

(i) If X ∼ SRC(T, c− (T ), c+ (T )), then

Lemma 22 Let A ⊂ S with |A| ≤ T . Suppose (A1) and (A3) holds. Then for α ∈ (0, 1/2)
with probability at least 1 − 2α, we have

Then we prove Theorems 4 and 12 based on Lemma 27, (56) and (58).

5. We combine Lemmas 22-26 and get the desired relations between D2 (Ak+1 ) and
D2 (Ak ) (D∞ (Ak+1 ) and D∞ (Ak )) in Lemma 27.

4. In Lemma 25 we make use of the orthogonality between β k and dk to show that the
norms of β k+1 and dk+1 on the lost indices can be bounded by the norm on the gained
indices. Lemma 26 gives the upper bound of the norms of β k+1 and dk+1 on the gained
indices by the sum of D2 (Ak ), h2 (T ) (D∞ (Ak ), h∞ (T )), and the norm of 4k .
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1)µ)RJ .

Therefore, (52) follows by noticing the monotone increasing property of c+ (·), the definition
of ε1 in (18) and the arbitrariness of A.
p
p
By a similar argument for (54) and replacing nc+ (J) with n(1 + (J − 1)µ) based
on (45), we get
p
kXβ ∗
≤ n(1 + (K −
(55)
|(AJ∗ )c k
2

Therefore, by (45), (55) and (47), we have with probability at least 1 − 2α,

0
kXA
η̄k∞ /n ≤

≤
p
2 log(p/α)/n.

0
0
kXA
Xβ ∗ |(A∗ )c k /n + kXA
ηk2 /n
J
∞
0
0
kXA
Xβ ∗ |(AJ∗ )c k /n + kXA
ηk2 /n
2

≤ (1 + (J − 1)µ)RJ + σ

1

(57)

(58)

(59)

(60)
(61)
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+ η̄),

(56)

This implies part (ii) of Lemma 22 by noticing the definition of ε2 in (29) and the arbitrariness of A. This completes the proof of Lemma 22.

Lemma 23 Let A ⊂ S with |A| ≤ T . Suppose (A1) holds.


θ
h2 (T )
T,T
kβ k+1 − β̄ ∗ k2 ≤ 1 +
D2 (Ak ) +
,
c− (T )
c− (T )

(i) If X ∼ SRC(T, c− (T ), c+ (T )),

and
θT,T
h2 (T )
kβ̄ ∗ |Ak k +
.
2 2
c− (T )
c− (T )

+

∗
XAk β̄A
k
2
2

Tµ
h∞ (T )
kβ̄ ∗ |Ak k +
.
2 ∞
1 − (T − 1)µ
(1 − (T − 1)µ)

1+µ
h∞ (T )
≤
D∞ (Ak ) +
,
1 − (T − 1)µ
1 − (T − 1)µ

k4k k2 ≤

k4k k∞ ≤

kβ k+1 − β̄ ∗ k∞

(ii) If (T − 1)µ < 1, then

and

Proof We have

=

k+1
βA
=
k

0
−1 0
(XA
X
k XAk )
Ak y
0
−1 0
∗
(XA
XAk (XAk β̄A
k XAk )
k
1
1

−1 0
0
XAk XAk (β̄ ∗ |Ak )Ak
(β̄ ∗ |Ak )Ak = (XA
k XAk )
1

0
−1 0
∗
= (XA
XAk (XAk β̄A
k XAk )
k ),
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1

1

2

2

where the first equality uses the definition of β k+1 in Algorithm 1, the second equality
∗ + X β̄ ∗ + η̄, the third equality is simple algebra,
follows from y = X β̄ ∗ + η̄ = XAk β̄A
k
Ak Ak
k4k k2 =

− (β̄ ∗ |Ak )Ak k

2

≤

2

2

1
0
∗
0
≤
(kXA
k XAk β̄Ak k + kXAk η̄k2 )
2
2 2
nc− (T )
θT,T
h2 (T )
kβ̄ ∗ |Ak k +
,
2 2
c− (T )
c− (T )

2

−1 0
∗
0
XAk (XAk β̄A
= k(XA
k + η̄)k
k XAk )

k+1
kβA
k

and the last one uses the definition of A1k . Therefore,

2

22

∞

2

D2 (Ak+1 ) ≤

∞

11

∞

k+1
+ kβA
.
k k

22

2

11

2

(62)

(63)

(64)

(65)

(66)

(67)

if X ∼ SRC(T, c− (T ), c+ (T )).

k
k
+ T µk4A
k k∞ + T µD∞ (A ) + h∞ (T ),

c− (T )

k+1
k
k
kdA
k k + θT,T k4Ak k2 + θT,T D2 (A ) + h2 (T )

22

11

k
≤ k4A
k k

≤

D∞ (Ak+1 ) ≤

∞

∗
kβ̄A
k k
11 2
11

∗
kβ̄A
k k

kβ̄ ∗ k k + kβ̄ ∗ k k ,
A11
A
22 2
2
∗
∗
kβ̄A
+
k
β̄
.
k k
k k
A22
11 ∞
∞
k+1
k
k4A
k k + kβ k k ,
A11 2
11 2

where the first equality uses supp(β k+1 ) = Ak , the second equality follows from (61) and
(60), the first inequality follows from (41) and the triangle inequality, and the second inequality follows from (50), the definition of θa,b and the definition of h2 (T ). This proves
(57). Then the triangle inequality kβ k+1 − β̄ ∗ k2 ≤ kβ k+1 − β̄ ∗ |Ak k2 + kβ̄ ∗ |A◦ \Ak k2 and (57)
imply (56).
Using an argument similar to the proof of (57) and by (46), (44) and (51), we can show
(59). Thus (58) follows from the triangle inequality and (59). This completes the proof of
Lemma 23.

Lemma 24

∞

k+1
≤ kdA
k k

Furthermore, assume (A1) holds. We have
22

∗
kβ̄A
k k

22

∗
kβ̄A
k k ≤

2

∗
∗
k ≤ kβ̄A
k k + kβ̄Ak k .

k , Ak and Ak , we have
Proof By the definitions of D2 (Ak+1 ), A11
11
22

k
11 ∪A22

D2 (Ak+1 ) = kβ̄ ∗ |A◦ \Ak+1 k2 = kβ̄ ∗ |Ak

2

Ak Ak
11

11

2

11

2

2
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11

k
∗
k
+ 4A
k k ≥ kβ̄Ak k − k4Ak k .

This proves (62). (63) can be proved similarly. To show (64), we note that 4k = β k+1 −
β̄ ∗ |Ak . Thus

11


k+1
∗
kβA
k k = k β̄

28

≥

2

−

22

θ|Ak |,T k4kAk k2
22

22

−

2

2

22

2
∗
θlk ,lk −|Ak | kβ̄A
k \Ak k
22
2
22 2

22

2

dk+1 ,

22

∞

22

2

− kXAk η̄/nk

∞

ik ∞

2

ik

− kXi0k η̄k∞

− η̄)/nk

− T µk4kAk k∞ − T µD∞ (Ak ) − h∞ (T ),

2

k

∗
ik β̄Ak \
∞

+

kdk+1
k
Ak22 ∞

≤

11

2

22

2

k+1
k+1
kβA
k k + kdAk k ≤

k+1
kβA
k k
11 ∞

βIk+1
∧
k
33
min
√  k+1
2 kβI k k
33
2

dk+1
.
k
I44
min

+ kdk+1
.
k k
I44
2

kβ k k∞ ∨ kdk k∞ = max{|βik | + |dki | i ∈ S}, ∀k ≥ 1.
(70)

(69)

(68)

2

44

2

29
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where the first inequality follows from simple algebra, and the second inequality follows
from (49) and (69). Thus (70) follows. This completes the proof of Lemma 25.

33

1
k+1
k+1
k+1 2
k+1 2
2
(kβA
k k + kdAk k ) ≤ kβAk k + kdAk k
11 2
22 2
11 2
22 2
2
k+1
2
≤ (kβIk+1
k k + kdI k k ) ,

Proof By the definition of Algorithm 1 we have βik dki = 0, ∀i ∈ S, ∀k ≥ 1, thus (68) holds.
k , I k and (68). Now
(69) follows from the definition of Ak11 , Ak22 , I33
44

Lemma 25

where the first equality is derived from the first three equalities in the proof of (67) by
replacing Ak22 with ik , the first inequality follows from the triangle inequality and (44), and
the last inequality follows from the definition of h∞ (T ). Then (66) follows by rearranging
the terms in the above inequality. This completes the proof of Lemma 24.

22

∗
≥ kβ̄A
k k

∗
≥ β̄i∗k − T µk4kAk k∞ − lk µkβ̄A
k\

2

dk+1
= kXi0k (XAk 4kAk − Xik β̄i∗k − XAk \
ik

where the first equality uses the definition of
the second equality uses the the definition
of 4k and y, the third equality is simple algebra, the first inequality uses the triangle inequality, (40) and the definition of θa,b , and the last inequality follows from the monotonicity
property of c− (·), θa,b and the definition of h2 (T ). This proves (67).
∗ k . Then
Finally, we show (66). Let ik ∈ Ak22 be an index satisfying β̄i∗k = kβ̄A
k

22

k
∗
k
≥ c− (T )kβ̄A
k k − θT,T k4Ak k2 − θT,T D2 (A ) − h2 (T ),

∗
c− (|Ak22 |)kβ̄A
k k
22

22

This proves (64). (65) can be proved similarly.
Now consider (67). We have


k+1
0
kdk+1
k = kXA
XAk βA
k
k − y /nk
Ak22 2
22
2


0
∗
∗
= kXA
XAk 4kAk + XAk β̄A
k
k − XA◦ β̄A◦ − η̄ /nk
22
2


0
∗
∗
= kXA
XAk 4kAk − XAk β̄A
k
k − XAk \Ak β̄Ak \Ak − η̄ /nk
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33

2

∞

≤ θT,T

4kAk
+ θT,T D2 (A ) + h2 (T )

k

≤ T µk4kAk k∞ + T µD∞ (Ak ) + h∞ (T )

(71)

if

X ∼ SRC(T, c− (T ), c+ (T )).

(73)

(72)

under the mutual coherence condition (A∗ ),

2

44

2

2

33

44

33

2

33

2

2

2

33

2

44

2

2

2
44

2

33

2

30

D∞ (Ak+1 ) ≤ γµ D2 (Ak ) +

(ii) If (T − 1)µ < 1, then

γ
h2 (T ),
θT,T

(75)

(74)
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3 + 2µ
h∞ (T ).
1 − (T − 1)µ

D2 (Ak+1 ) ≤ γD2 (Ak ) +

(i) If X ∼ SRC(T, c− (T ), c+ (T )), then

Lemma 27 Suppose (A1) holds.

where the first equality is derived from the first three equalities in the proof of (67) by
k , the first inequality follows from the triangle inequality and the defreplacing Ak22 with I44
inition of θa,b , and the last inequality follows from the monotonicity property of θa,b and
h2 (T ). This implies (73). Finally, (72) can be proved similarly by using (44) and (53). This
completes the proof of Lemma 26.

≤ θT,T k4kAk k2 + θT,T D2 (Ak ) + h2 (T ),

44

∗
0
≤ θ|I k |,T k4kAk k2 + θ|I k |,lk kβ̄A
k k + kXI k η̄k



∗
kdk+1
k = kXI0 k XAk 4kAk − XAk β̄A
k − η̄ /nk
Ik

So (71) follows. Now

33

k
∗
k
∗
k
kβIk+1
k k = k4I k + β̄I k k ≤ k4I k k + kβ̄Ak ∩I k k = k4I k k .

Proof By the definition of 4k , the triangle inequality and the fact that β̄ ∗ vanishes on
k , we have
Ak ∩ I33

kdk+1
k k
I44
2

44

kdk+1
k
Ik

33

k
kβIk+1
k k ≤ k4I k k .

Furthermore, suppose (A1) holds. We have

Lemma 26
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Proof We have
11

2

22

∗
∗
D2 (Ak+1 ) ≤ kβ̄A
k k + kβ̄Ak k
2
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k+1
k+1
k
k
k
≤ (kβA
k k + kdAk k + k4Ak k + θT,T k4Ak k2 + θT,T D2 (A ) + h2 (T ))/c− (T )
11 2
11 2
22 2
√
k+1
k
k
4A
+ θT,T D2 (Ak ) + h2 (T ))/c− (T )
≤ ( 2(kβIk+1
k
k k + kdI k k ) + k4Ak k + θT,T
11 2
33
44
2
√
√
√2
≤ ((2 + (1 + 2)θT,T )k4k k2 + (1 + 2)θT,T D2 (Ak ) + (1 + 2)h2 (T ))/c− (T )
√
√
2θ
+ (1 + 2)θ2
(1
+
2)θT,T
T,T
T,T
≤(
+
)D2 (Ak )
c− (T )2
c− (T )
√
√
2 + (1 + 2)θT,T
1+ 2
+
)h2 (T ),
c− (T )2
c− (T )

+(

∞
22

2

∗
+ kβ̄A
k k
22

k+1
+ kdA
k k
∞
11

∞

k
+ k4A
k k

k
k
+ T µk4A
k k∞ + T µD∞ (A ) + h∞ (T ).

where the first inequality is (62), the second inequality follows from (64) and (67), the third
inequality follows from (70), the fourth inequality uses the sum of (71) and (73), and the
last inequality follows from (57). This implies (74) by noticing the definitions of γ.
Now
11

∗
D∞ (Ak+1 ) ≤ kβ̄A
k k
11

k+1
≤ kβA
k k
∞
11

∞

k
k
+ T µk4A
k k∞ + T µD∞ (A ) + h∞ (T )

k
+ k4A
k k

44

≤ kdIk+1
k k

k
k
+ 2T µk4A
k k∞ + 2T µD∞ (A ) + 2h∞ (T )

∞

(1 + 2T µ)T µ
3 + 2µ
+ 2T µ)D∞ (Ak ) +
h∞ (T ),
1 − (T − 1)µ
1 − (T − 1)µ

11

∞

k
≤ k4A
k k

≤(

where the first inequality is (63), the second inequality follows from (65) and (66), the third
inequality follows from (69), the fourth inequality follows from (72), and the last inequality
follows from (59). Thus part (ii) of Lemma 27 follows by noticing the definition of γµ . This
completes the proof of Lemma 27.

γ
h2 (T )) + γh2 (T )
θT,T

γ
h2 (T )
θT,T

Proof of Theorem 4.
Proof Suppose γ < 1. By using (74) repeatedly,
D2 (Ak+1 ) ≤ γD2 (Ak ) +

≤ γ(γD2 (Ak−1 ) +
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≤ ···
γ
≤ γ k+1 D2 (A0 ) +
(1 + γ + · · · + γ k )h2 (T )
θT,T
γ
h2 (T ),
(1 − γ)θT,T
< γ k+1 kβ̄ ∗ k2 +
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θT,T
h2 (T )
kβ k+1 − β̄ ∗ k2 ≤ (1 +
)D2 (Ak ) +
c− (T )
c− (T )
i
θT,T h k ∗
γθT,T
≤ (1 +
) γ kβ̄ k2 +
h2 (T )
c− (T )
1−γ
h
γθ
θ
θT,T
1 i
T,T
T,T
)γ k kβ̄ ∗ k2 +
(1 +
)+
h2 (T ),
c− (T )
(1 − γ)
c− (T )
c− (T )
= (1 +

JR
1−ξ .

√

with 0 < ξ < 1, and

√
J M̄
h2 (T )

where the first inequality follows from (56), the second inequality follows from (13), and
the third line follows after some algebra. Thus (14) follows by noticing the definitions of b1
and b2 . This completes the proof of part (i) of Theorem 4.
For part (ii), (16) follows from (13) and (52), (17) follows from (14) and (52). This
completes the proof of Theorem 4.
Proof of Corollary 8.
Proof By (14),

γ

if k ≥ log 1

kβ k+1 − β̄ ∗ k2 ≤ b1 γ1k kβ̄ ∗ k2 + b2 h2 (T )

≤ b1 h2 (T ) + b2 h2 (T )

where the second inequality follows after some algebra. By (13),

√
JR
,
1−ξ

γθT,T
kβ̄ ∗ |AJ∗ \Ak k ≤ γ k kβ̄ ∗ k2 +
h2 (T )
2
1−γ
√
≤ γ k J M̄ + ξ m̄

γ

< m̄ if k ≥ log 1

where the second inequality follows from the assumption m̄ ≥

γh2 (T )
(1−γ)θT,T ξ

γ

the last inequality follows after some simple algebra. This implies AJ∗ ⊂ Ak if k ≥ log 1
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This proves part (i). The proof of part (ii) is similar to that of part (i) by using (52), we omit
it here. For part (iii), suppose β ∗ is exactly K-sparse and T = K in the SDAR algorithm
( Algorithm
1). It follows from part (ii) that with probability at least 1 − 2α, A∗ = Ak if
√
KR
k ≥ log 1 1−ξ
. Then part (iii) holds by showing that Ak+1 = A∗ . Indeed, by (74) and (52)
γ
we have
γ √ p
kβ̄ ∗ |A∗ \Ak+1 k2 ≤ γkβ̄ ∗ |A∗ \Ak k2 +
σ K 2 log(p/α)/n
θT,T
γ √ p
=
σ K 2 log(p/α)/n.
θT,T
√ p
γ
σ K 2 log(p/α)/n >
Then Ak+1 = A∗ follows from the assumption that m ≥ (1−γ)θ
T,T ξ
√ p
σ K 2 log(p/α)/n. This completes the proof of Corollary 8.
γ
θT,T
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3+2µ
1−(T −1)µ

p
2 log(p/α)/n

p
p
4
σ 2 log(p/α)/n > 4σ 2 log(p/α)/n.
ξ(1 − γµ )

This completes the proof of Corollary 14.

m≥

Then Ak+1 = A∗ by the assumption that
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Gilles Gasso, Alain Rakotomamonjy, and Stéphane Canu. Recovering sparse signals with a
certain family of nonconvex penalties and dc programming. IEEE Transactions on Signal
Processing, 57(12):4686–4698, 2009.

Rahul Garg and Rohit Khandekar. Gradient descent with sparsification: an iterative algorithm for sparse recovery with restricted isometry property. pages 337–344, 2009.

Patrick Breheny and Jian Huang. Coordinate descent algorithms for nonconvex penalized regression, with applications to biological feature selection. The annals of applied
statistics, 5(1):232, 2011.

T Tony Cai and Lie Wang. Orthogonal matching pursuit for sparse signal recovery with
noise. IEEE Transactions on Information theory, 57(7):4680–4688, 2011.

Wenjiang J Fu. Penalized regressions: the bridge versus the lasso. Journal of computational
and graphical statistics, 7(3):397–416, 1998.
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Stéphane G Mallat and Zhifeng Zhang. Matching pursuits with time-frequency dictionaries.
IEEE Transactions on signal processing, 41(12):3397–3415, 1993.

Xiao-Tong Yuan, Ping Li, and Tong Zhang. Gradient hard thresholding pursuit. Journal
of Machine Learning Research, 18:1–43, 2018.

JMLR 19(10):1-37, 2018

Rahul Mazumder, Jerome H Friedman, and Trevor Hastie. Sparsenet: Coordinate descent
with nonconvex penalties. Journal of the American Statistical Association, 106(495):
1125–1138, 2011.

36

Cun-Hui Zhang. Nearly unbiased variable selection under minimax concave penalty. The
Annals of statistics, 38(2):894–942, 2010a.
JMLR 19(10):1-37, 2018
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Networks are fundamental structures that are commonly used to describe interactions between sets of actors or nodes. In many applications, the behaviors of the actors are observed
over time and one is interested in recovering the underlying network connecting these actors.
High-dimensional versions of this problem where the number of actors is large (compared
to the number of time points) is of special interest. In the statistics and machine learning
literature, this problem is typically framed as fitting large graphical models with sparse
parameters, and significant progress has been made recently, both in terms of the statistical theory (Meinshausen and Buhlmann, 2006; Yuan and Lin, 2007; Banerjee et al., 2008;
Ravikumar et al., 2011; Hastie et al., 2015), and practical algorithms (Friedman et al.,
2007; Höfling and Tibshirani, 2009; Atchade et al., 2017).
In many problems arising in areas such as biology, finance, and political sciences, it
is well-accepted that the underlying networks of interest are not static, but can undergo
changes over time. Graphical models with change-points (or piecewise constant graphical
models) are simple, yet powerful models that are particularly well-suited for such problems,
and different versions have been explored in the literature. In this work, similarly to

1. Introduction

Graphical models with change-points are computationally challenging to fit, particularly
in cases where the number of observation points and the number of nodes in the graph
are large. Focusing on Gaussian graphical models, we introduce an approximate majorizeminimize (MM) algorithm that can be useful for computing change-points in large graphical
models. The proposed algorithm is an order of magnitude faster than a brute force search.
Under some regularity conditions on the data generating process, we show that with high
probability, the algorithm converges to a value that is within statistical error of the true
change-point. A fast implementation of the algorithm using Markov Chain Monte Carlo is
also introduced. The performances of the proposed algorithms are evaluated on synthetic
data sets and the algorithm is also used to analyze structural changes in the S&P 500 over
the period 2000-2016.
Keywords: change-points, Gaussian graphical models, proximal gradient, simulated annealing, stochastic optimization
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1. Furthermore the constant in the big-O is typically problem dependent and can be large

Zhou et al. (2009); Kolar et al. (2010); Roy et al. (2017), we focus on settings where the
change occurring at a given change-point is global in the sense that it affects the joint
distribution of all nodes. This differs from the approach of Kolar and Xing (2012) where
at a given change-point only the conditional distribution of a single node sees a change.
Which framework is more appropriate depends in general on the application. For instance
in biological applications where interests are often on single biomolecules, nodewise changepoint analysis might be preferred, whereas in many social science problems global structural
changes in the network is often of interest. We also mention the alternative approach of Liu
et al. (2013) which has an original parametrization that focuses directly on the occurring
change. Although we work within the joint-change framework, we stress that our proposed
algorithms can be easily adapted to work with other alternative models.
Despite their conceptual simplicity, graphical models with change-points are computationally challenging to fit. For instance a full grid search approach to locate a single
change-point in a Gaussian graphical model with a lasso penalty (glasso) requires solving
O(T ) glasso sub-problems, where T is the number of time points. Most algorithms for
the glasso problem scale like O(p3 ) or worst1 , where p is the number of nodes. Hence
when p and T are large, fitting a high-dimensional Gaussian graphical model with a single
change-point has a taxing computational cost of O(T p3 ) per iteration.
The literature addressing the computational aspects of model-based change-point models is rather sparse. A large portion of change-point detection procedures are based on
cumulative sums (CUSUM) or similar statistic-monitoring approaches (Lévy-Leduc and
Roueff, 2009; Aue et al., 2009; Fryzlewicz, 2014; Chen and Zhang, 2015; Cho and Fryzlewicz, 2015, and the references therein). By and large, these change-point detection procedures can be efficiently implemented, and the computational difficulty aforementioned
can be avoided. However in problems where one wishes to detect structural changes in
large networks, a CUSUM-based or a statistic-based approach can be difficult to employ,
since it requires knowledge of the pertinent statistics to monitor. Furthermore the estimation of the parameters in a model-based change-point models can provide new insight in
the underlying phenomenon driving the changes. Hence CUSUM-based approaches may
not be appropriate in applications where the main driving forces of the network changes
are poorly understood, and/or are of prime interest.
Specific works addressing computational issues in model-based change-point estimation
include Roy et al. (2017); Leonardi and Bühlmann (2016). In Roy et al. (2017) the authors considered a discrete graphical model with change-point and proposed a two-steps
algorithm for computation. However the success of their algorithm depends crucially on
the choice of the coarse and refined grids, and there is limited insight on how to choose
these. A related work is Leonardi and Bühlmann (2016) where the authors considered a
high-dimensional linear regression model with change-points and proposed a dynamic programming approach to compute the change points. In the case of a single change-point
their algorithm corresponds to the brute force (full-grid search) approach mentioned above.
In this work we propose an approximate majorize-minimize (MM) algorithm for fitting
piecewise constant high-dimensional models. The algorithm can be applied more broadly.
However to focus the idea we limit our discuss to Gaussian graphical models with an elastic net penalty. In this specific setting, the algorithm takes the form of a block update
algorithm that alternates between a proximal gradient update of the graphical model parameters followed by a line search of the change-point. The proposed algorithm only solves
for a single change-point. We extend it to multiple change-points by binary segmentation.
We study the convergence of the algorithm and show under some regularity conditions on
the data generating mechanism that the algorithm is stable, and produces values in the
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X

1≤i≤j≤p

Aij Bij .

vicinity of the true change-point (under the assumption that one such true change-point
exists).
Each iteration of the proposed algorithm has a computational cost of O(T p2 + p3 ).
Although this cost is one order of magnitude smaller than the O(T p3 ) cost of the brute
force approach, it can still be large when p and T are both large. As a solution we propose a
stochastic version of the algorithm where the line search performed to update the changepoint is replaced by a Markov Chain Monte Carlo (MCMC)-based simulated annealing.
The simulated annealing update is cheap (its computational cost per iteration is O(p2 ))
and is used as a stochastic approximation of the full line search. We show by simulation
that the stochastic algorithm behaves remarkably well, and as expected outperforms the
deterministic algorithm is terms of computing time.
The paper is organized as follows. Section 2 contains a presentation of the Gaussian
graphical model with change-points, followed by a detailed presentation of the proposed
algorithms. We performed extensive numerical experiments to investigate the behavior
of the proposed algorithms. We also use the algorithm to analyze structural changes in
the Standard & Poors (S&P) 500 over the period 2000-2016. The results are reported in
Section 3. We gather some of the technical proofs in Section 4.
We end this introduction with some notation that we shall use throughout the paper.
We denote Mp the set of all symmetric elements of Rp×p equipped with its Frobenius norm
k·kF and associated inner product
def

hA, BiF =

2

We denote Mp+ the subset of Mp of positive definite elements. For 0 < a < A ≤ +∞, let
Mp+ (a, A) denote the subset of Mp+ of matrices θ such that λmin (θ) ≥ a, and λmax (θ) ≤
A, where λmin (M ) (resp. λmax (M )) denotes the smallest eigenvalue (resp. the largest
eigenvalue) of M .
def Pp
def
If u ∈ Rp , and q ∈ [1, ∞], we define kukq = ( j=1 |uj |q )1/q (kuk∞ = max1≤j≤p |uj |).

For a matrix θ ∈ Rp×p and q ∈ [1, ∞] \ {2}, we define kθkq similarly by viewing θ as a Rp
vector. For q = 2, kθk2 denotes the spectral norm (operator norm) of θ.

2. Fitting Gaussian Graphical Models with a Single Change-Point
def

Let {X (t) , 1 ≤ t ≤ T } be a sequence of p-dimensional random vectors. The grid over

def

i≤j

Pp

1−α
2
kθkF ,
2

|θij |. Then we define

θ ∈ Mp ,

τ
T
X
0
0
1
1X
def
X (t) X (t) , S2 (τ ) =
X (t) X (t) , τ ∈ T .
τ t=1
T − τ t=τ +1

which the change-points are searched is denoted T = {n0 , . . . , T − n0 }, for some integer
1 ≤ n0 < T . We define
def

S1 (τ ) =

def

℘(θ) = αkθk1 +

We define the regularization function as



(1)
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1 τ
if θ ∈ Mp+ ,
2 T [− log det(θ) + Tr(θS1 (τ ))]
, τ ∈T,
+∞
otherwise,

where α ∈ [0, 1) is a given constant, and kθk1 =
g1,τ (θ) =

3
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+
ϑ∈Mp

[gj,τ (ϑ) + λj,τ ℘(ϑ)] ,

where Tr(A) (resp. det(A)) denotes the trace (resp. the determinant) of A, and

 1
τ
if θ ∈ Mp+ ,
2 1 − T [− log det(θ) + Tr(θS2 (τ ))]
, τ ∈T.
+∞
otherwise,
g2,τ (θ) =

For j ∈ {1, 2}, we set
def

θ̂j,τ = Argmin

(2)

for regularization parameters λ1,τ > 0, λ2,τ > 0, that we assume fixed throughout. Note
that due to the quadratic term in the elastic-net regularization (1), each of these minimization problems (2) is strongly convex. Hence for each τ ∈ T , and j ∈ {1, 2}, θ̂j,τ is
well-defined. We consider the problem of computing the change point estimate τ̂ defined
as
i
h
(3)
τ̂ = Argmin τ ∈T g1,τ (θ̂1,τ ) + λ1,τ ℘(θ̂1,τ ) + g2,τ (θ̂2,τ ) + λ2,τ ℘(θ̂2,τ ) .

If the minimization problem in (3) has more than one solution, then τ̂ denotes any one of
these solutions. The quantity τ̂ is the maximum likelihood estimate of a change point τ in
the model which assumes that X (1) , . . . , X (τ ) are independent with common distribution
N(0, θ1−1 ), and X (τ +1) , . . . , X (T ) are independent with common distribution N(0, θ2−1 ), for
an unknown change-point τ , and unknown precision matrices θ1 6= θ2 .
The problem of computing the graphical lasso (glasso) estimators θ̂j,τ in (2) has received
a lot of attention in the literature, and several efficient algorithms have been developed for
this purpose (see for instance Atchadé et al., 2015, and the references therein). Hence in
principle, using any of these available glasso algorithms, the change-point problem in (3)
can be solved by solving T − 2n0 + 1 = O(T ) glasso sub-problems. A similar algorithm is
advocated in Leonardi and Bühlmann (2016) for fitting a high-dimensional linear regression
model with change-points. However this brute force approach can be very time-consuming
in cases where p and T are large. For instance, one of the most cost-efficient algorithm
for solving the glasso problem in high-dimensional cases is the standard proximal gradient
algorithm (Rolfs et al., 2012; Atchadé et al., 2015), which has a computational cost of
O(p3 cond(θ̂)2 log(1/δ)) to deliver a δ-accurate solution (that is kθ− θ̂kF ≤ δ), where cond(A)
denotes the condition number of A, that is the ratio of the largest eigenvalue over the
smallest eigenvalue of A. Hence when p and T arelarge the computational cost of the
brute force approach for computing (3) is of order O T p3 cond(θ̂j,τ )2 log(1/δ) , which can
become prohibitively large.
We propose an algorithm that we show has a better computational complexity. To
motivate the algorithm we first introduce a majorize-minimize (MM) algorithm for solving (3). We refer the reader to Wu and Lange (2010) for a general introduction to MM
algorithms. Let

def

G(t) = g1,t (θ̂1,t ) + λ1,t ℘(θ̂1,t ) + g2,t (θ̂2,t ) + λ2,τ ℘(θ̂2,t ), t ∈ T

denote the objective function of the minimization problem in (3). For θ1 , θ2 ∈ Mp , we also
define
def
H(τ |θ1 , θ2 ) = g1,τ (θ1 ) + λ1,τ ℘(θ1 ) + g2,τ (θ2 ) + λ2,τ ℘(θ2 ), τ ∈ T .
(4)

Instead of the brute force approach that requires solving (2) for each value τ ∈ T , consider
the following algorithm.
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Algorithm 1 (MM algorithm) Pick τ (0) ∈ T , and for k = 1, . . . , K, repeat the following steps.

4

ij

(k)

θ2

(k)

θ1

(k−1)

)

(k−1) −1

− γ S2 (τ (k−1) ) − (θ2





def
(k) (k)
.
τ (k) = Argmint∈T H t|θ1 , θ2

= Proxγλ2,τ (k−1) θ2




,




(k−1)
(k−1) −1
= Proxγλ1,τ (k−1) θ1
− γ S1 (τ (k−1) ) − (θ1
)
,



5
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Remark 1
1. Notice that one can easily compute H(τ + 1|θ1 , θ2 ) from H(τ |θ1 , θ2 ) by a rank-one
update in O(p2 ) number of operations. Hence the computational cost of Step (3) is O(T p2 ).
And the total computational cost of one iteration of Algorithm 2 is O(p3 + T p2 ).

Note that, if instead of a single proximal gradient update in Step (1)-(2), we do a large
number proximal gradient updates (an infinite number for the sake of the argument), we
recover exactly Algorithm 1. Hence Algorithm 2 is an approximate version of Algorithm 1.

3. compute

2. compute

1. Compute

Algorithm 2 [Approximate MM algorithm] Fix a step-size γ > 0. Pick some initial value τ (0) ∈ T ,
(0) (0)
(k−1)
(k−1)
(k−1)
, θ1
, θ2
), do the following:
θ1 , θ2 ∈ M+
p . Repeat for k = 1, . . . , K. Given (τ

We consider the following algorithm.

1+(1−α)γ

Hence the objective function G is non-increasing along the iterates of Algorithm 1. Note
that this algorithm is already potentially faster than the brute force approach, particular
when T is large, since we compute the graphical-lasso solutions θ̂j,τ (k) only for time points
visited along the iterations. We propose to further reduce the computational cost by
computing the solutions θ̂j,τ (k) only approximately, by simple gradient updates.
Given γ > 0, and a matrix θ ∈ Rp×p , define Proxγ (θ) (the proximal map with respect
2
to the penalty function ℘(θ) = αkθk1 + (1 − α) kθkF /2) as the symmetric Rp×p matrix such
that for 1 ≤ i, j ≤ p,

if |θij | < αγ

 0 θ −αγ
ij
if θij ≥ αγ
(Proxγ (θ))ij =
1+(1−α)γ

 θij +αγ
if θ ≤ −αγ .

G(τ (k) ) ≤ H(τ (k) |θ̂1,τ (k−1) , θ̂2,τ (k−1) ) ≤ H(τ (k−1) |θ̂1,τ (k−1) , θ̂2,τ (k−1) ) = G(τ (k−1) ).

By definition of θ̂j,τ in (2), we have G(t) ≤ H(t|θ̂1,τ (k−1) , θ̂2,τ (k−1) ) for all t ∈ T .
Furthermore G(τ (k−1) ) = H(τ (k−1) |θ̂1,τ (k−1) , θ̂2,τ (k−1) ). Therefore, for all k ≥ 1,



1. Given τ (k−1) ∈ T , compute θ̂1,τ (k−1) and θ̂2,τ (k−1) , and minimize the function H(t|θ̂1,τ (k−1) , θ̂2,τ (k−1) )
to get τ (k) :
τ (k) = Argmint∈T H(t|θ̂1,τ (k−1) , θ̂2,τ (k−1) ).
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τ ∈T

def

τ ∈T

def

τ ∈T

µ2j + 2λ̄j (1 − α) nT0
2(1 − α)λ̄j

q

def

, Bj =

(k)

(k)

∈ M+
p (bj , Bj ), then

(k)

is non-singular. It is well-known (see

and

(0)
θj

.

∈ M+
p (b1 , B1 ). Hence θ1

(k+1)

∇g1,τ (k) (θ1 ) +

(k)

p×p

F

2

, where Zij ∈


+ λ1,τ (k) ℘(u) .

as

6
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1  (k+1)
(k)
(k+1)
θ1
− θ1
+ λ1,τ (k) αZ + (1 − α)θ1
= 0.
γ

The optimality conditions of this problem implies that there exists Z ∈ R
[−1, 1] for all i, j such that

=

D
E
1
(k)
(k)
(k)
+
Argminu∈Mp ∇g1,τ (k) (θ1 ), u − θ1
u − θ1
2γ

for instance Parikh and Boyd, 2013, Section 4.2) that we can write θ1

(k)

follows. Suppose that θ1

Proof We present the proof for j = 1, the case j = 2 being similar. Note that θ̂1,τ is the
graphical elastic-net estimate based on data X (1) , . . . , X (τ ) . The fact that θ̂1,τ exists (and
is unique) and satisfies the spectral bound λmin (θ̂1,τ ) ≥ b1 then follows from known results
on the graphical elastic-net (see for instance Lemma 1 of Atchadé et al., 2015).
The second part of the lemma is similar to Lemma 2 of Atchadé et al. (2015). The
(k+1)
(k)
∈ M+
idea is to show that if θ1 ∈ M+
p (b1 , B1 ). This is proved as
p (b1 , B1 ) then θ1

∈ M+
p (bj , Bj ), for all k ≥ 0.

(k+1)

θ1

(k)

θj

(0, b2j ],

2(1 − α)λj

q
µ2j + 2λj (1 − α)


1
kSj (τ )k2 + αpλj,τ ,
2

µj +

the output of Algorithm 2. If the step-size γ satisfies γ ∈

−µj +



Lemma 2 Fix j ∈ {1, 2}. For all τ ∈ T , θ̂j,τ ∈ M+
p (bj , +∞). Let {(θ1 , θ2 ), k ≥ 0} be

def

bj =

λj = min λj,τ , λ̄j = max λj,τ , µj = max

def

As suggested in the remark above, Algorithm 2 raises two basic questions. The first
question is whether the algorithm is stable, where here by stability we mean whether the
(k−1)
(k−1)
algorithm runs without θ1
or θ2
losing positive definiteness. Indeed we notice that
(k−1)
(k−1)
Steps (1 and 2) involve taking the inverse of the matrices θ1
, and θ2
, but there
is no guarantee a priori that these matrices are non-singular. Using results established in
Atchadé et al. (2015), we answer this question by showing below that if the step-size γ is
small enough then the algorithm is actually stable. The second basic question is whether
the algorithm converges to the optimal value. We address this question below.
For j ∈ {1, 2}, we set

2. In practice, and as with any gradient descent algorithm, one needs to exercise some care in
choosing the step-size γ. Clearly, too small values of γ lead to slow convergence. However,
choosing γ too large might cause the algorithm to diverge. Another (related) issue is how
(k)
(k)
to guarantee that the matrices θ1 and θ2 maintain positive definiteness throughout the
iterations. What we show below is that positive definiteness is automatically guaranteed if
the step-size γ is taken small enough. A nice trade-off that works well from the software
engineering viewpoint is to start with a large value of γ and to re-initialize the algorithm
with a smaller γ if at some point positive definiteness is lost. This issue is discussed more
extensively in Atchadé et al. (2015).

Bybee and Atchadé

τ
2T

=

(k)

θ1
+

 (k)

τ
γτ (k)  (k) −1
θ1
− γ
S1 (τ (k) ) + αλ1,τ (k) Z .
2T
2T

(S1 (τ ) − θ−1 ), we re-arrange this optimality condition into:
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Since ∇g1,τ (θ) =
 (k+1)
1 + (1 − α)λ1,τ (k) γ θ1
(k)

2 kS1 (τ )k2

1

n0
= 0,
2T

Hence, if λmin (θ1 ) ≥ b1 , and b12 ≥ γτ /(2T ) (which holds true if γ ≤ 2b12 ), and using the
fact that λmin (A + B) ≥ λmin (A) + λmin (B), we get


γn0 1
1
(k+1)
− γµ1 ,
(5)
b1 +
λmin (θ
)≥
1
2T b1
1 + (1 − α)λ̄1 γ

+ αpλ1,τ , using the fact that kZk2 ≤ p. We note that as
where µ1 = maxτ ∈T
chosen, b1 satisfies
(1 − α)λ̄1 b12 + µ1 b1 −

)≤

1
1 + (1 − α)λ1 γ

B1 +

γ 1
+ γµ1
2 B1

and this (with some easy algebra) implies that the right hand side of (5) is equal to b1 .
(k+1)
(k)
Hence λmin (θ1
) ≥ b1 . Similarly, if λmax (θ1 ) ≤ B1 , then


= B1 ,
(k+1)

λmax (θ1

(1 − α)λ1 B12 − µ1 B1 −

1
= 0.
2

where the last equality follows from the fact that we have chosen B1 such that

This completes the proof.

Remark 3 The first statement of Lemma 2 implies that the change-point problem (3) has at least
one solution. The second part shows that when the step-size γ is small enough, all the iterates of the
algorithm remains positive definite. We note that the fact that α < 1 is crucial in the arguments.
The result remains true where α = 1, however the arguments is slightly more involved (see Atchadé
et al., 2015, Lemma 2). For simplicity we focus in this paper on the case α ∈ [0, 1).

+ θ2 − θ̂2,τ

F

≤  we have

We now address the issue of convergence. Clearly the function t 7→ H(t|θ1 , θ2 ) is not
smooth, nor convex. This implies that Algorithm 2 cannot be analyzed using standard optimization tools. And indeed, we will not be able to establish that the output of Algorithm
2 converges to the minimizer τ̂ . Rather, we introduce a containment assumption (Assumption H1) and we show that when it holds, then the output of Algorithm 2 converges to
some neighborhood of the true change-point (the existence of this true change-point is part
of the assumption).

F

H(t|θ1 , θ2 ) − τ? | ≤ κ|τ − τ? | + c.

(6)

H1 There exist  > 0, c ≥ 0, κ ∈ [0, 1), and τ? ∈ T such that the following holds. For any τ ∈ T ,

t∈T

and for any θ1 , θ2 ∈ Mp+ such that θ1 − θ̂1,τ

|Argmin
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Remark 4 Plainly, what is imposed in H1 is the existence of a time point τ? ∈ T (that we can view
as the true change-point), such that anytime we take τ ∈ T that is far from τ? in the sense that
7

H(t|θ1 , θ2 )

|Argmin

t∈T

Bybee and Atchadé

H(t|θ1 , θ2 ) − τ? | ≤ κ|τ − τ? | + c < |τ − τ? |.

|τ − τ? | > c/(1 − κ), if θ1 , θ2 are sufficiently close to the solutions θ̂1,τ and θ̂2,τ respectively, then
computing Argmin
brings us closer to τ? :
t∈T

θ1 − θ̂1,τ

F

+ θ2 − θ̂2,τ

F

≤  for  small enough, one expect as well

This containment assumption is akin to a curvature assumption on the function t 7→ H(t|θ1 , θ2 )
when θ1 and θ2 are reasonably close to θ̂1,τ , θ̂2,τ , respectively. The assumption seems realistic in
settings where the data X (1:T ) is indeed drawn from a Gaussian graphical model with true changepoint τ? , and parameters θ?,1 , θ?,2 . Indeed in this case, and if T is large enough, for any τ that
is not too close to the boundaries, one expects θ̂1,τ and θ̂2,τ to be good estimates of θ?,1 and θ?,2 ,
respectively. Therefore if

F

(k)

c
.
1−κ

= 0, lim θ2 − θ̂2,τ (k)

k

(k)

F

= 0.

∈ Mp+ (bj , Bj ), for j = 1, 2. Then

(k)



θ1 and θ2 to be close to θ?,1 and θ?,2 respectively. Hence Argmin t∈T H(t|θ1 , θ2 ) should be close
to Argmin t∈T H(t|θ?,1 , θ?,2 ), which in turn should be close to τ? . Theorem 9 below will make this
intuition precise.

(0)

In the next result we will see that in fact the iterates θ1 and θ2 closely track θ1,τ (k) and
θ2,τ (k) respectively. Hence, when H1 holds Equation (6) guarantees that the sequence τ (k)
remains close to τ? .

(k)

Theorem 5 Suppose that γ ∈ (0, b12 ∧ b22 ], and θj
k

k→∞

lim sup τ (k) − τ? ≤

lim θ1 − θ̂1,τ (k)
Furthermore, if H1 holds then

Proof See Section 4.1

i.i.d.

−1
X (τ? +1) , . . . , X (T ) ∼ N(0, θ?,2
),

(7)

Remark 6 Note that the theorem does not guarantee that τ (k) converges to τ? , but rather its conclusion is that for k large τ (k) stays within c/(1 − κ) of τ? .

and

We now address the question whether H1 is a realistic assumption. More precisely we
will show that the argument highlighted in Remark 4 holds true under some regularity condef
ditions. Suppose that X (1:T ) = (X (1) , . . . , X (T ) ) are p-dimensional independent random
variables such that
i.i.d.

−1
X (1) , . . . , X (τ? ) ∼ N(0, θ?,1
),

JMLR 19(11):1-38, 2018

κ̄j (ι) = sup {u0 (Σ?,j )u, kuk2 = 1, kuk0 ≤ ι} .

def

for some unknown change-point τ? , and unknown symmetric positive definite precision
def
−1
matrices θ?,1 6= θ?,2 . We set Σ?,j = θ?,j
, and we let sj denote the number of nonzero entries of θ?,j , j = 1, 2. For an integer ι ∈ {1, . . . , p}, we define the ι-th restricted
eigenvalues of Σ?,j as
def

κj (ι) = inf {u0 (Σ?,j )u, kuk2 = 1, kuk0 ≤ ι} ,

8

def

def

κ̄ p
def κ̄ p
48τ log(pT ), λ2,τ =
48(T − τ ) log(pT ), τ ∈ T .
αT
αT

def

A1 = max 2

!
 2
κ̄
, (1280)s1/2 κ̄(kθ?,1 k2 ∨ kθ?,2 k2 ) ,
κ

(10)

(9)

(8)

r1,τ = A2 κ̄kθ?,1 k22

def

For τ ∈ T , let

r

s1 log(pT )
,
τ

9

def

r2,τ = A2 κ̄kθ?,2 k22

r
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s2 log(pT )
,
T −τ



Of course, this search domain is difficult to use in practice since it depends on τ? . In practice, we
have found that taking T of the form (rT, (1 − r)T ) for r ≤ 0.1 works well, even though it is much
wider than what is prescribed by our theory.

Remark 7 Assumption (10) is a minimum sample size requirement. See for instance Ravikumar
et al. (2011) Theorem 1, and 2 for similar conditions in standard Gaussian graphical model estimation. Here we require to have T such that min(τ, T − τ ) = O(s log(pT )) for all τ ∈ T . This obviously
implies that we need T to be at least O(s log(p)). It is unclear whether the large constant 1280 in
(10) is tight or simply an artifact of our proof techniques.
To understand Assumption (11), note that for τ > τ? , the estimator θ̂1,τ in (2) is based on
misspecified data X (τ? +1) , . . . , X (τ ) . Hence if τ > τ? is too far away from τ? , the estimators θ̂1,τ
may behave poorly, particularly if θ?,1 are θ?,2 are very different.
Assumption (11) rules out such
√
settings, by requiring the search domains T to be roughly a T neighborhood of τ? . Indeed, suppose
that τ? = ρ? T , for some ρ? ∈ (0, 1). Then it can be easily checked that any search domain of the
form (τ? − r1 T 1/2 , τ? + r2 T 1/2 ), satisfies (10) and (11) for T large enough, provided that
√ p
√ p
2 3κ̄ ρ? log(pT )
2 3κ̄ (1 − ρ? ) log(pT )
0 < r1 ≤
, and 0 < r2 ≤
.
−1
−1
−1
−1
kθ?,2 − θ?,1 k∞
kθ?,2
− θ?,1
k∞

where x+ = max(x, 0).

def

p
1
−1
−1
κ̄ τ log(pT ) ≥ √ (τ − τ? )+ kθ?,2
− θ?,1
k∞ ,
2 3
p
1
−1
−1
− θ?,1
k∞ , (11)
and κ̄ (T − τ ) log(pT ) ≥ √ (τ? − τ )+ kθ?,2
2 3

and

where

min (τ, T − τ ) ≥ A21 log(pT ),

Finally, we assume that the search domain T is such that for all τ ∈ T ,

α
≥ max (kθ?,1 k∞ , kθ?,2 k∞ ) .
1−α

We need to assume that the parameter α ∈ [0, 1) in the regularization term is large enough
to produce approximately sparse solutions in (2). To that end, we assume that

λ1,τ =

def

We set s = max(s1 , s2 ), κ̄ = max (κ̄1 (2), κ̄2 (2)), κ = min (κ1 (2), κ2 (2)), and we set
the regularization parameter λj,τ as

def
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j

λmin (θ?,j ) kθ?,j k∞ kθ?,j k1
,
,
1/2
4
2
1 + 8s

!

,

rj,τ ≤
and

rj,τ ≤ A2

kθ?,2 − θ?,1 kF
2(1 + 8s1/2 )


b
B

4

1/2

sj

kθ?,j k1

.

(12)

−



k→∞

we have
4
log(p),
C0

4
p2 (1−e−C0 )

lim sup τ (k) − τ? ≤

−

 κ 4 
kθ?,2 − θ?,1 k4F
,
.
2
4
128B kθ?,2 − θ?,1 k1 κ̄
8
pT

√

2

(14)

H1 holds with  = (1/ p) minτ ∈T (r1,τ ∧ r2,τ ),

1

10
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Remark 11 We note that the bound in (14) grows with p. In classical change-point problems where
p is fixed, and T → ∞, it is known (see e.g. Bai, 1997) that with a fixed-magnitude change, the

Remark 10 The main point of the theorem is that under the assumptions and data generation
8
mechanism described above, the containment assumption H1 holds with probability as least 1 − pT
−
√
4
,
and
where

can
be
taken
as
min
r
∧r
/
p,
κ
=
0,
and
c
=
4
log(p)/C
.
Conclusion
τ
1,τ
2,τ
0
p2 (1−e−C0 )
(14) is then simply a consequence of Theorem 5. One should view (14) as saying that for k large,
the output of Algorithm 2 fluctuates around τ? , and the size of the fluctuation is O(log(p)), under
the assumed data generating mechanism. And we should stress that Algorithm 2 is not stochastic.
Hence the randomness expressed in the theorem is with respect to the data generating mechanism.

Proof See Section 4.2.

(k)

4
,
p2 (1−e−C0 )

In particular, with probability at least 1 −

C0 = min

def

κ = 0, and c = 4 log(p)/C0 , where

Then with probability at least 1 −

8
pT

(k)

Theorem 9 Consider the output {(θ1 , θ2 ), k ≥ 0} of Algorithm 2. Suppose that γ ∈ (0, b21 ∧ b22 ],
(0)
(1:T )
is
and θj ∈ M+
p (bj , Bj ), for j = 1, 2. Suppose that the statistical model underlying the data X
as in (7), and that (8)-(12) hold. Suppose also that
"
#

2
2
λmin (θ?,1 )
kθ?,1 k1
λmin (θ?,2 )
kθ?,2 k1
kθ?,2 − θ?,1 kF ≥ 8A2 max
,
.
(13)
1/2
1/2
λmax (θ?,1 )
λmax (θ?,2 )
s
s

Remark 8 Condition (12) is mostly technical. As we will see below in Lemma 16, the term rj,τ
is the convergence rate toward θ?,j of the estimator θ̂j,τ , and is expected to converge to 0 with p, T
(which implies that the sample size T cannot be too small compared to kθ?,j k42 sj log(pT )). Hence
according to (12) the matrices θ?,1 and θ?,2 need to be such that the terms on the right-hand sides
do no vanish faster than the rate rj,τ . In particular θ?,1 and θ?,2 should be well-conditioned so that
λmin (θ?,j ) and the ratio b/B do not decay too fast.

rj,τ ≤ min

√
def
where A2 is an absolute constant that can be taken as 16 × 20 × 48. We set b =
def
min(λmin (θ?,1 ), λmin (θ?,2 )), and B = max(λmax (θ?,1 ), λmax (θ?,2 )). We assume that for j =
1, 2, and for τ ∈ T ,
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best one can achieve in estimating τ is O(1). The rate in Theorem 9 suggests that in the highdimensional setting where p grows the estimation rate for τ if of order O(log(p)) (see also Roy et al.,
2017). We believe that it is not possible to remove the additional log(p) factor, although to the best
of our knowledge this question is still open. Note that it is customary in the change-point literature
to take a re-scaled viewpoint and to define the change point as a? ∈ (0, 1) such that τ? = a? T . In
that setting the estimation rate for a? is O(1/T ) in the classical fixed-dimensional fixed-magnitude
change setting, and O(log(p)/T ) in our setting.

2.1 A Stochastic Version
When T is much larger than p, Step 3 of Algorithm 2 becomes costly. In such cases, one can
gain in efficiency by replacing Step 3 by a Monte Carlo approximation. We explore the use
of simulated annealing to approximately solve Step 3 of Algorithm 2. Given θ1 , θ2 ∈ Mp ,
and β > 0, let πβ,θ1 ,θ2 denote the probability distribution on T defined as


H(τ |θ1 , θ2 )
1
exp −
, τ ∈T.
Zβ,θ1 ,θ2
β
πβ,θ1 ,θ2 (τ ) =

Here, Zβ,θ1 ,θ2 is the normalizing constant, and β > 0 is the cooling parameter, that we
shall drive down to zero with the iteration to increase the accuracy of the Monte Carlo
approximation. Direct sampling from πβ,θ1 ,θ2 is typically possible, but this has the same
computational cost as Step 3 of Algorithm 2. We will use a Markov Chain Monte Carlo
approach which will allow us to make only a small number of calls of the function H, per
iteration. Let Kβ,θ1 ,θ2 denote a Markov kernel on T with invariant distribution πβ,θ1 ,θ2 .
Typically we will choose Kβ,θ1 ,θ2 as a Metropolis-Hastings Markov kernel (we give examples
below).
We consider the following algorithm. As in Algorithm 2, γ is a given step-size. We
choose a decrease sequence of temperature β (k) that we use along the iterations.

1. Compute

(τ (k−1) , ·).




(k−1)
(k−1) −1
= Proxγλ1,τ (k−1) θ1
− γ S1 (τ (k−1) ) − (θ1
)
,

(k)

θ1

(k)




(k−1) −1
(k−1)
)
,
= Proxγλ2,τ (k−1) θ2
− γ S2 (τ (k−1) ) − (θ2

(k)

τ (k) ∼ K

θ2

(k)

Algorithm 3 Fix a step-size γ > 0, and a cooling sequence {β (k) }. Pick some initial value τ (0) ∈ T ,
(k−1)
(k−1)
(0) (0)
, θ2
), do the following:
θ1 , θ2 ∈ Mp+ . Repeat for k = 1, . . . , K. Given (τ (k−1) , θ1

2. compute

3. draw

β (k) ,θ1 ,θ2
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For most commonly used MCMC kernels, each iteration of Algorithm 3 has a computational cost of O(p3 ), which is better than O(p3 + T p2 ) needed by Algorithm 2, when T ≥ p.
However Algorithm 3 travels along the change-point space T more slowly. Hence overall,
a larger number of iterations would typically be needed for Algorithm 3 to converge. Even
after accounting for this slow convergence, Algorithm 3 is still substantially faster than Algorithm 2, as shown in Table 1 and 2. A rigorous analysis of the convergence of Algorithm
3 is beyond the scope of this work, and it left as a possible future research.
11
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2.2 Extension to Multiple Change-Points

`τ + Cp ≥ `F ,

We extend the method to multiple change-points by binary segmentation. Binary segmentation is a standard method for detecting multiple change-points. The method proceeds by
first searching for a single change-point. When a change-point is found the data is split into
the two parts defined by the detected change-point. A similar search is then performed on
each segment which can result in further splits. This recursive procedure continues until a
certain stopping criterion is satisfied. Here we stop the recursion if

"

t

0

1
X
0
1
X (t) X (t)
t1 − t0 + 1 t=t

!!

+ λ℘(θ) .

where `τ is the penalized negative log-likelihood obtained with the additional changepoint τ , and `F is the penalized negative log-likelihood without the change-point. The
term Cp is a penalty term for model complexity, where C is a user-defined regularization
parameter that controls the sparsity of the change-point model (the number of changepoints). To the best of our knowledge there is no easy and principled approach for choosing
C. We identify this as an important issue where more research is needed. Since C controls
the number of change-points, in practice one ad-hoc approach is to set C such that the
number of detected change-points is reasonable. This is the approach that we use in the
real data analysis. Here we rely on simulation. We explore various scenarios by simulation
and found that values of C between (0, 4) produce the best results in our setting.
The binary segmentation algorithm can be defined more precisely as follows. Let us
call J (X, t0 , t1 ) the (single) change-point output either by Algorithm 3 or Algorithm 4
when applied to data set X using sample Xt0 , . . . , Xt1 , for some t0 , t1 ∈ T , t0 < t1 .
Let L(X, t0 , t1 ) denote the (penalized) minimum negative log-likelihood achieved on data
Xt0 , . . . , Xt1 . That is,
#
θ0

L(X, t0 , t1 ) = min − log det(θ) + Tr θ

Then the binary-segmentation algorithm B(X, t0 , t1 ) can be written recursively as follows:
Algorithm 4 Binary Segmentation

1: function B(X, t0 , t1 )
2:
τ = J (X, t0 , t1 ) (apply either algorithm 3 or 4 to data Xt0 , . . . , Xt1 )
3:
`τ = L(X, t0 , τ ) + L(X, τ + 1, t1 )
4:
`F = L(X, t0 , t1 )
5:
if `τ + Cp ≥ `F then
6:
return N ull
7:
else
8:
return {τ, B(X, t0 , τ ), B(X, τ + 1, t1 )}
9:
end if
10: end function
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We end this section with some words of caution. Binary segmentation is well-known
to be a sub-optimal procedure and can perform poorly in some settings (see for instance
Fryzlewicz, 2014). The issue is that at each step, binary segmentation is actually fitting a
possibly misspecified model—one with a single change-point—to data with possibly multiple change-points. One approach is overcoming this limitation is to extend our proposed
algorithms so as to handle directly multiple change-points. We leave this as an important
future work.

12

log{p}
T −τ

(k)

kθ̂1 kF

kθ1 − θ̂1 kF
+
kθ̂2 kF

(k)

kθ2 − θ̂2 kF
< 0.05,

(V1)
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where θ̂1 and θ̂2 are obtained by performing 1000 proximal-gradient steps at the true τ
value. An interesting feature of the proposed approximate MM algorithms is that the

1 (k)
|τ − τ? | < 0.005 and
T

First we compare the running times of the proposed algorithms and the brute force approach. We consider two settings: (p = 100, T = 1000) and (p = 500, T = 500). In the
setting (p = 100, T = 1000), 100 independent runs of Algorithms 2 and 3 are performed
and the average run-times are reported in Table 1. In the setting (p = 500, T = 500) 10
independent runs of Algorithms 2 and 3 are used, and the results are presented in Table
2. We compare these times to results from one simulation run of the brute-force approach,
the results of which are given in the description (caption) of Tables 1 and 2.
We consider two stopping criteria for Algorithm 2 or 3. The first criterion stops the
iterations if

3.1 Time Comparison

and λ2,τ = λ
worked well. For the time-comparison in Section
λ1,τ = λ
3.1 we used λ = 0.1 and γ = 3.5 when T = 1000, and we used λ = 0.01 and γ = 3.5 when
T = 500. For the remainder of the experiments we set λ = 0.13 and γ = 0.25. For all the
experiments the search domain T is taken as {n0 , . . . , T − n0 }, for a minimum sample size
n0 from {0.01T, 0.05T, 0.1T }.
(0)
(0)
We initialize τ (0) to a randomly selected value in T . The initial value θ1 and θ2
(0)
(0)
−1
are taken as θj = (Sj (τ ) + I)
where  is a constant chosen to maintain positive
definiteness. For cases where p < τ and p < T − τ we used  = 0, while for larger values of
p we set  = 0.2.
For the data generation in the simulations, we typically choose τ? = T /2 unless otherwise specified, and unless otherwise specified, we generate independently the matrices θ?,1
and θ?,2 as follows. First we generate a random symmetric sparse matrix M such that the
proportion of non-zero entries is 0.25. We add 4 to all positive entries and subtract 4 from
all negative entries. Then we set the actual precision matrix as θ?,j = M + (1 − λmin (M ))Ip
where λmin (M ) is the smallest eigenvalue of M . The resulting precision matrices contain
roughly 25% non-zero off-diagonal elements. For each simulation a new pair of precision
matrices was generated as well as the corresponding data set.
For Algorithm 3 we also experimented with a number of MCMC kernel Kβ,θ1 ,θ2 . We
experiment with the independence Metropolis sampler with proposal U(n0 , T − n0 ). We
also tried a Random Walk Metropolis with a truncated Gaussian proposal N(τ (k−1) , σ 2 ),
for some scale parameter σ > 0. Finally, we also experimented with a mixture of these two
Metropolis-Hastings kernels. We found that for our simulations the Independent Metropolis
kernel works best, although the mixture kernel also performed well. For the cooling schedule
of simulated annealing we use β (0) = 1, and a geometric decay β (n) = αβ (n−1) with
 (M ) 1/M
where β (M ) = 0.001, and M is the maximum number of iterations.
α = ββ (0)
An implementation of the algorithms presented here for the Gaussian graphical model
context is available in the changepointsHD package, Bybee (2017), available on the Comprehensive R Archive Network (CRAN).

log{p}
τ

We investigate the different algorithms presented here in a variety of settings. For all
the algorithms investigated the choice of the step-size γ and the regularizing parameter
λ are important.
For all experiments,
and as suggested by (8), we found that setting
q
q

3. Numerical Experiments

Change-Point Computation for Large Graphical Models

Time (Seconds)
Iterations
Time (Seconds)
Iterations

Approx. MM
195.95 (48.94)
658.68 (82.93)
0.39 (0.10)
1.03 (0.17)

Simulated Annealing
3.03 (0.40)
662.62 (88.51)
0.48 (0.46)
101.96 (100.29)

Time (Seconds)
Iterations
Time (Seconds)
Iterations

Approx. MM
3554.30 (404.24)
939.70 (11.03)
4.27 (1.10)
1.10 (0.32)

Simulated Annealing
94.64 (5.50)
941.70 (16.23)
10.96 (8.26)
111.20 (90.71)

(k)
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We investigate how the brute force algorithm, Algorithm 2, and Algorithm 3 perform
when change-points are non-existent or close to the edges. The results for the brute force
algorithm are presented in Figure 1, the results for Algorithm 2 are presented on Figure 2
and the results for Algorithm 3 are presented on Figure 3. For Algorithm 2 and Algorithm
3 the figure contains two subfigures, the first showing the sequences {τ (k) } of solutions
produced by the algorithm (trace plots) for all 200 replications, and the second showing
a histogram of the final change-point estimate, based on 200 replications. Additionally, a
line is included to show the location of the true τ . The trace plots show how quickly each
algorithm converges under the various settings. For the brute force algorithm the trace plot
is not relevant since the brute force algorithm is not an iterative algorithm. The results
suggest that Algorithm 2 and Algorithm 3 have more trouble when the true τ is close to
the edge of the sample. For τ = 0.1T , Algorithm 3 performed slightly better, with 136
simulations ending within 5 units of the true τ compared to 90 for Algorithm 2.

3.2 Behavior of the Algorithm when the Change-Point is at the Edge

change-point sequence τ (k) can converge well before θ1 and θ2 . To illustrate this, we
also explore the alternative approach of stopping the iterations only based on τ (k) , namely
when
1 (k)
|τ − τ? | < 0.005.
(V2)
T
Finally, we note that we implement the brute force approach by running 500 proximalgradient steps for each possible value of τ . Note that 500 iterations is typically smaller
than the number of iterations needed to satisfy (V1).
Tables 1 and 2 highlight the benefits of Algorithm 2 and Algorithm 3 as the run-time
is several orders of magnitude lower than the brute force approach. Additionally, while
Algorithm 3 requires more iterations than Algorithm 2 its run-time is typically smaller. The
benefits of Algorithm 3 are particularly clear for large values of p and T (under stopping
criterion (V1)). The stopping criteria (V2) highlights the fact that the τ (k) sequence in the
proposed algorithms can converge well before the θ-sequences.

(k)

Table 2: Run-times of Algorithm 2 and 3 for (p = 500, T = 500). For comparison the
run-time of the brute force algorithm for this problem is 10854.44.

(V2)

Variant
(V1)

Table 1: Run-times of Algorithm 2 and 3 for (p = 100, T = 1000). For comparison the
run-time of the brute force algorithm for this problem is 2374.82.

(V2)

Variant
(V1)

Bybee and Atchadé

(a) No change-point

(d) Change-point at τ = 0.5T

(b) Change-point at τ = 0.1T

Bybee and Atchadé

(b) Change-point at τ = 0.1T

(c) Change-point at τ = 0.25T

Change-Point Computation for Large Graphical Models

(a) No change-point

(d) Change-point at τ = 0.5T
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Figure 2: Behavior of Algorithm 2 as the location of the true change-point is varied.
Each plot gives a trace plot of produced estimates, and a histogram of the final
change-point estimate. Based on 200 replications.

(c) Change-point at τ = 0.25T

JMLR 19(11):1-38, 2018

Figure 1: Behavior of the brute force approach as the location of the true change-point
is varied. Each plot is a histogram of the change-point estimates based on 200
replications.

15

(d) Change-point at τ = 0.5T

(c) Change-point at τ = 0.25T
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Figure 3: Behavior of Algorithm 3 as the location of the true change-point is varied.
Each plot gives a trace plot of produced estimates, and a histogram of the final
change-point estimate. Based on 200 replications.

(b) Change-point at τ = 0.1T

(a) No change-point

Change-Point Computation for Large Graphical Models

(d) q = 0, p = 25

(b) q = 17.5, p = 7.5
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As θ1 and θ2 get increasingly similar, the location of the change-point becomes increasingly
more difficult to find. We investigate the behavior of the proposed algorithms in such
settings. We generate the true precision matrices θ1 and θ2 as follows. We draw a random
precision matrix θ with q% non-zero off-diagonal elements, and C1 and C2 two random
precision matrix with p% non-zero off-diagonal elements. We choose C1 and C2 to have
the same diagonal elements. Then we set θ1 = θ + C1 and θ2 = θ + C2 , which are then
used to generate the data set for the experiment. The ratio p/q is a rough indication of the
signal. Figure 4-6 show the behavior of the three algorithms for different values of q and
p. For Algorithms 2 and 3 we found that similar precision matrices sometimes leads the
algorithm to converge to the edge of the search domain. This makes sense, since a strong
similarity between the two precision matrices implies a weak signal-to-noise ratio, which
makes the model with no change-point more attractive. Putting the estimated changepoint at the boundary of the search domain is roughly equivalent to fitting a model with
no change-point.

3.3 Behavior of the Algorithms when θ1 and θ2 are Similar

Figure 4: Behavior of the brute force approach for varying signals. Each plot is a histogram
of the final change-point estimate. Based on 200 replications.

(c) q = 10, p = 15

(a) q = 25, p = 0

Bybee and Atchadé

(a) q = 25, p = 0

(d) q = 0, p = 25

(b) q = 17.5, p = 7.5

Bybee and Atchadé

(b) q = 17.5, p = 7.5

(c) q = 10, p = 15

Change-Point Computation for Large Graphical Models

(a) q = 25, p = 0

(d) q = 0, p = 25
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Figure 6: Behavior of Algorithm 3 for varying signals. Each plot gives a trace plot of
produced estimates, and a histogram of the final change-point estimate. Based
on 200 replications.

(c) q = 10, p = 15

JMLR 19(11):1-38, 2018

Figure 5: Behavior of Algorithm 2 for varying signals. Each plot gives a trace plot of
produced estimates, and a histogram of the final change-point estimate. Based
on 200 replications.
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In finance and econometrics there is considerable interest in regime-switching models in
the context of volatility, particularly because these switches may correspond to real events
in the economy (Banerjee and Urga, 2005; Beltratti and Morana, 2006; Günay, 2014; Choi
et al., 2010). However, much of the literature is limited to the low dimensional case, due
to the difficulty involved in estimating change-points for higher dimensions. We are able
to use our method to estimate change-points in the covariance structure of the Standard
& Poor’s (S&P) 500—an American stock market index.

3.6 A Real Data Analysis

We also investigate the behavior of the proposed algorithms for larger values of p. We performed several (100) runs of Algorithm 3 for T = 1000, and p ∈ {100, 500, 750, 1000}.
From these 100 runs we estimate the distributions of the iterates (by boxplots) after
10, 100, 200, . . . , 1000 iterations. The results are presented in Figure 8. The results show
again a very quick convergence toward τ? and this convergence persists even as p gets large.

3.5 High Dimensional Experiments

where `τ is the penalized negative log-likelihood obtained with the additional changepoint τ , and `F is the penalized negative log-likelihood without the change-point. The
term C is a user-defined parameter.
As mentioned above, the proposed algorithms can diverge when the step-size γ is not
appropriately selected. In particular the appropriate value of γ is highly dependent on the
length of the data set, and the binary segmentation splittings of the data can result in
data segments with very different lengths. We use this feature to our advantage. We have
chosen not to tune γ to the data segment, and to stop the binary segmentation splitting if
(k)
(k)
the sequence θ̂1 or θ̂2 appear to diverge. This has the effect of constraining the lengths
of the change-point segments from being too small. We achieve this result without directly
setting a minimum length constraint—which be hard to do in practice. We found that
(k)
stopping the algorithm when ||θ̂i ||22 > 2 × 103 was sufficient for our data.
In the binary segmentation, since the estimates of θ1 and θ2 may not have converged by
the end of the search for τ it may be worth continuing the estimation procedure for θ1 and
θ2 so that the resulting penalized log-likelihoods are comparable. Hence after each split
from the binary segmentation search, we perform an additional 500 iterations to estimate
θ1 and θ2 at the resulting τ .
See Figure 7 for a series of heatmaps showing how often the binary segmentation
method finds a given number of change-points for different values of C. These results
suggest that the choice of C in the interval (0, 4) is reasonable. These results are produced
using Algorithm 3 for speed, however, the results are identical for the other two algorithms
considered. Note that since an additional change-point should always improve the log(k)
likelihood, when C ≤ 0 we only stop on the secondary stopping condition that ||θ̂i ||22 >
2 × 103 .

`τ + Cp ≥ `F ,

This section considers the stopping condition for the binary segmentation algorithm (see
Section 2.2) and how it performs with different configurations. A condition is required for
determining when the binary segmentation splitting should reject a change-point and stop
running. The stopping condition that we use is the following, stop if

3.4 Sensitivity to the Stopping Criteria in Binary Segmentation

Change-Point Computation for Large Graphical Models

22

JMLR 19(11):1-38, 2018

Figure 7: Number of change-points detected by binary segmentation as function of the
cost multiplier C. The set of true change-points is indicated on top of the plots.

Bybee and Atchadé
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Figure 8: Boxplots of the iterates produced by Algorithm 4. Based on 100 replications.
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Data from the S&P 500 was collected for the period from 2000-01-01 to 2016-03-03.
From this initial sample a subset of stocks (or tickers) was selected for which at least
3000 corresponding observations exist. This produced a sample extending from 2004-02-06
to 2016-03-03, consisting of 3039 observations and 436 stocks. We follow a similar data
cleaning procedure to Lafferty et al. (2012), who investigate a comparable problem without
t
, and standarize the
change-points. For each stock we generate the log returns, log XXt−1
resulting returns. Following Lafferty et al. (2012), we then truncate (or clip) all observations
beyond three standard deviations of the same mean, thereby limiting unwanted outliers in
our sample. The reason for this cleaning procedure is that these outliers often correspond
to stock splits instead of meaningful price changes.

For our setting λ = 0.002 and γ = 0.5. We initialize θ̂(0) = (S(τ (0) ) + I)−1 where
 = 10−4 and τ (0) is selected randomly. After the simulated annealing run the proximal
gradient algorithm was run an additional 2000 steps, to produces estimates of θ1 and θ2 .
Here we increase the step-size to γ = 350 to accelerate the convergence. For the binary
segmentation we found that selecting the threshold constant, C = 0.005, found a reasonable
set of change-points. We found the choice of parameters important in this application, in
particular, variation from the values used here can lead the algorithm to diverge. We use
the same stopping criterion as with the prior binary-segmentation simulations. That is, a)
(k)
stop when `τ + Cp ≥ `F or b) stop when ||θ̂i ||22 > 2 × 103 .

Figure 9 presents the results of the change-point analysis using binary segmentation
with Algorithm 4. As a reference we also present the results obtained using binary segmentation together with the brute force approach. For the brute force approach, we set γ = 35
and ran 10 iterations for each possible change-point, before running 2000 steps at γ = 350
to get the estimates for θ1 and θ2 . The brute force approach took approximately an hour
to run one layer of the search, while simulated annealing took approximately 15 minutes.
Figure 9-(a) shows the trace plots from simulated annealing based on 100 replications. The
red lines mark the detected time segments. Figure 9-(b) shows the resulting segmentation
of the data. We note that simulated annealing and brute force produce slightly different sets of change-points. This brings up an important point: the resulting solution is a
local optimum. Binary segmentation does introduce an element of path dependency to
the results so there may be more than one viable set of change-points—in this particular
case, the brute force approach starts with the first change-point on August 19th 2011 while
simulated annealing starts with January 11th 2008.

JMLR 19(11):1-38, 2018

We next look at how well the estimated change-points correspond to real world events.
Our change-point set seems to do a good job of capturing both the Great Recession and
a fall in stock prices during August of 2011 related to the European debt crisis and the
downgrading of United State’s credit-rating. The first change-point in our set is January
11th 2008. The National Bureau of Economic Research (NBER) identifies December of
2007 as the beginning of the Great Recession, which this change-point seems to capture.
Additionally, 10 days after the change-point, the Financial Times Stock Exchange (FTSE)
would experience its biggest fall since September 11th 2001. The brute force approach
places this first change-point earlier in the series on July 23rd 2007, possibly capturing
a relatively positive time in the economy before the downturn. The Second change-point
occurred on September 15th 2008, the day on which Lehman Brothers filed for bankruptcy
protection, one of the key events of the Great Recession (both methods agree on this
change-point). The third change-point takes place on March 16th 2009, corresponding
to the end of the bear market in the United States. For bthe brute force approach, this
change-point is June 2nd 2009—June of 2009 was when the NBER officially declared the
end of the recession. The fourth change-point, on June 1st 2011, and the fifth change-point,
on December 21st 2011, likely capture a period of heightened concerns over the possible
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spread of the European debt crisis to Spain and Italy, during August of 2011. This period
also saw the downgrading of the S&P’s credit rating of the United States from AAA to

Figure 9: Change-points analysis of the S&P 500 data set over the period 2004-02-06 to
2016-03-03.

(b) Simulated annealing (top) and brute force segmentations of the data.

(a) Simulated Annealing trace plots from 100 replications. The red lines represent the prior set of relevant
change-points.
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AA+. The August 19th 2011 brute force change-point more precisely identifies this August
downturn.
Given that the change-point set identified seems sensible, we then investigate what
the corresponding θ̂ estimates look like, and whether any interesting conclusions can be
drawn from our estimates. Here we focus only on the simulated annealing change-point
set. See Figure 10 for a plot of the adjacency matrix for each θ̂ estimate. The black
squares correspond to non-zero edges and he yellow boxes correspond to Global Industry
Classification Standard (GICS) sectors. These results tell an intuitive story about how the
economy behaves during financial crises. Following both the collapse of Lehamn Brother’s
and the events of August 2011, we see a dramatic increase in connectivity between returns
even outside of GICS sectors. To get a better sense of this see Figure 11 for a similar
series of plots where edges are summed over each sector. Figure 12 gives an expanded
version of the summed edge plot for the first θ̂ estimate, as well as the corresponding
sector labels for reference. Again, we can see that during periods of crisis, the off diagonal
elements—corresponding to edges between different sectors—become more significant than
during periods of general stability.
From these figures we can get a sense of which sectors are most affected during times
of crisis. To expand upon this some, see Figure 12 for the edge count between each sector

Figure 10: Adjacency matrices between stocks based on estimated precision matrices θ̂
for each time segment. A black dot represents an edge between two stocks.

Bybee and Atchadé
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Figure 12: Number of edges between the financial sector and the remaining sectors, for
each time segment. Based on the estimated precision matrices θ̂.
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More generally, If θ, ϑ ∈ Mp+ , then

g(ϑ) − g(θ) − h∇g(θ), ϑ − θi ≥

2
F


γ 
2
≤ 1 − 2 kθ − θ0 kF .
B


θ̄ = Proxγλ θ − γ(S − θ−1 ) ,


2γ φ(θ̄) − φ(θ0 ) + θ̄ − θ0

28

g(θ1 ) − g(θ0 ) − h∇g(θ0 ), θ1 − θ0 i =

0

Z

0

Z

1

1

(θ0 + tH)−1 − θ0−1 , H dt,
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Tr θ0−1 H(θ0 + tH)−1 H tdt.

where H = θ1 − θ0 . We have (θ0 + tH)−1 − θ0−1 = −tθ0−1 H(θ0 + tH)−1 , which leads to

def

g(θ1 ) − g(θ0 ) − h∇g(θ0 ), θ1 − θ0 i = −

Proof The first part of (1) is Lemma 12 of Atchadé et al. (2015), and Part (2) is Lemma
14 of Atchadé et al. (2015). The second part of (1) can be proved along similar lines. For
completeness we give the details below.
Take θ0 , θ1 ∈ Mp+ . By Taylor expansion we have

then

2. Let γ ∈ (0, b2 ], and θ, θ̄, θ0 ∈ Mp+ (b, B). Suppose that

kϑ − θkF2
.
4kθk2 kθk2 + 21 kϑ − θkF

Figure 11: Adjacency matrices between sectors for each time segment. Based on the
number of edges going from stocks of one sector to another as given by the
estimated precision matrices θ̂.
and the Financial sector for each θ̂ estimate. We can see that during times of crisis,
there is considerable connection between Industrials, Information Technology, Consumer
Discretionary, and to a lesser extend Healthcare, and the Financial sector. Consumer
Staples, Utilities, and Materials appear to be more stable during these periods and do not
experience as much correlation with Financials. This might suggest that our method could
be used as a tool to identify investment strategies that are likely to be resilient to periods
of crisis in the market.

4. Proofs
4.1 Proof of Theorem 5
We will need the following lemma.
Lemma 12 Set
def

g(θ) = − log det(θ) + Tr(θS),



1−α
def
2
and φ(θ) = g(θ) + λ αkθk1 +
kθkF , θ ∈ Mp+ ,
2

1
2
kϑ − θkF .
2b2
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≤ g(θ) + h∇g(θ), ϑ − θi +

for some symmetric matrix S, α ∈ (0, 1), and λ > 0. Fix 0 < b < B ≤ ∞.

1
2
kϑ − θkF ≤ g(ϑ)
2B 2

1. For θ, ϑ ∈ Mp+ (b, B), we have
g(θ) + h∇g(θ), ϑ − θi +
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F

(k)

(0)

− F(τ

(k)

(k+1)

(k)

− θ1

F

= 0, and
k

(k+1)

2

(k)

− θ2
F

F

2

−

,

1
(k+1)
(k)
θ
− θ2
2γ 2

= 0.

1
(k+1)
(k)
θ
− θ2
2γ 2

lim θ2

−

F

2

2

(k+1)

29

F

2

.
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− θ̂1,τ (k) + θ2
− θ̂2,τ (k)
F


F

2
γ
γ
(k)
(k)
≤ 1− 2
θ1 − θ̂1,τ (k) + 1 − 2
θ2 − θ̂2,τ (k)
F
B1
B2

(k+1)

+ θ1

(15)

F

2

(k) (k)
, θ1 , θ2 ).

It also implies that the sequence {Fk } is non-increasing and bounded from below by 0.
Hence converges. Another application of Lemma 12 gives


(k+1) (k+1)
) − F(τ (k) , θ̂1,τ (k) , θ̂2,τ (k) )
2γ F(τ (k) , θ1
, θ2

k

lim θ1

which implies that

F

2

− F(τ

(k)

≤ 0, and by Lemma 12-

1
(k+1)
(k)
θ
− θ1
2γ 1

(k+1) (k+1)
, θ1
, θ2
)

≤−

(k)

(k+1) (k+1)
, θ1
, θ2
)
(k) (k+1) (k+1)
+ F(τ , θ1
, θ2
)

− F(τ

(k)

1
(k+1)
(k)
θ
− θ1
2γ 1

(k) (k)
, θ1 , θ2 )

Fk+1 ≤ Fk −

(k+1) (k+1)
, θ1
, θ2
)

It follows that

F(τ

(k)

By definition, F(τ
Part(2),

− F(τ

(k+1) (k+1)
, θ1
, θ2
)

(k+1) (k+1)
, θ1
, θ2
)

(k+1)

(k+1)

∈ M+
p (bj , Bj ), we have

= 0. Furthermore the sequence {Fk } is non-increasing, and limk Fk exists.

∈ M+
p (bj , Bj ) for all k ≥ 0, for j = 1, 2. We have,

Fk+1 − Fk = F(τ

θj

,

∈ M+
p (bj , Bj ). Then limk θ1 − θ̂1,τ (k)

Proof We know from Lemma 2 that for γ ∈ (0, b21 ∧ b22 ], and θj

0, limk

(k)
θ2

Lemma 13 Suppose that γ ∈ (0, b21 ∧b22 ], and for j = 1, 2, θj

(k)

4kθ0 k2 kθ0 k2 + 12 kHkF

tdt
kθ0 k2 (kθ0 k2 + tkHkF )

kHuj k22 = kHk2F .

0

1

F(τ, θ1 , θ2 ) = g1,τ (θ1 ) + λ1,τ p(θ) + g2,τ (θ2 ) + λ2,τ p(θ2 ),

j=1

Pp

kHuj k22

Z

F = F(τ̂, θ̂1,τ̂ , θ̂1,τ̂ ) the value of Problem (3), and Fk = F(τ (k) , θ1 , θ2 ) − F.

Set

and the result follows by noting that

g(θ1 ) − g(θ0 ) − h∇g(θ0 ), θ1 − θ0 i ≥

p
X


Pp
If θ0 = i=1 ρj uj u0j is the eigendecomposition of θ0 , we see that Tr θ0−1 H(θ0 + tH)−1 H =
Pp
1 0
−1
Huj . Hence
j=1 ρj uj H(θ0 + tH)
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F

=

(k+1)

− θ̂1,τ (k)
F

2
(k+1)

+ θ2

+

(k)

F

2

F



γ
(k)
+ 1− 2
θ2 − θ̂2,τ (k)
B2

(k)
F

= 0,

and

k

= Argmint∈T H

F

= 0.



(k+1) (k+1)
t|θ1
, θ2



,

,

c
,
1−κ

def

30

def

def
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κi (2) = inf {u0 Σi u, kuk2 = 1, kuk0 ≤ 2} , κ̄i (2) = sup {u0 Σi u, kuk2 = 1, kuk0 ≤ 2} ,

ind

−1
Lemma 14 Suppose that Xi ∼ N(0, θi−1 ), i = 1, . . . , N , where θi ∈ M+
p . We set Σi = θi , and
define

We will need the following deviation bound.

We introduce some more notation. Given M ∈ Rp×p the sparsity structure of M is the
matrix δ ∈ {0, 1}p×p such that δjk = 1{|Mjk |>0} . In particular we will write δ?,j (j = 1, 2)
to denote the sparsity structure of θ?,j . Given matrices A ∈ Rp×p , and δ ∈ {0, 1}p×p , we
will use the notation Aδ (resp. Aδc ) to denote the component-wise product of A and δ
(resp A and 1 − δ). Given j ∈ {1, 2}, we define
n
o
def
c k1 ≤ 7kMδ
Cj = M ∈ Mp : kMδ?,j
.
(16)
?,j k1 .

4.2 Proof of Theorem 9

which implies the stated result.

τ (k+1) − τ? ≤ κ τ (k) − τ? + c ≤ κk−k0 +1 τ (k0 ) − τ? +

using H1 we conclude that for all k ≥ k0 ,

τ

(k+1)

F

(k)

lim θ2 − θ̂2,τ (k)

Proof of Theorem 5 Let  > 0 as in H1. By Lemma 13, there exist k0 ≥ 1 such that for
(k+1)
(k+1)
all k ≥ k0 , θ1
− θ̂1,τ (k) ≤ , and θ2
− θ̂2,τ (k) ≤ . Since
F

lim θ1 − θ̂1,τ (k)
k

F

2

2
2
2
γ
(k+1)
(k)
(k+1)
(k)
(k)
− θ2
+ θ2
− θ1
θ2 − θ̂2,τ (k) ≤ θ1
F
F
F
B22
E
E
D
D
(k+1)
(k) (k+1)
(k+1)
(k) (k+1)
− θ2 , θ2
− θ̂2,τ (k) .
− 2 θ1
− θ1 , θ1
− θ̂1,τ (k) − 2 θ2

− θ̂2,τ (k)

F
γ
(k)
θ1 − θ̂1,τ (k)
≤ 1− 2
B1
2

) − F(τ (k) , θ̂1,τ (k) , θ̂2,τ (k) ) ≥ 0. Hence

2

(k+1)

, θ2

Since {θ1 }, {θ2 } {θ̂1,τ (k) }, and {θ̂2,τ (k) } are bounded sequence, and given (15), letting
k → ∞, we conclude that

(k)

γ
(k)
θ1 − θ̂1,τ (k)
B21

which can be written as

θ1

(k+1)

And notice that F(τ (k) , θ1

Bybee and Atchadé

0
i=1 (Xi Xi

PN
− θi−1 ). Then for
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def

and suppose that κi (2) > 0 for i = 1, . . . , N . Set GN = N −1

2
mink κk (2)
, we have
maxk κ̄k (2)
0<δ≤2

k



 
N δ2
P kGN k∞ > max κ̄k (2) δ ≤ 4p2 e− 4 .

(k)
arbitrary, set Zij = Xk,i Xk,j ,
PN
(k)
(k)
k=1 (Zij −σij ). Suppose

Proof The proof is similar to the proof of Lemma 1 of Ravikumar et al. (2010), which
itself builds on Bickel and Levina (2008). For 1 ≤ i, j ≤ p,
(k)

"

(k)

(k)

(k)

N

k=1

#

(k)

(k)

(k)

i
1 Xh
(k)
(k)
(k)
−
(Xk,i − Xk,j )2 − σii − σjj + 2σij .
4

and σij = Σk,ij , so that the (i, j)-th component of GN is N −1
that i 6= j. The case i = j is simpler. It is easy to check that

k=1

#

N h
N h
i
i 1X
X
(k)
(k)
(k)
(k)
(k)
Zij − σij =
(Xk,i + Xk,j )2 − σii − σjj − 2σij
4

N h
X
(k)

(k)

Zij − σij

i

(k)

>x ≤P

(k)

N
X

k=1

(k)

aij (Wk − 1) > 2x

(k)

(k)

"
(k)

+P

N
X

k=1

(k)

(k)

#

bij (Wk − 1) > 2x ,

Notice that Xk,i +Xk,j ∼ N(0, σii +σjj +2σij ), and Xk,i −Xk,j ∼ N(0, σii +σjj −2σij ).
It follows that for all x ≥ 0,

"

k=1

P
k=1

i.i.d.

x
2|a|2

+ 2|a|∞

(k)

4|a|22
2x|a|∞

(k)

x
2|a|2

where W
∼ χ2 , a = σ + σ + 2σ , and b = σ + σ − 2σ . For any x ≥ 0
1:N
1
ij
ii
jj
ij
ij
ii
jj
ij
pP
2
and a sequence a = (a1 , . . . , aN ) of positive numbers, with |a|∞ = maxi |ai |, |a|2 =
i ai ,
we write


2


.
2x = 2|a|2

N
X

ak (Wk − 1) ≥ 2x

(k)

(k)

!

≤ 2e

ak (Wk − 1) ≥ 2|a|∞ N δ
(k)

−

x2
2
4|a|2

≤ 2e−
(k)

.

N δ2
4

.

2 minj ai2
]
maxi ai2

to get

Therefore if 2x|a|∞ ≤ 4|a|22 , we can apply Lemma 1 of Laurent and Massart (2000) to
conclude that
!
P

k=1

N
X

In particular, we can apply the above bound with x = |a|∞ N δ for δ ∈ (0,
that
P

k=1

mink κk (2)
mink u0 Σ(k) u
.
≥
maxk κ̄(2)
maxk u0 Σ(k) u

In the particular case above, aij = σii + σjj + 2σij = u0 Σ(k) u, where ui = uj = 1,
and ur = 0 for r ∈
/ {i, j}. And

(k)
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A similar bound holds for bij . The lemma follows from a standard union-sum argument.
31

τ ∈T
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8
.
pT

The following event plays an important role in the analysis.

\  1
α
1
α
k∇g1,τ (θ?,1 )k∞ ≤ , and
k∇g2,τ (θ?,2 )k∞ ≤
,
λ1,τ
2
λ2,τ
2
def

En =

Lemma 15 Under the assumptions of the theorem

P(En ) ≥ 1 −

Proof We have




α
1
α
1
k∇g1,τ (θ?,1 )k∞ >
+ P max
k∇g2,τ (θ?,2 )k∞ >
.
P(Enc ) ≤ P max
τ ∈T λ2,τ
τ ∈T λ1,τ
2
2

∇g1,τ (θ?,1 ) =

τ
1 X (t) (τ − τ? )+ −1
−1
U +
(θ?,2 − θ?,1
),
2T t=1
2T

τ
X

t=1

U (t)

∞

−1
−1
> αλ1,τ T − (τ − τ? )+ kθ?,2
− θ?,1
k∞

τ ∈T

≤ 4T p2 e

r

− τ4

1,τ T
2τ κ̄

 αλ

2

s1 log(pT )
,
τ

s2 log(pT )
,
T −τ

∞

48.

4
.
pT

√

≤ 4 exp (2 log(pT ) − 3 log(pT )) ≤

≤ Aκ̄kθ?,1 k22

≤

Aκ̄kθ?,2 k22

.

(17)

!

We show how to bound the first term. A similar bound follows for g2,τ by working on
τ
the reversed sequence X (T ) , . . . , X (1) . We have ∇g1,τ (θ) = 2T
(S1 (τ ) − θ−1 ). Setting

def
U (t) = X (t) (X (t) )0 − E X (t) (X (t) )0 , we can write

def

X

τ ∈T

P

where a+ = max(a, 0). Hence by a standard union-bound argument,


1
α
k∇g1,τ (θ?,1 )k∞ >
P max
τ ∈T λ1,τ
2
≤

F

√ p
−1
Given the choice of λ1,τ in (8), αλ1,τ T /2 = 2 3κ̄ τ log(pT ) ≥ (τ − τ? )+ kθ−1 − θ?,1
k∞ ,
?,2
by assumption (11). In view of (10) we can apply Lemma 14 to deduce that
!


τ
X
αλ1,τ T
1
α
1 X (t)
U
>
P max
≤
P
k∇g1,τ (θ?,1 )k∞ >
τ ∈T λ1,τ
2
τ t=1
2τ

θ̂1,τ − θ?,1

θ̂2,τ − θ?,2

Lemma 16 Under the assumptions of the theorem, and on the event En , we have
r
and
F
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for all τ ∈ T , where A is an absolute constant that can be taken as A = 16 × 20 ×

32

def

λj,τ
(α + 2(1 − α)kθ?,j k∞ ) θ̂j,τ − θ?,j
2
1

F

,

√
≤ 4λj,τ (α + 2(1 − α)kθ?,j k∞ ) sj θ̂j,τ − θ?,j

1

√
≤ 8αλj,τ sj θ̂j,τ − θ?,j

Proof of Theorem 9 For τ ∈ T , let
r
s1 log(pT )
def
r1,τ = Aκ̄kθ?,1 k22
,
τ

33

def

r2,τ = Aκ̄kθ?,2 k22

r

.
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s2 log(pT )
,
T −τ

Under the assumption that c1 ≥ 2c2 /kθ?,1 k2 (which we impose in (10)), this implies that
r
4c2
s1 log(pT )
k∆1,τ kF ≤
≤ Aκ̄kθ?,1 k22
,
c1
τ
√
where A = 16 × 20 × 48, as claimed.

c1 k∆1,τ kF
− c2 k∆1,τ kF ≤ 0,
1
2 + kθ?,1
k2 k∆1,τ kF

2

F

τ
.
2T 2kθ?,1 k2 (2kθ?,1 k2 + k∆1,τ kF )

k∆1,τ k2F

Set c1 = 4T kθτ?,1 k2 , c2 = 4λ1,τ s1 (3α + 2(1 − α)kθ?,1 k∞ ). Since φ1,τ (θ̂1,τ ) − φ1,τ (θ?,1 ) ≤ 0,
2
the above derivation shows that on the event En ,

√

≥

D
E
ḡ1,τ (θ̂1,τ ) − ḡ1,τ (θ?,1 ) − ∇ḡ1,τ (θ?,1 ), θ̂1,τ − θ?,1
D
E
≥ g1,τ (θ̂1,τ ) − g1,τ (θ?,1 ) − ∇g1,τ (θ?,1 ), θ̂1,τ − θ?,1

Suppose j = 1. The case j = 2 is similar. We then set ∆1,τ = θ̂1,τ − θ?,1 , and use the
second part of Lemma 12 (1) to deduce that

≤

and
D
E
∇gj,τ (θ?,j ) + (1 − α)λj,τ θ?,j , θ̂j,τ − θ?,j

αλj,τ kθ̂j,τ k1 − kθ?,j k1 ≤ αλj,τ θ̂j,τ − θ?,j

On En , θ̂j,τ − θ?,j ∈ Cj . Therefore

that φj,τ (θ) = gj,τ (θ) + λj,τ ℘(θ). Hence φj,τ (θ) = ḡj,τ (θ) + αλj,τ kθk1 . By a very standard
argument that can be found for instance in Negahban et al. (2012), it is known that on
the event En , and if α satisfies (9) then we have θ̂j,τ − θ?,j ∈ Cj , where the cones Cj are as
defined in (16). We write
D
E
φj,τ (θ̂j,τ ) − φj,τ (θ?,j ) =
∇gj,τ (θ?,j ) + (1 − α)λj,τ θ?,j , θ̂j,τ − θ?,j
D
E
+ḡj,τ (θ̂j,τ ) − ḡj,τ (θ?,j ) − ∇ḡj,τ (θ?,j ), θ̂j,τ − θ?,j


+αλj,τ kθ̂j,τ k1 − kθ?,j k1 .

def

Proof Fix j ∈ {1, 2}, and τ ∈ T . Set ḡj,τ (θ) = gj,τ (θ) + (1 − α)λj,τ kθkF /2, and recall

def
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τ ∈T

1
λmin (θ?,j ),
2

kθj k∞ ≤ 2kθ?,j k∞ ,

λmax (θj ) ≤ 2λmax (θ?,j ),

def

kθj k1 ≤ 2kθ?,j k1 . (20)

, we have

(19)

(18)

P (En , φ1,τ? +δ+j (θ1 ) + φ2,τ? +δ+j (θ2 ) ≤ φ1,τ? (θ1 ) + φ2,τ? (θ2 )) , (21)

j≥0: τ? +δ+j∈T

j≥0: τ? +δ+j∈T

X

and

1/2

kθ?,j k1

1+8sj



34
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2T
[φ1,τ (θ1 ) + φ2,,τ (θ2 ) − φ1,τ? (θ1 ) − φ2,τ? (θ2 )] = − log det(θ1 ) + log det(θ2 )
τ − τ?
+
*
τ


X
0
1
−1
−1
+ θ1 − θ2 , θ?,2
+ θ1 − θ2 ,
X (t) X (t) − θ?,2
τ − τ? t=τ +1
?



λ1,τ − λ1,τ?
1−α
+ 2T
kθ1 k2F + αkθ1 k1
τ − τ?
2



λ2,τ − λ2,τ?
1−α
+ 2T
kθ2 k2F + αkθ2 k1 .
τ − τ?
2

for some arbitrary τ ∈ T , τ > τ? . A simple calculation shows that

P (En , φ1,τ (θ1 ) + φ2,τ (θ2 ) ≤ φ1,τ? (θ1 ) + φ2,τ? (θ2 )) ,

where φj,τ (θ) = gj,τ (θ) + λj,τ ℘(θ). First we are going to bound the probability

≤ P(Enc ) +

Using the event En introduced in (17), we have
X
P (τ̌ > τ? + δ) ≤ P(Enc ) +
P (En , τ̌ = τ? + δ + j)

λmin (θj ) ≥

θj = (θj − θ̂τ,j ) + (θ̂τ,j − θ?,j ) + θ?,j .

λ (θ ) kθ k
This implies that on En , for  ≤ rj,τ , and rj,τ ≤ min min 4 ?,j , ?,j2 ∞ ,

8
4
This implies that with probability at least 1 − pT
− p2 1−e
, Assumption H1 holds (with
( −C0 )
√
 ← / p, κ = 0, and c = (4/C0 ) log(p)). The theorem then follows by applying Theorem
5.
Given θj ∈ M+
p be such that kθj − θ̂τ,j k1 ≤ , we will now show that (18) holds. We
shall bound P(τ̌ > τ? + δ), δ = (4/C0 ) log(p). The bound on P(τ̌ < τ? − δ) follows similarly
by working with the reversed sequence X (T ) , . . . , X (1) .
Note that θj can be written as

We will show below that


4 log(p)
8
4
.
P |τ̌ − τ? | >
≤
+ 2
C0
pT
p (1 − e−C0 )

For j = 1, 2, let θj ∈ M+
p be such that kθj − θ̂τ,j k1 ≤ . Set τ̌ = Argmint∈T H(t|θ1 , θ2 ),
where H is as defined in (4). Set

 κ 4 
kθ?,2 − θ?,1 k4F
,
.
C0 = min
128B 4 kθ?,2 − θ?,1 k21 κ̄

def

 = min(r1,τ ∧ r1,τ ).

be the convergence rates obtained in Lemma 16. Let  > 0 be given by
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λ1,τ −λ1,τ?
τ −τ?


1−α
2
2 kθ1 kF

r

48 log(pT )
c0 r2,τ
,
=
1/2
T −τ
αs2 kθ?,2 k22


+ αkθ1 k1 ≥ 0, and
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We have 2T
λ2,τ − λ2,τ?
κ̄
≤
2T
τ − τ?
α


1−α
kθ2 kF2 + αkθ2 k1
2


def

≤ Cτ =

def

1/2

4c0 kθ?,2 k1

s2 kθ?,2 k22

!

1
kθ1 − θ2 kF2 .
2B 2

r2,τ .

for some absolute constant c0 . Using the infinity-norm and 1-norm bounds in (20) together
with (9), we have


1−α
1−α
kθ2 kF2 + αkθ2 k1 = α
kθ2 k∞ + 1 kθ2 k1 ≤ 4αkθ?,2 k1 ,
2
2α

λ2,τ − λ2,τ?
2T
τ − τ?

and it follows that

Set
def

b = min (λmin (θ?,1 ), λmin (θ?,2 )) , B = max (kθ?,1 k2 , kθ?,2 k2 ) .

−1
≥ θ?,2
− θ2−1 , θ1 − θ2 +

By the strong convexity of log det (Lemma 12 Part(1)) we have:
−1
− log det(θ1 ) + log det(θ2 ) + θ1 − θ2 , θ?,2

≤

−1
2r2,τ kθ?,2
k2 kθ2−1 k2 kθ2 − θ1 kF

≤

+

Cτ
.
−1 2
2kθ?,2
k2 r2,τ
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(22)

1
kθ1 − θ2 kF2 .
2B 2

−1 2
4r2,τ kθ?,2
k2 kθ2 − θ1 kF .

−1
−1
Since θ?,2
− θ2−1 = θ?,2
(θ2 − θ?,2 )θ2−1 , and using the fact that kABkF ≤ kAk2 kBkF , we have
that on En ,
−1
θ?,2
− θ2−1 , θ1 − θ2

We conclude that on En ,

?

τ


X
0
1
−1
X (t) X (t) − θ?,2
τ − τ? t=τ +1

−1 2
− Cτ − 4r2,τ kθ?,2
k2 kθ2 − θ1 kF +

2T
[φ1,τ (θ1 ) + φ2,τ (θ2 ) − φ1,τ? (θ1 ) − φ2,τ? (θ2 )] ≥
τ − τ?
*
θ1 − θ2 ,

−1 2
kθ?,2 k22 kθ?,2
k2

Under the assumption (12) imposed on rj,τ and for  ≤ r1,τ ∧ r2,τ , it can be shown that on
8c kθ k
En , and for kθ?,2 − θ?,1 kF ≥ 1/2 0 ?,2 1
, we have
s2

, then
p

Cτ ≤

q
−1 4 2
Cτ + 16B 2 kθ?,2
k2 r2,τ .

1
−1 2
−Cτ − 2 ( + r2,τ ) kθ?,2
k2 kθ2 − θ1 kF +
kθ1 − θ2 kF2 ≥ 0.
4B 2

4B

−1 2
k2 +2B
To see this, note that (22) holds if kθ2 −θ1 kF ≥ 8B 2 r2,τ kθ?,2

and

c0 kθ?,2 k1
1/2
−1 4
kθ?,2 k22 kθ?,2
k2

16B 2 s2

Cτ
,
−1 2
2kθ?,2
k2 r2,τ

Then it can be checked that if r2,τ ≤
−1 2
8B 2 kθ?,2
k2 r2,τ ≤

35

4c0 kθ?,2 k1
Cτ
= 1/2
.
−1 2
−1 2
kθ?,2
k2 r2,τ
s2 kθ?,2 k22 kθ?,2
k2

Bybee and Atchadé

kθ2 − θ1 kF ≥

Therefore, (22) holds if

Now we write

θ2 − θ1 = (θ2 − θ̂τ,2 ) + (θ̂τ,2 − θ?,2 ) + (θ?,2 − θ?,1 ) + (θ?,1 − θ̂τ,1 ) + (θ̂τ,1 − θ1 ),

∞

>

kθ?,2 −θ?,1 kF
,
2(1+8s1/2 )

then


kθ2 − θ1 kF2 
. (23)
4B 2 kθ2 − θ1 k1

and use the fact that  ≤ r1,τ ∧ r2,τ , and rj,τ ≤ kθ?,2 − θ?,1 kF /8 to deduce that on En ,
kθ2 − θ1 kF ≥ kθ?,2 − θ?,1 kF /2, and this completes the proof of the claim.
It follows from the above that

?

τ


X
0
1
−1
X (t) X (t) − θ?,2
τ − τ? t=τ +1

P (En ; φ1,τ (θ1 ) + φ2,τ (θ2 ) − φ1,τ? (θ1 ) − φ2,τ? (θ2 ) ≤ 0)

≤ P

Proceeding as above, it is easy to see that if  ≤ r1,τ ∧ r2,τ , and rj,τ ≤

kθ2 − θ1 kF2
kθ?,2 − θ?,1 kF2
≥
.
4B 2 kθ2 − θ1 k1
32B 2 kθ?,2 − θ?,1 k1

kθ?,2 −θ?,1 kF4
,
128B 4 kθ?,2 −θ?,1 k12

κ 4
κ̄

i

4p2 e−C0 (δ+j) ≤

4
8
+ 2
,
pT
p (1 − e−C0 )

, and by taking δ = 4 log(p)/C0 . This completes

j≥0

X

Using this, and by Lemma 15, it follows that the probability on the right-hand side of (23)
is upper-bounded by


 κ 4 
kθ?,2 − θ?,1 kF4
,
.
4p2 exp −(τ − τ? ) min
128B 4 kθ?,2 − θ?,1 k12 κ̄
We apply this to (21) to get:

h

P(τ̌ > τ? + δ) ≤ P(Enc ) +
where C0 = min
the proof.
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Holger Höfling and Robert Tibshirani. Estimation of sparse binary pairwise Markov networks using
pseudo-likelihoods. J. Mach. Learn. Res., 10:883–906, 2009.

T. Hastie, R Tibshirani, and M. Wainwright. Statistical Learning with Sparsity: The Lasso and
Generalizations. Chapman and Hall/CRC, 2015. ISBN 978-1-4987-1216-3.

Samet Günay. Long memory property and structural breaks in volatility: Evidence from turkey and
brazil. International Journal of Economics and Finance, 6(12):119, 2014.

Piotr Fryzlewicz. Wild binary segmentation for multiple change-point detection. Ann. Statist., 42
(6):2243–2281, 12 2014.
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In statistical learning, a large class of problems can be categorized into supervised or unsupervised problems. For supervised learning problems, an output quantity Y must be
predicted or explained from the input measures X. On the contrary, for unsupervised
problems there is no output quantity Y to predict and the aim is to explain and model
the underlying structure or distribution in the data. In a sense, unsupervised learning can
be thought of as extracting features from the data, assuming that the latter come with
unstructured noise. Many methods in data sciences can be qualified as unsupervised methods, among the most popular examples are association methods, clustering methods, linear
and non linear dimension reduction methods and matrix factorization to cite a few (see
for instance Chapter 14 in Friedman et al. (2001)). Topological Data Analysis (TDA) has
emerged in the recent years as a new field whose aim is to uncover, understand and exploit
the topological and geometric structure underlying complex and possibly high-dimensional
data. Most of TDA methods can thus be qualified as unsupervised. In this paper, we study
a recent TDA algorithm called Mapper which was first introduced in Singh et al. (2007).
Starting from a point cloud Xn sampled from a metric space X , the idea of the Mapper
is to study the topology of the sublevel sets of a function f : Xn → R defined on the

1. Introduction

In this article, we study the question of the statistical convergence of the 1-dimensional
Mapper to its continuous analogue, the Reeb graph. We show that the Mapper is an optimal
estimator of the Reeb graph, which gives, as a byproduct, a method to automatically tune
its parameters and compute confidence regions on its topological features, such as its loops
and flares. This allows to circumvent the issue of testing a large grid of parameters and
keeping the most stable ones in the brute-force setting, which is widely used in visualization,
clustering and feature selection with the Mapper.
Keywords: Topological Data Analysis, Mapper, Parameter Selection, Confidence Regions, Extended Persistence
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1. The Mapper was originally defined more generally for functions with values in Rd , with arbitrary d > 0.
In this work, we restrict the focus to scalar-valued functions, since the mathematical analysis is much
easier in that case, and since it also corresponds to many use cases of the Mapper.

Contributions. Our main goal in this article is to provide a statistical method to tune the
parameters of the Mapper automatically in various settings (Equations (8), (9) and (10)) by
computing its rate of convergence (Propositions 11 and 13 and Corollary 14) to its continuous counterpart called the Reeb graph, avoiding the computational cost of testing millions
of candidates and selecting the most stable ones in the brute-force setting of many practitioners. We also provide methods to assess stability, rates of convergence and confidence
regions (Proposition 15) for the topological features of the Mapper. We believe that this
set of methods open the way to an accessible and intuitive utilization of Mapper for non
expert researchers in applied topology.

point cloud1 . The function f is called a filter function and it has to be chosen by the user.
The Mapper construction depends on the choice of a cover I of the image of f by open
sets. Pulling back I through f gives an open cover of the domain Xn . It is then refined
into a connected cover by splitting each element into its various clusters using a clustering
algorithm whose choice is left to the user. Then, the Mapper is defined as the nerve of the
connected cover, having one vertex per element, one edge per pair of intersecting elements,
and more generally, one k-simplex per non-empty (k + 1)-fold intersection. It can also be
seen as a discrete approximation of its continuous counterpart called the Reeb graph, which
was originally introduced in Reeb (1946).
In practice, the Mapper has two major applications. The first one is data visualization
and clustering. Indeed, when the cover I is minimal in terms of cardinality, i.e. no more
than two cover elements can intersect at once, the Mapper provides a visualization of the
data in the form of a graph whose topology reflects that of the data. As such, it brings
additional information to the usual clustering algorithms by identifying flares and loops
that outline potentially remarkable subpopulations in the various clusters. See e.g. Yao
et al. (2009); Lum et al. (2013); Sarikonda et al. (2014); Hinks et al. (2015) for examples
of applications. The second application of Mapper is about feature selection. Indeed,
each feature of the data can be evaluated on its ability to discriminate the interesting
subpopulations mentioned above (flares, loops) from the rest of the data, using for instance
Kolmogorov-Smirnov tests. See e.g. Lum et al. (2013); Nielson et al. (2015); Rucco et al.
(2015) for examples of applications.
Unsupervised methods generally depend on parameters that need to be chosen by the
user, such as the number of selected dimensions for dimension reduction methods or the
number of clusters for clustering methods. Contrarily to supervised problems, it can be very
difficult to evaluate the output of unsupervised methods and thus to select parameters. Regarding Mapper, the only answer proposed in the literature consists in selecting parameters
in a range of values for which the Mapper seems to be stable—see for instance Nielson
et al. (2015). But with non trivial data sets, it is not easy to tune Mapper this way. The
problem is illustrated for instance in Figure 1 on a data set that we study further in Section 5. More generally, we believe that such an approach is not satisfactory since it does
not provide statistical guarantees on the inferred Mapper. This major drawback of Mapper
is an important obstacle to its use in exploratory data analysis.
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Figure 1: A collection of Mappers computed with various parameters. Left: crater data set.
Right: outputs of Mapper with various parameters. One can see that for some
Mappers (the ones with purple squares), topological features suddenly appear
and disappear. These are discretization artifacts, that we overcome in this article
by appropriately tuning the parameters.

Related work. Theoretical properties of Reeb graphs and Mappers have been the topic
of several recent articles. Reeb graphs are now well understood and have been used in a
wide range of applications. Algorithms for their computation have been proposed, as well as
studies of their homology groups, like in Dey et al. (2017), and metrics for their comparison,
such as the functional distortion distance of Bauer et al. (2014), the interleaving distance
of de Silva et al. (2016) and the edit distance of di Fabio and Landi (2016). We refer the
interested reader to the survey Biasotti et al. (2008) and to the introductions of Bauer et al.
(2014) and Bauer et al. (2015) for a comprehensive list of references.
Concerning the Mapper, Babu (2013) characterized the Mapper with coarsened levelset
zigzag persistence modules and showed that, as the lengths of the intervals in the cover I go
to zero uniformly, the Mapper of a real-valued function converges to the Reeb graph in the
bottleneck distance (defined in Section 2.2). Similarly, Munch and Wang (2016) recently
characterized the Mapper with constructible cosheaves and showed the same type of convergence for the Mapper in the interleaving distance. Their result holds in the general case
of vector-valued functions. However, in both approaches, the quantification of convergence
is not precise enough to enable parameter selection.

JMLR 19(12):1-39, 2018

Statistics in TDA have been so far focused on persistence diagrams, with the computation of rates of convergence, confidence regions and bootstrap—see e.g. Chazal et al. (2013);
Fasy et al. (2014); Chazal et al. (2015a,b). In this article, we build on this line of work
to provide results in the same vein for the Mapper. The integration of the Mapper in this
framework is not straightforward since it encodes a different type of information than persistence diagrams. However, this is made possible by the recent work (in a deterministic
setting) of Carrière and Oudot (2017b) about the structure and the stability of the Map3
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per. In this article, the authors provide a way to go from the input space to the Mapper
using small perturbations. We build on this precise relation between the input space and
its Mapper to show that the Mapper is itself a measurable construction. In Carrière and
Oudot (2017b), the authors also show that the topological structure of the Mapper can
actually be predicted from the cover I by looking at appropriate signatures that take the
form of extended persistence diagrams. In this article, we use this observation, together
with an approximation inequality, to show that the Mapper, computed with a specific set of
parameters, is actually an optimal estimator of its continuous analogue, the so-called Reeb
graph. Moreover, these specific parameters act as natural candidates to obtain a reliable
Mapper with no artifacts.

Plan of the article. Section 2 presents the necessary background on the Reeb graph
and the Mapper, and it also gives an approximation inequality—Theorem 7—for the Reeb
graph with the Mapper. From this approximation result, we derive rates of convergences
as well as candidate parameters in Section 3, and we show how to get confidence regions in
Section 4. Section 5 illustrates the validity of our parameter tuning and confidence regions
with numerical experiments on smooth and noisy data.

2. Approximation of a Reeb graph with the Mapper

2.1 Background on the Reeb graph and the Mapper

We start with some background on the Reeb graph and the Mapper. In particular, we
present the specific Mapper algorithm that we study in this article.

Reeb graph. Let X be a topological space and let f : X → R be a continuous function.
Such a function on X is called a filter function in the following. Then, we define the
equivalence relation ∼f as follows: for all x and x0 in X , x and x0 are in the same class
(x ∼f x0 ) if and only if x and x0 belong to the same connected component of f −1 (y), for
some y in the image of f .

Definition 1 The Reeb graph Rf (X ) of X computed with the filter function f is the quotient space X / ∼f endowed with the quotient topology.

See Figure 2 for an illustration. Note that, since f is constant on equivalence classes,
there is an induced map fR : Rf (X ) → R such that f = fR ◦ π, where π is the quotient
map X → Rf (X ). The topological structure of a Reeb graph can be described if the pair
(X , f ) is regular enough. From now on, we will assume that the filter function f : X → R
is Morse-type. Morse-type functions are generalizations of classical Morse functions that
share some of their properties without having to be differentiable (nor even defined over a
smooth manifold).

Definition 2 Let f be a continuous real-valued function defined on a compact space X .
Then f is called of Morse type if:

JMLR 19(12):1-39, 2018

(i) There is a finite set Crit(f ) = {a1 < ... < an }, called the set of critical values,
such that over every open interval (a0 = −∞, a1 ), ..., (ai , ai+1 ), ..., (an , an+1 = +∞)
there is a compact and locally connected space Yi and a homeomorphism µi : Yi ×

4

π2 ◦ µ−1
i ,
where π2

5
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3. The Mapper is then the nerve of C. Each vertex vs,k of the Mapper corresponds to
one element Cs,k and two vertices vs,k and vs0 ,k0 are connected if and only if Cs,k ∩ Cs0 ,k0
is not empty, i.e. they have common points.

2. Apply a clustering algorithm to each pre-image f −1 (Is ), s ∈ {1, ..., S}. This defines
a pullback cover C = {C1,1 , . . . , C1,k1 , . . . , CS,1 , . . . , CS,kS } of the point cloud Xn , where
Cs,k denotes the kth cluster of f −1 (Is ).

1. Cover the range of values Yn = f (Xn ) with a set of consecutive intervals {Is }1≤s≤S
which overlap.

Mapper. The Mapper is introduced in Singh et al. (2007) as a statistical version of the
Reeb graph Rf (X ) in the sense that it is a discrete and computable approximation of the
Reeb graph computed with some filter function. Assume that we observe a point cloud
Xn = {X1 , . . . , Xn } ⊂ X with known pairwise distances. A filter function is chosen and
can be computed on each point of Xn . The generic version of the Mapper algorithm on Xn
computed with the filter function f can be summarized as follows:

For our purposes, in the following we further assume that X is a smooth and compact
submanifold of RD . The set of Reeb graphs computed with Morse-type functions over such
spaces is denoted R in this article. Whenever it is necessary, it will be equipped with extra
structures in the following, such as pseudometrics or topologies.

Key fact 1a. (Proposition 2.10 in de Silva et al. (2016)) For f : X → R a Morse-type
function, the Reeb graph Rf (X ) is a multigraph.

(iii) Each levelset f −1 (t) has a finitely-generated homology.

(ii) ∀i = 1, ..., n−1, µi extends to a continuous function µ̄i : Yi ×[ai , ai+1 ] → f −1 ([ai , ai+1 ])
and similarly µ0 extends to µ̄0 : Y0 × (−∞, a1 ] → f −1 ((−∞, a1 ]) and µn extends to
µ̄n : Yn × [an , +∞) → f −1 ([an , +∞));

(ai , ai+1 ) →
such that ∀i = 0, ..., n, f |f −1 ((ai ,ai+1 )) =
is the projection onto the second factor;

f −1 ((ai , ai+1 ))

Figure 2: Example of Reeb graph computed on a double torus with the height function.
Connected components of the level sets of the function (such as the three different
ones drawn on the double torus) are contracted into single points.
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(1)

0<g=

6

`(Is ∩ Is+1 )
1
< .
r
2
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(2)

where ` is the Lebesgue measure on R. The overlap g between two consecutive intervals is
also a fixed constant: ∀s ∈ {1, . . . , S − 1},

r = `(Is )

Our version of Mapper. In this article, we focus on a Mapper algorithm that uses
neighborhood graphs. Of course, more sophisticated versions of Mapper can be used in
practice but then the statistical analysis is more tricky. We assume that there exists a
distance on Xn and that the matrix of pairwise distances is available. First, from the
distance matrix we compute the δ-neighborhood graph built on top of Xn , i.e. we draw
an edge between two different points whenever their pairwise distance is less than δ. This
object plays the role of an approximation of the underlying and unknown metric space X
on which the data are sampled. Second, given Yn = f (Xn ) the set of filter values, we choose
a regular cover of Yn with open intervals, where no more than two intervals can intersect
at a time. More precisely, we use open intervals with same length r (apart from the first
and the last one, which can have any positive length): ∀s ∈ {2, . . . , S − 1},

See Figure 3 for an illustration. Even for one given filter function, many versions of the
Mapper algorithm can be proposed depending on how one chooses the intervals that cover
the image of f , and which method is used to cluster the pre-images. Moreover, note that
the Mapper can be defined as well for continuous spaces. The definition is strictly the same
except for the clustering step, which is replaced by taking the connected components of
each pre-image f −1 (Is ), s ∈ {1, ..., S}.

Figure 3: Example of Mapper computed on a sampling of the double torus with the height
function f and a cover I of its range with four open intervals. Clusters are given
by a neighborhood graph built on the sampling. Note that the rightmost green
vertex is not connected to the other vertices of the Mapper since its corresponding
cluster (which contains only one point) has no common points with the others.
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The parameters g and r are generally called the gain and the resolution in the literature on
the Mapper algorithm. Finally, for the clustering step, we simply consider the connected
components of the pre-images f −1 (Is ) that are induced by the δ-neighborhood graph. The
corresponding Mapper is denoted Mr,g,δ (Xn , Yn ) or Mn for short in the following. When
dealing with a continuous space X , there is no need to compute a neighborhood graph since
the connected components are well-defined, so we let Mr,g (X , f ) denote our version of the
Mapper in this case.
Key fact 1b. The Mapper Mr,g,δ (Xn , Yn ) is a combinatorial graph.
Moreover, following Carrière and Oudot (2017b), we can define a function on the nodes
of Mn as follows.
Definition 3 Let v be a node of Mn , i.e. v represents a connected component of f −1 (Is )
for some s ∈ {1, . . . , S}. Then, we let
fI (v) = mid(I˜s ),
where I˜s = Is \ (Is−1 ∪ Is+1 ) and mid(I˜s ) denotes the midpoint of the interval I˜s .
Filter functions. In practice, it is common to choose filter functions that are coordinateindependent, in order to avoid depending on solid transformations of the data like rotations
or translations. The two most common filters that are used in the literature are:
• the eccentricity: x 7→ supy∈X d(x, y),
• the eigenfunctions of the covariance matrix as used in Principal Component Analysis.
2.2 Extended persistence signatures and the persistence metric
In this section, we introduce extended persistence and its associated metric, the bottleneck
distance, which we will use later to compare Reeb graphs and Mappers. We merely provide
a short introduction containing the necessary definitions since the statement of our results
does not require a deep understanding of these notions. The understanding of the proofs of
these results is more demanding, so we refer the reader willing to read proofs and already
familiar with homology to Appendix C for more details, and to Edelsbrunner and Harer
(2010); Oudot (2015) for a thorough treatment of extended persistence.
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Extended persistence. Given any graph G = (V, E) and a function defined on its nodes
f : V → R, the so-called extended persistence diagram Dg(G, f ), originally defined in CohenSteiner et al. (2009), is a multiset of points in the Euclidean plane R2 that can be computed
with extended persistence theory. Each of the diagram points has a specific type, which
is either Ord0 , Rel1 , Ext0+ or Ext1− . A rigorous connection between the Mapper and the
Reeb graph was drawn recently by Carrière and Oudot (2017b), who show how extended
persistence provides a relevant and efficient framework to compare a Reeb graph with a
Mapper. We summarize below the main points of this work in the perspective of the
present article.
7
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Ext0+

Ord0

Rel1

Ext1−

Figure 4: Example of correspondences between topological features of a graph and points in
its corresponding extended persistence diagram. Note that ordinary persistence
is unable to detect the blue upwards branch.

Topological dictionary. Given a topological space X and a Morse-type function f :
X → R, there is a nice interpretation of Dg(Rf (X ), fR ) in terms of the structure of Rf (X ).
Orienting the Reeb graph vertically so fR is the height function, we can see each connected
component of the graph as a trunk with multiple branches (some oriented upwards, others
oriented downwards) and holes. Then, one has the following correspondences, where the
vertical span of a feature is the span of its image by fR :

• The vertical spans of the trunks are given by the points in Ext0+ (Rf (X ), fR );

• The vertical spans of the branches that are oriented downwards are given by the points
in Ord0 (Rf (X ), fR );

• The vertical spans of the branches that are oriented upwards are given by the points
in Rel1 (Rf (X ), fR );

• The vertical spans of the holes are given by the points in Ext1− (Rf (X ), fR ).

These correspondences provide a dictionary to read off the structure of the Reeb graph from
the corresponding extended persistence diagram. See Figure 4 for an illustration.
Note that it is a bag-of-features type descriptor, taking an inventory of all the features
(trunks, branches, holes) together with their vertical spans, but leaving aside the actual
layout of the features. As a consequence, it is an incomplete descriptor: two Reeb graphs
with the same persistence diagram may not be isomorphic.

JMLR 19(12):1-39, 2018

Bottleneck distance. We now define the commonly used metric between persistence
diagrams.

8

p∈D

p ∈D

0

0

0

q∈∆

q∈∆

sup
kx−x0 k≤δ

|f (x) − f (x0 )|
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9

(5)

(4)

(3)

10

d∆ (Rf (X ), Mn ) ≤ r + 2ω(δ).

(6)

where dH denotes the Hausdorff distance, then the Mapper Mn = Mr,g,δ (Xn , Yn ) with parameters r, g and δ is such that:

4dH (X , Xn ) ≤ δ,

δ≤

1
min {rch, ρ} ,
4
max{|f (X) − f (X 0 )| : X, X 0 ∈ Xn and kX − X 0 k ≤ δ} < gr,

Remark 8 Using the edge-based MultiNerve Mapper—as defined in Section 8 of Carrière
and Oudot (2017b)—allows to weaken Assumption (4) since gr can be replaced by r in the
corresponding equation, and r can be replaced by r/2 in Equation (6).

Theorem 7 Assume that X has positive reach rch and convexity radius ρ. Let Xn be a
point cloud of n points, all lying in X . Assume that the filter function f is Morse-type on
X . Let ω be a modulus of continuity for f . Finally, let r, g be Mapper parameters defined
as per Equations (1) and (2). If the three following conditions hold:

for any x, x0 ∈ X .

In this paper we say that a function ω defined on R+ is a modulus of continuity if it satisfies
the four properties above and we say that it is a modulus of continuity for f if, in addition,
we have
|f (x) − f (x0 )| ≤ ω(kx − x0 k),

4. ωf is continous on R+ .

3. ωf is subadditive : ωf (δ1 + δ2 ) ≤ ωf (δ1 ) + ωf (δ2 ) for any δ1 , δ2 > 0;

2. ωf is non-negative and non-decreasing on R+ ;

for any δ > 0, where k · k denotes the Euclidean norm in RD . Then ωf satisfies :
1. ωf (δ) → ω(0) = 0 when δ → 0 ;

ωf (δ) =

Regularity of the filter function. Intuitively, approximating a Reeb graph computed
with a filter function f that has large variations is more difficult than for a smooth filter
function, for some notion of regularity that we now specify. Our result is given in a general
setting by considering the modulus of continuity of f . In our framework, f is assumed to
be Morse-type and thus uniformly continuous on the compact set X . Following for instance
Section 6 in DeVore and Lorentz (1993), we define the exact modulus of continuity of f as:

We are now ready to give the key ingredient of this paper to derive a statistical analysis
of the Mapper. The ingredient is an upper bound on the bottleneck distance between the
Reeb graph of a pair (X , f ) and the Mapper computed with the same filter function f and
a specific cover I of a sampled point cloud Xn ⊂ X . From now on, it is assumed that the
underlying space X is a smooth and compact submanifold embedded in RD , and that the
filter function f is Morse-type on X .

2.3 An approximation inequality for Mapper

Carrière and Michel and Oudot

For a Morse-type function f defined on X and for a finite point cloud Xn ⊂ X , we can
thus consider Dg(Rf (X )) = Dg(Rf (X ), fR ) and Dg(Mn ) = Dg(Mn , fI ), with fI as in Definition 3. In this context the bottleneck distance d∆ (Rf (X ), Mn ) = d∆ (Dg(Rf (X )), Dg(Mn ))
is well defined and we use this quantity to assess if the Mapper Mn is a good approximation
of the Reeb graph Rf (X ). Moreover, note that, even though d∆ is only a pseudometric, it
has been shown to be a true metric locally for Reeb graphs by Carrière and Oudot (2017a).
As noted in Carrière and Oudot (2017b), the choice of fI is in some sense arbitrary
since any function defined on the nodes of the Mapper that respects the ordering of the
intervals of I carries the same information in its extended persistence diagram. To avoid
this issue, Carrière and Oudot (2017b) define a pruned version of Dg(Rf (X ), fR ) as a
canonical descriptor for the Mapper. The problem with this approach is that computing
this canonical descriptor requires to know the critical values of fR beforehand. Here, by
considering Dg(Mn , fI ) instead, the descriptor becomes computable. Moreover, one can
see from the proofs in the Appendix that the canonical descriptor and its arbitrary version
actually enjoy the same rate of convergence, up to some constant.

d∆ (G1 , G2 ) = d∆ (Dg(G1 , f1 ), Dg(G2 , f2 )) .

Definition 6 Let G1 = (V1 , E1 ) and G2 = (V2 , E2 ) be two combinatorial graphs with realvalued functions f1 : V1 → R and f2 : V2 → R attached to their nodes. The persistence
metric d∆ between the pairs (G1 , f1 ) and (G2 , f2 ) is:

Note that d∆ is only a pseudometric and not a true metric, because diagrams which
only differ at the diagonal will have zero distance.

where Γ ranges over all partial matchings between D and D0 .

Γ

Definition 5 Let D, D0 be two persistence diagrams. The bottleneck distance between D
and D0 is:
d∆ (D, D0 ) = inf cost(Γ),

δD0 (p ) = kp − p k∞ if ∃p ∈ D such that (p, p ) ∈ Γ, otherwise δD0 (p ) = inf kp0 − qk∞ .

0

δD (p) = kp − p0 k∞ if ∃p0 ∈ D0 such that (p, p0 ) ∈ Γ, otherwise δD (p) = inf kp − qk∞ ,

where

cost(Γ) = max max δD (p), max
δD0 (p0 ) ,
0
0

Furthermore, Γ must match points of the same type (ordinary, relative, extended) and of
the same homological dimension only. Let ∆ be the diagonal ∆ = {(x, x) : x ∈ R}. The
cost of Γ is:



∀p0 ∈ D0 , there is at most one p ∈ D such that (p, p0 ) ∈ Γ.

∀p ∈ D, there is at most one p0 ∈ D0 such that (p, p0 ) ∈ Γ,

Definition 4 Given two persistence diagrams D, D0 , a partial matching between D and D0
is a subset Γ of D × D0 such that:
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filter f is a deterministic function, in the second one, Yi = fˆ(Xi ) where fˆ is an estimator
of the filter function f . In the latter case, the Yi ’s are obviously dependent. We first
provide the following proposition, whose proof is deferred to Appendix A.4, which states
that computing probabilities on the Mapper makes sense:

Carrière and Michel and Oudot

(RD )n × Rn →
R
(Xn , Yn )
7→ Mr,g,δ (Xn , Yn )
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Filter functions in the statistical setting. The filter function f : XP → R for the
Reeb graph is assumed as before to be a Morse-type function. Two different settings
have to be considered regarding how the filter function is defined. In the first setting,
the same filter function is used to define the Reeb graph and the Mapper. The Mapper
can be defined by taking the exact values of the filter function at the observation points
f (X1 ), . . . , f (Xn ). Note that this does not mean that the function f is completely known
since, in our framework, knowing f would imply to know its domain and thus XP would
be known which is of course not the case in practice. This first setting is referred to as
the exact filter setting in the following. It corresponds to the situations where the Mapper
algorithm is used with coordinate functions for instance. In the second setting, the filter
function used for the Mapper is not available and an estimation of this filter function has to
be computed from the data. This second setting is referred to as the inferred filter setting in

This assumption is popular in the literature about set estimation (see for instance Cuevas,
2009; Cuevas and Rodrı́guez-Casal, 2004). It is also widely used in the TDA literature
(Chazal et al., 2015b; Fasy et al., 2014; Chazal et al., 2015a). For instance, when b = D,
this assumption is satisfied when the distribution is absolutely continuous with respect to
the Hausdorff measure on XP . We introduce the set Pa,b = Pa,b,κ,ρ,L which is composed of
all the (a, b)-standard probability distributions for which the support XP is a smooth and
compact submanifold of RD with reach larger than κ, convexity radius larger than ρ and
diameter less than L.

Generative model. The set of observations Xn is assumed to be composed of n independent points X1 , ..., Xn sampled from a probability distribution P in RD . The support of P
is denoted XP and is assumed to be a smooth and compact submanifold of RD with positive
reach and positive convexity radius, as in the setting of Theorem 7. We also assume that
0 < diam(XP ) ≤ L. Next, the probability distribution P is assumed to be (a, b)-standard for
some constants a > 0 and b ≥ D, that is for any Euclidean ball B(x, t) centered on x ∈ X
with radius t :
P (B(x, t)) ≥ min(1, atb ).

In this section, we study the convergence of the Mapper for a general generative model
and a class of filter functions. We first introduce the generative model and next we present
different settings depending on the nature of the filter function.

3.1 Statistical Model for the Mapper

is measurable, where R denotes the set of Reeb graphs computed from Morse-type functions.

Φ:

Proposition 10 For any fixed choice of parameters r, g, δ and for any fixed n ∈ N, the
function


Analysis of the hypotheses. On the one hand, the scale parameter δ of the neighborhood graph could not be smaller than the approximation error corresponding to the
Hausdorff distance between the sample and the underlying space X (Assumption (5)). On
the other hand, it must be smaller than the reach and convexity radius to provide a correct
estimation of the geometry and topology of X (Assumption (3)). The quantity gr corresponds to the minimum scale at which the filter’s codomain is analyzed. This minimum
resolution has to be compared with the regularity of the filter at scale δ (Assumption (4)).
Indeed the pre-images of a filter with strong variations will be more difficult to analyze than
when the filter does not vary too fast.
Analysis of the upper bound. The upper bound given in (6) makes sense in that
the approximation error is controlled by the resolution level in the codomain and by the
regularity of the filter. If one uses a filter with strong variations, or if the grid in the
codomain has a too rough resolution, then the approximation will be poor. On the other
hand, a sufficiently dense sampling is required in order to take r small, as prescribed in the
assumptions.
Lipschitz filters. A large class of filters used for the Mapper are actually Lipschitz functions and of course, in this case, one can take ω(δ) = cδ for some positive constant c.
In particular, c = 1 for linear projections (PCA, SVD, Laplacian or coordinate filter for
instance). The distance to a measure (DTM) is also a 1-Lipschitz function, see Chazal
et al. (2011). On the other hand, the modulus of continuity of filter functions defined from
estimators, e.g. density estimators, is less obvious although still well-defined.
Filter approximation. In some situations, the filter function fˆ used to compute the
Mapper is only an approximation of the filter function f with which the Reeb graph is
computed. In this context, the pair (Xn , fˆ) appears as an approximation of the pair (X , f ).
The following result is directly derived from Theorem 7 and Theorem 5.1 in Carrière and
Oudot (2017b) (that derives stability for Mappers building on the stability theorem of
extended persistence diagrams proved by Cohen-Steiner et al. (2009)):

(7)

Corollary 9 Let fˆ : X → R be a Morse-type filter function approximating f . Assume that
Assumptions (3) and (5) of Theorem 7 are satisfied, and assume moreover that
max{max{|f (X) − f (X 0 )|, |fˆ(X) − fˆ(X 0 )|} : X, X 0 ∈ Xn , kX − X 0 k ≤ δ} < gr.

Then, the Mapper M̂n = Mr,g,δ (Xn , fˆ(Xn )) built on Xn with filter function fˆ and parameters
r, g, δ satisfies:
1≤i≤n

d∆ (Rf (X ), M̂n ) ≤ 2r + 2ω(δ) + max |f (Xi ) − fˆ(Xi )|.

3. Statistical Analysis of Mapper
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From now on, the set of observations Xn is assumed to be composed of n independent points
X1 , ..., Xn sampled from a probability distribution P in RD (endowed with its Borel algebra).
We assume that each point Xi comes with a filter value which is represented by a random
variable Yi . Contrarily to the Xi ’s, the filter values Yi ’s are not necessarily independent.
In the following, we consider two different settings: in the first one, Yi = f (Xi ), where the
11



1 1
,
3 2



,

δn = 8



2log(n)
an

1/b
,

rn =

Vn (δn )+
,
g
(8)

n
(log n)1+β

Using these parameters, we can then derive the following upper bound:
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13

where the constants C, C 0 only depends on a, b, and on the geometric parameters of the
model.

Proposition 13 Let ω be a modulus of continuity for f such that x 7→ ω(x)/x is a nonincreasing function. Then, using the same notations as in the previous section, the Mapper
Mn computed with parameters (rn , g, δn ) as per Equation (9) satisfies
"
#
 0
1/b
C log(n)2+β
sup E
sup d∆ (Rf (XP ), Mn ) ≤ C ω
,
n
P∈Pa,b
f ∈F (P,ω)

Upper bound.

(9)

for some fixed value
be an arbitrary subset of Xn that contains sn points. Then, we take:


1 1
Vn (δn )+
an arbitrary g ∈
,
, δn = dH (X̂snn , Xn ), rn =
,
3 2
g

We introduce the sequence sn =

where Vn+ is defined as in Equation (8).

β > 0. Let

X̂snn

Parameter selection.

We still assume that the exact values Yn = f (Xn ) of the filter on the point could can be
computed and that at least a modulus of continuity for the filter is known. However, the
parameters a and b are not assumed to be known anymore. We adapt a subsampling approach proposed by Fasy et al. (2014). As before, for a given neighborhood graph parameter
δ, gain g and resolution r, the Mapper Mn = Mr,g,δ (Xn , Yn ) is computed with Yn = f (Xn ).

3.3 Reeb graph inference with exact filter and unknown generative model

Propositions 11 and 12 together show that, with the choice of parameters given before,
Mn is minimax optimal up to a logarithmic factor log(n) inside the modulus of continuity.
Note that the lower bound is also valid whether or not the coefficients a and b and the filter
function f and its modulus of continuity are given.

where the constant C only depends on a, b and on the geometric parameters of the model.

Assuming that ω(x)/x is non-increasing is not a very strong assumption. This property
is satisfied in particular when ω is concave, as in the case of concave majorant (see for
instance Section 6 in DeVore and Lorentz (1993)). As expected, we see that the rate of
convergence of the Mapper to the Reeb graph directly depends on the regularity of the

where the constant C only depends on a, b, and on the geometric parameters of the model.

Proposition 11 Let ω be a modulus of continuity for f such that ω(x)/x is a non-increasing
function on R+ . For n large enough, the Mapper computed with parameters (rn , g, δn ) as
per Equation (8) satisfies
"
#

1/b
2 · 8b log(n)
sup E
sup d∆ (Rf (XP ), Mn ) ≤ C ω
a
n
P∈Pa,b
f ∈F (P,ω)

Upper bound. We give below a general upper bound on the risk of Mn with these
parameters, which depends on the regularity of the filter function and on the parameters
of the generative model. We show a uniform convergence over a class of possible filter
functions. This class of filters necessarily depends on the support of P, so we define the
class of filters for each probability measure in Pa,b . For any P ∈ Pa,b , we let F(P, ω) denote
the set of filter functions f : XP → R such that f is Morse-type on XP with ωf ≤ ω.

where Vn (δn ) = max{|f (X) − f (X 0 )| : X, X 0 ∈ Xn , kX − X 0 k ≤ δn }, and Vn (δn )+ denotes
a value that is strictly larger but arbitrarily close to Vn (δn ).

an arbitrary g ∈

Parameter selection. We now tune the triple of parameters (r, g, δ) depending on the
parameters a and b. More precisely, we take:

We first consider the exact filter setting in the simplest situation where the parameters a
and b of the generative model are known. In this setting, for a given neighborhood graph
parameter δ, gain g and resolution r, the Mapper Mn = Mr,g,δ (Xn , Yn ) is computed with
Yn = f (Xn ).

3.2 Reeb graph inference with exact filter and known generative model

where Mn is computed with the exact filter f or the inferred filter fˆ, depending on the
context.

E [d∆ (Mn , Rf (XP ))] ,

Proposition 12 Let ω be a modulus of continuity for f . Then, for any estimator R̂n of
Rf (XP ),, we have
#
"
 1


1 b
≥Cω
sup d∆ Rf (XP ), R̂n
sup E
,
an
P∈Pa,b
f ∈F (P,ω)

filter function and on the parameter b which roughly represents the intrinsic dimension
of the data. For Lipschitz filter functions, the rate is similar to the one for persistence
diagram inference in Chazal et al. (2015b), namely it corresponds to the one of support
estimation for the Hausdorff metric (see for instance Cuevas and Rodrı́guez-Casal (2004))
and Genovese et al. (2012a)). In the other cases where the filters only admit a concave
modulus of continuity, we see that the “distortion” created by the filter function slows
down the convergence of the Mapper to the Reeb graph.
We now give a lower bound that matches with the upper bound of Proposition 11.

the following. It corresponds to PCA or Laplacian eigenfunctions, distance functions (such
as the DTM), or regression and density estimators.

Risk of the Mapper. We study, in various settings, the problem of inferring a Reeb
graph using Mappers and we use the metric d∆ to assess the performance of the Mapper,
seen as an estimator of the Reeb graph. Hence, we study the following quantity:

Carrière and Michel and Oudot
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and the empirical projection Π̂k onto the space spanned by the k-th eigenvector of Γ̂n .
According to Biau and Mas (2012)(see also Blanchard et al. (2007); Shawe-Taylor et al.
(2005)), we have

Carrière and Michel and Oudot

,

δn = dH (X̂nsn , Xn ),

rn =

g

max{ω1 (δn ), V̂n (δn )}

.



+ E max |f (Xi ) − fˆ(Xi )| ,

1≤i≤n

(10)

P (d∆ (Mn , Rf (XP )) ≥ ηn,α ) ≤ α

n→∞

lim sup P (d∆ (Mn , Rf (XP )) ≥ ηn,α ) ≤ α.

Mα = {R ∈ R : d∆ (Mn , R) ≤ α}
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be the closed ball of radius α in the bottleneck distance and centered at the Mapper Mn in
the space of Reeb graphs R. Following Fasy et al. (2014), we can visualize the signatures
of the points belonging to this ball in various ways. One first option is to center a box
of side length 2α at each point of the extended persistence diagram of Mn —see the right
columns of Figure 5 and Figure 6 for instance. An alternative solution is to visualize the
confidence set by adding a band at (vertical) distance 2α from the diagonal (the bottleneck
distance being defined for the `∞ norm). The points outside the band are then considered
as significant topological features, see Fasy et al. (2014) for more details.

Let

or at least such that

In practice, computing a Mapper Mn and its signature Dg(Mn , fI ) is not sufficient: we need
to know how accurate these estimations are. One natural way to answer this problem is to
provide a confidence set for the Mapper using the bottleneck distance. For α ∈ (0, 1), we
look for some value ηn,α such that

4.1 Confidence sets for extended persistence diagrams

4. Confidence sets for Reeb signatures

The distance to measure. It is well known that TDA methods may fail completely in
the presence of outliers. To address this issue, Chazal et al. (2011) introduced an alternative distance function which is robust to noise, the distance-to-measure (DTM). A similar
analysis as with the PCA filter can be carried out with the DTM filter using the rates of
convergence proven in Chazal et al. (2016b).

Hence, the rate of convergence of Mapper is not deteriorated by using Π̂k instead of Πk if
the intrinsic dimension b of the support of µ is at least 2.

(
)!
1


i
h 
2+β
b
log(n)
1
E d∆ RΠk (XP ), Mrn ,g,δn (Xn , Π̂k (Xn )) = O max
.
,√
n
n

This, together with Corollary 14 and the fact that both Πk and Π̂k are 1-Lipschitz, gives
that the rate of convergence of the Mapper of Π̂k (Xn ) computed with parameters δn , g and
rn as in Equation (10) (which gives rn = g −1 δn+ ) satisfies



h
i
1
.
E kΠk − Π̂k k∞ = O √
n

Up to logarithmic factors inside the modulus of continuity, we find that this Mapper is
still minimax optimal over the class Pa,b by Proposition 12.
3.4 Reeb graph inference with inferred filter and unknown generative model
One of the nice properties of the Mapper is that it can be easily computed with any filter
function, including estimated filter functions such as PCA eigenfunctions, eccentricity functions, DTM functions, Laplacian eigenfunctions, density estimators, regression estimators,
and many other filters directly estimated from the data. In this section, we assume that the
true filter f is unknown but can be estimated from the data using an estimator fˆ. Without
loss of generality, we assume that both f and fˆ are defined on RD . As before, parameters a
and b are not assumed to be known and we have to tune the triple of parameters (rn , g, δn ).

1 1
,
3 2

Parameter selection. In this context, the quantity Vn+ of Equations (8) and (9) cannot
be computed as before because there is no direct access to the values of f : we only know an
estimation fˆ of it. However, in many cases, a modulus of continuity ω1 for f is known, which
makes possible the tuning of the parameters. For instance, PCA (and kernel) projectors,
eccentricity functions, DTM functions (see Chazal et al. (2011)) are all 1-Lipschitz functions,
and Corollary 14 below can be applied.
Let V̂n (δn ) = max{|fˆ(X) − fˆ(X 0 )| : X, X 0 ∈ Xn , kX − X 0 k ≤ δn }, and let ω1 be a
modulus of continuity for f . Then, we take:


+
an arbitrary g ∈

Upper bound. Following the lines of the proof of Proposition 13 and applying Corollary 9, we obtain:

 1b

Corollary 14 Let f : RD → R be a Morse-type filter function and let fˆ : RD → R be a
Morse-type estimator of f . Let ω1 (resp. ω2 ) be a modulus of continuity for f (resp. fˆ).
Let ω = max{ω1 , ω2 } such that x 7→ ω(x)/x is a non-increasing function. Let also M̂n =
Mrn ,g,δn (Xn , fˆ(Xn )) be the Mapper built on Xn with function fˆ and parameters g, δn , rn as
in Equation (10). Then, M̂n satisfies

h 
i
E d∆ Rf (XP ), M̂n ≤ Cω

C 0 log(n)2+β
n

where the constants C, C 0 only depends on a, b, and on the geometric parameters of the
model.
Note that ω1 has to be known to compute M̂n in Corollary 14 since it appears in the
definition of rn . On the contrary, ω2 —and thus ω—is not required to tune the parameters.

n

i=1

1X
hXi , ·iXi
n
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PCA eigenfunctions. In the setting of this article, the measure µ has a finite second moment. Following Biau and Mas (2012), we define the covariance operator Γ(·) = E(hX, ·iX)
and we let Πk denote the orthogonal projection onto the space spanned by the k-th eigenvector of Γ. In practice, we consider the empirical version of the covariance operator
Γ̂n (·) =

15
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n
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Unknown generative model. We now assume that a and b are unknown. To compute confidence sets for the Mapper in this context, we approximate the distribution of
dH (XP , Xn ) using the distribution of dH (X̂snn , Xn ) conditionally to Xn . There are N1 = snn
1
subsets of size sn inside Xn , so we let X1sn , . . . , XN
sn denote all the possible configurations.
Define
N1
1 X
Ln (t) =
IdH (Xk ,Xn )>t .
sn
N1
k=1

Let s be the function on N defined by s(n) = sn and let s2n = s(s(n)). There are N2 = sn2
n
subsets of size s2n inside Xn . Again, we let Xks2 , 1 ≤ k ≤ N2 , denote these configurations

where Φn depends on the parameters of the model (or some bounds on these parameters)
which are here assumed to be known. Hence, given a probability level α, one has:

P d∆ (Mn , Rf (XP )) ≥ Φ−1
n (α) ≤ α.

P (d∆ (Mn , Rf (XP )) ≥ η) ≤ P (d∆ (Mn , Rf (XP )) ≥ η ∩ εn ≤ 4δn ) + P (εn > 4δn )


2b
≤ Iω(δn )≥ g η + min 1,
1+2g
2log(n)n
= Φn (η).

Consequently,

Known generative model. Let us first consider the simplest situation where the parameters a an b are also known. Following Section 3.2, we choose for g, δn , rn as per Equation (8).
Let εn = dH (XP , Xn ). As shown in the proof of Proposition 11 (see Appendix A.5), for n
large enough, Assumption (3) and (4) are always satisfied and then



η
P (d∆ (Mn , Rf (XP )) ≥ η) ≤ P δn ≥ ω −1
.
g −1 + 2

In this section, we always assume that an upper bound ω on the exact modulus of continuity
ωf of the filter function is known. We start with the following remark: if we can take δ of
the order of dH (XP , Xn ) in Theorem 7 and if all the conditions of the theorem are satisfied,
then d∆ (Mn , Rf (XP )) can be bounded in terms of ω(dH (XP , Xn )). This means that we can
adapt the methods of Fasy et al. (2014) to Mappers.

4.2 Confidence sets derived from Theorem 7

Several methods have been proposed in Fasy et al. (2014) and Chazal et al. (2014)
to define confidence sets for persistence diagrams. We now adapt these ideas to provide
confidence sets for Mappers. Except for the bottleneck bootstrap (see Section 4.3), all the
methods proposed in these two articles rely on the stability results for persistence diagrams,
which say that persistence diagrams equipped with the bottleneck distance are stable under
Hausdorff or Wasserstein perturbations of the data. Confidence sets for diagrams are then
directly derived from confidence sets in the sample space. Here, we follow a similar strategy
using Theorem 7, as explained in the next section.
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Fn (t) =
k=1

n

N2
1 X
 .
I  k
N2
dH X 2 ,Xsn >t
s


1 −1
ω
4


g
η
1 + 2g


+ Ln


1 −1
ω
4



g
η
1 + 2g



+o

n

n

4
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.
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∗
Note that η̂n,α
can be easily estimated with Monte Carlo procedures. It has been shown
in Chazal et al. (2014) that the bottleneck bootstrap is valid when computing the sublevel
sets of a density estimator. The validity of the bottleneck bootstrap has not been proven for
the extended persistence diagram of any distance function. For Mapper, it would require
writing d∆ (M∗n , Mn ) in terms of the distance between the extrema of the filter function and
the ones of the interpolation of the filter function on the δ-neighborhood graph. We leave
this problem open in this article.

Bootstrap. The bootstrap is a general method for estimating standard errors and computing confidence intervals. Let Pn be the empirical measure defined from the sample
(X1 , Y1 ), . . . , (Xn , Yn ). Let (X1∗ , Y1∗ ) . . . , (Xn∗ , Yn∗ ) be a sample from Pn and let also M∗n be
∗
the random Mapper defined from this sample. We then take for η̂n,α the quantity η̂n,α
defined by

∗
P d∆ (M∗n , Mn ) > η̂n,α
| X1 , . . . , Xn = α.
(11)

The two methods given before both require an explicit upper bound on the modulus of
continuity of the filter function. Moreover, these methods both rely on the approximation
result Theorem 7, which often leads to conservative confidence sets. An alternative strategy
is the bottleneck bootstrap introduced in Chazal et al. (2014), and which we now apply to
our framework.

4.3 Bottleneck Bootstrap

Modulus of continuity of the filter function. As shown in Proposition 15, the modulus of continuity of the filter function is a key quantity to describe the confidence regions.
Inferring the modulus of continuity of the filter from the data is a tricky problem. Fortunately, in practice, even in the inferred filter setting, a modulus of continuity for the
function is known in many situations. For instance, projections such as PCA eigenfunctions
and DTM functions are 1-Lipschitz.

Both Fn and Ln can be computed in practice, or at least approximated using Monte
Carlo procedures. The upper bound on P (d∆ (Rf (XP ), Mn ) ≥ η) then provides an asymptotic confidence region for the persistence diagram of the Mapper Mn , which can be explicitly computed in practice. See the green squares in the first row of Figure 5. The main
drawback of this approach is that it requires knowing a modulus of continuity ω and, more
importantly, the number of observations has to be very large, which is not the case on our
examples in Section 5.

P (d∆ (Rf (XP ), Mn ) ≥ η) ≤ Fn

Proposition 15 Let η > 0. Then, one has the following confidence set:

and we also introduce
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Extension of the analysis. As pointed out in Section 2.1, many versions of the Mapper
4
exist in the literature. One of them, called the edge-based MultiNerve Mapper Mr,g,δ (Xn , Yn ),
is described in Section 8 of Carrière and Oudot (2017b). The main advantage of this version is that it allows for finer resolutions than the usual Mapper while remaining fast to
compute. Our analysis can actually handle this version as well by replacing gr by r in
Assumption (4) of Theorem 7—see Remark 8, and changing constants accordingly in the
proofs. In particular, this improves the resolution rn in Equation (9) since g −1 Vn (δn )+ becomes Vn (δn )+ . Hence, we use this edge-based version in Section 5, where this improvement
on the resolution rn allows us to compensate for the low number of observations.

5. Numerical experiments
In this section, we provide few examples of parameter selections and confidence regions
(which are unions of squares in the extended persistence diagrams) obtained with bottleneck bootstrap. The interpretation of these regions is that squares that intersect the
diagonal, which are drawn in pink color, represent topological features in the Mappers that
may be horizontal or artifacts due to the cover, and that may not be present in the Reeb
graph. We show in Figure 5 various Mappers (in each node of the Mappers, the left number is the cluster ID and the right number is the number of observations in that cluster)
and 85 percent confidence regions computed on various data sets. All δ parameters and
resolutions were computed with Equation (9) (the δ parameters were also averaged over
N = 100 subsamplings with β = 0.001), and all gains were set to 40%. The code we used
is available in the Gudhi open source library (see Carrière (2017)). The confidence regions
were computed by bootstrapping data 100 times. Note that computing confidence regions
with Proposition 15 is possible, but the numbers of observations in all of our data sets were
too low, leading to conservative confidence regions that did not allow for interpretation.
5.1 Mappers and confidence regions
Synthetic example. We computed the Mapper of an embedding of the Klein bottle
into R4 with 10,000 points with the height function. In order to illustrate the conservativity of confidence regions computed with Proposition 15, we also plot these regions for
an embedding with 10,000,000 points using the fact that the height function is 1-Lipschitz.
Corresponding squares are drawn in green color. Their very large sizes show that Proposition 15 requires a very large number of observations in practice. See the first row of
Figure 5.
3D shapes. We computed the Mapper of an ant shape and a human shape from Chen
et al. (2009) embedded in R3 (with 4,706 and 6,370 points respectively) Both Mappers were
computed with the height function. One can see that the confidence squares for the features
that are almost horizontal (such as the small branches in the Mapper of the ant) intersect
indeed the diagonal. See the second and third rows of Figure 5.
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Miller-Reaven data set. The first data set comes from the Miller-Reaven diabetes study
that contains 145 observations of patients suffering or not from diabete. Observations were
mapped into R5 by computing various medical features. Data can be obtained in the “locfit”
R-package. In Reaven and Miller (1979), the authors identified two groups of diseases with
19
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Figure 5: Mappers computed with automatic tuning (middle) and 85 percent confidence
regions for their topological features (right) are provided for an embedding of the
Klein Bottle into R4 (first row), a 3D human shape (second row) and a 3D ant
shape (third row).
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• We will work on adapting results from Chazal et al. (2014) to prove the validity of
bootstrap methods for computing confidence regions on the Mapper, since we only
used bootstrap methods empirically in this article.

Future directions. We plan to investigate several questions for future work.

In this article, we provided a statistical analysis of the Mapper. Namely, we proved the
fact that the Mapper is a measurable construction in Proposition 10, and we used the approximation Theorem 7 to show that the Mapper is a minimax optimal estimator of the
Reeb graph in various contexts—see Propositions 11, 12 and 13—and that corresponding
confidence regions can be computed—see Proposition 15 and Section 4.3. Along the way,
we derived rules of thumb to automatically tune the parameters of the Mapper with Equations (8), (9) and (10). Finally, we provided few examples of our methods on various data
sets in Section 5.

6. Conclusion

Crater data set. To handle noise in our crater data set, we simply smoothed the data
set by computing the empirical DTM with 10 neighbors on each point and removing all
points with DTM less than 40 percent of the maximum DTM in the data set. Then we
computed the Mapper with the height function. One can see that all topological features
in the Mapper that are most likely artifacts due to noise (like the small loops and connected components) have corresponding confidence squares that intersect the diagonal in
the extended persistence diagram. See Figure 7.

use an alternative filtration of simplicial complexes instead of the Rips filtration. A first
option is to consider the upper level sets of a density estimator rather than the distance
to the sample (see Section 4.4 in Fasy et al. (2014)). Another solution is to consider the
sublevel sets of the DTM and apply persistence homology inference in Chazal et al. (2014).

Figure 7: Mappers computed with automatic tuning (middle) and 85 percent confidence
regions for their topological features (right) are provided for a noisy crater in the
Euclidean plane.

Carrière and Michel and Oudot

Denoising Mapper. An important drawback of Mapper is its sensitivity to noise and
outliers. See the crater data set in Figure 7, for instance. Several answers have been
proposed for recovering the correct persistence homology from noisy data. The idea is to

5.2 Noisy data

COIL data set. The second data set is an instance of the 16,384-dimensional COIL data
set of Nene et al. (1996). It contains 72 observations, each of which being a picture of a duck
taken at a specific angle. Despite the low number of observations and the large number of
dimensions, we managed to retrieve the intrinsic loop lying in the data using the first PCA
eigenfunction. However, the low number of observations made the bootstrap fail since the
confidence squares computed around the points that represent this loop in the extended
persistence diagram intersect the diagonal. See the second row of Figure 6.

the projection pursuit method, and in Singh et al. (2007), the authors applied Mapper
with hand-crafted parameters to get back this result. Here, we normalized the data to zero
mean and unit variance, and we obtained the two flares in the Mapper computed with the
eccentricity function. Moreover, these flares are at least 85 percent sure since the confidence
squares on the corresponding points in the extended persistence diagrams do not intersect
the diagonal. See the first row of Figure 6.

Figure 6: Mappers computed with automatic tuning (middle) and 85 percent confidence
regions for their topological features (right) are provided for the Reaven-Miller
data set (first row) and the COIL data set (second row).
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• We believe that using weighted versions of δ-neighborhood graphs, as defined in Buchet
et al. (2015), would improve the quality of the confidence regions on the Mapper features, and would probably be a better way to deal with noise that our current solution.
• We plan to adapt our statistical setting to the question of selecting variables, which
is one of the main applications of the Mapper in practice.
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Appendix A. Proofs
A.1 Preliminary results
In order to prove the results of this article, we need to state several preliminary definitions
and theorems. All of them can be found, together with their proofs, in Dey and Wang
(2013) and Carrière and Oudot (2017b). In this section, we let Xn ⊂ X be a point cloud of
n points sampled on a smooth and compact submanifold X embedded in RD , with positive
reach rch and convexity radius ρ. Since δ-neighborhood graphs can be seen as 1-skeletons
of Rips complexes with parameter δ, as per Definition 55 in Carrière and Oudot (2017b),
and since many results are phrased with Rips complexes in the literature, we also use these
complexes to state our results in this section. Let f : X → R be a Morse-type filter function,
I be an open cover of the range of f with resolution r and gain g < 12 (which ensures that
no more than two cover elements can intersect at once, i.e. the cover is minimal), and
|Ripsδ (Xn )| denote a geometric realization of the Rips complex built on top of Xn with
parameter δ, and f PL : |Ripsδ (Xn )| → R be the piecewise-linear interpolation of f on the
simplices of Ripsδ (Xn ).
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Theorem 19 (Theorem 4.6, Remark 2 in Dey and Wang (2013) and Theorem 59 in Carrière
and Oudot (2017b)). If 4dH (X , Xn ) ≤ δ ≤ min{rch/4, ρ/4}, then:

d∆ (Dg(Rf (X ), fR ), Dg(Rf PL (|Ripsδ (Xn )|), fRPL )) ≤ 2ω(δ).

Note that the original version of this theorem is only proven for Lipschitz functions
in Dey and Wang (2013), but it extends at no cost to functions with modulus of continuity.
A.2 Proof of Theorem 7



(16)

(15)

(14)

Let |Ripsδ (Xn )| denote a geometric realization of the Rips complex built on top of Xn
with parameter δ. Moreover, let f PL : |Ripsδ (Xn )| → R be the piecewise-linear interpolation of f on the simplices of Ripsδ (Xn ), whose 1-skeleton is denoted by Ripsδ1 (Xn ). Since
(|Ripsδ (Xn )|, f PL ) is a metric space, we also consider its Reeb graph Rf PL (|Ripsδ (Xn )|),
with induced function fRPL , and its Mapper Mr,g (|Ripsδ (Xn )|, f PL ), with induced function
fIPL . See Figure 8. Then, the following inequalities lead to the result:

d∆ (Rf (X ), Mn ) = d∆ (Dg(Rf (X ), fR ), Dg(Mn , fI ))

= d∆ Dg(Rf (X ), fR ), Dg(Mr,g (|Ripsδ (Xn )|, f PL ), fIPL )

≤ d∆ Dg(Rf (X ), fR ), Dg(Rf PL (|Ripsδ (Xn )|), fRPL )

+ d∆ Dg(Rf PL (|Ripsδ (Xn )|), fRPL ), Dg(Mr,g (|Ripsδ (Xn )|, f PL ), fIPL )
≤ 2ω(δ) + r.

Let us prove every (in)equality:

Inequality (15). This inequality is just an application of the triangle inequality.

Equality (14). Let X1 , X2 ∈ Xn such that (X1 , X2 ) is an edge of Ripsδ1 (Xn ) i.e. kX1 −
X2 k ≤ δ. Then, according to (4): |f (X1 )−f (X2 )| < gr. Hence, there is no s ∈ {1, . . . , S−1}
such that Is ∩ Is+1 ⊆ [min{f (X1 ), f (X2 )}, max{f (X1 ), f (X2 )}]. It follows that there are no
intersection-crossing edges in Ripsδ1 (Xn ). Then, according to Theorem 17, there is a graph
isomorphism i : Mn = Mr,g,δ (Xn , f (Yn )) → Mr,g (|Ripsδ (Xn )|, f PL ). Since fI = fIPL ◦ i by
definition of fI and fIPL , the equality follows.

Definition 16 Let G = (Xn , E) be a graph built on top of Xn . Let e = (X, X 0 ) ∈ E be an
edge of G, and let I(e) be the open interval (min{f (X), f (X 0 )}, max{f (X), f (X 0 )}). Then
e is said to be intersection-crossing if there is a pair of consecutive intervals I, J ∈ I such
that ∅ =
6 I ∩ J ⊆ I(e).

Inequality (16). According to (3), we have δ ≤ min{rch/4, ρ/4}. According to (5), we
also have δ ≥ 4dH (X , Xn ). Hence, we have

according to Equation (12).
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d∆ (Dg(Rf PL (|Ripsδ (Xn )|), fRPL ), Dg(Mr,g (|Ripsδ (Xn )|, f PL ), fIPL )) ≤ r,

according to Theorem 19. Moreover, we have

d∆ (Dg(Rf (X ), fR ), Dg(Rf PL (|Ripsδ (Xn )|), fRPL )) ≤ 2ω(δ),

Theorem 17 (Lemma 61 and 62 in Carrière and Oudot (2017b)). Let Ripsδ1 (Xn ) denote the 1-skeleton of Ripsδ (Xn ). If Ripsδ1 (Xn ) has no intersection-crossing edges, then
PL ) are isomorphic as combinatorial graphs.
Mr,g,δ (Xn , f (Xn )) and
Mr,g (|Ripsδ (Xn )|, f

(12)

Theorem 18 (Theorem 54 in Carrière and Oudot (2017b)). Let f : X → R be a Morse-type
function. Then, we have the following inequality between extended persistence diagrams:
d∆ (Dg(Rf (X ), fR ), Dg(Mr,g (X , f ), fI )) ≤ r.
Moreover, given another Morse-type function fˆ : X → R, we have:
(13)
JMLR 19(12):1-39, 2018

d∆ (Dg(Mr,g (X , f ), fI ), Dg(Mr,g (X , fˆ), fˆI )) ≤ r + kf − fˆk∞ .
23
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fI
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Figure 8: Examples of the function defined on the original space (left column), its induced
function defined on the Reeb graph (middle column) and the function defined on
the Mapper (right column). Note that the Mapper computed from the geometric realization of the Rips complex (middle row, right) is not isomorphic to the
standard Mapper (last row), since there are two intersection-crossing edges in the
Rips complex (outlined in orange).
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δ

(17)
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where K is the abstract Rips complex of parameter δ over the n labeled points in RD , minus
the intersection-crossing edges and their cofaces, and where fK is a function defined by:

[n] → R̄

 2

(
fK :
maxi∈σ Yi if σ ∈ K

σ
→
7


+∞
otherwise.

[n]

subset of the power set 22 , where [n] = {1, · · · , n}, and we implicitly identify
2[n] with the
P
set [2n ] via the map assigning to each subset {i1 , · · · , ik } the integer 1 + kj=1 2ij −1 . Given
a fixed parameter δ > 0, we define the application
(
[n]
(RD )n × Rn → C[n] × R̄2
Φ1 :
(Xn , Yn ) 7→ (K, fK )

We check that not only the topological signature of the Mapper but also the Mapper itself
is a measurable object and thus can be seen as an estimator of a target Reeb graph. This
problem is more complicated than for the statistical framework of persistence diagram
inference, for which the existing stability results give for free that persistence estimators
are measurable for adequate sigma algebras.
Let R̄ = R ∪ {+∞} denote the extended real line. Given a fixed integer n ≥ 1, let C[n]
be the set of abstract simplicial complexes over a fixed set of n vertices. We see C[n] as a

A.4 Proof of Proposition 10

Let us prove Equality (17). By definition of r, there are no intersection-crossing edges
for both f and fˆ. According to Theorem 17, Mr,g (|Ripsδ (Xn )|, f PL ) and Mn are isomorphic
and similarly for Mr,g (|Ripsδ (Xn )|, fˆPL ) and M̂n . See also the proof of Equality (14).

= 2r + 2ω(δ) + max{|f (X) − fˆ(X)| : X ∈ Xn }

≤ r + 2ω(δ) + d∆ (Mr,g (|Ripsδ (Xn )|, f PL ), Mr,g (|Ripsδ (Xn )|, fˆPL )) by Theorem 7
≤ r + 2ω(δ) + r + kf PL − fˆPL k∞ by Equation (13)

δ

d∆ (Rf (X ), M̂n ) ≤ d∆ (Rf (X ), Mn ) + d∆ (Mn , M̂n ) by the triangle inequality
= d∆ (Rf (X ), Mn ) + d∆ (Mr,g (|Rips (Xn )|, f PL ), Mr,g (|Rips (Xn )|, fˆPL ))

Let |Ripsδ (Xn )| denote a geometric realization of the Rips complex built on top of Xn with
parameter δ. Moreover, let f PL : |Ripsδ (Xn )| → R be the piecewise-linear interpolation of f
on the simplices of Ripsδ (Xn ), whose 1-skeleton is denoted by Rips1δ (Xn ). Similarly, let fˆPL
be the piecewise-linear interpolation of fˆ on the simplices of Rips1δ (Xn ). As before, since
(|Ripsδ (Xn )|, f PL ) and (|Ripsδ (Xn )|, fˆPL ) are metric spaces, we also consider their Mappers
Mr,g (|Ripsδ (Xn )|, f PL ) and Mr,g (|Ripsδ (Xn )|, fˆPL ). Then, the following inequalities lead to
the result:

A.3 Proof of Corollary 9
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[n]

C[n] × R̄2
→ A

(K, f ) 7→ (|K|, f PL )

[n]

The space (RD )n × Rn is equipped with the standard topology, denoted by T1 , inherited
[n]
from R(D+1)n . The space C[n] × R̄2 is equipped with the product, denoted by T2 hereafter,
of the discrete topology on C[n] and the topology induced by the extended distance d(f, g) =

(

max{|f (σ) − g(σ)| : σ ∈ 2[n] , f (σ) or g(σ) 6= +∞} on R̄2 . In particular, K 6= K 0 ⇒
d(fK , fK 0 ) = +∞.
Note that the map (Xn , Yn ) 7→ K is piecewise-constant, with jumps located at the
hypersurfaces defined by kXi − Xj k2 = δ 2 (for combinatorial changes in the Rips complex)
or Yi = cst ∈ End((r, g)) (for changes in the set of intersection-crossing edges) in (RD )n ×Rn ,
where End((r, g)) denotes the set of endpoints of elements of the gomic (r, g). We can then
define a finite measurable partition (C` )`∈L of (RD )n × Rn whose boundaries are included
in these hypersurfaces, and such that (Xn , Yn ) 7→ K is constant over each set C` . As a
byproduct, we have that (Xn , Yn ) 7→ f is continuous over each set C` .
We now define the operator

Φ2 :

where A denotes the class of topological spaces filtered by Morse-type functions, and where
f PL is the piecewise-linear interpolation of f on the geometric realization |K| of K. For
a fixed simplicial complex K, the extended persistence diagram of the lower-star filtration
induced by f and of the sublevel sets of f PL are identical—see e.g. Morozov (2008), therefore
the map Φ2 is distance-preserving (hence continuous) in the pseudometrics d∆ on the domain
2n is a refinement2 of the topology induced
and codomain. Since the topology T2 on
C[n] × R̄

[n]

by d∆ , the map Φ2 is also continuous when C[n] × R̄2 is equipped with T2 .
Let now Φ3 : A → R map each Morse-type pair (X , f ) to its Mapper Mf (X , I), where
I = (r, g) is the gomic induced by r and g. Note that, similarly to Φ1 , the map Φ3
is piecewise-constant, since combinatorial changes in Mf (X , I) are located at the regions
Crit(f ) ∩ End(I) 6= ∅. Hence, Φ3 is measurable in the pseudometric d∆ . For more details
on Φ3 , we refer the reader to Definition 7.6 in Carrière and Oudot (2017b).
Moreover, Mf PL (|K|, I) is isomorphic to Mr,g,δ (Xn , Yn ) by Theorem 17 since all of the
intersection-crossing edges were removed in the construction of K. Hence, the map Φ
defined by Φ = Φ3 ◦ Φ2 ◦ Φ1 is a measurable map that sends (Xn , Yn ) to Mr,g,δ (Xn , Yn ).
A.5 Proof of Proposition 11
We fix some parameters a > 0 and b ≥ 1. First note that Assumption (4) is always satisfied
by definition of rn . Next, there exists n0 ∈ N such that for any n ≥ n0 , Assumption (3) is
satisfied because
δn → 0 and ω(δn ) → 0 as n → +∞. Moreover, n0 can be taken the same
S
for all f ∈ P∈P(a,b) F(P, ω).
Let εn = dH (X , Xn ). Under the (a, b)-standard assumption, it is well known that (see
for instance Cuevas and Rodrı́guez-Casal (2004); Chazal et al. (2015b)):


u b
4b
P (εn ≥ u) ≤ min 1, b e−a( 2 ) n , ∀u > 0.
(18)
au
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2. This is because singletons are open balls in the discrete topology, and also because of the stability
theorem for persistence diagrams—see Chazal et al. (2016a); Cohen-Steiner et al. (2007)
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In particular, regarding the complementary of (5) we have:





2b
δn
≤ min 1,
.
P εn >
4
2log(n)n

sup
f ∈F (P,ω)

f ∈F (P,ω)

sup



1 + 2g
g



d∆ (Rf (XP ), Mn ) Iεn ≤δn /4

d∆ (Rf (XP ), Mn ) Iεn >δn /4

d∆ (Rf (XP ), Mn ) ≤ C̄.

d∆ (Rf (XP ), Mn ) =

sup

f ∈F (P,ω)



+

ω(δn )

(19)

(21)

(20)

Recall that diam(XP ) ≤ L. Let C̄ = ω(L) be a constant that only depends on the
parameters of the model. Then, for any P ∈ P(a, b), we have:

sup

+

2b
2log(n)n

#


δn
≤ C̄P εn >
+ rn + 2ω(δn )
4
d∆ (Rf (XP ), Mn )

f ∈F (P,ω)

sup
f ∈F (P,ω)

"

For n ≥ n0 , we have :

and thus
E


≤ C̄ min 1,

where we have used (20), Theorem 7 and the fact that Vn (δn )+ can be chosen less or equal
to ω(δn ). For n large enough, the first term in (21) is of the order of δnb , which can be upper
bounded by δn and thus by ω(δn ) (up to a constant) since ω(δ)/δ is non-increasing. Since
1+2g
< 6 because 31 < g < 21 , we get that the risk is bounded by ω(δn ) for n ≥ n0 up to
g
a constant that only depends on the parameters of the model. The same inequality is of
course valid for any n by taking a larger constant, because n0 itself only depends on the
parameters of the model.
A.6 Proof of Proposition 12

X0 → R
x →
7 ω(kx − x0 k)

The proof follows closely Section B.2 in Chazal et al. (2015b). Let X0 = [0, a−1/b ] ⊂ RD .
Obviously, X0 is a smooth and compact submanifold of RD . Let U(X0 ) be the uniform
measure on X0 . Let Pa,b,X0 denote the set of (a, b)-standard measures whose support is
included in X . Let x = 0 ∈ X and {xn }n∈N∗ ∈ X0N such that kxn − x0 k = (an)−1/b . Now,
0
0
0
let

f0 :
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By definition, we have f0 ∈ F(U(X0 ), ω) because Dg(X0 , f0 ) = {(0, ω(a−1/b ))} since f0
is increasing by definition of ω. Finally, given any measure P ∈ Pa,b,X0 , we let θ0 (P) =

28

sup

≥

P∈Pa,b,X0

sup

"

h

sup



f ∈F (P,ω)

P

i

=

d∆ Rf (XP ), R̂n

E d∆ Rf0 |X (XP ), R̂n

E





d∆ Rf (XP ), R̂n

P∈Pa,b,X0

≥

f ∈F (P,ω)

sup

#

sup

#

P∈Pa,b,X0


h 
i
E ρ θ0 (P), R̂n ,



−1/b −x}
)
1 (x+min{r, (an)
.
n
(an)−1/b

29

b

P1,n (B(x, r)) = 1 ≥ min{ar }.

P1,n (B(x, r)) ≥ 1 −

+

b
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1
r
1
+
≥ arb (see previous case).
n n (ab)−1/b

1
n

− x} = r, then we have

Otherwise, we have

If min{r,

(an)−1/b

Assume r > x. Then P1,n (B(x, r)) = 1 −

1
r
P1,n (B(x, r)) ≥
≥ arb (see previous case).
n (ab)−1/b

• Let us study P1,n (B(x, r)), where x ∈ (x0 , xn ). Assume r ≤ x. Then

P1,n (B(xn , r)) = 1 ≥ min{arb }.

Assume r > (an)−1/b . Then

• Let us study P1,n (B(xn , r)). Assume r ≤ (an)−1/b . Then

b
1
1
r
r
P1,n (B(xn , r)) =
≥
= arb .
−1/b
−1/b
n (an)
n (an)

P1,n (B(x0 , r)) = 1 ≥ min{arb }.

Assume r > (an)−1/b . Then



1
r
1
1− +
n n
(an)−1/b


1 1
+
anrb ≥ arb .
≥
2 n

1
1
r
P1,n (B(x0 , r)) = 1 − +
≥
n n (an)−1/b

Assume r ≤ (an)−1/b . Then

• Let us study P1,n (B(x0 , r)).

where ρ = d∆ . For any n ∈ N∗ , we let P0,n = δx0 be the Dirac measure on x0 and
P1,n = (1 − n1 )P0,n + n1 U([x0 , xn ]). As a Dirac measure, P0,n is obviously in Pa,b,X0 . We now
check that P1,n ∈ Pa,b,X0 .

P∈Pa,b

sup E

Rf0 |X (XP ). Then, we have:
P
"
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0 ,xn ]


(U[x0 , xn ]) .

1
n



. The propo-

f ∈F (P,ω)

sup

#

|0

Z

C̄

(A)

(B)

(D)

30

• Term (C). It can be bounded using (22) then (18).

(23)
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g
δn
P ω(δn ) ≥
α dα + C̄P εn ≥
1 + 2g
4
{z
} |
{z
}

n κ ρ o
+ C̄P δn ≥ min
,
.
4 4 }
|
{z

d∆ (Mn , Rf (X )) ≤

Let us bound the three terms (A), (B) and (C).

E

This gives
"

Ωn = {4δn ≤ min{κ, ρ}} ∩ {4εn ≤ δn }.

where Ωn is the event defined by

d∆ (Rf (XP ), Mn ) ≤ [r + 2ω(δ)] IΩn + C̄ IΩcn

Note that for any f ∈ F(P, ω), according to (6) and (20)

Let P ∈ Pa,b and ω a modulus of continuity for f . Using the same notation as in the
previous section, we have


u
u
+ P dH (Xsnn , XP ) ≥
P (δn ≥ u) ≤ P dH (Xn , XP ) ≥
2
2

u
u
≤ P εn ≥
+ P εs n ≥
.
(22)
2
2

A.7 Proof of Proposition 13


1 
1
ρ(θ0 (P0,n ), θ0 (P1,n )) = |f (xn ) − f (x0 )| = ω (an)−1/b .
2
2

1
1
It remains to compute TV(P0,n , P1,n ) = 1 − 1 − n + n (an)−1/b = n1 + o
sition follows then from the fact that [1 − TV(P0,n , P1,n )]2n → e−2 .





Since Dg Rf0 |{x } ({x0 }) = {(0, 0)} and Dg Rf0 |[x ,xn ] (U[x0 , xn ]) = {(f (x0 ), f (xn ))} be0
0
cause f0 is increasing by definition of ω, it follows that


ρ(θ0 (P0,n ), θ0 (P1,n )) = d∆ Rf0 |{x } ({x0 }), Rf0 |[x

0

h 
i 1
E ρ θ0 (P), R̂n ≥ ρ(θ0 (P0,n ), θ0 (P1,n )) [1 − TV(P0,n , P1,n )]2n .
8

By definition, we have:

P∈Pa,b,X0

sup

Thus P1,n is in Pa,b,X0 as well. Hence, we apply Le Cam’s lemma (see Section B) to get:
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1/b
and An = {εn < tn }. We first prove that δn ≥ 4εn
• Term (B). Let tn = 2 2log(n)
an
on the event An , for n large enough. We follow the lines of the proof of Theorem 3 in
Section 6 in Fasy et al. (2014).

tn

δn

4n .

Let qn be the tn -packing number of XP , i.e. the maximal number of Euclidean balls
B(X, tn )∩XP , where X ∈ XP , that can be packed into XP without overlap. It is known
(see for instance Lemma 17 in Fasy et al. (2014)) that qn = Θ(tn−d ), where d is the
(intrinsic) dimension of XP . Let Packn = {c1 , · · · , cqn } be a corresponding packing
set, i.e. the set of centers of a family of balls of radius tn whose cardinality achieves
the packing number qn . Note that dH (Packn , XP ) ≤ 2tn . Indeed, for any X ∈ XP ,
there must exist c ∈ Packn such that kX − ck ≤ 2tn , otherwise X could be added
to Packn , contradicting the fact that Packn is maximal. By contradiction, assume
< and
≤
Then:
n

dH (Xnsn , Packn ) ≤ dH (Xnsn , Xn ) + dH (Xn , XP ) + dH (XP , Packn )
≤ 5dH (Xn , XP ) + 2tn ≤ 7tn .



n1−b/d
Now, one has sqnn = Θ log(n)
1−b/d+β . Since b ≥ D ≥ d by definition, it follows that
sn = o(qn ). In particular, this means that dH (Xnsn , Packn ) > 7tn for n large enough,
which yields a contradiction.

=0

Hence, one has δn ≥ 4εn on the event An . Thus, one has:




δn
δn
P εn ≥
≤ P εn ≥
| An P (An ) + P (Anc ) = P (Anc ) .
4
4
{z
}
|
2b
.
2log(n)n

Finally, the probability of Anc is bounded with (18):
P (Anc ) ≤

(24)

• Term (A). This is the dominating term. First, note that since ω is increasing, one
has for all u > 0:

P (ω(δn ) ≥ u) = P δn ≥ ω −1 (u) .





Z C̄ 
Z C̄ 
1
gα
1
gα
P εn ≥ ω −1
dα +
P εsn ≥ ω −1
dα.
2
1 + 2g
2
1 + 2g
0
0

Then, using (22) and (24), we have:
(A) ≤

"

4b log(n)
an

1/b #

.
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We only bound the first integral, but the analysis extends verbatim to the second
integral when replacing n by
Let
1 + 2g
ω
g

sn .

αn =

31

Since x 7→

C̄

ω(x)
x

C̄

x −1
ω (y), ∀x ≥ y > 0.
y

ω −1 (x)
x
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ω −1 (x) ≥

is non-increasing, it follows that x 7→

8b
a

Z

Z

αn



1

Z

"



gαn
1+2g



b

gα
1 + 2g

(25)

is non-decreasing, and

b #



dα

gαn
1 + 2g



b #

2b
b log(n)2

dα

αn since b ≥ 1

for the second inequality. The


1+

u1/b−2 e−u du

anαb −1
ω
(4αn )b

an −1
ω
4b

"

−1
u≥ an
bω

gαn
1+2g

u1/b−2 e−u du ≤

4

ib exp −

b exp −



gαn
1+2g

αnb


gα
1+2g

αω −1

ω −1
h

gαn
1+2g

u≥log(n)

Z



2b n
blog(n)1/b

ba1/b ω −1

2b 4n1−1/b

C̄

αn

8b
a

Taking inspiration from Section B.2 in Chazal et al. (2015b) and using (18), we have
the following inequalities:



Z
1
gα
P εn ≥ ω −1
dα
2
1 + 2g
0

≤ αn +
≤ αn +

≤ αn + αn
= αn + αn
≤ C(b)αn ,

gα
where we used (25) with x = 1+2g
and y =
constant C(b) only depends on b.

(A) ≤ Kω

K 0 log(sn )
sn

Hence, since 1+2g
< 6, there exist constants K, K 0 > 0 that depend only of the
g
geometric parameters of the model such that:

1/b
.

f ∈F (P,ω)

sup

d∆ (Rf (XP ), Mn ) ≤ Cω

C 0 log(n)2+β
n

Final bound. Since sn = nlog(n)−(1+β) , by gathering all four terms, there exist constants C, C 0 > 0 such that:
"
#

1/b
.
E

A.8 Proof of Proposition 15

We have the following bound by using (23) in the proof of Proposition 13:
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P (d∆ (, Rf (XP ), Mn ) ≥ η)





n
g
δn
κ ρ o
≤ P ω(δn ) ≥
η + P εn ≥
+ P δn ≥ min
,
1 + 2g
4
4 4








g
g
1
1
1
η
+ P εsn ≥ ω −1
η
+o
≤ P εn ≥ ω −1
.
2
1 + 2g
2
1 + 2g
nlog(n)

32







 2 1/4
1
1 −1
g
g
s
P εsn ≥ ω −1
η
≤ Fn
ω
η
+o n
.
2
1 + 2g
4
1 + 2g
sn

sup EPn

1
ρ(θ, θ̂) ≥ ρ (θ(P0 ), θ(P1 )) [1 − TV(P0 , P1 )]2n .
8

i

= X (−∞,α]
= (X , X [α̃,+∞) ) for α̃ ∈ Rop ,

for α ∈ R
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Vα̃

V+∞

Vα

34

= H∗ (Fα̃ ) = H∗ (X , X [α̃,+∞) )

for α̃ ∈ Rop ,

= H∗ (Fα ) = H∗ (X (−∞,α] )
for α ∈ R
= H∗ (F+∞ ) = H∗ (X ) ∼
H
(X
,
∅)
= ∗

Applying the homology functor H∗ to this filtration gives the so-called extended persistence module V of f :

and where the linear maps between the spaces are induced by the inclusions in the
extended filtration.
For Morse-type functions, the extended persistence module can be decomposed as a
finite direct sum of half-open interval modules—see e.g. Chazal et al. (2016a):

Figure 9: The extended filtration of the height function on a torus. The upper row displays
the ordinary part of the filtration while the lower row displays the relative part.
The red and blue cycles both correspond to extended points in dimension 1. The
point corresponding to the red cycle is located above the diagonal (dh1 > bh1 ), while
the point corresponding to the blue cycle is located below the diagonal (dv1 > bv1 ).

d2

dv1

dh1

d0

b0

bh1

bv1

b2

where we have identified the space X with the pair of spaces (X , ∅). This is a welldefined filtration since we have X (−∞,α] ⊆ X ≡ (X , ∅) ⊆ (X , X [β̃,+∞) ) for all α ∈ R and
β̃ ∈ Rop . The subfamily {Fα }α∈R is called the ordinary part of the filtration, and the
subfamily {Fα̃ }α̃∈Rop is called the relative part. See Figure 9 for an illustration.

Fα̃

F+∞ = X ≡ (X , ∅)

Fα
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Let f be a real-valued function on a topological space X . Given an interval I and a scalar
value t ∈ R, we let X I denote f −1 (I) and X t = f −1 (t). The family {X (−∞,α] }α∈R of
sublevel sets of f defines a filtration, that is, it is nested with respect to the inclusion:
X (−∞,α] ⊆ X (−∞,β] for all α ≤ β ∈ R. The family {X [α,+∞) }α∈R of superlevel sets of f
is also nested but in the opposite direction: X [α,+∞) ⊇ X [β,+∞) for all α ≤ β ∈ R. We
can turn it into a filtration by reversing the real line. Specifically, let Rop = {x̃ | x ∈ R},
ordered by x̃ ≤ ỹ ⇔ x ≥ y. We index the family of superlevel sets by Rop , so now we have
a filtration: {X [α̃,+∞) }α̃∈Rop , with X [α̃,+∞) ⊆ X [β̃,+∞) for all α̃ ≤ β̃ ∈ Rop .
Extended persistence connects the two filtrations at infinity as follows. Replace each
superlevel set X [α̃,+∞) by the pair of spaces (X , X [α̃,+∞) ) in the second filtration. This
maintains the filtration property since we have (X , X [α̃,+∞) ) ⊆ (X , X [β̃,+∞) ) for all α̃ ≤ β̃ ∈
Rop . Then, let RExt = R t {+∞} t Rop , where the order is completed by α < +∞ < β̃
for all α ∈ R and β̃ ∈ Rop . This poset is isomorphic to (R, ≤). Finally, define the extended
filtration of f over RExt by:

Appendix C. Extended Persistence

P∈P

h

Lemma 20 Let P be a set of distributions. For P ∈ P, let θ(P) take values in a pseudometric space (X, ρ). Let P0 and P1 in P be any pair of distributions. Let X1 , . . . , Xn be
drawn i.i.d. from some P ∈ P. Let θ̂ = θ̂(X1 , . . . , Xn ) be any estimator of θ(P), then

Moreover, if P0 and P1 have densities p0 and p1 for the same measure λ on X , then
Z
1
|p0 − p1 |dλ.
TV(P0 , P1 ) = `1 (p0 , p1 ) =
2
X

B∈B

TV(P0 , P1 ) = sup |P0 (B) − P1 (B)|.

The version of Le Cam’s lemma given below is from Yu (1997) (see also Genovese et al.,
2012b). Recall that the total variation distance between two distributions P0 and P1 on a
measured space (X , B) is defined by

Appendix B. Le Cam’s lemma

The result follows by taking sn = nlog(n)−(1+β) .

and

Following the lines of Section 6 in Fasy et al. (2014), subsampling approximations give






 s 1/4
1
g
1 −1
g
n
P εn ≥ ω −1
η
≤ Ln
ω
η
+o
,
2
1 + 2g
4
1 + 2g
n
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n
M

I[bk , dk ),

Statistical Analysis and Parameter Selection for Mapper

V'
k=1

where each summand I[bk , dk ) is made of copies of the field of coefficients at each index
α ∈ [bk , dk ), and of copies of the zero space elsewhere, the maps between copies of the field
being identities. Each summand represents the lifespan of a homological feature (connected
component, hole, void, etc.) within the filtration. More precisely, the birth time bk and
death time dk of the feature are given by the endpoints of the interval. Then, a convenient
way to represent the structure of the module is to plot each interval in the decomposition
as a point in the extended plane, whose coordinates are given by the endpoints. Such a plot
is called the extended persistence diagram of f , denoted Dg(f ). The distinction between
ordinary and relative parts of the filtration allows to classify the points in Dg(f ) in the
following way:
• points whose coordinates both belong to R are called ordinary points; they correspond
to homological features being born and then dying in the ordinary part of the filtration;
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Gérard Biau and André Mas. PCA-Kernel estimation. Statistics and Risk Modeling with
Applications in Finance and Insurance, 29(1):19–46, 2012.

Gilles Blanchard, Olivier Bousquet, and Laurent Zwald. Statistical properties of kernel
principal component analysis. Machine Learning, 66(2-3):259–294, 2007.

Mickaël Buchet, Frédéric Chazal, Steve Oudot, and Donald Sheehy. Efficient and Robust
Persistent Homology for Measures. In Proceedings of the 26th Symposium on Discrete
Algorithms, pages 168–180, 2015.

Mathieu Carrière. Cover complex. In GUDHI User and Reference Manual. GUDHI Editorial Board, 2017. URL http://gudhi.gforge.inria.fr/doc/latest/group__cover_
_complex.html.

Mathieu Carrière and Steve Oudot. Local Equivalence and Induced Metrics for Reeb
Graphs. In Proceedings of the 33rd Symposium on Computational Geometry, 2017a.

Mathieu Carrière and Steve Oudot. Structure and Stability of the 1-Dimensional Mapper.
Foundations of Computational Mathematics, 2017b.

Frédéric Chazal, Brittany Fasy, Fabrizio Lecci, Alessandro Rinaldo, Aarti Singh, and Larry
Wasserman. On the Bootstrap for Persistence Diagrams and Landscapes. Modeling and
Analysis of Information Systems, 20(6):111–120, 2013.

Frédéric Chazal, David Cohen-Steiner, and Quentin Mérigot. Geometric Inference for Probability Measures. Foundations of Computational Mathematics, 11(6):733–751, 2011.

• points whose abscissa belongs to R and whose ordinate belongs to Rop are called
extended points; they correspond to homological features being born in the ordinary
part and then dying in the relative part of the filtration.

Frédéric Chazal, Brittany Fasy, Fabrizio Lecci, Bertrand Michel, Alessandro Rinaldo, and
Larry Wasserman. Robust topological inference: distance to a measure and kernel distance. CoRR, abs/1412.7197, 2014. Accepted for publication in Journal of Machine
Learning Research.

• points whose coordinates both belong to Rop are called relative points; they correspond
to homological features being born and then dying in the relative part of the filtration;

Note that ordinary points lie strictly above the diagonal ∆ = {(x, x) | x ∈ R} and relative
points lie strictly below ∆, while extended points can be located anywhere, including on ∆,
e.g. cc that lie inside a single critical level. It is common to decompose Dg(f ) according to
this classification:
Dg(f ) = Ord(f ) t Rel(f ) t Ext+ (f ) t Ext− (f ),

Frédéric Chazal, Brittany Fasy, Fabrizio Lecci, Bertrand Michel, Alessandro Rinaldo, and
Larry Wasserman. Subsampling Methods for Persistent Homology. In Proceedings of the
32nd International Conference on Machine Learning, pages 2143–2151, 2015a.

Frédéric Chazal, Pascal Massart, and Bertrand Michel. Rates of convergence for robust
geometric inference. Electronic Journal of Statistics, 10(2):2243–2286, 2016b.

Frédéric Chazal, Vin de Silva, Marc Glisse, and Steve Oudot. The Structure and Stability
of Persistence Modules. Springer, 2016a.

Frédéric Chazal, Marc Glisse, Catherine Labruère, and Bertrand Michel. Convergence
rates for persistence diagram estimation in topological data analysis. Journal of Machine
Learning Research, 16:3603–3635, 2015b.

where by convention Ext+ (f ) includes the extended points located on the diagonal ∆.
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y = x0 β ∗ + .

Consider a linear regression model with response y ∈ R, predictor vector x ∈ Rm−1 , regression coefficient β ∗ ∈ Rm−1 and error  ∈ R:

1. Introduction

We present a Distributionally Robust Optimization (DRO) approach to estimate a robustified regression plane in a linear regression setting, when the observed samples are potentially
contaminated with adversarially corrupted outliers. Our approach mitigates the impact of
outliers by hedging against a family of probability distributions on the observed data, some
of which assign very low probabilities to the outliers. The set of distributions under consideration are close to the empirical distribution in the sense of the Wasserstein metric.
We show that this DRO formulation can be relaxed to a convex optimization problem
which encompasses a class of models. By selecting proper norm spaces for the Wasserstein
metric, we are able to recover several commonly used regularized regression models. We
provide new insights into the regularization term and give guidance on the selection of
the regularization coefficient from the standpoint of a confidence region. We establish two
types of performance guarantees for the solution to our formulation under mild conditions.
One is related to its out-of-sample behavior (prediction bias), and the other concerns the
discrepancy between the estimated and true regression planes (estimation bias). Extensive
numerical results demonstrate the superiority of our approach to a host of regression models, in terms of the prediction and estimation accuracies. We also consider the application
of our robust learning procedure to outlier detection, and show that our approach achieves
a much higher AUC (Area Under the ROC Curve) than M-estimation (Huber, 1964, 1973).
Keywords: Robust Learning, Distributionally Robust Optimization, Wasserstein Metric,
Regularized Regression, Generalization Guarantees.
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The aforementioned robust estimation procedures focus on modifying the objective function in a heuristic way with the intent of minimizing the effect of outliers. A more rigorous
line of research explores the underlying stochastic program that leads to the sample-based
estimation procedures. For example, the OLS objective can be viewed as minimizing the
expected squared residual under the uniform empirical distribution over the samples. It
has been well recognized that optimizing under the empirical distribution yields estimators
that are sensitive to perturbations in the data and suffer from overfitting. The reason is
that when the data (x, y) are adversarially corrupted by outliers, the observed samples do
not represent well the true underlying distribution of the data. Yet, the samples are typically the only information available. Instead of equally weighting all the samples as in the
empirical distribution, we may wish to include more informative distributions that “drive
out” the corrupted samples. One way to realize this is to hedge the expected loss against a
family of distributions that include the true data-generating mechanism with a high confidence; an approach called Distributionally Robust Optimization (DRO). DRO minimizes the
worst-case expected loss over a probabilistic ambiguity set P that is constructed from the
observed samples and characterized by certain known properties of the true data-generating
distribution. For example, Mehrotra and Zhang (2014) study the distributionally robust
least squares problem with P defined through either moment constraints, norm bounds with
moment constraints, or a confidence region over a reference probability measure. Compared
to the single distribution-based stochastic optimization, DRO often results in better out-ofsample performance due to its distributional robustness.

Both LAD and M-estimation are not resistant to large deviations in the predictors. For
contamination present in the predictor space, high breakdown value methods are required.
Examples include the Least Median of Squares (LMS) (Rousseeuw, 1984), which minimizes
the median of the absolute residuals, the Least Trimmed Squares (LTS) (Rousseeuw, 1985),
which minimizes the sum of the q smallest squared residuals, and S-estimation (Rousseeuw
and Yohai, 1984), which has a higher statistical efficiency than LTS with the same breakdown value. A combination of the high breakdown value method and M-estimation is the
MM-estimation (Yohai, 1987). It has a higher statistical efficiency than S-estimation. We
refer the reader to the book of Rousseeuw and Leroy (2005) for a detailed description of
these robust regression methods.

Given samples (xi , yi ), i = 1, . . . , N , we are interested in estimating
β ∗ . The Ordinary
P
(y
−
x0i β)2 , and works
Least Squares (OLS) minimizes the sum of squared residuals N
i=1 i
well if all the N samples are generated from the underlying true model. However, when
faced with adversarial perturbations in the training data, the OLS estimator will deviate
from the true regression plane to reduce
Alternatively, one can choose to
P large residuals.
0
minimize the sum of absolute residuals N
i=1 |yi − xi β|, as done in Least Absolute Deviation
(LAD), to mitigate the influence of large residuals. Another commonly used approach for
hedging against outliers is M-estimation (Huber,P
1964, 1973), which minimizes a symmetric
0
loss function ρ(·) of the residuals in the form N
i=1 ρ(yi − xi β), which downweights the
influence of samples with large absolute residuals. Several choices for ρ(·) include the Huber
function (Huber, 1964, 1973), the Tukey’s Biweight function (Rousseeuw and Leroy, 2005),
the logistic function (Coleman et al., 1980), the Talwar function (Hinich and Talwar, 1975),
and the Fair function (Fair, 1974).

Chen and Paschalidis

Chen and Paschalidis

(1)

Wasserstein Based DRO for Robust Learning

N
1 X
|yi − xi0 β| + k(−β, 1)k∗ ,
N

The existing literature on DRO can be split into two main branches according to the
way in which P is defined. One is through a moment ambiguity set, which contains all
distributions that satisfy certain moment constraints (see Popescu, 2007; Delage and Ye,
2010; Goh and Sim, 2010; Zymler et al., 2013; Wiesemann et al., 2014). In many cases, it
leads to a tractable DRO problem but has been criticized for yielding overly conservative
solutions (Wang et al., 2016). The other is to define P as a ball of distributions using some
probabilistic distance functions such as the φ-divergences (Bayraksan and Love, 2015), which
include the Kullback-Leibler (KL) divergence (Hu and Hong, 2013; Jiang and Guan, 2015)
as a special case, the Prokhorov metric (Erdoğan and Iyengar, 2006), and the Wasserstein
distance (Esfahani and Kuhn, 2015; Gao and Kleywegt, 2016; Zhao and Guan, 2015; Luo
and Mehrotra, 2017; Blanchet and Murthy, 2016). Deviating from the stochastic setting,
there are also some works focusing on deterministic robustness. El Ghaoui and Lebret (1997)
consider the least squares problem with unknown but bounded, non-random disturbance
and solve it in polynomial time. Xu et al. (2010) study the robust linear regression problem
with norm-bounded feature perturbation and show that it is equivalent to the `1 -regularized
regression. See Yang and Xu (2013); Bertsimas and Copenhaver (2017) which also use a
deterministic robustness approach.
In this paper we consider a DRO problem with P containing distributions that are close
to the discrete empirical distribution in the sense of Wasserstein distance. The reason for
choosing the Wasserstein metric is two-fold. On one hand, the Wasserstein ambiguity set
is rich enough to contain both continuous and discrete relevant distributions, while other
metrics such as the KL divergence, exclude all continuous distributions if the nominal distribution is discrete (Esfahani and Kuhn, 2015; Gao and Kleywegt, 2016). Furthermore,
considering distributions within a KL distance from the empirical, does not allow for probability mass outside the support of the empirical distribution. On the other hand, measure
concentration results guarantee that the Wasserstein set contains the true data-generating
distribution with high confidence for a sufficiently large sample size (Fournier and Guillin,
2015). Moreover, the Wasserstein metric takes into account the closeness between support points while other metrics such as the φ-divergence only consider the probabilities of
these points. The image retrieval example in Gao and Kleywegt (2016) suggests that the
probabilistic ambiguity set constructed based on the KL divergence prefers the pathological distribution to the true distribution, whereas the Wasserstein distance does not exhibit
such a problem. The reason lies in that φ-divergence does not incorporate a notion of closeness between two points, which in the context of image retrieval represents the perceptual
similarity in color.
Our DRO problem minimizes the worst-case absolute residual over a Wasserstein ball
of distributions, and could be relaxed to the following form:

β

inf

4
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1. We develop a DRO approach to robustify linear regression using an `1 loss function and an ambiguity set around the empirical distribution of the training samples
defined based on the Wasserstein metric. The formulation is general enough to in-

simply reduces to regularized regression models, we want to emphasize a few new insights
brought by this methodology. First, the regularization term controls the conservativeness
of the Wasserstein set, or the amount of ambiguity in the data, which differentiates itself
from the heuristically added regularizers in traditional regression models that serve the
purpose of preventing overfitting, error/variance reduction, or sparsity recovery. Second,
the regularization term is determined by the dual norm of the regression coefficient, which
controls the growth rate of the `1 -loss function, and the radius of the Wasserstein set. This
connection provides guidance on the selection of the regularization coefficient and may lead
to significant computational savings compared to cross-validation. DRO essentially enables
new and more accurate interpretations of the regularizer, and establishes its dependence on
the growth rate of the loss, the underlying metric space and the reliability of the observed
samples.
The connection between robustness and regularization has been established in several
works. The earliest one may be credited to El Ghaoui and Lebret (1997), who show that
minimizing the worst-case squared residual within a Frobenius norm-based perturbation
set is equivalent to Tikhonov regularization. In more recent works, using properly selected
uncertainty sets, Xu et al. (2010) have shown the equivalence between robust linear regression with feature perturbations and the Least Absolute Shrinkage and Selection Operator
(LASSO). Yang and Xu (2013) extend this to more general LASSO-like procedures, including versions of the grouped LASSO. Bertsimas and Copenhaver (2017) give a comprehensive
characterization of the conditions under which robustification and regularization are equivalent for regression models with deterministic norm-bounded perturbations on the features.
For classification problems, Xu et al. (2009) show the equivalence between the regularized
Support Vector Machines (SVMs) and a robust optimization formulation, by allowing potentially correlated disturbances in the covariates. Shafieezadeh-Abadeh et al. (2015) consider a
robust version of logistic regression under the assumption that the probability distributions
under consideration lie in a Wasserstein ball, and they show that the regularized logistic
regression is a special case of this robust formulation. Recently, Shafieezadeh-Abadeh et al.
(2017); Gao et al. (2017) have provided a unified framework for connecting the Wasserstein
DRO with regularized learning procedures, for various regression and classification models.
Our work is motivated by the problem of identifying patients who receive an abnormally
high radiation exposure in CT exams, given the patient characteristics and exam-related
variables (Chen et al., 2018). This could be casted as an outlier detection problem; specifically, estimating a robustified regression plane that is immunized against outliers and learns
the underlying true relationship between radiation dose and the relevant predictors. We
focus on robust learning of the parameter in regression models under distributional perturbations residing within a Wasserstein ball. While the applicability of the Wasserstein
DRO methodology is not restricted to regression analysis (Sinha et al., 2017; Gao et al.,
2017; Shafieezadeh-Abadeh et al., 2017), or a particular form of the loss function (as long
as it satisfies certain smoothness conditions (Gao et al., 2017)), we focus on the absolute
residual loss in linear regression in light of our motivating application and for the purpose
of enhancing robustness. Our contributions can be summarized as follows:
i=1
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where  is the radius of the Wasserstein ball, and k · k∗ is the dual norm of the norm
space where the Wasserstein metric is defined on. Formulation (1) incorporates a wide
class of models whose specific form depends on the notion of transportation cost embedded
in the Wasserstein metric (see Section 2). Although the Wasserstein DRO formulation
3

Π∈P(Z×Z)
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5

6

Notice that the ambiguity set Ω is centered at the empirical distribution P̂N and has radius
. It may be desirable to translate (4) into:




EQ hβ (x, y) − EP̂N hβ (x, y) < ∞, ∀Q ∈ Ω.
(5)

Z×Z

where Π is the joint distribution of (x1 , y1 ) and (x2 , y2 ) with marginals Q1 and Q2 , respectively. The Wasserstein distance between Q1 and Q2 represents the cost of an optimal mass
transportation plan, where the cost is measured through the metric s. The order p should
be selected in such a way as to ensure that the worst-case expected loss is meaningfully
defined, i.e.,


EQ hβ (x, y) < ∞, ∀Q ∈ Ω.
(4)

where Z is the set of possible values for (x, y); P(Z) is the space of all probability distributions supported on Z;  is a pre-specified radius of the Wasserstein ball; and Wp (Q, P̂N )
is the order-p Wasserstein distance between Q and P̂N (see definition in (3)), with P̂N the
uniform empirical distribution over samples. The formulation in (2) is robust since it minimizes over the regression coefficients the worst case expected loss, that is, the expected loss
maximized over all probability distributions in the ambiguity set Ω.
Before deriving a tractable reformulation for (2), let us first define the Wasserstein
metric. Let (Z, s) be a metric space where Z is a set and s is a metric on Z. The Wasserstein
metric of order p ≥ 1 defines the distance between two probability distributions Q1 and Q2
in the following way:
Z
!1/p
p

s((x1 , y1 ), (x2 , y2 )) Π d(x1 , y1 ), d(x2 , y2 )
, (3)
Wp (Q1 , Q2 ) ,
min

Ω , {Q ∈ P(Z) : Wp (Q, P̂N ) ≤ },

where β is the regression coefficient vector that belongs to some set B. B could be Rm−1 , or
B = {β : kβk1 ≤ l} if we wish to induce sparsity, with l being some pre-specified number.
Q is the probability distribution of (x, y), belonging to some set Ω which is defined as:

β∈B Q∈Ω

Consider a linear regression problem where we are given a predictor/feature vector x ∈
Rm−1 , and a response variable y ∈ R. Our goal is to obtain an accurate estimate of the
regression plane that is robust with respect to the adversarial perturbations in the data.
We consider an `1 -loss function hβ (x, y) , |y − x0 β|, motivated by the observation that the
absolute loss function is more robust to large residuals than the squared loss (see Fig. 1).
Moreover, the estimation error analysis presented in Section 3.2 suggests that the `1 -loss
function leads to a smaller estimation bias than others. Our Wasserstein DRO problem
using the `1 -loss function is formulated as:


inf sup EQ |y − x0 β| ,
(2)

2. Problem Statement and Justification of Our Formulation

norm k · k∗ is defined as: kθk∗ , supkzk≤1 θ 0 z. For a function h(z), its convex conjugate
h∗ (·) is defined as: h∗ (θ) , supz∈dom h {θ 0 z − h(z)}, where dom h denotes the domain of
the function h.
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The rest of the paper is organized as follows. In Section 2, we introduce the Wasserstein
metric and derive the general Wasserstein DRO formulation in a linear regression framework.
Section 3 establishes performance guarantees for both the general formulation and the
special case where the Wasserstein metric is defined on the `1 -norm space. Numerical
experimental results are presented in Section 4. We conclude the paper in Section 5.
Notational conventions: We use boldfaced lowercase letters to denote vectors, ordinary lowercase letters to denote scalars, boldfaced uppercase letters to denote matrices, and calligraphic capital letters to denote sets. E denotes expectation and P probability of an event. All vectors are column vectors. For space saving reasons, we write
x = (x1 , . . . , xdim(x) ) to denote the column vector x, where dim(x) is the dimension of x.
We use prime to denote the transpose of a vector, k · k for the general norm operator, k · k2
for the `2 norm, k · k1 for the `1 norm, and k · k∞ for the infinity norm. P(Z) denotes the
set of probability measures supported on Z. ei denotes the i-th unit vector, e the vector
of ones, 0 a vector of zeros, and I the identity matrix. Given a norm k · k on Rm , the dual

3. We empirically explore three important aspects of the Wasserstein DRO formulation,
including the advantages of the `1 -loss function, the selection of a proper norm for the
Wasserstein metric, and the implication of penalizing the extended regression coefficient (−β, 1), by comparing with a series of regression models on a number of synthetic
datasets. We show the superiority of the Wasserstein DRO approach, presenting a
thorough analysis under four different experimental setups. We also consider the application of our methodology to outlier detection and compare with M-estimation in
terms of the ability of identifying outliers (ROC (Receiver Operating Characteristic)
curves). The Wasserstein DRO formulation achieves significantly higher AUC (Area
Under Curve) values.

2. We establish novel performance guarantees on both the out-of-sample loss (prediction
bias) and the discrepancy between the estimated and the true regression coefficients
(estimation bias). Our guarantees elucidate the role of the regularizer, which is related
to the dual norm of the regression coefficients, in bounding the biases and are in
concert with the theoretical foundation that leads to the regularized problem. The
generalization error bound, in particular, builds a connection between the loss function
and the form of the regularizer via Rademacher complexity, providing a rigorous
explanation for the commonly observed good out-of-sample performance of regularized
regression. On the other hand, the estimation error bound corroborates the validity of
the `1 -loss function, which tends to incur a lower estimation bias than other candidates
such as the `2 and `∞ losses. Our results are novel in the robust regression setting
and different from earlier work in the DRO literature, enabling new perspectives and
interpretations of the norm-based regularization, and providing justifications for the
`1 -loss-based learning algorithms.

clude any norm-induced Wasserstein metric and incorporate additional regularization
constraints on the regression coefficients (e.g., `1 -norm constraints). It provides an
intuitive connection between the amount of ambiguity allowed and a regularization
penalty term in the robust formulation, which provides a natural way to adjust the
latter.
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Z

Z

Z

hβ (x2 , y2 )

hβ (x1 , y1 ) − hβ (x2 , y2 ) Π0 (d(x1 , y1 ), d(x2 , y2 )),

hβ (x1 , y1 )

Z×Z

Z

Π0 (d(x1 , y1 ), d(x2 , y2 ))

− hβ (x2 , y2 )
p , ∀(x1 , y1 ), (x2 , y2 ) ∈ Z.
s((x1 , y1 ), (x2 , y2 ))
hβ (x1 , y1 )

7

(6)

(7)
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A formal definition of the growth rate is due to Gao and Kleywegt (2016), which takes
the limit of (7) as s((x1 , y1 ), (x2 , y2 )) → ∞, to eliminate its dependence on (x, y). One
important aspect they have pointed out is that when the growth rate of the
 loss function
is infinite, strong duality for the worst-case problem supQ∈Ω EQ hβ (x, y) fails to hold,
in which case the DRO problem (2) becomes intractable. Assuming that the metric s is

GRhβ ((x1 , y1 ), (x2 , y2 )) ,

where Π0 is the joint distribution of (x1 , y1 ) and (x2 , y2 ) with marginals Q and P̂N , respectively. Comparing (6) with (3), we see that for (5) to hold, the following quantity which
characterizes the growth rate of the loss function needs to be bounded:

≤

ZZ





EQ hβ (x, y) − EP̂N hβ (x, y)
Z
Z
=
hβ (x2 , y2 )P̂N (d(x2 , y2 ))
Z
Z
Z

We want to relate (5) with the Wasserstein distance Wp (Q, P̂N ), which is no larger than 
for all Q ∈ Ω. The LHS of (5) could be written as:

Figure 1: Comparison between `1 and `2 loss functions.

The losses

lim sup

k(x1 ,y1 )−(x2 ,y2 )k→∞

lim sup
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k(x1 , y1 ) − (x2 , y2 )kk(−β, 1)k∗
< ∞,
k(x1 , y1 ) − (x2 , y2 )kp

(8)

|hβ (x1 , y1 ) − hβ (x2 , y2 )|
|y1 − x10 β − (y2 − x20 β)|
≤
lim sup
p
k(x1 , y1 ) − (x2 , y2 )kp
k(x1 ,y1 )−(x2 ,y2 )k→∞ k(x1 , y1 ) − (x2 , y2 )k

induced by some norm k · k, the bounded growth rate requirement is expressed as follows:

≤

k(x1 ,y1 )−(x2 ,y2 )k→∞

i=1

(9)
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N
1 X
hβ (xi , yi ), ∀ ≥ 0,
N

where k · k∗ is the dual norm of k · k, and the second inequality is due to the Cauchy-Schwarz
inequality. Notice that by taking p = 1, (8) is equivalently translated into the condition
that k(−β, 1)k∗ < ∞, which we will see in Section 3 is an essential requirement to guarantee
a good generalization performance for the Wasserstein DRO estimator. The growth rate
essentially reveals the underlying metric space used by the Wasserstein distance. Taking
p > 1 leads to zero growth rate in the limit of (8), which is not desirable since it removes
the Wasserstein ball structure from our formulation and renders it an optimization problem
over a singleton distribution. This will be made more clear in the following analysis. We
thus choose the order-1 Wasserstein metric with s being induced by some norm k · k to
define our DRO problem.
Next, we will discuss how to convert (2) into a tractable formulation. Suppose we have
N independently and identically distributed realizations of (x, y), denoted by (xi , yi ), i =
1, . . . , N . We make the assumption that (x, y) comes from a mixture of two distributions,
with probability q from the outlying distribution Pout and with probability 1 − q from the
true distribution P. Recall that P̂N is the discrete uniform distribution over the N samples.
Our goal is to generate estimators that are consistent with the true distribution P. We
claim that when q is small, if the Wasserstein ball radius  is chosen judiciously, the true
distribution P will be included in the set Ω while the outlying distribution Pout will be
excluded. To see this, consider a simple example where P is a discrete distribution that
assigns equal probability to 10 data points equally spaced between 0.1 and 1, and Pout
assigns probability 0.5 to two data points 1 and 2. We generate 100 samples and plot the
Wasserstein distances from P̂N for both P and Pout . From Fig. 2 we observe that for q
below 0.5, the true distribution P is closer to P̂N whereas the outlying distribution Pout
is further away. If the radius  is chosen between the red (∗−) and blue (◦−) lines, the
Wasserstein ball that we are hedging against will exclude the outlying distribution and the
resulting estimator will be robust to the adversarial perturbations. Moreover, as q becomes
smaller, the gap between the red and blue lines becomes larger. One implication from this
observation is that as the data becomes purer, the radius of the Wasserstein ball tends to
be smaller, and the confidence in the observed samples is higher. For large q values, the
DRO formulation seems to fail. However, as outliers are defined to be the data points that
do not conform to the majority of data, we can safely claim that Pout is the distribution of
the minority and q is always below 0.5.
We now consider the inner supremum in (2). Esfahani and Kuhn (2015, Theorem 6.3)
show that when the set Z is closed and convex, and the loss function hβ (x, y) is convex in
(x, y),

sup EQ [hβ (x, y)] ≤ κ +
Q∈Ω

8

0

0.2

0.6

Prob. of outlying dist. q

0.4

P = P out

P = P true

0.8

1

i=1

N
1 X
|yi − x0i β|.
N

(10)

9
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Note that the regularization term of (10) is the product of the growth rate of the loss and the
Wasserstein ball radius. The growth rate is closely related to the way the Wasserstein metric
defines the transportation costs on the data (x, y). As mentioned earlier, a zero growth rate
diminishes the effect of the Wasserstein distributional uncertainty set, and the resulting
formulation would simply be an empirical loss minimization problem. The parameter 
controls the conservativeness of the formulation, whose selection depends on the sample
size, the dimensionality of the data, and the confidence that the Wasserstein ball contains
the true distribution (see eq. (8) in Esfahani and Kuhn, 2015). Roughly speaking, when
the sample size is large enough, and for a fixed confidence level,  is inversely proportional
to N 1/m .
Formulation (10) incorporates a class of models whose specific form depends on the norm
space we choose, which could be application-dependent and practically useful. For example,
when the Wasserstein metric s is induced by k · k2 and the set B is the intersection of a

β∈B

inf k(−β, 1)k∗ +

Due to Theorem 2.1, (2) could be formulated as the following optimization problem:

Theorem 2.1 Define κ(β) = sup{kθk∗ : h∗β (θ) < ∞}, where k · k∗ is the dual norm of k · k,
and h∗β (·) is the conjugate function of hβ (·). When the loss function is hβ (x, y) = |y − x0 β|,
we have κ(β) = k(−β, 1)k∗ .

where κ(β) = sup{kθk∗ : h∗β (θ) < ∞}, with h∗β (·) the convex conjugate function of hβ (x, y).
Through (9), we can relax problem (2) by minimizing the right hand side of (9) instead of
the worst-case expected loss. Moreover, as shown in Esfahani and Kuhn (2015), (9) becomes
an equality when Z = Rm . In Theorem 2.1, we compute the value of κ(β) for the specific
`1 loss function we use. The proof of this Theorem and all results hereafter are included in
Appendix A.

Figure 2: The order-1 Wasserstein distances from the empirical distribution.
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i=1

N
1 X
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N

− (yi −

≤ bi , i = 1, . . . , N,

(11)

a +

i=1

N
1 X
bi
N

− (yi −
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(12)
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We note that this Wasserstein DRO framework could be applied to a broad class of
loss functions and the tractable reformulations have been derived in Shafieezadeh-Abadeh
et al. (2017); Gao et al. (2017) for regression and classification models. We adopt the
absolute residual loss in this paper to enhance the robustness of the formulation, which
is the focus of our work and serves the purpose of estimating robust parameters that are
immunized against perturbations/outliers. Notice that (10) coincides with the regularized
LAD models (Pollard, 1991; Wang et al., 2006), except that we are regularizing a variant
of the regression coefficient. We would like to highlight several novel viewpoints that are

i=1

N
p
1 X
inf  (−β, 1)0 M−1 (−β, 1) +
|yi − x0i β|.
β∈B
N

It can be shown that (10) in this case becomes:

More generally, when the coordinates of (x, y) differ from each other substantially, a properly
chosen, positive definite weight matrix M ∈ Rm×m could scale correspondingly different
coordinates of (x, y) by using the M-weighted norm:
p
k(x, y)kM = (x, y)0 M(x, y).

β ∈ B.

bi ≥ 0, i = 1, . . . , N,

a ≥ 1,

x0i β)

yi − x0i β ≤ bi , i = 1, . . . , N,

a ≥ −β 0 ei , i = 1, . . . , m − 1,

s.t. a ≥ β 0 ei , i = 1, . . . , m − 1,

a, b1 ,...,bN , β

min

When the Wasserstein metric is defined using k · k1 and the set B is a polyhedron, (10) is a
linear programming problem:

β ∈ B.

a, bi ≥ 0, i = 1, . . . , N,

x0i β)

yi − x0i β ≤ bi , i = 1, . . . , N,

s.t. kβk22 + 1 ≤ a2 ,

a, b1 ,...,bN , β

min

polyhedron with convex quadratic inequalities, (10) is a convex quadratic problem which
can be solved to optimality very efficiently. Specifically, it could be converted to:
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Assumption B The dual norm of (−β, 1) is bounded above within the feasible region,
namely,
sup k(−β, 1)k∗ = B̄.

Chen and Paschalidis

|y − x0 β| ≤ B̄R,

Lemma 3.1 For every feasible β, it follows

Lemma 3.2

2√
B̄R
N

+ B̄R

i=1

q

i=1

N
1 X
2B̄R
|yi − xi0 β̂| + √ + B̄R
N
N
8 log(2/δ)
,
N

1
N

1
N

r

8 log(2/δ)
,
N

(14)

q
PN
2
B̄R
0
√
+ B̄R 8 log(2/δ)
i=1 |yi − xi β̂| +
N
N
. (15)
PN
0
i=1 |yi − xi β̂| + ζ
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There are two probability measures in the statement of Theorem 3.3. One is related to
the new data (x, y), while the other is related to the samples (x1 , y1 ), . . . , (xN , yN ). The
expectation in (14) (and the probability in (15)) is taken w.r.t. the new data (x, y). For a
given set of samples, (14) (and (15)) holds with probability at least 1−δ w.r.t. the measure of
samples. Theorem 3.3 essentially says that given typical samples, the expected loss on new
data using our Wasserstein DRO estimator could be bounded above by the average sample
loss plus extra terms that depend on the supremum of k(−β, 1)k∗ (our regularizer), and



N
1 X
P |y − x0 β̂| ≥
|yi − xi0 β̂| + ζ ≤
N

and for any ζ >

E[|y − x0 β̂|] ≤

Theorem 3.3 Under Assumptions A and B, for any 0 < δ < 1, with probability at least
1 − δ with respect to the sampling,

Let β̂ be an optimal solution to (10), obtained using the samples (xi , yi ), i = 1, . . . , N .
Suppose we draw a new i.i.d. sample (x, y). In Theorem 3.3 we establish bounds on the
error |y − x0 β̂|.

2B̄R
RN (H) ≤ √ .
N

We need to show that the empirical Rademacher complexity of H, denoted by RN (H),
is upper bounded. The following result, similar to Lemma 3 in Bertsimas et al. (2015),
provides a bound that is inversely proportional to the square root of the sample size.

H = {(x, y) 7→ hβ (x, y) : hβ (x, y) = |y − x0 β|, β ∈ B}.

With the above result, the idea is to bound the generalization error using the empirical
Rademacher complexity of the following class of loss functions:

almost surely.

Under these two assumptions, the absolute loss could be bounded via the Cauchy-Schwarz
inequality.

β∈B

brought by the Wasserstein DRO framework and justify the value and novelty of (10).
First, (10) is obtained as an outcome of a fundamental DRO formulation, which enables
new interpretations of the regularizer from the standpoint of distributional robustness, and
provides rigorous theoretical foundation on why the `2 -regularizer prevents overfitting to
the training data. The regularizer could be seen as a control over the amount of ambiguity
in the data and reveals the reliability of the contaminated samples. Second, the geometry of
the Wasserstein ball is embedded in the regularization term, which penalizes the regression
coefficient on the dual Wasserstein space, with the magnitude of penalty being the radius
of the ball. This offers an intuitive interpretation and provides guidance on how to set the
regularization coefficient. Moreover, different from the traditional regularized LAD models
that directly penalize the regression coefficient β, we regularize the vector (−β, 1), where
the 1 takes into account the transportation cost along the y direction. Penalizing only on
β corresponds to an infinite transportation cost along y. Our model is more general in this
sense, and establishes the connection between the metric space on data and the form of the
regularizer.

3. Performance Guarantees
Having obtained a tractable reformulation for the Wasserstein DRO problem, we next establish guarantees on the predictive power and estimation quality for the solution to (10).
Two types of results will be presented in this section, one of which bounds the prediction
bias of the estimator on new, future data (given in Section 3.1). The other one that bounds
the discrepancy between the estimated and true regression planes (estimation bias), is given
in Section 3.2.
3.1 Out-of-Sample Performance
In this subsection we investigate generalization characteristics of the solution to (10), which
involves measuring the error generated by our estimator on a new random sample (x, y).
We would like to obtain estimates that not only explain the observed samples well, but,
more importantly, possess strong generalization abilities. The derivation is mainly based on
Rademacher complexity (see Bartlett and Mendelson, 2002), which is a measurement of the
complexity of a class of functions. We would like to emphasize the applicability of such a
proof technique to general loss functions, as long as their empirical Rademacher complexity
could be bounded. The bound we derive for the prediction bias depends on both the
sample average loss (the training error) and the dual norm of the regression coefficient (the
regularizer), which corroborates the validity and necessity of our regularized formulation.
Moreover, the generalization result also builds a connection between the loss function and
the form of the regularizer via Rademacher complexity, which enables new insights into the
regularization term and explains the commonly observed good out-of-sample performance
of regularized regression in a rigorous way. We first make several mild assumptions that are
needed for the generalization result.
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Assumption A The norm of the uncertainty parameter (x, y) is bounded above almost
surely, i.e., k(x, y)k ≤ R.
11



2(1 +

p

2 log(2/δ) ) 2
.
τ



(16)

|y −

x0 β̂|



−

i=1 |yi

PN

B̄R

1
N

−

x0i β̂|
≥γ

≤ τ,

(17)
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In addition to the generalization performance, we are also interested in the accuracy of the
estimator. In this section we seek to bound the difference between the estimated and true
regression coefficients, under a certain distributional assumption on (x, y). Throughout the

3.2 Discrepancy between Estimated and True Regression Planes

In Corollaries 3.4 and 3.5, the sample size is inversely proportional to both δ and τ ,
which is reasonable since the more confident we want to be, the more samples we need.
Moreover, the smaller τ is, the stricter a requirement we impose on the performance, and
thus more samples are needed.

provided that τ · γ + τ − 1 > 0.

p

2(1 + 2 log(2/δ) ) 2
,
N≥
τ ·γ+τ −1

the sample size N must satisfy

P



Corollary 3.5 Suppose β̂ is the optimal solution to (10). For a fixed confidence level δ,
some τ ∈ (0, 1) and γ ≥ 0, to guarantee that

N≥

the sample size N must satisfy

Corollary 3.4 Suppose β̂ is the optimal solution to (10). For a fixed confidence level δ
and some threshold parameter τ ≥ 0, to guarantee that the percentage difference between
the expected absolute loss on new data and the sample average loss is less than τ , that is,
P
0
E[|y − x0 β̂|] − N1 N
i=1 |yi − xi β̂|
≤ τ,
B̄R

β

β ∈ B,

k(−β, 1)0 Zk1 ≤ γN ,

v0 ZZ0 v ≥ α,

β ∗ ∈ B.
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u∈Sm

|||(x, y)|||ψ2 = sup

(x, y)0 u

ψ2

≤ µ.
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Assumption F (x, y) is a centered sub-Gaussian random vector (see definition in the Appendix), i.e., it has zero mean and satisfies the following condition:

kZ0 (−β ∗ , 1)k1 ≤ γN ,

Assumption E The true coefficient β ∗ is a feasible solution to (18), i.e.,

where Sm denotes the unit sphere in the m-dimensional Euclidean space.

v∈A(β ∗ )

inf

Assumption D (Restricted Eigenvalue Condition) For some set A(β ∗ ) = cone{v|
k(−β ∗ , 1)+vk∗ ≤ k(−β ∗ , 1)k∗ }∩Sm and some positive scalar α, where Sm is the unit sphere
in the m-dimensional Euclidean space,

sup k(−β, 1)k2 = B̄2 .
β∈B

Assumption C The `2 norm of (−β, 1) is bounded above within the feasible region, namely,

where Z = [(x1 , y1 ), . . . , (xN , yN )] is the matrix with columns (xi , yi ), i = 1, . . . , N , and γN
is some exogenous parameter related to . One can show that for properly chosen γN , (18)
produces the same solution with (10) (Bertsekas, 1999). (18) is similar to (11) in Chen
and Banerjee (2016), with the difference lying in that we impose a constraint on the error
instead of the gradient, and we consider a more general notion of norm on the coefficient.
On the other hand, due to their similarity, we will follow the line of development in Chen
and Banerjee (2016). Still, our analysis is self-contained and the bound we obtain is in a
different form, which provides meaningful insights into our specific problem. We list below
the assumptions that are needed to bound the estimation error.

s.t.

(18)

section we will use β̂ to denote the estimated regression coefficients, obtained as an optimal
solution to (18), and β ∗ for the true (unknown) regression coefficients. The bound we
will derive turns out to be related to the Gaussian width (see definition in the Appendix)
of the unit ball in k · k∞ , the sub-Gaussian norm of the uncertainty parameter (x, y),
as well as the geometric structure of the true regression coefficients. We note that this
proof technique may be applied to several other loss functions, e.g., `2 and `∞ losses, with
slight modifications. However, we will see that the `1 -loss function incurs a relatively low
estimation bias compared to others, further demonstrating the superiority of our absolute
error minimization formulation.
To facilitate the analysis, we will use the following equivalent form of problem (10):

√
are proportional to 1/ N . This result validates the dual norm-based regularized regression
from the perspective of generalization ability, and could be generalized to any bounded loss
function. It also provides implications on the form of the regularizer. For example, if given
an `2 -loss function, the dependency on B̄ for the generalization error bound will be of the
form B̄ 2 , which suggests using k(−β, 1)k2∗ as a regularizer, reducing to a variant of ridge
regression (Hoerl and Kennard, 1970) for k · k2 induced Wasserstein metric.
We also note that the upper bounds in (14) and (15) do not depend on the dimension of
(x, y). This dimensionality-free characteristic implies direct applicability of our Wasserstein
approach to high-dimensional settings and is particularly useful in many real applications
where, potentially, hundreds of features may be present. Theorem 3.3 also provides guidance
on the number of samples that are needed to achieve satisfactory out-of-sample performance.
min k(−β, 1)k∗
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Assumption G The covariance matrix of (x, y) has bounded positive eigenvalues. Set
Γ = E[(x, y)(x, y)0 ]; then,

Wasserstein Based DRO for Robust Learning
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0 < λmin , λmin (Γ) ≤ λmax (Γ) , λmax < ∞.

v0 ZZ0 v ≥

N 0
v Γv,
2

∀ v ∈ A(β ∗ ),


λmax 
w(A(β ∗ )) + 3 ,
λmin

N λmin
,
2

where C¯1 and C2 are positive constants.
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∀ v ∈ A(β ∗ ),
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Corollary 3.9 Under Assumptions F and G, and the conditions in Lemmas 3.7 and 3.8,

2
when N ≥ C¯1 µ̄4 µ02 · λλmax
w(A(β ∗ )) + 3 , with probability at least 1 − exp(−C2 N/µ̄4 ),
min

Combining Lemmas 3.7 and 3.8, and expressing the covariance matrix Γ using its eigenvalues, we arrive at the following result.

for some positive constant C3 .

w(AΓ ) ≤ C3 µ0

Lemma 3.8 (Lemma 4 in Chen and Banerjee (2016)) Let µ0 be the ψ2 -norm of a
standard Gaussian random vector g ∈ Rm , and AΓ , A(β ∗ ) be defined as in Lemma 3.7.
Then, under Assumption G,
r

Note that the sample size requirement stated in Lemma 3.7 depends on the Gaussian width
of AΓ , where AΓ relates to A(β ∗ ). The following lemma shows that their Gaussian widths
are also related. This relation is built upon the square root of the eigenvalues of Γ, which
measures the extent to which AΓ expands A(β ∗ ).

where C1 and C2 are positive constants.

v0 ZZ0 v ≥

of AΓ , with probability at least 1 − exp(−C2 N/µ̄4 ), we have

the sample size N ≥ C1 µ̄4 (w(AΓ ))2 , where µ̄ = µ

Lemma 3.7 Consider the set AΓ = {w ∈ Sm |Γ−1/2 w ∈ cone(A(β ∗ ))}, where A(β ∗ ) is
defined as in Theorem 3.6, and Γ = E[(x, y)(x, y)0 ]. Under Assumptions F and G, when
q
1
λmin , and w(AΓ ) is the Gaussian width

We see that by using either `2 or `∞ -loss, an explicit dependency on N is introduced. As a
result, the estimation error bounds become worse. The reason is that for the `1 -loss function,
its dual norm operator only picks out the maximum absolute coordinate and thus avoids the
dependence on the dimension, which in our case is the sample size (see Eq.(28)), whereas
other norms, e.g., `2 -norm, sum over all the coordinates and thus introduce a dependence
on N .
As mentioned earlier, (19) provides a random upper bound, revealed in α and γN , that
depends on the randomness in Z. We therefore would like to replace these two parameters by
non-random quantities. The α acts as the minimum eigenvalue of the matrix ZZ0 restricted
to a subspace of Rm , and thus a proper substitute should be related to the minimum
eigenvalue of the covariance matrix of (x, y), i.e., the Γ matrix (cf. Assumption G), given
that (x, y) is zero mean. See Lemmas 3.7, 3.8 and 3.9 for the derivation.

Notice that both α in Assumption D and γN in Assumption E are related to the random
observation matrix Z. A probabilistic description for these two quantities will be provided
later. We next present a preliminary result, similar to Lemma 2 in Chen and Banerjee
(2016), that bounds the `2 -norm of the estimation bias in terms of a quantity that is
related to the geometric structure of the true coefficients. This result gives a rough idea on
the factors that affect the estimation error, and shows the advantages of using the `1 -loss
from the perspective of its dual norm. The bound derived in Theorem 3.6 is crude in the
sense that it is a function of several random parameters that are related to the random
observation matrix Z. This randomness will be described in a probabilistic way in the
subsequent analysis.

(19)

Theorem 3.6 Suppose the true regression coefficient vector is β ∗ and the solution to (18)
is β̂. For the set A(β ∗ ) = cone{v| k(−β ∗ , 1)+vk∗ ≤ k(−β ∗ , 1)k∗ }∩Sm , under Assumptions
A, D, and E, we have:
2RγN
kβ̂ − β ∗ k2 ≤
Ψ(β ∗ ),
α
where Ψ(β ∗ ) = supv∈A(β∗ ) kvk∗ .
Notice that the bound in (19) does not explicitly depend on the sample size N . If we
change to the `2 -loss function, problem (18) will become:
β

min k(−β, 1)k∗
β ∈ B.

s.t. k(−β, 1)0 Zk2 ≤ γN ,
The proof of Theorem 3.6 still applies with slight modification. We will find out that in the
case of `2 -loss, the estimation error bound takes the following form:
√
2R N γN
Ψ(β ∗ ).
α
kβ̂ − β ∗ k2 ≤
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Similarly, the `∞ -loss, which considers only the maximum absolute loss among the samples,
turns (18) into:
β

min k(−β, 1)k∗

2RN γN
Ψ(β ∗ ).
α

β ∈ B.

s.t. k(−β, 1)0 Zk∞ ≤ γN ,
The corresponding bound becomes:
kβ̂ − β ∗ k2 ≤

15

λmin

C̄RB̄2 µ
w(Bu )Ψ(β ∗ ).
N λmin
(20)
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3. What is the advantage of the AD loss compared to the Squared Residuals (SR) loss?

2. Why do we penalize the extended regression coefficient (−β, 1) rather than β?

1. How to choose a proper norm k · k for the Wasserstein metric?

We will focus on the following three aspects of this formulation:

i=1

In this section we will explore the robustness of the Wasserstein formulation in terms of
its Absolute Deviation (AD) loss function and the dual norm regularizer on the extended
regression coefficient (−β, 1). Recall that our Wasserstein formulation is in the following
form:
N
1 X
inf
|yi − x0i β| + k(−β, 1)k∗ .
(21)
β∈B N

4. Simulation Experiments on Synthetic Datasets

From (20) we see that the bias is decreased as the sample size increases and the uncertainty embedded in (x, y) (revealed in R and µ) is reduced. The estimation error bound
depends on the geometric structure of the true coefficients, defined using the dual norm
m
space of the Wasserstein metric, the Gaussian width of the unit k · kloss
∗ -ball in R , and
the minimum eigenvalue of the covariance matrix of (x, y), with a convergence rate 1/N for
the `1 -loss we applied. As mentioned earlier, other loss functions may incur a dependence
on N in the numerator of the bound, thus resulting in a slower convergence rate, which
substantiates the benefit of using an `1 -loss function.

kβ̂ − β ∗ k2 ≤

at least 1 − exp(−C2 N/µ̄4 ) − C4 exp(−C52 (w(Bu ))2 /(4ρ2 )),

0

Theorem 3.11 Under Assumptions A, C, D, E, F, G, and the conditions of Theorem 3.6,

2
Corollary 3.9 and Lemma 3.10, when N ≥ C¯1 µ̄4 µ2 · λmax w(A(β ∗ )) + 3 , with probability

We note that for other loss functions, e.g., the `2 and `∞ losses, similar results can be
m
loss being the
obtained, where Bu is defined to be the unit k · kloss
∗ -ball in R , with k · k∗
dual norm of the loss. Combining Theorem 3.6, Corollary 3.9 and Lemma 3.10, we have
the following main performance guarantee result that bounds the estimation bias of the
solution to (18).

where Bu is the unit ball of norm k · k∞ , ρ = supv∈Bu kvk2 , and C4 , C5 , C positive constants.

i=1

N
1 X
|yi − x0i β| + kβk1 ,
N

18
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which is the `1 -regularized LAD (see proof in the Appendix). It follows that regularizing
over β implies an infinite transportation cost along y. In other words, for two data points
(x1 , y1 ) and (x2 , y2 ), if y1 6= y2 , then they are considered to be infinitely far away. By
contrast, our Wasserstein formulation, which regularizes over the extended regression coefficient (−β, 1), stems from a finite cost along y that is equally weighted with x. We will see
the disadvantages of penalizing only β in the analysis of the experimental results.
To answer Question 3, we will compare against several commonly used regression models that employ the SR loss function, e.g., ridge regression (Hoerl and Kennard, 1970),
LASSO (Tibshirani, 1996), and Elastic Net (EN) (Zou and Hastie, 2005). We will also
compare against M-estimation (Huber, 1964, 1973), which uses a variant of the SR loss and
is equivalent to solving a weighted least squares problem, where the weights are determined

inf

β∈B

it can be shown that as c → ∞, the corresponding Wasserstein formulation becomes:

sc (x, y) = k(x, cy)k∞ ,

which is the `2 -regularized LAD. This can be proved by recognizing that sc (x, y) =
k(x, y)kM , with M ∈ Rm×m a diagonal matrix whose diagonal elements are (1, . . . , 1, c2 ),
and then applying (13). Alternatively, if we let

i=1

for a positive constant c, then as c → ∞, the resulting Wasserstein DRO formulation
becomes:
N
1 X
inf
|yi − x0i β| + kβk2 ,
β∈B N

To answer Question 1, we will connect the choice of k · k for the Wasserstein metric
with the characteristics/structures of the data (x, y). Specifically, we will design two sets
of experiments, one with a dense regression coefficient β ∗ , where all coordinates of x play a
role in determining the value of the response y, and another with a sparse β ∗ implying that
only a few predictors are relevant/important in predicting y. Two Wasserstein formulations
will be tested and compared, one induced by the k · k2 (Wasserstein `2 ), which leads to an
`2 -regularizer in (21), and the other one induced by the k·k∞ (Wasserstein `∞ ) and resulting
in an `1 -regularizer in (21). Intuitively, and based on the past experience in implementing
the regularization techniques, the Wasserstein `2 should outperform the Wasserstein `∞
in the dense setting, while in the sparse setting, the reverse is true. Researchers have well
identified the sparsity inducing property of the `1 -regularizer and provided a nice geometrical
interpretation for it (Friedman et al., 2001). Here, we try to offer a different explanation
from the perspective of the Wasserstein DRO formulation, through projecting the sparsity
of β ∗ onto the (x, y) space and establishing a sparse distance metric that only extracts a
subset of coordinates from (x, y) to measure the closeness between samples.
For the second question, we first note that if the Wasserstein metric is induced by the
following metric sc :
sc (x, y) = k(x, cy)k2 ,

Next, we derive the smallest possible value of γN such that β ∗ is feasible. The derivation
uses the dual norm operator of the `1 -loss, resulting in a bound that depends on the Gaussian
width of the unit ball in the dual norm space (k · k∞ ). See Lemma 3.10 for details.

Lemma 3.10 Under Assumptions C and F, for any feasible β, with probability at least
C 2 (w(B ))2
1 − C4 exp(− 5 4ρ2 u ),
k(−β, 1)0 Zk1 ≤ CµB̄2 w(Bu ),

Chen and Paschalidis

Wasserstein Based DRO for Robust Learning

Wasserstein Based DRO for Robust Learning

by the residuals. These models will be compared under two different experimental setups,
one involving adversarial perturbations in both x and y, and the other with perturbations
only in x. The purpose is to investigate the behavior of these approaches when the noise
in y is substantially reduced. As shown by Fig. 1, compared to the SR loss, the AD loss
is less vulnerable to large residuals, and hence, it is advantageous in the scenarios where
large perturbations appear in y. We are interested in studying whether its performance is
consistently good when the corruptions appear mainly in x.
We next describe the data generation process. Each training sample has a probability
q of being drawn from the outlying distribution, and a probability 1 − q of being drawn
from the true (clean) distribution. Given the true regression coefficient β ∗ , we generate the
training data as follows:
• Generate a uniform random variable on [0, 1]. If it is no larger than 1 − q, generate a
clean sample as follows:
1. Draw the predictor x ∈ Rm−1 from the normal distribution Nm−1 (0, Σ), where
Σ is the covariance matrix of x, which is just the top left block of the matrix Γ
in Assumption G. Specifically, Γ = E[(x, y)(x, y)0 ] is equal to


Σ
Σβ ∗
Γ=
,
(β ∗ )0 Σ (β ∗ )0 Σβ ∗ + σ 2
with σ 2 being the variance of the noise term. In our implementation, Σ has
diagonal elements equal to 1 (unit variance) and off-diagonal elements equal to
ρ, with ρ the correlation between predictors.
2. Draw the response variable y from N (x0 β ∗ , σ 2 ).
• Otherwise, depending on the experimental setup, generate an outlier that is either:
– Abnormal in both x and y, with outlying distribution:
1. x ∼ Nm−1 (0, Σ) + Nm−1 (5e, I), or x ∼ Nm−1 (0, Σ) + Nm−1 (0, 0.25I);
2. y ∼ N (x0 β ∗ , σ 2 ) + 5σ.
– Abnormal only in x:
1. x ∼ Nm−1 (0, Σ) + Nm−1 (5e, I);
2. y ∼ N (x0 β ∗ , σ 2 ).
• Repeat the above procedure for N times, where N is the size of the training set.
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To test the generalization ability of various formulations, we generate a test dataset
containing M samples from the clean distribution. It is worth noting that only clean
samples are included in the test set, since we only care about the prediction accuracy on
clean data points, and our estimator is supposed to be consistent with the clean distribution
and stay away from the outlying one. We are interested in studying the performance of
various methods as the following factors are varied:
19

(β ∗ )0 Σβ ∗
,
σ2
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• Signal to Noise Ratio (SNR), defined as:

SNR =

which is equally spaced between 0.05 and 2 on a log scale.

• The correlation between predictors: ρ, which takes values in (0.1, 0.2, . . . , 0.9).

(β̂ − β ∗ )0 Σ(β̂ − β ∗ )
.
(β ∗ )0 Σβ ∗

The performance metrics we use include:
PM
(yi −
• Mean Squared Error (MSE) on the test dataset, which is defined to be i=1
xi0 β̂)2 /M , with β̂ being the estimate of β ∗ obtained from the training set, and
(xi , yi ), i = 1, . . . , M, being the observations from the test dataset;
• Relative Risk (RR) of β̂ defined as:

RR(β̂) ,

(β̂ − β ∗ )0 Σ(β̂ − β ∗ ) + σ 2
.
σ2

• Relative Test Error (RTE) of β̂ defined as:
RTE(β̂) ,

(β̂ − β ∗ )0 Σ(β̂ − β ∗ ) + σ 2
.
(β ∗ )0 Σβ ∗ + σ 2

• Proportion of Variance Explained (PVE) of β̂ defined as:

PVE(β̂) , 1 −

For the metrics that evaluate the accuracy of the estimator, i.e., the RR, RTE and PVE, we
list below two types of scores, one achieved by the best possible estimator β̂ = β ∗ , called
the perfect score, and the other one achieved by the null estimator β̂ = 0, called the null
score.

• RR: a perfect score is 0 and the null score is 1.
SNR
SNR+1 ,

and the null score is 0.

• RTE: a perfect score is 1 and the null score is SNR+1.
• PVE: a perfect score is

JMLR 19(13):1-48, 2018

During the training process, all the regularization parameters are tuned on a separate
validation dataset. Specifically, we divide all the N training samples into two sets, dataset 1
and dataset 2 (validation set). For a pre-specified range of values for the penalty parameters,
dataset 1 is used to train the models and derive β̂, and the performance of β̂ is evaluated
on dataset 2. We choose the regularization parameter that yields the minimum Median
Absolute Deviation (MAD) on the validation set. Using MAD as a selection criterion serves
to hedge against the potentially large noise in the validation samples. As to the range
of values for the tuned parameters, we borrow ideas from Hastie et al. (2017), where the

20
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• It is better than the Wasserstein `∞ and `1 -regularized LAD which use the `1 regularizer.

• It is better than the `2 -regularized LAD, which assumes an infinite transportation
cost along y.

We generate 10 datasets consisting of N = 100, M = 60 observations. The probability of a
training sample being drawn from the outlying distribution is q = 30%. The mean values
of the performance metrics (averaged over the 10 datasets), as we vary the SNR and the
correlation between predictors, are shown in Figs. 3 and 4. Note that when SNR is varied,
the correlation between predictors is set to 0.8 times a random noise uniformly distributed
on the interval [0.2, 0.4]. When the correlation ρ is varied, the SNR is fixed to 0.5.
It can be seen that as the SNR decreases or the correlation between the predictors
increases, the estimation problem becomes harder, and the performance of all approaches
gets worse. In general the Wasserstein `2 achieves the best performance in terms of all four
metrics. Specifically,

2. y ∼ N (x0 β ∗ , σ 2 ) + 5σ.

1. x ∼ Nm−1 (0, Σ) + Nm−1 (5e, I);

In this subsection, we choose a dense regression coefficient β ∗ , set the intercept β0∗ = 0.3,
and the coefficient for each predictor xi to be βi∗ = 0.5, i = 1, . . . , 20. The adversarial
perturbations are present in both x and y. Specifically, the outlying distribution is described
by:

4.1 Dense β ∗ , outliers in both x and y

where lin(a, b, n) is a function that takes in scalars a, b and n (integer) and outputs a set
of n values equally spaced between a and b; the exp function is applied elementwise to a
vector. The square root operator is in consideration of the AD loss that is the square root
of the SR loss if evaluated on a single sample.
The regularization coefficient  in formulation (10), which is the radius of the Wasserstein
ball, allows for a more efficient tuning procedure. It has been noted in Esfahani and Kuhn
(2015) that for a large enough sample size,  is inversely proportional to N 1/m . This
proportionality could be used as a guidance on setting , where only the proportional factor
needs to be tuned (using cross-validation or a separate validation dataset as described
earlier). In our implementation, given the small size of the simulated datasets, we will still
adopt the validation dataset approach to tune the regularization parameter.

LASSO was tuned over 50 values ranging from λm = kX0 yk∞ to a small fraction of λm on a
log scale, with X ∈ RN ×(m−1) the design matrix whose i-th row is x0i , and y = (y1 , . . . , yN )
the response vector. In our experiments, this range is properly adjusted for procedures that
use the AD loss. Specifically, for Wasserstein `2 and `∞ , `1 - and `2 -regularized LAD, the
range of values for the regularization parameter is:
s
 

exp lin log(0.005 ∗ kX0 yk∞ ), log(kX0 yk∞ ), 50 ,
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In this subsection we will experiment with the same β ∗ as in Section 4.1, but with perturbations only in x, i.e., for a given x of the outlier, the corresponding y value is drawn
in the same way as the clean samples. Our goal is to investigate the performance of the
Wasserstein formulation when the response y is not subjected to large perturbations. The
motivation for introducing the AD loss in the Wasserstein formulation is to hedge against
large residuals, as illustrated in Fig. 1. We are interested in comparing the AD and SR loss
functions when the residuals have moderate magnitudes.
Interestingly, we have observed that although the `1 - and `2 -regularized LAD, as well
as the Wasserstein `∞ formulation, exhibit unsatisfactory performance, the Wasserstein `2 ,
which shares the same loss function with them, is able to achieve a comparable performance
with the best among all – EN and ridge regression (see Figs. 5 and 6). Notably, the `2 regularized LAD, which is just slightly different from our Wasserstein `2 formulation, shows
a much worse performance. This is because the `2 -regularized LAD implicitly assumes
an infinite transportation cost along y, which gives zero tolerance to the variation in the
response. For example, given two data points (x1 , y1 ) and (x2 , y2 ), as long as y1 6= y2 , the
distance between them is infinity. Therefore, a reasonable amount of fluctuation, caused by
the intrinsic randomness of y, would be overly exaggerated by the underlying metric used by
the `2 -regularized LAD. In contrast, our Wasserstein approach uses a proper notion of norm
to evaluate the distance in the (x, y) space and is able to effectively distinguish abnormally
high variations from moderate, acceptable noise.
It is also worth noting that the formulations with the AD loss, e.g., `2 - and `1 -regularized
LAD, and the Wasserstein `∞ , perform worse than the approaches with the SR loss. One
reasonable explanation is that the AD loss, introduced primarily for hedging against large
perturbations in y, is less useful when the noise in y is moderate, in which case the sensitivity to response noise is needed. Although the AD loss is not a wise choice, penalizing

4.2 Dense β ∗ , outliers only in x

Empirically we have found out that in most cases, the approaches that use the AD loss,
including the `1 - and `2 -regularized LAD, and the Wasserstein `∞ formulation, drive all the
coordinates of β to zero, due to the relatively small magnitude of the AD loss compared to
the norm of the coefficient, so that the regularizer dominates the solution. The approaches
that use the SR loss, e.g., ridge regression and EN, do not exhibit such a problem, since the
squared residuals weaken the dominance of the regularization term.
Overall the `2 -regularizer outperforms the `1 -regularizer, since the true regression coefficient is dense, which implies that a proper distance metric on the (x, y) space should
take into account all the coordinates. From the perspective of the Wasserstein DRO framework, the `1 -regularizer corresponds to an k · k∞ -based distance metric on the (x, y) space
that only picks out the most influential coordinate to determine the closeness between data
points, which in our case is not reasonable since every coordinate plays a role (reflected in
the dense β ∗ ). In contrast, if β ∗ is sparse, using the k · k∞ as a distance metric on (x, y) is
more appropriate. A more detailed discussion of this will be presented in Sections 4.3 and
4.4.

• It is better than the approaches that use the SR loss function.
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Figure 4: The impact of predictor correlation on the performance metrics: dense β ∗ , outliers
in both x and y.

(c) Relative test error.
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In this subsection, we will use the same sparse coefficient as in Section 4.3, but the perturbations are present only in x. Specifically, for outliers, their predictors and responses are
drawn from the following distributions:

4.4 Sparse β ∗ , outliers only in x

Our goal is to study the impact of the sparsity of β on the choice of the norm space
for the Wasserstein metric. We know that the `1 -regularizer works better than the `2 regularizer for sparse data, which has been validated by our results in Figs. 7 and 8.
We will see that the Wasserstein `∞ formulation significantly outperforms the Wasserstein
`2 . An intuitively appealing interpretation for the sparsity inducing property of the `1 regularizer is made available by the Wasserstein DRO framework, which we explain as
follows. The sparse regression coefficient β ∗ implies that only a few predictors are relevant
to the regression model, and thus when measuring the distance in the (x, y) space, we need
a metric that only extracts the subset of relevant predictors. The k · k∞ , which takes only
the most influential coordinate of its argument, roughly serves this purpose. Compared to
the k · k2 which takes into account all the coordinates, most of which are redundant due to
the sparsity assumption, k · k∞ results in a better performance, and hence, the Wasserstein
`∞ formulation that stems from the k · k∞ distance metric on (x, y) and induces the `1 regularizer is expected to outperform others.
We note that the `1 -regularized LAD achieves similar performance to ours, since replacing kβk1 by k(−β, 1)k1 only adds a constant term to the objective function. The
generalization performance (mean MSE) of the AD loss-based formulations is consistently
better than those with the SR loss, since the AD loss is less affected by large perturbations
in y. Also note that choosing a wrong norm for the Wasserstein metric, e.g., the Wasserstein
`2 , could lead to an enormous estimation error, whereas with a right norm space, we are
guaranteed to outperform all others. Even when the SNR is very low, our performance is at
least as good as the null estimator (see Fig. 7). Although EN and LASSO achieve similar
performance to ours for moderate SNR values, they have a chance of performing even worse
than the null estimator when there is little signal/information to learn from.

2. y ∼ N (x0 β ∗ , σ 2 ) + 5σ.

1. x ∼ Nm−1 (0, Σ) + Nm−1 (0, 0.25I);

In this subsection we will experiment with a sparse β ∗ . The intercept is set to β0∗ = 3, and
the coefficients for the 20 predictors are set to β ∗ = (0.05, 0, 0.006, 0, −0.007, 0, 0.008, 0,
. . . , 0). The adversarial perturbations are present in both x and y. Specifically, the distribution of outliers is characterized by:

4.3 Sparse β ∗ , outliers in both x and y

the extended coefficient vector (−β, 1) seems to make up, making the Wasserstein `2 a
competitive method even when the perturbations appear only in x.
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Figure 5: The impact of SNR on the performance metrics: dense β ∗ , outliers only in x.
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Figure 7: The impact of SNR on the performance metrics: sparse β ∗ , outliers in both x
and y.

(c) Relative test error.
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Figure 6: The impact of predictor correlation on the performance metrics: dense β ∗ , outliers
only in x.
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Figure 8: The impact of predictor correlation on the performance metrics: sparse β ∗ ,
outliers in both x and y.
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We will compare the performance of the Wasserstein `2 formulation (10) with the `1 regularized LAD and M-estimation with three cost functions – Huber (Huber, 1964, 1973),
Talwar (Hinich and Talwar, 1975), and Fair (Fair, 1974). The performance metrics include

∗
y = β0∗ + β1∗ x1 + · · · + β30
x30 + δR .

As an application, we consider an unlabeled two-class classification problem, where our
goal is to identify the abnormal class of data points based on the predictor and response
information using the Wasserstein formulation. We do not know a priori whether the
samples are normal or abnormal, and thus classification models do not apply. The commonly
used regression model for this type of problem is the M-estimation (Huber, 1964, 1973),
against which we will compare in terms of the outlier detection capability.
The data are generated in the same fashion as before. For clean samples, all predictors
x1 , . . . , x30 come from a normal distribution with mean 7.5 and standard deviation 4.0. The
∗ = 0.5, plus
response is a linear function of the predictors with β0∗ = 0.3, β1∗ = · · · = β30
a Gaussian distributed noise term with zero mean and standard deviation σ. The outliers
concentrate in a cloud that is randomly placed in the interior of the x-space. Specifically,
their predictors are uniformly distributed on (u − 0.125, u + 0.125), where u is a uniform
random variable on (7.5 − 3 × 4, 7.5 + 3 × 4). The response values of the outliers are at a
δR distance off the regression plane.

4.5 An outlier detection example

4. The Wasserstein DRO formulation shows a more stable estimation performance than
others when the correlation between predictors is varied.

3. The AD loss is remarkably superior to the SR loss when there is large variation in the
response y.

2. Penalizing the extended regression coefficient (−β, 1) implicitly assumes a more reasonable distance metric on (x, y) and thus leads to a better performance.

1. When a proper norm space is selected for the Wasserstein metric, the Wasserstein
DRO formulation outperforms all others in terms of the generalization and estimation
qualities.

Not surprisingly, the Wasserstein `∞ and the `1 -regularized LAD achieve the best performance. Notice that in Section 4.3, where perturbations appear in both x and y, the AD
loss-based formulations have smaller generalization and estimation errors than the SR lossbased formulations. When we reduce the variation in y, the SR loss seems superior to the
AD loss, if we restrict attention to the improperly regularized (`2 -regularizer) formulations
(see Fig. 9). For the `1 -regularized formulations, our Wasserstein `∞ formulation, as well
as the `1 -regularized LAD, is comparable with the EN and LASSO. Moreover, when there
is little information to utilize (low SNR), EN and LASSO are worse than the null estimator,
whereas our performance is at least as good as the null estimator.
We summarize below our main findings from all sets of experiments we have presented:
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Figure 10: The impact of predictor correlation on the performance metrics: sparse β ∗ ,
outliers only in x.
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Figure 9: The impact of SNR on the performance metrics: sparse β ∗ , outliers only in x.
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We presented a novel `1 -loss based robust learning procedure using Distributionally Robust
Optimization (DRO) in a linear regression framework, through which a delicate connection
between the metric space on data and the regularization term has been established. The
Wasserstein metric was utilized to construct the ambiguity set and a tractable reformulation
was derived. It is worth noting that the linear law assumption does not necessarily limit
the applicability of our model. In fact, by appropriately pre-processing the data, one can

5. Conclusions

Figure 12: ROC curves for outliers in a randomly placed cloud, N = 60, σ = 0.5.
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the SR loss (e.g., M-estimation which uses a variant of the SR loss). The superiority of our
formulation could be attributed to the AD loss function, and the distributional robustness
since we hedge against a family of plausible distributions, including the true distribution
with high confidence. By contrast, M-estimation adopts an Iteratively Reweighted Least
Squares (IRLS) procedure which assigns weights to data points based on the residuals from
previous iterations, and then solves a weighted least squares estimation problem. With such
an approach, there is a chance of exaggerating the influence of outliers while downplaying
the importance of clean observations, especially when the initial residuals are obtained
through Ordinary Least Squares (OLS).

Chen and Paschalidis

In Fig. 12 we show the ROC curves for different approaches, where q represents the
percentage of outliers, and δR the outlying distance along y. We see that the Wasserstein
DRO formulation consistently outperforms all other approaches, with its ROC curve lying
well above others. In general, all approaches have better performance when the percentage
of outliers is lower, and the outlying distance is larger. The approaches that use the AD loss
function (e.g., Wasserstein DRO and regularized LAD) tend to outperform those that adopt

Figure 11: Out-of-sample AUC v.s. Wasserstein ball radius (regularization coefficient).
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where σ̂ is the standard deviation of residuals in the entire training set. ROC curves are
obtained through adjusting the threshold value.
The regularization parameters for Wasserstein DRO and regularized LAD are tuned
using a separate validation set as done in previous sections. We would like to highlight a
salient advantage of our approach reflected in its robustness w.r.t. the choice of . In Fig. 11
we plot the out-of-sample AUC as the radius  (regularization parameter) varies, for the
`2 -induced Wasserstein DRO and the `1 -regularized LAD. For the Wasserstein DRO curve,
when  is small, the Wasserstein ball contains the true distribution with low confidence and
thus AUC is low. On the other hand, too large  makes our solution overly conservative.
Note that the robustness of our approach, indicated by the flatness of the Wasserstein DRO
curve, constitutes another advantage, whereas the performance of LAD dramatically deteriorates once the regularizer deviates from the optimum. Moreover, the maximal achievable
AUC for Wasserstein DRO is significantly higher than LAD.

the Receiver Operating Characteristic (ROC) curve which plots the true positive rate against
the false positive rate, and the related Area Under Curve (AUC).
Notice that all the regression methods under consideration only generate an estimated
regression coefficient. The identification of outliers is based on the residual and estimated
standard deviation of the noise. Specifically,
(
YES, if |residual| > threshold × σ̂,
Outlier =
NO, otherwise,
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AUC

True positive rate
True positive rate
True positive rate

True positive rate
True positive rate
True positive rate
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s.t.

s.t.

β̃rB = θ + β̃.

β̃rA = θ − β̃,

min 0 · rB
s.t. β̃rB = θ + β̃,
rB ≥ 0.

Wasserstein Based DRO for Robust Learning

∃ rA ≤ 0,

|θi | ≤ |β̃i |,

∀ i.

κ(β) = sup{kθk∗ : |θi | ≤ |β̃i |, ∀i} = kβ̃k∗ .

i=1

36

(23)
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Proof We use Theorem 8 in Bartlett and Mendelson (2002), setting the following correspondences with the notation used there: L(x, y) = φ(x, y) = |y − x0 β|. This yields the

A.3 Proof of Theorem 3.3

2B̄R
= √ .
N

≤

"
#
N
2 X
RN (H) = E sup
σi hβ (xi , yi ) (x1 , y1 ), . . . , (xN , yN )
h∈H N i=1
"
#
N
X
2B̄R
E
σi
≤
N
i=1
v
"u
#
N
uX
2B̄R t
E
σi2
N

Proof Suppose that σ1 , . . . , σN are i.i.d. uniform random variables on {1, −1}. Then, by
the definition of the Rademacher complexity and Lemma 3.1,

A.2 Proof of Lemma 3.2

It follows,

For all i with β̃i ≤ 0, (22) implies θi − β̃i ≥ 0 and (23) implies θi ≤ −β̃i . On the other hand,
for all j with β̃j ≥ 0, (22) and (23) imply −β̃j ≤ θj ≤ β̃j . It is not hard to conclude that:

∃ rB ≥ 0,

Dual-B:

We want to find the set of θ such that the optimal values of problems A and B are finite.
Then, Dual-A and Dual-B need to have non-empty feasible sets, which implies the following
two conditions:

max (θ − β̃)0 z
s.t. z0 β̃ ≥ 0.

(22)

often find a roughly linear relationship between the response and transformed explanatory
variables. Our Wasserstein formulation incorporates a class of models whose specific form
depends on the norm space that the Wasserstein metric is defined on. We provide out-ofsample generalization guarantees, and bound the estimation bias of the general formulation.
Extensive numerical examples demonstrate the superiority of the Wasserstein formulation
and shed light on the advantages of the `1 -loss, the implication of the regularizer, and the
selection of the norm space for the Wasserstein metric. We also presented an outlier detection example as an application of this robust learning procedure. A remarkable advantage
of our approach rests in its flexibility to adjust the form of the regularizer based on the
characteristics of the data.
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Appendix A. Omitted Definitions and Proofs
This section includes proofs for the theorems and lemmas, in the order they appear in the
paper.
A.1 Proof of Theorem 2.1

z|z0 β̃≤0

o
sup {(θ + β̃)0 z} < ∞ .

Proof We will adopt the notation z , (x, y), β̃ , (−β, 1) for ease of analysis. First rewrite
κ(β) as:
z|z0 β̃≥0

n
κ(β) = sup kθk∗ : sup {(θ − β̃)0 z} < ∞,

Problem A:

max (θ + β̃)0 z
s.t. z0 β̃ ≤ 0.

Consider now the two linear optimization problems A and B:

Problem B:

min 0 · rA
s.t. β̃rA = θ − β̃,
rA ≤ 0,
JMLR 19(13):1-48, 2018

Form the dual problems using dual variables rA and rB , respectively:
Dual-A:

35

≤

1
N

1
N

− x0i β̂| + ζ

i=1 |yi

∀t ≥ 0,

z0 u

ψ2

,

1
N

γ B̄R − 2√B̄R
− B̄R 8 log(2/δ)
N
N
≥ 1 − τ.
P
N
1
0
i=1 |yi − xi β̂| + γ B̄R
N

q

q
− x0i β̂| + 2√B̄R
+ B̄R 8 log(2/δ)
N
N
≤ τ,
PN
0 β̂| + γ B̄R
|y
−
x
i
i=1
i

i=1 |yi

PN

due to the fact that

1
N

i=1 |yi

PN

−

√2
N

q

8 log(2/δ)
N

≥ 1 − τ,

37

(25)
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≤ B̄R. By solving (25), we obtain (17).

−

1+γ

x0i β̂|

γ−

We cannot obtain a lower bound for N by directly solving (24) since N appears in a
summation operator. A proper relaxation to (24) is:

which is equivalent to:

1
N

38

≤ 2RγN kβ̃ est − β̃ true k∗ .

i

(28)
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≤ 2γN max kβ̃ est − β̃ true k∗ kzi k

i

≤ 2γN max |z0i (β̃ est − β̃ true )|

(β̃ est − β̃ true )0 ZZ0 (β̃ est − β̃ true ) ≤ kZ0 (β̃ est − β̃ true )k1 kZ0 (β̃ est − β̃ true )k∞

On the other hand, from the Cauchy-Schwarz inequality:

from which we derive that kZ0 (β̃ est − β̃ true )k1 ≤ 2γN . Since β̂ is an optimal solution to
(18) and β ∗ a feasible solution, it follows that kβ̃ est k∗ ≤ kβ̃ true k∗ . This implies that ν =
β̃ est − β̃ true satisfies the condition kβ̃ true +vk∗ ≤ kβ̃ true k∗ included in the definition of A(β ∗ )
and, furthermore, (β̃ est − β̃ true )/kβ̃ est − β̃ true k2 ∈ A(β ∗ ). Together with Assumption D,
this yields
(β̃ est − β̃ true )0 ZZ0 (β̃ est − β̃ true ) ≥ αkβ̃ est − β̃ true k22 .
(27)

kZ0 β̃ true k1 ≤ γN ,

kZ0 β̃ est k1 ≤ γN ,

In all the following proofs related to Section 3.2, we will adopt the notation z , (x, y), zi ,
(xi , yi ), β̃ , (−β, 1), β̃ est , (−β̂, 1), β̃ true , (−β ∗ , 1) for ease of exposition.
Proof Since both β̂ and β ∗ are feasible (the latter due to Assumption E), we have:

A.7 Proof of Theorem 3.6

u∈A

Definition 2 (Gaussian width) For any set A ⊆ Rm , its Gaussian width is defined as:
h
i
w(A) , E sup u0 g ,
(26)

where Sm denotes the unit sphere in the m-dimensional Euclidean space. For the properties
of sub-Gaussian random variables/vectors, please refer to the book by Vershynin (2017).

u∈Sm

|||z|||ψ2 , sup

for some constant C.
A random vector z ∈ Rm is sub-Gaussian if z0 u is sub-Gaussian for any u ∈ Rm . The
ψ2 -norm of a vector z is defined as:

P(|z| ≥ t) ≤ 2 exp{−t2 /C 2 },

An equivalent property for sub-Gaussian random variables is that their tail distribution
decays as fast as a Gaussian, namely,

Proof Based on Theorem 3.3, we just need the following inequality to hold:

(24)

.

A.5 Proof of Corollary 3.5

8 log(2/δ)
≤ τ,
N

8 log(2/δ)
N

E|z|q
|||z|||ψ2 , sup √ < +∞.
q
q≥1

Definition 1 (Sub-Gaussian random variable) A random variable z is sub-Gaussian
if the ψ2 -norm defined below is finite, i.e.,

A.6 Sub-Gaussian Random Variables and Gaussian Width

Chen and Paschalidis

where g ∼ N (0, I) is an m-dimensional standard Gaussian random vector.

from which (16) can be easily derived.

2
√ +
N

r

q

− x0i β̂| + 2√B̄R
+ B̄R
N
1 PN
0
i=1 |yi − xi β̂| + ζ
N

i=1 |yi

PN

PN

E[|y − x0 β̂|]

Proof The percentage difference requirement can be translated into:

A.4 Proof of Corollary 3.4

i=1



N
1 X
P |y − x0 β̂| ≥
|yi − x0i β̂| + ζ ≤
N

bound (14) on the expected loss. For Eq. (15), we apply Markov’s inequality to obtain:
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Combining (27) and (28), we have:
kβ̂ − β ∗ k2 = kβ̃ est − β̃ true k2
2RγN kβ̃ est − β̃ true k∗
≤
α kβ̃ est − β̃ true k2
2RγN
Ψ(β ∗ ),
α

≤
where the last step follows from the fact that (β̃ est − β̃ true )/kβ̃ est − β̃ true k2 ∈ A(β ∗ ).

A.8 Proof of Lemma 3.7
PN
Proof Define Γ̂ = N1 i=1
zi zi0 . Consider the set of functions F = {fw (z) = z0 Γ−1/2 w|w ∈
AΓ }. Then, for any fw ∈ F,

= 1,

= w0 w

= w0 Γ−1/2 E[zz0 ]Γ−1/2 w

2
E[fw
] = E[w0 Γ−1/2 zz0 Γ−1/2 w]

=

z0 Γ−1/2 w
z0 Γ−1/2 w

ψ2

ψ2

kΓ−1/2 wk2

ψ2 kΓ−1/2 wk2

kΓ−1/2 wk2

where we used Γ = E[zz0 ] and the fact that w ∈ AΓ .
For any fw ∈ F we have
|||fw |||
ψ2

=

Γ−1/2 w
= z0 −1/2
kΓ
wk2
p
≤ µ w0 Γ−1 w
r
1
≤µ
kwk22
λ
r min
1
= µ̄,
λmin
=µ
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where the first inequality used Assumption F and the second inequality used Assumption G.
Applying Theorem D from Mendelson et al. (2007), for any θ > 0 and when
√
C̃1 µ̄γ2 (F, |||·|||ψ2 ) ≤ θ N ,
39

i=1

Chen and Paschalidis

= sup w0 Γ−1/2 Γ̂Γ−1/2 w − 1

i=1

N
N
1 X
1 X 0 −1/2 0 −1/2
2
2
fw
(zi ) − E[fw
] = sup
wΓ
zi zi Γ
w−1
N
fw ∈F N

with probability at least 1 − exp(−C̃2 θ2 N/µ̄4 ) we have
sup
fw ∈F

w∈AΓ

≤ θ,

(29)

where C̃1 is some positive constant and γ2 (F, |||·|||ψ2 ) is defined in Mendelson et al. (2007)
as a measure of the size of the set F with respect to the metric |||·|||ψ2 . Using θ = 1/2, and
properties of γ2 (F, |||·|||ψ2 ) outlined in Chen and Banerjee (2016), we can set N to satisfy

C̃1 µ̄γ2 (F, |||·|||ψ2 ) ≤ C̃1 µ̄2 γ2 (AΓ , k · k2 )

≤ C̃1 µ̄2 C0 w(AΓ )
1√
N,
2

≤

for some positive constant C0 , where we used Eq. (44) in Chen and Banerjee (2016). This
implies
N ≥ C1 µ̄4 (w(AΓ ))2

1
2

1
1
= w0 Γ−1/2 ΓΓ−1/2 w.
2
2

w0 Γ−1/2 Γ̂Γ−1/2 w − 1 ≤

for some positive constant C1 . Thus, for such N and with probability at least 1 −
exp(−C2 N/µ̄4 ), for some positive constant C2 , (29) holds with θ = 1/2. This implies
that for all w ∈ AΓ ,
or

w0 Γ−1/2 Γ̂Γ−1/2 w ≥

By the definition of AΓ , for any v ∈ A(β ∗ ),

1
v0 Γ̂v ≥ v0 Γv.
2

Noting that Γ̂ = (1/N )ZZ0 yields the desired result.

A.9 Proof of Lemma 3.8
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We follow the proof of Lemma 4 in Chen and Banerjee (2016), adapted to our setting. We
include all key steps for completeness.
Proof Recall the definition of the Gaussian width w(AΓ ) (cf. (26)):

u∈AΓ

h
i
w(AΓ ) = E sup u0 g ,

40

0

−1/2

w∈AΓ

Γ

≤

r

λmin

1

w∈AΓ

w0 Γ−1/2

g

v∈cone(A(β ∗ ))∩Bm

Γ1/2 g

v0 Γ1/2 g,

kΓ−1/2 wk2

sup

= sup kΓ−1/2 wk2

w∈AΓ

1/2

(v1 − v2 )k2
1/2

kΓ

(v1 − v2 )k2

ψ2

ψ2

√

41

≤ w(A(β ∗ )) + 3.

≤ max{w(A(β )), w({0})} + 2 ln 4

∗

= w(A(β ∗ ) ∪ {0})

w(T ) ≤ w(conv(A(β ∗ ) ∪ {0}))
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for positive constants C02 , C3 , where γ2 (T , s) is the γ2 -functional we referred to in the proof
of Lemma 3.7. Since T = cone(A(β ∗ )) ∩ Bm ⊆ conv(A(β ∗ ) ∪ {0}), by Lemma 2 in Maurer
et al. (2014),

for some positive constant C01 .
√
To bound the supremum of Sv , we define the metric s(v1 , v2 ) = µ0 λmax kv1 − v2 k2 .
Then, by Lemma B in Chen and Banerjee (2016),


E sup v0 Γ1/2 g ≤ C02 γ2 (T , s)
v∈T
p
= C02 µ0 λmax γ2 (T , k · k2 )
p
≤ C3 µ0 λmax w(T ),

where the last step used Assumption G.
Then, by the tail behavior of sub-Gaussian random variables (see Hoeffding bound,
Thm. 2.6.2 in (Vershynin, 2017)), we have:


C01 δ 2
P(|Sv1 − Sv2 | ≥ δ) ≤ 2 exp − 2
,
µ0 λmax kv1 − v2 k22

= µ0 kΓ1/2 (v1 − v2 )k2
p
≤ µ0 λmax kv1 − v2 k2 ,

u∈Sm

u0 g

(v1 − v2 )0 Γ1/2 g

ψ2

≤ kΓ1/2 (v1 − v2 )k2 sup

1/2

(v1 − v2 )0 Γ1/2 g

= kΓ

|||Sv1 − Sv2 |||ψ2 =

where
is the unit ball in the m-dimensional Euclidean space and the inequality used
Assumption G and the fact that w0 Γ−1/2 /kΓ−1/2 wk2 ∈ Bm and w ∈ AΓ .
Define T = cone(A(β ∗ )) ∩ Bm , and consider the stochastic process {Sv = v0 Γ1/2 g}v∈T .
For any v1 , v2 ∈ T ,

Bm

0

sup w g = sup w Γ

where g ∼ N (0, I). We have:

Wasserstein Based DRO for Robust Learning

1



E sup v0 Γ1/2 g

w∈AΓ

v∈Bu i=1

N
X

0

vi β̃ zi .

i=1 vi β̃

PN

0

≤ µkvi β̃k2 ,

i=1

N
X

0

vi β̃ zi
ψ2

2

i=1

N
X

µ2 kvi β̃k22
2 2
= C03
µ kβ̃k22 kvk22 ,

2
≤ C03

zi is also a centered sub-Gaussian random variable with

ψ2

42

|||Sv1 − Sv2 |||ψ2 ≤ C03 µkβ̃k2 kv1 − v2 k2 .
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for a positive constant C03 .
0
Consider the stochastic process {Sv = β̃ Zv}v∈Bu . As in the proof of Lemma 3.8,

we have that

vi β̃ zi

0

Since vi β̃ zi , i = 1, . . . , N are independent centered sub-Gaussian random variables, and

0

v∈Bu

0

kβ̃ Zk1 = sup β̃ Zv = sup

0

Proof By the definition of dual norm, we know that:

A.11 Proof of Lemma 3.10

we can derive the desired result.

N 0
N λmin
v Γv ≥
,
2
2

Proof Combining Lemmas 3.7 and 3.8, and using the fact that for any v ∈ A(β ∗ ),

λmin v∈T
r
p
1
µ0 λmax w(T )
≤ C3
λmin
r

λmax 
≤ C3 µ 0
w(A(β ∗ )) + 3 .
λmin

≤

r



w(AΓ ) = E sup w0 g

A.10 Proof of Corollary 3.9

Thus,

Chen and Paschalidis
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By the tail behavior of sub-Gaussian random variables (Vershynin, 2017), we know:


C04 δ 2
P(|Sv1 − Sv2 | ≥ δ) ≤ 2 exp −
,
µ2 kβ̃k22 kv1 − v2 k22

s(v1 , v2 )

|Sv1 − Sv2 | ≥ C05 γ2 (Bu , s) + δ · diam(Bu , s)




≤ C4 exp(−δ 2 ),

for a positive constant C04 .
Define the metric s(v1 , v2 ) = µkβ̃k2 kv1 −v2 k2 . Then, by Lemma B in Chen and Banerjee
(2016),

P
sup
v1 ,v2 ∈Bu

sup

kv1 − v2 k2

γ2 (Bu , s) = µkβ̃k2 γ2 (Bu , k · k2 ) ≤ C5 µkβ̃k2 w(Bu ),
v1 ,v2 ∈Bu

sup
v1 ,v2 ∈Bu

= 2µkβ̃k2 ρ,

v∈Bu

≤ 2µkβ̃k2 sup kvk2

= µkβ̃k2

diam(Bu , s) =

for positive constants C05 , C4 . Also,

C5 w(Bu )
;
2ρ

v∈Bu



sup

v1 ,v2 ∈Bu

C52 (w(Bu ))2
),
4ρ2

|Sv1 − Sv2 | ≥ C05 γ2 (Bu , s) + δdiam(Bu , s)

v∈Bu

sup Sv ≤ CµB̄2 w(Bu ).

then with probability at least 1 − C4 exp(−

≤ C4 exp(−δ 2 ).

≤P




C
5
P sup Sv ≥ C05
µkβ̃k2 w(Bu ) + δµkβ̃k2 ρ
2





for positive constants C5 . Therefore, noting that supv1 ,v2 ∈Bu |Sv1 − Sv2 | ≥ 2 supv∈Bu Sv , we
obtain

Set δ =

The result follows.

A.12 Proof of the Result in Section 4
We will show that if the Wasserstein metric is defined by the following metric sc :
sc (x, y) = k(x, cy)k∞ ,

i=1

N
1 X
|yi − xi0 β| + kβk1 ,
N
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then as c → ∞, the corresponding Wasserstein DRO formulation becomes:
inf

β∈B

43
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which is the `1 -regularized LAD.
Proof We first define a new notion of norm on (x, y) where x = (x1 , . . . , xm−1 ):

k(x, y)kw,p , k(x1 w1 , . . . , xm−1 wm−1 , ywm )kp ,

for some m-dimensional weighting vector w = (w1 , . . . , wm ), and p ≥ 1. Then, sc (x, y) =
k(x, y)kw,∞ with w = (1, . . . , 1, c). To obtain the Wasserstein DRO formulation, the key is
to derive the dual norm of k · kw,∞ . Hölder’s inequality (Rogers, 1888) will be used for the
derivation. We state it below for convenience.

|ai bi | ≤ kakp kbkq .

Theorem 1 (Hölder’s inequality) Suppose we have two scalars p, q > 1 and 1/p+1/q =
1. For any two vectors a = (a1 , . . . , an ) and b = (b1 , . . . , bn ), the following holds.
n
X
i=1

s.t. kzkw,∞ ≤ 1.

z

max z0 β̃

(30)

We will use the notation z , (x, y). Based on the definition of dual norm, we are interested
in solving the following optimization problem for β̃ ∈ Rm :

m
X
i=1

1 
β̃i ≤ kzkw,∞ kβ̃kw−1 ,1 ≤ kβ̃kw−1 ,1 ,
(wi zi )
wi

The optimal value of problem (30), which is a function of β̃, gives the dual norm evaluated
at β̃. Using Hölder’s inequality, we can write
z0 β̃ =

i=1

i=1

N
N
1 X
1 X
|yi − xi0 β| + k(−β, 1)kw−1 ,1 = inf
|yi − xi0 β| + kβk1 .
β∈B N
N

where w−1 , ( w11 , . . . , w1m ). The last inequality is due to the constraint kzkw,∞ ≤ 1. It
follows that the dual norm of k · kw,∞ is just k · kw−1 ,1 . Back to our problem setting,
using w = (1, . . . , 1, c), and evaluating the dual norm at (−β, 1), we have the following
Wasserstein DRO formulation as c → ∞:
lim inf

c→∞ β∈B
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Laurent El Ghaoui and Hervé Lebret. Robust solutions to least-squares problems with
uncertain data. SIAM Journal on Matrix Analysis and Applications, 18(4):1035–1064,
1997.

Erick Delage and Yinyu Ye. Distributionally robust optimization under moment uncertainty
with application to data-driven problems. Operations Research, 58(3):595–612, 2010.

David Coleman, Paul Holland, Neil Kaden, Virginia Klema, and Stephen C Peters. A system
of subroutines for iteratively reweighted least squares computations. ACM Transactions
on Mathematical Software (TOMS), 6(3):327–336, 1980.

Sheng Chen and Arindam Banerjee. Alternating estimation for structured high-dimensional
multi-response models. arXiv preprint arXiv:1606.08957, 2016.

Trevor Hastie, Robert Tibshirani, and Ryan J Tibshirani. Extended comparisons of
best subset selection, forward stepwise selection, and the LASSO. arXiv preprint
arXiv:1707.08692, 2017.

Dimitris Bertsimas, Vishal Gupta, and Ioannis Ch Paschalidis. Data-driven estimation
in equilibrium using inverse optimization. Mathematical Programming, 153(2):595–633,
2015.

Zhaolin Hu and L Jeff Hong. Kullback-Leibler divergence constrained distributionally robust
optimization. Available at Optimization Online, 2013.

Joel Goh and Melvyn Sim. Distributionally robust optimization and its tractable approximations. Operations research, 58(4-part-1):902–917, 2010.

Rui Gao, Xi Chen, and Anton J Kleywegt. Wasserstein distributional robustness and
regularization in statistical learning. arXiv preprint arXiv:1712.06050, 2017.

Chen and Paschalidis

Dimitris Bertsimas and Martin S Copenhaver. Characterization of the equivalence of robustification and regularization in linear and matrix regression. European Journal of
Operational Research, 2017.

Dimitri P Bertsekas. Nonlinear programming. Athena scientific Belmont, 1999.

Wasserstein Based DRO for Robust Learning

Peter J Rousseeuw. Least median of squares regression. Journal of the American statistical
association, 79(388):871–880, 1984.

Peter Rousseeuw and Victor Yohai. Robust regression by means of S-estimators. In Robust
and nonlinear time series analysis, pages 256–272. Springer, 1984.

Wasserstein Based DRO for Robust Learning

Hui Zou and Trevor Hastie. Regularization and variable selection via the elastic net. Journal
of the Royal Statistical Society: Series B (Statistical Methodology), 67(2):301–320, 2005.

C Zhao and Y Guan. Data-driven risk-averse stochastic optimization with Wasserstein
metric. Available on optimization online, 2015.

Chen and Paschalidis

JMLR 19(13):1-48, 2018

S. Zymler, D. Kuhn, and B. Rustem. Distributionally robust joint chance constraints with
second-order moment information. Mathematical Programming, 137(1-2):167–198, 2013.

48

Peter J Rousseeuw. Multivariate estimation with high breakdown point. Mathematical
statistics and applications, 8:283–297, 1985.
Peter J Rousseeuw and Annick M Leroy. Robust regression and outlier detection. John
Wiley & Sons, 2005.
Soroosh Shafieezadeh-Abadeh, Peyman Mohajerin Esfahani, and Daniel Kuhn. Distributionally robust logistic regression. In Advances in Neural Information Processing Systems,
pages 1576–1584, 2015.
Soroosh Shafieezadeh-Abadeh, Daniel Kuhn, and Peyman Mohajerin Esfahani. Regularization via mass transportation. arXiv preprint arXiv:1710.10016, 2017.
Aman Sinha, Hongseok Namkoong, and John Duchi. Certifiable distributional robustness
with principled adversarial training. arXiv preprint arXiv:1710.10571, 2017.
Robert Tibshirani. Regression shrinkage and selection via the LASSO. Journal of the Royal
Statistical Society. Series B (Methodological), pages 267–288, 1996.
Roman Vershynin. High-dimensional probability: An introduction with applications in data
science. Cambridge University Press (to appear), 2017.
Li Wang, Michael D Gordon, and Ji Zhu. Regularized least absolute deviations regression
and an efficient algorithm for parameter tuning. In Sixth International Conference on
Data Mining (ICDM’06), pages 690–700. IEEE, 2006.
Zizhuo Wang, Peter W Glynn, and Yinyu Ye. Likelihood robust optimization for data-driven
problems. Computational Management Science, 13(2):241–261, 2016.
Wolfram Wiesemann, Daniel Kuhn, and Melvyn Sim. Distributionally robust convex optimization. Operations Research, 62(6):1358–1376, 2014.
Huan Xu, Constantine Caramanis, and Shie Mannor. Robustness and regularization of
support vector machines. Journal of Machine Learning Research, 10(Jul):1485–1510,
2009.
Huan Xu, Constantine Caramanis, and Shie Mannor. Robust regression and LASSO. IEEE
Transactions on Information Theory, 56(7):3561–3574, 2010.
Wenzhuo Yang and Huan Xu. A unified robust regression model for LASSO-like algorithms.
In International Conference on Machine Learning, pages 585–593, 2013.

JMLR 19(13):1-48, 2018

Victor J Yohai. High breakdown-point and high efficiency robust estimates for regression.
The Annals of Statistics, pages 642–656, 1987.
47

Submitted 6/17; Revised 4/18; Published 8/18

Abstract

2018

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/v19/17-329.html.

JMLR 19(14):1-25,
c 2018 Riad Akrour, Abbas Abdolmaleki, Hany Abdulsamad, Jan Peters, and Gerhard Neumann.

Trajectory Optimization methods based on stochastic optimal control (Todorov, 2006;
Theodorou et al., 2009; Todorov and Tassa, 2009) have been very successful in learning
high dimensional controls in complex settings such as end-to-end control of physical systems (Levine and Abbeel, 2014). These methods are based on a time-dependent linearization of the dynamics model around the mean trajectory in order to obtain a closed form
update of the policy as a Linear-Quadratic Regulator (LQR). This linearization is then
repeated locally for the new policy at every iteration. However, this iterative process does

1. Introduction

Many of the recent trajectory optimization algorithms alternate between linear approximation of the system dynamics around the mean trajectory and conservative policy update. One way of constraining the policy change is by bounding the Kullback-Leibler (KL)
divergence between successive policies. These approaches already demonstrated great experimental success in challenging problems such as end-to-end control of physical systems.
However, the linear approximation of the system dynamics can introduce a bias in the
policy update and prevent convergence to the optimal policy. In this article, we propose
a new model-free trajectory-based policy optimization algorithm with guaranteed monotonic improvement. The algorithm backpropagates a local, quadratic and time-dependent
Q-Function learned from trajectory data instead of a model of the system dynamics. Our
policy update ensures exact KL-constraint satisfaction without simplifying assumptions on
the system dynamics. We experimentally demonstrate on highly non-linear control tasks
the improvement in performance of our algorithm in comparison to approaches linearizing
the system dynamics. In order to show the monotonic improvement of our algorithm, we
additionally conduct a theoretical analysis of our policy update scheme to derive a lower
bound of the change in policy return between successive iterations.
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Consider an undiscounted finite-horizon Markov Decision Process (MDP) of horizon T with
state space S = Rds and action space A = Rda . The transition function p(st+1 |st , at ),

2. Notation

not offer convergence guarantees as the linearization of the dynamics might introduce a
bias and impede the algorithm from converging to the optimal policy. To circumvent this
limitation, we propose in this paper a novel model-free trajectory-based policy optimization algorithm (MOTO) couched in the approximate policy iteration framework. At each
iteration, a Q-Function is estimated locally around the current trajectory distribution using a time-dependent quadratic function. Afterwards, the policy is updated according to a
new information-theoretic trust region that bounds the KL-divergence between successive
policies in closed form.
MOTO is well suited for high dimensional continuous state and action spaces control
problems. The policy is represented by a time-dependent stochastic linear-feedback controller which is updated by a Q-Function propagated backward in time. We extend the
work of (Abdolmaleki et al., 2015), which was proposed in the domain of stochastic search
(having no notion of state space nor that of sequential decisions), to that of sequential decision making and show that our policy class can be updated under a KL-constraint in closed
form, when the learned Q-Function is a quadratic function of the state and action space.
In order to maximize sample efficiency, we rely on importance sampling to reuse transition samples from policies of all time-steps and all previous iterations in a principled way.
MOTO is able to solve complex control problems despite the simplicity of the Q-Function
thanks to two key properties: i) the learned Q-Function is fitted to samples of the current
policy, which ensures that the function is valid locally and ii) the closed form update of
the policy ensures that the KL-constraint is satisfied exactly irrespective of the number of
samples or the non-linearity of the dynamics, which ensures that the Q-Function is used
locally.
The experimental section demonstrates that on tasks with highly non-linear dynamics
MOTO outperforms similar methods that rely on a linearization of these dynamics. Additionally, it is shown on a simulated Robot Table Tennis Task that MOTO is able to scale
to high dimensional tasks while keeping the sample complexity relatively low; amenable to
a direct application to a physical system.
Compared to Akrour et al. (2016), we report new experimental results comparing MOTO
to TRPO (Schulman et al., 2015), a state-of-the-art reinforcement learning algorithm. These
results showcase settings in which the time-dependent linear-Gaussian policies used by
MOTO are a suitable alternative to neural networks. We also conduct a theoretical analysis
of the policy update (Sec. 5) and lower bound the increase in policy return between successive iterations of the algorithm. The resulting lower bound validates the use of an expected
KL-constraint (Sec. 3.1) in a trajectory-based policy optimization setting for ensuring a
monotonic improvement of the policy return. Prior theoretical studies reported similar
results when the maximum (over the state space) KL is upper bounded which is hard to
enforce in practice (Schulman et al., 2015). Leveraging standard trajectory optimization
assumptions, we extend prior analysis of the policy update to the specific setting of MOTO
when only the expected policy KL is bounded.

Akrour, Abdolmaleki, Abdulsamad, Peters, and Neumann

Model-Free Trajectory-based Policy Optimization

which gives the probability (density) of transitioning to state st+1 upon the execution of
action at in st , is assumed to be time-independent; while there are T time-dependent
reward functions rt : S × A 7→ R. A policy π is defined by a set of time-dependent density
functions πt , where πt (a|s) is the probability of executing action a in state s at timestep t. The goal is to find the optimal ipolicy π ∗ = {π1∗ , . . . , πT∗ } maximizing the policy
h
PT
return J(π) = IEs1 ,a1 ,...
t=1 rt (st , at ) , where the expectation is taken w.r.t. all the
random variables st and at such that s1 ∼ ρ1 follows the distribution of the initial state,
at ∼ πt (.|st ) and st+1 ∼ p(st+1 |st , at ).
As is common in Policy Search (Deisenroth et al., 2013), our algorithm operates on a
restricted class of parameterized policies πθ , θ ∈ Rdθ and is an iterative algorithm comprising
two main steps, policy evaluation and policy update. Throughout this article, we will assume
that each time-dependent policy is parameterized by θ t = {Kt , kt , Σt } such that πθt is of
linear-Gaussian form πθt (a|s) = N (Kt s + kt , Σt ), where the gain matrix Kt is a da × ds
matrix, the bias term kt is a da dimensional column vector and the covariance matrix Σt ,
which controls the exploration of the policy, is of dimension da × da ; yielding a total number
of parameters across all time-steps of dθ = T (da ds + 21 da (da + 3)).
The policy at iteration i of the algorithm is denoted by π i and following
hPstandard defini-i
T
tions, the Q-Function of π i at time-step t is given by Qti (s, a) = IEst ,at ,...
t0 =t rt0 (st0 , at0 )
with (st , at ) = (s, a) and at0 ∼ πti0 (.|st0 ), ∀t0 > t. While the V-Function is given by
Vti (s) = IEa∼πt (.|s) [Qtπ (s, a)] and the Advantage Function by Ati (s, a) = Qti (s, a) − Vti (s).
Furthermore the state distribution at time-step t, related to policy π i , is denoted by ρti (s).
In order to keep the notations uncluttered, the time-step or the iteration number is occasionally dropped when a definition applies similarly for all time-steps or iteration number.

3. Model-free Policy Update for Trajectory-based Policy Optimization
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Z Z
ρ̃ti (s)π(a|s)Q̃ti (s, a)dads,


IEs∼ρ̃ti (s) KL(π(.|s) k πti (.|s)) ≤ ,

the reduction of exploration yielding the following non-linear program:
maximize
π

subject to

IEs∼ρ̃ti (s) [H (π(.|s))] ≥ β.

(1)

(2)

(3)

R
The KL between two distributions p and q is given by KL(p k q) = p(x) log p(x)
q(x) dx while
R
the entropy H is given by H = − p(x) log p(x)dx. The step-size  is a hyper-parameter of
the algorithm kept constant throughout the iterations
 while β is set according to the entropy
of the current policy πti , β = IEs∼ρ̃ti (s) H πti (.|s) − β0 and β0 is the entropy reduction
hyper-parameter kept constant throughout the iterations.
Eq. (1) indicates that πti+1 maximizes Q̃ti in expectation under its own action distribution and the state distribution of πti . Eq. (2) bounds the average change in the policy to
the step-size  while Eq. (3) controls the exploration-exploitation trade-off and ensures that
the exploration in the action space (which is directly linked to the entropy of the policy) is
not reduced too quickly. A similar constraint was introduced in the stochastic search domain by (Abdolmaleki et al., 2015), and was shown to avoid premature convergence. This
constraint is even more crucial in our setting because of the inherent non-stationarity of the
objective function being optimized at each iteration. The cause for the non-stationarity of
the objective optimized at time-step t in the policy update is twofold: i) updates of policies
πt0 with time-step t0 > t will modify in the next iteration of the algorithm Q̃t as a function
of s and a and hence the optimization landscape as a function of the policy parameters,
ii) updates of policies with time-step t0 < t will induce a change in the state distribution
ρt . If the policy had unlimited expressiveness, the optimal solution of Eq. (1) would be
to choose arg maxa Q̃t irrespective of ρt . However, due to the restricted class of the policy,
any change in ρt will likely change the optimization landscape including the position of
the optimal policy parameter. Hence, Eq. (3) ensures that exploration in action space is
maintained as the optimization landscape evolves and avoids premature convergence.

!

,

(4)

3.2 Closed Form Update

Q̃t (s, a)
η∗ + ω∗

MOTO alternates between policy evaluation and policy update. At each iteration i, the
policy evaluation step generates a set of M rollouts1 from the policy π i in order to estimate
a (quadratic) Q-Function Q̃i (Sec. 4.1) and a (Gaussian) state distribution ρ̃i (Sec. 4.3).
Using these quantities, an information-theoretic policy update is derived at each time-step
that uses a KL-bound as a trust region to obtain the policy π i+1 of the next iteration.

exp

3.1 Optimization Problem

∗ /(η ∗ +ω ∗ )

4

1
Q̃t (s, a) = aT Qaa a + aT Qas s + aT q a + q(s),
2

JMLR 19(14):1-25, 2018

(5)

with η ∗ and ω ∗ being the optimal Lagrange multipliers related to the KL and entropy
constraints respectively. Assuming that Q̃t (s, a) is of quadratic form in a and s

πt0 (a|s) ∝ πt (a|s)η

Using the method of Lagrange multipliers, the solution of the optimization problem in
section 3.1 is given by

The goal of the policy update is to return a new policy π i+1 that maximizes the Q-Function
Q̃i in expectation under the state distribution p̃i of the previous policy π i . In order to limit
policy oscillation between iterations (Wagner, 2011), the KL w.r.t. π i is upper bounded.
The use of the KL divergence to define the step-size of the policy update has already been
successfully applied in prior work (Peters et al., 2010; Levine and Abbeel, 2014; Schulman
et al., 2015). Additionally, we lower bound the entropy of π i+1 in order to better control

JMLR 19(14):1-25, 2018

1. A rollout is a Monte Carlo simulation of a trajectory according to ρ1 , π and p or the execution of π on
a physical system.

3

L = η ∗ Σ−1
t Kt + Qas ,

f = η ∗ Σ−1
t kt + q a .

Z

ρ̃t (s) log

Z


 
πt (a|s)η/(η+ω) exp Q̃t (s, a)/(η + ω) da ds.

Z

ρt (s)(sT M s + sT m + m0 )ds.

k=1

M
1 X
[k]
[k]
[k]
[k] 2
hw, φ(st , at )i − Q̂it (st , at ) + λwT w,
M
[k]

[k]

(6)

[k]

[k]

[k]

[k]

6
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5

which can be efficiently optimized by gradient descent to obtain η ∗ and ω ∗ . The full expression of the dual function, including the definition of M , m and m0 in addition to the
(η,ω)
(η,ω)
partial derivatives ∂gt∂η
and ∂gt∂ω
are given in Appendix A.

JMLR 19(14):1-25, 2018

(7)

2. Constant terms and terms depending on s but not a won’t appear in the policy update. As such, and albeit we only refer in this article to Qt (s, a), the Advantage Function At (s, a) can be used interchangeably
in lieu of Qt (s, a) for updating the policy.

i
Q̂it (st , at ) = rt (st , at ) + V̂t+1
(st+1 ),

[k]

In order to reduce the variance, this estimate exploits the V-Function to reduce the noise
of the expected rewards of time-steps t0 > t through the following identity

4.1.2 Dynamic Programming

This estimate is obtained by summing the future rewards for each trajectory k, yielding
P
[k]
[k]
[k]
[k]
Q̂it (st , at ) = Tt0 =t rt0 (st0 , at0 ). This estimator is known to have no bias but high variance. The variance can be reduced by averaging over multiple rollouts, assuming we can
[k]
reset to states st . However, such an assumption would severely limit the applicability of
the algorithm on physical systems.

4.1.1 Monte-Carlo Estimate

where the target value Q̂it (s[k] , a[k] ) is a noisy estimate of the true value Qit (st , at ). We
[k]
[k]
will distinguish two cases for obtaining the estimate Q̂it (st , at ).

w

w = arg min

In the remainder of the section, we will be interested in finding the parameter w of a linear
model Q̃it = hw, φ(s, a)i, where the feature function φ contains a bias and all the linear
and quadratic terms of s and a, yielding 1 + (da + ds )(da + ds + 3)/2 parameters. Q̃it can
subsequently be written as in Eq. (5) by extracting Qaa , Qas and q a from w.
At each iteration i, M rollouts are performed following π i . Let us initially assume
[k]
[k] [k]
that Q̃it is learned only from samples Dti = {st , at , st+1 ; k = 1..M } gathered from the
execution of the M rollouts. The parameter w of Q̃it is learned by regularized linear least
square regression

4.1 The Q-Function Supervised Learning Problem

The KL constraint introduced in the policy update gives rise to a non-linear optimization
problem. This problem can still be solved in closed form for the class of linear-Gaussian
policies, if the learned function Q̃it is quadratic in s and a. The first subsection introduces
the main supervised learning problem solved during the policy evaluation for learning Q̃it
while the remaining subsections discuss how to improve its sample efficiency.

4. Sample Efficient Policy Evaluation
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i
i
which is unbiased if V̂t+1
is. However, we will use for V̂t+1
an approximate V-Function
i
Ṽt+1
learned recursively in time. This approximation might introduce a bias which will
accumulate as t goes to 1. Fortunately, Ṽ is not restricted by our algorithm to be of
a particular class as it does not appear in the policy update. Hence, the bias can be
reduced by increasing the complexity of the function approximator class. Nonetheless, in
this article, a quadratic function will also be used for the V-Function which worked well in
our experiments.

gt (η, ω) = η − ωβ + µTs M µs + tr(Σs M ) + µTs m + m0 ,

The dual function further simplifies, by additionally assuming normality of the state distribution ρ̃t (s) = N (s|µs , Σs ), to the function

g(η, ω) = ηt − ωβt +

Exploiting the structure of the quadratic Q-Function Q̃t and the linear-Gaussian policy
πt (a|s), the inner integral over the action space can be evaluated in closed form and the
dual simplifies to

gt (η, ω) = η − ωβ + (η + ω)

The Lagrangian multipliers η and ω are obtained by minimizing the convex dual function

3.3 Dual Minimization

Note that ηΣ−1
t − Qaa needs to be invertible and positive semi-definite as it defines the new
covariance matrix of the linear-Gaussian policy. For this to hold, either Qt (s, .) needs to
be concave in a (i.e. Qaa is negative semi-definite), or η needs to be large enough (and
for any Qaa such η always exists). A too large η is not desirable as it would barely yield
a change to the current policy (too small KL divergence) and could negatively impact
the convergence speed. Gradient based algorithms for learning model parameters with a
specific semi-definite shape are available (Bhojanapalli et al., 2015) and could be used for
learning a concave Qt . However, we found in practice that the resulting η was always small
enough (resulting in a maximally tolerated KL divergence of  between successive policies)
while F remains well defined, without requiring additional constraints on the nature of Qaa .

−1
F = (η ∗ Σ−1
t − Qaa ) ,

such that the gain matrix, bias and covariance matrix of πt0 are function of matrices F and
L and vector f where

πt0 (a|s) = N (a|F Ls + F f , F (η ∗ + ω ∗ )),

with q(s) grouping all terms of Q̃t (s, a) that do not depend2 on a, then πt0 (a|s) is again of
linear-Gaussian form

Model-Free Trajectory-based Policy Optimization

Model-Free Trajectory-based Policy Optimization

[k]
[k]
Q̂ti (st , at )
[k]

The V-Function is learned by first assuming that Ṽ i
is the zero function.3 SubseT
+1
i
quently and recursively in time, the function Ṽt+1
and the transition samples in Dti are used


[k] 2
− Ṽti (st ) .
to fit the parametric function Ṽti by minimizing the loss

PM
k=1
[k]

In addition to reducing the variance of the estimate Q̂ti (st , at ), the choice of learning
a V-Function is further justified by the increased possibility of reusing sample transitions
from all time-steps and previous iterations.

4.2 Sample Reuse

[k]

In order to improve the sample efficiency of our approach, we will reuse samples from
different time-steps and iterations using importance sampling. Let the expected loss which
Q̃ti minimizes under the assumption of an infinite number of samples be
w

w = arg min IE[`ti (s, a, s0 ; w)],
[k]

where the loss `ti is the inner term within the sum in Eq. (6); the estimate Q̂ti (st , at ) is
taken as in Eq. (7) and the expectation is with respect to the current state s ∼ ρti , the
action a ∼ πti (.|s) and the next state s0 ∼ p(.|s, a).
4.2.1 Reusing samples from different time-steps

 i

zt (s, a) i
` (s, a, s0 ; w) | (s, a) ∼ z i (s, a) .
z i (s, a) t

(8)

To use transition samples from all time-steps when learning Q̃ti , we rely on importance
sampling, where the importance weight (IW) is given by the ratio between the state-action
i
probability of the current time-step zti (s, a) = ρti (s)πP
t (a|s) divided by the time-independent
T
state-action probability of π i given by z i (s, a) = T1 t=1
zti (s, a). The expected loss minimized by Q̃ti becomes
w

min IE

Since the transition probabilities are not time-dependent they cancel out from the IW.
Upon the computation of the IW, weighted least square regression is used to minimize an
empirical estimate of (8) for the data set Di = ∪T Dti . Note that the (numerator of the) IW
t=1
needs to be recomputed at every time-step for all samples (s, a) ∈ Di . Additionally, if the
[k]
[k]
rewards are time-dependent, the estimate Q̂ti (st , at ) in Eq. (7) needs to be recomputed
with the current time-dependent reward, assuming the reward function is known.
4.2.2 Reusing samples from previous iterations
Following a similar reasoning, at a given time-step t, samples from previous iterations can
i
be reused for learning Q̃P
t . In this case, we have access to the samples of the state-action
i
distribution zt1:i (s, a) ∝ j=1
ztj (s, a). The computation of zt1:i requires the storage of all
previous policies and state distributions. Thus, we will in practice limit ourselves to the K
last iterations.
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3. Alternatively one could assume the presence of a final reward RT +1 (st+1 ), as is usually formulated in
control tasks (Bertsekas, 1995), to which VTi +1 could be initialized to.

7
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Finally, both forms of sample reuse will be combined for learning Q̃ti under the complete
i
j
data set up to iteration i, D1:i = ∪j=1
D
using
weighted
least
square regression where the
PT
zt1:i (s, a).
IW are given by zti (s, a)/z 1:i (s, a) with z 1:i (s, a) ∝ t=1

4.3 Estimating the State Distribution

To compute the IW, the state distribution at every time-step ρti needs to be estimated.
Since M rollouts are sampled for every policy π i only M state samples are available for
the estimation of ρti , necessitating again the reuse of previous samples to cope with higher
dimensional control tasks.

4.3.1 Forward propagation of the state distribution

The first investigated solution for the estimation of the state distribution is the propagation
of the estimate ρ̃ti forward in time. Starting from ρ̃1i which is identical for all iterations,
i
with t > 1 from samples (st , at , st+1 ) ∈ Dt1:i by
importance sampling is used to learn ρ̃t+1
weighted maximum-likelihood; where each sample st+1 is weighted by zti (st , at )/zt1:i (st , at ).
And the computation of this IW only depends on the previously estimated state distribution
ρ̃ti . In practice however, the estimate ρ̃ti might entail errors despite the use of all samples
from past iterations, which are propagated forward leading to a degeneracy of the number
of effective samples in latter time-steps.

4.3.2 State distribution of a mixture policy

The second considered solution for the estimation of ρ̃ti is heuristic but behaved better in
practice. It is based on the intuition that the KL constraint of the policy update will yield
state distributions that are close to each other (see Sec. 5 for a theoretical justification of the
closeness in state distributions) and state samples from previous iterations can be reused
in a simpler
Specifically, ρ̃ti will be learned from samples of the mixture policy
Pi manner.
π 1:i ∝ j=1
γ i−j π j which selects a policy from previous iterations with an exponentially
decaying (w.r.t. the iteration number) probability and executes it for a whole rollout. In
practice, the decay factor γ is selected according to the dimensionality of the problem, the
number of samples per iterations M and the KL upper bound  (intuitively, a smaller  yields
closer policies and henceforth more reusable samples). The estimated state distribution ρ̃ti
is learned as a Gaussian distribution by weighted maximum likelihood from samples of Dt1:i
where a sample of iteration j is weighted by γ i−j .
4.4 The MOTO Algorithm

JMLR 19(14):1-25, 2018

MOTO is summarized in Alg. 1. The innermost loop is split between policy evaluation
(Sec. 4) and policy update (Sec. 3). For every time-step t, once the state distribution
ρ̃ti is estimated, the IWs of all the transition samples are computed and used to learn the
Q-Function (and the V-Function using the same IWs, if dynamic programming is used
when estimating the Q-Function), concluding the policy evaluation part. Subsequently, the
components of the quadratic model Q̃ti that depend on the action are extracted and used
to find the optimal dual parameters η ∗ and ω ∗ that are respectively related to the KL and
the entropy constraint, by minimizing the convex dual function gti using gradient descent.

8

t=1

T
X

IEs∼pt ,a∼pt (.|s) [Aqt (s, a)] .

Z

Z

pt (s)

Z

t=1

T
X

pt (at |st )Aqt (st , at ),

IEs∼qt ,a∼pt (.|s) [Aqt (s, a)] − 2

δt

r

t
.
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Summing over the time-steps and using Lemma 1 completes the proof.
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=

Z
qt (s) pt (at |st )Aqt (st , at )
Z
Z
+ (pt (s) − qt (s)) pt (at |st )Aqt (st , at ),
Z
≥ IEs∼qt ,a∼pt (.|s) [Aqt (s, a)] − δt (pt (s) − qt (s)),
Z
1
≥ IEs∼qt ,a∼pt (.|s) [Aqt (s, a)] − 2δt
|pt (s) − qt (s)|,
2
r
1
≥ IEs∼qt ,a∼pt (.|s) [Aqt (s, a)] − 2δt
KL(pt k qt ).
2
(Pinsker’s inequality)

IEs∼pt ,a∼pt (.|s) [Aqt (st , at )] =

t=1

T
X

Lemma 2 lower-bounds the change in policy return by the advantage term optimized
during the policy update and a negative change that quantifies the change in state distributions between successive policies. The core of our contribution is given by Lemma 3 which

Proof

J(p) − J(q) ≥

Lemma 2 Let t = KL(pt k qt ) be the KL divergence between state distributions pt (.) and
qt (.) and let δt = maxs |IEa∼pt (.|s) [Aqt (s, a)]|, then for any two policies p and q we have

The proof of Lemma 1 is given by the proof of Lemma 5.2.1 in (Kakade, 2003). Note
that Lemma 1 expresses the change in policy return in term of expected advantage under
the current state distribution while we optimize the advantage function under the state
distribution of policy q, which is made apparent in Lemma 2.

J(p) − J(q) =

We analyze in this section the properties of the constrained optimization problem solved
during our policy update. Kakade and Langford (2002) showed that in the approximate
policy iteration setting, a monotonic improvement of the policy return can be obtained if
the successive policies are close enough. While in our algorithm the optimization problem
defined in Sec. 3.1 bounds the expected policy KL under the state distribution of the current
iteration i, it does not tell us how similar the policies are under the new state distribution
and a more careful analysis needs to be conducted.
The analysis we present builds on the results of Kakade and Langford (2002) to lowerbound the change in policy return J(π i+1 ) − J(π i ) between the new policy π i+1 (solution
of the optimization problem defined in Sec. 3.1) and the current policy π i . Unlike Kakade
and Langford (2002), we enforce closeness between successive policies with a KL constraint
instead of by mixing π i+1 and π i . Related results were obtained when a KL constraint is

5. Monotonic Improvement of the Policy Update

The policy update then uses η ∗ and ω ∗ to return the new policy πt+1 and the process is
iterated.
In addition to the simplification of the policy update, the rationale behind the use of a
local quadratic approximation for Qit is twofold: i) since Qit is only optimized locally (because
of the KL constraint), a quadratic model would potentially contain as much information
as a Hessian matrix in a second order gradient descent setting ii) If Q̃t in Eq. (4) is an
arbitrarily complex model then it is common that πt0 , of linear-Gaussian form, is fit by
weighted maximum-likelihood (Deisenroth et al., 2013); it is clear though from Eq. (4) that
however complex Q̃t (s, a) is, if both πt and πt0 are of linear-Gaussian form then there exist
a quadratic model that would result in the same policy update. Additionally, note that
Q̃t is not used when learning Q̃t−1 (sec. 4.1) and hence the bias introduced by Q̃t will not
propagate back. For these reasons, we think that choosing a more complex class for Q̃t than
that of quadratic functions might not necessarily lead to an improvement of the resulting
policy, for the class of linear-Gaussian policies.

used in Schulman et al. (2015). Our main contribution is to extend these results to the
trajectory optimization setting with continuous states and actions and where the expected
KL between the policies is bounded instead of the maximum KL over the state space (which
is hard to achieve in practice).
In what follows, p and q denote the next policy π i+1 and the current policy π i respectively. We will denote the state distribution and policy at time-step t by pt and pt (.|s)
respectively (and similarly for q). First, we start by writing the difference between policy
returns in term of advantage functions.

Algorithm 1 Model-Free Trajectory-based Policy Optimization (MOTO)
Input: Initial policy π 0 , number of trajectories per iteration M, step-size  and entropy
reduction rate β0
Output: Policy π N
for i = 0 to N − 1 do
Sample M trajectories from π i
for t = T to 1 do
Estimate state distribution ρ̃it
(Sec. 4.3)
Compute IW for all (s, a, s0 ) ∈ D1:i
(Sec. 4.2)
Estimate the Q-Function Q̃it
(Sec. 4.1)
Optimize: (η ∗ , ω ∗ ) = arg min gti (η, ω)
(Sec. 3.3)
Update πti+1 using η ∗ , ω ∗ ,ρ̃it and Q̃it
(Sec. 3.2)
end for
end for

Lemma 1 For any two policies p and q, and where Aqt denotes the advantage function at
time-step t of policy q, the difference in policy return is given by
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relates the change in state distribution to the expected KL constraint between policies of
our policy update.
Lemma 3 If for every time-step, the state distributions pt and qt are Gaussian and the
policies pt (.|st ) and qt (.|st ) are linear-Gaussian and if IEs∼qt [KL(pt (.|s) k qt (.|s))] ≤  for
every time-step then KL(pt k qt ) = O() as  → 0 for every time-step.
Proof We will demonstrate the lemma by induction noting that for t = 1 the state
distributions are identical and hence their KL is zero. Assuming t = KL(pt k qt ) = O()
as  → 0, let us compute the KL between state distributions for t + 1
Z
pt+1 (s0 )
KL(pt+1 k qt+1 ) = pt+1 (s0 ) log
,
qt+1 (s0 )
ZZZ
pt (s, a)p(s0 |a, s)
≤
pt (s, a)p(s0 |a, s) log
,
(log sum inequality)
q (s, a)p(s0 |a, s)
t
Z
Z
pt (s0 )pt (a|s0 )
,
= pt (s0 ) pt (a|s0 ) log
qt (s0 )qt (a|s0 )
= t + IEs∼pt [KL(pt (.|s) k qt (.|s))].
(9)

(10)

Hence we have bounded the KL between state distributions at t + 1 by the KL between
state distributions and the expected KL between policies of the previous time-step t.
Now we will express the KL between policies under the new state distributions, given
by IEs∼pt [KL(pt (.|s) k qt (.|s))], in terms of KL between policies under the previous state
distribution, IEs∼qt [KL(pt (.|s) k qt (.|s))] which is bounded during policy update by , and
KL(pt k qt ). To do so, we will use the assumption that the state distribution and the policy
are Gaussian and linear-Gaussian. The complete demonstration is given in Appendix B,
and we only report the following result
IEs∼pt [KL(pt (.|s) k qt (.|s))] ≤ 2 (3t + ds + 1) .

It is now easy to see that the combination of (9) and (10) together with the induction
hypothesis yields KL(pt+1 k qt+1 ) = O() as  → 0.
Finally, the combination of Lemma 2 and Lemma 3 results in the following theorem,
lower-bounding the change in policy return.

T
X
t=1

IEs∼qt ,a∼pt (.|s) [Atq (s, a)] −

t=1

T
X

√
δt O( ).

Theorem 4 If for every time-step the state distributions pt and qt are Gaussian and the
policies pt (.|st ) and qt (.|st ) are linear-Gaussian and if IEs∼qt [KL(pt (.|s) k qt (.|s))] ≤  for
every time-step then
J(p) − J(q) ≥
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Theorem 4 shows that we are able to obtain similar bounds than those derived in
(Schulman et al., 2015) for our continuous state-action trajectory optimization setting with
a bounded KL policy update in expectation under the previous state distribution. While, it
11
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is not easy to apply Theorem 4 in practice to choose an appropriate step-size  since Atq (s, a)
is generally only known approximately, Theorem 4 still shows that our constrained policy
update will result in small changes in the overall behavior of the policy between successive
iterations which is crucial in the approximate RL setting.

6. Related Work

JMLR 19(14):1-25, 2018

In the Approximate Policy Iteration scheme (Szepesvari, 2010), policy updates can potentially decrease the expected reward, leading to policy oscillations (Wagner, 2011), unless
the updated policy is ’close’ enough to the previous one (Kakade and Langford, 2002).
Bounding the change between π i and π i+1 during the policy update step is thus a well
studied idea in the Approximate Policy Iteration literature. Already in 2002, Kakade and
Langford proposed the Conservative Policy Iteration (CPI) algorithm where the new policy
π i+1 is obtained as a mixture of π i and the greedy policy w.r.t. Qi . The mixture parameter is chosen such that a lower bound of J(π i+1 ) − J(π i ) is positive and improvement
is guaranteed. However, convergence was only asymptotic and in practice a single policy
update would require as many samples as other algorithms would need to find the optimal
solution (Pirotta et al., 2013b). Pirotta et al. (2013b) refined the lower bound of CPI by
adding an additional term capturing the closeness between policies (defined as the matrix
norm of the difference between the two policies), resulting in a more aggressive updates
and better experimental results. However, both approaches only considered discrete action
spaces. Pirotta et al. (2013a) provide an extension to continuous domains but only for single
dimensional actions.
When the action space is continuous, which is typical in e.g. robotic applications,
using a stochastic policy and updating it under a KL constraint to ensure ’closeness’ of
successive policies has shown several empirical successes (Daniel et al., 2012; Levine and
Koltun, 2014; Schulman et al., 2015). However, only an empirical sample estimate of the
objective function is generally optimized (Peters et al., 2010; Schulman et al., 2015), which
typically requires a high number of samples and precludes it from a direct application to
physical systems. The sample complexity can be reduced when a model of the dynamics
is available (Levine and Koltun, 2014) or learned (Levine and Abbeel, 2014). In the latter
work, empirical evidence suggests that good policies can be learned on high dimensional
continuous state-action spaces with only a few hundred episodes. The counter part being
that time-dependent dynamics are assumed to be linear, which is a simplifying assumption
in many cases. Learning more sophisticated models using for example Gaussian Processes
was experimented by Deisenroth and Rasmussen (2011) and Pan and Theodorou (2014) in
the Policy Search and Trajectory Optimization context, but it is still considered to be a
challenging task, see Deisenroth et al. (2013), chapter 3.
The policy update in Eq. (4) resembles that of (Peters et al., 2010; Daniel et al., 2012)
with three main differences. First, without the assumption of a quadratic Q-Function, an
additional weighted maximum likelihood step is required for fitting π i+1 to weighted samples
as in the r.h.s of Eq. (4), since this policy might not be of the same policy class. As a
result, the KL between π i and π i+1 is no longer respected. Secondly, we added an entropy
constraint in order to cope with the inherent non-stationary objective function maximized
by the policy (Eq. 1) and to ensure that exploration is sustained, resulting in better quality

12
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A set of swing-up tasks involving a multi-link pole with respectively two and four joints
(Fig. 1.a and 2.a) is considered in this section. The set of tasks includes several variants
with different torque and joint limits, introducing additional non-linearities in the dynamics
and resulting in more challenging control problems for trajectory optimization algorithms
based on linearizing the dynamics. The state space consists of the joint positions and joint
velocities while the control actions are the motor torques. In all the tasks, the reward function is split between an action cost and a state cost. The action cost is constant throughout
the time-steps while the state cost is time-dependent and is equal to zero for all but the
20 last time-steps. During this period, a quadratic cost penalizes the state for not being
the null vector, i.e. having zero velocity and reaching the upright position. Examples of
successful swing-ups learned with MOTO are depicted in Fig. 1.a and 2.a.

7.1 Multi-link Swing-up Tasks

MOTO is experimentally validated on a set of multi-link swing-up tasks and on a robot
table tennis task. The experimental section aims at analyzing the proposed algorithm from
four different angles: i) the quality of the returned policy comparatively to state-of-the-art
trajectory optimization algorithms, ii) the effectiveness of the proposed variance reduction
and sample reuse schemes, iii) the contribution of the added entropy constraint during
policy updates in finding better local optima and iv) the ability of the algorithm to scale
to higher dimensional problems. The experimental section concludes with a comparison
to TRPO (Schulman et al., 2015), a state-of-the-art reinforcement learning algorithm that
bounds the KL between successive policies; showcasing settings in which the time-dependent
linear-Gaussian policies used by MOTO are a suitable alternative to neural networks.

7. Experimental Validation

policies. Thirdly, their sample based optimization algorithm requires the introduction of a
number of dual variables typically scaling at least linearly with the dimension of the state
space, while we only have to optimize over two dual variables irrespective of the state space.
Most trajectory optimization methods are based on stochastic optimal control. These
methods linearize the system dynamics and update the policy in closed form as a LQR.
Instances of such algorithms are for example iLQG (Todorov, 2006), DDP (Theodorou
et al., 2010), AICO (Toussaint, 2009) and its more robust variant (Rückert et al., 2014)
and the trajectory optimization algorithm used in the GPS algorithm (Levine and Abbeel,
2014). These methods share the same assumptions as MOTO for ρit and πti respectively
considered to be of Gaussian and linear-Gaussian form. These methods face issues in
maintaining the stability of the policy update and, similarly to MOTO, introduce additional
constraints and regularizers to their update step. DDP, iLQG and AICO regularize the
update by introducing a damping term in the matrix inversion step, while GPS uses a KL
bound on successive trajectory distributions. However, as demonstrated in Sec. 7, the
quadratic approximation of the Q-Function performed by MOTO seems to be empirically
less detrimental to the quality of the policy update than the linearization of the system
dynamics around the mean trajectory performed by related approaches.

Model-Free Trajectory-based Policy Optimization
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4. This is a slight abuse of notation as the GPS algorithm of (Levine and Abbeel, 2014) additionally feeds
the optimized trajectory to an upper level policy. However, in this article, we are only interested in the
trajectory optimization part.

MOTO is compared to the trajectory optimization algorithm proposed in Levine and
Abbeel (2014), that we will refer to as GPS.4 We chose to compare MOTO and GPS as
both use a KL constraint to bound the change in policy. As such, the choice of approximating the Q-Function with time-dependent quadratic models (as done in MOTO) in order
to solve the policy update instead of linearizing the system dynamics around the mean
trajectory (as done in most trajectory optimization algorithms) is better isolated. GPS
and MOTO both use a time-dependent linear-Gaussian policy. In order to learn the linear

on the quad link swing-up task with restricted joint limits and two different torque limits.
c) MOTO on the double link swing-up task for varying number of rollouts per episode
and step-sizes. All plots are averaged over 15 runs.

Figure 2: a) Quad link swing-up policy found by MOTO. b) Comparison between GPS and MOTO
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MOTO on the double link swing-up task (different torque limits and state costs are
applied compared to c) and f). c) MOTO and its variants on the double link swing-up
task: MOTO without the entropy constraint (EC), importance sampling (IS ) or dynamic
programming (DP). All plots are averaged over 15 runs.

Figure 1: a) Double link swing-up policy found by MOTO. b) Comparison between GPS and

y-axis [m]

y-axis [m]

Model-Free Trajectory-based Policy Optimization

model of the system dynamics, GPS reuses samples from different time-steps by learning a
Gaussian mixture model on all the samples and uses this model as a prior to learn a joint
Gaussian distribution p(st , at , st+1 ) for every time-step. To single out the choice of linearizing the dynamics model or lack thereof from the different approaches to sample reuse, we
give to both algorithm a high number of samples (200 and 400 rollouts per iteration for the
double and quad link respectively) and bypass any form of sample reuse for both algorithms.
Fig. 1.b compares GPS to two configurations of MOTO on the double-link swing up
task. The same initial policy and step-size  are used by both algorithm. However, we found
that GPS performs better with a smaller initial variance, as otherwise actions quickly hit
the torque limits making the dynamics modeling harder. Fig. 1.b shows that even if the
dynamics of the system are not linear, GPS manages to improve the policy return, and eventually finds a swing-up policy. The two configurations of MOTO have an entropy reduction
constant β0 of .1 and .5. The effect of the entropy constraint is similar to the one observed
in the stochastic search domain by (Abdolmaleki et al., 2015). Specifically, a smaller entropy reduction constant β0 results in an initially slower convergence but ultimately leads
to higher quality policies. In this particular task, MOTO with β0 = .1 manages to slightly
outperform GPS.
Next, GPS and MOTO are compared on the quad link swing-up task. We found this
task to be significantly more challenging than the double link and to increase the difficulty further, soft joint limits are introduced on the three last joints in the following way:
whenever a joint angle exceeds in absolute value the threshold 23 π, the desired torque of
the policy is ignored in favor of a linear-feedback controller that aims at pushing back
the joint angle within the constrained range. As a result, Fig. 2.b shows that GPS can
barely improve its average return (with the torque limits set to 25, as in the double link
task.) while MOTO performs significantly better. Finally, the torque limits are reduced
even further but MOTO still manages to find a swing-up policy as demonstrated by Fig. 2.a.
In the last set of comparisons, the importance of each of the components of MOTO is
assessed on the double link experiment. The number of rollouts per iteration is reduced
to M = 20. Fig. 1.c shows that: i) the entropy constraint provides an improvement on
the quality of the policy in the last iterations in exchange of a slower initial progress, ii)
importance sampling greatly helps in speeding-up the convergence and iii) the Monte-Carlo
estimate of Q̂it is not adequate for the smaller number of rollouts per iterations, which is
further exacerbated by the fact that sample reuse of transitions from different time-steps is
not possible with the Monte-Carlo estimate.

JMLR 19(14):1-25, 2018

Finally, we explore on the double-link swing-up task several values of M , trying to find
the balance between performing a small number of rollouts per iterations with a small stepsize  versus having a large number of rollouts for the policy evaluation that would allow
to take larger update steps. To do so, we start with an initial M = 20 and successively
divide this number by two until M = 5. In each case, the entropy reduction constant is
set such that, for a similar number of rollouts, the entropy is reduced by the same amount,
0
while we choose γ 0 , the discount of the state sample weights as γ 0 = γ M/M to yield again
15
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(a)

Figure 3: a) Comparison on the robot table tennis task with no noise on the initial velocity of the
ball. b) Comparison on the robot table tennis task with Gaussian noise during the ball
bounce on the table. c) Comparison on the robot table tennis task with initial velocity
sampled uniformly in a 15cm range.

a similar sample decay after the same number of rollouts have been performed. Tuning
 was, however, more complicated and we tested several values on non-overlapping ranges
for each M and selected the best one. Fig. 2.c shows that, on the double link swing-up
task, a better sample efficiency is achieved with a smaller M . However, the improvement
becomes negligible from M = 10 to M = 5. We also noticed a sharp decrease in the
number of effective samples when M tends to 1. In this limit case, the complexity of the
mixture policy z 1:i in the denominator of the importance ratio increases with the decrease
of M and might become a poor representation of the data set. Fitting a simpler state-action
distribution that is more representative of the data can be the subject of future work in order
to further improve the sample efficiency of the algorithm, which is crucial for applications
on physical systems.
7.2 Robot Table Tennis

The considered robot table tennis task consists of a simulated robotic arm mounted on
a floating base, having a racket on the end effector. The task of the robot is to return
incoming balls using a forehand strike to the opposite side of the table (Fig. 4). The arm
has 9 degrees of freedom comprising the six joints of the arm and the three linear joints
of the base allowing (small) 3D movement. Together with the joint velocities and the 3D
position of the incoming ball, the resulting state space is of dimension ds = 21 and the
action space is of dimension da = 9 and consists of direct torque commands.

JMLR 19(14):1-25, 2018

We use the analytical player of Mülling et al. (2011) to generate a single forehand stroke,
which is subsequently used to learn from demonstration the initial policy π 1 . The analytica
player comprises a waiting phase (keeping the arm still), a preparation phase, a hitting
phase and a return phase, which resets the arm to the waiting position of the arm. Only
the preparation and the hitting phase are replaced by a learned policy. The total control
time for the two learned phases is of 300 time-steps at 500hz, although for the MOTO
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We compare MOTO to the policy search algorithm REPS (Kupcsik et al., 2013) and
the stochastic search algorithm MORE (Abdolmaleki et al., 2015) that shares a related
information-theoretic update. Both algorithms will optimize the parameters of a Dynamical
Movement Primitive (DMP) (Ijspeert and Schaal, 2003). A DMP is a non-linear attractor
system commonly used in robotics. The DMP is initialized from the same single trajectory
and the two algorithm will optimize the goal joint positions and velocities of the attractor
system. Note that the DMP generates a trajectory of states, which will be tracked by a
linear controller using the inverse dynamics. While MOTO will directly output the torque
commands and does not rely on this model.

Three settings of the task are considered, a noiseless case where the ball is launched
with the same initial velocity, a varying context setting where the initial velocity is sampled
uniformly within a fixed range and the noisy bounce setting where a Gaussian noise is added
to both the x and y velocities of the ball upon bouncing on the table, to simulate the effect
of a spin.

The learning from demonstration step is straightforward and only consists in averaging
the torque commands of every 10 time-steps and using these quantities as the initial bias
for each of the 30 controllers. Although this captures the basic template of the forehand
strike, no correlation between the action and the state (e.g. the ball position) is learned
from demonstration as the initial gain matrix K for all the time-steps is set to the null
matrix. Similarly, the exploration in action space is uninformed and initially set to the
identity matrix.

algorithm we subsequently divide the control frequency by a factor of 10 resulting in a
time-dependent policy of 30 linear-Gaussian controllers.

Figure 4: Robot table tennis setting and a forehand stroke learned by MOTO upon a spinning ball.

Fig. 3.a and 3.c show that our algorithm converges faster than REPS and to a smaller
extent than MORE in both the noiseless and the varying context setting. This is somewhat
surprising since MOTO with its time-dependent linear policy have a much higher number
of parameters to optimize than the 18 parameters of the DMP’s attractor. However, the
resulting policy in both cases is slightly less good than that of MORE and REPS. Note
that for the varying context setting, we used a contextual variant of REPS that learns a
mapping from the initial ball velocity to the DMP’s parameters. MORE, on the other hand
couldn’t be compared in this setting. Finally, Fig. 3.b shows that our policy is successfully

7.3 Comparison to Neural Network Policies

capable of adapting to noise at ball bounce, while the other methods fail to do so since the
trajectory of the DMP is not updated once generated.
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Recent advances in reinforcement learning using neural network policies and supported by
the ability of generating and processing large amounts of data allowed impressive achievements such as playing Atari at human level (Mnih et al., 2015) or mastering the game
of Go (Silver et al., 2016). On continuous control tasks, success was found by combining
trajectory optimization and supervised learning of a neural network policy (Levine and
Abbeel, 2014), or by directly optimizing the policy’s neural network using reinforcement
learning (Lillicrap et al., 2015; Schulman et al., 2015). The latter work, side-stepping trajectory optimization to directly optimize a neural network policy raises the question as to
whether the linear-Gaussian policies used in MOTO and related algorithms provide any
benefit compared to neural network policies.
To this end, we propose to compare on the multi-link swing-up tasks of Sec. 7.1, MOTO
learning a time-dependent linear-Gaussian policy to TRPO (Schulman et al., 2015) learning
a neural network policy. We chose TRPO as our reinforcement learning baseline for its stateof-the-art performance and because of its similar policy update than that of MOTO (both
bound the KL between successive policies). Three variants of TRPO are considered while
for MOTO, we refrain from using importance sampling (Sec. 4.2) since similar techniques
such as off-policy policy evaluation can be used for TRPO.
First, MOTO is compared to a default version of TRPO using OpenAI’s baselines implementation (Dhariwal et al., 2017) where TRPO optimizes a neural network for both
learning the policy and the V-Function. Default parameters are used except for the KL
divergence constraint where we set  = .1 for TRPO to match MOTO’s setting. Note that
because the rewards are time-dependent (distance to the upright position penalized only for
the last 20 steps, see Sec. 7.1) we add time as an additional entry to the state description.
Time entry is in the interval [0, 1] (current time-step divided by horizon T ) and is fed to
both the policy and V-Function neural networks. This first variant of TRPO answers the
question: is there any benefit for using MOTO with its time-dependent linear-Gaussian
policy instead of a state-of-the-art deep RL implementation with a neural network policy.
The second considered baseline uses the same base TRPO algorithm but replaces the
policy evaluation using a neural network V-Function with the same policy evaluation used
by MOTO (Sec. 4), back-propagating a quadratic V-Function. In this variant of TRPO the
time-entry is dropped for the V-Function. This second baseline better isolates the policy
update, which is the core of both algorithms, from the learning of the V-Function which
could be interchanged.
Finally, we consider a third variant of TRPO that uses both the quadratic V-Function
and a time-dependent linear-Gaussian policy with diagonal covariance matrix (standard formulation and implementation of TRPO does not support full covariance exploration noise).
The time entry is dropped for both the V-Function and the policy in this third baseline.
While both algorithms bound the KL divergence between successive policies, there are still a
few differentiating factors between this third baseline and MOTO. First, TRPO bounds the
KL of the whole policy while MOTO solves a policy update for each time-step independently
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(but still results in a well-founded approximate policy iteration algorithm as discussed in
Sec. 5). In practice the KL divergence upon update for every time-step for MOTO is often
equal to  and hence both MOTO and TRPO result in the same KL divergence of the overall
policy (in expectation of the state distribution) while the KL divergence of the sub-policies
(w.r.t. the time-step) may vary. Secondly, MOTO performs a quadratic approximation
of the Q-Function and solves the policy update exactly while TRPO performs a quadratic
approximation of the KL constraint and solves the policy update using conjugate gradient
descent. TRPO does not solve the policy update in closed form because it would require a
matrix inversion and the matrix to invert has the dimensionality of the number of policy
parameters. In contrast, MOTO can afford the closed form solution because the matrix
to invert has the dimensionality of the action space which is generally significantly smaller
than the number of policy parameters.
Fig. 5 shows the learning performance of MOTO and three TRPO variants on the double
link and quadruple link swing-up tasks (Sec. 7.1). In both tasks MOTO outperforms all
three TRPO variants albeit when TRPO is combined with the quadratic V-Function (second
variant), it initially outperforms MOTO on the double link swing-up task. The quadratic
V-Function befits these two tasks in particular and the quadratic regulation setting more
generally because the reward is a quadratic function of the state-action pair (here the
negative squared distance to the upright position and a quadratic action cost). However,
MOTO makes better use of the task’s nature and largely outperforms the third variant
of TRPO despite having a similar policy evaluation step and using the same policy class.
In conclusion, while neural networks can be a general purpose policy class demonstrating
success on a wide variety of tasks, on specific settings such as on quadratic regulator tasks,
trajectory-based policy optimization is able to outperform deep RL algorithms. MOTO
in particular, which does not rely on a linearization of the dynamics around the mean
trajectory is able to handle quadratic reward problems with highly non-linear dynamics such
as the quadruple link swing-up task and outperform state-of-the-art trajectory optimization
algorithms (Sec. 7.1) as a result.

8. Conclusion
We proposed in this article MOTO, a new trajectory-based policy optimization algorithm
that does not rely on a linearization of the dynamics. Yet, an efficient policy update
could be derived in closed form by locally fitting a quadratic Q-Function. We additionally
conducted a theoretical analysis of the constrained optimization problem solved during the
policy update. We showed that the upper bound on the expected KL between successive
policies leads to only a small drift in successive state distributions which is a key property
in the approximate policy iteration scheme.
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The use of a KL constraint is widely spread including in other trajectory optimization
algorithms. The experiments demonstrate however that our algorithm has an increased robustness towards non-linearities of the system dynamics when compared to a closely related
trajectory optimization algorithm. It appears as such that the simplification resulting from
considering a local linear approximation of the dynamics is more detrimental to the overall
convergence of the algorithm than a local quadratic approximation of the Q-Function.
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Figure 5: Comparisons on multi-link swing-up tasks between MOTO and TRPO. TRPO uses a
neural network policy and V-Function (default) or a quadratic V-Function and a timedependent linear-Gaussian policy as in MOTO. Quadratic V-Function is a good fit for
such tasks and allows MOTO to outperform neural network policies on the double and
quadruple link swing-up tasks. Rewards of the original task divided by 1e4 to accomodate
with the neural network V-Function. Plots averaged over 11 independent runs.

On simulated robotics tasks, we demonstrated the merits of our approach compared to
direct policy search algorithms that optimize commonly used low dimensional parameterized
policies. The main strength of our approach is its ability to learn reactive policies capable
of adapting to external perturbations in a sample efficient way. However, the exploration
scheme of our algorithm based on adding Gaussian noise at every time-step is less structured
than that of low dimensional parameterized policies and can be harmful to the robot. One
of the main addition that would ease the transition from simulation to physical systems is
thus to consider the safety of the exploration scheme of the algorithm. On a more technical
note, and as the V-Function can be of any shape in our setting, the use of a more complex
function approximator such as a deep network can be considered in future extensions to
allow for a more refined bias-variance trade-off.
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f =η

ω∗

Σ−1
t kt

+ qa,

L = η ∗ Σ−1
t Kt + Qas ,

lin =
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5. cst, lin, quad, F , L and f all depend on η and ω. We dropped the dependency from the notations for
compactness. da is the dimensionality of the action.

quad =
+ tr(Σs (Kt + F L)T Σ−1
t (Kt + F L))
1
∂gt (η, ω)
= − β + (da + log |2π(η + ω)F |).
∂ω
2

((Kt − F L)µs ) Σ−1
t (F f − kt ).
µTs (Kt + F L)T Σt−1 (Kt + F L)µs

T

∂gt (η, ω)
= cst + lin + quad
∂η
1
1
cst =  − (kt − F f )T Σ−1
t (kt − F f ) − [log |2πΣt | − log |2π(η + ω)F |
2
2
+ (η + ω)tr(Σ−1
t F ) − da ].

M=


1 T
T
T −1
L F L − ηKtT Σ−1
t Kt , m = L F f − ηKt Σt kt ,
2
1
m0 = (f T F f − ηkTt Σ−1
t kt − η log |2πΣt | + (η + ω) log |2π(η + ω)F |).
2
The convex dual function gt can be efficiently minimized by gradient descent and the policy
update is performed upon the computation of η ∗ and ω ∗ . The gradient w.r.t. η and ω is
given by5

where M , m and m0 are defined by

gt (η, ω) = η − ωβ + µTs M µs + tr(Σs M ) + µTs m + m0 ,

From the quadratic form of Q̃t (s, a) and by additionally assuming that the state distribution is approximated by ρ̃t (s) = N (s|µs , Σs ), the dual function simplifies to

with
and
being the optimal Lagrange multipliers related to the KL and entropy
constraints, obtained by minimizing the dual function
Z
Z


gt (η, ω) = η − ωβ + (η + ω) ρ̃t (s) log
π(a|s)η/(η+ω) exp Q̃t (s, a)/(η + ω) .

η∗

∗

−1
F = (η ∗ Σ−1
t − Qaa ) ,

such that the gain matrix, bias and covariance matrix of πt0 are function of matrices F and
L and vector f where

πt0 (a|s) = N (a|F Ls + F f , F (η ∗ + ω ∗ )),

1
Q̃t (s, a) = aT Qaa a + aT Qas s + aT q a + q(s).
2
The new policy πt0 (a|s) solution of the constrained maximization problem is again of linearGaussian form and given by

Recall the quadratic form of the Q-Function Q̃t (s, a) in the action a and state s

Appendix A. Dual Function Derivations
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(13)
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⇒ µq M µq + tr(M Σq ) ≤ 2.

(12)

For the expected policy KL, since the part that does not depend on s is positive as in
eq. (11), it can thus be dropped out yielding
Z
IEs∼qt [KL(pt (.|s) k qt (.|s))] ≤  ⇒ qt (s)sT M s ≤ 2,

from the bounded KL induction hypothesis between pt and qt .

(µq − µp )T Σ−1
q (µq − µp ) ≤ 2t ,

This immediately follows from the non-negativity of the KL. Since, if for some Σ and Σ0 , eq.
(11) is negative then the KL for two Gaussian distributions having Σ and Σ0 as covariance
matrices and sharing the same mean would be negative which is not possible. Hence it also
follows that

with
p.s.d. matrix M = (K − K 0 )T Σ0 (K − K 0 ). Thus it suffices to bound the expectation
R
pt (s)sT M s since the rest of the KL terms are already bounded by , yielding
Z
1
IEs∼pt [KL(pt (.|s) k qt (.|s))] ≤  +
pt (s)sT M s,
2

1
=+
µ M µp + tr(M Σp ) ,
2 p
where we exploited the Gaussian nature of pt in the second line of the equation. We will
now bound both µp M µp and tr(M Σp ). First, note that for any two p.d. matrices Σ and
Σ0 we have
|Σ0 |
0
≥ 0.
(11)
tr(Σ −1 Σ) + −ds + log
|Σ|

(Ks − K 0 s)T Σ0 (Ks − K 0 s) = sT M s,

For the linear-Gaussian policies, and since only the mean of the policies depend on the
state, the change of state distribution in the expected KL will only affect the term

We give as a reminder the general formula for the KL between two Gaussian distributions
l = N (µ, Σ) and l0 = N (µ0 , Σ0 )


1
|Σ0 |
0
0
KL(l k l0 ) =
tr(Σ −1 Σ) + (µ − µ0 )T Σ− 1 (µ − µ0 ) − dim + log
.
2
|Σ|

Let the state distributions and policies be parameterized as following: pt (s) = N (s|µp , Σp ),
qt (s) = N (s|µq , Σq ), pt (a|s) = N (a|Ks + b, Σ) and qt (a|s) = N (a|K 0 s + b0 , Σ0 ). The
change of the state distribution in the expected KL constraint of our policy update, given
by IEs∼qt [KL(pt (.|s) k qt (.|s))] from state distribution qt to pt will only affect the part of
the KL that depends on the state.

Appendix B. Bounding the Expected Policy KL Under the Current
State Distribution
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Also note that for any p.s.d. matrices A and B, tr(AB) ≥ 0. Letting x = µp − µq , we
have

= tr(Σq−1 xxT M Σq ),

xT M x = tr(xxT M ),
≤ tr(Σq−1 xxT )tr(M Σq ),
≤ 4t .

≤ 2(1 + 2t ),

≤ xT M x + µq M µq ,

Third line is due to Cauchy-Schwarz inequality and positiveness of traces while the last one
is from eq. (12) and (13). Finally, from the reverse triangular inequality, we have
µp M µp

Which concludes the bounding of µp M µp .
To bound tr(M Σp ) we can write
≤ tr(M Σq )tr(Σq−1 Σp ).

tr(M Σp ) = tr(M Σq Σq−1 Σp ),

(14)

We know how to bound tr(M Σq ) from Eq. (13). While tr(Σq−1 Σp ) appears in the bounded
P
−1
KL between statePdistributions.
P Bounding tr(Σq Σp ) is equivalent to solving max λi
under constraint
λi − ds − log λi ≤ 2t , where the {λi } are the eigenvalues of Σq−1 Σp .
For any solution {λ }, we can keep the same optimization objective using equal {λi0 } where
i
P
for each i, λi0 = λ̄ =
λi /ds is the average lambda. ThisP
transformation will at the same
time reduce the value of the constraint since −ds log λ̄ ≤ − log λi from Jensen’s inequality.
Hence the optimum is reached when all the λi are equal, and the constraint is active (i.e.
ds λ̄ − ds − ds log λ̄ = 2t ). Finally, the constraint is at a minimum for λ̄ = 1, hence λ̄ > 1.
The maximum is reached at
ds λ̄ − ds − ds log λ̄ = 2t
2t
+1
⇔λ̄ − log λ̄ =
ds


2t
e
⇒λ̄ ≤
+1
ds
e−1
⇒tr(Σq−1 Σp ) ≤ 4t + 2ds
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The equation in the second line has a unique solution (f (λ) = λ−log λ is a strictly increasing
function for λ > 1) for which no closed form expression exists. We thus lower bound f by
g(λ) = e−1
e λ and solve the equation for g which yields an upper bound of the original
equation that is further simplified in the last inequality.
Eq. (13) and (14) yield tr(M Σp ) ≤ 2(4t + 2ds ) and grouping all the results yields
IEs∼pt [KL(pt (.|s) k qt (.|s))] ≤ 2 (3t + ds + 1)
23
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1. Introduction

Keywords: alternate projections, convex analysis, regularized optimal transport, rot
mover’s distance, statistical divergences

A recurrent problem in statistical machine learning is the choice of a relevant distance
measure to compare probability distributions. Various information divergences are famous,

Despite its appealing theoretical properties, intuitive formulation, and excellent performance in various problems of information retrieval, the computation of the EMD involves
solving a linear program whose cost quickly becomes prohibitive with the data dimension.
In practice, the best algorithms currently proposed, such as the network simplex (Ahuja
et al., 1993), scale at least with a super-cubic complexity. Embeddings of the distributions
can be used to approximate the EMD with linear complexity (Indyk and Thaper, 2003;
Grauman and Darrell, 2004; Shirdhonkar and Jacobs, 2008), and the network simplex can
be modified to run in quadratic time (Gudmundsson et al., 2007; Ling and Okada, 2007; Pele
and Werman, 2009). Nevertheless, the distortions inherent to such embeddings (Naor and
Schechtman, 2007), and the exponential increase of costs incurred by such modifications,
make these approaches inapplicable for dimensions higher than four. Instead, multi-scale
strategies (Oberman and Ruan, 2015) and shortcut paths (Schmitzer, 2016a) can speed up
the estimation of the exact optimal plan. These approaches are yet limited to particular
convex costs such as `2 , while other costs such as `1 and truncated or compressed versions
are often preferred in practice for an increased robustness to data outliers (Pele and Werman, 2008, 2009; Rabin et al., 2009). For general applications, a gain in performance can
also be obtained with a cost directly learned from labeled data (Cuturi and Avis, 2014).
The aforementioned accelerated methods that are dedicated to `2 or convex costs are thus
not adapted in this context.

An alternative family of distances between probability distributions can be introduced in
the framework of optimal transport (OT). Rather than performing a pointwise comparison
of the distributions, the idea is to quantify the minimal effort for moving the probability
mass of one distribution to the other, where the transport plan to move the mass is optimized
according to a given ground cost. This makes OT distances suitable and robust in certain
applications, notably in the field of computer vision where the discrete OT distance, also
known as earth mover’s distance (EMD), has been popularized to compare histograms of
features for pattern recognition tasks (Rubner et al., 2000).

among which Euclidean, Mahalanobis, Kullback-Leibler, Itakura-Saito, Hellinger, χ2 , `p
(quasi-)norm, total variation, logistic loss function, or more general Csiszár and Bregman
divergences and parametric families of such divergences such as α- and β-divergences.
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On another line of research, the regularization of the transport plan, for example via
graph modeling (Ferradans et al., 2014), has been considered to deal with noisy data,
though this latter approach does not address the computational issue of efficiency for high
dimensions. In this continuity, an entropic regularization was shown to admit an efficient
algorithm with quadratic complexity that speeds up the computation of solutions by several orders of magnitude, and to improve performance on applications such as handwritten
digit recognition (Cuturi, 2013). In addition, a tailored computation can be obtained via
convolution for specific ground costs (Solomon et al., 2015). Since the introduction of the
entropic regularization, OT has benefited from extensive developments in the machine learning community, with applications such as label propagation (Solomon et al., 2014), domain
adaptation (Courty et al., 2015), matrix factorization (Zen et al., 2014), dictionary learning (Rolet et al., 2016; Schmitz et al., 2018), barycenter computation (Cuturi and Peyré,
2016), geodesic principal component analysis (Bigot et al., 2013; Seguy and Cuturi, 2015;
Cazelles et al., 2017), data fitting (Frogner et al., 2015), statistical inference (Bernton et al.,

This paper presents a unified framework for smooth convex regularization of discrete optimal transport problems. In this context, the regularized optimal transport turns out to
be equivalent to a matrix nearness problem with respect to Bregman divergences. Our
framework thus naturally generalizes a previously proposed regularization based on the
Boltzmann-Shannon entropy related to the Kullback-Leibler divergence, and solved with
the Sinkhorn-Knopp algorithm. We call the regularized optimal transport distance the rot
mover’s distance in reference to the classical earth mover’s distance. By exploiting alternate
Bregman projections, we develop the alternate scaling algorithm and non-negative alternate scaling algorithm, to compute efficiently the regularized optimal plans depending on
whether the domain of the regularizer lies within the non-negative orthant or not. We further enhance the separable case with a sparse extension to deal with high data dimensions.
We also instantiate our framework and discuss the inherent specificities for well-known
regularizers and statistical divergences in the machine learning and information geometry
communities. Finally, we demonstrate the merits of our methods with experiments using
synthetic data to illustrate the effect of different regularizers, penalties and dimensions, as
well as real-world data for a pattern recognition application to audio scene classification.
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Institut de Mathématiques de Bordeaux
CNRS, Université de Bordeaux
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2017), training of Boltzmann machines (Montavon et al., 2016) and generative adversarial
networks (Arjovsky et al., 2017; Bousquet et al., 2017; Genevay et al., 2017).
With the entropic regularization, the gain in computational time is only important for
high dimensions or large levels of regularization. For low regularization, advanced optimization strategies can still be used to obtain a significant speed-up (Thibault et al., 2017;
Schmitz et al., 2018). It is also a well-known effect that the entropic regularization overspreads the transported mass, which may be undesirable for certain applications as in the
case of interpolation purposes. An interesting perspective of these works, however, is that
many more regularizers are worth investigating to solve OT problems both efficiently and
robustly (Galichon and Salanié, 2015; Muzellec et al., 2018; Blondel et al., 2017). This is
the idea we address in the present work, focusing on smooth convex regularization.
1.1 Notations

d X
d
X
i=1 j=1

πij ξij .

(1)

For the sake of simplicity, we consider distributions with same dimension d, and thus work
with the Euclidean space Rd×d of square matrices. It is straightforward, however, to extend
all results for a different number of bins m, n by using rectangular matrices in Rm×n instead.
We denote the null matrix of Rd×d by 0, and the matrix full of ones by 1. The Frobenius
inner product between two matrices π, ξ ∈ Rd×d is defined by:
hπ, ξi =

(2)

When the intended meaning is clear from the context, we also write 0 for the null vector of
Rd , and 1 for the vector full of ones. The notation ·> represents the transposition operator
for matrices or vectors. The probability simplex of Rd is defined as follows:
d
Σd = {p ∈ R+
: p> 1 = 1} .

The operator diag(v) transforms a vector v ∈ Rd into a diagonal matrix π ∈ Rd×d such
that πii = vi , for all 1 ≤ i ≤ d. The operator vec(π) transforms a matrix π ∈ Rd×d into a
2
vector x ∈ Rd such that xi+(j−1)d = πij , for all 1 ≤ i, j ≤ d. The operator sgn(x) for x ∈ R
returns −1, 0, +1, if x is negative, null, positive, respectively. Functions of a real variable,
such as the absolute value, sign, exponential or power functions, are considered elementwise when applied to matrices. The max operator and inequalities between matrices should
also be interpreted element-wise. Matrix divisions are similarly considered element-wise,
whereas element-wise matrix multiplications, also known as Hadamard or Schur products,
are denoted by
to remove any ambiguity with standard matrix multiplications. Lastly,
addition or subtraction of a scalar and a matrix should be understood element-wise by
replicating the scalar.
1.2 Background and Related Work

JMLR 19(15):1-53, 2018

d×d
Given two probability vectors p, q ∈ Σd , and a cost matrix γ ∈ R+
whose coefficients γij
represent the cost of moving the mass from bin pi to qj , the total cost of a given transport
plan, or coupling, π ∈ Π(p, q) can be quantified as hπ, γi. An optimal cost is then obtained

3

by solving a linear program:

π∈Π(p,q)

min hπ, γi ,
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dγ (p, q) =

(3)

(4)

with the transport polytope of p and q, also known as the polytope of couplings between
p and q, defined as the following polyhedron:

d×d
Π(p, q) = {π ∈ R+
: π1 = p, π > 1 = q} .

hπ, γi ,

π∈Πα (p,q)

min

(6)

(5)

The EMD associated to the cost matrix γ is given by dγ and is a true distance metric on
the probability simplex Σd whenever γ is itself a distance matrix. In general, the optimal
plans, or earth mover’s plans, have at most 2d − 1 nonzero entries, and consist either of a
single vertex or of a whole facet of the transport polytope. One of the earth mover’s plans
can be obtained with the network simplex (Ahuja et al., 1993) among other approaches.
For a general cost matrix γ, the complexity of solving an OT problem scales at least in
O(d3 log d) for the best algorithms currently proposed, including the network simplex, and
turns out to be super-cubic in practice as well.
Cuturi (2013) proposed a new family of OT distances, called Sinkhorn distances, from
the perspective of maximum entropy. The idea is to smooth the original problem with a
strictly convex regularization via the Boltzmann-Shannon entropy. The primal problem
involves the entropic regularization as an additional constraint:

0
dγ,α
(p, q) =

with the regularized transport polytope defined as follows:

Πα (p, q) = {π ∈ Π(p, q) : E(π) ≤ E(pq> ) + α} ,

where α ≥ 0 is a regularization term and E is minus the Boltzmann-Shannon entropy as
defined in (28). It is also straightforward to prove that we have:
Πα (p, q)

(8)

(7)

= {π ∈ Π(p, q) : K(πk1) ≤ K(pq> k1) + α} ,

Πα (p, q) = {π ∈ Π(p, q) : K(πkpq> ) ≤ α} .

defined as follows:

dγ,λ (p, q) = hπ λ? , γi ,

(10)

where K is the Kullback-Leibler divergence as defined in (27). This enforces the solution to
have sufficient entropy, or equivalently small enough mutual information, by constraining it
to the Kullback-Leibler ball of radius K(pq> k1) + α, respectively α, and center the matrix
d×d
d×d
1 ∈ R++
, respectively the transport plan pq> ∈ R++
, which have maximum entropy.
The dual problem exploits a Lagrange multiplier to relax the entropic regularization as a
penalty:
(9)
with the regularized optimal plan

π λ?

π∈Π(p,q)

π λ? = argmin hπ, γi + λE(π) ,
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where λ > 0 is a regularization term. The problem can then be solved empirically in
quadratic complexity with linear convergence using the Sinkhorn-Knopp algorithm (Sinkhorn

4

(12)

(13)

(14)

6
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(15)
In convex analysis, scalar functions are defined over the whole space E and take values
in the extended real number line R ∪ {−∞, +∞}. The effective domain, or simply domain,

ri(C) = {x ∈ C : ∀y ∈ C, ∃λ > 1, λx + (1 − λ)y ∈ C} .

Let E be a Euclidean space with inner product h·, ·i and induced norm k · k. The boundary,
interior and relative interior of a subset X ⊆ E are respectively denoted by bd(X ), int(X ),
and ri(X ), where we recall that for a convex set C, we have:

2.1 Convex Analysis

In this section, we introduce the required preliminaries to our framework. We begin with
elements of convex analysis (Section 2.1) and of Bregman geometry (Section 2.2). We proceed with theoretical results for convergence of alternate Bregman projections (Section 2.3)
and of the Newton-Raphson method (Section 2.4).

2. Theoretical Preliminaries

Our main contribution is to formulate a unified framework for discrete regularized optimal
transport (ROT) by considering a large class of smooth convex regularizers. We call the

1.3 Contributions and Organization

They showed that alternate Bregman projections specialize to the Sinkhorn-Knopp algorithm in this context. However, no relationship to OT problems was highlighted.

π∈Π(p,q)

π ? = argmin K(πkξ) .

d×d
Precisely, this amounts to computing the Kullback-Leibler projection of exp(−γ/λ) ∈ R++
onto the transport polytope Π(p, q). In this context, the Sinkhorn-Knopp algorithm turns
out to be a special instance of Bregman projection onto the intersection of convex sets via
alternate projections. Specifically, we see Π(p, q) as the intersection of the non-negative
orthant with two affine subspaces containing all matrices with rows and columns summing
to p and q respectively, and we alternate projection on these two subspaces according to
the Kullback-Leibler divergence until convergence.
Kurras (2015) further studied this equivalence in the wider context of iterative proportional fitting. He notably showed that the Sinkhorn-Knopp and alternate Bregman
projections can be extended to account for infinite entries in the cost matrix γ, and thus
null entries in the regularized optimal plan. Hence, it is possible to develop a sparse version of the entropic regularization to OT problems. This becomes interesting to store the
d × d matrix variables and perform the required computations when the data dimension
gets large.
Dhillon and Tropp (2007) had already enlightened such an equivalence in the field of
matrix analysis. They actually considered the estimation of contingency tables with fixed
marginals as a matrix nearness problem based on the Kullback-Leibler divergence. In more
?
detail, they use a rough estimate ξ ∈ Rd×d
++ to produce a contingency table π that has fixed
marginals p, q by Kullback-Leibler projection of ξ onto Π(p, q):

π∈Π(p,q)

π ?λ = argmin K(πk exp(−γ/λ)) .

This again shows that the regularization enforces the solution to have sufficient entropy, or
equivalently small enough mutual information, by shrinking it toward the matrix 1 and the
joint distribution pq> which have maximum entropy.
Benamou et al. (2015) revisited the entropic regularization in a geometrical framework
with iterative information projections. They showed that computing a Sinkhorn distance
in dual form actually amounts to the minimization of a Kullback-Leibler divergence:

π∈Π(p,q)

π ?λ = argmin hπ, γi + λK(πkpq> ) .

π∈Π(p,q)

(11)

underlying distance the rot mover’s distance (RMD) and show that a given ROT problem
actually amounts to the minimization of an associated Bregman divergence. This allows the
derivation of two schemes that we call the alternate scaling algorithm (ASA) and the nonnegative alternate scaling algorithm (NASA), to compute efficiently the regularized optimal
plans depending on whether the domain of the regularizer lies within the non-negative
orthant or not. These schemes are based on the general form of alternate projections for
Bregman divergences. They also exploit the Newton-Raphson method to approximate the
projections for separable divergences. The separable case is further enhanced with a sparse
extension to deal with high data dimensions. We also instantiate our two generic schemes
with widely-used regularizers and statistical divergences.
The proposed framework naturally extends the Sinkhorn-Knopp algorithm for the regularization based on the Boltzmann-Shannon entropy (Cuturi, 2013), or equivalently the
minimization of a Kullback-Leibler divergence (Benamou et al., 2015), and their sparse version (Kurras, 2015), which turn out to be special instances of ROT problems. It also relates
to matrix nearness problems via minimization of Bregman divergences, and it is straightforward to construct more general estimators for contingency tables with fixed marginals
than the classical estimator based on the Kullback-Leibler divergence (Dhillon and Tropp,
2007). Lastly, it brings some new insights between transportation theory (Villani, 2009) and
information geometry (Amari and Nagaoka, 2000), where Bregman divergences are known
to possess a dually flat structure with a generalized Pythagorean theorem in relation to
information projections.
The remainder of this paper is organized as follows. In Section 2, we introduce some
necessary preliminaries. In Section 3, we present our theoretical results for a unified framework of ROT problems. We then derive the algorithmic methods for solving ROT problems
in Section 4. We also discuss the inherent specificities of ROT problems for classical regularizers and associated divergences in Section 5. In Section 6, we provide experiments
to illustrate our methods on synthetic data and real-world audio data in a classification
problem. Finally, in Section 7, we draw some conclusions and perspectives for future work.

and Knopp, 1967) based on iterative matrix scaling, where rows and columns are rescaled
in turn so that they respectively sum up to p and q until convergence. Finally, it is easy
to prove that we have:

π ?λ = argmin hπ, γi + λK(πk1) ,
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Rot Mover’s Distance

of a function f is then defined as the set:
dom f = {x ∈ E : f (x) < +∞} .

sup

hx, yi − f (x) .

(16)

(17)

A convex function f is proper if f (x) < +∞ for at least one x ∈ E and f (x) > −∞ for
all x ∈ E, and it is closed if its lower level sets {x ∈ E : f (x) ≤ α} are closed for all α ∈ R.
If dom f is closed, then f is closed, and a proper convex function is closed if and only if it is
lower semi-continuous. Moreover, a closed function f is continuous relative to any simplex,
polytope or polyhedral subset in dom f . It is also well-known that a convex function f is
always continuous in the relative interior ri(dom f ) of its domain.
A function f is essentially smooth if it is differentiable on int(dom f ) 6= ∅ and verifies
limk→+∞ k∇f (xk )k = +∞ for any sequence (xk )k∈N from int(dom f ) that converges to
a point x ∈ bd(dom f ). A function f is of Legendre type if it is a closed proper convex
function that is also essentially smooth and strictly convex on int(dom f ).
The Fenchel conjugate f ? of a function f is defined for all y ∈ E as follows:
f ? (y) =
x∈int(dom f )

(18)

The Fenchel conjugate f ? is always a closed convex function. Moreover, if f is a closed
convex function, then (f ? )? = f , and f is of Legendre type if and only if f ? is of Legendre
type. In this latter case, the gradient mapping ∇f is a homeomorphism between int(dom f )
and int(dom f ? ), with inverse mapping (∇f )−1 = ∇f ? , which guarantees the existence of
dual coordinate systems x(y) = ∇f ? (y) and y(x) = ∇f (x) on int(dom f ) and int(dom f ? ).
Finally, we say that a function f is cofinite if it verifies:
lim f (λx)/λ = +∞ ,

λ→+∞

for all nonzero x ∈ E. Intuitively, it means that f grows super-linearly in every direction.
In particular, a closed proper convex function is cofinite if and only if dom f ? = E.
2.2 Bregman Geometry

= φ(x) − φ(y) − hx − y, ∇φ(y)i ,

(19)

Let φ be a convex function on E that is differentiable on int(dom φ) 6= ∅. The Bregman
divergence generated by φ is defined as follows:
Bφ (xky)

for all x ∈ dom φ and y ∈ int(dom φ). We have Bφ (xky) ≥ 0 for any x ∈ dom φ and
y ∈ int(dom φ). If in addition φ is strictly convex on int(dom φ), then Bφ (xky) = 0 if and
only if x = y. Bregman divergences are also always convex in the first argument, and are
invariant under adding an arbitrary affine term to their generator.
Bregman divergences are not symmetric and do not verify the triangle inequality in
general, and thus are not necessarily distances in the strict sense. However, they still
enjoy some nice geometrical properties that somehow generalize the Euclidean geometry.
In particular, they verify a four-point identity similar to a parallelogram law:
(20)
JMLR 19(15):1-53, 2018

Bφ (xky) + Bφ (x0 ky0 ) = Bφ (x0 ky) + Bφ (xky0 ) − hx − x0 , ∇φ(y) − ∇φ(y0 )i ,
7
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(21)

for all x, x0 ∈ dom φ and y, y0 ∈ int(dom φ). A special instance of this relation gives rise to
a three-point property similar to a triangle law of cosines:

Bφ (xky) = Bφ (xky0 ) + Bφ (y0 ky) − hx − y0 , ∇φ(y) − ∇φ(y0 )i ,

(22)

for all x ∈ dom φ and y, y0 ∈ int(dom φ).
Suppose now that φ is of Legendre type, and let C ⊆ E be a closed convex set such that
C ∩ int(dom φ) 6= ∅. Then, for any point y ∈ int(dom φ), the following problem:

x∈C

PC (y) = argmin Bφ (xky) ,

(23)

has a unique solution, then called the Bregman projection of y onto C. This solution actually
belongs to C ∩ int(dom φ), and is also characterized as the unique point y0 ∈ C ∩ int(dom φ)
that verifies the variational relation:

hx − y0 , ∇φ(y) − ∇φ(y0 )i ≤ 0 ,

(24)

for all x ∈ C ∩ dom φ. This characterization is equivalent to a well-known generalized
Pythagorean theorem for Bregman divergences, which states that the Bregman projection
of y onto C is the unique point y0 ∈ C ∩ int(dom φ) that verifies the following inequality:

Bφ (xky) ≥ Bφ (xky0 ) + Bφ (y0 ky) ,

(26)

(25)

for all x ∈ C ∩ dom φ. When C is further an affine subspace, or more generally when the
Bregman projection further belongs to ri(C), the scalar product actually vanishes:

hx − y0 , ∇φ(y) − ∇φ(y0 )i = 0 ,

leading to an equality in the generalized Pythagorean theorem:

Bφ (xky) = Bφ (xky0 ) + Bφ (y0 ky) .

i=1 j=1

 

d X
d 
X
π
ij
πij log
− πij + ξij .
ξij

(27)

A famous example of Bregman divergence is the Kullback-Leibler divergence, defined
d×d
for matrices π ∈ Rd×d
and ξ ∈ R++
as follows:
+
K(πkξ) =

i=1 j=1

d
d X
X

(πij log(πij ) − πij + 1) ,

(28)

d×d
This divergence is generated by a function of Legendre type for π ∈ R+
given by minus
the Boltzmann-Shannon entropy:

E(π) = K(πk1) =

d X
d 
X

i=1 j=1

πij
− log
ξij



πij
ξij




−1 .
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(29)

with the convention 0 log(0) = 0. Another well-known example is the Itakura-Saito diverd×d
gence, defined for matrices π, ξ ∈ R++
as follows:
I(πkξ) =

8

i=1 j=1

φij (πij ) .

Bφij (πij kξij ) ,

d X
d
X

i=1 j=1

(32)

(31)

2

(33)

l=1

(34)
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where the individual Bregman projections onto the respective sets C1 , . . . , Cs are easier
to compute. It is then possible to obtain the Bregman projection onto C by alternate
projections onto C1 , . . . , Cs according to Dykstra’s algorithm.
In more detail, let σ : N → {1, . . . , s} be a control mapping that determines the sequence
of subsets onto which we project. For a given point x0 ∈ C ∩ int(dom φ), the Bregman

Let φ be a function of Legendre type with Fenchel conjugate φ? = ψ. In general, computing
Bregman projections onto an arbitrary closed convex set C ⊆ E such that C ∩int(dom φ) 6= ∅
is nontrivial. Sometimes, it is possible to decompose C into the intersection of finitely many
closed convex sets:
s
\
C=
Cl ,
(35)

2.3 Alternate Bregman Projections

This example is also discussed in Section 5.

1
Q(π) = vec(π)> P vec(π) .
2

for a positive-definite matrix P ∈ Rd ×d . This divergence is generated by a function of
Legendre type for π ∈ Rd×d given by a quadratic form:

2

1
M (πkξ) = vec(π − ξ)> P vec(π − ξ) ,
2

Often, all element-wise generators φij are chosen equal, and are thus simply written as φ with
a slight abuse of notation. Other examples of such divergences are discussed in Section 5,
and include the logistic loss function generated by minus the Fermi-Dirac entropy, or the
squared Euclidean distance generated by the Euclidean norm.
On the other hand, a classical example of non-separable Bregman divergence is half the
squared Mahalanobis distance, defined for matrices π, ξ ∈ Rd×d as follows:

φ(π) =

Bφ (πkξ) =

d X
d
X

On the one hand, these examples belong to a particular type of so-called separable
Bregman divergences between matrices on Rd×d , that can be seen as the aggregation of
element-wise Bregman divergences between scalars on R:

(36)

(37)
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where the fraction takes infinite values when f 0 (x) = 0 and f (x) 6= y, and a null value
by convention when f 0 (x) = 0 and f (x) = y. It is well-known that the Newton-Raphson
method converges to a solution x? as soon as x is initialized sufficiently close to x? . Convergence is then quadratic provided that f 0 (x? ) 6= 0. However, this local convergence has
little importance in practice because it is hard to quantify the required proximity to the
solution.

Let f be a continuously differentiable scalar function on an open interval I ⊆ R. Assume
f is increasing on a non-empty closed interval [x− , x+ ] ⊂ I, and write y − = f (x− ) and
y + = f (x+ ). Then, for any y ∈ [y − , y + ], the equation f (x) = y has at least one solution
x? ∈ [x− , x+ ]. Such a solution can be approximated by iterative updates according to the
Newton-Raphson method:



f (x) − y
x ← max x− , min x+ , x −
,
(39)
f 0 (x)

2.4 Newton-Raphson Method

Under some technical conditions, the sequence of updates (xk )k∈N then converges in norm
to PC (x0 ) with a linear rate. Several sets of such conditions have been studied, notably by
Tseng (1993), Bauschke and Lewis (2000), Dhillon and Tropp (2007).
We here use the conditions proposed by Dhillon and Tropp (2007), which reveal to
be the less restrictive ones in our framework. Specifically, the convergence of Dykstra’s
algorithm is guaranteed as soon as the function φ is cofinite, the constraint qualification
ri(C1 ) ∩ · · · ∩ ri(Cs ) ∩ int(dom φ) 6= ∅ holds, and the control mapping σ is essentially cyclic,
that is, there exists a number t ∈ N such that σ takes each output value at least once during
any t consecutive input values. If a given Cl is a polyhedral set, then the relative interior
can be dropped from the constraint qualification. Hence, when all subsets Cl are polyhedral,
the constraint qualification simply reduces to C ∩ int(dom φ) 6= ∅, which is already enforced
for the definition of Bregman projections.
Finally, if all subsets Cl are further affine, then we can relax other assumptions. Notably,
we do not require φ to be cofinite (18), or equivalently dom ψ = E, but only dom ψ to be
open. The control mapping need not be essentially cyclic anymore, as long as it takes each
output value an infinite number of times. More importantly, we can completely drop the
correction terms from the updates, leading to a simpler technique known as projections
onto convex sets (POCS):
xk+1 ← PCσ(k) (xk ) .
(38)

yσ(k) ← yσ(k) + ∇φ(xk ) − ∇φ(xk+1 ) .

where the correction terms y1 , . . . , ys for the respective subsets are initialized with the null
element of E, and are updated after projection as follows:

xk+1 ← PCσ(k) (∇ψ(∇φ(xk ) + yσ(k) )) ,

projection PC (x0 ) of x0 onto C can be approximated with Dykstra’s algorithm by iterating
the following updates:

d×d
This divergence is generated by a function of Legendre type for π ∈ R++
given by minus
the Burg entropy:
d X
d
X
F (π) =
(πij − log πij − 1) .
(30)

i=1 j=1
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(B1)
(B2)
(B3)
(B4)

φ is of Legendre type.
(0, 1)d×d ⊆ dom φ.
d×d
dom φ * R+
.
dom ψ = Rd×d .

(B) Polyhedral constraints

Rot Mover’s Distance

φ is of Legendre type.
(0, 1)d×d ⊆ dom φ.
d×d
dom φ ⊆ R+
.
dom ψ is open.
d×d
R−
⊂ dom ψ.

(A) Affine constraints
(A1)
(A2)
(A3)
(A4)
(A5)
Table 1: Set of assumptions for the considered regularizers φ.

f (b) − f (a)
.
b−a

(40)

Thorlund-Petersen (2004) elucidated results on global convergence of the Newton-Raphson
method. He proved a necessary and sufficient condition of convergence for an arbitrary
value y ∈ [y − , y + ] and from any starting point x ∈ [x− , x+ ]. This condition is that for any
a, b ∈ [x− , x+ ], f (b) > f (a) implies:
f 0 (a) + f 0 (b) >

f (x) − y
.
f 0 (x)

(41)

In particular, a sufficient condition is that the underlying function f is an increasing convex or increasing concave function on [x− , x+ ], or can be decomposed as the sum of such
functions. In addition, if f satisfies the necessary and sufficient condition and is strictly increasing with f 0 (x) > 0 for all x ∈ [x− , x+ ], then initializing with a boundary point x− 6= x?
or x+ 6= x? ensures that the entire sequence of updates is interior to (x− , x+ ), so that we
can actually drop the min and max truncation operators in the updates:
x←x−

3. Mathematical Formulation
In this section, we develop a unified framework to define ROT problems. We start by
drawing some technical assumptions for our generalized framework to hold (Section 3.1).
We then formulate primal ROT problems and study their properties (Section 3.2). We
also formulate dual ROT problems and discuss their properties in relation to primal ones
(Section 3.3). Finally, we provide some geometrical insights to summarize our developments
in the light of information geometry (Section 3.4).
3.1 Technical Assumptions

JMLR 19(15):1-53, 2018

Some mild technical assumptions are required on the convex regularizer φ and its Fenchel
conjugate ψ = φ∗ for the proposed framework to hold. Some assumptions relate to required
conditions for the definition of Bregman projections and convergence of the algorithms, while
others are more specific to ROT problems. In our framework, we also need to distinguish
between two situations where the underlying closed convex set can be described as the
intersection of either affine subspaces or polyhedral subsets. The two sets of assumptions
(A) and (B) are summarized in Table 1.
For the first assumptions (A1) and (B1), we recall that a closed proper convex function
is of Legendre type if and only if it is essentially smooth and strictly convex on the interior
11
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(43)

(42)

of its domain (Section 2.1). This is required for the definition of Bregman projections (Section 2.2). In addition, it guarantees the existence of dual coordinate systems on int(dom φ)
and int(dom ψ) via the homeomorphism ∇φ = ∇ψ −1 :

π(θ) = ∇ψ(θ) ,

θ(π) = ∇φ(π) .

With a slight abuse of notation, we omit the reparameterization to simply denote corresponding primal and dual parameters by π and θ.
The second assumptions (A2) and (B2) imply that ri(Π(p, q)) ⊂ dom φ and ensure the
constraint qualification Π(p, q) ∩ int(dom φ) 6= ∅ for Bregman projection onto the transport
polytope, independently of the input distributions p, q as long as they do not have null or
unit entries. We assume hereafter that this implicitly holds, and discuss in the practical
considerations (Section 4.6) how our methods actually generalize to deal explicitly with null
or unit entries in the input distributions.
The third assumptions (A3) and (B3) separate between two cases depending on whether
dom φ lies within the non-negative orthant or not for the alternate Bregman projections
(Section 2.3). In the former case, non-negativity is already ensured by the domain of the
regularizer, so that the underlying closed convex set is made of two affine subspaces for the
row and column sum constraints, and the POCS method can be considered. The fourth
assumption (A4) thus requires that dom ψ be open for convergence of this algorithm. In the
latter case, there is one additional polyhedral subset for the non-negative constraints and
Dykstra’s algorithm should be used. The fourth assumption (B4) hence further requires
that dom ψ = Rd×d , or equivalently that φ be cofinite (18), for convergence. In both cases,
we remark that we necessarily have dom ψ = dom ∇ψ.
The fifth assumption (A5) in the affine constraints ensures that −γ/λ belongs to dom ∇ψ
for definition of ROT problems, independently of the non-negative cost matrix γ and positive regularization term λ. Notice that this is already guaranteed by the fourth assumption
in the polyhedral constraints. We also show in the sparse extension (Section 4.5) how to
deal with infinite entries in the cost matrix γ for separable regularizers, so as to enforce
null entries in the regularized optimal plan.
On the one hand, some common regularizers under assumptions (A) are the BoltzmannShannon entropy associated to the Kullback-Leibler divergence, the Burg entropy associated
to the Itakura-Saito divergence, and the Fermi-Dirac entropy associated to the logistic loss
function. To solve the underlying ROT problems, we employ our method called ASA
based on the POCS technique, where alternate Bregman projections onto the two affine
subspaces for the row and column sum constraints are considered (Section 4.3). On the
other hand, examples under assumptions (B) include the Euclidean norm associated to the
Euclidean distance, and the quadratic form associated to the Mahalanobis distance. For
these ROT problems, we use our second method called NASA based on Dykstra’s algorithm,
where correction terms and a further Bregman projection onto the polyhedral non-negative
orthant are needed (Section 4.4).
3.2 Primal Problem

JMLR 19(15):1-53, 2018

We start our primal formulation with the following lemmas and definition for the RMD.

12

(44)

0

0

Πα,φ (p, q) = {π ∈ Π(p, q) : φ(π) ≤ φ(π 0 ) + α} ,
(46)

min

π∈Πα,φ (p,q)

hπ, γi .

13

A minimizer π 0?α is then called a primal rot mover’s plan.

d0γ,α,φ (p, q) =

(47)
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Definition 4 The primal rot mover’s distance is the quantity defined as:

Proof The regularized transport polytope is the intersection of the compact set Π(p, q)
with a lower level set of φ which is also closed since φ is closed. Hence, Πα,φ (p, q) is compact and the restriction of h·, γi to Πα,φ (p, q) attains its global minimum by continuity on
a compact set.

where α ≥ 0, attains its global minimum.

(45)

and the restriction of φ to Π(p, q)

Lemma 3 The restriction of the cost h·, γi to the regularized transport polytope:

Combining the two inequalities, we obtain φ(π) >
attains its global minimum uniquely at π 0 .

φ(π 0 )

φ(π) − φ(π ) > hπ − π , ∇φ(π )i .

0

for all π ∈ Π(p, q) ∩ dom φ. We also have Bφ (πkπ 0 ) > 0 when π 6= π 0 by strict convexity
of φ on int(dom φ). As a result, we have:

hπ − π 0 , ∇φ(π 0 )i ≥ 0 ,

Proof Using the assumption (A2), respectively (B2), we have that Π(p, q)∩int(dom φ) 6= ∅.
Since ξ 0 ∈ int(dom φ) and Π(p, q) is a closed convex set, the Bregman projection π 0 of ξ 0
onto Π(p, q) according to the function φ of Legendre type is well-defined. Moreover, it is
characterized by the variational relation (23) as follows:

Lemma 2 The restriction of the regularizer φ to the transport polytope Π(p, q) attains its
global minimum uniquely at the Bregman projection π 0 of ξ 0 onto Π(p, q).

Proof Using the assumptions (A4) and (A5), respectively (B4), we have that 0 ∈ dom ψ =
int(dom ψ). Thus, there exists a unique ξ 0 ∈ int(dom φ) such that ∇φ(ξ 0 ) = 0, or equivalently ξ 0 = ∇ψ(0), via the homeomorphism ∇φ = ∇ψ −1 ensured by assumption (A1),
respectively (B1). Hence, φ attains its global minimum uniquely at ξ 0 by strict convexity
on int(dom φ).

Lemma 1 The regularizer φ attains its global minimum uniquely at ξ 0 = ∇ψ(0).

Rot Mover’s Distance

if and only if π is

(51)

(50)

(49)

(48)

(52)

(53)

14

Πα,φ (p, q) = {π ∈ Π(p, q) : Bφ (πkπ 0 ) ≤ α} .
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(54)

Corollary 7 Under assumptions (A), the regularized transport polytope is the intersection
of the transport polytope with the Bregman ball of radius α and center π 0 :

Remark 2 The proposition also holds trivially when the global minimum is attained on the
transport polytope, that is, when ξ 0 = π 0 .

The regularized transport polytope as seen from (48) is then the intersection of the transport polytope Π(p, q) with the Bregman ball of radius α and center π 0 .

Bφ (πkξ 0 ) = Bφ (πkπ 0 ) + Bφ (π 0 kξ 0 ) .

Proof Since π 0 ∈ ri(Π(p, q)), there is equality in the generalized Pythagorean theorem (26):

Πα,φ (p, q) = {π ∈ Π(p, q) : Bφ (πkπ 0 ) ≤ α} .

Proposition 6 If π 0 ∈ ri(Π(p, q)), then the regularized transport polytope is the intersection of the transport polytope with the Bregman ball of radius α and center π 0 :

Under some additional conditions, this geometrical interpretation still holds with a Bregman ball whose center π 0 has minimal Bregman information for transport plans.

Therefore, in the definition (46) of Πα,φ (p, q), we have φ(π) ≤
in the Bregman ball of radius Bφ (π 0 kξ 0 ) + α and center ξ 0 .

φ(π 0 ) + α

φ(π) − φ(π 0 ) = Bφ (πkξ 0 ) − Bφ (π 0 kξ 0 ) .

Since ∇φ(ξ 0 ) = 0, the last terms with scalar products vanish, leading to:

Bφ (π 0 kξ 0 ) = φ(π 0 ) − φ(ξ 0 ) − hπ 0 − ξ 0 , ∇φ(ξ 0 )i .

Bφ (πkξ 0 ) = φ(π) − φ(ξ 0 ) − hπ − ξ 0 , ∇φ(ξ 0 )i ,

Proof Expanding the Bregman divergences from their definition (19), we obtain:

Πα,φ (p, q) = {π ∈ Π(p, q) : Bφ (πkξ 0 ) ≤ Bφ (π 0 kξ 0 ) + α} .

Proposition 5 The regularized transport polytope is the intersection of the transport polytope with the Bregman ball of radius Bφ (π 0 kξ 0 ) + α and center ξ 0 :

The regularization enforces the associated minimizers to have small enough Bregman
information φ(π 0?α ) ≤ φ(π 0 ) + α compared to the minimal one φ(π 0 ) for transport plans.
We also have a geometrical interpretation where the solutions are constrained to a Bregman
ball whose center ξ 0 is the matrix with minimal Bregman information.

Remark 1 For the sake of notation, we omit the dependence on p, q, γ, φ in the index of
primal rot mover’s plans π 0?α .
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Rot Mover’s Distance

For the sake of simplicity, we do not relabel this subsequence. By construction, we have
φ(π 0 ) ≤ φ(π 0?αk ) ≤ φ(π 0 ) + αk , and φ(π 0?αk ) converges to φ(π 0 ). By lower semi-continuity
of φ, we thus have φ(π 0? ) ≤ φ(π 0 ). Since the global minimum of φ on Π(p, q) is attained
uniquely at π 0 , we must have π 0? = π 0 , and the original sequence also converges in norm
to π 0 . By continuity of the total cost h·, γi on Rd×d , hπ 0?αk , γi converges to hπ 0 , γi. Hence,
the limit of the RMD when α tends to 0 from above is hπ 0 , γi, which equals the RMD for
α = 0 as shown in the next property.

Dessein, Papadakis and Rouas

Property 2 When α = 0, the primal rot mover’s distance reduces to:

0
dγ,0,φ
(p, q) = hπ 0 , γi ,
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(62)

JMLR 19(15):1-53, 2018

Proof The extra condition guarantees that Π(p, q) ⊂ dom φ, and thus that φ is bounded
on the closed set Π(p, q). The property is then a direct consequence of Πα,φ (p, q) = Π(p, q)
for α large enough.

0
dγ,α,φ
(p, q) = dγ (p, q) .

Property 4 If [0, 1)d×d ⊆ dom φ, then there exists a minimal α0 ≥ 0 such that for all
α ≥ α0 , the primal rot mover’s distance reduces to the earth mover’s distance:

Proof Let π ? ∈ Π(p, q) be an earth mover’s plan so that dγ (p, q) = hπ ? , γi. By continuity
of the total cost h·, γi on Rd×d , we have that for all  > 0, there exists an open neighborhood
of π ? such that hπ, γi ≤ hπ ? , γi +  for any transport plan π within this neighborhood. We
can always choose a transport plan such that π ∈ ri(Π(p, q)). Since ri(Π(p, q)) ⊂ dom φ,
φ(π) is finite and we can fix α = φ(π) − φ(π 0 ) ≥ 0. Hence, π ∈ Πα,φ (p, q) for any α ≥ α ,
0
and we have dγ (p, q) ≤ dγ,α,φ
(p, q) ≤ hπ, γi ≤ dγ (p, q) + .

(p, q)
lim d0
α→+∞ γ,α,φ

Property 3 When α tends to +∞, the primal rot mover’s distance converges to the earth
mover’s distance:
= dγ (p, q) .
(61)

Proof Since π 0 is the unique global minimizer of φ on Π(p, q), the regularized transport
polytope reduces to the singleton Π0,φ (p, q) = {π ∈ Π(p, q) : φ(π) ≤ φ(π 0 )} = {π 0 }. The
property follows immediately.

π 0?0 = π 0 .

and the unique primal rot mover’s plan is the transport plan with minimal Bregman information:
(60)

(59)

d×d
Proof This is a result of π 0 ∈ Π(p, q) ∩ int(dom φ) = ri(Π(p, q)) when dom φ ⊆ R+
. Indeed, we then have ri(Π(p, q)) ⊂ Π(p, q) and ri(Π(p, q)) ⊂ int(dom φ), so that ri(Π(p, q)) ⊆
d×d
Π(p, q) ∩ int(dom φ). Conversely, let π ∈ Π(p, q) ∩ int(dom φ) so that π ∈ R++
. Then,
for a given π ∈ Π(p, q), let us pose π λ = λπ + (1 − λ)π for λ > 1. We easily have
π λ 1 = p and π λ> 1 = q. Moreover, since all entries of π are positive and that of π are
d×d
non-negative, we can always choose a given λ sufficiently close to 1 such that π λ ∈ R+
.
We then have π λ ∈ Π(p, q) so that π ∈ ri(Π(p, q)) as characterized by (15), and thus
Π(p, q) ∩ int(dom φ) ⊆ ri(Π(p, q)).

Remark 3 Under assumptions (B), the Bregman projection π 0 does not necessarily lie
within ri(Π(p, q)). Hence, the geometrical interpretation in terms of a Bregman ball might
break down, although the solutions are still constrained to have a small enough Bregman
information above that of π 0 .
Although Sinkhorn distances verify the triangular inequality when γ is a distance matrix, thanks to specific chain rules and information inequalities for the Bolzmann-Shannon
entropy and Kullback-Leibler divergence, it is not necessarily the case for the RMD with
other regularizations, even for separable regularizers. Hence, the RMD does not provide
a true distance metric on Σd in general even if γ is a distance matrix. Nonetheless, the
RMD is symmetric as soon as φ is invariant by transposition, which holds for separable
regularizers φij = φ, and γ is symmetric. We now study some properties of the RMD that
hold for general regularizers.
0
(p, q) is a decreasing convex and conProperty 1 The primal rot mover’s distance dγ,α,φ
tinuous function of α.

(57)

(56)

(55)

Proof The fact that it is decreasing is a direct consequence of the regularized transport
polytope Πα,φ (p, q) growing with α. The convexity can be proved as follows. Let α0 , α1 ≥ 0,
and 0 < λ < 1. We pose αλ = (1 − λ)α0 + λα1 ≥ 0. We also choose arbitrary rot mover’s
plans π 0?α0 , π 0?α1 , π 0?αλ . We finally pose π λ = (1 − λ)π 0?α0 + λπ 0?α1 . By convexity of φ, we
have:
φ(π λ ) ≤ (1 − λ)φ(π 0?α0 ) + λφ(π 0?α1 )

≤ (1 − λ)(α0 + φ(π 0 )) + λ(α1 + φ(π 0 ))
= αλ + φ(π 0 ) .

(58)

Hence, π λ ∈ Παλ ,φ (p, q), and by construction we have hπ 0?αλ , γi ≤ hπ λ , γi, or equivalently:
hπ 0?αλ , γi ≤ (1 − λ)hπ 0?α0 , γi + λhπ 0?α1 , γi .
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The continuity for α > 0 is a direct consequence of convexity for α > 0, since a convex
function is always continuous on the relative interior of its domain. Lastly, the continuity at
α = 0 can be seen as follows. Let (αk )k∈N be a sequence of positive numbers that converges
to 0. We choose arbitrary rot mover’s plans (π 0?αk )k∈N . By compactness of Π(p, q), we can
extract a subsequence of rot mover’s plans that converges in norm to a point π 0? ∈ Π(p, q).
15

(64)

π∈Π(p,q)

= argmin hπ, γi + λφ(π) .

is given by:
(66)

(65)

JMLR 19(15):1-53, 2018
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We have a geometrical interpretation where the regularization shrinks the solution toward the matrix ξ 0 that has minimal Bregman information.

Proof This is a consequence of the proof for Lemma 9. Indeed, from the definition in (66),
we see that the rot mover’s plan also minimizes (64). Therefore, it is the unique Bregman
projection of ξ onto the transport polytope.

π∈Π(p,q)

Proposition 11 The dual rot mover’s plan is the Bregman projection of ξ onto the transport polytope:
π ?λ = argmin Bφ (πkξ) .
(67)

We proceed with the following proposition that enlightens the relation between the RMD
and associated Bregman divergence.

Remark 5 For the sake of notation, we omit the dependence on p, q, γ, φ in the index of
dual rot mover’s plans π ?λ .

π ?λ

where the dual rot mover’s plan

π ?λ

dγ,λ,φ (p, q) = hπ ?λ , γi ,

Definition 10 The dual rot mover’s distance is the quantity defined as:

Hence, its minimization over the closed convex set Π(p, q) is equivalent to the Bregman
projection of ξ ∈ int(dom φ) onto Π(p, q) according to the function φ of Legendre type.
Since Π(p, q) ∩ int(dom φ) 6= ∅, this projection exists and is unique.

hπ, γi + λφ(π) − λφ(ξ) = λBφ (πkξ) .

Proof We notice that the regularized cost is equal to a Bregman divergence up to a positive
factor and additive constant:

Lemma 9 The restriction of the regularized cost h·, γi + λφ(·) to the transport polytope
Π(p, q) attains its global minimum uniquely.

We now present the following two lemmas before defining our dual formulation for the RMD.

3.3 Dual Problem

If [0, 1)d×d ⊆ dom φ, then it is easy to check that the strict convexity of φ on [0, 1)d×d
is always verified when φ is separable under assumptions (A) or (B), or when [0, 1)d×d ⊂
int(dom φ) under assumptions (B). This holds for almost all typical regularizers, notably
for all regularizers considered in this paper except from minus the Burg entropy as defined
in (30) and associated to the Itakura-Saito divergence in (29). For this latter regularizer, the
solutions for an increasing α all lie within ri(Π(p, q)), and the RMD never reaches the EMD.
In such cases where the minimal α0 does not exist, we can use the convention α0 = +∞
since the RMD always converges to the EMD in the limit when α tends to +∞. We can
then prove that there is a unique rot mover’s plan π 0?α as long as 0 < α < α0 , which can be
seen informally as follows. The solutions geometrically lie at the intersection of Πα,φ (p, q)
and of a supporting hyperplane with normal γ. By strict convexity of φ on ri(Π(p, q)),
this intersection is a singleton inside the polytope. When the intersection reaches a facet,
the only facet that can coincide locally with the hyperplane is the one that contains the
earth mover’s plans. Hence, we also have a singleton on the boundary of the polytope before
reaching an earth mover’s plan. We formally prove this uniqueness result next by exploiting
duality.

Remark 4 When α > α0 , the regularized transport polytope might grow to include several
earth mover’s plans with different Bregman information, which are then all minimizers
for the RMD. When we do not have strict convexity outside (0, 1)d×d , there might also be
multiple earth mover’s plans with minimal Bregman information.

Proof First, we recall that the set of earth mover’s plans
is either a single vertex or
a whole facet of Π(p, q). Hence, it forms a closed convex subset in Π(p, q), and there is
a unique earth mover’s plan π ?0 with minimal Bregman information by strict convexity of
φ on this subset. Second, it is trivial that all primal rot mover’s plan π 0?α0 must be earth
mover’s plans. If there is a single vertex as earth mover’s plan, then the property follows
immediately. Otherwise, we can see the property geometrically as follows. The whole facet
of earth mover’s plans is orthogonal to γ. Nevertheless, by strict convexity of φ on [0, 1)d×d ,
the facet must be tangent to Πα0 ,φ (p, q) at the unique earth mover’s plan π ?0 with minimal
Bregman information φ(π ?0 ) = φ(π 0 ) + α0 , and π ?0 is also the rot mover’s plan π 0?α0 . Another
way to prove the property more formally is as follows. Suppose that a primal rot mover’s
plan π ? is not the earth mover’s plan with minimal Bregman information. We thus have
φ(π ?0 ) < φ(π ? ) ≤ φ(π 0 ) + α0 . We can then choose a smaller α0 such that φ(π ?0 ) ≤ φ(π 0 ) + α0
and the RMD still equals the EMD for this smaller value, and actually all values in between
by monotonicity. This leads to a contradiction and π ?0 must be the earth mover’s plan with
minimal Bregman information.

Proof The regularized cost is convex with same domain as φ, and is strictly convex on
int(dom φ). Thus, it attains its global minimum at a unique point ξ ∈ int(dom φ) if and
only if γ + λ∇φ(ξ) = 0, or equivalently ∇φ(ξ) = −γ/λ. By assumptions (A4) and (A5),
respectively (B4), −γ/λ ∈ dom ∇ψ, so that the global minimum is attained uniquely at
ξ = ∇ψ(−γ/λ) in virtue of the homeomorphism in (42) and (43).

Lemma 8 The regularized cost h·, γi + λφ(·), where λ > 0, attains its global minimum
uniquely at ξ = ∇ψ(−γ/λ).

Property 5 If [0, 1)d×d ⊆ dom φ and φ is strictly convex on [0, 1)d×d , then the unique
primal rot mover’s plan for α = α0 is the earth mover’s plan π ?0 with minimal Bregman
information:
π 0?α0 = π ?0 .
(63)
π?
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Rot Mover’s Distance

Rot Mover’s Distance

Proposition 12 The dual rot mover’s plan π λ? can be obtained as:
π∈Π(p,q)

π λ? = argmin hπ, γi + λBφ (πkξ 0 ) .
Proof Developing the Bregman divergence based on its definition (19), we have:

(68)

Dessein, Papadakis and Rouas

Theorem 15 For all α > 0, there exists λ ≥ 0 such that the primal and dual rot mover’s
distances are equal:
0
dγ,α,φ
(p, q) = dγ,λ,φ (p, q) .
(73)

Moreover, if α < α0 , then a corresponding value is such that λ > 0, and the primal and dual
rot mover’s plans are unique and equal:

π 0?α = π λ? .

(76)
π∈D

= min L(π, λ? )

(77)

= hπ ? , γi + λ? (φ(π ? ) − φ(π 0 ) − α)
≤ hπ ? , γi

20

(79)

(80)
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Again, the RMD does not verify the triangular inequality in general, and hence does not
provide a true distance metric on Σd even if γ is a distance matrix. Nevertheless, we still
have the result that the RMD is symmetric as soon as φ is invariant by transposition, which
holds for separable regularizers φij = φ, and γ is symmetric. We also obtain properties for
the dual RMD that are similar to the ones for the primal RMD.

Remark 7 Corresponding values of α and λ depend on p, q, γ, φ. In addition, there might
be multiple values of λ that correspond to a given α.

Therefore, all inequalities are in fact equalities, π ? also minimizes the Lagrangian over D
and thus is a solution of the dual problem. In other words, the primal and dual RMD
for α and λ? are equal, and the primal solutions must be dual solutions too. For α < α0 ,
the RMD has not reached the EMD yet, and thus we must have λ? > 0. Hence, the dual
solution is unique, so that the primal solution is unique too and equal to the dual one.

= p? .

(78)

≤ L(π ? , λ? )

(75)

(74)

Bφ (πkξ 0 ) = φ(π) − φ(ξ 0 ) − hπ − ξ 0 , ∇φ(ξ 0 )i .
(69)

Since ∇φ(ξ 0 ) = 0, the last term with scalar product vanishes and we are left out with φ(π)
plus a constant term with respect to π. Hence, we can replace φ(π) by Bφ (πkξ 0 ) in the
minimization (66) that defines π λ? .
Under some additional conditions, this interpretation can also be seen as shrinking
toward the transport plan π 0 with minimal Bregman information.
Proposition 13 If π 0 ∈ ri(Π(p, q)), then the dual rot mover’s plan π λ? can be obtained as:
(70)

can be obtained as:
(72)

p? = d?

Proof The primal problem can be seen as the minimization p? of the cost hπ, γi on
Π(p, q) subject to φ(π) − φ(π 0 ) − α ≤ 0. The domain of this constrained convex problem
is D = Π(p, q) ∩ dom φ 6= ∅. The Lagrangian on D × R is given by L(π, λ) = hπ, γi +
λ(φ(π) − φ(π 0 ) − α), and its minimization over D for a fixed λ ≥ 0 has the same solutions
π ? as the dual problem. In addition, Slater’s condition for convex problems, stating that
there is a strictly feasible point in the relative interior of the domain, is verified as long
as α > 0. Indeed, we have ri(D) = ri(Π(p, q)). The existence of a strictly feasible point
φ(π) < φ(π 0 ) + α then holds by continuity of φ at π 0 ∈ int(dom φ). As a result, we have
strong duality with a zero duality gap p? = d? , where d? is the maximization of g(λ) subject
to λ ≥ 0. Moreover, if d? is finite, then it is attained at least once at a point λ? . This is
the case since we already know that p? is finite. Since p? is also attained at least once at a
point π ? solution of the primal problem, we have the following chain:

π∈Π(p,q)

π λ? = argmin hπ, γi + λBφ (πkπ 0 ) .

Proof If π 0 ∈ ri(Π(p, q)), then we have equality in the generalized Pythagorean theorem (26), leading to:
Bφ (πkξ 0 ) = Bφ (πkπ 0 ) + Bφ (π 0 kξ 0 ) .
(71)
Since the last term is constant with respect to π, we can replace Bφ (πkξ 0 ) by Bφ (πkπ 0 ) in
the minimization (68) that characterizes π λ? .

π λ?

Remark 6 The proposition also holds trivially when the global minimum is attained on the
transport polytope, that is, when ξ 0 = π 0 .
Corollary 14 Under assumptions (A), the dual rot mover’s plan
π∈Π(p,q)

π λ? = argmin hπ, γi + λBφ (πkπ 0 ) .

d×d
Proof This is a result of π 0 ∈ Π(p, q) ∩ int(dom φ) = ri(Π(p, q)) when dom φ ⊆ R+
, as
shown in the proof of Corollary 7.
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In the sequel, we also extend naturally the definition of the dual RMD for λ = 0 as the
EMD. We then do not necessarily have uniqueness of dual rot mover’s plans for λ = 0, and
the geometrical interpretation in terms of a Bregman projection does not hold anymore for
λ = 0. However, we have the following theorem based on duality theory that shows the
equivalence between primal and dual ROT problems.
19

(82)

(81)

(83)

λ→0

21
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Property 8 When λ tends to 0, the dual rot mover’s distance converges to the earth
mover’s distance:
lim dγ,λ,φ (p, q) = dγ (p, q) .
(85)

Proof Let (λk )k∈N be a sequence of positive numbers that tends to +∞, and (π ?λk )k∈N
the associated rot mover’s plans. By compactness of Π(p, q), we can extract a subsequence of rot mover’s plans that converges in norm to a point π ? ∈ Π(p, q). For
the sake of simplicity, we do not relabel this subsequence. By construction, we have
hπ ?λk , γi + λk φ(π 0 ) ≤ hπ ?λk , γi + λk φ(π ?λk ) ≤ hπ 0 , γi + λk φ(π 0 ). The scalar products are
bounded, so dividing the inequalities by λk and taking the limit, we obtain that φ(π ?λk )
converges to φ(π 0 ). By lower semi-continuity of φ, we thus have φ(π ? ) ≤ φ(π 0 ). Since the
global minimum of φ on Π(p, q) is attained uniquely at π 0 , we must have π ? = π 0 , and
the original sequence also converges in norm to π 0 . Hence, the dual rot mover’s plan π λ
converges in norm to π 0 when λ tends to +∞. By continuity of the total cost h·, γi on Rd×d ,
hπ ?λk , γi converges to hπ 0 , γi. Hence, the limit of the RMD when λ tends to +∞ is hπ 0 , γi.

λ→+∞

and the dual rot mover’s plan converges in norm to the transport plan with minimal Bregman
information:
(84)
lim π ?λ = π 0 .

λ→+∞

lim dγ,λ,φ (p, q) = hπ 0 , γi ,

Property 7 When λ tends to +∞, the dual rot mover’s distance converges to:

RMD results from that of the primal RMD. Let λ ≥ 0, and choose an arbitrary dual rot
mover’s plan π ?λ and earth mover’s plan π ? . On the one hand, we have hπ ? , γi ≤ hπ ?λ , γi.
On the other hand, we have hπ ?λ , γi + λφ(π ?λ ) ≤ hπ 0 , γi + λφ(π 0 ), and thus hπ ?λ , γi ≤
hπ 0 , γi + λ(φ(π 0 ) − φ(π ?λ )) ≤ hπ 0 , γi. Suppose we have a discontinuity of the dual RMD at
λ. Then by monotonicity, there is a value hπ ? , γi < d < hπ 0 , γi that is not in the image of
the dual RMD. But d is in the image of the primal RMD for a given α > 0 by continuity.
It means that @λ > 0 such that hπλ? , Ci = d, whereas, by continuity of the primal problem,
we know that there exist α > 0 such that hπα? , Ci ≥ d. This is in contradiction with the
duality result in Theorem 15, which implies that the image of the primal RMD for α > 0
must be included in that of the dual RMD for λ ≥ 0.

Subtracting these two inequalities, we obtain that φ(π ?λ1 ) ≥ φ(π ?λ2 ). Reinserting this result in the first inequality, we finally get hπ ?λ1 , γi ≤ hπ ?λ2 , γi. The continuity of the dual

hπ ?λ2 , γi + λ2 φ(π ?λ2 ) ≤ hπ ?λ1 , γi + λ2 φ(π ?λ1 ) .

hπ ?λ1 , γi + λ1 φ(π ?λ1 ) ≤ hπ ?λ2 , γi + λ1 φ(π ?λ2 ) ,

Proof The fact that it is increasing can be seen as follows. Let 0 ≤ λ1 < λ2 . By
construction, we have the following inequalities:

Property 6 The dual rot mover’s distance dγ,λ,φ (p, q) is an increasing and continuous
function of λ.

Rot Mover’s Distance

λ→0
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Our primal and dual formulations enlighten some intricate relations between optimal transportation theory (Villani, 2009) and information geometry (Amari and Nagaoka, 2000),
where Bregman divergences are known to possess a dually flat structure with a generalized Pythagorean theorem for information projections. A schematic view of the underlying
geometry for ROT problems is represented in Figure 1, and can be discussed as follows.
Our constructions start from the global minimizer ξ 0 of the regularizer φ (Lemma 1).
The Bregman projection π 0 of ξ 0 onto the transport polytope Π(p, q) has minimal Bregman
information on Π(p, q) (Lemma 2). The linear cost restricted to the regularized transport
polytope Πα,φ (p, q) also attains its global minimum (Lemma 3). Such a minimizer π 0?α is
a primal rot mover’s plan (Definition 4). We can interpret Πα,φ (p, q) as the intersection
of Π(p, q) with the Bregman ball of radius Bφ (π 0 kξ 0 ) + α and center ξ 0 (Proposition 5).
In certain cases, Πα,φ (p, q) is also the intersection of Π(p, q) with the Bregman ball of
radius α and center π 0 , as a result of the generalized Pythagorean theorem Bφ (πkξ 0 ) =
Bφ (πkπ 0 ) + Bφ (π 0 kξ 0 ) (Proposition 6, Corollary 7). All in all, this enforces the solutions to
have small enough Bregman information, by constraining them to lie close to the matrix ξ 0
or transport plan π 0 with minimal Bregman information.
In our developments, we next introduce the global minimizer ξ of the regularized cost
(Lemma 8). The regularized cost restricted to Π(p, q) also attains its global minimum
uniquely (Lemma 9). This minimizer defines the dual rot mover’s plan π ?λ (Definition 10).
Actually, π ?λ can be seen as the Bregman projection of ξ onto Π(p, q) (Proposition 11). The
regularization by the Bregman information is also equivalent to regularizing the solution
toward ξ 0 (Proposition 12). In some cases, this can also be seen as regularizing toward
π 0 , as a result of the generalized Pythagorean theorem Bφ (πkξ 0 ) = Bφ (πkπ 0 ) + Bφ (π 0 kξ 0 )
(Proposition 13, Corollary 14). Again, this enforces the solutions to have small enough

3.4 Geometrical Insights

Proof Let (λk )k∈N be a sequence of positive numbers that converges to 0, and (π ?λk )k∈N
the associated rot mover’s plans. By compactness of Π(p, q), we can extract a subsequence of rot mover’s plans that converges in norm to a point π ? ∈ Π(p, q). For
the sake of simplicity, we do not relabel this subsequence. By construction, we have
hπ ?0 , γi + λk φ(π ?λk ) ≤ hπ ?λk , γi + λk φ(π ?λk ) ≤ hπ ?0 , γi + λk φ(π ?0 ). The regularizer φ is
continuous on the polytope Π(p, q) ⊆ dom φ, so taking the limit, we obtain that hπ ?λk , γi
converges to hπ ?0 , γi. Therefore, π ? must be an earth mover’s plan. Now dividing by λk
and taking the limit, we obtain that φ(π ? ) ≤ φ(π ?0 ). Since π ?0 is the unique earth mover’s
plan with minimal Bregman information, we must have π ? = π ?0 .

Property 9 If [0, 1)d×d ⊆ dom φ and φ is strictly convex on [0, 1)d×d , then the dual rot
mover’s plan converges in norm when λ tends to 0 to the earth mover’s plan π ?0 with minimal
Bregman information:
lim π ?λ = π ?0 .
(86)

Proof This is a direct consequence of the dual RMD being continuous at λ = 0.

Dessein, Papadakis and Rouas

Rot Mover’s Distance

Figure 1: Geometry of regularized optimal transport.

(87)

Bregman information, by shrinking them toward the matrix ξ 0 or transport plan π 0 with
minimal Bregman information.
We have duality between the primal and dual formulations, so that primal and dual rot
mover’s plans follow the same path on Π(p, q) from no regularization (α = +∞, λ = 0) to
full regularization (α = 0, λ = +∞) (Theorem 15). In the limit of no regularization, we
obviously retrieve an earth mover’s plan π ? for the cost matrix γ. By duality, it is also
intuitive that the additional constraint for the primal formulation, seen in the equivalent
forms of φ(π), Bφ (πkξ 0 ) or Bφ (πkπ 0 ), leads to an analog penalty for the dual formulation
in the same respective form.
Since ξ 0 = 1, π 0 = pq> , ξ = exp(−γ/λ), for minus the Boltzmann-Shannon entropy and
Kullback-Leibler divergence, we retrieve the existing results discussed in Section 1.2 as a
specific case (Cuturi, 2013; Benamou et al., 2015). In addition, we can readily generalize the
estimation of contingency tables with fixed marginals to a matrix nearness problem based on
other divergences than the Kullback-Leibler divergence (Dhillon and Tropp, 2007). Given
a rough estimate ξ ∈ int(dom φ), a contingency table with fixed marginals p, q can be
estimated by Bregman projection of ξ onto Π(p, q):
π ? = argmin Bφ (πkξ) .
π∈Π(p,q)
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This simply amounts to solving a dual ROT problem with an arbitrary penalty λ > 0 and
a cost matrix γ = −λ∇φ(ξ).
23
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Finally, since Bregman divergences are invariant under adding an affine term to their
generator, it is straightforward to generalize ROT problems by shrinking toward an arbitrary
prior matrix ξ, ξ 0 ∈ int(dom φ), or transport plan π 0 ∈ Π(p, q). This is indeed equivalent
to translating the regularizer by the appropriate amount φ(π) + hπ, δi, so that the global
minimizer is now attained at the desired point. Equivalently, this amounts to translating
the cost matrix as γ + λδ instead.

4. Algorithmic Derivations

In this section, we introduce algorithmic methods to solve ROT problems. We focus without
lack of generality on the dual problem, which can be solved efficiently via alternate Bregman
projections. The primal problem can then easily be solved for 0 < α < α0 by a bisection
search on λ > 0. For α = 0, we could simply use alternate Bregman projections to project
∇ψ(0) instead of ∇ψ(−γ/λ) in virtue of Lemmas 1 and 2, which actually corresponds to
the special case γ = 0 in our algorithms, though this is not really relevant in practice
since this completely removes the linear influence of the total cost from the ROT problem.
In the limit α ≥ α0 , a classical OT solver such as the network simplex can directly be
used. We first study the underlying Bregman projections in their generic form (Section 4.1)
and specifically develop the case of separable divergences (Section 4.2). We then derive
the two generic schemes of ASA (Section 4.3) and NASA (Section 4.4) to solve dual ROT
problems, depending on whether the domain of the smooth convex regularizer lies within
the non-negative orthant or not. We also enhance both algorithms in the separable case
with a sparse extension (Section 4.5), and finally discuss some practical considerations of
our methods (Section 4.6). To simplify notations, we omit the penalty value λ in the index
and simply write π ? for the rot mover’s plan.
4.1 Generic Projections

(90)

(89)

(88)

The closed convex transport polytope Π(p, q) is the intersection of the non-negative orthant:

d×d
C0 = R+
,

which is a polyhedral subset, with two affine subspaces:

C1 = {π ∈ Rd×d : π1 = p} ,

C2 = {π ∈ Rd×d : π > 1 = q} .

π 0? = 0 .

− ∇φ(π) ≥ 0 ,

π 0? ≥ 0 ,
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(93)

(92)

(91)

The Bregman projection π ? onto Π(p, q) can then be obtained by alternate Bregman projections onto C0 , C1 , C2 , where we expect that these latter projections are easier to compute.
On the one hand, the Karush-Kuhn-Tucker conditions for Bregman projection π 0? of a
given matrix π ∈ int(dom φ) onto C0 are necessary and sufficient, and write as follows:

∇φ(π 0? )

(∇φ(π 0? ) − ∇φ(π))

24

π ?2 = ∇ψ(∇φ(π) − 1ν > ) .

π ?1 = ∇ψ(∇φ(π) − µ1> ) ,

∈ int(dom φ) if and only if:
(99)

(98)

(97)

(96)

(95)

(94)

(101)

(100)
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?
π0,ij
= max{0, π ij } .
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(102)

Assuming that the regularizer φ is separable, the underlying Bregman projections can be
computed more efficiently. To keep notations simple, we focus on separable divergences with
same element-wise regularizer, and thus chiefly omit the indices φij = φ. We emphasize,
however, that it is straightforward to apply all our methods for separable divergences with
different element-wise regularizers, which notably enables weighting a given element-wise
regularizer.
In case of separability, the Karush-Kuhn-Tucker conditions for projection onto C0 simplify to provide a closed-form solution on primal parameters:

4.2 Separable Case

Similarly, solving for the Lagrange multipliers is an expensive problem in general, since
the search space is of dimension d and we evaluate matrix functions of size d × d. This is
because a given entry µi , νj can actually modify any entry of the d × d matrix functions
being evaluated. Again, we shall see that they can nevertheless be computed efficiently for
separable divergences as well as the non-separable Mahalanobis distances.

∇ψ(∇φ(π) − 1ν > ) 1 = q .

>

∇ψ(∇φ(π) − µ1> )1 = p ,

By duality, the Bregman projections onto C1 , C2 are thus equivalent to finding the unique
vectors µ, ν, such that the rows of π ?1 sum up to p, respectively the columns of π ?2 sum up
to q:

and vanish at

π ?1 , π ?2

∇L2 (π, ν) = ∇φ(π) − ∇φ(π) + 1ν > ,

∇L1 (π, µ) = ∇φ(π) − ∇φ(π) + µ1> ,

Their gradients are given on int(dom φ) by:

L2 (π, ν) = φ(π) − hπ, ∇φ(π)i + ν > (π > 1 − q) .

L1 (π, µ) = φ(π) − hπ, ∇φ(π)i + µ> (π1 − p) ,

While these conditions are nontrivial to solve in general, we shall see that they admit an
elegant solver specific to the non-separable squared Mahalanobis distances defined in (33)
and generated by the quadratic form in (34). In addition, they also greatly simplify for
separable divergences, which encompass all other divergences used in this paper.
On the other hand, the Lagrangians with Lagrange multipliers µ, ν ∈ Rd for the Bregman projections π ?1 and π ?2 of a given matrix π ∈ int(dom φ) onto C1 and C2 respectively
write as follows:

Rot Mover’s Distance

(103)

ψ 0 (θij − νj ) = qj .

ψ 0 (θij − µi ) = pi ,

(105)

(104)
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Finding the optimal values µi , νj ∈ R through ψ 0 and the sums over rows or columns,
however, is still nontrivial in general.
An analytical solution can be obtained in specific cases. Intuitively, we need to factor
µi , νj out of ψ 0 as additive or multiplicative terms. This is related to Pexider’s functional
equations, which hold only for functions with a linear form ψ 0 (θ) = aθ + b, or exponential
form ψ 0 (θ) = a exp(bθ), with a, b ∈ R. This leads to regularizers with a quadratic form
φ(π) = aπ 2 +bπ+c, or entropic form φ(π) = aπ log π+bπ+c, with a, b, c ∈ R. The constants
a, b actually only scale and translate the cost matrix, whereas the constant c has no effect.
Referring to Table 1, the quadratic case holds under assumptions (B), and thus requires
Dykstra’s algorithm for alternate Bregman projections with correction terms to ensure nonnegativity by projection onto the polyhedral non-negative orthant. The entropic case holds
under assumptions (A), using the POCS technique for alternate Bregman projection with no
correction terms since the non-negativity is already ensured by the domain of the regularizer.
The latter case reduces to the regularization of Cuturi (2013) and Benamou et al. (2015),
so that we actually end up with the Sinkhorn-Knopp algorithm. Hence, the Euclidean
norm associated to the squared Euclidean distance, and the entropic case associated to the
Kullback-Leibler divergence, are reasonably the only two existing analytical schemes to find
the sum constraint projections. For other ROT problems, available solvers for line search
can be employed instead.
For simplicity, we assume hereafter that ψ is twice continuously differentiable with ψ 00
positive and ψ 0 verifying the necessary and sufficient condition (40) on its whole domain.
Therefore, we can use the Newton-Raphson method with guarantees of global convergence.
This encompasses most of the common regularizers, and notably all regularizers used in this
paper except from the Fermi-Dirac entropy, `p norms and Hellinger distance. When the
condition (40) for global convergence is not met on the whole domain, it is still possible to
apply the Newton-Raphson method after careful initialization, so as to restrict to a smaller
interval where the condition holds. This is discussed in more detail with practical examples
for the Fermi-Dirac entropy, `p norms and Hellinger distance in Section 5, where the firstorder derivatives are increasing convex on half of the domain and increasing concave on the
other half. When the second-order derivatives do not exist, are not continuous or vanish at
some points, a similar strategy can be applied. This is again discussed for the `p norms in

i=1

d
X

j=1

d
X

? , π ? , we can divide
Now turning to projections onto C1 , C2 for primal parameters π1,ij
2,ij
the initial problems into d parallel subproblems in search space of dimension 1 each. This
is much more efficient to solve than in the non-separable case. This can be summarized as
looking for d separate Lagrange multipliers µi , respectively νj , such that:

?
θ0,ij
= max{φ0 (0), θij } .

Since φ0 is increasing, this is equivalent on dual parameters to:
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d
X
j=1

d
X
i=1

ψ 0 (θij − νj ) ,

ψ 0 (θij − µi ) ,
(107)

(106)

Section 5, where the second-order derivative is undefined or vanishes at 0 depending on the
value of the parameter. If such an initialization is not possible, then a bisection search can
always be applied instead of the Newton-Raphson method.
To apply the Newton-Raphson method, we exploit the following functions:
f (µi ) = −
g(νj ) = −

d
X
j=1

d
X

i=1

ψ 00 (θij − νj ) ,

ψ 00 (θij − µi ) ,

(109)

(108)

defined respectively on the open intervals (θ̂i −θ, +∞) and (θ̌j −θ, +∞), where 0 < θ ≤ +∞
is such that dom ψ = (−∞, θ), and θ̂i = max{θij }1≤j≤d , θ̌j = max{θij }1≤i≤d . Their
continuous derivatives are given by:
f 0 (µi ) =
g 0 (νj ) =

←
µi

+

j=1 ψ

ij

ij

− µi )

− µi ) − pi
00 (θ

0 (θ

j=1 ψ

00 (θ

ij

− νj )

ψ 0 (θij − νj ) − qj
i=1 ψ

i=1
P
d

Pd

Pd

Pd

,

,

(111)

(110)

and are positive, so that f, g are strictly increasing on their whole domain, and thus on any
closed interval with endpoints consisting of a feasible point and a solution. By construction,
f, g also verify the necessary and sufficient condition (40) for global convergence, and we
know that there are unique solutions to f (µi ) = −pi and g(νj ) = −qj . Hence, the NewtonRaphson updates:
µi
νj ← νj +

− qj
00 (θ ? )
2,ij

0 (θ ? )
2,ij

Pd
0 ?
j=1 ψ (θ1,ij ) − pi
00 ?
j=1 ψ (θ1,ij )
Pd

i=1 ψ

Pd

i=1 ψ

Pd

,

(113)

(112)
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,

converge to the optimal solutions with a quadratic rate for any feasible starting points. By
construction, we also know that initialization can be done with µi ← 0, νj ← 0. To avoid
storing the intermediate Lagrange multipliers, the updates can then directly be written on
dual parameters:
?
?
θ1,ij
← θ1,ij
−
?
?
← θ2,ij
−
θ2,ij

?
?
after initialization by θ1,ij
← θij , θ2,ij
← θij .
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Algorithm 1 Alternate scaling algorithm.
θ ? ← −γ/λ
repeat
θ ? ← θ ? − µ1> , where µ uniquely solves ∇ψ(θ ? − µ1> )1 = p
>
θ ? ← θ ? − 1ν > , where ν uniquely solves ∇ψ(θ ? − 1ν > ) 1 = q
until convergence
π ? ← ∇ψ(θ ? )
4.3 Alternate Scaling Algorithm

(120)

(119)

(118)

(117)

(116)

(115)

(114)

Under assumptions (A), we can drop the non-negative constraint since it is already ensured
d×d
by dom φ ⊆ R+
(Table 1). The POCS technique in its basic form (38) then states that
the projection of ξ onto Π(p, q) can be obtained by alternate Bregman projections onto
the affine subspaces C1 and C2 with linear convergence. Clearly, the underlying control
mapping takes each output value an infinite number of times. Since we have just two sets,
the only possible alternative in the control mapping is to swap the order of projections
starting from C2 instead of C1 , which actually amounts to swapping the input distributions
p, q and transposing the cost matrix γ, to obtain the transposed of the rot mover’s plan.
We thus focus on the first choice without lack of generality.
Starting from ξ and writing the successive vectors µ(k) , ν (k) along iterations, we have
the following sequence:



∇ψ(−γ/λ) → ∇ψ −γ/λ − µ(1) 1>


→ ∇ψ −γ/λ − µ(1) 1> − 1ν (1)>

→ ...


→ ∇ψ −γ/λ − µ(1) 1> − 1ν (1)> − · · · − µ(k) 1>


→ ∇ψ −γ/λ − µ(1) 1> − 1ν (1)> − · · · − µ(k) 1> − 1ν (k)>
→ ...

→ π? .
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In other terms, we obtain the rot mover’s plan π ? by scaling iteratively the rows and columns
of the successive estimates through ∇ψ. An efficient algorithm, called ASA, is to store a
unique d × d matrix in dual parameter space and update it by alternating the projections
in primal parameter space (Algorithm 1). The updates have a complexity in O(d2 ) once
the vectors µ, ν are obtained.
In the separable case, the projections can be obtained by iterating the respective NewtonRaphson update steps, which can be written compactly with matrix and vector operations
(Algorithm 2). The complexity for the updates are now clearly in O(d2 ). In more detail,
each update step features one vector row or column replication, one vector element-wise
division, one vector subtraction, one matrix subtraction, two matrix row or column sums,
and two element-wise matrix function evaluations. Because of separability, we can expect
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ψ 0 (−γ/λ) → ψ 0 max{φ0 (0), −γ/λ}


→ ψ 0 max{φ0 (0), −γ/λ} − µ(1) 1>
JMLR 19(15):1-53, 2018

Under assumptions (B), we must now include the non-negative constraint since dom φ *
Rd×d
(Table 1). We suggest to ensure non-negativity of each update, and thus follow a cycle
+
of projections onto C0 , C1 , C0 , C2 . The underlying control mapping is a fortiori essentially
cyclic. For practical reasons, we also ensure non-negativity of the output solution with a
final projection onto C0 . Again, swapping the order of projections onto C1 , C2 is equivalent
to swapping the input distributions p, q and transposing the cost matrix γ to obtain the
transposed of the rot mover’s plan. Other control mappings could also be exploited, for
example by ensuring non-negativity every two or more sum constraint projections. We do
not discuss such variants here and focus on the above-mentioned sequence. The non-negative
orthant being polyhedral but not affine, we also need to incorporate correction terms ϑ, %, ς
for all three projections. In more detail, the projections are computed after correction
so that we do not directly project the obtained updates θ ? but the corrected updates
θ = θ ? + ϑ, θ = θ ? + %, and θ = θ ? + ς for the respective subsets. The correction terms
are also updated as the difference θ − θ ? between the projected point and its projection.
Dykstra’s algorithm (36) for Bregman divergences with corrections (37) then guarantees
that the projection of ξ onto Π(p, q) is obtained with linear convergence.
A general algorithm, called NASA, is to store d × d matrices for projected points,
projections and correction terms in dual parameter space, update them accordingly and
finally go back to primal parameter space (Algorithm 3). The updates have a complexity
in O(d2 ) once the Karush-Kuhn-Tucker conditions are solved or Lagrange multipliers µ, ν
are obtained.
In the separable case, the non-negativity constraint can be obtained analytically and the
sequence of updates greatly simplifies. Starting from ξ and writing the successive vectors
µ(k) , ν (k) along iterations, we have:

4.4 Non-negative Alternate Scaling Algorithm

the required number of iterations for convergence in the different loops to be independent
of the data dimension, and thus expect a quadratic empirical complexity as well.

Algorithm 2 Alternate scaling algorithm in the separable case.
θ ? ← −γ/λ
repeat
repeat
0 ? )1−p
>
θ ? ← θ ? − ψψ(θ
00 (θ ? )1 1
until convergence
repeat
> 0 ? )−q>
θ ? ← θ ? − 1 1 1ψ> ψ(θ00 (θ
?
)
until convergence
until convergence
π ? ← ψ 0 (θ ? )

Rot Mover’s Distance
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→ ...


→ ψ 0 max{φ0 (0), −γ/λ − µ(k) 1> − 1ν (k)> }


→ ψ 0 max{φ0 (0), −γ/λ − µ(k) 1> − 1ν (k)> } + µ(k) 1> − µ(k+1) 1>


→ ψ 0 max{φ0 (0), −γ/λ − µ(k+1) 1> − 1ν (k)> }


→ ψ 0 max{φ0 (0), −γ/λ − µ(k+1) 1> − 1ν (k)> } + 1ν (k)> − 1ν (k+1)>



→ ψ 0 max{φ0 (0), −γ/λ − µ(1) 1> }


→ ψ 0 max{φ0 (0), −γ/λ − µ(1) 1> } − 1ν (1)>


→ ψ 0 max{φ0 (0), −γ/λ − µ(1) 1> − 1ν (1)> }


→ ψ 0 max{φ0 (0), −γ/λ − µ(1) 1> − 1ν (1)> } + µ(1) 1> − µ(2) 1>


→ ψ 0 max{φ0 (0), −γ/λ − µ(2) 1> − 1ν (1)> }


→ ψ 0 max{φ0 (0), −γ/λ − µ(2) 1> − 1ν (1)> } + 1ν (1)> − 1ν (2)>


→ ψ 0 max{φ0 (0), −γ/λ − µ(2) 1> − 1ν (2)> }

Algorithm 3 Non-negative alternate scaling algorithm.
θ ? ← −γ/λ
ϑ←0
%←0
ς←0
θ ← θ? + ϑ
θ ? ← θ, where θ uniquely solves ∇ψ(θ) ≥ 0, θ ≥ θ, (θ − θ) ∇ψ(θ) = 0
ϑ ← θ − θ?
repeat
θ ← θ? + %
θ ? ← θ − µ1> , where µ uniquely solves ∇ψ(θ − µ1> )1 = p
% ← θ − θ?
θ ← θ? + ϑ
θ ? ← θ, where θ uniquely solves ∇ψ(θ) ≥ 0, θ ≥ θ, (θ − θ) ∇ψ(θ) = 0
ϑ ← θ − θ?
θ ← θ? + ς
>
θ ? ← θ − 1ν > , where ν uniquely solves ∇ψ(θ − 1ν > ) 1 = q
?
ς ←θ−θ
θ ← θ? + ϑ
θ ? ← θ, where θ uniquely solves ∇ψ(θ) ≥ 0, θ ≥ θ, (θ − θ) ∇ψ(θ) = 0
ϑ ← θ − θ?
until convergence
π ? ← ∇ψ(θ ? )
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Algorithm 4 Non-negative alternate scaling algorithm in the separable case.
e ← −γ/λ
θ
e
θ ? ← max{φ0 (0), θ}
repeat
τ ←0
repeat
0 ? −τ 1> )1−p
τ ← τ + ψψ(θ
00 (θ ? −τ 1> )1
until convergence
e←θ
e − τ 1>
θ
e
θ ? ← max{φ0 (0), θ}
σ←0
repeat
> 0 ? −1σ > )−q>
σ ← σ + 1 1ψ> ψ(θ00 (θ
?
−1σ > )
until convergence
e←θ
e − 1σ >
θ
e
θ ? ← max{φ0 (0), θ}
until convergence
π ? ← ψ 0 (θ ? )


→ ψ 0 max{φ0 (0), −γ/λ − µ(k+1) 1> − 1ν (k+1)> }
→ ...
→ π? .
An efficient algorithm then exploits the differences τ (k) = µ(k) − µ(k−1) and σ (k) = ν (k) −
ν (k−1) to scale the rows and columns (Algorithm 4). We store d × d matrices as well as
difference vectors instead of correction matrices. The algorithm can then be interpreted as
producing interleaved updates between the projections according to the max operator and
according to the respective scalings. The updates in NASA now clearly have a complexity
in O(d2 ) when using the Newton-Raphson method for scaling, with similar matrix and
vector operations to ASA in the separable case, and an expected empirical complexity that
is quadratic.
4.5 Sparse Extension
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In the separable case, it is possible to develop a sparse extension of both our methods
ASA and NASA. Storing and updating full d × d matrices becomes expensive with the data
dimension. Instead, we allow for infinite entries in the cost matrix γ, meaning that the
transport of mass between certain bins is proscribed. As a result, the corresponding entries
of π ? must be null. Eventually, we can drop all these entries so that we just need to store
and update the remaining ones. The RMD via the Frobenius inner product hπ ? , γi is then
computed without accounting for discarded entries, or equivalently by setting indefinite
element-wise products 0 × ∞ = 0 by convention, so it naturally costs nothing to move no
mass on a path that is forbidden. This leads to an expected complexity in O(r), where r is
31
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the number of finite entries in γ. Typically, r can be chosen in the order of magnitude of
d, so as to obtain a linear instead of quadratic empirical complexity.

In practice, both ASA and NASA are compatible with this strategy. We always have
limθ→−∞ ψ 0 (θ) = 0 under assumptions (A) for ASA. Under assumptions (B) for NASA,
this limit might be finite or infinite but is necessarily negative, so also leads to 0 after
enforcing non-negativity by projection onto the non-negative orthant. As a result, the
obtained sequence of projections preserves the desired zeros in both algorithms, and an
infinite element-wise cost does lead to no mass transport at all between the corresponding
bins. In theory, we can understand this extension in light of the dual formulation seen
as a Bregman projection in (67). Under assumptions (B), we always have 0 ∈ int(dom φ)
and thus Bφ (0k0) = 0. Hence, Dykstra’s algorithm is readily applicable in the sparse
version. Under assumptions (A), however, we have 0 ∈
/ int(dom φ), and even sometimes
0∈
/ dom φ as for the Itakura-Saito divergence. We can nonetheless extend the domain of
the element-wise divergence at the origin by continuity on the diagonal, that is, by setting
it null as Bφ (0k0) = 0. This is akin to considering absolutely continuous measures, also
known as dominated measures, and Radon-Nikodym derivatives to generalize the definition
of Bregman divergences. Kurras (2015) then showed that the POCS method still holds with
this convention by introducing a notion of locally affine spaces.

With such a sparse extension, however, we must take care that a sparse solution does
exist, meaning that there is a transport plan in the transport polytope that has the desired
zeros. For example, if all entries of γ are infinite, then there are obviously no possible
sparse solutions since we enforce all entries of the plan to be null. A necessary condition
for the existence of a sparse solution is that for any entry qj , all entries pk from which
we are allowed to transport mass must provide enough total mass to fill qj completely.
Similarly, for any entry pi , all entries qk to which we are allowed to transport mass must
require enough total mass to empty pi completely. Unfortunately, sufficient conditions are
not so intuitive. Idel (2016, Theorem 4.1) studied such problems thoroughly and elucidated
several necessary and sufficient conditions for sparse solutions to exist, but these conditions
are nontrivial to use from in practice. Kurras (2015) advocates trying first to compute a
solution with the desired sparsity, and if no solution can be found, then gradually reduce
sparsity until a solution is found. This might still speed up computation drastically because
of the linear instead of quadratic complexity. Lastly, we remark that it is not evident to
propose a sparse extension for the non-separable case in general, since a given entry of γ
might influence all entries of π ? .
4.6 Practical Considerations
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As noticed by Cuturi (2013) and Benamou et al. (2015), the Sinkhorn-Knopp algorithm
might fail to converge because of numerical instability when the penalty λ gets small. In
particular, unless taking special care of numerical stabilization (Schmitzer, 2016b), a direct
limitation is the machine precision under which some entries of exp(−γ/λ) are represented
as zeros in memory. Such issues occur similarly for other regularizations, notably via the
representation ∇ψ(−γ/λ) of the unconstrained solution to project. Therefore, the proposed
methods are actually competitive in a range where the penalty λ is not too small, and for
which the rot mover’s plan π ? exhibits a significant amount of smoothing. Hence, we do
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Assumptions (A) hold for minus the Boltzmann-Shannon entropy π log π − π + 1 associated
to the Kullback-Leibler divergence. Hence, the ROT problem can be solved with the ASA
scheme. In addition, the updates in the POCS technique can be written analytically, leading
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for such matrices need to be coded. Therefore, we only implemented and will focus in our
experiments on the non-sparse version of our methods.
Finally, although we implicitly assumed throughout that the entries of p and q are
strictly comprised between 0 and 1 for theoretical issues, it is often possible in practice
to deal explicitly with null or unit entries in the input distributions. Intuitively, no mass
can be moved from or to a null entry, so the transport plans have null rows and columns
for the corresponding null entries of p and q, respectively. In the separable case, we can
thus simply remove these entries, solve the reduced ROT problem, and reinsert the corresponding null entries in the rot mover’s plan π ? . The same reasoning as for the sparse
extension can be made to show that our two algorithms still hold with this strategy from
a theoretical standpoint. In the non-separable case, however, this is not as straightforward
again because the influences of the different entries of π ? are interleaved through the regularizer φ. Nonetheless, as long as we have [0, 1)d×d ⊂ int(dom φ) under assumptions (B),
then we have Π(p, q) ⊂ int(dom φ) and we can apply NASA without modification. This is
notably the case for the Mahalanobis distances whose domain is Rd×d . For a non-separable
regularizer under assumptions (A), it is not easy to account for null entries because the constraint qualification Π(p, q) ∩ int(dom φ) 6= ∅ never holds due to mandatory null entries in
the transport plans. Nevertheless, common regularizers under assumptions (A), including
the ones used in this paper, are separable in general. Lastly, it is direct to cope with unit
entries in p or q in all cases, since the transport polytope then reduces to a singleton, so
that there is a unique transport plan pq> which is the rot mover’s plan.

not target the same problems as traditional schemes such as interior point methods or the
network simplex.
In addition, the different Bregman projections in our algorithms are most of the time
approximate up to a given tolerance depending on the termination criterion used for convergence. Exceptions occur for the sum constraints with the Euclidean distance or KullbackLeibler divergence, as well as the non-negativity constraints in the separable case, which
are obtained analytically. A natural question to raise is then whether our algorithms still
converge when the projections are approximate only. However, this is relatively hard to
answer in theory. We did not observe in practice any problem of convergence when using
sufficiently good approximations. Furthermore, first approximations can be quite rough
without affecting convergence as long as final approximations are good enough. Sometimes,
even alternating a single or two steps of the Newton-Raphson method throughout the main
iterations the algorithm still works, though this is not systematic. Thus, we advocate for
safety to use a tight tolerance for the auxiliary projections.
We also observed numerical instability of the Newton-Raphson updates for separable
divergences under assumptions (A). This is due to the denominator being based on ψ 00 with
limit limθ→−∞ ψ 00 (θ) = 0, that is, for entries π close to zero. It is possible, however, to make
the updates of µi , νj much more stable in practice by using the max truncation operator,
despite theoretical guarantees of convergence without it. Specifically, we know that the
?
?
entries π1,ij
must lie between 0 and pi , and π2,ij
between 0 and qj . Hence, we can lower
0
0
bound µi and νj by θ̂i − φ (pi ) and θ̂j − φ (qj ), respectively. Interestingly, this also speeds
up the convergence of the updates significantly when the initialization by 0 is far from the
actual solution.
A possible termination criterion for the main and auxiliary iterations is to compute the
marginal difference between the updated matrix and p, q. In the auxiliary iterations for
the two scaling projections, we compare the sums of rows or columns to p or q respectively,
and in the main iterations of the algorithm, we compare both marginals simultaneously.
Typically, we can use the `p (quasi-)norm with 0 < p ≤ +∞ to assess the marginal difference,
and the auxiliary tolerance should be at least the main one for sufficient precision of the
approximations. Two alternative quantities in absolute or relative scales can also be used
for termination, either the variation with `p (quasi-)norm in the updated matrix or in the
updated distance. Here the auxiliary tolerance should be at least the square of the main
one. This seems reasonable for π ? given the quadratic rate of convergence for the NewtonRaphson method versus the linear one for alternate Bregman projections, as well as for
hπ ? , γi under the Cauchy-Schwarz inequality. In all cases, convergence can be checked
either after each iteration or after a given number of iterations to reduce the underlying
cost of computing the termination criterion. We can also fix a maximum number of main
and auxiliary iterations to limit the overall running time.
Regarding implementation, the matrix and vector operations used for ASA and NASA
in the separable case are well-suited for fast calculation on a GPU and for processing of
multiple input distributions in parallel. By working directly in the primal parameter space,
the Sinkhorn-Knopp algorithm is also readily suited for dealing with sparse plans, based
on existing libraries. In more general ROT problems, however, a specific library should be
written for the sparse extension because null entries in the transport plan are not represented
by null entries in the dual parameter space, so that tailored data structures and operations
34

5.1 Boltzmann-Shannon Entropy and Kullback-Leibler Divergence

In this section, we discuss the specificities of the ASA (Algorithm 1) and NASA (Algorithm 3) methods to solve ROT problems for classical regularizers and associated divergences. We start with several separable regularizers under assumptions (A), based on the
Boltzmann-Shannon entropy related to the Kullback-Leibler divergence (BSKL, Section 5.1),
the Burg entropy related to the Itakura-Saito divergence (BIS, Section 5.2), and the FermiDirac entropy related to a logistic loss function (FDLOG, Section 5.3), as well as the parametric families of β-potentials related to the β-divergences (BETA, Section 5.4). We then
discuss the separable `p quasi-norms (LPQN, Section 5.5), which require a slight adaptation of assumptions (A). We also consider separable regularizers under assumptions (B)
related to `p norms (LPN, Section 5.6), as well as the Euclidean norm related to the Euclidean distance (EUC, Section 5.7) and the Hellinger distance (HELL, Section 5.8). Finally,
we study a non-separable regularizer under assumptions (B) via quadratic forms in relation
to Mahalanobis distances (Section 5.9). We plot all separable regularizers in Figure 2. All
regularizers and their corresponding divergences are also summed up in Table 2. Lastly, we
provide in Table 3 the related terms based on derivatives that are needed to instantiate the
separable versions of ASA (Algorithm 2) or NASA (Algorithm 4) accordingly.

5. Classical Regularizers and Divergences
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Table 2: Convex regularizers and associated Bregman divergences.
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Figure 2: Separable regularizers on (0, 1).
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(122)

(121)

to the Sinkhorn-Knopp algorithm. Specifically, the two projections amount to normalizing
in turn the rows and columns of π ? so that they sum up to p and q respectively:
 p 
π? ,
π ? ← diag
π?1

q 
.
π ?> 1
π ? ← π ? diag
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φ(π)

log π

φ0 (π)

(1 − θ)−1

exp θ

ψ 0 (θ)

(1 − θ)−2

exp θ

ψ 00 (θ)
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Table 3: Separable regularizers and related terms based on derivatives.

This can be optimized by remarking that the iterates π ?(k) after each couple of projections verify:
π ?(k) = diag(u(k) )ξ diag(v(k) ) ,
(123)

where ξ = exp(−γ/λ), and vectors u(k) , v(k) satisfy the following recursion:
u(k)

(125)

(124)

p
=
,
ξv(k−1)
q
,
ξ > u(k)

v(k) =

diag

diag

1
q

1
 

1
p

ξ> u

ξv

,

1
 

,

JMLR 19(15):1-53, 2018

(127)

(126)

with convention v(0) = 1. This allows a fast implementation by performing only matrixvector multiplications using a fixed matrix ξ = exp(−γ/λ). We can further save one
element-wise vector multiplication per update:
u←
v←

36

1
p

 

ξ and diag

1
q

 

ξ > are precomputed and stored.

?

1> (1 − θ ? )−1 − q>
.
1> (1 − θ ? )−2
? −1

(129)

(128)

exp θ ?
1+exp θ ? 1 − p >
1
exp θ ?
1
(1+exp θ ? )2
exp θ ?
>
1+exp θ ? − q
1
.
?
exp
θ
1> (1+exp θ? )2

,

(131)

(130)

(k)
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the values (θ̂i )1≤k≤d from row i of θ, respectively (θ̌j )1≤k≤d from column j of θ, sorted

(k)

Each step can be optimized by storing first the element-wise matrix exponential exp θ ? ,
then applying an element-wise matrix division by the temporary matrix 1+exp θ ? to obtain
a matrix for the numerator, and lastly performing an element-wise matrix division of these
two matrices to obtain a matrix for the denominator and thus save an additional elementwise matrix power as well as several element-wise matrix exponentials. However, even if
ψ 0 is strictly increasing with ψ 00 positive everywhere, ψ 0 is neither convex nor concave and
does not verify the necessary and sufficient condition (40) for global convergence of the
Newton-Raphson method.
Nevertheless, ψ 0 is convex on R− and concave on R+ . It thus divides for a given 1 ≤
(1)
(2)
i ≤ d, respectively 1 ≤ j ≤ d, the real line into at most d + 1 intervals −∞ < θ̂i ≤ θ̂i ≤
(d−1)
(d)
(1)
(2)
(d−1)
(d)
· · · ≤ θ̂i
≤ θ̂i < +∞, respectively −∞ < θ̌j ≤ θ̌j ≤ · · · ≤ θ̌j
≤ θ̌j < +∞, with

θ? ← θ? −

θ? ← θ? −

Assumptions (A) again hold for minus the Fermi-Dirac entropy π log π + (1 − π) log(1 − π),
also known as bit entropy, associated to a logistic loss function. The ROT problem can thus
be solved with the ASA scheme, and the Newton-Raphson steps to update the alternate
projections in the POCS technique can be written as follows:

5.3 Fermi-Dirac Entropy and Logistic Loss Function

Each step can be optimized by computing first an element-wise matrix inverse (1 − θ )
for the numerator, and then performing an element-wise matrix multiplication of this matrix
by itself to obtain a matrix for the denominator instead of applying an additional elementwise matrix power. Since ψ 0 is convex and strictly increasing with ψ 00 positive everywhere,
the convergence of the updates is guaranteed.

θ? ← θ? − 1

?

(1 − θ ? )−1 1 − p >
θ ←θ −
1 ,
(1 − θ ? )−2 1

Assumptions (A) also hold for minus the Burg entropy π−log π−1 associated to the ItakuraSaito divergence, so the ROT problem can be solved with the ASA scheme. Eventually,
the Newton-Raphson steps to update the alternate projections in POCS technique can be
written as follows:

5.2 Burg Entropy and Itakura-Saito Divergence

where the matrices diag

Rot Mover’s Distance

(d)

(d−1)

ψ 0 (θ̌j − θ̌j

(d−1)

(d)

1

1

−1

1

1

1
−1

1> ,
.

(133)

(132)

θ? ← θ? +

1
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?
1
p−1 (−θ )

1
−1
p−1

1

(−θ ? ) p−1 1 − p p−1 p

1

1> ,
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(134)

Considering regularizers −π p with 0 < p < 1, all assumptions (A) are verified except from
(A5) since Rd×d
6⊂ dom ψ = Rd×d
−
−− . Hence, our primal formulation does not hold here
because 0 ∈
/ dom ∇ψ. However, it is straightforward to check that our dual formulation for
ROT problems with the ASA scheme can still be applied as long as the cost matrix γ does
not have null entries so that −γ/λ ∈ dom ∇ψ. Eventually, the Newton-Raphson steps to
update the alternate projections in the POCS technique can be written as follows:

5.5 `p quasi-norms

Each step can be optimized by computing first the temporary matrix (β − 1)θ ? + 1, then
applying an element-wise matrix power of 1/(β − 1) − 1 to this temporary matrix to obtain
a matrix for the denominator, and lastly performing an element-wise matrix multiplication
of these two matrices to obtain a matrix for the numerator and thus save one element-wise
matrix power. Since ψ 0 is convex and strictly increasing with ψ 00 positive, the convergence
of the updates is guaranteed.
Interestingly, the regularizer tends to minus the Burg and Boltzmann-Shannon entropies
in the limit β = 0 and β = 1, respectively. Therefore, the β-divergences interpolate between
the Itakura-Saito and Kullback-Leibler divergences. We finally remark that the regularizer
can also be defined for other values of the parameter β using the same formula, but do not
verify assumptions (A) for these values.

1> ((β − 1)θ ? + 1) β−1

1> ((β − 1)θ ? + 1) β−1 − q>

((β − 1)θ ? + 1) β−1

((β − 1)θ ? + 1) β−1 1 − p

θ? ← θ? − 1

θ? ← θ? −

Assumptions (A) hold for the β-potentials (π β − βπ + β − 1)/(β(β − 1)) with 0 < β < 1,
associated to the so-called β-divergences. Hence, the ROT problem can be solved with the
ASA scheme, and the Newton-Raphson steps to update the alternate projections in the
POCS technique can be written as follows:

5.4 β-potentials and β-divergences

= max {θij }1≤i≤d , to

< νj < +∞. As a result, it suffices to initialize

µi with θ̂i =
= max {θij }1≤j≤d , respectively νj with θ̌j = θ̌j
guarantee convergence of the updates.

(d)
θ̂i

) ≥ 2ψ 0 (0) = 1, so that θ̌j

in increasing order. On each of these intervals, the necessary and sufficient condition (40) is
verified since we can decompose f (µi ), respectively g(νj ), as the sum of an increasing convex
and an increasing concave function. Hence, we have global convergence on the interval that
contains the solution. It is further possible to restrict the search to the two last intervals only.
P
(d−1)
(d−1)
(d−1)
(d)
(d−1)
Indeed, we have dj=1 ψ 0 (θij − θ̂i
) ≥ ψ 0 (θ̂i
− θ̂i
) + ψ 0 (θ̂i − θ̂i
) ≥ 2ψ 0 (0) = 1,
Pd
(d−1)
(d−1)
(d−1)
(d−1)
0
0
so that θ̂i
< µi < +∞. Similarly, we have i=1 ψ (θij − θ̌j
) ≥ ψ (θ̌j
− θ̌j
)+
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1

1

1

1> (−θ ? ) p−1

−1

1> (−θ ? ) p−1 − p p−1 q>
1
p−1

Rot Mover’s Distance

θ? ← θ? + 1
.
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Each step can be optimized by computing first the temporary matrix −θ ? , then applying
an element-wise matrix power of 1/(p − 1) − 1 to obtain a matrix for the denominator, and
lastly performing an element-wise matrix multiplication of these two matrices to obtain
a matrix for the numerator and thus save one element-wise matrix power. Since ψ 0 is
convex and strictly increasing with ψ 00 positive everywhere, the convergence of the updates
is guaranteed.
5.6 `p norms

1
p−1

1> |θ ? − τ 1> | p−1

−1

Assumptions (B) hold for the `p norms |π|p with 1 < p < +∞, so the ROT problem can
be solved with the NASA scheme. For p 6= 2, the Newton-Raphson steps to update the
alternate projections in Dykstra’s algorithm can be written as follows:
n
1 o
1
sgn(θ ? − τ 1> ) |θ ? − τ 1> | p−1 1 − p p−1 p
τ ←τ+
,
(136)
1
?
1
> p−1 −1 1
p−1 |θ − τ 1 |
n
1 o
1
1> sgn(θ ? − τ 1> ) |θ ? − τ 1> | p−1 − p p−1 q>
.
(137)
1
σ←σ+

(k)

Denoting θ = θ ? − τ 1> or θ = θ ? − 1σ > in the respective updates, each step can
be optimized by computing first the temporary matrix |θ|, then applying an element-wise
matrix power of 1/(p − 1) − 1 to obtain a matrix for the denominator, and lastly performing
an element-wise matrix multiplication of these two matrices and of sgn θ to obtain a matrix
for the numerator and thus save one element-wise matrix power as well as several vector
replications and matrix subtractions. However, even if ψ 0 is strictly increasing with ψ 00 > 0
on R∗ , ψ 0 is neither convex nor concave and does not verify the necessary and sufficient condition (40) for global convergence of the Newton-Raphson method. Moreover, ψ 00 vanishes
at 0 for p < 2, and ψ 0 is not differentiable at 0 for p > 2.
Nevertheless, ψ 0 is concave on R− and convex on R+ for p < 2, as well as convex on R−
and concave on R+ for p > 2. It thus divides for a given 1 ≤ i ≤ d, respectively 1 ≤ j ≤ d,
(1)
(2)
(d−1)
(d)
the real line into at most d + 1 intervals −∞ < θ̂i ≤ θ̂i ≤ · · · ≤ θ̂i
≤ θ̂i < +∞,
(1)
(2)
(d−1)
(d)
(k)
respectively −∞ < θ̌j ≤ θ̌j ≤ · · · ≤ θ̌j
≤ θ̌j < +∞, with the values (θ̂i )1≤k≤d

Pd
0
j=1 ψ (θ ij

= max {θij }1≤j≤d . Similarly, we have
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from row i of θ, respectively (θ̌j )1≤k≤d from column j of θ, sorted in increasing order. The
necessary and sufficient condition (40) is verified on the interior of each of these intervals
since we can decompose f (µi ), respectively g(νj ), as the sum of an increasing convex and
an increasing concave function. Hence, we have global convergence on the interior of the
interval that contains the solution. In both cases, we must remove the finite endpoints
to ensure differentiability of ψ 0 and positivity of ψ 00 . It is also further possible to prune
Pd
(d)
0
− θ̂ ) ≤
the last interval from the search. Indeed, we have
j=1 ψ (0) =
i
Pd
(d)
0
i=1 ψ (θ ij − θ̌j ) ≤

(d)

0, so that µi < θ̂i = θ̂i
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Pd
(d)
0
= max {θij }1≤i≤d . Lastly, we can restrict the first
i=1 ψ (0) = 0, so that νj < θ̌j = θ̌j
P
(1)
interval with a finite lower bound instead. Indeed, we have d ψ 0 (θ − θ̂ + φ0 (pi /d)) ≥
ij
j=1
i
Pd
P
(1)
d
0
0 0
− φ0 (pi /d). Similarly, we have
i=1 ψ (θ ij −
j=1 ψ (φ (pi /d)) = pi , so that µi ≥ θ̂i
Pd
(1)
(1)
ψ 0 (φ0 (qj /d)) = qj , so that νj ≥ θ̌j − φ0 (qj /d). As a result, we can
θ̌j + φ0 (qj /d)) ≥ i=1
perform at most d binary searches in parallel to determine within which of the remaining
bounded intervals the solutions µi , respectively νj , lie. Initialization is then done with the
midpoint to guarantee convergence of the updates. A given search thus requires a worstcase logarithmic number of tests, each of which requires a linear number of operations, for
a total complexity in O(d2 log d) instead of O(d2 ) if no such binary search were needed.
Now for p = 2, the regularizer specializes to the Euclidean norm, leading to the squared
Euclidean distance as the associated divergence. In addition, the formula for ψ 00 still holds
with the convention 00 = 1, and ψ 00 is actually constant equal to 1/2. Eventually, the projections can be written in closed form, and we can resort to the analytical algorithm derived
in the next example specifically for the Euclidean distance, after doubling the penalty λ to
account for the regularizer being halved.

5.7 Euclidean Norm and Euclidean Distance

(138)

Assumptions (B) hold for half the Euclidean norm π 2 /2 associated to half the squared
Euclidean distance. Therefore, the ROT problem can be solved with the NASA scheme,
where Dykstra’s algorithm can actually be written in closed form. Specifically, the nonnegative projection reduces to:

e} ,
π ? ← max{0, π

(140)

(139)

and is interleaved with the scaling projections which amount to offsetting the rows and
e by an amount such that the rows and columns of π ? sum up to p and q
columns of π
respectively:

1
e←π
e − (π ? 1 − p) 1> ,
π
d
1
1 (1> π ? − q> ) .
d
e←π
e−
π

1

As a remark, we notice that half the squared Euclidean distance can be seen as a
β-divergence using the provided formula for β = 2. However, the β-divergence generated is
not of Legendre type because the domain is restricted to R+ , whereas it could actually be
extended to R so that the regularizer would then be of Legendre type. This is why we fall
under assumptions (B) rather than assumptions (A) in this case.
5.8 Hellinger Distance
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Assumptions (B) hold for the regularizer −(1 − π 2 ) 2 akin to a Hellinger distance. Hence,
the ROT problem can be solved with the NASA scheme, and the Newton-Raphson steps to

40

− τ 1>

?

− 1σ >

(142)

(141)

(k)

(1)

41
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Assumptions (B) hold for the quadratic forms (1/2) vec(π)> P vec(π) with positive-definite
2
2
matrix P ∈ Rd ×d , associated to the Mahalanobis distances, so the ROT problem can be

5.9 Quadratic Forms and Mahalanobis Distances

qj , so that νj ≥ θ̌j − φ0 (qj /d). As a result, we can perform d binary searches in parallel
to determine within which of the remaining intervals the solutions µi , respectively νj , lie.
Initialization is then done with the midpoint to guarantee convergence of the updates. A
given search requires a worst-case logarithmic number of tests, each of which requires a
linear number of operations, for a total complexity in O(d2 log d) instead of O(d2 ) if no such
binary search were needed.

θ̌j

= max {θij }1≤i≤d . Lastly, we can restrict the first interval with a finite lower bound
P
P
(1)
instead. Indeed, we have dj=1 ψ 0 (θij − θ̂i + φ0 (pi /d)) ≥ dj=1 ψ 0 (φ0 (pi /d)) = pi , so that
P
P
(1)
(1)
µi ≥ θ̂i − φ0 (pi /d). Similarly, we have di=1 ψ 0 (θij − θ̌j + φ0 (qj /d)) ≥ di=1 ψ 0 (φ0 (qj /d)) =

(d)

the values (θ̂i )1≤k≤d from row i of θ, respectively (θ̌j )1≤k≤d from column j of θ, sorted
in increasing order. On each of these intervals, the necessary and sufficient condition (40)
is verified since we can decompose f (µi ), respectively g(νj ), as the sum of an increasing
convex and an increasing concave function. Hence, we have global convergence on the
interval that contains the solution. It is further possible to prune the last interval from the
P
P
(d)
(d)
search. Indeed, we have dj=1 ψ 0 (θij − θ̂i ) ≤ dj=1 ψ 0 (0) = 0, so that µi < θ̂i = θ̂i =
Pd
Pd
(d)
0
0
max {θij }1≤j≤d . Similarly, we have i=1 ψ (θij − θ̌j ) ≤ i=1 ψ (0) = 0, so that νj < θ̌j =

(k)

or θ = θ
in the respective updates, each step can be opDenoting θ = θ
timized by computing first the temporary matrix 1/(1 + θ 2 ), then applying an element-wise
matrix square root to this temporary matrix, performing an element-wise matrix multiplication of these two matrices to obtain a matrix for the denominator, and lastly an element-wise
matrix multiplication of the temporary matrix with θ to obtain a matrix for the numerator
and thus save one element-wise matrix power as well as several vector replications and matrix subtractions. However, even if ψ 0 is strictly increasing with ψ 00 positive everywhere, ψ 0
is neither convex nor concave and does not verify the necessary and sufficient condition (40)
for global convergence of the Newton-Raphson method.
Nevertheless, ψ 0 is convex on R− and concave on R+ . It thus divides for a given 1 ≤
(1)
(2)
i ≤ d, respectively 1 ≤ j ≤ d, the real line into at most d + 1 intervals −∞ < θ̂i ≤ θ̂i ≤
(d−1)
(d)
(1)
(2)
(d−1)
(d)
· · · ≤ θ̂i
≤ θ̂i < +∞, respectively −∞ < θ̌j ≤ θ̌j ≤ · · · ≤ θ̌j
≤ θ̌j < +∞, with

?

update the alternate projections in Dykstra’s algorithm can be written as follows:


 1
2 −2
(θ ? − τ 1> )
1 + (θ ? − τ 1> )
1−p
,
τ ←τ+

− 3
2
2
1
1 + (θ ? − τ 1> )


 1
2 −2
1> (θ ? − 1σ > )
1 + (θ ? − 1σ > )
− q>
σ←σ+
.

 3
2 −2
1> 1 + (θ ? − 1σ > )

Rot Mover’s Distance
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We start by visualizing the effects of different regularizers φ and varying penalties λ on
synthetic data. For the input distributions, we discretize and normalize continuous densities
on a uniform grid (xi )1≤i≤d of [0, 1] with dimension d = 256. We use for p a univariate
normal with mean 0.5 and variance 0.2, and for q a mixture of two normals with equal
weights, respective means 0.25 and 0.75, and same variance 0.1. We set the cost matrix
γ as the squared Euclidean distance γij = (xi − xj )2 on the grid. The input distributions
(bottom left and top right), cost matrix (top left) and unique earth mover’s plan (bottom
right) computed for classical OT using the solver of Rubner et al. (2000) with standard
settings, are shown in Figure 3.

6.1 Synthetic Data

In this section, we present the results of our methods on different experiments. We first
design an synthetic test to showcase the behavior of different regularizers and penalties
on the output solutions or computational times (Section 6.1). We then consider a pattern
recognition application to audio scene classification on a real-world dataset (Section 6.2).

6. Experimental Results

solved with the NASA scheme. For a diagonal matrix P, the regularizer is separable and
the Newton-Raphson steps to update the alternate projections in Dykstra’s algorithm are
similar to that for the Euclidean distance with appropriate weights. For a non-diagonal
matrix P, however, the regularizer is not separable anymore and we must resort to the
generic NASA scheme.
In this general case, the scaling projections amount to convex quadratic programs with
linear equality constraints. They can be solved using classical techniques such as the rangespace and null-space approaches, Krylov subspace methods or active set strategies. The
non-negative projection reduces to a convex quadratic program with a linear inequality
constraint. It can be solved elegantly with an iterative algorithm for non-negative quadratic
programming proposed by Sha et al. (2007) using multiplicative updates with a complexity
in O(d4 ). All in all, we recommend using a sparse matrix P with a block-diagonal structure
and an order of magnitude of d2 non-null entries, so as to obtain a quadratic instead of
quartic empirical complexity.

Figure 3: Earth mover’s plan π ? for the cost matrix γ and input distributions p, q.
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Figure 4: Rot mover’s plans π ? for different regularizers φ and penalties λ = λ λ0 .
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We test all separable regularizers φ introduced in Section 5. Because these regularizers
have different ranges in the sensible values of the rot mover’s plans π ? , we manually tune the
penalties λ so that they feature similar amounts of regularization. For ease of comparison,
we set λ = λ λ0 , with λ constant for each φ, and λ0 varying similarly for all φ. The limit case
when λ tends to infinity is simply obtained by setting γ/λ = 0 in the algorithms, except
from `p quasi-norms for which we use λ = 1010 . The null values of γ are also fixed to 10−12
for `p quasi-norms. We do not limit the number of iterations in the different algorithms, and
use a small tolerance of 10−8 for convergence with the `∞ norm on the marginal difference
checked after each iteration as a termination criterion.
The rot mover’s plans obtained for ROT for d = 256 with the different regularizers and
penalties are visualized in Figure 4. We first observe that all rot mover’s plans converge to
the earth mover’s plan for low values of the penalty as shown theoretically in Property 9.
Nevertheless, the rot mover’s plans exhibit different shapes depending on the regularizers for
intermediary and large values of the penalty. In the limit when the penalty grows to infinity,
we obtain the transport plan with minimal Bregman information as shown theoretically in
Property 7. In particular, this leads to pq> with an ellipsoidal shape for BSKL (BoltzmannShannon entropy and Kullback-Leibler divergence), meaning that the mass is relatively
spread among neighbor bins. The same pattern is observed for FDLOG (Fermi-Dirac entropy
and logistic loss function), which can be explained in this synthetic example by the rot
mover’s plans having low values and the two regularizers being equivalent up to a constant
in the neighborhood of zero. The profile gets more rectangular for BIS (Burg entropy and
Itakura-Saito divergence), implying that the mass is even more spread across the different
bins. Using an intermediary value β = 0.5 in BETA (β-potentials and β-divergences) allows
the interpolation between these two limits of a rectangle for β = 1 and an ellipsoid for β = 0,
so that the parameter β actually helps to control the spread of mass in the regularization.
We observe similar results for LPQN (`p quasi-norms) with an ellipsoid for p = 0.9, a rectangle
for p = 0.1, and a shape in between for p = 0.5. When the power parameter further increases
in LPN (`p norms), we obtain new shapes that feature less spread of mass. These shapes for
p = 1.1 and p = 1.5 now interpolate up to a lozenge for p = 2 in EUC (Euclidean norm and
Euclidean distance), so that the parameter p also provides control on the spread of mass.
A similar diamond profile is obtained for HELL (Hellinger distance), which is due again to
the rot mover’s plans having low values and the two regularizers being equivalent up to a
constant in the neighborhood of zero. Lastly, we remark that varying the penalty between
the two extremes allows a smooth interpolation of the earth mover’s plan and optimal plan
with minimal Bregman information, while keeping similar shapes and effects in terms of
spreading of mass.
We next report in Table 4 the computational times required to reach convergence for the
different regularizers and penalties. As a stopping criterion, we use the relative variation
with tolerance 10−2 in `2 norm for the main loop of alternate Bregman projections, and the
absolute variation with tolerance 10−5 in `2 norm for the auxiliary loops of the NewtonRaphson method. We use the same synthetic data as above but also vary the dimension d to
assess its influence on speed. As already observed specifically for Sinkhorn distances (Cuturi,
2013), computing ROT distances is faster for important regularization with larger values
of λ. The regularizers under assumptions (A) do not require the extra projections onto the
non-negative orthant, and thus intuitively require less computational effort than the ones
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We now assess our methods in the context of audio classification, and specifically address
the task of acoustic scene classification where the goal is to assign a test recording to one of
predefined classes that characterizes the environment in which it was captured. We consider
the framework of the DCASE 2016 IEEE AASP challenge with the TUT Acoustic Scenes
2016 database (Mesaros et al., 2016). The data set consists of audio recordings at 44.1 kHz
sampling rate and 24-bit resolution. The metadata contains ground-truth annotations on
the type of acoustic scene for all files, with a total of 15 classes: home, office, library,
café/restaurant, grocery store, city center, residential area, park, forest path, beach, car,
train, bus, tram, metro station. The audio material is cut into 30-second segments, and
is split into two subsets of 75%–25% containing respectively 78–26 segments per class for
development and evaluation, resulting in a total of 1170–390 files for training and testing.
A 4-fold cross-validation setup is given with the training set. The classification accuracy,
that is, the number of correctly classified segments among the total number of segments, is
used as a score to evaluate systems.
A baseline system is also provided with the database for comparison. This system is
based on Mel-frequency cepstral coefficient (MFCC) timbral features with Gaussian mixture
model (GMM) classification. One GMM with diagonal covariance matrix is learned per class

6.2 Audio Classification

that verify assumptions (B). In addition, we notice that when the projections have closedform expressions, the algorithms are also faster. The results further illustrate the influence
of the data dimension d and the difference between ROT and classical OT performances. For
a low dimension d, the RMD is competitive with EMD in his historical implementation EMD
OLD (Rubner et al., 2000). The super-cubic complexity of the EMD with EMD OLD becomes
prohibitive as the data dimension increases in contrast to the RMD which scales better. It
should nevertheless be underlined that for reasonable dimensions, fast computation of the
EMD can be obtained with a more recent, optimized implementation of the network simplex
solver EMD NEW (Bonneel et al., 2011). For higher dimensions, the super-cubic complexity
makes EMD NEW less attractive, though it stays competitive with the RMD under a dimension
d = 4096.
As a consequence, a numerical alternative to our algorithms for solving ROT problems
with reasonable dimensions is to rely on conditional gradient methods similar to (Ferradans
et al., 2014). Indeed, such methods imply the iterative resolution of linearized ROT problems, that can be reformulated as EMD problems and therefore be solved with the fast
network simplex approach (Bonneel et al., 2011). Lastly, for a fair interpretation of the
above timing results, we must mention that the two EMD schemes tested were run under
MATLAB from native C/C++ implementations1,2 via compiled MEX files3,4 . Hence, these
EMD codes are quite optimized in comparison to our pure MATLAB prototype codes5 for
the RMD. It is thus plausible that optimized C/C++ implementations of our algorithms
would be even more competitive in this context.
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by expectation-maximization (EM), after concatenating and normalizing in mean and variance the extracted MFCCs from the training segments in that class. A test file is assigned
to the class whose trained GMM leads to maximum likelihood for the extracted MFCCs
for that file, where the MFCCs are considered as independent samples and normalized with
the learned mean and variance for the respective classes. The baseline system is ran with
its default parameters: 40 ms frame size, 20 ms hop size, 60-dimensional MFCCs comprising
20 static (including energy) plus 20 delta and 20 acceleration coefficients extracted with

Table 4: Computational times in seconds required to reach convergence for different regularizers φ and penalties λ = λ λ0 , with varying dimensions d.

RMD
RMD
RMD
RMD
RMD
RMD
RMD
RMD
RMD
RMD
RMD
EMD OLD
EMD NEW

Algorithm

RMD
RMD
RMD
RMD
RMD
RMD
RMD
RMD
RMD
RMD
RMD
EMD OLD
EMD NEW

Algorithm
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standard settings in RASTAMAT, 16 GMM components learned with standard settings in
VOICEBOX.
Since MFCCs potentially take negative values, OT tools cannot be applied directly to
this kind of features. Therefore, the common approach is to compute OT appropriately on
GMMs estimated from MFCCs instead. Our proposed system follows this principle, and
is implemented in the very same pipeline as the baseline for a fair comparison, with the
following differences. One GMM is learned by EM for each training segment instead of
class. Any normalization on the MFCCs per class is thus removed. Since less components
are typically required to model one segment compared to one class, the spurious GMM
components are further discarded as post-processing by keeping only those with weight and
variances all greater than 10−2 . Instead of applying a GMM classifier, all individual models
are exploited to train a support vector machine (SVM) classifier. An exponential kernel for
the SVM is designed by introducing a distance between two mixtures P, Q based on the
RMD as follows:
κ(P, Q) = exp(−dγ,λ,φ (ω, υ)/τ ) ,
(143)

Rot Mover’s Distance

Dessein, Papadakis and Rouas

k=1

where the exponential decay rate τ > 0 is a kernel parameter, and ω, υ ∈ Σd are the
respective weights of the d = 16 (or less) components for the two GMMs P, Q. The cost
d×d
matrix γ ∈ R+
depends on P, Q and is the square root of a symmetrized Kullback-Leibler
divergence, called the Jeffrey divergence, between the pairwise Gaussian components:
v
u l
2
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In this paper, we formulated a unified framework for smooth convex regularization of discrete
OT problems. We also derived some algorithmic methods to solve such ROT problems,
and detailed their specificities for classical regularizers and associated divergences from the
literature. We finally designed a synthetic experiment to illustrate our proposed methods,
and proved the relevance of ROT problems and the RMD on a real-world application to
audio scene classification. The obtained results are encouraging for further development of
the present work, and we now discuss some interesting perspectives for future investigation.
Firstly, we want to assess the effect of other regularizers on the solutions, notably when
adding an affine term. From a geometrical viewpoint, such a transformation is equivalent to
simply translating the cost matrix, with no effect on the Bregman divergence itself. For a
given regularizer, we could therefore parametrize a whole family of interpolating regularizers,
and tune the translation parameter according to the application. In particular, a recent work
developed independently of ours makes use of Tsallis entropies to regularize OT problems
with ad hoc solvers (Muzellec et al., 2018). These regularizers could be integrated readily to

7. Conclusion

(Gaussian mixture model classifier). This proves the benefits of incorporating individual
information per sound via an SVM rather than exploiting global information per class with
a GMM. This further demonstrates the relevance of OT and more general ROT problems
for the design of kernels between GMMs in the SVM pipeline. We also notice that RMD (rot
mover’s distance kernel) is at least competitive with EMD (earth mover’s distance kernel) for
all proposed regularizers, except from EUC which does not perform as well. This might be a
consequence of the regularization profile for EUC, or equivalently LPN with p = 2, which does
not spread enough mass across similar bins, implying a lack of robustness to slight variations
in the means and variances of the GMM components. Reducing the power parameter in
LPN brings back to a competitive system with EMD for p = 1.1, and even a better trade-off
with improved accuracy for p = 1.5. We obtain similar results for LPQN with p = 0.9 and
p = 0.5, with now the best compromise for the lowest power value p = 0.1 which clearly
outperforms EMD. As a remark, the accuracy for LPN and LPQN is not unimodal with respect
to p which controls the spread of mass in the regularization. We suspect this is because
the performance is a function of both the spread of mass and the amount of regularization,
whose coupling allows for similar compromises in terms of results within different regimes
of use. Concerning BETA now, we observe that the existing Sinkhorn-Knopp algorithm BSKL
for β = 1 does not improve the accuracy compared to EMD. Increasing the spread of mass
with β = 0 in BIS is even worse. The best performance is obtained with a range in between
for β = 0.5, which slightly improves results over EMD. Using LOG here slightly degrades the
performance compared to EMD and BSKL. Interestingly, the overall best accuracy on this
application is obtained for HELL which beats all other systems, including EUC, by a safe
margin. In contrast to the experiment on synthetic data with dimension 256 presented in
Section 6.1, where both BSKL and LOG, respectively EUC and HELL, behave similarly due
to equivalence up to a constant for low values in the transport plans, the range of the
transport plans here is much higher since the dimension of the input distributions is at
most 16 (typically less than 10). This raises the importance of choosing a good regularizer
depending on the actual task and its inherent design criteria such as the data dimension.
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where µi and σ i2 , respectively ν j and ς j2 , are the means and variances of the l = 60 MFCC
features for component i in the first mixture P , respectively component j in the second
mixture Q. The SVM classifier is implemented with standard settings in LIBSVM, and
requires an additional soft-margin parameter C > 0 to be tuned. Notice that, even if
the kernel is not positive-definite, LIBSVM is still able to provide a relevant classification
by guaranteeing convergence to a stationary point (Lin and Lin, 2003; Haasdonk, 2005;
Alabdulmohsin et al., 2014). All separable regularizers φ from Section 5 with different
penalties λ > 0 are tested for the RMD in comparison to the EMD. The two distances
between p, q and q, p with cost matrix γ transposed are computed and averaged, so as
to remove any asymmetry due to practical issues. The number of iterations is limited to
100 for the main loop of the algorithm and to 10 for the auxiliary loops of the NewtonRaphson method, and the tolerance is set to 10−6 in all loops for convergence with the
`∞ norm on the marginal difference checked after each iteration as a termination criterion.
The parameters τ, C ∈ 10{−1,+0,+1,+2} and penalty λ ∈ Λ, where Λ is a manually chosen
set of four successive powers of ten depending on the range of the regularizer φ, are tuned
automatically by cross-validation.
The obtained results on this experiment in terms of accuracy per system are reported
in Table 5. The optimal penalties λ ∈ Λ selected by cross-validation for each regularizer φ
are also included, while the optimal parameters τ, C are not displayed since they actually
all equal 10+1 independently of the kernel used. We first notice that the proposed system
SVM (support vector machine classifier) consistently outperforms the baseline system GMM
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our more general framework based on alternate Bregman projections, since Tsallis entropies
are equivalent to β-potentials and `p (quasi)-norms up to an affine term.
In another direction, we would like to extend some theoretical results that hold for the
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is known that the related rot mover’s plan converges in norm to the earth mover’s plan
with an exponential rate as the penalty decreases (Cominetti and San Martı́n, 1994). It
is not straightforward, however, to generalize this to other regularizers and divergences.
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properties such as the triangular inequality can be proved similarly to Sinkhorn distances.
We also plan to study other pattern recognition tasks in text, image and audio signal
processing. Intuitive possibilities include retrieval and classification for various kinds of
data modeled via histograms of features or GMMs. Among potential approaches, this can
be addressed by exploiting the RMD either directly in a nearest-neighbor search, or in the
design of kernels for an SVM as done here for acoustic scenes. For such tasks, it would be
relevant to provide insight into the choice of a good regularizer for the actual problem, or
develop methods for automatic tuning of regularization parameters, and for learning the
cost matrix from the data as can be done for the EMD (Cuturi and Avis, 2014). Even if we
mostly focused on separable regularizers, it would be relevant to further use the quadratic
forms associated to Mahalanobis distances in certain applications, and maybe propose a
parametric learning scheme for the quadratic regularizer from the data.
Lastly, a more prospective idea is to use the RMD instead of Sinkhorn distances in
the recent works built on the entropic regularization mentioned in Section 1. We also
think that variational ROT problems could be formulated for statistical inference, notably
parameter estimation in finite mixture models by minimizing loss functions based on the
RMD (Dessein et al., 2017). This would leverage new applications of our ROT framework for
more general machine learning problems. Such developments are yet involved and require
some theoretical effort before reaching enough maturity to address practical setups.
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Aude Genevay, Gabriel Peyré, and Marco Cuturi. GAN and VAE from an optimal transport
point of view. Technical report, arXiv:1706.01807, 2017.
Kristen Grauman and Trevor Darrell. Fast contour matching using approximate earth
mover’s distance. In IEEE Computer Vision and Pattern Recognition (CVPR), pages
220–227, 2004.

Antoine Rolet, Marco Cuturi, and Gabriel Peyré. Fast dictionary learning with a smoothed
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For practitioners ELFI provides a convenient interface for quickly arranging the components
needed in LFI into an ELFI graph. Inherently ELFI graphs are directed acyclic graphs
(DAGs), that represent how quantities used by the inference algorithm (e.g. distances) are
computed (Figure 1). The DAG structure makes it possible to construct detailed hierarchies
between the components (nodes). Under the hood, the ELFI graph is converted to a
computation graph that will include e.g. nodes for the observed data (see the documentation1
for more details). The nodes (components) are either data or operations that output data.
Users are free to implement components as needed, but ELFI provides also ready made
implementations for common components. Once specified, the ELFI graph can be directly

2.1 Features for Practitioners

ELFI is designed to support likelihood-free inference research both from the practitioners’ and
methodologists’ point of view. We aim for an easy-to-use ecosystem where practitioners will
find the state-of-the-art inference methods, whereas methodologists will find simulators along
with accompanying ELFI graphs and data to aid in method development and assessment.

2. Software Design Principles

Engine for Likelihood-Free Inference (ELFI) is a statistical software package for likelihoodfree inference written in Python. The term “likelihood-free inference” (LFI) refers to a
family of inference methods that can be used when the likelihood function is not computable
or otherwise available, but it is possible to simulate from the model (see e.g. Lintusaari
et al., 2017). Other names for likelihood-free inference or closely related approaches include
Approximate Bayesian Computation (ABC) (see e.g. Marin et al., 2012; Lintusaari et al.,
2017), simulator-based inference, approximative Bayesian inference and indirect inference.
In LFI, generative models are commonly composed of priors and user-specified simulators.
The inference is based on the outputs of the generative model, that is, on the simulated
data for various parameter configurations, as opposed to the likelihoods of the observed data
under the configurations. To facilitate the inference, the observed and simulated data are
usually summarized after which distances between the summaries are taken. In ELFI, the
simulators, summaries, distances, etc. are called components and can be implemented in a
wide variety of languages.
One of the main features in ELFI is the convenient syntax of combining all of the
components into a single network (Figure 1) that we call an ELFI graph. Once the ELFI
graph is specified, it can be used with any of the available inference algorithms. ELFI
also supports parallelization of the inference from a single computer up to a computational
cluster, and storing the generated data for reuse, post-processing and further analysis. ELFI
has emerged from the prior research on the subject by the authors (Lintusaari et al., 2016;
Gutmann and Corander, 2016; Lintusaari et al., 2017; Kangasrääsiö et al., 2017) and was
used by Kangasrääsiö et al. (2017) and Kangasrääsiö and Kaski (2017).

1. Introduction

Keywords: Likelihood-free inference, approximate Bayesian computation, Python, BOLFI,
parallel computing

Lintusaari et al.

ELFI

# Define the simulator, the summary and the observed data
def simulator(t1, t2, batch_size=1, random_state=None):
# Implementation comes here. Return ‘batch_size‘
# simulations wrapped to a NumPy array.
def summary(data, argument=0):
# Implementation comes here...
y = # Observed data, as one element of a batch.
# Specify the ELFI graph
t1 = elfi.Prior(’uniform’, -2, 4)
t2 = elfi.Prior(’normal’, t1, 5) # depends on t1
SIM = elfi.Simulator(simulator, t1, t2, observed=y)
S1 = elfi.Summary(summary, SIM)
S2 = elfi.Summary(summary, SIM, 2)
d = elfi.Distance(’euclidean’, S1, S2)
# Run the rejection sampler
rej = elfi.Rejection(d, batch_size=10000)
result = rej.sample(1000, threshold=0.1)

S1

t1

SIM

d

t2

S2

Figure 1: Example of an ELFI graph and of running ABC rejection sampling in ELFI. The
observed data are given to the operation that produces corresponding output.
Two summaries are defined, where summary S2 is given an additional argument 2.

used with any of the available inference methods. We have provided an initial set of methods
that can handle different types of scenarios: basic rejection sampling for cheap simulators,
the general-purpose sequential Monte Carlo as well as BOLFI (Gutmann and Corander,
2016) for expensive simulators. BOLFI combines probabilistic modelling of the distance
with decision-making under uncertainty to decide for which parameter value to next run the
simulator, significantly reducing the number of simulations needed.
Since likelihood-free inference often requires a moderate amount of experimentation (e.g.
trying different summary statistics) it is important that specifying the components is made
flexible and that already generated data can be reused. We found the DAG structure to be
ideal for these tasks. First, ELFI allows any part of the ELFI graphs (e.g. nodes and their
dependencies) to be redefined keeping the rest of the structure intact. Second, ELFI provides
automatic storing of the full output of any node (e.g. the simulator). These data will be
automatically reused when for example the summaries are changed, potentially resulting in
significant savings in compute time. These features are demonstrated in the ELFI tutorial
in the documentation.
Another important factor is the ability to use non-Python components in the ELFI graph.
For instance, it may not always be practical or even possible to rewrite existing simulators
in Python. ELFI provides both tools and examples in the documentation on how to use
simulators written in other languages.

JMLR 19(16):1-7, 2018

Other practical features include the ability to progress the inference iteratively and to
stop early if necessary. The provided visualization functions support assessing the current
state of the inference. Finally, the ELFI graph can be saved to a file and shared with
3
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others. ELFI also guarantees that the results will be identical for the same seeds making
the reproduction of the results easy.
2.2 Features for Methodologists

For methodologists ELFI provides a convenient platform for testing new algorithms with
models from the literature (e.g. Ricker, 1954; Marin et al., 2012; Lintusaari et al., 2017) and
comparing their performance against existing algorithms. The framework provides means
for parallelization, data storing, seeding of pseudo random number generation and other
important technicalities out of the box. The documentation includes instructions on how to
implement new algorithms for ELFI. One of the major benefits is that all existing ELFI
graphs will be usable with the new algorithms without modifications.

3. Performance and Scalability

Performance is an important factor in computationally heavy inference such as LFI. ELFI
uses batches of computations to control execution performance and parallelization. A
batch consists of a fixed number of consecutive evaluations of a node in the ELFI graph
before moving to the next (e.g. 100 draws from the prior and then 100 simulations using
those parameters). The standard parallelization strategy is to compute multiple batches
in parallel. This provides several benefits. First, the computation of a single batch can
often be vectorized with, for example, NumPy (van der Walt et al., 2011) for many of the
basic operations (e.g. computing summaries or distances), making them efficient in Python.
This is especially beneficial when experimenting with different summaries and distances
with precomputed simulations. Batches are also often relatively constant in their time and
memory consumption, allowing flexibility in planning the parallel execution of multiple
batches. This helps in avoiding unnecessary message passing, progressing the inference in
meaningful steps, and makes it possible to know in advance the size of the returned output
data for storing purposes.

4. Comparison to Other Similar Software

JMLR 19(16):1-7, 2018

There exist multiple LFI libraries for parameter inference. Many of them are either restricted
to a specific problem domain (Liepe et al., 2014; Cornuet et al., 2014; Louppe et al., 2016),
or require existing simulated data (Thornton, 2009; Csilléry et al., 2012; Nunes and Prangle,
2015). Edward (Tran et al., 2016) provides some LFI methods with a GPU acceleration,
but requires the simulator to be differentiable. ELFI makes no extra requirements for the
simulator (or other components), and can also be used with implementations taking benefit
of hardware accelerations (e.g. GPU). General-purpose LFI software similar to ELFI are, to
our knowledge, ABCtoolbox (Wegmann et al., 2010), EasyABC (Jabot et al., 2013), and
ABCpy (Dutta et al., 2017). A relatively recent categorization of LFI software is provided
by Nunes and Prangle (2015).
Among the general-purpose LFI software, only ELFI separates the LFI component
specification from inference (Table 1). The graph-based specification provides considerable
flexibility in both defining the components and experimenting with them. For example, it

4

Latest release
2009
2015
2017
2017

Data reuse
Partial
Partial
7
3

Parallelization
cluster (manual)
local
local and cluster
local and cluster

Graph-based
7
7
7
3

Iterative processing
7
7
7
3

Table 1: Comparison of general-purpose LFI frameworks

Language
C++
R
Python
Python
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1. ELFI documentation can be found at http://elfi.readthedocs.io.
2. The ipyparallel project can be found at https://github.com/ipython/ipyparallel.
3. The ELFI GitHub repository can be found at https://github.com/elfi-dev/elfi.
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ELFI is written in Python and is officially tested under Linux and MacOS but also
works in Windows. The code style follows PEP 8 and documentation NumPy format. Code
development uses the continuous integration practice with code review and automated tests
to ensure the quality and usability of the software. The venue for distributing the source
is GitHub that among the above features also allows anyone to raise issues regarding the
software and make pull requests for new features.3 Online documentation is hosted in the
Read The Docs.1 ELFI also has a community chat for the users.

ELFI has been designed to be open source and modular, and can be extended through
interfaces. For instance, it is possible to add new types of components, data stores or parallel
clients. All the dependencies of ELFI are also open source.

5. Source Code and Dependencies

Only ELFI supports advancing the inference sample-by-sample, which facilitates debugging and enables e.g. convergence monitoring and early stopping. Also, ELFI is currently the
only general-purpose software to implement the BOLFI method (Gutmann and Corander,
2016), which can handle expensive-to-evaluate simulators outside the reach of other methods.

ABCtoolbox, EasyABC and ELFI support reusing generated data. ELFI is more flexible
in that it allows the output of any node of the ELFI graph to be stored, and it automatically
uses that data to compute the output of its current or future child nodes. There is thus no
need to manually transform existing data.

Regarding parallelization, EasyABC supports multiple cores on a single computer while
the others can also run in cluster environments. By default, ABCpy uses Spark (Zaharia
et al., 2010) and ELFI ipyparallel for parallelization but both can be used with alternative
backends.2 ABCtoolbox does not provide a parallel solution out of the box.

is possible to embed multiple simulators into a single ELFI graph without modifying their
codes. We refer the reader to the documentation for illustrations.1

Software
ABCtoolbox
EasyABC
ABCpy
ELFI

ELFI
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yt = f? (xt ) + ξt ,

Let us consider a sequential regression problem. At each time step t ∈ N, a learner picks a
point xt ∈ X ⊂ Rd and gets the observation

2. Kernel streaming regression with a predictable noise process

where f? is an unknown function assumed to belong to some function space F, and ξt is a
random noise. In the following, we assume a sub-Gaussian streaming predictable model:

theoretical approaches rely on a fixed regularization parameter, in practice, people have
often used heuristics in order to tune this parameter adaptively with time.
This however comes at the price of loosing theoretical guarantees. Indeed, in order for theoretical guarantees (based on concentration inequalities) to hold, existing approaches (Srinivas et al., 2010; Valko et al., 2013) require the regularization parameter
in the kernel regression to be a fixed quantity. Further, they assume a prior and tight
knowledge of the variance of the noise, which is unrealistic in practice. The reason for this
cumbersome assumption is to adjust the regularization parameter in the kernel regression
based on this deterministic quantity, as such a choice of regularization conveys a natural
Bayesian interpretation (Rasmussen and Williams, 2006). Following this intuition, given
an empirical estimate of the function noise based on gathered observations, one should be
able to tune the regularization automatically. This is however non-trivial, first due to the
streaming nature of the data, that allows the noise to be a measurable function of the past
observations, second because concentration bounds on the empirical variance are currently
unknown in such a general kernel setup, and finally because all existing theoretical bounds
require the regularization parameter to be a deterministic constant, while we require here
a parameterization that explicitly depends on past observations. The goal of this work is
to provide the rigorous tools for performing an online tuning of the kernel regularization
while preserving theoretical guarantees and confidence intervals in the context of streaming kernel regression with unknown noise. We thus hope to provide a sound method for
adaptive tuning that is both interesting from a practical perspective and retains theoretical
guarantees.
We gently start our contributions by Theorem 1 that generalizes existing concentration
results (such as in Abbasi-Yadkori et al. (2011); Wang and de Freitas (2014)), and is explicitly stated for a regularization parameter that may differ from the noise. This result paves
the way to an even more general result (Theorem 2) that holds when the regularization is
tuned online at each step. Afterwards, we introduce a streaming variance estimator (Theorem 3) that yields empirical upper- and lower-bounds on the function noise. Plugging-in
the resulting estimates leads to empirical Bernstein-like concentration results (Corollary 1)
for the kernel regression, where we use the variance estimates in order to tune the regularization parameter. Section 4 presents an application to kernelized bandits, where regret
bounds for Kernel UCB and Kernel Thompson Sampling procedures are derived. Section 5
discusses our results and compares them against other approaches. Finally, Section 6 shows
the potential of all the previously introduced results while comparing them to existing alternatives through different numerical experiments. We postpone most of the proofs to the
appendix.

Durand, Maillard, and Pineau

Many applications require solving an online optimization problem for an unknown, noisy,
function defined over a possibly large domain space. Kernel regression methods can learn
such possibly non-linear functions by sharing information gathered across observations.
These techniques are being used in many fields where they serve a variety of applications
like hyperparameters optimization (Snoek et al., 2012), active preference learning (Brochu
et al., 2008), and reinforcement learning (Marchant and Ramos, 2014; Wilson et al., 2014).
The idea is generally to rely on kernel regression to estimate a function that can be used
for decision making and selecting the next observation point. Algorithmically speaking,
standard kernel regression involves a regularization parameter that accounts for both the
complexity of the unknown target function, and the variance of the noise. While most

1. Introduction

We consider the problem of streaming kernel regression, when the observations arrive sequentially and the goal is to recover the underlying mean function, assumed to belong to
an RKHS. The variance of the noise is not assumed to be known. In this context, we tackle
the problem of tuning the regularization parameter adaptively at each time step, while
maintaining tight confidence bounds estimates on the value of the mean function at each
point. To this end, we first generalize existing results for finite-dimensional linear regression with fixed regularization and known variance to the kernel setup with a regularization
parameter allowed to be a measurable function of past observations. Then, using appropriate self-normalized inequalities we build upper and lower bound estimates for the variance,
leading to Bernstein-like concentration bounds. The latter is used in order to define the
adaptive regularization. The bounds resulting from our technique are valid uniformly over
all observation points and all time steps, and are compared against the literature with
numerical experiments. Finally, the potential of these tools is illustrated by an application
to kernelized bandits, where we revisit the Kernel UCB and Kernel Thompson Sampling
procedures, and show the benefits of the novel adaptive kernel tuning strategy.
Keywords: kernel, regression, online learning, adaptive tuning, bandits
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Streaming kernel regression with unknown variance

Assumption 1 (Predictability) The process generating the observations is predictable
in the sense that there is a filtration H = (Ht )t∈N such that xt is Ht−1 -measurable and yt
is Ht -measurable. Such an example is given by Ht = σ(x1 , . . . , xt+1 , y1 , . . . , yt ).

h
i γ 2σ2
ln E exp(γξt ) Ht−1 6
.
2

Assumption 2 (Sub-Gaussian streaming model) In the sub-Gaussian streaming predictable model, for some non-negative constant σ 2 , the following holds
∀t ∈ N, ∀γ ∈ R,
Let k : X × X → R be a kernel function (that is continuous, symmetric positive definite)
on a compact set X equipped with a positive finite Borel measure, and denote K the
corresponding RKHS.
Information gain This quantity measures the information obtained about function f?
by sampling at points (x1 , . . . , xt ). It is defined (Cover and Thomas, 1991) as the mutual
information between f? and the observations (y1 , . . . , yt ):
I(y1 , . . . , yt ; f? ) = H(y1 , . . . , yt ) − H(y1 , . . . , yt |f? ),
that is the difference between the marginal entropy and the conditional entropy of the
distributions of observations. The information gain thus quantifies the reduction of uncertainty about f? following these observations. For a multidimensional Gaussian, we have
H(N (µ, Σ)) = 12 ln |2πeΣ|, such that for λ = σ 2 (Srinivas et al., 2010),
1
γt (σ 2 ) = I(y1 , . . . , yt ; f? ) = ln det(It + σ −2 Kt ),
2
where Kt = (k(s, s0 ))s,s0 6t . In the linear case when k(x, x0 ) = x> x0 for x ∈ Rd , the information gain typically scales as γt (σ 2 ) = O(d ln t) (Srinivas et al., 2010). The information
gain can be shown to scale with the effective dimensionality (Valko et al., 2013) instead of
the dimension, where effective dimensions correspond to the most informative ones. More
effective dimensions require more observations for a good space coverage, which increases
the information gain. We now extend the information gain to any regularization λ.

t =1

t

1
1X 
ln 1 + kλ,t0 −1 (xt0 , xt0 ) .
2 0
λ

Definition 1 (Information gain with unknown variance) We define the information
gain at time t for a regularization parameter λ to be
γt (λ) =
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This generalization is natural in view of Theorem 1 below. The information gain is inversely
proportional to the regularization λ. By controlling the flexibility of the regression model,
the regularization limits the impact of a new observation on the resulting model, therefore
limiting the information that can be gained out of it.
3

Durand, Maillard, and Pineau

Concentration We first provide a result bounding the prediction error of a standard
regularized kernel estimate, where the regularization is given by a fixed parameter λ > 0.

Theorem 1 (Streaming kernel least-squares (Maillard, 2016)) Assume we are in the
sub-Gaussian streaming predictable model. For a parameter λ ∈ R, let us define the posterior
mean and variances after observing Yt = (y1 , . . . , yt )> ∈ Rt×1 as
(
fλ,t (x) = kt (x)> (Kt + λIt )−1 Yt
σ2
2 (x) =
>
−1
sλ,t
λ kλ,t (x, x) with kλ,t (x, x) = k(x, x) − kt (x) (Kt + λIt ) kt (x) .

1
2



1+ λ1 kλ,t0 −1 (xt0 , xt0 )

t0 =1 ln

Pt

is the information gain.

where kt (x) = (k(x, xt0 ))t0 6t is a t × 1 (column) vector and Kt = (k(xs , xs0 ))s,s0 6t . Then
∀δ ∈ [0, 1], with probability higher than 1−δ, it holds simultaneously over all x ∈ X and t > 0,
r


p
kλ,t (x, x) √
λkf? kK +σ 2 ln(1/δ) + 2γt (λ) ,
λ
γt (λ) =

|f? (x)−fλ,t (x)| 6

where the quantity

Remark 1 This result should be considered as an extension of Abbasi-Yadkori et al. (2011,
Theorem 2) from finite-dimensional to possibly infinite dimensional function space. More
specifically, when considering the linear kernel, the result of Theorem 1 recovers exactly
Theorem 2 from Abbasi-Yadkori et al. (2011). The generalization is non trivial as the
Laplace method must be amended in order to be applied beyond the linear case.

def

Remark 2 This result holds uniformly over all x ∈ X and most importantly over all t > 0,
thanks to a random stopping time construction (related to the occurrence of bad events)
and a self-normalized inequality handling this stopping time. This is in contrast with results
such as Wang and de Freitas (2014), that are only stated separately for each t.

2 is of special interest, since we get on the one hand
The case when λ = λ? = σ 2 /kf? kK

fλ? ,t (x) = kt (x)> (Kt + λ? It )−1 Yt

h
i
p
p
kt (x, x) 1 + 2 ln(1/δ) + 2γt (λ? ) .

2
kt (x, x) with kt (x, x) = k(x, x) − kt (x)> (Kt + λ? It )−1 kt (x)
sλ2 ? ,t (x) = kf? kK

and on the other hand
|f? (x) − fλ? ,t (x)| 6 kf? kK

2 nor σ 2 may be known exactly. In this paper, we make
In practice however, neither kf? kK
the following assumption on the former:

Assumption 3 (Bounded norm in RKHS) An upper bound C is given on kf? kK . This
essentially means that the kernel is well chosen for capturing f? . For more details, see Canu
et al. (2009); Loustau (2009); Wasserman (2017).
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Then, we want to build an estimate of σ 2 at each time t in order to tune λ. Using a
sequence of regularization parameters (λt )t>1 that is tuned adaptively based on the past
observations requires to modify the previous result (it is only valid for a deterministic λ)
into the following more general statement:

4

with σ+,t = min{σ̃+,t , σ+,t−1 }
and σ+,0 = σ+ ,

(1)

5
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1. The term on the right-hand side corresponds to the cumulant generating function of the chi-squared
distribution with 1 degree of freedom. This assumption naturally holds for Gaussian variables.

where σ+ > σ is an initial loose upper bound on σ and σ̃+,t is an upper-bound estimate
on σ built from all observations gathered up to time t (inclusively). This ensures that λt
is Ht−1 measurable for all t and satisfies λt > λ? with high probability, where λ? = σ 2 /C 2 .
The crux is now to define the upper-bound estimate σ+,t on σ. In order to get a variance
estimate, one obviously requires more than the sub-Gaussian assumption, since the term σ 2
has no reason to be tight (the inequality remains valid when σ 2 is replaced with any larger
value). In order to convey the minimality of σ 2 , we assume that the noise sequence is both
σ-sub-Gaussian and second-order1 σ-sub-Gaussian, in the sense that



1
1 
∀t, ∀γ < 2 ln E exp(γξt2 ) Ht−1 6 − ln 1 − 2γσ 2 .
2σ
2

2
λt = σ+,t−1
/C 2

We now focus on the estimation of the variance parameter of the noise in the case when it
is unknown, or loosely known. Theorem 2 suggests to define the sequence (λt )t>1 by

3. Variance estimation

Remark 4 The assumption that λt > λ? will be naturally satisfied for the choice of regularization we consider.

Remark 3 Since λt is allowed to be Ht−1 -measurable, this gives theoretical guarantees for
virtually any adaptive tuning procedure of the regularization parameter.

The regularization parameter λt+1 is therefore used in conjunction with previous data
up to time t to provide the posterior regression model (mean and variance) that is used in
return to acquire the next observation yt+1 on point xt+1 .

The proof is presented in Appendix A.

where kt (x) = (k(x, xt0 ))t0 6t , and Kt = (k(xs , xs0 ))s,s0 6t . Then for all δ ∈ [0, 1], with probability higher than 1 − δ, it holds simultaneously over all x ∈ X and t > 0
s
i
p
kλt+1 ,t (x, x) hp
|f? (x)−fλ,t (x)| 6
λt+1 kf? kK +σ 2 ln(1/δ)+2γt (λ? ) .
λt+1

Theorem 2 (Streaming kernel least-squares with online tuning) Under the same assumption as Theorem 1, let λ = (λt )t>1 be a predictable positive sequence of parameters,
that is λt is Ht−1 -measurable for each t. Assume that for each t, λt > λ? holds for a positive constant λ? . Let us define the modified posterior mean and variances after observing
Yt ∈ Rt as
(
fλ,t (x) = kt (x)> (Kt + λt+1 It )−1 Yt
2
s2λ,t (x) = λσt+1 kλt+1 ,t (x, x) with kλ,t (x, x) = k(x, x)−kt (x)>(Kt + λIt )−1 kt (x) ,

Streaming kernel regression with unknown variance

denote the (slightly biased) variance estimate

(case 2).

(case 1)

(case 2)

(case 1)

6
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Remark 8 In practice, we advice to choose the best of case 1 and case 2 bounds when
σ+ > σ is known.

Remark 7 In √
the variance bounds of Theorem 6 the term kf? kK appears systematically
with the factor λ. This suggests we need to choose λ proportional to 1/kf? k2K , which gives
further justification to the target λ? = σ 2 /C 2 , where C is a known upper bound on kf? k.

Remark 6 The case when absolutely no bound is known on the noise σ 2 is challenging in
practice. In this case, it is intuitive that one should not be able to recover the noise with
too few samples. The bound stated in Theorem 3 (see Appendix B) supports this intuition,
as when the number of observations is too small, then α = 0 and the corresponding bound
becomes trivial (σ 6 ∞).

The proof is presented in Appendix B.

σ−,t (λt ) 6 σ 6 σ+,t (λt , λ? ) .

Then with probability higher than 1 − 3δ 0 , it holds simultaneously for all t > 0


s 

q


2Ct (δ 0 )

− kf? kK λt 1 − max (1+ 1 k1
bλ,t − σ+

σ
t
(x
,x
))
t0 6t
λ λ,t0 −1 t0 t0
s 
σ−,t (λ) = 

−1
q

0

λ
1
 σ

1 + 2Ctt(δ )
 bλ,t − kf? kK t 1 − maxt0 6t (1+ λ1 kλ,t0 −1 (xt0 ,xt0 ))

 q
q

q
√
2σ+ kf? kK λDλ? ,t (δ 0 )
Ct (δ 0 )+2Dλ? ,t (δ 0 )
Ct (δ 0 )

σ
+
+
b
+
σ

+
λ,t
t
t
t

!2
q
q
σ+,t (λ, λ? ) =
√
√
0)
0)

λD
(δ
kf
k
λD
(δ
kf
k
? K
? K
λ? ,t
λ? ,t

 α12
+
σ
bλ,t α +

2t
2t

Then, let us introduce the following variance bounds, defined differently depending on whether
a deterministic upper bound σ+ > σ is known (case 1) or not (case 2).



Ct (δ) = ln(e/δ) 1 + ln(π 2 ln(t)/6)/ ln(1/δ) ,
Dλ,t (δ) = 2 ln(1/δ) + 2γt (λ)
q
q


Ct (δ 0 )+2Dλ? ,t (δ 0 )
Ct (δ 0 )
and finally α = max 1 −
−
,0 .
t
t

Theorem 3 (Streaming kernel variance estimate) Assume we are in the predictable
second-order σ-sub-Gaussian streaming regression model, with a predictable positive sequence λ such that λt > λ? holds for all t. Let us introduce the following quantities

P
2
Now let σ
bλ,T
= T1 Tt=1 (yt −fλ,T (xt ))2
for a regularization parameter λ.

Remark 5 To avoid any technicality, one may assume that ξt |Ht−1 is exactly N (0, σ 2 ), in
which case it is trivially second-order σ-sub-Gaussian.

Durand, Maillard, and Pineau

Durand, Maillard, and Pineau

U1

L1

σ+,1 (λ0 , σ−,1 (λ0 )2 /C 2 ) > σ

→ λ1 = σ+,1 (λ0 , σ−,1 (λ0 )2 /C 2 )2 /C 2 > λ?

L2

σ+,2 (λ1 , σ−,2 (λ1 )2 /C 2 ) > σ

...

→ λ2 = σ+,2 (λ1 , σ−,1 (λ1 )2 /C 2 )2 /C 2 > λ?

RT =

t=1

T
X

8

f? (x? ) − f? (xt ).
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(4)

Here is a direct application of our results in the framework of stochastic multi-armed bandits
with structured arms embedded in an RKHS (Srinivas et al., 2010; Valko et al., 2013). At
each time step t > 1, a bandit algorithm recommends a point xt to sample from a compact
set X ⊆ X , and observes a noisy outcome yt = f? (xt ) + ξt , where ξt ∼ N (0, σ 2 ). Let
x? = argmaxx∈X f? (x) denote the optimal arm. The goal of an algorithm is to pick a
sequence of points (xt )t6T that minimizes the cumulative regret

4. Application to kernelized bandits

We observe from Theorem 3 that the tightness of the noise estimates depends on the λ
2 /C 2 holds with
parameter that is used for computing σ̃−,t and σ̃+,t . Since σ 2 /C 2 6 λt 6 σ+
high probability by construction, using such an adaptive λt should yield tighter bounds
2 /C 2 . This is supported by the numerical experiments of Section 6.2.
than using a fixed σ+

Remark 9 This result is especially interesting since it provides a fully empirical confidence
envelope function around f? . When an initial bound on the noise σ+ is known and considered
to be tight, one may simply choose the constant deterministic sequence λ = (λ, . . . , λ), in
which case the same result holds for λ− = λ and σ+,t = σ+ .

p
p
p
p
λt+1 kf? kK + σ 2 ln(1/δ) + 2γt (λ? ) 6 λt+1 C + σ+,t 2 ln(1/δ) + 2γt (λ− ).

such that Eλ holds given that steps L1, U1, L2, U2, . . . hold simultaneously. Therefore,
P[Eλc ] is bounded by the probability that these steps do not hold simultaneously. Following
Theorem 3, we have that P[Eλc ] 6 3δ and thus P[Efc ] 6 4δ. Naturally, under the event Eλ ,
we have σ+,t > σ and λ− 6 λ? . Therefore, given C > kf? kK , we have

U2

σ−,2 (λ1 ) 6 σ

σ−,1 (λ0 ) 6 σ

Streaming kernel regression with unknown variance

(2)

By Theorem 2, we have that P[Efc ∩ Eλ ] 6 δ. We need to show that λt > λ? for all t > 0 by
tuning λt with the proposed procedure. Let us look at what happens at each time t. Using
2 /C 2 > λ . Then we have
the proposed procedure, we have λ0 = σ+
?

with σ−,0 = σ− ,

Because λ? is not known in practice, the quantity σ+,t (λt , λ? ) is not computable directly. However, we observe that σ+,t (λt , λ? ) scales with Dλ? ,t (directly and through α),
and that Dλ? ,t scales with the information gain γt (λ? ). Recall that the information gain
scales inversely with the regularization. Hence we have that for any λ− 6 λ? , we also have
σ+,t (λ, λ− ) > σ+,t (λ, λ? ). Therefore, in order to estimate the upper bound σ+,t (λ, λ? ), one
only needs a lower-bound on
Let us define
λ? .

σ−,t = max{σ̃−,t , σ−,t−1 }

where 0 6 σ− 6 σ is a initial lower-bound on σ and σ̃−,t is a lower-bound estimate on σ
built from all observations gathered up to time t (inclusively). Then, one way to proceed
is, at each time step t > 1, to build an estimate σ̃−,t = σ−,t (λ), which in return can be
2 /C 2 6 σ 2 /C 2 = λ , and obtain the estimate
used to compute the lower quantity λ− = σ−,t
?
σ̃+,t = σ+,t (λ, λ− ) > σ+,t (λ, λ? ). This “sandwich estimates” procedure allows us to build an
upper bound without prior knowledge of λ? , and then compute the predictable sequence λ
as described by Equation 1. Given Theorem 3, we have that σ−,t (λt ) 6 σ such that λ− 6 λ?
and σ+,t (λt , λ− ) > σ, hence λt > λ? , simultaneously for all t > 0, with high probability.
Further replacing the variance σ with its estimate σ+,t using a union bound in the result
of Theorem 2, we derive confidence bounds that are fully computable empirically in the
context where the regularization parameter is adaptively tuned and the function noise is
unknown. This is summarized in the following empirical Bernstein-style inequality:
Corollary 1 (Kernel empirical-Bernstein inequality) Assume that C > kf? kK . Let
us define the following noise lower-bound for each t > 1
σ−,t = max{σ−,t (λt−1 ), σ−,t−1 }
2 /C 2 as the corresponding lower bound on λ . Then, let us define the
and define λ− = σ−,t
?
following noise upper bound for each t > 1

σ+,t = min{σ+,t (λt−1 , λ− ), σ+,t−1 } .
Define the regularization parameterizing the regression model used for acquiring observation
2 /C 2 , according to Equation 1. Then with probability higher than
at time t to be λt = σ+,t
1 − 4δ, the following is valid simultaneously for all x ∈ X and t > 0,
s
kλt ,t (x, x)
f? (x)−fλt ,t (x) 6
Bλt ,t (δ)
where
λ
t
p
p
Bλt ,t (δ) = λt C +σ+,t 2 ln(1/δ) + 2γt (λ− ) .
(3)
i
p
kλt+1 ,t (x, x) hp
λt+1 kf? kK +σ 2 ln(1/δ)+2γt (λ? )
λt+1

Proof Let Ef denote the event that
s

|f? (x) − fλ,t (x)| 6

simultaneously for all x ∈ X and t > 0, and let Eλ denote the event that λt > λ? holds for
all t. We can decompose
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P[Efc ] 6 P[Efc ∩ Eλ ] + P[Efc ∩ Eλc ] 6 P[Efc ∩ Eλ ] + P[Eλc ]
7

s2λ,t−1 (xt ) = σ 2

t=1

T
X
1
2C 2
kλ ,t−1 (xt , xt ) 6
γT (σ 2 /C 2 ) .
λt t
ln(1 + C 2 /σ 2 )

RT

σ+ 
1+
6 2
σ

In particular, we have

9

q

2 /C 2 ) C
2 ln(4/δ) + 2γT (σ−

t=1
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2γT (σ 2 /C 2 )
T
.
ln(1 + C 2 /σ 2 )

s

Theorem 4 (Kernel UCB with unknown noise and adaptive regularization) With
probability higher than 1−δ, the regret of Kernel UCB with adaptive regularization and variance estimation satisfies for all T > 0 (recall that Bλt+1 ,t (δ) is defined in Equation 3):
s
T
X
kλt ,t−1 (xt , xt )
RT 6 2
Bλt ,t−1 (δ/4) .
λt

Following the regret proof strategy of Abbasi-Yadkori et al. (2011), with some minor modifications, yields the following guarantee on the regret of this strategy:

Kernel UCB with unknown variance The upper bound on the error can be used
directly in order to build a UCB-style algorithm. Formally, the vanilla UCB algorithm (Auer
et al., 2002) corresponding to our setting picks at time t the arm
r
kλ,t (x, x)
+
(x) = fλ,t (x) +
xt ∈ argmax fλ+t ,t−1 (x) where fλ,t
Bλ,t (δ) .
(5)
λ
x∈X

√
Remark 10 The term σ+ can be replaced with a more refined term σ + O(1/ t) thanks to
the confidence bounds on the variance estimates.

√
2 /C 2 ) = γ (σ 2 /C 2 ) + O(1/ t).
Further, we have γt (σt,−
t −

Lemma 2 (Deterministic bound on the confidence bound) Assume that we are given
a constant 0 < σ− < σ, so that σt,− > σ− holds for all t. Then for all t 6 T , the confidence
bound term is upper-bounded by the following deterministic quantity


q
2 /C 2 ) .
Bλt ,t (δ) 6 σ+ 1 + 2 ln(1/δ) + 2γT (σ−

In the sequel, it is useful to bound the confidence bound term Bλt ,t (δ) from Equation 3.

t=1

T
X

λt

t

x,x ∈X

10
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Theorem 5 (Regularized Kernel TS with variance estimate)
Assume that the max
imal instantaneous pseudo-regret R = maxx∈X f? (x? ) − f? (x) is finite. Then, the regret of
p
B
(δ/4)
Kernel TS (Algorithm 1) with vt = λtσ,t−1
after T episodes is O(C T ln(T |X|)γT (σ 2 /C 2 ))
+,t−1

The following regret bound can then be obtained after some careful but easy adaptation
of Agrawal and Goyal (2013). We provide the proof of this result in Appendix C, which
can be of independent interest, being a more rigorous and somewhat simpler rewriting of
the original proof technique from Agrawal and Goyal (2013).

Remark 13 We assume that the set of arms X is discrete. This is merely for practical reasons since otherwise updating the estimate of f? in a RKHS requires memory and
computational times that are unbounded with t. This also simplifies the analysis.

Remark 12 The algorithm does not know the variance σ 2 of the noise, but uses an upper
2
estimate σ+,t−1
.

b t−1 )
sample f˜t = N (b
ft−1 , vt2 Σ
5:
play xt = argmaxx∈X f˜t (x)
6:
observe outcome yt = f? (xt ) + ξt
7: end for

4:

Algorithm 1 Kernel TS with adaptive variance estimation and regularization tuning.
Input: discrete space X.
Parameters: regularization sequence λ, variance inflation factor vt2 for each t.
1: for all t > 1 do
2:
compute the posterior mean b
ft−1 = (fλt ,t−1 (x))x∈X
2

b t−1 = σ+,t−1 kλ ,t−1 (x, x0 )
3:
compute the posterior covariance Σ
0

Kernel TS with unknown variance Another application of our confidence bounds is in
the analysis of Thompson sampling in the kernel scenario. Before presenting the result, let
us say a few words about the design of TS algorithm in a kernel setting. Such an algorithm
requires sampling from a posterior distribution over the arms. It is natural to consider
a Gaussian posterior with posterior means and variances given by the kernel estimates.
However, it has been noted in a series of papers (Agrawal and Goyal, 2013; Abeille and
Lazaric, 2017) that, in order to obtain provable regret minimization guarantees, the posterior
variance should be inflated (although in practice, the vanilla version without inflation may
work better). Following these lines of research, and owing to our novel confidence bounds,
we derive the following TS algorithm using a posterior variance inflation factor vt2 .

Remark 11 This result that holds simultaneously over all time horizon T extends that of
Abbasi-Yadkori et al. (2011) first to kernel regression and then to the case when the variance
of the noise is unknown. This should also be compared to Valko et al. (2013) that assumes
bounded observations, which implies a bounded noise (with known bound) and a bounded f? ,
and Srinivas et al. (2010) that provides looser bounds.

In this context, one needs to build tight confidence sets on the mean of each arm, and this will
be given by Corollary 1. We illustrate our technique on two main bandit strategies: Upper
Confidence Bound (UCB) (Auer et al., 2002) and Thompson Sampling (TS) (Thompson,
1933); both are adapted here to the kernel setting with unknown variance.
The following extension of Lemma 7 from Wang and de Freitas (2014) (see also Srinivas
et al. (2012)) to the case when the variance is estimated plays an important role in the
regret analysis of both algorithms.

Lemma 1 (From sum of variances to information gain) Let us assume that the kernel is bounded by 1 in the sense that supx∈X k(x, x) 6 1. Let λ be any sequence such
that ∀λ ∈ λ, λ > σ 2 /C 2 . For instance, this is satisfied with high probability when using
Equation 1. Then, it holds

Durand, Maillard, and Pineau
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t=1

s


T
X
p
k
λt ,t−1 (xt , xt )
Bλt ,t−1 (δ/4) + C2 R T ln(1/δ) + 4πeRδ ,
λt

Streaming kernel regression with unknown variance

6 C1,T

with probability 1 − 3δ. More precisely, with probability 1 − 3δ, the regret is bounded for all
T > 0:
RT

t0 =1 ln

Pt

2γT (σ 2 /C 2 )
ln(1 + C 2 /σ 2 )

12

2. If x ∈ R, the i-th feature of a Gaussian kernel ϕ(x) = e

2ρ

2
− x2

i−1
x√
ρi−1 (i−1)!

(x−x0 )2
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(Cotter et al., 2011).

The following experiments compare the concentration result given by Theorem 1 with the
kernel concentration bounds from Wang and de Freitas (2014) reported by Lemma 3. The
true noise σ = 0.1 is assumed to be known and all observations are uniformly sampled from
X . In both cases, we use a fixed confidence level δ = 0.1. Figure 2 shows that for λ = σ 2 , the

6.1 Kernel concentration bound with fixed regularization

kf? kK = kθ? k2 = 2.06 in the RKHS induced by a Gaussian kernel k(x, x0 ) = e 2ρ2
with length scale ρ = 0.3. This function results from the linear product between features
ϕ(x), explicited using a Taylor expansion2 , and a randomly generated parameter vector θ? .
We consider the space X = [0, 1] and zero-centered Gaussian noise with σ = 0.1. All further
experiments use the upper-bound C = 5 on kf? kK and the lower-bound σ− = 0.01 on σ.

−

In this section, we illustrate the results introduced in the previous Sections 2 and 3 on a
few examples. The first one is the concentration result on the mean from Theorem 1, the
second one is the variance estimate from Theorem 3, and the last one combines the formers
by using the noise estimate to tune λt+1 = σt2 /C 2 in Theorem 2, which corresponds to
Corollary 1. We finally show the performance of kernelized bandits techniques using the
provided variance estimates and adaptative regularization schemes.
We conduct the experiments using the function f? shown by Figure 1, which has norm

6. Illustrative numerical experiments

Bandits optimization When applied to the setting of multi-armed bandits, Theorems 5
and 4 respectively extend linear TS (Agrawal and Goyal, 2013; Abeille and Lazaric, 2017)
and UCB (Li et al., 2010; Chu et al., 2011) to the RKHS setting. Similar extensions have
been provided in the literature: GP-UCB (Srinivas et al., 2010) generalizes UCB from the
linear to the RKHS setting through the use of Gaussian processes; this corresponds to the
case when λ = σ 2 . The bounds they provide in the case when the target function belongs
to an RKHS is however quite loose. KernelUCB (Valko et al., 2013) also generalizes UCB
from the linear to the RKHS setting through the use of kernel regression. However the
analysis of this algorithm was out of reach of their proof technique (that requires independence between arms) and they analyze instead the arguably less appealing variant called
SupKernelUCB. Also, the analysis of both GP-UCB and SupKernelUCB in the agnostic
setting are respectively limited to bounded noise and bounded observations.

Theorem 2 extends Theorem 1 to the case when the regularization is tuned online based
on gathered observations. To the best of our knowledge, no such result exists in the literature
at the time of writing this paper. √
Moreover, Theorem 3 provides variance estimates with
confidence bounds scaling with 1/ t, in the spirit of the results from Maurer and Pontil
(2009), that were provided in the i.i.d. case. Thus, Theorem 3 also appears to be new.
Finally, Corollary 1 further specifies Theorem 2 to the situation where the regularization
is tuned according to Theorem 3, yielding a fully adaptive regularization procedure with
explicit confidence bounds.

s
T

r

q


√
√
and C2 = 8πe(1 + δ 4πe)2 .
where C1,T = (4 πe + 1) 1 + 2 ln T (T√+1)|X|
πδ
Further, we have

RT

q

σ+ 
2 /C 2 ) C
6 C1,T
1 + 2 ln(4/δ) + 2γT (σ−
σ
p
T ln(1/δ) + 4πeRδ .

+C2 R

Remark 14 As our confidence intervals do not require a bounded noise, likewise we can
control the regret with high probability without requiring bounded observations, contrary to
earlier works such as Valko et al. (2013).

5. Discussion and related works
Concentration results Theorem 1 extends the self-normalized bounds of Abbasi-Yadkori
et al. (2011) from the setting of linear function spaces to that of an RKHS with sub-Gaussian
noise. Based on a nontrivial adaptation of the Laplace method, it yields self-normalized
inequalities in a setting of possibly infinite dimension. It generalizes the following result of
Wang and de Freitas (2014) to kernel regression with λ 6= σ 2 , which was already a generalization of a previous result by Srinivas et al. (2010) for bounded noise. It is also more
general than the concentration result from Valko et al. (2013), for kernel regression with
λ 6= σ 2 , which holds under the assumption of bounded observations.
Lemma 3 (Proposition 1 from Wang and de Freitas (2014)) Let f? denote a function in the RKHS K induced by kernel k and let us define the posterior mean and variances
with λ = σ 2 , for (arbitrary) data (xt0 )t0 6t . Assuming σ-sub-Gaussian noise variables, then
for all δ 0 ∈ (0, 1) we have that

1
2



1/2
P ∃x ∈ X : |fλ,t (x) − f? (x)| > `λ,t+1 (δ 0 )k (x, x) 6 δ 0 , where
λ,t
r
r
2
4
2
`2 (δ 0 ) = kf? k2 + 8γt−1 (λ) ln + 2 ln 0 kf? kK + 2γt−1 (λ) + 2σ ln 0
K
λ,t
δ0
δ
δ

1 + λ1 kλ,t0 −1 (xt0 , xt0 ) is the information gain.

and γt (λ) =
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Remark 15 This results provides a bound that is valid for each t, with probability higher
than 1 − δ. In contrast, results from Abbasi-Yadkori et al. (2011), as well as Theorem 1
hold with probability higher than 1 − δ, uniformly for all t, and are thus much stronger in
this sense.
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We now illustrate the convergence rate of the noise estimates σ−,t = max{σ−,t (λ), σ−,t−1 }
2 /C 2
and σ+,t = min{σ+,t (λ, λ− ), σ+,t−1 } computed using Theorem 3, where λ− = σ−,t

6.2 Empirical variance estimate

result given by Theorem 1 recovers the confidence envelope of Wang and de Freitas (2014).
Note however that the confidence bound that we plot for Theorem 1 are valid uniformly
over all time steps, while the one derived from Wang and de Freitas (2014) is only valid
separately for each time. Further, Theorem 1 generalizes the latter result to the case where
λ 6= σ 2 . For illustration, Figure 3 illustrates the confidence envelopes in the special case
where λ = σ 2 /C 2 , which also shows the potential benefit of such a tuning.

Figure 2: Confidence interval of Theorem 1 and Lemma 3 (Wang and de Freitas, 2014).
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Figure 1: Test function f? used in the following numerical experiments.
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In practice, the bound of Theorem 3 not using the knowledge of σ+ may be useful even
when σ+ is known. This is illustrated by Figure 5a that plots the upper-bound variance
2
estimate σ+,t (λ, λ− ) for λ = σ+,t−1
/C 2 in both cases. In practice, we suggest to use the
minimum of the bound using the knowledge of σ+ (case 1) and of the agnostic one (case 2) to

and δ = 0.1. All observations are uniformly sampled from X . Section 3 suggests that
2
2 /C 2 . Figure 4 shows
λ = σ+,t−1
/C 2 should provide tighter bounds than a fixed λ = σ+
that this is indeed the case especially for large values of t. We also see that the adaptive
update of λ converges to the same value, whatever the initial bound σ+ . This is especially
interesting when σ+ is a loose initial upper bound on σ.

2 /C 2 ; b) λ = σ 2
2
Figure 4: Noise estimate from Theorem 3 with σ+ for a) fixed λ = σ+
+,t−1 /C .
Dotted line indicates σ.
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Figure 3: Confidence interval of Theorem 1 for different λ.
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Figure 5: Variance estimate a) from Theorem 3, with and without σ+ ; b) as minimum of
the bounds and σ+ , for different upper-bounds. Dotted line indicates σ.
set σ+,t (λ, λ− ) and the maximum for σ−,t (λ). Figure 5b shows the resulting noise estimate
envelopes for different σ+ values (recall that σ = 0.1).
6.3 Kernel concentration bound with adaptive regularization
We now combine the previous experiments and use the estimated noise in order to tune
2 /C 2 . On
the regularization. Recall that we consider σ−,0 = σ− , σ+,0 = σ+ , and λ0 = σ+
each time t > 1, we estimate the noise lower-bound σ−,t = max{σ−,t (λt−1 ), σ−,t−1 } using
2 /C 2 . We then compute the upper-bound noise estimate
Theorem 3 and set λ− = σ−,t
2 /C 2 . We are now
σ+,t = min{σ+,t (λt−1 , λ− ), σ+,t−1 } using Theorem 3 and set λt = σ+,t
ready to compute the confidence interval given by Corollary 1. Note that δ = 0.1 is used
everywhere and all observations are uniformely sampled from X . Figure 6 illustrates the
resulting confidence envelope of this fully empirical model for noise upper-bound σ+ = 1
(recall that the noise satisfies σ = 0.1) plotted against the confidence envelope obtained with
2 /C 2 . We observe the improvement of the confidence intervals
Theorem 1 with fixed λ = σ+
with the number of observations. Recall that this setting is especially challenging since
the variance is unknown, the regularization parameter is tuned online, and the confidence
bounds are valid uniformly over all time steps.
6.4 Kernelized bandits optimization

JMLR 19(17):1-34, 2018
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averaged over 100 repetitions. Note that the oracle corresponds to the best performance that
could be expected by Kernel UCB and Kernel TS given knowledge of the noise. The plots
confirm that adaptively tuning the regularization using the variance estimates can lead to a
major improvement compared to using a fixed, non-accurate guess: after an initial burn-in
phase, the regret of the adaptively tuned algorithm increases at the same rate as that of
the oracle algorithm knowing the noise exactly. The fact that Kernel UCB outperforms
Kernel TS much implies that inflating the variance in Kernel TS, as suggested per the
theory presented previously, may not be optimal in practice. Further attention should be
given to this question.

Figure 7: Averaged cumulative regret along episodes for a) Kernel UCB and b) Kernel TS.

Cumulative regret

σ+,t

In this section, we now evaluate the potential of kernelized bandits algorithms with variance
estimate. We consider X as the linearly discretized space X = [0, 1] into 100 arms. Recall
that the goal is to minimize the cumulative regret (Equation 4) and that we are optimizing
the function shown by Figure 1 with σ = 0.1. We evaluate Kernel UCB (Equation 5) and
Kernel TS (Algorithm 1 with vt = Bλt ,t−1 (δ)/σ+,t−1 ) with three different configurations:
a) the oracle, that is with fixed λt = σ 2 /C 2 , assuming knowledge of σ;
2 /C 2 , that is the best one can do without prior knowledge of σ 2 ;
b) the fixed λt = σ+
c) the adaptative regularization tuned with Corollary 1.
All configurations use C = 5. Kernel UCB uses δ = 0.1/4 and Kernel TS uses δ = 0.1/12
such that their regret bounds respectively hold with probability 0.9. Recall that observations
are now sampled from X using the bandits algorithms (they are not i.i.d.). Configurations
b) and c) use σ+ = 1, while the oracle a) uses σ+ = σ. Figure 7 shows the cumulative regret
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All the proposed results and tools are illustrated through numerical experiments. The
obtained results show the relevance of the introduced kernel regression concentration intervals for explicit regularization, which hold when the regularization does not correspond
to the noise variance. The potential of the proposed regularization tuning procedure is
illustrated through the application to kernelized bandits, where the benefits of adaptive
regularization is undeniable when the noise variance is unknown (this is usually the case in
practice). Finally, one must note that a major strength of the tools proposed in this work is
to allow for an adaptively tuned regularization parameter while preserving theoretical guarantees, which is not the case when regularization is tuned for example by cross-validation.

This work addresses two problems: the online tuning of the regularization parameter in
streaming kernel regression and the online estimation of the noise variance. To this extent,
we introduce novel concentration bounds on the posterior mean estimate in streaming kernel
regression with fixed and explicit regularization (Theorem 1), which we then extend to the
setting where the regularization parameter is tuned (Theorem 2). We further introduce
upper- and lower-bound estimates of the noise variance (Theorem 3). Putting these tools
together, we show how the estimate of the noise variance can be used to tune the kernel
regularization in an online fashion (Corollary 1) while retaining theoretical guarantees. We
also show how to use the proposed results in order to derive kernelized variations of the
most common bandits algorithms UCB and Thompson sampling, for which regret bounds
are also provided (Theorems 4 and 5).

7. Conclusion

In order to evaluate the benefit of the concentration bound provided by Theorem 1, we
compare the Kernel TS (Algorithm 1) oracle using vt = Bλ,t−1 /σ and λ = σ 2 /C 2 , where
Bλ,t−1 is given by Theorem 1, against vt = `t (δ) where `t (δ) is given by Lemma 3 (Wang
and de Freitas, 2014) with δ = 0.1. Figure 8 shows that the concentration bound given by
Theorem 1 improves the performance of Kernel TS compared with existing concentration
results (Wang and de Freitas, 2014). It highlights the relevance of expliciting the regularization parameter, which allows us to take advantage of regularization rates that may be
better adapted.

Figure 8: Averaged cumulative regret and one standard deviation along episodes for Kernel
TS oracle with Theorem 1 and Lemma 3 (Wang and de Freitas, 2014).
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Lemma 4 (Hilbert Martingale Control) Assume that the noise sequence {ξt }∞
t=0 is
conditionally σ 2 -sub-Gaussian

P
√
√
Let ϕi =P σi ψi . Note that kϕ
i θi ϕi , then
Pi kL22 = σi , kϕi kK = 1. Further, if f =
2
2
2
kf? kK = i θi and kf? kL2 = i θi σi . In particular f belongs to the RKHS if and only
P 2
>
if
for
P i θi < ∞. For ϕ(x) = (ϕ1 (x), . . . ) and θ = (θ1 , . . . ), we now denote θ ϕ(x)
> ϕ(y).
θ
ϕ
(x),
by
analogy
with
the
finite
dimensional
case.
Note
that
k(x,
y)
=
ϕ(x)
i
i
i∈N
In the sequel, the following Martingale control will be a key component of the analysis.

k(x, y) =

In this section, we want to control the term |fλ,t (x) − f? (x)| simultaneously over all t 6 T .
To this end, we resort to a version of the Laplace method carefully extended to the RKHS
setting.
Before proceeding, we note that since k : X × X → R is a kernel function (that is
continuous, symmetric positive definite) on a compact set X equipped with a positive finite
Borel measure µ, then there is an at most countable sequence (σi , ψi )i∈N? where σi > 0,
limi→∞ σi = 0 and {ψi } form an orthonormal basis of L2,µ (X ), such that

Appendix A. Laplace method for tuned kernel regression
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1/2
p
kλ,t (x, x)
1
p
p
kΦt> Et kV −1 + λt+1 kθ? k2 .
λt+1 ,t
λt+1
λt+1

t0 =1

Φ>
1
Φt
= Et> t (I + Φt> Φt )−1
λ
λ
Et
= Et> Φt> (λI + Φt> Φt )−1 Φt Et

6 Et> Φt> (λ? I + Φt> Φt )−1 Φt Et ,

τ
X

t0 =1

ln(1 +
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1
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λ? ,t0 −1



τ
1X
1
ln 1 + kλ? ,t0 −1 (xt0 , xt0 ) .
2 0
λ?
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In particular, ln(det(Vλ? ,τ )) is finite. The only difficulty in the proof is now to handle the
possibly infinite dimension. To this end, it is enough to take a look at the approximations

=

ln(det(Vλ? ,τ )) =

where we used the fact that the eigenvalues of a matrix of the form I + xx> are all ones
except for the eigenvalue 1 + kxk2 corresponding to x. Then, note that det(Vλ? ,0 ) = 1 and
thus

= det(Vλ? ,0 )

1
1
det(Vλ? ,τ ) = det(Vλ? ,τ −1 + ϕ(xτ )ϕ(xτ )> ) = det(Vλ? ,τ −1 )(1 + kϕ(xτ )kV2 −1 )
λ?
λ?
λ? ,τ −1

τ 
Y
1
1 + kϕ(xt0 )kV2 −1
,
λ?
λ? ,t0 −1

Q
]|Q] 6 1. Since Vλ? ,τ = I + λ1? Φτ> Φτ , elementary
Clearly, we still have E[Mλ? ,τ ] = E[E[Mm,λ
?
algebra gives

√1 kΦ> Et k −1 . Next, we introduce a random stopping time τ , to be defined later and
λ? ,t
Vλ? ,t
λ?
apply Lemma 4.
More precisely, let Q ∼ N (0, I) be an infinite Gaussian random
P sequence which is
independent of all other random variables. We denote Q> ϕ(x) = i∈N Qi ϕi (x). For all
P
Q
].
x, k(x, x) = i∈N ϕi2 (x) < ∞ and thus V(Q> ϕ(x)) < ∞. We define Mm,λ? = E[Mm,λ
?

λt+1

where in the last line, we use the fact that the function f : λ → u> (λI +A)−1 u, for u = Φt Et
and A = Φt> Φt is non increasing (see Lemma 5 below). Thus, √ 1 kΦt> Et kV −1
6

1 >
kΦ Et kV2 −1
λ t
λ,t

apply Lemma 4. However, the lemma does not apply since λt+1 is Ht -measurable. Thus,
before proceeding, we upper-bound it by the similar expression involving λ? :

λt+1

In order to control the remaining term, √ 1

|fλ,t (x) − f (x)| 6

On the other hand, the last term of the bound is controlled as kθ? kV −1 6 kθ? k. Thus,

λ,t

kϕ(x)kV2 −1 = kt (x, x) .

Now, we note that a simple application of the Shermann-Morrison formula yields

t=1



m
m
>
2 X
X
q
ϕ(x
)
σ
(q> ϕ(xt ))2
√ t ξt −
2
λ
λ
t=1

∞
Let τ be a stopping time with respect to the filtration {HP
t }t=0 generated by the variables
∞ . For any q = (q , q , . . . ) such that q> ϕ (x) =
{xt , ξt }t=0
1 2
i
i∈N qi ϕ(x) < ∞, and deterministic positive λ, let us denote
q
Mm,λ
= exp
q
Then, for all such q the quantity Mτ,λ
is well defined and satisfies
q
ln E[Mτ,λ
] 6 0.

Proof The only difficulty in the proof is to handle the stopping time. Indeed, for all
m ∈ N, thanks to the conditional R-sub-Gaussian property, it is immediate to show that
q
{M q }∞ is a non-negative super-martingale and actually satisfies ln E[Mm,λ
] 6 0.
m=0
m,λ
q
q
By the convergence theorem for nonnegative super-martingales, M∞
= limm→∞ Mm,λ
q
is almost surely well-defined, and thus Mτ,λ
is
well-defined
(whether
τ
<
∞
or not) as well.
q
q
q
In order to show that ln E[Mτ,λ
]
6
0,
we
introduce
a
stopped
version
Qm
= Mmin{τ,m},λ
of
q
q
q
q
] 6 1 by Fatou’s lemma,
] = E[lim inf m→∞ Qm
] 6 lim inf m→∞ E[Qm
}m . Now E[Mτ,λ
{Mm,λ
which concludes the proof. We refer to (Abbasi-Yadkori et al., 2011) for further details.
We are now ready to prove the following result.
Proof of Theorem 2 (Streaming Kernel Least-Squares) We make use of the features
in an explicit way. Let λ = λt+1 . For f? ∈ K, we denote θ? its corresponding parameter
sequence. We let Φt = (ϕ(xt0 ))t0 6t be a t × ∞ matrix built from the features and introduce
the bi-infinite matrix Vλ,t = I + λ1 Φt> Φt as well as the noise vector Et = (ξ1 , . . . , ξt ). In
order to control the term |fλ,t − f? (x)|, we first decompose the estimation term. Indeed,
using the feature map, it holds that
fλ,t (x) = kt (x)> (Kt + λIt )−1 Yt
= ϕ(x)> Φt> (Φt Φt> + λIt )−1 Yt


−1 >
It
1
− Φt λI +Φt> Φt
Φt Yt
λ
λ

= ϕ(x)> Φt>

= ϕ(x)> (Φt> Φt + λI)−1 Φt> (Φt θ? + Et )


1
−1
ϕ(x)> Vλ,t
Φt> Et − λθ? .
λ

where in the third line, we used the Shermann-Morrison formula. From this, simple algebra
yields
fλ,t (x) − f ? (x) =
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We then obtain, from a simple Hölder inequality using the appropriate matrix norm, the
following decomposition, that is valid provided that all terms involved are finite.


√
1
1
|fλ,t (x) − f (x)| 6 √ kϕ(x)kV −1 √ kΦt> Et kV −1 + λkθ? kV −1
λ,t
λ,t
λ,t
λ
λ
19

h→0

lim

21
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f (λ + h) − f (λ)
= −u> (λI + A)−1 (λI + A)−1 u 6 0 .
h

Thus, since λI + A is also semi-definite positive, we have

f (λ + h) = f (λ) − hu> (λI + A)−1 (I + h(λI + A)−1 )−1 (λI + A)−1 u .

Proof Indeed, let h > 0. By the Sherman-Morrison formula, we obtain

Lemma 5 (Technical lemma) The function f : λ 7→ u> (λI + A)−1 u, where A is a semidefinite positive matrix and u is any vector, is non-decreasing on λ ∈ R+ .

Finally, combining this result with the previous remarks we obtain that with probability
higher than 1 − δ, uniformly over x ∈ X and t 6 T , it holds that
s



1/2
1/2 
p
kλ,t (x, x)
det(I + λ1? Φ>
t Φt )
2σ 2 ln
|fλ,t − f? (x)| 6 p
+ λt+1 kf? kK .
δ
λt+1

λ? ,t

Then τ is a random stopping time and



2
1/2
2
/δ
= P(τ < ∞) 6 δ.
P ∃t, kΦ>
t Et kV −1 > 2σ λ? log det(Vλ? ,t )

λ? ,t

We conclude by defining τ following Abbasi-Yadkori et al. (2011), by



2
1/2
2
/δ
.
τ (ω) = min t > 0; ω ∈ Ω s.t. kΦ>
t Et kV −1 > 2σ λ? log det(Vλ? ,t )

d→∞

6 δ lim E[Mτ,d,λ? ] 6 δ .

Note also that E[Mτ,d,λ? ] 6 1 for all d ∈ N. Thus, we obtain by an application of Fatou’s
lemma that


1
> E k2
2




kΦ
δ
exp
kΦ>
E
k
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−1
2
τ,d
2λ? σ
τ,d τ V −1
Vτ,d
λ? ,τ,d

 >1
P lim
6 E lim
d→∞
d→∞
det(Vλ? ,τ,d )1/2
2σ 2 λ? log det(Vλ? ,τ,d )1/2 /δ

using the d first dimension of the sequence for each d. We note Qd , Mλ? ,τ , Φτ,d and Vτ,d
the restriction of the corresponding quantities to the components {1, . . . , d}. Thus Qd is
Gaussian N (0, Id ). Following the steps from Abbasi-Yadkori et al. (2011), we obtain that


1
1
>
2
exp
kΦ
E
k
.
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−1
m V
2σ 2 λ? m,d
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λ,τ

>
>
2
= 2λθ?> G−1
λ,τ Φτ Eτ − 2kΦτ Eτ kG−1 .

> −1 >
= 2[λθ? − Φ>
τ Eτ ] Gλ,τ Φτ Eτ

−1 >
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> >
= 2[(I − G−1
λ,τ Gτ )θ − Gλ,τ Φτ Eτ ] Φτ Eτ

−1
−1
−1
−1
−2
where we used the fact that I − G−1
λ,τ Gτ = λGλ,τ and then that Gλ,τ Gτ Gλ,τ = Gλ,τ − λGλ,τ .
Likewise, we control the third term in (6) via
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τ Eτ kG−1 − λkΦτ Eτ kG−2 + λ kθ kG−1 − λ kθ kG−2

−1
−2
>
?
>
= [λθ? − Φ>
τ Eτ ] [Gλ,τ − λGλ,τ ][λθ − Φτ Eτ ]

−1
?
>
> −1
= [λθ? − Φ>
τ Eτ ] Gλ,τ Gτ Gλ,τ [λθ − Φτ Eτ ]

−1 >
−1
−1 >
?
>
?
= [(I − G−1
λ,τ Gτ )θ − Gλ,τ Φτ Eτ ] Gτ [(I − Gλ,τ Gτ )θ − Gλ,τ Φτ Eτ ]

(θ? − θλ,τ )> Gτ (θ? − θλ,τ )

−1 >
?
>
where θ? − θλ,τ = (I − G−1
λ,τ Gτ )θ − Gλ,τ Φτ Eτ with Gλ,τ = λI + Gτ and Gτ = Φτ Φτ .
On the one hand, we can control the first term in (6) via

= (θ? − θλ,τ )> Gτ (θ? − θλ,τ ) + kEτ k2 + 2(θ? − θλ,τ )> Φ>
τ Eτ .

2
=
τσ
bk,λ,τ

Proof We use the feature maps and start with the following decomposition



where we introduced for convenience
the constants Cτ (δ) = ln(e/δ) 1+ln(π 2 ln(τ )/6)/ ln(1/δ)
Pτ
1
and Dλ? ,τ (δ) = 2 ln(1/δ) + t=1 ln(1+ λ? kλ? ,t−1 (xt , xt )).

q

q

Theorem 6 (Regularized variance estimate) Under the second-order sub-Gaussian predictable assumption, for any random stopping time τ for the filtration of the past, with
probability higher than 1 − 3δ, it holds

In this section, we give the proof of Theorem 3. To this end, we proceed in two steps. First,
we provide an upper bound and lower bound on the variance estimate in the next theorem.
Then, we use these bounds in order to derive the final statement.

Appendix B. Variance estimation
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λ,τ
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(yt − hθλ,τ , ϕ(xt )i)2

Combining these two bounds, we have
τ
X
t=1
λ,τ

− λ3 kθ? k2

−2
Gλ,τ

−2 >
+ 2λ2 θ?> Gλ,τ
Φτ Eτ

2
>
2
= kEτ k2 − kΦτ> Eτ kG
−1 − λkΦτ Eτ k −2
G

+λ2 kθ? k2

−1
Gλ,τ



2
λ2
λ
λ
6 kEτ k2 +
kθ? k2 kΦτ> Eτ kG−1
kθ? k22 1 −
+2
λ,τ
λmin(Gλ,τ )
λmax (Gλ,τ )
λmin3/2 (Gλ,τ )



λ2
λ
λ2
> kEτ k2 +
kθ? k2 kΦτ> Eτ kG−1
kθ? k22 1 −
−2
λ,τ
λmax (Gλ,τ )
λmin(Gλ,τ )
λmin3/2 (Gλ,τ )


λ
2
−kΦτ> Eτ kG
.
−1 1 +
λmin(Gλ,τ )
λ,τ

1 >
1
kΦ Eτ kV2 −1 6
kΦ> Eτ kV2 −1 6 σ 2 Dλ? ,τ (δ) .
λ τ
λ? τ
λ,τ
λ? ,τ

Now, from Lemma 6, it holds on an event Ω1 of probability higher than 1 − δ,

λ,τ

2
0 6 kΦτ> Eτ kG
−1 =

p
2τ Cτ (δ) + 2σ 2 Cτ (δ)
p
τ Cτ (δ) ,

On the other hand, we control the second term kEτ k2 by Lemma 6 below, and obtain
that with probability higher than 1 − 2δ,

kEτ k2 > τ σ 2 − 2σ 2

kEτ k2 6 τ σ 2 + 2σ 2

where Cτ (δ) = ln(e/δ)(1 + cτ / ln(1/δ)).

+



λ2
λ
kθ? k22 1 −
τ λmax (Gλ,τ )
λmin(Gλ,τ )

r
2Cτ (δ) 2σ 2 Cτ (δ)
+
6 σ 2 + 2σ 2
τ
τ
q


λ2
λ
σλ2
+
kθ? k22 1 −
kθ? k2 Dλ? ,τ (δ)
−2
τ λmin(Gλ,τ )
λmax (Gλ,τ )
τ λmin3/2 (Gλ,τ )
r
τ

Cτ (δ)
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q

σ2D
(δ) 
λ2 σ
λ
λ
,τ
?
1+
.
kθ? k2 Dλ? ,τ (δ) −
τ λmin3/2 (Gλ,τ )
τ
λmin(Gλ,τ )

> σ 2 − 2σ 2

Thus, combining these two results with a union bound, we deduce that with probability
higher than 1 − 3δ it holds that
2
σ
bλ,τ

2
σ
bλ,τ

−2

23

>

q
2 . Indeed,
σ
bλ,τ
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√

a+b6

√

a+

√

b, on both inequalities, we get

q
2λ2 σ
kθ? k2 Dλ? ,τ (δ) .
τ λmin3/2 (Gλ,τ )

r




λ2
λ
2σ 2 Cτ (δ) 2
6
σ+
+
kθ? k22 1 −
τ
τ λmin(G )
λ
max (Gλ,τ )
λ,τ
r





λ
σ 2 Cτ (δ) 2 σ 2
−
Cτ (δ) + Dλ? ,τ (δ) 1 +
σ−
τ
τ
λmin(Gλ,τ )

We can now derive a bound on
2
σ
bλ,τ

2
σ
bλ,τ

−

Thus, using the inequality
q
2
σ
bλ,τ
q
2
σ
bλ,τ

s
r
2Cτ (δ)
λkθ? k2
λ
6 σ+σ
+q
1−
τ
λ (G )
max
λ,τ
τ
λ
min(Gλ,τ )
v


u
r
λ
u
t Cτ (δ) + Dλ? ,τ (δ) 1+ λmin(Gλ,τ )
Cτ (δ)
> σ−σ
−σ
τ
τ
v
p
u
u 2σkθ? k2 Dλ? ,τ (δ)
−λt
.
τ λmin3/2 (Gλ,τ )

Corollary 1 (Extension of Corollary 3.13 in Maillard (2016)) With probability higher
than 1 − 3δ 0 , it holds simultaneously over all t > 0,
s
s
!2
√
√
p
p
λkf? kK Dt,λ? (δ 0 )
λkf? kK Dλ? ,t (δ 0 )
1
σ6 2
+
+σ
bλ,t α
α
2t
2t
s 
r



λ
1
2Ct (δ 0 ) −1
σ> σ
bλ,t − kf? kK
1−
1+
,
t
maxt0 6t (1 + kλ,t0 −1 (xt0 , xt0 ))
t



q
q
0)
Ct (δ 0 )+2Dλ? ,t (δ 0 )
where α = max 1 − Ct (δ
−
, 0 . Further, if an upper bound σ + > σ
t
t

2Ct (δ 0 )
− kf? kK
t
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is known, one can derive the following inequalities that hold with probability higher than
1 − 3δ 0 ,
s
r
p

r
2σ + λ1/2 kf? kK Dt,λ? (δ 0 )
Ct (δ 0 ) + 2Dλ? ,t (δ 0 )
C (δ 0 )
t
+
+
σ6σ
bλ,t + σ +
t
t
t
s
r


λ
1
1−
.
t
maxt0 6t (1 + kλ,t0 −1 (xt0 , xt0 ))
σ>σ
bλ,t − σ +

24

B

i=1

s

 

ln(e/δ)
6 dln(n) ln(e/δ)e δ .
Tn

i=1

r
 X

T
ln(e/δ)(1 + cT / ln(1/δ))
1
2
2
2
ξi 6 σ − 2σ
6 δ.
P
T
T

t=1

T
X

6

min

25

kσ2 /C 2 ,t−1 (xt , xt ),

γT (σ 2 /C 2 ).

σ2

n C2

C2
k 2 2
(xt , xt )
σ 2 σ /C ,t−1

2C 2

t=1

T
X

t=1

t=1
T
X

T
X
1
kλ ,t−1 (xt , xt )
λt t

ln(1 + C 2 /σ 2 )

= σ2

6 σ2

s2λ,t−1 (xt ) = σ 2
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C2 o
σ2

Proof of Lemma 1 Using the facts that min{r, α} 6 (α/ ln(1+α)) ln(1+r) and minλ∈λ λ >
σ 2 /C 2 :

Appendix C. Application to stochastic multi-armed bandits

i=1

Further, for a random stopping time T , and if we introduce cT = ln(π 2 ln2 (T )/6), then
r

 X
T
2 ln(e/δ)(1 + cT / ln(1/δ))
ln(e/δ)(1 + cT / ln(1/δ))
1
+ 2σ 2
6 δ,
P
ξi2 > σ 2 +2σ 2
T
T
T

Tn
1 X
P
ξi2 6 σ 2 − 2σ 2
Tn



i=1

Lemma 6 (Lemma 5.10 from Maillard (2016)) Assume that Tn is a random stopping
time that satisfies Tn 6 n almost surely, then
s
 X
 
T

2 ln(e/δ)
ln(e/δ)
1 n 2
+ 2σ 2
P
ξi > σ 2 + 2σ 2
6 dln(n) ln(e/δ)e δ ,
Tn
Tn
Tn

√
holds
The inequality rewrites A > σC − σB. Now, let y 2 = σ. If C > 0, the inequality
√
2
provided that y > 0 and A + yB − Cy 2 > 0, that is when 0 6 y 6 B+ B2C+4AC . We
conclude by choosing the stopping time τ corresponding to the probability of bad events,
as in the proof of Theorem 2, then by remarking that t 7→ Ct (δ 0 ) is an increasing function.

C

Proof Using Theorem 6, it holds with high probability that
s √
r
r
p


√
2 λkf? kK Dλ? ,τ (δ 0 )
Cτ (δ 0 ) + 2Dλ? ,τ (δ 0 )
Cτ (δ 0 )
σ
bλ,τ > σ 1 −
− σ
−
.
τ
τ
τ
|{z}
|
{z
}
|
{z
}
A
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t=1

26
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+
6 |ft−1
(xt ) − fλt ,t−1 (xt )| + |fλt ,t−1 (xt ) − f? (xt )|
s
kλt ,t−1 (xt , xt )
6 2
Bλt ,t−1 (δ) .
λt

+
rt (λt ) = f? (x? ) − f? (xt ) 6 ft−1
(xt ) − f? (xt )

Proof of Theorem 4 (UCB algorithm for kernel bandits) Let rt denote the instantaneous regret at time t and f + (xt ) denote the optimistic value at the chosen point xt , built
from the confidence set used by the UCB algorithm. The following holds with probability
higher than 1 − 4δ for each time-step t

Alternatively one may use Theorem 6 in order to control the random variables σt,+
and σt,− in a tighter way. For instance, by Theorem 6, we easily obtain that with high
probability, for all t,


p
p
√
( 2 + 1) Ct (δ) − Ct (δ) + 2Dλ? ,t (δ)
σ
p
σ > σt,− > σ − √
t
1 + 2Ct (δ)/t
q
√ q
p
2σλ1/2 kf ? kK Dλ? ,t (δ) + C λ 1 − maxt6t (1+k1λ,t−1 (xt ,xt ))
p
−
,
√
t(1 + 2Ct (δ)/t)
√
that is the estimate satisfies σ√> σt,− > σ − O(1/ t). This in turns implies that
2
2
2
2
γt (σ−,t /C ) 6 γt (σ /C ) + O(1/ t). Likewise, it can be shown that σ 6 σt,+ 6 σ +
√
O(1/ t), which yields
q


2 /C 2 ) + o(1) .
Bλt ,t (δ) 6 σ 1 + 2 ln(1/δ) + 2γT (σ−

2 /C 2 and λ > σ 2 /C 2 . Then, using that σ 2 > σ ,
where we use the facts that λt 6 σ+
−
−
t,−
t,−
that γt (·) is non-increasing and non-decreasing with t, it comes
q
2 /C 2 ) .
Bλt ,t (δ) 6 σ+ + σ+ 2 ln(1/δ) + 2γT (σ−

Proof of Lemma 2 We want to control the quantity Bλt ,t (δ). First of all, recall from
Equation 3 that
p
p
Bλt ,t (δ) = λt C +σ+,t 2 ln(1/δ) + 2γt (λ− )
q
2 /C 2 ) ,
6 σ+ + σ+ 2 ln(1/δ) + 2γt (σt,−

In particular, we obtain by a Cauchy-Schwarz inequality,
s
s
T
X
kλt ,t−1 (xt , xt )
2C 2 /σ 2
6 T
γT (σ 2 /C 2 ) .
λt
ln(1 + C 2 /σ 2 )
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T
X

rt (λ) 6 2

T
X

kλt ,t−1 (xt , xt )
Bλt ,t−1 (δ) .
λt
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=

t=1

Thus, we deduce that with probability higher than 1 − 4δ:
s
RT

t=1

T

2C 2 /σ 2
γT (σ 2 /C 2 ) .
ln(1 + C 2 /σ 2 )

. This yields the following bound on the regret:
s

We then use Lemma 2 in order to control the term Bλt ,t−1 (δ), and Lemma 1 in order to
kλt ,t−1 (xt ,xt )
λt

q


2 /C 2 )
6 2σ+ 1 + 2 ln(1/δ) + 2γT (σ−

control the sum of
RT

Proof of Theorem 5 (TS algorithm for kernel bandits) We closely follow the proof
technique of Agrawal and Goyal (2013), while clarifying and simplifying some steps. The
general idea is to split the arms into two groups: saturated arms and unsaturated arms. The
former designates arms where samples f˜t have low probability of dominating f? (x? ) while
the latter designates the other case. This is related to the optimism (Abeille and Lazaric,
bt
2017), that is the possibility of sampling a value that is higher than the optimum. Let E
and Ẽt be the events that fbt and f˜t are concentrated around their respective means. More
precisely, for a given confidence level δ, we introduce
bt,δ = {∀x ∈ X , |f? (x) − fλ ,t−1 (x)| 6 C
bt,δ (x)}
E
t

Ẽt,δ = {∀x ∈ X , |fλt ,t−1 (x) − f˜t (x)| 6 C̃t,δ (x)} ,

bt,δ (x), C̃t,δ (x) to be defined.
for some quantities C

=

x∈X

X

√

λt

1
2
e−zx /2
πzx

(kλt ,t−1 (x, x0 ))x,x0 ∈X , then we have by a

On the other hand, since f˜t (x)|Ht−1 = N (fλt ,t−1 (x), Vt )

s

λt

2
σ+,t−1

kλt ,t−1 (x, x) ,
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> 1 for all x ∈ X. This motivates the following

c
P(Ẽt,δ
|Ht−1 ) 6
C̃ (x)
t,δ
r
2
σ+,t−1
kλt ,t−1 (x,x)
vt
λt

2
σ+,t−1

bt,δ Choosing the confidence bound to be
Controlling the event E
s
bt,δ (x) = kλt ,t−1 (x, x) Bλ ,t−1 (δ/4) ,
C
t
λt


bt,δ is controlled as P ∀t > 0, E
bt,δ > 1 − δ.
then the event E

Controlling the event Ẽt,δ

zx

where we introduced the notation Vt = vt2
simple union bound over x ∈ X,

provided that
definition,

C̃t,δ (x) = ct,δ vt

27

p
√
2 ln(t(t + 1)|X|/ πδ), 1} ensures
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t>0

X

t>0

δ
= δ,
t(t + 1)

X
X
2
|X|
δ
√
e−ct,δ /2 =
c t(t + 1)
πct,δ
t>0 t,δ

for a well-chosen sequence (ct,δ )t . The choice ct,δ = max{
that

6

c
P(∃t > 0 Ẽt,δ
|Ht−1 ) 6

6

f? (x) − fλt ,t−1 (x) + fλt ,t−1 (x) − f˜t (x)

bt,δ and Ẽt,δ , it thus holds that
By definition of the events, under E



from which we obtain P ∀t > 0, Ẽt,δ > 1 − δ.
Summary

∀x ∈ X , f? (x) − f˜t (x)



σ

+ ct,δ vt
{z

gt (δ)

Bλt ,t−1 (δ/4)

σ+,t−1
σ }



.

bt,δ (x) + C̃t,δ (x)
6 C
s


kλt ,t−1 (x, x)
Bλt ,t−1 (δ/4) + ct,δ vt σ+,t−1
λt
=

= sλ,t−1 (x)

|

together with

x∈S
/ t,δ

xS,t = argmin sλ,t−1 (x) .

It is now convenient to introduce the set of saturated times a time t


x ∈ X : f? (x? ) − f? (x) > sλ,t−1 (x)gt (δ)

Saturated arms

St,δ =

We remark that by construction ? ∈
/ St,δ for all t. Now, by the strategy of the Kernel TS
bt,δ ∩ Ẽt,δ
algorithm, xt = argmaxx∈X f˜t (x). Thus, we deduce that on the event E

60

f? (x? ) − f? (xt ) = f? (x? ) − f? (xS,t ) + f? (xS,t ) − f? (xt )


6 sλ,t−1 (xS,t )gt (δ) + f? (xS,t ) − f˜t (xS,t )


 
+ f˜t (xS,t ) − f˜t (xt ) + f˜t (xt ) − f? (xt )
{z
}
|

6 2sλ,t−1 (xS,t )gt (δ) + sλ,t−1 (xt )gt (δ) .

Also, f? (x? ) − f? (xt ) 6 R, where R = maxx∈X f? (x? ) − f? (x) < ∞. We then remark that
by definition of xS,t , we have

E[sλ,t−1 (xt )|Ht−1 ] > E[sλ,t−1 (xt )I{xt ∈
/ St,δ }|Ht−1 ]
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> E[sλ,t−1 (xS,t )I{xt ∈
/ St,δ }|Ht−1 ]


= sλ,t−1 (xS,t )P xt ∈
/ St,δ Ht−1 .

28

min{sλ,t−1 (xS,t )gt (δ), R} 6

E[min{2sλ,t−1 (xt )gt (δ), R}|Ht−1 ]


.
P xt ∈
/ St,δ Ht−1

29

JMLR 19(17):1-34, 2018

Thus, we have proved that






bt,δ (x? ), E
bt,δ Ht−1 − P Ẽ c Ht−1
P xt ∈
/ St,δ Ht−1
> P f˜t (x? ) − fλt ,t−1 (x? ) > C
t,δ




bt,δ (x? ) Ht−1 I{E
bt,δ } − P Ẽ c Ht−1 .
= P f˜t (x? ) − fλt ,t−1 (x? ) > C
t,δ

from which we obtain
o
n
bt,δ (x? ) ∩ E
bt,δ ⊂ {xt 6∈ St,δ } ∪ Ẽ c .
f˜t (x? ) − fλt ,t−1 (x? ) > C
t,δ

bt,δ ∩ Ẽt,δ
{xt ∈ St,δ } ∩ E
n
o
bt,δ ∩ Ẽt,δ
⊂
f˜t (x? ) − fλt ,t−1 (x? ) 6 f? (x? ) − fλt ,t−1 (x? ) ∩ E
n
o
o n
bt,δ (x? ) ,
bt,δ (x? ) ⊂ f˜t (x? ) − fλ ,t−1 (x? ) 6 C
⊂
f˜t (x? ) − fλt ,t−1 (x? ) 6 C
t

Further, using that f˜t (x)|Ht−1 = N (fλt ,t−1 (x), Vt ) yields

bt,δ ∩ Ẽt,δ
{xt ∈ St,δ } ∩ E
n
o n
o
⊂
∃x ∈ St,δ , f˜t (x? ) 6 f˜t (x) ∩ ∀x ∈ St,δ , f˜t (x) 6 f? (x? )
n
o
⊂
f˜t (x? ) 6 f? (x? ) .

while on the other hand we have the inclusion {∀x ∈ St,δ , f˜t (x? ) > f˜t (x)} ⊂ {xt 6∈ St,δ }.
Thus, combining these two properties, we deduce that

f˜t (x) 6 f? (x) + sλ,t−1 (x)gt (δ) 6 f? (x? ) ,

bt,δ ∩ Ẽt,δ ,
Lower bounding the denominator At this point, we note that on the event E
for all x ∈ St,δ ,

6

E[min{2sλ,t−1 (xt )gt (δ), R}|Ht−1 ]


I{xt ∈ St,δ } + sλ,t−1 (xt )gt (δ) .
P xt ∈
/ St,δ Ht−1

+sλ,t−1 (xt )gt (δ)I{xt 6∈ St,δ }
n
o
6 min 2sλ,t−1 (xS,t )gt (δ), R I{xt ∈ St,δ } + sλ,t−1 (xt )gt (δ)

Since on the other hand, (f? (x? ) − f? (xt ))I{xt ∈
/ St,δ } 6 sλ,t−1 (xt )gt (δ)I{xt ∈
/ St,δ }, we
bt,δ ∩ Ẽt,δ we have
deduce that on the event E


f? (x? ) − f? (xt ) 6 min 2sλ,t−1 (xS,t )gt (δ) + sλ,t−1 (xt )gt (δ), R I{xt ∈ St,δ }

Likewise,
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bt,δ (x? ) Ht−1
f˜t (x? ) − fλt ,t−1 (x? ) > C


1
2
> √ e−z /2
2 πz



√

2αt ln(βt )

Bλt ,t−1 (δ/4)
,
vt σ+,t−1

provided that z > 1 .

def

> pt =

βt−αt
.
√ p
2 π 2αt ln(βt )

At this point of the proof, we have proved that



for constants αt , βt such that 2αt ln(βt ) > 1 thus yields

=

bt,δ (x? ) Ht−1
f˜t (x? ) − fλt ,t−1 (x? ) > C

σ+,t−1

Bλt ,t−1 (δ/4)

vt σ+,t−1

kλt ,t−1 (?,?)
λt

bt,δ (x? )
C
q

1
p−q

=

1
p

+

q
p(p−q)

6

1
p

+

q
,
p2

for p > q.

RT

6

t=1


+sλ,t−1 (xt )gt (δ) ,

30

p

8παt ln(βt )βtαt
ct,δ t(t + 1)
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T 
X
p
E[min{2sλ,t−1 (xt )gt (δ), R}|Ht−1 ] 8παt ln(βt )βtαt 1 + δ

Pseudo-regret Summing-up the previous terms over t T
> 1, we obtain that the pseudobt,δ ∩ Ẽt,δ that holds with
regret of the Kernel TS strategy satisfies, on the event t>1 E
probability higher than 1 − 2δ,



p
8παt ln(βt )βt2αt
6 E[min{2sλ,t−1 (xt )gt (δ), R}|Ht−1 ]
8παt ln(βt )βtαt + δ
ct,δ t(t + 1)
+sλ,t−1 (xt )gt (δ) .

bt,δ ∩ Ẽt,δ }
(f? (x? ) − f? (xt ))I{E

c |H
Combining the bound on P(Ẽt,δ
t−1 ) and the definition of pt , we obtain

where in the second inequality, we used the property

bt,δ ∩ Ẽt,δ }
+sλ,t−1 (xt )gt (δ)I{E


c |H
P(Ẽt,δ
t−1 )
1
6 E[min{2sλ,t−1 (xt )gt (δ), R}|Ht−1 ]
+
+ sλ,t−1 (xt )gt (δ) ,
pt
p2t

t,δ

bt,δ ∩ Ẽt,δ }
(f? (x? ) − f? (xt ))I{E
E[min{2sλ,t−1 (xt )gt (δ), R}|Ht−1 ]I{xt ∈ St,δ } b
6
I{Et,δ ∩ Ẽt,δ }
bt,δ } − P(Ẽ c |Ht−1 )
pt I{E

Summary

P

Taking vt =

z =

where we introduced the Ht−1 -measurable random variable

P

Anti-concentration We now resort to an anti-concentration result for Gaussian variables (Abramowitz and Stegun, 1964). More precisely, the following inequality holds
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gt (δ) =
=
σ

Bλt ,t−1 (δ/4)
σ+,t−1
+ ct,δ vt
σ
σ


ct,δ
Bλt ,t−1 (δ/4)
1+ p
.
2αt ln(βt )

p
√
where ct,δ = max{ p2 ln(t(t + 1)|X|/ πδ), 1}, and the constants αt , βt must be such that
2αt ln(βt ) > 1 and 8παt ln(βt )βtαt > 1. Also, let us recall that

6

t=1

ηt =

√



√
4πe
.
4πe 1 + δ ct,δ t(t+1)

T
h
i
X

E min 2sλ,t−1 (xt )gt (δ), R Ht−1 ηt + sλ,t−1 (xt )gt (δ) ,

t=1



T

X
Bλ ,t−1 (δ/4) 
E min{2sλ,t−1 (xt ) t
1 + ct,δ , R} Ht−1 ηt + sλ,t−1 (xt )gt (δ)
σ

In particular, the specific choice αt = 1/2 ln(βt ) where βt > 1 (which satisfies 1 > 1 and
√
4πe > 1) yields
RT
=

where we introduced the deterministic quantity

Concentration In order to finish the proof, we now relate the sum of the terms
E[sλ,t−1 (xt )|Ht−1 ] to the sum of the terms sλ,t−1 (xt ), for t > 1. More precisely, let us
introduce the following random variable
h
i


Xt = E min 2sλ,t−1 (xt )gt (δ), R Ht−1 ηt − min 2sλ,t−1 (xt )gt (δ), R ηt .

t=1

T
X
t=1

v
u
T
u X
R2 ηt2 ln(1/δ) ,
Xt 6 t2

t=1

v
u
T
T
u X
X

R2 ηt2 ln(1/δ) .
min 2sλ,t−1 (xt )gt (δ), R ηt + sλ,t−1 (xt )gt (δ) + t2
t=1

By construction, E[Xt |Ht−1 ] = 0 and |Xt | 6 Rηt . Thus, by an application of Azumahoeffding’s inequality for martingales, we obtain that for all δ ∈ (0, 1), with probability
higher than 1 − δ,

6

and thus that on an event of probability higher than 1 − 3δ,
RT

Replacing ηt with its expression, that is
ηt

√
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√


√
4πe
p
=
4πe 1 + δ
√
max{ 2 ln(t(t + 1)|X|/ πδ), 1}t(t + 1)
√

4πe 
4πe 1 + δ
,
t(t + 1)
6
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t=1

we deduce that with probability higher than 1 − 3δ,
v
u
√
X

T
T
u
X
√
4πe 2
6 (4 πe + 1)
sλ,t−1 (xt )gt (δ) + Rδ4πe + Rt8πe
(1 + δ
) ln(1/δ)
t(t + 1)
RT

t=1

t=1

s

kλt ,t−1 (xt , xt )
λt

X

q
T
p
√
√
6 (4 πe + 1)
sλ,t−1 (xt )gt (δ) + Rδ4πe + 8πe(1 + δ 4πe)2 R T ln(1/δ)

s
X

T
√
kλt ,t−1 (xt , xt )
Bλt ,t−1 (δ/4)(1 + ct,δ )
= (4 πe + 1)
λt
t=1
q
p
√
8πe(1 + δ 4πe)2 R T ln(1/δ) .

+Rδ4πe +

This concludes the proof of the main result, since ct,δ 6 cT,δ .

Then, using Lemma 2 we can rewrite the regret as

q
p
√
8πe(1 + δ 4πe)2 R T ln(1/δ) .

T
q

X
√
2 /C 2 )
= (4 πe + 1)(1 + cT,δ )σ+ 1 + 2 ln(4/δ) + 2γT (σ−

Final bound
RT

+Rδ4πe +

q
p
√
8πe(1 + δ 4πe)2 R T ln(1/δ) .

Using Lemma 1 together with a Cauchy-Schwarz inequality, we finally obtain
v
q

u
√
C 2 /σ 2
2 /C 2 ) u 2T
 γT (σ 2 /C 2 )
= (4 πe + 1)(1 + cT,δ )σ+ 1 + 2 ln(4/δ) + 2γT (σ−
t 
2
ln 1 + Cσ2
RT

+Rδ4πe +
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Principal Component Analysis (PCA) is one of the oldest (Pearson, 1901; Hotelling, 1933) and most
fundamental techniques in data analysis, with ubiquitous applications in engineering (Moore, 1981),
economics and sociology (Vyas and Kumaranayake, 2006), chemistry (Ku et al., 1995), physics
(Loyd et al., 2014) and genetics (Price et al., 2006) to name a few; see Jolliffe (2002) for more applications. Given a data matrix X ∈ RD×L of L data points of coordinate dimension D, PCA gives
a closed form solution to the problem of finding a d-dimensional linear subspace Ŝ that is closest,

1. Introduction

We consider the problem of learning a linear subspace from data corrupted by outliers. Classical approaches are typically designed for the case in which the subspace dimension is small relative
to the ambient dimension. Our approach works with a dual representation of the subspace and
hence aims to find its orthogonal complement; as such, it is particularly suitable for subspaces
whose dimension is close to the ambient dimension (subspaces of high relative dimension). We
pose the problem of computing normal vectors to the inlier subspace as a non-convex `1 minimization problem on the sphere, which we call Dual Principal Component Pursuit (DPCP) problem.
We provide theoretical guarantees under which every global solution to DPCP is a vector in the
orthogonal complement of the inlier subspace. Moreover, we relax the non-convex DPCP problem
to a recursion of linear programs whose solutions are shown to converge in a finite number of steps
to a vector orthogonal to the subspace. In particular, when the inlier subspace is a hyperplane, the
solutions to the recursion of linear programs converge to the global minimum of the non-convex
DPCP problem in a finite number of steps. We also propose algorithms based on alternating minimization and iteratively re-weighted least squares, which are suitable for dealing with large-scale
data. Experiments on synthetic data show that the proposed methods are able to handle more outliers and higher relative dimensions than current state-of-the-art methods, while experiments in the
context of the three-view geometry problem in computer vision suggest that the proposed methods
can be a useful or even superior alternative to traditional RANSAC-based approaches for computer
vision and other applications.
Keywords: Outliers, Robust Principal Component Analysis, High Relative Dimension, `1 Minimization, Non-Convex Optimization, Linear Programming, Trifocal Tensor
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in the Euclidean sense, to the columns of X . Although the optimization problem associated with
PCA is non-convex, it does admit a simple solution by means of the Singular Value Decomposition
(SVD) of X . In fact, Ŝ is the subspace spanned by the first d left singular vectors of X .
Using Ŝ as a model for the data X is meaningful when the data are known to have an approximately linear structure of underlying dimension d, i.e., they lie close to a d-dimensional subspace
S. In practice, the principal components of X are known to be well-behaved under mild levels of
noise, i.e., the principal angles between Ŝ and S are relatively small, and in fact, Ŝ is optimal when
the noise is Gaussian (Jolliffe, 2002). However, very often in applications the data are corrupted by
outliers, i.e., the data matrix has the form X̃ = [X O] Γ, where the M columns of O ∈ RD×M are
points of RD whose angles from the underlying ground truth subspace S associated with the inlier
points X are large, and Γ is an unknown permutation. In such cases, the principal angles between S
and its PCA estimate Ŝ will in general be large, even when M is small. This is to be expected since,
by definition, the principal components of X̃ are orthogonal directions of maximal correlation with
all the points of X̃ . This phenomenon, together with the fact that outliers are almost always present
in real datasets, has given rise to the important problem of outlier detection in PCA.
Traditionally, outlier detection has been a major area of study in robust statistics with notable methods being Influence-based Detection, Multivariate Trimming, M -Estimators, Iteratively
Reweighted Least Squares (IRLS) and Random Sampling Consensus (RANSAC) (Huber, 1981; Jolliffe, 2002). These methods are usually based on non-convex optimization problems and in practice
converge only to a local minimum. In addition, their theoretical analysis is usually limited and their
computational complexity may be large (e.g., in the case of RANSAC). Recently, two attractive
methods have appeared (Xu et al., 2012; Soltanolkotabi and Candès, 2012) that are directly based
on convex optimization and are inspired by low-rank representation (Liu et al., 2010) and compressed sensing (Candès and Wakin, 2008). Even though both of these methods admit theoretical
guarantees and efficient implementations, they are in principle applicable only in the case of subspaces of small relative dimension (i.e., d/D  1). On the other hand, the theoretical guarantees
of the recent REAPER method of Lerman et al. (2015) seem to suggest that the method is able to
handle any subspace dimension.
In this paper we adopt a dual approach to the problem of robust PCA in the presence of outliers,
which allows us to explicitly transcend the low relative dimension regime of modern methods such
as Xu et al. (2012) or Soltanolkotabi and Candès (2012), and even be able to handle as many as
70% outliers for hyperplanes (subspaces of maximal relative dimension (D − 1)/D), a regime
where other modern (Lerman et al., 2015) or classic (Huber, 1981) methods fail. The key idea
of our approach comes from the fact that, in the absence of noise, the inliers X lie inside any
hyperplane H1 = Span(b1 )⊥ that contains the underlying linear subspace S associated with the
inliers. This suggests that, instead of attempting to fit directly a low-dimensional linear subspace to
the entire dataset X̃ , as done e.g. in Xu et al. (2012), we can search for a maximal hyperplane H1
that contains as many points of the dataset as possible. When the inliers X are in general position
(to be made precise shortly) inside S, and the outliers O are in general position in RD , such a
maximal hyperplane will contain the entire set of inliers together with possibly a few outliers. Then
one may remove all points that lie outside this hyperplane and be left with an easier robust PCA
problem that could potentially be addressed by existing methods. Alternatively, one can continue
by finding a second maximal hyperplane H2 = Span(b2 )⊥ , with the new dual principal component
b2 perpendicular to the first one, i.e., b2 ⊥ b1 , and so on, until c := D−d such maximal hyperplanes
H1 , . . . , Hc have been found, leading to a Dual Principal Component Analysis (DPCA) of X̃ . In
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Tc
Hi , and a point is an outlier if and only if
such a case, the inlier subspace is precisely equal to i=1
it lies outside this intersection.
We formalize the problem of searching for maximal hyperplanes with respect to X̃ as an `0
cosparsity-type problem (Nam et al., 2013), which we relax to a non-convex `1 problem on the
sphere, referred to as the Dual Principal Component Pursuit (DPCP) problem. We provide theoretical guarantees under which every global solution of the DPCP problem is a vector orthogonal to the
linear subspace associated with the inliers, i.e., it is a dual principal component. Moreover, we relax
the non-convex DPCP problem to a recursion of linear programming problems and we show that,
under mild conditions, their solutions converge to a dual principal component in a finite number of
steps. In particular, when the inlier subspace is a hyperplane, then the solutions of the linear programming recursion converge to the global minimum of the non-convex problem in a finite number
of steps. Furthermore, we propose algorithms based on alternating minimization and IRLS that
are suitable for dealing with large-scale data. Extensive experiments on synthetic data show that
the proposed methods are able to handle more outliers and subspaces of higher relative dimension
d/D than state-of-the-art methods (Fischler and Bolles, 1981; Xu et al., 2012; Soltanolkotabi and
Candès, 2012; Lerman et al., 2015), while experiments with real face and object images show that
our DPCP-based methods perform on par with state-of-the-art methods.



x/|x| if x 6= 0,
0
if x = 0.

if zi =
6 0,
if zi = 0.

i=1 |zi |

PD

(2)

of a vector

(1)

∼
Notation The shorthand RHS stands for Right-Hand-Side and similarly for LHS. The notation =
stands for isomorphism in whatever category the objects lying to the LHS and RHS of the symbol belong to. The notation ' denotes approximation. For any positive integer n let [n] := {1, 2, . . . , n}.
For any positive number α let dαe denote the smallest integer that is greater than α. For sets A, B,
the set A \ B is the set of all elements of A that do not belong to B. If S is a subspace of RD , then
dim(S) denotes the dimension of S and πS : RD → S is the orthogonal projection of RD onto
S. For vectors b, b0 ∈ RD we let ∠b, b0 be the acute angle between b and b0 , defined as the unique
angle θ ∈ [0 90◦ ] such that cos θ = b> b0 . If b is a vector of RD and S a linear subspace of RD ,
the principal angle of b from S is ∠b, πS (b). The symbol ⊕ denotes direct sum of subspaces. The
orthogonal complement of a subspace S in RD is S ⊥ . If y 1 , . . . , y s are elements of RD , we denote
by Span(y 1 , . . . , y s ) the subspace of RD spanned by these elements. SD−1 denotes the unit sphere
of RD . For a vector w ∈ RD we define ŵ := w/ w 2 , if w 6= 0, and ŵ := 0 otherwise. Given a
square matrix C, Diag(C) denotes the vector of diagonal elements of C. Given a square matrix P ,
the notation 0 ≤ P ≤ I indicates that P , I − P are positive semi-definite matrices. With a mild
abuse of notation we will be treating on several occasions matrices as sets, i.e., if X is D × N and
x a point of RD , the notation x ∈ X signifies that x is a column of X . Similarly, if O is a D × M
matrix, the notation X ∩ O signifies the points of RD that are common columns of X and O. The
notation Sign denotes the sign function Sign : R → {−1, 0, 1} defined as
Sign(x) =

(
Sign(zi )
[−1, 1]

JMLR 19(18):1-50, 2018

Finally, we note that the ith entry of the subdifferential of the `1 -norm kzk1 =
z = (z1 , . . . , zD )> is a set-valued function on RD defined as
Sgn(zi ) =

3

2. Prior Art

T SAKIRIS AND V IDAL

We begin by briefly reviewing some state-of-the-art methods for learning a linear subspace from
data X̃ = [X O] Γ in the presence of outliers. The literature on this subject is vast and our account
is far from exhaustive; with a few exceptions, we mainly focus on modern methods based on convex optimization. For methods from robust statistics see Huber (1981); Jolliffe (2002), for online
subspace learning methods see Balzano et al. (2010); Feng et al. (2013), for regression-type methods see Wang et al. (2015), while for fast and other methods the reader is referred to the excellent
literature review of Lerman and Zhang (2014) or the recent survey by Lerman and Maunu (2018).
Finally, we note that preliminary results associated with the present work have been published in
the form of a conference paper1 (Tsakiris and Vidal, 2015). While the present paper was under
review, we extended our approach to clustering data from multiple subspaces (Tsakiris and Vidal,
2017), which can also be thought of as a robust PCA problem but with structured outliers. This is a
continuation of the present work, which certainly builds on the concepts and algorithms presented
here, yet requires sufficiently distinct machinery to be fully established.

RANSAC One of the oldest and most popular outlier detection methods for PCA is Random
Sampling Consensus (RANSAC) (Fischler and Bolles, 1981). The idea behind RANSAC is simple:
alternate between randomly sampling a subset of cardinality d from the dataset and computing a
d-dimensional subspace from this subset, until a subspace Ŝ is found that maximizes the number
of points in the entire dataset that approximately lie in Ŝ within some error. RANSAC is typically
used when the ambient dimension D is small (say D ≤ 20), yielding high quality subspace estimates regardless of the subspace relative dimension d/D. However, as D increases, RANSAC
becomes inefficient for large values of d/D, except when the outlier ratio is very small, as otherwise a prohibitive number of trials may be required in order to obtain outlier-free samples and thus
furnish reliable models. Additionally, RANSAC requires as input an estimate for the dimension of
the subspace as well as a thresholding parameter, which is used to distinguish outliers from inliers;
naturally the performance of RANSAC is very sensitive to these two parameters.

L

∗

+λ E

2,1

,

(3)

`2,1 -RPCA Unlike RANSAC, modern methods for outlier detection in PCA are primarily based
on convex optimization. One of the earliest and most important such methods is the `2,1 -RPCA
method of Xu et al. (2012), which is in turn inspired by the Robust Principal Component Analysis
(RPCA) algorithm of Candès et al. (2011). `2,1 -RPCA computes a (`∗ + `2,1 )-norm decomposition2
of the data matrix, instead of the (`∗ + `1 )-decomposition in Candès et al. (2011). More specifically,
`2,1 -RPCA solves the optimization problem
min

L,E: X̃ =L+E

which attempts to decompose the data matrix X̃ = [X O]Γ into the sum of a low-rank matrix
L, and a matrix E that has only a few non-zero columns. The idea is that L is associated with
the inliers, having the form L = [X 0D×M ]Γ, and E is associated with the outliers, having the
form E = [0D×N O]Γ. The optimization problem (3) is convex and admits theoretical guarantees
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1. We note that the proof of Theorem 2 in Tsakiris and Vidal (2015) contained an inaccuracy which makes its statement
incomplete. The complete statement is Theorem 11 in the present paper.
2. Here `∗ denotes the nuclear norm, which is the sum of the singular values of the matrix. Also, `2,1 is defined as the
sum of the Euclidean norms of the columns of a matrix.

4

(4)

j=1

L
X

(I D − P )x̃j

2

s.t. P is an orthogonal projection

and Trace(P ) = d.

(5)

P

min

j=1

L
X

(I D − P )x̃j

2

5

(6)
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s.t. 0 ≤ P ≤ I D , Trace (P ) = d,

Here the vector x̃j denotes the j-th column of X̃ and the matrix P denotes the orthogonal projection
onto a d-dimensional linear subspace S. Notice that P can be thought of as the product P = U U > ,
where the columns of U ∈ RD×d form an orthonormal basis for S. Since the problem in (5) is nonconvex, Lerman et al. (2015) relaxed it to the convex semi-definite program

P

min

REAPER Another robust subspace learning method that admits an interesting theoretical analysis
is REAPER (Lerman et al., 2015), which is conceptually associated with the optimization problem

where the extra constraint prevents the trivial solution C = I. Given C, and under the hypothesis
that d/D is small, a column of X̃ is declared as an outlier, if the `1 norm of the corresponding
column of C is large; see Soltanolkotabi and Candès (2012) for an explicit formula. SE-RPCA
admits theoretical guarantees (Soltanolkotabi and Candès, 2012) and efficient ADMM implementations (Elhamifar and Vidal, 2013). Moreover, the recent work of You et al. (2017) has demonstrated
that the information contained in the self-expressive matrix C can be further exploited to identify
the outliers by means of a random walk on the directed affinity graph defined by C, thus yielding
superior results than the simple thresholding of the norms of the columns of C. In contrast to `2,1 RPCA, which in principle fails in the presence of a very large number of outliers, SE-RPCA is still
expected to perform well, since the existence of sparse subspace-preserving self-expressive patterns
does not depend on the number of outliers present. Also, similarly to `2,1 -RPCA, SE-RPCA does
not directly require an estimate for the subspace dimension d. Nevertheless, knowledge of d is necessary if one wants to furnish an actual subspace estimate, which entails removing the outliers (a
judiciously chosen threshold would also be necessary here) and applying PCA.

C

min kCk1 s.t. X̃ = X̃ C, Diag(C) = 0,

6

X̃ = [X O]Γ = [x̃1 , . . . , x̃L ] ∈ RD×L ,

(7)
JMLR 19(18):1-50, 2018

We employ a deterministic noise-free data model, under which the given data is

3.1 Data model

In this section we formulate the problem addressed in this paper. We describe our data model (§3.1),
and motivate the problem at a conceptual (§3.2) and computational level (§3.3).

3. Problem Formulation

L1-PCA∗ Finally, we mention the method L1-PCA∗ of Brooks et al. (2013), since it works with
the orthogonal complement of the subspace, similarly to the proposed method of the present paper.
Nevertheless, L1-PCA∗ is slightly unusual in that it learns `1 hyperplanes, i.e., hyperplanes that
minimize the `1 distance to the points, as opposed to the Euclidean distance used by methods such
as PCA and REAPER. Overall, no theoretical guarantees seem to be known for L1-PCA∗ , as far as
the subspace learning problem is concerned. In addition, L1-PCA∗ requires solving O(D2 ) linear
programs, where D is the ambient dimension, which makes it computationally expensive.

COHERENCE PURSUIT (CoP) The recent work of Rahmani and Atia (2017) analyzes a simple
yet efficient algorithm for detecting the inlier space from pairwise point coherences, hence called
Coherence Pursuit (CoP). The main insight behind CoP is that, under the hypothesis that the inliers
lie in a low-dimensional subspace, inlier points tend to have significantly higher coherence with the
rest of the points in the dataset, than outlier points. Hence the columns of the pairwise coherence
>
matrix X̃ X̃ that have large norm are expected to correspond to inliers. Indeed, CoP orders the
>
columns of X̃ X̃ in descending values for a given norm and selects sufficiently many of them from
the top, until their span yields a d-dimensional subspace. Similarly to SE-RPCA, the performance of
CoP is not expected to be significantly degraded as the number of outliers increases, as long as each
outlier remains sufficiently incoherent with the rest of the dataset. As demonstrated by Rahmani
and Atia (2017), CoP has a competitive performance and admits an extensive theoretical analysis.

and obtained an approximate solution P ∗ to (5) as the rank-d orthogonal projector that is closest to
the global solution of (6), as measured by the nuclear norm. It was shown by Lerman et al. (2015)
that the orthoprojector P ∗ obtained in this way is within a neighborhood of the orthoprojector
corresponding to the true underlying inlier subspace. In practice, the semi-definite program (6) may
become prohibitively expensive to solve even for moderate values of the ambient dimension D.
As a consequence, the authors proposed an Iteratively Reweighted Least Squares (IRLS) scheme to
obtain a numerical solution of (6), whose objective value was shown to converge to a neighborhood
of the optimal objective value of problem (6).
One advantage of REAPER with respect to `2,1 -RPCA and SE-RPCA, is that its theoretical
conditions allow for the subspace to have arbitrarily large relative dimension, providing that the
outlier ratio is sufficiently small. It is interesting to note here that this is precisely the condition
under which RANSAC (Huber, 1981) can handle large relative dimensions; the main difference
though between RANSAC and REAPER is that the latter employs convex optimization, and for a
fixed relative dimension and computational budget REAPER can tolerate considerably higher outlier
ratios than RANSAC (see Fig. 6, §7).

and efficient algorithms based on the alternating direction method of multipliers (ADMM) (Gabay
and Mercier, 1976). However, it is expected to succeed only when the intrinsic dimension d of the
inliers is small enough (otherwise [X 0D×M ] will not be low-rank), and the outlier ratio is not too
large (otherwise [0D×N O] will not be column-sparse). Finally, notice that `2,1 -RPCA does not
require as input the subspace dimension d, because it does not directly compute an estimate for the
subspace. Rather, the subspace can be obtained subsequently by applying classic PCA on L, and
now one does need an estimate for d.

SE-RPCA Separating outliers from low-rank inlier points can also be achieved by exploiting the
self-expressiveness (SE) property of the data matrix, a notion popularized by the work of Elhamifar
and Vidal (2011, 2013) in the area of subspace clustering (Vidal, 2011). Specifically, if a column
x̃ of X̃ is an inlier, then it can be expressed as a linear combination of d other inliers in X̃ , while
if x̃ is an outlier, then in principle it requires D columns of X̃ . The coefficient matrix C can be
obtained as the solution to the convex optimization problem

T SAKIRIS AND V IDAL
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Alternatively, if the true dimension d is known, one may keep working with the entire dataset
X̃ (i.e., no point removal takes place) and search for a second hyperplane H2 that contains all the
inliers, such that its normal vector b2 is linearly independent (e.g., orthogonal) from the normal
vector b1 of H1 . Then H1 ∩ H2 is a linear subspace of dimension D − 2 that contains all the
inliers X , and as a consequence Span(X ) = S ⊂ H1 ∩ H2 . Then a third hyperplane H3 ⊃ X
may be sought for, such that its normal vector b is not in Span(b1 , b2 ), and so on. Repeating this
3
5
process c = codim S = D − d times, until c linearly independent
Tc hyperplanes H1 , . . . , Hc have
been found, each containing X , we arrive at a situation where
Tc k=1 Hk is a subspace of dimension
d = dim S that contains S and thus it must be the case that k=1
Hk = S. Hence we may declare
a point to be an inlier if and only if the point lies in the intersection of these c hyperplanes.

T SAKIRIS AND V IDAL

>

>

1

0

s.t. b 6= 0.

s.t.

8

b

2

= 1,

(8)

(9)
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5. By the hyperplanes being linearly independent we mean that their normal vectors are linearly independent.

which in our context we will be referring to as Dual Principal Component Pursuit (DPCP). A major
question that arises, to be answered in Theorem 11, is under what conditions every global solution
of (9) is orthogonal to the inlier subspace Span(X ). A second major question, raised by the nonconvexity of the constraint b ∈ SD−1 , is how to efficiently solve (9) with theoretical guarantees.

min X̃ b
b

The idea behind (8) is that a hyperplane H = Span(b)⊥ contains a maximal number of columns
of X̃ if and only if its normal vector b has a maximal cosparsity level with respect to the matrix
>
>
X̃ , i.e., the number of non-zero entries of X̃ b is minimal. Since (8) is a combinatorial problem
admitting no efficient solution, we consider its natural relaxation

min X̃ b
b

In view of Proposition 3, we may restrict our search for hyperplanes that contain all the inliers X
to the subset of hyperplanes that are maximal with respect to the dataset X̃ . The advantage of this
approach is immediate: the set of hyperplanes that are maximal with respect to X̃ is in principle
computable, since it is precisely the set of solutions of the following optimization problem

Proposition 3 Suppose that N ≥ d+1 and M ≥ D −d, and let H be a hyperplane that is maximal
with respect to the dataset X̃ . Then H contains all the inliers X .

In principle, hyperplanes that are maximal with respect to X̃ , always solve Problem 1, as the next
proposition shows (see §5.1 for the proof).

Definition 2 A hyperplane H of RD is called maximal with respect to the dataset X̃ , if it contains
a maximal number of data points in X̃ , i.e., if for any other hyperplane H† of RD we have that
Card(X̃ ∩ H) ≥ Card(X̃ ∩ H† ).

In this section we propose an optimization framework for the computation of a hyperplane that
solves Problem 1, i.e., a hyperplane that contains all the inliers. To proceed, we need a definition.

3.3 Hyperplane pursuit by `1 minimization

where the N inliers X = [x1 , . . . , xN ] ∈ RD×N lie in the intersection of the unit sphere SD−1 with
an unknown proper subspace S of RD of unknown dimension 1 ≤ d ≤ D − 1, and the M outliers
O = [o1 , . . . , oM ] ∈ RD×M lie on the sphere SD−1 . The unknown permutation Γ indicates that we
do not know which point is an inlier and which point is an outlier. Finally, we assume that the points
X̃ are in general position, in the sense that there are no relations among the columns of X̃ except
for those implied by the inclusions X ⊂ S and X̃ ⊂ RD . In particular, every D-tuple of columns
of X̃ such that at most d points come from X is linearly independent. Notice that as a consequence
every d-tuple of inliers and every D-tuple of outliers are linearly independent, and also X ∩ O = ∅.
Finally, to avoid degenerate situations we will assume that N ≥ d + 1 and M ≥ D − d.3
3.2 Conceptual formulation
Given X̃ , we consider the problem of partitioning its columns into those that lie in S and those
that don’t. Since we have made no assumption about the dimension of S, this problem is however
not well posed because S can be anything from a line to a (D − 1)-dimensional hyperplane, and
hence X lies inside every subspace that contains S, which in turn may contain some elements of
O. Instead, it is meaningful to search for a linear subspace of RD that contains all of the inliers
and perhaps a few outliers. Since we do not know the intrinsic dimension d of the inliers, a natural
choice is to search for a hyperplane of RD that contains all the inliers.
Problem 1 Given the dataset X̃ = [X O] Γ, find a hyperplane H that contains all the inliers X .
Notice that hyperplanes that contain all the inliers always exist: any non-zero vector b in the
orthogonal complement S ⊥ of the linear subspace S associated with the inliers defines a hyperplane
(with normal vector b) that contains all inliers X . Having such a hyperplane H1 at our disposal,
we can partition our dataset as X̃ = X̃ 1 ∪ X̃ 2 , where X̃ 1 are the points of X̃ that lie in H1 and
X̃ 2 are the remaining points. Then by definition of H1 , we know that X̃ 2 will consist purely of
outliers, in which case we can safely replace our original dataset X̃ with X̃ 1 and reconsider the
problem of robust PCA on X̃ 1 . We emphasize that X̃ 1 will contain all the inliers X together with
at most D−d−1 outliers,4 a number which may be dramatically smaller than the original number of
outliers. Then one may apply existing methods such as Xu et al. (2012), Soltanolkotabi and Candès
(2012) or Fischler and Bolles (1981) to finish the task of identifying the remaining outliers, as the
following example demonstrates.
Example 1 Suppose we have N = 1000 inliers lying in general position in a linear subspace of
R100 of dimension d = 90. Suppose that the dataset is corrupted by M = 1000 outliers lying in
general position in R100 . Let H be a hyperplane that contains all 1000 inliers. Since the dimensionality of the inliers is 90 and the dimensionality of the hyperplane is 99, there are only 99 − 90 = 9
linearly independent directions left for the hyperplane to fit, i.e., H will contain at most 9 outliers (it
can not contain more outliers since this would violate the general position hypothesis). If we remove
the points of the dataset that do not lie in H, then we are left with 1000 inliers and at most 9 outliers.
A simple application of RANSAC is expected to identify the remaining outliers in only a few trials.
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3. If the number of outliers is less than D − d, then the entire dataset is degenerate because it lies in a proper hyperplane
of the ambient space, hence we can reduce the coordinate representation of the data and eventually satisfy the stated
condition.
4. This comes from the assumption of general position.

7

(10)

j=1

j=1

M
N
1 X
1 X
δ(z − oj ) and µX (z) =
δ(z − xj ),
M
N

>
1

1

=

j=1

M
X

b> oj +

b> z

j=1

M
X

δ(z − oj )dµSD−1 +

z∈SD−1

Z

j=1

j=1

N
X

>

1

s.t. b> b = 1,

s.t. b> n̂k = 1,

(20)

(19)

(18)

(17)

(16)
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b

1

9

is equivalent to the recursion

b

nk+1 = argmin X̃ b

>

Similarly, the recursion (10), repeated here for convenience,

b

min [M EµO (fb ) + N EµX (fb )] s.t. b> b = 1.

is equivalent to the problem

b

min X̃ b

(14)

(13)

δ(z − xj )dµSD−1 (15)

b> z δ(z − xj )dµSD−1
b> z

z∈SD−1

b> xj
N Z
X

j=1

N
X

b> z δ(z − oj )dµSD−1 +

+ X >b

z∈SD−1

z∈SD−1

Z

j=1

M Z
X

1

= M EµO (fb ) + N EµX (fb ).

=

=

= O> b

Hence, the optimization problem (9), which we repeat here for convenience,

X̃ b

nk+1 = argmin [M EµO (fb ) + N EµX (fb )] s.t. b> n̂k = 1.
JMLR 19(18):1-50, 2018

(12)

(11)

for every g : SD−1 → R and every z 0 ∈ SD−1 ; µSD−1 is the uniform measure on SD−1 .
>
With these definitions, we have that the objective function X̃ b 1 appearing in (9) and (10) is
the sum of the weighted expectations of the function fb under the measures µO and µX , i.e.,

z∈SD−1

where δ(·) is the Dirac function on SD−1 , satisfying
Z
g(z)δ(z − z 0 )dµSD−1 = g(z 0 ),

µO (z) =

In this section we show that the problems of interest (9) and (10) can be viewed as discrete versions
of certain continuous problems, which are easier to analyze. To begin with, consider given outliers
O = [o1 , . . . , oM ] ⊂ SD−1 and inliers X = [x1 , . . . , xN ] ⊂ S ∩ SD−1 , and recall the notation
X̃ = [X O]Γ, where Γ is an unknown permutation. Next, for any b ∈ SD−1 define the function
fb : SD−1 → R by fb (z) = b> z . Define also discrete measures µO and µX on SD−1 associated
with the outliers and inliers respectively, as

4.1 Formulation and theoretical analysis of the underlying continuous problems

T SAKIRIS AND V IDAL

6. Being unaware of the work of Späth and Watson (1987), we independently proposed the same recursion in (Tsakiris
and Vidal, 2015).

In this section we establish our analysis framework and discuss our main theoretical results regarding the global optimum of the non-convex problem (9) as well as the recursion of convex relaxations
in (10). We begin our theoretical investigation in §4.1 by establishing a connection between the discrete problems (9) and (10) and certain underlying continuous problems. The continuous problems
do not depend on a finite set of inliers and outliers, rather on uniform distributions on the respective
inlier and outlier spaces, and as such, are easier to analyze. The analysis of Theorems 5 and 6 reveals that the optimal solutions of the continuous analogue of (9) are orthogonal to the inlier space,
and that the solutions of the continuous recursion corresponding to (10) converge to a normal vector
to the inlier space, respectively. This suggests that under certain conditions on the distribution of
the data, the same must be true for the discrete problem (9) and the discrete recursion (10), where
the adjective discrete refers to the fact that these problems depend on a finite set of points. Our
analysis of the discrete problems is inspired by the analysis of their continuous counterparts and the
link between the two is formally captured through certain discrepancy bounds that we introduce in
§4.2. In turn, these allow us to prove conditions under which we can characterize the global optimal
of problem (9) as well as the convergence of recursion (10); this is done in §4.3 and the main results
are Theorems 11 and 12, which are analogues of Theorems 5 and 6. These theorems suggest that
both (9) and (10) are natural formulations for computing the orthogonal complement of a linear
subspace in the presence of outliers. The proofs of all theorems as well as intermediate results are
deferred to §5.

4. Dual Principal Component Pursuit Theory

Notice that at each iteration of (10) the problem that is solved is computationally equivalent to a
linear program; this makes the recursion (10) a very appealing candidate for solving the non-convex
(9). Even though Späth and Watson (1987) proved the very interesting result that (10) converges to
a critical point of (9) in a finite number of steps (see Appendix A), there is no reason to believe that
in general (10) converges to a global minimum of (9).
Other works in which optimization problem (9) appears are Spielman et al. (2013); Qu et al.
(2014); Sun et al. (2015c,d,b,a). More specifically, Spielman et al. (2013) propose to solve (9) by
replacing the quadratic constraint b> b = 1 with a linear constraint b> w = 1 for some vector w.
In Qu et al. (2014); Sun et al. (2015b) (9) is approximately solved by alternating minimization,
while a Riemannian trust-region approach is employed in Sun et al. (2015a). Finally, we note that
problem (9) is closely related to the non-convex problem (5) associated with REAPER. To see this,
suppose that the REAPER orthoprojector Π appearing in (5), represents the orthogonal projection
to a hyperplane U with unit-`2 normal vector b. In such a case I D − Π = bb> and it readily follows
that problem (5) becomes identical to problem (9).

b> n̂k =1

nk+1 := argmin X̃ b 1 .

>

We emphasize here that the optimization problem (9) is far from new; interestingly, its earliest
appearance in the literature that we are aware of is in Späth and Watson (1987), where the authors
proposed to solve it by means of the recursion of convex problems given by6
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b
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Now, the discrete measures µO , µX of (11), are discretizations of the continuous measures µSD−1 ,
and µSD−1 ∩S respectively, where the latter is the uniform measure on SD−1 ∩ S. Hence, for the purpose of understanding the properties of the global minimizer of (18) and the limiting point of (20),
it is meaningful to replace in (18) and (20) the discrete measures µO and µX by their continuous
counterparts µSD−1 and µSD−1 ∩S , and study the resulting continuous problems
h
i
min M EµSD−1 (fb ) + N EµSD−1 ∩S (fb ) s.t. b> b = 1,
(21)
b
i
h
(22)
nk+1 = argmin M EµSD−1 (fb ) + N EµSD−1 ∩S (fb ) s.t. b> n̂k = 1.

:=

z∈SD−1

|z1 |dµSD−1

(D − 2)!!
=
·
(D − 1)!!

2
π

1

if D even,
if D odd,

(fb ) = b

2

(M cD + N cd cos(φ)) ,

(25)

(24)

(23)

It is important to note that if these two continuous problems have the geometric properties of interest,
i.e., if every global solution of (21) is a vector orthogonal to the inlier subspace, and similarly, if
the sequence of vectors {nk } produced by (22) converges to a vector nk∗ orthogonal to the inlier
subspace, then this correctness of the continuous problems can be viewed as a first theoretical
verification of the correctness of the discrete formulations (9) and (10). The objective of the rest of
this section is to establish that this is precisely the case.
Before discussing our main two results in this direction, we note that the continuous objective
function appearing in (21) and (22) can be re-written in a more suggestive form. To see what that
is, define cD as the average height of the unit hemisphere of RD , directly computed as

Z

cD

k(k − 2)(k − 4) · · · 4 · 2 if k even,
k(k − 2)(k − 4) · · · 3 · 1 if k odd.

where z1 is the first coordinate of the vector z, and the double factorial is defined as

k!! :=

Then we have the following result, whose proof can be found in §5.2.
(fb ) + N Eµ
SD−1 ∩S

Proposition 4 The objective function of the continuous problem (21) can be rewritten as:
M Eµ
SD−1

where φ is the principal angle between b and the subspace S.
As a consequence of this result, when b ∈ SD−1 , the first term (the outlier term) of the objective
function becomes a constant (M cD ) and hence the outliers do not affect the optimal solution of (21).
Moreover, the second term (the inlier term) of the objective function depends only on the cosine of
the principal angle between b and the subspace, which is minimized when b is orthogonal to the
subspace (φ = π/2). This leads to the following result about the continuous problem, whose proof
can be found in §5.3.
Theorem 5 Any global solution to problem (21) must be orthogonal to S.

JMLR 19(18):1-50, 2018

Observe that this result is true irrespective of the weight M of the outlier term or the weight N of
the inlier term in the continuous objective function (25). Similarly, the next result, whose proof can
be found in §5.4, shows that the solutions to the continuous recursion in (22) converge to a vector
orthogonal to the inlier subspace in a finite number of steps, regardless of the outlier and inlier
weights M, N .
11
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tan−1 (1/α)−φ0
sin−1 (α sin(φ0 ))

Theorem 6 Consider the sequence {nk }k≥0 generated by recursion (22), with n̂0 ∈ SD−1 . Let φ0
be the principal angle of n0 from S, and define α := N cd /M cD . Then, as long as φ0 > 0, the
sequence
converges to a unit `2 -norm element of S ⊥ in a finite number k ∗ of iterations,


+ 1 otherwise.
{nk }k≥0

where k ∗ = 0 if φ0 = π/2, k ∗ = 1 if tan(φ0 ) ≥ 1/α, and k ∗ ≤

M cD
,
N cd

(26)

Notice the remarkable fact that according to Theorem 6, the continuous recursion (22) converges to
a vector orthogonal to the inlier subspace S in a finite number of steps. Moreover, if the relation

tan(φ0 ) ≥ 1/α =



(27)

holds true, then this convergence occurs in a single step. One way to interpret (26) is to notice that
as long as the angle φ0 of the initial estimate n̂0 from the inlier subspace is positive, and for any
arbitrary but fixed number of outliers M , there is always a sufficiently large number N of inliers,
such that (26) is satisfied and thus convergence occurs in one step. Likewise, condition (26) can also
be satisfied if d/D is sufficiently small (so that cD /cd is small). Conversely, for any fixed number
of inliers N and outliers M , there is always a sufficiently large angle φ0 such that (26) is true, and
thus (22) again converges in a single step. More generally, even when (26) is not true, the larger
φ0 , N are, the smaller the quantity


tan−1 (1/α) − φ0
sin−1 (α sin(φ0 ))

is, and thus according to Theorem 5 the faster (22) converges.

4.2 Discrepancy bounds between the continuous and discrete problems

2

1

1

+ X >b

(M cD + N cd cos(φ)) .

= O> b

1

(29)

(28)

The heart of our analysis framework is to bound the deviation of some underlying geometric quantities, which we call the average outlier and the average inlier with respect to b, from their continuous
counterparts. To begin with, recall our discrete objective function
>

Jdiscrete (b) = X̃ b
and its continuous counterpart

Jcontinuous (b) = b

1

=

M
X
j=1

|oj> b| =

j=1

M
X

b> Sign(oj> b)oj = M b> ob ,

(31)

(30)

Now, notice that the term of the discrete objective that depends on the outliers O can be written as
O> b

j=1

M
1 X
Sign(b> oj )oj .
M
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where Sign(·) is the sign function and ob is the average outlier with respect to b, defined as
ob :=

12

j=1

j=1

Z
M
M Z
1 X
1 X
fb (z)dµO (z), (32)
fb (z)δ(z − oj )dµS D−1 =
f b (oj ) =
M
M
z∈SD−1
z∈SD−1

z∈SD−1

(33)

cD b − ob
,
2

(34)

(35)

xb :=
j=1

=
j=1

N
X

x>
j b =

>
b> Sign(x>
j b)xj = N b xb ,

j=1

j=1

N
X

Z
N
N
1 X
1 X
fb (x)dµX (x)
Sign(b> xj )xj =
f b (xj ) =
N
N
x∈SD−1 ∩S

1

x∈SD−1 ∩S

Sign(b> x)xdµSD−1 = cd v̂,

(41)

(40)

(39)

(38)

=

max

b∈SD−1 ∩S

cd b − xb

2

.

(42)
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where now the discrepancy Sd,N (X ) of the inliers X is defined exactly as in (35) except that M is
replaced by N and the supremum is taken over all spherical caps of SD−1 ∩ S ∼
= Sd−1 .

(43)

14

2

13

\
cd π
S (b) − xb

Then an almost identical argument as the one that established Lemma 8 gives that
√
X ,N ≤ 5Sd,N (X ),

b∈SD−1

X ,N := max

In other words, the continuous average inlier with respect to b is cd v̂. We define X to be the
maximum error between the discrete and continuous average inliers as b varies on SD−1 , which is
the same as the maximum error as b varies on SD−1 ∩ S, i.e.,

where cd is given by (23) after replacing D with d, and v is the orthogonal projection of b onto S.

x∈SD−1 ∩S

Lemma 9 For any b ∈ SD−1 we have
Z
Z
f b (x)dµSD−1 =

whose value is given by the next lemma (see §5.7 for the proof).

x∈SD−1 ∩S

is the average inlier with respect to b. Thus, xb is a discrete approximation of the integral
Z
f b (x)dµSD−1 ,

where

X >b

7. The authors are grateful to Prof. Glyn Harman for pointing out that such a result is possible as well as suggesting
how to prove it.

(36)

(37)

We now turn our attention to the inlier term X̃ b 1 of the discrete objective function (28),
which is slightly more complicated than the outlier term. We have

>

where cD , ob and SD,M (O) are defined in (23), (31) and (35) respectively.

b∈SD−1

Lemma 8 Let O = [o1 , . . . , oM ] be a finite subset of SD−1 . Then
√
O,M = max cD b − ob 2 ≤ 5SD,M (O),

(Grabner and Tichy, 1993), except if one makes additional assumptions on the distribution of the
finite set of points (Grabner et al., 1997; Brauchart and Grabner, 2015). Nevertheless, the function
fb : z 7−→ |b> z| that is associated with O,M is simple enough to allow for a Koksma-Hlawka
inequality of its own, as described in the next lemma, whose proof can be found in §5.6.7
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As a consequence, to show that uniformly distributed points O correspond to small O,M , it suffices to bound the maximum integration error O,M from above by a quantity proportional to the
spherical cap discrepancy SD,M (O). Inequalities that bound from above the approximation error
of the integral of a function in terms of the variation of the function and the discrepancy of a finite
set of points (not necessarily the spherical cap discrepancy; there are several types of discrepancies) are widely known as Koksma-Hlawka inequalites (Kuipers and Niederreiter, 2012; Hlawka,
1971). Even though such inequalities exist and are well-known for integration of functions on the
unit hypercube [0, 1]D (Kuipers and Niederreiter, 2012; Hlawka, 1971; Harman, 2010), similar inequalities for integration of functions on the unit sphere SD−1 seem not to be known in general

p
−1− 1
log(M )M 2 2(D−1) .

In (35) the supremum is taken over all spherical caps C of the sphere SD−1 , where a spherical cap
is the intersection of SD−1 with a half-space of RD , and IC (·) is the indicator function of C, which
takes the value 1 inside C and zero otherwise. The spherical cap discrepancy SD,M (O) is precisely
the supremum among all errors in approximating integrals of indicator functions of spherical caps
via averages of such indicator functions on the point set O. Intuitively, SD,M (O) captures how
close the discrete measure µO (see equation (11)) associated with O is to the measure µSD−1 . We
will say that O is uniformly distributed on SD−1 if SD,M (O) is small. We note here that as a
function of the number of points M , SD,M (O) decreases with a rate of (Dick, 2014; Beck, 1984)

j=1

M
1 X
SD,M (O) := sup
IC (oj ) − µSD−1 (C) .
M
C

and we establish that the more uniformly distributed O = [o1 , . . . , oM ] ⊂ SD−1 is the smaller O,M
becomes. The notion of uniformity of O that we use here is a deterministic one and is captured by
the spherical cap discrepancy of the set O, defined as (Grabner et al., 1997; Grabner and Tichy,
1993)

b∈SD−1

O,M := max

In other words, the continuous average outlier with respect to b is cD b. We define O,M to be the
maximum error between the discrete and continuous average outliers as b varies on SD−1 , i.e.,

z∈SD−1

SD−1

Lemma 7 Recall the definition of cD in (23). For any b ∈
we have
Z
Z
Sign(b> z)zdµSD−1 = cD b.
f b (z)dµSD−1 =

where
µO (z) is defined in (11), and so ob is a discrete approximation to the continuous integral
R
z∈SD−1 f b (z)dµSD−1 , whose value is given by the next Lemma (see §5.5 for the proof).

ob =

b
Defining a vector valued function f b : SD−1 → RD by z ∈ SD−1 7−→
Sign(b> z)z, we notice that

f
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4.3 Conditions for global optimality and convergence of the discrete problems
In this section we analyze the discrete problem (9) and the associated discrete recursion (10), where
the adjective discrete refers to the fact that (9) and (10) depend on a finite set of points X̃ = [X O]Γ
sampled from the union of the space of outliers SD−1 and the space of inliers SD−1 ∩ S. In §4.1
we showed that these two problems are discrete versions of the continuous problems (21) and (22),
respectively. We further showed that the continuous problems possess the geometric property of
interest, i.e., every global minimizer of (21) must be an element of S ⊥ ∩ SD−1 (Theorem 5) and
the recursion (22) produces a sequence of vectors that converges in a finite number of steps to an
element of S ⊥ ∩ SD−1 (Theorem 6). In this section we use the discrepancy bounds of §4.2 to show
that under some conditions on the uniformity of X = [x1 , . . . , xN ] and O = [o1 , . . . , oM ], a
similar statement holds for problems (9) and (10). We start with a definition.
Definition 10 Given a set Y = [y 1 , . . . , y L ] ⊂ SD−1 and an integer K ≤ L, define RY,K to be
the maximum circumradius among all polytopes of the form
(
)
K
X
αji y ji : αji ∈ [−1, 1] ,
(44)
i=1

:=

max

(RO,K1

K1 +K2 <D, K2 <d

+

RX ,K2 ).

(45)

where j1 , . . . , jK are distinct integers in [L], and the circumradius of a bounded subset of RD is the
infimum over the radii of all Euclidean balls of RD that contain that subset. With that, define
RO,X

(48)

(47)

(46)

The next theorem, proved in §5.8, states that if both inliers and outliers are sufficiently uniformly
distributed, i.e., if the uniformity parameters X ,N and O,M are sufficiently small, then every global
solution of (9) must be orthogonal to the inlier subspace S. More precisely,

P 2 + 8(3cd − X ,N )(cd − X ,N −

RO,X
+ X ,N + cd .
N

cd − X ,N
2(3cd − X ,N )

Theorem 11 Suppose that the ratio γ of outliers to inliers satisfies


 
RO,X
M
1
γ :=
<
min cd − X ,N , 2 cd − X ,N −
, Γ , where
N
2O,M
N
"r
#
RO,X
)−P ,
N
Γ :=

P := 2

Then any global solution b∗ to (9) must be orthogonal to Span(X ).
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Towards interpreting Theorem 11, consider first the asymptotic case where we allow N and
M to go to infinity, while keeping the ratio γ constant. Assuming that both inliers and outliers
are perfectly well distributed in the limit, i.e., under the hypothesis that limN →∞ Sd,N (X ) = 0
and limM →∞ SD,M (O) = 0, Lemma 8 and inequality (43) give that limN →∞ X ,N = 0 and
limM →∞ O,M = 0, in which case (46) is satisfied. This suggests the interesting fact that (9)
can possibly give a normal to the inliers even for arbitrarily many outliers, and irrespectively of
the subspace dimension d. Along the same lines, for a given γ and under the point set uniformity
hypothesis, we can always increase the number of inliers and outliers (thus decreasing X ,N and
15
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cd − X ,N
M
<
,
N
2O,M

M ≤ constant · N − constant ·

√

N,

(50)

(49)

O,M ), while keeping γ constant, until (46) is satisfied, once again indicating that (9) can possibly
yield a normal to the space of inliers irrespectively of their intrinsic dimension; this becomes evident
in the numerical evaluation of Figs. 4(a)-4(c). Notice that the intrinsic dimension d of the inliers
manifests itself through the quantity cd , which we recall is a decreasing function of d. Consequently,
the smaller d is the larger the RHS of (46) becomes, and so the easier it is to satisfy (46).
More explicitly (and
√ less√formally), because of (36) the quantities O,M , X ,N decay at an approximate rate of 1/ M , 1/ N respectively. In turn, this shows that the conditions (46) are satisfied if roughly M < O(N 2 ). To see this, note, e.g., that the first inequality in (46) reads

which roughly says that
constant ·

where by constant here we mean independent of M, N . A similar conclusion can be drawn from
the rest inequalities in (46) 8 . In contrast, the analysis of the haystack model of REAPER (Lerman
et al., 2015) gives M < O(N ).
A similar phenomenon holds for the recursion of convex relaxations (10). Notice that according
to Theorem 5, the continuous recursion converges in a finite number of iterations to a vector that
is orthogonal to Span(X ) = S, as long as the initialization n̂0 does not lie in S (equivalently
φ0 > 0). Intuitively, one should expect that in the discrete case, the conditions for the discrete
recursion (10) to be successful, should be at least as strong as the conditions of Theorem 11, and
strictly stronger than the condition φ0 > 0 of Theorem 6. Our next result, whose proof can be found
in §5.9, formalizes this intuition.

Theorem 12 Suppose that condition (46) holds true and consider the sequence {nk }k≥0 generated
by the recursion (10). Let φ0 be the principal angle of n̂0 from Span(X ) and suppose that

i
p
cd − X ,N h
2O,M M
cos(φ0 ) <
−Q + Q 2 + 4cd (cd − Q) −
,
(51)
2cd (cd + X ,N )
cd + X ,N N
RO,X
M
Q :=
+ O,M
+ X ,N .
(52)
N
N
Then after a finite number of iterations the sequence {nk }k≥0 converges to a unit `2 -norm vector
that is orthogonal to Span(X ).

8. It is the subject of ongoing research to arrive at this conclusion by more formal means.
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First note that if (46) is true, then the expression of (51) always defines an angle between 0 and
π/2. Moreover, Theorem 12 can be interpreted using the same asymptotic arguments as Theorem
11; notice in particular that the lower bound on the angle φ0 tends to zero as M, N go to infinity with
γ constant, i.e., the more uniformly distributed inliers and outliers are, the closer n0 is allowed to be
to Span(X ). We also emphasize that Theorem 12 asserts the correctness of the linear programming
recursions (10) as far as recovering a vector nk∗ orthogonal to S := Span(X ) is concerned. Even
though this was our initial motivation for posing problem (9), Theorem 12 does not assert in general
that nk∗ is a global minimizer of problem (9). However, this is indeed the case, when the inlier
subspace S is a hyperplane, i.e., d = D − 1. This is because, up to a sign, there is a unique vector
b ∈ SD−1 that is orthogonal to S (the normal vector to the hyperplane), which, under conditions
(46) and (51), is the unique global minimizer of (9), as well as the limit point nk∗ of Theorem 12.

16

z∈SD−1

z∈SD−1

z∈SD−1 ∩S

0

z 0 ∈Sd−1

2

= b

cos(φ),
2

17

EµSD−1 ∩S (fb ) = b 2 cd cos(φ).

where φ is the principal angle of b from the subspace S, we have that

πS (b)

(61)

(60)
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where now cd is the average height of the unit hemisphere of Rd . Finally, noting that

z0

\
Writing and b for the coordinate representation of z and π
S (b) with respect to a basis of S, and
noting that µSD−1 ∩S ∼
= µSd−1 , we have that
Z
Z

>
\
π
z dµSD−1 ∩S =
z 0> b0 dµSd−1 = cd ,
(59)
S (b)

z∈SD−1 ∩S

where z = (z1 , . . . , zD is the coordinate representation of z. To see what the second expectation
in the LHS of (25) evaluates to, decompose b as b = πS (b) + πS ⊥ (b), and note that because the
support of the measure µSD−1 ∩S is contained in S, we must have that
Z
Z
EµSD−1 ∩S (fb ) =
b> z dµSD−1 ∩S =
b> z dµSD−1 ∩S
(56)
z∈SD−1
z∈SD−1 ∩S
Z
=
(πS (b))> z dµSD−1 ∩S
(57)
z∈SD−1 ∩S
Z

>
\
z dµSD−1 ∩S .
(58)
= πS (b) 2
π
S (b)

)>

Writing b = b 2 b̂, and letting R be a rotation that takes b̂ to the first standard basis vector e1 , we
see that the first expectation in the LHS of (25) becomes equal to
Z
Z
EµSD−1 (fb ) =
fb (z)dµSD−1 =
b> z dµSD−1
(53)
z∈SD−1
z∈SD−1
Z
Z
>
z > R−1 Rb̂ dµSD−1
(54)
b̂ z dµSD−1 = b 2
= b 2
z∈SD−1
z∈SD−1
Z
Z
(55)
|z1 |dµSD−1 = b 2 cD ,
|z > e1 |dµSD−1 = b 2
= b 2

5.2 Proof of Proposition 4

By the general position hypothesis on X and O, any hyperplane that does not contain X can contain
at most D − 1 points from X̃ . We will show that there exists a hyperplane that contains more than
D−1 points of X̃ . Indeed, take d inliers and D−d−1 outliers and let H be the hyperplane generated
by these D − 1 points. Denote the normal vector to that hyperplane by b. Since H contains d inliers,
b will be orthogonal to these inliers. Since X is in general position, every d-tuple of inliers is a
basis for Span(X ). As a consequence, b will be orthogonal to Span(X ), and in particular b ⊥ X .
This implies that X ⊂ H and so H will contain N + D − d − 1 ≥ d + 1 + D − d − 1 > D − 1
points of X̃ .

(62)

2

(M cD + N cd cos(φ)) s.t. b> n̂k = 1,

(63)

2

2

cos(φk+1 ).

(64)

M cD + N cd cos(φ)
s.t. b> n̂k = 1.
cos(ψk )

(65)

M cD
M cD
M cD + N cd cos(φ)
=
<
= J (b).
sin(φk )
cos(π/2 − φk )
cos(ψk )

(66)

18
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Thus, without loss of generality, we may restrict to the case where ψk ≤ π/2 − φk . Denote by ĥk
the normalized projection of n̂k onto S and by n̂† the vector that is obtained from n̂k by rotating it

J (n̂⊥
k / sin(φk )) =

If n̂k is orthogonal to S, i.e., φk = π/2, then J (n̂k ) = M cD ≤ J (b), ∀b : b> n̂k = 1, with
equality only if b = n̂k . As a consequence, nk0 = n̂k , ∀k 0 > k, and in particular if φ0 = π/2, then
k ∗ = 0.
⊥
So suppose that φk < π/2 and let n̂⊥
k be the normalized orthogonal projection of n̂k onto S .
We will prove that every global minimizer of problem (65) must lie in the two-dimensional plane
H := Span(n̂k , n̂⊥
k ). To see this, let b have norm 1/ cos(ψk ) for some ψk < π/2. If ψk > π/2 −
φk , then such a b can not be a global minimizer of (65), as the feasible vector n̂⊥
k / sin(φk ) ∈ H
already gives a smaller objective, since

b∈RD

min

Since n>
n̂k 2 . Now if φk+1 < φk , then
k+1 n̂k = 1, we must have that nk+1 2 ≥ 1 =
cos(φk+1 ) > cos(φk ). But then (64) implies that J (nk+1 ) > J (n̂k ), which is a contradiction
on the optimality of nk+1 . Hence it must be the case that φk+1 ≥ φk , and so the sequence {φk }k
is non-decreasing. In particular, since φ0 > 0 by hypothesis, we must also have φk > 0, i.e.,
n̂k 6∈ S, ∀k ≥ 0.
Letting ψk be the angle of b from n̂k , the constraint b> n̂k = 1 gives 0 ≤ ψk < π/2 and
b 2 = 1/ cos(ψk ), and so we can write the optimization problem (63) equivalently as

2

cos(φk )
− N cd nk+1
2

+ N cd n̂k
− M cD nk+1

J (n̂k ) − J (nk+1 ) :=M cD n̂k

where φ is the principal angle of b from the subspace S.
Let φk be the principal angle of n̂k from S, and let nk+1 be a global minimizer of (63), with
principal angle from S equal to φk+1 . We show that φk+1 ≥ φk . To see this, note that the decrease
in the objective function at iteration k is

b∈RD

min J (b) = b

At iteration k the optimization problem associated with (22) is

5.4 Proof of Theorem 6

It is then immediate that the global minimum is equal to M cD and it is attained if and only if
φ = π/2, which corresponds to b ⊥ S.

b

min [M cD + N cd cos(φ)] s.t. b> b = 1.

Because of the constraint b> b = 1 in (21), and using (25), problem (21) can be written as

In this section we provide the proofs of all claims stated in earlier sections.

5.1 Proof of Proposition 3

5.3 Proof of Theorem 5

T SAKIRIS AND V IDAL

5. Proofs

D UAL P RINCIPAL C OMPONENT P URSUIT

D UAL P RINCIPAL C OMPONENT P URSUIT

(67)

towards n̂k⊥ by ψk . Note that both ĥk and n̂k† lie in H. Letting Ψk ∈ [0, π] be the spherical angle
between the spherical arc formed by n̂k , b̂ and the spherical arc formed by n̂k , ĥk , the spherical law
of cosines gives
cos(∠b, ĥk ) = cos(φk ) cos(ψk ) + sin(φk ) sin(ψk ) cos(Ψk ).

(68)

Now, Ψk is equal to π if and only if n̂k , ĥk , b are coplanar, i.e., if and only if b ∈ H. Suppose that
b 6∈ H. Then Ψk < π, and so cos(Ψk ) > −1, which implies that
cos(∠b, ĥk ) > cos(φk ) cos(ψk ) − sin(φk ) sin(ψk ) = cos(φk + ψk ).

M cD + N cd cos(φ)
M cD + N cd cos(φk + ψk )
>
= J (n̂k† / cos(ψk )),
cos(ψk )
cos(ψk )

(69)

This in turn implies that the principal angle φ of b from S is strictly smaller than φk + ψk , and so
J (b) =

Jk (ψ) :=

M cD + N cd cos(φk + ψ)
,
cos(ψk )

(70)

i.e., the feasible vector n̂k† / cos(ψk ) ∈ H gives strictly smaller objective than b.
To summarize, for the case where φk < π/2, we have shown that any global minimizer b of
(65) must i) have angle ψk from n̂k less or equal to π/2 − φk , and ii) it must lie in Span(n̂k , n̂k⊥ ).
Hence, we can rewrite (65) in the equivalent form
min

ψ∈[−π/2+φk ,π/2−φk ]

(72)

(71)

where now ψk takes positive values as b approaches n̂k⊥ and negative values as it approaches ĥk .
The function Jk is continuous and differentiable in the interval [−π/2 + φk , π/2 − φk ], with derivative given by
∂Jk
M cD sin(ψ) − N cd sin(φk )
=
.
∂ψ
cos2 (ψ)
Setting the derivative to zero gives
sin(ψ) = α sin(φk ).
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(74)

(73)

If α sin(φk ) ≥ sin(π/2 − φk ) = cos(φk ), or equivalently tan(φk ) ≥ 1/α, then Jk is strictly
decreasing in the interval [−π/2 + φk , π/2 − φk ], and so it must attain its minimum precisely at
ψ = π/2 − φk , which corresponds to the choice nk+1 = n̂k⊥ / sin(φk ). Then by an earlier argument
we must have that n̂k0 ⊥ S, ∀k 0 ≥ k + 1. If, on the other hand, tan(φk ) < 1/α, then the equation
(72) defines an angle
ψk∗ := sin−1 (α sin(φk )) ∈ (0, π/2 − φk ),
at which Jk must attain its global minimum, since
∂ 2 Jk ∗
1
> 0.
(ψk ) =
∂ψ 2
cos(ψk∗ )
19
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As a consequence, if tan(φk ) < 1/α, then

φk+1 = φk + sin−1 (α sin(φk )) < π/2.

j=0

k−1
X

sin−1 (α sin(φj )) ≥ φ0 + k sin−1 (α sin(φ0 )),

(75)

(76)

We then see inductively that as long as tan(φk ) < 1/α, φk increases by a quantity which is bounded
from below by sin−1 (α sin(φ0 )). Thus, φk will keep increasing until it becomes greater than the
solution to the equation tan(φ) = 1/α, at which point the global minimizer will be the vector
nk+1 = n̂k⊥ / sin(φk ), and so n̂k0 = n̂k+1 , ∀k 0 ≥ k + 1. Finally, under the hypothesis that
φk < tan−1 (1/α), we have
φk = φ0 +

tan−1 (1/α)−φ0
sin−1 (α sin(φ0 ))

from where it follows
that the maximal number of iterations needed for φk to become larger than

, at which point at most one more iteration will be needed to achieve
tan−1 (1/α) is

orthogonality to S.

5.5 Proof of Lemma 7

Sign(b> z)zdµSD−1 =

D−1

Zz∈S

D−1

Sign(e1> z)R> zdµSD−1

(79)

(78)

Letting R be a rotation that takes b to the first canonical vector e1 , i.e., Rb = e1 , we have that
Z
Z
Sign(b> R> Rz)zdµSD−1
(77)
z∈SD−1

=

Sign(z1 )zdµSD−1 ,

z∈SD−1

z∈S
Z

= R>

z∈SD−1

Z

z∈SD−1

|z1 | dµSD−1 = cD .

(80)

(81)

(82)

(83)
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Sign(z1 )zdµSD−1 = R> (cD e1 ) = cD b.

Sign(z1 )zi dµSD−1 = 0.

Sign(z1 )z1 dµSD−1 =

where z1 is the first cartesian coordinate of z. Recalling the definition of cD in equation (23), we
see that
Z

z∈SD−1

Moreover, for any i > 1, we have
Z

z∈SD−1

Sign(b> z)zdµSD−1 = R>

Consequently, the integral in (79) becomes
Z
Z
z∈SD−1

5.6 Proof of Lemma 8
For any b ∈ SD−1 we can write

cD b − ob = ρ1 b + ρ2 ζ,

20

j=1

(84)

inf

z∈SD−1

fb (z) = 1 − 0 = 1.

(85)

j=1

z∈SD−1

gb,ζ (z)dµSD−1

j=1

M
1 X
−
gb,ζ (oj ),
M

(89)

(88)

(87)

(86)

inf

z∈SD−1

gb,ζ (z) = 1 − (−1) = 2,

(90)

x∈SD−1 ∩S

(92)

21
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Now express x and v̂ on a basis of S, use Lemma 7 replacing D with d, and then switch back to the
standard basis of RD .

x∈SD−1 ∩S

Since x lies in S, we have f b (x) = f v (x) = f v̂ (x), so that
Z
Z
Sign(b> x)xdµSD−1 =
Sign(v̂ > x)xdµSD−1 .

5.7 Proof of Lemma 9

|ρ2 | ≤ 2SD,M (O).
(91)
p
√
2
2
In view of (86), inequality (91) establishes that ρ1 + ρ2 ≤ 5SD,M (O), which concludes the
proof of the lemma.

leads to

z∈SD−1

sup gb,ζ (z) −


where gb,ζ : SD−1 → R is defined as gb,ζ (z) = Sign b> z ζ > z. Then a similar argument as for
ρ1 , with the difference that now

=

Z

ρ2 = ζ > (cD b) − ζ > ob
Z
M




1 X
=
Sign b> z ζ > zdµSD−1 −
Sign b> oj ζ > oj
M
D−1
z∈S

For ρ2 we have that

|ρ1 | ≤ SD,M (O).

We these in mind, repeating the entire argument of the proof of Theorem 1 in (Harman, 2010) that
lead to inequality (9) in (Harman, 2010), but now for a measurable function with respect to µSD−1
(that would be fb ), leads directly to

z∈SD−1

sup fb (z) −

where the equality follows from the definition of cD in (23) and recalling that fb (z) = b> z . In
other words, ρ1 is the error in approximating the integral of fb on SD−1 by the average of fb on the
point set O.

Now, notice that each super-level set z ∈ SD−1 : fb (z) ≥ α for α ∈ [0, 1], is the union of
two spherical caps, and also that

j=1

Z
M
M
1 X
1 X >
fb (z)dµSD−1 −
ρ1 = b> (cD b − ob ) = cD −
b oj =
fb (oj ),
M
M
D−1
z∈S

p
√
for some vector ζ ∈ SD−1 orthogonal to b, and so it is enough to show that ρ21 + ρ22 ≤ 5SD,M (O).
Let us first bound from above |ρ1 | in terms of SD,M (O). Towards that end, observe that

D UAL P RINCIPAL C OMPONENT P URSUIT

1

≥ N (cd − X ,N ) cos(φ).

(94)

(93)

j=1

N
1 X
Sign(b> xj )xj = cd v̂ + ξ.
N

1

= cd cos(φ) + b> ξ.

(96)

(95)

(97)

min

b⊥S,b> b=1

O> b

1

≥ O > b∗

1

+ X > b∗

1

(98)

j=1

K1
X

αj oj +

j=K1 +1

M
X

∗
Sign(o>
j b )oj +

j=1

K2
X

β j xj +

j=K2 +1

N
X

∗
Sign(x>
j b )xj = 0.

(99)

λb∗ +

j=1

K1
X

αj oj +

j=1

M
X

22

∗
Sign(o>
j b )oj +

j=1

K2
X

βj xj +

j=1

N
X

(100)
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∗
Sign(x>
j b )xj = 0

∗
> ∗
Since Sign(o>
j b ) = 0, ∀j ≤ K1 and similarly Sign(xj b ) = 0, ∀j ≤ K2 , we can equivalently
write

λb∗ +

which violates the first inequality of hypothesis (46). Hence, we can assume that b∗ 6∈ S.
By the general position hypothesis as well as Proposition 14, b∗ will be orthogonal to precisely
D − 1 points, among which K1 points belong to O, say, without loss of generality, o1 , . . . , oK1 ,
and 0 ≤ K2 ≤ d − 1 points belong to X , say x1 , . . . , xK2 . Then there must exist real numbers
−1 ≤ αj , βj ≤ 1, such that

≥ M cD − M O + N cd − N X ,

M cD + M O ≥

where λ is a scalar Lagrange multiplier parameter, and Sgn is the sub-differential of the `1 norm.
For the sake of contradiction, suppose that b∗ 6⊥ S. If b∗ ∈ S, then using Lemma 13 we have

0 ∈ λb∗ + X̃ Sgn(X̃ b∗ ),

>

Now, let b∗ be an optimal solution of (9). Then b∗ must satisfy the first order optimality relation

Now, the result follows by noting that b> ξ ≤ X ,N cos(φ), since the principal angle of b from
Span(ξ) can not be less then φ.

1
X >b
N

Taking inner product of both sides with b gives

xv = xb =

Proof We only prove the second inequality as the first is even simpler. Let v 6= 0 be the orthogonal
projection of b onto S. By definition of X ,N , there exists a vector ξ ∈ S of `2 norm less or equal
to X ,N , such that

1

≥ M (cD − O,M )

N (cd + X ,N ) cos(φ) ≥ X > b

M (cD + O,M ) ≥ O > b

Lemma 13 For any b ∈ SD−1 we have that

To prove the theorem we need the following lemma.

5.8 Proof of Theorem 11
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or more compactly

j=1

D UAL P RINCIPAL C OMPONENT P URSUIT

λb∗ + ξ O + M ob∗ + ξ X + N xv̂∗ = 0,

αj oj ,

M
1 X
Sign(oj> b∗ )oj ,
M

K1
X

ξ X :=

xv̂∗ :=

j=1

K2
X

βj xj .

j=1

N
1 X
Sign(xj> v̂ ∗ )xj ,
N

(101)

(106)

(105)

(104)

(103)

(102)

where v̂ ∗ is the normalized projection of b∗ onto S (nonzero since b∗ 6⊥ S by hypothesis), and
ob∗ :=
ξ O :=
j=1

xv̂∗ = cd v̂ ∗ + η X , ||η X ||2 ≤ X ,N ,

ob∗ = cD b∗ + η O , ||η O ||2 ≤ O,M

From the definitions of O,M and X ,N in (34) and (42) respectively, we have that

and so (101) becomes
λb∗ + ξ O + M cD b∗ + M η O + ξ X + N cd v̂ ∗ + N η X = 0.

(109)

(108)

(107)

Since b∗ 6∈ S, we have that b∗ , v̂ ∗ are linearly independent. Define the two-dimensional subspace
U := Span (b∗ , v̂ ∗ ) and project (106) onto U to get
λb∗ + πU (ξ O ) + M cD b∗ + M πU (η O ) + πU (ξ X ) + N cd v̂ ∗ + N πU (η X ) = 0.
Now, very vector u in the image of πU can be written as a linear combination of b∗ and v̂ ∗ :
u = [u]b∗ b∗ + [u]v̂∗ v̂ ∗ , with [u]b∗ , [u]v̂∗ ∈ R.
u> b∗ = [u]b∗ + [u]v̂∗ cos(φ∗ )

(110)

Taking inner product of u with b∗ and v̂ ∗ , we get respectively

u> v̂ ∗ = [u]b∗ cos(φ∗ ) + [u]v̂∗ ,

u> v̂ ∗ − u> b∗ cos(φ∗ )
,
1 − cos2 (φ∗ )

(112)

(111)

where φ∗ is the angle between b∗ and v̂ ∗ , i.e., the angle of b∗ from S. Solving with respect to [u]v̂∗ ,
we obtain
[u]v̂∗ =

1 + cos(φ∗ )
kuk2 .
1 − cos2 (φ∗ )

which in turn gives an upper bound on the magnitude of [u]v̂∗ :
|[u]v̂∗ | ≤

Going back to (107) and writing each vector as a linear combination of b∗ and v̂ ∗ , we obtain
(113)
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[πU (ξ X )]b∗ b∗ + [πU (ξ X )]v̂∗ v̂ ∗ + N cd v̂ ∗ + N [πU (η X )]b∗ b∗ + N [πU (η X )]v̂∗ v̂ ∗ = 0.

λb∗ + [πU (ξ O )]b∗ b∗ + [πU (ξ O )]v̂∗ v̂ ∗ + M cD b∗ + M [πU (η O )]b∗ b∗ + M [πU (η O )]v̂∗ v̂ ∗ +
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(115)

(114)

Since U is a two-dimensional space, there exists a vector ζ̂ ∈ U that is orthogonal to b∗ but not
orthogonal to v̂ ∗ . Projecting the above equation onto the line spanned by ζ̂, we obtain the onedimensional equation

>

([πU (ξ O )]v̂∗ + M [πU (η O )]v̂∗ + [πU (ξ X )]v̂∗ + N cd + N [πU (η X )]v̂∗ ) · ζ̂ v̂ ∗ = 0.

Since ζ̂ is not orthogonal to v̂ ∗ , the above equation implies that

[πU (ξ O )]v̂∗ + M [πU (η O )]v̂∗ + [πU (ξ X )]v̂∗ + N cd + N [πU (η X )]v̂∗ = 0,
which, in turn, implies that

2

(116)

≤ RX ,K2 , η O

≤ O,M , η X

N cd ≤ |[πU (ξ O )]v̂∗ | + M |[πU (η O )]v̂∗ | + |[πU (ξ X )]v̂∗ | + N |[πU (η X )]v̂∗ | .

2

Invoking the upper bound of (112) together with
≤ RO,K1 , ξ X

2

(117)
2

1 + cos(φ∗ )
(RO,X + M O,M + N X ,N ) ,
1 − cos2 (φ∗ )

(119)

(118)

≤ X ,N ,
ξO

N cd ≤

and the definition of RO,X (Definition 10), we get

or equivalently

N cd cos2 (φ∗ ) + (RO,X + M O,M + N X ,N ) cos(φ∗ )

+ (RO,X + M O,M + N X ,N − N cd ) ≥ 0.

−Q +

1

>

≥ X̃ b∗

1

−Q +

p
Q 2 + 4cd (cd − Q)
.
2cd

≥ M (cD − O,M ) + N (cd − X ,N ) cos(φ∗ ),

(122)

(121)

This is a quadratic polynomial in cos(φ∗ ), whose constant term is negative by the second inequality
of hypothesis (46), and thus has exactly one positive and one negative root. As consequence, this
polynomial being non-negative together with the fact that cos(φ∗ ) > 0, implies that cos(φ∗ ) must
be greater than the positive root of the polynomial, i.e.,
p
Q 2 + 4cd (cd − Q)
RO,X
M
, Q :=
+ O,M
+ X ,N .
(120)
2cd
N
N
cos(φ∗ ) ≥

>

On the other hand, by Lemma 13 we have
b̂⊥S

M (cD + O,M ) ≥ min X̃ b̂

which implies that

2M O,M ≥ N (cd − X ,N )

(123)
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This latter inequality is equivalent to the inequality
 


RO,X
M 2
M
2
2O,M
(3cd − X ,N )
+ O,M (cd − X ,N ) 2
+ X ,N + cd
N
N
N


RO,X
− (cd − X ,N )2 cd − X ,N −
≥ 0,
N
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j=1

|

M ob∗

{z

}

∗
Sign(o>
j b )oj

+

j=1

N
X

∗
Sign(x>
j b )xj

+ λb = 0,

∗

(126)

(125)

(124)
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where the + operator on sets is the Minkowski sum. Notice that the set Conv(±o1 ) + M ob∗ is the
translation of the line segment (polytope) Conv(±o1 ) by M ob∗ . Then (125) says that if we draw
all affine lines that originate from every point of Conv(±o1 ) + M ob∗ and have direction b∗ , then
one of these lines must meet the point −N Sign(x̂> b∗ )x̂. Let us illustrate this for the case where
M = N = 5 and say it so happens that b∗ has a rather large angle φ∗ from S, say φ∗ = 45◦ . Recall
that ob∗ is concentrated around cD b∗ and for the case D = 2 we have cD = π2 . As illustrated in
Figure 1, because φ∗ is large, the unbounded polytope M ob∗ + Conv(±o1 ) + Span(b∗ ) misses the
point −N Sign(x̂> b∗ )x̂ thus making the optimality equation (125) infeasible. This indicates that
critical vectors b∗ 6⊥ S having large angles from S are unlikely to exist.
On the other hand, critical points b∗ 6⊥ S may exist, but their angle φ∗ from S needs to be small,
as illustrated in Figure 2. However, such critical points can not be global minimizers, because small
angles from S yield large objective values; this is captured precisely by equation (121) in the proof
of the theorem. Hence the only possibility that critical points b∗ 6⊥ S that are also global minimizers
do exist is that the number of inliers is significantly less than the number of outliers, i.e. N << M ,
as illustrated in Figure 3. The precise notion of how many inliers should exist with respect to outliers
is captured by condition (46) of Theorem 11.

Conv(±o1 ) + {M ob∗ } + Span(b∗ ) = {α1 o1 + M ob∗ + λb∗ : |α1 | ≤ 1, λ ∈ R} ,

Now, what (125) is saying is that the point −N Sign(x̂> b∗ )x̂ must lie inside the set

α1 o1 + M ob∗ + λb∗ = −N Sign(x̂> b∗ )x̂.

where −1 ≤ α1 ≤ 1. Notice that the third term is simply N Sign(x̂> b∗ )x̂, and so

α1 o1 +

M
X

whose left-hand-side we view as quadratic polynomial in M/N . By the first two inequalities of
hypothesis (46), the second term of this polynomial is positive, while the constant term is negative,
and so this inequality is equivalent to M/N being greater or equal than the unique positive root
of that polynomial. But this contradicts the third inequality of hypothesis (46). Consequently, the
initial hypothesis of the proof that b∗ 6⊥ S can not be true, and the theorem is proved.
A Geometric View of the Proof of Theorem 11. Let us provide some geometric intuition that
underlies the proof of Theorem 11. It is instructive to begin our discussion by considering the case
d = 1, D = 2, i.e. the inlier space is simply a line and the ambient space is a 2-dimensional plane.
Since all points have unit `2 -norm, every column of X will be of the form x̂ or −x̂ for a fixed
vector x̂ ∈ S 1 that spans the inlier space S. In this setting, let us examine a global solution b∗ of
the optimization problem (9). We will start by assuming that such a b∗ is not orthogonal to S, and
intuitively arrive at the conclusion that this can not be the case as long as there are sufficiently many
inliers.
We will argue on an intuitive level that if b∗ 6⊥ S, then the principal angle φ∗ of b∗ from S
needs to be small; this is captured precisely by (120) in the proof of the theorem. To see this,
suppose b∗ 6⊥ S; then b∗ will be non-orthogonal to every inlier, and by Proposition14 orthogonal to
D − 1 = 1 outlier, say o1 . The optimality condition (97) specializes to

D UAL P RINCIPAL C OMPONENT P URSUIT

b
φ∗

∗

−N Sign(x̂> b∗ )x̂

M ob∗ + Conv(±o1 )

o1
b∗

M ob∗

M ob∗ + Conv(±o1 )

−N Sign(x̂> b∗ )x̂
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First note that if (46) is true, then the expression of (51) always defines an angle between 0 and π/2.
We start by establishing that n̂k does not lie in the inlier space S. For k = 0 this is true by the

5.9 Proof of Theorem 12

We should note here that the picture for the general setting is analogous to what we described
above, albeit harder to visualize: with reference to equation (100), the optimality condition says that
every feasible point b∗ 6⊥ S must have the following property: there exist 0 ≤ K2 ≤ d − 1 inliers
x1 , . . . , xK2 and 0 ≤ K1 ≤ D − 1 − K2 outliers o1 , . . . , oK1 to which b∗ is orthogonal, and two
points ξ O ∈ Conv(±o1 ± · · · ± oK1 ) + ob∗ and ξ X ∈ Conv(±x1 ± · · · ± xK2 ) + xb∗ that are
joined by an affine line that is parallel to the line spanned by b∗ . In fact in our proof of Theorem 11
we reduced this general case to the case d = 1, D = 2 described above: this reduction is precisely
taking place in equation (107), where we project the optimality equation onto the 2-dimensional
subspace U. The arguments that follow this projection consist of nothing more than a technical
treatment of the intuition given above.

Figure 2: Geometry of the optimality condition (97) and (125) for the case d = 1, D = 2, M =
N = 5. A critical b∗ 6⊥ S exists, but its angle from S is small, so that the polytope M ob∗ +
Conv(±o1 ) + Span(b∗ ) can contain the point −N Sign(x̂> b∗ )x̂. However, b∗ can not be a global
minimizer, since small angles from S yield large objective values.

S

M ob∗ + Conv(±o1 ) + Span(b∗ )

Figure 1: Geometry of the optimality condition (97) and (125) for the case d = 1, D = 2, M =
N = 5. The polytope M ob∗ + Conv(±o1 ) + Span(b∗ ) misses the point −N Sign(x̂> b∗ )x̂ and so
the optimality condition can not be true for both b∗ 6⊥ S = Span(x̂) and φ∗ large.

S

o1

M ob∗

M ob∗ + Conv(±o1 ) + Span(b∗ )
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b∗

M ob∗
M ob∗ + Conv(±o1 )

M ob∗ + Conv(±o1 ) + Span(b∗ )

o1
−N Sign(x̂> b∗ )x̂
Figure 3: Geometry of the optimality condition (97) and (125) for the case d = 1, D = 2, N << M .
Critical points b∗ 6⊥ S do exist and moreover they can have large angle from S. This is because N is
small and so the polytope M ob∗ + Conv(±o1 ) + Span(b∗ ) contains the point −N Sign(x̂> b∗ )x̂.
Moreover, such critical points can be global minimizers. Condition (46) of Theorem 11 prevents
such cases from occuring.

1

≥ X̃ n1

>
1

>

≥ O > n̂k
1

1

1

,

>

≥ · · · ≥ X̃ n̂k

+ X > v̂ k

≥ X̃ n̂1

1

.

(128)

(127)

hypothesis (51). For the sake of contradiction suppose that n̂k ∈ S for some k > 0. Note that
>

X̃ n̂0

1

Suppose first that n̂0 ⊥ S. Then (127) gives
O > n̂0

cd − X ,N
M
≥
,
N
2 O,M

M cD + M O,M ≥ M cD − M O,M + N cd − N X ,N ,

+ X > n̂0

1

1

1

1

,

+ X > v̂ k

+ X > n̂k
≥ O > n̂k

≥ O > n̂k

1

,

(132)

(131)

(130)

(129)

where v̂ k is the normalized projection of n̂k onto S (and since n̂k ∈ S, these two are equal). Using
Lemma 13, we take an upper bound of the LHS and a lower bound of the RHS of (128), and obtain

or equivalently

1

+ cos(φ0 ) X > v̂ 0

O > n̂0

1

1

which contradicts the first inequality of (46). Consequently, n̂0 6⊥ S. Then (127) implies that
or equivalently
O > n̂0

where v̂ 0 is the normalized projection of n̂0 onto S. Once again, using Lemma 13 we obtain the
following contradiction to (51):
(133)
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M cD + M O,M + (N cd + N X ,N ) cos(φ0 ) ≥ M cD − M O,M + N cd − N X ,N .
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Q 2 + 4cd (cd − Q)
RO,X
M
, Q :=
+ O,M
+ X ,N .
2cd
N
N

(134)

Now let us complete the proof of the theorem. We know by Proposition 16 that the sequence {nk }
converges to a critical point nk∗ of problem (9) in a finite number of steps k ∗ , and we have already
shown that nk∗ 6∈ S. If nk∗ is not orthogonal to S, an identical argument as in the proof of Theorem
11 (with nk∗ in place of b∗ ) shows that the principal angle φk∗ of nk∗ from S satisfies
p
cos(φk∗ ) ≥

However, due to (127) and Lemma 13, we have that

M (cD + O,M ) + N (cd + X ,N ) cos(φ0 ) ≥ M (cD − O,M ) + N (cd − X ,N ) cos(φk∗ ), (135)

which, after substituting the lower bound (134), contradicts (51). Thus nk∗ ⊥ S.

6. Dual Principal Component Pursuit Algorithms

We present algorithms based on the ideas discussed so far, for estimating the inlier linear subspace
in the presence of outliers. Specifically, in §6.1 we describe the main algorithmic contribution of
this paper, which is based on the implementation of the recursion (10) via linear programming. In
§6.2 we propose an alternative way of computing dual principal components based on Iteratively
Reweighted Least-Squares, which, as will be seen in §7 performs almost as well as recursion (6.1),
yet it is significantly more efficient. Finally, in §6.3 we present a variation of the DPCP optimization
problem (9) suitable for noisy data and propose a heuristic method for solving it.

6.1 DPCP via Linear Programming (DPCP-LP)

X̃ b

>

1

s.t. b> n̂k−1 = 1,
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(136)

For the sake of an argument, suppose that there is no noise in the inliers, i.e., the inliers X span
a linear subspace S of dimension d. Then Theorem 12 suggests a mechanism for obtaining an
element b1 of S ⊥ : run the recursion of linear programs (10) until the sequence n̂k converges and
identify the limit point with b1 . Due to computational constraints, in practice one usually terminates
>
the recursion when the objective value X̃ n̂k 1 converges within some small ε, or a maximal
number Tmax of iterations is reached, and obtains a normal vector b1 . Having computed a vector
b1 , there are two possibilities: either S is a hyperplane of dimension D − 1 or dim S < D − 1.
In the first case we can identify our subspace model with the hyperplane defined by the normal
b1 . If on the other hand dim S < D − 1, we can proceed to find a second vector b2 ⊥ b1 that
is approximately orthogonal to S, and so on, until we have computed an orthogonal basis for the
orthogonal complement of S; this process naturally leads to Algorithm 1, in which c is an estimate
for the codimension D − d of the inlier subspace Span(X ).
>
Notice how the algorithm initializes n0 : This is precisely the right singular vector of X̃ that
corresponds to the smallest singular value, after projection of X̃ onto Span(b1 , . . . , bi−1 )⊥ . As it
will be demonstrated in §7, this is a key choice, since it has the effect that the angle of n0 from the
inlier subspace is typically large, a desirable property for the success of recursion (10) (see Theorem
12). We refer to Algorithm 1 as DPCP-LP, to emphasize that the optimization problem associated
with each iteration of the recursion (10) is a linear program. In fact, at iteration k the optimization
problem is
b

min

28

2

=1, b⊥B

X̃ b 2 ;

>

while k < Tmax and ∆J > εJ do
>
J ← X̃ n̂k 1 ;
k ← k + 1;
>
nk ← w ∈ argminb> n̂k−1 =1,b⊥B X̃ b 1 ;
n̂k ← nk / nk 2 ;


>
∆J ← J − X̃ n̂k 1 ;
end while
bi ← n̂k ;
B ← B ∪ {bi };
end for
return B;
end procedure

b

procedure DPCP-LP(X̃ , c, ε, Tmax )
B ← ∅;
for i = 1 : c do
k ← 0; J ← 0; ∆J ← ∞;
n̂0 ← w ∈ argmin

IN
01×N

"


11×N

# u+  

>
−X̃
u−  = 0N ×1 , u+ , u− ≥ 0,
1
n̂>
k
b

 
 u+
u−

−I N
01×N

11×N
(138)

(137)

B∈RD×c

min

X̃ B

>

29

1,2

s.t. B > B = I c .
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(139)

Even though DPCP-LP (Algorithm 1) comes with theoretical guarantees as per Theorem 12, and
moreover will be shown to have a rather remarkable performance (at least for synthetic data, see
Fig. 6), it has the weakness that the linear programs (which are non-sparse) may become inefficient
to solve in high dimensions and for a large number of data points. Moreover, even though DPCPLP is theoretically applicable regardless of the subspace relative dimension d/D, its running time
increases with the subspace codimension c = D − d, since the c basis elements of S ⊥ are computed
sequentially. This motivates us to generalize the DPCP problem (9) to an optimization problem that
targets the entire orthogonal basis of S ⊥ :

6.2 DPCP via Iteratively Reweighted Least-Squares (DPCP-IRLS)

and can be solved efficiently with an optimized general purpose linear programming solver, such as
Gurobi (Gurobi Optimization, 2015).

s.t.

b,u+ ,u−

min

which can equivalently be written as a standard linear program,

17:

16:

15:

14:

13:

12:

11:

10:

9:

8:

7:

6:

5:

4:

3:

2:

1:

Algorithm 1 Dual Principal Component Pursuit via Linear Programming
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>

>

>

;
1,2

Notice that in (139), the `1,2 matrix norm X̃ B

>

1,2

>

;

of X̃ B is defined as the sum of the

2

1

max δ, B >
k−1 x̃j

2

,

(140)

j=1

L
X

wj,k B > x̃j

2
2

s.t. B > B = I c ,

(141)
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Clearly, problem (9) (and (139)) is tailored for noise-free inliers, since, when the inliers X are
>
contaminated by noise, the vector X̃ b is no longer sparse, even if b is a true normal to the inlier subspace. As a consequence, it is natural to propose the following DPCP-denoised (DPCP-d)

6.3 Denoised DPCP (DPCP-d)

which is readily seen to be the c right singular vectors corresponding to the c smallest singular
>
√
values of the weighted data matrix W k X̃ , where W k is a diagonal matrix with wj,k at position
(j, j). We refer to the resulting Algorithm 2 as DPCP-IRLS; a study of its theoretical properties is
deferred to future work.

B∈RD×c

min

where δ > 0 is a small constant that prevents division by zero. Then we obtain B k as the solution
to the quadratic problem

wj,k :=

Euclidean norms of the rows of X̃ B, and as such, favors a solution B that results in a matrix
>
X̃ B that is row-wise sparse (notice that for c = 1 (139) reduces precisely to the DPCP problem
(9)). In fact, Lerman et al. (2015) consider exactly the same problem (139), and proceed to relax
it to a semi-definite convex program, which they solve via an Iteratively Reweighted Least-Squares
(IRLS) scheme (Candès et al., 2008; Daubechies et al., 2010; Chartrand and Yin, 2008); while
similar IRLS schemes appear in Zhang and Lerman (2014) and Lerman and Maunu (2017). Instead,
we propose to solve (139) directly via IRLS (and not a convex relaxation of it as Lerman et al.
(2015)): Given a D × c orthonormal matrix B k−1 , we define for each point x̃j a weight

8:

− X̃ B k
1,2

procedure DPCP-IRLS(X̃ , c, ε, Tmax , δ)
k ← 0; J ← 0; ∆J ← ∞;
>
B 0 ← W ∈ argminB∈RD×c , B > B=I c X̃ B F ;
while k < Tmax and ∆J > εJ do
>
J ← X̃ B k 1,2 ;
k ← k + 1;

P
2
>
>
B k ← argminB∈RD×c , B > B=I c
x̃∈X̃ B x̃ 2 / max δ, B k−1 x̃

∆J ← X̃ B k−1
9:
end while
10:
return B k ;
11: end procedure

7:

6:

5:

4:

3:

2:

1:

Algorithm 2 Dual Principal Component Pursuit via Iteratively Reweighted Least Squares

T SAKIRIS AND V IDAL

D UAL P RINCIPAL C OMPONENT P URSUIT

Algorithm 3 Denoised Dual Principal Component Pursuit

b∈R : b

2

=1

while k < Tmax and ∆J > εJ do
>
J ← τ y k 1 + 12 y k − X̃ bk
 > 
y k+1 ← Sτ X̃ bk ;

2
2

1: procedure DPCP-d(X̃ , ε, Tmax , δ, τ )
>
2:
Compute a Cholesky factorization LL> = X̃ X̃ + δI D ;
3:
k ← 0; y 0 ← 0; J ← 0; ∆J ← ∞;
>
b0 ← argmin D
X̃ b 2 ;
4:
5:
6:
7:


τ y
1

+

1
>
y − X̃ b
2
2
2


,

8:
bk+1 ← solution of LL> ξ = X̃ y k+1 by backward/forward propagation;
9:
k ← k + 1;
10:
bk ← bk / bk 2 ;


>
2
11:
∆J ← J − τ y k 1 + 21 y k − X̃ bk 2 ;
12:
end while
return (y k , bk );
end procedure
13:
14:

problem
min

b,y: ||b||2 =1

>

(142)

where now the vector variable y ∈ RN +M is to be interpreted as a denoised vesion of the vector
>
X̃ b. Interestingly, both problems (9) and (142) appear in Qu et al. (2014), in the quite different
context of dictionary learning, where the authors propose to solve (142) via alternating minimiza> 
tion, in order to obtain an approximate solution to (9). Given b, the optimal y is given by Sτ X̃ b ,
>

y − X̃ b

2
2

s.t.

b

2

= 1.
>

(143)

where Sτ is the soft-thresholding operator applied element-wise on the vector X̃ b. Given y the
optimal b is a solution to the quadratically constrained least-squares problem
min

b∈RD

>

In the context of Qu et al. (2014), the coefficient matrix of the least-squares problem (X̃ in our
notation) has orthonormal columns. As a consequence, the solution to (143) is obtained in closed
>
form by projecting the solution of the unconstrained least-squares problem minb∈RD ||y − X̃ b||2
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onto the unit sphere. However, in our context the assumption that X̃ has orthonormal columns
is in principle violated, so that the optimal b is no longer available in closed form. Even though
using Lagrange multipliers one ends up with a polynomial equation for the Lagrange multiplier, it
is known that computing the optimal value of the multiplier is a numerically challenging problem
(Elden, 2002; Golub and Von Matt, 1991; Gander, 1980). For this reason we leave exact approaches
for solving (143) to future investigations, and we instead propose to obtain a suboptimal b as Qu
et al. (2014) do, i.e., by projecting onto the unit sphere the solution of the unconstrained leastsquares problem. The resulting Algorithm 3 is very efficient, since the least-squares problems that

31
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>

appear in the various iterations have the same coefficient matrix X̃ X̃ , a factorization of which
can be precomputed.9 Moreover, Algorithm 3 can trivially be extended to compute multiple normal
vectors, just as in Algorithm 1.

7. Experiments

In this section we evaluate the proposed algorithms experimentally. In §7.1 we investigate numerically the theoretical regime of success of recursion (10) predicted by Theorems 11 and 12. We
also show that even when these sufficient conditions are violated, (10) can still converge to a normal vector to the subspace if initialized properly. Finally, in §7.2 we compare DPCP variants with
state-of-the-art robust PCA algorithms for the purpose of outlier detection using synthetic data, and
similarly in §7.3 using real images.

7.1 Numerical evaluation of the theoretical conditions of Theorems 11 and 12

We begin with a numerical evaluation of the theoretical condition (46) of Theorem 11, under which
every global minimizer of the DPCP problem (9) is orthogonal to the inlier subspace S. We also
evaluate the initial minimal angle φ0∗ from S given in (51) of Theorem 12, which together with
(46) guarantee the convergence of the linear programming recursion (10) to an element of S ⊥ .
As explained in the discussion of Theorems 11 and 12, for any fixed outlier ratio, condition (46)
will eventually be satisfied and also the angle φ0∗ will become arbitrarily small regardless of the
subspace relative dimension d/D, provided that N is sufficiently large and that both inliers and
outliers are uniformly distributed. Hence, we check whether (46) is true and also plot φ0∗ as we vary
N for uniformly distributed inliers and outliers. Towards that end, we fix the ambient dimension
as D = 30 and randomly sample a subspace S of varying dimension d = [5 : 5 : 25 29] so that
the relative subspace dimension d/D varies as [5/30 : 5/30 : 25/30 29/30]. We sample N inliers
uniformly at random from S ∩ SD−1 for different values N = 500, 2000, 7000. For each value of
N we also sample M outliers uniformly at random from SD−1 so that the percentage of outliers
varies as R := M/(N + M ) = [0.1 : 0.1 : 0.7]. For each dataset instance as above, we estimate
the parameters X ,N , O,M , RO,X appearing in (46) and (51) by Monte-Carlo simulation.
The top row of Fig. 4 shows whether condition (46) is true (white) or not (black) as we vary N .
Notice that for N = 500, Fig. 4(a) shows a poor success regime. However, as we increase N to
2000, Fig. 4(b) shows that the success regime improves dramatically. Finally, as expected from our
earlier theoretical arguments, for sufficiently large N , in particular for N = 7000, Fig. 4(c) shows
that the sufficient condition (46) is satisfied regardless of outlier ratio or subspace relative dimension.
Similarly, notice how the angle φ0∗ , plotted in the bottom row of Fig. 4 (black for 0◦ white for 90◦ ),
uniformly decreases as we increase N across all outlier ratios and relative dimensions.
Next, we show that the recursion (10), if initialized properly, is in fact able to converge in just
a few iterations to a vector normal to the inlier subspace, even when the sufficient conditions of
Theorem 12 are not satisfied. Towards that end, we maintain the same experimental setting as
above using N = 500 and run (10) with a maximal number of iterations set to Tmax = 10 and a
convergence accuracy set to 10−3 . Fig. 5(a) is a replicate of Fig. 4(a) and serves as a reminder that
N = 500 results in a limited success regime as predicted by the theory; in particular the sufficient
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9. The parameter δ in Algorithm 3 is a small positive number, typically 10−6 , which helps avoiding solving illconditioned linear systems.

32

0.1 0.2 0.3 0.4 0.5 0.6 0.7
M/(N+M)

when N = 500

(e)

φ∗0

when N = 2000

0.1 0.2 0.3 0.4 0.5 0.6 0.7
M/(N+M)

d/D

(f)

0.17

0.33

0.5

0.67

0.83

φ∗0
when N = 7000

0.1 0.2 0.3 0.4 0.5 0.6 0.7
M/(N+M)

33

JMLR 19(18):1-50, 2018

In this section we use the same synthetic experimental set-up as in §7.1 (with N = 500) to demonstrate the behavior of several methods relative to each other under uniform conditions, in the context of outlier rejection in single subspace learning. In particular, we test DPCP-LP (Algorithm
1), DPCP-IRLS (Algorithm 2), DPCP-d (Algorithm 3), RANSAC (Fischler and Bolles, 1981),
SE-RPCA (Soltanolkotabi and Candès, 2012), `21 -RPCA (Xu et al., 2012), the IRLS version of
REAPER (Lerman et al., 2015), as well as Coherence Pursuit (CoP) (Rahmani and Atia, 2017); see
§2 for details on these last five existing methods.

7.2 Comparative analysis using synthetic data

condition (46) is satisfied only for a small outlier ratio or small subspace relative dimensions. Even
so, Fig. 5(b) shows that, when the recursion (10) is initialized using n̂0 as the left singular vector
of X̃ corresponding to the smallest singular value, then (10) converges in at most 10 iterations to
a vector n̂∗ whose angle φ∗ from the subspace is precisely 90◦ . This suggests that the sufficient
condition (46) is much stronger than necessary, leaving room for future theoretical improvements.
On the other hand, Fig. 5(c) shows that when n̂0 is initialized uniformly at random, the recursion
(10) does not always converge to a normal vector, particularly for high outlier ratios and relative
dimensions. This reveals that initializing (10) from the SVD of the data is indeed a good strategy,
which is further supported by Fig. 5(e), which plots the angle of the initialization from the subspace
(contrast this to Fig. 5(f), which shows the angle of a random initialization from the subspace).

Figure 4: Figs. 4(a)-4(c) check whether the condition (46) is satisfied (white) or not (black) for a
fixed number N of inliers while varying the outlier ratio M/(N + M ) and the subspace relative
dimension d/D. Figs. 4(d)-4(f) plot the minimum initial angle φ∗0 needed for convergence of the
recursion of linear programs (10) as per Theorem 12 (0◦ corresponds to black and 90◦ corresponds
to white). Results are averaged over 10 independent trials.
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For the methods that require an estimate of the subspace dimension d, such as RANSAC,
REAPER, CoP, and all DPCP variants, we provide as input the true subspace dimension. The
convergence accuracy of all methods is set to 10−3 . For REAPER we set the regularization parameter√as δ = 10−6 and the maximum number of iterations equal to 100. For DPCP-d we set
τ = 1/ N + M as suggested in Qu et al. (2014) and the maximum number of iterations to 1000.
For RANSAC we set its thresholding parameter to 10−3 , and for fairness, we do not let it terminate
earlier than the running time of DPCP-LP, unless the theoretically required number of iterations for
a success probability 0.99 is reached (here we are using the ground truth outlier ratio). Both SERPCA and `21 -RPCA are implemented with ADMM,
√ with augmented Lagrange parameters 1000
and 100 respectively. For `21 -RPCA λ is set to 3/(7 M ), as suggested in Xu et al. (2012). DPCP
variants are initialized via the SVD of the data as in Algorithm 1. CoP is implemented using the code
provided by its authors, and selects 3d points upon classic PCA gives the subspace estimate. Finally,
the linear programs in DPCP-LP are solved via the generic LP solver Gurobi (Gurobi Optimization,
2015), while the maximum number of iterations for DPCP-LP is set to Tmax = 10.

Figure 5: Convergence of recursion (10) in a regime of limited theoretical guarantees (N = 500)
as concluded from Fig. 4. The number of inliers is fixed at N = 500. Fig. 5(a) plots whether the
sufficient condition (46) is satisfied (white) or not (black) for varying outlier ratios M/(N + M )
and relative dimensions d/D. Figs. 5(b)-5(c) plot the angle φ∗ (0◦ corresponds to black and 90◦
corresponds to white) from the inlier subspace of the vector n̂∗ that recursion (10) converges to,
when n̂0 is initialized from the SVD of the data or uniformly at random, respectively. Fig. 5(d)
plots the minimum angle φ∗0 needed for the convergence of (10) to a normal vector in the inlier
subspace as per Theorem 12, while Figs. 5(e)-5(f) plot the angle φ0 of n̂0 from the subspace, when
it is initialized from the SVD of the data or uniformly at random, respectively. The results are
averages over 10 independent trials.
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Absence of Noise We first investigate the potential of each of the above methods to perfectly
distinguish outliers from inliers in the absence of noise.10 Note that each method returns a signal
N +M
α ∈ R+
, which can be thresholded for the purpose of declaring outliers and inliers. For SERPCA, α is the `1 -norm of the columns of the coefficient matrix C, while for `21 -RPCA α is the
`2 -norm of the columns of E. Since RANSAC, REAPER, CoP, and DPCP variants directly return
subspace models, for these methods α is simply the distances of all points to the estimated subspace.
In Fig. 6 we depict success (white) versus failure (black), where success is interpreted as the
existence of a threshold on α that perfectly separates outliers and inliers. First observe that, as
expected, RANSAC succeeds when there are very few outliers (10%) regardless of the inlier rel-
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ative dimension d/D, since in such a case the probability of sampling outlier-free points is high.
Similarly, RANSAC succeeds when d/D is small regardless of the outlier ratio, since in that case
one needs only sample d points, and for a sufficient budget (say, the running time of DPCP-LP),
the probability of one of these samples being outlier-free is again high. Moving on, and again
as expected, both SE-RPCA and `21 -RPCA succeed only for low to medium relative dimensions,
since both methods are meant to exploit the low-rank structure of the inlier data, and thus fail when
such a structure does not exist. Remarkably, even though CoP is a low-rank method in spirit, it
performs surprisingly better than its low-rank alternatives SE-RPCA and `21 -RPCA, giving perfect
inlier/outlier separation regardless of the outlier ratio for relative dimensions d/D ≤ 2/3. Further
improvement is achieved by REAPER, which succeeds for as many as 40% outliers and as high a

Figure 7: Figs. 7(a)-7(f) show ROC curves for varying noise standard deviation σ = 0.05, 0.1, 0.2,
and subspace relative dimension d/D = 25/30, 29/30 (number of inliers is N = 500 and outlier
ratio is M/(N + M ) = 0.5). The horizontal axis is False Positives ratio and the vertical axis is
True Positives ratio. The number associated with each curve is the area above the curve; smaller
numbers reflect more accurate performance. Figs. 7(g)-7(h) show the distance of the noisy points
to the subspace estimated by DPCP-LP for noise σ = 0.05 for both relative dimensions under
consideration.

(g) σ = 0.05, d/D = 25/30 (h) σ = 0.05, d/D = 29/30

distance to Ŝ for DPCP-LP

d/D

10. We do not include DPCP-d for this experiment, since it only approximately solves the DPCP optimization problem,
and hence it can not be expected to perfectly separate inliers from outliers, even when there is no noise (we have
confirmed this experimentally).

35

distance to Ŝ for DPCP-LP

d/D

(f) DPCP-LP

d/D
d/D

(a) RANSAC

d/D
d/D

Figure 6: Outlier/Inlier separation in the absence of noise over 10 independent trials. The horizontal
axis is the outlier ratio defined as M/(N + M ), where M is the number of outliers and N is the
number of inliers. The vertical axis is the relative inlier subspace dimension d/D; the dimension of
the ambient space is D = 30. Success (white) is declared by the existence of a threshold that, when
applied to the output of each method, perfectly separates inliers from outliers.

d/D

29/30 : 0.1
0.410
4.519
0.014
0.058
0.014
0.407
0.038

5/30 : 0.7
23.31
58.94
0.185
0.153
0.062
95.35
0.121

29/30 : 0.7
2.83
79.07
0.180
0.042
0.061
2.822
0.415
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11. We note that the vertical axis of all ROC curves in this paper starts from a ratio of 0.1 True Positives.

Presence of Noise Next, we fix D = 30, N = 500, M/(N + M ) = 0.5, and investigate the
performance of the methods, adding DPCP-d to the mix, in the presence of varying levels of noise
for two cases of high relative dimension, i.e., d/D = 25/30 and d/D = 29/30. The inliers are
corrupted by additive white Gaussian noise of zero mean and standard deviation σ = 0.05, 0.1, 0.2,
with support in the orthogonal complement of the inlier subspace.

√The parameters of all methods
are the same as earlier except for DPCP-d we set τ = max σ, 1/ N + M , while for RANSAC
we set its threshold parameter equal to σ.
We evaluate the performance of each method by its corresponding ROC curve. Each point of an
ROC curve corresponds to a certain value of a threshold, with the vertical coordinate of the point
giving the percentage of inliers being correctly identified as inliers (True Positives), and the horizontal coordinate giving the number of outliers erroneously identified as inliers (False Positives).
As a consequence, an ideal ROC curve should be concentrated to the top left of the plot, i.e., the
area above the curve should be zero. The ROC curves11 as well as the area above each curve are
shown in Fig. 7. As expected, the low-rank methods RANSAC, SE-RPCA and `21 -RPCA perform
poorly for either relative dimension with performance being close to that of a random guess (inlier

relative dimension as 25/30 ≈ 0.83. Yet, REAPER fails in the challenging case d/D = 29/30 as
soon as there are more than 20% outliers. Remarkably, DPCP-LP allows for perfect outlier rejection
across all outlier ratios and all relative dimensions, thus clearly improving the state-of-art in the high
relative dimension regime. Moreover, DPCP-IRLS does almost as well as DPCP-LP thus being the
second best method, except that it only fails in the hardest of regimes, i.e., for relative dimension
29/30 ≈ 0.97 and for more than 50% outliers.
Finally, it is important to comment on the running time of the methods. As Table 1 shows,
DPCP-LP is admittedly the slowest among the methods, particularly for low relative dimensions,
since in that case many dual principal components need to be computed. Indeed, for 10% outliers
and d/D = 5/30 DPCP-LP computes D − d = 25 dual components and thus it takes about 17
seconds, as opposed to 0.4 seconds for the same amount of outliers but d/D = 29/30, since a
single dual component is computed in this latter case. Similarly, for 70% outliers DPCP-LP takes
about 95 seconds when d/D = 5/30 as opposed to about 3 seconds for d/D = 29/30. On the other
hand, DPCP-IRLS is one order of magnitude faster than DPCP-LP and comparable to `21 -RPCA
and REAPER, which overall are the second fastest methods, with CoP being the fastest of all.

5/30 : 0.1
0.097
4.485
0.048
0.050
0.014
16.87
0.046

(144)

(145)
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12. This geometry corresponds to calibrated cameras, where the camera projection parameters are known.
13. Without loss of generality we take the local system of coordinates of view 1 to be the same as the global system of
coordinates.

1 0
1
x = R 0 x + t0 .
λ0
λ

The projection X 0 of the 3D point Ξ onto V 0 is the intersection of V 0 with the line that passes from
Ξ and the optical center −t0 of view 2. However, in practice X 0 is only known up to local pixel
coordinates with respect to view 2. That is, we can only know the representation x0 of X 0 with
respect to a coordinate system where view 2 is the canonical view. In such a system of coordinates
the point Ξ is represented as R0 Ξ + t0 and hence x0 = λ0 (R0 Ξ + t0 ), where λ0 is the inverse of the
third coordinate of the vector R0 Ξ + t0 . Substituting Ξ = (1/λ)x in this equation yields a relation
between the local representations13 x, x0 of X , X 0 in V and V 0 respectively as follows:

V = R0 (V 0 ) + t0 = R00 (V 00 ) + t00 .

The trifocal tensor. The three images of the static scene may have been taken from three different cameras, or from a single moving camera. Regardless, the underlying three-view geometry is
characterized by the constraints satisfied by any points lying in views 1, 2 and 3 respectively, that
correspond to the same 3D point (e.g., see Fig. 8(b)). To describe the nature of these constraints,
we fix a coordinate system (x, y, z) for the 3D space, and identify view 1 with the plane z = 1
and its optical center with the origin 0 of the coordinate system. We refer to this view as canonical
view V. Then the projection X of a 3D point Ξ = (ξ1 , ξ2 , ξ3 )> onto V is the intersection point of
the plane z = 1 with the line that passes through Ξ and the origin, i.e., X = λΞ with λ = 1/ξ3 .
For simplicity, we assume that views 2 (V 0 ) and 3 (V 00 ) are rotated and translated versions of the
canonical view V, i.e., there exist rotations R0 , R00 ∈ SO(3) and translations t0 , t00 ∈ R3 , such that12

In this section we perform an experimental evaluation of the proposed methods in the context of
the three-view problem in computer vision using real data. In that setting one is given three images
of the same static scene taken from different views, and the goal is to estimate the relative view
poses, i.e., the rotations and translations that relate, say, view 1 to view 2 and 3 (e.g., see Figs 8(a)8(b)). This task is of fundamental importance in many computer vision applications, such as 3D
reconstruction, where a 3D model of a real-world scene is constructed from 2D images of the scene.

7.3 Comparative analysis using real data: Three-view geometry

vs. outlier) for relative dimension 29/30. On the other hand REAPER, CoP, DPCP-LP, DPCP-IRLS
and DPCP-d perform almost perfectly well for d/D = 25/30, while REAPER starts failing for very
high relative dimension 29/30, even for as low noise standard devision as σ = 0.05 (of course this
is to be expected because we already know from Fig. 6 that REAPER fails at this regime even in
the absence of noise), and CoP fails completely. In contrast, the DPCP variants remain robust to
noise in this challenging regime for as high noise as σ = 0.1. What is remarkable, is that both
DPCP-LP and DPCP-IRLS, which are designed for noiseless data, are surprisingly robust to noise,
and slightly outperform DPCP-d, the latter meant to handle noisy data. We attribute this fact to
the suboptimal approach we followed in solving the DPCP-d problem, as well as to the lack of a
suitable mechanism for optimally tuning its thresholding parameter.

Table 1: Mean running time of each method in seconds over 10 independent trials for the experimental setting of §7.2. We report only the extreme regimes corresponding to d/D = 5/30, 29/30
and M/(N + M ) = 0.1, 0.7. The experiment is run in MATLAB on a standard Macbook-Pro with
a dual core 2.5GHz Processor and a total of 4GB Cache memory.

d/D : M/(N + M )
RANSAC
SE-RPCA
`21 -RPCA
REAPER
CoP
DPCP-LP
DPCP-IRLS

T SAKIRIS AND V IDAL

D UAL P RINCIPAL C OMPONENT P URSUIT

D UAL P RINCIPAL C OMPONENT P URSUIT

(a) Three views of the same scene.

(b) Left: Example of points viewed by all three cameras. Right: Configuration of
cameras and the same points depicted in 3D space. Color represents height.

(c) Examples of correct (yellow) and incorrect (red) point correspondences between
the three views.

(147)

(146)

Figure 8: An example of three views of a static scene along with camera configurations and point
correspondences (views 2, 4, 6 of the Model House dataset, provided by the Visual Geometry Group,
University of Oxford).
Now, for a vector v = (α, β, γ)> ∈ R3 , denote by [v] the skew-symmetric matrix


0
γ −β
α ,
[v] = −γ 0
β −α 0

and note that [v]v = 0. Multiplying equation (145) from the left by [x0 ] gives
1 0 0
[x ]R x + [x0 ]t0 = 0.
λ
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(148)

In exactly the same way, and letting x00 be the representation of X 00 in the canonical coordinate
system for view 3, we have a relationship
1 00 00
[x ]R x + [x00 ]t00 = 0.
λ
39
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Degenerate cases aside, equations (147)-(148) are equivalent to the condition
 0 0

[x ]R x [x0 ]t0
≤ 1,
[x00 ]R00 x [x00 ]t00
Rank

which in turn is equivalent to the matrix equation14

[x0 ]R0 x t00> [x00 ]> − [x0 ]t0 x> R00> [x00 ]> = 03×3 ,
or more elegantly written as

i=1

3
X

[x0 ]
xi T i [x00 ]> = 03×3 , x = (x1 , x2 , x3 )> , T i := r i0 t00> − t0 r i00> , i = 1, 2, 3,

(149)

(150)

(151)

where r i0 , r i00 is the ith column of R0 , R00 respectively. Equation (151) consists of 9 trilinear constraints on the local representations x, x0 , x00 of the imaged 3D point Ξ, among which a maximal
number of four are linearly independent (Hartley and Zisserman, 2004). The matrices (T 1 , T 2 , T 3 )
are the slices of the so-called trifocal tensor15 T ∈ R3×3 × R3×3 × R3×3 , which is the mathematical
object that encodes the relative geometry of the calibrated three views: indeed, up to a change of
coordinates there is a 1 − 1 correspondence between trifocal tensors and camera views V, V 0 , V 00 ;
see Proposition 15 and Theorem 16 in Kileel (2017).

(1)

(1)

(1)

(j)

(j)

(j)

(j)

(N 0 )

(N 0 )

, c2

(N 0 )

, c3

, c4

(N 0 )

∈ R27 ,

(152)

Trifocal tensor estimation as a hyperplane learning problem. Notice that the trilinear constraints
(151) are linear in the entries of the tensor T = (T 1 , T 2 , T 3 ), which in its unfolded form can be
regarded as a vector t ∈ R27 . In fact, the space of (uncalibrated) trifocal tensors is an algebraic
variety of R27 of dimension 18 (Alzati and Tortora, 2010; Aholt and Oeding, 2014). As already
noted, every point correspondence (x, x0 , x00 ) contributes four linearly independent equations in t;
equivalently, every point correspondence cuts the variety with four hyperplanes. As it turns out
though, only 3 of these hyperplanes are algebraically independent with respect to the variety16 , i.e.,
every generic point correspondence reduces the dimension of the variety by three (Kileel, 2017).
As a result, one needs 6 correspondences to get a finite number of candidate trifocal tensors that
agree with them. Adding a 7th correspondence allows us to uniquely determine t via solving a
28 × 27 homogeneous linear system of equations, while the relative poses (R0 , t0 ) and (R00 , t00 ) can
be extracted from t by, e.g., the procedure described by Hartley and Zisserman (2004).
The above discussion suggests that given a set of N 0 ≥ 7 generic and exact point corresponN 0 , the coefficient vectors
dences {(xj , xj0 , xj00 )}j=1
(1)

c1 , c2 , c3 , c4 , . . . , c1 , c2 , c3 , c4 . . . , c1

of the resulting N = 4N 0 linear equations span a hyperplane in R27 with normal vector t. We
will be referring to the vectors (152) as the trilinear embeddings of the point correspondences.
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a b
14. Here we have used the fact that for vectors a, b, c, d ∈ Rn the 2n × 2 matrix
has rank at most 1 if and only
c d
if ad> − bc> = 0n×n ; thanks to Tianjiao Ding for this observation.
15. In the uncalibrated case, which is more relevant in computer vision applications, the trifocal tensor has exactly the
same structure as in (151), with the only difference being that the matrices R0 , R00 are no longer rotations.
16. A more precise way to state this in algebraic-geometric language is that the ideal generated by these four equations
has depth 3 in the quotient ring of the trifocal variety.
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correspondences based on increasing average distance of the corresponding 4-tuples of trilinear
embeddings to Ĥ. Letting α be the maximal such average distance that corresponds to an inlier
point correspondence, our metric is the percentage of the inliers among all correspondences with
average distance to Ĥ less or equal than α. Tables 2, 3 and 4 report the precision of the algorithms for
the three different scenes, Corridor, Model House and Merton College III respectively, for different
outlier ratios and different time budgets.

However, in practice one obtains such correspondences by matching points across images based on
the similarity of some local features, such as SIFT (Lowe, 1999). As a result, it is typically the
case that many of the produced correspondences are incorrect (see Fig. 8(c)), and the problem then
becomes that of detecting inliers lying close to a hyperplane of R27 , from a dataset corrupted by
outliers. Equivalently, one is presented with a codimension 1 subspace learning problem, for which
the proposed Dual Principal Component Pursuit (DPCP) is ideally suited; as we show next, the
method can achieve superior performance than RANSAC, the latter being the traditional and up to
date one of the most popular options in the computer vision community for such problems.
Data. We use the first three views of the datasets Model House, Corridor and Merton College III,
provided by the Visual Geometry Group at Oxford University. Each dataset contains different views
of the same static scene, together with the projection matrices of each view and high-quality (inlier) point correspondences. From each dataset we randomly pick N 0 = 125 inlier correspondences
0
0
0
0
{(xj , x0j , x00j )}N
j=1 . We further generate 100 · M /(N + M )% = 30%, 40%, 50% outlier corre0
0
00
M
spondences {(oj , oj , oj )}j=1 as follows: For each triplet (V, V 0 , V 00 ) of views we sample uniformly
at random M 0 points from each view, and randomly match them in M 0 triplets. We normalize all
0
0
data according to Hartley (1997) and form a unit `2 -norm dataset X̃ = [X O]Γ ∈ R27×4(M +N )
that consists of the trilinear embeddings (see (152)) of all inlier/outlier correspondences.
Algorithms. We compare REAPER and two variants of RANSAC (see §2) with the proposed fast
DPCP variants DPCP-IRLS (Algorithm 2) and DPCP-d (Algorithm 3) in the context of outlier detection for trifocal tensor estimation17 . REAPER, DPCP-IRLS and DPCP-d receive as input the
dataset X̃ and are configured to learn a subspace of dimension 26 in R27 (a hyperplane) that fits
X̃ . So does the first RANSAC variant, called H-RANSAC (Hyperplane-RANSAC), which is the
standard RANSAC that randomly samples 26 trilinear embeddings at each trial. The second variant,
called H-G-RANSAC (Hyperplane-Group-RANSAC), is exactly as H-RANSAC except that it samples trilinear embeddings in groups of four (instead of individually), where each group is associated
with a point correspondence18 . For H-RANSAC we use as threshold the maximal distance among
inlier trilinear embeddings to the hyperplane associated with the ground-truth trifocal tensor. For
H-G-RANSAC we use the maximal average such distance among inlier trilinear embeddings in the
same group. Regarding time budget, we note that the fastest method is DPCP-d, and then follows
REAPER and DPCP-IRLS. For example, for the experiment we are considering and for 40% outliers, DPCP-d needs an average of about 1msec to converge as opposed to 16msec for DPCP-IRLS.
Since RANSAC’s performance is sensitive to the allocated time budget, we explore a high time
budget regime (running time of DPCP-IRLS), as well as a low time budget regime (running time of
DPCP-d), and for fairness, we also restrict the running time of rest of the methods accordingly.
Results. We use as a metric the group precision of the algorithms that corresponds to a recall value
equal to 1: given a hyperplane estimate Ĥ, this induces an ordering of all the inlier/outlier point
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As a first observation note that H-RANSAC essentially fails for all three datasets, with a precision not exceeding 73.5 %, even for the case of 30% outliers. Moreover, its precision is higher
for low time budget, which at first sight seems contradictory. Both phenomena are attributed to

0.698
1.000
1.000
1.000
1.000

high t.b.

30% outliers

17. The purely low-rank methods SE-RPCA and `2 -RPCA are unsuitable for learning a hyperplane; since Coherence
Pursuit (CoP) performed much better than them with synthetic data, we also included it in our experiments, but do
not report its performance as it was not competitive with the other tested methods, i.e., RANSAC, REAPER and
DPCP. Notice from Fig. 7 that with synthetic data CoP fails precisely at the case of a hyperplane.
18. Since the trilinear embeddings also lie in a union of coordinate hyperplanes irrelevant to the trifocal tensor, taking this
grouping into consideration prevents the method from learning one of these hyperplanes. This is implicitly achieved
by the RANSAC variant penalizing the re-projection error, most commonly used for trifocal tensor estimation. We
have also tested this variant, however due to its higher complexity and the running time restrictions enforced in this
experiment, it did not perform on par with the rest of the methods and hence we do not report its performance further.
A group-based DPCP approach is the subject of current research.

H-RANSAC
H-G-RANSAC
REAPER-IRLS
DPCP-IRLS
DPCP-d

% of outliers & time budget

Algorithm vs.

Table 4: Algorithm precision when recall value is 1 for the three views of dataset Merton College 3.

H-RANSAC
H-G-RANSAC
REAPER-IRLS
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% of outliers & time budget

Algorithm vs.

Table 3: Algorithm precision when recall value is 1 for the first three views of dataset Model House.

H-RANSAC
H-G-RANSAC
REAPER-IRLS
DPCP-IRLS
DPCP-d

% of outliers & time budget

Algorithm vs.

Table 2: Algorithm precision when recall value is 1 for the first three views of dataset Corridor.
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a combination of insufficient time budget together with the fact that the dataset X̃ also lies in a
union of coordinate hyperplanes irrelevant to the trifocal tensor; this is evident by inspecting the
zero structure of the trilinear embeddings, not shown here. As a result, given different time budgets
H-RANSAC identifies different hyperplanes that fit a significant portion of the data, but with none
coinciding with the trifocal tensor.
The aforementioned issue is remedied by H-G-RANSAC, which forces the estimated hyperplane to fit groups of trilinear embeddings respecting the underlying point-point-point correspondences. Indeed, this dramatically improves its performance and for the dataset Model House in
Table 3 it is the best performing method for high time budget. However, H-G-RANSAC is not able
to cope with 50% outliers at low time budget: its highest precision in that regime is only 66.5% for
the dataset Corridor in Table 2.
On the other hand, DPCP-d is not only fast, but also very robust: in the challenging regime of
50% outliers it is the only method that gives 100% precision for the dataset Corridor, 95.4% for
Model House, and 99.2% for Merton College III, while in this low time budget regime the second
best method is DPCP-IRLS with precision 97.7%, 85.6% and 79.4% respectively. Interestingly,
DPCP-d is performing uniformly better than DPCP-IRLS even if the latter is allowed to run to
convergence (high time budget); we attribute this to the fact that DPCP-d is designed to explicitly
handle noise. Overall, DPCP-d is the best performing method in low time budget across all datasets,
and the best performing method in high budget for datasets Corridor and Merton College III. Finally,
REAPER performs somewhere between DPCP-IRLS and H-G-RANSAC, outperforming DPCPIRLS only on a few occasions. This is consistent with the experiment of Fig. 6 on synthetic data,
according to which the advantage of DPCP over REAPER is precisely the codimension 1 case,
where the latter fails.
In conclusion, even though RANSAC can have a very high precision given sufficient time budget, once the latter is restricted its performance can drop dramatically. This is particularly the case
for large outlier ratios, a regime where an exponentially large time budget might be needed. Moreover, RANSAC is very sensitive to its thresholding parameter, which in the above experiment was
set using knowledge of the ground truth. Clearly, such knowledge is not available in practice and
different choices for this parameter are expected to only lead to performance degradation. On the
other hand, DPCP-d was found to be the best method in the above experiment, combining low running time, high precision and robustness to its thresholding parameter, suggesting that the proposed
Dual Principal Component Pursuit can be a useful or even superior alternative to popular approaches
such as RANSAC, for three-view geometry or other computer vision applications.

8. Conclusions
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We presented and studied a solution to the problem of robust principal component analysis in the
presence of outliers, called Dual Principal Component Pursuit (DPCP). The heart of the proposed
method consisted of a non-convex `1 optimization problem on the sphere, for which a solution strategy based on a recursion of linear programs was analyzed. Rigorous mathematical analysis revealed
that DPCP is a natural method for learning the inlier subspace in the presence of outliers, even in
the challenging regime of large outlier ratios and high subspace relative dimensions. In fact, experiments on synthetic data showed that DPCP was the only method that could handle 70% outliers
inside a 30-dimensional ambient space, irrespectively of the subspace dimension. Moreover, exper43
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iments with real images in the context of three-view geometry showed that DPCP can outperform
popular alternatives such as RANSAC, suggesting its potential in computer vision applications.

Appendix A. Review of existing results on Problems (9) and (10)

(153)

In this appendix we state three results that are important for our mathematical analysis, already
known in Späth and Watson (1987). For the sake of clarity and convenience, we have also taken the
liberty of writing complete proofs of the statements, as not all of them can be found in Späth and
Watson (1987).

Y >b 1,

Proposition 14 Let Y = [y 1 , . . . , y L ] ∈ D × L be full rank. Then any global solution b∗ to

min

b> b=1

must be orthogonal to (D − 1) linearly independent columns of Y.

(154)

Proof Let b∗ be an optimal solution of (153). Then b∗ must satisfy the first order optimality relation

0 ∈ Y Sgn(Y > b∗ ) + λb∗ ,

αj y j +

j=K+1

L
X

Sign(y j> b∗ )y j + λb∗ = 0.

(155)

where λ is a scalar Lagrange multiplier parameter, and Sgn is the sub-differential of the `1 norm.
Without loss of generality, let y 1 , . . . , y K be the columns of Y to which b∗ is orthogonal. Then
equation (154) implies that there exist real numbers α1 , . . . , αK ∈ [−1, 1] such that
K
X
j=1

Sign(y j> b∗ )ζ > y j = 0.

(157)

(156)

Now, suppose that the span of y 1 , . . . , y K is of dimension less than D − 1. Then there exists a unit
norm vector ζ ∈ SD−1 that is orthogonal to all y 1 , . . . , y K , b∗ , and multiplication of (155) from the
left by ζ > gives
L
X

j=K+1

Furthermore, we can choose a sufficiently small ε > 0, such that

Sign(y j> b∗ + εy j> ζ) = Sign(y j> b∗ ), ∀j ∈ [L].

= Y > b∗

1

+ε

j=K+1

L
X

Sign(y j> b∗ )ζ > y j = Y > b∗

y j> (b∗ + εζ) = y j> b∗ + ε Sign(y j> b∗ )y j> ζ, ∀j ∈ [L]

1

.

(158)

(159)
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1

The above equation is trivially true for all j such that y j> b∗ = 0, because in that case y j> ζ = 0 by
the definition of ζ. On the other hand, if y j> b∗ 6= 0, then a small perturbation  will not change the
sign of y j> b∗ . Consequently, we can write

and so
Y > (b∗ + εζ)

44

b∗ + εζ

2

p
= 1 + ε2 > 0,

(160)

Y >b
1

(161)

X

1

+ε
j: nk+1 6⊥y j

X
>
Sign(y >
j nk+1 )ζ y j ,

>
Sign(y >
j nk+1 )ζ y j ≤ 0.

= Y > nk+1

j: nk+1 6⊥y j

1

Y > (nk+1 + εζ)

1

= Y > nk+1
1

.

(165)

(164)

(163)

(162)
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Proof If nk+1 = n̂k , then inspection of the first order optimality conditions of the two problems,
reveals that n̂k is a critical point of minb> b=1 Y > b 1 . If nk+1 6= n̂k , then nk+1 2 > 1, and so
Y > n̂k+1 1 < Y > n̂k 1 . As a consequence, if nk+1 6= n̂k , then n̂k can not arise as a solution
for some k 0 > k. Now, because of Proposition 15, for each k, there is a finite number of candidate
directions nk+1 . These last two observations imply that the sequence {nk } must converge in a finite
number of steps to a critical point of minb> b=1 Y > b 1 .
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Proposition 16 Let Y = [y 1 , . . . , y L ] be a D × L matrix of rank D. Suppose that for each problem
(161) a solution nk+1 is chosen such that nk+1 is orthogonal to D − 1 linearly independent points
of Y, in accordance with Proposition 15. Then the sequence {nk } converges to a critical point of
problem (153) in a finite number of steps.

By (165) we see that as we vary ε the objective remains unchanged. Notice also that varying ε preserves all zero entries appearing in the vector Y > nk+1 . Furthermore, because of (164), it is always
possible to either decrease or increase ε until an additional zero is achieved, i.e., until nk+1 + εζ
becomes orthogonal to a point of Y that nk+1 is not orthogonal to. Then we can replace nk+1 with
nk+1 + εζ and repeat the process, until we get some nk+1 that is orthogonal to D − 1 linearly
independent points of Y.

and so

j: nk+1 6⊥y j

Since nk+1 is optimal, it must be the case that
X
>
Sign(y >
j nk+1 )ζ y j = 0,

where

Y > (nk+1 + εζ)

Proof Let nk+1 be a solution to minb> n̂k =1 Y > b 1 that is orthogonal to less than D − 1 linearly
independent points of Y. Then we can find a unit norm vector ζ that is orthogonal to the same points
of Y that nk+1 is orthogonal to, and moreover ζ ⊥ nk+1 . In addition, we can find a sufficiently
small ε > 0 such that

admits a computable solution nk+1 that is orthogonal to (D − 1) linearly independent points of Y.

b> n̂k =1

min

Proposition 15 Let Y = [y 1 , . . . , y L ] be a D × L matrix of rank D. Then problem

and normalizing b∗ +εζ to have unit `2 norm, we get a contradiction on b∗ being a global solution.
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minimization for sparse recovery. Communications on Pure and Applied Mathematics, 63(1):
1–38, 2010.

T SAKIRIS AND V IDAL

E. Hlawka. Discrepancy and riemann integration. Studies in Pure Mathematics, pages 121–129,
1971.

H. Hotelling. Analysis of a complex of statistical variables into principal components. Journal of
Educational Psychology, 24:417–441, 1933.

I. Jolliffe. Principal Component Analysis. Springer-Verlag, 2nd edition, 2002.

P. Huber. Robust Statistics. John Wiley & Sons, New York, 1981.

L. Elden. Solving quadratically constrained least squares problems using a differential-geometric
approach. BIT Numerical Mathematics, 42(2):323–335, 2002.

J. Kileel. Minimal problems for the calibrated trifocal variety. SIAM Journal on Applied Algebra
and Geometry, 1:575–598, 2017.

J. Dick. Applications of geometric discrepancy in numerical analysis and statistics. Applied Algebra
and Number Theory, 2014.

E. Elhamifar and R. Vidal. Robust classification using structured sparse representation. In IEEE
Conference on Computer Vision and Pattern Recognition, 2011.

W. Ku, R. H. Storer, and C. Georgakis. Disturbance detection and isolation by dynamic principal
component analysis. Chemometrics and Intelligent Laboratory Systems, 30:179–196, 1995.

URL http://www.

48

JMLR 19(18):1-50, 2018

A. Price, N. Patterson, R. M. Plenge, M. E. Weinblatt, N. A. Shadick, and D. Reich. Principal components analysis corrects for stratification in genome-wide association studies. Nature Genetics,
38(8):904–909, 2006.

K. Pearson. On lines and planes of closest fit to systems of points in space. The London, Edinburgh
and Dublin Philosphical Magazine and Journal of Science, 2:559–572, 1901.

S. Nam, M.E. Davies, M. Elad, and R. Gribonval. The cosparse analysis model and algorithms.
Applied and Computational Harmonic Analysis, 34(1):30–56, 2013.

B. C. Moore. Principal component analysis in linear systems: Controllability, observability, and
model reduction. IEEE Transactions on Automatic Control, 26(1):17–32, 1981.

S. Loyd, M. Mohseni, and P. Rebentrost. Quantum principal component analysis. Nature Physics,
10(9):631–633, 2014.

David G. Lowe. Object recognition from local scale-invariant features. In IEEE Conference on
Computer Vision and Pattern Recognition, pages 1150–1157, 1999.

G. Liu, Z. Lin, and Y. Yu. Robust subspace segmentation by low-rank representation. In International Conference on Machine Learning, pages 663–670, 2010.

G. Lerman, M. B. McCoy, J. A Tropp, and T. Zhang. Robust computation of linear models by
convex relaxation. Foundations of Computational Mathematics, 15(2):363–410, 2015.

G. Lerman and T. Zhang. `p -recovery of the most significant subspace among multiple subspaces
with outliers. Constructive Approximation, 40(3):329–385, 2014.

G. Lerman and T. Maunu. An overview of robust subspace recovery. arXiv:1803.01013v1, 2018.

G. Lerman and T. Maunu. Fast, robust and non-convex subspace recovery. Information and Inference: A Journal of the IMA, 2017.

L. Kuipers and H. Niederreiter. Uniform distribution of sequences. Courier Corporation, 2012.

E. Elhamifar and R. Vidal. Sparse subspace clustering: Algorithm, theory, and applications. IEEE
Transactions on Pattern Analysis and Machine Intelligence, 35(11):2765–2781, 2013.
J. Feng, H. Xu, and S. Yan. Online robust pca via stochastic optimization. In Advances in Neural
Information Processing Systems, pages 404–412, 2013.
M. A. Fischler and R. C. Bolles. RANSAC random sample consensus: A paradigm for model fitting
with applications to image analysis and automated cartography. Communications of the ACM, 26:
381–395, 1981.
D. Gabay and B. Mercier. A dual algorithm for the solution of nonlinear variational problems via
finite-element approximations. Comp. Math. Appl., 2:17–40, 1976.
W. Gander. Least squares with a quadratic constraint. Numerische Mathematik, 36(3):291–307,
1980.
G. H Golub and U. Von Matt. Quadratically constrained least squares and quadratic problems.
Numerische Mathematik, 59(1):561–580, 1991.
P. J. Grabner and R.F. Tichy. Spherical designs, discrepancy and numerical integration. Math.
Comp., 60(201):327–336, 1993. ISSN 0025-5718. doi: 10.2307/2153170. URL http://dx.
doi.org/10.2307/2153170.

Gurobi optimizer reference manual, 2015.

P. J. Grabner, B. Klinger, and R.F. Tichy. Discrepancies of point sequences on the sphere and
numerical integration. Mathematical Research, 101:95–112, 1997.
Inc. Gurobi Optimization.
gurobi.com.

G. Harman. Variations on the koksma-hlawka inequality. Uniform Distribution Theory, 5(1):65–78,
2010.
R. Hartley and A. Zisserman. Multiple View Geometry in Computer Vision. Cambridge, 2nd edition,
2004.

JMLR 19(18):1-50, 2018

R. I. Hartley. In defense of the 8-point algorithm. IEEE Trans. Pattern Anal. Mach. Intell., 19(6):
580–593, 1997.
47

49

JMLR 19(18):1-50, 2018

Teng Zhang and Gilad Lerman. A novel m-estimator for robust pca. The Journal of Machine
Learning Research, 15(1):749–808, 2014.

C. You, D. Robinson, and R. Vidal. Provable self-representation based outlier detection in a union
of subspaces. In IEEE Conference on Computer Vision and Pattern Recognition, 2017.

H. Xu, C. Caramanis, and S. Sanghavi. Robust pca via outlier pursuit. IEEE transactions on
information theory, 58(5):3047–3064, 2012.

Y. Wang, C. Dicle, M. Sznaier, and O. Camps. Self scaled regularized robust regression. In Proceedings of the IEEE Conference on Computer Vision and Pattern Recognition, pages 3261–3269,
2015.

S. Vyas and L. Kumaranayake. Constructing socio-economic status indices: how to use principal
components analysis. Health Policy and Planning, 21:459–468, 2006.

R. Vidal. Subspace clustering. IEEE Signal Processing Magazine, 28(3):52–68, March 2011.

M.C. Tsakiris and R. Vidal. Dual principal component pursuit. In ICCV Workshop on Robust
Subspace Learning and Computer Vision, pages 10–18, 2015.

M. C. Tsakiris and R. Vidal. Hyperplane clustering via dual principal component pursuit. In International Conference on Machine Learning, 2017.

J. Sun, Q. Qu, and J. Wright. Complete dictionary recovery over the sphere. In Sampling Theory
and Applications (SampTA), 2015 International Conference on, pages 407–410. IEEE, 2015d.

J. Sun, Q. Qu, and J. Wright. Complete dictionary recovery using nonconvex optimization. In
Proceedings of the 32nd International Conference on Machine Learning (ICML-15), pages 2351–
2360, 2015c.

J. Sun, Q. Qu, and J. Wright. Complete dictionary recovery over the sphere i: Overview and the
geometric picture. arXiv preprint arXiv:1511.03607, 2015b.

J. Sun, Q. Qu, and J. Wright. Complete dictionary recovery over the sphere ii: Recovery by riemannian trust-region method. arXiv preprint arXiv:1511.04777, 2015a.

D.A. Spielman, H. Wang, and J. Wright. Exact recovery of sparsely-used dictionaries. In Proceedings of the 23d international joint conference on Artificial Intelligence, pages 3087–3090. AAAI
Press, 2013.
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With ever growing data volume and model size, an error-tolerant, communication efficient,
yet versatile distributed algorithm has become vital for the success of many large-scale
machine learning applications. In this work we propose m-PAPG, an implementation of the
flexible proximal gradient algorithm in model parallel systems equipped with the partially
asynchronous communication protocol. The worker machines communicate asynchronously
with a controlled staleness bound s and operate at different frequencies. We characterize
various convergence properties of m-PAPG: 1) Under a general non-smooth and non-convex
setting, we prove that every limit point of the sequence generated by m-PAPG is a critical
point of the objective function; 2) Under an error bound condition of convex objective
functions , we prove that the optimality gap decays linearly for every s steps; 3) Under
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Over the years there is also a rising interest in using nonconvex losses f (mainly for robustness against outlying observations) Collobert et al. (2006); Wu and Liu (2007); Xu et al.
(2006); Yu et al. (2015) and nonconvex regularizers g (mainly for smaller bias in statistical
estimation) Fan and Li (2001); Zhang and Zhang (2012).
Due to the apparent importance of the composite minimization framework and the
rapidly growing size in both dimension (d) and volume (n) of data, there is a strong need to
develop a practical parallel system that can solve the problem in (1) efficiently and in a scale
that is impossible for a single machine Agarwal and Duchi (2011); Bertsekas and Tsitsiklis
(1989); Dean and Ghemawat (2008); Feyzmahdavian et al. (2014); Ho et al. (2013); Li et al.
(2014); Low et al. (2012); Zaharia et al. (2010). Existing systems can be categorized by
how communication among worker machines is managed: bulk synchronous (also called fully
synchronous) Dean and Ghemawat (2008); Valiant (1990); Zaharia et al. (2010); Lorenzo and
Scutari (2016), totally asynchronous Baudet (1978); Bertsekas and Tsitsiklis (1989); Low
et al. (2012), and partially asynchronous (a.k.a. stale synchronous or chaotic) Agarwal and
Duchi (2011); Bertsekas and Tsitsiklis (1989); Chazan and Miranker (1969); Feyzmahdavian
et al. (2014); Ho et al. (2013); Li et al. (2014); Tseng (1991). Bulk synchronous parallel
(BSP) systems explicitly force synchronization barriers so that the worker machines can stay
on the same page to ensure correctness. However, in a real deployed parallel system, BSP
usually suffers from the straggler problem, that is, the performance of the whole system is
bottlenecked at the bandwidth of communication and the slowest worker machine. On the
other hand, totally asynchronous systems do not put any constraint on synchronization,
hence achieve much greater throughputs by potentially sacrificing the correctness of the
algorithm. Partially asynchronous parallel (PAP) systems Bertsekas and Tsitsiklis (1989);
Chazan and Miranker (1969) are a compromise between the previous two: it allows the
worker machines to communicate asynchronously up to a controlled staleness and to perform
updates at different paces. PAP is particularly suitable for machine learning applications,
where iterative algorithms that are robust to small computational errors are usually favored
for finding an appropriate solution. Due to its flexibility, the PAP mechanism has been the
method of choice in many recent practical implementations Agarwal and Duchi (2011);

• Support vector machines: hinge loss fi (x) = max{0, 1 − yi ai> x} and (squared) `2 norm
regularizer g(x) = kxk22 .

• Boosting: exponential loss fi (x) = exp(−yi ai> x);

• Logistic regression: logistic loss fi = log(1 + exp(−yi ai> xi ));

• Lasso: least squares loss fi (x) = (yi − ai> x)2 and `1 norm regularizer g(x) = kxk1 ;

is a smooth loss function over n training samples that describes the fitness to data, and the
second term g is a nonsmooth regularization function that encodes a priori information.
We list below some popular examples under this framework.

f (x) :=

has drawn a lot of recent attention due to its ubiquity in machine learning and statistical
applications. Typically, the first term
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Feyzmahdavian et al. (2014); Ho et al. (2013); Li et al. (2014); Liu and Wright (2015);
Recht et al. (2011).

Asynchronous Distributed Proximal Gradient Algorithm

Zhou, Yu, Dai, Liang and Xing

h(z) − h(x) − u> (z − x)
≥ 0,
kz − xk

z∈Rd

y∈Ω

4

Occasionally, we will write proxh instead of proxh1 .

proxhη (x) := argmin h(z) +

1
2η kz

− xk2 .

(3)

(4)

(5)

(6)
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(7)

Definition 3 (Proximal map, e.g. Rockafellar and Wets (1997)) The proximal map
of a closed and proper function h is (with parameter η > 0):

Note that projΩ (x) is single-valued for all x ∈ Rd if and only if Ω is convex.

where k · k is the usual Euclidean norm.

projΩ (x) := argmin ky − xk,

while the metric projection onto Ω is defined as:

y∈Ω

distΩ (x) := min ky − xk,

Definition 2 (Distance and projection) The distance function w.r.t. a closed set Ω ⊆
Rd is defined as:

When h is continuously differentiable or convex, the subdifferential ∂h and the set of
critical points crit h coincide with the usual notions. For a closed function h, its subdifferential is either nonempty at any point in its domain or the subgradient diverges to some
“direction” (Rockafellar and Wets, 1997, Corollary 8.10).

The critical points of h are crit h := {x : 0 ∈ ∂h(x)}.

k
ˆ
{u : ∃xk → x, h(xk ) → h(x), uk ∈ ∂h(x
), uk → u}.

ˆ
while the (limiting) subdifferential ∂h at x ∈ dom h is the “closure” of ∂h:

z6=x,z→x

lim inf

Definition 1 (Subdifferential and critical point, e.g. Rockafellar and Wets (1997))
ˆ of h at x ∈ dom h is the set of u such that
The Frechét subdifferential ∂h

We first recall some fundamental definitions that will be needed in our analysis. Throughout,
h : Rd → (−∞, +∞] denotes an extended real-valued function that is proper and closed,
i.e., its domain dom h := {x : h(x) < +∞} is nonempty and its sublevel set {x : h(x) ≤ α}
is closed for all α ∈ R. Since the function h may not be smooth or convex, we need the
following generalized notion of “derivative.”

2. Preliminaries

satisfy a proximal Lipschitz condition the whole sequences of m-PAPG converge to a single
critical point.
This paper proceeds as follows: We first set up the notations and definitions in Section 2.
The proposed algorithm m-PAPG is presented in Section 3, and convergence analysis are
detailed in Sections 4 to 6. The implementation of m-PAPG on a distributed system is
detailed in Section 7, and numerical experiments are reported in Section 8. Section 9
concludes our work.

Existing parallel systems can also be categorized by how computation is divided among
worker machines: data parallel and model parallel. Data parallel systems usually distribute
the computation involving each component function fi in (2) into different worker machines,
which is suitable when n  d, i.e., large data volume but moderate model size. In this
setting the stochastic proximal gradient algorithm, along with the PAP protocol, has been
shown to be quite effective in solving the composite problem (1) Agarwal and Duchi (2011);
Feyzmahdavian et al. (2014); Ho et al. (2013); Li et al. (2014). Some other works developed
ADMM-based algorithms for data parallelism Hong et al. (2016) and stochastic variancereduced gradient algorithms under the PAP protocol Huo and Huang (2017); Fang and
Lin (2017), and proved their effectiveness both theoretically and empirically.
In this
work, we focus on the “dual” model parallel regime where d  n, i.e., large model size
but moderate data volume. In modern machine learning and statistics applications, it is
not uncommon that the dimensionality of data largely exceeds its volume, for example, in
computational biology, conducting an experimental study that involves many patients can
be very expensive but for each patient, technology (e.g. next-generation genome sequencing)
has advanced to a stage where taking a large number of measurements (model parameters) is
relatively cheap. Deep neural networks are another example that calls for model parallelism.
Not surprisingly, the design of a model parallel system is fundamentally different from that
of a data parallel system, and so is the subsequent analysis.
To achieve model parallelism, the model x is partitioned into different (disjoint) blocks
and is distributed among many worker machines. In this setting, the block proximal gradient
algorithm has been proposed to solve the composite problem (1) Fercoq and Richtárik
(2015); Lu and Xiao (2015); Richtárik and Takáč (2014), although under the more restrictive
BSP protocol. Other works proposed ADMM-based algorithm for model parallelism to
solve the sparse PCA problem Hajinezhad and Hong (2015). Under the PAP protocol,
the only work that we are aware of is Bertsekas and Tsitsiklis (1989) which focused on a
special case of (1) where g is an indicator function of a convex set, and Tseng (1991) which
established a periodic linear rate of convergence under an error bound condition. Our main
goal in this work is to provide a formal convergence analysis of the model parallel proximal
gradient algorithm under the more flexible PAP communication protocol, and our results
naturally extend those in Bertsekas and Tsitsiklis (1989); Tseng (1991) to allow nonsmooth
and nonconvex functions.
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Our main contributions in this work are: 1). We propose m-PAPG, an extension of the
proximal gradient algorithm to the model parallel and partially asynchronous setting. In
specific, the worker machines in the system can communicate with each other to synchronize
the model parameters with staleness. 2). We provide a rigorous analysis of the convergence
properties of m-PAPG, allowing both nonsmooth and nonconvex functions. In particular,
we prove in Theorem 7 that any limit point of the sequences generated by m-PAPG is a
critical point. 3) Under an additional error bound condition of convex objective functions,
we prove in Theorem 9 that the function values generated by m-PAPG decays periodically
linearly. 4) Lastly, using the Kurdyka-Lojasiewicz (KL) inequality Bolte et al. (2014) and
under a sufficient decrease assumption, we prove in Theorem 11 that for functions that
3

(8)



x(t + 1) = proxηg x(t) − η∇f (x(t)) ,

(9)

where

F (x) = f (x) + g(x).

(P)

5

∀ x, y ∈ Rd , k∇f (x) − ∇f (y)k ≤ Lkx − yk.

Assumption 2 (Smooth) The function f is L-smooth, i.e.,
(10)
JMLR 19(19):1-32, 2018

Assumption 1 (Bounded Below) The function F = f + g is bounded below.

We are interested in the case where d is so large that implementing the proximal gradient
algorithm (9) on a single machine is no longer feasible, hence distributed computation is
necessary.
We consider a model parallel system with p machines in total. The machines are fully
connected and can communicate with each other. Decompose the d model parameters into p
disjoint groups. Formally, consider the decomposition Rd = Rd1 ×Rd2 ×· · ·×Rdp , and denote
xi and ∇i f (x) : Rd → Rdi as the i-th component of x and ∇f (x), respectively. Clearly,
x = (x1 , x2 , . . . , xp ) and ∇f = (∇1 f, ∇2 f, · · · , ∇p f ). The i-th machine is responsible for
updating the component xi ∈ Rdi , and for the purpose of evaluating the partial gradient
∇i f (x) we assume the i-th machine also has access to a local, full model parameter xi ∈ Rd .
The last assumption is made only to simplify our presentation; it can be removed for many
machine learning problems, see for instance Richtárik and Takáč (2014); Zhou et al. (2016).
We make the following standard assumptions regarding problem (P):

x∈Rd

min F (x),

Recall the composite minimization problem:

3. Formulation of m-PAPG

where ∇f is the (sub)gradient of f , and η is a suitable step size (that may change with t). It
is known that when f is convex with L-Lipschitz continuous gradient and 0 < η < 2/L, then
Ft := f (x(t)) + g(x(t)) converges to the minimum at the rate O(1/t) and x(t) converges to
some minimizer x∗ . Accelerated versions Beck and Teboulle (2009); Nesterov (2013) where
Ft converges at the faster rate O(1/t2 ) are also well-known. Recently, Bolte et al. (2014)
proved that x(t) converges to a critical point even for nonconvex f and nonconvex and
nonsmooth g as long as together they satisfy a certain KL inequality.

∀ t = 0, 1, . . . ,

while for nonconvex functions this may not hold everywhere.
The proximal map is the key component of the proximal gradient algorithm Fukushima
and Mine (1981) (a.k.a. forward-backward splitting):

∀ x, y ∈ Rd , kproxηh (x) − proxηh (y)k ≤ kx − yk,

Clearly, for the indicator function h(x) = ιΩ (x), which takes the value 0 for x ∈ Ω and
∞ otherwise, its proximal map (with any η > 0) reduces to the metric projection projΩ .
If h decreases slower than a quadratic function (in particular, when h is bounded below),
then its proximal map is well-defined for all (small) η Rockafellar and Wets (1997). If h is
convex, then its proximal map is always a singleton while for nonconvex h, the proximal
map can be set-valued. In the latter case we will also abuse the notation proxηh (x) for an
arbitrary element from that set. For convex functions, the proximal map is nonexpansive:
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i=1 gi (xi ).

Pp

(11)

(13)

(12)

t 6∈ Ti
,
t ∈ Ti

(m-PAPG)

6
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That is, machine i only performs its update operator at its active clocks. The local full
model xi (t) assembles all components from other machines, and is possibly a delayed version
of the global model x(t), which assembles the most up-to-date component in each machine.
Note that the global model is introduced for our analysis, and is not accessible in a real
implementation. More specifically, τji (t) ≤ t models the communication delay among machines: when machine i conducts its t-th update it only has access to xj (τji (t)), a delayed
version of the component xj (t) that is received by the i-th machine from the j-th machine.

(global) x(t) = x1 (t), . . . , xp (t) .


(

xi (t),


∀i, xi (t + 1) =



proxηgi (xi (t) − η∇i f (xi (t))),



(local) xi (t) = x1 (τ1i (t)), . . . , xp (τpi (t)) ,






That is, machine i computes a partial gradient mapping Nesterov (2013) w.r.t. the i-th
component using the local component xi and the local full model xi . To define the latter,
consider a global clock shared by all machines and denote Ti as the set of active clocks when
machine i performs an update. Note that the global clock is introduced solely for the purpose
of our analysis, and the machines need not maintain it in a practical implementation.
Denote τji (t) as the iteration of the block model xj that is accessed by machine i at its t-th
iteration. Then, the t-th iteration on machine i can be formally written as:

xi ← proxηgi (xi − η∇i f (xi )).

Then, the update on machine i is defined as:

proxηg (x) = proxηg1 (x1 ), . . . , proxηgp (xp ) .



(2) It allows us to bound the inconsistencies in different machines due to asynchronous
updates, see Theorem 4 below. The separable assumption makes model parallelism interesting and feasible, and is satisfied by many popular regularizers. Popular examples include
vector norms such as `0 , `1 , `1,2 (i.e., group norm), `22 , elastic net, and matrix norms such
as Frobenious norm, etc. We remark that both Assumption 2 and Assumption 3 can be
relaxed using techniques in Beck and Teboulle (2012) and Yu et al. (2015), respectively. For
brevity we do not pursue these extensions here. Note that we do not assume convexity on
either f or g, and g need not even be continuous.
We now specify the m-PAPG algorithm for solving (P) under model parallelism and the
PAP protocol. The separable assumption on g implies that

∀ x, y ∈ Rd , f (x) ≤ f (y) + hx − y, ∇f (y)i + L2 kx − yk2 .

Assumption 1 simply allows us to have a finite minimum value and is usually satisfied
in practice. The smoothness assumption is critical in two aspects: (1) It allows us to
upper bound f by its quadratic expansion at the current iterate—a standard step in the
convergence proof of gradient type algorithms:

Assumption 3 (Separable) The function g is closed and separable, i.e., g(x) =
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≤ s,

τii (t)
≡ t.

We refer to the above algorithm as m-PAPG (for model parallel, Partially Asynchronous,
Proximal Gradient).
In a practical distributed system, communication among machines is much slower than
local computations, and the performance of a synchronous system is often bottlenecked at
the slowest machine, due to the need of synchronization in every step. The delays τji (t)
and active clocks Ti that we introduced in m-PAPG aim to address such issues. For our
convergence proofs, we need the following assumptions:
Assumption 4 (Bounded Delay) ∃s ∈ N, ∀i, ∀j, ∀t, 0 ≤ t −
τji (t)

Assumption 5 (Frequent Update) ∃s ∈ N, ∀i, ∀t, Ti ∩ {t, t + 1, · · · , t + s} =
6 ∅.
Intuitively, Assumption 4 guarantees the information that machine i gathered from other
machines at the t-th iteration are not too obsolete (bounded by at most s clocks apart).
The assumption τii (t) ≡ t is natural since the i-th worker machine is maintaining xi hence
would always have the latest copy. Assumption 5 requires each machine to update at least
once in every s + 1 iterations, for otherwise some component xi may not be updated at
all. We remark that Assumption 4 and Assumption 5 are very natural and have been
widely adopted in previous works Baudet (1978); Bertsekas and Tsitsiklis (1989); Chazan
and Miranker (1969); Feyzmahdavian et al. (2014); Tseng (1991). Clearly, when s = 0
(i.e., no delay), m-PAPG reduces to the fully synchronous, model parallel proximal gradient
algorithm.
Before closing this section, we provide a technical tool to control the inconsistency
between the local models xi (t) and the global model x(t). Recall that (t)+ = max{t, 0} is
the positive part of t.

k=(t−s)+

t−1
X

k=(t−s)+
t
X

k=(t−s)+

=
=
≤

p
X

t−1
X

p
X

kx(k + 1) − x(k)k ,

2

kx(k + 1) − x(k)kkx(k 0 + 1) − x(k 0 )k

kxj (k + 1) − xj (k)kkxj (k 0 + 1) − xj (k 0 )k

kxj (k + 1) − xj (k)kkxj (k 0 + 1) − xj (k 0 )k
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t−1
X

t−1
X

j=1 k=(t−s)+ k0 =(t−s)+
t−1
X

t−1
X

k=(t−s)+ k0 =(t−s)+ j=1
t−1
X

t−1
X

k=(t−s)+ k0 =(t−s)+



k=(t−s)+

=

j=1

p
X

j=1

kxj (τji (t)) − xj (τji (t + 1))k2





k=(t−s)+

t
X

k=τji (t)

kxj (k + 1) − xj (k)k ,

2

2

τji (t+1)−1
p
X
 X

kxj (k + 1) − xj (k)k


j=1

p
X

where the first inequality is due to the triangle inequality; the second inequality is due to
Assumption 4; and the last inequality follows from the Cauchy-Schwarz inequality.
Similarly,
kxi (t) − xi (t + 1)k2 =
≤
≤

(14)

4. Characterizing the limit points

and the rest of the proof is completely similar to the previous case.

kx(k + 1) − x(k)k,



(15)

∞
X
t=0

kx(t + 1) − x(t)k2 < ∞.

8

(16)
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Remark 6 Our bound on the step size η is natural: If s = 0, i.e., there is no asynchronism
then we recover the standard step size rule η < 1/L (we can increase η by another factor of
2, had convexity on g been assumed). As staleness s increases, we need a smaller step size to

t→∞

In particular, lim kx(t + 1) − x(t)k = 0 and lim kx(t) − xi (t)k = 0.
t→∞

Theorem 5 Let Assumptions 1 to 5 hold. If the step size η ∈ 0, L(1+21 √ps) , then the
sequence generated by m-PAPG is square summable, i.e.



kx(k + 1) − x(k)k.

2

kxj (k + 1) − xj (k)k
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In this section, we characterize the convergence property of the sequences generated by
m-PAPG under very general conditions. Recall from Assumption 2 that ∇f is L-Lipschitz
continuous. Our first result is as follows:

p
Lemma 4 Let Assumption 4 hold, then the global model x(t) and the local models {xi (t)}i=1
satisfy:

∀i = 1, · · · , p, kx(t) − xi (t)k ≤
kxi (t + 1) − xi (t)k ≤

p
X

kxj (t) −





t−1
X


2
p
t−1
X
 X

kxj (k + 1) − xj (k)k


xj (τji (t))k2

Proof Indeed, by the definitions in (m-PAPG):
kx(t) − xi (t)k2 =

k=τji (t)

j=1

j=1

j=1

p
X

≤
≤

7


1
kxi (t + 1) − xi (t) + η∇i f xi (t) k2
2η


1
≤ gi z +
z − xi (t) + η∇i f xi (t)
2η



2

.

(19)

(18)

(17)







i=1

i=1

i=1
p
X

p
X

≤

(iv)

≤

(iii)

i gi ,

E


we have

i=1

p
X

kx(k + 1) − x(k)k

kx(k + 1) − x(k)k

9

(22)

(21)

(20)
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t−1
h
i
pL X
kx(k + 1) − x(k)k2 + kx(t + 1) − x(t)k2
2 k=(t−s)

+

t−1
X

k=(t−s)+

t−1
X

k=(t−s)+

kxi (t + 1) − xi (t)k ·

kxi (t + 1) − xi (t)k · Lkx(t) − xi (t)k

kxi (t + 1) − xi (t)k · k∇i f (x(t)) − ∇i f xi (t) k

pLkx(t + 1) − x(t)k ·

√

√

1/η)kx(t + 1) − x(t)k

2

P

xi (t + 1) − xi (t), ∇i f (x(t)) − ∇i f xi (t)

1
2 (L −
p D
X

≤ L·

(ii)

≤

(i)

≤

≤

F x(t + 1) − F x(t) −



Adding up eq. (20) and eq. (19) (for all i) and recall F = f +

L
f x(t + 1) − f x(t) ≤ hx(t + 1) − x(t), ∇f x(t) i + kx(t + 1) − x(t)k2 .
2



Note that if t ∈
/ Ti , then xi (t + 1) = xi (t) and eq. (19) still holds. On the other hand,
Assumption 2 implies that for all t (cf. (11)):

gi xi (t + 1) −gi xi (t)
D
E

1
≤ − kxi (t + 1) − xi (t)k2 − ∇i f xi (t) , xi (t + 1) − xi (t) .
2η



Set z = xi (t) and simplify, we obtain:

gi xi (t + 1) +



Then, from Definition 3 of the proximal map we have for all z ∈ Rdi :

xi (t + 1) = proxηgi xi (t) − η∇i f (xi (t)) .



Proof The last claim follows immediately from eq. (16) and eq. (14), so we only need to
prove (16).
Consider machine i and any t ∈ Ti . Combining eq. (13) with eq. (m-PAPG) gives

“damp” the system to still ensure convergence. The factor

p is another measurement of the
qP
√
2
degree of “dependency” among worker machines: Indeed, we can reduce p to
i Li /L,
where Li is the Lipschitz constant of ∇i f (cf. (21)).

√
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√
pLs
kx(t + 1)−x(t)k2 +
2
+

t−1
pL X
kx(k + 1)−x(k)k2 , (23)
2 k=(t−s)

√

kx(t + 1) − x(t)k2 ≤

then let m → ∞ we deduce


2
[F x(0) − inf F (z)].
√
z
1/η − L − 2 pLs

1√
L(1+2 ps) ,

(24)

(25)

10
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ˆ in eq. (25), however, a
1. Technically, from Theorem 1 we should have the Frechét subdifferential ∂F
standard argument allows us to use the more convenient subdifferential (Rockafellar and Wets, 1997,
Proposition 8.7).

x(k) → x∗ , F (x(k)) → F (x∗ ), 0 ← u(k) ∈ ∂F (x(k)).

Proof It is clear from Theorem 5 that {x(t)} and {xi (t)}, i = 1, . . . , p, share the same set
of limit points, and we need to show that any limit point of {x(t)} is also a critical point
of F .
Let x∗ be a limit point of {x(t)}. By Theorem 1 it suffices to exhibit a sequence x(k)
satisfying1

Theorem 7 Consider the same setting as in Theorem 5. Then, the sequences {x(t)} and
{xi (t)}, i = 1, . . . , p, generated by m-PAPG share the same set of limit points, which is a
subset of crit F .

The first assertion of the above theorem states that the global sequence x(t) has square
summable successive differences, while the second assertion implies that both the successive
difference of the global sequence and the inconsistency between the local sequences and the
global sequence diminish as the number of iterations grows. These two conclusions provide
a prelimenary stability guarantee for m-PAPG.
Next, we prove that the limit points (if exist) of the sequences x(t) and xi (t), i = 1, . . . , p
coincide, and they are critical points of F . Recall that the set of critical points of the
function F is denoted as crit F .

By Assumption 1, F is bounded from below, hence the right-hand side is finite.

t=0

∞
X

Therefore, if we choose 0 < η <

+

t−1
X
X
L m−1
kx(k + 1) − x(k)k2
2 t=0 k=(t−s)

m−1
X
1
√
≤ (L + 2 pLs − 1/η)
kx(t + 1) − x(t)k2 .
2
t=0

+

m−1
X


1
√
kx(t + 1) − x(t)k2
F x(m) − F x(0) ≤ (L + pLs − 1/η)
2
t=0

where (i) is due to the L-Lipschitz continuity of ∇f , (ii) follows from eq. (14), (iii) is the
2
2
Cauchy-Schwarz inequality, and (iv) follows from the elementary inequality ab ≤ a +b
2 .
Summing the above inequality over t from 0 to m − 1 and rearranging we obtain

≤
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(26)

max

t∈[tm ,tm +s]

t→∞



t
X

k=(t−2s)+

kx(k + 1) − x(k)k,

(30)

(31)

Therefore, by eq. (30) and

lim dist∂F (x(t+1)) (0) ≤ lim ku(t + 1) + ∇f (x(t + 1))k = 0.

lim

lim

max

limt→∞ kx(t

m→∞ t∈[tm −s,tm +s]∩Ti

max

max

m→∞ t∈[tm −s,tm +s]∩Ti

≤ L lim

max

kx(t) − x∗ k = 0.

kx∗ − x(t)k + kx(t) − xi (t)k = 0.



kx∗ − xi (t)k

k∇i f (xi (t)) − ∇i f (x∗ )k

max

m→∞ t∈[tm −s,tm +s]∩Ti

gi (xi (t + 1)) =

max

t∈[t̂m ,tm +s]∩Ti

gi (xi (t + 1)) ≤ gi (xi∗ ).

12

gi (xi (t + 1)) ≤

max

gi (xi (t + 1)),

(33)

(34)

(35)
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t∈[tm −s,tm +s]∩Ti

Denote t̂m ∈ Ti as the largest element such that t̂m ≤ tm . Note that tm − s ≤ t̂m due to the
constraint on the maximum delay. It then follows that

lim sup

By Assumption 5, [tm − s, tm + s] ∩ Ti 6= ∅ for all i. We can now take the limsup on both
sides of eq. (32) and utilize eqs. (33) and (34) to obtain that

m→∞ t∈[tm −s,tm +s]∩Ti

m→∞ t∈[tm −s,tm +s]∩Ti

≤ L lim



Moreover, note that limt→∞ kx(t) − xi (t)k = 0. Then, the above equation further implies
that

limm→∞ kx(tm )

We note that the above inequality holds only for the iterations t ∈ Ti . Next, observe that
− x∗ k = 0. Since
+ 1) − x(t)k = 0, we further conclude that


1
1
gi (xi (t + 1)) ≤ gi xi∗ + kxi∗ − xi (t)k2 − kxi (t + 1) − xi (t)k2
2η
2η
+ hx∗ − x (t + 1), ∇ f (xi (t))i
i
i
i

1
1
= gi xi∗ + kxi∗ − xi (t)k2 − kxi (t + 1) − xi (t)k2
(32)
2η
2η
+ hxi∗ − xi (t + 1), ∇i f (x∗ )i + hxi∗ − xi (t + 1), ∇i f (xi (t)) − ∇i f (x∗ )i.

Recall that x∗ is a limit point of {x(t)}, thus there exists a subsequence x(tm ) → x∗ .
Next we verify the function value convergence in eq. (25). The challenge here is that the
component function g is only closed, hence may not be continuous. For any t ∈ Ti , applying
eq. (18) with z = xi∗ and rearranging gives

t→∞

where u(t + 1) = u1 (t + 1), . . . , up (t + 1) ∈ ∂g(x(t + 1)).
Theorem 5 we deduce

√

Zhou, Yu, Dai, Liang and Xing

∈ ∂gi (xi (t̂ + 1)).

Asynchronous Distributed Proximal Gradient Algorithm

i

+ 1)) −

∇i f (x(t̂))k
+ Lkx(t̂ + 1) − x(t̂)k

(27)

(29)

p( η1 + 2L)

where the last inequality uses the fact that t − s ≤ t̂ ≤ t. Observing that the right hand side
of the above inequality does not depend on i, we can sum the square of the above inequality
over i and further conclude that

h

+

k∇i f (x(t̂


kx(k + 1) − x(k)k

ku(t + 1) + ∇f (x(t + 1))k ≤

Let us first construct the subgradient sequence u(k). Consider machine i and any t̂ ∈ Ti ,
the optimality condition of eq. (17) gives

+ 1) +

∇i f (x(t̂))k


ui (t̂ + 1) := − η1 xi (t̂ + 1) − xi (t̂) + η∇i f xi (t̂)
It then follows that

kui (t̂
i

xi (t̂ + 1) − xi (t̂) + ∇i f xi (t̂) − ∇i f x(t̂)
+ 1) − xi (t̂)k + Lkxi (t̂) − x(t̂)k + Lkx(t̂ + 1) − x(t̂)k

h

1
η kxi (t̂

1
η

kui (t̂ + 1) + ∇i f (x(t̂ + 1))k
≤

≤

(i)

≤

(ii)

k=(t̂−s)+

kx(k + 1) − x(k)k,

+ 1) − xi (t̂)k + L

t̂
X

1
η kxi (t̂

(iii)

≤

t̂
X

kx(k + 1) − x(k)k

+ 1) − xi (t̂)k + L
t
X
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kx(k + 1) − x(k)k,

(28)

where (i) and (ii) are due to the L-Lipschitz continuity of ∇f , and (iii) follows from eq. (14).
Next, consider any other t 6∈ Ti and t ≥ s, we denote t̂ as the largest element in the set
{k ≤ t : k ∈ Ti }. By Assumption 5 t̂ always exists and t − t̂ ≤ s. Since no update is
performed on machine i at any clock in [t̂ + 1, t], we have xi (t + 1) = xi (t̂ + 1). Thus, we
can choose ui (t + 1) = ui (t̂ + 1) ∈ ∂gi (xi (t̂ + 1)) = ∂gi (xi (t + 1)), and obtain
kui (t + 1) + ∇i f (x(t + 1))−ui (t̂ + 1) − ∇i f (x(t̂ + 1))k

Lkx(k + 1) − x(k)k.

k∇i f (x(k + 1)) − ∇i f (x(k))k

k∇i f (x(k + 1)) − ∇i f (x(k))k

t
X

k=(t−s+1)+

t
X

k=t̂+1

t
X

= k∇i f (x(t + 1)) − ∇i f (x(t̂ + 1))k

≤
≤
≤

k=(t−s+1)+

1
η kxi (t̂

+L

k=(t−2s)+

t
X

k=(t−s+1)+

+ 2L)

k=(t̂−s)+

Combining the two cases in eq. (27) and eq. (29), we have for all t and all i:
kui (t + 1) + ∇i f (x(t + 1))k ≤

≤

( η1

11

gi (xi (t + 1)) ≤ gi (x∗i ).

(36)

(37)

m→∞
i

X

gi (xi (km )) = F (x∗ ).

(38)

13
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Assumption 6 (Convex) The functions f and g in (P) are convex.

In this section we prove that the global sequence {x(t)} produced by m-PAPG converges
periodically linearly to a global minimizer, by assuming an error bound condition on the objective function in (P) and a convexity assumption that serves to simplify the presentation:

5. Convergence under Error Bound

Theorem 7 further justifies m-PAPG by showing that any limit point it produces is
necessarily a critical point. Of course, for convex functions any critical point is a global
minimizer. The closest result to Theorem 5 and Theorem 7 we are aware of is (Bertsekas
and Tsitsiklis, 1989, Proposition 7.5.3), where essentially the same conclusion was reached
but under the much more restrictive assumption that g is an indicator function of a product
convex set. Thus, our result is new even when g is a convex function such as the `1 norm
that is widely used to promote sparsity. Furthermore, we allow g to be any closed separable
function (convex or not), covering the many recent nonconvex regularization functions in
machine learning and statistics (see e.g. Fan and Li (2001); Mazumder et al. (2011); Zhang
(2010); Zhang and Zhang (2012)). We also note that the proof of Theorem 7 (for nonconvex
g) involves significantly new ideas beyond those of Bertsekas and Tsitsiklis (1989).
We note that the existence of limit points can be guaranteed, for instance, if {x(t)} is
bounded or the sublevel set {x | F (x) ≤ α} is bounded for all α ∈ R. However, we have yet
to prove that the sequence {x(t)} generated by m-PAPG does converge to one of the critical
points, and we fill this gap under two complementary sets of assumptions on the objective
function in Sections 5 and 6, respectively.

Combining eq. (31), eq. (37) and eq. (38) we know from Theorem 1 that x∗ ∈ crit F .

m→∞

lim F (x(km )) = lim f (x(km )) +

m→∞

from the closedness of the function gi (cf. Assumption 3) that lim inf gi (xi (km )) ≥ gi (x∗i ),
m→∞
thus in fact lim gi (xi (km )) = gi (x∗i ). Since f is continuous, we know

m→∞

From eq. (36) we know for all i, lim sup gi (xi (km )) ≤ gi (x∗i ). On the other hand, it follows

∗

x(km ) → x .

To complete the proof, choose any km ∈ [tm , tm + s]. Since x(tm ) → x∗ , Theorem 5
implies that

m→∞ t∈[tm ,tm +s]

max

(39)

(40)

k=(t−s−1)+

kx(k + 1) − x(k)k2 ,

x

where aη and b are given in (53) below.
14

0 ≤ A(t + s + 1) ≤ aη B(t + s + 1) + bB(t),

(42)

(41)

JMLR 19(19):1-32, 2018

√
√
A(t + s + 1) ≤ A(t) − 12 ( η1 − L − 2sL p)B(t + s + 1) + 12 sL pB(t)

Lemma 8 Let Assumptions 1 to 7 hold. Then, we have

In the following key lemma we relate the gap quantities defined above inductively.

B(t) :=

t−1
X

A(t) := F (x(t)) − F ∗ , F ∗ := inf F (x),

where F ∗ is the minimum value of F and µ > 0 is a constant. In general, the error
bound condition in eq. (39) is not exclusive to convex functions. For instance, it holds for
f (x) = 12 kxk2 and any function g that has a unique global minimizer at 0 (such as the
cardinality function g(x) = kxk0 ). However, it is often quite challenging to establish the
error bound condition for a large family of nonconvex functions.
We define the following nonnegative quantities that measure the progress of m-PAPG:

Quadratic growth : F (x) − F ∗ ≥ µ · dist2crit F (x),

Restricted strong convexity : hx − proxg (x), x − projcrit F (x)i ≥ µ · dist2crit F (x),

where f is strongly convex (i.e., f − µ2 k · k2 is convex for some µ > 0), A is a linear map, and
g is either an indicator function of a convex set Luo and Tseng (1993) or the `p norm for
p ∈ [1, 2] ∪ {∞} Zhou et al. (2015). Many machine learning formulations such as Lasso and
sparse logistic regression fit into this form. In fact, for convex functions F taking such form,
the error bound condition in eq. (39) is recently shown to be equivalent to the following
conditions Drusvyatskiy and Lewis (2016); Zhang (2016):

F (x) = f (Ax) + g(x),

Equation (39) is a proximal extension of the Luo-Tseng error bound Luo and Tseng
(1993) where g is the indicator function of a closed convex set. A prototypic convex function
F satisfying (39) is the following:

where recall that crit F is the set of critical points of F .

distcrit F (x) ≤ κkx − proxg (x − ∇f (x))k,

Assumption 7 (Error Bound) For every α > 0, there exist δ, κ > 0 such that for all
x ∈ Rd with f (x) ≤ α and kx − proxg (x − ∇f (x))k ≤ δ,

Note that for convex functions g the proximal mapping proxηg is single valued for any η > 0.
The error bound condition we need is as follows:

where the first equality is due to the fact that no update is performed during [t̂m , tm ] and
machine i updates only at its active clocks Ti , and the second inequality uses the fact that
t̂m ≥ tm − s. Hence, we further obtain from (35) that

lim sup
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(44)

(43)

Proof The first inequality is obtained by summing the inequality eq. (23) over t, t+1, · · · , t+
s. So we need only prove the second inequality.
Let us introduce some notations to simplify the proof. For each machine i let ti be the
largest clock in [t, t + s] ∩ Ti , and denote


z = x1 (t1 ), . . . , xp (tp )

z+ = x1 (t1 + 1), . . . , xp (tp + 1) = x1 (t + s + 1), . . . , xp (t + s + 1) ,

(45)

where the last equality is due to the maximality of each ti . From the optimality condition
of the proximal map zi+ = proxgηi (zi − η∇i f (xi (ti ))) we deduce
η −1 (zi − zi+ ) − ∇i f (xi (ti )) ∈ ∂gi (zi+ ).
p
X
p
X

i=1

L +
kz − z̄k2 ,
2

hzi+ − z̄i , η −1 (zi − zi+ ) − ∇i f (xi (ti ))i,

hzi+ − z̄i , ∇i f (z̄)i +

Since the gradient of f is L-Lipschitz continuous and the function g is convex, we obtain
f (z+ ) − f (z̄) ≤
g(z+ ) − g(z̄) ≤
i=1

p
X
i=1

hzi+ − z̄i , ∇i f (z̄) + η −1 (zi − zi+ ) − ∇i f (xi (ti ))i

− zi k2 + kzi − z̄i k2 +

#

− z̄k2 ,

− zi k2 + k∇i f (xi (ti )) − ∇i f (z̄)k2
L2 kxi

(ti )

i

where we define z̄ := projcrit F (z), i.e., the projection of z onto the set of critical points of
F , and the last inequality follows from eq. (45). Adding up the above two inequalities we
obtain

p
X
i=1

p
h
X

4

kzi+

p
X

η −2 kzi+

[kzi+ − zi k + kzi − z̄i k][k∇i f (xi (ti )) − ∇i f (z̄)k + η −1 kzi − zi+ k]

F (z+ ) − F ∗ − L2 kz+ − z̄k2 ≤
(i)

≤

(ii)

≤
"

i=1

≤ 4 kz̄ − zk2 + (1 + η −2 )kz+ − zk2 +

i=1

− zk2 + 4L2

p
X
i=1

p
X
i=1

kxi (ti ) − z̄k2

(46)
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kxi (ti )−z̄k2 ,

[(L+4+ η42 )kxi (ti +1)−xi (ti )k2 +4L2 kxi (ti )−z̄k2 ],

4
)kz+
η2

where (i) is due to the Cauchy-Schwarz inequality and the triangle inequality, (ii) is due to
the elementary inequality (a + b)(c + d) ≤ 4(a2 + b2 + c2 + d2 ), and the last inequality is due
to the L-Lipschitz continuity of ∇f . Using again the triangle inequality we obtain from the
above inequality that

p
X
i=1

F (z+ ) − F ∗ ≤ (L + 4)kz̄ − zk2 + (L + 4 +
(i)

= (L+4)kz̄−zk2 +
(ii)

≤ (L+4)kz̄−zk2 + (L+4+ η42 )B(t + s + 1) + 4L2
15
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≤ (L+4+8L2 p)kz̄−zk2 + (L+4+ η42 )B(t + s + 1) + 8L2

p
X

i=1

kxi (ti )−zk2 ,

(47)

where (i) is due to our definition of z and z+ in (43) and (44), and (ii) is due to the fact
that ti ∈ [t, t + s] for all i.
We next bound the terms kz̄ − zk2 and kxi (ti ) − zk2 . We recall that xi (ti ) corresponds
to the local model on machine i at the iteration ti . Since ti ∈ Ti , the update rule for the
i-th machine implies that

kxi (ti + 1) − xi (ti )k = kproxgηi (xi (ti ) − η∇i f (xi (ti ))) − xi (ti )k

≥ kproxgηi (xi (ti ) − η∇i f (z)) − xi (ti )k

− kproxgηi (xi (ti ) − η∇i f (xi (ti ))) − proxgηi (xi (ti ) − η∇i f (z))k

≥ kproxgηi (xi (ti ) − η∇i f (z)) − xi (ti )k − ηLkz − xi (ti )k,

(i)

i2

i2

kxi (ti + 1) − xi (ti )k|2 + η 2 L2 kz − xi (ti )k2 .

kxi (ti + 1) − xi (ti )k + ηLkz − xi (ti )k

p h
X

i=1

p h
X

i=1

i

(49)

(48)

where (i) follows from the non-expansiveness of proxgη (recall that g is convex) and the
L-Lipschitz continuity of ∇f . Rearranging the above inequality and summing over all i, we
obtain
kproxgη (z − η∇f (z)) − zk2 ≤

≤2

xj (k + 1) − xj (k)

2

X

kxj (k + 1) − xj (k)k

max{tj ,τji (ti )}−1

k=min{tj ,τji (ti )}

X

max{tj ,τji (ti )}−1

kxj (tj ) − xj (τji (ti ))k2

p h
X

kxj (k + 1) − xj (k)k2

kx(k + 1) − x(k)k2

k=t−s

t+s−1
X

k=min{tj ,τji (ti )}

2s

t+s−1
X

j=1

p
X

j=1

j=1

p
X

j=1

p
X

The last term kz − xi (ti )k2 can be further bounded as follows:
kz − xi (ti )k2 =
=

≤
(i)

≤

= 2s

k=t−s

≤ 2s[B(t) + B(t + s + 1)],

(50)

where (i) is due to the fact that tj ∈ [t, t + s] and τji (ti ) ∈ [t − s, t + s]. Combining (48) and
(49) we obtain
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kproxgη (z − η∇f (z)) − zk2 ≤ 2B(t + s + 1) + 4psη 2 L2 [B(t) + B(t + s + 1)].

16

2

2

2
(2
η2

+ 4κ + κL),

i=1

(54)

(53)

(52)

kxi (ti )−zk2 ,

(55)

17
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The error bound condition considered in the previous section is not easy to verify in general.
It has been discovered recently that the error bound condition is equivalent to other notions
in optimization that can be verified in alternative ways Drusvyatskiy and Lewis (2016);

6. Convergence with KL inequality

Hence, the gaps A(t) and B(t) that measure the progress of m-PAPG decrease by a
constant factor (1 − γη) for every s + 1 steps, which makes intuitive sense since in the
worst case each worker machine only performs one update in every s + 1 steps. In other
words, (s + 1) is the natural time scale for measuring progress here. Note that since
kx(t + s + 1) − x(t)k2 ≤ (s + 1)B(t + s + 1), it follows easily that the global sequence
x(t) and consequently also the local sequences {xi (t)} all converge to the same limit point
in crit F at a (s + 1)-periodically linear rate.

where C1 , C2 , γ < 1/η are positive constants.

A(r(s + 1)) ≤ C1 (1 − γη)r , B(r(s + 1)) ≤ C2 (1 − γη)r ,

Theorem 9 Let Assumptions 1 to 7 hold. Then, there exists some η0 > 0 such that if 0 <
η < η0 , then the sequences {A(t), B(t)} generated by m-PAPG satisfy for all r = 0, 1, 2, · · ·

Theorem 8 improves the analysis of Tseng (1991) in three aspects: (1) it is shorter
and simpler; (2) it allows any convex function g; and (3) the leading coefficient for B(t) is
reduced from O(1/η) to O(1). The two recursive relations in Lemma 8, as shown in (Tseng,
1991, Lemma 4.5), easily imply the following convergence guarantee.

b = 16psL + 4psκL (L + 4 + 8L p).

2

aη = L + 4 + 16psL2 + 4psκL2 (L + 4 + 8L2 p) +

where the coefficients are

≤ aη B(t + s + 1) + bB(t),

≤ (L+4 + 8L2 p)kz̄−zk2 + (L+4+ η42 )B(t+s+1) + 8L2

F (x(t+s+1)) − F ∗ = F (z+ ) − F ∗
p
X

(56)

(57)

t=0

∞
X

18

kx(t + 1) − x(t)k < ∞,
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(58)

Theorem 11 (Finite Length) Let Assumptions 1 to 5 and 8 hold for m-PAPG,and let
F satisfy the KL property in Theorem 10. Then, with step size η ∈ 0, L(1+21 √ps) , every
bounded sequence {x(t)} generated by m-PAPG satisfies

The sufficient decrease assumption is automatically satisfied in many descent algorithms,
e.g., the proximal gradient algorithm. However, in the partially asynchronous parallel (PAP)
setting, it is highly nontrivial to satisfy the sufficient decrease assumption because of the
complication due to communication delays and update skips. Note also that none of the
worker machines actually has access to the global sequence x(t), so even verifying the
sufficient decrease property is not trivial. To simplify the presentation, we first analyze the
performance of m-PAPG using the KL inequality and taking the sufficient decrease property
for granted, and later we we will give some verifiable conditions to justify this simplification.
Our first result in this section strengthens the convergence properties in Theorems 5
and 7 for m-PAPG:

F (x(t + 1)) ≤ F (x(t)) − αkx(t + 1) − x(t)k2 .

Assumption 8 (Sufficient decrease) There exists α > 0 such that for all large t,

The KL inequality in eq. (56) is an important tool to bound the trajectory length of a
dynamical system (see Bolte et al. (2010); Kurdyka (1998) and the references therein for
some historic developments). It has recently been used to analyze discrete-time algorithms
in Absil et al. (2005) and proximal algorithms in Attouch and Bolte (2009); Attouch et al.
(2010); Bolte et al. (2014). As we shall see, the function ϕ will serve as a Lyapunov potential
function. Quite conveniently, most practical functions, in particular, the quasi-norm k · kp
for positive rational p, as well as convex functions with certain growth conditions, are KL.
For a more detailed discussion of KL functions, including many familiar examples, see (Bolte
et al., 2014, Section 5) and (Attouch et al., 2010, Section 4).
Following the recipe in Bolte et al. (2014), we need the following assumption to guarantee
the algorithm is making sufficient progress:

where the function ϕ : [0, λ) → R+ , 0 7→ 0, is continuous, concave, and has continuous and
positive derivative ϕ0 on (0, λ).

ϕ0 (h(x) − h(x̄)) · dist∂h(x) (0) ≥ 1,

Definition 10 (KL property, (Bolte et al., 2014, Lemma 6)) Let Ω ⊂ domh be a
compact set on which the function h is a constant. We say that h satisfies the KL property
if there exist ε, λ > 0 such that for all x̄ ∈ Ω and all x ∈ {z ∈ Rd : distΩ (z) < ε} ∩ [z :
h(x̄) < h(z) < h(x̄) + λ], it holds that

kz̄ − zk2 ≤ κkz − proxg (z − ∇f (z))k2 ≤ κη −2 kz − proxηg (z − η∇f (z))k2 .

Finally, combining (46), (49), (50) and (51) we arrive at:

Zhang (2016), see e.g. (40). However, for nonconvex functions, sometimes even the simple
ones, it remains a challenging task to verify if the error bound condition holds. This failure
motivates us to investigate another property, the Kurdyka-Lojasiewicz (KL) inequality, that
has been shown to be quite effective in dealing with nonconvex functions.

Thanks to Theorem 5, we know for t sufficiently large, kproxηg (z−η∇f (z))−zk ≤ ηδ. Since
the function η 7→ η1 kproxηg (z−η∇f (z))−zk is monotonically decreasing Sra (2012), we can
apply the error bound condition in Assumption 7 for η < 1 and t sufficiently large, and
obtain
(51)
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∞
X

t=0

kxi (t + 1) − xi (t)k < ∞.
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∀i = 1, . . . , p,
p
Furthermore, {x(t)} and {xi (t)}i=1
converge to the same critical point of F .

t
X

n
X

kx(t + 1) − x(t)k.

kx(k + 1) − x(k)k

kx(k + 1) − x(k)k.

t=0

n
X

t=0 k=(t−s)+

t
X

k=(t−s)+

Proof We first show that eq. (58) implies eq. (59). Indeed, recall from (15):
kxi (t + 1) − xi (t)k ≤

kxi (t + 1) − xi (t)k ≤

Therefore, summing for t = 0, 1, · · · , n gives
n
X

t=0

≤ (2s + 1)

p

X
1
kx(t + 1) − x(t)k2 −
h∇i f (xi (t)), x(t + 1) − x(t)i.
2η
i=1

(59)

The claim then follows by letting n tend to infinity.
p
coincide and are critical points
By Theorem 5, the limit points of {x(t)} and {xi (t)}i=1
of F . Thus, the only thing left to prove is the finite length property in eq. (58). By
Assumption 8 and Assumption 1, the objective value F (x(t)) decreases to a finite limit
F ∗ . Since {x(t)} is assumed to be bounded, the set of its limit points Ω is nonempty and
compact. Summing eq. (18) over all i and set z ∈ Ω, we obtain
g(x(t + 1)) ≤ g(z) −





(61)

(60)

Note that x(t + 1) − x(t) → 0. Also, since {x(t)} is bounded and x(t) − xi (t) → 0
p
are all bounded. we then take limsup on both sides and obtain that
for all i, {xi (t)}i=1
lim supt→∞ g(x(t + 1)) ≤ g(z). Together with the closedness of g we further obtain that
limt→∞ g(x(t+1)) = g(z). Note that f is continuous, we thus conclude that limt→∞ F (x(t+
1)) = F (z) for all z ∈ Ω. Note that F (x(t)) ↓ F ∗ . Thus for all x∗ ∈ Ω, we have F (x∗ ) ≡ F ∗ .
Now fix ε > 0. Since Ω is compact, for t sufficiently large we have distΩ (x(t)) ≤ ε. We now
have all ingredients to apply the KL inequality in Theorem 10: for all sufficiently large t,


ϕ0 F (x(t)) − F ∗ · dist∂F (x(t)) (0) ≥ 1.

Since ϕ is concave, we obtain





∆t,t+1 := ϕ F (x(t)) − F ∗ − ϕ F (x(t + 1)) − F ∗

αkx(t + 1) − x(t)k2
,
dist∂F (x(t)) (0)

≥ ϕ0 F (x(t)) − F ∗ F (x(t)) − F (x(t + 1))
≥

(i)

where (i) follows from Assumption 8 and eq. (60). It is clear that the function
√ ϕ (composed
with F ) serves as a Lyapunov function. Using the elementary inequality 2 ab ≤ a + b we
obtain from eq. (61) that for t sufficiently large,
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2kx(t + 1) − x(t)k ≤ αδ ∆t,t+1 + 1δ dist∂F (x(t)) (0),
19
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where δ > 0 will be specified later. Recalling the bound for ∂F (x(t)) in eq. (30), and
summing over t from m (sufficiently large) to n gives:

(i)

t=m

n
 X
δ
ϕ F (x(m)) − F ∗ +
α
t=m

+

t
X
p(1/η + 2L)
kx(k + 1) − x(k)k
δ
k=(t−2s)

n
n
n
X
X
X
δ
1
2
kx(t + 1) − x(t)k ≤
∆
+
dist∂F (x(t)) (0)
t,t+1
α
δ
t=m
√
t=m

≤

√
m−1
X
 (2s + 1) p(1/η + 2L)
δ
≤ ϕ F (x(m)) − F ∗ +
kx(k + 1) − x(k)k
α
δ
k=(m−2s)+
√
n
(2s + 1) p(1/η + 2L) X
kx(t + 1) − x(t)k,
δ
t=m
+

kx(t + 1) − x(t)k ≤

k=(m−2s)+

m−1
X

kx(k + 1) − x(k)k.

√

(2s + 1) p(1/η + 2L)
ϕ F (x(m)) − F ∗
α

√
where (i) is due to eq. (30). Setting δ = (2s + 1) p(1/η + 2L) and rearranging gives

n
X

t=m

+

Since the right-hand side is finite, let n tend to infinity completes the proof for eq. (58).

Compared with (16) in Theorem 5, we now have the successive differences to be absolutely summable (instead of square summable). This is a significantly stronger result as it
immediately implies that the whole sequence is Cauchy and hence convergent, whereas we
cannot get the same conclusion from the square summable property in Theorem 5. We note
that local maxima are excluded from being the limit in Theorem 11, due to Assumption 8.
Also, the boundedness assumption on the trajectory {x(t)} is easy to satisfy, for instance,
when F has bounded sublevel sets. We refer to (Attouch et al., 2010, Remark 3.3) for more
conditions that imply the boundedness condition. Moreover, following similar arguments
in Attouch et al. (2010) we can also determine the local convergence rates of the sequences
generated by m-PAPG.
In the remaining part of this section we provide some justifications for the sufficient
decrease property in Assumption 8. For simplicity we assume all worker machines perform
updates in each time step t:
Assumption 9 ∀i = 1, · · · , p, ∀t, t ∈ Ti .
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Note that Assumption 9 is commonly adopted in the analysis of many recent parallel systems
Agarwal and Duchi (2011); Feyzmahdavian et al. (2014); Ho et al. (2013); Li et al. (2014);
Liu and Wright (2015); Recht et al. (2011). In fact, Assumption 9 is somewhat necessary
to justify Assumption 8. This is because Assumption 8 requires a sufficient decrease of the
function value at every iteration k, which may not hold under the PAP as all machines can
be idle for s iterations in the worst case. In other words, to achieve convergence of {xk }k

20

∆η (x) ∈

proxηg (x

− η∇f (x)) − x.

k∆η (x(t)) − ∆η (x(t + 1))k ≤ Lη kx(t) − x(t + 1)k,
(62)



k∆η (x) − ∆η (z)k ≤

η(Lf + Lg )
kz − xk,
1 − ηLg
η(Lf +Lg )
1−ηLg

∈ O(η) ⊆ o(1),

21
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2. Should the proximal map be multi-valued, we contend with any single-valued selection.

when 0 < η < 1/Lg . Clearly, when η is mall, the leading coefficient
and our proof is complete.

Rearranging we obtain

≤ ηLg k∆η (z) − ∆η (x)k + η(Lf + Lg )kz − xk.

≤ ηLg kz − x + ∆η (z) − ∆η (x)k + ηLf kz − xk

k∆η (x) − ∆η (z)k = kη∇g z + ∆η (z) − η∇g x + ∆η (x) + η∇f (z) − η∇f (x)k



z + ∆η (z) + η∇g z + ∆η (z) = z − η∇f (z).



Subtracting one inequality from another, we obtain

and similarly

x + ∆η (x) + η∇g x + ∆η (x) = x − η∇f (x),



Proof Let us denote Lf and Lg as the Lipschitz constant of the gradient ∇f and ∇g,
respectively. Since ∆η (x) ∈ proxηg (x − η∇f (x)) − x, using the optimality condition for the
proximal map, see for instance (Yu et al., 2015, Proposition 7(iii)), we have

Lemma 12 Suppose the functions f and g both have Lipschitz continuous gradient, then
Assumption 10 holds for any sequence {x(t)}.

The proximal Lipschitz assumption is motivated by the special case where g ≡ 0 and
hence ∆η (x) = −η∇f (x) is η-Lipschitz, thanks to Assumption 2. As we have seen in previous sections, Lipschitz continuity plays a crucial role in our proof where a major difficulty
is to control the inconsistencies among different worker machines due to communication delays. Similarly here, the proximal Lipschitz property, as we show next, allows us to remove
the sufficient decrease property in Assumption 8—the seemingly strong assumption that we
needed in proving our main result Theorem 11.
Let us first present a quick justification for Assumption 10.

where2

Assumption 10 (Proximal Lipschitz) We say a pair of functions f and g satisfy the
proximal Lipschitz property on a sequence {x(t)} if for all η sufficiently small, there exists
Lη ∈ o(1), i.e. Lη → 0 as η → 0, such that for all large t,

It is clear that Lemma 12 captures the motivating case g ≡ 0, but also many other important
functions, such as the widely-used regularization function g = k · kpp for any p > 1. We can
now continue with our next result in this section.

to a critical point in nonconvex optimization under the KL inequality, the parallel system
should make a steady progress per-iteration. As we show next, this is guaranteed under
Assumptions 9 and 10.
We will replace the sufficient decrease property in Assumption 8 with the following key
property that turns out to be easier to verify:

2

i=1

!

kx(k + 1) − x(k)k,

(63)

where C =
n yields

C

rs+1 −1
r−1

kx(k + 1) − x(k)k ≥ Ckx(t + 1) − x(t)k,

(64)

t=T

n
X

kx(t + 1) − x(t)k ≤

22

t
X

t=T k=(t−s)+

n
X
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kx(k + 1) − x(k)k

> s + 1 (since r > 1 and w.l.o.g. s > 0). Summing the index t from T to

k=(t−s)+

t
X

where (i) is due to Assumption 9 hence t ∈ Ti for all t, (ii) follows from Assumption 10,
and (iii) is due to (15).
If for some r > 1 there exists some T such that for all t ≥ T ,

k=(t−s)+

t
X

Lη kxi (t) − xi (t + 1)k

∆η (xi (t)) − ∆η (xi (t + 1))

k(xi (t + 1) − xi (t)) − (xi (t + 2) − xi (t + 1))k

i=1
p
X

i=1
p
X

p
X

≤ 2pLη kx(t + 1) − x(t)k ·

(iii)

≤ 2 kx(t + 1) − x(t)k

(ii)

≤ 2 kx(t + 1) − x(t)k ·

(i)

≤ 2 kx(t + 1) − x(t)k ·

≤ 2 kx(t + 1) − x(t)k · k(x(t + 1) − x(t)) − (x(t + 2) − x(t + 1))k

kx(t + 1)−x(t)k2 − kx(t + 2) − x(t + 1)k2

r −1
Theorem 13 assumes that Lη ≤ 2pr
2 C 2 . We note that Lη implicitly depends on the stepsize
η, i.e., Lη → 0 as η → 0 (see Assumption 10). Thus, one can tune the stepsize η to be
small enough such that Lη satisfies the requirement. As an example, if g = kxk22 , then one
can calculate that Lη = O(η). In this case, we should choose the stepsize to be roughly
r2 −1
η ≤ 2pr
2C2 .
Proof Using the elementary inequality kak2 − kbk2 ≤ 2kakka − bk, we have for all t:

2

r −1
holds with Lη ≤ 2pr
2 C 2 , and the global sequence {x(t)} is bounded, then the finite length
properties in (58) and (59) hold. Then, Assumption 8 holds, and consequently, {x(t)} and
{xi (t)}pi=1 converge to the same critical point of F based on Theorem 11.

Theorem 13 Let Assumptions 1 to 4 and 9 hold for m-PAPG, and let F satisfy the KL
s+1
property in Theorem 10. Fix any r > 1 with C = r r−1−1 and step size η such that η <
1
i
√
√
L(1+2 pC+2 ps) . If for each local sequence {x (t)} generated by m-PAPG, Assumption 10
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n
X

kx(t + 1) − x(t)k .

kx(t + 1) − x(t)k ,

t=(T −s)+

TX
−1

t=(T −s)+

kx(t + 1) − x(t)k ≤ (s + 1)

≤ (s + 1)
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n
X

which after rearranging terms becomes
(C − s − 1)
t=T

kx(t + 1) − x(t)k < ∞,

Since the right hand side does not depend on n, letting n tend to infinity we conclude
∞
X

t=0

kx(k + 1) − x(k)k ≤ Ckx(t + 1) − x(t)k ≤ C 2 kx(t + 1) − x(t)k,

(65)

(66)

and the proof of the finite length property would be complete.
Therefore, in the remaining part of the proof, we can assume (64) fails for infinitely
many t. Take any such t = t̂, we have
t
X

k=(t−s)+

since C > 1. Combining (63) and (66) we have for t = t̂:
kx(t + 1) − x(t)k2 − kx(t + 2) − x(t + 1)k2 ≤ 2pLη C 2 kx(t + 1) − x(t)k2


1
≤ 1 − 2 kx(t + 1) − x(t)k2 ,
r

(67)

if η is small enough (recall that Lη = o(1)). After rearranging terms we conclude that for
t = t̂:
kx(t + 1) − x(t)k ≤ rkx(t + 2) − x(t + 1)k.

kx(k+1)−x(k)k =

t̂
X

t̂
X

kx(k + 1) − x(k)k +

m
X

kx(k + 1) − x(k)k



rm−k kx(m+1)−x(m)k

k=t̂+1
m
X

k=t̂+1
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rm−k kx(m + 1) − x(m)k
rm−k kx(m + 1) − x(m)k

k=t̂+1

m
X

kx(k+1)−x(k)k +
k=(t̂−s)+



k=(m−s)+

Using induction we can continue the same process for any t ≥ t̂. Indeed, suppose (67) is
true for any t ≤ m − 1, then (63) holds (for any t), and (66) also holds: If m ≤ t̂ + s, then
m
X

k=(m−s)+

≤

(i)

(ii)

k=t̂

m
X

≤ C kx(t̂ + 1) − x(t̂)k +
(iii)

≤ C

≤ C 2 kx(m + 1) − x(m)k,

(iv)
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pLkx(t + 1) − x(t)k

t−1
X

√

pCLkx(t + 1) − x(t)k2 .

kx(k + 1) − x(k)k.

where (i) is due to the induction hypothesis, (ii) is due to the definition of t̂ and the fact
that C > 1, (iii) is due to again the induction hypothesis, and finally (iv) is due to the
definition of C (recall m ≤ t̂ + s). If m > t̂ + s, the same inequality, with C 2 replaced by C,
would still hold (essentially dropping all the first terms on the right hand side of the above
inequalities). Thus, (63) and (66) would imply again (67) for t = m.
Lastly, we recall from eq. (22) that for large t,

√

F x(t + 1) − F x(t) ≤ 21 (L − 1/η)kx(t + 1) − x(t)k2
+

k=(t−s)+

≤ 21 (L − 1/η)kx(t + 1) − x(t)k2 +

≤ −αkx(t + 1) − x(t)k2 ,
√
where α = 21 (1/η − L − 2 pCL) > 0 if η is small. Hence, the sufficient decrease property
in Assumption 8 is verified and the finite length properties follow from Theorem 11.

Lastly, we show that Assumption 10 also holds for the important cardinality function
kxk0 (number of nonzero entries).

Lemma 14 Consider the same setting as in Theorem 5, then Assumption 10 holds for any
function f and g = k · k0 on all local sequences {xi (t)} of m-PAPG.

(
√
zj , if |zj | > 2η
.
0, otherwise

(68)

Proof The crucial observation here is that for the cardinality function g = k·k0 , its proximal
map on the j-th entry can be chosen as:
proxgηj (zj ) =
t→∞

However, Theorem 5 implies that lim kxi (t + 1) − xi (t)k = 0. Thus, for t sufficiently large,

X

kproxgηj (xji (t + 1) − η∇j f (xi (t + 1))) − xji (t + 1)
j∈Ω

kη∇j f (xi (t + 1)) − η∇j f (xi (t))k
j∈Ω

− proxgηj (xji (t) − η∇j f (xi (t))) − xji (t)k
X

the sequence {xi (t)} will have the same support Ω (indices that have nonzero entries), for
√
otherwise kxi (t + 1) − xi (t)k ≥ 2η even if one index in the support changes. Therefore,
(i)

k∆η (xi (t + 1)) − ∆η (xi (t))k ≤

(ii)

≤

≤ ηpLkxi (t + 1) − xi (t)k,

(iii)

where (i) is the triangle inequality, (ii) uses the property of the proximal map (68), and (iii)
is due to Assumption 2.
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Note that similar results as Theorem 14 can be derived for the rank function, and
more generally for functions whose proximal map is discontinuous with pieces satisfying
Theorem 12 (for instance, the group cardinality norm k · k0,2 ).
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(69)

(70)

τ i (t)

}

minx∈Rd

1
2 kAx

− bk2 + λkxk0,2 ,

(73)

∆j (k)
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{z

Aj I{k∈Tj } Uj (xj (k)),

j=1 k=0 |

p X
j
X

In this section, we empirically verify the convergence properties and time efficiency of mPAPG. All data are generated via normal distribution with the columns being normalized
to have unit norm. We first test the convergence properties of m-PAPG via a non-convex
Lasso problem with the group regularizer k · k0,2 , which takes the form

8. Experiments

25

Aj [xi (t)]j =

(72)

We summarize the above economical implementation in Algorithm 1, where N denotes
the aggregated matrix-vector product. The storage cost for each worker machine is O(ndi )
(for storing Ai only). Each iteration requires two matrix-vector products that cost O(ndi )
in the dense case, and the communication of a length n vector between the server and the
worker machines. Note that the cost is significantly lower than the direct implementation.

N ← N + ∆i (t).

where recall that machine i only has access to a delayed copy xj (τji (t)) of the parameters
in machine j. Hence, to evaluate the matrix-vector product, every machine needs to accumulate ∆j (k) over all machines upto a delayed clock. Thus, we aggregate ∆j (t) ∈ Rn on
the parameter server whenever it is generated and sent by the worker machines. In details,

j=1

p
X

(71)

Note that machine i does not maintain or update other blocks of parameters xj (t), j 6= i.
Lastly, machine i computes and sends the vector ∆i (t) = Ai Ui (xi (t)) ∈ Rn to the server,
and the server immediately performs the aggregation:

xi (t + 1) = xi (t) + Ui (xi (t)).

the worker machines first pull this matrix-vector product (denoted as N) from the server to
conduct the local computation in eq. (70). Then machine i performs the local update:

Algorithm 1 Economic Implementation of m-PAPG
1: For the server:
2:
while recieves update ∆i from machine i do
3:
N ← N + ∆i
4:
end while
5:
while machine i sends a pull request do
6:
send N to machine i
7:
end while
8: For machine i at active clock t ∈ Ti :
9:
pull N from the server

0
10:
Ui ← proxηgi xi − ηA>
i f (N) − xi
11:
send ∆i = Ai Ui to the server
12:
update xi ← xi + Ui

Zhou, Yu, Dai, Liang and Xing

where we set sample size n = 1000 and dimension size d = 2000, and the group norm divides
the whole model into 20 groups with equal dimension. We use 4 machines (cores) with each
handling five groups of coordinates, and consider maximal staleness s = 0, 10, 20, 30, respectively. To better demonstrate the effect of staleness, we let machines only communicate
when exceed the maximum staleness. This can be viewed as the worst case communication
scheme and a larger s brings more staleness into the system. We set the learning rate to

Axi (t) =

Since machine i is in charge of updating the i-th block xi (t) of the global model, it suffices
to have the matrix-vector product Axi (t) to compute the local update in eq. (70) . If we
initialize ∀i, xi (0) ≡ 0, then Axi (t) can be written in a cumulative form as

0
i
Ui (xi (t)) = proxηgi xi (t) − ηA>
i f (Ax (t)) − xi (t).



where A ∈ Rn×d corresponds to the data matrix. Typically f : Rn → R is the likelihood
function and g : Rd → R is the regularizer. The data matrix A consists of n sample
points and we have suppressed the labels in classification or the responses in regression.
Support vector machines (SVM), Lasso, logistic regression, boosting, etc., all fit under this
framework. Our interest here is when the model dimension d is much higher than the
number of samples n (d can be up to hundreds of millions and n can be up to millions).
This is also the usual setup in many computational biology and health care problems.
A direct implementation of m-PAPG can be inefficient in terms of both network communication and parameter storage. First, each machine needs to communicate with every
other machine to synchronize the model blocks. This leads to a peer-to-peer network topology and result in a dense connection when the system holds hundreds of machines. Second,
each machine needs to keep a local copy of the full model (i.e. xi (t)), which incurs a high
storage cost when the dimension is high. Note that the local models xi (t) are kept solely
for the convenience of evaluating the partial gradient ∇i f : Rd → Rdi . For some problems
such as the Lasso, a seemingly workaround is to pre-compute the Hessian H = A> A and
distribute the corresponding row blocks of H to each worker machine. This scheme, however, is problematic in the high dimensional setting: the pre-computation of the Hessian
can be very costly, and each row block of H has a very large size (di × d).
The above issues can be avoided by exploiting the structure of the linear model in
eq. (69) and adopting the parameter server distributed system Ho et al. (2013); Li et al.
(2014). The system dedicates a central server to store the key parameters, and let each
worker machine to communicate only with the server. To be specific, we partition the data
matrix A into p column blocks A = [A1 , . . . , Ap ] and distribute the block Ai ∈ Rn×di to
machine i Boyd et al. (2010); Richtárik and Takáč (to appear) . Note the local update
computed by machine i at the t-th iteration is

minx∈Rd f (Ax) + g(x),

In this section, we provide an economical implementation of m-PAPG on a distributed
system for the widely used linear models:

7. Economical Implementation for Linear Models
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Figure 2: Efficiency of m-PAPG on a large scale Lasso problem.
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(74)

Next, we verify the time and communication efficiency of m-PAPG via an l1 regularized
quadratic programming problem with very high dimensions, taking the form

0

percentage

28
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We have proposed m-PAPG as an extension of the proximal gradient algorithm to the
model parallel and partially asynchronous setting. m-PAPG allows worker machines to
operate asynchronously as long as they are not too far apart, hence greatly improves the
system throughput. The convergence properties of m-PAPG are thoroughly analyzed. In
particular, we proved that: 1) every limit point of the sequences generated by m-PAPG
is a critical point of the objective function; 2) under an additional error bound condition,
the function values decay periodically linearly; 3) under the additional Kurdyka-Lojasiewicz
inequality, the sequences generated by m-PAPG converge to the same critical point, provided
that a proximal Lipschitz condition is satisfied. In the future we plan to further weaken
the proximal Lipschitz condition so that our analysis can handle many more nonsmooth
functions.

9. Conclusion
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have the form η(αs) = 1/(Lf + 2Lαs), α > 0, that is, a linear dependency on staleness
s as suggested by Theorem 5. Then we run Algorithm 1 with different staleness and use
η(0), η(10), η ∗ (αs), respectively, where η ∗ (αs) is the largest step size we tuned for each s
that achieves a stable convergence. We track the global model x(t) and plot the results
in Figure 1. Note that with the large step size η(0) all instances (with nonzero staleness)
diverge hence are not presented. With η(10) (Figure 1, left), the staleness does not substantially affect the convergence in terms of the objective value. We note that the objective
curves converge to slightly different minimal values due to the non-convexity of problem
(73). With η ∗ (αs) (Figure 1, middle), it can be observed that adding a slight penalty αs
on the learning rate suffices to achieve a stable convergence, and the penalty grows as s
increases, which is intuitive since a larger staleness requires a smaller step size to cancel the
inconsistency. In particular, for s = 10 the best convergence is comparable to the bulk synchronized case s = 0. (Figure 1, right) further shows the asymptotic convergence behavior
of the global model x(t) under the step size η ∗ (αs). It is clear that a linear convergence is
eventually attained, which confirms the finite length property in Theorem 11.

200

We generate samples of size n = 1Million and dimension d = 100Millions. We implement
Algorithm 1 on Petuum Ho et al. (2013); Dai et al. (2014) — a stale synchronous parallel
system which updates the local parameter caches via stale synchronous communications.
The system contains 100 computing nodes and each is equipped with 16 AMD Opteron
processors and 16GB RAM linked by 1Gbps ethernet. We fix the learning rate η = 10−3
and consider maximum staleness s = 0, 1, 3, 5, 7, respectively. (Figure 2, left) shows that periteration progress is virtually indistinguishable among various staleness settings, which is
consistent with our previous experiment. (Figure 2, middle) shows that system throughput
is significantly higher when we introduce staleness. This is due to lower synchronization
overheads, which offsets any potential loss due to staleness in progress per iteration. We also
track the distributions of staleness during the experiments, where we record in N the clocks
of the freshest updates that accumulate from all the machines. Then whenever a machine
pulls N from the server, it compares its local clock with these clocks and records the clock
differences. (Figure 2, right) shows the distributions of staleness under different maximal
staleness settings. Observe that bulk synchronous (s = 0) peaks at staleness 0 by design,
and the distribution concentrates in small staleness area due to the eager communication
mechanism of Petuum. It can be seen that a small amount of staleness is sufficient to relax
the communication bottlenecks without affecting the iterative convergence rate much.
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Figure 1: Convergence curves of m-PAPG under different staleness parameter s and step
size η.
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The restriction to bounded suboptimality gaps is necessary to allow an algorithm to choose each arm at
least once without suffering arbitrarily large regret. Generally problems with small suboptimality√gaps
are the most interesting. Provided that n ≥ k it is known that all algorithms suffer RnWC = Ω( kn)
(Auer et al., 1995).

RnWC =

Worst-case optimality The worst-case regret of a strategy is the value of the regret it suffers when
faced with the worst possible µ.

Because the regret depends on the unknown payoff vector, no strategy can hope to make the regret
small for all µ simultaneously. There are a number of performance metrics in the literature, two of
which are described below along with a new one. To spoil the surprise, the strategy introduced in the
present article is simultaneously optimal with respect to all of them.

Let k > 1 be the number of bandits (or arms) and µ ∈ Rk be the unknown vector of mean
payoffs so that µi ∈ R is the expected payoff when playing the ith bandit (or arm). In each
round t ∈ [n] = {1, 2, . . . , n} the player chooses an arm At ∈ [k] based on past observations and
(optionally) an independent source of randomness. After making her choice, the player observes a
payoff Xt = µAt + ηt where η1 , η2 , . . . , ηn is a sequence of independent standard Gaussian random
variables. It is standard to minimise the expected pseudo-regret (from now on, just the regret). Let
∆i (µ) = maxj µj − µi be the suboptimality gap for the ith arm. The regret over n rounds is
" n
#
X
Rn (µ) = E
∆At (µ) .

1. Introduction

Keywords Stochastic bandits, sequential decision making, regret minimisation.

This paper introduces the first strategy for stochastic bandits with unit variance Gaussian noise that
is simultaneously minimax optimal up to constant factors, asymptotically optimal, and never worse
than the classical upper confidence bound strategy up to universal constant factors. Preliminary
empirical evidence is also promising. Besides this, a conjecture on the optimal form of the regret is
shown to be false and a finite-time lower bound on the regret of any strategy is presented that very
nearly matches the finite-time upper bound of the newly proposed strategy.
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Rn (µ)
=
log(n)
i:∆i (µ)>0

X
2
∆i (µ)
for all µ ∈ Rd .

i=1

k
X

∆i (µ) + C2

i:∆i (µ)>0

X

log(n)
.
∆i (µ)

(1)

2
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for all µ with maxi ∆i (µ) ≤ 1/2 (Lattimore and Szepesvári, 2018). This means that if you demand a
reasonable worst case bound, then the instance-dependent regret cannot be much better than sub-UCB.
Note that the first sum in Eq. (1) is unavoidable for policies that always choose each arm at least
once, which is also necessary for any algorithm to have reasonable worst case regret. The finite-time
world is not as clean as the asymptotic and it is not easy to decide how tight Eq. (2) might be, which
justifies the additional constant-factor allowance in Eq. (1) and the removal of the (typically negative)
second logarithm term. The second justification for using Eq. (1) as a yardstick is that it is forgiving
and yet recent policies that are minimax optimal up to constant factors do not satisfy it. One of the
core contributions of this article is to correct these deficiencies. Note that Eq. (2) depends quite
weakly on the worst case regret and is meaningful as long as RnWC = O(np ) for p not too close to 1.
None of these criteria are perfect by themselves. Asymptotic optimality is achievable by
policies with outrageous burn-in time and/or large minimax regret, minimax optimal policies may be
unreasonably conservative on easy problems and sub-UCB policies may be far from asymptotically
optimal.

i:∆i (µ)>0

Of course UCB (Auer et al., 2002) satisfies Eq. (1), along with many other policies as shown in
Table 2 in Appendix E, which outlines the long history of algorithms for stochastic finite-armed
bandits. The study of this new metric can be justified in several ways. First, it provides a forgiving
finite-time analogue of asymptotic optimality. Lai and Robbins (1985) derived asymptotic optimality
by making a restriction on policies (the consistent ones). Consistency is an asymptotic notion, so it is
not surprising that the resulting lower bound is also asymptotic. The sub-UCB notion is suggested by
making a finite-time restriction on the worst case regret. Precisely, for any strategy the finite-time
instance-dependent regret can be bounded in terms of the worst case regret by





n
 2 log
+ 2 log ε∆8i (µ) 
X
WC
Rn
Rn (µ) ≥ sup
max 0,
(2)


(1 + ε)∆i (µ)
ε∈(0,1]

Rn (µ) ≤ C1

The sub-UCB criteria While asymptotic analysis is quite insightful, the ultimate quantity of interest
is the finite-time regret. To make a stab at quantifying this I say an algorithm is sub-UCB if there
exist universal constants C1 , C2 > 0 such that for all k, n and µ it holds that

The name is justified by the existence of policies satisfying the definition and lower bounds by Lai
and Robbins (1985) and Burnetas and Katehakis (1996) showing that consistent policies (those with
sub-polynomial regret on all µ) cannot do better.

lim

n→∞

Asymptotic optimality The worst-case regret obscures interesting structure in the problem that
becomes relevant in practice. This motivates the study of a problem-dependent metric, which demands
that strategies have smaller regret on ‘easier’ bandit instances. A strategy is called asymptotically
optimal if

L ATTIMORE
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from information theoretic limits of the problem. Similar approaches have been used before, for
example, by Agrawal et al. (1989) for reinforcement learning, and by Garivier and Kaufmann (2016)
for pure exploration in bandits. One interesting consequence of this approach is that ADA - UCB is
not a true index strategy in the sense that γi (t) depends on random variables associated with other
arms. An intriguing open question is whether or not there exists an index strategy for which all three
performance criteria are met. A minor observation is that it is not clear whether or not a true index
strategy should be allowed to depend on t or just on n − t and the samples from the given arm.
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(

min 1,

s

)

.

k
X
j=1



∆i
min 1,
∆j

and

4

λi = 1 +

1
log
∆i2



n∆i2
ki



.
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The main theorem is below, which gives the best known finite-time guarantee for any strategy, as
well as all three optimality criteria defined in the introduction.

ki =

Regret bound The theorem statement has a more complicated form than previous regret bounds
for finite-armed bandits, mainly because it correctly deals with the case where there are many
near-optimal arms that cannot be statistically identified within the time horizon. Define ki and λi by

The algorithm follows by maintaining a list of arms sorted by Ti (t) and applying the above
observations to incrementally updatePthe indices. If all details are addressed carefully, then the
k
computation required in round t is O( i=1
1 {Ti (t − 1) ≥ TAt (t − 1)}), which in the worst case is
O(k), but can be much smaller when a single arm is played significantly more often than any other.

(c) The index of At can be computed trivially in order k time.

(b) For arms i with Ti (t − 1) p
> TAt (t − 1) the value ofp
Ki (t − 1) may be computed incrementally
by Ki (t) = Ki (t − 1) − (TAt (t) − 1)/Ti (t) + TAt (t)/Ti (t).

(a) If Ti (t − 1) ≤ TAt (t − 1), then γi (t + 1) = γi (t).

Computation A naive implementation of ADA - UCB requires a computation time that is quadratic in
the number of arms in each round. Fortunately an incremental implementation leads to an algorithm
with linear computation time by noting that:

Relation to other algorithms The index is the same
majority
t
as that used by Katehakis and Robbins (1995) except
Lai (1987)
n/Ti
that log(t) has been replaced by log(n/Hi (t − 1)).
Honda and Takemura (2010) t/Ti
The change from log(·) to log(·) is quite minor.
Audibert and Bubeck (2009) n/(kTi )
Such inflations of the logarithmic term are typical
Degenne and Perchet (2016) t/(kTi )
for algorithms with finite-time guarantees. The main
Lattimore (2015a)
n/t
difference between ADA - UCB and previous work is the
Table 1: Confidence levels
term inside the logarithm, often called the confidence
level. The most common choice is the current round t, which is used by various versions of UCB,
KL - UCB and BAYES - UCB (Katehakis and Robbins, 1995; Burnetas and Katehakis, 1996; Agrawal,
1995; Auer et al., 2002; Kaufmann et al., 2012; Cappé et al., 2013). Already in the early work by Lai
(1987) there appeared an unnamed variant of UCB for which the confidence level was n/Ti (t − 1).
Due to its similarity to KL - UCB (Cappé et al., 2013) this algorithm will be called KL - UCB* from now
on. A variety of other choices have been used as shown in Table 1.

Contributions The main contribution is a new strategy called ADA - UCB (‘adaptive UCB’) and
analysis showing it is asymptotically optimal, minimax optimal and sub-UCB. No other algorithm is
simultaneously minimax optimal and sub-UCB (see Table 2). Results are specialised to the Gaussian
case with unit variance, but upper bounds can be generalised to subgaussian noise with known
subgaussian constant at the price of increased constants (without losing asymptotic optimality) and
longer proofs. The latter justifies the specialisation because it allows for an elegant concentration
analysis via an embedding of Gaussian random walks into Brownian motion. Also included:
(a) Finite-time lower bounds showing the new strategy is close to optimal.
(b) A conjecture by Bubeck and Cesa-Bianchi (2012) is proven false.
(c) A generic analysis for a large class of strategies simplifying the analysis for existing strategies.
Beyond the concrete results, the approach used for deriving ADA - UCB by examining lower bounds
will likely generalise to other noise models, and indeed, other sequential optimisation problems
with an exploration/exploitation flavour. The contents of this article combines the best parts of two
technical reports with improved results, intuition and analysis (Lattimore, 2015a, 2016b).
Notation For natural number n let [n] = {1, 2, . . . , n}. Binary minimums and maximums are
abbreviated by ∧ and ∨ respectively. The complement of event A is Ac . Except where otherwise
stated, it is assumed without loss of generality that µ1 ≥ µ2 ≥ . . . ≥ µk . None of the proposed
strategies depend on the labelling of the arms, so if this is not the case the indices can simply be
re-ordered. The dependence of the suboptimality gap on the mean vector will usually be omitted
when the context is clear: ∆i = ∆i (µ) = maxP
j µj − µi . Occasionally it is convenient to define
t
µk+1 = −∞ and ∆k+1 = ∞. Let Ti (t) =
s=1 1{As =i} be the number of times arm i has
Pt
been chosen after round t and µ̂i (t) =
s=1 1{As =i} Xs /Ti (t) be the corresponding empirical
estimate of its return. Let µ̂i,s be the empirical estimate of the mean of arm i after s samples
from that arm so that µ̂i,Ti (t) = µ̂i (t). Define σ-algebra Ft = σ(ξ, X1 , . . . , Xt ) to contain the
information available to the strategy after round t, where ξ is an independent source of randomness
that allows for randomness in the strategy. This means that formally a strategy is a sequence of
random variables (At )t such that At is Ft−1 -measurable. It is assumed throughout that n ≥ k.
Finally, let log(x) = log((x + e) log1/2 (x + e)). A table of notation is available in Table 3 in the
appendix.

2. The strategy

j=1

k
X

n
Hi (t − 1)

Ki (t) =

Tj (t)
Ti (t)

The ADA - UCB strategy chooses each arm once in arbitrary order for the first k rounds and
subsequently At = arg maxi∈[k] γi (t) where the index of arm i in round t is:
s


,
and

2
log
Ti (t − 1)

Hi (t) = Ti (t)Ki (t)

γi (t) = µ̂i (t − 1) +

with
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At first sight the new index seems overly complicated. After the statement of the main regret
guarantee I show how the strategy is derived in a principled fashion from lower bounds obtained
3

m=1

i:∆i >0

X 2
Rn (µ)
=
.
log(n)
∆i

2 log(1/δ)
.
(2∆i )2
(4)

n∆i 0
P (Ti (n) ≤ n/2) & n∆i δ/2 .
2
(5)

j:∆j >0

j:∆j >0

5

j6=i
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2C log(n) X 1
2C log(n) X
∆i
2Cki log(n)
δ.
≤
.
0 =
2
n∆i
∆
∆
+
∆
n∆
n∆2i
j
i
j
i
0

where the approximation follows because ∆0j ∈ [0, 2] has been assumed. By Eqs. (5) and (6):

j:∆j >0

Assuming the strategy is sub-UCB, then there exists a (hopefully small) constant C > 0 such that
!
X
X log(n)
log(n)
∆0j +
≈C
,
(6)
Rn (µ0 ) ≤ C
0
∆
∆0j
j
0
0

Rn (µ0 ) ≥

Since µ and µ0 are only different in the ith coordinate, the problem of minimising the regret is
essentially equivalent to a hypothesis test on the mean of the ith arm, which satisfies |µ0i − µi | = 2∆i .
Using this idea, a standard information-theoretic argument (see the section on lower bounds for formal
details) shows that P0 (Ti (n) ≤ n/2) & δ. Abbreviate ∆0i = ∆i (µ0 ). Since ∆0j = µ0i − µ0j ≥ ∆i for
all j 6= i it holds that

E[Ti (n)] =

Intuition for bound and strategy Let µ ∈ [0, 1]k and i be a suboptimal arm so that ∆i = ∆i (µ) >
0. Set µ0 ∈ [0, 2]k equal to µ except for µ0i = µi + 2∆i , which means that arm i has the largest mean
for the bandit determined by µ0 . Provided that n is sufficiently large, a sub-UCB strategy should play
arm i logarithmically often if the mean payoff vector is µ, and linearly often for µ0 . Let E and E0 and
P and P0 denote the measures on the outcomes A1 , X1 , . . . , An , Xn when the strategy interacts with
the bandits determined by µ and µ0 respectively. Let δ ∈ (0, 1] be such that

Remark 2 The assumption on the order of the arms is purely for cosmetic purposes. The algorithm
does not need this ordering and treats all arms symmetrically.

n→∞

(c) ADA - UCB is asymptotically optimal: lim

√
(a) ADA - UCB is minimax optimal up to constant factors: RnWC ≤ C 0 kn .

X 
log(n)
(b) ADA - UCB is sub-UCB: Rn (µ) ≤ C
∆m +
.
∆m

m:∆m >0

m>i

n
n

1
, 1
∆2i ∆i ∆j

o=

n∆2i
.
ki

6

ζi (∆) = 1 + max {s : µ̂i,s > µi + ∆} .
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(8)

Before the proof a little more notation is required. For each i and ∆ > 0 let ζi (∆) be a random
variable given by

P
(a) limn→∞ Rn (µ)/ log(n) = i:∆i >0 ∆2i .
q

(b) If b ≤ k, then RnWC ≤ C nk 1 + log ka where C > 0 is a universal constant.

Furthermore:

i>`

Theorem 3 For any ε ∈ (0, 1/2) and 1 ≤ ` ≤ k, the regret of the strategy in Eq. (7) is at most
 2  


n∆
2 log a i
X
2c1 b
1
1


 .
Rn (µ) ≤ n∆` + 2
+
1+ 2 +
2∆i +
ε ∆`+1
∆i
ε
(1 − 2ε)2

where Ji (t − 1) is Ft−1 -measurable and Ji (t − 1) ∈ [a, b] almost surely for constants 0 < a ≤ b.
Except for minor differences in the leading constant and the logarithmic term, this index is the same
as MOSS if Ji (t − 1) = k, KL - UCB* if Ji (t − 1) = 1 and ADA - UCB if Ji (t − 1) = Ki (t − 1).

The primary purpose of this section is to prove part (c) of Theorem 1. Along the way, a finitetime regret bound for a whole class of strategies is derived, including slightly modified versions
of KL - UCB* (Lai, 1987) and the MOSS (Minimax Optimal in the Stochastic Setting, Audibert and
Bubeck 2009). The analysis leads to an optimal worst-case analysis of MOSS and KL - UCB*, but
not ADA - UCB. The following theorem holds for the class of index strategies that choose At = t for
1 ≤ t ≤ k and subsequently maximise
s


2
n
log
,
(7)
γi (t) = µ̂i (t − 1) +
Ti (t − 1)
Ji (t − 1)Ti (t − 1)

3. Asymptotic analysis

The implication is that the index dynamically tunes its confidence level using the pull counts to
loosely estimate the gaps. The ideas in this section are made formal in the proof of Theorem 1 or the
lower bound (§5).

j=1 min

n
n
= Pk
≈P
p

k
Hi (t − 1)
min
T
(t
−
1),
Ti (t − 1)Tj (t − 1)
i
j=1

The regret guarantee given in Theorem 1 is now justified up to constant factors and an extraneous
additive log
Plog(·) term by substituting the above display into Eq. (4) and writing the regret as
Rn (µ) = ki=1 ∆i E[Ti (n)]. The idea behind ADA - UCB is to use the approximation ∆−2
i ≈ Ti (t−1).
The approximation is poor when t is small, but becomes reasonable at the critical time when
arm i should no longer be played. Specifically, if Ti (t − 1) ≈ ∆−2
i , then we should expect
−2
−2
Tj (t − 1) ≈ min{Ti (t − 1), ∆−2
j } ≈ min{∆i , ∆j }. Then

Theorem 1 Assume that µ1 ≥ µ2 ≥ · · · ≥ µk . Then there exists a universal constant C > 0 such
that the regret of ADA - UCB is bounded by
!
i
X
X
¯i +
¯i = 1
Rn (µ) ≤ C min n∆
∆m λ m ,
where ∆
∆m .
(3)
i
i∈[k]

Furthermore:
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for all 1 ≤ s ≤ n ,



(9)

which together with Eq. (12) and Eq. (11) completes the proof of the first part. The asymptotic result
follows by choosing ` = max{i : ∆i = 0} and ε = log−1/4 (n). The equality follows by the lower
bound of Lai and Robbins (1985). The worst-case bound follows by choosing ε = 1/4 and tuning
the cut-off `.

n
2
log
≤ µ1 − ∆
s
bs

c1 bhλ (1/x2 )
c1 b
.
=
n
nx2

n∆i2
a

8
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The proof starts with (b), the main component of which is showing for suboptimal arms i that Hi (t)
grows at a reasonable rate. As discussed, this means showing that other arms are played sufficiently
often. The following definitions spell out which arms will be played reasonably often. For each arm i

(b) Show that the index of each suboptimal arm drops below the mean of the optimal arm after not
too many plays with high probability.

(a) Show that with high probability the index of the optimal arm is never much smaller than its
mean.

In this section the remainder of Theorem 1 is proven. The argument is quite long, but never terribly
complicated. The main novel challenge is to deal with the dependence of the index of one arm on the
number of plays of other arms. The usual program for analysing strategies based on upper confidence
bounds has two parts:

4. Finite-time analysis

Remark 4 An empirical study in this problem was given in a previous technical report (Lattimore,
2015a). In practice the failure does not become extreme until k is very large (approximately 1000).

√
For MOSS, however, the regret on this problem is Ω( nk) = Ω(k 2 ), which for large k is arbitrarily
worse than UCB. A vague explanation of the poor performance is that although there are k arms,
all but two of them are so suboptimal that effectively it is a two-armed bandit. And yet MOSS is
heavily tuned for the k-armed case and suffers as a consequence. A more precise argument is that
distinguishing the first and second arms requires T (t) ≈ T (t) ≈ 1/∆2 = k 2 . But after playing
2
1
2
these arms roughly k 2 times each the confidence level is n/(kTi (t)) ≈ 1 and
√ the likelihood of
misidentification is large enough that the regret is Ω(n∆2 ) = Ω(k 2 ) = Ω( nk). Note that for
we would expect Ki (t) ≈ 2 and the confidence level is approximately n/k 2 = k, which is
exactly as large as necessary.

Rn = O (k log(k)) .

Clearly, ζi (∆) is surely monotone non-increasing in ∆ and may be upper bounded in expectation
using Lemma 13 in the appendix.
Proof [of Theorem 3] Let ∆ ∈ R be the smallest value such that
r
µ̂1,s +

P (∆ ≥ x) ≤

2
1
, ζi (ε∆i ),
log
∆i2
(1 − 2ε)2 ∆i2
.

which is chosen so that γ1 (t) ≥ µ1 − ∆ for all t. By part (a) of Lemma 12 with α = n/b and d = 1
and λ1 = ∞ we have for any x > 0 that

∆i Ti (n)

i>`

ADA - UCB

The failure of MOSS Notice that if Ji (t − 1) = k, then a = b = k and except for a smaller inflated
logarithm the resulting policy is the same as the variant proposed by Ménard and Garivier (2017).
The troublesome term in the regret is the second term, which when ` = 1 is approximately k/∆2 . By
contrast, for more conservative strategies this term is approximately 1/∆2 , which is negligible. An
especially challenging regime is when ∆2 = 1/k and ∆i = 1 for i > 2. Suppose now that n = k 3
and k is large, then the regret of UCB on this problem should be

Define random variable
Λi = 1 + max

E[Λi ] ≤ 2 +

The definitions of the policy, Λi and ∆ ensure that if ∆i > ∆/ε, then Ti (n) ≤ Λi and by Lemma 13,



n∆2
2 log a i
1 
1
.
1+ 2 +
(10)
ε
(1 − 2ε)2
∆i2

i=1

Hence the regret of the strategy maximising the index in Eq. (7) is
" k
#
X

Rn (µ) = E

i>`

dx
2c1 b
= 2
,
x2
ε ∆`+1
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(12)

"
#
"
#
"
#




k
k
X̀
X
X
∆
∆
=E
∆i Ti (n) + E
1 ∆i ≤
∆i Ti (n) + E
1 ∆i >
∆i Ti (n)
ε
ε
i=1
i=`+1
i=`+1

 X
n∆
∆i E [Λi ] .
(11)
≤ n∆` + E
1 {∆ ≥ ε∆`+1 } +
ε

∆i E [Λi ] ≤

The last expectation in Eq. (11) is bounded using Eq. (10),

 


n∆2
2 log a i
X
X
 .
2∆i + 1 1 + 1 +
∆i
ε2
(1 − 2ε)2
i>`

b

Given an arbitrary random variable X and constant b ∈ R it holds that
Z ∞
P (X ≥ x) dx .

E[X] ≤ bP (X ≥ b) +

ε∆`+1

ε∆`+1

The first expectation in Eq. (11) is bounded by combining the above display with Eq. (9),
Z ∞
P (∆ ≥ x) dx
c1 b
c1 b
+
ε2 ∆`+1
ε

n
n
E [∆1 {∆ ≥ ε∆ }] ≤ n∆ P (∆ ≥ ε∆`+1 ) +
`+1
`+1
ε
ε
Z ∞

≤

7

j ∈ Vi :

1≤s≤∆−2
i

min

µ̂j,s +

2
log
s


n∆i
√
ki s


−

r
2
≥ µj
s

)
.

(14)

(13)

i∈[k]

m>i

m∈Wi

Hi (t−1)

n
Hi (t−1)

Ti (t − 1)
.

4 log



n
o
p
min Ti (t − 1), Ti (t − 1)Tm (t − 1)

n
o
p
min Ti (t − 1), Ti (t − 1)Tm (t − 1)
m∈Wi

X

m=1

k
X
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(21)

9

(20)

where Eq. (20) follows from Lemma 5. The first inequality in Eq. (21) follows because log(x) ≥ 1
and the assumption Ti (t − 1) ≥ 128/∆2i , and the second because Fi holds. The result follows via

X



p

Ti (t − 1)/2 
Ti (t − 1)

,
≥
min Ti (t − 1),
1
n


∆m
2 log 2 Hi (t−1)
m∈Wi
n
o
P
8 m∈Wi min ∆12 , ∆i1∆m
ki
i



,
≥
≥
1
1
n
n
2
log 2 Hi (t−1)
∆i log 2 Hi (t−1)

≥

Hi (t − 1) =

Proof If Hi (t − 1) > ki /∆2i , then there is nothing more to do. Otherwise, by Lemma 5

Lemma 6 If Fi holds and Ti (t − 1) ≥ ζi (∆i ) ∨ 128/∆2i and At = i, then




n
n∆2i
≤ 2 log
log
.
Hi (t − 1)
ki

The next lemma uses the previous result to show that if Wi is large enough (Fi holds), then
Hi (t − 1) is reasonably large at the critical point when Ti (t − 1) ≈ 1/∆2i .

Tj (t − 1) ≥

where the first inequality follows from the assumption that Ti (t − 1) ≥ ζi (∆i ), which ensures that
µ1 = µi + ∆i ≥ µ̂i (t − 1). The second follows from Eq. (18). The inequalities in Eq. (19) from the
definition of j ∈ Wi and the assumption that Tj (t − 1) ≥ 1/(2∆2j ). Therefore

where the first inequality is assumed in the lemma statement and the second because Ti (t − 1) ≥
Tj (t − 1) ∨ (1/∆2i ). Therefore if j ∈ Wi , then
s
s




2
n
2
n
µ1 +
≥ µ̂i (t − 1) +
log
log
Ti (t − 1)
Hi (t − 1)
Ti (t − 1)
Hi (t − 1)
s


2
n
= γi (t) ≥ γj (t) = µ̂j (t − 1) +
log
Tj (t − 1)
Tj (t − 1)Kj (t − 1)
v
!
u
u
2
n∆i
p
≥ µ̂j (t − 1) + t
log
Tj (t − 1)
ki Tj (t − 1)
s
s
2
1
≥ µ1 +
(19)
≥ µj +
Tj (t − 1)
2Tj (t − 1)
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Proof If i = j or Tj (t − 1) ≥ Ti (t − 1) or Tj (t − 1) ≥ 1/(2∆2j ), then we are done, so assume from
now on that none of these are true.
s
(
)
k
q
X
ki
Ti (t − 1)
Ti (t − 1)Tm (t − 1)
p
≥ Hi (t − 1) = Tj (t − 1)
min
,
Tj (t − 1)
∆2i
Tj (t − 1)
m=1
s
(
)
p
k
q
Tj (t − 1) X
Kj (t − 1)
Tm (t − 1)
≥
min 1,
= Tj (t − 1)
,
(18)
∆i
Tj (t − 1)
∆i

and Ti (t − 1) ≥ ζi (∆i ) ∨ 1/∆2i , then for all j ∈ Wi ,


 1
Ti (t − 1) 

 .
,
Tj (t − 1) ≥ min
n

 2∆2j 4 log

Lemma 5 If At = i and Hi (t − 1) ≤

ki /∆2i

Recall that ki = m=1 min {1, ∆i /∆m }. So Fi holds if the sum over the restricted set Wi is at most
a factor of 8 smaller. The point is that if j ∈ Vi , then Lemma 12 implies P (j ∈
/ Wi ) ≤ δi ≤ 1/4.
Later this will be combined with Hoeffding’s bound to show that Fi occurs with high probability.
And now the lemmas begin. First up is to show that arms j ∈ Wi are played sufficiently often
relative to arm i. This will then be used to show that Hi (t) grows at the right rate, which leads to the
conclusion of the proof of part (b) in the outline in Lemma 7.

Pk

and so the rest of the proof is devoted to bounding the regret of ADA - UCB in terms of the left-hand-side
of Eq. (16). Define Fi to be the event that the ‘mass’ of Wi is sufficiently large.


X

Fi = 1
min {1, ∆i /∆m } ≥ ki /8 .
(17)



m>`

It is shown in Lemma 21 in the appendix that there exists a universal constant C > 0 such that `
satisfies
!
X
X
¯i +
¯` +
∆m λm ,
(16)
n∆
λm ∆m ≤ C min n∆

The set Wi is a subset of Vi that includes arm i and those arms for which the empirical mean is
always nearly as large as the true mean. We’ll soon see that arms j ∈ Wi will be played sufficiently
often to ensure that Hi (t) grows at the right rate. The exclusion of odd arms with j < i from Vi is
for technical reasons. In order to show that arm i is not played too often we need to show that its
index drops sufficiently fast and that the index of some other arm is sufficiently large. The separation
of the arms allows us to exploit the independence between the arms. Those arms not in Vi will be
used to show that some index is large enough. Define
s
ki
δi = c2
and
` = max {i : δi > 1/4} .
(15)
n∆2i

Wi = {i} ∪

Vi = {j ∈ [k] : j is even or j ≥ i} .
s
(

define a deterministic set of arms Vi ⊂ [k] and random subset Wi ⊆ Vi by
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n∆i2
ki

∆i2

n∆i2

re-arrangement and some algebraic trickery with the log(·) function using Part (v) of Lemma 20 in
the appendix.

= 1 + max

36
128
, ζi (∆i /3), 2 log
∆i2
∆i

For each arm i define random variable Λi that will be shown to be a high probability bound on
Ti (n) and approximately equal to λi in expectation.




181{Fic }

log
,
,

Λi

where ζi (·) is defined in Eq. (8). The next lemma is a simple consequence of the previous two and
shows that if Ti (t − 1) + 1 ≥ Λi , then either arm i is not played or its index is smaller than the mean
of the optimal arm by a margin of at least ∆i /3.
Lemma 7 If Ti (t − 1) + 1 ≥ Λi , then either At 6= i or γi (t) ≤ µ1 − ∆i /3.
Proof If Fi does not occur, then Hi (t − 1) ≥ Ti (t − 1) ≥ 1/∆2 and so
i
v


u
s

n
u
2 log n∆i2
t 2 log Hi (t−1)
∆i
∆i
≤ µi +
+
≤ µ1 −
,
Ti (t − 1)
3
Ti (t − 1)
3

γi (t) = µ̂i (t − 1) +

v


u
n
u
t 2 log Hi (t−1)
Ti (t − 1)

≤ µi +

v
 2
u
n∆
i
u
∆i t 4 log ki
∆i
+
≤ µ1 −
.
3
Ti (t − 1)
3



where the first inequality follows because Ti (t − 1) + 1 ≥ Λi ≥ 1 + ζi (∆i /3) and the second
because Hi (t − 1) = Ti (t − 1)Ki (t − 1) ≥ Ti (t − 1) ≥ 1/∆i2 and the definition of Λi and because
µi + ∆i /3 = µ1 − 2∆i /3. Next suppose that Fi occurs, then either At 6= i and the result is true, or
= i and so by Lemma 6
At

γi (t) = µ̂i (t − 1) +

This essentially completes the first part of the proof by showing that if Ti (t − 1) + 1 ≥ Λi , then
arm i is either not played or its index is not too large. The next step is to show that with reasonable
probability there is some near-optimal arm for which the index is big enough to prevent arm i from
being played. The value of Λi has been carefully chosen to bound the number of times arm i can be
played provided the index of some other arm is always larger than µ1 − ∆i /3. But more than this,
Λi does not depend on the rewards for odd-index arms j < i so is measurable with respect to the
σ-algebra σ(µ̂j,s : j ∈ Vi , 1 ≤ s ≤ n). Define random variable I ∈ [k] to be the arm with the largest
mean such that there exists an odd j < I + 1 with ∆j ≤ ∆I+1 /6 and
v
!
u
u
2
n
∆
I+1
 √
P
min µ̂j,s + t log
> µj −
.
(22)
s
6
sI + m>I min s, sΛm
1≤s≤n
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The definition of I implies that arms i > I will not be played once their index drops far enough
below the mean of the optimal arm. We should hope that I is small with reasonably high probability,
with the best case being I = 1, which occurs when the optimal arm is always optimistic. Notice that
I is well-defined because of the convention that ∆k+1 = ∞. Let E1 be the event that I ≤ `, where `
is given in Eq. (15).
11

i>`
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i=1

Lemma 8 The regret of ADA - UCB is bounded by
"
"
#
#
i
h
X̀
X
∆i Ti (n) .
∆i Λi + nE 1{E1c } ∆I + E 1{E1 }
Rn (µ) ≤ E

k
X

m=1

s



> µj − ∆I+1 /6 ≥ µ1 − ∆I+1 /3 .



q
min Tj (t − 1), Tj (t − 1)Λm .



q
min Tj (t − 1), Tj (t − 1)Tm (t − 1)

X



n
Hj (t − 1)

m>I

2
log
Tj (t − 1)

< Tj (t − 1)I +

Hj (t − 1) =

Proof The first task is to show that Ti (n) < Λi for all i > I, which follows by induction over rounds
k + 1 ≤ t ≤ n. Starting with the base case, note that when t = k + 1 we have Ti (t − 1) = 1 < Λi
for all i. Now suppose for t ≥ k + 1 that Ti (t − 1) < Λi for all i > I. By the definition of I there
must exist an odd j with ∆j ≤ ∆I+1 /6 that satisfies Eq. (22). For this arm we have

Therefore
γj (t) = µ̂j (t − 1) +

k
X

i=1

∆i Ti (n) ≤ E

i>`

∆i Λi + nE[1{E1c } ∆I ] + E 1{E1 }

i=1

It follows that if i > I and Ti (t − 1) + 1 ≥ Λi , then LemmaP7 implies At 6= i. Therefore Ti (t) < Λi
k
for all i > I, which completes the induction. Finally, since i=1
Ti (n) = n and using the definition
of E1 as the event that I ≤ `, the regret may be bounded by
"
#
"
#
"
#
X
X̀
∆i Ti (n) . 
Rn (µ) = E

≤C

"

X

i>`

∆i λi

X̀

i=1

(ii)

#

∆i Ti (n) ≤ C

¯` +
n∆

!

.

¯` +
n∆

∆i λi

≤C

X

i>`

E[1{E1c } ∆I ]

X

i>`

∆i λ i

!

The last step in the proof of Theorem 1 is to bound each of the expectations in Lemma 8.
X

∆i Λ i

Lemma 9 There exists a universal C > 0 such that:
"
#
(i) E

i>`

(iii) E 1{E1 }

36
128
+ 2 log
∆i2
∆i

n∆i2
ki
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The proof of part (i) follows shortly. The proof of part (ii) is deferred to Appendix B. Very briefly,
it follows somewhat directly from part (a) of Lemma 12 (notice the similarity between the lemma
and Eq. (22) that defines ∆I ). Part (iii) would be trivial if one assumed that E[Ti (n)] is monotone
non-increasing in i. This seems likely, but despite significant effort I was only able to show that this
is approximately true using a complicated proof (details are in Appendix C).
Proof [of Lemma 9 (i)] The proof follows by bounding E[Λi ] for each arm i > `. Naively bounding
the max in the definition of Λi by a sum shows that


  

∆i
18P (Fic )
log n∆i2 .
(23)
+ E ζi
+
3
∆i2
E[Λi ] ≤ 1 +

12

(24)

ki log(n)
, 2δ .
n∆2i

k

j=1

δn∆i
1X
=
min
2
4



1 1
,
∆i ∆j



log(n) ≥

j:∆j >0

1 X 1
log(n) .
4 0 ∆0j



∈

Rk

13
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i:∆i >0

1 X 1
and i with ∆i > 0 such that Rn (µ ) ≥
log(n) ,
4 0 ∆0i

0

where µ0i = µi + 2∆i and µ0j = µj for j 6= i and ∆0i = ∆i (µ0 ).

(b) There exists a

µ0

i:∆i >0

14
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By the assumption on Rn (µ) and for suitably small ε we have Rn (µ0 ) = ω(k 2−ε ). But as the
number of arms k → ∞ (and so also the horizon), this cannot be true for any policy satisfying
Eq. (25), or even Eq. (1). Therefore the conjecture is not true.

Proof Let k ≥ 2 and µ1 = 0 and µ2 = −1/k and µi = −1 for i > 2, which implies that
H = k 2 + k − 2 ≥ n. For the rest of the proof we view the horizon n = k 2 to be a function of k.
Suppose that Rn (µ) = o(k log k), which must be true for any strategy witnessing Eq. (25). Then
mini>2 E [Ti (n)] = o(log k). Let i = arg mini>2 E [Ti (n)] and define µ0 to be equal to µ except
for the ith coordinate, which has µ0i = 1. Let A be the event that Ti (n) ≥ n/2 and let P and P0 be
measures on the space of outcomes induced by the interaction between the fixed strategy and the
bandits determined by µ and µ0 respectively. Then for all ε > 0,
 n

n
Rn (µ) + Rn (µ0 ) ≥
P (A) + P0 (Ac ) ≥ exp − KL(P, P0 )
2
4
k2
=
exp (−2E [Ti (n)]) = ω(k 2−ε ) ,
4

I now formalise the intuitive argument for the regret guarantee given in §2. The results show that in a
certain sense the upper bound in Theorem 1 is very close to optimal. The following lower bound
holds for all strategies, but does not give a lower bound for all µ simultaneously. Related results
have been proven by a variety of authors (Kulkarni and Lugosi, 2000; Bubeck et al., 2013; Salomon
et al., 2013; Lattimore, 2015b), with the most related by Garivier et al. (2016b). The most significant
difference between that work and the present article is that the lower-order terms are more carefully
considered here, and besides this, the assumptions, and so also results, are different.

Theorem 10 Fix a strategy and let µ ∈ Rk be such that n∆2i ≥ 2ki log(n) and ∆i ≤ 1 for all i
with ∆i > 0. Then one of the following holds:


1 X 1
n∆2i
(a) Rn (µ) ≥
log
.
2
∆i
2ki log(n)

Theorem 11 There does not exist a strategy for which Eq. (25) holds.

P
where C > 0 is a universal constant and H = i:∆i >0 ∆−2
i is a quantity that appears in the best-arm
identification literature (Bubeck et al., 2009; Audibert and Bubeck, 2010; Jamieson et al., 2014).

i:∆i >0

A conjecture is false It was conjectured by Bubeck and Cesa-Bianchi (2012) that the optimal
regret might have approximately the following form.
 n 
X 
1
Rn (µ) ≤ C
∆i +
for all µ and n and k ,
(25)
log
∆i
H

Rn (µ0 ) ≥

Therefore P0 (Ti (n) < n/2) ≥ δ, which implies that

By Markov’s inequality and Eq. (24) and the fact that ki ≥ 2,


n∆2i
ki log(n)
2E[Ti (n)]
1
log
≤
= δ.
P (Ti (n) ≥ n/2) ≤
≤
2
n
2ki log(n)
n∆i
2n∆2i

P (Ti (n) ≥ n/2) + P0 (Ti (n) < n/2) ≥

Let µ0 be as defined in the second part of the lemma and write P0 and E0 for expectation when rewards
are sampled from µ0 . Then by Lemmas 18 and 19 in Appendix D we have

Proof Suppose that (a) does not hold, then there exists a suboptimal arm i such that


n∆2i
1
log
.
E[Ti (n)] ≤
2ki log(n)
2∆2i
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5. A lower bound

Proof [of Theorem 1] The finite-time bound Eq. (3) follows by substituting the bounds given in
Lemma 9 into Lemma 8 and Eq. (16). Minimax and sub-UCB results are derived as corollaries of
the finite-time bound Eq. (3) via Parts (iii) and (iv) of Lemma 21 in the appendix. The asymptotic
analysis has been given already in §3.

i

which holds because ki ≥ 2 is guaranteed for all suboptimal arms i. The proof is completed
 2  by
n∆
substituting the above display into Eq. (23) and using the definition of λi = 1 + ∆12 log ki i .

The first three terms are non-random. The second last term is bounded using Lemma 13 by
E[ζi (∆i /3)] ≤ 1 + 18/∆2i . For the last term we need to upper bound P (Fic ), where Fi is the
event defined in Eq. (17). In order to do this we need to show that Wi is reasonably large with high
probability. Let χj = 1 {j ∈
/ Wi }, which for j ∈ Vi satisfies E[χj ] ≤ δi ≤ 1/4. Then








X
X
k
k
∆
∆
i
i
i
i
c
<  ≤ P
> 
P (Fi ) = P 
(χj − E[χj ]) min 1,
min 1,
∆j
8
∆j
4
j∈Vi
j∈Wi




ki2
ki


≤ exp − P
,
n
o2  ≤ exp −
8
∆i
8 j∈Vi min 1, ∆
j
P
where the first inequality follows from the facts that E[χj ] ≤ 1/4 and j∈Vi min{1, ∆i /∆j } ≥ ki /2
and the second inequality follows from Hoeffding’s bound and the fact that χj are independent for
j ∈ Vi . Therefore




n∆2i
P (Fic ) log n∆2i ≤ log n∆2i exp (−ki /8) ≤ 4 log
,
ki
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6. Empirical evaluation
ADA - UCB is compared to UCB (Katehakis and Robbins, 1995), MOSS (Ménard and Garivier, 2017),
THOMPSON SAMPLING (Agrawal and Goyal, 2012) and IMED (Honda and Takemura, 2015),1 where
the reference indicates the source of the algorithm. All algorithms choose each arm once and
subsequently:

AtIMED

s

2 log(t)
.
Ti (t − 1)

2
log+
Ti (t − 1)

with θi (t) ∼ N (µ̂i (t − 1), 1/Ti (t − 1)) .




n
n
2
.
log+
1+
kTi (t − 1)
kTi (t − 1)

Ti (t − 1)
(µ̂i (t − 1) − max µ̂j (t − 1))2 + log(Ti (t − 1)) .
= arg min
2
j∈[k]
s

i∈[k]

i∈[k]

AtUCB = arg max µ̂i (t − 1) +

i∈[k]

= arg max θi (t)
i∈[k]
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Figure 1: The regret of various algorithms as a function of ∆ when µ = (∆, 0, . . . , 0) and the
number of arms is 2, 10 and 100 respectively. The y-axis shows the regret averaged over
N independent samples for each data point.
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Alternative noise models and other extensions The most obvious open question is how to
generalise the results to a broader class of noise models and setups. I am quite hopeful that this
is possible for noise from exponential families, though the analysis will necessarily become more
complicated because the divergences become more cumbersome to work with than the squared
distance that is the divergence in the Gaussian case. An alternative direction is to consider the

extracted from the analysis by observing that the high variance is caused by the possibility that an
optimal arm is not sufficiently optimistic, but the probability of this occurring drops exponentially as
the number of optimal arms increases.

Figure 2: The regret of various algorithms as a function of the horizon for the Gaussian bandit with
k = 20 arms and payoff vector µ = (0, -0.03, -0.03, -0.07, -0.07, -0.07, -0.15, -0.15, -0.15,
-0.5, -0.5, -0.5, -0.5, -0.5, -0.5, -0.5, -0.5, -0.5, -1, -1). ADA - UCB is again outperforming
the competitors. Note that IMED and THOMPSON SAMPLING are so similar they cannot be
distinguished in the plot.

Regret

AtMOSS = arg max µ̂i (t − 1) +
TS

At

The logarithmic term used by Ménard and Garivier (2017) in their version of MOSS is larger than
log(·) and this negatively affects its performance. If the variant proposed in Section 3 is used instead,
then it becomes comparable to ADA - UCB on the experiments described below, but still fails on the
computationally expensive experiment given in the previous technical report (Lattimore, 2015a). For
all other algorithms I have chosen the variant for which (a) guarantees exist and (b) the empirical
performance is best. In all plots N indicates the number of independent samples per data point and
confidence bands are calculated at a 95% level. The first three plots in Figure 1 show the regret in the
worst case regime where all suboptimal arms have the same suboptimality gap. Unsurprisingly the
relative advantage of policies with well-tuned confidence levels increases with the p
number of arms. At
its worst, UCB suffers about three times the regret of ADA - UCB. Coincidentally, log(104 ) ≈ 3.03.
Figure 2 shows the regret as a function of the horizon n on a fixed bandit with k = 20 arms (see
caption of figure for means). The regret of ADA - UCB is again a little better than the alternatives.

7. Discussion
Anytime strategies The ADA - UCB strategy depends on the horizon n, which may sometimes be
unknown. The natural idea is to replace n by t, which indeed leads to a reasonable strategy that
enjoys the same guarantees as ADA - UCB provided the log(·) function is replaced by something
fractionally larger. The analysis, however, is significantly longer and is not included. Interested
readers may refer to the technical report (Lattimore, 2016b) for the core ideas, but more work is
required to find a clean proof.

JMLR 19(20):1-32, 2018

IMED is usually defined for bandits where the rewards have (semi-)bounded support, but Junya Honda kindly provided
unpublished details of the adaptation to the Gaussian case.

Multiple optimal arms The finite-time bound in Theorem 1 is the first that demonstrates an
improvement when there are multiple (near-)optimal arms. The gain in terms of the expected regret is
not very large because ki (which grows as optimal arms are added) appears only in the denominator
of the logarithm. There is, however, a more significant advantage when there are many optimal
arms, which (up to a point) is an exponential decrease in the variance of most strategies. This can be
1.
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Appendix A. Boundary crossing for Gaussian random walks
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The second lemma is a bound on the expected number of samples required before the empirical
mean after t samples is close to its true value. The result is relatively standard in the literature, except
that here the proofs are simplified by using the properties of Brownian motion.

Lemma 13 If ∆ > 0 and ζ = 1 + max t : Stt ≥ ∆ , then E[ζ] ≤ 1 + ∆22 .

r
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Let Z1P
, Z2 , . . . be an infinite sequence of independent standard Gaussian random variables and
n
Sn = t=1
Zt . The proof of Theorem 1 relies on a precise understanding of the behaviour of the
random walk (Sn )n . More specifically, what is the hitting probability that Sn ever crosses above a
carefully chosen concave boundary. The following lemma is an easy consequence of the elegant
analysis of boundary crossing probabilities for Brownian motion by Lerche (1986).

Nathaniel Korda, Emilie Kaufmann, and Rémi Munos. Thompson sampling for 1-dimensional
exponential family bandits. In Advances in Neural Information Processing Systems (NIPS), pages
1448–1456, 2013.
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where first inequality follows from the fact that 1 − e−x ≤ x and erfc(x) ≤ min {1, 1/(2x)}.
The result is completed by naively bounding the constants. For the second part, let f (t) =

0

Z

where the first inequality follows from Lemma 14 and the second from (iv) of Lemma 20 and since
for positive x, y ≥ 0 it holds that (x + y)2 ≥ x2 + y 2 .

Proof [of Lemma 12] Let Bt be a standard Brownian motion. Each part of the lemma will follow
by analysing
p the probability that the Brownian motion hits the relevant boundary. For the first part
let f (t) = 2t log(α/hλ (t)), which by simple calculus is monotone non-decreasing. Therefore the
intersection of the tangent to f (t) + t∆ at t with the y-axis is Λ(t) = f (t) − tf 0 (t) ≤ f (t). By the
tangent approximation:




Z ∞
Z ∞
f (t)
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3hλ (t)
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√ exp −
P (∃t ≥ 0 : Bt ≥ f (t)) ≤
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2α πt
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Lemma 14 (§3 of Lerche (1986)) Let f : R → R be a concave function with f (x) ≥ 0 for all
x ≥ 0 and Λ(t) = f (t) − tf 0 (t) be the intersection of the tangent to f at t with the y-axis, where if
f is non-differentiable, then f 0 denotes any ‘super-derivative’ (gradient such that the tangent does
not intersect the curve). Then


Z ∞
Λ(t)
f (t)2
√
P (exists t ≥ 0 : Bt ≥ f (t)) ≤
dt .
exp −
2t
2πt3
0

The tangent approximation The connection to Brownian motion is made by noting the discrete
time random walk St can be embedded in Brownian motion, which means that if Bt is a standard
Brownian motion, then for any function f : R → R we have P (exists n ≥ 0 : Sn ≥ f (n)) ≤
P (exists n ≥ 0 : Bn ≥ f (n)). The main tool of the analysis is called the tangent approximation,
which was developed in a beautiful book by Lerche (1986) and is summarised in the following
lemma.

Subgaussian case A common relaxation of the Gaussian noise assumption is to assume the noise
is 1-subgaussian, which means the reward Xt is chosen so that E[exp(c(Xt − µAt )) | Ft−1 ] ≤
exp(c2 /2) almost surely for all c ∈ R. Brownian motion cannot be used to analyse this situation, but
Lemma 12 can still be proven for martingale subgaussian noise using the peeling trick on a carefully
optimised grid (as used by Garivier (2013) and others). Besides a messier proof, the price is that the
log function must be increased slightly (but not so much that Theorem 1 needs to change). Lemma 13
is also easily adapted to the subgaussian setting. The only other lemma that needs modification is
Lemma 15 in the appendix, which has the same flavour as Lemma 12 and is adaptable via a peeling
trick.
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Let mi = j ∈V
/ i 1 {∆j ≤ ∆i /6} be the number of arms that might satisfy Eq. (22) in the definition
i
of I. Then by the previous display and the definition of I, P (I ≥ i|Λi , . . . , Λk ) ≤ Ψm
i . It would
be tempting to try and bound the expectation of ∆I by taking a union bound over all arms, but this
is not tight when many arms have nearly the same mean. Let I ⊂ [k] be empty if i1 = ` + 1 > k.

m≥i

It is important to note here that Lemma 12 could only be applied to control the conditional probability
above because the random variables Λi , . . . , Λk are independent of µ̂j,s for all 1 ≤ s ≤ n. Let



 36c
X √Λm 
1 i − 1
 .
Ψi = min 1,
+


n
∆i
∆2i

P

∆i
P min γj (t) ≤ µj −
Λi , . . . , Λk
1≤t≤n
6



Some of the steps in this proof are simplified by using C > 0 for a universal positive constant that
occasionally has a different value from one equation to the next. When these changes occur they are
×
indicated by the ≤ symbol. Let i ∈ [k] and j ∈
/ Vi be such that ∆j ≤ ∆i /6. By part (a) of Lemma 12,

Appendix B. Proof of Lemma 9 (ii)

where the first equality follows from the time inversion formula and the second from the reflection
principle. The inequality
is a standard Gaussian tail bound (Boucheron et al., 2013, Chap. 2). ThereR∞
fore E[ζ] ≤ 1 + 0 exp(−t∆2 /2)dt = 1 + ∆22 , where the additive constant is due to the embedding
of the discrete random walk in the continuous Brownian motion.




t∆2
,
P (exists s ≥ t : Bs /s ≥ ∆) = P (exists s ≤ 1/t : Bs ≥ ∆) = 2P B1/t ≥ ∆ ≤ exp −
2

Proof [of Lemma 13] The time inversion formula and reflection principle will imply the result (Hida,
1980, for example). Let Bs be a standard Brownian motion. Then for t > 0 we have

where the second last inequality follows from part (vi) of Lemma 20.
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√
2t log(α/t1/2 ) − 2t, which is concave and monotone non-decreasing so that Λ(t) = f (t) −
tf 0 (t) ≤ f (t). By Lemma 14,
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Only the last step above is non-trivial. It follows by choosing a as the smallest value such that
Ψia < 1/2 (or a = b if such a choice does not exist). Then the contribution of Ψimi ∆i is decreasing
exponentially in both directions away from ia by the definition of I and the fact that mia+2 ≥ mia +1.
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Case 1 (Ψi ≥ 1/2) By the definition of ` and the fact that i > ` we have δi ≤ 1/4 and so by
Eq. (15), ki ≤ n∆i2 /(16c22 ) ≤ n∆i2 (144c1 ). Therefore
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Case 2 (Ψi < 1/2) By the definition of Ψi and the assumption that Ψi < 1/2 and i > `,
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r
ε 1
≤ .
s
2

where the last inequality follows since if m`+1 < `/4, then many arms i ≤ ` must have means nearly
as small as ` + 1. The result is completed by part (i) of the lemma.

Appendix C. Proof of Lemma 9 (iii)
The proof relies on another concentration result.

8n
: µ̂j,s +
`

Lemma 15 There exists an ε > 0 such that for any arm j

s
r

P exists s ≤
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Proof The result follows by rescaling the time horizon and noting that if Bs is a Brownian motion,
then for sufficiently small ε (for example, 1/200).
s

P exists s ≤ 8 : Bs ≥

The above bound does not depend on any variables and can be verified numerically (either by
simulating Brownian motion or numerically solving the heat equation that characterises the density
of the paths of Brownian motion). An analytical proof is also possible, but requires a modest increase
in the definition log(·) if the tangent approximation is to yield a sufficiently tight bound.
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p
ε`/(8n) with ε > 0 as given in Lemma 15. Finally we need two more events E2 and E3

U=

We need a little more notation. First up is another set of ‘usually optimistic’ arms, U ⊂ [k]
defined by

Let ∆ =
given by

E2 =



¯ ` , then Ti (n) ≤ ζi (∆) + 24n .
Lemma 16 If E1 , E2 , E3 and ∆i > 4∆
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Proof Proceeding by contradiction. Suppose the claim is not true, then there exists a round t − 1 < n
such that At = i and
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where the first inequality follows from the definition of Hj (t − 1), the second by splitting the sum
and because E1 holds (so that Tm (n) ≤ Λm for m > `) and Cauchy-Schwarz, the third follows
because E holds. Therefore arms j ∈ U with T (t − 1) ≤ 8n/` satisfy
2
j
v


u
n
r
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¯ ` ≥ 3` . Let χ1 , . . . , χm be a sequence of
Proof By Markov’s inequality, m = j≤` 1 ∆j ≤ 4∆
4
independent Bernoulli events given by χj = 1 {j ∈
/ U }. Then by Lemma 15, P (χj = 1) ≤ 1/2 and
so Chebyshev’s inequality implies that






m
m
X
X
`
`
`
c
= P  (1 − χj ) <  = P 
χj > m − 
P (E3 ) = P |U | <
8
8
8
j=1
j=1


m
X
m `
m/4
3
≤ P  (χj − E[χj ]) ≥
−
≤

2 ≤ .
m
2
8
`
−`

Lemma 17

P (E3c )

Then since E3 holds, by Lemma 20(vii) we have log(n/Hi (t − 1)) ≤ 3. Therefore if
Ti (t − 1) ≥ 24n/(ε`), then another application of Eq. (30) shows that Tj (t − 1) ≥ 8n/` and
P
P
so n > t − 1 = kj=1 Tj (t − 1) ≥ j∈U Tj (t − 1) ≥ 8n|U |/` ≥ n, which is a contradiction.
Therefore there does not exist a round t−1 where Eq. (27) holds and At = i and the lemma follows.

≥

Hi (t − 1) =

k
X

Since Ti (t − 1) ≥ 8n/(ε`), the definition of Hi (t − 1) implies that

Hi (t−1)

Furthermore, since Ti (t − 1) ≥ ζi (∆) and At = i it holds that γi (t) ≥ γj (t) and so using Eq. (29)
and the same argument as in Lemma 5 leads to
v
v




u
u
n
n
u 2 log
u 2 log
t
t
Hi (t−1)
Hi (t−1)
µi + ∆ +
≥ µ̂i (t − 1) +
Ti (t − 1)
Ti (t − 1)
v

q
u
v


u
u
n
n
u 2 log
u 2 log
2`T
(t−1)
j
t
t
Hj (t−1)
≥ µ̂j (t − 1) +
≥ µ̂j (t − 1) +
Tj (t − 1)
Tj (t − 1)
r
r
ε
ε
≥ µj + 2
≥ µi + ∆ +
.
Tj (t − 1)
Tj (t − 1)


n
ε
2
log
≥
. Therefore for all j ∈ U we have
And by rearranging
Ti (t − 1)
Hi (t − 1)
Tj (t − 1)


 8n
εTi (t − 1) 

 .
Tj (t − 1) ≥ min
,
(30)
n
 ` log
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¯`
i≤`:∆i >4∆

X
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24n
ζi (∆) +
ε`





.
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Lemma 19 Fix a strategy. Let 1 ≤ i ≤ k and µ ∈ Rk and µ0 ∈ Rk be such that µj = µ0j for all
j 6= i and µi − µ0i = ∆. Then let P be the measure on A1 , X1 , A2 , X2 , . . . , An , Xn induced by the
interaction of the strategy with rewards sampled using mean vector µ and P0 be the same but with
rewards sampled with means from µ0 . Then KL(P, P0 ) = E[Ti (n)]∆2 /2, where the expectation is
taken with respect to P.

The next lemma has also been seen before. For example in the articles by Auer et al. (1995) or
Gerchinovitz and Lattimore (2016) where the formalities are described in great detail.

Lemma 18 (See Lemma 2.6 in Tsybakov 2008) Let P and P0 be measures on the same probability
space and assume P0 is absolutely continuous with respect to P. Then for any event A,
P (A) + P0 (Ac ) ≥ exp(− KL(P, P0 ))/2, where KL(P, P0 ) is the relative entropy between P and P0 .

Here some lemmas that are either known or follow from uninteresting calculations. The first two are
used for the lower bounds have have been seen before.

Appendix D. Technical results

i≤`

¯ ` and Lemma 13
The proof is completed since Lemma 17 implies that n∆` P (E3c ) ≤ 3n∆` /` ≤ 3n∆
implies that









X
X 
24n
24n
 ≤ E

E 1{E1 ,E2 ,E3 }
∆i ζi (∆) +
∆i ζi (∆) +
ε`
ε`
¯`
i≤`
i≤`:∆i >4∆

X 
40n
¯`.
≤
∆i 2 +
≤ Cn∆

ε`

i≤`

The second term in Eq. (31) is bounded using Lemmas 16 and 17. By noting that the contribution to
¯ ` is at most 4n∆
¯ ` it follows that
the regret of arms i with ∆i ≤ 4∆


X
¯ ` + n∆` P (E c )
E 1{E1 ,E2 }
∆i Ti (n) ≤ 4n∆
3

m>`

The first term is bounded easily using the definition of E2 , Lemma 21(i) and Lemma 9(i).
h
i
X
X hp i
Λm ≤ C
∆m λm .
E 1{E2c } n∆` ≤ C
E

At last all the tools are available to prove part (iii) of Lemma 9.
Proof [of Lemma 9 (iii)] The regret due to arms i ≤ ` is decomposed




h
i
X
X



E 1{E1 }
∆i Ti (n) ≤ E 1{E2c } n∆` + E 1{E1 ,E2 }
∆i Ti (n) .
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Using the fact that for m ≤ ` we have ∆m ≤ 16c22 km /∆m leads to
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X
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X
X
16c22 n X̀ km
¯i +
+
∆m λm ≤ (1 + 32c22 ) n∆
∆m λm
`
∆m

¯i +
∆m λm ≤ n∆
¯i +
≤ n∆
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!

The result follows by
simplifying each of the two cases in the maximum. For part (ii), let
¯j + P
i = arg minj n∆
m>j ∆m λm .
Case 1 (` > i)

∆` < 4c2

Proof For part (i), by the definition of ` we have

¯i +
(iv) min n∆

m>i

Lemma 21 There exists a universal constant C > 0 such that:
r

The second technical lemma provides some useful results relating to the optimisation problem
appearing in Eq. (3) and the definition of ` in Eq. (15).

1
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1

Recall that log(x) = log((e+x) log 2 (e+x)). Here are a few simple facts that make manipulating
this unusual function a little easier.

(ii) log(0) ≥ 1.

(i) log is concave and monotone increasing on [0, ∞).

Lemma 20 The following hold:

Simple calculus shows that log(x)/ log(e+x) ≤ (1/2+e)/e. Let g(x) = (x+e)− 2 exp(2 log 2 (x)).
Then maxx≥0 g(x) ≤ 10.34 ≤ 11 by numerical calculation, which is valid by the following argument: First, the function g is twice differentiable, satisfies g(0) > 0, g 0 (0) > 0 and limx→∞ g(x) = 0.
By taking the first derivative it is easy to see that g has a unique maximum in x∗ ∈ (0, ∞) with
g(x∗ ) > 0. Therefore g is monotone increasing for x < x∗ and monotone decreasing afterwards
for x > x∗ . This means the maximiser may be found by a binary search with arbitrary precision.
p
p
1
Therefore x log(x) exp(−1 − log(x) + 2 log 2 (x)) ≤ 11
(1/2 + e)/e ≤ 5. For (vii), if x ≥ 0,
e
d
then dx
log(x) ≤ 3/(2e) ≤ 1. Therefore log(x) − x is monotone non-increasing and the result
follows by checking that log(2) ≤ 2.

(iii) limx→∞ log(x)/ log(x) = 1.
(iv) (log(x))1/2 exp(− log(x)) ≤ 3/(2x).
1

d2
1 + log(e + x) + 2 log2 (e + x)
log(x) = −
.
dx2
2(e + x)2 log2 (e + x)

(v) If x log 2 (b/x) ≥ a, then log(b/x) ≤ 2 log(b/a) for all a, b > 0.
p
p
p
log(x) exp(−1 − log(x) + 2 log(x)) ≤ 5 1/x.

(vi)
(vii) If log(x) ≥ x, then log(x) ≤ 2.

2

Proof (i) is proven by checking derivatives:
p
√ 1
+ log(e + x)
log(e+x)
p
(e + x) log(e + x)

d
log(x) =
dx

1

1
e+x

1

b log 2 (b/x)
a

=

The former is clearly positive and the latter negative, which shows that log is monotone increasing
and concave. Parts (ii) and (iii) are trivial. For (iv),
1

1

≤ log

1

log 2 (x)

 
b
x

(e + x) log 2 (e + x)

log 2 (x) exp(− log(x)) = log 2 (x) exp(− log((e + x) log 2 (e + x)))
s
=

For (v),
log
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where the final equality serves as the definition of z. If z ≤ 2, then log(b/x) ≤ z ≤ 2 ≤ 2 log(b/a).
Suppose now that z ≥ 2. Let u, v ≥ 0, then log(uv) ≤ log(u) + log(v) and if u ≥ 2, then
u2 − log(u) ≥ u2 /2. Therefore z 2 /2 ≤ z 2 − log(z) ≤ log(zb/a) − log(z) ≤ log(b/a). Therefore
log(b/x) ≤ z 2 ≤ 2 log(b/a) as required. For (vi), using a similar reasoning as (iv),


√
1
1

 log 2 (x) x exp 2 log 2 (x)
p
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x log(x) exp −1 − log(x) + 2 log 2 (x) =
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e(e + x) log 2 (e + x)
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1
1
log(x)
(x + e)− 2 exp 2 log 2 (x) .
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≤
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Table 2 outlines the long history of finite-armed stochastic bandits. It indicates which algorithms
are asymptotically optimal and/or sub-UCB and the ratio (up to constant factors) by which they are
minimax suboptimal. Empty cells represent results unknown at the time. Most papers do not provide
minimax bounds, but they can be derived easily from finite-time bounds using the argument given by
Bubeck and Cesa-Bianchi (2012), which I have done where possible. In some cases the finite-time
bound cannot be used to derive the minimax bound and these results are marked as conjectures.
Algorithms were omitted from the list if (a) I could not straightforwardly adapt their analysis to the

Appendix E. History

The result follows by choosing i = max{i : ∆i = 0}.

Rearranging completes the proof of (iii). For part (iv), first note that
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The last two parts are straightforward. For (iii), let j = max{m : ∆m
that for m > j it holds that log(n∆2m /m) ≤ 2 log(n∆2m /m). Then
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∆m ≤ n∆
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m>`

where the first inequality is true since i/n ≤ 1 and by the definition of
P `, if m ≥ `, then
n∆2m /km ≥ 16c22 ≥ 1. The second inequality follows by letting k(x) = km=1 min{1, x/∆m }
¯ i ) ≥ i/2. Then
and noting that x/k(x) is monotone increasing and by Markov’s inequality k(2∆
¯ i it holds that ∆m /km ≤ 2∆
¯ i /k(2∆
¯ i ) ≤ 4∆
¯ i /i while for ∆m > 2∆
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Case 2 (` < i)
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Remark 22 It must be emphasised that many of the algorithms in the table were designed for settings
more general than Gaussian and the core contribution was actually this generality.

Gaussian noise model and/or frequentist regret (Honda and Takemura, 2011; Russo and Van Roy,
2014; Gutin and Farias, 2016), or (b) the algorithm depends on µ-dependent tuning such as SOFTMIX (Cesa-Bianchi and Fischer, 1998), ε- GREEDY (Auer et al., 2002), EXPLORE - THEN - COMMIT
(Garivier et al., 2016a) and BOLTZMANN EXPLORATION (Cesa-Bianchi et al., 2017). Also omitted
are algorithms designed for adversarial bandits, few of which are suitable for unbounded rewards
and none are competitive with UCB for stochastic problems, but a nice survey of these algorithms is
by Bubeck and Cesa-Bianchi (2012). The vast majority of the Bayesian literature is also omitted
since it deals with discounted rewards. See the recent book by Gittins et al. (2011) for an overview
of Bayesian algorithms.

L ATTIMORE
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Ti (t)Ki (t)
see display before Lemma 7
empirical mean of arm i after t rounds
empirical mean of arm i after s plays
Pi
m=1 ∆m /i
sets of arms defined in Eq. (14)
see Eq. (15)
see Eq. (15)
Event that enough arms are optimistic, see Eq. (17)
1 + maxs {s : µ̂i,s > µi + ∆}
constants c1 = 4 and c2 = 12
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Algorithm

1960 ‘explore-then-commit’
Vogel (1960)

MOSS - ANYTIME

Lattimore (2016a)

FH - GITTINS

Kaufmann (2016)

BAYES - UCB +

Honda and Takemura (2015)

Agrawal and Goyal (2012)
IMED †

THOMPSON SAMPLING \

Kaufmann et al. (2012)

Cappé et al. (2013)
BAYES - UCB†

Cappé et al. (2013)
KL - UCB +‡

KL - UCB

Honda and Takemura (2010)

Honda and Takemura (2010)
DMED + †

Auer and Ortner (2010)
DMED †

Audibert and Bubeck (2009)
IMPROVED UCB †

MOSS †

Audibert et al. (2007)

UCB - V

Auer et al. (2002)

Auer et al. (2002)
UCB 2†

Katehakis and Robbins (1995), Agrawal
(1995)
UCB †

UCB

Lai (1987)

KL - UCB *

Lai and Robbins (1985)

1985 ‘forcing’
1987
1995
2002
2002
2007
2009
2010
2010
2010
2011
2011
2012
2012
2015
2016
2016

1

no

no

no

no

2016

1

yes

no

Ménard and Garivier (2017)

KL - UCB ++

yes

Degenne and Perchet (2016)

yes

yes

2017
KL - UCB *

yes

no

2018
ADA - UCB

1
p
log(k)

2018
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∗
Results given for two-armed Bernoulli bandits only.
†
Results given for bounded and/or Bernoulli rewards, but algorithm/proof is easily adapted.
‡
No known reference. Can be shown using tools of this paper combined with those by Kaufmann (2016);
Lattimore (2016b).
\
Results are given for bounded rewards, but the same technique works for Gaussian rewards. See also the article
by Korda et al. (2013).
A conjectured result.
[
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2

2.1 Design of Parallel SVM Training Algorithms
We have developed a series of optimizations for the training. First, ThunderSVM computes
a number of rows of the kernel matrix in a batch, reuses the rows that are stored in the GPU

Like LibSVM, ThunderSVM supports one-class SVMs, C-SVMs and ν-SVMs where C represents the regularization constant and ν represents the parameter controlling the training
error. Both C-SVMs and ν-SVMs are used for classification and regression.
Figure 1 shows the overview of ThunderSVM which has many functionalities: one-class
SVMs for distribution estimation, C-SVC and ν-SVC for SVM classification, and -SVR and
ν-SVR for SVM regression. The training algorithms for those SVMs are built on top of a
generic parallel SMO solver which is for solving quadratic optimization problems. Notably,
the SVM training for regression (such as -SVR and ν-SVR) and the multi-class SVM
training can be converted into the training of an SVM classifier. The prediction module
is relatively simple, because the prediction is the same for one-class SVMs, C-SVMs and
ν-SVMs. The prediction is essentially computing predicted values based on support vectors.
ThunderSVM also contains the cross-validation functionality.

2. Overview and Design of ThunderSVM

cores and high memory bandwidth of GPUs. In this paper, we introduce a toolkit named
ThunderSVM which exploits GPUs and multi-core CPUs. The mission of our toolkit is to
help users easily and efficiently apply SVMs to solve problems. It is worthy to point out
that one way to train SVMs faster is to use kernel approximations. ThunderSVM aims to
find an exact solution. ThunderSVM supports all the functionalities of LibSVM including
SVC, SVR and one-class SVMs. We use the same command line input options as LibSVM,
such that existing LibSVM users are able to easily switch to ThunderSVM. Moreover,
ThunderSVM supports multiple interfaces such as C/C++, Python, R and MATLAB.
ThunderSVM can run on Linux, Windows or Macintosh operating systems with or without
GPUs. Empirical results show ThunderSVM is generally 10 times faster than LibSVM in
all the functionalities. The full version of ThunderSVM, which is released under Apache
License 2.0, can be found on GitHub at https://github.com/zeyiwen/thundersvm. The
GitHub repository of ThunderSVM has attracted 700 stars and 85 forks as of July 24, 2018.

one-class
svm training

SVM training

Wen, Shi, Li, He and Chen

Support Vector Machines (SVMs) have been widely used in many applications including
document classification (D’Orazio et al., 2014), image classification (Pasolli et al., 2014),
blood pressure estimation (Kachuee et al., 2015), disease detection (Bodnar and Salathé,
2013), and outlier detection (Roth, 2006). A survey conducted by Kaggle in 2017 shows that
26% of the data science practitioners use SVMs to solve their problems (Thomas, 2017).
The open-source project LibSVM which supports classification (SVC), regression (SVR)
and one-class SVMs has been widely used in many applications. LibSVM was developed in
2000 (Chang and Lin, 2011), and has been maintained since then. Despite the advantages
of SVMs, SVM training and prediction are very expensive for large and complex problems.
Graphics Processing Units (GPUs) have been used to accelerate the solutions of many
real-world applications (Dittamo and Cisternino, 2008), due to the abundant computing

1. Introduction

Support Vector Machines (SVMs) are classic supervised learning models for classification,
regression and distribution estimation. A survey conducted by Kaggle in 2017 shows that
26% of the data mining and machine learning practitioners are users of SVMs. However,
SVM training and prediction are very expensive computationally for large and complex
problems. This paper presents an efficient and open source SVM software toolkit called
ThunderSVM which exploits the high-performance of Graphics Processing Units (GPUs)
and multi-core CPUs. ThunderSVM supports all the functionalities—including classification (SVC), regression (SVR) and one-class SVMs—of LibSVM and uses identical command
line options, such that existing LibSVM users can easily apply our toolkit. ThunderSVM
can be used through multiple language interfaces including C/C++, Python, R and MATLAB. Our experimental results show that ThunderSVM is generally an order of magnitude
faster than LibSVM while producing identical SVMs. In addition to the high efficiency, we
design our convex optimization solver in a general way such that SVC, SVR, and one-class
SVMs share the same solver for the ease of maintenance. Documentation, examples, and
more about ThunderSVM are available at https://github.com/zeyiwen/thundersvm.
Keywords: SVMs, GPUs, multi-core CPUs, efficiency, multiple interfaces
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memory buffer, and solves multiple subproblems in that batch. Thus, ThunderSVM avoids
performing a large number of small read/write operations to the high latency memory and
reduces repeated kernel value computation. Moreover, we apply GPU shared memory to
accelerate parallel reduction, and use the massive parallelism to update elements of arrays.
For solving each subproblem in the training, we use the SMO algorithm which consists of
three key steps. Step (i): Find two extreme training instances which can potentially improve
the currently trained SVM the most. Step (ii): Improve the two Lagrange multipliers of the
two instances. Step (iii): Update the optimality indicators of all the training instances. We
parallelize Step (i) and (iii). Step (ii) is computationally inexpensive, and we simply execute
it sequentially. In Step (i), our key idea is to apply the parallel reduction (Merrill, 2015)
twice for finding the two extreme training instances. In the parallel reduction, we first load
the whole array from the GPU global memory to shared memory in a coalescent way, and
then reduce the array size by two at each iteration until only one element left. In Step (iii),
we dedicate one thread to update one optimality indicator to use the massive parallelism
mechanism of the GPU. The training is terminated when the optimality condition is met or
the SVMs cannot be further improved. More details about the training and the termination
condition can be found in our supplementary material (Wen et al., 2017).
For solving the batch of subproblems, we propose techniques to exploit the properties
of the batch of subproblems. First, to reduce access to the high latency memory, the
kernel values needed for the batch are organized together and computed through matrix
multiplication. As a result, we reduce a large number of small read/write operations to the
high latency memory during kernel value computation. We use matrix operations from the
high-performance library cuSparse (Nvidia, 2008) provided by NVIDIA. Second, to reduce
repeated kernel value computation, we store the kernel values in a GPU buffer for efficient
reuse during the optimization for the batch. Regarding the selection of the batch, we make
use of the set of instances with the deepest gradients.
Training SVMs for regression (SVR) or for multi-class classification can be reduced to
training SVMs for binary classification (SVC), as discussed in the previous study (Shevade
et al., 2000). Two SVC training algorithms (C-SVC and ν-SVC) and training algorithm
for one-class SVMs are essentially solving optimization problems using SMO. More details
about the relationship of SVR and SVC, and SMO can be found in our supplementary
material (Wen et al., 2017). The key task in the SVM training is to parallelize SMO, and
the insight has been discussed above. The parallelism principles are applicable to CPUs.
2.2 Design of the Parallel Prediction Algorithm
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Although ThunderSVM supports several algorithms (such as one-class SVMs, classification
and regression), their underlying prediction algorithm is identical: aP
function based on the
n
support vectors and their Lagrange multipliers. The function is v = i=1
yi αi K(xi , xj ) + b
where xj is the instance of interest for prediction; yi and αi are the label and Lagrange
multiplier of the support vector xi , respectively; b is the bias of the SVM hyperplane;
K(·, ·) is the kernel function. In ThunderSVM, we perform the prediction by evaluating
the equation in parallel. First, we conduct a vector to matrix multiplication in parallel to
obtain all the needed kernel values, where the vector is xj and the matrix consists of all the
support vectors. Then, the sum of the equation can be performed using a parallel reduction.
3

cardinality

784
47236
2000
150360
300

dimension

elapsed time (sec)
ThunderSVM
LibSVM
gpu
cpu
7.1x103 3.2x104 8.1x105
621
20633
8.3x105
1251
26042 1 week+
13.25
343.5
9161
4.66
16.5
1493

Wen, Shi, Li, He and Chen

name

8.1x106
677399
400000
16087
49749

data set

mnist8m (svc)
rcv1 test (svc)
epsilon (svc)
e2006-tfidf (svr)
webdata (ocsvm)

Table 1: Comparison between ThunderSVM with LibSVM

3. Experimental Studies

cpu
39.9
40
23+
25.3
90.5

speedup

gpu
114
1337
483+
691
320

We compare the efficiency on training SVMs for classification, regression and one-class
SVMs (denoted by “OCSVM”). Five representative data sets are listed in Table 1. We
conducted our experiments on a workstation running Linux with two Xeon E5-2640 v4 10
core CPUs, 256GB main memory and a Tesla P100 GPU of 12GB memory. ThunderSVM
are implemented in CUDA-C and C++ with OpenMP. We used the Gaussian kernel. Five
pairs of hyper-parameters (C, γ) for the data sets are (10, 0.125), (100, 0.125), (0.01,
1), (256, 0.125), and (64,7.8125) and are the same as the existing studies (Wen et al.,
2014, 2018). More experimental evaluation can be found in our supplementary material.
ThunderSVM when using GPUs is over 100 times faster than LibSVM. When running on
CPUs, it is over 10 times faster than LibSVM. For prediction, ThunderSVM is also 10 to
100 times faster than LibSVM (Wen et al., 2017). We varied the hyper-parameters C from
0.01 to 100 and γ from 0.03 to 10, and ThunderSVM is 10 to 100 times faster than LibSVM.

4. Conclusion

In this paper, we present our software tool called “ThunderSVM” which supports all the
functionalities of LibSVM. For ease of usage, ThunderSVM uses identical input command
line options as LibSVM, and supports Python, R and Matlab. Empirical results show that
ThunderSVM is generally 100 times faster than LibSVM in all the functionalities when
GPUs are used. When running purely on CPUs, ThunderSVM is often 10 times faster than
LibSVM. We hope this significant efficiency improvement would help practitioners in the
community quickly solve their problems and enable SVMs to solve more complex problems.
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On November 8, 2016 in the aftermath of several high profile mass-shootings, voters in California
passed Proposition 63 in to law BallotPedia (2016). Prop. 63 “outlaw[ed] the possession of ammunition
magazines that [held] more than 10 rounds, requir[ed] background checks for people buying bullets,”
and was proclaimed as an initiative for “historic progress to reduce gun violence” McGreevy (2016).
Imagine that we wanted to study the impact of Prop. 63 on the rates of violent crime in California.

1. Introduction

Keywords: Observation Studies, Causal Inference, Matrix Estimation

We present a robust generalization of the synthetic control method for comparative case
studies. Like the classical method cf. Abadie and Gardeazabal (2003), we present an
algorithm to estimate the unobservable counterfactual of a treatment unit. A distinguishing
feature of our algorithm is that of de-noising the data matrix via singular value thresholding,
which renders our approach robust in multiple facets: it automatically identifies a good
subset of donors for the synthetic control, overcomes the challenges of missing data, and
continues to work well in settings where covariate information may not be provided. We
posit that the setting can be viewed as an instance of the Latent Variable Model and provide
the first finite sample analysis (coupled with asymptotic results) for the estimation of the
counterfactual. Our algorithm accurately imputes missing entries and filters corrupted
observations in producing a consistent estimator of the underlying signal matrix, provided
p = Ω(T −1+ζ ) for some ζ > 0; here, p is the fraction of observed data and T is the time
interval of interest. Under the same proportion of observations, we demonstrate
that the
√
mean-squared error in our counterfactual estimation scales as O(σ 2 /p + 1/ T ), where σ 2
is the variance of the inherent noise. Additionally, we introduce a Bayesian framework to
quantify the estimation uncertainty. Our experiments, using both synthetic and real-world
datasets, demonstrate that our robust generalization yields an improvement over the classical
synthetic control method.
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In the spirit of combatting overfitting, we extend our algorithm to include regularization techniques such as ridge regression and LASSO. We also move beyond point estimates in establishing
a Bayesian framework, which allows one to quantitatively compute the uncertainty of the results

Robust algorithm. A distinguishing feature of our work is that of de-noising the observation data
via singular value thresholding. Although this spectral procedure is commonplace in the matrix
completion arena, it is novel in the realm of synthetic control. Despite its simplicity, however,
thresholding brings a myriad of benefits and resolves points of concern that have not been previously
addressed. For instance, while classical methods have not even tackled the obstacle of missing data,
our approach is well equipped to impute missing values as a consequence of the thresholding procedure.
Additionally, thresholding can help prevent the model from overfitting to the idiosyncrasies of the
data, providing a knob for practitioners to tune the “bias-variance” trade-off of their model and, thus,
reduce their mean-squared error (MSE). From empirical studies, we hypothesize that thresholding
may possibly render auxiliary covariate information (vital to several existing methods) a luxury as
opposed to a necessity. However, as one would expect, the algorithm can only benefit from useful
covariate and/or “expert” information and we do not advocate ignoring such helpful information, if
available.

As the main result, we propose a simple, two-step robust synthetic control algorithm, wherein the
first step de-noises the data and the second step learns a linear relationship between the treated
unit and the donor pool under the de-noised setting. The algorithm is robust in two senses: first,
it is fully data-driven in that it is able to find a good donor subset even in the absence of helpful
domain knowledge or supplementary covariate information; and second, it provides the means to
overcome the challenges presented by missing and/or noisy observations. As another important
contribution, we establish analytic guarantees (finite sample analysis and asymptotic consistency) –
that are missing from the literature – for a broader class of models.

1.1 Overview of main contributions.

As a suggested remedy to overcome the limitations of a classical comparative study outlined
above, Abadie et al. proposed a powerful, data-driven approach to construct a “synthetic” control
unit absent of intervention Abadie et al. (2010); Abadie and Gardeazabal (2003); Abadie et al.
(2011). In the example above, the synthetic control method would construct a “synthetic” state
of California such that the rates of violent crime of that hypothetical state would best match the
rates in California before the passage of Prop. 63. This synthetic California can then serve as a
data-driven counterfactual for the period after the passage of Prop. 63. Abadie et al. propose to
construct such a synthetic California by choosing a convex combination of other states (donors) in
the United States. For instance, synthetic California might be 80% like New York and 20% like
Massachusetts. This approach is nearly entirely data-driven and appeals to intuition. For optimal
results, however, the method still relies on subjective covariate information, such as employment
rates, and the presence of domain “experts” to help identify a useful subset of donors. The approach
may also perform poorly in the presence of non-negligible levels of noise and missing data.

Randomized control trials, such as A/B testings, have been successful in establishing effects of
interventions by randomly exposing segments of the population to various types of interventions.
Unfortunately, a randomized control trial is not applicable in this scenario since only one California
exists. Instead, a statistical comparative study could be conducted where the rates of violent crime
in California are compared to a “control” state after November 2016, which we refer to as the
post-intervention period. To reach a statistically valid conclusion, however, the control state must be
demonstrably similar to California sans the passage of a Prop. 63 style legislation. In general, there
may not exist a natural control state for California, and subject-matter experts tend to disagree on
the most appropriate state for comparison.
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Theoretical performance. To the best of our knowledge, ours is the first to provide finite sample
analysis of the MSE for the synthetic control method, in addition to guarantees in the presence of
missing data. Previously, the main theoretical result from the synthetic control literature (cf. Abadie
et al. (2010); Abadie and Gardeazabal (2003); Abadie et al. (2011)) pertained to bounding the bias of
the synthetic control estimator; however, the proof of the result assumed that the latent parameters,
which live in the simplex, have a perfect pre-treatment match in the noisy predictor variables – our
analysis, on the other hand, removes this assumption. We begin by demonstrating that our de-noising
procedure produces a consistent estimator of the latent signal matrix (Theorems 1, 2), proving that
our thresholding method accurately imputes and filters missing and noisy observations, respectively.
We then provide finite sample analysis that not only highlights the value of thresholding in balancing
the inherent “bias-variance” trade-off of forecasting, but also proves that the prediction efficacy of our
algorithm degrades gracefully with an increasing number of randomly missing data (Theorems 3, 7,
and Corollary 4). Further, we show that a computationally beneficial pre-processing data aggregation
step allows us to establish the asymptotic consistency of our estimator in generality (Theorem 5).
Additionally, we prove a simple linear algebraic fact that justifies the basic premise of synthetic
control, which has not been formally established in literature, i.e. the linear relationship between the
treatment and donor units that exists in the pre-intervention continues to hold in post-intervention
period (Theorem 6). We introduce a latent variable model, which subsumes many of the models
previously used in literature (e.g. econometric factor models). Despite this generality, a unifying
theme that connects these models is that they all induce (approximately) low rank matrices, which is
well suited for our method.
Experimental results. We conduct two sets of experiments: (a) on existing case studies from real
world datasets referenced in Abadie et al. (2010, 2011); Abadie and Gardeazabal (2003), and (b) on
synthetically generated data. Remarkably, while Abadie et al. (2010, 2011); Abadie and Gardeazabal
(2003) use numerous covariates and employ expert knowledge in selecting their donor pool, our
algorithm achieves similar results without any such assistance; additionally, our algorithm detects
subtle effects of the intervention that were overlooked by the original synthetic control approach.
Since it is impossible to simultaneously observe the evolution of a treated unit and its counterfactual,
we employ synthetic data to validate the efficacy of our method. Using the MSE as our evaluation
metric, we demonstrate that our algorithm is robust to varying levels of noise and missing data,
reinforcing the importance of de-noising.

1.2 Related work.
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Synthetic control has received widespread attention since its conception by Abadie and Gardeazabal
in their pioneering work Abadie and Gardeazabal (2003); Abadie et al. (2010). It has been employed
in numerous case studies, ranging from criminology Saunders et al. (2014) to health policy Kreif
et al. (2015) to online advertisement to retail; other notable studies include Abadie et al. (2014);
Billmeier and Nannicini (2013); Adhikari and Alm (2016); Aytug et al. (2016). In their paper on
the state of applied econometrics for causality and policy evaluation, Athey and Imbens assert that
synthetic control is “one of the most important development[s] in program evaluation in the past
decade” and “arguably the most important innovation in the evaluation literature in the last fifteen
years” Athey and Imbens (2016). In a somewhat different direction, Hsiao et al. introduce the panel
data method Hsiao (2014); Hsiao et al. (2011), which seems to have a close bearing with some of the
approaches of this work. In particular, to learn the weights of the synthetic control, Hsiao (2014);
Hsiao et al. (2011) solve an ordinary least squares problem of Y on X̃, where Y is the data for the
outcome variable of the treatment unit and X̃ includes other variables, e.g. covariates, and the
outcome variable data from the donor units. However, Hsiao (2014); Hsiao et al. (2011) restrict the
3
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subset of possible controls to units that are within the geographical or economic proximity of the
treated unit. Therefore, there is still some degree of subjectivity in the choice of the donor pool. In
addition, Hsiao (2014); Hsiao et al. (2011) do not include a “de-noising” step, which is a key feature
of our approach. For an empirical comparison between the synthetic control and panel data methods,
see Gardeazabal and Vega-Bayo (2016). It should be noted that Gardeazabal and Vega-Bayo (2016)
also adapts the panel data method to automate the donor selection process. In this comparison
study, the authors conclude that neither the synthetic control method nor the panel data method is
vastly superior to the other. They suggest that the synthetic control method may be more useful
when there are more time periods and covariates. However, when there is a poor pre-treatment
match, the synthetical control method is not feasible while the panel data method can still be used,
even though it may suffer from some extrapolation bias. But when a good pre-intervention match is
found, the authors conclude that the synthetic control method tends to produce lower MSE, MAPE
and mean-error. However, in another comparison study, Wan et al. (2018) compare and contrast
the assumptions of both methods and note that the panel data method appears to outperform the
synthetic control method in a majority of the simulations they conducted.

Among other notable bodies of work, Doudchenko and Imbens (2016) allows for an additive
difference between the treated unit and donor pool, similar to the difference-in-differences (DID)
method. Moreover, similar to our exposition, Doudchenko and Imbens (2016) relaxes the convexity
aspect of synthetic control and proposes an algorithm that allows for unrestricted linearity as well
as regularization. In an effort to infer the causal impact of market interventions, Brodersen et al.
(2015) introduce yet another evaluation methodology based on a diffusion-regression state-space
model that is fully Bayesian; similar to Abadie et al. (2010); Abadie and Gardeazabal (2003); Hsiao
(2014); Hsiao et al. (2011), their model also generalizes the DID procedure. Due to the subjectivity in
the choice of covariates and predictor variables, Ferman et al. (2016) provides recommendations for
specification-searching opportunities in synthetic control applications. The recent work of Xu (2017)
extends the synthetic control method to allow for multiple treated units and variable treatment
periods as well as the treatment being correlated with unobserved units. Similar to our work, Xu
(2017) computes uncertainty estimates; however, while Xu (2017) obtains these measurements via a
parametric bootstrap procedure, we obtain uncertainty estimates under a Bayesian framework.

Matrix completion and factorization approaches are well-studied problems with broad applications
(e.g. recommendation systems, graphon estimation, etc.). As shown profusely in the literature,
spectral methods, such as singular value decomposition and thresholding, provide a procedure to
estimate the entries of a matrix from partial and/or noisy observations Candès and Recht (2008).
With our eyes set on achieving “robustness”, spectral methods become particularly appealing since
they de-noise random effects and impute missing information within the data matrix Jha et al. (2010).
For a detailed discussion on the topic, see Chatterjee (2015); for algorithmic implementations, see
Mazumder et al. (2010) and references there in. We note that our goal differs from traditional matrix
completion applications in that we are using spectral methods to estimate a low-rank matrix, allowing
us to determine a linear relationship between the rows of the mean matrix. This relationship is then
projected into the future to determine the counterfactual evolution of a row in the matrix (treated
unit), which is traditionally not the goal in matrix completion applications. Another line of work
within this arena is to impute the missing entries via a nearest neighbor based estimation algorithm
under a latent variable model framework Lee et al. (2016); Borgs et al. (2017).
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There has been some recent work in using matrix norm methods in relation to causal inference,
including for synthetic control. In Athey et al. (2017), the authors use matrix norm regularization
techniques to estimate counterfactuals for panel data under settings that rely on the availability of a
large number of units relative to the number of factors or characteristics, and under settings that
involve limited number of units but plenty of history (synthetic control). This is different from our
approach, which increases robustness by “de-noising” using matrix completion methods, and then
using linear regression on the de-noised matrix, instead of relying on matrix norm regularizations.
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This is a reasonable and intuitive assumption, utilized in literature, hypothesizing that the treatment
unit can be modeled as some combination of the donor pool. In fact, the set of weights β ∗ are the
very definition of a synthetic control. Note, however, that in contrast to Abadie et al. (2010, 2011);
Abadie and Gardeazabal (2003), we do not constrain the weights to be non-negative and sum to 1.
This may reduce the interpretability of the synthetic control produced. We discuss ways to increase
interpretability using our method in Section 3.4.2.
In order to distinguish the pre- and post-intervention periods, we use the following notation for
all (donor) matrices: A = [A− , A+ ], where A− = [Aij ]2≤i≤N,j∈[T0 ] and A+ = [Aij ]2≤i≤N,T0 <j≤T
denote the pre- and post-intervention submatrices, respectively; vectors will be defined in the same
+
−
+
manner, i.e. Ai = [A−
i , Ai ], where Ai = [Ait ]t∈[T0 ] and Ai = [Ait ]T0 <t≤T denote the pre- and
post-intervention subvectors, respectively, for the ith donor. Moreover, we will denote all vectors
+
related to the treatment unit with the subscript “1”, e.g. A1 = [A−
1 , A1 ].
In contrast with the classical synthetic control work, we allow our model to be robust to incomplete
observations. To model randomly missing data, the algorithm observes each data point Xit in the
donor pool with probability p ∈ (0, 1], independently of all other entries. While the assumption that
p is constant across all rows and columns of our observation matrix is standard in literature, our
results remain valid even in situations where the probability of observation is dependent on the row

where Mit is the deterministic mean while the random variables it represent zero-mean noise that
are independent across i, t. Following the philosophy of latent variable models Chatterjee (2015); Lee

(3)

(5)

where M1t = f (θ1 , ρt ) for some latent parameter θ1 ∈ Rd1 . If unit one was never exposed to the
intervention, then the same relationship as (5) would continue to hold during the post-intervention
period as well. In essence, we are assuming that the outcome random variables for all unaffected
units follow the model relationship defined by (5) and (3). Therefore, the “synthetic control” would
ideally help estimate the underlying counterfactual means M1t = f (θ1 , ρt ) for T0 < t ≤ T by using an
appropriate combination of the post-intervention observations from the donor pool since the donor
units are immune to the treatment.
To render this feasible, we make the key operating assumption (as done similarly in literature cf.
Abadie et al. (2010, 2011); Abadie and Gardeazabal (2003)) that the mean vector of the treatment
unit over the pre-intervention period, i.e. the vector M1− = [M1t ]t≤T0 , lies within the span of the
mean vectors within the donor pool over the pre-intervention period, i.e. the span of the donor mean
vectors Mi− = [Mit ]2≤i≤N,t≤T0 1 . More precisely, we assume there exists a set of weights β ∗ ∈ RN −1
such that for all t ≤ T0 ,
N
X
M1t =
βi∗ Mit .
(6)

X1t = M1t + 1t ,

1. We note that this is a minor departure from the literature on synthetic control starting in Abadie and
Gardeazabal (2003) – in literature, the pre-intervention noisy observation (rather than the mean) vector
X1 , is assumed to be a convex (rather than linear) combination of the noisy donor observations. We
believe our setup is more reasonable since we do not want to fit noise.

Xit = Mit + it ,

The data at hand is a collection of time series with respect to an aggregated metric of interest (e.g.
violent crime rates) comprised of both the treated unit and the donor pool outcomes. Suppose we
observe N ≥ 2 units across T ≥ 2 time periods. We denote T0 as the number of pre-intervention
periods with 1 ≤ T0 < T , rendering T − T0 as the length of the post-intervention stage. Without loss
of generality, let the first unit represent the treatment unit – exposed to the intervention of interest
at time t = T0 + 1. The remaining donor units, 2 ≤ i ≤ N , are unaffected by the intervention for the
entire time period [T ] = {1, . . . , T }.
Let Xit denote the measured value of metric for unit i at time t. We posit

2.2 Model.

respectively.

|f (x)| ≤ M |g(x)| and |f (x)| ≥ M |g(x)|,

with xi and yi being the left and right singular vectors of A, respectively. We will adopt the
shorthand notation of k·k ≡ k·k2 . To avoid any confusions between scalars/vectors and matrices, we
will represent all matrices in bold, e.g. A.
Let f and g be two functions defined on the same space. We say that f (x) = O(g(x)) and
f (x) = Ω(g(x)) if and only if there exists a positive real number M and a real number x0 such that
for all x ≥ x0 ,

A† =

norm, denoted by kAk2 , is defined as kAk2 = max1≤i≤k |σi |, where k = min{m, n} and σi are the
singular values of A. The Moore-Penrose pseudoinverse A† of A is defined as

We will denote R as the field of real numbers. For any positive integer N , let [N ] = {1, . . . , N }.
Pn
2
For any vector v ∈ Rn , we denote its Euclidean (`2 ) norm by kvk2 , and define kvk2 = i=1 vi2 . We
define its infinity norm as kvk∞ = maxi |vi |. In general, the `p norm for a vector v is defined as
P
1/p
n
p
kvkp =
. Similarly, for an m × n real-valued matrix A = [Aij ], its spectral/operator
i=1 |vi |

2.1 Notation.

2. Background

where θi ∈ Rd1 and ρt ∈ Rd2 are latent feature vectors capturing unit and time specific information,
respectively, for some d1 , d2 ≥ 1; the latent function f : Rd1 × Rd2 → R captures the model
relationship. We note that this formulation subsumes popular econometric factor models, such as the
one presented in Abadie et al. (2010), as a special case with (small) constants d1 = d2 and f as a
bilinear function.
The treatment unit obeys the same model relationship during the pre-intervention period. That
is, for t ≤ T0

(4)

et al. (2016); Aldous (1981); Hoover (1979, 1981), we further posit that for all 2 ≤ i ≤ N , t ∈ [T ]

Despite its popularity, there has been less theoretical work in establishing the consistency of
the synthetic control method or its variants. Abadie et al. (2010) demonstrates that the bias
of the synthetic control estimator can be bounded by a function that is close to zero when the
pre-intervention period is large in relation to the scale of the transitory shocks, but under the
additional condition that a perfect convex match between the pre-treatment noisy outcome and
covariate variables for the treated unit and donor pool exists. Ferman and Pinto (2016) relaxes
the assumption in Abadie et al. (2010), and derives conditions under which the synthetic control
estimator is asymptotically unbiased under non-stationarity conditions. To our knowledge, however,
no prior work has provided finite-sample analysis, analyzed the performance of these estimators
with respect to the mean-squared error (MSE), established asymptotic consistency, or addressed the
possibility of missing data, a common handicap in practice.
Mit = f (θi , ρt ),
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and column latent parameters, i.e. pij = g(θi , ρj ) ∈ (0, 1]. In such situations, pij can be estimated as
p̂ij using consistent graphon estimation techniques described in a growing body of literature, e.g. see
Borgs et al. (2017); Chatterjee (2015); Wolfe and Olhede; Yang et al.. These estimates can then be
used in our analysis presented in Section 4.

3. Algorithm
3.1 Intuition.
We begin by exploring the intuition behind our proposed two-step algorithm: (1) de-noising the
data: since the singular values of our observation matrix, X = [Xit ]2≤i≤N,t∈[T ] , encode both signal
and noise, we aim to discover a low rank approximation of X that only incorporates the singular
values associated with useful information; simultaneously, this procedure will naturally impute any
missing observations. We note that this procedure is similar to the algorithm proposed in Chatterjee
(2015). (2) learning β ∗ : using the pre-intervention portion of the de-noised matrix, we learn the linear
relationship between the treatment unit and the donor pool prior to estimating the post-intervention
counterfactual outcomes. Since our objective is to produce accurate predictions, it is not obvious why
the synthetic treatment unit should be a convex combination of its donor pool as assumed in Abadie
et al. (2010); Abadie and Gardeazabal (2003); Abadie et al. (2014). In fact, one can reasonably
expect that the treatment unit and some of the donor units may exhibit negative correlations with
one another. In light of this intuition, we learn the optimal set of weights via linear regression,
allowing for both positive and negative elements.

3.2 Robust algorithm (algorithm 1).
We present the details of our robust method in Algorithm 1 below. The algorithm utilizes two
hyperparameters: (1) a thresholding hyperparameter µ ≥ 0, which serves as a knob to effectively
trade-off between the bias and variance of the estimator, and (2) a regularization hyperameter η ≥ 0
that controls the model complexity. We discuss the procedure for determining the hyperparameters
in Section 3.4. To simplify the exposition, we assume the entries of X are bounded by one in absolute
value, i.e. |Xit | ≤ 1.

3.3 Bayesian algorithm: measuring uncertainty (algorithm 2).
In order to quantitatively assess the uncertainty of our model, we will transition from a frequentist
perspective to a Bayesian viewpoint. As commonly assumed in literature, we consider a zero-mean,
isotropic Gaussian noise model (i.e.  ∼ N (0, σ 2 I)) and use the square loss for our cost function. We
present the Bayesian method as Algorithm 2. Note that we perform step one of our robust algorithm
exactly as in Algorithm 1; as a result, we only detail the alterations of step two in the Bayesian
version (Algorithm 2).

3.4 Algorithmic features: the fine print.
3.4.1 Bounded entries transformation.

JMLR 19(22):1-51, 2018

Several of our results, as well as the algorithm we propose, assume that the observation matrix
is bounded such that |Xit | ≤ 1. For any data matrix, we can achieve this by using the following
pre-processing transformation: suppose the entries of X belong to an interval [a, b]. Then, one can
first pre-process the matrix X by subtracting (a + b)/2 from each entry, and dividing by (b − a)/2 to
enforce that the entries lie in the range [−1, 1]. The reverse transformation, which can be applied at
the end of the algorithm description above, returns a matrix with values contained in the original
7
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Algorithm 1 Robust synthetic control

(
Xit
0

if Xit is observed,
otherwise.

si ui viT .

(10)

(9)

(8)

(7)

Step 1. De-noising the data: singular value thresholding (inspired by Chatterjee (2015)).
1. Define Y = [Yit ]2≤i≤N,t∈[T ] with
Yit =

i=1

N
−1
X

2. Compute the singular value decomposition of Y :

Y =

i∈S

1X
si ui viT ,
p̂

+ ηkvk2 .

(11)
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1
(N −1)T .

3. Let S = {i : si ≥ µ} be the set of singular values above the threshold µ.
4. Define the estimator of M as

M̂ =

2

where p̂ is the maximum of the fraction of observed entries in X and
Step 2. Learning and projecting

1. For any η ≥ 0, let
v∈RN −1

β̂(η) = arg min Y1− − (M̂ − )T v

2. Define the counterfactual means for the treatment unit as

M̂1 = M̂ T β̂(η).

8

t=1

(12)

9

(16)

(15)

(14)

(13)
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where M̂·,t = [M̂it ]2≤i≤N is the de-noised vector of donor outcomes at time t.

2
T
σD
(M̂·,t ) = σ̂ 2 + M̂·,t
ΣD M̂·,t ,

4. For each time instance t ∈ [T ], compute the model uncertainty (variance) as

M̂1 = M̂ T βD .

3. Define the counterfactual means for the treatment unit as

ΣD =

1
−1
M̂ − (M̂ − )T + αI
2
σ̂
1
βD = 2 ΣD M̂ − Y1− .
σ̂

2. Compute posterior distribution parameters for an appropriate choice of the prior α:

where Ȳ denotes the pre-intervention sample mean.

2

0
1 X
(Y1t − Ȳ )2 ,
σ̂ =
T0 − 1

T

1. Estimate the noise variance via (bias-corrected) maximum likelihood, i.e.

Step 2. Learning and projecting

Algorithm 2 Bayesian robust synthetic control

Robust Synthetic Control

2

+ ηkvk1 .

10
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In terms of scalability, the most computationally demanding procedure is that of evaluating the
singular value decomposition (SVD) of the observation matrix. Given the ubiquity of SVD methods
in the realm of machine learning, there are well-known techniques that enable computational and
storage scaling for SVD algorithms. For instance, both Spark (through alternative least squares)
and Tensor-Flow come with built-in SVD implementations. As a result, by utilizing the appropriate

3.4.4 Scalability.

Here, we discuss several approaches to choosing the hyperparameter µ for the singular values; note
that µ defines the set S that includes the singular values we wish to include in the imputation
procedure. If it is known a priori that the underlying model is low rank with rank at most k, then
it may make sense to choose µ such that |S| = k. A data driven approach, however, could be
implemented based on cross-validation. Precisely, reserve a portion of the pre-intervention period
for validation, and use the rest of the pre-intervention data to produce an estimate β̂(η) for each of
the finitely many choices of µ (s1 , . . . , sN −1 ). Using each estimate β̂(η), produce its corresponding
treatment unit mean vector over the validation period. Then, select the µ that achieves the minimum
MSE with respect to the observed data. Finally, Chatterjee (2015) provides a universal approach to
picking a threshold; similarly, we also propose another such universal threshold, (20), in Section 4.1.
We utilize the data driven approach in our experiments in this work.
The regularization parameter, η, also plays a crucial role in learning the synthetic control and
influences both the training and generalization errors. As is often the case in model selection, a
popular strategy in estimating the ideal η is to employ cross-validation as described above. However,
since time-series data often have a natural temporal ordering with causal effects, we also recommend
employing the forward chaining strategy. Although the forward chaining strategy is similar to
leave-one-out (LOO) cross-validation, an important distinction is that forward chaining does not
break the temporal ordering in the training data. More specifically, for a particular candidate of η
at every iteration t ∈ [T0 ], the learning process uses [Y11 , . . . , Y1,t−1 ] as the training portion while
reserving Y1t as the validation point. As before, the average error is then computed and used to
evaluate the model (characterized by the choice of η). The forward chaining strategy can also be
used to learn the optimal µ.

3.4.3 Choosing the hyperparameters.

For the purposes of this paper, we focus our attention on ridge regression and provide theoretical
results in Section 4 under the `2 -regularization setting. However, a closer examination of the LASSO
estimator for synthetic control methods can be found in Li and Bell (2017).

v∈RN −1

β̂(η) = arg min Y1− − (M̂ − )T v

For the practitioner who seeks a more interpretable solution, e.g. a convex combination of donors as
per the original synthetic control estimator of Abadie et al. (2010, 2011); Abadie and Gardeazabal
(2003), we recommend using an `1 -regularization penalty in the learning procedure of step 2. Due
to the geometry of LASSO, the resulting estimator will often be a sparse vector; in other words,
LASSO effectively performs model selection and selects the most important donors that comprise
the synthetic control. LASSO can also be beneficial if the number of donors exceeds the number of
pre-treatment time periods. Specifically, for any η > 0, we define the LASSO estimator to be

3.4.2 Solution interpretability.

range. Specifically, the reverse transformation equates to multiplying the end result by (b − a)/2 and
adding by (a + b)/2.
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|vj | ,

q

(18)
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j=1

N
−1
X

Robust Synthetic Control

+η

and M . Additionally, we aim to establish the validity of our pre-intervention linear model assumption
(cf. (6)) and investigate how the linear relationship translates over to the post-intervention regime, i.e.
if M1− = (M − )T β ∗ for some β ∗ , does M1+ (approximately) equal to (M + )T β ∗ ? If so, under what
conditions? We present our results for the above aspects after a brief motivation of `2 regularization.

q

|vj | ≤ c,

12
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results in an estimator with strong theoretical properties for both interpolation and extrapolation
(discussed in Section 4.2). Here, p̂ and σ̂ 2 denote the unbiased maximum likelihood estimates of p
and σ 2 , respectively, and can be computed via (9) and (12).

In this section, we highlight the importance of our de-noising procedure and prescribe a universal
threshold (similar to that of Chatterjee (2015)) that dexterously distinguishes signal from noise,
enabling the algorithm to capture the appropriate amount of useful information (encoded in the
singular values of Y ) while discarding out the randomness. Due to its universality, the threshold
naturally adapts to the amount of structure within M in a purely data-driven manner. Specifically,
for any choice of ω ∈ (0.1, 1), we find that choosing
p
µ = (2 + ω) T (σ̂ 2 p̂ + p̂(1 − p̂)),
(20)

4.1 Imputation analysis.

for some appropriate value of c. When q = 2, (18) corresponds to the classical setup known as ridge
regression or weight decay. The case of q = 1 is known as the LASSO in the statistics literature; the
`1 -norm regularization of LASSO is a popular heuristic for finding a sparse solution. In either case,
incorporating an additional regularization term encourages the learning algorithm to output a simpler
model with respect to some measure of complexity, which helps the algorithm avoid overfitting to the
idiosyncrasies within the observed dataset. Although the training error may suffer from the simpler
model, empirical studies have demonstrated that the generalization error can be greatly improved
under this new setting. Throughout this section, we will primarily focus our attention on the case of
q = 2, which maintains our learning objective to be (convex) quadratic in the parameter v so that its
exact minimizer can be found in closed form:

−1
β̂(η) = M̂ − (M̂ − )T + ηI
M̂ − Y1− .
(19)

j=1

N
−1
X

for some choice of positive constants η and q. The first term measures the empirical error of the model
on the given dataset, while the second term penalizes models that are too “complex” by controlling
the “smoothness” of the model in order to avoid overfitting. In general, the impact/trade-off of
regularization can be controlled by the value of the regularization parameter η. Via the use of
Lagrange multipliers, we note that minimizing (18) is equivalent to minimizing (10) subject to the
constraint that

2

computational infrastructure, our de-noising procedure, and algorithm in generality, can scale quite
well. Also note that for a low rank structure, we typically only need to compute the top few singular
values and vectors. Various truncated-SVD algorithms provide resource-efficient implementations to
compute the top k singular values and vectors instead of the complete-SVD.

(17)

v∈RN −1

3.4.5 Low rank hypothesis.

Var(it ) = σ 2 .

β̂(η) = arg min Y1− − (M̂ − )T v

Combatting overfitting. One weapon to combat overfitting is to constrain the learning algorithm
to limit the effective model complexity by fitting the data under a simpler hypothesis. This technique
is known as regularization, and it has been widely used in practice. To employ regularization, we
introduce a complexity penalty term into the objective function (10). For a general regularizer, the
objective function takes the form

The factor models that are commonly used in the Econometrics literature, cf. Abadie et al. (2010,
2011); Abadie and Gardeazabal (2003), often lead to a low rank structure for the underlying mean
matrix M . When f is nonlinear, M can still be well approximated by a low rank matrix for a large
class of functions. For instance, if the latent parameters assumed values from a bounded, compact
set, and if f was Lipschitz continuous, then it can be argued that M is well approximated by a low
rank matrix, cf. see Chatterjee (2015) for a very simple proof. As the reader will notice, while we
establish results for low rank matrix, the results of this work are robust to low rank approximations
whereby the approximation error can be viewed as “noise”. Lastly, as shown in Udell and Townsend
(2017), many latent variable models can be well approximated (up to arbitrary accuracy ) by low
rank matrices. Specifically, Udell and Townsend (2017) shows that the corresponding low rank
approximation matrices associated with “nice” functions (e.g. linear functions, polynomials, kernels,
etc.) are of log-rank.

3.4.6 Covariate information.
Although the algorithm does not appear to rely on any helpful covariate information and the
experimental results, presented in Section 5, suggest that it performs on par with that of the original
synthetic control algorithm, we want to emphasize that we are not suggesting that practitioners should
abandon the use of any additional covariate information or the application of domain knowledge.
Rather, we believe that our key algorithmic feature – the de-noising step – may render covariates
and domain expertise as luxuries as opposed to necessities for many practical applications. If
the practitioner has access to supplementary predictor variables, we propose that step one of our
algorithm be used as a pre-processing routine for de-noising the data before incorporating additional
information. Moreover, other than the obvious benefit of narrowing the donor pool, domain expertise
can also come in handy in various settings, such as determining the appropriate method for imputing
the missing entries in the data. For instance, if it is known a priori that there is a trend or periodicity
in the time series evolution for the units, it may behoove the practitioner to impute the missing
entries using “nearest-neighbors” or linear interpolation.

4. Theoretical Results

and

In this section, we derive the finite sample and asymptotic properties of the estimators M̂ and
M̂1 . We begin by defining necessary notations and recalling a few operating assumptions prior to
presenting the results, with the corresponding proofs relegated to the Appendix. To that end, we
re-write (3) in matrix form as X = M + E, where E = [it ]2≤i≤N,t∈[T ] denotes the noise matrix.
We shall assume that the noise parameters it are independent zero-mean random variables with
bounded second moments. Specifically, for all 2 ≤ i ≤ N, t ∈ [T ],
E[it ] = 0,

JMLR 19(22):1-51, 2018

We shall also assume that the treatment unit noise in (5) obeys (17). Further, we assume the
relationship in (6) holds. To simplify the following exposition, we assume that |Mij | ≤ 1 and
|Xij | ≤ 1.
As previously discussed, we evaluate the accuracy of our estimated means for the treatment unit
with respect to the deviation between M̂1 and M1 measured in `2 -norm, and similarly between M̂
11

1



(N − 1)− d+2
1
+O
,
√
p
(N − 1)T

(23)

4.2.1 General result.

2 2σ 2 |S| ηkβ ∗ k2
C1  ∗
E λ + kY − pM k + (p̂ − p)M −
+
+
+ C2 e−cp(N −1)T .
2
p T0
T0
T0
(25)

p
C1 2
(σ + (1 − p)) + O(1/ T0 ),
p

14

JMLR 19(22):1-51, 2018

13

JMLR 19(22):1-51, 2018

(26)

√
√
√
As an implication, if p = (1 + ϑ) T0 /(1 + T0 ) and σ 2 ≤ ϑ, we have that MSE(M̂1− ) = O(1/ T0 ).
More generally, Corollary 4 shows that by adroitly capturing the signal, the resulting error bound
simply depends on the variance of the noise terms, σ 2 , and the error introduced due to missing data.
Ideally, one would hope to overcome the error term when T0 is sufficiently large. This motivates the
following setup.

where C1 is a universal positive constant.

MSE(M̂1− ) ≤

−1+ζ

Corollary 4 Suppose p ≥ Tσ2 +1 for some ζ > 0. Let T ≤ αT0 for some constant α > 1. Then for
any η ≥ 0 and using µ as defined in (20), the pre-intervention error is bounded above by

Using the universal threshold defined in (20), we now highlight the prediction power of our estimator
for any choice of η, the regularization hyperparameter. As described in Section 4.1, the prescribed
threshold automatically captures the “correct” level of information encoded in the (noisy) singular
values of Y in a data-driven manner, dependent on the structure of M . However, unlike the
statements in Theorems 1 and 2, the following bound does not require M to be low rank or f to be
Lipschitz.

4.2.2 Goldilocks principle: a universal threshold.

Bias-variance tradeoff. Let us interpret the result by parsing the terms in the error bound. The
last term decays exponentially with (N − 1)T , as long as the fraction of observed entries is such that,
on average, we see a super-constant number of entries, i.e. p(N −1)T  1. More interestingly, the first
two terms highlight the “bias-variance tradeoff” of the algorithm with respect to the singular value
threshold µ. Precisely, the size of the set S increases with a decreasing value of the hyperparameter
µ, causing the second error term to increase. Simultaneously, however, this leads to a decrease in λ∗ .
Note that λ∗ denotes the aspect of the “signal” within the matrix M that is not captured due to the
thresholding through S. On the other hand, the second term, |S|σ 2 /T0 , represents the amount of
“noise” captured by the algorithm, but wrongfully interpreted as a signal, during the thresholding
process. In other words, if we use a large threshold, then our model may fail to capture pertinent
information encoded in M ; if we use a small threshold, then the algorithm may overfit the spurious
patterns in the data. Thus, the hyperparameter µ provides a way to trade-off “bias” (first term) and
“variance” (second term).

Here, λ1 , . . . , λN −1 are the singular values of pM in decreasing order and repeated by multiplicities,
with λ∗ = maxi∈S
/ λi ; C1 , C2 and c are universal positive constants.

MSE(M̂1− ) ≤

Theorem 3 Let S denote the set of singular values included in the imputation procedure, i.e., the
set of singular values greater than µ. Then for any η ≥ 0 and µ ≥ 0, the pre-intervention error of
the algorithm can be bounded as

We provide a finite sample error bound for the most generic setting, i.e. for any choice of the
threshold, µ, and regularization hyperparameter, η.

Amjad, Shah, Shen

If the right-hand side of (33) approaches zero in the limit as T0 grows without bound, then we say
that M̂1− is a consistent estimator of M1− (note that our analysis here assumes that only T0 → ∞).
In what follows, we first state the finite sample bound on the average MSE between M̂1− and M1−
for the most generic setup (Theorem 3). As a main Corollary of the result, we specialize the bound
in the case where we use our prescribed universal threshold. Finally, we discuss a minor variation
of the algorithm where the data is pre-processed, and specialize the above result to establish the
consistency of our estimator (Theorem 5).

Similar to the setting for interpolation, the prediction performance metric of interest is the average
mean-squared-error in estimating M1− using M̂1− . Precisely, we define
"
#
T0
1 X
MSE(M̂1− ) = E
(M1t − M̂1t )2 .
(24)
T0 t=1

4.2 Forecasting analysis: pre-intervention regime.

It is important to observe that the models under consideration for both Theorems 1 and 2 encompass
the mean matrices, M , generated as per many of the popular Econometric factor models often
considered in literature and assumed in practice. Therefore, de-noising the data serves as an important
imputing and filtering procedure for a wide array of applications.

where C(K, d, L) is a constant depending on K, d, and L.

MSE(M̂ ) ≤ C(K, d, L)

Theorem 2 (Theorem 2.7 of Chatterjee (2015)) Suppose f is a L-Lipschitz function. Suppose
−1+ζ
that p ≥ Tσ2 +1 for some ζ > 0. Then using µ as defined in (20),

Suppose that the latent row and column feature vectors, {θi } and {ρj }, belong to some bounded,
closed sets K ⊂ Rd , where d is some arbitrary but fixed dimension. If we assume f : K × K → [−1, 1]
possesses desirable smoothness properties such as Lipschitzness, then M̂ is again a good estimate of
M.

where C1 is a universal positive constant.

Theorem 1 (Theorem 2.1 of Chatterjee (2015)) Suppose that M is rank k. Suppose that
−1+ζ
p ≥ Tσ2 +1 for some ζ > 0. Then using µ as defined in (20),
s


k
1
MSE(M̂ ) ≤ C1
+O
,
(22)
(N − 1)p
(N − 1)T

We say that M̂ is a consistent estimator of M if the right-hand side of (21) converges to zero as N
and T grow without bound.
The following theorem demonstrates that M̂ is a good estimate of M when M is a low rank
matrix, particularly when the rank of M is small compared to (N − 1)p.

The following Theorems (adapted from Theorems 2.1 and 2.7 of Chatterjee (2015)) demonstrate
that Step 1 of our algorithm (detailed in Section 3.2) accurately imputes missing entries within our
data matrix X when the signal matrix M is either low rank or generated by an L-Lipschitz function.
In particular, Theorems 1 and 2 state that Step 1 produces a consistent estimator of the underlying
mean matrix M with respect to the (matrix) mean-squared-error, which is defined as
"
#
N X
T
X
1
MSE(M̂ ) = E
(M̂ij − Mij )2 .
(21)
(N − 1)T i=2 j=1

Robust Synthetic Control

4.2.3 Consistency.

Robust Synthetic Control

p̂
τ

t∈Bj

1 X
Xit · Dit ,
τ

1 if Xit is observed,
0 otherwise.

t∈Bj

p X
Mit .
τ

(27)

(28)

X1t for all j ∈ [∆]2 . Let M̄ − = [M̄ij ]2≤i≤N,j∈[∆] with

(

t∈Bj

P

Dit =

X̄ij =

We present a straightforward pre-processing step that leads to the consistency of our algorithm. The
pre-processing step simply involves replacing the columns of X by the averages of subsets of its
columns. This admits the same setup as before, but with the variance for each noise term reduced.
An implicit side benefit of this approach is that required SVD step in the algorithm is now applied
to a matrix of smaller dimensions.
To begin, partition the T0 columns of the pre-intervention data matrix X − into ∆ blocks,
each of size τ = bT0 /∆c except potentially the last block, which we shall ignore for theoretical
purposes; in practice, however, the remaining columns can be placed into the last block. Let
Bj = {(j − 1)τ + ` : 1 ≤ ` ≤ τ } denote the column indices of X − within partition j ∈ [∆]. Next, we
replace the τ columns within each partition by their average, and thus create a new matrix, X̄ − ,
with ∆ columns and N − 1 rows. Precisely, X̄ − = [X̄ij ]2≤i≤N,j∈[∆] with

where

For the treatment row, let X̄1j =
M̄ij = E[X̄ij ] =

N
X
i=2

β̂i (η)Xit .

ˆ .
β̂i (η)M̄
ij

(31)

(30)

(29)

ˆ − of M̄ − , which is sufficient to produce β̂(η).
We apply the algorithm to X̄ − to produce the estimate M̄
This β̂(η) can be used to produce the post-intervention synthetic control means M̂1+ = [M̂1t ]T0 <t≤T
in a similar manner as before 3 : for T0 < t ≤ T ,
M̂1t =

N
X
i=2

ˆ − = [M̄
ˆ ]
For the pre-intervention period, we produce the estimator M̄
1j j∈[∆] : for j ∈ [∆],
1
ˆ =
M̄
1j
Our measure of estimation error is defined as
"
#
∆
1 X
ˆ )2 .
(M̄1j − M̄
1j
∆ j=1
ˆ −) = E
MSE(M̄
1

For simplicity, we will analyze the case where each block contains at least one entry such that X̄ − is
completely observed. We now state the following result.
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2. Although the statement in Theorem 5 assumes that an oracle provides the true p, we prescribe practitioners
to use p̂ since p̂ converges to p almost surely by the Strong Law of Large Numbers.
3. In practice, one can first de-noise X + via step one of Section 3, and use the entries of M̂ + in (29).
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T0−2γ
σ 2 +1
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is known. Then for any η ≥ 0,

1

+γ

).

Theorem 5 Fix any γ ∈ (0, 1/2) and ω ∈ (0.1, 1). Let ∆ = T02
Suppose p ≥

−1/2+γ

ˆ − ) = O(T
MSE(M̄
1
0

q
and µ = (2+ω) T02γ (σ̂ 2 p̂ + p̂(1 − p̂)).

(32)

We note that the method of (Abadie and Gardeazabal, 2003, Sec 2.3) learns the weights (here β̂(0))
by pre-processing the data. One common pre-processing proposal is to also aggregate the columns,
but the aggregation parameters are chosen by solving an optimization problem to minimize the
resulting prediction error of the observations. In that sense, the above averaging of column is a
simple, data agnostic approach to achieve a similar effect, and potentially more effectively.

4.3 Forecasting analysis: post-intervention regime.

1
T − T0

T
X

t>T0

(M1t − M̂1t )2

.

!1/2 #

(33)

For the post-intervention regime, we consider the average root-mean-squared-error in measuring the
performance of our algorithm. Precisely, we define
"

RMSE(M̂1+ ) = E √

The key assumption of our analysis is that the treatment unit signal can be written as a linear
combination of donor pool signals. Specifically, we assume that this relationship holds in the preintervention regime, i.e. M1− = (M − )T β ∗ for some β ∗ ∈ RN −1 as stated in (6). However, the
question still remains: does the same relationship hold for the post-intervention regime and if so,
under what conditions does it hold? We state a simple linear algebraic fact to this effect, justifying
the approach of synthetic control. It is worth noting that this important aspect has been amiss in the
literature, potentially implicitly believed or assumed starting in the work by Abadie and Gardeazabal
(2003).

Theorem 6 Let Equation (6) hold for some β ∗ . Let rank(M − ) = rank(M ). Then M1+ =
(M + )T β ∗ .

T −1+ζ
σ 2 +1

for some ζ > 0. Suppose β̂(η)

∞

≤ ψ for some ψ > 0. Let

If we assume that the linear relationship prevails in the post-intervention period, then we arrive at
the following error bound.
Theorem 7 Suppose p ≥

α0 T0 ≤ T ≤ αT0 for some constants α0 , α > 1. Then for any η ≥ 0 and using µ as defined in (20),
the post-intervention error is bounded above by

p
C1
C2 kM k
RMSE(M̂1+ ) ≤ √ (σ 2 + (1 − p))1/2 + √
· E β̂(η) − β ∗ + O(1/ T0 ),
p
T0

where C1 and C2 are universal positive constants.
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Benefits of regularization. In order to motivate the use of regularization, we analyze the error
bounds of Theorems 3 and 7 to observe how the pre- and post-intervention errors react to regularization.
As seen from Theorem 3, the pre-intervention error increases linearly with respect to the choice of η.
Intuitively, this increase in pre-intervention error derives from the fact that regularization reduces the
model complexity, which biases the model and handicaps its ability to fit the data. At the same time,
by restricting the hypothesis space and controlling the “smoothness” of the model, regularization
prevents the model from overfitting to the data, which better equips the model to generalize to unseen
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(39)

(38)

(37)

1
M − Y1− + Σ−1
0 β0 .
σ2

(36)

(35)
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For the remainder of this section, we shall consider a popular form of the Gaussian prior. In particular,
we consider a zero-mean isotropic Gaussian with the following parameters: β0 = 0 and Σ0 = α−1 I for
some choice of α > 0. Since M − is unobserved by the algorithm, we use the estimated M̂ − , computed
as per step one of Section 3, as a proxy; therefore, we redefine our data as D = {(Y1t , M̂·t ) : t ∈ [T0 ]}.

β D = ΣD


−1
1
−
− T
ΣD = Σ−1
0 + 2 M (M )
σ
!

an exponential of a quadratic function of β. The corresponding conjugate prior, p(β), is therefore
given by a Gaussian distribution, i.e. β ∼ N (β | β0 , Σ0 ) with mean β0 and covariance Σ0 . By using
a conjugate Gaussian prior, the posterior distribution, which is proportional to the product of the
likelihood and the prior, will also be Gaussian. Applying Bayes’ Theorem (derivation unveiled below
in Section G in the Appendix, we have that the posterior distribution is p(β | D) = N (βD , ΣD ) where

(34)

p(Y1− | β, M̂ − ) = N ((M − )T β, σ 2 I),
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2
= N (M̂·tT βD , σD
),

(42)
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Although we have treated β ∗ as a random variable attached with a prior distribution, we can
venture beyond point estimates to be fully Bayesian. In particular, we will make use of the
posterior distribution over β ∗ to marginalize over all possible values of β ∗ in evaluating the predictive
distribution over Y1− . We will decompose the regression problem of predicting the counterfactual
into two separate stages: the inference stage in which we use the pre-intervention data to learn
the predictive distribution (defined shortly), and the subsequent decision stage in which we use the
predictive distribution to make estimates. By separating the inference and decision stages, we can
readily develop new estimators for different loss functions without having to relearn the predictive
distribution, providing practitioners tremendous flexibility with respect to decision making.
Let us begin with a study of the inference stage. We evaluate the predictive distribution over
Y1t , which is defined as
Z
p(Y1t | M̂·t , D) = p(Y1t | M̂·t , β) p(β | D) dβ

4.4.2 Fully Bayesian treatment.

(41)

(40)

M̂1 = M̂ T β̂MAP .

With the MAP estimate at hand, we then make predictions of the counterfactual as

= arg min

2
1 −
ασ 2
2
Y1 − (M̂ − )T β +
kβk
2
β∈RN −1 2

−1
= M̂ − (M̂ − )T + ασ 2 I
M̂ − Y1− .

β∈RN −1

β̂MAP = arg max ln p(β | D)

Therefore, we have seen that the MAP estimation is equivalent to ridge regression since the introduction of an appropriate prior naturally induces the additional complexity penalty term.

ln p(β | D) = −

2
1
α
2
Y − − (M̂ − )T β − kβk + const.
2σ 2 1
2
Maximizing the above log posterior then equates to minimizing the quadratic regularized error (10)
with η = ασ 2 . We define the MAP estimate, β̂MAP , as

By using the zero-mean, isotropic Gaussian conjugate prior, we can derive a point estimate of β ∗
by maximizing the log posterior distribution, which we will show is equivalent to minimizing the
regularized objective function of (10) for a particular choice of η. In essence, we are determining the
optimal β̂ by finding the most probable value of β ∗ given the data and under the influence of our
prior beliefs. The resulting estimate is known as the maximum a posteriori (MAP) estimate.
We begin by taking the log of the posterior distribution, which gives the form

4.4.1 Maximum a posteriori (MAP) estimation.

Putting everything together, we have that p(β | D) = N (βD , ΣD ) whereby

−1
1
ΣD = αI + 2 M̂ − (M̂ − )T
σ
1
βD = 2 ΣD M̂ − Y1−
σ
!−1
1
1
−
− T
= 2
M̂
(
M̂
)
+
αI
M̂ − Y1− .
σ
σ2
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We begin by treating β ∗ as a random variable as opposed to an unknown constant. In this
approach, we specify a prior distribution, p(β), that expresses our apriori beliefs and preferences about
the underlying parameter (synthetic control). Given some new observation for the donor units, our
goal is to make predictions for the counterfactual treatment unit on the basis of a set of pre-intervention
(training) data. For the moment, let us assume that the noise parameter σ 2 is a known quantity
and that the noise is drawn from a Gaussian distribution with zero-mean; similarly, we temporarily
assume M − is also given. Let us denote the vector of donor estimates as M·t = [Mit ]2≤i≤N ; we
define X·t similarly. Denoting the pre-intervention data as D = {(Y1t , M·t ) : t ∈ [T0 ]}, the likelihood
function p(Y1− | β, M − ) is expressed as

We now present a Bayesian treatment of synthetic control. By operating under a Bayesian framework,
we allow practitioners to naturally encode domain knowledge into prior distributions while simultaneously avoiding the problem of overfitting. In addition, rather than making point estimates, we can
now quantitatively express the uncertainty in our estimates with posterior probability distributions.

4.4 Bayesian analysis.

without any assumptions on the rank of M̂ − . In other words, Farebrother (1976) demonstrates that
regularization can decrease the MSE between β̂(η) and the true β ∗ , thus reducing the overall error.
Ultimately, employing ridge regression introduces extraneous bias into our model, yielding a higher
pre-intervention error. In exchange, regularization reduces the post-intervention error (due to smaller
variance).

MSE(β̂(η)) ≤ MSE(β̂(0)),

data. Therefore, a larger value of η reduces the post-intervention error. This can be seen by observing
the second error term of Theorem 7, which is controlled by the expression β̂(η) − β ∗ . In words,
this error is a function of the learning algorithm used to estimate β ∗ . Interestingly, Farebrother
(1976) demonstrates that there exists an η > 0 such that
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where

Z

Z
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2
T
σD
= σ 2 + M̂·,t
ΣD M̂·,t .

L(Y1t , g(M̂·t )) · p(Y1t | M̂·t ) dY1t p(M̂·t ) dM̂·t ,

L(Y1t , g(M̂·t )) · p(Y1t , M̂·t ) dY1t dM̂·t
!

(43)

(45)

(44)

Note that p(β | D) is the posterior distribution over the synthetic control parameter and is governed
by (37) and (39). With access to the predictive distribution, we move on towards the decision stage,
which consists of determining a particular estimate M̂1t given a new observation vector X·t (used to
determine M̂·t ). Consider an arbitrary loss function L(Y1t , g(M̂·t )) for some function g. The expected
loss is then given by
Z Z
E[L] =

=
and we choose our estimator ĝ(·) as the function that minimizes the average cost, i.e.,
g(·)

ĝ(·) = arg min E[L(Y1t , g(M̂·t ))].

Z

L(Y1t , g(M̂·t )) · p(Y1t | M̂·t ) dY1t .

(46)

Since p(M̂·t ) ≥ 0, we can minimize (44) by selecting ĝ(M̂·t ) to minimize the term within the
parenthesis for each individual value of Y1t , i.e.,
M̂1t = ĝ(M̂·t )
g(·)

= arg min

As suggested by (46), the optimal estimate M̂1t for a particular loss function depends on the
model only through the predictive distribution p(Y1t | M̂·t , D). Therefore, the predictive distribution
summarizes all of the necessary information to construct the desired Bayesian estimator for any given
loss function L.

4.4.3 Bayesian least-squares estimate.

Z

Z

(Y1t − g(M̂·t ))2 · p(Y1t | M̂·t ) dY1t p(M̂·t ) dM̂·t .

We analyze the case for the squared loss function (MSE), a common cost criterion for regression
problems. In this case, we write the expected loss as
!
E[L] =

(47)

Under the MSE cost criterion, the optimal estimate is the mean of the predictive distribution, also
known as the Bayes’ least-squares (BLS) estimate:
M̂1t

= E[Y1t | M̂·t , D]
Z
Y1t p(Y1t | M̂·t , D)dY1t
=

= M̂·tT βD .
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Remark 8 Since the noise variance σ 2 is usually unknown in practice, we can introduce another
conjugate prior distribution p(β, 1/σ 2 ) given by the Gaussian-gamma distribution. This prior yields
a Student’s t-distribution for the predictive probability distribution. Alternatively, one can estimate
σ 2 via (12).
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We begin by exploring two real-world case studies discussed in Abadie et al. (2010, 2011); Abadie
and Gardeazabal (2003) that demonstrate the ability of the original synthetic control’s algorithm to
produce a reliable counterfactual reality. We use the same case-studies to showcase the “robustness”
property of our proposed algorithm. Specifically, we demonstrate that our algorithm reproduces
similar results even in presence of missing data, and without knowledge of the extra covariates
utilized by prior works. We find that our approach, surprisingly, also discovers a few subtle effects
that seem to have been overlooked in prior studies. In the following empirical studies, we will employ
three different learning procedures as described in the robust synthetic control algorithm: (1) linear
regression (η = 0), (2) ridge regression (η > 0), and (3) LASSO (ζ > 0).
As described in Abadie et al. (2010, 2011, 2014), the synthetic control method allows a practitioner
to evaluate the reliability of his or her case study results by running placebo tests. One such placebo
test is to apply the synthetic control method to a donor unit. Since the control units within the
donor pool are assumed to be unaffected by the intervention of interest (or at least much less affected
in comparison), one would expect that the estimated effects of intervention for the placebo unit
should be less drastic and divergent compared to that of the treated unit. Ideally, the counterfactuals
for the placebo units would show negligible effects of intervention. Similarly, one can also perform
exact inferential techniques that are similar to permutation tests. This can be done by applying the
synthetic control method to every control unit within the donor pool and analyzing the gaps for
every simulation, and thus providing a distribution of estimated gaps. In that spirit, we present the
resulting placebo tests (for only the case of linear regression) for the Basque Country and California
Prop. 99 case studies below to assess the significance of our estimates.
We will also analyze both case studies under a Bayesian setting. From our results, we see that our
predictive uncertainty, captured by the standard deviation of the predictive distribution, is influenced
by the number of singular values used in the de-noising process. Therefore, we have plotted the
eigenspectrum of the two case study datasets below. Clearly, the bulk of the signal contained within
the datasets is encoded into the top few singular values – in particular, the top two singular values.
Given that the validation errors computed via forward chaining are nearly identical for low-rank
settings (with the exception of a rank-1 approximation), we shall use a rank-2 approximation of the
data matrix. In order to exhibit the role of thresholding in the interplay between bias and variance,
we also plot the cases where we use threshold values that are too high (bias) or too low (variance).
For each figure, the dotted blue line will represent our posterior predictive means while the shaded
light blue region spans one standard deviation on both sides of the mean. As we shall see, our
predictive uncertainty is smallest in the neighborhood around the pre-intervention period. However,
the level of uncertainty increases as we deviate from the the intervention point, which appeals to our
intuition.
In order to choose an appropriate choice of the prior parameter α, we first use forward-chaining
for the ridge regression setting to find the optimal regularization hyperparameter η. By observing
the expressions of (19) and (40), we see that η = ασ 2 since ridge regression is closely related to MAP
estimation for a zero-mean, isotropic Gaussian prior. Consequently, we choose α = η/σ̂ 2 where η is
the value obtained via forward chaining.

5.1 Basque Country

JMLR 19(22):1-51, 2018

The goal of this case-study is to investigate the effects of terrorism on the economy of Basque Country
using the neighboring Spanish regions as the control group. In 1968, the first Basque Country victim
of terrorism was claimed; however, it was not until the mid-1970s did the terrorist activity become
more rampant Abadie and Gardeazabal (2003). To study the economic ramifications of terrorism on
Basque Country, we only use as data the per-capita GDP (outcome variable) of 17 Spanish regions
from 1955-1997. We note that in Abadie and Gardeazabal (2003), 13 additional predictor variables
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(b) Eigenspectrum of California data.
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Placebo tests. We begin by applying our robust algorithm to the Spanish region of Cataluna, a
control unit that is not only similar to Basque Country, but also exposed to a much lower level of
terrorism Abadie et al. (2011). Observing both the synthetic and observed economic evolutions of
Cataluna in Figure 3a, we see that there is no identifiable treatment effect, especially compared to
the divergence between the synthetic and observed Basque trajectories. We provide the results for
the regions of Aragon and Castilla Y Leon in Figures 3b and 3c.
Finally, similar to Abadie et al. (2011), we plot the differences between our estimates and the
observations for Basque Country and all other regionals, individually, as placebos. Note that Abadie
et al. (2011) excluded five regions that had a poor pre-intervention fit but we keep all regions. Figure
4a shows the resulting plot for all regions with the solid black line being Basque Country. This

Results. Figure 2a shows that our method (for all three estimators) produces a very similar
qualitative synthetic control to the original method even though we do not utilize additional predictor
variables. Specifically, the synthetic control resembles the observed GDP in the pre-treatment period
between 1955-1970. However, due to the large-scale terrorist activity in the mid-70s, there is a
noticeable economic divergence between the synthetic and observed trajectories beginning around
1975. This deviation suggests that terrorist activity negatively impacted the economic growth of
Basque Country.
One subtle difference between our synthetic control – for the case of linear and ridge regression –
and that of Abadie and Gardeazabal (2003) is between 1970-75: our approach suggests that there was
a small, but noticeable economic impact starting just prior to 1970, potentially due to first terrorist
attack in 1968. Notice, however, that the original synthetic control of Abadie and Gardeazabal (2003)
diverges only after 1975. Our LASSO estimator’s trajectory also agrees with that of the original
synthetic control method’s, which is intuitive since both estimators seek sparse solutions.
To study the robustness of our approach with respect to missing entries, we discard each data
point uniformly at random with probability 1 − p. The resulting control for different values of p is
presented in Figure 2b suggesting the robustness of our (linear) algorithm. Finally, we produce Figure
2c by applying our algorithm without the de-noising step. As evident from the Figure, the resulting
predictions suffer drastically, reinforcing the value of de-noising. Intuitively, using an appropriate
threshold µ equates to selecting the correct model complexity, which helps safeguard the algorithm
from potentially overfitting to the training data.

for each region were used including demographic information pertaining to one’s educational status,
and average shares for six industrial sectors.

Figure 1: Eigenspectrum

(a) Eigenspectrum of Basque data.

Robust Synthetic Control

(b) Missing data.

(c) Impact of de-noising.

(b) Aragon.

(c) Castilla Y Leon.

(b) Excludes 2 regions.
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Figure 4: Per-capita GDP gaps for Basque Country and control regions.

(a) Includes all control regions.

Bayesian approach. We plot the resulting Bayesian estimates in the figures below under varying
thresholding conditions. It is interesting to note that our uncertainty grows dramatically once we
include more than two singular values in the thresholding process. This confirms what our theoretical

plot helps visualize the extreme post-intervention divergence between the predicted means and the
observed values for Basque. Up until about 1990, the divergence for Basque Country is the most
extreme compared to all other regions (placebo studies) lending credence to the belief that the effects
of terrorism on Basque Country were indeed significant. Refer to Figure 4b for the same test but
with Madrid and Balearic Islands excluded, as per Abadie et al. (2011). The conclusions drawn
should remain the same, pointing to the robustness of our approach.

Figure 3: Trends in per-capita GDP for placebo regions.

(a) Cataluna.

Figure 2: Trends in per-capita GDP between Basque Country vs. synthetic Basque Country.

(a) Comparison of methods.
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(a) Top singular value.

(d) Top four values.
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(b) Top two singular values.

(e) Top five singular values.

(c) Top three singular values.

(f ) Top six singular values.

Figure 5: Trends in per-capita GDP between Basque Country vs. synthetic Basque Country.

results indicated earlier: choosing a smaller threshold, µ, would lead to a greater number of singular
values retained which results in higher variance. On the other hand, notice that just selecting 1
singular value results in an apparently biased estimate which is overestimating the synthetic control.
It appears that selecting the top two singular values balance the bias-variance tradeoff the best and
is also agrees with our earlier finding that the data matrix appears to be of rank 2 or 3. Note that
in this setting, we would find it hard to reject the null-hypothesis because the observations for the
treated unit lie within the uncertainty band of the estimated synthetic control.

5.2 California Anti-tobacco Legislation
We study the impact of California’s anti-tobacco legislation, Proposition 99, on the per-capita
cigarette consumption of California. In 1988, California introduced the first modern-time large-scale
anti-tobacco legislation in the United States Abadie et al. (2010). To analyze the effect of California’s
anti-tobacco legislation, we use the annual per-capita cigarette consumption at the state-level for all
50 states in the United States, as well as the District of Columbia, from 1970-2015. Similar to the
previous case study, Abadie and Gardeazabal (2003) uses 6 additional observable covariates per state,
e.g. retail price, beer consumption per capita, and percentage of individuals between ages of 15-24,
to predict their synthetic California. Furthermore, Abadie and Gardeazabal (2003) discarded 12
states from the donor pool since some of these states also adopted anti-tobacco legislation programs
or raised their state cigarette taxes, and discarded data after the year 2000 since many of the control
units had implemented anti-tobacco measures by this point in time.
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Results. As shown in Figure 6a, in the pre-intervention period of 1970-88, our control matches the
observed trajectory. Post 1988, however, there is a significant divergence suggesting that the passage
of Prop. 99 helped reduce cigarette consumption. Similar to the Basque case-study, our estimated
effect is similar to that of Abadie and Gardeazabal (2003). As seen in Figure 6b, our algorithm is
23

(b) Missing data.
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(a) Comparison of methods.

(b) Iowa.

(c) Wyoming.

Figure 6: Trends in per-capita cigarette sales between California vs. synthetic California.

(a) Colorado.

Figure 7: Placebo Study: trends in per-capita cigarette sales for Colorado, Iowa, and Wyoming.

again robust to randomly missing data.

Placebo tests. We now proceed to apply the same placebo tests to the California Prop 99 dataset.
Figures 7a, 7b, and 7c are three examples of the applied placebo tests on the remaining states
(including District of Columbia) within the United States.
Finally, similar to Abadie et al. (2010), we plot the differences between our estimates and the actual observations for California and all other states, individually, as placebos. Note that Abadie et al.
(2010) excluded twelve states but we keep all states. Figure 8a shows the resulting plot for all states
with the solid black line being California. This plot helps visualize the extreme post-intervention
divergence between the predicted means and the observed values for California. Up until about 1995,
the divergence for California was clearly the most significant and consistent outlier compared to all
other regions (placebo studies) lending credence to the belief that the effects of Proposition 99 were
indeed significant. Refer to Figure 8b for the same test but with the same twelve states excludes as
in Abadie et al. (2010). Just like the Basque Country case study, the exclusion of states should not
affect the conclusions drawn.

JMLR 19(22):1-51, 2018

Bayesian approach. Similar to the Basque Country case study, our predictive uncertainty increases
as the number of singular values used in the learning process exceeds two. In order to gain some new
insight, however, we will focus our attention to the resulting figure associated with three singular
values, which is particularly interesting. Specifically, we observe that our predictive means closely
match the counterfactual trajectory produced by the classical synthetic control method in both the
pre- and post-intervention periods (up to year 2000), and yet our uncertainty for this estimate is
significantly greater than our uncertainty associated with the estimate produced using two singular
values. As a result, it may be possible that the classical synthetic control method overestimated the

24

(b) Excludes 12 states.

(b) Top two singular values.

(c) Top three singular values.
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Experimental setup. For each unit i ∈ [N ], we assign latent feature θi by drawing a number
uniformly at random in [0, 1]. For each time t ∈ [T ], we assign latent variable ρt = t. The mean value

We conduct synthetic simulations to establish the various properties of the estimates in both the preand post-intervention stages.

5.3 Synthetic simulations

Remark 9 We note that in Abadie et al. (2014), the authors ran two robustness tests to examine
the sensitivity of their results (produced via the original synthetic control method) to alterations in
the estimated convex weights – recall that the original synthetic control estimator produces a β ∗
that lies within the simplex. In particular, the authors first iteratively reproduced a new synthetic
West Germany by removing one of the countries that received a positive weight in each iteration,
demonstrating that their synthetic model is fairly robust to the exclusion of any particular country
with positive weight. Furthermore, Abadie et al. (2014) examined the trade-off between the original
method’s ability to produce a good estimate and the sparsity of the given donor pool. In order to
examine this tension, the authors restricted their synthetic West Germany to be a convex combination
of only four, three, two, and a single control country, respectively, and found that, relative to the
baseline synthetic West Germany (composed of five countries), the degradation in their goodness of
fit was moderate.

effect of Prop. 99, even though the legislation did probably discourage the consumption of cigarettes
– a conclusion reached by both our robust approach and the classical approach.

Figure 9: Trends in per-capita cigarette sales between California vs. synthetic California.

(a) Top singular value.

Figure 8: Per-capita cigarette sales gaps in California and control regions.

(a) Includes all donors.
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Training error approximates generalization error. For the first experimental study, we analyze
the relationship between the pre-intervention MSE (training error) and the post-intervention MSE
(generalization error). As seen in Table 1, the post-intervention MSE closely matches that of the

where f1 , f2 , f3 , f4 define the periodicities: f1 = ρt mod (360), f2 = ρt mod (180), f3 = 2 · ρt mod
(360), f4 = 2.0 · ρt mod (180). The observed value Xit is produced by adding i.i.d. Gaussian noise to
mean with zero mean and variance σ 2 . For this set of experiments, we use N = 100, T = 2000, while
assuming the treatment was performed at t = 1600.

+ cos(f1 π/180) + 0.5 sin(f2 π/180) + 1.5 cos(f3 π/180) − 0.5 sin(f4 ∗ π/180),

f (θi , ρt ) = θi + (0.3 · θi · ρt /T ) ∗ (expρt /T )

mit = f (θi , ρt ). In the experiments described in this section, we use the following:

Figure 11: Same dataset as shown in Figure 10 but with 40% data missing at random. Treatment
unit: not showing the noisy observations for clarity; plotting true means (blue) and the estimates
from our algorithm (red) and one where no singular value thresholding is performed (green). The
plots show all entries normalized to lie in range [−1, 1].

Figure 10: Treatment unit: noisy observations (gray) and true means (blue) and the estimates
from our algorithm (red) and one where no singular value thresholding is performed (green). The
plots show all entries normalized to lie in range [−1, 1]. Notice that the estimates in red generated
by our model are much better at estimating the true underlying mean (blue) when compared to an
algorithm which performs no singular value thresholding.
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Noise
0.48
0.31
0.19
0.09
0.027
0.008
0.0005

Training error
0.53
0.34
0.22
0.1
0.03
0.009
0.0006

Generalization error

Table 1: Training vs. generalization error

3.1
2.5
1.9
1.3
0.7
0.4
0.1

Noise
0.122
0.079
0.046
0.032
0.013
0.006
0.002

De-noising error
0.365
0.238
0.138
0.098
0.038
0.018
0.005

No De-noising error

Table 2: Impact of thresholding

3.1
2.5
1.9
1.6
1
0.7
0.4

pre-intervention MSE for varying noise levels, σ 2 . Thus suggesting efficacy of our algorithm. Figures
10 and 11 plot the estimates of algorithm with no missing data (Figure 10) and with 40% randomly
missing data (Figure 11) on the same underlying dataset. All entries in the plots were normalized to
lie within [−1, 1]. These plots confirm the robustness of our algorithm. Our algorithm outperforms the
algorithm with no singular value thresholding under all proportions of missing data. The estimates
from the algorithm which performs no singular value thresholding (green) degrade significantly with
missing data while our algorithm remains robust.
Benefits of de-noising. We now analyze the benefit of de-noising the data matrix, which is the
main contribution of this work compared to the prior work. Specifically, we study the generalization
error of method using de-noising via thresholding and without thresholding as in prior work. The
results summarized in Table 2 show that for range of parameters the generalization error with
de-noising is consistency better than that without de-noising.
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Bayesian approach. From the synthetic simulations (figures below), we see that the number of
singular values included in the thresholding process plays a crucial role in the model’s prediction
capabilities. If not enough singular values are used, then there is a significant loss of information
(high bias) resulting in a higher MSE. On the other hand, if we include too many singular values,
then the model begins to overfit to the dataset by misinterpreting noise for signal (high variance). As
emphasized before, the goal is to find the simplest model that both fits the data and is also plausible,
which is achieved when four singular values are employed.
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(b) Top two singular values.

(f ) Top 16 singular values.

(c) Top four singular values.
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(a) Top singular value.

(e) Top 10 singular values.

Figure 12: Bayesian Synthetic Control simulation.

(d) Top five singular values.

6. Conclusion

The classical synthetic control method is recognized as a powerful and effective technique for causal
inference for comparative case studies. In this work, we motivate a robust synthetic control algorithm,
which attempts to improve on the classical method in the following regimes: (a) randomly missing
data and (b) large levels of noise. We also demonstrate that the algorithm performs well even in
the absence of covariate or expert information, but do not propose ignoring information which may
eliminate “bad” donors. Our data-driven algorithm, and its Bayesian counterpart, uses singular
value thresholding to impute missing data and “de-noise” the observations. Once “de-noised”, we
use regularized linear regression to determine the synthetic control. Motivating our algorithm is a
modeling framework, specifically the Latent Variable Model, which is a generalization of the various
factor models used in related work. We establish finite-sample bounds on the MSE between the
estimated “synthetic” control and the latent true means of the treated unit of interest. In situations
with plentiful data, we show that a simple data aggregation method can lead to an asymptotically
consistent estimator. Experiments on synthetically generated data (where the truth is known) and on
real-world case-studies allow us to demonstrate the promise of our approach, which is an improvement
over the classical method.
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Appendix A. Useful Theorems

We begin by proving (and providing) a series of useful lemmas that we will frequently use to derive
our desired results.

Lemma 17 Suppose C is an m × n matrix composed of an m × p submatrix A and an m × (n − p)
submatrix B, i.e., C = A B . Then, the spectral (operator) norms of A and B are bounded
above by the spectral norm of C,

We present useful theorems that we will frequently employ in our proofs.

max{kAk, kBk} ≤ kCk.

1≤i≤k

Theorem 10 Perturbation of singular values.
Let A and B be two m × n matrices. Let k = min{m, n}. Let λ1 , . . . , λk be the singular values of A
in decreasing order and repeated by multiplicities, and let τ1 , . . . , τk be the singular values of B in
decreasing order and repeated by multiplicities. Let δ1 , . . . , δk be the singular values of A − B, in any
order but still repeated by multiplicities. Then,

2
E[Aij
] ≤ δ2 ,

and

|Aij | ≤ 1

a.s.

Note that



AT A
BT A

AT B
BT B

τp = kAk ≤ kCk =

√



.

σn .

= Q1 ΣQ2T Q2 Σ+ Q1T

P1 = AA†

= Q1 ΣΣ+ Q1T .

= Q1 ΣΣ+ Q1T

P1T = (Q1 ΣΣ+ Q1T )T

= P1 ,
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Proof We first prove that P1 is a projection matrix. In order to show P1 is a projection matrix, we
must demonstrate that P1 satisfies two properties: namely, (1) P1 is symmetric, i.e. P1T = P1 , and
(2) P1 is idempotent, i.e. P12 = P1 .
Let A = Q1 ΣQ2T represent the SVD of A, with the pseudoinverse expressed as A† = Q2 Σ+ Q1T .
As a result,

Lemma 18 Let A be any m by n matrix, and let A† be its corresponding pseudoinverse. Then, the
matrices P1 = AA† and P2 = A† A are projection matrices.

We complete the proof by applying an identical argument for the case of kBk.

√

Thus, τp ≤ σn . Since the eigenvalues of C T C and AT A are the squared singular values of C and A
respectively, we have

σj ≤ τj ≤ σn−p+j .

Let σ1 , . . . , σn be the eigenvalues of C T C in increasing order and repeated by multiplicities. Let
τ1 , . . . , τp be the eigenvalues of AT A in increasing order and repeated by multiplicities. By the
Poincaré separation Theorem 11, we have for all j < p + 1,

CT C =

Proof Without loss of generality, we prove the case for kAk ≤ kCk, since the same argument applies
for kBk. By definition,

max |λi − τi | ≤ max |δi |.

1≤i≤k

References for the proof of the above result can be found in Chatterjee (2015), for example.
Theorem 11 Poincaré separation Theorem.
Let A be a symmetric n × n matrix. Let B be the m × m matrix with m ≤ n, where B = P T AP
for some orthogonal projection matrix P . If the eigenvalues of A are σ1 ≤ . . . ≤ σn , and those of B
are τ1 ≤ . . . ≤ τm , then for all j < m + 1,
σj ≤ τj ≤ σn−m+j .
Remark 12 In the case where B is the principal submatrix of A with dimensions (n − 1) × (n − 1),
the above Theorem is also known as Cauchy’s interlacing law.


3t2
.
6v + 2M t

Theorem 13 Bernstein’s Inequality.
Suppose that X1 , . . . , Xn are independent random variablesP
with zero mean, and M is a constant such
n
that |Xi | ≤ M with probability one for each i. Let S := i=1 Xi and v := Var(S). Then for any
t ≥ 0,

P(|S| ≥ t) ≤ 2 exp −

Theorem 14 Hoeffding’s Inequality.
Suppose that X1 , P
. . . , Xn are independent random variables that are strictly bounded by the intervals
n
[ai , bi ]. Let S := i=1 Xi . Then for any t > 0,


2t2
P(|S − E[S]| ≥ t) ≤ 2 exp − Pn
.
2
i=1 (bi − ai )

E[Aij ] = 0,

Theorem 15 Theorem 3.4 of Chatterjee (2015).
Take any two numbers m and n such that 1 ≤ m ≤ n. Suppose that A = [Aij ]1≤i≤m,1≤j≤n is a
matrix whose entries are independent random variables that satisfy, for some δ 2 ∈ [0, 1],
Suppose that δ 2 ≥ n−1+ζ

for some ζ > 0. Then, for any ω ∈ (0, 1),
√
2
P(kAk ≥ (2 + ω)δ n) ≤ C(ζ)e−cδ n ,

where C(ζ) depends only on ω and ζ, and c depends only on ω. The same result is true when m = n
and A is symmetric or skew-symmetric, with independent entries on and above the diagonal, all other
assumptions remaining the same. Lastly, all results remain true if the assumption δ 2 ≥ n−1+ζ is
changed to δ 2 ≥ n−1 (log n)6+ζ .
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Remark 16 The proof of Theorem 15 can be found in Chatterjee (2015) under Theorem 3.4.
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i∈S
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= τ ∗ + 2kA − Bk.

i∈S
/

= max σi + kA − Bk
i∈S
/


≤ max τi + kA − Bk + kA − Bk

B̂ − B ≤ B̂ − A + kA − Bk

JMLR 19(22):1-51, 2018

Proof By Theorem 10, we have that σi ≤ τi + kA − Bk for all i. Applying triangle inequality, we
obtain

B̂ − B ≤ τ + 2kA − Bk.

∗

Let τ1 , . . . , τm be the singular values of B in decreasing order and repeated by multiplicities, with
τ ∗ = maxi∈S
/ τi . Then

Lemma 20 Let A = i=1 σi xi yiT be the singular value decomposition of A with σ1 , . . . , σm in
decreasing order and with repeated multiplicities. For any choice of µ ≥ 0, let S = {i : σi ≥ µ}.
Define
X
B̂ =
σi xi yiT .

Pm

Since v 6= 0, the eigenvalues of P can only be members R whereby λ2 = λ. Ergo, we must have that
λ ∈ {0, 1}.

= λ2 v.

P (P v) = P (λv)

However, by the idempotent property of projection matrices (P 2 = P ), if we multiply the above
equality by P on the left, then we have

P v = λv.

Proof Let λ be an eigenvalue of the projection matrix P for some eigenvector v. Then, by definition
of eigenvalues,

Lemma 19 The eigenvalues of a projection matrix are 1 or 0.

which proves that P1 is idempotent. The same argument can be applied for P2 .

= P1 ,

= Q1 ΣΣ+ QT1

= Q1 ΣΣ+ ΣΣ+ QT1

P12 = (Q1 ΣΣ+ QT1 ) · (Q1 ΣΣ+ QT1 )

which proves that P1 is symmetric. Furthermore,
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Then

Then

F

≤ K(δ)(kA − BkkBk∗ )1/2 ,

and

34

≤ pσ 2 + p(1 − p).

2
= pσ 2 + pMij
(1 − p)

2
≤ p(σ 2 + Mij
) − (pMij )2

2
= pE[Xij
] − (pMij )2

Var(Yij ) = E[Yij2 ] − (E[Yij ])2

E[Yij ] = pMij

JMLR 19(22):1-51, 2018

To simplify the following exposition, we assume that |Mij | ≤ 1 and |Xij | ≤ 1. Recall that all entries
of the pre-intervention treatment row are observed such that Y1− = X1− = M1− + −
1 . On the other
hand, every entry within the pre- and post-intervention periods for the donor units are observed
independently of the other entries with some arbitrary probability p. Specifically, for all 2 ≤ i ≤ N
and j ∈ [T ], we define Yij = Xij if Xij is observed, and Yij = 0 otherwise. Consequently, observe
that for all i > 1 and j,

Appendix C. Preliminaries.

Proof The proof can be found in Chatterjee (2015).

B̂ − B
p
√
where K(δ) = (4 + 2δ) 2/δ + 2 + δ.

i∈S

Pm
Lemma 22 (Lemma 3.5 of Chatterjee (2015)) Let A = i=1 σi xi yiT be the singular value
decomposition of A. Fix any δ > 0 and define S = {i : σi ≥ (1 + δ)kA − Bk} such that
X
B̂ =
σi xi yiT .

= (2 + δ)kA − Bk.

≤ (1 + δ)kA − Bk + kA − Bk

i∈S
/

= max σi + kA − Bk

B̂ − B ≤ B̂ − A + kA − Bk

Proof By the definition of µ and hence the set of singular values S, we have that

B̂ − B ≤ (2 + δ)kA − Bk.

i∈S

Pm
Lemma 21 Let A = i=1 σi xi yiT be the singular value decomposition of A. Fix any δ > 0 such
that µ = (1 + δ)kA − Bk, and let S = {i : σi ≥ µ}. Define
X
B̂ =
σi xi yiT .
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i,j

X
(f (θi , ρj ) − f (p1 (θi ), p2 (ρj )))2 ≤ (N − 1)T δ 2 .

Robust Synthetic Control

2

kM − BkF =

Recall that p̂ denotes the proportion of observed entries in X and σ̂ 2 represents the (unbiased)
sample variance computed from the pre-intervention treatment row (12). Given the information
above, we define, for any ω ∈ (0.1, 1), three events E1 , E2 , and E3 as

2

kM k∗ ≤ kM − Bk∗ + kBk∗
(a) √
≤ N − 1kM − BkF + kBk∗
√
≤ δ(N − 1) T + kBk∗ ,

MSE(M̂ ) ≤

p
≤ |P (δ)|kBkF
p
p
|P (δ)| (N − 1)T .
≤



C1 kM k∗
1
√
+O
,
(N − 1)T
(N − 1) T p
where C1 is a universal positive constant.

Proof Let δ > 0 be defined by the relation

p
(1 + δ)kY − pM k = (2 + ω) T q̂,
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Lemma 24 (Theorem 1.1 of Chatterjee (2015)) Let M̂ and M be defined as before. Suppose
−1+ζ
that p ≥ Tσ2 +1 for some ζ > 0. Then using µ as defined in (20)

Due to the Lipschitzness property of f and the compactness of the latent space, it can be shown
that |P (δ)| ≤ C(K, d, L)δ −d where C(K, d, L) is a constant that depends only on K, d, and L (the
Lipschitz constant of f ).

kBk∗

p
where (a) follows from the fact that kQk∗ ≤ rank(Q)kQkF for any real-valued matrix Q. In
order to bound the nuclear norm of B, note that (by its construction) for any two columns, say
j, j 0 ∈ [N − 1], if p2 (ρj ) = p2 (ρj0 ) then it follows that the columns of j and j 0 of B are identical. Thus,
there can be at most |P (δ)| distinct columns (and rows) of B. In other words, rank(B) ≤ |P (δ)|.
Ergo,

Therefore,

Without loss of generality, let us consider the case where P (δ) = P1 (δ) = P2 (δ). For every latent
row feature θi , let p1 (θi ) be the unique element in P (δ) that is closest to θi . Similarly, for the latent
column feature ρj , find the corresponding closest element in P (δ) and denote it by p2 (ρj ). Let
B = [Bij ] be the matrix where Bij = f (p1 (θi ), p2 (ρj )). Using the arguments from above, we have
that for all i and j,

E1 := {|p̂ − p| ≤ ωp/z},

E2 := { σ̂ 2 − σ 2 ≤ ωσ 2 /z},
p
E3 := {kY − pM k ≤ (2 + ω/2) T q},

where q = σ 2 p + p(1 − p); for reasons that will be made clear later, we choose z = 60( σ σ+1
2 ). By
Bernstein’s Inequality, we have that
P(E1 ) ≥ 1 − 2e−c1 (N −1)T p ,
2

for appropriately defined constant c1 . By Hoeffding’s Inequality, we obtain
P(E2 ) ≥ 1 − 2e−c2 T σ
for some positive constant c2 . Moreover, by Theorem 15,
P(E3 ) ≥ 1 − Ce−c3 T q

−1+ζ

as long as q = σ 2 p + p(1 − p) ≥ T −1+ζ for some ζ > 0. In other words,
p(σ 2 + 1) ≥ p(σ 2 + (1 − p))
≥ T −1+ζ .

Consequently, assuming the event E3 occurs, we require that p ≥ Tσ2 +1 for some ζ > 0.
Finally, as previously discussed, we will assume that both N and T grow without bound in our
imputation analysis. However, in our forecasting analysis, only T0 → ∞.

Appendix D. Imputation Analysis
In this section, we prove that our key de-noising procedure produces a consistent estimator of
the underlying mean matrix, thereby adroitly imputing the missing entries and filtering corrupted
observations within our data matrix.
Lemma 23 Let M = [Mij ] be defined as before. Suppose f is a Lipschitz function with Lipschitz
constant L and the latent row and column feature vectors come from a compact space K of dimension
d. Then for any small enough δ > 0,
q
√
kM k∗ ≤ δ(N − 1) T + C(K, d, L) (N − 1)T δ −d ,

where C(K, d, L) is a constant that depends on K, d, and L.

JMLR 19(22):1-51, 2018

Proof The proof is a straightforward adaptation of the arguments from [Chatterjee (2015), Lemma
3.6]; however, we provide it here for completeness. By the Lipschitzness assumption, every entry in
M = [Mij ] = [f (θi , ρj )] is Lipschitz in both its arguments, space (i) and time (j). For any δ > 0, it
is not hard to see that one can find a finite covering P1 (δ) and P2 (δ) of K so that for any θ, ρ ∈ K,
there exists θ0 ∈ P1 (δ) and ρ0 ∈ P2 (δ) such that
|f (θ, ρ) − f (θ0 , ρ0 )| ≤ δ.
35

10ω−1
50

> 0 and

F

2

p2 M̂ − M

F

2
F
2

2

37

JMLR 19(22):1-51, 2018

≤ C5 p̂M̂ − pM
+ C5 (p̂ − p)2 kM kF
F
p
≤ C6 T qkpM k∗ + C5 (p̂ − p)2 (N − 1)T,

≤ C5 p̂2 M̂ − M

2

≤ C2 (1 + δ)kY − pM kkpM k∗
p
≤ C3 T q̂kpM k∗
p
≤ C4 T qkpM k∗

for an appropriately defined constant C4 . Therefore,

p̂M̂ − pM

where C1 is a constant that depends only on the choice of ω. By Lemma 22, if E1 , E2 and E3 occur,
then

p
√
K(δ) = (4 + 2δ) 2/δ + 2 + δ
p
p
p
√
≤ 4 1 + δ 2/δ + 2 2(1 + δ) + 2(1 + δ)
p
√ √
= (4 2/δ + 3 2) 1 + δ
√
≤ C1 1 + δ

Let K(δ) be the constant defined in Lemma 22. Since ω ∈ (0.1, 1), δ ≥

1+δ ≥

p
(2 + ω) T (σ̂ 2 p̂ + p̂(1 − p̂))
p
(2 + ω/2) T (σ 2 p + p(1 − p))
p
p
(2 + ω) 1 − ω/z (1 − ω/z)σ 2 p + p(1 − p − ωp/z)
p
≥
(2 + ω/2) σ 2 p + p(1 − p)
s
p
(2 + ω) 1 − ω/z
ω  σ2 + p 
=
1−
2 + ω/2
z σ2 + 1 − p
r
p
(2 + ω) 1 − ω/z
ω  σ2 + 1 
≥
1−
2 + ω/2
z
σ2
p
r
(2 + ω) 1 − ω/z
ω
=
1−
2 + ω/2
60


2+ω
ω
≥
1−
2 + ω/2
60

ω 
ω
≥ 1+
1−
5
60
1
ω
≥1+ − .
5
50

where q̂ = σ̂ 2 p̂ + p̂(1 − p̂). Observe that if E1 , E2 , and E3 happen, then
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F

≤ 2(N − 1)2 T 3/2 .

≤ (N − 1)3/2 T kY k + kM kF
p
p
≤ (N − 1)3/2 T (N − 1)T + (N − 1)T

≤ M̂
+ kM kF
F
p
≤ |S| M̂ + kM kF
p
|S|
=
kY k + kM kF
p̂

2

+q)

(48)

C12 kM k∗
C5 (1 − p)
√
+
+ C10 e−c11 φT .
(N − 1) T p (N − 1)T p

38

Proof By the low rank assumption of M , we have that
p
kM k∗ ≤ rank(M )kM kF
p
≤ k(N − 1)T .

where C1 is a universal positive constant.
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Theorem 1 (Theorem 2.1 of Chatterjee (2015)) Suppose that M is rank k. Suppose that
−1+ζ
p ≥ Tσ2 +1 for some ζ > 0. Then using µ as defined in (20),
s


k
1
MSE(M̂ ) ≤ C1
+O
,
(N − 1)p
(N − 1)T

D.1 Proof of Theorem 1

The proof is complete assuming constants are re-named.

MSE(M̂ ) ≤

Normalizing by (N − 1)T , we obtain

= C6 p−1/2 T 1/2 (σ 2 + (1 − p))1/2 kM k∗ + C5 p−1 (1 − p) + C9 (N − 1)4 T 3 e−c8 φT .

where we define φ := p(N − 1) + σ + q and C7 , c8 are appropriately defined. Observe that
p(1−p)
E(p̂−p)2 = (N
−1)T . Thus, by the law of total probability and noting that P(E) ≤ 1 (for appropriately
defined constants),
h
i
h
i
2
2
2
E M̂ − M
≤ E M̂ − M
| E + E M̂ − M
| E c P(E c )
F
F
F
p
≤ C6 p−1 T qkM k∗ + C5 p−1 (1 − p) + C9 (N − 1)4 T 3 e−c8 φT

2

= C7 e−c8 φT ,

≤ C7 e−c8 T (p(N −1)+σ

≤ P(E1c ) + P(E2c ) + P(E3c )

P(E c ) = P(E1c ∪ E2c ∪ Eec )

Let E := E1 ∩ E2 ∩ E3 . Applying DeMorgan’s Law and the Union Bound,

M̂ − M

where the last inequality follows from the boundedness assumption of M . In general, since |Mij |
and |Yij | ≤ 1,

Amjad, Shah, Shen
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The proof follows from a simple application of Lemma 24.

D.2 Proof of Theorem 2
Theorem 2 (Theorem 2.7 of Chatterjee (2015)) Suppose f is a L-Lipschitz function. Suppose
−1+ζ
that p ≥ Tσ2 +1 for some ζ > 0. Then using µ as defined in (20),
1



(N − 1)− d+2
1
,
MSE(M̂ ) ≤ C(K, d, L)
+O
√
p
(N − 1)T
where C(K, d, L) is a constant depending on K, d, and L.
Proof Since f is Lipschitz, we invoke Lemmas 23 and 24 and choose δ = (N − 1)−1/(d+2) . This
completes the proof.

Appendix E. Forecasting Analysis: Pre-Intervention Regime
Here, we will bound the pre-intervention `2 error of our estimator in order to measure its prediction
power.

E.1 Linear Regression

(51)

(49)

(52)

Q := (M − )T

M1− := Qβ ∗

(50)

M̂1− := Q̂β̂.

Q̂ := (M̂ − )T

In this section, we will analyze the performance of our algorithm when learning β ∗ via linear regression,
i.e. η = 0. As a result, we will temporarily drop the dependency on η in this subsection such that
β̂ = β̂(0). To ease the notational complexity of the following Lemma 25 proof, we will make use of
the following notations for only in this subsection:

such that

2

≤ E (M − − M̂ − )T β ∗

2

+ 2σ 2 |S|.
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(53)

Lemma 25 Suppose Y1− = M1− + 1− with E[1j ] = 0 and Var(1j ) ≤ σ 2 for all j ∈ [T0 ]. Let β ∗ be
defined as in (6) and let β̂ be the minimizer of (10). Then for any µ ≥ 0 and η = 0,
E M1− − M̂1−

39
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Proof Recall that for the treatment row, Y1− = M1− + 1− with M1− = Qβ ∗ . Since β̂, by definition,

2

2

= (Q − Q̂)β ∗

2

2

2

2

2

+ 2h−1− , Y1− − Q̂β̂i

+ 2h−1− , Y1− − Q̂β̂i

+ 2h−1− , Y1− − Q̂β̂i

2

+ 2h1− , (Q − Q̂)β ∗ i + 2h−1− , Y1− − Q̂β̂i.

+ 2h−1− , Y1− − Q̂β̂i

2

(54)

2

2

+ 1−

2

2

+ 2 1−

+ 2E 1−

+ 2E[h1− , (Q − Q̂)β ∗ i] + 2E[h−1− , Y1− − Q̂β̂i].

+ 1−

+ 1−

+ 1−
2

2

= (Q − Q̂)β ∗ + 1−

= (Qβ ∗ + 1− ) − Q̂β ∗

≤ Y1− − Q̂β ∗

= Y1− − Q̂β̂

= (Y1− − Q̂β̂) + (−1− )

= (Y1− − 1− ) − Q̂β̂

minimizes Y1− − Q̂v for any v ∈ RN −1 , we subsequently have
M1− − M̂1−

2

≤ E (Q − Q̂)β ∗

Taking expectations, we arrive at the inequality
E M̂1− − M1−

We will now deal with the two inner products on the right hand side of equation (54). First, observe
that

= −E[(1− )T ]E[Q̂]β ∗

E[h1− , (Q − Q̂)β ∗ i] = E[(1− )T ]Qβ ∗ − E[(1− )T Q̂]β ∗

= 0,
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since the additive noise terms are independent random variables that satisfy E[ij ] = 0 for all i and j
by assumption, and Q̂ := (M̂ − )T depends only on the noise terms for i 6= 1; i.e., the construction of
Q̂ := (M̂ − )T excludes the first row (treatment row), and thus depends solely on the donor pool.
For the other inner product term, we begin by recognizing that (1− )T Q̂Q̂† 1− is a scalar random
variable, which allows us to replace the random variable by its own trace. This is useful since the
trace operator is a linear mapping and is invariant under cyclic permutations, i.e., tr(AB) = tr(BA).
As a result,

E[(1− )T Q̂Q̂† 1− ] = E[tr((1− )T Q̂Q̂† 1− )]

= E[tr(Q̂Q̂† 1− (1− )T )]


= tr E[Q̂Q̂† 1− (1− )T ]


= tr E[Q̂Q̂† ]E[1− (1− )T ]


= tr E[Q̂Q̂† ]σ 2 I

= σ 2 E[tr(Q̂Q̂† )]

= σ 2 E[rank(Q̂)]

(a)

≤ σ 2 |S|,

40

≤ σ |S| − E

2

2
−
,
1

−
T
† −
= E[(−
1 ) Q̂Q̂ 1 ] − E 1

2

−
− T
− T −
T
†
† −
= E[(−
1 ) ]E[Q̂Q̂ ]M1 + E[(1 ) Q̂Q̂ 1 ] − E[(1 ) 1 ]

(a)

−
− T
− T −
T
†
† −
= E[(−
1 ) Q̂Q̂ ]M1 + E[(1 ) Q̂Q̂ 1 ] − E[(1 ) 1 ]

− T
−
− T −
T
† −
= E[(−
1 ) Q̂Q̂ Y1 ] − E[(1 ) ]M1 − E[(1 ) 1 ]

− T −
T
= E[(−
1 ) Q̂β̂] − E[(1 ) Y1 ]

= E (Q − Q̂)β

∗

≤ E (Q − Q̂)β ∗

2

2

+ 2σ |S|.

2

+ 2E

2
−
1

+ 2(σ 2 |S| − E

2
−
)
1

ωp
z }

for some choice of ω ∈ (0.1, 1). Thus, under the event E1 ,

M̂

−

−M

−

−

41

≤ 2((N − 1)T )3/2 .

=

(56)

JMLR 19(22):1-51, 2018

1
kY k + M −
p̂
≤ (N − 1)T kY k + M −
p
p
≤ (N − 1)T (N − 1)T + (N − 1)T0

≤ M̂ + M

(a)

where (a) follows from Lemma 17 and (b) follows from Lemma 20. In general, since |Mij | and
|Yij | ≤ 1,

p M̂ − − M − ≤ C1 p̂ M̂ − − M −


≤ C1 p̂M̂ − − pM − + (p̂ − p)M −


(a)
≤ C1 p̂M̂ − pM + (p̂ − p)M −


(b)
≤ C1 λ∗ + 2kY − pM k + (p̂ − p)M −

Proof Recall that E1 := {|p̂ − p| ≤

Here, λ1 , . . . , λN −1 are the singular values of pM in decreasing order and repeated by multiplicities,
with λ∗ = maxi∈S
/ λi ; C1 , C2 and c are universal positive constants.

Lemma 26 For η = 0 and any µ ≥ 0, the pre-intervention error of the algorithm can be bounded as
2 2σ 2 |S|
C1 
MSE(M̂1− ) ≤ 2 E λ∗ + kY − pM k + (p̂ − p)M −
+
+ C2 e−cp(N −1)T .
(55)
p T0
T0

E M̂1− − M1−

2

where (a) follows from the same independence argument used in evaluating the first inner product.
Finally, we incorporate the above results to (54) to arrive at the inequality

−
E[h−−
1 , Y1 − Q̂β̂i]

where (a) follows from the fact that Q̂Q̂† is a projection matrix by Lemma 18. As a result, Q̂Q̂† has
rank(Q̂) eigenvalues equal to 1 and all other eigenvalues equal to 0 (by Lemma 19), and since the
trace of a matrix is equal to the sum of its eigenvalues, tr(Q̂Q̂† ) = rank(Q̂). Simultaneously, by the
definition of Q̂ := (M̂ − )T , we have that the rank of Q̂ := (M̂ − )T is at most |S|. Returning to the
second inner product and recalling β̂ = Q̂† Y1− ,

Robust Synthetic Control

E[X]
≤ 2E[X].
P(E)

(57)

(58)

2

2

+ ηkvk = (Y1− )T Y1− − 2v T M̂ − Y1− + v T M̂ − (M̂ − )T v + ηv T v.

Y1− − (M̂ − )T v

2

+ ηkvk

v=β̂(η)

= −2M̂ − Y1− + 2M̂ − (M̂ − )T v + 2ηv = 0.


−1
β̂(η) = M̂ − (M̂ − )T + ηI
M̂ − Y1− .

2
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(60)

Q̂ := (M̂ − )T
42

(59)

Q := (M − )T

Remark 27 To ease the notational complexity of the following Lemmas 28 and 30 proofs, we will
make use of the following notations for only this derivation: Let

Therefore,

∇v

Setting the gradient of the above expression to zero and solving for v, we obtain
(
)

Y1− − (M̂ − )T v

In this section, we will prove our results for the ridge regression setting, i.e. η > 0. Let us begin by
deriving the closed form expression of β̂(η).
Derivation of β̂(η). We derive the closed form solution for β̂(η) under the new objective function
with the additional complexity penalty term:

E.2 Ridge Regression

The proof is completed assuming we re-label constants C4 , C5 , c6 as C1 , C2 , and c, respectively.

2
2σ 2 |S|
1
E (M − − M̂ − )T β ∗ +
T0
T0
2 2σ 2 |S|
C4  ∗
+
≤ 2 E λ + kY − pM k + (p̂ − p)M −
+ C5 e−c6 p(N −1)T .
p T0
T0

MSE(M̂1− ) ≤

Using the fact that P(E1 ) ≥ 1/2 for large enough T, N , we apply Lemma 25 to obtain (with
appropriately defined constants C4 , C5 , c6 )

E[X | E] ≤

where (a) follows because the spectral norm is an induced norm, and the last inequality makes use of
the results from above. Note that C2 and C3 are appropriately defined to depend on β ∗ . Moreover,
for any non-negative valued random variable X and event E with P(E) ≥ 1/2,

(a) follows from a simple application of Lemma 17 and the triangle inequality of operator norms. By
the law of total probability and P(E1 ) ≤ 1,
h
i
h
i
2
2
2
E (M̂ − − M − )T β ∗ ≤ E (M̂ − − M − )T β ∗ | E1 + E (M̂ − − M − )T β ∗ | E1c P(E1c )
i
h
i
(a) h
2
2
2
2
≤ E M̂ − − M − | E1 kβ ∗ k + E M̂ − − M − | E1c kβ ∗ k P(E1c )
2
i
C2 h
≤ 2 E λ∗ + 2kY − pM k + (p̂ − p)M −
| E1 + C3 ((N − 1)T )3/2 e−cp(N −1)T ,
p
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such that
M1− := Qβ ∗
(62)

(61)

Robust Synthetic Control

M̂1− := Q̂β̂.
Lemma 28 Let Pη = Q̂(Q̂T Q̂+ηI)−1 Q̂T denote the “hat” matrix under the quadratic regularization
setting. Then, the non-zero singular values of Pη are si2 /(si2 + η) for all i ∈ S.

2
2

2

+ 2E 1−

2

+ 2Eh1− , (Q − Q̂)β ∗ i + 2Eh−1− , Y1− − Q̂β̂(η)i.

Amjad, Shah, Shen


2
+ η kβ ∗ k − E β̂(η)

Taking expectations, we have
E M̂1− − M1−

≤ E (Q − Q̂)β ∗

E[(1− )T Q̂β̂(η)] = E[(1− )T Q̂(Q̂T Q̂ + ηI)−1 Q̂T Y1− ]

As before, we have that Eh1− , (Q − Q̂)β ∗ i = 0 by the zero-mean and independence assumptions of
the noise random variables. Similarly, note that

= E[(1− )T Q̂(Q̂T Q̂ + ηI)−1 Q̂T ]M1− + E[(1− )T Q̂(Q̂Q̂T + ηI)−1 Q̂T 1− ]

= E[(1− )T Q̂(Q̂T Q̂ + ηI)−1 Q̂T 1− ]

= tr(E[Q̂(Q̂T Q̂ + ηI)−1 Q̂T 1− (1− )T ])

= E[tr(Q̂(Q̂T Q̂ + ηI)−1 Q̂T 1− (1− )T )]

= E[tr((1− )T Q̂(Q̂T Q̂ + ηI)−1 Q̂T 1− )]

= U ΣV T V (Σ2 + ηI)−1 V T V ΣU T

= tr(E[Q̂(Q̂T Q̂ + ηI)−1 Q̂T ]E[1− (1− )T ])

2
2

2

2

2

2

2

+ ηkβ ∗ k − ηE β̂(η)

+ 2h−1− , Y1− − Q̂β̂(η)i

2

+ 2σ 2 |S|.

+ 2h−1− , Y1− − Q̂β̂(η)i

(63)

2
2
∗ 2
C1  ∗
2σ
|S|
ηkβ
k
E λ + kY − pM k + (p̂ − p)M −
+
+
+ C2 e−cp(N −1)T .
p2 T0
T0
T0

44

JMLR 19(22):1-51, 2018

Proof The proof follows from a simple amalgamation of Lemmas 26 and 30.

Here, λ1 , . . . , λN −1 are the singular values of pM in decreasing order and repeated by multiplicities,
with λ∗ = maxi∈S
/ λi ; C1 , C2 and c are universal positive constants.

MSE(M̂1− ) ≤

Theorem 3 For any η ≥ 0 and µ ≥ 0, the pre-intervention error of the algorithm can be bounded as

∗ 2
2
2
k
C1  ∗
ηkβ
2σ
|S|
E λ + kY − pM k + (p̂ − p)M −
+
+ C2 e−cp(N −1)T .
+
p2 T0
T0
T0

E.3.1 Proof of Theorem 3

E.3 Combining linear and ridge regression.

Proof The proof follows the same arguments as that of Lemma 26.

Here, λ1 , . . . , λN −1 are the singular values of pM in decreasing order and repeated by multiplicities,
with λ∗ = maxi∈S
/ λi ; C1 , C2 and c are universal positive constants.

MSE(M̂1− ) ≤

Lemma 30 For any η > 0 and µ ≥ 0, the pre-intervention error of the regularized algorithm can be
bounded as

where (a) follows from Lemma 28, and as before, (b) follows because Q̂Q̂† is a projection matrix.

≤ σ 2 |S|,

= σ 2 rank(Q̂)

(b)

≤ σ 2 E[tr(Q̂Q̂† )]

(a)

= σ 2 E[tr(Q̂(Q̂T Q̂ + ηI)−1 Q̂T )]

= U Σ(Σ2 + ηI)−1 ΣU T

!
2
s|S|
s2
D = diag 2 1 , . . . , 2
, 0, . . . , 0 .
s1 + η
s|S| + η

= U DU T ,

= U ΣV T (V Σ2 V T + ηV V T )−1 V ΣU T

= U ΣV T (V Σ2 V T + ηI)−1 V ΣU T

Pη = Q̂(Q̂T Q̂ + ηI)−1 Q̂T

Proof Recall that the singular values of Y are si , while the singular values of Q̂ are those si ≥ µ.
Let Q̂ = U ΣV T be the singular value decomposition of Q̂. Since V V T = I, we have that

where

2

≤ E (M − − M̂ − )T β ∗

Lemma 29 Suppose Y1− = M1− + 1− with E[1j ] = 0 and Var(1j ) ≤ σ 2 for all j ∈ [T0 ]. Let β ∗ be
defined as in (6), i.e. M1− = (M − )T β ∗ , and let β̂(η) be the minimizer of (10). Then for any µ ≥ 0
and η > 0,
E M1− − M̂1−

2

+ η β̂(η)

2

2

2

2

+ 2h−1− , Y1− − Q̂β̂(η)i

+ 1−

+ η β̂(η)

+ η β̂(η)

Proof The following proof is a slight modification for the proof of Lemmas 25. In particular, observe
2
that β̂(η) minimizes Y1− − Q̂v + ηkvk for any v ∈ RN −1 . As a result,
M1− − M̂1−
= (Y1− − 1− ) − Q̂β̂(η)
2

2

2

+ 2h−1− , Y1− − Q̂β̂(η)i
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+ 2h1− , (Q − Q̂)β ∗ i + 2h−1− , Y1− − Q̂β̂(η)i

2

+ ηkβ ∗ k + 1−

+ ηkβ ∗ k + 1−

+ η β̂(η)

= (Y1− − Q̂β̂(η)) + (−1− )
2

= Y1− − Q̂β̂(η)
≤ Y1− − Q̂β ∗

2

2

2

+ ηkβ ∗ k + 1−
2

+ ηkβ ∗ k + 2 1−

2

= (Qβ ∗ + 1− ) − Q̂β ∗
2

= (Q − Q̂)β ∗ + 1−
= (Q − Q̂)β ∗

43

p
C1 2
(σ + (1 − p)) + O(1/ T0 ),
p

(65)

(64)

(66)

2

h
i
h
i
2
2
≤ E (M̂ − − M − )T β ∗ | E + E (M̂ − − M − )T β ∗ | E c P(E c )
i
h
i
(a) h
2
2
2
2
≤ E M̂ − − M − | E kβ ∗ k + E M̂ − − M − | E c kβ ∗ k P(E c )
h

i
2
p
C5
≤ 2E
T q + (p̂ − p)M −
| E + C6 ((N − 1)T )3 e−c4 φT ,
(67)
p

45
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where (a) follows because the spectral norm is an induced norm and the last inequality makes use of
the results from above. Note that C5 and C6 are appropriately defined to depend on β ∗ . Using the

E (M̂ − − M − )T β ∗

where we define φ := p(N − 1) + σ + q and C3 , c4 are appropriately defined. Thus, by the law of
total probability and noting that P(E) ≤ 1,

2

P(E c ) ≤ C3 e−c4 φT

Let E := E1 ∩ E2 ∩ E3 . Further, using the same argument that led to (48), we have

M̂ − − M − ≤ 2((N − 1)T )3/2 .

where (a) follows from Lemma 17. Applying the logic that led to (56), we have that, in general,

p M̂ − − M − ≤ C2 p̂ M̂ − − M −


≤ C2 p̂M̂ − − pM − + (p̂ − p)M −


(a)
≤ C2 p̂M̂ − pM + (p̂ − p)M −
 p

≤ C2 C1 T q + (p̂ − p)M −

for an appropriately defined constant C1 . Therefore,

≤ 2(1 + δ)kY − pM k
p
= (4 + 2ω) T q̂
p
≤ C1 T q

p̂M̂ − pM ≤ (2 + δ)kY − pM k

where q̂ = σ̂ 2 p̂ + p̂(1 − p̂); recall that q = σ 2 p + p(1 − p). If E3 happens, then we know that δ ≥ 0.
Therefore, assuming E1 , E2 , and E3 happens, Lemma 21 states that

√
Proof Since the singular value threshold µ = (2 + ω) T q̂, let us define δ so that
p
(1 + δ)kY − pM k = (2 + ω) T q̂,

where C1 is a universal positive constant.

MSE(M̂1− ) ≤

Theorem 4 Suppose p ≥ Tσ2 +1 for some ζ > 0. Let T ≤ αT0 for some constant α > 1. Then for
any η ≥ 0 and using µ as defined in (20), the pre-intervention error is bounded above by

−1+ζ

E.3.2 Proof of Corollary 4

Robust Synthetic Control

E (p̂ − p)M −

2

p(1 − p)T0
T
≤ p(1 − p).
≤

= E(p̂ − p)2 · M −

2

2

−1/2+γ

ˆ − ) = O(T
MSE(M̄
1
0

is known. Then for any η ≥ 0,
).

+γ

and µ = (2+ω)

q

T02γ (σ̂ 2 p̂ + p̂(1 − p̂)).

(68)

46
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whose definition will soon prove to be useful. As previously described in Section 4, for all i > 1 and
j ∈ [∆], we define
1 X
X̄ij =
Xit · Dit
τ

Proof To establish Theorem 5, we shall follow the proof of Corollary 4, using the block partitioned
1/2+γ
matrices instead. Recall that τ = T0 /∆ where ∆ = T0
. For analytical simplicity, we define the
random variable
(
1 w.p. p,
Dit =
0 otherwise,

Suppose p ≥

T0−2γ
σ 2 +1

1

Theorem 5 Fix any γ ∈ (0, 1/2) and ω ∈ (0.1, 1). Let ∆ = T02

E.3.3 Proof of Theorem 5

The proof is complete assuming we re-label C10 as C1 .

=

2σ 2 (N − 1) ηkβ ∗ k
C10 q C7 (1 − p) C11 (q(1 − p))1/2
√
+
+
+
+
+ C8 e−c9 φT
p2
pT0
T0
T0
p3/2 T0
p
C10 2
=
(σ + (1 − p)) + O(1/ T0 ).
p

Putting everything together, we arrive at the inequality
 2σ 2 (N − 1) ηkβ ∗ k2
p
C7 
MSE(M̂1− ) ≤ 2
qT + p(1 − p) + 2 qp(1 − p)T0 +
+
+ C8 e−c9 φT
p T0
T0
T0

At the same time,

MSE(M̂1− ) ≤

2
1
2σ 2 |S| ηkβ ∗ k
E (M − − M̂ − )T β ∗ +
+
T0
T0
T0
2


2
p
C7
2σ 2 (N − 1) ηkβ ∗ k
−
≤ 2 E
T q + (p̂ − p)M
+
+
+ C8 e−c9 φT .
p T0
T0
T0
p
p(1−p)
From Jensen’s Inequality, E|p̂ − p| ≤ Var(p̂) where Var(p̂) = (N
−1)T . Therefore,
p
 q 1/2 p(1 − p)
p
√
E
T q (p̂ − p)M − ≤
M−
N −1
p
≤ qp(1 − p)T0 .

2

fact that P(E) ≥ 1/2 for large enough T, N , we apply Lemmas 25 and 30 as well as (57) to obtain
(with appropriately defined constants C7 , C8 , c9 )

Amjad, Shah, Shen

and

t∈Bj

p X
Mit .
τ

Robust Synthetic Control

M̄ij =

t∈Bj

1 X
it · Dit .
τ

Let us also define Ē − = [¯
ij ]2≤i≤N,j≤∆ with entries

¯ij =

t∈Bj

p X
X1t
τ

t∈Bj

For the first row (treatment unit), since we know p by assumption, we define for all j ∈ [∆]
X̄1j =

+

t∈Bj

¯1j ,

p X
=
(M1t + 1t )
τ
t∈Bj
p X
p X
=
M1t +
1t
τ
τ

=

M̄1j

Var(¯
1j ) =

p2 X
Var(1t )
τ2
σ2
,
τ

t∈Bj

σ2
.
τ

t∈Bj

1 X 2
(σ p(1 − p) + σ 2 p2 )
τ2

1 X
Var(it · Dit )
τ2

=

t∈Bj

(69)

(70)

(71)

P
P
whereby M̄1j = τp t∈Bj M1t and ¯1j = τp t∈Bj 1t . Under these constructions, the noise entries
remain zero-mean random variables for all i, j, i.e. E[¯
ij ] = 0. However, the variance of each noise
term is now rescaled, i.e. for i = 1

and for i > 1,

Var(¯
ij ) =
≤

(a)

≤
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(a) used the fact that for any two independent random variables, X and Y , Var(XY ) = Var(X)Var(Y )+
Var(X)(E[Y ])2 + Var(Y )(E[X])2 . Thus, for all i, j, Var(¯
ij ) ≤ σ 2 /τ := σ̄ 2 .
47
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N
X

k=2

N
X

k=2

k=2

t∈Bj

p X

Mkt
τ

βk∗ M̄kj .

βk∗

t∈Bj

N

p X X ∗
βk Mkt
τ

t∈Bj

We now show that the key assumption of (6) still holds under this setting with respect to the
newly defined variables. In particular, for every partition j ∈ [∆] of row one,
p X
M1t
τ
M̄1j =

=

=

=

As a result, we can express M̄1− = (M̄ − )T β ∗ for the same β ∗ as in (6).
Following a similar setup as before, we define the matrix Ȳ − = [Ȳij ]2≤i≤N,j≤∆ . Since we have
assumed that each block contains at least one observed entry, we subsequently have that Ȳij = X̄ij
for all i and j. We now proceed with our analysis in the exact same manner with the only difference
being our newly defined set of variables and parameters. For completeness, we will highlight certain
details below.
To begin, observe that E[Ȳij ] = M̄ij while

2

σ 2 p + p(1 − p)
Var(Ȳij ) ≤
.
τ
√
Consequently, we redefine the event E3 := { Ȳ − − M̄ − ≤ (2 + ω) ∆q̄} for some choice ω ∈ (0.1, 1)

and for q̄ = σ p+p(1−p)
. By Theorem 15, it follows that P(E3 ) ≥ 1 − C 0 e−cq̄∆ .
τ
Similar to before, let δ be defined by the relation
q
(1 + δ) Ȳ − − M̄ − = (2 + ω) ∆q̄ˆ,

2

2

h
ˆ − − M̄ − )T β ∗
≤ E (M̄

2

i
h
ˆ − − M̄ − )T β ∗
| E + E (M̄

2

i
| E c P(E c )

p̂)
where q̄ˆ = σ̂ p̂+p̂(1−
. Letting E = E1 ∩ E2 ∩ E3 and using arguments ((64), (65), (56)) that led us
τ
to (67), we obtain

ˆ − − M̄ − )T β ∗
E (M̄

≤ C1 ∆q̄ + C2 e−c3 φ∆ ,

+

2

where φ := p(N − 1) + σ 2 + q̄. Utilizing Lemmas 25 and 30 gives us (for appropriately defined
constants and defining q = σ 2 p + p(1 − p) as before such that q̄ = q/τ )

=

2σ 2 k
C1 q
+
1/2−γ
T0
T0
−1/2+γ

= O(T0

).
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∗
2
ˆ − ) ≤ C q̄ + 2σ̄ k + ηkβ k + C e−c5 φ∆ .
MSE(M̄
4
1
1
∆
∆
2
q
C1 q 2σ 2 k ηkβ ∗ k
=
+
+
+ C4 e−c5 τ ∆
τ
τ∆
∆
2
2γ
ηkβ ∗ k
+ C4 e−c5 qT0
1/2+γ
T0

This concludes the proof.
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j=2

N
X

βj∗ Mjt .

t=1

T0
X

πt Mjt ,

=

=

=

M1,T0 +1 =

j=2

N
X

j=2

N
X

t=1

T0
X

t=1

T0
X

j=2

t=1

T0
X

πt Mjt

βj∗ Mjt

βj∗ Mj,T0 +1 .

βj∗

πt

N
X

πt M1t





−

−

T −1+ζ
σ 2 +1

for some ζ > 0. Suppose β̂(η)
∞

≤ ψ for some ψ > 0. Let

49

where C1 and C2 are universal positive constants.
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p
C1
C2 kM k
RMSE(M̂1+ ) ≤ √ (σ 2 + (1 − p))1/2 + √
· E β̂(η) − β ∗ + O(1/ T0 ),
p
T0

α0 T0 ≤ T ≤ αT0 for some constants α0 , α > 1. Then for any η ≥ 0 and using µ as defined in (20),
the post-intervention error is bounded above by

Theorem 7 Suppose p ≥

F.2 Proof of Theorem 7

By induction, we observe that for any number of columns added to M such that rank(M ) =
rank(M ), we must have M1+ = (M + )T β ∗ where M + = [Mit ]2≤i≤N,T0 <t≤T .

T0

for some set of weights π ∈ R . In particular, for the first row we have

Mj,T0 +1 =

Suppose that we now add an extra column to M − so that M is of dimension N × (T0 + 1). Since
rank(M − ) = rank(M ), we have for j ∈ [N ]

M1t =

Proof Suppose we begin with only the matrix M − , i.e. M = M − . From the assumption that
M1− = (M − )T β ∗ , we have for t ≤ T0

Theorem 6 Let Equation (6) hold for some β ∗ ∈ RN −1 . Let rank(M − ) = rank(M ). Then
M1+ = (M + )T β ∗ .

F.1 Proof of Theorem 6

We now bound the post-intervention `2 error of our estimator.

Appendix F. Forecasting Analysis: Post-Intervention Regime

Robust Synthetic Control

(72)


C1 p
E
T q + (p̂ − p)M + + C2 ((N − 1)T )3/2 e−c3 φT ,
p

Derivation of posterior parameters.
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where (a) follows from Lemma 17. Renaming constants would provide the desired result.

Putting the above results together, we have (for appropriately defined constants)
√

p
C 1 N ψ p
kM + k
RMSE(M̂1+ ) ≤ √
T q + p(1 − p) + √
· E β̂(η) − β ∗ + C4 e−c5 φT
p T − T0
T − T0
√
√
(a) C6 q
C7 1 − p C8 kM k
+ √
+ √
· E β̂(η) − β ∗ + C4 e−c5 φT
≤
p
pT0
T0
p
C6
C8 kM k
= √ (σ 2 + (1 − p))1/2 + √
· E β̂(η) − β ∗ + O(1/ T0 ),
p
T0

E (p̂ − p)M + = E|p̂ − p| · M +
s
p(1 − p) p
≤
· (N − 1)(T − T0 )
(N − 1)T
p
≤ p(1 − p).

q and φ are defined exactly as before, i.e. q = σ 2 p + p(1 − p) and φ = p(N − 1) + σ 2 + q. Following
the proof of Corollary 4, we apply Jensen’s Inequality to obtain

where the slight modification arises due to the fact that we are now operating in the post-intervention
p
regime. In particular, kM + k ≤ (N − 1)(T − T0 ) and M̂ + ≤ ((N − 1)T )3/2 . Further, note that

E M̂ + − M + ≤

where the last inequality uses the boundedness assumption of β̂(η). Observe that the first term on
the right-hand side of (72) is similar to that of (53) and (63) with the main difference being (72) uses
the post-intervention submatrices, M̂ + and M + , as opposed to the pre-intervention submatrices,
M̂ − and M − , in (53) and (63). Therefore, using (57) and the arguments that led to (67), it follows
that (with appropriate constants C1 , C2 , c3 )

Taking expectations and using the property of induced norms gives
h
i
E M̂1+ − M1+ ≤ E M̂ + − M + · β̂(η) + M + · E β̂(η) − β ∗
√
≤ N ψ · E M̂ + − M + + M + · E β̂(η) − β ∗ ,

≤ (M̂ + − M + )T β̂(η) + (M + )T (β̂(η) − β ∗ ) .

= (M̂ + )T β̂(η) − (M + )T β ∗ + (M + )T β̂(η) − (M + )T β̂(η)

M̂1+ − M1+ = (M̂ + )T β̂(η) − (M + )T β ∗

Proof We will prove Theorem 7 by drawing upon techniques and results from prior proofs. We begin
by applying triangle inequality to obtain

Amjad, Shah, Shen

Robust Synthetic Control

The following is based on the derivation presented in Section 2.2.3 of Bishop (2006), and is
presented here for completeness. Suppose we are given a multivariate Gaussian marginal distribution
p(x) paired with a multivariate Gaussian conditional distribution p(y | x) – where x and y may
have differing dimensions – and we are interested in computing the posterior distribution over x, i.e.
p(x | y). We will derive the posterior parameters of p(x | y) here. Without loss of generality, suppose
p(x) = N (x | µ, Λ−1 )

p(y | x) = N (y | Ax + b, Σ−1 ),
where µ, A, and b are parameters that govern the means, while Λ and Σ are precision (inverse
covariance) matrices.
We begin by finding the joint distribution over x and y. Ignoring the terms that are independent
of x and y and encapsulating them into the “const.” expression, we obtain

1
(y − Ax − b)T Σ(y − Ax − b) + const.
2
1 T
1
y Σy + xT AT Σy + const.
2
2
 
−AT Σ x
+ const.
y
Σ



Λ + AT ΣA −AT Σ
−ΣA
Σ

ln p(x, y) = ln p(x) + ln p(y | x)
1
= − (x − µ)T Λ(x − µ) −
2
1
= − xT (Λ + AT ΣA)x −
2
 T 
1 x
Λ + AT ΣA
=−
−ΣA
2 y
1
= − z T Qz + const.,
2
where z = [x, y]T , and
Q=

 −1
Λ
AΛ−1


Λ−1 AT
.
Σ−1 + AΛ−1 AT

is the precision matrix. Applying the matrix inversion formula, we have that the covariance matrix
of z is
Var(z) = Q−1 =



Λµ − AT Σb
.
Σb

After collecting the linear terms over z, we find that the mean of the Gaussian distribution over z is
defined as
E[z] = Q−1

JMLR 19(22):1-51, 2018

Now that we have the parameters over the joint distribution of x and y, we find that the posterior
distribution parameters over x are
E[x | y] = (Λ + AT ΣA)−1 {AT Σ(y − b) + Λµ}
Var(x | y) = (Λ + AT ΣA)−1 .
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As an introductory case, consider linear regression in one dimension. We are given n non-zero points
xi . Each point has a hidden real response (or target value) yi . Assume that obtaining the responses is
expensive and the learner can afford to request the responses yi for only a small number of indices i.
After receiving the requested responses, the learner determines an approximate linear least squares
solution. In the one dimensional homogeneous case, this is just a single weight. How many response
values does the learner need to request so that the total square loss of its approximate solution on
all n points is “close” to the total loss of the optimal linear least squares solution found with the
knowledge of all responses? We will show here that just one response suffices if the index i is chosen
proportional to x2i . When the learner uses the approximate solution wi∗ = xyii , then its expected loss
equals 2 times the loss of the optimum w∗ that is computed based on all responses (See Figure 1).
Moreover, the approximate solution wi∗ is an unbiased estimator for the optimum w∗ :

 
X
X
yi
yi
Ei
(xj − yj )2 = 2
(xj w∗ − yj )2 and Ei
= w∗ , when P (i) ∼ x2i .
j
j
xi
xi

1. Introduction

We study the following basic machine learning task: Given a fixed set of input points in Rd for a
linear regression problem, we wish to predict a hidden response value for each of the points. We can
only afford to attain the responses for a small subset of the points that are then used to construct
linear predictions for all points in the dataset. The performance of the predictions is evaluated by the
total square loss on all responses (the attained as well as the remaining hidden ones). We show that
a good approximate solution to this least squares problem can be obtained from just dimension d
many responses by using a joint sampling technique called volume sampling. Moreover, the least
squares solution obtained for the volume sampled subproblem is an unbiased estimator of optimal
solution based on all n responses. This unbiasedness is a desirable property that is not shared by
other common subset selection techniques.
Motivated by these basic properties, we develop a theoretical framework for studying volume
sampling, resulting in a number of new matrix expectation equalities and statistical guarantees which
are of importance not only to least squares regression but also to numerical linear algebra in general.
Our methods also lead to a regularized variant of volume sampling, and we propose the first efficient
algorithm for volume sampling which makes this technique a practical tool in the machine learning
toolbox. Finally, we provide experimental evidence which confirms our theoretical findings.
Keywords: volume sampling, linear regression, row sampling, active learning, optimal design
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when P (S) ∼ det(X>
S XS ).

X

x>
i

IS

S

s

IS X

XS

X

+

(IS X)+

(XS)+

2
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Figure 2: Shapes of the matrices. The indices of S may not be consecutive.

n

d

Unbiased pseudoinverse estimator. There is a direct connection between solving linear least squares
problems and the pseudoinverse X+ of matrix X: For an n−dimensional response vector y, the
optimal solution is w∗ = argminw ||Xw − y||2 = X+ y. Similarly w∗(S) = (XS )+ yS is the
solution for the subproblem (XS , yS ). We propose a new implementation of volume sampling
called reverse iterative sampling which enables a novel proof technique for obtaining elementary
expectation formulas for pseudoinverses based on volume sampling.

Furthermore, we will show that for any sampling procedure that attains less than d responses, the
ratio between the expected loss and the loss of the optimum cannot be bounded by a constant.

E[L(w∗(S))] = (d + 1) L(w∗ ),

over all linear weight vectors w ∈ Rd . Let w∗ denote
the optimal such weight vector. We want to minimize
xi
x
the square loss based on a small number of responses we
yi
∗
attained for a subset of rows. Again, the learner is initially Figure 1: The expected loss of wi = xi
(blue line) based on one response yi is twice
given the fixed set of n rows (i.e. fixed design), but none the loss of the optimum w∗ (green line).
of the responses. It is then allowed to choose a random
subset of d indices, S ⊆ {1..n}, and obtains the responses for the corresponding d rows. The
learner proceeds to find the optimal linear least squares solution w∗(S) for the subproblem (XS , yS ).
where XS is the subset of d rows of X indexed by S and yS the corresponding d responses from
the response vector y. As a generalization of the one-dimensional distribution that chooses an
index based on the squared length, set S of size d is chosen proportional to the squared volume of
the parallelepiped spanned by the rows of XS . This squared volume equals det(X>
S XS ). Using
elementary linear algebra, we will show that volume sampling the set S assures that w∗(S) is a good
approximation to w∗ in the following sense: In expectation, the square loss (on all n row response
pairs) of w∗(S) is equal d + 1 times the square loss of w∗ (when X is in general position):

i=1

Least squares with dimension many responses. Consider
the case when the points xi lie in Rd . Let X denote a full
rank n × d matrix that has the n transposed points x>
i as
rows, and let y ∈ Rn be the vector of responses. Now the
goal is to minimize the (total) square loss,
Xn
2
2
L(w) =
(x>
i w − yi ) = kXw − yk ,

We will extend these formulas to higher dimensions and to sampling more responses by making use of
a joint sampling distribution called volume sampling. We next break down our contributions into four
parts.
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(IS X)+ (IS X)+>

X+ X+>

n−d+1
E[ (XS> XS )−1 ] =
(X> X)−1 .
| {z }
s − d + 1 | {z }

where wλ∗(S) = (XS> XS + λI)−1 XS> yS is the ridge regression estimator for the subproblem
(XS , yS ). Our new lower bounds show that the above upper bound for regularized volume sampling
is essentially optimal with respect to the choice of a subsampling procedure.

and

4
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Volume sampling is a type of determinantal point process (DPP) (Kulesza and Taskar, 2012). DPP’s
have been given a lot of attention in the literature with many applications to machine learning,
including recommendation systems (Gartrell et al., 2016) and clustering (Kang, 2013). Many exact
and approximate methods for efficiently generating samples from this distribution have been proposed
(Deshpande and Rademacher, 2010; Kulesza and Taskar, 2011), making it a useful tool in the design
of randomized algorithms. Most of those methods focus on sampling s ≤ d elements. In this paper,
we study volume sampling sets of size s ≥ d, which was proposed by Avron and Boutsidis (2013)
and motivated with applications in graph theory, linear regression, matrix approximation and more.
The problem of selecting a subset of the rows of the input matrix for solving a linear regression
task has been extensively studied in statistics literature under the terms optimal design (Fedorov,
1972) and pool-based active learning (Sugiyama and Nakajima, 2009). Various criteria for subset
selection have been proposed, like A-optimality and D-optimality. For example, A-optimality seeks
to minimize tr((XS> XS )−1 ), which is combinatorially hard to optimize exactly. We show that for
>
−1
size s ≥ d volume sampling, E[(XS> XS )−1 ] = n−d+1
s−d+1 (X X) , which provides an approximate
randomized solution of the sampled inverse covariance matrix rather than just its trace.
In the field of computational geometry a variant of volume sampling was used to obtain optimal
bounds for low-rank matrix approximation. In this task, the goal is to select a small subset of rows of
a matrix X ∈ Rn×d (much fewer than the rank of X, which is bounded by d), so that a good low-rank
approximation of X can be constructed from those rows. Deshpande et al. (2006) showed that volume
sampling of size s < d index sets obtains optimal multiplicative bounds for this task and polynomial
time algorithms for size s < d volume sampling were given in Deshpande and Rademacher (2010)
and Guruswami and Sinop (2012). We show in this paper that for linear regression, fewer than rank
many rows do not suffice to obtain multiplicative bounds. This is why we focus on volume sampling
sets of size s ≥ d (recall that, for simplicity, we assume that X is full rank).
Computing approximate solutions to linear regression has been explored in the domain of
numerical linear algebra (see Mahoney (2011) for an overview). Here, multiplicative bounds on the
loss of the approximate solution can be achieved via two approaches. The first approach relies on
sketching the input matrix X and the response vector y by multiplying both by the same suitably
chosen random matrix. Algorithms which use sketching to generate a smaller input matrix for a
given linear regression problem are computationally efficient (Sarlos, 2006; Clarkson and Woodruff,

1.1 Related Work

Algorithms and experiments. The only known polynomial time algorithm for size s > d volume
sampling was recently proposed by Li et al. (2017) with time complexity O(n4 s). In this paper
we give two new algorithms using our general framework of reverse iterative sampling: one with
deterministic runtime of O((n−s+d)nd), and a second one that with high probability finishes in
time O(nd2 ). Thus both algorithms improve on the state-of-the-art by a factor of at least n2 and
make volume sampling nearly as efficient as the comparable i.i.d. sampling technique called leverage
score sampling. Our experiments on real datasets confirm the efficiency of our algorithms and show
that for small sample sizes s, volume sampling is more effective than leverage score sampling for the
task of subset selection for linear regression.

Suppose that our goal is to estimate the pseudoinverse X+ based on the pseudoinverse of a subset
of rows. Recall that for a subset S ⊆ {1..n} of s row indices (where the size s is fixed and s ≥ d),
we let XS be the submatrix of the s rows indexed by S (see Figure 2). Consider a version of X in
which all but the rows of S are zero. This matrix equals IS X, where the selection matrix IS is an
n-dimensional diagonal matrix with (IS )ii = 1 if i ∈ S and 0 otherwise.
For the set S of fixed size s ≥ d row indices chosen proportional to det(XS> XS ), we can prove
the following two expectation formulas (for the second equality, X must be in general position):
E[(IS X)+ ] = X+

Note that (IS X)+ has the d × n shape of X+ where the s columns indexed by S contain (XS )+ and
the remaining n − s columns are zero. The expectation of this matrix is X+ even though (XS )+ is
clearly not a submatrix of X+. This expectation formula now implies that for any size s ≥ d, if S of
size s is drawn by volume sampling, then w∗(S) is an unbiased estimator1 for w∗, i.e.
E[w∗(S)] = E[(XS )+ yS ] = E[(IS X)+ y] = E[(IS X)+ ] y = X+ y = w∗.

n−s
X+ X+>.
s−d+1

The second expectation formula can be viewed as a second moment of the pseudoinverse estimator
(IS X)+, and it can be used to compute a useful notion of matrix variance with applications in random
matrix theory:
E[(IS X)+ (IS X)+> ] − E[(IS X)+ ]E[(IS X)+ ]> =


 n − dλ + 1 >
(X X + λI)−1 ,
E (XS> XS + λI)−1 
s − dλ + 1

Regularized volume sampling. We also develop a new regularized variant of volume sampling, which
extends reverse iterative sampling to selecting subsets of size smaller than d, and leads to a useful
extension of the above matrix variance formula. Namely, for any λ ≥ 0, our λ-regularized procedure
for sampling subsets S of size s satisfies

def



1
σ 2 dλ
e 2 ≤
kX(wλ∗(S) − w)k
,
n
s − dλ + 1

where dλ = tr(X(X> X + λI)−1 X> ) ≤ d is a standard notion of statistical dimension. Crucially,
the above bound holds for subset sizes s ≥ dλ , which can be much smaller than the dimension d.
Under the additional assumption that response vector y is generated by a linear transformation
distorted with bounded white noise, the expected bound on (XS> XS + λI)−1 leads to strong variance
e + ξ, with
bounds for the ridge regression estimator. Specifically, we prove that when y = Xw
ξ having mean zero and bounded variance Var[ξ]  σ 2 I, then if S is sampled according to λσ2
regularized volume sampling with λ ≤ kwk
e 2 , we can obtain the following bound on the mean
squared prediction error (MSPE):
ES Eξ
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1. For size s = d volume sampling, the fact that E[w∗(S)] = w∗ can be found in an early paper (Ben-Tal and Teboulle,
1990). They give a direct proof based on Cramer’s rule.

3

5
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2. Note that those methods typically require additional rescaling of the subproblem, whereas the techniques proposed in
this paper do not require any rescaling.

In the next section, we define volume sampling as an instance of a more general procedure we call
reverse iterative sampling, and we use this methodology to prove closed form matrix expressions
for the expectation of the pseudoinverse estimator (IS X)+ and its square (IS X)+ (IS X)+> , when
S is sampled by volume sampling. Central to volume sampling is the Cauchy-Binet formula for
determinants. As a side, we produce a number of short self-contained proofs for this formula and
show that leverage scores are the marginals of volume sampling. Then in Section 3 we formulate the
problem of solving linear regression from a small number of responses, and state the upper bound for
the expected square loss of the volume sampled least squares estimator (Theorem 8), followed by a
discussion and related lower bounds. In Section 3.3, we prove Theorem 8 and an additional related
matrix expectation formula. We next discuss in Section 3.4 how unbiased estimators can easily
be averaged for improving the expected loss and discuss open problems for constructing unbiased
estimators. A new regularized variant of volume sampling is proposed in Section 4, along with
the statistical guarantees it offers for computing subsampled ridge regression estimators. Next, we
present efficient volume sampling algorithms in Section 5, based on the reverse iterative sampling
paradigm, which are then experimentally evaluated in Section 6. Finally, Section 7 concludes the
paper by suggesting a future research direction.

1.2 Outline of the Paper

2013), but they require all of the responses from the original problem to generate the sketch and are
thus not suitable for the goal of using as few response values as possible. The second approach is
based on subsampling the rows of the input matrix and only asking for the responses of the sampled
rows. The learner optimally solves the sampled subproblem2 and then uses the obtained weight
vector for its prediction on all rows. The selected subproblem is known under the term “b-agnostic
minimal coreset” in (Boutsidis et al., 2013; Drineas et al., 2008) since it is selected without knowing
the response vector (denoted as the vector b). The second approach coincides with the goals of this
paper but the focus here is different in a number of ways. First, we focus on the smallest sample
size for which a multiplicative loss bound is possible: Just d volume sampled rows are sufficient to
achieve a multiplicative bound with a fixed factor, while d − 1 are not sufficient. A second focus
here is the efficiency and the combinatorics of volume sampling. The previous work is mostly based
on i.i.d. sampling using the statistical leverage scores (Drineas et al., 2012). As we show in this
paper, leverage scores are the marginals of volume sampling and any i.i.d. sampling method requires
sample size Ω(d log d) to achieve multiplicative loss bounds for linear regression. On the other hand,
the rows obtained from volume sampling are selected jointly and this makes the chosen subset more
informative and brings the required sample size down to d. Third, we focus on the fact that the
estimators produced from volume sampling are unbiased and therefore can be averaged to get more
accurate estimators. Using our methods, averaging immediately leads to an unbiased estimator with
expected loss 1 +  times the optimum based on sampling d2 / responses in total. We leave it as an
open problem to construct a 1 +  factor unbiased estimator from sampling only O(d/) responses.
If unbiasedness is not a concern, then such an estimator has recently been found (Chen and Price,
2017).
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S:|S|=s P (S)F(S)

P

= F({1..n}).

S:|S|=s

i∈S

X

|

X

S:|S|=s i∈S

T :|T |=s−1 j ∈T
/

=

{z

P (T )

}

P (T+j )P (T |T+j ) F(T ).
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Note that the r.h.s. of the first line has one summand per edge leaving level s, and the r.h.s. of the
second line has one summand per edge arriving at level s − 1. Now the last equality holds because
the edges leaving level s are exactly those arriving at level s − 1, and the summand for each edge in
both expressions is equivalent.

S:|S|=s

Proof Suffices to show that expectations at successive layers s and s − 1 are equal for s > d:
X
X
X
X X
P (S) F(S) =
P (S)
P (S−i |S) F(S−i ) =
P (S)P (S−i |S)F(S−i )

then for any s ∈ {d..n}: ES:|S|=s [F(S)] =

i∈S

Lemma 1 If for all S ⊆ {1..n} of size greater than d we have
X
F(S) =
P (S−i |S)F(S−i ),

Let n be an integer dimension. For each subset S ⊆ {1..n} of size s we are given a matrix formula
F(S). Our goal is to sample set S of size s using some sampling process and then develop concise
expressions for ES:|S|=s [F(S)]. Examples of formula classes F(S) will be given below.
We represent the sampling by a directed acyclic graph
size
{1..n}
(DAG), with a single root node corresponding to the full
n
set {1..n}. Starting from the root, we proceed along the
n−1
edges of the graph, iteratively removing elements from the
set S (see Figure 3). Concretely, consider a DAG with levels
S
s = n, n − 1, ..., d. Level s contains ns nodes for sets
s
S ⊆ {1..n} of size s. Every node S at level s > d has s
P (S−i |S)
s−1
directed edges to the nodes S − {i} (also denoted S−i ) at the
S−i
next lower level. These edges are labeled with a conditional
probability vector P (S−i |S), where the event S occurs if the
d
sampling process visits node S as it traces a (directed) path in
the DAG from the root node {1..n} to a node at level d. Such Figure 3: Reverse iterative sampling.
paths have n − d edges. It is natural to assign probabilities
to shorter paths as well going from any node to a node at a lower level. The probability of such a
path is again the product of its edge probabilities. It also follows that the probability P (S) of visiting
node S (via a path from the root) is the sum of the probabilities of all paths from root to S. Finally,
the probability P ({1..n}) of the root node is 1 and more generally, the total probability of all nodes
at each layer is 1.
We associate a formula F(S) with each set node S in the DAG. The following key equality lets
us compute expectations.

2. Reverse Iterative Sampling

D EREZI ŃSKI AND WARMUTH
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2.1 Volume Sampling
Given a tall full rank matrix X ∈ Rn×d and a sample size s ∈ {d..n}, volume sampling chooses
subset S ⊆ {1..n} of size s with probability proportional to squared volume spanned by the columns
of submatrix3 XS and this squared volume equals det(XS> XS ). The following theorem uses the
above DAG setup to compute the normalization constant for this distribution. Note that all subsets S
of volume 0 will be ignored, since they are unreachable in the proposed sampling procedure.

det(XS>−i XS−i )

(s−d) det(XS> XS )

=

1−xi> (XS> XS )−1 xi
, (reverse iterative volume sampling)
s−d

Theorem 2 Let X ∈ Rn×d , where d ≤ n and det(X> X) > 0. For any set S of size s > d for
which det(XS> XS ) > 0, define the probability of the edge from S to S−i for i ∈ S as:
def

P (S−i |S) =
>

.

(volume sampling)

where xi is the i-th row of X. In this case P (S−i |S) is a proper probability
distribution. If
P
det(XS> XS ) = 0, then simply set P (S−i |S) to 1s . With these definitions, S:|S|=s P (S) = 1 for all
s ∈ {d..n} and the probability of all paths from the root to any subset S of size at least d is
det(X> X)

det(XS> XS )


n−d
s−d

XS−i )

P (S) =
>
det(XS

det(XS> XS ) =

The rewrite of the ratio det(X−i> X ) as 1 − xi> (XS> XS )−1 xi is Sylvester’s Theorem for determiS
S
nants. Incidentally, this is the only property of determinants used in this section.
The theorem also implies a generalization of the Cauchy-Binet formula to size s ≥ d sets:


X
n−d
det(X> X).
(1)
s−d
S:|S|=s

When s = d, then the binomial coefficient is 1 and the above becomes the vanilla Cauchy-Binet
formula. The below proof of the theorem thus results in a minimalist proof of this classical formula
as well. The proof uses the reverse iterative sampling (Figure 3) and the fact that all paths from the
root to node S have the same probability. For the sake of completeness we also give a more direct
inductive proof of the above generalized Cauchy-Binet formula in Appendix A.

P (S−i |S) =

S

s−d

i

X 1 − tr((X> XS )−1 xi x> )
i∈S

=

s − tr((XS> XS )−1 XS> XS )
s−d
=
= 1.
s−d
s−d

Proof First, for any node S s.t. s > d and det(XS> XS ) > 0, the probabilities out of S sum to 1:
X
i∈S

It remains to show the formula for the probability P (S) of all paths ending at node S. If
det(XS> XS ) = 0, then one edge on any path from the root to S has probability 0. This edge goes
from a superset of S with positive volume to a superset of S that has volume 0. Since all paths have
probability 0, P (S) = 0 in this case.
Now assume det(XS> XS ) > 0 and consider any path from the root {1..n} to S. There are
(n − s)! such paths all going through sets with positive volume. The fractions of determinants in the
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>
3. For sample size s = d, the rows and columns of XS have the same length and det(XS
XS ) is also the squared volume
spanned by the rows XS .

7
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n−d
s−d

1



det(XS> XS )
.
det(X> X)

probabilities along each path telescope and the additional factors accumulate to the same product. So
the probability of all paths from the root to S is the same and the total probability into S is

det(XS> XS )
(n − s)!
=
(n − d) . . . (s − d + 1) det(X> X)

An immediate consequence of the above sampling procedure is the following composition
property of volume sampling, which states that this distribution is closed under subsampling. We
also give a direct proof to highlight the combinatorics of volume sampling.

t

(size s volume sampling from XT )

(size t volume sampling from X),

Corollary 3 For any X ∈ Rn×d and n ≥ t > s ≥ d, the following hierarchical sampling procedure:
s

T ∼X

S ∼ XT

returns a set S which is distributed according to size s volume sampling from X.

X

X

T : S⊆T

T : S⊆T

P (T ∩S)

z
}|
P (S | T )

det(XS> XS )

> 
det(X
TXT )


{
P (T )

n−d
s−d

det(XS> XS )
.

det(X> X)

det(X> X)

> 
det(X
TXT )



n−d
t−d

det(X> XS )
=
 n−d S
>
t−d det(X X)

t−d
s−d

t−d
s−d



n−s
t−s

n−s
t−s



such

Proof We start with the Law of Total Probability and then use the probability formula for volume
sampling from the above theorem. Here P (T ∩ S) means the probability of all paths going through
node T at level t and ending up at the final node S at level s. If S 6⊆ T , then P (T ∩ S) = 0.
P (S) =
=
=

Note that for all sets T containing S, the probability P (T ∩ S) is the same, and there are
sets.

def

The main competitor of volume sampling is i.i.d. sampling of the rows of X w.r.t. the statistical
leverage scores. For an input matrix X ∈ Rn×d , the leverage score of the i-th row xi> of X is defined
as

li = xi> (X> X)−1 xi .

JMLR 19(23):1-39, 2018

Recall that this quantity appeared in the definition of conditional probability P (S−i |S) in Theorem
2, where the leverage score was computed w.r.t. the submatrix XS . In fact, there is a more basic
relationship between leverage scores and volume sampling: If set S is sampled according to size
s = d volume sampling, then the leverage score li of row i is the marginal probability P (i ∈ S) of
selecting i-th row into S. A general formula for the marginals of size s volume sampling is given in
the following proposition:

8

}|
{
det((X−i )>
T (X−i )T )

T :|T |=d,i∈T
/

n−d
>
s−d det(X X)

z X

det(X>
−i X−i )

det(X>
XS )
 S
det(X> X)
P
>
T ⊆S:|T |=d det(XT XT )

n−d
>
s−d det(X X)

n−d
s−d


n−s
>
−1
1 − x>
i (X X) xi ,
n−d

n−d−1
s−d



S:|S|=s,i∈S
/

X

S:|S|=s,i∈S
/

X
X+ X+>

(2)
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5. This notion of “covariance” is used in random matrix theory, i.e. for a random matrix M, we analyze E[(M −
E[M])(M − E[M])> ]. See for example Tropp (2012).

4. Using the composition property of volume sampling (Corollary 3), the s > d case of the theorem can be reduced to
the s = d case. However, in this paper we give a different self-contained proof for Theorem 5.

(3)

= E[(IS X)+ (IS X)+> ] − E[(IS X)+ ] E[(IS X)+ ]>
n − d + 1 + +>
n−s
=
X X − X+ X+> =
X+ X+> .
s−d+1
s−d+1

E[((IS X)+ − E[(IS X)+ ]) ((IS X)+ − E[(IS X)+ ])> ]

This norm formula was shown by Avron and Boutsidis (2013), with numerous applications. Theorem
6 can be viewed as a much stronger pre-trace version of the known norm formula. Also our proof
techniques are quite different and much simpler. Note that if size s volume sampling for X does not
have full support, then (2) becomes an inequality.
We now mention a second application of the above theorem in the context of linear regression for
e +ξ
the case when the response vector y is modeled as a noisy linear transformation, i.e., y = Xw
e ∈ Rd and a random noise vector ξ ∈ Rn (detailed discussion in Section 4). In this
for some w
−1 can be interpreted as the covariance matrix of least-squares estimator
case the matrix (X>
S XS )
w∗(S) (for a fixed set S) and Theorem 6 gives an exact formula for the covariance matrix of w∗(S)
under volume sampling. In Section 4, we give an extended version of this result which provides even
stronger guarantees for regularized least-squares estimators under this model (Theorem 16).
Note that except for the above application, all results in this paper hold for arbitrary response
vectors y. By combining Theorems 5 and 6, we can also obtain a covariance-type formula5 for the
pseudoinverse matrix estimator:



n−d+1 + 2
E k(IS X)+ k2F = E[tr((IS X)+ (IS X)+> )] =
kX kF .
s−d+1

The condition that size s volume sampling over X has full support is equivalent to det(X>
S XS ) > 0
for all S ⊆ {1..n} of size s. Note that if size s volume sampling has full support, then size t > s
also has full support. So full support for the smallest size d (often phrased as X being in general
position) implies that volume sampling w.r.t. any size s ≥ d has full support.
The above theorem immediately gives an expectation formula for the Frobenius norm k(IS X)+ kF
of the estimator:

In the case when volume sampling does not have full support, then the matrix equality “=” above is
replaced by the positive-definite inequality “”.

(IS X)+ (IS X)+>

For the special case of s = d, this fact was known in the linear algebra literature (Ben-Tal and
Teboulle, 1990; Ben-Israel, 1992). It was shown there using elementary properties of the determinant
such as Cramer’s rule.4 The proof methodology developed here based on reverse iterative volume

E[(IS X)+ ] = X+ .

Theorem 5 Let X ∈ Rn×d be a tall full rank matrix (i.e. n ≥ d). For s ∈ {d..n}, let S ⊆ {1..n}
be a size s volume sampled set over X. Then

All expectations in the remainder of the paper are w.r.t. volume sampling. We use the short-hand
E[F(S)] for expectation with volume sampling where the size of the sampled set is fixed to s. The
expectation formulas for P
two choices of F(S) are proven in Theorems 5 and 6. By Lemma 1 it
suffices to show F(S) = i∈S P (S−i |S)F(S−i ) for volume sampling. We also present a related
expectation formula (Theorem 7), which is proven later using different techniques.
Recall that XS is the submatrix of rows indexed by S ⊆ {1..n}. We also use a version of X in
which all but the rows of S are zeroed out. This matrix equals IS X where IS is an n-dimensional
diagonal matrix with (IS )ii = 1 if i ∈ S and 0 otherwise (see Figure 2).

2.2 Expectation Formulas for Volume Sampling

where we
/ T appears in
 used Cauchy-Binet twice and the fact that every set T : |T | = d, i ∈
n−d−1
sets S : |S| = s, i ∈
/ S. Now, the marginal probability follows from the fact that
s−d
P (i ∈ S) = 1 − P (i ∈
/ S).

=

=

=

P (i ∈
/ S) =

Proof Instead of P (i ∈ S) we will first compute P (i ∈
/ S):

z
}|
{
s−d
n − s > > −1
P (i ∈ S) =
+
x (X X) xi .
n−d n−d i

Theorem 6 Let X ∈ Rn×d be a full rank matrix and s ∈ {d..n}. If size s volume sampling over X
has full support, then
n−d+1
E[ (X>
X )−1 ] =
(X> X)−1 .
| S {zS }
s − d + 1 | {z }

sampling is very different. We believe that this fundamental formula lies at the core of why volume
sampling is important in many applications. In this work, we focus on its application to linear
regression. However, Avron and Boutsidis (2013) discuss many problems where controlling the
pseudoinverse of a submatrix is essential. For those applications, it is important to establish variance
bounds for the above expectation and volume sampling once again offers very concrete guarantees.
We obtain them by showing the following formula, which can be viewed as a second moment for this
estimator.

Proposition 4 Let X ∈ Rn×d be a full rank matrix and s ∈ {d..n}. If S ⊆ {1..n} is sampled
according to size s volume sampling, then for any i ∈ {1..n},
li
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−

i∈S

s−d+1

>

−1

=

>
>
−1
X

1
−
x

s
−
d
i (XS XS ) xi
(X> XS )−1 .
((


s−
d
n(
−(
d+
1 S−i −i
(

i∈S
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6. Since the learner is given X, it is natural to define the optimal multiplicative constant specialized for each X:
cX,s = minc minP (·),w(·) maxy EP [L(w(X, S, yS ))] ≤ (1 + c) L(w∗ ), where the domain for distribution P (·)
and weight function w(·) are sets of size s. Showing specialized bounds for cX,s is left for future research.

∀ (X, y) ∈ Rn×d × Rn×1 : E [L(w(X, S, yS ))] ≤ (1 + c) L(w∗ ),

Computing it requires access to the input matrix X and the response vector y. Assume we are
given X but the access to response vector y is restricted. We are allowed to pick a random subset
S ⊆ {1..n} of fixed size s for which the responses yS for the submatrix XS are revealed to us, and
then must produce a weight vector w(X, S, yS ) ∈ Rd from a subset of row indices S of the input
matrix X and the corresponding responses yS . Our goal in this paper is to find a distribution on the
subsets S of size s and a weight function w(X, S, yS ) s.t.6

w∈Rd

w∗ = argmin L(w) = X+ y.

def

Our main motivation for studying volume sampling came from asking the following simple question.
Suppose we want to solve a d-dimensional linear regression problem with an input matrix X of n
rows in Rd and a response vector y ∈ Rn , i.e. find w ∈ Rd that minimizes the least squares loss
kXw − yk2 on all n rows. We use L(w) to denote this loss. The optimal weight vector minimizes
L(w), i.e.

3. Linear Regression with Smallest Number of Responses

If some denominators 1 − xi> (XS> XS )−1 xi are zero, then we only sum over i for which the denominators are positive. In this case the above matrix equality becomes a positive-definite inequality .

−1
= (s − d)(XS> XS )−1 + 
(XS>
X
S)

X 


xi xi> (XS> XS )−1 = (s − d + 1) (XS> XS )−1 .

i∈S




X
(X> XS )−1 xi xi> (XS> XS )−1
S
(1 − xi> (XS> XS )−1 xi ) (XS> XS )−1 +
1 − xi> (XS> XS )−1 xi

To show this we apply Sherman-Morrison to (XS>−i XS−i )−1 on the r.h.s.:

(X XS )
((
n(
−(
d+
1 S
(

s−d+1
(XS> XS )−1 . By Lemma 1 it suffices to show F(S) =
Proof of Theorem 6 Choose F(S) = n−d+1
P
i∈S P (S−i |S)F(S−i ) for volume sampling:

In Appendix B we give an alternate proof using a derivative argument.

i∈S

X
(XS> XS )−1 xi (xi> (XS> XS )−1 xi )ei> = 0.




+ (X>
X)−1
xi xi> (XS> XS )−1 (IS X)>
S
S


i∈S
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X+

= XX+ =
PX .

(IS−i X)+ .
| {z }

xi> (XS> XS )−1 xi ) (XS> XS )−1 xi ei>
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S

s−d

XS−i )−1 (IS−i X)>

i∈S

Next we expand the last two factors into 4 terms. The expectation of the first (XS> XS )−1 (IS X)> is
(IS X)+ (which is the l.h.s.) and the expectations of the remaining three terms times s − d sum to 0:
X
X
(1 −

]=

i

X 1 − x> (X> XS )−1 xi

i∈S

−i

>
(XS



(X> XS )−1 xi xi> (XS> XS )−1
S
((IS X)> − xi ei> ).
(XS> XS )−1 +
1 − xi> (XS> XS )−1 xi
JMLR 19(23):1-39, 2018

−

We now give the background for a third matrix expectation formula for volume sampling.
Pseudoinverses can be used to compute the projection matrix onto the span of columns of matrix X,
which is defined as follows:
z
}|
{
def
PX = X (X> X)−1 X> .

+

X E[(IS X)+ ]

Applying Theorem 5 leads us immediately to the following unbiased matrix estimator for the
projection matrix:
E[X(IS X)
Note that this matrix estimator X(IS X)+ is closely connected to linear regression: It can be used to
b (S) of subsampled least squares solution
transform the response vector y into the prediction vector y
w∗(S) as follows:
w∗ (S)

b (S) = X (IS X)+ y .
y
| {z }

In this case, volume sampling once again provides a covariance-type matrix expectation formula.
Theorem 7 Let X ∈ Rn×d be a full rank matrix. If matrix X is in general position and S ⊆ {1..n}
is sampled according to size d volume sampling, then
E[ (X(IS X)+ )2 ] − PX = d (I − PX ).
|
{z
}

(IS X)+> X> X(IS X)+

If X is not in general position, then the matrix equality “=” is replaced by the positive-definite
inequality “”.
Note that this third expectation formula is limited to sample size s = d. It is a direct consequence of
Theorem 8 given in the next section which relates the expected loss of a subsampled least squares
estimator to the loss of the optimum least squares estimator. Unlike the first two formulas given in
theorems 5 and 6, its proof does not rely on the methodology of Lemma 1, i.e., on showing that the
expectations at all levels of a certain DAG associated with the sampling process are the same. We
defer the proof of this third expectation formula to the end of Section 3.3. No extension of this third
formula to sample size s > d is known.

(IS X)+ =

Proof of Theorem 5 We apply Lemma 1 with F(S) = (IS X)+ . It suffices to show F(S) =
> X )−1 x
P
1−xi> (XS
i
S
, i.e.:
i∈S P (S−i |S)F(S−i ) for P (S−i |S) =
s−d

s−d

xi> (XS> XS )−1 xi

We first apply Sherman-Morrison to (XS>−i XS−i )−1 = (XS> XS − xi xi> )−1 on the r.h.s. of the
above:
X1−
i

11

13
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The above theorem now states that the gap E[L(w∗(S))] − L(w∗ ) in Jensen’s inequality (which
coincides with the “regret” of the estimator) equals d L(w∗ ), when the expectation is w.r.t. size d
volume sampling and X is in general position (See Figure 4 for a schematic). As we will show in
Section 3.4, this gap also equals the variance E[kXw∗(S) − Xw∗ k2 ] of the predictions since the
estimator is unbiased. In summary:

There are no range restrictions on the n points and response values in this bound. Also, as discussed
in the introduction, this bound is already non-obvious for dimension 1, when the multiplicative factor
is 2 (See Figure 1 for a visualization). Note that if there is a bias term in dimension 1, then the factor
becomes 3.
In dimension d, it is instructive to look at the case when the square loss of the optimum solution
is zero, i.e. there is a weight vector w∗ ∈ Rd s.t. Xw∗ = y. In this case the response values of any d
linearly independent rows of X determine the optimum solution and the multiplicative loss formula
of the theorem clearly holds. The formula specifies how noise-free case generalizes gracefully to
the noisy case in that for volume sampling, the expected square loss of the solution obtained from d
row response pairs is always by a factor of at most d + 1 larger than the square loss of the optimum
solution. Moreover, since E[w∗(S)] = w∗ and the loss function L(·) is convex, we have by Jensen’s
inequality that



E L(w∗(S)) ≥ L E[w∗(S)] = L(w∗ ).

If X is not in general position, then the expected loss is upper-bounded by (d + 1) L(w∗ ).

E[L(w∗(S))] = (d + 1) L(w∗ ).

Theorem 8 If the input matrix X ∈ Rn×d is in general position, then for any response vector
y ∈ Rn , the expected square loss (on all n rows of X) of the optimal solution w∗(S) for the
subproblem (XS , yS ), with the d-element set S obtained from volume sampling, is given by

where c must be a fixed constant (that is independent of X and y). Throughout the paper we use
the one argument shorthand w(S) for the weight function w(X, S, yS ). We assume that attaining
response values is expensive and ask the question: What is the smallest number of responses (i.e.
smallest size of S) for which such a multiplicative bound is possible? We will use volume sampling
to show that attaining d response values is sufficient and show that less than d responses is not.
Before we state our main upper bound based on L(w∗(Si ))
volume sampling, we make the following key observation: If for the subproblem (XS , yS ) there is a
weight vector w(S) that has loss zero, then the alE[L(w∗(S))]
gorithm has to predict with such a consistent weight
L(·)
vector. This is because in that case the responses yS
L(w∗(Sj ))
can be extended to a response vector y for all of X s.t.
∗
d L(w )
L(w∗ ) = 0. Thus since we aim for a multiplicative
loss bound, we force the algorithm to predict with the
def
L(w∗ )
optimum solution w∗(S) = (XS )+ yS whenever the
subproblem (XS , yS ) has loss 0. In particular, when
∗
w∗ = E[w∗(S)] w∗(Sj )
|S| = d and XS has full rank, then there is a unique w (Si )
∗
consistent solution w (S) for the subproblem and the Figure 4: Unbiased estimator w∗(S) in expectalearner must use the weight function w(S) = w∗(S). tion suffers loss (d + 1) L(w∗ ).
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regret

gap in Jensen’s

variance

1

1

3

3/2

1/2

14

2
det(X>
L(w∗(S1 )) = −2
S1 XS1 ) = 
>
det(XS2 XS2 ) = 1
L(w∗(S2 )) = 1
2 L(w∗(S )) = (1 + )−2
det(X>
X
)
=
(1
+
)
3
S3 S3

1
.
2(1 +  + 2 )
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L(w∗ ) =

where  > 0 is arbitrarily small (We keep the response vector y the same). Now, there is no d × d
submatrix that is singular, so the upper bound from Theorem 8 must be tight. The reason is that
even though subset S1 still has very small probability, its loss is very large, so the expectation
is significantly affected by this component, no matter how small  is. We see this directly in the
calculations. Let w∗ and w∗(Si ) be the corresponding solutions for the perturbed problem and its
subproblems. The volumes of the subproblems and their losses are:

Now consider a slightly perturbed input matrix


1 1+
1 ,
X = 1
1
0

1

z }| { z }| {
1 z }| { 1 z }| {
E[L(w (S))] = L(w∗(S2 )) + L(w∗(S3 )) < (d + 1) L(w∗ ) .
{z
}
|
2
2
|
{z
}
∗

We have three 2-element subsets to sample from: S1 = {1, 2}, S2 = {2, 3}, S3 = {1, 3}. Notice
that the first two rows of X are identical, which means that the probability of sampling set S1 is
0 in the volume sampling process. The other two subsets, S2 and S3 , form identical submatrices
XS2 = XS3 . Therefore they are equally probable. The optimal weight vectors for these sets are
w∗(S2 ) = (0, 0)> and w∗(S3 ) = (0, 1)> . Also w∗ = (0, 12 )> and the expected loss is bounded as:

The above theorem gives an equality for the expected loss of a volume-sampled solution. However,
this equality is only guaranteed to hold when matrix X is in general position. We give a minimal
example problem where the matrix X is not in general position and the equality of Theorem 8 turns
into a strict inequality. This shows that for the equality, the general position assumption is necessary.
If we apply even an infinitesimal additive perturbation to the matrix X of the example problem,
then the resulting matrix X is in general position and the equality holds. Note that even though the
optimum loss L(w∗ ) does not change significantly under such a perturbation, the expected sampling
loss E[L(w∗(S))] has to jump sufficiently to close the gap in the inequality. In our minimal example
problem, n = 3 and d = 2, and


 
1 1
1


X = 1 1 , y = 0 .
1 0
0

3.1 When X is not in General Position

We now make a number of observations and present some lower bounds that highlight the upper
bound of the above theorem. Then, in Section 3.3 we prove the theorem and a matrix expectation
formula implied by it.

z}|{




E L(w∗(S)) − L( w∗ ) = d L(w∗ ) = E kXw∗(S) − Xw∗ k2 .
| {z }
{z
}
{z
}
|
|

E[w∗(S)]
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n−1
n
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n−1

n−1
n

z }| {
z}|{
L(w∗({i})) = n L( w∗ ) .
| {z }
| {z }

0

Proof If the response vector y is the vector of n 1’s except for a single 0 at index i, then we have

1+1+1
= (d + 1) L(w∗ ).
2 + 1 + (1 + )2

Note that for each subproblem, the product of volume times loss is equal to 1. Now the expected loss
can be easily computed, and we can see that the gap in the bound disappears (the denominator is the
normalizing constant for volume sampling):
E[L(w∗(S))] =
3.2 Lower Bounds and the Importance of Joint Sampling

Note that for the 1-dimensional example used in the proof, volume sampling would pick the
set S uniformly. For this distribution, the multiplicative factor drops from n down to 2, that is
∗
E[L(w∗(S))] = n1 (n − 1) + n−1
n 1 = 2 L(w ).

The importance of joint sampling. Three properties of volume sampling play a crucial role in
achieving a multiplicative loss bound:

The factor d + 1 in Theorem 8 cannot, in general, be improved when selecting only d responses:
Proposition 9 For any d, there exists a least squares problem (X, y) with d + 1 rows in Rd such
that for every d-element index set S ⊆ {1 .. d +1}, we have

a) Randomness. No deterministic algorithm guarantees such a bound (see Proposition 10).

xk = xi + d x̄−i ,

def

where x̄−i =

k6=i

k6=i

1X
xk .
d

16
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Proof Let S be a rank deficient subset chosen with probability P (S) > 0. Since in our setup the
bound has to hold for all response vectors y we can imagine an adversary choosing a worst-case
y. This adversary gives all rows of XS the response value zero. Let w(S) be the plane produced
by the algorithm when choosing S and receiving the responses 0 for XS . Let i ∈ {1..n} s.t.
xi> 6∈ row-span(XS ) and let w∗ be any weight vector that gives response value 0 to all rows of XS
and response value xi> w(S) + Y to xi . The adversary chooses y as Xw∗ , i.e. it gives all points xj
not indexed by S and different from xi the response values xj> w∗ as well. Now w∗ has total loss 0
but w(S) has loss Y 2 on xi and the algorithm’s expected total loss is ≥ P (S) Y 2 .

Note that this means in particular that if X has rank d, then sampling d − 1 size subsets with positive
probability does not allow for a constant factor approximation.

Proposition 11 If for any input matrix X, the algorithm samples a rank deficient subset S of rows
with positive probability, then the expected loss of the algorithm cannot be bounded by a constant
times the optimum loss for all response vectors y.

By jointly selecting subset S, volume sampling ensures that the corresponding input vectors xi
are well spread out in the input space Rd . In particular, volume sampling does not put any probability
mass on sets S such that the rank of submatrix XS is less than d. Intuitively, selecting rank deficient
row subsets should not be effective, since such a choice leads to an under-determined least squares
problem. We make this simple statement more precise by showing that any randomized algorithm,
that with positive probability selects a rank deficient row subset, cannot achieve a multiplicative loss
bound. Intuitively if the algorithm picks a rank deficient subset then it is not clear how it should select
the weight vector w(S) given input matrix X, subset S and responses yS . We reasoned before that
w(S) must have loss 0 on the subproblem (XS , yS ). However if rank(XS ) < d, then the choice
of the weight vector w(S) with loss 0 is not unique and this causes positive loss for some response
vector y.

c) Jointness. No i.i.d. sampling procedure can achieve a multiplicative loss bound with O(d)
responses (see Corollary 13).

b) The chosen submatrices must have full rank. Choosing any rank deficient submatrix with
positive probability, does not allow for a multiplicative bound (see Propositions 11 and 12).

L(w∗(S)) = (d + 1) L(w∗ ).

L(w∗ ) = (d + 1) α2 .

Proof Choose the input vectors xi (and rows xi> ) as the d + 1 corners of any simplex in Rd centered
at the origin and choose all d + 1 responses as the same non-zero value α. For any α, the optimal
solution w∗ will be the all-zeros vector with loss

X
k

On the other hand, taking any size d subset of indices S ⊆ {1 .. d +1}, the subproblem solution
w∗(S) will only produce loss on the left out input vector xi , indexed with i 6∈ S. To obtain the
prediction on xi , we use a simple geometric argument. Observe that since the simplex is centered,
we can write the origin of Rd in terms of the corners of the simplex as
0=

k6=i

Thus, the left out input vector xi equals −d x̄−i . The prediction of w∗(S) on this vector is
 X 
X
1
ybi = xi> w∗(S) = −d
xk> w∗(S) = −dα.
xk> w∗(S) = −
d
It follows that the loss of w∗(S) equals

L(w∗(S)) = (b
yi − yi )2 = (−dα − α)2 = (d + 1)2 α2 = (d + 1) L(w∗ ).
Moreover, it is easy to show that no deterministic algorithm for selecting d rows (without knowing
the responses) can guarantee a multiplicative loss bound with a factor less than n/d (Boutsidis et al.,
2013). For the sake of completeness, we show this here for d = 1:
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Proposition 10 For any n × 1 input matrix X of all 1’s and any deterministic algorithm that chooses
some singleton set S = {i}, there is a response vector y for which the loss of the subproblem and
the optimal loss are related as follows:
L(w∗(S)) = n L(w∗ ).
15

and

L(w(S)) > 0

with probability at least p.

≤|Q|d−1

L(w∗ ) = 0,

and

17

L(w(S)) > 0
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with probability at least 1/2.

Corollary 13 Let d ≤ n and let X be any input matrix of rank d consisting of n standard basis
row vectors in Rd . Then for any randomized learning algorithm which selects a random multiset
S ⊆ {1..n} of size |S| ≤ (d − 1) ln(d) via i.i.d. sampling from any distribution and uses any weight
function w(S), there is a response vector y satisfying:

Using Proposition 12, we show that any i.i.d. row sampling distribution (like for example leverage
score sampling) requires Ω(d log d) samples to get any multiplicative loss bound, either with high
probability or in expectation.

So for every weight function w(·, ·), there exists w∗ ∈ Qd that is not present in the set {w(S, yS ) :
S ∈ H}. Selecting y = Xw∗ for the adversarial response vector, we guarantee that the learner picks
the wrong solution for every rank deficient set S and therefore receives positive loss w.p. at least p.

< 2n |Q|d−1 = |Qd |.

Suppose that given matrix X, the learner uses weight function w(S, yS ). (Note that for the sake of
concreteness we stopped using the single argument shorthand for the weight function during this
proof.) We will count the number of possible inputs to this function, when S is a rank deficient index
set of the rows of X and the response vector yS is consistent with some w∗ ∈ Qd . For any fixed
rank deficient set S, let t be the number of distinct basis vectors appearing in XS . Clearly t ≤ d − 1.
Fix a subset T ⊆ S of size t s.t. XT contains all t basis vectors of XS exactly once (Thus the basis
vectors in XS\T are all duplicates). Since y ∈ Qn , the components of yS also lie in Q and yS is
determined by the responses of yT . Clearly there are at most |Q|d−1 choices for yT . It follows that
the number of possible input pairs (S, yS ) for function w(·, ·) under the above restrictions can be
bounded as
n
o
(S, yS ) : [S ∈ H] and [yS = XS w∗ for w∗ ∈ Qd ] ≤ |H| max |{XS w∗ : w∗ ∈ Qd }|
|{z} S∈H
{z
}
<2n |

H = {S ⊆ {1..n} : rank(XS ) < d}.

{1, 2, . . . , 2n }.

The adversarial response vector y is constructed by carefully
Proof Let Q =
selecting one of the weight vectors w∗ ∈ Qd , and setting the response vector y to Xw∗ . This ensures
that L(w∗ ) = 0 and since X consists of standard basis row vectors, the components of y lie in Q as
well. Note that if the learner does not discover w∗ exactly, it will incur positive loss. Let H be the
set of all rank deficient sets in X, i.e. those that lack at least one of the standard basis vectors:

L(w∗ ) = 0,

(4)

y

(5)

(6)

18
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7. This was proven for uniform sampling in Theorem 1.24 of Auger and Doerr (2011). It can be shown that uniform
sampling is the best case for Coupon Collector Problem (Holst, 2001), so the bound holds for any i.i.d. sampling.

Proposition 14 For any index i ∈ {1..n}, let w∗(−i) be the solution to the reduced linear regression
problem (X−i , y−i ). Then

Next, we present a proposition whose corollary is key to proving Theorem 8. Suppose that we
select one test row from the input matrix and use the remaining n − 1 row response pairs as the
training set. The proposition relates the loss of the obtained solution on the test row to the total
leave-one-out loss an all rows.

e > X)
e = det(X> X) L(w∗ ).
det(X

Using the “base × height” formula we can relate the
e the parallelepiped
volume of P to the volume of P,
L(w*)
e
e Observe that P
formed by the d + 1 columns of X.
y
f2
has P as one of its faces, with the response vector y
f1
representing the edge that protrudes from that face.
e is the product of the volume
Hence the volume of P
of P and the distance between y and span(X). This
b Figure 5: Prediction vector y
distance equals kb
y − yk, since as discussed above, y
b is a projection of y
onto the span of feature vectors fi .
is the projection of y onto span(X). Thus we have

def
e =
X
(X, y) ∈ Rn×(d+1) .

We next give a second geometric interpretation of the length kb
y −yk2 . Let P be the parallelepiped
formed by the d column/feature vectors of the input matrix X. Furthermore, consider the extended
input matrix produced by adding the response vector y to X as an extra column:

for u ∈ span(X) u = PX y ⇔ PX (u − y) = 0 ⇔ X> (u − y) = 0.

First, we discuss several key connections between linear regression and volume, which are used
in the proof. Note that the loss L(w∗ ) suffered by the optimum weight vector can be written as
b = Xw∗ and the response
kb
y − yk2 , the squared Euclidean distance between prediction vector y
b is minimizing the distance from y to the subspace of Rn spanning the feature
vector y. Since y
vectors {f1 , . . . , fd } (columns of X), it has to be the projection of y onto that subspace (see Figure
5). We denote this projection as PX y, as defined in Section 2.2. Note that PX is a linear mapping
from Rn onto the column span of the matrix X such that

3.3 Proof of the Loss Expectation Formula

Note that the corollary requires X to be of a restricted form that contains a lot of duplicate rows. It is
open whether this corollary still holds when X is an arbitrary full rank matrix.

Proof Any i.i.d. sample of size at most (d − 1) ln(d) with probability at least 1/2 does not contain
all of the unique standard basis vectors (Coupon Collector Problem7 ). Thus, with probability at least
1/2 submatrix XS has rank less than d. Now, for any such algorithm we can use Proposition 12
to select a consistent adversarial response vector y such that with probability at least 1/2 the loss
L(w(S)) is positive.

We now strengthen the above proposition in that whenever the sample S is rank deficient then
the loss of the optimum is zero while the loss of the algorithm is positive. However note that this
proposition is weaker than the above in that it only holds for specific input matrices.

Proposition 12 Let d ≤ n and let X be any input matrix of rank d consisting of n standard basis
row vectors in Rd . Then for any randomized learning algorithm that with probability p selects a
subset S s.t. rank(XS ) < d and any weight function w(·), there is a response vector y, satisfying:
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def

> X )
det(X> X)−det(X−i
−i
det(X> X)

z
}|
{
xi> (X> X)−1 xi

`i (w∗(−i)),
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L(w∗(−i)) − L(w∗ ) =
where `i (w) = (xi> w − yi )2 is the square loss of w on the i-th point.
An algebraic proof of this proposition essentially appears in the proof of Theorem 11.7 in CesaBianchi and Lugosi (2006). For the sake of completeness we give a new geometric proof of this
proposition in Appendix C using basic properties of volume, thus stressing the connection to volume
sampling.
Note that if matrix X has exactly n = d + 1 rows and the training matrix X−i is full rank, then
w∗(−i) has loss zero on all training rows. In this case we obtain a simpler relationship than the
proposition.
e as in (5), we have
Corollary 15 If X has d + 1 rows and rank(X−i ) = d, then defining X
e > X)
e = det(X> X−i ) `i (w∗(−i)).
det(X
−i

Proof By Proposition 14 and the fact that L(w∗(−i)) = `i (w∗(−i)), we have
>
det(X> X) L(w∗ ) = det(X−i
X−i ) `i (w∗(−i)).

The corollary now follows from the “base × height” formula for volume.

P (S)L(w∗(S)) =

X

P (S)
X

n
X

P (T−j ) `j (w∗(T−j )).

`j (w∗(S))
X

j=1

T,|T |=d+1 j∈T

S,|S|=d

P (S) `j (w∗(S)) =

`j (w∗(T−j )) =

e >X
e
det(X
T T)
.
det(X> X)

(8)

(7)

We are now ready to present the proof of Theorem 8. Recall that our goal is to find the expected
loss E[L(w∗(S))], where S is a size d volume sampled set.

X

S,|S|=d j ∈S
/

X X

S,|S|=d

Proof of Theorem 8 First, we rewrite the expectation as follows:
E[L(w∗(S))] =
=

det(X> X)

det(XT>−j XT−j )

We now use Corollary 15 on the matrix XT and test row xj> (assuming rank(XT−j ) = d):
P (T−j ) `j (w∗(T−j )) =

d+1
det(X> X)

X

T,|T |=d+1

(1)

e >X
e
det(X
T T ) = (d + 1)

e > X)
e (2)
det(X
= (d + 1) L(w∗ ), (9)
det(X> X)

Since the summand does not depend on the index j ∈ T , the inner summation in (7) becomes a
multiplication by d + 1. This lets us write the expected loss as:
E[L(w∗(S))] =

JMLR 19(23):1-39, 2018

where (1) follows from the Cauchy-Binet formula and (2) is an application of the “base × height”
formula. If X is not in general position, then for some summands in (8), rank(XT−j ) < d and
19
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P (T−j ) = 0. Thus the left-hand side of (8) is 0, while the right-hand side is non-negative, so (9)
becomes an inequality, completing the proof of Theorem 8.

Lifting expectations to matrix form. We can now show the matrix expectation formula of Theorem
7 as a corollary to the loss expectation formula of Theorem 8. The key observation is that the loss
formula holds for arbitrary response vector y, which allows us to “lift” it to the matrix form.

(∗)

Proof of Theorem 7 Note, that the loss of least squares estimator can be written in terms of the
projection matrix
PX :

b k2 = k(I − PX )yk2 = y> (I − PX )2 y = y> (I − PX ) y,
L(w∗ ) = ky − y

2 = P . Writing the loss
where in (∗) we used the following property of a projection matrix: PX
X
expectation of the subsampled estimator in the same form, we obtain:

= E[y> (I − X(IS X)+ )2 y] = y> E[(I − X(IS X)+ )2 ] y.

b (S)k2 ] = E[k(I − X(IS X)+ )yk2 ]
E[L(w∗(S))] = E[ky − y

∀ y ∈ Rn .

Crucially, we are able to extract the response vector y out of the expectation formula, which allows
us to write the formula from Theorem 8 as follows:

y> E[(I − X(IS X)+ )2 ] y = y> (d + 1)(I − PX ) y,

We now use the following elementary fact: If for two symmetric matrices A and B, we have
y> Ay = y> By, ∀y ∈ Rn , then A = B.8 This gives the matrix expectation formula:

E[(I − X(IS X)+ )2 ] = (d + 1)(I − PX ).

Expanding square on the l.h.s. of the above and applying Theorem 5, we obtain the covariance-type
equivalent form stated in Theorem 7:
PX

E[(X(IS X)+ )2 ] − PX = d (I − PX ).

z
}|
{
I − 2 E[X(IS X)+ ] +E[(X(IS X)+ )2 ] = (d + 1)(I − PX )
⇐⇒

3.4 Averaging Unbiased Estimators and the Open Problem for Worst-case Responses
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8. Similarly, if y> Ay ≤ y> By, ∀y ∈ Rn , then the positive-definite inequality A  B holds for the matrices.

As discussed at the beginning of Section 3, our goal is to find a way to sample a small index set S and
construct a weight function w(S) which uses responses yS so that E[L(w(S))] ≤ (1 + c) L(w∗ ),
where the multiplicative factor 1 + c is bounded for all input matrices X and all response vectors
y. Recall that L(·) denotes the square loss on all rows and w∗ is the optimal solution based on all
responses. We show in the previous subsections that the smallest size of S for which this goal can be
achieved is d (There is no sampling procedure for sets of size less than d and weight function w(S)
for which this factor is finite). We also prove that when sets S of size d are drawn proportional to

20

w∗

L(w∗ )

(10)

⇐⇒

variance bound

z
}|
{
b k2 ≤ c L(w∗ ) .
E kX w(S) − y

(11)

regret

21

prediction variance
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9. Also, the weight vectors produced from i.i.d. leverage score sampling are not unbiased.
10. Thus when averaging the estimators of k = t/d independent volume sampled sets of size d,
  X

d2 L(w∗ )
1
E L
w∗(Sj ) − L(w∗ ) =
, when X is in general position.
j
k
t }
| {z
|
{z
}

Setting k = c/, we need t = s c/ responses to get a 1 +  approximation. We showed that size
s = d volume sampling achieves factor c = d. So with our current proof techniques, we need
t = d2 / responses to get a 1 +  factor approximation, for  ∈ (0, d].10

  X
 
1
c
E L
w(Sj ) ≤ 1 +
L(w∗ ).
j
k
k

To reduce the variance of any unbiased estimator w(S) (i.e. E[w(S)] = w∗ ) with sample size s, we
can
draw k independent samples S1 , . . . , Sk of size s each and predict with the average estimator
1 Pk
j=1 w(Sj ). If the loss bound from (11) holds for w(S), then the average estimator satisfies
k

z
}|
{
E[L(w(S))] ≤ (1 + c) L(w∗ )

loss bound

z }| {
The unbiasedness of the estimator assures that the cross term (X E[w(S)] −b
y)> (b
y − y) is 0.
Therefore a 1 + c factor loss bound is equivalent to a c factor variance bound, i.e.

L(w(S))

b+y
b − yk2 = E kX w(S) − y
b k2 + kb
E kX w(S) − yk2 = E kX w(S) − y
y − yk2 .
|
{z
}
| {z }

The basic open problem for worst-case responses is the following: Is there a size O(d/)
unbiased estimator that achieves a 1 +  factor approximation?11 By the above averaging method
this is equivalent to the following question: Is there a size O(d) unbiased estimator that achieves a
constant factor? This is because once we have an unbiased estimator that achieves a constant factor,
then by averaging 1/ copies, we get the 1 + O() factor. Ideally the special unbiased estimators
resulting from a version of volume sampling can achieve this feat. We conclude this section with
our favorite open problem: Is there a version of O(d) size volume sampling that achieves a constant
factor approximation?
In the next section we make some minimal statistical assumptions on the response vector which
let us prove much stronger bounds: We assume that the response vector is linear plus bounded noise
of mean zero. In particular we show that with this noise model, O(d) size volume sampling achieves
a constant factor approximation.

∗
∗
the squared volume of XS (i.e. det(X>
S XS )), then E[L(w (S))] ≤ (d + 1)L(w ), where the factor
d + 1 is optimal for some X and y. Here w∗ (S) denotes the linear least squares solution for the
subproblem (XS , yS ).
A natural more general goal is to get arbitrarily close to the optimum loss. That is, for any ,
what is the smallest sample size |S| = s for which there is a sampling distribution over subsets
S and a weight function w(S) built from X and yS , such that E[L(w(S))] ≤ (1 + ) L(w∗ ). A
related bound for i.i.d. leverage score sampling states that a sample size of O(d log d + d ) suffices to
achieve a 1 +  factor with high probability (Hsu, 2017; Dereziński, 2018), however this does not
imply multiplicative bounds in expectation.9
We conjecture that some form of volume sampling can be used to achieve the 1 +  factor
with sample size O( d ), in expectation. How close can we get with the techniques presented in
this paper? We showed that size d volume sampling achieves a factor of 1 + d, but we do not
know how to generalize this proof to sample size larger than d. However, one unique property of
the volume-sampled estimator w∗ (S) that can be useful here is that it is an unbiased estimator
of w∗ . As we shall see now, this basic property has many benefits. For any unbiased estimator
b = Xw∗ , consider the following rudimentary
(i.e. E[w(S)] = w∗ ) and optimal prediction vector y
version of a bias-variance decomposition:

det(X>
S XS + λI)

.

(12)

−i

det(X>
S XS +λI)

det(X>
S XS−i +λI)

S ← S − {i}
end
return S

Sample i ∝ hi out of S

∀i∈S : hi ←

while |S| > s

S ← {1..n}

Algorithm 1 λ-regularized v. sampling

i∈S

X

>
−1
1 − x>
i (XS XS + λI) xi



−1 >
= |S| − tr XS (X>
S XS + λI) XS )

>
= |S| − d + λ tr (XS XS + λI)−1 .

=

(13)
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11. In a recent paper (Chen and Price, 2017) a 1 +  factor approximation has been achieved with O(d/) examples (for
 ∈ (0, 1]), but the guarantee holds with high probability (and not in expectation) and the estimator is not unbiased.

Note that in the special case of no regularization (i.e. λ = 0) the last trace vanishes and (13) is equal
to |S| − d, so we recover volume sampling from Section 2.1. However, when λ > 0, then the last
term is non-zero and depends on the entire matrix XS . This makes regularized volume sampling
more complicated and certain equalities proven in previous sections for λ = 0 no longer hold. In
particular, the analogous closed form of the sampling probability P (S) given in Theorem 2 is not
recovered because the paths from node {1..n} to node S in the graph of Figure 3 do not all have the
same probability. However, the proof technique we developed for reverse iterative sampling can still
be applied, resulting in the following extension of the variance formula of Theorem 6:

i∈S

det(X>
S XS + λI)

X det(X>
S−i XS−i + λI)

The normalization factor of this conditional probability (i.e. the sum of (12) over i ∈ S) can be
computed using Sylvester’s theorem:

P (S−i | S) ∝

det(X>
S−i XS−i + λI)

Volume sampling, as defined in Section 2.1, has certain
fundamental limitations. Namely, it is undefined whenever
matrix X is not full rank or if we wish to sample a subset S
of size smaller than the dimension d. Motivated by these
limitations, we propose a regularized variant, called λregularized volume sampling, which we define through a
generalization of the reverse iterative sampling procedure:

4. Regularized Volume Sampling for Learning with Noisy Responses
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 n − dλ + 1 >
E (XS> XS + λI)−1 
(X X + λI)−1
s − dλ + 1

Theorem 16 For any X ∈ Rn×d , λ ≥ 0, let S be sampled according to λ-regularized size s volume
sampling from X. Then,

def

for any s ≥ dλ = tr(X(X> X + λI)−1 X> ).
Constant dλ is a common notion of statistical dimension often
to as the effective degrees
Pd referred
λi
of freedom. If λi are the eigenvalues of X> X, then dλ = i=1
λi +λ . Note that dλ is decreasing
with λ and, when X is full rank, d0 = d. Thus, unlike Theorem 6, the above result offers meaningful
bounds for sampling sets S of size smaller than d.

det(XS> XS + λI)

det(XS>−i XS−i + λI)
= 1 − xi> (XS> XS + λI)−1 xi .

Proof To obtain Theorem 16, we use essentially the same methodology as described in Lemma
1, except in the regularized case equality is replaced with inequality. Recall that using Sylvester’s
theorem we can compute the unnormalized conditional probability from (12) as:
hi =

From P
now on, we will use Zλ(S) = XS> XS + λI as a shorthand in the proofs. Next, letting
M = i∈S hi , we compute unnormalized expectation by applying the Sherman-Morrison formula:
i∈S


 X
M E (XS>−i XS−i + λI)−1 | S =
hi Zλ(S−i )−1
i∈S

X


X 
Z (S)−1 xi xi> Zλ(S)−1
λ
=
hi Zλ(S)−1 +
1 − xi> Zλ(S)−1 xi
i∈S

xi xi> Zλ(S)−1

= M Zλ(S)−1 + Zλ(S)−1

= M Zλ(S)−1 + Zλ(S)−1 (Zλ(S) − λI)Zλ(S)−1
 (M + 1) Zλ(S)−1 .

= M Zλ(S)−1 + Zλ(S)−1 − λZλ(S)−2

dλ

Finally, the normalization factor M (which we already computed in (13)) can be lower-bounded
using the λ-statistical dimension dλ of matrix X:
X

(1 − xi> Zλ(S)−1 xi ) = s − d + λ tr(Zλ(S)−1 ) ≥ s − d−λ tr(Zλ({1..n})−1 ) .
|
{z
}

M=

i∈S

Putting the bounds together, we obtain that:

dλ


 s − dλ + 1 >
(XS XS + λI)−1 .
E (XS>−i XS−i + λI)−1 | S 
s−

n
Y
t − dλ + 1
t − dλ

t=s+1

Zλ({1..n})−1 =
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n − dλ + 1 >
(X X + λI)−1 .
s − dλ + 1

To prove Theorem 16 it remains to chain the conditional expectations along the sequence of subsets
obtained by λ-regularized volume sampling:
!


E Zλ(S)−1 
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4.1 Ridge Regression with Noisy Responses

We apply the above result to obtain statistical guarantees for subsampling with regularized estimators.
Given a matrix X ∈ Rn×d , we consider the task of fitting a linear model to a vector of responses
e ∈ Rd and the noise ξ ∈ Rn is a mean zero random vector with covariance
e + ξ, where w
y = Xw
matrix Var[ξ]  σ 2 I for some σ > 0. A classical solution to this task is the ridge estimator:
w∈Rd

wλ∗ = argmin kXw − yk2 + λkwk2 = (X> X + λI)−1 X> y.

As a consequence of Theorem 16, we show that if S is sampled with λ-regularized volume sampling
from X, then the ridge estimator for the subproblem (XS , yS )

wλ∗(S) = (XS> XS + λI)−1 XS> yS

has strong generalization properties with respect to the full problem (X, y) in terms of the mean
squared prediction error (MSPE) and mean squared error (MSE).

i
h
σ 2 dλ
1
e 2 ≤
,
ES Eξ kX(wλ∗(S) − w)k
n
s − dλ + 1
 σ 2 n tr((X> X + λI)−1 )

e 2 ≤
ES Eξ kwλ∗(S) − wk
.
s − dλ + 1

e ∈ Rd , and suppose that y = Xw
e + ξ, where ξ is a mean
Theorem 17 Let X ∈ Rn×d and w
zero vector with Var[ξ]  σ 2 I. Let S be sampled according to λ-regularized size s ≥ dλ volume
e computed from subproblem (XS , yS ).
sampling from X and wλ∗(S) be the λ-ridge estimator of w
σ2
Then, if λ ≤ kwk
e 2 , we have
(mean squared prediction error)

(mean squared error)

Next, we present two lower bounds for MSPE of a subsampled ridge estimator which show that
the statistical guarantees achieved by regularized volume sampling are nearly optimal for s  dλ
and better than standard approaches for s = O(dλ ). In particular, we show that non-i.i.d. nature
of volume sampling is essential if we want to achieve good generalization when the number of
responses is close to dλ . Namely for certain data matrices, any i.i.d. subsampling procedure (such as
i.i.d. leverage score sampling) requires at least dλ ln(dλ ) responses to achieve MSPE below σ 2 . In
contrast volume sampling obtains that bound for any matrix with 2dλ responses.

for any

0 ≤ λ ≤ σ2,

Theorem 18 For any p ≥ 1 and σ ≥ 0, there is d ≥ p such that for any sufficiently large n divisible
by d, there exists a matrix X ∈ Rn×d such that
dλ (X) ≥ p
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e ∈ Rd for which the corresponding
and for each of the following two statements there is a vector w
e + ξ with Var[ξ] = σ 2 I satisfies that statement:
regression problem y = Xw

h
i
σ 2 dλ
1
e 2 ≥
kX(wλ∗(S) − w)k
;
n
s + dλ

a) For any subset S ⊆ {1..n} of size s,

Eξ

24

n

e 2 ≥ σ2.
kX(wλ∗(S) − w)k

i

(15)

(14)

(16)

≤ σ 2 tr(XZλ(S)−1 X> ).
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e 2 − σ2)
≤ σ 2 tr(XZλ(S)−1 X> ) + λ tr(XZλ(S)−2 X> )(λkwk

ew
e >)
≤ σ 2 tr(X(Zλ(S)−1−λ Zλ(S)−2 )X> ) + λ2 tr(Zλ(S)−1 X> XZλ(S)−1 w



e 2 = tr(Varξ [Xwλ∗(S)]) + kX(Eξ [wλ∗(S)] − w)k
e 2
Eξ kX(wλ∗(S) − w)k

Next, we bound the mean squared prediction error. As before, we start with the standard bias-variance
decomposition for fixed set S:





e 2 ≤ σ 2 ES tr(Zλ(S)−1 )
ES Eξ kwλ∗(S) − wk
n − dλ + 1
(Theorem 16) ≤ σ 2
tr(Zλ({1..n})−1 )
s − dλ + 1
σ 2 n tr((X> X + λI)−1 )
≤
.
s − dλ + 1

where in (14) we applied Cauchy-Schwartz inequality for matrix trace, and in (15) we used the
σ2
assumption that λ ≤ kwk
e 2 . Thus, taking expectation over the sampling of set S, we get

≤ σ 2 tr(Zλ(S)−1 ),

e 2 − σ2)
≤ σ 2 tr(Zλ(S)−1 ) + λtr(Zλ(S)−2 )(λkwk

ew
e >)
≤ σ 2 tr(Zλ(S)−1− λZλ(S)−2 ) + λ2 tr(Zλ(S)−2 w



e 2 = tr(Varξ [wλ∗(S)]) + kBiasξ [wλ∗(S)]k2
Eξ kwλ∗(S) − wk

Mean squared error of the ridge estimator for a fixed subset S can now be bounded by:

−1
 σ 2 Zλ(S)−1 X>
= σ 2 (Zλ(S)−1 − λ Zλ(S)−2 ).
S XS Zλ(S)

−1
Varξ [wλ∗(S)] = Zλ(S)−1 X>
S Varξ [ξ S ]XS Zλ(S)

Similarly, the covariance matrix of wλ∗(S) is given by:

e = −λ Zλ(S)−1 w.
e
= (Zλ(S)−1 X>
S XS − I)w


e +
e
= Zλ(S)−1 X>
Eξ
[ξ
S ]) − w
S (XS w

e = Eξ [Zλ(S)−1 X>
e
Biasξ [wλ∗(S)] = E[wλ∗(S)] − w
S yS ] − w

Proof of Theorem 17 Standard analysis for the ridge regression estimator follows by performing
bias-variance decomposition of the error, and then selecting λ so that bias can be appropriately
bounded. We will recall this calculation for a fixed subproblem (XS , yS ). First, we compute the bias
of the ridge estimator for a fixed set S (recall the shorthand Zλ(S) = X>
S XS + λI):

ES Eξ

h1

b) For multiset S ⊆ {1..n} of size s ≤ (dλ −1) ln(dλ ), sampled i.i.d. from any distribution over
{1..n},
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i σ2 
 σ2
e 2 ≤
kX(wλ∗(S) − w)k
ES tr(XZλ(S)−1 X> ) =
tr(X ES [Zλ(S)−1 ] X> )
n
n
n
σ 2 n − dλ + 1
σ 2 dλ
(Theorem 16) ≤
tr(XZλ({1..n})−1 X> ) ≤
.
(17)
n s − dλ + 1
s − dλ + 1

h1

def

e > = [aσ, ..., aσ] ∈ Rd
w

def

i=1

dσ 2 ed(d − 1)
d(d − 1)
≥
≥ p.
dσ 2 e(d − 1) + λ
d−1+1

d

i=1

i=1

 1
1
e 2
tr Varξ [Xwλ∗(S)] + kX(Eξ [wλ∗(S)] − w)k
n
n

d 
d
σ2 X
si
a2 λ 2
σ 2 X si + a2 λ2
=
+
=
.
d
(si + λ)2 (si + λ)2
d
(si + λ)2

i=1

 λ2 a2 σ 2 n X
λ2 a2 σ 2 n
1
tr Zλ(S)−2 =
.
d
d
(si + λ)2
is given by:
e 2 =
kX(wλ∗(S) − w)k

i

wλ∗(S)

=

i=1
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Next, we find the λ that minimizes this expression. Taking the derivative with respect to λ we get:
!
d
d
∂
σ 2 X si + a2 λ2
σ 2 X 2si (λ − a−2 )
=
.
2
∂λ d
(si + λ)
d
(si + λ)3

n

h1

Thus, MSPE of estimator
Eξ

is equal to
e 2 = λ2 w
e > Zλ(S)−1 X> XZλ(S)−1 w
e
kX(Eξ [wλ∗(S)] − w)k

The prediction bias of estimator

wλ∗(S)

i=1

Let S ⊆ {1..n} be any set of size s, and for i ∈ {1..d} let si = |{i ∈ S : xi = ei }|. The prediction
variance of estimator wλ∗(S) is equal to

tr Varξ [Xwλ∗(S)] = σ 2 tr(X(Zλ(S)−1 − λZλ(S)−2 )X> )

d 
d
σ2n X
λ
σ2n X
si
1
=
−
=
.
d
si + λ (si + λ)2
d
(si + λ)2

dλ = tr(X Zλ({1..n})−1 X> ) ≥

for some a > 0. For any λ ≤ σ 2 , the λ-statistical dimension of X is

X = [I, ..., I]> ∈ Rn×d ,

def

Proof of Theorem 18 Let d = dpe + 1 and n ≥ dσ 2 ed(d − 1) be divisible by d. We define

The key part of proving both bounds is the application of Theorem 16. For MSE, we only used the
trace version of the inequality (see (16)), however to obtain the bound on MSPE we used the more
general positive semi-definite inequality in (17).

ES Eξ

Once again, taking expectation over subset S, we have
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2

+ λI)−1 xi .

1 − xi> Zλ(S)−1 xi

(xj> Zλ(S)−1 xi )2

√1 (X> XS
S
hi
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12. We are primarily interested in the case where n ≥ d and we state our time bounds under that assumption. However,
when λ > 0, our techniques can be easily adapted to the case of n < d.

Theorem 20 Algorithm RegVol produces an index set S of rows distributed according to λ-regularized
size s volume sampling over X in time O((n−s+d)nd).

Thus the overall time complexity of reverse iterative sampling when using the first strategy goes
down by a factor of d compared to the naive version (except for an initialization cost which stays at
O(nd2 )).

where (∗) follows from the Sherman-Morrison formula.

= 1 − xj> (XS>−i XS−i + λI)−1 xj ,

(∗)

xj> Zλ(S)−1 xi xi> Zλ(S)−1 xj
= 1 − xj> Zλ(S)−1 xj −
1 − xi> Zλ(S)−1 xi


Zλ(S)−1 xi xi> Zλ(S)−1
= 1 − xj> Zλ(S)−1 +
xj
1 − xi> Zλ(S)−1 xi

hj − (xj> v)2 = 1 − xj> Zλ(S)−1 xj −

Proof Letting Zλ(S) = XS> XS + λI, we have

where hj = 1 − xj> (XS> XS + λI)−1 xj and v =

1 − xj> (XS>−i XS−i + λI)−1 xj = hj − (xj> v)2 ,

Lemma 19 For any matrix X ∈ Rn×d , set S ⊆ {1..n} and two distinct indices i, j ∈ S, we have

As we can see, there is a trade-off between those strategies. In the following lemma, we will show
that updating the value of hi , given its value in the previous step only costs O(d) time as opposed
to O(d2 ). However, the number of hi ’s that need to be computed for rejection sampling (explained
shortly) can be far smaller.

b) Use rejection sampling and only compute the hi ’s needed for the rejection trials (This avoids
computing all hi ’s, but makes the computation of each needed hi more expensive).

a) Update all hi ’s at every step using Sherman-Morrison;

Both the computation of matrix inverse and the weights hi can be made more efficient. First, the
matrix (XS> XS + λI)−1 can be computed from the one obtained in the previous step by using the
Sherman-Morrison formula. This lets us update it in O(d2 ) time instead of O(nd2 ). Furthermore,
we propose two strategies for dealing with the cost of maintaining the weights:

O(d )
≤n
n−s
z
}|
{
z }| {
z }| {
z
}|
{
# of steps × ( compute (XS> XS + λI)−1 + # of weights × compute hi ) = O((n − s)nd2 ).

O(nd2 )

volume sampling). Doing this naively, we would first compute (XS> XS + λI)−1 which takes O(nd2 )
time12 . After that for each i, we would multiply this matrix by xi in time O(d2 ) to get the hi ’s. The
overall runtime of this naive method becomes:

i=1

σ2
σ2d
σ 2 dλ
=
≥
,
+1
s+d
s + dλ

i=1

Thus, since at least one si has to be greater than 0, for any set S the derivative is negative for
λ < a−2 and positive for λ > a−2 , and the unique minimum of MSPE is achieved at λ = a−2 ,
regardless of which subset S is chosen. So, as we are seeking a lower bound, we can focus on the
case of λ = a−2 .
Proof of part a. Let a = 1. As shown above, we can assume that λ = 1. In this case the formula
simplifies to:

(∗)

s
d

d
d
h
i
2 X
2 X
1
σ
s
σ
1
i+1
e 2 =
Eξ kX(wλ∗(S) − w)k
=
n
d
(si + 1)2
d
si + 1

≥

1
where (∗) follows by applying Jensen’s inequality to convex function φ(x) = x+1
.
√
Proof of part b. Let a = 2d. As shown above, we can assume that λ = 1/(2d). Suppose that
multiset S is sampled i.i.d. from some distribution over set {1..n}. Similarly as in Corollary 13, we
exploit the Coupon Collector’s problem, i.e. that if |S| ≤ (d − 1) ln(d), then with probability at least
1/2 there is i ∈ {1..d} such that si = 0 (i.e., one of the unit vectors ei was never selected). Thus,
MSPE can be lower-bounded as follows:

h
i
2
2 2
2 2dλ2
1
1
σ
s
σ
i+a λ
e 2 ≥
ES Eξ kX(wλ∗(S) − w)k
=
= σ2.
n
2 d (si + λ)2
2d λ2

5. Efficient Algorithms for Volume Sampling
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In this section we propose algorithms for efficiently performing volume sampling. This addresses
the question posed by Avron and Boutsidis (2013), asking for a polynomial-time algorithm for
the case when the size of set S is s > d. Deshpande and Rademacher (2010) gave an algorithm
for the case when s = d, which was later improved by Guruswami and Sinop (2012), running in
time O(nd3 ). Recently, Li et al. (2017) offered an algorithm for arbitrary s, which has complexity
O(n4 s). We propose two new methods, which use our reverse iterative sampling technique to achieve
faster running times for volume sampling of any size s. Both algorithms apply to the more general
setting of λ-regularized volume sampling (described in Section 4), and produce standard volume
sampling as a special case for λ = 0 and s ≥ d. The first algorithm has a deterministic runtime
of O((n−s+d)nd), whereas the second one is an accelerated version which with high probability
finishes in time O(nd2 ). Thus, we obtain a direct improvement over Li et al. (2017) by a factor of
at least n2 , and in the special case of s = d, by a factor of d over the algorithm of Guruswami and
Sinop (2012).
Our algorithms implement reverse iterative sampling from Theorem 2. We start with the full
index set S = {1..n}. In one step of the algorithm, we remove one row from set S. After removing
q rows, we are left with the index set of size n − q that is distributed according to volume sampling
for row set size n − q, and we proceed until our set S has the desired size s. The primary cost of the
procedure is updating the conditional distribution P (S−i |S) at every step. It is convenient to store it
using the unnormalized weights defined in (12) which, via Sylvester’s theorem, can be computed as
hi = 1 − xi> (XS> XS + λI)−1 xi (For the sake of generality we state the methods for λ-regularized
27

−1
Z = (X>
S XS + λI) .

1:

Z←
+
∀i∈{1..n} hi ← 1 − x>
i Zxi
S ← {1..n}
while |S| > s
Sample i ∝ hi out of S
S ← S − {i}
√
v ← Zxi / hi
2
∀j∈S hj ← hj − (x>
j v)
>
Z ← Z + vv
end
return S

λI)−1

13:

12:

11:

10:

9:

8:

7:

6:

5:

4:

3:

2:

1:

λI)−1

Z←
+
S ← {1..n}
while |S| > max{s, 2d}
repeat
Sample i uniformly out of S
hi ← 1 − x>
i Zxi
Sample A ∼ Bernoulli(hi )
until A = 1
S ← S − {i}
>
Z ← Z + h−1
i Zxi xi Z
end
if s < 2d, S ← RegVol(XS , s, λ) end
return S

(X> X

Algorithm 3 FastRegVol(X, s, λ)

29
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Theorem 21 For any λ, s ≥ 0, and δ ∈ (0, 1), algorithm FastRegVol samples according to λregularized size s volume sampling, and with probability at least 1 − δ runs in time




O n + log n/d log 1/δ d2 .

Note that this rejection sampling can be employed locally, within each iteration of the algorithm.
Thus, one rejection does not revert us back to the beginning of the algorithm. Moreover, if the
probability of acceptance is high, then this strategy requires computing only a small number of
weights per iteration of the algorithm, as opposed to updating all of them. This turns out to be
the case for a majority of the steps of the algorithm, except at the very end (for s ≤ 2d), were the
conditional probabilities start changing more drastically. At that point, it becomes more efficient to
use the first algorithm, RegVol.

4: Otherwise, draw another sample.

3: Accept with probability hi ,

2: Compute hi ,

1: Sample i uniformly from set S,

Next we present algorithm FastRegVol, which is based on the rejection sampling strategy. Our
key observation is that updating the full conditional distribution P (S−i |S) is wasteful, since the
distribution changes very slowly throughout the procedure. Moreover, the unnormalized weights hi ,
which are computed in the process are all bounded by 1. Thus, to sample from the correct distribution
at any given iteration, we can employ rejection sampling as follows:

11:

10:

9:

8:

7:

6:

5:

4:

3:

2:

(X> X

Algorithm 2 RegVol(X, s, λ)

Runtime: Computing the initial Z = (X> X + λI)−1 takes O(nd2 ), as does computing the initial
values of hj ’s. Inside the while loop, updating hj ’s takes O(|S|d) = O(nd) and updating Z takes
O(d2 ). The overall runtime becomes O(nd2 + (n − s)nd) = O((n − s + d)nd).

and

i∈S

t=2d

bt ] =
E[R
t=2d

n
X

t
≤ 2n.
t−d




bt = O n + log n/d log 1/δ .
R

R̄j =

def

t∈Ij

X

Rt ,

def

µj = E[R̄j ],

30

def

t∈Ij

rj = min

t−d
,
t

log(δ −1 )
+ 3.
d2j−2
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def

γj =

Proof of Lemma 22 As observed by Janson (2018), tail-bounds for the sum of geometric random
variables depend on the minimum acceptance probability among those variables. Note that for the
bt ’s the acceptance probability is very close to 1, so intuitively we should be able
vast majority of R
to take advantage of this to improve our tail bounds. To that end, we partition the variables into
groups of roughly similar acceptance probability and then separately bound the sum of variables
in each group. Let J = log( nd ) (w.l.o.g. assume that J is an integer). For 1 ≤ j ≤ J, let
Ij = {d2j , d2j + 1, .., d2j+1 } represent the j-th partition. We use the following notation for each
partition:

Each trial of rejection sampling requires computing one weight hi in time O(d2 ). The overall time
complexity of FastRegVol thus includes computation
and
of matrix Z (in time O(nd2 )),

 updating

rejection sampling which takes O n + log nd log 1δ d2 time, and (if s < 2d) the RegVol
portion, taking O(d3 ).

t=2d

n
X

bt ∼ Ge( t−d ) be independent random variables. Then, w.p. at least 1 − δ,
Lemma 22 Let R
t

Next, we will obtain a similar bound with high probability instead of in expectation. Here, we
bt are independent, which means that we can upper-bound
will have to use the fact that the variables R
their sum with high probability using standard concentration bounds for geometric distribution. For
example, using Corollary 2.2 from Janson (2018) one can immediately show that with probability
at least 1 − δ we have R̄ = O(n ln δ −1 ). However, more careful analysis shows an even better
dependence on δ.

E[R̄] ≤

n
X

 t−d
1
1X
>
−1
1 − x>
≥ .
i (XS XS + λI) xi ≥
t
t
2

Thus, even though variables Rt are not themselves independent, they can be upper-bounded by a
bt ∼ Ge( t−d ). The expectation of the total number of trials in
sequence of independent
variables R
t
P
FastRegVol, R̄ = t Rt , can thus be bounded as follows:

qt =

Proof We analyze the efficiency of rejection sampling in FastRegVol. Let Rt be a random variable
corresponding to the number of trials needed in the repeat loop from line 4 in FastRegVol at the
point when |S| = t. Note that conditioning on the algorithm’s history, Rt is distributed according to
geometric distribution Ge(qt ) with success probability:

Proof Using Lemma 19 for hi and the Sherman-Morrison formula for Z, the following invariants
hold at the beginning of the while loop:

>
−1
hi = 1 − x>
i (XS XS + λI) xi
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Now, we apply Theorem 2.3 of Janson (2018) to R̄j , obtaining
(1)

j−2

P (R̄j ≥ γj µj ) ≤ γj−1 (1 − rj )(γj −1−ln γj )µj ≤ (1 − rj )γj µj /4 ≤ 2−jγj d2

P (R̄j ≥ γj µj ) ≥ 1 −

J
X
j δ −1 )

2− log(2
=1−

,

J
X
δ
≥ 1 − δ.
2j
j=1

8
6
4
2
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8000

RegVol
FastRegVol

6000

cadata

4000

Data Size n
cpusmall
RegVol
FastRegVol

Data Size n

1000 2000 3000 4000 5000 6000 7000 8000

1
kXwλ∗(S) − yk2 ,
n

2000

2000

MSD

3000

3500

5000

RegVol
FastRegVol

4000

3000

RegVol
FastRegVol

Data Size n
abalone

2500

Data Size n

6000

4000

where wλ∗(S) = (XS> XS + λI)−1 XS> yS .
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14. Our experiments suggest that using the same λ for sampling and for computing the ridge estimator works best.

Volume sampling is a joint sampling procedures that produces more diverse samples than i.i.d.
sampling. We developed a method for proving exact matrix expectation formulas for volume
sampling giving further credence to the fact that this is a fundamental sampling procedure. We also
made significant progress on finding an efficient implementation of this sampling procedure: Our

7. Conclusions

We evaluated the estimators for a range of subset sizes and values of λ, when the subsets are
sampled according to λ-regularized volume sampling14 and leverage score sampling. The results
were averaged over 20 runs of each experiment. For clarity, Figure 7 shows the results only with one
value of λ for each dataset, chosen so that the subsampled ridge estimator performed best (on average
over all samples of preselected size s). Note that for leverage scores we did the appropriate rescaling
of the instances before solving for wλ∗(S) for the sampled subproblems (see Mahoney (2011) for
details). Volume sampling does not require any rescaling. The results on all datasets show that when
only a small number of responses s is obtainable, then regularized volume sampling offers better
estimators than leverage score sampling (as predicted by Theorems 17 and 18). The lower bound
from Theorem 18b can be observed for dataset cpusmall, where d = 12 and d log d ≈ 30.

Average Loss:

We applied volume sampling to the task of subset selection for linear regression, by evaluating the
subsampled ridge estimator wλ∗(S) using the average loss over the full dataset, i.e.,

6.1 Subset Selection for Ridge Regression

Figure 6: Comparison of runtime between FastRegVol and RegVol on four libsvm regression datasets (Chang
and Lin, 2011), with the methods ran on data subsets of varying size (n).

0

Time (seconds)

Time (seconds)

where (1) follows since γj ≥ 3, and (2) holds because µj ≥ d2j and rj ≥ 1 − 2−j . Moreover, for
the chosen γj we have
jγj d2j−2 = j log(δ −1 ) + 3jd2j−2 ≥ log(δ −1 ) + j = log(2j δ −1 ).
J
X
j=1

Let A denote the event that R̄j ≤ γj µj for all j ≤ J. Applying union bound, we get
P (A) ≥ 1 −
j=1

If A holds, then we obtain the desired bound:

J
n
J
J 
−1
X
X
X
X
log(δ
)
bt ≤
+ 3 d2j+1 = 8J log(δ −1 ) + 6
R
d2j
γj µj ≤
d2j−2
j=1
j=1
j=1
t=2d




= O log n/d log 1/δ + n .

6. Experiments
In this section we experimentally evaluate the proposed volume sampling algorithms in terms of
runtime and in the task of subsampling for linear regression. We use regularization both for sampling
and for prediction, as discussed in Section 4. The list of implemented algorithms is:
a) Regularized volume sampling (algorithms FastRegVol and RegVol),
b) Leverage score sampling13 (LSS) – a popular i.i.d. sampling technique (Mahoney, 2011),
where examples are selected w.p. P (i) = (xi> (X> X)−1 xi )/d.
The experiments were performed
Dataset
n×d
RegVol FastRegVol LSS
on several benchmark linear regrescadata
21k×8
33.5s
0.9s
0.1s
sion datasets from the libsvm repository
MSD
464k×90 >24hr
39s
12s
(Chang and Lin, 2011). Table 1 lists those
cpusmall 8k×12
1.7s
0.4s
0.07s
datasets along with running times for samabalone
4k×8
0.5s
0.2s
0.03s
pling dimension many columns with each
method. Dataset MSD was too big for Table 1: List of regression datasets with runtime comparison
RegVol to finish in reasonable time, how- between RegVol and FastRegVol. We also provide the runtime
for i.i.d. sampling with exact leverage scores (LSS).
ever FastRegVol finished in less than 40
seconds. In Figure 6 we plot the runtime against varying values of n (using portions of the datasets), to
compare how FastRegVol and RegVol scale with respect to the data size. We observe that FastRegVol
exhibits linear dependence on n, thus it is much better suited for running on large datasets.
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13. Regularized variants of leverage scores have also been considered in context of kernel ridge regression Alaoui and
Mahoney (2015). However, in our experiments regularizing leverage scores did not provide any improvements.
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S : |S|=s

Theorem 23 For A, B ∈ Rn×d and n − 1 ≥ s ≥ d :
X
1
det(A> B) = n−d
det(A>
S BS ).
JMLR 19(23):1-39, 2018

The
form of the Cauchy-Binet equation deals with two real n × d matrices A, B:
P most common
>
>
S : |S|=d det(AS BS ) = det(A B). It is easy to generalize volume sampling and Theorem 2 to
this “asymmetric” version. Here we give an alternate inductive proof.
For i ∈ {1..n}, let ai , bi denote the i-th row of A, B, respectively. For S ⊆ {1..n}, AS consists
of all rows indexed by S, and A−i , all except for the i-th row.

Appendix A. Inductive Proof of Cauchy-Binet

Thanks to Daniel Hsu and Wojciech Kotłowski for many valuable discussions. This research was
supported by NSF grant IIS-1619271.
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O(nd2 ).

new reverse iterative volume sampling algorithm runs in time
Note that this running time is
within a constant factor of i.i.d. sampling with exact leverage scores and is a remarkable feat since
volume sampling was only recently shown to be polynomial (that is O(n4 s) in Li et al. (2017)).
A final long ranging question is how to generalize volume sampling and the exact matrix
expectation formulas to higher order tensors.

Figure 7: Comparison of loss of the subsampled ridge estimator when using regularized volume sampling vs
using leverage score sampling on four datasets.
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i=1

base
case

1

(n−d
s−d )

S : |S|=s

X

X

S : |S|=s, i∈S
/

n−s
1

n − d n−1−d
s−d
|
{z
}

i=1

n

1 X
n−d

i=1

1

 det(A>
S BS )
n−1−d
s−d

det(A>
S BS ).

1 X
det(A>
−i B−i )
n−d

S

⇐⇒

|S

X

S

n−d
s−d

E[(IS X)+> ]
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n−d
2 det(X> X) X+>
s−d
det(X> IS X)
(IS X)+> = X+> .

det(X> X)
{z
}

X

Now, we take a derivative w.r.t. X on both sides

For symmetric C:

∂ det(X> CX)
= 2 det(X> CX)CX(X> CX)−1 .
∂X
The proof begins with generalized Cauchy-Binet for size s volume sampling:


X
n−d
det(X> IS X) =
det(X> X).
s−d

We make use of the following derivative for determinants by Petersen and Pedersen (2012):

Appendix B. Alternate Proof of Theorem 5

Note that for the induction step, S is a subset of size s from a set of size n − 1 and we have the range
restriction 1 ≤ n−1−s ≤ n−1−d. Clearly, n−1−s is one smaller than n−s. For the last equality,
notice that each set S : |S| = s is counted n − s times in the double sum.

=

=

ind.
step

det(A> B) =

n

z }| {
d
n
}|
{
z
X
det( A>
−i B−i )
>
>
>
−1
=
(1 − ai (A B) bi ) = n − tr((A B)−1 A> B) .
det(A> B)

A> B−ai b>
i

Induction: Assume 2 ≤ n − s ≤ n − d.

i=1

n
X

This clearly holds if det(A> B) = 0. Otherwise, by Sylvester’s Theorem

i=1

Proof S is a size s subset of a set of size n. We rewrite the range restriction n − 1 ≥ s ≥ d for size
s as 1 ≤ n−s ≤ n−d and induct on n − s. For the base case, n−s = 1 or s = n−1, we need to
show that
n
1 X
det(A> B) =
det(A>
−i B−i ).
n−d
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Appendix C. Proof of Proposition 14
The main idea behind the proof is to construct variants of the input matrix X and relate their volumes.
We use the following standard properties of the determinant:
f > M)
f where M
f is produced from M
Proposition 24 For any matrix M, det(M> M) = det(M
through the following operations:
f equals M except that column mj is replaced by mj + αmi , where mi is another column
a) M
of M;

f equals M except that two rows are swapped.
b) M

Recall that our goal is to prove the following formula for any X, y and i ∈ {1..n}:


>
det(X> X) L(w∗(−i)) − L(w∗ ) = det(X> X) − det(X−i
X−i ) `i (w∗(−i)).

By Proposition 24b, we can assume w.l.o.g. that i = n, i.e. that the test row in Proposition 14 is the
last row of X. As discussed in Section 3.3, the columns of X are the feature vectors, denoted by
b = Xw∗ , is a projection of
f1 , . . . , fd . Moreover, the optimal prediction vector on the full dataset, y
b = PX y. Let us define a
y onto the subspace spanned by the features/columns of X, denoted as y
vector y as
def
>
b−n
y> = (
y
, yn ),
(18)

def

(19)

b−n = X−n w∗(−n) is the optimal prediction vector for the training problem (X−n , y−n ).
where y
Note, that if rank(X−n ) < d, then w∗(−n) may not be unique, but we can pick any weight vector as
long as it minimizes the loss on the training set {1..n−1}. Next, we show the following lemma:
Lemma 25 The best achievable loss for the problem (X, y) can be decomposed as follows:
b k2 .
L(w∗ ) = L(w∗(−n)) − `n (w∗(−n)) + ky − y

Proof First, we will show that y is the projection of y onto the subspace spanned by all features
and the unit vector en ∈ Rn (where n corresponds to the test row). That is, we want to show that
e as that projection. Observe that yen = yn , because if this was not true,
y = P(X,en ) y. Denote y
e + (yn − yen )en that is closer to y than y
e and lies in span(X, en ).
we could construct a vector y
Thus, the projection does not incur any loss along the n-th dimension and can be reduced to the
remaining n − 1 dimensions, which corresponds to solving the training problem (X−n , y−n ). Using
e = P(X,en ) y equals y.
the definition of y in (18), this shows that y
b is the projection of y onto span(X), i.e. that PX y = y
b . By the
Next, we will show that y
linearity of projection, we have
=

PX (y

− y) +

b.
− y) + y

PX y

PX y = PX (y − y + y)

=

PX (y
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We already showed that y = P(X,en ) y. Therefore, the vector y − y is orthogonal to the column
b.
vectors of X, and thus PX (y − y) = 0. This shows that PX y = y
35
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b k2 .
kb
y − yk2 = ky − yk2 + ky − y

b ∈ span(X, en ), vector
Finally, note that since y is the projection of y onto span(X, en ) and y
b and by the Pythagorean Theorem we have
y − y is orthogonal to vector y − y
Using the definition of y in (18), we have

ky − yk2 = kb
y−n − y−n k2 = L(w∗(−n)) − `n (w∗(−n)),
concluding the proof of the lemma.


def

X = (X , y) = 

xn>

X−n

yn


b−n 
y
.

(20)

Proof of Proposition 14 We construct a matrix X, adding vector y as an extra column to matrix X:



>

Applying “base × height” and Lemma 25, we compute the volume spanned by X:

b k2 = det(X> X) (L(w∗ ) − L(w∗(−n)) + `n (w∗(−n))). (21)
det(X X) = det(X> X) ky − y

b−n
y

y − X w∗(−n) = r en ,

Next, we use the fact that volume is preserved under elementary column operations (Proposition 24a).
b−n is a linear combination of the columns of X−n , with the coefficients
Note, that prediction vector y
given by w∗(−n). Therefore, looking at the block structure of X (see (20)), we observe that
performing column operations on the last column of X with coefficients given by negative w∗(−n),
we can zero out that column except for its last element:
def

X−n

xn>

yn



 (a) 
→

X−n

xn>

r

 (b) 
0 

→

0

X−n

r


0 
 = X0 .

(22)

where r = yn − xn> w∗(−n) (see transformation (a) in (22)). Now, we consider two cases, depending
on whether or not r equals zero. If r 6= 0, then we further transform the matrix by a second
transformation (b), which zeros out the last row (the test row) using column operations. The entire
sequence of operations, resulting in a matrix we call X0 , is shown below:








X=

>

>

>
>
det(X0 X0 ) = det(X−n
X−n ) r2 = det(X−n
X−n ) `n (w∗(−n)).

(23)

Note, that due to the block-diagonal structure of X0 , its volume can be easily described by the “base
× height” formula:
>

>
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Since det(X X) = det(X0 X0 ), we can combine (21) and (23) to obtain the desired result.
Finally, if r = 0 we cannot perform transformation (b). However, in this case matrix X has
volume 0, and moreover, `n (w∗(−n)) = r2 = 0, so once again we have

>
X−n ) `n (w∗(−n)),
det(X X) = 0 = det(X−n

which concludes the proof of Proposition 14.
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where t ∈ Z and the dimension N ∈ N of the state vectors xt ∈ R will be referred to as the number
of virtual neurons of the system. The expressions (1.1)-(1.2) determine a nonlinear state-space system



A reservoir computer (RC) (Jaeger (2010), Jaeger and Haas (2004), Maass et al. (2002), Maass
(2011), Crook (2007), Verstraeten et al. (2007), Lukoševičius and Jaeger (2009)) or a RC system is a
specific type of recurrent neural network determined by two maps, namely a reservoir F : RN ×Rn −→
RN , n, N ∈ N, and a readout map h : RN → R that under certain hypotheses transform (or filter) an
infinite discrete-time input z = (. . . , z−1 , z0 , z1 , . . .) ∈ (Rn )Z into an output signal y ∈ RZ of the same
type using the state-space transformation given by:

1. Introduction

A new class of non-homogeneous state-affine systems is introduced for use in reservoir computing.
Sufficient conditions are identified that guarantee first, that the associated reservoir computers with
linear readouts are causal, time-invariant, and satisfy the fading memory property and second, that
a subset of this class is universal in the category of fading memory filters with stochastic almost
surely uniformly bounded inputs. This means that any discrete-time filter that satisfies the fading
memory property with random inputs of that type can be uniformly approximated by elements in the
non-homogeneous state-affine family.
Keywords: reservoir computing, universality, state-affine systems, SAS, echo state networks, ESN,
echo state affine systems, machine learning, fading memory property, linear training, stochastic signal
treatment
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and many of its dynamical properties (stability, controlability) have been studied for decades in the
literature from that point of view.
This notion of reservoir computer (also known as liquid state machine) is a significant generalization of the definitions found in the literature, where the readout map h is consistently taken to be
linear. In many supervised machine learning applications, the reservoir map is randomly generated (see,
for instance, the echo state networks in Jaeger (2010), Jaeger and Haas (2004)) and the memoryless
readout is trained so that the output matches a given teaching signal that we denote by d ∈ RZ .
Two important advantages of this approach lay on the fact that they reduce the training of a dynamic
task to a static problem and, moreover, if the reservoir map is rich enough, good performances can be
indeed attained with just linear readouts that are trained via a (eventually regularized) linear regression
that minimizes the Euclidean distance between the output y and the teaching signal d. These features
circumvent well-known difficulties in the training of generic recurrent neural networks having to do
with bifurcation phenomena (Doya (1992)) and that, despite recent progress in the regularization and
training of deep RNN structures (see, for instance Graves et al. (2013), Pascanu et al. (2013), Zaremba
et al. (2014), and references therein), render classical gradient descent methods non-convergent.
The interest for reservoir computing in both the machine learning and the signal processing communities has strongly increased in the last years. One of the main reasons for this fact is that some
RC implementations are based on the computational capacities of certain non-neural dynamical systems (Crutchfield et al. (2010)), which opens the door to physical (optical or optoelectronic) realizations
that have already been built using dedicated hardware (see, for instance, Jaeger et al. (2007), Atiya and
Parlos (2000), Appeltant et al. (2011), Rodan and Tino (2011), Vandoorne et al. (2011), Larger et al.
(2012), Paquot et al. (2012), Brunner et al. (2013), Vandoorne et al. (2014), Vinckier et al. (2015)) and
that have shown unprecedented information processing speeds.
There are two central questions that need to be addressed when designing a machine learning
paradigm, namely, the capacity and the universality problems. The capacity problem concerns
generically the estimation of the error that is going to be committed in the execution of a specific
task. In statistical learning and in the approximation theoretical treatment of static neural networks,
this estimation has taken the form of generic bounds that incorporate various architecture parameters
of the system like in Pisier (1981), Jones (1992), Barron (1993), Kurkova and Sanguineti (2005). In the
specific context of reservoir computing, and in dynamic learning in general, one is interested in various
notions of memory capacity that have been the subject of much research (Jaeger (2002), White et al.
(2004), Ganguli et al. (2008), Hermans and Schrauwen (2010), Dambre et al. (2012), Grigoryeva et al.
(2015), Couillet et al. (2016), Grigoryeva et al. (2016a)).
The universality problem consists in showing that the set of input/output functionals that can be
generated with a specific architecture is dense in a sufficiently rich class, like the one containing, for
example, all continuous or even all measurable functionals. For classical machine learning paradigms
like neural networks, this question has given rise to well-known results that show that they can be
considered as universal approximators in a static and deterministic setup (see, for instance, Kolmogorov
(1956), Arnold (1957), Sprecher (1965, 1996, 1997), Cybenko (1989), Hornik et al. (1989), Rüschendorf
and Thomsen (1998)).
There is no general recipe that allows one to conclude the universality of a given machine learning
approach. The proof strategy depends much on the specific paradigm and, more importantly, on the
nature of the inputs and the outputs. In the context of reservoir computing there are several situations
for which universality has been established when the inputs/outputs are deterministic. There are two
features that influence significantly the level of mathematical sophistication that is needed to conclude
universality: first, the compactness of the time domain under consideration and second, if one works in
continuous or discrete time. In the following paragraphs we briefly review the results that have already
been obtained and, in passing, we present and put in context the contributions contained in this paper.
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The compactness of the time domain is crucial because, as we will see later on, universality can be
obtained as a consequence of various versions of the Stone-Weierstrass Theorem, which are invariably
formulated for functions defined on a compact metric space. When the time domain is compact, this
property is naturally inherited by the spaces relevant in the proofs. However, when it is not, it can still
be secured using functionals that satisfy a condition introduced in Boyd and Chua (1985) known as the
fading memory property. The distinction between continuous and discrete time inputs is justified
by the availability in the continuous setup of different tools coming from functional analysis that do not
exist for discrete time.
Reservoir computing universality for compact time domains is a corollary of classical results in
systems theory. Indeed, in the continuous time setup, it can be established for linear systems using
polynomial readouts and for bilinear systems using linear readouts (see Fliess (1976), Sussmann (1976)).
In the discrete-time setup, the situation is more convoluted when the readout is linear and required
the introduction in Fliess and Normand-Cyrot (1980) of the so-called (homogeneous) state-affine
systems (SAS) (see also Sontag (1979a,b)). The extension of these results to continuous non-compact
time intervals was carried out in Boyd and Chua (1985) for fading memory filters using exponentially
stable linear RCs with polynomial readouts and their bilinear counterparts with linear readouts (see
also Maass and Sontag (2000) and Maass et al. (2002, 2004, 2007)). An extension to the non-compact
discrete-time setup based on the Stone-Weierstrass theorem is, to our knowledge, not available in the
literature and it is one of the main contributions of this paper. This problem has only been tackled
from an internal approximation point of view, which consists in uniformly approximating the reservoir
and readout maps in (1.1)-(1.2) in order to obtain an approximation of the resulting filter; this strategy
has been introduced in Matthews (1992, 1993) for absolutely summable systems. The proofs in those
works were unfortunately based on an invalid compactness assumption. Even though corrections were
proposed in Perryman (1996) and in Stubberud and Perryman (1997b), this approach yields, in the best
of cases, universality only within the reservoir filter category, while we aim at proving that statement
in the much larger category of fading memory filters.
The paper is structured in three sections:
• All the notation and main definitions which are used later on in the paper are provided in Section 2.
Important concepts like filters, reservoir filters, and the fading memory property are discussed.
• Section 3 contains two different universality results. The first one in Subsection 3.1 shows that the
entire family of fading memory RCs itself is universal, as well as the much smaller one containing
all the linear reservoirs with polynomial readouts, when certain spectral restrictions are imposed
on the reservoir matrices (see below for details). The second universality result is contained in
Subsection 3.2 and is one of the main contributions of the paper. Here we restrict ourselves to
reservoir computers with linear readouts which are closer to the type of RCs used in applications.
We introduce a non-homogeneous variant of the state-affine systems in Fliess and Normand-Cyrot
(1980) and identify sufficient conditions that guarantee that the associated reservoir computers
with linear readouts are causal, time-invariant, and satisfy the echo state and the fading memory
properties. Finally, we state a universality result for a subset of this class which is shown to be
universal in the category of fading memory filters with uniformly bounded inputs.
• These universality statements are generalized to the stochastic setup for almost surely uniformly
bounded inputs in Section 4. In particular, it is shown that any discrete-time filter that has the
fading memory property with almost surely uniformly bounded stochastic inputs can be uniformly
approximated by elements in the non-homogeneous state-affine family.
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Despite some preexisting work on the uniform approximation in probability of stochastic systems
with finite memory (see Perryman (1996), Perryman and Stubberud (1997), Stubberud and Perryman
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(1997a)), the universality result in the stochastic setup is, to our knowledge, the first of its type in the
literature and opens the door to new developments in the learning of stochastic processes and their
obvious applications to forecasting (see Galtier et al. (2014)). In the deterministic setup, RC has been
very successful (see, for instance, Jaeger and Haas (2004), Pathak et al. (2017, 2018)) in the learning of
the attractors of various dynamical systems. This approach is used for forecasting by path continuation
of synthetically learnt proxies, which has led to several orders of magnitude accuracy improvements with
respect to most standard dynamical systems forecasting techniques based on Takens’ Theorem (Takens
(1981)). We expect that the results in this paper should lead to comparable improvements in the density
forecasting of stochastic processes.

2. Notation, definitions, and preliminary discussions

(2.1)

Vector and matrix notations. Polynomials. A column vector is denoted by a bold lower case
symbol like r and r> indicates its transpose. Given a vector v ∈ Rn , we denote its entries by vi or v i ,
depending on the context, with i ∈ {1, . . . , n}; we also write v = (vi )i∈{1,...,n} . We denote by Mn,m the
space of real n × m matrices with m, n ∈ N. When n = m, we use the symbol Mn to refer to the space
of square matrices of order n. Dn ⊂ Mn is the set of diagonal matrices of order n and D denotes the set
of diagonal matrices of any order. Given a vector v ∈ Rn , we denote by diag(v) the diagonal matrix in
Mn with the elements of v as diagonal entries. Nilnk ⊂ Mn is the set of nilpotent matrices in Mn of index
k ≤ n , that is, A ∈ Nilnk if and only if A ∈ Mn , Ak = 0, and Al 6= 0 for any l < k. Nil denotes the set of
nilpotent matrices of any order and any index. Given a matrix A ∈ Mn,m , we denote its components
by Aij and we write A = (Aij ), with i ∈ {1, . . . , n}, j ∈ {1, . . . m}. Given a vector v ∈ Rn , the symbol
kvk stands for its Euclidean norm. For any A ∈ Mn,m , kAk2 denotes its matrix norm induced by the
Euclidean norms in Rm and Rn , and satisfies that kAk2 = σmax (A), with σmax (A) the largest singular
value of A (Example 5.6.6 in Horn and Johnson (2013)). kAk2 is sometimes referred to as the spectral
norm of A (Horn and Johnson (2013)).
Let V1 , V2 , W1 , W2 be vector spaces. The symbols V1 ⊕ V2 and V1 ⊗ V2 denote the corresponding
direct sum and tensor product vector spaces (Hungerford (1974)), respectively, of V1 and V2 . Given any
v1 ∈ V1 and v2 ∈ V2 , the vectors v1 ⊕v2 ∈ V1 ⊕V2 and v1 ⊗v2 ∈ V1 ⊗V2 are the direct sum and the (pure)
tensor product of v1 and v2 , respectively. Given two linear maps A1 : V1 −→ W1 and A2 : V2 −→ W2 ,
we denote by A1 ⊕ A2 : V1 ⊕ V2 −→ W1 ⊕ W2 and A1 ⊗ A2 : V1 ⊗ V2 −→ W1 ⊗ W2 the associated
direct sum and tensor product maps, respectively, defined by A1 ⊕ A2 (v1 ⊕ v2 ) := A1 (v1 ) ⊕ A2 (v2 )
and A1 ⊗ A2 (v1 ⊗ v2 ) := A1 (v1 ) ⊗ A2 (v2 ). The matrix representation of A1 ⊕ A2 is obtained by
concatenating in a block diagonal matrix the matrix representations of A1 and A2 . As to the matrix
representation of A1 ⊗ A2 it is obtained via the Kronecker product of the matrix representations of A1
and A2 (Horn and Johnson (2013)).
Given an element z ∈ Rn , we denote by R[z] the real-valued multivariate polynomials on z with real
coefficients. Analogously, Pol(Rn , R) will denote the set of real-valued polynomials on Rn . When z ∈ R
and m, n ∈ N, we define the set Mm,n [z] of Mm,n -valued polynomials on z with coefficients in Mm,n as

Mm,n [z] := {A0 + zA1 + z 2 A2 + · · · + z r Ar | r ∈ N, A0 , A1 , A2 , . . . , Ar ∈ Mm,n }.

Nilnk [z] ⊂ Mn [z] is the set of nilpotent Mn -valued polynomials on z of index k, that is, p(z) ∈ Nilnk [z]
whenever k is the smallest natural number for which p(z)k = 0, for all z ∈ R. Nil[z] is the set of
matrix-valued nilpotent polynomials on z of any order and any index.
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Sequence spaces. N denotes the set of natural numbers with the zero element included. Z (respectively, Z+ and Z− ) are the integers (respectively, the positive and the negative integers). The
symbol (Rn )Z denotes the set of infinite real sequences of the form z = (. . . , z−1 , z0 , z1 , . . .), zi ∈ Rn ,
i ∈ Z; (Rn )Z− and (Rn )Z+ are the subspaces consisting of, respectively, left and right infinite sequences:

4

= U,

UHU

for any causal time-invariant filter

U : (Dn )Z −→ RZ .

for any functional H : (Dn )Z− −→ R,

5
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Weighted norms and the fading memory property (FMP). Let w : N −→ (0, 1] be a decreasing
sequence with zero limit. We define the associated weighted norm k · kw on (Rn )Z− associated to the

h

Reservoir filters. Consider now the RC system determined by (1.1)–(1.2). It is worth mentioning
that, unlike in those expressions, the reservoir and the readout maps are in general defined only on
0
subsets DN , DN
⊂ RN and Dn ⊂ Rn and not on the entire Euclidean spaces RN and Rn , that is,
0
0
and h : DN
→ R. Reservoir systems determine a filter when the following
F : DN × Dn −→ DN
Z
Z
existence and uniqueness property holds: for each z ∈ (Dn ) there exists a unique x ∈ (DN ) such that
for each t ∈ Z, the relation (1.1) holds. This condition is known in the literature as the echo state
property (see Jaeger (2010), Yildiz et al. (2012)) and has deserved much attention in the context of echo
state networks (Jaeger and Haas (2004), Buehner and Young (2006), Bai Zhang et al. (2012), Wainrib
and Galtier (2016), Manjunath and Jaeger (2013)). The echo state property formulated for infinite (or
semi-infinite) inputs guarantees that the output of the filter at any given time does not depend on initial
conditions. We emphasize that this is a genuine condition that is not automatically satisfied by all RC
systems.
We will denote by U F : (Dn )Z −→ (DN )Z the filter determined by the reservoir map via (1.1),
that is, U F (z)t := xt ∈ DN , and byUhF : (Dn )Z −→ RZ the one determined by the entire reservoir
system, that is, UhF (z)t := h U F (z)t = yt . UhF will be called the reservoir filter associated to the
RC system (1.1)–(1.2). The filters U F and UhF are causal by construction and it can also be shown that
they are necessarily time-invariant (Grigoryeva and Ortega (2018)). We can hence associate to UhF a
reservoir functional HhF : (Dn )Z− −→ R determined by HhF := HU F .

Additionally, let H1 , H2 : (Dn )Z− −→ R and λ ∈ R, then UH1 +λH2 (z) = UH1 (z) + λUH2 (z), for any
z ∈ (Rn )Z . In the following pages and when the discussion will take place in a causal and time-invariant
setup, we will use the term filter to denote exchangeably the associated functional and the filter itself.

= H,

HUH

Filters. We will refer to the maps of the type U : (Dn )Z −→ RZ as filters or operators and to
those like H : (Dn )Z −→ R (or H : (Dn )Z± −→ R) as functionals. A filter U is called causal when
for any two elements z, w ∈ (Dn )Z that satisfy that zτ = wτ for all τ ≤ t, for any given t ∈ Z, we
have that U (z)t = U (w)t . Let Uτ : (Dn )Z −→ (Dn )Z , τ ∈ Z, be the time delay operator defined by
Uτ (z)t := zt−τ . The filter U is called time-invariant when it commutes with the time delay operator,
that is, Uτ ◦ U = U ◦ Uτ (in this expression, the two time delay operators Uτ have to be understood
as defined in the appropriate sequence spaces). We recall (see, for instance, Boyd and Chua (1985))
that there is a bijection between causal time-invariant filters and functionals on (Dn )Z− . Indeed, given
a time-invariant filter U , we can associate to it a functional HU : (Dn )Z− −→ R via the assignment
HU (z) := U (ze )0 , where ze ∈ (Dn )Z is an arbitrary extension of z ∈ (Dn )Z− to (Dn )Z . Conversely, for
any functional H : (Dn )Z− −→ R, we can define a time-invariant causal filter UH : (Dn )Z −→ RZ by
UH (z)t := H((PZ− ◦ U−t )(z)), where U−t is the (−t)-time delay operator and PZ− : (Dn )Z −→ (Dn )Z−
is the natural projection. It is easy to verify that:

(Rn )Z− = {z = (. . . , z−2 , z−1 , z0 ) | zi ∈ Rn , i ∈ Z− }, (Rn )Z+ = {z = (z0 , z1 , z2 , . . .) | zi ∈ Rn , i ∈ Z+ }.
Analogously, (Dn )Z , (Dn )Z− , and (Dn )Z+ stand for (semi-)infinite sequences with elements in the subset
Dn ⊂ Rn . In most cases we shall use in these infinite product spaces either the product topology (see
Chapter 2 in Munkres (2014)) or the topology induced by the supremum norm kzk∞ := supt∈Z {kzt k}.
n
The symbols `∞ (Rn ) and `∞
± (R ) will be used to denote the Banach spaces formed by the elements in
those infinite product spaces that have a finite supremum norm k · k∞ . The symbol Bn (v, M ) ⊂ Rn ,
denotes the open ball of radius M > 0 and center v ∈ Rn with respect to the Euclidean norm. The bars
over sets stand for topological closures, in particular, Bn (v, M ) is the closed ball.
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(Rn )Z−
z
−→
R+
7−→ kzkw := supt∈Z− {kzt w−t k},

(2.2)

kz−t kwt

kz−t kwt

=

=

t=0

t=0
∞
X

∞
X

kz−t kλt ≤ kzkwρ

1
,
1 − λρ
1
.
1 − λ1−ρ

kz−t kλt ≤ kzkw1−ρ

(2.5)

(2.4)

then

|HU (z) − HU (s)| < .

6
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If the weighting sequence w is such that wt = λt , for some λ ∈ (0, 1) and all t ∈ N, then U is said to
have the λ-exponential fading memory property.

t∈Z−

kz − skw = sup {k(zt − st )w−t k} < δ(),

Definition 3 Let Dn ⊂ Rn and let HU : (Dn )Z− −→ R be the functional associated to the causal and
time-invariant filter U : (Dn )Z −→ RZ . We say that U has the fading memory property (FMP)
whenever there exists a weighting sequence w : N −→ (0, 1] such that the map HU : ((Dn )Z− , k·kw ) −→ R
is continuous. This means that for any z ∈ (Dn )Z− and any  > 0, there exists a δ() > 0 such that for
any s ∈ (Dn )Z− that satisfies that

Lemma 2 Let M > 0 and let KM be as in (2.3). Let w : N −→ (0, 1] be a weighting sequence. Then
KM is a compact topological space when endowed with the relative topology inherited from the norm
n
topology in the Banach space (`∞
w (R ), k·kw ).

The following result is a discrete-time version of Lemma 1 in Boyd and Chua (1985) that is easily
obtained by noticing that in the discrete-time setup all functions are trivially continuous if we consider
the discrete topology for their domains and, moreover, all families of functions are equicontinuous. A
proof is given in the appendices for the sake of completeness.

t=0

t=0
∞
X

∞
X

with Bn (0, M ) ⊂ Rn the closed ball of radius M and center 0 in Rn with respect to the Euclidean norm.
Then, for any weighting sequence w and z ∈ KM , we have that kzkw < ∞.
t
Additionally, let λ, ρ ∈ (0, 1) and let w, wρ , w1−ρ
P∞be the weighting sequences given by wt := λ ,
wtρ := λρt , wt1−ρ := λ(1−ρ)t , t ∈ N. Then, the series t=0 kz−t kwt is absolutely convergent and satisfies
the inequalities:

Lemma 1 Let M > 0 and let KM be the set of elements in (Rn ) − which are uniformly bounded by
M , that is,
n
o
Z−
Z
(2.3)
KM := z ∈ (Rn ) − | kzt k ≤ M for all t ∈ Z− = Bn (0, M ) ,

Z

endowed with weighted norm k · kw forms a Banach space (Grigoryeva and Ortega (2018)).
All along the paper, we will work with uniformly bounded families of sequences, both in the
deterministic and the stochastic setups. The two main properties of these subspaces in relation with
the weighted norms are spelled out in the following two lemmas.

where k · k denotes the Euclidean norm in Rn . It is worth noting that the space
n
o
n
n Z−
`∞
| kzkw < ∞ ,
w (R ) := z ∈ (R )

k · kw :

weighting sequence w as the map:

Grigoryeva and Ortega

Remark 4 This formulation of the fading memory property is due to Boyd and Chua (1985) and it
is the key concept that allowed these authors to extend to non-compact time intervals the first filter
universality results formulated in the classical works Fréchet (1910), Wiener (1958), Brilliant (1958),
and George (1959), always under compactness assumptions on the input space and the time interval in
which inputs are defined.

Universal reservoir computers with linear readouts using non-homogeneous state-affine systems

Grigoryeva and Ortega

Remark 5 In the context of reservoir filters, the fading memory property is in some occasions related
to the Lyapunov stability of the autonomous system associated to the reservoir map by setting the
input sequence equal to zero. This connection has been made explicit, for example, for discrete-time
nonlinear state-space models that are affine in their inputs, and have direct feed-through term in the
output (Zang and Iglesias (2004)) or for time delay reservoirs (Grigoryeva et al. (2016b)).

λ>0

and for all

t ∈ N.

Theorem 8 Let KM ⊂ (Rn )Z− be a subset of the type defined in (2.3), I an index set, and let

R := {HhFii : KM −→ R | hi ∈ C ∞ (DNi ), Fi : DNi × Bn (0, M ) −→ DNi , i ∈ I, Ni ∈ N}

and where F :

×

HhF11
(DN1

×

with

h := p(hi1 , . . . , hir )

and

F := (Fi1 , . . . , Fir ).

with h0 := h1 + λh2 ∈ C ∞ (DN1 × DN2 ),

with

(3.4)

(3.3)

h := h1 · h2 ∈ C ∞ (DN1 × DN2 ),
HhF ,

is given by

JMLR 19(24):1-40, 2018

(3.5)

HhF0 ,

×

DN2 )

=

−→

(DN1

=

Bn (0, M )

8

F (((x1 )t , (x2 )t ), zt ) := (F1 ((x1 )t , zt ), F2 ((x2 )t , zt )) ,

DN2 )

HhF11 · HhF22
+ λHhF22

An important fact is that the polynomial algebra A(R) generated by a set formed by fading memory
reservoir filters is made of fading memory reservoir filters. Indeed, let hi ∈ C ∞ (DNi ), Fi : DNi ×
Bn (0, M ) −→ DNi , i ∈ {1, 2}, and λ ∈ R. Then, the product HhF11 · HhF22 and the linear combination
HhF11 + λHhF22 filters, as they were defined in (3.1), are such that

z∈KM

kH − HhF k∞ := sup {|H(z) − HhF (z)|} < 

be a set of reservoir filters defined on KM that have the FMP with respect to a given weighted norm
k · kw . Let A(R) be the polynomial algebra generated by R, that is, the set formed by finite products
and linear combinations of elements in R according to the operations defined in (3.1). If the algebra
A(R) contains the constant functionals and separates the points in KM , then any causal, time-invariant
fading memory filter H : KM −→ R can be uniformly approximated by elements in A(R), that is,
A(R) is dense in the set (C 0 (KM ), k · kw ) of real-valued continuous functions on (KM , k · kw ). More
explicitly, this implies that for any fading memory filter H and any  > 0, there exist a finite set of
indices {i1 , . . . , ir } ⊂ I and a polynomial p : Rr −→ R such that

(3.2)

The following statement is a direct consequence of the compactness result in Lemma 2.3 and the StoneWeierstrass, as formulated in Theorem 7.3.1 in Dieudonné (1969). See Appendix 6.4 for a detailed
proof.
All along this subsection, we work with reservoir filters with uniformly bounded inputs in a set KM ⊂
(Rn )Z− , as defined in (2.3). These filters are generated by reservoir systems F : DN × Bn (0, M ) −→ DN
and h : DN → R, for some n, N ∈ N, M > 0, and DN ⊂ RN .

3.1 Universality for fading memory RCs with non-linear readouts

This section contains two different universality results. The first one shows that polynomial algebras
of filters generated by reservoir systems using the operations in (3.1) that have the fading memory
property and that separate points, are able to approximate any fading memory filter. Two important
consequences of this result are that the entire family of fading memory RCs itself is universal, as well as
the one containing all the linear reservoirs with polynomial readouts, when certain spectral restrictions
are imposed on the reservoir matrices (see below for details). In the second result, we restrict ourselves to
reservoir computers with linear readouts and introduce the non-homogeneous state-affine family in order
to be able to obtain a similar universality statement. The linearity restriction on the readouts makes
this universality statement closer to the type of RCs used in applications and to the standard notion of
reservoir system that one commonly finds in the literature (see Lukoševičius and Jaeger (2009)).
The first result can be seen as a discrete-time version of the one in Boyd and Chua (1985) for
continuous-time filters, while the second one is an extension to infinite time intervals of the main
approximation result in Fliess and Normand-Cyrot (1980), which was originally formulated for compact
time intervals using homogeneous state-affine systems.

Remark 6 Time-invariant fading memory filters always have the bounded input, bounded output
(BIBO) property. Indeed, if for simplicity we consider functionals HU that map the zero input to zero,
that is HU (0) = 0, and we want bounded outputs such that |HU (z)| < k, for a given constant k > 0,
by Definition 3 it suffices to consider inputs z ∈ (RN )Z− such that kzk∞ := supt∈Z− {kzt k} < δ(k).
Indeed, if HU has the FMP with respect to a weighting sequence w, then kzkw ≤ kzk∞ < δ(k) and hence
|HU (z)| < k, as required. Another important dynamical implication of the fading memory property is
the uniqueness of steady states or, equivalently, the asymptotic independence of the dynamics on
the initial conditions. See Theorem 6 in Boyd and Chua (1985) for details about this fact.
The following lemma, which will be used later on in the paper, spells out how the FMP depends on
the weighting sequence used to define it.

for a fixed

Lemma 7 Let Dn ⊂ Rn and let HU : (Dn )Z− −→ R be the functional associated to the causal and
time-invariant filter U : (Dn )Z −→ (R)Z . If HU has the FMP with respect to a given weighting sequence
w, then it also has it with respect to any other weighting sequence w0 which satisfies
wt
< λ,
wt0

In particular, the thesis of the lemma holds when w0 dominates w, that is when λ = 1.
It can be shown (see Grigoryeva and Ortega (2018)) that when in this lemma the set (Dn )Z− is made
of uniformly bounded sequences, that is, (Dn )Z− = KM , with KM as in (2.3) then, if a filter has the
FMP with respect to a given weighting sequence, it necessarily has the same property with respect to
any other weighting sequence.

3. Universality results in the deterministic setup

z ∈ (Dn )Z− . (3.1)

JMLR 19(24):1-40, 2018

(HU1 + λHU2 ) (z) := HU1 (z) + λHU2 (z) ,

The goal of this section is identifying families of reservoir filters that are able to uniformly approximate
any time-invariant, causal, and fading memory filter with deterministic inputs with any desired degree
of accuracy. Such families of reservoir computers are said to be universal.
The main mathematical tool that we use is the Stone-Weierstrass theorem for polynomial subalgebras
of real-valued functions defined on compact metric spaces. This approach provides us with universal
families of filters as long as we can prove that, roughly speaking, their elements form polynomial algebras
using a product defined in the space of functionals. More specifically, if Dn ⊂ Rn and HU1 , HU2 :
(Dn )Z− −→ R are the functionals associated to the causal and time-invariant filters U1 , U2 : (Dn )Z −→
RZ , we readily define their product HU1 · HU2 : (Dn )Z− −→ R and linear combination HU1 + λHU2 :
−→ R, λ ∈ R, as
(Dn )Z−

(HU1 · HU2 ) (z) := HU1 (z) · HU2 (z) ,

7

(3.6)

yt = h(xt ),

A ∈ MN , c ∈ MN,n ,

h ∈ R[x].

xt = Axt−1 + czt ,
(3.8)

(3.7)

i=0

9

JMLR 19(24):1-40, 2018

This family is dense in (C (KM ), k · kwρ ).
The same universality result can be stated for the following two smaller subfamilies of L :

0

Corollary 11 Let KM ⊂ (Rn )Z− be a subset of the type defined in (2.3) and let 0 <  < 1. Consider
the set L formed by all the linear reservoir systems as in (3.7)-(3.8) determined by matrices A ∈ MN
such that σmax (A) < 1 − . Then, the elements in L generate λρ -exponential fading memory reservoir
functionals, with λρ := (1 − )ρ , for any ρ ∈ (0, 1). Equivalently, L ⊂ Rwρ , with wtρ := λtρ , and Rwρ as
in (3.6). These functionals can be explicitly written as:
!
∞
X
HhA,c (z) = h
Ai cz−i , for any z ∈ KM .
(3.9)

If this system has a reservoir filter associated (the next result provides a sufficient condition for this to
happen) we denote by HhA,c : KM −→ R the associated functional and we refer to it as the linear
reservoir functional determined by A, c, and the polynomial h. These filters exhibit the following
universality property that is proved in Appendix 6.5.



According to the previous corollary, reservoir filters that have the FMP are able to approximate any
time-invariant fading memory filter. We now show that actually a much smaller family of reservoirs
suffices to do that, namely, certain classes of linear reservoirs with polynomial readouts. Consider the
RC system determined by the expressions

Remark 10 The stability of reservoir filters under products and linear combinations in (3.3)-(3.4) is a
feature that allows us, in Corollary 9 and in some of the results that follow later on, to identify families
of reservoir filters that are able to approximate any fading memory filter. This fact is a requirement
for the application of the Stone-Weierstrass theorem but does not mean that we have to carry those
operations out in the construction of approximating filters, which would indeed be difficult to implement
in specific applications.

be the set of all reservoir filters with uniformly bounded inputs in KM and that have the FMP with respect
to a given weighted norm k · kw . Then Rw is universal, that is, it is dense in the set (C 0 (KM ), k · kw )
of real-valued continuous functions on (KM , k · kw ).

Rw := {HhF : KM −→ R | h ∈ C ∞ (DN ), F : DN × Bn (0, M ) −→ DN , N ∈ N}

Corollary 9 Let KM ⊂ (Rn )Z− be a subset as defined in (2.3) and let

(i) The family DL ⊂ L formed by the linear reservoir systems in L determined by diagonal matrices
A ∈ D such that σmax (A) < 1 − .

for any ((x1 )t , (x2 )t ) ∈ DN1 × DN2 , zt ∈ Bn (0, M ), and t ∈ Z− . We emphasize that the functionals HhF
and HhF0 in (3.3) and (3.4) are well defined because if the reservoir maps F1 and F2 satisfy the echo state
Z
Z
property then so does F . Indeed, if x1 ∈ (DN1 ) and x2 ∈ (DN2 ) are the solutions of the reservoir
Z
equation (1.1) for F1 and F2 associated to the input z ∈ KM , then so is (x1 , x2 ) ∈ (DN1 × DN2 ) ,
defined by (x1 , x2 )t := ((x1 )t , (x2 )t ), for F in (3.5).
This observation has as a consequence that the set formed by all the RC systems that have the echo
state property and the FMP with respect to a given weighted norm k · kw form a polynomial algebra
that contains the constant functions (they can be obtained by using as readouts constant elements in
C ∞ (DNi )) and separates points (take the trivial reservoir map F (x, z) = z and use the separation
property of C ∞ (DNi ) together with time-invariance). This remark and Theorem 8 yield the following
corollary.

(3.12)

z∈I

(3.13)

10
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Then, the reservoir system (3.11)-(3.12) has the echo state property and for each input z ∈ I Z it has a
unique causal and time-invariant solution given by

!
j−1
∞

X
Y

x =
p(zt−k ) q(zt−j ),
(3.14)
t
j=0 k=0



yt = W> xt ,
(3.15)

z∈I

K1 := max kp(z)k2 = max σmax (p(z)) < 1.

Proposition 14 Consider a non-homogeneous state-affine system as in (3.11)-(3.12) determined by
polynomials p, q, and a vector W, with inputs defined on I Z , I := [−1, 1]. Assume that

Our next result spells out a sufficient condition that guarantees that the SAS reservoir system (3.11)(3.12) has the echo state property. Moreover, it provides an explicit expression for the unique causal
and time-invariant solution associated to a given input.

yt = W > x t .

Definition 13 Let N ∈ N, W ∈ RN , and let p(z) ∈ MN [z] and q(z) ∈ MN,1 [z] be two polynomials on
the variable z with matrix coefficients, as they were introduced in (2.1). The non-homogeneous stateaffine system (SAS) associated to p, q and W is the reservoir system determined by the state-space
transformation:
(
xt = p(zt )xt−1 + q(zt ),
(3.11)

As it was explained in the introduction, the standard notion of reservoir computing that one finds in the
literature concerns architectures with linear readouts. It is is particularly convenient to work with RCs
that have this feature in machine learning applications since in that case the training reduces to solving a
linear regression problem. That makes training feasible when there is need for a high number of neurons,
as it happens in many cases. This point makes relevant the identification of families of reservoirs that
are universal when the readout is restricted to be linear, which is the subject of this subsection. In order
to simplify the presentation, we restrict ourselves in this case to one-dimensional input signals, that is,
all along this section we set n = 1. The extension to the general case is straightforward, even though
more convoluted to write down (see Remark 22).

3.2 State-affine systems and universality for fading memory RCs with linear readouts

i=0

Remark 12 The elements in the family N L belong automatically to L because the eigenvalues of
a nilpotent matrix are always zero. This implies that if a linear reservoir system is determined by
a nilpotent matrix A ∈ NilkN of index k ≤ N , then the reservoir functional HhA,c is automatically
well-defined and given by a finite version of (3.9), that is,
!
k−1
X
HhA,c (z) = h
Ai cz−i , for any z ∈ KM .
(3.10)

(ii) The family N L ⊂ L formed by the linear reservoir systems determined by nilpotent matrices
A ∈ Nil.

Grigoryeva and Ortega
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p(zt−k )

:=

p(zt )

K2
,
1 − K1

·

t ∈ Z.

p(zt−1 ) · · · p(zt−j+1 ).

for all

(3.16)

Universal reservoir computers with linear readouts using non-homogeneous state-affine systems

where
j−1
Y

k=0

Let now K2 := maxz∈I kq(z)k2 . Then,
kxt k ≤
p,q
p,q
We will denote by UW
: I Z −→ RZ and HW
: I Z− −→ R the corresponding SAS reservoir filter and
SAS functional, respectively.

n1 ∈ N.

The next result presents two alternative conditions that imply the hypothesis maxz∈I kp(z)k2 < 1
in the previous proposition and that are easier to verify in practice.
Lemma 15 Let p(z) ∈ MN [z] be the polynomial given by
p(z) := A0 + zA1 + z 2 A2 + · · · + z n1 An1 ,
Suppose that z ∈ I and consider the following three conditions:
(i) There exists a constant 0 < λ < 1, such that kAi k2 = σmax (Ai ) < λ, for any i ∈ {0, 1, . . . , n1 }, and
that at the same time satisfies that λ(n1 + 1) < 1.

(iii) Mp := maxz∈I kp(z)k2 < 1.

(ii) Bp := kA0 k2 + kA1 k2 + · · · + kAn1 k2 < 1.
Then, condition (i) implies (ii) and condition (ii) implies (iii).
We emphasize that since Proposition 14 was proved using condition (iii) in the previous lemma
then, any of the three conditions in that statement imply the echo state property for (3.14)-(3.15) and
the time-invariance of the corresponding solutions. The next result shows that the same situation holds
in relation with the fading memory property.
Proposition 16 Consider a non-homogeneous state-affine system as in (3.11)-(3.12) determined by
polynomials p, q, and a vector W, with inputs defined on I Z , I := [−1, 1]. If the polynomial p satisfies
any of the three conditions in Lemma 15 then the corresponding reservoir filter has the fading memory
p,q
property. More specifically, if p satisfies condition (i) in Lemma 15, then HW
: (I Z− , k · kwρ ) −→ R is
continuous with wtρ := (n1 + 1)ρt λρt and ρ ∈ (0, 1) arbitrary. The same conclusion holds for conditions
(ii) and (iii) with wtρ := Bpρt and wtρ := Mpρt , respectively.

MN1 +N2 ,M1 +M2 [z]

:= A02 + zA12 + z 2 A22 + · · · + z n2 An2 2 ,

:= A01 + zA11 + z 2 A21 + · · · + z n1 An1 1 ,

(3.18)

(3.17)

The importance of SAS in relation to the universality problem has to do with the fact that they
form a polynomial algebra which allows us, under certain conditions, to use the Stone-Weierstrass
theorem to prove a density statement. Before we show that, we observe that for any two polynomials
p1 (z) ∈ MN1 ,M1 [z] and p2 (z) ∈ MN2 ,M2 [z] given by
p2 (z)

p1 (z)

p2 (z)

with n1 , n2 ∈ N, their direct sum and their tensor product are also polynomials in z with matrix
coefficients. More explicitly,
⊕
∈
and is written as
p1
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p1 ⊕p2 (z) = A01 ⊕A02 +zA11 ⊕A12 +z 2 A21 ⊕A22 +· · ·+z n2 An1 2 ⊕An2 2 +z n2 +1 An1 2 +1 ⊕0+· · ·+z n1 An1 1 ⊕0, (3.19)
11
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i=0 j=0

n1 X
n2
X

z i+j Ai1 ⊗ Aj2 .

(3.20)

where we assumed that n2 ≤ n1 . Analogously, their tensor product p1 ⊗ p2 (z) ∈ MN1 ·N2 ,M1 ·M2 [z] and
is written as

p1 ⊗ p2 (z) =

The next result shows that the products and the linear combinations of SAS reservoir functionals are SAS reservoir functionals. Additionally, it makes explicit the polynomials that determine the
corresponding SAS reservoir systems.

p1 ,q1
p2 ,q2
Proposition 17 Let HW
, HW
: I Z− −→ R be two SAS reservoir functionals associated to two
1
2
corresponding time-invariant SAS reservoir systems. Assume that the two polynomials with matrix
coefficients p1 (z) ∈ MN1 [z] and p2 (z) ∈ MN2 [z] satisfy that kp1 (z)k2 < 1 −  and kp2 (z)k2 < 1 −  for
all z ∈ I := [−1, 1] and a given 0 <  < 1. Then, with the notation introduced in the expressions (3.19)
and (3.20), we have that:

p1 ,q1
p2 ,q2
(i) For any λ ∈ R, the linear combination of the SAS reservoir functionals HW
+ λHW
is a SAS
1
2
reservoir functional and:
p1 ⊕p2 ,q1 ⊕q2
p2 ,q2
p1 ,q1
= HW
.
(3.21)
+ λHW
HW
1
2
1 ⊕λW2

(3.22)

p1 ,q1
p2 ,q2
is a SAS reservoir functional and:
· HW
(ii) The product of the SAS reservoir functionals HW
1
2

p,q ⊕q ⊕(q ⊗q )

p2 ,q2
p1 ,q1
1
2
1
2
· HW
= H0⊕0⊕(W
,
HW
2
1
1 ⊗W2 )

where p(z) ∈ MN12 [z], N12 := N1 + N2 + N1 · N2 , is the polynomial with matrix coefficients
in

MN12 whose block-matrix expression for the three summands in RN1 ⊕ RN2 ⊕ RN1 ⊗ RN2 is:


p1 (z)
0
0
.
0
p2 (z)
0
(3.23)
p1 ⊗ q2 (z) q1 ⊗ p2 (z) p1 ⊗ p2 (z)
p(z) := 

The expression p1 ⊗p2 (z) ∈ MN1 ·N2 [z] denotes the element defined in (3.20). The symbol p1 ⊗q2 (z)
(respectively, q1 ⊗p2 (z)) denotes the matrix of the linear map from RN1 (respectively, RN2 ) to RN1 ⊗
RN2 that associates to any v1 ∈ RN1 the element (p1 (z)v1 ) ⊗ q2 (z) (respectively, q1 (z) ⊗ (p2 (z)v2 ),
with v2 ∈ RN2 ). When all the polynomials in (3.23) are written in terms of monomials using the
conventions that we just mentioned and we factor out the different powers of the variable z, we
obtain a polynomial with matrix coefficients in MN12 and with degree deg(p) equal to

deg(p) = max {deg(p1 ) · deg(q2 ), deg(q1 ) · deg(p2 ), deg(p1 ) · deg(p2 )} .

The equalities (3.21) and (3.22) show that the SAS family forms a polynomial algebra.

Remark 18 Notice that the linear reservoir equation (3.7) is a particular case of the SAS reservoir
equation (3.11) that is obtained by taking for p and q polynomials of degree zero and one, respectively.
Regarding that specific case, Proposition 17 shows that linear reservoirs with linear readouts do not
form a polynomial algebra. Indeed, as it can be seen in (3.22), the product of two SAS filters involves
the tensor product q1 ⊗ q2 which, when q1 and q2 come from a linear filter, it has degree two and it is
hence not compatible with a linear reservoir filter.

t ≤ 0},
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Theorem 19 (Universality of SAS reservoir computers) Let I Z− ⊂ RZ− be the subset of real
uniformly bounded sequences in I := [−1, 1] as in (2.3), that is,

I Z− := {z ∈ RZ− | zt ∈ [−1, 1], for all

12

=

X

i1 ,...,in ∈{0,...,s}
i1 +···+in ≤s

z1i1 · · · znin Bi1 ,...,in ,
Bi1 ,...,in ∈ MN,1 ,
z ∈ In .

=

i1 ,...,in ∈{0,...,s}
i1 +···+in ≤s

X

cos (i1 · z1 + · · · + in · zn ) Bi1 ,...,in ,

Bi1 ,...,in ∈ MN,1 ,
z ∈ In .

cos(θ) cos(φ) =

13
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1
(cos(θ − φ) + cos(θ + φ)) .
2
Additionally, the corresponding SAS family includes the linear family and hence the point separation
property can be established as in the proof of Theorem 19 in the Appendix 6.10.

In this case, it is easy to establish that the resulting SAS family forms a polynomial algebra by invoking
Proposition 17 and by reformulating the expressions (3.19) and (3.20) using the trigonometric identity

q(z)

i1 ,...,in ∈{0,...,r}
i1 +···+in ≤r

Remark 23 SAS with trigonometric polynomials. An analogous construction can be carried out
using trigonometric polynomials of the type:
X
p(z) =
cos (i1 · z1 + · · · + in · zn ) Ai1 ,...,in , Ai1 ,...,in ∈ MN , z ∈ In

q(z)

i1 ,...,in ∈{0,...,r}
i1 +···+in ≤r

Remark 22 Generalization to multidimensional signals. When the input signal is defined in InZ ,
with In := [−1, 1]n , a SAS family with the same universality properties can be defined by replacing the
polynomials p and q in Definition 13, by polynomials of degree r and s of the form:
X
p(z) =
z1i1 · · · znin Ai1 ,...,in , Ai1 ,...,in ∈ MN , z ∈ In

Remark 21 A continuous-time analog of the universality result that we just proved can be obtained
using the bilinear systems considered in Section 5.3 of Boyd and Chua (1985). In discrete time, but
only when the number of time steps is finite, this universal approximation property is exhibited by
homogeneous state-affine systems, that is, by setting q(z) = 0 in (3.11)-(3.12) (see Fliess and NormandCyrot (1980)).

Remark 20 As it is stated in Theorem 19, it is the condition (iii) in Lemma 15 that yields a universal family of SAS fading memory reservoirs. As it can deduced from its proof (available in the
Appendix 6.10), the families determined by conditions (i) or (ii) in that lemma contain SAS fading
memory reservoirs but they do not form a polynomial algebra. In such cases, and according to Theorem 8, it is the algebras generated by them and not the families themselves that are universal.

The same universality result can be stated for the smaller subfamily N S  ⊂ S formed by SAS
reservoir systems determined by nilpotent polynomials p(z) ∈ Nil[z].

z∈I Z−

p,q
p,q
kH − HW
k∞ := sup {|H(z) − HW
(z)|} < .

p,q
and let S be the family of functionals HW
: I Z− −→ R induced by the state-affine systems defined
in (3.11)-(3.12) that satisfy that Mp := maxz∈I kp(z)k2 < 1 −  and Mq := maxz∈I kq(z)k2 < 1 − . The
family S forms a polynomial subalgebra of Rwρ (as defined in (3.6)) with wtρ := (1 − )ρt and ρ ∈ (0, 1)
arbitrary, made of fading memory reservoir filters that contains the constant functions and separates
points. The subfamily S is hence dense in the set (C 0 (I Z− ), k · kwρ ) of real-valued continuous functions
on (I Z− , k · kwρ ).
This statement implies that any causal, time-invariant fading memory filter H : I Z− −→ R can
be uniformly approximated by elements in S . More specifically, for any fading memory filter H and
any  > 0, there exist a natural number N ∈ N, polynomials p(z) ∈ MN [z], q(z) ∈ MN,1 [z] with
Mp , Mq < 1 − , and a vector W ∈ RN such that

Universal reservoir computers with linear readouts using non-homogeneous state-affine systems

ω∈Ω

SB := {X : Ω −→ B random variable | kXkL∞ < ∞} ,

(4.3)

(4.2)

14

(ii) kXkL∞ ≤ C if and only if kXkB ≤ C almost surely.


(iii) kXkB ≤ C almost surely if and only if E kXkkB ≤ C k for any k ∈ N.

(i) kXkB ≤ kXkL∞ almost surely.

Lemma 24 Let X ∈ L∞ (Ω, B) and let C ∈ R+ . Then:
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for any X, Y ∈ L∞ (Ω, B), λ ∈ R, ω ∈ Ω. Moreover, (L∞ (Ω, B), k·kL∞ ) is a normed space. We emphasize
that L∞ (Ω, B) is in general not a Banach space (see pages 42 and 46 in Ledoux and Talagrand (1991)).
It can be shown that whenever B is finite dimensional or, more generally, a separable Banach space,
then the space L∞ (Ω, B) is also a Banach space (Pisier (2016)).
Given an element X ∈ L∞ (Ω, B), we denote by E [X] its expectation. The following lemma collects
some elementary results that will be needed later on and shows, in particular, that the expectation E [X]
k
as well as that of all the powers kXkB of its norm are finite for all the elements X ∈ L∞ (Ω, B).

and ∼B is the equivalence relation defined on SB as follows: two random variables Y and Z with finite
k·kL∞ norm are ∼B -equivalent if and only if P({ω ∈ Ω : Y(ω) 6= Z(ω)} = 0. As it is customary in the
literature, we will not make a distinction in what follows between the elements in SB and the classes
in the quotient L∞ (Ω, B). Using this identification we recall, for example, that L∞ (Ω, B) is a vector
space with the operations
(X + λY)(ω) := X(ω) + λY(ω)
(4.4)

where

L∞ (Ω, B) := SB / ∼B ,

We denote by L∞ (Ω, B) the classes of B-valued almost surely equal random variables whose norms have
a finite essential supremum or that, equivalently, have almost surely bounded norms, that is,

The stochastic setup. All along this section we work on a probability space (Ω, A, P). If a condition
defined on this probability space holds everywhere except for a set with zero measure, we will say that
the relation is true almost surely. Let X : Ω −→ B be a random variable with (B, k·kB ) a normed
space endowed with a σ-algebra (for example, but not necessarily, its Borel σ-algebra). Let
o
n
(4.1)
kXkL∞ := ess sup{kX(ω)kB } = inf ρ ∈ R+ | kXkB ≤ ρ almost surely ,

This section extends the previously stated deterministic universality results to a setup in which the
reservoir inputs and outputs are stochastic, that is, the reservoir is not driven anymore by infinite
sequences but by discrete-time stochastic processes. We emphasize that we restrict our discussion to
reservoirs that are deterministic and hence the only source of randomness in the systems considered is
the stochastic nature of the input.
The results that follow are mainly based on the observation that if we adopt a uniform approximation
criterion and we assume that the random inputs satisfy almost surely the uniform boundedness that we
used as hypothesis in Section 3, then important features like the fading memory property or universality
are naturally inherited in the stochastic setup from the deterministic case. This fact is what we call
the deterministic-stochastic transfer principle and it is contained in the statement of Theorem
27 below. In particular, this result can be easily applied to show that all the universal families with
deterministic inputs introduced in Section 3 are also universal in the stochastic setup when the input
processes considered produce paths that, up to a set of measure zero, are uniformly bounded.

4. Reservoir universality results in the stochastic setup

Grigoryeva and Ortega
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(iv) Let B = Rn , then the components Xi of X, i ∈ {1, . . . , n}, are such that E [Xi ] ≤ kXkL∞ .
The first point in this lemma explains why we will refer to the elements of L∞ (Ω, B) as almost surely
bounded random variables.

z: Z×Ω
(t, ω)

−→
7−→

Rn
zt (ω),

(4.5)

Stochastic inputs and outputs. The filters that we will consider in this section have almost surely
bounded stochastic processes as inputs and outputs. Recall that a discrete-time stochastic process
is a map of the type:

ω∈Ω

ω∈Ω

t∈Z

such that, for each t ∈ Z, the assignment zt : Ω −→ Rn is a random variable. For each ω ∈ Ω, we will
denote by z(ω) := {zt (ω) ∈ Rn | t ∈ Z} the realization or the sample path of the process z. The
results that follow are presented for stochastic processes indexed by Z but are equally valid for Z+ and
Z .
−
Recall that a map of the type (4.5) is a Rn -valued stochastic process if and only if the corresponding
Z
map z : Ω −→ (Rn ) into path space (designated with the same symbol) is a random variable when
Z
in (Rn ) we consider the product sigma algebra generated by cylinder sets (Chapter 1 in Comets and
Meyre (2006)). Then, the space of Rn -valued stochastic processes can be made into a vector space with
the same operations as in (4.4) and we can define in this space a norm k·kL∞ using the same prescription
Z
as in (4.1) by considering (Rn ) as a normed space with the supremum norm k · k∞ , that is,


(4.6)
kzkL∞ := ess sup{kz(ω)k∞ } = ess sup sup {kzt (ω)k} .

t∈Z

t∈Z

t∈Z

ω∈Ω

= sup{kzt kL∞ }.

(4.8)

(4.7)

The following lemma provides an alternative characterization of the norm k·kL∞ that will be very useful
in the proofs of the results that follow and in which the supremum and the essential supremum have
been interchanged. The last statement contained in it complements part (ii) of Lemma 24 for processes.
Z

ω∈Ω

L∞

Lemma 25 Let z : Ω −→ (Rn ) be a stochastic process. Then,




kzkL∞ := ess sup sup {kzt (ω)k} = sup ess sup {kzt (ω)k} .
Equivalently, using the notation in (4.1),

t∈Z

kzkL∞ := sup{kzt (ω)k}

These equalities imply that for any non-negative real number C ≥ 0, the process z satisfies that kzkL∞ ≤
C if and only if kz k ∞ ≤ C for all t ∈ Z or, equivalently, if and only if supt∈Z {kzt kL∞ } ≤ C.
t
L

Consider now the space
L∞ Ω, (Rn )Z of processes with finite k·kL∞ norm. We refer to the ele
ments of L∞ Ω, (Rn )Z as almost surely bounded time series. Additionally, consider the space
L∞ (Ω, `∞ (Rn )) of processes whose paths are all uniformly bounded, that is, they lay in the Banach
space (`∞ (Rn ), k · k∞ ). According to the definition in (4.2), we have for both these spaces that

L∞ Ω, (Rn )Z := S(Rn )Z / ∼(Rn )Z , L∞ (Ω, `∞ (Rn )) := S`∞ (Rn ) / ∼`∞ (Rn )

with
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S(Rn )Z := z : Z × Ω −→ Rn stochastic process, z(ω) ∈ (Rn )Z , for all ω ∈ Ω | kzkL∞ < ∞ ,
15

Grigoryeva and Ortega

S`∞ (Rn ) := {z : Z × Ω −→ Rn stochastic process, z(ω) ∈ `∞ (Rn ), for all ω ∈ Ω | kzkL∞ < ∞} ,

and with the almost sure equality equivalence relations ∼`∞ (Rn ) and ∼(Rn )Z between stochastic processes
with paths in `∞ (Rn ) and (Rn )Z , respectively. The following result shows that the normed spaces
L∞ Ω, (Rn )Z and L∞ (Ω, `∞ (Rn )) are isomorphic.

and Π∼

(Rn )Z

S`∞ (Rn )
∨

⊂

L∞ (Ω, `∞ (Rn ))

Π∼`∞ (Rn )

ι

φ
>

>

S(Rn )Z

(Rn )Z

Π∼

sup {kzt (ω)kw−t } .

t∈Z−

∨

L∞ Ω, (Rn )Z ,

are the canonical projections.

ω∈Ω

Z

Lemma 26 In the setup that we just introduced the inclusion ι : S`∞ (Rn ) ,→ S(Rn )Z is equivariant
with respect to the equivalence relations ∼`∞ (Rn ) and ∼(Rn )Z and drops to an isomorphism of normed

spaces φ : (L∞ Ω, (Rn )Z , k·kL∞ ) −→ (L∞ (Ω, `∞ (Rn )) , k·kL∞ ). Equivalently, the following diagram
commutes

where Π

∼`∞ (Rn )

ω∈Ω

(4.9)

Let now w be a weighting sequence and let k · kw be the associated weighted norm in (Rn ) − . If we
∞ in
replace in (4.6) the `∞ norm k · k∞ by the weighted norm k · kw , we obtain a weighted norm k · kLw
the space of processes z : Z− × Ω −→ Rn indexed by Z− as:
(
)
w

kzkL∞ := ess sup{kz(ω)kw } = ess sup

sup {kzt (ω)kw−t }

t∈Z−

t∈Z−

= sup

ω∈Ω



ess sup {kzt (ω)kw−t } .

(4.10)


We will denote by L∞ Ω, (Rn )Z− the space of processes with finite k·k ∞ norm. A result similar to
w
L
w

∞
∞
∞
(Ω, `w
(Rn )) , k·kLw
Ω, (Rn )Z− , k·kLw
Lemma 26 shows that the normed spaces (Lw
∞ ) and (L
∞ ) are

∞
isomorphic. Additionally, as in Lemma 25, we have that for any z ∈ Lw
Ω, (Rn )Z− :
)
(
ω∈Ω

kzkLw
∞ := ess sup

Deterministic filters in a stochastic setup. As we already pointed out, we consider filters U
that have almost surely bounded processes as inputs and outputs. The same conventions as in the
deterministic setup are used in the identification of the different signals, namely, z denotes the filter
L∞
input process and the symbol y is reserved for the output process. Let now Dn ⊂ Rn and let Dn Z ⊂
L∞ (Ω, (Rn )Z ) be a subset formed by processes whose paths take values in Dn almost surely. In the
L∞
sequel we will restrict our attention to intrinsically deterministic filters U : Dn Z −→ L∞ (Ω, RZ ) that
L∞
are obtained by presenting almost surely bounded stochastic inputs z ∈ Dn Z ⊂ L∞ (Ω, (Rn )Z ) to filters
Z
U : (Dn ) −→ RZ similar to those introduced in the previous section, which explains why we use the
same symbol for both. This is explicitly carried out by defining the output process U (z) ∈ L∞ (Ω, RZ )
using the convention
ω ∈ Ω,
(4.11)

Z

(U (z))(ω) := U (z(ω)),
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where on the right hand side it is the filter U : (Dn ) −→ RZ which is applied to the paths z(ω) :=
Z
{zt (ω) ∈ Rn | t ∈ Z} ∈ (Dn ) of the process z. We call these filters deterministic because, in view
of (4.11) the dependence of the image process (U (z))(ω) ∈∈ L∞ (Ω, RZ ) on the probability space takes
place exclusively through the dependence z(ω) in the input. In this section we reserve the symbol U to
L∞
denote deterministic filters U : Dn Z −→ L∞ (Ω, RZ ). We draw attention to the fact that assuming that

16

almost surely.

L∞
Z

.

L∞

Z

L (Ω, R ) and functionals HU :

−→ L (Ω, R), where

∞

L∞
Z
Dn −

L∞
Z

:= PZ− Dn

∞

with

h := p(hi1 , . . . , hir )

and

F := (Fi1 , . . . , Fir ).

L∞
KM
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A first universality result using RC systems. The following paragraphs contain a stochastic
analog of Theorem 8 which shows that any fading memory filter with almost surely uniformly bounded
inputs can be approximated using the elements of a polynomial algebra of reservoir filters with the
same kind of inputs, provided that it contains the constant functionals and has the separation property.
We note that, as in the deterministic case, the existence of the reservoir filter associated to a reservoir
system like (1.1)-(1.2) is guaranteed only in the presence of the echo state property. The next lemma

∞

Linear reservoir computers with stochastic inputs are universal. As it was the case in the
deterministic setup, we can prove in the stochastic case that the linear RC family introduced in (3.7)(3.8) suffices to achieve universality. The proof of the following statement is a direct consequence of
Corollary 11 and Theorem 27.

M

that have the FMP with respect to a given weighted
be the set of all the reservoir filters defined on
L∞
,k·
norm k · kL∞
. Then Rw is universal, that is, for any time-invariant fading memory filter H : (KM
w
∞
F
F
kL∞
)
−→
L
(Ω,
R)
and
any

>
0,
there
exists
a
reservoir
filter
H
∈
R
such
that
kH
−
H
k∞ :=
w
h
h
w
F
supz∈K L∞ {kH(z) − Hh (z)kL∞ } < .

(4.14)

be the set of almost surely uniformly bounded processes intro-

L
Rw := {HhF : KM
−→ L∞ (Ω, R) | h ∈ Pol(RN , R), F : RN × Rn −→ RN , N ∈ N}

∞

L
Corollary 30 Let M > 0 and let KM
duced in (4.12). Let

∞

In the next paragraphs we identify, as in the deterministic case, families of reservoirs that satisfy
the hypotheses of this theorem and where we will eventually impose linearity constraints on the readout
function. The following corollary to Theorem 29 is the stochastic analog of Corollary 9.

L
z∈KM

∞

kH −HhF k∞ := sup {kH(z)−HhF (z)kL∞ } < 

(4.13)

formed by deterministic fading memory reservoir filters with respect to a given weighted norm k · kw and
L∞
driven by stochastic inputs in KM
. Let A(R) be the polynomial algebra generated by R. If the algebra
A(R) has the separation property and contains all the constant functionals, then any deterministic,
L∞
causal, time-invariant fading memory filter H : (KM
, k · kL∞
) −→ L∞ (Ω, R) can be uniformly approxw
imated by elements in A(R), that is, for any  > 0, there exist a finite set of indices {i1 , . . . , ir } ⊂ I
and a polynomial p : Rr −→ R such that

L
R := {HhFii : KM
−→ L∞ (Ω, R) | hi ∈ Pol(RNi , R), Fi : RNi × Rn −→ RNi , i ∈ I, Ni ∈ N}

∞

L
Theorem 29 Let M > 0 and let KM
be the set of almost surely uniformly bounded processes introduced
in (4.12). Consider the set R

L
Corollary 31 Let M > 0 and let KM
be the set of almost surely uniformly bounded processes introduced in (4.12). Let L be the family introduced in Corollary 11 and formed by all the linear reservoir
A,c
filters Hp determined by matrices A ∈ MN such that σmax (A) < 1 − . The elements in L map
L∞
KM
into L∞ (Ω, R) and are time-invariant fading memory filters with respect to the weighted norm
∞
ρ
ρt
k · kL
wρ associated to wt := (1 − ) , for any ρ ∈ (0, 1).∞Moreover, they are universal, that is, for any
L
time-invariant and causal fading memory filter H : (KM
, k · k L∞
) −→ L∞ (Ω, R) and any ε > 0, there
wρ
exists HpA,c ∈ L such that kH − HpA,c k∞ := supz∈K L∞ {kH(z) − HpA,c (z)kL∞ } < ε.
M
The same universality result can be stated for the subfamily DL ⊂ L , formed by the linear reservoir
systems in L determined by diagonal matrices, and for N L ⊂ L , formed by the linear reservoir systems
determined by nilpotent matrices.

(ii) Let T := {Hi : (KM , k·kw ) −→ R | i ∈ I} be a family of causal and time-invariant fading memory
filters. Then, T is dense in the set (C 0 (KM ), k · kw ) if and only if the corresponding family with
L∞
L∞
inputs in KM
is universal in the set of continuous maps of the type H : (KM
, k · kL ∞
) −→
w
L∞ (Ω, R).

(i) Let H : (KM , k·kw ) −→ R be a causal and time-invariant filter. Then H has the fading memory
property if and only if the corresponding filter with almost surely uniformly bounded inputs has
L∞
, k · kL∞
) −→ L∞ (Ω, R), and it has the fading
almost surely bounded outputs, that is, H : (KM
w
memory property.

L
Theorem 27 (Deterministic-stochastic transfer principle) Let M > 0 and let KM and KM
be
the sets of deterministic and stochastic inputs defined in (2.3) and (4.12), respectively. The following
properties hold true:

∞

sequence w when the corresponding functional HU : Dn − , k · kL∞
−→ L∞ (Ω, R) is a continuous
w
map.
Let M > 0 and define, using Lemma 25,


L∞
KM
:= z ∈ L∞ (Ω, (Rn )Z− ) | kzkL∞ ≤ M = z ∈ L∞ (Ω, (Rn )Z− ) | kzt kL∞ ≤ M, for all t ∈ Z− .
(4.12)
L∞
The sets KM
are the stochastic counterparts of the sets KM in the deterministic setup; we will say
L∞
that KM is a set of almost surely uniformly bounded processes. A stochastic analog of Lemma
L∞
, the norm k·k by k·kL∞ , and the weighted
1 can be formulated for them with KM replaced by KM
norm k·kw by k·kL∞ . Indeed, the following result shows that the fading memory and the universality
w
properties are naturally inherited by deterministic filters with almost surely uniformly bounded inputs.
We call this fact the deterministic-stochastic transfer principle.

L∞
Z

Given a weighting sequence w : N −→ (0, 1] and a time-invariant filter U : Dn − −→ L∞ (Ω, RZ ) with
stochastic inputs, we will say that U has the fading memory
property

 with respect to the weighting

∞

L∞
Z
Dn −

Analogously, we say that the filter is causal with stochastic inputs when for any two elements z, w ∈ Dn Z
that satisfy that zτ = wτ almost surely, for any τ ≤ t and for a given t ∈ Z, we have that U (z)t = U (w)t ,
almost surely. Causal and time-invariant deterministic filters produce almost surely causal and timeinvariant filters when stochastic inputs are presented to them.
L∞
Z
In this setup, there is also a correspondence between causal and time-invariant
 filters U : Dn −→


(Uτ ◦ U )(z) = (U ◦ Uτ )(z),

shows that this property is inherited by deterministic fading memory reservoir filters with almost surely
bounded inputs.

the filters map into almost surely bounded processes is a genuine hypothesis that needs to be verified
in each specific case considered.
The concepts of causality and time-invariance are defined as in the deterministic case by replacing
equalities by almost sure equalities in the corresponding identities. More explicitly, we say that the
L∞
L∞
filter U : Dn Z −→ L∞ (Ω, RZ ) is time-invariant when for any τ ∈ Z and any z ∈ Dn Z , we have that

Lemma 28 Consider a reservoir system determined by the relations (1.1)–(1.2) and the maps F :
DN × Bn (0, M ) −→ DN and h : DN → R, for some n, N ∈ N, M > 0, and DN ⊂ RN . If this
reservoir system has the echo state and the fading memory properties then so does the corresponding
L∞
system with stochastic inputs in KM
which, additionally, has an associated reservoir functional HhF :
L∞
∞
(KM
, k · kL∞
)
−→
L
(Ω,
R)
with
almost
surely bounded outputs that satisfies the fading memory
w
property.
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Remark 32 The linear reservoir filters in N L determined by nilpotent matrices have been used in
Gonon and Ortega (2018) to formulate a Lp version of these universality results.

Universal reservoir computers with linear readouts using non-homogeneous state-affine systems
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Remark 33 The previous corollary has interesting consequences in the realm of time series analysis.
Indeed, many well-known parametric time series models consist in autoregressive relations, possibly
nonlinear, driven by independent or uncorrelated innovations. The parameter constraints that are
imposed on them in order to ensure that they have (second order) stationary solutions imply, in may
situations, that the resulting filter has the FMP. In those cases, Corollary 31 allows us to conclude that
when those models are driven by almost surely uniformly bounded innovations, they can be arbitrarily
well approximated by a polynomial function of a vector autoregressive model (VAR) of order 1. This
statement applies, for example, to any stationary ARMA (see Box and Jenkins (1976), Brockwell and
Davis (2006)) or GARCH model (see Engle (1982), Bollerslev (1986), Francq and Zakoian (2010)) driven
by almost surely uniformly bounded innovations.
State-affine reservoir computers with almost surely uniformly bounded inputs are universal. As it was the case in the deterministic setup, non-homogeneous SAS are universal time-invariant
fading memory filters in the stochastic framework with almost surely uniformly bounded inputs. Their
advantage with respect to the families proposed in the previous corollary is that they use a linear readout which is of major importance in practical implementations. More specifically, the following result
holds true as a direct consequence of Theorem 19 and the equivalence stated in Theorem 27.

6. Appendices
6.1 Proof of Lemma 1

t∈Z−

t∈Z−

kzkw := sup {kzt w−t k} = sup {kzt kw−t } ≤ M · 1 = M < ∞.

Let w : N −→ (0, 1] be an arbitrary weighting sequence. Then, for any z ∈ KM :

kz−t kwt =

∞
X
t=0

≤

∞
X

t=0

t=0 i∈N

kz−t k(λ1−ρ λρ )t =

∞
X

t=0

kz−t kλ(1−ρ)t λρt

i∈N

i∈N

t=0

t=0

∞
∞
X
X


sup kz−i kλρi λ(1−ρ)t) = sup kz−i kλρi
λ(1−ρ)t = kzkwρ
t=0 i∈N
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1
. 
1 − λ1−ρ

∞
∞
n
o
n
oX
X
λρt = kzkw1−ρ
sup kz−i kλ(1−ρ)i λρt = sup kz−i kλ(1−ρ)i

kz−t kλt =

Regarding the inequalities (2.4) and (2.5), notice that if wt = λt then:
∞
X
t=0

kz−t kλ(1−ρ)t λρt ≤

which proves (2.4). The proof of (2.5) is similar and follows from noticing that:
∞
X
t=0
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1
,
1 − λρ

reduces the training of a dynamic task to a static regression problem and allows to circumvent wellknown difficulties in the training of generic recurrent neural networks.
The universality question that we addressed consists in finding families of RCs as simple as possible
such that the set of input/output functionals that can be generated with them is dense in a sufficiently rich class. The work presented here is the dynamic counterpart of a statement of this type for
neural networks in a static and deterministic setup in which they have been proved to be universal
approximators.
The RC universality results stated in the paper correspond to two different situations in which
the inputs are either deterministic and uniformly bounded or stochastic and almost surely uniformly
bounded. In both cases we proved two different universality statements. First, we showed that the
family of fading memory RCs is universal in the much larger fading memory filters category. The same
applies to the much smaller RC family containing just linear reservoirs with polynomial readouts, when
certain spectral restrictions are imposed on the reservoir maps. The second result concerns exclusively
reservoir computers with linear readouts, which are closer to the type of RCs used in applications
and hardware implementations. More specifically, we introduced the family of what we called nonhomogeneous state-affine systems and identified sufficient conditions that guarantee that the associated
reservoir computers with linear readouts are causal, time-invariant, and satisfy the echo state and the
fading memory properties. Finally, we stated a universality result for a subset of this class which
was shown to be universal in the same fading memory filters category as above. These universality
statements are then generalized to the stochastic setup for almost surely uniformly bounded inputs. In
particular, we showed that any discrete-time filter that has the fading memory property with almost
surely uniformly bounded stochastic inputs can be uniformly approximated by elements in the nonhomogeneous state-affine family. All the density statements in the paper are formulated with respect
to natural uniform approximation norms that appear in each of the different cases considered.
Despite preexisting work, these universality results are, to our knowledge, the first of their type in the
semi-infinite discrete-time inputs setup. In the stochastic case they open the door to new developments
in the learning theory of stochastic processes.

∞

Theorem 34 (Universality of SAS reservoir computers with almost surely uniformly bounded
∞
inputs) Let KIL ⊂ L∞ (Ω, RZ− ) be the set of almost surely and uniformly bounded processes in the
interval I = [−1, 1], that is,

∞
:= z ∈ L∞ (Ω, RZ− ) | kzt kL∞ ≤ 1, for all t ∈ Z− .

KIL

p,q
Let S be the family of functionals HW
: KIL −→ L∞ (Ω, R) induced by the state-affine systems defined
in (3.11)-(3.12) and that satisfy Mp := maxz∈I kp(z)k < 1 −  and Mq := maxz∈I kq(z)k < 1 − . The
family S forms a polynomial subalgebra of Rwρ (as defined in (4.14)) with wtρ := (1 − )ρt , made of
fading memory reservoir filters that map into L∞ (Ω, R).
∞
∞
∞ ) −→ L
Moreover, for any time-invariant and causal fading memory filter H : (KIL , k · kLw
(Ω, R)
ρ
and any  > 0, there exist a natural number N ∈ N, polynomials p(z) ∈ MN,N [z], q(z) ∈ MN,1 [z] with
Mp , Mq < 1 − , and a vector W ∈ RN such that

p,q
p,q
kH − HW
k∞ := sup {kH(z) − HW
(z)kL∞ } < .
∞

z∈KIL

The same universality result can be stated for the smaller subfamily N S  ⊂ S formed by SAS
reservoir systems determined by nilpotent polynomials p(z) ∈ Nil[z].

5. Conclusion
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This paper studies and proposes solutions for the universality problem in the approximation of fading
memory filters using reservoir computer (RC) systems. RCs are a particular type of recurrent neural
networks that have important applications both in machine learning and in signal processing where they
exhibit superb information processing performances. Their importance is also linked to the possibility
of building highly efficient hardware realizations. RC systems are in general defined as nonlinear statespace systems determined by a reservoir and a readout map. In many supervised machine learning
applications the readout is chosen to be linear and the reservoir map is randomly generated, which
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m+1

max

(k)

zt (n) − zt

−→ 0,

as n → ∞, n ∈ Nk .

kzt (n) − zt k −→ 0,

as n → ∞, n ∈ Nk ,

kzt (nk ) − zt k −→ 0,

as k −→ ∞.
(6.1)

{kzt (nk ) − zt k w−t } <
sup

t∈{−k0 ,...,0}

{kzt (nk ) − zt k} < ε.


(6.3)

(6.2)

holds, as required.



21

kz − skw0 < δ w () =⇒ |HU (z) − HU (s)| < 

0
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and consequently, since HU has the FMP with respect to the weighting sequence w, we can conclude
that |HU (z) − HU (s)| < . This shows that the implication

Let δ w () be the epsilon-delta relation for the FMP associated to the weighting sequence w. We now
0
show that HU has the FMP with respect to w0 via the epsilon-delta relation given by δ w () := δ w ()/λ.
0
w
Indeed, for any  > 0 and any z, s ∈ K such that kz − skw0 < δ (), we have that


0
w−t 0
0
kz−skw = sup {kzt −st kw−t } = sup kzt − st k 0 w−t
< λ sup {kzt −st kw−t
} < λkz−skw0 < λδ w () = δ w (),
w
t∈Z−
t∈Z−
t∈Z−
−t

6.3 Proof of Lemma 7

Consequently, (6.2) and (6.3) imply that for any k > max{k0 , k1 }, kz(nk ) − zkw < ε, as required.

t∈{−k0 ,...,0}

sup

Now, by (6.1) there exists k1 such that for any k ≥ k1

t≤−k0

sup {kzt (nk ) − zt k w−t } ≤ 2M wk0 < ε.

We conclude by showing that the sequence {z(nk )}k∈N converges in (KM , k·kw ) to the element z ∈ KM .
First, given that wt −→ 0 as t −→ ∞, then for any ε > 0 there exists k0 such that wk < ε/2M , for any
k ≥ k0 . Additionally, since z(nk ), z ∈ KM for any k ∈ N, we have that

t∈{−k0 ,...,0}

max

and hence there exists an increasing subsequence nk such that nk ∈ Nk and that for each k0 ,

t∈{−k,...,0}

max

Moreover, the sets Nk can be constructed so that N ⊃ N1 ⊃ N2 ⊃ · · · and so that z(k) extends z(l) when
k ≥ l. This implies the existence of an element z ∈ KM such that, for each k ∈ N,

t∈{−k,...,0}

for all x, y ∈ DN and all z ∈ Dn ,

for all x, y ∈ DN and all z ∈ Dn .

j=n+1

m
X

Ai cz−i ≤

j=n+1

m
X

i

P∞

j=n+1

∞
X

n+1
max (A)
kck2 σ1−σ
max (A)

≤ M kck2

j=n+1

m
X

σmax (A)i

n+1

σmax (A)i = M kck2

kAk2 kck2 kz−i k ≤ M kck2

σmax (A)n+1
.
1 − σmax (A)

and that the time series xet defined by xet :=

i=0

22
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Ai czt−i satisfies the recursion relation (3.7).

i=0

(c)σmax (A)
The condition σmax (A) < 1− < 1 implies that M
= M σmax1−σ
→ 0 as n → ∞
max (A)
N
and hence {Sn }n∈N is a Cauchy sequence in R that consequently converges.
The fact that the filter determined by the expression (3.9) is a solution of the recursions (3.7)-(3.8) is
a straightforward verification. In order to carry it out, it suffices to use that the filter UhA,c (z) associated
to the functional HhA,c (z) is given by
!
∞
X
UhA,c (z)t = h
Ai czt−i ,

kSn − Sm k =

By Lemma 35 we can conclude that this reservoir system has a reservoir filter associated that we now
show is explicitly given by (3.9). We start by proving that the conditions σmax (A) < 1 −  < 1 and
that the elements in KM are uniformly bounded by a constantP
M imply that the infinite sum in (3.9)
n
is convergent. Let n, m ∈ N be such that n < m and let Sn := i=0 Ai cz−i . Now:

kF (x, z) − F (y, z)k = kA(x − y)k ≤ σmax (A) kx − yk

We start now by noting that the condition σmax (A) < 1 −  < 1 implies that the reservoir map
F (x, z) := Ax+cz associated to (3.7) is a contracting map with constant σmax (A) which, by hypothesis,
is smaller than one. Indeed,

then the corresponding reservoir system has the echo state property.

kF (x, z) − F (y, z)k ≤ r kx − yk ,

Lemma 35 Let DN ⊂ RN and Dn ⊂ Rn and let F : DN × Dn −→ DN be a continuous reservoir map.
Suppose that F is a contraction map with contraction constant 0 < r < 1, that is:

In order to show that the reservoir systems in L induce reservoir filters, we first show that they have
the echo state property by using the following lemma, whose proof can be found in Grigoryeva and
Ortega (2018).

6.5 Proof of Corollary 11

Since the elements in R have the FMP with respect to a given weighted norm k · kw , then so do those
in A(R) since polynomial combinations of continuous elements of the form HhFii : (KM , k · kw ) −→ R
are also continuous. Therefore, under that hypothesis, A(R) is a polynomial subalgebra of the algebra
(C 0 (KM ), k · kw ) of real-valued continuous functions on (KM , k · kw ). Since by hypothesis A(R) contains
the constant functionals and separates the points in KM and, by Lemma 2, the set (KM , k · kw ) is
compact, the Stone-Weierstrass theorem (Theorem 7.3.1 in Dieudonné (1969)) implies that A(R) is
dense in (C 0 (KM ), k · kw ), which concludes the proof. 

m
m
is compact (and hence sequentially compact) with
KM
. Additionally, notice that KM
= Bn (0, M )
the product topology, since it is a product of closed balls Bn (0, M ) ⊂ Rn which are compact.
Let {z(n)}n∈N ⊂ KM be a sequence of elements in KM . The argument that we just stated proves
k
that for any k ∈ N, there is a subset Nk ⊂ N and an element z(k) ∈ KM
such that

6.4 Proof of Theorem 8

n
We recall first that by Lemma 1 we have that kzkw < ∞, for any z ∈ KM . Second, since (`∞
w (R ), k·kw )
is a Banach space (Grigoryeva and Ortega (2018)), it is hence metrizable and therefore so is (KM , k·kw )
when endowed with the relative topology (see, for instance, Exercise 1, Chapter 2, §21, Munkres (2014)).
We will then conclude the compactness of (KM , k·kw ) by showing that this space is sequentially compact
(see, for example, Theorem 28.2 in Munkres (2014)). We proceed by using the strategy in the proof of
Lemma 1 in Boyd and Chua (1985).
{−m,...,−1,0}
m
For any m ∈ N, let KM
be the set obtained by projecting into (Rn )
the elements of
KM ⊂ (Rn )Z− . Given an element z ∈ KM , we will denote by z(m) := (z−m , . . . , z0 ) its projection into

Grigoryeva and Ortega

6.2 Proof of Lemma 2
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then

h(v) − h

i=0

∞
X

Ai czt−i

!
,

Ai czt−i−τ

< ε.

Ai c(st−i − zt−i )

HhA,c (s) − HhA,c (z) < ε.

∞
X

!
(6.4)

(6.5)

∞
X
(1 − )i kc(st−i − zt−i )k .

h1

h2

z−j xj ≤

s
X

s
X

j=0

j

|x| ≤

M
.
1 − |x|

for all x ∈ (−1, 1),

|z−j | xj ≤ M

M
,
1 − |x|

j=0

λ ∈ R.

We note first that for any x ∈ (−1, 1) and any s ∈ N we have that
s
X
j=0

∞
X

j=0

U A,c (z)t =

∞
X

j=0

24

Aj zt−j .

with

∞
X

j=0

i
bj zt−j

in the i-th entry.

(6.8)

(6.9)

(6.10)
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Given that the vector si ∈ RZ− is non-zero, Lemma 36, implies the existence of an element b0 ∈


>
P∞
i
, 0, . . . , 0 .
Let s := z1 − z2 6= 0. Notice that by (6.10) we have that U Ab ,c (s)0 = 0, . . . , 0, j=0 bj s−j

i
bj zt−j
, 0, . . . , 0 ,



Since z1 6= z2 , then there exists and index i ∈ {1, . . . , n} and t ∈ Z− such that z1i t 6= z2i t . Let now
b ∈ (−1 + , 1 − ) and let Ab := diag (0, . . . , 0, b, 0, . . . , 0) ∈ Dn be the matrix that has the element b in
the i-th entry. It is easy to see using (6.9) that

>
U Ab ,c (z)t = 0, . . . , 0,

We now show that the elements in L separate points in KM . Take z1 , z2 ∈ KM ⊂ (Rn ) − such that
Z
z1 6= z2 and let A ∈ M(n, n), with σmax (A) < 1 − , and c := In . Let U A,c : KM −→ (Rn ) − be the
linear filter associated to A and c via the recursion (3.7). Using the preceding arguments we have that

Z

which proves the first claim in the lemma. Now, by the uniqueness theorem for the representation
of
P∞
analytic functions by power series (see Brown and Churchill (2009), page 217), the series j=0 z−j xj
is the Taylor expansion around 0 of fz (x). Since z 6= 0 by hypothesis, some of the derivatives of fz (x)
are non-zero and hence this function cannot be flat, which implies that there exists a point x0 ∈ (−1, 1)
such that fz (x0 ) 6= 0. H

|fz (x)| ≤

Taking the limit s → ∞, we obtain that

Proof of the lemma.

Using the relations (6.8) and (6.7), we can conclude that both HhA11 ,c1 · HhA22 ,c2 and HhA11 ,c1 + λHhA22 ,c2
belong to L ⊂ Rwρ . This implies that (L , k · kwρ ) is a polynomial subalgebra of (Rwρ , k · kwρ )
Since L contains the constant functionals (just take constant readout maps h), in order to conclude
the proof, it is enough to show that the elements in L separate points in KM . In the proof of this
statement we need the following elementary fact about analytic functions.
P∞
Lemma 36 Let M > 0 and let z ∈ [−M, M ]Z− . Define the real valued function fz (x) := j=0 z−j xj .
This function is real analytic in the interval (−1, 1). Moreover, if z 6= 0, then there exists a point
x0 ∈ (−1, 1) such that fz (x0 ) 6= 0.

⊕A2 ,c1 ⊕c2
HhA11 ,c1 + λHhA22 ,c2 = HhA11⊕λh
,
2

Grigoryeva and Ortega

Ai czt−i < δ(ε),

then

Ai c(st−i − zt−i ) ≤

i=0

σmax (A)i kc(st−i − zt−i )k ≤

i=0

2 ,c1 ⊕c2
HhA11 ,c1 · HhA22 ,c2 = HhA11·h⊕A
,
2
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!
=h

i=0

i=0

We now verify by hand that the filters UhA,c are time-invariant. Let z ∈ KM and t, τ ∈ N arbitrary
and let Uτ be the corresponding time delay operator, then:

i=0

If we now take ci ∈ MNi ,n , i ∈ {1, 2} and h1 , h2 two real-valued polynomials in N1 and N2 variables,
respectively, we have by the first part of the corollary that we just proved that the filter functionals
HhA11 ,c1 and HhA22 ,c2 are well defined. Additionally, by (3.3)-(3.4) so are the combinations HhA11 ,c1 · HhA22 ,c2
and H A1 ,c1 + λH A2 ,c2 that satisfy:

t

∞




X
UhA,c ◦ Uτ (z)t = UhA,c (Uτ (z)) = h
Ai cUτ (z)t−i

At the same time,

t

∞


 

X
Uτ ◦ UhA,c (z)t = Uτ UhA,c (z)
= UhA,c (z)t−τ = h
Ai czt−τ −i

i=0

∞
X
∞
X
i=0

∞
X
σmax (c)ks − zkwρ
(1 − )i k(st−i − zt−i )k ≤
< δ(ε),
1 − (1 − )1−ρ
i=0

(6.6)

which coincides with (6.4) and proves the time-invariance of UhA,c .
The next step consists in showing that the elements in L are λρ -exponential fading memory filters,
with λρ := (1 − )ρ , for any ρ ∈ (0, 1), that is, L ⊂ Rwρ , with wρ : N → (0, 1] the sequence given by
wtρ := (1 − )ρt . Let k · kwρ be the associated weighted norm in KM and let z ∈ KM be an arbitrary
element. We start by noting that the continuity of the readout map h : DN → R implies that for any
ε > 0 there exists an element δ(ε) > 0 such that for any v ∈ DN that satisfies
!
∞
∞
X
X
v−

Ai czt−i =

ks − zkwρ <

∞
X
i=0

σmax (Ai ) kc(st−i − zt−i )k ≤

Ai cst−i −
∞
X

i=0

We now show that for any s ∈ KM such that

δ(ε) 1 − (1 − )1−ρ
,
σmax (c)
Indeed,
∞
X
i=0

≤
i=0

(1 − )i kc(st−i − zt−i )k ≤ σmax (c)

If we now use (2.5) in Lemma 1 and the hypothesis in (6.6), we can conclude that
∞
X
i=0

which proves the continuity of the map HhA,c : (KM , k · kwρ ) −→ R and hence shows that HhA,c is a
λρ -exponential fading memory filter.
In order to establish the universality statement in the corollary we will proceed, as in the proof
of Theorem 8, by showing that L is a polynomial algebra that contains the constant functionals and
separates the points in KM and then by invoking the Stone-Weierstrass theorem using the compactness
of (KM , k · kwρ ).
In order to show that (L , k · kwρ ) is a polynomial algebra, notice first that if A1 , A2 ∈ MN are such
that σmax (A1 ), σmax (A2 ) < 1 − , then
(6.7)
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σmax (A1 ⊕ A2 ) = max (σmax (A1 ), σmax (A2 )) < 1 − .
23

,c

A

,c

as required.

j=0

t0
X

Ajt0 +1 cz−j .

6=

A
,c
Uh t0 +1 (z2 )0

or, equiv-

kSn − Sm k

≤

=

j−1
Y

!

m
X

j=n+1 k=0

p(zt−k ) q(zt−j ) ≤

j−1
Y

25

p(zt−k )

K1j ≤ K2

k=0

j=n+1

m
X

j=n+1

kp(zt−k )k2 kq(zt−j )k ≤ K2

k=0

j−1
m
X
Y

j=n+1

m
X

K1j =

K2 K1n+1
.
1 − K1
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j=n+1

2
∞
X

kq(zt−j )k

We start by noting, as we did in the proof of Corollary 11, that the condition (3.13) implies that the
reservoir map associated to (3.11) is a contraction and hence, by Lemma 35, it satisfies the echo state
property and has a well-defined associated filter.
We now prove that the condition (3.13) implies the convergence of the series in the expression (3.14).
Let K1 := maxz∈I kp(z)k2 = maxz∈I σmax (p(z)) < 1 and K2 := maxz∈I kq(z)k2 = maxz∈I σmax (q(z));
notice that K1 and K2 are well-defined due
 to the compactness of I. Let now n, m ∈ N be such that
Pn
Qj−1
p(z
)
q(zt−j ) ∈ RN . Then,
n < m and let Sn := j=0
t−k
k=0

6.6 Proof of Proposition 14

Using the polynomial h(x) := xt0 +1 , this relation implies that
A
,c
A
,c
alently, Hh t0 +1 (z1 ) 6= Hh t0 +1 (z2 ) , as required. 

A
,c
Uh t0 +1 (z1 )0

When we apply this expression to z1 and z2 , since (z1 )−t = (z2 )−t , for all t ∈ {0, 1, . . . , t0 − 1}, we
obtain that


 >
6= 0.
U At0 +1 ,c (z1 − z2 )0 = Att00 +1 c(z1 − z2 )−t0 = 0, . . . , 0, z1i0 −t0 − z2i0 −t0

U At0 +1 ,c (z)0 =

We conclude the proof by establishing the universality the families DL and N L formed by the linear
reservoir filters generated by diagonal and nilpotent matrices, respectively. First, in the case of DL ,
the statement is a consequence of (6.8) and of the fact that when the matrices A1 and A2 are diagonal,
then the matrix associated to the linear map A1 ⊕ A2 is also diagonal. Additionally, notice that the
point separation property for L has been proved using diagonal matrices in (6.10) and hence it also
holds for DL . The claim follows from the Stone-Weierstrass theorem.
Finally, in the case of N L, the proof also follows from (6.8) since it is straightforward to see that
when the matrices A1 and A2 are nilpotent, then the matrix associated to the linear map A1 ⊕ A2 is
also nilpotent. It is only the point separation property of N that requires a separate argument that
we provide in the following lines. Let z1 , z2 ∈ KM such that z1 6= z2 and let t0 ∈ N be the first time
index for which (z1 )−t0 6= (z2 )−t0 , that is, (z1 )−t = (z2 )−t , for all t ∈ {0, 1, . . . , t0 − 1}. Let now


+1
be the upper shift matrix in
i0 ∈ {1, . . . , n} be such that z1i0 −t0 6= z2i0 −t0 . Let now At0 +1 ∈ Niltt00 +1
dimension t0 + 1, that is, At0 +1 ∈ Mt0 +1 is by definition a superdiagonal matrix with a diagonal of ones
above the main diagonal, and construct an element c ∈ Mt0 +1,n whose last row is given by a vector of
zeros with the exception of a one in the entry i0 . The nilpotency of At0 +1 implies

Hh b0 (z1 ) 6= Hh b0 (z2 ) ,

A

(−1 + , 1 − ) such that U Ab0 ,c (s)0 6= 0, which is equivalent to U Ab0 ,c (z1 )0 6= U Ab0 ,c (z2 )0 . Using the
A ,c
A ,c
polynomial h(x) := xi ∈ R, the previous relation implies that Uh b0 (z1 )0 6= Uh b0 (z2 )0 or, equivalently,
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k=0

j−1
Y



k=0

j−1
Y

k=0

j−1
Y

!

p(zt−k ) q(zt−j ) ≤
j=0

p(zt−k )

!

k=0

j−1
m
X
Y

≤

2

j=0 k=0

m j−1
X
Y

j=0

m
X

k=0

j−1
Y

p(zt−k ) q(zt−j ) ≤ lim


K2 1 − K1m+1
K2
=
. 
m→∞
1 − K1
1 − K1


K2 1 − K1m+1
,
1 − K1

z∈U

26
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 Pn Pm
Proof. Given A = (Ai,j ) ∈ Mn,m , let kAkF := tr A> A = i=1 j=1 A2i,j be its Frobenius norm.
Recall (see Theorem 5.6.34 and Exercise 5.6.P24 in Horn and Johnson (2013)) that
√
kAk2 ≤ kAkF ≤ r kAk2 ,
(6.12)

i∈{1,...,n}

Lemma 37 Let f : U ⊂ Rn −→ Mm be a differentiable function defined on the convex set U . For any
z ∈ U denote by ∂i f (z) ∈ Mm the matrix containing the partial derivatives of the components of f with
respect to their ith-entry, i ∈ {1, . . . , n}. Then, for any x, y ∈ U we have:


√
sup{k∂i f (z)k2 } kx − yk .
(6.11)
kf (y) − f (x)k2 ≤ nm max

We start by formulating and proving an elementary result that will be needed later on.

6.8 Proof of Proposition 16

Pn1
(i) =⇒ (ii): kA0 k2 + kA1 k2 + · · · + kAn1 k2 < i=0
λ = λ(n1 + 1) < 1.
(ii) =⇒ (iii): kp(z)k2 = kA0 + zA1 + z 2 A2 + · · · + z n1 An1 k2 ≤ kA0 k2 + |z|kA1 k2 + |z 2 |kA2 k2 + · · · +
|z n1 |kAn1 k2 < kA0 k2 + kA1 k2 + · · · + kAn1 k2 < 1. 

6.7 Proof of Lemma 15

m→∞

kxt k = lim

kp(zt−k )k2 kq(zt−j )k ≤

kq(zt−j )k

and hence, by the continuity of the norm and for any t ∈ Z:

j=0

m
X

!

p(zt−k ) q(zt−j ) = xt .

We conclude by proving the inequality in (3.16). Note first that for any m ∈ N,

j=0

∞
X

p(zt−1−k ) q(zt−1−j ) + q(zt ) = q(zt ) + p(zt )q(zt−1 )

!

+ p(zt )p(zt−1 )q(zt−2 ) + p(zt )p(zt−1 )p(zt−2 )q(zt−3 ) + · · · =

j=0


∞
X
p(zt )xt−1 + q(zt ) = p(zt ) 

2 1
→ 0 as n → ∞ and hence {Sn }n∈N is a Cauchy sequence
The condition K1 < 1 implies that 1−K
1
N
in R that consequently converges. This proves the convergence of the infinite series in (3.14) and
the causal character of the filter that it defines. The time-invariance can also be easily established by
mimicking the verification that we carried out in the proof of Corollary 11. We now prove that (3.14)
is indeed a solution of (3.11):

K K n+1
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aj (z−j+1 )q(z−j ) − aj (s−j+1 )q(s−j ) ,

aj (z−j+1 )

2

where

aj (z−j+1 ) :=

kq(z−j ) − q(s−j )k + aj (z−j+1 ) − aj (s−j+1 )

k=0

2

(6.18)

(6.17)

(6.16)

p(z−k ). (6.15)




kq(s−j )k

2

j−1
X
l=0

− p(s0 ) · · · p(s−(l−1) ) · p(s−l ) · p(z−(l+1) ) · · · p(z−(j−1) )). (6.19)

j−1
X
(p(s0 ) · · · p(s−(l−1) ) · p(z−l ) · p(z−(l+1) ) · · · p(z−(j−1) )
l=0

j−1
Y

l=0

p(z−l )−

j−1
Y

l=0

p(s−l ) = p(z0 )p(z−1 ) · · · p(z−(j−1) )−p(s0 )p(s−1 ) · · · p(s−(j−1) )

p(s0 )p(z−1 ) · · · p(z−(j−1) ) − p(s0 )p(z−1 ) · · · p(z−(j−1) )

j−1
X
l=0

2

− p(s0 ) · · · p(s−(l−1) ) · p(s−l ) · p(z−(l+1) ) · · · p(z−(j−1) )),

(p(s0 ) · · · p(s−(l−1) ) · p(z−l ) · p(z−(l+1) ) · · · p(z−(j−1) )

≤

j−1
X
l=0

2

2

≤

l=1

28

z∈I

2

· · · p(z−(j−1) )

l=1

N supz∈I {kp0 (z)k2 }, then

l=1

2

2
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j
j
Mp0 X l j−l
M p0 j X
M
|z−j+l − s−j+l | =
M p Mp
z−(j−l) − s−(j−l)
Mp p
Mp

√

j
X
√
|z−j+l − s−j+l | ,
≤ Mpj−1 N sup{kp0 (z)k2 }

· kp(z−l ) − p(s−l )k2 · p(z−(l+1) )

p(s0 ) · · · p(s−(l−1) ) · (p(z−l ) − p(s−l )) · p(z−(l+1) ) · · · p(z−(j−1) )
kp(s0 )k2 · · · p(s−(l−1) )

aj (z−j+1 ) − aj (s−j+1 )

where the last inequality is a consequence of (6.11). Let Mp0 :=

≤

aj (z−j+1 ) − aj (s−j+1 )

where the 2(j − 1) summands inside the braces are obtained by adding and subtracting polynomials
recursively constructed out of aj (z−j+1 ) by changing the variables of the first k factors, k ∈ {1, · · · , j−1}.
We then combine all the (2k−1)-th with the (2k+2)−th summands of the resulting expression in order to
obtain the first j−1 terms in the sum in (6.19). Then the last j-th term results from combining the second
with the one before last summands, that is, p(s0 )p(s−1 ) · · · p(s−(j−1) ) and p(s0 ) · · · p(s−(j−2) )p(z−(j−1) ),
respectively.
Using the relation (6.19) we can write:

=

+ · · · + p(s0 ) · · · p(s−(j−2) )p(z−(j−1) ) − p(s0 ) · · · p(s−(j−2) )p(z−(j−1) )

+· · ·+p(s0 ) · · · p(s−(l−1) )p(z−l )p(z−(l+1) ) · · · p(z−(j−1) )−p(s0 ) · · · p(s−(l−1) )p(z−l )p(z−(l+1) ) · · · p(z−(j−1) )
)

+ p(s0 )p(s−1 )p(z−2 ) · · · p(z−(j−1) ) − p(s0 )p(s−1 )p(z−2 ) · · · p(z−(j−1) )

+

= p(z0 )p(z−1 ) · · · p(z−(j−1) ) − p(s0 )p(s−1 ) · · · p(s−(j−1) )
(

aj (z−j+1 )−aj (s−j+1 ) =

This equality simply follows from writing:

aj (z−j+1 ) − aj (s−j+1 ) =

Grigoryeva and Ortega


2
k∂i f (z)k2 .

(6.14)

(6.13)

Universal reservoir computers with linear readouts using non-homogeneous state-affine systems



We now bound above the second summand in (6.18) using the inequality (6.11) in the statement of
Lemma 37 as well as the following identity:

2

k∂i f (z)k2 ≤ mn

k∂i f (z)kF
n
X

max

where r is the rank of A. Consider now x, y ∈ U arbitrary and let Df (z) : Rn −→ Mm be the differential
of f evaluated at z ∈ U . The convexity of U implies that the Mean Value Inequality holds (see Theorem
2.4.8 in Abraham et al. (1988)) and hence:
t∈[0,1]

z∈U

n
X
i=1

≤m
i=1

k=0

j−1
Y

i∈{1,...,n}

kf (y) − f (x)kF ≤ sup {kDf ((1 − t)x + ty)k2 kx − yk}.

n X
m X
m
X
2
∂i fjk
(z) =

k=0

2

kf (y) − f (x)k2 ≤ sup{kDf (z)k2 kx − yk}.

The first inequality in (6.12) and (6.13) imply that

2

j=0

i=1 j=1 k=1

At the same time, notice that by (6.12)
2

kDf (z)k2 ≤ kDf (z)kF =

∞
X

j=0

This inequality, together with (6.14), imply the statement (6.11) since the maximum and the supremum
can be trivially exchanged. H
We now carry out the proof of the proposition under the hypothesis (iii) in Lemma 15 which is
implied by the other two. The modifications necessary to establish the result under the other two
hypotheses are straightforward. Consider two arbitrary elements z, s ∈ I Z− . Then, by the CauchySchwarz and Minkowski inequalities:

!
!
!
j−1
j−1
∞
X
Y
Y
p,q
p,q
|HW
(z) − HW
(s)| = W> 
p(z−k ) q(z−j ) −
p(s−k ) q(s−j ) 
≤ kWk

∞
X
∞
X
j=0

aj (z−j+1 )q(z−j ) + aj (z−j+1 )q(s−j ) − aj (z−j+1 )q(s−j ) − aj (s−j+1 )q(s−j )

aj (z−j+1 )q(z−j ) − aj (s−j+1 )q(s−j )

We now bound the right hand side of (6.15) as follows:
∞
X
j=0

=
j=0

≤

j=0

kq(z−j ) − q(s−j )k ≤ Mpj Lq |z−j − s−j | ,

If Lq is a Lipschitz constant of q : I −→ RN then
aj (z−j+1 )

2

j=0
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which inserted in (6.16) and in (6.15) implies that

∞
∞
X
X
p,q
p,q
(s)| ≤ kWk Lq 
Mpj |z−j − s−j | +
aj (z−j+1 ) − aj (s−j+1 )
|HW
(z) − HW
27

aj (z−j+1 ) − aj (s−j+1 )

2

l=1

M p0
1
=
Mp 1 − Mp

∞ j
Mp0 X X l j−l
≤
z−(j−l) − s−(j−l)
M p Mp
Mp j=0

j=0

∞
X

Mpj
|z−j − s−j | .

≤

≤

for all z ∈ I := [−1, 1].

(ii) kp1 ⊗ p2 (z)k2 < 1 − ,

(i) kp1 ⊕ p2 (z)k2 < 1 − ,

29
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Lemma 38 Let p1 (z) ∈ MN1 ,M1 [z] and p2 (z) ∈ MN2 ,M2 [z] be two polynomials with matrix coefficients
and assume that they satisfy that kp1 (z)k2 < 1 −  and kp2 (z)k2 < 1 −  for all z ∈ I := [−1, 1] and a
given 0 <  > 1. Then:

which proves (3.23) and hence (3.22).
In order to show that the reservoir functionals on the right hand side of (3.21) and (3.22) are
well-defined we prove the following lemma.

= (p1 ⊗ p2 )(zt )(x1t−1 ⊗ x2t−1 ) + p1 (zt )x1t−1 ⊗ q2 (zt ) + q1 (zt ) ⊗ p2 (zt )x2t−1 + (q1 ⊗ q2 )(zt ),

x1t ⊗ x2t = (p1 (zt ) ⊗ p2 (zt ))(x1t−1 ⊗ x2t−1 ) + p1 (zt )x1t−1 ⊗ q2 (zt ) + q1 (zt ) ⊗ p2 (zt )x2t−1 + q1 (zt ) ⊗ q2 (zt ),

Using (3.11) it can be readily verified that the time evolution of the tensor product x1t ⊗ x2t is given by

yt1 · yt2 = W1> x1t · W2> x2t = (W1 ⊗ W2 ) (x1t ⊗ x2t ).

>

p1 ,q1
p2 ,q2
We first recall that since by hypothesis the reservoir functionals HW
, HW
are well-defined then, by
p1 ,q1
p2 ,q2
p1 ,q1 1 p2 ,q2 2
the comments that follow (3.5), so are HW
+
λH
and
H
·
H
.
W
W
W
1
2
1
2
The proof of (i) is a straightforward verification. As to (ii), denote first by yt1 , yt2 and x1t , x2t the
outputs and the state variables, respectively, of the SAS corresponding to the two functionals that we
are considering. We note first that by (3.12):

6.9 Proof of Proposition 17



X

∞
1
M p0
M j |z−j − s−j |
kWk Lq 1 +
Mp 1 − Mp j=0 p



1
1
M p0
kz − skwρ ,
kWk Lq 1 +
1−ρ
Mp 1 − M p
1 − Mp

p,q
which proves the continuity of the map HW
: (I Z− , k · kwρ ) −→ R, as required.

p,q
p,q
|HW
(z) − HW
(s)|

If we now substitute this relation in (6.18) and we use Lemma 1 with weighting sequences wtρ := Mpρt ,
for any ρ ∈ (0, 1), we obtain that:

j=0

∞
X

Since the last term in this inequality is one summand of the Cauchy product of the series with general
terms Mpj and Mpj |z−j − s−j | and these two series are absolutely convergent (recall the statement (2.4)),
we can conclude (see, for instance, §8.24 in Apostol (1974)) that

Universal reservoir computers with linear readouts using non-homogeneous state-affine systems

Let x = x1 ⊕ x2 ∈ RM1 ⊕ RM2 . Then, in order to prove part (i) note that


k(p1 ⊕ p2 )(z) · xk
kxk


x6=0

≤ sup


(1 − )kxk
kxk


= 1 − ,

as required.

30
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which shows that if p1 and p2 are nilpotent then so is the associated polynomial p. The point separation
property is, again, inherited from the proof of linear case provided in the Appendix 6.5. 

Note first that the hypothesis Mp < 1 −  < 1 on the polynomials p associated to the elements in S
implies, by Propositions 14 and 16, that this family is made of time-invariant reservoir filters that have
the FMP with respect to weighting sequences of the form wtp := Mpρt , ρ ∈ (0, 1). Additionally, using
Lemma 7 and the hypothesis Mp < 1 − , for a fixed given  ∈ (0, 1), we can conclude that all the
reservoir filters in S have the FMP with the common weighting sequence wtρ := (1 − )ρt , ρ ∈ (0, 1).
The elements in S form a polynomial algebra as a consequence of Lemma 38 and Proposition 17.
Moreover, the family S has the point separation property and contains all the constant functionals.
Indeed, since S includes the linear family L , we recall that in Appendix 6.5 we proved that given
Z
z1 , z2 ∈ KM ⊂ (Rn ) − such that z1 6= z2 , there exists A ∈ M(n, n), with σmax (A) < 1 −  and c := In
such that U A,c (z1 )0 6= U A,c (z2 )0 . The point separation property follows from choosing any vector
A,c
A,c
W ∈ RN such that W> (U A,c (z1 ))0 6= W> (U A,c (z2 ))0 , which implies that UW
(z1 )0 6= UW
(z2 )0 and
hence HU A,c (z1 ) 6= HU A,c (z2 ), as required.
W
W
All the constant functionals can be obtained by taking for p the zero polynomial and for q the
constant polynomials (q has degree zero). In that case, the state variables are a constant sequence
0,q
xt = q and the associated functional is the constant map HW
(z) = W> q, for all z ∈ KM .
The universality result follows hence from the Stone-Weierstrass Theorem and the compactness of
(I Z− , k · kwρ ) established in Lemma 2.
Finally, we prove the statement regarding the family N S  determined by nilpotent polynomials p.
First, by expressions (3.21), (3.22), and (3.23), it is easy to show that this family is a polynomial algebra.
The only point that requires some detail is the fact that the k-th power of the polynomial p in (3.23)
p1 ,q1
p2 ,q2
that is obtained in the product of the two SAS reservoir functionals HW
and HW
is given by
1
2


pk1 (z)
0
0
,
0
0
pk2 (z)
pk (z) := 
k−1
k−1
k
k
k
p1 ⊗ q2 (z) q1 ⊗ p2 (z) p1 ⊗ pk2 (z)

6.10 Proof of Theorem 19

p,q ⊕q ⊕(q ⊗q )

p1 ⊕p2 ,q1 ⊕q2
Now, the first part of this lemma and Proposition 14 guarantee that HW
is well-defined.
1 ⊕λW2

1
2
1
2
The same conclusion holds for H0⊕0⊕(W
because due to the block diagonal character of (3.23)
1 ⊗W2 )
then σmax (p(z)) = σmax ((p1 (z) ⊕ p2 (z) ⊕ (p1 ⊗ p2 ) (z)) = kp1 (z) ⊕ p2 (z) ⊕ (p1 ⊗ p2 ) (z)k2 . By parts (i)
and (ii) in Lemma 38 we can conclude that kp(z)k2 < 1 −  for all z ∈ [−1, 1] and, again by Proposition
p,q1 ⊕q2 ⊕(q1 ⊗q2 )
14, the reservoir functional H0⊕0⊕(W
is well-defined. 
1 ⊗W2 )

kp1 ⊗ p2 (z)k2 = σmax (p1 ⊗ p2 (z)) = σmax (p1 (z))σmax (p2 (z)) = kp1 (z)k2 kp2 (z)k2 < (1 − )2 < (1 − ). H

As to the statement in part (ii):

x6=0

kp1 ⊕ p2 (z)k2 = sup

This inequality implies that


≤ kp1 (z)k22 kx1 k2 + kp2 (z)k22 kx2 k2 ≤ (1 − )2 kx1 k2 + kx2 k2 = (1 − )2 kxk2 .

k(p1 ⊕ p2 )(z) · xk2 = k(p1 (z) · x1 , p2 (z) · x2 )k2 = kp1 (z) · x1 k2 + kp2 (z) · x2 k2

Proof of the lemma.

Grigoryeva and Ortega

C k dP = C k P(Ω \ F ) = C k ,

,

Fn

(6.20)

(6.21)

t∈Z

ω∈Ω

t∈Z

t∈Z

ω∈Ω

ω∈Ω

t∈Z

ω∈Ω

t∈Z

t∈Z

ω∈Ω

By part (ii) of Lemma 24, this inequality holds if and only if


sup {kzt (ω)k} ≤ sup ess sup {kzt (ω)k} ,

6.13 Proof of Lemma 26

It is obvious that S`∞ (Rn ) ⊂ S(Rn )Z and hence the inclusion map

ι : S`∞ (Rn ) ,→ S(Rn )Z ,

∨

S`∞ (Rn )
Π∼`∞ (Rn )

⊂

L∞ (Ω, `∞ (Rn ))

ι

φ
>

32

>

S(Rn )Z

(Rn )Z

Π∼

ω∈Ω

∨

L∞ Ω, (Rn )Z ,

(6.24)
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is well-defined. The equivariance with respect to the equivalence relations ∼`∞ (Rn ) and ∼(Rn )Z follows
trivially from noticing that if z1 , z2 ∈ S`∞ (Rn ) are such that z1 ∼`∞ (Rn ) z2 one obviously have that
ι(z)1 ∼(Rn )Z ι(z2 ). This shows the existence of the projected map φ that makes the diagram

(6.25)

Since B has measure one, this inequality is equivalent to (6.24), which guarantees that (6.23) holds.
The inequalities (6.20) and (6.23) that we just proved imply that the equality (4.7) holds true. 

ω∈Ω

Now, by part (i) in Lemma 24, we have that kzt (ω)k ≤ ess supω∈Ω {kzt (ω)k}, almost surely and for
each fixed t ∈ Z. Let
S At ⊂ Ω be the zero-measure set
S suchthatPkzt (ω)k > ess supω∈Ω {kzt (ω)k} for all
ω ∈ At . Let A := t∈Z At . Notice that P(A) = P t∈Z At ≤ t∈Z P(At ) = 0 and hence B := Ac has
measure one and
kzt (ω)k ≤ ess sup {kzt (ω)k} , for all ω ∈ B and all t ∈ Z.

almost surely.

However, this expression is in contradiction with the first inequality in (6.22) and hence the assumption
(6.21) cannot be correct. This argument implies that the inequality (6.20) holds.
We now prove the reverse inequality, that is,




ess sup sup {kzt (ω)k} ≤ sup ess sup {kzt (ω)k} .
(6.23)

ω∈Ω

Now, by part (ii) in Lemma 24, this implies that


ess sup {kzt0 (ω)k} ≤ ess sup sup {kzt (ω)k} .

t∈Z

However, kzt0 (ω)k ≤ supt∈Z {kzt (ω)k} for all ω ∈ Ω and hence by part (i) in Lemma 24


kzt0 (ω)k ≤ sup{kzt (ω)k} ≤ ess sup sup {kzt (ω)k} , almost surely.

t∈Z

Grigoryeva and Ortega

Ω\F

1
>C+
n

Ω\Fn

ω∈Ω

ω∈Ω

ω∈Ω
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k

ω∈Ω|

t∈Z

t∈Z

t∈Z

By the approximation property of the supremum (see Theorem 1.14 in Apostol (1974)), there exists
t0 ∈ Z such that




ess sup sup {kzt (ω)k} < ess sup {kzt0 (ω)k} ≤ sup ess sup {kzt (ω)k} .
(6.22)

t∈Z

ω∈Ω

6.11 Proof of Lemma 24

(i) Let A := ρ ∈ R+ | kXkB ≤ ρ almost surely . It suffices to show that kXkL∞ := inf A ∈ A, which
implies that kXkB ≤ kXkL∞ almost surely. Indeed, consider the sequence kXkL∞ + 1/j, j ∈ N. By the
approximation property of the infimum, there exists a decreasing sequence of numbers {ρj }j∈N ⊂ A in
A satisfying kXkL∞ ≤ ρj < kXkL∞ + 1/j for all j ∈ N. Define F := {ω ∈ Ω | kX(ω)kB > kXkL∞ } and
Fj := {ω ∈ Ω | kX(ω)kB > ρj }. It is easy to see that Fj ⊂ Fj+1 , j ∈ N and that limj→∞ Fj = F and,
consequently, (see Lemma 5, page 7 in Grimmett and Stirzaker (2001)) limj→∞ P(Fj ) = P(F ). Since
by construction P(Fj ) = 0 for all j ∈ N then P(F ) = 0 necessarily, which shows that kXkL∞ ∈ A, as
required.

Ω

Z

Ω\F

kXkB dP ≤

(ii) If kXkL∞ ≤ C thennby part (i), kXkB ≤ kXkL∞ ≤ C almost
surely. Conversely, if kXkB ≤ C almost
o
surely, then C ∈ A = ρ ∈ R+ | kXkB ≤ ρ almost surely . Consequently, kXkL∞ = inf A ≤ C ∈ A,
as required.
(iii) Suppose first that kXkB ≤ C almost surely and define F := {ω ∈ Ω | kX(ω)kB > C}. By hypothesis, we have that P(F ) = 0 and P(Ω \ F ) = 1. Then,
Z
Z
Z
i
h
k
k
k
k
=
kXkB dP =
kXkB dP +
kXkB dP
E kXkB
Ω\F
F
Z
=

:=

kX(ω)kB

h
i
k
as required. Conversely, assume that E kXkB ≤ C k , for any k ∈ N, and define



Fn

Ω

for all n ≥ 1. It is easy to see that Fn ⊂ Fn+1 and that limn→∞ Fn = F and, consequently, (see Lemma
5, page 7 in Grimmett and Stirzaker (2001)) limn→∞ P(Fn ) = P(F ). Now,
Z
Z
h
i Z
k
k
k
k
≥ E kXkB =
kXkB dP =
kXkB dP +
kXkB dP
Ck

t∈Z



k
Z
Z 
k
1
1
k
≥
kXkB dP ≥
dP = C +
P(Fn ),
C+
n
n
Fn
Fn
k
which implies that P(Fn ) ≤ C k / C + n1
for any k ∈ N and hence, by taking the limit k → ∞, we
can conclude that P(Fn ) = 0. Consequently, P(F ) = limn→∞ P(Fn ) = 0, which shows that kXkB ≤ C
almost surely.
(iv) Let ||·|| denote the Euclidean norm on Rn . Since |Xi | ≤ kXk always and by part (i) kXk ≤ kXkL∞
almost surely, we can conclude that |Xi | ≤ kXkL∞ almost surely. This implies that Xi ∈ L∞ (Ω, R) and
hence the statement follows from part (iii). 
6.12 Proof of Lemma 25

ω∈Ω

We start by proving by contradiction that




ess sup sup {kzt (ω)k} ≥ sup ess sup {kzt (ω)k} .
Indeed, suppose that

ω∈Ω
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ess sup sup {kzt (ω)k} < sup ess sup {kzt (ω)k} .
31

then

|H(z) − H(s)| < .
(6.27)

33
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Proof of part (ii). We suppose first that T is dense in the set (C 0 (KM ), k · kw ) and show that the
L∞
L∞
corresponding family with intputs in KM
is universal. Let H : (KM
, k · kL∞
) −→ L∞ (Ω, R) be
w
an arbitrary causal and time-invariant FMP filter and let HS ∈ T be such that supz∈KM {kH(z) −
HS (z)kL∞ } < . The existence of HS is ensured by the density hypothesis on T . We show that

Moreover, since by Lemma 2 the space (KM , k·kw ) is compact, the Uniform Continuity Theorem
(Theorem 7.3 in Munkres (2014)) guarantees that the relation δ() does not depend on the point z ∈ KM .
L∞
We now prove the statement by showing that for any  > 0 and Z ∈ KM
then kH(Z)−H(S)kL∞ < ,
L∞
for all S ∈ KM such that kZ − SkL∞
< δ(). Indeed, the inequality kZ − SkL∞
< δ() holds if and
w
w
only if supt∈Z− {kZt − St kL∞ w−t } < δ(). Given that for any l ∈ Z− we have that kZl − Sl kL∞ w−l ≤
supt∈Z− {kZt − St kL∞ w−t } < δ(), part (ii) in Lemma 24 implies that kZl − Sl k w−l < δ() almost
surely for any l ∈ Z− and hence supt∈Z− {kZt − St k w−t } = kZ − Skw < δ(), almost surely. This
implies, using (6.27), that |H(Z) − H(S)| < , almost surely, which by part (ii) in Lemma 24 implies
that kH(Z) − H(S)kL∞ < , as required.
L∞
Conversely, if H : (KM
, k · kL∞
) −→ L∞ (Ω, R) has the fading memory property then so does
w
L∞
H : (KM , k·kw ) −→ R because KM ⊂ KM
and kzk = kzkL∞ for the elements z ∈ KM .

t∈Z−

kz − skw = sup {k(zt − st )w−t k} < δ(),

Proof of part (i). All along this proof we will denote the elements in KM with a lower bold case
L∞
L∞
(z ∈ KM ) and those in KM
with an upper bold case (Z ∈ KM
).
We first assume that the functional H : (KM , k·kw ) −→ R has the fading memory property. This
means that H is a continuous map and since by Lemma 2 the space (KM , k·kw ) is compact, then so is
the image H(KM ) as a subset of the real line. This implies that there exists a finite real number L > 0
L∞
such that H(KM ) ⊂ [−L, L]. Let now Z ∈ KM
; the condition kZkL∞ ≤ M is equivalent to kZt k ≤ M ,
for all t ∈ Z− , almost surely, and hence implies that H (Z) ∈ [−L, L], almost surely or, equivalently,
L∞
, as required.
that kH (Z)kL∞ ≤ L. This, in turn, implies that H(Z) ∈ L∞ (Ω, R) for any Z ∈ KM
L∞
∞
We now show that H : (KM , k · kL∞
) −→ L (Ω, R) has the FMP. The FMP hypothesis on
w
H : (KM , k·kw ) −→ R implies that for any z ∈ KM and any  > 0 there exists a δ() > 0 such that for
any s ∈ KM that satisfies that

6.14 Proof of Theorem 27


Since the elements in the spaces in L∞ (Ω, `∞ (Rn )) and L∞ Ω, (Rn )Z are equivalence classes containing
almost surely equal random variables,
we can take another representative z∗ : Ω −→ (Rn )Z for the class

containing z ∈ L∞ Ω, (Rn )Z defined as

z(ω),
when supt∈Z {kzt (ω)k} < ∞,
z∗ (ω) :=
0,
otherwise.

∗
Since the processes z and z differ by (6.26) only in a set of zero measure, they are equal in L∞ Ω, (Rn )Z
but, this time, z∗ ∈ L∞ (Ω, `∞ (Rn )) and φ(z∗ ) = z, as required. 
z∈KM

∞

sup {kH(Z)−HS (Z)kL∞ } < . 
L
Z∈KM

Mm,n -valued polynomials on z with coefficients in Mm,n
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Space of square matrices of order n ∈ N
Mm,n [z]

34

Space of diagonal matrices of order n ∈ N
Mn

Space of diagonal matrices of any order

D
Dn

Banach space of semi-infinite sequences with finite weighted norm

n
`∞
w (R )

Glossary of Symbols
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We first notice that the polynomial algebra A(R) is, by Theorem 8 and the first part of Theorem 27,
made of fading memory reservoir filters that map into L∞ (Ω, R). Using the other hypotheses in the
statement we can easily conclude that the family A(R) satisfies the thesis of Theorem 8 and it is hence
universal in the deterministic setup. The result follows from the second part of Theorem 27. 

6.16 Proof of Theorem 29

As we pointed out in Section 2, if the reservoir system determined by F : DN × Bn (0, M ) −→ DN and
h : DN → R has the echo state property, a result in Grigoryeva and Ortega (2018) guarantees that the
associated filter is automatically causal and time-invariant. This implies the existence of a functional
Z
HhF : (Rn ) − −→ R that, by hypothesis, has the fading memory property. The rest of the statement is
a consequence of part (i) in Theorem 27. 

6.15 Proof of Lemma 28

z∈KM

kH − HS k = sup {kH(z)−HS (z)k} = sup {kH(z)−HS (z)kL∞ } ≤

this ensures that supZ∈K L∞ {kH(Z) − HS (Z)kL∞ } < . Indeed, this conclusion is true if kH(Z) −
M
L∞
HS (Z)kL∞ <  for any Z ∈ KM
which, by part (ii) in Lemma 24 is equivalent to |H(Z) − HS (Z)| < 
L∞
L∞
almost surely, for any Z ∈ KM . This condition is in turn true because as Z ∈ KM
, then kZt k ≤ M
almost surely for all t ∈ Z− and hence Z ∈ KM almost surely. Since HS approximates H for deterministic
inputs, we have that |H(Z) − HS (Z)| <  almost surely, as required.
L∞
Conversely, if the family T with intputs in KM
is universal in the set of continuous maps of the
L∞
∞
type H : (KM
, k · kL∞
)
−→
L
(Ω,
R)
we
can
easily
show that T is dense in (C 0 (KM ), k · kw ). Let
w
L∞
H ∈ (C 0 (KM ), k · kw ) and let HS : (KM
, k · kL∞
) −→ L∞ (Ω, R) be the element that, for a given
w
 > 0, satisfies kH − HS kL∞ = supZ∈K L∞ {kH(Z) − HS (Z)kL∞ } < . Given that, as we pointed out,
M
L∞
KM ⊂ KM
and kzk = kzkL∞ , for the elements z ∈ KM , we have

commutative where Π∼`∞ (Rn ) and Π∼(Rn )Z map the elements in S`∞ (Rn ) and S(Rn )Z onto their corresponding equivalence classes with respect to the associated equivalence relations. One can easily prove
that the norm preservation following the diagram. It is a straightforward exercise to verify that φ is
injective and preserves the norm k·kL∞ . In order to show that φ is surjective, let z ∈ L∞ Ω, (Rn )Z .
Given that kzkL∞ < ∞ or, equivalently, ess supω∈Ω {supt∈Z {kzt (ω)k}} < ∞, by part (i) in Lemma 24,
this implies that
sup{kzt (ω)k} < ∞, almost surely.
(6.26)

t∈Z
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2

2

1. The solution u = (u1 , . . . , un ) could be n dimensional in which case ux denotes the collection of all
1
n
element-wise first order derivatives ∂u
, . . . , ∂u
. Similarly, uxx includes all element-wise second order
∂x
∂x

α0,3 uxxx + α1,3 uuxxx + α2,3 u2 uxxx + α3,3 u3 uxxx .

α0,2 uxx + α1,2 uuxx + α2,2 u2 uxx + α3,2 u3 uxx +

α0,1 ux + α1,1 uux + α2,1 u2 ux + α3,1 u3 ux +

N (t, x, u, ux , uxx , . . .) = α0,0 + α1,0 u + α2,0 u2 + α3,0 u3 +

derivatives ∂∂xu21 , . . . , ∂∂xu2n .
2. The space x = (x1 , x2 , . . . , xm ) could be a vector of dimension m. In this case, ux denotes the collection
of all first order derivative ux1 , ux2 , . . . , uxm and uxx represents the set of all second order derivatives
ux1 x1 , u x1 x2 , . . . , u x1 xm , . . . , u xm xm .

For instance, let us assume that we would like to discover the Burger’s equation (Basdevant et al., 1986) in one space dimension ut = −uux + 0.1uxx . Although not pursued in
the current work, a viable approach (Rudy et al., 2017) to tackle this problem is to create
a dictionary of possible terms and write the following expansion

where N is a nonlinear function of time t, space x, solution u and its derivatives.1 Here,
the subscripts denote partial differentiation in either time t or space x.2 Given a set of
scattered and potentially noisy observations of the solution u, we are interested in learning
the nonlinear function N and consequently identifying an infinite dimensional dynamical
system (i.e., partial differential equation) that governs the evolution of the observed spatiotemporal data.

ut = N (t, x, u, ux , uxx , . . .),

Less well studied is how to discover closed form mathematical models of the physical
world expressed by partial differential equations from scattered data collected in space
and time. Inspired by recent developments in physics-informed deep learning (Raissi et al.,
2017c,d), we construct structured nonlinear regression models that can uncover the dynamic
dependencies in a given set of spatio-temporal data, and return a closed form model that can
be subsequently used to forecast future states. In contrast to recent approaches to systems
identification (Brunton et al., 2016; Rudy et al., 2017), here we do not need to have direct
access or approximations to temporal or spatial derivatives. Moreover, we are using a richer
class of function approximators to represent the nonlinear dynamics and consequently we
do not have to commit to a particular family of basis functions. Specifically, we consider
nonlinear partial differential equations of the general form

identification in climate (Majda et al., 2009), nonlinear Laplacian spectral analysis (Giannakis and Majda, 2012), modeling emergent behavior (Roberts, 2014), Koopman analysis
(Mezić, 2005; Budišić et al., 2012; Mezić, 2013; Brunton et al., 2017), automated inference of
dynamics (Schmidt et al., 2011; Daniels and Nemenman, 2015a,b), and symbolic regression
(Bongard and Lipson, 2007; Schmidt and Lipson, 2009). More recently, sparsity (Tibshirani,
1996) has been used to determine the governing dynamical system (Brunton et al., 2016;
Mangan et al., 2016; Wang et al., 2011; Schaeffer et al., 2013; Ozoliņš et al., 2013; Mackey
et al., 2014; Brunton et al., 2014; Proctor et al., 2014; Bai et al., 2014; Tran and Ward, 2016).
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Recent advances in machine learning in addition to new data recordings and sensor technologies have the potential to revolutionize our understanding of the physical world in modern
application areas such as neuroscience, epidemiology, finance, and dynamic network analysis where first-principles derivations may be intractable (Rudy et al., 2017). In particular,
many concepts from statistical learning can be integrated with classical methods in applied mathematics to help us discover sufficiently sophisticated and accurate mathematical
models of complex dynamical systems directly from data. This integration of nonlinear dynamics and machine learning opens the door for principled methods for model construction,
predictive modeling, nonlinear control, and reinforcement learning strategies. The literature
on data-driven discovery of dynamical systems (Crutchfield and McNamara, 1987) is vast
and encompasses equation-free modeling (Kevrekidis et al., 2003), artificial neural networks
(Raissi et al., 2018a; Gonzalez-Garcia et al., 1998; Anderson et al., 1996; Rico-Martinez
et al., 1992), nonlinear regression (Voss et al., 1999), empirical dynamic modeling (Sugihara et al., 2012; Ye et al., 2015), modeling emergent behavior (Roberts, 2014), automated
inference of dynamics (Schmidt et al., 2011; Daniels and Nemenman, 2015a,b), normal form

1. Introduction

Keywords: Systems Identification, Data-driven Scientific Discovery, Physics Informed
Machine Learning, Predictive Modeling, Nonlinear Dynamics, Big Data

We put forth a deep learning approach for discovering nonlinear partial differential equations from scattered and potentially noisy observations in space and time. Specifically, we
approximate the unknown solution as well as the nonlinear dynamics by two deep neural networks. The first network acts as a prior on the unknown solution and essentially
enables us to avoid numerical differentiations which are inherently ill-conditioned and unstable. The second network represents the nonlinear dynamics and helps us distill the
mechanisms that govern the evolution of a given spatiotemporal data-set. We test the
effectiveness of our approach for several benchmark problems spanning a number of scientific domains and demonstrate how the proposed framework can help us accurately learn
the underlying dynamics and forecast future states of the system. In particular, we study
the Burgers’, Korteweg-de Vries (KdV), Kuramoto-Sivashinsky, nonlinear Schrödinger, and
Navier-Stokes equations.
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Given the aforementioned large collection of candidate terms for constructing the partial
differential equation, one could then use sparse regression techniques (Rudy et al., 2017)
to determine the coefficients αi,j and consequently the right-hand-side terms that are contributing to the dynamics. A huge advantage of this approach is the interpretability of the
learned equations. However, there are two major drawbacks associated with this method.

Deep Hidden Physics Models

N by a deep neural network is the novelty of the current work. Deep neural networks are
a richer family of function approximators and consequently we do not have to commit to a
particular class of basis functions such as polynomials or sines and cosines. This expressiveness comes at the cost of losing interpretability of the learned dynamics. However, there
is nothing hindering the use of a particular class of basis functions in order obtain more
interpretable equations (Raissi et al., 2017d).

Raissi

2. Solution methodology

(2)

We proceed by approximating both the solution u and the nonlinear function N with two
deep neural networks3 and define a deep hidden physics model f to be given by

f := ut − N (t, x, u, ux , uxx , . . .).

We obtain the derivatives of the neural network u with respect to time t and space x by
applying the chain rule for differentiating compositions of functions using automatic differentiation (Baydin et al., 2015). It is worth emphasizing that automatic differentiation
is different from, and in several aspects superior to, numerical or symbolic differentiation;
two commonly encountered techniques of computing derivatives. Numerical differentiation
entails the finite difference approximation of derivatives using values of the original function
evaluated at some sample points. Due to the introduction of truncation and round-off errors inflicted by the limited precision of computations and the chosen value of the step size
for finite differencing, numerical approximations of derivatives are inherently ill-conditioned
and unstable (Baydin et al., 2015). Symbolic differentiation uses expression manipulation
in computer algebra systems such as Mathematica, Maxima, and Maple. Symbolic methods require models to be defined as closed-form expressions, ruling out or severely limiting
algorithmic control flow and expressivity (Baydin et al., 2015).

First, it relies on numerical differentiation to compute the derivatives involved in equation (1). Derivatives are taken either using finite differences for clean data or with polynomial interpolation in the presence of noise. Numerical approximations of derivatives are
inherently ill-conditioned and unstable (Baydin et al., 2015) even in the absence of noise
in the data. This is due to the introduction of truncation and round-off errors inflicted
by the limited precision of computations and the chosen value of the step size for finite
differencing. Thus, this approach requires far more data points than library functions. This
need for using a large number of points lies more in the numerical evaluation of derivatives
than in supplying sufficient data for the regression.
Second, in applying the algorithm (Rudy et al., 2017) outlined above we assume that
the chosen library is sufficiently rich to have a sparse representation of the time dynamics
of the dataset. However, when applying this approach to a dataset where the dynamics are
in fact unknown it is not unlikely that the basis chosen above is insufficient. Specially, in
higher dimensions (i.e., for input x or output u) the required number of terms to include in
the library increases exponentially. Moreover, an additional issue with this approach is that
it can only estimate parameters appearing as coefficients. For example, this method cannot estimate parameters of a partial differential equation (e.g., the sine-Gordon equation)
involving a term like sin(αu(x)) with α being the unknown parameter, even if we include
sines and cosines in the dictionary of possible terms.

Without proper introduction, one might assume that automatic differentiation is either
a type of numerical or symbolic differentiation (Baydin et al., 2015). Confusion can arise
because automatic differentiation does in fact provide numerical values of derivatives (as
opposed to derivative expressions) and it does so by using symbolic rules of differentiation
(but keeping track of derivative values as opposed to the resulting expressions), giving it
a two-sided nature that is partly symbolic and partly numerical (Baydin et al., 2015). In
its most basic description (Baydin et al., 2015), automatic differentiation relies on the fact
that all numerical computations are ultimately compositions of a finite set of elementary
operations for which derivatives are known. Combining the derivatives of the constituent
operations through the chain rule gives the derivative of the overall composition. This allows
accurate evaluation of derivatives at machine precision with ideal asymptotic efficiency and
only a small constant factor of overhead. In particular, to compute the derivatives involved
in equation (2) we rely on Tensorflow (Abadi et al., 2016) which is a popular and relatively
well documented open source software library for automatic differentiation and deep learning computations. In TensorFlow, before a model is run, its computational graph is defined

4
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3. Representing the solution u by a deep neural network is inspired by recent developments in physicsinformed deep learning (Raissi et al., 2017c,d), while approximating the nonlinear function N by another
network is the novelty of this work.

One could avoid the first drawback concerning numerical differentiation by assigning
prior distributions in the forms of Gaussian processes (Raissi et al., 2017b; Raissi and Karniadakis, 2017; Raissi et al., 2017a, 2018b) or neural networks (Raissi et al., 2017c,d) to the
unknown solution u. Derivatives of the prior on u can now be evaluated at machine precision using symbolic or automatic differentiation (Baydin et al., 2015). This removes the
requirement for having or generating data on derivatives of the solution u. This is enabling
as it allows us to work with noisy observations of the solution u, scattered in space and
time. Moreover, this approach requires far fewer data points than the method proposed in
(Rudy et al., 2017) simply because, as explained above, the need for using a large number
of data points was due to the numerical evaluation of derivatives. The choice to place a
prior on the unknown solution u is motivated by modern techniques for solving forward
and inverse problems involving partial differential equations, where the unknown solution is
approximated either by a neural network (Raissi et al., 2017c,d; Raissi, 2018; Raissi et al.,
2018a) or a Gaussian process (Raissi et al., 2018b; Raissi and Karniadakis, 2017; Raissi
et al., 2017a,b; Raissi, 2017; Perdikaris et al., 2017; Raissi and Karniadakis, 2016).
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The second drawback can be addressed in a similar fashion by approximating the nonlinear function N (see equation 1) with a neural network. Representing the nonlinear function
3

i=1

N
X


|u(ti , xi ) − ui |2 + |f (ti , xi )|2 ,

(3)

x ∈ [−8, 8],

5
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4. PINNs have also been used in (Raissi et al., 2017d) to solve inverse problems involving nonlinear partial
differential equations in cases where the physics of the problem are well understood and the nonlinear
function N is known up to a set of parameters.

We approximate the unknown solution u(t, x) to the Burgers’ equation by a deep neural
network. Consequently, the corresponding physic informed neural network (PINN) takes

ut + uux − 0.1uxx = 0,
u(0, x) = − sin(πx/8),
u(t, −8) = u(t, 8),
ux (t, −8) = ux (t, 8).

In the following, to keep the paper self-contained, we briefly explain the PINNs algorithm
(Raissi et al., 2017c) for solving non-linear partial differential equations in as few sentences
as possible. The PINNs algorithm is very general and for a more detailed exposure we
refer the interested reader to (Raissi et al., 2017c). However, for pedagogical purposes, we
explain the algorithm by applying it to the problem of solving the Burgers’ equation (see
section 3.1) as an example accompanied by periodic boundary conditions; i.e.,

How can we make sure that the algorithm presented above results in an acceptable
function N ? One answer would be to solve the learned equations and compare the resulting solution to the solution of the exact partial differential equation. However, it should
be pointed out that the learned function N is a black-box function; i.e., we do not know
its functional form. Consequently, none of the classical partial differential equation solvers
such as finite differences, finite elements or spectral methods are applicable here. Therefore,
to solve the learned equations we have no other choice than to resort to modern black-box
solvers such as physic informed neural networks (PINNs) introduced in (Raissi et al., 2017c).
The steps involved in PINNs as solvers4 are similar to equations (1), (2), and (3) with the
nonlinear function N being known and the data residing on the boundary of the domain.

i i
i 2
where {ti , xi , ui }N
i=1 denote the training data on u. The term |u(t , x ) − u | tries to fit the
data by adjusting the parameters of the neural network u while the term |f (ti , xi )|2 learns
the parameters of the network N by trying to satisfy the partial differential equation (1) at
the collocation points (ti , xi ). Training the parameters of the neural networks u and N can
be performed simultaneously by minimizing the sum of squared error (3) or in a sequential
fashion by training u first and N second.

SSE :=

Parameters of the neural networks u and N can be learned by minimizing the sum of
squared errors loss function

statically rather than dynamically as for instance in PyTorch (Paszke et al., 2017). This is
an important feature as it allows us to create and compile the entire computational graph
for a deep hidden physics model (2) only once and keep it fixed throughout the training
procedure. This leads to significant reduction in the computational cost of the proposed
framework.

Deep Hidden Physics Models

f := ut + uux − 0.1uxx .

M SEf =

1
Nb

M SEb =

i
i=1 |u(0, x0 )

PNb

PN0


u(tib , 8)|2 + |ux (tib , −8) − ux (tib , 8)|2 ,

− ui0 |2 ,

i
i=1 |u(tb , −8) −
P
N
f
1
i
i 2
i=1 |f (tf , xf )| .
Nf

1
N0

M SE0 =

6

ut = −uux + 0.1uxx .
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(4)

Let us start with the Burgers’ equation arising in various areas of engineering and applied
mathematics, including fluid mechanics, nonlinear acoustics, gas dynamics, and traffic flow
(Basdevant et al., 1986). In one space dimension, the Burgers’ equation reads as

3.1 Burgers’ equation

The proposed framework provides a universal treatment of nonlinear partial differential
equations of fundamentally different nature. This generality will be demonstrated by applying the algorithm to a wide range of canonical problems spanning a number of scientific
domains including the Burgers’, Korteweg-de Vries (KdV), Kuramoto-Sivashinsky, nonlinear Schrödinger, and Navier-Stokes equations. These examples are motivated by the
pioneering work of Rudy et al. (2017). All data and codes used in this manuscript are
publicly available on GitHub at https://github.com/maziarraissi/DeepHPMs.

3. Results

0
Here, {xi0 , hi0 }N
i=1 denote the initial data generated in this example by the initial function
i
i Nf
i
b
− sin(πx/8), {tb }N
i=1 correspond to the collocation points on the boundary, and {tf , xf }i=1
represents the collocation points on the residual network f (t, x). Consequently, M SE0 corresponds to the loss on the initial data, M SEb enforces the periodic boundary conditions,
and M SEf penalizes the Burgers’ equation for not being satisfied on the collocation points.
This example encapsulates all of the important ingredients of the PINNs algorithm (Raissi
et al., 2017c) and can be straightforwardly generalized to arbitrary partial differential equations where the boundary conditions should be treated on a case by case basis (see Raissi
et al., 2017c).

where

M SE = M SE0 + M SEb + M SEf ,

To be precise, for the cases studied in the current work, the physic informed neural network
f (t, x) has a form similar to f := N (u, ux , uxx ) for some pre-trained (see equation 3) neural
network N with its parameters being kept fixed. We acquire the required derivatives to
compute the residual network f by applying the chain rule for differentiating compositions
of functions using automatic differentiation (Baydin et al., 2015). The shared parameters
between the neural networks u(t, x) and f (t, x) can be learned by minimizing the mean
squared errors loss function

the form
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Furthermore, we performed a systematic study of the reported results in figure 1 with
respect to noise levels in the data by keeping the total number of training observations as
well as the neural network architectures fixed to the settings described above. In particular,
we added white noise with magnitude equal to one, two, and five percent of the standard
deviation of the solution function. The results of this study are summarized in table 1. The
key observation here is that less noise in the data enhances the performance of the algorithm. Our experience so far indicates that the negative consequences of more noise in the
data can be remedied to some extent by obtaining more data. Another fundamental point
to make is that the choice of the neural network architectures, i.e., activation functions
and number of layers/neurons, is of great importance. However, in many cases of practical
interest, this choice still remains an art, and systematic studies with respect to the neural
network architectures often fail to reveal consistent patterns (Raissi et al., 2017c,d, 2018a).
We usually observe some variability and non monotonic trends in systematic studies pertaining to the network architectures. In this regard, there exist a series of open questions

time t = 6.7 onwards. The relative L2 -error on the training portion of the domain is 3.89e-03.

Table 1: Burgers’ equation: Relative L2 -error between solutions of the Burgers’ equation
and the learned partial differential equation as a function of noise corruption level
in the data. Here, the total number of training data as well as the neural network
architectures are kept fixed.

Relative L2 -error

Figure 1: Burgers equation: A solution to the Burger’s equation (left panel) is compared
to the corresponding solution of the learned partial differential equation (right
panel). The identified system correctly captures the form of the dynamics and
accurately reproduces the solution with a relative L2 -error of 4.78e-03. It should
be emphasized that the training data are collected in roughly two-thirds of the
domain between times t = 0 and t = 6.7 represented by the white vertical lines.
The algorithm is thus extrapolating from time t = 6.7 onwards. The relative
L2 -error on the training portion of the domain is 3.89e-03.

x

Deep Hidden Physics Models

(5)

To obtain a set of training and test data, we simulate the Burger’s equation (4) using
conventional spectral methods. Specifically, starting from an initial condition u(0, x) =
− sin(πx/8), x ∈ [−8, 8] and assuming periodic boundary conditions, we integrate equation
(4) up to the final time t = 10. We use the Chebfun package (Driscoll et al., 2014) with
a spectral Fourier discretization with 256 modes and a fourth-order explicit Runge-Kutta
temporal integrator with time-step size 10−4 . The solution is saved every ∆t = 0.05 to give
us a total of 201 snapshots. Out of this data-set, we generate a smaller training subset,
scattered in space and time, by randomly sub-sampling 10000 data points from time t = 0
to t = 6.7. We call the portion of the domain from time t = 0 to t = 6.7 the training portion.
The rest of the domain from time t = 6.7 to the final time t = 10 will be referred to as the
test portion. Using this terminology, we are in fact sub-sampling from the original dataset
only in the training portion of the domain. Given the training data, we are interested in
learning N as a function of the solution u and its derivatives up to the 2nd order5 ; i.e.,
ut = N (u, ux , uxx ).

We represent the solution u by a 5-layer deep neural network with 50 neurons per hidden
layer. Furthermore, we let N to be a neural network with 2 hidden layers and 100 neurons
per hidden layer. As for the activation functions, we use sin(x). In general, the choice
of a neural network’s architecture (e.g., number of layers/neurons and form of activation
functions) is crucial and in many cases still remains an art that relies on one’s ability to balance the trade off between expressivity and trainability of the neural network (Raghu et al.,
2016). Our empirical findings so far indicate that deeper and wider networks are usually
more expressive (i.e., they can capture a larger class of functions) but are often more costly
to train (i.e., a feed-forward evaluation of the neural network takes more time and the optimizer requires more iterations to converge). Moreover, the sinusoid (i.e., sin(x)) activation
function seems to be numerically more stable than tanh(x), at least while computing the
residual neural network f (see equation 2). However, these observations should be interpreted as conjectures rather than as firm results6 . In this work, we have tried to choose the
neural networks’ architectures in a consistent fashion throughout the manuscript. Consequently, there might exist other architectures that improve some of the results reported in
the current work.
The neural networks u and N are trained by minimizing the sum of squared errors loss
of equation (3). To illustrate the effectiveness of our approach, we solve the learned partial
differential equation (5), along with periodic boundary conditions and the same initial condition as the one used to generate the original dataset, using the PINNs algorithm (Raissi
et al., 2017c). The original dataset alongside the resulting solution of the learned partial
differential equation are depicted in figure 1. This figure indicates that our algorithm is able
to accurately identify the underlying partial differential equation with a relative L2 -error of
4.78e-03. It should be highlighted that the training data are collected in roughly two-thirds
of the domain between times t = 0 and t = 6.7. The algorithm is thus extrapolating from
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5. A detailed study of the choice of the order will be provided later in this section.
6. We encourage the interested reader to check out the codes corresponding to this paper on GitHub
at https://github.com/maziarraissi/DeepHPMs and experiment with different choices for the neural
networks’ architectures.
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However, the aforementioned result seems to be sensitive to making the nonlinear function N of equation (5) depend on either time t or space x, or both. For instance, if we look
for equations of the form ut = N (x, u, ux , uxx ), the relative L2 -error between the exact and
the learned solutions corresponding to figure 2 increases to 4.25e-01. Similarly, if we look
for equations of the form ut = N (t, u, ux , uxx ), the relative L2 -error increases to 2.58e-01.

To further scrutinize the performance of the algorithm, let us change the initial condition to − exp(−(x + 2)2 ) and solve the Burgers’ equation (4) using a classical partial
differential equation solver. In particular, the new data-set (Rudy et al., 2017) contains
101 time snapshots of a solution to the Burgers’ equation (4) with a Gaussian initial condition, propagating into a traveling wave. The snapshots are ∆t = 0.1 apart and stretch
from time t = 0 to t = 10. The spatial discretization of each snapshot involves a uniform
grid with 256 cells. We compare the resulting solution to the one obtained by solving the
learned partial differential equation (5) using the PINNs algorithm (Raissi et al., 2017c).
It is worth emphasizing that the algorithm is trained on the dataset depicted in figure 1
and is being tested on a totally different dataset as shown in figure 2. The surprising result reported in figure 2 is a strong indication that the algorithm is capable of accurately
identifying the underlying partial differential equation. The algorithm has not seen even
a single observation of the dataset shown in figure 2 during model training and is yet capable of achieving a relatively accurate approximation of the true solution. The identified
system reproduces the solution to the Burgers’ equation with a relative L2 -error of 3.44e-02.

mandating further investigations. For instance, how common techniques such as batch normalization, drop out, and L1 /L2 regularization (Goodfellow et al., 2016) could enhance the
robustness of the proposed algorithm with respect to the neural network architectures as
well as noise in the data.

Figure 2: Burgers equation: A solution to the Burger’s equation (left panel) is compared
to the corresponding solution of the learned partial differential equation (right
panel). The identified system correctly captures the form of the dynamics and
accurately reproduces the solution with a relative L2 -error of 3.44e-02. It should
be highlighted that the algorithm is trained on a dataset totally different from
the one used in this figure.
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Let us now take a closer look at equation (5) and ask: what would happen if we included
derivatives of higher order than two in our formulation? As will be demonstrated in the
following, the algorithm proposed in the current work is capable of handling such cases,
however, this is a fundamental question worthy of a moment of reflection. The choice of
the order of the partial differential equation (5) determines the form and the number of
boundary conditions needed to end up with a well-posed problem. For instance, in the one
dimensional setting of equation (5) including a third order derivative requires three boundary conditions, namely u(t, −8) = u(t, 8), ux (t, −8) = ux (t, 8), and uxx (t, −8) = uxx (t, 8),

Moreover, if we make the nonlinear function N both time and space dependent the relative
L2 -error increases even further to 1.46e+00. A possible explanation for this behavior could
be that some of the dynamics in the training data is now being explained by time t or
space x. This makes the algorithm over-fit to the training data and consequently harder
for it to generalize to datasets it has never seen before. Based on our experience more data
seems to help resolve this issue. Another interesting observation is that if we train on the
dataset presented in figure 2 and test on the one depicted in figure 1, i.e., swap the roles of
these two datasets, the algorithm fails to generalize to the new test data. To be precise, as
depicted in figure 3, the relative L2 -error between the exact and the learned solutions is now
equal to 2.99e-01. This observation suggests that the dynamics (see figure 1) generated by
− sin(πx/8) as the initial condition is a richer one compared to the dynamics (see figure 2)
generated by exp(−(x + 2)2 ). This is also evident from a visual comparison of the datasets
given in figures 1 and 2.

Figure 3: Burgers equation: A solution to the Burger’s equation (left panel) is compared
to the corresponding solution of the learned partial differential equation (right
panel). The algorithm fails to generalize to the new test data. The relative L2 error between the exact and the learned solutions is equal to 2.99e-01. Here, we
are training on the dataset presented in figure 2 and testing on the one depicted
in figure 1. In other words, we are swapping the roles of these two datasets. This
observation suggests that the dynamics (see figure 1) generated by − sin(πx/8)
as the initial condition is a reacher one compared to the dynamics (see figure 2)
generated by exp(−(x + 2)2 ). This is also evident from a visual comparison of
the two datasets given in figures 1 and 2.
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7. A detailed study of the choice of the order is provided in section 3.1 for the Burgers’ equation.

We represent the solution u by a 5-layer deep neural network with 50 neurons per hidden
layer. Furthermore, we let N to be a neural network with 2 hidden layers and 100 neurons
per hidden layer. As for the activation functions, we use sin(x). These two networks are
trained by minimizing the sum of squared errors loss of equation (3). To illustrate the
effectiveness of our approach, we solve the learned partial differential equation (7) using
the PINNs algorithm (Raissi et al., 2017c). We assume periodic boundary conditions and
the same initial condition as the one used to generate the original dataset. The resulting
solution of the learned partial differential equation as well as the exact solution of the KdV
equation are depicted in figure 4. This figure indicates that our algorithm is capable of
accurately identifying the underlying partial differential equation with a relative L2 -error of

ut = N (u, ux , uxx , uxxx ).

To obtain a set of training data we simulate the KdV equation (6) using conventional spectral methods. In particular, we start from an initial condition u(0, x) = − sin(πx/20), x ∈
[−20, 20] and assume periodic boundary conditions. We integrate equation (6) up to the
final time t = 40. We use the Chebfun package (Driscoll et al., 2014) with a spectral Fourier
discretization with 512 modes and a fourth-order explicit Runge-Kutta temporal integrator
with time-step size 10−4 . The solution is saved every ∆t = 0.2 to give us a total of 201
snapshots. Out of this data-set, we generate a smaller training subset, scattered in space
and time, by randomly sub-sampling 10000 data points from time t = 0 to t = 26.8. In
other words, we are sub-sampling from the original dataset only in the training portion of
the domain from time t = 0 to t = 26.8. Given the training data, we are interested in
learning N as a function of the solution u and its derivatives up to the 3rd order7 ; i.e.,

Figure 4: The KdV equation: A solution to the KdV equation (left panel) is compared
to the corresponding solution of the learned partial differential equation (right
panel). The identified system correctly captures the form of the dynamics and
accurately reproduces the solution with a relative L2 -error of 6.28e-02. It should
be emphasized that the training data are collected in roughly two-thirds of the
domain between times t = 0 and t = 26.8 represented by the white vertical lines.
The algorithm is thus extrapolating from time t = 26.8 onwards. The relative
L2 -error on the training portion of the domain is 3.78e-02.
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Relative L2 -error
Table 2: Burgers’ equation: Relative L2 -error between solutions of the Burgers’ equation
and the learned partial differential equation as a function of the highest order of
spatial derivatives included in our formulation. For instance, the case corresponding to the 3rd order means that we are looking for a nonlinear function N such
that ut = N (u, ux , uxx , uxxx ). Here, the total number of training data as well as
the neural network architectures are kept fixed and the data are assumed to be
noiseless.

assuming period boundary conditions. Consequently, in cases of practical interest, the
available information on the boundary of the domain could help us determine the order
of the partial differential equation we are try to identify. With this in mind, let us study
the robustness of our framework with respect to the highest order of the derivatives included in equation (5). As for the boundary conditions, we use u(t, −8) = u(t, 8) and
ux (t, −8) = ux (t, 8) when solving the identified partial differential equation regardless of
the initial choice of its order. The results are summarized in table 2. The first column of
table 2 demonstrates that a single first order derivative is clearly not enough to capture the
second order dynamics of the Burgers’ equation. Moreover, the method seems to be generally robust with respect to the number and order of derivatives included in the nonlinear
function N . Therefore, in addition to any information residing on the domain boundary,
studies such as table 2, albeit for training or validation datasets, could help us choose the
best order for the underlying partial differential equation. In this case, table 2 suggests the
order of the equation to be two.
In addition, it must be stated that including higher order derivatives comes at the cost
of reducing the speed of the algorithm due to the growth in the complexity of the resulting
computational graph for the corresponding deep hidden physics model (see equation 2).
Also, another drawback is that higher order derivatives are usually less accurate specially
if one uses single precision floating-point system (float32) rather than double precision
(float64). It is true that automatic differentiation enables us to evaluate derivatives at
machine precision, however, for float32 the machine epsilon is approximately 1.19e-07. For
improved performance in terms of speed of the algorithm and constrained by usual GPU
(graphics processing unit) platforms we often end up using float32 which boils down to
committing an error of approximately 1.19e-07 while computing the required derivatives.
The aforementioned issues do not seem to be too serious since computer infrastructure (both
hardware and software) for deep learning is constantly improving.
3.2 The KdV equation

JMLR 19(25):1-24, 2018

(6)

As a mathematical model of waves on shallow water surfaces one could consider the Kortewegde Vries (KdV) equation. The KdV equation reads as
ut = −uux − uxxx .
11
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We generate a dataset containing a direct numerical solution of the Kuramoto-Sivashinsky
(8) equation with 512 spatial points and 251 snapshots. To be precise, assuming periodic boundary conditions, we start from the initial condition u(0, x) = − sin(πx/10), x ∈

ut = −uux − uxx − uxxxx .

As a canonical model of a pattern forming system with spatio-temporal chaotic behavior
we consider the Kuramoto-Sivashinsky equation. In one space dimension the KuramotoSivashinsky equation reads as

3.3 Kuramoto-Sivashinsky equation

To test the algorithm even further, let us change the initial condition to cos(−πx/20)
and solve the KdV equation (6) using the conventional spectral method outlined above. We
compare the resulting solution to the one obtained by solving the learned partial differential
equation (5) using the PINNs algorithm (Raissi et al., 2017c). It is worth emphasizing that
the algorithm is trained on the dataset depicted in figure 4 and is being tested on a different
dataset as shown in figure 5. The surprising result reported in figure 5 strongly indicates
that the algorithm is accurately learning the underlying partial differential equation; i.e.,
the nonlinear function N . The algorithm hasn’t seen the dataset shown in figure 5 during
model training and is yet capable of achieving a relatively accurate approximation of the
true solution. To be precise, the identified system reproduces the solution to the KdV
equation with a relative L2 -error of 3.44e-02.

6.28e-02. It should be highlighted that the training data are collected in roughly two-thirds
of the domain between times t = 0 and t = 26.8. The algorithm is thus extrapolating from
time t = 26.8 onwards. The corresponding relative L2 -error on the training portion of the
domain is 3.78e-02.

Figure 5: The KdV equation: A solution to the KdV equation (left panel) is compared
to the corresponding solution of the learned partial differential equation (right
panel). The identified system correctly captures the form of the dynamics and
accurately reproduces the solution with a relative L2 -error of 3.44e-02. It should
be highlighted that the algorithm is trained on a dataset different from the one
shown in this figure.
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8. A detailed study of the choice of the order is provided in section 3.1 for the Burgers’ equation.

We let the solution u to be represented by a 5-layer deep neural network with 50 neurons per
hidden layer. Furthermore, we approximate the nonlinear function N by a neural network
with 2 hidden layers and 100 neurons per hidden layer. As for the activation functions, we
use sin(x). These two networks are trained by minimizing the sum of squared errors loss of
equation (3). To demonstrate the effectiveness of our approach, we solve the learned partial
differential equation (9) using the PINNs algorithm (Raissi et al., 2017c). We assume the
same initial and boundary conditions as the ones used to generate the original dataset. The
resulting solution of the learned partial differential equation alongside the exact solution
of the Kuramoto-Sivashinsky equation are depicted in figure 6. This figure indicates that
our algorithm is capable of identifying the underlying partial differential equation with a
relative L2 -error of 7.63e-02. Here and in the rest of the current manuscript, the test and
training datasets appear to be the same. However, it should be emphasized that during
test time the only pieces of information given to the PINNs algorithm are the initial and
boundary data in addition to the learned function N . This means that results such as figure
6 are sufficient to clearly communicate the message that the algorithm has approximately
learned the correct equations. Moreover, whether a particular dataset is rich enough so that

ut = N (u, ux , uxx , uxxx , uxxxx ).

[−10, 10] and integrate equation (8) up to the final time t = 50. We employ the Chebfun
package (Driscoll et al., 2014) with a spectral Fourier discretization with 512 modes and a
fourth-order explicit Runge-Kutta temporal integrator with time-step size 10−5 . The snapshots are saved every ∆t = 0.2. From this dataset, we create a smaller training subset,
scattered in space and time, by randomly sub-sampling 10000 data points from time t = 0
to the final time t = 50.0. Given the resulting training data, we are interested in learning
N as a function of the solution u and its derivatives up to the 4rd order8 ; i.e.,

Figure 6: Kuramoto-Sivashinsky equation: A solution to the Kuramoto-Sivashinsky equation (left panel) is compared to the corresponding solution of the learned partial
differential equation (right panel). The identified system correctly captures the
form of the dynamics and reproduces the solution with a relative L2 -error of
7.63e-02.
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However, it must be mentioned that we are avoiding the regimes where the KuramotoSivashinsky equation becomes chaotic. For instance, by changing the domain to [0, 32π]
and the initial condition to cos(x/16)(1 + sin(x/16)) and by integrating the KuramotoSivashinsky equation (8) up to the final time t = 100, one could end up with a relatively
complicated solution as depicted in the left panel of figure 7. This problem remains stubbornly unsolved in the face of the algorithm proposed in the current work as well as the
PINNs framework introduced in (Raissi et al., 2017c,d). In fact, the identified system (see
figure 7) reproduces the solution with a relative L2 -error of 4.17e-01, which is unsatisfactorily large. According to our empirical findings, making the neural network for u(t, x) more
expressive does not seem to help resolve this issue. As a matter of fact, it is not difficult for a
plain vanilla neural network to approximate the function depicted in the left panel of figure
7. However, as we compute the derivatives required in equation (2), minimizing the loss
function (3) becomes a challenge. More precisely, the optimizer does not seem to converge
to the right values for the parameters of the neural networks (see figure 7). Understanding
what makes this problem hard to solve should be at the core of future extensions of this
line of research. One possible explanation could be that the resulting optimization problem
inherits the complicated nature of the underlying partial differential equation. Moreover,
it could indeed be the case that the algorithm proposed in the current work is learning the
underlying dynamics correctly while the PINNs algorithm (Raissi et al., 2017c) is failing to
solve the learned partial differential equation. The PINNs algorithm (Raissi et al., 2017c) as
a solver is admittedly not yet mature but is currently our only option. Devising black-box

the algorithm generalizes to other datasets generated by different initial conditions is a fundamentally different question which has been extensively studied so far in the manuscript
using the Burgers’ and KdV examples.

Figure 7: Kuramoto-Sivashinsky equation: A solution to the Kuramoto-Sivashinsky equation is depicted in the left panel. The corresponding solution of the learned
partial differential equation is shown in the right panel. This problem remains
stubbornly unsolved in the face of the algorithm proposed in the current work.
In fact, the identified system reproduces the solution with a relative L2 -error of
4.17e-01, which is unsatisfactorily large.
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solvers for partial differential equations is still in its infancy and more collaborative work is
needed to set the foundations in this field.
3.4 Nonlinear Schrödinger equation

(10)

The one-dimensional nonlinear Schrödinger equation is a classical field equation that is used
to study nonlinear wave propagation in optical fibers and/or waveguides, Bose-Einstein condensates, and plasma waves. This example aims to highlight the ability of our framework to
handle complex-valued solutions as well as different types of nonlinearities in the governing
partial differential equations. The nonlinear Schrödinger equation is given by

ψt = 0.5iψxx + i|ψ|2 ψ.

(11)

Let u denote the real part of ψ and v the imaginary part. Then, the nonlinear Schrödinger
equation can be equivalently written as a system of partial differential equations

ut = −0.5vxx − (u2 + v 2 )v,
vt = 0.5uxx + (u2 + v 2 )u.

(12)

In order to assess the performance of our method, we simulate equation (10) using conventional spectral methods to create a high-resolution data set. Specifically, starting from
an initial state ψ(0, x) = 2 sech(x) and assuming periodic boundary conditions ψ(t, −5) =
ψ(t, 5) and ψx (t, −5) = ψx (t, 5), we integrate equation (10) up to a final time t = π/2
using the Chebfun package (Driscoll et al., 2014). We are in fact using a spectral Fourier
discretization with 512 modes and a fourth-order explicit Runge-Kutta temporal integrator
with time-step ∆t = π/2 · 10−6 . The solution is saved approximately every ∆t = 0.0031 to
give us a total of 501 snapshots. Out of this data-set, we generate a smaller training subset,
scattered in space and time, by randomly sub-sampling 10000 data points from time t = 0
up to the final time t = π/2. Given the resulting training data, we are interested in learning
two nonlinear functions N1 and N2 as functions of the solutions u, v and their derivatives
up to the 2nd order9 ; i.e.,

ut = N1 (u, v, ux , vx , uxx , vxx ),
vt = N2 (u, v, ux , vx , uxx , vxx ).

JMLR 19(25):1-24, 2018

9. A detailed study of the choice of the order is provided in section 3.1 for the Burgers’ equation.

We represent the solutions u and v by two 5-layer deep neural networks with 50 neurons per
hidden layer. Furthermore, we let N1 and N2 to be two neural networks with 2 hidden layers
and 100 neurons per hidden layer. As for the activation functions, we use sin(x). These four
networks are trained by minimizing a sum of squared errors loss function similar to equation
(3). To illustrate the effectiveness of our approach, we solve the learned partial differential
equation (12), along with periodic boundary conditions and the same initial condition as the
one used to generate the original dataset, using the
√ PINNs algorithm (Raissi et al., 2017c).
The original dataset (in absolute values, i.e., |ψ| = u2 + v 2 ) alongside the resulting solution
(also in absolute values) of the learned partial differential equation are depicted in figure 8.
This figure indicates that our algorithm is able to accurately identify the underlying partial
differential equation with a relative L2 -error of 6.28e-03.
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10. It is straightforward to generalize the proposed framework to the Navier-Stokes equation in three dimensions (3D).

where w denotes the vorticity, u the x-component of the velocity field, and v the ycomponent. To generate a training dataset for this problem we follow the exact same
instructions as the ones provided in (Kutz et al., 2016; Rudy et al., 2017). Specifically,

wt = −uwx − vwy + 0.01(wxx + wyy ),

Let us consider the Navier-Stokes equation in two dimensions10 (2D) given explicitly by

3.5 Navier-Stokes equation

Figure 9: Navier-Stokes equation: A snapshot of the vorticity field of a solution to the
Navier-Stokes equations for the fluid flow past a cylinder. The dashed red box in
this panel specifies the sampling region.

Figure 8: Nonlinear Schrödinger equation: Absolute value of a solution to the nonlinear
Schrödinger equation (left panel) is compared to the absolute value of the corresponding solution of the learned partial differential equation (right panel). The
identified system correctly captures the form of the dynamics and accurately reproduces the absolute value of the solution with a relative L2 -error of 6.28e-03.
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11. A detailed study of the choice of the order is provided in this section 4 for the Burgers’ equation.

SSE :=

We represent the solution w by a 5-layer deep neural network with 200 neurons per hidden
layer. Furthermore, we let N to be a neural network with 2 hidden layers and 100 neurons
per hidden layer. As for the activation functions, we use sin(x). These two networks are
trained by minimizing the sum of squared errors loss

Given the training data, we are interested in learning N as a function of the stream-wise
u and transverse v velocity components in addition to the vorticity w and its derivatives up
to the 2nd order11 ; i.e.,
wt = N (u, v, w, wx , wxx ).
(14)

we simulate the Navier-Stokes equations describing the two-dimensional fluid flow past a
circular cylinder at Reynolds number 100 using the Immersed Boundary Projection Method
(Taira and Colonius, 2007; Colonius and Taira, 2008). This approach utilizes a multi-domain
scheme with four nested domains, each successive grid being twice as large as the previous
one. Length and time are nondimensionalized so that the cylinder has unit diameter and
the flow has unit velocity. Data is collected on the finest domain with dimensions 9 × 4 at
a grid resolution of 449 × 199. The flow solver uses a 3rd-order Runge Kutta integration
scheme with a time step of ∆t = 0.02, which has been verified to yield well-resolved and
converged flow fields. After simulation converges to steady periodic vortex shedding, 151
flow snapshots are saved every ∆t = 0.02. We use a small portion of the resulting data-set
for model training. In particular, we subsample 50000 data points, scattered in space and
time, in the rectangular region (dashed red box) downstream of the cylinder as shown in
figure 9.

Figure 10: Navier-Stokes equation: A randomly picked snapshot of a solution to the NavierStokes equation (left panel) is compared to the corresponding snapshot of the
solution of the learned partial differential equation (right panel). The identified
system correctly captures the form of the dynamics and accurately reproduces
the solution with a relative L2 -error of 5.79e-03 in space and time.
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N denote the training data on u and f (ti , xi , y i ) is given by
where {ti , xi , ui , v i , wi }i=1

f (ti , xi , y i ) := wt (ti , xi , y i ) − N (ui , v i , w(ti , xi , y i ), wx (ti , xi , y i ), wxx (ti , xi , y i )).
To illustrate the effectiveness of our approach, we solve the learned partial differential
equation (14), in the region specified in figure 9 by the dashed red box, using the PINNs
algorithm (Raissi et al., 2017c). We use the exact solution to provide us with the required
Dirichlet boundary conditions as well as the initial condition needed to solve the learned
partial differential equation (14). A randomly picked snapshot of the vorticity field in the
original dataset alongside the corresponding snapshot of the solution of the learned partial
differential equation are depicted in figure 10. This figure indicates that our algorithm
is able to accurately identify the underlying partial differential equation with a relative
L2 -error of 5.79e-03 in space and time.

4. Summary and Discussion
We have presented a deep learning approach for extracting nonlinear partial differential
equations from spatio-temporal datasets. The proposed algorithm leverages recent developments in automatic differentiation to construct efficient algorithms for learning infinite
dimensional dynamical systems using deep neural networks. In order to validate the performance of our approach we had no other choice than to rely on black-box solvers (see
Raissi et al., 2017c). This signifies the importance of developing general purpose partial
differential equation solvers. Developing these types of solvers is still in its infancy and more
collaborative work is needed to bring them to the maturity level of conventional methods
such as finite elements, finite differences, and spectral methods which have been around for
more than half a century or so.

Raissi

handful of them do not take this form, including the Boussinesq type equation utt − uxx −
2α(uux )x − βuxxtt = 0. It would be interesting to extend the framework outlined in the
current work to incorporate all such cases. In addition, it would be an exciting continuation
of the current work to extend the proposed methodology to stochastic partial differential
equations. In fact, independent realizations of the underlying noise process (e.g., Brownian
motion) could act as training data (Raissi, 2018). In the end, it is not always clear what
measurements of a dynamical system to take. Even if we did know, collecting these measurements might be prohibitively expensive. It is well-known that time-delay coordinates
of a single variable can act as additional variables. It might be interesting to investigate
this idea for the infinite dimensional setting of partial differential equations. In terms of
applications, it would be intriguing to see how the proposed framework would perform on
Geostationary Operational Environmental Satellites (GOES) data (e.g., sea surface temperature data) which could be retrieved from https://podaac.jpl.nasa.gov/.
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Vidvuds Ozoliņš, Rongjie Lai, Russel Caflisch, and Stanley Osher. Compressed modes for
variational problems in mathematics and physics. Proceedings of the National Academy
of Sciences, 110(46):18368–18373, 2013.
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Clustering, a type of unsupervised learning, has been instrumental in a large number of
fields for reducing data dimensionality, identifying important features, and uncovering the
underlying structure of relationships that give rise to the sampled data under consideration.
However, a single clustering result may represent a spurious solution (such as when an algorithm is stuck in a local minima) or instead represent just one of many possible structures
within of complex data (such as when partitioning of an image identifies underlying shapes
but fails to find differences in lighting). Ensemble clustering can be used to overcome the
limitations of a single clustering solution by clustering repeatedly, each time making some

1. Introduction

Keywords: Unsupervised Learning, Ensembles, Clustering, Ensemble Clustering, Finishing Techniques

In this paper we introduce OpenEnsembles, a Python toolkit for performing and analyzing
ensemble clustering. Ensemble clustering is the process of creating many clustering solutions for a given dataset and utilizing the relationships observed across the ensemble to
identify final solutions, which are more robust, stable or better than the individual solutions
within the ensemble. The OpenEnsembles library provides a unified interface for applying
transformations to data, clustering data, visualizing individual clustering solutions, visualizing and finishing the ensemble, and calculating validation metrics for a clustering solution
for any given partitioning of the data. We have documented examples of using OpenEnsembles to create, analyze, and visualize a number of different types of ensemble approaches
on toy and example datasets. OpenEnsembles is released under the GNU General Public
License version 3, can be installed via Conda or the Python Package Index (pip), and is
available at https://github.com/NaegleLab/OpenEnsembles.
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Data is instantiated using a pandas DataFrame object, therefore all the flexibility of loading data from different file formats can be used to coerce the data of interest into an
OpenEnsembles data object and metadata can be retained for future analysis. Once instantiated, data can be transformed or used as the basis for clustering or plotting. The data
container class keeps track of new transformations of the ‘parent’ data with user-defined
keys. Figure 1 shows the instantiation of an OpenEnsembles data object with 200 samples
making two half-moon structures. Available transformations currently include: log, principal component analysis (PCA), range scaling, z-score, and internal normalization (such as
normalizing to a specific data feature).

Data

There are three main OpenEnsembles classes that pair with the main aspects of ensemble
clustering: data (storing and manipulating data), cluster (clustering data), and validation
(assessing the degree of success of a clustering solution according to an objective such as
compactness or connectedness). A common feature across these classes is that they are
container objects for housing data, either data matrices (data class), clustering solutions
(cluster class), or validation metric results of a clustering solution (validation class). Additionally, each class has a primary function (to transform, cluster, or calculate), where
the classes create a common interface for interacting with a variety of transformations,
clustering algorithms, and validation metrics. Interacting with any specific transformation
of data, retrieving a specific clustering solution or validation metric is done by using the
user-defined dictionary key that describes the specific instance. Here we will demonstrate
many of the OpenEnsembles features by recreating the first publication of the use of ensemble clustering – Ana Fred’s use of ensembles to form a final solution through the majority
vote across many non-deterministic k-means solutions (Fred, 2001). OpenEnsembles is built
using many open source Python projects, including: scikit-learn (Pedregosa et al., 2012),
Pandas (McKinney, 2010), Matplotlib (Hunter, 2007), NetworkX (Hagberg et al., 2008),
and NumPy (Walt et al., 2011).

2. Architecture

perturbation to either the data or the approach to clustering. The ensemble of clustering
results provides more information about the structure of the underlying data, and how
likely any particular grouping of objects is across the ensemble. There are several aspects
to performing ensemble clustering, which include: (i) determining and implementing the
appropriate perturbations, (ii) deriving a single clustering result that is representative of
all the clustering solutions in the ensemble (finishing), and (iii) assessing the results of the
finished ensemble, in comparison to the results of an individual solution, to understand the
structure and quality of solutions (validation metrics). Our previous review on clustering
in biological data covers the types of ensemble clustering and its applications (Ronan et al.,
2016) in detail, where Figure 1 contains a table of example ensemble approaches and their
motivations. Here, we describe the open source Python toolkit for easily implementing,
visualizing, and analyzing ensemble clustering.
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9
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Goal of Perturbation
Identify relationships that are robust to noise in data
Avoid the curse of high dimensionality in clustering results
Identify optimum number of clusters
For non-deterministic algorithms: identify global minimima
Explore a range of clustering relationships

K-means Solution (K=2)

Majority Vote: 2 solutions

Majority Vote: 10 solutions

Majority Vote: 25 solutions

Code and outputs of OpenEnsembles. An ensemble approach (Fred, 2001) to find stable
and optimal solutions from the combination of many solutions of the non-deterministic k-means
algorithm with majority vote. Code for plotting figure panels is not included (for brevity). Kmeans can only find clusters that are spheroidally shaped, but as an ensemble, it can identify
alternate structures. DRI stands for determinant ratio index – a measure of connectedness in
clusters

Perturbation
Noise (resample data)
Projections into lower dimensions
K
Starting Point
Parameters of Clustering

Co-Occurrence Matrix (40 Solutions)

import pandas as pd
from sklearn import datasets
import openensembles as oe
#Set up a dataset and put in pandas DataFrame.
x, y = datasets.make_moons(n_samples=200, shuffle=True, noise=0.02, random_state=None)
df = pd.DataFrame(x)
#instantiate the oe data object
dataObj = oe.data(df, [1,2])
#instantiate an oe clustering object
c = oe.cluster(dataObj)
c_MV_arr = []
val_arr = []
for i in range(0,39):
# add a new clustering solution, with a unique name
name = 'kmeans_' + str(i)
c.cluster('parent', 'kmeans', name, K=16, init = 'random', n_init = 1)
# calculate a new majority vote solution, where c has one more solution on each iteration
c_MV_arr.append(c.finish_majority_vote(threshold=0.5))
#calculate the determinant ratio metric for each majority vote solution
v = oe.validation(dataObj, c_MV_arr[i])
val_name = v.calculate('det_ratio', 'majority_vote', 'parent')
val_arr.append(v.validation[val_name])
#calculate the co-occurrence matrix
coMat = c.co_occurrence_matrix()

Class
Data
Data
Cluster
Cluster
Cluster

Figure 1:

Cluster
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The cluster class is instantiated based on an OpenEnsembles data object, on which all
clustering will be performed. OpenEnsembles provides a common interface to clustering,
currently providing an interface to all available scikit-learn clustering algorithms. For example, code line 16 (Figure 1) shows how OpenEnsembles is used to call k-means clustering,
with K=16 clusters, on the ‘parent’ data source. Any algorithmic parameters desired are
then passed as a dictionary of variable parameters. For example, here, in order to reproduce
Ana Fred’s original study, we have to overwrite the default arguments of scikit-learn’s kmeans algorithm, which has ensemble clustering baked into it to lend increased determinism.
By looping around OpenEnsembles clustering with random initializations, we are producing
3
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a new clustering solution each time, which is added to the clustering object container and
is accessed using the unique key (here it is k-means hnumberi).
Often, one wants to produce a final partition derived from consensus across the ensemble
of solutions – i.e. ‘finish’ the ensemble by building a final, single partitioning of the data.
In the current version of OpenEnsembles, we have implemented majority vote as proposed
by Ana Fred (Fred, 2001) and mixture models as proposed by Topchy et al. (Topchy et al.,
2005). Additionally, there are two finishing techniques that operate on the co-occurrence
matrix, as we have proposed previously (Schaberg et al., 2017) (Naegle et al., 2012). An
entry in the co-occurrence matrix is the number of times a pair of objects cluster across
the ensemble. One method treats the co-occurrence matrix as a similarity matrix and
uses linkage clustering to identify clusters (Figure 1). The second method treats the cooccurrence matrix as an adjacency matrix and then finds complete subgraphs within the
thresholded co-occurrence matrix via k-cliques and percolation Palla et al. (2005). Final
partitions are returned as clustering objects and can be plotted and evaluated like any other
clustering solution (Figure 1).
Validation

Quantitative evaluation of how well data is clustered, according to a particular objective
function, is called a validation metric. Different validation metrics prioritize different aspects
of clustering outcomes such as connectivity, compactness, or separation. We have written a
Python package of 28 validation metrics, covering the breadth of the clValid R package of
validation metrics (Brock et al., 2008). These validation metrics are available for direct use,
or through the OpenEnsembles validation class, which wraps calls to validation metrics for
a unified interface with other OpenEnsembles classes. As one can see from the determinant
ratio index plot in Figure 1, as the number of clustering solutions in the ensemble increases,
the solution both (a) stabilizes and (b) correctly identifies the number of inherent, connected
clusters within the data.

Conclusion

Implementation and analysis of ensemble clustering may now be done within in succinct
and readable Python code (here, roughly 20 lines of code to reproduce an entire paper of
results, Figure 1). Beyond the main functionality of OpenEnsembles, to perform, finish, and
validate clustering solutions on data, OpenEnsembles also contains features for calculating
co-occurrence, mutual information (overlap/similarity between clustering solutions), and
plotting of data and matrices generated. Future work will ideally incorporate expanded
selections of algorithms and fuzzy partitioning of data, which is especially amenable to
ensemble clustering.

Acknowledgments

JMLR 19(26):1-6, 2018

We wish to thank the developers of the open source Python scientific and machine learning
community. Pedro Henrique S. Vieira Tavares was supported by the Coordination for the

4

5

JMLR 19(26):1-6, 2018

Improvement of Higher Education Personnel (CAPES) and the Brazil Scientific Mobility
Program.

OpenEnsembles: Ensemble Clustering

6

JMLR 19(26):1-6, 2018

S. V. D. Walt, S. C. Colbert, and G. Varoquaux. The NumPy Array: A structure for
efficient numerical computation. Comput. Sci. Eng., 13(2):22–30, 2011.

Alexander Topchy, Anil K Jain, and William Punch. Clustering ensembles: models of
consensus and weak partitions. IEEE Trans. Pattern Anal. Mach. Intell., 27(12):1866–
81, Dec 2005.

Katherine E. Schaberg, Venktesh S Shirure, Elizabeth A Worley, Steven C George, and
Kristen M Naegle. Ensemble clustering of phosphoproteomic data identifies differences in
protein interactions and cell-cell junction integrity of HER2-overexpressing cells. Integr.
Biol., 9:539–547, 2017.

Tom Ronan, Zhijie Qi, and Kristen M. Naegle. Avoiding common pitfalls when clustering
biological data. Sci. Signal, 9(432):re6, 2016.
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Supervised learning is a widely adopted learning paradigm with important applications such
as regression, classification and prediction. The most popular approach to training supervised learning models is via empirical risk minimization (ERM). In ERM, the practitioner
collects data composed of example-label pairs, and seeks to identify the best predictor by
minimizing the empirical risk, i.e., the average risk associated with the predictor over the
training data.
With ever increasing demand for accuracy of the predictors, largely due to successful
industrial applications, and with ever more sophisticated models that need to be trained,
such as deep neural networks Hinton (2007); Krizhevsky et al. (2012), or multiclass classifi-

1. Introduction

Minibatching is a very well studied and highly popular technique in supervised learning,
used by practitioners due to its ability to accelerate training through better utilization of
parallel processing power and reduction of stochastic variance. Another popular technique
is importance sampling—a strategy for preferential sampling of more important examples
also capable of accelerating the training process. However, despite considerable effort by
the community in these areas, and due to the inherent technical difficulty of the problem,
there is virtually no existing work combining the power of importance sampling with the
strength of minibatching. In this paper we propose the first practical importance sampling
for minibatches and give simple and rigorous complexity analysis of its performance. We
illustrate on synthetic problems that for training data of certain properties, our sampling
can lead to several orders of magnitude improvement in training time. We then test the
new sampling on several popular data sets, and show that the improvement can reach an
order of magnitude.
keywords: empirical risk minimization; importance sampling; minibatching; variancereduced methods; convex optimization
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Several approaches have been proposed to deal with the issue of stochastic noise in the finitedata regime. The most important of these are i) decreasing stepsizes, ii) minibatching, iii)
importance sampling and iv) variance reduction via “shift”, listed here from historically
first to the most modern.
The first strategy, decreasing stepsizes, takes care of the noise issue by a gradual and
direct scale-down process, which ensures that SGD converges to the ERM optimum Zhang
(2004). However, an unwelcome side effect of this is a considerable slowdown of the iterative
process Bottou (2010). For instance, the convergence rate is sublinear even if the function
to be minimized is strongly convex.
The second strategy, minibatching, deals with the noise by utilizing a random set of
examples in the estimate of the gradient, which effectively decreases the variance of the
estimate Shalev-Shwartz et al. (2011). However, this has the unwelcome side-effect of requiring more computation. On the other hand, if a parallel processing machine is available,
the computation can be done concurrently, which ultimately leads to speedup. This strategy
does not result in an improvement of the convergence rate (unless progressively larger minibatch sizes are used, at the cost of further computational burden Friedlander and Schmidt
(2012)), but can lead to massive improvement of the leading constant, which ultimately
means acceleration (almost linear speedup for sparse data) Takáč et al. (2013).
The third strategy, importance sampling, operates by a careful data-driven design of the
probabilities of selecting examples in the iterative process, leading to a reduction of the
variance of the stochastic gradient thus selected. Typically, the overhead associated with
computing the sampling probabilities and with sampling from the resulting distribution
is negligible, and hence the net effect is speedup. In terms of theory, for standard SGD
this improves a non-dominant term in the complexity. On the other hand, when SGD is
combined with variance reduction, then this strategy leads to the improvement of the leading
constant in the complexity estimate, typically via replacing the maximum of certain datadependent quantities by their average Richtárik and Takáč (2016b); Konečný et al. (2017);
Zhao and Zhang (2015); Qu et al. (2015); Needell et al. (2014); Csiba and Richtárik (2015);
Csiba et al. (2015).

1.1 Strategies for dealing with stochastic noise

cation Huang et al. (2012), increasing volumes of data are used in the training phase. This
leads to huge and hence extremely computationally intensive ERM problems.
Batch algorithms—methods that need to look at all the data before taking a single
step to update the predictor—have long been known to be prohibitively impractical to
use. Typical examples of batch methods are gradient descent and classical quasi-Newton
methods. One of the most popular algorithms for overcoming the deluge-of-data issue is
stochastic gradient descent (SGD), which can be traced back to a seminal work of Robbins
and Monro (1951). In SGD, a single random example is selected in each iteration, and the
predictor is updated using the information obtained by computing the gradient of the loss
function associated with this example. This leads to a much more fine-grained iterative
process, but at the same time introduces considerable stochastic noise, which eventually—
typically after one or a few passes over the data—effectively halts the progress of the method,
rendering it unable to push the training error (empirical risk) to the realm of small values.

Csiba and Richtárik

Finally, and most recently, there has been a considerable amount of research activity due
to the ground-breaking realization that one can gain the benefits of SGD (cheap iterations)
without having to pay through the side effects mentioned above (e.g., halt in convergence
due to decreasing stepsizes or increase of workload due to the use of minibatches) in the
finite data regime. The result, in theory, is that for strongly convex losses (for example), one
does not have to suffer sublinear convergence any more, but instead a fast linear rate “kicks
in”. In practice, these methods dramatically surpass all previous existing approaches.
The main algorithmic idea is to change the search direction itself, via a properly designed and cheaply maintainable “variance-reducing shift” (control variate). Methods in
this category are of two types: those operating in the primal space (i.e., directly on ERM)
and those operating in a dual space (i.e., with the dual of the ERM problem). Methods of
the primal variety include SAG Schmidt et al. (2013), SVRG Johnson and Zhang (2013),
S2GD Konečný and Richtárik (2017), proxSVRG Xiao and Zhang (2014), SAGA Defazio
et al. (2014), mS2GD Konečný et al. (2016) and MISO Mairal (2015). Methods of the dual
variety work by updating randomly selected dual variables, which correspond to examples.
These methods include SCD Shalev-Shwartz and Tewari (2011), RCDM Nesterov (2012);
Richtárik and Takáč (2014), SDCA Shalev-Shwartz and Zhang (2013b), Hydra Richtárik
and Takáč (2016a); Fercoq et al. (2014), mSDCA Takáč et al. (2013), APCG Lin et al.
(2015), AsySPDC Liu and Wright (2015), RCD Necoara and Patrascu (2014), APPROX
Fercoq and Richtárik (2015), SPDC Zhang and Xiao (2015), ProxSDCA Shalev-Shwartz
and Zhang (2012), ASDCA Shalev-Shwartz and Zhang (2013a), IProx-SDCA Zhao and
Zhang (2015), and QUARTZ Qu et al. (2015).
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The idea of using non-uniform sampling in the parallel regime is by no means new. In the
following we highlight several recent approaches in a chronological order and we describe
their main differences to our method.
The first attempt for a potential speed-up using a non-uniform parallel sampling was
proposed in Richtárik and Takáč (2016b). However, to compute the optimal probability
vector one has to solve a linear programming problem, which can easily be more complex
than the original problem. The authors do not propose a practical version, which would
overcome this issue.
The approach described in Zhao and Zhang (2014) uses the idea of a stratified sampling,
which is a well-known strategy in statistics. The authors use clustering to group the examples into several partitions and sample an example from each of the partitions uniformly.
This approach is similar to ours, with two main differences: i) we do not need clustering for
our approach (it can be computationally very expensive) ii) we allow non-uniform sampling
inside each of the partitions, which leads to the main speed-up in our work.
Instead of directly improving the convergence rate of the methods, the authors in Csiba
and Richtárik (2015) propose a strategy to improve the synchronized parallel implementation of a method by a load-balancing scheme. The method divides the examples into

2.1 Related work

sign meaningful data-dependent non-uniform probabilities to them (issue: how?), and then
be able to sample these subsets according to the chosen distribution (issue: this could be
computationally expensive).
The tools that would enable one to consider these questions did not exist until recently.
However, due to a recent line of work on analyzing variance-reduced methods utilizing
what is known as arbitrary sampling Richtárik and Takáč (2016b); Qu et al. (2015); Qu
and Richtárik (2016); Qu and Richtárik (2016); Csiba and Richtárik (2015), we are able
to ask these questions and provide answers. In this work we design a novel family of
samplings—bucket samplings—and a particular member of this family—importance sampling for minibatches. We illustrate the power of this sampling in combination with the
reduced-variance dfSDCA method for ERM. This method is a primal variant of SDCA,
first analyzed by Shalev-Shwartz (2015), and extended by Csiba and Richtárik (2015) to
the arbitrary sampling setting. However, our sampling can be combined with any stochastic method for ERM, such as SGD or S2GD, and extends beyond the realm of ERM, to
convex optimization problems in general. However, for simplicity, we do not discuss these
extensions in this work.
We analyze the performance of the new sampling theoretically, and by inspecting the
results we are able to comment on when can one expect to be able to benefit from it. We illustrate on synthetic data sets with varying distributions of example sizes that our approach
can lead to dramatic speedups when compared against standard (uniform) minibatching, of
one or more degrees of magnitude. We then test our method on real data sets and confirm
that the use of importance minibatching leads to up to an order of magnitude speedup.
Based on our experiments and theory, we predict that for real data with particular shapes
and distributions of example sizes, importance sampling for minibatches will operate in a
favourable regime, and can lead to speedup higher than one order of magnitude.

1.2 Combining strategies
We wish to stress that the key strategies, mini-batching, importance sampling and variancereducing shift, should be seen as orthogonal tricks, and as such they can be combined,
achieving an amplification effect. For instance, the first primal variance-reduced method
allowing for mini-batching was Konečný et al. (2016); while dual-based methods in this category include Shalev-Shwartz and Zhang (2013a); Qu et al. (2015); Csiba and Richtárik
(2015). Variance-reduced methods with importance sampling include Nesterov (2012);
Richtárik and Takáč (2014); Richtárik and Takáč (2016b); Qu and Richtárik (2016) for general convex minimization problems, and Zhao and Zhang (2015); Qu et al. (2015); Needell
et al. (2014); Csiba and Richtárik (2015) for ERM.

2. Contributions
Despite considerable effort of the machine learning and optimization research communities,
virtually no importance sampling for minibatches was previously proposed, nor analyzed.1 .
The reason for this lies in the underlying theoretical and computational difficulties associated with the design and successful implementation of such a sampling. One needs to
come up with a way to focus on a reasonable set of subsets (minibatches) of the examples
to be used in each iteration (issue: there are many subsets; which ones to choose?), as-
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1. A brief note in Richtárik and Takáč (2016b) is an exception, but the sampling is different from ours, was
not implemented nor tested, leads to the necessity to solve a linear program and hence is impractical.
Another exception is Harikandeh et al. (2015).

3

i=1

1
|x − y|.
γ

5

6
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i=1
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i∈St

2. ESO = Expected Separable Overapproximation Richtárik and Takáč (2016); Qu and Richtárik (2016).

E (t) :=

λ (t)
γ
kw − w∗ k22 +
kα(t) − α∗ k22 .
2
2n
Most crucially to this paper, we assume the knowledge of parameters v1 , . . . , vn > 0 for
which the following ESO2 inequality holds


2
n
X
X
hi X:i  ≤
pi vi h2i
(2)
E

In order to state the theoretical properties of the method, we define

4.1 Complexity of dfSDCA

(t−1)

θ
(t−1)
(t−1)
(g
+ X:i αi
),
nλpi i

where gi
:= X:i ∆i is the stochastic gradient. If θ is set to a proper value, as we shall see
∗
∗
next, then it turns out that for all i ∈ [n], αi is converging αi∗ := −φ0i (X>
:i w ), where w is
the solution to (1), which means that the shifted stochastic gradient converges to zero. This
means that its variance is progressively vanishing, and hence no additional strategies, such
as decreasing stepsizes or minibatching are necessary to reduce the variance and stabilize the
process. In general, dfSDCA in each step picks a random subset of the examples, denoted
(t)
as St , updates variables αi for i ∈ St , and then uses these to update the predictor w.

w(t) = w(t−1) −

assumptions are made on the distribution of Ŝ apart from requiring that pi is positive for
each i, which simply means that each example has to have a chance of being picked. The
second parameter is a stepsize θ, which should be as large as possible, but not larger than a
certain theoretically allowable maximum depending on P and Ŝ, beyond which the method
could diverge.
(t)
(t)
Algorithm 1 maintains n “dual” variables, α1 , . . . , αn ∈ R, which act as variancereduction shifts. This is most easily seen in the case when we assume that St = {i} (no
minibatching). Indeed, in that case we have

Parameters: Sampling Ŝ, stepsize θ > 0
Initialization: Choose α(0) ∈ Rn ,
(0)
1 Pn
set w(0) = λn
i=1 X:i αi , pi = Prob(i ∈ Ŝ)
for t ≥ 1 do
Sample a fresh random set St according to Ŝ
for i ∈ St do
(t−1) ) + α(t−1)
∆i = φ0i (X>
:i w
i
(t)
(t−1)
αi = αi
− θp−1
i ∆i
end for
P
w(t) = w(t−1) − i∈St θ(nλpi )−1 ∆i X:i
end for

Algorithm 1 dfSDCA Csiba and Richtárik (2015)
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In this paper we illustrate the power of our new sampling in tandem with Algorithm 1
(dfSDCA) for solving (1).
The method has two parameters. A “sampling” Ŝ, which is a random set-valued mapping
Richtárik and Takáč (2016) with values being subsets of [n], the set of examples. No

4. The Algorithm

This setup includes ridge and logistic regression, smoothed hinge loss, and many other
problems as special cases Shalev-Shwartz and Zhang (2013b). Again, our sampling can be
adapted to settings with non-smooth losses, such as the hinge loss.

|φ0i (x) − φ0i (y)| ≤

where φi : R → R is a loss function associated with example-label pair (X:i , yi ), and λ > 0.
For instance, the square loss function is given by φi (t) = 0.5(t − yi )2 . Our results are
not limited to L2-regularized problems though: an arbitrary strongly convex regularizer
can be used instead Qu et al. (2015). We shall assume throughout that the loss functions
are convex and 1/γ-smooth, where γ > 0. The latter means that for all x, y ∈ R and all
i ∈ [n] := {1, 2, . . . , n}, we have

Let X ∈ Rd×n be a data matrix in which features are represented in rows and examples in
columns, and let y ∈ Rn be a vector of labels corresponding to the examples. Our goal is to
d
find a linear predictor w ∈ Rd such that x>
i w ∼ yi , where the pair xi , yi ∈ R × R is sampled
from the underlying distribution over data-label pairs. In the L2-regularized Empirical Risk
Minimization problem, we find w by solving the optimization problem
"
#
n
1X
λ
>
2
min P (w) :=
φi (X:i w) + kwk2 ,
(1)
n
2
w∈Rd

3. The Problem

groups, which have similar sum of the amount of nonzero entries. When each core processes
a single group, it should take the same time to finish as all the other groups, which leads to
shorter waiting time in synchronization. Although this is a non-uniform parallel sampling,
this approach takes a completely different direction than our method. The only speedup of
the method proposed in the above work is achieved due to a shorter waiting time during
the synchronization between parallel processing units, while the method proposed in this
work directly decreases the iteration complexity.
Lastly, in Harikandeh et al. (2015) the authors actually propose a scheme for importance
sampling with minibatches. In the paper they assume, that they can sample a minibatch
with a fixed size (without repetition), such that the probabilities of sampling individual
examples will be proportional to some given values. However, this is easier said than done—
until our work there was no sampling scheme, which would allow for such minibatches.
Therefore, the authors theoretically described an idea, which can be used in practice using
our scheme.

Importance Sampling for Minibatches

Importance Sampling for Minibatches

holds for all h ∈ Rn . Tight and easily computable formulas for such parameters can be
found in Qu and Richtárik (2016). For instance, whenever Prob(|St | ≤ τ ) = 1, inequality
(2) holds with vi = τ kX:i k2 . However, this is a conservative choice of the parameters.
Convergence of dfSDCA is described in the next theorem.

pi nλγ
,
vi + nλγ

!

E[P (w(t) ) − P (w∗ )] ≤ .

1
vi
+
pi pi nλγ

⇒

(4)

(3)

Theorem 1 (Csiba and Richtárik (2015)) Assume that all loss functions {φi } are convex and 1/γ smooth. If we run Algorithm 1 with parameter θ satisfying the inequality
i

θ ≤ min
where {vi } satisfy (2), then the potential E (t) decays exponentially to zero as
h
i
E E (t) ≤ e−θt E (0) .

(1 + λγ)E (0)
λγ

1
= max
i
θ

Moreover, if we set θ equal to the upper bound in (3) so that



then
1
t ≥ log
θ

5. Bucket Sampling
We shall first explain the concept of “standard” importance sampling.
5.1 Standard importance sampling

nλγ

Assume that Ŝ always picks a single example only. In this case, (2) holds for vi = kX:i k2 ,
independently of p := (p1 , . . . , pn ) Qu and Richtárik (2016). This allows us to choose the
sampling probabilities as pi ∼ vi + nλγ, which ensures that (4) is minimized. This is
importance sampling. The number of iterations of dfSDCA is in this case proportional to
Pn
i=1 vi
.
1
:= n +
θ(imp)

1
n

maxi kX:i k2
.
Pn
2
i=1 kX:i k

(5)

If uniform probabilities are used, the average in the above formula gets replaced by the
maximum:
1
maxi vi
.
:= n +
λγ
θ(unif)
Hence, one should expect the following speedup when comparing the importance and uniform
samplings:
σ :=
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If σ = 10 for instance, then dfSDCA with importance sampling is 10× faster than dfSDCA
with uniform sampling.
7
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5.2 Uniform minibatch sampling

=

j=1


d 
X
(|J
j | − 1)(τ − 1)
2
1+
Xji
,
n−1

(6)

In machine learning, the term “minibatch” is virtually synonymous with a special sampling,
which we shall here refer to by the name τ -nice sampling Richtárik and Takáč (2016).
Sampling Ŝ is τ -nice if it picks uniformly at random from the collection of all subsets of [n]
of cardinality τ . Clearly, pi = τ /n and, moreover, it was show by Qu and Richtárik (2016)
that (2) holds with {vi } defined by
(τ -nice)

vi

+ nλγ

τ λγ

(τ -nice)

vi

.

,

(8)

(7)

where Jj := {i ∈ [n] : Xji 6= 0}. In the case of τ -nice sampling we have the stepsize and
complexity given by

i

θ(τ -nice) = min

(τ -nice)

1
n maxi vi
= +
τ
τ λγ
θ(τ -nice)

Learning from the difference between the uniform and importance sampling of single
example (Section 5.1), one would ideally wish the importance minibatch sampling, which
we are yet to define, to lead to complexity of the type (8), where the maximum is replaced
by an average.
5.3 Bucket sampling: definition

We now propose a family of samplings, which we call bucket samplings. Let B1 , . . . , Bτ be
a partition of [n] = {1, 2, . . . , n} into τ nonempty sets (“buckets”).

Definition 2 (Bucket sampling) We say that Ŝ is a bucket sampling if for all i ∈ [τ ],
|Ŝ ∩ Bi | = 1 with probability 1.

i∈Bl

Informally, a bucket sampling picks
P one example from each of the τ buckets, forming
a minibatch. Hence, |Ŝ| = τ and i∈Bl pi = 1 for each l = 1, 2 . . . , τ , where, as before,
pi := Prob(i ∈ Ŝ). Notice that given the partition, the vector p = (p1 , . . . , pn ) uniquely
determines a bucket sampling. Hence, we have a family of samplings indexed by a single
n-dimensional vector. Let PB be the set of all vectors p ∈ Rn describing bucket samplings
associated with partition B = {B1 , . . . , Bτ }. Clearly,




X
p ∈ Rn :
pi = 1 for all l & pi ≥ 0 for all i .



PB =

JMLR 19(27):1-21, 2018

Note, that the sampling inside each bucket Bi can be performed in O(log |Bi |) time
using a binary tree, with an initial overhead and memory of O(|Bi | log |Bi |), as explained
in Nesterov (2012).

8

2 · 10−4

2 · 10−5

2 · 10−6

4
8 · 10−8
2 · 10−7

5
8 · 10−9

2 · 10−8

6
9 · 10−10

i

vi =

j=1

δj X2ji ,



pi and ωj0 := |{l : Jj ∩ Bl 6= ∅}|.

1
ωj0


(9)

j=1

j=1

 

d 
X
1
1+ 1−
δj X2ji .
τ

=

(unif)

n maxi vi
+
τ
τ λγ
.

(11)

9
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j
and 1 +
is negligible. Moreover, if either τ = 1 or |Jj | = 1 for all j, then ωj0 = 1
(n−1)
for all j and hence vi = kX:i k2 . This is also what we get for the τ -nice sampling.

(τ −1)(|J |−1)

Formula (6) is very similar to the one for τ -nice sampling (10), despite the fact that the
sets/minibatches generated by the uniform bucket sampling have a special structure with
τ |J |
respect to the buckets. Indeed, it is easily seen that the difference between between 1 + nj

θ(unif)

1

and in view of (4), the complexity of dfSDCA with this sampling becomes

Assume all buckets are of the same size: |Bl | = n/τ for all l. Further, assume that pi =
1/|Bl | = τ /n for all i. Then δj = τ |Jj |/n, and hence Theorem 3 says that
!
!
d
X
1 τ |Jj |
(unif)
vi
=
1+ 1− 0
X2ji ,
(10)
ωj
n

5.5 Uniform bucket sampling

vi =

Observe that Jj is the set of examples which express feature j, and ωj0 is the number of
buckets intersecting with Jj . Clearly, that 1 ≤ ωj0 ≤ τ (if ωj0 = 0, we simply discard this
feature from our data as it is not needed). Note that the effect of the quantities {ωj0 } on the
value of vi is small. Indeed, unless we are in the extreme situation when ωj0 = 1, which has
the effect of neutralizing δj , the quantity 1 − 1/ωj0 is between 1 − 1/2 and 1 − 1/τ . Hence,
for simplicity, we could instead use the slightly more conservative parameters:

i∈Jj



1+ 1−

P

d 
X

where Jj := {i ∈ [n] : Xji 6= 0}, δj :=

p∈PB

min max

nλγ + vi
.
nλγ + vj
j∈Bl

(13)

10
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We can compare this result against the complexity of τ -nice in (8). We can observe that
the terms are very similar, up to two differences. First, the importance minibatch sampling
has a maximum over group averages instead of a maximum over everything, which leads
to speedup, other things equal. On the other hand, v (τ -nice) and v ∗ are different quantities.
The alternating optimization procedure for computation of (v ∗ , p∗ ) is costly, as one iteration
takes a pass over all data. Therefore, in the next subsection we propose a closed form formula
which, as we found empirically, offers nearly optimal convergence rate.

This leads to a natural alternating optimization strategy. An example of the standard
convergence behaviour of this scheme is showed in Table 6.1. Empirically, this strategy
converges to a pair (p∗ , v ∗ ) for which (13) holds. Therefore, the resulting complexity will
be
τ P
∗
1
n
i∈Bl vi
n
+
max
.
(14)
=
(τ
-imp)
τ
τ
λγ
l∈[τ ]
θ

pi = P

Given a probability distribution p ∈ PB , we can easily find v using Theorem 3. On the
other hand, for any fixed v, we can minimize (12) over p ∈ PB by choosing the probabilities
in each group Bl and for each i ∈ Bl via

6.1 Approach 1: alternating optimization

Still, this is not an easy problem. Importance minibatch sampling arises as an approximate solution of (12). Note that the uniform minibatch sampling is a feasible solution of
the above problem, and hence we should be able to improve upon its performance.

In the light of Theorem 3, we can formulate the problem of searching for the optimal bucket
sampling as
1
vi
min max +
subject to {vi } satisfy (9).
(12)
p∈PB i pi
pi nλγ

6. Importance Minibatch Sampling

1 · 10−3

3
7 · 10−7

Theorem 3 Let Ŝ be a bucket sampling described by partition B = {B1 , . . . , Bτ } and vector
p. Then the ESO inequality (2) holds for parameters {vi } set to

kpnew − pold k2

2
7 · 10−6

1
7 · 10−5

A particular difficulty here is the fact that the parameters {vi } depend on the vector p in
a complicated way. In order to resolve this issue, we prove the following result.

subject to {vi } satisfy (2).

\ iteration

maxi (|pnew
− pold
i
i |)

quantity

Csiba and Richtárik

Table 1: Example of the convergence speed of the alternating optimization scheme for w8a
data set (see Table 5) with τ = 8. The table demonstrates the difference in
probabilities for two successive iterations (pold and pnew ). We observed a similar
behaviour for all data sets and all choices of τ .

vi
1
+
pi pi nλγ

The optimal bucket sampling is that for which (4) is minimized, which leads to a complicated
optimization problem:

5.4 Optimal bucket sampling

Importance Sampling for Minibatches

Importance Sampling for Minibatches

6.2 Approach 2: practical formula

i∈Bl

(unif)

(unif)

(unif)

nλγ + vi

τ
n

nλγ + vk

n
+
τ

k∈Bl

pi∗ = P

For each group Bl , let us choose for all i ∈ Bl the probabilities as follows:

(unif)

1
= max
l
θ(τ -imp)

nλγ

+ si
,
(unif)

nλγ + vi

i∈Bl

vi

si :=

d
X
j=1



τ λγ

1 +

1−

1
ωj0

!
X

k∈Jj

2
pk∗  Xji
.



(15)

where vi
is given by (10). Note that computing all vi
can be done by visiting every
non-zero entry of X once and and computing all pi∗ is a simple re-weighting. This is the
same computational cost as for standard serial importance sampling. Also, this process can
be straightforwardly parallelized, fully utilizing all the cores, which leads to τ times faster
computations. The overhead of using this sampling approach is therefore at most one pass
over the data, which is negligible in most scenarios considered.
After doing some simplifications, the associated complexity result is
(
! )
P
(unif)
vi
βl ,
(16)
where
i∈Bl

βl := max

τ
n

τ λγ

(unif)

≤

(unif)

n maxi vi
+
τ
τ λγ

.

We would ideally want to have βl = 1 for all l (this is what we get for importance sampling
without minibatches). If βl ≈ 1 for all l, then the complexity 1/θ(τ -imp) is an improvement
on the complexity of the uniform minibatch sampling since the maximum of group averages
(uni)
is always better than the maximum of all elements vi :

 P
n maxl
+
τ

Indeed, the difference can be very large.
Finally, we would like to comment on the choice of the partitions B1 , . . . , Bτ , as they
clearly affect the convergence rate. The optimal choice of the partitions is given by minimizing in B1 , . . . , Bτ the maximum over group sums in (16), which is a complicated optimization
problem. Instead, we used random partitions of the same size in our experiments, which we
believe is a good solution for the partitioning problem. The logic is simple: the minimum of
the maximum over the group sums will be achieved, when all the group sums have similar
values. If we set the partitions to the same size and we distribute the examples randomly,
there is a good chance that the group sums will have similar values (especially for large
amounts of data).

7. Experiments
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We now comment on the results of our numerical experiments, with both synthetic and real
data sets. We plot the optimality gap P (w(t) ) − P (w∗ ) and in the case of real data also
11
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the test error (vertical axis) against the computational effort (horizontal axis). We measure
computational effort by the number of effective passes through the data divided by τ . We
divide by τ as a normalization factor; since we shall compare methods with a range of values
of τ . This is reasonable as it simply indicates that the τ updates are performed in parallel.
Hence, what we plot is an implementation-independent model for time.
We compared two algorithms:

1) τ -nice: dfSDCA using the τ -nice sampling with stepsizes given by (7) and (6),

2) τ -imp: dfSDCA using τ -importance sampling (i.e., importance minibatch sampling)
defined in Subsection 6.2.

As the methods are randomized, we always plot the average over 5 runs. For each data set
we provide two plots. In the left figure we plot the convergence of τ -nice for different values
of τ , and in the right figure we do the same for τ -importance. The horizontal axis has the
same range in both plots, so they are easily comparable. The values of τ we used to plot
are τ ∈ {1, 2, 4, 8, 16, 32}. In all experiments we used the logistic loss: φi (z) = log(1 + e−yi z )
and set the regularizer to λ = maxi kX:i k/n. We will observe the theoretical and empirical
ratio θ(τ -imp) /θ(τ -nice) . The theoretical ratio is computed from the corresponding theory.
The empirical ratio is the ratio between the horizontal axis values at the moments when
the algorithms reached the precision 10−10 .
7.1 Artificial data

code
L = ones(n);L[1] = 1000
L = rand(chisq(1),n)
L = rand(chisq(10),n)
L = rand(chisq(100),n)
L = 2*rand(n)

σ
980.4
17.1
3.9
1.7
2.0

We start with experiments using artificial data, where we can control the sparsity pattern
of X and the distribution of {kX:i k2 }. We fix n = 50, 000 and choose d = 10, 000 and
d = 1, 000. For each feature we sampled a random sparsity coefficient ωi0 ∈ [0, 1] to have the
P
average sparsity ω 0 := d1 id ωi0 under control. We used two different regimes of sparsity:
ω 0 = 0.1 (10% nonzeros) and ω 0 = 0.8 (80% nonzeros). After deciding on the sparsity
pattern, we rescaled the examples to match a specific distribution of norms Li = kX:i k2 ;
see Table 2. The code column shows the corresponding code in Julia to create the vector
of norms L. The distributions can be also observed as histograms in Figure 1.
label
extreme
chisq1
chisq10
chisq100
uniform

Table 2: Distributions of kX:i k2 used in artificial experiments.
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The corresponding experiments can be found in Figure 4 and Figure 5. The theoretical
and empirical speedup are also summarized in Tables 3 and 4.

12

1.5

kX : i k 2

2.0

# occurrences

τ =1
1.2 : 1.0
1.5 : 1.3
1.9 : 1.4
1.9 : 1.4
8.8 : 4.8

kX : i k 2

(e) extreme

200 400 600 800 1000

(c) chisq10

τ =1
1.2 : 1.1
1.5 : 1.3
1.9 : 1.3
1.9 : 1.3
8.8 : 5.0

τ =4
1.2 : 1.1
1.5 : 1.4
2.0 : 1.4
2.2 : 1.5
11 : 6.4

τ =2
1.2 : 1.1
1.6 : 1.4
2.2 : 1.6
2.6 : 1.8
15 : 7.8

τ =4
1.4 : 1.2
1.6 : 1.5
2.7 : 2.1
3.7 : 2.3
27 : 12

empirical ratios

τ =2
1.2 : 1.1
1.5 : 1.3
1.9 : 1.5
2.0 : 1.4
9.6 : 6.6

τ =8
1.5 : 1.2
1.7 : 1.5
3.1 : 2.3
5.6 : 2.9
50 : 16

τ = 32
1.4 : 1.1
1.6 : 1.4
2.8 : 1.7
4.2 : 1.7
32 : 6.1

τ = 16
1.7 : 1.3
1.7 : 1.6
3.5 : 2.5
7.9 : 3.2
91 : 21

τ = 32
1.8 : 1.3
1.7 : 1.6
3.6 : 2.7
10 : 3.9
154 : 28

for sparse artificial data

τ = 16
1.3 : 1.1
1.6 : 1.4
2.5 : 1.6
3.1 : 1.6
20 : 6.9

θ(τ -imp) /θ(τ -nice)

τ =8
1.2 : 1.1
1.6 : 1.4
2.2 : 1.5
2.5 : 1.6
14 : 6.4
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Table 4: The theoretical : empirical ratios θ(τ -imp) /θ(τ -nice) . Artificial data with ω 0 = 0.8
(dense)

Data
uniform
chisq100
chisq10
chisq1
extreme

Table 3: The theoretical :
(ω 0 = 0.1)

Data
uniform
chisq100
chisq10
chisq1
extreme

kX : i k 2

4000
3500
3000
2500
2000
1500
1000
500
00 5 10 15 20 25 30 35 40

Figure 1: The distribution of kX:i k2 for synthetic data

(d) chisq1

50000
40000
30000
20000
10000
00

(b) chisq100

kX : i k 2

3500
3000
2500
2000
1500
1000
500
040 60 80 100 120 140 160 180

25000
20000
15000
10000
5000
00 2 4 6 8 10 12 14 16 18

(a) uniform

1.0

kX : i k 2

0.5

# occurrences

1200
1000
800
600
400
200
0
0.0

# occurrences

Importance Sampling for Minibatches

# occurrences

# occurrences

#samples
35,000
17,766
49,749
2,396,130
108,000

#features
23
358
301
3,231,962
129

sparsity
60.1%
29.1%
4.2%
0.04 %
24.6%

σ
2.04
1.82
9.09
4.83
26.01

τ =1
1.2 : 1.1
1.3 : 1.2
2.8 : 2.0
3.0 : 2.3
13 : 7.8

τ =2
1.4 : 1.1
1.4 : 1.2
2.9 : 1.9
2.6 : 2.1
12 : 8.0

τ =4
1.6 : 1.3
1.5 : 1.4
2.9 : 1.9
2.0 : 1.8
11 : 7.7

τ =8
1.9 : 1.6
1.7 : 1.4
3.0 : 1.9
1.7 : 1.6
9.9 : 7.4

τ = 16
2.2 : 1.6
1.8 : 1.5
3.0 : 1.8
1.8 : 1.6
9.3 : 7.0

τ = 32
2.3 : 1.8
1.9 : 1.5
3.0 : 1.8
1.8 : 1.7
8.8 : 6.7

14

3. https://www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets/
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In all experiments, τ -importance sampling performs significantly better than τ -nice sampling. The theoretical speedup factor computed by θ(τ -imp) /θ(τ -nice) provides an excellent
estimate of the actual speedup. We can observe that on denser data the speedup is higher
than on sparse data. This matches the theoretical intuition for vi for both samplings. Similar behaviour can be also observed for the test error, which is pleasing. As we observed for
artificial data, for extreme data sets the speedup can be arbitrary large, even several orders
of magnitude. A rule of thumb: if one has data with large σ, practical speedup from using
importance minibatch sampling will likely be dramatic.

7.3 Conclusion

Table 6: The theoretical : empirical ratios θ(τ -imp) /θ(τ -nice) .

Data
ijcnn1
protein
w8a
url
aloi

Table 5: Summary of real data sets (σ = predicted speedup).

Data set
ijcnn1
protein
w8a
url
aloi

We used several publicly available data sets3 , summarized in Table 5, which we randomly
split into a train (80%) and a test (20%) part. The test error is measured by the empirical
risk (1) on the test data without a regularizer. The resulting test error was compared
against the best achievable test error, which we computed by minimizing the corresponding
risk. Experimental results are in Figure 7.3 and Figure 7.3. The theoretical and empirical
speedup table for these data sets can be found in Table 6.

7.2 Real data
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10 -1
10 -2
10 -3
10 -4
10 -5
10 -6
10 -7
10 -8
10 -9
10 -100
1-nice
2-nice
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Figure 4: Artificial data sets from Table 2 Figure 5: Artificial data sets from Table 2
with ω = 0.1
with ω = 0.8
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B :=

is the matrix of all ones,

l=1

τ
X

P(Bl ),

(18)

(17)

i=j
i ∈ Bl , j ∈ Bk , l 6= k
otherwise.

l=1 i∈J∩Bl

l=1

i∈J∩Bl

P(J) ◦ B = P(J) ◦

(18)

l=1

τ
X

P(Bl ) =

l=1

τ
X

17

P(J) ◦ P(Bl ) =
l=1

τ
X

1
P(J).
ω0
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(8.1)

l=1

P(J ∩ Bl ) 

where we used the Cauchy-Schwarz inequality. Using this, we obtain

i∈J

Proof For any h ∈ Rn , we have
2

2
!2  τ
τ
τ
X
X X
X
X
X

h> P(J)h =
hi
=
hi  ≤ ωJ0
hi  = ωJ0
h> P(J ∩ Bl )h,

Lemma 5 Let J be a nonempty subset of [n], let B be as in Lemma 4 and put ωJ0 := |{l :
J ∩ Bl 6= ∅}|. Then
1
P(J) ◦ B  0 P(J).
(19)
ωJ

It only remains to compare this to (17).

Proof Let P = P(Ŝ). By definition


 pi
Pij = pi pj


0

and ◦ denotes the Hadamard (elementwise) product of matrices. Note that B is the 0-1
matrix given by Bij = 1 if and only if i, j belong to the same bucket Bl for some l.

where E ∈

Rn×n

P(Ŝ) = pp> ◦ (E − B) + Diag(p),

Lemma 4 If Ŝ is a bucket sampling, then

We first establish three lemmas, and then proceed with the proof of the main theorem. With
each sampling Ŝ we associate an n × n “probability matrix” defined as follows: Pij (Ŝ) =
Prob(i ∈ Ŝ, j ∈ Ŝ). Our first lemma characterizes the probability matrix of the bucket
sampling.

8.1 Three lemmas

8. Proof of Theorem 3
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√
pi hi and yi =

√

pi hi

!2
=
i∈J

X
xi yi

!2
,

i∈J

X
xi yi ≤
i∈J

X
x2i

i∈J

X

yi2

pi . It remains to apply the Cauchy-Schwarz inequality:

i∈J

X

(20)

j=1

(19)

= P(Jj ) ◦ pp> − P(Jj ) ◦ pp> ◦ B + P(Jj ) ◦ Diag(p)


1
 1 − 0 P(Jj ) ◦ pp> + P(Jj ) ◦ Diag(p)
ωJ


(20)
1
 1 − 0 δj Diag(P(Jj ∩ Ŝ)) + Diag(P(Jj ∩ Ŝ)),
ωJ

(17)

P(Jj ∩ Ŝ) = P(Jj ) ◦ P(Ŝ)

h

is the largest normalized eigenvalue of symmetric matrix M defined as
n
o
λ0 (M) := max h> Mh : h> Diag(M)h ≤ 1 .
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whence λ0 (P(Jj ∩ Ŝ)) ≤ 1 + (1 − 1/ωJ0 ) δj , which concludes the proof.

Furthermore,

where

λ0 (M)

By Theorem 5.2 in Qu and Richtárik (2016), we know that inequality (2) holds for parameters {vi } set to
d
X
vi =
λ0 (P(Jj ∩ Ŝ))X2ji ,

8.2 Proof of Theorem 3

and notice that the i-th element on the diagonal of P(J ∩ Ŝ) is pi for i ∈ J and 0 for i ∈
/J

where xi =

>

h (P(J) ◦ pp )h =

>

Proof Choose any h ∈ Rn and note that

i∈J

Lemma 6 Let J be any nonempty subset of [n] and Ŝ be a bucket sampling. Then
!
X
P(J) ◦ pp> 
pi Diag(P(J ∩ Ŝ)).
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Olivier Fercoq and Peter Richtárik. Accelerated, parallel, and proximal coordinate descent.
SIAM Journal on Optimization, 25(4):1997–2023, 2015.

Yurii Nesterov. Efficiency of coordinate descent methods on huge-scale optimization problems. SIAM Journal on Optimization, 22(2):341–362, 2012.

20

JMLR 19(27):1-21, 2018

Shai Shalev-Shwartz. SDCA without duality. arXiv:1502.06177, 2015.

Mark Schmidt, Nicolas Le Roux, and Francis Bach. Minimizing finite sums with the stochastic average gradient. arXiv:1309.2388, 2013.

Herbert Robbins and Sutton Monro. A stochastic approximation method. Ann. Math.
Statist., 22(3):400–407, 1951.
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In classical statistical inference, we are typically interested in characterizing how more data points
improve the accuracy, with little restrictions or considerations on computational aspects of solving
the inference problem. However, with massive growths of the amount of data available and also
the complexity and heterogeneity of the collected data, computational resources, such as time and
memory, are major bottlenecks in many modern applications. As a solution, recent advances in
learning theory introduce hierarchies of algorithmic solutions, ordered by the respective computational complexity, for several fundamental machine learning applications in Bousquet and Bottou
(2008); Shalev-Shwartz and Srebro (2008); Chandrasekaran and Jordan (2013); Agarwal et al.
(2012); Lucic et al. (2015). Guided by sharp analyses on the sample complexity, these approaches
provide theoretically sound guidelines that allow the analyst the flexibility to fall back to simpler
algorithms to enjoy the full merit of the improved run-time.
Inspired by these advances, we study the time-data tradeoff in rank aggregation. In many
applications such as election, policy making, polling, and recommendation systems, we want to
aggregate individual preferences to produce a global ranking that best represents the collective

1. Introduction

Keywords: Rank aggregation, Plackett-Luce model, Sample and Computational tradeoff.

For massive and heterogeneous modern datasets, it is of fundamental interest to provide guarantees
on the accuracy of estimation when computational resources are limited. In the application of rank
aggregation, for the Plackett-Luce model, we provide a hierarchy of rank-breaking mechanisms ordered by the complexity in thus generated sketch of the data. This allows the number of data points
collected to be gracefully traded off against computational resources available, while guaranteeing
the desired level of accuracy. Theoretical guarantees on the proposed generalized rank-breaking
implicitly provide such trade-offs, which can be explicitly characterized under certain canonical
scenarios on the structure of the data. Further, the proposed generalized rank-breaking algorithm
involves set-wise comparisons as opposed to traditional pairwise comparisons. The maximum likelihood estimate of pairwise comparisons is computed efficiently using the celebrated minorization
maximization algorithm (Hunter, 2004). To compute the pseudo-maximum likelihood estimate of
the set-wise comparisons, we provide a generalization of the minorization maximization algorithm
and give guarantees on its convergence.
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Plackett-Luce model. The PL model is a popular choice model from operations research and
psychology, used to model how people make choices under uncertainty. It is a special case of random
utility models, where each item i is parametrized by a latent true utility θi ∈ R. When offered with

We study the problem of aggregating ordinal data based on users’ preferences that are expressed in
the form of partially ordered sets (poset). A poset is a collection of ordinal relations among items.
For example, consider a poset {(i6 ≺ {i5 , i4 }), (i5 ≺ i3 ), ({i3 , i4 } ≺ {i1 , i2 })} over items {i1 , . . . , i6 },
where (i6 ≺ {i5 , i4 }) indicates that item i5 and i4 are both preferred over item i6 . Such a relation
is extracted from, for example, the user giving a 2-star rating to i5 and i4 and a 1-star to i6 .
We assume there are n users and d items. We denote the set of n users by [n] = {1, . . . , n}
and the set of d items by [d]. We assume that each user j ∈ [n] is presented with a subset of
items Sj ⊆ [d], and independently provides her ordinal preference in the form of a poset, where
the ordering is drawn from the Plackett-Luce (PL) model. Since, an ordering drawn from the PL
model is consistent, a poset can be represented as a directed acyclic graph (DAG). Let Gj denote
the DAG representation of the poset provided by the user j over Sj ⊆ [d] according to the PL
b an estimate of the true weights θ∗ . Below is an
model with weights θ∗ . The task is to learn θ,
example of a DAG Gj . We use index i to denote items and j to denote users.

2. Problem formulation.

social preference. We assume that the data comes from a parametric family of choice models, and
learns the parameters that determine the global ranking. Traditionally, each revealed preference
is assumed to have one of the following three structures. Pairwise comparison, where one item
is preferred over another, is common in sports and chess matches. Best-out-of-κ comparison,
where one is chosen among a set of κ alternatives, is common in historical purchase data. κ-way
comparison, where we observe a linear ordering of a set of κ candidates, is used in some elections
and surveys. We will refer to such structures as traditional in comparisons to modern datasets with
non-traditional structures. For such traditional preferences, efficient schemes for rank aggregation
have been proposed, such as Ford Jr. (1957); Hunter (2004); Hajek et al. (2014); Chen and Suh
(2015), which we explain in detail in Section 2.1. However, modern datasets are unstructured
and heterogeneous. As Khetan and Oh (2016) show, this can lead to significant increase in the
computational complexity, requiring exponential run-time in the size of the problem in the worst
case.
To alleviate this computational challenge, we propose a hierarchy of estimators which we call
generalized rank-breaking, ordered in increasing computational complexity and achieving increasing
accuracy. The key idea is to break down the heterogeneous revealed preferences into simpler pieces
of ordinal relations, and apply an estimator tailored for those simple structures treating each piece
as independent. Several aspects of rank-breaking makes this problem interesting and challenging. A
priori, it is not clear which choices of the simple ordinal relations are rich enough to be statistically
efficient and yet lead to tractable estimators. Even if we identify which ordinal relations to extract,
the ignored correlations among those pieces can lead to an inconsistent estimate, unless we choose
carefully which pieces to include and which to omit in the estimation. We further want sharp
analysis on the sample complexity, which reveals how computational and statistical efficiencies
trade off. We would like to address all these challenges in providing generalized rank-breaking
methods.
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Figure 1: An example of Gj for user j’s consistent poset, and two rank-breaking hyper edges
extracted from it: e1 = ({i6 , i5 , i4 , i3 } ≺ {i2 , i1 }) and e2 = ({i6 } ≺ {i5 , i4 , i3 }).

eθi1
eθi2
× θ
.
eθi1 + eθi2 + eθi3
e i2 + eθi3

(1)

Sj , the user samples the perceived utility Ui for each item independently according to Ui = θi + Zi ,
where Zi ’s are i.i.d. noise. In particular, the PL model assumes Zi ’s follow the standard Gumbel
distribution. The observed poset is a partial observation of the ordering according to this perceived
utilities. We discuss possible extensions to general class of random utility models in Section 2.1.
The particular choice of the Gumbel distribution has several merits, largely stemming from
the fact that the Gumbel distribution has a log-concave pdf and is inherently memoryless. In our
analyses, we use the log-concavity to show that our proposed algorithm is a concave maximization
(Remark 1) and the memoryless property forms the basis of our rank-breaking idea. Precisely, the
PL model is statistically equivalent to the following procedure. Consider a ranking as a mapping
from a position in the rank to an item, i.e. σj : [|Sj |] → Sj . It can be shown that the PL
model is generated by first independently assigning each item i ∈ Sj an unobserved value Yi ,
exponentially distributed with mean e−θi , and the resulting ranking σj is inversely ordered in Yi ’s
so that Yσj (1) ≤ Yσj (2) ≤ · · · ≤ Yσj (|Sj |) .
This inherits the memoryless property of exponential variables, such that P(Y1 < Y2 < Y3 ) =
P(Y1 < {Y2 , Y3 })P(Y2 < Y3 ), leading to a simple interpretation of the PL model as sequential
choices:

∗

|Sj |−1
θσ (i)
Y
j
e
P|Sj | θσ∗ (i0 ) .
j
i0 =i e

i=1

Pθ (i3 ≺ i2 ≺ i1 ) = Pθ ({i3 , i2 } ≺ i1 )Pθ (i3 ≺ i2 ) =
In general, for true utility θ∗ , we have

i∈[d]

Pθ∗ [σj ] =

θ ∈ Rd

We assume that the true utility θ∗ ∈ Ωb where


X
θi = 0, |θi | ≤ b for all i ∈ [d] .
Ωb =

Notice that centering of θ ensures its uniqueness as PL model is invariant under shifting of θ. The
bound b on θi is written explicitly to capture the dependence in our main results. We interchangeably refer θ as utilities and weights.
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Maximum Likelihood Estimate of DAG. Probability of observing a DAG Gj is the sum of
probabilities of all possible rankings that are consistent with it. Precisely, under the PL model, for
3

a DAG Gj , we have,

σ∈Gj

X

Pθ [σ] ,

Khetan and Oh

Pθ [Gj ] =

j=1

X
n


log Pθ [Gj ] .

(2)

where we slightly abuse the notation Gj to denote the set of all rankings σ that are consistent with
the observation. For example, if Gj consists of only one hyper edge e1 = ({i3 } ≺ {i2 , i1 }) then
P[Gj ] = P(i3 ≺ i2 ≺ i1 ) + P(i3 ≺ i1 ≺ i2 ). The maximum likelihood estimate (MLE) maximizes
log-likelihood of observing Gj for each j:

θ∈Ωb

θb ∈ arg max

When Gj has a traditional structure as explained earlier in this section, then the optimization
is a simple multinomial logit regression, that can be solved efficiently with off-the-shelf convex
optimization tools. Hajek et al. (2014) provides full analysis of the statistical complexity of this
MLE under traditional structures. For general posets, it can be shown that the above optimization
is a concave maximization, using similar techniques as Remark 1. However, the summation over
rankings in Gj can involve number of terms super exponential in the size |Sj |, in the worst case.
This renders MLE intractable and impractical.
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Pairwise rank-breaking. A common remedy to this computational blow-up is to use rankbreaking. Rank-breaking traditionally refers to pairwise rank-breaking, where a bag of all the
pairwise comparisons is extracted from observations {Gj }j∈[n] and is applied to estimators that are
tailored for pairwise comparisons, treating each paired outcome as independent. This is one of
the motivations behind the algorithmic advances in the popular topic of aggregation from pairwise
comparisons in (Ford Jr., 1957; Hunter, 2004; Negahban et al., 2014; Shah et al., 2015a; Maystre
and Grossglauser, 2015).
It is computationally efficient to apply maximum likelihood estimator assuming independent
pairwise comparisons, which takes O(d2 ) operations to evaluate. However, this computational gain
comes at the cost of statistical efficiency. Azari Soufiani et al. (2014) showed that if we include all
paired comparisons, then the resulting estimate can be statistically inconsistent due to the ignored
correlations among the paired orderings, even with infinite samples. In the example from Figure 1,
there are 12 paired relations implied by the DAG: (i6 ≺ i5 ), (i6 ≺ i4 ), (i6 ≺ i3 ), . . . , (i3 ≺ i1 ), (i4 ≺
i1 ). In order to get a consistent estimate, Azari Soufiani et al. (2014) provide a rule for choosing
which pairs to include, and Khetan and Oh (2016) provide an estimator that optimizes how to
weigh each of those chosen pairs to get the best finite sample complexity bound. However, such a
consistent pairwise rank-breaking results in throwing away many of the ordered relations, resulting
in significant loss in accuracy. For example, including any paired relation from Gj in the example
results in a biased estimator. None of the pairwise orderings can be used from Gj , without making
the estimator inconsistent as shown in Azari Soufiani et al. (2013). Whether we include all paired
comparisons or only a subset of consistent ones, there is a significant loss in accuracy as illustrated
in Figure 4. For the precise condition for consistent rank-breaking we refer to (Azari Soufiani et al.,
2013, 2014; Khetan and Oh, 2016).
The state-of-the-art approaches operate on either one of the P
two extreme points on the computational and statistical trade-off. The MLE in (2) requires O( j∈[n] |Sj |!) summations to just
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Rank aggregation under the PL model has been studied extensively under the traditional scenario dating back to Zermelo (1929) who first introduced the PL model for pairwise comparisons.
Various approaches for estimating the PL weights from traditional samples have been proposed.
The problem can be formulated as a convex optimization that can be solved efficiently using the
off-the-shelf solvers. However, tailored algorithms for finding the optimal solution have been proposed in Ford Jr. (1957) and Hunter (2004), which iteratively finds the fixed point of the KKT
condition. Negahban et al. (2014) introduce Rank Centrality, a novel spectral ranking algorithm
which formulates a random walk from the given data, and show that the stationary distribution
provides accurate estimates of the PL weights. Maystre and Grossglauser (2015) provide a connection between those previous approaches, and give a unified random walk approach that finds the
fixed point of the KKT conditions.
On the theoretical side, when samples consist of pairwise comparisons, Simons and Yao (1999)
first established consistency and asymptotic normality of the maximum likelihood estimate when
all teams play against each other. For a broader class of scenarios where we allow for sparse observations, where the number of total comparisons grow linearly in the number of teams, Negahban
et al. (2014) show that Rank Centrality achieves optimal sample complexity by comparing it to
a lower bound on the minimax rate. For a more general class of traditional observations, including pairwise comparisons, Hajek et al. (2014) provide similar optimal guarantee for the maximum
likelihood estimator. Chen and Suh (2015) introduced Spectral MLE that applies Rank Centrality
followed by MLE, and showed that the resulting estimate is optimal in L∞ error as well as the
previously analyzed L2 error. Shah et al. (2015a) study a new measure of the error induced by the

Figure 2: Depending on how much computational resources are available, the various choices of M
achieve different operating points on the time-data trade-off to achieve some fixed target accuracy
ε > 0. If more samples are available, one can resort to faster methods with smaller M while
achieving the same level of accuracy.
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600

M =5

In classical statistics, one is interested in the tradeoff between the sample size and the accuracy,
with little considerations to the computational complexity or time. As more computations are
typically required with increasing availability of data, the computational resources are often the
bottleneck. Recently, a novel idea known as “algorithmic weakening” has been investigated to
overcome such a bottleneck, in which a hierarchy of algorithms is proposed to allow for faster
algorithms at the expense of decreased accuracy. When guided by sound theoretical analyses, this
idea allows the statistician to achieve the same level of accuracy and save time when more data
is available. This is radically different from classical setting where processing more data typically
requires more computational time.
Depending on the application, several algorithmic weakenings have been studied. In the application of supervised learning, Bousquet and Bottou (2008) proposed the idea that weaker approximate
optimization algorithms are sufficient for learning when more data is available. Various gradient
based algorithms are analyzed that show the time-accuracy-sample tradeoff. In a similar context,
Shalev-Shwartz and Srebro (2008) analyze a particular implementation of support vector machine
and show that the target accuracy can be achieved faster when more data is available, by running
the iterative algorithm for shorter amount of time. In the application of de-noising, Chandrasekaran
and Jordan (2013) provide a hierarchy of convex relaxations where constraints are defined by convex geometry with increasing complexity. For unsupervised learning, Lucic et al. (2015) introduce
a hierarchy of data representations that provide more representative elements when more data is
available at no additional computation. Standard clustering algorithms can be applied to thus
generated summary of the data, requiring less computational complexity.
In the application of rank aggregation, we follow the principle of algorithmic weakening and
propose a novel rank-breaking to allow the practitioner to navigate gracefully the time-sample
trade off as shown in the Figure 2. We propose a hierarchy of estimators indexed by M ∈ Z+
indicating how complex the estimator is (defined formally in Section 3). Figure 2 shows the result
of a experiment on synthetic datasets on how much time (in seconds) and how many samples are

2.1 Related work

Time (s)

1000

required to achieve a target accuracy. If we are given more samples, then it is possible to achieve
the target accuracy, which in this example is MSE≤ 0.3d2 × 10−6 , with fewer operations by using
a simpler estimator with smaller M . The details of the experiment is explained in Figure 4.

evaluate the objective function, in the worst case. On the other hand, the pairwise rank-breaking
requires only O(d2 ) summations, but suffers from significant loss in the sample complexity. Ideally,
we would like to give the analyst the flexibility to choose a target computational complexity she
is willing to tolerate, and provide an algorithm that achieves the optimal trade-off at the chosen
operating point.

Contribution. We introduce a novel generalized rank-breaking that bridges the gap between MLE
and pairwise rank-breaking. Our approach allows the user the freedom to choose the level of computational resources to be used, and provides an estimator tailored for the desired complexity. We
prove that the proposed estimator is tractable and consistent, and provide an upper bound and a
lower bound on the error rate in the finite sample regime. The analysis explicitly characterizes the
dependence on the topology of the data. This in turn provides a guideline for designing surveys and
experiments in practice, in order to maximize the sample efficiency. The proposed generalized rankbreaking mechanism involves set-wise comparisons as opposed to traditional pairwise comparisons.
In order to compute the rank-breaking estimate, we generalize the celebrated minorization maximization algorithm for computing maximum likelihood estimate of pairwise comparisons (Hunter,
2004) to more general set-wise comparisons and give guarantees on its convergence.
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Laplacian of the comparisons graph and prove a sharper upper and lower bounds that match up
to a constant factor.
However, in modern applications, the computational complexity of the existing approaches blowup due to the heterogeneity of modern datasets. Although, statistical and computational tradeoffs
have been investigated under other popular choice models such as the Mallows models by Betzler
et al. (2014) or stochastically transitive models by Shah et al. (2015b), the algorithmic solutions do
not apply to random utility models and the analysis techniques do not extend. We provide a novel
rank-breaking algorithms and provide finite sample complexity analysis under the PL model. This
approach readily generalizes to some RUMs such as the flipped Gumbel distribution. However,
it is also known from Azari Soufiani et al. (2014), that for general RUMs there is no consistent
rank-breaking, and the proposed approach does not generalize.

3. Generalized rank-breaking

`

Given Gj ’s representing the users’ preferences, generalized rank-breaking extracts a set of ordered
relations and applies an estimator treating each ordered relation as independent. Concretely, for
each Gj , we first extract a maximal ordered partition Pj of Sj that is consistent with Gj . An ordered
partition is a partition with a linear ordering among the subsets, e.g. Pj = ({i6 } ≺ {i5 , i4 , i3 } ≺
{i2 , i1 }) for Gj from Figure 1. This is maximal, since we cannot further partition any of the subsets
without creating artificial ordered relations that are not present in the original Gj .
ej of
To precisely define maximal ordered partition Pj , first, let’s define an ordered partition P
Sj that is consistent with Gj . Consider disjoint subsets C1 , · · · , C`j ⊆ Sj such that their union is Sj
j
that is ∪a=1
Ca = Sj . The subsets C1 , · · · , C`j define an ordered partition

ej = C1 ≺ C2 ≺ · · · ≺ C` ,
P
j

if each ordered relation that can be read from this linear ordering of subsets is present in the DAG
Gj . Let |Pj | denote the size of the partition, that is |Pj | = `j . A maximal ordered partition Pj is
the one which has the largest size.
ej
P

n
o
ej | .
Pj = arg max |P

In the following we provide an algorithm to find a maximal ordered partition Pj of Sj that is
consistent with a given Gj .
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Finding Maximal Ordered Partition. Given a DAG Gj , a corresponding maximal ordered
partition Pj can be extracted by recursively finding common ancestors of the sink-nodes of the
vertex induced sub-graph starting with the DAG Gj . Algorithm 1 gives a pseudocode to find Pj ’s.
Common ancestors of all the sink nodes of a DAG can be found in time O(d2.6 ) using fast algorithms
given in (Czumaj et al., 2007; Bender et al., 2005). Therefore, computational complexity of the
Algorithm 1 is O(d3.6 ). In line 2, Algorithm 1, V (G) denotes the set of vertices of DAG G. In line
5, G(S) denote the vertex induced subgraph of graph G corresponding to vertex set S. Note that
Algorithm 1 returns a unique maximal ordered partition Pj for a given DAG Gj .
In general there is no one-to-one mapping from a DAG Gj to its maximal ordered partition
Pj . There may be many ordered relations present in Gj that are not represented in the ordered
7
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Algorithm 1 Finding Maximal Ordered Partition
Require: DAG Gj
Ensure: maximal ordered partition Pj
1: G ← Gj , Pj = {}
2: while |V (G)| > 0 do
3:
S ← Common ancestors of all sink-nodes of DAG G (Czumaj et al., 2007)
4:
Pj ← Pj  {V (G) \ S}
G ← G(S)
end while
5:

6:

partition Pj . This gives a many-to-one mapping from Gj to Pj . In our generalized rank-breaking
framework, we can only use those ordered relations that can be represented in an ordered partition.
This is required for the estimator to be consistent. This is the cost we pay to reduce computational
complexity from O(|Sj |!), complexity of MLE of DAG (2), to O(M !) for a suitably desired M ∈ Z+
as explained below. However, if the DAG Gj represents a full ranking or a traditional structure
then its maximal ordered partition Pj will represent all the ordered relations present in Gj and
our rank-breaking will reduce to MLE of the DAG Gj . In such a case, all the subsets of Pj will
have cardinality one except the least preferred set which can have more than one item in case of
best-out-of κ comparison.

X

σ∈ΛT (e)

P

|T (e)|
exp
c=1 θσ(c)
,
 P
Q|T (e)| P|T (e)|
u=1
i∈B(e) exp (θi )
c0 =u exp θσ(c0 ) +
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(3)

Rank-Breaking Graph. The extracted maximal ordered partition Pj is represented by a directed
hypergraph Gj (Sj , Ej ), which we call a rank-breaking graph. Each edge e = (B(e), T (e)) ∈ Ej is
a directed hyper edge from a subset of nodes B(e) ⊆ Sj to another subset T (e) ⊆ Sj . The
number of edges in Ej is |Pj | − 1. For each subset in Pj except for the least preferred subset,
there is a corresponding edge whose top-set T (e) is the subset, and the bottom-set B(e) is the set
of all items less preferred than T (e). For the example in Figure 1, we have Ej = {e1 , e2 } where
e1 = (B(e1 ), T (e1 )) = ({i6 , i5 , i4 , i3 }, {i2 , i1 }) and e2 = (B(e2 ), T (e2 ) = ({i6 }, {i5 , i4 , i3 }) extracted
from Gj . Algorithm 2 gives the precise method to construct a rank-breaking graph.

Algorithm 2 Constructing Rank-Breaking Graph
Require: maximal ordered partition Pj = C1 ≺ C2 ≺ · · · ≺ C`j of set Sj
Ensure: directed hypergraph Gj (Sj , Ej )
1: construct directed hypergraph Gj (Sj , Ej = {})
2: for a = 2 to `j do
3:
construct hyper edge e between top-set T (e) = Ca and bottom-set B(e) = ∪aa−1
0 =1 Ca0
4:
Ej ← Ej ∪ e
end for
Return Gj (Sj , Ej )
5:

6:



=

Denote the probability that T (e) is preferred over B(e) when T (e) ∪ B(e) is offered as
Pθ (e) = Pθ B(e) ≺ T (e)

8

=

∈

j∈[n] e∈Ej :|T (e)|≤M

arg max LRB (θ) , where
θ∈Ωb
X
X
ln Pθ (e) .
(4)

9
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Due to independence assumption, we refer to it as pseudo-MLE. In a special case when M = 1, this
can be transformed into the traditional pairwise rank-breaking, where (i) this is a concave maximization; (ii) the estimate is (asymptotically) unbiased and consistent as shown in Azari Soufiani
et al. (2013, 2014); and (iii) the finite sample complexity have been analyzed in Khetan and Oh
(2016). Although, this order-1 rank-breaking provides a significant gain in computational efficiency, the information contained in higher-order edges are unused, resulting in a significant loss in
accuracy.

LRB (θ)

θb

Pseudo-MLE of Rank-Breaking Graph. We apply the MLE for comparisons over paired
subsets, assuming all hyper edges in the rank-breaking graph Gj are independently drawn. Precisely,
for any choice of M ∈ Z+ , we propose order-M rank-breaking estimate, which is the solution that
maximizes the log-likelihood under the independence assumption:

Sampling. We assume that for each j ∈ [n], the topology of DAG Gj which represent the partial
preference order provided by the j-th user is fixed apriori. Also, the set of hyper edges e ∈ Ej of
each rank breaking graph Gj (Sj , Ej ) that are included in the likelihood objective function are fixed
apriori. The randomness that we observe is in the position of the Sj items in the DAG Gj . For
an hyper edge e ∈ Ej , the randomness is in which items of the set Sj appear in the bottom |B(e)|
positions and the bottom |T (e)| + |B(e)| positions in the preference order of the user j. Note that
this precisely captures the randomness due to the PL model in the observed DAG Gj . We do not
impose any restrictions on the topology of the DAG Gj ’s and each of them can be different. Further,
our analysis captures effect of their topologies on the statistical efficiency of the estimation.

We provide the analyst the freedom to choose the computational complexity he/she is willing
to tolerate. However, for general M , it has not been known if the optimization in (4) is tractable
and/or if the solution is consistent. Since Pθ (B(e) ≺ T (e)) as explicitly written in (3) is a sum of
log-concave functions, it is not clear if the sum is also log-concave. Due to the ignored dependency
in the formulation (4), it does not follow immediately that the resulting estimate is consistent.
We first establish that (4) is a concave maximization, Section 3.1. Though one can use any offb we provide an efficient minorization-maximization
the-shelf convex maximization tool to compute θ,
b Section 3.2. In Section 3.3, we show that the MM algorithm
(MM) algorithm for estimating θ,
converges to the unique global optimal solution θb under the standard assumption given by Ford Jr.
(1957) for pairwise comparisons. Under the same assumption, we show that the estimate θb is
consistent, Section 3.4. In Section 3.5, we give the complete algorithm to compute θb using the
proposed MM algorithm, given Gj ’s representing users’ preferences. In Section 4 and Section 6, we
provide a sharp analysis of the performance in the finite sample regime, characterizing the trade-off
between computation and sample size, and verify the results from the numerical experiments.

which follows from the definition of the PL model, where ΛT (e) is the set of all rankings over T (e).
The computational complexity of evaluating this probability is determined by the size of the top-set
|T (e)|, as it involves (|T (e)|!) summations.
In the subsequent results, we show that by maximizing likelihood of the hyper edges assuming
they are independent we get a consistent estimator. Therefore, our approach provides flexibility
to choose which hyper edge to include in the likelihood maximization function. We let the analyst
choose the order M ∈ Z+ depending on how much computational resource is available, and include
only those edges with |T (e)| ≤ M in the likelihood objective function.
If in a given Gj there are no hyper edges with top sets of size less than M , then the analyst does
not get any ordered relations from that rank-breaking graph under her computational constraint
reflected in the particular choice of M . Artificially reducing the size of the top-sets so as to get the
hyper edges with top sets of size less than M implies we need to add new ordered relations that are
not present in the DAG provided by the user. Such an estimator could result in a non-zero bias. A
concrete example of such cases has been studied in Azari Soufiani et al. 2013, where the authors
showed that for M = 1, applying rank-breaking to those comparisons with top-set larger than one
results in non-zero bias.
We emphasize that M is chosen by the analyst and our estimator works for any choice of
M ∈ Z+ . Given unlimited computational resources, an analyst would chose M = d, and all the
hyper edges would be included in the likelihood objective function.

for θ ∈ Rq

10
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is logarithmic concave on Rq . Moreover, concavity is strict if the probability density function of Z
is strictly logarithmic concave and θ 6= θ̃ implies H(θ) 6= H(θ̃). Where H(θ) is

H(θ) ≡ Y gi (θ, Y ) ≥ 0, i = 1, · · · , r .

h(θ) = P[g1 (θ, Z) ≥ 0, · · · , gr (θ, Z) ≥ 0],

Lemma 2 (Extension of Theorem 9 in Prékopa (1980)) Suppose g1 (θ, Y ), · · · , gr (θ, Y ) are
concave functions in R2q , where θ, Y ∈ Rq , and Z is a q−component random vector whose probability
distribution is logarithmic concave in Rq , then the function

Proof Recall that Pθ (B(e) ≺ T (e)) is the probability that an agent ranks the collection of items
T (e) above B(e) when offered S = B(e) ∪ T (e). We want to show that Pθ (B(e) ≺ T (e)) is logconcave under the PL model. We prove a slightly general result which works for a family of RUMs
in the location family. RUM are defined as a probabilistic model where there is a real-valued
utility parameter θi associated with each items i ∈ S, and an agent independently samples random
utilities {Ui }i∈S for each item i with conditional distribution µi (·|θi ). Then the ranking is obtained
by sorting the items in decreasing order as per the observed random utilities Ui ’s. Location family
is a subset of RUMs where the shapes of µi ’s are fixed and the only parameters are the means of
the distributions. For location family, the noisy utilities can be written as Ui = θi + Zi for i.i.d.
random variable Zi ’s. In particular, it is PL model when Zi ’s follow the independent standard
Gumbel distribution. We will show that for the location family if the probability density function
for each Zi ’s is log-concave then log Pθ (B(e) ≺ T (e)) is concave. The desired claim follows as the
pdf of standard Gumbel distribution is log-concave. We use the following Theorem from Prékopa
(1980). A similar technique was used to prove concavity when |T (e)| = 1 in Azari Soufiani et al.
(2012).

Remark 1 LRB (θ) is concave in θ ∈ Rd .

In the following, we show that likelihood of a hyper edge is log-concave for a family of Random
Utility Models including the PL model.

3.1 Concavity of likelihood of rank-breaking graph
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j=1 e∈Ej :|T (e)|≤M

X

Q(e, θ; θ(t) )






.
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n
X
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θ∈Rd

algorithm (Hunter and Lange, 2000). To compute θb in (4), starting from an arbitrary initialization
θ(1) , we estimate θ(t+1) by maximizing

(t+1)

eθi

=

Pn P
j=1
e∈Ej :|T (e)|≤M

δi,e,σ,u

Ni =

n
X

Ni

P|T (e)|
u=1 δi,e,σ,u

X

j=1 e∈Ej :|T (e)|≤M



P|T (e)|
c0 =u exp

I[i ∈ T (e)] .

(6)


 P
 −1 ,
(t)
(t)
θσ(c0 ) + i∈B(e) exp θi

In the following we show that limt→∞ θ(t) , (6), converges to the global optimal solution of the
pseudo-likelihood objective given in (4) under standard assumption on the observed comparisons.
For pairwise comparisons, Ford Jr. (1957) noted that if it is possible to partition the set of
items into two subsets A and B such that there are never any inter-set comparisons, then there is
no basis for rating any item in set A with respect to any item in set B. On the other hand, if in
all the inter-set comparisons, items from set A are preferred over the items in set B, then if all the
parameters θi belonging to set A are doubled and the resulting vector θ renormalized, the likelihood
must increase; thus the likelihood has no maximizer. The following assumption (Ford Jr., 1957)
eliminates these possibilities.

3.3 Convergence properties of the MM algorithm

is the indicator variable defined as
(
1 , if i ∈ {T (e) ∪ B(e)} and σ −1 (i) ≥ u ,
0 , otherwise.
δi,e,σ,u =

where Ni is the total number of hyper edges in which the i-th item is in the top set.

P
Pθ(t) (e,σ)
σ∈ΛT (e) P (t) (e)
θ

Since the parameters {θi }i∈[d] are separated in Q(e, θ; θ(t) ), its maximization can be explicitly
accomplished as, for i ∈ [d]

θ(t+1) = arg max

Proof Theorem 9 in Prékopa (1980) proves concavity. The strict concavity follows from the fact
that for a strictly logarithmic concave measure the following inequality is strict if H(θ) 6= H(θ̃).
P[Z ∈ λH(θ) + (1 − λ)H(θ̃)] ≥ P[Z ∈ λH(θ)]λ P[Z ∈ (1 − λ)H(θ̃)]1−λ ,
where λ ∈ (0, 1). For a detailed proof, we refer the reader to the proof of Theorem 9 in Prékopa
(1980).
To apply the above lemma to get concavity, let q = |S|, r = 1, g1 (θ, Y ) = mini∈T (e) {θi + Yi } −
maxi0 ∈B(e) {θi0 + Yi0 }. Observe that g1 (θ, Y ) is concave in R2q , and Pθ (B(e) ≺ T (e)) = P(g1 (θ, Z) ≥
0). We use strict concavity part of the lemma in the subsequent section.

3.2 Minorization-maximization algorithm for pseudo-MLE of rank-breaking graph

σ∈ΛT (e)





P
P
|T (e)|
|T (e)|
X
X
i∈B(e) exp (θi ) 
c0 =u exp θσ(c0 ) +
 Pθ(t) (e, σ)

 


,
θ
σ(u) − P|T (e)|
P
(t)
(t)
Pθ(t) (e)
u=1
i∈B(e) exp θi
c0 =u exp θσ(c0 ) +

We give a minorization-maximization algorithm for computing θb defined in (4). It is inspired from
the MM algorithm given by Hunter (2004) for the case of pairwise comparisons and full-ranking.
For any fixed parameter θ(t) ∈ Rd , and a hyper edge e in a rank breaking graph G, define Q(e, θ; θ(t) )
as
Q(e, θ; θ(t) ) ≡

P
where Pθ (e, σ) is defined such that Pθ (e) = σ∈ΛT (e) Pθ (e, σ). Recall from Equation (3) that ΛT (e)
is the set of all rankings over T (e).
P

|T (e)|
exp
c=1 θσ(c)
.
 P
Q|T (e)| P|T (e)|
u=1
i∈B(e) exp (θi )
c0 =u exp θσ(c0 ) +
Pθ (e, σ) ≡

with equality if θ = θ(t) ,

We show that Q(e, θ; θ(t) ) minorizes ln(Pθ (e)) at θ(t) . It is equal to ln(Pθ (e)), up to a constant, if
and only if θ(t) = θ.

Lemma 3
Q(e, θ; θ(t) ) + f (e, θ(t) ) ≤ ln(Pθ (e))

Assumption 4 In every possible partition of the items into two nonempty subsets, some item in
the second set is preferred over some item in the first set at least once.

where f (e, θ(t) ) is a function of the hyper edge e and the parameter θ(t) , it does not depend upon θ.
We give a proof of the Lemma in Section 7.1. It follows that for any Q(e, θ; θ(t) ) satisfying minorizing
condition in the above lemma,
implies ln(Pθ (e)) ≥ ln(Pθ(t) (e)) .
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(5)

Q(e, θ; θ(t) ) ≥ Q(e, θ(t) ; θ(t) )

12

Assumption 4 has a graph-theoretic interpretation. Suppose, items are denoted by nodes of a
graph G and a directed edge (i, j) represents that the there is at least one user who prefers item i
over item j. Then the Assumption 4 is equivalent to the statement that there is a path from i to j
for all nodes i and j of the graph G. This assumption implies that there exists a unique maximizer
of the log-likelihood function of pairwise comparisons.
JMLR 19(28):1-42, 2018

Property (5) suggests an iterative algorithm in which we let θ(t) be the parameter vector before the
t-th iteration and define θ(t+1) to be the maximizer of the Q(e, θ; θ(t) ). Since this algorithm consists
of alternately creating a minorizing function Q(e, θ; θ(t) ) and then maximizing it, it is called an MM
11

13
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Lemma 8 LRB (θ) defined in Equation (4) is an upper compact function of θ under the Assumption
4.

Proof First, in Lemma 8, we show that LRB (θ) is an upper compact function under the Assumption
4. LRB (θ) is defined to be upper compact if, for any constant c, the set {θ ∈ Ω : LRB (θ) ≥ c}
is a compact set of the parameter space Ω. Second, in Lemma 9, we show that LRB (θ) is strictly
concave. Since upper compactness implies the existence of at least one limit point and strict
concavity implies the existence of at most one stationary point, we conclude that LRB (θ) has a
unique stationary point.

Lemma 7 Under Assumption 4 LRB (θ) has a unique stationary point.

P
Let Ω = {θ ∈ Rd | i∈[d] θi = 0} be the parameter space Ωb defined in (1) with b = ∞. Taking
M to be the map implicitly defined by one iteration of the MM algorithm, we have LRB (M (θ)) ≥
LRB (θ) from (5). LRB (M (θ)) = LRB (θ) implies that θ is a stationary point which follows from
the fact that the differentiable minorizing function Q is a tangent to the log-likelihood LRB (θ) at
the current iterate θ(t) . Therefore, limt→∞ θ(t) , defined by the MM algorithm in (6) converges to
the stationary point of the pseudo-likelihood objective (4). It remains to prove that LRB (θ) has a
unique stationary point, the global maximizer.

Lemma 6 (Liapounov’s theorem) Suppose M : Ω → Ω is continuous and LRB : Ω → R is
differentiable and for all θ ∈ Ω we have LRB (M (θ)) ≥ LRB (θ), with equality only if θ is a stationary
point of LRB (·). Then, for arbitrary θ(1) ∈ Ω, any limit point of the sequence {θ(t+1) = M (θ(t) )}t≥1
is a stationary point of LRB (θ).

Proof In general, it is always not possible to prove that the sequence of parameters θ(t) defined by
an MM algorithm converges at all. Nonetheless, it is often possible to obtain convergence results in
specific cases. For pairwise comparisons, using property of stationary point, Ford Jr. (1957) showed
that the MM algorithm converges to the unique maximum likelihood estimate under Assumption
4. Hunter (2004) established strict concavity of the likelihood function under Assumption 4 and
proved the same result using the Liapounov’s theorem. We follow the approach used by Hunter
(2004). The following Liapounov’s theorem guarantees that the MM algorithm converges to the
stationary point of the pseudo log-likelihood objective (4). In Lemma 7, we show that the likelihood
function (4) has a unique stationary point, namely the global maximizer. Which concludes that
the MM algorithm converges to the unique global optimal solution irrespective of its starting point.
u=1

c0 =u

Q|T (e)| P|T (e)|

|T (e)|
c=1 θσ(c)

P






 P
exp θσ(c0 ) + i∈B(e) exp (θi )

exp
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Remark 10 Under the PL model and the above sampling scenario, the order-M rank-breaking
estimate θb in (4) is consistent for all choices of M ≥ mina∈` ma .

In order to discuss consistency of the proposed approach, we need to specify how we sample the
set of items to be offered Sj and also which partial ordering over Sj is to be observed. Here, we
consider a simple but canonical scenario for sampling ordered relations, and show the proposed
method is consistent for all non-degenerate cases. Later, in Section 4, we study a more general
sampling scenario, when we analyze the order-M estimator in the finite sample regime.
We define a canonical sampling scenario in the following. There is a set of ` integers (m1 , . . . , m` )
whose sum is strictly less than d. A new arriving user is presented with all d items and is asked
to provide her top m1 items as an unordered set, and then the next m2 items, and so on. This is
sampling from the PL model and observing an ordered partition with (` + 1) subsets of sizes ma ’s,
and the last subset includes all remaining items. We apply the generalized rank-breaking to get
rank-breaking graphs {Gj } with ` edges each, and order-M estimate is computed. We show that
this is consistent, i.e. asymptotically unbiased in the limit of the number of users n.

3.4 Consistency of pseudo-MLE of rank-breaking graph

e = {θ ∈ Rd |θ1 = 0}, a reparameProof To prove strict concavity, P
we use Lemma 2. Define Ω
terization of the set Ω = {θ ∈ Rd | i∈[d] θi = 0}. To apply Lemma 2 to prove strict concavity of
log-likelihood of an hyper edge e, take gij (θ, Y ) = (θi + Yi ) − (θj + Yj ), for all i ∈ T (e) and j ∈ B(e).
e H(θ) = H(θ̃) implies that θi − θj = θ̃i − θ̃j , for all i ∈ T (e) and j ∈ B(e). This
Consider θ, θ̃ ∈ Ω.
follows from the fact that for a fixed parameter θ, the hyper planes {gij (θ, Y ) ≥ 0}ij are linearly
independent. Thus, Assumption 4 combined with the fact that θ1 = θ̃1 means that θ = θ̃. Since the
Gumbel distribution has strictly logarithmic concave density function, we conclude that LRB (θ) is
strictly concave.

Lemma 9 LRB (θ) defined in Equation (4) is strictly concave in θ.

gives limθ→θ̃ LRB (θ) = −∞. Thus, for any given constant c, the set {θ ∈ Ω : LRB (θ) ≥ c} is a
closed and bounded set, and hence a compact set.

σ∈ΛT (e)

LRB (θ) ≤ ln Pθ (e)

X
= ln 

Proof We prove upper compactness following the idea of Hunter (2004). Consider what happens
to LRB (θ) when θ approaches the boundary of Ω. If θ̃ lies on the boundary of Ω, then θ̃i → −∞
and θ̃j → ∞ for some items i and j. If items are nodes of a directed graph in which edge (i, i0 )
represent that there is at least one user who prefers i over i0 , then Assumption 4 implies that a
directed path exists from i to j. Therefore, there must be some item a with θ̃a → −∞ which is
preferred over item b with θ̃b > C, for some constant C. That is there exists an hyper edge e with
a ∈ T (e) and b ∈ B(e). Which means that for θ ∈ Ω, taking limits in

In our setting, Assumption 4 makes sense if we interpret item i being preferred over item j to
mean that there exists a hyper edge e such that the item i is in its top set T (e) and the item j is
in its bottom set B(e). In the following theorem, we prove the convergence properties of the MM
algorithm.

Theorem 5 Under Assumption 4 the iterative minorization-maximization algorithm given in Equation (6) produces a sequence θ(1) , θ(2) , · · · guaranteed to converge to the unique estimate of the
optimization problem given in Equation (4).

Khetan and Oh
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(7)

Khetan and Oh
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.

size of top-set for the ej,a hyper edge of rank-breaking graph Gj

(M )

b (4) is unique under the above sampling sceProof It is sufficient to show that (a) the estimate θ,
nario, and (b) expectation of the gradient of LRB (θ∗ ) is zero, i.e, Eθ∗ [∇LRB (θ∗ )] = 0, (Azari Soufiani
et al., 2013). For the above sampling scenario in the limit of the number of users n, Assumption
b (4) is unique. In Lemma 13, we show
4 is satisfied. Therefore, from Lemma 7, the estimate θ,
that Eθ∗ [∇LRB (θ∗ )] = 0. We would like to mention that the Lemma 13 crucially relies on the
memoryless property of the PL model.
(M )

observation Gj

rj,a

a∈[`j ]

≡ |T (ej,a )| + |B(ej,a )| , sum of size of the top-set and the bottom-set for the Ej,a . (8)
X
(M )
mj,a , sum of size of all top-sets of Gj (which are smaller than M ).
(9)
≡

j∈[n]:i,i0 ∈Sj

pj
.
κj (κj − 1)

i<i ∈Sj

n
X
X
pj
(ei − ei0 )(ei − ei0 )> .
κj (κj − 1) 0
j=1

λ2 (L)(d − 1)
,
Tr(L)

β≡

16

Tr(L)
.
λd (L)(d − 1)
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(10)

(11)

In an ideal case where the graph is well connected, then the spectral gap of the Laplacian is large.
The chosen rescaling ensures that if all the non-zero eigenvalues are of the same order then there

α≡

It is immediate that
P λ1 (L) = 0 with 1 as the eigenvector. There are remaining d−1 eigenvalues that
sum to Tr(L) = j pj . The rescaled λ2 (L) and λd (L) capture the dependency on the topology:

L ≡

That is we put an edge (i, i0 ) if there exists a user j whose offerings is a set Sj such that i, i0 ∈ Sj .
Define a diagonal matrix D = diag(A1), and the corresponding graph Laplacian L = D − A such
that

Aii0 =

We define a comparison graph H([d], E) as a weighted undirected graph with weights
X

4.1 Comparison graph

Notice that although we do not explicitly write the dependence on M , all of the above quantities
implicitly depend on the choice of M . For ease of notations, we remove the superscript M from
(M )
Gj in the following.
For a ranking σ over S, i.e., σ is a mapping from [|S|] to S, let σ −1 denote the inverse mapping. For a vector x, let kxk2 denote the standard l2 norm. Let 1 denote the all-ones vector
and 0 denote the all-zeros vector with the appropriate dimension. Let S d denote the set of d × d
symmetric matrices with real-valued entries. For X ∈ S d , let P
λ1 (X) ≤ λ2 (X) ≤ · · · ≤ λd (X) ded
note eigenvalues of X sorted in increasing order. Let Tr(X) = i=1
λi (X) denote trace of X and
kXk = max{|λ1 (X)|, |λd (X)|} denote spectral norm of X. For two matrices X, Y ∈ S d , we write
X  Y if X − Y is positive semi-definite, i.e., λ1 (X − Y ) ≥ 0. Let ei denote a unit vector in Rd
along the i-th direction.

pj

mj,a ≡ |T (ej,a )| ,

is a subset of Ej that includes only those edges ej ∈ Ej with |T (ej )| ≤ M . This represents those
edges that are included in the estimation for a choice of M . For finite sample analysis, the following
quantities capture how the error depends on the topology of the data collected. Let κj ≡ |Sj | and
(M )
(M )
`j ≡ |Ej |. We index each edge ej in Ej
by a ∈ [`j ] and define mj,a ≡ |T (ej,a )|, size of top-set,
for the a-th hyper edge of the j-th rank-breaking
Pgraph, and rj,a ≡ |T (ej,a )| + |B(ej,a )|, sum of size
of the top-set and the bottom-set. We let pj ≡ a∈[`j ] mj,a denote the effective sample size for the

3.5 Algorithm to estimate θb given DAG Gj ’s

Summarizing the rank-breaking approach explained in the previous sections, we give Algorithm 3,
b (4), an estimate of θ∗ . Algorithm 3 takes as input DAG Gj ’s generated
an algorithm to compute θ,
under PL model with parameter θ∗ , rank-breaking order M ∈ Z+ , a desired error threshold , and
b
returns θ.
Algorithm 3 Estimate θ∗ given DAG Gj ’s.

Require: DAG {Gj }1≤j≤n generated under PL model with parameter θ∗ , rank-breaking order M ,
error threshold 
Ensure: θb - an estimate of θ∗
1: find maximal ordered partitions {Pj }1≤j≤n consistent with {Gj }1≤j≤n
[Algorithm 1]
2: construct rank breaking graph {Gj (Sj , Ej )}1≤j≤n from {Pj }1≤j≤n
[Algorithm 2]
b ← 0d×1
3: θ
4: repeat
5:
θe ← θb
6:
for i = 1 to d do
e {Gj (Sj , Ej )}1≤j≤n , M
7:
θbi ← from minorizing maximizing Equation (6) using θ,
8:
end for
b − θk
e ∞≤
9: until kθ
return θb
10:

4. Analysis of the Algorithm
We first summarize the notations defined so far and introduce some new notations that are used in
our theoretical results. We define a comparison graph that captures the topology of the offer sets
Sj . Our upper and lower bounds both depend on the spectral properties of the comparison graph.
Then, we present main theoretical analyses and numerical simulations confirming the theoretical
results.
Notations. Following is a summary of all the notations defined above. Also, we introduce some
new notations that are used in our theoretical results. We use n to denote the number of users
providing partial rankings, indexed by j ∈ [n] where [n] = {1, 2, . . . , n}. We use d to denote the
number of items, indexed by i ∈ [d]. Given rank-breaking graphs

JMLR 19(28):1-42, 2018

{Gj (Sj , Ej )}j∈[n] extracted from
(M )
(M )
(M )
(Sj , Ej )}, where Ej

the DAGs {Gj }, we first define the order M rank-breaking graphs {Gj

15



rj,a − mj,a
κj

2e2b −2 
j,a

, γ2 ≡ min


rj,a − mj,a
rj,a

2 
.

(12)



2 κ2
4e16b m2j,a rj,a
j
γ1 (rj,a − mj,a )5


j,a

, ν ≡ max


mj,a κ2j
(rj,a − mj,a )2


.

(13)

17
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For our analysis to hold we need γ3 > 0 which in addition to the conditions needed for γ1 being
√
close to one require that mj,a ≤ c rj,a , for a sufficiently small positive constant c. We believe this
is a limitation on our analysis and the results should hold for any values of mj,a = o(rj,a ). For

j,a

γ3 ≡ 1 − max

The parameter γ1 incorporates asymmetry in probabilities of items being ranked at different positions depending upon their weight θi∗ . Recall that b is the upper bound on kθ∗ k∞ , Equation 1. The
parameter γ1 is 1 for b = 0 that is when all the items have the same weight θi∗ , and it decreases
exponentially with increase in b. The exponential decrease is tight and reflects the fact that under
PL model probability of the highest weight item being ranked last is exponentially smaller than its
probability of being ranked first.
Suppose the number of items d grows to infinity and the rank-breaking graphs Gj ’s are determined such that size of the offered subsets κj ’s are increasing with d that is κj = Θ(d). If all the
top-set sizes are much smaller than the size of the rank-breaking edge such that, mj,a = o(rj,a )
and rj,a = Θ(κj ), then for b = O(1), γ1 can be made arbitrarily close to one, for large enough
problem size d. On the other hand, when either rj,a is much smaller than κj or if rj,a = Θ(κj )
but rj,a − mj,a = O(1) then γ1 can be arbitrarily close to zero and accuracy of the parameter
estimation can degrade significantly as stronger alternatives will have small chance of showing up
in the bottom set. The value of γ1 is quite sensitive to b. The parameter γ2 controls the range of
the size of the top-set with respect to the size of the bottom-set for which the error decays with
the rate of 1/(size of the top-set). It does not depend upon the size of of the rank-breaking edge,
rj,a , in comparison to the offer set size κj . It only depends upon the size of the top sets mj,a in
comparison to the size of the rank breaking edge rj,a . If size of top sets mj,a = o(rj , a) then γ2
would be close to one. The dependence of accuracy on γ1 , γ2 is demonstrated in simulations in
Figure 5.
We define the following additional quantities that control our upper bound. The dependence
in γ3 and ν are due to weakness in the analysis, and ensures that the Hessian matrix is strictly
negative definite.

j,a

γ1 ≡ min

the special case when mj,a ≤ 3 for all j, a, we provide a tighter result that does not depend upon
γ3 . However, in general getting rid of γ3 is challenging. ν shows up in the number of samples
required for our analysis to hold. Note that the quantities defined in this section implicitly depend
on the choice of M , which controls the necessary computational power, via the definition of the
(M )
rank-breaking graphs {Gj }j∈[n] .

exists constants 0 ≤ c1 , c2 ≤ 1 such that c1 ≤ α ≤ 1 and c2 < β ≤ 1. If the graph is connected
then c1 is strictly greater than zero. If λ2 (L) = · · · = λd (L) then α = β = 1. We will show that
the performance of our estimator depends upon topology of the comparison graph through these
two parameters. The larger the rescaled spectral gap α the smaller the error we get with the same
effective sample size. The rescaled largest eigenvalue β along with α determine how many samples
are required for the analysis to hold. In general, α and β depend upon both the topology of the offer
sets Sj and the topology of the rank-breaking graphs Gj , through the edge weights Aii0 . However,
if topology of all the rank-breaking graphs Gj ’s is same then the comparison graph H and α, β
depend only upon the topology of the offer sets Sj . For such a comparison graph, Khetan and Oh
(2016) provides a detailed discussion on the spectral gap for various canonical graphs following the
setup given in Shah et al. (2015a).
The concavity of LRB (θ) also depends on the following quantities.

pj ≥

214 e20b ν 2 pmax
d log d ,
(αγ1 γ2 γ3 )2 β κmin

(14)

Moreover, for M ≤ 3 the above bound holds with γ3 replaced

2
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Note that the dependence on the choice of M is not explicit in the bound, but rather is implicit
in the construction of the comparison graph and the number of effective samples.
Suppose the number of items d is large enough and the size of the offered subsets κj ’s and the size
of the rank breaking edges rj,a ’s are increasing with d, that is there exists positive constants c1 , c2
such that κj ≥ c1 d, and rj,a ≥ c2 κj . Then for b = O(1) there exists a universal constant c3 such that
if top-set sizes mj,a ≤ c3 (rj,a )1/3 then there exists constants 0 < c4 , c5 , c6 ≤ 1 such that c4 ≤ γ1 < 1,
c5 ≤ γ2 < 1 and c6 ≤ γ3 < 1. Further, if the comparison graph H is well connected then there
exists a constant 0 < c7 , c8 ≤ 1 such that the rescaled spectral gap c7 ≤ α ≤ 1 and rescaled largest
eigenvalue
c8 ≤ β ≤ 1. In this ideal case, the condition on the
P
Pneffective sample size is met with
j pj = O(d log d), (14). Therefore the effective sample size
j=1 pj = Ω(d log d) is sufficient to

with probability at least 1 −
by one, giving a tighter result.

3e3 d−3 .

where b ≡ maxi |θi∗ | is the dynamic range, pmax = maxj∈[n] pj , κmin = minj∈[n] κj , α is the (rescaled)
spectral gap, β is the (rescaled) spectral radius in (11), and γ1 , γ2 , γ3 , and ν are defined in (12)
and (13), then the generalized rank-breaking estimator in (4) achieves
s
1
40e7b
d log d
Pn
√ kθb − θ∗ k2 ≤
,
(15)
3/2
d
αγ1 γ γ3
j=1 pj

j=1

n
X

Theorem 11 Suppose there are n users, d items parametrized by θ∗ ∈ Ωb , and each user j ∈ [n]
is presented with a set of offerings Sj ⊆ [d] and the user provides a partial ordering under the PL
+
model consistent with the topology
P of the apriori fixed DAG Gj . For a choice of M ∈ Z , if γ3 > 0
and the effective sample size nj=1 pj is large enough such that

We provide an upper bound on the error for the order-M rank-breaking Algorithm 3, showing
the explicit dependence on the topology of the offered sets {Sj }j∈[n] . Recall from the sampling
assumptions in Section 3 that we assume the topology of the observed DAG Gj ’s, and the rankbreaking order M is fixed apriori. The randomness that we observe is in the position of Sj items
in the DAG Gj . For an hyper edge e ∈ Ej , the randomness is in which items of the set Sj appear
in the bottom |B(e)| positions and the bottom |T (e)| + |B(e)| positions in the preference order of
the user j. This precisely captures the randomness due to the PL model in the observed DAG Gj .
The following theorem provides an upper bound on the achieved error, and a proof is provided in
Section 7.

4.2 Upper bound on the achievable error

Khetan and Oh
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√
ensure kθb − θ∗ k2 = o( d) which is only a logarithmic factor larger than the number of parameters.
We need mj,a ≤ c3 (rj,a )1/3 to satisfy (ν 2 pmax )/κmin = O(1), otherwise mj,a ≤ c3 (rj,a )1/2 is sufficient
to ensure γ3 > 0. We believe that dependence in γ3 is weakness of our analysis and there is no
dependence as long as mj,a < rj,a . For, rank-breaking order M ≤ 3, we are able to give tighter
results where there is no dependence on γ3 .
As explained above, in the ideal case, for
Pnlarge enough problem size d, there exists a positive
2
b ∗ 2
constant C such that kθ−θ
k
≤
Cd
log
2P
P d/( j=1 pj ). Recall from the construction of the likelihood
objective function, LRB (θ) = j∈[n] e∈Ej :|T (e)|≤M ln Pθ (e). If we fix all the problem parameters
P
including topology of the DAG Gj ’s and increase M then pj = a∈[`j ] mj,a increases. Therefore,
Pn
by increasing M we can get the same number of effective samples j=1
pj with smaller number
of rankings n. However, increasing M increases computational complexity as M !. Therefore, to
achieve a fixed target accuracy kθb − θ∗ k2 , an analyst can trade-off the required number of rankings
with the budgeted computational complexity.
If the DAG Gj ’s are complete graph that is each user provides a full ranking
over
P
P the offered
subset Sj , we get mj,a = 1, `j = κj − 1, and the total effective sample size j pj = j∈[n] (κj − 1).
P
Therefore, from the above theorem, j∈[n] (κj − 1) = Ω(d log d) is sufficient to ensure kθb − θ∗ k2 =
√
o( d). It matches with the results for full rankings given in Hajek et al. (2014); Khetan and Oh
(2016).
Unordered vs. ordered top-m ranking. In the ideal case, a perhaps surprising observation
is that,
P for a ranking j, sizes of the top-sets {mj,a }a∈[`j ] impacts estimation accuracy only via
pj = a∈[`j ] mj,a , when mj,a ’s are sufficiently small in comparison to rj,a ’s, sum of the top-set size
and the bottom-set size. In particular, for estimation accuracy it does not matter whether users
reveal their top-m choices in the ordered way {i1 }  {i2 }  · · ·  {im }  {im+1 , · · · , ik } or the
unorderd way {i1 , i2 , · · · , im }  {im+1 , · · · ik }, when m is sufficiently small in comparison to k.
Numerical results in Figure 5 confirm this.

qP
j pj log d
2k∇L (θ∗ )k
RB
≤ Cb00
,
3/2
−λ2 (H(θ))
γ1 γ2 γ3 λ2 (L)

Proof idea. The analysis of the optimization in (4) shows that, with high probability, LRB (θ) is
strictly concave with λ2 (H(θ)) ≤ −Cb γ1 γ2 γ3 λ2 (L) < 0 for all θ ∈ Ωb (Lemma 15), and the gradient
−1/2 P
is also bounded with k∇LRB (θ∗ )k ≤ Cb0 γ2 ( j pj log d)1/2 (Lemma 14). This leads to Theorem
11:
kθb − θ∗ k2 ≤

where Cb , Cb0 , and Cb00 are constants that only depend on b, and λ2 (H(θ)) is the second largest
eigenvalue of a negative semidefinite Hessian matrix H(θ) of LRB (θ). Recall that θ> 1 = 0 since
we restrict our search in Ωb . Hence, the error depends on λ2 (H(θ)) instead of λ1 (H(θ)) whose
corresponding eigenvector is the all-ones vector.
4.3 Lower bound on computationally unbounded estimators
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Suppose M = d. We prove a fundamental lower bound on the achievable error rate that holds
for any unbiased estimator with no restrictions on the computational complexity. For each (j, a),
19

define ηj,a as
ηj,a ≡
<

=

X

2u
mj,a (mj,a − u)

mj,a − u0
2u
mj,a (rj,a − u) rj,a − u0

u<u0 ∈[mj,a −1]

Khetan and Oh

mj,a −1 
X
u(mj,a − u) 
1
+
+
rj,a − u mj,a (rj,a − u)2

u=0

X

u<u0 ∈[mj,a −1]

2u(mj,a − 1 − u) 
u
1
+
+
= mj,a ,
mj,a − u mj,a (mj,a − u)
mj,a (mj,a − u)

mj,a −1


X
1
u
+
+
mj,a − u mj,a (mj,a − u)
u=0

mj,a −1 
X

u=0

(16)

(17)

where (17) follows from the fact that (16) is monotonically strictly decreasing in rj,a for rj,a ≥ mj,a .
Since by definition rj,a > mj,a , we substitute rj,a = mj,a to get a strict upper bound.

(

j=1

Pn

d
1X 1
(d − 1)2
,
P`j
µ
λ (L)
i=2 i
a=1 (mj,a − ηj,a )

)

.

(18)

Theorem 12 Let U denote the set of all unbiased estimators of θ∗ that are centered such that
b = 0, and let µ = maxj∈[n],a∈[` ] {mj,a − ηj,a }. For all b > 0,
θ1
j
inf sup E[kθb − θ∗ k2 ] ≥ max

b
θ∗ ∈Ωb
θ∈U
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The proof relies on the Cramer-Rao bound and is provided in Section 7.6. Since 0 < ηj,a < mj,a ,
Pn P`j
Pn
2
2
the mean
Pn squared error is lower bounded by (d − 1) /( j=1 a=1 mj,a ) = (d − 1) /( j=1 pj ),
where
j=1 pj is the effective sample size. Comparing it to the upper bound in (15), this is
tight up to a logarithmic factor when (a) the topology of the data is well-behaved such that all
the quantities γ1 , γ2 , γ3 , α, β are greater than a positive constant c ≤ 1; and (b) there is no limit
on the computational power and M can be made as large as we need. For full-rankings, this
bound reduces to the one given in Hajek et al. (2014); Khetan and Oh (2016). For full rankings,
P`j
2
a=1 (mj,a − ηj,a ) = (κj − 1) /κj .
The bound in Eq. (18) further gives a tighter lower bound, capturing the dependency in ηj,a ’s
and λi (L)’s. The second term in (18) implies we get a tighter bound when λ2 (L) is smaller. If
the comparison graph H is disconnected that is λ2 (L) = 0, the bound shows that θ∗ can not be
estimated.
To understand the impact of ηj,a on MSE, we plot (mj,a − ηj,a )/rj,a as a function of mj,a /rj,a
for different values of rj,a in Figure 3. Recall that mj,a is the size of the top-set, (7) and rj,a is
the sum of size of the top-set and the bottom-set, (8). We vary mj,a from 1 to rj,a − 1, for rj,a in
{2, 4, 8, 16, 32, 256, 1024}. From the Theorem 12, contribution of an hyper edge ej,a to the effective
samples is (mj,a −ηj,a ). Since ηj,a increases with mj,a , a natural question is what is the optimal value
of mj,a that gives the smallest MSE, for a fixed rj,a . Figure 3 shows that (mj,a − ηj,a )/rj,a achieves
its maximum value at m/r ≈ 0.8 when r is sufficiently large. It also shows that (mj,a −ηj,a ) ≥ c mj,a ,
for mj,a /rj,a ≤ c1 (≈ 0.8), for positive constants c, c1 < 1, when rj,a is large. That is the contribution
of an hyper edge ej,a to the effective sample size is at least c mj,a for mj,a /rj,a ≤ c1 . Comparing this
with the lower bound for top-mj,a ranking given in Khetan and Oh (2016), it can be concluded that
the (unobserved) relative ordering among the items in the top-set of the hyper edge ej,a has limited
impact on the MSE. Khetan and Oh (2016) show in the their lower bound that the contribution of
top-m ranking on the effective sample size is m.
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Impact of the top-set size m and the set-size κ on accuracy. In Figure 5, the first and
the third panel, we compare performance of our algorithm with pairwise breaking, Cramer Rao

increasing computation M on the same data. As predicted by the anlaysis, generalized rankbreaking (GRB) is consistent (Remark 10) and the mean square error (MSE) decays at the rate
(1/n), and decreases with increase in M , order of rank-breaking (Theorem 11). For comparison,
we also plot the MSE achieved by pairwise rank-breaking (PRB) approach where we include all
paired relations derived from data, which we call inconsistent PRB. As predicted by Azari Soufiani
et al. (2014), this results in an inconsistent estimate, whose MSE does not vanish as we increase
the sample size. Notice that including all paired comparisons increases bias, but also decreases
variance of the estimate. Hence, when sample size is limited and variance is dominating the bias,
it is actually beneficial to include those biased paired relations to gain in variance at the cost of
increased bias. Theoretical analysis of such a bias-variance tradeoff is outside the scope of this
paper, but proposes an interesting research direction.
In the third panel, the GRB with M = 3 achieves decreasing MSE, whereas for PRB the
increased bias dominates the MSE. For comparisons, we provide the error achieved by an oracle
estimator who knows the exact ordering among those items belonging to the top-sets and runs MLE.
For example, if ` = 2, the GRB observes an ordering ({i1 , i2 , i4 , i5 , . . .} ≺ {i17 , i3 , i6 } ≺ {i9 , i2 , i11 })
whereas the oracle estimator has extra information on the ordering among those top sets, i.e.
({i1 , i2 , i4 , i5 , . . .} ≺ i17 ≺ i3 ≺ i6 ≺ i9 ≺ i2 ≺ i11 }). Perhaps surprisingly, GRB is able to achieve a
similar performance without this significant extra information, unless ` is large. The performance
degradation in large ` regime stems from the fact that the ratio of ma and ra approaches 1 for a
close to ` when ` is large. Therefore the parameters γ1 and γ2 become small, and the upper bound
MSE increases consequentially. The normalization constant C is 1/d2 for the first panel and nm/d2
for the third panel. All the numerical results in this paper are averaged over 10 instances. Standard
error is very small in all the results, therefore we do not give error bars, except in the first panel in
Figure 4.

Figure 4: On the first panel, we fix d = 256, κ = 32, ` = 4, ma = a for a ∈ {1, 2, 3, 4}, and sample
posets from the canonical scenario explained in Section 3.4. On the third panel, we let n = 105 ,
d = 512, κ = 64, ma = 3 for all a ∈ [`] and vary ` ∈ {1, 2, 4, 8, 16}. The second and the fourth panel
show the computation time for the first and the third panel respectively. The PL weights are chosen
uniformly spaced over [−2, 2]. Smaller error is achieved when using more computational resources
with larger M and using all paired comparisons results in an inconsistent Pairwise Rank-Breaking
(PRB) whose error does not vanish with sample size (first panel). Generalized Rank-Breaking
(GRB) utilizes all the observations achieving the oracle lower bound (third panel).
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Impact of the number of independent rankings n and the number of rank-breaking
hyper edges `j on accuracy. Figure 4 (first panel) shows the accuracy-sample tradeoff for

In the following, we give numerical results confirming our theoretical results. Our numerical experiments show that the dependence of MSE on n, d, κj , rj,a , mj,a , `j as given in Theorem 11, Equation
(15) holds true, even when the conditions for the theorem to hold are not met. For the theorem
to hold, it is required that the number of items d, the set sizes κj and the hyper edge sizes rj,a are
sufficiently large such that γ3 > 0 and the number of effective samples satisfies (14). However, in
all our experiments the number of items d <= 512 and b = 2, therefore from (13) γ3 < 0, and also
the condition in (14) is not met.
In particular, in our numerical setting γ1 =

5.1 Simulated datasets

We provide extensive numerical results on simulated and real-world datasets confirming our theoretical results and performance gains of the generalized rank-breaking algorithm over the pairwise
rank-breaking algorithm.

5. Numerical results

Note that the lower bound is derived for the easiest case, b = 0, when all the items i ∈ [d] have
the same weight θi∗ = θ0∗ . Therefore, the above conclusion that the relative ordering among the
items in the top-set of the hyper edge ej,a has limited impact on the accuracy can be made only
for this case when all the items have the same PL weight. However, the upper bound shows that
this conclusion holds true in general. The ‘unordered vs. ordered top-m ranking’ paragraph in the
previous section explains that for the ideal case when mj,a is sufficiently small in comparison to
rj,a , the relative ordering has limited impact.
Recall that in the upper bound, γ1 and γ2 capture the impact of mj,a /rj,a on the effective
number of samples. However, for b = 0, γ1 = 1, and for b > 0 it captures
in the
 rj,aasymmetry
−mj,a 2
probability of the highest weight item appearing in bottom set. γ2 = minj,a
captures
rj,a
the role played by ηj,a in the lower bound.

Figure 3: It shows how η varies as a function of m, size of the top-set, for a fixed value of r, sum
of top-set and the bottom-set sizes, Equation (16).
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lower bound and oracle MLE lower bound. Oracle MLE knows relative ordering of items in the
top-sets T (e) and hence is strictly better than the GRB. For the settings chosen, Oracle MLE gets
the ordered ranking of top-m items whereas GRB gets unordered top-m items. As predicted by our
analysis, GRB matches with the oracle MLE which means relative ordering of top-m items among
themselves is statistically insignificant when m is sufficiently small in comparison to r = κ. For
r = κ = 32 in the first panel, MSE decays as m increases from 1 to 5. However, when r = κ = 16
in the third panel, for the same increase of m from 1 to 5 MSE starts increasing when m grows
beyond 4. The reason is that the quantities γ1 and γ2 get smaller as m increases, and the upper
bound increases consequently. The normalization constant C is n/d2 for these two panels.
2
θ ∗ k2

3

size of top-set m

2
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GRB order M=m
oracle lower bound
CR lower bound

b−
C kθ

1

1

Figure 5: PRB: pairwise rank-breaking, GRB: generalized rank-breaking. θ∗ is chosen uniformly
spaced over [−2, 2] and d = 512, n = 105 and number of hyperedges ` = 1. The second and
the fourth panel show the computation time for the first and the third panel respectively. MSE
decreases as m increases when r, sum of the size of the top-set and the bottom-set is sufficiently
large (first panel). When r is small, with increase in m MSE initially decreases but as m grows
large MSE starts increasing (third panel).

Impact of the dynamic range b on accuracy. In Figure 6, we show the impact of b and r = κ
on the accuracy for fixed m = 4. When κ is small, γ2 is small, and hence error is large; when
b is large γ1 is exponentially small, and hence error is significantly large. This is different from
learning Mallows models in Ali and Meilă (2012) where peaked distributions are easier to learn,
and is related to the fact that we are not only interested in recovering the (ordinal) ranking but
also the (cardinal) weight. The normalization constant C is nm/d2 .
5.2 Real-world datasets
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On sushi preferences (Kamishima, 2003) and jester dataset (Goldberg et al., 2001), we improve
over pairwise breaking and achieve same performance as the oracle MLE.
Sushi dataset. There are d = 100 types of sushi. Full rankings over subsets Sj of size κ = 10
are provided by n = 5000 individuals. The offering subsets Sj are chosen uniformly at random from
the entire set d. We set the ground truth θ∗ to be the MLE of the PL weights over the entire data.
In the left panel of Figure 7, for each m ∈ {3, 4, 5, 6}, we remove the known ordering among the
top-m and bottom-(10 − m) sushi in each set, and run our estimator with one rank-breaking hyper
edge between top-m and bottom-(10 − m) items. We compare our algorithm with inconsistent
pairwise breaking (using optimal choice of parameters from Khetan and Oh (2016)) and the oracle
MLE. For m ≤ 6, the proposed rank-breaking performs as good as the oracle who knows the relative
23
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Figure 6: d = 512, n = 105 and θ∗ is chosen uniformly spaced over [−2, 2]. Number of hyper edges
` = 1 with r = κ and m = 4. MSE increases as the dynamic range b gets large.
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ordering among the top m items. In other words, an individual providing a set of ordered top-6
sushi or a set of unordered top-6 sushi statistically reveals the same information, for the purpose of
estimating the ground truth parameters. As predicted by our theory, error decreases with increase
in top-set size m.
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Figure 7: The sushi dataset has d = 100, n = 5000, and κ = 10. The right panel shows computation
time. Generalized rank-breaking improves over pairwise RB and performs as good as oracle MLE
on sushi dataset.
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Jester dataset. It consists of continuous ratings between −10 to +10 of 100 jokes on sets of
size κ, 36 ≤ κ ≤ 100, by 24, 983 users. We convert cardinal ratings into ordinal full rankings. The
ground truth θ∗ is set to be the MLE of the PL weights over the entire data. For m ∈ {2, 3, 4, 5},
we convert each full ranking into a poset that has ` = bκ/mc partitions of size m, by removing
P
known relative ordering
P
P
P from each partition. The leads to total number of effective samples j pj =
j
a∈[`j ] mj,a =
j (κj − m), which is approximately equal for each m ∈ {2, 3, 4, 5}. However,
with increasing m, the quantities γ1 , γ2 , γ3 become smaller and hence the error increases (third
panel in Figure 8). Figure 8 compares the three algorithms for two different settings. In the first
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For estimators with limited computational power, however, the lower bound Theorem 12 fails to
capture the dependency on the allowed computational power. Understanding such fundamental
trade-offs is a challenging problem, which has been studied only in a few special cases, e.g. planted
clique problem (Deshpande and Montanari, 2015; Meka et al., 2015). This is outside the scope
of this paper, and we instead investigate the trade-off achieved by the proposed rank-breaking
approach. When we are limited on computational power, Theorem 11 implicitly captures this
dependence when order-M rank-breaking is used. The dependence is captured indirectly via the
resulting rank-breaking {Gj,a }j∈[n],a∈[`j ] and the topology of it. We make this trade-off explicit by
considering a simple but canonical example. Suppose θ∗ ∈ Ωb with b = O(1). Each user gives an
i.i.d. partial ranking,√where all items are offered and the partial ranking is based on an ordered
partition with `j = b 2cd1/3 c subsets for a constant c. The top subset has size mj,1 = 1, and the
a-th subset has size mj,a = a, up to a < `j . The choice of `j with a sufficiently small constant c
ensures that all the conditions of the ideal case explained in the previous section for holding the
Theorem 11 are satisfied.
Computation. For a choice of M such that M ≤ `j − 1, we consider the computational
complexity in computing θ(t) , (6) in one iteration of the minorization-maximization algorithm,
which scales as T (M, n) = O(M ! × dn). A detailed analysis of the convergence rate of the MM
algorithm is outside the scope of this paper.
Accuracy. Under the canonical setting, for M ≤ `j − 1, Laplacian matrix L of the comparison
graph H is L = nM (M + 1)/(2d(d − 1)) d I − 11> . All the non-zero eigenvalues of this complete
graph are equal, λ2 (L) = · · · = λd (L) = Tr(L)/(d − 1). Therefore, the resclaed spectral
gap α = 1,
P
and the rescaled largest eigenvalue β = 1. Since the effective sample size is j,a mj,a I{mj,a ≤
M} =
pnM (M + 1)/2, it follows from Theorem 11 that the (rescaled) root mean squared error
is O( (d log d)/(nM 2 )). In order to achieve a smaller target error rate of ε for a fixed problem
size d, an analyst can increase the rank-breaking order M and/or increase n that is collect more
i.i.d. rankings. Fixing the rank-breaking order M , we need to collect n = Ω((d log d)/(ε2 M 2 ))

6. Computational and statistical tradeoff

Figure 8: The jester dataset which has d = 100, n = 24, 983, and 36 ≤ κj ≤ 100. The second
and the fourth panel show the computation time for the first and the third panel respectively.
Generalized rank-breaking improves over pairwise RB and performs as good as oracle MLE on
jester dataset.
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Therefore, Q(e, θ; θ(t) ) minorizes ln(Pθ (e)) and is equal to ln(Pθ (e)) if and only if θ(t) = θ.

− ln x ≥ 1 − ln y − (x/y) with equality if and only if x = y.

Note that inequality in (19) is tight if θt = θ. The last inequality follows from the fact that for any
positive x and y, we have

≡ Q(e, θ; θ(t) ) .

ln(Pθ (e))

= ln Pθ B(e) ≺ T (e)
P



|T (e)|
exp
X
c=1 θσ(c)

= ln 
 P
Q|T (e)| P|T (e)|
σ∈ΛT (e)
u=1
i∈B(e) exp (θi )
c0 =u exp θσ(c0 ) +
P



|T (e)|
exp
θσ(c)
X P (t) (e, σ)
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θ



ln Q
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≥
 P
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In the following, we show that Q(e, θ; θ(t) ) minorizes ln(Pθ (e)) at θ(t) . Using Jensen’s inequality
ln(E[X]) ≥ E[ln(X)], for any given parameter θ(t) ∈ Rd , we have,

7.1 Proof of Lemma 3

We provide the proofs of the main results.

7. Proofs

i.i.d. rankings. The resulting trade-off between run-time and root mean squared error ε is T (ε) ∝
(M !(d2 log d)/(ε2 M 2 ). The computational complexity is quadratic in the target error , when we
can collect more
p rankings. On the other hand, fixing the number of rankings n, we need to choose
M = Ω((1/ε) (d log
pd)/n). The resulting trade-off between run-time and root mean squared error
ε is T () ∝ (d(1/ε) (d log d)/ne)!dn. The computational complexity is super exponential in the
target error , for a fixed problem size d and the number of rankings n. Super exponential complexity
is unavoidable as computing likelihood is super exponential in M . However, our approach provides
flexibility to the analyst to choose between collecting more rankings n or increasing the rankbreaking order M to achieve the desired target error. We show numerical experiment under this
canonical setting in Figure 4 (left) with d = 256 and M ∈ {1, 2, 3, 4, 5}, illustrating the trade-off in
practice.

panel, we fix m = 4 and vary the number of samples n. Mean square error decreases with increase
in the number of samples. In the third panel, we use n = 5000 samples, and vary m ∈ {2, 3, 4, 5}.
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(20)

7.2 Proof of Theorem 11
Pn
We define few additional notations. p ≡ (1/n) j=1
pj . V (ej,a ) ≡ T (ej,a ) ∪ B(ej,a ) for all j ∈ [n]
and a ∈ [`j ]. Note that by definition of rank-breaking edge ej,a , V (ej,a ) is a random set of items
that are ranked in bottom rj,a positions in a set of Sj items by the user j.
The proof sketch is inspired from Khetan and Oh (2016). The main difference and technical
challenge is in showing the strict concavity of LRB (θ) when restricted to Ωb . We want to prove an
upper bound on ∆ = θb − θ∗ , where θb is the sample dependent solution of the optimization (4) and
b θ∗ ∈ Ωb , it follows that
θ∗ is the true utility parameter from which the samples are drawn. Since θ,
∆1 = 0. Since θb is the maximizer of LRB (θ), we have the following inequality,
b − LRB (θ∗ ) − h∇LRB (θ∗ ), ∆i ≥ −h∇LRB (θ∗ ), ∆i ≥ −k∇LRB (θ∗ )k2 k∆k2 ,
LRB (θ)

1 >
1
∆ H(θ)∆ ≤ − λ2 (−H(θ))k∆k22 ,
2
2

(21)

where the last inequality uses the Cauchy-Schwartz inequality. By the mean value theorem, there
exists a θ = cθb + (1 − c)θ∗ for some c ∈ [0, 1] such that θ ∈ Ωb and
b − LRB (θ∗ ) − h∇LRB (θ∗ ), ∆i =
LRB (θ)

2k∇LRB (θ∗ )k2
,
λ2 (−H(θ))

B(ej,a ):

where λ2 (−H(θ)) is the second smallest eigen value of −H(θ). We will show in Lemma 15 that
−H(θ) is positive semi definite with one eigenvalue at zero with a corresponding eigen vector
1 = [1, . . . , 1]> . The last inequality follows since ∆> 1 = 0. Combining Equations (20) and (21),
k∆k2 ≤

`j
n X
X

X

C⊆Sj ,
|C|=rj,a −1


∂
log
Pθ (ej,a )
I V (ej,a ) = {C, i}
.
∂θi

T (ej,a )

where we used the fact that λ2 (−H(θ)) > 0 from Lemma 15. The following technical lemmas prove
−1/2 √
that the norm of the gradient is upper bounded by γ2 eb 6np log d with high probability and the
second smallest eigen value of negative of the Hessian is lower bounded by (1/8) e−6b αγ1 γ2 γ3 (np/(d−
1)). This finishes the proof of Theorem 11.
The (random) gradient of the log likelihood in (4) can be written as the following, where the
randomness is in which items ended up in the top set
and the bottom set
∇i LRB (θ) =
j=1 a=1

Note that we are intentionally decomposing each summand as a summation over all C of size rj,a −1,
such that we can separate the analysis of the expectation in the following lemma. The random
variable I{{C, i} = V (ej,a )} indicates that we only include one term for any given instance of the
sample. Note that the event I{{C, i} = V (ej,a )} is equivalent to the event that the {C, i} items
are ranked in bottom rj,a positions in the set Sj , that is V (ej,a ) items are ranked in bottom rj,a
positions in the set Sj .
Lemma 13 If the j-th poset is drawn from the PL model with weights θ∗ then for any given C 0 ⊆ Sj
with |C 0 | = rj,a ,
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∂
log
Pθ∗ (ej,a )
{ej,a0 }a0 <a = 0 .
E I C 0 = V (ej,a )
∂θi∗
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∂ log Pθ∗ (ej,a ) 
First, this lemma implies that E I C 0 = V (ej,a )
= 0. Secondly, the above lemma
∂θi∗
allows us to construct a vector-valued martingale and apply a generalization of Azuma-Hoeffding’s
tail bound on the norm to prove the following concentration of measure. This proves the desired
bound on the gradient.

I{(i, i0 ) ⊆ V (ej,a )}



p
6np log d ,

∂ 2 log Pθ (ej,a )
(ei − ei0 )(ei − ei0 )>
∂θi ∂θi0



.

∂ 2 LRB (θ)
∂θi ∂θi0

(22)

can be

Lemma 14 If n posets are independently drawn over d items from the PL model with weights θ∗
then with probability at least 1 − 2e3 d−3 ,

e

−1/2 b

k∇LRB (θ∗ )k ≤ γ2

where γ2 depend on the choice of the rank-breaking and are defined in Section 4.1.

`j
n X
X
X

j=1 a=1 i<i0 ∈Sj

We will prove in (26) that the Hessian matrix H(θ) ∈ S d with Hii0 (θ) =
expressed as
−H(θ) =

It is easy to see that H(θ)1 = 0. The following lemma proves a lower bound on the second smallest
eigenvalue λ2 (−H(θ)) in terms of re-scaled spectral gap α of the comparison graph H defined in
Section 4.1.

e−6b αγ1 γ2 γ3 np
,
8
(d − 1)

Lemma 15 Under the hypothesis of Theorem 11, if the assumptions in Equation (14) are satisfied
then with probability at least 1 − d−3 , the following holds for any θ ∈ Ωb :
λ2 (−H(θ)) ≥

and λ1 (−H(θ)) = 0 with corresponding eigenvector 1.
This finishes the proof of the desired claim.
7.3 Proof of Lemma 13

Recall that ej,a is a random event where randomness is in which items ended up in the top-set
T (ej,a ) and the bottom-set B(ej,a ), and Pθ∗ (ej,a ) = Pθ∗ [B(ej,a ) ≺ T (ej,a )] that is the probability
of observing B(ej,a ) ≺ T (ej,a ) when the offer set is B(ej,a ) ∪ T (ej,a ) as defined in (3). Define,
Pθ∗ ,Sj [ej,a |V (ej,a ) = C 0 ] to be the conditional probability of observing B(ej,a ) ≺ T (ej,a ), when the
offer set is Sj , conditioned on the event that V (ej,a ) = C 0 . Note that we have put subscript Sj in
Pθ∗ to specify that the offer set is Sj . Observe that for any set C 0 ⊆ Sj , the event {C 0 = V (ej,a )} is
equivalent to C 0 items being ranked in bottom rj,a positions when the offer set is Sj . In other words,
it is conditioned on the event that the subset V (ej,a ) items are ranked in bottom rj,a positions when
the offer set is Sj . In Equation (23), we show that under PL model

Pθ∗ ,Sj [ej,a |V (ej,a ) = C 0 ] = Pθ∗ [ej,a ] .

Also, by conditioning on any outcome of {ej,a0 }a0 <a it can be checked that
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Pθ∗ ,Sj [ej,a |V (ej,a ) = C 0 , {ej,a0 }a0 <a ] = Pθ∗ ,Sj [ej,a |V (ej,a ) = C 0 ].

28

ej,a :V (ej,a )=C

X

h
i
∂
Pθ∗ ,Sj ej,a V (ej,a ) = C 0 = ∗ 1 = 0 ,
∂θ
i
0

P

j

[ej,a |V (ej,a ) = C ] = P [ej,a ] .
θ∗

P

C⊆Sj

(e

)

(e

)

)
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= 0 as proved in Lemma 13. It also follows from
`j . Also, from the independence of samples, it
follows that E[Zj+1,1 |Zj,`j ] = Zj,`j . Applying a generalized version of the vector Azuma-Hoeffding
inequality which readily follows from [Theorem 1.8, Hayes (2005)], we have
!


δ2
,
P k∇LRB (θ∗ )k ≥ δ
≤ 2e3 exp − Pn P`
j
−1 2b
a=1 mj,a 2γ2 e
j=1

(e )
with the convention that Z1,1 = E[∇LRBj,a (θ∗ )]
Lemma 13 that E[Zj,a+1 |Zj,a ] = Zj,a for a <

Zj,a ≡ E[∇LRBj,a (θ∗ )|Hj,a ] ,

(e

such that ∇LRB (θ∗ ) = j∈[n] a∈[`j ] ∇LRBj,a . We take ∇LRBj,a as the incremental random vector
P
in a martingale of nj=1 `j time steps. Let Hj,a denote (the sigma algebra of) the history up to ej,a
and define a sequence of random vectors in Rd :

P

We view ∇LRB (θ∗ ) as the final value of a discrete time vector-valued martingale with values in Rd .
(e )
Define ∇LRBj,a ∈ Rd as the gradient vector arising out of each rank-breaking edge {ej,a }j∈[n],a∈[`j ]
as
X 
(e )
I V (ej,a ) = {C, i} ∇i log Pθ∗ (ej,a ) ,
∇i LRBj,a (θ∗ ) ≡

7.4 Proof of Lemma 14

where P(Ci1 ≺ Ci2 ) is the probability that Ci2 items are ranked higher than Ci1 items when the offer
set is {Ci1 ∪ Ci2 }.

This follows from the fact that under PL model for any disjoint set of items {Ci }i∈[`] such that
∪`i=1 Ci = S,




P C` ≺ C`−1 ≺ · · · ≺ C1 = P C` ≺ C`−1 P {C` , C`−1 } ≺ C`−2 · · · P {C` , C`−1 , · · · , C2 } ≺ C1 , (23)

θ∗ ,S

0

where we used {ej,a : V (ej,a ) = C 0 } = {ej,a : V (ej,a ) = C 0 , {ej,a0 }a0 <a } which follows from the
definition of rank-breaking edges ej,a . This proves the desired claim. It remains to show that

∂
= ∗
∂θi

ej,a :V (ej,a )=C
{ej,a0 }a0 <a

Therefore, we have
 


∂ log Pθ∗ ej,a
0
0 }a0 <a
V
(e
)
=
C
,
{e
E
j,a
j,a
∂θi∗




∂ log Pθ∗ ,Sj ej,a |V (ej,a ) = C 0 , {ej,a0 }a0 <a
=E
V (ej,a ) = C 0 , {ej,a0 }a0 <a
∗
∂θi
i
i ∂
h
h
X
=
Pθ∗ ,Sj ej,a V (ej,a ) = C 0 , {ej,a0 }a0 <a
log Pθ∗ ,Sj ej,a V (ej,a ) = C 0 , {ej,a0 }a0 <a
∗
∂θi
0

Generalized Rank-Breaking

(e

≡ Aσ

{z

≡ Ei

≡ Bσ,i

}

(24)

σ∈ΛT (ej,a )

i∈V (ej,a )

X

Aσ = mj,a Pθ (ej,a ) ,


exp θσ(c0 ) .

σ∈ΛT (ej,a )

c0 =u0

rj,a
X

(e

)

(25)

i∈V (ej,a )

i∈V (ej,a )

30
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First, we prove (22). For P
brevity, remove {j, a} from Pθ (ej,a ). From Equations (24) and (25), and
|T (ej,a )| = mj,a , we have i∈V (ej,a ) ∂θ∂ i Pθ (e) = mj,a Pθ (e) − mj,a Pθ (e) = 0. It follows that
X  ∂ 2 log Pθ (e) 
=
∂θi0 ∂θi
i∈V (ej,a )
!
!
X  ∂Pθ (e) 
X  ∂Pθ (e) 
1
∂
1
∂Pθ (e)
−
= 0.
(26)
Pθ (e) ∂θi0
∂θi
∂θi
(Pθ (e))2 ∂θi0

7.4.1 Proof of Lemma 15

j,a
2
(1/Pθ (eP
j,a ))∂Pθ (ej,a )/∂θi = I{i ∈ T (ej,a )} − Ei /Pθ (ej,a ). Since |T (ej,a )| = mj,a , k∇LRB k ≤
mj,a + i∈V (ej,a ) (Ei /Pθ (ej,a ))2 ≤ 2mj,a γ2−1 e2b , where we used (25) and the fact that γ2−1 ≥ 1.

j,a

0 (θi −θi0 ) ≤
where the last equality follows
Prj,a from the definition2bof Pθ (ej,a ) (4). Also, since for any i, i−1, e2b
e2b ; for any i, Bσ,i ≤ e2b k=r
(1/k)
≤
e
(1
+
log(r
/(r
−
m
+
1)))
≤
γ
e , where
j,a
j,a
j,a
j,a −mj,a +1
√ 2
the last inequality follows from the
definition
of
γ
(12)
and
the
fact
that
x
≤
1
+
log
x for all
2
P
x ≥ 1. Therefore, Ei ≤ γ2−1 e2b σ∈ΛT (e ) Aσ = γ2−1 e2b Pθ (ej,a ). We have ∂ log Pθ (ej,a )/∂θi =

i∈V (ej,a )

i∈V (ej,a )

I{σ −1 (i) ≥ u0 } exp(θi ) =

i∈V (ej,a ) Bσ,i = mj,a . It follows that
 X

X
Ei =
Aσ
Bσ,i
= mj,a

P

X

Therefore,

X

Note that Aσ , Bσ,i and Ei depend on ej,a . Observe that for any 1 ≤ u0 ≤ mj,a and any
σ ∈ ΛT (ej,a ) ,

|

∂Pθ (ej,a )
= I{i ∈ T (ej,a )}Pθ (ej,a )
∂θi
!

Pmj,a
mj,a
X
X I{σ −1 (i) ≥ u0 } exp(θi )
exp
c=1 θσ(c)


−
.
Qmj,a Prj,a
Prj,a
0
c0 =u exp θσ(c0 )
c0 =u0 exp θσ(c0 )
σ∈ΛT (ej,a ) | u=1
{z
} | u =1
{z
}

)

Now we are left to show that k∇LRBj,a k2 ≤ 2mj,a γ2−1 e2b for any θ ∈ Ωb . Recall that σ ∈ ΛT (ej,a )
is the set of all full rankings over T (ej,a ) items. In rest of the proof, with a slight abuse of
notations, we extend each of these ranking σ over T (ej,a ) ∪ B(ej,a ) items in the following way.
Consider any full ranking σ̃ over B(ej,a ) items. Then for each σ ∈ ΛT (ej,a ) , the extension is such
that σ(|T (ej,a )| + c) = σ̃(c) for 1 ≤ c ≤ |B(ej,a )|. The choice of ranking σ̃ will have no impact on
any of the following mathematical expressions. From the definition of Pθ (ej,a ) (3), we have, for any
i ∈ V (ej,a ),

√
(e )
where we used k∇LRBj,a k2 ≤ mj,a 2γ2−1 e2b . Choosing δ = γ2−1 eb 6np log d gives the desired bound.
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Generalized Rank-Breaking

Pn P`j
∂ 2 LRB (θ)
Since by definition LRB (θ) = j=1
a=1 log Pθ (ej,a ), and Hii0 (θ) = ∂θi ∂θi0 which is a symmetric
matrix, Equation (26) implies that it can be expressed as given in Equation (22). It follows that
all-ones is an eigenvector of H(−θ) with the corresponding eigenvalue being zero.
To get a lower bound on λ2 (−H(θ)), we apply Weyl’s inequality

(27)

− 1))) and in (39) that kH(θ) −

λ2 (−H(θ)) ≥ λ2 (E[−H(θ)]) − kH(θ) − E[H(θ)]k .

r

np
pmax
log d
κmin β(d − 1)

We will show in (27) that λ2 (E[−H(θ)]) ≥ e−6b αγ1 γ2 γ3 (np/(4(d
q
np
E[H(θ)]k ≤ 16e4b ν pκmax
log d. Putting these together,
min β(d−1)
e−6b αγ1 γ2 γ3 np
,
8
(d − 1)

np
− 16e4b ν
λ2 (−H(θ)) ≥ e−6b αγ1 γ2 γ3
4(d − 1)

≥

i<i ∈Sj

X
pj
(ei − ei0 )(ei − ei0 )>
4κj (κj − 1) 0

where the last inequality follows from the assumption on nκmin given in (14).
To prove a lower bound on λ2 (E[−H(θ)]), we claim that for θ ∈ Ωb ,

e−6b γ1 γ2 γ3
L,
4

j=1

n
X


E − H(θ)  e−6b γ1 γ2 γ3

=



−

j,a

otherwise .

if i, i0 ∈ B(ej,a )

(29)

where L ∈ S d is defined in (10). Using λ2 (L) = npα/(d − 1) from (11), we have λ2 (−H(θ)) ≥
e−6b αγ1 γ2 γ3 (np/(4(d − 1))). To prove (27), notice that
hX X
2

∂
log
Pθ (ej,a ) i
E[−H(θ)ii0 ] = E
I (i, i0 ) ⊆ V (ej,a )
,
(28)
∂θi ∂θi0
j∈[n] a∈[`j ]

≥

when i 6= i0 . We will show that for any i 6= i0 ∈ V (ej,a ),
 −2b
 e 2mj,a

r
∂ 2 log Pθ (ej,a )
∂θi ∂θi0

2
e4b mj,a
(rj,a −mj,a +1)2

We need to bound the probability of two items appearing in the bottom-set B(ej,a ) and in the
top-set T (ej,a ).

(32)

(31)

(30)

Lemma 16 Consider a ranking σ over a set S ⊆ [d] such that |S| = κ. For any two items i, i0 ∈ S,
θ ∈ Ωb , and 1 ≤ `, `1 , `2 ≤ κ − 1,


Pθ σ −1 (i), σ −1 (i0 ) > ` ≥


Pθ σ −1 (i) = ` ≤


Pθ σ −1 (i) = `1 , σ −1 (i0 ) = `2 ≤


 2b
` 2e −2
e−4b (κ − `)(κ − ` − 1)
1−
,
κ(κ − 1)
κ
e6b
,
κ−`
e10b
.
(κ − `1 − 1)(κ − `2 )
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where the probability Pθ is with respect to the sampled ranking resulting from PL weights θ ∈ Ωb .
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(35)

(34)

(33)

Substituting ` = κj − rj,a + mj,a in (30), and `, `1 , `2 ≤ κj − rj,a + mj,a in (31) and (32), we have,

`∈[κj −rj,a +mj,a ]



e−4b (rj,a − mj,a )2  rj,a − mj,a 2e2b −2
,
Pθ (i, i0 ) ⊆ B(ej,a ) ≥
4κj (κj − 1)
κj


Pθ i ∈ T (ej,a ), i0 ∈ B(ej,a ) ≤ mj,a
max
P(σ −1 (i) = `)

P(σ −1 (i) = `1 , σ −1 (i0 ) = `2 )

2
e10b mj,a
,
2 (rj,a − mj,a − 1)(rj,a − mj,a )

`1 ,`2 ∈[κj −rj,a +mj,a ]

e6b mj,a
≤
,
rj,a − mj,a


2
Pθ (i, i0 ) ⊆ T (ej,a ) ≤ mj,a
max

≤

where (33) uses rj,a − mj,a − 1 ≥ (rj,a − mj,a )/4, (34) uses Pθ [i ∈ T (ej,a ), i0 ∈ B(ej,a )] ≤ Pθ [i ∈
T (ej,a )], and (34)-(35) uses counting on the possible choices. The bound in (35) is smaller than the
one in (34) as per our assumption that γ3 > 0.
Using Equations (28)-(29) and (33)-(35), and the definitions of γ1 , γ2 , γ3 from Section 4.1, we
get

|

≥γ1

≥γ2

E[−H(θ)ii0 ] ≥
2
 2b 

o
−6b
X X n
e4b mj,a
e6b mj,a
m
r
j,a
j,a − mj,a 2e −2 rj,a − mj,a 2 e
−
κj
rj,a
4κj (κj − 1)
rj,a − mj,a (rj,a − mj,a + 1)2
{z
}|
{z
}
j∈[n] a∈[`j ]

≥γ3

2 r 2 κ2 
X γ1 γ2 e−6b mj,a 
4e16b mj,a
j,a j
≥
1−
.
4κj (κj − 1)
γ1 (rj,a − mj,a )5
|
{z
}

j,a

(36)

This combined with (22) proves the desired claim (27). Further, in Appendix 7.7, we show that if
∂ 2 log Pθ (ej,a )
is non-negative even for i 6= i0 ∈ T (ej,a ), and i ∈ T (ej,a ), i0 ∈
mj,a ≤ 3 for all {j, a} then
∂θi ∂θi0
B(ej,a ) as opposed to a negative lower-bound given in (29). Therefore, bound on E[−H(θ)] in (27)
can be tightened by a factor of γ3 .
To prove claim (29), define the following for σ ∈ ΛT (ej,a ) ,

u0 =1

m
m
j,a
j,a
X
X
I{σ −1 (i) ≥ u0 }
I{σ −1 (i), σ −1 (i0 ) ≥ u0 }
2 , Cσ,i,i0 ≡
2 .
Prj,a
Prj,a
u0 =1
c0 =u0 exp θσ(c0 )
c0 =u0 exp θσ(c0 )

u0 =1

m
m
j,a
j,a
X
X
I{σ −1 (i) ≥ u0 }
1
 , Cσ ≡
Prj,a
2 ,
Prj,a
c0 =u0 exp θσ(c0 )
u0 =1
c0 =u0 exp θσ(c0 )


Pmj,a
mj,a
X
exp
θ
1
σ(c)
 , Bσ ≡
,
Aσ ≡ Qmj,a Prj,ac=1
Prj,a
u=1
c0 =u exp θσ(c0 )
c0 =u0 exp θσ(c0 )
u0 =1
Bσ,i ≡

Cσ,i ≡
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First, a few observations about the expression of Aσ . For any σ ∈ ΛT (ej,a ) and any i ∈ V (ej,a ),
θi is in the numerator if and only if i ∈ T (ej,a ), since in all the rankings that are consistent with

32

(P

Aσ − Aσ Bσ,i eθi

Pσ
θi
σ − Aσ B σ e
if i ∈ T (ej,a )
if i ∈ B(ej,a ) .

∂Pθ (e) ∂Pθ (e)
1 ∂ 2 Pθ (e)
1
∂θi0 ,
Pθ (e) ∂θi ∂θi0 − (Pθ (e))2 ∂θi

if i, i0 ∈ B(ej,a )
if i, i0 ∈ T (ej,a )
otherwise .

(37)

(38)

i

33
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P
P
P
Observe that from Cauchy-Schwartz inequality ( σ Aσ )( σ Aσ (Bσ )2 ) − ( σ Aσ Bσ )2 ≥ 0. Also,
we have e(θi +θi0 ) Cσ ≥ e−2b (m/r2 ) and eθi Bσ,i ≤ eθi Bσ ≤ e2b (m/(r − m + 1)) for any i ∈ V (ej,a ).
This proves the desired claim (29).
Next we need to upper bound deviation of −H(θ) from its expectation. From (38), we have,
∂ 2 log Pθ (ej,a )
≤ 3e4b m2j,a /(rj,a − mj,a + 1)2 ≤ 3e4b νmj,a /(κj (κj − 1)), where the last inequality
∂θi ∂θ 0

otherwise .

if i, i0 ∈ T (ej,a )

if i, i0 ∈ B(ej,a )

with above derived first and second derivatives,

(Pθ (e))2 ∂ 2 log Pθ (e)
i +θi0 )
∂θi ∂θi0
e(θ
P
P
P
P
P
2
2

( σ Aσ )( σ Aσ (Bσ ) ) − ( σ Aσ Bσ ) + ( σ Aσ )( σ Aσ Cσ )

P
P
P
P
= ( σ Aσ )( σ Aσ Bσ,i Bσ,i0 + Aσ Cσ,i,i0 ) − ( σ Aσ Bσ,i )( σ Aσ Bσ,i0 )



(P A )(P A B B + A C ) − (P A B )(P A B )
σ σ,i
σ σ
σ σ σ σ,i
σ σ σ
σ σ σ,i

=
Using
and after following some algebra, we have

∂ 2 log Pθ (e)
∂θi ∂θi0

∂ 2 Pθ (e)
∂θi ∂θi0
P

2
(θi +θi0 )

Pσ (Aσ (Bσ ) + Aσ Cσ )e

=
A − Aσ Bσ,i0 eθi0 + (Aσ Bσ,i Bσ,i0 + Aσ Cσ,i,i0 )e(θi +θi0 ) − Aσ Bσ,i eθi
Pσ σ


(θi +θi0 ) − A B eθi0
σ σ
σ (Aσ Bσ Bσ,i + Aσ Cσ,i )e

It follows that for i 6= i0 ∈ V (ej,a ),

∂Pθ (e)
=
∂θi

With the above given observations for the notations in (36), first partial derivative of Pθ (e) can be
expressed as following:

j,a

the observation ej,a , T (ej,a ) items are ranked in top mj,a positions. For any σ ∈ ΛT (ej,a ) and any
Qmj,a
i ∈ B(ej,a ), θi is in all the product terms u=1
(·) of the denominator, since in all the consistent
rankings these items are ranked below mj,a position. For any i ∈ T (ej,a ), θi appears in product
term corresponding to index u if and only if item i is ranked at position u or lower than u in
the ranking σ ∈ ΛT (ej,a ) . Now, observe that Bσ is defined such that the partial derivative of Aσ
with respect to any i ∈ B(ej,a ) is −Aσ Bσ eθi , and Bσ,i is defined such that the partial derivative of
Aσ with respect to any i ∈ T (ej,a ) is Aσ − Aσ Bσ eθi . Further, observe that −Cσ eθi is the partial
derivative of Bσ with respect to i ∈ B(ej,a ), −Cσ,i eθi is the partial derivative of Bσ,i with respect
to i ∈ T (ej,a ), and −Cσ,i eθi0 is the partial derivative of Bσ,i with respect to i0 ∈ B(ej,a ). −Cσ,i,i0 eθi0
is the partial derivative of Bσ,i with respect to i0 6= i ∈ T (ej,a ).
notation, we omit subscript (j, a) whenever it is clear from the context. Also,P
we use
P For ease of P
σ to denote
σ∈ΛT (e ) . With the above defined notations, from (4), we have, Pθ (e) =
σ Aσ .

Generalized Rank-Breaking

j=1 i<i0 ∈Sj

κj (κj − 1)

a=1 mj,a
j=1

n
X

yj Lj ,

mj,a
(ei − ei0 )(ei − ei0 )>
κj (κj − 1)

(ei − ei0 )(ei − ei0 )> ≡

I{(i, i0 ) ⊆ V (ej,a )}

n
X
X P`j

j=1 a=1 i<i0 ∈Sj

`j
n X
X
X

yj2 L2j  9e8b ν 2
j=1

n
X

κ2j (κj − 1)2

p2j

κj Lj 

9e8b ν 2 pmax
L,
κmin

max

(

exp(θi ) + exp(θi0 )

P
j∈Ω exp(θj ) /|Ω|

)

,

(40)

(39)

θej

=



34

log(e
α/2)
0

for j = i or i0 ,
otherwise .
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and αi,i0 ,`,θ = α
ei,i0 ,`,θ . For ease of notation we remove the subscript from α and α
e. We denote
P
the sum of the weights by W ≡ j∈S exp(θj ). We define a new set of parameters {θej }j∈S :

`0 ∈[`] Ω⊆S\{i,i0 }
:|Ω|=κ−`0

α
ei,i0 ,`,θ ≡ max



Claim (30): Since providing a lower bound on Pθ σ −1 (i), σ −1 (i0 ) > ` for arbitrary θ is challenging,
we construct a new set of parameters {θej }j∈[d] from the original θ. These new parameters are
constructed such that it is both easy to compute the probability and also provides a lower bound
on the original distribution. Define α
ei,i0 ,`,θ as

7.5 Proof of Lemma 16

where the last inequality follows from the assumption on nκmin given in (14).

kH(θ) − E[H(θ)]k ≤ 12e4b ν

np
8e4b νpmax log d
pmax
log d +
κmin β(d − 1)
κmin
r
pmax
np
4b
≤ 16e ν
log d ,
κmin β(d − 1)

r

P
where we used the fact that L = (pj /(κj (κj − 1))) nj=1 Lj , for L defined in (10). Using λd (L) =
Pn
8b 2
np
. By the matrix
np/(β(d − 1)) from (11), it follows that k j=1 Eθ [yj2 Yj2 ]k ≤ 9e κνminpmax β(d−1)
Bernstien inequality, with probability at least 1 − d−3 ,

j=1

n
X

P
where yj = (3e4b νpj )/(κj (κj − 1)) and Lj = i<i0 ∈Sj (ei − ei0 )(ei − ei0 )> = κj diag(eSj ) − eSj e>
Sj
P
for eSj = i∈Sj ei . Observe that kyj Lj k ≤ (3e4b νpmax )/κmin . Moreover, L2j  κj Lj , and it follows
that

 3e4b ν

−H(θ)  3e4b ν

follows from the definition of ν (13). Therefore,
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Pθ

exp(θj1 )
W
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j2 ∈S
j2 6=i,i0 ,j1

X

h
i
σ −1 (i), σ −1 (i0 ) > `

X

j1 ∈S
j1 6=i,i0

X
exp(θj1 )
···
W − exp(θj1 )
W

j∈Ω`

X

j ∈S

W−
exp(θj` )
W

exp(θj` )
Pj`−1
exp(θk )
k=j1

X
exp(θj`−1 )
Pj`−1
exp(θk ) j` ∈S
−
k=j
1
j` 6=i,i0 ,
j1 ,··· ,j`−1

exp(θj2 )
···
W − exp(θj1 )
X

j`−1 ∈S
j`−1 6=i,i0 ,
j1 ,··· ,j`−2

`
j` 6=i,i0 ,
j1 ,··· ,j`−1

e
f≡P
Similarly define W
e. We have,
j∈S exp(θj ) = κ − 2 + α
=

=
j1 ∈S
j1 6=i,i0

X

X

j`−1 ∈Ω`

W−

exp(θj`−1 )
Pj`−1
k=j1 exp(θk )

exp(θk ) −

P

j

P`−1

∈Ω`

exp(θ

exp(θj`−1 ) −
!−1

j`−1 ∈Ω`

j`−1 ∈Ω`

j`−1

j`−1 ∈Ω`

)
P

exp(θj`−1 )
Pj`−2
W − k=j
exp(θk ) − exp(θj`−1 )
1
P
j`−1 ∈Ω` exp(θj`−1 )

P
exp(θj`−1 ) /|Ω` |

Pj`−2
k=j1

j`−1 ∈Ω`

W−
exp(θi ) + exp(θi0 ) +

!−1

exp(θej`−1 )
,
f − Pj`−1 exp(θek )
W
k=j1

exp(θ ) + exp(θi0 )
1
i
P
+1−
κ−`
exp(θj`−1 )
j`−1 ∈Ω`

α
e
1
+1−
κ−`
κ−`

X

j`−1 ∈Ω`

!
!

···

···


exp(θj`−1 ) /|Ω` |

!!
!!
(41)

(44)

(43)

(42)

Consider the second-last summation term in the above equation and let Ω` = S \ {i, i0 , j1 , . . . , j`−2 }.
exp(θ )+exp(θ )
α
e
. We have,
Observe that, |Ω` | = κ − ` and from equation (40), P i exp(θji)0 ≤ κ−`

=

≥
=

=

≥
=

κ−`
=
α
e+κ−`−1

è

{Ωè}2≤è≤`−1 , |Ωè|
exp(θ
P i )+exp(θi0 ) ≤
j∈Ω exp(θj )
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α/|Ωè|. Therefore, each summation term in equation (41) can be

x
where (42) follows from the Jensen’s inequality and the fact that for any c > 0, 0 < x < c, c−x
is
convex in x. Equation (43) follows from the definition of α
ei,i0 ,`,θ , (40), and the fact that |Ω` | = κ−`.
Equation (44) uses the definition of {θej }j∈S .
Consider
= κ − è, corresponding to the subsequent summation terms in (41).

Observe that

35

X

exp(θej )
1
···
f − exp(θej )
W
1

X
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X

j`−1 ∈S
j`−1 6=i,i0 ,
j1 ,··· ,j`−2

exp(θej1 )
···
f − exp(θej )
W
1

f
W

j`−1 ∈S
j`−1 6=i,i0 ,
j1 ,··· ,j`−2

e

!

!

···

exp(θej` )
f
W

exp(θj` )
W

j ∈S

!!

(45)

≤ e2b /κ. Observe that exp(θej ) = 1 for all

`
j` 6=i,i0 ,
j1 ,··· ,j`−1

X

X
exp(θj )
`−1
Pj`−1
e
exp(
θ
)
−
k
j` ∈S
k=j
1
j` 6=i,i0 ,
j1 ,··· ,j`−1

exp(θei )
f
W

exp(θej`−1 )
f − Pj`−1 exp(θek )
W
k=j1

≥ e−2b /κ and

···

lower bounded by the corresponding term where {θj }j∈S is replaced by {θej }j∈S . Hence, we have
h
i
Pθ σ −1 (i), σ −1 (i0 ) > `
!!
≥

j1 ∈S
j1 6=i,i0

X

j1 ∈S
j1 6=i,i0

exp(θi )
W

i
 h
e−4b Pθe σ −1 (i), σ −1 (i0 ) > ` .

≥ e−4b

=

The second inequality uses

(

exp(θi )

j∈Ω exp(θj )

P



/|Ω|

)

.

(47)

j=
6 i, i0 and exp(θei ) + exp(θei0 ) = α
e ≤ de
αe = α ≥ 1. Therefore, we have


h
i
κ−2
`!
P σ −1 (i), σ −1 (i0 ) > ` =
θe
`
(κ − 2 + α
e)(κ − 2 + α
e − 1) · · · (κ − 2 + α
e − (` − 1))
(κ − 2)!
1
≥
(κ − ` − 2)! (κ + α − 2)(κ + α − 3) · · · (κ + α − (` + 1))
(κ − ` + α − 2)(κ − ` + α − 3) · · · (κ − ` − 1)
≥
(κ + α − 2)(κ + α − 3) · · · (κ − 1)

α−2
(κ − `)(κ − ` − 1)
`
1−
.
(46)
κ(κ − 1)
κ+1
≥

min

Ω∈S\{i}
:|Ω|=κ−`0 +1

Claim (30) follows by combining Equations (45) and (46) and using the fact that α ≤ 2e2b .
Claim (31): Define,

i∈S `0 ∈[`]

α
e`,θ ≡ min min

=



log(e
α`,θ )
0

for j = i ,
otherwise .

Also, define
α`,θ c. Note that α`,θ ≥ 0 and α
e`,θ ≤ e2b . We denote the sum of the weights
P α`,θ ≡ be
by W ≡ j∈S exp(θj ). Analogous to the proof of claim (30), we define the new set of parameters
{θej }j∈S :

θej
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e
f≡P
Similarly define W
e`,θ . Using the techniques similar to the ones used
j∈S exp(θj ) = κ − 1 + α
in proof of claim (30), we have,
h
i
h
i
Pθ σ −1 (i) = ` ≤ e4b Pθe σ −1 (i) = ` .
(48)

36

(κ − 1)!
e2b
(κ − `)! (κ − 1 + α`,θ )(κ − 2 + α`,θ ) · · · (κ − ` + α`,θ )

α`,θ −1
`
e2b
e2b
1−
≤
.
κ
κ + α`,θ
κ−`
(49)

=

log(e
α`,θ )
0

for j ∈
otherwise .

{i, i0 }

,

(50)

37

2

JMLR 19(28):1-42, 2018

(51)

(θ)
Let H(θ) ∈ S d be Hessian matrix such that Hii0 (θ) = ∂ ∂θLiRB
∂θi0 . The Fisher information matrix is
defined as I(θ) = −Eθ [H(θ)]. From lemma 1, LRB (θ) is concave. This implies that I(θ) is positivesemidefinite and from (22) its smallest eigenvalue is zero with all-ones being the corresponding
eigenvector. Fix any unbiased estimator θb of θ ∈ Ωb . Since, θb ∈ U, θb − θ is orthogonal to 1. The

7.6 Proof of Theorem 12

Claim 32 follows by combining Equations (50) and (51).

≤

(κ − 2)!
e4b
(κ − `2 )! (κ − 2)(κ − 1) · · · (κ − `1 − 1)(κ − `1 − 1) · · · (κ − `2 )
e4b
≤
.
(κ − `1 − 1)(κ − `2 )

h
i
= Pθe σ −1 (i) = `1 , σ −1 (i0 ) = `2
 2
κ−2
e`,θ (`2 − 2)!
`2 −2 α
=
(κ − 2 + 2e
α`,θ )(κ − 1 + 2e
α`,θ ) · · · (κ − 2 + 2e
α`,θ − (`1 − 1))
!
1
(κ − 2 + α
e`,θ − (`1 − 1)) · · · (κ − 2 + α
e`,θ − (`2 − 2))

Observe that exp(θej ) = 1 for all j 6= i, i0 and exp(θei ) = exp(θei0 ) = α
e`,θ ≥ be
αc`,θ = α`,θ ≥ 0.
Therefore, we have

h
i
h
i
Pθ σ −1 (i) = `1 , σ −1 (i0 ) = `2 ≤ e8b Pθe σ −1 (i) = `1 , σ −1 (i0 ) = `2

e
f≡P
α`,θ . Using the techniques similar to the ones used
Similarly define W
j∈S exp(θj ) = κ − 2 + 2e
in proof of claim (30), we have,

θej



Claim 31 follows by combining Equations (48) and (49).
Claim (32): Again, we construct a new set of parameters {θej }j∈[d] from the original θ using α
e`,θ
defined in (47):

≤

≤



h
i
α
e`,θ (` − 1)!
κ−1
Pθe σ −1 (i) = ` =
e`,θ )(κ − 2 + α
e`,θ ) · · · (κ − ` + α
e`,θ )
` − 1 (κ − 1 + α

Observe that exp(θej ) = 1 for all j 6= i and exp(θei ) = α
e`,θ ≥ be
α`,θ c = α`,θ ≥ 0. Therefore, we have
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κj (κj − 1)

i=2

j=1 a=1

i<i0 ∈Sj

(ei − ei0 )(ei − ei0 )>

i=2

(52)

Bσ,i 2 
mj,a !
θ=0

if i ∈ B(ej,a )
if i ∈ T (ej,a ) ,

u=0

mj,a − ηj,a
,
κj

u=0

u=0

u >u

(53)
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where ηj,a is defined in (16). Since row-sums of H(θ) are zeroes, (22), and for θ = 0, all the items
are exchangeable, we have for any i 6= i0 ∈ Sj ,
 2

mj,a − ηj,a
∂ log Pθ (ej,a )
=
,
E
∂θi ∂θi0
κj (κj − 1)
θ=0

=

where σ ∈ ΛT (ej,a ) and the subscript θ = 0 indicates the the respective quantities are evaluated
Pm−1 (r−u−1)
at θ = 0. From the definitions given in (36), for θ = 0, we have Bσ − Cσ =
u=0 (r−u)2
P
P
1 Pm−1 (m−u)(r−u−1)
1 Pm−1 m−u
.
Also,
B
/(m!)
=
and,
(B
−
C
)/(m!)
=
σ,i
σ,i
σ,i
2
u=0
σ
u=0 r−u and
σ
m
m
2 (r−u)
Pm−1 Pu
P
1
2 /(m!) = 1
.
Combining
all
these
and,
using
P
[i
(B
)
σ,i
θ=0 ∈ T (ej,a )] =
u0 =0 r−u0
u=0
σ
m
m/κ and Pθ=0 [i ∈ B(ej,a )] = (r − m)/κ, and after following some algebra, we have for any i ∈ Sj ,
 2

∂ log Pθ (ej,a )
−E
∂ 2 θi
θ=0
!

 m−1
m−1
m−1
m−2
X
X m − u0 
1
1
1 X u(m − u)
1 X 2u
=
m−
−
−
κ
r−u m
(r − u)2
m
r−u 0
r − u0

j,a

and using (37), we have
(

(Cσ − Bσ ) θ=0
∂ 2 log Pθ (ej,a )

P
P
=
1
2 −
∂ 2 θi
θ=0
σ
σ Cσ,i − Bσ,i + (Bσ,i )
m !

2
P
(d−1)2
1
= Tr(I(0))
Using Jensen’s inequality, we have di=2 λi (I(0))
≥ Pd (d−1)
. From (52), we have
i=2 λi (I(0))
P
Pd
P
Tr(I(0)) ≤ j,a (mj,a −ηj,a ). From (52), we have i=2 1/λi (I(0)) ≥ (1/ max{mj,a −ηj,a }) di=1 1/λi (L)
. This proves the desired claim.
Now we are left to show claim (52). Consider a rank-breaking edge ej,a . Using notations defined
in lemma 15, in particular Equation (36), and omitting subscript {j, a} whenever it is clear from
the context, we have, for any i ∈ V (ej,a ),
(P

2 2θi + A C eθi
θi
if i ∈ B(ej,a )
∂ 2 Pθ (ej,a )
σ σ
σ − Aσ Bσ e + Aσ (Bσ ) e

=
P
2θi + A (B )2 e2θi
θi
∂ 2 θi
if i ∈ T (ej,a ) ,
σ
σ,i
σ Aσ − 3Aσ Bσ,i e + Aσ Cσ,i )e

j,a

d

Taking supremum over

X
1
1
≥
.
λi (I(θ))
λi (I(0))

`j
n X
X
mj,a − ηj,a X

θ

d
X

1
i=2 λi (I(θ)) .

Pd


 max mj,a − ηj,a L .

I(0) = −Eθ [H(0)] 

In the following, we will show that

θ

sup E[kθb − θ∗ k2 ] ≥ sup

Cramer-Rao lower bound then implies that E[kθb − θ∗ k2 ] ≥
both sides gives
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1
m

u=0

m−1
X

u=0

u=0

m−1
X
−u(m
− u)
+
m(r − u)2
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X

0≤u<u0 ≤m−1

1
r−u .



And,

2(m − u)(m − u0 )
2(m − u0 )
−
m(r − u)(r − u0 )
(r − u)(r − u0 )

−2u(m − u0 )
.
m(r − u)(r − u0 )

+

0≤u<u0 ≤m−1

X

(m − u)2
m−u
−
m(r − u)2 (r − u)2

The claim (52) follows from the expression of H(θ), Equation
(22).
P
Pm−1
To verify (53), observe that (r − m)(B − C ) + m( σ Bσ,i /(m!)) = m − u=0
σ
σ
 m−1
2
u
X m − u 2 m−1
XX
1
−
r−u
r − u0
u=0
u0 =0


=

=

7.7 Tightening of Lemma 15
Recall that Pθ (ej,a ) is same as probability of Pθ [T (ej,a )  B(ej,a )] that is the probability that
an agent ranks T (ej,a ) items above B(ej,a ) items when provided with a set comprising V (ej,a )
items. As earlier, for brevity of notations, we omit subscript {j, a} whenever it is clear from the
context. For m = 1 or 2, it is easy to check that all off-diagonal elements in hessian matrix of
log Pθ (e) are non-negative. However, since number of terms in summation in Pθ (e) grows as m!,
for m ≥ 3 the straight-forward approach becomes too complex. Below, we derive expressions
for cross-derivatives in hessian, for general m, using alternate definition (sorting of independent
exponential r.v.’s in increasing order) of PL model, where the number of terms grow only as 2m .
However, we are unable to analytically prove that the cross-derivatives are non-negative for m > 2.
Feeding these expressions in MATLAB and using symbolic computation, for m = 3, we can simplify
these expressions and it turns out that they are sum of only positive numbers. For m = 4, with
limited computational power it becomes intractable. We believe that it should hold for any value of
m < r. Using (29), we need to check only for cross-derivatives for the case when i 6= i0 ∈ T (ej,a ) or
i ∈ T (ej,a ), i0 ∈ B(ej,a ). Since, minimum of exponential random variables is an exponential random
variable, we can assume that |B(ej,a )| = 1 that is r = m + 1. Define λi ≡ eθi Q
. Without loss of
m+1
−λi x ).
generality, assume T (ej,a ) = {2, · · · , m + 1} and B(ej,a ) = {1}. Define
R ∞ Cx = i=3 (1 − e
Then, using the alternate definition of the PL model, we have, Pθ (e) = 0 Cx (1−e−λ2 x )λ1 e−λ1 x dx.
2

log Pθ (e)
Following some algebra, ∂ ∂θ
≥ 0 is equivalent to A1 ≥ 0, where A1 ≡
1 ∂θ2
Z
 Z
 Z
 Z


Cx xe−λ1 x − xe−λx dx
Cx xe−λx dx −
Cx (eλ1 x − e−λx )dx
Cx x2 e−λx dx ,
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Therefore, we need to show that A2 (λ1 ) is monotonically non-decreasing in λ1 ≥ 0 for any nonnegative λ3 , · · · , λm , and that would suffice to prove that the cross-derivatives arising from i ∈
T (ej,a ), i0 ∈ B(ej,a ) are non-negative.
2 log P (e)
Qm+1
θ
(1−eλi x )e−λ1 x . ∂ ∂θ
≥
For cross-derivatives arising from i 6= i0 ∈ T (ej,a ), define Bx = i=4
2 ∂θ3
0 is equivalent to A3 ≥ 0, where A3 ≡
Z
 Z

Bx (1 − e−λ2 x )(1 − e−λ3 x )dx
Bx x2 e−(λ2 +λ3 )x dx
Z
 Z

−
Bx (1 − e−λ2 x )xe−λ3 x dx
Bx (1 − e−λ3 x )xe−λ2 x dx ,

where all integrals are from 0 to ∞. For m = 3, using MATLAB one can check that the above
stated conditions hold true. Therefore both types of cross-derivatives are non-negative.
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Each input sequence x ∈ RT of length T is drawn from a distribution and y is the corresponding output of the system above generated from an unknown initial state h. We allow
the unknown initial state to vary from one input sequence to the next. This only makes
the learning problem more challenging.
Our goal is to fit a linear system to the observations. We parameterize our model in
exactly the same way as (1.1). That is, for linear mappings (Â, B̂, Ĉ, D̂), the trained model

Here, A, B, C, D are linear transformations with compatible dimensions and we denote by
Θ = (A, B, C, D) the parameters of the system. The vector ht represents the hidden state of
the model at time t. Its dimension n is called the order of the system. The stochastic noise
variables {ξt } perturb the output of the system which is why the model is called an output
error model in control theory. We assume the variables are drawn i.i.d. from a distribution
with mean 0 and variance σ 2 .
Throughout the paper we focus on controllable and externally stable systems. A linear
system is externally stable (or equivalently bounded-input bounded-output stable) if and only
if the spectral radius of A, denoted ρ(A), is strictly bounded by 1. Controllability is a mild
non-degeneracy assumption that we formally define later. Without loss of generality, we
further assume that the transformations B, C and D have bounded Frobenius norm. This
can be achieved by a rescaling of the output variables. We assume we have N pairs of
sequences (x, y) as training examples,
n
o
S = (x(1) , y (1) ), . . . , (x(N ) , y (N ) ) .

yt = Cht + Dxt + ξt

ht+1 = Aht + Bxt

If we remove all non-linear state transitions from a recurrent neural network, we are left
with the state transition representation of a linear dynamical system. Notwithstanding, the
natural training objective for linear systems remains non-convex due to the composition of
multiple linear operators in the system. If there is any hope of eventually understanding
recurrent neural networks, it will be inevitable to develop a solid understanding of this
special case first.
To be sure, linear dynamical systems are important in their own right and have been
studied for many decades independently of machine learning within the control theory community. Control theory provides a rich set techniques for identifying and manipulating
linear systems. The learning problem in this context corresponds to “linear dynamical
system identification”. Maximum likelihood estimation with gradient descent is a popular
heuristic for dynamical system identification Ljung (1998). In the context of machine learning, linear systems play an important role in numerous tasks. For example, their estimation
arises as subroutines of reinforcement learning in robotics Levine and Koltun (2013), location and mapping estimation in robotic systems Durrant-Whyte and Bailey (2006), and
estimation of pose from video Rahimi et al. (2005).
In this work, we show that gradient descent efficiently minimizes the maximum likelihood
objective of an unknown linear system given noisy observations generated by the system.
More formally, we receive noisy observations generated by the following time-invariant linear
system:

Hardt, Ma, and Recht

Recurrent neural networks form an expressive class of non-linear sequence models.
Through their many variants, such as long-short-term-memory Hochreiter and Schmidhuber (1997), recurrent neural networks have seen remarkable empirical success in a broad
range of domains. At the core, neural networks are typically trained using some form
of (stochastic) gradient descent. Even though the training objective is non-convex, it is
widely observed in practice that gradient descent quickly approaches a good set of model
parameters. Understanding the effectiveness of gradient descent for non-convex objectives
on theoretical grounds is a major open problem in this area.

Many learning problems are by their nature sequence problems where the goal is to fit
a model that maps a sequence of input words x1 , . . . , xT to a corresponding sequence of
observations y1 , . . . , yT . Text translation, speech recognition, time series prediction, video
captioning and question answering systems, to name a few, are all sequence to sequence
learning problems. For a sequence model to be both expressive and parsimonious in its
parameterization, it is crucial to equip the model with memory thus allowing its prediction
at time t to depend on previously seen inputs.

1. Introduction

Key-words: non-convex optimization, linear dynamical system, stochastic gradient descent, generalization bounds, time series, over-parameterization

We prove that stochastic gradient descent efficiently converges to the global optimizer of
the maximum likelihood objective of an unknown linear time-invariant dynamical system
from a sequence of noisy observations generated by the system. Even though the objective
function is non-convex, we provide polynomial running time and sample complexity bounds
under strong but natural assumptions. Linear systems identification has been studied for
many decades, yet, to the best of our knowledge, these are the first polynomial guarantees
for the problem we consider.
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is defined as:
ŷt = Ĉ ĥt + D̂xt

Gradient Descent Learns Linear Dynamical Systems

ĥt+1 = Âĥt + B̂xt ,

E

{xt },{ξt }

"

t=1

T
1X
kŷt − yt k2
T

#

(1.2)

(1.3)

The (population) risk of the model is obtained by feeding the learned system with the
correct initial states and comparing its predictions with the ground truth in expectation
over inputs and errors. Denoting by ŷt the t-th prediction of the trained model starting from
b as a short hand for (Â, B̂, Ĉ, D̂), we
the correct initial state that generated yt , and using Θ
formally define population risk as:
b =
f (Θ)

Note that even though the prediction ŷt is generated from the correct initial state, the
learning algorithm does not have access to the correct initial state for its training sequences.
While the squared loss objective turns out to be non-convex, it has many appealing
properties. Assuming the inputs xt and errors ξt are drawn independently from a Gaussian
distribution, the corresponding population objective corresponds to maximum likelihood
estimation. In this work, we make the weaker assumption that the inputs and errors are
drawn independently from possibly different distributions. The independence assumption
is certainly idealized for some learning applications. However, in control applications the
inputs can often be chosen by the controller rather than by nature. Moreover, the outputs
of the system at various time steps are correlated through the unknown hidden state and
therefore not independent even if the inputs are.
1.1 Our results
We show that we can efficiently minimize the population risk using projected stochastic
gradient descent. The bulk of our work applies to single-input single-output (SISO) systems
meaning that inputs and outputs are scalars xt , yt ∈ R. However, the hidden state can have
arbitrary dimension n. Every controllable SISO admits a convenient canonical form called
controllable canonical form that we formally introduce later in Section 1.7. In this canonical
form, the transition matrix A is governed by n parameters a1 , . . . , an which coincide with
the coefficients of the characteristic polynomial of A. The minimal assumption under which
we might hope to learn the system is that the spectral radius of A is smaller than 1.
However, the set of such matrices is non-convex and does not have enough structure for
our analysis.1 We will therefore make additional assumptions. The assumptions we need
differ between the case where we are trying to learn A with n parameter system, and the
case where we allow ourselves to over-specify the trained model with n0 > n parameters.
The former is sometimes called proper learning, while the latter is called improper learning.
In the improper case, we are essentially able to learn any system with spectral radius less
than 1 under a mild separation condition on the roots of the characteristic polynomial. Our
assumption in the proper case is stronger and we introduce it next.
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1. In both the controllable canonical form and the standard parameterization of the matrix A, the set of
matrices with spectral radius less than 1 is not convex.

3

1.2 Proper learning
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Suppose the state transition matrix A has characteristic polynomial det(zI − A) = z n +
a1 z n−1 + · · · + an , which turns out to by and large decide the difficulty of the learning
according to our analysis. (In fact, we will parameterize A in a way so that the coefficients
of the characteristic polynomials are the parameters of learning problem. See Section 1.7 for
the detailed setup.) Consider the corresponding polynomial q(z) = 1+a1 z+a2 z 2 +· · ·+an z n
over the complex numbers C.
We will require the state transition matrix satisfy
that the image of the unit circle on the complex plane
Complex plane
under the polynomial q is contained in the cone of
complex numbers whose real part is larger than their
1
absolute imaginary part. Formally, for all z ∈ C such
that |z| = 1, we require that <(q(z)) > |=(q(z))|.
Here, <(z) and =(z) denote the real and imaginary
0
part of z, respectively. We illustrate this condition
in Figure 1 on the right for a degree 4 system.
Our assumption has three important implica1
tions. First, it implies (via Rouché’s theorem) that
the spectral radius of A is smaller than 1 and therefore ensures the stability of the system. Second, the
1
0
1
vectors satisfying our assumption form a convex set
in Rn . Finally, it ensures that the objective function Figure 1: An example of polynomial
is weakly quasi-convex, a condition we introduce later q that satisfies our assumption. The
when we show that it enables stochastic gradient de- unit circle is the collection of the inputs of q and the other curve shows
scent to make sufficient progress.
We note in passing that our assumption can
√ be the corresponding outputs (with the
satisfied via the `1 -norm constraint kak1 ≤ 2/2. corresponding colors.) We see the
image of the polynomial stays in the
Moreover, if we pick random Gaussian
√ coefficients
with expected norm bounded by o(1/ log n), then wedge which contains all the comthe resulting vector will satisfy our assumption with plex number z satisfying <(q(z)) >
probability 1 − o(1). Roughly speaking, the assump- |=(q(z))|.
tion requires the roots of the characteristic polynomial p(z) = z n + a1 z n−1 + · · · + an are relatively dispersed inside the unit circle. (For
comparison, on the other end of the spectrum, the polynomial p(z) = (z − 0.99)n have all
its roots colliding at the same point and doesn’t satisfy the assumption.)

n 5 + σ 2 n3
TN

.

Theorem 1.1 (Informal) Under our assumption, projected stochastic gradient descent,
b with population risk
when given N sample sequence of length T , returns parameters Θ
!
r

b ≤ f (Θ) + O
E f (Θ)
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Here the expectation on LHS is with respect to the randomness of the algorithm. Recall
that f (Θ) is the population risk of the optimal system, and σ 2 refers to the variance of
the noise variables. We also assume that the inputs xt are drawn from a pairwise independent distribution with mean 0 and variance 1. Note, however, that this does not imply

4

5
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Both results we saw immediately extend to single-input multi-output (SIMO) systems as
the dimensionality of C and D are irrelevant for us. The case of multi-input multi-output

1.4 Multi-input multi-output systems

We remark that the idea we sketched also shows that, in the extreme, improper learning
of linear dynamical systems becomes easy in the sense that the problem can be solved using
linear regression against the outputs of the system. However, our general result interpolates
between the proper case and the regime where linear regression works. We discuss in more
details in Section 6.3.

when given N sample sequences of length T .

Theorem 1.2 (Informal) Under a mild non-degeneracy assumption, stochastic gradient
b corresponding to a system of order n0 = O(n) with population
descent returns parameters Θ
risk
!
r
n5 + σ 2 n3
b ≤ f (Θ) + O
f (Θ)
,
TN

Endowing the model with additional parameters compared to the ground truth turns out
to be surprisingly powerful. We show that we can essentially remove the assumption we
previously made in proper learning. The idea is simple. If p is the characteristic polynomial
of A of degree n. We can find a system of order n0 > n such that the characteristic
polynomial of its transition matrix becomes p · p0 for some polynomial p0 of order n0 − n.
This means that to apply our result we only need the polynomial p · p0 to satisfy our
assumption. At this point, we can choose p0 to be an approximation of the inverse p−1 . For
sufficiently good approximation, the resulting polynomial p · p0 is close to 1 and therefore
satisfies our assumption. Such an approximation exists generically for n0 = O(n) under mild
non-degeneracy assumptions on the roots of p. In particular, any small random perturbation
of the roots would suffice.

1.3 The power of over-parameterization

(MIMO) systems is more delicate. Specifically, our results carry over to a broad family
of multi-input multi-output systems. However, in general MIMO systems no longer enjoy
canonical forms like SISO systems. In Section 7, we introduce a natural generalization of
controllable canonical form for MIMO systems and extend our results to this case.

independence of the outputs as these are correlated by a common hidden state. The stated
version of our result glosses over the fact that we need our assumption to hold with a small
amount of slack; a precise version follows in Section 4. Our theorem establishes a polynomial convergence rate for stochastic gradient descent. Since each iteration of the algorithm
only requires a sequence of matrix operations and an efficient projection step, the running
time is polynomial, as well. Likewise, the sample requirements are polynomial since each
iteration requires only a single fresh example. An important feature of this result is that
the error decreases with both the length T and the number of samples N . The dependency
on the dimension n, on the other hand, is likely to be quite loose, and tighter bounds are
left for future work.
The algorithm requires a (polynomial-time) projection step to a convex set at every
iteration (formally defined in Section 4 and Algorithm 1). Computationally, it can be a
bottleneck, although it is unlikely to be required in practice and may be an artifact of our
analysis.

6
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Our main assumption about the image of the polynomial q(z) is an appeal to the theory
of passive systems. A system is passive if the dot product between the input sequence ut
and output sequence yt are strictly positive. Physically, this notion corresponds to systems
that cannot create energy. For example, a circuit made solely of resistors, capacitors, and
inductors would be a passive electrical system. If one added an amplifier to the internals
of the system, then it would no longer be passive. The set of passive systems is a subset of
the set of stable systems, and the subclass is somewhat easier to work with mathematically.
Indeed, Megretski used tools from passive systems to provide a relaxation technique for
a family of identification problems in dynamical systems Megretski (2008). His approach
is to lower bound a nonlinear least-squares cost with a convex functional. However, he
does not prove that his technique can identify any of the systems, even asymptotically.
Stoica and Söderström Söderström and Stoica (1982); Stoica and Söderström (1982, 1984)
and later Bazanella et al. Bazanella et al. (2008); Eckhard and Bazanella (2011) prove
the quasi-convexity of a cost function under a passivity condition in the context of system
identification, but no sample complexity or global convergence proofs are provided.

The only result to our knowledge which provides polynomial sample complexity for
identifying linear dynamical systems is in Shah et al Shah et al. (2012). Here, the authors
show that if certain frequency domain information about the linear dynamical system is
observed, then the linear system can be identified by solving a second-order cone programming problem. This result is about improper learning only, and the size of the resulting
system may be quite large, scaling as the (1 − ρ(A))−2 . As we describe in this work, very
simple algorithms work in the improper setting when the system degree is allowed to be
polynomial in (1 − ρ(A))−1 . Moreover, it is not immediately clear how to translate the
frequency-domain results to the time-domain identification problem discussed above.

System identification is a core problem in dynamical systems and has been studied in depth
for many years. The most popular reference on this topic is the text by Ljung Ljung (1998).
Nonetheless, the list of non-asymptotic results on identifying linear systems from noisy data
is surprisingly short. Several authors have recently tried to estimate the sample complexity
of dynamical system identification using machine learning tools Vidyasagar and Karandikar
(2008); Campi and Weyer (2002); Weyer and Campi (1999). All of these result are rather
pessimistic with sample complexity bounds that are exponential in the degree of the linear
system and other relevant quantities. Contrastingly, we prove that gradient descent has an
associated polynomial sample complexity in all of these parameters. Moreover, all of these
papers only focus on how well empirical risk approximates the true population risk and do
not provide guarantees about any algorithmic schemes for minimizing the empirical risk.

1.5 Related work
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1.6 Proof overview
The first important step in our proof is to develop population risk in Fourier domain where
it is closely related to what we call idealized risk. Idealized risk essentially captures the
`2 -difference between the transfer function of the learned system and the ground truth.
The transfer function is a fundamental object in control theory. Any linear system is
completely characterized by its transfer function G(z) = C(zI − A)−1 B. In the case of a
SISO, the transfer function is a rational function of degree n over the complex numbers
and can be written as G(z) = s(z)/p(z). In the canonical form introduced in Section 1.7,
the coefficients of p(z) are precisely the parameters that specify A. Moreover, z n p(1/z) =
1 + a1 z + a2 z 2 + · · · + an z n is the polynomial we encountered in the introduction. Under the
assumption illustrated earlier, we show in Section 3 that the idealized risk is weakly quasiconvex (Lemma 3.3). Quasi-convexity implies that gradients cannot vanish except at the
optimum of the objective function; we review this (mostly known) material in Section 2. In
particular, this lemma implies that in principle we can hope to show that gradient descent
converges to a global optimum. However, there are several important issues that we need
to address. First, the result only applies to idealized risk, not our actual population risk
objective. Therefore it is not clear how to obtain unbiased gradients of the idealized risk
objective. Second, there is a subtlety in even defining a suitable empirical risk objective.
The reason is that risk is defined with respect to the correct initial state of the system
which we do not have access to during training. We overcome both of these problems. In
particular, we design an almost unbiased estimator of the gradient of the idealized risk in
Lemma 5.4 and give variance bounds of the gradient estimator (Lemma 5.5).
Our results on improper learning in Section 6 rely on a surprisingly simple but powerful
insight. We can extend the degree of the transfer function G(z) by extending both numerator
and denominator with a polynomial u(z) such that G(z) = s(z)u(z)/p(z)u(z). While this
results in an equivalent system in terms of input-output behavior, it can dramatically change
the geometry of the optimization landscape. In particular, we can see that only p(z)u(z)
has to satisfy the assumption of our proper learning algorithm. This allows us, for example,
to put u(z) ≈ p(z)−1 so that p(z)u(z) ≈ 1, hence trivially satisfying our assumption. A
suitable inverse approximation exists under light assumptions and requires degree no more
than d = O(n). Algorithmically, there is almost no change. We simply run stochastic
gradient descent with n + d model parameters rather than n model parameters.
1.7 Preliminaries

JMLR 19(29):1-44, 2018

For complex matrix (or vector, number) C, we use <(C) to denote the real part and =(C)
the imaginary part, and C̄ the conjugate and C ∗ = C̄ > its conjugate transpose . We use | · |
to denote the absolute value of a complex number c. √For complex vector u and v, we use
hu, vi = u∗ v to denote the inner product and kuk = u∗ u is the norm of u. For complex
matrix Apand B with same dimension, hA, Bi = tr(A∗ B) defines an inner product, and
kAkF = tr(A∗ A) is the Frobenius norm. For a square matrix A, we use ρ(A) to denote
the spectral radius of A, that is, the largest absolute value of the elements in the spectrum
of A. We use In to denote the identity matrix with dimension n × n, and we drop the
subscript when it’s clear from the context.We let ei denote the i-th standard basis vector.
7
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A SISO of order n is in controllable canonical form if A and B have the following form

 




A = 



(1.5)

We will parameterize Â, B̂, Ĉ, D̂ accordingly. We will write A = CC(a) for brevity,
where a is used to denote the unknown last row [−an , . . . , −a1 ] of matrix A. We will use
â to denote the corresponding training variables for a. Since here B is known, so B̂ is no
longer a trainable parameter, and is forced to be equal to B. Moreover, C is a row vector
and we use [c1 , · · · , cn ] to denote its coordinates (and similarly for Ĉ).
A SISO is controllable if and only if the matrix [B | AB | A2 B | · · · | An−1 B] has rank n.
This statement corresponds to the condition that all hidden states should be reachable from
some initial condition and input trajectory. Any controllable system admits a controllable
canonical form Heij et al. (2007). For vector a = [an , . . . , a1 ], let pa (z) denote the polynomial

pa (z) = z n + a1 z n−1 + · · · + an .

When a defines the matrix A that appears in controllable canonical form, then pa is precisely
the characteristic polynomial of A. That is, pa (z) = det(zI − A).

2. Gradient descent and quasi-convexity

It is known that under certain mild conditions (stochastic) gradient descent converges even
on non-convex functions to local minimum Ge et al. (2015); Lee et al. (2016). Though usually for concrete problems the challenge is to prove that there is no spurious local minimum
other than the target solution. Here we introduce a condition similar to the quasi-convexity
notion in Hazan et al. (2015), which ensures that any point with vanishing gradient is the
optimal solution . Roughly speaking, the condition says that at any point θ the negative of
the gradient −∇f (θ) should be positively correlated with direction θ∗ − θ pointing towards
the optimum. Our condition is slightly weaker than that in Hazan et al. (2015) since we
only require quasi-convexity and smoothness with respect to the optimum, and this (simple)
extension will be necessary for our analysis.

(2.1)

Definition 2.1 (Weak quasi-convexity) We say an objective function f is τ -weaklyquasi-convex (τ -WQC) over a domain B with respect to global minimum θ∗ if there is a
positive constant τ > 0 such that for all θ ∈ B,

∇f (θ)> (θ − θ∗ ) ≥ τ (f (θ) − f (θ∗ )) .

We further say f is Γ-weakly-smooth if for for any point θ, k∇f (θ)k2 ≤ Γ(f (θ) − f (θ∗ )).

JMLR 19(29):1-44, 2018

Note that indeed any Γ-smooth function in the usual sense (that is, k∇2 f k ≤ Γ) is O(Γ)weakly-smooth. For a random vector X ∈ Rn , we define it’s variance to be Var[X] =
E[kX − EXk2 ].

8

(2.2)
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We next establish conditions under which risk is weakly-quasi-convex. Our strategy is to
b by what we call idealized risk. This approximation
first approximate the risk functional f (Θ)

3. Population risk in frequency domain

Proposition 2.5 Suppose functions f1 , . . . , fn are individually τ -weakly-quasi-convex in B
with respect to a common
global minimum θ∗ , then for non-negative w1 , . . . , wn the linear
P
combination f = ni=1 wi fi is also τ -weakly-quasi-convex with respect to θ∗ in B.

We defer the proof of Proposition 2.3 to Appendix A which is a simple variation of
the standard convergence analysis of stochastic gradient descent (see, for example, Bottou
(1998)). Finally, we note that the sum of two quasi-convex functions may no longer be
quasi-convex. However, if a sequence functions is τ -WQC with respect to a common point
θ∗ , then their sum is also τ -WQC. This follows from the linearity of gradient operation.

Remark 2.4 It’s straightforward to see (from the proof ) that the algorithm tolerates inverse exponential bias, namely bias on the order of exp(−Ω(n)),
estimator.

n in 2the √gradient
o
R√ V
Technically, suppose E[r(θ)] = ∇f (θ) ± ζ then f (θK ) ≤ O max τΓR
,
+
poly(K)
· ζ.
2K
τ K
Throughout the paper, we assume that the error that we are shooting for is inverse polynomial, namely 1/nC for some absolute constant C, and therefore the effect of inverse
exponential bias is negligible.

Proposition 2.3 Suppose the objective function f is τ -weakly-quasi-convex and Γ-weaklysmooth, and r(·) is an unbiased estimator for ∇f (θ) with variance V . Moreover, suppose
the global minimum θ∗ belongs to B, and the initial point θ0 satisfies kθ0 − θ∗ k ≤ R. Then
projected gradient descent (2.2) with a proper learning rate returns θK in K iterations with
expected error
(
√ )!
ΓR2 R V
∗
√
,
.
E f (θK ) − f (θ ) ≤ O max
τ 2K τ K

The following Proposition is well known for convex objective functions (corresponding
to 1-weakly-quasi-convex functions). We extend it (straightforwardly) to the case when
τ -WQC holds with any positive constant τ .

return θj with j uniformly picked from 1, . . . , K

θk+1 = ΠB (wk+1 )

wk+1 = θk − ηr(θk )

for k = 0 to K − 1 :

k=0

∞ 
X

Ĉ Âk B − CAk B

2

.

(3.2)

(3.3)

t=1

c1 + · · · + cn z n−1
,
z n + a1 z n−1 + · · · + an

(3.4)

0

10
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Proposition 3.2 Suppose pâ (z) has all its roots inside unit circle, then the idealized risk
g(â, Ĉ) can be written in the Fourier domain as
Z 2π
2
b iθ ) − G(eiθ ) dθ .
g(Â, Ĉ) =
G(e

which implies that s(z) = c1 + · · · + cn z n−1 and p(z) = z n + a1 z n−1 + · · · + an .
With these definitions in mind, we are ready to express idealized risk in Fourier domain.

G(z) = C(zI − A)−1 B =

The sequence r = (r0 , r1 , . . . , rt , . . .) = (CB, CAB, . . . , CAt B, . . .) is called the impulse
response of the linear system. The behavior of a linear system is uniquely determined by
the impulse response and therefore by G(z). Analogously, we denote the transfer function
b
of the learned system by G(z)
= Ĉ(zI − Â)−1 B = ŝ(z)/p̂(z) . The idealized risk (3.2) is
only a function of the impulse response r̂ of the learned system, and therefore it is only a
b
function of G(z).
Recall that C = [c1 , . . . , cn ] is defined in Section 1.7. For future reference, we note that
by some elementary calculation (see Lemma B.1), we have

t=1

Note that G(z) is a rational function over the complex numbers of degree n and hence
s(z)
we can find polynomials s(z) and p(z) such that G(z) = p(z)
, with the convention that the
leading coefficient of p(z) is 1. In controllable canonical form (1.4), the coefficients of p will
correspond to the last row of the A, while the coefficients of s correspond to the entries of
C. Also note that
∞
∞
X
X
G(z) =
z −t CAt−1 B =
z −t rt−1

G(z) = C(zI − A)−1 B .

We now use basic concepts from control theory (see Heij et al. (2007); Hespanha (2009)
for more background) to express the idealized risk (3.2) in Fourier domain. The transfer
function of the linear system is

g(Â, Ĉ) =

Definition 3.1 (Idealized risk) We define the idealized risk as

The leading term kD − D̂k2 is convex in D̂ which appears nowhere else in the objective.
It therefore doesn’t affect the convergence of the algorithm (up to lower order terms) by
virtue of Proposition 2.5, and we restrict our attention to the remaining terms.

of the objective function is fairly straightforward; we justify it toward the end of the section.
We can show that

b ≈ kD − D̂k2 + P∞ Ĉ Âk B − CAk B 2 .
(3.1)
f (Θ)
k=0

Definition 2.2 We call r(θ) an unbiased estimator of ∇f (θ) with variance V if it satisfies
E[r(θ)] = ∇f (θ) and Var[r(θ)] ≤ V .

Projected stochastic gradient descent over some closed convex set B with learning rate η >
0 refers to the following algorithm in which ΠB denotes the Euclidean projection onto B:

Hardt, Ma, and Recht
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k=0

∞
X

kr̂k − rk k2 =
0

Z

2π

b iθ ) − G(eiθ )|2 dθ .
|G(e
(3.5)

b iθ ) the
Proof Note that G(eiθ ) is the Fourier transform of the sequence {rk } and so is G(e
Fourier transform2 of r̂k . Therefore by Parseval’ Theorem, we have that
g(Â, Ĉ) =

3.1 Quasi-convexity of the idealized risk
Now that we have a convenient expression for risk in Fourier domain, we can prove that
the idealized risk g(Â, Ĉ) is weakly-quasi-convex when â is not so far from the true a in the
sense that pa (z) and p̂a (z) have an angle less than π/2 for every z on the unit circle. We will
use the convention that a and â refer to the parameters that specify A and Â, respectively.


â ∈ Rn : <


pa (z)
pâ (z)




≥ τ /2, ∀ z ∈ C, s.t. |z| = 1 .

(3.6)

Lemma 3.3 For τ > 0 and every Ĉ, the idealized risk g(Â, Ĉ) is τ -weakly-quasi-convex
over the domain
Nτ (a) =

∂h
= 2<
∂ŝ(z)




1
p̂(z)

ŝ(z) s(z)
−
p̂(z) p(z)

.

∗ 

∗ 

ŝ(z) s(z)
−
p̂(z) p(z)

.

(3.8)

(3.7)

b
b
Proof We first analyze a single term h = |G(z)
− G(z)|2 . Recall that G(z)
= ŝ(z)/p̂(z)
where p̂(z) = pâ (z) = z n + â1 z n−1 + · · · + ân . Note that z is fixed and h is a function of â
and Ĉ. Then it is straightforward to see that

and





ŝ(z)
p̂(z)2

∂h
= −2<
∂ p̂(z)

Since ŝ(z) and p̂(z) are linear in Ĉ and â respectively, by chain rule we have that
∂h
∂h
∂h ∂ p̂(z)
∂h ∂ŝ(z)
h , â − ai + h
, Ĉ − Ci =
h
, â − ai +
h
, Ĉ − Ci
∂â
∂ p̂(z) ∂â
∂ŝ(z) ∂ Ĉ
∂ Ĉ
∂h
∂h
(p̂(z) − p(z)) +
(ŝ(z) − s(z)) .
∂ p̂(z)
∂ŝ(z)
=
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2. The Fourier transform exists since krk k2 = kĈ Âk B̂k2 ≤ kĈkkÂk kkB̂k ≤ cρ(Â)k where c doesn’t depend
on k and ρ(Â) < 1.
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p(z)
p̂(z)

∂h
∂h
and ∂ p̂(z)
into the equation above, we obtain
Plugging the formulas (3.7) and (3.8) for ∂ŝ(z)
that

 

∂h
∂h
−ŝ(z)(p̂(z) − p(z)) + p̂(z)(ŝ(z) − s(z)) ŝ(z) s(z) ∗
h , â − ai + h
, Ĉ − Ci = 2<
−
∂â
p̂(z)2
p̂(z) p(z)
∂ Ĉ

 

ŝ(z)p(z) − s(z)p̂(z) ŝ(z) s(z) ∗
= 2<
−
p̂(z)2
p̂(z) p(z)
(
)
p(z) ŝ(z) s(z) 2
= 2<
−
p̂(z) p̂(z) p(z)

2
b
G(z)
− G(z) .

= 2<

n
o
b
Hence h = |G(z)
− G(z)|2 is τ -weakly-quasi-convex with τ = 2 min|z|=1 < p(z)
p̂(z) . This
implies our claim, since by Proposition 3.2, the idealized risk g is convex combination of
b
functions of the form |G(z)
− G(z)|2 for |z| = 1. Moreover, Proposition 2.5 shows that
convex combination preserves weak quasi-convexity.

For future reference, we also prove that the idealized risk is O(n2 /τ14 )-weakly smooth.

Z

T

b
∂|G(z)
− G(z)|2 ∂p(z)
dz =
·
∂p(z)
∂ Ĉ
Z

T

ŝ(z) s(z)
−
p̂(z) p(z)

2

dz

·

T

Z

T

2<



1
p̂(z)



1 2
| dz
p(z)

ŝ(z) s(z)
−
p̂(z) p(z)

4k[1, . . . , z n−1 ]k2 · |

≤ O(n2 /τ12 ) · g(Â, Ĉ).



· [1, . . . , z n−1 ]dz .

≤ O(n/τ12 ) · g(Â, Ĉ) .

∗ 

Lemma 3.4 The idealized risk g(Â, Ĉ) is Γ-weakly smooth with Γ = O(n2 /τ14 ).

=

Proof By equation (3.8) and the chain rule we get that
∂g
∂ Ĉ

2

≤

∂g
∂â

2

therefore we can bound the norm of the gradient by
! Z
∂g

∂ Ĉ

Similarly, we could show that

3.2 Justifying idealized risk

We need to justify the approximation we made in Equation (3.1).

k=1

(3.9)
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T −1 
2
X
k 
Ĉ Âk−1 B − CAk−1 B + σ 2 .
1−
T

Lemma 3.5 Assume that ξt and xt are drawn i.i.d. from an arbitrary distribution with
b can be written as,
mean 0 and variance 1. Then the population risk f (Θ)
b = (D̂ − D)2 +
f (Θ)

12

k=1

t−1
X

CAt−k−1 Bxk + CAt−1 h0 + ξt ,
ŷt = D̂xt +
k=1

t−1
X

Ĉ Ât−k−1 B̂xk + CAt−1 h0 .

k
T



Ĉ Âk−1 B̂ − CAk−1 B

2
F

+ σ2 .
(3.11)

(4.1)

13
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where τ0 , τ1 , τ2 > 0 are constants that are considered as fixed constant throughout the
paper. Our bounds will have polynomial dependency on these parameters. Pictorially, this
convex set is pretty much the dark area in Figure 1 (with the corner chopped). This set in
C induces a convex set in the parameter space which is a subset of the transition matrix
with spectral radius less than α.

C = {z : <z ≥ (1 + τ0 )|=z|} ∩ {z : τ1 < <z < τ2 } .

The previous section showed quasi-convexity of the idealized risk. However, several steps
are missing towards showing finite sample guarantees for stochastic gradient descent. In
particular, we will need to control the variance of the stochastic gradient at any system that
we encounter in the training. For this purpose we formally introduce our main assumption
now and show that it serves as an effective relaxation of spectral radius. This results below
will be used for proving convergence of stochastic gradient descent in Section 5.
Consider the following convex region C in the complex plane,

4. Effective relaxations of spectral radius

The previous lemma does not yet control higher order contributions present in the
idealized risk. This requires additional structure that we introduce in the next section.

Recall that under the controllable canonical form (1.4), B = en is known and therefore
B̂ = B is no longer a variable. Then the expected objective function (3.11) simplifies to


b = (D̂ − D)2 + PT −1 1 − k Ĉ Âk−1 B − CAk−1 B 2 + σ 2 .
f (Θ)
k=1
T

Using E[kξt k2 ] = σ 2 , it follows that
b = kD̂ − Dk2 + PT −1 1 −
f (Θ)
F
k=1

Therefore, using the fact that xt ’s are independent and with mean 0 and covariance I, the
expectation of the error can be calculated (formally by Claim B.2),


Pt−1
2
2
2
(3.10)
E kŷt − yt k = kD̂ − DkF + k=1 Ĉ Ât−k−1 B̂ − CAt−k−1 B F + E[kξt k2 ] .

yt = Dxt +

Definition 4.1 We say a polynomial p(z) is α-acquiescent if {p(z)/z n : |z| = α} ⊆ C. A
linear system with transfer function G(z) = s(z)/p(z) is α-acquiescent if the denominator
p(z) is.

b according to equation (3.1)
The idealized risk is upper bound of the population risk f (Θ)
and (3.9). We don’t have to quantify the gap between them because later in Algorithm 1,
we will directly optimize the idealized risk by constructing an estimator of its gradient, and
thus the optimization will guarantee a bounded idealized risk which translates to a bounded
population risk. See Section 5 for details.
Proof [Proof of Lemma 3.5] Under the distributional assumptions on ξt and xt , we can
calculate the objective functions above analytically. We write out yt , ŷt in terms of the
inputs,

k=0

∞
X

14

kα−k Ak Bk2 ≤ 2πnα−2n /τ12 .
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(4.3)

Lemma 4.4 (No blow-up property) Suppose a ∈ Bα for some α ≤ 1. Then the companion matrix A = CC(a) satisfies

Our next lemma entails that acquiescent systems have well behaved impulse responses.

Lemma 4.3 (Monotonicity of Bα ) For any 0 < α < β, we have that Bα ⊂ Bβ .

The following lemma establishes the fact that Bα is a monotone family of sets in α. The
proof follows from the maximum modulo principle of the harmonic functions <(z n p(1/z))
and =(z n p(1/z)). We defer the short proof to Section C.1. We remark that there are
larger convex sets than Bα that ensure bounded spectral radius. However, in order to
also guarantee monotonicity and the no blow-up property below, we have to restrict our
attention to Bα .

Hence, using Rouche’s Theorem, we conclude that f and g have same number of roots
inside circle K. Note that function f = z n has exactly n roots in K and therefore g have all
its n roots inside circle K.

|f (z) − g(z)| = αn |1 − pa (z)/z n | < αn (1 + |pa (z)|/|z n |) = |f (z)| + |pa (z)| = |f (z)| + |g(z)| .

Proof Define holomorphic function f (z) = z n and g(z) = pa (z) = z n + a1 z n−1 + · · · + an .
We apply the symmetric form of Rouche’s theorem Estermann (1962) on the circle K =
{z : |z| = α}. For any point z on K, we have that |f (z)| = αn , and that |f (z) − g(z)| =
αn · |1 − pa (z)/z n |. Since a ∈ Bα , we have that pa (z)/z n ∈ C for any z with |z| = α. Observe
that for any c ∈ C we have that |1 − c| < 1 + |c|, therefore we have that

Lemma 4.2 Suppose a ∈ Bα , then the roots of polynomial pa (z) have magnitudes bounded
by α. Therefore the controllable canonical form A = CC(a) defined by a has spectral radius
ρ(A) < α.

The set of coefficients a ∈ Rn defining acquiescent systems form a convex set. Formally,
for a positive α > 0, define the convex set Bα ⊆ Rn as

Bα = a ∈ Rn : {pa (z)/z n : |z| = α} ⊆ C .
(4.2)

n
n
We note that definition (4.2) is equivalent to the definition Bα = a ∈ R : {z p(1/z) : |z| =
1/α} ⊆ C , which is the version that we used in introduction for simplicity. Indeed, we
can verify the convexity of Bα by definition and the convexity of C: a, b ∈ Bα implies that
pa (z)/z n , pb (z)/z n ∈ C and therefore, p(a+b)/2 (z)/z n = 12 (pa (z)/z n + pb (z)/z n ) ∈ C. We
also note that the parameter α in the definition of acquiescence corresponds to the spectral
radius of the companion matrix. In particular, an acquiescent system is stable for α < 1.

Hardt, Ma, and Recht

Gradient Descent Learns Linear Dynamical Systems

Gradient Descent Learns Linear Dynamical Systems

Moreover, it holds that for any k ≥ 0,
kAk Bk2 ≤ min{2πn/τ12 , 2πnα2k−2n /τ12 } .

kα−k Ak Bk2 =

Z

0

Z

0

2π

2π

|fλ |2 dλ =
0

Z

Pn
2j
j=1 α

|pa (αe−iλ )|2

2π

Z
0

2π

n
dλ.
|pa (αe−iλ )|2

|(I − α−1 eiλ A)−1 B|2 dλ

dλ ≤
1
[w−1 , w−2 . . . , z −n ]>
pa (w−1 )

(4.4)

Proof [ProofPof Lemma 4.4]
∞
eiλk α−k Ak B be the Fourier transform of the series α−k Ak B. Then using
Let fλ = k=0
Parseval’s Theorem, we have
∞
X
k=0

=
where at the last step we used the fact that (I − wA)−1 B =

kα−k Ak Bk2 ≤

Z
0

2π

n
dλ ≤ 2πnα−2n /τ12 .
|pa (αe−iλ )|2

(see Lemma B.1), and that α ≤ 1. Since a ∈ Bα , we have that |qa (α−1 eiλ )| ≥ τ1 , and
therefore pa (αe−iλ ) = αn e−inλ q(eiλ /α) has magnitude at least τ1 αn . Plugging in this into
equation (4.4), we conclude that
∞
X
k=0

kAk Bk2 ≤ 2πn/τ12 .

Finally we establish the bound for kAk Bk2 . By Lemma 4.3, we have Bα ⊂ B1 for α ≤ 1.
Therefore we can pick α = 1 in equation (4.3) and it still holds. That is, we have that
∞
X
k=0

This also implies that kAk Bk2 ≤ 2πn/τ12 .

4.1 Efficiently computing the projection

JMLR 19(29):1-44, 2018

In our algorithm, we require a projection onto Bα . However, the only requirement of the
projection step is that it projects onto a set contained inside Bα that also contains the
true linear system. So a variety of subroutines can be used to compute this projection or
an approximation. First, the explicit projection onto Bα is representable by a semidefinite
program. This is because each of the three constrains can be checked by testing if a trigonometric polynomial is non-negative. A simple inner approximation can be constructed by
requiring the constraints to hold on an a finite grid of size O(n). One can check that this
provides a tight, polyhedral approximation to the set Bα , following an argument similar
to Appendix C of Bhaskar et al Bhaskar et al. (2013). Projection to this polyhedral takes
at most O(n3.5 ) time by linear programming and potentially can be made faster by using
fast Fourier transform. See Section F for more detailed discussion on why projection on
a polytope suffices. Furthermore, sometimes we can replace the constraint by an `1 or `2 constraint if we know that the system satisfies the corresponding assumption. Removing
the projection step entirely is an interesting open problem.
15
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5. Learning acquiescent systems

Next we show that we can learn acquiescent systems.

n2
+
N

n5 + σ 2 n3
TN

,

(5.1)

Theorem 5.1 Suppose the true system Θ is α-acquiescent and satisfies kCk ≤ 1. Then
with N samples of length T ≥ Ω(n + 1/(1 − α)), stochastic gradient descent (Algorithm 1)
b = (Â, B̂, Ĉ, D̂) with population risk
with projection set Bα returns parameters Θ
!
r

b ≤ f (Θ) + O
E f (Θ)

where O(·)-notation hides polynomial dependencies on 1/(1−α), 1/τ0 , 1/τ1 , τ2 , and R = kak.
The expectation is taken over the randomness of the algorithms and the examples.

Algorithm 1 Projected stochastic gradient descent with partial loss
For i = 0 to N :

1. Take a fresh sample ((x1 , . . . , xT ), (y1 , . . . , yT )). Let ỹt be the simulated outputs3 of
b on inputs x and initial states h0 = 0.
system Θ

[â, Ĉ, D̂] → [â, Ĉ, D̂] − η[GA , GC , GD ] .

∂ Ĉ

∂ D̂

4
b
2. Let TP
1 = T /4. Run stochastic gradient descent on loss function `((x, y), Θ) =
∂`
∂`
2
, and , GD = ∂` , we
t>T1 kỹt − yt k . Concretely, let GA = ∂â , GC =
1
T −T1

update

b = (â, Ĉ, D̂) to the set Bα ⊗ Rn ⊗ R.
3. Project Θ

Recall that T is the length of the sequence and N is the number of samples. The first
term in the bound (5.1) comes from the smoothness of the population risk and the second
comes from the variance of the gradient estimator of population risk (which will be described
in detail below). An important (but not surprising) feature here is the variance √
scale in
1/T and therefore for long sequence actually we got 1/N convergence instead of 1/ N (for
relatively small N ).

Computational complexity: Step 2 in each iteration of the algorithm takes O(T n) arithmetic
operations, and the projection step takes O(n3.5 ) time to solve an linear programming
problem. The project step is unlikely to be required in practice and may be an artifact of
our analysis.
We can further balance the variance of the estimator with the number of samples by
breaking each long sequence of length T into Θ(T /n) short sequences of length Θ(n), and
then run back-propagation (1) on these T N/n shorter sequences. This leads us to the
following bound which gives the right dependency in T and N as we expected: T N should
be counted as the true number of samples for the sequence-to-sequence model.
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4. Note that ỹt is different from ŷt defined in equation (1.2) which is used to define the population risk:
here ŷt is obtained from the (wrong) initial state h0 = 0 while ŷt is obtained from the correct initial
state.
4. See Algorithm Box 3 for a detailed back-propagation algorithm that computes the gradient.

16
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Lemma 5.3 Under the condition of Theorem 5.1, the idealized risk (3.2) is τ -weakly-quasiconvex in the convex set Bα ⊗ Rn and Γ-weakly smooth, where τ = Ω(τ0 τ1 /τ2 ) and Γ =
O(n2 /τ14 ).

We note that generalization to longer sequence does deserve attention. Indeed in practice, it’s usually difficult to train non-linear recurrent networks that generalize to longer
sequences than the training data.
We could hope to achieve linear convergence by showing that the empirical risk also
satisfies the weakly-quasi-convexity. Then, we can re-use the samples and hope to use
strong optimization tools (such as SVRG) to achieve the linear convergence. This is beyond
the scope of this paper and left to future work.
Our proof of Theorem 5.1 simply consists of three parts: a) showing the idealized risk is
weakly quasi-convex in the convex set Bα (Lemma 5.3); b) designing an (almost) unbiased
estimator of the gradient of the idealized risk (Lemma 5.4); c) variance bounds of the
gradient estimator (Lemma 5.5).
First of all, using the theory developed in Section 3 (Lemma 3.3 and Lemma 3.4), it is
straightforward to verify that in the convex set Bα ⊗ Rn , the idealized risk is both weaklyquasi-convex and weakly-smooth.

We remark the the gradient computation procedure takes time linear in T n since one
can use chain-rule (also called back-propagation) to compute the gradient efficiently . For
completeness, Algorithm 3 gives a detailed implementation. Finally and importantly, we
remark that although we defined the population risk as the expected error with respected
to sequence of length T , actually our error bound generalizes to any longer (or shorter)
b (Lemma 3.5)
sequences of length T 0  max{n, 1/(1 − α)}. By the explicit formula for f (Θ)
and the fact that kCAk Bk decays exponentially for k  n (Lemma 4.4), we can bound
b denote the
the population risk on sequences of different lengths. Concretely, let fT 0 (Θ)
population risk on sequence of length T 0 , we have for all T 0  max{n, 1/(1 − α)},
!
r
n5 + σ 2 n3
b ≤ 1.1f (Θ)
b + exp(−(1 − α) min{T, T 0 }) ≤ O
fT 0 (Θ)
.
TN

1. Divide each sample of length T into T /(βn) samples of length βn where β is a large
b
enough constant. Then run algorithm 1 with the new samples and obtain Θ.

Algorithm 2 Projected stochastic gradient descent for long sequences
Input: N samples sequences of length T
b
Output: Learned system Θ




∂g ∂g
,
± exp(−Ω((1 − α)T )) .
∂â ∂ Ĉ

(5.2)

18

where Λ = O(max{n, 1/(1 − α) log 1/(1 − α)}).
JMLR 19(29):1-44, 2018

Lemma 5.5 The (almost) unbiased estimator (GA , GC ) of the gradient of g(Â, Ĉ) has variance bounded by

O n3 Λ2 /τ16 + σ 2 n2 Λ/τ14
.
Var [GA ] + Var [GC ] ≤
T

Finally, we control the variance of the gradient estimator.

E [GA , GC ] =

Lemma 5.4 Under the assumption of Theorem 5.1, suppose â, a ∈ Bα . Then in Algorithm 1, at each iteration, GA , GC are unbiased estimators of the gradient of the idealized
risk (3.2) in the sense that:

Towards designing an unbiased estimator of the gradient, we note that there is a small
caveat here that prevents us to just use the gradient of the empirical risk, as commonly
done for other (static) problems. Recall that the population risk is defined as the expected
risk with known initial state h0 , while in the training we don’t have access to the initial
states and therefore using the naive approach we couldn’t even estimate population risk
from samples without knowing the initial states.
We argue that being able to handle the missing initial states is indeed desired: in most
of the interesting applications h0 is unknown (or even to be learned). Moreover, the ability
of handling unknown h0 allows us to break a long sequence into shorter sequences, which
helps us to obtain Corollary 5.2. Here the difficulty is essentially that we have a supervised
learning problem with missing data h0 . We get around it by simply ignoring first T1 = Ω(T )
outputs of the system and setting the corresponding errors to 0. Since the influence of h0 to
any outputs later than time k ≥ T1  max{n, 1/(1 − α)} is inverse exponentially small, we
could safely assume h0 = 0 when the error earlier than time T1 is not taken into account.
This small trick also makes our algorithm suitable to the cases when these early outputs
are actually not observed. This is indeed an interesting setting, since in many sequenceto-sequence model Sutskever et al. (2014), there is no output in the first half fraction of
iterations (of course these models have non-linear operation that we cannot handle).
The proof of the correctness of the estimator is almost trivial and deferred to Section C.

Proof [Proof of Lemma 5.3] It suffices to show that for all â, a ∈ Bα , it satisfies â ∈ Nτ (a) for
τ = Ω(τ0 τ1 /τ2 ). Indeed, by the monotonicity of the family of sets Bα (Lemma 4.3), we have
that â, a ∈ B1 , which by definition means for every z on unit circle, pa (z)/z n , pâ (z)/z n ∈ C.
By definition of C, for any point w, ŵ ∈ C, the angle φ between w and ŵ is at most π − Ω(τ0 )
and ratio of the magnitude is at least τ1 /τ2 , which implies that <(w/ŵ) = |w|/|ŵ| · cos(φ) ≥
Ω(τ0 τ1 /τ2 ). Therefore <(pa (z)/pâ (z)) ≥ Ω(τ0 τ1 /τ2 ), and we conclude that â ∈ Nτ (a). The
smoothness bound was established in Lemma 3.4.

b
Corollary 5.2 Under the assumption of Theorem 5.1, Algorithm 2 returns parameters Θ
with population risk
!
r
n 5 + σ 2 n3
b
,
f
(
Θ)
≤
f
(Θ)
+
O
E
TN

where O(·)-notation hides polynomial dependencies on 1/(1−α), 1/τ0 , 1/τ1 , τ2 , and R = kak.
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Note that Lemma 5.5 does not directly follow from the Γ-weakly-smoothness of the
b is also Γ-smooth for
population risk, since it’s not clear whether the loss function `((x, y), Θ)
every sample. Moreover, even if it could work out, from smoothness the variance bound can
be only as small as Γ2 , while the true variance scales linearly in 1/T . Here the discrepancy
comes from that smoothness implies an upper bound of the expected squared norm of the
gradient, which is equal to the variance plus the expected squared mean. Though typically
for many other problems variance is on the same order as the squared mean, here for
our sequence-to-sequence model, actually the variance decreases in length of the data, and
therefore the bound of variance from smoothness is pessimistic.
We bound directly the variance instead. It’s tedious but simple in spirit. We mainly
need Lemma 4.4 to control various difference sums that shows up from calculating the
expectation. The only tricky part is to obtain the 1/T dependency which corresponds to
the cancellation of the contribution from the cross terms. In the proof we will basically
write out the variance as a (complicated) function of Â, Ĉ which consists of sums of terms
involving (Ĉ Âk B − CAk B) and Âk B. We control these sums using Lemma 4.4. The proof
is deferred to Section C.
Finally we are ready to prove Theorem 5.1. We essentially just combine Lemma 5.3,
Lemma 5.4 and Lemma 5.5 with the generic convergence Proposition 2.3. This will give us
low error in idealized risk and then we relate the idealized risk to the population risk.

0

Proof [Proof of Theorem 5.1] We consider g 0 (Â, Ĉ, D̂) = (D̂ − D)2 + g(Â, Ĉ), an extended version of the idealized risk which takes the contribution of D̂ into account. By
Lemma 5.4 we have that Algorithm 1 computes GA , GC which are almost unbiased estimators of the gradients of g 0 up to negligible error exp(−Ω((1 − α)T )), and by Lemma C.2
we have G is an unbiased estimator of g 0 with respect to D̂. Moreover by Lemma 5.5,
D
O(n5 +σ 2 n3 )
these unbiased estimator has total variance V =
where O(·) hides dependency
T
on τ1 and (1 − α). Applying Proposition 2.3 (which only requires an unbiased estima

+

q
n5 +σ 2 n3
TN

tor of the gradient of g ), we obtain that after T iterations, we converge to a point with


q
2
5
2 n3
b ≤ g 0 (â, Ĉ, D̂)+σ 2 =
g 0 (â, Ĉ, D̂) ≤ O nN + n +σ
. Then, by Lemma 3.5 we have f (Θ)
TN

+ f (Θ) which completes the proof.

g 0 (â, Ĉ, D̂) + f (Θ) ≤ O

n2
N

6. The power of improper learning
We observe an interesting and important fact about the theory in Section 5: it solely
requires a condition on the characteristic function p(z). This suggests that the geometry of
the training objective function depends mostly on the denominator of the transfer function,
even though the system is uniquely determined by the transfer function G(z) = s(z)/p(z).
This might seem to be an undesirable discrepancy between the behavior of the system and
our analysis of the optimization problem.
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However, we can actually exploit this discrepancy to design improper learning algorithms
that succeed under much weaker assumptions. We rely on the following simple observation
s(z)
. For an arbitrary polynomial u(z) of leading
about the invariance of a system G(z) = p(z)
19

s(z)u(z)
s̃(z)
=
,
p(z)u(z)
p̃(z)

Hardt, Ma, and Recht

coefficient 1, we can write G(z) as
G(z) =

where s̃ = su and p̃ = pu. Therefore the system s̃(z)/p̃(z) has identical behavior as G.
Although this is a redundant representation of G(z), it should counted as an acceptable
solution. After all, learning the minimum representation5 of linear system is impossible in
general. In fact, we will encounter an example in Section 6.1.
While not changing the behavior of the system, the extension from p(z) to p̃(z), does affect the geometry of the optimization problem. In particular, if p̃(z) is now an α-acquiescent
characteristic polynomial as defined in Definition 4.1, then we could find it simply using
stochastic gradient descent as shown in Section 5. Observe that we don’t require knowledge
of u(z) but only its existence. Denoting by d the degree of u, the algorithm itself is simply
stochastic gradient descent with n + d model parameters instead of n.
Our discussion motivates the following definition.

Definition 6.1 A polynomial p(z) of degree n is α-acquiescent by extension of degree d
if there exists a polynomial u(z) of degree d and leading coefficient 1 such that p(z)u(z) is
α-acquiescent.

1
2π

0

Z

2π

|G(eiθ )|2 dθ .

For a transfer function G(z), we define it’s H2 norm as
2
kGkH
=
2

We assume (with loss of generality) that the true transfer function G(z) has bounded
H2 norm, that is, kGkH2 ≤ 1. This can be achieve by a rescaling6 of the matrix C.

m5 + σ 2 m3
TK

.

Theorem 6.2 Suppose the true system has transfer function G(z) = s(z)/p(z) with a characteristic function p(z) that is α-acquiescent by extension of degree d, and kGkH2 ≤ 1, then
projected stochastic gradient descent with m = n + d states (that is, Algorithm 2 with m
b with population risk
states) returns a system Θ
!
r
b ≤O
f (Θ)

where the O(·) notation hides polynomial dependencies on τ0 , τ1 , τ2 , 1/(1 − α).

The theorem follows directly from Corollary 5.2 (with some additional care about the
scaling.
Proof [Proof of Theorem 6.2] Let p̃(z) = p(z)u(z) be the acquiescent extension of p(z).
Since τ2 ≥ |u(z)p(z)| = |p̃(z)| ≥ τ0 on the unit circle, we have that |s̃(z)| = |s(z)||u(z)| =

JMLR 19(29):1-44, 2018

5. The minimum representation of a transfer function G(z) is defined as the representation G(z) = s(z)/p(z)
with p(z) having minimum degree.
6. In fact, this is a natural scaling that makes comparing error easier. Recall that the population risk is
essentially kĜ − GkH2 , therefore rescaling C so that kGkH2 = 1 implies that when error  1 we achieve
non-trivial performance.

20

0.8−n − 0.9−n
≤ exp(−Ω(n)) .
(z − 0.1)(z − 0.9−n )

p(z)/z = z

n

3

j∈[n],j∈J

Y

21

(6.1)
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1 − αn /z n
(1 − αω /z) =
(1 − ω/z)(1 − ω −1 /z)(1 − 1/z)

j

We consider a simple contrived example where improper learning can help us learn the
transfer function dramatically. We will show an example of characteristic function which is
not 1-acquiescent but (α + 1)/2-(α + 1)/2-acquiescent by extension of degree 3.
Let n be a large enoughQinteger and α be a constant. Let J = {1, n−1, n} and ω = e2πi/n ,
j
and then define p(z) = z 3 j∈[n],j ∈J
/ (z − αω ). Therefore we have that

6.2.1 Example: artificial construction

We illustrate the use of improper learning through various examples below.

6.2 Power of improper learning in various cases

Moreover, the transfer functions G(z) and Ĝ(z) are on the order of Θ(1) on unit circle.
These suggest that from an (inverse polynomially accurate) approximation of the transfer
function G(z), we cannot hope to recover the minimum representation in any sense, even if
the minimum representation satisfies acquiescence.

|G(z) − G0 (z)| ≤

We begin by constructing a contrived example where the minimum representation of G(z) is
not stable at all and as a consequence one can’t hope to recover the minimum representation
of G(z).
s(z)
s0 (z)
z n −0.8−n
1
0
Consider G(z) = p(z)
:= (z−0.1)(z
n −0.9−n ) and G (z) = p0 (z) := z−0.1 . Clearly these are
0
the minimum representations of the G(z) and G (z), which also both satisfy acquiescence.
On the one hand, the characteristic polynomial p(z) and p0 (z) are very different. On the
other hand, the transfer functions G(z) and G0 (z) have almost the same values on unit circle
up to exponentially small error,

6.1 Instability of the minimum representation

j∈[n]

X

Q

λnj
.
(λ
i6=j i − λj )

p(z)u(z)/z n+d − 1 ≤ ζ|p(z)| < 0.5 .
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Therefore p(z)u(z)/z n+d ∈ Cτ0 ,τ1 ,τ2 for constant τ0 , τ1 , τ2 . Finally noting that for degree n
√
polynomial we have khkH∞ ≤ n · khkH2 , which completes the proof.

Then we have that

z n+d
− u(z) ≤ ζ .
p(z)

Proof [Proof of Lemma 6.4] Let γ = 1 − α. Using Lemma 6.5 with ζ = 0.5kpk−1
H∞ , we have
1
that there exists polynomial u of degree d = O(max{ 1−α
log(ΓkpkH∞ ), 0}) such that

z n+d
− h(z) ≤ ζ .
p(z)

Lemma 6.5 (Approximation of inverse of a polynomial) Suppose p(z) is a polynomial of degree n and leading coefficient 1 with distinct roots inside circle with radius α,
1
Γ
and Γ = Γ(p). Then for d = O(max{( 1−α
log (1−α)ζ
, 0}), there exists a polynomial h(z) of
degree d and leading coefficient 1 such that for all z on unit circle,

Our main idea to extend p(z) by multiplying some polynomial u that approximates
p−1 (in a relatively weak sense) and therefore pu will always take values in the set C. We
believe the following lemma should be known though for completeness we provide the proof
in Section D.

Lemma 6.4 Suppose p(z) is a polynomial of degree n with distinct roots inside circle with
radius α. Let Γ = Γ(p), then p(z) is α-acquiescent by extension of degree d = O(max{(1 −
√
α)−1 log( nΓ · kpkH2 ), 0}).

Γ(h) :=

Definition 6.3 For a polynomial h(z) of degree n with roots λ1 , . . . , λn inside unit circle,
define the quantity Γ(·) of the polynomial h as:

A characteristic polynomial with well separated roots will be acquiescent by extension. Our
bound will depend on the following quantity of p that characterizes the separateness of the
roots.

6.2.2 Example: characteristic function with separated roots

Taking z = e−iπ/2 we have that p(z)/z n has argument (phase) roughly −3π/4, and
therefore it’s not in C, which implies that p(z) is not 1-acquiescent. On the other hand,
picking u(z) = (z − ω)(z − 1)(z − ω −1 ) as the helper function, from equation (6.1) we have
p(z)u(z)/z n+3 = 1 − αn /z n takes values inverse exponentially close to 1 on the circle with
radius (α + 1)/2. Therefore p(z)u(z) is (α + 1)/2-acquiescent.

s(z) · Oτ (1/p(z)). Therefore we have that s̃(z) satisfies that ks̃kH2 = Oτ (ks(z)/p(z)kH2 ) =
Oτ (kG(z)kH2 ) ≤ Oτ (1). That means that the vector C that determines the coefficients of
s̃ satisfies that kCk ≤ Oτ (1), since for a polynomial h(z) = b0 + · · · + bn−1 z n−1 , we have
khkH2 = kbk. Therefore we can apply Corollary 5.2 to complete the proof.

In the rest of this section, we discuss in subsection 6.1 the instability of the minimum
representation in subsection, and in subsection 6.2 we show several examples where the
characteristic function p(z) is not α-acquiescent but is α-acquiescent by extension with
small degree d.
As a final remark, the examples illustrated in the following sub-sections may be far
from optimally analyzed. It is beyond the scope of this paper to understand the optimal
condition under which p(z) is acquiescent by extension.
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6.2.3 Example: Characteristic polynomial with random roots
We consider the following generative model for characteristic polynomial of degree 2n. We
generate n complex numbers λ1 , . . . , λn uniformly randomly on circle with radius α < 1,
and take λi , λ̄i for i = 1, . . . , n as the roots of p(z). That is, p(z) = (z − λ1 )(z − λ̄1 ) . . . (z −
λn )(z − λ̄n ). We show that with good probability (over the randomness of λi ’s), polynomial
p(z) will satisfy the condition in subsection 6.2.2 so that it can be learned efficiently by our
improper learning algorithm.
Theorem 6.6 Suppose p(z) with random roots inside circle of radius α is generated from
the process described above. Then with high probability over the choice of p, we have that
e √n)) and kpkH ≤ exp(Õ(√n)). As a corollary, p(z) is α-acquiescent by
Γ(p) ≤ exp(O(
2
e
extension of degree O((1
− α)−1 n).
Towards proving Theorem 6.6, we need the following lemma about the expected distance
of two random points with radius ρ and r in log-space.

N →∞

E[ln |x − λ| | r] = lim
k=1

N
1 X
ln |x − rω k |
N

(6.2)

Lemma 6.7 Let x ∈ C be a fixed point with |x| = ρ, and λ uniformly drawn on the circle
with radius r. Then E [ln |x − λ|] = ln max{ρ, r} .

ln

Proof When r 6= ρ, let N be an integer and ω = e2iπ/N . Then we have that

1
N

P
The right hand of equation (6.2) can be computed easily by observing that 1 N ln |x −
k=1
N
QN
1
1 PN
k
N
N
k=1 ln |x−
k=1 (x − rω ) = N ln |x −r |. Therefore, when ρ > r, we have limN →∞ N

rω k | =

rω k | = limN →∞ ρ + N1 ln |(x/ρ)N − (r/ρ)N | = ln ρ. On the other hand, when ρ < r, we
PN
have that limN →∞ N1 k=1
ln |x − rω k | = ln r. Therefore we have that E[ln |x − λ| | r] =
ln(max ρ, r). For ρ = r, similarly proof (with more careful concern of regularity condition)
we can show that E[ln |x − λ| | r] = ln r.
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Now we are ready to prove Theorem 6.6.
Proof [Proof of Theorem 6.6] Fixing index i, and the choice of λi , we consider the random
2n
P
variable Yi = ln( Q |λ −λ|λi| |Q |λ −λ¯ | )n ln |λi | − j6=i ln |λi − λj |. By Lemma 6.7, we have
i
j6=i
Pj j6=i i j
that E[Yi ] = n ln |λi | − j6=i E[ln |λi − λj |] = ln(1 − δ). Let Zj = ln |λi − λj |. Then we
have that Zj are random variable with mean 0 and ψ1 -Orlicz norm bounded by 1 since
E[eln |λi −λj | − 1] ≤ 1. Therefore by Bernstein inequality for sub-exponential tail random
variable (for example, (Ledoux and Talagrand, 2013, Theorem 6.21)), we have that with
P
e √
e
high probability (1 − n−10 ), it holds that
j6=i Zj ≤ O( n) where O hides logarithmic
e √n).
factors. Therefore, with high probability, we have |Yi | ≤ O(
Finally we take union bound over all i ∈ [n],
and obtain that with high probability,
e √n)). With similar
e √n), which implies that Pn exp(Yi ) ≤ exp(O(
for ∀i ∈ [n], |Yi | ≤ O(
√ i=1
technique, we can prove that kpkH2 ≤ exp(Õ( n).
23
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6.2.4 Example: Passive systems

We will show that with improper learning we can learn almost all passive systems, an
important class of stable linear dynamical system as we discussed earlier. We start off with
the definition of a strict-input passive system.

Definition 6.8 (Passive System, c.f Kottenstette and Antsaklis (2010)) A SISO linear system is strict-input passive if and only if for some τ0 > 0 and any z on unit circle,
<(G(z)) ≥ τ0 .

(6.3)

In order to learn the passive system, we need to add assumptions in the definition of
strict passivity. To make it precise, we define the following subsets of complex plane: For
positive constant τ0 , τ1 , τ2 , define

Cτ+0 ,τ1 ,τ2 = {z ∈ C : |z| ≤ τ2 , <(z) ≥ τ1 , <(z) ≥ τ0 |=(z)| } .

We say a transfer function G(z) = s(z)/p(z) is (τ0 , τ1 , τ2 )-strict input passive if for any z
on unit circle we have G(z) ∈ Cτ+0 ,τ1 ,τ2 . Note that for small constant τ0 , τ1 and large constant
τ2 , this basically means the system is strict-input passive.
Now we are ready to state our main theorem in this subsection. We will prove that passive systems could be learned improperly with a constant factor more states (dimensions),
assuming s(z) has all its roots strictly inside unit circles and Γ(s) ≤ exp(O(n)).

Theorem 6.9 Suppose G(z) = s(z)/p(z) is (τ0 , τ1 , τ2 )-strict-input passive. Moreover, suppose the roots of s(z) have magnitudes inside circle with radius α and Γ = Γ(s) ≤ exp(O(n))
and kpkH2 ≤ exp(O(n)). Then p(z) is α-acquiescent by extension of degree d = Oτ,α (n),
and as a consequence we can learn G(z) with n + d states in polynomial time.
Moreover, suppose in addition we assume that G(z) ∈ Cτ0 ,τ1 ,τ2 for every z on unit circle.
Then p(z) is α-acquiescent by extension of degree d = Oτ,α (n).

The proof of Theorem 6.9 is similar in spirit to that of Lemma 6.4, and is deferred to
Section D.

6.3 Improper learning using linear regression

JMLR 19(29):1-44, 2018

In this subsection, we show that under stronger assumption than α-acquiescent by extension,
we can improperly learn a linear dynamical system with linear regression, up to some fixed
bias.
The basic idea is to fit a linear function that maps [xk−` , . . . , xk ] to yk . This is equivalent
to a dynamical system with ` hidden states and with the companion matrix A in (1.4) being
chosen as a` = 1 and a`−1 = · · · = a1 = 0. In this case, the hidden states exactly memorize
all the previous ` inputs, and the output is a linear combination of the hidden states.
Equivalently, in the frequency space, this corresponds to fitting the transfer function
`−1 +···+c
1
G(z) = s(z)/p(z) with a rational function of the form c1 z z `−1
= c1 z −(`−1) + · · · + cn .
The following is a sufficient condition on the characteristic polynomial p(x) that guarantees
the existence of such fitting,

24
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7. We need (1 − δ)-acquiescence by extension in previous subsections for small δ > 0, though this is
merely additional technicality needed for the sample complexity. We ignore this difference between
1 − δ-acquiescence and 1-acquiescence and for the purpose of this subsection

where S(z) is an `in × `out matrix with each entry being a polynomial with real coefficients
of degree at most n and p(z) = z n + a1 z n−1 + · · · + an . Note that here we use `in to denote
the dimension of the inputs of the system and `out the dimension of the outputs.
Although a special case of a general MIMO system, this class of systems still contains
many interesting cases, such as the transfer functions studied
in Fazel et al. (2001, 2004),
P
Ri
where G(z) is assumed to take the form G(z) = R0 + ni=1 z−λ
, for λ1 , . . . , λn ∈ C with
i
conjugate symmetry and Ri ∈ C`out ×`in satisfies that Ri = R̄j whenever λi = λ̄j .
In order to learn the system G(z), we parametrize p(z) by its coefficients a1 , . . . , an and
S(z) by the coefficients of its entries. Note that each entry of S(z) depends on n + 1 real

We consider multi-input multi-output systems with the transfer functions that have a common denominator p(z),
1
G(z) =
· S(z)
(7.1)
p(z)

7. Learning multi-input multi-output (MIMO) systems

We remark that with linear regression the bias ε will only go to zero as we increase the
length ` of the feature, but not as we increase the number of samples. Moreover, linear
regression requires a stronger assumption than the improper learning results in previous
subsections do. The latter can be viewed as an interpolation between the proper case and
the regime where linear regression works.

Proposition 6.11 (Informal) If the true system G(z) = s(z)/p(z) satisfies that p(z) is
extremely-acquiescent by extension of degree d. Then using linear regression we can learn
mapping from [xk−` , . . . , xk ] to yk with bias ε and polynomial sampling complexity.

We remark that if p(z) is 1-acquiescent by extension of degree d, then there exists
u(z) such that p(z)u(z)/z n+d ∈ C. Therefore, equation (6.4) above is a much stronger
requirement than acquiescence by extension.7
When p(z) is extremely-acquiescent, we see that the transfer function G(z) = s(z)/p(z)
can be approximated by s(z)u(z)/z n+d up to bias ε. Let ` = n+d+1 and s(z)u(z) = c1 z `−1 +
· · · +c` . Then we have that G(z) can be approximated by the following dynamical system of
` hidden states with ε bias: we choose A = CC(a) with a` = 1 and a`−1 = · · · = a1 = 0, and
C = [c1 , . . . , c` ]. As we have argued previously, such a dynamical system simply memorizes
all the previous ` inputs, and therefore it is equivalent to linear regression from the feature
[xk−` , . . . , xk ] to output yk .

(6.4)

F

0
−an−2 I`in

0
−an−1 I`in

I`in
−a1 I`in

···
···




,





D ∈ R`out ×`in .

0
0
..
.

···
···
..
.

C ∈ R`out ×n`in ,

I`in
..
.

0
−an I`in

0

I`in
0
..
.

0
0
..
.

0
 ..
 .
B=
 0
I`in





,




(7.3)
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We note that since A and B are simply the tensor product of I`in with CC(a) and
en , the no blow-up property (Lemma 4.4) for Ak B still remains true. Therefore to prove
Theorem 7.2, we essentially only need to run the proof of Lemma 5.5 with matrix notation
and matrix norm. We defer the proof to the full version.

−1
b ≤ poly(n + d, σ, τ, (1 − α) ) .
f (Θ)
TN

Theorem 7.2 Suppose transfer function G(z) of a MIMO system takes form (7.1), and
has norm kGkH2 ≤ 1. If the common denominator p(z) is α-acquiescent by extension of
degree d then projected stochastic gradient descent over the state space representation (7.3)
b with risk
will return Θ

The following Theorem is a straightforward extension of Corollary 5.2 and Theorem 6.2 to
the MIMO case.

and,




A = 





Finally, as alluded before, we use a particular state space representation for learning the
system in time domain with example sequences. It is known that any transfer function of
the form (7.1) can be realized uniquely by the state space system of the following special
case of Brunovsky normal form Brunovsky (1970),

Lemma 7.1 The risk function g(â, Ĉ) defined in (7.2) is τ -weakly-quasi-convex in the domain




pa (z)
0
Nτ (a) = â ∈ Rn : <
≥ τ /2, ∀ z ∈ C, s.t. |z| = 1 ⊗ R`in ×`out ×n
pâ (z)

The following lemma is an analog of Lemma 3.3 for the MIMO case. Itss proof actually
follows from a straightforward extension of the proof of Lemma 3.3 by observing that matrix
S(z) (or Ŝ(z)) commute with scalar p(z) and p̂(z), and that Ŝ(z), p̂(z) are linear in â, Ĉ.

0

coefficients and therefore the collection of coefficients forms a third order tensor of dimension
`out × `in × (n + 1). It will be convenient to collect the leading coefficients of the entries of
S(z) into a matrix of dimension `out × `in , named D, and the rest of the coefficients into a
matrix of dimension `out × `in n, denoted by C. This will be particularly intuitive when a
state-space representation is used to learn the system with samples as discussed later. We
parameterize the training transfer function Ĝ(z) by â, Ĉ and D̂ using the same way.
Let’s define the risk function in the frequency domain as,
Z 2π
2
(7.2)
g(Â, Ĉ, D̂) =
G(eiθ ) − Ĝ(eiθ ) dθ .

Definition 6.10 A polynomial p(z) of degree n is extremely-acquiescent by extension of
degree d with bias ε if there exists a polynomial u(z) of degree d and leading coefficient 1
such that for all z on unit circle,

p(z)u(z)/z n+d − 1 ≤ ε
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8. Simulations
In this section, we provide proof-of-concepts experiments on synthetic data. We will demonstrate that
1) plain SGD tends to blow up even with relatively small learning rate, especially on
hard instances
2) SGD with our projection step converges with reasonably large learning rate, and with
over-parameterization the final error is competitive
3) SGD with gradient clipping has the strongest performance in terms both of the convergence speed and the final error

(
g
Bg/kgk

if kgk ≤ B
otherwise

Here gradient clipping refers to the technique of using a normalized gradient instead
of the true gradient. Specifically, for some positive hyper parameter B, we follow the
approximate gradient
gclip =

This method is commonly applied in training recurrent neural networks Pascanu et al.
(2013).
Bullet 1) suggests that stability is indeed a real concern. Bullet 2) corroborates our
theoretical study. Finding 3) suggests the instability of SGD partly arises from the noise in
the batches, and such noise is reduced by the gradient clipping. Our experiments suggest
that the landscape of the objective function may be even nicer than what is predicted by
our theoretical development. It remains possible that the objective has no non-global local
minima, possibly even outside the convex set to which our algorithm projects.
We generate the true system with state dimension d = 20 by randomly picking the
conjugate pairs of roots of the characteristic polynomial inside the circle with radius ρ = 0.95
and randomly generating the vector C from standard normal distribution. The distribution
of the norm of the impulse response r (defined in Section 3) of such systems has a heavy-tail.
When the norm of r is several magnitudes larger than the median it’s difficult to learn the
system. Thus we select systems with reasonable krk for experiments, and we observe that
the difficulty of learning increases as krk increases. The inputs of the dynamical model
are generated from standard normal distribution with length T = 500. We note that we
generate new fresh inputs and outputs at every iterations and therefore the training loss is
equal to the test loss (in expectation.) We use initial learning rate 0.01 in the projected
gradient descent and SGD with gradient clipping. We use batch size 100 for all experiments,
and decay the learning rate at 200K and 250K iteration by a factor of 10 in all experiments.
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Figure 2: The performance of projected stochastic gradient descent with overparameterization, vanilla SGD, and SGD with gradient clipping, on three different instance
of dynamical systems with true state dimension = 20. The solid lines are from our proposed
projected SGD with (over-parameterized) state dimension = 20, 25, 30, 35. The dot line
corresponds to SGD with gradient clipped to Frobenius norm 1. The dashed lines correspond vanilla SGD and the triangle marker means the error blows up to infinity. The plot
demonstrates the effect of the over-parameterization to our our algorithm. We note that
the loss are different scales because the true systems in these three instances have different
norms of impulse responses (which is equal to the loss of zero fitting).
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where the first inequality uses weakly-quasi-convex and the rest of lines are simply algebraic
manipulations. Since θk+1 is the projection of wk+1 to B and θ∗ belongs to B, we have
kwk+1 − θ∗ k ≥ kθk+1 − θ∗ k. Together with (A.1), and


2
2
∗
E kr(θk )k = k∇f (θk )k + Var[r(θk )] ≤ Γ(f (θk ) − f (θ )) + V,

τ (f (θk ) − f (θ∗ )) ≤ ∇f (θk )> (θk − θ∗ ) = E[r(θk )> (θk − θ∗ ) | θk ]


1
= E (θk − wk+1 )(θk − θ∗ ) | θk
η




1
2
∗ 2
∗ 2
=
E kθk − wk+1 k | θk + kθk − θ k − E kwk+1 − θ k | θk
η

 1


= η E kr(θk )k2 +
kθk − θ∗ k2 − E kwk+1 − θ∗ k2 | θk
(A.1)
η

The proof below uses the standard analysis of gradient descent for non-smooth objectives
and demonstrates that the argument still works for weakly-quasi-convex functions.
Proof [Proof of Proposition 2.3] We start by using the weakly-quasi-convex condition and
then the rest follows a variant of the standard analysis of non-smooth projected sub-gradient
descent8 . We conditioned on θk , and have that
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we obtain that


1
kθk − θ∗ k2 − E kθk+1 − θ∗ k2 | θk .
η
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τ (f (θk ) − f (θ∗ )) ≤ ηΓ(f (θk ) − f (θ∗ )) + ηV +

∗
E [f (θk ) − f (θ )] ≤

1
τ − ηΓ

√ √
4R V K
.
τ

8ΓR2
.
τ2

and obtain that

≤

4R2 Γ2
,
V τ2

(A.3)

(A.2)

then we take

Taking expectation over all the randomness and summing over k we obtain that




1
1
1
ηKV + kθ0 − θ∗ k2 ≤
ηKV + R2 .
η
τ − ηΓ
η
K−1
X

k=0

∗
E [f (θk ) − f (θ )] ≤


τ KV
2ΓR2
+
2Γ
τ

we pick η =
2
τ

τ
2Γ

where we use the assumption that kθ0 − θ∗ k ≤ R. Suppose K ≥
Therefore we have that τ − ηΓ ≥ τ /2 and therefore
η=
√R .
VK

K−1
X
k=0

4R2 Γ2
,
V τ2

∗
E [f (θk ) − f (θ )] ≤

On the other hand, if K ≤
K−1
X
k=0

(
√ )
8ΓR2 4R V
.
, √
τ 2K τ K

Therefore using equation (A.3) and (A.2) we obtain that when choosing η properly
according to K as above,
∗
E [f (θk ) − f (θ )] ≤ max

k∈[K]

Appendix B. Toolbox
Lemma B.1 Let B = en ∈ Rn×1 and λ ∈ [0, 2π], w ∈ C. Suppose A with ρ(A) · |w| < 1
has the controllable canonical form A = CC(a). Then
 −1 
w
 −2 
1
w 
(I − wA)−1 B =
 . 
pa (w−1 )  .. 
w−n
where pa (x) = xn + a1 xn−1 + · · · + an is the characteristic polynomial of A.

1
−w
0
0
1
−w
.
.
.
..
..
..
0
0
0
an w an−1 w an−2 w

···
···
..
.
···
···








(B.1)
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0
0
.
..
−w
1 + a1 w

Proof let v = (I − wA)−1 B then we have (I − wA)v = B. Note that B = en , and I − wA
is of the form





I − wA = 
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Therefore we obtain that vk = wvk+1 for 1 ≤ k ≤ n − 1. That is, vk = v0 w−k for v0 = v1 w1 .
Using the fact that ((I −wA)v)n = 1, we obtain that v0 = pa (w−1 )−1 where pa (·) is the poly−1
−n
nw
nomial pa (x) = xn +a1 xn−1 +· · ·+an . Then we have that u(I −wA)−1 B = u1 w pa+···+u
(w−1 )

Lemma B.2 Suppose x1 , . . . , xn are independent variables with mean 0 and covariance
matrices and I, U1 , . . . , Ud are fixed matrices, then
 Pn
 Pn
E k k=1 Uk xk k2 = k=1 kUk kF2 .

Proof We have that
 Pn

Pn
Pn
Pn
E k k=1 Uk xk kF2 = E k,` tr(Uk xk x`> U`> ) = k tr(Uk xk xk> Uk> ) = k=1 kUk kF2

Appendix C. Missing proofs in Sections 4 and 5

C.1 Monotonicity of acquiescence: Proof of Lemma 4.3

Lemma C.1 (Lemma 4.3 restated) For any 0 < α < β, we have that Bα ⊂ Bβ .

Proof Let qa (z) = 1 + a1 z + · · · + an z n . Note that q(z −1 ) = pa (z)/z n . Therefore we
note that Bα = {a : qa (z) ∈ C, ∀|z| = 1/α}. Suppose a ∈ Bα , then <(qa (z)) ≥ τ1 for any
z with |z| = 1/α. Since <(qa (z)) is the real part of the holomorphic function qa (z), its a
harmonic function. By maximum (minimum) principle of the harmonic functions, we have
that for any |z| ≤ 1/α, <(qa (z)) ≥ inf |z|=1/α <(qa (z)) ≥ τ1 . In particular, it holds that
for |z| = 1/β < 1/α, <(qa (z)) ≥ τ1 . Similarly we can prove that for z with |z| = 1/β,
<(qa (z)) ≥ (1 + τ0 )=(qa (z)), and other conditions for a being in Bβ .

C.2 Proof of Lemma 5.4

Lemma 5.4 follows directly from the following general Lemma which also handles the multiinput multi-output case. It can be seen simply from calculation similar to the proof of
Lemma 3.5. We mainly need to control the tail of the series using the no-blow up property
(Lemma 4.4) and argue that the wrong value of the initial states h0 won’t cause any trouble
b (defined in Algorithm 1). This is simply because
to the partial loss function `((x, y), Θ)
after time T1 = T /4, the influence of the initial state is already washed out.

Lemma C.2 In algorithm 3 the values of GA , GC , GD are equal to the gradients of g(Â, Ĉ)+
(D̂ − D)2 with respect to Â, Ĉ and D̂ up to inverse exponentially small error.

b
Proof [Proof of Lemma C.2] We first show that the partial empirical loss function `((x, y), Θ)
has expectation almost equal to the idealized risk (up to the term for D̂ and exponential
small error),
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b = g(Â, Ĉ) + (D̂ − D)2 ± exp(−Ω((1 − α)T )).
E[`((x, y), Θ)]

32

k=1

t−1
X

CAt−k−1 Bxk + CAt−1 h0 + ξt

and ỹt = D̂xt +
k=1

t−1
X

Ĉ Ât−k−1 B̂xk . (C.1)

= kD̂ − Dk2 +

j=0

s,t

xs xt ust +

s,t

X

xs ξt u0st

and GC =
s,t

X
xs xt vst +
s,t

X
0
xs ξt vst
.

"

s,t

X

xs xs ust +

s,t

X

#

xs ξt u0st ≤ O(1)
s,t

X

kust k2 + O(σ 2 )
s,t

X

ku0st k2 .

(C.2)
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P
in order to bound from above Var [GA ], it suffices to bound
kust k2 and
P Therefore
ku0st k2 , and similarly for GC .
We begin by writing out ust for fixed s, t ∈ [T ] and bounding its norm. We use the
same set of notations as int the proof of Lemma 5.4. Recall that we set rk = CAk B and
r̂k = Ĉ Âk B, and ∆rk = r̂k − rk . Moreover, let zk = Âk B. We note that the sums of kzk k2

Var

where ust and vst are vectors that will be calculated later. By Lemma C.3, we have that

GA =

X

Proof [Proof of Lemma 5.5] Both GA and GC can be written in the form of a quadratic
form (with vector coefficients) of x1 , . . . , xT and ξ1 , . . . , ξT . That is, we will write

C.3 Proof of Lemma 5.5
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k∆rk k2 ≤ 4πnα2k−2n τ1−2 .

∆rk2 ≤ 4πnτ1−2 ,

(C.4)

(C.3)

j=k

T
X

k=2

T
X

∆rj−` x`



1k≥t+1 · Âk−t−1 B

!

0
zk−1−s · r̂t−k
· 1t>max{T1 }

1k≥t+1 · zk−t−1 .

s+1≤k≤t

X



j−k B
j≥max{k,s,T1 +1} ∆rj−s r̂j−k

P

`=1

j
X

(C.6)

(C.5)

(C.8)

(C.7)

and equation (C.5) and equation (C.6) above, we have

ξj +

j=1 zk−j xj

Pk

j≥max{k,s,T1 +1} ∆rj−s Ĉ Â

P

> ∆h h0 >
k k−1

=

0
zk−1−s · 1k≥s+1 · r̂t−k
· 1t>max{T1 ,k} =

k=2

PT

k=2

PT

k≥2 B

j

αj−k (Â> )j−k Ĉ > 1j>T1

k−j Bx

=

ust =

Case 1:

`≥0,`≥T1 +1−s

34

X

zk−t−1

∆r`

X
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r̂`+s−k zk−t−1

∆rj−s r̂j−k

s>k>t

X

j≥max{s,T1 +1}

`≥0,`≥T1 +1−s

t<k<s

X

r̂`+s−k zk−t−1 +

∆rj−s r̂j−k +

s≤k≤l+s,k≤T

X

X

j≥max{k,T1 +1}

∆r`

zk−t−1
X

T ≥k≥s

X

When 0 ≤ s − t ≤ Λ, we rewrite ust by rearranging equation (C.7),



1
Towards bounding kust k, we consider four different cases. Let Λ = Ω {max{n, (1 − α)−1 log( 1−α
)}
be a threshold.

u0st =

and that,

=

ust =

P

j=k

T
X

j=1 Â

Pk

(Â> )j−k Ĉ > ∆yj =

Then using GA =
that

∆hk =

ĥk =

which will be used many times in the proof that follows.
We calculate the explicit form of GA using the explicit back-propagation Algorithm 3.
We have that in Algorithm 3,

k=t

kzk k2 ≤ 2πnα2k−2n τ1−2 .

kzk k2 ≤ 2πnτ1−2 ,

k=t
∞
X

∞
X

and rk2 can be controlled. By the assumption of the Lemma, we have that

T −j
kĈ Âj B − CAj Bk2 ± exp(−Ω((1 − α)T ))
and
T − T1

kĈ Âj B − CAj Bk2 ± exp(−Ω((1 − α)T )) .

T ≥j≥T1

X

kĈ Âj B − CAj Bk2 ± exp(−Ω((1 − α)T ))

where the first line use the fact that kCAt−1 h0 k ≤ exp(−Ω((1 − α)T ), the second uses
equation (3.10) and the last line uses the no-blowing up property of Ak B (Lemma 4.4).
b is also close to the gradient
Similarly, we can prove that the gradient of E[`((x, y), Θ)]
of g(Â, Ĉ) + (D̂ − D)2 up to inverse exponential error.

= kD̂ − Dk2 +

X

T ≥t>T1 0≤j≤t−1

X

kĈ Âj B − CAj Bk2 +

T1
X

j=0
∞
X

1
T − T1

2

= kD̂ − Dk +

t>T1



T
X
1
2
b =
kyt − yt k  ± exp(−Ω((1 − α)T ))
E[`((x, y), Θ)]
E
T − T1

Therefore noting that when t ≥ T1 ≥ Ω(T ), we have that kCAt−1 h0 k ≤ exp(−Ω((1 − α)T )
and therefore the effect of h0 is negligible. Then we have that

yt = Dxt +

This can be seen simply from similar calculation to the proof of Lemma 3.5. Note that
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X

∆r`2  

|

X

X

X

2


}



2

.

r̂`+s−k zk−t−1

r̂`+s−k zk−t−1

{z

T1

X

T2

{z

X

`≥0,`≥T1 +1−s s>k>t

X

`≥0,`≥T1 +1−s s≤k≤l+s,k≤T



∆r`2  
|

≤

}
(C.9)

where at the second line, we did the change of variables ` = j − s. Then by Cauchy-Schartz
inequality, we have,


kust k2 ≤ 2 

X

`≥0,`≥T1 +1−s

X

`≥0,`≥T1 +1−s



+ 2

X

`≥0

r̂`+s−k zk−t−1



s≤k≤`+s

(C.10)

|r̂`+s−k |kzk−t−1 k .

We could bound the contribution from ∆rk2 ssing equation (C.4), and it remains to
bound terms T1 and T2 . Using the tail bounds for kzk k (equation (C.3)) and the fact that
|r̂k | = |Ĉ Âk B| ≤ kÂk Bk = kzk k , we have that

2
2
T1 =

`≥0,`≥T1 +1−s s≤k≤l+s,k≤T

X

s≤k≤`+s

X

X

s≤k≤`+s



X

kzk−t−1 k2 

O(nα(`+s−t−1)−2n /τ12 )

|r̂`+s−k |2 

≤ O(`nα(`+s−t−1)−2n /τ12 ) .

|r̂`+s−k |kzk−t−1 k ≤

|r̂`+s−k |kzk−t−1 k ≤ 

s≤k≤`+s

√
√
≤ O( n/τ1 ) · O( n/τ1 ) = O(n/τ12 ) .

s≤k≤`+s

(C.11)

We bound the inner sum of RHS of (C.10) using the fact that kzk k2 ≤ O(nα2k−2n /τ12 )
and obtain that,

X

|r̂`+s−k |kzk−t−1 k ≤

X

Λ≥`≥0

O(n2 /τ14 ) +

X

`>Λ

2

(C.14)
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≤ O(n2 Λ/τ14 ) .

(C.13)

O(`2 n2 α2(`+s−t−1)−4n /τ14 )
≤ O(n2 Λ/τ14 ) + O(n2 /τ14 ) = O(n2 Λ/τ14 ) .
X

r̂`+s−k zk−t−1

(C.12)

Note that equation (C.11) is particular effective when ` > Λ. When ` ≤ Λ, we can refine
the bound using equation (C.3) and obtain that

1/2 
1/2
X

s≤k≤`+s



s≤k≤`+s

Plugging equation (C.12) and (C.11) into equation (C.10), we have that

2

X
`≥0

X

`≥0,`≥T1 +1−s s>k>t

For the second term in equation (C.9), we bound similarly,
T2 ≤

35

X



X

s≤k≤`+s
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kust k2 ≤ O(n3 Λ/τ16 )

2

|r̂`+s−k |kzk−t−1 k ≤ α2(s−t−1)−4n

`≥0

X

O(`2 n2 α2` /τ14 )

When s − t > Λ, we tighten equation (C.13) by observing that,


Therefore using the bounds for T1 and T2 we obtain that,

Case 2:

T1 ≤

`≥0

kust k2 ≤ O(n3 /((1 − α)3 τ16 )) · αs−t−1 .

t+1≤k≤l+s,k≤T

≤ αs−t−1 · O(n2 /(τ14 (1 − α)3 )) .

T2 ≤ αs−t−1 · O(n2 /(τ14 (1 − α)3 )) .

where we used equation (C.11). Similarly we can prove that

zk−t−1

Therefore, we have when s − t ≥ Λ,

T ≥k≥t+1



j≥max{k,T1 +1}

∆rj−s r̂j−k =



X

`≥0,`≥T1 +1−s

∆r`

X

`≥0,`≥T1 +1−s t+1≤k≤l+s,k≤T

∆r`2  

r̂`+s−k zk−t−1

(C.15)

(C.16)

(C.17)

.

√
√
|r̂`+s−k | · kzk−t−1 k ≤ O( n/τ1 ) · O( n/τ1 ) = O(n/τ12 ) .

|r̂`+s−k | · kzk−t−1 k ≤ O(`nα(`+s−t−1)−2n /τ12 )

2

Case 3: When −Λ ≤ s−t ≤ 0, we can rewrite us t and use the Cauchy-Schwartz inequality
and obtain that
X
X
X
X
r̂`+s−k zk−t−1 .
ust =

and,
X

`≥0,`≥T1 +1−s

kust k2 ≤ 

X

t+1≤k≤`+s

t+1≤k≤`+s

X

Using almost the same arguments as in equation (C.11) and (C.12), we that

and

X

t+1≤k≤l+s,k≤T

0
0
r̂`+s−k
zk−t−1

2

= O(n2 Λ/τ14 ) .

≤ O(n2 Λ/τ14 ) + O(n2 /τ14 )

Then using a same type of argument as equation (C.13), we can have that
X

`≥0,`≥T1 +1−s
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It follows that in this case kust k can be bounded with the same bound in (C.15).

36

k≥t+1

X

0
kzk−t−1
k

(C.18)



j≥max{k,T1 +1}

k≥t+1

0
k2  
kzk−t−1

X

X

j≥max{k,T1 +1}





0
|∆rj−s r̂j−k
|

0
| 
|∆rj−s r̂j−k

2 

s,t∈[T ]:|s−t|≤Λ

s,t:|s−t|≥Λ

≤ O(T n3 Λ2 /τ16 ) + O(n3 /τ16 ) = O(T n3 Λ2 /τ16 ) .

(C.19)

s+1≤k≤t

s+1≤k≤t−1

0
kzk−1−s k · |r̂t−k
|≤

37

≤ O(n(t − s)αt−s−1 /τ12 ) .

ku0st k ≤

T
X

T
X

|r̂k0 |2

≤

≤

O(nα2k−2n /τ12 ),

we
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nαt−s−1 /τ12

kzk0 k2

s+1≤k≤t−1

On the other hand, for t > s + Λ, by the bound that
have,

s+1≤k≤t

We finished the bounds for kust k and now we turn to bound ku0st k2 . Using the formula
for u0st (equation C.8), we have that for t ≤ s + 1, u0st = 0. For s + Λ ≥ t ≥ s + 2, we have
that by Cauchy-Schwartz inequality,

1/2 
1/2
X
X
0
2
0
2
kust k ≤ 
kzk−1−s k  
|r̂t−k |  ≤ O(n/τ12 ) ≤ O(n/τ12 ) .

1≤s,t≤T

Therefore, using the bound for kust obtained in the four cases above, taking sum over
s, t, we obtain that
X
X
X
kust k2 ≤
O(n3 Λ/τ16 ) +
O(n3 /(τ16 (1 − α)3 )α|t−s|−1 )

k2

≤ O(n/τ12 ) · O(n2 /(τ14 (1 − α)3 )αt−s ) = O(n3 /(τ16 δ 3 )αt−s )

k≥t+1



j≥max{k,T1 +1}

X

≤ O(n/(τ12 (1 − α)) · αk−s−n )

0
k
kzk−t−1

X

k≥t+1

X

≤

kust k2 ≤

Then we have that

j≥max{k,T1 +1}

0
|∆rj−s r̂j−k
|.

√
√
O( n/τ1 · αj−s−n ) · O( n/τ1 · αj−k−n )

j≥max{k,T1 +1}

X

j≥max{k,s,T1 +1}

Since j − s ≥ k − s > 4n and it follows that
X
X
0
|∆rj−s r̂j−k
|≤

≤

k=2

Case 4: When s − t ≤ −Λ, we use a different simplification of ust from above. First of
all, it follows (C.7) that


T
X
X
0

kust k ≤
k∆rj−s r̂j−k zk−t−1 k1k≥t+1 
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O n3 Λ2 /τ16 + σ 2 n2 Λ/τ14
1
Var[G
]
≤
.
A
(T − T1 )2
T

Var

hP

i,j

i,j

X

kuij k2

i,j

X

h
i
2 2 >
>
E xi xj (uij uij + uij uji )

hP

i,j

38

i
P
xi ξj u0ij by O(σ 2 ) i,j ku0ij k2 .
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i
h P
i
P
P
xi xj uij = E k i,j xi xj uij k2 − k E[ i,j xi xj uij ]k2 ≤ O(1) i,j kuij k2 (C.21)

Similarly, we can control Var

i,j

where at second line we used the fact
xα with an odd degree on one
Pthat for any monomial
P
α
of the xi ’s, E[x ] = 0. Note that E[ i,j xi xj uij ] = i uii . Therefore,

+ O(1)

kuij + uji k2

>
2 2
E[uii ujj xi xj ] +

X

i6=j

X

u>
ii ujj + O(1)

>
4
E[uii uii xi ] +

k,`

2
i uii k

P

i,j

i

X
=k

≤

=

i,j

X

Proof
Note that the two sums in the target are independent with mean 0, therefore we only
need to bound the variance of both sums individually. The proof follows the linearity of
expectation and the independence of xi ’s:

 XX h
i
2
P
>
=
E
E xi xj xk x` uij uk`
i,j xi xj uij

(C.20)

Lemma C.3 Let x1 , . . . , xT be independent random variables with mean 0 and variance
1 and 4-th moment bounded by O(1), and uij be vectors for i, j ∈ [T ]. Moreover, let
ξ1 , . . . , ξT be independent random variables with mean 0 and variance σ 2 and u0ij be vectors
for i, j ∈ [T ]. Then,
hP
i
P
P
P
0 2
2
2
0
Var
i,j kuij k + O(σ )
i,j kuij k .
i,j xi xj uij +
i,j xi ξj uij ≤ O(1)

We can prove the bound for GC similarly.

Var[GA ] ≤

Hence, it follows that

Then using equation (C.2) and equation (C.19) and (C.20), we obtain that

Var[kGA k2 ] ≤ O T n3 Λ2 /τ16 + σ 2 T n2 Λ/τ14 .

s,t∈[T ]

Therefore taking sum over s, t, similarly to equation (C.19),
X
ku0st k2 ≤ O(T n2 Λ/τ14 ) .
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Appendix D. Missing proofs in Section 6
D.1 Proof of Lemma 6.5
Towards proving Lemma 6.5, we use the following lemma to express the inverse of a polynomial as a sum of inverses of degree-1 polynomials.

where

tj =

Q
i6=j (λj

−1
− λi )
.
(D.1)

Lemma D.1 Let p(z) = (z − λ1 ) . . . (z − λn ) where λj ’s are distinct. Then we have that
n
X
tj
1
=
,
p(z)
z − λj
j=1

Proof [Proof of Lemma D.1] By interpolating constant function at points λ1 , . . . , λn using
Lagrange interpolating formula, we have that
n Q
X
(x − λi )
Q i6=j
·1
(D.2)
i6=j (λj − λi )
1=

j=1

Dividing p(z) on both sides we obtain equation (D.1).

The following lemma computes the Fourier transform of function 1/(z − λ).

zm
dz =
z−λ

2πiλm
0

for m ≥ 0
o.w.

Lemma D.2 Let m ∈ Z, and K be the unit circle in complex plane, and λ ∈ C inside the
K. Then we have that

Z
K

zm
dz = 2πiλm .
z−λ

Z

K

K

y −m−1
dy .
1 − λy

y −m−1

∞
X

(λy)k

!

dy .

Proof [Proof of Lemma D.2] For m ≥ 0, since z m is a holomorphic function, by Cauchy’s
integral formula, we have that
Z
K

zm
dz =
z−λ

For m < 0, by changing of variable y = z −1 we have that
Z
Z
K

y −m−1
dy =
1 − λy

since |λy| = |λ| < 1, then we by Taylor expansion we have,
Z

K

k=0

y −m−1
dy = 0 .
1 − λy
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Since the series λy is dominated by |λ|k which converges, we can switch the integral with
the sum. Note that y −m−1 is holomorphic for m < 0, and therefore we conclude that
Z
K

39

Z
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0

k=−∞

ei(m−k)θ
1
dθ =
2πi
p(eiθ )

n

j=1

j=1

Z

K

K

z m−k−1
dz
p(z)

tj λjs = 0 ,

0 ≤ s < n − 1.

if − ∞ ≤ k ≤ m − 1
o.w.

j=1

n
X

1 X
tj
2πi

Pn
m−k−1
j=1 tj λj

and

z m−k−1
dz
z − λj

n
X
tj
1
=
.
p(z)
z − λj

Z

∞
X
eimθ
=
βk eikθ .
p(eiθ )

2π

βk =

1
2π

0

tj λjn−1 = 1 ,

(D.3)

Now we are ready to prove Lemma 6.5.
Proof [Proof of Lemma 6.5] Let m = n + d. We compute the Fourier transform of z m /p(z).
That is, we write

where
βk =
By Lemma D.1, we write

Then it follows that

βk =

Using Lemma D.2, we obtain that

We claim that
n
X
j=1

Indeed these can be obtained by writing out the lagrange interpolation for polynomial
f (x) = xs with s ≤ n − 1 and compare the leading coefficient. Therefore, we further

simplify βk to
 P
n
m−k−1
if − ∞ < k < m − n

j=1 tj λj
βk =
(D.4)
1
if k = m − n

0
o.w.
P
Let h(z) = k≥0 βk z k . Then we have that h(z) is a polynomial with degree d = m − n and
leading term 1. Moreover, for our choice of d,

k<0

k<0

k<0
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X
X
X
zm
|βk | ≤ max |tj |(1 − λj )n
βk z k ≤
(1 − γ)d−k−1
− h(z) =
j
p(z)

≤ Γ(1 − γ)d /γ < ζ .

40

nΓ·kpk

1

2

0

1

2

p(z)
≤ |p(z)|ζ  min{τ00 , τ10 }.
s(z)
(D.5)

p(z)
j≥0 ( τ2 z n

Pk

− 1)j ,
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with precision ζ  min{τ0 , τ1 }/τ2 , that is, √ 1 n − h(z) ≤
p(z)/z
p
ζ . Therefore, we obtain that p(z)h(z)
− p(z)/z n ≤ ζ|p(z)/z n | ≤ ζτ2 . Note that since
zn

which approximates √

1
p(z)/z n

h(z) =

Note that since τ1 < |p(z)| < τ2 , we have that | τp(z)
n − 1| < 1 − τ1 /τ2 . Therefore truncating
2z
the Taylor series at k = Oτ (1) we obtain a polynomial a rational function h(z) of the form

p(z)/z

Lemma D.4 Suppose p(z) of degree n and leading coefficient 1 satisfies that p(z) ∈ Cτ+0 ,τ1 ,τ2
for any z on unit circle. Then there exists u(z) of degree d such that p(z)u(z)/z n+d ∈ Cτ00 ,τ10 ,τ20
for any z on unit circle with d = Oτ (n) and τ00 , τ10 , τ20 = Θτ (1), where Oτ (·), Θτ (·) hide the
dependencies on τ0 , τ1 , τ2 .
p
Proof [Proof of Lemma D.4] We fix z on unit circle first. Let’s defined p(z)/z n be the
square root of p(z)/z n with principle value. Let’s write p(z)/z n = τ2 (1 + ( τp(z)
− 1)) and we
 2 zn

−1/2
−1/2 P∞
p(z)
p(z)
1
−1/2
k
√
take Taylor expansion for
= τ2
(1 + ( τ2 z n − 1))
= τ2
k=0 ( τ2 z n − 1) .
n

It follows from equation (D.5) implies that that p(z)u(z)/z n+d ∈ Cτ000 ,τ100 ,τ200 , where τ 00 polynomially depends on τ . The same proof still works when we replace C by C + .

p(z)u(z)/z n+d −

where we set ζ  min{τ00 , τ10 }/τ20 · kpk−1
H∞ . Then we have that

z n+d
− u(z) ≤ ζ .
s(z)

Proof [Proof of Lemma D.3] By the fact that G(z) = s(z)/p(z) ∈ Cτ0 ,τ1 ,τ2 , we have that
p(z)/s(z) ∈ Cτ00 ,τ10 ,τ20 for some τ 0 that polynomially depend on τ . Using Lemma 6.5, there
exists u(z) of degree d such that

, where Oτ (·), Θτ (·) hide the polynomial dependencies on τ0 , τ1 , τ2 .

0

H2
1
any z on unit circle, then there exists u(z) of degree d = Oτ (max{( 1−α
log
, 0})
1−α
+
n+d
n+d
0
such that p(z)u(z)/z
∈ Cτ 0 ,τ 0 ,τ 0 (or p(z)u(z)/z
∈ Cτ 0 ,τ 0 ,τ 0 respectively) for τ = Θτ (1)

√

Lemma D.3 Suppose the roots of s are inside circle with radius α < 1, and Γ = Γ(s). If
transfer function G(z) = s(z)/p(z) satisfies that G(z) ∈ Cτ0 ,τ1 ,τ2 (or G(z) ∈ Cτ+0 ,τ1 ,τ2 ) for

Theorem 6.9 follows directly from a combination of Lemma D.3 and Lemma D.4 below.
Lemma D.3 shows that the denominator of a function (under the stated assumptions) can
be extended to a polynomial that takes values in C + on unit circle. Lemma D.4 shows that
it can be further extended to another polynomial that takes values in C.

D.2 Proof of Theorem 6.9
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p

p(z)/z n ∈ Cτ00 ,τ10 ,τ20 for some constants τ00 , τ10 , τ20 . There-

42
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In order to have a fast projection algorithm to the convex set Bα , we consider a grid GM
of size M over the circle with radius α. We will show that M = Oτ (n) will be enough to
approximate the set Bα in the sense that projecting to the approximating set suffices for
the convergence.
0
= {a : pa (z)/z n ∈ Cτ0 ,τ1 ,τ2 , ∀z ∈ GM } and Bα,τ0 ,τ1 ,τ2 = {a : pa (z)/z n ∈
Let Bα,τ
0 ,τ1 ,τ2
Cτ0 ,τ1 ,τ2 , ∀|z| = α}. Here Cτ0 ,τ1 ,τ2 is defined the same as before though we used the subscript

Appendix F. Projection to the set Bα

for each sample (x(j) , y j ) = ((x1 , . . . , xT ), (y1 , . . . , yT )) do
Feed-forward pass:
h0 = 0 ∈ Rn`in .
for k = 1 to T
ĥk ← Âhk−1 + B̂xk , ŷt ← Ĉhk + D̂xk and ĥk ← Âhk−1 + B̂xk .
end for
Back-propagation:
∆hT +1 ← 0, GA ← 0, GC ← 0. GD ← 0
T1 ← T /4
for k = T to 1
if k > T1 , ∆yk ← ŷk − yk , o.w. ∆yk ← 0. Let ∆hk ← Ĉ > ∆yk + Â> ∆hk+1 .
1
1
update GC ← GC + T −T
∆yk ĥk , GA ← GA − T −T
B > ∆hk ĥ>
k−1 , and GD ←
1
1
1
GD + T −T1 ∆yk xk .
end for
Gradient update: Â ← Â − η · GA , Ĉ ← Ĉ − η · GC , D̂ ← D̂ − η · GD .
Projection step: Obtain â from Â and set â ← ΠB (â), and Â = MCC(â)
end for

Parameters: â ∈ Rn , Ĉ ∈ R`in ×n`out , and D̂ ∈ R`in ×`out . Let Â = MCC(â) = CC(â) ⊗
I`in and B̂ = en ⊗ I`in .
Input: samples ((x(1) , y 1 ), . . . , x(N ) , y (N ) ) and projection set Bα .

Algorithm 3 Back-propagation

In this section we give a detailed implementation of using back-propagation to compute the
gradient of the loss function. The algorithm is for general MIMO case with the parameterization (7.3). To obtain the SISO sub-case, simply take `in = `out = 1.

Appendix E. Back-propagation implementation

fore
∈ Cτ00 ,τ10 ,τ20 . Note that h(z) is not a polynomial yet. Let u(z) = z nk h(z) and
then u(z) is polynomial of degree at most nk and p(z)u(z)/z (n+1)k ∈ Cτ00 ,τ10 ,τ20 for any z on
unit circle.

p(z)h(z)
zn

p(z)/z n ∈ Cτ+0 ,τ1 ,τ2 , we have that
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to emphasize the dependency on τi ’s,
Cτ0 ,τ1 ,τ2 = {z : <z ≥ (1 + τ0 )|=z|} ∩ {z : τ1 < <z < τ2 } .
(F.1)

0
We will first show that with M = Oτ (n), we can make Bα,τ
to be sandwiched
1 ,τ2 ,τ3
within to two sets Bα,τ0 ,τ1 ,τ2 and Bα,τ00 ,τ10 ,τ20 .

Lemma F.1 For any τ0 > τ00 , τ1 > τ10 , τ2 < τ20 , we have that for M = Oτ (n), there exists
0
κ0 , κ1 , κ2 that polynomially depend on τi , τi0 ’s such that Bα,τ0 ,τ1 ,τ2 ⊂ Bα,κ
⊂ Bα,τ00 ,τ10 ,τ20
0 ,κ1 ,κ2
Before proving the lemma, we demonstrate how to use the lemma in our algorithm: We
will pick τ00 = τ0 /2, τ10 = τ1 /2 and τ20 = 2τ2 , and find κi ’s guaranteed in the lemma above.
Then we use B 0
as the projection set in the algorithm (instead of Bα,τ0 ,τ1 ,τ2 )). First
α,κ
0 ,κ1 ,κ2
0
0
of all, the ground-truth solution Θ is in the set Bα,κ
,κ ,κ . Moreover, since Bα,κ0 ,κ1 ,κ2 ⊂
0
1
2
b will remain in the set Bα,τ 0 ,τ 0 ,τ 0 and therefore
Bα,τ00 ,τ10 ,τ20 , we will guarantee that the iterates Θ
0 1 2
the quasi-convexity of the objective function still holds9 .
0
Note that the set Bα,κ
contains O(n) linear constraints and therefore we can use
0 ,κ1 ,κ2
linear programming to solve the projection problem. Moreover, since the points on the grid
forms a Fourier basis and therefore Fast Fourier transform can be potentially used to speed
up the projection. Finally, we will prove Lemma F.1. We need S. Bernstein’s inequality for
polynomials.
Theorem F.2 (Bernstein’s inequality, see, for example, Schaeffer (1941)) Let p(z)
be any polynomial of degree n with complex coefficients. Then,
|z|≤1

sup |p0 (z)| ≤ n sup |p(z)|.

|z|≤1

We will use the following corollary of Bernstein’s inequality.
Corollary F.3 Let p(z) be any polynomial of degree n with complex coefficients. Then, for
m = 20n,
k∈[m]

sup |p0 (z)| ≤ 2n sup |p(e2ikπ/m )|.

|z|≤1

Proof For simplicity let τ = supk∈[m] |p(e2ikπ/m )|, and let τ 0 = supk∈[m] |p(e2ikπ/m )|. If
τ 0 ≤ 2τ then we are done by Bernstein’s inequality. Now let’s assume that τ 0 > 2τ . Suppose
p(z) = τ 0 . Then there exists k such that |z −e2πik/m | ≤ 4/m and |p(e2πik/m )| ≤ τ . Therefore
by Cauchy mean-value theorem we have that there exists ξ that lies between z and e2πik/m
such that p0 (ξ) ≥ m(τ 0 − τ )/4 ≥ 1.1nτ 0 , which contradicts Bernstein’s inequality.
Lemma F.4 Suppose a polynomial of degree n satisfies that |p(w)| ≤ τ for every w =
αe2iπk/m for some m ≥ 20n. Then for every z with |z| = α there exists w = αe2iπk/m such
that |p(z) − p(w)| ≤ O(nατ /m).
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9. with a slightly worse parameter up to constant factor since τi ’s are different from τi ’s up to constant
factors
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(Corallary F.3)

(By Cauchy’s mean-value Theorem)

1
|z − w|
α

Proof Let g(z) = p(αz) by a polynomial of degree at most n. Therefore we have g 0 (z) =
αp(z). Let w = αe2iπk/m such that |z − w| ≤ O(α/m). Then we have

|x|≤1

|p(z) − p(w)| = |g(z/α) − p(w/α)| ≤ sup |g 0 (x)| ·

|x|≤1

≤ sup |p0 (x)| · |z − w| ≤ nτ |z − w| .

≤ O(αnτ /m) .

0

1

2

Now we are ready to prove Lemma F.1.
Proof [Proof of Lemma F.1] We choose κ = 1 (τ + τ 0 ).The first inequality is trivial. We
i
i
i
2
0
prove the second one. Consider a such that a ∈ Bα,κ0 ,κ1 ,κ2 . We wil show that a ∈ Bα,τ
0 ,τ 0 ,τ 0 .

JMLR 19(29):1-44, 2018

Let qa (z) = p(z −1 )z n . By Lemma F.4, for every z with |z| = 1/α, we have that there exists
w = α−1 e2πik/M for some integer k such that |qa (z) − qa (w)| ≤ O(τ2 n/(αM )). Therefore
let M = cn for sufficiently large c (which depends on τi ’s), we have that for every z with
|z| = 1/α, qa (z) ∈ Cτ00 ,τ10 ,τ20 . This completes the proof.
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Distributed learning (DL) algorithms are a standard tool for reducing computational burden
in machine learning problems where massive datasets are involved. Assuming a complexity
cost (for time and/or memory) of O(nβ ) (β > 1, β ∈ [2, 3] being common) of the base
learning algorithm without parallelization, dividing randomly data of cardinality n into
m disjoint, equally-sized subsamples and processing them in parallel using the same base
learning algorithm has therefore complexity cost of O(m.(n/m)β ) = O(nβ /mβ−1 ), roughly

1. Introduction

Keywords: Distributed Learning, Spectral Regularization, Minimax Optimality

We consider a distributed learning approach in supervised learning for a large class of spectral regularization methods in an reproducing kernel Hilbert space (RKHS) framework.
The data set of size n is partitioned into m = O(nα ), α < 21 , disjoint subsamples. On
each subsample, some spectral regularization method (belonging to a large class, including in particular Kernel Ridge Regression, L2 -boosting and spectral cut-off) is applied.
The regression function f is then estimated via simple averaging, leading to a substantial
reduction in computation time. We show that minimax optimal rates of convergence are
preserved if m grows sufficiently slowly (corresponding to an upper bound for α) as n → ∞,
depending on the smoothness assumptions on f and the intrinsic dimensionality. In spirit,
the analysis relies on a classical bias/stochastic error analysis.
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for an appropriate choice of the regularization parameter λn , depending on the global sample
size n as well as on R and the noise variance σ 2 (but not on the number m of subsample sets).
Note that s = 0 corresponds to the reconstruction error (i.e. HK -norm), and s = 12 to the

λn
T̄ s (f − f¯D
)

for some constants r, R > 0 as well as by the ill-posedness of the problem, as measured by
an assumed power decay of the eigenvalues of T with exponent b > 1 . We show that for
s ∈ [0, 21 ] in the sense of p-th moment (p ≥ 1) expectation

Ω(r, R) := {f ∈ HK : f = T̄ r h, khkHK ≤ R}

denote the kernel integral operator associated to K and the sampling measure ν. We denote
T̄ = κ−2 T , with κ2 the upper bound of K. Our rates of convergence are governed by a
source condition assumption on f of the form

The non-distributed setting (m = 1) has been studied in the recent paper of Blanchard
and Mücke (2017), building the root position of our results in the distributed setting, where
weak and strong minimax optimal rates of convergence are established. Our aim is to extend
these results to distributed learning and to derive minimax optimal rates. We again apply
a fairly large class of spectral regularization methods, including the popular kernel ridge
regression (KRR), L2 -boosting and spectral cut-off. Using the same notation as Blanchard
and Mücke (2017), we let
Z
T : f ∈ HK 7→ f (x)K(x, ·)dν(x) ∈ HK

D

at random i.i.d. data points X1 , . . . , Xn drawn according to a probability distribution ν on
X , where j are independent centered noise variables. The unknown regression function f
is real-valued and belongs to some reproducing kernel Hilbert space with bounded kernel
K. We partition the given data set D = {(X1 , Y1 ), . . . , (Xn , Yn )} ⊂ X × R into m disjoint
equal-size subsamples D1 , . . . , Dm . On each subsample Dj , we compute a local estimator
λ , using a spectral regularization method. The final estimator for the target function f
fˆD
j
P
is obtained by simple averaging: f¯λ := 1 m fˆλ .

Yi := f (Xj ) + i , j = 1 , . . . , n ,

In this paper, we study the DL approach for the statistical learning problem

Recently, DL was studied in several machine learning contexts. In point estimation (Li et al.,
2013), matrix factorization (Mackey et al., 2011), smoothing spline models and testing
(Cheng and Shang, 2016), local average regression (Chang et al., 2017), in classification
(Hsieh et al., 2014; Guo et al., 2015), and also in kernel ridge regression (Zhang et al., 2013;
Lin et al., 2017; Xu et al., 2016).

gaining a factor mβ−1 (for time and memory) compared to the single machine approach.
The final output is obtained from averaging the individual outputs.
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prediction error (i.e., L2 (ν)-norm). The symbol . means that the inequality holds up to a
multiplicative constant that can depend on various parameters entering in the assumptions
of the result, but not on n, m, σ, nor R . An important assumption is that the inequality
q ≥ r + s should hold, where q is the qualification of the regularization method, a quantity
defined in the classical theory of inverse problems (see Section 2.3 for a precise definition) .
Basic problems are the choice of the regularization parameter on the subsamples and, most
importantly, the proper choice of m, since it is well known that choosing m too large gives
a suboptimal convergence rate in the limit n → ∞ (see, e.g., Xu et al., 2016).
Our approach to this problem is based on a relatively classical bias-variance decomposition
principle. Choosing the global regularization parameter as the optimal choice for a single
sample of size n results in a bias estimate which is identical for all subsamples, is unchanged
by averaging, and is straightforward from the single-sample analysis. On the other hand,
the reduced sample size of each of the m individual subsamples causes an inflation of
variance. However, since the m subsamples are independent, so are the outputs of the
learning algorithm applied to each one of them; as a consequence averaging reduces the
inflated variance sufficiently to get minimax optimality. We can write the variance as a sum
of independent random variables, allowing to successfully apply a Rosenthal’s inequality
in the Hilbert space setting due to Pinelis (1994). The technical “limiting factors” in this
argument give rise to the limitation on the number of subsamples m; for m larger than the
allowed range, some remainder terms are no longer negligible using our proof technique,
and rate optimality is not guaranteed any longer.
The outline of the paper is as follows. Section 2 contains notation and the setting. Section
3 states our main result on distributed learning. Section 4 presents numerical studies. A
concluding discussion in Section 5 contains a more detailed comparison of our results with
related results available in the literature. Section 6 contains the proofs of the theorems.

2. Notation, statistical model and distributed learning algorithm
In this section, we specify the mathematical background and the statistical model for (distributed) regularized learning. We have included this section for self sufficiency and reader
convenience. It essentially repeats the setting in Blanchard and Mücke (2017) in summarized form.

2.1 Kernel-induced operators

JMLR 19(30):1-29, 2018

We assume that the input space X is a standard Borel space endowed with a probability
measure ν , the output space is equal to R. We let K be a real-valued positive semidefinite
kernel on X × X which is bounded by κ2 . The associated reproducing kernel Hilbert space
will be denoted by HK . It is assumed that all functions f ∈ HK are measurable and
bounded in supremum norm, i.e. kf k∞ ≤ κ kf kHK for all f ∈ HK . Therefore, HK is
a subset of L2 (X , ν) , with S : HK −→ L2 (X , ν) being the inclusion operator, satisfying
3

Mücke and Blanchard

X

kSk ≤ κ . The adjoint operator S ∗ : L2 (X , ν) −→ HK is identified as
Z
g(x)Kx ν(dx) ,
S∗g =

T =

X

h·, Kx iHK Kx ν(dx) ,

where Kx denotes the element of HK equal to the function t 7→ K(x, t). The covariance
operator T : HK −→ HK is given by
Z

:

HK

−→ Rn ,

j=1

1X
h·, Kxj iHK Kxj .
n

n

j=1

1X
yj Kxj ,
n

n

= hf, Kxj iHK ,

Tx =

Sx∗ y =

(Sx f )j

which can be shown to be positive self-adjoint trace class (and hence is compact). The
empirical versions
Pn of these operators, corresponding formally to taking the empirical distribution νbn = n1 i=1
δxi in place of ν in the above formulas, are given by
Sx

Sx∗ : Rn −→ HK ,

Tx := Sx∗ Sx : HK −→ HK ,

We introduce the shortcut notation T̄ = κ−2 T and T̄x := κ−2 Tx , ensuring kT̄ k ≤ 1 and
kT̄x k ≤ 1, for any x ∈ X . Similarly, S̄ = κ−1 S and S̄xj := κ−1 Sxj , ensuring kS̄k ≤ 1
and kS̄x k ≤ 1, for any x ∈ X . The numbers µj are the positive eigenvalues of T̄ satisfying
0 < µj+1 ≤ µj for all j > 0 and µj & 0.

2.2 Noise assumption and prior classes

(3)

In our setting of kernel learning, the sampling is assumed to be random i.i.d., where each
observation point (Xi , Yi ) follows the model Y = fρ (X) + ε . For (X, Y ) having distribution
ρ, we assume that the conditional expectation wrt. ρ of Y given X exists and belongs to
HK , that is, it holds for ν-almost all x ∈ X :

Eρ [Y |X = x] = S̄x fρ , for some fρ ∈ HK .

l

1
| X ] ≤ l!σ 2 M l−2 ,
2

ν − a.s.

(4)

Furthermore, we will make the following assumption on the observation noise distribution:
There exists σ > 0 and M > 0 such that for any l ≥ 2
E[ Y − S̄X fρ

JMLR 19(30):1-29, 2018

To derive nontrivial rates of convergence, we concentrate our attention on specific subsets
(also called models) of the class of probability measures. If P denotes the set of all probability distributions on X , we define classes of sampling distributions by introducing a decay

4

1

(6)

(5)

1

(10)

P < (b).

(8)

0≤t≤1

5

sup |tgλ (t)| ≤ D0 .

(i) There exists a constant D0 < ∞ such that for any 0 < λ ≤ 1

JMLR 19(30):1-29, 2018

(9)

Definition 1 (Regularization function) Let g : (0, 1] × [0, 1] −→ R be a function and
write gλ = g(λ, ·). The family {gλ }λ is called regularization function, if the following conditions hold:

In this subsection, we introduce the class of linear regularization methods based on spectral theory for self-adjoint linear operators. These are standard methods for finding stable
solutions for ill-posed inverse problems. Originally, these methods were developed in the
deterministic context (see Engl et al., 2000). Later on, they have been applied to probabilistic problems in machine learning (see, e.g., Bauer et al., 2007; De Vito and Caponnetto,
2006; Dicker et al., 2017 or Blanchard and Mücke, 2017).

2.3 Spectral regularization

with
=
As a consequence, the class of models depends not only on the smoothness
properties of the solution (reflected in the parameters R > 0, r > 0), but also essentially
on spectral properties of T̄ , reflected in N (λ).

P0

M(r, R, P 0 ) := { ρ(dx, dy) = ρ(dy|x)ν(dx) : ρ(·|·) ∈ K(Ω(r, R)), ν ∈ P 0 } ,

Then the class of models which we will consider will be defined as

q0

γqq .

j=0

k−1
X

(1 − t)j with k = 1/λ ∈ N .

6
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Example 3 (ν- method) The ν− method belongs to the class of so called semi-iterative
regularization methods. This method has finite qualification q = ν with γq a positive constant. Moreover, D = 1 and E = 2. The filter is given by gk (t) = pk (t), a polynomial of
degree k − 1, with regularization parameter λ ∼ k −2 , which makes this method much faster
as e.g. gradient descent.

We have D0 = E = γ0 = 1. The qualification q of this algorithm can be arbitrary with
γq = 1 if 0 < q ≤ 1 and γq = q q if q > 1.

gk (t) =

Example 2 (Landweber Iteration, gradient descent) The Landweber Iteration (gradient descent algorithm with constant stepsize) is defined by

1
Example 1 (Tikhonov Regularization, Kernel Ridge Regression) The choice gλ (t) = λ+t
0
corresponds to Tikhonov regularization. In this case we have D = E = γ0 = 1. The
qualification of this method is q = 1 with γq = 1.

The most popular examples include:

0

1− qq

also for any q 0 ∈ [0, q] with constant γq0 = γ0

(11)

for some constant γq > 0 . Note that by (iii) , using interpolation, we have validity of (11)

(7)

0≤t≤1

Ω(r, R) := {f ∈ HK : f = T̄ r h, khkHK ≤ R}.

It has been shown in e.g. Gerfo et al. (2008), Dicker et al. (2017), Blanchard and Mücke
(2017) that attainable learning rates are essentially linked with the qualification of the
regularization {gλ }λ , being the maximal q such that for any 0 < λ ≤ 1
sup |rλ (t)|tq ≤ γq λq .

β b b 2 −1
(κ λ) b .
b−1

0≤t≤1

sup |rλ (t)| ≤ γ0 .

E
.
λ

(iii) Defining the residual rλ (t) := 1 − gλ (t)t , there exists a constant γ0 < ∞ such that for
any 0 < λ ≤ 1

0≤t≤1

sup |gλ (t)| ≤

(ii) There exists a constant E < ∞ such that for any 0 < λ ≤ 1

Mücke and Blanchard

For a subset Ω ⊆ HK , we let K(Ω) be the set of regular conditional probability distributions
ρ(·|·) on B(R)×X such that (3) and (4) hold for some fρ ∈ Ω. We will focus on a Hölder-type
source condition, i.e. given r > 0, R > 0 and ν ∈ P, we define

N (λ) ≤

In De Vito and Caponnetto, 2006, Proposition 3, it is shown that such a condition is implied
by polynomially decreasing eigenvalues of T̄ . More precisely, if the eigenvalues µi satisfy
µj ≤ β/j b ∀j ≥ 1 or b > 1 and β > 0, then

P < (b) := {ν ∈ P : N (λ) ≤ Cb (κ2 λ)− b } .

Note that N (λ) ≤ 1. For any b > 1 we introduce

N (λ) = Trace[ (T̄ + λ)−1 T̄ ] .

condition on the effective dimension N (λ), being a measure for the complexity of HK with
respect to the marginal distribution ν: For λ ∈ (0, 1] we set

Parallelizing Spectral Algorithms

Parallelizing Spectral Algorithms

2.4 Distributed learning algorithm

(12)

n
We let D = {(xj , yj )}j=1
⊂
X
×
Y
be
the
dataset, which we partition into m disjoint
n
subsamples1 D1 , . . . , Dm , each having size m
. Denote the jth data subsample by (xj , yj ) ∈
n
(X ×R) m . On each subsample we compute a local estimator for a suitable a-priori parameter
choice λ = λn according to
λn
fD
:= gλn (T̄xj )S̄x∗j yj .
j

j=1

m
1 X λ
λ
fDj .
f¯D
:=
m

(13)

λ we will denote the estimator using the whole sample m = 1 . The final estimator is
By fD
given by simple averaging of the local ones:

3. Main results
This section presents our main results. Theorem 3 and Theorem 4 contain separate estimates
on the approximation error and the sample error and lead to Corollary 5 which gives an
λ)
and presents an upper rate of convergence for
upper bound for the error T̄ s (fρ − f¯D
HK
the sequence of distributed learning algorithms.
For the sake of the reader we recall Theorem 6, which was already shown in Blanchard and
Mücke (2017), presenting the minimax optimal rate for the single machine problem. This
yields an estimate on the difference between the single machine and the distributed learning
algorithm in Corollary 7.
We want to track the precise behavior of these rates not only for what concerns the exponent
in the number of examples n, but also in terms of their scaling (multiplicative constant) as
a function of some important parameters (namely the noise variance σ 2 and the complexity
radius R in the source condition, see Remark 9 below). For this reason, we introduce a
notion of a family of rates over a family of models. More precisely, we consider an indexed
family (Mθ )θ∈Θ , where for all θ ∈ Θ , Mθ is a class of Borel probability distributions on
X ×R satisfying the basic general assumptions (3) and (4). We consider rates of convergence
in the sense of the p-th moments of the estimation error, where 1 ≤ p < ∞ is a fixed real
number.

JMLR 19(30):1-29, 2018

1. For the sake of simplicity, throughout this paper we assume that n is divisible by m. This could always
be achieved by disregarding some data; alternatively, it is straightforward to show that admitting one
smaller block in the partition does not affect the asymptotic results of this paper. We shall not try to
discuss this point in greater detail. In particular, we shall not analyze in which general framework our
simple averages could be replaced by weighted averages.

7
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j=1

1 X
λ
f˜D
=
gλ (T̄xj )T̄xj fρ ,
m

m

j=1

(15)

(14)

As already mentioned in the introduction, our proofs are based on a classical bias-variance
decomposition as follows: Introducing

we write

j=1

λ
λ
λ
λ
T̄ s (fρ − f¯D
) = T̄ s (fρ − f˜D
) + T̄ s (f˜D
− f¯D
)
m
m
1 X s
1 X s
T̄ rλ (T̄xj )fρ +
T̄ gλ (T̄xj )(T̄xj fρ − S̄x∗j yj ) .
m
m

=

In all the forthcoming results in this section, we assume:





σ2
R2 n

σ2
R2 n

b(r+s)
 2br+b+1

b
 2br+b+1

.

,1

!

,

(17)

(16)

Assumption 2 Let s ∈ [0, 21 ], p ≥ 1 and consider the model Mσ,M,R := M(r, R, P < (b))
3 . Given a sample
where r > 0 and b > 1 are fixed, and θ = (R, M, σ) varies in Θ = R+
λn
λn
λn
as in (14), using a
, fD
as in Section 2.4 and f˜D
D ⊂ (X × R) of size n, define f¯D
regularization function of qualification q ≥ r + s, with parameter sequence

λn := λn,(σ,R) := min
independent on M . Define the sequence

an := an,(σ,R) := R

We recall that we shall always assume that n is a multiple of m. With these preparations,
our main results are:

mn ≤ nα ,

sup

n→∞ ρ∈Mσ,M,R

lim sup

α<

h

T̄ s

λn
− f˜D
)

an

(fρ

2b min{r, 1}
,
2br + b + 1

Eρ⊗n

p
HK

i

1
p

(18)
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< ∞.

Theorem 3 (Approximation error) Under Assumption 2, we have: If the number mn
of subsample sets satisfies

then
sup
3
(σ,M,R)∈R+

8

α<

2b min{r, 1}
,
2br + b + 1
(20)

sup

n→∞ ρ∈Mσ,M,R

lim sup
an

p
HK
p

i1
< ∞.

sup

n→∞ ρ∈Mσ,M,R

lim sup
an

p
HK
p

i1
< ∞.

then

(σ,M,R)∈R3+

sup

sup

n→∞ ρ∈Mσ,M,R

lim sup

mn ≤ nα ,

9

an

2b min{r, 1}
,
2br + b + 1

h
λn
λn
Eρ⊗n T̄ s (fD
− f¯D
)

α<

Corollary 7 If the number mn of subsample sets satisfies

p
HK

< ∞.
JMLR 19(30):1-29, 2018

p

i1

(21)

Combining Corollary 5 with Theorem 6 by applying the triangle inequality immediately
yields:

(σ,M,R)∈R3+

sup

h
λn
)
Eρ⊗n T̄ s (fρ − fD

Theorem 6 (Blanchard and Mücke, 2017) The sequence (17) is an upper rate of convergence in Lp for all p > 0, for the interpolation norm of parameter s, for the sequence of
λ
estimated solutions (fDn,(σ,R) ) over the family of models (Mσ,M,R )(σ,M,R)∈R3+ , i.e.

(σ,M,R)∈R3+

sup

h
λn
Eρ⊗n T̄ s (fρ − f¯D
)

then the sequence (17) is an upper rate of convergence in Lp for all p > 0, for the interpolaλ
tion norm of parameter s, for the sequence of estimated solutions (f¯Dn,(σ,R) ) over the family
of models (Mσ,M,R )(σ,M,R)∈R3+ , i.e.

mn ≤ nα ,

Corollary 5 Under Assumption 2, we have: If the number mn of subsample sets satisfies

And, as consequence (by (15) and applying the triangle inequality for the Lp -norm):

+

Remark 8 Our results in the distributed setting slightly differ from those obtained in Theorem 6 from Blanchard and Mücke (2017) in two several respects:

Theorem 4 (Sample Error) Under Assumption 2, we have: If the number mn of subsample sets satisfies
2br
m n ≤ nα , α <
,
(19)
2br + b + 1
Then
h
i1
p
λn
λn p
Eρ⊗n T̄ s (f˜D
− f¯D
) H
K
sup
lim sup sup
< ∞.
an
(σ,M,R)∈R3 n→∞ ρ∈Mσ,M,R

i = 1, . . . , n ,

10
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where the input variables Xi ∼ U nif [0, 1] are uniformly distributed and the noise variables
εi ∼ N (0, σ 2 ) are normally distributed with standard deviation σ = 0.005. We choose the
target function fρ according to two different cases, namely r < 1 (low smoothness regime)
and r = ∞ (high smoothness regime). To accurately determine the degree of smoothness
r > 0, we apply Proposition 10
√ below by explicitly calculating the Fourier coefficients
(hfρ , ej iHK )j∈N , where ej (x) = πj2 cos(πjx), for j ∈ N∗ , forms an ONB of HK . Recall that
the rate of eigenvalue decay is explicitly given by b = 2, meaning that we have full control
over all parameters in (21). We need the following characterization:

Yi = fρ (Xi ) + i ,

More specifically, we let HK = H01 [0, 1] be the Sobolev space consisting of absolutely continuous functions f on [0, 1] with weak derivative of order 1 in L2 [0, 1], with boundary
condition f (0) = f (1) = 0. The reproducing kernel is given by K(x, t) = x ∧ t − xt. For all
experiments in this section, we simulate data from the regression model

In this section we numerically study the error in HK -norm, corresponding to s = 0 in
Corollary 5 (in expectation with p = 2) both in the single machine and distributed learning
setting. Our main interest is to study the upper bound for our theoretical exponent α,
parametrizing the size of subsamples in terms of the total sample size, m = nα , in different
smoothness regimes. In addition we shall demonstrate in which way parallelization serves
as a form of regularization.

4. Numerical studies

Remark 9 (Signal-to-noise-ratio) Our results show that the choice of the regularization
parameter λn in (16) and thus the rate of convergence an in (17) highly depend on the
σ2
signal-to-noise-ratio R
2 , a quantity which naturally appears in the theory of regularization
of ill-posed inverse problems. As a general rule, the degree of regularization should increase
with the level of noise in the data, i.e., the importance of the priors should increase as the
model fit decreases. Our theoretical results precisely show this behavior.

• While the upper upper rates of convergence in Blanchard and Mücke (2017) are derived
over classes of marginals ν induced by assuming a decay condition for the eigenvalues
of T̄ , we somewhat enlarge this class by assuming a decay condition for N (λ) in (6).
Theorem 6 also holds under this weaker condition. Note that it is an open problem
if lower rates of convergence can also be obtained by weakening the condition for
eigenvalue decay.

• While in the single machine approach, rates of convergence are obtained for any p > 0,
the proofs in Section 6 only hold for p ≥ 1 due to loss of subadditivity of p-th moments
for 0 < p < 1.

Mücke and Blanchard
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2
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HK

2
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j=1

M
1 X
fρ − fˆjk
M

Proposition 10 (Engl et al., 2000, Prop. 3.13) Let HK , H2 be separable Hilbert spaces
and S : HK −→ H2 be a compact linear operator with singular system 2 {σj , ϕj , ψj }. Denoting by S † the generalized inverse3 of S, one has for any r > 0 and g ∈ H2 :

k

k̂oracle = arg min 

12
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The appearance of the term 2b min{1, r} in our theoretical result 5 gives a predicted value
α = 0 (and would imply that parallelization is strictly forbidden for infinite smoothness).
More specifically, the left panel in Figure 3 shows the absence of any plateau for the reconstruction error as a function of α. This corresponds to the right panel showing that

1
We choose fρ (x) = 2π
sin(2πx), which corresponds to just one non-vanishing Fourier coefficient and by our criterion Corollary 11 has r = ∞ . In view of our main Corollary 5 this
requires a regularization method with higher qualification; we take the Gradient Descent
method (see Example 2).

4.2 High smoothness regime

We emphasize that numerical results seem to indicate that parallelization is possible to
a slightly larger degree than indicated by our theoretical estimate. A similar result was
reported in the paper Zhang et al. (2013), which also treats the low smoothness case.

In another experiment we study the performances in case of (very) different regularization:
Only partitioning the data (no regularization), underregularization (higher stopping index)
and overregularization (lower stopping index). The outcome of this experiment amplifies
the regularization effect of parallelizing. Figure 2 shows the main point: Overregularization is always hopeless, underregularization is better. In the extreme case of (almost) no
regularization, there is a sharp minimum in the reconstruction error which is only slightly
larger than the minimax optimal value for the oracle regularization parameter and which
is achieved at an attractively large degree of parallelization. Qualitatively, this agrees very
well with the intuitive notion that parallelizing serves as regularization.

In the model assessment step, we partition the dataset into m ∼ nα subsamples, for any
α ∈ {0, 0.05, 0.1, . . . , 0.85}. On each subsample we regularize using the oracle stopping time
k̂oracle (determined by using the whole sample). Corresponding to Corollary 5, the accuracy
should be comparable to the one using the whole sample as long as α < 0.5 . In Figure 1
(left panel) we plot the reconstruction error kf¯k̂ −fρ kHK versus the ratio α = log(m)/ log(n)
for different sample sizes. We execute each simulation M = 30 times. The plot supports our
theoretical finding. The right panel shows the reconstruction error versus the total number
of samples using different partitions of the data. The black curve (α = 0) corresponds to
the baseline error (m = 0, no partition of data). Error curves below a threshold α < 0.6
are roughly comparable, whereas curves above this threshold show a gap in performances.

over M = 30 runs.

kstop serves as the regularization parameter λ, where kstop ∼ λ−2 . We consider sample sizes
from 500, . . . , 9000. In the model selection step, we estimate the performance of different
models and choose the oracle stopping time k̂oracle by minimizing the reconstruction error:

1

< ∞.

g is in the domain of S † and S † g ∈ Im((S ∗ S)r ) if and only if
σj2+4r

∞
X
| hg, ψj iH2 |2
j=0

L

In our case, HK is as above, H2 is L2 ([0, 1]) with Lebesgue measure and S : H01 [0, 1] →
L2 ([0, 1]) is the inclusion. Since H01 [0, 1] is dense in L2 ([0, 1]), we know that (Im(S))⊥ is
trivial, giving SS † = id on Im(S). Furthermore, ϕj = ej is a normalized eigenbasis of
Sϕ
T = S ∗ S with eigenvalues σj2 = (πj)−2 . With ψj = kSϕj kj 2 we obtain for f ∈ H01 [0, 1]
D
E
D
∗ Se E
Se
S
j
j
hSf, ψj iL2 = Sf,
= f,
= σj hf, ej iH01 .
kSej k L2
kSej k H01
Thus, applying Proposition 10 gives

j 4r |hf, ej iL2 |2 < ∞ .

Corollary 11 For S and T = S ∗ S defined in Section 2, we have for any r > 0: f ∈ Im(T r )
if and only if
∞
X

j=1

Thus, as expected, abstract smoothness measured by the parameter r in the source condition
corresponds in this special case to decay of the classical Fourier coefficients which by the
classical theory of Fourier series measures smoothness of the periodic continuation of f ∈
L2 ([0, 1]) to the real line.

4.1 Low smoothness regime
We choose fρ (x) = 21 x(1 − x) which clearly belongs to HK . A straightforward calculation
gives the Fourier coefficient hfρ , ej i = −2(πj)−2 for j odd (vanishing for j even). Thus, by
the above criterion, fρ satisfies the source condition fρ ∈ Ran(T̄ r ) precisely for 0 < r <
0.75 . (Observe that although fρ is smooth on [0, 1], its periodic continuation on the real line
is not, hence the low smoothness regime.) According to Theorem 6, the worst case rate in
the single machine problem is given by n−γ , with γ = 0.25 . Regularization is done using the
ν− method (see Example 3), with qualification q = ν = 1. Recall that the stopping index

JMLR 19(30):1-29, 2018

∗
2
2. i.e., the
P ϕj are the normalized eigenfunctions of S S with eigenvalues σj and ψj = Sϕj /kSϕj k; thus
S=
σj hϕj , ·iψj .
3. the unique unbounded linear operator with domain Im(S) ⊕ (Im(S))⊥ in H2 vanishing on (Im(S))⊥ and
satisfying SS † = 1 on Im(S), with range orthogonal to the null space N (S).
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for different stopping times for n = 500, as a function of the number m of subsamples.
Right plot: Error curves for different stopping times for n = 5000, as a function of the
number m of subsamples.

Figure 2: The reconstruction error kf¯Dλ −fρ kHK in the low smoothness case. Left plot: Error curves
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construction error curves for various (but fixed) total sample sizes, as a function of the
number m of subsamples. Right plot: Reconstruction error curves for various subsample
number scalings m = nα , as a function of the sample size (on log-scale).

reconstruction error

reconstruction error

●
●
●
●

●
●
●

0.2

●
●
●
●

●
●
●

●
●
●
●

●

●

0.4

●
●
●

●
●

●
●
●
●

●
●

●

log(m)/log(n)

●
●
●

●

●

●

●
●

●

●

0.6

●
●
●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●
●

●

0.8

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

6.5

α=0
α=0.1
α = 0.2
●

●

●

7.0

●
●

●

●

●

●

●
●

●

●

●

●

log(n)

7.5

α = 0.4
α = 0.6
α = 0.8

●
●

●

●

●

●

●

●

●

●

●

●

8.0

●

●

●

●

●

●

●
●

●

●

●

●

8.5

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

9.0

●

●

●

●

●

●

HK

for the single machine problem, if the regularization

14

E[φj (X)2k ] ≤ ρ2k ,
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(22)

Comparison with other results: Zhang et al. (2013) derive minimax-optimal rates in
three settings: finite rank kernels, sub-Gaussian decay of eigenvalues of the kernel and
polynomial decay, provided m satisfies a certain upper bound, depending on the rate of
decay of the eigenvalues under two crucial assumptions on the eigenfunctions of the integral
operator associated to the kernel: For any j ∈ N

parameter λn is chosen according to (16), provided the number of subsamples grows sufficiently slowly with the sample size n . Since, the rates for the latter are minimax optimal
(Blanchard and Mücke, 2017), our rates in Corollary 5 are minimax optimal also.

λn
bound as the error T̄ s (fD
− fρ )

Minimax Optimality: We have shown that for a large class of spectral regularization
λn
methods the error of the distributed algorithm kT̄ s (f¯D
− fρ )kHK satisfies the same upper

5. Discussion

Plotting different values of regularization in Figure 4 we again identify overregularization as
hopeless, while severe underregularization exhibits a sharp minimum in the reconstruction
error. But its value at roughly 0.25 is much less attractive compared to the case of low
smoothness where the error is an order of magnitude less.

no group of values of α performs roughly equivalently, meaning that we do not have any
optimality guarantees.

construction error curves for various (but fixed) sample sizes as a function of the number
m of subsamples. Right plot: Reconstruction error curves for various subsample number
scalings m = nα , as a function of the sample size (on log-scale).
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Figure 1: The reconstruction error kf¯Dkoracle − fρ kHK in the low smoothness case. Left plot: Re-
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for some k ≥ 2 and ρ < ∞ or even stronger, it is assumed that the eigenfunctions are
uniformly bounded, i.e.
sup |φj (x)| ≤ ρ ,
(23)

 1

b(k−4)−k
k−2
n b+1

.
ρ4k logk (n)
m.

b

− b+1
λn
2
,
E[kf¯D
− fρ kL
2] . n
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For k < 4 the bound becomes less meaningful (compared to the case where k ≥ 4) since
m → 0 as n → ∞ in this case (for any sort of eigenvalue decay). On the other hand, if
k and b might be taken arbitrarily large, corresponding to almost bounded eigenfunctions
and arbitrarily large polynomial decay of eigenvalues, m might be chosen proportional to
n1− , for any  > 0. As might be expected, replacing the L2k bound on the eigenfunctions
by a bound in L∞ , gives an upper bound on m which simply is the limit for k → ∞ in the

being minimax optimal. Note that this choice of λn and the resulting rate correspond to
our case r = 0, i.e., no smoothness of fρ is assumed (just that fρ belongs to the RKHS).

leading to an error in L2 -norm

with b > 1, the authors choose a regularization parameter λn = n− b+1 and

b

or any j ∈ N and some ρ < ∞. We shall describe in more detail the case of polynomially
decaying eigenvalues, which corresponds to our setting. Assuming eigenvalue decay µj . j −b

x∈X

Figure 4: The reconstruction error kf¯Dλ −fρ k in the high smoothness case. Left plot: Error curves for
different stopping times for n = 500 samples, as a function of the number of subsamples.
Right plot: Error curves for different stopping times for n = 5000 samples, as a function
of the number of subsamples.
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bound given above, namely

n b+1
,
ρ4 log n

b−1

Mücke and Blanchard

m.

which for large b behaves as above. Granted bounds on the eigenfunctions in L2k for (very)
large k, this is a strong result. While the decay rate of the eigenvalues can be determined
by the smoothness of K (see, e.g., Ferreira and Menegatto, 2009 and references therein), it
is a widely open question which general properties of the kernel imply estimates as in (22)
and (23) on the eigenfunctions.

Zhou (2002) even gives a counterexample and presents a C ∞ Mercer kernel on [0, 1] where
the eigenfunctions of the corresponding integral operator are not uniformly bounded. Thus,
smoothness of the kernel is not a sufficient condition for (23) to hold.

Moreover, we point out that the upper bound (22) on the eigenfunctions (and thus the upper
bound for m in Zhang et al., 2013) depends on the unknown marginal distribution ν. Only
the strongest assumption, a bound in sup-norm (23), does not depend on ν. Concerning
this point, our approach is ”agnostic”.

α=

2br
,
2br + b + 1

As already mentioned in the Introduction, these bounds on the eigenfunctions have been
eliminated by Lin et al. (2017), for KRR, imposing polynomial decay of eigenvalues as
above. This is very similar to our approach. As a general rule, our bounds on m and the
bounds obtained by Lin et al. (2017) are worse than the bounds of Zhang et al. (2013) for
eigenfunctions in (or close to ) L∞ , but in the complementary case where nothing is known
on the eigenfunctions m still can be chosen as an increasing function of n, namely m = nα .
More precisely, choosing λn as in (16), Lin et al. (2017) derive as an upper bound
m . nα ,

with r being the smoothness parameter arising in the source condition. We recall here that
due to our assumption q ≥ r + s, the smoothness parameter r is restricted to the interval
(0, 21 ] for KRR (q = 1) and L2 -risk (s = 21 ).

Our results (which hold for a general class of spectral regularization methods) are in some
ways comparable to those of Lin et al. (2017). Specialized to KRR, our estimates for the
exponent α in m = O(nα ) coincide with the result of Lin et al. (2017). Furthermore, we
emphasize that Zhang et al. (2013) and Lin et al. (2017) estimate the DL-error only for
s = 1/2 in our notation (corresponding to L2 (ν)−norm), while our result holds for all
values of s ∈ [0, 1/2] which smoothly interpolates between L2 (ν)-norm and RKHS-norm
and, in addition, for all values of p ∈ [1, ∞). Thus, our results also apply to the case of
non-parametric inverse regression, where one is particularly interested in the reconstruction
error, i.e. HK -norm (see, e.g., Blanchard and Mücke, 2017). Additionally, we precisely
analyze the dependence of the noise variance σ 2 and the complexity radius R in the source
condition.
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Concerning general strategy, while Lin et al. (2017) use a novel second order decomposition
in an essential way, our approach is more classical. We clearly distinguish between estimat-

16

nα
,
log (n) + 1

5

α<

br
,
2br + b + 1

j=1

fˆzλj .
(24)

17

v
yv = (y1v , . . . , ym
),
v

(26)

(25)
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Err(k) := Errλ̂k k (zv ).

zv = (yv , xv ) ,

λ̂k := argminλ∈Λ Errλk (zv ) ,

i=1

mv
1 X
λ
v 2
(yiv − f¯k,z
t (xi )) ,
mv

leading us to define

Errλk (zv ) :=

Here, λ varies in some sufficiently fine lattice Λ. Then evaluation on zv gives the associated
empirical L2 − error

1
λ
f¯k,z
t :=
mk

mk
X

We sketch an alternative naive approach to adaptivity, based on hold-out in the direct case,
where we consider each f ∈ HK also as a function in L2 (X , ν). We split the data z ∈
(X × Y)n into a training and validation part z = (zt , zv ) of cardinality mt , mv . We further
subdivide zt into mk subsamples, roughly of size mt /mk , where mk ≤ mt , k = 1, 2, . . . is
some strictly decreasing sequence. For each k and each subsample zj , 1 ≤ j ≤ mk , we
define the estimators fˆzλj as in (12) and their average

Adaptivity: It is clear from the theoretical results that both the regularization parameter
λ and the allowed cardinality of subsamples m depend on the parameters r and b, which in
general are unknown. Thus, an adaptive approach to both parameters b and r for choosing
λ and m is of interest. To the best of our knowledge, there are yet no rigorous results
on adaptivity in this more general sense. Progress in this field may well be crucial in finally assessing the relative merits of the distributed learning approach as compared with
alternative strategies to effectively deal with large data sets.

which is larger in the case r > 2. In the intermediate case 1 < r < 2, our bound in (20) is
still better. An interesting feature is the fact that it is possible to allow more local machines
by using additional unlabeled data. This indicates that finding the upper bound for the
number of machines in the high smoothness regime is still an open problem.

m.

Finally, we want to mention the recent works of Lin and Zhou (2018) and Guo et al. (2017),
which were worked out indepently from our work. Guo et al. (2017) also treat general
spectral regularization methods (going beyond kernel ridge) and obtain essentially the same
results, but with error bounds only in L2 -norm, excluding inverse learning problems. Lin and
Zhou (2018) investigate distributed learning on the example of gradient descent algorithms,
which have infinite qualification and allow larger smoothness of the regression function.
They are able to improve the upper bound for the number of local machines to

ing the approximation error and the sample error. The bias using a subsample should be
of the same order as when using the whole sample, whereas the estimation error is higher
on each subsample, but gets reduced by averaging by writing the variance as a sum of i.i.d.
random variables (which allows to use Rosenthal’s inequality).
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∆(j) := |Err(j) − Err(j − 1)| ,

(27)

18

Proposition 12 (Guo et al., 2017, Proposition 1) Define

!2 
r
2
N
(λ)
.
Bn (λ) := 1 +
+
nλ
nλ

6.1 Preliminaries

JMLR 19(30):1-29, 2018

(29)

• the expression “for n sufficiently large” means that the statement holds for n ≥ n0 ,
with n0 potentially depending on all model parameters (including σ, M and R), but
not on η .

• the values of CN and CN,p might change from line to line.

• the dependence of the norm parameter p will also be indicated, but will not be given
explicitly.

• the dependence of multiplicative constants on various other parameters, including the
kernel parameter κ, the interpolating parameter s ∈ [0, 21 ], the parameters arising
from the regularization method, b > 1, β > 0, r > 0, etc. will (generally) be omitted
and simply indicated by the symbol N.

• we are interested in a precise dependence of multiplicative constants on the parameters
σ, M, R, m, n and η. (To be clear about the role of the latter quantity: the proofs rely
on high-probability statements on deviations, typically holding with high probability
1 − η.)

• for a (bounded) linear operator A, kAk denotes the operator norm;

For ease of reading we make use of the following conventions:

6. Proofs

Note that the training data zt enter the definition of fbn via the explicit formula (24) encoding
our kernel based approach, while zv serves to determine (k ∗ , λ̂∗ ) via minimization of the
empirical L2 -error and a criterion, which tells one to stop where Err(j) does not appreciably
improve anymore. It is open if such a procedure achieves optimal rates, and we leave this
for future research.

k ,z

for some δ < 1 (which might require tuning). The corresponding regularization parameter
is λ̂ = λ̂k∗ , given by (26). At least intuitively, it is then reasonable to define a purely data
driven estimator as
fbn := f¯λ̂∗ t .
(28)

2≤j<k

k ∗ := min{k ≥ 3 : ∆(k) ≤ δ inf ∆(j)} ,

Then, an appropriate stopping criterion for k might be to stop at

Mücke and Blanchard
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For any λ > 0, η ∈ (0, 1], with probability at least 1 − η one has
(T̄x + λ)−1 (T̄ + λ) ≤ 8 log2 (2η −1 )Bn (λ) .

(T̄x + λ)−1 (T̄ + λ) ≤ 80 log2 (2η −1 )

Bn (λ) ≤ 10 .

(30)

Corollary 13 Let η ∈ (0, 1). For n ∈ N let λ̃n be implicitly defined as the unique solution
of N (λ̃n ) = nλ̃n . Then for any λ ∈ [max(λ̃n , n−1 ), 1], one has

In particular,
holds with probability at least 1 − η.

Mücke and Blanchard

α<

=

m
n



nR2
σ2

b
 2br+b+1

2br + 1
,
2br + b + 1

,

2br
.
2br + b + 1

2br

which (for fixed R, σ and other parameters entering in CN ) is O(mn n− 2br+r+1 ), and hence
o(1) provided
mn ≤ nα ,

n
m λn

1

n (λn ), we have
For the second term entering in B m

2br+1

which is O(mn n− 2br+b+1 ) = o(1), provided

α<

which is implied by the previous stronger condition.

mn ≤ nα ,

We remark that the trace of T̄ is bounded by 1. This ensures that the interval [λ̃n , 1] is
non-empty.

≤ T̄ u (T̄ + λ)−u

(T̄ + λ)u

t∈[0,1]

≤ CN λv+u ,

+ λ)−u

(T̄x

,

t∈[0,1]

+ λ)u A

(32)
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sup |rλ (t)tv (t + λ)u | ≤ 2 sup rλ (t)tv+u + λu sup |rλ (t)tv |
t∈[0,1]

using twice (11) since q ≥ u + v.

20

(33)

In the following, we constantly use (31). Furthermore, to bound terms involving residuals
we will frequently use the following estimate: for v ≥ 0, u ∈ [0, 2], and provided u + v ≤ q
(q being the qualification):

with probability at least 1 − η.

T̄ u A ≤ 80u log2u (2η −1 ) (T̄x + λ)u A

with probability at least 1 − η, for any η ∈ (0, 1); for the last inequality we have used
that the first factor is less than 1, and for the second factor Proposition 12 in combination
with the Cordes inequality (see Proposition 22 in the Appendix). In particular, for any
max(λ̃n , n−1 ) ≤ λ (with λ̃n as in Corollary 13)

≤ 8 log2u (2η −1 )Bn (λ)u (T̄x + λ)u A ,

(T̄x

T̄ u A = T̄ u (T̄ + λ)−u (T̄ + λ)u (T̄x + λ)−u (T̄x + λ)u A

We shortly illustrate how Corollary 13 and Proposition 12 will be used. Let u ∈ [0, 1],
λ̃n ≤ λ as above and f ∈ HK . We have for any bounded operator A

N (λ̃n )
=1.
nλ̃n

2br
α<
,
2br + b + 1

(31)

Proof [of Corollary 13] Let λ̃ be defined via N (λ̃n ) = nλ̃n . Since N (λ)/λ is decreasing,
n
we have for any λ ≥ λ̃n
s
r
N (λ)
≤
nλ

Inserting this bound as well as nλ ≥ 1 into (29) and (30) leads to the conclusion.

mn ≤ nα ,

n

B mn (λn ) ≤ 2 ,

b+1
2br+b+1

,

Corollary 14 Assume the marginal distribution ν of X belongs to P < (b, β) with b > 1 and
β > 0. If λn is defined by (16) and if

one has
provided n is sufficiently large.

nR2
σ2
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Proof [of Corollary 14] We can for starters assume that n is sufficiently large so that λn < 1,
 2  b
−1
2br+b+1
from (16). Recall that ν ∈ P < (b, β) implies N (λn ) ≤ CN λn b .
i.e. λn = Rσ2 n
Looking at the terms entering in B n (λn ), see (29), we have first, using the definition of λn
m
in (16):


− b+1

N (λn )
λn b
m
≤ CN m
= CN
n
n
n
m λn

19

−1

)λ

s+v+1

+ λ)

m

B n (λ)

s+1

rλ (T̄x )T̄xv (T̄x

m

(T̄ + λ) (T̄ − T̄x )
!
r
m
mN (λ)
+
,
nλ
nλ

−1

rλ (T̄x )T̄xv

≤ CN log (2η

2s

−1

m

)B n (λ)λ

s

s+v

,

p

i1

m

p
HK
p

i1
m

j=1

j=1
m

1 Xh
Eρ⊗n T̄ s rλ (T̄xj )fρ
m

j=1

R Xh
Eρ⊗n T̄ s rλ (T̄xj )T̄ r
≤
m

≤

m
h
1 X s
= Eρ⊗n
T̄ rλ (T̄xj )fρ
m

p

p

.

p

i1
i1

p
HK

p

i1

mN (λ)
nλ

1

!!

(34)

.

m

21

l=0

22
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K

for some CN,p < ∞, not depending on σ, M, R. Finally, from (34)
h
i1
p
λ p
) H
Eρ⊗n T̄ s (fρ − f˜D
≤ CN,p R λs+r B s+r
n (λ) .

n (λ) is defined in (29). Recall that the regularwith probability at least 1 − η and where B m
ization has qualification q ≥ r + s. By integration one has
h
i1
p p
Eρ⊗n T̄ s rλ (T̄xj )T̄ r
≤ CN,p λs+r B s+r
n (λ) ,

m

≤ CN log3 (4η −1 )λs+r B s+r
n (λ) ,

m

s
r
T̄ s rλ (T̄xj )T̄ r ≤ CN log2(s+r) (4η −1 )B s+r
n (λ) (T̄xj + λ) rλ (T̄xj )(T̄xj + λ)

Consider first the case where r ≤ 1. Using (31), the Cordes inequality (Proposition 22 in
the Appendix), and (33) one has for any j = 1, . . . , m,

The first inequality is just the triangle inequality for the p-norm kf kp = E[kf kpHK ] p . We
n
bound the expectation for each separate subsample of size m
by first deriving a probabilistic
estimate and then we integrate.

h
λ
Eρ⊗n T̄ s (fρ − f˜D
)

Proof [of Proposition 17] Since fρ ∈ Ω(r, R),

r

p
HK

m
+
nλ

≤ CN,p R λs+r B s+r
n (λ) .

m

p

i1

≤ CN,p Rλs B s+1
λr + λ
n (λ)

p
HK

In the case where r ≥ 1, we write r = k + u, with k = brc and u = r − k < 1. We shall use
the decomposition
k−1
X
T̄ k =
T̄xl (T̄ − T̄x )T̄ k−(l+1) + T̄xk .
(35)

m

p
HK

λ
Eρ⊗n T̄ s (fρ − f˜D
)

λ
Eρ⊗n T̄ s (fρ − f˜D
)

h

In 1. and 2. the constant CN,p does not depend on (σ, M, R) ∈ R3+ .

h

2. If r > 1, then

1. If r ≤ 1, then

Mücke and Blanchard

Proposition 17 (Expectation of approximation error) Let fρ ∈ Ω(r, R), λ ∈ (0, 1]
n (λ) be defined in (29). Assume the regularization has qualification q ≥ r + s.
and let B m
For any p ≥ 1 one has:

with probability at least 1 − η.

≤ CN log2s (2η −1 )B sn (λ)λs+v ,

m

T̄ s rλ (T̄x )T̄xv ≤ CN log2s (2η −1 )B sn (λ) (T̄x + λ)s rλ (T̄x )T̄xv

Proof [of Lemma 16] Using (31), (33), since q ≥ v + s, it holds

for some CN < ∞.

T̄

s

Lemma 16 Let ν ∈ P, v ∈ R and let x ∈ X m be an i.i.d. sample of size n/m drawn
according to ν. Assume the regularization (gλ )λ has qualification q ≥ v + s. Then for any
λ ∈ (0, 1], η ∈ (0, 1], with probability at least 1 − η

n

for any λ ∈ (0, 1], η ∈ (0, 1], with probability at least 1 − η. We also used that s ≤ 12 , and
the estimate (33).

≤ CN log (4η

4

(T̄x + λ)

s

T̄ s rλ (T̄x )T̄xv (T̄ − T̄x ) ≤ CN log2(s+1) (4η −1 )B s+1
n (λ)

Proof [of Lemma 15] From (30),(31) and from Proposition 20 recalled in the Appendix,
one has

Lemma 15 Let ν ∈ P, v ∈ R and let x ∈ X be an i.i.d. sample of size n/m, drawn
according to ν. Assume the regularization (gλ )λ has qualification q ≥ v + 1 + s. Then with
probability at least 1 − η:
!
r
m
mN (λ)
.
T̄ s rλ (T̄x )T̄xv (T̄ − T̄x ) ≤ CN log4 (4η −1 )λs+v+1 B s+1
+
n (λ)
m
nλ
nλ

n
m

Recall that ν denotes the X-marginal of the sampling distribution ρ and P the set of all
probability distributions on the input space X .

6.2 Approximation error bound
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≤
p

k−1 h
X
Eρ⊗n T̄ s rλ (T̄xj )T̄xl j (T̄ − T̄xj )T̄ k−(l+1)+u

m

≤ CN,p brcλs+1 B s+1
(λ)
n

p

i1

m
+
nλ

.

m
+
nλ

mN (λ)
nλ

r

mN (λ)
nλ

!

p

.

.

p

i1

(38)

p
HK

As a result, for any p ≥ 1:

i

1
p

p
HK

p

i1

mn

≤ CN,p R λns+r = CN,p an .



1
p

mn
+
nλn



,


s
mn N (λn ) 
nλn

≤ CN,p ,

= Rλnr coming from the definition of

√
mn
R
+ mn λnr
nλn
σ

r
≤ CN,p Rλns B s+1
n (λn ) λn + λn 



r

λn b
nλn

−1

λnr + λn

and σ

≤ CN,p Rλns

−1/b

i

2(br + 1)
.
2br + b + 1

2b
.
2br + b + 1

λn
T̄ s (fρ − f˜D
)

an

p
HK

≤ 1, provided that

α<


√
mn
= o mn λnr ,
nλn
mn ≤ nα ,

h

Eρ⊗n

α<

R√
σ mn λn

n→∞ ρ∈Mσ,M,R

24
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The main idea for deriving an upper bound for the sample error is to identify it as a sum
of unbiased Hilbert space-valued i.i.d. variables and then to apply a suitable version of
Rosenthal’s inequality.

6.3 Sample error bound

for some CN,p < ∞, not depending on σ, M, R.

lim sup

sup

Finally, for n sufficiently large,

provided

where we used that N (λn ) ≤ CN λn
λn , and λn < 1. Furthermore,

λn
Eρ⊗n T̄ s (fρ − f˜D
)

We turn to the case where r > 1. We apply the second part of Proposition 17. By
Corollary 14 we have



h
λn
Eρ⊗n T̄ s (fρ − f˜D
)

Mücke and Blanchard

p

i1
p

i1
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p
l=0

h
+ Eρ⊗n T̄ s rλ (T̄xj )T̄xkj T̄ u

p

k−1 h
i1
X
p p
Eρ⊗n T̄ s rλ (T̄xj )T̄xl j (T̄ − T̄xj )

i p1

r

mN (λ)
nλ

h

We proceed by bounding (34) according to decomposition (35) . For any j = 1, . . . , m, one
has
Eρ⊗n T̄ s rλ (T̄xj )T̄ k+u

≤
l=0

h
+ Eρ⊗n T̄ s rλ (T̄xj )T̄xkj T̄ u

(37)

is bounded by 1. By Lemma 16 and by (31), (33), with

(36)

Proof [of Theorem 3] Let λn be as defined by (16). According to Corollary 14, we have
2br
B mn (λn ) ≤ 2 provided α < 2br+b+1
, for n sufficiently large. We can also assume n suffin
ciently large so that λn < 1, i.e., Rλnr+s = an (from (16), (17)). Under these conditions, we
immediately obtain from the first part of Proposition 17 in the case where r ≤ 1

h

Here we use that T̄ k−(l+1)+u
probability at least 1 − η
m

m

≤ CN,p B s+u
(λ)λs+r .
n

r

!

(λ) (T̄xj + λ)s rλ (T̄xj )T̄xkj (T̄xj + λ)u
T̄ s rλ (T̄xj )T̄xkj T̄ u ≤ CN log2(s+u) (2η −1 )B s+u
n

i1

n
m

p
p

≤ CN log2(s+u) (2η −1 )B s+u (λ)λs+r ,

Eρ⊗n T̄ s rλ (T̄xj )T̄xrj T̄ u

and thus integration yields
h

p

≤ CN,p λs B s+1 (λ) λr + λ

m
+
nλ

.

For estimating the first term in (36) we may use Lemma 15. For any l = 0, . . . , k − 1, we
have l + s + 1 ≤ k + s ≤ r + s ≤ q, hence for any j = 1, . . . , m with probability at least
1−η
m

T̄ s rλ (T̄xj )T̄xl j (T̄ − T̄xj ) ≤ CN log4 (8η −1 )λs+l+1 B s+1
(λ)
n

p

i1

Eρ⊗n T̄ s rλ (T̄xj )T̄xl j (T̄ − T̄xj )

Again by integration, since λl ≤ 1 for any l = 0, . . . , k − 1, one has
k−1
Xh
l=0

Eρ⊗n T̄ s (fρ −

n
m
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Finally, combining (37) and (38) into (36), then (34), gives in the case where r > 1
!!
h

λ p
f˜D
) H
K

The rest of the proof follows from (36).
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j=1

ξλ (xj , yj )

(39)

j=1

j=1

HK

p

p

1

"

= Eρ⊗n

j=1

m

1 X
ξλ (xj , yj )
m

HK

p
p

#1

j=1

25

j=1

JMLR 19(30):1-29, 2018

( m
)
m h
i 12
i p1  X
Xh
Cp
≤
max
Eρ⊗n kξλ (xj , yj )kpHK
,
Eρ⊗n kξλ (xj , yj )k2HK
. (41)
m


λ
λ
Eρ⊗n T̄ s f˜D
− f¯D

Proof [of Proposition 19] Let λ ∈ (0, 1] and p ≥ 2. From Proposition 18

where Cp does not depend on (σ, M, R) ∈ R3+ .

Proposition 19 (Expectation of sample error) Let ρ be a source distribution belongn (λ) as in (29). Assume the regularing to Mσ,M,R , s ∈ [0, 12 ] and let λ ∈ (0, 1]. Define B m
ization has qualification q ≥ r + s. For any p ≥ 1 one has:
!
r
h
i1
1
mM
mN (λ)
p
s ˜λ
λ p
− 21 n
+s s
¯
2
Eρ⊗n T̄ (fD − fD ) H
≤ CN,p m B m (λ)
λ
+σ
,
K
nλ
nλ

We remark in passing that Dirksen (2011), Corollary 1.22, establishes the interesting result
that in addition to the upper bound in (40) there is also a corresponding lower bound where
the constant Cp is replaced by another constant Cp0 > 0, only depending on p.

j=1

Proposition 18 Let H be a Hilbert space and ξ1 , . . . , ξm be a finite sequence of independent,
mean zero H- valued random variables. If 2 ≤ p < ∞, then there exists a constant Cp > 0,
only depending on p, such that
!1 )
( m
!1
!1
m
m
p
p
2
X
X
p
Cp
1 X
E
≤
Ekξj k2H
ξj
max
Ekξj kpH ,
.
(40)
m
m
H

Furthermore, we need the following result (Pinelis, 1994, Theorem 5.2) , which generalizes
Rosenthal’s (1970) inequalities (originally only formulated for real valued random variables)
to random variables with values in a Banach space. For Hilbert spaces this looks particularly
nice.

is a sum of centered i.i.d. random variables.

1
λ
λ
T̄ s (f˜D
− f¯D
) =
m

m
X

implying that ξλ has zero expectation (since T̄x = S̄x∗ S̄x ). Thus,

Recall that according to Assumption (3), the conditional expectation w.r.t. ρ of Y given X
satisfies
Eρ [Y |X = x] = S̄x fρ ,

ξλ (x, y) := T̄ s gλ (T̄x )(T̄x fρ − S̄x∗ y) .

Given λ ∈ (0, 1], we define the random variable ξλ : (X × R) m −→ HK by

n
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(42)



− 12

hλzj := ||(T̄ + λ)

(2)

1

1

1

(T̄xj fρ − S̄x?j yj )||HK .

Hxj := ||(T̄xj + λ)− 2 (T̄ + λ) 2 ||,

(1)

Hxj := ||(T̄xj + λ)s gλ (T̄xj )(T̄xj + λ) 2 ||,

1

t∈[0,1]

t∈[0,1]

(43)

hλzj ≤ 2 log(8η −1 )

mM
√ +σ
n λ

is estimated using Proposition 21:
r

mN (λ)
n

!

,

(45)

(44)

j=1

m h
X

26

Eρ⊗n ξλ (xj , yj )

p
HK

i

≤ CN,p mAp ,

with probability at least 1 − η. Integration gives for any p ≥ 2:
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holding with probability at least 1 − η4 . Thus, combining (43), (44) and (45) with (42) gives
for any j = 1, . . . , m,
!
r
1
mM
mN (λ)
2(s+1)
−1
+s s
2
n
kξλ (xj , yj )kHK ≤ CN log
(8η )B m (λ)
λ
+σ
,
nλ
nλ

Finally,

hλzj

1

n (λ) 2 .
Hxj ≤ 8 log(8η −1 )B m

(2)

The second term is now bounded using (31) once more. One has with probability at least
1 − η4

t∈[0,1]

t∈[0,1]


 1 −s 
s+ 1
1
2
2
sup gλ (t)
sup gλ (t)t
+ λs+ 2 sup gλ (t)

t∈[0,1]




1
1
sup gλ (t)ts+ 2 + λs+ 2 sup gλ (t)

≤ CN λs− 2 .

≤2

≤2

t∈[0,1]

The first term is estimated using (9),(10) and gives for s ∈ [0, 12 ]


1
(1)
Hxj ≤ sup gλ (t)(t + λ)s+ 2

with

n (λ) is defined in (29). We proceed by
holding with probability at least 1 − η2 , where B m
splitting:
(1)
(2)
(T̄xj + λ)s gλ (T̄xj )(T̄xj fρ − S̄x?j yj ) = Hxj · Hxj · hλzj ,

s
s
∗
n (λ) k(T̄x + λ) gλ (T̄x )(T̄x fρ − S̄
≤ 8 log2s (4η −1 )B m
xj yj )kHK ,
j
j
j

kξλ (xj , yj )kHK = kT̄ s gλ (T̄xj )(T̄xj fρ − S̄x∗j yj )kHK

Again, the estimates in expectation will follow from integrating a bound holding with high
probability. By (31), one has for any j = 1, . . . , m,

Mücke and Blanchard

with
mM
+σ
nλ

r
mN (λ)
nλ
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1

+s s
n (λ) := B n (λ) 2
A := A m
λ
m

!
.

Combining this with (41) implies, since p ≥ 2:
h
i1

1 
1
CN,p
p
p
E ⊗n T̄ s (f˜λ − f¯λ )
max (mAp ) p , mA2 2
≤
ρ
D
D
HK
m

 1
1
CN,p
=
A max m p , m 2
m
CN,p
= √ A,
m

−1/b

3 . The result for the case 1 ≤ p ≤ 2 immediwhere CN,p does not depend on (σ, M, R) ∈ R+
ately follows from Hölder’s inequality.

mn ≤ nα ,

α<

−

K

2(br + 1)
.
2br + b + 1

Proof [of Theorem 4] Let λn be as defined by (16); as earlier we assume n is big enough
2br
so that λ < 1. According to Corollary 14, we have B n (λ ) ≤ 2 provided α < 2br+b+1
and
n
n
m
n is sufficiently large. Under this condition we immediately obtain from Proposition 19:


s
i1
h
CN,p
mM
mN (λn ) 
p
p
E ⊗n T̄ s (f˜λn − f¯λn )
+σ
≤ √ λs 
ρ
D
D
HK
nλn
nλn
m n
s


√
−1
mM
λn b 
≤ CN,p λns 
+σ
,
nλn
nλn

q

where we used again that N (λn ) ≤ CN λn ; now

 s
√
−1/b
mn M
λn 
,
= o σ
nλn
nλn

provided

Recalling that σ

−1/b
λn
nλn

h
Eρ⊗n

an

λn
T̄ s (f˜D

λn p
f¯D
) H
K

p

i1

≤ CN,p ,

= Rλnr = λn−s an , we arrive at
h
i1
p
λn
λn p
≤ CN,p an .
Eρ⊗n T̄ s (f˜D
− f¯D
) H

As a result, for any p ≥ 1:

sup

n→∞ ρ∈Mσ,M,R

lim sup
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3 , thus leading to the
for some CN,p , not depending on the model parameters (σ, M, R) ∈ R+
conclusion.
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Appendix A

Mücke and Blanchard

HS

≤ 2 log(2η −1 )

2
+
nλ

N (λ)
nλ

,

Proposition 20 (see e.g. Blanchard and Mücke, 2017, Proposition 5.3) For any n ∈
N, λ ∈ (0, 1] and η ∈ (0, 1), one has with probability at least 1 − η :
!
r
(T̄ + λ)−1 (T̄ − T̄x )

where k.kHS denotes the Hilbert-Schmidt norm. (Since the operator norm is bounded by the
Hilbert-Schmidt norm, the above statement also holds for the operator norm.)

T̄x fρ − S̄x? y



HK

≤ 2 log(2η −1 )

M
√ +
n λ

r

σ 2 N (λ)
n

!

.

Proposition 21 (see e.g. Blanchard and Mücke, 2017, Proposition 5.2) For n ∈
N, λ ∈ (0, 1] and η ∈ (0, 1], it holds with probability at least 1 − η :
1

(T̄ + λ)− 2

kAs B s k ≤ kABks .

(46)

Proposition 22 (Cordes Inequality, see e.g. Bhatia, 1997, Theorem IX.2.1-2) Let
A, B be to self-adjoint, positive operators on a Hilbert space. Then for any s ∈ [0, 1]:
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4. The problem of finding the right intercept η is of considerable interest but a general
theory on estimated η is lacking (Hastie et al., 2009). We provide a first theory for
the convergence property of our estimated η. See Section 3.4;

3. We develop new theory to show the theoretical attractiveness of the DA-QDA. In
particular, the theory for estimating δ is new. See Section 3;

2. For estimating Ω, an intermediate step of DA-QDA and a problem of interest in its
own right, we develop a new algorithm which is much more computationally and
memory efficient than its competitor. See Section 2.1;

1. DA-QDA is the first direct approach for sparse QDA in a high dimensional setup.
That is, Ω, δ, µ, and η in the Bayes discriminant function are directly estimated with
only sparse assumptions on Ω and δ but not on other intermediate quantities;

We highlight the main contributions of this paper as follows.

1.1 Our contributions

−1
where µ = (µ1 + µ2 )/2 is the mean of the two centroids, Ω = Σ−1
2 − Σ1 is the difference
−1
1
)(µ
−
µ
),
and
η
=
2
log(π
+
Σ
of the two precision matrices, δ = (Σ−1
1
2
1 /π2 ) + 4 (µ1 −
2
1
µ2 )T Ω(µ1 − µ2 ) + log |Σ2 | − log |Σ1 |; see for example Anderson (2003). Note that the
discriminant function becomes that of LDA when Σ1 = Σ2 = Σ. Completely analogous to a
two-way interaction model in linear regression, δ in D(z) can be seen as a linear index of the
variables whose nonzero entries play the role of main effects, whereas the nonzero entries
in Ω can be understood as interactions of second-order between the variables. Although
there are other ways to represent the discriminant function, D(z) is used as it is a quadratic
function of z − µ, making the discriminant function location-invariant with respect to the
coordinates. For easy reference, we shall call subsequently the parameters Ω, δ, µ, and η in
the Bayes discriminant function collectively as Bayes components.

making it quickly inapplicable for problems with large or even moderate dimensionality.
This problem is extremely eminent in the era of big data, as one often encounters datasets
with the dimensionality larger, often times substantially larger, than the sample size. This
paper aims to develop a novel classification approach named DA-QDA, short for Direct
Approach for QDA to make QDA useful for analyzing ultra-high dimensional data.
For ease of presentation, we focus on binary problems where observations are from
two classes. Suppose that the observations from class 1 follow X ∼ N (µ1 , Σ1 ) and those
from class 2 satisfy Y ∼ N (µ2 , Σ2 ), where µk ∈ Rp , k = 1, 2 are the mean vectors and
Σk ∈ Rp×p , k = 1, 2 are the two covariance matrices. Compared with LDA, it is assumed
that Σ1 6= Σ2 in QDA, which gives rise to a class boundary that is quadratic in terms
of the variables. Bayes’ rule classifies a new observation z to class 1 if π1 f (z|µ1 , Σ1 ) >
π2 f (z|µ2 , Σ2 ), where f (z|µ, Σ) is the probability density function of a multivariate normal
distribution with mean µ and variance Σ, and π1 and π2 are the two prior probabilities.
Following simple algebra, the Bayes discriminant function for a new observation z is seen
as
D(z) = (z − µ)T Ω(z − µ) + δ T (z − µ) + η,

Jiang, Wang, and Leng

Classification is a central topic in statistical learning and data analysis. Due to its simplicity
for producing quadratic decision boundaries, quadratic discriminant analysis (QDA) has
become an important technique for classification, adding an extra layer of flexibility to
the linear discriminant analysis (LDA); see Hastie et al. (2009). Despite its usefulness,
the number of the parameters needed by QDA scales squarely with that of the variables,

1. Introduction

Quadratic discriminant analysis (QDA) is a standard tool for classification due to its simplicity and flexibility. Because the number of its parameters scales quadratically with the
number of the variables, QDA is not practical, however, when the dimensionality is relatively large. To address this, we propose a novel procedure named DA-QDA for QDA in
analyzing high-dimensional data. Formulated in a simple and coherent framework, DAQDA aims to directly estimate the key quantities in the Bayes discriminant function including quadratic interactions and a linear index of the variables for classification. Under
appropriate sparsity assumptions, we establish consistency results for estimating the interactions and the linear index, and further demonstrate that the misclassification rate of our
procedure converges to the optimal Bayes risk, even when the dimensionality is exponentially high with respect to the sample size. An efficient algorithm based on the alternating
direction method of multipliers (ADMM) is developed for finding interactions, which is
much faster than its competitor in the literature. The promising performance of DA-QDA
is illustrated via extensive simulation studies and the analysis of four real datasets.
Keywords: Bayes Risk, Consistency, High Dimensional Data, Linear Discriminant Analysis, Quadratic Discriminant Analysis, Sparsity
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5. In extensive simulation study and real data analysis, the DA-QDA approach outperforms many of its competitors, especially when variables under considerable interact.
See Section 4.
1.2 Literature review
As more and more modern datasets are high-dimensional, the problem of classification
in this context has received increasing attention as the usual practice of using empirical
estimates for the Bayes components is no longer applicable. Bickel and Levina (2004) first
highlighted that LDA is equivalent to random guessing in the worst case scenario when
the dimensionality is larger than the sample size. Scientifically and practically in many
problems, however, the components in the Bayes discriminant function can be assumed
sparse. In the problem we study in this paper, loosely speaking, the notion of sparsity
entertains that the two-way interaction representation of the model only admits a small
number of main effects and interactions. In the past few years, a plethora of methods built
on suitable sparsity assumptions have been proposed to estimate the main effects as in
LDA; see for example Shao et al. (2011), Cai and Liu (2011), Fan et al. (2012), Mai et
al. (2012), Mai and Zou (2013), and Jiang et al. (2015). Other related linear methods for
high-dimensional classification can be found in Leng (2008), Witten and Tibshirani (2011),
Pan et al. (2016), Mai et al. (2015), among others.
As pointed out by Fan et al. (2015b) and Sun and Zhao (2015), it has been increasingly
recognized that the assumption of a common covariance matrix across different classes,
needed by LDA, can be restrictive in many practical problems. The extra layer of flexibility
offered by QDA that deals with two-way variable interactions makes it extremely attractive
for such problems. Li and Shao (2015) studied sparse QDA by making sparsity assumptions
on µ2 − µ1 , Σ1 , Σ2 and Σ1 − Σ2 and proposed their sparse estimates. The assumptions
made are not directly on the key quantities needed in the discriminant function D(z).
In addition, good estimates of these four quantities do not necessarily translate to better
classification, a phenomenon similarly argued and observed by Cai and Liu (2011) and
Mai et al. (2012) for LDA. Fan et al. (2015b) proposed a screening method to identify
interactions when Ω admits a two block sparse structure after permutation, before applying
penalized logistic regression on the identified interactions and all the main effects to estimate
a sparser model. Their method cannot deal with problems where the support of Ω is in
general positions. Further, the use of a separate second-step penalized logistic regression to
determine important interactions and main effects is less appealing from a methodological
perspective. Fan et al. (2015a) suggested a Rayleigh quotient based method for which all
the fourth cross-moments of the predictors have to be estimated. Despite all these efforts,
a direct yet simple approach for QDA with less stringent assumptions than in Li and Shao
(2015) for high-dimensional analysis is missing.
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The proposed DA-QDA approach in this paper aims to overcome the difficulties mentioned above. In particular, compared with Li and Shao (2015), we only make sparsity
assumptions on Ω and δ and estimate these two quantities directly in DA-QDA. Compared
to Fan et al. (2015b), we allow the interactions in Ω in general positions, without resorting
to a second stage approach for interactions and main effects selection. Compared with Fan
3
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et al. (2015a), we operate directly on QDA for which only second cross-moments of the
variables are needed.
DA-QDA can also be understood as a novel attempt to select interactions in the discriminant function that correspond to the nonzero entries in Ω. The problem of interaction
selection is a problem of its own importance and has been studied extensively recently for
regression problems. See, for example, Hao and Zhang (2014) and references therein. The
problem of estimating Ω alone has also attracted attention lately in a different context.
To understand how the structure of a network differs between different conditions and to
find the common structures of two different Gaussian graphical models, Zhao et al. (2014)
proposed a direct approach for estimating Ω by formulating their procedure via the Dantzig
selector. A severe limitation is that their linear programming procedure needs to deal with
O(p2 ) constraints, and the memory requirement by the large constraint matrix is of the
order O(p4 ). As a result, an iteration of the algorithm in Zhao et al. (2014) requires O(sp4 )
computations, where s is the cardinality of the support of Ω. Apparently, their method does
not scale well to high dimensional data. In Zhao et al. (2014), problems with maximum
size p = 120 were attempted and it was reported that a long time was needed to run their
method. In contrast, we use a lasso formulation and develop a new algorithm based on
the alternating direction methods of multipliers (ADMM) for estimating Ω. The memory
requirement of our algorithm is of the order O(p2 ) and its computational cost is of the order
O(p3 ) per iteration, enabling DA-QDA to easily handle much larger problems.
The rest of the paper is organized as follows. Section 2 outlines the main DA-QDA
methodology for estimating Ω and δ. A novel algorithm based on ADMM for estimating Ω
is developed. Section 3 investigates the theory of DA-QDA and provides various consistency
results for estimating Ω, δ, and η, as well as establishing the consistency of the misclassification risk relative to the Bayes risk. Section 4 presents extensive numerical studies and
analysis of four real datasets. Comparison with other classification methods demonstrates
that DA-QDA is very competitive in estimating the sparsity pattern and the parameters of
interest. We provide a short discussion and outline future directions of research in Section
5. All the proofs are relegated to the Appendix.

2. DA-QDA Methodology

µ̂1 =

j=1

j=1

n1
n2
1 X
1 X
Xj , µ̂2 =
Yj ;
n1
n2

j=1

n1
n2
1 X
1 X
(Xj − µ̂1 )(Xj − µ̂1 )T , Σ̂2 =
(Yj − µ̂2 )(Yj − µ̂2 )T .
n1
n2
j=1

To obtain an estimator for the Bayes discriminant function D(z), we propose direct estimators for the two of its Bayes components Ω = Σ2−1 − Σ1−1 and δ = (Σ1−1 + Σ2−1 )(µ1 − µ2 )
under appropriate sparsity assumptions. Given data Xj , j = 1, .., n1 from class 1 and
Yk , k = 1, ..., n2 from class 2, we can estimate µi and Σi , i = 1, 2, via their sample versions
as

Σ̂1 =

JMLR 19(31):1-37, 2018

When p >> max{n1 , n2 }, Σ̂1 and Σ̂2 are degenerate and cannot be directly used for estimating Ω. Denote the DA-QDA estimates of Ω as Ω̂ and δ as δ̂ which will be obtained as

4

min

5

(3)
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From this, we can form the augmented Lagrangian as



1  T
T r Ω Σ̂1 ΩΣ̂2 − T r Ω(Σ̂1 − Σ̂2 ) + λkΨk1
L(Ω, Ψ, Λ) =
2
ρ
+T r (Λ(Ω − Ψ)) + kΩ − Ψk2F ,
2

Ω∈Rp×p




1  T
T r Ω Σ̂1 ΩΣ̂2 − T r Ω(Σ̂1 − Σ̂2 ) + λkΨk1 , s.t. Ψ = Ω.
2

where kΩk1 is the `1 penalty of the vectorized Ω to encourage sparsity and λ is the tuning
parameter. To obtain a symmetric estimator for Ω, we may simply use Ω̂0 = 21 (Ω̂ + Ω̂T )
after Ω̂ is obtained. Because the second derivative of the above loss function is Σ̂2 ⊗ Σ̂1
which is nonnegative definite, the formulation in (2) is a convex problem and can be solved
by a convex optimization algorithm.
We now develop an ADMM algorithm to solve for Ω̂ in (2) (Boyd et al., 2011; Zhang
and Zou, 2014). First write the optimization problem in (2) as

−1
−1
−1
Recall Ω = Σ−1
2 − Σ1 . It may be attempting to first estimate Σ1 and Σ2 as intermediate
quantities before taking their difference. It is known, however, that accurate estimation
of a covariance matrix or its inverse can be difficult in general in high dimensions unless
additional assumptions are imposed (cf. Bickel and Levina (2008)). Because Ω is the
quantity of interest that appears in the Bayes’ rule, we propose to estimate it directly.
To proceed, we note
that Σ2 ΩΣ1 = Σ1 ΩΣ2 = Σ1 − Σ2 . If we define a loss function

as T r ΩT Σ1 ΩΣ2 /2 − T r (Ω(Σ1 − Σ2 )), the loss function is minimized when Ω satisfies
−1
Σ2 ΩΣ1 = Σ1 − Σ2 or Ω = Σ−1
2 − Σ1 . This simple observation motivates the following
penalized loss formulation for estimating Ω by replacing Σj , j = 1, 2 by their empirical
estimates as



1  T
Ω̂ = arg min
T r Ω Σ̂1 ΩΣ̂2 − T r Ω(Σ̂1 − Σ̂2 ) + λkΩk1 ,
(2)
p×p
2
Ω∈R

2.1 Estimating Ω

and classifies z into class 2 otherwise. From (1), we emphasize again that the nonzero entries
in Ω̂ are the interactions of the variables that contribute to the classification rule, while the
nonzero entries in δ̂ are the main effects of the variables that are used for classification. In
the linear discriminant analysis when Σ1 = Σ2 , the rule in (1) becomes the LDA rule which
is linear in the variables. As η = 2 log(π1 /π2 ) + 14 (µ1 − µ2 )T Ω(µ1 − µ2 ) + log |Σ2 | − log |Σ1 |
is a scalar, we can choose η as η̂ using a simple grid search, bypassing the need to estimate
the determinants of Σ1 and Σ2 . This is the strategy implemented in Section 4 and its
analytical justification is provided in Section 3.4. Thus in the following, we shall focus on
the estimation of Ω and δ, under certain sparsity assumptions on these two quantities.

(5)
(6)

Ψk+1 = arg min L(Ωk+1 , Ψ, Λk ),
Λk+1 = Λ + ρ(Ωk+1 − Ψk+1 ).

Λk λ
, ),
ρ ρ

(7)

6
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= (U2 ⊗ U1 )(D2 ⊗ D1 + ρI)−1 (U2T ⊗ U1T ),

(Σ̂2 ⊗ Σ̂1 + ρI)−1 = [(U2 ⊗ U1 )(D2 ⊗ D1 + ρI)(U2T ⊗ U1T )]−1

Using the equality vec(AXB) = (B T ⊗ A)vec(X), and



vec(Ω) = (Σ̂2 ⊗ Σ̂1 + ρI)−1 vec (Σ̂1 − Σ̂2 ) − Λk + ρΨk .

where vec is the vector operator. We have



(Σ̂2 ⊗ Σ̂1 + ρI)vec(Ω) = vec (Σ̂1 − Σ̂2 ) − Λk + ρΨk ,

which can be written as

Σ̂1 ΩΣ̂2 − (Σ̂1 − Σ̂2 ) + Λk + ρ(Ω − Ψk ) = (Σ̂1 ΩΣ̂2 + ρΩ) − (Σ̂1 − Σ̂2 ) + Λk − ρΨk ,

Note that for a given ρ, when updating Ω, we only need to update Ak which involves simple
matrix subtraction, and then use matrix multiplication. Therefore the update in (4) can
be efficiently implemented. Following is a brief derivation on how we obtain the explicit
solutions given in Proposition 1. For (4), note that the derivative of L with respect to Ω is

where S is known as the soft-thresholding operator on a matrix. Namely, the (i, j) entry of
S(A, b) for a matrix A = (aij ) is sign(aij )(|aij | − b)+ where (c)+ = c for c > 0 and (c)+ = 0
otherwise.

Ψk+1 = S(Ωk+1 +

Given Ωk+1 , Λk and ρ, the solution for (5) is given as:

Ωk+1 = U1 [B ◦ (U1T Ak U2 )]U2T ;

Proposition 1 Given Ψk , Λk , ρ and λ, the solution for (4) is given as:

Write Σ̂i = Ui Di UiT as the eigenvalue decomposition of Σ̂i where Di = diag(di1 , · · · , dip ), i =
1, 2. Denote Ak = (Σ̂1 − Σ̂2 ) − Λk + ρΨk and organize the diagonals of (D2 ⊗ D1 + ρI)−1
in a matrix B, where Bjk = 1/(d1j d2k + ρ). The following proposition provides explicit
solutions for (4) and (5) which ensures efficient updation of our algorithm in each step.

Ψ∈Rp×p
k

Ω∈Rp×p

(4)

where k·kF is the Frobenius norm of a matrix and ρ is a parameter in the ADMM algorithm.
See Section 4 for more details. Given the current estimate Ωk , Ψk , Λk , we update successively

in (2) and (8) respectively. For a given scalar η, our DA-QDA procedure classifies a new
observation z in to class 1 if






µ̂1 + µ̂2 T
µ̂1 + µ̂2
µ̂1 + µ̂2
z−
Ω̂ z −
+ δ̂ T z −
+ η > 0,
(1)
2
2
2
Ωk+1 = arg min L(Ω, Ψk , Λk ),

Jiang, Wang, and Leng

Direct Approach for Sparse QDA

we have

⊗

D1

D + ρI)(U2T ⊗ U1T )]−1 vec(Ak )
1
+ ρI)−1 (U2T ⊗ U1T )vec(Ak )

Direct Approach for Sparse QDA

⊗

⊗

U1 )(D2

U1 )(D2

(Σ̂2 ⊗ Σ̂1 + ρI)−1 vec(Ak )

=

[(U2
⊗

=

(U2

= (U2 ⊗ U1 )(D2 ⊗ D1 + ρI)−1 vec(U1T Ak U2 )


= (U2 ⊗ U1 )vec B ◦ (U1T Ak U2 )


= vec U1 [B ◦ (U1T Ak U2 )]U2T
where ◦ is the Hadamard product. Therefore,
Ω = U1 [B ◦ (U1T Ak U2 )]U2T .
Next we examine (5). Ignoring terms that are independent of Ψ, we just need to minimize
ρ
T r(ΨT Ψ) − ρT r((Ωk+1 )T Ψ) − T r((Λk )T Ψ) + λkΨk1 ,
2
and the solution can be easily seen as (7). Again, the update for Γ can be efficiently
implemented.
Our algorithm can be now summarized as following.
1. Initialize Ω, Ψ and Λ. Fix ρ. Compute SVD Σ̂1 = U1 D1 U1T and Σ̂2 = U2 D2 U2T , and
compute B where Bjk = 1/(d1j d2k + ρ). Repeat steps 2-4 until convergence;

Λ
ρ

elementwise by

λ
ρ;

2. Compute A = (Σ̂1 − Σ̂2 ) − Λ + ρΨ . Then update Ω as Ω = U1 [B ◦ (U1T AU2 )]U2T ;
3. Update Ψ by soft-thresholding Ω +
4. Update Λ by Λ ← Λ + ρ(Ω − Ψ).
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Note that the algorithm involves singular value decomposition of Σ̂1 and Σ̂2 only once. The
rest of the algorithm only involves matrix addition and multiplication. Thus, the algorithm
is extremely efficient. Compared with Zhao et al. (2014) whose algorithm has computational
complexity of the order at least O(p4 ) and a memory requirement of O(p4 ), our algorithm
has a memory requirement of the order O(p2 ) and computational complexity of O(p3 ).
As a result, our method can handle much larger problems. As a first order method for
convex problems, the convergence of ADMM algorithms is in general of rate O(k −1 ), where
k is the number of iterations. Convergence analysis of ADMM algorithms under different
assumptions has been well established in some very recent optimization literatures; see for
example, Nishihara et al. (2015), Hong and Luo (2017) and Chen et al. (2017). By verifying
the assumptions in Hong and Luo (2017), we can established similar linear convergence
results for our algorithm; see Lemma 1 in the Appendix for more details.
7

2.2 The linear index δ

Jiang, Wang, and Leng

(Σ1 + Σ2 )δ = 4(µ1 − µ2 ) + (Σ1 − Σ2 )Ω(µ1 − µ2 ).

Σ2 δ = Σ2 (Σ1−1 + Σ2−1 )(µ1 − µ2 ) = 2(µ1 − µ2 ) − Σ2 Ω(µ1 − µ2 ),

After having estimated Ω as Ω̂, we discuss the estimation of the linear index δ = (Σ1−1 +
Σ2−1 )(µ1 − µ2 ). We develop a procedure that avoids estimating Σ1−1 and Σ2−1 . First note
that
Σ1 δ = Σ1 (Σ1−1 + Σ2−1 )(µ1 − µ2 ) = 2(µ1 − µ2 ) + Σ1 Ω(µ1 − µ2 ),
and

1 T
δ (Σ̂1 + Σ̂2 )δ − γ̂ T δ + λδ kδk1 ,
2

(8)

The last equation is the derivative of δ T (Σ1 +Σ2 )δ/2−{4(µ1 −µ2 )+(Σ1 −Σ2 )Ω(µ1 −µ2 )}T δ.
Motivated by this, we estimate δ by a direct method using the lasso regularization, similar
to the one in Mai et al. (2012), as

δ∈R

δ̂ = arg minp

where γ̂ = 4(µ̂1 − µ̂2 ) + (Σ̂1 − Σ̂2 )Ω̂(µ̂1 − µ̂2 ), k · k1 is the vector `1 penalty and λδ is a
tuning parameter. The optimization in (8) is a standard lasso problem and is easy to solve
using existing lasso algorithms. We remark that (8) is much more challenging to analyze
theoretically than the method in Mai et al. (2012), since the accuracy of Ω̂ as an estimator
of Ω has to be carefully quantified in γ̂.
We emphasize that our framework is extremely flexible and can accommodate additional
constraints. As a concrete example, let’s consider enforcing the so-called strong heredity
principle in that an interaction is present unless the corresponding main effects are both
present, i.e. if Ωjk 6= 0 then δj 6= 0 and δk 6= 0; see for example Hao and Zhang (2016).
Denote I ⊂ {1, . . . , p} as the set such that for any j, k ∈ I there exists some Ω̂jk 6= 0. We
can change the penalty in (8) as kδI C k1 such that the variables in I are not penalized. Due
to space limitation, this line of research will not be studied in the current paper.

3. Theory
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We show that our method can consistently select the true nonzero interaction terms in Ω and
the true nonzero terms in δ. In addition, we provide explicit upper bounds for the estimation
error under l∞ norm. For classification, we further show that the misclassification rate of
our DA-QDA rule converges to the optimal Bayes risk under some sparsity assumptions. For
simplicity in this section we assume that n1  n2 and write n = min{n1 , n2 } − 1. Instead of
assuming µ2 − µ1 , Σ1 , Σ2 and Σ1 − Σ2 to be sparse as in Li and Shao (2015), we only assume
that Ω and δ are sparse. For the estimation of Ω, the rate in Corollary 1 is similar to the
one in Theorem 3 of Zhao et al. (2014). However, as we pointed out previously, our method
is computationally much more efficient and scales better to large-dimensional problems. In
addition, our work is the first direct estimation approach for sparse QDA. Importantly, the
results for estimating δ are new.
Note that when estimating δ as in (8), we have used Ω̂ as a plug-in estimator for Ω.
Consequently, from Corollaries 1 and 2, the error rate of δ̂ in estimating δ is a factor times
of that of Ω̂ in estimating Ω. However, in the DA-QDA discriminant function defined as

8

2 2
||Ω̂ − Ω||∞ < κ2 d2 B 2 BΣ
BΓ,ΓT

log p
.
n

9
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Theorem 1 states that if the irrepresentability condition is satisfied, the support of
Ω is estimated consistently, and the
 rate of convergence of estimating Ω under l∞ norm
q
log p
2 B2
is of order O d2 B 2 BΣ
, which depends on the sparsity of Σ1 , Σ2 and their
n
Γ,ΓT
q
log p
2 B2
Kronecker product. For example, our assumption d2 B 2 BΣ
n → 0 implies that
Γ,ΓT

(ii) there exists a large enough constant κ2 > 0 such that
r

(i) Ω̂S c = 0;

This condition was first introduced by Zhao and Yu (2006) and Zou (2006) to establish the
model selection consistency of the lasso. The following theorem gives the model selection
consistency and the rate of convergence for the estimation of Ω.
q
log p
2 B2
Theorem 1 Assume that α > 0 and d2 B 2 BΣ
T
n → 0. For any c > 2, by choosing
Γ,Γ
q
log
p
2 B2
λ = κ1 d2 B 2 BΣ
n for some large enough constant κ1 > 0, we have with probability
Γ,ΓT
greater than 1 − p2−c ,

e∈S

α = 1 − maxc |Γe,S Γ−1
S,S |1 > 0.

We first introduce some notation. We assume that Ω = (Ωij )1≤i,j≤p is sparse with support
S = {(i, j) : Ωij 6= 0} and we use S c to denote the complement of S. Let d be the
T
maximum
P node degree in Ω. For a vector x = (x1 , . . . , xp ) , the lq norm is defined as
|x|q = ( pi=1 |xi |q )1/q for any 1 ≤ q < ∞ and the l∞ norm is defined as |x|∞ = P
max1≤i≤p |xi |.
For any matrix M = (mij )1≤i,j≤p , its entrywise l1 norm is defined as ||M ||1 = 1≤i,j≤p |mij |
and its entrywise
l∞ norm is written as ||M ||∞ = max1≤i,j≤p |mij |. We use ||M ||1,∞ =
P
max1≤i≤p pj=1 |mij | to denote the l1 /l∞ norm induced matrix-operator norm. We denote
Γ = Σ2 ⊗ Σ1 and Γ̂ = Σ̂2 ⊗ Σ̂1 . Write Σk = (σkij )1≤i,j≤p , Σ̂k = (σ̂kij )1≤i,j≤p for k = 1, 2. By
the definition of Kronecker product, Γ is a p2 × p2 matrix indexed by vertex pairs in that
Γ(i,j),(k,l) = σ1ik σ2jl . Denote ∆i = Σ̂i − Σi for i = 1, 2, ∆Γ = Γ̂ − Γ, ∆ΓT = Γ̂T − ΓT , and
i = ||∆i ||∞ ,  = max{1 , 2 }. B = max{||Σ1 ||∞ , ||Σ2 ||∞ }, BΣ = max{||Σ1 ||1,∞ , ||Σ2 ||1,∞ }
−1
T
and BΓ = ||Γ−1
S,S ||1,∞ , BΓT = ||(ΓS,S ) ||1,∞ , BΓ,ΓT = max{BΓ , BΓT }.
To establish the model selection consistency of our estimator, we assume the following
irrepresentability condition:

3.1 Theory for estimating Ω

in (1), Ω̂ appears in the first term which is a product of three components while δ̂ appears
in the second term which is a product of two components. As a consequence, the overall
estimation error rates of these two terms become equal. This implies that even though
the estimating error of Ω̂ might aggregate in the estimation of δ, it does not affect the
convergence rate of the classification error at all. Below we provide theory for estimating
Ω, δ, and η, as well as quantifying the overall misclassification error rate.

Direct Approach for Sparse QDA

r
log p
n

!
.
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3 2
||δ̂ − δ||∞ < κ4 d30 A2Σ B 2 BΣ
BΓ,ΓT

(ii) there exists a large enough constant κ4 > 0 such that,

(i) δ̂Dc = 0;
r

log p
.
n
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2
Theorem 2 Assume
q that αδ > 0, |Ω(µ1 − µ2 )|1 = O(d0 ), kΩk∞ < ∞, Aγ < ∞ and
log
p
3 B2
d30 A2Σ B 2 BΣ
n → 0 . Under the same assumptions in Theorem 1, for any c > 2,
Γ,ΓT
q
log p
3 B2
by choosing λδ = κ3 d30 A2Σ B 2 BΣ
n , for some large enough constant κ3 , we have,
Γ,ΓT
2−c
with probability greater than 1 − p ,

Let d0 = max{d, dδ }. The following theorem gives the model selection consistency and the
rate of convergence for the estimation of δ.

e∈D

αδ = 1 − maxc |Σe,D Σ−1
D,D |1 > 0.

Let D = {i : δi 6= 0} be the support of δ and let dδ be its cardinality. Denote A1 = ||Ω||1,∞ ,
A2 = ||(Ω−1 )·,D ||1,∞ , µ = max{|µ1 − µ̂1 |∞ , |µ2 − µ̂2 |∞ }. We define AΣ = ||Σ−1
D,D ||1,∞ where
Σ = (Σ1 + Σ2 )/2 and write Σ̂ = (Σ̂1 + Σ̂2 )/2, γ = 4(µ1 − µ2 ) + (Σ1 − Σ2 )Ω(µ1 − µ2 ),
ˆ µ = µ̂1 − µ̂2 , Aγ = ||γ||∞ and ||Ω̂ − Ω||∞ = Ω .
∆ µ = µ1 − µ2 , ∆
To establish the model selection consistency of our estimator δ̂, we assume the following
irrepresentability condition:

3.2 Theory for estimating δ

in Corollary 1 is better than the rate in Theorem 3 of Zhao et al. (2014). However, in the
case where only O(d) covariates and some of their interactions are important, our rate is
the same as the one in Zhao et al. (2014).

Similar to Condition 2 in Zhao et al. (2014), the assumption BΓ,ΓT < ∞ in Corollary 1 is
closely related to the mutual incoherence property introduced in Donoho and Huo (2001).
In fact, it holds when imposing the usual mutual incoherence condition on the inverses of
the submatrices (indexed by S) of Σ1 and Σ2 . Since d is the maximum
 q node
 degree in Ω,
log p
2
the number of nonzero entries in Ω is of order O(dp). the rate O d
we obtained
n

||Ω̂ − Ω||∞ = O d2

greater than 1 − p2−c , Ω̂S c = 0 and

choosing λ = Cd2

Corollary 1 Assume that α > 0, BΣ < ∞ and BΓ,ΓT < ∞. For any constant c > 2,
q
q
log p
log p
2
n for some constant C > 0, if d
n → 0, we have with probability

−1 −1
B = max{||Σ1 ||∞ , ||Σ2 ||∞ } can diverge in a rate of o(d−1 BΣ
BΓ,ΓT ( logn p )1/4 ). From the
proof of Theorem 1, we have the following corollary.
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From Theorem 2 and Corollary 1 we immediately have:

log p
n

.

Corollary 2 Suppose the assumptions of Corollary 1 and Theorem
2 hold and assume that
q
AΣ < ∞. For any constant c > 2, by choosing λδ = Cd03 logn p for some large enough
constant C > 0, we have with probability greater than 1 − p2−c ,
!
r
||δ̂ − δ||∞ = O d03

When Σ1 = Σ2 , δ reduces to 2Σ1−1 (µ1 − µ2 ), which is proportional to the direct discriminant
variable β in Mai et al. (2012), Cai and Liu (2011) and Fan et al. (2012), and variables in
D = {i : δi 6= 0} are linear discriminative features contributing to the Bayes rule. From
the proof of Theorem 2 and the rate given in Theorem 2, we can see that when Aγ < ∞,
||δ̂ − δ||∞ is of order O(AΣ λδ ). This is consistent to the result obtained in Theorem 1 of
Mai et al. (2012) for the Σ1 = Σ2 case.
3.3 Misclassification rate
In this subsection, we study the asymptotic behavior of the misclassification rate for a given
η and postpone the theory when η is estimated to Section 3.4. Let R(i|j) and Rn (i|j) be
the probabilities that a new observation from class j is misclassified to class i by Bayes’ rule
and the DA-QDA rule respectively. Suppose 2 log(π1 /π2 ) = η − 41 (µ1 − µ2 )T Ω(µ1 − µ2 ) −
log |Σ2 | + log |Σ1 |. The optimal Bayes risk is given as
R = π1 R(2|1) + π2 R(1|2),
and the misclassification rate of the DA-QDA rule takes the following form:
Rn = π1 Rn (2|1) + π2 Rn (1|2).
Suppose zi ∼ N (µi , Σi ) for i = 1, 2. Denote the density of (zi − µ)T Ω(zi − µ) + δ T (zi −
µ) + η as Fi (z). For any constant c, define
uc = max{ess supz∈[−c,c] Fi (z), i = 1, 2},
where ess sup denotes the essential supremum which is defined as supremum on almost
everywhere of the support, i.e., except on a set of measure zero. Let s := kSk0 be the
number of nonzero elements in Ω. The following theorem establishes upper bounds for the
misclassification rate difference between Rn and R.
Theorem 3 Assuming that there exist constants Cµ > 0, CΣ > 1 such that max{|µ1 |∞ , |µ2 |∞ }
≤ Cµ , and CΣ−1 ≤ min{λp (Σ1 ), λp (Σ2 )} ≤ max{λ1 (Σ1 ), λ1 (Σ2 )} ≤ CΣ where λi (Σj ) denotes

2 2
sd02 B 2 BΣ
BΓ,ΓT

log p
2 2 3 2
+ d02 AΣ
B BΣ BΓ,ΓT
n

;
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log p
n

the ith largest eigenvalue of Σj . Under the assumptions of Theorems 1 and 2, we have:
q
q
log p
log p
2 B2
2 2 2 3 2
(i) if sd02 B 2 BΣ
n + d0 AΣ B BΣ BΓ,ΓT
n → 0 and there exist positive conΓ,ΓT
stants c, Uc such that uc ≤ Uc < ∞, then
!
r
r

Rn − R = Op
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(ii) if
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q
q
log p
log p
2 B2
2 2 2 3 2
(1 + uc ) → 0 for some positive
sd02 B 2 BΣ
n + d0 AΣ B BΣ BΓ,ΓT
n
Γ,ΓT

2 2
sd02 B 2 BΣ
BΓ,ΓT log p

log p
log p
2 2 3 2
+ d02 AΣ
B BΣ BΓ,ΓT √
n
n

.

constant c, then with probability greater than 1 − 3p2−c for some constant c > 2,
!!
r

Rn − R = O (1 + uc ) ×

Theorem 3 (i) indicates that under appropriate sparsity assumptions, our DA-QDA rule
is optimal in that its misclassification rate converges to the optimal Bayes risk in probability.
The second statement of Theorem 3 states that under stronger conditions, Rn converges to
R with overwhelming probability. From Corollary 1 and Corollary 2 and the above theorem,
we immediately have:

Corollary 3qUnder the assumptions of Corollary 1, Corollary 2 and Theorem 3, we have,
(i) if sd02 logn p → 0 and there exist positive constants c, Uc such that uc ≤ Uc < ∞, then
!
r
log p
;
Rn − R = Op sd02
n
q
3
(ii) if (1 + uc )sd02 logn p → 0 for some constant c > 0, then with probability greater than
1 − 3p2−c for some constant c > 2,



s
log3 p 
.
n

Rn − R = O sd02 (1 + uc )

We remark that the assumption uc ≤ Uc for some constants c and Uc is similar to
Condition (C4) in Li and Shao (2015), and our assumption is weaker in that we only
assume the densities Fi (z) is bounded in a neighborhood of zero while Condition (C4) in Li
and Shao (2015) states that the densities are bounded everywhere.
3.4 Choice of η

i=1

1X
|I{D̂(zi , e) > 0} − li |,
n

n

The question of choosing the scalar η is critical for classification but receives little attention
in existing literature; see Mai et al. (2012) for a detailed discussion for the LDA case. In
this section, we propose to choose η by minimizing the in-sample misclassification error and
establish analytical results for the estimation of η and the misclassification rate. With some
abuse of notation, let (zi , li ) be our data where zi0 s are the covariates and li0 s are the labels,
i.e., li ∈ {0, 1}. To obtain η̂, we seek to minimize the in-sample misclassification error given
µ̂, δ̂ and Ω̂:
e

η̂ = arg min
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where D̂(z, e) = (z− µ̂)T Ω̂(z− µ̂)+ δ̂ T (z− µ̂)+e. We write d(z) = (z−µ)T Ω(z−µ)+δ T (z−µ)
ˆ = (z − µ̂)T Ω̂(z − µ̂) + δ̂ T (z − µ̂) and hence we have
and d(z)

ˆ i ) + e.
D̂(zi , e) = d(z

12

i=1

ˆ i ) + e > 0} − li |.
|I{d(z

i=1

 k(e)
1 X
li +
n


(1 − li ) .

i=k(e)+1

n
X
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• Model 1: This model is Model 3 in Fan et al. (2015b) where Ω1 is a band matrix with
(Ω1 )ii = 1 and Ωij = 0.3 for |i − j| = 1. We set Ω2 = Ω1 + Ω, where Ω is a symmetric

For synthetic data, we use the same setup in Fan et al. (2015b). Observations are simulated
−1
from N (u1 , Σ1 ) and N (u2 , Σ2 ) where u2 = 0. Recall Ω1 = Σ−1
1 and Ω2 = Σ2 . We set
T
u1 = Σ1 β for β = (0.6, 0.8, 0, · · · , 0) . We consider three different dimensions p = 50, 200,
or 500 with n1 = n2 = 100. The parameters Ω1 , Ω2 and β are set as follows.

4.1 Synthetic data

and Shao (2015)), the innovated interaction screening for sparse quadratic discriminant
analysis (IIS-SQDA, Fan et al. (2015b)), penalized logistic regression with only main effects
considered (PLR), penalized logistic regression with all interaction terms (PLR2), the direct
approach for sparse LDA (DSDA, Mai et al. (2012)), the conventional LDA (LDA), the
conventional QDA (QDA) and the oracle procedure (Oracle). The oracle procedure uses
the true underlying model and serves as the optimal risk bound for comparison. We evaluate
all methods via nine synthetic datasets and four real datasets. In addition, we also include
L1-regularized SVM (L-SVM) and kernel SVM (K-SVM, with Gaussian kernel) performance
as a benchmark in the real data analysis.
To fit DA-QDA, we employ ADMM to estimate Ω and the coordinate-wise descent
algorithm (Friedman et al., 2010) to fit δ. Once Ω and δ are given, we then find the value
of η by a simple linear search, minimizing the in-sample misclassification error. The rate
parameter ρ in ADMM is set according to the optimal criterion suggested by Ghadimi et
al. (2015). The other two tuning parameters, λ for estimating Ω and λδ for estimating δ,
are chosen by 5-fold cross-validation, where the loss function is chosen to be the out-ofsample misclassification rate. To reduce the searching complexity, we are currently using
a searching path rather than grid based tuning to avoid redundant computation and inmemory parallelism to distribute the computational tasks. It is worth noting that the
calculation for each individual tuning pair (λ, λδ ) can be made completely independent such
that it is possible to distribute the entire calculation to multiple threads in a parallel fashion.
One can also tune the parameters using the objective functions in (2) and (8) separately.
However, we found that this strategy did not often lead to better classification results than
tuning them jointly. This is possibly due to the complex shape of the misclassification
surface as a function of these two tuning parameters. We implemented sQDA in Matlab
with the leave-one-out-cross-validation (Li and Shao, 2015) to tune the three parameters.
We employ Matlab’s built-in function fitcdiscr to fit LDA and QDA and the R package dsda
(Mai et al., 2012) to fit DSDA. For PLR, PLR2 and the second stage fit of IIS-SQDA which
is a penalized logistic regression, we use the glmnet package and set α = 0.5 as the elastic
net parameter. Other values of α was tried but did not change the result much. The other
tuning parameter in glmnet is chosen by 10-fold cross-validation to minimize out-of-sample
classification error. For the first stage of IIS-SQDA which is a screening step, we adopt the
oracle-assisted approach proposed in Fan et al. (2015b), i.e., using the true Σ1 and Σ2 to
compute the transformed variables used for screening as discussed in Fan et al. (2015b).
To seek an appropriate screening size, we preserve the top 10, 30 or 50 variables for each
experiment to form interaction terms and report the best result (smallest misclassification
error) for IIS-SQDA.
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In this section, we provide extensive numerical evidence to show the empirical performance
of DA-QDA by comparing it to its competitors, including the sparse QDA (sQDA, Li

4. Numerical Study

ˆ e). Under the assumptions of Theorem 3, we
Theorem 4 Let η̂ be a minimizer of Rn (d,
have:
(i) η̂ → η in probability;
ˆ η̂) → R in probability.
(ii) Rn (d,

From Proposition 2 and following Theorem 5.7 of Van der Vaart (2000), we establish the
following theorem, which indicates that the estimator η̂ is consistent and the resulting
misclassification rate using the estimated rule D̂(z, η̂) tends to the optimal Bayes misclassification rate in probability.

Proposition 2 R(d, e) is strictly monotone increasing in e ∈ [η, ∞) and strictly monotone
decreasing in e ∈ (−∞, η].

Next we establish the asymptotic results for η̂ and the misclassification rate. For a given
ˆ e) to denote the misclassification rate associated with discrime, we use R(d, e) and R(d,
ˆ + e respecinant function D(z, e) = d(z) + e and discriminant function D̂(z, e) = d(z)
tively. Analogously, the in-sample misclassification rate of D(z, e) and D̂(z, e) are deˆ e). From the optimality of the Bayes rule, we know that
noted as Rn (d, e) and Rn (d,
η = 2 log(π1 /π2 ) + 14 (µ1 − µ2 )T Ω(µ1 − µ2 ) + log |Σ2 | − log |Σ1 | is the unique minimizer of
R(d, ·) and we denote the corresponding optimal Bayes misclassification rate as R = R(d, η).
ˆ e). In order to make the estimation problem
On the other hand, η̂ is a minimizer of Rn (d,
feasible, we assume that there is exists a constant cη such that |η| ≤ cη < ∞. The following
proposition indicates that, although the 0-1 loss used for computing the misclassification
rate is neither continuous nor convex, the misclassification rate has a desirable property.

ˆ k∗ +1 ), − d(z
ˆ k∗ )).
η̂ ∈ (−d(z

Solving the above problem is simple. One just needs to compute the values of the object
function for k = 0, 1, 2, · · · , n and find the index k ∗ that minimizes its value. The optimal
η̂ can then be found as any value satisfying

e

η̂ = arg min

ˆ 1 ) < d(z
ˆ 2 ) < · · · < d(z
ˆ n ). For any e we
Without loss of generality, we can assume d(z
ˆ k ) that satisfies d(z
ˆ k ) < −e < d(z
ˆ k+1 ). Thus, the
define the index k(e) to be the largest d(z
optimization can be further simplified as

1
n

n
X

Then the object function becomes
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and sparse matrix with Ω10, 10 = −0.3758, Ω10, 30 = 0.0616, Ω10, 50 = 0.2037, Ω30, 30 =
−0.5482, Ω30, 50 = 0.0286, and Ω50, 50 = −0.4614. The other 3 nonzero entries in the
lower triangle of Ω are determined by symmetry.
• Model 2: We set (Ω1 )ij = 0.5|i−j| and let Ω2 = Ω1 + Ω, where Ω = Ip .
• Model 3: Ω1 is the same as Model 2 and Ω2 = Ω1 .
• Model 4: Ω1 is the same as Model 2 and Ω is a band matrix defined as (Ω)ii = 1 and
(Ω)ij = 0.5 for |i − j| = 1. Let Ω2 = Ω1 + Ω.
• Model 5: Ω1 = Ip and Ω2 = Ω1 + Ω where Ω is a random sparse symmetric matrix
with conditional number 10 and non-zero density n1 /p2 ×0.7 (generated by sprandsym
in Matlab).
• Models 6 and 7: These are Cases 9 and 10 in Srivastava et al. (2007). For Models 6
and 7, we generate the covariance by the following process: We first sample an p × p
matrix R1 where each entry is an i.i.d uniform random variable between [0, 1]. Then
Ω1 is defined to be Ω1 = (R1T R1 )−1 which is a dense matrix. Matrix Ω2 is generated
similarly. For Model 6 the means are set as u1 = u2 = 0 while for Model 7, u1 and u2
are generated by random sampling over uniform distributions.
• Models 8 and 9: These are Cases 10 and 11 in Srivastava et al. (2007) where we
generate the same p × p matrix R1 as in Model 6. Then Ω1 is defined to be Ω1 =
(R1T R1 R1T R1 )−1 representing the ellipsoidal covariances, which often have only one
strong eigenvalue and many relatively smaller ones. Matrix Ω2 is similarly generated.
The means are set as u1 = u2 = 0 for Model 8 and generated by random sampling for
Model 9.
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Model 1 is a model where Ω is a sparse two-block matrix after permutation. This is a model
that favors IIS-SQDA. In Model 2, the difference between Ω1 and Ω2 is a diagonal matrix,
and IIS-SQDA is expected to underperform as its screening step for identifying variables
that are involved in interaction would retain all the variables. Model 3 is obviously a
model that favors the linear discriminant analysis (LDA) as Ω = 0, and in particular favors
the sparse LDA (DSDA). This model is simulated to test whether methods designed for
sparse QDA work satisfactorily in situations where LDA works the best. In Model 4,
the difference matrix Ω is a tridiagonal matrix where the screening step of IIS-SQDA is
expected to underperform. Finally, in Model 5, Ω admits a random sparse structure having
0.7n1 = 70 nonzero entries regardless of the dimension p. In Model 6 - 9, the covariance
matrices are dense and so are Ω and δ. These cases are to test DA-QDA in scenarios where
the sparse assumption fails to hold and the features are highly correlated. Model 6 and 8
are two difficult cases for linear methods as the means of the two classes are also the same.
Our implementation of IIS-SQDA is applied only to Models 2 - 9 while the results for
Model 1 are directly cited from Fan et al. (2015b).
For models 1 - 5, we simulate 100 synthetic datasets for each model and record for each
method under comparison: 1) The misclassification rate (MR), 2) The false positives for
main effects and interactions (FP.main for δ and FP.inter for Ω), 3) The false negatives
for main effects and interactions (FN.main for δ and FN.inter for Ω). The results are
15
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summarized in Tables 1, 2, 3, 4 and 5 for the five models under consideration. For the
dense models, we compare the misclassification rates over 100 replications, and the results
are summarized in Table 6.
From these tables, we can observe the following phenomena.

1. For Model 1 where the setup favors IIS-SQDA, IIS-SQDA performs the best in terms
of variable selection. DA-QDA performs similarly in terms of the misclassification
rate. These two methods outperform LDA and QDA (when p = 50), and PLR,
PLR2, DSDA by a large margin in classification error.

2. For Model 2, as expected, IIS-SQDA is outperformed by DA-QDA by a large margin.
Interestingly, PLR2 performs the second best. Linear classifiers including PLR and
DSDA perform quite badly.

3. For Model 3, DSDA, IIS-SQDA and DA-QDA perform best and similarly. It is interesting that DA-QDA performs on par with DSDA even when the model clearly favors
sparse linear classifiers.

4. For Model 4, DA-QDA outperforms all other methods again by a large margin.

5. For Model 5, DA-QDA performs the best and by a large margin when p becomes
large.

6. For Models 6 - 9, the ordinary QDA performs the best for all low dimensional cases,
which is as expected as the covariances of the the two classes are sufficiently different.
When the dimension goes higher, DA-QDA achieves a high precision for some really
difficult cases which is pretty surprising, considering the matrices are now all dense.
The advantage mostly comes from that DA-QDA only imposes the sparse assumption
on Ω and δ instead of the original precision matrices as for sQDA. In addition, DAQDA performs better than IIS-SQDA.

To summarize, DA-QDA achieves the smallest misclassification rate in most examples and
competitive performance in selecting main and interaction effects. IIS-SQDA is the preferred
approach if Ω is a two-block diagonal matrix after permutation as is the case for Model 1.
PLR2 generally performs better than (sparse) linear classifiers when interactions exist.
4.2 Real data

In this section, we investigate the performance of DA-QDA by analyzing four real data sets
and compare it to the other classifiers discussed in the simulation study and we also include
L1-regularized SVM (L-SVM) and kernel SVM (K-SVM, with Gaussian kernel) for more
comprehensive comparison.
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Quora answer classifier. This is a data challenge available at http://www.quora.
com/challenges#answer_classifier. The training data set contains 4,500 answers from
QUORA which have been annotated with either ”good” or ”bad”. For each answer, 21
features (20 of which are effective) were extracted from the original sentences. The goal of
this challenge is to automatically classify a new answer based on the 20 features. Since the
dimension p = 20 is relatively small, we can compare DA-QDA to all the methods discussed
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MR (%)
38.82 (0.19)
47.57 (0.11)
36.06 (0.23)
34.82 (0.24)
41.52 (0.51)
37.36 (0.34)
35.10 (0.22)
34.99 (0.58)
31.68 (0.10)
38.50 (0.31)
36.27 (0.28)
43.82 (0.53)
40.31 (0.45)
36.32 (0.25)
36.55 (0.74)
31.54 (0.10)
39.98 (0.32)
37.07 (0.29)
46.00 (0.48)
42.23 (0.53)
37.45 (0.26)
37.95 (0.76)
31.85 (0.12)

FP.main
–
–
7.73 (0.58)
9.54 (1.09)
14.89 (1.69)
0.60 (0.10)
5.25 (0.46)
0.82 (0.20)
–
12.90 (1.08)
14.81 (2.26)
53.18 (6.74)
0.15 (0.05)
25.39 (0.66)
1.70 (1.38)
–
14.79 (1.41)
19.49 (3.65)
130.91 (18.08)
0.03 (0.02)
14.53 (1.38)
0.2 (0.06)
–

FP.inter
–
–
–
–
–
31.10 (3.21)
10.85 (0.96)
23.84 (6.69)
–
–
–
–
40.38 (5.05)
6.03 (0.50)
37.15 (16.39)
–
–
–
–
36.6 (4.32)
3.70 (0.32)
57.49 (14.74)
–

FN.main
–
–
0.14 (0.03)
0.26 (0.04)
0.44 (0.05)
0.39 (0.06)
0.06 (0.02)
0.35 (0.07)
–
0.23 (0.04)
0.41 (0.05)
0.52 (0.05)
0.74 (0.06)
0 (0)
0.89 (0.09)
–
0.40 (0.05)
0.59 (0.05)
0.57 (0.05)
1.07 (0.06)
0.07 (0.26)
1.05 (0.09)
–

FN.inter
–
–
–
–
–
0 (0)
0 (0)
0 (0)
–
–
–
–
0 (0)
0 (0)
0 (0)
–
–
–
–
0 (0)
0 (0)
0 (0)
–

500

200

Method
LDA
QDA
PLR
DSDA
sQDA
PLR2
IIS-SQDA
DA-QDA
Oracle
PLR
DSDA
sQDA
PLR2
IIS-SQDA
DA-QDA
Oracle
PLR
DSDA
sQDA
PLR2
IIS-SQDA
DA-QDA
Oracle

MR (%)
34.53 (0.19)
32.09 (0.25)
31.58 (0.20)
29.89 (0.16)
30.96 (0.90)
5.85 (0.10)
5.85 (0.10)
1.84 (0.08)
0.65 (0.02)
33.34 (0.21)
30.37 (0.23)
33.28 (0.58)
1.73 (0.06)
3.98 (0.10)
0.39 (0.18)
0 (0)
34.04 (0.24)
30.99 (0.22)
36.92 (0.64)
1.68 (0.06)
4.12 (0.09)
0.16 (0.22)
0 (0)
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FP.main
–
–
7.51 (0.55)
8.52 (0.86)
27.33 (1.95)
1.14 (0.11)
1.14 (0.11)
4.12 (0.49)
–
10.79 (0.70)
11.91 (2.19)
101.75 (7.72)
0.01 (0.01)
2.10 (0.15)
9.03 (2.12)
–
11.17 (1.02)
14.61 (2.64)
243.9 (21.2)
0 (0)
2.74 (0.25)
24.33 (2.18)
–

FP.inter
–
–
–
–
–
45.60 (1.08)
45.60 (1.08)
110.10 (10.54)
–
–
–
–
12.68 (0.56)
15.76 (0.60)
724.35 (19.52)
–
–
–
–
5.52 (0.33)
8.02 (0.43)
4.81e3 (290.1)
–

FN.inter
–
–
–
–
–
14.27 (0.33)
14.27 (0.32)
1.28 (0.22)
–
–
–
–
119.95 (0.52)
153.47 (0.31)
6.05 (0.35)
–
–
–
–
401.47 (0.59)
451.13 (0.29)
58.09 (1.10)
–
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FN.main
–
–
0.07 (0.03)
0.16 (0.04)
0.24 (0.05)
0.14 (0.04)
0.14 (0.04)
0.28 (0.05)
–
0.16 (0.04)
0.29 (0.05)
0.27 (0.05)
1.08 (0.05)
0.11 (0.04)
0.21 (0.04)
–
0.30 (0.05)
0.44 (0.05)
0.35 (0.05)
1.19 (0.05)
0.12 (0.04)
0.52 (0.05)
–
500

200

Method
LDA
QDA
PLR
DSDA
sQDA
PLR2
IIS-SQDA
DA-QDA
Oracle
PLR
DSDA
sQDA
PLR2
IIS-SQDA
DA-QDA
Oracle
PLR
DSDA
sQDA
PLR2
IIS-SQDA
DA-QDA
Oracle

MR (%)
35.58 (0.20)
35.40 (0.20)
32.42 (0.23)
31.39 (0.21)
40.90 (0.46)
22.42 (0.21)
21.77 (0.20)
16.91 (0.27)
3.22 (0.04)
34.93 (0.28)
32.64 (0.26)
41.68 (0.54)
21.82 (0.20)
20.15 (0.19)
9.59 (0.19)
0.28 (0.02)
37.19 (0.32)
33.83 (0.30)
43.39 (0.48)
23.06 (0.23)
19.07 (0.17)
4.18 (0.13)
0 (0)
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FP.main
–
–
8.03 (0.57)
11.02 (1.13)
18.36 (1.93)
1.88 (0.16)
3.42 (0.21)
0.55 (0.14)
–
12.71 (0.88)
15.63 (2.14)
64.88 (7.33)
0.30 (0.05)
6.11 (0.31)
0.31 (0.08)
–
15.68 (1.27)
22.90 (3.54)
193.04 (20.32)
0.05 (0.02)
12.86 (0.42)
0.20 (0.04)
–

FP.inter
–
–
–
–
–
81.56 (2.26)
58.92 (1.86)
194.98 (11.31)
–
–
–
–
107.80 (2.32)
70.76 (1.76)
297.38 (25.33)
–
–
–
–
114.94 (2.34)
57.44 (1.41)
298.24 (20.8)
–

FN.inter
–
–
–
–
–
123.72 (0.36)
125.73 (0.32)
106.51 (0.83)
–
–
–
–
559.23 (0.63)
563.33 (0.38)
498.61 (1.49)
–
–
–
–
1455 (0.65)
1459 (0.34)
1315 (2.41)
–
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FN.main
–
–
0.03 (0.01)
0.09 (0.03)
0.45 (0.05)
0.06 (0.03)
0 (0)
0.61 (0.08)
–
0.10 (0.03)
0.21 (0.04)
0.46 (0.05)
0.40 (0.05)
0 (0)
0.82 (0.09)
–
0.32 (0.04)
0.45 (0.05)
0.46 (0.05)
0.79 (0.05)
0 (0)
0.42 (0.07)
–

p
50

500

200

Method
LDA
QDA
PLR
DSDA
sQDA
PLR2
IIS-SQDA
DA-QDA
Oracle
PLR
DSDA
sQDA
PLR2
IIS-SQDA
DA-QDA
Oracle
PLR
DSDA
sQDA
PLR2
IIS-SQDA
DA-QDA
Oracle

p
50

FN.inter
–
–
–
–
–
2.62 (0.09)
2.05 (0.09)
3.74 (0.14)
–
–
–
–
2.72 (0.08)
2.22 (0.08)
4.14 (0.12)
–
–
–
–
3.05 (0.10)
2.65 (0.09)
4.36 (0.09)
–

Table 4: The means and standard errors (in parentheses) of various performance measures
by different classification methods for model 4 based on 100 replications

FN.main
–
–
1.21 (0.04)
0.07 (0.03)
0.33 (0.05)
0.60 (0.05)
0.19 (0.04)
0.39 (0.07)
–
1.47 (0.05)
0.36 (0.05)
0.47 (0.05)
0.90 (0.05)
0.42 (0.05)
0.82 (0.08)
–
1.58 (0.05)
0.42 (0.05)
0.58 (0.05)
0.99 (0.05)
0.98 (0.02)
1.02 (0.08)
–

Table 2: The means and standard errors (in parentheses) of various performance measures
by different classification methods for model 2 based on 100 replications

500

200

FP.inter
–
–
–
–
–
11.26 (2.78)
2.16 (0.32)
35.26 (4.72)
–
–
–
–
17.44 (3.63)
0.78 (0.17)
25.48 (2.75)
–
–
–
–
55.69 (12.67)
0.23 (0.05)
10.96 (1.38)
–

p
50

FP.main
–
–
5.95 (0.93)
8.81 (1.06)
11.17 (1.49)
0.51 (0.14)
5.60 (0.82)
0.85 (0.18)
–
7.82 (1.87)
15.06 (3.37)
12.75 (2.22)
0.25 (0.06)
6.43 (1.24)
0.29 (0.07)
–
9.31 (1.99)
16.06 (3.02)
24.22 (5.04)
0.34 (0.09)
3.22 (1.09)
0.14 (0.06)
–

p
50

MR (%)
39.43 (0.15)
43.47 (0.10)
36.12 (0.26)
35.05 (0.22)
27.64 (0.22)
30.15 (0.44)
27.56 (0.27)
26.50 (0.28)
23.04 (0.09)
37.62 (0.34)
36.34 (0.30)
26.80 (0.21)
32.55 (0.53)
26.94 (0.31)
26.51 (0.20)
21.93 (0.08)
38.82 (0.33)
37.10 (0.29)
28.22 (0.41)
35.45 (0.64)
26.78 (0.31)
26.68 (0.27)
21.81 (0.09)

Table 3: The means and standard errors (in parentheses) of various performance measures
by different classification methods for model 3 based on 100 replications

Table 1: The means and standard errors (in parentheses) of various performance measures
by different classification methods for model 1 based on 100 replications

Method
LDA
QDA
PLR
DSDA
sQDA
PLR2
IIS-SQDA
DA-QDA
Oracle
PLR
DSDA
sQDA
PLR2
IIS-SQDA
DA-QDA
Oracle
PLR
DSDA
sQDA
PLR2
IIS-SQDA
DA-QDA
Oracle
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MR (%)
39.21 (0.20)
46.41 (0.17)
35.76 (0.26)
33.73 (0.25)
36.76 (0.27)
36.62 (0.39)
35.56 (0.29)
34.32 (0.53)
32.36 (0.25)
37.73 (0.34)
34.58 (0.35)
26.11 (0.27)
37.40 (0.44)
33.22 (0.28)
29.35 (0.41)
20.09 (0.27)
39.13 (0.33)
34.76 (0.25)
10.17 (0.16)
37.44 (0.52)
26.57 (0.23)
23.75 (0.49)
4.16 (0.08)

FP.main
–
–
6.08 (0.43)
8.08 (0.99)
9.37 (1.57)
1.04 (0.13)
8.77 (0.50)
0.52 (0.12)
–
9.68 (0.89)
10.87 (2.44)
18.35 (4.79)
0.32 (0.06)
19.87 (0.93)
0.10 (0.05)
–
14.39 (1.29)
9.44 (1.77)
22.32 (6.88)
0.16 (0.05)
19.14 (0.57)
4.03 (2.91)
–

FP.inter
–
–
–
–
–
45.83 (3.99)
14.85 (0.83)
39.76 (6.47)
–
–
–
–
66.44 (5.47)
6.16 (0.41)
164.24 (73.3)
–
–
–
–
90.78 (6.06)
62.00 (1.56)
507.92 (225.36)
–

FN.main
–
–
0.01 (0.01)
0.14 (0.04)
0.06 (0.02)
0.05 (0.02)
0 (0)
0.58 (0.08)
–
0.40 (0.03)
0.11 (0.03)
0.21 (0.04)
0.31 (0.06)
0 (0)
1.27 (0.07)
–
0.08 (0.03)
0.16 (0.04)
0.24 (0.05)
0.43 (0.06)
0 (0)
1.59 (0.06)
–

FN.inter
–
–
–
–
–
63.69 (0.39)
61.18 (0.26)
59.76 (0.64)
–
–
–
–
194.46 (0.35)
191.37 (0.10)
175.8 (0.96)
–
–
–
–
493.48 (0.41)
475.49 (0.20)
459.96 (1.96)
–

Table 5: The means and standard errors (in parentheses) of various performance measures
by different classification methods for model 5 based on 100 replications
p
50

200

500

Method
LDA
QDA
PLR
DSDA
sQDA
PLR2
IIS-SQDA
DA-QDA
Oracle
PLR
DSDA
sQDA
PLR2
IIS-SQDA
DA-QDA
Oracle
PLR
DSDA
sQDA
PLR2
IIS-SQDA
DA-QDA
Oracle

Model 6
49.86 (0.10)
0.00 (0.00)
49.97 (0.07)
49.89 (0.11)
48.14 (0.37)
18.17 (0.24)
19.90 (0.29)
12.58 (0.23)
0.00 (0.00)
50.08 (0.09)
49.96 (0.11)
50.48 (0.15)
38.76 (0.43)
45.59 (0.37)
31.45 (0.42)
0.00 (0.00)
49.90 (0.06)
50.22 (0.21)
50.17 (0.08)
46.32 (0.49)
49.33 (0.44)
39.67 (0.16)
0.00 (0.00)

Model 7
21.91 (0.37)
0.00 (0.00)
24.40 (0.38)
22.84 (0.39)
32.80 (0.69)
16.85 (0.25)
18.05 (0.25)
11.70 (0.28)
0.00 (0.00)
39.86 (0.39)
37.00 (0.28)
45.33 (0.45)
36.90 (0.48)
40.93 (0.44)
33.01 (0.50)
0.00 (0.00)
47.67 (0.26)
42.71 (0.14)
50.33 (0.11)
45.58 (0.46)
46.61 (0.39)
41.88 (0.48)
0.00 (0.00)

Model 9
32.41 (0.42)
0.00 (0.00)
40.24 (0.79)
34.31 (0.50)
35.27 (0.68)
7.28 (0.12)
7.49 (0.12)
4.22 (0.14)
0.00 (0.00)
49.83 (0.08)
48.33 (0.34)
48.49 (0.20)
7.25 (0.10)
8.50 (0.14)
4.07 (0.67)
0.00 (0.00)
50.13 (0.10)
46.70 (0.16
49.83 (0.12)
7.47 (0.06)
9.43 (0.13)
2.27 (0.07)
0.00 (0.00)
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Model 8
49.69 (0.10)
0.00 (0.00)
49.77 (0.12)
49.05 (0.23)
46.68 (0.35)
7.41 (0.14)
7.60 (0.13)
4.26 (0.14)
0.00 (0.00)
49.66 (0.16)
49.33 (0.18)
48.98 (0.26)
6.80 (0.13)
8.03 (0.11)
4.65 (0.88)
0.00 (0.00)
50.15 (0.09)
49.38 (0.09)
49.85 (0.12)
5.66 (0.12)
7.37 (0.15)
2.43 (0.12)
0.00 (0.00)

Table 6: The means and standard errors (in parentheses) of mis-classification rate (MR %)
for models 6, 7, 8, 9 based on 100 replications
p
50

200

500

Method
LDA
QDA
PLR
DSDA
sQDA
PLR2
IIS-SQDA
DA-QDA
Oracle
PLR
DSDA
sQDA
PLR2
IIS-SQDA
DA-QDA
Oracle
PLR
DSDA
sQDA
PLR2
IIS-SQDA
DA-QDA
Oracle
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in the simulation via 10-fold cross-validation. In particular, we randomly split the data into
ten parts, fit a model to the nine parts of the data, and report the misclassification error
on the part that is left out. The average misclassification errors and the standard errors
for various methods are in Table 7. Interestingly, LDA performs much better than QDA,
suggesting that if we stop the analysis here, we might simply have preferred to use the
linear classifier LDA. However, the story becomes different if sparse models are considered.
In particular, PLR, PLR2, IIS-SQDA and DA-QDA all outperform the non-sparse models
significantly with DA-QDA performing the best.

mean
16.44
18.84
30.33
17.89
19.11
29.59
17.56
17.33
18.13
25.53

standard error
0.45
0.50
0.72
0.60
0.56
1.57
0.71
0.48
0.83
0.27

Table 7: Misclassification rate (%) for the Quora answer data under 10-fold cross-validation
Method
DA-QDA
LDA
QDA
PLR
DSDA
sQDA
PLR2
IIS-SQDA
L-SVM
K-SVM

Gastrointestinal Lesions This dataset (P. Mesejo et al., 2016) contains the features
extracted from a database of colonoscopic videos showing three types of gastrointestinal
lesions, hyperplasic, adenoma and serrated adenoma. The original task is a multi-class classification problem, which is simplified to a binary classification task aiming at identifying
adenoma. The data set contains 152 samples (76 original samples each with two different
light conditions) and 768 features. We select the top 200 features with the largest absolute
values of the two sample t statistics and perform a 10-fold corss-validation. The average
misclassification errors and the standard errors are reported in Table 8. The data is predominated by the main effects as the logistic regression achieves the best with DA-QDA as
the runner-up.

JMLR 19(31):1-37, 2018

Pancreatic cancer RNA-seq data The dataset (Weinstein et al., 2013) is part of the
RNA-Seq (HiSeq) PANCAN data set and is a random extraction of gene expressions of
patients having different types of tumor: BRCA, KIRC, COAD, LUAD and PRAD. The
dataset contains 801 patients and 20531 genes. In this task, we aim to distinguish BRCA
against the other cancers. Similar to the previous study, we select 500 genes with the largest
absolute values of the two sample t statistics for further analysis. Since most methods
achieve 0 misclassification error in 10-fold cross-validation test, to increase the difficulty, we
randomly split the dataset in two equal subsets, train on one subset and test on the other.
We repeat this procedure 50 times to obtain the following Table 9. The L1 regularized
SVM achieves the smallest misclassification error among all the methods. Similar as the
previous dataset, the difference between cancers is dominated by main factors as the LDA

20

mean
33.33
—
—
30.67
53.33
40.00
39.33
40.00
44.00
46.67

standard error
0.00
—
—
2.04
0.00
0.00
0.67
1.02
1.85
0.00

(%) for Pancreatic cancer RNA-seq data
mean standard error
0.09
0.13
0.22
0.22
—
—
0.12
0.01
0.62
0.22
0.29
0.19
0.09
0.01
0.15
0.01
0.02
0.01
37.26
0.48
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Prostate cancer Taken from ftp://stat.ethz.ch/Manuscripts/dettling/prostate.
rda, this data contains genetic expression levels for N = 6033 genes of 102 individuals. The
first 50 are normal control subjects while the rest are prostate cancer patients. More details
of the data can be found in Singh et al. (2002), Dettling (2004) and Efron (2010). The goal
is to identify genes that are linked with prostate cancer and predict potential patients and
the difficulty of this task lies in the interactions among genes. The existence of interactions
can often complicate the analysis and produce unreliable inference if they are ignored. For
example, Figure 1 displays the pair of 118th and 182th gene. We can see the marginal
distributions of each gene does not differ too much between the patients and the normal
subjects (the middle and the right panels), suggesting that their main effects may not be
important for distinguishing the two classes. In the left panel of Figure 1, however, we
can identify some joint pattern that distinguishes the two groups. It can be seen that

Table 9: Misclassification rate
Method
DA-QDA
LDA
QDA
PLR
DSDA
sQDA
PLR2
IIS-SQDA
L-SVM
k-SVM

has already achieved a surprisingly low misclassification rate (0.22%). The dataset also
shows that DA-QDA can also perform well when the difference between the covariance
matrices is small.

Method
DA-QDA
LDA
QDA
PLR
DSDA
sQDA
PLR2
IIS-SQDA
L-SVM
k-SVM

Table 8: Misclassification rate (%) for gastrointestinal lesions under 10-fold cross-validation
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Method
DA-QDA
LDA
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DSDA
sQDA
PLR2
IIS-SQDA
L-SVM
k-SVM
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p = 200
mean std error
0.00
0.00
—
—
—
—
11.00
2.45
5.00
3.32
0.00
0.00
26.00
4.47
11.00
2.92
0.00
0.00
48.00
9.82
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p = 500
mean std error
1.00
1.00
—
—
—
—
16.00
2.92
11.00
2.92
2.00
2.00
43.00
3.39
18.00
2.74
1.00
1.00
63.00
2.55

Table 10: Misclassification rate (%) for the prostate cancer data under 10-fold crossvalidation

For this data, we follow the same method in Cai and Liu (2011), retaining only the top
200 or 500 genes with the largest absolute values of the two sample t statistics. The average
misclassification errors and the standard errors using 10-fold cross-validation for various
methods are reported in Table 10. Note that since p  n, LDA and QDA were excluded.
We can see again that DA-QDA is on par with L1 regularized SVM and outperforms all
the other methods by a large margin, regardless of the number of the genes that were used
for analysis.

Figure 1: The plot for the gene 118 and gene 182. Left: joint scatter plot; Middle: marginal
density of gene 118; Right: marginal density of gene 182.
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0
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most patients are allocated in the red triangle while most normal subjects are within the
blue triangle, indicating the existence of some interaction effect that might be useful for
classification.

Gene182

5. Conclusion

Direct Approach for Sparse QDA

We have proposed a novel method named DA-QDA for high-dimensional quadratic discriminant analysis. This is the first method aiming at directly estimating the quantities in
the QDA discriminant function. The proposed framework is simple, fast to implement and
enjoys excellent theoretical properties. We have demonstrated via extensive simulation and
four data analyses that DA-QDA performs competitively under various circumstances.
We conclude by identifying three directions for future research. First, though the discussion of the paper is focused on binary problems, we can extend DS-QDA to handle
multi-class problems as follows. When there are k ≥ 2 classes, we can apply the DA-QDA
approach to classes 1 and j, where j = 2, . . . , k, in a pairwise manner. For a new sample z,
denote the DA-QDA classifier between class 1 and class j as D̂j (z) and suppose Di (z) is the
smallest among {Dj (z), j = 2, . . . , k}. By Bayes’ rule, we can then classifier z into class i if
Di (z) > 0 and class 1 otherwise. Second, it is also interesting to see whether our theoretical
results are optimal and in what sense. Finally, the proposed framework is extremely flexible.
As a concrete example, if Ω is a two block sparse matrix after permutation as in Fan et al.
(2015b), we can change
Pp the penalty kΩk1 in (2) to one that encourages row sparsity, for
example to kΩk1,2 = j=1
kΩi,: k2 which is the sum of the `2 norms of the rows. It will be
interesting to see how well this procedure compares with IIS-SQDA in Fan et al. (2015b).
This topic is beyond the scope of the current paper and will be pursued elsewhere.
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Appendix A. Appendix A. Technical Lemmas and Proofs
A.1 Linear convergence of the ADMM algorithm
The following lemma establishes the linear convergence of our proposed ADMM algorithm
in solving (3).
Lemma 1 Given Σ̂1 , Σ̂2 and λ, suppose that the ADMM scheme in (4)-(6) generates a
solution sequence {Ωr , Ψr , Λr }. We have that {Ωr , Ψr } converges linearly to an optimal
solution of (3), and that kΩr − Ψr kF converges linearly to zero.
Proof Note that equation (3) is a special case of (1.1)
 of Hong and Luo
 (2017) with
 two
blocks: f (Ω, Ψ) = f1 (Ω) + f2 (Ψ) where, f1 (Ω) = 21 T r ΩT Σ̂1 ΩΣ̂2 − T r Ω(Σ̂1 − Σ̂2 ) and


f2 (Ψ) = λkΨk1 . Note that T r ΩT Σ̂1 ΩΣ̂2 = vec(Ω)T (Σ̂2 ⊗ Σ̂1 )vec(Ω). Let Σ̂2 ⊗ Σ̂1 =
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U T ΛU be the eigenvalue decomposition of the symmetric matrix Σ̂2 ⊗ Σ̂1 , and denote
2
A1 := U T Λ1/2 U . Let g1 (x) = xT x be a function defined on Rp 7→ R, and h1 (x) =
2
tr(x(Σ̂1 − Σ̂2 )), h2 = λ|x|1 be functions defined on Rp 7→ R. We then have f1 (Ω) =
g1 (A1 vec(Ω))+h1 (vec(Ω)) and f2 (Ψ) = h2 (vec(Ψ)). Clearly given Σ̂1 , Σ̂2 and λ, the gradient
23
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of g1 is uniformly Lipschitz continuous and h1 , h2 are both polyhedral. The lemma follows
immediately from Theorem 3.1 of Hong and Luo (2017).

A.2 Proofs of Theorem 1

We first introduce some technical lemmas and the proof of Theorem 1 will be given after
these lemmas.

Lemma 2 Suppose λmax (Σk ) < 0 < ∞ for k = 1, 2. There exist constants C0 , C1 , C2 > 0
depending on 0 only, such that for any |v| ≤ C0 ,

P (|σ̂kij − σkij | > v) ≤ C1 exp(−C2 (nk − 1)v 2 ) ≤ C1 exp(−C2 nv 2 ).

Proof Denote X = (X1 , . . . , Xn1 )T . Let Λ be an orthogonal matrix with the last row being
(n−1/2 , . . . , n−1/2 ) and define Z = (z1 , . . . , zn ) = ΛX. We then have z1 , . . . , zn−1 ∼ N (0, Σ)
and they areP
independent to each other. Note that n1 Σ̂1 = X T (Ip − 11T )X = Z T Λ(Ip −
T
11T )ΛT Z = n−1
i=1 zi zi . This together with Lemma A.3 of Bickel and Levina (2008) prove
Lemma 2.

1
.
3(d2 1 2 + Bd2 (1 + 2 ))

(10)

(9)

Remark. Denote σ 2 = max{σ1ii , σ2ii , i = 1, . . . , p}. From Lemma 1 of Ravikumar et
al. (2011) we can see that Lemma 2 is true for C1 = 4, C2 = [128(1 + 4σ 2 )2 σ 4 ]−1 and
v = 8(1 + 4σ 2 )σ 2 .

Lemma 3 Assume that,
BΓ,ΓT <

||R(∆Γ )||∞ ≤ 3||(∆Γ )S,S ||∞ ||(∆ΓT )S,S ||1,∞ BΓ BΓ2 T ,

−1
−1
−1
. We then have
(∆Γ )S,S ΓS,S
Let R(∆Γ ) = (ΓS,S + ∆Γ )−1 − ΓS,S
+ ΓS,S

and

(11)

(12)

||R(∆Γ )||1,∞ ≤ 3||(∆Γ )S,S ||1,∞ ||(∆ΓT )S,S ||1,∞ BΓ BΓ2 T .
Moreover, we also have

−1
−1
||Γ̂S,S
− ΓS,S
||∞ ≤ 3d2 (2 + 2B)2 BΓ BΓ2 T + (2 + 2B)BΓ2 ,

(13)
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−1
−1
||Γ̂S,S
− ΓS,S
||1,∞ ≤ 3d4 (2 + 2B)2 BΓ BΓ2 T + d2 (2 + 2B)BΓ2 .

Proof Note that

∆Γ = ∆2 ⊗ ∆1 + ∆2 ⊗ Σ1 + Σ2 ⊗ ∆1 .

24

≤ 3d2 (2 + 2B)2 BΓ BΓ2 T + (2 + 2B)BΓ2 .

2
≤ 3d2 (2 + 2B)2 BΓ BΓ2 T + ||(∆Γ )S,S ||∞ ||Γ−1
S,S ||1,∞

−1
−1
−1
||Γ̂−1
S,S − ΓS,S ||∞ ≤ ||R(∆Γ )||∞ + ||ΓS,S (∆Γ )S,S ΓS,S ||∞

max{||(∆Γ )S,S ||1,∞ , ||(∆ΓT )S,S ||1,∞ } ≤ d2 (2 + 2B),

min

Ω∈Rp×p ,ΩS c =0





1
T r ΩT Σ̂1 ΩΣ̂2 − T r Ω(Σ̂1 − Σ̂2 ) + λkΩk1 .
2


(15)

(14)

(17)

(16)

25
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{(Σ̂2 ⊗ Σ̂1 )vec(Ω̃) − vec(Σ̂1 − Σ̂2 ) + λvec(Z)}S = 0.

where Z = (Zij )1≤i,j≤p with Zij = 0 for (i, j) ∈ S c , Zij = sign(Ω̃ij ) for (i, j) ∈ S and
Ω̃ij 6= 0, Zij ∈ [−1, 1] for (i, j) ∈ S and Ω̃ij = 0. Therefore (16) is true for any (i, j) ∈ S.
Using the vector operator, (17) becomes

{Σ̂1 Ω̃Σ̂2 − (Σ̂1 − Σ̂2 ) + λZ}S = 0,

By taking the first derivative of (15) we obtain,

|Σ̂1 Ω̃Σ̂2 − (Σ̂1 − Σ̂2 )|i,j ≤ λ.

We prove Lemma 4 (i) by showing that Ω̂ = Ω̃. Due to the convexity of (3) in the main
paper, we only need to show that the derivative of (3) is zero at Ω̃. Equivalently, we need
to show that for any 1 ≤ i, j ≤ p we have,

Ω̃ =



Proof (i) Suppose Ω̃ is the solution of:

where Cα =
We have:
(i) vec(Ω̂)S = 0.
2
2
(ii) ||Ω̂ − Ω||∞ < 2λBΓ,ΓT + 9d2 BBΓ,Γ
T (3d BBΓ,ΓT + 1)(2B + 2λ).

αλ+2α−4
2Bαλ+αλ+2α .

≤ Cα α min{λ, 1}

2
3d2 BBΓ,ΓT [1 + (BΣ
+ 3d2 BBΓ,ΓT )(9d2 BBΓ,ΓT + 1)BΓ,ΓT ]

o
n
αλ
Lemma 4 Assume that (9) and the following assumptions hold: α > 0,  < min B, 2(2−α)
and

This proves (12). (13) can be proved similarly.

we have

and

||(∆Γ )S,S ||∞ ≤  + 2B,

2

Consequently by (9) we have ||Γ−1
S,S ||1,∞ ||(∆Γ )S,S ||1,∞ ≤ 1/3. (10) and (11) can then be
proved using the same arguments as in Appendix B of Ravikumar et al. (2011). Note that
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vec(Ω̃)S = Γ̂−1
S,S [vec(Σ̂1 − Σ̂2 )S − λvec(Z)S ].

(18)

(19)

(20)

= (1 − Cα )αλ.

26

≤ 2BCα αλ + 2[2 − (1 − Cα )α]

e∈S
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−1
−1
maxc 2B|Γ̂e,S Γ̂−1
S,S − Γe,S ΓS,S |1 + 2(1 + |Γ̂e,S Γ̂S,S |1 )

Consequently, maxe∈S c |Γ̂e,S Γ̂−1
S,S |1 ≤ Cα α min{λ, 1} + (1 − α) ≤ 1 − (1 − Cα )α, and

≤ Cα α min{λ, 1}.

2
≤ 3d2 BBΓ,ΓT [1 + (BΣ
+ 3d2 BBΓ,ΓT )(9d2 BBΓ,ΓT + 1)BΓ,ΓT ]

2
×[3d2 (2 + 2B)BΓ,ΓT + 1](2 + 2B)BΓ,Γ
T

2
≤ d2 (2 + 2B)BΓ,ΓT + d2 [BΣ
+ d2 (2 + 2B)]

−1
+|Γ̂e,S − Γe,S |1 ||Γ̂−1
S,S − ΓS,S ||1,∞

−1
−1
2
≤ |Γ̂e,S − Γe,S |1 ||Γ−1
S,S ||1,∞ + ||Γ̂S,S − ΓS,S ||1,∞ BΣ

−1
+|(Γ̂e,S − Γe,S )(Γ̂−1
S,S − ΓS,S )|1

−1
−1
≤ |(Γ̂e,S − Γe,S )Γ−1
S,S |1 + |Γe,S (Γ̂S,S − ΓS,S )|1

−1
|Γ̂e,S Γ̂−1
S,S − Γe,S ΓS,S |1

Next we finish this proof by showing that (20) is true under the assumptions of this
lemma.
By Lemma 3 we have for any e ∈ S c ,

−1
−1
maxe∈S c 2B|Γ̂e,S Γ̂−1
S,S − Γe,S ΓS,S |1 + 2(1 + |Γ̂e,S Γ̂S,S |1 ) ≤ (1 − Cα )αλ,
maxe∈S c |Γ̂e,S Γ̂−1
|
≤
1
−
(1
−
C
)α.
1
α
S,S

Consequently, (19) is true if

−1
−1
≤ 2B|Γ̂e,S Γ̂−1
S,S − Γe,S ΓS,S |1 + (1 + 2 + λ)|Γ̂e,S Γ̂S,S |1 + 1 + 2 .

−1
+|Γ̂e,S Γ̂−1
S,S vec(Σ̂1 − Σ̂2 − Σ1 + Σ2 )S | + ||∆1 − ∆2 ||∞ + λ|Γ̂e,S Γ̂S,S |1

−1
≤ |[Γ̂e,S Γ̂−1
S,S − Γe,S ΓS,S ]vec(Σ1 − Σ2 )S |

−Γe,S Γ−1
S,S vec(Σ1 − Σ2 )S − vec(∆1 − ∆2 )e |

= |Γ̂e,S Γ̂−1
S,S [vec(Σ̂1 − Σ̂2 )S − λvec(Z)S ]

|Γ̂e,S vec(Ω̃)S − Γe,S vec(Ω)S − vec(∆1 − ∆2 )e |

Here we have use the fact that Γe,S vec(Ω)S = vec(Σ1 − Σ2 )e . By (18) and the fact that
vec(Ω)S = Γ−1
S,S vec(Σ1 − Σ2 )S we have,

|Γ̂e,S vec(Ω̃)S − Γe,S vec(Ω)S − vec(∆1 − ∆2 )e | ≤ λ.

Note that the left hand side of (16) equals |Σ̂1 Ω̃Σ̂2 − Σ1 + Σ2 − (∆1 − ∆2 )|i,j . Using the
vector operator and the fact that Ω̃S c = 0, to show that (16) is true for any e ∈ S c , we only
need to show that

Equivalently we have
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−1
(ii) From (i) we have Ω̂ = Ω̃. By (18) and the fact that vec(Ω)S = ΓS,S
vec(Σ1 − Σ2 )S ,
we have

||Ω̂ − Ω||∞ = |vec(Ω̃) − vec(Ω)|∞
−1
−1
= |Γ̂S,S
[vec(Σ̂1 − Σ̂2 )S − λvec(Z)S ] − ΓS,S
vec(Σ1 − Σ2 )S |∞

−1
−1
≤ λ||Γ̂S,S
||1,∞ + |Γ̂S,S
vec(∆1 − ∆2 )S |∞

−1
−1
+|(Γ̂S,S
− ΓS,S
)vec(Σ1 − Σ2 )|∞

−1
−1
−1
≤ (λ + 2)||Γ̂S,S
||1,∞ + 2B||Γ̂S,S
− ΓS,S
||1,∞

−1
−1
−1
≤ (λ + 2)||ΓS,S
||1,∞ + (2B + λ + 2)||Γ̂S,S
− ΓS,S
||1,∞ .

By (13) and the assumption that 2 < αλ/(2 − α) < αλ < λ we immediately have
||Ω̂ − Ω||∞

≤ (λ + 2)BΓ + 3[d4 (2 + 2B)2 BΓ BΓ2 T + d2 (2 + 2B)BΓ2 ](2B + λ + 2)
2
2
< 2λBΓ,ΓT + 9d2 BBΓ,Γ
T (3d BBΓ,ΓT + 1)(2B + 2λ).

c log p + log C1
,
C2 n

→ 0 we can assume that the sample size n is

Proof of Theorem 1
From Lemma 2 we have that with probability greater than 1 − p2−c ,  ≤ {(c log p +
log C1 )/C2 n}1/2 . With some abuse of notations, we denote  = {(c log p + log C1 )/C2 n}1/2 .
Choose
r
log p
n

n
o
3(2 − α)(2B + 1) 2
2
λ = max 8α−1 ,
d BBΓ,ΓT [1 + 2(BΣ
+ 1/3)BΓ,ΓT ] ×
1−α
q

2 B2
for some c > 2 and since d2 B 2 BΣ
Γ,ΓT
large enough such that

−1
2
n > (c log p + log C1 ) × max{(C2 min(B 2 , 1))−1 , 81B 2 d4 BΓ,Γ
T C2 ,
2
2
2
9(C2 α)−1 B 2 BΓ,Γ
T [1 + 2(BΣ + 1/3)BΓ,ΓT ] }.



q
log p
2 B2
Clearly under the assumptions of Theorem 1 we have λ = O d2 B 2 BΣ
. We
n
Γ,ΓT
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Together with  < B

firstly verify that the assumptions in Lemmas 3 and 4 are true for the given λ, n and .
α
α
2 −1
(i) By noticing that 8
α < λ, 8 < 4(2−α) and n > (C2 B ) (c log p + log C1 ) we immediately have

1
.
9d2 B

n
o
n
αλ
αλ o
 < min B,
< min B,
.
4(2 − α)
2(2 − α)
2
(ii) n > 81B 2 d4 BΓ,Γ
T (c log p + log C1 )/C2 implies BΓ,ΓT <
from (i) we can see that Assumption (9) holds.
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(iii) Since  <
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we have

1
,
9d2 B

we have

αλ − 4
αλ − 2αλ/(2 − α)
1−α
>
=
.
2Bαλ + αλ
2Bαλ + αλ
(2 − α)(2B + 1)

αλ
2(2−α) ,

Cα >

Together with BΓ,ΓT <

2
3d2 BBΓ,ΓT [1 + (BΣ
+ 3d2 BBΓ,ΓT )(9d2 BBΓ,ΓT + 1)BΓ,ΓT ]

2
< 3d2 BB T [1 + 2(BΣ
+ 1/3)BΓ,ΓT ]
Γ,Γ
1−α
≤
λ
(2 − α)(2B + 1)
< Cα λ.

2
2
2
(14) is then true since n > 9(C2 α)−1 B 2 BΓ,Γ
T [1+2(BΣ +1/3)BΓ,ΓT ] (c log p+log C1 ) implies

2
3BBΓ,ΓT [1 + (BΣ
+ 3d2 BBΓ,ΓT )(9d2 BBΓ,ΓT + 1)BΓ,ΓT ] ≤ α.

(i), (ii) and (iii) and Lemma 4 imply that

2
2
||Ω̂ − Ω||∞ < 2λBΓ,ΓT + 9d2 BBΓ,Γ
T (3d BBΓ,ΓT + 1)(2B + 2λ)

≤ 2λBΓ,ΓT + 12d2 BB 2 T (2B + 2λ)
Γ,Γ
14
2
λBΓ,ΓT + 24d2 B 2 BΓ,Γ
T.
3

=

A.3 Proofs of Theorem 2

2d 
AΣ
δ
.
1 − AΣ dδ 

We first introduce some technical lemmas and the proof of Theorem 2 will be given after
these lemmas.

−1
−1
||1,∞ ≤
− ΣD,D
||Σ̂D,D

Lemma 5 Assume that AΣ dδ  < 1 we have

−1
||Σ̂D,D

−

−1
ΣD,D
||1,∞

−1
−1
≤ (AΣ + ||Σ̂D,D
− ΣD,D
||1,∞ )dδ AΣ .

−1
−1
≤ ||Σ̂D,D
||1,∞ ||Σ̂D,D − ΣD,D ||1,∞ ||ΣD,D
||1,∞

Proof This lemma can be easily proved using the following observation:

Lemma 6

JMLR 19(31):1-37, 2018

|γ̂ − γ|∞ ≤ 8µ + 2( + BΣ Ω A2 + dΩ A2 )|Ω(µ1 − µ2 )|1 + 2(B + )(A1 + dΩ )µ .
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ˆ µ − ∆µ |∞ + |(∆1 − ∆2 )Ω∆µ |∞ + |(Σ̂1 − Σ̂2 )(Ω̂ − Ω)∆µ |∞
|γ − γ̂|∞ ≤ 4|∆
ˆ µ − ∆µ )|∞ .
+|(Σ̂1 − Σ̂2 )Ω̂(∆

αδ λδ −(2−αδ )Kγ
αδ λδ (1+Aγ +Kγ )

δ̃ =

δ∈R

29

1 T
δ (Σ̂1 + Σ̂2 )δ − γ̂ T δ + λδ kδk1 ,
,δDc =0 2

min
p

JMLR 19(31):1-37, 2018

< 1 and C2δ = min{C2 , (2σ 2 )−1 } × min{B 2 , 1}.

(i) Suppose δ̃ is the solution of:

where 0 < Cδ =

C2−1 Cδ−2 αδ−2 d2δ (5AΣ + 2BΣ A2Σ )2 },

−1
n > (c log p + log C1 ) × max{C2δ
, 2C2−1 A2Σ d2δ , C2−1 (A2 + 1)2 d2 ,

o
8 3(2−α)(2B+1) 2
2 + 1 )B
2 2 2
where C3 = 14
d BBΓ,ΓT [1 + 2(BΣ
Γ,ΓT ] BΓ,ΓT + 24d B BΓ,ΓT ,
3 max α ,
1−α
3
and assume that n is large enough such that

n

λδ = max

n 2(2 − α )C

δ
[4 + (2 + BΣ A2 )|Ω(µ1 − µ2 )|1 + 2B(A1 + C3 )],
αδ
s
o c log p + log C
dδ (5AΣ + 2BΣ A2Σ )
1
× (C3 + 1)
,
Cδ αδ
C2δ n

Proof of Theorem 2 Using similar arguments as in Lemma 2, there exists a constant
C > 0 such that max{, µ } ≤ C {(c log p + log C1 )/C2δ n}1/2 . Similar to the proof of
Theorem 1, we choose

≤ 2(B + )(A1 + dΩ )µ .

ˆ µ − ∆µ )|∞ ≤ 2(B + )|Ω̂(∆
ˆ µ − ∆µ )|1
|(Σ̂1 − Σ̂2 )Ω̂(∆
ˆ µ − ∆µ |∞ + dΩ |∆
ˆ µ − ∆µ |∞ ]
≤ 2(B + )[||Ω||1,∞ |∆

≤ 2BΣ Ω |µ1 − µ2 |1 + 2dΩ |µ1 − µ2 |1 ;

|(Σ̂1 − Σ̂2 )(Ω̂ − Ω)∆µ |∞ ≤ ||(Σ1 − Σ2 )(Ω̂ − Ω)||∞ |∆µ |1 + ||(∆1 − ∆2 )(Ω̂ − Ω)||∞ |∆µ |1

|(∆1 − ∆2 )Ω∆µ |∞ ≤ 2|Ω(µ1 − µ2 )|1 ;

|µ1 − µ2 |1 ≤ ||(Ω−1 )·,D ||1,∞ |Ω(µ1 − µ2 )|1 = A2 |Ω(µ1 − µ2 )|1 ;

ˆ µ − ∆µ |∞ ≤ 2µ
|∆

Lemma 6 can then be proved using the following facts:

Proof
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{2Σ̂δ̃ − γ̂ + λδ Z}D = 0,

(21)

dδ (BΣ + dδ )A2Σ 
.
1 − AΣ dδ 

where

30

(22)
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Kγ = 2µ [4 + (2 + BΣ A2 )|Ω(µ1 − µ2 )|1 + 2B(A1 + C3 )],

|2Σ̂e,D δ̃D − γ̂e |




(B + dδ )A2Σ 
dδ (BΣ + dδ )A2Σ 
≤
AΣ +
Aγ dδ + 2 − αδ + dδ AΣ +
Kγ
1 − AΣ dδ 
1 − AΣ dδ 


dδ (BΣ + dδ )A2Σ 
+λδ 1 − αδ + dδ AΣ +
,
1 − AΣ dδ 

Combining (21), (22) and Lemma 6 we have:

≤ dδ AΣ +

−1
≤ dδ AΣ + dδ (B + )||Σ̂−1
D,D − ΣD,D ||1,∞

−1
+|Σ̂e,D − Σe,D |1 ||Σ̂−1
D,D − ΣD,D )||1,∞

−1
−1
≤ |Σ̂e,D − Σe,D |1 |Σ−1
D,D |1,∞ + |Σe,D |1 ||Σ̂D,D − ΣD,D ||1,∞

−1
−1
−1
−1
≤ |(Σ̂e,D − Σe,D )Σ−1
D,D |1 + |Σe,D (Σ̂D,D − ΣD,D )|1 + |(Σ̂e,D − Σe,D )(Σ̂D,D − ΣD,D )|1

−1
|Σ̂e,D Σ̂−1
D,D − Σe,D ΣD,D |1

For simplicity, in the following, inequalities will be derived without mentioning whether they
hold “with probability greater than 1 − p2−c ”. For example, since n > 2C2−1 A2Σ d2δ (c log p +
log C1 ), we have AΣ dδ  < 1/2 with probability greater than 1−p2−c and we shall repeatedly
use this inequality without mentioning it holds with probability greater than 1−p2−c . Since
−1
n > C2δ
(c log p + log C1 ), by (17) of Ravikumar et al. (2011) and Theorem 1, we also have
Ω ≤ (C3 + 1){(c log p + log C1 )/C2δ n}1/2 := 0 .
From Lemma 5 we have,

−1
|Σ̂e,D Σ̂−1
D,D |1 |(γ̂D − γD )|∞ + λδ |Σ̂e,D Σ̂D,D |1 + |γe − γ̂e |.

−1
≤ |(Σ̂e,D Σ̂−1
D,D − Σe,D ΣD,D )|1 |γD |∞ +

+λδ |Σ̂e,D Σ̂−1
D,D |1 + |γe − γ̂e |

−1
−1
≤ |(Σ̂e,D Σ̂−1
D,D − Σe,D ΣD,D )γD | + |Σ̂e,D Σ̂D,D (γ̂D − γD )|

|2Σ̂e,D δ̃D − γ̂e | = |Σ̂e,D Σ̂−1
D,D (γ̂D − λδ ZD ) − γ̂e |

where Z = (Z1 , . . . , Zp with Zi = 0 for i ∈ Dc , Zi = sign(δ̃) for i ∈ D and δ̃ 6= 0,
Zi ∈ [−1, 1] for i ∈ D and δ̃ = 0. Consequently, we have δ̃D = 21 Σ̂−1
D,D (γ̂D − λδ ZD ).
−1
Together with the fact that Σe,D Σ−1
γ
=
2Σ
Σ
Σ
δ
=
γ
,
we
have
e
e,D D,D D,D D
D,D D

)T

By the definition of δ̃ we have

|2Σ̂e,D δ̃D − γ̂e | ≤ λδ .

We first show that δ̂ = δ̃. It sufficies to show that for any e ∈ Dc ,
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αδ λδ −(2−αδ )Kγ
αδ λδ (1+Aγ +Kγ ) .

2
dδ (BΣ + dδ )AΣ
≤ Cδ αδ min{λδ , 1},
1 − AΣ dδ 

It can be seen that 0 < Cδ < 1. We then have

dδ AΣ +

(23)

and we have used the fact that  < B, dδ A2 < 1, d < 1 and hence 8µ + 2( + BΣ Ω A2 +
dΩ A2 )|Ω(µ1 − µ2 )|1 + 2(B + )(A1 + dΩ )µ < Kγ . Assume that

where Cδ =

= λδ .

|2Σ̂e,D δ̃D − γ̂e | ≤ λδ Aγ Cδ αδ + (2 − αδ )Kγ + Cδ αδ λδ Kγ + (1 − αδ + Cδ αδ )λδ

0 , we have

2
dδ (BΣ + dδ )AΣ
≤ λδ Cδ αδ .
1 − AΣ dδ 

Cδ αδ

2)
dδ (5AΣ +2BΣ AΣ

2
dδ (BΣ + dδ )AΣ
2
+
≤ dδ AΣ + 4dδ AΣ  + 2BΣ AΣ
dδ  ≤ Cδ αδ .
1 − AΣ dδ 

Next we complete the Proof of this part by showing that (23) holds.
2 )2 (c log p + log C ), we have
Since n > C2−1 Cδ−2 αδ−2 dδ2 (5AΣ + 2BΣ AΣ
1
dδ AΣ
On the other hand, since λδ ≥
dδ AΣ +
(ii) Use the fact that AΣ dδ  < 1/2 we have:
|δ̂D − δD |∞

1 −1
=
(γ̂D − λδ ZD ) − Σ−1 γD |
|Σ̂
D,D
2 D,D
−1
−1
−1
−1
|1,∞
(γ̂D − γD )|∞ + λδ |Σ̂D,D
)γ̂D |∞ + |ΣD,D
≤ |(Σ̂D,D
− ΣD,D
2d 
AΣ
δ
≤
(Aγ + |γ̂D − γD |∞ ) + AΣ |γ̂D − γD |∞
1 − AΣ dδ 

2d  
AΣ
δ
+λδ AΣ +
1 − AΣ dδ 


2d 
2d 
Aγ AΣ
AΣ
δ
δ
≤
+ Kγ
+ AΣ
1 − AΣ dδ 
1 − AΣ dδ 

2d  
AΣ
δ
+λδ AΣ +
1 − AΣ dδ 

2
≤ 2Aγ AΣ
dδ  + 2Kγ AΣ + 2λδ AΣ .

This theorem is proved by plugging in Kγ = 2µ [4+(2+BΣ A2 )|Ω(µ1 −µ2 )|1 +2B(A1 +C3 )].
A.4 Proofs of Theorem 3
Proof (i) With some abuse of notations we write d(z) = (z − µ)T Ω(z − µ) + δ T (z − µ) and
ˆ = (z − µ̂)T Ω̂(z − µ̂) + δ̂ T (z − µ̂).
d(z)
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ˆ + η > 0|z ∼ N (µ2 , Σ2 ))
Rn (1|2) = P (d(z)
ˆ
= P (d(z) + η > d(z) − d(z)|z
∼ N (µ2 , Σ2 )).
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r

log p
2 2 3 2
+ d02 AΣ
B BΣ BΓ,ΓT
n

r

r

r

log p
n

log p
n

!

!

.

.

(24)

P
Denote z = (z1 , . . . , zp )T . Note that z T (Ω − Ω̂)z ≤ ij |zi zj (Ω − Ω̂)ij |, by noticing that
E|zi zj | ≤ (Ezi2 + Ezj2 )/2 ≤ Cµ2 + CΣ , we have z T (Ω − Ω̂)z = Op (s||Ω − Ω̂||∞ ). Using a
similar argument for bounding |z T Ωµ − z Ω̂µ̂|, |µT Ωµ − µ̂T Ω̂µ̂|, (δ − δ̂)T z and δ T µ − δ̂ T µ̂ we
obtain,

2 2
sd02 B 2 BΣ
BΓ,ΓT

ˆ
|d(z) − d(z)|
= Op

Rn (1|2) − R(1|2)
Z d(z)−d(z)
ˆ
F2 (z)dz
0

2 2
sd02 B 2 BΣ
BΓ,ΓT

log p
2 2 3 2
B BΣ BΓ,ΓT
+ d02 AΣ
n

From Assumption 1 and (24) and the mean value theorem, we have:

=

= Op

"
p
log p) ≤ p 1 − Φ

1/2

CΣ

!#
√
C log p + Cµ

.

(i) is proved by noticing that the above equality is also true for Rn (2|1) − R(2|1).
(ii) Let Φ(·) be the cumulative distribution function of a standard normal random variable. We have any constant Cz > 0,
P (|z|∞ > Cz

"

Cz

√

CΣ

1/2

log p + Cµ

!#

≤ p2−c .

From Lemma 11 of Liu et al. (2009) we have when p is large enough, by choosing Cz >
p
2(c −
1/2
1)CΣ ,

p 1−Φ

r

!

.
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log p
log p
2 2 3 2
+ d02 AΣ
B BΣ BΓ,ΓT √
n
n

This together with Theorems 1 and 2 and the proof in (i), we have with probability greater
than 1 − 3p2−c ,

2 2
sd02 B 2 BΣ
BΓ,ΓT log p

ˆ
|d(z) − d(z)|
= Op

The rest of the proof is similar to that in the proof of (i).
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f1 (z)/f2 (z)>c−1
i

−η <D(z,η)<0

Z

π2 f2 (z)dz = π2

0

−η

Z
F2 (z)dz ≤ π2 uc η .

[π2 f2 (z) − π1 f1 (z)]dz.

≥

33

−η <D(z,η)<−η /2
2η exp(−c/2)π2 lc /4.

JMLR 19(31):1-37, 2018

By noticing that 1 − exp(−x/2) − x exp(−c/2)/2 is an increasing function in [0, c] we have
Z
R(d, η + η ) − R(d, η) ≥
[π2 f2 (z) − π1 f1 (z)]dz
− <D(z,η)<−η /2
Z η
≥
[1 − exp(−η /2)]π2 f2 (z)dz
− <D(z,η)<−η /2
Z η
≥
η exp(−c/2)π2 f2 (z)/2dz

R(d, η + η ) − R(d, η) ≤

We have

−η <D(z,η)<0

Proof Let’s consider 0 ≤ η ≤ c first. Note that
Z
R(d, η + η ) − R(d, η) =

Lemma 7 For any constant c > 0, we have for any −c ≤ η ≤ c, R(d, η + η ) − R(d, η) ≤
π2 uc |η | and R(d, η + η ) − R(d, η) ≥ 2η exp(−c/2)π2 lc /4.

We first introduce some technical lemmas and the proof of Theorem 4 will be given after
these lemmas.
For any constant c, define lc = min{ess inf z∈[−c,c] Fi (z), i = 1, 2}.

A.6 Proofs of Theorem 4

Therefore, R(d, e) is strictly monotone increasing on e ∈ [η, ∞). The second statement can
be similarly proved.

−1
c−1
1 <f1 (z)/f2 (z)<c2

Since e1 > e2 ≥ η, it can be easily shown that c1 > c2 ≥ π1 /π2 . Consequently we have
Z
[π1 f1 (z) − π2 f2 (z)]dz > 0.
R(d, e1 ) − R(d, e2 ) = −

f1 (z)/f2 (z)<c−1
i

1/2 exp{ 1 [e − 1 (µ − µ )T Ω(µ − µ )]}
Proof Suppose e1 > e2 ≥ η. Denote ci = |Σ1 Σ−1
1
2
1
2
2 |
2 i
4
for i = 1, 2. We have,
Z
Z
f2 (z)dz
f1 (z)dz + π2
R(d, ei ) = π1
D(z,ei )>0
D(z,e1 )<0
Z
Z
π2 f2 (z)dz.
π1 f1 (z)dz +
=

A.5 Proof of Proposition 2
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(25)

(26)
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Proof of Theorem 4
The result that η̂ → η can be obtained by Proposition 2, Lemma 9 and Theorem 5.7 of Van
der Vaart (2000). The second statement immediately follows from Theorem 3.

uniformly in e ∈ [−cη , cη ]. The lemma is then proved by Markov’s inequality and the uniˆ e).
form convergence of the bias (25) and the variance (26) of Rn (d,

ˆ e)) → 0,
V ar(Rn (d,

where the last step can be obtained using (24) and Lemma 8 and the o(1) term does not
depend on e. Since zi , zj are independent, we immediately have

= Cov(I{d(zi ) + e > 0}, I{d(zj ) + e > 0}) + o(1),

= Cov(I{dˆ−(i,j) (zi ) + e > 0}, I{dˆ−(i,j) (zj ) + e > 0}) + o(1)

ˆ i ) + e > 0}, I{d(z
ˆ j ) + e > 0})
Cov(I{d(z

and for any (i, j) ∈ {(k, l) : 1 ≤ k, l ≤ n1 + n2 , i 6= j},

ˆ i ) + e > 0}) ≤ 1 ,
V ar(I{d(z
4

uniformly in e ∈ [−cη , cη ]. Note that

ˆ e) − R(d, e) = ER(dˆ−i , e) + o(1) − R(d, e) → 0,
ERn (d,

Together with Lemma 8 we have

= o(1).

= EI{d(zi ) + e > 0} − EI{d(zi ) + e > 0} + o(1)

ˆ i ) + e > 0} − EI{dˆ−i (zi ) + e > 0}
EI{d(z

Proof Denote all the samples in the two classes as {zi , i = 1, . . . , n1 + n2 } and denote the
estimator obtained by leaving the ith sample out as dˆ−i . Similarly we use dˆ−(i,j) to denote
the estimator obtained by leaving the ith and jth samples out. From (24), we immediately
have that for any e ∈ [−cη , cη ],

ˆ e) → R(d, e) in probability uniLemma 9 Under the assumptions of Theorem 3, Rn (d,
formly in e ∈ [−cη , cη ].

ˆ e) − R(d, e) = Op (∆d uc )
Lemma 8 Suppose dˆ − d = Op (∆d ) with ∆d → 0, we have R(d,
uniformly in e ∈ [−cη , cη ].

Clearly 7 holds when c is set to be cη . Noted from the proof of Lemma 7 that the bounds do
not depend on η, we can claim that the bounds holds uniformly in η ∈ [−cη , cη ]. Similarly,
it can be shown that:

The lemma is then proved using a same argument as above for −c ≤ η < 0.
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Artificial neural networks have seen a dramatic resurgence in recent years, and have proven
to be a highly effective machine learning method in computer vision, natural language processing, and other challenging AI problems. Moreover, successfully training such networks
is routinely performed using simple and scalable gradient-based methods, in particular
stochastic gradient descent.
Despite this success, our theoretical understanding of the computational tractability
of such methods is quite limited, with most results being negative. For example, as discussed in Livni et al. (2014), learning even depth-2 networks in a formal PAC learning
framework is computationally hard in the worst case, and even if the algorithm is allowed
to return arbitrary predictors. As common in such worst-case results, these are proven
using rather artificial constructions, quite different than the real-world problems on which
neural networks are highly successful. In particular, since the PAC framework focuses on
distribution-free learning (where the distribution generating the examples is unknown and
rather arbitrary), the hardness results rely on carefully crafted distributions, which allows
one to relate the learning problem to (say) an NP-hard problem or breaking a cryptographic
system. However, what if we insist on “natural” distributions? Is it possible to show that
neural networks learning becomes computationally tractable? Can we show that they can

1. Introduction

Although neural networks are routinely and successfully trained in practice using simple
gradient-based methods, most existing theoretical results are negative, showing that learning such networks is difficult, in a worst-case sense over all data distributions. In this paper,
we take a more nuanced view, and consider whether specific assumptions on the “niceness”
of the input distribution, or “niceness” of the target function (e.g. in terms of smoothness,
non-degeneracy, incoherence, random choice of parameters etc.), are sufficient to guarantee
learnability using gradient-based methods. We provide evidence that neither class of assumptions alone is sufficient: On the one hand, for any member of a class of “nice” target
functions, there are difficult input distributions. On the other hand, we identify a family of
simple target functions, which are difficult to learn even if the input distribution is “nice”.
To prove our results, we develop some tools which may be of independent interest, such as
extending Fourier-based hardness techniques developed in the context of statistical queries
(Blum et al., 1994), from the Boolean cube to Euclidean space and to more general classes
of functions.
Keywords: neural networks, computational hardness, distributional assumptions, gradientbased methods
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• Hardness for “natural” input distributions. We show that target functions
of the form x 7→ ψ(w> x) for any periodic ψ are generally difficult to learn using

• Hardness for “natural” target functions. For each individual target function
coming from a simple class of small, shallow ReLU networks (even if its parameters are
chosen randomly or in some other oblivious way), we show that no algorithm invariant
to linear transformations can successfully learn it w.r.t. all input distributions in
polynomial time (this corresponds, for instance, to standard gradient-based methods
together with data whitening or preconditioning). This result is based on a reduction
from learning intersections of halfspaces. Although that problem is known to be hard
in the worst-case over both input distributions and target functions, we essentially
show that invariant algorithms as above do not “distinguish” between worst-case and
average-case: If one can learn a particular target function with such an algorithm,
then the algorithm can learn nearly all target functions in that class.

Empirical evidence seems to suggest that many pairs of input distributions and target
functions are computationally tractable to learn, using standard methods. However, how
do we characterize these pairs? Would appropriate assumptions on one of them be sufficient
to show learnability?
In this paper, we investigate these two components, and provide evidence that neither
one of them alone is generally enough to guarantee computationally tractable learning, at
least with methods resembling those used in practice. Specifically, we focus on simple, shallow ReLU networks, assume that the data can be perfectly predicted by some such network,
and even allow over-parametrization (a.k.a. over-specification or improper learning), in the
sense that we allow the learning algorithm to output a predictor which is possibly larger and
more complex than the target function (this technique increases the power of the learner,
and was shown to make the learning problem easier in theory and in practice, e.g. Livni
et al. 2014; Safran and Shamir 2016; Soudry and Carmon 2016). Even under such favorable
conditions, we show the following:

• The target function h(x): In PAC learning, it is assumed that the output y equals h(x),
where h is some unkown target function from the hypothesis class we are considering.
In studying neural networks, it is common to consider the class of all networks which
share some fixed architecture (e.g. feedforward networks of a given depth and width).
However, one may argue that the parameters of real-world networks (e.g. the weights
of each neuron) are not arbitrary, but exhibit various features such as non-degeneracy
or some “random like” appearance. Indeed, networks with a random structure have
been shown to be more amenable to analysis in various situations (see for instance
Daniely et al., 2016; Arora et al., 2014; Choromanska et al., 2015, and references
therein).

Editor: Amir Globerson

Abstract

• The input distribution p(x): “Natural” input distributions on Euclidean space tend
to have properties such as smoothness, non-degeneracy, incoherence etc.
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be learned using the standard heuristics employed in practice, such as stochastic gradient
descent?
To understand what a “natural” distribution refers to, we need to separate the distribution over examples (given as input-output pairs (x, y)) into two components:
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gradient-based methods, even if the input distribution is fixed and belongs to a very
broad class of smooth input distributions (including, for instance, Gaussians and
mixtures of Gaussians). Note that such functions can essentially be constructed by
simple shallow networks, and can be seen as an extension of generalized linear models
(see McCullagh and Nelder 1989 for a survey). Unlike the previous result, which relies
on a computational hardness assumption, the results here are geometric in nature, and
imply that the gradient of the objective function, nearly everywhere, contains virtually
no signal on the underlying target function. Therefore, any algorithm which relies on
gradient information cannot learn such functions. Interestingly, the difficulty here is
not in having a plethora of spurious local minima or saddle points—the associated
stochastic optimization problem may actually have no such critical points. Instead, the
objective function may exhibit properties such as flatness nearly everywhere, unless
one is already very close to the global optimum. This highlights a potential pitfall in
non-convex learning, which occurs already for a slight extension of generalized linear
models, and even for “nice” input distributions.
Together, these results indicate that in order to explain the practical success of neural
network learning with gradient-based methods, one would need to employ a careful combination of assumptions on both the input distribution and the target function, and that
results with even a “partially” distribution-free flavor (which are common, for instance, in
convex learning problems) may be difficult to attain here.
To prove our results, we develop some tools which may be of independent interest. In
particular, the techniques used to prove hardness of learning functions of the form x 7→
ψ(w> x) are based on Fourier analysis, and have some close connections to hardness results
on learning Boolean functions such as parities in the well-known framework of learning
from statistical queries (Kearns, 1998): In both cases, one essentially shows that the Fourier
transform of the target function has very small support, and hence does not “correlate” with
most functions, making it difficult to learn using certain methods. However, we consider a
more general and arguably more natural class of input distributions over Euclidean space,
rather than distributions on the Boolean cube. In a sense, we show that learning general
periodic functions over Euclidean space is difficult (at least with gradient-based methods),
for the same reasons that learning parities over the Boolean cube is difficult in the statistical
queries framework. This connection has recently been formalized and extended in Song et al.
(2017) (see discussion below).
1.1 Related Work

JMLR 19(32):1-29, 2018

Recent years have seen quite a few papers on the theory of neural network learning. Below,
we only briefly mention those most relevant to our paper.
In a very elegant work, Janzamin et al. (2015) have shown that a certain method based on
tensor decompositions allows one to provably learn simple neural networks by a combination
of assumptions on the input distribution and the target function. However, a drawback of
their method is that it requires rather precise knowledge of the input distribution and its
derivatives, which is rarely available in practice. In contrast, our focus is on algorithms
which do not utilize such knowledge. Other works which show computationally-efficient
3
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learnability of certain neural networks under sufficiently strong distributional assumptions
include Arora et al. (2014); Livni et al. (2014); Andoni et al. (2014); Zhang et al. (2015).
In the context of learning functions over the Boolean cube, it is known that even if we
restrict ourself to a particular input distribution (as long as it satisfies some mild conditions),
it is difficult to learn parity functions using statistical query algorithms (Kearns, 1998;
Blum et al., 1994), which also include gradient-based methods (Feldman et al., 2015). Since
parities can be implemented with small real-valued networks, this implies that for “most”
input distributions on the Boolean cube, there are neural networks which are unlikely to
be learnable with gradient-based methods. However, data provided to neural networks in
practice are not in the form of Boolean vectors, but rather vectors of floating-point numbers.
Moreover, some assumptions on the input distribution, such as smoothness and Gaussianity,
only make sense once we consider the support to be Euclidean space rather than the Boolean
cube. Perhaps these are enough to guarantee computational tractability? A contribution of
this paper is to show that this is not the case, and to formally demonstrate how phenomena
similar to the Boolean case also occurs in Euclidean space, using appropriate target functions
and distributions.
Related to the above, Song et al. (2017) recently showed that statistical query algorithms
indeed cannot learn certain neural networks, using target functions similar to those we
consider in Sec. 4, and for log-concave input distributions1 . In contrast, our result for such
target functions is specific to gradient-based methods, but applies to a different large family
of distributions, not necessarily log-concave. Furthermore, we note that the challenges in
fitting ridge functions x 7→ ψ(w> x) for certain ψ (when x is standard Gaussian and one
attempts to fit the target function using a function of the same form) was also studied in
Donoho and Johnstone (1989).
Finally, we note that Klivans and Kothari (2014) provides improper-learning hardness
results, which hold even for a standard Gaussian distribution on Euclidean space, and for
any algorithm. However, unlike our paper, their focus is on hardness of agnostic learning
(where the target function is arbitrary and does not have to correspond to a given class),
the results are specific to the standard Gaussian distribution, and the proofs are based on
a reduction from the Boolean case.
The paper is structured as follows: In Sec. 2, we formally present some notation and
concepts used throughout the paper. In Sec. 3, we provide our hardness results for natural
target functions, and in Sec. 4, we provide our hardness results for natural input distributions. All proofs are presented in Sec. 5.

2. Preliminaries

We generally let bold-faced letters denote vectors. Given a complex-valued
number z =
√
a + ib, we let z = a − ib denote its complex conjugate, and |z| = a2 + b2 denote its
modulus. Given a function f , we let ∇f denote its gradient and ∇2 f denote its Hessian
(assuming they exist).
Neural Networks. Our results focus on learning predictors which can be described by
simple and shallow (depth 2 or 3) neural networks. A standard feedforward neural network

JMLR 19(32):1-29, 2018

1. The arXiv technical report on which our paper is based was published in September 2016, whereas their
arXiv technical report was published in July 2017.
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PAC Learning. For the results of Sec. 3, we will rely on the following standard
definition of PAC learning with respect to Boolean functions: Given a hypothesis class H
of functions from {0, 1}d to {0, 1}, we say that a learning algorithm PAC-learns H if for
any  ∈ (0, 1), any distribution D over {0, 1}d , and any h? ∈ H, if the algorithm is given
oracle access to i.i.d. samples (x, h? (x)) where x is sampled according to D, then in time
poly(d, 1/), the algorithm returns a function f : {0, 1}d 7→ {0, 1} (which can be evaluated in
poly(d) time) such that Prx∼D (f (x) 6= h? (x)) ≤  with high probability (for our purposes,
it will be enough to consider any constant close to 1). Note that in the definition above,
we allow f not to belong to the hypothesis class H. This is often denoted as “improper”
learning, and allows the learning algorithm more power than in “proper” learning, where f
must be a member of H.

Gradient-Based Methods. Gradient-based methods are a class of optimization algorithms for solving problems of the form minw∈W F (w) (for some given function F and
assuming w is a vector in Euclidean space), based on computing ∇F (w) of approximations
of ∇F (w) at various points w. Perhaps the simplest such algorithm is gradient descent,
which initializes deterministically or randomly at some point w1 , and iteratively performs
updates of the form wt+1 = wt − ηt ∇F (wt ), where ηt > 0 is a step size parameter. In
the context of statistical supervised learning problems, we are usually interested in solving
problems of the form minw∈W Ex∼D [`(f (w, x), h(x))], where {x 7→ f (w, x) : w ∈ W} is
some class of predictors, h is a target function, and ` is some loss function. Since the distribution D is generally unknown, one cannot compute the gradient of this function w.r.t. w
directly, but can still compute approximations, e.g. by sampling one x at random and computing the gradient (or sub-gradient) of `(f (w, x), h(x)). The same
approach can be used
1 Pm
to solve empirical approximations of the above, i.e. minw∈W m
i=1 `(f (w, xi ), h(xi )) for
some data set {(xi , h(xi ))}m
i=1 . These are generally known as stochastic gradient methods,
and are one of the most popular and scalable machine learning methods in practice.

where Wi , bi , σi are parameter of the i-th layer. The number of layers k is denoted as the
depth of the network, and the maximal number of columns in Wi is denoted as the width of
the network. For simplicity, in this paper we focus on networks which output a real-valued
number, and measure our performance with respect to the squared loss (that is, given an
input-output example (x, y), where x is a vector and y ∈ R, the loss of a predictor p on the
example is (p(x) − y)2 ).

>
σk (Wk> σk−1 (Wk−1
. . . σ2 (W2> σ1 (W1> x + b1 ) + b2 ) . . . + bk−1 ) + bk ),

is composed of neurons, each of which computes the mapping x 7→ σ(w> x + b), where w, b
are parameters and σ is a scalar activation function, for example the popular ReLU function
[z]+ = max{0, z}. These neurons are arranged in parallel in layers, so the output of each
layer can be compactly represented as x 7→ σ(W > x + b), where W is a matrix (each column
corresponding to the parameter vector of one of the neurons), b is a vector, and σ applies
an activation function on the coordinates of W > x. In vanilla feedforward networks, such
layers are connected to each other, so given an input x, the output equals

Distribution-Specific Hardness of Learning Neural Networks

+

i=1

+

[0,1]
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2. Essentially, this is because the gradient of any function g(W > x) = g(hw1 , xi , . . . , hwk , xi) w.r.t. any wi
is proportional to x. Thus, if we multiply x by an orthogonal M , the gradient also gets multiplied by
M . Since M > M = I, the inner products of instances x and gradients remain the same. Therefore, by
induction, it can be shown that any algorithm which operates by incrementally updating some iterate
by linear combinations of gradients will be rotationally invariant.

For example, standard gradient and stochastic gradient descent methods for optimizing
W (possibly with coordinate-oblivious regularization, such as L2 regularization) can be
easily shown to be orthogonally-invariant2 . However, for our results we will need to make

Remark 2 The definition as stated refers to deterministic algorithms. For stochastic algorithms, we will understand orthogonal invariance to mean orthogonal invariance conditioned
on any realization of the algorithm’s random coin flips.

d
Definition 1 Let A be an algorithm which inputs a data set ({xi , yi })m
i=1 (where xi ∈ R )
and outputs a predictor x 7→ f (W > x) (for some function f and matrix W dependent on the
data set). We say that A is orthogonally-invariant, if for any orthogonal matrix M ∈ Rd×d ,
>
if we feed the algorithm with {M xi , yi }m
i=1 , the algorithm returns a predictor x 7→ f (WM x),
> M x = W > x for all x .
where f is the same as before and WM is such that WM
i
i
i

where [z][0,1] = min{1, max{0, z}} is the clipping operation on the interval [0, 1]. For the rest
of this section, we will use the latter formulation for convenience. Letting W = [w1 , . . . , wn ],
we can write such predictors as x 7→ h(W > x) for an appropriate fixed function h. Our goal
would be to show that individually for any such target function (regardless of how W is
chosen, as long as it has full column rank), and any polynomial-time learning algorithm
satisfying some conditions, there exists an input distribution on which it must fail.
We begin by noting that some algorithmic assumption is necessary to get such a targetfunction-specific result. Indeed, if we fix the target function in advance, we can always
“learn” by the following algorithm: return the target function, regardless of the training
data. To avoid such trivial scenarios, we will consider algorithms which exhibit certain
natural invariances to the coordinate system used. One very natural invariance is with
respect to orthogonal transformations: For example, if we rotate the input instances xi
in a fixed manner, then an orthogonally-invariant algorithm will return a predictor which
still makes the same predictions on those instances. Formally, this invariance is defined as
follows:

i=1

where [z]+ = max{0, z} is the ReLU function, which correspond to standard depth-3 ReLU
networks with 2n neurons in the first layer and 2 neurons in the second layer. Equivalently,
these functions can also be written as
" n
#
X
x 7→
,
[hwi , xi]+

i=1

In this section, we consider simple target functions parameterized by vectors w1 , . . . , wn ,
of the form
" n
#
" n
#
X
X
x 7→
−
[hwi , xi]+
[hwi , xi]+ − 1 ,

3. Natural Target Functions
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a somewhat stronger invariance assumption, namely invariance to general invertible linear
transformations of the data (not necessarily just orthogonal). This is formally defined as
follows:
Definition 3 An algorithm A is linearly-invariant, if it satisfies Definition 1 for any invertible matrix M ∈ Rd×d (rather than just orthogonal ones).
One well-known example of such an algorithm (which is also invariant to affine transformations) is the Newton method (Boyd and Vandenberghe, 2004). More relevant to our
purposes, linear invariance occurs whenever an orthogonally-invariant algorithm preconditions or “whitens” the data so that its covariance has a fixed structure (e.g. the identity
matrix, possibly after a dimensionality reduction if the data is rank-deficient). For example, even though gradient descent methods are not linearly invariant, they become so if we
precede them by such a preconditioning step. This is formalized in the following theorem:
m , computes the whitening matrix
Theorem 4 Let A be any algorithm which given {xi , yi }i=1
P = D−1 U > (where X = [x1 x2 . . . xm ], X = U DV > is a thin3 SVD decomposition of
m to an orthogonally-invariant algorithm, and given the output predictor
X), feeds {P xi , yi }i=1
x 7→ f (W > x), returns the predictor x 7→ f ((P > W )> x). Then A is linearly-invariant.

n
^

i=1

(hwi , xi ≥ bi )

It is easily verified that the covariance matrix of the transformed instances P x1 , . . . , P xm
is the r × r identity matrix (where r = Rank(X)), so this is indeed a whitening transform.
We note that whitening is a very common preprocessing heuristic, and even when not done
explicitly, scalable approximate whitening and preconditioning methods are very common
and widely recognized as useful for training neural networks (for example, Adagrad and
batch normalization, see Duchi et al. 2011 and Ioffe and Szegedy 2015).
To show our result, we rely on a reduction from a PAC-learning problem known to
be computationally hard, namely learning intersections of halfspaces. These are Boolean
predictors parameterized by w1 , . . . , wn ∈ Rd and b1 , . . . , bn ∈ R, which compute a mapping
of the form
x →

(where we let 1 correspond to ‘true’ and 0 to ‘false’). The problem of PAC-learning intersections of halfspaces over the Boolean cube (x ∈ {0, 1}d ) has been well-studied. In particular,
two known hardness results are the following:
• Klivans and Sherstov (2009) show that under a certain well-studied cryptographic
assumption (hardness of finding unique shortest vectors in a high-dimensional lattice),
no algorithm can PAC-learn intersection of nd = dδ halfspaces (where δ is any positive
constant), even if the coordinates of wi and bi are all integers, and maxi k(wi , bi )k ≤
poly(d).

JMLR 19(32):1-29, 2018

3. That is, if X is of size d × m, then U is of size d × Rank(X), D is of size Rank(X) × Rank(X), and V is
of size m × Rank(X).
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• Daniely and Shalev-Shwartz (2016) show that under an assumption related to the
hardness of refuting random K-SAT formulas, no algorithm can PAC-learn intersections of nd = ω(log(d)) halfspaces (as d → ∞), even if the coordinates of wi and bi
are all integers, and maxi k(wi , bi )k = O(d).

In the theorem below, we will use the result of Daniely and Shalev-Shwartz (2016), which
applies to an intersection of a smaller number of halfspaces, and with smaller norms. However, similar results can be shown using Klivans and Sherstov (2009), at the cost of worse
polynomial dependencies on d.
The main result of this section is the following:
Pnd
?
i=1 [hwi , xi]+ ][0,1] (where the columns of

Theorem 5 Consider any network h(W?> x) = [
W? are w1? . . . wn? ), which satisfies the following:

• nd = ω(log(d)) as d → ∞
• maxi kwi? k = O(d)

• w1? . . . wn? are linearly independent, so the smallest singular value smin (W? ) of W? is
strictly positive.

Then under the assumption stated in Daniely and Shalev-Shwartz (2016), there is no linearlyfor any  > 0 and any distribution D over vectors of norm
access to samples (x, h(W?> x)) where x ∼ D, runs in time
invariant
algorithm which
√
O(d dnd )
min{1,smin (W? )} , given only

poly(d, 1/) and returns with high probability a predictor x 7→ f (W > x) such that

2 
f (W > x) − h(W?> x)
≤ .

Ex∼D

JMLR 19(32):1-29, 2018

Note that the result holds even if the returned predictor f (W > x) has a different structure
than h(W?> x), and W is of a larger size than W? . Thus, it applies even if the algorithm
implements over-parametrization and attempts to train a network larger than h(W?> x).
The proof (which is provided in Sec. 5) can be sketched as follows: First, the hardness
assumption for learning intersection of halfspaces is shown to imply hardness of learning networks x 7→ h(W > x) as described above (and even if W has linearly independent
columns—a restriction which will be important later). However, this only implies that no
algorithm can learn x 7→ h(W > x) for all W and all input distributions D. In contrast, we
want to show that learning would be difficult even for some fixed W? . To do so, we show
that if an algorithm is linearly invariant, then the ability to learn with respect to some W
and all distributions D means that we can learn with respect to all W and all D. Roughly
speaking, we argue that for linearly-invariant algorithms, “average-case” and “worst-case”
hardness are the same here. Intuitively, this is because given some arbitrary W, D, we can
create a different input distribution D̃, so that W, D̃ “look like” W? , D under some linear
transformation (see Figure 1 for an illustration). Therefore, a linearly-invariant algorithm
which succeeds on one will also succeed on the other.
A bit more formally, let us fix some W? (with linearly independent columns), and suppose
we have a linearly-invariant algorithm which can successfully learn x 7→ h(W?> x) with
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In this section, we consider the difficulty of gradient-based methods to learn certain target
functions, even with respect to smooth, well-behaved distributions over Rd . Specifically,
we will consider functions of the form x 7→ ψ(w?> x), where w? is a vector of bounded
norm and ψ is a periodic function. Note that if ψ is continuous and piecewise linear, then
ψ(w?> x) can be implemented by a depth-2 neural ReLU network on any bounded subset

4. Natural Input Distributions

Since the algorithm is linearly-invariant, it can be shown that this implies successful learning
from (x, h(W > x)) where x ∼ D, as required.
In the sketch above, we have ignored some technical issues. For example, we need to
be careful that M has a bounded spectral norm, so that it induces a linear transformation
which does not distort norms by too much (as all our arguments apply for input distributions
supported on a bounded domain). A second issue is that if we apply a linearly-invariant
algorithm on a data set transformed by M , then the invariance is only with respect to the
data, not necessarily with respect to new instances x sampled from the same distribution
(and this restriction is necessary for results such as Thm. 4 to hold without further assumptions). However, it can be shown that if the data set is large enough, invariance will still
occur with high probability over the sampling of x, which is sufficient for our purposes.

(x, h(W?> x)) , x ∼ D̃ ⇐⇒ (M x, h(W?> (M x))) , x ∼ D ⇐⇒ (M x, h(W > x)) , x ∼ D.

respect to any input distribution. Let W, D be some other matrix and distribution with
respect to which we wish to learn (where W has full column rank and is of the same size
as W? ). Then it can be shown that there is an invertible matrix M such that W = M > W? .
Since the algorithm successfully learns x 7→ h(W?> x) with respect to any input distribution,
it would also successfully learn if we use the input distribution D̃ defined by sampling
x ∼ D and returning M x. This means that the algorithm would succesfully learn from
data distributed as

Figure 1: Correspondence between W? , D (left figure) and W, D̃ (right figure). Arrows correspond to columns of W? and W , and dots correspond to the support of D and
D̃. D̃ is constructed so that the same linear transformation mapping W? to W
also maps D to D̃.
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In this section, we study the geometry of this objective function, and show that under
mild conditions on f , and assuming the norm of w? is reasonably large, the gradient of
the objective function with respect to w is almost independent of w? , in the following
sense: If we fix any w and choose w? uniformly at random, the gradient will be extremely
concentrated around a fixed value which is independent of w? (e.g. exponentially small in
kw? k2 for a Gaussian or a mixture of Gaussians). Therefore, assuming kw? k is reasonably
large, any standard gradient-based method will follow a trajectory nearly independent of
w? . In fact, in practice we do not even have access to exact gradients of Eq. (1), but only to
noisy and biased versions of it (e.g. if we perform stochastic gradient descent, and certainly
if we use finite-precision computations). In that case, the noise will completely obliterate
the exponentially small signal about w? in the gradients, and will make the trajectory
essentially independent of w? . As a result, assuming ψ and the distribution is such that
the function ψ(w?> x) is sensitive to the direction of w? , it follows that these methods will
fail to optimize Eq. (1) successfully. Finally, we note that in practice, it is common to solve
not Eq. (1) directly, but rather its empirical approximation with respect to some fixed finite
training set. Still, by concentration of measure, this empirical objective would converge to
the one in Eq. (1) given enough data, so the same issues will occur.
An important feature of our results is that they make virtually no structural assumptions
on the predictors x 7→ f (v, x). In particular, they can represent arbitrary classes of neural
networks (as well as other predictor classes). Thus, our results imply that target functions of
the form x 7→ ψ(w?> x), where ψ is periodic, would be difficult to learn using gradient-based
methods, even if we allow improper learning and consider predictor classes of a different
structure.
To explain how such results are attained, let us study a concrete special case (not necessarily in the context of neural networks). Consider the target function x 7→ cos(2πw?> x),

v:v∈V

Consider a target function of the form x 7→ ψ(w?> x), and an input distribution with density
function ϕ2 (·), where ϕ is some non-negative function (we consider the density as the square
of some function in order to simplify notation later on). Suppose we attempt to learn this
target function (with respect to the squared loss) using some hypothesis class, which can
be parameterized by a bounded-norm vector v in some subset V of an Euclidean space
(not necessarily of the same dimensionality as w? ), so each predictor in the class can be
written as x 7→ f (v, x) for some fixed mapping f . Thus, our goal is essentially to solve the
stochastic optimization problem

2 
min Ex∼ϕ2 f (v, x) − ψ(w?> x)
.
(1)

4.1 Informal Description of Results and Techniques

of the domain. More generally, any continuous periodic function can be approximated
arbitrarily well by such networks.
Our formal results rely on Fourier analysis and are a bit technical. Hence, we precede
them with an informal description, outlining the main ideas and techniques, and presenting
a specific case study which may be of independent interest (Subsection 4.1). The formal
results are presented in Subsection 4.2.

Shamir
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Figure 2: Graphical depiction of the objective function in Eq. (2), in 2 dimensions and
where w? = (2, 2).

and the hypothesis class (parameterized by w) of functions x 7→ cos(2πw> x). Thus, Eq. (1)
takes the form

2 
cos(2πw> x) − cos(2πw?> x
.
(2)
w

min Ex∼ϕ2

ϕ2 (x)dx = kcosw ·ϕ − cosw? ·ϕk2 ,

Furthermore, suppose the input distribution ϕ2 is a standard Gaussian on Rd . In two
dimensions and for w? = (2, 2), the objective function in Eq. (1) turns out to have the
form illustrated in Figure 2. This objective function has only three critical points: A
global maximum at 0, and two global minima at w? and −w? . Nevertheless, it would be
difficult to optimize using gradient-based methods, since it is extremely flat everywhere
except close to the critical points. As we will see shortly, the same phenomenon occurs in
higher dimensions. In high dimensions, if the direction of w? is chosen randomly, we will
be overwhelmingly likely to initialize far from the global minima, and hence will start in a
flat plateau in which most gradient-based methods will stall4 .
We now turn to explain why Eq. (2) has the form shown in Figure 2. This will also help
to illustrate our proof techniques, which apply much more generally. The main idea is to
analyze the Fourier transform of Eq. (2). Letting cosw denote the function x 7→ cos(2πw> x),
we can write Eq. (2) as
Z 
2
cos(2πw> x) − cos(2πw?> x

where k·k is the standard norm over the space L2 (Rd ) of square integrable functions. By
standard properties of the Fourier transform (as described in Sec. 2), this squared norm

JMLR 19(32):1-29, 2018

4. Although there are techniques to overcome flatness (e.g. by normalizing the gradient, see Nesterov 1984;
Hazan et al. 2015), in our case the normalization factor will be huge and require extremely precise
gradient information, which as discussed earlier, is unrealistic here.
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of a function equals the squared norm of the function’s Fourier transform, which equals in
turn
2
2
cos
\
\
= c[
osw ∗ ϕ̂ − c\
osw? ∗ ϕ̂ .
w ·ϕ − cos
w ·ϕ

1
4

ξ

c[
osw (ξ) can be shown to equal 21 (δ(ξ − w) + δ(ξ + w)), where δ(·) Ris Dirac’s delta function
(a “generalized” function which satisfies δ(z) = 0 for all z 6= 0, and δ(z)dz = 1). Plugging
this into the above and simplifying, we get
1
kϕ̂(· − w) + ϕ̂(· + w) − ϕ̂(· − w? ) − ϕ̂(· + w? )k2
4
Z
|ϕ̂(ξ − w) + ϕ̂(ξ + w) − ϕ̂(ξ − w? ) − ϕ̂(ξ + w? )|2 dξ,
(3)

=

where ϕ̂(· − w) stands for the function x 7→ ϕ̂(x − w), etc. If ϕ2 is a standard Gaussian,
2
ϕ̂(ξ) can be shown to equal the Gaussian-like function (4π)d/2 a−kξk where a = exp(4π 2 ).
Plugging back, the expression above is proportional to
Z 
 
2
2
2
? 2
? 2
a−kξ−wk + a−kξ+wk − a−kξ−w k + a−kξ+w k
dξ.
(4)

ξ

The expression in each inner parenthesis can be viewed as a mixture of two Gaussian-like
functions, with centers at w, −w (or w? , −w? ). Thus, if w is far from w? , these two
mixtures will have nearly disjoint support, and Eq. (4) will have nearly the same value
regardless of w—in other words, it is very flat. Since this equation is nothing more than
a re-formulation of the original objective function in Eq. (2) (up to a constant), we get a
similar behavior for Eq. (2) as well.
This behavior extends, however, much more generally than the specific objective in
Eq. (2). First of all, we can replace the standard Gaussian distribution ϕ2 by any distribution such that ϕ̂ has a localized support. This would still imply that Eq. (3) refers
to the difference of two functions with nearly disjoint support, and the same flatness phenomenon will occur. Second, we can replace the cos function by any periodic function ψ. By
properties of the Fourier transform of periodic functions, we still get localized functions in
the Fourier domain (more precisely, the Fourier transform will be localized around integer
multiples of w, up to scaling). Finally, instead of considering hypothesis classes of predictors x 7→ ψ(w> x) similar to the target function, we can consider quite arbitrary mappings
x 7→ f (w, x). Even though this function may no longer be localized in the Fourier domain,
it is enough that only the target function x 7→ ψ(w?> x) will be localized: That implies that
regardless how f looks like, under a random choice of w? , only a minuscule portion of the
L2 mass of f overlaps with the target function, hence getting sufficient signal on w? will be
difficult.
As mentioned in the introduction, these techniques and observations are closely related
to hardness results in the statistical queries literature, and can indeed be applied to that
framework as shown recently in Song et al. (2017).
4.2 Formal Results

JMLR 19(32):1-29, 2018

We now turn to provide a more formal statement of our results. The distributions we
will consider consist of arbitrary mixtures of densities, whose square roots have Fourier
transforms with rapidly decaying tails. More precisely, we have the following definition:

12

≤ Gv for some Gv .

13

5. More generally, our analysis is applicable to any separable Hilbert space.

• At some fixed v, Ex∼ϕ2

2
∂
∂v f (v, x)

JMLR 19(32):1-29, 2018

• ϕ2 is P
a density function on Rd , which can be written as a (possibly infinite) mixture
2
ϕ = i αi ϕ2i , where each ϕ2i is (r) Fourier-concentrated.

• ψ : R → [−1, +1] is a periodic function of period 1, which has bounded variation on
every finite interval.

Theorem 7 Suppose that

Assuming that F is differentiable w.r.t. w, any gradient-based method to solve this problem
proceeds by computing (or approximating) ∇Fw? (v) at various points v. However, the
following theorem shows that at any v, and regardless of the type of predictor or network
one is attempting to train, the gradient at v is virtually independent of the underlying
target function, and hence provides very little signal:

v∈V

A canonical example is Gaussian distributions: Given a (non-degenerate, zero-mean)
Gaussian density function ϕ2 with covariance matrix Σ, its square root ϕ is proportional to a
Gaussian with covariance 2Σ, and its Fourier transform ϕ̂ is well-known to be proportional to
a Gaussian with covariance (2Σ)−1 . By standard Gaussian concentration results, it follows
that ϕ2 is Fourier-concentrated with (r) = exp(−Ω(λmin r2 )) where λmin is the minimal
eigenvalue of Σ. A similar bound can be shown when the Gaussian has some arbitrary
mean. More generally, it is well-known that smooth functions (differentiable to sufficiently
high order with integrable derivatives) have Fourier transforms with rapidly decaying tails.
For example, if we consider the broad class of Schwartz functions (characterized by having
values and all derivatives decaying faster than polynomially in r), then the Fourier transform
of any such function is also a Schwartz function, which implies super-polynomial decay of
(r) (see for instance Hunter and Nachtergaele 2001, Chapter 11 and Proposition 11.25).
We now formally state our main result for this section. We consider any predictor of the
form x 7→ f (v, x), where f is some fixed function and v is a parameter vector coming from
some domain V, which we will assume w.l.o.g. to be a subset of some Euclidean space5 (for
example, f can represent a network of a given architecture, with weights specified by v).
When learning f based on data coming from an underlying distribution, we are essentially
attempting to solve the optimization problem

2 
min Fw? (v) := Ex∼ϕ2 f (v, x) − ψ(w?> x)
.

where 1≥r is the indicator function of {x : kxk ≥ r}.

v∈V

14

n=1

Theorem 10 Assume the conditions of Thm. 7, and let
v
!
u
∞
X
u
3
ε=t
c2 (sup Gv ) exp(−c3 d) +
(nr)
JMLR 19(32):1-29, 2018

In our case, we will be interested in ε such that ε3 is on the order of the bound in Thm. 7.
Since the bound is extremely small for moderate d, r (say, smaller than machine precision),
our definition of approximate gradient-based methods are a realistic model of gradientbased methods on finite-precision machines, even if one attempts to compute the gradients
accurately. The following theorem implies that if the number of iterations is not extremely
large (on the order of 1/ε, e.g. exp(Ω(min{d, r2 }) iterations for Gaussian mixtures), then
with high probability, an approximate gradient-based method will return the same predictor
independent of w? . However, since the objective function Fw? is generally highly sensitive
to the choice of w? , this means that no such method can train a reasonable predictor.

Definition 9 (Approximate Gradient-Based Method) Given a domain V, we say that
an algorithm A is a T -iterations, ε-approximate gradient-based method, if there exists
some (deterministic or randomized) v1 ∈ V and (deterministic or randomized) functions
T −1
{fi : V i → V}i=1
, such that for any function F on V, the output vT ∈ V of A given F can
be written recursively as vt+1 = ft (OF, (v1 ), . . . , OF, (vt )) for some approximate gradient
oracle OF, .

Definition 8 (Approximate Gradient Oracle) OF, is an ε-approximate gradient oracle w.r.t. the function F on a domain V, if given any input v ∈ V, it returns a fixed vector
g such that |∇F (v) − g| ≤ ε.

Note that bounded variation is weaker than, say, Lipschitz continuity. Also, we note that
the mixture assumption is used in a rather limited sense: most of the proof is devoted to
establishing the bound w.r.t. Fourier-concentrated densities, and the result is then extended
to mixtures by Jensen’s inequality (see the proof for details).
Assuming (r) decays rapidly with r—say, exponentially in r2 as is the case for a mixture
of Gaussians—we get that the bound in the theorem is on the order of exp(−Ω(min{d, r2 })).
Overall, the theorem implies that if r, d are moderately large, the gradient of Fw? at any
point v is extremely concentrated around a fixed value, independent of w? . This implies
that gradient-based methods, which attempt to optimize Fw? via gradient information, are
unlikely to succeed.
One way to formalize this argument is to consider any iterative algorithm (possibly
randomized), which relies on an ε-approximate gradient oracle to optimize Fw? : At every iteration t, the algorithm chooses a point vt ∈ V, and receives a vector gt such that
|∇Fw? (vt ) − gt | ≤ ε. More formally, we can define such oracles and algorithms as follows:

n=1

Then for some universal positive constants c1 , c2 , c3 , if d ≥ c1 , and if w? ∈ Rd is a vector
of norm 2r chosen uniformly at random, then
!
∞
X
(nr) .
Varw? (∇Fw? (v)) := Ew? k∇Fw? (v) − Ew? [∇Fw? (v)]k2 ≤ c2 Gv exp(−c3 d) +

Definition 6 Let (r) be some function from [0, ∞) to [0, 1]. A function ϕ2 : Rd → R is
(r) Fourier-concentrated if its square root ϕ belongs to L2 (Rd ), and satisfies

kϕ̂ · 1≥r k ≤ kϕ̂k (r),
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[0,1]

i=1

wi , x

bi ]+

[0,1]

= ¬

i=1

nd
^

i=1



!

wi , x

wi , x0 ≥ bi

.
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[h(−wi , bi ), xi]+
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i=1

wi , x0 < bi
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Proof Suppose for the sake of contradiction that there exists an algorithm A which succeeds
for any W as stated above. We will describe how to use A to get an algorithm which succeeds
for any W as described in Thm. 11, hence reaching a contradiction.
Specifically, suppose we have access to samples (x, h(W > x)), where x is supported on
{0, 1}d , and where W is any matrix as described in Thm. 11. We do the following: We

Proposition 12 Thm. 11 holds even if we restrict w1 , . . . , wnd to be linearly independent,
with smin (W ) ≥ 1.

= E [1 (f (x) > 1/2 ∧ g(x) = 1)] + E [1 (f (x) ≤ 1/2 ∧ g(x) = 0)]
h
i
h
i
≤ E 4 ((1 − f (x)) − g(x))2 + E 4 ((1 − f (x)) − g(x))2
h
i
≤ 8 · E ((1 − f (x)) − g(x))2 ≤ 8.

In particular, if we consider the Boolean function f˜(x) = 1 − rnd(f (x)), where rnd(z) = 0
if z ≤ 1/2 and rnd(z) = 1 if z > 1/2, we argue that Prx (f˜(x) 6= 1 − h(W > x)) ≤ 8. Since 
is arbitrary, and 1 − h(W > x) specifies an intersection of halfspaces, this would contradict
the hardness result of Daniely and Shalev-Shwartz (2016), and therefore prove the theorem.
This argument follows from the following chain of inequalities, where 1 denotes the indicator
function:


Pr f˜(x)) 6= g(x) = Pr(f (x) > 1/2 ∧ g(x) = 1) + Pr(f (x) ≤ 1/2 ∧ g(x) = 0)


2
Ex (1 − f (x)) − (1 − h(W > x)) ≤ .

Therefore, for any distribution over examples labelled by an intersection of halfspaces
x 7→ 1 − h(W > x) (with integer-valued coordinates and bounded norms), by feeding A
m , the algorithm returns a function f , such that with high probability,
with {xi , 1 − yi }i=1
2
Ex f (x) − h(W > x) ≤ , and therefore

i=1

nd
_

be the cube root of the bound specified there (uniformly over all v ∈ V). Then there exist
a choice of approximate gradient oracles {OFw∗ ,ε : kw∗ k = 2r}, such that the following
holds for any p ∈ (0, 1) and any bp/εc-iterations, ε-approximate gradient-based method A:
Conditioned on an event which holds with probability 1 − p over the random choice of w? ,
the distribution of the output of A given Fw∗ is fixed independent of w∗ .

2 
f (x) − h(W > x)
≤ .

=

In particular, let us focus on distributions D supported on {0, 1}d−1 ×{1}. For these distributions, we argue that any intersection of halfspaces on Rd−1 specified by w1 , . . . , wnd ∈
Rd−1 with integer coordinates, and integer b1 , . . . , bn , can be specified as x 7→ 1 − h(W > x)
for some function h as described in the theorem statement. To see this, note that for
any wi , bi and x = (x0 , 1) in the support of D, [h(−wi , bi ), xi]+ = [− hwi , x0 i + bi ]+ is a
non-negative integer, hence
#
#
"
"
nd
nd
nd
_
X
X

0
0
=
−
+ bi > 0
=
[−
+

5. Proofs
5.1 Proof of Thm. 4
Let PM denote the whitening matrix employed if we transform the instances X by some
invertible d × d matrix M (that is, X becomes M X), and P the whitening matrix employed
for the original data.
Using the same notation as in the theorem, it is easily verified that P X = V > , and
> , where U D V > is an SVD decomposition of the matrix M X. Since both
PM M X = VM
M M M
> are Rank(X)×m matrices with rows consisting of orthonormal vectors, they are
V > and VM
related by an orthogonal transformation (i.e. there is an orthogonal matrix RM such that
> ). Therefore, R P X = P M X. Since the data is fed to an orthogonallyRM V > = VM
M
M
> P M X = W > P X. This in turn implies
invariant algorithm, its output WM satisfies WM
M
>
>
>
>
> V > . Multiplying both sides on the
WM
R
=
W
M P X = W P X, and hence WM RM V
>W
right by V and taking a transpose, we get that RM
M = W , and hence WM = RM W . In
words, W and WM are the same up to an orthogonal transformation RM depending on M .
Therefore,
>
>
>
(PM
WM )> M X = WM
PM M X = W > RM
RM P X = W > P X = (P > W )> X,

so we see that the returned predictor makes the same predictions over the data set, independent of the transformation matrix M .
5.2 Proof of Thm. 5
We start with the following auxiliary theorem, which reduces the hardness result of Daniely
and Shalev-Shwartz (2016) to one about neural networks of the type we discuss here:



Theorem 11 Under the assumption stated in Daniely and Shalev-Shwartz (2016), the following holds for any nd = ω(log(d)) (as d → ∞):
There is no algorithm running
Pnd in time poly(d, 1/), which for any distribution D on
{0, 1}d , and any h(W > x) = [ i=1
[hwi , xi]+ ][0,1] (where W = [w1 , w2 . . . wnd ] and maxi kwi k
is O(d)), given only access to samples (x, h(W > x)) where x ∼ D, returns with high probability a function f such that
Ex∼D
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Proof Suppose for the sake of contradiction that there exists an algorithm A which for
any distribution and h(W > x) as described in the theorem, returns a function f such that
Ex∼D [(f (x) − h(W > x))2 ] ≤  with high probability.
15

This is because the event
in the span of x1 , . . . , xm .

>Mx
WM
i

=

W >x

i

17

for all i means that

=

W >x

for any x
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>Mx
WM

Proof It is enough to prove that with probability at least 1 − δ over the sampling of
x1 , . . . , xm ,
d
Prx (x ∈
/ span(x1 , . . . , xm )) ≤
.
(5)
δ(m + 1)

Lemma 13 Suppose the data set {xi , yi }m
i=1 is sampled i.i.d. from some distribution (where
xi ∈ Rd ), then the following holds with probability at least 1 − δ for any δ ∈ (0, 1): For any
invertible M and linearly-invariant algorithm (or orthogonal M and orthogonally-invariant
algorithm), conditioned on the algorithm’s internal randomness, the returned matrices W
and WM (with respect to the original data and the data transformed by M respectively)
satisfy
d
>
Prx (WM
M x 6= W > x) ≤
.
δ(m + 1)

In the definitions of orthogonal invariance and linear invariance, we only required the
invariance to hold with respect to instances xi in the data set. A stronger condition is
that the invariance is satisfied for any x ∈ Rd . However, the following lemma shows that
invariance w.r.t. a data set sampled i.i.d. from some distribution is sufficient to imply
invariance w.r.t. “nearly all” x (under the same distribution):

This contradicts Thm. 11, which states that no efficient algorithm can return such a predictor for any sufficiently large dimension d and norm bound O(d).

However, f˜(x̃) = f (x), h(W̃ > x̃) = h(W > x), so the returned predictor f satisfies

2 
Ex∼D f (x) − h(W > x)
≤ .

d
.
m+1

d
.
δ(m + 1)

18
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hence the expected squared loss of x 7→ fˆ(W > x) is only smaller than x 7→ f (W > x)
Indeed, let W and D be an arbitrary matrix and distribution which satisfy the conditions
of both Thm. 11 and 12 (namely, D is a distribution on {0, 1}d , and W = [w1 , . . . , wnd ]

((fˆ(W > x) − h(W?> x))2 ≤ (f (W > x) − h(W?> x))2 ,

We will show that the very same algorithm, if given poly(d, 1/) samples, can successfully
learn w.r.t. any d × nd matrix W and any distribution D satisfying Proposition 12 and
Thm. 11, contradicting those results.
In what follows, we assume without loss of generality that f maps to [0, 1]: If that is not
the case, we can simply consider the predictor fˆ(W > x), where fˆ(z) = max{0, min{1, f (z)}},
and note that since h returns values in [0, 1], then for any input x,

With these results in hand, we can finally turn to prove Thm. 5. Suppose for the sake
of contradiction that there exists an efficient linearly-invariant
algorithm A, which for any

√
distribution D supported on vectors of norm O d 2dnd / min{1, smin (W? )}, returns w.h.p.
a predictor x 7→ f (W̃ > x) such that

2 
Ex∼D? f (W̃ > x) − h(W?> x)
≤ .

Since xm+1 is sampled independently, Eq. (5) and hence the lemma follows.

Prxm+1 (xm+1 ∈
/ span(x1 , . . . , xm )) ≤

so by Markov’s inequality, with probability at least 1 − δ over the sampling of x1 , . . . , xm ,

d
,
m+1

Pr (xm+1 ∈
/ span(x1 , . . . , xm )) ≤



Ex1 ,...,xm ∼D Prxm+1 (xm+1 ∈
/ span(x1 , . . . , xm )|x1 , . . . , xm ) ≤

This is equivalent to

(m + 1) Pr (xm+1 ∈
/ span(x1 , . . . , xm )) ≤ d ⇒

so the probabilities in Eq. (6) monotonically decrease with j. Thus, Eq. (6) implies

Pr(xj+1 ∈
/ span(x1 . . . xj )) ≤ Pr(xj+1 ∈
/ span(x1 . . . xj−1 )) = Pr(xj ∈
/ span(x1 . . . xj−1 )),

where the latter inequality is because each xj is a d-dimensional vector, hence the number
of times we can get a vector not in the span of the previous ones is at most d. Moreover,
since the vectors are sampled i.i.d, we have

j=1

Let x1 , . . . , xm+1 be sampled i.i.d. according to D. Considering probabilities over this
sample, we have


m+1
m+1
X
X

Pr (xj ∈
/ span(x1 , . . . , xj−1 )) = E
1 (xj ∈
/ span(x1 , . . . , xj−1 )) ≤ d, (6)

map every x to x̃ ∈ {0, 1}d+nd by x̃ = (x, 0, . . . , 0), run A on the transformed samples
(x̃, h(W > x)) to get some predictor f˜ : {0, 1}d+nd 7→ R, and return the predictor f (x) =
f˜((x, 0, . . . , 0)).
To see why this reduction works, we note that the mapping x 7→ x̃ we have defined,
where x is distributed according to x, induces a distribution D̃ on {0, 1}d+nd . Let W̃ be the
(d+nd )×nd matrix [W ; Ind ] (that is, we add another nd ×nd unit matrix below W ). We have
W̃ > W̃ = W > W + Ind , so the minimal eigenvalue of W̃ > W̃ is at least 1, hence smin (W̃ ) ≥ 1,
so W̃ satisfies the conditions in the proposition. Moreover, the norm of each column of W̃ is
larger than the norm of the corresponding column in W by at most 1, so the norm constraint
in Thm. 11 still holds. Finally, W̃ x̃ = W x for all x, and therefore hW̃ (x̃) = hW (x). Thus,
the distribution of (x̃, h(W > x)) = (x̃, h(W̃ > x)) (which is used to feed the algorithm A) is
a valid distribution corresponding to the conditions of the proposition and Thm. 11 (only
in dimension d + nd ≤ 2d instead of d), so A returns with high probability a predictor f˜
such that

2 
Ex̃∼D̃ f˜(x̃) − h(W̃ > x̃)
≤ .
j=1

Shamir
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√
O(d 2nd )
.
min{1, smin (W? )}
(7)

(9)

x



x

≤ +O


 
2
d
>
f (W̃M
M x) − h(W > x) 1(Ex ) + O
m


 
 
2
d
>
f (W̃M
M x) − h(W > x)
+O
m



≤ Pr(Ex ) · Ex

= Ex

≤ Ex



2 
f (W̃I> x) − h(W > x)
= O().

Z

x



exp −2πix> w f (x)dx,

20
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7. Even if the algorithm does not require that many samples, we can still artificially add more samples—
these are merely used to ensure that its linear invariance is with respect to a sufficiently large data
set.

\
• Linearity: For scalars a, b and functions f, g, af
+ bg = afˆ + bĝ.

where exp(iz) = cos(z) + i · sin(z), i being the imaginary unit. In the proofs, we will use
the following well-known properties of the Fourier transform:

fˆ(w) =

p
and the norm kf k = hf, f i. We use f g or f ·g as shorthand for the function x 7→ f (x)g(x).
Any function f ∈ L2 (Rd ) has a Fourier transform fˆ ∈ L2 (Rd ), which for absolutely integrable functions can be defined as

hf, gi =

To prove the theorem, we will require some tools from Fourier analysis on Euclidean space.
We will consider functions from Rd to the reals R or complex numbers C, and view them
as elements in the Hilbert space L2 (Rd ) of square integrable functions, equipped with the
inner product
Z
f (x) · g(x)dx

5.3 Proof of Thm. 7

This means that the algorithm succesfully learns the hypothesis x 7→ h(W > x) with respect
to the distribution D. Since  is arbitrarily small and W, D were chosen arbitrarily, the
result follows.

Ex∼D

where we used the facts that both f and h map to [0, 1], a union bound and Eq. (10). Now,
m
recall that W̃I refers to the output of the algorithm, given samples {(xi , h(W > xi ))}i=1
where m = poly(d, 1/). Thus, we have shown that w.h.p., as long as the algorithm is fed
with m ≥ d/ samples7 , the algorithm returns W̃I which satisfies

,

Shamir

kM k =
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,



W?> W? 0
0
I



satisfies maxi kwi k ≤ O(d) as well as smin (W ) ≥ 1). We first argue that there exists a d × d
invertible matrix M such that
W = M > W?


=

2 
>
f (W̃M
(M x)) − h(W?> (M x))
≤ .

d
m

w.h.p. over the samples x1 , . . . , xm ,

2 
E
f (W̃ > x) − h(W > x)
x∼D
I




2


2
= Pr(Ex ) · Ex f (W̃I> x) − h(W > x) Ex + Pr(¬Ex ) · Ex f (W̃I> x) − h(W > x) ¬Ex
x
x

2
>
f (W̃M
M x) − h(W > x) Ex + Pr(¬Ex ) · 1

Ŵ? ]

(8)

To see this, note that W and W? are of the same size and our conditions imply that both of
them have full column rank. Thus, we can simply augment them to invertible d×d matrices
[W Ŵ ] and [W? Ŵ? ], where the columns of Ŵ (respectively Ŵ? ) are an orthonormal basis
for the subspace orthogonal to the column space of W (respectively W? ), and choosing
−1 . Thus,
M > = [W
Ŵ ][W?

kM k ≤ [W Ŵ ] · [W? Ŵ? ]−1 .


W?> W?
0
0
Ŵ?> Ŵ?

[W Ŵ ] can be upper bounded by the Frobenius norm, which by the assumption on W
p
from Thm. 11 and the fact that Ŵ has orthogonal columns, is O(d)2 · nd + 1 · (d − nd ) =
p
√
O( d2 nd ) = O(d nd ). Also, [W? Ŵ? ]−1 can be upper bounded by the inverse square
root of the smallest eigenvalue of
[W? Ŵ? ]> [W? Ŵ? ] =



(10)

(where I is the unit matrix), which equals 1/ min{1, smin (W? )}. Plugging these bounds into
Eq. (8), we get Eq. (7).
Now, consider the following: Suppose we run the algorithm A using the data points
(M x , h(W?>√
(M xi ))), i = 1, 2, . . . , m, where xi is sampled from D. Since xi ∈ {0, 1}d ,
i
and kx
√i k ≤ d,√it follows from Eq. (7) that M xi is always of norm at most kM k kxi k ≤
kM k d = O(d dnd )/ min{1, smin (W? )}, and the outputs correspond to the network specified by W? . Therefore, by assumption, the algorithm A would return w.h.p. a matrix W̃M
such that
Ex∼D


2 
>
f ((W̃M
M x) − h(W > x))
≤ .

By Eq. (7), W?> M = (M > W? )> = W > , so this is equivalent to
Ex∼D

m (or
Let W̃I be the matrix returned by A if we had fed it with the samples {(xi , h(W > xi ))}i=1
m 6
equivalently, {(xi , h(W?> (M xi )))}i=1
)
.
Let
E
x be the event (conditioned on the samples
> M x = W̃ > x. By
used by the algorithm) that a freshly sampled x ∼ D satisfies W̃M
I
Lemma 13, w.h.p. over the samples fed to the algorithm, Prx (Ex ) = 1−O(d/m). Therefore,
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6. Note that if the algorithm is stochastic, both W̃M and W̃I are not fixed given the data, but also depend
on the algorithm’s internal randomness. However, the proof will still follow by conditioning on any
possible realization of this randomness.

19

z∈Z

X

az · ϕ̂(x − zw)

21

8. Namely, integrable on any compact subset of their domain.

JMLR 19(32):1-29, 2018

where i is the imaginary unit (note that since ψ is real-valued, the imaginary components
eventually cancel out, but it will be more convenient for us to represent the Fourier series
R 1/2
P
in this compact form). By Parseval’s identity, z |az |2 = −1/2 ψ 2 (x)dx, which is at most
1 (since ψ(x) ∈ [−1, +1]).

z∈Z

2
d
[
As a result, ψ
w ϕ exists as a function in L (R ). Since ψ is a function of bounded variation,
it is equal everywhere to its Fourier series expansion:
X
ψ(x) =
az exp (2πizx) ,

Proof First, we note that ψw ϕ ∈ L2 (Rd ), since both ψw and ϕ are locally integrable8 by
the theorem’s conditions, and satisfy
Z
Z
Z
2
kψw ϕk2 = ψw
(x)ϕ2 (x)dx = ψ 2 (w> x)ϕ2 (x)dx ≤ ϕ2 (x)dx = 1 < ∞.

for any x, where Z is the set of integers and az are complex-valued coefficients (corresponding
P
to the Fourier series expansion of ψ, hence depending only on ψ) which satisfy z∈Z |az |2 ≤
1.

ψd
w ϕ(x) =

Lemma 14 For any w, it holds that ψw ϕ ∈ L2 (Rd ), and satisfies

In other words, inner products (and hence also norms) in L2 (Rd ) are invariant to a shift in
coordinates.
The proof is a combination of a few lemmas, presented below.

2 [q(x)] =
P We now turn to prove the theorem. First, we note that for any function q, Ex∼ϕ
2
i αi ·Ex∼ϕ2i [q(x)]. Thus, it is enough to prove the bound in the theorem when ϕ consists of
P
a single element whose square root is Fourier-concentrated. For a mixture ϕ2 = i αi ϕ2i , the
2
result follows by applying the bound for each ϕi individually, and using Jensen’s inequality.
To simplify notation a bit, we let ψw (·) stand for the function ψ(hw, ·i), and let h(· − v)
(where v is some vector and h is a function on Rd ) stand for the function x 7→ h(x − v).
Also, we will use several times the fact that for any two L2 (Rd ) functions h1 , h2 ,
Z
Z
h1 (x)h2 (x)dx = hh1 , h2 i .
hh1 (· − v), h2 (· − v)i =
h1 (x − v)h2 (x − v)dx =

• Convolution:
fcg = fˆ ∗ ĝ, where ∗ denotes the convolution operation: (f ∗ g)(w) =
R
f (z) · g(w − z) dz.

• Isometry: hf, gi = hfˆ, ĝi and kf k = kfˆk.
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z∈Z

X



az exp 2πizw> x .

z∈Z

z∈Z

X

az · ϕ̂(x − zw)

22

JMLR 19(32):1-29, 2018

9. Strictly speaking, this function does not have a Fourier transform in the sense of Eq. (11), since the
associated integrals do not converge. However, the function still has a well-defined Fourier transform
in the more general sense of a generalized function or distribution (see Hunter and Nachtergaele 2001
for a survey). In the derivation below, we will simply rely on some standard formulas from the Fourier
analysis literature, and refer to Hunter and Nachtergaele (2001) for their formal justifications.

kϕ̂k kϕ̂1≤∆ (· + v)k + kϕ̂1>∆ k kϕ̂k
sZ
sZ
!
2
2
= kϕ̂k
|ϕ̂(x)| 1kx+vk≤∆ dx +
|ϕ̂(x)| 1>∆ (x)dx .

where in the last step we used Cauchy-Schwartz. Using the fact that norms and inner
products are invariant to coordinate shifting, the above is at most

≤ kϕ̂k kϕ̂(· − v)1≤∆ k + kϕ̂1>∆ k kϕ̂(· − v)k ,

= h|ϕ̂| , |ϕ̂(· − v)| 1≤∆ i + h|ϕ̂| 1>∆ , |ϕ̂(· − v)|i

h|ϕ̂| , |ϕ̂(· − v)|i = h|ϕ̂| , |ϕ̂(· − v)| 1≤∆ i + h|ϕ̂| , |ϕ̂(· − v)| 1>∆ i

Proof Let ∆ = |z2 − z1 |r, and v = (z2 − z1 )w, so v is a vector of norm 2∆. Since the inner
product is invariant to shifting the coordinates, we can assume without loss of generality
that z1 = 0, and our goal is to bound h|ϕ̂|, |ϕ̂(· − v)|i.
Using the convention that 1≤∆ is the indicator of {x : kxk ≤ ∆}, and 1>∆ is the
indicator for its complement, we have

h |ϕ̂(· − z1 w)| , |ϕ̂(· − z2 w)| i ≤ 2 · (|z1 − z2 |r).

Lemma 15 For any distinct integers z1 6= z2 and any w such that kwk = 2r, it holds that

as required.

=

and therefore, by the convolution property of the Fourier transform, we have
Z


[
ψ
ψ̂w (z) · ϕ̂(x − z)dz
w ϕ(x) = ψ̂w ∗ ϕ̂ (x) =
Z
X
=
az · δ(z − zw) · ϕ̂(x − z)dz

z∈Z

We now wish to compute the Fourier transform of the above9 . First, we note that the
Fourier transform of exp(2πi hv, ·i) is given by δ(· − v), where δ is the DiracRdelta function
(a so-called generalized function which satisfies δ(x) = 0 for all x 6= 0, and δ(x)dx = 1).
Based on this and the linearity of the Fourier transform, we have that
X
ψ̂w (x) =
az · δ (x − zw) ,

ψw (x) = ψ(w> x) =

Based on this equation, we have

Shamir

1≥∆ k .

Shamir

∞
X

n=1

(nr)

|az2 |2 0 (|z1 − z2 |r)

(nr) .

z1 ∈Z z ∈Z
2

∞
X

n=1

Ew∈W

2 · Ew∈W  g, 1Aw

= Ew∈W  g,

z∈Z

X

z∈Z\{0}

az ϕ̂(· − zw)

Aw = {x ∈ Rd : ∃z ∈ Z \ {0} s.t. kx − zwk < r}.

X

z∈Z\{0}

az ϕ̂(· − zw)

w> w0 ≥ r 2

 + 2 · Ew∈W  g, 1AC
w

24

.

+2 

z2
z1
+
z2
z1

(13)

(14)
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the probability that Eq. (12) is not satisfied is at most 2dexp(d/20)e2 exp(−d/8). This can be verified
to be strictly less than 1 if d ≥ 40, hence such a set exists under the lemma’s conditions.

0
10. For any
vectors w, w
picked uniformly at random from a ball of radius 2r, Pr(|w> w0 | ≥ 2r2 ) =
 two
> 1 0 

1
2 Pr 2r
w
w > 21 ≤ 2 exp − d8 (see Boucheron et al. 2013, Section 7.2), so by a union bound,
2r

z∈Z\{0}

where we used the fact that x + 1/x ≥ 2 for all x > 0. This contradicts the assumption on
W (see Eq. 12), and establishes that {Aw }w∈W are indeed disjoint sets.
We now continue by analyzing Eq. (13). Letting 1Aw be the indicator function to the
set Aw , and 1ACw be the indicator of its complement, and recalling that (a + b)2 ≤ 2(a2 + b2 ),
we can upper bound Eq. (13) by



*
+
*
+2 
2
X
az ϕ̂(· − zw)  .

2|z1 z2 | · w> w0 > 4r2 (z12 + z22 − 1) ≥ 2r2 (z12 + z22 ) ⇒

In words, each Aw corresponds to the union of open balls of radius r around ±w, ±2w, ±3w . . ..
An important property of these sets is that they are disjoint: Aw ∩ Aw0 = ∅ for any distinct
w, w0 ∈ W. To see why, note that if there was some x in both of them, it would imply
kx − z1 wk < r and kx − z2 w0 k < r for some non-zero z1 , z2 ∈ Z, hence kz1 w − z2 w0 k < 2r
by the triangle inequality. Squaring both sides and performing some simple manipulations
(using the facts that kwk = kw0 k = 2r and |z1 |, |z2 | ≥ 1), we would get


≥ 2r2 ,

For any w ∈ W, let

*

the bound stated in the lemma for any U , and will focus on U = I without loss of generality
(the argument for other U is exactly the same). First, by applying Lemma 14, we have
 *
+
!2 
D
E
2 
X
[
g, ψ
= Ew∈W 
g,
az ϕ̂(· − zw) − a0 hg, ϕ̂i 
w ϕ − a0 hg, ϕ̂i

Thus, our goal is to bound EU Ew∈W E

The existence of such a set follows from standard concentration of 
measure arguments10 .

D
E
2
[
. In fact, we will prove
g, ψ
w ϕ − a0 hg, ϕ̂i

(12)
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!

= 2

0 (|z1 − z2 |r) ≤ sup

0 (nr)

{w1 , . . . , wdexp(d/20)e }

By the triangle inequality and the assumption kvk = 2∆, the event kx + vk ≤ ∆ implies
kxk ≥ ∆. Therefore, the above can be upper bounded by
sZ
|ϕ̂(x)|2
= 2 kϕ̂k · kϕ̂ ·
2 kϕ̂k

z1 ,z2 ∈Z

s X



p
p
0 (|z1 − z2 |r) |az2 | 0 (|z1 − z2 |r)

z2 ∈Z

∞
X

n=1

(nr)

∀i kwi k = 2r , ∀i 6= j |wi> wj | < 2r2 .

Proof By symmetry, given any function f of w, the expectation Ew [f (w)] (where w is
uniform on a sphere) can be equivalently written as Ew∈W EU [f (U w)] = EU Ew∈W [f (U w)],
where U is a rotation matrix chosen uniformly at random (so that for any w, U w is
uniformly distributed on the sphere of radius kwk), and Ew∈W refers to a uniform distribution of w over some finite set W of vectors of norm 2r. In particular, we will choose
W=
which satisfies the following:

1≥∆ (x)dx

|az1 | · |az2 | · (r|z1 − z2 |) ≤ 2

Since ϕ is Fourier-concentrated, this is at most 2(∆) kϕ̂k2 = 2(∆) kϕk2 = 2(∆),
where we
R
use the isometry of the Fourier transform and the assumption that kϕk2 = ϕ2 (x)dx = 1.
Plugging back the definition of ∆, the result follows.
Lemma 16 It holds that
X

z1 6=z2 ∈Z

|az1 |

Proof For simplicity, define 0 (x) = (x) for all x > 0, and (0) = 0. Then the expression
in the lemma equals
X
|az1 | · |az2 | · 0 (|z1 − z2 |r)
X 

z1 ,z2 ∈Z

|az1 |2 0 (|z1 − z2 |r)

|az1 |2 0 (|z1 − z2 |r)

z1 ,z2 ∈Z

z1 ,z2 ∈Z

X

s X

z1 ,z2 ∈Z

=
≤
=

|az1 |2

0 (0) + 2

exp(−d/20) +

∞
X

where in the last step we used the fact that the two innerP
square roots are the same up to a
different indexing. Recalling the definition of 0 and that z |az |2 ≤ 1, the above is at most
X
X
X
0 (|z1 − z2 |r)
z1 ∈Z

=

D
E
2 
≤ 10 kgk2
g, ψd
w ϕ − a0 hg, ϕ̂i

n=1
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Lemma 17 For any g ∈ L2 (Rd ), if d ≥ 40, and we sample w uniformly at random from
{w : kwk = 2r}, it holds that
!
E

where a0 is the coefficient from Lemma 14.

23

Z

R

z∈Z\{0}

z1 ,z2 ∈Z\{0}

(16)

x:kxk≥r

25
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and by definition of AC
(x + z1 w) = 1 only
w and the assumption z1 6= 0, we have 1AC
w
if kxk ≥ r. Therefore, as ϕ is Fourier-concentrated, the above is at most
Z
|ϕ̂(x)|2 dx ≤ 2 (r) · kϕ̂k2 = 2 (r) · kϕk2 = 2 (r).

We now divide the terms in the sum above to two cases:
D
E
• If z1 = z2 , then 1ACw ϕ̂(· − z1 w), ϕ̂(· − z2 w) equals
Z
Z
1ACw (x)|ϕ̂(x − z1 w)|2 dx. =
1ACw (x + z1 w)|ϕ̂(x)|2 dx,

z∈Z\{0}

We will upper bound the expression deterministically for any w, so we may drop the expectation. Applying Cauchy-Schwartz, it is at most


2
D
E
X
X
2
2
kgk · 1ACw
az ϕ̂(· − zw)
= kgk
az1 az2 1ACw ϕ̂(· − z1 w), ϕ̂(· − z2 w)  .

w

(15)

2 (x)ϕ2 (x)dx ≤
ψw

1Aw (x) ≤ 1 for any x, so the above is at most

w∈W

|g(x)|2 dx ≤ 4 exp(−d/20) kgk2 .

w∈W

|az |2 ≤ 1, and kψw ϕk2 =

We now turn to analyze the second expectation in Eq. (14), namely
*
+2 
X
Ew∈W  g, 1AC
az ϕ̂(· − zw)  .

4
|W|

Since Aw are disjoint sets,

P

z

P

Z
4 X
1Aw (x)|g(x)|2 dx
|W|
w∈W
!
Z
X
4
=
1Aw (x) |g(x)|2 dx.
|W|

we have kϕ̂k = kϕk = 1, |a0 |2 ≤
RSince
ϕ2 (x)dx = 1, the above is at most
h
i
4 · Ew∈W k1Aw gk2 ≤

= Ew∈W

D



E2 
2
[
[
≤ Ew∈W k1Aw gk2 ψ
1Aw g, ψ
w ϕ − a0 ϕ̂
w ϕ − a0 ϕ̂



2
[
ψ
+ ka0 ϕ̂k2
≤ 2 · Ew∈W k1Aw gk2
wϕ
h

i
= 2 · Ew∈W k1Aw gk2 kψw ϕk2 + |a0 |2 · kϕ̂k2 .

z∈Z\{0}

We consider each expectation separately. Starting with the first one, we have
*
+2 
D
E2 

X
[
az ϕ̂(· − zw)  = Ew∈W g, 1Aw ψ
Ew∈W  g, 1Aw
w ϕ − a0 ϕ̂
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z

z1 6=z2 ∈Z

n=1

n=1

|az |2 ≤ 1, and applying Lemma 16, the above is at most
!
∞
∞
X
X
(nr),
(nr)
≤ 5 kgk2
kgk2 2 (r) + 4

z∈Z\{0}

i

i

i

X

Ew? (hϕgi , ϕf (v, ·)i − hϕgi , ϕψw? i − pi )2

26

≤ 10

i

i

X

kϕg
ci k2

∞
X

!

(nr) ,

n=1
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exp(−d/20) +

Let us now choose p so that pi = hϕgi , ϕf (v, ·)i − hϕgi , a0 ϕi (note that this choice is indeed
independent of w? ). Plugging back and applying Lemma 17 (using the L2 function ϕg
ci for
each i), we get
D
E
2
X
X
\
Ew? (hϕgi , ϕψw? i − hϕgi , a0 ϕi)2 =
Ew? ϕg
ci , ϕψ
ci , a0 ϕi
b
w? − hϕg

=

for any vector p which is not dependent of w? (this p will be determined later). Recalling
∂
f (v, x),
the definition of the objective function F , and letting g(x) = (g1 (x), g2 (x), . . .) = ∂v
the above equals
h

i
2
Ew? Ex∼ϕ2 f (v, x) − ψ(w?> x) g(x) − p

h
i
2
X
=
Ew? Ex∼ϕ2 f (v, x)gi (x) − ψ(w?> x)gi (x) − pi

Varw? [∇Fw? (v)] = Ew? k∇Fw? (v) − Ew? [∇Fw? (v)]k2 ≤ Ew? k∇Fw? (v) − pk2

With these lemmas in hand, we can now turn to prove the theorem. We have that

n=1

P
where we used the fact that 2 (r) ≤ (r) ≤ ∞
n=1 (nr). Recalling this is an upper bound
on the second expectation in Eq. (14), and that the first expectation is upper bounded as
in Eq. (15), we get that Eq. (14) (and hence the expression in the lemma statement) is at
most
!
∞
X
10 kgk2 exp(−d/20) +
(nr)
as required.

Noting that

P

Plugging these two cases back into Eq. (16), we get the upper bound


X
X
2
2 2
kgk
|az |  (r) + 2
|az1 | · |az2 | · (|z1 − z2 |r) .

• If z1 6= z2 , then by Lemma 15,
E
D
1ACw ϕ̂(· − z1 w), ϕ̂(· − z2 w) ≤ h|ϕ̂(· − z1 w)|, |ϕ̂(· − z2 w)|i ≤ 2(|z1 − z2 |r).

Shamir

d Z
X
i=1

gi2 (x)ϕ2 (x)dx =

Z
kg(x)k2 ϕ2 (x) = Ex∼ϕ2 kg(x)k2 ≤ Gv2 ,
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kϕgi k2 =

and since
d
X
i=1

the theorem follows.
5.4 Proof of Thm. 10
For any w∗ , we define the oracle OFw∗ , as follows:
(
Ew? [∇Fw? (v)] if |∇Fw? (v) − Ew? [∇Fw? (v)]| ≤ ε
,
∇Fw? (v)
otherwise
OFw∗ , (v) =

c

where the expectation is with respect to a uniform choice of w∗ over vectors of norm 2r.
This is an approximate gradient oracle by definition.
Below, we will prove the theorem statement assuming that the algorithm A is deterministic: Namely, that there is some event holding with probability at least 1 − p (over
the choice of w∗ ), such that the algorithm’s output is some fixed vector v̄ independent
of w∗ . This can be extended to randomized A, by considering any possible realization of
A’s random coin flips: Formally, let Ac be the deterministic algorithm, derived from A by
fixing its random coin flips to some fixed sequence c. The deterministic proof implies that
there is some event Ec and a fixed v̄c (independent of w∗ ) such that Prw∗ (Ec ) ≥ 1 − p and
Prw∗ (AC (Fw∗ ) = v̄c |Ec ) = 1 (where we use Ac (F ) as shorthand for AC given the function
F ). But now, consider the joint probability space over w∗ and random coin flips C, and
define the event E as
_
(C = c ∧ Ec )

c

Pr(C = c ∧ Ec ) =

c

Pr(C = c) Pr(Ec |C = c) ≥

c

(namely, that the event Ec occured for the corresponding realization c of the coin flips).
Since this is a disjunction of disjoint events, we have that
X
X
X
Pr(C = c) · (1 − p) = 1 − p,

Pr(E) =

and moreover, if E occurs, then the distribution of AC (Fw∗ ) is identical to v̄C (depending
only on the random coin flips C, but not on w∗ ), which is exactly what the theorem states.
We now return to the proof, assuming A is deterministic. It is enough to show that with
probability at least 1 − p, the oracle will only return responses of the form Ew? [∇Fw? (v)],
which is clearly independent of w? . Since the algorithm’s output can depend on w? only
through the oracle responses, this will prove the required result.
The (deterministic) algorithm’s first point v1 is fixed before receiving any information from the oracle, and is therefore independent of w? . By Thm. 7, we have that
≤ ε3 , which by Chebyshev’s inequality, implies that
Varw? (∇Fw? (v1 ))

Pr (|∇Fw? (v1 ) − Ew? [∇Fw? (v1 )]| > ε) ≤ ε,
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where the probability is over the choice of w? . Assuming the event above does not occur,
the oracle returns Ew? [∇Fw? (v)], which does not depend on the actual choice of w? . This
27

Shamir

means that the next point v2 chosen by the algorithm is again sampled from some fixed
distribution D2 , which might depend on the algorithm’s internal randomness, but not on
w? . Again by Thm. 7 and Chebyshev’s inequality,

Pr (|∇Fw? (v2 ) − Ew? [∇Fw? (v2 )]| > ε) ≤ ε.

Repeating this argument and applying a union bound, it follows that as long as the number
of iterations T satisfies T ε ≤ p (or equivalently T ≤ p/ε), the oracle reveals no information
whatsoever on the choice of w? all point chosen by the algorithm (and hence also its output)
are independent of w? as required.
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1. Clustering models. In a typical probabilistic setting of cluster analysis, the event
{Xi = j} means that the ith item belongs to the jth cluster, and pj is the population
frequency of the jth cluster. Here, the cluster label j does not carry any real meaning,
and is present only for notational convenience. In a cluster analysis setting, the
underlying object of interest is the partition of the n items instead of the cluster
labels. In other words, what really matters to statisticians is the value of I{Xi = Xi0 }
(the indicator function of the event) for every pair i 6= i0 . Therefore, a clustering
model with population frequency (p1 , ..., pk ) is equivalent to that with (pπ(1) , ..., pπ(k) )
with some permutation π.

Consider a categorical distribution parameterized by (p1 , ..., pk ). We have i.i.d. observations
X1 , ..., Xn that follow P(Xi = j) = pj . A classical goodness-of-fit testing problem is to test
whether or not pj = qj for j ∈ [k], where q1 , ..., qk are some given numbers. One solution
is given by the famous Pearson’s chi-squared test (?). In this traditional formulation, it is
assumed that the labels (1, ...., k) of (p1 , ..., pk ) correspond to those of (q1 , ..., qk ), so that pj
can be directly compared with qj for each j ∈ [k]. However, this assumption is not satisfied
in some interesting applications. We give three examples below:

1. Introduction

Keywords: hypothesis testing, elementary symmetric polynomials, Lagrange interpolating polynomials, Vandermonde matrix, minimax optimality

We consider goodness-of-fit tests with i.i.d. samples generated from a categorical distribution (p1 , ..., pk ). For a given (q1 , ..., qk ), we test the null hypothesis whether pj = qπ(j)
for some label permutation π. The uncertainty of label permutation implies that the null
hypothesis is composite instead of being singular. In this paper, we construct a testing
procedure using statistics that are defined as indefinite integrals of some symmetric polynomials. This method is aimed directly at the invariance of the problem, and avoids the
need of matching the unknown labels. The asymptotic distribution of the testing statistic
is shown to be chi-squared, and its power is proved to be nearly optimal under a local
alternative hypothesis. Various degenerate structures of the null hypothesis are carefully
analyzed in the paper. A two-sample version of the test is also studied.
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for some π ∈ Sk ,

(1)

j=1
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where (q1 , ..., qk ) is a known vector and Sk is the set of all permutations of [k]. This null
hypothesis
that
 implies
 the labels 1, ..., k do not have any meaning. For example, the vectors
1 1 1
1 1 1
2 , 4 , 4 and 4 , 4 , 2 are considered equivalent. Given
Pn i.i.d. observations X1 , ..., Xn , one
can immediately define summary statistics nj =
i=1 I{Xi = j} for j ∈ [k], which are
sufficient. Since the labels of n1 , ..., nk are irrelevant, these sufficient statistics result in a
random partition of the integer n. There are two ways to code such a random partition (?):
(i) by the order statistics n(1) ≥ n(2) ≥ ... ≥ n(k) ; (ii) by the numbers of terms of various
P
P
P
sizes ml = kj=1 I{nj = l} for l ∈ [n]. It is easy to see that nl=1 ml = k and nl=1 lml = n.
These two representations are equivalent because one can be derived from the other.
Inference of the probability vector (p1 , ..., pk ) up to a label permutation using random
partitions have been extensively studied in Bayesian statistics. The problem serves as a
foundation for random partition models, cluster analysis and species distribution modeling.
Priors that induce various exchangeable properties have been developed for the equivalent
class {(pπ(1) , ..., pπ(k) ) : π ∈ Sk }. See ???????? and references therein. In this paper,
we take a frequentist point of view that is complementary to the Bayesian literature, and
we do not treat the equivalent class {(pπ(1) , ..., pπ(k) ) : π ∈ Sk } as random. The theory of
hypothesis testing is developed within a frequentist decision-theoretic framework.
With the unknown permutation π in the null hypothesis, the classical chi-squared test
by Pearson does not work anymore. Our idea of the test is based on the following class of
statistics:


k
X

f (nj ) : f ∈ F ,
(2)



H0 : pj = qπ(j) ,

Inspired by the above examples, in this paper, we consider a twist of the traditional
formulation of the hypothesis testing problem. We consider the following null hypothesis:

3. Simple substitution cipher. In cryptography, a simple substitution cypher changes
every character in a message to a different character systematically. Let {1, ..., k} be
a finite alphabet of characters, and (Y1 , ..., Yn ) denote a message to be encrypted. A
simple substitution cypher is defined by a permutation σ on the alphabet {1, ..., k}.
This results in the encrypted message (X1 , ..., Xn ) with Xi = σ(Yi ) for each i ∈ [n].
Suppose each Yi is independently distributed by P(Yi = j) = qj . Then, each Xi
independently follows P(Xi = j) = pj , where pj = qπ(j) with π = σ −1 . If only the
encrypted message is observed, inference of the probability vector (q1 , ..., qk ) is only
possible up to an unknown permutation.

2. Word frequency analysis. Consider two text corpora of two different languages. The
word frequencies are denoted by (p1 , ..., pk ) and (q1 , ..., qk ), respectively. An interesting problem in comparative linguistics is to study whether the two languages share
common features by comparing (p1 , ..., pk ) with (q1 , ..., qk ). For languages that are not
necessarily etymologically related, the correspondence between words of the two languages are usually unclear or unknown. Therefore, a reasonable comparison of word
frequencies between two languages can be conducted through comparing (p1 , ..., pk )
with a reordered vector (qπ(1) , ..., qπ(k) ) for some permutation π.
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where F is the class of all measurable functions. For each f ∈ F, the distribution of
P
k
j=1 f (nj ) is identical for pj = qπ(j) with any π ∈ Sk . This is because (2) is a class of statisPk
Pk
tics that are invariant to the label permutation π. That is, j=1
f (nj ) = j=1
f (nπ(j) ) for
any π ∈ Sk . Moreover,
to see that these statistics are all functions of the random
Pk it is easy P
k
f (n(j) ).
f (nj ) = j=1
partition because j=1

Choosing an appropriate class of f ’s is important. We propose to use k functions
f1 , ..., fk that satisfy the identifiability P
and the orthogonality
conditions. The identifiability
Pk
k
condition requires that the k equations j=1
fl (pj ) = j=1
fl (qj ) for l ∈ [k] hold if and only
if pj = qπ(j) for some π ∈ Sk . With this condition, testing whether the null hypothesis holds
is equivalent to testing whether the k equations hold. The orthogonality condition requires
that the k vectors (fl0 (q1 ), ..., fl0 (qk ))T for l ∈ [k] are orthogonal to each other. Intuitively
Pk
speaking, this condition ensures that the information carried by the k statistics j=1
fl (nj )
for l ∈ [k] are mutually exclusive, which is a key ingredient that leads to optimal power
under a local alternative.
In this paper, we choose f1 , ..., fk to be indefinite integrals of Lagrange interpolation
polynomials. The choice of these polynomials satisfies the above-mentioned identifiability
and orthogonality conditions. We prove that the testing statistic constructed from the k
functions is asymptotically distributed by a chi-squared distribution. Moreover, we show
that the power of the test is nearly optimal under a local alternative hypothesis within a
decision-theoretic framework.
Our approach that uses symmetric polynomials bypasses the problem of unknown permutation π. It falls into the general umbrella of methods of moments, which are commonly
used for problems that impose equivalence relations to the signals through the action of a
group of transformations. For example, various method-of-moments techniques have been
applied to problems including Gaussian mixture models (?), mixed membership models (?),
dictionary learning (?), topic models (??) and multi-reference alignment (?). Recently, this
idea was also applied to the problems of network testing by ??, where the group action
there is row and column permutations of the adjacency matrix of a random network.
The rest of the paper is organized as follows. In Section 2, we introduce definitions of
some useful symmetric polynomials and the related Vandermonde matrix. Before getting
into the testing problem for random partitions, we first solve an easier version of the problem
with Gaussian observations in Section 3 and Section 4. The test using random partitions
is given in Section 5. The optimality of our test is discussed in Section 6. In Section 8,
we consider a two-sample version of the problem. Numerical experiments of the proposed
testing procedures are given in Section 7. Finally, Section 9 is a discussion section, where
we briefly analyze the property of the test on the boundary of degeneracy and discuss some
open problems. The proofs of all results in the paper are given in Section 10.

JMLR 19(33):1-50, 2018

We close this section by introducing the notation used in the paper. For a, b ∈ R, let
a ∨ b = max(a, b) and a ∧ b = min(a, b). For an integer m, [m] denotes the set {1, 2, ..., m}.
Given a set S, |S| denotes its cardinality, and IS is the associated indicator function. We
use P and E to denote generic probability and expectation whose distribution is determined
from the context. The noncentral chi-squared distribution with degrees of freedom k and
2 . We will also use χ2
noncentrality parameter δ 2 is denoted as χk,δ
2
k,δ 2 for the associated
random variables.
3
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2. Symmetric Polynomials and Vandermonde Matrix

k
Y

(t − µj ).

j=1

k
X
(−1)k−j ek−j (µ1 , ..., µk )tj .
j=0

f (t) =

Define a polynomial with roots µ1 , ..., µk ∈ R by

It can be organized as
f (t) =

1≤j1 <···<jl ≤k

(3)

The coefficient before tj is (−1)k−j ek−j (µ1 , ..., µk ), and ek−j (µ1 , ..., µk ) is called the elementary symmetric polynomial. For l ∈ {1, ..., k}, the lth elementary symmetric polynomial
is
X
µj1 · · · µjl .
el (µ1 , ..., µk ) =

j=1

k
X

µjl .

(5)

(4)

When l = 0, we use the convention e0 (µ1 , ..., µk ) = 1.
The elementary symmetric polynomials can be efficiently calculated through Newton’s
identities. Define the lth power sum

pl (µ1 , ..., µk ) =

j=1

1X
(−1)j−1 el−j (µ1 , ..., µk )pj (µ1 , ..., µk ),
l

l

Newton’s identities can be summarized through the formula
el (µ1 , ..., µk ) =

Q

j∈[k]\{l} (µj

− µl )

ek−j (µ1 , ..., µl−1 , µl+1 , ..., µk )

.

(6)

for l = 1, ..., k.
Finally, we introduce an interesting relation between elementary symmetric polynomials
and Vandermonde matrix (see Chapter 0.9.11 of ?). Given µ1 , ..., µk that take k distinct
values, define a matrix E(µ1 , ..., µk ) ∈ Rk×k , whose (j, l)th entry is
(−1)j−1

The Vandermonde matrix V (µ1 , ..., µk ) ∈ Rk×k has µjl−1 on its (j, l)th entry. Interestingly,
we have
E(µ1 , ..., µk )V (µ1 , ..., µk ) = V (µ1 , ..., µk )E(µ1 , ..., µk ) = Ik .
(7)

(8)
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1
1
=Q
.
det(V (µ1 , ..., µk ))
1≤j<l≤k (µl − µj )

This relation implies a formula for the determinant of E(µ1 , ..., µk ):
det(E(µ1 , ..., µk )) =

4

j=1

H1 : `(θ, µ) > 0.

fl (θj ) =

hold, if and only if `(θ, µ) = 0.

j=1

k
X

5

j=1

k
X

fl (µj ),

l = 1, ..., k,

(9)
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1. Identifiability. Assume minj6=l |µj − µl | > 0. Then the equations

−1
where F is the set
P of all measurable functions. For X ∼ N (θ, n Ik ), it is easy to see that the
distribution of kj=1 f (Xj ) only depends on the equivalent class {N (θk , n−1 Ik ) : π ∈ Sk }.
This fact holds for an arbitrary f ∈ F.
Since the degree of freedom
is k, our strategy is to construct a
nP of the null hypothesis
o
k
f
(X
)
:
l
∈
[k]
.
In
other words, we need to choose the
testing procedure based on
j
l
j=1
k functions f1 (·), ..., fk (·). The following two conditions are proposed:

j=1

In other words, there is an equivalent class of probability distributions {N (µπ , n−1 Ik ) : π ∈
Sk }. Thus, it is natural to consider summary statistics whose distributions are invariant
under this equivalent class. This leads to the class of summary statistics


k
X

f (Xj ) : f ∈ F ,



θ ∈ {µπ : π ∈ Sk }.

Throughout this section, we assume minj6=l |µj − µl | > 0. The case minj6=l |µj − µl | = 0 is
degenerate and will be studied in the next section.
We use the notation µπ to denote a k-dimensional vector whose jth entry is µπ(j) . Then,
the null hypothesis can also be written as

H0 : `(θ, µ) = 0,

where Sk is the set of all permutations on [k]. Then, the hypothesis testing problem is

π∈Sk

v
u k
uX
`(θ, µ) = min t (θj − µπ(j) )2 ,

Before working with categorical distributions, we first study data generated from a Gaussian
distribution. This allows us to grasp the mathematical essence of the problem without
dealing with the dependence and heteroskedasticity of categorical distributions. We consider
a Gaussian random vector X ∼ N (θ, n−1 Ik ). The mean vector θ ∈ Rk consists of k numbers
θ1 , ..., θk . Throughout the paper, we assume k ≥ 2 and it is a constant that does not vary
with n. We would like to test whether the k numbers are identical to µ1 , ..., µk after some
permutation of labels. To be rigorous, introduce a distance between two vectors θ and µ,

3. The Gaussian Case

Goodness-of-Fit Tests for Random Partitions

Q
(t−µj )
Q j∈[k]\{l}
j∈[k]\{l} (µl −µj )

are called Lagrange interpolating polynomials, and

fl (t) =

j∈[k]\{l}

j=1

k
X

(t − µj ) =

(−1)k−j

j=0

(11)

j = 1, ..., k.

j = 1, ..., k.

6
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Finally,
elementary symmetric polynomials and roots in (3) implies
Q the relation between
Q
that kj=1 (t − θj ) and kj=1 (t − µj ) are the same polynomials. Hence, we obtain the
conclusion `(θ, µ) = 0. The other direction trivially holds. This verifies the condition of
identifiability for the functions f1 , ..., fk .

ej (θ1 , ..., θk ) = ej (µ1 , ..., µk ),

The definition of the power sum pj (· · · ) is given in (4). By Newton’s identities (5), we have

pj (θ1 , ..., θk ) = pj (µ1 , ..., µk ),

When the assumption minj6=l |µj − µl | > 0 holds, the matrix E(µ1 , ..., µk ) has full rank and
is invertible according to (7) and (8), which immediately implies ∆ = 0. Equivalently,

E(µ1 , ..., µk )∆ = 0.

P
P
where ∆j = 1j kh=1 θhj − 1j kh=1 µjh . In view of the definition of the matrix E(µ1 , ..., µk ) in
(6), we have a compact organization of the equations

j=1

k
X
ek−j (µ1 , ..., µl−1 , µl+1 , ..., µk )
Q
(−1)k−j
∆j = 0,
j∈[k]\{l} (µl − µj )

l = 1, ..., k.

ek−j (µ1 , ..., µl−1 , µl+1 , ..., µk ) tj
Q
.
j
j∈[k]\{l} (µl − µj )

k−1
X
(−1)k−1−j ek−1−j (µ1 , ..., µl−1 , µl+1 , ..., µk )tj .

Therefore, the equations (9) can be written as

This implies

Y

it is easy to check that the second condition of orthogonality holds. Now we check the first
condition of identifiability. By (3), we have

The derivatives fl0 (t) =

We give a few remarks regarding the two conditions. The first condition of identifiability
is natural. It is required by the structure of the problem, and is necessary for the test
to have power under the alternative hypothesis. The second condition implies information
independence among the k summary statistics.
The k functions we propose to satisfy the two conditions are
RQ
j∈[k]\{l} (t − µj )
fl (t) = Q
, l = 1, ..., k.
(10)
j∈[k]\{l} (µl − µj )

2. Orthogonality. Assume minj6=l |µj − µl | > 0. Then for any l, h ∈ [h],
(
k
X
1, l = h,
0
0
fl (µj )fh (µj ) =
0, l 6= h.
j=1
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fl (Xj ) =

k
X

i=1

(−1)k−i
Q

i∈[k]\{l} (µl

− µi )

ek−i (µ1 , ..., µl−1 , µl+1 , ..., µk )
i

Pk
i
j=1 Xj

.

Pk
fl (Xj ) for each l ∈ [k] is straightforward,
Remark 1 The computation of the statistic j=1
thanks to the formula (11). According to (11), we can write
k
X

j=1

j=1

j=1

(12)

Pk
Pk
Xji : i ∈
fl (Xj ) is a linear combination of empirical moments { j=1
In other words, j=1
[k]}. To compute the elementary symmetric polynomial ek−i (µ1 , ..., µl−1 , µl+1 , ..., µk ) in the
coefficient, P
one can recursively apply Newton’s identities (5). The overall complexity of
k
computing j=1
fl (Xj ) requires O(k 2 ) products.

l=1

We propose the testing statistic

2
k
k
k
X
X
X

fl (Xj ) −
fl (µj ) .

T =n

When the value of T is large, the equations (9) are unlikely to hold. Thus, the null hypothesis
will be rejected when T exceeds some threshold. The asymptotic distribution of T can be
derived under the null hypothesis.
Condition A 1 Assume µ1 , ..., µk are k different numbers that do not vary with n.

χk2 as n → ∞ under the null hypothesis.

Some possible extensions beyond Condition A will be discussed in Section 6.
Theorem 2 Under Condition A, T


φα = I T > χk2 (α) .

For a chi-squared random variable χk2 , define a number χk2 (α) such that

P χk2 ≤ χk2 (α) = 1 − α.

Then, a testing function is

By Theorem 2, its asymptotic Type-1 error is α. The next result characterizes the regime
where the asymptotic power of the test tends to 1. It is a consequence of the fact that the
functions f1 , ..., fk satisfy the identifiability condition.
Theorem 3 Under Condition A, the following two statements are equivalent
√
1. limn→∞ n`(θ, µ) = ∞;

2. limn→∞ Pθ T > χk2 (α) = 1, for any constant α ∈ (0, 1),

JMLR 19(33):1-50, 2018

where the probability Pθ denotes N (θ, n−1 Ik ).
√
Theorem 3 shows that limn→∞ n`(θ, µ) = ∞ is the necessary and sufficient condition for
√
the asymptotic power of the test to be one. For a local alternative such that n`(θ, µ) =
O(1), the test will have a non-trivial power between 0 and 1. This contiguous regime will
be studied in Section 6.
7

4. Degeneracy of the Problem

Gao

In the last section, we construct a chi-squared test under the assumption that minj6=l |µj −
µl | > 0. When minj6=l |µj − µl | = 0, the identifiability condition of the functions f1 , ..., fk
defined in (10) does not hold. We need to construct summary statistics based on new
functions in this degenerate case.
d C = [k],
Assume there is a partition of the set [k]. That is, for some d ≤ k, we have ∪h=1
h
and for any g, h ∈ [d] such that g 6= h, Cg ∩ Ch = ∅. We assume

µj = νh , for all j ∈ Ch .

g∈[d]\{h} (t

g∈[d]\{h} (νh

− νg )

− νh )2

.

(15)

Moreover, we require that ming6=h |νg − νh | > 0. To motivate the appropriate functions that
we will propose, we consider two extreme cases. The first case is when d = k. Then, the
condition minj6=l |µj − µl | > 0 still holds, and we can still use the functions f1 , ..., fk defined
in (10). The second case is when d = 1. This implies µ1 = µ2 = · · · = µk = ν1 . Then, we
can use the function
g(t) = (t − ν1 )2 .
(13)
Pk
This leads to an obvious chi-squared statistic Tg = n j=1
g(Xj ).
For a general d, we need to borrow ideas from both extreme cases. We define functions
f1 , ..., fd that are modifications from (10). Define
RQ
− νg )
, h = 1, ..., d.
(14)
fh (t) = Q

h∈[d]\{g} (t

− νg )2

We also need another function to ensure identifiability. Define

Q

Qd
g=1 (t

g=1

g(t) = Pd

k
X
j=1

k
X

j=1

j=1

k
X

fh (µj ),

g(θj ) =

fh (θj ) =

g(µj ).

h = 1, ..., d,

(17)

(16)

The function g(t) is well defined when d ≥ 2. When d = 1, we use the definition given
by (13). The following proposition shows that the functions f1 , ..., fd , g together ensure
identifiability via the equations

and

k
X
j=1

Proposition 4 Assume ming6=h |νg − νh | > 0. We have the following conclusions.

1. When d = 1, the equation (17) holds if and only if `(θ, µ) = 0.
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2. When 2 ≤ d ≤ k − 1, the equations (16) and (17) hold if and only if `(θ, µ) = 0.

3. When d = k, the equation (16) holds if and only if `(θ, µ) = 0.

8

j=1

j=1

1
h
h
j=1 µj .

Pk
In other

|Dg |νgh =

g=1

d
X

µhj =

|Cg |νgh .

for h = 0, 1, ..., d − 1.

g=1

|Dg |νgh .

d
X

g=1

d
X

|Cg |νgh ,

j=1

k
X

j=1

θjh =

h=1

Tg = n

j=1

j=1

k
X

g(Xj ).

j=1

(19)

9
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We present asymptotic distributions of Tf and Tg . Since the case d = 1 is trivial, we only
present results for d ≥ 2.

and

P
P
The equation for h = 0 holds because dg=1 |Dg | = dg=1 |Cg | = k. Again, with matrix
notation, these equations can be written as V (ν1 , ..., νd )r = 0, where V (ν1 , ..., νd ) is the
Vandermonde matrix, and r ∈ Rd is a vector with its gth entry being rg = |Dg | − |Cg |.
When ming6=h |νg − νh | > 0 holds, V (ν1 , ..., νd ) has full rank, which leads to |Dg | = |Cg | for
all g = 1, ..., d. Finally, we can conclude that `(θ, µ) = 0. The other direction is obvious.
The above proof actually shows that the function fd is not needed when d ≤ k − 1.
The equation with h = d in (16) is redundant for identifiability. The second conclusion of
Proposition 4 would still hold without it. However, we still keep it for the convenience of
analyzing the proposed test.
We propose two testing statistics. Define

2
d
k
k
X
X
1 X
Tf = n
fh (Xj ) −
fh (µj ) ,
(18)
|Ch |

g=1

d
X

Hence, we obtain the equations

We also have

k
X

The equation (17) immediately implies that each θj only takes value in the set {ν1 , ..., νd }.
Therefore, there exists a partition [k] = ∪dh=1 Dh such that Dg ∩ Dh = ∅ for all g 6= h, and
θj = νg for all j ∈ Dg . This leads to

Rd

P
where ∆ ∈
is a vector with the hth entry being ∆h = h1 kj=1 θjh −
words, we have
k
k
X
X
θjh =
µhj , for h = 1, ..., d.

E(ν1 , ..., νd )∆ = 0,

The first conclusion of the above proposition is obvious. The last conclusion is proved
in Section 3. Here we show the second conclusion. Using a similar argument that we used
in Section 3, the equations (16) can be written as
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0.25
0.20
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0

5

10

Tf ~ χ2d

15

0

5

10

15

Tg ~ χ2k

Gao

20

25

0

5

10

Tg − Tf ~ χ2k−d

15

χ2d , Tg

χ2k and Tg − Tf

χ2k−d as n → ∞ under

10

where the probability Pθ denotes N (θ, n−1 Ik ).
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Theorem 6 Under Condition B, the following two statements are equivalent
√
1. limn→∞ n`(θ, µ) = ∞;

2. limn→∞ Pθ Tf > χ2d (α) or Tg > χ2k (α) = 1, for any constant α ∈ (0, 1),

where we use the notation a ∨ b for max(a, b). Since under the null hypothesis, Tg ≥ Tf in
probability, the asymptotic Type-1 error is just the probability of the event {Tg > χ2k (α)},
which tends to α as n → ∞. In fact, as we will show later in Section 6, the behavior of the
testing function mainly depends on the statistic Tg in the contiguous neighborhood of the
null hypothesis. The statistic Tf helps to ensure that the testing function has asymptotic
√
power 1 as soon as n`(θ, µ) → ∞. Without Tf , the identifiability property of the test
established in Proposition 4 would break down, and the test would lose power outside of the
contiguous neighborhood of the null hypothesis. The next theorem rigorously establishes
this fact.

Interestingly, Theorem 5 exhibits an analysis-of-variance type of result. The three statistics all exhibit asymptotic chi-square distributions (see Figure 1). The statistic Tg dominates
Tf in probability under the null hypothesis. An analogous analysis-of-variance type of result
continues to hold under a local alternative (see Theorem 23). We define the testing function
as
φα = I{Tf > χ2d (α)} ∨ I{Tg > χ2k (α)},

Theorem 5 Under Condition B, Tf
the null hypothesis.

Condition B 1 Assume µ1 , ..., µk are k numbers that do not vary with n. Moreover, µj =
νh for all j ∈ Ch , h ∈ [d].

Figure 1: histograms of testing statistics with µ = (1, 3, 3, 3, 5, 5), k = 6, d = 3 and n = 200.
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5. The Case of Categorical Distribution

π∈Sk

H1 : `(p, q) > 0.

j=1

Now we are ready to transfer our wisdom from Gaussian distribution to categorical distribution. Consider i.i.d. observations X1 , ..., Xn from a categorical distribution (p1 , ..., pk ).
To be specific, for each i ∈ [n] and j ∈ [k], P(Xi = j) = pj . Throughout this section, we
use Pp to denote the probability distribution of X1 , ..., Xn . We would like to test whether
the k numbers p1 , ..., pk are identical to some given q1 , ...qk after a permutation of labels.
Introduce a distance between the two vectors p and q,
v
u k
uX
p
√
`(p, q) = min 2t ( pj − qπ(j) )2 .
(20)

n

H0 : `(p, q) = 0,

The hypothesis testing problem is

For each j ∈ [k], define
i=1

1X
I{Xi = j}.
p̂j =
n

k
X

ql −

fl (p̂j ) −

√

j∈[k]\{l} (




j∈[k]\{l} (

RQ

fl (t) = Q

k
X

j=1

k
X
j=1

√
√
t − qj )
,
√
qj )

2

fl (qj ) .

l = 1, ..., k.

(22)

(21)

Pk (p̂j −qj )2
Pearson’s chi-squared test (?) is defined as χ2 = n j=1
, which is asymptotically
qj
2
when p = q. However, this test only works when the null hypothesis is
distributed as χk−1
simple. Here, our null hypothesis is composite, and there is uncertainty from the underlying
permutation of the labels.
Our idea is to borrow the solution for the Gaussian case in Section 3. Intuitively,
the vector (p̂1 , ..., p̂k ) is asymptotically Gaussian after some normalization. However, the
normalization step brings extra difficulty for this problem. In the definition of Pearson’s chi√
squared test, each p̂j is normalized by qj because of the heteroskedasticity and dependence
structure of the vector (p̂1 , ..., p̂k ). This normalization does not work in our setting because
√
the underlying label is not given, and we do not know which qj to use. To overcome this
issue,p
we adopt the technique of variance-stabilizing transformation (?), and directly work
with p̂j .
This leads to a modification of the definition of the function fl (·), and the new definition
is given by

The testing statistic is

T = 4n

l=1
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Similar to the discussion in Section 3, when the value of T is large, the equations (9) are
unlikely to hold. Thus, the null hypothesis will be rejected when T exceeds some threshold.
The asymptotic distribution of T can be derived under the null hypothesis.
11

Gao

Condition C 1 Assume q1 , ..., qk are k different numbers in (0, 1) that do not vary with n.

2
χk−1
as n → ∞ under the null hypothesis.

Some possible extensions beyond Condition C will be discussed in Section 6.
Theorem 7 Under Condition C, T


2
φα = I T > χk−1
(α) .

2 , define a number χ2 (α) such that
For a chi-squared random variable χk−1
k−1

2
2
P χk−1
≤ χk−1
(α) = 1 − α.

Then, a testing function is

By Theorem 7, its asymptotic Type-1 error is α. The next result characterizes the regime
where the asymptotic power of the test tends to 1. It is a consequence of the fact that
the functions f1 , ..., fk satisfy the identifiability condition, though with slightly different
definitions.

Theorem 8 Under Condition C, the following two statements are equivalent
√
1. limn→∞ n`(p, q) = ∞;

2 (α) = 1, for any constant α ∈ (0, 1),
2. limn→∞ Pp T > χk−1

where the probability Pp is defined in the beginning of this section.

Next, we study the degenerate case where the k numbers q1 , ..., qk only take d values.
d C such that for any g 6= h, C ∩ C = ∅. We assume the
There is a partition [k] = ∪h=1
g
h
h
following condition.

Condition D 1 Asume q1 , ..., qk are k numbers in (0, 1) that do not vary with n. Moreover,
qj = rh for all j ∈ Ch , h ∈ [d].

fh (t) = Q

√

g∈[d]\{h} (

g∈[d]\{h} (

h=1

rh −

√

rg )

√
− rg )2
.
√
√
t − rh )2

h∈[d]\{g} (

j=1

g(p̂j ).

j=1

(26)

(25)

(24)

The approach we take is similar to that in Section 4, assisted with the technique of variancestabilizing transformation. Define
√
RQ
√
t − rg )
, h = 1, ..., d,
(23)
and

Q

Qd √
g=1 ( t
g=1

g(t) = Pd

Tf = 4n

j=1

k
X

Then, define the testing statistics

2
d
k
k
X
X
1 X
fh (p̂j ) −
fh (qj ) ,
|Ch |
and

Tg = 4n
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The properties of Tf and Tg are given by the following theorem. Again, the case d = 1 is
trivial, and we only present results for d ≥ 2.

12

1
µj − µl

h∈[k]\{j,l}

Y
µl − µh
.
µj − µh

.

(27)

θ∈Θδ

t>0

13

14
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t>0




Rn (k, δ) = (1 + o(1)) inf P χ2k > t + P(χ2k,δ2 ≤ t) ,

Theorem 12 characterizes both Type-1 and Type-2 error of the test φ = I{T > t∗ }.
The conclusion holds for any local alternative with δ ∈ (0, ∞). It complements the result
of Theorem 3. Combining Theorem 11 and Theorem 12, we conclude that the minimax
testing error has the following asymptotic formula

as n → ∞.

θ∈Θ0




sup Pθ φ + sup Pθ (1 − φ) ≤ (1 + o(1)) inf P χ2k > t + P(χ2k,δ2 ≤ t) ,

Under Condition M1, we have

t>0

Theorem 12 Consider the testing procedure φ = I{T > t∗ }, where T is defined in (12),
and



t∗ = argmin P χ2k > t + P(χ2k,δ2 ≤ t) .

Theorem 11 gives the benchmark of the problem. Using the proposed testing statistic
T defined in (12), we can achieve this benchmark.

t>0




Rn (k, δ) ≥ inf P χ2k > t + P(χ2k,δ2 ≤ t) .

Theorem 11 Under Condition M1, for sufficiently large n, we have

JMLR 19(33):1-50, 2018

= 0.



and this error can be achieved by the test φ = I{T > t∗ } with some carefully chosen t∗ only
depending on k and δ.

|ηjl |
√
n

θ∈Θδ

δ
θ : `(θ, µ) = √
n

sup Pθ φ + sup Pθ (1 − φ) .

θ∈Θ0



The probability symbol Pθ stands for N (θ, n−1 Ik ). Throughout the paper, we assume k and
δ are fixed constants independent of n.
We first present the lower bound.

0≤φ≤1

Rn (k, δ) = inf

H1 : θ ∈ Θδ =

That is, we test the null hypothesis against its contiguous alternative. The choice of H1
ensures a non-trivial asymptotic power. We measure the testing error via the minimax risk
function
(
)

H0 : θ ∈ Θ0 = {θ : `(θ, µ) = 0} ,

To understand Condition M1, we can interpret |ηjl | + |ηlj | as approximately the inverse
distance between µj and µl . Therefore, we allow the possibility that |µj − µl | converges to
0, but not as fast as n−1/2 . Otherwise, the data cannot tell the difference between µj 6= µl

Condition M1 1 Assume limn→∞ maxj6=l

It characterizes the relative difference between µj and µl in the background of the set
{µ1 , ..., µk }.

ηjl =

We first consider the non-degenerate situation. That is, we assume that µ1 , ..., µk are k
different numbers. In Section 3, we impose the assumption that the k numbers µ1 , ..., µk
do not depend on n. This assumption can be made significantly weaker. For two indices j
and l that are not equal, define

6.1 Gaussian Distribution: Non-Degenerate Case

In this section, we study the optimality issue of the testing problem from a decision-theoretic
perspective. The goal is to understand the fundamental limit of the problem and establish
optimality results of the proposed testing procedures. We propose to study the setting
where a null hypothesis is tested against a local alternative. This leads to a nontrivial
power function and a precise asymptotic characterization of the minimax risk of the test.
Depending on whether the data generating process is Gaussian or categorical, and whether
the null hypothesis is degenerate or not, the optimality of the test will be studied in four
different cases.

6. Optimality of the Test

where the probability Pp is defined in the beginning of this section.

Theorem 10 Under Condition D, the following two statements are equivalent
√
1. limn→∞ n`(p, q) = ∞;

2. limn→∞ Pp Tf > χ2d−1 (α) or Tg > χ2k−1 (α) = 1, for any constant α ∈ (0, 1),

By Theorem 9, the Type-1 error of this test converges to α. Though Tf is dominated by
Tg under the null hypothesis, both are needed to ensure the power goes to 1 under the
alternative.

φα = I{Tf > χ2d−1 (α)} ∨ I{Tg > χ2k−1 (α)}.

We define the testing function

χ2k−d as n → ∞

and µj = µl , which is equivalent to the degenerate case. Recall that the number k is
assumed to be a constant that does not vary with n throughout the paper.
Consider the testing problem

χ2d−1 and Tg − Tf

χ2k−1 , Tf

Theorem 9 Under Condition D, Tg
under the null hypothesis.

Gao
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t>0

ζjl = √

1
√
qj − ql

H0 : p ∈ P0 = {p : `(p, q) = 0},

Gao

|ζjl |
√
n

√

qj and

= 0 and min1≤j≤k nqj (1 − qj ) → ∞.

H1 : p ∈ Pδ =

Recall that the distance `(·, ·) is defined in (20).
We present the lower bound.

t>0


2
P χk−1
>t +

inf





.

2
2
.
P(χk−1,δ
2 + δ2 ≤ t)

1

δ
p : `(p, q) = √
n

{δ1 ,δ2 :δ12 +δ22 =δ 2 }

Theorem 15 Under Condition M3, as n → ∞, we have

t>0

sup

{δ1 ,δ2 :δ12 +δ22 =δ 2 }


2
P χk−1
>t +


2
>t +
t∗ = argmin P χk−1

Under Condition M3, we have

t>0

1

√

ql

(29)

!

2
2
P(χk−1,δ
,
2 + δ2 ≤ t)

2
2
P(χk−1,δ
.
2 + δ2 ≤ t)

sup

1

Theorem 16 Consider the testing procedure φ = I{T > t∗ }, where T is defined in (22),
and
!

Theorem 15 gives the benchmark of the problem. Using the testing statistic T defined in
(22), we can achieve this benchmark.

Rn (k, δ) ≥ (1 + o(1)) inf

!

Compared with Condition M1, the extra requirement min1≤j≤k nqj (1 − qj ) → ∞ in
Condition M3 ensures that each qj is bounded away from 0 and 1 with a gap at least of
order n−1 . If this extra requirement does not hold, qj would be asymptotically equivalent
to 0 or 1, which results in a degenerate variance.
Consider the testing problem

Condition M3 1 Assume limn→∞ maxj6=l

Similar to the definition of ηjl , ζjl characterizes the relative difference between
√
√
in the background of the set { q1 , ..., qk }.

h∈[k]\{j,l}

6.3 Categorical Distribution: Non-Degenerate Case

(28)

6.2 Gaussian Distribution: Degenerate Case

Y

νh − νl
.
νg − νl

Now we consider situations of degeneracy. In Section 4, it is assumed that µ1 , ..., µk only
take d different values. This assumption can be relaxed. Here, we assume the k numbers
µ1 , ..., µk can be approximately clustered into d groups. Given d different numbers ν1 , ..., νd ,
for any pair g 6= h, define
1
νg − νh

We study the fundamental limit of testing for the categorical distribution. In Section 5,
we assume q1 , ..., qk are k different numbers that do not depend on n. In this section, we
consider a condition that is significantly weaker. Define
√
√
Y
ql − qh
√ .
√
qj − qh

η̄gh =

|

l∈[k]\{g,h}

|η̄

Condition M2 1 Assume limn→∞ maxg6=h √ghn = 0 and there is a partition C1 , ..., Cd of
√
[k], such that lim supn→∞ max1≤g≤d maxj∈Cg n|µj − νg | = 0.
This condition says that µ1 , ..., µk can be approximately clustered into d groups. The
within-group distance is of a smaller order than n−1/2 , and the between-group distance is
of a larger order than n−1/2 .
Consider the same local testing problem (27). The lower bound of the degenerate setting
is given by the following theorem.
Theorem 13 Under Condition M2, n → ∞, we have



2
Rn (k, δ) ≥ (1 + o(1)) inf P χk2 > t + P(χk,δ
2 ≤ t) .

t>0

This lower bound can be achieved asymptotically using the testing statistics Tf and Tg
defined in (18) and (19).

t>0

Theorem 14 Consider the testing procedure φ = I{Tf > t∗ } ∨ I{Tg > t∗ }, where Tf and
Tg are defined in (18) and (19), and



2
t∗ = argmin P χk2 > t + P(χk,δ
2 ≤ t) .

θ∈Θδ

Under Condition M2 , we have



2
sup Pθ φ + sup Pθ (1 − φ) ≤ (1 + o(1)) inf P χk2 > t + P(χk,δ
2 ≤ t) ,

θ∈Θ0

θ∈Pδ

sup Pθ φ+ sup Pθ (1−φ) ≤ (1+o(1)) inf

{δ1 ,δ2 :δ12 +δ22 =δ 2 }

as n → ∞.

θ∈P0

1

16
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1

The upper bound given by Theorem 16 does not exactly match the lower bound given
by Theorem 15. The difference lies in the Type-2 error. For the lower bound, we get
2
2
2
inf {δ1 ,δ2 :δ12 +δ22 =δ2 } P(χk−1,δ
2 +δ2 ≤ t), while for the upper bound, it is sup{δ1 ,δ2 :δ 2 +δ 2 =δ 2 } P(χk−1,δ 2 +
1
2

as n → ∞.

δ22 ≤ t). These two quantities are close, because for any δ1 and δ2 that satisfy δ12 + δ22 = δ 2 ,
2
2
2
the expectation of χk−1,δ
2 + δ2 is always k − 1 + δ . Therefore, the test using the statistic
1
T is nearly optimal.
JMLR 19(33):1-50, 2018

Theorem 14 shows that the test φ = I{Tf > t∗ } ∨ I{Tg > t∗ } achieves the optimal
error asymptotically under a local alternative. As we will show in Theorem 23, Tg ≥ Tf
√
in probability under a local alternative that n`(θ, µ) = δ ∈ (0, ∞). Therefore, the test
φ = I{T > t∗ } ∨ I{T > t∗ } is asymptotically equivalent to I{Tg > t∗ }, and the latter only
g
f
uses Tg . Though the role of the statistic Tf is negligible for a local alternative, we have
√
already shown in Theorem 6 that as soon as n`(θ, µ) → ∞, the effect of using Tf starts
to kick in and it is necessary to use both Tf and Tg for the asymptotic power to approach
one.
15

P


>t +
inf

{δ1 ,δ2 :δ12 +δ22 =δ 2 }

P(χ2k−1,δ2
1
+

δ22
≤ t) .

!

θ∈Pδ

t>0


P χ2k−1 > t +
sup

1

{δ1 ,δ2 :δ12 +δ22 =δ 2 }

{δ1 ,δ2 :δ12 +δ22 =δ 2 }

1

!

P(χ2k−1,δ2 + δ22 ≤ t) ,

17
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In this section, we conduct numerical experiments to verify the theoretical properties of the
proposed testing procedures. In each of the following scenarios, we compute power functions
of α-level tests for α = 0.05 with various sample sizes.
Scenario 1. Consider X ∼ N (θ, n−1 Ik ), and we test the null hypothesis `(θ, µ) = 0 with
µ specified as µ = (1, 2, 3, 4, 5).
Scenario 2. Consider X ∼ N (θ, n−1 Ik ), and we test the null hypothesis `(θ, µ) = 0 with
µ specified as µ = (1, 3, 3, 3, 5, 5).

7. Numerical Studies

as n → ∞.

θ∈P0

sup Pθ φ+ sup Pθ (1−φ) ≤ (1+o(1)) inf

Under Condition M4, we have

t>0

Theorem 18 Consider the testing procedure φ = I{Tf > t∗ } ∨ I{Tg > t∗ }, where Tf and
Tg are defined in (25) and (26), and
!

sup
P(χ2k−1,δ2 + δ22 ≤ t) .
t∗ = argmin P χ2k−1 > t +

For the matching upper bound, we can use the proposed testing statistics Tf and Tg
defined in (25) and (26).

t>0

Rn (k, δ) ≥ (1 + o(1)) inf

χ2k−1

Theorem 17 Under Condition M4, as n → ∞, we have

Condition M4 has the same interpretation as Condition M2. The extra requirement min1≤j≤k nqj (1−
qj ) → ∞ is also needed in Condition M3 to prevent the variance from being degenerate.
The lower bound of the local testing problem (29) is given by the next theorem.

Condition M4 1 Assume limn→∞ maxj6=l √jln = 0, min1≤j≤k nqj (1 − qj ) → ∞, and there
√ √
√
is a partition C1 , ..., Cd of [k], such that lim supn→∞ max1≤g≤d maxj∈Cg n| qj − rg | = 0.

|ζ̄ |

l∈[k]\{g,h}

Finally, we study the categorical distribution with the presence of degeneracy. In Section 5,
we consider the situation where q1 , ..., qk take d different values. Here, we propose a much
weaker condition. Given d different numbers r1 , ..., rd ∈ (0, 1), for any pair g 6= h, define
√
√
Y
rh − rl
1
ζ̄gh = √
√
√ .
√
rg − rh
rg − rl

6.4 Categorical Distribution: Degenerate Case
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Scenario 3. Consider X1 , ..., Xn ∼ (p1 , ..., pk ), and we test the null hypothesis `(p, q) = 0
with q specified as q = (0.1, 0.2, 0.3, 0.4).
Scenario 4. Consider X1 , ..., Xn ∼ (p1 , ..., pk ), and we test the null hypothesis `(p, q) = 0
with q specified as q = (0.1, 0.1, 0.4, 0.4).
Scenario 5. Consider X1 , ..., Xn ∼ (p1 , ..., pk ) and Y1 , ..., Ym ∼ (q1 , ..., qk ), and we test the
null hypothesis `(p, q) = 0. We set p = (0.1, 0.1, 0.4, 0.4) and q to be local perturbations of
p in a O(n−1/2 ) neighborhood of p.
The numerical results of the five scenarios are summarized in Figures 2-6. The power
curves are plotted in the contiguous regimes where `(θ, µ) = O(n−1/2 ) or `(p, q) = O(n−1/2 ).
The grey dashed lines correspond to the nominal 0.05 level of the tests.
In Scenario 1, we vary θ in a local O(n−1/2 ) neighborhood of the null hypothesis µ. It
√
is clear that the power function is increasing with respect to n`(θ, µ). Moreover, with
different sample sizes, the curves match well with each other. This verifies the conclusion
√
of Theorem 3 that the magnitude of n`(θ, µ) asymptotically determines the power of the
√
test. We observe in Figure 2 that the power is very close to 1 when n`(θ, µ) is greater
√
than 6. The value of the power at n`(θ, µ) = 0 corresponds to the Type-1 error in the
null hypothesis. The actually Type-1 error is slightly greater than the nominal 0.05 level,
but the approximations are reasonable for relatively large sample sizes.
Scenario 2 considers a harder null hypothesis with a degenerate µ = (1, 3, 3, 3, 5, 5).
A 0.05-level test studied in Section 4 requires both testing statistics Tf and Tg . Similar
to what is observed in Scenario 1, Figure 3 shows that the power approaches 1 at about
√
√
n`(θ, µ) = 7, which is predicted by Theorem 6. However, when n`(θ, µ) = 0, the actual
Type-1 errors are consistently larger than the nominal level 0.05, especially when the sample
sizes are relatively small.
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Figure 4: Power Curve of Scenario 3
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H1 : `(p, q) > 0,

q
√ p
n| p̂σ(j) − p̂σ(ĵ1 ) | ≤ λn . We continue

g

g=1

g(t) = Pd

Q

t−

h = 1, ..., d,

√ 2
rg )
.
√
√
(
t
− rh )2
h∈[d]\{g}

√

g=1 (

Qd

√

g∈[d]\{h} (

√
t − rg )
,
√
√
g∈[d]\{h} ( r h − r g )

RQ

f h (t) = Q

√

t−

√

g(t) = P
d

g=1 (

Qd

j=1

j=1



k
k
X
2nm X
Tg =
g(q̂j ) +
g(p̂j ) .
n+m


2
d
k
k
X
2nm X 1 X
=
f h (p̂j ) −
f h (q̂j )
n+m
|C h |
j=1
j=1
h=1

2
d
k
k
X
2nm X 1 X
+
f h (p̂j ) −
f h (q̂j ) ,
n+m
|C h | j=1
j=1
h=1

(31)

(30)
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Condition E 1 Asume q1 , ..., qk are k numbers in (0, 1) that do not vary with n. Moreover,
there exists a d ≥ 2 and a partition [k] = ∪dh=1 Ch , such that qj = rh for all j ∈ Ch , h ∈ [d].

The asymptotic distributions of the testing statistics under the null distribution are
given below.

and

Tf

h = 1, ..., d,

p 2
rg )
Q
√ 2.
g=1
h∈[d]\{g} ( t − r h )

g∈[d]\{h} (

Now we can define testing statistics for this problem:

and

f h (t) = Q

RQ

√
p
t − rg )
p
,
√
rg )
g∈[d]\{h} ( r h −

We P
repeat the above procedure on the observations Y1 , ..., Ym . For each j ∈ [k], define
m
1
q̂j = m
onP
(q̂1 , ...,pq̂k ),
i=1 I{Yi = j}. Then, apply the same variable clustering procedure
p
and we obtain a partition C 1 , ..., C d of [k]. For each g ∈ [d], define rg = |C1 | j∈C g q̂j .
g
Analogous definitions of f h ’s and g are given by

and

g

this operation until we obtain a partition C 1 , ..., C d of [k]. Here, d is the number of clusters estimated
p the data. Now, for each g ∈ [d], we find the center of the cluster by
P from
√
rg = |C1 | j∈C
p̂j . With the numbers r1 , ..., rd , we define

1), ..., σ(ĵ2 )}, where ĵ2 is the largest j such that

Gao

Algorithmically, one can first sort the vector (p̂1 , ..., p̂k ), and then find the partition sequentially. There exists a permutation σ ∈ Sk , such that we can rank the
empirical
p frequencies
√ p
as p̂σ(1) ≤ p̂σ(2) ≤ ... ≤ p̂σ(k) . Let ĵ1 be the largest j such that n| p̂σ(j) − p̂σ(1) | ≤ λn ,
wherenλn is some threshold
o to be specified later. Then, the first cluster is defined as
C 1 = σ(1), σ(2), ..., σ(ĵ1 ) . Similarly, we can define the second cluster as C 2 = {σ(ĵ1 +

j∼l

p
√ p
if
n| p̂j − p̂l | ≤ λn .

where the distance `(·, ·) is defined in (20). The two-sample testing problem is harder than
the one-sample version that we have just studied. The major difficulty is that the definitions
of the functions (23) and (24) all depend on the values of (p1 , ..., pk ) and (q1 , ..., qk ) under
the null hypothesis, which is not available anymore in the two-sample scenario.
Our idea is to estimate the unknown (p1 , ..., pk ) and (q1 , ..., qk ) from the data, and then
construct data-driven versions of (23) and (24).
P
For each j ∈ [k], define p̂j = n1 ni=1 I{Xi = j}. Next, we will apply a variable clustering
procedure to (p̂1 , ..., p̂k ). The goal is to find a partition C 1 , ..., C d of [k] according to

H0 : `(p, q) = 0,

Consider two categorical distributions (p1 , ..., pk ) and (q1 , ..., qk ). Suppose we observe i.i.d.
observations X1 , ..., Xn from (p1 , ..., pk ) and i.i.d. observations Y1 , ..., Ym from (q1 , ..., qk ).
We assume that X1 , ..., Xn are independent of Y1 , ..., Ym . The hypothesis testing problem
we study in this section is

8. Two-Sample Test

Scenario 3 and Scenario 4 consider categorical distributions with a non-degenerate null
q = (0.1, 0.2, 0.3, 0.4) and a degenerate null q = (0.1, 0.1, 0.4, 0.4), respectively. Again,
Theorem 8 and Theorem 10 are verified by Figure 4 and Figure 5. The actual Type-1 errors
are also larger than the nominal one, and are closer to 0.05 with larger sample sizes.
Finally in Scenario 5, we consider experiments of the two-sample
test. According to the
q
2nm
definitions of the testing statistics in (30) and (31), it is n+m
`(p, q) that determines the
power function asymptotically.
Figure 6 shows that different power curves well match each
q
2nm
`(p, q). As is predicted by Theorem 20, the power is close to 1
other as functions of n+m
q
2nm
at a reasonably large value of n+m
`(p, q).
A common theme in the above numerical results is that the actual Type-1 errors are
always larger than the nominal one. We will give an explanation of this phenomenon in
Section 9. Roughly speaking, whenever the null exhibits an ambiguous clustering structure,
the asymptotic distribution of the testing statistic under the null is a noncentral chi-square
distribution. Though a larger sample size helps to make the noncentrality parameter vanish
(Figures 2-6), it still results in an estimate of Type-1 error that is too optimistic with a finite
sample size. There are potentially two ways to overcome this difficulty. One is to appeal to
a second-order correction, and the other is to estimate the noncentrality parameter in the
null distribution. We leave this interesting topic as a future project.
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Goodness-of-Fit Tests for Random Partitions

1
βX1 +
2
X3 ,
1
βX1 +
2
1
(1 − β)X2 ,
2

1
(1 − β)X2 + X3 ,
2

√
Theorem 19 Assume λn is a diverging sequence that satisfies λn = o( n) and we also
m
assume n+m
→ β ∈ (0, 1). Under Condition E, we have
Tg
Tf
Tg − Tf

1
2 βX1


+ 21 (1 − β)X2 + X3 > X (α) = α. We

as n → ∞ under the null hypothesis, where X1 , X2 and X3 are independent random variables
2 , χ2
2
distributed as χk−d
k−d and χd−1 , respectively.
Let X (α) be the number that satisfies P
define the testing function as
φα = I{Tf > X (α)} ∨ I{Tg > X (α)}.
Theorem 19 implies that this test has asymptotic Type-1 error α. The next result characterizes the power behavior of the test.
√
Theorem 20 Assume λn is a diverging sequence that satisfies λn = o( n) and we also
assume
→ β ∈ (0, 1). Under Condition E, the following two statements are equivalent
√
n`(p, q) = ∞;
m
n+m

1. limn→∞

2. limn→∞ Pp,q (Tf > X (α) or Tg > X (α)) = 1, for any constant α ∈ (0, 1),
where the probability Pp,q stands for the joint distribution of X1 , ..., Xn , Y1 , ..., Ym .
Theorem 20 assumes Condition E. That is, q1 , ..., qk are fixed numbers do that depend
on n, and p1 , ..., pk are allowed to vary with n. One can also assume an analogous condition
for p1 , ..., pk as fixed numbers that satisfy Condition E, and allow q1 , ..., qk to vary with n.

9. Discussion and Future Directions
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The testing procedures that we propose and analyze in this paper critically depend on
the structure of null hypothesis. In Section 3, the mean vector (µ1 , ..., µk )T is assumed to
consist of k distinct numbers, and the testing statistic is constructed based on the functions
f1 , ..., fk defined in (10). In Section 4, we assume (µ1 , ..., µk )T consists of k numbers that
take values in {ν1 , ..., νd } for some d ≤ k. For this degenerate setting, we use the functions
f1 , ..., fd and g defined in (14) and (15) to construct the testing statistics.
Much weaker assumptions are considered in Section 6. In Section 6.1, we allow |µj − µl |
to converge to 0, but require the difference should be of a larger order than n−1/2 for every
j 6= l. This extends the assumption in Section 3 that µ1 , ..., µk are k distinct numbers that
do not vary with n. In Section 6.2, we consider the setting where |νg −νh | is of a larger order
than n−1/2 for every g 6= h, and |µj − νh | is of a smaller order than n−1/2 for every j ∈ Ch .
This setting extends the assumption used in Section 4. It turns out that the asymptotic
distributions of the proposed testing statistics (Theorem 2 and Theorem 5) are still valid
under these more general conditions (see Theorem 22 and Theorem 23 in Section 10.1).
23

Gao

However, the conditions in Section 6.1 and Section 6.2 still do not cover all situations. By requiring the within-cluster distance to be of a smaller order than n−1/2 and
the between-cluster distance to be of a larger order than n−1/2 , the numbers µ1 , ..., µk enjoy an approximately exact clustering structure, because for each j 6= l, we either have
√
√
n|µj − µl | → 0 or n|µj − µl | → ∞, depending on whether j and l are in the same cluster
√
or not. A possible situation n|µj − µl |  1 is excluded.
In this section, we discuss a situation where the clustering structure of theP
numbers
µ1 , ..., µk is ambiguous. Consider a partition C1 , ..., Cd of [k]. Define νh = |C1h | j∈Cg µj .

Instead of assuming the within-cluster distance is of a smaller order than n−1/2 , we consider
P
P
d
2
the situation where n h=1
j∈Ch (µj −νh ) is of a constant order. Moreover, we also assume
the between-cluster distance |νg − νh | is of a larger order than n−1/2 for every g 6= h. This
is without loss of generality, because if there is some g 6= h, such that |νg − νh | = O(n−1/2 ),
then Cg and Ch can be combined into a single cluster. Recall the definition of η̄gh in (28),
we formalize this ambiguous clustering structure into the following condition.

Condition M2’ 1 For the partition C1 , ..., Cd and clustering centers ν1 , ..., νd defined above,
P
P
|η̄ |
d
2
assume limn→∞ maxg6=h √ghn = 0, and τ 2 = limn→∞ n h=1
j∈Ch (µj − νh ) ∈ [0, ∞).

χd2 and

Note that Condition M2 is a special case of Condition M2’ when τ 2 = 0. The next
theorem gives the asymptotic distribution of the testing statistics Tf and Tg defined in (18)
and (19) under the null hypothesis.

2
Theorem 21 Assume Condition M2’ holds. Then we have Tg
χk,τ
2 , Tf
2
−1 I ).
Tg − Tf
χk−d,τ
2 as n → ∞ under the null hypothesis X ∼ N (µ, n
k
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It is interesting to see that the asymptotic distribution of Tg is a noncentral chi-squared
distribution even under the null hypothesis. The noncentrality parameter τ 2 characterizes
the within-cluster distance of µ1 , ..., µk with respect to the partition C1 , ..., Cd . Theorem 21
is reduced to Theorem 5 when τ 2 = 0.
2
2
Define a number χ2 (α) that satisfies P(χk,τ
2 ≤ χk,τ 2 (α)) = 1 − α. Then, an α-level
2
k,τ
2
2
testing function is φα = I{Tg > χk,τ
2 (α)} ∨ I{Tf > χk,τ 2 (α)}. Compared with the null
hypothesis where τ 2 = 0, a nonzero τ 2 requires a higher rejection level. This means the
test will have less power under a P
contiguous
P alternative,2 compared with the situation where
d
τ 2 = 0. Suppose τ̃ 2 = limn→∞ n h=1
j∈Ch (θj − νh ) ∈ (0, ∞). Then, one can also show
2
−1 I ). Therefore, the test φ starts to
that Tg
χk,τ̃
α
2 under the alternative X ∼ N (θ, n
k
have power when τ̃ 2 exceeds τ 2 . When τ̃ 2 is close to or even smaller then τ 2 , this test will
not have any power under the alternative. On the other hand, outside of the contiguous
√
regime where n`(θ, µ) → ∞, we must have τ̃ 2 = ∞, and then the test will have asymptotic
power 1.
From what we have just discussed, we can see that the structure of µ1 , ..., µk plays a
critical role on the solution of the problem. The discussion also applies to the case of categorical distributions and we can obtain similar conclusions there. Theorem 21 characterizes
the asymptotic distribution of the testing statistics when µ1 , ..., µk exhibit an ambiguous
clustering structure, right on the edge of degeneracy. This results in a non-trivial behavior

24

for some λ ∈ Λ and some π ∈ Sk .

25
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We first present and prove four theorems of the proposed testing statistics in various settings.

10.1 Asymptotic Distribution of the Testing Statistics

In this section, we present the proofs of all results in the paper. In Section 10.1, we derive
the asymptotic distributions of the proposed testing statistics in various settings. These
results are used to derive Theorem 2, Theorem 5, Theorem 7, Theorem 9, Theorem 19 and
Theorem 21. Then, in Section 10.2, we analyze the powers of the proposed tests, which
include the proofs of Theorem 3, Theorem 6, Theorem 8, Theorem 10 and Theorem 20.
Finally, in Section 10.3, we give proofs of all results in Section 6.

10. Proofs

4. Other group invariance. Permutation invariance is a special case of group invariance.
A more general question is to consider a null hypothesis that is invariant with respect
to other group actions. A recent work ? considered a group of cyclic shifts. It would
be interesting to understand the method of invariance in a general group theoretic
framework.

3. Non-asymptotic study of minimax separation. This paper considers testing procedures
that enjoy asymptotic optimality (Section 6). An important theoretical problem is
to understand the minimax separation ρ∗ for which one can consistently test the
null `(p, q) = 0 against the alternative `(p, q) > ρ if and only if ρ > ρ∗ . With the
permutation invariance, the null hypothesis is a non-convex set, which is in contrast
to a convex case that was recently studied by ?.

Here, {fλ (j)} is a discrete distribution with an unknown parameter λ ∈ Λ. An
example is Poisson(λ). Without the permutation π ∈ Sk , the null hypothesis becomes
p = fλ for some λ ∈ Λ, which is a classical goodness-of-fit test of a parametric family
??.

H0 : p(j) = fλ (π(j))

2. Testing a parametric family with permutation invariance. An extension to the null
hypothesis (1) is

1. Growing or infinite support size. The paper focuses on the case where k is a fixed
integer that does not depend on n. The case with a growing k or even k = ∞ is of
potential importance in many high-dimensional data analysis situations. This requires
new techniques because for a probability vector p = (p1 , ..., pk ) with a growing or an
infinite k, many pj ’s have extremely small values.

of the power function. Exact characterization of optimality of the testing problem (as what
we have done in Section 6) on the edge of degeneracy remains open, and we shall consider
this problem as a future project.
Finally, we discussed a list of open problems that can be viewed as natural extensions
of the results in the paper.

Goodness-of-Fit Tests for Random Partitions

n`(θ, µ) = δ ∈ [0, ∞).

Y

|t − µj |
|µl − µj |

h∈[k]\{l,j}

h∈[k]\{l,j}

Y

|t − µj |
|µl − µj |



µj − µh
t − µj
+
µl − µh
µl − µh

t − µh
µl − µh


j∈[k]\{l,h}

sup

|fl0 (t)|

≤2

k−2

"

j6=l

max



|ηjl |
√
n

k−2

j6=l

+ max

fl00 (t) =

j∈[k]\{l}

X

The second derivative of fl (t) is

26

1
(µl − µj )

h∈[k]\{l,j}

Y

t − µh
.
µl − µh



|ηjl |
√
n

#

.

(34)

(33)
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The above bound is useful for k ≥ 3. For k = 2, it is easy to see


|ηjl |
κ1 () = max
sup
|fl0 (t)| ≤ max √
.
j6=l |t−µ |≤n−1/2 
j6=l
n
j

j6=l |t−µ |≤n−1/2 
j

κ1 () = max

Therefore, we have the bound

h∈[k]\{l,j}



Y  t − µj 
Y  µj − µh 
|t − µj | k−2 

≤
2
+
|µl − µj |
µl − µh
µl − µh
h∈[k]\{l,j}
h∈[k]\{l,j}

 Y 

|ηlj | + |ηjl |
|ηlh | + |ηhl |
≤ 2k−2 |t − µj |k−1
+ 2k−2 |t − µj ||ηlj |.
2
2

=

|fl0 (t)| =

Note that

j∈[k]\{l,h}

Therefore, fl0 (µl ) = 1. For any j 6= l, we give a bound for sup|t−µj |≤n−1/2  |fl0 (t)|. The
following inequality is useful.


Y
Y
µl − µj
µh − µj 
1
2

|ηlh | + |ηhl | =
. (32)
+
≥
|µl − µh |
µh − µj
µl − µj
|µl − µh |

χ2k,δ2 .

√

Proof We first calculate the derivatives of fl (t). The first derivative is
Q
j∈[k]\{l} (t − µj )
fl0 (t) = Q
.
j∈[k]\{l} (µl − µj )

Then, as n tends to infinity, T

n→∞

lim

Theorem 22 In addition to Condition M1, assume
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|ηjl | k−2
.
|fl00 (t)| ≤ k max |ηjl | max 1 + √
j6=l
j6=l
n

We give a bound for sup|t−µl |≤n−1/2  |fl00 (t)|. Similar calculation gives
sup

1≤l≤k |t−µ |≤n−1/2 
l

κ2 () = max

(35)

Now we are ready to derive the asymptotic distribution of T . We write the observation as
√
Xj = θj + n−1/2 Zj , with Zj ∼ N (0, 1) independently. The condition limn→∞ n`(θ, µ) = δ
implies that there is some n0 , such that for any n > n0 , we have
n`2 (θ, µ) ≤ Cn δ 2 ,
3/2

−
µπ(j) )

2

Cn δ 2
≤
.
n

Thus, there exists a π ∈ Sk , possibly

0. The existence of such sequence Cn

where Cn is an sequence that tends to infinity arbitrarily slowly. In particular, we require
that Cn satisfies Cn → ∞ and

(θj

Cn maxj6=l |ηjl |
√
→
n
maxj6=l |ηjl |
√
→ 0.
n

is guaranteed by the assumption
depending on n, such that
max

1≤j≤k

√

Cn (1 +
√
n

√

δ2)

,

(36)

Since k does not depend on n, max1≤j≤k Zj2 ≤ Cn with probability that goes to 1. By
triangle inequality,
max |Xj − µπ(j) | ≤

1≤j≤k

√

δ2)

.

|fl0 (ξjl )||Xj − µπ(j) |.

fl (µj ) − (Xπ−1 (l) − µl )

fl (Xj ) − fl (µπ(j) ) = fl0 (ξjl )(Xj − µπ(j) ).

k
X

j=1

X

j6=π −1 (l)

√

Cn (1 +
√
n

JMLR 19(33):1-50, 2018

(37)

with probability that goes to 1. We use Taylor expansion. For j such that π(j) = l, we
have
1
fl (Xj ) − fl (µπ(j) ) = (Xj − µπ(j) ) + fl00 (ξjl )(Xj − µπ(j) )2 ,
2

k
X

fl (Xj ) −

1 00
|f (ξ −1 )|(Xπ−1 (l) − µl )2 +
2 l π (l)l

j=1

where we have used the fact that fl0 (µl ) = 1. For j such that π(j) 6= l, we have

Therefore,

≤

1≤j≤k

The number ξjl is between Xj and µπ(j) , which implies

j,l

max |ξjl − µπ(j) | ≤ max |Xj − µπ(j) | ≤
27

≤

k
X

j=1

l=1

k
X

j=1
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fl (µj ) − (Xπ−1 (l) − µl )

√
√
p
√  Cn (1 + δ 2 )
√
Cn (1 + δ 2 )
.
n

k
X
(Xπ−1 (l) − µl )2

+(k − 1)κ1

√
√ 
1 Cn (1 + δ 2 )2 p
κ2
Cn (1 + δ 2 )
2
n

fl (Xj ) −

Using the bounds (33), (34), (35), (36) and (37), we have

Therefore,

k
X

l=1

j=1

k
X

2

fl (µj ) − (Xπ−1 (l) − µl )

k
X

fl (Xj ) −

|Xπ−1 (l) − µl |

j=1


2
k
k
k
X
X
X

fl (Xj ) −
fl (µj ) − (Xπ−1 (l) − µl )2

T −n
≤ n

≤ 2n

fl (µj ) − (Xπ−1 (l) − µl )

j=1

k
X
j=1

j=1

fl (Xj ) −
l=1 j=1

k X
k
X

l=1

+n

k
X
j=1

fl (Xj ) −

k
X
j=1

j=1

j=1

2

Cn

3/2

fl (µj ) − (Xπ−1 (l) − µl ) .

− µl )2 is of order

2
(Xπ−1 (l) − µl )2 ∼ χk,δ
2,
n

l=1 (Xπ −1 (l)

Pk

k
X

l=1

maxj6=l |ηjl |
√
n

(38)

→ 0. Finally,

k
k
X
X
√
√ p
fl (Xj ) −
fl (µj ) − (Xπ−1 (l) − µl )
≤ 2k n Cn (1 + δ 2 )

+kn

By (38), the bound for T − n
it is easy to see that

n

2
where δn2 = nkθ − µπ k2 → δ 2 . Therefore, T converges to χk,δ
2 in distribution.

Theorem 23 In addition to Condition M2, assume
√
n`(θ, µ) = δ ∈ [0, ∞).
lim

n→∞
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Then, as n tends to infinity, T
χ2 , and Tg ≥ Tf in probability. Moreover, if δ 2 = 0,
g
2
k,δ
2 .
we have Tg
χk2 , Tf
χd2 and Tg − Tf
χk−d

28

max

|η̄

|

≤
h∈[d]\{g}

h∈[d]\{g}

X

(Xπ−1 (j) − νg )2
,
(Xπ−1 (j) − νh )2

29

(40)

(39)
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√
√
2(Xπ−1 (j) − νg )2
Cn (1 + δ 2 ) + L
√
≤
4d
max
|η̄
|
.
gh
g6=h
(νg − νh )2 − 2(Xπ−1 (j) − νh )2
n

where the bound on the right hand side above can be bounded by

(Xπ−1 (j) −νg )2
(Xπ−1 (j) −νh )2

X

(Xπ−1 (j) − νg )2
.
(Xπ−1 (j) − νh )2

(Xπ−1 (j) −νg )2
h∈[d]\{g} (Xπ−1 (j) −νh )2

P

g(Xπ−1 (j) )
−1 ≤
P
(Xπ−1 (j) − νg )2
1 + h∈[d]\{g}

Thus,

X

h∈[d]\{g}

g=1

(Xπ−1 (j) − νg )2
=1+
g(Xπ−1 (j) )

For each j ∈ Cg , we have

d

X
1
1
=
.
g(t)
(t − νg )2

The function g(t) can be written as

Together with Condition M2 and the choice of Cn , we can immediately deduce
√
√
max1≤g≤d maxj∈Cg |Xπ−1 (j) − νg |
Cn (1 + δ 2 ) + L
√
= o(1).
≤ max |η̄gh |
g6=h
ming6=h |νg − νh |
n

We first study the asymptotic distribution of Tg . Note that
√
√
Cn (1 + δ 2 ) + L
√
max max |Xπ−1 (j) − νg | ≤
.
1≤g≤d j∈Cg
n

√g6=h gh → 0, such that
exists a sequence Cn that satisfies Cn → ∞, Cn2 L → 0 and
n
2
max1≤j≤k Zj ≤ Cn with probability tending to 1. Similar to the bound (36), the assumption
√
limn→∞ n`(θ, µ) = δ < ∞ implies the existence of π ∈ Sk such that
√
√
Cn (1 + δ 2 )
√
max |Xj − µπ(j) | ≤
.
1≤j≤k
n

3/2
Cn

The observation is Xj = θj + n−1/2 Zj with Zj ∼ N (0, 1) independently. Use the notation
√
L = max1≤g≤d maxj∈Cg n|µj − νg | = o(1). Under the assumption of the theorem, there

max1≤g≤d maxj∈Cg |µj − νg |
= o(1).
ming6=h |νg − νh |

Proof The case d = 1 is obvious. We only prove the case d ≥ 2. Similar to the inequality
2
(32), we have |η̄gh | + |η̄hg | ≥ |νg −ν
. By Condition M2, we have
h|
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Tg − n

h=1 j∈Ch

d X
X

n

δn2 = n

j=1

(θj − µπ(j) )2

δ2.

(Xπ−1 (j) − µj )2 ∼ χ2k,δn2 ,
k
X

h=1 j∈Ch

d X
X

(Xπ−1 (j) − µj )2

(42)

(41)
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Thus, Tg
χ2k,δ2 .
Next we derive the asymptotic distribution of Tf . Similar to (33), (34) and (35), we also
have
"



#
|η̄gh |
|η̄gh | d−2
κ1 () = max
sup
|fh0 (t)| ≤ 2d−2 max √
+ max √
,
(43)
g6=h |t−ν |≤n−1/2 
g6=h
g6=h
n
n
g

where

3
√
Cn (1 + δ 2 ) + L
√
= o(1).
n

n|(Xπ−1 (j) − νh )2 − (Xπ−1 (j) − µj )2 |

√

g(Xπ−1 (j) ) − (Xπ−1 (j) − νg )2

(Xπ−1 (j) − νh )2

≤ n|νh − µj ||Xπ−1 (j) − νh + Xπ−1 (j) − µj |

 p
√
≤ L 2 Cn (1 + δ 2 ) + L = o(1).

g6=h

h=1 j∈Ch

≤ 4kd max |η̄gh |

≤ n

h=1 j∈Ch

d X
X

d X
X

Tg − n

g6=h

≤ 4d max |η̄gh |

has a bound that tends to 0. Observe that

Thus,

For each j ∈ Ch ,

Therefore

g(Xπ−1 (j) )
−1
(Xπ−1 (j) − νg )2
!3
√
√
Cn (1 + δ 2 ) + L
√
.
n

|g(Xπ−1 (j) ) − (Xπ−1 (j) − νg )2 |
= (Xπ−1 (j) − νg )2

Together with (39), we have

Gao

for d ≥ 3,
for d = 2, and

g6=h

|fh0 (t)| ≤ max


|η̄gh |
√
n


,
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sup



|η̄gh | d−2
|fh00 (t)| ≤ d max |η̄gh | max 1 + √
.
g6=h
g6=h
n

g6=h |t−ν |≤n−1/2 
g

κ1 () = max

sup

1≤h≤d |t−ν |≤n−1/2 
h

κ2 () = max
For any j ∈
fg (Xπ−1 (j) ) − fg (µj )

Cg ,

= fg (Xπ−1 (j) ) − fg (νg ) + fg (νg ) − fg (µj )
1
1
= fg0 (νg )(Xπ−1 (j) − µj ) + fg00 (ξjg )(Xπ−1 (j) − νg )2 − fg00 (ξ¯jg )(µj − νg )2 .
2
2
For any j ∈ Ch with any h 6= g,

k
X

j=1

fg (µj ) −

X

j∈Cg

(Xπ−1 (j) − µj )

fg (Xπ−1 (j) ) − fg (µj ) = fg0 (ξ˜jg )(Xπ−1 (j) − µj ).

fg (Xj ) −

j∈Cg

X

|fg0 (ξ˜jg )||Xπ−1 (j) − µj |.

j∈Cg

1 X 00 ¯
1 X 00
|fg (ξjg )|(Xπ−1 (j) − νg )2 +
|fg (ξjg )|(µj − νg )2
2
2

j=1

k
X

By the fact that fg0 (νg ) = 1, we have

≤
X

h∈[d]\{g} j∈Ch

k
X

√

X

δ2)

.

(Xπ−1 (j) − µj )

√

√
√
Cn (1 + δ 2 ) + L
√
,
n

fg (µj ) −

j∈Cg

Cn (1 +
√
n

L
|ξ¯jg − νg | ≤ |µj − νg | ≤ √ ,
n

|ξjg − νg | ≤ |Xπ−1 (j) − νg | ≤

(44)

(45)

The number ξjg is between Xπ−1 (j) and νg , the number ξ¯jg is between µj and νg , and the
number ξ˜jg is between Xπ−1 (j) and µj . Thus,

and
|ξ˜jg − µj | ≤ |Xπ−1 (j) − µj | ≤

fg (Xj ) −

j=1

Using the bounds (43), (44) and (45), we can deduce
k
X

j=1
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√
√

√
( Cn (1 + δ 2 ) + L)2 p
≤ k
κ2
Cn (1 + δ 2 ) + L
n
√
√

2
√ 
p
C
n (1 + δ )
√
Cn (1 + δ 2 )
.
n
+kκ1
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Cn

h=1

Gao

j∈Ch


2
d
X
1 X
(Xπ−1 (j) − µj )
|Ch |
h=1

→ 0. Note that when δ 2 = 0,

j∈Ch


2
d
X
1 X
(Xπ−1 (j) − µj ) ∼ χd2 .
|Ch |

maxj6=l |ηjl |
√
n

Tf − n

Similar to the proof of Theorem (32), we can show that

has a bound of order

n

d X
X

h=1 j∈Ch

(Xπ−1 (j) − µj )2 + n

h=1

j∈Ch


2
d
X
1 X
(Xπ−1 (j) − µj )
|Ch |

(46)

Thus, Tf
χd2 .
Finally, we derive the asymptotic distribution for Tg − Tf . The bounds for (42) and (46)
imply that

Tg − Tf − n

has a bound that tends to zero. Thus, the asymptotic distribution of Tg − Tf is the same
as that of

h=1 j∈Ch

j∈Ch

pl

√

2
p
qπ(l) .

(48)

(47)

2 . Without the condition δ 2 = 0, we
χk−d

pl −

k
√
2
X
p
pl − qπ(l) ,
(1 − pl )
l=1

k
X

l=1

j∈Ch


2
d X
d
X
X
1 X
n
(Xπ−1 (j) − µj )2 − n
(Xπ−1 (j) − µj )
|C
h|
j∈Ch
h=1 j∈Ch
h=1



2
d X
X
X
1 X 
Xπ−1 (j) − 1
Xπ−1 (j) − µj −
µj
,
|Ch |
|Ch |
= n

2
which is χk−d
when δ 2 = 0. Therefore, Tg − Tf
can still claim Tg ≥ Tf in probability.

δ12 = 4n

√
√
Theorem 24 For π = argminπ∈Sk k p − qπ k, define

and
δ22 = 4n

1

2
χk−1,δ
2 , as n
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Assume lim supn→∞ (δ12 + δ22 ) < ∞. Then, under Condition M3, T − δ22
tends to infinity.

32

l=1

k p
X
p
( p̂l − qπ(l) )2 = oP (1),

√ √ T
√ √
p p )W + (Ik − p pT )∆k2
1

lim supn→∞ (δ12

+

δ22 )

l=1

k
X

pl

√

pl −

2
p
qπ(l) .

< ∞. Then, under Condition M4, Tg −

δ22 = 4n

l=1

k
√
2
X
p
(1 − pl )
pl − qπ(l) ,

χ2k−1,δ2 ,
1
2
δ1 + δ22 =
0,

as

Tg − 4n

33

X q
√
( p̂π−1 (j) − qj )2 = oP (1),

h=1 j∈Ch

d
X
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Proof The proof is largely the same as that of
24. We only need to replace the
√ Theorem
√ √ √ p
t, µj , θj , νh , Xj in the proof of Theorem 24 by t, qj , pj , rh , p̂j . Then, by the same
argument, we have

n tends to infinity. Moreover, Tg ≥ Tf in probability. Furthermore, when
Tg
χ2k−1 , Tf
χ2d−1 and Tg − Tf
χ2k−d .

Assume

and

δ12 = 4n

δ22

√ √
χ2k−1,δ2 and k p pT ∆k2 = δ22 .

√
√
Theorem 25 For π = argminπ∈Sk k p − qπ k, define

where k(Ik −

kZ + ∆k2 = k(Ik −

√ √ T
√ √
√ √
p p )W + (Ik − p pT )∆ + p pT ∆k2
√ √ T
√ √
√ √ T
= k(Ik − p p )W + (Ik − p p )∆k2 + k p pT ∆k2 ,

√
P
√
and it is sufficient to study the asymptotic distribution of 4n kl=1 ( p̂l − qπ(l) )2 . Let ∆ be a
Pk √
√ √
√
√
vector with the lth entry being 2 n( p̂l − qπ(l) ). Then, we have 4n l=1 ( p̂l − qπ(l) )2 =
√ √
kZ + ∆k2 . Under Condition M3, Z
N (0, Ik − p pT ) by Lindeberg’s central limit
theorem together with an argument of delta’s method. Therefore, there exists a random
√ √
vector W that satisfies W
N (0, Ik ) and Z = (Ik − p pT )W . This gives

T − 4n

Proof The proof is almost the same as that of Theorem 22, and therefore√we will omit p
some
√ √
overlapping details. Largely speaking, we can replace the t, µj , θj , Xj by t, qj , pj , p̂j ,
and most parts
proof of Theorem 22 will go through.
Here are a few different details.
p in the
√ p
√
√
We write p̂j = pj + n−1/2 Zj /2, with Zj = 2 n( p̂j − pj ). Condition M3 implies
2
that max1≤j≤k Zj = OP (1). Thus, the inequality (36) in the proof of Theorem 22 can be
√
√
p
√
δ2 )
√
. Then, following the same argument in
replaced by max1≤j≤k | p̂j − qπ(j) | ≤ Cn (1+
n
the proof of Theorem 22, we have
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h=1 j∈Ch

h=1

j∈Ch

χ2k−1,δ2 . The

j∈Ch

1

h=1

j∈Ch

j=1

h=1

j∈Ch

Zj2

√ √ T
q q )Q = Id − γγ T .

h=1

j∈Ch

34
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2
d
X
1 X 
−
Zj
= kZk2 − kQT Zk2 = Z T (Ik − QQT )Z = W T (Ik − QQT )W.
|Ch |

χ2d−1 . Finally,

QT (Ik −

j∈Ch

Therefore, its asymptotic distribution is χ2k−d .

j=1

k
X

Therefore, kQT Zk2

The covariance of QT Z is

h=1


2
d
X
1 X 
Zj
= kQT Zk2 .
|Ch |

|Ch |

T
T
d
to see that QQ
hth
p is a projection matrix and Q Q = Id . Define a vector γ ∈ R whose
√
entry is γh = |Ch |rh . It is easy to see that γ is a unit vector. Moreover, we have q = Qγ.
With the new notation, we get

respectively under the null hypothesis. According to the argument
in the proof of Theorem
P
√ √
24, Z = (Ik − q q T )W with W
N (0, Ik ). Therefore, kj=1 Zj2
χ2k−1 .
Define a k × d matrix Q with Qjh = √ 1 if j ∈ Ch and Qjh = 0 if j ∈
/ Ch . It is easy

j=1

Now we derive the results under the null distribution. Recall the definition of Zj in the
proof of Theorem 24. The asymptotic distributions of Tg , Tf and Tg − Tf are the same of
those of

2

2
k
d
k
d
X
X
X
X
1 X 
1 X 
2
2
Zj ,
Zj
,
Zj −
Zj
,
|Ch |
|Ch |

h=1 j∈Ch

2

d
d X q
X
X
1 X q
√ 2
√ 
( p̂π−1 (j) − qj )
4n
( p̂π−1 (j) − qj ) − 4n
|Ch |
j∈Ch
h=1
h=1 j∈Ch

2
d X
q
X
1 X q
√
√ 

= 4n
p̂π−1 (j) − qj −
( p̂π−1 (j) − qj )
≥ 0.
|Ch |

The same argument in the proof of Theorem 24 implies that Tg − δ22
conclusion Tg ≥ Tf in probability can be deduced by


2
d X q
d
X
X
1 X q
√ 2
√ 
Tg − Tf − 4n
( p̂π−1 (j) − qj ) + 4n
( p̂π−1 (j) − qj )
= oP (1).
|Ch |

and

Gao
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j∈Cg

√ p
1 X
√
2 m( rg − rg ) =
Zj.
|Cg |

The results of Theorem 2, Theorem 5, Theorem 7 and Theorem 9 are special cases of
Theorem 22, Theorem 23, Theorem 24 and Theorem 25. Next, we give proofs of Theorem
19 and Theorem 21.
Proof [Proof of Theorem 19] Without loss of generality, we can assume that p1 = q1 ≤ p2 =
q2 ≤ ... ≤ pk = qk . This is just to simplify the notation. In general, such a rearrangement
can always be done with extra notation of permutations. Then, C = {j +1, j +2, ..., jg+1 }
g
g
√ g√
√
for g ∈ [d]. According to the assumption, ming6=h minj∈Cg minl∈Ch n| pj − pl | = o(1).
√ p
√ p
√
Moreover, it is easy to see that maxj∈[k] n| p̂j − pj | = OP (1) and maxj∈[k] m| q̂j −
√
qj | = OP (1). This leads to the conclusion

P C g = C g = Cg for all g ∈ [d] and d = d = d → 1,

and

under Condition E.
From now on, the analysis is on the event {C g = C g = Cg for all g ∈ [d] and d = d = d}.
√ p
√ p
√
√
Define Z j = 2 n( p̂j − pj ) and Z j = 2 m( q̂j − qj ) for j ∈ [k]. The definition implies
that maxj∈[k] |Z j | = OP (1) and maxj∈[k] |Z j | = OP (1). The definitions of rg and rg give

j∈Cg

√ p
1 X
√
Zj
2 n( rg − rg ) =
|Cg |

p
q̂j −
=1+

X

p
√
( q̂j − rg )2
p
.
√
( q̂j − rh )2
p
√
( q̂j − rg )2
p
= OP (n−1 ).
√
( q̂j − rh )2

h∈[d]\{g}

d
X
1
1
√
=
.
√
g(t)
( t − rh )2
h=1

√ p
√ p
√
Given that pj = qj = rg for all j ∈ Cg , we have n| q̂j − rg | = OP (1) and n| p̂j −
p
p
p
√
√
rg | = OP (1) for all j ∈ Cg . We also have | q̂j − rh |−1 = OP (1) and | p̂j − rh |−1 =
OP (1) for all j ∈ Cg and h 6= g.
We first analyze g(t). By its definition,

Thus, for any j ∈ Cg ,
(

√ 2
rg )

g(q̂j )

X

h∈[d]\{g}

Similar to the argument in (40), we get
g(q̂j )
p
−1 ≤
√
( q̂j − rg )2

With some rearragangements, we get

g=1 j∈Cg

d
2nm X
2nm X X p
p
g(q̂j ) −
( q̂j − rg )2 = oP (1).
n+m
n+m
j∈[k]

A similar argument also gives

j∈[k]

g=1 j∈Cg

JMLR 19(33):1-50, 2018

d
p
2nm X
2nm X X p
g(p̂j ) −
( p̂j − rg )2 = oP (1).
n+m
n+m
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j∈Cg

j∈Cg

Gao

j∈Cg

2

d
1
2nm X X  1
1 X 
√ Z − √
Zj
Tg −
m+n
2 n j 2 m |Cg |
g=1 j∈Cg
j∈Cg

2
d
2nm X X  1
1 1 X 
√ Zj − √
Zj
= oP (1).
m+n
2 m
2 n |Cg |
g=1
−

j∈Cg

j∈Cg

j∈Cg

j∈Cg

j∈Cg


2
X
1 1 X 
 √1 Z j − √
Z
j
2 m
2 n |Cg |
j∈Cg
j∈Cg




2
2
X
X
X
1
1
1
1 X 
1
 √1 Z j − √1
Z j  + |Cg |  √
Zj − √
Zj
,
2 m
2 m |Cg |
2 n |Cg |
2 m |Cg |

j∈Cg

2

X
1
1
1 X 
 √
Z − √
Z
j
2 n j 2 m |Cg |
j∈Cg
j∈Cg




2
2
X
1
1 1 X 
1 1 X
1
1 X 
 √
Zj
+ |Cg |  √
Zj − √
Zj
,
Z − √
2 n j 2 n |Cg |
2 n |Cg |
2 m |Cg |
j∈Cg

Therefore, we obtain the following approximation

Since

=
and

=

g=1

|Cg | 

j∈Cg

and

max

df h (t)
√
= oP (1).
d t
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g∈[d]\{h} √n|√t−√r |≤λ
g
n

sup

we have



2
2
d X
d X
X
X
m
1 X
n
1 X 


Z −
Zj −
Zj
Tg −
Z  −
j
j
2(n + m)
|Cg |
2(n + m)
|Cg |
g=1 j∈Cg
g=1 j∈Cg
j∈Cg
j∈Cg


r
 2
d
X
X r
1
m
n
Z −
Z j  = oP (1).
(49)
|Cg |
m+n j
m+n
−

df g (t)
√ − 1 = oP (1)
d t

√
Q
√
df (t)
g∈[d]\{h} ( t − r g )
h
√
=Q
√
√ .
d t
g∈[d]\{h} ( r h − r g )

Next, we analyze f h (t). By its definition,

sup

√ √
n| t− rg |≤λn

Therefore, we have

g∈[d]

max √

36

j=1

f h (p̂j ) −

j=1

k
X

j∈Ch

j=1

j=1

h=1

j∈Ch

k
X p
X
p
p
p
| p̂j − q̂j |.
( p̂j − q̂j ) + oP (1)
f h (q̂j ) =

j=1

j=1

h=1

j∈Ch

j∈Cg

(50)

j∈Cg

T

2

.

37
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Therefore, the three terms above are asymptotically independent, and their asymptotic distributions are χ2k−d , χ2k−d and χ2d−1 under the null, respectively.

Z (Ik − QQT )Z = W (Ik − QQT )W ,
r
r
r
 2
r

m
n
m
n
QT
Z−
Z
= (Ik − γγ T )QT
W−
W
m+n
m+n
m+n
m+n

T

Z T (Ik − QQT )Z = W T (Ik − QQT )W ,

Furthermore, we have

g=1

√ √
According to the argument in the proof of Theorem 24, Z = (Ik − p pT )W with
√ √ T
W
N (0, Ik ). Similarly, we also have Z = (Ik − q q )W with W
N (0, Ik ). Note
that W is independent of W . Recall the definition of the matrix Q and the vector γ in the
proof of Theorem 25. Then,

2
d X
X
X
1
Z j −
Z j  = Z T (Ik − QQT )Z,
|Cg |
g=1 j∈Cg
j∈Cg

2
d X
X
X
T
Z j − 1
Z j  = Z (Ik − QQT )Z,
|Cg |
g=1 j∈Cg
j∈Cg


r
r
r
r
 2
 2
d
X
m
n
m
n
1 X

|Cg |
Zj −
Z j  = QT
Z−
Z
.
|Cg |
m+n
m+n
m+n
m+n

g=1

Hence, we have the following approximation,


r
 2
d
X
X r m
n
1
Z −
Z j  = oP (1).
Tf −
|Cg | 
|Cg |
m+n j
m+n

h=1

The same argument also leads to

2

2
d
k
k
d
X
X
X p
p
2nm
2nm X 1 X
1

f h (p̂j ) −
f h (q̂j ) −
( p̂j − q̂j ) = oP (1).
n+m
|Ch |
n+m
|Ch |

h=1


2

2
d
k
d
k
X
p
2nm X 1  X p
2nm X 1 X

−
f h (p̂j ) −
f h (q̂j )
( p̂j − q̂j ) = oP (1).
n+m
|Ch |
n+m
|Ch |

Then, we have

j=1

k
X

Using Taylor expansion, we get
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3/2

max

|η̄

|

h=1

j∈Ch

(Xπ−1 (j) − νh )2 = oP (1),


2
d
X
1 X
(Xπ−1 (j) − µj ) = oP (1).
Tf − n
|Ch |

h=1 j∈Ch

d X
X

Tg − Tf − n

h=1 j∈Ch

d X
X

j∈Ch



j∈Ch

χ2d and

n

j=1

j=1

38

j=1
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k
k
k
X
X
X
(θj − µπ(j) )2 ≤ 2n
(Xj − θj )2 + 2n
(Xj − µπ(j) )2 .

In this section, we give proofs of Theorem 3, Theorem 6, Theorem 8, Theorem 10 and
Theorem 20.
Proof [Proof of Theorem 3] We first assume n`(θ, µ)2 → ∞ and derive T → ∞ in probability. Note that for each π ∈ Sk ,

10.2 Power Analysis

χ2k,τ 2 , Tf

2
X
1
Xπ−1 (j) −
Xπ−1 (j)  = oP (1).
|Ch |

2

Therefore, under the null hypothesis X ∼ N (µ, n−1 Ik ), we have Tg
Tg − Tf
χ2k−d,τ 2 .

we also have

h=1 j∈Ch

d X
X


2
d
X
1 X
(Xπ−1 (j) − µj )
n
(Xπ−1 (j) − νh ) − n
|Ch |
j∈Ch
h=1 j∈Ch
h=1

2
d X
d
X
X
1 X
2

= n
(Xπ−1 (j) − νh ) − n
|Ch |
(Xπ−1 (j) − νh )
|Ch |
j∈Ch
h=1 j∈Ch
h=1

2
d X
X
X
1
Xπ−1 (j) −
= n
Xπ−1 (j)  ,
|Ch |

By the fact that

and

Tg − n

√g6=h gh → 0. Then, we can use the
diverging sequence that satisfies Cn → ∞ and n
n
same analysis in the proof of Theorem 23 that leads to (41) and (46). Note that the only
difference is L = O(1), and it will not affect the conclusions of (41) and (46). We still have

C

Proof [Proof of Theorem 21] We will borrow notation and arguments used in the proof of
√
Theorem 23. For example, we keep using the notation L = max1≤g≤d maxj∈Cg n|µj − νg |.
However, under Condition M2’, we have L = O(1) instead of L = o(1). Let Cn be a

Gao

Therefore,
k
X

j=1

Zj2 + 2n`(X, µ)2 ,
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n`(θ, µ)2 ≤ 2
Pk
where Zj ∼ N (0, 1). The fact that 2 j=1
Zj2 = OP (1) and the assumption n`(θ, µ)2 → ∞
implies that n`(X, µ)2 → ∞ in probability. Suppose we can show T = OP (1) implies
n`(X, µ)2 = OP (1), then n`(X, µ)2 → ∞ in probability must implies T → ∞ in probability.
Now we suppose a bound T ≤ B = O(1), and it is sufficient to derive a bound
for n`(X, µ)2 . For each j = 1, ..., k, we shorthand the power sums pj (X1 , ..., Xk ) and
pj (µ1 , ..., µk ) by pj (X) and pj (µ). Similarly, the elementary symmetric polynomials ej (X1 , ..., Xk )
and ej (µ1 , ..., µk ) are shorthanded by ej (X) and ej (µ). Define a vector ∆ ∈ Rk with the jth
Pk
Pk
Xhj − 1j h=1
µhj . Recall the definition of the matrix E(µ1 , ..., µk ).
entry being ∆j = 1j h=1
Then,
T = nkE(µ1 , ..., µk )∆k2 .



.

(51)

We use λmax (·) and λmin (·) to denote the largest and the smallest eigenvalues. By the fact
that V (µ1 , ..., µk )E(µ1 , ..., µk ) = Ik , we have



B
n

nk∆k2
T ≥ nλmin (E(µ1 , ..., µk )T E(µ1 , ..., µk ))k∆k2 ≥
.
λmax (V (µ1 , ..., µk )T V (µ1 , ..., µk ))

λmax (V (µ1 , ..., µk )T V (µ1 , ..., µk ))B
=O
n

The bound T ≤ B then leads to
k∆k2 ≤

k
Y

(t − µj ),

fˆ(t) =

(t − Xj ).
j=1

k
Y

Therefore, |pj (X) − pj (µ)|2 = O (B/n) for each j ∈ [k]. By Newton’s identities, we can
deduce |ej (X) − ej (µ)|2 = O (B/n) for each j ∈ [k]. Define
f (t) =
j=1

j=0

k
X

|ek−j (X) − ek−j (µ)||Xl |j .

The relation between the two polynomials and the elementary symmetric polynomials is
given in (3). Using (3), we give a bound for |f (Xl )|.
|f (Xl )| = |f (Xl ) − fˆ(Xl )| ≤

Y

1≤j<l≤k

µj − µl
.
2
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Since |Xl |2 ≤ p2 (X) ≤ p2 (µ) + |p2 (X) − p2 (µ)| = O(1), we have |f (Xl )|2 = O(B/n). The
following proposition is useful and will be proved in the end.
Proposition 26 For any µ1 , ..., µk , we have

1≤j≤k

|f (t)| ≥ min |t − µj |
39

By this inequality, we have

k
Y

j=1

k
Y

j=1

Gao

max min (Xl − µj )2 = O
1≤l≤k 1≤j≤k

k
Y





.





B
n

B
n

.

|Xj − µσ(j) | = 2k |fˆ(t)| + O

r

B
n

!

,

|ek−j (X) − ek−j (µ)||µl |j = O

j=1

max (Xj − µσ(j) )2 = O
1≤j≤k

|t − Xj | + 2k

k
X
j=0

|µl − µσ(j) | = O

|fˆ(µl )| = |fˆ(µl ) − f (µl )| ≤

|t − µσ(j) | ≤ 2k

Therefore, there exists a sequence σ(1), ..., σ(k) such that

Since

and

we have
k
Y

j=1



r

,

k/2 !

!

B
n

B
n

,

(52)

which holds for every l = 1, ..., k. The fact that µ1 , ..., µk are k different fixed number
implies σ must be an element of Sk . Hence, the bound (52) implies n`(X, µ)2 = O(B), and
the proof of one direction is complete.
For the other direction, it is sufficient to show that n`(θ, µ) = O(1) implies T = OP (1).
This can be shown using the same argument in the proof of Theorem 22.

Proof [Proof of Proposition 26] We first consider the case k = 2, where f (t) = (t − µ1 )(t −
2|
2|
µ2 ). Suppose |t − µ1 | ≤ |t − µ2 |, then |t − µ2 | ≥ |µ1 −µ
. Thus, |f (t)| ≥ |µ1 −µ
min{|t −
2
2
µ1 |, |t − µ2 |}. The same argument also works when |t − µ1 | > |t − µ2 |. When k = 3,

|µ1 − µ2 |
|f (t)| ≥ |t − µ3 |
min{|t − µ1 |, |t − µ2 |}
2
|µ1 − µ2 |
min {|t − µ1 ||t − µ3 |, |t − µ2 ||t − µ3 |} .
2
=

The inequality for k = 2 can be used to lower bound both |t − µ1 ||t − µ3 | and |t − µ2 ||t − µ3 |.
This gives the desired result for k = 3. A standard mathematical induction argument leads
to inequality for all k.
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Proof [Proof of Theorem 6] According to the argument that we have used in the proof of
Theorem 3, we need to show Tf = OP (1) and Tg = OP (1) imply n`(X, µ)2 = OP (1) for the
proof of the first direction.

40

h=1

j=1

(t − νh )2 ≤

h∈[d]\{g}

Y

Y

g=1

1≤g≤d

(t − νh )2 ≤ d max

g=1 h∈[d]\{g}

d
X
h∈[d]\{g}

Y
(t − νh )2 ,

j=1

g=1


2
 
k
d
X
X
B1
h
h

Xj −
|Cg |νg  = O
.
n

g=1

g=1

g=1

g=1


2
d
d
X
X
h
h
ˆ

|Cg |νg −
|Cg |νg
= kV (ν1 , ..., νd )rk2 ≥ λmin (V (ν1 , ..., νd )T V (ν1 , ..., νd ))krk2 .

41
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Proof [Proofs of Theorem 8 and Theorem 10] The proofs are the same as those of Theorem
3 and Theorem 6.

When ν1 , ..., νd are d different
numbers, we have λmin (V (ν1 , ..., νd )T V (ν1 , ..., νd )) > 0, and

2
.
Since
krk2 is an integer, we must have krk2 = 0, which gives
thus krk2 = O B1 +B
n
|Cˆg | = |Cg | for any g ∈ [d]. From this we can deduce that n`(X, µ)2 = O(B2 ).
For the other direction, it is sufficient to show that n`(θ, µ)2 = O(1) implies Tf = OP (1)
and Tg = OP (1). This can be shown using the same argument in the proof of Theorem 23.

h=0

d−1
X

Define a vector r ∈ Rd , with its gth entry being |Cˆg | − |Cg |. Then,

h=0

P
P
The inequalities in the last two displays, together with the equality dg=1 |Cˆg | = dg=1 |Cg |,
give

2


d−1 X
d
d
X
X
B1 + B2
h
h
ˆ

|Cg |νg −
|Cg |νg
=O
.
n

h=1

d−1
X

Using the same argument in deriving (51), we can also get the bound

1
min (t − νg )2 ≤ g(t) ≤ min (t − νg )2 .
(53)
1≤g≤d
d 1≤g≤d
Pk
2
Therefore, Tg ≤ B2 implies that j=1 min1≤g≤d (Xj −νg )2 ≤ dB
n . This implies the existence
2
2
of a sequence σ(1), ..., σ(k) such that max1≤j≤k (Xj − νσ(j) ) ≤ dB
n = O(B2 /n). It further
p
h
h
ˆ
implies max1≤h≤d max1≤j≤k |Xj − νσ(j) | = O( B2 /n). Define Cg = {j ∈ [k] : σ(j) = g} for
each g ∈ [d]. Then

2
 
d−1 X
k
d
X
X
B2
h
h
ˆ

.
Xj −
|Cg |νg
=O
n

we have

1≤g≤d

max

Suppose Tf ≤ B1 = O(1) and Tg ≤ B2 = O(1). It is sufficient to derive a bound for
n`(X, µ)2 . We first derive an inequality for g(t). Since

Goodness-of-Fit Tests for Random Partitions

min

g∈[d]

p
p 2 dB2 (n + m)
p̂j − rg ≤
= OP (n−1 ).
nm

min

g∈[d]

p
√ 2
p̂j − rg = OP (n−1 ).

Tf

≥

≥

h=1

g=1

j=1

j=1

42

1
h

(54)

p h
q̂j ) . Thus, the
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j=1 (

Pk


2
d
k
k
X
2nm X 1 X
f h (p̂j ) −
f h (q̂j )
n+m
|Ch |
j=1
j=1
h=1

2
d
k
k
X
2nm X X
f h (p̂j ) −
f h (q̂j )
d(n + m)

j=1

2

d
k
X
X
p
√ h
ˆ
 ( p̂j )h −
|Cg |( rg )
= OP (n−1 ).

√
√
2nm
=
kE( r1 , ..., rd )∆k2 ,
d(n + m)
p
P
where ∆ is a d-dimensional vector with ∆h = h1 kj=1 ( p̂j )h −
bound Tf ≤ B1 = OP (1) implies that
√
√
kE( r1 , ..., rd )∆k2 = OP (n−1 ).

Note that

h=1

d−1
X

p
√
Then, there must exist σ(1), ..., σ(k) such that maxj∈[k] | p̂j − rσ(j) |2 = OP (n−1 ). It
p h
√
further implies that maxh∈[d] maxj∈[k] |( p̂j ) − ( rσ(j) )h | = OP (n−1/2 ). Define Cˆg = {j ∈
[k] : σ(j) = g} for each g ∈ [d]. Then, we have

j=1

k
X

√ p
√
Since maxg∈[d] n| rg − rg | = OP (1), we deduce

j=1

k
X

√
p
By the definition of g(·), we have g(t) ≥ d−1 ming∈[d] ( t − rg )2 . This implies the bound

j=1

2nm X
g(p̂j ) ≤ B2 .
n+m

k

√ p
√
Proof [Proof of Theorem 20] First of all, we have maxj∈[k] n| q̂j − qj | = OP (1). This
gives that P(C g = Cg for all g ∈ [d] and d = d) → 1. From now on, the analysispis on
√
the event {C g = Cg for all g ∈ [d] and d = d}. Since we also have maxj∈[k] n| p̂j −
√
2
2
pj | = OP (1), the statement n`(p, q) → ∞ is equivalent to n`(p̂, q) → ∞ in probability.
Therefore, we only need to establish the equivalence between n`(p̂, q)2 → ∞ in probability
and the power of the test goes to one.
In the first direction of the proof, we suppose that Tf ≤ B1 = OP (1) and Tg ≤ B2 =
OP (1), and we will show n`(p̂, q)2 = OP (1). The bound Tg ≤ B2 = OP (1) implies that

Gao
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g=1

(55)

√
√
√
√
Since λmin (E( r1 , ..., rd )T E( r1 , ..., rd )) is a positive constant that is bounded away
from 0, and
√
√
√
√
√
√
√
√
|λmin (E( r1 , ..., rd )T E( r1 , ..., rd )) − λmin (E( r1 , ..., rd )T E( r1 , ..., rd ))| = oP (1),

j=1


2
k
d
X
X
p
√
 ( p̂j )h −
|Cg |( rg )h  = OP (n−1 ),

we have k∆k2 = OP (n−1 ), which further leads to
d−1
X

h=1

√ p
√
by using the fact that max
n| q̂ − q | = O (1) and Condition E. The two inequalj
j
P
j∈[k]
Pd
Pd
|Cg |, imply
|Cˆg | = g=1
ities (54) and (55), together with the fact that g=1
g=1

g=1


2
d−1 X
d
d
X
X
√
√

|Cˆg |( rg )h −
|Cg |( rg )h  = OP (n−1 ).

h=0



The same argument used in the proof
6 implies that |Cˆg | = |Cg | for all g ∈ [d].
p of Theorem
√
Therefore, together with maxj∈[k] | p̂j − rσ(j) |2 = OP (n−1 ), we obtain the conclusion
n`(p̂, q) = OP (1).
For the other direction, when n`(p, q)2 = O(1), the approximations (49) and (50) in the
proofs of Theorem 19 hold with bounds at the order of OP (1). This leads to Tf = OP (1)
and Tg = OP (1).

10.3 Minimax Upper and Lower Bounds



δ
θ : kθ − µk = √
n

.

In this section, we prove all results in Section 6. We first give proofs for the lower bounds,
and then for the upper bounds.
2
Proof [Proof of Theorem 11] We first observe an inequality |ηjl | + |ηlj | ≥ |µl −µ
, which has
j|
√
been derived in the proof of Theorem 22. Thus, Condition M1 implies n|µj − µl | → ∞
for any j 6= l. Consider the set
Θ̄δ =
2

θ∈Θ̄δ

Pµ φ + sup Pθ (1 − φ) .
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For each θ ∈ Θ̄δ , |θj − µj |2 ≤ δn , which implies µj is the closest element to θj in the set
√
{µ1 , ..., µk }. Therefore, `(θ, µ) = kθ − µk = δ/ n, which implies Θ̄δ ⊂ Θδ . This gives the
lower bound
(
)
0≤φ≤1

Rn (k, δ) ≥ inf

Pµ φ +

Consider the uniform distribution Π on Θ̄δ . Then,


Z
Pθ (1 − φ)dΠ(θ) .
0≤φ≤1

Rn (k, δ) ≥ inf

43

Gao

By Neyman-Pearson lemma, the optimal testing function φ is given by

 R
d Pθ dΠ(θ)
>1 .
dPµ
φ=

Using the property of Π, we have
R
d Pθ dΠ(θ)
dPµ

2 /2

Z

exp (n hX − µ, θ − µi) dΠ(θ).

Z
dPθ
=
dΠ(θ)
dPµ
Z


n
exp − kθ − µk2 + n hX − µ, θ − µi dΠ(θ)
2
=

= e−δ

Let Π̄ be the uniform distribution on the unit sphere {θ : kθk = 1}, and then we have
Z
Z

√
exp (n hX − µ, θ − µi) dΠ(θ) = exp δ n hX − µ, θi dΠ̄(θ).

R1
√
2 k−3
2 dt
−1 exp (δ nkX − µkt) (1 − t )
.
R1
k−3
2 2 dt
−1 (1 − t )

Let f be the marginal density of the first coordinate of θ ∼ Π̄. Then, f (t) ∝ (1 − t2 )
The uniformity of Π̄ implies that
Z


√
exp δ n hX − µ, θi dΠ̄(θ) =

R

Pθ dΠ(θ)
dPµ

is an increasing function of kX − µk2 . This implies

R
k−3
1
δxt
−δxt
−
e
)δt(1
− t2 ) 2 dt
0 (e
> 0, for x > 0,
R1
k−3
2 2 dt
−1 (1 − t )

√
Therefore, we can write the quantity in the above display as F ( nkX − µk). Since

d

F 0 (x) =

the testing statistic


φ = nkX − µk2 ≥ t ,

k−3
2

.

(56)

2
for some t > 0. Note that nkX − µk2 ∼ χk2 under Pµ , and nkX − µk2 ∼ χk,δ
2 under any Pθ
with θ ∈ Θ̄δ . Hence,
t>0

n
o
2
Rn (k, δ) ≥ inf P(χk2 ≥ t) + P(χk,δ
.
2 < t)

This completes the proof.
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2
Proof [Proof of Theorem 13] Since |η̄gh | + |η̄hg | ≥ |νg −ν
, it is implied by Condition M2
h|
√
that n|νg − νh | → ∞ for any g 6= h. Moreover, for any j ∈ Ch , |µj − νh | = o(n−1/2 ). Under
these assumptions, for any θ such that kθ − µk = √δn , there exists a π ∈ Sk that depends

44

Define

1
(θ − µ).
1 + θ



(57)

+ θ ). Moreover, |θ | = o(1) uniformly over all θ that

θ0 = µ +

√δ (1
n

δ
R(θ) : kθ − µk = √
n
.

and a unit vector v, we can also write

n

dPµ

Z dP √δv
µ+

v

dΠ̄(v) =

Z


√
exp −δv2 /2 + δv n hX − µ, vi dΠ̄(v).

n

Fδ (x) =

45

2 k−3
2 dt
−1 exp (δxt) (1 − t )
.
R1
k−3
2 2 dt
−1 (1 − t )

R1

The definitions imply L− ≤ L ≤ L+ . Define the function
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(58)

Under the assumption, there exist δ− and δ+ such that δ− ≤ δv ≤ δ+ for all v and δ− /δ =
1 + o(1) and δ+ /δ = 1 + o(1). We introduce the upper and lower brackets of L as
Z

√
2
L− = min
exp −δ+
/2 + δ− n hX − µ, vi dΠ̄(v),

Z

√
2
exp −δ+
/2 + δ+ n hX − µ, vi dΠ̄(v) ,
Z

√
2
L+ = min
exp −δ−
/2 + δ− n hX − µ, vi dΠ̄(v),

Z

√
2
exp −δ−
/2 + δ+ n hX − µ, vi dΠ̄(v) .

L=

and the likelihood ratio is

0≤φ≤1

each element in Θ̄δ as µ + √δvn v. Consider a uniform probability measure Π̄ on {v : kvk = 1}.
Then, by the same argument in the proof of Theorem 11,


Z
Rn (k, δ) ≥ inf
Pµ φ + Pµ+ √δv v (1 − φ)dΠ̄(v) ,

Since there is a one-to-one relation between

θ−µ
kθ−µk

This definition immediately implies Θ̄δ ⊂ Θδ . Note that each element in Θ̄δ can be represented as
δθ θ − µ
R(θ) = µ + √
.
n kθ − µk

Θ̄δ =



δ
. We use the notation R to denote
Then, kθ0 − µk = √δθn and `(θ0 , µ) = √δn , where δθ = 1+
θ
0
the operator R : θ 7→ R(θ) = θ defined by (57). By the definition, a useful property is
R(θ)−µ
θ−µ
kR(θ)−µk = kθ−µk . Consider the set

satisfies kθ − µk =

√δ .
n

on θ and kθπ − µk = `(θ, µ) =
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Pµ+ √δv v (L+ ≤ 1)
n
 2

= P e−δ− /2 max{Fδ− (kZ + δv vk), Fδ+ (kZ + δv vk)} ≤ 1
 2

≥ P e−δ− /2 max{Fδ− (kZ + δ+ vk), Fδ+ (kZ + δ+ vk)} ≤ 1
 2

→ P e−δ /2 Fδ (kZ + δvk) ≤ 1
≥

√
∈ Θ̄δ , k n(X − µ)k2 ∼ χk2 ,δv2 , where δv2 ∈ [δ− , δ+ ]. Then,

0≤φ≤1

Rn (k, δ) ≥ inf

46

p∈P̄δ

Pq φ + sup Pp (1 − φ) .
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√ √
√
Proof [Proof of Theorem 15] Note that Condition M3 implies n| qj − ql | → ∞ for any
j 6= l. Consider the set


δ
√
√
.
P̄δ = p : k p − qk = √
n
2
√
√
√
√
For each p ∈ P̄δ , | pj − qj |2 ≤ δn , which implies qj is the closest element to pj in the
√
√
√
√
√
set { q1 , ..., qk }. Therefore, `(p, q) = k p − qk = δ/ n, which implies P̄δ ⊂ Pδ . This
gives the lower bound
(
)

The proof is complete.

t>0

Rn (k, n) ≥ Pµ (L− > 1) + inf Pµ+ √δv v (L+ ≤ 1)
n
kvk=1
 

 2

−δ 2 /2
≥ (1 + o(1)) P e
Fδ (kZk) > 1 + inf P e−δ /2 Fδ (kZ + δvk) ≤ 1
kvk=1
n
o
2
2
≥ (1 + o(1)) inf P(χk ≥ t) + P(χk,δ2 < t) .

 2

Note that P e−δ /2 Fδ (kZ + δvk) ≤ 1 is independent of v. Therefore, by the fact that
Fδ (x) is increasing on x > 0, we have

n

Pµ+ √δv v (1 − φ)

δv
√
v
n

Pµ (L− > 1)
 2

= P e−δ+ /2 min{Fδ− (kZk), Fδ+ (kZk)} > 1
 2

→ P e−δ /2 Fδ (kZk) > 1 .

≥

For the alternative θ = µ +

Pµ φ

Define φ = I{L > 1}, φ− = I{L− > 1} and φ+ = I{L+ > 1}. We have the inequality
√
φ− ≤ φ ≤ φ+ . For θ = EX = µ, k n(X − µ)k2 ∼ χ2k . Thus, let Z ∼ N (0, Ik ), and then we
have

√
√
2
L− = e−δ+ /2 min{Fδ− ( nkX − µk), Fδ+ ( nkX − µk)},
√
√
2
L+ = e−δ− /2 max{Fδ− ( nkX − µk), Fδ+ ( nkX − µk)}.

By (56), we have

Gao
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√
√
Let Π be the uniform distribution on the sphere {v : kv − qk = δ/ n}. Then,


Z
√
Pq φ + Pp (1 − φ)dΠ( p) .
0≤φ≤1

Rn (k, δ) ≥ inf

φ=

By Neyman-Pearson lemma, the optimal testing function φ is given by

 R
√
d Pp dΠ( p)
>1 .
dPq

L=

max

max

q
pj
qj

1≤j≤k

log

k
X
j=1

qj log

j=1

log

q

+

j=1


= log 1 +

= O(1).

√
√ 
pj − qj
√
.
qj

= O(1),

 √ √ 2
pj − qj
√
qj

q
√
√
pj − qj
p
log qjj − √
qj
√
√
pj − qj 2
√
qj

−

1
2

√
pj − qj 3
√
qj

√
√
pj − qj
√
qj
√

pj
√
√
= −(1 + o(1))2k p − qk2 .
qj

(60)

(59)

By Condition M3,

"√
√
√
√  #
− q
p − qj 2
1
√
√
j
j
−
= −k p − qk2 .
√
√
qj
2
qj
pj

pj
qj

By the definition, we have


R
Z
√
k
k
X
X
d Pp dΠ( p)
p
p
√
j
j
= exp n
+n
(p̂j − qj ) log  dΠ( p),
qj log
dPq
qj
qj
where

k
X

qj

1≤j≤k

Pn
I{Xi = j}. Note that
p̂j = n1 i=1
√
√
pj − qj
√
= o(1). Therefore,
qj

max1≤j≤k

and

Since
j=1

By (60), we have

−

qj )

j=1

√
√
k
X
p
pj − qj
√
√
√
= 2(1 + oP (1))
( p̂j − qj )( pj − qj ).
√
qj

(62)

(61)

Under Condition M3, p̂j /pj = 1 + oP (1), and this implies p̂j /qj = 1 + oP (1). Therefore,
(p̂j

k
X
j=1

By (59), we have

j=1
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k
k
X
X
p
p
√
√
√
j
= 4(1 + oP (1))
( p̂j − qj )( pj − qj ).
(p̂j − qj ) log
qj
j=1

47

(p̂j −qj ) log

pj
≥ min
qj

pj
≤ max
qj

Gao

k
X

pj
2
≤ −2δ−
,
qj



√ 
√ 
√
√
p
p
p
−
q
p− q
4δ
√
√
+
,√
,
p̂ − q, √
p̂ − q, √
√
√
k p − qk
k p − qk
n

qj log


4δ−
√
n

j=1





√ 
√ 
√
√
p
p− q
p− q
4δ+ p
√
√
p̂ − q, √
,√
p̂ − q, √
.
√
√
k p − qk
k p − qk
n

(64)

(63)

4δ−
√
n

2
−2δ+
≤n

The approximations (61) and (62) imply the existence of δ− and δ+ that satisfies δ− =
(1 + o(1))δ, δ+ = (1 + o(1))δ. Moreover, on an event E with probability 1 − o(1) under both
null and alternative, the following inequalities hold:

k
X
j=1

(p̂j − qj ) log

and
k
X
j=1

We introduce the upper and lower brackets of the L as
L−

L+

Z

√ Dp
√ E
= min
exp −2δ 2 + 4δ n
p̂ − q, v dΠ̄(v),
−
+

Z

√ Dp
√ E
2
exp −2δ+
+ 4δ+ n
p̂ − q, v dΠ̄(v) ,
Z

√ Dp
√ E
p̂ − q, v dΠ̄(v),
= max
exp −2δ 2 + 4δ− n
−

Z

√ Dp
√ E
2
exp −2δ−
+ 4δ+ n
p̂ − q, v dΠ̄(v) ,

where Π̄ is the uniform distribution on the unit sphere {v : kvk = 1}. By (56), we have

√ p
√ p
√
√
2
L− = e−2δ+ min{F2δ− (2 nk p̂ − qk), F2δ+ (2 nk p̂ − qk)},
√ p
√ p
√
√
2
L+ = e−2δ− max{F2δ− (2 nk p̂ − qk), F2δ+ (2 nk p̂ − qk)}.

≥

=

Pq φ− IE

Pq φIE + Pq φIE c

√
√
2
where Fδ (x) is defined in (58). Note that 4nk p̂ − qk2
χk−1
under the null and
√
√
2
2
2
2
2
4nk p̂ − qk2 − δ22
χk−1,δ
2 , with δ1 = δ1 (p) and δ2 = δ2 (p) defined in (47) and (48),
1
under the alternative. Define φ = I{L > 1}, φ− = I{L− > 1}, φ+ = I{L+ > 1} and
φ∗ = I{L∗ > 1}. Then, we have the inequality φ− IE ≤ φIE ≤ φ+ IE . For q = p, we have
Pq φ
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≥ Pq (L− > 1) − Pq (E c )


√ p
√ p
√
√
2
= Pq e−2δ+ min{F2δ− (2 nk p̂ − qk), F2δ+ (2 nk p̂ − qk)} > 1 − Pq (E c )
q



2
2
→ P e−2δ F2δ
χk−1
>1 .

48

Pp (1 − φ+ )IE + Pp (E c )

Pp (1 − φ)IE + Pp (1 − φ)IE c

≤

{δ1 ,δ2 :δ12 +δ22 =δ 2 }

1

inf

{δ1 ,δ2 :δ12 +δ22 =δ 2 }

inf

1

1

!

P(χ2k−1,δ2 + δ22 ≤ t) .

q


F2δ
χ2k−1,δ2 + δ22 ≤ 1


P χ2k−1 > t +

P e

−2δ 2


√

q+

2
1
√
√
( p − q) .
1 + θ
(65)

√

R(p)− qk

√R(p)−√q =

√ √
p− q
√ √
k p− qk .

P̄δ =



δ
√
√
R(p) : k p − qk = √
n

Consider the set


.
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This definition immediately implies P̄δ ⊂ Pδ . Note that each element in P̄δ can be represented as

√
√ 
p− q 2
δθ
√
q+√ √
.
R(p) =
√
n k p − qk

k

√
√
δ
Then, k p − qk = √δθn and `(p0 , q) = √δn , where δθ = 1+
. We use the notation R to
θ
denote
the
operator
R
:
p
→
7
R(p)
defined
by
(65).
By
the
definition,
a useful property is
√

p0 =

√ √
√
Proof [Proof of Theorem 17] It is implied by Condition M4 that n| rg − rh | → ∞ for
√
√
any g 6= h. Moreover, for any j ∈ Ch , | qj − rh | = o(n−1/2 ). Under these assumptions,
√
√
for any p such that k p − qk = √δn , there exists a π ∈ Sk that depends on p and
√
√
δ
k pπ − qk = `(p, q) = √n (1 + θ ). Moreover, |θ | = o(1) uniformly over all p that satisfies
√
√
k p − qk = √δn . Define

The proof is complete.

t>0

≥ (1 + o(1)) inf

{δ1 ,δ2 :δ12 +δ22 =δ 2 }



n 
q


2
Rn (k, δ) ≥ (1 + o(1)) P e−2δ F2δ
χ2k−1 > 1 +
)

Pp (1 − φ+ ) + Pp (E c )


√ p
√ p
√
√
2
= Pp e−2δ− max{F2δ− (2 nk p̂ − qk), F2δ+ (2 nk p̂ − qk)} ≤ 1 + Pp (E c )



q
2
χ2k−1,δ1 (p)2 + δ2 (p)2 ≤ 1
→ P e−2δ F2δ



q
2
≥
inf
P e−2δ F2δ
χ2k−1,δ2 + δ22 ≤ 1 .

≤

=

By the fact that Fδ (x) is increasing on x > 0, we have

Pp (1 − φ)

For the alternative, we have

Goodness-of-Fit Tests for Random Partitions

0≤φ≤1

Rn (k, δ) ≥ inf

Pq φ +

√

√
p− q

L=
dPq

n

Z dP√q+ √δv
v

2

2 (1

dΠ̄(v).

δv
q+ √
v
n

− φ)dΠ̄(v) ,
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1. The term “space-filling” is used widely in the literature on design of experiments. However, in most
cases, space-filling is meant in an intuitive sense and as a synonym for “evenly or uniformly spread”.
Later in this paper, we will provide a technical definition of space-filling property and what should be
considered a good sample design.
2. In this paper, by randomness we mean that sample points are uniformly distributed over space. Here
“uniform” is used in the sense that sample points follow a uniform probability distribution over the
sampling region and that each location is equally likely to be selected as sample location, not in the
sense that they are “evenly dispersed over the sampling region.

Exploratory analysis and inference in high dimensional parameter spaces is a ubiquitous
problem in science and engineering. As a result, a wide-variety of machine learning tools and
optimization techniques have been proposed to address this challenge. In its most generic
formulation, one is interested in analyzing a high-dimensional function f : D → R defined
on the d-dimensional domain D. A typical approach for such an analysis is to first create an
initial sampling X = {xi ∈ D}N
i=1 of D, evaluate f at all xi , and perform subsequent analysis
and learning using only the resulting tuples {(xi , f (xi ))}N
i=1 . Despite the widespread use of
this approach, a critical question that still persists is: how should one obtain a high quality
initial sampling X for which the data f (X ) is acquired or generated? This challenge is
typically referred to as Design of Experiments (DoE) and solutions have been proposed as
early as (Fisher, 1935) that optimized agricultural experiments. Subsequently, DoE has
received significant attention from researchers in different fields (Garud et al., 2017). It is
also an important building block for a wide variety of machine learning applications, such as,
supervised machine learning, neural network training, image reconstruction, reinforcement
learning, etc. (for a detailed discussion see Section 10). In several scenarios, it has been
shown that success crucially depends on the quality of the initial sampling X . Currently, a
plethora of sampling solutions exist in the literature with a wide-range of assumptions and
statistical guarantees; see (Garud et al., 2017; Owen, 2009) for a detailed review of related
methods. Conceptually, most approaches aim to cover the sampling domain as uniformly
as possible, in order to generate the so called space-filling experimental designs (Joseph,
2016)1 . However, it is well know that uniformity alone does not necessarily lead to high
performance. For example, optimal sphere packings lead to highly uniform designs, yet are
well known to cause strong aliasing artifacts most easily perceived by the human visual
system in many computer graphics applications. Instead, a common assumption is that a
good design should balance uniformity and randomness2 . Unfortunately, an exact definition
for what should be considered a good space-filling design remains elusive.
Most common approaches use various scalar metrics to encapsulate different notions of
ideal sampling properties. One popular metric is the discrepancy of an experimental design,
defined as an appropriate `p norm of the ratio of points within all (hyper-rectangular) subvolumes of D and the corresponding volume ratio. In other words, discrepancy quantifies
the non-uniformity of a sample design. The most prominent examples of so called discrepancy sequences are Quasi-Monte Carlo (QMC) methods and their variants (Caflisch, 1998).
In their classical form, discrepancy sequences are deterministic though extensions to incorporate randomess have been proposed, for example, using digital scrambling (Owen, 1995).
Nevertheless, by optimizing for discrepancy these techniques focus almost exclusively on uniformity, and consequently even optimized QMC patterns can be quite structured and create
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• We develop a computationally efficient edge corrected kernel density estimator based
technique to estimate the space-filling property in arbitrary dimensions.

• We use tools from statistical mechanics to connect the qualitative performance (in the
spectral domain) of a sample design with its spatial properties characterized by the
PCF.

• We provide a novel technique to quantify the space-filling property of sample designs
in arbitrary dimensions and systematically trade-off uniformity and randomness.

Using insights from the analysis of space-filling designs in the spectral domain, we provide design guidelines to systematically trade-off uniformity and randomness for a good
sampling pattern. The analytical tractability of the PCF enables us to perform theoretical
analysis in the spectral domain to derive the structure of optimal space-filling designs, referred to as space-filling spectral design in the rest of this paper. Next, we develop an edge
corrected kernel density estimator based technique to measure the space-filling property
via PCFs in arbitrary dimensions. In contrast to existing PCF estimation techniques, the
proposed PCF estimator is both accurate and computationally efficient. Based on this estimator, we develop a systematic optimization framework and a novel algorithm to synthesize
space-filling spectral designs. In particular, we propose to employ a weighted least-squares
based gradient descent optimization, coupled with the proposed PCF estimator, to accurately match the optimal space-filling spectral design defined in terms of the PCF.
Note that there is a strong connection between the proposed space-filling spectral designs
and coverage based designs such as Poisson Disk Sampling (PDS) (Gamito and Maddock,
2009). However, the major difference lies in the metric/criterion these techniques use to
estimate and optimize the space-filling designs. Furthermore, existing works on PDS focus
primarily on algorithmic issues, such as worst-case running times and numerical issues associated with providing high-quality implementations. However, different PDS methods often
demonstrate widely different performances which raises the questions of how to evaluate the
qualitative properties of different PDS patterns and how to define an optimal PDS pattern?
We argue that, coverage (ρ) based metrics alone are insufficient for understanding the statistical aspects of PDS. This makes it difficult to generate high quality PDS patterns. As we
will demonstrate below, existing PDS approaches largely ignore the randomness objective
and instead concentrate exclusively on the coverage objective resulting in inferior sampling
patterns compared to space-filling spectral designs, especially in high dimensions. Note that
on the other hand, the proposed PCF based metric does not have these limitations and enables a comprehensive analysis of statistical properties of space-filling designs (including
PDS), while producing higher quality sampling patterns compared to the state-of-the-art
PDS approaches.
In (Kailkhura et al., 2016a), we use the PCF to understand the nature of PDS and
provided theoretical bounds on the sample size of achievable PDS. Here we significantly
extend our previous work and provide a more comprehensive analysis of the problem along
with a novel space-filling spectral designs, an edge corrected PCF estimator, an optimization
approach to synthesize the space-filling spectral designs and a detailed evaluation of the
performance of the proposed sample design. The main contributions of this paper can be
summarized as follows:
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aliasing artifacts. Furthermore, even the fastest known strategies for evaluating popular discrepancy measures require O(N 2 d) operations making evaluation, let alone optimization,
for discrepancy difficult even for moderate dimensions. Finally, for most discrepancy measures, the optimal achievable values are not known. This makes it difficult to determine
whether a poorly performing sample design (e.g., in terms of generalization (or test error) in
a regression application and reconstruction error in an image reconstruction application) is
due to the insufficiency of the chosen discrepancy measure or due to ineffective optimization.
Another class of metrics to describe sample designs are based on geometric distances.
These can be used directly by, for example, optimizing the maximin or minimax distance
of a sample design (Schlomer et al., 2011) or indirectly by enforcing empty disk conditions.
The latter is the basis for the so-called Poisson disk samples (Lagae and Dutr, 2008), which
aim to generate random points such that no two samples can be closer than a given minimal
distance rmin , i.e. enforcing an empty disc of radius rmin around each sample. Typically,
Poisson-type samples are characterized by the relative radius, ρ, defined as the ratio of the
minimum disk radius rmin and the maximum possible disk radius rmax for N samples to
cover the sampling domain. Similar to the discrepancy sequences, maximin and minimax
designs exclusively consider uniformity, are difficult to optimize for especially in higher
dimensions, and often lead to very regular patterns. Poisson disk samples use ρ to trade off
randomness (lower ρ values) and uniformity (higher ρ values). A popular recommendation
in 2-d is to aim for 0.65 ≤ ρ ≤ 0.85 as a good compromise. However, there does not exist
any theoretical guidance for choosing ρ and hence, optimal values for higher dimensions
are not known. As discussed in more detail in Section 2, there also exist a wide variety of
techniques that combine different metrics and heuristics. For example, Latin Hypercube
sampling (LHS) aims to spread the sample points uniformly by stratification, and one can
potentially optimize the resulting design using maximin or minimax techniques (Jin et al.,
2005).
In general, scalar metrics to evaluate the quality of a sample design tend not to be very
descriptive. Especially in high dimensions different designs with, for example, the same ρ
can exhibit widely different performance and for some discrepancy sequences the optimal
designs converge to random samples in high dimensions (Morokoff and Caflisch, 1994; Wang
and Sloan, 2008). Furthermore, one rarely knows the best achievable value of the metric, i.e.
the lowest possible discrepancy, for a given problem which makes evaluating and comparing
sampling designs difficult. Finally, most metrics are expensive to compute and not easily
optimized. This makes it challenging in practice to create good designs in high dimensions
and with large sample sizes.
To alleviate this problem, we propose a new technique to quantify the space-filling property, which enables us to systematically trade-off uniformity and randomness, consequently
producing better quality sampling designs. More specifically, we use tools from statistical
mechanics to connect the qualitative performance (in the spectral domain) of a sampling
pattern with its spatial properties characterized by the pair correlation function (PCF). The
PCF measures the distribution of point samples as a function of distances, thus, providing
a holistic view of the space-filling property (See Figure 1(b)). Furthermore, we establish
the connection between the PCF and the power spectral density (PSD) via the 1−D Hankel transform in arbitrary dimensions, thus providing a relation between the PCF and the
quality metric of sampling quality to help subsequent design and analysis.
3
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2.1 Latin Hypercube Sampling

In this section, we provide a brief overview of existing approaches for creating space-filling
sampling patterns. Note that the prior art for this long-studied research area is too extensive
to cover in detail, and hence we recommend interested readers to refer to (Garud et al.,
2017; Owen, 2009) for a more comprehensive review.

2. Related Work

Monte-Carlo methods form an important class of techniques for space-filling sample design.
However, it is well known that Monte-Carlo methods are characterized by high variance in
the resulting sample distributions. Consequently, variance reduction methods are employed
in practice to improve the performance of simple Monte Carlo techniques. One example
is stratified sampling using the popular Latin Hypercube Sampling (LHS) (McKay, 1992;
Packham, 2015). Since its inception, several variants of LHS have been proposed with the
goal of achieving better space-filling properties, in addition to reducing variance. A notable
improvement in this regard are techniques that achieve LHS space filling not only in onedimensional projections, but also in higher dimensions. For example, Tang (Tang, 1993;
Leary et al., 2003) introduced orthogonal-array-based Latin hypercube sampling to improve
space-filling in higher dimensional subspaces. Furthermore, a variety of space-filling criteria

2.3 Poisson Disk Sampling

Following the success of Monte-Carlo methods, Quasi-Monte Carlo (QMC) sampling was introduced in (Halton, 1964) and since then has become the de facto solution in a wide-range
of applications (Caflisch, 1998; Wang and Sloan, 2008). The core idea of QMC methods is
to replace the random or pseudo-random samples in Monte-Carlo methods with well-chosen
deterministic points. These deterministic points are chosen such that they are highly uniform, which can be quantified using the measure of discrepancy. Low-discrepancy sequences
along with bounds on their discrepancy were introduced in the 1960’s by Halton (Halton,
1964) and Sobol (Sobol, 1967), and are still in use today. However, despite their effectiveness, a critical limitation of QMC methods is that error bounds and statistical confidence
bounds of the resulting designs cannot be obtained due to the deterministic nature of lowdiscrepancy sequences. In order to alleviate this challenge, randomized quasi-Monte Carlo
(RQMC) sampling has been proposed (LEcuyer and Lemieux, 2005), and in many cases
shown to be provably better than the classical QMC techniques (Owen and Tribble, 2005).
This has motivated the development of other randomized quasi-Monte Carlo techniques, for
example, methods based on digital scrambling (Owen, 1995).

2.2 Quasi Monte Carlo Sampling

such as entropy, integrated mean square error, minimax and maximin distances, have been
utilized for optimizing LHS (Jin et al., 2005). A particularly effective and widely adopted
metric is the maximin distance criterion, which maximizes the minimal distance between
points to avoid designs with points too close to one another (Morris and Mitchell, 1995). A
detailed study on LHS and its variants can be found in (Koehler and Owen, 1996).

Kailkhura, Thiagarajan, Rastogi, Varshney, and Bremer

While discrepancy-based designs have been popular among uncertainty quantification researchers, the computer graphics community has had long-standing success with coveragebased designs. In particular, Poisson disk sampling (PDS) is widely used in applications
such as image/volume rendering. The authors in (Dippe and Wold, 1985; Cook, 1986) were
the first to introduce PDS for turning regular aliasing patterns into featureless noise, which
makes them perceptually less visible. Their work was inspired by the seminal work of Yellott et.al. (Yellott, 1983), who observed that the photo-receptors in the retina of monkeys
and humans are distributed according to a Poisson disk distribution, thus explaining its
effectiveness in imaging.
Due to the broad interest created by the initial work on PDS, a large number of approaches to generate Poisson disk distributions have been developed over the last decade
(Gamito and Maddock, 2009; Ebeida et al., 2012, 2011; Ip et al., 2013; Bridson, 2007;
Oztireli and Gross, 2012; Heck et al., 2013; Wei, 2008; Dunbar and Humphreys, 2006; Wei,
2010; Balzer et al., 2009; Geng et al., 2013; Yan and Wonka, 2012a, 2013; Ying et al., 2013b,
2014; Hou et al., 2013; Ying et al., 2013a; Guo et al., 2014; Wachtel et al., 2014; Xu et al.,
2014; Ebeida et al., 2014; de Goes et al., 2012; Zhou et al., 2012). Most Poisson disk sample
generation methods are based on dart throwing (Dippe and Wold, 1985; Cook, 1986), which
attempts to generate as many darts as necessary to cover the sampling domain while not
violating the Poisson disk criterion. Given the desired disk size rmin (or coverage ρ), dart
throwing generates random samples and rejects or accepts each sample based on its distance

• We demonstrate the superiority of proposed space-filling spectral samples compared
to existing space-filling approaches through rigorous empirical studies on two different
applications: a) image reconstruction and b) surrogate modeling on several benchmark
optimization functions and an inertial confinement fusion (ICF) simulation code.

• We devise a systematic optimization framework and a gradient descent optimization
algorithm to generate high quality space-filling designs.

• Using theoretical insights obtained via spectral analysis of point distributions, we
provide design guidelines for optimal space-filling designs.

Figure 1: A sample design that balances randomness and uniformity. (a) Point distribution,
and (b) Pair correlation function.
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to the previously accepted samples. Despite its effectiveness, its primary shortcoming is the
choice of termination condition, since the algorithm does not know whether or not the domain is fully covered. Hence, in practice, the algorithm has poor convergence, which in turn
makes it computationally expensive. On the other hand, dart throwing is easy to implement and applicable to any sampling domain, even non-Euclidean. For example, Anirudh
et.al. use a dart throwing technique to generate Poisson disk samples on the Grassmannian
manifold of low-dimensional linear subspaces (Anirudh et al., 2017).
Reducing the computational complexity of PDS generation, particularly in low and
moderate dimensions, has been the central focus of many existing efforts. To this end, approximate techniques that produce sample sets with characteristics similar to Poisson disk
have been developed. Early examples (McCool and Fiume, 1992) are relatively simple and
can be used for a wide range of sampling domains, but the gain in computational efficacy is
limited. Other methods partition the space into grid cells in order to allow parallelization
across the different cells and achieve linear time algorithms (Bridson, 2007). Another class
of approaches, referred to as tile-based methods, have been developed for generating a large
number of Poisson disk samples in 2-D. Broadly, these methods either start with a smaller
set of samples, often obtained using other PDS techniques, and tile these samples (Wachtel
et al., 2014), or alternatively use a regular tile structure for placing each sample (Ostromoukhov et al., 2004). With the aid of efficient data structures, these methods can generate
a large number of samples efficiently. Unfortunately, these approximations can lead to low
sample quality due to artifacts induced at tile boundaries and the inherent non-random nature of tilings. More recently, many researchers have explored the idea of partitioning the
sampling space in order to avoid generating new samples that will be ultimately rejected by
dart throwing. While some of these methods only work in 2−D (Dunbar and Humphreys,
2006; Ebeida et al., 2011), the efficiency of other methods that are designed for higher
dimensions (Gamito and Maddock, 2009; Ebeida et al., 2012) drops exponentially with increasing dimensions. Finally, relaxation methods that iteratively increase the Poisson disk
radius of a sample set (McCool and Fiume, 1992) by re-positioning the samples also exist.
However, these methods have the risk of converging to a regular pattern with tight packing
unless randomness is explicitly enforced (Balzer et al., 2009; Schlomer et al., 2011).
A popular variant of PDS is the maximal PDS (MPDS) distribution, where the maximality constraint requires that the sample disks overlap, in the sense that they cover the whole
domain leaving no room to insert an additional point. In practice, maximal PDS tends to
outperform traditional PDS due to better coverage. However, algorithmically guaranteeing
maximality requires expensive checks causing the resulting algorithms to be slow in moderate (2-5) and practically unfeasible in higher (7 and above) dimensions. Though strategies
to alleviate this limitation have been proposed in (Ebeida et al., 2012), the inefficiency of
MPDS algorithms in higher dimensions still persists. Interestingly, a common limitation of
all existing MPDS approaches is that there is no direct control over the number of samples
produced by the algorithm, which makes the use of these algorithms difficult in practice,
since optimizing samples for a given sample budget is the most common approach.
As discussed in Section 1, the metrics used by the space-filling designs discussed above
do not provide insights into how to systematically trade-off uniformity and randomness.
Thereby, making the design and optimization of sampling pattern a cumbersome process.
To alleviate this problem, we propose a novel metric for assessing the space-filling property
7
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and connect the proposed metric (defined in the spatial domain) to the quality metric of
design performance (defined in the spectral domain).

(a) Random

(f) MPDS

(b) Regular

(g) Step PCF

(c) Sobol

(h) Stair PCF

(d) Halton

3. A Metric for Assessing Space-filling Property

(e) LHS

(f) MPDS

(b) Regular

(g) Step PCF

(c) Sobol

(h) Stair PCF

(d) Halton

Figure 2: Visualization of 2-d point distributions obtained using different sample design
techniques. In all cases, the number of samples N was fixed at 1000.

(a) Random

(e) LHS

Figure 3: Space-filling Metric: Pair correlation functions, corresponding to the samples
in Figure 2, characterize the coverage (and randomness) of point distributions
obtained using different techniques.
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In this section we first provide a definition of a space-filling design. Subsequently, we
propose a metric to quantify space-filling properties of sample designs.
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In contrast to existing scalar space-filling metrics such as discrepancy, and coverage, the
PCF characterizes the distribution of sample distances, thus providing a comprehensive
description of the sample designs. A precise definition of the PCF can be given in terms

3.2 Pair Correlation Function as a Space-filling Metric

Next, we describe the metric that we use to quantify the space-filling property of a sample
design. The proposed metric is based on the spatial statistic, pair correlation function
(PCF) and we will show that this metric is directly linked to the quality metric of design
performance defined in the spectral domain.

Definition 1 A space-filling design is a set of samples that are distributed according to a
uniform probability distribution (Objective 1: Randomness) but no two samples are closer
than a given minimum distance rmin (Objective 2: Coverage).

Without any prior knowledge of the function f of interest, a reasonable objective when
creating X is that the samples should be random to provide an equal chance of finding
features of interest, e.g., local minima in an optimization problem, anywhere in D. However,
to avoid sampling only parts of the parameter space, a second objective is to cover the space
in D uniformly, in order to guarantee that all sufficiently large features are found. Therefore,
a good space-filling design can be defined as follows:

3.1 Space-filling Designs

Figure 4: Performance Quality Metric: Power spectral density is used to characterize the
effectiveness of sample designs, through the distribution of power in different
frequencies.

(b) Regular

(a) Random
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β
.
λ2

(1)

j,`

1
1 X −2πik.(x` −xj )
|S(k)|2 =
e
,
N
N

(2)
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3. We denote a realization of random variables X1 , · · · , XN by x1 , · · · , xN .
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The radially-averaged power spectral density (PSD) is denoted using P (k). Next, we show
that the connection between spectral properties of a d-dimensional isotropic sample design
and its corresponding pair correlation function can be obtained via the d-dimensional Fourier
transform or more efficiently using the 1-d Hankel transform.

where |.| denotes the l2 -norm and S(k) denotes the Fourier transform of the sampling function.

P (k) =

Definition 3 For a finite set of N points, {xj }N
j=1 , in a region with unit volume, the power
P
spectral density of the sampling function N
j=1 δ(x − xj ) is formally defined as

Fourier analysis is a standard approach for understanding the qualitative properties of
sampling patterns. Hence, we propose to analyze the spectral properties of sample designs,
using tools such as the power spectral density, in order to assess their quality. For isotropic
samples, a quality metric of interest is the radially-averaged power spectral density, which
describes how the signal power is distributed over different frequencies.

3.3 Connecting Spatial Properties and Spectral Properties of Space-filling
Designs

Note that the PCF characterizes spatial properties of a sample design. However, in several
cases, it is easier to link the quality metric of a sample design to its spectral properties.
Therefore, we establish a connection between the spatial property of a sample design defined
in PCF space to its spectral properties.

G(r) =

Definition 2 Let us denote the intensity of a point process X as λ(X ), which is the average
number of points in an infinitesimal volume around X . For isotropic point processes, this
is a constant value. To define the product density β, let {Bi } denote the set of infinitesimal
spheres around the points, and {dVi } indicate the volume measures of Bi . Then, we have3
P r(X1 = x1 , · · · , XN = xN ) = β(x1 , · · · , xN )dV1 · · · dVN which represents the probability
of having points xi in the infinitesimal spheres {Bi }. In the isotropic case, for a pair of
points, β depends only on the distance between the points, hence one can write β(xi , xj ) =
β(||xi − xj ||) = β(r) and P r(r) = β(r)dVi dVj . The PCF is then defined as

of the intensity λ and product density β of a point process (Illian et al., 2008; Oztireli and
Gross, 2012).
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(3)
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V
H [P (k) − 1]
2πN

N , in a d-dimensional
Proposition 4 For an isotropic sample design with N points, {xj }j=1
region with unit volume, the pair correlation function G(r) and radially averaged power
spectral density P (k) are related as follows:

G(r) = 1 +

0

Z

∞

kJ0 (kr)f (k)dk,

where V is the volume of the sampling region and H[.] denotes the 1-d Hankel transform,
defined as
H(f (k)) =
with J0 (.) denoting the Bessel function of order zero.
Proof Note that PSD and PCF of a sample design are related via the d-dimensional Fourier
transform as follows:
N
P (k) = 1 + F (G(r) − 1)
V
Z
N
(G(r) − 1) exp(−ik.r)dr.
V Rd
= 1+

• its corresponding PSD must be non-negative, i.e., P (k) ≥ 0, ∀k.

• its PCF must be non-negative, i.e., G(r) ≥ 0, ∀r, and

Definition 5 (Realizability) A PCF can be defined to be potentially realizable through a
sample design, if it satisfies the following conditions:

be understood by studying their spectral properties. In contrast, random sample (MonteCarlo) designs have a constant PCF with nearly no oscillations, since point samples are
uncorrelated, thus, P (r) = λdxλdy and theoretically have G(r) = 1, ∀r. Furthermore,
the LHS design has a similar PCF as random designs with the exception of a small, yet
non-zero, rmin .
Other variants of PDS like MPDS, Step PCF and Stair PCF designs attempt to trade-off
between coverage (G(r) = 0 for 0 ≤ r ≤ rmin ) and randomness G(r) = 1, for r > rmin .
Note that the Step and the Stair PCF methods are space-filling spectral designs proposed
later in this paper. However, upon a careful comparison, it can be seen that MPDS has a
larger peak and more oscillations in its PCF compared to the proposed designs. In fact,
our empirical studies show that the amount of oscillations in the PCF of the MPDS design
significantly increases with dimensions.
Next, in Figure 4, we show the corresponding PSDs of the different sample designs.
It can be seen that, oscillations in PCF directly correspond to oscillations in PSDs. For
example, the oscillatory behavior of the PCF for regular and QMC sequences cause a nonuniform distribution of power in their corresponding PSDs. Furthermore, the larger peak
height in the PCF of MPDS implies that a large amount of power is concentrated in a small
frequency band instead of power being distributed over all frequencies. In Section 5, we will
analyze the effect of the shape of PCF on the performance of a sample design in detail.
It is important to note that, not every PCF (or PSD) is physically realizable by a sample
design. In fact, there are two necessary mathematical conditions 5 that a sample design
must satisfy to be realizable.

H0−1 (f (r)) =

0

V
H [P (k) − 1] .
2πN

(4)

It can be shown that, for radially symmetric or isotropic functions, the above relationship
simplifies to
N
P (k) = 1 + 2π H [G(r) − 1] .
V
Next, using the inverse property of the Hankel transform, i.e.,
Z ∞
rJ0 (kr)f (r)dr,
we have
G(r) = 1 +

As both the PSD and the PCF characteristics are strongly tied to each other (as shown
in Proposition 4), these two conditions limit the space of realizable space-filling spectral
designs. The results from this section will serve as tools for qualitatively understanding
and, thus, designing optimal space-filling spectral designs in the following sections.

N
Definition 6 A set X of N random samples {Xi }i=1
in a sampling domain D can be
characterized as a space-filling design, if X = {Xi = xi ∈ D; i = 1, · · · N } satisfy the
following two objectives:

12
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In this section, we first formalize desired characteristics of a good space-filling design, as
given in Definition 1. Next, we will describe the proposed framework for creating spacefilling spectral designs.

4. Space-filling Spectral Designs

Proposition 4 is important as it enables us to qualitatively understand space-filling designs
by first mapping them into the PCF space constructed based on spatial distances between
points and, then, evaluating and understanding spectral properties of sample designs.
In Figure 3, we show the PCF4 of some commonly used 2-d sample designs (N = 1000)
illustrated in Figure 2. As can be observed, both regular grid samples and QMC sequences
have significant oscillations in their PCFs, which can be attributed to their structured
nature. Regular grid sample design demonstrates a large disk radius rmin (G(r) = 0 for
0 ≤ r ≤ rmin ) as every sample is at least rmin apart from the rest of the samples, which
in turn implies a better coverage. However, in practice, they perform poorly (e.g., in
terms of generalization (or test error) in regression application and reconstruction error
in image reconstruction application) compared to randomized sample designs and this can

5. Whether or not these two conditions are not only necessary but also sufficient is still an open question
(however, no counterexamples are known).

JMLR 19(34):1-46, 2018

4. Note that for non-isotropic sample designs, d-dimensional PCF (Illian et al., 2008) can be more descriptive.

11

R
4D

dX

2

N
V


2πrmin
k
2

d
2

J d (krmin )

N
F (G(r) − 1) ,
V Z
N
(G(r) − 1) exp(−ik.r)dr,
= 1+
V Rd

(6)

(5)

Hv (f (r))(k) =

0

Z

∞

0

2

rJv (kr)f (r)dr

 d

d
d
N
(2π) 2 k 1− 2 H d −1 r 2 −1 (G(r) − 1) ,
2
V

(7)

2πrmin
k

2

d

2

J d (krmin ).

(8)
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Proposition 8 (Kailkhura et al., 2016a) Given the desired coverage radius rmin , a ddimensional space-filling spectral design X , with N sample points in a sampling domain
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2

J d (krmin )
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N
V

k

This proposition connects the spatial properties of a space-filling spectral design, defined
via the PCF, to its spectral properties. The motivation for this is the fact that in several
cases, it is easier to link the qualitative performance of a sample design to its spectral
properties. In the next section, we will develop the relation between spectral properties
and an qualitatives measure of the performance, which in turn provides us guidelines for
designing better space-filling spectral sampling patterns.

P (k) = 1 −

Using this expression in (7), we obtain

= −

d
2
rmin

is the 1−d Hankel transform of order v with J being the Bessel function. To derive the
d
PSD of a step function, we first evaluate the Hankel transform of f (r) = r 2 −1 (G(r) − 1)
where G(r) is a step function.
Z ∞
 d

d
H d −1 r 2 −1 (G(r) − 1)
=
r 2 J d −1 (kr) (G(r) − 1) dr
2
2
0
Z rmin
d
= −
r 2 J d −1 (kr)dr

where

P (k) = 1 +

where F (.) denotes the d-dimensional Fourier transform. Note that for the radially symmetric or isotropic functions, i.e., G(r) where r = ||r||, the above relationship simplifies to

P (k) = 1 +

Proof We know that,

where J d (.) is the Bessel function of order d/2.

P (k) = 1 −

D of volume V , can be defined in the PSD domain as
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We derive the power spectral density of the space-filling spectral design using the connection
established in Section 3. Following our earlier notation, we denote the d-dimensional power
spectral density by P (k) and d-dimensional PCF by G(r).

4.2 Defining a Space-filling Spectral Design in Spectral Domain

As a consequence of Proposition 4, space-filling spectral designs can equivalently be defined
in the spectral domain.

Proposition 7 Given the desired coverage radius rmin , a space-filling spectral design is
defined in the spatial domain as

0 if r < rmin
G(r − rmin ) =
1 if r ≥ rmin .

For Poisson design, point locations are not correlated and, therefore, P (r) = λdxλdy. This
implies that for Poisson designs G(r) = 1. Similarly, for space-filling designs, due to the
minimum distance constraint between the point sample pairs, we do not have any point
samples in the region 0 ≤ r < rmin . Consequently, space-filling spectral designs are defined
as a step pair correlation function in the spatial domain (Step PCF ).

4.1 Defining a Space-filling Spectral Design in Spatial Domain

In the above definition, the first objective states that the probability of a random sample
Xi ∈ X falling inside a subset 4D of D is equal to the hyper-volume of 4D (uniform
distribution). The second condition enforces the minimum distance constraint between
point sample pairs for improving coverage.
A Poisson design enforces the first condition alone, in which case the number of samples
that fall inside any subset 4D ⊆ D obeys a discrete Poisson distribution. Though easier to
implement, Poisson sampling often produces distributions where the samples are grouped
into clusters and leaves holes in possibly the regions of interest. In other words, this increases the risk of missing important features, when only the samples are used for analysis.
Consequently, a sample design that distributes random samples in a uniform manner across
D is preferred, so that clustering patterns are not observed. The coverage condition explicitly eliminates the clustering behavior by preventing samples from being closer than
rmin . A space-filling design can be defined conveniently in the PCF domain and we refer to
this as the space-filling spectral design, due to its direct connection to the spectral domain
properties.

where rmin is referred to as the coverage radius.

• ∀xi , xj ∈ X : ||xi − xj || ≥ rmin

• ∀Xi ∈ X , ∀4D ⊆ D : P r(Xi = xi ∈ 4D) =
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5. Qualitative Analysis of Space-filling Spectral Designs
In this section, we derive insights regarding the qualitative performance of space-filling
spectral designs. To this end, we analyze the impact of the shape of the PCF on the
reconstruction performance. Further, for a tractable analysis, we consider the task of recovering the class of periodic functions using space-filling spectral designs and analyze the
reconstruction error as a function of their spectral properties. The analysis presented in
this section will clarify how the shape of the PCF of a sample design directly impacts its
reconstruction performance.
5.1 Analysis of Reconstruction Error for Periodic Functions
Let us denote the Fourier transform of the sample design X by S. The function to be sampled and its corresponding Fourier representation are denoted by I and Î(k) respectively.
Now, the spectrum of the sampled function is given by Îs (k) = S ∗ Î(k). Note that a sampling pattern with a finite number of points is comprised of two components, a DC peak at
the origin and a noisy remainder S̄. Thus, equivalently, we have Îs (k) = {N δ(k)+ S̄}∗ Î(k).
The error introduced in the process of function reconstruction is the difference between the
reconstructed and the original functions:
E(k) = |Îs (k)/N − I(k)|2 = |S̄ ∗ Î(k)/N |2
where we have divided the R.H.S. by N to normalize the energy of Is . For error analysis, we
focus on the low frequency content of the error term, since the high frequency components
are removed during the reconstruction process.
Denoting the power spectrum without the DC component by P̄(k), for a constant function the error simplifies to
E(k) ∝ |S̄(k)|2 ∝ P̄(k).
(9)

M
X

m=1

am cos(2πmx) +

m=1

M
X

bm sin(2πmx).

This, as stated above, allows for the characterization of the error in terms of the spectral
properties of the sampling pattern used.
Next, we consider an important class of functions, the family of periodic functions, for
further analysis. All periodic functions with a finite period can be expressed as a Fourier
series6 , which is a summation of sine and cosine terms
I(x) = a0 +

M
X

m=1

am

m=1





M
X
1
1
bm
(δ(k − m) + δ(k + m) +
(δ(k + m) − δ(k − m)) .
2
2

The Fourier transform of this function is equivalently a summation of pulses:
Î(k) = a0 δ(k) +
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6. In the subsequent analysis, the number of terms in the Fourier series, M , is an arbitrary value which
can be replaced by infinity for non-differentiable/discontinuous functions. Note that the Fourier series
of periodic functions that are smooth (no discontinuity and no sharp corners) is finite.
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m=1

M
X
2
1
4a0 S̄(k) +
Am S̄(k + m) + Bm S̄(k − m) .
4N 2

Making substitutions, am + bm = Am , am − bm = Bm , we obtain
E(k) =

m=1

M
X
i
1 h 2
2
2
4a0 P̄(k) +
Am
P̄(k + m) + Bm
P̄(k − m) .
4N

The reconstruction error can then be upper bounded as follows:
E(k) ≤

1 h
P̄(k + f ) + P̄(k − f ) + 2
4N

q
i
P̄(k + f )P̄(k − f ) .

(10)

(11)

In the case of a single sinusoidal function, cos(2πf x), using triangle inequality, this becomes (Heck et al., 2013)
E(k) ≤

Even though this is only an upper bound and the theoretic analysis is restricted to
periodic functions, we have empirically found that it accurately predicts the characteristics
of the sampling error for a broad range of complex functions and provides useful guidelines
(more details are provided in Section 9).
The above analysis implies that to assess the quality of the sample designs, one can
analyze their spectral behavior. More specifically, the above analysis suggests that to minimize the reconstruction error (Eq. (10) and (11)): (a) the power spectra of the sample
design should be close to zero, and (b) for errors to be broadband white noise (uniform over
frequencies), the power spectra should be a constant. Note that in several applications,
e.g., image reconstruction, most relevant information is predominantly at low frequencies.
In such scenarios, this naturally leads to the following criteria for sample designs: (a) the
spectrum should be close to zero for low frequencies which indicates the range of frequencies
that can be represented with almost no error, (b) the spectrum should be a constant for
high frequencies or contain minimal amount of oscillations in the power spectrum. However,
as we will see next, there exist a trade-off between low frequency power and high frequency
oscillations in power spectra.

5.2 Effect of PCF Characteristics on Sampling Performance

(12)

Based on the two criteria discussed above, we assess the effect of the shape of the PCF
on the quality of space-filling designs in the spectral domain. Note that PCFs of the
samples constructed in practice (Figure 2) often demonstrates the following characteristics:
(a) presence of a zero-region characterized by rmin , (b) a large peak around rmin , and (c)
damped oscillations. To model and analyze these characteristics, we consider the following
parametric PCF family7

G(r; rmin , δ, a, c) = G(r − rmin ) + (a − 1) (G(r − rmin ) − G(r − rmin − δ))
a−1
exp(−r/2) sin(c × r − c)G(r − rmin )
4r
+
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7. Note that there exist a broad range of parametric space-filling spectral designs. However, finding PCFs
that are realizable is a nontrivial problem because the space of functions that obey the realizability
conditions is not easy to parametrize.
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The proposed space-filling metric enjoys mathematical tractability and is supported by
theoretical results as defined in Section 4. This enables us to obtain new insights for
optimizing Step PCF based space-filling spectral designs. In particular, (a) For a fixed rmin ,
we obtain the maximum number of point samples in any arbitrary dimension d, (b) For a

6. Optimization of Step PCF based Space-filling Spectral Designs

Finally, we study the effect of oscillations in the PCF on the power distribution in the
spectral domain. In Figure 5(c), we plot the PSD for a = 1 with varying amounts of
oscillations controlled via the parameter c. It can be seen that introducing oscillations
in the PCF results in significantly higher low frequency power and larger high frequency
oscillations. As expected, the PSD of the Step PCF (or c = 0) behaves the best.
In summary, the discussion in this section suggests that the PCF of an ideal space-filling
spectral design should have the following three properties: (a) large rmin , (b) small peak
height, and (c) low oscillations. Since, the Step PCF satisfies these three properties, it
is expected to be a good space-filling spectral design. Next, we consider the problem of
optimizing the parameter of the Step PCF design, i.e. rmin .

5.2.3 Effect of Oscillations on Spectral Properties

Next, we study the importance of choosing an appropriate rmin (or coverage ρ) while generating sample distributions. In Figure 5(b), we show the PSD for N = 195 and a = 1, with
varying disk radius values rmin . For a fixed sample budget, as we increase the radius, we
observe two contrasting changes in the PSD: (i) the spectrum tends to be close to zero at
low frequencies and (ii) an increase in oscillations for high frequencies. Consequently, there
is a trade-off between low frequency power and high frequency oscillations in power spectra
which can be controlled by varying rmin . However, the increase in oscillations are less significant compared to the gain in the zero-region. Furthermore, in several applications, low
frequency content is more informative, and hence one may still attempt to maximize rmin
or coverage.

5.2.2 Effect of Disk Radius on Spectral Properties

In order to study the impact of increasing peak height in the PCF on the PSD characteristics,
we conduct an empirical study. We compute the PSD of a sample design with the following
parameters: N = 195, rmin = 0.02, δ = 0.005. Note that we vary the PCF peak height a,
which actually reflects the behavior of existing coverage based PDS algorithms. As shown in
Figure 5(a), increasing a results in both significantly higher low frequency power and larger
high frequency oscillations. As expected, the PSD of the Step PCF (or a = 1) performs the
best, i.e., the spectrum is close to zero for low frequencies and constant for high frequencies.

5.2.1 Effect of Peak Height on Spectral Properties

where G(r − rmin ) is the Step function, peak width δ ≥ 0 and the peak height a ≥ 1 and
last term in (12) corresponds to damped oscillations. This family is a generalization of Step
PCF, with additional parameterization of peak height and oscillations in the PCF.
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(b)

(c)

(13)

d
2

d
2

+1
d
π rmin

VΓ



.

k
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Proof Using the definition of the Step PCF function, the constraint G(r − rmin ) is trivially
satisfied. Note that the constraint P (k) ≥ 0, ∀k is equivalent to min P (k) ≥ 0. In other

N≈

Proposition 9 (Kailkhura et al., 2016a) For a fixed disk radius rmin , the maximum number
of point samples possible for a realizable Step PCF based space-filling spectral design in the
sampling region with volume V can be approximated as



G(r − rmin ) ≥ 0, ∀r,

d
2πrmin 2
J d (krmin ). Note that a space-filling spectral design has to
2
k
satisfy realizability constraints as defined in Definition 5.
where P (k) = 1 − N
V

N
subject to P (k) ≥ 0, ∀k

maximize

The problem of finding the maximum number of point samples in a Step PCF based spacefilling spectral design with a given disk radius rmin can be formalized as follows:

6.1 Case 1: Fixed rmin

fixed sampling budget N , we derive the maximum achievable rmin in arbitrary dimension
d.

Figure 5: (a) Effect of peak height in the PCF on power spectra, (b) Effect of disk radius in
the PCF on power spectra, (c) Effect of oscillations in the PCF on power spectra.
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≈ (x/2)v /Γ(v + 1) and ρ = N/V .
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words,


2πrmin
k

min 1 − ρ
k

k

⇔ max ρ
d

d
⇔ ρ (2π) 2 rmin
max
d
d

22 Γ


d
⇔ ρ (2π) 2 rmin

d

+1

VΓ

d
2
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d
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where, in (14) we have used the fact that

Jv (x)

(krmin )
Note that for the 2-dimensional case, we have J1kr
= jinc(krmin ) where jinc(.) is the
min
sombrero function (sometimes called besinc function or jinc function). Now using the fact
that jinc(x) has the maximum value equal to 1/2, for a fixed disk radius rmin , the maximum
number of point samples possible in a 2-d Step PCF based space-filling spectral design is
given by

N = V /π(rmin )2 ,
which again corroborates our bound in Proposition 9.
6.2 Case 2: Fixed N

rmin
(15)

Alternately, we can also derive the bound for the disk radius of Step PCF with a fixed
sampling budget N as follows:
maximize

subject to P (k) ≥ 0, ∀k

G(r − rmin ) ≥ 0, ∀r

s
d

d
2
d

+1
π2N

VΓ



.
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Proposition 10 (Kailkhura et al., 2016a) For a fixed sampling budget N , the maximum
possible disk radius rmin for a realizable Step PCF based space-filling spectral design in the
sampling region with volume V can be approximated as

rmin ≈

Proof The proof is similar to the one in Proposition 9.
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6.3 Relative Radius of Step PCF

As mentioned before, the current literature characterizes coverage by the fraction ρ of
the maximum possible radius rmax for N samples to cover the sampling domain, such that
rmin = ρrmax . The maximum possible disk radius is achieved by the deterministic hexagonal

lattice (Schreiber,
1943) and can be approximated in a d dimensional sampling region as
q
d
rmax ≈ CAddN . Here, Ad is the hypervolume of the sampling domain and Cd = Vd /rd with
Vd being the hypervolume of a hypersphere with radius r. Note that a uniformly distributed
point set can have a relative radius of 0, and the relative radius of a hexagonal lattice equals
1 (in 2-d). Next, we derive a closed-form expression for the relative radius of Step PCF
based design.

2

Proposition 11 For a fixed sampling budget N , the maximum relative radius ρ for Step
PCF based space-filling spectral design in the sampling region with volume V is given by
1
where ηd is maximal density of a sphere packing in d-dimensions.
√
d η
d
ρ=

r

(18)

(17)

(16)

Proof Let us denote by rmax = arg min ηd , then, the maximal density of a sphere packing

with N samples in d-dimensions is given by

2

d
N π d/2 rmax
ηd =
Γ(1 + d2 ) V


rmax d
⇔ ηd =
rmin
1
√
d η
d

⇔ ρ=

where equality in (17) uses Proposition (10).

2

3

s
√
π 2
, for d = 3.
6

s
√
π 3
, for d = 2, and
6

For d = 2 and 3, the relative radius simplifies to:
ρ = 0.5

ρ = 0.5

Note that finding the maximal density of a sphere packing for an arbitrary high dimension (except in d = 2, 3 and recently in 8, 24 (viazovska, 2017; Cohn et al., 2017)) is an open
problem. Note that best known packings are often lattices, thus, we use the best known
lattices to be an approximation of rmax in our analysis8 .
In Figure 6, we plot the relative radius ρ = rmin /rmax of Step PCF for different dimensions d. It is interesting to notice that the relative radius of Step PCF based designs
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8. We use relative radius as a metric only for analysis and not for design optimization.
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9. In our initial experiments, we found that increasing the peak height alone is sufficient for tradingoff randomness to maximize coverage, and performs better than trading-off randomness by increasing
oscillations in the PCF.

Stair PCF in the Spatial Domain: The Stair PCF construction is defined as follows:

Now, we define the proposed Stair PCF based space-filling design and quantify the gains
achieved in the coverage characteristics (i.e. rmin ).

7.1 Stair PCF based Space-filling Spectral Design

To improve the coverage of Step PCF base space-filling spectral design, in this section,
we propose a novel space-filling spectral design which systematically trades-off randomness
with coverage of the resulting samples. Note that the randomness property can be relaxed
either by increasing the peak height of the PCF, or by increasing the amounts oscillations
in the PCF (as discussed in Section 5.2). For simplicity9 , we adopt the former strategy and
use only the peak height parameter. More specifically, as an alternative to Step PCF, we
design the following generalization which we refer as the Stair PCF design.

7. Space-filling Spectral Designs with Improved Coverage

increases as the dimension d increases, i.e., Step PCF based designs approach a more regular pattern. Further, note that for a fixed sampling budget both rmin and rmax increase as
the number of dimensions increases. The Step PCF based designs maintain randomness by
keeping the PCF flat, but this comes at a cost: the disk radius rmin of these patterns is very
small (as can be seen from Figure 6). For several applications, covering the space better
(by trading-off randomness) is more important. In the next section, we will propose a new
class of space-filling spectral designs that can achieve a much higher rmin at the small cost
of compromising randomness by introducing a single peak into an otherwise flat PCF.

Figure 6: Relative radius ρ = rmin /rmax of Step PCF based space-filling spectral design for
different dimensions d.
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2

d

To derive the PSD of a Stair function, we first evaluate the Hankel transform of f (r) =
(G(r) − 1) where G(r) is a Stair function.
 Z ∞ d
 d
r 2 J d −1 (kr) (G(r) − 1) dr
H d −1 r 2 −1 (G(r) − 1) =
2
2
0
Z r0
Z r1
d
d
= −P0
r 2 J d −1 (kr)dr − (1 − P0 )
r 2 J d −1 (kr)dr

P (k) = 1 +

Proof Using results from Section 4.2, we have

P (k) = 1 −

Proposition 12 The power spectral density of a Stair PCF based space-filling spectral designs, G(r; r0 , r1 , P0 ), with N samples in the sampling region with volume V is given by

Stair PCF in the Spectral Domain: Following the analysis in the earlier sections, we
derive the power spectral density of Stair PCF based space-filling spectral designs.

Now, the problem boils down to finding the combinations of the three parameters (r0 , r1 , P0 )
that are realizable and yield a good sample design (discussed in Section 7.2). A representative example of Stair PCF is shown in Figure (7(a)).

• the Step PCF based spectral design can be derived as as a special case of this construction.

• both the height and width of the peak can be optimized to maximize coverage,

• except for a single peak in the region r0 ≤ r ≤ r1 , the PCF is flat, thus, does not
compromise randomness entirely,

This family of space-filling spectral designs has three interesting properties:

where r0 ≤ r1 and P0 ≥ 1.

G(r; r0 , r1 , P0 ) = f (r − r1 ) + P0 (f (r − r0 ) − f (r − r1 )) ,


0 if r ≤ r0
with f (r − r0 ) =
,
1 if r > r0
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(e) d = 5

(b) d = 2

(f) d = 6

(c) d = 3
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(a)

Radius (r)

(d) d = 4
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In this section, we show the increase in coverage (or rmin ) obtained by compromising randomness by increasing peak height in the PCF. We constrain the peak height to be below
P0 ≤ 1.5 and analyze the gain in rmin due to this small compromise in randomness. Furstep
step
thermore, we assume that rmin
≤ r0 ≤ 2 × rmin
and r0 ≤ r1 ≤ 1.5 × r0 . In Figures 7(b)

7.2.1 Disk Radius rmin vs. Sample Budget N

• the PCF is flat with minimal increase in the peak height P0 .

• the disk radius r0 is as high as possible, and

Ideally, the optimal Stair PCF should be obtained by simultaneously maximizing r0 (:=
rmin ) and minimizing P0 . Furthermore, not all PCFs in the Stair PCF family are realizable.
Due to the realizability conditions, the parameters cannot be adjusted independently. The
main challenge, therefore, is to find the combinations of the three parameters (r0 , r1 , P0 ) that
is realizable and yield a good sample design. Unlike Step PCF, the closed form expression
for the optimal parameters (r0 , r1 , P0 ) are difficult to obtain, and, therefore, we explore this
family of PCF patterns empirically by searching configurations for which:

7.2 Coverage Gain with Stair PCF

Next, we empirically evaluate the gain in coverage achieved by Stair PCF based designs
compared to the Step PCF based designs.

Figure 7: (a) Pair correlation function of Stair PCF based designs, (b)-(f) Maximum Disk
Radius For Step and Stair PCF for dimensions 2 to 6.

PCF

(b)
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(a)

Figure 8: (a) Gain in the relative radius ρ achieved with the Stair PCF constructions, in
comparison to the Step PCF constructions; (b) Upper bound on the reconstruction error of Step and Stair PCF based constructions.

through 7(f), we compare the maximum rmin achieved by the Step and Stair PCF designs,
for varying sample sizes in dimensions 2 to 6. It can be seen that introducing a small peak
in the PCF results in a significant increase in the coverage. This gain can be observed for
all sampling budgets in all dimensions. Furthermore, as expected, for low sampling budgets
maximal gain is observed, and should decrease with increasing N as the rmin for both the
families will asymptotically (in N ) converge to zero.

7.2.2 Relative Radius ρ vs. Dimension d

In this section, we study the increase in relative radius ρ due to the introduction of a peak
step
step
in the PCF. Again, we assume that P0 ≤ 1.5, rmin
≤ r0 ≤ 2 × rmin
and r0 ≤ r1 ≤ 1.5 × r0 .
In Figure 8(a), we show the maximum ρ = rmin /rmax achieved by the Step and Stair PCFs
for different dimensions d. For Stair PCF, we do not have a closed form expression of ρ,
thus, we obtain the maximum achievable rmin empirically for various sampling budgets and
plot the mean (with standard deviation) behavior of the ρ. It can be seen that introducing
a small peak in the PCF results in a significant increase in the relative radius. This gain
can be observed at all sampling budgets in all dimensions. This also corroborates the
recommendation of using 0.65 ≤ ρ ≤ 0.85 in practice for coverage based designs and suggests
that in higher dimensions ρ should be higher.

7.2.3 Analysis of Reconstruction Error Upper Bound

JMLR 19(34):1-46, 2018

We also assess the reconstruction quality of the Step and Stair PCF based spectral designs,
on the class of periodic functions considered in Section 5.1, for varying sampling budgets.
Here, we consider the setup where 0 ≤ k ≤ 1000 and 0 ≤ f ≤ 1000. In Figure 8(b),
we plot the average reconstruction error upper bounds as given in (11) for Step and Stair
PCF. As expected, for both sample designs, the reconstruction error decreases with an

24

N

N

i=1 j=1
i6=j

XX
VW VW
1
k (r − |xi − xj |)
γW N SE (N − 1)

(23)

(22)

d

drd−1 π 2
.
Γ(1 + d2 )
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SW = rd−1 sind−2 φ1 sind−3 φ2 · · · sin φd−2 .
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Also, we denote the surface area of the sampling region by SW , which is expressed as

SE =

In the above expression, VW indicates the volume of the sampling region. When the sampling
region is a hyper-cube with length 1, we have VW = 1. Let SE denote the area of hypersphere with radius r which is given by



z2
1
k(z) = √ exp − 2 .
2σ
πσ

where k(.) denotes the kernel function; here we use the classical Gaussian kernel

Ĝ(r) =

In order to create an unbiased PCF estimator, we propose to employ an edge corrected
kernel density estimator, defined as follows:

8.1 PCF Estimation in High Dimensions with Edge Correction

In this section, we describe the proposed approach for synthesizing sample designs that
match the optimal (Stair or Step) PCF characteristics. Existing approaches for PCF matching such as (Oztireli and Gross, 2012; Kailkhura et al., 2016b) rely on kernel density estimators to evaluate the PCF of a point set. A practical limitation of these approaches is the
lack of an efficient PCF estimator in high dimensions. More specifically, these estimators are
biased due to lack of an appropriate edge correction strategy. This bias in PCF estimation
arises due to the fact that sample hyper-spheres used in calculating point-pattern statistics
may fall partially outside the study region and will produce a biased estimate of the PCF
unless a correction is applied. The effect of this bias is barely noticeable in 2 dimensions
and hence existing PCF matching algorithms have ignored this. However, this problem becomes severe in higher dimensions, thus, making the matching algorithm highly inaccurate.
To address this crucial limitation, we introduce an edge corrected estimator for computing
the PCF of sample designs in arbitrary dimensions. Following this, we describe a gradient
descent based optimization technique to synthesize samples that match the desired PCF.

8. Synthesis of Space-filling Spectral Designs

increase in the sampling budget. More interestingly, the reconstruction error of Stair PCF
is lower compared to the reconstruction error of Step PCF, thus showing the effectiveness
of increased coverage in sample designs.
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p=1 (1

Qd

xd = r sin φ1 · · · sin φd−2 sin φd−1 .

xd−1 = r sin φ1 · · · sin φd−2 cos φd−1

x3 = r sin φ1 sin φ2 cos φ3
...

x2 = r sin φ1 cos φ2

x1 = r cos φ1

− |xp |) with

d=2
4/π
1/π

d=3
1.47
0.54

d=4
1.63
0.72

d=5
1.75
0.87

d=6
1.89
1.04

arg min

j=1
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The underlying idea of the proposed algorithm is to iteratively transform an initial random
input sample design such that its PCF matches the target PCF. In particular, we propose
a non-linear least squares formulation to optimize for the desired space-filling properties.
Let us denote the target PCF by G∗ (r). We discretize the radius r into m points {rj }m
j=1
and minimize the sum of the weighted squares of errors between the target PCF G∗ (rj )
and the curve-fit function (kernel density estimator of PCF) G(rj ) over m points. This
scalar-valued goodness-of-fit measure is referred to as the chi-squared error criterion and
can be posed as a non-linear weighted least squares problem as follows.

8.2 Synthesis Algorithm

It can be observed from Figures 9(b) through 9(f) that the proposed approximations are
quite tight.

Dimension
a1
a2

In Figure 9(a), we show that by using an approximate edge correction factor (using the
same factor as d = 2), the PCF is wrongly estimated. Moreover, as the dimension increases,
the estimated PCF moves farther away from the true PCF very quickly.
Note that the calculation of the correct edge correction factor requires the evaluation
of a multi-dimensional integral which is computationally expensive in high dimensions. In
this paper, we provide a closed form approximation of γW (using polynomial regression of
order 2) in different dimensions d = 2 to 6 when r ≤ 1.0. More specifically, we have the
following approximation γˆW = 1 − a1 r + a2 r2 where a1 and a2 are as given below.

where γ =

0≤φd−1 ≤2π
0≤φi ≤π,i=1 to d−2

W
The term VγW
performs edge correction to handle the unboundedness of the estimator,
where γW is an isotropic set covariance function given by
Z
1
SW γdφ1 · · · dφd−1
(24)
γW =
SE
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(f) d = 6

(d) d = 4

(b) d = 2
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(a)

(c) d = 3

(e) d = 5
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Figure 9: (a) Incorrect PCF estimation due to the use of an approximate edge correction
factor, (b)-(f) Effectiveness of the approximation edge correction, obtained using polynomial regression, in comparison to the true edge correction from the
evaluation of a multi-dimensional integral, for dimensions 2 to 6.
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1
|Gt (rj ) − G∗ (rj )|

where wj indicates the weight (importance) assigned to the fitting error at radius rj . This
optimization problem can be efficiently solved using a variant of gradient descent algorithm
(discussed next), that in our experience converges quickly. In the simplest cases of uniform
weights the solution tends to produce a higher fitting error at lower radii rj . To address
this challenge we use a non-uniform distribution for the weights {wj }. These weights are
initialized to be uniform and are updated in an adaptive fashion in the gradient descent
iterations. The weight wj at gradient descent iteration t + 1 is given by (Kailkhura et al.,
2016b):
wj =

where Gt (rj ) is the value of the PCF at radius rj during the gradient descent iteration t.
Note that PCF matching is a highly non-convex problem. We found that the following trick
further helps solve PCF matching problem more efficiently.
8.2.1 One Sided PCF Smoothing

(cr)b if r < rmin
1 if r ≥ rmin .

We propose to perform one sided smoothing of the target PCF which is given as follows:

Ĝ∗ (r) =

where c is some pre-specified constant and b > 1 is the smoothing constant obtained via
cross-validation. More specifically, we add polynomial noise in the low radius region of the
PCF. This can also be interpreted as polynomial approximation of the PCF in the low radii
regime. We have noticed that sometimes adding a controlled amount of Gaussian noise
instead of polynomial noise also improves the performance.

8.2.2 Edge Corrected Gradient Descent

∆i
,
|∆i |

The non-linear least squares problem is solved iteratively using gradient descent. Starting
N , we iteratively update x in the negative gradient
with a random point set X = {xi }i=1
i
direction of the objective function. At each iteration k, this can be formally stated as

xik+1 = xik − λ

m

p X
X p
(x
G(rj )k − G∗ (rj )
l − xi )
|xl − xi |
wj (1 − a1 rj + a2 rj2 )rjd−1

j=1

(|xl − xi | − rj ) k (rj − |xi − xl |) .

(25)

d
where λ is the step size and ∆i = {∆ik }k=1
in the normalized edge corrected gradient is
given by

∆ip =

i6=l

JMLR 19(34):1-46, 2018

We re-evaluate the PCF G(rj )k of the updated point set after each iteration using the
unbiased estimator from the previous section.
The pseudocode of the algorithm is provided in Algorithm 1.

28

return X

. Space-filling Spectral Samples

Input: Number of samples N , dimension d, Smoothed target PCF Ĝ∗ (rj ), weights wj ,
step size λ, edge correction factors (a1 , a2 )
X ← Random(N, d)
. Initial random sample design
G ← PCF(X)
. Calculate initial PCF using Eq. (22)
for t = 1 to T do
. Total T gradient descent iterations
for i = 1 to N do
. Update each sample at a time


2
M
Gt (rj ) − G∗ (rj )
∂ P
p
∆i ←
for p ∈ {1, · · · , d}
. Calculate gradients
wj
∂xpi j=1
using (25)
∆i
. Update the sample
xt+1
← xti − λ
i
|∆i |
t
G ← PCF(X)
. Update the PCF
1
wj ←
. Update weights
|Gt (rj ) − Ĝ∗ (rj )|
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9. Experiments

30

Figure 10: Step PCF synthesis using one sided PCF smoothing technique. (a) d = 2 (b)
d = 3 (c) d = 4 (d) d = 5 (e) d = 6.
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(e)

(d)

(b)

In this section, we evaluate the qualitative performance of proposed space-filling spectral
designs and present comparisons to popularly adopted space-filling designs, such as LHS,
QMC and MPDS. Note that currently there does not exist any PDS synthesis approach
which can generate sample sets with a desired size N while achieving user-specified spatial
characteristics (e.g. relative radius). In all PDS synthesis approaches, there is no control
over the number of samples generated by the algorithm which makes the use of these al-

(c)

(a)
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In Figure 11, we demonstrate the synthesis of a Stair PCF based spectral design, using
parameters P0 = 1.2, δ = 0.025. Similar to the previous case, PCF matching is carried out
with varying sampling budget, N = 100, 200, 400, 600, 800, for d = 2, 3, 4, 5, 6 respectively. The variances of the Gaussian kernel were set at σ 2 = 0.0065, 0.007, 0.01, 0.01, 0.01
for d = 2, 3, 4, 5, 6, respectively and the step size for the gradient descent algorithm was
fixed at 0.001. We found that matching the Stair PCF is more challenging for a gradient
descent optimization compared to the Step PCF. When a random point set is used for
initialization, reaching convergence takes much longer. However, choosing the initial point
set intelligently improves the quality of matching significantly. In all our experiments, we
used the maximal PDS (Ebeida et al., 2012) to initialize the optimization and matching
was carried for 100 gradient descent iterations. We observed that another reasonable choice
for the initialization is a regular grid sample, and interestingly in most cases it matches the
performance of the MPDS initialization. Furthermore, one sided PCF smoothing does not
provide significant improvements in this case, particularly in higher dimensions.

In Figure 10, we compare the behavior of the proposed PCF matching algorithm with
and without the one sided PCF smoothing. The target PCF is designed using a Step PCF
design with rmin as given in Proposition 10. PCF matching is carried out with varying
sampling budget, N = 100, 200, 400, 600, 800 for d = 2, 3, 4, 5, 6, respectively. The
variances of the Gaussian kernel were set at σ 2 = 0.0065, 0.007, 0.01, 0.01, 0.01 for
d = 2, 3, 4, 5, 6, respectively and the step size for the gradient descent algorithm was
fixed at 0.001. The value of b was obtained using cross-validation. The initial point set
was generated randomly (uniform) in the unit hyper-cube and matching was carried for 100
gradient descent iterations. It can be observed that the proposed algorithm produces an
accurate fit to the target, and that the smoothing actually leads to improved performance.

10:

9:

8:

7:

6:

5:

4:

3:

2:

1:

Algorithm 1 Space-filling Spectral Sample Design using PCF Matching Algorithm
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(d)

(b)
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(a)

(c)

(e)

Figure 11: Stair PCF synthesis using one sided PCF smoothing technique. (a) d = 2 (b)
d = 3 (c) d = 4 (d) d = 5 (e) d = 6.
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gorithms difficult in practice. However, the proposed approach can control both N and
rmin simultaneously. For our qualitative comparison, we perform three empirical studies,
in dimensions 2 to 6 : (a) image reconstruction, (b) regression on several benchmark optimization functions, and (c) surrogate modeling for an inertial confinement fusion (ICF)
simulation code.
31
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9.09 dB

9.80 dB

10.61 dB

11.22 dB

12.10 dB

14.82 dB

Sobol

8.97 dB

9.70 dB

10.67 dB

11.38 dB

12.34 dB

15.75 dB

Halton

8.51 dB

8.97 dB

9.59 dB

10.34 dB

10.75 dB

11.39 dB

14.29 dB

LHS

8.32 dB

8.96 dB

9.82 dB

10.92 dB

11.88 dB

13.16 dB

16.90 dB

MPDS

8.49 dB

9.08 dB

9.83 dB

10.80 dB

11.55 dB

12.58 dB

16.00 dB

Step

8.42 dB

9.02 dB

9.84 dB

10.90 dB

11.78 dB

12.96 dB

16.46 dB

Stair

Table 1: Impact of different space-filling designs on image reconstruction performance. In
all cases, we show the reconstructed images and their PSNR values.
α
0.001

0.002

0.003

0.004

0.005

0.006

0.007

8.39 dB
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8.49 dB
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10. Non-monotonicity of the error curves represents over-fitting and is more prominent with conventional
sample designs.

where y = f (x) are the true function values and ŷ are the predicted values.
Tables 2 through 6 show the performance of different space-filling designs for various
analytic functions in dimensions 2 to 6, respectively10 . We see that, for d = 2 (Table 2), LHS
and Halton sequences perform better compared to the rest of the sample designs on most of
the test functions. However, on some functions, e.g., GoldsteinPrice, Stair PCF and MPDS
perform better. Therefore, none of the sample designs consistently guarantee superior
performance. For d = 3 (Table 3), we see that Stair PCF design and MPDS (followed by
Sobol sequences) perform consistently better compared to the rest of the approaches. As
we go higher in dimensions, i.e., d > 3, we notice a significant gain in the performance
of Stair PCF based space-filling spectral designs. Interesting, the amount of performance
gain of Stair PCF based design increases as we go higher in dimensions. The reason for
the poor regression performance of QMC sequences and LHS for d > 3 is due to their
poor space-filling properties in high dimensions (Wang and Sloan, 2008). In comparison,
both space-filling spectral designs and MPDS have good space-filling properties. We found
that Stair PCF design and MPDS have similar coverage characteristics (rmin ). However,
the difference in their performance can be attributed to the fact that MPDS designs have
significantly more oscillations in their PCF compared to an equivalent Stair PCF based
space-filling spectral design, i.e. violation of the randomness objective.

− M EAN (y))2

i=1 (yi

PN

i=1 (yi

R2 (y, ŷ) = 1 − PN

PN

AAE(y, ŷ) =

N

i=1 |yi − ŷi |
,
N ∗ ST D(y)

PN

M SE(y, ŷ) =

i=1 (yi

performance. More specifically, we consider a set of benchmark analytic functions between
dimensions 2 and 6, that are commonly used in global optimization tests (Jamil and Yang,
2013). They are chosen due to their diversity in terms of their complexity and shapes. We
compare the performance of proposed space-filling spectral designs (Step, Stair) with coverage based designs (MPDS), low-discrepancy designs (Halton and Sobol), latin hypercube
sampling and random sampling. Appendix A lists the set of functions used in our experiments. In each case, we fit a random forest regressor with 30 trees and repeated for 20
independent realizations of sample designs. We evaluate the generalization performance on
106 regular grid based test samples. Finally, we report mean (horizontal lines) and standard
deviation (vertical lines) of 3 popular quality metrics (over 20 realizations) to quantify the
performance of the resulting regression models: mean squared error (MSE), relative average
absolute error (AAE), and the R2 -statistic. The metrics are defined as follows:
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In this study, we consider the problem of fitting regression models to analytical functions
and perform a comparative study of different sample designs, in terms of their generalization

9.2 Regression Modeling for Benchmark Optimization Functions

where MSE is the mean squared error. However, it is well known in the image processing
community that PSNR can be a weak surrogate for visual quality (as we will see later) and,
therefore, we also show the reconstructed images.
Table 1 illustrates the reconstructions obtained using different space-filling designs, for
varying values of α. It can be observed from the results that the QMC sequences produce a
large amount of aliasing artifacts in the high frequency regions, which can be directly linked
to the oscillations in their corresponding PCFs. On the other hand, LHS design recovers a
small amount of low-frequencies, and maps most of the frequencies to white noise due to its
small rmin and near-constant PCF. In contrast, sample designs which attempt to trade-off
between coverage and randomness properties, i.e., MPDS and the proposed spectral spacefilling designs (as seen in Figure 3), have superior reconstruction quality. These designs
reduce the aliasing artifacts, have cleaner low frequency content (upper left corner)) and
map all high frequencies (bottom right corner) to white noise. More interestingly, we see
that for low complexity cases, i.e., lower α, the MPDS performs the best followed by the
proposed Stair and Step PCF respectively. For moderately complex images, the Stair PCF
performs the best followed by the Step and the MPDS. Finally, for highly complex images,
the Step PCF performs the best followed by the Stair and the MPDS. These observations
corroborate our discussion in Section 5.2 that an increase in rmin (coverage) in the PCF
results in an increase in the range of low frequencies that can be recovered without aliasing,
and equivalently reduction in the amount of oscillations (or an increase in randomness) in
the PCF leads to reduced oscillations in the PSD, which in turn indicates a systematic
mapping of high frequency content to white noise. Note that when α = 0.007, both LHS
and Sobol designs have PSNR greater than (or equal to) the PSNR of Step PCF design.
However, the quality of the reconstructed image by Step PCF is far superior compared to
the one by LHS and Sobol designs. This further corroborates our claim on PSNR being a
weak surrogate and justifies the use of reconstructed images itself as a performance metric.

PSNR = 20 log10

with varying levels of complexity (or frequency content) α. Note that we choose the zone
plate for our study over natural images, since it shows the response for a wide range of
frequencies and aliasing effects that are not masked by image features. For all zone plate
renderings in this paper, we have tiled toroidal sets of 1000 2-dimensional points over the
image-plane and utilized a Lanczos filter with a support of width 4 for resampling. Further,
we also report the peak signal-to-noise ratio (PSNR) as a quantitative error measure:

z(r) = (1 + cos(αr2 ))/2,

In this experiment, we consider the problem of designing sample distributions for image
reconstruction. More specifically, we consider the commonly used zone plate test function:

9.1 Image Reconstruction
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MSE

36

AAE

R2-Statistic
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We use the NIF 1-d HYDRA simulator (Marinak et al., 2001) and compare the performance of proposed space-filling spectral designs with existing approaches (random, LHS,
Halton and Sobol and MPDS). For each simulation run, a large number of output quantities, such as peak velocity, yield, etc., are computed, and subsequently used to describe the
resulting implosion. We vary the number of input parameters between 2 and 6, and fix the
remaining variables to their default values. In each case, we fit a random forest regressor
with 30 trees and repeated for 20 independent realizations of sample designs. We evaluated

considered here is a so called engineering or macro-physics simulation ensemble in which an
implosion is simulated using different input parameters, such as, laser power, pulse shape
etc. From these simulations, scientists extract a set of drivers, physical quantities believed
to determine the behavior of the resulting implosion. These drivers are then analyzed with
respect to the energy yield to better understand how to optimize future experiments. As
one can expect, the success of this pipeline heavily depends on the quality of samples used
for post-shot simulations.

Helical Valley

Wolfe

Hartmann3

BoxBetts

Function
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R2-Statistic
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AAE

Table 3: Impact of sample design on generalization performance of regression models fit to
benchmark analytical functions in 3 dimensions. While the Stair PCF and MPDS
designs are consistently better than the other methods, the amount of performance
gain is minimal.

MSE

Table 2: Impact of sample design on generalization performance of regression models fit
to benchmark analytical functions in 2 dimensions. LHS and Halton sequences
perform slightly better compared to rest of the sample designs.
Function

GoldsteinPrice

Chichinadze

Rosenbrock

Cube

9.3 Surrogate Model Design for an Inertial Confinement Fusion (ICF)
Simulator
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In this subsection, we consider the problem of designing surrogate models for an inertial
confinement fusion (ICF) simulator developed at the National Ignition Facility (NIF). The
NIF is aimed at demonstrating inertial confinement fusion (ICF), that is, thermonuclear
ignition and energy gain in a laboratory setting. The goal is to focus 192 beams of the
most energetic laser built so far onto a tiny capsule containing frozen deuterium. Under
the right conditions, the resulting pressure will collapse the target to the point of ignition
where hydrogen starts to fuse and produce massive amounts of energy, effectively creating
a small star which can be harnessed for energy production. Though significant progress has
been made, the ultimate goal of “ignition” has not yet been reached.
NIF employs an adaptive pipeline: perform experiments, use post-shot simulations to
understand the experimental results, and design new experiments with parameter settings
that are expected to improve performance. From an analysis viewpoint, the goal is to search
the parameter space to find the region that leads to near-optimal performance. The dataset
35
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AAE
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MSE

iment design produce highly generalizable models, i.e., have significantly lower prediction
error for unseen input conditions. Furthermore, utilizing the notion of space-filling spectral
designs to incorporate the prior information on signal structure (e.g., low dimensionality,
sparsity) will be particularly useful for image analysis and computer vision tasks. Though
not discussed, the analytical framework developed in this paper, can be extended beyond

Hartmann6

Trid

Function

Table 6: Impact of sample design on generalization performance of regression models fit to
benchmark analytical functions in 6 dimensions. Even with highly complex functions such as the Hartmann6, the proposed Stair PCF based spectral space-filling
design produces more accurate regression models, thus evidencing the importance
of improved space-filling characteristics.

BiggsExp05

Dolan

Function

In addition to the experiments presented in the paper, the proposed experiment design
methodologies have a broader impact on several classical machine learning (ML) formulations. In its simplest form, the proposed sample designs can be used to create training data
in supervised learning problems. In particular, optimized sample designs can provide significant performance gains in application areas where efficient data acquisition is required,
e.g. machine learning for scientific data analysis (Karpatne et al., 2017). One such use case
was considered in Section 9.3 of this paper for inertial confinement fusion (ICF) studies.
We demonstrated that supervised models learned using samples from the proposed exper-

10. Applications of Design of Experiments in Machine Learning Problems

the reconstruction performance on 105 regular grid based test samples using the metrics in
the previous experiment.
Table 7 shows the regression performance of the different sample designs for various output quantities in dimensions 2 to 6. We observe that regression error patterns are consistent
with our observations in Section 9.2. The proposed Stair PCF based design consistently
performs the best (followed by MPDS) for d ≥ 3. Furthermore, the performance gain with
the Stair PCF based design improves as we go higher in dimensions. This performance
gain can be credited to their ability to achieve better space-filling properties in high dimensions by intelligently balancing the trade-off between coverage and randomness, and the
effectiveness of the proposed metric (PCF) adopted for design and optimization.

Powell

Colville

DeVilliersGlasser01

MSE

Table 5: Impact of sample design on generalization performance of regression models fit
to benchmark analytical functions in 5 dimensions. In higher dimensions, conventional methods such as the LHS and QMC perform very poorly, while Stair
PCF design significantly outperforms all competing methods, because of improved
trade-off between coverage and randomness properties.

Table 4: Impact of sample design on generalization performance of regression models fit to
benchmark analytical functions in 4 dimensions. Stair PCF and MPDS designs
demonstrate appreciable gains over popular sample design choices.

Function
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MSE

AAE

R2-Statistic

Table 7: Performance of surrogate models for the NIF 1−d HYDRA simulator using different sample design techniques, with varying number of input parameters. While
the conventional sample designs achieve reasonable performance in low dimensions,
the proposed Stair PCF based design is consistently superior as the dimension of
the input space grows.
Function
Parameter Space Dimension = 2

PEAK fusion power

Parameter Space Dimension = 3

Radiation energy

Parameter Space Dimension = 4

MINradius shock

Parameter Space Dimension = 5

MINradius shock

Parameter Space Dimension = 6

MAXpressure
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Euclidean spaces to non-linear, embedded manifolds. For example, Anirudh et.al. (Anirudh
et al., 2017) proposed a dart throwing technique to generate Poisson disk samples on the
39
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Grassmannian manifold of low-dimensional linear subspaces. Despite the effectiveness of
such heuristic techniques over other randomized sampling strategies, generating space-filling
spectral designs on embedded manifolds is challenging since it is non-trivial to create equivalent definitions of the PSD and the PCF metrics for non-Euclidean domains.

Furthermore, there is a connection between the sample design problem considered in
this paper and the classic ML task of active learning. In many practical scenarios, it is
possible to use information gleaned from previous observations to improve the sampling
process. As more samples are obtained, one can learn how to improve the sampling process
by deciding where to sample next. These sampling feedback techniques are more generally
known as adaptive sampling in the statistics literature. Note that, several popular design of
experiment techniques have been extended to adaptive sampling scenarios (Yan and Wonka,
2012b). A natural extension of our work is towards builds importance sampling techniques,
guided by spectral properties. In addition to these conventional applications, more recently,
optimized sample designs have been used to improve the convergence characteristics of neural network training process. Several efforts are currently being undertaken for effective
mini-batch sampling and studying their effect on the convergence rate of training algorithms. Similarly, one could develop improved mini-batch sampling strategies through the
analytical framework of space-filling spectral designs. Similarly, hyper-parameter optimization in deep learning is another application area where optimized sample design can be very
useful (Bergstra and Bengio, 2012). Finally, space-filling spectral designs are also applicable in reinforcement learning (Sutton and Barto, 1998) and Bayesian optimization (Snoek
et al., 2012) where a key requirement is to effectively balance between exploration and
exploitation.

11. Conclusion and Future Directions

JMLR 19(34):1-46, 2018

In this work, we considered the problem of constructing high quality space-filling designs.
We proposed the use of pair correlation function (PCF) to quantify the space-filling property and systematically traded-off coverage and randomness in sample designs in arbitrary
dimensions. Next, we linked PCF to the power spectral density (PSD) to analyze the
qualitative measure of the design performance. Using the insights provided by this spatialspectral analysis, we proposed novel space-filling spectral designs. We also provided an
efficient PCF estimator to evaluate the space-filling properties of sample designs in arbitrary dimensions. Next, we devised a gradient descent based optimization algorithm to
generate high quality space-filling designs. Superiority of proposed space-filling spectral
designs were shown on two different applications in 2 to 6 dimensions: a) image reconstruction and b) surrogate modeling on several benchmark optimization functions and an
inertial confinement fusion (ICF) simulation code. There are still many interesting questions that remain to be explored in the future work such as an analysis of the problem
for non-linear manifolds. Note that some analytical methodologies used in this paper are
certainly exploitable for studying and designing space-filling designs in different manifolds.
Other questions such as PCF parameterizations for other variants of space-filling designs,
adaptive and importance sampling, and optimization approaches to synthesize them can
also be investigated.
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A.5 6 Dimensional Functions
P6
P6
p
2
p p−1
Trid:
p=1 (x − 1) −
p=2 x x
P4
P6
Hartmann6: − i=1 ci exp(− j=1 aij (xj − pij )2 )
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A.4 5 Dimensional Functions
P
3 −ti x1 −x4 e−ti x2 +3e−ti x5 −y )2 ; t = 0.1i; y = e−ti −5e−10ti +3e−4ti
BiggsExp05: 11
i
i
i
i=1 (x e
2
Dolan: |(x61 + 1.7x ) sin(x1 ) − 1.5x3 − 0.1x4 cos(x5 − x1 ) + 0.2(x5 )2 − x2 − 1|

A.3 4 Dimensional Functions
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i=1 x (x )
3
1
2
2
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2
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Powell: (x + 10x ) + 5(x − x ) + (x − 2x ) + 10(x − x )
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A.2 3 Dimensional Functions
P
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p
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P
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Appendix A. Benchmark Optimization Functions
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We study the density estimation problem with observations generated by certain dynamical
systems that admit a unique underlying invariant Lebesgue density. Observations drawn
from dynamical systems are not independent and moreover, usual mixing concepts may
not be appropriate for measuring the dependence among these observations. By employing
the C-mixing concept to measure the dependence, we conduct statistical analysis on the
consistency and convergence of the kernel density estimator. Our main results are as
follows: First, we show that with properly chosen bandwidth, the kernel density estimator
is universally consistent under L1 -norm; Second, we establish convergence rates for the
estimator with respect to several classes of dynamical systems under L1 -norm. In the
analysis, the density function f is only assumed to be Hölder continuous or pointwise
Hölder controllable which is a weak assumption in the literature of nonparametric density
estimation and also more realistic in the dynamical system context. Last but not least,
we prove that the same convergence rates of the estimator under L∞ -norm and L1 -norm
can be achieved when the density function is Hölder continuous, compactly supported, and
bounded. The bandwidth selection problem of the kernel density estimator for dynamical
system is also discussed in our study via numerical simulations.
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Here, h := hn > 0 is a bandwidth parameter and K is a smoothing kernel. In the literature, point-wise and uniform consistency and convergence rates of the estimator fn to
the unknown truth density f under various distance measurements, e.g., L1 , L2 , and L∞ ,
have been established by resorting to the regularity assumptions on the smoothing kernel
K, the density f , and the decay of the bandwidth sequence {hn }. Besides the theoretical
concerns on the consistency and convergence rates, another practical issue one usually needs
to address is the choice of the bandwidth parameter hn , which is also called the smoothing
parameter. It plays a crucial role in the bias-variance trade-off in kernel density estimation.
In the literature, approaches to choosing the smoothing parameter include least-squares
cross-validation (Bowman, 1984; Rudemo, 1982), biased cross-validation (Scott and Terrell,
1987), plug-in method (Park and Marron, 1990; Sheather and Jones, 1991), the double
kernel method (Devroye, 1989), and also the method based on a discrepancy principle (Eggermont and LaRiccia, 2001). We refer the reader to Jones et al. (1996a) for a general
overview and to Wand and Jones (1994); Cao et al. (1994); Jones et al. (1996b); Devroye
(1997) for more detailed reviews.
Note that studies on the kernel density estimator (1) mentioned above heavily rely on
the assumption that the observations are drawn in an i.i.d fashion. In the literature of
statistics and machine learning, it is commonly accepted that the i.i.d assumption on the

fn (x) =

Dynamical systems are now ubiquitous and are vital in modeling complex systems, especially when they admit recurrence relations. Statistical inference for dynamical systems
has drawn continuous attention across various fields, the topics of which include parameter estimation, invariant measure estimation, forecasting, noise detection, among others.
For instance, in the statistics and machine learning community, the statistical inference for
certain dynamical systems have been recently studied in Suykens et al. (1995); Suykens
and Vandewalle (2000); Suykens et al. (2002); Zoeter and Heskes (2005); Anghel and Steinwart (2007); Steinwart and Anghel (2009); Deisenroth and Mohamed (2012); McGoff et al.
(2015a); Hang and Steinwart (2017), just to name a few. We refer the reader to a recent
survey in McGoff et al. (2015b) for a general depiction of this topic. The purpose of this
study is to investigate the density estimation problem for dynamical systems via a classical
nonparametric approach, i.e., kernel density estimation.
The commonly considered density estimation problem can be stated as follows. Let x1 ,
x2 , . . . , xn be observations drawn independently from an unknown distribution P on Rd
with the density f . Density estimation is concerned with the estimation of the underlying
density f . Accurate estimation of the density is important for many machine learning tasks
such as regression, classification, and clustering problems and also plays an important role in
many real-world applications. Nonparametric density estimators are popular since weaker
assumptions are applied to the underlying probability distribution. Typical nonparametric
density estimators include the histogram and kernel density estimator. In this study, we
are interested in the latter one, namely, kernel density estimator, which is also termed as
Parzen-Rosenblatt estimator (Parzen, 1962; Rosenblatt, 1956) and takes the following form
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i = 1, 2, . . . , n,

(2)

given data can be very much restrictive in real-world applications. Having realized this,
researchers turn to weaken this i.i.d assumption by assuming that the observations are
weakly dependent under various notions of weakly dependence which include α-mixing,
β-mixing, and φ-mixing (Bradley, 2005). There has been a flurry of work to attack this
problem with theoretical and practical concerns, see e.g., Györfi (1981); Masry (1983, 1986);
Robinson (1983); Masry and Györfi (1987); Tran (1989b); Györfi and Masry (1990); Tran
(1989a); Hart and Vieu (1990); Yu (1993) and Hall et al. (1995), under the above notions of
dependence. These studies were conducted under various notions of sample dependence. In
fact, as Györfi and Lugosi (1992) pointed out, for samples that are ergodic, kernel density
estimation is not universally consistent under the usual conditions. A counter example was
devised there showing the existence of an ergodic sequence of uniformly distributed random
variables based on which the kernel density estimation almost surely does not tend to
zero in the L1 sense. On the other hand, the assumed correlation among the observations
complicates the kernel density estimation problem from a technical as well as practical
view and also brings inherent barriers. This is because, more frequently, the analysis on
the consistency and convergence rates of the kernel density estimator (1) is proceeded by
decomposing the error term into bias and variance terms, which correspond to data-free and
data-dependent error terms, respectively. The data-free error term can be tackled by using
techniques from the approximation theory while the data-dependent error term is usually
dealt with by exploiting arguments from the empirical process theory such as concentration
inequalities. As a result, due to the existence of dependence among observations and various
notions of the dependence measurement, the techniques, and results concerning the datadependent error term are in general not universally applicable. On the other hand, it
has been also pointed out that the bandwidth selection in kernel density estimation under
dependence also departures from the independent case, see e.g., Hart and Vieu (1990); Hall
et al. (1995).
In fact, when the observations x1 , x2 , . . . , xn ∈ Rd are generated by certain ergodic
measure-preserving dynamical systems, the problem of kernel density estimation can be
even more involved. To explain, let us consider a discrete-time ergodic measure-preserving
dynamical system described by the sequence (T n )n≥1 of iterates of an unknown map T :
Ω → Ω with Ω ⊂ Rd and a unique invariant measure P which possesses a density f with
respect to the Lebesgue measure (rigorous definitions will be given in the sequel). That is,
we have
xi = T i (x0 ),
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where x0 is the initial state. It is noticed that in this case the usual mixing concepts are
not general enough to characterize the dependence among observations generated by (2)
(Maume-Deschamps, 2006; Steinwart and Anghel, 2009; Hang and Steinwart, 2017). On
the other hand, existing theoretical studies on the consistency or convergence rates of the
kernel density estimator for i.i.d. observations frequently assume that the density function
f is sufficiently smooth, e.g., first-order or even second-order smoothness. However, more
often than not, this requirement can be stringent in the dynamical system context. It is
well-known that (see e.g., Liverani (1995); Baladi (2000)) piecewise expanding maps (or
Lasota-Yorke maps) admit a density f which only belongs to the space BV , i.e., functions
3
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of bounded variation. Typical examples are the Gauss map in Example 3 and the β-maps
in Example 1 (see Subsection 2.2).

In this study, the kernel density estimation problem with observations generated by
dynamical systems (2) is approached by making use of a more general concept for measuring
the dependence of observations, namely, the so-called C-mixing process (refer to Section 2
for the definition). Proposed in Maume-Deschamps (2006) and recently investigated in
Hang and Steinwart (2017), the C-mixing concept is shown to be more general and powerful
in measuring dependence among observations generated by dynamical systems and can
accommodate a large class of dynamical systems. There, a Bernstein-type exponential
inequality for C-mixing processes was established and its applications to some learning
schemes were explored.

Our main purpose in this paper is to conduct some theoretical analysis and practical implementations on the kernel density estimator for dynamical systems. The primary concern
is the consistency and convergence rates of the kernel density estimator (1) with observations
generated by dynamical systems (2). The consistency and convergence analysis is conducted
under L1 -norm, and L∞ -norm, respectively. We show that under mild assumptions on the
smoothing kernel, with properly chosen bandwidth, the estimator is universally consistent
under L1 -norm. When the probability distribution P possesses a polynomial or exponential
decay outside of a radius-r ball in its support, under the Hölder continuity assumptions
on the kernel function and the density, we obtain almost optimal convergence rates under
L1 -norm. Moreover, when the probability distribution P is compactly supported, which is
a frequently encountered setting in the dynamical system context, we prove that stronger
convergence results of the estimator can be developed, i.e., convergence results under L∞ norm which are shown to be of the same order with its L1 -norm convergence rates. Finally,
with regard to the practical implementation of the estimator, we also discuss the bandwidth
selection problem by performing numerical comparisons among several typical existing selectors that include least squares cross-validation and its variants for dependent observations,
and the double kernel method. We show that the double kernel bandwidth selector proposed in Devroye (1989) can in general work well. Moreover, according to our numerical
experiments, we find that bandwidth selection for kernel density estimator of dynamical
systems is usually ad-hoc in the sense that its performance may depend on the considered
dynamical system.
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The rest of this paper is organized as follows. Section 2 is a warm-up section for
the introduction of some notations, definitions and assumptions that are related to the
kernel density estimation problem and dynamical systems. We provide our main results on
the consistency and convergence rates of the kernel density estimator in Section 3. Some
comments and discussions concerning the main results will be also provided in this section.
The main analysis on bounding error terms is presented in Section 4. We discuss the
bandwidth selection problem in Section 5 and provide some numerical simulations. All the
proofs of Section 3 and Section 4 can be found in Section 6. We end this paper in Section
7.

4

5
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Note that the an α-Hölder continuous function can be recognized as a special case of
the α-Hölder controllable functions with c(x) and r(x) being some universal constant c > 0
and r > 0.
In our study, it is assumed that the observations x1 , x2 , · · · , xn are generated by the
discrete-time dynamical system (2). Below we list several typical examples of discrete-time
dynamical systems that satisfy the above assumptions (Lasota and Mackey, 1985):

x∈Ω

r0 := ess inf r(x) > 0 .

Moreover, f is called uniformly pointwise α-Hölder controllable, if

|f (x + x0 ) − f (x)| ≤ c(x)kx0 kα .

Definition 1 (Pointwise α-Hölder Controllable) A density function f : Rd → [0, ∞)
is called pointwise α-Hölder controllable, if for λd -almost all x ∈ Rd there exists a constant
c(x) ≥ 0 and a radius r(x) > 0 such that for all x0 ∈ Rd with kx0 k < r(x) we have

In this subsection, we first introduce the dynamical systems of interest, namely, ergodic
measure-preserving dynamical systems. Mathematically, an ergodic measure-preserving dynamical system is a system (Ω, A, µ, T ) with a mapping T : Ω → Ω that is measurepreserving, i.e., µ(A) = µ(T −1 A) for all A ∈ A, and ergodic, i.e., T −1 A = A implies
µ(A) = 0 or 1. In this study, we are confined to the dynamical systems in which Ω is a
subset of Rd , µ is a probability measure that is absolutely continuous with respect to the
Lebesgue measure λd and admits a unique invariant Lebesgue density f . In order to include
a larger variety of density functions that commonly appear in dynamical systems, we introduce a new measurement of continuity that is a generalization of the α-Hölder continuity,
which is defined as follows:

2.2 Dynamical Systems and C-mixing Processes

Recall that for 1 ≤ p < ∞, the `dp -norm is defined as kxk`dp := (xp1 + · · · + xpd )1/p , and the
`d∞ -norm is defined as kxk`d∞ := maxi=1,...,d |xi |. Let (Ω, A, µ) be a probability space. We
denote Lp (µ) as the space of (equivalence classes of) measurable functions g : Ω → R with
finite Lp -norm kgkp . Then Lp (µ) together with kgkp forms a Banach space. Moreover, if
A0 ⊂ A is a sub-σ-algebra, then Lp (A0 , µ) denotes the space of all A0 -measurable functions
g ∈ Lp (µ). Finally, for a Banach space E, we write BE for its closed unit ball.
In what follows, the notation an . bn means that there exists a positive constant c such
that an ≤ c bn , for all n ∈ N. With a slight abuse of notation, in this paper, c, c0 and C
are used interchangeably for positive constants while their values may vary across different
lemmas, propositions, theorems, and corollaries.

Br := {x = (x1 , . . . , xd ) ∈ Rd : kxk ≤ r}.

Throughout this paper, λd is denoted as the Lebesgue measure on Rd and k·k is an arbitrary
norm on Rd . We denote Br as the centered ball of Rd with radius r, that is,

2.1 Notations

2. Preliminaries
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x ∈ (0, 1),



−x





x/2

r(x) := 1/4


1 − x/2




x−1

if
if
if
if
if

x<0
0 < x < 1/4
1/4 ≤ x ≤ 3/4
3/4 ≤ x < 1
x > 1.

1
x

x ∈ R.

x ∈ (0, 1),

1
1
·
· 1 (x),
log 2 1 + x [0,1]

mod 1,

(3)
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Moreover, since the restriction f|[0,1] is Lipschitz continuous with Lipschitz constant log1 2 ,
it is easy to check that f is pointwise 1-Hölder controllable with r(x) given by (3) and
c(x) := log1 2 · 1(0,1) (x).

f (x) =

with a unique invariant Lebesgue density

T (x) =

Example 3 (Gauss Map) The Gauss map is defined by

and

Moreover, for all α ∈ (0, 1/2), the density f is α-Hölder controllable with


0
if x < 0



−1/2−α


x
if
0 < x < 1/4

c(x) := 4
if 1/4 ≤ x ≤ 3/4


(1 − x)−1/2−α if 3/4 ≤ x < 1




0
if x > 1 .

x ∈ R.

x ∈ (0, 1)

1
· 1(0,1) (x),
f (x) = p
π x(1 − x)

admits the unique invariant Lebesgue density

T (x) = 4x(1 − x),

Example 2 (Logistic Map) The Logistic map defined by

where cβ is a constant chosen such that f has integral 1.

with a unique invariant Lebesgue density given by
X
f (x) = cβ
β −(i+1) 1[0,T i (1)] (x),
i≥0

T (x) = βx mod 1,

Example 1 (β-Map) For β > 1, the β-map is defined as

Hang, Steinwart, Feng, Suykens

ψ ϕ dµ −
Ω

Z

ψ dµ ·
Ω

Z
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Z

Ω

ϕ dµ .

We now introduce the notion for measuring the dependence among observations from
dynamical systems, namely, C-mixing process. To this end, let us assume that (X, B) is a
measurable space with X ⊂ Rd . Let X := (Xn )n≥1 be an X-valued stochastic process on
(Ω, A, µ), and for 1 ≤ i ≤ j ≤ ∞, denote by Aij the σ-algebra generated by (Xi , . . . , Xj ).
Let Γ : Ω → X be a measurable map. µΓ is denoted as the Γ -image measure of µ, which
is defined as µΓ (B) := µ(Γ −1 (B)), B ⊂ X measurable. The process X is called stationary
if µ(Xi1 +j ,...,Xin +j ) = µ(Xi1 ,...,Xin ) for all n, j, i1 , . . . , in ≥ 1. Denote P := µX1 . Moreover, for
ψ, ϕ ∈ L1 (µ) satisfying ψϕ ∈ L1 (µ), we denote the correlation of ψ and ϕ by
cor(ψ, ϕ) :=

(4)

It is shown that several dependency coefficients for X can be expressed in terms of such
correlations for restricted sets of functions ψ and ϕ. In order to introduce the notion, we
also need to define a new norm which introduces restrictions on ψ and ϕ considered here.
Throughout this paper, C(X) is denoted as a subspace of bounded measurable functions
g : X → R and that we have a semi-norm ||| · ||| on C(X). For g ∈ C(X), we define the
C-norm k · kC by
kgkC := kgk∞ + |||g|||.
Additionally, we need to introduce the following restrictions on the semi-norm ||| · |||.
Assumption A We assume that the following two restrictions on the semi-norm ||| · |||
hold:

∞

|||g|||,

g ∈ C(X).

(i) |||g||| = 0 for all constant functions g ∈ C(X);
(ii) |||eg ||| ≤ eg

Note that the first constraint on the semi-norm in Assumption A implies its shift invariance
on R while the inequality constraint can be viewed as an abstract chain rule if one views the
semi-norm as a norm describing aspects of the smoothness of g. In fact, it is easy to show
that the following function classes, which are probably also the most frequently considered
in the dynamical system context, satisfy Condition (i) in Assumption A. Moreover, they
also satisfy Condition (ii) in Assumption A, as shown in Hang and Steinwart (2017):
• L∞ (X): The class of bounded functions on X;
• BV (X): The class of bounded variation functions on X;
• Cb,α (X): The class of bounded and α-Hölder continuous functions on X;
• Lip(X): The class of Lipschitz continuous functions on X;
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• C 1 (X): The class of continuously differentiable functions on X.
7

.

|g(x) − g(x0 )|
,
|x − x0 |α
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The corresponding semi-norms are
|||g|||L∞ (X) := 0,

|||g|||BV (X) := kgkBV (X) ,

∞

x6=x0

|||g|||Cb,α (X) := |g|α := sup

i=1

d
X
∂g
∂xi

|||g|||Lip(X) := |g|1 ,
|||g|||C 1 (X) :=

Throughout this paper, we assume that for all r ≥ 1, there exists a function g ∈ C and a
c
constant K such that 1Br/2
≤ g ≤ 1 and |||g||| ≤ K. It is easily to see that this holds for
function sets C = Lip, Cb,α , C 1 etc.

1

Definition 2 (C-mixing Process) Let (Ω, A, µ) be a probability space, (X, B) be a measurable space, X := (Xi )i≥1 be an X-valued, stationary process on Ω, and k · kC be defined
by (4) for some semi-norm ||| · |||. Then, for n ≥ 1, we define the C-mixing coefficients by

φC (X , n) := sup cor(ψ, g(Xk+n )) : k ≥ 1, ψ ∈ BL1 (Ak ,µ) , g ∈ BC(X) ,

and the time-reversed C-mixing coefficients by

∞ ,µ) .
φC,rev (X , n) := sup cor(g(Xk ), ϕ) : k ≥ 1, g ∈ BC(X) , ϕ ∈ BL1 (Ak+n

Let (dn )n≥1 be a strictly positive sequence converging to 0. We say that X is (timereversed) C-mixing with rate (dn )n≥1 , if we have φC,rev (X , n) ≤ dn for all n ≥ 1. Moreover, if (dn )n≥1 is of the form

dn := c0 exp −bnγ ,
n ≥ 1,

for some constants c0 > 0, b > 0, and γ > 0, then X is called geometrically (timereversed) C-mixing.

Remark 3 In Definition 2, if ||| · ||| = 0, we obtain the classical φ-mixing coefficients. If
||| · ||| =
6 0, the resulting C-norm satisfies k · kC ≥ k · k∞ and therefore, the mixing coefficients
admit fewer functions. Thus, the considered functions must be “smoother” than the ones in
the φ-mixing case and therefore statistical changes of small spatial nature in x do not have
such a large impact on h, if h is smooth. In other words, even if the trajectoryP
x1 , . . . , x n
stays in a certain region for a while, this does not impact the empirical average n1 i=1 h(xi )
as much as it would for non-smooth h. As a result, the concentration properties in this case
hold similarly as in the i.i.d. case.
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From the above definition, we see that a C-mixing process is defined in association with
an underlying function space. For the above listed function spaces, i.e., L∞ (X), BV (X),
Cb,α (X), Lip(X), and C 1 (X), the increase of the smoothness enlarges the class of the

8

∞

K(r)rd−1 dr ∈ (0, ∞).

2


K kxk`d dx = dτd
0

Z
∞

2

K(r)rd−1 dr,

0

R∞

K(r)rυ+d−1 dr < ∞ for some υ ∈ (0, ∞);

9

Rd

10
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Rd

It is easy to verify that for C = Lip, Assumption B is met for the Triangle kernel,
the Epanechnikov kernel, and the Gaussian kernel. Particularly, Condition (iv) holds for all
these kernels with ||| · ||| being the Lipschitz norm and ϕ(h) ≤ O(h−1 ). Moreover, as we shall
see below, not all the conditions in Assumption B are required for the analysis conducted
in this study and conditions assumed on the kernel will be specified explicitly.
We now show that given a d-dimensional smoothing kernel K as in Definition 4, one
can easily construct a probability density on Rd .

x∈Rd

(iv) For all x ∈ Rd , we have K(kx − ·k/h) ∈ C(X) and there exists a function ϕ : (0, ∞) →
(0, ∞) such that
sup |||K(kx − ·k/h)||| ≤ ϕ(h).

(iii) For some R > 0, K satisfies K(r) = 0 for all r > R;

(ii) κυ :=

(i) K is Hölder continuous with exponent β with β ∈ (0, 1];

Assumption B For a fixed function space C(X), we make the following assumptions on
the d-dimensional smoothing kernel K:

Let r ∈ [0, +∞) and denote 1A as the indicator function. Several common examples of
d-dimensional smoothing kernels K(r) include the Naive kernel 1[0,1] (r), the Triangle kernel
2
(1 − r)1[0,1] (r), the Epanechnikov kernel (1 − r2 )1[0,1] (r), and the Gaussian kernel e−r . In
this paper, we are interested in the kernels that satisfy the following restrictions on their
shape and regularity:



where τd = π d/2 Γ d2 + 1 is the volume of the unit ball B`d of the Euclidean space `d2 . This
2
completes the proof of Lemma 5.

Rd

Z

Proof From the above discussions, it suffices to consider the integration constraint for the
kernel function K with respect to the Euclidean norm k · k`d . We thus have

0

Z

The choice of the norm in Definition 4 does not matter since all norms on Rd are
equivalent. To see this, let k · k0 be another norm on Rd satisfying κ ∈ (0, ∞). From the
equivalence of the two norms on Rd , one can find a positive constant c such that kxk ≤ ckxk0
holds for all x ∈ R. Therefore, easily we have
Z
Z
Z
K(kxk0 ) dx ≤
K (kxk/c) dx = cd
K(kxk) dx < ∞.

Rd

Definition 4 A bounded, monotonically decreasing function K : [0, ∞) → [0, ∞) is a ddimensional smoothing kernel if
Z
K(kxk) dx =: κ ∈ (0, ∞).
(5)

In this subsection, we formulate kernel density estimators for dynamical systems that admit a unique underlying invariant Lebesgue density. The existence and uniqueness of an
invariant measure (and the corrsponding invariant density) and smooth invariant measure
is a classical problem in the theory of dynamical systems (Katok and Hasselblatt, 1995;
Baladi, 2000; Lasota and Mackey, 1985). Perhaps the first existence theorem for continuous
maps goes back to Krylov and Bogolyubov, see e.g. (Katok and Hasselblatt, 1995, Theorem
4.1.1). Then Lasota and Yorke (1973) proved the existence theorem for piecewise expanding
maps. Since then, results concerning the existence for many other dynamical systems such
as uniformly hyperbolic attractors and nonuniformly hyperbolic uni-modal maps have been
established, see e.g. Baladi (2000). From the discussion after Theorem 2.1 in Baladi (2000)
we know that mixing (thus ergodic) implies the uniqueness among all absolutely continuous
invariant measures and smoothness ensures the existence of the invariant measure.
For the smoothing kernel K in the kernel density estimator, in this paper we consider
its following general form, namely, d-dimensional smoothing kernel:

2.3 Kernel Density Estimators for Dynamical Systems

In what follows, without loss of generality, we assume that the constant κ in Definition 4
equals to 1.

associated stochastic processes, as illustrated in Hang and Steinwart (2017). Note that
the classical φ-mixing process is essentially a C-mixing process associated with the function
space L∞ (X). Note also that not all α-mixing processes are C-mixing, and vice versa. We
refer the reader to Hang and Steinwart (2017) for the relations among α-, φ- and C-mixing
processes.
On the other hand, under the above notations and definitions, from Theorem 4.7 in
Maume-Deschamps (2006), we know that Logistic map in Example 2 is geometrically timereversed C-mixing with C = Lip(0, 1) while Theorem 4.4 in Maume-Deschamps (2006) (see
also Chapter 3 in Baladi (2000)) indicates that Gauss map in Example 3 is geometrically
time-reversed C-mixing with C = BV (0, 1). Example 1 is also geometrically time-reversed
C-mixing with C = BV (0, 1) according to Maume-Deschamps (2006). For more examples of
geometrically time-reversed C-mixing dynamical systems, the reader is referred to Section 2
in Hang and Steinwart (2017). Besides, there also exist several high-dimensional examples.
For instance, piecewise expanding maps (Baladi, 2000, Chapter 3), hyperbolic and Smale’s
Axiom A diffeomorphisms (Baladi, 2000, Chapter 4), and Anosov diffeomorphisms (Baladi,
2001; Lasota and Mackey, 1985).

Lemma 5 A bounded, monotonically decreasing function K : [0, ∞) → [0, ∞) is a ddimensional smoothing kernel if and only if
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Rd

Definition 6 (K-Smoothing of a Measure) Let K be a d-dimensional smoothing kernel and Q be a probability measure on Rd . Then, for h > 0,
Z

K kx − x0 k/h dQ(x0 ), x ∈ Rd ,
fQ,h (x) := fQ,K,h (x) := h−d

is called a K-smoothing of Q.

d

d

K(kxk) dx dQ(x0 ) = 1.

K (kx − xi k/h) .

(8)

and

nhnd
→ ∞,
(log n)(2+γ)/γ

12

as

n → ∞,
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For the above cases, if n ≥ n0 with n0 given in the proof, and the sequences hn are of the
following forms:

Theorem 8 Let K be a d-dimensional smoothing kernel that satisfies Assumption B. Assume that the density f is α-Hölder continuous with α ≤ β. Let X := (Xn )n≥1 be an
X-valued stationary geometrically (time-reversed) C-mixing process on (Ω, A, µ) with k · kC
being defined for some semi-norm ||| · ||| that satisfies Assumption A. We consider the following cases:

(i) P Brc . r−ηd for some η > 0 and for all r ≥ 1;

η
(ii) P Brc . e−ar for some a > 0, η > 0 and for all r ≥ 1;

(iii) P Brc0 = 0 for some r0 ≥ 1.

We now show that if certain tail assumptions on P are imposed, convergence rates can be
obtained under L1 -norm. Here, we consider three different situations, namely, the tail of
the probability distribution P has a polynomial decay, exponential decay and disappears,
respectively.

3.2 Results on Convergence Rates under L1 -Norm

The consistency result in Theorem 7 is independent of the probability distribution P
and is therefore of the universal type. In particular, these results apply to the examples
provided in Section 2.2, i.e., β-map, Logistic map, and Gauss map.

then the kernel density estimator fD,hn is universally consistent in the sense of L1 -norm.

hn → 0

Theorem 7 Let K be a d-dimensional smoothing kernel that satisfies Conditions (i) and
(iv) in Assumption B. Let X := (Xn )n≥1 be an X-valued stationary geometrically (timereversed) C-mixing process on (Ω, A, µ) with k · kC being defined for some semi-norm ||| · |||
that satisfies Assumption A. If

We first present results on the consistency property of the kernel density estimator fD,h in
the sense of L1 -norm. A kernel density estimator fD,h is said to be consistent in the sense
of L1 -norm if fD,h converges to f almost surely under L1 -norm.

3.1 Results on Consistency

employed criterion is the L2 -distance of the difference between fD,h and f , since it entails
an exact bias-variance decomposition and can be analyzed relatively easily by using Taylor
expansion involved arguments. However, it is argued in Devroye and Györfi (1985) (see
also Devroye and Lugosi (2001)) that L1 -distance could be a more reasonable choice since:
it is invariant under monotone transformations; it is always well-defined as a metric on the
space of density functions; it is also proportional to the total variation metric and so leads
to better visualization of the closeness to the true density function than L2 -distance. As to
the L∞ -distance, it measures the worst-case goodness-of-fit of the estimator.

fQ,h (x) dx =

Rd

ZR ZR

Rd

(6)

It is not difficult to see that fQ,h defines a probability density on Rd since Fubini’s
theorem yields that
Z Z
Z

h−d K kx − x0 k/h dQ(x0 ) dx
Rd

=

Let us denote Kh : Rd → [0, +∞) as
Kh (x) := h−d K (kxk/h) , x ∈ Rd .

(7)

Note that Kh also induces a density function on Rd since there holds kKh k1 = 1.
For the sake of notational simplification, in what follows, we introduce the convolution
operator ∗. Under this notation, we then see that fQ,h is the density of the measure that
is the convolution of the measure Q and νh = Kh dλd . Recalling that P is a probability
measure on Rd with the corresponding density function f , by taking Q := P with dP =
f dλd , we have
fP,h = Kh ∗ f = f ∗ Kh = Kh ∗ dP.

i=1

n
X

Since Kh ∈ L∞ (Rd ) and f ∈ L1 (Rd ), from Proposition 8.8 in Folland (1999), we know that
fP,h is uniformly
continuous and bounded. Specifically, when Q is the empirical measure
Pn
Dn = n1 i=1
δxi , the kernel density estimator for dynamical systems in this study can be
expressed as
fDn ,h (x) = Kh ∗ dDn (x) = n−1 h−d

From now on, for notational simplicity, we will suppress the subscript n of Dn and denote
D := Dn , e.g., fD,h := fDn ,h .

3. Main Results and Statements
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In this section, we present main results on the consistency and convergence rates of fD,h
to the true density f under L1 -norm and also L∞ -norm for some special cases. We also
present some comments and discussions on the obtained main results.
Recall that fD,h is a nonparametric density estimator and so the criterion that measures its goodness-of-fit matters, which, for instance, includes L1 -distance, L2 -distance, and
L∞ -distance. In the literature of kernel density estimation, probably the most frequently
11





(log n)(2+γ)/γ
n

(log n)(2+γ)/γ
n





1
2α+d

;

;



(log n)(2+γ)/γ
n



d

α+d
· 2α+d

;

x ∈ (0, 1),

13
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an α ∈ (0, 1/2) and the corresponding functions r(·) and c(·) specified in Example 2. As in
Example 4, we choose Ω := (0, 1), and pick a smoothing kernel with K(r) = 0 for all r > 1,
then we obtain approximately the convergence rate

 1
2+2d
(log n)(2+γ)/γ /n
.

1
f (x) = p
,
π x(1 − x)

Example 5 Consider the logistic map of Example 2 with resulting density

and functions r(·) and c(·) as specified in Example 3. Then, for Ω := (0, 1), if we pick a
1/(2+d)
, then we
smoothing kernel with K(r) = 0 for all r > 1 and hn = (log n)(2+γ)/γ /n
obtain the convergence rate
1


2+d
(log n)(2+γ)/γ /n
.

1
1
f (x) =
·
, x ∈ (0, 1)
log 2 1 + x

Example 4 Consider the Gauss map from Example 3 with the resulting density

Notice that the above Theorem 8 holds only when the underlying density function f is
α-Hölder continuous. However, as shown in Examples 2 and 3, instead of being α-Hölder
continuous, density functions of commonly used dynamical systems often only satisfy a
weaker continuity condition such as the pointwise α-Hölder controllable condition. Therefore, for this case, we are encouraged to establish convergence rates under certain tail
condition of the probability distribution. Unfortunately, as will be shown in Proposition 11
later, in general, we are not able to give explicit expressions of the convergence rates as in
Theorem 8. Nevertheless, for certain dynamical systems mentioned in this paper, we are
still able to derive convergence rates explicitly as follows:

.

(log n) γ

α
 2α+d

α
2α+d

(iii) εn . (log n)(2+γ)/γ /n

(ii) εn .

where the convergence rates
αη


(2+γ)/γ
(1+η)(2α+d)−α
;
(i) εn . (log n)n

kfD,hn − f k1 ≤ εn ,

then with probability µ at least 1 − n1 , there holds

1
− γd · 2α+d

(log n)

1+η
(1+η)(2α+d)−α

 1
(iii) hn = (log n)(2+γ)/γ /n 2α+d ;

(ii) hn =

(i) hn =

Kernel Density Estimation for Dynamical Systems

(9)
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This section presents some comments on the obtained theoretical results on the consistency
and convergence rates of fD,h and compares them with related findings in the literature.

3.4 Comments and Discussions

In Theorems 8 and 9, one needs to ensure that n ≥ n0 with n0 and n ≥ n∗0 being
specified later. One may also note that due to the involvement of the term ϕ(hn ), the
numbers n0 and n∗0 depend on the hn . However, recalling that for the Triangle kernel, the
Epanechnikov kernel, and the Gaussian kernel, we have ϕ(hn ) ≤ O(h−1
n ), which, together
with the choices of hn in Theorems 8 and 9, implies that n0 and n∗0 are well-defined. It
should be also remarked that in the scenario where the density function f is compactly
supported and bounded, the convergence rate of fD,h to f is not only obtainable, but also
the same with that derived under L1 -norm. This is indeed an interesting observation since
convergence under L∞ -norm implies convergence under L1 -norm.


 α
2α+d
kfD,hn − f k∞ . (log n)(2+γ)/γ /n
.

with probability µ at least 1 − n1 , there holds


 1
2α+d
hn = (log n)(2+γ)/γ /n
,

Then, for both cases (i) and (ii), all n ≥ n∗0 with n∗0 that will be given in the proof, by
choosing

(ii) Let K be a d-dimensional smoothing kernel that satisfies Conditions (iii) and (iv) in
Assumption B, and f is pointwise α-Hölder controllable. Fix an Ω ⊂ Rd with {x ∈ Rd :
f (x) > 0 and r(x) exists} ⊂ Ω and define Ω+hR := {x ∈ Rd : inf x00 ∈Ω kx − x00 k ≤ hR}.
Moreover, we define Xh∗ := {x ∈ Rd : r(x) > hR} and assume that function x 7→ c(x)
is bounded on Xh∗ ∩ Ω+hR .

(i) Let K be a d-dimensional smoothing kernel that satisfies Conditions (i) and (iv) in
Assumption B. Assume that there exists a constant r0 ≥ 1 such that Ω ⊂ Br0 ⊂ Rd
and the density function f is α-Hölder continuous with α ≤ β and kf k∞ < ∞.

Theorem 9 Let X := (Xn )n≥1 be an X-valued stationary geometrically (time-reversed) Cmixing process on (Ω, A, µ) with k · kC being defined for some semi-norm ||| · ||| that satisfies
Assumption A.

We now state our main results on the convergence of fD,h to f under L∞ -norm.

3.3 Results on Convergence Rates under L∞ -Norm

Both of the above-mentioned two densities are not continuous at the end points 0 and 1,
but fP,h turns out to be continuous everywhere. Therefore, uniform approximation is not
be possible. However, as shown in the above examples, the uniform approximation can be
achieved if we remove both of the neighbourhood around the critical points 0 and 1. This
phenomenon can be apparently observed from Figures 1 and 2 in Section 5.

Hang, Steinwart, Feng, Suykens
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The consistency and convergence analysis in our study will be mainly conducted in the L1
sense with the help of inequality (10). Besides, for some specific case, i.e., when the density
f is compactly supported, we are also concerned with the consistency and convergence of
fD,h to f under L∞ -norm. In this case, there also holds the following inequality

Hang, Steinwart, Feng, Suykens

kfP,h − f k∞ ≤ chα .
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(ii) If K satisfies Condition (ii) in Assumption B and f is α-Hölder continuous with
α ≤ υ, then there exists a constant c > 0 such that for all h > 0 we have

kfP,h − f k1 ≤ ε.

(i) For any ε > 0, there exists 0 < hε ≤ 1 such that for any h ∈ (0, hε ] we have

Proposition 10 Let K be a d-dimensional smoothing kernel.

Our first theoretical result on bounding the deterministic error term shows that, given a
d-dimensional kernel K, the L1 -distance between its K-smooth of the measure P , i.e., fP,h ,
and f can be arbitrarily small by choosing the bandwidth appropriately. Moreover, under
mild assumptions on the regularity of f and K, the L∞ -distance between the two quantities
possesses a polynomial decay with respect to the bandwidth h.

4.1 Bounding the Deterministic Error Term

It is easy to see that the first error term on the right-hand side of (10) or (11) is stochastic due
to the empirical measure D while the second one is deterministic because of its sampling-free
nature. Loosely speaking, the first error term corresponds to the variance of the estimator
fD,h , while the second one can be treated as its bias although (10) or (11) is not an exact
error decomposition. In our study, we proceed with the consistency and convergence analysis
on fD,h by bounding the two error terms, respectively.

kfD,h − f k∞ ≤ kfD,h − fP,h k∞ + kfP,h − f k∞ .

kfD,h − f k1 ≤ kfD,h − fP,h k1 + kfP,h − f k1 .

We conduct error analysis for the kernel density estimator fD,h in this section by establishing
its consistency and convergence rates, which are stated in the above section in terms of the
L1 -distance and L∞ -distance. The downside of using L1 -distance is that it does not admit
an exact bias-variance decomposition and the usual Taylor expansion involved techniques
for error estimation may not apply directly. Nonetheless, if we introduce the intermediate
estimator fP,h in (7), obviously the following inequality holds

4. Error Analysis

cussions, we suggest that the work we present in this study is essentially different from that
in Maume-Deschamps (2006).

We highlight that in our analysis the density function f is only assumed to be Hölder
continuous. As pointed out in the introduction, in the context of dynamical systems, this
seems to be more than a reasonable assumption. On the other hand, the consistency and the
convergence results obtained in our study, are of type “with high probability” due to the use
of the Bernstein-type exponential inequality that takes into account the variance information
of the random variables. From our analysis and the obtained theoretical results, one can
also easily observe the influence of the dependence among observations. For instance, from
Theorem 7 we see that with increasing dependence among observations (corresponding to
smaller γ), in order to ensure the universal consistency of fD,hn , the decay of hn (with
respect to n−1 ) is required to be faster. This is in fact also the case if we look at results
on the convergence rates in Theorems 8 and 9. Moreover, the influence of the dependence
among observations is also indicated there. That is, an increase of the dependence among
observations may slow down the convergence of fD,h in the sense of both L1 -norm and
L∞ -norm. It is also interesting to note that when γ tends to infinity, which corresponds
to the case where observations can be roughly treated as independent ones, meaningful
convergence rates can be also deduced. It turns out that, up to a logarithmic factor, the
established convergence rates (9) under L∞ -norm, namely, O(((log n)(2+γ)/γ /n)α/(2α+d) ),
match the optimal rates in the i.i.d. case, see, e.g., Khas0 minskii (1979) and Stone (1983).

JMLR 19(35):1-49, 2018

As mentioned in the introduction, there exist several studies in the literature that address the kernel density estimation problem for dynamical systems. For example, Bosq and
Guégan (1995) conducted some first studies and showed the point-wise consistency and
the convergence (in expectation) of the kernel density estimator. The convergence rates
obtained in their study are of the type O(n−4/(4+2d) ), which are conducted in terms of the
variance of fD,h . The notion they used for measuring the dependence among observations is
α-mixing coefficient (see A3 in Bosq and Guégan (1995)). Considering the density estimation problem for one-dimensional dynamical systems, Prieur (2001) presented some studies
on the kernel density estimator fD,h by developing a central limit theorem and apply it
to bound the variance of the estimator. Further some studies on the kernel density estimation of the invariant Lebesgue density for dynamical systems were conducted in Blanke
et al. (2003). By considering both dynamical noise and observational noise, point-wise
convergence of the estimator fD,h in expectation was established, i.e., the convergence of
EfD,h (x) − f (x) for any x ∈ Rd . Note further that these results rely on the second-order
smoothness and boundedness of f . Therefore, the second-order smoothness assumption
on the density function together with the point-wise convergence in expectation makes it
different from our work. In particular, under the additional assumption on the tail of the
noise distribution, the convergence of E(fD,h (x) − f (x))2 for any fixed x ∈ Rd is of the order
O(n−2/(2+βd) ) with β ≥ 1. Concerning the convergence of fD,h in a dynamical system setup,
Maume-Deschamps (2006) also presented some interesting studies which in some sense also
motivated our work here. By using also the C-mixing concept as adopted in our study to
measure the dependence among observations from dynamical systems, she presented the
point-wise convergence of fD,h with the help of Hoeffding-type exponential inequality (see
Proposition 3.1 in Maume-Deschamps (2006)). The assumption applied on f is that it
is bounded from below and also α-Hölder continuous (more precisely, f is assumed to be
α-regular, see Assumption 2.3 in Maume-Deschamps (2006)). Hence, from the above dis15

r(x)≤kx0 k≤hR

+

f (x + x0 ) dx0 .

c
c1 P (Br/2
)

+ c1 (h/r) .

υ
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Ω+hR

r(x)≤kx0 k≤hR
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(iii) Assume that K satisfies Condition (iii) in Assumption B and f is pointwise α-Hölder
controllable. Furthermore, we pick an Ω as in Proposition 10. Then there exists a
constant c3 > 0 such that for all h > 0 and r > 0 we have

kfP,h − f k1 ≤ c3 H(∞) hα + c3 P {x : r(x) ≤ hR}
Z
Z
+ c3 h−d
f (x + x0 ) dx0 dx .

c
kfP,h − f k1 ≤ c2 hα H(r) + c2 P (Br/2
) + c2 hυ .

Then there exists a constant c2 > 0 such that for all h > 0 and r ≥ 1 we have

Br

(ii) Assume that f is uniformly pointwise α-Hölder controllable with α ≤ υ. For r > 0 we
define
Z
H(r) :=
c(x) dx.

kfP,h − f k1 ≤ c1 r kfP,h − f k∞ +

d

(i) There exists a constant c1 > 0 such that for all h ≤ 1 and r ≥ 1, we have

Proposition 11 Assume that K is a d-dimensional smoothing kernel that satisfies Condition (ii) in Assumption B.

We now show that the L1 -distance between fP,h and f can be upper bounded by their
difference (in the sense of L∞ -distance) on a compact domain of Rd together with their
difference (in the sense of L1 -distance) outside this domain. As we shall see later, this
observation will entail us to consider different classes of the true density f . The following
result is crucial in our subsequent analysis on the consistency and convergence rates of fD,h .

+ kKk∞ h−d

r(x)
|fP,h (x) − f (x)| ≤ c c(x)hα + c · kKk∞ f (x) R −
h
Z

Ω+hR

and we define
:= {x ∈ Rd : inf x00 ∈Ω kx−x00 k ≤ hR}. For λd -almost all x 6∈ Ω+hR
we then have |fP,h (x) − f (x)| = 0. Moreover, there exists a constant c > 0 such that
for all x ∈ Ω+hR for which r(x) exists we have

{x ∈ R : f (x) > 0 and r(x) exists } ⊂ Ω ,

d

(iv) Assume that K satisfies Condition (iii) in Assumption B and f is pointwise α-Hölder
controllable. We fix an Ω ⊂ Rd such that

0 /(2h)

sup
x∈Xh∗ ∩ΩhR

|c(x)| · hα .

|ED e
kx,h | dx,
x∈Ω

kfD,h − fP,h k∞ = sup |ED e
kx,h |.

Rd

Z

(13)

(12)

Brc
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The idea here is to apply capacity-involved arguments and the Bernstein-type exponential
e h,r and the associated empirical
inequality in Hang and Steinwart (2017) to the function set K
process ED e
kx,h . The difference between fD,h and fP,h under the L∞ -norm can be bounded
e h,r
analogously. Therefore, to further our analysis, we first need to bound the capacity of K
in terms of covering numbers.

The second term of the right-hand side of the above equality can be similarly dealt with
e h,r as the
as in the proof of Proposition 11. In order to bound the first term, we define K
function set of e
kx,h that corresponds to x which lies on a radius-r ball of Rd :

e h,r := e
K
kx,h : x ∈ Br ⊂ L∞ (Rd ).

Br

As a result, in order to bound kfD,h − fP,h k1 , it suffices to bound the supremum of the
empirical process ED e
kx,h indexed by x ∈ Rd . For any r > 0, there holds
Z
Z
kfD,h − fP,h k1 =
|ED e
kx,h | dx +
|ED e
kx,h | dx.

and

kfD,h − fP,h k1 =

ED e
kx,h = ED kx,h − EP kx,h = fD,h (x) − fP,h (x),

and consequently we have

It thus follows that

e
kx,h := kx,h − EP kx,h .

and we further denote the centered random variable e
kx,h on Ω as

kx,h := h−d K(kx − ·k/h),

In this study, the stochastic error term is tackled by using capacity-involved arguments and
the Bernstein-type inequality established in Hang and Steinwart (2017). In the sequel, for
any fixed x ∈ Ω ⊂ Rd , we write

4.2.1 An Overview of the Analysis

We now proceed with the estimation of the stochastic error term kfD,h −fP,h k1 by establishing probabilistic oracle inequalities. For the sake of readability, let us start with an overview
of the analysis conducted in this subsection for bounding the stochastic error term.

4.2 Bounding the Stochastic Error Term

x∈Xh∗

sup |fP,h (x) − f (x)| ≤ c4

(iv) Let K, f , and Ω satisfy the conditions in (iii). We define Xh∗ := {x ∈ Rd : r(x) > hR}
and assume that function x 7→ c(x) is bounded on Xh∗ ∩ ΩhR , then there is another
constant c4 > 0 such that for all h > 0 we have

(iii) If K satisfies Condition (ii) in Assumption B and f is uniformly pointwise α-Hölder
controllable with α ≤ υ, then there exists a constant c > 0 such that for all h > 0 and
λd -almost all x ∈ Rd we have
Z
K(kx0 k) f (x + hx0 ) dx0 .
|fP,h (x) − f (x)| ≤ c c(x)hα + cf (x)hυ +
Brc
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Bd (xi , ε) ,
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e h,r
4.2.2 Bounding the Capacity of the Function Set K

n
[

i=1

Definition 12 (Covering Number) Let (X, d) be a metric space and A ⊂ X. For ε > 0,
the ε-covering number of A is denoted as
(
)
N (A, d, ε) := min n ≥ 1 : ∃ x1 , · · · , xn ∈ X such that A ⊂

where Bd (x, ε) := {x0 ∈ X : d(x, x0 ) ≤ ε}.
For any fixed r ≥ 1, we consider the function set
Kh,r := {kx,h : x ∈ Br } ⊂ L∞ (Rd ).
The following proposition provides an estimate of the covering number of Kh,r .

−d− dβ

2

ε

− βd

.

Proposition 13 Let K be a d-dimensional smoothing kernel that satisfies Condition (i)
in Assumption B and h ∈ (0, 1]. Then there exists a positive constant c0 such that for all
ε ∈ (0, 1], we have
N (Kh,r , k · k∞ , ε) ≤ c0 rd h
4.2.3 Oracle Inequalities under L1 -Norm, and L∞ -Norm
We now establish oracle inequalities for the kernel density estimator (8) under L1 -norm,
and L∞ -norm, respectively. These oracle inequalities will be crucial in establishing the
consistency and convergence results of the estimator. Recall that the considered kernel
density estimation problem is based on samples from an X-valued C-mixing process which
is associated with an underlying function class C(X). As shown below, the established
oracle inequality holds without further restrictions on the support of the density function.

h
r

β

Proposition 14 Suppose that Assumption B holds. Let X := (Xn )n≥1 be an X-valued stationary geometrically (time-reversed) C-mixing process on (Ω, A, µ) with k · kC being defined
for some semi-norm ||| · ||| that satisfies Assumption A. Then for all 0 < h ≤ 1, r ≥ 1 and
τ ≥ 1, there exists an n0 ∈ N such that for all n ≥ n0 , with probability µ at least 1 − 3e−τ ,
there holds
s
kfD,h − fP,h k1 .

32τ (log n)2/γ
+
n

.

(log n)2/γ rd (τ + log nr
(log n)2/γ rd (τ + log nr
h )
h )
+
hd n
hd n
r


c
)+
+ P (Br/4

Here n0 will be given explicitly in the proof.
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Our next result shows that when the density function f is compactly supported and
bounded, an oracle inequality under L∞ -norm can be also derived.
19
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kf k∞ (τ + log( nrh0 ))(log n)2/γ
K(0)(τ + log( nrh0 ))(log n)2/γ
+
.
hd n
hd n

Proposition 15 Let K be a d-dimensional kernel function that satisfies Conditions (i)
and (iii) in Assumption B. Let X := (Xn )n≥1 be an X-valued stationary geometrically
(time-reversed) C-mixing process on (Ω, A, µ) with k · kC being defined for some semi-norm
||| · ||| that satisfies Assumption A. Assume that there exists a constant r0 ≥ 1 such that
Ω ⊂ Br0 ⊂ Rd and the density function f satisfies kf k∞ < ∞. Then for all 0 < h ≤ 1 and
τ > 0, there exists an n0∗ ∈ N such that for all n ≥ n0∗ , with probability µ at least 1 − e−τ ,
there holds
s
kfD,h − fP,h k∞ .

Here n0∗ will be given explicitly in the proof.

In Proposition 15, the kernel K is onlyRrequired to satisfy Conditions (i) and (iii) in
∞
Assumption B whereas the condition that 0 K(r)rβ+d−1 dr < ∞ for some β > 0 is not
needed. This is again due to the compact support assumption of the density function f as
stated in Proposition 15.

5. Bandwidth Selection and Simulation Studies

This section discusses the model selection problem of the kernel density estimator (8) by
performing numerical simulation studies. In the context of kernel density estimation, model
selection is mainly referred to the choice of the smoothing kernel K and the selection of
the kernel bandwidth h, which are of crucial importance for the practical implementation
of the data-driven density estimator. According to our experimental experience and also
the empirical observations reported in Maume-Deschamps (2006), it seems that the choice
of the kernel or the noise does not have a significant influence on the performance of the
estimator. Therefore, our emphasis will be placed on the bandwidth selection problem in
our simulation studies.
5.1 Several Bandwidth Selectors

Z

(fD,h − f )2 =

Z

2
fD,h
−2

Z

fD,h ·

Z

Z

f 2.

f 2 is independent of
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R

f+

In the literature of kernel density estimation, various bandwidth selectors have been proposed, several typical examples of which have been alluded to in the introduction. When
turning to the case with dependent observations, the bandwidth selection problem has been
also drawing much attention, see e.g., Hart and Vieu (1990); Chu and Marron (1991); Hall
et al. (1995); Yao and Tong (1998). Among existing bandwidth selectors, probably the most
frequently employed ones are based on the cross-validation ideas. For cross-validation bandwidth selectors, one tries to minimize the integrated squared error (ISE) of the empirical
estimator fD,h where
ISE(h) :=

Note that on the right-hand side of the above equality, the last term
h and so the minimization of ISE(h) is equivalent to minimize
Z
Z
Z
2
fD,h
− 2 fD,h · f.

20

n

j6=i

1 X
Kh (x − xj ).
n−1

i=1

m

1 X
|fD,h (ui ) − f (ui )|,
m
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In our experiments, observations x1 , · · · , xn are generated from the following model1
(
x̃i = T i (x0 ),
i = 1, · · · , n,
(17)
xi = x̃i + εi ,

5.2 Experimental Setup

1. Note that here the observational noise is assumed for the considered dynamical system (17), which differs
from (2) and can be a more realistic setup from an empirical and experimental viewpoint. In fact, it is
observed also in Maume-Deschamps (2006) that the influence of low SNR noise is not obvious in density
estimation. We therefore adopt this setup in our experiments. All the observations reported in this
experimental section apply to the noiseless case (2).

5.3 Simulation Results and Observations

where u1 , · · · , um are m equispaced points in the interval [0, 1] and m is set to 10000. We
also compare the selected bandwidth with the one that has the minimum absolute mean
error which serves as a baseline method in our experiments.

AME(h) =

In the experiments, due to the known density functions for Logistic map and Gauss map,
and in accordance with our previous analysis from the L1 point of view, the criterion of
comparing different selected bandwidths is the following absolute mean error (AME):

• DKM: the double kernel method defined in (16) where the two kernels used here are
the Epanechnikov kernel and the Triangle kernel, respectively.

• MLSCV-2: the modified least squares cross-validation in (15) with ln = 2;

• MLSCV-1: the modified least squares cross-validation in (15) with ln = 1;

The AMEs of the above bandwidth selectors for Logistic map in Example 2 and Gauss map
in Example 3 over 20 replications are averaged and recorded in Tables 1 and 2 below.
In Figs. 1 and 2, we also plot the kernel density estimators for Logistic map in Example
2 and Gauss map in Example 3 with different bandwidths and their true density functions
with different sample sizes. The sample size of each panel, in Figs. 1 and 2, from up to
bottom, is 103 , 104 , and 105 , respectively. In each panel, the densely dashed black curve
represents the true density, the dotted blue curve is the estimated density function with
the bandwidth selected by the baseline method while the solid red curve stands for the
estimated density with the bandwidth selected by the double kernel method. All density
functions in Figs. 1 and 2 are plotted with 100 equispaced points in the interval (0, 1).
From Tables 1 and 2, and Figs. 1 and 2, we see that the true density functions of Logistic
map and Gauss map can be approximated well with enough observations and the double
kernel method works slightly better than the other three methods for the two dynamical
systems. In fact, according to our experimental experience, we find that the bandwidth
selector of the kernel density estimator for a dynamical system is usually ad-hoc. That

where fD,h,K and fD,h,L are kernel density estimators based on the kernels K and L, respectively. Some rigorous theoretical treatments on the effectiveness of the above bandwidth
selector were made in Devroye (1989).
Our purpose in simulation studies is to conduct empirical comparisons among the above
bandwidth selectors in the dynamical system context instead of proposing new approaches.

The underlying intuition of proposing MLSCV is that when estimating the density of a
fixed point, ignoring observations in the vicinity of this point may be help in reducing the
influence of dependence among observations. However, when turning to the L1 point of
view, the above bandwidth selectors may not work well due to the use of the least squares
criterion. Alternatively, Devroye (1989) proposed the double kernel bandwidth selector that
minimizes the following quantity
Z
DKM(h) := |fD,h,K − fD,h,L |,
(16)

|j−i|>ln

where ln is set to 1 or 2 as suggested in Hart and Vieu (1990) and
X
1
Kh (x − xj ).
fˆ−i,h,ln (x) :=
#{j : |j − i| > ln }

i=1

When the observations are dependent, it is shown that cross-validation can produce much
under-smoothed estimates, see e.g., Hart and Wehrly (1986); Hart and Vieu (1990). Observing this, Hart and Vieu (1990) proposed the modified least squares cross-validation
(MLSCV), which is defined as follows
Z
n
2Xˆ
2
f−i,h,ln (xi ),
(15)
MLSCV(h) := fD,h
−
n

fˆ−i,h (x) :=

where the leave-one-out density estimator fˆ−i,h is defined as

• LSCV: the least squares cross-validation given in (14);

where εi ∼ N (0, σ 2 ), σ is set to 0.01 and the initial state x0 is randomly generated based
on the density f . For the map T in (17), we choose Logistic map in Example 2 and Gauss
map in Example 3. We vary the sample size among {5 × 102 , 103 , 5 × 103 , 104 }, implement
bandwidth selection procedures over 20 replications and select the bandwidth from a grid of
values in the interval [hL , hU ] with 100 equispaced points. Here, hL is set as the minimum
distance between consecutive points xi , i = 1, · · · , n (Devroye and Lugosi, 1997), while
hU is chosen according to the maximal smoothing principle proposed in Terrell (1990).
Throughout our experiments, we use the Gaussian kernel for the kernel density estimators.
In our experiments, we conduct comparisons among the above-mentioned bandwidth
selectors which are, respectively, denoted as follows:

It is shown that with i.i.d observations, an unbiased estimator of the above quantity, which
is termed as least squares cross-validation (LSCV), is given as follows:
Z
n
2Xˆ
2
LSCV(h) := fD,h
−
f−i,h (xi ),
(14)
n
i=1
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Figure 1: Plots of the kernel density estimators fD,h for Logistic map in Example 2 with different bandwidths
and its true density with different sample sizes. The sample size of each panel, from up to bottom,
is 103 , 104 , and 105 , respectively. In each panel, the dashed black curve represents the true
density of Logistic map, the dotted blue curve is the estimated density of Logistic map with the
bandwidth selected by the baseline method while the solid red curve stands for the estimated
density of Logistic map with the bandwidth selected by the double kernel method. All curves are
plotted with 100 equispaced points in the interval (0, 1).
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Figure 2: Plots of the kernel density estimators fD,h for Gauss map in Example 3 with different bandwidths
and its true density with different sample sizes. The sample size of each panel, from up to bottom,
is 103 , 104 , and 105 , respectively. In each panel, the dashed black curve represents the true density
of Gauss map, the dotted blue curve is the estimated density of Gauss map with the bandwidth
selected by the baseline method while the solid red curve stands for the estimated density of Gauss
map with the bandwidth selected by the double kernel method. All curves are plotted with 100
equispaced points in the interval (0, 1).

fD,h (x)

fD,h (x)
fD,h (x)
fD,h (x)

.3369
.2994
.2422
.2235

MLSCV-1
.3372
.2994
.2422
.2235

MLSCV-2
.3117
.2804
.2340
.2220

DKM

.1027
.0925
.0626
.0454

.1026
.0933
.0626
.0454

MLSCV-1
.1059
.0926
.0626
.0454

MLSCV-2
.1181
.0925
.0586
.0440

DKM
.0941
.0878
.0585
.0439

Baseline

.3013
.2770
.2326
.2192

Baseline
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that is, the assertion is true for x = 2h. To show the inequality for x > 2h, we note that
gh0 (x) = (1 − p)cx−p hp − 1. A simple calculation then shows that gh0 has its only zero at
x∗ := ((1 − p)c)1/p h. Moreover, since gh00 (x) = (1 − p)(−p)cx−1−p hp < 0 we see that gh has a
global maximum at x∗ and no (local) minimum. Consequently, gh is decreasing on [x∗ , ∞),

gh (2h) = c(2h)1−p hp − h = c21−p h1−p hp − h = 0 ,

Proof [of Lemma 16] For c := 2p−1 , x ≥ 0, and h ≥ 0 we define gh (x) := cx1−p hp − x + h,
so that our goal is to show gh (x) ≤ 0 for all x ≥ 2h. To this end, we first note that

x − h ≥ 2p−1 x1−p hp .

Lemma 16 For x, h ≥ 0 with x ≥ 2h and p ∈ (0, 1) we have

The following lemma is needed for the proof of Example 2.

6. Proofs

is, for existing bandwidth selectors, there seems no a universal optimal one that can be
applicable to all dynamical systems and outperforms the others. Therefore, further exploration and insights on the bandwidth selection problem in the dynamical system context
certainly deserve future study. On the other hand, we also notice that due to the presence
of dependence among observations generated by dynamical systems, the sample size usually
needs to be large enough to approximate the density function well. This can be also seen
from the plotted density functions in Figs. 1 and 2 with varying sample sizes.
Aside from the above observations, not surprisingly, from Figs. 1 and 2, we also observe
the boundary effect (Gasser et al., 1985) from the kernel density estimators for dynamical
systems, which seems to be even more significant than the i.i.d case. From a practical
implementation view, some special studies are arguably called for addressing this problem.

LSCV

5 × 102
1 × 103
5 × 103
1 × 104

Table 2: The AMEs of Different Bandwidth Selectors for Gauss Map in Example 3

.3372
.2994
.2422
.2235

sample size

5×
1 × 103
5 × 103
1 × 104

102

LSCV

1 − 2x
2π(x(1 − x))3/2
and

f 00 (x) =

8x2 − 8x + 3
.
4π(x(1 − x))5/2

|f 0 (x)| = |f 0 (1/8)| =

3  64 3/2
·
≤ 4.
8π
7

(19)

x ∈ [0, 1/4], h ∈ (−x/2, 1/4]

(20)

26

g(x, h) = g(x + h, −h) .
JMLR 19(35):1-49, 2018

Moreover,
simple algebraic transformations show that the latter is equivalent to −2xh−h2 ≤
p
2 hx(1 − x), which is obviously true. This shows (20) for h ∈ [0, 1/4]. Now, in the case
h ∈ (−x/2, 0] we first observe that we have

In the case h ∈ [0, 1/4] our preliminary considerations on g show that (20) is equivalent to
p
(x + h)(1 − x − h) ≤ h + x(1 − x) + 2 hx(1 − x) .

g(x, h) ≤ |h|1/2 ,

Our next goal is to bound the numerator in (18). To this end, we define
p
p
g(x, h) := x(1 − x) − (x + h)(1 − x − h) ,
h, x ∈ [0, 1/4] .
p
Note that the function t 7→ t(1 − t) is increasing on [0, 1/2] and hence we have g(x, h) ≥ 0
if h ∈ [−1/4, 0] and g(x, h) ≤ 0 if h ∈ [0, 1/4]. Now, our goal is to establish

Moreover, we have 1 − x > 3/4 and 1 − x − h > 5/8 and hence we find
r
1
32
1
p
·p
≤
.
15
x(x + h)(1 − x − h)(1 − x)
x(x + h)

Consequently, the restriction f|[1/8,7/8] is Lipschitz continuous with constant not exceeding
4. This shows the assertion for x ∈ [1/4, 3/4]. Therefore, it remains to consider the cases
0 < x < 1/4 and 3/4 < x < 1, and due to the symmetry of f we may actually restrict our
considerations to 0 < x < 1/4. Let us therefore fix an x ∈ (0, 1/4). For h with |h| < r(x),
that is h ∈ (−x/2, x/2), we then find
p
p
x(1 − x) − (x + h)(1 − x − h)
p
π|f (x + h) − f (x)| =
.
(18)
x(1 − x)(1 − x − h)(x + h)

x∈(1/8,7/8

sup

Clearly, this gives f 00 (x) ≥ 1 for all x ∈ (1/8, 7/8) and hence f 0 is increasing on this interval.
Using the symmetry of f 0 around x = 1/2 we then obtain

f 0 (x) = −

Proof [of Example 2] Here we only need to show that the density f is α-controllable with
the specified functions. Moreover, this is obvious for x < 0 and x > 1. Moreover, the first
and second derivatives of f on (1/8, 7/8) are

so that it suffices to show that x∗ ≤ 2h. The latter, however is equivalent to (1 − p)c ≤ 2p ,
and by the definition of c, this inequality is satisfied if and only if (1 − p)/2 ≤ 1. Since the
latter is obviously true, we obtain the assertion.

Table 1: The AMEs of Different Bandwidth Selectors for Logistic Map in Example 2

sample size
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g(x, h) = g(x̃, h̃) ≤ |h̃|1/2 = |h|1/2 ,

r
p
|h|
32
·p
.
15
x(x + h)

(21)

Let us write x̃ := x + h and h̃ := −h. Then we have h̃ ∈ [0, x/2) ⊂ [0, 1/4] and x̃ ∈
(x/2, x] ⊂ (0, 1/4]. Using (20) in the already proven case h̃ ∈ [0, 1/4] we then find
which finishes the proof of (20).
Now combining (19) with (20) we find
π |f (x + h) − f (x)| ≤

1
·
π

64 −1+ε 1/2−ε
·x
|h|
≤ x−1+ε |h|1/2−ε .
15

Let us first consider the case h ∈ (−x/2, 0]. Then Lemma 16 applied to p := 2ε and h̃ := −h
gives
1
1
√
=p
≤ 2(1−p)/2 x(p−1)/2 h̃−p/2 = 21/2−ε x−1/2+ε |h|−ε
x+h
x − h̃
Inserting this inequality in the previous inequality thus shows
r
|f (x + h) − f (x)| ≤

Moreover, for h ∈ [0, x/2) we have x+h ≥ x−h, and hence the previous considerations actually give (21) for all h ∈ (−x/2, x/2). Since for ε := 1/2−α we have both −1+ε = −1/2−α
and 1/2 − ε = α, we then obtain the assertion.
The following lemma, which will be used several times in the sequel, supplies the key to
the proof of Propositions 11 and 10.
Lemma 17 Assume that K is a d-dimensional smoothing kernel that satisfies Condition
(ii) of Assumption B. Then there exists a constant c1 > 0 such that for all r > 0 we have
Z
K(kxk) dx ≤ c1 r−υ .
(22)
Brc

c
EQ kx,h dx ≤ κ Q(Br/2
) + c1 2υ (h/r)υ .

(23)

Moreover, for all probability measures Q on Rd and all h > 0 and r > 0 the functions kx,h ,
which are defined in (12) for all x ∈ Rd , satisfy
Z
Brc

K(kxk) dx ≤

Brc

2

K(c̃−1 kxk`d ) dx ≤

∞
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K(t)r−υ td+υ−1 dt

K(t)td−1 dt

K(c̃−1 t)td−1 dt

c̃−1 r
∞

= c̃d

Z

c̃−2 r

≤ c̃d+2υ κυ r−υ ,

≤ c̃d+2υ

c̃−2 r

Z

Proof [of Lemma 17] For the proof of (22) we fix a constant c̃ ≥ 1 such that we have
c̃−1 k · k`d ≤ k · k ≤ c̃ k · k`d . Since K is monotonically decreasing, we then find
2
2
Z
Z
Z ∞
Brc

27

Brc

=

≤

ZR

ZR
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d

K(kxk)

K(kxk)

Bt0

Bt0

d

ZR

Rd

0

Btc

1Brc (hx + x0 ) dQ(x0 )dx +

where in the last step we used Condition (ii) of Assumption B.
For the proof of (23) we first observe that for t0 > 0, we have
Z
Z Z

EQ kx,h dx =
h−d K kx − x0 k/h dQ(x0 ) dx
Brc
Brc Rd
Z
Z
K(kxk)1Brc (hx + x0 ) dx dQ(x0 )
=
d Rd
Z
1Brc (hx + x0 ) dQ(x0 ) dx

r
2h

we then find the assertion.

c
≤ κ Q(Br/2
) + c1 t0−υ .

Z

0

Btc

K(kxk) dx.

(25)

(24)

Moreover, it is easy to see that 1Brc (hx + x0 ) = 1 if and only if khx + x0 k ≥ r. Now we set
r
. In this case, if we additionally have x ∈ Bt0 , then kx0 k ≥ r −hkxk ≥ r −ht0 = r/2.
t0 := 2h
Using (22) we thus find
Z
Z
Z
c
K(kxk) dx
EQ kx,h dx ≤
K(kxk)Q(Br/2
) dx +
By t0 =

The following technical lemma is needed in the proof of Proposition 10.

Lemma 18 For all 0 ≤ a ≤ b and d ≥ 1 we have

bd − ad ≤ d · bd−1 · (b − a) .

1−

b

 a d


a
.
≤d· 1−
b

t ∈ [0, 1] .

(26)

Proof [of Lemma 18] In the case b = 0 there is nothing to prove. Moreover, in the case
b > 0, we first observe by deviding by bd that (25) is equivalent to

Consequently, it suffices to show

1 − td ≤ d (1 − t) ,

To this end, we define h(t) = d (1 − t) − 1 + td for t ∈ [0, 1]. This gives h0 (t) = −d + dtd−1
and a simple check then shows h0 (t) ≤ 0 for all t ∈ [0, 1]. Moreover, we have h(1) = 0 and
combining both we thus find h(t) ≥ 0 for all t ∈ [0, 1]. This shows (26).
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Proof [of Proposition 10] (i). Since the space of continuous and compactly supported
functions Cc (Rd ) is dense in L1 (Rd ), we can find f¯ ∈ Cc (Rd ) such that

kf − f¯k1 ≤ ε/3, ∀ε > 0.

28

(27)

=

=

kKh − Lh k1 =

Moreover, we have

Rd

Rd

Lh (x) := h−d L(x/h).

Rd

d

d

Brc

ZR

ZR

Z

29

K(kxk) dx ≤

ε
.
9kf¯k1

1[−r,r] (kxk)K(kxk) − K(kxk) dx
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1
kxk
kxk
kxk
1[−r,r]
dx
K
−K
d
h
h
h
h

Z
|f¯ ∗ Kh − f¯ ∗ Lh | dx +
|f¯ ∗ Lh − f¯| dx
Rd
Rd
Z
Z
≤ kf¯k1 kKh − Lh k1 +
f¯ ∗ Lh − f¯
Lh dx dx
Rd
Rd
Z
Z
f¯ ∗
(Lh − Kh ) dx dx
+
Rd
Rd
Z
Z
≤ 2kf¯k1 kKh − Lh k1 +
f¯ ∗ Lh − f¯
Lh dx dx.

Then we have
Z
Z
|f¯ ∗ Kh − f¯| dx ≤

and Lh : Rd → [0, ∞) by

L(x) := 1[−r,r] (kxk)K(kxk)

Now we define L : Rd → [0, ∞) by

The above inequality is due to Young’s inequality (8.7) in Folland (1999). Moreover, there
exist a constant M > 0 such that supp(f¯) ⊂ BM and a constant r > 0 such that
Z
ε
.
K(kxk) dx ≤
9kf¯k1
Brc

kf ∗ Kh − f¯ ∗ Kh k1 ≤ kf − f¯k1 ≤ ε/3.

where Kh is defined in (6) and the last inequality follows from the fact that

Therefore, for any ε > 0, we have
Z
|f ∗ Kh − f | dx
kfP,h − f k1 =
d
Z
Z
ZR
|f − f¯| dx
|f¯ ∗ Kh − f¯| dx +
|f ∗ Kh − f¯ ∗ Kh | dx +
≤
Rd
Rd
Rd Z
2ε
≤
|f¯ ∗ Kh − f¯| dx,
+
3
Rd
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f¯ ∗ Lh − f¯
Rd

Z
≤

Lh dx dx =

|f¯(x − x0 ) − f¯(x)|Lh (x0 ) dx0 dx.


f¯(x − x0 ) − f¯(x) Lh (x0 ) dx0 dx

Rd

Z

Rd

Z

Br+M

Z

Rd

Z

f¯ ∗ Lh − f¯

Rd

Z

Br+M

Z

ε
9

Rd

Z

ε0 dx =

Lh (x0 ) dx0 ≤ ε0

Lh dx dx ≤

Brh

Z

ε
.
9(r + M )d λd (B1 )

Kh dx = ε0 .

(28)

Z


kx − x0 k
f (x0 ) dx0 − f (x)
h

α

2

dx0

K(r)r

2

α+d−1

dr

30
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where c1 , c2 , c3 > 0 are suitable constants.
r0
(iii). For fixed h > 0 we define r := 2h
. A quick calculation then yields hr = r0 /2 < r0 .
Following the proof of (ii) and using that f is uniformly pointwise α-Hölder controllable,

≤ c3 κα h ,

∞


K kx0 k`d hα kx0 kα`d dx0

K(kx0 k) hkx0 k

0
α

Z

Rd
α

≤ c3 h

≤ c2




K(kx0 k) f (x + hx0 ) − f (x) dx0
Rd

Z

Z

Rd

K

K(kx0 k)f (x + hx0 ) dx0 − f (x)

Rd

Z
Rd

1
hd
Z

≤ c1

=

=

|fP,h (x) − f (x)| =

and consequently the assertion can be proved by combining estimates in (27) and (28).
(ii). The α-Hölder continuity of f tells us that for any x ∈ Rd , there holds

Rd

Z

|f¯(x − x0 ) − f¯(x)|Lh (x0 ) dx0 ≤ ε0

Therefore, we obtain

Rd

Z

Consequently we obtain

|f¯(x − x0 ) − f¯(x)| ≤ ε0 :=

Since f¯ is uniformly continuous, there exists a constant hε > 0 such that for all h ≤ hε and
kx0 k ≤ rh, we have

Rd

Z

Finally, for h ≤ 1, we have

Hang, Steinwart, Feng, Suykens
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we thus find for λd -almost all x ∈ Rd :

Brc

Z

|fP,h (x) − f (x)| =
K(kx0 k) f (x + hx0 ) − f (x) dx0
d
Z
ZR
K(kx0 k) f (x + hx0 ) − f (x) dx0
K(kx0 k) f (x + hx0 ) − f (x) dx0 +
≤
Bc
B
r
Z
Z r
α
≤ c(x)
K(kx0 k) hkx0 k dx0 + f (x)
K(kx0 k) dx0
B
Brc
Z r
K(kx0 k) f (x + hx0 ) dx0
+
Bc
r
Z
K(kx0 k) f (x + hx0 ) dx0
≤ c2 c(x)hα + c1 f (x)r−υ +

where the first term is estimated similarly to the first part of the proof of (22), and the
second term is directly estimated by (22). The definition of r then yields the result.

Rd

Z

Z


K(kx0 k) f (x + hx0 ) − f (x) dx0

K(kx0 k) f (x + hx0 ) − f (x) dx0
Z
K(kx0 k) kx0 kα dx0

(30)

(29)

(iv). Let us fix an h > 0. Following the proof of (ii) and using that f is pointwise
α-Hölder controllable, we then obtain for x ∈ Rd with r(x) > hR:
|fP,h (x) − f (x)| =
≤
BR

≤ c(x)hα
BR

≤ c · c(x) · hα ,

where c is a suitable constant bounding the integral in the second to last line. In particular,
this shows the assertion for all x ∈ Ω+hR for which r(x) exists and satisfies r(x) > hR.

Z

ZBR

r(x)
h

r(x)
≤kx0 k≤R
h
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K(kx0 k) f (x + hx0 ) − f (x) dx0 .

K(kx0 k) f (x + hx0 ) − f (x) dx0

K(kx0 k) f (x + hx0 ) − f (x) dx0

K(kx0 k) f (x + hx0 ) − f (x) dx0

Let us now consider the case x ∈ Ω+hR with r(x) ≤ hR. Here, (29) and a repetition of
the estimates around (30) give

|fP,h (x) − f (x)| ≤
=

Z

kx0 k<

+

Z

r(x)
≤kx0 k≤R
h

≤ c · c(x) · hα +

31

r(x)
≤kx0 k≤R
h

Z

r(x)
≤kx0 k≤R
h

1 dx0 .

K(kx0 k) f (x) dx0

Hang, Steinwart, Feng, Suykens

Z

r(x)
≤kx0 k≤R
h

f (x + x0 ) dx0 + kKk∞ f (x)

K(kx0 k) f (x + hx0 ) dx0 +
r(x)≤kx0 k≤hR

Z

To bound the second integral, we first observe that
Z
K(kx0 k) f (x + hx0 ) − f (x) dx0
Z

r(x)
≤kx0 k≤R
h

≤

≤ kKk∞ h−d





d 
r(x)
r(x)
1 dx0 = C Rd −
≤ dCRd−1 R −
,
h
h

It thus remains to bound the second integral. To this end, observe that for C := vold (Bk·k )
we have
Z
r(x)
≤kx0 k≤R
h

kx0 k≤R

(32)

(31)

where the last inequality is due to Lemma 18. Combining all estimates yields the assertion
for all x ∈ Ω+hR for which r(x) exists and satisfies r(x) ≤ hR.
Let us finally consider the case of an x 6∈ Ω+hR for which r(x) exists. Then we obviously
have x 6∈ Ω and since r(x) exists we conclude that f (x) = 0. Moreover, the definition of
Ω+hR gives kx − x00 k > hR for all x00 ∈ Ω. Let us now fix an x0 with kx0 k ≤ R. Assume
we had x + hx0 ∈ Ω. For x00 := x + hx0 we would then find hR < kx − x00 k = khx0 k ≤ hR,
which is impossible. Consequently, we have x + hx0 6∈ Ω, and thus we obtain f (x + hx0 ) = 0
for λd -almost all x0 with kx0 k ≤ R. Combining our considerations with (29) leads to
Z
K(kx0 k) f (x + hx0 ) − f (x) dx0 = 0 ,
|fP,h (x) − f (x)| ≤

and hence we have shown the assertion.

Brc

Proof [of Proposition 11] (i). We decompose kfP,h − f k1 as follows
Z
Z
kfP,h − f k1 =
|fP,h (x) − f (x)| dx +
|fP,h (x) − f (x)| dx
Br
Bc
r
Z
Z
≤ λd (Br )kfP,h − f k∞ +
EP kx,h dx +
f dx
Brc
Brc
Z
EP kx,h dx + P (Brc ) .

≤ λd (B1 ) rd kfP,h − f k∞ +

|fP,h (x) − f (x)| dx ≤ c hα ·

Br

c(x) dx + chυ +

Z

Brc /(2h)
0

Z

0 /(2h)

Brc

Br

Z

Br

K(kx0 k) dx0

K(kx0 k)

Brc /(2h)
0
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f (x + hx0 ) dx dx0

Combining (32) and (24), we obtain the desired assertion.
(ii). Since f is pointwise α-Hölder controllable, (iii) of Proposition 10 tells us that
Z
Z Z
K(kx0 k) f (x + hx0 ) dx0 dx
Z

Br

= c H(r) hα + chυ +

≤ c H(r) hα + chυ +

≤ c H(r) hα + c̃ hυ ,

32

f (x) R −

r(x)
h

+

f (x) R −

≤ R · P ({x : r(x) ≤ hR}) ,

Z

r(x)
dx
h +
d
ZR


r(x)
=
R−
P (dx)
h
r(x)≤hR

dx ≤

r(x)≤kx0 k≤hR

we obtain the assertion.

N (B1 , k · k0 , ε) . ε−d .

be another norm on Rd . Then for all ε ∈ (0, 1] we have

N (cA, k · k, ε) = N (A, k · k, ε/c) .

c kx − yk kx0 − yk
−
h
h
hd

β
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33

e(T (x), T (xi )) ≤ cdα (x, xi ) ≤ cεα .

N (T (A), e, cεα ) ≤ N (A, d, ε).

S
Proof [of Lemma 19] Let x1 , . . . , xn be an ε-net of A, that is, A ⊂ ni=1 Bd (xi , ε). For
i = 1, · · · , n, we set yi := T (xi ). Now, it only suffices to show that this gives a cεα -net of
T (A).
In fact, supposing that y ∈ T (Bd (xi , ε)), then there exists x ∈ Bd (xi , ε) such that
T (x) = y. This implies

where c is a positive constant. The desired conclusion is thus obtained.

≤ ch−(β+d) kx − x0 kβ ,

≤

Proof [of Lemma 22] From the definition of kx,h and the fact that K is a d-dimensional
β-Hölder continuous kernel, we have


 0

kx − yk
1
kx − yk
−K
|kx,h (y) − kx0 ,h (y)| = d K
h
h
h

where c is a positive constant.

Lemma 22 Let K be a d-dimensional smoothing kernel that satisfies Conditions (i) in
Assumption B. Let h > 0 be the bandwidth parameter, and kx,h be defined in (12) for any
x ∈ Rd . Then we have
c
sup |kx,h (y) − kx0 ,h (y)| ≤ β+d kx − x0 kβ , x, x0 ∈ Rd ,
h
y∈Rd

Proof [of Lemma 21] It is a straightforward conclusion of Proposition 1.3.1 in Carl and
Stephani (1990) and Lemma 6.21 in Steinwart and Christmann (2008).

Lemma 21 Let k ·

k0

Proof [of Proposition 13] Lemma 22 reveals that Kh,r is the image of Hölder continuous
map Br → L∞ (Rd ) with the constant ch−(β+d) . By Lemmas 19 and 21 we obtain
 β+d 1/β !
εh
N (Kh,r , k · k∞ , ε) ≤ N Br , k · k,
c

 β+d 1/β 
εh
= N B1 , k · k,
crβ
 β+d −d/β
εh
≤ c0
,
rβ

Lemma 19 Let (X, d) and (Y, e) be metric spaces and T : X → Y be an α-Hölder continuous function with constant c. Then, for A ⊂ X and all ε > 0 we have

To prove Proposition 13, we need the following lemmas.

and since the second and third term vanish on

Xh∗

r(x)≤kx0 k≤hR

r(x)
|fP,h (x) − f (x)| ≤ c c(x)hα + c · kKk∞ f (x) R −
h +
Z
+ kKk∞ h−d
f (x + x0 ) dx0 ,

which, together with our previous estimate gives the assertion.


(iv). Let us consider the partition Xh∗ = Xh∗ ∩ Ω+hR ∪ Xh∗ ∩ (Rd \ Ω+hR ) . For x ∈
d
+hR
∗
), the first assertion of (iv) of Proposition 10 then shows |fP,h (x)−f (x)| = 0,
Xh ∩(R \Ω
and hece the assertion is true for these x. Moreover, for Xh∗ ∩ Ω+hR , the second assertion
of (iv) of Proposition 10 gives

Ω+hR

Moreover, we have
Z

Ω+hR

Therefore, we have T (Bd (xi , ε)) ⊂ Be (yi , cεα ). That is, y1 , . . . , yn is a cεα -net of T (A). This
completes the proof of Lemma 19.

where in the last step we used (22). Combining this estimate with the decomposition (31)
and the inequality (24) then yields the assertion.
(iii). In this case, (iv) of Proposition 10 gives
Z
Z
|fP,h (x) − f (x)| dx
|fP,h (x) − f (x)| dx =
Ω+hR
Rd
Z
Z
r(x)
f (x) R −
c(x) dx + c · kKk∞
≤ c hα
dx
h +
+hR
Ω
Ω+hR
Z
Z
f (x + x0 ) dx0 dx .
+ kKk∞ h−d

Remark 20 We remark that when X is a Banach space with the norm k · k, then for any
c > 0 there holds
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where c0 is a constant independent of ε. This completes the proof of Proposition 13.
The following Bernstein-type exponential inequality, which was developed recently in
Hang and Steinwart (2017), will serve as one of the main ingredients in the consistency and
convergence analysis of the kernel density estimator (8). It can be stated in the following
general form:
Theorem 23 (Bernstein Inequality (Hang and Steinwart, 2017)) Assume that X :=
(Xn )n≥1 is an X-valued stationary geometrically (time-reversed) C-mixing process on (Ω, A, µ)
with k · kC be defined by (4) for some semi-norm ||| · ||| satisfying Condition (ii) in Assumption A, and P := µX1 . Moreover, let g : X → R be a function such that g ∈ C(X) with
EP g = 0 and assume that there exist some A > 0, B > 0, and σ ≥ 0 such that |||g||| ≤ A,
kgk∞ ≤ B, and EP g 2 ≤ σ 2 . Then, for all τ > 0, k ∈ N, and

2

(
)


1

k+1
808c0 (3A+B) k
m
b
n ≥ n0 := max min m ≥ 3 : m ≥
and
,
2 ≥ 4 ,e
B
(log m) γ

2

8(log n) γ σ 2 τ
8(log n) γ Bτ
+
.
n
3n

with probability µ at least 1 − 4e−τ , there holds
s
n

i=1

1X
g(Xi ) ≤
n

Z

2
kx,h
(x0 )dP (x0 ).

ke
kx,h k∞ ≤ 2kkx,h k∞ ≤ 2h−d kKk∞ ≤ 2h−d K(0)

Proof [of Proposition 14] Let the notations kx,h and e
kx,h be defined in (12) and (13),
respectively, that is, kx,h := h−d K(kx − ·k/h), and e
kx,h := kx,h − EP kx,h . We first assume
that x ∈ Rd is fixed and then estimate ED e
kx,h by using Bernstein’s inequality in Theorem 23.
For this purpose, we shall verify the following conditions: Obviously, we have EP e
kx,h = 0.
Moreover, simple estimates yield
and

2
2
EP e
kx,h
≤ EP kx,h
=

Rd

(33)

Finally, the first condition in Assumption A and Condition (iv) in Assumption B imply
x∈Rd

|||e
kx,h ||| ≤ |||kx,h ||| ≤ h−d sup |||K (kx − ·k/h) ||| ≤ h−d ϕ(h).

8τ (log n)2/γ

n

Rd

2 (x0 )dP (x0 )
kx,h

+
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16τ (log n)2/γ K(0)
,
3hd n

Now we can apply the Bernstein-type inequality in Theorem 23 and obtain that for n ≥ n1 ,
for any fixed x ∈ Rd , with probability µ at most 4e−τ , there holds
s
R
|ED e
kx,h | ≥

35
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where
(
 1


808c0 (3h−d ϕ(h) + K(0)) d+1
n1 := max min m ≥ 3 : m ≥
and
2K(0)

m

2

(log m) γ

)

d+1
≥ 4 ,e b
.

(34)

e h,r := {e
Consider the function set K
kx,h : x ∈ Br }. We choose y1 , . . . , ym ∈ Br such that
{ky1 ,h , . . . , kym ,h } is a minimal ε/2-net of Kh,r = {kx,h : x ∈ Br } with respect to k · k∞ .
Noticing the following relation

ke
kx,h − e
kyj ,h k∞ ≤ 2kkx,h − kyj ,h k∞ ≤ ε,

sup |ED e
kyj ,h | ≤

8τ (log n)2/γ

ky2j ,h (x0 )dP (x0 )

n

Rd

+

16τ (log n)2/γ K(0)
.
hd n

e h,r with respect to k · k∞ . Note that here
we know that {e
ky1 ,h , . . . , e
kym ,h } is an ε-net of K
we have m = N (Kh,r , k · k∞ , 2ε ), since the net is minimal. From Proposition 13, we know
r
. From
that there exists a positive constant c independent of ε such that log m ≤ c log hε
the estimate in (33) and a union bound argument, with probability µ at least 1 − 4me−τ ,
the following estimate holds
s
R
j=1,...,m

8(log n)2/γ

Rd

n

ky2j ,h (x0 )dP (x0 )(τ + log(4m))

By a simple variable transformation, we see that with probability µ at least 1 − e−τ , there
holds
s
R
sup |ED e
kyj ,h | ≤

j=1,...,m

| ≤ ED e
kx,h − ED e
kyj ,h

≤ |ED kx,h − ED kyj ,h | + |EP kx,h − EP kyj ,h |

≤ kkx,h − kyj ,h kL1 (D) + kkx,h − kyj ,h kL1 (P )

≤ ε,

kx,h | ≤ |ED e
kyj ,h | + ε.
|ED e

(35)

16(log n)2/γ K(0)(τ + log(4m))
+
.
hd n
Recalling that {ky1 ,h , . . . , kym ,h } is an ε/2-net of Kh,r , this implies that, for any x ∈ Br ,
there exists yj such that kkx,h − kyj ,h k∞ ≤ ε/2. Then we have

a

yj ,h

|ED e
kx,h | − |ED e
k

2 (x0 ) dP (x0 ) −
kx,h

and consequently

Rd

Rd

≤

≤

√

√

aε/2.
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akkx,h − kyj ,h kL2 (P )

By setting a := 8(log n)2/γ (τ + log(4m))/n, we have
s
s
Z
Z
√
√
ky2j ,h (x0 ) dP (x0 ) = k akx,h kL2 (P ) − k akyj ,h kL2 (P )
a

36

Br

Z

Rd

s Z
a

2 (x0 ) dP (x0 ) dx
kx,h

ky2j ,h (x0 ) dP (x0 ) +

d d

√
2aK(0)
+ r λ (B1 ) ·
+ rd λd (B1 )( a/2 + 1)ε.
hd

|ED e
kx,h | dx ≤

a

Rd

1

1

|1E | 2 |g| 2 dx

2

Rd

Z

Br

Rd

Z
2 (x0 ) dP (x0 ) dx.
kx,h

|g| dx = µ(E) · kgk1 .

a

Rd

Z

sZ

|1E | dx

p
µ(Br ) ·

≤

2 (x0 ) dP (x0 ) dx ≤
kx,h

Rd

Z

Br

Z

1
n

.

37

(36)
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(log n)2/γ rd (τ + log nr
(log n)2/γ rd (τ + log nr
h )
h )
+
.
hd n
hd n

(log n)2/γ rd (τ + log(4m)) (log n)2/γ rd (τ + log(4m))
+
hd n
hd n
r
d
2/γ
(log n) (τ + log(4m)) r
+
·
n
n
s

r

.

and obtain log(4m) ≤ c log nr
h . Thus we have

|ED e
kx,h | dx .

We now set ε =

≤ K(0)h

Rd
−d

Moreover, there holds
Z Z
Z Z

2
h−2d K 2 kx − x0 k/h dx dP (x0 )
kx,h
(x0 ) dP (x0 ) µ(dx) =
d
d
Br R
ZR ZBr
≤
h−2d K 2 (kxk/h) dx dP (x0 )
Rd ZRd
= h−d
K 2 (kxk) dx

Br

a

This tells us that
Z s Z

2

kgk 1 =

Now recall that for E ⊂ Rd and g : E → R, Hölder’s inequality implies

Br

Z

Consequently we have

≤

2aK(0)
+ε
hd
Rd
s Z
√
aε 2aK(0)
2 (x0 ) dP (x0 ) +
kx,h
≤ a
+
+ ε.
2
hd
Rd

|ED e
kx,h | ≤ |ED e
kyj ,h | + 2ε
s Z

This together with inequality (35) implies that for any x ∈ Br , there holds
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Brc

Brc

Z

r

 β
h
.
r

i=1

 β
 β
n
h
1X
h
c (xi ) +
=
,
1Br/2
r
n
r

c
)+
EP kx,h dx . P (Br/2

c
)+
ED kx,h dx . D(Br/2

Brc

(

n2 := max min m ≥ 3 : m2 ≥ 808c0 (3ψ(r) + 1) and

n

i=1

c
|ED e
kx,h | dx . P (Br/4
)+

r

32τ (log n)2/γ
+
n

 β
h
.
r

(37)

38
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By combining estimates in (36) and (37), and taking n0 = max{n1 , n2 }, we have accomplished the proof of Proposition 14.

Brc

Z

r

)

3
≥ 4 , eb .

8τ (log n)2/γ
8τ (log n)2/γ
+
n
3n
r
8τ (log n)2/γ
8τ (log n)2/γ
c (xi ) +
≤ EP 1Br/4
+
n
3n
≤ EP g +

1X
c (xi ) ≤ ED g
1Br/2
n

and consequently we obtain

c
D(Br/2
)=

2

(log m) γ

m

8τ (log n)2/γ
8τ (log n)2/γ
+
,
n
3n

This implies that with probability µ at least 1 − 2e−τ , there holds

where

ED g − EP g ≤

c
c
Since r ≥ 1, we can construct a function g with 1Br/2
≤ g ≤ 1Br/4
and there exists a
function ψ(r) such that |||g||| ≤ ψ(r). Applying Bernstein inequality in Theorem 23 with
respect to this function g, it is easy to see that when n ≥ n2 , with probability µ at least
1 − 2e−τ , there holds

and

Brc

Z

From Lemma 17 we obtain

Brc

Now we need to estimate the corresponding integral over Brc . By definition we have
Z
Z
Z
|ED e
kx,h | dx ≤
ED kx,h dx +
EP kx,h dx.
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kf k∞ (τ + log(4m))(log n)2/γ
K(0)(τ + log(4m))(log n)2/γ
+
hd n
hd n
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s

kf k∞ (τ + log(4m))(log n)2/γ
K(0)(τ + log(4m))(log n)2/γ
+
+ε
hd n
hd n

K(0)(τ + log( nrh0 ))(log n)2/γ
kf k∞ (τ + log( nrh0 ))(log n)2/γ
1
+
+
n
hd n
hd n

kf k∞ (τ + log( nrh0 ))(log n)2/γ
K(0)(τ + log( nrh0 ))(log n)2/γ
+
.
hd n
hd n



nhnd
(log n)(2+2γ)/γ

1/d

→∞

P (Brcn /2 ) ≤ ε, ∀ n ≥ n10 .

40

(40)
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and we can also assume w.l.o.g that rn ≥ 2. Moreover, there exists a constant n10 such that

rn :=

Proof [of Theorem 7] Without loss of generality, we assume that hn ≤ 1. Since hn → 0,
Proposition 10 implies that kfP,h − f k1 ≤ ε. We set

By taking the supremum of the left hand side of the above inequality over x, we complete
the proof of Proposition 15.

.

|ED e
kx,h | .

for any x ∈ Br0 . By setting ε = n1 , we obtain log(4m) . log nrh0 . Thus, with probability µ
at least 1 − e−τ , we have
s

.

|ED e
kx,h | ≤ |ED e
kyj ,h | + ε
r

and consequently with probability µ at least 1 − e−τ , there holds

≤ ε,

≤ kkx,h − kyj ,h kL1 (D) + kkx,h − kyj ,h kL1 (P )

≤ |ED kx,h − ED kyj ,h | + |EP kx,h − EP kyj ,h |

|ED e
kx,h | − |ED e
kyj ,h | ≤ |ED e
kx,h − ED e
kyj ,h |

holds with probability µ at least 1 − e−τ . For any x ∈ Br0 , there exists a yj such that
kkx,h − kyj ,h k∞ ≤ ε. Then we have

sup |ED e
kyj ,h | .

and choose y1 , . . . , ym ∈ Br0 such that {ky1 ,h , . . . , kym ,h } is a minimal ε/2-net of Kh,r0 with
respect to k · k∞ and m = N (Kh,r0 , k · k∞ , 2ε ). As in the proof of Proposition 14, one can
0
show that e
ky1 ,h , . . . , e
kym ,h is an ε-net of Kh,r
. Again from Proposition 13 we know that
0
r0
there holds log(4m) . log hε
. This in connection with (38) implies that the following union
bound
r

m

)

d+1
≥ 4 ,e b
.

j=1,...,m

Remark 24 Let us briefly discuss the choice of the function ψ(r) in the proof of Proposition
14. For example, in the case C(X) = Lip(R), we can choose


for |x| > r,
1,



0,
for |x| < r/4,
g(x) :=
1
4x

− − 3 , for − r ≤ x ≤ −r/4,
3r


 4x − 1 ,
for r/4 ≤ x ≤ r.
3r
3

4
≤ 4/3 and therefore, n2 is well-defined. Moreover, it is easily seen
Then we have |||g||| ≤ 3r
that even for smoother underlying functions classes like C 1 we can construct a function g
such that |||g||| < ∞.

Proof [of Proposition 15] Recalling the definitions of kx,h and e
kx,h given in (12) and (13),
we have
x∈Ω

kfD,h − fP,h k∞ = sup |ED e
kx,h |.

Z

Rd


K 2 kx − x0 k/h f (x0 )h−d dx0 . kf k∞ h−d .

ke
kx,h k∞ ≤ 2kkx,h k∞ ≤ 2h−d kKk∞ ≤ 2h−d K(0)

To prove the assertion, we first estimate ED fx,h for fixed x ∈ Rd using the Bernstein inequality in Theorem 23. For this purpose, we first verify the following conditions: Obviously, we
have EP e
kx,h = 0. Then, simple estimates imply
and
2
2
= h−d
EP e
kx,h
≤ EP kx,h

(38)

Finally, the first condition in Assumption A and Condition (iv) in Assumption B yield
|||e
kx,h ||| ≤ |||kx,h ||| ≤ h−d sup |||K (kx − ·k/h) ||| ≤ h−d ϕ(h).

x∈Rd

1
d+1

τ kf k∞ (log n)2/γ
K(0)τ (log n)2/γ
+
,
hd n
3hd n



and

(39)
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(log m) γ

2

Therefore, we can apply the Bernstein inequality in Theorem 23 and obtain that for n ≥ n0∗ ,
for any fixed x ∈ Rd , with probability µ at least 1 − 4e−τ , there holds
r
kx,h | .
|ED e

where
(


:= max min m ≥ 3 : m ≥
n0∗

808c0 (3h−d ϕ(h) + K(0))
2K(0)

Let us consider the following function set

0
Kh,r
:= e
kx,h : x ∈ Br0
0
39

(log n)2/γ rnd log n
1
=
→ 0.
log n
nhdn

hn =



(log n)(2+γ)/γ
n

by choosing



1+η
(1+η)(2α+d)−α

41

and r := rn =





α
d(1+η)(2α+d)−αd

.
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n
(log n)(2+γ)/γ

Let τ := log n and later we will see from the choices of hn and rn that there exists some
constant c such that log( nr
h ) can be bounded by c log n. Therefore, with probability µ at
least 1 − n1 there holds
s
rd (log n)(2+γ)/γ
kfD,h − f k1 .
+ r−ηd + rd hαn
hdn n

 α
log n 2α+d
. rd
+ r−ηd
d
nr
αη
!
(log n)(2+γ)/γ (1+η)(2α+d)−α
.
,
n

Proof [of Theorem 8] (i) Combining the estimates in Proposition 14 and Proposition 11,
we know that with probability µ at least 1 − 2e−τ , there holds
s
(log n)2/γ rd (τ + log( hnrn )) (log n)2/γ rd (τ + log( hnrn ))
kfD,h − f k1 .
+
hdn n
hdn n
 β
2/γ

τ (log n)
hn
+
+ P Brc + rd hαn +
n
r
s
 β
nr
2/γ
d
(log n) r (τ + log( hn )) τ (log n)2/γ

hn
.
+
+ P Brc + rd hαn +
.
d
n
r
hn n

Therefore, with properly chosen δ, one can show that fD,hn converges to f under L1 -norm
almost surely. We have completed the proof of Theorem 7.

kfD,hn − f k1 . ε.

Thus, following from Proposition 14, when n is sufficient large, for any ε > 0, with probability µ at least 1 − 3δ, there holds

nhdn

n
(log n)2/γ rnd log( nr
hn )

.



nrn
n1/d hn
n
≤ log
·
≤ (1 + d−1 ) log n . log n.
(2+2γ)/γ
hn
hn
(log n)

Thus, for all n ≥ max{n01 , n02 }, we have

log

For any 0 < δ < 1, we select τ := log(1/δ). Then there exists a constant n02 such that
0
n
log nr
hn ≥ τ for all n ≥ n2 . On the other hand, with the above choice of rn , we have
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hn =


(log n)(2+γ)/γ
n


1
2α+d
1
− ηd · 2α+d

(log n)

1

and rn = (log n) η .

1
n


 1
2α+d
hn = (log n)(2+γ)/γ /n
.

there holds

42
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Lemma 25 Let g : R → [0, ∞) be an Lebesgue integrable function with f (x) = 0 for all
x 6∈ [0, 1] and f (x) ≤ cx−γ for some constants c > 0 and γ ∈ [0, 1) and all x ∈ (0, 1/2].
We define r(x) := |x|/2 for x ∈ R. Then for all h ∈ (0, 1/8] we have the following two
inequalities.
Z
2c 1−γ
f (x) dx ≤
h
1
−γ
r(x)≤h
Z 1/2 Z
10c 1−γ
h−1
f (x + x0 ) dx0 dx ≤
h
.
1−γ
−h
r(x)≤|x0 |≤h

To prove the initial Examples 4 and 5, we need the following lemma.

We omit the details of the proof here.


 1
2α+d
hn = (log n)(2+γ)/γ /n
.

Proof [of Theorem 9] The desired estimate is an easy consequence if we combine the estimates in Proposition 15 and Proposition 10 (ii) for case (i), Proposition 15 and Proposition
11 (iv) for case (ii), respectively, and choose

The proof of Theorem 8 is completed.

where hn is chosen as

(iii) From Proposition 11 we see that with confidence 1 − n1 , there holds
s

 α
r0d (log n)(2+γ)/γ
2α+d
kfD,h − fP,h k1 .
+ hαn . (log n)(2+γ)/γ /n
,
hdn n

by choosing

(ii) Similar to case (i), one can show that with probability µ at least 1 −
s
rd (log n)(2+γ)/γ
η
+ e−ar + rd hαn
kfD,h − f k1 .
hdn n

 α
(log n)(2+γ)/γ 2α+d
η
. rd
+ e−ar
nrd
 α

d α+d
(log n)(2+γ)/γ 2α+d
·
(log n) η 2α+d ,
.
n
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f (x) dx =

Z
0

2h

f (x) dx ≤ c

Z
0

2h
2c 1−γ
x−γ dx ≤
h
.
1−γ

Proof [of Lemma 25] The first inequality simply follows from
Z
r(x)≤h

Z

f (x + x0 ) dx0

x≤2|x0 |≤2h

f (x + x0 ) dx0

f (x0 ) dx0 .

x/2
h+x
Z

3x/2

f (x0 ) dx0 +

f (x + x0 ) dx0 +

−x/2
Z

−h

Zx/2

−h+x

Zh

For the proof of the second inequality, we first observe that, for x ∈ [0, 2h], we have
Z

=

=

f (x + x0 ) dx0 =

r(x)≤|x0 |≤h

f (x0 )dx0 =

Z
0

x/2

Z

f (x0 )dx0 ≤ c

x/2

Z
0

x/2

(x0 )−γ dx0 =

 1−γ
x
2

c
1−γ


x
2



1−γ

− (x − h)1−γ

c
h1−γ .
1−γ

≤

c
h1−γ ,
1−γ

c
≤
h1−γ .
1−γ

(41)

(42)

Let us consider the first term in the last equation. For the case where x ∈ [0, h), we have
Z
x/2

−h+x

x/2

f (x0 )dx0 ≤ c
−h+x

c
(x0 )−γ dx0 =
1−γ

and for the case where x ∈ (h, 2h], we have
Z
−h+x

x/2

f (x0 )dx0 ≤

Therefore, for all x ∈ [0, 2h], we obtain
Z
−h+x

On the other hand, for the second term, there holds

(43)

JMLR 19(35):1-49, 2018


 1−γ 
Z h+x
Z h+x
c
3x
f (x0 )dx0 ≤ c
(x0 )−γ dx0 =
(h + x)1−γ −
1−γ
2
3x/2
3x/2
3c 1−γ
c
(3h)1−γ ≤
h .
1−γ
1−γ
≤

4c 1−γ
h
,
1−γ

Combining the estimates (41), (42), and (43), we obtain
Z

f (x + x0 ) dx0 ≤
r(x)≤|x0 |≤h
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Z

f (x + x0 ) dx0 =
−x≤2|x0 |≤2h

≤

Z

−x

Z

0

Z2h

−x

f (x + x0 ) dx0 +

r(x)≤|x0 |≤h

(45)

(44)

f (x + x0 ) dx0

f (x + x0 ) dx0 dx

(x0 )−γ dx0

f (x + x0 ) dx0

2h+x

2h

−2h≤2x0 ≤x

−h

10c 2−γ
h
,
1−γ

2h Z

2c 1−γ
h
.
1−γ

≤c

=

Z

while for x ∈ (2h, 1/2] the integral vanishes since {x0 : r(x) ≤ |x0 | ≤ h} = ∅. Moreover, for
x ∈ [−h, 0), we have
Z

f (x + x0 ) dx0 =

r(x)≤|x0 |≤h

r(x)≤|x0 |≤h

≤

We these estimates we then conclude that
Z 1/2 Z
Z
f (x + x0 ) dx0 dx =
−h

and hence we have shown the assertion.

Proof [of Example 4] We can choose R = 1, Ω+hR = Ω+h = [−h, 1 + h], and

Xh∗ = (−∞, −h) ∪ (2h, 1 − 2h) ∪ (1 + h, ∞) .

Moreover, we have already seen in Example 3 that we can pick α = 1 with bounded function
x 7→ c(x). Consequently, (iv) of Proposition 11 shows

sup |fP,h (x) − f (x)| ≤ c h
x∈Xh∗

for some constant c > 0 and all h > 0. Moreover, Lemma 25 applied to both critical points
x = 0 and x = 1 with γ = 0 in combination with (iii) of Proposition 11 shows

kfP,h − f k1 ≤ c h

for another constant c > 0 and all h ∈ (0, 1/8]. Proposition 14 then yields the assertion.

R

Proof [of Example 5] We again choose R = 1, Ω+hR = Ω+h = [−h, 1 + h], and
Z
c(x) dx < ∞

H(∞) =

Consequently, Lemma 25 applied to both critical points x = 0 and x = 1 with γ = 1/2 in
combination with (iii) of Proposition 11 shows

kfP,h − f k1 ≤ c hα
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for some constant c > 0 and all h ∈ (0, 1/8]. Again, Proposition 14 then yields the desired
result.
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Luc Devroye and Gábor Lugosi. Combinatorial Methods in Density Estimation. Springer Science &
Business Media, 2001.
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Elias Masry and László Györfi. Strong consistency and rates for recursive probability density estimators of stationary processes. Journal of Multivariate Analysis, 22(1):79–93, 1987.
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Standard approaches to supervised learning assume that training and test data can be
modeled as an i.i.d. sample from a distribution P := P(X,Y ) . The inputs X are often
vectorial, and the outputs Y may be labels (classification) or continuous values (regression).

1. Introduction

Methods of transfer learning try to combine knowledge from several related tasks (or domains) to improve performance on a test task. Inspired by causal methodology, we relax
the usual covariate shift assumption and assume that it holds true for a subset of predictor
variables: the conditional distribution of the target variable given this subset of predictors
is invariant over all tasks. We show how this assumption can be motivated from ideas in
the field of causality. We focus on the problem of Domain Generalization, in which no examples from the test task are observed. We prove that in an adversarial setting using this
subset for prediction is optimal in Domain Generalization; we further provide examples,
in which the tasks are sufficiently diverse and the estimator therefore outperforms pooling
the data, even on average. If examples from the test task are available, we also provide a
method to transfer knowledge from the training tasks and exploit all available features for
prediction. However, we provide no guarantees for this method. We introduce a practical
method which allows for automatic inference of the above subset and provide corresponding
code. We present results on synthetic data sets and a gene deletion data set.
Keywords: Transfer learning, Multi-task learning, Causality, Domain adaptation, Domain generalization.
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1. In this work, we use the expression “task” and “domain” interchangeably.
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A first family of methods assumes that covariate shift holds (e.g., Quionero-Candela et al.,
2009; Schweikert et al., 2009). This states that for all k ∈ {1, . . . , D, T }, the conditional
distributions Y k | Xk are invariant between tasks. Therefore, the differences in the joint
distribution of Xk and Y k originate from a difference in the marginal distribution of Xk .
Under covariate shift, for instance, if an unlabeled sample from the test task is available
at training in the DG setting, the training sample can be re-weighted via importance sampling (Gretton et al., 2009; Shimodaira, 2000; Sugiyama et al., 2008) so that it becomes
representative of the test task.

1.2 Prior work

Assume that we want to predict a target Y ∈ R from some predictor variable X ∈ Rp .
Consider D training (or source) tasks1 P1 , . . . , PD where each Pk represents a probability distribution
generating data (Xk , Y k ) ∼ Pk . At training time, we observe a sample
n k
for each source task k ∈ {1, . . . , D}; at test time, we want to predict the tarXki , Yik i=1
get values of an unlabeled sample from the task T of interest. We wish to learn a map
f : Rp → R with small expected squared loss EPT (f ) = E(XT ,Y T )∼PT (Y T − f (XT ))2 on the
test task T .
In domain generalization (DG) (e.g., Muandet et al., 2013), we have T = D + 1, that
is, we are interested in using information from the source tasks in order to predict Y D+1
from XD+1 in a related yet unobserved test task PD+1 . To beat simple baseline techniques,
regularity conditions on the differences of the tasks are required. Indeed, if the test task
differs significantly from the source tasks, we may run into the problem of negative transfer
(Pan and Yang, 2010) and DG becomes impossible (Ben-David et al., 2010).
If examples from the test task are available during training (e.g., Pan and Yang, 2010;
Baxter, 2000), we refer to the problem as asymmetric multi-task learning (AMTL). If the
objective is to improve performance in all the training tasks (e.g., Caruana, 1997), we call
the problem symmetric multi-task learning (SMTL), see Table 1 for a summary of these
settings. In multi-task learning (MTL), which includes both AMTL and SMTL, if infinitely
many labeled data are available from the test task, it is impossible to beat a method that
learns on the test task and ignores the training tasks.

1.1 Domain generalization and multi-task learning

The i.i.d. setting is theoretically well understood and yields remarkable predictive accuracy
in problems such as image classification, speech recognition and machine translation (e.g.,
Schmidhuber, 2015; Krizhevsky et al., 2012). However, many real world problems do not
fit into this setting. The field of transfer learning attempts to address the scenario in
which distributions may change between training and testing. We focus on two different
problems within transfer learning: domain generalization and multi-task learning. We begin
by describing these two problems, followed by a discussion of existing assumptions made to
address the problem of knowledge transfer, as well as the new assumption we assay in this
paper.

Rojas-Carulla and Schölkopf and Turner and Peters

training data from
(X1 , Y 1 ), . . . , (XD , Y D )
(X1 , Y 1 ), . . . , (XD , Y D ), XD+1
(X1 , Y 1 ), . . . , (XD , Y D )
(X1 , Y 1 ), . . . , (XD , Y D ), XD
(X1 , Y 1 ), . . . , (XD , Y D )
(X1 , Y 1 ), . . . , (XD , Y D ), X1 , . . . , XD

Invariant Models for Causal Transfer Learning

method
Domain Generalization (DG)
Asymm. Multi-Task Learning (AMTL)
Symm. Multi-Task Learning (SMTL)

test domain
T := D + 1
T := D
all

Table 1: Taxonomy for domain generalization (DG) and multi-task learning (AMTL and
SMTL). Each problem can either be used without (first line) or with (second line) additional
unlabeled data.
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Another line of work focuses on sharing parameters between tasks. This idea originates in the hierarchical Bayesian literature (Bonilla et al., 2007; Gao et al., 2008). For
instance, Lawrence and Platt (2004) introduce a model for MTL in which the mapping fk
in each task k ∈ {1, . . . , D, T } is drawn independently from a common Gaussian Process
(GP), and the likelihood of the latent functions depends on a shared parameter θ. A similar
approach is introduced by Evgeniou and Pontil (2004): they consider an SVM with weight
vector wk = w0 + v k , where w0 is shared across tasks and v k is task specific. This allows for
tasks to be similar (in which case v k does not have a significant contribution to predictions)
or quite different. Daumé III et al. (2010) use a related approach for MTL when there is
one source and one target task. Their method relies on the idea of augmented feature space,
which they obtain using two features maps Φs (Xs ) = (Xs , Xs , 0) for the source examples
and Φt (Xt ) = (Xt , 0, Xt ) for the target examples. They then train a classifier using these
augmented features. Moreover, they propose a way of using available unlabeled data from
the target task at training.
An alternative family of methods is based on learning a set of common features
for all tasks (Argyriou et al., 2007a; Romera-Paredes et al., 2012; Argyriou et al., 2007b;
Raina et al., 2007). For instance, Argyriou et al. (2007a,b) propose to learn a set of low
dimensional features shared between tasks using L1 regularization, and then learn all tasks
independently using these features. In Raina et al. (2007), the authors construct a similar
set of features using L1 regularization but make use of only unlabeled examples. Chen
et al. (2012) proposes to build shared feature mappings which are robust to noise by using
autoencoders.
Finally, the assumption introduced in this paper is based on a causal view on domain
adaptation and transfer.
Schölkopf et al. (2012) relate multi-task learning with the independence between cause
and mechanism. This notion is closely related to exogeneity (Zhang et al., 2015b), which
roughly states that a causal mechanism mapping a cause X to Y should not depend on
the distribution of X. Additionally, Zhang et al. (2013) consider the problem of target and
conditional shift when the target variable is causal for the features. They assume that there
exists a linear mapping between the covariates in different tasks, and the parameters of this
3
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mapping only depend on the distribution of the target variable. Moreover, Zhang et al.
(2015a) argue that the availability of multiple domains is sufficient to drop this previous
assumption when the distribution of Y k and the conditional Xk | Y k change independently.
The conditional in the test task can then be written as a linear mixture of the conditionals
in the source domains. The concept of invariant conditionals and exogeneity can also be
used for causal discovery (Peters et al., 2016; Zhang et al., 2015b; Peters et al., 2017).
1.3 Contribution

Taking into account causal knowledge, our approach to DG and MTL assumes that covariate shift holds only for a subset of the features. From the point of view of causal modeling
(Pearl, 2009), assuming invariance of conditionals makes sense if the conditionals represent
causal mechanisms (e.g., Hoover, 1990), see Section 2.3 for details. Intuitively, we expect
that a causal mechanism is a property of the physical world, and it does not depend on
what we feed into it. If the input (which in this case coincides with the covariates) shifts,
the mechanism should thus remain invariant (Hoover, 1990; Janzing and Schölkopf, 2010;
Peters et al., 2016). In the anticausal direction, however, a shift of the input usually leads
to a changing conditional (Schölkopf et al., 2012). In practice, prediction problems are
often not causal — we should allow for the possibility that the set of predictors contains
variables that are causal, anticausal, or confounded, i.e., statistically dependent variables
without a directed causal link with the target variable. We thus expect that there is a
subset S ∗ of predictors, referred to as an invariant set, for which the covariate shift assumption holds true, i.e., the conditionals of output given predictor Y k | XSk ∗ are invariant
across k ∈ {1, . . . , D, T }. If S ∗ is a strict subset of all predictors, this relaxes full covariate
shift. We prove that knowing S ∗ leads to robust properties for DG. Once an invariant set is
known, traditional methods for covariate shift can be applied as a black box, see Figure 1.
In the MTL setting, when labeled or unlabeled examples from the test task are available
during training, we might not want to discard the features outside of S ∗ for prediction.
Hence, we also propose a method to leverage the knowledge of the invariant set S ∗ and the
available examples from the test task in order to outperform a method that learns only on
the test task.

Finally, note that in this work, we concentrate on the linear setting, keeping in mind
that this has specific implications for covariate shift.
1.4 Organization of the paper

JMLR 19(36):1-34, 2018

Section 2 formally describes our approach and its underlying assumptions; in particular, we
assume that an invariant set S ∗ is known. For DG, we prove in Section 2.1 that predicting
using only features in S ∗ is optimal in an adversarial setting. Moreover, we present an
example in which we compare our proposed estimator with pooling the training data, a
standard technique for DG. In MTL, when additional labeled examples from T are available,
one might want to use all available features for prediction. Section 2.2 provides a method
to address this. We discuss a link to causal inference in Section 2.3. Often, an invariant set
S ∗ is not known a priori. Section 3 presents a method for inferring an invariant set from
data. Section 4 contains experiments on simulated and real data.
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2. We assume throughout this work the existence of densities and that random variables have finite variance.

(the superscript T corresponds to the test task, not to be confused with the transpose,
indicated by superscript t). We denote by EP1 ,...,PD (β) the squared error averaged over the
training tasks k ∈ {1, . . . , D}.

EPT (β) = E(XT ,Y T )∼PT (Y

T

Assumption (A1’) is stronger than (A1) only in the DG setting, where, of course, (A1’) and
(A2) imply the linearity also in the test task T . While Assumption (A1) is testable from
training data, see Section 3, (A1’) is not. In covariate shift, one usually assumes that (A1’)
holds for the set of all features. Therefore, (A1’) is a weaker condition than covariate shift,
see Figure 1. We regard this assumption as a building block that can be combined with any
method for covariate shift, applied to the subset S ∗ . It is known that it can be arbitrarily
hard to exploit the assumption of covariate shift in practice (Ben-David et al., 2010). In
a general setting, for instance, assumptions about the support of the training distributions
P1 , . . . , PD and the test distribution PT must be made for methods such as re-weighting
to be expected to work (e.g., Gretton et al., 2009). The aim of our work is not to solve
the full covariate shift problem, but to elucidate a relaxation of covariate shift in which it
holds given only a subset of the features. We concentrate on linear relations (A2), which
circumvents the issue of overlapping supports, for example.
For the remainder of this section, we assume that we are given an invariant subset S ∗
that satisfies (A1) and (A2). Note that we will also require (A1’) for DG. In MTL, the
invariance can be tested on the labeled data available from the test task, so (A1) and (A1’)
are equivalent.
We show how the knowledge of S ∗ can be exploited for the DG problem (Section 2.1)
and in the MTL case (Section 2.2). Here and below, we focus on linear regression using
squared loss

αt x + k , that is Y k = αt XkS ∗ + k , with k ⊥
⊥ XkS ∗ and for all k ∈ {1, . . . , D}, k = .

α ∈ R|S

We say that S ∗ is an invariant set which leads to invariant conditionals. Here, =
denotes equality in distribution.
(A1’) This invariance also holds in the test task T , i.e., (1) holds for all k, k 0 ∈ {1, . . . , D, T }.
(A2) The conditional distribution of Y given an invariant set S ∗ is linear: there exists

∀k, k 0 ∈ {1, . . . , D}.

⊆ {1, . . . , p} of predictor variables such that

Y k | XkS ∗ = Y k | XkS ∗

(A1) There exists a subset

S∗

Consider a transfer learning regression problem with source tasks P1 , . . . , PD , where (Xk , Y k ) ∼
Pk for k ∈ {1, . . . , D}.2 We now formulate our main assumptions.

2. Exploiting invariant conditional distributions in transfer learning

Invariant Models for Causal Transfer Learning

Use methods for covariate
shift, applied to S ∗ .
Here, (A2): linear model

β∈Rp

β opt := arg min EPT (β),

(3)

The optimal predictor obtained by minimizing (2) is the condi-

and write

E[Y 1 | X1S ∗ = xS ∗ ] = β CS(S

∗)

t

x.

(4)

6

JMLR 19(36):1-34, 2018

Optimality in an adversarial setting. In an adversarial setting, predictor (4) satisfies the following optimality condition; as for the other results, the proof is provided in
Appendix A. We state and prove a more general, nonlinear version of Theorem 1 in Appendix A.1.

Because of (A1), the conditional expectation in (4) is the same in all training tasks. In the
limit of infinitely many data, given a subset S, β CS(S) is obtained by pooling the training
tasks and regressing using only features in S. In particular, β CS := β CS({1,...,p}) is the
estimator obtained when assuming traditional covariate shift.

Rp →
R
x 7→ E[Y 1 | X1S ∗ = xS ∗ ]

which is not available during training time. Given an invariant set S ∗ satisfying (A1), (A1’)
and (A2), we propose to use the corresponding conditional expectation as an estimator. In
∗
other words, let β S = arg minβ∈R|S∗ | (Y 1 − β t X1S ∗ )2 be the vector obtained by minimizing
the squared loss in the training tasks using only predictors in S ∗ . We propose as a predictor
∗
∗
the vector β CS(S ) ∈ Rp obtained by adding zeros to β S in the dimensions corresponding
∗
to covariates outside of S . More formally, we propose to use as a predictor

Proposed estimator.
tional mean

We first study the DG setting in which we receive no labeled examples from the test task
during training time. Throughout this subsection, we assume that additionally to (A1)
and (A2), assumption (A1’) holds. It is important to appreciate that (A1’) is a strong
assumption that is not testable on the training data: it is an assumption about the test
task. We believe no nontrivial statement about DG is possible without an assumption of
this type.
Now, we introduce our proposed estimator, which uses the conditional mean of the
target variable given the invariant set in the training tasks. We prove that this estimator
is optimal in an adversarial setting.

2.1 Domain generalization (DG): no labels from the test task

Figure 1: Assumption (A1) (blue) is a relaxation of covariate shift (orange): the covariate
shift assumption is a special case of (A1) with S ∗ = {1, . . . , p}. Given the invariant set S ∗ ,
methods for covariate shift can be applied.

Covariate shift holds: Y | X{1,...,p} invariant.

(A1): ∃S ∗ ⊆ {1, . . . , p} : Y | XS ∗ invariant.
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β CS(S

∗)

β∈Rp

PT ∈P

∈ arg min sup EPT (β),

Theorem 1 (Adversarial) Consider (X1 , Y 1 ) ∼ P1 ,. . ., (XD , Y D ) ∼ PD and an invariant set S ∗ satisfying (A1) and (A2). The proposed estimator satisfies an optimality statement over the set of distributions such that (A1’) holds: we have

∗

where β CS(S ) is defined in (4) and P contains all distributions over (XT , Y T ), T = D +
1, that are absolutely continuous with respect to the same product measure µ and satisfy
d
Y T | XST ∗ = Y 1 | XS1 ∗ .
Unlike the optimal predictor β opt , the proposed estimator (4) can be learned from the
data available in the training tasks. Given a sample (X1k , Y1k ), . . . , (Xnk k , Ynkk ) from tasks
k ∈ {1, . . . , D}, we can estimate the conditional mean in (4) by regressing Y k on XSk ∗ . Due
to (A1), we may also pool the data over the different tasks and use

(X11 , Y11 ), . . . , (Xn1 1 , Yn11 ), (X12 , Y12 ), . . . , (XnDD , YnDD )
as a training sample for this regression.
One may also compare the proposed estimator with pooling the training tasks, a standard baseline in transfer learning which corresponds to assuming that usual covariate shift
holds. Focusing on a specific example, Proposition 2 in the following paragraph shows that
when the test tasks become diverse, predicting using (4) outperforms pooling on average
over all tasks.
Comparison against pooling the data. We proved that the proposed estimator (4)
does well on an adversarial setting, in the sense that it minimizes the largest error on a
task in P. The following result provides an example in which we can analytically compare
the proposed estimator with the estimator obtained from pooling the training data, which
is a benchmark in transfer learning. We prove that in this setting, the proposed estimator
outperforms pooling the data on average over test tasks when the tasks become more diverse.
Let XSk ∗ be a vector of independent Gaussian variables in task k. Let the target Y k
satisfy
(5)
Y k = αt XSk ∗ + k ,
where for each k ∈ {1, . . . , D}, k is Gaussian and independent of XSk ∗ . We have Xk =
(XSk ∗ , Z k ), where
Z k = γ k Y k + ηk ,
for some γ k ∈ R and where η k is Gaussian and independent of Y k .3 Moreover, assume that
∗
the training tasks are balanced. We compare properties of estimator β CS(S ) defined in
Equation (4) against the least squares estimator obtained from pooling the training data.
In this setting, the tasks differ in coefficients γ k , which are randomly sampled. We prove that
the squared loss averaged over unseen test tasks is always larger for the pooled approach,
when coefficients γ k are centered around zero. In the case where they are centered around a
non-zero mean, we prove that when the variance between tasks (in this case, for coefficients
γ k ) becomes large enough, the invariant approach also outperforms pooling the data.

JMLR 19(36):1-34, 2018

3. Using the notation introduced later in Section 2.3, this corresponds to a Gaussian SEM with DAG shown
in Fig. 3.
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In particular, this implies the following:



∗
≥ Eγ 1 ,...,γ D ,γ T EPT β CS(S )
= σ2.

Eγ 1 ,...,γ D ,γ T EPT β CS
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The proof of Proposition 2 can be found in Appendix A.2. Figure 2 visualizes Proposition 2
for two training tasks, it shows the expected errors for the pooled and invariant approaches,
see (6), as the variance Σ2 increases. Recall that Σ2 corresponds to the variance of coefficients γ k , and thus indicates how different the tasks are. The expected errors are computed
using the analytic expression found in the proof of Proposition 2. As predicted by Proposition 2, the expected error of the pooled approach always exceeds the one of the proposed
method (the coefficients γ k are centered around zero), see Equation (6). As Σ2 tends to

Moreover, if the coefficients γ 1 , . . . , γ D , γ T are i.i.d. with non-zero mean µ, (6) holds for
fixed γ 1 , . . . , γ D if Σ2 ≥ P (µ), where P is a polynomial in µ, see Appendix A.2 for details.

(7)

Proposition 2 (Average performance) Consider the model described previously. Moreover, assume that the tasks differ as follows: the coefficients γ 1 , . . . , γ D , γ T = γ D+1 are i.i.d.
with mean zero and variance Σ2 > 0. The tasks do not differ elsewhere. In particular, the
distribution of XSk ∗ is the same for all tasks. Then the least squares predictor obtained from
CS
pooling the D training tasks β CS = (βSCS
∗ , βZ ) satisfies:



∗
= σ2.
(6)
≥ Eγ T EPT β CS(S )

Figure 2: The figure shows expected errors for the pooled approach and the proposed
method, see Equation (6). µ = 0. We consider two training tasks over 10, 000 simulations.
In each, we randomly sample the variance of each covariate in X, the variance of η, and γ.
σ 2 is the same in all tasks. As predicted by Proposition Proposition 2 observe that the error
from the pooled approach (red) is systematically higher than the error from the prediction
using only the invariant subset (blue), and both the error and its variance become large as
the variance Σ2 of coefficients γ k increases.

Expected error on test task

9
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The proof for Proposition 3 can be found in Appendix A.3. Following the previous intuition,
for the training tasks k ∈ {1, . . . , D}, we hide the data of XkN and pretend the data in each

Proposition 3 (Correctness of transfer) Let S ∗ be an invariant set verifying (A1) and
(A2). For k ∈ {1, . . . , D, T }, denote by (x, y) 7→ pk (x, y) the density of Pk . Then there exists
a function q : Rp → R+ such that for each k ∈ {1, . . . , D, T }, there exists a distribution Qk
with density q k such that for all (x, y) ∈ Rd+1 , for all k ∈ {1, . . . , D, T },
i) q k (xS ∗ , y) = pk (xS ∗ , y),
ii) q T (y | xS ∗ , xN ) = pT (y | xS ∗ , xN ),
iii) q k (y | xS ∗ , xN ) = q(y | xS ∗ , xN ).

Missing data approach In this section, we specify how we propose to tackle MTL by
framing it as a missing data problem. While the idea is presented in the context of AMTL,
it can be used for SMTL in the same way. In order to motivate the method, assume that
for each k ∈ {1, . . . , D, T }, there exists another probability distribution Qk with density
q k having the following properties: (i) when restricted to (XkS ∗ , Y k ), Qk coincides with Pk ,
(ii) the conditional q T (y | xS ∗ , xN ) coincides with pT (y | xS ∗ , xN ) on the test task and (iii)
q(y | xS ∗ , xN ) := q k (y | xS ∗ , xN ) is the same in all tasks (which is not satisfied by Pk , of
course). The goal of learning the regression model from Y on XS ∗ and XN in PT coincides
with the task of learning the same regression model in QT . Property (iii) implies that we
can pool the data from all tasks Qk . This is not possible, of course, for the given data,
which we have received from the distributions Pk . But now assume that in all training
tasks, we only have access to the marginal (XkS ∗ , Y k ) from Qk . Any method that addresses
the regression under these constraints be used with the data available because of (i). We
first prove the existence of such distributions Qk :

n

i=1

1X
1
det (Σi ) − ZTobs,i Σ−1
i Zobs,i ,
2
2

(8)

10
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where ΣrN Zobs is the submatrix of Σr corresponding to the cross-covariance between XN
and (XS ∗ , Y ), and ΣrZobs is the submatrix corresponding to the covariance of (XS ∗ , Y ). For
examples from the test task, we simply copy the example, since PT = QT . Moreover, define
(
0 if example i is from the test task,
r
CN,i :=
Cov(XrN | Zobs,i ) = ΣrN − ΣrN Zobs (ΣrZobs )−1 ΣrZobs N otherwise.

E(XrN | Zobs,i ) = ΣrN Zobs (ΣrZobs )−1 Zobs,i ,

Here, we are essentially imputing the data for XN in the training tasks by the conditional
mean given the observed data, using the current estimate of the covariance matrix Σr .
The conditional expectation is computed using the current estimate Σr and the Gaussian
conditioning formula:

and our goal is to find Σ which maximizes (8). This model for the likelihood assumes that
the data is multi-variate Gaussian with covariance matrix Σ.
When all data are observed, the least squares estimator β opt can be seen as the result of
a two step procedure. First, (8) is maximized for the sample covariance matrix. Then, one
computes the conditional mean E[Y | X = x] of the estimated joint distribution of (X,Y ). In
the case of missing data, however, the sample covariance matrix does no longer maximize (8),
see paragraph ‘A naive estimator for comparison’ below. Instead, we maximize (8) using
EM.
Chapter 11 in Little and Rubin (1986) provides the update equations for optimizing
Equation (8) using EM. More precisely, given an estimate Σr of the covariance matrix at
step r, the algorithm goes as follows.
E step: For an example i, we define
(
Zi if example i is from the test task,
Zri :=
(XS ∗ ,i , E(XrN | Zobs,i ), Yi ) otherwise.

`(Σ) = const −

task k ∈ {1, . . . , D, T } come from Qk . Note that some of the data are only missing for the
training tasks. More precisely, XkN is missing for k ∈ {1, . . . , D}, while because of (i) in
Proposition 3, (XkS ∗ , Y k ) is available for all tasks k ∈ {1, . . . , D, T }. We thus pool the data
and learn a regression model of Y versus (XS ∗ , XN ) by maximizing the likelihood of the
observed data.
We formalize the problem as follows. Let (Zi )ni=1 = (XS ∗ ,i , XN,i , Yi )ni=1 be a pooled
sample of the available data from the training tasks and the test task, in which XN,i is
P
considered missing if Xi is drawn from one of the training tasks. Here, n = Tk=1 nk is the
total number of training and test examples. Denote by Zobs,i the components of Zi which are
not missing. In particular, Zobs,i = Zi if i is drawn from the test task and Zobs,i = (XS ∗ ,i , Yi )
otherwise. Moreover, let Σ be a (p + 1) × (p + 1) positive definite matrix, and Σi is the
submatrix of Σ which corresponds to the observed features for example i. If example i is
drawn from a training task, Σi is of size (|S ∗ |+1)×(|S ∗ |+1), and (p+1)×(p+1) otherwise.
The log-likelihood based on the observed data for matrix Σ satisfies:

zero, γ k is close to zero in all tasks, which explains the equality of both the pooled and
invariant errors for the limit case Σ approaching 0. For coefficients γ k centered around a
non zero value, Equation (6) does not necessarily hold for small Σ2 .
Proposition 2 presents a setting in which the invariant approachoutperforms pooling

the data when the test errors are averaged over γ, i.e., Eγ T EPT β CS ≥ Eγ T EPT β CS .
It is also clear to see that the equality ofthe distribution of k in Equation (5) for all
∗
k ∈ {1, . . . , D} leads to Varγ EPT β CS(S ) = 0, thus our invariant estimator minimizes
the variance of the test errors across all related tasks.

2.2 Multi-task learning (MTL): combining invariance and task-specific
information
nT
In MTL, a labeled sample XTi , YiT i=1
is available from the test task and the goal is to
transfer knowledge from the training tasks. As before, we are given an invariant set S ∗
satisfying (A1) and (A2). Can we combine the invariance assumption with the new labeled
sample and perform better than a method that trains only on the data in the test task?
According to (A1) and (A2), the target satisfies Y k = αt XkS ∗ + k , where the noise k has
zero mean and finite variance, is independent of XkS ∗ and has the same distribution in the
different tasks k ∈ {1, . . . , D, T }. Our objective is to use the knowledge gained from the
training tasks to get a better estimate of β opt defined in Equation (3). We describe below
a way to tackle this using missing data methods.
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=

i=1

1X r r t
Zi (Zi ) + Cir ,
n
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i=1

n
X
1
E
Zir (Zir )t | Zobs,i , Σr
n

M step: compute the sample covariance given the imputed data:
!
n
Σr+1 =

r ,
where Cir is a (p+1)×(p+1) matrix whose submatrix corresponding to features in N is CN,i
and the remaining elements are 0. The intuition for the M step is simple: we compute the
sample covariance with the values imputed for XN . Since these values are being imputed,
matrix C adds uncertainty for the corresponding values.
Once the algorithm has converged, we can read off the regression coefficient from the
joint covariance matrix as E[Y | XS ∗ = xS ∗ ]. The whole procedure is initialized with the
sample covariance matrix computed with the available labeled sample from T .

Incorporating unlabeled data The previous method also allows us to incorporate unT)
labeled data from the test task. Indeed, assume that an unlabeled sample XT = (XST ∗ , XN
from the test task is also available at training time. This can be incorporated in the preT
vious framework since the label Y can be considered to be missing (as opposed to XN
previously). We can then write Zir = (XS ∗ ,i , XN,i , E(Yir | Zobs,i )) for the unlabeled data,
thus imputing the value of Y in in the E-step by the conditional mean given (XS ∗ ,i , XN,i ).
−1 r
r
r = Var(Y )r − Σr
The added covariance is then CY,i
Y Zobs (ΣZobs ) ΣZobs Y . The rest of the
algorithm remains unchanged.
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A naive estimator for comparison In the population setting, Proposition 5 in Appendix A.4 provides an expression for β opt as a function of α and  from Assumption (A2).
As in the previous paragraph, one could try to estimate the covariance matrix of (X, Y )
using the knowledge of α and  from the training tasks, and then read off the regression
coefficients. In the presence of a finite amount of labeled and unlabeled data from the test
task, a naive approach would thus plug in the knowledge of α and  as follows: the entries
of Σ̂X,Y that correspond to the covariances between XS ∗ and Y are replaced with Σ̂XS∗ · α,
and the entry corresponding to the variance of Y is replaced by αt Σ̂XS∗ α + Var(). This,
however, often performs worse than forgetting about α and using the data in the test domain
only, see Figure 5 (left). Why is this the case? The naive solution described above leads to
a matrix Σ that does not only not maximize (8) but that often is not even positive definite.
One needs to optimize over the free parameters of Σ, which corresponds to the covariance
between XN and Y , given the constraint of positive definiteness. For comparison, we modified the naive approach as follows. First, we find a positive definite matrix satisfying the
desired constraints. In order to do this, we solve a semi-definite Program (SDP) with a
trivial objective which always equals zero. Then, we maximize the likelihood (8) over the
free parameters of Σ with a Nelder-Mead simplex algorithm. The constrained optimization problem can be shown to be convex in the neighborhood of the optimum (Zwiernik
et al., 2017, Sec. 3) if the number of data in the test domain grows. While gradients can
be computed for this problem, gradient-based methods seem to perform poorly in practice
(experiments are not shown for gradient based methods).
In an idealized scenario, infinite amount of unlabeled data in the test and labeled data
in the training tasks could provide us with ΣX , Σ(XS∗ ,Y ) and Var(Y ). We could then plug
in these values into Σ and optimize over the remaining parameters, see β CS(cau+,i.d.) in
11
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Figure 5 (left). In practice, we have to estimate ΣX , Σ(XS∗ ,Y ) and Var(Y ) from data. Thus,
the EM approach mentioned above constitutes the more principled approach.
2.3 Relation to causality

j = 1, . . . , p .

(9)

In this section, we provide a brief introduction to causal notions in order to motivate our
method. More specifically, we show that under some conditions, the set S ∗ of causal parents
verifies Assumptions (A1) and (A1’). Structural equation models (SEMs) (Pearl, 2009) are
one possibility to formalize causal statements. We say that a distribution over random
variables X = (X1 , . . . , Xp ) is induced by a structural equation model with corresponding
graph G if each variable Xj can be written as a deterministic function of its parents PAjG
(in G) and some noise variable Nj :

j

Xj = fj (XPAG , Nj ) ,
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Here, the graph is required to be acyclic and the noise variables are assumed to be jointly
independent. An SEM comes with the ability to describe interventions. Intervening in the
system corresponds to replacing one of the structural equations (9). The resulting joint
distribution is called an intervention distribution. Changing the equation for variable Xj
usually affects the distribution of its children for example, but never the distribution of
its parents. Consider now an SEM over variables (X, Y ). Here, we do not specify the
graphical relation between Y and the other nodes: Y may or may not have children or
parents. Suppose further that the different tasks P1 , . . . , PD are intervention distributions
of an underlying SEM with graph structure G. If the target variable has not been intervened
on, then the set S ∗ := PAYG satisfies Assumptions (A1) and (A1’). This means that as
long as the interventions will not take place at the target variable, the set S ∗ of causal
parents will satisfy Assumptions (A1) and (A1’).
Recently, Peters et al. (2016) have given several sufficient conditions for the identifiability
of the causal parents in the linear Gaussian framework. E.g., if the interventions take place
at informative locations, or if we see sufficiently many different interventions, the set of
causal parents is the only set S ∗ that satisfies Assumptions (A1) and (A1’). If there exists
more than one set leading to invariant predictions, they consider the intersection of all such
subsets. In this sense, seeing more environments helps for identifying the causal structure.
In this work, we are interested in prediction rather than causal discovery. Therefore, we try
to find a trade-off between models that predict well and invariant models that generalize
well to other domains. That is, in the DG setting, we are interested in the subset which
leads to invariant conditionals and minimizes the prediction error across training tasks.
If the tasks Pk correspond to interventions in an SEM, we may construct an extended
SEM with a parent-less environment variable E that points into the intervened variables.
Then, Pk equals the distribution of (X, Y ) | E = k, see (Peters et al., 2016, Appendix C). If
the distribution of (X, Y, E) is Markov and faithful w.r.t. the extended graph, the smallest
set S that leads to invariant conditionals and to best prediction is a subset of the Markov
blanket of Y : certainly, it contains all parents of Y ; if it includes a descendant of Y , this
must be a child of Y (which yields better prediction and still blocks any path from Y to
E); analogously, any contained ancestor of a child of Y must be a parent of that child.

12

S∗

(10)

CS(S + )
βj

= 0 and

d
R1 CS(S+ ) =
β

13

... =

d

RDCS(S+ ) .
β
Such a set

S+

and some vector

is not necessarily

such that
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for all j ∈
/

S+,

By Assumptions (A1) and (A2), there exists a subset

S+
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+
β CS(S )

different tasks are observed at training time. We propose to do an exhaustive search over
subsets S of predictors and statistically test for equality of the distribution of the residuals in
the training tasks, see the section below. Among the accepted subsets, we select the subset Ŝ
which leads to the smallest error on a validation set. This is a fundamental difference to the
method proposed by Peters et al. (2016). Indeed, while our method addresses the transfer
problem, Peters et al. (2016) is about causal discovery. Algorithm 1 finds an invariant subset
which also leads to the lowest validation error. This subset may contain covariates which
are non causal, see Section 4.3 for further details. On the other hand, Peters et al. (2016)
estimate the causal parents (with coverage guarantee). Such an approach has a different
purpose and performs very badly both in DG and MTL: e.g., when all tasks are identical,
it uses the empty set as predictors, while our method selects the full set of predictors.
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unique. As stated in (Peters et al., 2016), the number of invariant subsets decreases as more

k ∈ {1, . . . , D}.

1
2

k
Inputs: Sample (xki , yik )ni=1
for tasks k ∈ {1, . . . , D}, threshold δ for independence
test.
Outputs: Estimated invariant set Ŝgreedy.
Set Sacc = {}, Ŝcurrent {}, MSE = {}.
for i ∈ {1, . . . , niters } do
Set statmin = ∞.
for S ∈ SŜcurrent do
linearly regress Y on XS and compute the residuals Rβ CS(S) on a validation
set.


compute H = HSICb (Rβ CS(S) ,i , Ki )ni=1 and the corresponding p-value p∗
(or the p-value from an alternative test, e.g. Levene test.).
if p∗ > δ then
compute EbP1,...,D (β CS(S) ), the empirical estimate of EP1,...,D (β CS(S) ) on a
validation set.
Sacc .add(S), MSE.add(EbP1,...,D (β CS(S) )),
set Ŝcurrent = S.
end
else if H < statmin then
set Ŝcurrent = S, statmin = H.
end
end
end
Select Ŝ according to RULE, see Section 3.4.

Algorithm 2: Greedy subset search

Rojas-Carulla and Schölkopf and Turner and Peters

In Section 3.3, we propose two solutions for when the number of predictors p is too large
for an exhaustive search: a greedy method and variable selection. While the algorithms are
presented using linear regression, the extension to a nonlinear framework is straightforward.
In particular, linear regression can be replaced by a nonlinear regression method.

Rβk = Y k − β t Xk ,

Consider a set of D tasks, a target variable Y k and a vector Xk of p predictor variables
in task k. For β ∈ Rp , we define the residual in task k as:
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2

1

k
Inputs: Sample (xki , yik )ni=1
for tasks k ∈ {1, . . . , D}, threshold δ for independence
test.
Outputs: Estimated invariant subset Ŝ.
Set Sacc = {}, MSE = {}.
for S ⊆ {1, . . . , p} do
linearly regress Y on XS and compute the residuals Rβ CS(S) on a validation set.


compute H = HSICb (Rβ CS(S) ,i , Ki )ni=1 and the corresponding p-value p∗ (or
the p-value from an alternative test, e.g., Levene test.).
if p∗ > δ then
compute EbP1,...,D (β CS(S) ), the empirical estimate of EP1,...,D (β CS(S) ) on a
validation set.
Sacc .add(S), MSE.add(EbP1,...,D (β CS(S) ))
end
end
Select Ŝ according to RULE, see Section 3.4.

Algorithm 1: Subset search

3.1 Our method.

In the previous section, we have seen how a known invariant subset
⊆ {1, . . . , p} of
predictors leading to invariant conditionals Y k | XkS ∗ , see Assumptions (A1) and (A1’), can
be beneficial in the problems of DG and MTL. In practice, such a set S ∗ is often unknown.
We now present a method that aims at inferring an invariant subset from data. Throughout
this paper, we denote by S any subset of features, while S + is an invariant set (which is not
necessarily unique) for which (A1) holds. Such a subset S + does not necessarily satisfy both
Assumptions (A1) and (A1’). Indeed, in DG, only (A1) is testable in the training data.
More precisely, if several invariant sets which satisfy (A1) are found, and only some of them
satisfy (A1’), we cannot find these from data. We therefore have to add a criterion allowing
us to select among several invariant sets. The method we propose provides an estimator Ŝ
for an invariant subset S + , which is chosen as the subset satisfying Assumption (A1) which
maximizes predictive accuracy on a validation set. In MTL, we still write S + , even if we
could then write S ∗ as (A1’) becomes testable. It is summarized in Algorithm 1, code is
provided in https://github.com/mrojascarulla/causal_transfer_learning.

3. Learning invariant conditionals
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3.2 Statistical tests for equality of distributions.
In order to test whether a subset S leads to invariant conditionals, we can use a statistical
test to check whether the residuals Rβk CS(S) have the same distribution in all tasks k ∈
{1, . . . , D}. We propose two possible methods.
For Gaussian data, one can use a Levene test (Levene, 1960) to test whether the residuals
have the same variance in all tasks; their means are zero as long as an intercept is included
in the regression model.
As an alternative, we propose a nonparametric D-sample test by testing whether the
residuals are independent of the task index. This test is a direct application of HSIC (Gretton et al., 2007) but to our knowledge, is novel. Suppose that the index of the task can
n
be considered as a random variable K. We consider the sample Z = (Rβ S ,i , Ki )i=1
as
PD
drawn from a joint distribution over residuals and task indices, where n = k=1
nk and
Ki ∈ {1, . . . , D} is a discrete value indicating the index of the corresponding task. The
residuals have the same distribution in all training tasks if and only if Rβ S and K are independent. Two characteristic kernels are used: a kernel κ is used for embedding the residuals
and a trivial kernel d such that d(i, j) = δij is used for K. Let therefore HSIC(Rβ S , K)
denote the value of the HSIC (Gretton et al., 2007) between Rβ S and K, and let HSICb (Z)
be the corresponding test statistic. A subset S is accepted if if leads to accepting the null
hypothesis of independence between Rβ S and K at level δ.
Both in the case of the Levene test and the D-sample test, the test outputs a p-value
p∗ , and we accept the null H0 if p∗ > δ. Among these accepted subsets, we output the set Ŝ
which leads to the smallest loss on a validation set. The test level δ is given as an input to
our method and allows for a trade-off between predictive accuracy and exploiting invariance.
As δ tends to zero, the null is accepted for all subsets and we then select all features, which
is equivalent to covariate shift. When δ approaches one, no subset is accepted as invariant.
Our method then reduces to the mean prediction. In order to compute p-values, a Gamma
approximation is used for the distribution of HSICb (Z) under the null.
For non-additive models, one may even apply a conditional independence test (e.g.,
Zhang et al., 2011; Fukumizu et al., 2008) to test whether K is independent of Y | XS .
3.3 Scalability to a large number of predictors
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When the number of features p is large, full subset search is computationally not feasible.
We propose two solutions for this scenario. If one has reasons to believe that the signal is
sparse, that is the true set S ∗ is small, one may use a variable selection technique such as
the Lasso (Tibshirani, 1996) as a first step. Under the assumptions described in Section 2.3,
we know that the invariant set with the best prediction in the training tasks can be assumed
to be a subset of the relevant features (which here equals the Markov blanket of Y ). Thus,
if variable screening is satisfied ,i.e., one selects all relevant variables and possibly more, the
pre-selection step does not change the result of Algorithm 1 in the limit of infinitely many
data. For linear models with `1 penalization, variable screening is a well studied problem,
see, e.g., compatibility and βmin conditions (Bühlmann and van de Geer, 2011, Chapter
2.5).
Alternatively, one may perform a greedy search over subsets when full subset search is
not feasible. Denote by SS the collection of neighboring sets of a set S obtained by adding or
15
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X2

Figure 3: Example of a directed acyclic graph, see Section 2.3. If Y is not intervened on,
the conditional Y | X1 , X2 , X3 remains invariant.

removing exactly one predictor in S. If no subset has been accepted at a given iteration, we
select the neighbor leading to the smallest test statistic. If a neighbor is accepted, we select
the one which leads to the smallest training error. We start with the p subsets with only
one element, and allow to add or remove a single predictor at each step, see Algorithm 2.
As often for greedy methods, there is no theoretical guarantee.
3.4 Subset selection in MTL

In DG, among the accepted subsets, we select the set Ŝ which leads to the lowest validation
error. In MTL, however, a labeled sample from the test task T is available at training
time. Therefore, Algorithm 1 is slightly modified. First, we get all the sets for which
H0 is accepted. Then, we select the accepted set Ŝ which leads to the smallest 5 fold
cross validation error. For each subset, we compute the least squares coefficients using
the procedure described in Section 2.2, and measure the prediction error on the held out
validation set. Using the notation of Algorithm 1, let Sacc be the set of subsets accepted as
invariant, and let M SE be the set of their corresponding squared errors on the validation
set. The following rules are used for selecting an invariant set in DG and MTL.

i) RULE for DG: Return Ŝ = Sacc [arg min MSE].
ii) RULE for MTL: Define CVacc = {}. For each set S ⊆ Sacc , do CVacc .add(CVS ),
where CVS is the 5-fold cross validation error over the labeled test data obtained by
optimizing (8) using EM with subset S.
Return Ŝ = Sacc [arg min CVacc ].
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Given a set of k ∈ {1, . . . , T } training tasks, a collection of sets Ŝ1 , . . . , Ŝu (eventually
empty) is obtained, all of which lead to accepting the null hypothesis of invariance between
the training tasks in DG. Our methods use the MSE on a validation set as a criterion for
selecting a subset among these u candidates. This is a design choice which is dependent
on the specific application, and can be modified. For instance, if being conservative is
important, the MSE may be an inappropriate choice. One may be then interested in
combining confidence intervals for the accepted sets. One idea is to consider all accepted sets
at the same time, one of which is, with probability 1 − α, the set S ∗ from Assumption (A1’).
These sets yield different predictions, one of which stems from S ∗ , again, with probability
1 − α. In some settings, it might be helpful to output the whole set of predictions. If one is
interested in confidence intervals, these may be combined by taking its union. Heinze-Deml
et al. (2018) discuss this idea in the context of prediction under interventions.

16

description
Linear regr. with true causal predictors (often unknown in practice).
Finding the invariant set Ŝ using full subset search and performing lin. regr. using
predictors in Ŝ. Ŝgreedy corresponds to finding the invariant set using a greedy
procedure. ŜLasso corresponds to doing variable selection using Lasso as a first
step, then doing full subset search on the selected features.
Pooling the training data and using linear regr.
Finding the invariant set Ŝ using full subset search and solve the optimization problem
described in ’A naive estimator for comparison’.
Finding the invariant set Ŝ using full subset search and maximizing (8) for MTL
using EM.
Pooling the training data and outputting the mean of the target.
Linear regression using only the available labeled sample from T .
Multi-task feature learning estimator (Argyriou et al., 2007a).
DICA (Muandet et al., 2013) with rbf kernel.
Pooling the training data and an unlabeled sample from T , learning features using
mSDA (Chen et al., 2012) with one layer and linear output, then using linear regr.

18
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4.1 Synthetic data set

In this section, we generate a synthetic data set in which the causal structure of the problem
is known. For all experiments, we choose δ = 0.05 as a rejection level for the statistical
test in Algorithms 1 and 2. Moreover, we use 40% of the training examples to fit the linear

where η k ∼ N (0, ΣkN ). (XkS ∗ )C is a subset of XkS ∗ of size |C| which generates both the target
Y k and XN T k . γ k of size |N | is computed as γ k = (1 − λ)γ0 + λg k , where λ ∈ [0, 1], γ0 is
the same in all tasks while g k is task dependent. Both γ0 and g k are drawn from a standard
Gaussian. Similarly to γ k , β k is a (|C|, |N |) matrix computed as β k = (1 − λ)β0 + λbk . ΣkN
is sampled similarly to ΣkS ∗ . Finally, α is sampled from a standard Gaussian distribution.
The generative process and hyper-parameters are the same for all the experiments (DG
and MTL).

XkN = γ k Y k + β k (XkS ∗ )C + η k

where k ∼ N (0, 2) (the standard deviation of k is 6 for the non sparse DG experiment
with 30 predictors, see the bottom of Figure 4).
We sample the remaining predictor variables as

Y k = αXkS ∗ + k

where the covariance matrix ΣkS ∗ is drawn from a Wishart distribution W(USk∗ , p), where
USk∗ is computed as V k (V k )t . Here, V k is a (|S|, |S|) matrix of standard Gaussian random
variables.
The target variable Y k is drawn as

XkS ∗ ∼ N (0, ΣkS ∗ )

Generative process of the data For each task k ∈ {1, 2, . . . , D, T }, we sample a set of
causal variables from a multivariate Gaussian

models in Algorithms 1 and 2, and the remaining data as validation. The sensitivity to the
choice of δ is discussed in Section 4.2.
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Results Our goal is to linearly predict target Y T using predictors XT = (XTS ∗ , XTN ) on
the test task. Given regression coefficient β, we measure the performance in the test task
using the logarithm of the empirical estimator of EPT (β).
In Figure 4, we are in the DG setting (thus, no labeled examples from T are observed
at training). 4000 examples per training task are available for the top left and right plots,
while only 1000 examples per task are available on the bottom because of computational
reasons. We report the log average empirical MSE over left out test tasks. We study both
sparse and non sparse settings (in which full search is not feasible). On the upper left and
upper right, we see that when more than four training tasks are available, both the full
search and greedy approaches are able to recover an invariant set, and outperform pooling
the data for any number of training tasks. When more than five training tasks are observed,
β CS(Ŝ) performs like β CS(cau) , which uses knowledge of the ground truth. On the bottom,
full search is not feasible, and β CS(Ŝgreedy) outperforms other approaches.
In Figure 5 (top left), we consider an AMTL setting, in which large amounts of labeled
data (36000) from the training tasks and unlabeled data from the test task (50000) are
available. Both S and N are of size 3, such that X is 6-dimensional. For all MTL experiments, 6 training tasks are available. We report the percentage of simulations for which the
population MSE of a given approach outperforms β dom . We see that β CS(cau+,i.d.) systematically outperforms β dom . Moreover, β CS(cau+) and β CS(Ŝ+) also perform well, and positive

We compare our estimator to different methods, which are summarized in Table 2. β CS(cau)
uses the ground truth for S ∗ when it is available, β CS(Ŝ) corresponds to full search using Algorithm 1, β CS uses the pooled training data, β M T L performs the Multi-task feature learning algorithm (Argyriou et al., 2007a) for the MTL setting and β DICA performs
DICA (Muandet et al., 2013) for DG. For DICA, which is a nonlinear method, the kernel
matrices are constructed using an rbf kernel, and the length-scale of the kernel is selected
according to the median heuristic. In the MTL setting, we combine the invariance with
task specific information by optimizing (8) using EM, resulting in regression coefficients
β CS(Ŝ]) and β CS(cau]) when the ground truth is known. Finally, β CS(cau],U L) indicates that
unlabeled data from T was also available. For reference, Figure 5 (left) provides results
for β CS(Ŝ+) and β CS(cau+) , which correspond to the estimators obtained by solving the
constrained optimization problem described in the paragraph ‘A naive estimator for comparison’ of Section 2.2 (β CS(cau+) uses the ground truth for S ∗ and α), while β naive imputes
the covariance matrices but does not optimize the free parameters. β CS(cau+,i.d.) (infinite
data) also assumes that we know the ground truth for the entries of the covariance matrix
for the test task corresponding to the covariance of X, the covariance between XS ∗ and Y ,
and the variance of Y .

4. Experiments

Table 2: Estimators used in the numerical experiments. A ’+’ next to a subset S corresponds
to the method for MTL described in the last paragraph of Section 2.2.

β mean
β dom
βM T L
β DICA
β mDA

β

CS(Ŝ])

β CS
β CS(Ŝ+)

estimator
β CS(cau)
β CS(Ŝ)
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logMSE

4.0
3.5
3.0
2.5

CS(Sgreedy)
mean
mSDA

6

DICA
4.0
3.5
3.0
2.5
2.0
1.5
1.0

CS

CS(Sgreedy)

DICA

mean
mSDA

4
5
# of training tasks T

CS(cau)

3

CS(S)

2

5 6 7 8 9 10 11
# of training tasks T

CS(cau)
mean

mSDA
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CS
CS(cau)

4
5
# of training tasks T

CS(S)

3

4

6

DICA

Percentage of simulations in
which dom is outperformed

0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
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0
2
4
6
8
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0

CS
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mSDA
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CS(S )
MTL
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0.1

0.0
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0.6

0.4
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0

0

mSDA

400

3000

dom

4000

CS(cau UL)

CS(cau )

CS(S )

600

Reference:
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1000

CS
mSDA

200

Number of labeled examples in T

MTL

800

Number of unlabeled examples in T

CS(cau )

Rojas-Carulla and Schölkopf and Turner and Peters

dom

CS(cau + )
naive

Reference:

60

CS(cau )

40

CS

500

# of training tasks T

dom

300

Number of labeled examples in T

20

CS(cau + , id)

100

20

5000
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that use unlabeled data, and β CS(cau]) is used as reference instead of β dom ). In Figure 5
(bottom) we consider an SMTL setting in which only 100 unlabeled data points are avail-

Figure 5: MTL setting. Percentage of repetitions (out of 100) for which the corresponding
method outperforms β dom (or β CS(cau]) for the top right plot). Both S and N are of size 3,
such that X is 6-dimensional. Upper left: AMTL setting. This plot shows that the methods
β CS(Ŝ+) and β CS(cau+) presented in Section 2.2 perform well, but a large amount of data is
necessary: 50000 unlabeled examples from T and 36000 training examples are available. The
naive method β naive performs poorly. Upper right: in the SMTL setting, we fix the number
of training data (500 per task) and vary the amount of unlabeled data available from the test
task. We report the percentage of scenarios in which the corresponding method outperforms
β CS(cau]) this time (which uses no unlabeled data). While β mDA always performs worse than
β CS(cau]) and does not exploit the unlabeled data, we see that β CS(cau],U L) performs better
as the amount of unlabeled data increases. Bottom: SMTL setting, and we vary the number
of labeled examples available in each training task. Here, significantly less labeled data was
available in the training tasks (from 50 to 1000 per task). In this setting, the methods
using unlabeled data were given 100 unlabeled examples. Bottom left: logarithm of the
empirical squared error in the test task for different estimators. Bottom right: percentage
of repetitions (out of 100) for which the corresponding method outperforms β dom .

logMSE

2.0

2
CS
CS(Sgreedy)

3
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transfer is effective. However, a prohibitively large amount of labeled and unlabeled data
is needed for these approaches, and the differences become non-significant for all methods
except β CS(cau+,i.d.) . This shows the limitation of this family of approaches. In a setting
with only 900 examples per training task in SMTL, we plot in Figure 6 the histogram of the
error difference ∆ = E(β dom ) − E(β) for β CS(cau]) . Figure 5 (top right) corresponds to the
same setting, but we vary the number of unlabeled data available (we only plot methods
19

Percentage of simulations in
which CS(cau ) is outperformed

Percentage of simulations in
which dom is outperformed

1.5
1.0

4.4
4.2
4.0
3.8
3.6

2

logMSE

Figure 4: DG setting. Logarithm of the empirical squared error in the test task for the
different estimators in the DG setting. The results show averages and 95% confidence
intervals for the mean performance over 100 repetitions. We vary the number of tasks
D available at training time. Upper left: both S and N are of size 3, such that X is 6dimensional. |C| is of size one. Upper right: 30 noise variables are added to X. Variable
selection using the Lasso is used prior to computing β CS(Ŝ) , while β CS(Ŝgreedy) uses all
predictors. Bottom: both S and N are of size 15. Full search is not computationally
feasible in this setting and only the greedy procedure can be used. Other methods such
as β CS , β mSDA and β DICA often perform badly, which explains why in comparison β mean
appears to performs well.
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4.2 Sensitivity to the acceptance level δ

Both Algorithm 1 and its greedy version Algorithm 2 receive an acceptance level δ as input
for the statistical test. In our other experiments, we chose the standard value of δ = 0.05.
Figure 8 shows the error on the test tasks in the DG setting for both methods for different
values of δ. The setting is the same as in the left of Figure 4 for three training tasks. β CS
and β CS(cau) are provided as reference. For δ = 0, all subsets are accepted as invariant,

4.3 Informativeness and subset estimation

thus both methods behave like pooling the data. After a critical value of δ, no subset is
accepted, and both algorithms return the subset with the largest p-value.

Figure 7: Left: SMTL setting with 6 tasks and 900 examples per task. We plot the percentage of repetitions (over 100) for which the given methods outperform β dom , as a function
of the size of the invariant set S ∗ . We see that as S ∗ becomes larger, more information
is transferred from the training tasks, and as such the performance of β CS(cau]) improves.
When S ∗ is the full set, our method behaves like pooling the data. Right: Covariates selected by Algorithm 1 when the training tasks contain interventions only on some of the
covariates. The bars represent the percentage of repetitions (out of 100) for which the corresponding covariates were selected. When there are no interventions in the training tasks,
meaning that all the training tasks follow the same distribution, Algorithm 1 systematically
selects all covariates for prediction. When more interventions are performed, however, the
corresponding covariates (in red) are excluded in a large number of the repetitions.

Percentage of simulations in
which dom is outperformed

The estimation of an invariant subset involves finding a subset for which the residuals have
the same distribution across tasks. It is desirable, however, that the selected subset is one
which explains the data best. This is ensured by selecting the subset which leads to the
smallest error on a validation set. Therefore, some covariates in N may be included in a
selected subset if there are no interventions on this covariates in the training tasks. More
precisely, if including a covariate does not lead to a statistically measurable difference in
the distribution of the residuals between the training tasks, it is advantageous in general to
include it in the selected subset since the data is better explained.
We illustrate this in Figure 7 (right) in the setting previously described with p = 6.
We estimate an invariant subset using Algorithm 1 over 100 repetitions in the following
scenarios: i) all the covariates have the same distribution across tasks, ii) one, two or three
covariates in N are subject to interventions between the tasks. Figure 7 (right) show the
proportion of repetitions for which each covariate is included in the selected subset. We
see that, as expected, covariates in N for which there are no interventions are included

Time complexity The most expensive component of our method is the estimation of the
invariant subset. In the DG experiment in Figure 4, with n = 4000 examples available for
each of the 6 tasks, and p = 6 predictors, full subset search takes 0.067 seconds and greedy
search 0.037, where the results are averaged over 100 repetitions. With p = 10, full search
averages at 1.57 seconds, and greedy search 0.0396. With p = 30, where full search is not
feasible, greedy search averages at 1.21 seconds. In the MTL experiment in Figure 5, the
EM algorithm runs for 0.00105 seconds on average over 100 repetitions. As a reference, in
MTL, linear regression averages at 0.000301 seconds and mSDA at 0.0547 seconds.

able, and only few labeled examples are available in each task. Here, we see that β CS(cau]) ,
β CS(Ŝ]) and β M T L perform well, while other methods do not. In terms of MSE (bottom
left), the difference in performance between the top competing methods is not statistically
significant.

Figure 6: In the SMTL setting, 900 examples from each of the training tasks are available
(this corresponds to the data point furthest to the right in the bottom plot of Figure 5).
We run 100 repetitions and plot the histograms of ∆ = E(β dom ) − E(β CS(cau] )). The
proposed estimator outperform β dom : for a large proportion of the repetitions, ∆ > 0.
More importantly, the distribution of ∆ is heavily skewed in the positive values. In other
words, when β dom outperforms β CS(cau]) , the difference in performance is small, while the
difference is often larger for the converse.
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Motivation In order to gain an intuition about the experiments we are presenting, consider Figure 9. We select as a target a gene Y out of the p genes, and our goal is to predict
the activity of Y given the remaining p − 1 genes as features. Some of these p − 1 genes are

We apply our method to gene perturbation data provided by Kemmeren et al. (2014).
This data set consists of the m-RNA expression levels of p = 6170 genes X1 , . . . , Xp of the
Saccharomyces cerevisiae (yeast). It contains both nobs = 160 observational data points
and nint = 1479 data points from intervention experiments. In each of these interventions,
one known gene (out of p genes) is deleted. In the following, we consider two different tasks.
The observational sample is drawn from the first task, and the pooled nint interventions are
drawn from the second task.

4.4 Gene perturbation experiment

in the selected subset in a large portion of the repetitions, while the other covariates are
excluded. This highlights that Algorithm 1 can only exclude covariates whose distribution
shifts between training tasks. If being conservative is important for the problem at hand,
one can modify Algorithm 1 accordingly, see the end of Section 3.4.
Moreover, in Figure 7 (left) we consider a similar setting, and we compute the performance against β dom in an SMTL setting as the size of the invariant set increases. We see
that as the size of the invariant set increases, the performance of β CS(cau]) improves, since
more information is being transferred from the training tasks. When p = 6, traditional
covariate shift holds, and β CS(cau]) performs on par with β pool .

Figure 8: Logarithm of the empirical squared error in the test task in the DG setting
as a function of the acceptance level of the statistical test δ in Algorithm 1. The setup
corresponds to t = 3 in Figure 4 (left), also over 100 repetitions. For δ = 0, all subsets
are accepted, so the full set of predictors, which minimizes the validation squared error,
is selected. Algorithm 1 then returns β CS . As δ increases, no subset is accepted, and
Algorithm 1 returns the subset with the largest p-value.

MSE

Rojas-Carulla and Schölkopf and Turner and Peters

Figure 9: Example of the expression of pairs of genes, where A is causal (left) and B is
non-causal (right) of target Y . The blue points are from the observational sample (task 1),
the red dots are the interventional sample (task 2), and the green point corresponds to the
single interventions in which A and B are intervened on respectively. On the left, a model
learned on the data in red and blue would still perform well on the intervention point, which
is not the case on the right.
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causal of the activation of Y . For example, Figure 9 shows on the x-axis the activity of two
genes (gene A on the left, gene B on the right) such that:
• The expressions of A and B are strongly correlated with the expression of Y .
• A is causal of Y (here, we use the definition of a causal effect proposed by Peters et al.
(2016)).
• B is non-causal of Y (anticausal or confounded).
In Figure 9 (left), the blue points correspond to the 160 data points from the observational
sample, which corresponds to the first task. The red dots are the 1478 data points from the
interventional sample, except for the single data point for which A is intervened on, and
constitute the second task. The plot on Figure 9 (right) is constructed analogously for B.
We can indeed see that in the pooled sample from task 1 and 2, A and B are both strongly
correlated with target Y .
The key difference between both plots are the green points. On Figure 9 (left), the
green dot corresponds to the single intervention experiment in which gene A is intervened
on. Similarly, the green dot on Figure 9 (right) is the single point in which B is intervened
on. Our goal is to consider the DG setting in which the test task consists on this single
intervention point.
For the causal gene A, one expects that a change in the activity of A should translate
into a proportional change in the activity of Y . We observe that, in the particular example
of the left plot, a linear regression model from A to Y trained only on the pooled data
from tasks 1 and 2 (blue and red in Figure 9) would lead to a small prediction error on the
intervened point (in green). That is, S ∗ = {A} might be a good candidate for a set satisfying
Assumptions (A1), (A1’) and (A2). For the non-causal gene B, however, intervening on B
leaves the activity of Y unchanged, and the linear model learned on the data from tasks
1 and 2 performs badly on the test point in green. In such case, a candidate set is the
empty set S ∗ = {}, leading to prediction using the mean of the target in the training data.
A model which is aiming to test in these challenging intervention points should therefore
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Results Figure 10 shows box plots for the errors of the different methods for the causal
problems (1) on the top left and for the non-causal problems (2) in the top right. We do
not plot outliers in order to improve presentation. Figure 10 (top left) presents the causal

Setup We address the problem of predicting the activity of a given gene from the remaining genes. We are looking at the following:
• We consider p different problems. In each problem j ∈ {1, . . . , p}, we aim at predicting the activity Y = Xj of gene j using (X` )`6=j as features.
• In each problem j ∈ {1, . . . , p}, two training tasks k ∈ {1, 2} are available. The data
from the first task is the observational sample, and the data from the second task are
all the nint interventions (we shall subsequently remove some points for testing, see
below).
The goal is now to apply our method to each of the problems and estimate an invariant
subset. Due to the large number of predictors, we first select the 10 top predictor variables
using the Lasso and then apply Algorithm 1 to select a set of invariant predictors Ŝ, see
β ŜLasso in Table 2. We denote the indices of the features selected using Lasso by L =
(L1 , . . . , L10 ).
The procedure is then evaluated as follows: for each problem j ∈ {1, . . . , p}, we first find
the genes in (XL1 , . . . , XL10 ) for which an interventional example is available. Note that
this might not hold for all selected genes, since only nint < p interventions are available.
We then iterate the following procedure (this is within the context of the same problem):
for each gene in (XL1 , . . . , XL10 ) for which an intervention is available,
• we put aside the example corresponding to this intervention from the training data
(in the motivation example, this would correspond to the green point).
• we estimate an invariant subset Ŝ ⊆ L using Algorithm 1 with the remaining observational and interventional data.
• we test all methods on the single intervention point which was put aside.
We expect two different scenarios, as explained in the motivation paragraph above: (1) if
the intervened gene is a cause of the target gene, it should still be a good predictor (see
Section 2.3); then, it should be beneficial to have this gene included in the set of predictors
Ŝ. (2) if the intervened gene is anticausal or confounded (we refer to this scenario as
non-causal ), the statistical relation to the target gene might change dramatically after the
intervention and therefore, one may not want to base the prediction on this gene. In order
to see this effect and understand how the different approaches for DG in Table 2 handle the
problem, we consider two groups of experiments.
(1) we select the target genes Y for which one of the features in L is causal for the activity
of Y and for which an intervention experiment is available. 39 problems fall in this
causal scenario.
(2) out of the remaining problems we chose target genes with (non-causal) predictors that
have been intervened on and — in order to increase the difficulty of the problem —
that are strongly correlated with the target gene. We therefore select 269 cases for
which a Pearson correlation test (the null hypothesis corresponds to no correlation)
outputs a p-value equal to zero.

include causal genes as features, but exclude non-causal genes. In these experiments, we
aim at testing whether we can exclude non-causal genes such as B automatically.
Squared error on test genes (causal)
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160
140
120
100
80
60
40
20
0
0

β mean

10

β DICA

β CS(ŜLasso)
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For comparison, since we know which predictors are being intervened on at test time,
we included a method that makes use of causal knowledge: β CS(cau) uses all 10 predictors
in the causal problems (1) and all but the intervened gene in the non-causal problems (2).
In practice, this causal knowledge is often not available. We regard it as promising that the
fully automated procedure β CS(ŜLasso) performs comparably to β CS(cau) .

scenario. As expected, pooling does well in this setting. Figure 10 (bottom) shows that
in the non-causal problems (2), prediction using an invariant subset leads to less severe
mistakes on test genes compared to pooling the tasks.

Figure 10: In the causal problems (top left), interventions are performed on causal genes.
As expected, the input genes continue to be good predictors, and β CS works well. In the
non-causal problems (top right), one of the inputs is intervened upon and becomes a poor
predictor, impairing the performance of β CS . The mean predictor β mean uses none of the
predictors, and therefore works comparatively well in this scenario. Our proposed estimator
β CS(Ŝ) provides reasonable estimates in both the causal and non-causal settings, while other
methods only perform well in one of the scenarios. β DICA performs similarly to β mean in
both scenarios, and is therefore outperformed by other methods in the causal problems
(note that β DICA uses all available features). Bottom: in the non-causal scenario (2), we
plot the number of test genes for which the squared error for β CS is larger than τ times the
squared error for β CS(Ŝ) , and vice-versa, where τ is plotted on the x-axis. This plot shows
the number of genes for which one of the method does significantly worse than the other.
By this measure, β CS(ŜLasso) outperforms β CS for all values of τ .
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5. Conclusions and further directions
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We propose a method for transfer learning that is motivated by causal modeling and exploits
a set of invariant predictors. If the underlying causal structure is known and the tasks
correspond to interventions on variables other than the target variable, the causal parents
of the target variable constitute such a set of invariant predictors. We prove that predicting
using an invariant set is optimal in an adversarial setting in DG. If the invariant structure
is not known, we propose an algorithm that automatically detects an invariant subset,
while also focusing on good prediction. In practice, we see that our algorithm successfully
finds a set of predictors leading to invariant conditionals when enough training tasks are
available. Our method can incorporate additional data from the test task (MTL) and yields
good performance on synthetic data. Although an invariant set may not always exist, our
experiment on real data indicates that exploiting invariance leads to methods which are
robust against transfer.
As we saw in the DG and MTL experiments, β Ŝ does not always performs as well as β cau ,
which uses the ground truth. We believe that alternative methods for estimating the set Ŝ
may close this gap. Furthermore, extending our framework to nonlinearities seems straightforward and may prove to be useful in many applications. For instance, we provide a general,
nonlinear version of Theorem 1 in Appendix A. Moreover, Algorithms 1 and 2 are presented
in a linear setting. However, the extension to a nonlinear framework is straightforward. In
particular, the linear regression can be replaced by a nonlinear regression method. We
expect that there may be feature maps leading to invariant conditionals that are different
from a subset.
We expect our method to be favorable in (adversarial-like) situations with strong differences between the tasks, such as the gene experiment in Section 4.4. We also evaluated
our method on the School dataset (Bakker and Heskes, 2003), but found that we do not
do better than pooling the data (we also do not do worse, the results are not shown). We
believe this may be due to the fact that the difference between the tasks in this dataset are
not too large.
We believe, finally, that the link to causal assumptions and the exploitation of causal
structure may lend itself well to proving additional theoretical results on transfer learning.
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Appendix A.

In this Appendix, we provide proofs for the theoretical results in the paper, as well as an
extension of Theorem 1.

A.1 A nonlinear extension of Theorem 1

Rp →
R
x →
7
= E[Y 1 | XS1 ∗ = xS ∗ ].

(11)

The extension of Theorem 1 to a nonlinear setting is straightforward. Given a subset
S ∗ leading to invariant predictions, the proposed predictor is defined as the conditional
expectation
fS ∗ :

The following theorem states that fS ∗ is optimal over the set of continuous functions C 0 in
an adversarial setting.

f ∈C 0

PT ∈P

Theorem 4 Consider D tasks (X1 , Y 1 ) ∼ P1 ,. . ., (XD , Y D ) ∼ PD that satisfy Assumption (A1). Then the estimator fS ∗ in (11) satisfies
2
fS ∗ ∈ arg min sup E(XT ,Y T )∼PT Y T − f (XT ) ,

d

where P contains all distributions over (XT , Y T ) that are absolutely continuous with respect

to the same product measure µ and satisfy Y T | XST ∗ = Y 1 | XS1 ∗ .

Proof
Consider a function f that is possibly different from fS ∗ , see (11). For each distribution
Q ∈ P, we will now construct a distribution P ∈ P such that
Z
Z
(y − f (x))2 dP ≥ (y − fS ∗ (x))2 dQ .

xN

xN

xS ∗ ,y

Z

xS ∗ ,y
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(y − fS ∗ (xS ∗ ))2 p(xS ∗ , y) dxS ∗ dy p(xN ) dxN

(y − fS ∗ (xS ∗ ))2 q(xS ∗ , xN , y) dxS ∗ dy dxN
(y − fS ∗ (x))2 dQ.

x,y

Z

Z

Z

(y − f (x))2 dP
Z Z
(y − f (xS ∗ , x))2 p(xS ∗ , y) dxS ∗ dy p(xN ) dxN

In this proof, we assume that the probability distributions in P are absolutely continuous
with respect to Lebesgue measure. The extension to the case where they are absolutely
continuous with respect to a same product measure µ is straightforward. Let us therefore
assume that Q has a density (x, y) 7→ q(x, y). Define P to be the distribution that corresponds to p(x, y) := q(xS ∗ , y) · q(xN ), where xN contains all components of x that are not
in S ∗ . In the distribution P, the random vector XN is independent of (XS ∗ , Y ). But then
Z
=
≥
=
=

28

2 )α
αt diag(σX

2 .

D
2
1 X  k
Y − (βX )t X − βZ Z
=
E Y − (βX )t Xk − βZ Z k
D
k=1

βZ2  2
γ̄
γ̄
2
t
2
ση D + VY γ 2 + 2(βZ − 1)αt diag(σX
)βX + VY − 2 VY βZ ,
= βX diag(σX )βX +
D
D
D
(12)

2 

VY2 γ 2

+

Dση2

−

γ̄ 2 t
2
D α diag(σX )α

γ̄σ 2
and

βSCS
∗ = (1 −

γ̄ CS
β )α,
D Z

(13)
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CS = α − α γ β CS . This inequality holds true for any value of the variance
by replacing βX
D Z
Σ2 , and the pooled coefficient leads to larger error in expectation.

Denote by EPT (β S ) = σ 2 the expected loss when using the invariant conditional predictor
∗
β S = (α, 0). Then:



∗
Eγ T EPT (β CS ) ≥ Eγ T EPT (β S )

CS t
2
CS
2
CS
⇔ (βX
) diag(σX
)(βX
) + (βZCS )2 VY Σ2 + ση2 + VY − 2αt diag(σX
)βX
≥ σ2

CS 2
2
2
t
2
CS
CS t
2
CS
t
2
)α
⇔ (βZ ) VY Σ + ση ≥ 2α diag(σX )βX − (βX ) diag(σX )βX − α diag(σX
2

γ̄
CS 2 t
2
CS 2
2
2
⇔ (βZ ) VY Σ + ση ≥ − 2 (βZ ) α diag(σX )α,
(14)
D

Therefore, the expectation with respect to γ T is:


CS t
2
CS
2
CS
Eγ T EPT (β CS ) = (βX
) diag(σX
)βX
+ (βZCS )2 VY Σ2 + ση2 + VY − 2αt diag(σX
)βX

−

+

2
CS
2βZCS γ T αt diag(σX
)βX
+ VY
t
2
CS
2α diag(σX )βX − 2βZCS VY γ T .




CS t T
CS t
2
CS
EPT (β CS ) = E (Y T − (βX
) X − βZCS Z T )2 = βX
diag(σX
)βX
+ (βZCS )2 VY (γ T )2 + ση2

P
k
where γ 2 = k=1 (γ k )2 and γ = D
k=1 γ . Consider now an unseen test task with coefficient
T
γ . The expected loss on the test task using the pooled coefficients is:

PD

βZCS =

where VY =
+
By differentiating (12) with respect to β, we obtain the
following expression for the pooled coefficients:

E



We consider three variables and the following generative process: Y k = αt XkS ∗ + k , Z k =
γ k Y k +η k , where k ∼ N (0, σ 2 ), η k ∼ N (0, ση2 ) and (XkS ∗ )j ∼ N (0, (σX )2j ). In this model, γ k
is the parameter responsible for the difference between the tasks, while the other parameters
are shared between the tasks.
At training time, D tasks are available. We first aim to obtain an explicit formula for
CS
the linear regression coefficients β CS = (βSCS
∗ , βZ ) obtained from pooling all the training
tasks together. Denote by X, Y and Z the pooled training data. For fixed γ 1 , . . . , γ D , the
expected loss in the training data satisfies for coefficient β verifies:

A.2 Proof of Proposition 2
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ση
VY

.

(17)

(16)

S∗

R

pT (x

pk (y | xS ∗ )
.
k
N | y, xS ∗ )p (y | xS ∗ )dy

pk (y | xS ∗ )
k
N | y, xS ∗ )q (y | xS ∗ )dy
pT (x

q k (x
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We have used the fact that
N | y, x ) =
N | y, xS ∗ ), which follows from (18). Since
the last equality leads to a term which is equal in all tasks (indeed, Assumption (A1) ensures
that pk (y | xS ∗ ) is the same for all k ∈ {1, . . . , D, T }), we have the desired result.

q k (x

= pT (xN | y, xS ∗ ) R

R

= pT (xN | y, xS ∗ ) R

q k (y, xS ∗ )
q k (xS ∗ , xN )
q k (y | xS ∗ )
= pT (xN | y, xS ∗ ) k
q (xN | xS ∗ )
pk (y | xS ∗ )
= pT (xN | y, xS ∗ ) R k
q
(y, xN | xS ∗ )dy
R
q k (y | xS ∗ , xN ) = q k (xN | y, xS ∗ )

Second, we prove that the conditional q k (y | xS ∗ , xN ) is the same in all tasks. Indeed, by
applying Bayes’ rule:

R|N |

In the test task T , we trivially have q T = pT . First, it is easy to see that q k and pk have
the same marginal distribution over xS ∗ and y. Indeed:
Z
q k (xS ∗ , y) =
q k (xS ∗ , xN , y)dxN
|N |
ZR
=
pk (xS ∗ , y)pT (xN | xS ∗ , y)dxN
R|N |
Z
= pk (xS ∗ , y)
pT (xN | xS ∗ , y)dxN = pk (xS ∗ , y).
(18)

q k (xS ∗ , xN , y) := pk (xS ∗ , y)pT (xN | xS ∗ , y).

Proof For k ∈ {1, . . . , D, T }, let Qk be the probability distribution with density:

A.3 Proof of Proposition 3

Z

Then, if γ̄ 6= 0 (if γ̄ = 0, both estimators coincide):



∗
Eγ T EPT (β CS ) ≥ Eγ T EPT (β S ) ⇔ Σ2 ≥ P (µ),


2 )α
2
γ̄ CS  αt diag(σX
2
2 )α +
1− D
βZ
−
1
µ − VYγ̄D2 αt diag(σX
where P (µ) = −µ2 − β CS
VY

2
CS
2
CS
+ 2βZCS αt diag(σX
)βX
µ + VY − 2αt diag(σX
)βX
− 2βZCS VY µ. (15)

Consider now that the coefficients γ k are fixed and centered around a non-zero value µ.
Then the expectation with respect to γ T of the loss in the test task is the following:


CS t
2
CS
Eγ T EPT (β CS ) = (βX
) diag(σX
)βX
+ (βZCS )2 VY (Σ2 + µ2 ) + ση2
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Given a response vector Y ∈ Rn and matrix of associated predictors X = (X1 , . . . , Xp ) ∈
Rn×p , finding interactions is often of great interest as they may reveal important relationships and improve predictive power. When the number of variables p is large, fitting a model
involving interactions can involve serious computational challenges. The simplest form of

1. Introduction

When performing regression on a data set with p variables, it is often of interest to go
beyond using main linear effects and include interactions as products between individual
variables. For small-scale problems, these interactions can be computed explicitly but this
leads to a computational complexity of at least O(p2 ) if done naively. This cost can be
prohibitive if p is very large.
We introduce a new randomised algorithm that is able to discover interactions with
high probability and under mild conditions has a runtime that is subquadratic in p. We
show that strong interactions can be discovered in almost linear time, whilst finding weaker
interactions requires O(pα ) operations for 1 < α < 2 depending on their strength. The
underlying idea is to transform interaction search into a closest pair problem which can be
solved efficiently in subquadratic time. The algorithm is called xyz and is implemented in
the language R. We demonstrate its efficiency for application to genome-wide association
studies, where more than 1011 interactions can be screened in under 280 seconds with a
single-core 1.2 GHz CPU.
Keywords:
interactions, high-dimensional data, regression, computational tradeoffs,
close pairs

(3)

2
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Our work here is thus related to “closest pairs of points” algorithms in computational
geometry as well as an extensive literature on modelling interactions in statistics, both of
which we now review.

(d) We provide implementations of both the core xyz algorithm and its extension to the
Lasso in the R package xyz, which is available on github (Thanei, 2016) and CRAN.

(c) We show how any method for solving (1) can be used to fit regression models with
interactions (15) by building it into an algorithm for the Lasso (Tibshirani, 1996). The
use of xyz thus leads to a procedure for applying the Lasso to all main effects and
interactions with computational cost that scales subquadratically in p.

(b) We introduce the xyz algorithm to solve (3) based on randomly projecting each of the
columns in X and Z to a one-dimensional space. By exploiting the ability to sort the
resulting 2p points with O(p log(p)) computational cost, we achieve a run time that is
always subquadratic in p and can even reach a linear complexity O(np) when κ is much
larger than the quantity |YT (Xj ◦ Xk )|/n of the bulk of the pairs (j, k). We show that
our approach can be viewed as an example of locality sensitive hashing (Leskovec et al.,
2014) optimised for our specific problem.

for some κ0 . This connects the search for interactions to literature in computational
geometry on problems of finding closest pairs of points.

Keep all pairs (j, k) for which kXj − Zk k2 < κ0

(a) We first establish a form of equivalence between (1) and closest-pair problems (Shamos
and Hoey, 1975; Agarwal et al., 1991). Assume for now that all predictors and outcomes
are binary, so Xij , Yi ∈ {−1, 1} (we will later relax this assumption) and define Z ∈
{−1, 1}n×p as Zij = Yi Xij . Then it is straightforward to show that (1) is equivalent to

k=1 j=1

Editor: Jennifer Dy

j=1

This search is of complexity O(np2 ) in a naive implementation and quickly becomes infeasible for large p. Of course one would typically be interested in maximising (absolute values
of) correlations rather than dot products in (1), an optimisation problem that would be at
least as computationally intensive.
Even more challenging is the task of fitting a linear regression model involving pairwise
interactions:
p
p X
k−1
X
X
Yi = µ +
Xij βj +
Xij Xik θjk + εi .
(2)

(1)

Here µ ∈ R is the intercept and βj and θjk contain coefficients for main effects and interactions respectively, and εi is random noise.
In this paper, we make several contributions to the problem of searching for interactions
in high-dimensional settings.
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Keep all pairs (j, k) for which YT (Xj ◦ Xk )/n > κ.

interaction search consists of screening for pairs (j, k) with high inner product between the
outcome of interest Y and the point-wise product Xj ◦ Xk :
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1.1 Related work
A common approach to avoid the quadratic cost in p of searching over all pairs of variables (1) is to restrict the search space: one can first seek a small number of important
main effects, and then only consider interactions involving these discovered main effects.
More specifically, one could fit a main effects Lasso (Tibshirani, 1996) to the data first,
add interactions between selected main effects to the matrix of predictors, and then run
the Lasso once more on the augmented design matrix in order to produce the final model
(see Wu et al. (2010) for example). Tree-based methods such as CART (Breiman et al.,
1984) work in a similar fashion by aiming to identify an important main effect and then
only considering interactions involving this discovered effect.
However it is quite possible for the signal to be such that main effects corresponding
to important interactions are hard to detect. As a concrete example of this phenomenon,
consider the setting where X is generated randomly with all entries independent and having
the uniform distribution on {−1, 1}. Suppose the response is given by Yi = Xi1 Xi2 , so there
is no noise. Since the distribution Yi |Xij is the same for all k, main effects regressions would
find it challenging to select variables 1 and 2. Note that by reparametrising the model by
adding one to each entry of X for example, we obtain Yi = (Xi1 − 1)(Xi2 − 1) = 1 − Xi1 −
Xi2 + Xi1 Xi2 . The model now respects the so-called strong hierarchical principle (Bien
et al., 2013) that interactions are only present when their main effects are. The hierarchical
principle is useful to impose on any fitted model. However, imposing the principle on
the model does not imply that the interactions will easily be found by searching for main
effects first. The difficulty of the example problem is due to interaction effects masking
main effects: this is a property of the signal E(Yi ) and of course no reparametrisation can
make the main effects any easier to find. Approaches that increase the set of interactions
to be considered iteratively can help to tackle this sort of issue in practice (Bickel et al.,
2010; Hao and Zhang, 2014; Friedman, 1991; Shah, 2016) as can those that randomise the
search procedure (Breiman, 2001). However they cannot eliminate the problem of missing
interactions, nor do these approaches offer guarantees of how likely it is that they discover
an interaction.
As alluded to earlier, the pure interaction search problem (3) is related to close pairs
of points problems, and more specifically the close bichromatic pairs problem in computational geometry (Agarwal et al., 1991). Most research in this area has focused on algorithms
that lead to computationally optimal results in the number of points p whilst considering
the dimension n to be constant. This has resulted in algorithms where the scaling of the
computational complexity with n is at least of order 2n (Shamos and Hoey, 1975). Since
for meaningful statistical results one would typically require n  log(p), these approaches
would not lead to subquadratic complexity. An exception is the so-called lightbulb algorithm (Paturi et al., 1989) which employs a similar strategy for binary data; our work here
shows that this is optimal among random projection-based methods and also that it may
be modified to handle continuous data and also detect interactions in high-dimensional
regression settings.
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In the special case where n = p and Zij , Xij ∈ {−1, 1}, (3) may be seen to be equivalent
to searching for large magnitude entries in the product of square matrices X and ZT . This
latter problem is amenable to fast matrix multiplication algorithms, which in theory can
3

Thanei, Meinshausen and Shah

deliver a subquadratic complexity of roughly O(p2.4 ) = O(np1.4 ) (Williams, 2012; Davie
and Stothers, 2013; Le Gall, 2012). However the constants hidden in the order notation are
typically very large, and practical implementations are unavailable. The Strassen algorithm
(Strassen, 1969) is the only fast matrix multiplication algorithm used regularly in practice
to the best of our knowledge. With a complexity of roughly O(p2.8 ) = O(np1.8 ), the
improvement over a brute force close pairs search is only slight.
The strategy we use is most closely related to locality sensitive hashing (LSH) (Indyk
and Motwani, 1998) which encompasses a family of hashing procedures such that similar
points are mapped to the same bucket with high probability. A close pair search can then
be conducted by searching among pairs mapped to the same bucket. In fact, our approach
for solving (3) can be thought of as an example of LSH optimised for our particular problem
setting. This connection is detailed in Appendix B.
A seemingly attractive alternative to the subsampling-based LSH-strategy we employ is
the method of random projections which is motivated by the theoretical guarantees offered
by the Johnson–Lindenstrauss Lemma (Achlioptas, 2003). Perhaps surprisingly, we can
show that using random projections instead of our subsampling-based scheme leads to a
quadratic run time for interaction search (see Theorem 1 and section 5.1).
An approach that bears some similarity with our procedure is that of epiq (Arkin et al.,
2014). This works by projecting the data and then searches through a lower dimensional
representation for close pairs. This appears to improve upon a naive brute force empirically
but there are no proven guarantees that the run time improves on the O(np2 ) complexity
of a naive search.
The Random Intersection Trees algorithm of Shah and Meinshausen (2014) searches for
potentially deeper interactions in data with both X and Y binary. In certain cases with
strong interactions a complexity close to linear in p is achieved; however it is not clear how
to generalise the approach to continuous data or embed it within a regression procedure.
The idea of Kong et al. (2016) is to first transform the data by forming Ỹ = Y ◦ Y
and X̃j = Xj ◦ Xj for each predictor. Next X̃j and Ỹ are tested for independence using
the distance correlation test. In certain settings, this can reveal important interactions
with a computational cost linear in p. However, the powers of these tests depend on the
distributions of the transformed variables X̃j . For example in the binary case when X ∈
{−1, 1}n×p , each transformed variable will be a vector of 1’s and the independence tests
will be unhelpful. We will see that our proposed approach works particularly well in this
setting.
1.2 Organisation of the paper
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In Section 2 we consider the case where both the response Y and the predictors X are
binary. We first demonstrate how (15) may be converted to a form of closest pair of
points problem. We then introduce a general version of the xyz algorithm which solves
this based on random projections. As we show in Section 2.1 there is a particular random
projection distribution that is optimal for our purposes. This leads to our final version
of the xyz algorithm which we present in Section 2.3 along with an analysis of its run
time and probabilistic guarantees that it recovers important interactions. In Section 3 we
extend the xyz algorithm to continuous data. These ideas are then used in Section 4 to

4

n

i=1

1X
1{Yi =Xij Xik } .
n
(4)

(5)

5
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Thus those pairs (j, k) with YT (Xj ◦ Xk )/n large will have γjk large, and kZj − Xk k22
small. This equivalence suggests that to solve (1), we can search for pairs (j, k) of columns
Zj , Xk that are close in `2 distance. At first sight, this new problem would also appear
to involve a search across all pairs, and would thus incur an O(np2 ) cost. As mentioned
in the introduction, close pair searches that avoid a quadratic cost in p incur typically an
exponential cost in n. Since n would typically be much larger than log(p), such searches
would be computationally infeasible.
We can however project each of the n-dimensional columns of X and Z to a lower dimensional space and then perform a close pairs search. The Johnson–Lindenstrauss Lemma,
which states roughly that one can project p points into a space of dimension O(log(p))
and faithfully preserve distances, may appear particularly relevant here. The issue is that
the projected dimension suggested by the Johnson–Lindenstrauss Lemma is still too large
to allow for an efficient close pairs search. The following observation however gives some
encouragement: if we had Y = Xj ◦ Xk so Xj = Zk , even a one-dimensional projection
R ∈ Rn will have |RT (Xj − Zk )| = 0 = kXj − Zk k2 , which implies that a perfect interaction
will have zero distance in the projected space. We will later see that our approach leads to
a linear run time in such a case. Importantly, we are only interested in using a projection
that preserves the distances between the close pairs rather than all pairs, which makes our
problem very different to the setting considered in the Johnson–Lindenstrauss Lemma.
With this in mind, consider the following general strategy. First project the columns
of X and Z to one-dimensional vectors x and z using a random projection R: x = XT R,
z = ZT R. Next for some threshold τ , collect all pairs (j, k) such that |xj − zk | ≤ τ in
the set E. By first sorting x and z, a step requiring only O(p log(p)) computations (see

2γjk − 1 = YT (Xj ◦ Xk )/n = ZTj Xk /n = 1 − kZj − Xk k22 /(2n).

We call γjk the interaction strength of the pair (j, k). It is easy to see that the interaction
search problem (1) can be expressed in terms of either the γjk or the normalised squared
distances. Indeed

γjk =

In this section, we present a version of the xyz algorithm applicable in the special case where
both X and Y are binary, so Xij ∈ {−1, 1} and Yi ∈ {−1, 1}. We build up to the algorithm
in stages, giving the final version in Section 2.2.
Define Z ∈ {−1, 1}n×p by Zij = Yi Xij and

m=1

M
X

Dm 1{im =i} ,

i = 1, . . . , n.

(6)

6

(iv) γ ∈ (0, 1), the interaction strength threshold.

(iii) τ ≥ 0, the close pairs threshold;

(ii) L ∈ N, the number of projection steps;
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(i) G, a distribution for the projection vector R which is determined through (6) by F ∈ F,
a distribution for the subsample size M and whether sampling is with replacement or
not;

Each configuration of the xyz algorithm is characterised by fixing the following parameters:

Ri =

There are several parameters that must be selected, and a key choice to be made is the
form of the random projection R. For the joint distribution G of R we consider the following
general class of distributions, which includes both dense and sparse projections. We sample
a random or deterministic number M of indices from the set {1, . . . , n}, i1 , . . . , iM , either
with or without replacement. Then, given a distribution F ∈ F where F is a class of
distributions to be specified later, we form a vector D ∈ RM with independent components
each distributed according to F . We then define the random projection vector R by

5:

4:

Collect in El all pairs (j, k) such that |xj − zk | ≤ τ .
Add to I those (j, k) ∈ El for which γjk ≥ γ.
6: end for

Input: X ∈ {−1, 1}n×p , Y ∈ {−1, 1}n
Parameters: ξ = (G, L, τ, γ). Here G is the joint distribution for the projection vector
R, L is the number of projections, and τ and γ are the thresholds for close pairs and
interactions strength respectively.
Output: I set of strong interactions.
1: Form Z via Zij = Yi Xij and set I := ∅.
2: for l ∈ {1, . . . , L} do
3:
Draw random vector R ∈ Rn with distribution G and project the data using R, to
form
x = XT R and z = ZT R.

Algorithm 1 A general form of the xyz algorithm.

for example Sedgewick (1998)), this close pairs search can be shown to be very efficient.
Given this set of candidate interactions, we can check for each (j, k) ∈ E whether we have
γjk ≥ γ. The process can be repeated L times with different random projections, and one
would hope that given enough repetitions, any given strong interaction would be present in
one of the candidate sets E1 , . . . , EL with high probability. This approach is summarised
in Algorithm 1 which we term the general form of the xyz algorithm. A schematic overview
is given in Figure 1.

demonstrate how the xyz algorithm can be embedded within common algorithms for highdimensional regression (Friedman et al., 2010) allowing high-dimensional regression models
with interactions to be fitted with subquadratic complexity in p. Section 5 contains a variety
of numerical experiments on real and simulated data that complement our theoretical results
and demonstrate the effectiveness of our proposal in practice. We conclude with a brief
discussion in Section 6 and all proofs are collected in the Appendix.

2. The xyz algorithm for binary data
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We will denote the collection of all possible parameter levels by Ξ. This includes the
following subclasses of interest. Fix F ∈ F.
(a) Dense projections. Let R ∈ Rn have independent components distributed according
to F and denote the distribution of R by G. This falls within our general framework
above with M set to n and sampling without replacement. Let
Ξdense := {ξ ∈ Ξ with joint distribution equal to G}.
(b) Subsampling. Let Gsubsample be the set of distributions for R obtained through (6)
when subsampling with replacement. Let
Ξsubsample := {ξ ∈ Ξ : joint distribution G ∈ Gsubsample }.
(c) Minimal subsampling. Let Ξminimal be the set of all parameters in Ξsubsample such
that the close pairs threshold is τ = 0 and M takes randomly values in the set {m, m+1}
for some positive integer m.
Ξminimal := {ξ ∈ Ξsubsample with τ = 0 and M ∈ {m, m + 1} for some m ∈ N}.
Note that we have suppressed the dependence of the classes above on the fixed distribution
F ∈ F for notational simplicity. We define F to be the set of all univariate absolutely
continuous and symmetric distributions with bounded density and finite third moment.
The restriction to continuous distributions in F ensures that Ξminimal is invariant to the
choice of F : when τ ≡ 0, every F ∈ F with L ∈ N and the distribution for M fixed yields
the same algorithm. Moreover the set of close pairs in Cl is simply the set of pairs (j, k)
that have Xim j = Zim k for all m = 1, . . . , M , that is the set of pairs that are equal on the
subsampled rows. We note that the symmetry and boundedness of the densities in F and
finiteness of the third moment are mainly technical conditions necessary for the theoretical
developments in the following section. We will assume without loss of generality that the
second moment is equal to 1. This condition places no additional restriction on Ξ since a
different second moment may be absorbed into the choice of τ .
Minimal subsampling represents a very small subset of the much larger class of randomised algorithms outlined above. However, Theorem 1 below shows that minimal subsampling is essentially always at least as good as any algorithm from the wider class, which
is perhaps surprising. A beneficial consequence of this result is that we only need to search
for the optimal ways of selecting M and L; the threshold τ is fixed at τ = 0 and the choice
of the continuous distribution F is inconsequential for minimal subsampling. The choices
we give in Section 2.2 yield a subquadratic run time that approaches linear in p when the
interactions to be discovered are much stronger than the bulk of the remaining interactions.
2.1 Optimality of minimal subsampling
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In this section, we compare the run time of the algorithms in ξ ∈ Ξdense , Ξsubsample and
Ξminimal that return strong interactions with high probability. Let (j ∗ , k ∗ ) be the indices of
7
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b)

c)

Figure 1: Illustration of the general xyz algorithm. The strongest interaction is the pair
(1, 2) and p = 4. Panel a) illustrates the interaction search among Y and Xj ◦ Xk , panel b)
shows the closest pair problem after the transformation Zij = Xij Yi and panel c) depicts
the closest pair problem after the data has been projected. These are the three main steps
in the xyz algorithm.

(n)

Ξdense (η) = {ξ ∈ Ξdense : Power(ξ) ≥ η},

Power(ξ) := Pξ ((j ∗ , k ∗ ) ∈ I).

a strongest interaction pair, that is γj ∗ k∗ = maxj,k∈{1,...,p} γjk . We will consider algorithms
ξ with γ set to γj ∗ k∗ . Define the power of ξ ∈ Ξ as

For η ∈ (0, 1), let

(n)

and define Ξsubsample (η) and Ξminimal (η) analogously. Note that these classes depend on the
underlying F ∈ F, which is considered to be fixed, and moreover that we are fixing γ = γj ∗ k∗ .
We consider an asymptotic regime where we have a sequence of response–predictor matrix
(n)
pairs (Y(n) , X(n) ) ∈ Rn ×Rn×pn . Write γjk for the corresponding interaction strengths, and

(n)

(n)

let γ1 = maxj,k γjk . Let fγ (n) be the probability mass function corresponding to drawing
an element of γ (n) uniformly at random. Note that fγ (n) has domain {0, 1/n, 2/n, . . . , 1}.
We make the following assumptions about the sequence of interaction strength matrices
γ (n) .

(n)

≥ γl for all n.

(A1) There exists c0 such that |{(j, k) : γjk = γ1 }| ≤ c0 pn .

(n)

(A2) There exists γl > 0, γu < 1 such that γu ≥ γ1

(n)

(A3) There exists ρ < 1 such that fγ (n) is non-increasing on [ργ1 , γ1 ) ∩ {0, 1/n, . . . , 1}.
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Assumption (A1) is rather weak: typically one would expect the maximal strength interaction to be essentially unique, while (A1) requires that at most of order pn interactions have
maximal strength. (A2) requires the maximal interaction strength to be bounded away
from 0 and 1, which is the region where complexity results for the search of interactions
are of interest. As mentioned earlier, if the maximal interaction strength is 1, it will always
be retained in the close-pair sets Cl , whilst if its strength is too close to 0, then it is near
impossible to distinguish it from the remaining interactions. (A3) ensures a certain form of
separation between maximal strength interactions and the bulk of the interactions.

8

T (ξ) =

inf

ξ∈Ξdense (η)

T (ξ)
> c.
np2

T (ξ),

(9)

(8)

(7)

9
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are using a simplified version of the minimal subsampling proposal given in the previous
section where we keep M fixed rather than allowing it to be random. The reason is that the
potential additional gain from allowing M to be any one of two consecutive numbers with
certain probabilities is minimal but necessary for Theorem 1 and so the simpler approach
is preferable. We note that the uniform distribution in line 3 may be replaced with any
continuous distribution to yield identical results.

6:

5:

4:

3:

2:

1:

Input: X ∈ {−1, 1}n×p , Y ∈ {−1, 1}n , subsample size M , number of projections L,
threshold for interaction strength γ.
Output: I set of strong interactions.
Form Z via Zij = Yi Xij .
for l ∈ {1, . . . , L} do
Form R ∈ Rn as in (6) with distribution F = U [0, 1] and set x = XT R, z = ZT R.
Find all pairs (j, k) such that xj = zk and store these in El .
Add to I those pairs in El for which γjk ≥ γ.
end for

Algorithm 2 Final version of the xyz algorithm.

The optimality properties of minimal subsampling presented in the previous section suggest
the approach set out in Algorithm 2, which we will refer to as the xyz algorithm. Here we

2.2 The final version of xyz

The theorem shows that the optimal run time is achieved when using minimal subsampling. The last point is surprising: setting R ∼ N (0, I), for example, will not improve the
computational complexity over the brute-force approach and dense Gaussian projections
hence do not reduce the complexity of the search. This is not caused by the larger computational effort involved in computing the dense projections: indeed even if these could
be computed for free this result would remain. Rather the cost stems from the fact that
dense projections have a much lower power for detecting true close pairs in the projected
one-dimensional space.

and there exists c > 0 such that

inf

inf

ξ∈Ξsubsample (η)

T (ξ)
→ 0,
ξ∈Ξminimal (η) np2

ξ∈Ξminimal (η)

inf

Theorem 1 Given F ∈ F and η ∈ (0, 1), there exists n0 such that for all n ≥ n0 we have

To aid readability, in the following we suppress the dependence of quantities on n in the
notation. Given X and Y, we may define T (ξ) as the expected number of computational
operations performed by the algorithm corresponding to ξ. We have the following result.
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(ii)

(iii)

(iv)

(10)

10

η(M, L) = 1 − (1 − γ M )L .
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(11)

The terms may be explained as follows: (i) construction of Z; (ii) multiplying M subsampled
rows of X and Z by R ∈ Rn ; (iii) finding the equal pairs; (iv) checking whether the
interactions exceed the interaction strength threshold γ. Note we have omitted a constant
factor from the upper bound C(M, L). There is a lower bound only differing from (10)
in the equal pairs search term (iii), which is p instead of p log(p). It will be shown that
(iv) is the dominating term and therefore the upper and lower bound are asymptotically
equivalent, implying the bounds are tight.
An interaction with strength γ is retained in E1 with probability γ M . Hence it is present
in the final set of interactions I with probability

(i)

C(M, L) := np + L{M p + p log(p) + nEξ (|E1 |)}.

We have the following upper bound on the expected number of computational operations
performed by xyz (Algorithm 2) when the subsample size and number of repetitions are M
and L:

2.3 Computational and statistical properties of xyz

To perform the equal pairs search in line 4, we sort the concatenation (x, z) ∈ R2p to
determine the unique elements of {x1 , . . . , xp , z1 , . . . , zp }. At each of these locations, we
can check if there are components from both x and z lying there, and if so record their
indices. This procedure, which is illustrated in Figure 2, gives us the set of equal pairs E
in the form of a union of Cartesian products. The computational cost is O(p log(p)). This
complexity is driven by the cost of sorting whilst the recording of indices is linear in p. We
note, however, that looping through the set of equal pairs in order to output a list of close
pairs of the form (j1 , k1 ), . . . , (j|E| , k|E| ) would incur an additional cost of the size of E,
though in typical usage we would have |E| = o(p). Readers familiar with locality sensitive
hashing (LSH) can find a short interpretation of equal pairs search as an LSH-family in the
appendix. In the next section, we discuss in detail the impact of minimal subsampling on
the complexity of the xyz algorithm and the discovery probability it attains.

Figure 2: Illustration of an equal pairs search among components of x, z ∈ Rp when p = 9.
The horizontal locations of blue and green circles numbered j give xj and zj respectively.
Sorting of (x, z) allows traversal of the unique locations. At each of these it is checked
whether points of both colours are present, and if so, the indices are recorded. Here the set
of equal pairs ({3} × {4, 6}) ∪ ({5} × {2}) ∪ ({7, 9} × {1, 5}) would be returned.
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j,k

The following result demonstrates how the xyz algorithm can be used to find interactions
whilst incurring only a subquadratic computational cost.

−

=

=

i=1

n
X

i=1

X

i:sgn(Yi )=Xij Xik

12

Yi Xij Xik =: γ̃jk ,
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where P here is with respect to the randomness of R (and, equivalently, the random indices
i1 , . . . , iM ) with Y and X considered fixed. The calculation above shows that the run time

=

|Yi |1{Xij =sgn(Yi )Xik }

= P(Xi1 j = sgn(Yi1 )Xi1 k )
as the is are i.i.d.
n
X
P(Xi1 j = sgn(Yi1 )Xi1 k |i1 = i)P(i1 = i)

{P(RT Xj = RT Zk )}1/M = P (Xis j = sgn(Yis )Xis k for all s = 1, . . . , M )

We begin by considering the setting where X ∈ {−1, 1}n×p , but where we now allow realvalued Y ∈ Rn . Without loss of generality, we will assume kYk1 = 1. The approach we
take is motivated by the observation that the inner product YT (Xj ◦Xk ) can be interpreted
as a weighted inner product of Xj ◦ Xk with the sign pattern of Y, using weights wi = |Yi |.
With this in mind, we modify xyz in the following way. We set Z to be Zij = sgn(Yi )Xij .
Let i1 , . . . , iM ∈ {1, . . . , n} be i.i.d. such that P(is = i) = wi . Forming the projection vector
R using (6), we then find the probability of (j, k) being in the equal pairs set may be
computed as follows.

3.1 Continuous Y and binary X

In the previous section we demonstrated how the xyz algorithm can be used to efficiently
solve the simplest form of interaction search (1) when both X and Y are binary. In this
section we show how small modifications to the basic algorithm can allow it to do the same
when Y is continuous, and also when X is continuous. We discuss the regression setting in
Section 4.

3. Interaction search on continuous data

Thus there is a unique Pareto optimal M . Although the definition of M ∗ involves the
moments of FΓ , this can be estimated by sampling from {γjk }. We can then numerically
optimise a plugin version of the objective to arrive at an approximately optimal M .

Proposition 3 Let L ∈ N. If (M 0 , L0 ) ∈ N2 has η(M 0 , L0 ) ≥ η(M ∗ , L), then also C(M 0 , L0 ) ≥
C(M ∗ , L) with the final inequality being strict if M 0 6= M ∗ and M ∗ is a unique minimiser.

where it is implicitly assumed that the minimiser is unique. This will always be the case
except for peculiar values of γ.

M ∈N

M ∗ = arg min

that there is in fact an optimal choice of M such that the parameter choice is not dominated
by any others in this fashion. Define



X
1
M
,
(13)
M p + p log(p) + n
γjk
log(1 − γ M )

Theorem 2 Let FΓ be the distribution function corresponding to a random draw from the
set of interaction strengths {γjk }j,k∈{1,...,p} . Given an interaction strength threshold γ, let
1−FΓ (γ) = c1 /p. Define γ0 = p−1/M and let c2 be defined by 1−FΓ (γ0 ) = c2 plog(γ)/ log(γ0 )−1 .
We assume that γ0 < γ. Finally given a discovery threshold η 0 ∈ [1/2, 1) let L be the minimal
L0 such that η(M, L0 ) ≥ η 0 . Ignoring constant factors we have
C(M, L) ≤ log{1/(1 − η 0 )}(1 + c1 + c2 )[{1 + 1/ log(γ0−1 )} log(p) + n]p1+log(γ)/ log(γ0 ) .

(12)

If n  log(p) and γ0 is bounded away from 1 we see that the dominant term in the above
is
cnp1+log(γ)/ log(γ0 ) ,
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where c = log{1/(1 − η 0 )}(1 + c1 + c2 ). Typically we would expect γ to be such that
|{γjk : γjk > γ}| ∼ p as only the largest interactions would be of interest: thus we may think
of c1 as relatively small. If M is such that γ0 is also larger than the bulk of the interactions,
we would also expect c2 to be small. Indeed, suppose that the proportion of interactions
whose strengths are larger than γ0 is 1 − FΓ (γ0 ) = c10 /p. Then c2 = c10 /plog(γ)/ log(γ0 ) < c10 .
As a concrete example, if γ = 0.9 and M is such that γ0 = 0.55, the exponent in (12)
is around 1.17, which is significantly smaller than the exponent of 2 that a brute-force
approach would incur; see also the examples in Section 5. Note also that when γ = 1, the
exponent is 1 for all γ0 < 1: if we are only interested in interactions whose strength is as
large as possible, we have a run time that is linear in p.
It is interesting to compare our results here with the run times of approaches based on
fast matrix multiplication. By computing XT Z we may solve the interaction search problem
(1). Naive matrix multiplication would require O(np2 ) operations, but there are faster
alternatives when n = p. The fastest known algorithm (Williams, 2012) gives a theoretical
run time of O(np1.37 ) when n = p. For xyz to achieve such a run time when γ0 = 0.55 for
example, the target interaction strength would have to be γ ≥ 0.81: a somewhat moderate
interaction strength. For γ > 0.81, xyz is strictly better; we also note that fast matrix
multiplication algorithms tend to be unstable or lack a known implementation and are
therefore rarely used in practice. A further advantage is that the xyz algorithm has an
optimal memory usage of O(np).
We also note that whilst Theorem 2 concerns the the discovery of any single interaction
with strength at least γ, the run time required to discover a fixed number interactions with
strength at least γ would only differ by a multiplicative constant. If we however want a
guarantee of discovering the p strongest pairs the bound in Theorem 2 would no longer
hold.
To minimise the run time in (12), we would like γ0 to be larger than most of the
interactions in order that c2 and hence c be small, yet a smaller γ0 yields a more favourable
exponent. Thus a careful choice of M , on which γ0 depends, is required for xyz to enjoy
good performance. In the following we show that an optimal choice of M exists, and we
discuss how this M may be estimated based on the data.
Clearly if for some pair (M, L), we find another pair (M 0 , L0 ) with η(M 0 , L0 ) > η(M, L)
but C(M 0 , L0 ) ≤ C(M, L), we should always use (M 0 , L0 ) rather than (M, L). It turns out
11

5
0.67

Yi = Xij ∗ Xik∗ + εi ,

i = 1, . . . , n,

(15)

i=1

n
1
1 X
+
Yi (1 − 2g(Xij ))(1 − 2g(Xik )).
2 2kYk1

(14)

g
γjk
=

1
1
+
2 2kYk1

i=1

n
X

13
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Yi (1 − 2g(Xij ))(1 − 2g(Xik )).

Thus we may define a continuous analogue of the interaction strength γjk based on the
transform given by g as

P(sgn(Yis ) = X̃is j X̃is k ) =

Proposition 4 Given the transform P(X̃ij = 1) = g(Xij ) and sampling an index is according to P(is = i) = Yi /kYk1 , then the probability of a match is

where the transformation is always applied independently for each entry of the predictor
matrix and for each subsample.
The following gives the probability of Yi agreeing in sign with X̃ij X̃ik when i is sampled
with probability proportional to |Yi |.

P(X̃ij = 1) = g(Xij ) and 1 − P(X̃ij = −1) = 1 − g(Xij ),

(16)

i=1

n
1 X
1
Yi Xij Xik .
+
2 2kYk1

14
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We consider an asymptotic regime where p = pn may diverge as n tends to infinity, though
we suppress this in the notation. We introduce the following assumptions.

2
E(|Xij ∗ Xik∗ |) = m1 , E(Xij2 ∗ Xik
∗ ) = m2 and E(|εi |) = mε .

g
γjk

P
Proposition 6 shows that
is a monotone function of the inner product ni=1 Yi Xij Xik .
We remark that if the entries of X do not lie in [−1, 1], we may divide each entry in
the ith row by νi := maxj |Xij |, and multiply Yi by νi2 , for each i. Proposition 6 will
then hold for the scaled versions of Y and X. In order to describe the performance of
the unbiased transform when applied to data generated by the model (15), we define the
following quantities:

g
P(sgn(Yis ) = X̃is j X̃is k ) = γjk
=

Proposition 6 Let Xij ∈ [−1, 1]. If its transformed version X̃ij satisfies (16), then g takes
the form
Xij + 1
P(X̃ij = 1) = g(Xij ) =
.
2
Furthermore the interaction strength in (14) is given by

It turns out that this requirement uniquely defines the transform, which we refer to as the
unbiased transform.

E(X̃ij ) = Xij .

A natural choice for the transform g is one that satisfies the unbiasedness requirement:

2
0.76

The unbiased transform

1
0.84

The previous section demonstrated how resampling with non-uniform weights transforms a
setup with continuous Y into one with binary response. If both X and Y are continuous, we
continue to use the previous strategy to deal with the continuous response. For the matrix
X with continuous predictor values we cannot use weighted resampling as the weights
would depend on the interaction pair of interest. In the following we examine the effects of
transformations of X to a binary data matrix X̃. To allow for randomized mappings, we
define the transformations via a function g : R 7→ [0, 1] as

0.5
0.92

3.2 Continuous Y and continuous X

0.25
0.98

where the εi are independent and have identical sub-exponential distributions symmetric
about 0 and the rows of X are i.i.d. We now introduce two practically useful choices of g
and study their properties in the context of model (15).

0.1
0.99

The expected computational costs depends critically on the distribution of the interaction
strengths FΓg . To gain a better understanding of what impact different transformations
have on this distribution and subsequently on run time we will study the following simple
model for (Y, X) ∈ Rn × Rn×p :

C(M, L) ≤ log{1/(1 − η 0 )}(1 + c1 + c2 )[{1 + 1/ log(γ0−1 )} log(p) + n]p1+log(γ)/ log(γ0 ) .

Using Theorem 2 and the above table we can estimate the computational complexity needed
to discover the pair (1, 2) given a value of σ 2 .

σ2
γ̃12

γ̃12 = P(sgn(Yi1 ) = Xi1 1 Xi1 2 ) = P(sgn(Xi1 1 Xi1 2 + εi ) = Xi1 1 Xi1 2 )
1
1
= P(|εi | < 1) + P(|εi | > 1) = (1 + P(|εi | < 1)).
2
2
Note that here that probability is over the randomness in the noise εi . A quick simulation
gives the following table:

with εi ∼ N (0, σ 2 ) and X generated randomly having each entry drawn independently from
{−1, 1} each with probability 1/2. Then for a non-interacting pair j 6= 1, 2 or k 6= 1, 2, we
have γ̃jk ≈ 0.5. For the pair (1, 2) we calculate an interaction strength of

Corollary 5 Let FΓg be the distribution function corresponding to a random draw from the
g
set of interaction strengths {γjk
}j,k∈{1,...,p} . Given an interaction strength threshold γ, let
1−FΓg (γ) = c1 /p. Define γ0 = p−1/M and let c2 be defined by 1−FΓ (γ0 ) = c2 plog(γ)/ log(γ0 )−1 .
We assume that γ0 < γ. Finally given a discovery threshold η 0 ∈ [1/2, 1) let L be the minimal
L0 such that η(M, L0 ) ≥ η 0 . Ignoring constant factors we have

These quantities may be substituted into Theorem 2 to yield the following upper bound on
expected run time when using xyz on transformed data.

bound of Theorem 2 continues to hold in the setting with continuous Y provided we replace
the interaction strengths γjk with their continuous analogues γ̃jk .
As a simple example, consider the model

Yi = Xi1 Xi2 + εi ,
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(B1) m2 (ru −1) ≤ E(Xij ∗ Xik∗ Xij Xik ) ≤ m2 (1−ru ), for ru ∈ (0, 1) and ∀ j, k ∈ {1, . . . , p}2 .
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(B2) The noise level satisfies the bound
1
m
>1+
.
1 − ru
m1

2kYk1

Pn
i=1 Yi Xij ∗ Xik∗
=

kYk22
1
+
2 2kYk1

=

n→∞

13
.
18

(C2) The noise level satisfies

(C3) Let p be such that

unbiased transform:

sign transform:

log(1/2 + m2 /2(m1 + mε ))
log(1/2 + m2 (1 − ru )/2m1 )

log(1/2 + m1 /2(m1 + mε ))
.
log(1/2 + (1 − rs )/2)

16
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W = (X1 ◦ X1 , X1 ◦ X2 , · · · , X1 ◦ Xp , X2 ◦ X2 , X2 ◦ X3 , · · · , Xp ◦ Xp ).

Thus far we have only considered the simple version of the interaction search problem (1)
involving finding pairs of variables whose interaction has a large dot product with Y. In
this section we show how any solution to this, and in particular the xyz algorithm, may be
used to fit the Lasso (Tibshirani, 1996) to all main effects and pairwise interactions in an
efficient fashion.
Given a response Y ∈ Rn and a matrix of predictors X ∈ Rn×p , let W ∈ Rn×p(p+1)/2
be the matrix of interactions defined by

4. Application to Lasso regression

For bounded data X ∈ [−1, 1]n×p and when mε  m1 , we have m1 /2(m1 + mε ) ≈ 1/2 so
that αs = 1 whereas αu > 1. Hence in case of a strong signal the sign transform can give a
smaller run time than the unbiased transform.

αs = 1 +

αu = 1 +

Both transforms yield a run time of the form oP (npα ). Comparing the exponents α we have:

for any δ > 0. Here P is with respect to the randomness in X and ε.

Theorem 8 Suppose that each entry of X has a mean-zero subexponential distribution.
Further assume (C1)–(C3). When M and L are as in Corollary 5 and the sign transform
is used, we have

log(1/2+m1 /2(m1 +mε )) 
1+δ+
log(1−rs )
C(M, L) = oP np

log(p)5 n→∞
→ 0.
n

1
m
>1+
.
1 − rs
m1

(C1) rs /2 ≤ P(Xij < 0|Xik , Xij ∗ , Xik∗ ) ≤ 1 − rs /2, for rs ∈ (0, 1) and ∀ j, k ∈ {1, ..., p}2 .

The sign transform recovers the close to linear run time achieved in the binary case when a
interaction is perfect as now if Yi = Xij ∗ Xik∗ , we have γjg∗ k∗ = 1. Also the sign transform is
not adversely affected by the presence of outlying entries in X, and for our theory we can
relax the assumption that the entries of X are in [−1, 1] to here only requiring that they
have a subexponential distribution. To facilitate comparison with the unbiased transform,
we impose assumptions analogous to (B1)–(B3):

(B3) Let p be such that be such that
log(n) log(p) n→∞
→ 0.
n
(B1) ensures non-interactions are not too strongly correlated to the actual interaction pair
(j ∗ , k ∗ ). Note that (B3) allows for high-dimensional settings with p  n.
Theorem 7 Assume all entries of X have mean zero and lie in [−1, 1] almost surely.
Further assume (B1)–(B3) hold. When M and L are as in Corollary 5 and the unbiased
transform is used, we have

log(1/2+m /2(m +m )) 
1+δ+ log(1/2+m 2(1−r 1)/2mε )
u
2
1
C(M, L) = oP np
for any δ > 0. Here P is with respect to the randomness in X and ε.

iid

Though the run time above can often improve significantly on the worst-case quadratic run
time, observe that unlike in the binary case, if there is no noise and Yi = Xij ∗ Xik∗ , we do not

1
+
2

necessarily have a run time close to linear in p. For example, when Xij ∼ Uniform(−1, 1),
the interaction strength of the true interaction can be shown to equal to
γjg∗ k∗ =

Substituting this into the run time given by Theorem 2, this would result in an expected
complexity of roughly O(np1.47 ); this is still substantially smaller than a quadratic run time,
but raises the question as to whether such a loss in speed is avoidable.
Additionally, if X has several outlying entries, normalising the design matrix by scaling
by the row-wise maximums can shrink γjg∗ k∗ towards 1/2. To limit the impact of this
normalisation, we can first cap the entries of X so their absolute value is bounded by
some c > 0. Though the resulting interaction strength will not have the form given in
Proposition 6, it may better discriminate between interactions of interest and noise.
Capping with c = 1 is closely related to applying the sign transform, which we study
next.
The sign transform

i=1
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n
1
1 X
+
Yi sgn(Xij )sgn(Xik ).
2 2kYk1

We now consider the sign transform given by X̃ij = sgn(Xij ); if there are zero cases we use
a coin toss to map them to {−1, 1}. For the sign transform we have g(Xij ) = 2 sgn(Xij ) − 1
and so the interaction strength is given as:
g
P(sgn(Yis ) = X̃is j X̃is k ) = γjk
=

15

(18)

17
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Note that since Y − XA β̂A − W̃B θ̂B is necessarily centered, there is no need to center
the interactions in (18). In order to solve (18) we can use the xyz algorithm, setting γ in
Algorithm 2 to λl and Y to each of ±(Y − XA β̂A − W̃B θ̂B ) in turn.
Precisely the same strategy of performing KKT condition checks using xyz can be used
to accelerate computation for interaction modeling for a variety of variants of the Lasso such

Keep all pairs (j, k) for which |(Y − XA β̂A − W̃B θ̂B )T (Xj ◦ Xk )/n| > λl .

As the sets A and B would be small, computation of the Lasso solution in line 3 is
not too expensive. Instead line 4, which performs a check of the Karush–Kuhn–Tucker
(KKT) conditions involving dot products of all interaction terms and the residuals, is the
computational bottleneck: a naive approach would incur a cost of O(np2 ) at this stage.
There is however a clear similarity between the KKT conditions check for the interactions and the simple interaction search problem (1). Indeed the computation of V , the
set containing all interactions that violate the KKT conditions, may be expressed in the
following way:

Algorithm 3 Active set strategy for Lasso computation
Input: X, Y and grid of λ values λ1 > · · · > λL .
Output: Lasso solutions β̂λl and θ̂λl at each λ on the grid.
1: for l ∈ {1, . . . , L} do
2:
If l = 1 set A, B = ∅; otherwise set A = {k : β̂λl−1 ,k 6= 0} and B = {k : θ̂λl−1 ,k 6= 0}.
3:
Compute the Lasso solution (β̂, θ̂) when λ = λl under the additional constraint that
β̂Ac = 0 and θ̂B c = 0.
4:
Let U = {k : |XTk (Y − XA β̂A − W̃B θ̂B )|/n > λl } and V = {k : |W̃kT (Y − XA β̂A −
W̃B θ̂B )|/n > λl } be the set of coordinates that violate the KKT conditions when (β̂, θ̂)
is taken as a candidate solution.
5:
If U and V are empty, we set β̂λl = β̂, θ̂λl = θ̂. Else we update A = A ∪ U and
B = B ∪ V and return to line 3.
6: end for

Note that since the entire design matrix in the above is column-centred, any intercept term
would always be zero.
In order to avoid a cost of O(np2 ) it is necessary to avoid explicitly computing W. To
describe our approach, we first review in Algorithm 3 the active set strategy employed by
several of the fastest Lasso solvers such as glmnet (Friedman et al., 2010). We use the
notation that for a matrix M and a set of column indices H, MH is the submatrix of M
formed from those columns indexed by H. Similarly for a vector v and component indices
H, vH is the subvector of v formed from the components of v indexed by H.

as the elastic net (Zou and Hastie, 2005) and `1 -penalised generalised linear models. Note
also that it is straightforward to use a different scaling for the penalty on the interaction
coefficients in (17), which may be helpful in practice.

We will assume that Y and the columns of X have been centred. Note that the centring
of X means the W implicitly contains main effects terms. Let W̃ be a version of W with
centred columns. Consider the Lasso objective function


1
(β̂, θ̂) =
argmin
kY − Xβ − W̃θk22 + λ(kβk1 + kθk1 ) .
(17)
β∈Rp ,θ∈Rp(p+1)/2 2n
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In this experiment we test how the xyz algorithm scales on a simple test example as we
increase the dimension p. We generate data X ∈ Rn×p with each entry sampled independently uniformly from {−1, 1}. We do this for different values of p, ranging from 1000
to 30 000: this way for the largest p considered there are more than 400 million possible
interactions. Then for each X we construct response vectors Y such that only the pair
(1, 2) is a strong interaction with an interaction strength taking values in {0.7, 0.8, 0.9}.
Through this construction, if n is large enough, all the pairs except (1, 2) will have an interaction strength around 0.5, and very few will have one above 0.55. We thus set M so
that γ0 = p−1/M ≈ 0.55. Since the only strong interaction is (1, 2), we set γ = γ12 Each
data set configuration determined by p and γ12 is simulated 300 times and we measure the
time it takes xyz to find the pair (1, 2). In Figure 3 we plot the average run time against
the dimension p with the different choices for γ12 highlighted in different colours.
Theorem 2 indicates that the run time should be of the order np1+log(γ)/ log(γ0 ) . We see
that the experimental results here are in close agreement with this prediction.

5.2 Scaling

We then plot the probability η of discovering an interaction of strength γ, as a function of
γ for different values of p (Figure 3). For ξminimal , η is given in equation (11). For ξGauss ,
η is the 1/p–quantile of the distribution of |W | when W ∼ N (0, n(1 − γ)).

• ξminimal : the subsample size M = dlog(1/p)/ log(0.5)e.

• ξGauss : the close pairs threshold τ ≥ 0 is the 1/p–quantile of the distribution of |W |
when W ∼ N (0, 0.5n).

One of the surprising outcomes of our theoretical analysis is extent of the suboptimality of
Gaussian random projections, which whilst they suffice for the conclusion of the Johnson–
Lindenstrauss Lemma, are not well-suited for our purposes here (see Theorem 1). We
can explicitly compute the probability of retaining an interaction of strength γ in E1 for
both dense Gaussian projections ξGauss and minimal subsampling ξminimal given an equal
computational budget. We consider various values of p ranging from 10 up to 106 and we
fix n = 1000. We set L = 1 and select other parameters of the algorithms to ensure the
average size of E1 is equal to p in the setting when all interaction strengths are equal to
0.5. Specifically we make the following choices.

5.1 Comparison of minimal subsampling and dense projections

To test the algorithm and theory developed in the previous sections, we run a sequence of
experiments on real and simulated data.

5. Experiments
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where R ∼ N (0, I). These are used to try to find the pair (j ∗ , k ∗ ), which is assumed to be the
pair for which the inner product YT (Xj ◦ Xk ) is maximal. It is an easy calculation to show

Tjk = (RT (Y ◦ Xj ))(RT Xk )

where εi ∼ N (0, σ 2 ). It then searches for interactions by considering the test statistics

Yi = αj ∗ k∗ Xij ∗ Xik∗ + εi ,

In the next experiment we compare the performance of xyz to its closest competitors on a
real data set. For each method we measure the time it takes to discover strong interactions.
We consider the LURIC data set (Winkelmann et al., 2001), which contains data of patients
that were hospitalised for coronary angiography. We use a preprocessed version of the data
set that is made up of n = 859 observations and 687 253 predictors. The data set is binary.
The response Y indicates coronary disease (1 corresponding to affected and −1 healthy) and
X contains Single Nucleotide Polymorphisms (SNPs) which are variations of base-pairs on
DNA. The response vector Y is strongly unbalanced: there are 681 affected cases (Yi = 1)
and 178 unaffected (Yi = −1).
To get a contrast of the performance of xyz we compare it to epiq (Arkin et al., 2014),
another method for fast high-dimensional interaction search. In order for epiq to detect
interactions it needs to assume the model

5.3 Run on SNP data

Figure 3: Left panel: Discovery probability as a function of γ for different values of
p ∈ {101 , . . . , 106 } (colours decreasing in p from yellow p = 106 to green p = 10). The lower
lines correspond to the dense Gaussian projections, the upper lines to minimal subsampling.
It can be seen that the discovery probability for minimal subsampling is much higher (up
to factor 104 ) than for Gaussian projections. Right panel: Time to discover the interaction
pair as a function of the data set dimension p. Lines correspond to the theoretical prediction
(with the intercept chosen based on the data points) and symbols give the actual measured
run time. Colour coding: green γ = 0.7, orange γ = 0.8 and purple γ = 0.9.

discovery probability η
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−

j,k



X
1
M
M p + p log(p) + n
γjk
= 21.
log(1 − γ M )

that E(Tjk ) = YT (Xj ◦ Xk ). To maximise the inner product on the right, epiq considers
2 is large by looking at pairs where both (RT (Y ◦ X ))2 and (RT X )2 are
pairs where Tjk
j
k
large. While the approach of epiq is somewhat related to xyz, there are no bounds available
for the time it takes to find strong interactions.
We also compare both methods to a naive approach where we subsample a fixed number
of interactions uniformly at random, and retain the strongest one. We refer to this as naive
search.
At fixed time intervals we check for the strongest interaction found so far with all
three methods. We plot the interaction strength as a function of the computational time
(Figure 4). All three methods eventually discover interactions of very similar strength and
it would be a hasty judgement to say whether one significantly outperforms the others. xyz
nevertheless discovers the strongest interactions on average for a fixed run time compared
to the other two approaches. To get a clearer picture we run two additional experiments
on a slight modification of the LURIC data set. We implant artificial interactions where we
set the strength to γ12 = 0.8 and another example with γ12 = 0.9. In these two experiments
xyz clearly outperforms all other methods considered (Figure 4; panels 3 and 4). Besides
xyz being the fastest at interaction search, it also offers a probabilistic guarantee that there
are no strong interactions left in the data. This guarantee comes out of Theorem 2. To run
xyz we have to calculate the optimal subsample size (13) for use of minimal subsampling:

M ∈N

M ∗ = arg min

The sum in this optimisation can be approximated by uniformly sampling over pairs. Assume we have an interaction pair (j ∗ , k ∗ ) with interaction strength γj ∗ k∗ = 0.85 and say
the rest of the pairs (j, k) have an interaction strength of no more than γjk ≤ 0.55. The
probability that we discover this pair in one run (L = 1) of the xyz algorithm is γj21∗ k∗ .
Therefore the probability of missing this pair after L = 100 runs is given by

(1 − γj21∗ k∗ )L ≈ 0.03.

1+ log(0.55)

log(0.85)

≈ p1.27 .

Note that the number of possible interactions is p(p − 1)/2 ≈ 1011 . The whole search took
280 seconds. Naive search offers a similar guarantee, however it is extremely weak. The
probability of not discovering the pair after drawing pL samples (with L = 100) is bounded
by [1 − 2/{p(p − 1)}]Lp ≈ 0.999. If we consider the run time guarantee from Theorem 2,
the dominating term in the complexity of xyz in terms of p is
p
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This may be compared to the expected run time of order p2 for naive search, which means
that xyz is about 30 000 times faster than naive search (when p = 687 253). In the empirical
comparison this factor is around 20 000.
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3. We repeat the setting 2 with a data set that contains strong correlations. We create
a dependence structure in X, by first generating a DAG with on average 10 edges per
node. Each node is sampled so that it is a linear function of its parents plus some
independent centred Gaussian noise, with a variance of 10% the variance coming from
the direct parents. The resulting correlation matrix then unveils for each variable Xj

2. Σ = I ∈ Rp×p , we generate a strictly non-hierarchical model: θjk 6= 0 ⇒ βj = 0 and
βk = 0. We first sample the main effects and then pick interaction effects uniformly
from all pairs excluding main effects as coordinates.

1. Σ = I ∈
we generate a hierarchical model: θjk 6= 0 ⇒ βj 6= 0 and βk 6= 0. We
first sample the main effects and then pick interaction effects uniformly from the pairs
of main effects.

Rp×p ,

We consider three settings. For all three settings we have n = 1000. We let p ∈ {250, 500, 750,
1000}. Each row of X is generated i.i.d. as N (0, Σ). The magnitudes of both the main
and interaction effects are chosen uniformly from the interval [2, 6] (20 main effects and 10
interaction effects) and we set εi ∼ N (0, 1). The three settings we consider are as follows.

Yi = µ +

In this section we demonstrate the capabilities of xyz in interaction search for continuous
data as explained in Section 3. We simulate two different models of the form (15):

5.4 Regression on artificial data

Figure 4: Left: Histogram of interaction strength of 106 interaction pairs, sampled at
random from the more than 1011 existing pairs from the LURIC data set. The right three
panels show the interaction strength of the discovered pairs as a function of the computation
time for xyz (green), epiq (orange) and naive search (purple). The first panel gives results
on the the original LURIC data set, and the second and third (rightmost) panels show
results with an implanted interaction with strengths γ12 = 0.8 and γ12 = 0.95 respectively.
It can be clearly seen that xyz outperforms its competitors by a large margin.

0

●

a substantial number of variables strongly correlated to Xj (There is usually around
10 variables with a correlation of above 0.9). Such a correlation structure will make
it easier to detect pairs of variables whose product can serve as strong predictor of Y,
even though it has not been included in the construction of Y.
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Figure 5: Normalised `22 prediction error as a function of time in seconds. Triangle: Twostage Lasso. Circle: xyz -regression. Cross: Brute-force. The different colours correspond
to different values of p: green p = 250, orange p = 500, purple p = 750 and pink p = 1000.
The left panel shows the results on setting 1, center panel shows setting 2 and right panel
setting 3.
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The experiment (seen in Figure 5) shows that xyz enjoys the favourable properties of both
its competitors: it is as fast as the two-stage Lasso that gives an almost linear run time in p,
and it is about as accurate as the estimator calculated from screening all pairs (brute-force).

• Lasso with all interactions: Building the full interaction matrix and computing
the standard Lasso on this augmented data matrix. Analysis of the LARS algorithm
would suggest the computational complexity would be in the order O(np2 min(n, p2 )).
Nevertheless, for small p, this approach is feasible.
√
• xyz: This is Algorithm 3; we set the parameter L to be p in order to target the
strong interactions.

• Two-stage Lasso: We fit the Lasso to the data, and then run the Lasso once more
on an augmented design matrix containing interactions between all selected main
effects. Complexity analysis of the Least Angle Regression (LARS) algorithm (Efron
et al., 2004) suggests the computational cost would be O(np min(n, p)), making the
procedure very efficient. However, as the results show, it struggles in situations such
as that given by model 2, where a main effects regression will fail to select variables
involved in strong interactions.

We run three different procedures to estimate the main and interaction effects.

normalized prediction error
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6. Discussion

kYtest − Xtest β̂ − W̃test θ̂k22
.
kYtest k22

5.5 Regression on real data

2
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0.45
time

0

0.15

−2

−1

time

0

1

2

√
For each experiment we fix the number of runs L to p so the run time of xyz is O(np1.5 ).
The experiments show that the xyz algorithm has a similar prediction performance to the
Lasso applied to all interactions as implemented in glmnet. However xyz is around 100
times faster for p = 2000. The results of all 6 experiments can be seen in Figure 6.
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Here we run xyz regression on continuous real data sets where the ground truth is unknown.
On each data set we pick at random p = 2000 variables and run xyz and the Lasso implemented in glmnet with all interactions included. We subsample an increasing number of
variables to vary the difficulty of the regression problem. For each sample we measure the
run time and the normalized out of sample squared `22 error:

1

0.45

time

0

0.35

23

24

In this work we exploited a relationship between closest pairs of point problems and interaction search. By solving the former problem using random projections to project points
down to a one-dimensional space and then sorting the resulting projected points, we were
able to produce an algorithm for interaction search that enjoys a run time that is sub
quadratic under mild assumptions and when used to search for very strong interactions
can be almost linear. Though we have looked at interaction search in this paper, the basic
engine for computing the large inner products between collections of vectors may have other
interesting applications, for example in large-scale clustering problems. We hope to study
such applications in future work.

−1

0.25

• Climate: The climate data set from the CNRM model from the CMIP5 model
ensemble (Knutti et al., 2013) simulates the temperature of points on the northern
hemisphere which is recorded in X. The response Y simulates the temperature on a
random position on the southern hemisphere. The data contains n = 231 observations.

• Kemmeren: The Kemmeren (Kemmeren and et al., 2014) data set records knockouts of p = 6170 genes. The data X is continuous. We sample Y randomly from the
genes not present in the subsample taken from X.

• Riboflavin: The Riboflavin production data set (Bühlmann et al., 2014) contains
n = 71 samples and p = 4088 predictors (gene-expressions). The response Y and the
design X are both continuous.

Experiments are run on the following three different data sets:

normalized mean squared error

Figure 6: From left to right column the experiments correspond to Riboflavin, Kemmeren
and Climate. The y-axis depicts the normalized squared error and the x-axis records the run
time in seconds on the log10 scale. It can be seen that xyz (purple) offers clear computational
advantages while giving similar level of prediction error to the Lasso fitted to all interactions
as implemented in glmnet (green).

−2

0.15

number of observations and number of variables
predictor matrix and response vector
jth variable / column of X
coefficients of main effects and interaction effects
interaction strength of the pair (j, k)
distribution of projection
subsample size
projection vector
number of projections
close pairs threshold and interaction strength threshold
set of all configurations of the xyz algorithm, the elements
of this set are denoted by ξ
probability that a given interaction is present in the output
of the xyz algorithm
binarized version of X
predictor matrix containing all possible interaction pairs

Ξ(η) = Ξsubsample (η).

25

T (ξ) = c1 np + L(c2 np + Eξ V + c3 nEξ |E1 |).
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(21)

where c1 , c2 , c3 are constants. Suppose ψ ∈ Ψ and ξ ∈ Ξ have Eξ |E1 | = Eψ |E1 |. Then since
searching for τ -close pairs is at least as computationally difficult as finding equal pairs we
know that Eξ V ≥ Eψ V .
Similarly for ξ ∈ Ξdense we have

Note that both Ψ(η) and Ξ(η) depend on F though this is suppressed in the notation. Also
define Ξall = Ξ ∪ Ξdense and Ξall (η) = Ξ(η) ∪ Ξdense (η). We will reference the parameters
levels contained in ξ ∈ Ξall as ξL and ξτ . If ξ ∈ Ξ then we will write ξM for the distribution
of the subsample size M .
If we let V denote the complexity of the search for τ -close pairs, similarly to (10) we
have that
T (ξ) = c1 np + L(c2 Eξ M p + Eξ V + c3 nEξ |E1 |),
(20)

Ψ(η) = Ξminimal (η),

Ψ = Ξminimal ,

Ξ = Ξsubsample ,

In the following, we fix the following notation for convenience:

Proof of Theorem 1

Here we include proofs that were omitted earlier.

Appendix A

X̃
W

η

n, p
X, Y
Xj
β, θ
γjk
G
M
R
L
τ, γ
Ξ

Table of frequently used notation
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β(ξ) = Pξ ((j ∗ , k ∗ ) ∈ I1 )

nγ
1 −1 
X
α(ψ)
1 X
c0
i M
≤ 2
(γjk /γ1 )M ≤
+
fn (i/n).
M
p
p
nγ1
γ1
i=0
j,k

i M
2
fn (i/n) ≤
nγ1
1−ρ

1
(1+ρ)/2

Z

xM dx ≤

2
1
.
1−ρM +1

26
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The following Neyman–Pearson-type lemma considers only non-randomised algorithms in
Ξ. In Lemma 11 we extend this result to randomised algorithms.

i=0

nγ
1 −1 
X

Now the sum on the RHS is maximised over fn obeying constraints (A1) and (A2) in the
following way. If ργ1 n > γ1 n − 1 then fn places all available mass on γ1 − 1/n. Otherwise
fn should be as close to constant as possible on dργ1 ne /n, . . . , (γ1 n − 1)/n, and zero below
dργ1 ne /n. In both cases it can be seen that

Proof We have

α(ψ)
1
2
.
≤
1−ρM +1
γ1M

Lemma 9 Suppose ψ ∈ Ψ has distribution for M placing mass on M and M + 1. Under
the assumptions of Theorem 1,

Note that β(ξ) does not depend on ξL , so the above equation completely determines the
optimal choice of L once other parameters have been fixed. We will therefore henceforth assume that L has been chosen this way so that the discovery probability of all the algorithms
is at least η.
The proofs of (8) and (9) are contained in Lemmas 12 and 13 respectively. The proof
of (7) is more involved and proceeds by establishing a Neyman–Pearson type lemma (Lemmas 10 and 11) showing that given a constraint on the ‘size’ α that is sufficiently small,
minimal subsampling enjoys maximal ‘power’ β. To complete the argument, we show that
any sequence of algorithms with size α remaining constant as p → ∞ cannot have a subquadratic complexity, whilst Lemma 12 attests that in contrast minimal subsampling does
have subquadratic complexity under the assumptions of the theorem. Several auxiliary
technical lemmas are collected in Section 6
Our proofs Lemmas 10 and 11 make use of the following bound on a quantity related
to the ratio of the size to the power of minimal subsampling.

Thus any ξ ∈ Ξall (η) with T (ξ) minimal must have ξL as the smallest L such that 1 − {1 −
β(ξ)}ξL ≥ η, whence
ξL = dlog(1 − η)/ log{1 − β(ξ)}e .
(22)

Pξ ((j ∗ , k ∗ ) ∈ I) = 1 − {1 − β(ξ)}ξL .

where I1 is the set of candidate interactions I when L = 1. Note that

α(ξ) = Eξ |E1 |/p2 ,

For ξ ∈ Ξall , define
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 X

M
r
X
P
Dm ≤ τ P(Jjk = r),

ξ∈Ξ0 :α(ξ)≤α0

Lemma 10 Let Ξ0 be the set of ξ ∈ Ξ such that ξM places mass only on a single M , so
the subsample size is not randomised. There exists an α0 independent of n such that for all
α0 ≤ α0 , we have
sup
β(ψ) =
sup
β(ξ).
ψ∈Ψ:α(ψ)≤α0



Moreover the suprema are achieved.

 X
M

Dm (Xim j − Zim k ) ≤ τ
d

= P(Jjk = 0) +
r=1

m=1

Proof Each ξ ∈ Ξ0 is parametrised by its close pairs threshold τ and subsample size M .
Given a ξ ∈ Ξ0 with parameter values τ and M we compute α(ξ) as follows. Note that by
replacing the threshold τ by τ /2, we may assume that X and Z have entries in {−1/2, 1/2}.
Thus Xj − Zk has components in {−1, 0, 1}. Let Jjk be the number of non-zero components
M . Then J
of (Xim j − Zim k )m=1
jk ∼ Binom(M, 1 − γjk ). Thus
P
m=1

 
M
X
c1 τ M M −r
√
γjk (1 − γjk )r
r r

r=r0

(23)

noting√that Dm = −Dm . By Lemma 14 we know there exists an a > 0 such that for all
τ ≤ a M the RHS is bounded below by
M
γjk
+

m=1

Dm ≤ τ

m=1

for M sufficiently large.
Here the constants a, c1 > 0 and r0 ∈ N depend only on F .
√
Consider τ > a M . In this case, for r ≤ M sufficiently large we have by Lemma 14
 X


 X
r
r
√
≥P
Dm ≤ a r ≥ c1 a.
P

r=1

m=1



M
r
X
X
P
Dm ≤ τ P(Jjk = r) ≥ c1 a/2,

However then for M sufficiently large,
P(Jjk = 0) +

α(ξ) ≥

j,k

r=r0

 
M
X
c
M M −r
√2
γ1
(1 − γ1 )r .
r r
r=1

(24)

(25)
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M
X
M M −r
1 X M
c
√1
γjk (1 − γjk )r .
γjk + τ
p2
r r

so α(ξ) ≥ c1 a/2. Note also that we must have α0 ≥ α(ξ) ≥ γlM , so M ≥ log(α
√ 0 )/ log(γl ).
Thus by choosing 0 < α0 < c√
1 a/2 sufficiently small, we can rule out τ > a M and so we
henceforth assume that τ ≤ a M , and that M is sufficiently large such that (23) holds for
all (j, k).
We have

Similarly we have
β(ξ) ≤ γ1M + τ

27
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c1 p−2

PM −1/2 M  M −r
r
r
c2 r=1
γ
(1
−
γ
1)
1
r
.

P P
−1/2 M γ M −r (1 − γ )r
jk
j,k
r=r0 r
jk
r

j,k

Now substituting the upper bound on τ implied by (24) into (25), we get


1 X M
γjk
β(ξ) ≤ γ1M + QM α(ξ) − 2
p
where
QM =

j,k

QM ≤ Q P

Now by Lemma 15, for M sufficiently large and some constant Q we have
√
1 − γ1
p
≤ Q.
1 − γjk /p2
Thus

j,k



1 X M
γjk
β(ξ) ≤ γ1M + Q α(ξ) − 2
p

j,k

j,k

for all M sufficiently large. Now given α0 , let M0 be such that
1 X M0
1 X M0 +1
γjk ≥ α0 ≥ 2
γjk .
p2
p

j,k

(26)

Consider the minimal subsampling algorithm ψ that chooses subsample size as either M0
or M0 + 1 with probabilities b and 1 − b such that
1 X
M0
M0 +1
{bγjk
+ (1 − b)γjk
} = α0 .
p2
α(ψ) =

{β(ψ) − β(ξ)} ≥ b + (1 − b)γ1 − γ1 −

γ1M0

j,k

Then we have β(ψ) = bγ1M0 + (1 − b)γ1M0 +1 . Now suppose ξ ∈ Ξ0 has α(ξ) ≤ α0 . Then in
particular M ≥ M0 + 1. We first examine the case where M = M0 + 1. Then


1
Q
1 X M0 +1
γj,k
α0 − 2
p
γ1M0

aQ 1 X M0
M0 +1
= b + (1 − b)γ1 − γ1 − M0 2
(γj,k − γj,k
)
γ1 p j,k


1
2Q
≥ b (1 − γu ) −
,
1 − ρ M0 + 1

using Lemma 9 in the final line. Note this is non-negative for M0 sufficiently large. When
M ≥ M0 + 2 we instead have

β(ξ)
1
2Q
1
β(ξ)
2Q
≤ M0 +1 ≤ γ1 +
≤ γu +
<1
β(ψ)
γ1 (1 − ρ) M0 + 1
γl (1 − ρ) M0 + 1
γ1
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for M0 sufficiently large. Recall that by making α0 sufficiently small, we can force M0 to
be arbitrarily large. Thus the result is proved.

28

β(ψ) =

sup

ξ∈Ξ:α(ξ)≤α0

β(ξ).

sup

β(ξ).

β(ξ) ≤ EM ∼ξM f [α{ξ(M, ξτ )}].

ξ∈Ξ0 : α(ξ)≤α0

(27)

(28)

max

29

ψL ≤ −γ1−M log(1 − η).
JMLR 19(37):1-42, 2018

Proof Let ψ ∈ Ψ be such that ψM places all mass on M . We have that β(ψ) = γ1M . Thus
using the inequality −x ≤ log(1 − x) for x ∈ (0, 1), we have

Lemma 12 Under the assumptions of Theorem 1, we have inf ψ∈Ψ(η)

T (ψ)/(np2 )

β(ψ).

→ 0.

ψ∈Ψ:α(ψ)≤α1

The next lemma establishes subquadratic complexity of minimal subsampling.

Combining with (27) gives the result.

EM ∼ξM f [α{ξ(M, ξτ )}] ≤ f [EM ∼ξM α{ξ(M, ξτ )}] = f (α(ξ)) ≤ f (α1 ) =

which increases as M decreases, thus proving the claim.
Note also that the RHS of (28) is at most α(ψ)/{(1 − γu )γ1M } when ψ has subsample
size fixed at M . Thus by Lemma 9 we see the derivatives of the linear interpolants approach
infinity as they get closer
 to the origin. This implies the existence of an 0 < α1 < α0 such
that − sup ∂(−f )(α1 ) ≥ {1 − f (α1 )}/(α0 − α1 ), where ∂(−f )(α1 ) denotes the subdifferential of the function −f at α1 . We may therefore invoke Lemma 16 to conclude that for ξ
with α(ξ) ≤ α1



M +1
M
1 X γjk − γjk
1 X γj,k M γjk − 1
=
p2
p2
γ1
γ1 − 1
γ M +1 − γ1M
j,k 1
j,k

We claim that f is concave on [0, α0 ]. Indeed, it suffices to show that the slopes of the successive linear interpolants are decreasing in this region, or equivalently that their reciprocals
are increasing. We have

j,k

Now by Lemma 10 we know there exists α0 (depending on F ) such that on [0, α0 ], f is the
linear interpolation of points
∞
 X
1
M
M
γ
,
γ
.
1
j,k
p2
M =1

Note that for ξ ∈ Ξ we have

f (α0 ) =

Proof With a slight abuse of notation, write ξ(M 0 , τ 0 ) for the element of ξ ∈ Ξ that fixes
M = M 0 and τ = τ 0 . Using the notation of Lemma 10, define function f : [0, 1] → [0, 1] by

Moreover the suprema are achieved.

ψ∈Ψ:α(ψ)≤α0

sup

Lemma 11 There exists an α0 independent of n such that for all α0 ≤ α0 , we have
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M + log(p)
1
+
.
M +1
γ1M np

T (ξ)/(np2 ) > c.

i=1

 X
n

Ri (Xij − Zik ) ≤ τ




=P

i=1

X

n(1−γjk )


Ri ≤ τ .

√
1 X
c τ
p 1
≥ c1 τ / n.
p2
n(1
−
γ
)
jk
j,k

(29)

2

)≥

inf
√ ξL α(ξ)
ξ∈Ξdense (η):ξτ >a n

≥ ξL c1 a > 0.

30

c2
β(ξ) ≤ α(ξ) √
.
c1 1 − γu

(31)
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√
We therefore need only consider the case where τ ≤ a n and where α(ξ) → 0.
Substituting the upper bound on τ implied by (29) into (30), we get

inf
√ T (ξ)/(np
ξ∈Ξdense (η):ξτ >a n

c2 τ
.
(30)
β(ξ) ≤ p
n(1 − γ1 )
√
Note that from (29), when τ > a n we have α(ξ) ≥ c1 a. Thus from (21) we know there
exists n0 such that for all n ≥ n0 , we have

Similarly we have

α(ξ) ≥

Here constant a, c1 > 0 also depend only on F . Thus

c τ
p 1
.
n(1 − γjk )

√
We now use Lemma 14. For n(1 − γu ) sufficiently large, when τ ≤ a n the RHS is bounded
below by

P

d

components in {−1, 0, 1}. Since Ri = −Ri as F ∈ F, we have

Proof Each ξ ∈ Ξdense is parametrised by its close pairs threshold τ . Given a ξ ∈ Ξdense (F )
with close pairs threshold τ we compute α(ξ) as follows. Similarly to Lemma 10 we may
assume without loss of generality that X and Z have entries in {−1/2, 1/2} so Xj − Zk has

ξ∈Ξdense

inf

Lemma 13 Let ξ ∈ Ξdense . There exists c > 0 and n0 ∈ N such that for all n ≥ n0 ,



√
Taking M = log(1/ p)/ log(γ1 ) then ensures T (ψ)/(np2 ) → 0.

T (ψ)/(np2 ) ≤

Lemma 9 gives an upper bound on ψL Eψ E1 . Note that Eψ V = O(p log(p)). Thus ignoring
constant factors, we have

Thanei, Meinshausen and Shah

log 1/1 − η
log(1 − η)
√
≥ c3
α(ξ)
log{1 − α(ξ)c2 /(c1 1 − γu )}

inf
√ ξL α(ξ)
ξ∈Ξdense (η):ξτ ≤a n


≥ min{1/2, c3 log 1/1 − η } > 0.
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Note that then
ξL ≥

≥

for some c3 > 0 provided α(ξ) < 1/2 say. However this gives us
2
inf
√ T (ξ)/(np )
ξ∈Ξdense (η):ξτ ≤a n

Combined with (31) this give the result.
With the previous lemmas in place, we are in a position to prove (7) of Theorem 1.
Proof of Theorem 1
The proofs of (8) and (9) are contained in Lemmas 12 and 13 respectively. To show (7)
we argue as follows. Given F and η, suppose for contradiction that there exists a sequence
ξ (1) , ξ (2) , . . . and n1 < n2 < · · · such that (making the dependence on n of the computational
time explicit)
inf T (nk ) (ψ) > T (nk ) (ξ (k) )
ψ∈Ψ(η)

M

ψ∈Ψ:α(ψ)=α(ξ (k) )

sup

β(ψ) ≥ β(ξ (k) ).

for all k. By Lemma 12, we must have T (nk ) (ξ (k) )/(np2 ) → 0. This implies that α(ξ (k) ) → 0.
By Lemma 11, we know that for k sufficiently large

M

Let ψ (k) be the maximiser of the LHS. In order for T (nk ) (ψ (k) ) > T (nk ) (ξ (k) ), it must be the
case that EM ∼ψ(k) M > EM ∼ξ(k) M . However we claim that ξ = ψ (k) minimises EM ∼ξM M

j,k


∞
1 X M
γj,k , M
.
p2
M =1

among all ξ ∈ Ξ with α(ξ) ≤ α(ξ (k) ) =: α0 , which gives a contradiction and completes the
proof. Let f be the function that linearly interpolates the points

M =E

M ∼ξM

f [α{ξ(M, 0)}] ≥ E

M ∼ξM

f [α{ξ(M, ξτ )}].

Note that f is decreasing. By considering the inverse of f it is clear that f is convex. With
a slight abuse of notation, write ξ(M, τ ) for the element of ξ ∈ Ξ such that ξM places all
mass on M and ξτ = τ . Note that
E

M ∼ξM

Now suppose ξ has α(ξ) ≤ α0 . Then from the above and Jensen’s inequality,
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M


EM ∼ξM M ≥ f EM ∼ξM α(ξ(M, ξτ )) ≥ f (α0 ) = EM ∼ψ(k) M.

31

Proof of Theorem 2
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log{1/(1 − η 0 )} + 1
.
γM

First note that from (11) we have L ≤ log(1−η 0 )/ log(1−γ M )+1. Then using the inequality
log(1 − x) ≤ −x for x ∈ (0, 1), we have
L≤

X
j,k



M
γjk

X

j,k:γjk >γ

M
γjk
+

X

j,k:γ0 <γjk ≤γ

M
γjk
+

X

j,k:γjk ≤γ0

M
γjk



Note that from the definition of γ0 we have γ −M = plog(γ)/ log(γ0 ) . We then see that
γ −M E(E1 ) = γ −M
≤ γ −M

≤ c1 pγ −M + c2 p1+log(γ)/ log(γ0 ) + p2 γ0M γ −M

≤ (c1 + c2 + 1)p1+log(γ)/ log(γ0 ) .

Collecting together the terms in (10) we have

C(M, L) ≤ np + [log{1/(1 − η 0 )} + 1][log(p){1 + 1/ log(γ0−1 )} + n(c1 + c2 + 1)]p1+log(γ)/ log(γ0 )
from which the result easily follows.
Proof of Proposition 3

(32)

Let η ∗ = η(M ∗ , L). Note that in order for η(M 0 , L0 ) ≥ η ∗ it must be the case that L0 ≥
0
log(1 − η ∗ )/ log(1 − γ M ). Therefore

j,k



X
log(1 − η ∗ )
M0
C(M 0 , L0 ) − np ≥
M 0 p + p log(p) + n
γjk
log(1 − γ M 0 )
j,k


X
log(1 − η ∗ )
M
≥ min
M p + p log(p) + n
γjk
M ∈N log(1 − γ M )
j,k


X
log(1 − η ∗ )
M∗
M ∗ p + p log(p) + n
γjk
= C(M ∗ , L).
log(1 − γ M ∗ )

=

Moreover, the inequality leading to (32) is strict if M ∗ is the unique minimiser and M 0 6= M ∗ .
Technical lemmas
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∞ is an i.i.d. sequence with R ∼ F .
Lemma 14 Let F ∈ F and suppose (Ri )i=1
i
Then √
for all a > 0, there exists c1 , c2 > 0 and l0 ∈ N such that for all l ≥ l0 and
0 ≤ τ ≤ a l we have

 l

X
c τ
c
1
2τ
√
≤P
Ri ≤ τ ≤ √ .
l
l
i=1

32

0≤t≤τ /

inf

√

(33)

(34)

33

JMLR 19(37):1-42, 2018

 
 
M
M
X
√ X
1 M
1
M
√
√
(1 − γ)r γ M −r
(1 − γ)r γ M −r ≤ 2
r r
r+1 r
r=1
r=1
√
√
≤ 2E(1/ J + 1).

Proof First we show the upper bound (34). Let J ∼ Binomial(M, 1 − γ).

0

Given r0 ∈ N and γ ∈ [0, 1), there exists c > 0 and M0 ∈ N such that for all M ≥ M0 we
have
 
M
X
1 M
c
√
(1 − γ)r γ M −r ≥ p
.
(35)
r
r
(1
−
γ)M
r=r

√
 
M
X
1 M
2
√
(1 − γ)r γ M −r ≤ p
.
r
r
(1
−
γ)M
r=1

Lemma 15 Suppose γ ∈ [0, 1). For all M ∈ N we have

√
for 0 ≤ τ ≤ a l, some c1 > 0. A similar argument yields the upper bound in the final
result.

l
 X
 c τ
1
P
Ri ≤ τ ≥ √
l
i=1

Note that for a > 0 and l sufficiently large we have

√

l
 X

2
2c
τ
P
Ri ≤ τ ≥ √ √ exp{−τ 2 /(2l)} − √ .
π
l
l
i=1
p
√
2
2/πe−a /2 > 2c/ l, whence

l
 X
√
√
τ
τ
{fl (t)} √ ≤ P
Ri / l ≤ τ / l ≤ 2 sup √ {fl (t)} √ .
l
l
l
0≤t≤τ
/
l
i=1

√
/ 2π is the standard normal density. Now by the

Thus from (33), for l sufficiently large we have

2

Here c is a constant and φ(t) = e−t
mean value theorem, we have

2 /2

c
|fl (t) − φ(t)| ≤ √
.
l(1 + |t|3 )



r=0

1 − γ M +1
1
=
≤
.
(1 − γ)(M + 1)
(1 − γ)(M + 1)

M
X

 
1
M
(1 − γ)r γ M −r
r+1 r
r=0

M 
1 X M +1
(1 − γ)r γ M −r
=
M +1
r+1
r=0

M 
X
M +1
1
(1 − γ)r+1 γ M −r
=
(1 − γ)(M + 1)
r+1

=

34

f (EX) = g(EX) ≥ Eg(X) ≥ Ef (X).
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Note that g thus defined has g(α0 ) ≥ 1. We see that g is convex and g ≥ f . Thus if
E(X) ≤ α1 , by Jensen’s inequality we have

Then if random variable X has E(X) ≤ α0 , then f (EX) ≥ Ef (X).

Proof Write m = − sup ∂(−f )(α1 ) Let function g : [0, ∞) → [0, ∞) be defined as follows.
(
f (x)
if 0 ≤ x ≤ α1
g(x) =
f (α1 ) + m(x − α1 )
if x > α1 .

(i) f is concave on [0, α0 ];

(ii) − sup ∂(−f )(α1 ) ≥ {1 − f (α1 )}/(α0 − α1 ), where ∂(−f )(α1 ) denotes the subdifferential of the function −f at α1 .

Lemma 16 Let f : [0, ∞) → [0, 1] be non-decreasing. Suppose there exists 0 < α1 < α0
such that:

But as M → ∞, P(J ≥ r0 ) → 1, which easily gives the result.

p
p
√
P(J ≥ r0 )
P(J ≥ r0 )
1
E(1/ J|J ≥ r0 ) ≥ p
=q
≥ p
.
E(J|J ≥ r0 )
(1 − γ)M
E(J 1{J≥r0 } )

By Jensen’s inequality we have

Putting things together gives (34).
Turning now to (35), we see that the LHS equals
√
√
E(1/ J 1{J≥r0 } ) = E(1/ J|J ≥ r0 )P(J ≥ r0 ).

1
J +1

p
√
Next, by Jensen’s inequality we have E(1/ J + 1) ≤ E{1/(J + 1)}. We now compute
E{1/(J + 1)} as follows.

√
P
Proof Let fl be the density of li=1 Ri / l. Note that as E(|R1 |3 ) < ∞, we must have
E(R12 ) < ∞, so we may assume without loss of generality that E(R12 ) = 1. Then by Theorem
3 of Petrov (1964) we have that for sufficiently large l,

E
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Appendix B
Connection to LSH
Minimal subsampling as considered in Algorithm 2 is closely related to the locality-sensitive
hashing (LSH) framework: Define h(j) = RT Xj (R corresponds to the minimal subsampling projection) to be the hashing function and H to be the family of such functions, from
which we sample uniformly. Then H is (γ, cγ, p1 , p2 )-sensitive, that is:
• if γjk ≥ γ then P(h(j) = h(k)) ≥ p1
• if γjk ≤ cγ then P(h(j) = h(k)) ≤ p2 ,

where 0 < c < 1. In the case of the minimal subsampling we have p1 = γ M and p2 = γ M cM .
However, the typical LSH machinery cannot be applied directly to the equal pairs problem
above. In our setting, we are not interested in preserving close pairs but rather the closest
pairs. Theorem 1 establishes that the family H leads to the maximal ratio p1 /p2 among all
linear hashing families.

Appendix C
Proof of Proposition 4
Proof

=

sgn(Yi ) + 1
P(sgn(Yi ) = X̃ij X̃ik ) =
(g(Xij )g(Xik ) + (1 − g(Xij ))(1 − g(Xik )))
2
1 − sgn(Yi )
+
(g(Xij )(1 − g(Xik )) + (1 − g(Xij ))g(Xik ))
2
1 sgn(Yi )
+
(1 − 2g(Xij ))(1 − 2g(Xik )).
2
2

Appendix D

Xij + 1
= 1) =
2

E[X̃ij ] = P(X̃ij = 1) − P(X̃ij = −1) = Xij ,

The unbiased transform and the sign transform
Proposition 6
Proof The equation

implies
P(X̃ij

This uniquely determines the unbiased transform.

JMLR 19(37):1-42, 2018

Next we show two Lemmas that will be useful when proving Theorems 7 and 8.
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t + log(nC1ε ) p
1+
2{t + log(4p)}/n,
C2ε

Lemma 17 Consider the setup of Theorem 7. Then there exists constants C1ε , C2ε > 0 such
that defining
u
u
αn,p
= αn,p
(t) =

u
u
h
i
m
m2 − αn,p
2 − αn,p
∈
/ −
,
u
u
m1 + mε + αn,p
m1 + mε + αn,p
u
u i
h
m
2 (1 − ru ) + αn,p m2 (1 − ru ) + αn,p
∈ −
,
∀(j, k) 6= (j ∗ , k ∗ ).
u
u
m1 − αn,p
m1 − αn,p

with probability at least 1 − 2 exp(−t) we have:
P
i Yi Xij ∗ Xik∗
kYk1

kYk1
Pn
i=1 Yi Xij Xik

Proof First we consider a capped version of ε:
(
εi if |εi | ≤ σ
σsgn(εi ) otherwise,

εi0 =

from below and

kYk1

Pn
i=1 Yi Xij Xik

from above, for (j, k) 6= (j ∗ , k ∗ ).

i=1

(36)

where σ is to be chosen later. We may apply Hoeffding’s inequality to these bounded
variables. We have to bound two terms:
kYk1

Pn
i=1 Yi Xij ∗ Xik∗

P

i=1

n
n
X
X
(Xij ∗ Xik∗ )2 + εi0 Xij ∗ Xik∗ and C + D =
|Xij ∗ Xik∗ + εi0 |.

Schematically the first term can be dealt with in the following way:
A + B
a + b
≥
≥ 1 − P(A ≤ a) − P(B ≤ b) − P(C ≥ c) − P(D ≥ d)
C +D
c+d
where

A+B =

We deal with each term individually. Using Hoeffding’s inequality we get:
P

p
2
2
A: P
i=1 (Xij ∗ Xik∗ ) ≤ nm2 − δ ≤ exp(−δ /2n))

P
n
0
2
2
B: P
i=1 εi Xij ∗ Xik∗ ≤ −κ ≤ exp(−κ /2nσ )
P

n
C: P
|Xij ∗ Xik∗ | ≥ nm1 + δ ≤ exp(−δ 2 /2n)
i=1
P

n
0
2
2
D: P
i=1 |εi | ≥ nmε + κ ≤ exp(−2κ /nσ ).

This gives us a bound of the interaction strength of the true interaction pair:

P
nm2 − δ − κ
i Yi Xij ∗ Xik∗
≥
P
kYk1
nm1 + nmε + δ + κ
≥ 1 − exp(−δ 2 /2n) − exp(−δ 2 /2n)

− exp(−κ2 /2nσ 2 ) − exp(−κ2 /2nσ 2 )
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Similarly we can treat the interaction strength of the non interacting pairs:

36

n
i=1 Xij ∗ Xik∗ Xij Xik


≥ nm2 (1 − ru ) + δ ≥ exp(−δ/2n).

m2 (ru − 1) ≤ E[Xij ∗ Xik∗ Xim Xio ] ≤ m2 (1 − ru ).

√

p
p
2n(t + log(4p)) and κ = 2nσ 2 (t + log(4p)).

h m2 (1 − ru ) + αu m2 (1 − ru ) + αu i
n,p
n,p
∈ −
,
∀(j, k) 6= (j ∗ , k ∗ )
u
u
m1 − αn,p
m1 − αn,p

u
u
i
m2 − αn,p
m2 − αn,p
,
u
u
m1 + mε + αn,p
m1 + mε + αn,p

37

P(εi = ε0i , ∀ i) = 1 − exp(−t).
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Now we extend this result to the case of unbounded errors, that is we now assume that with
high probability εi are bounded:

with probability at least 1 − exp(−t).

kYk1

i=1 Yi Xij Xik

Pn

kYk1

h
∈
/ −

2(t+log(4p))(1+σ 2 )
√
,
n

δ=

i Yi Xij ∗ Xik∗

P

u =
Thus for αn,p

This gives

exp(−t) = 4p exp(−δ 2 /2n) and exp(−t) = 4p exp(−κ2 /2nσ 2 ).

Finally, let σ ≥ 1, then we have to set δ and κ so that the probability is bigger than
1 − exp(−t). This gives:

The above inequality needs to hold for all at most p2 pairs that are not interactions, so that
we effectively multiply the exponential terms with p2 . Another factor of 2 is multiplied in
for the negative sign, as the fraction also has to be bounded away from −1. In total we
thus have:
Pn
h
i
nm2 − δ − κ
nm2 − δ − κ
i=1 Yi Xij ∗ Xik∗
∈
/ −
,
kYk1
nm1 + nmε + δ + κ nm1 + nmε + δ + κ
Pn
h nm (1 − r ) + δ + κ nm (1 − r ) + δ + κ i
2
u
2
u
i=1 Yi Xij Xik
∈ −
,
∀(m, o) 6= (j, l)
kYk1
nm1 − δ − κ
nm1 − δ − κ
2
2
2
2
with probability at least 1 − exp(−δ /2n) − exp(−δ /2n) − exp(−κ /2nσ ) − exp(−κ2 /2nσ 2 ).

− exp(−κ2 /2nσ 2 ) − exp(−κ2 /2nσ 2 )

For the rest we run the same bounds as before (using |Xij ∗ Xik∗ + ε0i | ≥ |Xij ∗ Xik∗ | + ε0i ).
This yields the bound
 Pn Y X X
nm2 (1 − ru ) + δ + κ 
i=1 i ij ik
≤
P
kYk1
nm1 − δ − κ
≥ 1 − exp(−δ 2 /2n) − exp(−δ 2 /2n)

Hence, P

P

A : Here we use assumption (B1):
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u
αn,p

i=1

n
X

0
0
0
0
|Xij0 ∗ Xik
∗ | + εi sgn(Xij ∗ Xik ∗ ) and C + D =

i=1

n
X

0
0
|Xij0 ∗ Xik
∗ + εi |.
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We deal with each term individually. Using Hoeffding’s inequality we get:

A+B =

As in Lemma 17 equation (36):

where M and σ are to be chosen later. Given these capped variables we can use Hoeffding’s
inequality as we now deal with bounded variables. We have to bound two terms:
Pn
Pn
0
0
0
0
i=1 Yi sgn(Xij ∗ Xik∗ )
i=1 Yi sgn(Xij Xik )
from below and
from above, for (j, k) 6= (j ∗ , k ∗ )
kYk1
kYk1

Proof First consider capped versions of the random variables of interest:
(
(
Xij if |Xij | ≤ M
εi if |εi | ≤ σ
Xij0 =
and ε0i =
M sgn(Xij ) otherwise
σsgn(εi ) otherwise

with probability at least 1 − 3 exp(−t) we have:
Pn
s
s
h
i
m1 − αn,p
m1 − αn,p
i=1 Yi sgn(Xij ∗ Xik∗ )
∈
/ −
,
s
s
kYk1
m1 + mε + αn,p
m1 + mε + αn,p
Pn
h m1 (1 − rs ) + αs m1 (1 − rs ) + αs i
n,p
n,p
i=1 Yi sgn(Xij Xik )
∈ −
,
∀ (m, o) 6= (j ∗ , k ∗ ).
s
s
kYk1
m1 − αn,p
m1 − αn,p

Lemma 18 Consider the setup of Theorem 8. Then there exists constants C1X , C2X , C1ε , C2ε >
0 such that defining
r
 



t+log(pnC1X ) 4
t+log(nC1ε ) 2
2(t + log(4p))
+
X
C2ε
C
2
s
s
√
αn,p
= αn,p
(t) =
,
n

Next we prove the equivalent result for the sign transform. The proof is very similar to the
unbiased case:

q
t+log(nC1ε ) 2
2{t + log(4p)}{1 + (
)} }
C2ε
√
=
n
with probability at least 1 − 2 exp(−t) we have:
P
u
u
h
i
m2 − αn,p
m2 − αn,p
i Yi Xij ∗ Xik∗
∈
/ −
,
u
u
kYk1
m1 + mε + αn,p m1 + mε + αn,p
Pn
h m2 (1 − ru ) + αu m2 (1 − ru ) + αu i
Y
X
X
i
ij
n,p
n,p
ik
i=1
∈ −
,
∀(j, k) 6= (j ∗ , k ∗ ).
u
u
kYk1
m1 − αn,p
m1 − αn,p

Thus,

Here we used the sub-exponential tail behavior of ε. We have P(|εi | ≥ t) ≤ C1ε exp(−C2ε t).
Hence we set
t + log(nC1ε )
t = C2ε σ − log(nC1ε ) ⇒ σ =
C2ε

Thanei, Meinshausen and Shah

The xyz algorithm for fast interaction search in high-dimensional data

n
0
i=1 |ε |

P

P

p
0
0
2
4
A: P
i=1 |Xij ∗ Xik∗ | ≤ nm1 − δ ≤ exp(−δ /2nM ))
P

n
0
2
2
B: P
i=1 εi ≤ −κ ≤ exp(−κ /2nσ )
P

n
0
0
2
4
C: P
i=1 |Xij ∗ Xik∗ | ≥ nm1 + δ ≤ exp(−δ /2nM )

≥ nmε0 + κ ≤ exp(−2κ2 /nσ 2 )

D: P
This gives us a bound of the interaction strength of the true interaction pair:
0
0
P

nm1 − δ − κ
i Yi sgn(Xij ∗ Xik∗ )
≥
P
kYk1
nm1 + nmε + δ + κ
≥ 1 − 2 exp(−δ 2 /2nM 4 ) − 2 exp(−κ2 /2nσ 2 )

0
− E[|Xij0 ∗ Xik
∗ |]

Similarly we can treat the interaction strength of the non interacting pairs:
A : Here we use assumption (C1). It implies

)=1} |X]]

0
0
0
rs /2 ≤ P(sgn(Xij0 ∗ Xik
∗ ) = sgn(Xij Xik )|X) ≤ 1 − rs /2.

=
ik∗

0
0
0
0
0
= E[|Xij0 ∗ Xik
∗ |](2P(sgn(Xij Xik Xij ∗ Xik ∗ ) = 1|X) − 1).

0
0
0
0
0
0
0
= E[E[2|Xij0 ∗ Xik
∗ ||X]]P(sgn(Xij Xik Xij ∗ Xik ∗ ) = 1|X) − E[|Xij ∗ Xik ∗ |]

ij

0
= E[E[2|Xij0 ∗ Xik
∗ |1{sgn(X 0 X 0 X 0 X 0
∗
ij ik

0
0
0
0
0
E[E[|Xij0 ∗ Xik
∗ |sgn(Xij Xik Xij ∗ Xik ∗ )]

This we use for computing the expectation:
0
0
0
E[Xij0 ∗ Xik
∗ sgn(Xij Xik )]



0
0
0
m1 (rs − 1) ≤ E[Xij0 ∗ Xik
∗ sgn(Xij Xik )] ≤ m1 (1 − rs ).

≥ nm1 (1 − rs ) + δ ≥ exp(−2δ/nM 4 ).

Thus the expectation is given as:

Hence, P

Pn
0
0
0
0
i=1 Xij ∗ Xik∗ sgn(Xij Xik )

0
0
0
0
0
For the rest we use the same bounds as before (using |Xij0 ∗ Xik
∗ + εi | ≥ |Xij ∗ Xik ∗ | + εi ).
This yields the bound
0
0
 Pn

nm
1 (1 − rs ) + δ + κ
i=1 Yi sgn(Xij Xik )
P
≤
kYk1
nm1 − δ − κ
≥ 1 − exp(−2δ 2 /nM 4 ) − exp(−2κ2 /nσ 2 ).
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The above inequality needs to hold for the at most p2 pairs that are not interactions, so
that we effectively multiply the exponential terms with p2 . Another factor of 2 is multiplied
in for the negative sign, as the fraction also has to be bounded away from −1. In total we
thus have:
P
0
0
h
i
nm1 − δ − κ
nm1 − δ − κ
i Yi sgn(Xij ∗ Xik∗ )
∈
/ −
,
kYk1
nm1 + nmε + δ + κ nm1 + nmε + δ + κ
Pn
0
0
h
i
nm
1 (1 − rs ) + δ + κ nm1 (1 − rs ) + δ + κ
i=1 Yi sgn(Xij Xik )
∈ −
,
∀(j, k) 6= (j ∗ , k ∗ )
kYk1
nm1 − δ − κ
nm1 − δ − κ
with probability at least 1 − 2p exp(−δ 2 /2nM 4 ) − 2p exp(−κ2 /2nσ 2 ).
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Finally we have to set δ and κ so that the probability is bigger than 1 − exp(−t). This
gives:
exp(−t) = 4p exp(−δ 2 /2nM 4 ) and exp(−t) = 4p exp(−κ2 /2nσ 2 )

This gives
p
p
δ = 2nM 4 (t + log(4p)) and κ = 2nσ 2 (t + log(4p))
√
2(t+log(4p))(M 4 +σ 2 )
√
Thus for αs =
n,p
n
P
0
0
s
h
i
m − αs
m1 − αn,p
1
n,p
i Yi sgn(Xij ∗ Xik∗ )
∈
/ −
,
s
s
m1 + mε + αn,p
m1 + mε + αn,p
h m (1 − r ) + αs m (1 − rs ) + αs i
1
s
1
n,p
n,p
∈ −
,
∀(j, k) 6= (j ∗ , k ∗ )
s
s
m1 − αn,p
m1 − αn,p
kYk1

kYk1
Pn
0
0
i=1 Yi sgn(Xij Xik )

with probability at least 1 − exp(−t).

We now extend this result to the case of unbounded variables, that is we now assume that
with high probability the variables Xij and εi are bounded:

0
P( Xij = Xij0 , ∀ i, j) = 1 − exp(−t) and P(εi = εij
, ∀ i) = 1 − exp(−t).

r



 
t+log(pnC1X ) 4
t+log(nC1ε ) 2
2(t + log(4p))
+
C2ε
C2X
√
n

t = C2ε σ − log(nC1ε ) ⇒ σ =

t + log(pnC1X )
t = C2X M − log(pnC1X ) ⇒ M =
C2X
t + log(nC1ε )
C2ε

Here we used the sub-exponential tail behaviour of the Xij and εi . There exists constants
C1X , C2X such that P(|Xij | ≥ t) ≤ C1X exp(−C2X t) and similarly for ε. Hence we set

Thus we have
s
αn,p
=

<

log{(1

log{(1 +

2
)/2}
+ m1m+m
ε
m1
m2 (1−rs ) )/2}

+ δ/2.

Next we prove Theorem 7:
u (t)
Proof Given δ,  > 0, choose t such that 3 exp(−t) < . From (B3) we have that αn,p
u (t) → 0 as n → ∞. Thus from Lemma 17 we know that
defined in Lemma 17 satisfies αn,p
there exists N such that for all n ≥ N , with probability 1 −  we have
log(γjg∗ k∗ )

g
log(γjk
)

C(M, L) ≤ cnp

log(1/2+m /2((m1 +mε )))
u )/(2m1 ))
2

1+δ/2+ log(1/2+m 2(1−r

,
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Thus for n ≥ N , applying Corollary 5 we have that with probability 1 − ,

for some constant c.

The proof of Theorem 8 is very similar and is thus omitted.
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MTL learning guarantees are centered around notions of (global) Rademacher complexities,
which were introduced to machine learning by Bartlett et al. (2002); Bartlett and Mendelson (2002);
Koltchinskii and Panchenko (2000); Koltchinskii (2001); Koltchinskii and Panchenko (2002), and
employed in the context of MTL by Maurer (2006a,b); Kakade et al. (2012); Maurer and Pontil
(2013); Maurer (2016); Maurer et al. (2016). All these works are briefly surveyed in Sect. 1.3. It is
worth noting that, if T denotes the number of tasks being co-learned and n denotes the number of

Transfer learning (Pan and Yang, 2010) and, in particular, Multi-Task Learning (MTL) (Caruana,
1997) leverage such underlying common links among a group of tasks, while respecting the tasks’
individual idiosyncrasies to the extent warranted. This is achieved by phrasing the learning process
as a joint, mutually dependent learning problem. An early example of such a learning paradigm is
the neural network-based approach introduced by Caruana (1997), while more recent works consider
convex MTL problems (Ando and Zhang, 2005; Evgeniou and Pontil, 2004; Argyriou et al., 2008a).
At the core of each such MTL formulation lies a mechanism that encodes task relatedness into the
learning problem (Evgeniou et al., 2005). Such relatedness mechanism can always be thought of as
jointly constraining the tasks’ hypothesis spaces, so that their geometry is mutually coupled, e.g.,
via a block norm constraint (Yousefi et al., 2015). Thus, from a regularization perspective, the tasks
mutually regularize their learning based on their inter-task relatedness. This process of information
exchange during co-learning is often referred to as information sharing. With respect to learning
theory results, the analysis of MTL goes back to the seminal work of Baxter (2000), which was
followed up by the works of Ando and Zhang (2005); Maurer (2006a). Nowadays, MTL frameworks
are routinely employed in a variety of settings. Some recent applications include computational
genetics (Widmer et al., 2013), image segmentation (An et al., 2008), HIV therapy screening (Bickel
et al., 2008), collaborative filtering (Cao et al., 2010), age estimation from facial images (Zhang and
Yeung, 2010), and sub-cellular location prediction (Xu et al., 2011), just to name a few prominent
ones.

In such settings, when considering any type of prediction task per individual subject (for example,
whether the subject is indeed suffering from a specific medical affliction or not), relying solely on
the scarce data per individual most often leads to inadequate predictive performance. Such a direct
approach completely ignores the advantages that might be gained, when considering intrinsic, strong
similarities between subjects and, hence, tasks. For instance, in the area of genomics, different
living organisms can be related to each other in terms of their evolutionary relationships as given by
the tree of life. Taking into account such relationships may be instrumental in detecting genes of
recently developed organisms, for which only a limited number of training data is available. While
our discussion here has focused on the realm of biomedicine, similar limitations and opportunities to
overcome them exist in other fields as well.

A commonly occurring problem, when applying machine learning in the sciences, is the lack
of a sufficient amount of training data to attain acceptable performance results; either obtaining
such data may be very costly or they may be unavailable due to technological limitations. For
example, in cancer genomics, tumor bioptic samples may be relatively scarce due to the limited
number of cancer patients, when compared to samples of healthy individuals. Also, in neuroscience,
electroencephalogram experiments are carried out on human subjects to record training data and
typically involve only a few dozen subjects.

1. Introduction
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available observations per task, then
√ the fastest-converging error or excess risk bounds derived in
these works are of the order O(1/ nT ).
More recently, Koltchinskii (2006) and Bartlett et al. (2005) introduced a more nuanced variant
of these complexities, termed Local Rademacher Complexity (LRC), as opposed to the original
Global Rademacher Complexity (GRC). This new, modified function class complexity measure
is attention-worthy, since, as shown by Bartlett et al. (2005), an LRC-based analysis is capable of
producing more rapidly-converging excess risk bounds (“fast rates”), when compared to the ones
obtained via a GRC analysis. This can be attributed to the fact that, unlike LRCs, GRCs ignore
the fact that learning algorithms typically choose well-performing hypotheses that belong only to a
subset of the entire hypothesis space under consideration. The end result of this distinction empowers
a local analysis to provide less conservative and, hence, sharper bounds than the standard global
analysis. To date, there have been only a few additional works attempting to reap the benefits of
such local analysis in various contexts: active learning for binary classification tasks (Koltchinskii,
2010), multiple kernel learning (Kloft and Blanchard, 2011; Cortes et al., 2013), transductive learning
(Tolstikhin et al., 2014), semi-supervised learning (Oneto et al., 2015) and bounds on the LRCs via
covering numbers (Lei et al., 2015).
1.1 Our Contributions
Through a Talagrand-type concentration inequality adapted to the MTL case, this paper’s main
contribution is the derivation of sharp bounds on the MTL excess risk in terms of the distributionand data-dependent LRC. For a given number of tasks T , these bounds admit faster (asymptotic) convergence characteristics in the number of observations per task n, when compared to corresponding
bounds hinging on the GRC. Hence, these faster rates ensure us that the MTL hypothesis selected by
a learning algorithm approaches the best-in-class solution as n increases beyond a certain threshold.
We also prove a new bound on the LRC, which generally holds for hypothesis classes with any norm
regularizers. This bound readily facilitates the bounding of the LRC for a range of such regularizers
not only for MTL, but also for the standard Single-Task Learning (STL) setting. As a matter of fact,
we demonstrate such results, in Sect. 4, for classes induced by graph-based, Schatten and group norm
regularizers. Moreover, we prove matching lower bounds and, thus, show that, aside from constants,
the LRC-based bounds are tight for the considered applications.
Our derived bounds reflect that one can trade off a slow convergence speed w.r.t. T for an
√
improved convergence rate w.r.t. n. The latter one ranges from the typical GRC-based O(1/ n)
bounds, all the way up to the fastest rate of order O(1/n) by allowing the bound to depend less on T .
Nevertheless, the premium in question becomes less relevant to MTL, since T is typically considered
fixed is such setting.
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Fixing all other parameters when the number of samples per task n approaches infinity, our
local bounds yield faster rates compared to their global counterparts. Also, it is observed that, if
the number of tasks T and the radius R of the ball-norms can grow with n, there are cases wherein
local analysis always improves over the global one. When our local bounds are compared to the ones
in(Maurer and Pontil, 2013; Maurer, 2006b), which stem from a global analysis, one observes that
our bounds yield faster, O(1/T ) and O(1/n) convergence rates.
3
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1.2 Organization

The paper is organized as follows: Sect. 2 lays the foundations for our analysis by considering a
Talagrand-type concentration inequality suitable for deriving our bounds. Next, in Sect. 3, after
suitably defining LRCs for MTL hypothesis spaces, we provide our LRC-based MTL excess risk
bounds. Based on these bounds, we follow up this section with a local analysis of linear MTL
frameworks, in which task-relatedness is presumed and enforced by imposing a norm constraint.
More specifically, leveraging off Hölder’s inequality, Sect. 4 presents generic upper bounds for the
relevant LRC of any norm regularized hypothesis class. These results are subsequently specialized
to the case of group norm, Schatten norm and graph regularized linear MTL. Sect. 5 supplies the
corresponding excess risk bounds based on the LRC of the aforementioned hypothesis classes. The
paper concludes with Sect. 6, which investigates the convergence rate of our LRC-based excess risk
bounds for the previously mentioned hypothesis spaces. We also compare our local bounds with
those obtained from a GRC-based analysis provided in Maurer and Pontil (2013); Maurer (2006b).
1.3 Previous Related Works

An earlier work by Maurer (2006a), which considers linear MTL frameworks for binary classification,
investigates the generalization guarantees based on Rademacher averages. In this framework, all
tasks are pre-processed by a common bounded linear operator and operator norm constraints are used
to control the complexity
of the associated hypothesis spaces. The GRC-based error bounds derived
√
are of order O(1/ nT ). Another contemporary study (Maurer, 2006b) provides bounds for the
empirical and expected Rademacher complexities of
√ linear transformation classes. Based on Hölder’s
inequality, GRC-based risk bounds of order O(1/ nT ) are established for MTL hypothesis spaces
with graph-based and LSq -Schatten norm regularizers, where q ∈ {2} ∪ [4, ∞].

The subject of MTL generalization guarantees benefited from renewed attention in recent years.
Kakade et al. (2012) take advantage of the strongly-convex nature of certain matrix-norm regularizers
to easily obtain generalization bounds for a variety of machine learning problems. Part of their work
is devoted to the realm of online and off-line MTL. In the latter case, which
√ pertains to the focus of
our work, the paper provides a GRC-based excess risk bound of order O(1/ nT ). Moreover, Maurer
and Pontilp(2013) present a global Rademacher complexity analysis leading to excess risk bounds of
order O( log(nT )/nT for a trace norm regularized MTL model. Also, Maurer (2016) examines
the bounding of (global) Gaussian complexities of function classes that result from considering
composite maps, as is typical in several settings,
√ including MTL. An application of the paper’s
results yields MTL risk bounds of √
order O(1/ nT ). More recently, Maurer et al. (2016) presents
excess risk bounds of order O(1/ nT ) for both MTL and Learning-to-Learn (LTL) and reveals
conditions, under which MTL is more beneficial over learning tasks independently.
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Finally, although loosely related to our focus, we mention in passing a few works that pertain to
generalization guarantees in the realm of life-long learning and domain adaptation. Generalization
performance analysis in life-long learning has been investigated by Thrun and Pratt (2012); BenDavid and Schuller (2003); Ben-David and Borbely (2008); Pentina and Lampert (2015) and Pentina
and Ben-David (2015). Also, in the context of domain adaptation, similar considerations are examined
by Mansour et al. (2009a,b,c); Cortes and Mohri (2011); Zhang et al. (2012); Mansour and Schain
(2013) and Cortes and Mohri (2014).
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(1)

Theorem 1 (TALAGRAND -T YPE I NEQUALITY FOR MTL) Let F = {f := (f1 , . . . , fT )} be
a class of vector-valued functions satisfying maxt∈NT supx∈X |ft (x)| ≤ b. Also, assume that
P
(T,Nt )
X := (Xti )(t,i)=(1,1)
is a vector of Tt=1 Nt independent random variables where Xt1 , . . . , Xtn , ∀t
are identically distributed. Let {σti }t,i be a sequence of independent Rademacher variables. If


PT
1
1 2 ≤ r, then, for every x > 0, with probability at least 1 − e−x ,
t=1 E ft (Xt )
T supf ∈F

Our derivation of LRC-based error bounds for MTL is founded on a Talagrand-type concentration
inequality, which was adapted to the context of MTL and is presented next. It shows that the uniform
deviation between the true and empirical means for a vector-valued function class F can be dominated
by the associated multi-task Rademacher complexity plus a term involving the variance of functions
in F. A notable property of Theorem 1 is that the correlation among different components of f ,
encoded by either the constraint on variances or the constraint imposed in the hypothesis space, is
preserved. This last observation is congruent with the spirit of MTL. The proof of Theorem 1, which
is deferred to Appendix A, is based on a so-called Logarithmic Sobolev inequality on log-moment
generating functions.

2. Talagrand-Type Inequality for Multi-Task Learning

where P ft := E[ft (Xt )] and Pn ft := n1 i=1 ft (Xti ). When well-defined, we denote the componentwise exponentiation of a vector f as f α = (f1α , . . . , fTα ), ∀α ∈ R. For any loss function ` : R × R →
R+ and any f = (f1 , . . . , fT ) we define `f = (`f1 , . . . , `fT ) where `ft is the function defined by
`ft ((Xt , Yt )) = `(ft (Xt ), Yt ).
Finally, in the subsequent material, we always assume the measurability of functions and suprema
whenever necessary. Furthermore, operators on separable Hilbert spaces are assumed to be of trace
class.

P f :=

Consider T supervised learning tasks sampled from the same input-output space X × Y. Each task t
is represented by an independent random variable (Xt , Yt ) governed by a probability distribution µt .
Also, the i.i.d. samples related to each task t are described by the sequence (Xti , Yti )ni=1 , drawn from
µt .
In what follows, we use the following notational conventions: vectors and matrices are depicted
in bold face. The superscript T , when applied to a vector/matrix, denotes the transpose of that
quantity. We define NT := {1, . . . , T }. For any random variables X, Y and function f we use
Ef (X, Y ) and EX f (X, Y ) to denote the expectation with w.r.t. all the involved random variables
and the conditional expectation w.r.t. the random variable X respectively. For any vector-valued
function f = (f1 , . . . , fT ), we introduce the following two notations:

1.4 Basic Assumptions & Notations

LRC-BASED L EARNING G UARANTEES FOR MTL

i=1

sup (P f − Pn f ) ≤ 4R(F) +

8xr 12bx
+
,
n
n

(2)
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2xr 8bx
+
.
n
3n

(3)
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Note that the difference between the constants in (2) and (3) is due to the fact that we were unable
to directly apply Bousquet’s version of Talagrand’s inequality (like it was done in Bartlett et al.
(2005) for scalar-valued functions) to the class of vector-valued functions. To be more clear, let
00
Z be defined as in (A.2) with the jackknife replication Zs,j . We find a lower bound Zs,j such that
00
Zs,j ≤ Z − Zs,j . Then, in order to apply Theorem 2.5 of Bousquet (2002), one needs to show
Pn
00
1 PT
2
that the quantity nT
s=1
j=1 Es,j [(Zs,j ) ] is bounded. This goal, ideally, can be achieved by

2
P
1
including a constraint similar to T supf ∈F Tt=1 E ft (Xt1 ) ≤ r in Theorem 1. However, we
found that—when dealing with MTL class of functions—it isPnot very
to define such
Pnstraightforward
00
T
1
2
a constraint that satisfies the boundedness condition nT
s=1
j=1 Es,j [(Zs,j ) ] in terms of r.
With that being said, the key ingredient to Theorem 1’s proof is the so-called Logarithmic Sobolev
inequality—Theorem A.1—which can be considered as the exponential version of Efron-Stein’s
inequality.

f ∈F

sup (P f − Pn f ) ≤ 4R(F) +

where the function f is chosen from a scalar-valued function class F. This bound can be compared
to the result of Theorem 2.1 of Bartlett et al. (2005), which for α = 1 reads as

f ∈F

r

Remark 3 At this point, we present the result of the previous theorem for the special case of single
task learning. It is very straightforward to verify that, for T = 1, the bound in (1) can be written as

Remark 2 Note that Theorem 1 pertains to classes of uniformly bounded functions and is used in
the sequel to bound the excess risk of multi-task learning function classes. However, using a new
argument by Mendelson (2014), Theorem 1 can be extended beyond the case of classes of uniformly
bounded loss functions. In particular, rather than adopting a concentration-based inequality, which
is crucial to our approach here to bound the suprema of the resulting empirical processes, the
approach in Mendelson (2014) relies on a “small ball” assumption. Such an assumption holds for
functions with “well-behaved high-order moments” (e.g. heavy-tailed functions).

In Theorem 1, the data from different tasks are assumed to be mutually independent, which is
typically presumed in MTL (Maurer, 2006a). To present the results in a clear way we always assume
in the following that the available data for each task is the same, namely n.

Note that the same bound also holds for supf ∈F (Pn f − P f ).

t=1

where n := mint∈NT Nt , and the multi-task Rademacher complexity of function class F is defined
as
(
)
Nt
T
1X 1 X
i
i
σt ft (Xt ) .
R(F) := EX,σ
sup
Nt
f =(f1 ,...,fT )∈F T
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3. MTL Excess Risk Bounds based on Local Rademacher Complexities
At the heart of Theorem 1 lies a variance bound, which motivates us to consider Rademacher averages
associated with a function sub-class enjoying small variances. As pointed out in Bartlett et al. (2005),
these (local) averages are always smaller than the corresponding global Rademacher averages and
allow for eventually deriving sharper generalization bounds. Herein, we exploit this very fact for
MTL generalization guarantees.


f =(f1 ,...,fT )∈F
V (f )≤r

sup
t=1 i=1


T
n
1 XX i
σt ft (Xti ) ,
nT
(4)

Definition 4 (M ULTI -TASK L OCAL R ADEMACHER C OMPLEXITY) For a vector-valued function class F = {f = (f1 , . . . , fT )}, the Multi-Task Local Rademacher Complexity (MT-LRC)
R(F, r) is defined as
R(F, r) := EX,σ
where V (f ) is an upper bound on the variance of the functions in F.
For the case T = 1, it is clear that the MT-LRC reduces to the standard LRC for scalar-valued
function classes. Analogous to single task learning, a challenge in using the MT-LRC to refine
existing learning rates is to find an optimal radius trading-off the variance and the associated
complexity, which, as we show later, reduces to the calculation of the fixed-point of a sub-root
function.
Definition 5 (S UB -ROOT F UNCTION) A function ψ : [0, ∞] → [0, ∞] is sub-root if and only if it
√
is non-decreasing and the function r 7→ ψ(r)/ r is non-increasing for r > 0.
Lemma 6 (Lemma 3.2 Bartlett et al. (2005)) If ψ is a sub-root function, then it is continuous on
[0, ∞], and the equation ψ(r) = r has a unique (non-zero) solution r∗ , which is known as the fixed
point of ψ. Moreover, for any r > 0, it holds that r > ψ(r) if and only if r∗ ≤ r.
Intuitively, the model sought for by learning algorithms would hopefully attain a small generalization error and enjoy a small variance, when there is a relationship between risks and variances.
The concept of local Rademacher complexity allows us to focus on identifying such models.

∀f ∈ F.

(5)

Definition 7 (V ECTOR -VALUED B ERNSTEIN C LASS) Let 0 < β ≤ 1 and B > 0. A vectorvalued function class F is said to be a (β, B)-Bernstein class with respect to the probability measure
P if there exists a function V : F → R+ such that
P f 2 ≤ V (f ) ≤ B(P f )β ,
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It can be shown that the Bernstein condition (5) is not too restrictive and it holds, for example, for
non-negative bounded functions with respect to any probability distribution as shown in (Bartlett et al.,
2004). Other examples include the class of excess risk functions LF := {`f − `f ∗ : f ∈ F}—with
f ∗ ∈ F being the minimizer of P `f — when the function class F is convex and the loss function ` is
strictly convex.
In this section, we show that under some mild assumptions on a vector-valued Bernstein class,
LRC-based excess risk bounds can be established for MTL. We will assume that the loss function `
and the vector-valued hypothesis space F satisfy the following conditions:
7

Assumption 8
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1. There is a function f ∗ = (f1∗ , . . . , fT∗ ) ∈ F satisfying P `f ∗ = inf f ∈F P `f .

2. There is a constant B 0 ≥ 1 and 0 < β ≤ 1, such that for every f ∈ F we have P (f − f ∗ )2 ≤
β
B 0 P (`f − `f ∗ ) .

3. There is a constant L, such that the loss function ` is L-Lipschitz in its first argument.

As pointed out in Bartlett et al. (2005), many regularized algorithms satisfy these conditions. More
specifically, a uniform convexity condition on the loss function ` is usually sufficient to satisfy
Assumption 8.2. A typical example is the quadratic loss function `(f (X), Y ) = (f (X) − Y )2 . More
specifically, if |f (X) − Y | ≤ 1 for any f ∈ F, x ∈ X and Y ∈ Y, then it can be shown that the
conditions of Assumption 8 are met with L = 1 and B = 1.
We now present the main result of this section showing that the excess risk of MTL can be
bounded by the fixed-point of a sub-root function dominating the MT-LRC. The proof of the results
is provided in Appendix B.

h

f ∈F ,
L2 P (f −f ∗ )2 ≤r

sup

t=1 i=1

T
n
i
1 XX i
σt ft (Xti ) .
nT

(6)

Theorem 9 (Excess risk bound for MTL) Let F := {f := (f1 , . . . , fT )} be a class of vector(T,n)
valued functions f satisfying maxt∈NT supx∈X |ft (x)| ≤ b. Assume that X := (Xti , Yti )(t,i)=(1,1)
is a vector of nT independent random variables, where for each task t, the samples (Xt1 , Yt1 ) . . . ,
(Xtn , Ytn ) are identically distributed. Suppose that Assumption 8 holds. Define F ∗ := {f − f ∗ },
where f ∗ is the function satisfying P `f ∗ = inf f ∈F P `f . Let B := max(B 0 L2 , 1) and ψ be a
sub-root function with fixed point r∗ such that BLR(F ∗ , r) ≤ ψ(r), ∀r ≥ r∗ , where R(F ∗ , r) is the
LRC of the functions class F ∗ :
R(F ∗ , r) :=

EX,σ

 β+3 2 β  1
2
B
K
x
48LBbx
2−β
+
. (7)
nT
(2 − β)nT



β
2
1
1
K
Pn (`f − `f ∗ ) + (2K) 2−β 20 2−β max (r∗ ) 2−β , (r∗ ) β
K −β

Then, for any f ∈ F, K > 1 and x > 0, with probability at least 1 − e−x ,
P (`f − `f ∗ ) ≤

+

The following corollary is direct by noting that Pn (`fˆ − `f ∗ ) ≤ 0.
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 β+3 2 β  1
2
B
K
x
48LBbx
2−β
+
. (8)
nT
(2 − β)nT

Corollary 10 Let fˆ be any element of function class F satisfying Pn `fˆ = inf f ∈F Pn `f . Assume
that the conditions of Theorem 9 hold. Then for any x > 0 and r > ψ(r), with probability at least
1 − e−x ,

+



β
2
1
1
P (`fˆ − `f ∗ ) ≤ (2K) 2−β 20 2−β max (r∗ ) 2−β , (r∗ ) β

8

t=1 i=1

(9)

9
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Theorem 11 (LRC bounds for MTL models with norm regularizers) Let the regularizer Ω(W )
in (9) be given as an appropriate norm k.k, whose dual is denoted by k.k∗ . Let the kernels be
uniformly bounded, that is, kkk∞ ≤ K < ∞, and Xt1 , . . . , Xtn be an i.i.d. sample drawn from
Pt . Also, assume that for each task t, the eigen-decomposition of the Hilbert-Schmidt covariance

Now, we can provide the main results on general LRC bounds for any MTL hypothesis space
of the form Ω(W ) = 12 kW k2 for a norm k.k. In what follows, the Hilbert-Schmidt operator
φ(X) ⊗ φ(X) : H → H is defined as φ(X) ⊗ φ(X)(u) = hφ(X), uiφ(X).

4.2 General Bound on the LRC

where D is a given positive operator defined on H. Note that the hypothesis spaces corresponding to
the group and Schatten norms can be recovered by setting D = I and by using their corresponding
norms. More specifically, by choosing Ω(W ) = 12 kW k22,q , one obtains an L2,q -group norm
hypothesis space in (10). Similarly, the choice Ω(W ) = 12 kW k2Sq gives an LSq -Schatten norm
hypothesis space in (10). Furthermore, the graph regularized MTL (Micchelli and Pontil, 2004;
Evgeniou et al., 2005; Maurer, 2006b) can be obtained by taking Ω(W ) = 12 kD 1/2 W k2F , where
k.kF is a Frobenius norm, D := L + ηI, L is the relevant graph Laplacian, and η > 0 is a
regularization constant. On balance, all these MTL models can be considered as norm regularized
models. Note that in the sequel, we let q ∗ be the Hölder conjugate exponent of q, i.e. 1/q + 1/q ∗ = 1.

where the regularizer Ω(·) may be used to reflect a priori information. This regularization scheme
amounts to performing Empirical Risk Minimization (ERM) using the hypothesis space
n
o
F := X 7→ [hw1 , φ(X1 )i , . . . , hwT , φ(XT )i]T : Ω(D 1/2 W ) ≤ R2 ,
(10)

W

T X
n


X
min Ω D 1/2 W + C
`( wt , φ(Xti ) , Yti ),

We consider linear MTL models, where we associate to each task a functional ft (X) := hwt , φ(X)i.
Here, wt belongs to a Reproducing Kernel
p Hilbert Space (RKHS) H, equipped with an inner product
h., .i and an induced norm k.k :=
h., .i. Also, φ : X → H is a feature map associated to
H’s reproducing kernel k satisfying k(X, X̃) = hφ(X), φ(X̃)i, ∀X, X̃ ∈ X . We assume that the
multi-task model W = (w1 , . . . , wT ) ∈ H × . . . × H is learned using the regularized cost function:

4.1 Preliminaries

This section presents very general MT-LRC bounds for hypothesis spaces defined by norm regularizers, which allows us to immediately derive, as specific application cases, LRC bounds for group
norm, Schatten norm, and graph regularized MTL models.

4. Local Rademacher Complexity Bounds for Norm Regularized MTL Models

An immediate consequence of this section’s results is that one can derive excess risk bounds for given
regularized MTL hypothesis spaces. In the sequel, we will derive excess risk bounds for several
commonly used norm regularized MTL hypothesis spaces by further bounding the fixed point r∗
appearing in Corollary 10.

LRC-BASED L EARNING G UARANTEES FOR MTL

where V :=

n

j
i
i
i=1 σt φ(Xt ), ut

D P
n
1

E

ujt

t=1

T

t=1

(13)

(12)

10
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where A1 and A2 stand respectively for the first (12) and second (13) term of the previous bound.
Step 1. Controlling A1 : By applying the Cauchy-Schwartz (C.S.) inequality on A1 , one gets


1

2 2


ht q
T

D
E
X
 X
1
j
j
j

sup 
A1 ≤ EX,σ
λt wt , ut ut 


T
2

t=1 j=1
P f ≤r

1

2 2 
* n
+



q
h
T
t
−1
X X

1X i

λjt
σt φ(Xti ), ujt ujt  


n

t=1 j=1
i=1



1

T ht

D
E2 2
1
 XX j
= EX,σ
sup 
λt wt , ujt 

T
P f 2 ≤r
t=1 j=1

= A1 + A2 ,

Proof Using the LRC’s definition, we have




n D


E
X

1
T
R(F, r) =
EX,σ
sup
(wt )Tt=1 , σti φ(Xti ) t=1


nT

f =(f1 ,...,fT )∈F , i=1
P f 2 ≤r



*
* n
+ T +

∞


X
X
1
1
j
j
= EX,σ
sup (wt )Tt=1 , 
σti φ(Xti ), ut ut 


T
n

 f ∈F ,
j=1
i=1
t=1
P f 2 ≤r

T
* h q

t

E
D
X
1
j
j
j

,
≤ EX,σ
sup
λt wt , ut ut

T
P f 2 ≤r
j=1
t=1


* n
+ T +
ht q −1

X
X
1

λjt
σti φ(Xti ), ujt ujt 

n

j=1
i=1
t=1


T +

*
+
*


n


X 1X
1
+ EX,σ sup (wt )Tt=1 , 
σti φ(Xti ), ujt ujt 


T
n
f ∈F

i=1
j>ht

j>ht

P

P
j j
j
j ∞
operator Jt is given by Jt := E(φ(Xt ) ⊗ φ(Xt )) = ∞
j=1 λt ut ⊗ ut , where (ut )j=1 forms an
j ∞
orthonormal basis of H and (λt )j=1 are the corresponding eigenvalues in non-increasing order.
Then, for any given positive operator D on RT , any r > 0 and any non-negative integers h1 , . . . , hT :
s

√
 r PT h

2R
−1/2
t=1 t
R(F, r) ≤ min
+
EX,σ D
V
,
(11)
0≤ht ≤∞ 
nT
T
∗
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λtj

r

*
n

.

i=1

1X i
σt φ(Xti ), utj
n

t=1 ht

PT

ht  
T X
X
−1
t=1 j=1


+ 1
2
2



 
.
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≤

nT

(14)

E2
D P
n
σti φ(Xti ), utj =
With the help of Jensen’s inequality and taking advantage of the fact that EX,σ n1 i=1
D
E2
λtj
j
j
2
1 PT P∞
≤ r (see Lemma C.1 in the Apt=1
j=1 λt w t , ut
n and P f ≤ r together imply that T
pendix for the proof), we can further bound A1 as
s
A1

(15)

Step 2. Controlling A2 : We now use Hölder’s inequality to bound the second term A2 as
follows:



*
*
+ T +

n


X
X
1
1
j
j
T
i
i


,
A2 = EX,σ sup (wt )t=1
σ
t φ(Xt ), ut ut


T
n
f
∈F


i=1
j>h
t
t=1
(
)
D
E
1
= EX,σ sup D 1/2 W , D −1/2 V
T
f ∈F
(
)
Hölder 1
EX,σ sup D 1/2 W . D −1/2 V
≤
T
∗
f ∈F
√
2R
EX,σ D −1/2 V .
T
∗
≤

Combining (15) and (14) completes the proof.
In what follows, we demonstrate the power of Theorem 11 by applying it to derive the LRC bounds
for some popular MTL models, including group norm, Schatten norm and graph regularized models,
which have been extensively studied in the MTL literature; for example, see (Maurer, 2006b;
Argyriou et al., 2007a,b, 2008a; Li et al., 2015; Argyriou et al., 2014).
4.3 Group Norm Regularized MTL
We first consider the MTL scheme, which captures the inter-task relationships by the group norm
PT
q 2/q
2 := 1
regularizer 21 kW k2,q
(Argyriou et al., 2007a, 2008a; Lounici et al., 2009;
t=1 kw t k2
2
Romera-Paredes et al., 2012). Its associated hypothesis space takes the form


1
2
2
X 7→ [hw1 , φ(X1 )i , . . . , hwT , φ(XT )i]T : kW k2,q
≤ Rmax
.
(16)
2
Fq :=
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Before presenting the result for this case, we point out that A1 does not depend on the hypothesis
space’s W -constraint. Therefore, the bound for A1 is independent of the the choice of reqularizers
we consider in this study. However, A2 can be further bounded in a manner that depends on the
regularization function.
11
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We start off with a useful lemma which helps with bounding A2 for the group norm hypothesis
space (16). The proof of this lemma, which is based on the application of the Khintchine (C.1) and
Rosenthal (C.2) inequalities, is presented in Appendix C.

*

2,q ∗
n

+

T
utj 

t=1 2,q ∗

j>ht

t=1

v

T
u
√
1
u
X j
u ∗2
Keq ∗ T q∗

u eq
+t
λt 
≤
n
n

(for D = I) can be upper-bounded as

i=1

1X i
σt φ(Xti ), utj
n

q∗
2

.

Lemma 12 Assume that the kernels in (9) are uniformly bounded, that is, kkk∞ ≤ K < ∞.
2
Then, for the group norm regularizer 21 kW k2,q
in (16) and for any 1 ≤ q ≤ 2, the expectation

X

EX,σ D −1/2 V



EX,σ 

j>ht

j=1

t=1

q∗
2

Corollary 13 Using Theorem 11, for any 1 < q ≤ 2, the LRC of function class Fq in (16) can be
bounded as
v


u
√
1
 T

u
∞
∗
∗
∗2 2
X
u
2KeR
max q T q
1− 2 2eq Rmax j 
u 4 
R(Fq , r) ≤ t
min rT q∗ ,
λt
+
. (17)
nT
T
nT

j>ht

t=1

q∗
2

t=1

q∗
2

(19)

Proof Sketch: We use Lemma 12 to upper-bound A2 for the group norm hypothesis space (16) as
v


u
T
√
1
u
∗2 2
X
u
2KeRmax q ∗ T q∗
u 2eq Rmax 
λtj 
+
.
(18)
A2 (Fq ) ≤ t
nT 2
nT

j>ht

Now, combining (14) and (18) provides the following bound on R(Fq , r)
v
s


u
T
√
1
P
u
T
2
X
r t=1
ht u 2eq ∗2 Rmax
2KeRmax q ∗ T q∗

u
R(Fq , r) ≤
+t
λtj 
+
.
nT 2
nT

nT

1

ka1 kq = h1, a1q i q

1

≤

Hölder’s



k1k(p/q)∗ ka1q k(p/q)

ka1 ks + ka2 ks ≤ 21− s ka1 + a2 ks ≤ 2 ka1 + a2 ks ,

lq − to − lp :

q

1

1

=Tq

− p1

ka1 kp

(22)

(21)

Then, using the inequalities shown below, which hold for any α1 , α2 > 0, any vectors a1 , a2 ∈ RT
with non-negative elements, any 0 ≤ q ≤ p ≤ ∞ and any s ≥ 1,
p
√
√
(?) α1 + α2 ≤ 2(α1 + α2 )
(20)
(??)

(? ? ?)

one obtains the desired result. See Appendix C for the detailed proof.
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Remark 14 Since the LRC bound above is non-monotonic in q, it is more practical to state the
above bound in terms of κ ≥ q; note that choosing κ = q is not always the optimal choice. Trivially,

12

t=1

κ∗
2

(23)

2Rmax
T
t=1

j>ht

j>ht

t=1

1
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 q∗ q∗
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X λj
X
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 = t nT 2
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q∗
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.
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1− q2∗

c
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∞
X



2
1− 2 R
min rT q∗ , max λj1 .
T

(25)

1
 √

∗2 2
2KeRmax q ∗ T q∗
1− 2 2eq Rmax j
min rT q∗ ,
λt +
.
T
nT

=

√
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√
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T
X
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j>ht

X
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n
i=1

n
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σti φ(Xti ), ujt

1
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t=1

j>ht
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1
q∗

ujt






+

q∗



∗

* n
+2  q2
T
X
X
X

2Rmax 
1


EX,σ
σti φ(Xti ), ujt  


T
n

Jensen’s

q
q−1 .

t=1
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Argyriou et al. (2007b) developed a spectral regularization framework for MTL, wherein the LSq 
q 2
Schatten norm 12 kW k2Sq := 12 tr W T W 2 q is studied as a concrete example that corresponds to
performing ERM in the following hypothesis space:


1
02
FSq := X 7→ [hw1 , φ(X1 )i , . . . , hwT , φ(XT )i]T : kW k2Sq ≤ Rmax
.
(26)
2

4.4 Schatten Norm Regularized MTL

j=1

Remark 18 It is worth pointing out that a matching lower bound on the local Rademacher complexity
does not necessarily imply a tight bound on the expectation of an empirical minimizer fˆ. As shown
in Section 4 of Bartlett et al. (2004), a direct analysis of the empirical minimizer can lead to sharper
bounds compared to the LRC-based bounds. Consequently, based on Theorem 8 in Bartlett et al.
(2004), there might be cases in which the local Rademacher complexity bounds are constants, while
P fˆ is a decreasing function of the number of samples n. Moreover, it is shown in the same paper
that, under some mild conditions on the loss function `, a similar argument also holds for the class of
loss functions {`f − `f ∗ : f ∈ F}.

∞
X

Proof Using D = I, and k.k = k.k2,q in (15) gives
(
)
Hölder’s 1
A2 (Fq ) ≤
EX,σ sup kW k2,q kV k2,q∗
T
f ∈Fq

* n
+
√
T
2Rmax
X X 1 X i
≤
EX,σ 
σt φ(Xti ), ujt ujt
T
n

where q ∗ :=

j=1

nT

1− q2∗

4

By comparing this to (25), we see that the lower bound matches the upper bound up to constants.
The same analysis for MTL models with Schatten norm and graph regularizers yields similar results
and confirms that the LRC upper bounds that we have obtained are reasonably tight.

v
u
u
R(Fq,Rmax ,T , r) ≤ t

To make a clear comparison between
the lower bound in (25) and the upper bound in (17), we assume
P
identical eigenvalue tail sums j≥∞ λjt for all tasks. In this case, the upper bound translates to

v
u
u
R(Fq,Rmax ,T , r) ≥ t

Theorem 17 (Lower bound) Consider the hypothesis space shown in (16). The following lower
bound holds for the local Rademacher complexity of Fq for any q ≥ 1. There is an absolute constant
2
c such that, if λ1t ≥ 1/(nRmax
) ∀t, then, for all r ≥ n1 and q ≥ 1,

To investigate the tightness of the bound in (17), we derive the corresponding lower bound, which
holds for the LRC of Fq with q ≥ 1. The proof of this result can be found in Appendix C.

By applying (20), (21) and (22), this last result together with the bound for A1 in (14) yields the
result.

=

√
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Remark 16 (L2,q Group norm regularizer with q ≥ 2) For any q ≥ 2, Theorem 11 provides an
LRC bound for the function class Fq in (16) given as
v


u

 T
u
∞
2
X
2
u 4
2R
1−
j
max
∗

R(Fq , r) ≤ u
min rT q ,
λt 
,
(24)
t nT
T

j=1

1
2
2 kW k2,1

Remark 15 (Sparsity-inducing group norm) The use of the group norm regularizer
encourages a sparse representation that is shared across multiple tasks (Argyriou et al., 2007b,
2008a). Notice
that for any κ ≥ 1, it holds that R(F1 , r) ≤ R(Fκ , r). Also, assuming an identical
P
tail sum j≥h λj for all tasks, the bound gets minimized for κ∗ = log T . For this particular choice
of κ∗ , it is easy to show that
v
√
u
1
∞
T

2
u 4 X
2
2eκ∗2 Rmax
2KeRmax κ∗ T κ∗
min rT 1− κ∗ ,
λjt
+
R(F1 , r) ≤t
κ∗
nT
T
nT
t=1 2
j=1
v
√
(l κ∗ −to−l∞ )u
3
∞
T

2
u 4 X
2
2KRmax e 2 log T
2e3 (log T )2 Rmax
t
≤
λjt
+
.
min rT,
nT
T
nT
t=1 ∞

j=1

for the group norm regularizer with any κ ≥ q, it holds that kW k2,κ ≤ kW k2,q and, therefore,
R(Fq , r) ≤ R(Fκ , r). Thus, we have the following bound on R(Fq , r) for any κ ∈ [q, 2],
v


u
√
 T

u
1
∞
∗2 2
X
u 4
2KeRmax κ∗ T κ∗
1− κ2∗ 2eκ Rmax j 

u
,
R(Fq , r) ≤ t
+
λt
.
min rT
nT
T
nT
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1

.

Corollary 19 For any 1 < q ≤ 2 in (26), the LRC of function class FSq is bounded as

j=1

v
u
∞

T
∗ 02
u 4 X
2q
R
max j
R(FSq , r) ≤ t
min r,
λt
nT
T
t=1

The proof is provided in Appendix C.

1

.

Remark 20 (Sparsity-inducing Schatten norm (trace norm)) Trace norm regularized MTL, corresponding to Schatten norm regularization with q = 1 (Maurer and Pontil, 2013; Pong et al., 2010),
imposes a low-rank structure on the spectrum of W . It can also be interpreted as low dimensional
subspace learning (Argyriou et al., 2008b; Kumar and Daume III, 2012; Kang et al., 2011). Note
that for any q ≥ 1, it holds that R(FS1 , r) ≤ R(FSq , r). Therefore, choosing the optimal q ∗ = 2,
we get

j=1

v
u
∞
T

02
u 4 X
4R
max j
R(FS1 , r) ≤t
λt
min r,
nT
T
t=1

j=1

t=1

v


u

 T
u
∞
02
X
u
1− 2 2Rmax j 
u 4 
R(FSq , r) ≤ t
λt
min rT q∗ ,
nT
T

q
q−1 .

q∗
2

,

(27)

Remark 21 (LSq Schatten norm regularizer with q ≥ 2) For any q ≥ 2, Theorem 11 provides an
LRC bound for the function class FSq in (26) as

where q ∗ :=

T X
n
X

t=1 i=1

σti U ti
Sq∗
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Proof We first bound the expectation EX,σ kV kSq∗ . Take U ti as a matrix with T columns where
E
D
P
the only non-zero column t of U i is defined as j>ht n1 φ(Xti ), utj utj . Based on the definition of
t
E T

D
P
j
j
1 Pn
i
i
V =
, we can then provide a bound for this expectation as
i=1 σt φ(Xt ), ut ut
j>ht n
t=1
follows
EX,σ kV kSq∗ = EX,σ

t,s=1 i,j=1

 1∗
 
q
 q∗

T
n

 2 
Jensen   X X
T

tr 
≤ 
EX,σ σti σsj U ti U sj  



t=1 i=1

 
 1∗
q
! q∗
T
n
 2

T
  XX

= tr 
EX U ti U ti


15

YOUSEFI , L EI , K LOFT, M OLLAGHASEMI AND A NAGNOSTOPOULOS

i=1 j>h1

j>ht

j>hT

j>ht

q∗
2

i=1 j>hT

t=1

.

 
 1
 q∗ q∗


2
n X
n X
X
X
 

1
1
tr diagEX

h φ(XTi ), uTj i2  
=
h φ(X1i ), u1j i2 ,. . ., EX


n
n

j>h1

 
 1

 q ∗ q ∗

2
X j
X j
 

tr  1 diag 

=
λ1 , . . . ,
λ T  
 n


t=1


1
v

T

 q∗ q∗
u
r
2
u
T
X j
X
X

u
1
 = u1 

=
λt 
λtj  
tn
n

One can derive the final result by replacing this last expression into (11) and by utilizing (20), (21)
and (22).

4.5 Graph Regularized MTL

t=1 s=1

t=1

t=1 s=1

T
T
T
T X
T
X
X
1 XX
ωts kwt − ws k2 + η
kwt k2 =
(L + ηI)ts hwt , ws i ,
2

The idea underlying graph regularized MTL is to force the models of related tasks to be close to each
other, by penalizing the squared distance kwt − ws k2 with different weights ωts . Here we consider
the following MTL graph regularizer (Maurer, 2006b)
Ω(W ) =

j=1

1

.

(29)
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v
u
∞


−1
002
T
u 4 X
2D tt
Rmax
min r,
λtj )
R(FG , r) ≤ t
nT
T
t=1

are the diagonal elements of D −1 .

(28)

where L is the graph-Laplacian associated to a matrix of edge weights ωts ,P
I is the
identity
T PT
operator, and η > 0 is a regularization parameter. According to the identity t=1
s=1 L +

ηI ts wt , ws = k(L + ηI)1/2 W kF2 , the corresponding hypothesis space is:

n
D
E
D
E
o
1
002
FG := X 7→ [ w1 , φ(X1 ) , . . . , wT , φ(XT ) ]T : kD 1/2 W kF2 ≤ Rmax
.
2

where we define D := L + ηI.

t=1

T

Corollary 22 For any given positive operator D in (28), the LRC of FG is bounded by

−1
where D tt

See Appendix C for the proof.
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1
2 kW k2,q

, where µ is the

∗
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q∗
2

(30)

√
1
4 2KeRmax BLq ∗ T q∗
,
nT

satisfies
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Proof First, notice that Fq is convex and, therefore, it is star-shaped around any of its elements.
Hence, according to Lemma 3.4 in Bartlett et al. (2005)—which indicates that the local Rademacher
complexity of the star-hull of any function class F is a sub-root function—R(Fq , r) is a sub-root
function. Moreover, because of the symmetry of the σti ’s distribution and because Fq is convex and
symmetric, it can be shown that R(Fq∗ , r) ≤ 2R(Fq , 4Lr 2 ), where R(Fq∗ , r) is defined in (6) for the

and where h1 , . . . , hT are arbitrary non-negative integers.

j>ht

+

2BLR(Fq , 4Lr 2 )

of the local Rademacher complexity
v

T
u
PT
u
2
2
X j
u 2eq ∗2 Rmax
B
∗
t=1 ht

+ 4BLu
λt 
r ≤ min
t
0≤ht ≤∞
nT
nT 2

where the fixed point

r∗


  2β+3 B 2 K β x  1
β
2
1
1
48LBbx
2−β
P (`fˆ − `f ∗ ) ≤ (2K) 2−β 20 2−β max (r∗ ) 2−β , (r∗ ) β +
+
,
nT
(2 − β)nT

Theorem 24 (Excess risk bound for an L2,q group norm regularized MTL) Assume that Fq in
(16) is a convex class of functions with ranges in [−b, b] and let the loss function ` of Problem (9)
satisfy Assumption 8. Let fˆ be any element of Fq for 1 < q ≤ 2 satisfying Pn `fˆ = inf f ∈Fq Pn `f .
Assume, moreover, that k is a positive definite kernel on X such that kkk∞ ≤ K < ∞. Denote by
r∗ the fixed point of 2BLR(Fq , 4Lr 2 ). Then, for any K > 1 and x > 0, with probability at least
1 − e−x , the excess loss of function class Fq is bounded as

In this section we will provide excess risk bounds for the hypothesis spaces considered earlier.
Note that, due to space limitations, the proofs are provided only for the hypothesis space Fq with
q ∈ (1, 2]. However, for the cases involving the L2,q -group norm with q = 1 or q ≥ 2, as well
as the LSq -Schatten and graph norms, the proofs can be obtained in a very similar fashion. More
specifically, by using the LRC bounds of Remark 16, Corollary 19, Remark 21 and Corollary 22, one
can follow the same proof steps shown in this section to arrive at the results pertaining to these cases.

5. Excess Risk Bounds for Norm Regularized MTL Models

convex norms we considered here, Hölder’s inequality yields slightly tighter bounds for the MT-LRC.

∗

strong convexity parameter. For the strongly convex cases considered in our study (e.g.
or 12 kW k2Sq for any q ∈ (1, 2] ), it holds that µ ≤ 1 (see Theorem 16 and Corollary 19 in Kakade
√
et al. (2009)). Now, comparing 2EX,σ D −1/2 V
in (15) with Aub , one can easily verify that
∗
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2
Jensen0 s
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≤
for any µ ≤ 1. Therefore, for the strongly
V
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2
µ EX,σ
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(31)

√
1
2 2KeRmax BLq ∗ T q∗
.
nT

j>ht

t=1 ht
≤B
Tn

PT

s

P
B 2 T Tt=1 h2t (??)
≤ B
n2 T 2

n2 T 2

h2t

T

t=1

q∗
2 ,

q∗
2

.

we have

2−

2

2
B 2 T q∗ h2t
32dt eq ∗2 Rmax
L2 1−αt
−
ht
n2 T 2
nT 2 (1 − αt )

t=1

!T

q∗
2

+

(33)

√
1
4 2KeRmax BLq ∗ T q∗
.
nT

r∗ ≤

14B 2
n

r
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√
1
 1
2
α + 1  ∗2 2
10 KRmax BLq ∗ T q∗
1+α
−2
dq Rmax B −2 L2 T q∗ n
+
,
α−1
nT

Note that substituting the previous expression for α := mint∈NT αt and d = maxt∈NT dt into (33),
we can upper-bound the fixed point of r∗ as


 1
2
1+αt
−2
2
ht = 16dt eq ∗2 Rmax
B −2 L2 T q∗ n
.

Taking the partial derivative of the above bound with respect to ht and setting it to zero yields the
optimal ht as

0≤ht ≤∞

v
u
u
r∗ ≤ min 2B u
t

p
√
√
which with the help of α1 + α2 ≤ 2(α1 + α2 ) for any α1 , α2 > 0, and ka1 ks + ka2 ks ≤
∗
2 ka1 + a2 ks for any non-negative vectors a1 , a2 ∈ RT and s = q2 gives

B2

v
u
2
u B 2 T 2− q∗
t

Note that via the lq − to − lp conversion inequality (21), for p = 1 and q =

j>ht

Now, regarding the fact that the λjt s are non-increasing with respect to j, we can assume
∃dt : λjt ≤ dt j −αt for some αt > 1. For example, this assumption holds for finite rank kernels, as
well as for convolution kernels. Thus, it can be shown that

∞
Z ∞
X j
X
dt
1
=−
λt ≤ dt
j −αt ≤ dt
x−αt dx = dt
x1−αt
h1−αt .
(32)
1
−
α
1
−
αt t
t
ht
ht

It is not hard to verify that r∗ ≤ α + 2γ. Substituting the definition of α and γ in r∗ ≤ α + 2γ gives
the result.

α :=

B2

class of functions Fq . Therefore, it suffices to find the fixed point of 2BLR(Fq , 4Lr 2 ) by solving
√
φ(r) = r. For this purpose, we will use (19) as a bound for R(Fq , r), and solve αr + γ = r (or
2
2
equivalently r − (α + 2γ)r + γ = 0) for r, where we define

Remark 23 Note that if one considers a strongly convex norm of W , an alternative proof strategy
can be used to bound the A2 term in (13). This strategy is based on the duality of strong convexity
and strong smoothness (Theorem 3 in Kakade et al. (2012)) along
r with the application of the Fenchel-

Young inequality. This approach results in A2 ≤ Aub :=
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which implies that
T

1− q1∗

−2
! 1+α
−α



 ∗ 1/q∗ √ 
q T √
d
T n

n 1+α  .
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1

r∗ = O d 1+α

q∗

It can be seen that the convergence rate can be as slow as O

(for small α, where at

least one αt ≈ 1), and as fast as O( n1 ) (when αt → ∞, for all t). The bound obtained for the fixed
point together with Theorem 24 provides a bound for the excess risk, which leads to the following
remark. Note that in the sequel, we assume that the data distribution of each task is concentrated and
uniform on the same M -dimensional unit sphere. This implies that (by symmetry) the eigenvalues
1
must all be equal and they sum up to 1. Thus, for each task t, λtj = M
. On the other hand, we
assumed earlier that λtj ≤ dt j −α for all 1 ≤ j ≤ M . Therefore, choosing j = M , we are forced to
set d = M α−1 .
Remark 25 (Excess risk bounds for selected norm regularized MTL problems) Assume that F
is a class of functions with ranges in [−b, b]. Let the loss function ` of Problem (9) satisfy Assumption 8. Additionally, assume that k is a positive definite kernel on X , such that kkk∞ ≤ K < ∞.
Also, denote α := mint∈NT αt and d := maxt∈NT dt . Then, for any f ∈ F, K > 1 and x > 0, with
probability at least 1 − e−x ,

(37)

(36)

(35)


  2β+3 B 2 K β x  1
β
2
1
1
48LBbx
2−β
P (` ˆ − `f ∗ ) ≤ (2K) 2−β 20 2−β max (r∗ ) 2−β , (r∗ ) β +
+
,
f
nT
(2
−
β)nT
(34)

where, for F ∈ Fq , FSq , FG , fˆ is such that Pn `fˆ = inf f ∈F Pn `f and r∗ is the fixed point of
the local Rademacher complexity 2BLR(F, 4Lr 2 ). Furthermore, r∗ can be bounded for each of the
three hypothesis spaces as follows:

• Group norm: For any 1 < q ≤ 2,
r
 1
 2  −1 −α
α−1
2α
α + 1  ∗2 2
1+α
1+α
r∗ ≤ min 14
κ Rmax L2
M 1+α B α+1 T κ
n 1+α
α−1
κ∈[q,2]
√
1
10 KRmax BLκ∗ T κ∗
+
.
nT
Also, for any q ≥ 2, we have
r
 2  −1 −α
 1
α−1
2α
α+1
1+α
n 1+α .
R2 L2 1+α M 1+α B α+1 T q
α − 1 max
r∗ ≤ 8

 1
α−1
−1
−α
2α
α + 1 ∗ 02
q Rmax L2 1+α M 1+α B α+1 T 1+α n 1+α .
α−1

• Schatten norm: For any 1 < q ≤ 2,
r

r∗ ≤ 8
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Note that for the trace norm, we would have q ∗ = 2 in the previous bound (see Remark 20).
Additionally, for any q ≥ 2, it holds
r
 2  −1 −α
 1
α−1
2α
α+1
1+α
R02 L2 1+α M 1+α B α+1 T q
n 1+α .
(38)
α − 1 max
r∗ ≤8
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 1
α−1
−1
−α
2α
α+1
−1
1+α
M 1+α B α+1 T 1+α n 1+α .
R002 L2 D max
α − 1 max

• Graph regularizer: For any positive operator D,
r
r∗ ≤ 8

−1
−1
where D max
:= maxt∈NT D tt
.

6. Discussion

(39)

In this section, we investigate the convergence rate of our LRC-based excess risk bounds, which
were established in the previous section. We also discuss related works and provide a new excess
risk bound by employing a rather different approach, which exhibits the benefit of a MTL regularizer
at the expense of a slower convergence rate in terms of the number of examples per task n. Note that,
for the purpose of this section, we will assume that β = 1, which hold for many loss function classes,
see Bartlett et al. (2004) for a discussion.
6.1 Convergence Rates

(e)

In order to facilitate a more concrete comparison of convergence rates, we will assume the same
1
spherical M -dimensional data distribution for each task t; this assumption leads to λtj = M
, or
equivalently d = M α−1 . Furthermore, we will concentrate only on the parameters R, n, T, q ∗ , M
and α and we will assume that all the other parameters are fixed and, hence, hidden in the big-O
notation. Thus, for our LRC-based bounds we have


 2 − 1
−α
α−1
1
1+α
n 1+α .
Group norm: (a) ∀κ ∈ [q, 2], P (` − ` ∗ ) = O (R2 κ∗2 ) 1+α M 1+α T κ
ˆ
f
max
f


 2 − 1
α−1
−α
1
1+α
2
q
1+α
1+α
(b) ∀q ∈ [2, ∞], P (`fˆ − `f ∗ ) = O (Rmax
)
M
T
n 1+α .


α−1
−1
−α
1
02
1+α
1+α
1+α
1+α
Schatten norm: (c) ∀q ∈ (1, 2], P (`fˆ − `f ∗ ) = O (Rmax
)
M
T
n
.


 2 − 1
α−1
−α
1
1+α
02
(d) ∀q ∈ [2, ∞], P (`fˆ − `f ∗ ) = O (Rmax
) 1+α M 1+α T q
n 1+α .


α−1
−1
−α
1
002
P (`fˆ − `f ∗ ) = O (Rmax
) 1+α M 1+α T 1+α n 1+α .
(40)
Graph:

A close appraisal of the results in (40) points to a conservation of asymptotic rates between n
and T , when all other remaining quantities are held fixed. This phenomenon is more apparent for the
Schatten norm and graph-based regularization cases, where the rates (exponents) of n and T sum
up to −1. Note that the trade-off is determined by the value of α, which can facilitate faster n-rates
and, simultaneously, compromise with slower T -rates. A similar trade-off is witnessed in the case
of group norm regularization, but this time between n and T 2/κ , instead of T , due to the specific
characteristics of the group norm. Now, consider the following two cases:
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 2 − 1 1 
1
2 −
2
P (`fˆ − `f ∗ ) = O (Rmax
κ∗2 ) 2 T κ
n 2 .

• M is large (high-dimensional data distribution): Note that in the case of very large M , α > 1;
Also, large M implies small α, that is, α → 1. In this case we get dimension-independent
bounds, which should be considered as an advantage for the case of high-dimensional data
distribution.
Group norm: (a) ∀κ ∈ [q, 2],

20

(e)

(d) ∀q ∈ [2, ∞],

(c) ∀q ∈ (1, 2],



 2 − 1
1
1
2
2
P (`fˆ − `f ∗ ) = O (Rmax
)2 T q
n− 2 .


−1
1
1
02
P (`fˆ − `f ∗ ) = O (Rmax
q ∗ ) 2 T 2 n− 2 .


 2 − 1
1
1
2
02
P (`fˆ − `f ∗ ) = O (Rmax
)2 T q
n− 2 .


−1
1
1
002
P (`fˆ − `f ∗ ) = O (Rmax
) 2 T 2 n− 2 .

21
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Under the aforementioned M-dimensional data distributions and by using the hypothesis space of
(41), our local bound for the trace norm for any α > 1 is given as
r
 1
α−1
−α
2α
α+1
(48Lb + 16BK)Bx
P (`fˆ − `f ∗ ) ≤ 6400K
R02 L2 1+α M 1+α B α+1 n 1+α +
. (42)
α − 1 max
nT

The form of this space is based on the premise that, assuming a common vector w for all tasks, the
regularizer should not be a function of the number
of tasks (Maurer
and Pontil, 2013). Given the
P
P
task-averaged covariance operator C := 1/T Tt=1 Jt = 1/T Tt=1 E (φ(Xt ) ⊗ φ(Xt )), the excess
risk bound in Maurer and Pontil (2013) reads as
! r
r
r
√
kCk∞
ln(nT ) + 1
bLx
0
P (`fˆ − `f ∗ ) ≤ 2 2LRmax
+5
+
.
n
nT
nT

It is interesting to compare our local bound for the trace norm regularized MTL with the GRC-based
excess risk bound provided in Maurer and Pontil (2013), wherein they apply a trace norm regularizer
to capture the tasks’ relatedness. It is worth mentioning that they consider a slightly different
hypothesis space for W than the one we mentioned earlier; in our notation, this space reads as


1
02
FS0 1 := W : kW k2S1 ≤ T Rmax
.
(41)
2

6.2 Comparisons to Related Works

Note that, most likely, a more realistic case lies somewhere in between these two extreme cases,
which can be interpreted as follows: when the data is relatively low-dimensional (small M and fast
decay of eigenvalues), we will have bounds with fast rates in n. However, MTL may offer little
advantage in this case due to the corresponding slow rates in T . This analysis confirms the general
belief that MTL proffers a potential advantage if there are many tasks with little data per task and are
sampled from high-dimensional data distributions.

• M is small (low-dimensional data distribution): This case happens when the decay rate α is
fast ( α → ∞), which gives the following rates

Group norm: (a) ∀κ ∈ [q, 2],
P (`fˆ − `f ∗ ) = O M n−1 .

(b) ∀q ∈ [2, ∞],
P (`fˆ − `f ∗ ) = O M n−1 .

Schatten-norm: (c) ∀q ∈ (1, 2],
P (`fˆ − `f ∗ ) = O M n−1 .

(d) ∀q ∈ [2, ∞],
P (`fˆ − `f ∗ ) = O M n−1 .

Graph:
(e)
P (`fˆ − `f ∗ ) = O M n−1 .

Graph:

Schatten-norm:

(b) ∀q ∈ [2, ∞],
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−α
1+α

α+1
α−1 ,

the limit of our

1

t=1

!

≤ M λmax



δmin + η

T

+


−1
D −1
=
tt = M λmax tr D
1
1
+
δt + η η

T
X

1
η



.

22

JMLR 19(38):1-47, 2018

1
where λmax = M
as argued earlier. Furthermore, let {δ2 , . . . , δT } be the nonzero eigenvalues ofL
with δmin := min{δ2 , . . . , δT }. Then, the GRC-based excess risk bound is obtained as
s

 r
00
2LRmax
1
1
bLx
Maurer (2006b) :
P (`fˆ − `f ∗ ) ≤ √
2M λmax
+
+
δmin T η
nT
n

t=1

T
X

D −1
tt tr(Jt ) ≤ M λmax
= M λmax

t=1

T
X
−1

=
= M λmax tr (L + ηI)

T
D −1
tt tr(Jt ) t=1

Maurer (2006b) provides a bound on the empirical GRC of the aforementioned hypothesis space
that can be easily converted to a distribution dependent GRC bound of the form
r
002

T
2Rmax
0
R FG
≤
D −1
tt tr(Jt ) t=1 .
nT
1
Now, with D := L + ηI (where L is the graph-Laplacian, I is the identity operator, and η > 0 is a
regularization parameter) and the same M -dimensional distributional assumptions, it can be shown
that

local bound in (42) as T → ∞ becomes g(α) := M
n
. One can very easily verify that g(α)
√
1
is increasing in α (i.e. g 0 (α) > 0), if and only if ln(M n− 2 ) > 0, or, equivalently, M > n. In
this case the optimal choice of α ∈ (1, ∞) (i.e. α ≈ 1) makes our local bound of the order O( √1n ).
In other words, when the data distribution is sufficiently high-dimensional relative to n, the LRC
1
bound fails in competing with the O( √M
) GRC bound in Maurer and Pontil (2013). On the other
n
hand, for lower dimensional distributions or sufficiently large n, we obtain a rate of 1/n for the LRC
bound at the expense of explicit dependence on the dimension. In particular, the local bound remains
larger than the GRC bound in (43) until n = M 3 and improves only for larger sample sizes per task.
Another interesting comparison can be performed between our bounds and the one introduced in
Maurer (2006b) for a graph regularized MTL. Similar to Maurer (2006b), we consider the following
hypothesis space


2
1
002
0
D 1/2 W
≤ T Rmax
.
(44)
FG
= W :
2
F

α−1
1+α

0
benevolent choices B = 1 and Rmax
L = 1 and ignoring the factor of 6400K

One observes that, in both cases, the bound vanishes as np
→ ∞. However, it does so at a rate of
n−α/1+α for our local bound in (42) and at a slower rate of ln n/n for the one in (43). Also, we
remark that, as T → ∞, both bounds p
converge to a non-zero limit: our local bound in (42) at a fast
rate of 1/T and at a the slower rate of ln T /T for the bound in (43). More specifically,
making the
q

Now, let λmax
be the maximum eigenvalue of the trace operator Jt . Also, let λmax :=
t
maxt∈NT {λmax
}. It is easy to verify that tr(Jt ) ≤ M λmax
and kCk∞ ≤ λmax = 1/M , which
t
t
renders the GRC-based bound in Maurer and Pontil (2013) into the form
! r
r
r
√
λmax
ln(nT ) + 1
bLx
0
P (`fˆ − `f ∗ ) ≤ 2 2LRmax
+5
+
.
(43)
n
nT
nT
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(45)

 1
α−1
−α
2α
α+1
(48Lb + 16BK)Bx
−1
1+α
1+α
α+1
1+α
M
B
n
+
R002 L2 D max
.
α − 1 max
nT
(46)

Also, based on Remark 25, the LRC-based bound is given as
r
P (`fˆ − `f ∗ )

O( √1n ).

The above results show that, when n → ∞,
p both GRC and LRC bounds approach zero, albeit at
different rates: the global bound at a rate of 1/n and the local one at a faster rate of n−α/α+1 , since
α > 1. Additionally, bothp
bounds approach non-zero limits as T → ∞. Nevertheless, the global
bound does so at a rate of 1/T and the local one at a faster rate of 1/T . Furthermore, similar to
the previous case, it can be shown that at the limit T → ∞, for high-dimensional data distribution
(large M , small α ≈ 1), both local and global bounds yield the same convergence rate of
1

However, for low number of dimensions relative to n (in specific, for M < n 3 ), our bound improves
over the GRC bound.

6.3 A Different Technique for The Trace Norm Regularized Space FS0 1



1
02
X 7→ [hw1 , φ(X1 )i , . . . , hwT , φ(XT )i]T : kW kS2 1 ≤ T Rmax
.
2

min

0≤ht ≤∞ 

σti φ(Xti ), utj

+

T
t=1

utj 

.

(49)

(48)

(47)

In what follows, we show that, by applying a rather different proof technique (departing from
Theorem 11), we can obtain an excess risk bound for the MTL space FS0 1 in (41), which aims at
slower rates in n and T , but exhibits the benefits of a multi-task regularizer. Recall that FS0 1 is given
as
FS0 1 :=

R(FS0 1 , r) ≤

* n
X
i=1

Also recall that, from Theorem 11, it can be shown that the LRC of FS0 1 can be bounded as

s
r

 r PT h
02
2Rmax
t=1 t
+
EX,σ V 0 S∞ ,

nT
n2 T
where



X

j>ht

V 0 := 

Now, following an approach similar to the one applied in Maurer and Pontil (2013), we will
bound EX,σ kV 0 kS∞ to yield the next theorem. Note that k.kS∞ stands for the operator norm on the
separable Hilbert space H.
Theorem 26 Assume that the conditions of Theorem 24 hold for the hypothesis space FS0 1 in (47).
Also, denote by r∗ the fixed point of 2BLR(FS0 1 , 4Lr 2 ). Then, for any K > 1 and x > 0, with
probability at least 1 − e−x , the excess loss of function class FS0 1 is bounded as

JMLR 19(38):1-47, 2018

  β+3 2 β  1

β
2
1
1
2
B
K
x
48LBbx
2−β
P (`fˆ − `f ∗ ) ≤ (2K) 2−β 20 2−β max (r∗ ) 2−β , (r∗ ) β +
+
,
nT
(2 − β)nT
23

for
r∗ ≤

min

(

B2

PT
t=1 ht
nT

+ 4BL

r

02 λ
2Rmax
h
+ 24BL
n

r

02 K (ln(nT ) + 1)
2Rmax
nT
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0≤ht ≤∞

where λh := maxt∈NT {λtht } and where h1 , . . . , hT are arbitrary non-negative integers.

r

1
+6
Mn

r

K (ln(nT ) + 1)
nT

!

.

)

The proof of the results is provided in Appendix D.
By considering the same M -dimensional data distribution, the bound in (50) becomes
0
r∗ ≤ 6BLRmax

0
6BLRmax
√
.
Mn

,

It can be seen that, when the number of tasks T approaches ∞, the above bound simplifies to

r∗ ≤

(50)

(51)

In the sequel, we compare the two bounds (37) and (51) for the trace norm regularized MTL models
in terms of their convergence rates.

1
+6
Mn

r

K (ln(nT ) + 1)
nT

!

.

 1
α−1
−α
2α
α+1
R02 L2 1+α M 1+α B α+1 n 1+α .
α − 1 max

(53)

(52)

Remark 27 Using two different techniques, we proved the two following bounds on the fixed point
r∗ of the local Rademacher complexity 2BLR(FS0 1 , 4Lr 2 ):
• Our approach

r
r∗ ≤ 12

r

• MP approach (Maurer and Pontil, 2013)
0
r∗ ≤ 6BLRmax
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As a reminder, the proof of Theorem 11 refers to two terms: A1 , which embodies a variance constraint,
and A2 , which constitutes a MTL regularization constraint. The aforementioned bounds were derived
by using two different approaches to bound the A2 term, namely the LRC-based approach for (52)
and the MP technique for (53). In the case of (52), due to the LRC-based approach, the variance
constraint (A1 term) plays a dominant role in the overall bound and, thus, yields faster rates in n
for any α > 1. However, it offers no improvements in the limit T → ∞, since this bound does not
decrease with increasing T . In contrast, using the MP technique, the MTL regularization constraint
(A2 term) is dominant in (53). While this prevents obtaining faster rates in terms of the number
of samples, it potentially offers the advantages of MTL for large T and high-dimensional data
distributions.

24
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i=1

n
X



g(X1 , . . . , Xn ) − gi (X1 , . . . , Xi−1 , Xi+1 , . . . , Xn ) ≤ g(X1 , . . . , Xn ).

√


Pr Z ≥ EZ + 2Ax + Bx ≤ e−x .

Aλ2
,
2 1 − Bλ

n
X

n
X

f ∈F i=1

σi φ(f (Xi )) ≤ LEσ sup

σi f (Xi ).

(A.1)

26
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Note that, in Theorem 17 of Maurer (2006a), it has been shown that the result of this lemma also
holds for classes of vector-valued functions.

f ∈F i=1

Eσ sup

Lemma A.5 (Contraction property in Bartlett et al. (2005)) Let φ be a Lipschitz function with
Lipschitz constant L ≥ 0, that is, |φ(a) − φ(b)| ≤ L|a − b|, ∀a, b ∈ R. Let X1 , . . . , Xn be n
independent random variables. Then, for every real-valued function class F, it holds

then, for all x ≥ 0,


log E eλ(Z−EZ) ≤

Theorem A.3 (Theorem 6.12 in Boucheron et al. (2013)) Assume that Z = g(X1 , . . . , Xn ) is a
b-self bounding function (b > 0). Then, for any λ ∈ R we have

eλb − 1
log EeλZ ≤
EZ.
b
Lemma A.4 (Lemma 2.11 in Bousquet (2002)) Let Z be a random variable, A, B > 0 be some
constants. If for any λ ∈ (0, 1/B) it holds

and

0 ≤ g(X1 , . . . , Xn ) − gi (X1 , . . . , Xi−1 , Xi+1 , . . . , Xn ) ≤ b,

Definition A.2 (Section 3.3 in Boucheron et al. (2013)) A function g : X n → [0, ∞) is said to be
b-self bounding (b > 0), if there exist functions gi : X n−1 → R, such that for all X1 , . . . , Xn ∈ X
and all i ∈ Nn ,

Theorem A.1 (Theorem 2 in Boucheron et al. (2003)) Let X1 , . . . , Xn be n independent random
variables taking values in a measurable space X . Assume that g : X n → R is a measurable
function and Z := g(X1 , . . . , Xn ). Let X10 , . . . , Xn0 denote an independent copy of X1 , . . . , Xn ,
and Zi0 := g(X1 , . . . , Xi−1 , Xi0 , Xi+1 , . . . , Xn ), which is obtained by replacing the variable Xi
2 

P
with Xi0 . Define the random variable V + := ni=1 E0 Z − Zi0 + , where (u)+ := max{u, 0},
0
and E [·] := E[·|X] denotes the expectation only w.r.t. the variables X10 , . . . , Xn0 . Let θ > 0 and
λ ∈ (0, 1/θ). Then,



λθ
λV + 
log E eλ(Z−EZ) ≤
log E exp
.
1 − λθ
θ

This section presents the proof of Theorem 1. We first provide some useful foundations used in the
derivation of our result in Theorem 1.

Appendix A. Proof of Theorem 1

Appendices
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Proof of Theorem 1
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T

N

Before laying out the details, we first provide a sketch of the proof. By defining
t
h1 X 1 X
i
[Eft (Xti ) − ft (Xti )] ,
(A.2)
Z := sup
f ∈F T t=1 Nt i=1

we first apply Theorem A.1 to control the log-moment generating function log E eλ(Z−EZ) . From

Theorem A.1, we know that the main component to control log E eλ(Z−EZ) is the variance-type
2 
PT PNs 0 
0
quantity V + =
Z − Zs,j
. In the next step, we show that V + can also be
s=1
j=1 E
+
bounded in terms of two other quantities denoted by W and Υ. Applying Theorem A.1 for a specific

λ
value of θ, then gives a bound for log E eλ(Z−EZ) in terms of log E[e b0 (W +Υ) ]. We then turn to
controlling W and Υ respectively. Our approach to tackle W is to show that it is a self-bounding
λW
function and then apply Theorem A.3 to control log E[e b0 ]. The Υ term is closely related to the
constraint imposed on the variance of functions in F and can be easily upper-bounded in terms of r.
We finally apply Lemma A.4 to transfer the upper bound on the log-moment generating function
log E eλ(Z−EZ) to the tail probability on Z. For clarify, we divide the proof into four main steps.
Step 1. Controlling the log-moment generating function of Z with the random variable W
(T,Nt )
(T,Nt )
and variance Υ. Let X 0 := (Xt0i )(t,i)=(1,1)
be an independent copy of X := (Xti )(t,i)=(1,1)
. Define

+
t=1

i=1

Nt
T
i
1X 1 X
[Eft (Xti ) − ft (Xti )] . (A.3)
T
Nt


− fˆt (Xti ) and introduce

i
− ft (Xti )]2 ,

PNt  ˆ i
i=1 Eft (Xt )

Nt
1 X
[Eft (Xti )
Nt2 i=1

PT 1
t=1 Nt

h



1
1 
E0 fs (Xs0j ) − fs (Xs0j ) −
Efs (Xsj ) − fs (Xsj )
T Ns
T Ns

0 by replacing the variable X j in Z with X 0j . Then,
the quantity Zs,j
s
s

f ∈F

0
Zs,j
:= sup

1
T

T
h 1 X
T2

Let fˆ := (fˆ1 , . . . fˆT ) be such that Z =
W := sup
t=1

t=1

i=1

Nt
T
h
i
X
1
1 X
E[Eft (Xti ) − ft (Xti )]2 .
T2
Nt2

f ∈F

f ∈F

Υ := sup

2
1
[Efˆs (Xsj ) − fˆs (Xsj )] − [E0 fˆs (Xs0j ) − fˆs (Xs0j )] .
T 2 Ns2



1  ˆ j
1  0 ˆ 0j
Efs (Xs ) − fˆs (Xsj ) −
E fs (Xs ) − fˆs (Xs0j )
T Ns
T Ns

It can be shown that, for any j ∈ Nn and any s ∈ NT ,
0
Z − Zs,j
≤

and, therefore,

0 2
(Z − Zs,j
)+ ≤
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2 i
h
1
E0 [Efˆs (Xsj ) − fˆs (Xsj )] − [E0 fˆs (Xs0j ) − fˆs (Xs0j )]
T 2 Ns2

Then, from the identity E0 [E0 fˆs (Xs0j ) − fˆs (Xs0j )] = 0, it follows that

s=1 j=1

Ns
Ns
T X
T X
X

2  X
0
E0 Z − Zs,j
≤
+
s=1 j=1

27

=

Ns
T X
X
T

s=1 j=1

[Efˆs (Xsj ) − fˆs (Xsj )]2 +

s=1 j=1

Ns
T X
X

T

E0 [E0 fˆs (Xs0j ) − fˆs (Xs0j )]2

N

T 2 Ns2

1
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1
T 2 Ns2
N

s=1 j=1

s
s
XX
XX
1
1
[Efs (Xsj ) − fs (Xsj )]2 + sup
E[Efs (Xsj ) − fs (Xsj )]2
T 2 Ns2
T 2 Ns2
f ∈F

f ∈F s=1 j=1

≤ sup

= W + Υ.


 λ
λb0
log E e b0 (W +Υ) ,
1 − λb0

∀λ ∈ (0, 1/b0 ).

(A.4)

2 
PT PNs 0 
2b
0
Introduce b0 := nT
. Applying Theorem A.1 and the above bound to s=1
Z − Zs,j
j=1 E
+
yields the following bound on the log-moment generating function of Z


log E eλ(Z−EZ) ≤

t=1

i=1

Nt
T
h
i
X
X
1
1
1
[Eft (Xti ) − ft (Xti )]2 − 2 2 [Efs (Xsj ) − fs (Xsj )]2 .
T2
T Ns
Nt2

Step 2. Controlling the log-moment generating function of W . We now upper-bound the
log-moment generating function of W by showing that it is a self-bounding function. For any
s ∈ NT , j ∈ NNs , introduce

f ∈F

Ws,j := sup

T 2 [W − Ws,j ] ≤

1
4b2
[Ef˜s (Xsj ) − f˜s (Xsj )]2 ≤ 2 = T 2 b02 .
Ns2
n

(A.5)

Note that Ws,j is a function of {Xti , t ∈ NT , i ∈ NNt }\{Xsj }. Letting f˜ := (f˜1 , . . . , f˜T ) be the
2b
function achieving the supremum in the definition of W , one can verify that (note that b0 = nT
)

s,j

i=1

(A.6)

Similarly, if f˜ := (f˜1s,j . . . , f˜Ts,j ) is the function achieving the supremum in the definition of Ws,j ,
then one can derive the following inequality

1
[Ef˜ss,j (Xsj ) − f˜ss,j (Xsj )]2 ≥ 0.
Ns2

i=1

t=1

Nt
T
h
i
X
1
1 X
[Eft (Xti ) − ft (Xti )]2 = W.
T2
Nt2

s=1

Ns
T
1 X 1 X
[Ef˜s (Xsj ) − f˜s (Xsj )]2
T2
Ns2

T 2 [W − Ws,j ] ≥

[W − Ws,j ] ≤

Also, it can be shown that
Ns
T X
X
s=1 i=1

f ∈F

= sup

0

(A.7)
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(eλb − 1)
(eλb − 1) 2
λΣ2
EW =
Σ ≤ 0
,
b02
b02
b (1 − λb0 )

0

Therefore, according to Definition A.2, W/b0 is a b0 -self bounding function. Applying Theorem A.3
then gives the following inequality for any λ ∈ (0, 1/b0 ):
0

log Eeλ(W/b ) ≤

28

t=1

i=1

t=1

Nt
T

2 i
1 X 1 X
sup 2
σti Eft (Xti ) − ft (Xti )
+Υ
2
f ∈F T t=1 Nt i=1

16bR(F)
+ Υ,
nT

i=1

0

log Eeλ(W/b ) ≤

h 16bR(F)
i
λ
+Υ ,
b0 (1 − λb0 )
nT
∀λ ∈ (0, 1/b0 ).

h 1
2
f ∈F T

j=1

E[Efs (Xsj ) − fs (Xsj )]2

s=1

s=1
T
hX

T

E[fs (Xs1 )]2

i

i
(A.9)

(A.8)
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hP
i
T
1 2 ≤ r of the
where the last inequality follows from the assumption T1 supf ∈F
s=1 E[fs (Xs )]
theorem.
Step 4. Transferring the bound on log-moment generating function of Z into tail probabil0
ities. Substituting the bound on log EeλW/b in (A.8) and the bound on Υ in (A.9) back into (A.4)
immediately yields the following inequality on the log-moment generating function of Z for any

≤

s=1

1
Ns2

Ns
X

hX
i
1
sup
E[Efs (Xs1 ) − fs (Xs1 )]2
2
nT f ∈F

1
sup
nT 2 f ∈F
r
,
≤
nT

≤

Υ : = sup

T
X

Step 3. Controlling the term Υ. Note that Υ can be upper-bounded as

t

where the first inequality follows from the definition of W and Υ and the second inequality follows
from the standard symmetrization technique used to relate the Rademacher complexity to the uniform
deviation of empirical averages from their expectation; see Bartlett et al. (2005). The third inequality
comes from a direct application of Lemma A.5 with φ(x) = x2 (with Lipschitz constant 4b on
[−2b, 2b]), and the last inequality uses Jensen’s inequality together with the definition of R(F) and
1
. Substituting the previous inequality on Σ2 back into (A.7) gives
the fact that N12 ≤ nN
t

≤

Nt
T
h

i
1 X 1 X
≤ 8bEX,σ sup 2
σti Eft (Xti ) − ft (Xti ) + Υ
2
f ∈F T t=1 Nt i=1

h

Nt
Nt
T
T
hX

2 X

2 i
1
1 X
1 X
EX sup
Eft (Xti ) − ft (Xti ) −
E Eft (Xti ) − ft (Xti )
+Υ
2
2
2
T
Nt
Nt
f ∈F

≤ 2EX,σ

Σ2 ≤

where we introduced Σ2 := EW and where the last step uses the inequality (ex − 1)(1 − x) ≤
x, ∀x ∈ [0, 1]. By further noting that (σti ) is a sequence of independent Rademacher variables
independent of Xti , the Σ2 term can be controlled as follows
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λΥ i
λb0 h
λ
16(nT )−1 bR(F) + Υ] + 0
1 − λb0 b0 (1 − λb0 )
b
h 16bR(F)
i
λb0
λ
≤
+ 2Υ
1 − λb0 b0 (1 − λb0 )
nT
h 16bR(F)
2λ2
2r i
≤
+
,
2(1 − 2λb0 )
nT
nT

(A.10)

t=1

i=1

h

f ∈F

t=1

1
Nt

i=1

i=1
Nt
X


i
σti ft Xt0i − ft Xti
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Lemma B.1 Let c1 , c2 > 0 and s > q > 0. Then the equation xs − c1 xq − c2 = 0 has a unique
positive solution x0 satisfying
h s
sc2 i 1s
x0 ≤ c1s−q +
.
s−q

Theorem B.3 is at the core of proving Theorem 9 in Sect. 3. We first present some useful lemmata.

Appendix B. Proofs of the results in Sect. 3

Note that the second identity holds since for any σti , the random variable ft (Xt0i ) − ft (Xti ) has the
same distribution as σti (ft (Xt0i ) − ft (Xti )).

≤ 2R(F).

1
T

t=1
T
X

Nt
T

i
1X 1 X
sup
ft Xt0i − ft Xti
T
N
t
f ∈F

= EX,X 0 ,σ sup

≤ EX,X 0

h

Nt
T
h
hX

ii
1
1 X
EZ = EX sup EX 0
ft Xt0i − ft Xti
T
N
t
f ∈F

where the last inequality uses (1 − λb0 )2 ≥ 1 − 2λb0 > 0 since λ ∈ (0, 1/2b0 ). That is, the conditions


)
2r
of Lemma A.4 hold and we can apply it (with A = 2 16bR(F
+ nT
and B = 2b0 ) to get the
nT
2b
following inequality with probability at least 1 − e−x (note that b0 = nT
)
r
h 16bR(F)
2r i
+
Z ≤ E[Z] + 4x
+ 2b0 x
nT
nT
r
r
bxR(F)
8xr 4bx
+
+
≤ E[Z] + 8
nT
nT
nT
r
8bx
8xr 4bx
≤ E[Z] + 2R(F) +
+
+
nT
nT
nT
r
8xr 12bx
+
,
≤ 4R(F) +
nT
nT
√
where the third inequality follows from 2 uv ≤ u + v, and the last step uses the following inequality
due to the symmetrization technique (here, the “ghost” sample X 0 is an i.i.d. copy of the initial
sample X)

log E[eλ(Z−EZ) ] ≤

λ ∈ (0, 1/2b0 )
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Furthermore, for any x ≥ x0 , we have xs ≥ c1 xq + c2 .

xy ≤ p−1 xp + q −1 y q ,
q· s
x q
0
s
q

+

s
s−q

c1
s
s−q

s
q
s − q s−q
+ c2 ,
+ c2 = x0s +
c
s
s 1

∀x, y ≥ 0, p, q > 0, p−1 + q −1 = 1,
(B.1)

Proof Denote p(x) := xs − c1 xq − c2 . The uniqueness of a positive solution for the equation
p(x) = 0 is shown in Lemma 7.2 in Cucker and Zhou (2007). Let x0 be this unique positive solution.
Then, it follows from Young’s inequality

that
x0s = c1 x0q + c2 ≤
s

sc2
from which we have x0s ≤ c1s−q + s−q
. The inequality p(x) ≥ 0 for any x ≥ x0 then follows
immediately from the facts that p(x0 ) = 0, limx→∞ p(x) = ∞ and the uniqueness of roots for the
equation p(x) = 0.

Also, we will need the following lemma for the second step of the proof of Theorem B.3.

then


f 0 = f10 , . . . , fT0 : ft0 :=

1

rβ
BK ,

rβ
K
Pn f +
.
K −β
K

1

rft
, f = (ft , . . . , fT ) ∈ F
max (r, V (f ))

Pf ≤

(B.3)

Lemma B.2 Let K > 1, r > 0, 0 < β ≤ 1 and B ≥ 1. Assume that F = {f := (f1 , . . . , fT )} is a
vector-valued (β, B)-Bernstein class of functions. Define the re-scaled version of F as


.
(B.2)
Fr :=

If Vr+ := supf 0 ∈Fr [P f 0 − Pn f 0 ] ≤
∀f ∈ F
1

rβ
BK

leads to

1

rβ
BK
1

1

yields

1

(P f )β
K

−1
−1

V (f )
rβ
≤ Pn f +
BK

−1

1

rβ
K
rβ
≤
Pn f +
.
BK
K −β
K

1
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(B.4)

Proof We prove (B.3) by considering two cases. Let f be any element in F. If V (f ) ≤ r, then
f 0 = f and the inequality Vr+ ≤

P f ≤ Pn f +

1

rβ

If V (f ) ≥ r, then f 0 = rf /V (f ) and the inequality Vr+ ≤
P f ≤ Pn f +

1

1

β
(1 − β)r β
Pf +
,
K
K

β β
β
(B.1)
1
[(P
f
)
]
1
(r
) 1−β
≤ Pn f +
+
1
1
K
K
β
1−β

= Pn f +
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K
K
1 − β β1
rβ
Pn f +
r ≤
Pn f +
.
K −β
K −β
K −β
K

1

(B.5)

where we have used Bernstein’s condition V (f ) ≤ BP (f )β . The previous inequality can be
equivalently written as
Pf ≤

Eq. (B.3) follows by combining (B.4) and (B.5).


  2β+3 B 2 K β x  1
β
2
1
1
K
24Bbx
2−β
Pn f + (2K) 2−β 20 2−β max (r∗ ) 2−β , (r∗ ) β +
+
.
K −β
nT
(2 − β)nT
(B.6)

Theorem B.3 (LRC-based bounds for MTL) Let F = {f := (f1 , . . . , fT ) : ∀t, ft ∈ RX } be a
(T,n)
class of vector-valued functions satisfying maxt∈NT supx∈X |ft (x)| ≤ b. Let X := (Xti , Yti )(t,i)=(1,1)
be a vector of nT independent random variables where (Xt1 , Yt1 ), . . . , (Xtn , Ytn ), ∀t ∈ NT are identically distributed. Assume that F is a (β, B)-Bernstein class of vector-valued functions with 0 <
β ≤ 1 and B ≥ 1. Let ψ be a sub-root function with fixed point r∗ . If BR(F, r) ≤ ψ(r), ∀r ≥ r∗ ,
then, for any K > 1, and x > 0, with probability at least 1 − e−x , every f ∈ F satisfies
Pf ≤

Proof Let r ≥ r∗ be a fixed real number. Here, we use the vector-valued function class Fr as
defined in (B.2). The proof is broken down into two major steps. The first step applies Theorem
1 and the “peeling” technique (Van De Geer, 1987; Van Der Vaart and Wellner, 1996) to establish
an inequality on the uniform deviation over the function class Fr . The second step then uses the
Bernstein assumption V (f ) ≤ B(P f )β to convert this inequality stated for Fr to a uniform deviation
inequality for F.
Step 1. Controlling uniform deviations for Fr . To apply Theorem 1 to Fr , we need to control
the variances and uniform bounds for elements in Fr . We first show that P f 02 ≤ r, ∀f 0 ∈ Fr .
Indeed, for any f ∈ F with V (f ) ≤ r, the definition of Fr implies ft0 = ft and, hence, P f 02 =
P f 2 ≤ V (f ) ≤ r. Otherwise, if V (f ) ≥ r, then ft0 = rft /V (f ) and we get

t=1 i=1

T
n
1 XX i 0 i
σt ft (Xt ),
nT

f 0 ∈Fr
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i
h
Rn (Fr ) := sup Rn f 0 .

T
T

1X
r2  1 X
r2
P ft02 = 
P ft2 ≤ 
P f 02 =
2
2 V (f ) ≤ r.
T
T
V (f )
V (f )
t=1
t=1
PT
Therefore, T1 supf 0 ∈Fr t=1
E[ft0 (Xt )]2 ≤ r. Also, since functions in F admit a range of [−b, b]
and since 0 ≤ r/ max(r, V (f )) ≤ 1, it holds that maxt∈NT supx∈X |ft0 (x)| ≤ b for any f 0 ∈ Fr .
Applying Theorem 1 to the function class Fr then yields the following inequality with probability at
least 1 − e−x , ∀x > 0
r
8xr 12bx
sup [P f 0 − Pn f 0 ] ≤ 4R(Fr ) +
+
.
(B.7)
nT
nT
f 0 ∈Fr

It remains to control the Rademacher complexity of Fr . Denote F(u, v) := f ∈ F : u ≤ V (f ) ≤
v , ∀0 ≤ u ≤ v, and introduce

Rn f 0 :=

32

k
X

t=1 i=1

j=0

(B.8)

j=0

k
1 X −j
ψ(r)
+
λ ψ(rλj+1 ).
B
B

j=0

λ−j R F, rλj+1



1

∀r ≥ r∗ .

rβ
BK ,

1

then for any f ∈ F,

Pf ≤

33

K
r
Pn f +
.
K −β
K

1
β
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uniform deviations for Fr to uniform deviations for F. letting A :=
p
√Step 2. Transferring
√
20 r∗ /B + 8x/nT and C := 12bx/nT , the upper bound of (B.9) can be written as A r+C, that
√
0
0
is, supf 0 ∈Fr [P f − Pn f ] ≤ A r + C. Now, according to Lemma B.2, if supf 0 ∈Fr [P f 0 − Pn f 0 ] ≤

Combining (B.7) and the above inequality, for any r ≥ r∗ and x > 0, we derive the following
inequality with probability at least 1 − e−x ,
r
20 √ ∗
8xr 12bx
0
0
rr +
+
.
(B.9)
sup [P f − Pn f ] ≤
B
nT
nT
f 0 ∈Fr

5√ ∗
R(Fr ) ≤
rr ,
B

Choosing λ = 4 inp
the above inequality
√ implies that R(Fr ) ≤ 5ψ(r)/B, which, together with the
inequality ψ(r) ≤ r/r∗ ψ(r∗ ) = rr∗ , ∀r ≥ r∗ , gives



k
√ X
j
ψ(r)
ψ(r) 
λ 
R(Fr ) ≤
1+ λ
1+ √
.
λ− 2 ≤
B
B
λ−1
j=0

The sub-root property of ψ implies that ψ(ξr) ≤ ξ 2 ψ(r) for any ξ ≥ 1 and, hence,

≤

≤ R(F, r) +





T
n
1 XX
r
R(Fr ) = E sup Rn f 0 = E sup
σti ft (Xti )
f ∈F nT t=1 i=1 max(r, V (f ))
f 0 ∈Fr




T
n
T
n
(B.8)
1 XX r
1 XX i
σt ft (Xti ) + E
sup
σti ft (Xti )
≤ E
sup
f ∈F (0,r) nT t=1 i=1
f ∈F (r,Bbβ ) nT t=1 i=1 V (f )




T
n
k
X
(B.8)
1 XX i
≤ E
sup
σt ft (Xti ) +
λ−j E
sup
Rn f
f ∈F (0,r) nT
f ∈F (rλj ,rλj+1 )

we obtain

R(G1 ∪ G2 ) ≤ R(G1 ) + R(G2 ),

Note that R(Fr ) = ERn (Fr ). Our assumption implies that V (f ) ≤ B(P f )β ≤ Bbβ , ∀f ∈ F. Fix
λ > 1 and define k as the smallest integer such that rλk+1 ≥ Bbβ . Then, according to the union
bound inequality
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2BKC
2−β
 8x  1 i
β h
2
2
1
24BKbx
2−β
≤ (BK) 2−β 2 2−β (20B −1 ) 2−β (r∗ ) 2−β +
,
+
nT
(2 − β)nT

2

(B.10)

 2β+3 B 2 K β x  1
β
2
1
K
24Bbx
2−β
+
Pn f + (2K) 2−β 20 2−β (r∗ ) 2−β +
.
K −β
nT
(2 − β)nT

(B.11)

1

K
r∗β
Pn f +
.
K −β
K

(B.12)

t∈NT x∈X

t∈NT x∈X

34

P h2f ≤ V (hf ) := L2 P (f − f ∗ )2 ≤ B P (`f − `f ∗ )

∗,
By letting B := max(B 0 L2 , 1), we have for all hf ∈ HF

β

∗
∀hf ∈ HF
,
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= B(P hf )β .

β
P (`f − `f ∗ )2 ≤ L2 P (f − f ∗ )2 ≤ B 0 L2 P (`f − `f ∗ ) ,

Also, Assumption 8 implies that

t∈NT x∈X

max sup |hft (x, y)| = max sup |`(ft (x), y) − `(ft∗ (x), y)| ≤ L max sup |ft (x) − ft∗ (x)| ≤ 2Lb.

It can be shown that

∗
HF
:= {hf = (hf1 , . . . , hfT ), hft : (Xt , Yt ) 7→ `(ft (Xt ), Yt ) − `(ft∗ (Xt ), Yt ), f ∈ F} . (B.13)

Note that the proof of this theorem relies on the results of Theorem B.3. Introduce the following
class of excess loss functions

Proof of Theorem 9

Note that inequality (B.6) follows immediately by combining (B.11) and (B.12).

Pf ≤

√
1
If r∗ > r0 , Lemma B.1 implies that A r∗ + C ≤ (r∗ ) β /(BK). We now take r = r∗ in (B.9) to
√
1
get Vr+∗ ≤ A r∗ + C ≤ (r∗ ) β /(BK), from which—via Lemma B.2—we obtain that

Pf ≤

where we have used the inequality (x + y)p ≤ 2p−1 (xp + y p ) for any x, y ≥ 0, p ≥ 1. If r∗ ≤ r0 , we
1
√
can take r = r0 in (B.9) to show that Vr+0 ≤ A r0 + C = r0β /(BK), which, coupled with (B.10)
and Lemma B.2, gives

r0β ≤ (ABK) 2−β +

1

Lemma B.1 then implies

1

r β − ABKr 2 − BKC = 0.

1

1
√
To apply Lemma B.2, we let A r + C = r β /(BK). Assume r0 is the unique positive solution of
1
√
the equation A r + C = r β /(BK), which can be written as
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"

V (hf )≤r,f ∈F

sup

V (hf )≤r,f ∈F

sup

t=1 i=1

T
n
1 XX i
σt `ft (Xti , Yti )
nT

#
T
n
1 XX
σti hft (Xti , Yti )
nT
t=1 i=1
#

∗ is a (β, B)-Bernstein class of vector-valued functions. In addition, for any
which implies that HF
r ≥ r∗ , one can verify that
"
∗
BR(HF
, r) = BEX,σ

= BEX,σ
≤ BLR(F ∗ , r) ≤ ψ(r),
where the second to last inequality is due to Lemma A.5. Applying Theorem B.3 to the function
∗ completes the proof.
class HF

+2

λtj
n.

D
E2
wt , utj ≤ r.

n

t=1 j=1

t=1 j=1

i=1


1X
EX φ(Xti ) ⊗ φ(Xti ) , utj ⊗ utj
n

+
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it

j
j
j=1 λt ut ⊗ut

Appendix C. Proofs of the results in Sect. 4: “Local Rademacher Complexity Bounds
for Norm Regularized MTL Models”
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Now, we turn to part (b). From the independence among the elements of the sequence σti
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The next lemmata are used in the proof of the LRC bound for the L2,q -group norm regularized MTL
in Corollary 13.

n
X
i=1

σi vi

p
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c

n
X

i=1

2
kvi kH

!

p
2

.

(C.1)

Lemma C.2 (Khintchine-Kahane Inequality in (Peshkir and Shiryaev, 1995)) Let H be an innerproduct space with induced norm k·kH , v1 , . . . , vM ∈ H and σ1 , . . . , σn i.i.d. Rademacher random
variables. Then, for any p ≥ 1, we have that
Eσ

where c := max {1, p − 1}. The inequality also holds for p in place of c.
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(C.2)

Lemma C.3 (Rosenthal-Young Inequality; Lemma 3 of (Kloft and Blanchard, 2012)) Let the independent non-negative random variables X1 , . . . , Xn satisfy Xi ≤ B < +∞ almost surely for all
i = 1, . . . , n. If q ≥ 12 , cq := (2qe)q , then it holds

Proof of Lemma 12
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For the group norm regularizer kW k2,q , we can further bound the expectation term in (15) for
D = I as follows
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2KeRmax q ∗ T q∗
nT

1

Combining (14), (15) and Lemma 12 provides the next bound on R(Fq , r)
v
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Proof of Corollary 13
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The last quantity can be further bounded using the sub-additivity of
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Note that, for q ≤ 2, it holds that q ∗ /2 ≥ 1. Therefore, we cannot employ Jensen’s inequality to move
the expectation operator inside the inner term and, instead, we need to apply the Rosenthal-Young
(R+Y) inequality (see Lemma C.3), which yields

≤

Jensen

r
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By considering the hypothesis space in (16) and the MT-LRC’s definition, we have
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Proof of Theorem 17
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where in steps (?), (??) and (? ? ?) we applied the corresponding inequalities shown next, which
hold for all non-negative numbers α1 and α2 , any non-negative vectors a1 , a2 ∈ RT , any p, q such
that 0 ≤ q ≤ p ≤ ∞ and any s ≥ 1.
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provides the desired result after some algebraic manipulations. The following lemma is used in the
proof of the LRC bounds for the LSq -Schatten norm regularized MTL in Corollary 19.
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Lemma C.4 (Khintchine’s inequality for arbitrary matrices in Tomczak-Jaegermann (1974))
Let Q1 , . . . , Qn be a set of arbitrary m×n matrices and let σ1 , . . . , σn be a sequence of independent
Bernoulli random variables. Then for all p ≥ 2,

Proof of Corollary 19
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In order to find an LRC bound for an LSq -Schatten norm regularized hypothesis space of (26), one
just needs to bound the expectation term
U ti as the matrix with T columns, whose only
D in (11). Define
E
P
non-zero tth column equals j>ht n1 φ(Xti ), utj utj . Recall that, for the Schatten norm regularized
hypothesis space of (26), it holds that D = I. Therefore, we will have that
X

i=1

t=1 i=1
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Similar to the proof of Corollary 19, for the graph regularized hypothesis space depicted in (28), one
can bound the expectation term in (11) in this manner
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The remainder of the derivation is similar to that of Corollary 13 and is omitted for brevity.

Appendix D. Proof of the results in Sect. 6: “Discussion”
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In what follows, we provide some general results that imply Theorem 26. More specifically, we
restate two concentration results for sums of non-negative operators with finite-dimensional ranges.
Towards this end, we will say that two operators A and B are related as A  B, if B − A is a positive
semi-definite operator.

40
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Proof of Theorem 26
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Note that D t is the projection of ni=1 σti φ(Xti ) onto the space spanned by ujt
. Since
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space of dimension at most n. It then follows that Ran(Q
D T ) lie in a subspace of
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dimension at most nT . Thus, Lemma D.2 for αt := i=1 kφ(Xt )k2 yields
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We first proceed to bound Eσ kV 0 kS∞ . Let D t be the random vector j>ht
i=1 σt φ(Xt ), ut ut ,
and recall P
that the rank-one operator QDt is such that QDt v := hv, D t i D t . Then, it is clear that
V 0∗ V 0 = Tt=1 QDt and, by using Jensen’s inequality, we have
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almost surely. Then
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Theorem D.3 (Theorem 7 in Maurer and Pontil (2013)) Consider the independent random operators A1 , . . . , AN , which satisfy 0  Ak  I, ∀k. Also, assume that, for some d ∈ N, it holds
that
dimSpan(Ran(A1 ), . . . , Ran(AN )) ≤ d,

where (2p − 1)!! :=

E[(QD )p ]  (2p − 1)!!αp−1 E[QD ],

and define a rank-one operator Qx on H, such that Qx v = hv, xi x. Also, let D :=
Then, for any p ≥ 1, it holds that

α :=

n
X

Lemma D.2 (Lemma A.4 in Maurer and Pontil (2016)) Let a1 , . . . , an ∈ Rd . Let

Then,

m−1
EAm
EAk .
k  m!R

Theorem D.1 (Theorem A.3 in Maurer and Pontil (2016)) Consider the separable Hilbert space
H. Let M ⊆ H be a subspace of finite dimension d. Also, consider the finite sequence Ak of random,
independent, self-adjoint operators on H. Assume that, for all m ∈ N, k ∈ NN and some R ≥ 0, it
holds that Ak  0, Ran(Ak ) ⊆ M almost surely and
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After some simplifications, we arrive at
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Therefore, we can apply Theorem D.3 with d = nT , which, in conjunction with the Jensen’s
inequality, yields
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where we introduce D t,i := j>ht
Note that, in taking the expectation with respect
to the random variables Xti ’s, Theorem D.1 cannot be utilized, since the covariance may have infinite
rank, that is, we might not be able to find a finite-dimensional subspace, which contains
√ the range
of all the QDt,i ’s. However, since for all t ∈ NT and i ∈ Nn , it holds that kD t,i k ≤ K, all the
QDt,i ’s satisfy 0  QDt,i  KI and they all are rank-one operators. It then follows that
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Furthermore, it can be shown that
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By considering the task-averaged operator C = 1/T
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This last result, combined with (48), provides the LRC bound for the trace norm regularized class
FS0 1

B2

R(FS0 1 , r) ≤

min

0≤ht ≤∞

Finally, using a similar argument as the one in Theorem 24, we get
(
r
r
r∗ ≤
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Stéphane Boucheron, Gábor Lugosi, and Pascal Massart. Concentration inequalities: A nonasymptotic theory of independence. Oxford University Press, 2013.

Olivier Bousquet. Concentration inequalities and empirical processes theory applied to the analysis
of learning algorithms. PhD thesis, Ecole Polytechnique, Paris, 2002.

Bin Cao, Nathan N Liu, and Qiang Yang. Transfer learning for collective link prediction in multiple
heterogenous domains. In International Conference on Machine Learning (ICML-10), pages
159–166, 2010.

Rich Caruana. Multitask learning. Machine learning, 28(1):41–75, 1997.

Corinna Cortes and Mehryar Mohri. Domain adaptation in regression. In International Conference
on Algorithmic Learning Theory, pages 308–323. Springer, 2011.

JMLR 19(38):1-47, 2018

Corinna Cortes and Mehryar Mohri. Domain adaptation and sample bias correction theory and
algorithm for regression. Theoretical Computer Science, 519:103–126, 2014.

44

Yishay Mansour and Mariano Schain. Robust domain adaptation. Annals of Mathematics and
Artificial Intelligence, 71(4):365–380, 2013.

Felipe Cucker and Ding Xuan Zhou. Learning theory: an approximation theory viewpoint. Cambridge
University Press, 2007.

Andreas Maurer and Massimiliano Pontil. Bounds for vector-valued function estimation. arXiv
preprint arXiv:1606.01487, 2016.

V. Koltchinskii and D. Panchenko. Empirical margin distributions and bounding the generalization
error of combined classifiers. The Annals of Statistics, 30(1):1–50, 02 2002.

JMLR 19(38):1-47, 2018

46

45

JMLR 19(38):1-47, 2018

Anastasia Pentina and Shai Ben-David. Multi-task and lifelong learning of kernels. In Algorithmic
Learning Theory, pages 194–208. Springer, 2015.

Sinno Jialin Pan and Qiang Yang. A survey on transfer learning. IEEE Transactions on Knowledge
and Data Engineering, 22(10):1345–1359, 2010.

Luca Oneto, Alessandro Ghio, Sandro Ridella, and Davide Anguita. Local rademacher complexity:
Sharper risk bounds with and without unlabeled samples. Neural Networks, 65:115 – 125, 2015.

Charles A Micchelli and Massimiliano Pontil. Kernels for multi–task learning. In Advances in
Neural Information Processing Systems, pages 921–928, 2004.

Shahar Mendelson. Learning without concentration. In Conference on Learning Theory, pages
25–39, 2014.

Shahar Mendelson. On the performance of kernel classes. The Journal of Machine Learning
Research, 4:759–771, 2003.

Cong Li, Michael Georgiopoulos, and Georgios C Anagnostopoulos. Multitask classification
hypothesis space with improved generalization bounds. IEEE Transactions on Neural Networks
and Learning Systems, 26(7):1468–1479, 2015.

Yunwen Lei, Lixin Ding, and Yingzhou Bi. Local rademacher complexity bounds based on covering
numbers. arXiv:1510.01463 [cs.AI], 2015.

Abhishek Kumar and Hal Daume III. Learning task grouping and overlap in multi-task learning.
arXiv preprint arXiv:1206.6417, 2012.

Vladimir Koltchinskii and Dmitriy Panchenko. Rademacher processes and bounding the risk of
function learning. In High dimensional probability II, pages 443–457. Springer, 2000.

Vladimir Koltchinskii. Rademacher complexities and bounding the excess risk in active learning.
Journal of Machine Learning Research, 11:2457–2485, December 2010. ISSN 1532-4435.

Vladimir Koltchinskii. Local rademacher complexities and oracle inequalities in risk minimization.
The Annals of Statistics, 34(6):2593–2656, 12 2006. doi: 10.1214/009053606000001019.

Andreas Maurer, Massimiliano Pontil, and Bernardino Romera-Paredes. The benefit of multitask
representation learning. Journal of Machine Learning Research, 17(81):1–32, 2016.

Andreas Maurer and Massimiliano Pontil. Excess risk bounds for multitask learning with trace norm
regularization. In Conference on Learning Theory, volume 30, pages 55–76, 2013.

Marius Kloft and Gilles Blanchard. On the convergence rate of lp-norm multiple kernel learning.
The Journal of Machine Learning Research, 13(1):2465–2502, 2012.

Vladimir Koltchinskii. Rademacher penalties and structural risk minimization. IEEE Transactions
on Information Theory, 47(5):1902–1914, 2001.

Andreas Maurer. A chain rule for the expected suprema of gaussian processes. Theoretical Computer
Science, 650:109–122, 2016.

Andreas Maurer. The rademacher complexity of linear transformation classes. In International
Conference on Computational Learning Theory, pages 65–78. Springer, 2006b.

Andreas Maurer. Bounds for linear multi-task learning. The Journal of Machine Learning Research,
7:117–139, January 2006a.

Yishay Mansour, Mehryar Mohri, and Afshin Rostamizadeh. Domain adaptation with multiple
sources. In Advances in Neural Information Processing Systems, pages 1041–1048. 2009c.

Yishay Mansour, Mehryar Mohri, and Afshin Rostamizadeh. Multiple source adaptation and the
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The method we propose is based on the method developed in the seminal papers of Goldenshluger and Lepski (2011, 2014) for density estimation, extended by Goldenshluger and
Lepski (2013) to the white noise and regression models. It takes a family of estimators
as input and chooses the estimator that performs a good bias-variance tradeoff separately
for each hidden state. We recommend the article of Lacour et al. (2017) for an insightful
presentation of this method in the case of conditional density estimation.

1.2 Plug-in Procedure

In many situations, it is possible to reach the minimax rate of convergence with a good
bias-variance tradeoff. Previous estimators of the emission densities of a HMM perform
such a tradeoff based on an error that takes the transition matrix and all emission densities
into account. Such an error leads to a rate of convergence that corresponds to the slowest
minimax rate among the different parameters. In contrast, our method performs a biasvariance tradeoff for each emission density using an error term that depends only on the
density in question, which makes it possible to reach the minimax rates for each density.

Our approach for estimating the densities nonparametrically is model selection. The
core idea is to approximate the target density using a family of parametric models that is
dense within the nonparametric class of densities. For a square integrable density f ∗ , we
∗ on a finite-dimensional space P
consider its projection fM
M (the parametric model), where
M is a model index. This projection introduces an error, the bias, which is the distance
∗ k between the target quantity and the model. The larger the model, the smaller
kf ∗ − fM
2
the bias. On the other hand, larger models will make the estimation harder, resulting in a
∗ k2 . The key step of model selection is to select a model with a
larger variance kfˆM − fM
2
small total error–or alternatively, a good bias-variance tradeoff.

In this paper, we construct an estimator that is adaptive and estimates each emission
density with its own minimax rate of convergence. We call this property state-by-state
adaptivity. Our method does so by handling each emission density individually in a way
that is theoretically justified–reaching minimax and adaptive rates of convergence with
respect to the regularity of the emission densities–and computationally efficient thanks to
its low computational and sample complexity.

Theoretical results in the nonparametric setting have only been developed recently. De Castro et al. (2017) and Bonhomme et al. (2016b) introduce spectral methods, and the latter
is proved to be minimax but not adaptive–which means one needs to know the regularity
of the densities beforehand to reach the minimax rate of convergence. De Castro et al.
(2016) introduce a least squares estimator which is shown to be minimax adaptive up to
a logarithmic term. However, all these papers have a common drawback: they study the
emission densities as a whole and can not handle them separately. This comes from their
error criterion, which is the supremum of the errors on all densities: what they actually
prove is that maxk∈X kfˆk − fk∗ k2 converges with minimax rate when (fˆk )k are their density
estimators. In general, the regularity of each emission density could be different, leading to
different rates of convergence. This means that having just one emission density that is very
hard to estimate is enough to deteriorate the rate of convergence of all emission densities.

1.1 Nonparametric State-by-state Adaptivity

Lehéricy

In this article, we focus on estimating the emission distributions in a nonparametric
setting. More specifically, assume that the emission distributions have a density with respect to some known dominating measure µ, and write fk∗ their densities–which we call the
emission densities. The goal of this paper is to estimate all fk∗ ’s with their minimax rate
of convergence when the emission densities are not restricted to belong to a set of densities
described by finitely many parameters.

Formally, a hidden Markov model is a process (Xj , Yj )j≥1 in which (Xj )j is a Markov
chain on X , the Yi ’s are independent conditionally on (Xj )j and the conditional distribution
of Yi given (Xj )j depends only on Xi . The parameters of the HMM are the parameters of
the Markov chain, that is its initial distribution and transition matrix, and the parameters
of the observations, that is the emission distributions (νk∗ )k∈X where νk∗ is the distribution
of Yj conditionally to Xj = k. Only the observations (Yj )j are available.

Finite state space hidden Markov models, or HMMs in short, are powerful tools for studying
discrete time series and have been used in a variety of applications such as economics,
signal processing and image analysis, genomics, ecology, speech recognition and ecology
among others. The core idea is that the behaviour of the observations depends on a hidden
variable that evolves like a Markov chain.

1. Introduction

Keywords: hidden Markov model, model selection, nonparametric density estimation,
oracle inequality, adaptive minimax estimation, spectral method, least squares method

In this paper, we introduce a new estimator for the emission densities of a nonparametric
hidden Markov model. It is adaptive and minimax with respect to each state’s regularity–
as opposed to globally minimax estimators, which adapt to the worst regularity among the
emission densities. Our method is based on Goldenshluger and Lepski’s methodology. It
is computationally efficient and only requires a family of preliminary estimators, without
any restriction on the type of estimators considered. We present two such estimators that
allow to reach minimax rates up to a logarithmic term: a spectral estimator and a least
squares estimator. We show how to calibrate it in practice and assess its performance on
simulations and on real data.
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Univ. Paris-Sud, CNRS, Université Paris-Saclay
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= sup
M0

n
(M 0 )
fˆk

−

(M ∧M 0 )
fˆk
2

o
− σ(M 0 ) .

Our method and assumptions are detailed in Section 2. Let us give a quick overview of
the method. Assume the densities belong to a Hilbert space H. Given a family of subsets
(M )
of finite-dimensional subspaces of H (the models) indexed by M and estimators fˆk of the
emission densities for each hidden state k and each model M , one computes a substitute
for the bias of the estimators by
Ak (M )

(M̂ )

for some penalty σ. Then, for each state k, one selects the estimator M̂k from the model
M minimizing the quantity Ak (M ) + 2σ(M ). The penalty σ can also be interpreted as
a variance bound, so that this penalization procedure can be seen as performing a biasvariance tradeoff. The novelty of this method is that it selects a different M̂k , that is a
different model, for each hidden state: this is where the state-by-state adaptivity comes
from. Also note that contrary to Goldenshluger and Lepski (2013), we do not make any
assumption on how the estimators are computed, provided a variance bound holds.
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The main theoretical result is an oracle inequality on the selected estimators fˆk k , see
Theorem 2. As a consequence, we are able to get a rate of convergence that is different for
each state. These rates of convergence will even be adaptive minimax up to a logarithmic
factor when the method is applied to our two families of estimators: spectral estimators
and least squares estimators. To the best of our knowledge, this is the first state-by-state
adaptive algorithm for hidden Markov models.
Note that finding the right penalty term σ is essential in order to obtain minimax
rates of convergence. This requires a fine theoretical control of the variance of the auxiliary
estimators, in the form of assumption [H()] (see Section 2.1). To the best of our knowledge,
there is no suitable result in the literature. This is the second theoretical contribution of
this paper: we control two families of estimators in a way that makes it possible to reach
adaptive minimax rate with our state-by-state selection method, up to a logarithmic term.
On the practical side, we run this method and several variants on data simulated from
a HMM with three hidden states and one irregular density, as illustrated in Section 4. The
simulations confirm that it converges with a different rate for each emission density, and
that the irregular density does not alter the rate of convergence of the other ones, which is
exactly what we wanted to achieve.
Better still, the added computation time is negligible compared to the computation time
of the estimators: even for the spectral estimators of Section 3.2 (which can be computed
much faster than the least squares estimators and the maximum likelihood estimators using
EM), computing the estimators on 200 models for 50,000 observations (the lower bound
of our sample sizes) of a 3-states HMM requires a few minutes, compared to a couple of
seconds for the state-by-state selection step. The difference becomes even larger for more
observations, since the complexity of the state-by-state selection step is independent of the
sample size: for instance, computing the spectral estimators on 300 models for 2,200,000
observations requires a bit less than two hours, and a bit more than ten hours for 10,000,000
observations, compared to less than ten seconds for the selection step in both cases. We
refer to Section 4.6 for a more detailled discussion about the algorithmic complexity of the
algorithms.
3

1.3 Families of Estimators

Lehéricy

We use two methods to construct families of estimators and apply the selection algorithm.
The motivation and key result of this part of the paper is to control the variances of the
estimators by the right penalty σ. This part is crucial if one wants to get adaptive minimax
rates, and has not been adressed in previous papers. For both methods, we develop new
theoretical results that allow to obtain a penalty σ that leads to adaptive minimax rates of
convergence up to a logarithmic term. We present the algorithms and theoretical guarantees
in Section 3.

The first method is a spectral method and is detailed in Section 3.2. Several spectral algorithms were developed, see for instance Anandkumar et al. (2012) and Hsu et al. (2012) in
the parametric setting, and Bonhomme et al. (2016b) and De Castro et al. (2017) in a nonparametric framework. The main advantages of spectral methods are their computational
efficiency and the fact that they do not resort to optimization procedure such as the EM
and more generally nonconvex optimization algorithm, thus avoiding the well-documented
issue of getting stuck into local sub-optimal minima.

Our spectral algorithm is based on the one studied in De Castro et al. (2017). However,
their estimator cannot reach the minimax rate of convergence: the variance bound σ(M )
deduced from their results is proportional to M 3 , while reaching the minimax rate requires
σ(M ) to be proportional to M . To solve this issue, we introduce a modified version of
their algorithm and show that it has the right variance bound, so that it is able to reach the
adaptive minimax rate after our state-by-state selection procedure, up to a logarithmic term.
Our algorithm also has an improved complexity: it is at most quasi-linear in the number of
observations and in the model dimension, instead of cubic in the model dimension for the
original algorithm.

The second method is a least squares method and is detailed in Section 3.3. Nonparametric least squares methods were first introduced by De Castro et al. (2016) to estimate the
emission densities and extended by Lehéricy (to appear) to estimate all parameters at once.
They rely on estimating the density of three consecutive observations of the HMM using a
least squares criterion. Since the model is identifiable from the distribution of three consecutive observations when the emission distributions are linearly independent, it is possible
to recover the parameters from this density. In practice, these methods are more accurate
than the spectral methods and are more stable when the models are close to not satisfying
the identifiability condition, see for instance De Castro et al. (2016) for the accuracy and
Lehéricy (to appear) for the stability. However, since they rely on the minimization of a
nonconvex criterion, the computation times of the corresponding algorithms are often longer
than the ones from spectral methods.
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A key step in proving theoretical guarantees for least squares methods is to relate the
error on the density of three consecutive observations to the error on the HMM parameters
in order to obtain an oracle inequality on the parameters from the oracle inequality on the
density of three observations. More precisely, the difficult part is to lower bound the error
on the density by the error on the parameters. Let us write g and g 0 the densities of the
first three observations of a HMM with parameters θ and θ0 respectively (these parameters
actually correspond to the transition matrix and the emission densities of the HMM). Then

4

kg − g 0 k2 ≥ C(θ) d(θ, θ0 )

σ 0 (M )
∗ ).
C(θM
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5

2.1 Framework and Assumptions

6

In this section, we introduce the framework and our state-by-state selection method.
In Section 2.1, we introduce the notations and assumptions. In Section 2.2, we present
our selection method and prove that it satisfies an oracle inequality.

Let (Xj )j≥1 be a Markov chain with finite state space X of size K. Let Q∗ be its transition
matrix and π ∗ be its initial distribution. Let (Yj )j≥1 be random variables on a measured
space (Y, µ) with µ σ-finite such that conditionally on (Xj )j≥1 the Yj ’s are independent
with a distribution depending only on Xj . Let νk∗ be the distribution of Yj conditionally to
{Xj = k}. Assume that νk∗ has density fk∗ with respect to µ. We call (νk∗ )k∈X the emission
distributions and f ∗ = (fk∗ )k∈X the emission densities. Then (Xj , Yj )j≥1 is a hidden Markov

2. The State-by-state Selection Procedure

• For f = (f1 , . . . , fK ) ∈ L2 (Y, µ)K , G(f ) is the Gram matrix of f , defined by G(f )i,j =
hfi , fj i for all i, j ∈ [K].

• L2 (Y, µ) is the set of real square integrable measurable functions on Y with respect
to the measure µ.

• σ1 (A) ≥ · · · ≥ σp∧n (A) are the singular values of the matrix A ∈ Rn×p .

• Span(A) is the linear space spanned by the family A.

• k · kF is the Frobenius norm. We implicitely extend the definition of the Frobenius
norm to tensors with more than 2 dimensions.

• S(K) is the set of permutations of [K].

• [K] = {1, . . . , K} is the set of integers between 1 and K.

We will use the following notations throughout the paper.

1.5 Notations

final estimator. We discuss the result of the simulations and the convergence of the selected
estimators in Section 4.4.
In Section 4.5, we compare our method with a non state-by-state adaptive method based
on cross validation. Finally, we discuss the complexities of the auxiliary estimation methods
and of our selection procedures in Section 4.6.
In Section 5, we apply our algorithm to two sets of GPS tracks. The first data set
contains trajectories of artisanal fishers from Madagascar, recorded using a regular sampling with 30 seconds time steps. The second data set contains GPS positions of Peruvian
seabird, recorded with 1 second time steps. We convert these tracks into the average velocity during each time step and apply our method using spectral estimators as input. The
observed behaviour confirms the ability of our method to adapt to the different regularities
by selecting different dimensions for each emission density.
Section 6 contains a conclusion and perspectives for this work.
Finally, Appendix A contains the details of our spectral algorithm and Appendix B is
dedicated to the proofs.
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Section 4 shows how to apply the state-by-state selection method in practice and shows its
performance on simulated data and a comparison with a method based on cross validation
that does note estimate state by state.
Note that the theoretical results give a penalty term σ known only up to a multiplicative
constant which is unknown in practice. This problem, the penalty calibration issue, is usual
in model selection methods. It can be solved using algorithms such as the dimension jump
heuristics, see for instance Birgé and Massart (2007), who introduce this heuristics and
prove that it leads to an optimal penalization in the special case of Gaussian model selection
framework. This method has been shown to behave well in practice in a variety of domains,
see for instance Baudry et al. (2012). We describe the method and show how to use this
heuristics to calibrate the penalties in Section 4.2.
We propose and compare several variants of our algorithm. Section 4.2 shows some
variants in the calibration of the penalties and Section 4.3 shows other ways to select the

1.4 Numerical Validation and Application to Real Data Sets

Such a result is crucial to control the variance of the estimators by a penalty term
σ, which is the result we need for the state-by-state selection method. In the case where
only the emission densities vary, De Castro et al. (2016) proved that such an inequality
always holds for HMMs with 2 hidden states using brute-force computations, but it is still
unknown whether it is always true for larger number of states. When the number of states
is larger than 2, they show that this inequality holds under a generic assumption. Lehéricy
(to appear) extended this result to the case where all parameters may vary. However, the
constants deduced from both articles are not explicit, and their regularity (when seen as a
function of θ) is unknown, which makes it impossible to use in our setting: one needs the
∗ ) to be lower bounded by the same positive constant, which requires some
constants C(θM
sort of regularity on the function θ 7−→ C(θ) in the neighborhood of the true parameters.
To solve this problem, we develop a finer control of the behaviour of the difference
kg − g 0 k2 , which is summarized in Theorem 10. We show that it is possible to assume C to
be lower semicontinuous and positive without any additional assumption. In addition, we
give an explicit formula for the constant when θ0 and θ are close, which gives an explicit
bound for the asymptotical rate of convergence. This result allows us to control the variance
of the least squares estimators by a penalty σ which ensures that the state-by-state method
reaches the adaptive minimax rate up to a logarithmic term.

∗
d(θ̂M , θM
)≤

where d is the natural L2 distance on the parameters and C(θ) is a positive constant which
does not depend on θ0 . Such inequalities are then used to lower bound the variance of the
estimator of the density of three observations g ∗ by the variance of the parameter estimators:
let g be the projection of g ∗ and g 0 be the estimator of g ∗ on the current approximation
∗ and θ̂
space (with index M ). Denote θM
M the corresponding parameters and assume that
the error kg − g 0 k2 is bounded by some constant σ 0 (M ), then the result will be that

one would like to get
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(M )

model with parameters (π ∗ , Q∗ , f ∗ ). The hidden chain (Xj )j≥1 is assumed to be unobserved,
so that the estimators are based only on the observations (Yj )j≥1 .
Let (PM )M ∈N be a nested family of finite-dimensional subspaces such that their union
is dense in L2 (Y, µ). The spaces (P )
are our models; in the following we abusively
M
M
∈N
∗,(M )
call M the model instead of PM . For each index M ∈ N, we write f ∗,(M ) = (fk
)k∈X the
projection of f ∗ on (PM )K . It is the best approximation of the true densities within the
model M .
In order to estimate the emission densities, we do not need to use every models. Typically
there is no point in taking models with more dimensions than the sample size, since they
will likely be overfitting. Let Mn ⊂ N be the set of indices which will be used for the
estimation from n observations. For each M ∈ Mn , we assume we are given an estimator
(M )
(M )
f̂n = (fˆn,k )k∈X ∈ (PM )K . We will need to assume that for all models, the variance–that

inf

(M )
∗,(M )
max fˆk − fτn,M (k)

τn,M ∈S(K) k∈X
2

≤

σ(M, , n)
2

is the distance between f̂n and f ∗,(M ) –is small with high probability. In the following, we
drop the dependency in n and simply write M and f̂ (M ) .
The following result is what one usually obtains in model selection. It bounds the
distance between the estimators f̂ (M ) and the projections f ∗,(M ) by some penalty function
σ. Thus, σ/2 can be seen as a bound of the variance term.

[H()] With probability 1 − ,
∀M ∈ M,

τ ∈S(K)

k∈X

2

where the upper bound σ : (M, , n) ∈ M × [0, 1] × N∗ 7−→ σ(M, , n) ∈ R+ is nondecreasing
in M . We show in Sections 3.2 and 3.3 how to obtain such a result for a spectral method
and for a least squares method (using an algorithm from Lehéricy (to appear)). In the
following, we omit the parameters  and n in the notations and only write σ(M ).
What is important for the selection step is that the permutation τn,M does not depend
(M )
on the model M : one needs all estimators (fˆk )M ∈M to correspond to the same emission
density, namely fτ∗ (k) when τn,M = τn is the same for all models M . This can be done in
n
the following way: let M0 ∈ M and let


(M )
(M )
τ̂ (M ) ∈ arg min max fˆτ (k) − fˆk 0

=

(M )
fˆτ̂ (M ) (k) .

for all M ∈ M. Then, consider the estimators obtained by swapping the hidden states by
these permutations. In other words, for all k ∈ X , consider
(M )
fˆk,new

2

Now, assume that the error on the estimators is small enough. More precisely, write
∗,(M )
∗,(M )
− fk 0
the distance between the projections of f ∗ on the
BM,M0 = maxk∈X fk

2

models M and M0 and assume that 2 [σ(M )/2 + σ(M0 )/2 + BM,M0 ] (that is twice the upper
bound of the distance between two estimated emission densities corresponding to the same
∗,(M )
∗,(M )
hidden states in models M and M0 ) is smaller than m(f ∗ , M0 ) := mink0 6=k fk 0 − fk0 0 ,
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which is the smallest distance between two different densities of the vector f ∗,(M0 ) .

7

Lehéricy

Then [H()] ensures that with probability as least 1 − , for all k, there exists a single
∗,(M )
component of f̂ (M ) that is closer than σ(M )/2 + σ(M0 )/2 of fk 0 , and this component
(M )
will be fˆτ̂ (M ) (k) by definition. This is summarized in the following lemma.

2

≤

σ(M )
.
2

σ(M ) + σ(M0 ) + 2BM,M0 < m(f ∗ , M0 ),

k∈X

(M )
∗,(M )
max fˆk,new − fτn (k)

(1)

Lemma 1 Assume [H()] holds. Then with probability 1 − , there exists a permutation
τn ∈ S(K) such that for all k ∈ X and for all M ∈ M such that

one has

Proof Proof in Section B.1

Thus, this property holds asymptotically as soon as inf M tends to infinity and supM ∈M σ(M )
tends to zero.

2.2 Estimator and Oracle Inequality

n

0

(M )
(M ∧M
fˆk
− fˆk

0)

2

(M )

(M )
fˆk ,

(M 0 )

∗,(M )

− fˆk

(M )

k2 is upper

as can be seen in Equation

o
− σ(M 0 ) .

Let us now introduce our selection procedure. This method and the following theorem are
based on the approach of Goldenshluger and Lepski (2011), but do not require any assumption on the structure of the estimators, provided a variance bound such as Equation (1)
holds.
For each k ∈ X and M ∈ M, let
M 0 ∈M

Ak (M ) = sup

∗,(M 0 )

Ak (M ) serves as a replacement for the bias of the estimator
(M 0 )

(2). This comes from the fact that for large M 0 , the quantity kfˆk

(M̂ )
fˆk = fˆk k .

M ∈M

M̂k ∈ arg min{Ak (M ) + 2σ(M )}

bounded by the variances kfˆ
− fk
k2 and kfˆk − fk
k2 (which are bounded by
k
∗,(M )
σ(M 0 )/2) plus the bias kfk
− fk∗ k2 . Thus, only the bias term remains after substracting
the variance bound σ(M 0 ).
Then, for all k ∈ X , select a model through the bias-variance tradeoff

and finally take

The following theorem shows an oracle inequality on this estimator.

M ∈M

kfˆk − fτ∗n (k) k2 ≤ 4 inf

JMLR 19(39):1-46, 2018

n
o
∗,(M )
kfτn (k) − fτ∗n (k) k2 + σ(M, ) .

Theorem 2 Let  ≥ 0 and assume equation (1) holds for all k ∈ X with probability 1 − .
Then with probability 1 − ,
∀k ∈ X ,

8

2

(M )
∗,(M )
+ fˆk − fτn (k)

(M̂ )
(M̂ ∧M )
≤ fˆk k − fˆk k
2

∗,(M )
2

(M̂ ∧M )
(M )
+ fˆk k
− fˆk

+ fτn (k) − fτ∗n (k)

2

.

2

2
2

≤2A(M ) + 4σ(M ) + f ∗,(M ) − f ∗

+ σ(M ) + f ∗,(M ) − f ∗

0

2

0)

2

.

2

o
− σ(M 0 )

M 0 ≥M

2

2

,

+

(2)

9
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In this section, we introduce two methods to construct families of estimators of the emission
densities. We show that they satisfy assumption [H()] for a given variance bound σ.
In Section 3.1, we introduce the assumptions we will need for both methods. Section
3.2 is dedicated to the spectral estimator and Section 3.3 to the least squares estimator.

3. Plug-in Estimators and Theoretical Guarantees

Remark 4 Note that the selected M̂k implicitely depends on the probability of error 
through the penalty σ.
In the asymptotic setting, we take  as a function of n, so that M̂k is a function of n
only. This will be used to get rid of  when proving that the estimators reach the minimax
rates of convergence.

Remark 3 The oracle inequality also holds when taking
n
o
(M 0 )
(M )
Ak (M ) = sup
fˆk
− fˆk
− σ(M 0 ) .

which is enough to conclude.

A(M ) ≤ f ∗ − f ∗,(M )

Since σ is nondecreasing, σ(M ∧ M 0 ) ≤ σ(M 0 ), so that the first term is upper bounded
by zero thanks to equation (1). The second term can be controlled since the orthogonal
projection is a contraction. This leads to

M0

+ sup f ∗,(M ) − f ∗,(M ∧M

M0

2

.

≤(A(M ) + σ(M̂ )) + (A(M̂ ) + σ(M ))

Then, notice that A(M ) can be bounded by
n
0
0
0
0
A(M ) ≤ sup fˆ(M ) − f ∗,(M ) + fˆ(M ∧M ) − f ∗,(M ∧M )

fˆ(M̂ ) − f ∗

From now on, we will omit the subscripts k and τn (k). Using equation (1) and the definition
of A(M ) and M̂ , one gets

(M̂ )
fˆk k − fτ∗n (k)

Proof We restrict ourselves to the event of probability at least 1 −  where equation (1)
holds for all k ∈ X .
The first step consists in decomposing the total error: for all M ∈ M and k ∈ X ,

State-by-state Minimax HMM Estimation

m X
M
X

M
m
m 0
M 0
m 0 2
(ϕm
a (y1 )ϕb (y2 )ϕc (y3 ) − ϕa (y1 )ϕb (y2 )ϕc (y3 )) .

10
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Theorem 5 Assume [HX] and [Hid] hold. Then there exists a constant M0 depending
on f ∗ and constants Cσ and n1 depending on f ∗ and Q∗ such that for all  ∈ (0, 1), for all

The following theorem follows the proof of Theorem 3.1 of De Castro et al. (2017), with
modifications that allow to control the error of the spectral estimators in expectation and
are essential to obtain the right rates of convergence in Corollary 6.

y,y 0 ∈Y 3 a,c=1 b=1

η3 (m, M )2 := sup

Algorithm 1 is a variant of the spectral algorithm introduced in De Castro et al. (2017).
Unlike the original one, it is able to reach the minimax rate of convergence thanks to two
improvements. The first one consists in decomposing the joint density on different models,
hence the use of two dimensions m and M . The second one consists in trying several
randomized joint diagonalizations instead of just one, and selecting the best one, hence the
parameter r. These additional parameters do not actually add much to the complexity of
the algorithm: in theory, the choice m, r ≈ log(n) is fine (see Corollary 6), and in practice,
any large enough constant works, see Section 4 for more details.
M
For all M ∈ M, let (ϕM
1 , . . . , ϕM ) be an orthonormal basis of PM . Let

3.2 The Spectral Method

The ergodicity assumption in [HX] is standard in order to obtain convergence results. In
this case, the initial distribution is forgotten exponentially fast, so that the HMM will
essentially behave like a stationary process after a short period of time. For the sake of
simplicity, we assume the Markov chain to be stationary.
[Hid] appears in identifiability results, see for instance Gassiat et al. (2015) and Theorem
8. It is sufficient to ensure identifiability of the HMM from the law of three consecutive
observations. Note that it is in general not possible to recover the law of a HMM from two
observations (see for instance Appendix G of Anandkumar et al. (2012)), so that three is
actually the minimum to obtain general identifiability.

[Hid] Q∗ is invertible and the family f ∗ is linearly independent.

[HX] (Xj )j≥1 is a stationary ergodic Markov chain with parameters (π ∗ , Q∗ );

Recall that we approximate L2 (Y, µ) by a nested family of finite-dimensional subspaces
∗,(M )
(PM )M ∈M such that their union is dense in L2 (Y, µ) and write fk
the orthogonal
∗
projection of fk on PM for all k ∈ X and M ∈ M. We assume that M ⊂ N and that the
space PM has dimension M . A typical way to construct such spaces is to take PM spanned
by the first M vectors of an orthonormal basis.
Both methods will construct an estimator of the emission densities for each model of
this family. These estimators will then be plugged in the state-by-state selection method of
Section 2.2, which will select one model for each state of the HMM.
We will need the following assumptions.

3.1 Framework and Assumptions

Lehéricy

State-by-state Minimax HMM Estimation

p
Let α > 0 and C ≥ 2(1 + 2α) Cη Cσ . Let f̂ sbs be the estimators selected from the
family (f̂ (M,d(1+2α) log(n)e) )M ≤Mmax (n) with Mmax (n) = n/ log(n)5 , mM = log(n) and σ(M ) =
q
4
C M log(n)
n
that

Lehéricy

∀k ∈ X ,

E

E

∧ nα ) − fk∗
(−nα ) ∨ (fˆτsbs
n (k)

α
∗
(−nα ) ∨ (fˆτsbs
(k) ∧ n ) − fk

2

2

2

= O

n
log(n)4

Remark 7 By aligning the estimators like in Section 2.1, one can replace the sequence of
permutations in Corollary 6 by a single permutation, in other words there exists a random
permutation τ which does not depend on n such that





 −2sk
2sk +1
.

The novelty of this result is that each emission density is estimated with its own rate
k
of convergence: the rate 2s−s
is different for each emission density, even though the origk +1
inal spectral estimators did not handle them separately. This is due to our state-by-state
selection method.
Moreover, it is able to reach the minimax rate for each density in an adaptive way. For
instance, in the case of a β-Hölder density on Y = [0, 1]D (equipped with a trigonometric
∗,(M )
basis), one can easily check the control of η3 , and the control kfk
− fk∗ k2 = O(M −β/D )
follows from standard approximation results, see for instance DeVore and Lorentz (1993).
Thus, our estimators converge with the rate (n/ log(n)4 )−2β/(2β+D) to this density: this is
the minimax rate up to a logarithmic factor.

∀k ∈ X ,

for all M . Then there exists a sequence of random permutations (τn )n≥1 such




 −2sk

2sk +1
2
n
.
= O
log(n)4

Algorithm 1: Spectral estimation of the emission densities of a HMM (short version)
Data: A sequence of observations (Y1 , . . . , Yn+2 ), two dimensions m ≤ M , an
orthonormal basis (ϕ1 , . . . , ϕM ) and number of retries r.
(M,r)
Result: Spectral estimators (fˆk
)k∈X .

s=1 ϕa (Ys )ϕc (Ys+2 ).

[Step 1] Consider the following empirical estimators: for any a, c ∈ [m] and b ∈ [M ],
Pn
s=1 ϕa (Ys )ϕb (Ys+1 )ϕc (Ys+2 )
1
n

• M̂m,M,m (a, b, c) := n1
Pn

• P̂m,m (a, c) :=

[Step 2] Let Ûm be the m × K matrix of orthonormal left singular vectors of P̂m,m
corresponding to its top K singular values. Ûm can be seen as a projection. Denote
> P̂
by P0 and M0 (·, b, ·) the projected tensors, defined by P0 = Ûm
m,m Ûm and
likewise for M0 .
[Step 3] Form the matrices B(b) := (P0 )−1 M0 for all b ∈ [M ].
[Step 4] Construct a matrix Ô by taking the best approximate simultaneous diagonalization
of all B(b) among r attempts: for all b ∈ [M ], B(b) ≈ RDiag[Ô(b, ·)]R−1 for some
matrix R (see details in Algorithm 3, in Appendix A).

∗,(M )

− fτ (k) k22 ≤ Cσ η32 (m, M )

(− log )2
n

(M,r)
[Step 5] Define the emission densities estimators f̂ (M,r) := (fˆk
)k∈X by: for all k ∈ X ,
PM
(M,r)
fˆk
:= b=1
Ô(b, k)ϕb .

(M,dte)

max kfˆk

m, M ∈ M such that M ≥ m ≥ M0 and for all n ≥ n1 η32 (m, M )(− log )2 , with probability
greater than 1 − 6,
inf

τ ∈S(K) k∈X

Proof Proof in Section B.2.

(M,dte)

max kfˆk

− fτ (k) k22 ≤Cσ η32 (mM , M )

∗,(M )

σ(M )2
4
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log(n)4
n

(1 + 2α)2 log(n)2
n

This means that the sequence (fˆksbs )n≥1 is an adaptive rate-minimax estimator of fk∗ –or
more precisely of one of the emission densities (fk∗0 )k0 ∈X , but since the distribution of the
HMM is invariant under relabelling of the hidden states, one can assume the limit to be fk∗
without loss of generality–up to a logarithmic term.
p
At this point, it is important to note that the choice of the constant C ≥ 2(1+2α) Cη Cσ
depends on the hidden parameters of the HMM and as such is unknown. This penalty
calibration problem is very common in the model selection framework and can be solved in
practice using methods such as the slope heuristics or the dimension jump method which
have been proved to be theoretically valid in several cases, see for instance Baudry et al.
(2012) and references therein. We use the dimension jump method and explain its principle
and implementation in Section 4.2.
Proof Using Theorem 5, one gets that for all n and for all M ∈ M such that n ≥
n1 η32 (mM , M )(1 + 2α)2 log(n)2 , with probability 1 − 6n−1−2α ,
inf

τ ∈S(K) k∈X

≤

Note that the constants n1 and Cσ depend on Q∗ and f ∗ . This dependency will not
affect the rates of convergence of the estimators (with respect to the sample size n), but it
can change the constants of the bounds and the minimum sample size needed to reach the
asymptotic regime.
Let us now apply the state-by-state selection method to these estimators. The following corollary shows that it is possible to reach the minimax rate of convergence up to a
logarithmic term separately for each state under standard assumptions. Note that we need
to bound the resulting estimators by some power of n, but this assumption is not very
restrictive since α can be arbitrarily large.
Corollary 6 Assume [HX] and [Hid] hold. Also assume that η32 (m, M ) ≤ Cη m2 M for a
∗,(M )
constant Cη > 0 and that for all k ∈ X , there exists sk such that kfk
−fk∗ k2 = O(M −sk ).
Then there exists a constant Cσ depending on f ∗ and Q∗ such that the following holds.

12

≤(1 + α)2 Cσ Cη M
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n
log(n)4

−sk /(1+2sk )
,

[HF]

∈

∗
FK ,

13
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F is closed under projection on PM for all M ∈ M and
(
kf k∞ ≤ CF ,∞
∀f ∈ F,
kf k2 ≤ CF ,2

with CF ,∞ and CF ,2 larger than 1.

f∗

Let F be a subset of L2 (Y, µ). We will need the following assumption on F in order to
control the deviations of the estimators:

3.3 The Penalized Least Squares Method

n
1/(1+2sk ) , which is in [M , M
where the tradeoff is reached for M = ( log(n)
1
max (n)] for n
4)
large enough.
Finally, write A the event of probability smaller than 6n−(1+2α) where [H(6n−(1+α) )]
doesn’t hold, then for n large enough and for all k ∈ X ,




2
2


α
∗
ˆsbs − f ∗
E (−nα ) ∨ (fˆτsbs
∧
n
)
−
f
≤
E
1
f
+ E 1Ac (n2α + kfk∗ k22 )
A
k
k
τn (k)
n (k)
2
2

−2sk /(1+2sk ) !
 2α

n + kfk∗ k22
n
=O
+
O
log(n)4
n1+2α

−2sk /(1+2sk ) !
n
.
=O
log(n)4

=O

inf

− fk∗ k2 + σ(M )}
)!
r
M log(n)4
M −sk +
n
!

∗,(M )

{kfk
(

M1 ≤M ≤Mmax

inf

M1 ≤M ≤Mmax

=O

− fk∗ k2 ≤ 4
kfˆτsbs
n (k)

and is asymptotically true for all M ≤ Mmax (n) as soon as Mmax (n) = o(n/ log(n)4 ).
Thus, [H(6n−(1+2α) )] is true for the family (f̂ (M,d(1+2α) log(n)e) )M ≤Mmax (n) . Note that
the assumption Mmax (n) = o(n/ log(n)4 ) also implies that there exists M1 such that for
n large enough, Lemma 1 holds for all M ≥ M1 , so that Theorem 2 implies that for n
large enough, there exists a permutation τn such that with probability 1 − 6n−(1+2α) , for
all k ∈ X ,

n ≥ n1 log(n)4 M (1 + 2α)2

q
4
where σ(M ) = C M log(n)
with C such that C 2 ≥ 4(1 + 2α)2 Cσ Cη .
n
The condition on M becomes

State-by-state Minimax HMM Estimation

k1 ,k2 ,k3 =1

K
X

π(k1 )Q(k1 , k2 )Q(k2 , k3 )fk1 (y1 )fk2 (y2 )fk3 (y3 ).

τ ∈S(K)

inf

2
kπ1 − Pτ π2 k22 + kQ1 − Pτ Q2 P>
τ kF +

k∈X

X

kf1,k − f2,τ (k) k22

)

.

∗ ,Q∗ ,f ∗

) ⇒ dperm ((π, Q, f ), (π ∗ , Q∗ , f ∗ )) = 0.

γn (t) = ktk22 −

j=1

n

2X
t(Zj )
n

14

E[γn (t)] = kt − g ∗ k22 − kg ∗ k22
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where Zj := (Yj , Yj+1 , Yj+2 ) and (Yj )1≤j≤n+2 are the observations. It is a biased estimator
of the L2 loss: for all t ∈ (L2 (Y, µ))3 ,

Define the empirical contrast

Proof The spectral algorithm of De Castro et al. (2017) applied on the finite dimensional
space spanned by the components of f and f ∗ allows to recover all the parameters even
when the emission densities are not probability densities and when the Markov chain is not
stationary.

(g π,Q,f = g π

Theorem 8 (Identifiability) Let (π ∗ , Q∗ , f ∗ ) ∈ ∆ × Q × (L2 (Y, µ))K such that πx∗ > 0
for all x ∈ X and [Hid] holds. Then for all (π, Q, f ) ∈ ∆ × Q × (L2 (Y, µ))K ,

This distance is invariant under permutation of the hidden states. This corresponds to the
fact that a HMM is only identifiable up to relabelling of its hidden states.

=

dperm ((π1 , Q1 , f1 ), (π2 , Q2 , f2 ))2
(

When π is a probability distribution, Q a transition matrix and f a K-tuple of probability
densities, then g π,Q,f is the density of the first three observations of a HMM with parameters
(π, Q, f ). The motivation behind estimating g π,Q,f is that it allows to recover the true
parameters under the identifiability assumption [Hid], as shown in the following theorem.
Let Q be the set of transition matrices on X and ∆ the set of probability distributions
on X . For a permutation τ ∈ S(K), write Pτ its matrix (that is the matrix defined by
Pτ (i, j) = 1{j=τ (i)} ). Finally, define the distance on the HMM parameters

g π,Q,f (y1 , y2 , y3 ) =

When Q ∈ RK×K , π ∈ RK and f ∈ (L2 (Y, µ))K , let

A simple way to construct such a set F when µ is a finite measure is to take the sets (PM )M
spanned by the first M vectors of an orthonormal basis (ϕ
ϕ0 is proR i )i≥0 whose
Pfirst vector
2 ≤ C
portional
to
1.
Then
any
set
F
of
densities
such
that
f
dµ
=
1,
hf,
ϕ
i
i
F ,2 and
i
P
i |hf, ϕi i|kϕi k∞ ≤ CF ,∞ for given constants CF ,2 and CF ,∞ and for all f ∈ F satisfies
[HF].

Lehéricy

State-by-state Minimax HMM Estimation

s=1 ϕa (Ys )ϕb (Ys+1 )ϕc (Ys+2 )

Algorithm 2: Least squares estimation of the emission densities of a HMM
Data: A sequence of observations (Y , . . . , Y
), a dimension M and an
1
n+2
orthonormal basis Φ = (ϕ1 , . . . , ϕM ).
(M )
Result: Least squares estimators π̂ (M ) , Q̂(M ) and (fˆk
1
n

)k∈X .
Pn

[Step 1] Compute the tensor M̂M defined by M̂M (a, b, c) :=
for all a, b, c ∈ [M ].

∈ F;

Q(k, k 0 ) = 1 for all k ∈ X ;

[Step 2] Find a minimizer (π̂ (M ) , Q̂(M ) , Ô) of (π, Q, O) 7−→ kM(π,Q,O) − M̂M kF2 where
P
k∈X πk = 1;
k0 ∈X

b=1 O(b, k)ϕb

PM

• π ∈ RK is a probability distribution on X , i.e.
P

• Q ∈ RK×K is a transition matrix on X , i.e.

• O is a M × K matrix such that for all k ∈ X ,

• M(π,Q,O) ∈ RM ×M ×M is defined by
M(π,Q,O) (·, b, ·) = ODiag[π]QDiag[O(b, ·)]QO> for all b ∈ [M ].

∗

∗

(M )
[Step 3] Consider the emission densities estimators f̂ (M ) := (fˆk )k∈X defined by for all
PM
(M )
k ∈ X , fˆk := b=1
Ô(b, k)ϕb .
∗

π∈∆, Q∈Q, f ∈(PM ∩F )K

arg min

γn (g π,Q,f ).

where g ∗ = g π ,Q ,f . Since the bias does not depend on the function t, one can hope that
the minimizers of γn are close to minimizers of kt − g ∗ k2 . We will show that this is indeed
the case.
The least squares estimators of all HMM parameters are defined for each model PM by
(π̂ (M ) , Q̂(M ) , f̂ (M ) ) ∈

>Φ

) = kM(π,Q,O) − M̂M kF2 − kM̂M kF2 .

The procedure is summarized in Algorithm 2. Note that with the notations of the algorithm,
γn (g π,Q,O

Then, the proof of the oracle inequality of Lehéricy (to appear) allows to get the following
result.

(M ) ,Q̂(M ) ,f̂ (M )

Theorem 9 Assume [HF], [HX] and [Hid] hold.
Then there exists constants C and n0 depending on CF ,2 , CF ,∞ and Q∗ such that for
all n ≥ n0 , for all t > 0, with probability greater than 1 − e−t , one has for all M ∈ M such
that M ≤ n:
kĝ π̂



log(n)
t
∗
∗ ∗,(M ) 2
+M
.
− g π ,Q ,f
k2 ≤ C
n
n
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In order to deduce a control of the error on the parameters–and in particular on the
emission densities–from the previous result, we will need to assume that the quadratic form
derived from the second-order expansion of (π, Q, f ) ∈ ∆ × Q × F K 7−→ kg π,Q,f − g ∗ k22
around (π ∗ , Q∗ , f ∗ ) is nondegenerate.
15

Lehéricy

It is still unknown whether this nondegeneracy property is true for all parameters
(π ∗ , Q∗ , f ∗ ) such that [Hid] and [HX] hold. De Castro et al. (2016) prove it for K = 2
hidden states when only the emission densities are allowed to vary by using brute-force
computations. To do so, they introduce an (explicit) polynomial in the coefficients of π ∗ ,
Q∗ and of the Gram matrix of f ∗ and prove that its value is nonzero if and only if the
quadratic form is nondegenerate for the corresponding parameters. The difficult part of the
proof is to show that this polynomial is always nonzero.
For the expression of this polynomial–which we will write H–in our setting, we refer to
Section B.3. Note that Lehéricy (to appear) proves that this polynomial H is non identically
zero: it is shown that there exists parameters (π, Q, f ) satisfying [HX] and [Hid] such that
H(π, Q, f ) 6= 0, which means that the following assumption is generically satisfied:
[Hdet] H(π ∗ , Q∗ , f ∗ ) 6= 0.

1. Assume that [HF] holds and that for all f ∈ F,

R

f dµ = 1.

The following result allows to lower bound the L2 error on the density of three consecutive observations by the error on the parameters of the HMM using this condition. It
is an improvement of Theorem 6 of De Castro et al. (2016) and Theorem 9 of Lehéricy
(to appear). The main difference is that the constant c∗ (π ∗ , Q∗ , f ∗ , F) does not depend on
the f around which the parameters are taken. This is crucial to obtain Corollary 11, from
which we will deduce [H0]. Note that we do not need f to be in a compact neighborhood of
f ∗ . Another improvement is that the constant in the minoration only depends on the true
parameters and on the set F.
Theorem 10

∗ ,Q∗ ,f

k22 ≥ c∗ (π ∗ , Q∗ , f ∗ , F)dperm ((π, Q, h), (π ∗ , Q∗ , f ))2 .

Then there exist a lower semicontinuous function (π ∗ , Q∗ , f ∗ ) 7−→ c∗ (π ∗ , Q∗ , f ∗ , F)
that is positive when [Hid] and [Hdet] hold and a neighborhood V of f ∗ in F K depending only on π ∗ , Q∗ , f ∗ and F such that for all f ∈ V and for all π ∈ ∆, Q ∈ Q
and h ∈ F K ,
kg π,Q,h − g π

k22 ≥ c0 (π ∗ , Q∗ , f ∗ )dperm ((π, Q, h), (π ∗ , Q∗ , f ∗ ))2 .

∧
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π ∗ (k)) σK (Q∗ )4 σK (G(f ∗ ))2
4
H(π ∗ , Q∗ , f ∗ )
.
4 ))K 2 −K/2
2(1 ∧ KkG(f ∗ )k∞ )(3K 3 (1 ∨ kG(f ∗ )k∞

∗ ,Q∗ ,f ∗

(inf k∈X

kg π,Q,h − g π

2. There exists a continuous function  : (π ∗ , Q∗ , f ∗ ) 7→ (π ∗ , Q∗ , f ∗ ) that is positive when
[Hid] and [Hdet] hold and such that for all π ∈ ∆, Q ∈ Q and h ∈ (L2 (Y, µ))K a
K-tuple of probability densities such that dperm ((π, Q, h), (π ∗ , Q∗ , f ∗ )) ≤ (π ∗ , Q∗ , f ∗ ),
one has

where
c0 (π ∗ , Q∗ , f ∗ ) =

Proof Proof in Section B.4.
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This section is dedicated to the discussion of the practical implementation of our method.
We run the spectral estimators on simulated data for different number of observations and
study the rate of convergence of the selected estimators for several variants of our method.

4. Numerical Experiments

σ(M ) = C M log(n)
for all M , aligned like in Remark 7. Then there exists a random
n
permutation τ which does not depend on n such that



 −sk
h
i
2sk +1
n
sbs
∗
.
= O
∀k ∈ X ,
E fˆτ (k) − fk
log(n)
2

Corollary 13 Assume [HX], [HF], [Hid] and [Hdet] hold. Also assume that for all
R
∗,(M )
f ∈ F, f dµ = 1 and that for all k, there exists sk such that kfk
− fk∗ k2 = O(M −sk ).
∗
Then there exists a constant Cσ depending on CF ,2 , CF ,∞ , Q and f ∗ such that the following
holds.
Let C ≥qCσ and let f̂ sbs be the estimators selected from the family (f̂ (M ) )M ≤n with

We may now state the following result which shows that the state-by-state selection
method applied to these estimators reaches the minimax rate of convergence (up to a logarithmic factor) in an adaptive manner under generic assumptions. Its proof is the same as
the one of Corollary 6.

Proof Let V be the neighborhood given by Theorem 10, then there exists M0 such that for
all M ≥ M0 , f ∗,(M ) ∈ V. Then Theorem 9 and Theorem 10 applied to π = π̂ (M ) , Q = Q̂(M ) ,
h = f̂ (M ) and f = f ∗,(M ) for all M allow to conclude.

18
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We generate n observations and run the spectral algorithm in order to obtain estimators
for the models PM with M_min ≤ M ≤ M_max, m = 20 and r = d2 log(n) + 2 log(M )e, where
M_min = 3 and M_max = 300. Finally, we use the state-by-state selection method to choose
the final estimator for each emission density. The main reason for using spectral estimators
instead of maximum likelihood estimation or least squares estimation is its computational
speed: it is much faster for large n than the least squares algorithm or the EM algorithm,
which makes studying asymptotic behaviours possible.
We made 300 simulations, 20 per value of n, with n taking values in {5 × 104 , 7 × 104 , 1 ×
5
10 , 1.5 × 105 , 2.2 × 105 , 3.5 × 105 , 5 × 105 , 7 × 105 , 1 × 106 , 1.5 × 106 , 2.2 × 106 , 3.5 × 106 , 5 ×
106 , 7 × 106 , 1 × 107 }.

– Beta distribution with parameters (3, 7).

– Symmetrized Beta distribution, that is a mixture with the same weight of 23 X
and 1− 13 X 0 with X, X 0 iid following a Beta distribution with parameters (3, 1.6);

– Uniform distribution on [0; 1];




0.7 0.1 0.2
Q∗ =  0.08 0.8 0.12  ;
0.15 0.15 0.7

• Emission densities (see Figure 1)

• Transition matrix

for all x ∈ [0, 1] and m ∈ N∗ . We will consider a hidden Markov model with K = 3 hidden
states and the following parameters:



=1
ϕ1 (x)
√
ϕ2m (x)
= 2 cos(2πmx)

√

ϕ2m+1 (x) = 2 sin(2πmx)

We take Y = [0, 1] equipped with the Lebesgue measure. We choose the approximation
spaces spanned by a trigonometric basis: PM := Span(ϕ1 , . . . , ϕM ) with

4.1 Setting and Parameters

Finally, we discuss the algorithmic complexity of the different estimators and selection
methods.
In Section 4.1, we introduce the parameters with which we generate the observations. In
Section 4.2, we discuss how to calibrate the constant of the penalty in practice. In Section
4.3, we introduce two other ways to select the final estimators, the POS and MAX variants.
Section 4.4 contains the results of the simulations for each variant and calibration method.
In Section 4.5, we present a cross validation procedure and compare its results with the one
obtained using our method. Finally, we discuss the algorithmic complexity of the different
algorithms and estimators in Section 4.6.

Corollary
R 11 Assume [HX], [HF], [Hid] and [Hdet] hold. Also assume that for all
f ∈ F, f dµ = 1.
Then there exists a constant n0 depending on CF ,2 , CF ,∞ and Q∗ and constants M0 and
C 0 depending on F, Q∗ and f ∗ such that for all n ≥ n0 and t > 0, with probability greater
than 1 − e−t , one has for all M ∈ M such that M0 ≤ M ≤ n:


log(n)
t
(M )
∗,(M )
.
inf max kfˆk − fτ (k) k22 ≤ C 0 M
+
n
n
τ ∈S(K) k∈X

Remark 12 Using the second point of Theorem 10, one can alternatively take n0 and M0
depending on F, Q∗ and f ∗ , and C 0 depending on CF ,2 , CF ,∞ , Q∗ and f ∗ only. For instance,
one can take C 0 = C/c0 (π ∗ , Q∗ , f ∗ ) with the notations of Theorems 9 and 10.
In particular, this means that the asymptotic variance bound of the least squares estimators (and therefore the rate of convergence of the estimators selected by our state-by-state
selection method) does not depend on the set F, but only on the HMM parameters and on
the bounds CF ,2 and CF ,∞ on the square and supremum norms of the emission densities.
Note that this universality result is essentially an asymptotic one since it requires n0 to
depend on F in a non-explicit way.

Lehéricy

State-by-state Minimax HMM Estimation

2.5
2.0
1.5
1.0
0.5

0.2

0.4

0.6

0.8

State-by-state Minimax HMM Estimation

0.0

M ∈M

n

(M )
(M ∧M
fˆk
− fˆk

0

0)

2

1.0

o
− ρ penshape (M 0 ) .

M̂k (ρ) ∈ arg min{Ak (M ) + 2ρ penshape (M )}.

M 0 ∈M

Ak (M ) = sup
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The dimension jump method relies on the heuristics that there exists a constant C such
that C penshape is a minimal penalty. This means that for all ρ < C, the selected models
M̂k (ρ) will be very large, while for ρ > C, the models will remain small. This translates
into a sharp jump located around a value ρjump,k = C in the plot of ρ 7−→ M̂k (ρ). The
final step consists in taking twice this value to calibrate the constant of the penalty, thus

where

It is important to note that when considering spectral and least squares methods, the
penalty σ in the state-by-state selection procedure depends on the hidden parameters of
the HMM and as such is unknown in practice. This penalty calibration problem is well
known and several procedures exist that allow to solve it, for instance the slope heuristics
and the dimension jump method (see for instance Baudry et al. (2012) and references
therein). In the following, we will use the dimension jump method to calibrate the penalty
in the state-by-state selection procedure.
Consider a penalty shape penshape and define M̂k (ρ) the model selected for the hidden
state k by the state-by-state selection estimator using the penalty ρ penshape :

4.2 Penalty Calibration

Figure 1: Emission densities. In all following figures, the uniform distribution corresponds
to the green lines, the Beta distribution to the red lines and the symmetrized
Beta distribution to the blue lines.

0.0

Lehéricy

selecting the model M̂ (2ρjump,k ). In practice, we take ρjump,k as the position of the largest
jump of the function ρ 7−→ M̂k (ρ).
Figure 2 shows the resulting dimension jumps for n = 220, 000 observations. Each
curve corresponds to one of the M̂k (ρ) and has a clear dimension jump, which confirms the
relevance of the heuristics. Several methods may be used to calibrate the constant of the
penalty:

eachjump. Calibrate the constant independently for each state. This method has the
advantage of being easy to calibrate since there is usually a single sharp jump in each
state’s complexity. However, our theoretical results do not suggest that the penalty
constant is different for each state;

jumpmax. Calibrate the constant for all states together using only the latest jump. This
consists in taking the maximum of the ρjump,k to select the final models. Since the
penalty is known up to a multiplicative constant and taking a constant larger than
needed does not affect the rates of convergence–contrary to smaller constants–this is
the “safe” option;

jumpmean. Calibrate the constant for all states together using the mean of the positions
of the different jumps.

We try and compare these calibration methods in Section 4.4.

4.3 Alternative Selection Procedures
4.3.1 Variant POS.

M 0 ≥M

Ak (M ) = sup

(M )
(M )
fˆk
− fˆk

0

2

− σ(M 0 )

+

As mentionned in Section 2.2, it is also possible to select the estimators using the criterion
n
o
followed by
M ∈M

M̂k ∈ arg min{Ak (M ) + 2σ(M )}.

This positivity condition was in the original Goldenshluger-Lepski method. The theoretical
guarantees remain the same as the previous method and both behave almost identically in
practice, as shown in Section 4.4.
4.3.2 Variant MAX.

(Mmax )

(M )

− fˆk

k2 + σ(M )}
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In the context of kernel density estimation, Lacour et al. (2017) show that the GoldenshlugerLepski method still works when the biais estimate Ak (M ) of the model M is replaced by
the distance between the estimator of the model M and the estimator with the smallest
bandwidth (the analog of the largest model in our setting). They also prove an oracle
inequality for this method after adding a corrective term to the penalty.
The following variant is based on the same idea. It consists in selecting the model
M ∈M

M̂k ∈ arg min{kfˆk

20
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Figure 2: Selected complexities with respect to the penalty constant ρ for the same simulation of n = 500, 000 observations. The colored dashed lines correspond to the
single-state complexities Mk (ρ).

Selected complexities

0

100 150 200 250 300

50

0

(M̂ )
fˆk = fˆk k ,
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In this section, we use a cross validation procedure based on our spectral estimators to
check whether our method actually improves estimation accuracy.œ
When estimating a density by taking an estimator within some class (the model), two
sources of error appear: the bias, that is the (deterministic) distance between the true

4.5 Comparison with Cross Validation

Figure 3 shows the evolution of the error kfˆk − fk∗ k2 for each state k with respect to the
number of observations n, for all penalty calibration methods and all variants of the model
selection procedure. Figure 4 compares the evolution of the median error for the different
calibration methods and for the different selection variants, and Figure 5 compares two
estimators with the oracle estimators.
When the number of observations n is large enough, the logarithm of the error decreases
linearly with respect to log(n). This corresponds to the asymptotic convergence regime: the
error is expected to decrease as a power of the number of observations n when n tends to
infinity. The corresponding slopes are listed in Table 1.
For each state, the confidence intervals of the rates of all estimators–including the oracle
estimators–have a common intersection (except for the symmetrized Beta distribution in the
jumpmax MAX variant, whose estimators seem to converge faster than the others). This
tends to confirm that the calibration and selection variants are asymptotically equivalent.
This phenomenon is also visible in Figures 3 and 4: in the asymptotic regime, the errors
decrease in a similar way for all methods.
Furthermore, the rates of convergence are clearly distinct. The uniform distribution is
estimated with a rate of convergence of approximately n−1/2 , which is also the best possible
rate (it corresponds to a parametric estimation rate). In comparison, the rate of convergence
for the symmetrized Beta distribution is much slower (around n−0.36 ). This shows that the
algorithm effectively adapts to the regularity of each state and that one irregular emission
density does not deteriorate the rates of convergence of the other densities.
Note that the above rates are in accordance with the minimax rates as far as the Hölder
regularity is concerned. The minimax Hölder rate for the symmetrized Beta (which is 0.6Hölder) is n−3/11 , or approximately n−0.27 , which means our estimator converges faster than
the minimax rate would suggest. The minimax Hölder rate for the Beta distribution (which
is 3-Hölder) is n−3/7 , or approximately n−0.43 , which is around the observed value.

4.4 Results

where σ is the same penalty as the one in the usual state-by-state selection method.
An advantage of this algorithm is its lower complexity, since it requires O(Mmax ) com2 ). We do not study this method theoretically
putations of L2 norms instead of O(Mmax
in our setting. However, the simulations (and in particular Figure 4) show that it behaves
similarly to the standard state-by-state selection method in the asymptotic regime and even
has a smaller error for small number of observations. In addition, the dimension jumps are
much sharper for this method than for the usual state-by-state selection method (see Figure
2), which makes the calibration heuristics easier to use.

for each k ∈ X and takes
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Cross validation seeks to achieve such a tradeoff by computing an estimate of the total
error. This is done by splitting the sample into two sets, the training sample being used
for the calibration of the estimator and the validation sample for measuring the error.

density and the model, and the variance, that is the (random) error of the estimation within
the model. Small models will have a large bias but a small variance, while large models
will have a small bias and a large variance. The core issue of model selection is to select a
model that minimizes the total error, that is large enough to accurately describe the true
densities and small enough to prevent overfitting: in other words, perform a bias-variance
tradeoff.

Figure 4: Superposition of the median lines of Figure 3 by selection method and by calibration variant. Each color corresponds to one emission density. In Subfigures
(a)-(c), the full lines correspond to the basic selection method, the dashed ones
to the POS method and the dotted ones to the MAX method. In Subfigures
(d)-(f), the full lines correspond to the eachjump method, the dashed ones to the
jumpmax method and the dotted ones to the jumpmean method.
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Figure 3: Logarithm of the L2 error on each emission densities depending on the logarithm
of the number of observations for each of the selection and calibration methods.
Each color corresponds to one emission density. The full lines are the medians of
the 20 observations and the dashed ones are the 25 and 75 percentiles.
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for all b ∈ N.

Given a transition matrix Q of size K, a stationary distribution π of Q and a vector of
densities f = (f1 , . . . , fK ), define the coordinate matrix O of f by O(b, k) = hϕb , fk i. Let
M(π,Q,f ) be the coordinate tensor of the distribution of (Y1 , Y2 , Y3 ) under the parameters
(π, Q, f ), that is

M̂(a, b, c) :=

We use the least squares criterion of Algorithm 2 to quantify the error of the estimators.
Since the guarantees on spectral estimators rely on the L2 norm, a least squares criterion is
more natural than the likelihood. In addition, the spectral estimators might take negative
values depending on the orthonormal basis, which is not a problem as far as L2 error is
concerned but can be an issue for the likelihood.
Let us first recall this criterion. Given an orthonormal basis (ϕi )i∈N of L2 (Y, µ), define
the coordinate tensor of the empirical distribution of the triplet (Y1 , Y2 , Y3 ) on this basis by

4.5.1 Risk

Taking the mean of these errors for different splits between training and validation samples
provides an estimator of the total error. This method has become popular for its simplicity
of use. We refer to the survey of Arlot et al. (2010) for an overview on this method and its
guarantees.

possibly select among the preliminary estimator if the true densities were known.

k

Figure 5: Comparison of the errors for the eachjump MAX method (full lines), for the
eachjump method (dashed lines) and for the oracle estimators (dotted lines).
(M oracle )
For each k, the oracle estimator is defined as fˆk k
where Mkoracle minimizes
(M
)
∗
ˆ
M 7−→ kf
− f k2 . The oracle corresponds to the best estimator one could
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−3/7 ≈ −0.429
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We use 10-fold cross validation, that is we split the sequence into 10 segments of same
size I1 , . . . , I10 . In order to avoid interferences between samples, we prune the ends of
each segment, so that the observations in each segment can be considered independent. In
practice, we take a gap of 30 observations between two segments.
We ran 150 simulations, 10 per value of n, with the same parameters as in Section 4.1.
Each simulation is as follows.
For each segment Ij , we run the spectral algorithm on all models PM for M_min ≤
M ≤ M_max using only the observations from the other segments. The transition matrix
is estimated using an additional step of the spectral method which is adapted from Steps
8 and 9 of Algorithm 1 of De Castro et al. (2017). Then, we compute the least squares

4.5.2 Implementation

The empirical least squares criterion is kM(π,Q,f ) − M̂k2F . It corresponds to the L2 error
between the empirical distribution of three consecutive observations and the theoretical
distribution under the parameters (π, Q, f ).

Table 1: Exponents of the rates of convergence for the different algorithms. The rates are
obtained from a linear regression with the relation log(kfˆk − fk∗ k2 ) ∼ log(n) for the
estimators fˆk computed with n ≥ 700, 000 observations (n ≥ 1, 000, 000 for the
cross validation estimators from Section 4.5). The smaller the exponent, the faster
the estimators converge. The line “hidden states known” is obtained by density
estimation when the hidden states are observed.

−0.293 ± 0.005

−3/11 ≈ −0.273

−0.5

Minimax (Hölder)

−0.526 ± 0.031

−0.360 ± 0.006

−0.517 ± 0.048

Oracle
Hidden states known

−0.263 ± 0.011

−0.434 ± 0.007

Cross Validation

−0.404 ± 0.009

−0.358 ± 0.006

−0.349 ± 0.006

−0.374 ± 0.009

−0.350 ± 0.006

−0.349 ± 0.006

−0.480 ± 0.052

−0.492 ± 0.046

−0.500 ± 0.046

−0.493 ± 0.049

−0.532 ± 0.048

Jumpmax MAX

Jumpmax POS

Jumpmax

Jumpmean MAX

Jumpmean

−0.327 ± 0.008

−0.347 ± 0.007
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Finally, the estimated rates of convergence are shown in Table 1. Our state-by-state
method outperforms the cross validation method for all emission densities. The cross validation estimators only reach the minimax rate of convergence for the less regular density: the
symmetrized Beta, and even then they converge slower than the state-by-state estimator.
All other emission densities are estimated slower than their minimax rate.

The L2 errors on the emission densities are shown in Figure 7. It appears that the cross
validation has a lower error for small n (n ≤ 350, 000) than our method. However, for larger
values of n, the errors becomes larger than the ones of our method (see Figure 5) by up
to one order of magnitude, and only start decreasing once the selected model is set to the
maximum dimension.

Figure 6 compares the selected model dimensions for each n using our state-by-state selection method and using the cross validation method. When the number of observations n
becomes larger than 106 , the cross validation tends to always pick the largest model, which
means that it does not prevent overfitting as well as our method.

4.5.3 Results

This cross validation criterion is used to select one model M̂VC ∈ arg minM EVC (M ),
(M̂ )
from which we construct the final estimators of the emission densities fˆk = fˆk VC for all
k. Note that the selected model is the same for all emission densities.

criterion for the estimated parameters using the segment Ij as observed sample. Finally,
for each M , we average this error on all segments Ij , which gives the least squares cross
validation error EVC (M ).

Figure 6: Selected model dimensions for each n using our state-by-state selection method
(left) and 10-fold cross validation (right). The full lines are the median model
dimensions and the dashed lines are the 25 and 75 percentiles.
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In comparison, the complexity of the spectral algorithm of De Castro et al. (2017) is
3 ) because of Step 1. This becomes much larger than our complexity when M
O(nMmax
max
grows as a power of n (which is necessary in order to reach minimax rates).

In practice, one takes m ∝ log(n), r ∝ log(n) + log(M ) and Mmax ≤ n, so that the total
complexity of the spectral algorithm is O(n log(n)2 Mmax ).

2
Step 1 can be computed for all models with O(nMmax mmax
) operations. It is the
only step whose complexity depends on n. Steps 2 and 3 require O(m3 M ) operations
for each model and Steps 4 to 7 require O(M r) operations for each model, for a total of
2
2 m3
2
O(nMmax mmax
+ Mmax
max + Mmax rmax ) operations.

We consider the algorithmic complexity of estimating the emission densities for all models
M such that Mmin ≤ M ≤ Mmax with n observations and auxiliary parameters r and m
depending on n and M (upper bounded by mmax and rmax ).

4.6.1 Spectral Algorithm (see Section 3.2)

In the following, we treat K as a constant as far as the algorithmic complexity is concerned.
The different complexities are summarized in Table 2.

4.6 Algorithmic Complexity

Figure 7: Error of the cross validation estimators for each n using 10-fold cross validation.
The full lines are the median errors for each density and the dashed lines are the
25 and 75 percentiles.
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From this data, we compute the velocity of the fisher during each time step. In order to
estimate densities on [0, 1], we divide this velocity by an upper bound of the maximum observed velocity. We consider the observation space Y = [0, 1] endowed with the dominating
measure δ0 + Leb, where δ0 is the dirac measure in zero and Leb is the Lebesgue measure on
[0, 1]. As a proof of concept, we use the orthonormal basis consisting of the trigonometric
basis on [0, 1] and the indicator function of {0}, that is the family (ϕm )m∈N defined on [0, 1]

4.6.4 Selection Method, MAX Variant (see Section 4.3)

In the MAX variant, the first step of the standard selection procedure is replaced by com(M
)
(M )
2 ). The
puting the distances kfˆk max − fˆk k2 for all M . This has complexity O(Mmax
complexity of the other steps remains unchanged.
2 ).
Thus, the total complexity of the MAX variant of the selection algorithm is O(Mmax

We use GPS tracks of artisanal fishers with a regular sampling period of 30 seconds. These
tracks were produced by Faustinato Behivoke (Institut Halieutiques et des Sciences Marines,
Université de Toliara, Madagascar) and Marc Léopold (IRD), who recorded artisanal fishers
from Ankilibe, in Madagascar. Their fishing method is a seine netting.

5.1 Artisanal Fishery

The first data set follows artisanal fishers in Madagascar. The second one contains
seabird movements. Studying the movements of fishers and seabirds has many applications,
for instance understanding the fishing habits of the tracked entity, controlling the fishing
pressure on local ecosystems and monitoring the dynamics of coastal ecosystems, see for
instance Boyd et al. (2014); Vermard et al. (2010) and references therein.

In this section, we present the results of our method on two sets of trajectories. Trajectories
are a typical example of dependent data that shows several behaviours depending on the
activity of the entity being tracked, which makes hidden Markov models a popular modelling
choice. For instance, the movement of a fisher is not the same depending on whether he’s
travelling to the next fishing zone or actually fishing.

5. Application to Real Data

Table 2: Complexities of the different algorithms. n is the number of observations, Mmax
is the largest model dimension considered.

Selection step

Preliminary
estimators

Algorithm

Lehéricy

Once the ρ̂k are known, it is possible to calibrate the penalty in constant time for the three
calibrations methods (eachjump, jumpmax and jumpmean) and to select the final models
2 ) operations.
in O(Mmax
3 ).
Thus, the total complexity of the selection algorithm and of its POS variant is O(Mmax

• Compute ρ̂k defined as the abscissa of the largest jump of the function ρ 7−→ M̂k (ρ)
for all k, where M̂k is defined as in Section 4.2. Note that computing M̂k (ρ) requires
2 ) operations. An approximate value of ρ̂ can be computed in O(log(ρ̂ )M 2 )
O(Mmax
k
k
max
2 ).
operations, which is usually O(Mmax

(M )
(M )
• Compute the distances kfˆk − fˆk k2 for all M , M 0 and k. This has complexity
3
2
O(Mmax ): it requires to compute the L2 distance of at most Mmax
couples of functions
in a Hilbert space of dimension Mmax .

0

We consider the algorithmic complexity of selecting estimators from a family of estimators
(f̂ (M ) )Mmin ≤M ≤Mmax . The selection algorithms can be decomposed in two parts.

4.6.3 Selection Method and POS Variant (see Sections 2.2 and 4.3)

We consider the algorithmic complexity of estimating the emission densities for all models
M such that Mmin ≤ M ≤ Mmax with n observations.
3 ) operations.
Step 1 is similar to the one of the spectral algorithm, but with O(nMmax
The complexity of Step 2 is more difficult to evaluate. Since the criterion is nonconvex,
finding the minimizer requires to run an approximate minimization algorithm whose complexity Cn will depend on the desired precision–which will in turn depend on the number of
observations n–and on the initial points. As discussed in Lehéricy (to appear), this is usually the longest step when computing least squares estimators. Thus, the total complexity
3
of the least squares algorithm is O(nMmax
+ Cn ).
Note that despite the worse sample complexity, the least squares algorithm is tractable
and can greatly improve the estimation for small sample size. As shown in Section 4.4, the
spectral algorithm is unstable for small samples, which makes the state-by-state selection
procedure return abnormal results. This can be explained by the matrix inversions of the
spectral method, which sometimes lead to nearly singular matrices when the noise is too
large. On the other hand, the least squares method does not involve any matrix inversion,
and often gives better results than the spectral estimators, as shown in De Castro et al.
(2016), thus making it a relevant choice for small to medium data sets.

4.6.2 Least Squares Algorithm (see Section 3.3)
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Figure 10: Selected complexities and estimated densities on artisanal fishery data (fisher 2,
n = 11, 600). Green = state 1, blue = state 2. The dirac component is shown
as a dot at y = 0. The selected dimensions are (68, 18).
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Figure 8: First 15 eigenvalues of the spectrum of the empirical tensor N̂50,50 (see Algorithm 3 in Appendix A). Left: fisher 1, right: fisher 2.
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Figure 9: Selected complexities and estimated densities on artisanal fishery data (fisher 1,
n = 17, 300). Green = state 1, blue = state 2. The dirac component is shown as
a dot at y = 0. The selected dimensions are (14, 41).
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The number of hidden states is chosen using the spectral thresholding method of Lehéricy
(to appear). This methods consists is based on the fact that the rank of the spectral tensor
EN̂m,m (with the notations of Algorithm 3 in Appendix A) is the number of hidden states.
This is visible in the spectrum of N̂m,m by an elbow, as shown in Figure 8. Based on these
spectra, we use two hidden states.
The results using M_max = 1000 are shown in Figures 9 and 10. We took the normalizing
velocity large enough that all observed normalized velocities belong to [0, 0.8], hence the
plot betweeen 0 and 0.8 for the densities.
In both cases, the selected model complexities differ greatly depending on the state.
This comes from the fact that in both cases, one of the density is spiked, thus requiring
more vectors of the orthonormal basis to be approximated. This illustrates that our method
is able to estimate the smoother densities with fewer vectors of the basis, thus preventing
overfitting.
As a side note, we needed considerably less observations than in the simulations: around
10,000, compared to 500,000 in the simulations. This can be explained by the fact that each
state is very stable, with an estimated probability of leaving the states below 0.02–compared
to 0.3 in the simulations. This is encouraging, as hidden states in real data are expected to
be rather stable, especially when the sampling frequency is high, as long as the conditional
independance of the observations can be assumed to hold.
31
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To apply this method, we present two families of estimators: a least squares estimator
and a spectral estimator. For both, we prove a bound on their variance and show that
this bound allows to recover the minimax rate of convergence separately on each hidden
state, up to a logarithmic factor. The variance bounds are similar to a BIC penalty, with
an additional logarithmic factor for the spectral estimators.

We propose a state-by-state selection method to infer the emission densities of a HMM.
Using a family of estimators, our method selects one estimator for each hidden state in a
way that is adaptive with respect to this state’s regularity. This method does not depend on
the type of preliminary estimator, as long as a suitable variance bound is available. As such,
it may be seen as a plug-in that takes a family of estimators and the corresponding variance
bound and outputs the selected estimator. Note that its complexity does not depend on
the number of observations used to compute the estimators, which makes it applicable to
arbitrarily large data sets.

6. Conclusion and Perspectives

We carry out a numerical study of the method and some variants on simulated data. We
use the spectral estimators, which are both fast and don’t suffer from initialization issues,
unlike the least squares and maximum likelihood estimators. The simulations show that

estimating the parameters with the EM algorithm using piecewise constant densities leads
to a very similar result.

In this Section, we consider the seabird data from Bertrand et al. (2015) and we focus on
the tracks named cormorant d in this paper.
We apply the same transformation as in the previous section to obtain normalized
velocities in [0, 0.8] (after removal of anomalous velocities exceeding 150 m/s) and run the
spectral algorithm with the trigonometric basis on [0, 1] plus the indicator of {0}. The
spectral thresholding gives a number of hidden states equal to two; we set it to three to
account for more complex behaviours of the seabirds. The results are shown in Figure 11.
Note that the use of the trigonometric basis allows the estimated densities to take
negative values. This is not a problem as far as minimax rates of convergence (in L2 norm)
are concerned, however this can become an issue if one wants to use these densities in a
forward-backward algorithm in order to get an estimator of the hidden states. One way to
circumvent this problem is to use simplex projection to compute an approximation of the
projection of these estimated density on the simplex of all probability densities. Note that
since this is an L2 projection on a convex set which contains the true densities, the projected
densities have an even smaller error, thus keeping the minimax rate of convergence of the
original estimators. The resulting densities are shown in Figure 12
The number of observations in this setting is even smaller than for the fishery’s data set:
our algorithm was able to recover three emission densities from less than 3,000 observations,
despite the states being less stable than in the fishery data set: the diagonal terms of the
estimated transition matrix using the EM algorithm are (0.83, 0.93, 0.98). In addition, the
result of our method is consistent with other estimation methods, as shown in Figure 12:

5.2 Seabird Foraging

estimated emission densities

Figure 12: Projection of the estimated densities of Figure 11 for Cormorant d on the set of
probability densities (left) and comparison with an estimation with histogram
densities on a regular partition of size 300 using the EM algorithm (right).
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Figure 11: Selected complexities and estimated densities for Cormorant d’s trajectory (n =
2, 891). Green = state 1, blue = state 2, red = state 3. The selected dimensions
are (80, 110, 15).
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our selection method is very fast compared to the computation of the estimators and that
indeed, the final estimators reach the minimax rate of convergence on each state.
Then, we compare our method with a cross validation estimator based on a least square
risk. This estimator only reaches the minimax rate corresponding to the worst regularity
among the emission densities and fails to select models with small dimensions. It is still
noteworthy that the cross validation returns relevant results for small sample sizes, whereas
our method requires the sample size to be large enough to work properly. An interesting
problem would be to investigate whether cross validation or other methods can be combined
with our state-by-state selection method to give an algorithm that is both fast, stable for
small sample sizes and optimal in the asymptotic setting.
Finally, we apply our algorithm to real trajectory data sets. On this data, our method
proves that it is able to match the regularity of the underlying emission densities. In addition, it is able to produce sensible results with far fewer observations than in our simulation
study.
Our state-by-state selection method can be easily applied to multiview mixture models
(also named mixture models with repeated measurement, see for instance Bonhomme et al.
(2016a) and Gassiat et al. (2018)). Let us first describe the model. A multiview mixture
model consists of two random variables, a hidden state U and an observation vector Y :=
(Yi )i∈[m] such that conditionally to U , the components Yi of Y are independent with a
distribution depending only on U and i. Let us assume that U takes its values in a finite
∗ conditionally to U = u with respect
set X of size K and that the Yi have some density fu,i
∗ from a
to a dominating measure. A question of interest is to estimate the densities fu,i
sequence of observed (Yn )n≥1 .
Our state-by-state selection method can be applied directly to such a model as long as
estimators with a proper variance bound are available (see assumption [H()] in Section
2.1). Indeed, we never use the dependency structure of the model. Regarding the development of preliminary estimators, multiview mixture models appear closely related to hidden
Markov models: Anandkumar et al. (2012) and Bonhomme et al. (2016b) develop spectral
methods that work for both multiview mixtures and HMMs at the same time using the
same theoretical arguments. Thus, it seems clear that variance bounds such as the ones we
developed can also be written for multiview mixture models.
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Appendix A. Spectral Algorithm, Full Version

35

Lehéricy

Algorithm 3: Spectral estimation of the emission densities of a HMM (full version)
Data: A sequence of observations (Y1 , . . . , Yn+2 ), two dimensions m ≤ M , an
orthonormal basis (ϕ1 , . . . , ϕM ) and number of retries r.
(M,r)
Result: Spectral estimators (fˆk
)k∈X , Q̂ and π̂.

[Step 1] Consider the following empirical estimators: for any a, c ∈ [m] and b ∈ [M ],
•
•
•

P
L̂m (a) := 1 n ϕa (Ys )
s=1
n
Pn
M̂
(a, b, c) := 1 s=1
ϕa (Ys )ϕb (Ys+1 )ϕc (Ys+2 )
m,M,m
n
Pn
N̂m,M (a, b) := 1 s=1
ϕa (Ys )ϕb (Ys+1 )
n
1 Pn
s=1 ϕa (Ys )ϕc (Ys+2 ).
n

• P̂m,m (a, c) :=

[Step 2] Let Ûm be the m × K matrix of orthonormal left singular vectors and V̂M be the
M × K matrix of orthonormal right singular vectors of N̂m,M corresponding to its
top K singular values.

> P̂
−1 >
[Step 3] Form the matrices for all b ∈ [M ], B̂(b) := (Ûm
m,m Ûm ) Ûm M̂m,M,m (. , b, . )Ûm .

[Step 4] Set (Θi )1≤i≤r r iid (K × K) unitary
PM matrix uniformly drawn. Form the matrices for
all k ∈ X and i ∈ [r], Ĉi (k) := b=1
(V̂M Θi )(b, k)B̂(b).

[Step 5] Compute R̂i a (K × K) unit Euclidean norm columns matrix that diagonalizes the
matrix Ĉi (1): R̂i−1 Ĉi (1)R̂i = Diag(Λ̂i (1, 1), . . . , Λ̂i (1, K)).

[Step 6] Set for all k, k 0 ∈ X , Λ̂i (k, k 0 ) := (R̂i−1 Ĉi (k)R̂i )(k 0 , k 0 ). Choose i0 maximizing
mink mink1 6=k2 |Λ̂i (k, k1 ) − Λ̂i (k, k2 )| and set Ô := V̂M Θi0 Λ̂i0 .

(M,r)
[Step 7] Consider the emission densities estimators f̂ (M,r) := (fˆk
)k∈X defined by for all
PM
(M,r)
k ∈ X , fˆk
:= b=1
Ô(b, k)ϕb .

[Step 8] Let Ôm be the m × K matrix
 containing the first m rows of Ô. Set
> Ô )−1 Û> L̂
2
π̂ = Π∆ (Ûm
m
m m where Π∆ is the L projection onto the probability
simplex.

k∈X

∗,(M )

− fτ (k)

2

≤

σ(M )
.
2

. [H()] means
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2

[Step 9] Let Q̂ be the
 transition matrix defined by

>
−1
> Ô Diag[π̂])−1 Û> N̂
Q̂ = ΠTM (Ûm
m
m m,M V̂M (Ô V̂M )
where ΠTM is the projection onto the set of transition matrices. This projection is
obtained by projecting each line of the matrix onto the probability simplex.

Appendix B. Proofs
B.1 Proof of Lemma 1

36

(M )
fˆk

(M )
∗,(M )
Let τn,M be the permutation that minimizes τ 7−→ max fˆk − fτ (k)

that with probability 1 − , one has max
k∈X

n,M

n,M0

(M )
(M )
fˆτ −1 (k0 ) − fˆτ −10 (k)
2

>
n,M

n,M0

(M )
(M )
fˆτ −1 (k) − fˆτ −10 (k)
2

for

(M )
fˆτ −1 (k0 )
n,M

n,M0

−

2

0

2

−

−

∗,(M )
fk0 0

2

2

−

−

)
σ(M0 )
m(f ∗ , M0 )− σ(M
2 −BM,M0 − 2

∗

n,M0

>

2

2

σ(M )
σ(M0 )
2 +BM,M0 + 2 ,

2

n,M0

(M )
− fˆτ −10 (k)

(M )
− fˆτ −10 (k)

−

∗,(M )
fk0

∗,(M0 )

+ fk

∗,(M )
fk 0

(M )
fˆτ −1 (k0 )
n,M

2

P kΛ̂i0 k∞

"

#
√ p
1 + 2 x + log(K 2 r)
√
≥
kOM k2,∞ ≤ e−x ,
K
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Using this lemma, their proof leads to our result by taking r = x = t.

The notations Nm,M (or PM in the original proof ), γ(OM ) et kOM k2,∞ are introduced in
De Castro et al. (2017).

and

#
2e−x/r (1 − 2Nm,M )1/2
P ∀k, k1 =
6 k2 , |Λ̂i0 (k, k1 ) − Λ̂i0 (k, k2 )| ≥
γ(OM ) ≥ 1 − e−x
√ 5/2
eK (K − 1)

Lemma 14 For all x > 0 and r ∈ N∗ ,
"

The structure of the proof is the same as the one of Theorem 3.1 of De Castro et al. (2017).
The first difference lies in the fact that we consider different models for each component
of the tensors N̂m,M and M̂m,M,m in Step 1. As a consequence, we use the left and right
singular vectors of N̂m,M instead of just the right singular vectors of P̂m,m . A careful
reading shows that their proof can be adapted straightforwardly to this situation.
The second difference consists in generating several independant random unitary matrices in Step 4 and keeping the one that separates the eigenvalues of all Ĉi (k) best. This
allows to replace Lemma F.6 of De Castro et al. (2017) by the following one, based on the
independence of the unitary matrices:

B.2 Proof of Theorem 5

∗,(M )
fk0

−

∗,(M )
fk 0

∗,(M0 )

− fk

σ(M0 )
σ(M )
− BM,M0 −
.
≥m(f , M0 ) −
2
2

≥

∗,(M )
fk0 0

∗,(M )

+ fk

σ(M )
σ(M0 )
≤
+ BM,M0 +
2
2

n,M

(M )
∗,(M )
≤ fˆτ −1 (k) − fk

(M )
fˆτ −10 (k)
n,M

2

Thus, the result holds as soon as
which is the condition of Lemma 1.

and

n,M

(M )
(M )
fˆτ −1 (k) − fˆτ −10 (k)

Applying the triangular inequality leads to

all k, k 0 ∈ X such that k 0 6= k. If this holds, then the definition of τ̂ (M ) implies that
σ(M )
(M )
∗,(M )
−1
τ̂ (M ) = τn,M
◦ τn,M0 . Thus, one has max fˆk,new − fτn,M (k) ≤
, which is exactly
0
k∈X
2
2
Equation (1) with τn = τn,M0 .

Let M ∈ M. Let us show that

State-by-state Minimax HMM Estimation

q∈

RK×(K−1)

and A ∈

RK×(K−1) ,

∗ ,Q∗ ,f ∗

k22

(3)

∗ +p̄,Q∗ +q̄,f +Āf ∗

− gπ

∗ ,Q∗ ,f ∗

k22 .

kp̄k22

X

=Kkpk22 .
38

X

p(k)

p(k)2

2

k∈[K−1]

k∈[K−1]

+



≤kpk22 + (K − 1)

=kpk22

Proof kpk22 ≤ kp̄k22 is immediate. Then,

kAk2F ≤ kĀk2F ≤ KkAk2F .

kqk2F ≤ kq̄k2F ≤ Kkqk2F ,

kpk22 ≤ kp̄k22 ≤ Kkpk22 ,

Lemma 15 For all (p, q, A) ∈ RK−1 × RK×(K−1) × R(K−1)×K ,
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The goal of this section is to show how H can be used to lower bound the quadratic form from
Equation (3) by a positive constant times the distance between (π, Q, f ) and (π ∗ , Q∗ , f ∗ ).
We will not need the assumptions [Hid], [HF] or [Hdet] unless specified otherwise.
Let us start by the relation between the norms of (p, q, A) and (p̄, q̄, Ā).

B.3.2 Link between H and the Quadratic Form from Equation (3)

Let M be the matrix associated to this quadratic form. We define H as the determinant
of M . Direct computations show that H is a polynomial in the coefficients of π ∗ , Q∗ and
G(f ∗ ).

(p, q, A) ∈ RK−1 × RK×(K−1) × R(K−1)×K 7−→ kg π

p̄ corresponds to π − π ∗ , q̄ to Q − Q∗ and A to the components of f − f ∗ on f ∗ (which
is a basis as soon as [Hid] holds). The condition on the last component of p̄ and of each
line of q̄ and Ā follows from the fact that p̄ corresponds to the difference of two probability
vectors, q̄ corresponds to the difference of two transition matrices and Ā correspond to the
difference of two vectors of probability densities on a basis of probability densities.
Then, consider the quadratic form derived from the Taylor expansion of

RK

define the extensions
P
• p̄ ∈
defined by p̄(k) = p(k) for all k ∈ [K − 1] and p̄(K) = − k∈[K−1] p(k);
P
• q̄ ∈ RK×K by q̄(k, K) = − k0 ∈[K−1] q(k, k 0 );
P
• Ā ∈ RK×K by Ā(k, K) = − k0 ∈[K−1] A(k, k 0 ).

in the following way. For p ∈

RK−1 ,

(π, Q, f ) ∈ ∆ × Q × Span(f ∗ )K 7−→ kg π,Q,f − g π

We parameterize the application

B.3.1 Definition

B.3 Definition of the Polynomial H

Lehéricy
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The proof is the same for q and A.
The next lemma will be used to link the norms of A and Af .
Lemma 16 For all Ā ∈ RK×K

and f ∗ ∈ (L2 (Y, µ))K ,
X
k(Āf ∗ )k k22 ≤ KkG(f ∗ )k∞ kĀkF2

σK (G(f ∗ ))kĀkF2 ≤
k∈X

Proof For the first inequality, we use that for all k ∈ X ,

=

X Z

X Z

k∈[K]

k∈[K]

X Z

k∈[K]

X
Ā(k, j)fj∗ (x) µ(dx)
Z

(fj∗ )2 (x)µ(dx)

Ā(k, j)2 (fj∗ )2 (x)µ(dx)



j∈X

Ā(k, j)2  sup

j∈[K]

X

j∈[K]

(Āf ∗ )k (x)2 µ(dx)


K

2

≥σK (G(f ∗ ))kĀ(k, ·)k22

k(Āf ∗ )k k22 =Ā(k, ·)G(f ∗ )Ā(k, ·)>

k(Āf ∗ )k k22

and the inequality follows by summing over k.
For the second inequality,
X

k∈X

=
≤


X

k,j∈[K]

≤K 
=KkĀkF2 kG(f ∗ )k∞ .

Finally, we will use the following result of Lehéricy (to appear) (Section B.2) in order to
upper bound the spectrum of the matrix M .

−g π

∗ ,Q∗ ,f ∗

k22

X

k(Āf )k kF2 )

Lemma 17 For all π1 , π2 ∈ ∆, for all Q1 , Q2 ∈ Q and for all f1 , f2 ∈ (L2 (Y, µ))K ,
p
3 ∨ kG(f )k3 )d
3K(kG(f1 )k∞
2 ∞ perm ((π1 , Q1 , f1 ), (π2 , Q2 , f2 ))
kg π1 ,Q1 ,f1 − g π2 ,Q2 ,f2 k2 ≤

∗ +p̄,Q∗ +q̄,f ∗ +Āf ∗

Together, these results imply that for all (p, q, A),

kg π

3
3
∨ kG(f ∗ )k∞
)(kp̄k22 + kq̄kF2 +
≤3K(kG(f ∗ + Āf ∗ )k∞

k∈X
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3
≤3KkG(f ∗ )k∞
(1 + K 2 kAkF2 )3 (Kkpk22 + KkqkF2 + K 2 kG(f ∗ )k∞ kAkF2 )
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so that σ1 (M ) ≤

√

∗ +p̄,Q∗ +q̄,f ∗ +Āf ∗

Lehéricy

i=1

Q(K−1)(2K+1)

σi (M ), one has

H
.
4 ))K 2 −K/2
(3K 3 (1 ∨ kG(f )k∞

2 ). Since H =
3K 3 (1 ∨ kG(f )k∞

σ(K−1)(2K+1) (M ) ≥

∗ ,Q∗ ,f ∗

k22

≥

k(Āf ∗ )k kF2

∗ ,Q∗ ,f

k22

X

!

!

k(Āf ∗ )k kF2

k(Āf ∗ )k kF2

X

k(Āf ∗ )k kF2

k∈X

k∈X

X

!

kp̄k22 + kq̄kF2 +

kp̄k22 + kq̄kF2 +

+ o(kpk22 + kqkF2 + kAkF2 )

1
1 ∧ σK (G(f ∗ ))

σ(K−1)(2K+1) (M )
1 ∧ KkG(f ∗ )k∞
+o

k∈X

k22 ≥ σ(K−1)(2K+1) (M )(kpk22 + kqkF2 + kAkF2 )

∗ ,Q∗ ,f ∗

X

k∈X

− gπ

H
4 ))K 2 −K/2
(1 ∧ KkG(f ∗ )k∞ )(3K 3 (1 ∨ kG(f ∗ )k∞

+ o kp̄k22 + kq̄kF2 +

≥ c2 (π ∗ , Q∗ , f ∗ ) kp̄k22 + kq̄kF2 +

− gπ

− gπ

Now, assume that [Hid] holds, so that σK (G(f ∗ )) > 0, then
kg π

∗ +p̄,Q∗ +q̄,f ∗ +Āf ∗

and finally
kg π

where
c2 (π ∗ , Q∗ , f ∗ ) =

is positive as soon as [Hid] and [Hdet] hold.

∗ +p,Q∗ +q,f +h

k(p, q, h)kf2 = dperm ((π ∗ + p, Q∗ + q, f + h), (π ∗ , Q∗ , f ))2 .

Nf (p, q, h) = kg π

B.4 Proof of Theorem 10
Let
and

p∈(∆−∆), q∈(Q−Q), h∈(F −F )K

inf

Nf (p, q, h)
k(p, q, h)kf2

!!

(4)

We want to show that there exists a constant c∗ > 0 such that there exists a neighborhood
V of f ∗ such that if one writes
cf :=
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then inf f ∈V cf ≥ c∗ .
The proof follows the structure of the proof of Theorem 6 of De Castro et al. (2016). It
consists of three steps: the first one controls the component of h that is orthogonal to f .
This makes it possible to restrict h to the finite-dimensional space spanned by f in the two
other parts. The second step controls the case when h is small, so that the behaviour of Nf
is given by its quadratic form, and the last step controls the case where h is far from zero.
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∗

hai1 , ai2 ih(f + u)j1 , (f + u)j2 ih(f + u)k1 , (f + u)k2 i


+ hai1 , ai2 ihaj1 , aj2 ihak1 , ak2 i .

+ h(f + u)i1 , (f + u)i2 ihaj1 , aj2 ihak1 , ak2 i

+ hai1 , ai2 ih(f + u)j1 , (f + u)j2 ihak1 , ak2 i

+ hai1 , ai2 ihaj1 , aj2 ih(f + u)k1 , (f + u)k2 i

+ h(f + u)i1 , (f + u)i2 ih(f + u)j1 , (f + u)j2 ihak1 , ak2 i

+ h(f + u)i1 , (f + u)i2 ihaj1 , aj2 ih(f + u)k1 , (f + u)k2 i



∗

(π ∗ + p)(i1 )(Q∗ + q)(i1 , j1 )(Q∗ + q)(j1 , k1 )

(π + p)(i2 )(Q + q)(i2 , j2 )(Q + q)(j2 , k2 )

X

i1 ,j1 ,k1 i2 ,j2 ,k2
∗

X

((Π0 Q0 )> G(a)Π0 Q0 )i,j G(f + u)i,j (Q0> G(f + u)Q0 )i,j

0 >

0

0

0>

0


+ ((Π0 Q0 )> G(a)Π0 Q0 )i,j G(a)i,j (Q0> G(a)Q0 )i,j .

+ ((Π0 Q0 )> G(f + u)Π0 Q0 )i,j G(a)i,j (Q0> G(a)Q0 )i,j

+ ((Π Q ) G(a)Π Q )i,j G(f + u)i,j (Q G(a)Q )i,j

0

+ ((Π0 Q0 )> G(a)Π0 Q0 )i,j G(a)i,j (Q0> G(f + u)Q0 )i,j

+ ((Π0 Q0 )> G(f + u)Π0 Q0 )i,j G(f + u)i,j (Q0> G(a)Q0 )i,j

+ ((Π0 Q0 )> G(f + u)Π0 Q0 )i,j G(a)i,j (Q0> G(f + u)Q0 )i,j

i,j

i,j=1

((Π0 Q0 )> G(f + u)Π0 Q0 )i,j (Q0> G(f + u)Q0 )i,j hai , aj i
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Assume [Hid] holds for the parameters (π ∗ +p, Q∗ +q, f +u), then the matrices (Π0 Q0 )> G(f +
u)Π0 Q0 and Q0> G(f + u)Q0 are positive symmetric with respective lowest eigenvalue lower

Mf (p, q, u, a) ≥

K
X

By the Schur product theorem, these terms are nonnegative since they correspond to
Hadamard products of three Gram matrices which are nonnegative. Thus, one can lower
bound Mf (p, q, u, a) by the second term of the sum, which leads to

Mf (p, q, u, a) =

X

Let us write Π0 the matrix whose diagonal terms are the elements of π ∗ + p and Q0 the
matrix Q∗ + q, then Mf can be written as

Mf (p, q, u, a) =

where

Nf (p, q, h) = Nf (p, q, u) + Mf (p, q, u, h − u)

Let u be the orthogonal projection of h on Span(f ). Then

B.4.1 The Orthogonal Part

State-by-state Minimax HMM Estimation

p, Q∗

kDUak22

k

≥(inf (πk∗ + pk ))2 σK (Q∗ + q)4 σK (G(f + u))2 kak22 .
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For instance, η = 4000K 6 kG(f )k3∞ works: the terms of orderP
2 or more in the Taylor expansion of Nf are the scalar product of sums of terms of the form i,j,k∈X π ∗ (i)Q∗ (i, j)Q∗ (j, k)fi ⊗
fj ⊗ fk where zero to three of the f may be replaced by u, zero to two of the Q∗ by
q and π ∗ may be replaced by p and at least one of them is replaced. There are 63
possibilities, which leads to a sum of (63K 3 )2 terms, each of which can be bounded by

Nf (p, q, u) ≥ c2 (Q∗ , π ∗ , f )k(p, q, u)k2f − ηk(p, q, u)k3f .

around (0, 0, 0) leads to a nonnegative quadratic form and no linear part. [Hdet], [Hid]
and equation (4) ensure that this form is positive for f = f ∗ . Let c2 (Q∗ , π ∗ , f ) be as defined
in Section B.3.2, then f 7→ c2 (Q∗ , π ∗ , f ) is continuous and it is positive in the neighborhood
of f ∗ . Moreover, there exists a positive constant η depending on kG(f )k∞ such that for all
(p, q, u) such that k(p, q, u)kf ≤ 1, one has

(p, q, u) ∈ (∆ − ∆) × (Q − Q) × ((F − F) ∩ Span(f ))K 7→ Nf (p, q, u)

The Taylor expansion of

B.4.2 In the Neighborhood of f ∗ .

We will now control the term Nf (p, q, u). Two cases appear: when (π ∗ + p, Q∗ + q, f + u)
is close to (π ∗ , Q∗ , f ∗ ) in some sense and when it is not. The first case will be solved using
the nondegeneracy of the quadratic form ensured by [Hdet]. The second case will be solved
using the identifiability of the HMM.

Mf (p, q, u, a) ≥ c1 (π ∗ + p, Q∗ + q, f + u)kak22 .

Finally, let c1
+
+ q, f + u) = (inf k (πk∗ + pk ))2 σK (Q∗ + q)4 σK (G(f + u))2 . The
application (p, π ∗ , q, Q∗ , u, f ) 7→ c1 (π ∗ + p, Q∗ + q, f + u) is continuous and nonnegative, it
is positive when [Hid] holds for the parameters (π ∗ + p, Q∗ + q, f + u), and one has

(π ∗

j=1

K
X

((DU)> (DU))i,j hai , aj i

i,j=1

K
X

≥σK (D)2 kUak22

=

Mf (p, q, u, a) ≥

with U an orthogonal matrix and D a diagonal matrix with positive diagonal coefficients.
Moreover, the Schur product theorem implies that σK (D)2 ≥ (inf k (πk∗ + pk ))2 σK (Q∗ +
q)4 σK (G(f + u))2 . Then

(((Π0 Q0 )> G(f + u)Π0 Q0 )i,j (Q0> G(f + u)Q0 )i,j )i,j = (DU)> (DU)

bounded by (inf k (πk∗ + pk )σK (Q∗ + q))2 σK (G(f + u)) and σK (Q∗ + q)2 σK (G(f + u)). Therefore, their Hadamard product is positive, and one has
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≥c1 (Q∗ + q, π ∗ + p, f +
kak22

k(p, q, u)kf2
k(p, q, u)k2
f
−η
k(p, q, u)kf2 + kak22
(k(p, q, u)kf2 + kak22 )1/2

kak22
u)
k(p, q, u)kf2 +

3 (max{p(i), q(i, j), ku k | i, j ∈ X })r where r is the number of replaced terms. By
kG(f )k∞
i 2
taking the right permutation of states, the max can be bounded by k(p, q, u)kf , hence the
result.
Then, using k(p, q, h)kf2 = k(p, q, u)kf2 + kak22 leads to

Nf (p, q, h)
k(p, q, h)kf2
+ c2 (Q∗ , π ∗ , f )

k(p, q, u)kf2
−η
k(p, q, u)kf2 + kak22

kak22
≥c1 (Q∗ + q, π ∗ + p, f + u)
k(p, q, u)kf2 + kak22
q
k(p, q, u)kf2
+ c2 (Q∗ , π ∗ , f )

Nf (p, q, h)
≥ c0 (Q∗ , π ∗ , f ).
k(p, q, h)kf2

Let c0 = min(c1 /2, c2 )/2, then c0 is continuous and there exists a continuous function
(π ∗ , Q∗ , f ) 7→ (π ∗ , Q∗ , f ) which is positive as soon as [Hid] and [Hdet] hold for (π ∗ , Q∗ , f )
and such that
k(p, q, u)kf ≤ (π ∗ , Q∗ , f ) ⇒

kfk − fk∗ k22 ≤ 02 ,

Nf (p, q, h)
≥ cnear .
k(p, q, h)kf2

Thus, there exists positive constants 0 and cnear depending on Q∗ , π ∗ and f ∗ such that

k∈X

∀(p, q, h, f ) ∈ (∆ − ∆) × (Q − Q) × (F − F)K × F K
X
s.t. k(p, q, u)kf ≤ 0 and

B.4.3 Far from f ∗ .
Lemma 18 The application
(p, q, u, f ) ∈ (∆ − ∆) × (Q − Q) × (F − F)K × F K 7−→ Nf (p, q, u)

k∈X

X

kuk k22 + kfk k22 .

restricted to the set of (p, q, u, f ) such that u ∈ Span(f )K is uniformly continuous for the
norm k · ktot defined by
2
k(p, q, u, f )ktot
:= kpk22 + kqkF2 +

inf

(p,q,u)∈(∆−∆)×(Q−Q)×((F −F )∩Span(f ))K s.t. k(p,q,u)kf >0

Nf (p, q, u)

Thus, by compactness of (∆ − ∆) × (Q − Q) × ((F − F) ∩ Span(f ))K , the application
cfar : f 7−→
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is continuous. Let us now prove that cfar (f ∗ ) > 0.
Let (pn , qn , un )n ∈ ((∆ − ∆) × (Q − Q) × ((F − F) ∩ Span(f ∗ ))K )N be a sequence such
that k(pn , qn , un )kf ∗ > 0 for all n and
n

cfar (f ∗ ) = lim Nf ∗ (pn , qn , un ).
43
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By compactness, this sequences converges towards a limit (p, q, u) up to taking a subsequence. Necessarily k(p, q, u)kf ∗ ≥ 0 . Since [Hid] holds, Theorem 8 shows that Nf ∗ (p, q, u) >
0, which implies cfar (f ∗ ) > 0 by continuity of Nf ∗ . Note that cfar (f ∗ ) may depend on F in
addition to the parameters π ∗ , Q∗ and f ∗ .
P
Thus, by continuity, there exists 1 > 0 such that for all f ∈ F K such that k∈X kfk −
fk∗ k22 ≤ 12 , cfar (f ) ≥ cfar (f ∗ )/2.
Finally, [HF] implies that there exists a constant C depending only on CF ,2 such that
k(p, q, u)kf2 ≤ k(p, q, h)kf2 ≤ C for all (p, q, h) ∈ (∆ − ∆) × (Q − Q) × (F − F)K . Therefore,

k∈X

kfk − fk∗ k22 ≤ 12 ,

∀(p, q, h, f ) ∈ (∆ − ∆) × (Q − Q) × (F − F)K × F K
X
N
N
f (p, q, h)
f (p, q, u)
≥
C
k(p, q, h)kf2

s.t. k(p, q, u)kf ≥ 0 and

∗

− gπ

0

∗

∗ ,Q∗ ,f 2
k2
∗

0

0

− kg π

0

∗

∗

∗ +p0 ,Q∗ +q 0 ,f 0 +u0

− gπ

∗

∗

0

∗ ,Q∗ ,f 0 2
k2

cfar (f ∗ )
≥
.
2C


cfar (f ∗ )
The theorem follows by taking c∗ (π ∗ , Q∗ , f ∗ , F) = min
, cnear and the neigh2C
P
2
∗ 2
borhood containing all f ∈ F K such that
k∈X kfk − fk k2 ≤ min(0 , 1 ) . Moreover,
(π, Q, f ) 7−→ c∗ (π, Q, f , F) is lower bounded by this value in a neighborhood of (π ∗ , Q∗ , f ∗ ),
so that it can be assumed to be lower semicontinuous.
Note that the dependency of c∗ on F appears during this last step and is made non
explicit because of the compactness assumption.
B.4.4 Proof of Lemma 18

∗

∗ +p,Q∗ +q,f +u

Nf (p, q, u)−Nf 0 (p0 , q 0 , u0 )
= kg π

≤2kg π +p,Q +q,f +u − g π +p ,Q +q ,f +u k22 + 2kg π ,Q ,f − g π ,Q ,f k22
D
E
∗
0
∗
0 0
0
∗
∗ 0
∗
∗
∗
0
∗
0 0
0
+ 2 g π +p ,Q +q ,f +u − g π ,Q ,f , g π +p,Q +q,f +u − g π +p ,Q +q ,f +u
D ∗ 0 ∗ 0 0 0
E
∗
∗ 0
∗
∗
∗
∗ 0
+ 2 g π +p ,Q +q ,f +u − g π ,Q ,f , g π ,Q ,f − g π ,Q ,f
√
0
0 0
Then, using the fact that kg π,Q,f − g π ,Q ,f k2 ≤ 3KCF3 ,2 k(π − π 0 , Q − Q0 , f − f 0 , 0)ktot (see
Lemma 17), that kg π,Q,f k2 ≤ CF3 ,2 (see for instance Lemma 29 of Lehéricy (to appear)) and
the Cauchy-Schwarz inequality,

2
Nf (p, q, u) − Nf 0 (p0 , q 0 , u0 ) ≤6KCF6 ,2 k(p − p0 , q − q 0 , f + u − f 0 − u0 , 0)ktot
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2
+ 6KCF6 ,2 k(0, 0, 0, f − f 0 )ktot
√
+ 4 3KCF6 ,2 k(p − p0 , q − q 0 , f + u − f 0 − u0 , 0)ktot
√
2
+ 4 3KCF6 ,2 k(0, 0, 0, f − f 0 )ktot

2
≤24KCF6 ,2 k(p − p0 , q − q 0 , u − u0 , f − f 0 )ktot

+ k(p − p0 , q − q 0 , u − u0 , f − f 0 )ktot ,
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1. Introduction

Given data on how users compared subsets of items, we address the fundamental problem
of learning a representation of users and items. Such data can be observed in the form

The fundamental question in such a representation learning is: what makes one representation better than the others? Our guiding principle is that a good representation is
the one that defines a generative model that best explains the given data in the maximum
likelihood sense. To this end, we focus on a parametric generative model known as MultiNomial Logit (MNL) model, widely used and studied in revenue management. The MNL
model has a natural interpretation of human choices as an outcome of maximizing a utility
by agents with noisy perception of the utility, also known as random utility model in Walker
and Ben-Akiva (2002); Azari Soufiani et al. (2012), defined as follows. Each user and item
has a latent low-dimensional feature ui ∈ Rr and vj ∈ Rr respectively.
P The true utility of
an item is the inner product of these two features Θij , hhui , vj ii = k uik vjk . The inherent
low-rank structure of Θ = [Θij ] captures the collaborative nature of the problem, where
users with similar preferences in the past are likely to prefer similar items in the future.

of choices (e.g. which item was bought) or in the form of comparisons (e.g. which items
are rated higher). From such ordinal data on the items, we want to find low dimensional
representations, which we call (latent) features, that explain crucial aspects of the users’
choices. Once learned, these features can be used to predict each user’s preference over items
that the user has not seen yet, which can be used in recommendation systems and revenue
management. These learned features also provide an embedding of the users and items
on the same Euclidean space that allows us to directly quantify similarities via distances,
that can be used to categorize and cluster. These embeddings can reveal the underlying
structure of data such as images. Such an embedding of a discrete set of objects based
on ordinal data has recently gained tremendous attraction mainly due to word embeddings
based on co-occurrence data and their successes in numerous downstream natural language
processing tasks Mikolov et al. (2013b).

Negahban, Oh, Thekumparampil, and Xu

When presented with a set of items, a user reveals a noisy ordering of the items sorted
according to her perceived utilities of the items, each of which is perturbed by an i.i.d. noise
added to the true utility Θij . The MNL model is a special case where the noise follows the
standard Gumbel distribution, and is one of the most popular models in choice theory for its
simplicity and empirical success McFadden (1973); McFadden and Train (2000). The MNL
model has several important properties, making this model realistic in various domains, including marketing Guadagni and Little (1983), transportation McFadden (1980); Ben-Akiva
and Lerman (1985), biology Sham and Curtis (1995), sports games Tsokos et al. (2018) and
natural language processing Mikolov et al. (2013a). The MNL model (i) satisfies the ‘independence of irrelevant alternatives’ in social choice theory Ray (1973); (ii) has a maximum
likelihood estimator (MLE) which is a convex program in Θ; and (iii) has a simple characterization of sequential (random) choices as follows. Let P {a > {b, c, d}} denote the probability a was chosen as the best alternative among the set {a, b, c, d}. Then, the probability
that user i reveals a linear order (a > b > c > d) is P {a > {b, c, d}}P {b > {c, d}}P {c > d},
where P {a > {b, c, d}} = eΘia /(eΘia + eΘib + eΘic + eΘid ). Essentially the user is modeled as
making a sequence of choices, choosing the best alternative first and then making choices
on the remaining ones. We give the precise definition of the MNL model in Section 2 for
pairwise comparisons and in Section 4 for higher order comparisons and choices. Beyond its
success in classical applications such as transportation and marketing, the MNL model and
its variants are being rediscovered and successfully applied in more modern applications

When tracking user-specific online activities, each user’s preference is revealed in the form
of choices and comparisons. For example, a user’s purchase history is a record of her
choices, i.e. which item was chosen among a subset of offerings. A user’s preferences can
be observed either explicitly as in movie ratings or implicitly as in viewing times of news
articles. Given such individualized ordinal data in the form of comparisons and choices,
we address the problem of collaboratively learning representations of the users and the
items. The learned features can be used to predict a user’s preference of an unseen item to
be used in recommendation systems. This also allows one to compute similarities among
users and items to be used for categorization and search. Motivated by the empirical
successes of the MultiNomial Logit (MNL) model in marketing and transportation, and
also more recent successes in word embedding and crowdsourced image embedding, we
pose this problem as learning the MNL model parameters that best explain the data. We
propose a convex relaxation for learning the MNL model, and show that it is minimax
optimal up to a logarithmic factor by comparing its performance to a fundamental lower
bound. This characterizes the minimax sample complexity of the problem, and proves
that the proposed estimator cannot be improved upon other than by a logarithmic factor.
Further, the analysis identifies how the accuracy depends on the topology of sampling
via the spectrum of the sampling graph. This provides a guideline for designing surveys
when one can choose which items are to be compared. This is accompanied by numerical
simulations on synthetic and real data sets, confirming our theoretical predictions.
Keywords: Collaborative Ranking, Nuclear Norm Minimization, Multi-Nomial Logit
Model
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such as embedding images using crowdsourcing Tamuz et al. (2011) and word embedding
Mikolov et al. (2013b), whose connections we make precise in Section 6.
Motivated by recent advances in learning low-rank models, e.g. Negahban et al. (2009);
Davenport et al. (2014), we ask the fundamental question of learning the MNL model from
data on comparisons and choices. We provide a general framework using convex relaxations
for learning the model. As data is collected in various forms on modern social computing
systems, we consider the following four canonical scenarios:
• Pairwise comparisons. The most simple and canonical piece of ordinal data one can
collect from a user at a time is a pairwise comparison; given two options, we ask the
user which one is better. Such data is prevalent in the real world and is the most
popular scenario studied in ranking literature, e.g. Shah et al. (2014). However, one
significant aspect of the real data that has not been addressed in the literature is
irregularities in the sampling. Consider an online seller with various products, say
cars and watches. It does not make sense to ask a user to compare a car and a
watch; one cannot sample an outcome of a comparison between a watch and a car.
However, knowing a user’s preference on cars can help in learning her preference on
watches. We want to propose a model and design an inference algorithm that can
take into account such restrictions in sampling. We further want to quantify the
gain in using all such data together in inference, as opposed to running inference in
each category separately. To this end, we propose a new model for sampling that we
call graph sampling. This model explains such irregularities in the real world data.
We propose a novel inference algorithm tailored for the given sampling pattern. Our
analysis captures precisely how the accuracy depends on the different topologies of
the sampling.
• Higher order comparisons. Consider an online market that collects each of its user’s
preference as a ranking over a subset of items that is ‘seen’ by the user. Such data
can be obtained by directly asking to compare some items, or by indirectly tracking
online activities on which items are viewed, how much time is spent on the page or how
the user rated the items. However, collecting such comparisons over multiple items
might come at a cost. We, therefore, want to quantify the gain in the accuracy of
the inference when higher order comparison outcomes are collected. We characterize
the optimal trade-off between accuracy and the number of items compared, and show
that our proposed algorithm seamlessly generalizes to this setting and also achieves
the optimal trade-off.
• Customer choices. One of the most widely applicable data collection scenarios is customer purchase history. Online and offline service providers can track each customer
on which subset of items is offered and which item is chosen. Given historical data on
such choices on best-out-of-a-subset, we extract features on the users and items that
best explains the collected data.
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• Bundled choices. Another data collection scenario that is gaining interest recently is
bundled choices Chu et al. (2011); Benson et al. (2018). Typical choice models assume
that the willingness to buy an item is independent of what else the user bought. In
many cases, however, we make ‘bundled’ purchases: we buy particular ingredients
3
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together for one recipe or we buy two connecting flights. One choice (the first flight)
has a significant impact on the other (the connecting flight). In order to optimize
the assortment (which flight schedules to offer) for maximum expected revenue, it is
crucial to accurately predict the willingness of the consumers to purchase bundled
items, based on past history. We propose a model that can capture such interacting
preferences for bundled items (e.g. jeans and shirts), and use this model to extract
the features of the items in each category from historical bundled purchase data. Both
our inference algorithm and the analyses extend to this setting, achieving the optimal
trade-off between sample size and accuracy.

Contribution. We first study the canonical scenario of pairwise comparisons from the
MNL model in Section 3. Our contribution in the modeling is a new sampling scenario we
call graph sampling that captures how different pairs of items have varying likelihood of
being compared together. Our algorithmic contribution is a convex relaxation with a new
regularizer using a variation of the standard nuclear norm tailored for the graph sampling
topology. Our theoretical contribution is in the analysis of the proposed estimator and a
matching fundamental lower bound (up to a poly-logarithmic factor). This (a) characterizes
the minimax sample complexity of the problem; (b) proves that the proposed estimator
cannot be improved upon; and (c) identifies how the accuracy depends on the topology of
sampling. This in turn provides a guideline for designing surveys when one has a choice on
which pairs are to be compared. This is accompanied by experiments on synthetic and real
data sets confirming our theoretical predictions.
This framework is extended to higher order comparisons in Section 4. We establish
minimax optimality (up to a poly-logarithmic factor) of our estimator and identify the
fundamental trade-off between accuracy and sample size. When each user provides a total
linear ordering among k items, we show that the required sample size effectively is reduced
by a factor of k. When the user provides her best choice (as in purchase history) instead
of the total linear ordering, we extend our framework and establish minimax optimality in
Section 5.2. We also consider a bundled purchase scenario in Section 5, where customers
buy pairs of items from each of the two categories. We extend our framework and establish
minimax optimality under the bundled purchase setting. We present experimental results on
both synthetic and real-world data sets confirming our theoretical predictions and showing
the improvement of the proposed approach in predicting users’ choices1 .
Technically, we borrow analysis tools from 1-bit matrix completion Davenport et al.
(2014), matrix completion Negahban and Wainwright (2012), and restricted strong convexity Negahban et al. (2009), and crucially utilize the Random Utility Model (RUM)
Thurstone (1927); Marschak (1960); Luce (1959) interpretation (outlined in Section 2.1) of
the MNL model to prove both the upper bound and the fundamental limit. This could be
of interest to analyzing more general class of RUMs.

Notations.PWe use |||A|||F and |||A|||∞ to denote the Frobenius norm and the `∞ norm,
|||A|||nuc =
i σi (A) to denote the nuclear norm where σi (A) denotes
P the i-th singular
value, and |||A|||2 = σ1 (A) for the spectral norm. We use hhu, vii =
i ui vi and kuk to
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1. Code for our experiments are available at https://github.com/POLane16/Nucnorm-Ranking.
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While we are interested in the (parameters of) full ranking over all items, there have been
several recent works which aim to only approximately rank the items, such as retrieving
only the top-m items Chen and Suh (2015); Jang et al. (2016, 2017) or partitioning the
items into ordered buckets of fixed size Katariya et al. (2018); Heckel et al. (2018).

Generalized BT and PL models. As studied in Rajkumar and Agarwal (2014), the
BT model covers a subset of probabilistic models over comparisons. There is a hierarchy
of models with increasing complexity and descriptive power. One popular extension is the
mixture of BT or PL models. It is known that any choice model can be approximated
arbitrarily close with a mixed PL model with sufficient number of mixture components
McFadden and Train (2000). The sample complexity of learning a mixed PL model was
analyzed in Oh and Shah (2014) where a tensor decomposition for learning a mixture model

Bradley-Terry and Plackett-Luce models. The simplest form of the MNL model is
when all users are sharing the same feature vector such that each item is parametrized by
a scalar value. This is known as Bradley-Terry (BT) model when pairwise comparisons are
concerned and Plackett-Luce (PL) model when higher order comparisons are concerned.
This has been proposed and rediscovered several times in the last century Zermelo (1929);
Thurstone (1927); Bradley and Terry (1955); Luce (1959); Plackett (1975); McFadden (1973,
1980) in the context of ranking teams in sports games, ranking items based on surveys,
and ranking routes in transportation systems. Unlike the general MNL model, maximum
likelihood estimator for the BT and PL models are naturally convex programs. However,
learning the BT model has first been addressed in Jr. (1957) where the convergence of the
iterative algorithm is analyzed, without explicitly relying on the convexity of the problem.
A new algorithm based on Majorize-Minimize framework was proposed in Hunter (2004).
First sample complexity of learning BT model was provided in Negahban et al. (2012) where
a novel estimator, called Rank Centrality, of the BT parameters was proposed. The authors
construct a random walk over a graph where the nodes are the items and the transition
probability is constructed from the comparisons outcomes. This spectral approach is proven
to achieve a minimax optimal sample complexity. This has been a building block for several
ranking algorithms, which further process the Rank Centrality to get better accuracy on
top of it Chen and Suh (2015); Jang et al. (2016, 2017); Chen et al. (2017). For higher
order comparisons, the sample complexity of learning PL model was provided in Hajek
et al. (2014); Shah et al. (2014), where the Maximum Likelihood (ML) estimator is shown
to achieve the minimax optimality. Later, Maystre and Grossglauser (2015) made the
connection between the spectral approach of Rank Centrality and the ML estimator precise
by providing a unifying random walk view to the problem. This led to a novel Accelerated
Spectral Ranking algorithm introduced in Agarwal et al. (2018), which not only finds the
parameters of the PL model more efficiently in computation, but also achieves optimal
sample complexity under general sampling graphs. Recently, Borkar et al. (2016) treat
the learning problem as solving a noisy linear system, and propose an algorithm that is
amenable to on-line, distributed and asynchronous variants. Vojnovic and Yun (2016)
analyzes a more general class of random utility models known as Thurstone models, and
provide the minimax sample complexity by analyzing the ML estimator. Note that the ML
estimators for Thurstone models in general are computationally intractable.

Beyond BT and PL models. Modeling choice is an important problem where the ultimate goal is to find the right parametric model to capture human choices. Ragain and
Ugander (2016); Blanchet et al. (2013) use Markov chains to model choices with the parameters in the transition matrix defining the probability model. Ideal point model Massimino
and Davenport (2018); Kazemi et al. (2018) assumes that the pairwise comparisons of two
items by a user depends on their distance from an ideal item (ideal point) for the user in some
metric embedding space of the items. Novel nonparametric models have also been proposed
to model human choices, for example Shah et al. (2016b); Pananjady et al. (2017); Falahatgar et al. (2018) uses strong stochastic transitivity to model pairwise choices and Farias
et al. (2009) uses distribution over all permutations with sparse support to model higher
order choices. We also note that in the context of (non-collaborative) ranking, Gleich and
Lim (2011) has proposed nuclear norm minimization based algorithm when comparisons
between all pairs items are modeled as a low-rank skew-symmetric matrix. Other nonparametric approaches to solving ranking include empirical risk minimization. Clémençon
et al. (2005) analyses risk minimization of U-statistics and a more feasible surrogate convex loss minimization to estimate ranking. Katz-Samuels and Scott (2017) assumes that
rating of an item by a user is a Lipschitz function of the user-item pair and analyses a
nonparametric collaborative ranking algorithm from partial observation of such ratings.

was proposed and analyzed under some separation conditions between the weights of the
mixtures. For a mixture of two PL model, Chierichetti et al. (2018) shows identifiability
and uniqueness of the mixture weights, when all marginal probability over all possible
rankings among two items and three items are known. In a crowdsourced setting, Chen et al.
(2013) models pairwise comparisons using a mixture of PL models consisting of hammer
distribution, which reports the true output of a comparison, and spammer distribution,
which reports the exact opposite of a comparison. A different approach that tackles the
problem by learning to cluster the users based on the pairwise comparisons is proposed
in Rui et al. (2015). The MNL model we study in this paper can be thought of as a
generalization of the mixed PL models, where each user has her own preference. To make
learning feasible, we inherently impose similarities among users via a low-rank condition.
Note that a mixed PL model with r mixture is a special case of the MNL model with
rank r, where each user’s membership is encoded as a r-dimensional feature in standard
basis. In the context of collaborative ranking, algorithms for learning the MNL model
from pairwise comparisons have been proposed in Park et al. (2015). Instead of nuclear
norm regularization as we propose in this paper, Park et al. (2015) proposes solving a
convex relaxation of maximizing the likelihood over matrices with bounded nuclear norm.
Under the standard assumption of uniformly chosen pairs, it is shown that this approach
achieves statistically optimal generalization error rate, instead of Frobenius norm error that
we analyze.

denote the inner product and the Euclidean norm. All ones vector is denoted by 1, I
denotes the identity matrix and I(A) is the indicator function of the event A. The set of
the first N integers are denoted by [N ] = {1, . . . , N }.

1.1 Related Work
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2. Model and Approach for Pairwise Comparisons
The MultiNomial Logit (MNL) model is one of the most popular models that explains how
people make choices when given multiple options and is widely used in behavioral psychology
and revenue management. For brevity, we focus our discussion on data collected in the form
of pairwise comparisons in Sections 2 and 3, and defer the discussion of the MNL model in
its full generality to Sections 4 and 5 . We give a precise definition of the model for paired
comparisons and provide a novel algorithmic solution to learn this model from samples.
2.1 MultiNomial Logit (MNL) Model for Pairwise Comparisons

e

∗
Θij
1

e

∗
Θij
1

+e
2

∗
Θij

.

(1)

Let Θ∗ be a d1 × d2 dimensional matrix capturing preferences of d1 users on d2 items. The
probability with which a user, i ⊆ [d1 ], when presented with two items j1 , j2 ⊆ [d2 ], prefers
item j1 over item j2 is,
P {j1 > j2 } =

(2)

∗ ) are more likely to
This implies that, more preferred items (as per the ordering of Θij
be ranked higher, with the randomness in choices captured by the probabilistic model.
If we do not impose any further constraints on Θ∗ , one entry of Θ∗ is not related in any
way to any other entries. This implies that one user’s preference is completely independent
of others’ and no efficient learning is possible. Each user’s preference has to be learned
separately. On the other hand, in real applications, it is reasonable to say that preferences
of users depend only on a handful of factors for example, quality, price, and aesthetics. We
do not know which features affect users’ choices, but we assume that there are r-dimensional
latent features for each of the users and items that govern such choices, and that r  d1 , d2 .
This assumption mathematically captures the conventional belief that when two people have
similar preferences over a subset of items, they tend to have similar tastes on other items
as well. Formally, MNL model assumes that Θ∗ is a rank r matrix with r  d1 , d2 . In
this paper, we do not impose a hard constraint on the rank and provide general results for
matrices of any rank. In this case, we identify how the accuracy depends on the rate of
decay of the singular values.
This MNL model has many roots. In revenue management, this has been proposed as a
special case of Random Utility Model (RUM). RUM explains choices that a person makes as
the result of maximizing perceived random utilities associated with the set of alternatives
presented. In the case of MNL, each decision maker and each alternative are associated
∗ = hhu , v ii. The
with an r-dimensional vector, ui and vj , resulting in a low-rank Θ∗ if Θij
i j
perceived utility of the item j for decision maker i is,

Uij = hhui , vj ii + ξij ,
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where ξij ’s are i.i.d. random variables following the standard Gumbel distribution. Different
choices of distributions give different variants of RUMs. In our analyses, we utilize this
RUM interpretation of the MNL model to prove a particular concentration in Section C.4,
for example. The model in Equation. (1) has also been re-discoverd several times in the
literature Zermelo (1929); Thurstone (1927); Luce (1959); Bradley and Terry (1955) in
several domains.
7
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2.2 Low-rank Regularization using Nuclear Norm Minimization

min

Θ∈Rd1 ×d2

−L(Θ) + λ rank(Θ),

(3)

Given the low-rank structure of the model, a natural but inefficient approach is to minimize
the negative of the log likelihood, L(·), regularized by the rank:
b ∈ arg
Θ

(4)

for some parameter λ > 0. As this rank minimization is a notoriously challenging problem,
we instead solve a convex relaxation of it. Note that the nuclear norm ball is the convex hull
of rank-1 matrices Recht et al. (2010). Analogous to l1 -norm in the case of sparse vectors,
nuclear norm is a tight convex surrogate for low-rank solutions. We propose the following
nuclear norm regularized optimization problem,

Θ∈Ω

b ∈ arg min −L(Θ) + λ |||Θ||| ,
Θ
nuc

where Ω is a convex constraint which takes care of identifiability and Lipschitz smoothness
conditions. Nuclear norm regularization has been widely used Recht et al. (2010) for rank
minimization; however, provable guarantees exist only for quadratic loss functions L(Θ)
Candès and Recht (2009); Negahban and Wainwright (2012). Our analyses extend such
results to a convex loss, by first proving that −L(·) satisfies restricted strong convexity
property with high probability. Similar to how (non-collaborative) rank aggregation has
been generalized to any strongly log-concave distribution in Shah et al. (2014), our analysis
can naturally be extended to a general class of strongly log-concave distributions. We give
the expression for the log likelihood in Equation. (8) for pairwise comparisons.

3. Learning MNL Model from Pairwise Comparisons under Graph
Sampling

JMLR 19(40):1-95, 2018

Probabilistic model for sampling. In order to provide performance guarantees on the
proposed approach, we need to specify how we sample the pairs that are to be compared.
We provide a novel sampling model, which we call graph sampling with respect to a weighted
graph G. This naturally generalizes Bernoulli sampling typically studied under matrix completion literature Candès and Recht (2009); Keshavan et al. (2010a); Negahban and Wainwright (2012); Jain et al. (2013), and the resulting analysis captures how the performance
depends on the topology of the samples. Note that the proposed graph sampling is different
from deterministic sampling graphs studied in Hajek et al. (2014); Shah et al. (2016a). This
is analytically tractable only in the simpler case of estimating the weight vector of the PL
model where there is only one user and the ML estimator is a convex program. However,
such deterministic sampling is notoriously hard to handle for matrix estimation, even in
the simpler case of matrix completion Bhojanapalli and Jain (2014). Hence, we introduce
a probabilistic model that allows enough flexibility to capture the interesting aspects of
sampling biases, i.e. grouping.
Precisely, we have a weighted undirected graph G = ([d2 ], E, {Pj1 ,j2 }(j1 ,j2 )∈E ) with d2
nodes, which represent items, a set of edges E and the edge weight Pj1 ,j2 between nodes j1
and j2 . The weights can be written in a symmetric matrix P ∈ Rd2 ×d2 , and Pj1 ,j2 + Pj2 ,j1 =
2Pj1 ,j2 represent the probability with which the pair (j1 , j2 ) is chosen for comparison. Note

8

Θ∗ij

e

Θ∗ij

1

Θ∗ij

=

1

Θ∗ij +c

e

(6)

9

L = diag(P 1) − P
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(7)

Graph Laplacian. The performance of our approach depends on the sampling graph P
via its graph Laplacian defined as

As matrices with large “spikiness” are known to be hard to estimate Negahban and
Wainwright (2012), we capture the dependence of the sample complexity on the spikiness
as measured by α := |||Θ∗ |||∞ . This captures the dynamic range of the underlying preference
matrix. For a related problem of matrix completion, where the loss L(θ) is quadratic, either
a similar condition on `∞ norm is required or another condition on incoherence is required.

Θ∗ gk = 0, ∀ k ∈ {1, 2, . . . , G}

To overcome the identifiability issue, we represent each equivalence class with the centered
matrix satisfying

k=1

Θ∗ij +c

,
Θ∗ +c
e 1 +e 2
e 1 + e ij2
and adding different constants to those items that are not in the same group does not change
the probability of the outcome as those items are never compared. Hence, to handle this
unidentifiability, we let a centered version of Θ∗ represent all those shifted versions defining
the same probability distribution. Formally, let a zero-one vector gk ∈ {0, 1}d2 denote the
group membership such that gi,k = 1 if item j is in group k, else gi,k = 0. Note that, by
P
definition, no item can be present in more than one group, that is, G
k=1 gk = 1, where G
∗
is the number of groups. We define an equivalence class of Θ which represent the same
probabilistic model as
G
n
o
X
(5)
[Θ∗ ] = Θ∗ +
uk gkT for all uk ∈ Rd1 .

P {j1 > j2 } =

F

, and, |||Θ|||L-nuc :=

ΘL1/2

nuc

.

i=1

n


i
1 Xh
yi hhΘ, X (i) ii − log 1 + exp hhΘ, X (i) ii
.
n

Ωα =

n

o
Θ ∈ Rd1 ×d2 | |||Θ|||∞ ≤ α, Θgk = 0, ∀ k ∈ [G] ,

(10)

(9)

(8)
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We consider the graph sampling scenario where each sample is i.i.d., the `-th sample consists
of user i` chosen uniformly at random, pair of items (j1,` , j2,` ) chosen according to the
sampling graph G = ([d2 ], E, P ), and the resulting outcome y` distributed as the MNL
model with parameter Θ∗ .

3.1 Performance Guarantee

(d2 − G)/d1 , 1}, where d = (d1 + d2 )/2. In practice, the sampling probability distribution P
and the corresponding Laplacian L might not be known. In those cases, we propose using
the empirical sampling probability distribution P̂ and corresponding empirical Laplacian
L̂ instead. We describe this version of the algorithm formally in Section 3.4.4, where we
empirically demonstrate the robustness of this approach. Further, in experiments with real
data sets, we use the empirical Laplacian Section 3.4.5.

q

√
σ log(2d) σmin (L)−1/2 log(2d)
,
with σ = max{
with an appropriately chosen λ = 8 2 max
n
n

where,

Θ∈Ωα

b ∈ argmin − L(Θ) + λ|||Θ|||
Θ
L-nuc ,

We propose and analyze the following convex optimization problem,

L(Θ) =

These Laplacian induced norms are more appropriate to analyze and quantify the distance
b and Θ∗ .
between the estimated matrix Θ
When items k(i), l(i) are chosen for comparison by user j(i) as the i-th pair of items,
we capture this choice with the matrix X (i) = ej(i) (ek(i) − el(i) )T . The outcome of the
comparison is represented by yi , with yi = 1 when item k(i) wins over item l(i) and yi = 0
if otherwise. The log-likelihood of the comparison outcomes with respect to a parameter
matrix Θ is,

ΘL1/2

P
where diag(P 1) is a diagonal matrix with
v Pu,v in the diagonals. Notice that, L is
singular and the nullspace is spanned by vectors {gk }G
k=1 . Let σmax (L) = kLk2 and σmin (L)
be the smallest eigenvalue of L discounting the G zero-valued eigenvalues. Since the graph
has G disconnected maximal components and L is real symmetric, by spectral theorem,
L = U ΣU T , where U is a matrix of size d2 × (d2 − G) and its d2 − G columns form an
orthonormal set, and Σ is a diagonal matrix such that its diagonal elements are the singular
values of L. Let L† := U Σ−1 U T and Lx := U Σx U T for all x ∈ R. We also define the
Laplacian induced norms of matrices as,

P
that Pj,j = 0 , ∀j ∈ [d2 ], Pj1 ,j2 = Pj2 ,j1 and
j1 ,j2 ∈[d2 ] Pj1 ,j2 = 1. We assume we get
i.i.d. samples from first choosing a random user among [d1 ] users, and then choosing a
pair (j1 , j2 ) of items at random from P , and finally getting a random comparison from
the MNLmodel, i.e. the probability
with which user i prefers item j1 over item j2 is

exp Θ∗ij1 / exp Θ∗ij1 + exp Θ∗ij2 .
One of the most important aspects of real-world data that is captured by this graph
sampling model is grouping. Consider two groups of items, say, cars and phones. It does
not make sense to ask an individual to compare a phone with a brand of a car (i.e. direct
comparison is not feasible), but knowing an individual’s preference on cars can help in
learning her preference on phones. In graph sampling terms, we are sampling from a graph
G consisting of two disjoint cliques: one for cars and another for phones. By analyzing such
a sampling scenario, we want to characterize the gain in using the data from both groups
of items together, although there are no inter-group comparisons.
In the preference matrix Θ∗ , the values in the set of columns corresponding to each
connected component in the sampling graph can be arbitrarily shifted together, without
changing the pairwise comparisons outcome distributions. This is because adding the same
constant to those items that are compared does not change the probability (for those items
within the same group), i.e.
|||Θ|||L :=
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F

2


≤ 36λ α +
1
ψ(2α)


√
2r




b L1/2
Θ∗ − Θ
F

+


σj (Θ∗ L1/2 ) ,
(11)

Theorem 1 Under the graph sampling with respect to G = ([d2 ], E, P ) with a graph Laplacian L, and under the MNL preference model with preference matrix Θ∗ , solving the optimization problem in (9) with n i.i.d. samples achieves, with probability greater than 1 −
1/4d3 ,
1  ∗ b  1/2
Θ −Θ L
d1
X

min{d1 ,d2 −G}
j=r+1


q
√
σ log(2d) σmin (L)−1/2 log(2d)
for any r ∈ {1, 2, . . . , min{d1 , d2 − G}}, any λ ≥ 8 2 max
,
n
n

where σ = max{(d2 − G)/d1 , 1} and d = (d1 + d2 )/2, ψ(x) , ex /(1 + ex )2 , and for n ≤
2/3
min{26 d12 σ 2 , 22 d1 σmin (L)−1
} log(2d).

We provide a proof in Appendix A. The above bound holds for any r, where r allows us
to trade off the two types of errors: the estimation error and the approximation error.
Concretely, the above bound shows a natural splitting of the error into two terms; the first
term corresponding to the estimation error for the top rank-r component of Θ∗ and the
second term corresponding to the approximation error for how well one can approximate
Θ∗ with a rank-r matrix. If we know the singular values of Θ∗ , we can optimize over r
to get the tightest bound. If Θ∗ is exactly low-rank then applying a matching rank in the
bound gives the following guarantee.


≤ c1 α +

1
ψ(2α)



√

r max

r

p

σ d1 log(2d)
,
n



,

(12)

Corollary 2 (Exactrank-r matrix) Under thesame hypothesis as in Theorem 1 with a
q
σ log(2d) σmin (L)−1/2 log(2d)
,
for some c0 > 0, if Θ∗ is exactly rank
n
n

choice of λ = c0 max

F

r, there exists a positive constant c1 such that the proposed estimator achieves,


1
b L1/2
√
Θ∗ − Θ
d1

(σmin (L)−1 d1 ) log(2d)
n

with probability at least 1 − 2/(d1 + d2 )3 and σ = max{(d2 − G)/d1 , 1}.

JMLR 19(40):1-95, 2018

The second term in the maximization is an artifact of the weakness of current analysis
technique and does not reflect the actual error. This is confirmed in our simulation results
on graphs with very small spectral gap in Figures 1.(b), (d), and (f), where the error in
Laplacian-induced norm error does not decrease with spectral gap of L as the line graph
has a much smaller spectral gap compared to a complete graph, for example. In fact, for
a special Θ∗ in Figure 1.(d) it is the other way, for which we do not have a theoretical
explanation.
The number of entries
in Θ∗ is d1 d2 and we want to rescale√the Frobenius norm error
√
appropriately by 1/ d1 d2 . As a typical scaling of L1/2 is 1/ d2 in spectral norm, we
11
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j∈[min{d1 ,d2 }]

X

|σj (Θ∗ )|q ≤ ρq } .

(13)

√
only need to rescale the Laplacian-induced norm error by 1/ d1 in the left-hand side of
the above bound. For a rank-r Θ∗ , the number of degrees of freedom in describing it is
r(d1 + d2 ) − r2 = O(r(d1 + d2 )). The above theorem shows that the total number of samples
n needs to scale as O(r(d1 + d2 ) log d) in order to achieve an arbitrarily small error. This is
only a poly-logarithmic factor larger than the degrees of freedom. In Section 3.2 we make
this comparison precise by providing a lower bound that matches the upper bound up to a
logarithmic factor.
The upper-bound constraint in Theorem 1 on the number of samples n can be met for
large enough d1 and d2 . For simplicity, assume that d1 = d2 = d and r is a constant. Since
σmin (L) = O(1/d2 ), the upper-bound on n becomes O(max{d2 , d4/3 }). For large enough d,
the upper bound on the RHS of Eq. (12) can be made arbitrarily small with n only scaling
as O(r d). This is significantly smaller than the upper-bound of O(d2 ) on n. Further, in the
experiments in Section 3.4, we show that n has no practical upper-bound constraint since
the error decreases at the same rate as predicted, for arbitrarily large values of n. This
constraint may not be necessary and might be a by-product of the proof techniques.
The dependence on the dynamic range α, however, is sub-optimal. It is expected that
the error increases with α, since the Θ∗ scales as α, but the exponential dependence in
the bound seems to be a weakness of the analysis (for example as seen from numerical
experiments in the right panel of Figure 6). Although the error increase with α, numerical
experiments suggest that it only increases at most linearly. However, tightening the scaling
with respect to α is a challenging problem, and such sub-optimal dependence is also present
in existing literature for learning even simpler models, such as the Bradley-Terry model
Negahban et al. (2012) or the Plackett-Luce model Hajek et al. (2014), which are special
cases of the MNL model studied in this paper.
Another issue is that the underlying matrix might not be exactly low rank. It is more
realistic to assume that it is approximately low rank. Following Negahban and Wainwright
(2012) we formalize this notion with “`q -ball” of matrices defined as

Bq (ρq ) ≡ {Θ ∈ Rd1 ×d2 |

∗

When q = 0, this is a set of rank-ρ0 matrices. For q ∈ (0, 1], this is set of matrices whose
singular values decay relatively fast. By optimizing the choice of r in Theorem 1, we get
the following result.

≤

√
c1 ρq
√
d1



α+

1 
ψ(2α)

r

d12 σ log(2d))
n

2

! 2−q

,
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(14)

Corollary 3 (Approximately low-rank matrices) Suppose Θ ∈ Bq (ρq ) for some
 q∈
(0, 1] and ρq > 0. Under the hypotheses of Theorem 1, with a choice of λ = c0 max

q
σ log(2d) σmin (L)−1/2 log(2d)
,
for some constant c0 > 0 there exists a constant c1 > 0 such
n
n

F

that solving the optimization (9) achieves with probability at least 1 − 2/(d1 + d2 )3 ,



1
b L1/2
√
Θ∗ − Θ
d1

provided n ≥ σ log(2d)/σmin (L).

12

13
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b 1/2 |||F ≥ σ 1/2 |||Θ∗ − Θ|||
b F , which is true since
It follows from a simple relation |||(Θ∗ − Θ)L
min
∗
b
Θ , Θ are in the range space of L, that the above upper bounds automatically give the error
bound in the Frobenius norm. When the sampling graph is uniform, i.e. a complete graph

3.3 Performance Guarantee and Lower Bound for Complete Graph

A proof of this theorem is provided in Appendix B. The term of primary interestpin this
bound is the first one, which shows the scaling of the (rescaled) minimax rate as rd1 /n
and matches the upper bound in (12) up to a logarithmic factor. It is the dominant
term in

the bound whenever the number of samples is larger than n ≥ d1 max{tr L†r , d1 log d/d22 }.
As suggested in numerical simulations on
with very small spectral gap in Figures
 graphs

1.(b), (d), and (f), the dependence in tr L†r is an artifact of the weakness of the current
analysis technique. Here we note that, while the lower bound in Theorem 4 is in expectation, the upper bound in Theorem 1 is a high-probability result. The upper bound can
immediately be√translated into a bound in expected error with an additional term scaling
as ασmax (L)1/2 d2 d−3 , which is smaller than other terms in the bound.

where the infimum is taken over all measurable functions over the observed comparison
results and L†r is the pseudo inverse of the rank r approximation of the graph Laplacian.

r

Theorem 4 Suppose Θ∗ has a rank r. Under the previously described graph based sampling
model, there exists a constant c > 0 such that
r

h 1


i
r d1
b L1/2
inf sup E √
,
Θ∗ − Θ
≥ c min e−α
n
b Θ∗ ∈Ωα
F
d1
Θ

)
s r

d2
 , √
α max
, (15)
 tr L†
d1 log d 

For a polynomial-time algorithm of convex relaxation, we gave in the previous section a
bound on the achievable error. We next compare this to the fundamental limit of this
problem, by giving a lower bound on the achievable error by any algorithm (efficient or
not). A simple parameter counting argument indicates that it requires the number of
samples to scale as the number of degrees of freedom i.e., n ∝ r(d1 + d2 ), to estimate a
d1 × d2 dimensional matrix of rank r. We construct an appropriate packing over the set of
low-rank matrices with bounded entries in Ωα defined as (10), and show that no algorithm
can accurately estimate the true matrix with high probability using the generalized Fano’s
inequality. This provides a constructive argument to lower bound the minimax error rate,
which in turn establishes that the bounds in Theorem 1 is sharp up to a logarithmic factor,
and proves no other algorithm can significantly improve over the nuclear norm minimization.

3.2 Information-theoretic Lower Bound

with equal weights Pj1 ,j2 = 1/d2 (d2 − 1), ∀j1 6= j2 , Frobenius norm is the right metric and
we show matching upper and lower bounds.

This is a strict generalization of Corollary 2. For q = 0 and ρ0 = r, this recovers the
exact low-rank estimation bound up to a factor of two. For approximate low-rank matrices
in an `q -ball, we lose in the error exponent, which reduces from one to (2 − q)/2.

Θ0 t+1 = Mt (Γt − ηt λI)+ NtT

f0 t+1 = Θ0 − ηt ∇Θ L(Θ0 L−1/2 )L−1/2
Θ
t
t

14

(18)
(19)
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(singular value shrinkage and thresholding)

(gradient descent)

Let Θ0 , ΘL1/2 . As the nuclear norm regularizer in (9) is non differentiable, we use the
proximal gradient descent Agarwal et al. (2010); Cai et al. (2010). At each iteration, we
apply the following two operations on the current estimate, Θ0t , of Θ∗ L1/2 ,

3.4.1 Algorithm

We provide a first-order method to solve the proposed convex optimization, and provide
numerical experiments using this algorithm. We present two simulation results followed by
an experiment on real data.
For the synthetic experiments, we generate random rank-r matrices of dimension d ×
d, of the form Θ∗ = U V T with U ∈ Rd×r and V ∈ Rd×r entries generated i.i.d from
uniform distribution over [0, 1]. Then the connected-component-mean is subtracted form
each connected component, and then the whole matrix is scaled such that the largest entry
is α = 5. Note that this operation does not increase
P the rank of the matrix Θ. This is
because this de-meaning can be written as Θ − k Θgg T /(g T 1) and both terms in the
operation are of the same column space as Θ which is of rank r.

3.4 Experiments

where the infimum is taken over all measurable functions over the observed comparison
results.

Corollary 6 (Complete graph lower-bound) Suppose Θ∗ has rank r. Under the previously described graph based sampling model with graph being a complete graph, there is a
universal numerical constant c > 0 such that
r

h
i
1
r d1
∗
−α
b
inf sup E p
Θ−Θ
≥ c min e
,
n
b Θ∗ ∈Ωα
F
d1 (d2 − 1)
Θ
(
))
1
d2
α max p
, √
,
d1 log d
(d2 − 1)
(17)

with probability at least 1 − 2/(d1 + d2 )3 and σ = max{(d2 − 1)/d1 , 1}.

for some c0 > 0, if Θ∗ is exactly rank r, there exists a positive constant c1 such that the
proposed estimator achieves,
(r
)
p


b
Θ∗ − Θ
√
(d2 − 1)d1 log(2d)
1
σ d1 log(2d)
F
p
≤ c1 α +
r max
, (16)
,
ψ(2α)
n
n
d1 (d2 − 1)

Corollary 5 (Complete graph upper-bound) Under the same
as in Corolq hypothesis

√
(d2 −1) log(2d)
σ log(2d)
lary 2, if G is a complete graph, with a choice of λ = c0 max
,
n
n
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t−1 )|||2

when t is even

when t is odd
,

(20)

f0 t is the singular value decomposition of Θ
f0 t , such that Γt is a diagonal
where Mt Γt NtT := Θ
matrix with positive entries, (·)+ is the entry-wise thresholding operation max(0, x), and ηt
is an appropriate step-size. Constraint of zero row sum, is taken care of by initializing the
descent algorithm with Θ00 = 0, since rows of gradients sum to zero. In practice we do not
know the value of α, and hence in experiments we do not enforce the kΘk∞ ≤ α constraint.
Another issue in the implementation is that the convergence rate can be significantly
slower for some graph topologies. We accelerate the proximal gradient descent with the
following (modified) Barzilai-Borwein (BB) rule Barzilai and Borwein (1988) for choosing
the step-size ηt ,

|||∇Θ0 L (Θt )−∇Θ0 L (Θ


|||Θt0 −Θ0 t−1 |||22


,
0
0
0
0
0
0
t−1 )ii
ηt = hhΘ0t −Θ 0t−1 ,∇Θ0 L 0(Θt0)−∇Θ0 L (Θ
 hhΘ t −Θ t−1 ,∇Θ0 L (Θt )−∇Θ0 L0 (Θ0 t−1 )ii ,

2
0
0
0
0

where ∇Θ0 L0 (Θ0 ) := ∇Θ L(Θ0 L−1/2 )L−1/2 . We stop the descent algorithm whenever an
upper bound of the KKT error is smaller than 10−5 .
3.4.2 The Role of the Topology of the Sampling Pattern
In figure 1, we plot the error of our nuclear norm minimization based algorithm versus
number of samples (in log-scale), n for d1 = d2 = 300, r = 4, α = 5.0, G = 1. We consider
√
b / d1 d2 and Laplacian
two errors here; root mean squared error (RMSE) = Θ − Θ
F
√
b 1/2 / d1 . We plot these errors for four topologies
induced RMSE (L-RMSE)= (Θ − Θ)L
F
of varying spectral gaps. As discussed Section 3.1, we do not expect the L-RMSE error to
change much as we change the topology of sampling. However, as seen from the simple
b 1/2 |||F ≥ σ 1/2 |||Θ∗ − Θ|||
b F Frobenius norm error is more sensitive to the
relation |||(Θ∗ − Θ)L
min
topology of the sampling pattern, captured via the spectral gap, i.e. σmin (L). Specifically
we use the following graph topologies.
• Complete graph. We first consider a uniform sampling over a complete graph where
Pj1 ,j2 = 1/d2 (d2 −1) for all j1 , j2 ∈ [d2 ]. The resulting spectral gap is 1/(d2 −1), which
is the maximum possible value. Hence, complete graphs are optimal for learning MNL
models, compared in the error metric of the Frobenius norm for fairness.
• Star graph. Here we choose one item to be the center, and every other items can
only be compared to this center item uniformly at random. Let item 1 be the center
one, then Pj1 ,1 = P1,j2 = 1/2(d2 − 1). Standard spectral analysis shows that the
spectral gap is Θ(1/d2 ), and thus the graph is near-optimal for learning MNL models.
• Line graph. Next, we consider a line graph with d2 −1 edges where Pj,j+1 = Pj+1,j =
1/2(d2 − 1). It has a spectral gap of Θ(1/d22 ), and is strictly sub-optimal for learning
MNL models.

JMLR 19(40):1-95, 2018

• Barbell graph. Consider two equal sized groups of items. Within each group the
sub-graph is complete, and between the groups there is a single edge connecting one
of the node from group one and one of the node from group two. Each edge is chosen
15

∗
(c) RMSE for barbell bias Θij

∗
(a) RMSE for i.i.d. Θij

∗
(f) L-RMSE for line bias Θij

∗
(d) L-RMSE for barbell bias Θij

∗
(b) L-RMSE for i.i.d. Θij
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∗
(e) RMSE for line bias Θij
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Figure 1: Graphs with small spectral gap achieve significantly larger Frobenius norm
√
b / d1 d2 , whereas the Laplacian-induced norm error (L-RMSE)
error (RMSE) Θ − Θ
F
√
/ d1 is not sensitive to the spectral gap.
b 1/2
(Θ − Θ)L

F



1
b L1/2
√
Θ∗ − Θ
d1

F
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b
=p
Θ∗ − Θ
d1 (d2 − G)

1

F

= Õ

b satisfies,
According to Theorems 1 and 4, the L-RMSE error of Θ

G
X

F

2



Θ∗k − Θ̄k (L(k) )1/2
d2

1
Θ∗ − Θ̄
d1 (d2 − G)
(d2 /G − 1)
(d2 − G)
k=1


G
rd1
1 X
Õ
=
G
n/G
k=1


Grd1
,
= Õ
n
=

(a)

=

2
F

(27)

(26)

(25)

(24)

F
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F
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!

F

(23)

rd1
n


Θ∗ − Θ̄ L1/2

where (a) follows from Eq. (22) and assuming Θ∗k , Θ̄k are sub-matrices restricted to the
columns in group k. Thus the estimation errors when running joint
√ inference and separate inference for each group are of the order of OG (1) and OG ( G) respectively. That
is, a user’s preference in one group of items will be useful in inferring the same user’s
preference in another group of items. We illustrate this gain of joint inference in Figure
2. Concretely, the sampling graph G has G groups where each component is a complete
graph and d1 = d2 = 360, r = 4, α = 5.0, n = 214 . Figure 2 plots the L-RMSE (RMSE)
√
√
b 1/2 / d1 ( (Θ − Θ)
b
/ d1 d2 ) errors vs. G, when all the groups are solved
= (Θ − Θ)L

1
d1

Similarly L-RMSE error (with respect to the full Laplacian L) of Θ̄ satisfies,

Figure 2: As the number of groups increase, the gain in joint inference increases.
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together (labelled as LMSE and MSE) or when the groups are solved separately (labelled
as LMSE Alone and MSE Alone) using our algorithm. We see that solving the components
together keeps the error relatively similar as the number of groups increase, but if we solve

r

Consider G groups of items such that, within each group, every pair of items is uniformly
likely to get compared, but items from different group are never compared with each each
other. As a baseline, one can run inference on each group separately. On the other hand,
b be the estimate of Θ∗
we propose running inference on all the G groups jointly. Let Θ
when solving the groups together, and let Θ̄ be the estimate when groups are estimated
separately. Let L, L(k) be the graph Laplacians of the whole graph and k-th connected
component (group) respectively. suppose, for simplicity, that d1 = d2 and the groups are
equally sized complete sub-graph components,
!
G
1
GX
T
L=
Id2 ×d2 −
gk gk , and,
(21)
(d2 − G)
d2
k=1


1
G
L(k) =
I d2 × d2 − 11T .
(22)
(d2 /G − 1)
d2
G
G

3.4.3 The Gain in Inference over Multiple Groups of Items

First in sub-figures 1a, 1b, we plot RMSE and L-RMSE errors for different graphs using
randomly generated Θ∗ij . We see that L-RMSE curves for different graphs are the same (and
slopes in log-scale are as expected approaches −1/2 with more samples). Further, we do
not see any significant difference w.r.t the graph topology even when error is measured in
Frobenius norm. The reason is that since Θ∗ij ’s are generated i.i.d., the empirical distributions of any large sub-group of items would be similar. Thus, the means of the two cliques
of the barbell graph or the means of the items on the two far ends of the line graph are
similar. Thus although barbell and line graphs have small spectral gap (high mixing-time),
its effect is minimized because these sub-groups can individually be solved without having
them to mix since the empirical distributions of the Θ∗ij in the two sub-groups are similar.
To illustrate the role of the topology of the graph, we choose specific Θ∗ which depends
on the topology of the graph as guided by our analysis on the lower bound (Theorem 4)
in sub-figures 1c, 1d. The items are divided into two sets (corresponding to each side of
barbell graph), such that corresponding Θ∗ij are i.i.d. inside a set but have similar but
shifted means across the sets. We call this type of preference data as barbell biased. As
expected from theoretical analyses, L-RMSE behave similar to the i.i.d. case. However,
we see the Frobenius norm error significantly worse in the case of line and barbell shaped
graphs, as expected from the Frobenius error bound. In sub-figures 1e, 1f, we simulate line
biased preference data Θ∗ . Items are ordered (in the order of the line graph), such that
Θ∗ij ’s have similar distributions but their means get shifted in an arithmetic progression as
you go down the ordering. Again, Frobenius norm error is significantly larger for line and
barbell graphs as spectral gaps are small.

uniformly at random for comparisons. The resulting spectral gap is Θ(1/d22 ), and this
graph too is strictly sub-optimal for learning MNL models.
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101
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2. Data set is from https://vision.cornell.edu/se3/projects/cost-effective-hits.

To showcase the practicality of our nuclear norm based algorithm (9) we apply our algorithm
to the Food100 Data set2 Wilber et al. (2014). In the data set, n = 250320 triplets, denoted
by {(ai , bi , ci )}i , of 3 distinct food dishes from a selection of d = 100 were sampled. Then in

3.4.5 Real data: Food100

where P̂ ∈ Rd2 ×d2 is the empirical distribution of sampled pairs in the given data. Under
the experimental setting from Figure 1b, we run additional experiments with this empirical
Laplacian L̂ in the optimization: minimize −L(Θ) + λ|||Θ|||L̂-nuc . Figure 3 illustrates that
the effect on the performance of not knowing the true L is marginal. Both approaches
achieve the same error.


L̂ , diag P̂ 1 − P̂ ,

In practical scenarios, one might not have access to the sampling graph Laplacian L. We
propose using empirical Laplacian L̂ defined as

3.4.4 Robustness to the Mismatched L-nuc Norm Regularizer

the groups separately the error increases with number of groups, although it is at a lower
rate than predicted by the upper bound.

Figure 3: L-RMSE for various sampling graphs when true Laplacian L is known (solid) and
when empirical Laplacian L̂ is used (dashed)
.

L-RMSE
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e

e

∗

+ eΘai ,ci

i ,bi

∗
Θa

i ,bi

∗
Θa

.

a crowdsourcing setting, users were asked if, ai is more similar to bi than to ci . The goal is
to learn an low-dimensional embedding of the 100 food items where the above similarities
are captured. We model the problem as learning an MNL model, parameterized by Θ∗ ,
which gives the following probability distribution for i-th user’s answer,

P {ai is more similar to bi than to ci } =

(b) Mean likelihood on training data set

This is the same model as the pairwise comparisons from Section 2, except for the fact
that instead of a user (row) comparing two items (columns), here we compare a food item
(row) to two other food items (columns). We implement three different algorithms: our
nuclear norm based algorithm (‘nucnorm’), unregualrized (λ = 0) likelihood maximization
(‘fullrank’) and maximum likelihood based algorithm to learn rank-1 Plackett-Luce model
Luce (1959); Plackett (1975) (‘plackett’).
In Figure 4, we plot the mean log-likelihood of the learned model versus fraction x of the
data used for training for the various algorithms for testing (a) and training (b) data. If x
fraction of the data is used for training, we use the rest (1−x) of the data for testing. For the
nuclear norm minimization, we estimatepthe Laplacian L using the empirical distribution
of the triplets and λ is chosen to be 0.1 log(d)/2 d xn.
In the Fig. 4(b) (to the left) on the testing data set, we see that our MNL model based
nuclear norm regularized algorithm clearly outperforms both unregularized algorithm and
the Placket-Luce model estimator, especially when there is less training data. In fact, the
mean likelihood (log(Pmodel (test data))) on the testing data remains relatively the same
when we decrease the size of the training data, which supports our claim that real data has
low-rank structure. In the Fig. 4(b) (right) on the training data sets, the non-regularized
approach of ‘fullrank’ achieves higher likelihood on the training data, indicating that it
overfits to training data.

(a) Mean log-likelihood on testing data set
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Figure 4: Mean log-likelihood vs fraction of the total data used for training. Our nuclear
norm regularized algorithm (‘nucnorm’) fits the test data better than both unregularized
algorithm (‘fullrank’) and Plackett-Luce model based estimation, especially when training
data is small in size.
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4. Learning the MNL Model under Higher Order Comparisons

22

JMLR 19(40):1-95, 2018

(33)
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j∈[d2 ]

n
o
X
Ωα = A ∈ Rd1 ×d2 |||A|||∞ ≤ α, and ∀i ∈ [d1 ] we have
Aij = 0 .

i=1 `=1




d1 X
k
X

1 X
T
T


L(Θ) =
hhΘ, ei evi,` ii − log
exp hhΘ, ei ej ii  ,
k d1

(31)

Higher order comparisons, where a subset of k items are offered to a user who then provides a
complete ranking (total linear ordering) of those item, is a natural generalization of pairwise
comparisons, that captures some aspect of heterogeneous and complex modern data sets.
We refer to such scenarios as k-wise comparisons or k-wise rankings. The MNL model
generalizes to such comparisons. Let Θ∗ be the d1 × d2 dimensional matrix capturing the
preference of d1 users on d2 items, where the rows and columns correspond to users and
items, respectively. In this k-wise ranking setting, when a user i is presented with a set,

over

where,

Θ∈Ωα

b ∈ arg min −L(Θ) + λ|||Θ||| ,
Θ
nuc

for all j ∈ Si , all Si ⊆ [d2 ] satisfying |Si | = k and all i ∈ [d1 ]. We do not make any
assumptions on α other than that α = O(1) with respect to d1 and d2 . Given this definition,
we solve the following optimization

1
1
1
1 −α
e
≤
≤ P {vi,1 = j} ≤
≤ eα ,
k
1 + (k − 1)eα
1 + (k − 1)e−α
k

where with Si,` ≡ Si \ {vi,1 , . . . , vi,`−1 } and Si,1 ≡ Si . For a user i, the i-th row of Θ∗
represents the underlying preference vector of the user, and the more preferred items are
more likely to be ranked higher.
Similar to the pairwise comparisons, the distribution (29) is independent of shifting each
row of Θ∗ by a constant. Since we can onlyPestimate Θ∗ up to this equivalent class, we search
∗
for the one whose rows sum to zero, i.e.
j∈[d2 ] Θi,j = 0 for all i ∈ [d1 ]. For capturing the
“spikiness” Negahban and Wainwright (2012) of Θ∗ , we define α ≡ maxi,j1 ,j2 |Θ∗ij1 − Θ∗ij2 |
to denote the dynamic range of the underlying Θ∗ , such that when k items are compared,
we always have

P {vi,1 , . . . , vi,k |Si is presented to user i} =

Si ⊆ [d2 ], of k alternatives she reveals her preferences as a ranked list over those items. To
simplify the notations, we assume that all the users compare the same number k of items,
but the analysis naturally generalizes to the case when the size might differ from a user to
a user and when each user provides more than one k-wise ranking. Let vi,` ∈ Si denote the
(random) `-th best choice of user i. Each user gives a ranking, independent of other users’
rankings, from

Negahban, Oh, Thekumparampil, and Xu

Note that unlike graph sampling for pairwise comparisons, we assume that each user is
presented a subset of k items and provides a complete ranking over those k items. This
choice of sampling scenario, together with independent choices of the items in subset Si ’s,
is crucial for getting a bound that is tight in its scaling with respect to not only d1 , d2 , and
r, but also k, as a certain independence is required to apply the symmetrization technique
(in Lemma 29) which gives us the desired tight bound on the error. It trivially follows
from our analysis that one can relax the assumptions in the sampling scenario significantly
(e.g. sampling without replacement, heterogeneous sampling probabilities for each item-user
pair, etc.), and the only change in the upper bound of Eq. (34) will be a weaker dependence
k.

In Fig. 5 we plot the t-SNE embedding Maaten and Hinton (2008) of the columns of the
b when all the data is used for training. The desserts
estimated MNL parameter matrix Θ
(left bottom) are separated from other dishes, and meat dishes and salad dishes form two
clusters (top right).

b
Figure 5: Food100: t-SNE embedding of the columns of the learned MNL parameter Θ.
Desserts (bottom left) are seperated from other dishes. Meat dishes are also separated from
vegetable dishes.

Dessert

Meat
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d1 log d + d2 (log d)2 (log 2d)4
.
k d12 d2
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4.1 Performance Guarantee

λ0 ≡ e2α

(34)

We provide an upper bound on the resulting error of our convex relaxation, when a multi-set
of items Si presented to user i is drawn uniformly at random with replacement. Precisely,
for a given k, Si = {ji,1 , . . . , ji,k } where ji,` ’s are independently drawn uniformly at random
over the d2 items. Further, if an item is sampled more than once, i.e. if there exists
j
=j
for some i and ` 6= ` , then we assume that the user treats these two items as
1
2
i,`
i,`
1
2
∗
∗
if they are two distinct items with the same MNL weights Θi,j
= Θi,j
. The resulting
i,`1
i,`2
preference is therefore always over k items (with possibly multiple copies of the same item),
and distributed according to (29). For example, if k = 3, it is possible to have Si = {ji,1 =
1, ji,2 = 1, ji,3 = 2}, in which case the resulting ranking can be (vi,1 = ji,1 , vi,2 = ji,3 , vi,3 =
∗
∗
∗
∗
∗
∗
ji,2 ) with probability (eΘi,1 )/(2 eΘi,1 + eΘi,2 ) × (eΘi,2 )/(eΘi,1 + eΘi,2 ). Such a sampling with
replacement is necessary for the analysis, where we require independence in the choice of the
items in Si in order to apply the symmetrization technique (e.g. Boucheron et al. (2013)) to
bound the expectation of the deviation (cf. Appendix C.4). Similar sampling assumptions
have been made in existing analyses on learning low-rank models from noisy observations,
e.g. Negahban and Wainwright (2012). Let d ≡ (d1 + d2 )/2, and let σj (Θ∗ ) denote the j-th
singular value of the matrix Θ∗ . Define
s

2
F

√
√
b − Θ∗
≤ 288 2 e4α c0 λ0 r Θ

F

+ 288e4α c0 λ0

X

min{d1 ,d2 }
j=r+1

σj (Θ∗ ) , (35)

Theorem 7 Under the described sampling model, assume 24 ≤ k ≤ min{d12 log d, (d12 +
d22 )/(2d1 ) log d, (1/e) d2 (4 log d2 + 2 log d1 )}, and λ ∈ [480λ0 , c0 λ0 ] with any constant c0 =
O(1) larger than 480. Then, solving the optimization (31) achieves
1
b − Θ∗
Θ
d1 d2

for any r ∈ {1, . . . , min{d1 , d2 }} with probability at least 1−2d−3 −d2−3 where d = (d1 +d2 )/2.

F

√
≤ 288 2e6α c0

r(d1 log d + d2 (log d)2 (log 2d)4 )
.
k d1

(36)

A proof is provided in Appendix C. This bound holds for all values of r and one could
potentially optimize over r. We show such results in the following corollaries.

1
b − Θ∗
Θ
d1 d2

Corollary 8 (Exact low-rank matrices) Suppose Θ∗ has rank at most r. Under the
hypotheses of Theorem 7, solving the optimization (31) with the choice of the regularization
parameter λ ∈ [480λ0 , c0 λ0 ] achieves with probability at least 1 − 2d−3 − d2−3 ,
s
√

JMLR 19(40):1-95, 2018

The
√ number of entries is d1 d2 and we rescale the Frobenius norm error appropriately by
1/ d1 d2 . For a rank-r matrix Θ∗ with r(d1 + d2 ) − r2 = O(r(d1 + d2 )) degrees of freedom,
the above theorem shows that the total number of samples, which is (k d1 ), needs to scale
23
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as O(rd1 (log d) + rd2 (log d)2 (log 2d)4 ) in order to achieve an arbitrarily small error. This is
only poly-logarithmic factor larger than the degrees of freedom. In Section 4.2, we provide a
lower bound on the error directly, that matches the upper bound up to a logarithmic factor.
The dependence on the dynamic range α is sub-optimal. The exponential dependence in the
bound seems to be a weakness of the analysis, as seen from numerical experiments in the
right panel of Figure 6. Although the error increase with α, numerical experiments suggests
that it only increases at most linearly. A practical issue in achieving the above rate is the
choice of λ, since the dynamic range α is not known in advance. Figure 6 illustrates that
the error is not sensitive to the choice of λ for a wide range.
For approximately low-rank matrices in `q -ball defined in (13), optimizing the choice of
r in Theorem 7, we get the following result. This is a strict generalization of Corollary 8
and a proof of this Corollary is provided in Appendix D.

1
b − Θ∗
Θ
d1 d2

F


 2−q
s
2
√
2
4
√
2 ρq
288 2c0 e6α d1 d2 (d1 log d + d2 (log d) (log 2d) ) 
≤ √
.(37)
k d1
d1 d2

Corollary 9 (Approximately low-rank matrices) Suppose Θ∗ ∈ Bq (ρq ) for some q ∈
(0, 1] and ρq > 0. Under the hypotheses of Theorem 7, solving the optimization (31) with
the choice of the regularization parameter λ ∈ [480λ0 , c0 λ0 ] achieves with probability at least
1 − 2d−3 ,
√

4.2 Information-theoretic Lower Bound for Low-rank Matrices

A simple parameter counting argument indicates that it requires the number of samples to
scale as the degrees of freedom i.e., kd1 ∝ r(d1 + d2 ), to estimate a d1 × d2 dimensional
matrix of rank r. By applying Fano’s inequality with appropriately chosen hypotheses, the
following lower bound establishes that the bound in Theorem 7 is sharp up to a logarithmic
factor.

F

i

≥ c min αe−α

r d2
αd2
, √
k d1
d1 d2 log d

,

(38)

Theorem 10 Suppose Θ∗ has rank r. Under the described sampling model, for large enough
d1 and d2 ≥ d1 , there is a universal numerical constant c > 0 such that
(
)
r
h 1
b − Θ∗
inf sup E √
Θ
b Θ∗ ∈Ωα
d1 d2
Θ

where the infimum is taken over all measurable functions over the observed ranked lists
{(vi,1 , . . . , vi,k )}i∈[d1 ] .
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A proof of this theorem is provided in Appendix E. The term of primary interest in
this bound is the first one, which shows the scaling of the (rescaled) minimax rate as
p
r(d1 + d2 )/(kd1 ) (when d2 ≥ d1 ), and matches the upper bound in (35). It is the dominant term in the bound whenever the number of samples is larger than the degrees of
freedom by a logarithmic factor, i.e., kd1 > r(d1 + d2 ) log d, ignoring the dependence on
α. This is a typical regime of interest, where the sample size is comparable to the latent
dimension of the problem. In this regime, Theorem 10 establishes that the upper bound in
Theorem 7 is minimax-optimal up to a logarithmic factor in the dimension d.

24

1

2

0

(39)

(40)

F

2

√
√
b − Θ∗
≤ 144 2 e2α cλ r Θ

F

+ 144e2α cλ
j=r+1

X

min{d1 ,d2 }

(singular value shrinkage and thresholding)

(gradient descent)

(45)

(44)

26

JMLR 19(40):1-95, 2018

25

JMLR 19(40):1-95, 2018

4.4.3 Simulation: Rank Breaking

The left panel of Figure 6 confirms the scaling of the error rate as predicted by Corollary 8.
The lines merge to a single
line when the sample size is rescaled appropriately (inset). We
p
make a choice of λ = (log d)/(kd2 ). This choice is independent of α and is smaller than
proposed in Theorem 7. We generate the random rank-r true MNL parameters matrices of
dimension d × d using the process mentioned
√ in Section 3.4.1. The root mean squared error
b . We implement and solve the
(RMSE) is plotted where RMSE = (1/ d1 d2 )|||Θ∗ − Θ|||
F
convex optimization (31) using proximal gradient descent method as analyzed in Agarwal
et al. (2010). The right panel in Figure 6p
illustrates that the
p actual error is insensitive to
the choice of λ for a broad range of λ ∈ [ (log d)/(kd2 ), 28 (log d)/(kd2 )], after which it
increases with λ.

4.4.2 Simulation: Higher Order Comparisons

Mt Γt NtT

In this section we compare the higher order k-wise comparison algorithm (31) (‘kwise’)
with the pairwise rank breaking algorithm (40) (‘kbreak’). We use the same setting as

where d =

(42)

NtT

e t is the singular value decomposition of Θ
e t , such that Γt is a diagonal
where
:= Θ
matrix with positive entries, (·)+ is the entry-wise thresholding operation max(0, x), and ηt
is an BB step-size calculated as,
(
|||Θt − Θt−1 |||22 /hhΘt − Θt−1 , ∇Θ L(Θt ) − ∇Θ L(Θt−1 )ii,
when t is odd
ηt =
.
hhΘt − Θt−1 , ∇Θ L(Θt ) − ∇Θ L(Θt−1 )ii/|||∇Θ L(Θt ) − ∇Θ L(Θt−1 )|||22 , when t is even
(46)

Θt+1 = Mt (Γt − ηt λI)

+

e t+1 = Θt − ηt ∇Θ L(Θt )
Θ

Similar to the case of pairwise comparisons in Section 3.4.1, we use proximal gradient descent
Agarwal et al. (2010); Cai et al. (2010) along with modified Barzilai-Borwein (BB) step-size
selection rule Barzilai and Borwein (1988) with the initial point Θ0 = 0. Each iteration of
the algorithm applies the following two operations on the current estimate, Θt , of Θ∗ ,

4.4.1 Algorithm

We provide results from numerical experiments on both synthetic and real data sets.

4.4 Experiments

Corollary 12 (Exact low-rank matrices) Suppose Θ∗ has rank at most r. Under the
hypotheses of Theorem 11, there exists a constant c1 > 0 such
p that solving the optimization
(40) with the choice of the regularization parameter λ ∈ [2 32(c + 4)λ0 , cλ0 ] achieves with
13
probability at least 1 − 2d−c − 2d−2 ,
r
√
1
rd log d
b − Θ∗
√
≤ 144 2e2α c1
.
(43)
Θ
k d1
F
d1 d2
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A proof of this theorem is provided in Appendix F, and the following corollary follows
for rank-r matrices.

13

σj (Θ∗ ) ,

for any r ∈ {1, . . . , min{d1 , d2 }} with probability at least 1 − 2d−c − 2d−2
(d1 + d2 )/2.

1
b − Θ∗
Θ
d1 d2

Theorem 11 Under the described sampling
p model, assume 2(c + 4) log d ≤ k ≤
max{d1 , d22 /dp
1 } log d, d1 ≥ 4, and λ ∈ [2 32(c + 4)λ0 , cp λ0 ] with any constant c = O(1)
larger than 2 32(c + 4). Then, solving the optimization (40) achieves

With this choice of regularization coefficient, we get the following upper bounds on the
rank breaking estimator (40) that are comparable to the upper bounds of k-wise ranking
estimator in Theorem 7 and Corollary 8.

Let d ≡ (d1 + d2 )/2, and let σj (Θ∗ ) denote the j-th singular value of the matrix Θ∗ . Define
s
d log d
.
(41)
λ0 ≡
k d21 d2

Θ∈Ωα

b ∈ arg min −L(Θ) + λ|||Θ|||
Θ
nuc

where P0 = {(i, j) : 1 ≤ i < j ≤ k}, and hi (m1 , m2 ) and li (m1 , m2 ) is defined as the higher
and lower ranked index among ui,m1 and ui,m2 respectively. Then modified optimization
problem becomes,

1

A common approach in practice to handle higher order comparisons is rank breaking, which
refers to the practice of breaking the higher order comparisons into a set of pairwise comparisons and applying an estimator tailored for pairwise comparisons treating each pair as
independent Azari Soufiani et al. (2013, 2014). When the higher order comparison is given
as partial rankings (as opposed to total linear ordering as we assume) then rank breaking
can be inconsistent, and special algorithms are needed for weighted rank breaking Khetan
and Oh (2016a,b). However, when k-wise rankings (also called total linear orderings) are
observed as we assume, simple and standard rank breaking achieves a similar performance
as the higher order estimator in (31). Assume that ui,m , i ∈ [d1 ], m ∈ [k], denotes the
m-th element observed by the i-th user. Concretely, in rank breaking, we convert the kwise ranking data into pairwise ranking data and then we solve the following optimization
problem:






X
1 X
L(Θ) =
,
Θi, hi (m1 ,m2 ) − log exp Θi, ui,m1 + exp Θi, ui,m2

k
d1 2 i∈[d ] (m ,m )∈P

4.3 Rank Breaking for Higher Order Comparisons
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Figure 6: The (rescaled) RMSE scales as r(log d)/k as expected from Corollary 8 for fixed
d = 50 (left). In the inset, the same data is plotted versus rescaled sample size k/(r log d).
The (rescaled) RMSE is stable for a broad range of λ and α for fixed d = 50 and r = 3
(right).
in Section 4.4.2, where we observe samples from k-wise ranking from an underlying true
∗
MNL model
p and the aim is to recover
p the true parameter Θ of the model. We use
λ = 0.45 (log d)/(kd2 ) and λ = 0.1 (log d)/(kd2 ) for k-wise and pairwise rank breaking
algorithms respectively. In Fig. 7 we plot the RMSE for both the algorithm for d = 50
and r = 3, 12. We note that the even though the RMSE decreases in the rate as predicted
by the theorem, we see that pairwise rank breaking is worser than the higher order k-wise
algorithm which directly uses the k-wise rankings. This is consistent with the experimental
observation made previously in Hajek et al. (2014). Further we note that rank breaking
is much slower than the other algorithm, since gradient computation of the former takes
O(k 2 ) time whereas for the latter it can be computed in O(k) time.
4.4.4 Real data: Jester

JMLR 19(40):1-95, 2018

Jester data set3 Goldberg et al. (2001) has 24, 982 users, each rating a subset of 100 jokes
on continuous scale of [−10, 10]. As the scale is continuous, we derive ordinal data from
the scores (ties broken uniformly at random). We use only the 7200 users who rated all
the jokes for our experiments. For each user, k = 100x jokes were randomly selected
uniformly at random for training, rest of the 100 − k = 100(1 − x) jokes where used for
testing, where x is the fraction of jokes selected for training. We implment four algorithms: nuclear norm minimization (‘nucnorm’) (31), unregularized (λ = 0) log-likelihood
maximization (‘fullrank’), rank-1 Plackett-Luce model p
estimation (‘plackett’),
√ and rank
breaking algorithm
(‘rankbreak’)
p
√ (40). We use λ = 0.7 (0.5 log(d1 d2 ))/(kd1 d1 d2 ) and
λ = 0.16 (0.5 log(d1 d2 ))/(kd1 d1 d2 ) for k-wise and pairwise rank breaking algorithms
respectively. In Fig. 8 (a) we plot the multiplicative bias in the mean log-likelihood on the
testing data versus the fraction x of training data used. For each model in {‘nucnorm’,
3. Data set is from http://eigentaste.berkeley.edu/dataset/.
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sample size k

Figure 7: Rank Breaking: RMSE error versus number of samples per user k. k-wise (‘kwise’)
algorithm performs better than the rank breaking (‘kbreak’) approach.

‘fullrank’, ‘plackett’, ‘rankbreak’}, we plot in the y-axis

log(Pmodel (test data)) − log(Pfullrank (test data))
,
|log(Pfullrank (test data))|

i=1

k
2 X
|π1 (i) − π2 (i)|
k2

using fullrank model as a baseline as it has the least test likelihood. Plackett-Luce model
achieves the best performance when sample size is small, as this simplest model avoids
overfitting. However, for most regimes of sample size, both the nuclear norm minimization
and rank breaking achieve similar performance improving upon the others.
The same trend holds when we measure the perfomrance in the normalized Spearman’s
footule distance Diaconis and Graham (1977) F (π1 , π2 ) ∈ [0, 1] between two rank-lists π1 ,
π2 of length k:
F (π1 , π2 ) =

In Fig. 8 (b) we plot the average normalized Spearman’s footrule distance between the
ground truths and the most likely ranking on the testing data under the estimated model
parameters. We see that k-wise nuclear norm minimization and rank breaking algorithms
perform the best in recovering the true ranking, except when the fraction of training data
used is very small so that the rank-1 Plackett-Luce recovers better ranking.
4.4.5 Real data: Irish Election

The Irish Election data set4 is an opinion poll conducted among 1083 participants during
the 1997 Irish presidential election campaign Gormley and Murphy (2009). Each participant responded with a ranking the of their top 1, 2, 3, 4, or 5 choices from the 5 candidates:
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4. Data set is from https://projecteuclid.org/euclid.aoas/1231424218#supplemental.
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(b) Spearman’s footrule distance
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5. Social classes are F: farmer, AB: middle class. C1: lower middle class, C2: skilled working class, and
DE: other working class.

Banotti, McAleese, Nally, Roche, and Scallon. For our experiments we use only the 807
participants who gave their top-5 choices, i.e. full-rankings of all the candidates. Next we
divide these participants into 60 (2x3x5x2) group according to a Cartesian product of four
categorizations: sex (male/female), marital status (single/married/widowed+divorced), social class (F/AB/C1/C2/DE)5 , location (rural/city+town). We assume that within each
group the responses of its member follow the same distriubtion and these distributions of
all all the groups are captured by an MNL model with parameter Θ∗ ∈ R60×5 . We implement three algorithms: nuclear norm minimization (‘nucnorm’) (31), unregularized (λ = 0)
log-likelihood maximization
(‘fullrank’), and√
rank-1 Plackett-Luce model estimation (‘plackp
ett’). We use λ = 0.8 (0.5 log(d1 d2 ))/(kd1 d1 d2 ). If x randomly sampled fraction of the
data is used for training, then rest of the data is used for testing. In Fig. 9 we plot the
mean log-likelihood (log(Pmodel (test data))) on the testing data versus the fraction of training data used. We see that nuclear norm minimization and Plackett-Luce model estimation
tie for the first place and both improves significantly upon the un-regularized full-rank MNL
model estimation. In Fig. 11 we plot the t-SNE Maaten and Hinton (2008) embedding of the
b when all the data is used for training. In Fig. 11a
rows of the estimated parameter matrix Θ
the markers represent the marital status of the group: single/married/divorced+widowed.
In Fig. 11b the markers represent the social class of the groups. We see that married (left)
and divorced+widowed (right) groups are clearly separated in the embedding, indicating
that marital status influences the preference of candidates. However, we see that the social
classes are less influential.
In Fig. 10 we represent the voting characteristics of the top 4 right singular vectors
b which has a rank of 4 when all the data is used for training. The each stacked
{v̂j }4j=1 of Θ,
bar corresponds to the singular value σj marked on the x-axis. Partition of a bar represents
the choice model distribution of the corresponding singular vector: exp(vj )/(1T exp(vj )),

Figure 8: Jester data set: Performance on test data vs. fraction of the total data used for
training. The proposed nuclear norm regularized algorithm (‘nucnorm’) and rank breaking
(‘rankbreak’) improves upon both the unregularized algorithm (‘fullrank’) and the PlackettLuce model estimation (‘plackett’) for most regimes of the sample size.

(a) Multiplicative bias in the mean log-likelihood
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Figure 10: Irish Election: Each bar corresponds to rank distribution of one of the
b Heights
singular 4 values (x-axis) of the Θ.
of the partitions represent the probability
with which the distribution ranks the corresponding candidate as first (Section 4.4.5).
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b
Figure 11: Irish Election: t-SNE embedding of rows of the estimated parameter matrix Θ.
The markers correspond to the marital or social status (F: farmer, AB: middle class. C1:
lower middle class, C2: skilled working class, DE: other working class) of the rows.

(a) Martial status

single
married
divorced

where exp(vj ) is the element-wise exponentiation operator. We see that there are 2 majors
voting “basis” distributions; one favoring McAleese and another favoring Roche. Similar voting blocs have been observed earlier Gormley and Murphy (2009). Even though
Placket-Luce model estimator achieves the similar likelihood as our nuclear norm regularized algorithm, the latter helps us in identifying voter “basis”, solely from rank data without
using the side-information on the voters as in Gormley and Murphy (2009).

Figure 9: Irish Election: Mean loglikelihood on the test data versus fraction
of the data used for training. Nuclear norm
minimization and Plackett-Luce model estimator tie for the best performance.
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5. Learning the MNL Model from Choices
Choice modeling has had widespread success in numerous application domains such as
transportation and marketing Train (1986); Guadagni and Little (1983). Choice models
stem from revenue management to tackle the fundamental problem of maximizing expected
revenue where the expectation is taken over a probabilistic choice model that is learned from
historical purchase data. Revenue management has focused on designing efficient solvers
for the optimization problem with exact or approximation guarantees, and has less to do
with learning the parameters of probabilistic choice model of interest.
In this section, we tackle this unexplored domain of learning choice models from samples
with provable guarantees on the sample complexity. In particular, we study learning the
MNL model from choices. We study two types of choices under the MNL model that
together include all practical scenarios of interest: bundled choice and consumer choice.

e

1 ,j2

Θj∗

j10 ∈Si ,j20 ∈Ti

P

0
j1 ,j2

Θ∗0

e

,

(47)

Bundled choice. We consider a novel scenario of significant practical interest: choice
modeling from bundled purchase history. In this setting, we assume that we have bundled
purchase history data from n users. Precisely, there are two categories of interest with d1
and d2 alternatives in each category respectively. For example, there are d1 tooth pastes to
choose from and d2 tooth brushes to choose from. For the i-th user, a subset Si ⊆ [d1 ] of
alternatives from the first category is presented along with a subset Ti ⊆ [d2 ] of alternatives
from the second category. We use k1 and k2 to denote the number of alternatives presented
to a single user, i.e. k1 = |Si | and k2 = |Ti |, and we assume that the number of alternatives
presented to each user is fixed, to simplify notations. However, the analysis naturally
generalizes if the number differs from a user to another user. Given these sets of alternatives,
each user makes a ‘bundled’ purchase, of an item from Si and another item from Ti together,
and we use (ui , vi ) to denote these bundled pair of alternatives (e.g. a tooth brush and a
tooth paste) purchased by the i-th user. Each user makes a choice of the best alternative,
independent of other users’s choices, according to the MNL model as
P {(ui , vi ) = (j1 , j2 )} =
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for all j1 ∈ Si and j2 ∈ Ti . We emphasize here that the preference matrix is indexed by
items of type one (in the rows) and items of type two (in the columns). We are taking
the existing standard MNL model over user-item pairs to propose a novel choice model for
bundled purchases over two types of items. One could go beyond paired bundled choices
and include the user identity as another dimension, or add other types of items and consider
higher order bundled purchases. This would require MNL model over higher order tensors,
which is outside the scope of this paper, but are interesting generalizations. The main
challenge in learning such tensor MNL models is that nuclear norm of a higher order tensor
is not a computable quantity and hence minimizing the nuclear norm is not algorithmically
feasible Yuan and Zhang (2014). Efficient methods exist based on alternating minimizations,
but existing analysis tools can handle only quadratic losses Jain and Oh (2014).
The distribution (47) is independent of shifting all the values of Θ∗ by a constant.
Hence, there is an equivalent class of Θ∗ that gives the same distribution for the choices:
[Θ∗ ] ≡ {A ∈ Rd1 ×d2 | A = Θ∗ + c11T for some c ∈ R} . Since we can only estimate Θ∗ up to
31
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P
this equivalent class, we search for the one that sums to zero, i.e. j1 ∈[d1 ],j2 ∈[d2 ] Θj∗1 ,j2 = 0.
Let α = maxj1 ,j10 ∈[d1 ],j2 ,j20 ∈[d2 ] |Θj∗1 ,j2 − Θj∗0 ,j 0 |, denote the dynamic range of the underlying
1 2
Θ∗ , such that when k1 × k2 alternatives are presented, we always have
1 −α
1 α
e
≤ P {(ui , vi ) = (j1 , j2 )} ≤
e ,
(48)
k1 k2
k1 k2

{(ui , vi , Si , Ti )}i∈[n] :

(51)

(50)

(49)

for all (j1 , j2 ) ∈ Si × Ti and for all Si ⊆ [d1 ] and Ti ⊆ [d2 ] such that |Si | = k1 and |Ti | = k2 .
We do not make any assumptions on α other than that α = O(1) with respect to d1 and
d2 . Assuming Θ∗ is well approximated by a low-rank matrix, we solve the following convex
relaxation, given the observed bundled purchase history

Θ∈Ωα

b ∈ arg min L(Θ) + λ|||Θ|||
Θ
nuc ,

j1 ∈[d1 ],j2 ∈[d2 ]

where the negative log likelihood function according to (47) is



n
X

1 X
T
T

 , and
L(Θ) = −
hhΘ,
e
exp
hhΘ,
e
u
j
1 ej2 ii
i evi ii − log
n
i=1
j1 ∈Si ,j2 ∈Ti
n
o
X
A ∈ Rd1 ×d2 |||A|||∞ ≤ α, and
Aj1 ,j2 = 0 .

Ωα ≡

Compared to collaborative ranking, (a) rows and columns of Θ∗ correspond to an alternative from the first and second category, respectively; (b) each sample corresponds to the
purchase choice of a user which follow the MNL model with Θ∗ ; (c) each person is presented
subsets Si and Ti of items from each category; (d) each sampled data represents the most
preferred bundled pair of alternatives.

e

e

0
j1 ,j2

Θ∗

1 ,j2

Θj∗

j20 ∈Si

P

,

(52)

Customer choice. The standard customer choice can be thought of as either a special
case of bundled choice or as a special case of higher order comparisons. We consider the
standard customer choice data from purchase history. In this setting, we assume that we
have purchase history data from d1 users over d2 alternatives. The i-th sample is i.i.d. with
user ui chosen uniformly at random and a subset Si ⊆ [d2 ] of alternatives of size k. We
fix k in order to be efficient in the notations and any variable size offerings can be handled
seamlessly. We assume Si is chosen uniformly at random with replacement, in a similar way
as bundled choice and higher order comparisons.
Given these sets of alternatives, the user ui makes a ‘choice’ and we use vi to denote
the purchased alternative by the i-th (sampled) user. Each user makes a choice of the best
alternative, independent of other users’s choices, according to the MNL model as

P {vi = j2 |ui = j1 } =

JMLR 19(40):1-95, 2018

for all j2 ∈ Si . Up to the fact that we index rows by users and not items of one category,
this is a special case of the bundled choice model where we fix k1 = 1. Mathematically,
all of our results under consumer choices are derived as corollaries from our results under
bundled choices, but given the prevalent interest in customer choice models, we emphasize
the implications of our framework under customer choice models in a separate section (see
Section 5.2).
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√
√
b − Θ∗
≤ 48 2 e2α c1 λ r Θ

F

+ 48e2α c1 λ
j=r+1

X

min{d1 ,d2 }

σj (Θ∗ ) ,
(54)

F

2

√
√
b − Θ∗
≤ 48 2 e2α c1 λ r Θ

F

+ 48e2α c1 λ

j=r+1

X

min{d1 ,d2 }

σj (Θ∗ ) ,

(58)
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Corollary 18 (Exact low-rank matrices) Suppose Θ∗ has rank at most r. Under the
hypotheses of Theorem 17, solving the optimization (49) with the choice of the regularization
parameter λ ∈ [8λ0 , c1 λ0 ] achieves with probability at least 1 − 2d−3 ,
r
√
1
r(d1 + d2 ) log d
b − Θ∗
√
.
(59)
Θ
≤ 48 2e3α c1
n
F
d1 d2

for any r ∈ {1, . . . , min{d1 , d2 }} with probability at least 1 − 2d−3 where d = (d1 + d2 )/2.

1
b − Θ∗
Θ
d1 d2

Corollary 17 Under the described sampling model, assume 16e2α min{d1 , d2 } log d ≤ n ≤
min{d5 , k max{d21 , d22 }} log d, and λ ∈ [8λ0 , c1 λ0 ] with any constant c1 = O(1) larger than
128. Then, solving the optimization (49) achieves

The results for the customer choice model follow immediately from the results in bundled
choice model by simply setting k1 = 1, and we explicitly write those corollaries in this
section for completeness. The proposed estimator is minimax optimal up to a logarithmic
factor under the standard customer choice model of sampling.

5.2 Learning the MNL Model from Customer Choices

We provide a proof in Appendix H. The first term is dominant, and when the sample size
is comparable to the latent dimension of the problem, Theorem 13 is minimax optimal up
to a logarithmic factor. We emphasize here that the bound in (55) and the matching lower
bound in (57) do not depend on the size of the offerings k1 and k2 . It is independent of how
large k1 and k2 are because, we only observe one choice, and intuitively the information we
get scales at best by a factor of log(k1 k2 ). The theorems prove that there is no essential
gain in learning from large
p offerings. One might be tempted to stop at proving an upper
bound
that
scales
as
O(
k1 k2 r(d1 + d2 ) log d/n), which is larger than (55) by a factor of
√
k1 k2 . Such a loose bound follows if one ignores the tight concentration analysis that we
do using the symmetrization technique (e.g. in Lemma 29). Getting the tight dependency
in k1 and k2 is one of the crucial technical challenges we overcome in this paper.

Theorem 16 Suppose Θ∗ has rank r. Under the described sampling model, there is a
universal constant c > 0 such that that the minimax rate where the infimum is taken over
all measurable functions over the observed purchase history {(ui , vi , Si , Ti )}i∈[n] is lower
bounded by
(r
)
h 1
i
e−5α r (d1 + d2 ) α(d1 + d2 )
∗
b
inf sup E √
Θ−Θ
≥ c min
. (57)
, √
n
b Θ∗ ∈Ωα
F
d1 d2 log d
d1 d2
Θ

This follows from the same line of proof as in the proof of Corollary 9 in Appendix D. We
next, provide a fundamental lower bound on the error, that matches the upper bound up
to a logarithmic factor.
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Corollary 15 (Approximately low-rank matrices) Suppose Θ∗ ∈ Bq (ρq ) for some q ∈
(0, 1] and ρq > 0. Under the hypotheses of Theorem 13, solving the optimization (49) with
the choice of the regularization parameter λ ∈ [8λ0 , c1 λ0 ] achieves with probability at least
1 − 2d−3 ,
! 2−q
r
√
√
2 ρq
1
d1 d2 (d1 + d2 ) log d 2
∗
3α
b
√
Θ−Θ
≤ √
48 2c1 e
.
(56)
n
F
d1 d2
d1 d2

This corollary shows that the number of samples n needs to scale as O(r(d1 + d2 ) log d) in
order to achieve an arbitrarily small error. This is only a logarithmic factor larger than the
number of degrees of freedom. For approximately low-rank matrices in an `1 -ball as defined
in (13), we show an upper bound on the error, whose error exponent reduces from one to
(2 − q)/2.

Corollary 14 (Exact low-rank matrices) Suppose Θ∗ has rank at most r. Under the
hypotheses of Theorem 13, solving the optimization (49) with the choice of the regularization
parameter λ ∈ [8λ0 , c1 λ0 ] achieves with probability at least 1 − 2d−3 ,
r
√
1
r(d1 + d2 ) log d
b − Θ∗
√
Θ
≤ 48 2e3α c1
.
(55)
n
F
d1 d2

A proof is provided in Appendix G. Optimizing over r gives the following corollaries.

for any r ∈ {1, . . . , min{d1 , d2 }} with probability at least 1 − 2d−3 where d = (d1 + d2 )/2.

1
b − Θ∗
Θ
d1 d2

Theorem 13 Under the described sampling model, assume 16e2α min{d1 , d2 } log d ≤ n and
n ≤ min{d5 , k1 k2 max{d21 , d22 }} log d, and λ ∈ [8λ0 , c1 λ0 ] with any constant c1 = O(1) larger
than
p
max{8, 128/ min{k1 , k2 }}. Then, solving the optimization (49) achieves

We provide an upper bound on the error achieved by our convex relaxation, when the multiset of alternatives Si from the first category and Ti from the second category are drawn
uniformly at random with replacement from [d1 ] and [d2 ] respectively. Precisely, for given
(i)
(i)
(i)
(i)
(i)
(i)
k1 and k2 , we let Si = {j1,1 , . . . , j1,k1 } and Ti = {j2,1 , . . . , j2,k2 }, where j1,` ’s and j2,` ’s
are independently drawn uniformly at random over the d1 and d2 alternatives, respectively.
Similar to the previous section, this sampling with replacement is necessary for the analysis.
Define
s
e2α max{d1 , d2 } log d
λ0 =
.
(53)
n d1 d2

5.1 Learning the MNL Model from Bundled Choices
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1
b − Θ∗
Θ
d1 d2
F

√
2 ρq
≤ √
d1 d2
√
48 2c1 e3α

r
d1 d2 (d1 + d2 ) log d
n

2

! 2−q
.

(60)

Corollary 19 (Approximately low-rank matrices) Suppose Θ∗ ∈ Bq (ρq ) for some q ∈
(0, 1] and ρq > 0. Under the hypotheses of Theorem 17, solving the optimization (49) with
the choice of the regularization parameter λ ∈ [8λ, c1 λ] achieves with probability at least
1 − 2d−3 ,
√

We emphasize again that the bound in (59) does not depend on the size of the offerings
p k. It is significantly easier to stop at proving an upper√ bounds that scale as
O( kr(d1 + d2 ) log d/n), which are larger than (59) by a factor of k. Such a loose bound
follows if one ignores the tight concentration analysis that we do using the symmetrization
technique (e.g. in Lemma 29). Getting the tight dependency in k is one of the crucial
technical challenges we overcome in this paper.
5.3 Experiments
We applied our algorithm to a real world choice data set. The implementation is similar to
that of higher order comparisons (see Section 4.4.1).
5.3.1 Real data: Extended Bakery
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6. Data set is from https://github.com/arbenson/discrete-subset-choice/tree/master/data.

Extended Bakery data set 6 Benson et al. (2018) consists of details of 75,000 purchases at a
bakery from a selection of 50 items, specifically each purchase is recorded by the set of items
bought together. We use only the 13,579 purchases where a pair of items where bought. We
divide the items into five categories: cakes (1-10), tarts (11-21), cookies (22-30), pastries
(31-40) and drinks (41-50). We study four cases of bundled pairs, cakes and drinks, tarts
and drinks, cookies and drinks, and pastries and drinks. These cases have 1503, 910, 500 and
1791 purchases in them respectively. We model the data with an MNL model parameterized
by a matrix Θ∗ , such that rows and columns corresponds to first and second categories
respectively. For every purchase we assume that the subset of alternatives presented is the
universal choice set, that is k1 = d1 and k2 = d2 , so that the purchase
P of item j1 from
category 1 and j1 from category 2 has a probability of exp(Θj∗1 ,j2 )/ dj 01,j,d02=1 exp(Θj∗0 ,j 0 ),
1 2
1 2
where d1 , d2 are number of items in category 1 and 2 respectively. We also fit the separable
model proposed in Benson et al. (2018), which is a simpler model with Θj∗, j2 = aj∗1 + bj∗2 ,
where a ∈ Rd1 , b ∈ Rd2 .
In Fig. 12 we plot the mean log-likelihood on the test data versus the fraction of the
data used for our nuclear norm minimization based algorithm (‘nucnorm’), un-regularized
log-likelihood maximization algorithm (‘fullrank’), and maximum likelihood estimator for
the separable model (‘separable’) over 10 trials. We see that nuclear norm minimization
outperforms the ‘fullrank’ and ‘separable’ algorithms. This is consistent with the marketing
practice, of providing different prices for bundled combinations of products, which uses the
rationale that, worth of a bundle of products might be different from the sum of the worths

35

(a) Cakes and Drinks

(d) Pastries and Drinks

(b) Tarts and Drinks
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(c) Cookies and Drinks

Figure 12: Bakery: Mean log-likelihood on test data versus fraction of data used for training.
Nuclear norm minimization improves upon the un-regularized likelihood maximization and
separable model, for most of the regimes we consider.

of the individual products constituting the bundle. We also note that the un-regularized
algorithm (‘fullrank’) has the worst performance and high variance and separable model fits
the samples almost as good as the nuclear norm minimization in the case of cookies and
drinks in the large training data regime.

6. Conclusion
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The sample complexity of learning one of the most popular choice models known as MultiNomial Logit model has not been addressed in the literature. The main challenge is in the
inherent low-rank structure of the parameter to be learned, which leads to a non-convex
likelihood maximized problem. Thanks to recent advances in learning low-rank matrices, in
particular in 1-bit matrix completion Davenport et al. (2014), matrix completion Negahban
and Wainwright (2012), and restricted strong convexity Negahban et al. (2009), we have
a polynomial time algorithm and the technical tools to characterize the fundamental sample complexity of learning MNL from samples. This provides a novel algorithm to learn a

36
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As the denominator involves summation over millions of words in the vocabulary, efficient
heuristics are proposed to learn such a model from skip-grams; a skip-gram is the count
matrix counting how many times words co-appear in the same sentence within a predefined
distance. There are several challenges in applying our framework directly to such a setting
mainly due to the size of the problem, but nevertheless our analysis can be applied directly
to identify the fundamental minimax sample complexity of learning a word embedding from
skip-grams.

eΘij
P {word i and word j appear within distance ten|word j appear in a sentence} = P Θ 0 .
i j
i0 e

A heuristic algorithm is proposed to learn a low-rank Θ without guarantees. Given the
similarity of this model to MNL in (1), both our algorithm and also the analysis will go
through to provide a tight characterization of the sample complexity of this problem.
The second application is in word embedding Mikolov et al. (2013b), where the goal is
to find embeddings for English words in a lower dimensional Euclidean space. The most
successful word embedding has been based on fitting a low-rank matrix Θ ∈ Rd×d where d
is the size of the vocabulary, over an MNL-type model:

P {i1 is more similar to i2 than i3 is to i2 } =

Assumption on sampling with replacement. As mentioned earlier, we assume sampling with replacement, where we can ask a user to compare the same pair more than once,
and also we can ask a user to compare two copies of the identical item. Although such
sampling with replacement does not happen in practice, the number of such collisions is
also very low with high probability under the proposed model. Further, such assumption
is critical for getting an upper bound that is tight not only in r, d1 and d2 , but also in k
for higher order comparisons and choices. If, instead, one is interested in sampling without

Efficient implementations via non-convex optimization. Nuclear norm minimization, while polynomial-time, is still slow. We want first-order methods that are efficient
with provable guarantees. Two main challenges are providing a good initialization to start
such non-convex approaches and analyzing gradient descent on the likelihood maximization
which is non-convex.
Recent advances in non-convex optimization with rank-constraints have developed via
a sequence of innovations that can be summarized as follows, in a number of example
problems including matrix completion, robust PCA, matrix sensing, phase retrieval. First,
a convex relaxation of nuclear norm minimization is analyzed, e.g. Candès and Recht
(2009). Then, a more efficient two-step non-convex optimization approach is proposed with
provable guarantees where a global initialization step is followed by a first-order method
e.g. Keshavan et al. (2010a,b). Next, first-order methods starting at any initialization
point is analyzed via understanding the geometry and checking the stationary points of the
objective function e.g. Ge et al. (2016). This recipe, spurred by the advances in the matrix
completion problem, has been repeated for several interesting problems involving low rank
matrices, over the last decade and over numerous publications by collective effort of the
machine learning community.
For the problem of learning MNL, we are at the first stage of this progression where
we propose a convex relaxation and provide minimax optimal guarantees. We currently do
not have the analysis tools to follow up in analyzing an efficient non-convex optimization
problem, although writing the algorithm and implementing is straight forward, and also has
been proposed in Park et al. (2015). It is a promising research direction to overcome the
challenges in analyzing non-convex optimization methods for the MNL likelihood objective
function.

replacement, then one either can resort to proving a loose bound that is weaker in its dependence in k (and follows trivially as a corollary of the proof of our results) or needs to
invent new innovative concentration bounds that do not rely on the powerful symmetrization. The first option is trivial, so we do not provide such corollaries in this paper, and
the second option provides an interesting but technically challenging question of resolving
between sampling with replacement and sampling without replacement. This we believe is
outside the scope of this paper.

low-dimensional representation of users and items from users’ historical comparisons and
choices. We study three types of data, pairwise comparison, higher order comparison, and
choices, and take the first principle approach of identifying the fundamental limits and also
developing efficient algorithms matching those fundamental trade offs. We provide a unifying framework to learn the latent preferences by solving a convex program. For each of
the data types, accompanied by natural sampling scenarios, we show that our framework
achieves a minimax optimal performance, and hence cannot be improved upon other than a
small logarithmic factor. This opens a new door to learn representations from comparisons
and choices, and we propose new research directions and challenges below. Beyond the
low-rank model studied in this paper, recent advances in modeling data in a matrix form
such as low algebraic dimension by Ongie et al. (2018) and non-parametric approximation
by Borgs et al. (2017) can provide new research directions for modeling choice.

Modern data analysis applications. As learning representation from ordinal data is
of fundamental interest, there are numerous exciting applications that both the algorithmic framework and also the analysis techniques we develop could be naturally extended
to. We present two such examples. First is a recent application of embedding objects with
crowdsourced similarity measures, first proposed in Tamuz et al. (2011). Consider a crowdsourcing setting where you have d images and want to learn similarities among those images
such that one can embed those images in a lower dimensional Euclidean space. One can
show to a person a triplet of images (i1 , i2 , i3 ) and ask whether the image in the middle is
more similar to the one in the left or the right. A natural model proposed in Tamuz et al.
(2011) is to assume that there exists a similarity parameter matrix Θ ∈ Rd×d such that
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ψ(2α)

with probability at least 1 − 1/(d1 + d2 )3 . Combining Case 1 and 2 we get,


1
|||∆|||L2 ≤ 9 α +
d1 λ|||∆|||L-nuc
ψ(2α)

Lemma 22 If λ ≥ 2|||∇L(Θ∗ )|||2 , then we have
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X
√
σj (Θ∗ L1/2 ) ,
|||∆|||L-nuc ≤ 4 2r|||∆|||L + 4

for all r ∈ [min{d1 , d2 − G}]. (Proof in Section A.5)
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Finally, utilizing the above lemma, we get,
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A.1 Proof of Lemma 20
P

= 1 − P ∃ Θ ∈ A, such that
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where last two inequalities follow from the triangle
inequality for nuclear norm and gener√
alized Hölder’s inequality. Now we put λ = 2 32R and use Lemma 21 to get,


λ
9d1 λ
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≥

−L(Θ̂) + λ Θ̂

with probability at least 1−1/(d1 +d2 )3 . Since Θ̂ is the minimizer for the objective function
9, we have,

2

(64)

(65)

Appendix A. Proof of the Upper Bound for Graph Sampling Theorem 1

∀ Θ ∈ A(α),

The proof of the theorem relies on the following two lemmas. First lemma shows that the
negative of the log-likelihood satisfies Restricted Strong Convexity with high probability.
q

σ log(2d) σmin (L)−1/2 log(2d)
Lemma 20 (Restricted Strong Convexity) Let R = max
,
n
n


2
|||ΘL1/2 |||
Θ ∈ Rd1 ×d2 , |||Θ|||∞ ≤ α, |||Θ|||L-nuc ≤ 16αd1 R F . Then we have,
and the set A(α) =
n

3d1

1X
1
|||Θ|||L2 ,
(hhΘ, Xi ii)2 ≥
n
i=1

with probability at least 1 − 2(2d)−4 , provided that n ≤ log (2d) min{22 (d1 σmin (L)−1 )2/3 ,
26 d12 σ 2 }, .

q

Here the upper bound on n may not be necessary, but it is present due to a technical
difficulty in using the peeling argument. The intuition behind the above lemma is that the
empirical average uniformly concentrates around its expectation. Proof is in Section A.1.
The next lemma says that the gradient of the log-likelihood at the actual parameter matrix,
Θ∗ is controllably small.
Lemma 21 (Bounded Gradient) Let R = max

n
∇L(Θ∗ )L−1/2

spectral norm of gradient of the log-likelihood at the actual parameter matrix, ∇L(Θ∗ ),
can be upper-bounded with high probability as follows,
P

Proof the above lemma is in Section A.4. Let ∆ = Θ̂ − Θ∗ .
Case 1: ∆ ∈
/ A(2α) Then,
|||∆|||L2 ≤ 32αd1 R|||∆|||L-nuc
Case 2: ∆ ∈ A(2α) We first write down the second order Taylor series expansion of L(Θ̂)
at around Θ = Θ∗ .
n

(63)
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where ψ(x) = ex /(1 + ex )2 , x ∈ [−2α, 2α] and s ∈ [0, 1]. Next using Lemma 20 and the fact
that ψ(x) attains minimum at x = 2α we get,
−L(Θ̂) + L(Θ∗ ) + hh∇L(Θ∗ ), ∆ii ≥
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Above lemma is proved in Section A.2. Let β = 10
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!
n
1X
2
2
(i) 2
−
= sup
hhΘ, X ii + |||Θ|||L −
n
d1
Θ∈B(D)
i=1



n
X
1
2
0) 2
2
0
(i)
0
(i
hhΘ , X ii + hhΘ , X̃ ii  +
sup − 
Θ0
n
d1
Θ0 ∈B(D)
0

First, we use bounded differences property to prove that ZD concentrates around its
mean. We write ZD (X (1) , . . . , X (n) ) to represent ZD as a function of n independent random
variables. Now, let X (i) and X̃ (i) be two realization of the i-th (1 ≤ i ≤ n) random
parameter of ZD , then,

P
where, in (a) Pk = l∈[d2] Pk,l and Θj is the j-th row of Θ. Therefore we use the following
standard technique to get a handle on supremum of deviation from mean.

E

Notice that the

A.2 Proof of Lemma 23

≥ 22 log(2d)

4(β − 1)n(16αd1 R)4
4(β − 1)nµ4
=
= 213 (β − 1)d21 max
32α4 d21
32α4 d21

where (a) is from Lemma 23, (b) is true since β 4` ≥ 4`(β −1) when β ≥ 1 and (c) is obtained
by summing the geometric series, with common ratio less than 1/2, in previous inequality.
Finally if we assume that n ≤ 26 d21 σ 2 log (2d) and n ≤ 22 (d1 σmin (L)−1 )2/3 log (2d), then we
have 22 log(2d) ≤ 4(β − 1)nµ4 /32α4 d21 as follows
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≥

√

32R

≤

(d1



−

1
+



d2 )3




2
L

, and, E

n

,

1X
εi X (i) L−1/2
n

i=1

2

≤ 4R .

(78)
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max

(

E

" n
X
i=1

=

u∈[d1 ]

2
= 2 hhL, L† iiId1 ×d1
n d1
2(d2 − G)
Id1 ×d1 ,
n2 d1

=

#

=

E

"

n
X

u,v=1

u,v∈[d1 ]

# )

k∈[G]

WiT Wi

2

≤

max

2
σ.
n

i=1

n
X





E Wi WiT

1
= 2 L−1/2 (2L) L−1/2
n
X
2
(Id ×d −
gk gkT /|||gk |||22 ) , and,
n2 2 2

=

,

i=1

≤

,

2

(81)



E WiT Wi

(82)

(83)
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2






T
1
E WiT Wi = L−1/2 E 2 ek(i) − el(i) ek(i) − el(i)
L−1/2
n


d2
1 −1/2  X
L
(eu − ev ) (eu − ev )T Pu,v  L−1/2
n2

Wi WiT

2

44

(80)

A.3 Proof of Lemma 24
T
Let Wi := n1 εi X (i) L−1/2 = n1 εi ej(i) ek(i) − el(i) L−1/2 and pseudo-inverse of L be L† ,
√
then, kWi k2 ≤ σmin (L)−1/2 2/n,




T −1/2 −1/2
 T
1
E W WT = E
e
e
−e
L
L
e
−e
ej(i)
i
k(i)
l(i)
k(i)
l(i)
i
2 j(i)
n
 h

T †
i
1
T
E
e
L
e
= E 2 ej(i) ej(i)
k(i) − el(i)
k(i) − el(i)
n
 h
i
h
i
1
T
T
= 2 Id1 ×d1 × 2 E ek(i)
L† ek(i) − E ek(i)
L† el(i)
n d1


X
2 X
†
† 
Pu Lu,u
−
Pu,v Lu,v
Id1 ×d1
n2 d1

and putting t = D2 /2d1 gives us the theorem.
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Learning from Comparisons and Choices

n

!



Now WLOG assume that ZD (X (1) , . . . , X (i) , . . . , X (n) ) ≥ ZD (X (1) , . . . , X̃ (i) , . . . , X (n) ) and
the first supremum is achieved at Θ̄, which gives us.
!
Θ∈B(D)

= sup

n

1X
2
−
hhΘ, X (i) ii2 + |||Θ|||L2
n
d1
i=1


i=1
i6=i0

i=1
i6=i0

2
#

n


X
− 1  hhΘ̄, X (i) ii2 + hhΘ̄, X̃ (i0 ) ii2  + 2 Θ̄
−
 d1
n

1X
εi X (i) L−1/2
n

i=1
n


2
L

Proof of the lemma is in Section A.3. Now using Lemma 24 we have E [ZD ]
2
≤ 16Rα supΘ∈B(D) |||Θ|||L-nuc ≤ D
d1 . Then using the bounded differences property and the
upper bound on the mean, we get the McDiarmid’s concentration,

P ZD − D2 /d1 ≥ t ≤ P {ZD − E [ZD ] ≥ t}


nt2
≤ exp − 4
(79)
8α



n



X
− 1  hhΘ0 , X (i) ii2 + hhΘ0 , X̃ (i0 ) ii2  + 2 Θ0
sup 
 d1
n

Θ0 ∈B(D)

≤

2
L

Θ∈B(D)

1
hhΘ, X (i) ii2 − hhΘ, X̃ (i) ii2
n

i=1

1X
2
−
Θ̄
hhΘ̄, X (i) ii2 +
n
d1
Θ∈B(D)

4α2
,
n

≤ sup
≤

"

sup |||Θ|||L-nuc

Θ∈B(D)

"

1X
εi X (i) L−‘1/2
n

2

where the last inequality is true since, |||Θ|||∞ ≤ α for any Θ ∈ B(D) ⊆ Ωα . Now we upper
bound E [ZD ] as follows,
"
#
n
(a)
1X
E [ZD ] ≤ 2E sup
εi hhΘ, X (i) ii2
Θ∈B(D) n i=1
"
#
n
(b)
1X
εi hhΘL1/2 , X (i) L−1/2 ii
≤ 4αE sup
n
i=1
#
n
≤ 4αE

Θ∈B(D)

≤ 4α sup |||Θ|||L-nuc E

i=1

n
where (a) is standard symmetrization argument using i.i.d. Rademacher variables {εi }i=1
and since |hhΘ, X (i) ii| ≤ 2α we use Ledoux-Talagrand contraction inequality Ledoux and
Talagrand (2013) to obtain (b).

n

2

q

σ log(2d) σ
(L)−1/2 log(2d)
min
(i)
n
Lemma 24 Let R = max
,
.
For
{X
}
i=1 as defined in the
n
n


graph sampling and for a binary random variable εi such that E εi |X (i) = 0 and |εi | ≤ 1,
we have,
(
"
)
#
P

1X
εi X (i) L−1/2
n

i=1

43

‘E

1
n

d2 −G
d1 , 1

i=1

n
X

2

i=1

yi −

"

#
exp(hhΘ∗ , X (i) ii)
(i)
X
=0
1 + exp(hhΘ∗ , X (i) ii)

and

yi −

(85)

(84)

X (i) .

exp(hhΘ∗ , X (i) ii)
≤ 1.
1 + exp(hhΘ∗ , X (i) ii)

!
(86)

PT (Θ∗ L1/2 ) − ∆00

nuc

=

45

PT (Θ∗ L1/2 )
nuc

+

∆00

.
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nuc

Denote the singular value decomposition of Θ∗ L1/2 by Θ∗ L1/2 = U ΣV T , where U ∈ Rd1 ×d1
and V ∈ Rd2 ×d2 are orthogonal matrices. For a given r ∈ [min{d1 , d2 − G}], let Ur =
[u1 , . . . , ur ] and Vr = [v1 , . . . , vr ], where ui ∈ Rd1 ×1 and vi ∈ Rd2 ×1 are the left and right
singular vectors corresponding to the i-th largest singular value, respectively. Define T to be
the subspace spanned by all matrices in Rd1 ×d2 of the form Ur AT or BVrT for any A ∈ Rd2 ×r
or B ∈ Rd1 ×r , respectively. The orthogonal projection of any matrix M ∈ Rd1 ×d2 onto the
space T is given by PT (M ) = Ur UrT M + M Vr VrT − Ur UrT M Vr VrT . The projection of M
onto the complement space T ⊥ is PT ⊥ (M ) = (I − Ur UrT )M (I − Vr VrT ). The subspace T
and the respective projections onto T and T ⊥ play crucial a role in the analysis of nuclear
norm minimization, since they define the sub-gradient of the nuclear norm at Θ∗ . We refer
to Candès and Recht (2009) for more detailed treatment of this topic.
Let ∆0 = PT (∆L1/2 ) and ∆00 = PT ⊥ (∆L1/2 ). Notice that PT (Θ∗ L1/2 ) = Ur Σr VrT , where
Σr ∈ Rr×r is the diagonal matrix formed by the top r singular values. Since PT (Θ∗ L1/2 )
and ∆00 have row and column spaces that are orthogonal, it follows from Lemma 2.3 in
Recht et al. (2010) that

A.5 Proof of Lemma 22

E yi −


, and,

produces the desired result.

1 + exp(hhΘ∗ , X (i) ii)



exp(hhΘ∗ , X (i) ii)

2σmin (L)−1 log(d1 +d2 )
n

√

Then Lemma 24 directly gives the result because,

1
∇L(Θ∗ ) =
n

n
X

The gradient can be written down as,

√



−nt2 /2
2σ + 2σmin (L)−1/2 t/3
# r
p
2σmin (L)−1
4σ log(d1 + d2 )
≤
+
log(d1 + d2 ) .
n
3n

≤ exp

24σ log(d1 +d2 ) 16
,
n

A.4 Proof of Lemma 21

q

εi X (i) L−1/2

2

≥t

)

o
. Now by Matrix Bernstein concentration theorem Tropp (2015)

εi X (i) L−1/2

1
n

i=1

"

n
X

n

Choosing t = max

P

(

where σ = max
we have,
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=
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− 2 PT ⊥ (Θ L

−
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−
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b
≤ −L(Θ∗ ) + L(Θ)

(a)

nuc

PT ⊥ (Θ∗ L1/2 ) − ∆0
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(87)


∆00
nuc

− 2 PT ⊥ (Θ∗ L1/2 )

nuc

−

∆0

nuc

∆0
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+ 4 PT ⊥ (Θ∗ L1/2 )

nuc

.

. By triangle inequality,

≤ |||∆|||L-nuc ≤

+

∆00

nuc

.
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The proof uses Fano Inequality based packing set argument to get an lower bound on the
error of any (measurable) estimator. We will construct a packing set in Ωα with a minimum
distance of δ between any pair of elements in the packing.
Let {Θ(1) , Θ(2) , . . . , Θ(M ) } be a set of M matrices within the set Ωα , satisfying
Θ(`1 ) − Θ(`1 ) L ≥ δ for all `1 , `2 ∈ [M ]. Now, Θ(N ) is uniformly drawn from this set and
then the comparison results (according to MNL model) of n randomly chosen pairs of items,

Appendix B. Proof of the Information-theoretic Graph Sampling Lower
Bound, Theorem 4

Notice that ∆0 = Ur UrT ∆L1/2 + (I − Ur UrT )∆L1/2 Vr VrT . Both Ur UrT ∆L1/2 and (I −
T
1/2 V V T have rank at most r. Thus ∆0 has rank at most 2r. Hence, |||∆0 |||
U
r r
nuc ≤
√r Ur )∆L
√
√
2r|||∆0 |||F ≤ 2r ∆L1/2 F ≤ 2r|||∆|||L . Then the theorem follows because
Pmin{d ,d }
PT ⊥ (Θ∗ L1/2 ) nuc = j=r+11 2 σj (Θ∗ L1/2 ).

|||∆|||L-nuc ≤ 4 ∆0



nuc

nuc

Thus |||∆00 |||nuc ≤ 3|||∆0 |||L-nuc + 4 PT ⊥ (Θ∗ L1/2 )

2

where (a) holds due to the convexity of −L; (b) follows from the Cauchy-Schwarz inequality;
the last inequality holds due to the assumption that λ ≥ 2|||∇L(Θ∗ )|||2 . Combining (87)
and (88) yields

nuc

nuc

∆00

∆00

nuc

−

PT (Θ∗ L1/2 ) + PT ⊥ (Θ∗ L1/2 ) − ∆0 − ∆00

=

≥

=

b is an optimal solution, we have
Because Θ
λ

b 1/2
ΘL

Hence, in view of the triangle inequality,
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b − Θ∗
Θ
L

2

≥

δ2
2


n
o
b 6= N ,
≥ P N

(89)

each drawn according to the probability matrix P and each compared by uniformly chosen
b be the best estimator of N from the observations. Then we can show that,
user. Let N
sup P

Θ∗ ∈Ωα

,

(91)

(90)

Now we have converted the problem of finding the minimum estimation error, into
finding the minimum probability error of a M -ary hypothesis testing problem. If we can
prove that the above RHS is lower bounded by 1/2, we are done.

+ log 2

The generalized Fanos inequality along with data processing inequality gives us,

log M


M −1 P
(`1 ) kΘ(`2 ) )
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n
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(` )

(92)
,


(`1 )
(` )
(`1 )
Θ 10
Θ
eΘij + e ij 0  #
 e ij




,
log 


(`2 )
(` )
(`2 )
 Θij

Θ 2
e 0
eΘij + e ij 0

where DKL (Θ(`1 ) kΘ(`2 ) ) denotes the expected Kullback-Leibler divergence between the probability distributions of the comparison results of the observed nd1 pairs, for N = `1 and
N = `2 . The expectation is taken over different choices for the selected pairs for comparison.

n
DKL (Θ(`1 ) kΘ(`2 ) ) =
d1

(`2 )

/(eΘij + e

Θij 10

where n is the number of pairs of items selected and compared by one random user each,
Pj,j 0 is half the probability with which item pair {j, j 0 } is selected and the observation
(` )

Θij 20

probabilities come from the standard MNL model. Let xijj 0 ≡ e
yijj 0 ≡ e

47
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where (a) is due to the fact that log(x/y) ≤ (x − y)/y for x/y ≥ 0 and (b) is true because
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yijj 0 ) ≥ e−2α (2 − e−2α )/4 ≥ e−2α /4. Let f (z) = 1/(1 + e−z ), a 1-Lipschitz function, it can
(` )
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be seen that (xijj 0 − yijj 0 )2 = (f (Θij 1 − Θij 10 ) − f (Θij 2 − Θij 20 ))2 ≤ ((Θij 1 − Θij 10 ) −

i∈[d1 ]

F

2

8ne2α X (`1 )
(Θ
− Θ(`2 ) )i L(Θ(`1 ) − Θ(`2 ) )i ,
d1

i∈[d1 ]

8ne2α X (`1 )
(Θ
− Θ(`2 ) )i L(Θ(`1 ) − Θ(`2 ) )i ,
d1

i∈[d1 ] {j,j 0 }⊂[d2 ]

8ne2α X
d1

(Θij 2 − Θij 20 ))2 . This gives us,

DKL (Θ(`1 ) kΘ(`2 ) ) ≤
(a)

≤

=

8ne2α
(Θ(`1 ) − Θ(`2 ) )L1/2
=
d1
2
8ne2α
=
Θ(`1 ) − Θ(`2 )
d1
L

log M


M −1 P
2α
`1 ,`2 ∈[M ] (8ne /d1 )
2

Θ(`1 ) − Θ(`2 )

2
L

+ log 2
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(104)

where (a) is due to the fact that L = diag(Pu )−P is the Laplacian of the probability matrix
P, and Θi denotes the i-th row of matrix Θ. Combining the above with (91), we get,
n
o
b 6= N ≥ 1 −
P N
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The remainder of the proof relies on the following probabilistic packing.

48

Θ

L
(`)

L
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∈ Ωα̃ , for all ` ∈ [M ] ,

(105)
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2
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δ
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2
(110)

(109)

L

L
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∈ Ωα̃ , for all ` ∈ [M ] ,

≥ δ , for all `1 , `2 ∈ [M ]

≤ δ , for all ` ∈ [M ]
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(113)

(112)

(111)
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Now combining (109) and (110), and maximizing the RHS proves the theorem.

p
√
with α̃ = δ tr ((Lr )† )/ rd1 , where Lr is the (best) rank r approximation of L.

Θ

Θ(`1 ) − Θ(`2 )

Θ(`)

Lemma 26 For each r ∈ {1, . . . , d1 }, and for any positive δ > 0 there exists a family of
d1 × d2 dimensional matrices {Θ(1) , . . . , Θ(M (δ)) } with cardinality M (δ) = bexp(rd1 /256)c
such that each matrix is rank r and the following bounds hold:


p
p
√
for all δ ≤ min{α rd1 /tr
(Lr )† , (e−α /128) rd21 /n}.

b Θ∗ ∈Ωα
Θ

h
b − Θ∗
inf sup E Θ

p
√
for all δ ≤ min{αd2 /8 2 log d, (e−α /128) rd21 /n}.
Similarly using the following lemma, Lemma 26, we can prove that,

b Θ∗ ∈Ωα
Θ

h
b − Θ∗
inf sup E Θ

p
where the last inequality holds when δ ≤ (e−α /128) rd21 /n. Along with (89), this proves
that,

n
o
2α 2
b 6= N ≥ 1 − 32ne δ /d1 + log 2 ≥ 1 ,
P N
rd1 /256
2

√
Now if we assume δ ≤ αd2 /8 2 log d, we get Θ(`) ∈ Ωα for ` ∈ [M ]. The above lemma also
2
implies that Θ(`1 ) − Θ(`2 ) F ≤ 4δ 2 which implies,

with α̃ = (8δ/d2 ) 2 log d for d = (d1 + d2 )/2.

√

Θ(`1 ) − Θ(`2 )

Θ(`)

Lemma 25 For each r ∈ {1, . . . , d1 }, and for any positive δ > 0 there exists a family of
d1 × d2 dimensional matrices {Θ(1) , . . . , Θ(M (δ)) } with cardinality M (δ) = bexp(rd1 /256)c
such that each matrix is rank r and the following bounds hold:
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i∈[G]
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span the null space of the Laplacian L,
2
Θ(`1 ) − Θ(`2 ) F =

i∈[d2 ]
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(119)
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(117)

(116)
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where we use equation (115). Applying McDiarmid’s inequality with bounded difference
12δ 2 /(rd2 ), we get that
n
o
n t2 r d o
2
P f (V (`1 ) , V (`2 ) ) ≤ 2δ 2 − t
≤ exp −
,
(121)
144 δ 4

where we used the fact that |||Li |||1 = 2Pi ≤ 2 and V (`1 ) − V (`2 ) is entry-wise bounded by 2.
The expectation E[f (V (`1 ) , V (`2 ) )] is
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f (V (`1 ) , V (`2 ) ) − f (Ve (`1 ) , Ve (`2 ) ) =

(δ 2 /(rd2 )) (V (`1 ) − V (`2 ) )T L ≡ f (V (`1 ) , V (`2 ) ) which is a function over 2rd2 i.i.d. random
Rademacher variables V (`1 ) and V (`2 ) which define Θ(`1 ) and Θ(`2 ) respectively. Since f is
Lipschitz in the following sense, we can apply McDiarmid’s concentration inequality. For
all (V (`1 ) , V (`2 ) ) and (Ve (`1 ) , Ve (`2 ) ) that differ in only one variable, say Ve (`1 ) = V (`1 ) + 2eij ,
for some standard basis matrix eij , we have

(`) ,

where
is the i-th column of V
since
√
|||L|||2 ≤ 1, and V (`) F = rd2 . Now, consider

(`)
Vi

i∈[d2 ]

where U ∈
is a random orthogonal basis such that U T U = Ir×r and V (`) ∈ Rd2 ×r is
(`)
a random matrix with each entry Vij ∈ {−1, +1} chosen independently and uniformly at
random. By construction, notice that,
X
2
2
δ2
δ 2 X (`) T
δ2
(`)
(`) 2
Θ(`)
=
(V (`) )T L1/2
=
(Vi ) LVi ≤
|||L|||2
Vi
= δ2 ,
r d2
r d2
r d2
L
F
F

Rd1 ×r

Following the construction in Negahban and Wainwright (2012), we use probabilistic method
to prove the existence of the desired family. We will show that the following procedure
succeeds in producing the desired family with probability at least half, which proves its
existence. Let d = (d1 + d2 )/2, and suppose d2 ≥ d1 without loss of generality. For the
choice of M 0 = erd2 /576 , and for each ` ∈ [M 0 ], generate a rank-r matrix Θ(`) ∈ Rd1 ×d2 as
follows:

X gi g T 
δ
i
Θ(`) = √
,
(114)
U (V (`) )T Id2 ×d2 −
giT gi
rd2

B.1 Proof of Lemma 25
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≥ δ2

≥ 1 − exp

−

o 7
r d2
+ 2 log M 0 ≥ , (122)
144
8

2

2
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Θ(`1 ) − Θ(`2 )

min

P

n



(V (`1 ) − V (`2 ) )

2

F



f (V (`1 ) , V (`2 ) ) ≤ 2δ 2 − t

Θ(`1 ) − Θ(`2 )

2

F

≥ δ2

Θ(`)

∞

o

=

2δ 2
E
r d1

= 2 δ2 .



V (`1 )

2

F

(129)



t2 r d1 o
,
64 δ 4

(130)

(128)

n

o
r d1
+ 2 log M > 0 .
64

−

−

n

≤ exp

≥ 1 − exp

52

1

≤

r   q
tr Λr† = tr ((Lr )† ) .

(131)
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is upper bounded as desired.

q
q
Λr† (ur )j ii ≤ |||vi |||∞
Λr† (ur )j
The above inequality proves that

hhvi ,

In the last step, we used M = bexp{rd1 / 256}c. At last we prove that Θ(`) ’s are in
Ωq
as defined in (10). Since we know that gi belongs to the kernel of L for all i ∈
δ tr((Lr )† )/rd1
q
q
[G], Θ(`) g = 0 by construction (6). From (126), consider (V Λr† UrT )ij = hhvi , Λr† (ur )j ii,
where (ur )j ∈ Rr is the vector of i-th entries of the top r singular vectors of L, and vi ∈ Rr
is drawn uniformly at random from {−1, +1}r .

`1 ,`2 ∈[M ]

Setting t = δ 2 and applying the union bound gives us,


P

Now applying McDiarmid’s inequality on the function f , we get that

δ2
E
r d1

where the penultimate step is true since (V (`1 ) − V (`2 ) ) is entry-wise bounded by 2. The
expectation E[f (V (`1 ) , V (`2 ) )] is

≤

2
δ2
δ2
−
V (`1 ) − V (`2 )
V (`1 ) − V (`2 ) + 2eij
=
r d2
r d2
F
δ2
δ2
2
|||2eij |||F
+
hh(V (`1 ) − V (`2 ) ), 2eij ii
=
r d2
r d2
4 δ2
δ2
≤
|||2eij |||1
+
V (`1 ) − V (`2 )
r d1
r d1
∞
8 δ2
,
r d1

f (V (`1 ) , V (`2 ) ) − f (Ve (`1 ) , Ve (`2 ) )

Since there are less than (M 0 )2 pairs of (`1 , `2 ), setting t = δ 2 and applying the union bound
gives


n
2
min

`1 ,`2 ∈[M 0 ]

(125)

M 0  0  
X
M
1 m
,
m
2
m=M

(127)

Define f as f (V (`1 ) , V (`2 ) ) ≡ Θ(`1 ) − Θ(`2 ) L = (δ 2 /(rd1 )) V (`1 ) − V (`2 ) F which is
a function of 2rd1 i.i.d. random Rademacher variables. Now we can apply McDiarmid’s
concentration inequality since f is Lipschitz as folows. For all (V (`1 ) , V (`2 ) ) and (Ve (`1 ) , Ve (`2 ) )
that differ in only one variable, say Ve (`1 ) = V (`1 ) + 2eij , for some standard basis matrix eij ,
we have

P

where we used M 0 = exp{rd2 /576} and d2 ≥ 607.
√
as defined in (10). Since we removed
We are left to prove that Θ(`) ’s are in Ω
(8δ/d
2 ) 2 log d2
the mean for each connected component, such that Θ(`) gi = 0, ∀i ∈ [G]
√ by construction,
we only need to show that the maximum entry is bounded by (8δ/d2 ) 2 log d2 . We first
prove an upper bound in (124) for a fixed ` ∈ [M 0 ], and use this to show that there exists
a large enough subset of matrices satisfying this bound. From (114), consider (U V T )ij =
hhui , vj ii, where ui ∈ Rr is the first r entries of a random vector drawn uniformly from the
d2 -dimensional sphere, and vj ∈ Rr is drawn uniformly at random from {−1, +1}r with
√
kvj k = r. Using Levy’s theorem for concentration on the sphere Ledoux (2005), we have

i,j

max |Θij | ≤

n
2o
d
2t
.
(123)
P {|hhu , v ii| ≥ t} ≤ 2 exp −
i
j
8r
√
(`)
Notice that by the definition (114), maxi,j |Θij | ≤ (2δ/ rd2 ) maxi,j |hhui , vj ii|. Setting
p
t = (32r/d2 ) log d2 and taking the union bound over all d1 d2 indices, we get
√


n
o
2δ 32 log d2
1
(`)
,
(124)
≥ 1 − 2d1 d2 exp − 4 log d2 ≥
d2
2
P

Θ(`)

√

2δ 32 log d2
≤
for all ` ∈ S ≥
d2

for a fixed ` ∈ [M 0 ]. Consider the event that there exists a subset S ⊂ [M 0 ] of cardinality
M = (1/4)M 0 with the same bound on maximum entry, then from (124) we get


P ∃S ⊂ [M 0 ] such that
∞

δ
V (`)
rd1

which is larger than half for our choice of M < M 0 /2.
B.2 Proof of Lemma 26

√

Inspired from the construction in Negahban and Wainwright (2012), we furnish the following
probabilistic argument for the existence of the desired family. For the choice of M =
berd1 /256 c, and for each ` ∈ [M ], generate a rank-r matrix Θ(`) ∈ Rd1 ×d2 as follows:
q
Λr† UrT ,
(126)
Θ(`) =
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where the columns of Ur ∈ Rd2 ×r are the top r singular vectors of L = U ΛU T , Λr is
a diagonal matrix in Rr×r and its diagonal elements are the top r singular values of L
corresponding to columns of Ur , † represents the Moore-Penrose pseudo inverse, and V (`)
(`)
is a random matrix with each entry Vij ∈ {−1, +1} chosen independently and uniformly
√
√
at random. First by definition, Θ(`) L = (δ/ rd1 ) V (`) F ≤ δ, since V (`) F = rd1 .
51

∂ 2 L(Θ)

i=1 `=1

d1 X
k
1 X
ei (evi,` − pi,` )T ,
k d1

By

(132)

∂Θij ∂Θi0 j 0 .

=

=

`=1

k


1 X
I j, j 0 ∈ Si,` pj|(i,`) I(j = j 0 ) − pj|(i,`) pj 0 |(i,`) .
k d1

`=1

k
 ∂pj|(i,`)
1 X
I j ∈ Si,`
k d1
∂Θij 0

(133)

(134)

j=r+1

(135)

53

JMLR 19(40):1-95, 2018

Proof of the above lemma is omitted because of its similarity to that of Lemma 22. The
following lemma provides a bound on the gradient using the concentration in measure of
sum of independent random matrices Tropp (2011).

for all r ∈ [min{d1 , d2 }].

min{d1 ,d2 }
X
√
|||∆|||nuc ≤ 4 2r|||∆|||F + 4
σj (Θ∗ ) ,

Lemma 27 If λ ≥ 2|||∇L(Θ∗ )|||2 , then we have

b where Θ
b is the optimal solution of the convex program in (31). We first
Let ∆ = Θ∗ − Θ
introduce three key technical lemmas. The first lemma follows from Lemma 1 of Negahban
and Wainwright (2012), and shows that ∆ is approximately low-rank.

`=1

k

1 X
diag(pi,` ) − pi,` pTi,` .
H (i) (Θ) =
k d1

This Hessian matrix is a block-diagonal matrix ∇2 L(Θ) = diag(H (1) (Θ), . . . , H (d1 ) (Θ)) with

∂ 2 L(Θ)
∂Θij ∂Θij 0

i j

where
pi,` denotes the conditional choice probability at `-th position. Precisely, pi,` =
P
j∈Si,` pj|(i,`) ej where pj|(i,`) is the probability that item j is chosen at `-th position
from the top by the user i conditioned on the top ` − 1 choices such that pj|(i,`) ≡
P
∗
P {vi,` = j|vi,1 , . . . , vi,`−1 , Si } = eΘij /( j 0 ∈Si,` eΘij 0 ) and Si,` ≡ Si \ {vi,1 , . . . , vi,`−1 }, where
Si is the set of alternatives presented to the i-th user and vi,` is the item ranked at the `-th
2
position by the user i. Notice that for i 6= i0 , ∂Θ∂ ijL(Θ)
∂Θ 0 0 = 0 and the Hessian is

∇L(Θ∗ ) = −

the definition of L(Θ) in (32), we have

Let ∇2 L(Θ) ∈ Rd1 d2 ×d1 d2 denote its Hessian matrix such that ∇2ij,i0 j 0 L(Θ) =

We first introduce some additional notations used in the proof. Recall that L(Θ) is the log
likelihood function. Let ∇L(Θ) ∈ Rd1 ×d2 denote its gradient such that ∇ij L(Θ) = ∂L(Θ)
∂Θij .

Appendix C. Proof of Theorem 7
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µ ≡ 2 e

10 2α

α d2

s

d1 log d
.
k min{d1 , d2 }

(139)

(138)

(137)

(140)

(141)
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e−4α
|||∆|||2F
48 d1 d2
e−4α
≥ −|||∇L(Θ∗ )|||2 |||∆|||nuc +
|||∆|||2F .
48 d1 d2

b − L(Θ∗ ) ≥ −hh∇L(Θ∗ ), ∆ii +
L(Θ)

∗ for some a ∈ [0, 1]. It follows from Lemma 29 that with probability
b
where Θ = aΘ+(1−a)Θ
18
at least 1 − 2d−2 ,

b = L(Θ∗ ) − hh∇L(Θ∗ ), ∆ii + 1 Vec(∆)∇2 L(Θ)VecT (∆),
L(Θ)
2

b the Taylor expansion yields
Case 1: Suppose |||∆|||2F ≥ µ |||∆|||nuc . With ∆ = Θ∗ − Θ,

with high probability. Applying Lemma 27 proves the desired theorem. We are left to show
Eq. (140) holds.

|||∆|||2F ≤ 72 e4α c0 λ0 d1 d2 |||∆|||nuc ,

Building on these lemmas, the proof of Theorem 7 is divided into the following two
cases. In both cases, we will show that

with

j∈[d2 ]

e−4α
|||∆|||2F ,
24 d1 d2

for all ∆ in A where
n
o
X
A = ∆ ∈ Rd1 ×d2 |||∆|||∞ ≤ 2α ,
∆ij = 0 for all i ∈ [d1 ] and |||∆|||2F ≥ µ|||∆|||nuc .

Vec(∆)T ∇2 L(Θ) Vec(∆) ≥

Lemma 29 (Restricted Strong Convexity for collaborative ranking) Fix any Θ ∈
Ωα and assume 24 ≤ k ≤ min{d21 , (d21 + d22 )/(2d1 )} log d. Under the random sampling model
of the alternatives {ji` }i∈[d1 ],`∈[k] and the random outcome of the comparisons described in
18
section 1, with probability larger than 1 − 2d−2 ,

Since we are typically interested in the regime where the number of samples is much smaller
than the dimension d1 × d2 of the problem, the Hessian is typically not positive definite.
However, when we restrict our attention to the vectorized ∆ with relatively small nuclear
norm, then we can prove restricted strong convexity, which gives the following bound.

|||∇L(Θ∗ )|||2
s
np
o
p
4(1 + c) log d
≤
max
d1 /d2 , e2α 4(1 + c) log(d)(8 log d2 + 2 log d1 ) log k . (136)
2
k d1

Lemma 28 For any positive constant c ≥ 1 and k ≤ (1/e) d2 (4 log d2 + log d1 ), with
probability at least 1 − 2d−c − d−3
2 ,
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nuc

b as an optimal solution of the minimization, we have
From the definition of Θ


b − L(Θ∗ ) ≤ λ |||Θ∗ ||| − Θ
b
L(Θ)
≤ λ|||∆|||nuc .
nuc


3λ
λ + |||∇L(Θ∗ )|||2 |||∆|||nuc ≤
|||∆|||nuc .
2

By the assumption, we choose λ ≥ 480λ0 . In view of Lemma 28, this implies that λ ≥
2|||∇L(Θ∗ )|||2 with probability at least 1 − 2d−3 . It follows that with probability at least
18
1 − 2d−3 − 2d−2 ,

e−4α
2
|||∆|||F
≤
48d1 d2
By our assumption on λ ≤ c0 λ0 , this proves the desired bound in Eq. (140)
2
≤ µ |||∆|||nuc . By the definition of µ and the fact that c0 ≥ 480,
Case 2: Suppose |||∆|||F
it follows that µ ≤ 72 e4α c0 λ0 d1 d2 , and we get the same bound as in Eq. (140).
C.1 Proof of Lemma 28
Pk
Pd1
Define Xi = −ei `=1
(evi,` − pi,` )T such that ∇L(Θ∗ ) = k 1d1 i=1
Xi , which is a sum of d1
independent random matrices. Although |||Xi |||2 can be as large as O(k), this occurs with
very low probability.
√ We make this precise in the following lemma and focus on the case
where |||Xi |||2 = O( k) for all i ∈ [d1 ].
Lemma 30 For a fixed i ∈ [d1 ] and j ∈ [d2 ], if k ≤ (1/e) d2 (4 log d2 + log d1 ), then the
number of times the item j is observed by the user i is at most 8(log d2 ) + 2(log d1 ) with
probability larger than 1 − 1/(d24 d1 ).

= I (A)

k
X

e

e

vi,`

vi,l

− pi,`



+ I (A)

k
X

`=1

pi,`
k

`

X e2α
`=1

!

(142)

Proof is given in the end of this Section. Applying union bound over the d1 items and
d2 users, we have the multiplicity in sampling for any item for all users is bounded by
8(log d2 ) + 2(log d1 ) with probability at least 1 − d2−3 . We denote this event by A and let
I (A) be the indicator
function that all the multiplicities in sampling are bounded. We first
P
upper bound |||( i Xi ) I (A)|||2 using the Matrix Bernstein inequality Tropp (2011).
|||Xi I (A)|||2
k
X

`=1

≤ I (A)

(a)

`=1


(b)
p
≤ (8(log d2 ) + 2(log d1 )) min{k, d2 } 1 +

(c) √

≤ k(8(log d2 ) + 2(log d1 )) 1 + 2e2α log k
√
≤ 3 k(8(log d2 ) + 2(log d1 ))e2α log k ,
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where (a) is by triangle inequality, (b) is because under
 event A each term in
 the given
P
P
P
k
e2α
log d2 respectively and
` evi,` and
l pi,` are upper bounded by log d2 and
`=1 `
P
because there can be at most min{d2 , k} non-zero entries in the two vectors ` evi,` and
55



Negahban, Oh, Thekumparampil, and Xu

X 

E Xi XiT I (A)
i

E



2

XiT Xi I (A)

≤
≤
=

=

≤

2

k
X

`=1

`=1

`=1

" k
X

" k
X

" k
X

ei eiT E 

ei eiT E

ei eiT E

ei eiT E



k
X

−

vi,`

eT e

vi,`



2

evTi,` evi,`

(e

2

pi,`

1
`

vi,`

−

− pi,` )T

#

2

#

pi,`0





2







2

2

2

(145)

(144)

(143)

is upper bounded by

evi,`0

#

2

#

evi,` − pi,`

T 

T

2

T
− pi,`
pi,`

#

#

kd1
.
d2

2

T
− pi,` pi,`

− pi,` )(e

=

evi,` evTi,`

evi,` evTi,`

vi,`

(evi,` − pi,` )(evi,`0 − pi,`0 )T 

`,`0 =1

" k
X

`=1

" k
X

`=1

" k
X

`=1

evi,` − pi,`

`,`0 =1



X 

E Xi XiT
i

d1
X

i=1

d1
X
i=1

d1
X

i=1

d1
X

i=1



E

d1
X

= k|||Id1 ×d1 |||2 = k,

≤

d1
X

E

E

E

XiT Xi

E

i=1

i=1

d1
X
i=1

d1
X
i=1

d1
X

i=1

d

1
X
k
Id ×d
d2 2 2

i=1

evi,`

P
Pk
`=1
` pi,` and, (c) is due to the fact that k-th harmonic number
log k. We also have,

and
d1
X
i=1

2

≤
=

=

≤
=

By matrix Bernstein inequality Tropp (2011),
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P |||∇L(Θ∗ )I (A)|||2 > t


−k 2 d12 t2 /2
,
(d1 k/ min{d2 , d1 }) + (3e2α k 3/2 d1 (8(log d2 ) + 2(log d1 )) log k t/3)
≤ (d1 + d2 ) exp

56

2

2
dc

−

1
d32

the desired bound is true.

and applying the above claim, we have

j,j 0 ∈Si,`

X

`=1 j,j ∈Si,`

57
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(ej − ej 0 )(ej − ej 0 )T

k
1 X X
(ej − ej 0 )(ej − ej 0 )T .

2 k 3 d1
0

`=1

k
1 X
1
=
2 k d1
(k − ` + 1)2

`=1


k 
1
1
1 X
diag(1Si,` ) −
1Si,` 1TSi,`
2
k d1
k−`+1
(k − ` + 1)

j∈Si,` ej

e2α H (i) (Θ) 

By letting 1Si,` =

P

Remark 31 (Hajek et al., 2014, Claim 1) Given θ ∈ Rr , let p be the column probability
vector with pi = eθi /(eθ1 + · · · + eθρ ) for each i ∈ [ρ] and for any positive integer ρ. If
|θi | ≤ α, for all i ∈ [ρ], then


1
1
e2α diag(p) − ppT  diag(1) − 2 11T .
ρ
ρ

Recall that the Hessian matrix is a block-diagonal matrix with the i-th block H (i) (Θ) given
by (134). We use the following remark from Hajek et al. (2014) to bound the Hessian.

C.3 Proof of Lemma 29

1/(d1 d42 ), for a choice of δ = 2 log(d42 d1 ) ≥ 2 log(d42 d1 )/(log((d2 /ke) log(d42 d1 ))).

n o
for δ ≥ (ke/d2 )(2 log(1/a))/(log log(1/a)). Choosing a = (1/d42 d1 )d2 /ke , we have P Ajδ ≤

x ≥ (2 log(1/a))/(log log(1/a)), we let x = d2 δ/(ke) to get


ke
ke δ
≤ a d2 ,
d2 δ

In a classical balls-in-bins setting, we consider k as the number of balls and d2 as the number
of bins. We can consider the number of balls in a particular bin as the number of times
the user i observes item j. Let the event that this number is at least δ be denoted by
n o
 δ

the event Ajδ . Then, P Ajδ ≤ kδ d1δ ≤ dke
. Using the fact that (1/x)x ≤ a for any
2δ

C.2 Proof of Lemma 30

Now with a high probability of 1 −

which gives the tail probability of 2d−c for the choice of
)
(s
4(1 + c) log d
4(1 + c)e2α log(d) (8(log d2 ) + 2(log d1 )) log k
t = max
,
k d1 min{d2 , d1 }
k 1/2 d1
p
n
o
p
p
4(1 + c) log d
max
=
d1 /d2 , e2α 4(1 + c) log(d) (8(log d2 ) + 2(log d1 )) log k .
1/2
k d1
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≥

Vec(∆)∇2 L(Θ)VecT (∆) =

i=1 `=1 j,j ∈Si,`

d1 X
k
X
e−2α X
2 k 3 d1
0

i=1

T

hh∆, ei,ji,` − ei,ji,`0 ii2

`,`0 =1

k
X


≤ min{σi (ji,` ), σi (ji,`0 )} .

=

`00 =1

k
X

i=1 `,` =1

` =1

I σi (ji,`00 )

d1 X
k
k
X
e−2α X
hh∆, ei,ji,` − ei,ji,`0 ii2
χi,`,`0 ,`00 .
3
2 k d1
0
00


≡ I σi (ji,`00 ) ≤ min{σi (ji,` ), σi (ji,`0 )} ,

2
2

(∆)∇2 L(Θ)Vec(∆)

H(∆) ≡

χi,`,`0 ,`00

eTi ∆(ej − ej 0 )

2
.
2

(146)

Then,

=

=

≥

E[H(∆)] =

`00 =1

` =1

i=1 `6=` ∈[k]

e−4α (k − 1)
|||∆|||2F ,
3 k d1 d2

58

j=1

j,j =1

(147)
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d1 X
h
i
e−4α X
E hh∆, ei,ji,` − ei,ji,`0 ii2
6 k 2 d1
i=1 `,`0 ∈[k]


d1
d2
d2
X
X
e−4α X
2 X
2
2
0
∆ij − 2
∆ij ∆ij 
6 k 2 d1
d2
d2 0
0

k
i
X
e−2α X h
E hh∆, ei,ji,` − ei,ji,`0 ii2 E
χi,`,`0 ,`00 ji,1 , . . . , ji,k
3
2 k d1
0
00
i,`,`

exp(θi,ji,`00 )
exp(θi,ji,`00 ) + exp(θi,ji,`0 ) + exp(θi,ji,` )
k−2
k
≥ 2α .
≥1+
1 + 2e2α
3e

`00 6=`,`0

k
i
hX
X
E
χi,`,`0 ,`00 ji,1 , . . . , ji,k = 1 +

Then we have Vec
≥ H(∆). To prove the theorem, it suffices to bound
H(∆) from the below. First, we prove a lower bound on the expectation E[H(∆)]. Notice that for ` 6= `0 , the conditional expectation of χi,`,`0 ,`00 ’s, given the set of alternatives
presented to user i is

and let

Define

`=1 j,j 0 ∈Si,`

k
X
X

eTi ∆(ej − ej 0 )

d1
X
(∆T ei )T H (i) (Θ)(∆T ei )

By changing the order of the summation, we get that

Hence,
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(148)

P
where the last equality holds because j∈[d2 ] ∆ij = 0 for ∆ ∈ Ω2α and for all i ∈ [d1 ].
We are left to prove that H(∆) cannot deviate from its mean too much. Suppose there
2
. We
exists a ∆ ∈ A such that Eq. (137) is violated, i.e. H(∆) < (e−4α /(24 d1 d2 ))|||∆|||F
will show this happens with a small probability. From Eq. (147), we get that for k ≥ 24,
E[H(∆)] − H(∆) ≥
≥

(7k − 8) e−4α
2
|||∆|||F
24k d d
1
2
(20/3) e−4α
2
.
|||∆|||F
24 d1 d2

We use a peeling argument as in (Negahban and Wainwright, 2012, Lemma 3), Van De Geer
(2000) to upper bound the probability that Eq. (148)
S∞ is true. We first construct the
following family
pof subsets to cover A such that A ⊆ `=1 S` . Recall
µ = 210 e2α αd2 (d1 log d)/(k min{d1 , d2 }), define in (139). Notice that since for any ∆ ∈ A,
2
|||∆|||F
≥ µ|||∆|||nuc ≥ µ|||∆|||F , it follows that |||∆|||F ≥ µ. Then, we can cover A with the
family of sets
n
= ∆ ∈ Rd1 ×d2
S`

|||∆|||∞ ≤ 2α , β `−1 µ ≤ |||∆|||F ≤ β ` µ ,
o
X
∆ij = 0 for all i ∈ [d1 ], and |||∆|||nuc ≤ β 2` µ ,

j∈[d2 ]

sup

P

∆∈S`

(

sup
∆∈B(β ` µ)

>



>

e−4α ` 2
(β µ)
4 d1 d2

e−4α ` 2
(β µ)
4 d1 d2

(20/3) e−4α 2(`−1) 2
β
µ
24 d1 d2
e−4α 2` 2
β µ .
4 d1 d2



E[H(∆)] − H(∆)

E[H(∆)] − H(∆)

≥

E[H(∆)] − H(∆) ≥

P

)

,

(151)

(150)

(149)

p
where β = 10/9 and for ` ∈ {1, 2, 3, . . .}. This implies that when there exists a ∆ ∈ A
such that (148) holds, then there exists an ` ∈ Z+ such that ∆ ∈ S` and

∞
X

`=1

`=1

∞
X

Applying the union bound over ` ∈ Z+ , we get from (148) and (149) that


e−4α
2
P ∃∆ ∈ A , H(∆) <
|||∆|||F
24 d1 d2
(
)
≤

≤

where we define a new set B(D) such that S` ⊆ B(β ` µ):

∆ ∈ Rd1 ×d2
B(D) =

k∆k∞ ≤ 2α, |||∆|||F ≤ D,
o
X
∆ij = 0 for all i ∈ [d1 ], µ|||∆|||nuc ≤ D2 .
j∈[d2 ]
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The following key lemma provides the upper bound on this probability.
59

sup

∆∈B(D)

≥

e−4α 2
D
4d1 d2

≤ exp

n

−
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E[H(∆)] − H(∆)

Lemma 32 For (16 min{d1 , d2 } log d)/(3d1 ) ≤ k ≤ d12 log d,
(
)


P

2
|||∆|||F



(a)

≤

≤

≤

∞
X

`=1

∞
X

exp

η
,
1−η

`=1

exp

n

n

−

−

e−4α k D4 o
.
219 α4 d1 d22

223 e4α d22 d1 (log d)2 (β − 1.002) o
≤ exp{− 218 log d} ,
k(min{d1 , d2 })2

(152)

p
10/9. By the

e−4α 4k`(β − 1.002)µ4 o
219 α4 d1 d22

e−4α k(β ` µ)4 o
219 α4 d1 d22


 −4α
4
Let η = exp − e 4k(β−1.002)µ . Applying the tail bound to (150), we get
219 α4 d1 d22

24 d1 d2


e−4α
P ∃∆ ∈ A , H(∆) <

n

−

where (a) holds because β x ≥ x log β ≥ x(β − 1.002) for the choice of β =
definition of µ,
η = exp

where the last inequality follows from the assumption that k ≤ max{d1 , d22 /d1 } log d =
(d22 d1 log d)/(min{d1 , d2 })2 , and β − 1.002 ≥ 2−5 . Since for d ≥ 2, exp{−218 log d} ≤ 1/2
and thus η ≤ 1/2, the lemma follows by assembling the last two displayed inequalities.

i=1 `,` =1

` =1

d1 X
k
k
X
e−2α X
hh∆, ei,ji,` − ei,ji,`0 ii2
χi,`,`0 ,`00 ,
2 k 3 d1
0
00

C.4 Proof of Lemma 32
Recall that
H(∆) =
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with χi,`,`0 ,`00 = I σi (ji,`00 ) ≤ min{σi (ji,` ), σi (ji,`0 )} . Let Z = sup∆∈B(D) E[H(∆)] − H(∆)
be the worst-case random deviation of H(∆) form its mean. We prove an upper bound
on Z by showing that Z − E[Z] ≤ e−4α D2 /(64d1 d2 ) with high probability, and E[Z] ≤
9e−4α D2 /(40d1 d2 ). This proves the desired claim in Lemma 32.
To prove the concentration of Z, we utilize the random utility model (RUM) theoretic
interpretation of the MNL model. The random variable Z depends on the random choice of
alternatives {ji,` }i∈[d1 ],`∈[k] and the random k-wise ranking outcomes {σi }i∈[d1 ] . The random
utility theory, pioneered by Thurstone (1927); Marschak (1960); Luce (1959), tells us that
the k-wise ranking from the MNL model has the same distribution as first drawing independent (unobserved) utilities ui,` ’s of the item ji,` for user i according to the standard Gumbel
−c
Cumulative Distribution Function (CDF) F (c−Θi,ji,` ) with F (c) = e−e , and then ranking
the k items for user i according
Given this definition of the MNL
 to their respective utilities.

model, we have χi,`,`0 ,`00 = I ui,`00 ≥ max{ui,` , ui,`0 } . Thus Z is a function of independent

60

sup (E [H(∆)] − H(∆, x1,1 , . . . , xi,` , . . . , xd1 ,k )) −

sup

∆∈B(D)

H(∆, x1,1 , . . . , xi,` , . . . , xd1 ,k ) − H(∆, x1,1 , . . . , x0i,` , . . . , xd1 ,k )

8α2 e−2α n
2
k 3 d1

16α2 e−2α
,
k d1

k
X

`0 ∈[k]\{`} `00 =1

X

χi,`,`0 ,`00 +



`0 ,`00 ∈[k],`0 6=`00 ,

X



χi,`0 ,`00 ,`

o

,

(153)

61

JMLR 19(40):1-95, 2018

where the randomness is in the choice of alternatives ji,` , ji,`0 , and ji,`00 , and the outcome of
the comparisons of those three alternatives.

Yi,`,`0 ,`00 (∆) ≡ (∆i,ji,` − ∆i,ji,`0 )2 χi,`,`0 ,`00 ,

We are left to prove the upper bound on E[Z] using symmetrization and contraction.
Define random variables




e−4α D2
e−4α kD4 
P Z − E [Z] ≥
≤ exp − 19 4
.
64d1 d2
2 α d1 d22

It follows that for the choice of t = e−4α D2 /(64d1 d2 ),

k 2 d21 t2
P {Z − E [Z] ≥ t} ≤ exp − 7 4 −4α
2 α e
d1 k

where (a) follows because
for a fixed i and `, the random P
variable xi,` = (ji,` , ui,` ) can appear
P
2
2
in three terms, i.e.
`0 ,`00 hh∆, ei,ji,` − ei,ji,`0 ii χi,`,`0 ,`00 +
`0 ,`00 hh∆, ei,ji,`0 − ei,ji,` ii χi,`0 ,`,`00 +
P
2
`0 ,`00 hh∆, ei,ji,`0 − ei,ji,`00 ii χi,`0 ,`00 ,` , and (b) follows because |∆ij | ≤ 2α for all i, j since ∆ ∈
P
P
B(D). The last P
inequality follows because in the worst case, `0 ∈[k]\{`} k`00 =1 χi,`,`0 ,`00 ≤
k(k − 1)/2 and `0 ,`00 ∈[k],`0 6=`00 χi,`0 ,`00 ,` ≤ k(k − 1). This holds with equality if σi (ji,` ) = k
and σi (ji,` ) = 1, respectively. By bounded differences inequality, we have

≤

≤

(b)

`0 ,`00 ∈[k]

≤

(a)

k
n X
X
e−2α
2
χi,`,`0 ,`00 +
ii
−
e
hh∆,
e
sup
2
i,j
i,j
0
i,`
i,`
2 k 3 d1 ∆∈B(D)
`00 =1
`0 ∈[k]
o
X
hh∆, ei,ji,`0 − ei,ji,`00 ii2 χi,`0 ,`00 ,`

≤

∆∈B(D)


E [H(∆)] − H(∆, x1,1 , . . . , x0i,` , . . . , xd1 ,k )

∆∈B(D)

sup

=



f x1,1 , . . . , xi,` , . . . , xd1 ,k − f x1,1 , . . . , x0i,` , . . . , xd1 ,k

choices of the items and their (unobserved) utilities, i.e. Z = f ({(ji,` , ui,` )}i∈[d1 ],`∈[k] ). Let
xi,` = (ji,` , ui,` ) and write H(∆) as H(∆, {xi,` }i∈[d1 ],`∈[k] ). This allows us to bound the difference and apply McDiarmid’s tail bound. Note that for any i ∈ [d1 ], ` ∈ [k], x1,1 , . . . , xd1 ,k ,
and x0i,` ,

Learning from Comparisons and Choices

X X

i∈[d1 ] `,`0 ,`00 ∈[k]

X

a∈[N ]

a∈[N ]

X

i∈[d1 ] (`,`0 ,`00 )∈Ta

X

i∈[d1 ] (`,`0 ,`00 )∈Ta

X
e−2α X h
E sup
3
k d1
∆∈B(D)

a∈[N ]

X



i

i

i
ξi,`,`0 ,`00 (∆i,ji,` − ∆i,ji,`0 )2 χi,`,`0 ,`00 ,(154)

i

E[Yi,`,`0 ,`00 (∆)] − Yi,`,`0 ,`00 (∆)

E[Yi,`,`0 ,`00 (∆)] − Yi,`,`0 ,`00 (∆)

ξi,`,`0 ,`00 Yi,`,`0 ,`00 (∆)

i∈[d1 ] (`,`0 ,`00 )∈Ta

X
e−2α X h
E sup
k 3 d1
∆∈B(D)



i

E[Yi,`,`0 ,`00 (∆)] − Yi,`,`0 ,`00 (∆)
∆∈B(D) i∈[d ] a∈[N ] (`,`0 ,`00 )∈T
a
1

h
E sup

X

X
e−2α X h
E sup
2 k 3 d1
∆∈B(D)

2 k 3 d1

e−2α

X
e−2α h
E sup
3
2 k d1 ∆∈B(D)
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where the first inequality follows from the fact that sum of the supremum is no less than
the supremum of the sum, and the second inequality follows from standard symmetrization argument applied to independent random variables {Yi,`,`0 ,`00 (∆)}i∈[d1 ],(`,`0 ,`00 )∈Ta with
i.i.d. Rademacher random variables ξi,`,`0 ,`00 ’s. Since (∆i,ji,` − ∆i,ji,`0 )2 χi,`,`0 ,`00 ≤ 4α|∆i,ji,` −
∆i,ji,`0 |χi,`,`0 ,`00 , we have by the Ledoux-Talagrand contraction inequality Ledoux and Tala-

=

≤

≤

=

 
E Z =

Now, we are ready to partition the summation.

{Yi,`,`0 ,`00 }i∈[d1 ],(`,`0 ,`00 )∈Ta are mutually independent .

2
Lemma 33 There exists a partition (T1 , . . . , TS
N ) of [k] × [k] × [k] for some N ≤ 24k such
that Ta ’s are disjoint subsets of [k] × [k] × [k], a∈[N ] Ta = [k] × [k] × [k], |Ta | ≤ bk/3c and
for any a ∈ [N ] the set of random variables in Ta satisfy

P
The main challenge in applying the symmetrization to
`,`0 ,`00 ∈[k] Yi,`,`0 ,`00 (∆) is that
we need to partition the summation over the set [k] × [k] × [k] into subsets of independent random variables, such that we can apply the standard symmetrization argument.
To this end, we prove in the following lemma a generalization of the well-known problem of scheduling a round robin tournament to a tournament of matches involving three
teams each. No teams are present in more than one triple in a single round, and we
want to minimize the number of rounds to cover all combination of triples are matched.
For example, when there are k = 6 teams, there is a simple construction of such a tournament: T1 = {(1, 2, 3), (4, 5, 6)}, T2 = {1, 2, 4), (3, 5, 6)}, T3 = {(1, 2, 5), (3, 4, 6)}, T4 =
{(1, 2, 6), (3, 4, 5)}, T5 = {(1, 3, 4), (2, 5, 6)}, T6 = {(1, 3, 5), (2, 4, 6)}, T7 = {(1, 3, 6), (2, 4, 5)},
T8 = {(1, 4, 5), (2, 3, 6)}, T9 = {(1, 4, 6), (2, 3, 5)}, T10 = {(1, 5, 6), (2, 3, 4)}. This is a perfect
scheduling of a tournament with three teams in each match. For a general k, the following
lemma provides a construction with O(k 2 ) rounds.
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grand (2013) that
h
E sup
X
X

i


2

.

i
ξi,`,`0 ,`00 χi,`,`0 ,`00 hh∆, ei (eji,` − eji,`0 )T ii

ξi,`,`0 ,`00 (∆i,ji,` − ∆i,ji,`0 )2 χi,`,`0 ,`00
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X

∆∈B(D) i∈[d ] (`,`0 ,`00 )∈T
a
1

X

∆∈B(D) i∈[d ] (`,`0 ,`00 )∈T
a
1

h
≤ 8αE sup

X

Applying Hölder’s inequality, we get that
X
X
ξi,`,`0 ,`00 χi,`,`0 ,`00 ei (eji,` − eji,`0 )T

ξi,`,`0 ,`00 χi,`,`0 ,`00 hh∆, ei (eji,` − eji,`0 )T ii

X

i∈[d1 ] (`,`0 ,`00 )∈Ta

i∈[d1 ] (`,`0 ,`00 )∈Ta

≤ |||∆|||nuc

2

=

ξi,`,`0 ,`00 χi,`,`0 ,`00 ei (eji,` − eji,`0 )T


2

≤

√

2,

(155)

(156)











We are left to prove that
p the expected value of the right-hand side of the above inequality
is bounded by C|||∆|||nuc kd1 log d/ min{d1 , d2 } for some numerical constant
C. For i ∈ [d1 ]

and (`, `0 , `00 ) ∈ Ta , let Wi,`,`0 ,`00 = ξi,`,`0 ,`00 χi,`,`0 ,`00 ei (eji,` − eji,`0 )T be independent zeromean random matrices, such that
Wi,`,`0 ,`00

 2ei eiT ,


E[W 0 00 W T 0 00 ] = E[ ei (eji,` − eji,`0 )T (eji,` − eji,`0 )eiT χi,`,`0 ,`00 ]
i,`,`
,`
i,`,`
,`


= 2E χi,`,`0 ,`00 ei eiT

almost surely, and

and

T
E[Wi,`,`
= E[ (eji,` − eji,`0 )eiT ei (eji,` − eji,`0 )T χi,`,`0 ,`00 ]
0 ,`00 Wi,`,`0 ,`00 ]
 E[(eji,` − eji,`0 )eiT ei (eji,` − eji,`0 )T ]
2
2
Id ×d − 11T .
d2 2 2 d22

=

2
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This gives





X
X
T
T
E[Wi,`,`
,
E[Wi,`,`0 ,`00 Wi,`,`
σ 2 = max
0 ,`00 Wi,`,`0 ,`00 ]
0 ,`00 ]



i∈[d1 ]
i∈[d1 ]

(`,`0 ,`00 )∈Ta
(`,`0 ,`00 )∈Ta
2


2d1 |Ta |
2d1 |Ta |
2d1 k
≤ max 2|Ta | ,
=
≤
,
d2
min{d1 , d2 }
3 min{d1 , d2 }
63
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i∈[d1 ] (`,`0 ,`00 )∈Ta

Wi,`,`0 ,`00

2



 −t2 /2 
√
.
≥t
≤ (d1 + d2 ) exp

σ 2 + 2t/3

since we have designed Ta ’s such that |Ta | ≤ k/3. Applying matrix Bernstein inequality
Tropp (2011) yields the tail bound

 X
X
P

X

2

≤

i,(`,`0 ,`00 )

P

Wi,`,`0 ,`00

2

)
(s
√
32kd1 log d
16 2 log d
.
,
3 min{d1 , d2 }
3

2

√

2d1 k
3

)
(s
√
√
32kd1 log d 16 2 log d
2 2d1 k
,
+
3 min{d1 , d2 }
3
3d3

Wi,`,`0 ,`00

≤ max

(`,`0 ,`00 )∈Ta

P

s

32kd1 log d
,
3 min{d1 , d2 }

 ≤ max



Wi,`,`0 ,`00

i∈[d1 ]

P

Wi,`,`0 ,`00
2

≤ 2

≤

√
p
Choosing t = max
32kd1 log d/(3 min{d1 , d2 }), (16 2/3) log d , we obtain with probability at least 1 − 2d−3 ,

X

X

i∈[d1 ] (`,`0 ,`00 )∈Ta

X

It follows from the fact
that

E

i∈[d1 ] (`,`0 ,`00 )∈Ta

X

sup

9e−4α D2
,
40d1 d2

a∈[N ]

16αe−2α
k 3 d1

32kd1 log d
|||∆|||nuc
3 min{d1 , d2 }

=µ

s
√
X
e−4α 2  10 2α
d1 log d 
√
2 e αd
|||∆|||nuc
2
k min{d1 , d2 }
16 3k 2 d1 d2
|
{z
}

a∈[N ] ∆∈B(D)

where the last inequality follows from the assumption that (16 min{d1 , d2 } log d)/(3d1 ) ≤
k ≤ d12 log d. Substituting this in the RHS of Eq. (156), and then together with Eqs. (155)
and (154), this gives the following desired bound:
s
E[Z] ≤

≤

≤

where the last inequality holds because N ≤ 4k 2 and µ|||∆|||nuc ≤ D2 .
C.5 Proof of Lemma 33

Recall that Yi,`,`0 ,`00 (∆) = (∆i,ji,` − ∆i,ji,`0 )2 χi,`,`0 ,`00 , as defined in (153). From the random
utility model (RUM) interpretation of the MNL model presented in Section 1, it is not difficult to show that Yi,`,`0 ,`00 and Yi,`,˜ `˜0 ,`˜00 are mutually independent if the two triples (`, `0 , `00 )

JMLR 19(40):1-95, 2018

˜ `˜0 , `˜00 ) do not overlap, i.e., no index is present in both triples.
and (`,
Now, borrowing the terminologies from round robin tournaments, we construct a schedule for a tournament with k teams where each match involve three teams. Let Ta,b denote

64

F

4α

=A

≤ 288 2c0 e d1 d2 λ0
|
{z
}

√

√

ρq τ

F

ρq .



≤ bx + c implies x ≤ (b +

F

+τ

1−q

√


b − Θ∗
Θ

F

2

≥

δ2
4


≥

1
.
2

(157)

2

log M

`1 ,`2 ∈[M ] DKL (Θ

(`1 ) kΘ(`2 ) )

+ log 2

,(160)

(159)

p(Σ|`)

`,`0 ∈[M ]

X

p(Σ|`)
p(Σ|`0 )

DKL (Θ(`1 ) kΘ(`2 ) ) ,

Σ

p(Σ|`) log

p(Σ|`)
P
0
`0 p(Σ|` )

(161)
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1
M2

`,`0 ∈[M ]

X X

`∈[M ] Σ

1
M2

1
M

1
p(`, Σ)
log
M
p(`)p(Σ)
1 X X
p(Σ|`) log
M

`∈[M ],Σ

X
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=

≤

=

I(Σ; L) =

where DKL (Θ(`1 ) kΘ(`2 ) ) denotes
the Kullback-Leibler divergence between the distributions

of the partial rankings P σ1 , . . . , σd1 |Θ(`1 ) , S(1), . . . , S(d1 ) and

P σ1 , . . . , σd1 |Θ(`2 ) , S(1), . . . , S(d1 ) . The second inequality follows from a standard technique, which we repeat here for completeness. Let Σ = {σ1 , . . . , σd1 } denote the observed
b form a Markov chain, the data processing
outcome of comparisons. Since L–Θ(L) –Σ–L
b L) ≤ I(Σ; L). For simplicity, we drop the conditioning on the set
inequality gives I(L;
of alternatives {S(1), . . . , S(d1 )}, and and let p(·) denotes joint, marginal, and conditional
distribution of respective random variables. It follows that

≥ 1−

n
o
b L) + log 2
I(L;
b 6= L|S(1), . . . , S(d1 )
P L
≥ 1−
log M

M −1 P

b is the resulting best estimate of the multiway hypothesis testing on L. The generwhere L
alized Fano’s inequality gives

where the first inequality follows from Jensen’s inequality. To compute the KL-divergence,
recall that from the RUM interpretation of the MNL model (see Section 1), one can generate
sample rankings Σ by drawing random variables with exponential distributions with mean

+ 4c)/2

Θ∗ ∈Ωα

sup P

To prove the above claim, we follow the standard recipe of constructing a packing in Ωα .
Consider a family {Θ(1) , . . . , Θ(M (δ) } of d1 × d2 dimensional matrices contained in Ωα satisfying Θ(`1 ) − Θ(`2 ) F ≥ δ for all `1 , `2 , ∈ [M (δ)]. We will use M to refer to M (δ) for
simplify the notation. Suppose we draw an index L ∈ [M (δ)] uniformly at random, and we
are given direct observations σi as per MNL model with Θ∗ = Θ(L) on a randomly chosen
set of k items Si for each user i ∈ [d1 ]. It follows from triangular inequality that


o
n
2
δ2
b 6= L ,
b − Θ∗
≥
(158)
sup P
Θ
≥ P L
∗
4
F
Θ ∈Ωα

suffices to prove that,
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The proof uses information-theoretic methods which reduces the estimation problem to a
multiway hypothesis testing problem. To prove a lower bound on the expected error, it

b2

ρq τ −q/2 . Using these bounds,

Appendix E. Proof of the Information-theoretic Lower Bound in
Theorem 10

b −Θ
Θ

√

σj (Θ∗ ) q
≤ τ 1−q ρq .
τ

b −Θ
Θ

r≤

√
≤ 2 ρq A(2−q)/2 .

x2

−q/2

√

j=r+1

X

min{d1 ,d2 } 

≤ ρq , it follows that

σj (Θ∗ )
≤ τ
τ

With the choice of τ = A and due to the fact that
we have,

b −Θ
Θ

2

∗ )q

j=r+1

X

min{d1 ,d2 }

j=1 σj (Θ

Pr

σj (Θ∗ ) = τ

Also, since rτ q ≤
Eq. (35) is now

j=r+1

X

min{d1 ,d2 }

We follow closely the proof of a similar corollary in Negahban and Wainwright (2012). First
fix a threshold τ > 0, and set r = max{j|σj (Θ∗ ) > τ }. With this choice of r, we have

Appendix D. Proof of Estimating Approximate Low-rank Matrices in
Corollary 9

We need to prove that (a) there is no missing triple; and (b) no team plays twice in a
single round. First, for any ordered triple (`, `0 , `00 ), there exists a ∈ {3, . . . , 2k − 3} and
b ∈ {5, . . . , 2k − 1} such that ` + `0 = a and `0 + `00 = b. This proves that all ordered
triples are covered by the above construction. Next, given a pair (a, b), no two triples in
Ta,b can share the same team. Suppose there exists two distinct ordered triples (`, `0 , `00 )
˜ `˜0 , `˜00 ) both in Ta,b , and one of the triples are shared. Then, from the two equations
and (`,
` + `0 = `˜ + `˜0 = a and `0 + `00 = `˜0 + `˜00 = b, it follows that all three indices must be the
same, which is a contradiction. This proves the desired claim for ordered triples.
One caveat is that we wanted to cover the whole [k] × [k] × [k], and not just the ordered
triples. In the above construction, for example, a triple (3, 2, 1) does not appear. This can
be resolved by simply taking all Ta,b ’s from the above construction, and make 6 copies of
each round, and permuting all the triples in each copy according to the same permutation
over {1, 2, 3}. This increases the total rounds to N = 6(2k − 5)2 ≤ 24k 2 . Note that
|Ta,b | ≤ bk/3c since no item can be in more than one triple.

a set of triples playing at the same round, indexed by two integers a ∈ {3, . . . , 2k − 3} and
b ∈ {5, . . . , 2k − 1}. Hence, there are total N = (2k − 5)2 rounds.
Each round (a, b) consists of disjoint triples and is defined as

Ta,b ≡ (`, `0 , `00 ) ∈ [k] × [k] × [k] | ` < `0 < `00 , ` + `0 = a, and `0 + `00 = b .
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(`)

(`)

b Θ∗ ∈Ωα
Θ

16(c + 4) log d
max
k d12

(173) simplifies (172) as,

2
3

r

s
s

max

j=ρ+1

p
32(c + 4)λ ,

1 d1
,
4 d2

r

1
.
4

32d (c + 4) log d
k d12 d2

16(c + 4) log d
max
k d12

2(4 + c) log d
≤
k

|||∇L(Θ∗ )|||2 ≤
≤
≤

(a)

68

δ
.
4

,



2
3

∂L(Θ)
∂Θij

(171)

and ∆ ≡ Θ̂ − Θ∗ ,

2(c + 4) log d
k

1 d1
,
4 d2
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(174)

(173)

The proof of this lemma is provided in Section F.1. We will simplify the above lemma by
assuming, 2(c + 4) log d ≤ k which implies the last term in RHS is less than equal to first
term,

|||∇L(Θ∗ )|||2 ≤

Lemma 36 For any positive constant c ≥ 1, if k ≤ max{d1 , d22 /d1 } log d and d1 ≥ 4 then
with probability at least 1 − 2d−c ,
s
(s
)

 r
.
(172)

Proof This follows from the proof of Lemma 27, which only depends on the convexity of
L(Θ).

for all ρ ∈ [min{d1 , d2 }].

min{d1 ,d2 }
X
√
σj (Θ∗ ) ,
|||∆|||nuc ≤ 4 2r|||∆|||F + 4

Lemma 35 If λ ≥ 2|||∇L(Θ∗ )|||2 , then we have,

Analogous to Section C, we define the gradient ∇L(Θ) as ∇ij L =
and provide two main technical lemmas.

Appendix F. Proof of Pairwise Rank Breaking in Theorem 11

Choosing δ appropriately to maximize the right-hand side finishes the proof of the desired
claim.

≥
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(`)

(165)

i
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∗

.

(166)
, (167)

(168)

1
,
2

F

eΘij ’s. Precisely, let X (`) = [Xij ]i∈[d1 ],j∈Si denote the set of random variables, where Xij

2
F

2
F

≤ δ , for all ` ∈ [M ]

(169)

≥

h
b − Θ∗
inf sup E Θ

where the last inequality holds for δ 2 ≤ (α2 d2 /(e2α k))((rd/1152) − 2 log p
2). If we assume
rd ≥ 3195 for simplicity, this bound on δ can be simplified to δ ≤ αe−α
√ r d2 d/(2304 k).
Together
p with (157) and (158), this proves that for all δ ≤ min{αd2 /(8 2 log d),
αe−α r d2 d/(2304 k)},

(164)

(163)

(162)

is drawn from the exponential distribution with mean e−Θij . The MNL ranking follows
(`)
by ordering the alternatives in each Si according to this {Xij }j∈Si by ranking the smaller
ones on the top. This forms a Markov chain L–X (L) –Σ, and the standard data processing
inequality gives

i∈[d1 ] j∈Si

e2α X X (`1 )
(` )
(Θij − Θij 2 )2 ,
4α2

DKL (Θ(`1 ) kΘ(`2 ) ) ≤ DKL (X (`1 ) kX (`2 ) )
o
X X n Θ(`1 ) −Θ(`2 )
(` )
(` )
ij
e ij
− (Θij 1 − Θij 2 ) − 1
=

≤
i∈[d1 ] j∈Si

e2α k
Θ(`1 ) − Θ(`2 )
4 α2 d2

Θ(`1 ) − Θ(`2 )

+ log 2

where the last inequality follows from the fact that ex − x − 1 ≤ (e2α /(4α2 ))x2 for any
x ∈ [−2α, 2α]. Taking expectation over the randomly chosen set of alternatives,
ES(1),...,S(d1 ) [DKL (Θ(`1 ) kΘ(`2 ) )] ≤

log M


M −1 P
2α
2
`1 ,`2 ∈[M ] (e k/(4α d2 ))
2

Combined with (160), we get that
o
n
o
n
b 6= L|S(1), . . . , S(d1 ) ]
b 6= L
= ES(1),...,S(d1 ) [P L
P L
≥ 1−

The remainder of the proof relies on the following probabilistic packing.

F

≥ δ , for all `1 , `2 ∈ [M ]

Lemma 34 Let d2 ≥ d1 ≥ 607 be positive integers. Then for each r ∈ {1, . . . , d1 }, and for
any positive δ > 0 there exists a family of d1 × d2 dimensional matrices {Θ(1) , . . . , Θ(M (δ)) }
with cardinality M (δ) = b(1/4) exp(rd2 /576)c such that each matrix is rank r and the
following bounds hold:
Θ(`)
Θ(`1 ) − Θ(`2 )

(170)

F

Θ(`) ∈ Ωα̃ , for all ` ∈ [M ] ,
√
with α̃ = (8δ/d2 ) 2 log d for d = (d1 + d2 )/2.

e2α kδ 2
+ log 2
α2 d 2
rd
576 − 2 log 2
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We omit the proof of the above lemma since it is similar to that of Lemma 25. Suppose
√
δ ≤ αd2 /(8 2 log d) such that the matrices in the packing set are entry-wise bounded by
2
α, then the above lemma implies that Θ(`1 ) − Θ(`2 ) F ≤ 4δ 2 , which gives
n
o
b 6= L
P L
≥ 1−

67



X

i=1 (m1 ,m2 )∈P0

d1
X



Θi,ui,m

e

1

1

2

Θi,ui,m

Θi,ui,m

e

+e

Θi,ui,m

e
2

2

2 ∆i,ui,m1 − ∆i,ui,m2 ,

(177)



X

i=1 (m1 ,m2 )∈P0

d1
X

e

≥

≥

1

2

e



2

X

2

2



X

i=1 (m1 ,m2 )∈P0

d1
X

2

2
e−2α 
∆i,ui,m1 − ∆i,ui,m2 ,
4

e−α eα
∆i,ui,m1 − ∆i,ui,m2
(e−α + eα )2



∆i,ui,m1 − ∆i,ui,m2

i=1 (m1 ,m2 )∈P0

d1
X

Θi,ui,m

Θi,ui,m

+e

1



k
2

d1 k2

1

2 d1

1

Θi,ui,m

Θi,ui,m

(a)



e

(178)

2

2


k

A=

2
≥

1
|||∆|||2F ,
3d1 d2

69

.
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(180)

)

(179)

∆ij = 0 , for all i ∈ [d2 ], and µ|||∆|||nuc ≤ |||∆|||2F

∆i,ui,m1 − ∆i,ui,m2

j∈[d2 ]



X

i=1 (m1 ,m2 )∈P0

X

∆ ∈ Rd1 ×d2 |||∆|||∞ ≤ 2α,

for all ∆ ∈ Ap where,
(

d1

1

d1
X

Lemma 37 For (4 log d)/9 ≤ k ≤ max{d1 , d22 /d1 } log d, with probability at least 1 − 2d−2 ,

13

where (a) is due to the fact that ∆ij ’s are upper and lower bounded by α and −α respectively.
We can bound this term further according to the following Lemma.

2!

d1 k2

1

where Θ = aΘ∗ + (1 − a)Θ̂ for some a ∈ [0, 1] and P0 = {(i, j)| 1 ≤ i < j ≤ k}. We lower
bound the final term in (177) as,

2!

d1 k2

1

L(Θ̂) = L(Θ∗ ) − hh∇L(Θ∗ ), ∆ii +

Case 1: Assume µ|||∆|||nuc ≤ |||∆|||2F .
Since L is a sum of a linear function of Θ and log-sum-exponential functions, which are
convex, we know that L is a convex function of Θ. Therefore, by convexity and Taylor
expansion we get,

Similar to the k-wise ranking,we will divide the proof into two cases and each part we
13
will prove that |||∆|||2F ≤ 36e2α c λ d1 d2 |||∆|||nuc with probability at least 1 − 2/dc − 2/d2 .
We define a new constant µ as,
s
48 d1 d22 log d
µ = 16α
.
(176)
k min{d1 , d2 }

2

X

i=1 (m1 ,m2 )∈P0

d1
X


e
1

1

e
2

Θi,ui,m

Θi,ui,m

+e

Θi,ui,m

Θi,ui,m

e
2


2
2 ∆i,ui,m1 − ∆i,ui,m1 ≥

(181)

e−2α
|||∆|||2F .
24 d1 d2

≤ 36e2α cp λ d1 d2 |||∆|||nuc ,

(a)

|||∆|||2F ≤ 36e2α λ d1 d2 |||∆|||nuc

≤ 1,

(d)

(185)

(184)

(183)

70

√
√
1
|||∆|||2F ≤ 144 2e2α cp λ r|||∆|||F + 144e2α cp λ
d1 d2

j=ρ+1

X

σj (Θ∗ ) .

(186)
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min{d1 ,d2 }

where (a) is by substituting µ, λ and cp from (176), (41) and (175) respectively, (b) is
because x ≤ ex (c) is because d = (max{d1 , d2 } + min{d1 , d2 })/2.
Now combining the above result with (171) we get with probability at least 1 − 2d−c −
13
2d−2 ,

36 e2α

s
√
(a) α
µ
16 48
d1 d2
p
≤ 2α ×
×
cp λ d1 d2
e
min{d1 , d2 }d
72 32(c + 4)
r
√
(b)
16 48
max{d1 , d2 }
≤ 1× √
×
d
72 32 × 4
r
(c)
max{d1 , d2 }
≤
2d

where (a) is due to the fact that λ ≤ cp λ.
Case 2: Assume |||∆|||2F ≤ µ|||∆|||nuc .
Here we prove that µ ≤ 36 e2α cp λ d1 d2 .

which gives us,

e−2α
|||∆|||2F ≤ λ|||∆|||nuc + |||∇L(Θ∗ )|||2 |||∆|||nuc
24 d1 d2
3λ
|||∆|||nuc
≤
2

e−2α
(182)
|||∆|||2F ≤ L(Θ̂) − L(Θ∗ ) + hh∇L(Θ∗ ), ∆ii .
24 d1 d2


From the definition of Θ̂ we have L(Θ̂) − L(Θ∗ ) ≤ λ |||Θ∗ |||nuc − Θ̂
≤ λ|||∆|||nuc ,
nuc
p
and we assume that λ ≥ 2 32(c + 1) λ, so that λ ≥ 2|||∇L (Θ∗ )|||2 is true with a probability
of at least 1 − 2d−c from Lemma 36 . These give us the following with at least probability
13
1 − 2d−c − 2d−2 .

Incorporating the above inequality in (177) we obtain,

2! d1


k

The proof is given in Section F.2. Now using Lemma 37 and (178) with high probability
we get,

where (a) is due to (41) .
For Lemma 35 and further proof of Theorem11 we want λ ≥ 2|||∇L(Θ)|||2 , therefore we
assume that,
p
p
(175)
λ ∈ [2 32(c + 4)λ, cp λ], for some cp ≥ 2 32(c + 4)
1
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X
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h
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,
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∗
exp Θi,l
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∗
Θi,h
i (m1 ,m2 )

Learning from Comparisons and Choices

F.1 Proof of Lemma 36

1
d1

k
2

From definition of L(Θ) in (39) we get,
∇Lp (Θ∗ ) =

exp


∗
Θi,h
i (m1 ,m2 )

+ exp

1
k
2



k−1
X
a=1

 ei eli (m1 ,m2 ) − ehi (m1 ,m2 )

Ỹa .

∗
Θi,l
i (m1 ,m2 )

T

(187)

(188)

,

where P0 = {(i, j)| 1 ≤ i < j ≤ k}. We use the matrix Bernstein inequality Tropp
(2011) for the sum of independent matrices. Similar to Lemma 42, we can partition the
set of all pairs P0 into (k − 1) sets {Pa }a∈[k−1] of k/2 disjoint pairs each. Define Ya ≡
Pd1 P
i=1
(m1 ,m2 )∈Pa X̃i,m1 ,m2 , and
X̃i,m1 ,m2 ≡

such that

∇Lp (Θ∗ ) =
d1

2

(189)

For a fixed value
h of a, it is
i easy to see that X̃i,m1 ,m2√’s are independent. Further, we can
easily show that E X̃i,m1 ,m2 = 0, and kX̃i,m1 ,m2 k2 ≤ 2. We also have,

1

h
i
T
E X̃i,m1 ,m2 X̃i,m
1 ,m2

 


2
∗
exp Θi,l
i (m1 ,m2 )

 
 2 ei eiT E E  



2 ui,m1 , ui,m1 
∗
∗
exp Θi,u
+ exp Θi,u
i,m1
i,m2






∗
∗
exp Θiu
exp
Θ
iui,m2
(a)
i,m1


= 2 ei eiT E  



2 
∗
∗
exp Θi,u
+ exp Θi,u
i,m
i,m
(b) 1
 ei eiT ,
2
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where we get (a) from the MNL model for the random choice of li (m1 , m2 ), (b) is due to
the fact that xy/(x + y)2 ≤ 1/4 for all x, y > 0.
71

Let pi,m1 ,m2 ≡

i,m2

then we have,
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(m1 ,m2 )∈Pa

h
i
T
E X̃i,m
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(190)

(191)












T
is a positive semi-definite matrix. Therewhere (a) comes from the fact that pi,m1 ,m2 pi,m
1 ,m2
fore using (189) and (190), we get

σ2 ≡






≤ k max

2


> t ≤ (d1 + d2 ) exp

−t2 /2
√
kρ + 2t/3

!

,

(192)

Define ρ ≡ max {1/4, d1 /d2 }, then by the matrix Bernstein inequality Tropp (2011), ∀ a ∈
[k − 1],

P Ỹa

which gives a tail probability of 2d−c /(k − 1) for the choice of
(
)
√
p
4 2((1 + c) log d + log(k − 1))
4kρ ((1 + c) log d + log(k − 1)) ,
.
3
t = max

k
2

a=1

!
k−1
X
k−1
Ỹa
t ≤ P

d1
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Ỹa

a∈[k−1]

P

2

!

≥ (k − 1)t

≥t



2

≥t

Ỹa

2
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(193)

For this choice of t, using union bound we can get the probabilistic bound on the derivative
of log likelihood as,
!
P k∇Lp (Θ∗ )k2 ≥

≤P

(a)

≤

k−1
(b) X

a=1

= 2 d−c ,
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2

∆ij − 2
∆ij
∆ij 0 
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2

(196)

(195)

∆∈R

d1 ×d2

j∈[d2 ]

X

µ ≤ |||∆|||F ≤ β µ,

`

2`

∆ij = 0 for all i ∈ [d2 ], and |||∆|||nuc ≤ β µ

|||∆|||∞ ≤ 2α, β

`−1

)
,

(197)

H̃(∆) ≤

73

(198)
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2
5
1
|||∆|||2F =⇒
|||∆|||2F − H̃(∆) ≥
|||∆|||2F
3d1 d2
d1 d2
3d1 d2
 h
i

5
=⇒ E H̃(∆) − H̃(∆) ≥
|||∆|||2F .
3d1 d2

p
where β = 10/9 and ` ∈ {1, 2, 3, . . .}. This is true since, for any ∆ ∈ A, |||∆|||2F ≥ µ|||∆|||nuc
and this implies |||∆|||2F ≥ µ|||∆|||F (or, |||∆|||F ≥ µ). Also note that,

S̃` =

(

P
where we used the fact that j ∆ij = 0. We want to upper bound the probability that
H̃(∆) ≤ 3d11 d2 |||∆|||2F for some ∆ ∈ A. As in the case of k-wise ranking we using the following peeling argument used in (Negahban and Wainwright, 2012, Lemma 3), Van De Geer
(2000). The strategy is to split this above event as union of many event events as follows.
We construct the following family of subsets {S̃` } such that A ⊆ ∪∞
`=1 S̃` and,

=

E H̃(∆) =

h
j∈[d2 ]

∆i,ui,m1 − ∆i,ui,m2

and provide a lower bound. The mean is easily computed as

H̃(∆) ≡

d1
X

With a slight abuse of notation, we define H̃ as

F.2 Proof of Lemma 37




from log(k−1) ≤ log max{d1 , d22 /d1 } log d ≤ log( (d21 + d22 ) log d)/d1 ≤ log (4 d2 log d)/d1
≤ 3 log d. This proves the desired lemma.

(c + 1) log d + log(k − 1) ≤ (c + 4) log d ,

where we obtain (a) by pigeon-hole principle which implies that among a set of numbers,
there should be, at the very least one number greater or equal to the average of the set of
numbers and (b) by union-bound. Assuming k ≤ max{d1 , d22 /d1 } log d and d1 ≥ 4, we have,
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`=1

P

j∈[d2 ]

X

3
(β ` µ)2
2d1 d2

!

,

)

,

(201)

(200)

(199)

P

∆∈B̃(D)

3
D2
2d1 d2
74

h
i
sup (E H̃(∆) − H̃(∆)) ≥

Lemma 38 For 4(log d)/3 ≤ k ≤ d2 log d,
!

≤ exp





(202)
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−kD4
2048 α4 d1 d22

and (b) is true because S̃` ⊂ B̃(β ` µ). Now we use following lemma to upper bound (199).

5
5
3
|||∆|||2F ≥
(β `−1 µ)2 =
(β ` µ)2 ,
3d1 d2
3d1 d2
2d1 d2

∆ij = 0 for all i ∈ [d2 ], and µ|||∆|||nuc ≤ D2

∆ ∈ Rd1 ×d2 |||∆|||∞ ≤ 2α, |||∆|||F ≤ D,

(

sup

i
h
(E H̃(∆) − H̃(∆)) ≥

∆∈B̃(β ` µ)

and (a)is true because for ∆ ∈ S̃l ,

B̃(D) =

where B̃(D) is defined as,

≤

`=1
∞
(b) X


P ∃ ∆ ∈ A s.t. H̃(∆) ≤


1
|||∆|||2F
3d1 d2
!
∞
i
h
X
5
≤
P sup (E H̃(∆) − H̃(∆)) ≥
|||∆|||2F
3d1 d2
∆∈S̃`
`=1
!
∞
i
h
(a) X
3
` 2
(β µ)
≤
P sup (E H̃(∆) − H̃(∆)) ≥
2d1 d2
∆∈S̃`

Therefore using union bound we get,
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1
`=1
∞
(a) X

13

−213 9 β 4` d1 d22 log2 d
k min2 {d1 , d2 }



1
d1 d22 log2 d
−213 9 4` × 36
k min2 {d1 , d2 }

`


exp −213 ` log d
1
d213

exp

exp

4 !
∞
 X
−k β ` µ
|||∆|||2 ≤
exp
F
2048 α4 d1 d22


Proof has been relegated to Section F.3. Now by (199) and Lemma 38 we get,


P ∃ ∆ ∈ A s.t. H̃(∆) ≤
3d1 d2
≤

≤

`=1
∞
(b) X

≤

`=1

∞ 
X

`=1
∞
(c) X

=
`=1

1/d2
(d)
=
1 − 1/d213

(e) 2
≤ 213 ,
d

!

(203)

p
where we get (a) by substituting µ from (176), (b) by the fact that for β = 10/9 and x ≥ 1,
β x ≥ x log β ≥ x(β − 1) ≥ x/32, (c) is obtained by assuming k ≤ max{d1 , d22 /d1 } log d, we
13
get (d) because we are summing an infinite geometric sequence with common ratio of 1/d2
13
and (e) is because for d ≥ 2, 1/d2 is less than 1/2.

F.3 Proof of Lemma 38
 h
i

With a slight abuse of notations, let Z̃ ≡ sup∆∈B̃(D) E H̃(∆) − H̃(∆) . Notice that
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Z̃ is a function of d1 k random variables, {ui,` }i∈[d1 ],`∈[k] . We apply the McDiarmid’s
bounded differences inequality. Let Z̃1 and Z̃2 be two realizations of Z̃ where value of
only one random variable ui0 ,`0 is changed to ui0 0 ,`0 . Also with a little more abuse of
notation the two realizations of H̃(∆) are written as H̃(∆0 , u1,1 , . . . , ui0 ,`0 , . . . , ud1 ,k ) and
H̃(∆0 , u1,1 , . . . , ui0 0 ,`0 , . . . , ud1 ,k ). We let ∆∗ be the maximizer of max{Z̃1 , Z̃2 }. Maximum

75
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absolute difference between them is upper bounded as follows,

max

∆∈B̃(D)

sup
∆0 ∈B̃(D)

 h
i

E H̃(∆∗ ) − H̃(∆∗ , u1,1 , . . . , ui0 ,`0 , . . . , ud1 ,k ) −

 h
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H̃(∆, u1,1 , . . . , ui0 ,`0 , . . . , ud1 ,k ) − H̃(∆, u1,1 , . . . , ui0 0 ,`0 , . . . , ud1 ,k )

 h
i

E H̃(∆∗ ) − H̃(∆∗ , u1,1 , . . . , ui0 0 ,`0 , . . . , ud1 ,k )

∆∈B̃(D)

≤ sup
(b)

d1

 (k − 1) (4α)2 =

∆∈B̃(D)

1
d1

k
2

≤ sup
(c)

≤

d1 k



22


2  ,

32α2
d1 k

(204)

JMLR 19(40):1-95, 2018

(205)

where (a) follows from the fact that ∆∗ is maximizer of max{Z̃1 , Z̃2 }, (b) is due to the fact
that the terms which change because of ui0 0 ,`0 are the k − 1 difference square terms between
∆iui0 ,`6=`0 and ∆i, ui0 ,`0 and (c) is because maximum and minimum value of difference square
terms are (4α)2 and 0 respectively. Using McDiarmid’s bounded differences inequality we
get,


h i

P{Z̃ − E Z̃ ≥ } ≤ exp −

76

1

sup

1

d1

a=1

E

X

X

1



X

i=1 (m1 ,m2 )∈Pa

d1
X

i=1 a=1 (m1 ,m2 )∈Pa

d1 X
k−1
X





∆i, ui,m1 − ∆i, ui,m2

2 

2


2
2ξ˜i,m1 ,m2 ∆i, ui,m1 − ∆i, ui,m2 ,

2ξ˜i,m1 ,m2 ∆i, ui,m1 − ∆i, ui,m2



2

(206)


2
− ∆i, ui,m1 − ∆i, ui,m2

2ξ˜i,m1 ,m2 ∆i, ui,m1 − ∆i, ui,m2

E

i=1 (m1 ,m2 )∈P0

d1
X

X

i=1 (m1 ,m2 )∈P0

d1
X

k
∆∈B̃(D) d1 2

sup





k
2

k
∆∈B̃(D) d1 2

sup

∆∈B̃(D)

1



a=1

k−1
X

a=1

k−1
X

a=1

k
a=1 d1 2

8α

E



2


k

X

X

X

W̃i,m1 ,m2
2

∆∈B̃(D)

 sup |||∆|||
nuc ,



W̃i,m1 ,m2 , ∆ii



4α 2ξ˜i,m1 ,m2 ∆i, ui,m1 − ∆i, ui,m2


2
2ξ˜i,m1 ,m2 ∆i, ui,m1 − ∆i, ui,m2

i=1 (m1 ,m2 )∈Pa

d1
X

i=1 (m1 ,m2 )∈Pa

d1
X

i=1 (m1 ,m2 )∈Pa

d1
X

X

i=1 (m1 ,m2 )∈Pa

d1
X

sup hh

d1

1

2


k

∆∈B̃(D)

E 

k
2

8α

∆∈B̃(D)

sup

d1

1

(207)
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W̃i,m1 ,m2

2

≤

√
2.
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(208)

where we get (a) by putting W̃i,m1 ,m2 = ξ˜i,m1 ,m2 ei (eui,m1 −eui,m2 )T and (b) is due to Hölder’s
inequality (hhx, yii ≤ |||x|||2 |||y|||nuc ). Now we use Bernstein’s inequality Tropp (2011) to upperbound the above expectation terms. First fix a to value in [k − 1]. We can easily show
that W̃i,m1 ,m2 is zero mean and,

≤

k−1
(b) X

≤

sup

∆∈B̃(D)

d1

E

E

k−1
(a) X

≤

E[Z̃] ≤

where (a) is by standard symmetrization technique as used in k-wise ranking and
{ξi,m1 ,m2 }i∈[d1 ], m1 ,m2 ∈[k] are i.i.d. Rademacher variables, (b) is due to the fact that we
can partition set of all pairs into k − 1 independent sets as in (188) and (c) is because of
fact that supremum of sum is less than or equal to sum of supremum and the linearity of
expectation. Since |∆i, ui,m1 − ∆i, ui,m2 | ≤ 4α, we can use Ledoux-Talagrand contraction
inequality Ledoux and Talagrand (2013) on (206) to get,

≤

sup

k
∆∈B̃(D) d1 2

k−1
(c) X

≤E

(b)

≤E

(a)

h i
E Z̃ = E

h i
because of (204) and the fact that there are d1 k random variables. We upper bound E Z̃
as follows.
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1

X

h
i
T
E W̃i,m2 ,m2 W̃i,m
2 ,m2
2

,

i∈[d1 ]
(m1 ,m2 )∈Pa

X



X

i∈[d1 ] (m1 ,m2 )∈Pa

X

W̃i,m2 ,m2
2



> t ≤ (d1 + d2 ) exp



i=1 (m1 ,m2 )∈Pa

Therefore ∀ a ∈ [k − 1],

d1
X
X
E
W̃i,m2 ,m2

2

≤



s






√

2d1 k
,
2

(213)

(212)
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8kd1 ((1 + c1 ) log d)
2
+ c1
min{d1 , d2 }
d
78

2







(211)

is,

(210)

(209)


−t2 /2
√
,
2kd1 / min{d1 , d2 } + 2t/3
which gives a tail probability of 2d−c1 for the choice of
(s
)
√
8kd1 ((1 + c1 ) log d) 4 2 ((1 + c1 ) log d)
t = max
,
min{d1 , d2 }
3
s
8kd1 ((1 + c1 ) log d)
=
, when k ≥ 4(c1 + 1) log d/9 .
min{d1 , d2 }

P

(i,m1 ,m2 ) Zi,m2 ,m2

P

By matrix Bernstein inequality Tropp (2011), ∀ a ∈ [k − 1],




i∈[d1 ]

(m1 ,m2 )∈Pa


d1 k 2
d1 k 2
|||I|||2 ,
|||I|||2
≤ max
2 d1
2 d2
kd1
.
=
min{d1 , d2 }

σ 2 = max







2

h
i
T
E W̃i,m
W̃i,m2 ,m2
2 ,m2

2
2
 Id2 ×d2 − 2 11d2 ×d2
d2
d2
2
 Id2 ×d2 .
d2

h
i
h
i
T
E W̃i,m
W̃i,m1 ,m2 = E 2eui,m1 eTui,m − 2eui,m1 eTui,m
1 ,m2

 2ei eTi ,

h
i
h
i
T
E W̃i,m1 ,m2 W̃i,m
= 2ei eTi E 1 − eTui,m eui,m2
1 ,m2
1


2
 ei eTi 2 −
d2

Therefore, using (209) and (210), the standard deviation of

and,

We also get,
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P

i∈[d1 ]
(m1 ,m2 )∈Pa

W̃i,m2 ,m2
2

≤

P

i∈[d1 ]
(m1 ,m2 )∈Pa
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because from (208) we get

s

D2
,
d1 d2

48 log d
1
D2
k d1 min{d1 , d2 }
16α

k min{d1 , d2 }
48d1 d22 log d

W̃i,m2 ,m2

From (207) and (213), putting c1 = 2, we get,
s
!
√
k−1
h i X
8α
24
kd
2d
1 log d
1k
sup |||∆|||nuc
E Z̃ ≤
+

k
min{d
d2
1 , d2 }
∆∈B̃(D)
a=1 d1 2
s
√ ! 2
(a)
24
log
d
2
2
D
≤ 8α 2
+
k d1 min{d1 , d2 }
d2
µ
s
(b)

≤ 16α

=

32α2
d1 k

2

≤

d√
1k
.
2( 2)

(214)

where (a) is obtained because of (200) which gives supD∈B(D) |||∆|||nuc ≤ D2 /µ and (b) can
be got by assuming k ≤ d2 log d. Using the above bound in (205) we get,


h i
22


P{Z̃ − D2 /(d1 d2 ) ≥ } ≤ P{Z̃ − E Z̃ ≥ } ≤ exp −
(215)

2  ,
d1 k
and using  = D2 /(2d1 d2 ) will get us the required bound.

Appendix G. Proof of Bundled Choices Theorem 13

n

i=1

1X
∇L(Θ∗ ) = −
(eui evTi − pi ) ,
n

(216)

We use similar notations and techniques as the proof of Theorem 7 in Appendix C. From the
definition of L(Θ) in Eq. (51), we have for the true parameter Θ∗ , the gradient evaluated
at the true parameter is

=

i=1

∂Θj10 ,j20

 ∂pj1 ,j2 |Si ,Ti
1X
I (j1 , j2 ) ∈ Si × Ti
n

n

(218)

(217)

where pi denotes
the
P
P conditional probability of the MNL choice for the i-th sample. Precisely, pi = j1 ∈Si j2 ∈Ti pj1 ,j2 |Si ,Ti ej1 ejT2 where pj1 ,j2 |Si ,Ti is the probability that the pair of
items (j1 , j2 ) is chosen at the i-th sample such that pj1 ,j2 |Si ,Ti ≡ P {(ui , vi ) = (j1 , j2 )|Si , Ti } =
P
Θ∗0 0
Θ∗
e j1 ,j2 /( j 0 ∈Si ,j 0 ∈Ti e j1 ,j2 ), where (ui , vi ) is the pair of items selected by the i-th user
1
2
among the set of pairs of alternatives Si × Ti . The Hessian can be computed as
∂Θj10 ,j20

∂ 2 L(Θ)

∂Θj1 ,j2
n

i=1
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1X
I (j1 , j2 ), (j10 , j20 ) ∈ Si × Ti pj1 ,j2 |Si ,Ti I((j1 , j2 ) = (j10 , j20 )) − pj1 ,j2 |Si ,Ti pj10 ,j20 |Si ,Ti ,
=
n
79
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b where Θ
b is an optimal
We use ∇2 L(Θ) ∈ Rd1 d2 ×d1 d2 to denote this Hessian. Let ∆ = Θ∗ − Θ
solution to the convex optimization in (49). We introduce the following key technical
lemmas. The following lemma provides a bound on the gradient using the concentration of
measure for sum of independent random matrices Tropp (2011).

4(1 + c)e2α max{d1 , d2 } log d
.
d1 d2 n

(219)

Lemma 39 For any positive constant c ≥ 1 and n ≥ (4(1 + c)e2α d1 d2 log d)/ max{d1 , d2 },
with probability at least 1 − 2d−c ,
s
|||∇L(Θ∗ )|||2 ≤

Since we are typically interested in the regime where the number of samples is much smaller
than the dimension d1 × d2 of the problem, the Hessian is typically not positive definite.
However, when we restrict our attention to the vectorized ∆ with relatively small nuclear
norm, then we can prove restricted strong convexity, which gives the following bound.

(220)

(222)

o
2
∆j1 j2 = 0 and |||∆|||F
≥ µ0 |||∆|||nuc . (221)

e−2α
2
|||∆|||F
,
8 d1 d2

Lemma 40 (Restricted Strong Convexity for bundled choice modeling) Fix any Θ
∈ Ωα and assume (min{d1 , d2 }/ min{k1 , k2 }) log d ≤ n ≤ min{d5 log d, k1 k2 max{d12 , d22 } log d}.
Under the random sampling model of the alternatives {j }
from the first set of
ia
i∈[n],a∈[k
1]
items [d1 ], {jib }i∈[n],b∈[k1 ] from the second set of items [d2 ] and the random outcome of the
25
comparisons described in section 1, with probability larger than 1 − 2d−2 ,

X

s

log d
.
n min{d1 , d2 } min{k1 , k2 }

j1 ∈[d1 ],j2 ∈[d2 ]

Vec(∆)T ∇2 L(Θ) Vec(∆) ≥
for all ∆ in A where
n
A = ∆ ∈ Rd1 ×d2 |||∆|||∞ ≤ 2α ,
with
µ0 ≡ 210 α d1 d2

(223)

Building on these lemmas, the proof of Theorem 13 is divided into the following two
cases. In both cases, we will show that

2
|||∆|||F
≤ 12 e2α c1 λ d1 d2 |||∆|||nuc ,

with high probability. Finally, applying an omitted result similar to Lemma 27 proves the
desired theorem. We are left to show Eq. (223) holds.

2
b the Taylor expansion yields
Case 1: Suppose |||∆|||F
≥ µ0 |||∆|||nuc . With ∆ = Θ∗ − Θ,

(224)
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b = L(Θ∗ ) − hh∇L(Θ∗ ), ∆ii + 1 Vec(∆)∇2 L(Θ)VecT (∆),
L(Θ)
2

80

∗


3λ
λ + |||∇L(Θ∗ )|||2 |||∆|||nuc ≤
|||∆|||nuc .
2

e2α
|||Xi |||2 ≤ 1 + √
,
k1 k2

i=1

n
X





E[Xi XiT ] =

i=1

d1

Id1 ×d1 ,

E[eui eTui ]

(E[eui eTui ] − pi pTi )

i=1
e2α n

n
X

n
X

(227)

(226)

(225)

Similarly,

i=1

n
X

i=1

n
X

81

E[XiT Xi ]

E[Xi XiT ]

2

2

≤

≤

e2α n
.
d2

e2α n
.
d1
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(229)

(228)

where the last inequality follows from the fact that for any given Si , ui will be chosen with
probability at most e2α /k1 , if it is in the set Si which happens with probability k1 /d1 .
Therefore,

and

P
Define Xi = −(eui eTvi − pi ) such that ∇L(Θ∗ ) = (1/n) ni=1 Xi , which is a sum of n
independent random matrices. Note that since pi is entry-wise bounded by e2α /(k1 k2 ),

G.1 Proof of Lemma 39

By our assumption on λ ≤ c1 λ0 , this proves the desired bound in Eq. (223)
Casep2: Suppose |||∆|||2F ≤ µ0 |||∆|||nuc . By the definition of µ and the fact that c1 ≥
128/ min{k1 , k2 }, it follows that µ0 ≤ 12 e2α c1 λ d1 d2 , and we get the same bound as in
Eq. (223).

e−2α
|||∆|||2F ≤
8d1 d2

By the assumption, we choose λ ≥ 8λ0 . In view of Lemma 39, this implies that λ ≥
2|||∇L(Θ∗ )|||2 with probability at least 1 − 2d−3 . It follows that with probability at least
25
1 − 2d−3 − 2d−2 ,

nuc

b as an optimal solution of the minimization, we have
From the definition of Θ


b − L(Θ∗ ) ≤ λ |||Θ∗ ||| − Θ
b
L(Θ)
≤ λ|||∆|||nuc .
nuc

∗

−2α
b − L(Θ ) ≥ −|||∇L(Θ )||| |||∆||| + e
|||∆|||2F .
L(Θ)
2
nuc
8 d1 d2

∗ for some a ∈ [0, 1]. It follows from Lemma 40 that with probability
b
where Θ = aΘ+(1−a)Θ
25
at least 1 − 2d−2 ,
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(230)

≡H(∆)

X

j1 ,j1 ∈Si j2 ,j20 ∈Ti

n
e−2α X  X
E
2
2
2 k1 k2 n i=1
0

∆j1 ,j2 − ∆j10 ,j20

2 

j1 ∈[d1 ],j2 ∈[d2 ]

7 e−2α
|||∆|||2F .
8d1 d2

(234)

82
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We will show that this happens with a small probability. We use the same peeling argument
as in Appendix C with
n
S` = ∆ ∈ Rd1 ×d2 | |||∆|||∞ ≤ 2α, β `−1 µ0 ≤ |||∆|||F ≤ β ` µ0 ,
o
X
∆j1 ,j2 = 0, and |||∆|||nuc ≤ β 2` µ0 ,

E[H(∆)] − H(∆) ≥

e−2α
|||∆|||2F ,
(233)
d1 d2
P
P
where we used the fact that E[ j1 ∈Si ,j2 ∈Ti ∆j1 ,j2 ] = (k1 k2 /(d1 d2 )) j 0 ∈[d1 ],j 0 ∈[d2 ] ∆j10 ,j20 = 0
1
2
for ∆ ∈ Ω2α in (51).
We now prove that H(∆) does not deviate from its mean too much. Suppose there exists
a ∆ ∈ A defined in (221) such that Eq. (220) is violated, i.e. H(∆) < (e−2α /(8d1 d2 ))|||∆|||2F .
In this case,
=

E[H(∆)] =

(232)

n
X
2
e−2α X X
∆j1 ,j2 − ∆j10 ,j20 , (231)
2 k12 k22 n i=1
j1 ,j10 ∈Si j2 ,j20 ∈Ti
|
{z
}

which follows from Remark 31. To lower bound H(∆), we first compute the mean:

Vec(∆)T ∇2 L(Θ) Vec(∆) ≥

Thee quadratic form of the Hessian defined in (218) can be lower bounded by

G.2 Proof of Lemma 40

where the last equality follows from the assumption, n ≥ (4(1+c)e2α d1 d2 log d)/ max{d1 , d2 }.

which gives the desired tail probability of 2d−c for the choice of
s
2α
n 4(1 + c)e2α max{d , d } log d 4(1 + c)(1 + √e ) log d o
1 2
k1 k2
t = max
,
d1 d2 n
3n
s
2α
4(1 + c)e max{d1 , d2 } log d
=
,
d1 d2 n

P {|||∇L(Θ∗ )|||2 > t}
n
o
−n2 t2 /2
√
≤ (d1 + d2 ) exp
,
2α
2α
(e n max{d1 , d2 }/(d1 d2 )) + ((1 + (e / k1 k2 ))nt/3)

Applying matrix Bernstein inequality Tropp (2011), we get
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E[H(∆)] − H(∆) ≥

sup

)

E[H(∆)] − H(∆)


>

7e−2α ` 0 2
(β µ )
9d1 d2

7 e−2α 2`−2 0 2
7 e−2α 2` 0 2
β
(µ ) ≥
β (µ ) .
8d1 d2
9 d1 d2

∆∈B0 (β ` µ0 )

sup

 7 e−2α ` 0 2
E[H(∆)] − H(∆) >
(β µ )
9d1 d2

∞
X

P

exp
exp

n

−
−

(235)

.

, (236)

o

(238)

(237)

∆j1 j2 = 0, µ0 |||∆|||nuc ≤ D2

)

p
where β = 10/9 and for ` ∈ {1, 2, 3, . . .}, and µ0 is defined in (222). By the peeling
argument, there exists an ` ∈ Z+ such that ∆ ∈ S` and

∞
X

P

∆∈S`

`=1

(

Applying the union bound over ` ∈ Z+ ,


e−2α
2
P ∃∆ ∈ A , H(∆) <
|||∆|||F
8 d1 d2
(
≤

`=1

≤
where we define the set B 0 (D) such that S` ⊆ B 0 (β ` µ0 ):
X

∆ ∈ Rd1 ×d2 k∆k∞ ≤ 2α, |||∆|||F ≤ D,
B 0 (D) =

j1 ∈[d1 ],j2 ∈[d2 ]

≤

n

n
2 2
4o
n
min{k
1 , k2 } k1 k2 D
exp −
.
210 α4 d12 d22

The following key lemma provides the upper bound on this probability.

sup



−2α D 2
e
E[H(∆)] − H(∆) ≥
2d1 d2

∞
X

`=1

∞
X

`=1

230 k1 k2 max{d22 , d12 }(log d)2 (β − 1.002) o
≤ exp{− 225 log d} ,
n

p
10/9. By the

1.002)(µ0 )4 o

n k1 k2 min{k12 , k22 } (β ` µ0 )4 o
210 α4 d12 d22

Lemma 41 For (min{d1 , d2 }/ min{k1 , k2 }) log d ≤ n ≤ d5 log d,
(
)
P

∆∈B0 (D)

1 2

≤
≤

(a)

≤

η
,
1−η

nk k min{k 2 , k22 }`(β −
1
2
1
210 α4 d12 d22



nk k min{k12 ,k22 }(β−1.002)(µ0 )4
Let η = exp − 1 2
. Applying the tail bound to (236), we get
210 α4 d2 d2

8 d1 d2



e−2α
2
P ∃∆ ∈ A , H(∆) <
|||∆|||F

−

where (a) holds because β x ≥ x log β ≥ x(β − 1.002) for the choice of β =
definition of µ0 ,
n
η = exp
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where the last inequality follows from the assumption that n ≤ k1 k2 max{d12 , d22 } log d, and
β − 1.002 ≥ 2−5 . Since for d ≥ 2, exp{−225 log d} ≤ 1/2 and thus η ≤ 1/2, the lemma
follows by assembling the last two displayed inequalities.
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G.3 Proof of Lemma 41


k14 k24 n2 t2
.
64α4 e−4α max{k12 , k22 }k1 k2 n

(241)

(240)

(239)

Let Z ≡ sup∆∈B0 (D) E[H(∆)] − H(∆) and consider the tail bound using McDiarmid’s inequality. Note that Z has a bounded difference of (8α2 e−2α max{k1 , k2 })/(k12 k22 n) when one
of the k1 k2 n independent random variables are changed, which gives


P {Z − E[Z] ≥ t} ≤ exp −

With the choice of t = D2 /(4e2α d1 d2 ), this gives





k 3 k 3 nD4
e−2α 2
.
≤ exp − 10 4 2 12 2
D
P Z − E[Z] ≥
4d1 d2
2 α d1 d2 max{k12 , k22 }

We first construct a partition of the space similar to Lemma 33. Let

k̃ ≡ min{k1 , k2 } .

Lemma 42 There exists a partition (T1 , . . . , TN ) S
of {[k1 ] × [k2 ]} × {[k1 ] × [k2 ]} for some
N ≤ 2k12 k22 /k̃ such that T` ’s are disjoint subsets, `∈[N ] T` = {[k1 ] × [k2 ]} × {[k1 ] × [k2 ]},

|T` | ≤ k̃ and for any ` ∈ [N ] the set of random variables in T` satisfy

{(∆ji,a ,ji,b − ∆ji,a0 ,ji,b0 )2 }i∈[n],((a,b),(a0 ,b0 ))∈T` are mutually independent .

where ji,a for i ∈ [n] and a ∈ [k1 ] denote the a-th chosen item to be included in the set Si .





Now we prove an upper bound on E[Z] using the symmetrization technique. Recall that
ji,a is independently and uniformly chosen from [d1 ] for i ∈ [n] and a ∈ [k1 ]. Similarly, ji,b
is independently and uniformly chosen from [d1 ] for i ∈ [n] and b ∈ [k2 ].
E[Z]

a,a ∈[k1 ]
b,b0 ∈[k2 ]

n


X
X



e−2α
2
2

=
− ∆ji,a ,ji,b − ∆ji,a0 ,ji,b0 
E  sup
E ∆ji,a ,ji,b − ∆ji,a0 ,ji,b0

2 k12 k22 n ∆∈B0 (D) i=1 0

`∈[N ]

(j1 ,j2 ,j1 ,j2 )∈T`



n
X
X


2
e−2α X 
2
≤
E
sup
E ∆j1 ,j2 − ∆j 0 ,j 0
− ∆j1 ,j2 − ∆j10 ,j20 
1
2
2 k12 k22 n
∆∈B0 (D) i=1 (j ,j ,j 0 ,j 0 )∈T
`∈[N ]
1 2 1 2
`


n
X
X
2
e−2α X
(242)
E  sup
ξi,j1 ,j2 ,j10 ,j20 ∆j1 ,j2 − ∆j10 ,j20  ,
k12 k22 n
∆∈B0 (D) i=1
0 0
≤
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where the first inequality follows for the fact that the supremum of the sum is smaller than
the sum of supremum, and the second inequality follows from standard symmetrization
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X

µ0

E

i=1

n
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2
s
n 64 n min{k , k } log d
o 2n min{k , k }
√
1 2
√ 1 2
≤ max
, (16 2/3) log d +
min{d1 , d2 }
2d7
s
66 n min{k1 , k2 } log d
≤
min{d1 , d2 }

E



1

p
√
Choosing t = max{ 64n(min{k1 , k2 }/ min{d1 , d2 }) log d, (16 2/3) log d}, we obtain a bound
on the spectral norm of t with probability at least 1 − 2d−7 . From the fact that
√

Pn P
≤ (n/ 2) min{k1 , k2 }, it follows that
i=1
(j1 ,j2 ,j 0 ,j 0 )∈T` ξi,j1 ,j2 ,j10 ,j20 ej1 ,j2 − ej10 ,j20

n

o
−t2 /2
√
,
≤ (d1 + d2 ) exp
2n min{k1 , k2 }/min{d1 , d2 } + 2t/3

P


n
 X

E[(ej1 ,j2 − ej10 ,j20 )(ej1 ,j2 − ej10 ,j20 )T ]  (2/d1 )Id1 ×d1 , and E[(ej1 ,j2 − ej10 ,j20 )T (ej1 ,j2 − ej10 ,j20 )] 
(2/d2 )Id2 ×d2 . It follows that σ 2 = 2n|T` |/ min{d1 , d2 }, where |T` | ≤ min{k1 , k2 }. It follows
that

where the second inequality follows for the Hölder’s inequality and the last inequality follows
from µ0 |||∆|||nuc ≤ D2 for all ∆ ∈ B 0 (D). To bound the expected spectral norm of the random
√
matrix, we use matrix Bernstein’s inequality. Note that ξi,j1 ,j2 ,j10 ,j20 c ≤ 2 almost surely,

≤
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8αD2
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(250)

log M


M −1 P
(`1 ) kΘ(`2 ) )
`1 ,`2 ∈[M ] DKL (Θ
2

+ log 2

,

(252)
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The main challenge in this case is that we can no longer directly apply the RUM interpretation to compete DKL (Θ(`1 ) kΘ(`2 ) ). This will result in over estimating the KL-divergence,
because this approach does not take into account that we only take the top winner, out
of those k1 k2 alternatives. Instead, we compute the divergence directly, and provide an
appropriate bound. Let the set of k1 rows and k2 columns chosen in one of the n samples

n
o
b 6= L
P L
≥ 1−

This proof follow closely the proof of Theorem 10 in Appendix E. We apply the generalized
Fano’s inequality in the same way to get Eq. (160)

Appendix H. Proof of the Information-theoretic Lower Bound in
Theorem 16

≤

E[Z] ≤

which follows form the assumption that n min{k1 , k2 } ≥ min{d1 , d2 } log d and n ≤ d5 log d.
Substituting this bound in (242), and (246), we get that

with i.i.d. Rademacher random variables ξi,j1 ,j2 ,j10 ,j20 ’s. It follows from Ledoux-Talagrand
contraction inequality Ledoux and Talagrand (2013) that
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Here (a) is by definition of KL-distance and the fact that S, T are chosen uniformly
from all possible such sets and (b) is due to the fact that log(x) ≤ x − 1 with x =
(` )
(` )
(`1 ) P
(`2 ) P
Θi0 j20
Θi0 j10
(eΘij
)/(eΘij
). The constants at (c) is due to the fact
i0 ∈S,j 0 ∈T e
i0 ∈S,j 0 ∈T e
that each element of Θ(`1 ) is upper bounded by α and lower bounded by −α. We can get
(d) by removing the second term which is always negative, and using the bond of α. (e) is
obtained because ex where −α ≤ x ≤ α is Lipschitz continuous with Lipschitz constant eα .
At last (f ) is obtained by simple counting of the occurrences of each ij. Thus we have,
n
o
b 6= L
P L
≥ 1−

The remainder of the proof relies on the following probabilistic packing.
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Lemma 43 Let d2 ≥ d1 be sufficiently large positive integers. Then for each r ∈ {1, . . . , d1 },
and for any positive δ > 0 there exists a family of d1 × d2 dimensional matrices {Θ(1) , . . . ,
Θ(M (δ)) } with cardinality M (δ) = b(1/4) exp(rd2 /576)c such that each matrix is rank r and
87

F

≤ δ , for all ` ∈ [M ]
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the following bounds hold:
Θ(`)

e5α n4δ 2
d1 d2
rd2
576 −

2 log 2

+ log 2

≥

1
,
2

(254)

(257)

1
≥
Θ(`1 ) − Θ(`2 )
δ , for all ` , ` ∈ [M ]
(255)
1
2
2
F
Θ(`) ∈ Ωα̃ , for all ` ∈ [M ] ,
(256)
√
with α̃ = (8δ/d2 ) 2 log d for d = (d1 + d2 )/2.
p
Suppose δ ≤ αd2 /(8 2 log d) such that the matrices in the packing set are entry-wise
2
bounded by α, then the above lemma 43 implies that Θ(`1 ) − Θ(`2 ) F ≤ 4δ 2 , which gives

o
n
b 6= L
≥ 1−
P L

F

i

≥ δ/4 .

where the last inequality holds for δ 2 ≤ (rd1 d22 /(1152e5α n)) and assuming
rd2 ≥ 1600.
p
Together with (257) and (255), this proves that for all δ ≤ min{αd2 /(8 2 log d),
p
rd1 d22 /(9216 e5α n)},
b Θ∗ ∈Ωα
Θ

h
b − Θ∗
inf sup E Θ

Choosing δ appropriately to maximize the right-hand side finishes the proof of the desired
claim. Also by symmetry, we can apply the same argument to get similar bound with d1
and d2 interchanged.
H.1 Proof of Lemma 43

√

δ 1T U (V (`) )T 1 T
δ
U (V (`) )T − √
11 ,
d1 d2
rd2
rd2

(258)

We show that the following procedure succeeds in producing the desired family with probability at least half, which proves its existence. Let d = (d1 + d2 )/2, and suppose d2 ≥ d1
without loss of generality. For the choice of M 0 = erd2 /576 , and for each ` ∈ [M 0 ], generate
a rank-r matrix Θ(`) ∈ Rd1 ×d2 as follows:
Θ(`) =

Θ(`1 ) − Θ(`2 )

F

where U ∈ Rd1 ×r is a random orthogonal basis such that U T U = Ir×r and V (`) ∈ Rd2 ×r is
(`)
a random matrix with each entry Vij ∈ {−1, +1} chosen independently and uniformly at
√
random. By construction, notice that Θ(`) F ≤ (δ/ rd2 ) U (V (`) )T F = δ.
Now, by triangular inequality, we have

≥
≥

A
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δ
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√
√
−
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11T F
F
rd2
d1 d2 rd2

δ
δ
√
−p
|1T U (V (`1 ) )T 1| +|1T U (V (`2 ) )T 1| .
V (`1 ) − V (`2 )
{z
}
F
rd2 |
r d1 d22 |
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}
B
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We begin with a data set X = {x(i) }ni=1 composed of n i.i.d. samples of some random
variable x ∈ Rd of interest, with the goal of estimating a tractable approximation for
pθ (x), knowledge of which would allow us to generate new samples of x. Moreover we

1. Introduction

Keywords: Variational Autoencoder, Deep Generative Model, Robust PCA

Variational autoencoders (VAE) represent a popular, flexible form of deep generative model
that can be stochastically fit to samples from a given random process using an informationtheoretic variational bound on the true underlying distribution. Once so-obtained, the
model can be putatively used to generate new samples from this distribution, or to provide a
low-dimensional latent representation of existing samples. While quite effective in numerous
application domains, certain important mechanisms which govern the behavior of the VAE
are obfuscated by the intractable integrals and resulting stochastic approximations involved.
Moreover, as a highly non-convex model, it remains unclear exactly how minima of the
underlying energy relate to original design purposes. We attempt to better quantify these
issues by analyzing a series of tractable special cases of increasing complexity. In doing so,
we unveil interesting connections with more traditional dimensionality reduction models, as
well as an intrinsic yet underappreciated propensity for robustly dismissing sparse outliers
when estimating latent manifolds. With respect to the latter, we demonstrate that the VAE
can be viewed as the natural evolution of recent robust PCA models, capable of learning
nonlinear manifolds of unknown dimension obscured by gross corruptions.
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1. For discrete data, a Bernoulli distribution is sometimes adopted instead.
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where z (i,t) are samples drawn from qφ z|x(i) . Using a simple reparameterization trick,
these samples can be constructed such that gradients with respect to µz and Σz can be

h

i
Eqφ (z |x(i) ) log pθ x(i) |z
≈

excluding irrelevant constants. However, the remaining integral from the expectation term
admits no closed-form solution, making direct optimization over θ and φ intractable. Likewise, any detailed analysis of the underlying objective function becomes problematic as
well.
At least for practical purposes, one way around this is to replace the troublesome expectation with a Monte Carlo stochastic approximation (Kingma and Welling, 2014; Rezende
et al., 2014). More specifically we utilize

In these expressions, qφ (z|x) can be viewed as an encoder model that defines a conditional
distribution over the latent ‘code’ z, while pθ (x|z) can be interpreted as a decoder model
since, given a code z it quantifies the distribution over x.
By far the most common distributional assumptions are that p(z) = N (z; 0, I) and the
encoder model satisfies qφ (z|x) = N (z; µz , Σz ), where the mean µz and covariance Σz are
some function of model parameters φ and the random variable x. Likewise, for the decoder
model we assume pθ (x|z) = N (x; µx , Σx ) for continuous data, with means and covariances
defined analogously.1
For arbitrarily parameterized moments µz , Σz , µx , and Σx , the KL divergence in (2)
computes to
2KL [qφ (z|x) ||p(z)] ≡ tr [Σz ] + kµz k22 − log |Σz | ,
(3)

where qφ
defines an arbitrary approximating distribution, parameterized by φ, and
KL [·||·] denotes the KL divergence between two distributions, which is always a non-negative
quantity. For optimization purposes, it is often convenient to re-express this bound as
h 

i
h

i
X
L(θ, φ) ≡
KL qφ z|x(i) ||p(z) − Eqφ (z |x(i) ) log pθ x(i) |z
.
(2)

z|x(i)

κ
assume that
R each sample is governed by unobserved latent variables z ∈ R , such that
pθ (x) = pθ (x|z)p(z)dz, where θ are the parameters defining the distribution we would
like to estimate.
Given that this integral is intractable in all but the simplest cases, variational autoencoders (VAE) represent a powerful means of optimizing with respect to θ a tractable upper
bound on − log pθ (x) (Kingma and Welling, 2014; Rezende et al., 2014). Once these parameters are obtained, we can then generate new samples from pθ (x) by first drawing some z (i)
from p(z), and then a new x(i) from pθ (x|z (i) ). The VAE upper bound itself is constructed
as
h 


i
o
Xn
X
L(θ, φ) =
KL qφ z|x(i) ||pθ z|x(i) − log pθ (x(i) ) ≥ −
log pθ (x(i) ), (1)
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propagated through the righthand side of (4). Therefore, assuming all the required moments
µz , Σz , µx , and Σx are differentiable with respect to φ and θ, the entire model can be
updated using SGD (Bottou, 2010).
While quite effective in numerous application domains that can apply generative models,
e.g., semi-supervised learning (Kingma et al., 2014; Maaløe et al., 2016; Mansimov et al.,
2016), certain important mechanisms which dictate the behavior of the VAE are obfuscated
by the required stochastic approximation and the opaque underlying objective with highdimensional integrals. Moreover, it remains unclear to what extent minima remain anchored
at desirable locations in the non-convex energy landscape.
We take a step towards better quantifying such issues by probing the basic VAE model
under a few simplifying assumptions of increasing complexity whereby closed-form integrations are (partially) possible. This process unveils a number of interesting connections
with more transparent, established generative models, each of which shed light on how the
VAE may perform under more challenging conditions. This mirrors the rich tradition of
analyzing deep networks under various simplifications such as linear layers or i.i.d. random
activation patterns (Choromanska et al., 2015a,b; Goodfellow et al., 2016; Kawaguchi, 2016;
Saxe et al., 2014), and results in the following key contributions:
1. We demonstrate that the canonical form of the VAE, including the Gaussian distributional assumptions described above, harbors an innate agency for robust outlier
removal in the context of learning inlier points constrained to a manifold of unknown
dimension. In fact, when the decoder mean µx is restricted to an affine function of
z, we prove that the VAE model collapses to a form of robust PCA (RPCA) (Candès
et al., 2011; Chandrasekaran et al., 2011), a recently celebrated technique for separating
data into low-rank (low-dimensional) inlier and sparse outlier components.2
2. We elucidate two central, albeit underappreciated roles of the VAE encoder covariance Σz . First, through subtle multi-tasking efforts in both terms of (2), it facilitates
learning the correct inlier manifold dimension. Secondly, Σz can help to smooth out
undesirable minima in the energy landscape of what would otherwise resemble a more
traditional deterministic autoencoder (AE) (Bengio, 2009). This is true even in certain
situations where it provably does not actually alter the globally optimal solution itself.
Note that prior to this work the AE could ostensibly be viewed as the most natural candidate for instantiating extensions of RPCA to handle outlier-robust nonlinear
manifold learning. However, our results suggest that the VAE maintains pivotal advantages in mitigating the effects of bad local solutions and over-parameterized latent
representations, even in completely deterministic settings that require no generative
model per se.
As we will soon see, these points can have profound practical repercussions in terms of
how VAE models are interpreted and deployed. For example, one immediate consequence
is that even if the decoder capacity is not sufficient to capture the generative distribution
within some fixed, unknown manifold, the VAE can nonetheless still often find the correct
manifold itself, which is sufficient for deterministic recovery of uncorrupted inlier points.
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2. RPCA represents a rather dramatic departure from vanilla PCA and is characterized by a challenging,
combinatorial optimization problem. A formal definition will be provided in Section 3.

3
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This is exactly analogous to RPCA recovery results, whereby it is possible to correctly
estimate an unknown low-dimensional linear subspace heavily corrupted with outliers even
if in doing so we do not obtain an actual generative model for the inliers within this subspace.
We emphasize that this is not a job description for which the VAE was originally motivated,
but a useful hidden talent nonetheless.

The remainder of this paper is organized as follows. In Section 2 we consider two affine
decoder models and connections with past probabilistic PCA-like approaches. Note that
the seminal work from (Rezende et al., 2014) mentions in passing that a special case of their
VAE decoder model reduces to factor analysis (Bartholomew and Knott, 1999), a cousin
of probabilistic PCA; however, no rigorous, complementary analysis is provided, such as
how latent-space sparsity can emerge as we will introduce shortly. Next we examine various
partially affine decoder models in Section 3, whereby only the mean µx is affine while Σx
has potentially unlimited complexity; all encoder quantities are likewise unconstrained. We
precisely characterize how minimizers of the VAE cost, although not available in closed form,
nonetheless are capable of optimally decomposing data into low-rank and sparse factors akin
to RPCA while avoiding bad local optima. This section also discusses extensions as well as
interesting behavioral properties of the VAE.

Section 4 then considers degeneracies in the full VAE model that can arise even with a
trivially simple encoder and corresponding latent representation. Section 5 concludes with
experiments that directly corroborate a number of interesting, practically-relevant hypotheses generated by our theoretical analyses, suggesting novel usages (unrelated to generating
samples) as a tool for deterministic manifold learning in the presence of outliers. We provide
final conclusions in Section 6. Note that our prior conference paper has presented the basic
demonstration that VAE models can be applied to tackling generalized robust PCA problems (Wang et al., 2017). However this work primarily considers empirical demonstrations
and high-level motivations, with minimal analytical support.

Notation: We use a superscript (i) to denote quantities associated with the i-th sample,
which at times may correspond with the columns of a matrix, such as the data X or related.
For a general matrix M , we refer to the i-th row as mi· and the j-th column as m·j .
Although technically speaking posterior moments are functions of the parameters {θ, φ}, the
random variables x, and the latent z, i.e., µx ≡ µx (z; θ), Σx ≡ Σx (z; θ), µz ≡ µz (x; φ),
and Σz ≡ Σz (x; φ), except in cases where some ambiguity exists regarding the arguments,
(i)
these dependencies are omitted to avoid undue clutter; likewise for µz , µz (x(i) ; φ) and
(i)
Σz , Σz (x(i) ; φ). Also, with some abuse of notation, we will use L to denote a number of
different VAE-related objective functions and bounds, with varying arguments and context
serving as differentiating factors. Finally, the diag[·] operator converts vectors to a diagonal
matrix, and vice versa as in the Matlab computing environment.

2. Affine Decoder and Probabilistic PCA
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If we assume that Σx is fixed at some λI, and force Σz = 0 (while removing the now
undefined log |Σz | term), then it is readily apparent that the resultant VAE model reduces
to a traditional AE with squared-error loss function (Bengio, 2009), a common practical
assumption. To see this, note that if Σz = 0, then qφ z|x(i) collapses to δ(µz ), i.e., a

4

Ω(i) (W , b, Ψ) ,



i

x(i) − b

> 

Ψ + WW>

−1 

>

,


x(i) − b .

Ω (W , b, λI) + n log λI + W W

(i)

(6)

(5)

i

j



X

2

Ω (W , b, λI) + n
log λ + kw·j k2 + (d − κ) log λ .

(i)

(7)

5
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3. While the details are omitted here, optimal solutions for both b and λ can be analyzed as well.

All proofs are deferred to the appendices. The objective (5) is the same as that used
by certain probabilistic PCA models (Tipping and Bishop, 1999), even though the latter
is originally derived in a completely different manner. Moreover, it can be shown that
any minimum of this objective represents a globally optimal solution (i.e, no minima with
suboptimal objective function value exist). And with b and λ fixed, the optimal W will
be such that span[W ] equals √
the span of the singular vectors of X − b1> associated with
singular values greater than λ. So the global optimum produces a principal subspace
formed by soft-thresholding the singular values of X − b1> , with the rank one offset often
used to normalize samples to have zero mean.3

Lsep (W , b, λ) =

X

Additionally, if we enforce that off-diagonal elements of Σz must be equal to zero (i.e.,
[Σz ]ij = 0 for i 6= j), then (5) further decouples/separates to

where

L(W , b, λ) =

X

Lemma 1 Suppose that the decoder moments satisfy µx = W z + b and Σx = λI for
some parameters θ = {W , b, λ} of appropriate dimensions. Furthermore, we assume for
the encoder we have µz = f (x; φ), Σz = S z S >
z , and S z = g(x; φ), where f and g are any
parameterized functional forms that include arbitrary affine transformations for some arrangement of parameters. Under these assumptions, the objective from (2) admits optimal,
closed-form solutions for µz and Σz in terms of W , b, and λ such that the resulting VAE
cost collapses to





(i)
delta function at the posterior mean, and Eqφ (z |x(i) ) log pθ x(i) |z = log pθ x(i) |µz ,
which is just a standard AE with quadratic loss and representation µx (µz [x]). Moreover,
P
(i)
the only remaining (non-constant) regularization from the KL term is i kµz k22 . However,
(i)
given scaling ambiguities that may arise in the decoder when Σz = 0, µz can often be
made arbitrarily small, and therefore the effect of this quadratic penalty is infinitesimal.
With affine encoder and decoder models, the resulting deterministic network will simply
learn principal components like vanilla PCA, a well-known special case of the AE (Bourlard
and Kamp, 1988).
Therefore to understand the VAE, it is crucial to explore the role of non-trivial selections
for the encoder and decoder covariances, that serve as both enlightening and differentiating
factors. As a step in this direction, we will explore several VAE reductions that lead to
more manageable (yet still representative) objective functions and strong connections to
existing probabilistic models. In this section we begin with the following simplification:

Emergent Sparsity in Variational Autoencoder Models

j

with distinct nonzero eigenvalues, there will exist at least

κ!
(κ−r)!

(9)

6
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4. By disconnected we mean that, to traverse from one minimum to another, we must ascend the objective
function at some point along the way.

Although this result applies to relatively simplistic affine decoders (the encoder need not
be so constrained however), it nonetheless highlights a couple interesting principles. First,
the diagonalization of Σz collapses the space of globally minimizing solutions to a subset of
the original. While the consequences of this may be minor in the fully affine decoder model
where all the solutions are still equally good, we surmise that with more sophisticated parameterizations this partitioning of the energy landscape into distinct basins-of-attraction
could potentially introduce suboptimal local extrema. And from a broader perspective,
Theorem 2 provides tangible validation of prior conjectures that variational Bayesian factorizations of this sort can fragment the space of local minima (Hoffman, 2014).
But there is a second, potentially-advantageous counter-affect elucidated by Theorem 2
as well. Specifically, even if W is overparameterized, meaning that κ is unnecessarily large,
there exists an inherent mechanism to prune superfluous columns to exactly zero, i.e.,
column-wise sparsity. And once columns of W become sparse, the corresponding elements
of µz can no longer influence the data fit. Consequently, the kµz k22 factor from (3) serves as
the only relevant influence, pushing these values to be exactly zero even though `2 norms in
most regularization contexts tend to favor diverse, non-sparse representations (Rao et al.,
2003).
So ultimately, sparsity of µz is an artifact of the diagonal Σz assumption and the
interaction of multiple VAE terms, a subtle influence we empirically demonstrate translates
to more complex regimes in Section 5. In any event, we have shown that both variants of
the affine decoder model lead to reasonable probabilistic PCA-like objectives regardless of
how overparameterized µz and Σz happen to be.

3. W ∗∗ will have at most r nonzero columns, while W ∗ can have any number in {r, . . . , κ}.

distinct (disconnected) minima of (7) located at some U ΛP , where U Λ2 U > represents
the SVD of W ∗∗ (W ∗∗ )> and r = rank [W ∗∗ ].

2. For any W ∗∗ (W )

∗∗ >

= L(W ∗∗ P , b, λ) = Lsep (W ∗∗ P , b, λ).

1. L(W ∗ , b, λ) = L(W ∗ R, b, λ) = Lsep (W ∗∗ , b, λ)

Theorem 2 Let R ∈ Rκ×κ denote an arbitrary rotation matrix and P ∈ Rκ×κ an arbitrary
permutation matrix. Furthermore let W ∗ be a minimum of (5) and W ∗∗ any minimum of
(7) with b and λ fixed. Then the following three properties hold:

by virtue of Hadamard’s inequality (see proof of Theorem 2 below), with equality iff W > W
is diagonal. Interestingly, all minima of the modified cost nonetheless retain global optimality of the original; however, it can be shown that there will be a combinatorial increase
in the actual number of distinct (disconnected) minima:4

In contrast, the alternative cost (7), which arises from the oft-used practical assumption
that Σz is diagonal, represents a rigorous upper bound to (5), since
X

log λ + kw·j k22 + (d − κ) log λ ≥ log λI + W W >
(8)
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3. Partially Affine Decoder and Robust PCA

n · rank [L] + kSk0 ,
s.t. X = L + S,

(10)

Thus far we have considered tight limitations on the complexity allowable in the functional
forms of both µx and Σx , while µz and Σz were free-range variables granted arbitrary flexibility. We now turn our gaze to the case where Σx can also be any parameterized, diagonal
matrix5 while µx remains restricted. Although this administers considerable capacity to
the model at the potential risk of overfitting, we will soon see that the VAE is nonetheless
able to self-regularize in a very precise sense: Global minimizers of the VAE objective will
ultimately correspond with optimal solutions to
min
L ,S
where k·k0 denotes the `0 norm, or a count of the number of nonzero elements in a vector or
matrix. This problem represents the canonical form of robust principal component analysis
(RPCA) (Candès et al., 2011; Chandrasekaran et al., 2011), decomposing a data matrix X
into low-rank principal factors L = U V , with U and V low-rank matrices of appropriate
dimension, and a sparse outlier component S. However, we must emphasize that (10),
unlike traditional PCA, represents an NP-hard, discontinuous optimization problem with a
combinatorial number of potentially bad local minima. Still, it is seemingly quite remarkable
that the probabilistic VAE model shares any kinship with (10), even more so given that
some of the distracting local minimizers can be smoothed away, a key VAE advantage as
we will later argue.
Before elucidating this relationship, we require one additional technical caveat. Specifically, since log 0 and 01 are both undefined, and yet we will soon require an alliance with
degenerate (or nearly so) covariance matrices that mimic the behavior of sparse and lowrank factors through log-det and inverse terms, we must place the mildest of restrictions
on the minimal allowable singular values of Σx and Σz . For this purpose we define Sαm
as the set of m × m covariance matrices with singular values all greater than or equal to
α, and likewise S̄αm as the subset of Sαm containing only diagonal matrices. We also define
suppα (x) = {i : |xi | > α}, noting that per this definition, supp0 (x) = supp(x), meaning
we recover the standard definition of support: the set of indices associated with nonzero
elements.
3.1 Main Result and Interpretation
Given the affine assumption from above, and the mild restriction Σx ∈ S̄αd and Σz ∈ Sακ for
some small α > 0, the resulting constrained VAE minimization problem can be expressed
as
(11)


min L W , b = 0, Σx ∈ S̄αd , µz , Σz ∈ Sακ ,
θ ,φ

where now θ includes W as well as all the parameters embedded in Σx , while µz and Σz
are parameterized as in Lemma 1. We have also set b = 0 merely for ease of presentation
as its role is minor. We then have the following:
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5. A full covariance over x is infeasible given the high dimension, and can lead to undesirable degeneracies
anyway. Therefore a diagonal covariance is typically, if not always, used in practice.
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and

n
Theorem 3 Suppose that X = {x(i) }i=1
admits a feasible decomposition X = U V + S
that uniquely6 optimizes (10). Then for some ᾱ sufficiently small, and all α ∈ (0, ᾱ], any
global minimum {Ŵ , Σ̂x , µ̂z , Σ̂z } of (11) will be such that7

h  h
ii
suppα diag Σ̂x µ̂z x(i)
= supp[s(i) ]
(12)

span[Ŵ ] = span[U ]

for all i provided that the latent representation satisfies κ ≥ rank [U ].

Several important remarks are warranted here regarding the consequences and interpretation of this result:

(13)

• The Ŵ satisfying (12) forms a linear basis for each inlier component l(i) , and likewise,
a sample-dependent basis denoted E (i) can be trivially constructed for each outlier
(i)
component s(i) using Σ̂x , and µ̂z . Specifically, each unique column
a
vector
h of E  is 
i
of zeros with a one in the j-th position, with j ∈ suppα diag Σ̂x µ̂z x(i)
. It
follows that

h
ih
i†
x(i) = l(i) + s(i) = Ŵ E (i) Ŵ E (i) x(i) , ∀i = 1, . . . , n.

Therefore if we can globally optimize the VAE objective, we can recover the correct
latent representation, or equivalently, the optimal solution to (10).

• The requirements Σx ∈ S̄αd and Σz ∈ Sακ do not portend the need for specialized
tuning or brittleness of the result; these are merely technical conditions for dealing
with degenerate covariances that occur near optimal solutions. While it might seem
natural that Σx has diagonal elements pushed to zero in regions where near perfect data
fit is possible, less intuitively, global optima of (11) can be achieved with an arbitrarily
small Σz , e.g., Σz = αI, at least along latent dimensions needed to represent L (see
proof construction). And interestingly, this implies that in areas surrounding a global
optimum, the VAE objective can resemble that of a regular AE. As we will discuss more
below, desirable smoothing effects of integration over Σz occur elsewhere in the energy
landscape while preserving extrema anchored at the correct latent representation.

• Even if κ is large, meaning W is possibly overcomplete, the VAE will not overfit in the
sense that there exists an inherent regulatory effect pushing span[W ] towards span[U ].

• If the globally optimal solution to (10) is not unique (this is different from uniqueness
regarding the VAE objective), then a low-rank-plus-sparse model may not be the most
reasonable, parsimonious representation of the data to begin with, and exact recovery
of L and S will not be possible by any algorithm without further assumptions. More
concretely, an arbitrary data point x(i) ∈ Rd requires d degrees of freedom to represent;
however, if the data succinctly adheres to the RPCA model, then for properly chosen
U , V , and S, we can have x(i) = U v (i) + s(i) , where kv (i) k0 + ks(i) k0 < d. Arbitrary

6. Obviously only L and S will be unique; the actual decomposition of L into U and V is indeterminate

where the latter is evaluated at x(i) , the i-th sample.
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up to an inconsequential invertible transform.
 h
i
refers to Σ̂x evaluated at µ̂z ,
7. Although somewhat cumbersome in print, the expression Σ̂x µ̂z x(i)

8

i

(18)

10
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or a smooth surrogate thereof, over the constraint set X = L + S. The advantages of this
lower bound are substantial: As long as a unique solution exists to the RPCA problem, the
globally optimal solution with kv (i) k0 + ks(i) k0 < d for all i will be unchanged; however,
any feasible solution with kv (i) k0 + ks(i) k0 ≥ d will have a constant cost via the expression
on the left of the inequality, truncating the many erratic peaks that will necessarily occur
with the energy on the righthand side.

= n · rank [L] + kSk0 ,

i



 2 
h
i X
 2 
X
rank LL> + diag s(i)
≤
rank LL> +
rank diag s(i)

8. A more rudimentary form of this smoothing has been observed in much simpler empirical Bayesian
models derived using Fenchel duality (Wipf, 2012).

0

i

X

But crucially, this behavior lasts only as long as (17) is strictly less than d and Σz is forced
to be small or degenerate. In contrast, when the value is at or above d, (17) no longer
reflects the energy function, which becomes relatively flat because of smoothing via Σz ,
avoiding the pitfalls described above. This phenomena then has the potential to smooth
out a large constellation of bad locally optimal solutions.
To situate things in the narrative of (10), which is useful for illustration purposes, the
VAE can be viewed (at least to first order approximation) as minimizing the alternative
lower-bounding objective function

There is also a more important, yet subtle, advantage of the VAE over both (16) and the
original unconstrained RPCA model from (10). For both RPCA constructions, any feasible
support pattern, even the trivial ones associated with non-interesting decompositions satisfying kv (i) k0 + ks(i) k0 ≥ d for some i, will necessarily represent a local minimum, since there
is an infinite gradient to overcome to move from a zero-valued element of S to a nonzero
one.
Unlike these deterministic approaches, the behavior of the VAE reflects a form of differential smoothing that rids the model of many of these pitfalls while retaining desirable
minima that satisfy (12).8 Based on details of the proof of Theorem 3, it can be shown
that, excluding small-order terms dependent on other variables and a constant scale factor
of − log α, then a representative bound on the VAE objective associated with each sample
index i behaves like
ii

h  h
rank[W ] + suppα diag Σx µz x(i)
.
(17)

3.2 Additional Local Minima Smoothing Effects

trivial solution L = X will be produced. In the large-κ regime then, global VAE and
global AE solutions do in fact deviate, ultimately because of the removal of the − log |Σz |
term in the latter. So Σz plays a critical role in determining the correct, low-dimensional
inlier structure, and ultimately it is this covariance that chaperons W during the learning
process.

Dai, Wang, Aston, Hua and Wipf

From this result we immediately observe that, provided µz enjoys a sufficiently rich parameterization, minimization of (15) is just a constrained version of (10), exactly equivalent to
solving
min kSk0 , s.t. X = L + S, rank [L] ≤ κ.
(16)
L ,S
This expression immediately exposes one weakness of the AE; namely, if κ is too large,
there is no longer any operation in place to prune away unnecessary dimensions, and the

i

Corollary 4 Under the same conditions as Theorem 3, if we remove the log |Σz | term and
assume Σz = 0 elsewhere, then (11) admits a closed-form solution for Σx in terms of W
and µz such that minimizers of the VAE cost are minimizers of


X
L (W , µz ) =
x(i) − W µz x(i)
in the limit α → 0.
(15)

We emphasize that these conclusions are not the product of an overly contrived situation,
given that a significant restriction is only placed on µx ; all other posterior quantities are
essentially unconstrained provided a sufficient lower complexity bound is exceeded, implying
that the result will hold whenever a sufficiently complex deep network is used. Moreover,
although we will defer to a formal treatment to future work for purposes of brevity here,
with some mild additional conditions, Theorem 3 can naturally be extended to the case
where the decoder mean function is generalized to subsume non-linear, union-of-subspace
models as commonly assumed in subspace clustering problems (Elhamifar and Vidal, 2013;
Rao et al., 2010). This then deviates substantially from any direct PCA-kinship, and
buttresses the argument that the analysis presented here transitions to broader scenarios.
The experiments from Section 5 will also provide complementary empirical confirmation.
Moving forward, as a point of further comparison it is also interesting to examine how
a traditional AE, which emerges when Σz is forced to zero, behaves under analogous conditions to Theorem 3.

will equal global solutions of (10). While elegant in theory, and practically relevant
given that (10) is discontinuous, non-convex, and difficult to optimize, the required
conditions for this equivalence to hold place strong restrictions on the allowable structure in L and support pattern in S. In practice these conditions can never be verified
and are unlikely to hold, so an alternative modeling approach such as the VAE, which
can be viewed as a smoothed version of (10) when an affine decoder mean is used (more
on this later), remains attractive. Additionally, there is no clear way to modify (14) to
handle nonlinear manifolds, which is obviously the bread and butter of the VAE.

• A number of celebrated results have stipulated conditions (Candès et al., 2011; Chandrasekaran et al., 2011) whereby global solutions of the convex relaxation into nuclear
and `1 norm components given by
√
min
n · rank kLk∗ + kSk1 , s.t. X = L + S,
(14)
L ,S

data in general position will never admit such a unique decomposition, and we should
only expect such structure in data well-represented by our VAE model, or the original
RPCA predecessor from (10).
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(19)
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= I.
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arg min tr [Σz ] − log |Σz |
Σz 0

In fact, away from the strongly attractive basins of optimal VAE solutions, the KL term
from (2) is likely to push Σz more towards
≡
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Before stating these hypotheses, we summarize what can be viewed as two, theoreticallyaccessible boundary cases considered thus far. First, building on Section 2, Section 3 demonstrated that the VAE can self-regularize and produce useful, robust models provided that
restrictions are placed on only the decoder mean network. Conversely, Section 4 demonstrated that, regardless of other model components, if the decoder mean network is unreasonably complex beyond the first layer, then overfitting emerges as a potential concern. But
between these two extremes, there exists a large operational regime whereby practical VAE
behavior is both worth exploring and likely still informed by the original analysis of these
boundary cases.

Theoretical examination of simplified cases can be viewed as a powerful vehicle for generating accessible hypotheses that describe likely behavior in more realistic, practical situations.
In this section we empirically evaluate and analyze three concrete hypotheses that directly
emanate from our previous technical results and the tight connections between RPCA and
VAE models. In aggregate, these hypotheses have wide-ranging consequences in terms of
how VAEs should be applied and interpreted.

5. Experiments and Analysis

Of course an analogous issue exists with generative adversarial networks (GAN) as well,
a popular competing deep generative model composed of a generator network analogous to
the VAE decoder, and a discriminator network that replaces the VAE encoder in a loose
sense (Goodfellow et al., 2014). If the generator network merely learns a segmentation
of z-space such that all points in the i-th partition map to x(i) , the discriminator will be
helpless to avert this degenerate situation even in principle. But there is an asymmetry when
it comes to the GAN discriminator network and the VAE encoder: Over-parameterization
of the former can be problematic (e.g., it can easily out-wit an affine or other proportionally
simple generator), but the latter not so, at least in the sense that a highly flexible VAE
encoder need not bully a simple decoder into trivial solutions as we have shown in previous
sections.

One helpful caveat though, is that actually implementing such a complex piecewise linear
function µ̂x (z; θ) using typical neural network components would require extremely wide
and/or deep structure beyond the first decoder mean layer. And the degrees of freedom in
such higher-layer structures would need to scale proportionally with the size of the training
data, which is not a practical VAE operational regime to begin with. In contrast, the first
layer of the decoder mean network more or less self-regularizes, at least in the affine and
related cases as described above. And we conjecture that this self-regularization preserves
in more complex networks of reasonable practical size as will be empirically demonstrated
in Section 5. So really it is excessive complexity in higher decoder mean layers, unrelated
to the dimensionality of the latent z bottleneck, where overfitting problems are more likely
to arise.

In this situation, loosely speaking the data term from (2) will behave like nd log λx ,
bullying the over-matched KL term that will scale only as −n log λz . This in turn leads
to a useless, degenerate solution as λx = λz → 0, either for the purposes of generating
representative samples, or for outlier removal as we have described herein.

arg min KL [qφ (z|x) ||p(z)]
Σz 0
Experiments presented in Section 5 confirm that this is indeed the case. And once Σz moves
away from zero, it will generally contribute a strong smoothing effect via the expectation in
(2). However, there exists an important previously unobserved caveat here: If the decoder
mean function is excessively complex, it can potentially outwit all regulatory persuasions
from Σz , leading to undesirable degenerate solutions with no representational value as
described next.

4. Degeneracies Arising from a Flexible Decoder Mean
In this section we consider the case where µx is finally released from its affine captivity to
join with posterior colleagues in the wild. That simultaneously granting µx , Σx , µz , and
Σz unlimited freedom leads to overfitting may not come as a surprise; however, it turns out
that even if the latter three are severely constrained, overfitting will not be avoided when
µx is over-parameterized in a certain sense extending beyond a single affine layer. This is
because, at least at a high level, the once-proud regulatory effects of Σz can be completely
squashed in these situations leading to the following:
Theorem 5 Suppose κ = 1 (i.e., a latent dimension of only one), Σz ≡ σz2 = λz (a
scalar), µz = a> x for some fixed vector a, Σx = λx I, and µx is an arbitrary piecewise
linear function with n segments. Then the VAE objective is unbounded from below at a
trivial solution {λ̂z , â, λ̂x , µ̂x } such that the resulting posterior mean µ̂x (z; θ) will satisfy
n
µ̂x (z; θ) ∈ {x(i) }i=1
with probability one for any z.
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In this special case, Σx , σz2 , and µz are all simple affine functions and the latent dimension
is minimal, and yet an essentially useless, degenerate solution can arbitrarily optimize the
VAE objective. This occurs because the VAE has limited power to corral certain types of
heavily over-parameterized decoder mean functions, even when all other degrees of freedom
are constrained, and in this regime the VAE essentially has no advantage over a traditional
autoencoder (its natural self-regulatory agency may sometimes break down). In contrast, as
we saw in a previous section, there is no problem taming the influences of an unlimited latent
representation (meaning κ is large, e.g., even κ > n) and its huge, attendant parameterized
mean function, provided the latter is affine, as in µx = W z + b.
Indeed then, the issue is clearly not the degree of over-parameterization in µx per se,
but the actual structures in place. And the key problem is that, at least in some situations,
the model can circumvent the entire regulatory mechanism of the KL term, pushing the
latent variances towards zero even around undesirable solutions. For example, in the context
of Theorem 5, the piecewise linear structure of µx allows the decoder to act much like a
vector quantization process, encouraging z towards a scalar code that selects for piecewise
linear segments matched to training samples x(i) . And because this will lead to perfect
reconstruction error if an optimal segment is found for a particular z (i) , Σx = λx I ≈ 0 serves
as a reasonable characterization of posterior uncertainty, pushing p(x(i) |z (i) ) → δ x(i)

provided that z (i) ≈ µz x(i) ; a = a> x(i) , meaning that σz2 = λz is not too large.
11
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To circumvent this issue, we instead hold the initial z(κ)-D 1 (r1 )-D 2 (r2 )-l(d) structure
fixed, which ensures that the rank of L cannot be altered, and only train the second half
using a standard `2 loss. In doing so we are able to obtain an L matrix, extracted from the
middle layer, that is both (a) not well-represented by a low-rank approximation, and (b)
does lie on a known low-dimensional non-linear manifold. And given that essentially zero
reconstruction error is in fact achievable (up to the expected small ripples introduced by
stochastic gradient descent or a similar surrogate), the learned decoder from this process
implicitly serves as the ground-truth encoder underlying the data structure. Hence any
VAE that includes l(d)-E 1 (r2 )-E 2 (r1 )-ẑ(κ) within its encoder mean network capacity, as
well as z(κ)-D 1 (r1 )-D 2 (r2 )-l̂(d) within its decoder mean network capacity, will at least in
principle have the capability of zero reconstruction error as well.

We could train the entire system end-to-end to accomplish this, which should be easy
since κ  d; however, we found that although z (i) = ẑ (i) is obviously not difficult to
achieve, the corresponding learned samples l(i) are pushed to very near a low-rank matrix
when assembled into L. This would imply that non-linear manifold learning is not actually
even required and RPCA would likely be sufficient.

But we must also verify that there exists a known ground-truth encoder that can correctly
invert the decoder, otherwise we cannot be sure that any given VAE structure provably
maintains an optimal encoder within its capacity (this is very unlike the linear RPCA case
where an analogous condition is trivially satisfied). To check this, we learn the requisite
inverse mapping by training something like an inverted autoencoder. Basically, the decoder
described above now acts as an encoder, to which we append a new 3-layer ReLU network
structured as l(d)-E 1 (r2 )-E 2 (r1 )-ẑ(κ), where now E 1 and E 2 denote candidate hidden
layers for a potentially optimal encoder. The entire intverted structure then becomes z(κ)D 1 (r1 )-D 2 (r2 )-l(d)-E 1 (r2 )-E 2 (r1 )-ẑ(κ). If any z (i) passes through this network with zero
reconstruction error, it implies that the corresponding l(i) can pass through the flipped
network with zero reconstruction error, and we have verified our complete ground truth
network.

If our theory is generally applicable, then a VAE with suitable parameterization should
be able to significantly outperform an analogous deterministic AE (i.e., an equivalent VAE
but with Σz = 0) on the task of recovering data points drawn from a low-dimensional
nonlinear manifold, but corrupted with gross outliers. In other words, even if both models
have equivalent capacity to capture the intrinsic underlying manifold in principle, the VAE
is more likely to avoid bad minima and correctly estimate it. We demonstrate this VAE
capability here for the first time across an array of manifold dimensions and corruption
percentages, recreating a nonlinear version of what are commonly termed phase transition
plots in the vast RPCA literature (Candès et al., 2011; Ding et al., 2011; Kim et al., 2013;
Wipf, 2012). These plots evaluate the reconstruction quality of competing algorithms for
every pairing of subspace dimension and outlier ratio, creating a heat map that differentiates
success and failure regions.
Of course explicit knowledge of ground-truth low-dimensional manifolds is required to
accomplish this. With linear subspaces it is trivial to generate appropriate synthetic data

5.1 Hypothesis (i) Evaluation Using Specially-Designed Ground-Truth
Manifolds

(iii) When granted sufficient capacity in both µx (µz [x]) and Σx to model inliers and
outliers respectively, the VAE should have a tendency to push elements of the encoder
covariance Σz to arbitrarily near zero along latent dimensions needed for representing
inlier points, selectively overriding the KL regularizer that would otherwise push these
values towards one. This counterintuitive behavior directly facilitates the VAE’s utility
as a nonlinear outlier removal tool (per Hypothesis (i)) by preserving exact adherence
to the manifold in the neighborhood of optimal solutions.

(ii) If the VAE latent representation z is larger than needed (meaning its dimension κ
is higher than the true data manifold dimension), we have proven that unnecessary
columns of W in a certain affine decoder mean model µx = W z + b will automatically
be pruned as desired. Analogously, in the extended nonlinear case we would then
expect that columns of the weight matrix from the first layer of the decoder mean
network should be pushed to zero, again effectively pruning away the impact of any
superfluous elements of z.

Data Generation: First we draw n low-dimensional samples z (i) ∈ Rκ from N (z; 0, I)
and pass them through a 3-layer network with ReLU activations (Nair and Hinton, 2010).
We express this structure as z(κ)-D 1 (r1 )-D 2 (r2 )-l(d), where D 1 and D 2 are hidden layers,
l here serves as the output layer, and the values inside parentheses denote the respective dimensionalities (these experiment-dependent values will be discussed later). Network weights
are set using the initialization procedure from (He et al., 2015). The d-dimensional output
produced by z (i) is denoted as l(i) , the collection of which form a matrix L, with columns
effectively lying on a κ-dimensional nonlinear manifold. This network can be viewed as a
ground-truth decoder, projecting z (i) to clean samples l(i) .

by simply creating two low-rank random matrices U ∈ Rd×κ and V ∈ Rκ×n , a sparse outlier
matrix S, and then computing X = L + S with L = U V . Algorithms are presented with
only X and attempt to reconstruct L. Here we generalize this process to the nonlinear
regime using deep networks and the following non-trivial steps. In this revised context,
the generated L will now represent a data matrix with columns confined to a ground-truth
nonlinear manifold.

Within this context then, we conjecture that the desirable VAE properties exposed in
Sections 2 and 3 are inherited by models involving deeper decoder mean networks, but at
least constrained to practically-sized hidden-layer µx complexity such that the concerns
from Section 4 are not a significant factor (e.g., no networks where the degrees of freedom
in higher decoder mean layers scales as d × n, an absurd VAE structure by any measure).
More specifically, in this section will empirically examine the following three hypotheses:

(i) When the decoder mean function is allowed to have multiple hidden layers of sensible
size/depth, the VAE should behave like a nonlinear extension of RPCA, but with
natural regularization effects in place that help to avoid local minima and/or overfitting
to outliers. It is therefore likely to outperform either RPCA algorithms or, more
importantly, an AE on diverse manifold recovery/outlier discovery problems unrelated
to the probabilistic generative modeling tasks the VAE was originally designed for.
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Finally, once L has been created in this manner, we then generate the noisy data matrix
X by randomly corrupting 100 · ν% of the entries, replacing the original value with samples
from a standardized Gaussian distribution. In doing so, the original ‘signal’ component
from L is completely swamped out at these locations.
Experimental Design: Given a data matrix X as generated above, we test the relative
performance of four competing models:
1. VAE : We form a VAE architecture with the cascaded encoder/decoder mean networks
µx (µz [x]) assembled as x(100)-E 1 (2000)-E 2 (1000)-µz (50)-D 1 (1000)-D 2 (2000)-µx (100).
This mirrors the high-level structure used to generate the outlier-free data, and ultimately will ensure that the ground-truth manifold is included within the network parameterization. Consistent with the design in (Kingma and Welling, 2014), a diagonal
encoder covariance Σz is produced by sharing just the first two mean network layers.
An exponential layer is also appended at the output to produce non-negative values.
For consistency with AE models, the decoder covariance Σx is addressed separately
via a special process described below.
2. AE -`2 : We begin with the VAE model from above and fix Σz = 0. This reduces the KL
regularization term from (3) to simply kµz k22 . If no other changes are included, then
the scaling ambiguity between µz and decoder layer D 1 is such that µz can be made
arbitrarily small without any loss of generality, rendering any beneficial regularization
effect from kµz k22 completely moot as discussed at the beginning of Section 2. Therefore we add a standard weight decay term to the AE-`2 network parameters {θ, φ}
to ameliorate this scaling ambiguity, which is tantamount to including an additional
penalty factor C1 k{θ, φ}k22 . We also balance kµz k22 with a second tuning parameter
C2 , i.e., C2 kµz k22 . For the experiments in this section, we choose C1 = 0.0005, a typical
default value for weight decay, and then tune C2 for optimal performance.9

Dai, Wang, Aston, Hua and Wipf

from above and replace kµz k22 with the `1 norm kµz k1 , a well-known sparsity-promoting
penalty function (Donoho and Elad, 2003). The corresponding parameter C2 is likewise
independently tuned for optimal performance.

4. RPCA: As an additional baseline, we also apply the convex RPCA formulation from (14)
to the same corrupted data. This model is implemented via an augmented Lagrangian
method using code from (Lin et al., 2010).

(20)

For the VAE, AE-`2 , and AE-`1 networks, all model weights were randomly initialized
so as not to copy any information from the ground-truth template. Training was conducted
over 200 epochs using the Adam optimization technique (Kingma and Ba, 2014) with a
learning rate of 0.0001 and a batch size of 100. We chose n = 106 training samples for each
separate experiment, across which we varied the manifold dimension from κ = 2, 4, . . . , 20
while the outlier ratio ranged as ν = 0.05, 0.10, . . . , 0.50. For each pair of experimental
conditions, we train/run all four models and measure performance recovering the true L as
quantified by the normalized MSE metric

2
2
NMSE , kL − L̂kF
/kLkF
.

Note that although in practice we will not generally know the true manifold dimension κ in
advance, because we choose dim[µz ] = 50 > κ when constructing encoder networks for all
experiments, perfect reconstruction is still theoretically possible by any of the VAE or AE
models provided that outlier contributions can be successfully mitigated.

Results: Figure 1 displays the results estimating L, where the VAE outperforms RPCA
and the AE models by a wide margin. Perhaps most notably, the VAE performance dominates both AE-`1 and AE-`2 , supporting our theory that the smoothing effect of integrating
over Σz has immense practical value in avoiding bad minimizing solutions through its unique
form of differential regularization. In fact, the AE-`2 objective is identical to the VAE once
Σz = 0, at least up to the constant C2 applied to kµz k22 which is only tuned to benefit the
former while remaining fixed for the latter.10 So this smoothing effect is essentially the only
difference between the VAE and AE-`2 models, and therefore, Figures 1(a) and 1(b) truly
isolate the benefits of the VAE in this regard.
To summarize then, by design all VAE and AE network structures are equivalent in
terms of their predictive capacity, but only the VAE is able to capitalize on the regularizing
effect of Σz to actually reach a good solution in challenging conditions. Moreover, this is
even possible without the hassle of tuning tedious hyperparameters to balance regularization
effects as required by AE-`1 and AE-`2 models.11 This confirms Hypothesis (i) and suggests
that VAEs are a viable candidate for replacing existing RPCA algorithms (Candès et al.,
2011; Ding et al., 2011; Kim et al., 2013; Wipf, 2012) in regimes where a single linear

(i)

jj

=

(i)

(i)

x j − µ xj

(i)

for j = 1, . . . , d assuming sufficient capacity per Corollary

4. We then plug this value into the AE-`2 cost, effectively optimizing Σx out of the
model altogether making it entirely deterministic. For direct comparison, we apply
the same procedure to the VAE from above, which can be interpreted as efficiently
modeling the infinite capacity limit for Σx (i.e., even with infinite capacity in Σx , the
VAE model could do no better than this).

Σx

Note also that once Σz = 0, at every sample Σx can be solved for in closed form as
2
i

h

3. AE -`1 : To explicitly encourage sparse latent representations, which could potentially
be helpful in learning the correct manifold dimension, we begin with the AE-`2 model
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10. If C2 = 1, the default value as produced by the VAE KL term, the AE-`2 performance is much worse
(not shown) than when using the tuned value of C2 = 103 as was adopted in producing Figure 1. In
contrast, the VAE requires no such tuning at all, with the default C2 = 1 producing the results shown.
11. Of course we admittedly have not exhaustively ruled out the potential existence of some alternative
regularizer capable of outperforming the VAE when carefully tuned to appropriate conditions; however,
it is still nonetheless impressive that the VAE can naturally perform so well without such tuning on a
task that it was not even originally motivated for.
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9. For direct comparison, we include the same weight decay factor C1 k{θ, φ}k22 with the VAE model
even though there is no equivalent issue with scaling ambiguity. In fact, this can be viewed as an
advantage of the VAE regularization mechanism, in that it directly prevents large decoder weights from
compensating for arbitrarily small values of µz , killing regularization effects. This is because there exists
a key dependence between the weights from D 1 and the covariance Σz such that any large weights that
would accommodate pushing µz towards zero would equally amplify the random additive noise coming
from the stochastic encoder model, nullifying any benefit to the overall cost.
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which in isolation is equivalent to the affine decoder mean model. If the VAE has the ability
to find the true underlying manifold dimension, then the number of nonzero columns in
W 1 should be 20, indicating that 30 − 20 = 10 dimensions of z are actually useless for
12. Learning the correct distribution within the manifold, as required for full recovery of the entire generative
process and the production of realistic samples, is a topic largely orthogonal to the analysis presented
herein. Still, to at least partially address these important issues, we have recently derived relatively
broad conditions whereby provable recovery within a manifold itself is possible even in situations where
Σz tends towards zero. However, we defer presentation of this topic, which involves many additional
subtleties, to a future publication.

Synthetic Data Example: To evaluate Hypothesis (ii), we train analogous AE and VAE
models as the number of decoder and encoder hidden layers vary, in each case with groundtruth available per the procedure described above. To generate each observed data point
x(i) , we sample z (i) from a 20-dimensional standard Gaussian distribution and pass it
through a neural network structured as z(20)-D 1 (200)-D 2 (200)-x(400), again with ReLU
activations. We then train VAE models of variable depth, with concatenated mean networks µx (µz [x]) designed as x(400)-E 1 (200)-...-E Ne (200)-µz (30)-D 1 (200)-...-D Nd (200)µx (400), where Ne and Nd represent the number of hidden layers in the encoder and decoder
respectively. The corresponding covariances are modeled as in Section 5.1, and likewise, the
training protocol is unchanged. Note also that dim[µz ] = 30 is considerably larger than the
ground-truth dimension of 20.
The first layer of the decoder mean network (before the nonlinearity) can be expressed
as
h1 = W 1 z + b1 ,
(21)

5.2 Hypothesis (ii) Evaluation Using Ground-Truth Manifolds and MNIST
Data

unless sufficient additional capacity exists beyond that needed to represent the manifold
itself. We are not aware of this distinction being discussed in previous works, where VAE
and related models are typically evaluated by either the overall quality of their generated
samples (Dosovitskiy and Brox, 2016; Larsen et al., 2015; Oord et al., 2016), or by the value
of the likelihood bound (Kingma and Welling, 2014; Kingma et al., 2016; Burda et al.,
2015).12
Before proceeding to the next set of experiments, we address a tangential issue related
to the RPCA performance as exhibited in Figure 1(d). When the outlier ratio is zero,
RPCA can recover the ground-truth by simply defaulting to a full-rank inlier model without
actually learning anything about the true manifold itself (the VAE and AE models do
not have this luxury since they are forced to represent L using at most dim[µz ] = 50 <
rank[L] = 100 dimensions by design). In contrast, as the outlier ratio increases, it becomes
increasingly difficult for RPCA to find any linear subspace representation that is both
sufficiently high dimensional to include the majority of the inlier variance along the manifold
while simultaneously excluding the outlier contributions. This explains the steep drop-off
in performance moving from left to right within Figure 1(d). But there is noticeably no
change in RPCA performance as we move from top to bottom in the same plot. This is
because the clean data L is full-rank regardless of the manifold dimension κ, and so any
linear subspace approximation is more or less equally bad across all κ.
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subspace is an inadequate signal representation. And we stress that, prior to the analysis
herein, it was not at all apparent that a VAE could so dramatically outperform comparable
AE models on this type of deterministic outlier removal task.
Note also that perfect reconstruction, as consistently exhibited by the VAE in Figure
1(a), does not actually require learning the correct generative model within the estimated
manifold. Rather it only requires that as Σz → 0 selectively along appropriate dimensions
(consistent with Hypothesis (iii) as will be discussed in Section 5.3), the encoder and decoder
mean networks project onto the correct manifold while ignoring outliers. Hence although
random samples z will likely lie on the true manifold when passed through the decoder
network, they need not be perfectly distributed according to the full generative process

Figure 1: Results recovering synthesized low-dimensional manifolds across different outlier
ratios (x-axis) and manifold dimensions (y-axis) for (a) the VAE, (b) the AE-`2 ,
(c) the AE-`1 , and (d ) RPCA. In all cases, white color indicates normalized MSE
near 0.0, while dark blue represents 1.0 or failure. The VAE is dramatically superior to each alternative, supporting Hypothesis (i). Additionally, it is crucial
to note here that the AE and RPCA solutions perform poorly for quite different reasons. Not surprisingly, convex RPCA fails because it cannot accurately
capture the underlying nonlinear manifold using a linear subspace inlier model.
In contrast, both AE-`1 and AE-`2 have the exact same inlier model capacity as
the VAE and can in principle represent uncorrupted points perfectly; however,
they have inferior agency for pruning superfluous latent dimensions, discarding
outliers, or generally avoiding bad locally-optimal solutions.
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MNIST Example: To further verify Hypothesis (ii), we train VAE models on the
MNIST data set of handwritten digit images (Lecun et al., 1998) as κ is varied. We use all
n = 70000 samples, each of size 28 × 28. We structure 4-layer cascaded VAE mean networks
µx (µz [x]) as x(d)-E 1 (1000)-E 2 (500)-E 3 (250)-µz (κ)-D 1 (250)-D 2 (500)-D 3 (1000)-µx (d), where
d = 28 × 28 = 784 and ReLU activations are used. Covariances and training protocols are
handled as before. We draw values of κ from {3, 5, 8, 10, 15, 20, 25, 30, 35, 40}.
Figure 2(b) displays the number of nonzero columns in W 1 produced by each κdependent model, again across 10 trials. We observe that when κ > 15, the number of
nonzero columns plateaus for the VAE consistent with Hypothesis (ii). Of course unlike the

Finally, Figure 2(a) provides validation for our heuristic criterion for classifying columns
of W 1 as zero or not. Under the same experimental conditions as were used for creating
Table 1, we plot the sorted column norms of W 1 for the cases where Ne = 3 and Nd ∈
{0, 1, 2, 3}. Especially when Nd ∈ {2, 3}, meaning the model is of (or nearly of) sufficient
capacity, zero and nonzero values are easily distinguishable and any reasonable thresholding
heuristic would be adequate. Likewise for Nd = 0 it is clear that all values are significantly
distant from zero. In contrast, when Nd = 1 (green curve) it is admittedly more subjective
whether or not the smallest 9 or 10 elements should be classified as zero. Regardless,
the overall trend is unequivocal, with any heuristic threshold only influencing the Nd = 1
boundary case.

Figure 2: (a) Validation of thresholding heuristic for determining nonzero columns in W 1 .
With Ne = 3 and the settings from Table 1, the sorted column norms of W 1
are plotted. Clearly for Nd ∈ {2, 3} the gap between zero and nonzero values is
extremely clear and any reasonable thresholding heuristic will suffice. (b) Number
of nonzero columns in the decoder mean first-layer weights W 1 as the latent
dimension κ is varied for both AE and VAE models trained on MNIST data.
Only the VAE automatically self-regularizes when κ becomes sufficiently large
(here at κ ≈ 15), consistent with Hypothesis (ii).

Number of Nonzero Columns
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Ne
Ne
Ne
Ne
Table 1: Number of nonzero columns in the VAE decoder mean first-layer weights W 1
learned using different encoder and decoder depths applied to data with a groundtruth latent dimension of 20. Provided that the VAE model is sufficiently complex,
the correct estimate is automatically obtained. We have not found an analogous
AE model with similar capability.

any subsequent representation, i.e., we can estimate the intrinsic dimension of the latent
code by counting the number of nonzero columns in W 1 , exactly analogous to the affine
case. Of course in practice it is unlikely that a column of W 1 converges all the way to
exactly 0 via any stochastic optimization method. Therefore we define a simple threshold
κ
as thr = 0.05 × maxj=1
||w·j ||2 . If ||w·j ||2 < thr, we regard it as a zero column. But this
heuristic notwithstanding, the partition between zero and non-zero columns is generally
quite obvious as will be illustrated later.
Table 1 reports the estimated number of non-zero columns in W 1 as Ne and Nd are
varied, where we have run 10 trials for every pairing and averaged the results. When there is
no hidden layer in the decoder (i.e., Nd = 0), which implies that the decoder mean is affine,
all the columns are nonzero since the network is overly-simplistic and all degrees of freedom
are being utilized to compensate. However, once we increase the depth, especially of the
decoder within which W 1 actually resides, the number of nonzero columns of W 1 tends
to exactly 20, which is the correct ground-truth manifold dimension by design, directly
supporting Hypothesis (ii). Similar conclusions can be drawn from models of different sizes
and configurations as well (not shown). In contrast, we did not find a corresponding AE
model with this capability.
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Note that prior work has loosely suggested that the KL regularizer indigenous to VAEs
could potentially mute the impact of superfluous latent dimensions as part of the model
optimization process (Burda et al., 2015; Sønderby et al., 2016). However, there has been
no theoretical or empirical demonstration of why this should happen, nor any rigorous
explanation of a precise pruning mechanism built into the aggregate VAE cost function
itself. And as mentioned previously, the KL term is characterized by an `2 norm penalty on
µz (see (3)), which we would normally expect to promote low-energy latent representations
with mostly small, but nonzero values (Chen et al., 1999), the exact opposite of any sparsitypromotion or pruning agency. But of course if columns of W 1 are set to zero, then no
information about z can pass through these dimensions to the hidden layers of the decoder.
Therefore the KL term can now be minimized in isolation along these dimensions with
the corresponding elements of µz set to exactly zero. Hence it is only the counterintuitive
co-mingling of all energy terms that leads to this desirable VAE pruning effect as we have
meticulously characterized.
19
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We also applied an analogous AE model trained with C2 = 0, i.e., a standard AE with no
additional regularization penalty added. Not surprisingly, the number of nonzero columns
in W 1 is always equal to κ since there is no equivalent agency for column-wise pruning as
implicitly instilled by the VAE. Note that tuning C2 with either `1 - or `2 -norm penalties is of
course always possible; however, the optimal value can be κ-dependent making subsequent
results less interpretable. Moreover, in general we have not found a setting whereby the
penalties lead to correct latent dimensionality estimation in situations where the groundtruth is known.

Moreover, given that dim[µz ] = 50 while the ground-truth involves κ = 2, 48 out of 50
dimensions are actually unnecessary. Hence we should expect that only about 4% of variance
values should concentrate around zero, with the remainder forced towards one. In fact,
this is precisely the general partitioning we observe (note the log scaling of the y-axis).
Additionally, if we examine the other panels in the left-most column of Figure 3, we notice
that as the ground-truth κ increases, the percentage of variance values shifts from one to
zero roughly proportional to κ/50. In other words, as more dimensions are required to
represent the more challenging, higher-dimensional manifolds, more diagonal elements of
(i)
each Σz are pushed towards zero to enforce accurate reconstructions.

we observe a clear partitioning between elements of

First, consider the upper-left panel displaying the simplest case from an estimation
standpoint, since ν = 0.0 (no outliers) and κ = 2 (very
manifold). Here
o
n low-dimensional

We now empirically verify that this same effect is inherited by general VAE models
with more sophisticated, nonlinear decoder
mean networks. For this purpose, we created
n
o
(i) n
histograms of all diagonal elements of Σz
obtained from the experiments described
i=1
in Section 5.1 where the outlier ratios and manifold dimensions vary. The results are plotted
in Figure 3 for all pairs of outlier ratios ν ∈ {0.0, 0.25, 0.50} (columns) and ground-truth
manifold dimensions κ ∈ {2, 8, 14, 20} (rows). These results directly conform with our
theoretical predictions per the following explanations.

If some columns of W 1 tend to zero as we have argued both empirically and theoretically,
then the corresponding diagonal elements of Σz , like µz , can no longer influence the decoder. And with only the lingering KL term to offer guidance, along these coordinates
the optimal variance will then equal one by virtue of (19). But for nonzero columns of
W 1 , the behavior of Σz is much more counter-intuitive. Despite the − log |Σz | factor from
the KL divergence that contributes an unbounded cost as any [Σz ]jj → 0, we nonetheless
have proven for the affine decoder mean case a natural tendency of the VAE to push these
variance values arbitrarily close to zero when approaching globally optimal solutions, at
least along latent dimensions required for representing inlier points lying on ground-truth
manifolds (i.e, dimensions where W 1 is nonzero).

5.3 Hypothesis (iii) Evaluation Using Covariance Statistics from Corrupted
Manifold Recovery Task

Dai, Wang, Aston, Hua and Wipf

Next, we observe that in the top row of Figure 3, each of the three panels are more or
less the same, indicating that the inclusion of outliers has not disrupted the VAE’s ability to
model the ground-truth manifold. In contrast, the bottom row presents a somewhat different
story. Given the more challenging conditions with a much higher dimensional ground-truth
manifold (κ = 20), the inclusion of additional outliers (as we move from left to right) shifts
more variance elements from zero to one. This implies that the VAE, when confronted with
both a higher-dimensional manifold and severe outliers (bottom-right panel), is settling
on a relatively lower-dimensional approximation. This behavior is reasonable in the sense
that accurately estimating a complex manifold via any method becomes problematic when
50% of the data is corrupted, and a low-dimensional approximation is all that is feasible
to avoid simply fitting all the outliers. In this situation some manifold dimensions of lesser

synthetic case, we no longer have access to ground truth for determining what the optimal
manifold dimension should be.

o
n
(i) n
Figure 3: Log-scale histograms of Σz
diagonal elements as outlier ratios and mani=1
ifold dimensions are varying for the corrupted manifold recovery experiment
corresponding with Figure 1. The three columns represent outlier ratios of
ν ∈ {0.0, 0.25, 0.50} from left to right. The four rows represent manifold dimensions of κ ∈ {2, 8, 14, 20} from top to bottom. All plots demonstrate the
predicted clustering of variance values around either zero or one. Likewise, the
relative sizes of these clusters, including observed changes across experimental
conditions, conforms with our theoretical predictions (see detailed description in
Section 5.3).
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To summarize then, the results of this section help to confirm a rather curious behavior of the VAE: If µx (µz [x]) is suitably parameterized to model inlier samples, and Σx
is sufficiently complex to model outlier locations, then elements of Σz can be selectively
pushed towards zero in the neighborhood of global minima. This involves overpowering the
− log |Σz k factor from the KL divergence that would otherwise seemingly prevent this from
happening. Moreover, in this degenerate regime, the VAE will exhibit deterministic behavior and can perfectly represent original clean training data samples via a low-dimensional
manifold provided that the outlier level is not too high.

To further elucidate this phenomena, we include one additional supporting visualization
involving the special case where the ground-truth manifold dimension equals 10 while the
outlier ratio ν varies. However, we slightly modify the testing conditions from Section 5.1.
Instead of choosing dim[µz ] = 50, we set this value to the ground-truth value κ = 10. In this
constrained setting, we expect that perfect recovery should require all diagonal elements of
Σz to be pushed towards zero, since there are no longer any superfluous degrees of freedom.
Therefore, if any covariance elements tend to one, we have isolated the emergence of a
low-dimensional approximation as presumably necessitated by increasing outlier levels.
Pn
(i)
Figure 4 displays the diagonal values of n1 i=1
Σz sorted in ascending order along
the x-axis. When ν ≤ 0.30, the average variance is near zero across all latent dimensions.
However, for ν > 0.30, some variance values are pushed towards one, indicating that the
VAE is defaulting to a lower-dimensional approximation.

importance n
can be
o viewed as expendable, and consequently we will likely have additional
(i) n
elements of Σz
tending to one.

Pn
(i)
Figure 4: Diagonal values of n1 i=1
Σz sorted in ascending order for a VAE model trained
with ground-truth κ = dim[µz ] = 10 on the recovery task from Section 5.1. When
the outlier proportion is ν ≤ 0.30, the average variance is near zero across all latent dimensions. However, for ν > 0.30, some variance values are pushed towards
one, indicating that the VAE is defaulting to a lower-dimensional approximation.

Mean(Σz)

6. Discussion
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Although originally developed as a viable deep generative model or tractable bound on the
data likelihood, in this work we have revealed certain properties and abilities of the VAE
that are not obvious from first inspection. For example, in addition to its putative role in
driving diversity into the learned generative process, the latent covariance Σz also serves as
an important smoothing mechanism that aids in the robust recovery of corrupted samples,
even if sometimes this requires exhibiting behavior (i.e., selective convergence towards zero)
that may seem counterintuitive. And although the VAE only adopts an `2 norm penalty on
µz that in isolation should favor low energy solutions with all or mostly nonzero values, the
latent mean estimator nonetheless tends to be highly sparse because of subtle, non-obvious
interactions with other factors in the energy function such as the first-layer decoder mean
network weights W 1 . Likewise, outliers can be estimated and completely removed via the
action of Σx despite no traditional, additive sparsity penalty applied across each data point.
In general, our results speak to many under-appreciated aspects of VAE behavior, have
wide ranging practical consequences, and suggest novel usages beyond the original VAE
design principles. These include:

• The VAE can be applied to estimating deterministic nonlinear manifolds heavily corrupted with outliers.

• The self-regularization effects of the VAE can largely handle excessive degrees of freedom when it comes to the latent representation z as produced by the full encoder and
processed by the first layer of the decoder mean network, as well as an arbitrarilyparameterized decoder covariance Σx . Conversely, only excessive complexity specifically localized in higher decoder mean network layers can, at least in principle, lead to
potential problems with overfitting.

• The latent covariance Σz can serve as an approximate bellwether for determining the
true dimensionality of a manifold, provided that excessive outliers/corruptions do not
lead to an under-estimate. This is because typically near global solutions, we observe
[Σz ]jj → 0 for useful dimensions, while for useless dimensions we have shown that
[Σz ]jj → 1, a clear bifurcation.
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Although the primary purpose of this paper is not to build a better generative model per se,
we nevertheless hope that ideas introduced here will help to ensure that VAEs are not under
or improperly utilized. Additionally, in closing we should also mention that the focus herein
has been almost entirely on the analysis of the VAE energy function itself, independent of
the specifics of how this energy function might ultimately be optimized in practice. But we
believe the latter to be an equally-important, complementary topic, and further study is
undeniably warranted. For example, if an optimization trajectory is somehow lured astray
by the Siren’s song of a bad local minimum in the VAE energy landscape, then obviously
many of our conclusions predicated on global optima will not necessarily still hold.
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We compare the VAE against convex RPCA on the task of recovering the original, uncorrupted digits. Note that RPCA is commonly used for unsupervised cleaning of this type
of data (Elhamifar and Vidal, 2013), and MNIST is known to have significant low-rank
structure (Lu et al., 2013) as shown in Figure 5(a). Regardless, we observe in Figure 5(b)
that the VAE performs significantly better in terms of normalized MSE by capturing additional manifold details that deviate from a purely low-rank representation. Furthermore,
we hypothesize that using extra latent samples (the τ = 5 case) may work better on outlier removal tasks given the strong need for accurate smoothing of the VAE objective as
described previously.

Here we examine practical denoising of MNIST data corrupted with outliers using a VAE
model. Outliers are added to MNIST handwritten digit data (Lecun et al., 1998) by randomly replacing from 5% to 50% of the pixels with a value uniformly sampled from [0, 255]
to create X. We choose κ = 30 for the dimension of z and apply the same VAE structure
as applied to MNIST data in Section 5.2. The model is trained using both τ = 1 and
τ = 5 latent samples {z (i,t) }τt=1 for each x(i) , observing that the latter, which more closely
approximates the posterior, should perform significantly better.

Appendix A. Additional MNIST Data Set Experiment

Figure 5: (a) Singular value spectrum of MNIST data revealing (approximately) low-rank
structure. (b) Normalized MSE recovering MNIST digits from corrupted samples.
The VAE is able to reduce the reconstruction error by better modeling more finegrain details occupying the low end of the singular value spectrum.
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log λ + kw̄·j k22 + (d − κ) log λ.

where U ΛV > is the SVD of W ∗ . Now if we choose R = V and define W̄ , W V , then
Λjj = kw̄·j k22 and this expression further reduces via
X
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solutions are feasible. Plugging (25) into (24) and applying some basic linear algebra, we
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where the diag[·] operator converts vectors to diagonal matrices, and a matrix to a vector
formed from its diagonal (just as in the Matlab computing environment), leading to the
stated result.
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Proof For convenience we will adopt the notation f (α) = O(h(α)) to indicate that there
exists a positive ᾱ and some constant C independent of α such that |f (α)| < Ch(α) for
all α ∈ (0, ᾱ]. Similarly, we use f (α) = Ω(h(α)) to convey that |f (α)| > Ch(α) under
equivalent conditions. We then say f (α) = Θ(h(α)) iff f (α) = O(h(α)) and f (x) = Ω(h(α)).
Additionally, if the input argument to one of these expressions is a vector, the result is
understood to apply element-wise.
The basic high-level strategy here is as follows: We first present a candidate solution that
satisfies (12) and carefully quantify the achievable objective function value for α ∈ (0, ᾱ],
and ᾱ small. We then analyze a lower bound on the VAE cost and demonstrate that no
solution can do significantly better, namely, any solution that can match the performance

Appendix D. Proof of Theorem 3

is non-diagonal. While this will not increase (5), it must increase (7) when diagonalized
by Hadamard’s inequality. Therefore every permutation will reflect a distinct, disconnected
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Finally, part 3 of the theorem follows directly from part 2: Given that any minimizer
of (7) must be of the form U ΛP , then there cannot be more than r nonzero columns. In
contrast, for (5) we may apply any arbitrary rotation to W ∗ , and hence all columns can be
nonzero even if the rank is smaller than κ.
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It is not difficult to show that (5), and by virtue of the analysis above (7), will be uniquely
minimized by U and Λ arising from the SVD of either W ∗ or equivalently W ∗∗ . Let
W ∗∗ = U ΛV > via such a decomposition. So any partitioning
 minimizers
P into disconnected
must come at the hands of V , which only influences the j log λ + kw·j k22 term in (7).
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(38)

All quantities in (36) can be readily computed via X applied to an encoder module provided
that κ = dim[z] = rank [U ] as stipulated, and sufficient representational complexity for µz
and Σz . Additionally, for the encoder we only need to define the posterior moments at
specific points x(i) , hence the indexing via i in (36).
In contrast, for the decoder we consider the solution defined over any z given by

span [U ] = span [Ψ] .

where α is a non-negative scalar and π (i) is defined in conjunction with a matrix Ψ such
that
i
h i
h
suppα x(i) − Ψπ (i) = supp s(i)

Here we consider a candidate solution that, by design, satisfies (12). For the encoder
parameters we choose
(i)
(36)
µ̂z(i) = π (i) , Σ̂z = αI.

D.1 A Candidate Solution

when b = 0 as stipulated.13 For now assume that κ, the dimension of the latent z, satisfies
κ = rank[U ] (later we will relax this assumption).
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of our original proposal must necessarily also satisfy (12). Given that this is a lower bound,
this implies that no other solution can both minimize the VAE objective and not satisfy
(12). We now proceed to the details.


(i)
(i)
(i)
(i)
Define µz , µz x(i) ; φ and Σz , Σz x(i) ; φ . We first note that if z = µz + S z ,

>

(i)
(i)
(i)
(i)
with S z satisfying Σz = S z S z
, and  ∼ p() = N (; 0, I), then z ∼ qφ z|x(i) .
With this reparameterization and
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min

i∈{1,...,n}

(i)

kz − π (i) k2 .

α, if sj = 0,
1, otherwise, ∀j.
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where Λ(i) ∈ Rd×d
=

is a diagonal matrix with
(
jj

h
i
Λ(i)

hπ (z) , arg

and hπ : Rκ → {1, . . . , n} is a function satisfying

(i)

h

Σx(i)

jj

i

µ̂z(i)

(i)
Ŝ z ; θ


(i)
= α iff sj = 0, ∀j .

(39)

(40)

(42)

(41)

Again, given sufficient capacity, this function can always be learned by the decoder such
that (38) is computable for any z. Given these definitions, then the index-specific moments

=

Σ̂x



(i)
= µ̂x µ̂z(i) + Ŝ z ; θ


+
.

µ̂x(i) and Σ̂x are of course reduced to functions of  given by
µ̂(i)
x
(i)
Σ̂x

:

(43)

.
We next analyze the behavior of (35) at this specially parameterized solution as ᾱ
becomes small, in which case by design all covariances will be feasible by design. For this
(i)
purpose, we first consider the integration across all cases where Σ̂x does not reflect the
correct support, meaning  ∈
/ S (i) , where

S (i) ,

i

o
Xn
L(i) (θ, φ;  ∈
/ S (i) ) + L(i) (θ, φ;  ∈ S (i) ) ,

With this segmentation in mind, the VAE objection naturally partitions as
L(θ, φ) =

(i)
1
2 kπ

− π (j) k2 ,

(44)

where L(i) (θ, φ;  ∈
/ S (i) ) denotes the cost for the i-th sample when integrated across those
samples not in S (i) , and L(i) (θ, φ;  ∈ S (i) ) is the associated complement.

min

i,j∈{1,...,n},i6=j

D.2 Evaluation of L(i) (θ, φ;  ∈
/ S (i) )
First we define
ρ=

(i)


√
> ρ = P (k αk2 > ρ)
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(45)

which is just half the minimum distance between any two distinct coefficient expansions.
If any z is within this distance of π (i) , it will necessarily be quantized to this value per
(i)
our previous definitions. Therefore if kŜ z k2 < ρ, we are guaranteed that the correct

2

generating support pattern will be mapped to Σ̂x , and so it follows that


 (i)

P ∈
/ S (i) ) ≤ P Ŝ z 
31
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i∈{1,...,n}

max kx(i) − Ψπ (i) k22 ,

at our candidate solution. We also make use of the quantity
η,

which represents the maximum data-fitting error. Then for the i-th sample we have

1
α

kπ (i) k22

i

p()d,

(i)

L(i) (θ, φ;  ∈
/ S (i) )

Z
>  (i) −1 

(i)
(i)
=
x(i) − Ŵ µ̂z(i) − Ŵ Ŝ z 
Σ̂x
x(i) − Ŵ µ̂z(i) − Ŵ Ŝ z 
∈S
/ (i)
h (i) i
i
(i)
(i)
+ log Σ̂x + tr Σ̂z − log Σ̂z + kµ̂z(i) k22 p()d

Z
>  (i) −1 

(i)
(i)
x(i) − Ŵ µ̂z(i) − Ŵ Ŝ z 
Σ̂x
x(i) − Ŵ µ̂z(i) − Ŵ Ŝ z 
≤
√
k αk2 >ρ
h (i) i
i
(i)
(i)
+ log Σ̂x + tr Σ̂z − log Σ̂z + kµ̂z(i) k22 p()d
 
Z
> 

√
√
x(i) − Ψπ (i) − αΨ
x(i) − Ψπ (i) − αΨ
≤

√
k αk2 >ρ

+ κα − κ log α +

(i)

π (i)

kx(i) − Ψπ (i) k22 ≤ η
>
Ψ> Ψ · p()d = 0

h
i
kΨk22 p()d ≤ tr Ψ> Ψ ,

(46)

(47)

(48)

where the second inequality comes from setting Σ̂x = αI (its smallest possible value) in



the inverse term and Σ̂x = I (its largest value) in the log-det term. Next, given that
Z

√
k αk2 >ρ

Z

√
k αk2 >ρ

h

h

1
αη

1
αη

+ κα − κ log α + kπ (i) k22

+ κα − κ log α + kπ (i) k22

α
ρ2

√
k αk2 >ρ

iZ

i

p()d

(49)

it follows that the bound from (47) can be further reduced via
h
i Z
h
i
(i) 2
1
L(i) (θ, φ;  ∈
/ S (i) ) ≤ tr Ψ> Ψ + √
α η + κα − κ log α + kπ k2 p()d
k αk2 >ρ
= Θ(1) +
≤ Θ(1) +

as α → 0,

= Θ(1) + Θ(α2 ) − Θ(α log α)
= Θ(1)
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(51)

where the second inequality holds based on the vector version of Chebyshev’s inequality,
which ensures that
Z
√
p()d = P (k αk2 > ρ) ≤ ρα2 .
(50)
√
k αk2 >ρ
Clearly then, as α becomes small, we have established that

L(i) (θ, φ;  ∈
/ S (i) ) → O (1) .

32

(52)

R



L(i) (θ, φ;  ∈ S (i) ) → d − κ − ks(i) k0 log α + O(1).

→ 1 as α becomes small, we may conclude that

n
o
(i)
, j : Λjj = α = d − ks(i) k0 .

√
k αk2 <ρ p()d

r

(i)

(56)

(55)

(54)

33

min d · rank[L] + kSk0
L, S
s.t. X = L + S.
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(57)

for any α ∈ (0, ᾱ] as ᾱ becomes small. If d > κ + ks(i) k0 , then this expression will tend
towards minus infinity, indicative of an objective value that is unbounded from below,
certainly a fertile region for candidate minimizers. Note that per the theorem statement,
L = U V and S must represent a unique feasible solution to

i

After combining (51) and (55) across all i we find that

X
L(θ, φ) →
d − κ − ks(i) k0 log α + O(1)

D.4 Compilation of Candidate Solution Cost

Therefore, since

where

given the alignment of Λ(i) with zero-valued elements in x(i) − Ψπ (i) . Furthermore, the
remaining terms in L(i) (θ, φ;  ∈ S (i) ) are independent of  giving
Z
i
h (i) i
h
(i)
(i)
log Σ̂x + tr Σ̂z − log Σ̂z + kµ̂z(i) k22 p()d
∈S (i)
h
iZ
= log Λ(i) + κα − κ log α + kπ (i) k22
p()d
√
k αk2 <ρ
h
iZ
p()d
= (r(i) − κ) log α + κα + kπ (i) k22
√
k αk2 <ρ
Z
h
i
= (r(i) − κ) log α
p()d + O(α) + O(1),
(53)
√
k αk2 <ρ

= Θ(1)

In analyzing L(i) (θ, φ;  ∈ S (i) ), we note that
Z

>  (i) −1 

(i)
(i)
x(i) − Ŵ µ̂(i)
Σ̂x
x(i) − Ŵ µ̂(i)
z − Ŵ Ŝ z 
z − Ŵ Ŝ z  p()d
(i)
∈S
Z 
> 
−1 

√
√
Λ(i)
x(i) − Ψπ (i) − αΨ p()d
≤
x(i) − Ψπ (i) − αΨ
Z 
> 
−1 

h
i
≤
x(i) − Ψπ (i)
Λ(i)
x(i) − Ψπ (i) p()d + tr Ψ> Ψ
h
i
≤ η + tr Ψ> Ψ

D.3 Evaluation of L(i) (θ, φ;  ∈ S (i) )
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(i)

+ log γ,

(59)

(58)

+ log γ

=

log ξα (c) + O(1).

(61)

(60)

34
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14. Note that this is never exactly achievable in practice, even with an infinite capacity network for computing
(i)
Σx , since it would require a unique network for each data sample; however, it nonetheless serves as a
useful analysis tool.

From this expression, it is clear that the lowest objective value we could ever hope to
(i)
(i)
obtain cannot involve arbitrarily large values of Σz and µz since the respective trace and
(i)
quadratic terms grow faster than log-det terms. Likewise µz cannot be unbounded for
analogous reasons. Therefore, optimal solutions to (61) that will be unbounded from below
must involve the first term becoming small, at least over a range of  values with significant
probability measure. Although the required integral admits no closed-form solution, we can
simplify things further using refinements of the above bound.




h
i2 
X
X
(i)
(i)
(i)


L(θ, φ) ≥
E
log ξα xj − wj· µz − wj· S z 
 p()
i
j
h
i
o
2
+ tr Σ(i)
− log Σ(i)
+ kµ(i)
z
z
z k2 + O(1).

In the context of our bound, this leads to

inf c
γ>α γ

where the operator [·]+ retains only the positive part of its argument, setting negative values
to zero. Plugging this solution back into (58), we find that

γ ∗ = ξα (x) , [c − α]+ + α,

to which the optimal solution is just

inf c
γ>α γ

To begin, we first observe that if granted the flexibility to optimize Σx independently over
all values of  inside the integral for computing L(θ, φ), we immediately obtain a rigorous
lower bound.14 For this purpose we must effectively solve decoupled problems of the form

D.5 Evaluation of Other Candidate Solutions

Given that each column x(i) has d degrees of freedom, then with U fixed there will be an
infinite number of feasible solutions x(i) = U v (i) + s(i) such that dim[v (i) ] + ks(i) k0 = κ +
ks(i) k0 > d and a combinatorial number such that k + ks(i) k0 = d. Therefore for uniqueness
we require that k + ks(i) k0 < d, so it follows that indeed L(θ, φ) will be unbounded from
below as ᾱ and therefore α becomes small, with cost given by (56) as a candidate solution
satisfying the conditions of the theorem.
Of course it still remains possible that some other candidate solution could exist that
violates one of these conditions and yet still achieves (56) or an even lower cost. We tackle
this issue next. For this purpose our basic strategy will be to examine a lower bound on
L(θ, φ) and show that essentially any candidate solution violating the theorem conditions
will be worse than (56).
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h
i
D (i)
kk



(i)
= ξ√α σk ,
(i)

(64)

(63)

(62)

For this purpose consider any possible candidate solution Ŵ = Ψ and µ̂z(i) = π (i) (not
necessarily one that coincides with U and the optimal subspace), and define
h
i
∆α(i) (Ψ, π) , suppα x(i) − Ψπ .

S z(i) , Ξ(i) D (i) ,

Without loss of generality we also specify that

(i)

where Ξ(i) ∈ Rd×κ has orthonormal columns and D (i) is a diagonal matrix with

(i)

ξα




(i) 2

σk

k





h
i2 
X
X


(i)
E
log ξα xj − ψ j· π (i) − ψ j· Ξ(i) D (i) 


 p()
(i)
i 
j∈∆α (Ψ,π (i) )


h
i2 
X


log ξα O(α) + ψ j· Ξ(i) D (i) 
(65)
Ep() 

(i)
j ∈∆
/ α (Ψ,π (i) )


2 
>
> 


2 
+ kπ (i) k22 + O(1),
− log Ξ(i) D (i)
Ξ(i)
Ξ(i)
tr Ξ(i) D (i)



"
#2 



X
X
X


(i)
(i)
log ξα  xj − ψ j· π (i) −
ψ̄jk · ξ√α σk · k 
E

 p()
(i)
i 
k
j∈∆α (Ψ,π (i) )


"
# 
2


X
X (i)


(i)
log ξα  O(α) +
ψ̄jk · ξ√α σk · k 
Ep() 
(66)
(i)
k
j ∈∆
/ α (Ψ,π (i) )
)
 X

 
(i) 2
+ kπ (i) k22 + O(1),
−
log ξα σk
X

k

κ is an arbitrary non-negative vector. Any general Σ
and σ (i) = [σ , . . . , σκ ]> ∈ R+
z =

 1
(i)
(i) >
Sz Sz
, with singular values bounded by α, is expressible via this format. We then
reexpress (61) as

L(θ, φ) ≥

+

+

=

+

+

(i)

where ψ̄jk is the k-th element of the vector ψ j· Ξ(i) . We can now analyze any given point
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n
{Ψ, π (i) , Ξ(i) , σ (i) }i=1
as α becomes small. The first term can be shown to be Θ(1) with all

35

Dai, Wang, Aston, Hua and Wipf

other variables fixed,15 leading to the revised bound

X

k




(i) 2

σk

σk


(i) 2





log ξα

k ξα

P

log ξα

and kπ (i) k22 have also been absorbed into Θ(1).


i2
X h (i)
(i)
ψ̄jk · ξ√α σk
k


i2
(i)
(i)
ψ̄jk · ξ√α σk

!

!

X

k

log ξα

= log α + Θ(1)




(i) 2

σk








(72)

(71)

(70)

+ Θ(1).

(69)

(68)





"
#
2



X (i)
X
X


(i)
ψ̄jk · ξ√α σk · k 
L(θ, φ) ≥
E
log ξα  O(α) +
(67)

 p()
(i)
i 
k
j ∈∆
/ α (Ψ,π (i) )
)
+ Θ(1),
−

where the terms

X

(Ψ,π (i) )

−

Given that
h

i2 
h
i
Ep() log ξα O(α) + a> 
= log ξα a> a + O (1) ≥ log α + O (1)

j ∈∆
/ α




(i)

for any vector a, we have the new bound

i

L(θ, φ)


X
≥

(i)

Xh
k

If then we choose σk = 0 for all i = 1, . . . n and k = 1, . . . , κ, then
log ξα



d − κ − ∆α(i) Ψ, π (i)
log α + Θ(1).


Ψ, π (i) exists such that

i

and we obtain the lower bound
X
L(θ, φ) ≥

(i)

Additionally, if any set ∆α

i


  X

X
d − κ − ∆α(i) Ψ, π (i)
≤
d − κ − ks(i) k0 ,
i

(i)
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R
Ψ, π (i) and log ξα (Θ(1) + x)2 N (x; 0, γ)dx = Θ(1)

then s(i) cannot be part of the unique, feasible solution to (10), i.e., we could use the

(i)
support pattern from each ∆α Ψ, π (i) to find a different feasible solution with equal or
lower value of n · rank [L] + kSk0 , which would violate either the uniqueness or optimality
(i)
of the original solution. Therefore, we have established that with σk = O(α) for all i and
k, the resulting bound on L(θ, φ) is essentially no better than (56), or the same bound we
(i)

15. Note that xj − ψ j· π (i) = Θ(1) for all j ∈ ∆α
for any variance γ > 0.

36

(i)

(Ψ,π (i) )

=

j

X

k

k

k




i2  X
h
 
(i)
(i)
(i) 2
log ξα max Bjk · ξ√α σk
−
log ξα σk
.

k
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Finally, we briefly consider the case where κ > rank[U ] , τ , meaning that W contains
redundant columns that are unnecessary in producing an optimal solution to (10). The

D.6 Generalization to Case where κ > rank[U ]

e is not
orthogonal, so if the former is not full column rank, neither is the latter. And if Ψ
full column rank, there will exist multiple solutions such that kx(i) − Ψπ (i) k0 = ks(i) k0 or
equivalently kx(i) − U v (i) k0 = ks(i) k0 in direct violation of the uniqueness clause.
Therefore to conclude, a lower bound on the VAE cost is in fact the same order as that
obtainable by our original trial solution. If this lower bound is not achieved, we cannot be
at a minimizing solution, and any solution achieving this bound must satisfy (12).

(i)

such a solution is equivalent or worse than (71). So the former is the best we can do at any
value of {Ψ, π (i) , Ξ(i) , σ (i) }ni=1 , provided that B (i) is full rank, and obtaining the optimal

(i)
value of ∆α Ψ, π (i) implies that (12) holds.
However, if B (i) is not full rank it would indeed entail that (74) could be reduced further,
since a nonzero element of σ (i) would not increase the first summation, while it would reduce
the second. But if such a solution were to exist, it would violate the uniqueness assumption
e (i) ] since Ξ(i) is
of the theorem statement. To see this, note that rank[B (i) ] = rank[Ψ

since at least β elements
summation over j must now be order Θ(1). By assumption
of the
 
P
(i) 2
we also have k log ξα σk
= (κ − β) log α + Θ(1). Combining with (75), we see that

j

Contrary to our prior assumption σ (i) = 0, now consider any solution with kσ (i) k0 = β > 0.
For the time being, we also assume that B (i) is full column rank. These conditions imply
that


i2 



h
X
(i)
(i)
≥
d − β − ∆(i)
Ψ, π (i)
log α + Θ(1) (75)
log ξα max Bjk · ξ√α σk
α

j ∈∆
/ α

k

will necessarily satisfy (12). We then only need consider whether other choices for
can
do better.

(i)
(i)
e
Let Ψ
denote the the rows of Ψ(i) associated with row indeces j ∈
/ ∆α Ψ, π (i) ,
meaning the indices at which we assume no sparse corruption term exists. Additionally,
e (i) Ξ(i) . This implies that
define B (i) , Ψ


h

i2  X
 
X
(i)
(i)
(i) 2
log ξα max ψ̄jk · ξ√α σk
−
log ξα σk
(74)

(i)
σk

had before from our feasible trial solution. Moreover, the resulting Ŵ = Ψ that maximizes
this bound, as well as the implicit

 h
i
2 
(i)
Σ̂x µ̂z x(i) = diag x(i) − Ψπ (i)
,
(73)
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(i)

(i)

o
2
(i) 2
log Σ(i)
x + β kµz k2 ,

i

x(i) − W β −1 βµz(i)

> 



(i)

Σ(i)
x

−1 



(i)

x(i) − W β −1 βµz(i)



(76)

(i)

i
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Proof Based on the stated conditions, the VAE objective simplifies to


2 

X
2
L(θ, φ) =
Eqφ (z|x(i) ) λ1x x(i) − µx (z; θ)
+ d log λx + λz − log λz + a> x(i)
.(79)

Appendix F. Proof of Theorem 5


an immaterial
constant notwithstanding. Given that limt→0 1t |x|t − 1 = log |x|, and
P
p
limt→0 j |xj | = kxk0 , then up to an irrelevant scaling factor and additive constant, the
stated result follows.

i,j

ignoring any explicit reparameterization by β for convenience. If we optimize over Σx in
the feasible region S̄αd and plug in the resulting value, then (77) reduces to the new cost
h
i2 
X
(i)
L(W , µz ) ≡
log ξα xj − wj· µ(i)
,
(78)
z

i

limit as β → 0+ , we can minimize (76) while ignoring the β 2 kµz k22 regularization factor.
Consequently, we can without loss of generality consider minimization of

> 
−1 

X 
L(W , Σx , µz ) ≡
x(i) − W µ(i)
Σ(i)
x(i) − W µ(i)
+ log Σx(i) ,
(77)
z
x
z

(i)

where β > 0 is an arbitrary scaler, Σx , Σx µz ; θ , and µz , µz (x(i) ; φ). Taking the

+

=

i

X 

Proof Under the stated conditions, the partially-affine VAE cost simplifies to the function

> 
−1 

X 
(i) 2
L(W , Σx , µz ) =
x(i) − W µz(i)
Σ(i)
x(i) − W µ(i)
+ log Σ(i)
x
z
x + kµz k2

Appendix E. Proof of Corollary 4

described in Section D.5, with this general Ŵ replacing Ψ, it can be shown that Σ̂z will
be forced to have additional diagonal elements lowered to α, increasing the achievable objective by at least − log α per sample. The details are not especially enlightening and we
omit them here for brevity. Consequently, at any minimizer we must have rank[Ŵ ] = τ .



candidate solution described in Section D.1 can be expanded via Ŵ = Ψ, 0[d×(κ−τ )] ,
h
i

>
(i)
(i)
>
µz = (π (i) )> , 0[1×(κ−τ )] , and Σ̂z = diag α1>
[τ ×1] , 1[(κ−τ )×1] such that the same
objective function value is obtained.
Now consider the general case where κ ≥ rank[Ŵ ] > τ . If we review the lower bound
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p()d +

Z
∈S
/ (i)



1
λx

(i)

x(i) − x(h[µ̂z

(j)



(81)

(87)

(86)

(85)

(84)

p()d

(83)


2 
+ d log λx + λz − log λz + µ̂z(i)
. (82)

√
2
+ λz ])



2 
2
+ d log λx + λz − log λz + µ̂z(i)

(80)

X

i





2 
∈
/ S (i) + d log λx + λz − log λz + µ̂z(i)


2 
+ (d − 1) log α + α + µ̂z(i)

η
λx P

ρ2

X η
i

40

Importance weighted autoencoders.

JMLR 19(41):1-42, 2018

A. Choromanska, Y. LeCun, and G.B. Arous. Open problem: The landscape of the loss
surfaces of multilayer networks. In Conference on Learning Theory (CoLT), 2015b.

A. Choromanska, M. Henaff, M. Mathieu, G.B. Arous, and Y. LeCun. The loss surfaces of
multilayer networks. In International Conference on Artificial Intelligence and Statistics
(AISTATS), 2015a.

S.S. Chen, D.L. Donoho, and M.A. Saunders. Atomic decomposition by basis pursuit. SIAM
Journal on Scientific Computing, 20(1), 1999.

V. Chandrasekaran, S. Sanghavi, P.A. Parrilo, and A.S. Willsky. Rank-sparsity incoherence
for matrix decomposition. SIAM Journal on Optimization, 21(2):572–596, 2011.

E. Candès, X. Li, Y. Ma, and J. Wright. Robust principal component analysis? Journal of
the ACM (JACM), 58(3):11, 2011.

Y. Burda, R. Grosse, and R. Salakhutdinov.
arXiv:1509.00519, 2015.

H. Bourlard and Y. Kamp. Auto-association by multilayer perceptrons and singular value
decomposition. In Biological Cybernetics, 1988.

L. Bottou. Large-scale machine learning with stochastic gradient descent. In International
Conference on Computational Statistics (ICCS), 2010.

Y. Bengio. Learning deep architectures for AI. In Foundations and Trends in Machine
Learning, 2009.

D.J. Bartholomew and M. Knott. Latent variable models and factor analysis. In Kendalls
Library of Statistics 7, 2nd Edition, 1999.

References

assuming we are at the trial solution λ̂x = λ̂z = α. As we allow α → 0, this expression is
unbounded from below, and as an upper bound on the VAE objective, the theorem follows.
Incidentally, it should also be possible to prove that for α sufficiently small, no other solution can do appreciably better in terms of the dominate (d − 1) log α factor, but we will
reserve this for future work.

=

L(θ, φ) ≤
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x(i) − x(h(z))


µx (z; θ) = x(h(z)) .

kz − µz(i) k2 .
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(i)

min

i∈{1,...,n}

by Chebyshev’s inequality as was used in proving Theorem 3. This implies that (82) can
be bounded via

h(z) , arg

1
λx




p()d

kx(i) − x(j) k22 ,

1 (i)
kµ̂ − µ̂z(j) k22 ,
2 z
(i)

λz 

(88)

Now choose some â such that µ̂z = â> x(i) has a unique value for every sample x(i) (here
we assume that each sample is unique, although this assumption can be relaxed). We then
define the function h : R → {1, . . . , n} as

Eqφ (z|x(i) )

and the piecewise linear decoder mean function

i
2

o
n
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λz  = i ,
S (i) ,  : h µ̂(i)
z +


X
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Given these definitions, (79) becomes
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which represents the set of  that quantize to the correct index. We then have


2
(i) √
x(i) − x(h[µ̂z + λz ])
Ep()

=
=
≤
=
where

η,

max

i,j∈{1,...,n},i6=j

the maximal possible quantization error. Now we also define
ρ,

λz
ρ2

JMLR 19(41):1-42, 2018

which is half the minimum distance between any two µ̂z and µ̂z , with i 6= j. Then

p


P ∈
/ S (i)
≤ P
>ρ
≤
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• The median and centroid schemes can suffer from pathological behaviors because
they can produce reversals in the dendrogram. This phenomenon appears when at
an iteration, the dissimilarity value between two clusters becomes lower than the
dissimilarity values observed at previous iterations. Median and centroid are said to
provide non-monotonic dendrograms. In fact, Ward can be seen as a modification of
1. The terms “stored dissimilarities/similarities” and “stored data” approaches were coined by Anderberg
(1973). The former one means that the input is the pairwise proximity matrix whereas the latter one
indicates that the input is the data matrix where objects are described by a set of attributes.
2. Defined in the previous footnote.

• In the usual D-AHC framework, the geometric techniques centroid, median and Ward
can be carried out by using data matrices instead of distance matrices. On the contrary, the graph methods group average and Mcquitty do not enjoy such a property.
We show that K-AHC enables a stored data2 matrix approach for the two latter
schemes.

• We focus on a sub-part of the LW formula and we establish a more general model
which relies on inner-products instead of squared Euclidean distances. In this case,
we need two parametric recurrence equations instead of one. Since our model relies on
inner-products, it encompasses Reproducing Kernel Hilbert Spaces (RKHS) through
the use of kernel functions. This first model called Kernel matrix based Agglomerative
Hierarchical Clustering (K-AHC) can be viewed as a kind of “dual” of D-AHC when
squared Euclidean distances are used as dissimilarities.

fashion whereas the latter case uses a top-down approach. We focus on Agglomerative Hierarchical Clustering (AHC). Suppose we are given a pairwise dissimilarity matrix between
the elements we want to cluster. The AHC bottom-up procedure initializes a trivial partition composed of singletons then, iteratively merges the two closest clusters until all items
are grouped together.
In any AHC method, after each merge, it is required to compute the dissimilarity measure between the newly formed group and other existing clusters. In fact, there are as many
AHC methods as dissimilarity measures. Despite the great number of approaches found
in the literature, Lance and Williams (1967) proposed a parametric formula (LW formula)
that generalizes a lot of them.
The bottom-up strategy described above with the LW formula form the usual stored
Dissimilarities1 based AHC (D-AHC) framework. Due to its simplicity and flexibility, it
has been studied in many research works, implemented in many programming languages
and successfully applied in many domains.
However, D-AHC suffers from important scalability issues since, with respect to the
number of objects, it has a quadratic memory complexity and a cubic time complexity.
These drawbacks severely limit the application of D-AHC to very large data sets.
In this context, our work aims at designing an AHC approach that is equivalent to DAHC but which can be extended in order to reduce the computational costs. Furthermore,
the approach we define is able to take into account the natural geometry of the data. It is
thus an unsupervised approach for manifold learning as well.
In a nutshell, the contributions of the paper are the following ones:

Ah-Pine

Clustering is the process of discovering homogeneous groups among a set of objects. There
are many clustering methods and one way to differentiate one approach from another one is
by the classification scheme they are based upon. On the one hand, flat clustering provides a
partition of the elements. On the other hand, hierarchical clustering outputs a set of nested
partitions. The latter classification type is represented by a binary tree named dendrogram.
Hierarchical clustering presents several advantages compared to flat clustering. Firstly,
a dendrogram is more informative than a single partition because it provides more insights
about the relationships between objects and clusters. Secondly, there is no requirement to
set the number of clusters a priori unlike most of flat clustering techniques.
In this paper, we focus on hierarchical clustering methods. There are two kinds of procedures: agglomerative and divisive. The former type builds the dendrogram in a bottom-up

1. Introduction

We introduce an agglomerative hierarchical clustering (AHC) framework which is generic,
efficient and effective. Our approach embeds a sub-family of Lance-Williams (LW) clusterings and relies on inner-products instead of squared Euclidean distances. We carry
out a constrained bottom-up merging procedure on a sparsified normalized inner-product
matrix. Our method is named SNK-AHC for Sparsified Normalized Kernel matrix based
AHC. SNK-AHC is more scalable than the classic dissimilarity matrix based AHC. It can
also produce better results when clusters have arbitrary shapes. Artificial and real-world
benchmarks are used to exemplify these points. From a theoretical standpoint, SNK-AHC
provides another interpretation of the classic techniques which relies on the concept of
weighted penalized similarities. The differences between group average, Mcquitty, centroid,
median and Ward, can be explained by their distinct averaging strategies for aggregating
clusters inter-similarities and intra-similarities. Other features of SNK-AHC are examined.
We provide sufficient conditions in order to have monotonic dendrograms, we elaborate a
stored data matrix approach for centroid and median, we underline the diagonal translation invariance property of group average, Mcquitty and Ward and we show to what extent
SNK-AHC can determine the number of clusters.
Keywords: Agglomerative hierarchical clustering, Lance-Williams formula, Kernel methods, Scalability, Manifold learning.
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centroid which enables solving the non-monotonicity issue of the latter scheme. In
the same spirit, we introduce a new scheme called w-median which solves the nonmonotonicity problem of the median technique.
• We propose to project the data points on an hypersphere and to shift them in order
to obtain non-negative inner-products values. As a result, we obtain a Normalized
Kernel (NK) matrix which can also be interpreted as a similarity matrix satisfying
several conditions such as maximal self-similarity. In this case, we can interpret our
model in terms of weighted penalized similarities and we show that the main differences
between classic techniques rely on distinct averaging operations of inter-similarities
and of intra-similarities as well.
• Given a NK matrix, we can apply sparsification procedures in order to remove nonrelevant similarity relationships between objects. The resulting output is called Sparsified Normalized Kernel (SNK) matrix and it can be viewed as the weighted adjacency
matrix of a sparse similarity graph. Then, we apply K-AHC on a SNK matrix but
with the constraint that two clusters can be merged together providing that they have
a non-null inter-similarity value. Our approach is called Sparsified Normalized Kernel
matrix based AHC (SNK-AHC). SNK-AHC has much lower computational costs compared to K-AHC and D-AHC, both in terms of memory and running time. Moreover,
the sparsification enables capturing the intrinsic geometry of the data.
• Unlike a NK matrix, a SNK matrix is not positive semi-definite. Therefore, from
a general perspective, SNK-AHC can not be interpreted from a geometrical point
of view unlike K-AHC. Nevertheless, we show that in the particular cases of group
average, Mcquitty and Ward, SNK-AHC still implicitly acts in an Hilbert space. This
is due to the fact that these schemes are invariant with respect to any translation of
the diagonal of the SNK matrix.
• By interpreting SNK-AHC in the framework of graph theory, we demonstrate that
the bottom-up procedure emulates the same kinds of operations employed in order to
determine the connected components of an undirected graph. As a result, we show
that SNK-AHC can automatically determine the number of clusters when the latter
ones are seen as connected components of a similarity graph.
• We illustrate the aforementioned properties of K-AHC and SNK-AHC on two artificial
data sets. In addition, we show the superiority of SNK-AHC over D-AHC on two realworld benchmarks. Our experimental results confirm that SNK-AHC is much more
scalable than the classic D-AHC. Last but not least, SNK-AHC can also outperform
D-AHC in terms of clustering quality. In fact, in many cases, our approach is both
more efficient and more effective than D-AHC.
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The remainder of the paper is organized as follows. In section 2, we introduce the
notations and some useful definitions. In section 3, we review the basics of D-AHC and
of the LW formula. Then, in section 4, we introduce our K-AHC model by establishing
an inner-product based expression that embeds the LW sub-equation we are interested
in. Several features of K-AHC are examined as well. Afterward, we present SNK-AHC and
3
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study its properties in section 5. Section 6 is dedicated to the experiments which are carried
out on both artificial and real-world data sets. After having introduced our approach and
exhibited its properties, we present and discuss in section 7 related research works. Finally,
in section 8, we conclude the paper and we sketch future work as well.

2. Notations and Definitions

The set of objects (or elements or items or points) to cluster is denoted by O and |O|
represents its cardinal. We suppose throughout the paper that |O|= n. The usual AHC
algorithm takes as input a pairwise dissimilarity matrix.

Definition 1 (Dissimilarity matrix) A pairwise dissimilarity matrix of elements in O
is denoted D. Given |O|= n, D is a square matrix of order n satisfying the following
conditions:


Dab ≥ 0, ∀a, b ∈ O
(non-negativity)
, ∀a, b ∈ O
Dab = Dba , ∀a, b ∈ O (symmetry)

Let 2O denote the set of subsets of O. The AHC procedure builds a set of nested
partitions of O. We denote by the letters a, b, c, d, e, f any singletons (or objects) of O,
whereas i, j, k, l, m correspond to any item (or clusters) in 2O . The cardinal of k is denoted
|k|. Given k and l, their fusion (or merge or union) is denoted by (kl).
The AHC algorithm is an iterative procedure with n − 1 steps. We denote by T =
{1, 2, . . . , n − 1} the set of iterations and use t to designate any of its elements.
Let Ct denote the set of existing clusters at iteration t. It is a partition of O with n−t+1
subsets. We denote by Dt , the dissimilarity matrix of clusters in Ct . It is thus a symmetric
square matrix of order n − t + 1 satisfying the conditions given in Definition 1.
The AHC bottom-up algorithm produces a set of nested partitions represented by a
tree-diagram called dendrogram.

Definition 2 (Dendrogram) A dendrogram representing a hierarchical clustering of O is
denoted D. Given |O|= n, D is a rooted binary tree with n leaves and 2n − 1 nodes in total.
Each node i corresponds to a subset of objects. Any two distinct nodes i and j of D are
such that i ⊂ j or j ⊂ i or i ∩ j = ∅. Besides, each node i is assigned a non-negative value
called the height denoted by H(i).

Since any node in a dendrogram represents a cluster, we adopt the same notations
as precised above: a, b, c, d, e, f are nodes that designate singletons only, while i, j, k, l, m
correspond to subsets of O.
As an illustration, we give in Figure 1 an example of a dendrogram of the set O =
{a, b, c, d, e, f }.

Definition 3 (Monotonic dendrogram) A dendrogram D is monotonic if and only if
i ⊂ j ⇔ H(i) ≤ H(j), for any two distinct nodes i and j.
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The dendrogram represented in Figure 1 is monotonic. Indeed, the height of larger
nodes are higher than smaller ones and any path from a leaf to the root has no reversal.
The following definition is used to compare dendrograms.
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Figure 1: Illustration of a dendrogram.
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The maximal self-similarity condition states that an object a can not be more similar
to any other object b but to itself (except if a = b).

Definition 6 (Similarity matrix) A pairwise similarity matrix of elements in O is denoted S. Given |O|= n, S is a square matrix of order n satisfying the following conditions:

 Sab ≥ 0 (non-negativity)
S = Sba (symmetry)
, ∀a, b ∈ O
 ab
Saa ≥ Sab (maximal self-similarity)

Eventually, we introduce the definition of a similarity matrix.

Definition 5 (Equivalent dendrograms) Two dendrograms D and D0 of a set of objects
O are equivalent if their respective sequence of merges M and M 0 are identical.

Whether an AHC technique produces a monotonic dendrogram or not, it always groups
two clusters into a larger one at each iteration. If we consider the pairs of clusters that are
fused at each step of the AHC bottom-up procedure (regardless the height values) then, it
is clear that there is a one-to-one correspondence between dendrograms and sequences of
merges.
For example, the sequence of merges in correspondence with the dendrogram provided
in Figure 1 is M = {({a}, {b}), ({d}, {e}), ({a, b}, {c}), ({d, e}, {f }), ({a, b, c}, {d, e, f })}.
The following definition is used to establish the equivalence between two different AHC
algorithms.

Definition 4 (Sequence of merges) A sequence of merges representing a hierarchical
clustering of O is denoted M . Given |O|= n, M = (m1 , . . . , mn−1 ) is a sequence of n − 1
couples of disjoint subsets of elements of O. For all t ∈ T, mt = (m1t , m2t ) ∈ {(i, j) ∈
2O × 2O , i ∩ j = ∅}. Any two elements ms and mt of M satisfy the following condition: if
s < t then (m1s ∪ m2s ) ⊂ (m1t ∪ m2t ) or (m1s ∪ m2s ) ∩ (m1t ∪ m2t ) = ∅.

H(k)

height

An Efficient and Effective Generic AHC Approach

arg min
(i,j)∈Ct ×Ct ,i6=j

Dtij

(1)

(2)

(3)
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3. Note that there might be several couples of clusters as solutions to (1) which could result in different
dendrograms.
4. Unweighted Pair Group Method with Arithmetic mean
5. Weighted Pair Group Method with Arithmetic mean
6. Unweighted Pair Group Method Centroid
7. Weighted Pair Group Method Centroid

• For all schemes, β 0 is symmetric in its two first arguments unlike α0 .

where γ 0 is a scalar and α0 , β 0 are functions from the set of triples of disjoint subsets of O
to R.
In Table 1, we review the particular definitions of α0 , β 0 and γ 0 for the methods cited
above. In this table, observe that:

∀t ∈ T, ∀m ∈ Ct+1 , m 6= (kl)

t
0
t
0
t
0
t
0
t
Dt+1
(kl)m = α (k, l, m)Dkm + α (l, k, m)Dlm + β (k, l, m)Dkl + γ |Dkm − Dlm |,

Next, the dissimilarity values between the new cluster (kl) and the other clusters m ∈
Ct+1 have to be computed in order to determine Dt+1 .
Several schemes were proposed and among the most famous ones we can cite: single
linkage, complete linkage, group average (also named UPGMA4 ), Mcquitty (also named
WPGMA5 ), centroid (also named UPGMC6 ), median (also named WPGMC7 ) and Ward.
The first four techniques are known as graph methods whereas the three latter ones are
named geometric methods.
Despite these numerous dissimilarity measures, the LW equation introduced in (Lance
and Williams, 1967), is a parametric updating formula that generalizes all aforementioned
cases. It is defined as follows:

Ct+1 = Ct \ {k, l} ∪ {(kl)}

Clusters k and l are fused into (kl) and the dendrogram D is amended with a new node
whose height value H((kl)) is set to Dtkl . The new partition Ct+1 is updated as follows:

(k, l) =

For t = 1, we initialize C1 to the set of n singletons with null height values and we set
D1 = D, the given dissimilarity matrix. Then, at each iteration t ∈ T, D-AHC merges the3
couple of clusters (k, l) that satisfies:

3.1 The LW Formula and the Bottom-up Procedure

In this section, we review the basic concepts of AHC. Firstly, we introduce the usual LW
formula based on dissimilarities. We also provide more detailed explanations about the
bottom-up fusion mechanism that builds the dendrogram. Secondly, we review another
equivalent way to express the LW formula. This formulation relies on a weighted version
of the dissimilarities. In fact, the framework we introduce thereafter, is inspired from this
latter expression.

3. D-AHC : Dissimilarity based AHC

Ah-Pine

α0 (k, l, m)
1/2
1/2
|k|
|k|+|l|

1/2

|k|
|k|+|l|

1/2

β 0 (k, l, m)
0
0
0
0
|k||l|
− (|k|+|l|)
2
|m|
− |k|+|l|+|m|

−1/4

γ0
−1/2
1/2
0
0
0
0
0
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Method
Single link.
Complete link.
Group aver.
Mcquitty
Centroid
Median
Ward
|k|+|m|
|k|+|l|+|m|

Table 1: Particular settings of the LW formula (4).

• Except the Ward method, α0 and β 0 do not depend on a third argument.
• Whatever the triple (k, l, m), α0 is constant for single linkage, complete linkage, Mcquitty and median.
• Likewise, β 0 is constant for single linkage, complete linkage, group average, Mcquitty
and median.
• Concerning γ 0 , it is non-null only for single linkage and complete linkage.
In the rest of the paper, we only consider the sub-family of LW clusterings that satisfies
γ = 0. This rules out the single and complete linkage techniques. In fact, these two
latter schemes are peculiar since they reduce to the min and max operators respectively.
Due to their specific features, single and complete linkages can be addressed using special
algorithms (Gower and Ross, 1969; Sibson, 1973; Defays, 1977).
Consequently, we are interested in the following LW sub-formula in what follows:
0
t
0
t
0
t
t+1 , m 6= (kl)
Dt+1
(kl)m = α (k, l, m)Dkm + α (l, k, m)Dlm + β (k, l, m)Dkl , ∀t ∈ T, ∀m ∈ C

(4)

To wrap up this sub-section, we provide in Algorithm 1 the pseudo-code of D-AHC using
the previous LW sub-formula.
3.2 An Equivalent Dissimilarity Based LW Sub-formula

(5)

Henceforth, we suppose that any object a ∈ O can be represented as a vector xa in an
Hilbert space H. Moreover, we assume that dissimilarities are given by squared Euclidean
distances. Thus, the general term of D is:
Dab = kxa − xb k2 , ∀a, b ∈ O
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In this context, we review another dissimilarity based LW sub-formula which is equivalent to (4) and Table 1. Indeed, if objects are vectors in an Hilbert space then, the centroid

7

end
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Algorithm 1: General procedure of D-AHC.
Input: D a dissimilarity matrix, an AHC method
Output: D a dendrogram
1 Initialize D with n leaves;
2 Set D1 = D;
3 for t = 1, . . . , n − 1 do
4
Find the pair of clusters (k, l) according to (1);
5
Merge (k, l) into (kl) and update D;
Compute Dt+1 by applying (4) with the corresponding AHC method parameters
values given in Table 1.
6

7

a∈i

1 X a
x , i ∈ 2O
|i|

(7)

(6)

and Ward update equations can be expressed in terms of cluster representatives (see for e.g.
(Murtagh and Contreras, 2012; Müllner, 2011)). Let gi be the mean vector of cluster i:
gi =

Then, for two clusters i, j ∈ Ct , the dissimilarity used by the centroid scheme is:

t
Dij
= kgi − gj k2 , ∀t ∈ T

|i||j|
kgi − gj k2 , ∀t ∈ T, ∀i, j ∈ Ct
|i|+|j|

(8)

Regarding the Ward approach, it is in fact, a weighted version of centroid since we have
for the former scheme:
t
Dij
=

(i,j)∈Ct ×Ct ,i6=j

arg min

t
p(i, j)Dij

(9)

The following D-AHC iterative procedure is equivalent to Algorithm 1 (see for e.g.
(Murtagh and Contreras, 2012)). For t = 1, let D1 be the input dissimilarity matrix D of
squared Euclidean distances between data points. At each iteration, the pair (k, l) which
gives the minimum weighted dissimilarity is merged:
(k, l) =

(10)

where p is a function from {(i, j) ∈ 2O × 2O , i ∩ j = ∅}, the set of pairs of disjoint subsets
of O, to R. The definition of p for each dissimilarity scheme is provided in Table 2.
After each merge the dissimilarity matrix is updated as follows:

t+1
t
t
t
D(kl)m
= α(k, l)Dkm
+ α(l, k)Dlm
+ β(k, l)Dkl
, ∀t ∈ T, ∀m ∈ Ct+1 , m 6= (kl)

JMLR 19(42):1-43, 2018

where, in this modeling, α and β are set functions whose definitions are also given in Table
2.
It is important to mention that, in the case of Ward, the set functions α and β do not
depend on the third argument unlike α0 and β 0 . Consequently, we can globally consider α
and β as two-place set functions which only depend on the two clusters being fused at each
iteration. More formally, α and β are functions from {(i, j) ∈ 2O × 2O , i ∩ j = ∅} to R

8

1/2

|k|
|k|+|l|

1/2

|k|
|k|+|l|

1/2

|k|
|k|+|l|

α(k, l)

−1/4

β(k, l)
0
0
|k||l|
− (|k|+|l|)
2
−1/4
|k||l|
− (|k|+|l|)
2
|i||j|
|i|+|j|
|i||j|
|i|+|j|

p(i, j)
1
1
1
1

(11)

9
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This data representation encompasses Reproducing Kernel Hilbert Spaces (RKHS). Accordingly, our approach is a kernel method (see for e.g. (Scholkopf and Smola, 2001)) which

This implies that the matrix S is a kernel (or Gram) matrix and satisfies:

Sab = Sba , ∀a, b ∈ O (symmetry)
S0
(positive semi-definite)

Let h., .i denotes the inner-product of H. The geometrical data representation we assume
in this work is formally stated as follows:

Sab = hxa , xb i
, ∀a, b ∈ O
(C1)
Dab = Saa + Sbb − 2Sab

4.1 Inner-product Based LW Sub-formula

We have supposed that the items are represented in an Hilbert space H and so far, squared
Euclidean distances have been used to represent the proximity relationships between points.
Henceforth, we also use the underlying inner-product of H.
In this section, we start by introducing a model that generalizes the LW sub-equation
(10). Our framework relies on inner-products and it amounts to a Kernel matrix based AHC
(K-AHC). Thereafter, we introduce several properties of our model. We provide sufficient
conditions for a technique expressed in our modeling to provide monotonic dendrograms.
Furthermore, we design a stored data matrix approach that generalizes to group average
and Mcquitty schemes.

4. K-AHC: Kernel Matrix based AHC

As mentioned previously and by observing (7) and (8), Ward can be interpreted as
a weighted version of centroid. Similarly, we introduce a weighted version of median (wmedian). The parameters of this new method are defined in the last row of Table 2. Wmedian set functions α and β are the same as median. It is the set function p which is
different: instead of a uniform weight, w-median uses the same weight function as Ward.
As we shall demonstrate later on, the w-median method provides monotonic dendrograms
unlike the median technique.

Table 2: Particular settings of the LW sub-formula (10) in the model defined by (9).

W-Median

Method
Group aver.
Mcquitty
Centroid
Median
Ward

An Efficient and Effective Generic AHC Approach

(12a)
(12b)

(13)
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St(kl)(kl) = −2β(k, l)Stkl + (α(k, l) + β(k, l))Stkk + (α(l, k) + β(l, k))Stll

St(kl)m = α(k, l)Stkm + α(l, k)Stlm

We assume that the property is true for t: Λtij = Stij − 12 (Stii +Stjj ) = − 12 Dtij , ∀i, j ∈ Ct , i 6= j.
Then, let us prove that it is true for t + 1 as well. Let k and l be the two clusters that are
fused at iteration t. We replace in (12a) and (12b) the set functions a, b and c with α, −2β
and α + β respectively. It comes:

1
1
Λ1ab = S1ab − (S1aa + S1bb ) = − D1ab , ∀a, b ∈ O
2
2

Proof Under (C1), it is clear that for t = 1:

1
Λtij = − Dtij , ∀t ∈ T, ∀i, j ∈ Ct , i 6= j
2

Then, under (C1) and if a(k, l) + a(l, k) = 1, ∀k, l ∈ 2O , it holds:

Lemma 7 Let {Dt }t∈T and {Λt }t∈T be the sequences of square matrices with input elements
D and S and subsequent elements defined by (10) and (13), (12a),(12b), respectively. Suppose that the related set functions α, β on the one hand and a, b, c on the other hand, are
such that:
a=α
b = −2β
c=α+β

Λt compares each couple of clusters in Ct and plays a core role in our approach. The
following result establishes the connection between the LW sub-equation (10) on the one
hand, and our approach (13), (12a), (12b) on the other hand.

1
Λtij = Stij − (Stii + Stjj ), ∀t ∈ T, ∀i, j ∈ Ct
2

where a, b and c are functions from {(i, j) ∈ 2O × 2O , i ∩ j = ∅} to R.
Similarly to D-AHC, we assume that the updated matrix is symmetric all along the
procedure and thus, Stm(kl) = St(kl)m , ∀t ∈ T, ∀m ∈ Ct+1 .
For all t ∈ T, let Λt be the square matrix of order n − 1 + t with general term:

t
t
t
St+1
(kl)(kl) = b(k, l)Skl + c(k, l)Skk + c(l, k)Sll , ∀t ∈ T

t
t
t+1 , m 6= (kl)
St+1
(kl)m = a(k, l)Skm + a(l, k)Slm , ∀t ∈ T, ∀m ∈ C

can benefit from a large spectrum of kernel functions in order to address diverse manifold
learning problems, that is K-AHC is able to detect groups of items with arbitrary shapes.
In contrast to the LW sub-formula, our model requires two equations to update the S
matrix: one for the off-diagonal elements and one for the on-diagonal entries.
Suppose that, for t = 1, S is the input matrix of our procedure: S1 = S. Assume that,
at iteration t ∈ T, clusters k and l are merged together. In our model, St+1 is updated
according to the two following recurrence equations:

Ah-Pine

a(k, l)
1/2

|k|
|k|+|l|

1/2

|k|
|k|+|l|

1/2

|k|
|k|+|l|

c(k, l)
1/2

|k|
|k|+|l|

1/4

|k|2
(|k|+|l|)2

1/4

|k|2
(|k|+|l|)2

1/2
1/2

2|k||l|
(|k|+|l|)2

2|k||l|
(|k|+|l|)2

b(k, l)
0
0

|i||j|
|i|+|j|
|i||j|
|i|+|j|

1
1

p(i, j)
1
1
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Method
Group average
Mcquitty
Centroid
Median
Ward
W-Median
Table 3: Particular settings in our model defined by (12a), (12b) and (14).

Next, assuming α(k, l) + α(l, k) = 1, ∀k, l ∈ Ct , we have:
t
t
Smm
= (α(k, l) + α(l, k))Smm

If we put all these ingredients into (13) for t + 1, i = (kl) and j = m; regroup terms with
t + St − 2St with Dt , for all i, j ∈ {k, l, m}, i 6= j; then we
respect to α and β; replace Sii
jj
ij
ij
have, ∀m ∈ Ct+1 :
t+1
Λ(kl)m

t
p(i, j)Λij


1
t
t
t
= − α(k, l)Dkm
+ β(k, l)Dkl
+ α(l, k)Dlm
2
1 t+1
= − D(kl)m
2

(i,j)∈Ct ×Ct ,i6=j

arg max

(14)

Next, we introduce our approach which also proceeds in a bottom-up manner. However,
unlike D-AHC, K-AHC performs a maximum search at each iteration. Indeed, after having
initialized a dendrogram D with n leaves, for each t ∈ T, K-AHC fuses the pair of clusters
(k, l) that satisfies:
(k, l) =

where p is also a real-valued function whose domain is the set of pairs of disjoint subsets of
O.
At iteration t, clusters k and l are merged into (kl). The latter subset is represented by
t . Ct+1 is updated similarly
a new node in D and its “height” value is H((kl)) = p(k, l)Λkl
to (2) and St+1 is determined from St by applying (12a) and (12b).
In order to clearly state in our model the schemes under study, we provide in Table 3
the definitions of their respective set functions a, b, c and p. Furthermore, we summarize
in Algorithm 2 the K-AHC procedure.
From Lemma 7 and assuming p = p, it is clear that Algorithm 1 and Algorithm 2 merge
the same8 couple of clusters at each iteration. Therefore, they have equivalent dendrograms
(see Definition 5). The only difference is that the dendrogram provided by K-AHC assigns

JMLR 19(42):1-43, 2018

8. Assuming that if there are several (but same) solutions to (9) and (14), both algorithms pick the same
pair.

11

end

Ah-Pine

Algorithm 2: General procedure of K-AHC.
Input: S a kernel matrix, an AHC method
Output: D a dendrogram
1 Initialize D with n leaves;
2 Set S1 = S;
3 for t = 1, . . . , n − 1 do
4
Find the pair of clusters (k, l) according to (14) with the corresponding AHC
method parameters values given in Table 3 ;
5
Merge (k, l) into (kl) and update D;
Compute St+1 by applying (12a) and (12b) with the corresponding AHC method
parameters values given in Table 3.
6

7

to each node a “height” value which equals minus one half times the height value assigned
to the same node of the dendrogram obtained by D-AHC. As a consequence, we have the
following result.

Theorem 8 Suppose that the conditions in Lemma 7 are satisfied. Suppose in addition,
that p in (9) and p in (14) are the same. Then, Algorithm 1 and Algorithm 2 provide
equivalent dendrograms.

Note that, since for all techniques listed in Table 3, a(k, l) + a(l, k) = 1, ∀k, l ∈ 2O and
p = p then, for all particular schemes we examine, K-AHC is equivalent to D-AHC.
4.2 Monotonicity

(15)

In hierarchical clustering, it is important to know whether a method can provide reversals
while building the dendrogram. Indeed, in practice, non-monotonic dendrograms can be
difficult to interpret and are thus undesirable.
In the classic AHC framework described by Algorithm 1, a technique provides a monotonic dendrogram if and only if the following condition holds:

t+1
t
D(kl)m
≥ Dkl
, ∀t ∈ T, ∀k, l, m ∈ Ct

Milligan (1979), provided sufficient conditions for a method expressed in the usual LW
equation (4), to output a monotonic dendrogram. It has to satisfy the following relationships:

 α0 (k, l, m), α0 (l, k, m) ≥ 0
α0 (k, l, m) + α0 (l, k, m) + β 0 (k, l, m) ≥ 1
, ∀k, l, m ∈ 2O
(16)
(γ 0 ≥ 0) ∨ (γ 0 ≤ 0 ∧ |γ 0 |≥ α0 (k, l, m), α0 (l, k, m))


In our approach described in Algorithm 2, the “height” value is rather a depth value
since it varies in the opposite way than in Algorithm 1. Consequently, the monotonicity
definition given previously translates as follows in the K-AHC case:

(17)

JMLR 19(42):1-43, 2018

t+1
t
p((kl), m)Λ(kl)m
≤ p(k, l)Λkl
, ∀t ∈ T, ∀k, l, m ∈ Ct

12

p((kl), m)Λt+1
(kl)m ≤ p((kl), m)



13

a(k, l)
a(l, k)
b(k, l)
+
−
p(k, m) p(l, m) 2p(k, l)

p(k, l)Λtkl
JMLR 19(42):1-43, 2018



Under (C1), it is easy to see that Λ1ab ≤ 0, ∀a, b ∈ O. Then, by assuming that p(k, l) ≥ 0
a(k,l)
a(l,k)
b(k,l)
and p(k,m)
+ p(l,m)
− 2p(k,l)
≥ 0, ∀k, l, m ∈ 2O , it is easy to prove by induction that Λtij ≤
0, ∀t ∈ T, ∀i, j ∈ Ct , using the inequality above.
Besides, by multiplying the same previous inequality by p((kl), m), we obtain an upper
bound for p((kl), m)Λt+1
(kl)m :

p(k, l) t
p(k, l) t
1
t
Λt+1
(kl)m ≤ a(k, l) p(k, m) Λkl + a(l, k) p(l, m) Λkl − 2 b(k, l)Λkl


a(k, l)
a(l, k)
b(k, l)
≤
+
−
p(k, l)Λtkl
p(k, m) p(l, m) 2p(k, l)

Next, since k and l are the clusters that have been merged at iteration t, according to
(14), we have p(k, l)Λtkl ≥ p(k, m)Λtkm , p(l, m)Λtlm . Therefore, it holds:

Then, by assuming b(k, l) − b(l, k) = 0 and by regrouping terms with respect to a and b,
we get:
1
t
t
t
Λt+1
(kl)m = a(k, l)Λkm + a(l, k)Λlm − 2 b(k, l)Λkl

By using c(k, l) = a(k, l) − 12 b(k, l) and a(k, l) + a(l, k) = 1, we obtain:

1
1
t
t
t
t
Λt+1
(kl)m = a(k, l)Skm + a(l, k)Slm − 2 b(k, l)Skl + (a(k, l) − 2 b(k, l))Skk

1
+ (a(l, k) − b(l, k))Stll + (a(k, l) + a(l, k))Stmm
2

1
t
t
t
t
t
t
Λt+1
(kl)m = a(k, l)Skm + a(l, k)Slm − 2 (b(k, l)Skl + c(k, l)Skk + c(l, k)Sll + Smm )

Proof From the definition of Λt given in (13), it comes:

Then, under (C1), {pΛt }t∈T satisfies (17).
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Let q be the dimension of the Hilbert space H. Suppose that q is finite and let X be the
data matrix of size n × q where each row represents a vector.
So far, we have assumed a stored proximity matrix approach where the input of the
algorithms is either D or S which are both of size O(n2 ). However, it can be useful to
operate on the data matrix X instead of D or S. Indeed, if n is too large, it could be
inefficient, or even impossible, to store the whole proximity matrix on a single machine.
If n is very large but q is much lower than n then, the stored data matrix approach
can be carried out. It takes as input the data matrix X, computes the dissimilarities
between vectors on the fly, finds the pair of clusters to merge, represents the new cluster
by a representative vector in H and repeat these latter steps for t ∈ T. Note that such an
approach allows alleviating the storage complexity but not the computational one, since, in
the worst case, the proximities between all pairs of objects need to be evaluated.

4.3 Stored Data Matrix Approach Based on K-AHC

max(|k|,|l|)
min(|k|,|l|)

being a non-negative rational number. The term in parenthesis becomes



|l|
r + − 2 . It is easy to see that r + 1r ≥ 2 and thus |k|
+ |k|
|l| − 2 ≥ 0, which completes
the proof.
1
r

Let r =

By developing this equation and after some manipulations, we obtain the following equivalent expression:


|l|
|k|
|m|
+
−2
1+
4(|k|+|l|+|m|) |k|
|l|

Proof If we apply the w-median parameters values given in Table 3 to the last condition
of Proposition 9, the left-hand side of the inequality reads:


(|k|+|l|)|m| |k|+|m| |l|+|m| |k|+|l|
+
−
|k|+|l|+|m| 2|k||m|
2|l||m|
4|k||l|

Proposition 10 The w-median scheme is monotonic.

It is easy to check that all six studied techniques described in Table 3 satisfy the first
fifth conditions in Proposition 9. However, unlike group average, Mcquitty and Ward, the
methods centroid and median do not satisfy the last condition. These three former schemes
are known to be monotonic. Regarding w-median, the new technique we introduced at the
end of sub-section 3.2, we have the following property.

t+1
Finally, since Λtkl , Λt+1
(kl)m ≤ 0 as stated previously, in order to have p((kl), m)Λ(kl)m ≤
t
p(k, l)Λkl , it is sufficient that:


a(k, l)
a(l, k)
b(k, l)
≥1
p((kl), m)
+
−
p(k, m) p(l, m) 2p(k, l)

We give below sufficient conditions for a method expressed in our model to give monotonic dendrograms.

Proposition 9 Let {Λt }t∈T be the sequence of square matrices with input element S and
subsequent elements defined by (13), (12a), (12b). Suppose that the set functions a, b, c and
p satisfy:


 a(k, l), b(k, l), c(k, l), p(k, l) ≥ 0



 a(k, l) + a(l, k) = 1


 b(k, l) − b(l, k) = 0
, ∀k, l, m ∈ 2O
c(k, l) − a(k, l) + 12 b(k, l) = 0


a(k,l)
a(l,k)
b(k,l)


− 2p(k,l) ≥ 0

p(k,m) + p(l,m)





 p((kl), m) a(k,l) + a(l,k) − b(k,l) ≥ 1
p(k,m)
p(l,m)
2p(k,l)

Ah-Pine
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(18)

In order to carry out the stored data approach, any dissimilarity scheme needs to be
formulated in terms of representative vectors in H (see for e.g. (Murtagh and Contreras,
2012)).
We already pointed out, in sub-section 3.2, that the centroid and Ward methods can
be performed by using mean vectors. Note that we can determine the latter representative
vectors in an iterative fashion. For t = 1, we set ga = xa , ∀a ∈ O. For t > 1, if k and l are
the clusters that are fused then, the mean vector g(kl) can be computed as follows:
g(kl)

|k|
|l|
=
gk +
gl
|k|+|l|
|k|+|l|

(20)

(19)

The median and w-median schemes can also be carried out in a similar way. In these
cases, clusters are represented by mid-points. Let gi denote the representative vector of
cluster i ∈ 2O . For t = 1, all objects are considered as singletons and we set again ga =
xa , ∀a ∈ O. Then, for t > 1, the newly formed cluster (kl) is given as follows, for median
and w-median:
1
1
g(kl) = gk + gl
2
2

Then, for the median and w-median methods, the dissimilarity values satisfy:
t
Dij
= kgi − gj k2 , ∀t ∈ T, ∀i, j ∈ Ct , i 6= j

P

a∈i x

a , ∀i

∈ 2O . Then, for the centroid and Ward schemes,

t
Sij
= hgi , gj i, ∀t ∈ T, ∀i, j ∈ Ct

1
|i|

For the graph methods group average and Mcquitty, there is no such equivalent way to
express their dissimilarity update equation using representative points using the usual LW
sub-equation 4. Yet, our approach makes it possible to obtain such a property for these two
latter schemes.
In order to introduce this property, let us first discuss the stored data matrix approach
for geometric schemes in our inner-product based modeling. We have the following results.
Proposition 11 Let gi =
it holds:

b∈l

1 = hga , gb i, ∀a, b ∈ C1 . Assume that St =
Proof Since S is a kernel matrix, Sab
ij
hgi , gj i, ∀i, j ∈ Ct holds for t and let us prove that it holds for t + 1 as well. The proof
t+1
simply uses the linear property of the inner-product. Concerning S(kl)m
, we have:
t+1
t
t
S(kl)m
= a(k, l)Skm
+ a(l, k)Slm

a∈k

a∈k

b∈l

X
X
1
(
xa +
xb ), gm i
|k|+|l|

JMLR 19(42):1-43, 2018

|k|
|l|
=
hgk , gm i +
hgl , gm i
|k|+|l|
|k|+|l|
1 X a m
|l|
1 X b m
|k|
h
x ,g i +
h
x ,g i
|k|+|l| |k|
|k|+|l| |l|
=

=h

= hg(kl) , gm i

15

t+1
Regarding S(kl)(kl)
, we have:

Ah-Pine

t+1
t
t
S(kl)(kl)
= b(k, l)Skl
+ c(k, l)Skk
+ c(l, k)Sllt

a∈k

b∈l

a∈k

b∈l

2|k||l|
|k|2
=
hgk , gl i +
hgk , gk i
(|k|+|l|)2
(|k|+|l|)2
|l|2
hgl , gl i
+
(|k|+|l|)2
X
X
X
X
1
1
(
xa +
xb ),
(
xa +
xb )i
|k|+|l|
|k|+|l|
=h

= hg(kl) , g(kl) i

Proposition 12 Let ga = xa , ∀a ∈ O and ∀t ∈ T, if k and l are merged, let g(kl) be defined
by (19). Then, for the median and w-median schemes, it holds:

t
Sij
= hgi , gj i, ∀t ∈ T, ∀i, j ∈ Ct

Proof The proof is similar than for Proposition 11.

Propositions 11 and 12 states that for centroid, Ward, median and w-median, both offdiagonal and on-diagonal entries of St can be determined by inner-products of representative
vectors. As far as group average and Mcquitty techniques are concerned, this latter property
is only valid for off-diagonal elements of St . Indeed, in Table 3, it is clear that group average
and Mcquitty respectively have the same weights vectors {a(k, l), a(l, k)} than centroid (or
Ward) and median (or w-median). Regarding the on-diagonal entries, we can actually
compute these values for group average and Mcquitty efficiently, providing that we initially
store, in an extra vector, the squared norm of each element vector. Let s be the vector of
size n with general term:
sa = hxa , xa i, ∀a ∈ O
(21)

(22)

Let s1 = s and for t = 2, . . . , n − 1, let st be a vector of size n − t + 1 whose component
sit is associated to cluster i ∈ Ct . At each iteration t ∈ T, suppose that k and l are the
clusters that are merged then,
is determined9 using the following recurrence formula:

t+1
s(kl)

t+1
s(kl)
= c(k, l)skt + c(l, k)slt , ∀t ∈ T

where c is the set function defined for group average and Mcquitty in Table 3.
Then, it is easy to check the following property.

t
Sii
= sit , ∀t ∈ T, ∀i ∈ Ct

t
Proposition 13 Let sa1 = hxa , xa i, ∀a ∈ O and ∀t ∈ T, if k and l are merged, let s(kl)
be
defined by (22). Then, for the group average and Mcquitty schemes, it holds:

9. Note that similarly to Dt or St , st loses one dimension at each iteration.
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All previously discussed results are summarized in Table 4 and Algorithm 3 which
provide a K-AHC based stored data matrix approach for all six methods we examine.

16

hgi , gj i

W-Median

hgi , gi i

hgi , gi i
hgi , gi i

sti
sti
hgi , gi i

Stii

|i||j|
|i|+|j|
|i||j|
|i|+|j|

1
1
1
1

p(i, j)

+

+
+
+
+
+

|k|
l
|k|+|l| g
1 l
g
2
|k|
l
|k|+|l| g
1 l
g
2
|k|
l
|k|+|l| g
1 l
2g

g(kl)
|k|
k
|k|+|l| g
1 k
g
2
|k|
k
|k|+|l| g
1 k
g
2
|k|
k
|k|+|l| g
1 k
2g

NA

|k|
+ |k|+|l|
stl
+ 12 stl
NA
NA
NA

st+1
(kl)
|k|
t
|k|+|l| sk
1 t
s
2 k
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Algorithm 3: General procedure of the K-AHC based stored data matrix approach.
Input: X a data matrix, an AHC method
Output: D a dendrogram
1 Initialize D with n leaves;
2 Set ga = xa , ∀a ∈ O;
3 Set sa = hxa , xa i, ∀a ∈ O, if appropriate;
4 for t = 1, . . . , n − 1 do
5
Compute the inner-product matrix of representative vectors;
6
Find the pair of clusters (k, l) according to (14) and (13) with the corresponding
AHC method definitions given in Table 4 ;
7
Merge (k, l) into (kl) and update D;
8
Compute the representative vector g(kl) by applying the corresponding AHC
method formula given in Table 4;
9
Compute st+1
(kl) by applying the corresponding AHC method formula given in
Table 4, if appropriate.
10 end

Table 4: Particular settings in the stored data matrix based on K-AHC and defined by (14),
(13) and representative vectors updates.

hgi , gj i
hgi , gj i
hgi , gj i
hgi , gj i

Group average
Mcquitty
Centroid
Median
Ward

Stij , i 6= j

hgi , gj i

Method

An Efficient and Effective Generic AHC Approach

(C3)

Sab ≥ 0, ∀a, b ∈ O

Sab
, ∀a, b ∈ O
Saa Sbb

(23)

(24)
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10. Note that we could have replaced these values with a constant which would have been the maximal
distance value but in this case, we would have lost the sparsity property.

It is worth noting that such a translation does not change the results of Algorithm 2.
In fact, the procedure is invariant under any positive linear transformation of the S matrix
for all six schemes we are interested in.

Sab ← Sab + |v|, ∀a, b ∈ O

Next, let v be the minimal value in S. If v < 0 then we propose to perform a simple
translation in order to obtain non-negative values:

Sab ← √

If the kernel matrix S does not have a constant diagonal then, we can always apply the
cosine normalization (or any generalization proposed in (Ah-Pine, 2010)):

(C2)

Saa = Sbb , ∀a, b ∈ O

In our perspective, the term Normalized Kernel (NK) matrix designates a kernel matrix
with a constant diagonal and non-negative terms. In other words, we assume that the points
belong to the intersection between an hypersphere and the positive quadrant of H:

5.1 Normalized Kernel Matrix

Another important property of K-AHC is that it offers a way to address the scalability issues
of stored proximity matrix based AHC procedures. Our main idea can be stated as follows.
Given the distance matrix D, it is reasonable to assume that pairs of items whose distance
measure is high are unlikely to be grouped together at an early stage. Consequently, in the
goal of reducing the storage complexity, these values could be discarded and we may replace
them with zero in order to have a sparse D matrix. However, this is not sound since a zero
distance measure would mean that points are identical while they are far away10 . In order
to avoid this drawback, we propose to use the inner-product matrix S instead, as we shall
explain in what follows.
We now introduce our approach called Sparsified Normalized Kernel matrix based AHC
(SNK-AHC). Firstly, we introduce the normalization procedure which transform a kernel
matrix S so that it has a constant diagonal and non-negative values. This preliminary
step makes it possible to interpret the inner-product matrix S in terms of similarities (see
Definition 6). Next, we present the sparsification procedure which aims at thresholding S
by setting to zero the lowest values. After this, we introduce the SNK-AHC algorithm and
its properties. In particular, we study an interesting feature of group average, Mcquitty and
Ward methods and we show in what context, SNK-AHC is able to determine the number
of clusters.

5. SNK-AHC: Sparsified Normalized Kernel Matrix Based AHC

Ah-Pine
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Proposition 14 Suppose that the set functions a, b, c satisfy:


hypersphere) in an Hilbert space. On the other hand, it can be seen as a similarity matrix
satisfying the conditions11 given in Definition 6.
As a consequence, in the rest of the paper, NK matrix and similarity matrix are terms
that we use interchangeably.

a(k, l) + a(l, k) = 1
, ∀k, l, m ∈ 2O
b(k, l) + c(k, l) + c(l, k) = 1

5.2 Penalized Similarities: Aggregated Inter-similarities Versus Aggregated
Intra-similarities
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11. Note that in this context, the maximal self-similarity property is due to the Cauchy-Schwartz inequality.

Therefore, {a(k, l), a(l, k)} and {b(k, l), c(k, l), c(l, k)} can be seen as weight vectors and
we interpret (12a) and (12b) as averages of inter-similarities and intra-similarities respectively. From this viewpoint, the differences between the techniques can be understood from
their distinct averaging strategies.
In order to have a more precise view of the differences between the six methods, let us
take an example. Suppose O = {a, b, c, d, e, f, g} and at iteration t = 4, C4 = {k, l, m} with
k = {a, b, c}, l = {d, e}, m = {f, g}. Assume that (k, l) is the couple of clusters to be merged.
In Figure 2, we illustrate this situation using the input similarity matrix S. The different
elements involved in (12a) and (12b) are shown. They correspond to rectangular blocks for
4
4
4
4
4
4
inter-similarities (Skl
,
S
lm , Skl ) and to square blocks for intra-similarities (Skk , Sll , Smm ).
5
4
4 represented by dashed line
The inter-similarity S(kl)m
is an average of Skm
and Slm
blocks k × m and l × m. Mcquitty, median and w-median assign the same weight 1/2 to
both terms whereas group average, centroid and Ward, assign weights which depend on one
of the blocks side length.
5
4 , S4 and S4 which are highlighted
The intra-similarity S(kl)(kl)
is an average of Skl
kk
ll
by a dotted line block and two solid line blocks respectively. Since S4 is symmetric, it is
5
4 , S4 , S4 and S4 . We can see that these
equivalent to consider that S(kl)(kl)
depends on Skl
lk
kk
ll
four elements depict a partition of the block (k ∪ l) × (k ∪ l). For geometric methods, all four
5
sub-blocks contribute to S(kl)(kl)
. In the median and w-median schemes, all sub-blocks are
assigned a uniform weight of 1/4 which amounts to an unweighted mean. Regarding centroid



Supposing (C1), (C2) and (C3), we discuss a new interpretation of K-AHC based on similarities. Equation (14) is a maximum search over the set of couples of clusters in Ct . The
t defined in (13) which is the difference between St and
quality of a pair (i, j) depends on Λij
ij
t
t
t
the arithmetic mean of Sii
and
S
jj . Let us call Sij , the inter-similarity between clusters
t , the intra-similarity of cluster i. For the couple of clusters (i, j), Λt can
i and j, and Sii
ij
be seen as their inter-similarity value penalized by the arithmetic mean of their respective
t is great if the inter-similarity is high and the
intra-similarities. According to (13), Λij
intra-similarities are low. Consequently, i and j are more likely to be merged together if
their inter-similarity is high enough with respect to their intra-similarities.
In this context, it is important to formally state the properties of the set functions
defining the six schemes we deal with. From Table 3, we can observe that for all methods:

 a(k, l), b(k, l), c(k, l) ≥ 0
a(k, l) + a(l, k) = 1
, ∀k, l ∈ 2O
(25)
b(k, l) + c(k, l) + c(l, k) = 1

Then, Algorithm 2 provides equivalent dendrograms for input similarity matrices S and
T = uS + v1n , with u > 0, v ∈ R and 1n being the square matrix of order n filled with 1.
Proof Let T be a linear transformation of S with general term Tab = uSab + v where
1
1
t
t
t
u > 0. For t = 1, we can write Tab
=
uS
ab + v. Assume that Tij = uSij + v, ∀i, j ∈ C and
t+1
t+1
t+1
let us prove that Tij
=
uS
.
Let
k
and
l
be the clusters that are fused
ij + v, ∀i, j ∈ C
t+1
t+1
at iteration t. First, we need to prove that T(kl)m
= uS(kl)m
+ v, ∀m ∈ Ct+1 , m 6= (kl). We
have:
t+1
t
t
T(kl)m
= a(k, l)Tkm
+ a(l, k)Tlm
t
+ v)
= a(k, l)(uSt + v) + a(l, k)(uSlm
km
t
t
= u(a(k, l)Skm
+ a(l, k)Slm
) + v(a(k, l) + a(l, k))
t+1
= uS(kl)m
+ v,

providing that a(k, l) + a(l, k) = 1.
t+1
t+1
Next, we prove that T(kl)(kl)
= uS(kl)(kl)
+ v. Indeed, we have:
t+1
t
t
+ c(k, l)Tkk
+ c(l, k)Tllt
T(kl)(kl)
= b(k, l)Tkl
t
t
t
= b(k, l)(uSkl
+
v)
+
c(k,
l)(uS
kk + v) + c(l, k)(uSll + v)
t
t
+ c(l, k)Sllt ) + v(b(k, l) + c(k, l) + c(l, k))
+ c(k, l)Skk
= u(b(k, l)Skl
t+1
= uS(kl)(kl)
+v

providing that b(k, l) + c(k, l) + c(l, k) = 1.
Denote respectively {Λt }t∈T and {∆t }t∈T , the sequences of square matrices defined by
(13), (12a) and (12b), and obtained when S and T = uS + v1n are the input kernel matrices
respectively. We have, ∀t ∈ T, ∀i, j ∈ Ct :
1 t
t
t
t
= Tij
− (Tii
+ Tjj
)
∆ij
2
1
t
t
t
+ v + uSjj
+ v)
= uSij
+ v − (uSii
2
1 t
t
t
= u(Sij
− (Sii
+ Sjj
))
2
t
= uΛij

t = arg max
t
Since u > 0 then, arg max(i,j)∈Ct ,i6=j p(i, j)∆ij
(i,j)∈Ct ,i6=j p(i, j)Λij , ∀t ∈ T.
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Moreover, let us remind that a positive linear transformation of the terms of a positive
semi-definite matrix provides a positive semi-definite matrix. Therefore, S remains a kernel
matrix after (24) is carried out.
Henceforth, we assume that S is a NK matrix. In fact, such a matrix enjoys a double
interpretation. On the one hand, it gives the inner-products of points represented (on an
19
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12. When using distances, this sparsification procedure is equivalent to the epsilon-neighborhood method.

We point out that for each a ∈ O, the number of non-null values in the similarity profile
{Sab }b∈O is lower bounded by k. Apart from the k closest items to a in NNk (a), an item

where Saa = w, ∀a ∈ O.
Thereby, the entries which correspond to the greatest values in S are exactly the same
entries in D having the lowest values.
The second sparsification approach is based on the nearest neighbors. Let NNk (a) be
the set of the k elements closest to a according to S (or D equivalently). Then, we define:

Sab if b ∈ NNk (a) or a ∈ NNk (b)
Sab ←
, ∀a, b ∈ O
(27)
0
otherwise

Dab = Saa + Sbb − 2Sab
= 2(w − Sab ), ∀a, b ∈ O

Note that under (C2), we have:

In order to cope with the storage complexity of K-AHC, we sparsify the NK matrix by
removing the lowest similarity values. We obtain a Sparsified Normalized Kernel (SNK)
matrix.
The first sparsification procedure we introduce is a simple thresholding operator12 based
on a real parameter θ ≥ 0.

Sab if Sab ≥ θ
Sab ←
, ∀a, b ∈ O
(26)
0
otherwise

5.3 Sparsified Normalized Kernel Matrix

and Ward, the weights are distributed with respect to the blocks area. Conversely, for graph
methods group average and Mcquitty, S5(kl)(kl) only depends on S4kk and S4ll . Consequently,
it is not difficult to see that only the on-diagonal terms of S are involved in the computation
of the clusters intra-similarity for these two latter schemes. This observation was already
underlined in sub-section 4.3.

Figure 2: Illustration of inter-similarities and intra-similarities.

a
b
c
d
e
f
g
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(28)

St .

(29)

(30)
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Proposition 15 Let z be the number of non-null entries in S after the sparsification step
in Algorithm 4 has been performed. Then, the bottom-up procedure of Algorithm 4 has O(z)
storage complexity and O(nz) processing time complexity.

Therefore, whatever the value p(i, j)Λtij , two clusters i and j can not be merged together
if they share no similarity at all. SNK-AHC is thus a constrained AHC procedure.
The SNK-AHC pseudo-code is given in Algorithm 4. It also describes a bottom-up
algorithm but unlike K-AHC, the dendrogram grows as long as St 6= ∅. As a consequence,
the output of Algorithm 4 is not a tree in general but a forest. We investigate this point
further in sub-section 5.6.
It is clear that restricting the search to St makes it possible to obtain a much more
scalable dendrogram building procedure.

(i,j)∈St ,i6=j

(k, l) = arg max p(i, j)Λtij

Note that
can be easily updated from
In contrast to K-AHC, for each t ∈ T, SNK-AHC searches for the pair to merge among
the elements in St only. Accordingly, we replace (14) with:

St+1

St = {(i, j) ∈ Ct × Ct , Stij > 0}, ∀t ∈ T

Likewise, during the course of the bottom-up merging mechanism, we determine at each
iteration, the following subsets:

S = {(a, b) ∈ O × O, Sab > 0}

We carry out K-AHC on a SNK matrix S. However, owing to the distinct interpretations
we can give to S, as exposed in sub-section 5.2, we propose some substantial modifications
to Algorithm 2 that lead to interesting properties.
In the stored proximities based AHC algorithms D-AHC or K-AHC, the bottleneck that
causes an heavy computational cost is the search for the pair of clusters to fuse. This
operation is carried out over the set of all possible pairs in Ct × Ct which has O(n2 ) cost.
Since there are n − 1 iterations, the overall time complexity is thus O(n3 ).
In our case, S is a sparse similarity matrix and we introduce the following subset:

5.4 Performing K-AHC on a SNK Matrix in an Efficient and Effective Manner

c∈
/ NNk (a) could have a in its k nearest neighbors in which case Sca but also Sac would
be non-null. Consequently, if k = round(n/2) for instance, then S memory usage is not
necessarily divided by 2, but by a factor which is lower or equal to 2.
Besides, it should be clear that determining the exact k nearest neighbors graph basically
takes O(n2 ) time. However, there are different ways to speed-up this procedure (see for e.g.
(Franti et al., 2006) and references therein).
Observe that after (26) or (27) is performed, the sparsified similarity matrix S is no
longer positive semi-definite. Thereby, the geometric context we have assumed so far does
not hold for a SNK matrix. Nonetheless, as we shall show in sub-section 5.5, three out of
the six techniques are not concerned with this issue.

Ah-Pine

end
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Algorithm 4: General procedure of SNK-AHC.
Input: S a kernel matrix, a sparsification method, an AHC method
Output: D a dendrogram
1 if the diagonal of S is not constant then
2
Normalize S using (23);
3 end
4 Translate S using (24);
5 Sparsify S using (26) or (27);
6 Initialize D with n leaves;
7 Set S1 = S;
8 Determine S according to (28) and set S1 = S;
9 while St 6= ∅ do
10
Find the pair of clusters (k, l) according to (30) with the corresponding AHC
method parameters values given in Table 3 ;
11
Merge (k, l) into (kl) and update D;
12
Update St+1 from St ;
13
Compute St+1 by applying (12a) and (12b) with the corresponding AHC method
parameters values given in Table 3.
14

Note, however, that if S is a dense NK matrix which has not been sparsified, and D is
the related distance matrix following (C1), then Algorithm 4 provides the exact same result
as Algorithm 2 and thus an output equivalent to the one obtained with Algorithm 1 as well,
according to Theorem 8.
As we shall see in section 6 dedicated to the experiments, not only SNK-AHC can
be dramatically more efficient than D-AHC from a computational standpoint, but it also
enables improving the quality of the clustering results on challenging problems.
5.5 Diagonal Translation Invariance

(31)

As highlighted in sub-section 5.3, the SNK matrix S is not positive semi-definite and we can
not assume that the points belong to an Hilbert space any more. However, we can recover
this feature quite easily. Indeed, since S is symmetric and all its diagonal entries are nonnegative then, one simple way to make S positive semi-definite again, is to sufficiently
augment the values of the diagonal entries in order to make S strictly diagonally dominant
(see for e.g. (Horn and Johnson, 1986, Theorem 6.1.10)).
While we can always do this, we show, in what follows, that this is not necessary for
some techniques.
Let us introduce the following matrix:
T = S + wIn
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where In is the identity matrix of order n and w > 0 is chosen such that T is positive
semi-definite.
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Let M = {m1 , . . . , mn−1 } be a sequence of merges following Definition 4. By observing
that (12a) does not depend on any on-diagonal entry of the SNK matrix then, it is easy to
check the following result.

Lemma 16 Let {St }t∈T and {Tt }t∈T be the sequences of square matrices with input elements S and T = S + wIn , w ∈ R and subsequent elements defined by (12a) and (12b).
Suppose that {St }t∈T and {Tt }t∈T are determined with respect to the same sequence of
merges M . Then, we have:

t
t
Tij
= Sij
, ∀t ∈ T, ∀i, j ∈ Ct , i 6= j

Lemma 16 indicates that when merging the same sequence of pairs of clusters, the offdiagonal entries of similarity matrices {St }t∈T and {Tt }t∈T are identical. It is only the
intra-similarities that are influenced by the diagonal translation.
For group average, Mcquitty and Ward, we have the following relationships.

w
, ∀t ∈ T, ∀i ∈ Ct
|i|

t
t
Tii
= Sii
+ w, ∀t ∈ T, ∀i ∈ Ct

Lemma 17 Let {St }t∈T and {Tt }t∈T be the sequences of square matrices with input elements S and T = S + wIn , w ∈ R and subsequent elements defined by (12a) and (12b).
Suppose that {St }t∈T and {Tt }t∈T are determined with respect to the same sequence of
merges M . Then, for group average and Mcquitty, we have:

Regarding Ward, we have:
t
t
Tii
= Sii
+

Proof Let us consider the group average technique and its parameters values given in
1 = S1 + w, ∀a ∈ C1 .
Table 3. For t = 1, it follows from the definition given in (31) that Taa
aa
t = St + w, ∀i ∈ Ct for t. Then, let us prove that the latter relation is
Assume that Tii
ii
true for t + 1 as well. Suppose that at iteration t, the pair of clusters (k, l) is merged. By
applying Lemma 16, it comes:

t+1
t+1
t
t
t
t
+ c(l, k)Sllt )
+ c(k, l)Skk
+ c(l, k)Tllt − (b(k, l)Skl
+ c(k, l)Tkk
T(kl)(kl)
− S(kl)(kl)
= b(k, l)Tkl

t
t
= c(k, l)(Tkk
− Skk
) + c(l, k)(Tllt − Sllt )
= w(c(k, l) + c(l, k))
=w

since c(k, l) + c(l, k) = 1 for group average.
The proofs for Mcquitty and Ward are similar.
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Theorem 18 For group average, Mcquitty and Ward methods, Algorithm 4 provides equivalent dendrograms for input similarity matrices S and T = S + wIn , w ∈ R.
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In this example, the representative item of a subset is chosen with respect to the lexical
order.

• d : {d, e, f }.

• a : {a, b, c},

As an illustration, we provide an example in Figure 3. We represent a graph with seven
nodes and four edges : O = {a, b, c, d, e, f, g} and S = {(a, b), (a, c), (d, e), (e, f )}.
Applying Algorithm 5 to this example, provides the following connected components:

Algorithm 5: Connected components determination.
Input: G = (O, S)
Output: The connected components
1 for a ∈ O do
2
make set(a)
3 end
4 for (a, b) ∈ S do
5
if find set(a) 6= find set(b) then
6
union(a,b)
7
end
8 end

We review in Algorithm 5 the pseudo-code that builds a disjoint sets data structure
given a graph G = (O, S) and outputs the connected components.

• union(a,b): unites the two disjoint sets that a and b belong to, removes the two latter
sets and determine a representative for the new set.

• find set(a): finds the representative of the set a belongs to.

• make set(a): creates a set whose only member is a and takes a as its representative.

One important issue in clustering is to determine the number of clusters. To some extent,
Algorithm 4 is able to address this challenge. In order to detail this property, we place
ourselves in the framework of graph theory.
Let G be an undirected graph with O being the set of nodes and S, defined in (28),
being the set of edges. G is connected if for every pair (a, b) ∈ O × O, there is a path joining
both nodes. If G is not connected then O can be separated with respect to its connected
components. These latter subsets form a partition of O. From a clustering viewpoint, the
connected components can be seen as clusters.
One way to determine the connected components of an undirected graph is to use a
disjoint sets data structure which typically: (i) puts nodes in a same set if there is a path
joining each other and (ii) assigns a representative item to each set (see for e.g. (Cormen
et al., 2009, Chapter 21)). In this context, three operations are employed:

5.6 Clusters as Connected Components

Ah-Pine

Consequently, for these three schemes, the geometrical representation of the objects
lying in an Hilbert space is still valid when applying Algorithm 4, even though the SNK
matrix S is not positive semi-definite.
For the other schemes, centroid, median and w-median, some preliminary empirical tests
showed that making S positive semi-definite again is not recommended. Indeed, in these
cases, increasing the diagonal provided worst performances in terms of clustering quality.
It appears that such a transformation results in a space distortion to which, these latter
methods are highly sensitive. Therefore, in Algorithm 4, we do not include a step for
diagonal translation by default.

−

p((kl), m)
t+1
t+1
t
((Tt+1
(kl)(kl) − S(kl)(kl) ) + (Tmm − Smm ))
2
|(kl)||m|
w
w
=−
(
+
)
2(|(kl)|+|m|) |(kl)| |m|
w
=−
2

In the case of Ward, c = −p(1, 1)w = − w2 . By using Lemma 17 again, we have:

1
1
t+1
t+1
t+1
− ((Tt+1
(kl)(kl) − S(kl)(kl) ) + (Tmm − Smm )) = − 2 (w + w)
2
= −w

Concerning the group average and the Mcquitty techniques, for both cases p(i, j) = 1, ∀i, j ∈
2O and thus c = −w. Let assume that at iteration t, the pair of clusters (k, l) is merged.
By applying Lemma 17, we have:

p(i, j)
−
((Ttii − Stii ) + (Ttjj − Stjj )) = −p(1, 1)w, ∀t ∈ T, ∀i, j ∈ Ct , i 6= j
2

where, by abusing the notation, p(1, 1) denotes p(i, j) whenever |i|= |j|= 1.
For t = 1, it is clear that using either S or T as input matrices, leads to the same merge.
As a consequence, by applying Lemma 16, it is sufficient to prove by induction that:

c

1
1
p(a, b)(∆1ab − Λ1ab ) = p(a, b)(T1ab − (T1aa + T1bb ) − S1ab + (S1aa + S1bb ))
2
2
p(a, b)
=−
((T1aa − S1aa ) + (T1bb − S1bb ))
2
= −p(1, 1)w
| {z }

Proof Denote respectively {Λt }t∈T and {∆t }t∈T , the sequences of penalized similarity
matrices obtained using S and T as input similarity matrices. We prove that for all t ∈ T,
the couple of clusters maximizing p(i, j)∆tij is the same as the one maximizing p(i, j)Λtij .
To this end, note that a sufficient condition is p(i, j)(∆tij − Λtij ) = c, ∀t ∈ T, where c is a
constant. For t = 1, we have:
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•
b

d
•

e
•
f
•
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c
•
•
a
Figure 3: Illustration of a disconnected graph.

In fact, all AHC Algorithms 1-4 we have introduced so far, rely on a bottom-up fusion
mechanism that reproduces the same operations than in Algorithm 5. The difference is that
instead of scanning all unitary edges (a, b) ∈ S in the for loop in Algorithm 5, AHC procedures go through the consolidated edges between the representative items of the disjoint
sets (the clusters). Moreover, unlike in Algorithm 5, the edges are not picked randomly
in AHC algorithms but they are chosen in the goal of optimizing a criterion which is the
weighted dissimilarity value in the case of D-AHC and the weighted penalized similarity
value in the cases of K-AHC and SNK-AHC.
Furthermore, in Algorithms 1 and 2, the input proximity matrices are dense and the
underlying graphs are thus fully connected. Therefore, these algorithms necessarily produce
single trees as outputs. On the contrary, Algorithm 4 uses a sparse similarity matrix and
in this case, G might not be connected, especially if z << n2 . In such a case, Algorithm
4 outputs a forest and each tree is a connected component which can be considered as a
cluster.
This reasoning is summarized in the following statement.
Proposition 19 Let S be the sparse similarity matrix obtained after the sparsification step
of Algorithm 4 and let S be the set of pairs of objects defined by (28). Let G = (O, S) be the
associated undirected graph. If G is not connected and has κ connected components then
Algorithm 4 stops at iteration n − κ − 1. Moreover, it outputs a forest where each tree is a
connected component.
Accordingly, note that SNK-AHC output is not a complete dendrogram in general.

6.1 Evaluation Measures

Ah-Pine

In order to measure the proximity between the dendrograms obtained by Algorithms 1
and 4, we use the cophenetic matrices and correlation coefficient (see for e.g. (Everitt
et al., 2009, Section 4.4.2)). Given a dendrogram D, the derived cophenetic matrix denoted
C(D), is a pairwise matrix of order n where, for each pair of items (a, b) ∈ O × O, we record
the height (D-AHC) or depth value (SNK-AHC) of the node that merges a and b for the
first time. Then, let Ddahc and Dsnkahc be the dendrograms obtained by both techniques.
The cophenetic correlation is the product moment correlation between the vectorized upper
triangular matrices of C(Ddahc ) and C(Dsnkahc ). We take the opposite value of this measure
which is denoted CC. In this case, CC=1 implies that the dendrograms are equivalent.
Next, in order to evaluate the quality of the clustering results we apply an external
validation methodology since we are given the correct partition for all data sets. For each
obtained dendrogram, we cut the forest so as to obtain the correct number of clusters
denoted κ∗ . Note that if κ, the number of clusters found by Algorithm 4, is greater than κ∗
then, we keep the partition with κ clusters. Afterward, we compare the resulting partition
and the ground-truth. The evaluation measure used in this case is the famous adjusted
Rand index (Hubert and Arabie, 1985) which is denoted ARI. In this case as well, the
greater the better, and ARI=1 means that the ground-truth was recovered perfectly.
Regarding scalability, our baselines are the D-AHC computational costs. Therefore,
the memory and running time reductions are reported in comparison to the performances
obtained by D-AHC. Relative storage and processing time decreases are thus examined.
However, note that these points are mainly analyzed in the case of real-world benchmarks.
Indeed, synthetic data sets are small-size and, in these cases it is not worth discussing
computational gains in details.
6.2 Artificial Data

Small-size artificial data sets are used in the goal of illustrating the ability of SNK-AHC to
address challenging clustering tasks.
In all experiments, before computing the inner-product matrix, we centered and scaled
the data matrix with respect to the mean and standard deviation of the variables.
6.2.1 Aggregation Data
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6. Experiments
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The first benchmark is taken from (Gionis et al., 2007). It consists of 788 points in a twodimensional space. The objects and clusters are represented in Figure 4. There are seven
different groups to identify. These clusters have different sizes and shapes. They can be
non-convex and connected as well.
In (Gionis et al., 2007), the authors show the shortcomings of classic D-AHC methods
such as the single linkage, complete linkage, group average and Ward schemes. The k-means
algorithm also fails to recover the seven clusters. In this previous work, Euclidean distances
were used.
In Table 5, we report the performance measures obtained by the different schemes used
in the framework of SNK-AHC. A Gaussian kernel and the nearest neighbors sparsification
operator NNk were applied.

JMLR 19(42):1-43, 2018

In this section we demonstrate the different properties and advantages of SNK-AHC over
D-AHC using different benchmark data sets. We both use artificial and real-world problems
which are freely available at (Franti and et al, 2015) and (Lichman, 2013) respectively.
Firstly, we compare the dendrograms obtained by D-AHC and SNK-AHC. Our first
purpose is to verify that when no sparsification is performed, SNK-AHC is equivalent to DAHC. Secondly, we are interested in assessing the proximity between the dendrograms given
by D-AHC and SNK-AHC. Thirdly, on medium-size real-world data sets, we demonstrate
that Algorithm 4 indeed allows reducing the D-AHC computational costs dramatically.
Finally, for all data sets, we show that sparsifying the similarity matrix can also provide
better clustering results.
We introduce below the different assessment criteria we used in our experiments, before
presenting the benchmarks and the results we obtained.
27
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• Many observations are actually similar to the ones we made for the previous benchmark. Firstly, when no sparsification is applied, we obtain equivalent dendrograms

The second synthetic data set is a composition of several clustering tasks originally proposed
in (Zahn, 1971). It consists of 399 points in a two-dimensional space. The data set is shown
in Figure 5. There are six distinct groups of points that are identified with different symbols
and colors. This task is particularly challenging since the clusters present very different
patterns and are highly non-convex and non-linearly separable.
Similarly to the previous case, we applied a Gaussian kernel using the same default
setting. However, the sparsification method we used here is based on a threshold following
(26). The different θ values were chosen so that a certain level of sparsity is reached.
Precisely, they correspond to the {100, 90, 75, 50, 25, 10, 1}th percentiles of the similarity
values distribution. The 100th percentile does not yield any sparsification. Again, this case
is considered as our baseline. On the contrary, the 1th percentile setting means that 99%
of the similarity values were thresholded to zero. This latter case is the sparsest S matrix
we experimented with.
The results we obtained are given in Table 6 and we can make the following comments:

6.2.2 Compound Data

• For all methods, κ, the number of clusters found by SNK-AHC, equals one except when
k = 8. The latter setting corresponds to the sparsest similarity matrix. Only in this
case, the underlying graph becomes disconnected and all schemes found five clusters.
In Figure 4, the groups that were discovered are the three disconnected clusters (red
triangles, black circles and cyan diamonds) and the two pairs of connected clusters
which are respectively put together.

With the same sparsification level, Ward dramatically improves over its baseline (dense
S) since the ARI value increases from 0.688 to 0.965.

Figure 5: Compound data set.
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• Conversely, among the interesting cases, group average with only one percent of nearest neighbors was able to recover the correct partition with seven classes (ARI=1).

• Below fifty percent of nearest neighbors, the performances are not stable and the
ARI behavior depends on the method. For median and w-median, the sparsification
beyond fifty percent, has a negative effect.

• For all methods, a sparse S matrix that was reduced by up to half of its original
memory size, does not alter the quality of SNK-AHC outputs. Therefore, we can
improve the scalability without decreasing the ARI values. In addition, we note that
the CC values are close to 1. It is likely that the dendrograms we obtain in theses
cases are equivalent to the baseline.

• For all schemes, when k = 788, CC=1. In other words, the obtained dendrograms
are equivalent to the ones given by D-AHC. These observations empirically confirm
Theorem 8.

We set γ = 1/q, q being the number of descriptive variables. This default setting is used in
popular SVM tools like (Chang and Lin, 2011).
Concerning NNk , the distinct k values were successively set to (the nearest integer of)
{100, 90, 75, 50, 25, 10, 1} percent of n, the total number of items. This results in a sequence
of sparser and sparser SNK matrices. The two opposite cases are the following ones. k = n
corresponds to 100% of the nearest neighbors and in that case, no sparsification is carried
out. Applying SNK-AHC without any sparsification is equivalent to K-AHC or D-AHC.
This situation corresponds to our baseline. By contrast, setting k = round(n/100) refers to
the sparsest similarity matrix that we used.
From Table 5, we observe that:

Sab = exp(−γkx − x k ), ∀a, b ∈ O

a

Regarding the Gaussian kernel, we remind its definition below:

Figure 4: Aggregation data set.
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CC
1.000
1.000
0.999
0.999
0.954
0.758
-0.834
1.000
1.000
1.000
0.998
0.865
0.811
-0.697
1.000
1.000
0.999
0.994
0.938
0.346
-0.818
1.000
1.000
0.998
0.994
0.766
0.450
-0.694
1.000
1.000
0.977
0.998
0.986
0.825
-0.804
NA
NA
NA
NA
NA
NA
NA

ARI
0.991
0.991
0.991
0.991
0.742
0.746
1.000
0.706
0.706
0.706
0.706
0.702
0.675
0.760
1.000
1.000
1.000
1.000
0.795
0.815
0.804
0.996
0.996
0.996
0.996
0.621
0.415
0.798
0.688
0.688
0.688
0.688
0.679
0.562
0.965
0.780
0.780
0.780
0.780
0.690
0.664
0.590

κ
1
1
1
1
1
1
5
1
1
1
1
1
1
5
1
1
1
1
1
1
5
1
1
1
1
1
1
5
1
1
1
1
1
1
5
1
1
1
1
1
1
5
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Method

Group average

Mcquitty

Centroid

Median

Ward

W-Median

NNk
788
709
591
394
197
79
8
788
709
591
394
197
79
8
788
709
591
394
197
79
8
788
709
591
394
197
79
8
788
709
591
394
197
79
8
788
709
591
394
197
79
8
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Table 5: Results for Aggregation data set using a Gaussian kernel.
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Method

Group average

Mcquitty

Centroid

Median

Ward

W-Median

CC
1.000
1.000
1.000
0.999
0.947
-0.766
-0.741
1.000
1.000
1.000
0.998
0.908
-0.697
-0.718
1.000
1.000
0.999
0.999
0.836
-0.800
-0.753
1.000
0.981
0.987
0.997
0.746
-0.699
-0.733
1.000
1.000
1.000
1.000
0.986
-0.744
-0.628
NA
NA
NA
NA
NA
NA
NA

Ah-Pine

θ
0.010
0.143
0.245
0.463
0.819
0.948
0.996
0.010
0.143
0.245
0.463
0.819
0.948
0.996
0.010
0.143
0.245
0.463
0.819
0.948
0.996
0.010
0.143
0.245
0.463
0.819
0.948
0.996
0.010
0.143
0.245
0.463
0.819
0.948
0.996
0.010
0.143
0.245
0.463
0.819
0.948
0.996

ARI
0.811
0.811
0.811
0.811
0.802
0.818
0.906
0.776
0.776
0.776
0.776
0.793
0.808
0.906
0.812
0.812
0.812
0.812
0.785
0.747
0.906
0.764
0.764
0.764
0.764
0.374
0.746
0.906
0.501
0.501
0.501
0.501
0.615
0.440
0.906
0.547
0.547
0.547
0.547
0.547
0.561
0.906

κ
1
1
1
1
1
3
99
1
1
1
1
1
3
99
1
1
1
1
1
3
99
1
1
1
1
1
3
99
1
1
1
1
1
3
99
1
1
1
1
1
3
99

Table 6: Results for Compound data set using a Gaussian kernel.
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between D-AHC and SNK-AHC. Secondly, an S matrix that was reduced by half of
its original size, provides the same clustering quality than the dense S matrix. This
is true for all techniques. As a consequence, it is possible to divide the computational
costs by 2 without degrading the ARI values. Still, when 75% and 90% of similarity
values are discarded, we do not obtain consistent improvements. Depending on the
scheme, these particular thresholding levels do not always produce better ARI values.
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After having exemplified interesting properties of SNK-AHC on synthetic data sets, we
address real-world clustering problems.

6.3 Real-world Data

• Finally, we emphasize the fact that SNK-AHC with the sparsest similarity matrix
allows us to improve AHC from many viewpoints. Firstly, as we exposed previously,
this case gives the best ARI scores and thus shows improvements in comparison with
the baselines. The greatest refinement is again observed for the Ward technique whose
ARI value increases from 0.501 to 0.906. Secondly, the computational costs of AHC
are largely diminished. Last but not least, SNK-AHC was able to detect the core of
five correct clusters which have diverse shapes and which were successfully separated
from very small groups considered as noise.

• Considering good performances, we underline the results obtained by the sparsest
similarity matrix which only contains the 1% highest similarity values. The ARI
value we obtain in this setting reaches 0.906 for all techniques which represents the
best overall performance. All methods provided the same partition with 99 clusters.
We provide in Figure 6 an illustration of the SNK-AHC outputs. For clarity reasons,
we use the same star symbol to represent elements of clusters whose size is lower or
equal to three. Note that among the 99 clusters, there are 89 singletons, 3 clusters of
size two and 2 clusters of size three. We consider these groups as noise. Consequently,
there are 5 “real” clusters that SNK-AHC was able to discover as depicted in Figure
6. Although the high ARI score of 0.906 is partly due to the fact that the SNK-AHC
output is a partition with a number of clusters much larger than the ground-truth
(κ = 99 versus κ∗ = 6), it is important to precise that this result is a perfect subpartition of the correct result.

Figure 6: Compound data set results (clusters with size ≤ 3 are all represented by star
symbols).
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13. https://archive.ics.uci.edu/ml/datasets/Statlog+(Landsat+Satellite)

• On the quality side, we can make the following comments. Firstly, if k ≥ round(n/2),
the ARI values are not impacted very much whatever the AHC scheme. Likewise the
previous benchmarks, we can save nearly half of the initial memory usage and running
time without hurting the clustering quality. On the contrary, for the median and wmedian approaches, the ARI values are even better. However, when k < round(n/2),
the clustering quality is not stable in general. Nevertheless, in the particular cases of
group average and Mcquitty, the sparsest similarity matrix given by k = round(n/10)
provides the best performances for these techniques. The greatest gain concerns the
group average scheme with an ARI score that is more than doubled since it jumped
from 0.321 to 0.688.

• On the scalability side, we verify that the sparser the SNK matrix, the lower the
memory cost and the processing time since the curves of relative measurements of the
two latter criteria clearly decrease. If z is the number of non-null entries in S then the
relative time reduction is linear with respect to this latter variable. In other words, if
we reduce S to 10% of its original memory size then the running time of SNK-AHC
will also be reduced to 10% of its initial processing time. This result empirically
illustrates Proposition 15.

The first collection is called the landsat data set13 which consists of 6,435 items. Each data
unit corresponds to a set of 9 contiguous pixels disposed in a 3×3 patch. Each pixel is represented by its four spectral band values which are integer from 0 to 255. Consequently, the
objects are described in a vectorial space of 36 dimensions. The task consists in recognizing
the nature of an item among six different classes which are: red soil, cotton crop, grey soil,
damp grey soil, soil with vegetation stubble, very damp grey soil.
Preliminary experimental results showed that the sparsification based on nearest neighbors provided better clustering results in comparison with the threshold based method.
The Gaussian kernel also led to better performances as compared to the linear kernel.
Consequently, we report the scores we obtained with these two best performing settings.
Concerning NNk , the sequence of k values used in (27) was set to (the nearest integer of)
{100, 90, 75, 50, 25, 10} percent of n. As previously, these percentages give an estimation of
the density of the S matrix.
The results we obtained are depicted in Figure 7. Several assessment measures are
plotted. ARI and CC curves are represented by dotted lines with triangles and circles
respectively. Moreover, the relative memory use and relative running time with respect to
the computational costs of the baseline (dense S) are represented. They correspond to solid
lines with plus signs and dashed lines with cross signs respectively.
Below are the interesting outcomes we report from this set of experiments:

6.3.1 The Landsat Data Set

In this case, in addition to clustering quality, we discuss in more details the gains that
SNK-AHC allow us to achieve in terms of scalability.
Likewise the previous set of experiments, the data matrix was centered and scaled before
determining the inner-product matrices.

Ah-Pine
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Note that all similarity graphs are connected even in the case of the sparsest similarity
matrix. Thereby, whatever the setting, SNK-AHC always gave a single tree.
6.3.2 The Pendigits Data Set
The second collection we used, is called the pendigits data set14 . This benchmark consists of
handwritten digits that were collected from 44 different writers. Each one of them provided
around 250 samples so that the entire collection is composed of 10,992 observations. Each
sample is described by 16 numerical features. The 10 digits have equal frequency. Obviously,
the task is to recognize groups of elements that correspond to the same digits.
In this case, we report the results we obtained with a linear kernel since they provided
similar outcomes than a Gaussian kernel. However, the nearest neighbor sparsification
outperformed the one relying on a threshold. Therefore, we report in Figure 8 the scores
obtained with this former sparsification technique. We use the same sequence of neighborhood selection as before.
The results we obtain for this benchmark are pretty similar to the landsat case:
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14. https://archive.ics.uci.edu/ml/datasets/Pen-Based+Recognition+of+Handwritten+Digits

35

0.2
0.4
0.6
0.8
% of removed neighbors

average

0.0

0.2
0.4
0.6
0.8
% of removed neighbors

median

0.0

1.0

1.0

Ah-Pine

0.2
0.4
0.6
0.8
% of removed neighbors

mcquitty

0.0

0.2
0.4
0.6
0.8
% of removed neighbors

ward

0.0

36

1.0

1.0

0.2
0.4
0.6
0.8
% of removed neighbors

centroid

0.0

0.2
0.4
0.6
0.8
% of removed neighbors

wmedian

0.0

1.0

1.0

JMLR 19(42):1-43, 2018

Our approach is meant to be generic, scalable and effective with respect to challenging
clustering tasks where objects belong to non-linear manifolds. Different types of previous

7. Related Work and Discussion

Similarly to the landsat case, the similarity graph remained connected even with the
strongest sparsification we applied.

• For this data set as well, w-median is superior to median. Moreover, the ARI values we
observe for the new method is pretty stable with respect to the level of sparsification.

• For group average, Mcquitty and Ward, their respective best ARI scores are achieved
with the sparsest S matrix. Precisely, if we keep only 10% of the nearest neighbors
then, the ARI values observed for these techniques clearly outperform their respective
baseline. Overall, the best gain and best ARI score is achieved by the group average
with a clustering quality going from 0.495 to 0.765 which represents a 54% increase.

Figure 8: Results for the pendigits data set using a linear kernel. The x-axis corresponds to
the % of removed neighbors. The y-axis corresponds to the observed values which
all belong to [0, 1]. Solid lines with plus signs represent the relative memory use,
dashed lines with cross signs show the relative running time, dotted lines with
circles indicate the CC values, dotted lines with triangles give the ARI values.
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Figure 7: Results for the landsat data set using a Gaussian kernel. The x-axis corresponds
to the % of removed neighbors. The y-axis corresponds to the observed values
which all belong to [0, 1]. Solid lines with plus signs represent the relative memory
use, dashed lines with cross signs show the relative running time, dotted lines with
circles indicates the CC values, dotted lines with triangles give the ARI values.
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• Regarding the new method w-median, it is worth mentioning that it plainly dominates the median scheme. It appears that the non-uniform weight we add to the
median technique not only allows obtaining monotonic dendrograms, but it also enables boosting the clustering quality scores.
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• For all schemes the ARI curves are stable up to 75% of removed neighbors. In regard to scalability, this means that, for any technique, we can save up to ∼70% of
memory usage and processing time without degrading the performances. Beyond 75%
of removed neighbors, the clustering quality evolution depends on the method. For
centroid and median it decreases whereas for the other approaches the ARI curves
have a positive slope.
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From this standpoint, our approach is in line with the works that were developed during
the 1960’s in the fields of statistics and data analysis. Overviews of these works can be found
in (Gordon, 1987; Everitt et al., 2009; Mirkin, 1996; Murtagh and Contreras, 2012). The LW
equation plays a core role in this landscape since it formally represents an infinite family
of hierarchical clustering techniques. Furthermore, it makes it possible to algebraically
study and define particular sub-families which satisfy different appealing conditions. The
guarantee to output a monotonic dendrogram is an example of such conditions. In more
general terms, these properties are named admissibility conditions (see for e.g. (Fisher and
Van Ness, 1971; Chen and Van Ness, 1994, 1996; Mirkin, 1996)). More recently, Ackerman
and Ben-David (2016) introduced other types of properties that characterize a class of
linkage-based hierarchical clusterings.
In this context, several research papers have also addressed the scalability problems of
D-AHC. We can highlight two research lines in that regard. The first one is essentially a
matter of implementation and concerns the whole family of LW clusterings. In fact, by
leveraging advanced data structure it is possible to speed-up D-AHC (Anderberg, 1973;
Day and Edelsbrunner, 1984). By employing priority queues to efficiently store the nearest
neighbors, the running time of the minimum search can be reduced. Maintaining the priority
queues can also be done in an efficient fashion and overall, the time complexity of D-AHC
can be reduced from cubic to a best-case O(n2 ) cost (Day and Edelsbrunner, 1984; Müllner
et al., 2013).
In contrast to the previous research avenue, the second research line only involves a subfamily of AHC schemes. It is based on a property called reducibility which was stated by
Bruynooghe (1978), and the resulting algorithm is usually named nearest neighbor chains.
The reducibility condition is not satisfied by centroid and median for which the latter
algorithm is not equivalent to D-AHC. For the other methods, it is an exact procedure
that has a worst-case O(n2 ) time complexity instead of cubic. The nearest neighbor chains

procedure has been studied and implemented by several authors (de Rham, 1980; Juan,
1982; Benzécri, 1982; Murtagh, 1984; Müllner et al., 2013). More recently, Nguyen et al.
(2014) has proposed a memory-efficient online hierarchical clustering called SparseHC which
also relies on the reducibility property. However, only single, complete and group average
linkages are considered.
These latter research works only focus on the computational efficiency of the usual DAHC framework. SNK-AHC is able to effectively tackle a more general class of clustering
problems.

Ah-Pine

Complex data such as texts, graphs, images and so on, do not necessarily lie on linear
sub-spaces but rather on manifolds. Euclidean distances in the given descriptive space may
fail to determine non-convex and arbitrary shapes. In order to better capture the underlying
geometry of the data, other different approaches have been proposed in the literature.
In the context of non-parametric hierarchical clustering, one first group of papers, adopts
a graph point of view of the clustering task. In particular, the nearest neighbors graph
derived from the pairwise proximity values allows a better approximation of the natural
geometries of groups of points. It is well-known that the single linkage leads to a chaining
effect that is quite effective for arbitrary shapes detection as compared to other schemes.
Gower and Ross (1969) pointed out the strong link between single linkage and the minimum
spanning tree (MST) problem. Then Zahn (1971) analyzed more in details the application
of the MST algorithm to the detection of groups that are non-convex and non-linearly
separable. In this context, edge removal appears to be an effective mean to allow the MST
to capture a large spectrum of shapes.
Other approaches use non-parametric proximity measures that rely on mutual nearest
neighbors and rank-based linkages in order to recover arbitrary clusters shapes (Jarvis and
Patrick, 1973; Gowda and Krishna, 1978). More recently, Balcan et al. (2014) uses common
nearest neighbors and defines a two-step hierarchical clustering that is robust to outliers
and which has interesting properties under some good neighborhood conditions.
Another related work in this context is the CHAMELEON algorithm introduced in
(Karypis et al., 1999). It also proceeds in two stages and uses k nearest neighbors graphs.
CHAMELEON presents another common point with SNK-AHC since it emphasizes the
contrast between inter and intra connectivities of clusters. This so-called dynamic modeling
is similar in spirit to our penalized similarities. However, the authors do not propose a
generic model unlike our parametric recurrence equations (12a) and (12b).
Yet another research direction for manifold learning is through the use of kernel functions that map the data points from the original description space to a higher dimensional
Hilbert space, called the feature space (see for e.g. (Lee and Verleysen, 2007)). It is expected that in the new space, the clusters are easier to detect. To our knowledge, only
a few papers have extended D-AHC to kernels (Qin et al., 2003; Endo et al., 2004). In
contrast to our model, these papers do not consider the scalability issues. Our previous
work (Ah-Pine and Wang, 2016) also studies an inner-product based formulation of the LW
equation. In addition, sparse kernel matrices are also employed. Nonetheless, this latter
model is different from the framework we present in this paper. In particular, the concept
of weighted penalized similarities and the theoretical results we provide are not examined
in the framework introduced in (Ah-Pine and Wang, 2016).

In order to face the inherent scalability issues of hierarchical clustering, several algorithms were introduced in the data mining community. BIRCH (Zhang et al., 1996) and
CURE (Guha et al., 1998) are famous examples in that respect. These approaches use
random sampling and/or a pre-clustering stage in order to reduce the number of elements
to convey to the hierarchical clustering. These methods rely on a vectorial representation
of the objects and use classic distances between points.
Carrying out an AHC approach on a sparse graph in the goal of speeding up the hierarchy
construction was also studied in (Franti et al., 2006). In this work as well, objects are points
in a vectorial space and weighted squared Euclidean distances serve as dissimilarity values.
The authors use a directed k nearest neighbors graph. After each merge, the list of the k
closest points to each centroid is approximately updated.
These research works provide efficient algorithms. However, they are not generic models of hierarchical clustering. In particular, they assume a feature based description of the
items (stored data approach) and in this vectorial representation, the dissimilarities are all
related to squared Euclidean distances. In our case, SNK-AHC relies on a generic model
that allows designing different kinds of proximity relationships between clusters.

research works are relevant to our framework.
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Lastly, it is worth emphasizing the relationships between SNK-AHC and spectral clustering (Shi and Malik, 2000; Ng et al., 2001; Von Luxburg, 2007). In the latter family of
techniques, kernel functions are employed to construct a similarity graph between objects.
Then a sparsification method is applied and the Laplacian of the resulting graph is determined. Theoretical results from spectral graph theory (see for e.g. (Van Mieghem, 2010))
show the links between the eigen-decomposition of the Laplacian and the connected components of the graph. Spectral clustering is a two step procedure which performs a spectral
embedding of the objects and subsequently applies a flat clustering method in the new
space. The k-means algorithm is usually used in the second step. In this context, roughly
speaking, we believe that SNK-AHC is to the classic D-AHC what spectral clustering is to
the usual k-means: a significant extension of a conventional clustering method (a sub-family
of LW clusterings in our case) which can recover groups of points with non-spherical shapes
and which provide an interesting mean to guess the number of clusters. Besides, our approach has all the advantages that hierarchical clustering has over partitional clustering. In
addition, since SNK-AHC is much more scalable than D-AHC, it does not have the major
drawbacks of hierarchical clustering methods.

8. Conclusion and Future Work

JMLR 19(42):1-43, 2018

We have introduced K-AHC a generic AHC model which relies on inner-products instead
of squared Euclidean distances. Our approach is based on two recurrence formulas which
embeds a sub-family of LW clustering techniques. In order to make our model efficient
and effective for challenging clustering tasks, we apply K-AHC on a sparsified normalized
kernel matrix. In that perspective, the two recurrence formulas highlight aggregation of
inter-similarities on the one hand and of intra-similarities on the other hand. Our work can
be viewed as a dynamic modeling of weighted penalized similarities of clusters. Moreover,
by constraining the bottom-up merging procedure to only fuse pairs of clusters whose intersimilarity value is non-null, our method, SNK-AHC, not only is more scalable than the
usual D-AHC, but it is also able to boost the clustering quality and to detect the number
of clusters.
However, the performances that SNK-AHC can reach, depend on the way the similarity
matrix is sparsified. Note that this is also the case for any method that relies on sparse
similarity graphs such as spectral clustering. Therefore, one important future line of research
is the study and design of more advanced sparsification techniques. From a clustering
quality standpoint, the setting of the sparsification method is an important question to
address in practice since it determines the connected components of the SNK matrix and
thus the number of clusters our approach will recover. In order to investigate this problem
from a theoretical point of view, the cluster tree framework introduced in (Chaudhuri and
Dasgupta, 2010) and (Balakrishnan et al., 2013) could be of interest. Regarding the overall
complexity of Algorithm 4, techniques that make it possible to exactly or approximately
determine nearest neighbors graphs in an efficient manner are important to look at. Indeed,
even though the dendrogram building procedure performed by SNK-AHC can be carried
out efficiently, the basic computational cost for determining the k nearest neighbors graph
remains quadratic and can be a bottleneck in practice.
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Still, it is interesting to mention, that, as far as the tree building procedure is concerned,
there are already pretty immediate ways to further improve the scalability of our approach.
As underlined in the previous section, two directions could be considered. Firstly, we can
enhance the complexity of SNK-AHC by using priority queues. Secondly, we can use the
nearest neighbor chains approach. In that regard, note that the best performances we
observed in our experiments concern schemes that satisfy the reducibility condition.
Finally, our model is generic but we have demonstrated that not all parameters settings
are worth considering. From this standpoint, it is interesting to examine how other admissibility conditions are expressed in our framework. In that perspective, a new property
which is peculiar to our work is the diagonal translation invariance. We proved that group
average, Mcquitty and Ward satisfy this condition. These techniques are among the most
effective ones from the experimental results we reported. Accordingly, a characterization of
this sub-family of clustering techniques would be beneficial.
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Bayesian networks (BNs) are graphical structures used to represent the probabilistic relations
among a large number of variables and to make the associated probabilistic inferences (Neapolitan,
2004; Pearl, 1988). In recent years, BNs have become one of the most powerful tools in encoding
uncertain expert knowledge in expert systems (Daly et al., 2011; Parviainen and Koivisto, 2013) and
also deeply influenced on many other actual domains such as medical diagnosis, financial analysis,
bioinformatics, and industrial applications (Zhang and Guo, 2006).

1. Introduction

Keywords: Markov blanket, Markov boundary, Markov blanket supplementary, Markov boundary
supplementary, Bayesian network

Markov blanket (Mb) and Markov boundary (MB) are two key concepts in Bayesian networks
(BNs). In this paper, we study the problem of Mb and MB for multiple variables. First, we show
that Mb possesses the additivity property under the local intersection assumption, that is, an Mb of
multiple targets can be constructed by simply taking the union of Mbs of the individual targets and
removing the targets themselves. MB is also proven to have additivity under the local intersection
assumption. Second, we analyze the cases of violating additivity of Mb and MB and then put
forward the notions of Markov blanket supplementary (MbS) and Markov boundary supplementary
(MBS). The properties of MbS and MBS are studied in detail. Third, we build two MB discovery
algorithms and prove their correctness under the local composition assumption. We also discuss
the ways of practically doing conditional independence tests and analyze the complexities of the
algorithms. Finally, we make a benchmarking study based on six synthetic BNs and then apply
MB discovery to multi-class prediction based on a real data set. The experimental results reveal
our algorithms have higher accuracies and lower complexities than existing algorithms.

Abstract

Editors: Marina Meila; Kevin Murphy; Joris Mooij

State Key Laboratory of Mechanics and Control of Mechanical Structures
Institute of Nano Science and Department of Mathematics
Nanjing University of Aeronautics and Astronautics, Nanjing 210016, China

Xin-Sheng Liu∗

State Key Laboratory of Mechanics and Control of Mechanical Structures
Institute of Nano Science and Department of Mathematics
Nanjing University of Aeronautics and Astronautics, Nanjing 210016, China
Faculty of Mathematics and Physics
Huaiyin Institute of Technology, Huai’an 223003, China

Xu-Qing Liu

Submitted 1/14; Revised 7/18; Published 9/18

Markov Blanket and Markov Boundary
of Multiple Variables

Journal of Machine Learning Research 19 (2018) 1-50

2

JMLR 19(43):1-50, 2018

In the paper, we denote a variable and its value by upper-case and lower-case letters in italics
(e.g., X, x), a set of variables and its value by upper-case and lower-case bold letters in italics (e.g.,
X, x). The diﬀerence between X and Y is denoted by X \ Y. For brevity, we write (X \ Y) \ Z as
X \ Y \ Z. In addition, we use |X| to denote the number of variables involved in X.

2. Preliminaries and Motivations

The remainder of this paper is organized as follows. Section 2 presents necessary preliminaries
and the motivations of this paper. Subsection 3.1 shows additivity of Mb and MB under the local
intersection assumption. In Subsection 3.2, we first analyze when additivity is violated and then put
forward the notions of Markov blanket supplementary (MbS) and Markov boundary supplementary
(MBS). The properties of MbS and MBS are studied detailedly. In Section 4, we design two MB
discovery algorithms for multiple variables, and prove their correctness under the local composition
assumption. In addition, we discuss the ways of practically doing conditional independence (CI)
tests and analyze the complexities of the algorithms. Section 5 makes a benchmarking study based
on six synthetic BNs, and Section 6 considers a practical application. The experimental results
show the superiority of our algorithms with higher accuracies and lower complexities than existing
algorithms. Section 7 concludes this paper and presents three remarks.

In the literature, there have been lots of MB discovery algorithms, such as the Koller-Sahami
(KS) algorithm (Koller and Sahami, 1996), the grow-shrink (GS) algorithm (Margaritis and Thrun,
1999, 2000), the incremental association Markov boundary (IAMB) algorithm (Tsamardinos et al.,
2003) and its several variants, the HITON algorithm (Aliferis et al., 2003), the max-min Markov
boundary (MMMB) algorithm (Tsamardinos et al., 2006), the parents and children based Markov
boundary (PCMB) algorithm and KIAMB algorithms (Peña et al., 2007), the BFMB algorithm (Fu and
Desmarais, 2007), the algorithmic framework called generalized local learning (GLL, Aliferis et al.,
2010a), and some others (Fu and Desmarais, 2010; Schlüter, 2014). For a single target variable,
most of these algorithms are eﬃcient to seek an approximate MB; for multiple target variables, if
simply regarding them as a multivariate variable, these algorithms seem to be feasible. However,
this will lead to low accuracies and high computational complexities. Hence, it is necessary to
design more eﬃcient MB discovery algorithms for multiple variables.

So far most authors have focused on the problem of Mb or MB for a single variable. In this paper,
we consider the problem of Mb and MB for multiple variables. This occurs if, for example, one
wants to compute the joint probability of two or more variables conditioned on all other variables.
The basic question for Mb of multiple variables is whether the additivity property holds, that is, can
an Mb of multiple variables be constructed by simply taking the union of the Mbs of the individual
variables and removing the target variables themselves? The same question is for MB. Further, if
the additivity property is violated in some situation, how can we do it?

As two important concepts in BNs, Markov blanket (Mb) and Markov boundary (MB) play a
key role in feature selection (FS; Fu and Desmarais, 2010; Pellet and Elisseeﬀ, 2008; Aliferis et al.,
2010a,b). Mathematically, Pearl (1988, pp. 218–221) showed the conditional probability for the
target given other variables can be replaced by the MB as the conditional set. Pellet and Elisseeﬀ
(2008, pp. 1299, 1302) proved that an MB is the theoretically optimal set of features. Further,
under certain assumptions about the learner and the loss function, MB is the solution to the variable
selection problem (Tsamardinos and Aliferis, 2003; Statnikov et al., 2013).
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2.1 Preliminaries
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Suppose we have a joint probability distribution P over V ≜ {X1 , · · · , X p } and a directed acyclic
graph (DAG) G with the variables in V as its nodes. We say (G, P) satisfies the Markov condition
if every X ∈ V is conditionally independent of its nondescendants given its parents; Further, (G, P)
is called a Bayesian network (BN) if it satisfies the Markov condition; Furthermore, (G, P) satisfies
the faithfulness condition if, based on the Markov condition, G entails all and only conditional
independences (CIs) in P (Pearl, 1988; Neapolitan, 2004).
We write X y Y | Z (X ̸y Y | Z), if X and Y are conditionally independent (dependent) given
Z with respect to P. The following properties describe the relations among CI statements (Pearl,
1988; Peña et al., 2007; Statnikov et al., 2013). For any X, Y, Z, W ⊆ V, we have (i) symmetry:
X y Y | Z is equivalent to Y y X | Z; (ii) decomposition: X y Y ∪ W | Z implies X y Y | Z and
X y W | Z; (iii) weak union: X y Y ∪ W | Z implies X y Y | Z ∪ W; (iv) contraction: X y Y | Z ∪ W
and X y W | Z imply X y Y ∪ W | Z; (v) self-conditioning: X y Y | Y ∪ Z. Further, if P is strictly
positive, then besides (i)∼(v) we also have (vi) intersection: X y Y | Z ∪ W and X y W | Z ∪ Y
imply X y Y ∪ W | Z. Furthermore, if P is faithful to a DAG G, then besides (i)∼(vi) we also have
(vii) composition: X y Y | Z and X y W | Z imply X y Y ∪ W | Z.
Among these properties, intersection and composition are two global ones. Statnikov et al.
(2013, p. 504) provided a relaxed version for composition called local composition: one says T ⊆ V
satisfies the local composition property, if T y X | Z and T y Y | Z imply T y X ∪ Y | Z for any
X, Y, Z ⊆ V \ T. We will provide a relaxed version for the intersection property.
Conditional mutual information (CMI) is one of the basic tools for testing CIs. Denote the CMI
between X and Y conditioned on Z by I(X; Y | Z). Then I(X; Y | Z) ⩾ 0, with equality holding if
and only if X y Y | Z (Zhang and Guo, 2006). For a practical problem, we cannot access to the true
CMI; instead, we use its empirical estimate, denoted by I D (X; Y | Z), based on the data D (Cheng
et al., 2002). Note that I D (X; Y | Z) ⩾ 0 also holds for any X, Y, Z ⊆ V.
The chain rule for CMI (Cover and Thomas, 2006) is useful to prove the main results of this
paper: I(X; Y 1 ∪ Y 2 | Z) = I(X; Y 1 | Z) + I(X; Y 2 | Z ∪ Y 1 ) holds for any four sets of variables X, Y 1 ,
Y 2 , and Z from V.
Another notion closely related to CI is d-separation (Pearl, 1988, p. 117). For a DAG G over
V, letting X, Y, Z ⊆ V be disjoint, we say Z d-separates X and Y if it blocks every path between
X and Y, and if this is the case we write X ⊥ Y | Z. Here, Z blocking a path c means that c has a
head-to-tail node or a tail-to-tail node belonging to Z, or that c has a head-to-head node C such that
C and its all descendants are not in Z. As well known, X ⊥ Y | Z ⇒ X y Y | Z, if (G, P) is a BN
(Neapolitan, 2004, p. 74). This implication provides a convenient way of identifying CIs.
For example, consider a BN with the graph presented in Figure 1 as its DAG. It follows that: X2
and X8 are d-separated by {X4 , X5 }, meaning X2 ⊥ X8 | {X4 , X5 } and thus X2 y X8 | {X4 , X5 }; X3 and
X4 are d-separated by Ø, meaning X3 ⊥ X4 , so X3 y X4 . Note that these two probabilistic CIs can
not be directly derived from the Markov condition.
In what follows, the concepts of Mb and MB are presented. They are a direct extension of Mb
and MB for a single target variable (Pearl, 1988, p. 97; Neapolitan, 2004, pp. 108–109): an Mb
of T is a set of variables shielding T from all other variables, so it carries all information of T that
cannot be obtained from other variables, while an MB is a minimal Mb.

JMLR 19(43):1-50, 2018

Definition 1 Let T ⊆ V and M ⊆ V \T. We call M a Markov blanket (Mb) of T if T y V \ M\T | M.
Further, a Markov boundary (MB) of T is any Mb such that none of its proper subsets is an Mb.
3
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When |T| = 1, the following results are well known in the literature (Pearl, 1988; Neapolitan,
2004; Statnikov et al., 2013): (a) if (G, P) is a BN, then for T ∈ V the set of its all parents, children,
and spouses is an Mb of T (denoted by MT ); (b) if P satisfies the intersection property, then T has
a unique MB; (c) if (G, P) satisfies the faithfulness condition, then MT is the unique MB of T .
Consider again the BN with the graph presented in Figure 1 as its DAG. In this BN, it is seen
that M X4 ≜ {X2 , X6 , X3 } is an Mb of X4 ; further, M X4 is the unique MB of X4 if the faithfulness
condition is satisfied. Similarly, M X2 ≜ {X4 , X5 } is the unique MB of X2 under the faithfulness
condition.
The above result (b) points out that if the uniqueness of MB is violated, then the intersection
property must be violated. Lemeire (2007) provided a case of violating intersection called information equivalence: X and Y are called information equivalent with respect to T if T ̸y X, T ̸y Y,
T y X | Y, and T y Y | X. A related notion is conditional information equivalence (Lemeire et al.,
2012; Statnikov et al., 2013): X and Y are called to be conditionally information equivalent with
respect to T given Z ⊆ V \ X \ Y \ T, if T ̸y X | Z, T ̸y Y | Z, T y X | Y ∪ Z, and T y Y | X ∪ Z.
Lemeire et al. (2012, pp. 1309–1311) showed that (conditional) information equivalence is one of
the two major cases in which adjacency faithfulness is violated. Here, the adjacency faithfulness
condition (Ramsey et al., 2006; Lemeire et al., 2012) is defined as: if X and Y are adjacent, then
X ̸y Y | Z for any Z ⊆ V \ {X, Y}. Statnikov et al. (2013, p. 503) provided a local version for
adjacency faithfulness by focusing on a specific variable.
Here, we employ the information flow metaphor (Cheng et al., 2002) to intuitively explain
information equivalence: we can view a BN as a network of information channels, where each
Markov Blanket and Markov Boundary of Multiple Variables
node is a valve that is either active or inactive; the valves are connected by information channels;
information can flow through an active valve but not an inactive one; instantiating a node means this
valve becomes inactive. We extend this metaphor by viewing a clique of one or more nodes as a
valve. The
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called local intersection as follows.
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The graph shown in Figure 3, originally presented by Statnikov and Aliferis (2010), makes an
intuitive illustration on T-partition and E-partition. As seen, {1, 2} and {3} constitute the T-partition
of Adom ≜ {1, 2, 3} with respect to C; {1, 2} and {3} are the E-partition of Bdom ≜ {1, 2, 3} to the
T-partition of Adom , Therefore, A and B are information equivalent with respect to C if C ̸y A, since
C y B | A holds inherently because of the Markov condition.

• Relation among information equivalence, T-partition, and E-partition: If T ̸y X and T y Y | X,
then T y X | Y (meaning X and Y are information equivalent with respect to T) if and only if
the relation xRy defined by P(x, y) > 0 with x ∈ Xdom and y ∈ Y dom defines an E-partition in
Y dom to the T-partition of Xdom with respect to T.

• E-partition: A relation R ⊂ X ⊗ Y defines an E-partition in Y dom to a partition of Xdom , if: (i)
¬(x2 Ry1 ) holds for any x1 , x2 ∈ Xdom belonging to diﬀerent partitions and for any y1 ∈ Y dom
(k)
with x1 Ry1 ; and (ii) for every X(k)
dom , there exist x1 ∈ X dom and y1 ∈ Y dom such that x1 Ry1 .

• T-partition: The domain, Xdom , of X can be partitioned into disjoint subsets X(k)
dom for which
P(T | x) is the same for all x ∈ X(k)
dom . This is called the T-partition of X dom with respect to T.

To facilitate the identification of information equivalence, Lemeire (2007) ever introduced the
notions of target partition (T-partition) and equivalent partition (E-partition), and then provided a
relation among information equivalence, T-partition, and E-partition.

Lemma 2 For T ⊆ V, assume the type-II local condition defined in Definition 2 holds. Then T has
a unique MB.

Clearly, intersection implies local intersection but not vice versa, because the former requires
no any information equivalence while the latter only requires no information equivalence between
the targets and the remaining variables. Here, we give a lemma concerning the uniqueness of MB
under the local intersection assumption. The proof is presented in Appendix B.
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In the algorithm, there is a function f D (Line 3 of IAMB in Algorithm 3) denoting a heuristic
used to measure the association between variables (Tsamardinos et al., 2003; Peña et al., 2007).
Two widely used selections for f D are CMI (Cheng et al., 2002; Tsamardinos et al., 2003) and the
negative p-value (Tsamardinos et al., 2006; Aliferis et al., 2010a,b; Statnikov et al., 2013). Also,
Yaramakala (2004, p. 41) suggested an equivalent version of the negative p-value. Subsection 4.3
will make a discussion about the ways of practically doing CI tests and the selections for f D .
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Markov Blanket and Markov Boundary of Multiple Variables

KIAMB is a stochastic extension of IAMB. It embeds a randomization parameter K ∈ [0, 1] which
specifies the trade-oﬀ between greediness and randomness. If taking K = 1, KIAMB reduces to IAMB.
Peña et al. (2007) proved the correctness of KIAMB under the composition assumption. By the proof,
the local composition assumption is suﬃcient for KIAMB to be correct. Algorithm 3 describes the
pseudo code for KIAMB.
For the case of |T| ⩾ 2, IAMB and KIAMB can remain correct if strengthening the precondition.
We present the correctness of them as follows, without presenting the proof since it is similar to that
of the original IAMB and KIAMB (Tsamardinos et al., 2003; Peña et al., 2007; Statnikov et al., 2013).
In what follows, we say a CI test for a hypothesis is correct if the statistical decision is correctly
made by using a testing method. Subsection 4.3 gives a further discussion on this issue.
Theorem 1 (Correctness of IAMB and KIAMB) Assume T satisfies the local composition property,
and all CI tests are correct. Then (i) IAMB outputs an MB of T; (ii) KIAMB outputs an MB of T for
any K ∈ [0, 1].
2.3 Motivations

P(T 1 | M1 )P(T 2 | M2 )
if T 1 < M2 or T 2 < M1
∑
P(T 1 , T 2 , V \ T) / t1 , t2 P(t1 , t2 , V \ T) if T 1 ∈ M2 and T 2 ∈ M1

This subsection provides three motivations of this paper.
Let M be an MB of T . Then P(T | V \ {T }) = P(T | M). In other words, all information for
predicting T is carried by M. Further, M is a solution to the FS problem, if the algorithm that
constructs the prediction model can learn any probability distribution, and the performance metric
is strictly decreasing with the mean-squared loss with a preference for smaller subsets (Tsamardinos
and Aliferis, 2003, Proposition 3). For this reason, MB for a single variable is suﬃcient.
However, there are the situations where MB for multiple variables is preferred. This occurs if
we need the probability distribution of more than one variables given all the others. Let Mi be an
MB of T i for i = 1, 2. Denoting T = {T 1 , T 2 }, it follows that
{
P(T | V \ T) =

As seen, in the case of T 1 ∈ M2 and T 2 ∈ M1 , the computation is intractable, especially when the
dimension is high. Nevertheless, if we have an MB for T, denoted by M, then P(T | V\T) = P(T | M)
follows immediately, so the problem is simplified greatly. In this sense, it is meaningful to consider
the problem of MB for multiple variables.
The second motivation is that we want to know whether the prediction for T will be aﬀected if
the observed values of some variables outside T (in a new observation) are missing. Denote these
missing variables by V m . This problem can be considered as follows: find an approximate MB
(denoted by Mm ) of T in V \ V m by means of some method, then check if Mm is an Mb in V via
some criterion (e.g., a criterion based on Lemma 2 given by Statnikov et al., 2013); and finally
assert T will not be aﬀected if the above checking result is “yes”. In this sense, it is also preferred
to consider MB for multiple variables.
Figure 4 represents the DAG for the ALARM network (Beinlich et al., 1989), which is well
known in the literature. Take T 1 ≜ X22 and T 2 ≜ X23 . Then, MTi is the unique MB of T i for i = 1, 2
under the faithfulness condition, with
(1)
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MT 1 ≜ {X1 , X4 , X15 , X21 , X23 , X27 , X29 } and MT2 ≜ {X2 , X22 , X24 , X25 , X27 , X29 },
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Figure 4: ALARM network (37 nodes and 46 edges): a logical alarm reduction mechanism.

A y D, and
A y {C, D};
B y D, and
B y {C, D};
{A, B} y D, but {A, B} ̸y {C, D}.

respectively. This leads to intractable computations on the joint probability distribution of T 1 and
T 2 given all other variables, consider that T 1 ∈ MT2 and T 2 ∈ MT1 . Further, if the observed
values of some variables (e.g., X j for j = 32, 33, · · · , 37) in a new observation are missing, can
this observation be used any more for predicting T 1 and T 2 ? Furthermore, we have to face similar
problems if three or more target variables are considered.
The third motivation concerns MB discovery algorithms. By Theorem 1, IAMB and KIAMB can be
applied to the problem of MB for multiple variables if simply regarding the targets as a multivariate
vector, under the strengthened local composition assumption. However, the assumption of local
composition imposed on multiple targets may have more occasions to become invalid than imposed
on single targets, due to the synergy eﬀect in the sense that neither X nor Y carries information of T
but together they contain some information of T (Rauh et al., 2014).
Here is an illustration: considering the BN with the graph in Figure 5 as its DAG, by direct
computations using the FullBNT toolbox (Murphy, 2007), we find that
A y C,
B y C,
{A, B} y C,

D

X
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E
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Z
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Y

W
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X
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E
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Z
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E
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By this illustration, the idea of applying the existing MB discovery algorithms to multiple targets
seems to be practically improper although it is theoretically feasible, because synergy eﬀects may
lead to potential ineﬃciency and even incorrectness. This motivates us to build some algorithms
which are resistant to synergy eﬀects and, further, are time eﬃcient.

W
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Figure 5: An illustration on synergy eﬀects: each of {X, Y, Z, W} takes {1, 2} equiprobably; each of
{A, B, C, D} takes 1 with probabilities p1 , p2 , p3 , p4 and takes 2 with probabilities 1 − p1 ,
1 − p2 , 1 − p3 , 1 − p4 given its parents, with p4 = p1 − p2 + p3 ; E has an arbitrary
distribution.
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Figure 6: An illustration for additivity of Mb and MB with T = T 1 ∪ T 2 and N = (M1 ∪ M2 ) \ T.
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MT d-separates T from all other variables. For the case of |T| ⩾ 2 (denoting T = {T 1 , · · · , T k }),
298
Theorem 3 (Additivity of Mb) Let (G, P) be a BN over V. The following two statements hold:
Theorem 2 indicates that the union of all MT i ’s with T 1 , · · · , T k excluded is an Mb of T.
299
(i) Assume T 1 ∪ T 2 satisfies the local intersection assumption. Let M i be the unique Mb of T i for i = 1, 2.
Considering
the ALARM network presented in Figure 4, we put T 1 ≜ X22 and T 2 ≜ X23 . Then
300
Then, (M 1 ∪ M 2 ) \ (T 1 ∪ T 2 ) is the unique Mb of T 1 ∪ T 2 .
MTi is an Mb of T i for i = 1, 2, where MT1 and MT2 are defined in (1). Assume T 1, 2 ≜ {T 1 , T 2 }
301
(ii) Assume T , {T1 , · · · , Tk } satisfies the local intersection assumption. Let M i be the unique Mb of Ti for
Sk property. It follows from Theorem 2 that
satisfies the local intersection

required in some special cases. The proof of this remark is given in Appendix B.

0

Theorem 2 (Additivity of Mb) Let (G, P) be a BN over V. The following two statements hold:
(i) Let Mi be an Mb of T i ⊆ V for i = 1, 2, and assume T 1 ∪ T 2 satisfies the local intersection
assumption. Then, (M1 ∪ M2 ) \ (T 1 ∪ T 2 ) is an Mb of T 1 ∪ T 2 .
289
For additivity of MB shown in (i) of Theorem 2, we have a useful remark (used to simplify our
(ii) Let Mi be an Mb of T i ∈ V for ∪
i = 1, · · · , k, and assume T ≜ {T 1 , · · · , T k } satisfies the local
290
algorithms in Section 4), based on thek fact that if M is an MB of T then
M ∪ M 0 is also an MB of T
intersection
Then,
Milocal
\ T is
an Mb of T.
i=1the
291
for any M ⊆ V assumption.
\ M \ T. By the
remark,
intersection
assumption for additivity of MB is not
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In this subsection, we consider the problem of Mb and MB for multiple variables under the
local intersection assumption. We prove Mb and MB possess an ideal property called additivity.
That is, an Mb of multiple variables can be constructed by simply taking the union of the Mbs of the
individual variables and removing the target variables themselves (the same for MB). The results
are presented in Theorem 2 and Theorem 3, respectively. Appendix B gives their proofs.

3.1 Additivity under Local Intersection

This section presents the theoretical results on the problem of Mb and MB for multiple variables
when the local intersection property is satisfied and when this property is violated. We study this
problem following this way because we are trying to find a suitable approach to transform the
problem of Mb and MB from multiple case to single cases, based on which we can build eﬃcient
algorithms with high accuracies and low complexities.

3. Markov Blanket and Markov Boundary for Multiple Variables

Markov Blanket and Markov Boundary of Multiple Variables

(3)

10
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Let (G, P) be a BN over V, and assume T i ⊆ V with |T i | ⩾ 1 has an Mb or MB, Mi , for i = 1, 2.
Denote T = T 1 ∪ T 2 and N = (M1 ∪ M2 ) \ T. In the case that Mi is an MB of T i , Theorem 3
reveals that N is an MB of T if T satisfies the local intersection assumption. However, when the
local intersection assumption does not hold (meaning information equivalence occurs, as Lemma 1
shows), N may be no longer an MB of T, due to one of the following reasons: (i) N may be an Mb
but it may not possess minimality, as shown by Example 2; (ii) N may be insuﬃcient to shield T 1
and T 2 from all other variables, so it is no longer an Mb in this case, and some extra variables are
required to enter into N. Example 1 provides an illustration.
For the first case, we need only to optimize N by simply removing redundant variables from N;
however, for the second case, the additivity property of MB is thoroughly broken, and the problem
of constructing an MB for T based on M1 and M2 becomes complex. On the one hand, there are
some variables in V \ N \ T needing to enter into N; on the other hand, there may be some variables
in N becoming redundant once some new members supplement N. What we concern are which
variables should enter into N and how we find them.

3.2 Theoretical Results in the General Case

According to Theorem 3, M1, 2 defined in (2) is not only an Mb but also the unique MB of T 1, 2
in the ALARM network if the faithfulness condition is satisfied. Further, M1, 2, 3 defined in (3) is
the unique MB of T 1, 2, 3 .

(i) Assume T 1 ∪ T 2 satisfies the local intersection assumption. Let Mi be the unique MB of T i
for i = 1, 2. Then, (M1 ∪ M2 ) \ (T 1 ∪ T 2 ) is the unique MB of T 1 ∪ T 2 .
(ii) Assume T ≜ {T 1 , · · · , T k } satisfies
∪ the local intersection assumption. Let Mi be the unique
MB of T i for i = 1, · · · , k. Then, ki=1 Mi \ T is the uniqe MB of T.

Theorem 3 (Additivity of MB) Let (G, P) be a BN over V. The following two statements hold:

Theorem 2 shows the additivity of Mb. A natural idea is to wonder if additivity is possessed by
MB. Theorem 3 aﬃrms this. Appendix B provides the proof. Note that the statements about the
uniqueness of MB in this theorem follow from Lemma 2.

Remark 1 In the case of either T 1 ⊆ V \ M2 or T 2 ⊆ V \ M1 , the conclusion of (i) in Theorem 2
holds without requiring the local intersection assumption.

is an Mb of T 1, 2, 3 .
For additivity of Mb shown in (i) of Theorem 2, we have a useful remark (used to simplify our
algorithms in Section 4), based on the fact that if M is an Mb of T then M ∪ M0 is also an Mb of T
for any M0 ⊆ V \ M \ T. By the remark, the local intersection assumption for additivity of Mb is
not required in some special cases. The proof of this remark is given in Appendix B.

MT1 ∪ MT2 ∪ MT3 \ T 1, 2, 3 = {X1 , X2 , X4 , X15 , X19 , X20 , X24 , X25 , X27 , X29 } ≜ M1, 2, 3

X j for j = 32, · · · , 37 in a new observation are missing, this observation can still be used without
aﬀecting the prediction on T 1, 2 . Further, MT3 ≜ {X15 , X19 , X20 , X22 , X29 } is an Mb of T 3 ≜ X21 .
Assume T 1, 2, 3 ≜ {T 1 , T 2 , T 3 } satisfies the local intersection property. Then Theorem 2 shows
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M1 \ T 2
T1

M1 \ T 2

T1

M2 \ T 1
T2

V \N\T

+3

M2 \ T 1

M1 \ T 2
δT 1 ,T 2 ; S | N

S

T2

M2 \ T 1

T2

T1

V \ (N ∪ S) \ T
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V \N\T

δT 1 ,T 2 ; V\N\T | N
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additivity of Mb and MB, caused by information
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Letequivalence.
(G, P) be a BN over V, and assume T i ⊆ V with |T| > 1 has an MB or Mb, M i , for i = 1, 2.
310
Denote T = T 1 ∪ T 2 and N = (M 1 ∪ M 2 ) \ T. In the case that M i is an Mb of T i , Theorem 3 reveals that
311
N is an Mb of T if T satisfies the local intersection assumption. However, when the local intersection
N isdoes
no longer
an(meaning
Mb of T.information
Then, it isequivalence
easily shown
that as Lemma 1 shows), N may
312 Assume
assumption
not hold
occurs,
313
be no longer an Mb of T, due to one of the following reasons: (i) N may be an MB but it may not
N \ Tby̸yExample
T 1 | N, 2;but
\ Nbe\ insufficient
T y T 1 | Nto∪shield
T 2 , T 1 and T 2 from all
314
possess minimality, V
as\shown
(ii) NVmay
315
other variables, so it is no longer an MB in this case, and some extra variables are required to enter
V \ N \ T ̸y T 2 | N, but V \ N \ T y T 2 | N ∪ T 1 .
into N. Example 1 provides an illustration.
316

That is, T 1 and T 2 contain equivalent information about V \ N \ T given N. See Figure 7 for an
9 cut oﬀ all information channels between T and
illustration: the valves M1 \ T 2 and M2 \ T 1 can not
V \ N \ T, because some information can flow through δT1 ,T2 ; V\N\T | N , an information equivalent
valve of T 1 and T 2 with respect to V \ N \ T given N. In other words, T 1 and T 2 may exchange
information directly; besides, they also share the equivalent information about V \ N \ T. This
indicates we should continue to turn oﬀ some valves, S ⊆ V \ N \ T, besides M1 \ T 2 and M2 \ T 1
such that T 1 and T 2 no longer exchange information through external valves and thus such that T
has no information exchange with remaining valves.
This analysis motivates us to give the following definition:

In what follows, we give the properties of MbS and MBS.

Definition 3 With the notations above, we call S (⊆ V \ N \ T) a Markov blanket supplementary
(MbS) (of T to N), if N ∪ S is an Mb of T. Further, a Markov boundary supplementary (MBS) is
any MbS such that none of its proper subsets is an MbS.
Theorem 4 Assume S ⊆ V \ N \ T. Then, the following statements are equivalent:
(i) S is an MbS;
(ii) I(T 1 ; T 2 | N ∪ S) = minS′ ⊆V\N\T I(T 1 ; T 2 | N ∪ S′ );

(iii) I(T; S | N) = maxS′ ⊆V\N\T I(T; S′ | N);

(iv) N ∪ S is an Mb of T 1 in V \ T 2 (or N ∪ S is an Mb of T 2 in V \ T 1 ).

In addition, if S is an MbS, then it is also an MBS if and only if T 1 ̸y Y | N ∪ (S \ {Y}) or
T 2 ̸y Y | N ∪ (S \ {Y}) holds for any Y ∈ S.
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The proof of this theorem is presented in Appendix B.
As seen, (ii) and (iii) of Theorem 4 explain the implication of MbS that the information flow
metaphor illustrates in Figure 7: finding an MbS is equivalent to turning oﬀ some valves such that
T 1 and T 2 no longer exchange information through external valves, or equivalent to finding all
remaining equivalent information contained by T 1 and T 2 ; (iv) and the property of MBS provide a
practical way of building MBS discovery algorithms.
Here, we use an example to demonstrate the notions of MbS and MBS and their properties.
11
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Example 1 Consider the BN (G, P) over V = {A, B, C, D} presented in Figure 8, in which A, B,
and C take {1, 2, 3} while D takes {1, 2}. Put T = {T 1 , T 2 }, N = (M1 ∪ M2 ) \ T = Ø, and S = {C},
S0 = {C, D} with T 1 = A, T 2 = B, M1 = {B}, M2 = {A}. Using the theory of information equivalence
(Lemeire, 2007), we can show the following results (see Appendix B for the proofs):

(i) M1 is an MB of T 1 in V: I(A; C, D | B) = 0 and I(A; C, D) > 0;

(ii) M2 is an MB of T 2 in V: I(B; C, D | A) = 0 and I(B; C, D) > 0;

(iii) N ∪ S is an Mb of T in V, so S is an MbS: I(A, B; D | C) = 0;

(iv) I(T 1 ; T 2 | N ∪ S) = minS′ ⊆V\N\T I(T 1 ; T 2 | N ∪ S′ ), because of I(A; B | C) = I(A; B | C, D),
I(A; B | C) ⩽ I(A; B | D), and I(A; B | C) ⩽ I(A; B);
(v) I(T; S | N) = maxS′ ⊆V\N\T I(T; S′ | N);

(vi) N ∪ S is an MB of T 1 in V \ {T 2 }: I(A; C, D) > 0 and I(A; D | C) = 0;

(vii) N ∪ S is an MB of T 2 in V \ {T 1 }: I(B; C, D) > 0 and I(B; D | C) = 0;

(viii) S is an MBS; S0 is an MbS (not an MBS): I(A, B; C, D) > 0 and I(A; B | C, D) = I(A; B | C).

By Example 1, A and B share the equivalent information about C, so turning oﬀ the valve A (or
B) means cutting oﬀ all the channels from B (or A) to C. This is why they can screen oﬀ each other
from C. However, A and B lose the shield if they are integrated into a whole. In this case, we have to
turn C oﬀ such that A and B no longer exchange information through external valves. This example
reveals that an MBS is a minimal set of variables, S ⊆ V \ N \ T, such that T 1 and T 2 contain no
equivalent information about the remaining variables given N ∪ S.
When finding an MBS, S, and letting the variables in S supplement N, there may be some
variables in N becoming redundant. In addition, N may be redundant even before supplementing S.
Example 2 gives an illustration. For both cases, we need to remove the redundant variables.

D

P(D=1|C=1)=1.0; P(D=1|C=2)=0.0; P(D=1|C=3)=0.7
P(D=2|C=1)=0.0; P(D=2|C=2)=1.0; P(D=2|C=3)=0.3

P(C=3|A=1)=0.0; P(C=3|A=2)=0.0; P(C=3|A=3)=0.1

C P(C=2|A=1)=0.0; P(C=2|A=2)=0.0; P(C=2|A=3)=0.9

P(C=1|A=1)=1.0; P(C=1|A=2)=1.0; P(C=1|A=3)=0.0

Example 2 Consider the BN presented in Figure 9, in which any one variable from {A, B, C} and
another from {D, E, F} (denoted by X and Y, respectively) contain context-independent equivalent
information about G (see Statnikov et al., 2013, Example 3). Then, {X, Y} is an MB of G. Put now
T 1 = {C, F} and T 2 = {G}, and take M1 = {B, E} and M2 = {B, D}. Note that T 1 ⊆ V \ M2 (and
also T 2 ⊆ V \ M1 ). It concludes that N = {B, D, E} is not an MB but only an Mb of T 1 ∪ T 2 , since
its proper subset {B, E} is also an Mb (and also an MB) of T 1 ∪ T 2 . This shows why the process of
refining N is necessary.

P(A=1)=0.3
P(A=2)=0.3 A
P(A=3)=0.4

P(B=1|A=1)=0.4; P(B=1|A=2)=0.8; P(B=1|A=3)=0.0
P(B=2|A=1)=0.6; P(B=2|A=2)=0.2; P(B=2|A=3)=0.0 B
P(B=3|A=1)=0.0; P(B=3|A=2)=0.0; P(B=3|A=3)=1.0
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Figure 8: BN (G, P): P is a joint probability distribution over V = {A, B, C, D} with each variable
taking values {1, 2, 3} except for D taking {1, 2}; G is a DAG over V.
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P(F=1|E=1)=1.0; P(F=1|E=2)=0.0
P(F=2|E=1)=0.0; P(F=2|E=2)=1.0

P(E=1|D=1)=1.0; P(E=1|D=2)=0.0
P(E=2|D=1)=0.0; P(E=2|D=2)=1.0

P(D=1)=0.6
P(D=2)=0.4

T (d)
j =

{

1, if T = j
0, if T , j

13
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This section builds MB discovery algorithms for multiple targets, {T 1 , · · · , T k } ≜ T.

4. Algorithms

For why this transformative method is eﬃcient, the fourth concluding remark in Section 7 will
make a brief explanation.

Further, M is an MB of T iﬀ for any X ∈ M there is some j such that T (d)
j ̸y X | M \ {X}.

k
Theorem 5 Let M j be an MB of T (d)
j in V \ T for j = 1, · · · , t. Then, M ≜ ∪ j=1 M j is an Mb of T.

(
)
This transformation produces a multiple-target T (d) ≜ T 1(d) , · · · , T t(d) . Clearly, T, T , and T (d) have
(d)
the same MBs. In what follows, we show the MB of T can be derived by simply taking the union
of MBs of T 1(d) , · · · , T t(d) and then removing the redundant variables in an eﬃcient way. The proof
will be given in Appendix B.

Before building MB discovery algorithms for multiple targets, this subsection concisely presents
an alternative approach to the additivity based and MBS based methods. In Section 5, we will apply
this method as an FS strategy in multi-class prediction problems.
Let T ≜ {T 1 , · · · , T k } be the targets of interest and T be T’s merged version, taking values
{1, · · · , t} with t ⩾ 3. This procedure transforms the MB discovery for multiple targets T into the
MB discovery for single target T , so all the existing MB discovery algorithms can be employed
theoretically if the required conditions are satisfied. However, if t is large, selecting features of T or
T directly will be diﬃcult. Subsection 3.1 and Subsection 3.2 provide a way of solving this problem
in diﬀerent situations.{In this
strategy is to further convert T into a set of dummy
}t case, an alternative
variables denoted by T (d)
, where T (d)
j
j is a 0-1 variable defined as
j=1

3.3 An Alternative Approach

Figure 9: BN (G, P): P is a joint probability distribution over V = {A, B, C, D, E, F, G} with all
variables taking values {1, 2}, G is a DAG with the variables in V as its nodes.

P(G=1|C=2, F=1)=0.2; P(G=1|C=2, F=2)=0.8
P(G=2|C=2, F=1)=0.8; P(G=2|C=2, F=2)=0.2

F

P(C=1|B=1)=1.0; P(C=1|B=2)=0.0
C
P(C=2|B=1)=0.0; P(C=2|B=2)=1.0

G

E

P(B=1|A=1)=1.0; P(B=1|A=2)=0.0
B
P(B=2|A=1)=0.0; P(B=2|A=2)=1.0

P(G=1|C=1, F=1)=0.2; P(G=1|C=1, F=2)=0.8
P(G=2|C=1, F=1)=0.8; P(G=2|C=1, F=2)=0.2

D

P(A=1)=0.3
A
P(A=2)=0.7
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Remark 2 The following two statements hold: (a) violating local intersection implies violating
adjacency faithfulness; (b) under the orientation faithfulness condition, violating local composition
at the end of the first phase of IAMB or KIAMB or IAMBS or KIAMBS means violating adjacency
faithfulness.

The following remark presents a relation among local intersection, local composition, and the
adjacency faithfulness condition, under the orientation faithfulness condition. The proof is given in
Appendix B. Here, the orientation faithfulness condition (Ramsey et al., 2006; Lemeire et al., 2012)
is defined as: for any X, Y, Z ∈ V such that X and Z are adjacent to Y but X is not adjacent to Z, (i)
if X → Y ← Z, then X ̸y Z | W holds for any W ⊆ V \ {X, Z} with Y ∈ W; (ii) otherwise, X ̸y Z | W
holds for any W ⊆ V \ {X, Y, Z}.

Theorem 6 (Correctness of IAMBS and KIAMBS) Assume that T 2 satisfies the local composition
property, and that all CI tests are correct. Then (i) IAMBS outputs an MB of T 1 ∪ T 2 ; (ii) KIAMBS
outputs an MB of T 1 ∪ T 2 for any K ∈ [0, 1).

Let (G, P) be a BN over V, and assume T i ⊆ V with |T i | ⩾ 1 has an MB, Mi , for i = 1, 2. Denote
N = (M1 ∪ M2 ) \ (T 1 ∪ T 2 ). This subsection presents the algorithms for discovering an MB of
T 1 ∪ T 2 . To design one such algorithm, we note that there may be some variables in N becoming
redundant once an MBS, S, is supplemented. Therefore, we need to first find S by setting N as a
whitelist in A and then refine N.
Applying this idea to IAMB and KIAMB, we obtain two algorithms called IAMBS and KIAMBS,
in which “S” refers to as “supplementary”. Their pseudo codes are presented in Algorithm 1. In
order to diﬀerentiate these two algorithms, we set K in the KIAMBS algorithm as K ∈ [0, 1). It is
mentioned here that S2 is a random subset of S1 with size max{1, ⌊|S1 | · K⌋} in Line 5 of KIAMBS.
As seen, these two algorithms first find an MbS, S, in the growing phase and then refine S and N in
sequence in the shrinking phase.
For example, based on a data set drawn from the BN in Example 1, the unique MB, {C}, of
{A, B} can be discovered by calling IAMBS or KIAMBS only once.
Theorem 1 presents the correctness of IAMB and KIAMB under the assumption that T 1 ∪ T 2
satisfies the local composition property. The theorem below shows IAMBS and KIAMBS are correct
if T 2 (instead of T 1 ∪ T 2 ) satisfies the local composition property. Appendix B gives the proof.

4.1 IAMBS and KIAMBS

Let A be an MB discovery algorithm, assumed to perform well when used to discover an MB
for a single target. In this paper, we employ IAMB and KIAMB as A. Clearly, A can be directly used
to find an MB for T if simply regarding T as the input of A. Usually, this will lead to low accuracies
and high complexities.
By Theorem 4, the MB discovery problem for multiple targets can be translated equivalently
into a number of MB discovery problems for single targets, according to the following way: (i) use
A to find an MB of T i in V for i = 1, · · · , k, denoted by Mi ; (ii) find an Mb of T 2 in V \ {T 1 } based
on (M1 ∪ M2 ) \ {T 1 , T 2 }, and then get an MB of {T 1 , T 2 }, written as M1,2 ; (iii) find an Mb of T 3
in V \ {T 1 , T 2 } based on (M1,2 ∪ M3 ) \ {T 1 , T 2 , T 3 }, and then get an MB of {T 1 , T 2 , T 3 }, written as
M1,2,3 ; (iv) the rest can be done in a similar manner. Following this way, the input of A for each use
is a single variable, so this idea successfully avoids assigning an multivariate input to A. Note that
in the above process the equivalent information is extracted in a stepwise manner.

Liu and Liu
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In addition, the lemma below is useful to explain the succeeding remarks.
Lemma 3 (a) If there is P ⊆ M1 \ T 2 such that T 1 y P | (N \ P) ∪ T 2 , then (N \ P) ∪ T 2 is an Mb
of T 1 ; (b) If there is Q ⊆ N \ P such that T 1 y Q | (N \ P \ Q) ∪ T 2 and T 2 y Q | (N \ P \ Q) ∪ T 1 ,
then (N \ P \ Q) ∪ T 2 is an Mb of T 1 , and (N \ P \ Q) ∪ T 1 is an Mb of T 2 .
For Algorithm 1, we have three remarks below:
(i) In these two algorithms, the two CI tests for adding members to S and for refining S are based
on T 2 instead of T, while the CI test for refining N is based on T instead of T 2 . (a) For the first
two CI tests, T 2 can be replaced with T without aﬀecting the correctness of the algorithms,
since T 2 y X | N ∪ S′ ⇔ T y X | N ∪ S′ holds for any S′ ⊆ V \ N \ T and X ⊆ V \ (N ∪ S′ ) \ T.
However, if we replace T 2 with T, the resulting algorithms will need much longer time to run.
This is why we use T 2 in stead of T in these two places. (b) For the third CI test, T can not
be replaced with T 2 , because of T 2 y X | (N \ X) ∪ S ⇏ T y X | (N \ X) ∪ S.
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//Backward: Shrinking Phase
foreach X ∈ S do
if T 2 y Y | N ∪ (S \ {Y}) then
S ← S \ {Y}
end
end
foreach Y ∈ N do
if T y Y | (N \ {Y}) ∪ S then
N ← N \ {Y}
end
end
return M ← N ∪ S

//Forward: Growing Phase
S←Ø
while S has changed do
M ← N∪S
if S1 ← {X ∈ V \ M\T : T 2 ̸y X | M} , Ø then
Y ← arg maxX∈S2 f D (T 2 ; X | M)
S ← S ∪ {Y}
end
end

Input: Besides { D, T i , Mi }, K ∈ [0, 1) is a
randomization parameter.
Output: an MB, M, of T ≜ T 1 ∪ T 2 .

Procedure: M ← KIAMBS( D; T 1 , T 2 ; M1 , M2 ;K)

(ii) According to Remark 2, there may be some situations in which both local intersection and
local composition are simultaneously violated. In this case, IAMBS and KIAMBS may not

Procedure: M ← IAMBS( D; T 1 , T 2 ; M1 , M2 )

//Backward: Shrinking Phase
foreach X ∈ S do
if T 2 y Y | N ∪ (S \ {Y}) then
S ← S \ {Y}
end
end
foreach Y ∈ N do
if T y Y | (N \ {Y}) ∪ S then
N ← N \ {Y}
end
end
return M ← N ∪ S

//Forward: Growing Phase
S←Ø
while S has changed do
M ← N∪S
Y ← arg maxX∈V\M\T f D (T 2 ; X | M)
if T 2 ̸y Y | M then
S ← S ∪ {Y}
end
end

Input: a data matrix D; two sets of targets T 1
and T 2 ; an MB Mi of T i for i = 1, 2.
Output: an MB, M, of T ≜ T 1 ∪ T 2 .

Algorithm 1: IAMBS and KIAMBS
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correctly work. Specifically, the violation of local intersection means T 1 and T 2 contain
equivalent information about V \ N \ T given N; while the violation of local composition
indicates not all equivalent information are successfully extracted by N. Let P and Q be
defined as in Lemma 3, and assume P ∪ Q , Ø. Then, it can be shown that T 1 and T 2
contain equivalent information about P ∪ Q given N \ (P ∪ Q). This means some equivalent
information about P ∪ Q shared by T 1 and T 2 conditioned on N \ (P ∪ Q) may mask some
equivalent information about V \ N \ T contained by T 1 and T 2 conditioned on N. This may
be why not all equivalent information can be extracted by N. According to this analysis, a
potential remedy is to run IAMBS or KIAMBS by replacing N with a superset of N \ (P ∪ Q)
that is a subset of N.

(iii) By Remark 1, if T 1 ⊆ V \ M2 or T 2 ⊆ V \ M1 , N must be an Mb of T, so Lines 2∼14 of IAMBS
and KIAMBS can be omitted. In this case, however, it is still necessary to refine N, because N
may not possess minimality. Example 2 illustrates this necessity.

In addition, another problem that we concern is whether we can refine N before seeking S and,
if this is the case, which variables in N can be removed directly. We consider this problem because
any redundant variable in N can lead to unnecessary inaccuracies when using N as a part of the
conditional set in practical computations. Lemma 3 indicates we can do like this. However, to
avoid the danger of missing the information about P ∪ Q (this occurs if the equivalent information
involved in P∪Q given N\P\Q is diﬀerent in some sense from any part of the equivalent information
involved in V \ N \ T given N), we recommend to first search the members of S in V \ N \ T and
then check if some variables in P ∪ Q are necessary to enter into S when implementing Lines 2∼8
of IAMBS and KIAMBS. Note that this will increase the total running time.
4.2 MIAMB and MKIAMB

In this subsection, we present two multivariate Markov boundary discovery algorithms, called
MIAMB and MKIAMB, respectively.
Let {T 1 , · · · , T k } ∈ V with
∪kMi as its an MB for i = 1, · · · , k. If the local intersection property is
satisfied, Theorem 3 shows i=1
Mi \ T is an MB of T ≜ {T 1 , · · · , T k }. Otherwise, M may be no
longer an MB. In this case, we use MIAMB or MKIAMB to seek an MB for T. Given an ordering of
T 1 , · · · , T k , saying τ ≜ {i1 , · · · , ik }, which determines the priorities of the variables in T entering into
the queue whose an MB will be sought in the current step, we denote an MB of {T i1 , · · · , T iℓ } ≜ T i∗ℓ
by Mi∗j .
With these notations, MIAMB and MKIAMB are pseudo-coded in Algorithm 2. Their correctness,
shown by Theorem 7, is a direct consequence of Theorem 1 and Theorem 6. As seen, MIAMB or
MKIAMB uses the following stepwise idea: it first finds an MB of two targets {T i1 , T i2 } = {T i1 } ∪ {T i2 },
and then finds an MB of three targets {T i1 , T i2 , T i3 } = {T i1 , T i2 } ∪ {T i3 }; the rest can be done in a
similar manner until all the k target variables are considered.

Theorem 7 (Correctness of MIAMB and MKIAMB) Assume that T i satisfies the local composition
property for i = 1, · · · , k, and that all CI tests are correct. Denote T ≜ {T 1 , · · · , T k }. Then (i)
MIAMB outputs an MB of T; (ii) MKIAMB outputs an MB of T for any K ∈ [0, 1).
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As we know, for any real data, those preconditions (such as faithfulness or local composition)
required by a learning algorithm are hard to hold exactly. However, our algorithms can be seen as
an improvement over earlier methods. Specifically, IAMB/KIAMB algorithms require faithfulness or
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// MKIAMB: M ← MKIAMB( D; T; K; τ)
for ℓ ← 1 to k do
Miℓ ← KIAMB( D; {T iℓ }; K)
end
for ℓ ← 2 to k do
Mi∗ℓ ←
KIAMBS( D; T i∗ℓ−1 , {T iℓ }; Mi∗ℓ−1 , Miℓ ; K)
end
return M ← Mi∗k

// MIAMB: M ← MIAMB(D; T; τ)
for ℓ ← 1 to k do
Miℓ ← IAMB( D; {T iℓ })
end
for ℓ ← 2 to k do
Mi∗ℓ ← IAMBS(D; T i∗ℓ−1 , {T iℓ }; Mi∗ℓ−1 , Miℓ )
end
return M ← Mi∗k

1

Procedure: M ← MKIAMB(D; T; K; τ)
Input: a data matrix D; a target set T; a
randomization parameter K ∈ [0, 1);
and an ordering τ.
Output: an MB, M, of T.

Procedure: M ← MIAMB( D; T; τ)
Input: a data matrix D; a target set
T ≜ {T 1 , · · · , T k }; and an ordering
τ ≜ {i1 · · · , ik }.
Output: an MB, M, of T.

Algorithm 2: MIAMB and MKIAMB

As argued by Aliferis et al. (2010a, p. 200), the quality of an MB discovery algorithm highly
depends on the selected CI testing methods. In this subsection, we discuss the ways of practically
doing CI tests. Usually, the Pearson’s X 2 test or the log-likelihood ratio G2 test can be employed for
this purpose (Yaramakala, 2004; Bromberg and Margaritis, 2009; Aliferis et al., 2010b; Statnikov
et al., 2013). Here, the X 2 statistic and the G2 statistic have the same asymptotic χ2 distribution. We
can also use some experimental testing methods such as the Akaike information criterion-based test
(Cressie and Read, 1989; Scutari, 2010).

4.3 A Discussion on CI Test

Besides MIAMB/MKIAMB algorithms (which are MBS based), we can consider additivity based
(Theorem 3) and dummy variables based (Theorem 5) algorithms: (a) the additivity based MIAMB
or MKIAMB simply takes the union of outputs of IAMB/KIAMB with respect to all single targets as the
output; its correctness requires the conditions in Theorem 7 plus Theorem 3; and (b) the dummy
(variables based) MIAMB/MKIAMB takes the union of the outputs of IAMB/KIAMB with respect to
every dummy variable and removes redundant variables; its correctness requires the same condition
as in Theorem 7. Throughout this paper, unless specified, MIAMB/MKIAMB denote the MBS based
algorithms.

(4)
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f D (X; Y | Z) = −p(X; Y | Z) = −P{χ2 (r) ⩾ G2 (X; Y | Z)} ≜ f D(1) (X; Y | Z).

Then, the G2 test asserts X y Y | Z if p(X; Y | Z) > α for a significance level α, and concludes
X ̸y Y | Z if p(X; Y | Z) ⩽ α. In this paper, α is set to be 0.05. Aliferis et al. (2010a, pp. 200–201)
provided a further discussion about this. Accordingly, the negative p-value is used as the association
function, f D , as Tsamardinos et al. (2006), Aliferis et al. (2010a,b), and Statnikov et al. (2013) did:

p(X; Y | Z) = P{χ2 (r) ⩾ G2 (X; Y | Z)}.

Besides this experimental method, we can (iii) improve X 2 or G2 by adjusting the number of the
theoretical degrees of freedom.
For the above (iii), to be clear, we consider the G2 statistic, G2 (X; Y | Z) ≜ 2n · I D (X; Y | Z),
which approximates to the chi-square variate with r ≜ (r X −1)(rY −1)r Z degrees of freedom, namely
χ2 (r), where rξ represents the number of configurations for ξ (de Campos, 2006, p. 2158). Denote
the p-value by

f D (X; Y | Z) = I D (X; Y | Z) ≜ f D(2) (X; Y | Z).

Recall that we are dealing with the MB discovery problem for multiple target variables. When
the target set, namely T, contains only a few variables (e.g., 1 or 2), the X 2 test or the G2 test
performs quite well in most situations. Unfortunately, when T contains too many variables (e.g.,
5 or 6 or even more), X 2 or G2 may not work well due to the overmany degrees of freedom. See
Appendix C for a detailed discussion. In fact, as Cochran (1954, p. 420) recommended about the
working rules for X 2 (also applicable to G2 ), these two testing methods are unreliable if more than
20% of the cells in contingency tables have an expected count of less than 5 data points; however,
such cases frequently arise in practice (Bromberg and Margaritis, 2009; Yaramakala, 2004).
Many authors have considered improving X 2 and G2 by adjusting the statistics. Lawley (1956)
showed that such tests can be improved by multiplying with a suitable scale factor; Hosmane (1986,
1987, 1990) and the pioneer scholars recommended the following two adjustment procedures (i)
replace zero observed counts by a positive constant, leaving nonzero counts intact; and (ii) add a
positive constant to all the observed counts. Brin et al. (1997) and Silverstein et al. (1998) used two
heuristic “solutions” to the problem of low expected counts as follows: (i) simply ignore these cells
when calculating X 2 or G2 ; and (ii) use what is called contingency table support (CT-support): a set
of items S has CT-support s at the t% level if at least t% of the cells in the contingency table for S
have value s. Aliferis et al. (2010b) considered a similar heuristic called heuristic power size, which
denotes the smallest sample size per cell in the contingency table of a reliable CI test.
The above ideas can lead to improvements on X 2 and G2 to varying degrees if the dimensions
are not very high. However, when working on the MB discovery problem for multiple targets, we
need more suitable methods to do CI tests. For this reason, we suggest the following practical
operation: when |T| ⩽ 2, we can (i) use X 2 or G2 or their variants mentioned above to do CI tests;
otherwise, we consider the following testing method: (ii) use CMI and an experimental threshold,
ε, to make statistical decisions as Cheng et al. (2002) did, in the sense that I D (X; Y | Z) ⩾ ε asserts
X ̸y Y | Z while I D (X; Y | Z) < ε concludes X y Y | Z, where ε ≜ |T|a1 · 100n a2 · log2 v is related to
the the sample size, the average number of values that each variable takes, and the number of targets
(denoted by n, v, and |T|, respectively), in which a1 and a2 are two adjusting factors (a1 = 0.5 and
a2 ∈ (0.1, 0.5) are recommended). The association function, f D , can be selected as

local composition for multiple targets when used for MB discovery of multiple targets, while our
MIAMB/MKIAMB only need local composition for single targets, which may be more close to real
situations than faithfulness or local composition for multiple targets.

For MIAMB or MKIAMB, an ordering τ is set in Algorithm 2 mainly because diﬀerent orderings
may lead to diﬀerent computational complexities. In Subsection 4.4, we will make a complexity
analysis about the algorithms, based on which we present a feasible way of selecting τ, under the
expectation that our algorithms should be run as quickly as possible. When |T| = 2, however, τ is
not necessary.
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Replace the theoretical value of r in p(X; Y | Z) with its a damped version of the form
(
n )
gn,κ (r) ≜ r 1 − e− κr ,
(6)

(7)

where κ > 0 is a constant, based on which nκ measures the amount of valid cells that n sample
instances can support. For convenience, we will call the resulted p-value, denoted by pg (X; Y | Z)
instead of p(X; Y | Z), and the resulted testing method to be the damped p-value and the damped
log-likelihood ratio test (or damped G2 test). Further, we use the the following association function:
f D (X; Y | Z) = −pg (X; Y | Z) = −P{χ2 (gn,κ (r)) ⩾ G2 (X; Y | Z)} ≜ f D(3) (X; Y | Z).
In Appendix C, we will provide the details for this damping procedure, and give some numerical
illustrations about its reasonability. Clearly, the damped G2 test approximately degenerates into the
ordinary G2 test when taking κ as a very small positive number.
4.4 Complexity Analysis
In the following, we analyze the computational complexities of the four algorithms: IAMB,
KIAMB, MIAMB, and MKIAMB. Usually, the number of CI tests can be employed to measure the
complexity of a CI-based MB discovery algorithm (Tsamardinos et al., 2003, 2006; Aliferis et al.,
2010a), considering there exists eﬃcient implementations of the CMI-based test or the association
computation taking time O(n log n) if the conditional set is small. However, Aliferis et al. (2010a)
also mentioned that the running time, denoted by tn,q , for computing per CMI-based statistic is
linear to the sample size, n, and exponential to the number, q, of variables in the conditional set.
This means we should take tn,q into account, not simply using O(n log n) to measure the complexity.
Assume we are seeking an MB for T ≜ {T 1 , · · · , T k } according to the ordering τ. Without loss
of generality, we assume τ = {1, · · · , k}. Consider the case of k = 2. Suppose Mi is an MB of T i
with |Mi | = mi ⩾ 1, and S is an MBS for N ≜ M1 ∪ M2 \ {T 1 , T 2 } with |S| = s ⩾ 0. By Remark 1,
we assume T 1 ∈ M2 and T 2 ∈ M1 . Recall that the number of all variables is p. It follows that:
• In view of |N∪S| = m1 +m2 +s−2 ≜ m, IAMB takes time O[(mp+m)tn,m ] to finish an execution.
Thus, the complexity of IAMB is O(m ptn,m ). KIAMB has almost the same complexity.

• For MIAMB, it first takes time O[(m1 p + m1 )tn,m1 + (m2 p + m2 )tn,m2 ] to find M1 and M2 ; then it
seeks S and refines N taking time O{[s(p − m1 − m2 + 2) + m]tn,m }. Hence, MIAMB needs time
O{(m1 p + m1 )tn,m1 + (m2 p + m2 )tn,m2 + [s(p − m1 − m2 + 2) + m]tn,m } to finish an execution, so
its complexity is O(m1 ptn,m1 + m2 ptn,m2 + s ptn,m ). MKIAMB has almost the same complexity.
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By this analysis, the complexity of MIAMB or MKIAMB is lower than that of IAMB or KIAMB. In
fact, noting tn,q is exponential to q (⩽ m; meaning tn,q ≪ tn,m in most situations) for q = m1 , m2 ,
this implies MIAMB/MKIAMB are expected to need much less time to run than IAMB/KIAMB, especially
when T contains many variables. The evaluation section (Figure 15) confirms this expectation in
the case of moderately large sample size.
For the general case, using the notations in Subsection 4.2 with |Mi | = mi (i =∑1, · · · , k),
∗
we assume Si be an MBS for Mi−1
and Mi , with |Si | = si (i = 2, · · · , k). Denote mi∗ ≜ ij=1 m j +
∑i
∗
j=2 s j −i. Note that, in general, tn,ma ≪ tn,ma∗ ≪ tn,mb for a < b. Then, the IAMB or KIAMB algorithm
∑k
mi ptn,mi +
has the complexity O(mk∗ ptn,mk∗ ), while MIAMB or MKIAMB has a lower complexity O( i=1
∑k
∗
i=2 si ptn,mi ).
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According to this theoretical result on complexities, we can use the ordering, τ ≜ {i1 · · · , ik }, in
MIAMB or MKIAMB such that mi1 ⩽ · · · ⩽ mik . This can reduce the complexities to some extent.
Besides, the additivity based MIAMB/MKIAMB algorithms have almost the same complexity as the
MBS based ∑
MIAMB/MKIAMB,∏while the dummy MIAMB/MKIAMB have the complexity O(m rT p tn,m ),
where m = kj=1 m j , rT = kj=1 rT j , rξ denotes the number of configurations for ξ. It will be seen
from Section 6 that, although the dummy MIAMB/MKIAMB are of high complexity theoretically, they
usually perform well in multi-class prediction problems.

5. Benchmarking Study

This section makes a benchmarking study based on the data sets of six synthetic BNs. These
data sets, generated by Tsamardinos et al. (2006) and Aliferis et al. (2010a), and the BNs are briefly
described in Table 1. As Tsamardinos et al. (2006) and Aliferis et al. (2010a) stated, these BNs are
representatives of a wide range of problem domains. Also, these BNs have diﬀerent complexities
(according to the number of nodes, the number of edges, maximal in-degree, maximal out-degree,
and domain range). More details about the BNs and the used data sets are provided by Tsamardinos
et al. (2006) and Aliferis et al. (2010a).

The following items are clarified before presenting the experimental results:

Pigs

ALARM10

Child10

724

441

370

200

1476

1125

592

570

257

4

4

3

2

4

2

10

28

14

39

7

7

3∼5

2∼3

2∼4

3∼3

2∼4

2∼6

Sizes of Total RT
Data Sets (Hours)

3.4297
8.2220
4.6547
6.3721
11.7651
15.8443
9.7932
16.1046
16.0301
16.3790
17.2465
35.6790

JMLR 19(43):1-50, 2018

X131 , X132 , X98 , X194 , 5 × 500
X184 , X22 , X135 , X60
1 × 5000
X341 , X48 , X37 , X249 , 5 × 500
X209 , X188 , X192 , X161 1 × 5000
X390 , X357 , X180 , X400 , 5 × 500
X199 , X241 , X228 , X176 1 × 5000
X369 , X293 , X303 , X457 , 5 × 500
X399 , X512 , X183 , X501 1 × 5000
X1 , X416 , X345 , X641 , 5 × 500
X513 , X198 , X78 , X746 1 × 5000
X801 , X301 , X569 , X317 , 5 × 500
X185 , X622 , X516 , X577 1 × 5000

Selected Targets

• Measurements: The primary measurement for the performance of an MB discovery algorithm
used in our experiment is the weighted accuracy (WA), which is the average of the rate of true
members and that of true nonmembers of an MB with respect to the truth. We also compute
what we call the weighted precision (WP) as the average of the rate of true members and that
of true nonmembers of an MB with respect to the output. In addition, we record the running
time (RT) for every data set of each algorithm and for each BN. Here, RT refers to the single
CPU time implemented on an Intel i7-3612QM 2.1 GHz and Windows 7 with 64 bits.

Link

800

977

Num. Num. Maximal Maximal Domain
Nodes Edges In-degree Out-degree Range

Lung Cancer

801

BN

Gene

Table 1: BNs and data sets.
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• Steps: For each BN with eight selected targets, the steps of making simulation based on the
data set of size 5000 are as follows: (a) for k = 2, · · · , 8, call the four algorithms to obtain four
MBs of T ≜ {T i1 , · · · , T ik }; (b) compute
( ) their WAs and WPs, and record the respective RTs;
(c) take the average values of these 8k WAs or WPs or RTs for each of the four algorithms.
For the five data sets of size 500, each reported WA or WP or RT is the average value of the
corresponding five results of an algorithm derived by (a) ∼ (c) above.

• Targets: We employ eight of those variables selected by Aliferis et al. (2010a, p. 226) as the
potential targets for each BN. See Table 1 for details. Then, T is any possible combination of
k targets for k = 2, · · · , 8.

• Data: We use the data sets of sizes 500 and 5000, generated by Tsamardinos et al. (2006)
and Aliferis et al. (2010a), which are available at http://www.nyuinformatics.org/
downloads/supplements/JMLR2009/index.html.

• Used CI Test: Following the practical operation suggested in Subsection 4.3, we implemented
the algorithms via the G2 test, and found G2 is suitable for small |T| but is not very suitable
and even no longer works
√ for large |T|. Then, we used the experimental CMI-based test with
a relatively rough ε ≈ |T| · ε0 , in which ε0 = 0.05 if n = 500 and ε0 = 0.01 if n = 5000;
after that, we used the damped G2 test by setting κ = 5. The results indicate both alternatives
are desirable. Considering the association function, f D(2) defined in (4) corresponding to the
CMI-based test, contains no the average number, v, of values that each variable takes, we may
need to reselect ε0 for a BN with a very diﬀerent v. For these reasons, we eventually decided
to use the damped G2 test for the four algorithms in our experiment.

• Algorithms: Four algorithms are used: IAMB, KIAMB, MIAMB, and MKIAMB. We take K = 0.8
as the randomization parameter in KIAMB and MKIAMB due to the following two reasons: (i)
Peña et al. (2007, p. 227) asserted that K ∈ [0.7, 0.9] performs best; and (ii) K = 0.8 is an
appropriate tradeoﬀ between WA (or WP) and RT.
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Figure 10: Average WA of the algorithms versus |T| with respect to the data sets of size 500

0.50

0.53

0.56

0.59

0.49

0.53

0.57

IAMB
KIAMB
MIAMB
MKIAMB

Child10: 200 Nodes and 257 Edges

Average Weighted Accuracy

Average Weighted Accuracy

Average Weighted Accuracy

Average Weighted Accuracy

Average Weighted Accuracy
Average Weighted Accuracy

0.61

Average Weighted Accuracy
Average Weighted Accuracy

Markov Blanket and Markov Boundary of Multiple Variables

2

2

8

3
4
5
6
7
Number of Target Variables

8

IAMB
KIAMB
MIAMB
MKIAMB

Link: 724 Nodes and 1125 Edges

3
4
5
6
7
Number of Target Variables

IAMB
KIAMB
MIAMB
MKIAMB

Child10: 200 Nodes and 257 Edges

0.49

0.57

0.65

0.73

0.51

0.58

0.65

0.72

3
4
5
6
7
Number of Target Variables

8

2

3
4
5
6
7
Number of Target Variables

8

IAMB
KIAMB
MIAMB
MKIAMB

Lung Cancer: 800 Nodes and 1476 Edges

2

IAMB
KIAMB
MIAMB
MKIAMB

ALARM10: 370 Nodes and 570 Edges

Liu and Liu

0.49

0.58

0.67

0.76

0.50

0.60

0.70

0.80

2

2

3
4
5
6
7
Number of Target Variables

2

2

8

3
4
5
6
7
Number of Target Variables

8

IAMB
KIAMB
MIAMB
MKIAMB

Link: 724 Nodes and 1125 Edges

3
4
5
6
7
Number of Target Variables

IAMB
KIAMB
MIAMB
MKIAMB

Child10: 200 Nodes and 257 Edges

0.48

0.58

0.68

0.78

0.50

0.61

0.72

0.83

3
4
5
6
7
Number of Target Variables

8

2

3
4
5
6
7
Number of Target Variables

8

IAMB
KIAMB
MIAMB
MKIAMB

Lung Cancer: 800 Nodes and 1476 Edges

2

IAMB
KIAMB
MIAMB
MKIAMB

ALARM10: 370 Nodes and 570 Edges

0.50

0.56

0.62

0.68

0.48

0.57

0.66

0.75

2

2

3
4
5
6
7
Number of Target Variables

Gene: 801 Nodes and 977 Edges

3
4
5
6
7
Number of Target Variables

IAMB
KIAMB
MIAMB
MKIAMB

8

Specifically, we have:
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According to the above description, we make computations with the aid of FullBNT (Murphy,
2007) and MIToolbox (Brown et al., 2012). The results of the WAs are presented in Figure 10 and
Figure 11; the results of the WPs are given in Figure 12 and Figure 13; and the results of the RTs
are shown in Figure 14, and Figure 15. The total RTs are presented in Table 1. By these figures, it
is concluded that, on the whole, our MIAMB and MKIAMB have higher computational accuracies and
lower time complexities than the existing IAMB and KIAMB.
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Figure 12: Average WP of the algorithms versus |T| with respect to the data sets of size 500
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Figure 11: Average WA of the algorithms versus |T| with respect to the data sets of size 5000
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(ii) Performance on WP: The similar interpretations to (a)(c) of (i) are valid.
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the correctness of CI tests may also be more apt to be violated for a larger |T|, due to the
accumulation and propagation of the cascading errors (Bromberg and Margaritis, 2009). It is
mentioned that (a)(b)(c) appear more evidently for the case of n = 5000 than for the case of
n = 500.

Figure 15: Average RT of the algorithms versus |T| with respect to the data sets of size 5000
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In summary, the existing MB discovery algorithms, IAMB and KIAMB, can be approximately
applied to the problem of MB discovery for multiple target variables when |T| is small, but they
will perform poorly if |T| is moderately large. In comparison, our MIAMB and MKIAMB have higher
accuracies and lower complexities for this problem, especially when |T| is large.

Let us now observe Figure 14 and Figure 15. First, both figures show the real RT that each
algorithm needs is increasing along with the increase of |T|. Also, Figure 14 indicates MIAMB
and MKIAMB need slightly longer time to run than IAMB and KIAMB, because the running for CI
tests is dominated by the running for all other computations in the case of a small sample size,
while Figure 15 reveals that the real RTs of IAMB and KIAMB increase sharply as |T| increases
and that the real RTs of MIAMB and MKIAMB increase slowly, just like the theoretical analyses
about the complexities of the four algorithms show in Subsection 4.4.

This means that the part (II) of the real RT may dominate the part (I) if n is not large (for
example, n = 500).

(iii) Performance on RT: Here, we note that the real RT of an MB discovery algorithm is composed
of two parts, in which the part (I) is for CI tests, and the part (II) is for all other computations.
The part (I) is the major part used to measure the complexity of the MB discovery algorithm.
Note also that the RT, tn,q , of per CI test is linear to the sample size, n, and exponential to the
number, q, of variables in the conditional set (see Subsection 4.4 for details).

Average Running Time (Minutes)
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(i) Performance on WA: (a) MIAMB and MKIAMB have larger WAs than IAMB and KIAMB for all
the six BNs in any case of |T|; (b) when |T| increases, WA declines quickly for IAMB and
KIAMB, but it decreases gently for MIAMB and MKIAMB; and (c) the improvements of MIAMB
and MKIAMB over IAMB and KIAMB tend to be gradually noticeable and then reduce slightly as
|T| increases. The performance degradation along with the increase of |T| can be attributed
to two possible aspects: one is that the local composition assumption may be more apt to be
violated for a larger |T| because of synergy eﬀects; and the other is that the assumption about
23
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• Measurement of an algorithm: For each target,
of an MB( is measured
/ ∑tk quality
)
)
∑ kthe(predictive
by the balanced accuracy defined as τ ≜ t1k tℓ=1
cℓℓ
i=1 ciℓ , where C ≜ ciℓ denotes
the associated confusion matrix. As seen, τ is equal to one minus the balanced error rate used
in WCCI 2006 and IJCNN 2007. We choose to use τ (instead of ordinary accuracy) because
it trades oﬀ all values of the target in the sense that any unbalanced value (that the target

• Classifier: After making a number of preliminary experiments on the six benchmarking BNs,
we found that the support vector machines (SVMs; implemented via LibSVM v3.22) perform
the best in demonstrating the optimality of MBs for FS. This coincides with the assertion of
Statnikov et al. (2013). Therefore, we use SVMs for our multi-class prediction problems. All
the classifications are performed by 10-fold cross-validation.

e) MIAMB/MKIAMB-III: the dummy MIAMB/MKIAMB algorithms, which take the union of the
outputs of IAMB/KIAMB with respect to T (d)
ji (i = 1, · · · , tk ) and removing redundant
variables.

d) MIAMB/MKIAMB-II: the MBS based MIAMB/MKIAMB algorithms, which are pseudo-coded
in Algorithm 2;

c) MIAMB/MKIAMB-I: the additivity based MIAMB/MKIAMB algorithms, taking the union of
the outputs of IAMB/KIAMB with respect to T (d)
ji (i = 1, · · · , tk ) as its output;

(d)
b) IAMB/KIAMB-II: the IAMB/KIAMB algorithms working on T (d)
j (that is, with T j as its
multiple targets);

a) IAMB/KIAMB-I: the IAMB/KIAMB algorithms working on T j directly;

• Algorithms: We use the following 10 MB discovery algorithms to get the features for each T j
( (d)
(d) )
k
or T (d)
j ≜ T j1 , · · · , T jtk with tk ≜ 2 , j = 1, · · · , n:

• Targets: In view of the fact that almost all variables in HIVA are binary, we randomly take
k 2-class variables (k = 2, · · · , 5) to create a merged 2k -class target, T . Accordingly, we
rearrange the original data to get a data set that is used only for FS of T . Repeat this step
n ≜ 200 times. Denote the resulting targets and their dummy versions by T 1 , · · · , T n and
(d)
T (d)
1 , · · · , T n , respectively.

• Data: HIVA contains 4229 data points and 1618 variables.

With these notations, the experiment is designed as follows:

In this section, we apply the MB discovery for multiple targets to FS in multi-class prediction
problems based on a real data set, HIVA. This data set is very challenging in WCCI 2006 (http://
www.modelselect.inf.ethz.ch) and IJCNN 2007 (http://www.agnostic.inf.ethz.ch),
because it contains many very unbalanced variables.
Let T ∈ V be a target variable taking values {1, · · · , t}, t ⩾ 3. The multi-class prediction problem
is to select features of T from V \ {T
( } such that T)can be predicted as accurately as possible based
on the chosen features. Let T (d) ≜ T 1(d) , · · · , T t(d) be the dummy version of T . Theoretically, T (d)
and T have the same MBs.

6. Application to FS in Multi-Class Prediction Problems

Markov Blanket and Markov Boundary of Multiple Variables
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Then, we have: (a) for the left bad confusion matrix, the ordinary accuracy equals 94.90% (meaning it is impacted
deeply by the unbalanced value 1 of T ), while its balanced accuracy equals 50.89%; (b) for the right good confusion
matrix, its ordinary accuracy also equals 94.90%, but its balanced accuracy equals 97.32%. This means balanced
accuracy is more reasonable than ordinary accuracy to measure classification performance for a practical problem
containing unbalanced variables (note that such problems may frequently occur in practice).

Test

1. For example, consider an unbalanced target T and its classification with the following two confusion matrices (the
left is extremely bad, while the right is very good):

• MIAMB/MKIAMB algorithms: MKIAMB-I has almost equal performance to KIAMB-I in 4-class
problems, and they performs slightly better than IAMB/KIAMB-I in 16- and 32-class problems;

• IAMB/KIAMB algorithms: IAMB/KIAMB-I are much more preferred than IAMB/KIAMB-II.

The experiment is then performed following the above procedures. Its results are summarized
in Table 2 and Table 3. In these two tables, the backcolor indicates the performance of algorithms
with black corresponding to the best while light blue to the worst. By the results, it can be seen that
MIAMB/MKIAMB outperform IAMB/KIAMB in most situations. Specifically, we have:

takes) should not impact on the accuracy too much.1 On the other hand, when two outputs
of algorithms have the same total numbers of “true positives + true negatives”, the balanced
accuracy can identify the output that prefers to protect the scarce class as the better one, while
the ordinary accuracy cannot. Finally, we compute the mean and standard deviation (std) of
the n values of balanced accuracy, denoting them in the form of “(mean ± std)”.

Table 3: Balanced accuracy of KIAMB/MKIAMB algorithms in the form of “(mean ± std)”.

32-class 0.8687 ± 0.11400.8241 ± 0.15120.9111 ± 0.08120.9151 ± 0.07670.9239 ± 0.0688

16-class 0.8886 ± 0.10620.8494 ± 0.14250.9159 ± 0.08480.9168 ± 0.08640.9263 ± 0.0755

8-class

4-class

Problem

Table 2: Balanced accuracy of IAMB/MIAMB algorithms in the form of “(mean ± std)”.

32-class 0.8683 ± 0.11320.8179 ± 0.15790.9118 ± 0.07840.9139 ± 0.07810.9242 ± 0.0674

16-class 0.8878 ± 0.10560.8461 ± 0.14380.9131 ± 0.08740.9167 ± 0.08620.9256 ± 0.0750

8-class

4-class

Problem
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2.0349 × 10−4

8-class

16-class

32-class

1.3816 × 10−10 4.0634 × 10−19

Problem
1.3225 × 10−7
9.3393 × 10−10 4.0911 × 10−12 8.2111 × 10−21

4.9365 × 10−9

5.9117 × 10−12 2.0651 × 10−19

0.7558
——
——
——
2.2839 × 10−6 5.9538 × 10−11 5.4564 × 10−12 2.7021 × 10−22
4.5857 × 10−10 1.1261 × 10−15 4.7802 × 10−20 6.4206 × 10−30

0.6221

2.1276 × 10−10 9.5876 × 10−16 1.8800 × 10−20 9.1061 × 10−30

1.4772 × 10−2

4-class

Markov Blanket and Markov Boundary of Multiple Variables

Null hypothesis (H0 )
MIAMB-I ≼ IAMB-I
MIAMB-II ≼ IAMB-I
MIAMB-III ≼ IAMB-I
MKIAMB-I ≼ KIAMB-I
MKIAMB-I = KIAMB-I
MKIAMB-II ≼ KIAMB-I
MKIAMB-III ≼ KIAMB-I

Table 4: p-values on paired t-test for comparison between MIAMB/MKIAMB and IAMB/KIAMB. Here,
the notations are defined as follows: letting A1 and A2 be two algorithms and P be a
problem, if A1 is better (in the sense of possessing higher accuracy) than A2 when used
to solve P, we denote it by A1 ≻ A2 (w.r.t. P); otherwise, we write it as A1 ≼ A2 . In
addition, we use A1 = A2 to denote A1 ≼ A2 and A1 ≽ A2 .
MIAMB/MKIAMB-II significantly improve IAMB/KIAMB and even MIAMB/MKIAMB-I in most cases
(although MIAMB/MKIAMB-II have larger std values than MIAMB/MKIAMB-I in some cases, the
diﬀerences are slight). MIAMB/MKIAMB-III perform the best in all situations, with the highest
mean values and the smallest std values.
Further, for any two algorithms, denote their balanced accuracy values as n (= 200) paired
data points. Then, we can compute the p-values of paired t-test of associated hypotheses for
one algorithm to be better (in the sense of possessing higher accuracy) than the other. The
results are presented in Table 4. This table quantificationally shows the statistical significance
of how much MIAMB/MKIAMB improve IAMB/KIAMB: in most cases, the improvement is more
and more significant as the classification complex increases.
• The performance of each algorithm degrades with the increase of classification complexity.
However, the degenerations of MIAMB/MKIAMB are slower than that of IAMB/KIAMB.
To compare IAMB/KIAMB and MIAMB/MKIAMB detailedly, we take the results of IAMB/KIAMB-I
and MIAMB/MKIAMB-III to make a further analysis. For the 4-class prediction problem, denote the
results of IAMB-I and MIAMB-III by τi(IAMB) and τi(MIAMB) for i = 1, · · · , n, and draw them in (a) of
Figure 16. Put
{
}
I1 = i ∈ {1, · · · , n} : τ(IAMB)
> τi(MIAMB) ,
i
{
}
I2 = i ∈ {1, · · · , n} : τ(IAMB)
= τi(MIAMB) ,
i
{
}
I3 = i ∈ {1, · · · , n} : τ(IAMB)
< τi(MIAMB) .
i

JMLR 19(43):1-50, 2018

Draw the scatters of τi(IAMB) and τi(MIAMB) for i ∈ I j in (a j ) of Figure 16. In addition, the information
about (mean ± std) of IAMB-I vs that of MIAMB-III is annotated in each title. For other three K-class
prediction problems (K = 8, 16, 32), repeat the above steps to get the scatters drawn in the other
subplots of Figure 16. Similarly, Figure 17 draws the results of KIAMB-I versus MKIAMB-III.
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Figure 16: Balanced accuracy results on IAMB/MIAMB algorithms applied to 200 K-class prediction
problems (K = 4, 8, 16, 32): the subplots in the first column for all the 200 results; the
ones in the second column for the results that IAMB performs better than MIAMB; the ones
in the third column for the results that IAMB and MIAMB perform equally well; the ones
in the last column for the results that MIAMB performs better than IAMB.
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By the figure, it follows that:
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Finally, we apply LibSVM and the random forest (RF) algorithm (Breiman, 2001) to the whole
HIVA data without any FS, considering LibSVM is of high classification performance while RF is
a state-of-the-art FS algorithm. The results can be served as a baseline to see why FS (or equivalently, MB discovery) is necessary for a complex classification problem. Recall that HIVA contains
many unbalanced variables, which enhance the classification complexity. Figure 19 draws the 95%
confidence bands of LibSVM and FS, respectively.

In brief, an FS problem for multi-class prediction can be transformed into a problem of MB
discovery for multiple targets, and then get a more eﬃcient solution. This idea may be particularly
useful when the classification complexity is high or very high. To check this imagination, we apply
the same procedures to 100 64-class prediction problems (also taken from the HIVA data set). The
results are summarized in Figure 18, in which (a) and (a j ) are for IAMB/MIAMB while (b) and (b j )
are for KIAMB/MKIAMB, j = 1, 2, 3. By the figure, the improvement (nearly 14% on accuracy) of
MIAMB/MKIAMB algorithms over IAMB/KIAMB is really desirable in the case of high classification
complexity.

Figure 16 indicates that: (i) In most cases, MIAMB can improve IAMB to various degrees: MIAMB
has higher mean values of balanced accuracy and smaller std values as well. Although there are a
few of situations in which IAMB performs better than MIAMB, the diﬀerence of performance between
them is very slight. In addition, there are some situations in which the two algorithms perform
equally well (with very high mean and small std). (ii) MIAMB is more resistant to the classification
complexity than IAMB: the improvements of MIAMB over IAMB become more and more visible with
the increase of K (from 4 to 32). Figure 17 shows similar conclusions.

Figure 18: Balanced accuracy results on IAMB/MIAMB and KIAMB/MKIAMB applied to 100 64-class
prediction problems: MIAMB/MKIAMB can improve IAMB/KIAMB substantially.

Accuracy

1

(a) 4-Class: All Cases
(0.9283±0.0852) vs
(0.9501±0.0589)

Accuracy
Accuracy

Liu and Liu

Accuracy
Accuracy

Markov Blanket and Markov Boundary of Multiple Variables

Figure 17: Balanced accuracy results on KIAMB/MKIAMB applied to 200 K-class prediction problems
(K = 4, 8, 16, 32): the subplots in the first column for all the 200 results; the ones in
the second column for the results that KIAMB performs better than MKIAMB; the ones in
the third column for the results that KIAMB and MKIAMB perform equally well; the ones
in the last column for the results that MKIAMB performs better than KIAMB.
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Figure 19: The 95% confidence bands of LibSVM and RF.
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To make an intuitive comparison, the 95% confidence bands of MIAMB/MKIAMB-based LibSVM
are also drawn in Figure 19. As seen, all methods degenerate with the increase of the classification
complexity, but our methods degenerate far slower than LibSVM/RF based on the whole data. In a
word, MB discovery (or equivalently, FS) is important to make classification, especially when the
problem is of high dimension and of high complexity.

To observe why this happens, we check the results and then randomly take some targets (with
extraordinarily low accuracy) to implement LibSVM and RF again by appropriately adjusting the
algorithmic setting of LibSVM and increasing the number of trees of RF from 100 to 1000. However,
the results change very little.

• Without any FS, RF performs quite well when the classification complexity is not very high.
However, with the increase of classification complexity, the performance of RF decreases
gradually and then sharply. In other words, RF may not be suitable for those problems with
too high complexity, especially when there are many unbalanced variables.

• Without any FS, LibSVM performs undesirably in all situations. This may be because too
many noisy variables can lead to masking eﬀects upon those unbalanced features such that
LibSVM cannot classify targets expectedly. This shows the necessity of FS. In other words,
LibSVM may not be suitable for some high-dimension problems, especially when there are
many unbalanced variables.

Accuracy

7. Concluding Remarks

Liu and Liu

Before ending this paper, we present four concluding remarks as follows:

In this paper, we considered the problem of Mb and MB of multiple variables. We first addressed
their additivity under the local intersection assumption, and then studied this problem in the general
case. The two algorithms that we proposed , MIAMB and MKIAMB, were proven to be correct under
the local composition assumption with respect to single targets. The benchmarking study based on
six synthetic BNs showed that MIAMB and MKIAMB have higher accuracies and lower complexities
than the existing IAMB and KIAMB.

(i) The first remark concerns a method of using MIAMB and MKIAMB to find an MB for a single
variable. Such an idea is motivated by the following two aspects: (a) the local composition
assumption may be violated in practice, and if this is the case, IAMB and KIAMB may perform
not very well in MB discovery even for a single variable; (b) randomness of a data set may
result in a violation to the assumption that all the CI tests involved are correct. Naturally, it is
useful to take a remedy for these two situations. One remedial strategy is described as follows:
letting T ∈ V be the target variable, and M1 be a potential MB discovered by IAMB or KIAMB,
take T 0 ≜ arg maxX∈M1 f D(ℓ) (T ; X | M1 \{X}) as a co-target of T for ℓ = 1 or 2 or 3; then, employ
MIAMB or MKIAMB to find a potential MB for {T, T 0 }, saying M2 . Finally, refine {T 0 } ∪ M2 to
obtain M, by virtue of the shrinking phase of IAMB or KIAMB, since this phase needs no the
local composition precondition.

(ii) Our MIAMB and MKIAMB contain an ordering τ, which may aﬀect the RT and even the WA or
WP. A question arises here: is there an optimal selection of τ such that MIAMB or MKIAMB has
the highest accuracy and the lowest complexity?

(iii) All the considered algorithms (IAMB, KIAMB, MIAMB, and MKIAMB) need the local composition
assumption to theoretically guarantee their correctness. However, this precondition may be
violated in practice and in this case only an approximate MB can be obtained by means of one
of the above algorithms. Subsection 4.1 provides a potential remedy. We note that MIAMB and
MKIAMB transform the problem of MB discovery for multiple targets into the ones for single
targets. This idea provides a facilitation to use some stochastic optimization methods such as
the particle swarm optimization algorithm (Kennedy and Eberhart, 1995, 1997).

(iv) In Subsection 3.3, we provided a method for MB discovery of a complex single variable based
on an MB discovery of some simple multiple variables. Let us now explain why this transformation method is eﬃcient. With the notations used in Subsection 3.3, let

MBT = MBT(d) ≜ M.

T y X | M \ {X} ↔ H1(1) :

T ̸y X | M \ {X};

Then, a variable X can enter and stay in M (in the sense of MBT ) if T ̸y X | M \ {X}. On
the other hand, by Theorem 5, X can enter and stay in M (in the sense of MBT(d) ) only if
T (d)
̸y X | M \ {X} holds for some j. That is, we need to test the following two pairs of
j
hypotheses:
H0(1) :

JMLR 19(43):1-50, 2018

(d)
(2)
H0(2) : T (d)
j y X | M \ {X} ↔ H1 : T j ̸y X | M \ {X}.
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//Backward: Shrinking Phase
foreach X ∈ M do
if T y X | M \ {X} then
M ← M \ {X}
end
end
return M
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//Backward: Shrinking Phase
foreach X ∈ M do
if T y X | M \ {X} then
M ← M \ {X}
end
end
return M

//Forward: Growing Phase
M←Ø
while M has changed do
if M1 ← {X ∈ V \ M\T : T ̸y X | M} , Ø then
Y ← arg maxX∈M2 f D (T; X | M)
M ← M ∪ {Y}
end
end

//Forward: Growing Phase
M←Ø
while M has changed do
Y ← arg maxX∈V\M\T f D (T; X | M)
if T ̸y Y | M then
M ← M ∪ {Y}
end
end

1

Procedure: M ← KIAMB( D; T; K)
Input: Besides {D,T} as in IAMB, K ∈ [0, 1]
is a randomization parameter.
Output: an Mb, M, of T.

Procedure: M ← IAMB(D; T)
Input: D is a data matrix; T is a set of target
variables.
Output: an MB, M, of T.

Algorithm 3: IAMB and KIAMB

This appendix presents the pseudo codes for IAMB and KIAMB. We mention here that, in Line 4
of KIAMB, M2 denotes a random subset of M1 with size |M2 | = max{1, ⌊|M1 | · K⌋}.

Appendix A. Pseudo Codes for IAMB and KIAMB
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Clearly, when T is high-dimensional, the test for H0(1) ↔ H1(1) requires far more data points
than that for H0(2) ↔ H1(2) , since the test statistic for the first pair of hypotheses contains far
more free parameters than that for the second. In addition, the transformation from T to T (d)
can be easily made, with almost no running time. This explains why Theorem 5 is useful.
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(10)
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In fact, with the above notations, it is readily justified that V \ M1 \ T 1 = V 0 ∪ [(N2 ∪ T 2 ) \ M1 ].
On the other hand, M1 is an Mb of T 1 . Therefore, T 1 y V \ M1 \ T 1 | M1 , and thus we obtain
T 1 y V 0 ∪ [(N2 ∪ T 2 ) \ M1 ] | M1 . By the weak union property, T 1 y V 0 | M1 ∪ [(N2 ∪ T 2 ) \ M1 ].
This means (10) holds, since M1 ∪ [(N2 ∪ T 2 ) \ M1 ] = N ∪ T 2 .

V0 y T1 | N ∪ T2.

Denote V 0 = V \ N \ T with N = N1 ∪ N2 , in which N1 = M1 \ T 2 and N2 = M2 \ T 1 . Note
that N can also be expressed as N = (M1 ∪ M2 ) \ T. First, we prove the following CI relationship,
by means of the graphoid properties:

Proof It suﬃces to prove (i), since (ii) is a direct consequence of (i) using induction on the number
of variables involved in T.

(i) Let Mi be an Mb of T i ⊆ V for i = 1, 2, and assume T 1 ∪ T 2 satisfies the local intersection
assumption. Then, (M1 ∪ M2 ) \ (T 1 ∪ T 2 ) is an Mb of T 1 ∪ T 2 .
(ii) Let Mi be an Mb of T i ∈ V for ∪
i = 1, · · · , k, and assume T ≜ {T 1 , · · · , T k } satisfies the local
intersection assumption. Then, ki=1 Mi \ T is an Mb of T.

Theorem 2 (Additivity of Mb) Let (G, P) be a BN over V. The following two statements hold:

Now we show T y
̸ M12 | M. In fact, suppose we have T y M12 | M. This combined with
(8) implies T y (V \ M1 \ T) ∪ M12 | M, in view of the contraction property. Equivalently,
T y V \ M \ T | M, which contradicts the fact that M1 is an MB of T, since M ⫋ M1 . Hence,
T ̸y M12 | M. Similarly, we can show T ̸y M21 | M. On the other hand, by the decomposition
property, (9) and (8) indicate T y M12 | M ∪ M21 and T y M21 | M ∪ M12 , respectively. Therefore,
M12 and M21 are information equivalent with respect to T conditioned on M. This contradicts the
precondition. The uniqueness of MB of T is shown under the type-II local condition.

T y V \ M2 \ T | M2 ⇒ T y V \ M2 \ T | M ∪ M21 .

T y V \ M1 \ T | M1 ⇒ T y V \ M1 \ T | M ∪ M12 ,

Proof Suppose T has two diﬀerent MBs, M1 and M2 . Putting M12 ≜ M1 \ M2 , M21 ≜ M2 \ M1 ,
and M ≜ M1 ∩ M2 ⫋ Mi for i = 1, 2, we have

Lemma 2 For T ⊆ V, assume the type-II local condition holds. Then T has a unique MB.

Proof Equivalently, we show that the intersection property is violated if and only if information
equivalence occurs. The suﬃciency holds clearly. To prove the necessity, we assume the
intersection property is violated, that is, there are T, X, Y, and Z such that T y X | Z ∪ Y, and
T y Y | Z ∪ X, but T ̸y X ∪ Y | Z. Then, we can show T ̸y X | Z. In fact, if T y X | Z, then
combined with T y Y | Z ∪ X and the contraction property, it concludes T y X ∪ Y | Z, which
contradicts T ̸y X ∪ Y | Z. Similarly, we can show T ̸y Y | Z. Therefore, X and Y are information
equivalent with respect to T given Z. That is, information equivalence occurs.

Lemma 1 The intersection property holds if and only if no information equivalence occurs.

In this appendix, we give the proofs of the theoretical results.

Appendix B. Proofs

Liu and Liu
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Similarly, V 0 y T 2 | N ∪ T 1 , which combined with (10) indicates
V0 y T | N
by the local intersection assumption. Or equivalently, T y V \ N \ T | N. That is, (M1 ∪ M2 ) \ T = N
is an Mb of T. The proof is completed.
Remark 1 In the case of either T 1 ⊆ V \ M2 or T 2 ⊆ V \ M1 , the conclusion of (i) in Theorem 2
holds without requiring the local intersection assumption.
Proof If T 1 ⊆ V \ M2 but T 2 ⊈ V \ M1 , M1 ∪ M2 is then an Mb of T 1 according to the weak union
property whereas (M1 \ T 2 ) ∪ M2 is an Mb of T 2 . Equivalently, we have
T 1 y V \ (M1 ∪ M2 ) \ T 1 | M1 ∪ M2 ,

T 2 y V \ [(M1 \ T 2 ) ∪ M2 ] \ T 2 | (M1 \ T 2 ) ∪ M2 .
By means of the contraction property and the decomposition property, it is seen that
V \ [(M1 ∪ M2 ) \ T 2 ] \ T y T 1 | [(M1 ∪ M2 ) \ T 2 ] ∪ T 2 ,
V \ [(M1 ∪ M2 ) \ T 2 ] \ T y T 2 | (M1 ∪ M2 ) \ T 2 ,

⊆V\

M2
and

T2

⊆V\

M1 ,

imposing decomposition on

(M1 ∪ M2 ) \ (T 1 ∪ T 2 ) = (M1 ∪ M2 ) \ T 1

so T y V \ [(M1 ∪ M2 ) \ T 2 ] \ T | (M1 ∪ M2 ) \ T 2 . That is, (M1 ∪ M2 ) \ (T 1 ∪ T 2 ) = (M1 ∪ M2 ) \ T 2
is an Mb of T. If T 1 ⊈ V \ M2 but T 2 ⊆ V \ M1 , we can similarly show

is an Mb of T. Finally, if

T1

T 1 y V \ (M1 ∪ M2 ) \ T 1 | M1 ∪ M2
and weak union on T 2 y V \ (M1 ∪ M2 ) \ T 2 | M1 ∪ M2 , we get
V \ (M1 ∪ M2 ) \ T y T 1 | M1 ∪ M2 ,

V \ (M1 ∪ M2 ) \ T y T 2 | (M1 ∪ M2 ) ∪ T 1 .
By the contraction property, T y V \ (M1 ∪ M2 ) \ T | M1 ∪ M2 . That is,
(M1 ∪ M2 ) \ (T 1 ∪ T 2 ) = M1 ∪ M2
is an Mb of T. The conclusion is proved.
Theorem 3 (Additivity of MB) Let (G, P) be a BN over V. The following two statements hold:
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(i) Assume T 1 ∪ T 2 satisfies the local intersection assumption. Let Mi be the unique MB of T i
for i = 1, 2. Then, (M1 ∪ M2 ) \ (T 1 ∪ T 2 ) is the unique MB of T 1 ∪ T 2 .
(ii) Assume T ≜ {T 1 , · · · , T k } satisfies
∪k the local intersection assumption. Let Mi be the unique
MB of T i for i = 1, · · · , k. Then, i=1
Mi \ T is the uniqe MB of T.
35
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• M1 is the MB of T 1 : This implies T 1 y V \ M1 \ T 1 | M1 , or equivalently, we have

T 1 y V \ M1 \ T 1 | (M1 ∩ M) ∪ (M1 \ M),

in view of M1 = (M1 ∩ M) ∪ (M1 \ M).

• N0 is an Mb of T: Equivalently, we have T 1 ∪ T 2 y V \ N0 \ T 2 \ T 1 | N0 , which gives

T 1 y V \ (N0 ∪ T 2 ) \ T 1 | N0 ∪ T 2 ,

(12)

By the local intersection property, (11)(12) indicate T 1 y (M1 \ M) ∪ (V \ M1 \ T 1 ) | M1 ∩ M,

due to (M ∪ T 2 ) ∪ (V \ M1 \ T 1 ) = (M1 ∩ M) ∪ (V \ M1 \ T 1 ).

T 1 y M1 \ M | (M1 ∩ M) ∪ (V \ M1 \ T 1 ),

in terms of V \ (M1 ∩ M) \ T 1 = (V \ M1 \ T 1 ) ∪ (M1 \ M). By the weak union property, this
indicates T 1 y M1 \ M | (M ∪ T 2 ) ∪ (V \ M1 \ T 1 ). Consequently,

T 1 y (V \ M1 \ T 1 ) ∪ (M1 \ M) | M ∪ T 2 ,

according to the weak union property, and thus T 1 y V \ (M ∪ T 2 ) \ T 1 | M ∪ T 2 in view
of N0 ∪ T 2 = M ∪ T 2 , or equivalently we have T 1 y V \ M \ T 1 \ T 2 | M ∪ T 2 . By the
self-conditioning property, this leads to T 1 y V \ (M1 ∩ M) \ T 1 | M ∪ T 2 , Therefore,

(11)

Proof We need only to prove (i), since (ii) is a direct consequence of (i).
Denote N1 = M1 \ T 2 and N2 = M2 \ T 1 . By Theorem 2, (M1 ∪ M2 ) \ T = N1 ∪ N2 is an
Mb of T. Therefore, it suﬃces to prove the minimality of N1 ∪ N2 , based on Lemma 2. In fact, let
N0 be any Mb of T which is a subset of N1 ∪ N2 . Note that T i ∩ N0 = Ø for i = 1, 2. Denote now
M = N0 ∪ (M1 \ N1 ) = N0 ∪ (M1 ∩ T 2 ). It follows that

so

T 1 y V \ (M1 ∩ M) \ T 1 | M1 ∩ M,

since (M1 \ M) ∪ (V \ M1 \ T 1 ) = V \ (M1 ∩ M) \ T 1 . Hence, M1 ∩ M (⊆ M1 ) is an Mb of T 1 . On
the other hand, M1 is the MB of T 1 and thereby M1 ∩ M = M1 , or equivalently,

N1 ∪ (M1 ∩ T 2 ) = M1 ⊆ M = N0 ∪ (M1 ∩ T 2 ),

which means N1 ⊆ N0 . In a similar fashion, N2 ⊆ N0 . Combined with N0 ⊆ N1 ∪ N2 , the expected
relationship N0 = N1 ∪ N2 follows. This indicates that N1 ∪ N2 is an MB of T. The proof is
completed, since Lemma 2 shows the uniqueness of MB under the local intersection assumption.

(i) S is an MbS;

JMLR 19(43):1-50, 2018

Theorem 4 Assume S ⊆ V \ N \ T. Then, the following statements are equivalent:

(ii) I(T 1 ; T 2 | N ∪ S) = minS′ ⊆V\N\T I(T 1 ; T 2 | N ∪ S′ );

(iv) N ∪ S is an Mb of T 1 in V \ T 2 (or N ∪ S is an Mb of T 2 in V \ T 1 ).

(iii) I(T; S | N) = maxS′ ⊆V\N\T I(T; S′ | N);

36

(13)

′

(14)

= I(T 1 ; M1 ) + I(T 2 ; M2 ),

37

= I(T 1 ; T 2 ∪ N ∪ S) + I(T 2 ; N ∪ S ∪ T 1 )

(16)

(15)
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= I(T 1 ; T 2 | N ∪ S) + I(T 1 ; N ∪ S) + I(T 2 ; T 1 ) + I(T 2 ; N ∪ S | T 1 )

d ≜ I(T 1 ; T 2 | N ∪ S) + I(T 1 ; T 2 ) + I(T; N ∪ S)

In fact, using I(T; N ∪ S) = I(T 1 ; N ∪ S) + I(T 2 ; N ∪ S | T 1 ), we have

I(T 1 ; T 2 | N ∪ S) = I(T 1 ; M1 ) + I(T 2 ; M2 ) − I(T 1 ; T 2 ) − I(T; N ∪ S).

To prove the equivalence between (ii) and (iii), we need only to show

noting again N ∪ S ∪ Q = V \ T. This means N ∪ S is an MbS.

I(T 1 ; T 2 | N ∪ S) = I(T 1 ; T 2 | V \ T) = minS′ ⊆V\N\T I(T 1 ; T 2 | N ∪ S′ ),

follows immediately if N ∪ S is an Mb of T. By (13) and (14), we have

I(T; Q | N ∪ S) = I(T; V \ (N ∪ S) \ T | N ∪ S) = 0

• (i) ⇒ (ii): Observe that I(T 1 ; T 2 | V \ T) = minS′ ⊆V\N\T I(T 1 ; T 2 | N ∪ S′ ) holds according to
(14) holding for any S ⊆ V \ N \ T and N ∪ S ∪ Q = V \ T. Then,

because of b = c. That is, T y V \ (N ∪ S) \ T | N ∪ S, which means N ∪ S is an Mb of T, or
equivalently, S is an MbS.

I(T; V \ (N ∪ S) \ T | N ∪ S) = I(T; Q | N ∪ S) = b = 0,

• (i) ⇐ (ii): If I(T 1 ; T 2 | N ∪ S) ⩽ I(T 1 ; T 2 | N ∪ S ) holds for any S ⊆ V \ N \ T, then (14)
indicates c = 0 since 0 ⩽ c = I(T 2 ; T 1 | N ∪ S) − I(T 2 ; T 1 | N ∪ S ∪ Q) ⩽ 0. Therefore,

′

= I(T 2 ; T 1 | N ∪ S) − I(T 2 ; T 1 | N ∪ S ∪ Q).

= I(T 2 ; T 1 | N ∪ S) + I(T 2 ; Q | N ∪ S ∪ T 1 ) − I(T 2 ; T 1 | N ∪ S ∪ Q)

= I(T 2 ; T 1 ∪ Q | N ∪ S) − I(T 2 ; T 1 | N ∪ S ∪ Q)

0 ⩽ c = I(T 2 ; Q | N ∪ S)

which combined with a = 0 gives b = c. Observing T 2 y V \ M2 \ T 2 | M2 since M2 is an Mb of
T 2 , we obtain T 2 y Q | (V \ M2 \ T 2 \ Q) ∪ M2 by using the weak union property, or equivalently,
T 2 y Q | N ∪ S ∪ T 1 , so I(T 2 ; Q | N ∪ S ∪ T 1 ) = 0. This means

≜ b − c,

= I(T; Q | N ∪ S) − I(T 2 ; Q | N ∪ S)

= I(T 1 ; Q | N ∪ S ∪ T 2 )

= I(T 1 ; Q | (V \ M1 \ T 1 \ Q) ∪ M1 )

a = I(T 1 ; V \ M1 \ T 1 \ Q | M1 ) + I(T 1 ; Q | (V \ M1 \ T 1 \ Q) ∪ M1 )

Proof We first prove (i) ⇔ (ii). Put Q = V \ (N ∪ S) \ T. First, note that T 1 y V \ M1 \ T 1 | M1
since M1 is an Mb of T 1 . In other words, a ≜ I(T 1 ; Q ∪ (V \ M1 \ T 1 \ Q) | M1 ) = 0. By the chain
rule for CMI (Cover and Thomas, 2006), we have I(T 1 ; V \ M1 \ T 1 \ Q | M1 ) = 0. It follows that

In addition, if S is an MbS, then it is also an MBS if and only if T 1 ̸y Y | N ∪ (S \ {Y}) or
T 2 ̸y Y | N ∪ (S \ {Y}) holds for any Y ∈ S.

Markov Blanket and Markov Boundary of Multiple Variables

(17)

38
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• I(A; C, D | B) = I(A; C | B) + I(A; D | B, C) = 0, since {B, C} d-separates {A} and {D};
• I(A; C, D) ⩾ I(A; C) > 0.

(i) M1 is an MB of T 1 in V: By (17), we have

It follows from the chain rule for CMI (Cover and Thomas, 2006) that

I(C; A) > 0, I(C; B | A) = 0; and I(C; B) > 0, I(C; A | B) = 0.

Example 1 Consider the BN (G, P) over V = {A, B, C, D} presented in Figure 8, in which A, B, and
C take {1, 2, 3} while D takes {1, 2}. Put T = {T 1 , T 2 }, N = (M1 ∪ M2 ) \ T = Ø, and S = {C},
S0 = {C, D} with T 1 = A, T 2 = B, M1 = {B}, M2 = {A}. By Figure 3, we can easily conclude that A
and B are information equivalent with respect to C. This means

The proof of Theorem 4 is completed.

and thus leads to a contradiction to the condition that T 2 ̸y Y | N ∪ (S \ {Y}) holds for any Y ∈ S.

Y ∈ (V \ T 1 ) \ [N ∪ (S \ {Y})] \ T 2 ,

This combined with the decomposition property means T 2 y Y | N ∪ (S \ {Y}), since

T 2 y (V \ T 1 ) \ [N ∪ (S \ {Y})] \ T 2 | N ∪ (S \ {Y}).

Equivalently, T 2 y V\(N∪R)\T\{Y} | (N∪R)∪{Y}, which combined with T 2 y Y | N∪R gives T 2 y
V \(N∪ R)\T | N∪ R, in view of the contraction property. That is, T 2 y (V \T 1 )\(N∪ R)\T 2 | N∪ R.
Therefore, N ∪ R is an Mb of T 2 in V \T 1 , and thus an MbS of T to N. This contradicts the condition
that S is an MBS of T to N, and thus T 2 ̸y Y | N ∪ (S \ {Y}) holds for any Y ∈ S.
To prove the suﬃciency, we suppose S is not a MBS of T to N, that is, there is some R ⫋ S such
that R is an MbS of T to N. Take any given variable, Y, in S \ R. Then, N ∪ R is an Mb of T 2 in
V \ T 1 . That is, T 2 y (V \ T 1 ) \ (N ∪ R) \ T 2 | N ∪ R. By the weak union property, we have

T 2 y (V \ T 1 ) \ (N ∪ S) \ T 2 | N ∪ S.

Finally, we prove that an MbS, S, is an MBS if and only if T 2 ̸y Y | N ∪ (S \ {Y}) holds for any
Y ∈ S. We first prove the necessity by reductio ad absurdum. Suppose there is some variable Y ∈ S
such that T 2 y Y | N ∪ R, in which R ≜ S \ {Y}. Recall that S is an MbS, we get

• (i) ⇐ (iv): Assume N ∪ S is an Mb of T 1 in V \ T 2 , that is, T 1 y (V \ T 2 ) \ (N ∪ S) \ T 1 | N ∪ S,
or equivalently, V \ (N ∪ S) \ T y T 1 | N ∪ S. On the other hand, M2 is an Mb of T 2 in
V, meaning T 2 y V \ M2 \ T 2 | M2 , which combined with the weak union property gives
V \ (N ∪ S) \ T y T 2 | N ∪ S ∪ T 1 . By the contraction property, T y V \ (N ∪ S) \ T | N ∪ S.
This means S is an MbS. Similarly, if N ∪ S is an Mb of T 2 in V \ T 1 , we can show S is an
MbS.

• (i) ⇒ (iv): This implication holds clearly due to the decomposition property.

which is equivalent to (16). This means (ii) ⇔ (iii).
Now, we show that (i) is equivalent to (iv):

Liu and Liu
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(ii) M2 is an MB of T 2 in V: By (17), we have
• I(B; C, D | A) = I(B; C | A) + I(B; D | A, C) = 0, since {A, C} d-separates {B} and {D};
• I(B; C, D) ⩾ I(B; C) > 0.
(iii) N ∪ S is an Mb of T in V, so S is an MbS: By (17),
I(A, B; D | C) = I(A; D | C) + I(B;D | A, C) = 0,
because {C} d-separates {A} and {D}, while {A, C} d-separates {B} and {D}.

(iv) I(T 1 ; T 2 | N∪S) = minS′ ⊆V\N\T I(T 1 ; T 2 | N∪S′ ): it suﬃces to show the following inequalities:
• I(A; B | C) = I(A; B | C, D). In fact,
I(A; B | C, D) = I(A; B, D | C) − I(A; D | C)

= I(A; B | C) + I(A; D | B, C) − I(A; D | C) = I(A; B | C),

since both {B, C} and {C} d-separate {A} and {D};

• I(A; B | C) ⩽ I(A; B | D); In fact,
I(A; B | C) = I(A; B | C, D) = I(A; B, C | D) − I(A; C | D)

= I(A; B | D) + I(A; C | B, D) − I(A; C | D)

= I(A; B | D) − I(A; C | D) ⩽ I(A; B | D),

due to I(A; C | B, D) = 0, because of
0 ⩽ I(A; C | B, D) = I(A; C, D | B) − I(A; D | B)

= I(A; C | B) + I(A; D | B, C) − I(A; D | B) = − I(A; D | B) ⩽ 0,

since I(A; C | B) = 0 (see Equation 17) and {B, C} d-separates {A} and {D};

I(T; S′ | N): the proof is omitted.

= I(A; C) + I(A; B | C) ⩾ I(A; B | C).

I(A; B) = I(A; B, C) − I(A; C | B) = I(A; C) + I(A; B | C) − I(A; C | B)

• I(A; B | C) ⩽ I(A; B). In fact, by (17), we have I(A; C | B) = 0. Thus,

(v) I(T; S | N) =

maxS′ ⊆V\N\T

(vi) N ∪ S is an Mb of T 1 in V \ {T 2 }: By (17), we have

• I(A; C, D) ⩾ I(A; C) > 0;
• I(A; D | C) = 0, since {C} d-separates {A} and {D}.
(vii) N ∪ S is an Mb of T 2 in V \ {T 1 }: By (17), we have
• I(B; C, D) ⩾ I(B; C) > 0;
• I(B; D | C) = 0, since {C} d-separates {B} and {D}.
(viii) S is an MBS; S0 is an MbS (but not an MBS): I(A; B | C, D) = I(A; B | C). In fact,

JMLR 19(43):1-50, 2018

I(A; B | C, D) = I(A; B, D | C) − I(A; D | C) = I(A; B | C) + I(A; D | B, C) − 0 = I(A; B | C),
since both {B, C} and {C} d-separate {A} and {D}.
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k
Theorem 5 Let M j be an MB of T (d)
j in V \ T for j = 1, · · · , t. Then, M ≜ ∪ j=1 M j is an Mb of T.

Further, M is an MB of T iﬀ for any X ∈ M there is some j such that T (d)
j ̸y X | M \ {X}.

(18)

(d)
(d)
First, we have T (d)
j y (V \ T) \ M j \ {T j } | M j for j = 1, · · · , t. Considering T j < V \ T, it

Proof Recall that T is the merged version of T, while T (d) is the dummy version of T ; all of them
have the same MBs.

follows that T (d)
j y V \ T \ M j | M j , which combined with the weak union property gives

T (d)
j y V \ T \ M | M, j = 1, · · · , t,

since M j ⊆ M. Putting U ≜ V \ T \ M, the above independence statements imply
(
)
( (d)
) (
)
P T (d)
j = 1, U = u M = P T j = 1 M P U = u M , j = 1, · · · , t,

or equivalently, P(T = j, U = u | M) = P(T = j | M)P(U = u | M), meaning T y V \ T \ M | M,
and thus T y V \ T \ M | M. This shows M is an Mb of T.

In what follows, we prove M is an MB of T if and only if, for any X ∈ M, T (d)
j ̸y X | M \ {X}
holds for some j:

(19)

“⇒” Assume M is an MB of T. Suppose there is some variable X such that T (d)
j y X | M \ {X}
holds for any j. Then, by (18) and the contraction property, we get

T (d)
j y (V \ T) \ (M \ {X}) | M \ {X}, j = 1, · · · , t.

Similar to the proof of the first conclusion, it can be readily proven that (19) implies

T y (V \ T) \ (M \ {X}) | M \ {X},

meaning that M has a proper subset, M \ {X}, which is an Mb of T. This contradicts the
minimality of M, and thus proves the necessity.

“⇐” Suppose M is not an MB of T (or T ). Then, there is some X ∈ M such that T y X | M \ {X}.
It follows that P(T = j, X = x | M \ {X}) = P(T = j | M \ {X})P(X = x | M \ {X}) holds for
any j = 1, · · · , t. Or equivalently, we have
(
)
( (d)
) (
)
P T (d)
(20)
j = 1, X = x M \ {X} = P T j = 1 M \ {X} P X = x M \ {X} .

Futher, (20) indicates
(
)
(
)
(
)
(d)
P T (d)
j = 0, X = x M \ {X} = P X = x M \ {X} − P T j = 1, X = x M \ {X}
)
)] (
[
(
= 1 − P T (d) = 1 M \ {X} P X = x M \ {X}
j
(
) (
)
= P T (d)
(21)
j = 0 M \ {X} P X = x M \ {X} .
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(d)
By (20) and (21), we get T (d)
j y X | M \ {X}, which contradicts T j ̸y X | M \ {X}. This
proves the suﬃciency.

The proof is completed.
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Proof Considering that N ∪ T 2 is an Mb of T 1 , we have T 1 y V \ (N ∪ T 2 ) \ T 1 | (N \ P) ∪ T 2 ∪ P,
which combined with T 1 y P | (N \ P) ∪ T 2 implies T 1 y V \ [(N \ P) ∪ T 2 ] \ T 1 | (N \ P) ∪ T 2 , in
view of the contraction property. The first conclusion is proved.
For convenience, we denote now N1 ≜ M1 \ T 2 . To show the second conclusion, we note that
P ⊆ N1 , so (N \ P) ∪ T 1 is an Mb of T 2 . It follows that: (i) T 1 y V \ [(N \ P) ∪ T 2 ] \ T 1 | (N \ P) ∪ T 2 ,
which combined with T 1 y Q | (N \ P\Q)∪T 2 gives T 1 y V \[(N \ P\Q)∪T 2 ]\T 1 | (N \ P\Q)∪T 2 ;
and (ii) T 2 y V \ [(N \ P) ∪ T 1 ] \ T 2 | (N \ P) ∪ T 1 , which combined with T 2 y Q | (N \ P \ Q) ∪ T 1
yields T 2 y V \ [(N \ P \ Q) ∪ T 1 ] \ T 2 | (N \ P \ Q) ∪ T 1 . The second conclusion is also proved.

Lemma 3 (a) If there is P ⊆ M1 \ T 2 such that T 1 y P | (N \ P) ∪ T 2 , then (N \ P) ∪ T 2 is an Mb
of T 1 ; (b) If there is Q ⊆ N \ P such that T 1 y Q | (N \ P \ Q) ∪ T 2 and T 2 y Q | (N \ P \ Q) ∪ T 1 ,
then (N \ P \ Q) ∪ T 2 is an Mb of T 1 , and (N \ P \ Q) ∪ T 1 is an Mb of T 2 .

Proof By Lemma 1, the violation of the local intersection property means information equivalence
occurs; further, Lemeire et al. (2012) showed that information equivalence is one of the cases of
violating adjacency faithfulness. Hence, the violation of local intersection is one of the violations
of adjacency faithfulness.
Now, we show that the violation of local composition, which is present at the end of the first
phase of IAMB or KIAMB, is also one of the violations of adjacency faithfulness under the orientation
faithfulness condition.
In fact, let M be the output of the first phase of IAMB or KIAMB, but not an Mb of T. Without loss
of generality, we assume |T| = 1 and T = {T }. Then, T y X | M holds for any X ∈ V \ M \ {T } but
T ̸y V \ M \ {T } | M. Considering that the set MT composed of the parents, children, and spouses
of T is an Mb of T , we have M ⊉ MT . Thus, there is some X ∈ MT such that X < M. If X is a
spouse of T , then all the children of T and X are not in M (if not so, T ̸y X | M holds immediately
following from the orientation faithfulness condition, and thus contradicts T y X | M since X < M).
In this sense, we conclude that there is some node X adjacent to T such that T y X | M. This means
the adjacency faithfulness condition is violated.
In short words, both the violation of the local composition property (present at the end of the
first phase of IAMB or KIAMB) and the violation of the local intersection property are the violations
of adjacency faithfulness, under the orientation faithfulness condition.

Remark 2 The following two statements hold: (a) violating local intersection implies violating
adjacency faithfulness; (b) under the orientation faithfulness condition, violating local composition
at the end of the first phase of IAMB or KIAMB or IAMBS or KIAMBS means violating adjacency
faithfulness.

Proof Clearly, N ∪ S is an Mb of T 2 in V \ T 1 at the end of the growing phase of either IAMBS or
KIAMBS under the local composition assumption, as in IAMB and KIAMB. Therefore, S is an MbS at
the end of this stage. According to the last conclusion of Theorem 4, S is an MBS after it is refined.
Finally, as a direct consequence of Lemma 4 (shown below), N ∪ S is an MB at the end of the
algorithm, considering the process of refining N is similar to that of refining S.

Theorem 6 (Correctness of IAMBS and KIAMBS) Assume that T 2 satisfies the local composition
property, and that all CI tests are correct. Then (i) IAMBS outputs an MB of T 1 ∪ T 2 ; (ii) KIAMBS
outputs an MB of T 1 ∪ T 2 for any K ∈ [0, 1).

Markov Blanket and Markov Boundary of Multiple Variables
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Suppose we are doing a G2 test for the false hypothesis “X y Y | Z” (i.e., the truth is X ̸y Y | Z).
(
)
χ2 (r)
c r
Then, at least 2 logα rX,Y ≈ 2 logα,r rX,Y = O log rrX,Y instances are required if we expect the statistical

In Subsection 4.3, we mentioned that the X 2 or G2 test is suitable only for cases of small |T|,
and then summarized some improving methods proposed in the literature (Lawley, 1956; Hosmane,
1986, 1987, 1990; Brin et al., 1997; Silverstein et al., 1998; Aliferis et al., 2010b). However, we
need more suitable CI testing methods when working on the MB discovery problem for multiple
targets. In this appendix, we discuss a practical way of improving the G2 test by damping the
number of degrees of freedom for the G2 statistic.
Consider the G2 statistic, G2 (X; Y | Z) ≜ 2n · I D (X; Y | Z), which approximates to the chi-square
variate with r ≜ (r X −1)(rY −1)r Z degrees of freedom, namely χ2 (r), where rξ represents the number
of configurations for ξ (de Campos, 2006, p. 2158).
Theoretically, G2 (X; Y | Z) is a reasonable statistic for testing the hypothesis “X y Y | Z” when
n is large enough. Unfortunately, this precondition is practically hard to be valid in many situations
(Cochran, 1954; Yaramakala, 2004; Bromberg and Margaritis, 2009) due to the following reason:
Let X = {Xi1 , · · · , Xix },
· , X jy }, and Z ∏
= {Xk1 , · · · , Xkz }, in which each variable Xℓ takes
∏Yx = {X j1 , · · ∏
y
rℓ values. Then r = ( ℓ=1
riℓ − 1)( ℓ=1 r jℓ − 1)( zℓ=1 rkℓ ), which is exponential with respect to x,
y, and z. On the one hand, by the Wilson-Hilferty approximation for χ2α (r) (de Campos, 2006; Gao,
(
)3
√
2005), we obtain χα2 (r) ≈ cα,r r, in which cα,r ≜ 1 − 2/(9r) + 2/(9r) zα is a bit larger than 1,
with zα being the upper α-quantile of the standard
∏y distribution; on the other hand, we can
∏ x normal
show I D (X; Y | Z) ⩽ log2 r X,Y with r X,Y ≜ min{ ℓ=1
riℓ , ℓ=1 r jℓ }. It follows that
{
}
{
}
p(X; Y | Z) = P χ2 (r) ⩾ 2n · I D (X; Y | Z) ⩾ P χ2 (r) ⩾ 2n · log2 r X,Y .

Appendix C. Improving the Log-Likelihood Ratio Test

The proof is completed.

• Suﬃciency: Suppose N0 ∪ S is not an MB of T, that is, there is some N′0 ⫋ N0 such that
N′0 ∪ S is an Mb of T. Take any given variable, Y, in N0 \ N′0 . It can be shown that T y
Y | (N0 \ {Y}) ∪ S, which leads to a contradiction. Hence, N0 ∪ S is an MB of T.

or equivalently, (N0 \ {Y}) ∪ S is an Mb of T. This contradicts that N0 ∪ S is an MB of T.

T y V \ [(N0 \ {Y}) ∪ S] \ T | (N0 \ {Y}) ∪ S,

• Necessity: Suppose there is some Y ∈ N0 such that T y Y | (N0 \{Y})∪S. By the precondition
that N0 ∪ S is an Mb of T, we have T y V \ (N0 ∪ S) \ T | [(N0 \ {Y}) ∪ S] ∪ {Y}. These two
relationships combined with the contraction property imply

Proof By the definition of MBS, N ∪ R and thus N0 ∪ R will never be an Mb of T for any N0 ⊆ N
and R ⫋ S, in view of the weak union property.

Lemma 4 Let T i be a subset of V with an Mb Mi for i = 1, 2, and S ⊆ V \ N \ T be an MBS of T
to N, with T = T 1 ∪ T 2 and N = (M1 ∪ M2 ) \ T. Assume N0 be a subset of N such that N0 ∪ S is
an Mb of T. Then N0 ∪ S is an MB of T if and only if T ̸y Y | (N0 \ {Y}) ∪ S holds for any Y ∈ N0 .
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decision can be correctly made with the significance level α (or equivalently, p(X; Y | Z) ⩽ α).
In many practical situations, however, n may be far smaller than the required number of sample
instances with the magnitude of at least O(r/ log2 r X,Y ), recalling that r is exponential with respect
to x, y, and z, especially when too many variables are involved. In this case, the statistical decision
made for the hypothesis will be wrong.
Taking the ALARM network presented in Figure 4 for example, we put
X1 = {X36 }, Y 1 = {X11 , X34 , X35 , X37 }, and Z 1 = {X4 , X14 , X15 , X16 , X18 , X21 , X22 , X31 };
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then we compute the p-value versus the number of instances from 1000 to 1,000,000. The results
are drawn in Figure 20 (averaged over 10 diﬀerent samples with the same size). Note that the
truth is X1 ̸y Y 1 | Z 1 since Y 1 is an Mb of X1 . By the figure, the CI test for the false hypothesis
“X1 y Y 1 | Z 1 ” is not correct unless at least nmin ≈ 4.31 × 105 sample instances are available. It is
mentioned that, in this example, r/ log2 r X1 ,Y 1 ≈ 2.42 × 105 .
In short words, the precondition, “when n is large enough”, for the theoretical assertion that “G2
is a reasonable statistic for CI testing” may be hard to be guaranteed in practice because the above
analysis and the numerical example indicate that a seemingly very large n may still not be “large
enough”. The problem is then how to improve on the G2 test.
Observe that, for the G2 test, the major reason for failing to make a correct statistical decision on
CI testing is that the theoretical value of r is far larger than its data-driven value, due to the null cells
frequently existing in the multi-contingency tables of X and Y given Z (e.g., Yaramakala, 2004, p.
34). In other words, the linear increase of n is hard to exponentially bring null cells into valid cells.
Hence, a feasible way of improving the log-likelihood ratio G2 test is to damp the increase of r such
that the unmatched behaviours of n and r can get alleviated to a certain degree. Mathematically,
we replace the theoretical value of r in p(X; Y | Z) with its a damped version, gn,κ (r), defined in
(6), where κ > 0 is a constant, based on which nκ measures the amount of valid cells that n sample
43
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from the ALARM network. The truth is X2 y Y 2 | Z 2 since Z 2 is an Mb of X2 . Now, use damped
G2 to test the true hypothesis “X2 y Y 2 | Z 2 ” by taking κ as 3, 4, · · · , 10, 20, 100, respectively. All

X2 = {X21 }, Y 2 = {X11 , X34 , X35 , X36 , X37 }, and Z 2 = {X15 , X19 , X20 , X22 , X29 }

For convenience, we call the resulted p-value, denoted by pg (X; Y | Z) instead of p(X; Y | Z), and
the resulted testing method to be the damped p-value and the damped log-likelihood ratio test (or
damped G2 test). Further, we use the negative damped p-value, f D(3) defined in (7), as the association
function. It is mentioned here that the damped G2 test approximately degenerates into the ordinary
G2 test when taking κ as a very small positive number.
The damped G2 test may be more suitable than the ordinary G2 test when too many variables
are involved in the conditional set. We implement this testing method (by taking κ as 2, 3, · · · , 10,
respectively) on the false hypothesis “X1 y Y 1 | Z 1 ”, and find that the correct decision “X1 ̸y
Y 1 | Z 1 ” is always made for κ ⩾ 3, even when the number of instances is smaller than 1000. For the
case of κ = 2, we present the results in the right subfigure of Figure 20, from which it is seen that,
for the damped G2 test, about 8000 sample instances are suﬃcient to make the correct decision.
Note also that the ordinary G2 test needs at least 4.31 × 105 instances.
However, the damped G2 test may also face a potential danger: it may excessively damp the
theoretical value of r if a too large κ is inappropriately used. Here, “excessively damping r” means
that a too large value of κ will lead to a too small gn,κ (r) such that the damped G2 test incorrectly
reject a true hypothesis “X y Y | Z”. To illustrate this explanation, we put

• For suﬃcient data, the damping function gn,κ (·) only plays a little role; while for insuﬃcient
data, it trades oﬀ the theoretical r and the supporting capacity of the data.

• gn,κ (r) is monotonically increasing versus r for given n, and limr→+∞ gn,κ (r) = nκ . This means
a larger r should correspond to a larger gn,κ (r), but not exceeding the supporting capacity of
the data.

• gn,κ (r) is monotonically increasing versus n for given r, and limn→+∞ gn,κ (r) = r. This means
more instances may generate more valid cells in the multi-contingency tables of X and Y
given Z, and all the theoretical degrees of freedom are valid when n is large enough.

instances can support. It is easily seen that gn,κ (·) possesses the following properties, which interpret
the reasonability of employing such a damping procedure in the G2 test:

Figure 21: Damped p-value versus the number of instances: κ is taken as 20 and 100, respectively.

Damped p-Value
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Log-Likelihood Ratio Test

4.26
4.28
4.30
Number of Instances (×105 )

Damped p-Value

Figure 20: p-value/damped p-value versus the number of instances, n: the left subfigure illustrates
why a very large n may still not be “large enough” for making a correct decision about
the false hypothesis “X1 y Y 1 | Z 1 ” based on the G2 test: at least 4.31 × 105 instances
are required; while the right illustrates why the damped G2 test is suitable for testing the
same false hypothesis: about 8000 instances are suﬃcient.
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For each algorithm, the G2 test and the damped G2 test are implemented for CI testing. Accordingly, the association functions, f D(1) and f D(3) defined by (5) and (7) are used. Figure 22 presents the
results of the Pigs network, in which the left two are based on the ordinary G2 test while the right
two are based on the damped G2 test. As seen, for the case of n = 500 the G2 test becomes invalid
when the target, T, contains 6 or more variables, and for the case of n = 5000 this method no longer
works when |T| = 8. In comparison, the damped G2 test is suitable for all cases. The results of the
other five BNs show similar conclusions.

To further illustrate why the damped G2 test is more suitable than the ordinary G2 when working
on a problem that involves too many variables, we make experiments on the six synthetical BNs
based on IAMB, KIAMB, MIAMB, and MKIAMB.

the decisions are correctly made. However, a too large κ may be more apt to yield a relatively small
damped p-value although it is still larger than α, as shown by Figure 21: 0.84 for the case of κ = 20
and only 0.27 for the case of κ = 100. Hence, to avoid the potential danger of excessively damping
r, we conservatively recommend to take κ from the interval [3, 10] in practice. In our benchmarking
study, we employ κ = 5, which is large enough for testing false hypotheses and small enough for
testing true hypotheses.

Figure 22: An illustration on why the damped G2 test is more suitable than the ordinary G2 test for
the problem that involves too many variables, by virtue of the Pigs BN: the G2 test no
longer works when there are too many variables are involved, while the damped G2 test
remains valid in all considered cases.

Average Weighted Accuracy

Average Weighted Accuracy

Average Weighted Accuracy

MMMB

MKIAMB

MIAMB

MBS

MbS

KS
LibSVM
Mb
MB

KIAMB
KIAMBS

IAMBS

IAMB

GS
HITON

FS
GLL

DAG
E-partition

BFMB
BN
CI
CMI
CT-support

46

JMLR 19(43):1-50, 2018

breadth first search of Markov boundary algorithm (Fu and Desmarais, 2007).
Bayesian network.
conditional independence.
conditional mutual information.
contingency table support: a set of items S has CT-support s at the t% level if at
least t% of the cells in the contingency table for S have value s (Silverstein et al.,
1998).
directed acyclic graph.
equivalent partition (Lemeire, 2007): a relation R ⊂ X⊗Y defines an E-partition in
Y dom to a partition of Xdom , if: (i) ¬(x2 Ry1 ) holds for any x1 , x2 ∈ Xdom belonging
to diﬀerent partitions and for any y1 ∈ Y dom with x1 Ry1 ; and (ii) for every X(k)
dom ,
there exist x1 ∈ X(k)
and
y
∈
Y
such
that
x
Ry
.
1
dom
1
1
dom
feature selection.
generalized local learning: an algorithmic framework for local causal discovery
and FS proposed by Aliferis et al. (2010a).
grow-shrink algorithm (Margaritis and Thrun, 1999, 2000).
an MB discovery algorithm, pronounced hee-tón, from the Greek Xιτών, for
“cover”, “cloak”, or “blanket” (Aliferis et al., 2003).
incremental association Markov boundary algorithm (Tsamardinos et al., 2003);
see Algorithm 3 for details.
an IAMB-based Markov boundary supplementary algorithm, outputting an MB for
multiple targets (Algorithm 1).
a stochastic variant of IAMB (Peña et al., 2007); see Algorithm 3 for details.
an KIAMB-based Markov boundary supplementary algorithm, outputting an MB
for multiple targets (Algorithm 1).
Koller-Sahami algorithm (Koller and Sahami, 1996).
a library for support vector machines contributed by Chang and Lin (2011).
Markov blanket: we call M an Mb of T if T y V \ M \ T | M (Definition 1).
Markov boundary: an MB of T is any Mb such that none of its proper subsets is
an Mb of T (Definition 1).
Markov blanket supplementary: we call S an MbS of T to N, if N ∪ S is an Mb of
T (Definition 3).
Markov boundary supplementary: an MBS is any MbS such that none of its proper
subsets is an MbS (Definition 3).
an IAMB and IAMBS-based algorithm, outputting an MB for multiple targets (see
Algorithm 2 for details).
an KIAMB and KIAMBS-based algorithm, outputting an MB for multiple targets
(Algorithm 2).
max-min Markov boundary algorithm (Tsamardinos et al., 2006).

Appendix D. Used Acronyms

Liu and Liu

PCMB
RF
RT
SVM
T-partition

WA
WP
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The first and second lines are standard calculus rules for KMEs when applied with two
probability measures D and T . We extend them to distributions. The third line however is
specific to distributions. It uses the distributional derivative (‘∂’) which extends the usual
derivative of functions to signed measures and distributions. For a quick introduction to
Schwartz distributions and their derivatives see Appendix B.
The structure of this paper roughly follows this exposition. After fixing our notations,
Section 2 introduces KMEs of measures and distributions. In Section 3 we define the concepts of universal, characteristic and s.p.d. kernels and prove their equivalence. Section 4
compares convergence in MMD with other modes of convergence for measures and distributions. Section 5 focuses specifically on KMEs of Schwartz-distributions, and Section 6
gives a brief overview of the related work and concludes.

Z


Z
k(., x) dD(x) = hf , k(., x)ik dD(x)
(Definition of KME)

Z k
Z
(Fubini)
k(., y) dD(y) , k(., x) dT (x) = k(x, y) dD(y) dT̄ (x)
k
Z
Z
k(., x) d(∂ p S)(x) = (−1)|p| ∂ (0,p) k(., x) dS(x).
(Differentiation)
f,
Z



2015). While KMEs have already been extended to embed not only probability measures,
but also signed finite measures, a first contribution of this paper is to show that they can
be extended even further to embed generalized measures called Schwartz-distributions. For
an introduction to Schwartz-distributions—which we will now simply call a distribution, as
opposed to a (signed) measure—see Appendix B. Furthermore, we show that for smooth and
translation-invariant kernels, if the KME is injective over the set of probability measures,
then it remains injective when extended to some Schwartz-distribution sets.
Our second contribution concerns the notions of universal, characteristic and strictly
positive definite (s.p.d.) kernels. They are of prime importance to guarantee the consistency of many regression-type or MMD-based algorithms (Steinwart, 2001; Steinwart and
Christmann, 2008). While these notions were originally introduced in very different contexts, they were shown to be connected in many ways which were eventually summarized in
Figure 1 of Sriperumbudur et al. (2011). But by handling separately all the many variants
of universal, characteristic and s.p.d. kernels that had been introduced, this figure—and
the general machine learning literature—somehow missed the underlying very general duality principle that connects these notions. By giving a unified definition of these three
concepts, we will make their link explicit, easy to remember, and immediate to generalize
to Schwartz-distributions and other spaces.
Our third contribution concerns the MMD semi-metric. Through a series of articles,
Sriperumbudur et al. (2010b; 2016) gave various sufficient conditions for a kernel to metrize
the weak-convergence of probability measures, which means that a sequence of probability
measures converges in MMD distance if and only if (iff) it converges weakly. Here, we
generalize these results and give the first complete characterization of the kernels that
metrize weak convergence when the underlying space X is locally compact.
Finally, we develop a few calculus rules to work with KMEs of Schwartz distributions.
In particular, we prove the following formulae:

Simon-Gabriel and Schölkopf

During the past decades, kernel methods have risen to a major tool across various areas
of machine learning. They were originally introduced via the “kernel trick” to generalize
linear regression and classification tasks by effectively transforming the optimization over
a set of linear functions into an optimization over a so-called reproducing kernel Hilbert
space (RKHS) Hk , which is entirely defined by the kernel k. This lead to kernel (ridge)
regression, kernel SVM and many other now standard algorithms. Besides these regressiontype algorithms, another major family of kernel methods rely on kernel mean embeddings
(KMEs). A KME is aR mapping Φk that maps probability measures to functions in an RKHS
via Φk : P 7−→ X k(., x) dP (x) . The RKHS-distance between two mapped measures
defines a semi-distance over the set of probability measures, known as the Maximum Mean
Discrepancy (MMD). It has numerous applications, ranging from homogeneity (Gretton
et al., 2007), distribution comparison (Gretton et al., 2007, 2012) and (conditional) independence tests (Gretton et al., 2005, 2008; Fukumizu et al., 2008; Gretton and Györfi, 2010;
Lopez-Paz et al., 2013) to generative adversarial networks (Dziugaite et al., 2015; Li et al.,

1. Introduction

Kernel mean embeddings have become a popular tool in machine learning. They map
probability measures to functions in a reproducing kernel Hilbert space. The distance
between two mapped measures defines a semi-distance over the probability measures known
as the maximum mean discrepancy (MMD). Its properties depend on the underlying kernel
and have been linked to three fundamental concepts of the kernel literature: universal,
characteristic and strictly positive definite kernels.
The contributions of this paper are three-fold. First, by slightly extending the usual
definitions of universal, characteristic and strictly positive definite kernels, we show that
these three concepts are essentially equivalent. Second, we give the first complete characterization of those kernels whose associated MMD-distance metrizes the weak convergence of
probability measures. Third, we show that kernel mean embeddings can be extended from
probability measures to generalized measures called Schwartz-distributions and analyze a
few properties of these distribution embeddings.
Keywords: kernel mean embedding, universal kernel, characteristic kernel, Schwartzdistributions, kernel metrics on distributions, metrisation of the weak topology
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Kernel Distribution Embeddings

1.1. Definitions and Notations

|p|

Let N, R and C be the sets of non-negative integers, of reals and of complex numbers. The
input set X of all considered kernels and functions will be locally compact and Hausdorff.
This includes any Euclidian spaces or smooth manifolds, but no infinite-dimensional Banachspace. Whenever referring to differentiable functions or to distributions of order ≥ 1, we
will implicitly assume that X is an open subset of Rd for some d > 0.
A kernel k : X × X −→ C is a positive definite function, meaning that for all
P
n
n ∈ N\{0}, all λ1 , . . . , λn ∈ C, and all x1 , x2 , . . . xn ∈ X,
i,j=1 λi k(xi , xj )λj ≥ 0. For
Pd
p
p = (p1 , p2 , . . . , pd ) ∈ Nd and f : X −→ C , we define |p| :=
i=1 pi and ∂ f :=

and

kDkk := kΦk (D)kk .

∂ f
∂ p1 x1 ∂ p2 x2 ···∂ pd xd . For m ∈ N ∪ {∞}, we say that f (resp. k) is m-times (resp. (m, m)times) continuously differentiable and write f ∈ Cm (resp. k ∈ C(m,m) ), if for any p with
|p| = m, ∂ p f (resp. ∂ (p,p) k) exists and is continuous. Cbm (resp. C0m , Ccm ) is the subsets of
Cm for which ∂ p f is bounded (resp. converges to 0 at infinity, resp. has compact support)
whenever |p| ≤ m. Whenever m = 0, we may drop the superscript m. By default, we equip
C∗m (∗ ∈ {∅, b, 0, c}) with their natural topologies (see Introduction of Simon-Gabriel and
(m,m)
Schölkopf 2016 or Treves 1967). We write k ∈ C0
whenever k is bounded, (m, m)-times
continuously differentiable and for all |p| ≤ m and x ∈ X, ∂ (p,p) k(., x) ∈ C0 .
We call space of functions and denote by F any locally convex (loc. cv.) topological
vector space (TVS) of functions (see Appendix C and Treves 1967). Loc. cv. TVSs include
all Banach- or Fréchet-spaces and all function spaces defined in this paper.
The dual F0 of a space of functions F is the space of continuous linear forms over F.
We denote Mδ , Em , DLm1 and D m the duals of CX , Cm , C0m and Ccm respectively. By
R
identifying each signed measure µ with a linear functional of the form f 7−→
f dµ ,
the Riesz-Markov-Kakutani representation theorem (see Appendix C) identifies D 0 (resp.
DL01 , E0 and Mδ ) with the set Mr (resp. Mf , Mc , Mδ ) of signed regular Borel measures
(resp. with finite total variation, with compact support, with finite support). By definition, D ∞ is the set of all Schwartz-distributions, but all duals defined above can be seen as
subsets of D ∞ and are therefore sets of Schwartz-distributions. Any element µ of Mr will
be called a measure, any element of D ∞ a distribution. See Appendix B for a brief introduction Rto distributions and their connection to measures. We extend
the usual notation
R
µ(f ) := f (x) dµ(x) for measures µ to distributions D: D(f ) =: f (x) dD(x). Given a
KME Φk and two embeddable distributions D, T (see Definition 1), we define

hD , T ik := hΦk (D) , Φk (T )ik

where h. , .ik is the inner product of the RKHS Hk of k. To avoid introducing a new
name, we call kDkk the maximum mean discrepancy (MMD) of D, even though the term
“discrepancy” usually specifically designates a distance between two distributions rather
than the norm of a single one. Given two topological sets S1 , S2 , we write

Simon-Gabriel and Schölkopf

2. Kernel Mean Embeddings of Distributions

In this section, we show Rhow to embed general distribution spaces into an RKHS. To do so,
we redefine the integral k(., x) dµ(x) so as to be well-defined even if µ is a distribution. It
is often defined as a Bochner-integral; here we instead use the weak - (or Pettis-) integral:

f,

k

Definition 1 (Weak Integral and KME) Let D be a linear form over a space of functions F. Let ϕ
~ : X −→ Hk be an RKHS-valued function such that for any f ∈ Hk ,
x 7−→ hf , ϕ
~ (x)ik ∈ F. Then ϕ
~ : X −→ H
R k is weakly integrable with respect to
(w.r.t.) D if there exists a function in Hk , written ϕ
~ (x) dD(x), such that
 Z

Z
ϕ
~ (x) dD(x) = hf , ϕ
~ (x)ik dD̄(x) ,
(1)
∀f ∈ Hk ,

where the right-hand-side stands for D̄ (x 7→ hf , ϕ
R~ (x)ik ) and D̄ denotes the complexconjugate of D. If ϕ
~ (x) = k(., x), we call
k(., x) dD(x) the kernel mean embedding (KME) Rof D and say that D embeds into Hk . We denote Φϕ~ the map
Φϕ~ : D 7−→
ϕ
~ (x) dD(x) .

∀f ∈ Hk ,

k

This definition extends the usual Bochner-integral: if ϕ
~ is Bochner-integrable w.r.t. a measure µ ∈ Mr , then ϕ
~ is weakly integrable w.r.t. µ and the integrals coincide (Schwabik,
2005, Prop. 2.3.1). In particular, if x 7−→ k~
ϕ(x)kk is Lebesgue-integrable, then ϕ
~ is
Bochner integrable, thus weakly integrable.
The general definition with ϕ
~ instead of k(., x) will be useful in Section 5. But for now,
let us concentrate on KMEs where ϕ
~ (x) = k(., x). Kernels satisfy the so-called reproducing
property: for any f ∈ Hk , f (x) = hf , k(., x)ik . Therefore, the condition for all f ∈ Hk
x 7−→ hf , ϕ
~ (x)ik ∈ F reduces to Hk ⊂ F, and Equation (1) reads:
 Z

(2)
f,
k(., x) dD(x) = D̄(f ) .



D

7−→

Conjugate restriction

D̄

Hk

7−→

Riesz representer

R

k(., x) dD(x)

Thus, by the Riesz representation theorem (see Appendix C), D embeds
into Hk iff it
R
defines a continuous linear form over Hk . And in that case, its KME k(., x) dD(x) is the
Riesz-representer of D̄ restricted to Hk . Thus, for an embeddable space of distributions D,
the embedding Φk can be decomposed as follows:

−→
Hk0
−→
Hk
 D
.
(3)
Φk :

To know if D is continuous over Hk , we use the following lemma, and its applications.

Lemma 2 If Hk ,→ F, then F0 embeds into Hk .

Proof Suppose that Hk ,→ F. Let D ∈ F0 and let f, f1 , f2 , . . . ∈ Hk . If fn → f in Hk
then fn → f in F, thus D(fn ) → D(f ). Thus D is a continuous linear form over Hk .

JMLR 19(44):1-29, 2018

S1 ,→ S2

4

In practice we typically use one of the following two corollaries (proofs in Appendices A.1
and A.2). The space ( Cb )c that they mention will be introduced in the discussions following
Theorem 6. It has the same elements as Cb , but carries a weaker topology.
JMLR 19(44):1-29, 2018

and say that S1 is continuously contained in S2 if S1 ⊂ S2 and if the topology of S1 is
stronger than the topology induced by S2 . For a general introduction to topology, TVSs
and distributions, we recommend Treves (1967).
3

then Hk ,→

Cbm ,

thus Hk ,→

( Cbm )c ,

thus
L1

Dm
embeds into Hk .

.

R

i=1

n
X

λi δxi ∈ Mδ :

kµk2k =
i,j=1

n
X

λi k(xi , xj )λ̄j = 0

⇒

λ1 = . . . = λn = 0 .

i

i,j=1

⇒

µ=0.
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5

A universal kernel over Cm (resp. C0m ) will be said cm - (resp. cm
0 -) universal (without the
superscript when m = 0). A characteristic kernel to the set P of probability measures will
simply be called characteristic.

. universal over F if Hk is dense in F.
. characteristic to D if the KME Φk is injective over D.
. strictly positive definite (s.p.d.) over D if: ∀D ∈ D, kΦk (D)k2k = 0 ⇒ D = 0.

In general, instead of writing kΦk (D)kk and hΦk (D) , Φk (T )ik , we will write kDkk and
hD , T ik . These definitions encompass the usual s.p.d. definitions. Denoting δx the Dirac
measure concentrated on x, what is usually called

Proof Equivalence of (ii) & (iii): Saying that kΦk (D)kk = 0 is equivalent to saying
Φk (D) = 0. Thus Φk is s.p.d. over F0 iff the Ker(Φk ) (meaning the vector space that is
mapped to 0 via Φk ) is reduced to {0}, which happens iff Φk is injective over F0 .
Equivalence of (i) & (ii): Φk is the conjugate restriction operator |Hk : D 7−→ D̄|Hk
composed with the Riesz representer mapping (Diagram Eq.3). The Riesz representer
map is injective, so Φk is injective iff |Hk is injective. Now, if Hk is dense in F, then,
by continuity, any D ∈ F0 is uniquely defined by its values taken on Hk . Thus |Hk is
injective. Reciprocally, if Hk is not dense in F, then, by the Hahn-Banach theorem (Treves,
1967, Thm.18.1, Cor.3), there exists two different elements in F0 that coincide on Hk but
not on the entire space F. So |Hk is not injective. Thus |Hk is injective iff Hk is dense in F.

(i) k is universal over F.
(ii) k is characteristic to F0 .
(iii) k is strictly positive definite over F0 .

Theorem 6 If Hk ,→ F, then the following statements are equivalent.

Let us now state the general link between universal, characteristic and s.p.d. kernels, which
is the key that underlies Figure 1 of Sriperumbudur et al. (2011).

s.p.d. corresponds to D = Mf , i.e.:
ZZ
∀µ ∈ Mf : kµk2k =
k(x, y) dµ(x) dµ̄(y) = 0

i=1

. conditionally s.p.d. corresponds to D = Mδ0 where Mδ0 := {µ ∈ Mδ : µ(X) = 0}, i.e.:

Xn
n
λi δxi ∈ Mδ 
∀µ =
X
i=1
: kµk2k =
λi k(xi , xj )λ̄j = 0 ⇒ λ1 = . . . = λn = 0 .
Xn

λ =0
s.t.

∀µ =

. s.p.d. corresponds to D = Mδ , i.e.:
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To apply this theorem it suffices to find so-called duality pairs (F, F0 ) such that Hk ,→ F.
Table 1 lists several such pairs. It shows in particular the well-known equivalence between
c- (resp. c0 -) universal kernels and characteristic kernels to Mc (resp. Mf ) (Sriperumbudur
et al., 2008). But we now discover that s.p.d. kernels over Mδ can also be characterized in
terms of universality over CX , because (CX )0 = Mδ (Duc-Jacquet, 1973, p.II.35). And we
directly get the generalization to distributions and cm
∗ -universality.
However, Theorem 6 leaves open the important case where k is characteristic (to P). Of
course, as P is contained in Mf , it shows that a c0 -universal kernel must be characteristic.
But to really characterize characteristic kernels in terms of universality, we would need to
find a predual of P, meaning a space F such that F0 = P. This is hardly possible, as P is
not even a vector space. However, we will see in Theorem 8 that k is characteristic iff k is

Definition 5 Let k be a kernel, F be a space of functions such that Hk ⊂ F, and D be an
embeddable subset of F0 (e.g. an embeddable set of distributions). We say that k is

The literature distinguishes various variants of universal, characteristic and s.p.d. Rkernels,
such as c-, cc− or c0 -universal kernels, s.p.d. and integrally strictly positive definite ( s.p.d.)
kernels. They are all special cases of the following unifying definitions.

3. Universal, Characteristic and S.P.D. Kernels

Corollary 3 applied to Cb shows that Hk is (continuously) contained in Cb iff k is bounded
and separately continuous. As discovered by Lehtö (1952), there also exist kernels which are
not continuous but whose RKHS Hk is contained in Cb . So the conditions in Corollary 4 are
sufficient, but in general not necessary. Concerning Lemma 2, note that it not only requires
Hk ⊂ F, but also that Hk carries a stronger topology than F. Otherwise there might exist
a continuous form over F that is defined but non-continuous over Hk . However, Corollary 3
shows that this cannot happen for C∗ , because if Hk ⊂ C∗ then Hk ,→ C∗ . Although this
also holds for m = ∞ (Simon-Gabriel and Schölkopf, 2016, Prop.4 & Comments), we do
not know whether it extends to any m > 0.

If k ∈

(m,m)
Cb
,

Corollary 4 (Embedding of Distributions)
If k ∈ C(m,m) , then Hk ,→ Cm , thus Em embeds into Hk .
(m,m)
, then Hk ,→ C0m , thus DLm1 embeds into Hk .
If k ∈ C0

If so, then Hk ,→ C0 (resp. Hk ,→ Cb , thus Hk ,→ ( Cb )c , resp. Hk ,→ C) and Mf (resp.
Mf , resp. Mc ) embeds into Hk .

(i) For all x ∈ X, k(., x) ∈ C0 (resp. k(., x) ∈ Cb , resp. k(., x) ∈ C).
(ii) x −
7 → k(x, x) is bounded (resp. bounded, resp. locally bounded, meaning that, for
each y ∈ X, there exists a (compact) neighborhood of y on which x 7−→ k(x, x) is
bounded.).

Corollary 3 (Embedding of Measures) Hk ⊂ C0 (resp. Hk ⊂ Cb , resp. Hk ⊂ C) iff
the two following conditions hold.
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CX

F

Mc

Mδ0

Mδ

F0

Mf

Mc

Mδ0

Mδ

F0

c0 -universal
R

c-universal (or cc-universal)

conditionally s.p.d.

s.p.d.

/

Name

Thm. 6

Prop. 7

Thm. 6

Thm. 6

Proof

Universal Characteristic S.P.D.

C

CX /1

Mf
Mf
Mf0
cm -universal

characteristic

spd

Thm. 6

Thm. 6

Prop. 7

Thm. 6

Thm. 6

C0
Mf
Em
c0m -universal
Thm. 6

P (or
Em
DLm1
/

1

( Cb )c
Cm
DLm1
DLm1

Mf0 )

C0m
DLm1

(( Cb )c )/

( Cbm )c

Table 1: Equivalence between the notions of universal, characteristic and s.p.d. kernels.
characteristic to the vector space M0 := {µ ∈ M : µ(X) = 0}. So if we find a predual of
f
f
Mf0 , then we get an analog of Theorem 6 applied to P. Let us do so now.
R
As Mf0 is the hyperplane of Mf that is given by the equation 1 dµ = 0, our idea is
to take a predual F of Mf and consider the quotient F/1 of F divided by the constant
function 1. Proposition 35.5 of Treves (1967) would then show that (F/1)0 = Mf0 . But if
we take the usual predual of Mf , F = C0 , then 1 6∈ F, so the quotient F/1 is undefined.
However, preduals are not unique, so let us try with another space F that contains 1, for
example F = Cb . This time 1 ∈ F, but now the problem is that F0 is in general strictly
bigger than Mf (Fremlin et al., 1972, Sec. 2, §2) whereas we want F0 = Mf . The trick now
is to keep Cb , but equip it with a weaker topology than the usual one, so that F0 becomes
smaller. Intuitively, the reason for this decrease of F0 is that, by weakening the topology of
F, we let more sequences converge in F. This makes it more difficult for a functional over
F to be continuous, because for any converging sequence in F, its images need to converge.
Thus some of the linear functionals that were continuous for the original topology of F get
“kicked out” of F0 when F carries a weaker topology. Now the only remaining step is to
find a topology such that F0 shrinks exactly to Mf . There are at least two such topologies:
one defined by Schwartz (1954, p.100-101) and another, called the strict topology, whose
definition can be found in Fremlin et al. (1972). Denoting τc either of these topologies, and
( Cb )c the space Cb equipped with τc , we finally get (( Cb )c )0 = Mf , and thus:
Proposition 7 (( Cb )c /1)0 = Mf0 . Thus, if Hk ,→ ( Cb )c , then k is characteristic to P iff k
is universal over the quotient space (( Cb )c /1).
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Proof That (( Cb )c )0 = Mf is proven in Fremlin et al. (1972, Thm. 1) or Schwartz (1954,
p.100-101). Proposition 35.5 of Treves (1967) then implies (( Cb )c /1)0 = Mf0 (because Mf0
7
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is the so-called polar set of 1; see Treves 1967). Theorem 6 implies the rest.

For our purposes, the exact definition of τc does not matter. What matters more is that τc is
weaker than the usual topology of Cb , so that if Hk ,→ Cb , then Hk ,→ ( Cb )c . Proposition 7
thus applies every time that Hk ⊂ Cb (see Corollaries 3 and 4). However, we do not know of
any practical application of Proposition 7, except that it completes our overall picture of the
equivalences between universal, characteristic and s.p.d. kernels. Let us also mention that,
similarly to Proposition 7, as (CX )0 = Mδ , we also have (CX /1)0 = Mδ0 . So conditionnally
s.p.d. kernels (meaning s.p.d. over Mδ0 ) are universal to CX /1.
We now prove what we announced and used earlier: a kernel is characteristic to P iff
it is characteristic to Mf0 . We add a few other characterisations which are probably more
useful in practice. They rely on the following observation: as Mf0 is a hyperplane of Mf ,
saying that Rk is characteristic to P is almost the same than saying that it is characteristic
to Mf , i.e. s.p.d. (Thm. 6): after all, there is only one dimension needed to go from Mf0
R
to Mf . Thus there should be a way to construct an s.p.d. kernel out of any characteristic
kernel. This is what is described here and proven in Appendix A.3.

k0 is characteristic to P.
k0 is characteristic to M0 .
f
R
2
There exists  ∈ R such that the kernel k(x, y) := k0 (x, y)
R +  is s.p.d..
For all  ∈ R\{0}, the kernel k(x, y) := k0 (x, y) + 2 is s.p.d..
There exists an RKHS Hk with kernel k and a measure ν0 ∈ Mf \Mf0 such that k is
characteristic to Mf and k0 (x, y) = hδx − ν0 , δy − ν0 ik .

Theorem 8 (Characteristic Kernels) Let k0 be a kernel. The following is equivalent.
(i)
(ii)
(iii)
(iv)
(v)

Under these conditions, k0 and k induce the same MMD semi-metric in Mf0 and in P.

We will use this theorem to prove Theorem 12. Intuitively, a characteristic kernel
guarantees that any two different signed measures µ1 , µ2 with same total mass get mapped
to two different functions in the RKHS. This is captured by (ii) which arbitrarily focuses on
the special case where the total mass is 0. When they have different total masses however,
they may still get mapped to a same function f , except if, like in (iii) and (iv), we add
a positive constant to the kernel. In that case, µ1 and µ2 get mapped to the functions
f + µ1 (X)1 and f + µ2 (X)1 which are now different, because µ1 (X) 6= µ2 (X). Intuively,
by adding a positive constant to our kernel, we added one dimension to the RKHS (carried
by the function 1) that explicitly
‘checks’ if two measures have the same mass. Finally, (v)
R
tellsRus that, out of any s.p.d. kernel k, we can construct a characteristic kernel k0 that is
not s.p.d. anymore and vice-versa.

4. Topology Induced by k

JMLR 19(44):1-29, 2018

Remember that for any distribution D of a set of embeddable distributions D we defined
kDkk := kΦk (D)kk and called kDkk the Maximum Mean Discrepancy (MMD) of D. Doing
this defines a new topology on D, in which a net Dα converges to D iff kDα − Dkk converges
to 0. (A reader unfamiliar with nets may think of them as sequences where the index α

8

|Dα (f ) − D(f )| −→ 0

∀f ∈ Hk

kDα − Dkk −→ 0
Dα embeddable

Dα embeddable

Dα ∈ F 0
Dα ∈ F 0
µα ∈ Mf
(4)

k.k

w∗

w−k

w−k

k.k
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4.2. When Does k Metrize the Topology of F0 ?
So far we focused on the question: when does convergence in D imply convergence in MMD.
We now seek the opposite: when does MMD-convergence imply convergence in D?
First, the kernel must be characteristic to D. Otherwise, the MMD does not define a
distance but only a semi-distance, so that the induced topology would not be Hausdorff.
Second, we will suppose that F is barreled. This is a technical, yet very general assumption

= [µ̄α ⊗ µα ](k) − [µ̄ ⊗ µα ](k) − [µ̄α ⊗ µ](k) + [µ̄ ⊗ µ](k) −→ 0 .

σ

so k is continuous. Conversely, suppose that k is continuous, and let µα → µ in M+ . The
tensor-product mapping M+ (X) −→ M+ (X × X) is weakly continuous (Berg et al.,
µ
7−→ µ ⊗ µ
1984, Chap.2, Thm.3.3). So by applying µ̄α ⊗ µα to a bounded continuous kernel k, we get
ZZ
kΦk (µα ) − Φk (µ)k2k =
k(x, y) d(µα − µ)(y) d(µ̄α − µ̄)(x)

k(x, y) = hΦk (δy ) , Φk (δx )ik → hΦk (δy0 ) , Φk (δx0 )ik = k(x0 , y0 ) ,

Proof We assume k bounded to ensure that any probability measure is embeddable. Now,
suppose that weak convergence implies MMD convergence and take x, y, x0 , y0 ∈ X such
σ
σ
that x → x0 and y → y0 . Then δx → δx0 and δy → δy0 , so Φk (δx ) → Φk (δx0 ) and
Φk (δy ) → Φk (δy0 ) in Hk . And by continuity of the inner product:

k
Lemma 10 A bounded kernel k is continuous iff: ∀ µα , µ ∈ M+ , µα −→ µ =⇒ µα −→
µ.

σ

Let us briefly comment on this result. The statement Dα −→ D ⇒ Dα −→ D is actually
obvious, because Hk ⊂ F. Concerning strong convergence, Proposition 9 implies that,
if F is a Banach space, then any net that converges for the dual norm k·kF0 converges in
MMD. Applying this with F = C0 and F0 = Mf shows that convergence in TV norm implies
convergence in MMD, or equivalently, that the TV norm is stronger than the MMD. Similar
reasoning can be used to show that the MMD is weaker than the so-called Kantorovich(Wasserstein) and the Dudley norms (see Example 1 in Simon-Gabriel and Schölkopf 2016).
These results can also be found in Sriperumbudur et al. (2010b). However, the authors
there directly bounded the MMD semi-norm by the target norm. This has the advantage
of giving concrete bounds, but is more difficult to generalize if F is not a Banach space.
Though very general, Proposition 9 is pretty weak, as it only compares a strong with a
strong and a weak-∗ with a weak(-∗) topology. But how does the weak-∗ topology on F0
compare with the strong topology of Hk : does weak-∗ convergence imply convergence in
MMD? This question is discussed in details in Simon-Gabriel and Schölkopf (2016, Sec.7).
The short answer is: not always, but sometimes; it depends on the space F0 . For example,
if k ∈ C(m,m) , then weak-∗ convergence in Em implies convergence in MMD; but weak-∗
convergence in DLm1 usually does not imply MMD convergence when X is non-compact.
For us, the only thing we will need later is to know what happens on M+ , the set of finite
positive measures. The following lemma shows that weak convergence in M+ usually implies
MMD convergence.

w∗

Simon-Gabriel and Schölkopf

Proof Proposition 9 states that the KME is continuous when both F0 and Hk carry their
strong or their weak-∗ topology, which we now show. From Diagram Eq.(3), we know that
the KME is the composition of the conjugate restriction operator with the Riesz representer
map. The Riesz representer map is a topological (anti-)isomorphism between Hk0 and Hk ,
thus continuous (see Appendix C). And the restriction map is the adjoint (or transpose) of
the canonical embedding map ı : Hk −→ F , thus continuous when both F0 and Hk0
f 7−→ f
carry their weak-∗ or strong topologies (Treves, 1967, Prop.19.5 & Corollary).

k
Proposition 9 If Hk ,→ F, then Dα −→ D ⇒ Dα −→
D and Dα −→ D ⇒ Dα −→ D.

b

In this section, we show that the MMD topology is often weaker than other topologies τ
defined on D, meaning that if Dα converges to D in τ , then it also converges to D in MMD.
Note that this is equivalent to saying that the KME of Dτ (read ’D equipped with τ ’) is
continuous. We start with the following pretty coarse, yet very general result.

4.1. Embeddings of Dual Spaces are Continuous

k
Dα −→
D :=

k.k

Dα −→ D :=

w−k

Dα −→ D := supf ∈B |Dα (f ) − D(f )| −→ 0 ∀ bounded B ⊂ F
w∗
Dα −→ D :=
|Dα (f ) − D(f )| −→ 0
∀f ∈ F
σ
µα −→ µ :=
|µα (f ) − µ(f )| −→ 0
∀f ∈ Cb

b

can be continuous; see Berg et al. 1984.) In this section, we investigate how convergence in
MMD compares with other types of convergences defined on D that we now shortly present.
We defined D as a subset of a dual space F0 , so D will carry the topology induced
by F0 . Many topologies can be defined on dual spaces, but the two most prominent ones,
which we will consider here, are the weak-∗ and the strong topology, denoted w(F0 , F) and
b(F0 , F) respectively, or simply w∗ and b. The weak-∗ topology is the topology of pointwise
convergence (where by ‘point’, we mean a function in F), while the strong topology corresponds to the uniform convergence over the bounded subsets of F (see Eq. 4). Bounded
sets of a TVS are defined in Appendix C (Definition 24). By default, we equip F0 with the
strong topology and sometimes write Fb0 to emphasize it. When F is a Banach space, the
strong topology of F0 is the topology of the operator norm kDkF0 := supkf kF ≤1 |D(f )|. In
particular, strong convergence in Mf = ( C0 )0 means convergence in total variation (TV)
norm and weak-∗ convergence in Mf means convergence for any function f ∈ C0 . On Mf ,
we will also consider the topology of pointwise convergence over Cb (instead of C0 ). It is
widely used in probability theory where it is known as the weak (or narrow) convergence
topology. We will denote it by σ. Importantly, the weak and weak-∗ topologies of Mf
coincide on P (but not on Mf ) (Berg et al., 1984, Chap. 2, Cor. 4.3). Finally, we define the
weak RKHS convergence of embeddable distributions, denoted by w −k, as the pointwise
convergence over Hk . Note that Dα converges in w−k to D iff their embeddings converge
weakly (or equivalently weakly-∗) in Hk , in the sense that, for any f ∈ Hk , hf , Φk (Dα )ik
converges to hf , Φk (D)ik . The following summarizes the different convergence types.

Kernel Distribution Embeddings

Kernel Distribution Embeddings

that we use in the next theorem. The definition of a barreled space is given in Appendix C
for completeness, but all that the reader should remember is that all Banach, Fréchet,
Limit-Fréchet and all function spaces defined in this paper are barreled,1 except ( Cbm )c .
w−k

w∗

k.k

w∗

Lemma 11 Suppose that F is barreled, k is universal over F, Hk ,→ F and let (Dα )α be
k
D ⇒ Dα −→ D.
a bounded net in Fb0 . Then Dα −→ D iff Dα −→ D. Hence Dα −→

Proof Proposition 32.5 of Treves (1967) shows that the weak topologies of F0 and of
Hk0 coincide on so-called equicontinuous sets of F0 , and the Banach-Steinhaus theorem
(see Appendix C) states that if F is barreled, then the equicontinuous sets of F0 are
exactly its bounded sets. This precisely means that if the net Dα is bounded in F0 , then
Dα (f ) → D(f ) for all f ∈ F iff it converges for all f ∈ Hk . Now, if kDα − Dkk → 0, then,
by continuity of the inner product, Dα (f ) − D(f ) = hf , Dα − Dik → 0 for any f ∈ Hk .
Lemma 11 says that the weak-∗ topologies of F0 and of Hk coincide on subsets of F0
that are bounded in the strong topology. But from the Banach-Steinhaus theorem (see
App. C) we know that on barreled spaces it is equivalent to be bounded in strong or in
weak topology. Hence the net Dα of Lemma 11 is bounded iff supα |Dα (f )| < ∞ for all
f ∈ F. Nevertheless, it is not enough in general to show that supα kDα kk < ∞. A bounded
set in Mf is also a set whose measures have uniformly bounded total variation. The total
variation of any probability measure being 1, P is bounded. So Lemma 11 shows that
for continuous c0 -universal kernels, convergence of probability measures in MMD distance
implies weak-∗ convergence, which on P is the same as weak-convergence. But by Lemma 10
the reverse is true as well. Thus, for a continuous c0 -universal kernel k, probability measures
converge weakly iff they converge in MMD distance. Such kernels are said to metrize the
weak convergence on P.
However, the condition that k be c0 -universal seems slightly too restrictive. Indeed, it
is needed in Lemma 11 to ensure that the KME be characteristic to Mf (by Thm. 6 applied
to F = C0 ) so that the MMD be a metric over Mf (not only a semi-metric). But, to be
a metric over P, it would suffice that k be characteristic to P, which is a slightly coarser
assumption than c0 -universality. Is this condition enough to guarantee the metrization of
weak-convergence in P? The following theorem shows that it is.
Theorem 12 A bounded kernel over a locally compact Hausdorff space X metrizes the
weak convergence of probability measures iff it is continuous and characteristic (to P).
Proof [Theorem 12] If k metrizes the weak convergence over P, then, by Lemma 10, k is
continuous, and, for k.kk to be a norm, k needs to be characteristic. Conversely, if k is continuous, then by Lemma 10 weak convergence implies convergence in MMD. So it remains
to show that MMD convergence implies weak
convergence. To do so, we use Lemma 20
R
of the appendix, which states that for an s.p.d. kernel, MMD convergence
of probability
R
measures implies their weak convergence. Now k might not be s.p.d., but using Theorem 8(iv), we can transform it to a kernel k1 := k + 1 which induces the same MMD metric

JMLR 19(44):1-29, 2018

Q
1. CX is barreled, because it is a topological product X C of barreled spaces. All other mentioned spaces
are either Banach, Fréchet or Limit-Fréchet spaces, thus barreled (Treves, 1967, Prop. 33.2 & Cor.1-3).
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s.p.d. This concludes.
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over probability measures than k, but which is

To the best of our knowledge, this is the first characterization of the class of kernels that
metrize the weak-convergence of probability measures. For example Gaussian, Laplace,
inverse-multiquadratic or Matérn kernels are continuous and characteristic, so they all
metrize the weak convergence over P. In general however, even if a kernel metrizes the
weak convergence over P, it usually does not metrize weak convergence over M+ or Mf
(see Simon-Gabriel and Schölkopf 2016).

5. Kernel Mean Embeddings of Schwartz-Distributions

hD , T ik =
kDkk2 =

ZZ

ZZ

k(x, y) dD(y) dT̄ (x) =

k(x, y) dD(y) dD̄(x) =

ZZ

ZZ

k(x, y) dT̄ (x) dD(y)

R

k(x, y) dD(y).

k(x, y) dD̄(x) dD(y) ,

k(x, y) dD(y) dT̄ (x) is to be understood as T̄ (I) with I(x) =

(5)

We extended KMEs of measures to Schwartz-distributions and showed that they are continuous, but we hardly said anything about what to do and how to work with distributions.
We will now catch up by focusing on distributions only. In Section 5.1, we discuss and prove
the Fubini and the Differentiation formulae featured in the introduction. In Section 5.2 we
provide sufficient conditions for a translation-invariant kernel to be c∗m -universal.
5.1. Distributional Calculus

RR

Proposition 13 (Fubini) Let D, T be two embeddable distributions into Hk . Then:

where

=

x

x

x

ZZ

y

k(., x) ,

k

k


Z
k(., y) dD(y) dT̄ (x)

y

hk(., x) , k(., y)ik dD̄(y) dT̄ (x)

k(x, y) dD(y) dT̄ (x).

y

Z Z

Z 


Z Z
k(., y) dD(y) , k(., x) dT̄ (x)

Proof Definition 1 of a KME, together with the property that k(y, x) = k(x, y) leads to:
hD ,

T ik

=
=
=

To prove the right-most part of (5), use hD , T ik = hT , Dik .

JMLR 19(44):1-29, 2018

These formulae are well-known when D and T are probability measures. They show that
if you know how to integrate a function (the kernel) w.r.t. a measure or a distribution,
then you can compute its MMD norm. However, integrating w.r.t. a distribution that is
not a measure can be tedious. But the following proposition gives us a way to convert an
integration w.r.t. a distribution into an integration w.r.t. a measure.

12

k

= (−1)|p| D̄(∂ p f )
D
E
= (−1)|p| D̄( f , ∂ (0,p) k(., x) )
k
Z D
E
= (−1)|p|
f , ∂ (0,p) k(., x) dD̄(x)
k


Z
(0,p)
|p|
∂
k(., x) dD(x)
.
= f , (−1)

(7)

13

2x
e
(1 + 2σ 2 )3/2

2
1
− x
e 1+2σ2
1 + 2σ 2

Φk (∂µσ )(x) = ∂[Φk (µσ )] = −

Φk (µσ )(x) = √
2
− x 2
1+2σ
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,

Example 1 Let us illustrate Proposition 14 on KMEs of Gaussian probability measures µσ
2
2
2
with density qσ (x) = √ 1 2 e−x /σ using a Gaussian kernel k(x, y) = e−(x−y) . When σ
2πσ
goes to zero, µσ gets more and more peaked around 0 and converges weakly to the Dirac
measure µ0 := δ0 . The KME of µσ is easy to compute and using (7) we get

Equation (7) describes a commutative diagram pictured in Figure 1: it states that with
translation-invariant kernels, it is equivalent to take the (distributional) derivative of a
distribution and embed it, or to embed it and take the (usual) derivative of the embedding.
See Appendix B for an introduction to distributional derivatives. Note that for a signed
measure µ with a |p|-times differentiable density q, the distributional derivative ∂ p µ is the
signed measure with density ∂up q, where ∂up is the usual partial derivative operator. However,
Proposition 14 becomes most useful when µ has no differentiable density, for example when
µ is an empirical measure. Then there is no analytical formula for the derivative of µ, but
we can still compute its KME analytically by using (6) or (7).

The first line uses the definition of KMEs (1), the second the definition of distributional
derivatives (see App. B), the third Lemma 19, the fourth line rewrites the previous line with
our notation convention, and the fifth one uses again the definition of a weak integral (1).

k

Proof The proof holds in the following equalities. For any f ∈ Hk ,
 Z

Z
f,
k(., x) d[∂ p D](x) = hf , k(., x)ik d[∂ p D̄](x) = [∂ p D̄](f )

Φk (∂ p D) = ∂ p [Φk (D)].

If moreover k is translation-invariant, then

Proposition 14 (Differentiation) Let k ∈ C(m,m) and p ∈ Nd such that |p| ≤ m. A
distribution D embeds into Hk via ∂ (0,p) k iff ∂ p D embeds into Hk via k. In that case,
Z
Φk (∂ p D) = (−1)|p| [∂ (0,p) k](., x) dD(x) = (−1)|p| Φ∂ (0,p) k (D) .
(6)
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2. Think for example of the Dirac measure: it is a measure, but not its derivative. See App. B.

m
Lemma 15 (Schwartz) For any m ≤ ∞ and any distribution in D ∈ DLm1 (resp.
P D∈E )
there exists a finite family of measures µp ∈ Mf (resp. µp ∈ Mc ) such that D = |p|≤m ∂ p µp .

Theoretically, (6) can be used to convert the KME of any distribution into a sum of
KMEs of measures. In other words, the integral w.r.t. a distribution appearing in (1) can
be converted into a sum of integrals w.r.t. signed measures. Here is how. Given a measure
µ ∈ Mf = DL01 (R), we may differentiate µ and get a new distribution ∂µ which may or may
not be itself a measure.2 But in any case, what will follow shows that ∂µ is in DL11 (R).
Thus the space of distributions that can be written as a sum µ0 + ∂µ1 of two finite measures
µ1 , µ2 is a subspace of DL11 (R) and we may wonder how big exactly it is. Schwartz (1954,
around p.100) showed that it is exactly the space DL11 (R). More generally, he showed:

where the formulae still hold when σ = 0. Figure 1 plots these embeddings for different
σ’s. Note that contrary to ∂µσ with σ > 0, ∂µ0 is not a signed measure (but a Schwartzdistribution) but it has a KME which, moreover, can easily be computed using (7). Notice
also that on Figure 1 both the embeddings of µσ and ∂µσ converge (weakly) to the embeddings
of µ0 and ∂µ0 . This illustrates Proposition 9.

Figure 1: Densities of more and more peaked Gaussian probability measures µσ (top left)
with their derivatives (top right) and their embeddings (below) using a Gaussian
kernel (see Example 1). Equation (7) states that the diagram is commutative.
When σ goes to 0, the Gaussians converge (weakly) to a Dirac mass δ0 , which
has no density, but who’s embedding is the solid black line (bottom left). The
derivatives converge (weakly) to the Schwartz-distribution ∂δ0 , which is not even
a signed measure, but whose embedding (bottom right, black solid line) can easily
be computed using (6) or (7). Moreover, the embeddings of µσ and ∂µσ converge
(weakly) to the embeddings of µ0 and ∂µ0 , which illustrates Proposition 9.

0.0

0.5

1.0

1.5

2.0

0.0

0.5

1.0

1.5

2.0

Simon-Gabriel and Schölkopf

Kernel Distribution Embeddings

R (0,p)
P
Using (6), this means that the KME can be computed as
k(., x) dµp (x),
|p|≤m ∂
which gives a way to numerically compute the KME of distributions. As most distributions
encountered in practice happen to be defined as measures or derivatives of some measures,
this method is highly relevant in practice.
By combining Propositions 13 and 14, we get the following corollary.

and

k∂ p Dkk = kDk∂ (p,p) k .

Corollary 16 Let k ∈ C(m,m) , p ∈ Nd with |p| ≤ m, and let D, T be two distributions such
that ∂ p D and ∂ p T embed into
Then
Hk .

h∂ p D , ∂ p T ik = hD , T i∂ (p,p) k

Z

∂ (p,p) k(x, y) dD(y) dT̄ (x)

k

Proof The proof reduces to the following equations.
Z

Z
(a)
h∂ p D , ∂ p T ik =
∂ (0,p) k(., x) dD(x) , ∂ (0,p) k(., y) dT (y)
k
Z D
E
∂ (0,p) k(., y) , ∂ (0,p) k(., x) dD(y) dT̄ (x)
=

(b)

=

(c)

= hD , T i∂ (p,p) k ,

(d)

Equality (a) uses Proposition 14, (b) uses twice (on the left and on the right of the inner
product) the definition of the weak integral (1), (c) uses Equation (9) proven in Appendix A
which states that ∂ (0,p) k(., y) , ∂ (0,p) k(., x) k = ∂ (p,p) k(x, y), and (d) uses (5) applied to the
kernel ∂ (p,p) k.
Corollary 16 tells us that if we use ∂ (p,p) k—which is a kernel—to compute the MMD between
two probability distributions D, T , then we are actually computing the MMD distance
between their derivatives ∂ p D and ∂ p T with the kernel k. ROne could extend this corollary
from (p, p) to (p, q) with |q| ≤ m, yielding h∂ p D , ∂ q T ik = ∂ (q,p) k(x, y) dD(y) dT̄ (x). But
in that case, ∂ (q,p) k might not be a kernel anymore.
5.2. cm - and c0m -Universal Kernels
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Theorem 6 shows the equivalence between c∗m -universality and characteristicness over DLm1
or Em . But neither the universality, nor the characteristic assumption seems easy to check
in general. However, for translation-invariant kernels, meaning kernels that can be written
as k(x, y) = ψ(x − y) for some function ψ, we will now show that being characteristic to
(m,m)
. Thus, any technique to
P or to DLm1 is one and the same thing, provided that k ∈ Cb
prove that a kernel is characteristic may also be used to prove that it is characteristic to the
much wider space DLm1 . One of these techniques consists in verifying that the distributional
Fourier transform Fψ has full support. The reader unfamiliar with distributional Fourier
transforms may think of them as an extension of the usual Fourier transform—which is
usually only defined on L1 , L2 or Mf —to wider function and distribution spaces. Let us
mention that Fψ is exactly the unique positive, symmetric, finite measure appearing in
Bochner’s theorem (Wendland, 2004, Thm.6.6), and whose (usual) Fourier transform is ψ.
We now successively present the result for DLm1 , then for Em .
15
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Theorem 17 Let k ∈ C(m,m) be a translation-invariant kernel k(x, y) = ψ(x − y) with
X = Rd , and Fψ its distributional Fourier transform. Then DLm1 embeds into Hk and the
following are equivalent.
(i) k is characteristic (to P).
(ii) k is characteristic to DLm1 .
(iii) Fψ has full support.

If moreover ψ ∈ C0m , then k is c0m -universal iff it is c0 -universal.

Theorem 18 Let k ∈ C(m,m) be a translation-invariant kernel k(x, y) = ψ(x − y) with
X = Rd . If the support of Fψ has Lebesgue-measure > 0, then k is characteristic to Em .

Proof [of Theorem 17] First, note that ∂ (p,p) k(x, y) ≤ ∂ (p,p) k(x, x)∂ (p,p) k(y, y) = (∂ 2p ψ(0))2
(m,m)
for any |p| ≤ m (see Lemma 19 in Appendix A). Hence k ∈ Cb
, which, by Corollary 4,
proves that DLm1 embeds into Hk . Now suppose that (i) and (ii) are equivalent, then they
are also equivalent to k being characteristic to Mf . Using Theorem 6, we thus proved the
last sentence. Now, (ii) clearly implies (i) and Theorem 9 of Sriperumbudur et al. (2010b)
states that (i) and (iii) are equivalent. So it remains to show that (iii) implies (ii). We
now sketch its proof and relegate the details to Appendix A.5. Let Λ be the finite positive
measure from Bochner’s theorem, such that ψ = FΛ and let D ∈ DLm1 . Then

Z

|[FD](ξ)|2 dΛ(ξ) ,

Z Z Z


Z Z Z
kDkk2 =
ei(x−y)·ξ dΛ(ξ) dD̄(x) dD(y)

(ei(x−y)·ξ ) dD̄(x) dD(y) dΛ(ξ)
=

(a)

=

(b)

where · denotes the Euclidian inner-product on Rd . Λ being positive, if it has full support,
then [FD](ξ) = 0 for almost all ξ ∈ X. Thus D = 0. Assuming that (a) and (b) indeed hold,
we just showed that if (iii), then kDkk = 0 implies D = 0, meaning that k is s.p.d. to DLm1 ,
which, with Theorem 6, proves (ii). We relegate the proof of (a) and (b) to Appendix A.5.

2
m
RProof [of 2 Theorem 18] For any D ∈ E , we can write, like before: kDkk =
|[FD](ξ)| dΛ(ξ). But now, the Paley-Wiener-Schwartz theorem (Treves, 1967, Thm. 29.2)
states that FD is an analytical function, so if its set of zeros has Lebesgue-measure > 0,
then FD is the 0 function, so D = 0, showing that Φk is injective over Em .
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These theorems show for example that Gaussian kernels are c0∞ -universal and that the sinc
kernel, defined on X = R by k(x, y) = sin(x − y)/(x − y) (and 1 on the diagonal), is c∞ but not c0∞ -universal. When X = R, one can refine the conditions on the Fourier transform
in Theorem 18 so that they become necessary and sufficient (Simon-Gabriel and Schölkopf,
2016, Theorem 41).
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This paper grouped various notions of universal, characteristic and s.p.d. kernels into three
fundamental definitions—one for each—and showed that they are essentially equivalent:
they describe the same family of kernels, but from dual perspectives. Using this duality
link, we could systematically recover most of the previously known links, but also discovered
new ones, such as the equivalence between characteristicness to P and universality over
( Cb )c /1; or between strict positive definiteness (over Mδ ) and universality over CX . We
then compared the convergence in MMD with other convergence types of distributions and
measures. Importantly, we showed that a bounded kernel metrizes the weak convergence of
probability measures iff it is continuous and characteristic. Incidentally, we also showed that

6.2. Future Work and Closing Remarks

Universal and characteristic kernels play an essential role in kernel methods and their theory.
Universal kernels ensure consistency of many RKHS-based estimators in the context of
regression and classification (Steinwart, 2001; Steinwart and Christmann, 2008), whereas
characteristic kernels are of prime interest in any MMD-based algorithm, such as kernel twosample tests (Gretton et al., 2007, 2012), HSIC independence tests (Gretton et al., 2008;
Gretton and Györfi, 2010; Fukumizu et al., 2008), kernel density estimators (Sriperumbudur,
2016) and MMD-type GANs (Li et al., 2015; Dziugaite et al., 2015). The machine learning
community gradually introduced more and more variants of universal kernels (Steinwart,
2001; Micchelli et al., 2006; Carmeli et al., 2006; Caponnetto et al., 2008), but instead of
also introducing variants of characteristic kernels, it stuck to the original definition given
by Fukumizu et al. (2004) which considered only characteristicness to P. As a result, the
literature started proving various links between the various variants of universal kernels
and the only
R notion of characteristic
R kernels that it had. Eventually these notions were
linked to s.p.d. and conditionally s.p.d. kernels (Fukumizu et al., 2004, 2008, 2009b,a;
Gretton et al., 2007; Sriperumbudur et al., 2008, 2010a,b) and all known relations got
summarized in a superb overview article by Sriperumbudur et al. (2011). However, by not
introducing the notion of a characteristic kernel to something else than P, the literature
oversaw the fundamental dual link between universal, characteristic and s.p.d. kernels shown
in Theorem 6 of this paper, which easily explains all the previously reported links.
Concerning the study of kernels that metrize the weak convergence of probability measures, in mathematics it dates back at least to Guilbart (1978), but it got introduced into the
machine learning community only many years later by Sriperumbudur et al. (2010b). They
gave new sufficient conditions to metrize the weak convergence, which then got improved by
Sriperumbudur (2016)[Thm. 2]. However, by generalizing these sufficient conditions even
further, Theorem 12 of this work is the first to provide conditions that are both sufficient
and necessary, and that holds on any locally compact Hausdorff space X (which is more
general than in the existing literature).

6.1. Related Machine Learning Literature

We first discuss how this work relates and contributes to the existing machine learning
literature and then conclude.

6. Conclusion

Kernel Distribution Embeddings

k

k

where |q| ≤ m also proves that
D
E
∂ (p,q) k(x, y) = ∂ (0,q) k(., y) , ∂ (0,p) k(., x)
.

(9)
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[∂ p Φ(x)](y) = h∂ p Φ(x) , k(., y)ik
JMLR 19(44):1-29, 2018

Proof This Lemma is essentially proven in Corollary 4.36 and in its proof of Steinwart and
Christmann (2008). We only added Equation (9), which is a straightforward consequence
of (8), and the part stating that ∂ p Φ(x) = ∂ (0,p) k(., x). This can be shown as follows.
Steinwart and Christmann (2008) prove that ∂ p Φ exists and belongs to Hk . Thus

Applied with f =

∂ (0,q) k(., y)

Lemma 19 Let k ∈ Cb

and let Φ : X −→ Hk
. Then for any p ∈ Nd with
x 7−→ k(., x)
|p| ≤ m, the partial derivative ∂ p Φ exists, belongs to Hk , is continuous and verifies ∂ p Φ(x) =
∂ (0,p) k(., x). Moreover, for any f ∈ Hk , ∂ p f exists, belongs to Hk and verifies:
D
E
∂ p f (x) = f , ∂ (0,p) k(., x)
.
(8)

(m,m)

In this section, we gather all the complements to non fully proved theorems, propositions,
corollaries or lemmas appearing in the main text. We start with a lemma that essentially
follows from Corollary 4.36 of Steinwart and Christmann (2008), and which we will need a
few times for the proofs.

Appendix A. Proofs
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KMEs over probability measures can be extended to generalized measures called Schwartzdistributions. For translation-invariant kernels, this extension preserves characteristicness,
in the sense that a characteristic kernel to P will also be characteristic to DLm1 . In all
this work, we assumed X to be locally compact. Although this assumption fits many very
general spaces, unfortunately, it does not contain any infinite-dimensional Banach space. So
a main open question of this paper is whether our characterization of kernels that metrize
the weak convergence of probability measures also applies to more general spaces, such as
so-called Polish spaces, which are very standard spaces in probability theory. Finally, we
also proved a few results that are specific to KMEs of distributions. Proposition 14 and
its Corollary 16 on the embedding of derivatives for example show that these KMEs of
distributions naturally appear when considering KMEs w.r.t. derivatives of kernels. We
hope that they will in future lead to new insights and applications in machine learning.
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h→0



lim (Φ(x + hei ) − Φ(x))/h , k(., y)

Kernel Distribution Embeddings

=
h→0

= lim (k(y, x + hei ) − k(y, x))/h
= ∂ (0,p) k(y, x) ,

k

where we used the continuity of the inner product to swap limit and bracket signs.

A.1. Proof of Corollary 3

(m,m)

Proof Suppose that Hk ⊂ C0 . (i) clearly holds. Suppose (ii) was not met. Then let xn ∈ X
such that k(xn , xn ) = kk(., xn )kk2 → ∞. Thus k(., xn ) is unbounded. But hf , k(., xn )ik =
f (xn ) is bounded for any f ∈ Hk , thus k(., xn ) is bounded (Banach-Steinhaus Theorem).
Contradiction. Thus (ii) is met.
Conversely, suppose that (i) and (ii) hold. Let Hkpre := span{k(., x) | x ∈ X}. Then,
Hkpre ⊂ C0 , and for any f, g ∈ Hk , kf − gk∞ ≤ kf − gkk kkk∞ . Thus Hkpre continuously
embeds into the closed C0 , thus so does its k.kk -closure, Hk . The proof of the cases
Hk ⊂ C and Hk ⊂ Cb are similar (see also Berlinet and Thomas-Agnan, 2004, Thm. 17).

A.2. Proof of Corollary 4

∞

Proof Suppose that k ∈ Cb
. Then Hkpre ⊂ Cbm (Steinwart and Christmann,
2008, Corollary 4.36) and for any x ∈ X, f ∈ Hkpre , and |p| ≤ m, we have
√
∂ (p,p) k . Thus Hkpre continuously embeds into the closed space
k∂ p f k∞ ≤ kf kk

Cbm , thus so does its k.kk -closure, Hk . But, by definition of ( Cbm )c is the space Cb equipped
with a weaker topology (see Section 3), thus Cbm ,→ ( Cbm )c . Thus Hk ,→ ( Cbm )c , which
concludes. The proofs when k ∈ C or k ∈ C0 are similar.

dµ̄(x)

A.3. Proof of Theorem 8

Z
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Proof Equivalence between (i) & (ii). As KMEs are linear over Mf , a kernel k is characteristic to P iff it is characteristic to P − P := {µ − P : µ ∈ P}, where P can be any fixed
probability measure. This is equivalent to being characteristic to the linear span of P − P .
But the linear span of P − P is precisely Mf0 , which concludes.
Equivalence of (ii) & (v): First of all, notice that, if (v), then k and k0 define the same
MMD on Mf0 , because, for any µ ∈ Mf0 , µ(1) = 0, thus:
ZZ
kµkk20 =
hδx − ν0 , δy − ν0 ik dµ̄(x) dµ(y)
ZZ
Z
Z
=
k(x, y) dµ̄(x) dµ(y) − hδx , ν0 ik dµ̄(x) dµ(y)
ZZ
Z
hν0 , δy ik dµ(y) − kν0 kk2
dµ̄(x) dµ(y)
−
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= kµkk2 ,

Show that the constant function 1 6∈ Hk0 .
Construct a new Hilbert space of functions of the form Hk = span 1 ⊕ Hk0 .
Show that it has a reproducing kernel k.
Show that k0 and k fulfill the requirements of (v).

Thus k0 is characteristic to Mf0 iff k is also. Thus (v) implies (ii). Conversely, if k0 is
characteristic to Mf0 , then k0 is either characteristic to Mf , in which case choosing k0 = k
and ν0 = 0 fulfills the requirements of (v); or there exists a non zero measure ν0 ∈ Mf such
that Φk0 (ν0 ) = 0. As Φk0 is linear, we can choose ν0 (1) = 1 without loss of generality.
Supposing now that we are in the latter case, the proof proceeds as follows.
(a)
(b)
(c)
(d)

k0

+ cf c¯g .

(11)

(10)

R
(∗)
(a) Suppose that 1 ∈ Hk0 .
Then 1 = ν̄0 (1) =
h1 , k0 (., x)ik0 dν̄0 (x) =
R
1 , k0 (., x) dν0 (x) k0 = h1 , Φk0 (ν0 )ik0 = 0, where in (∗) we use the definition of
KMEs (1) . Contradiction. Thus 1 6∈ Hk0 .
(b) Define H := span 1 ⊕ Hk0 and equip it with the inner product h. , .i that extends the
inner product of Hk0 so, that

1 ⊥ Hk0 and k1k = 1 .

D
E
hf , gi := f ⊥ , g ⊥

In other words, for any f = cf 1 + f ⊥ ∈ H and any g = cg 1 + g ⊥ ∈ H:



Φk0 (µ) if µ ∈ Mf0
if µ = ν0

1

i.e.

Φ(µ) := Φk0 (µ⊥ ) + µ(1)1
.
= Φk0 (µ) + µ(1)1

(12)

Obviously H is a Hilbert space of functions.
(c) We now construct k by first defining an injective embedding Φ and then showing that
k(x, y) := hΦ(δx ) , Φ(δy )i is a reproducing kernel with KME Φ.
As Mf0 is a hyperplane in Mf and ν0 ∈ Mf \Mf0 , each measure µ ∈ Mf can be
decomposed uniquely in a sum: µ = µ⊥ + µ(1)ν0 where µ⊥ = µ − µ(1)ν0 ∈ Mf0 . We
may thus define the following linear embedding Φ : Mf −→ H by
Φ(µ) :=

k0

Noting that Φ(µ)⊥ = Φ(µ⊥ ) = Φk0 (µ⊥ ) = Φk0 (µ) and using (11), we get
D
E
∀f ∈ H, ∀x ∈ X, hf , Φ(δx )i = f ⊥ , Φ(δx )⊥ +cf = f ⊥ (x)+cf 1(x) = f (x) . (13)

hf , k(., x)i = f (x).

So by defining k(x, y) := hΦ(δy ) , Φ(δx )i and applying (13) to f = Φ(δy ), we see that
Φ(δy ) = k(., y). Thus (13) may be rewritten as

∀f ∈ H, ∀x ∈ X,
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Thus H is an RKHS with reproducing kernel and Φ is its associated KME.

20

σ

k.k

σ

∀f ∈ C0 .
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where for ξ = (ξ1 , . . . ξd ) ∈ Rd , we defined ξ p := ξ1p1 ξ2p2 · · · ξdpd . The first line uses Proposition 14, the second line uses twice the definition of a weak integral (1), the third uses (9)
from Lemma 19 and the fourth line uses the fact that ∂ (q,p) k(x, y) = (−1)|p| ∂ p+q ψ(x − y)
and F∂ p+q ψ = i|p+q| ξ p+q Fψ = i|p+q| ξ p+q Λ.
R
Let us denote ξ p Λ the measure defined by ξ p Λ(A) := A ξ p dΛ(ξ). We will now show that
p+q
ξ Λ is finite, so that we can apply the usual Bochner theorem and permute the order of
integrations. To do so, notice that ∂ (p,p) k(x, y) = (−1)|p| ∂ 2p ψ(x − y) is a continuous kernel,
thus, by Bochner’s theorem, its associated measure Λ∂ is finite and verifies FΛ∂ = ∂ 2p ψ.
But the usual calculus rules with Fourier transforms show that ∂ 2p ψ = (−i)|2p| ξ 2p Λ. Thus
Λ∂ = i|p| ξ 2p Λ, showing that Λ̃ is a finite measure. Noting now that 2|ξ p+q | ≤ ξ 2p + ξ 2q , this
also implies that ξ p+q Λ is a finite measure. Consequently:
ZZZ
h∂ p µp , ∂ q µq ik =
i|p+q| ei(x−y) d[ξ p+q Λ](ξ) dµ̄q (x) dµp (x)

h∂ p µp , ∂ q µq ik = hΦ∂ (0,p) k (µp ) , Φ∂ (0,q) k (µq )ik
ZZ D
E
∂ (0,p) k(., y) , ∂ (0,q) k(., x) dµ̄q (x) dµp (y)
=
k
ZZ
=
∂ (q,p) k(x, y) dµ̄q (x) dµp (y)
ZZZ
=
i|p+q| ξ p+q ei(x−y)·ξ dΛ(ξ) dµ̄q (x) dµp (x) ,

Proof We are left with proving (a) and (b). To do so, we will use the decomposition
P
(m,m)
D = |p|≤m ∂ p µp of Lemma 15. Indeed, k being in Cb
, by Corollary 4, ∂ p µp embeds
into Hk for any |p| ≤ m and µp ∈ Mf . Thus

A.5. Proof of Theorem 17 Continued

Note that if we additionally supposed that Hk ,→ C0 (meaning that k is c0 -universal),
then Lemma 20 is a simple consequence of Lemma 11 and the fact that weak-∗ and weak
convergence coincide on P.

This inequality holds in particular for functions f whose support is contained in K, which
we denote f ∈ Cc (K). But the mapping f 7−→ g := hf is a bijective map from Cc (K)
to itself (because h > 0 on K), so we actually have |µβ (g) − µβ 0 (g)| ≤  for any g ∈ Cc (K).
But this holds for any compact subset K of X. So the inequality also holds for any function
g ∈ Cc (X), which shows that µβ is a Cauchy-net for the topology of pointwise convergence
in Cc (X), also known as the vague topology. But M+ is vaguely complete (Bourbaki, 2007,
Chap.III, §1, n.9, Prop.14), so µβ converges to a measure µ0 ∈ M+ . But for any f ∈ Cc (X),
µ0 (f ) = limβ µβ (f ) = limα µα (f ) = µ(f ), thus µ0 and µ coincide on Cc (X), which is a dense
subset of C0 . Thus µ0 = µ, and µα (f ) → µ(f ) for any f ∈ Cc .

|µβ (hf ) − µβ 0 (hf )| ≤ ,

relatively compact for the weak-∗ topology w(Mf , C0 ). (Treves 1967, Thm. 33.2, or BanachAlaoglu theorem). So we can extract a subnet h.µβ of h.µα that converges in weak-∗
topology. Then h.µβ is also a Cauchy-net for the weak-∗ topology, meaning that for any
 > 0 and any sufficiently large β, β 0 :
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Proof We will show that µα (f ) → µ(f ) for any f ∈ Cc . As Cc is a dense subset of
C0 and µα is bounded, combining Prop. 32.5 and Thm. 33.2 of Treves (1967) then shows
that µα (f ) → µ(f ) for any f ∈ C0 (weak-∗ convergence), which implies weak-convergence,
σ
µα → µ (Berg et al., 1984, Chap. 2, Cor. 4.3), and thus concludes.
Let K be a compact subset of X. First, we show that there exists a function h ∈ Hk
such
that h(x) > 0 for any x ∈ K. To do so, let f ∈ Cb such that f ≥ 1 on K. k being
R
s.p.d. and Mf being the dual of ( Cb )c , Hk is dense in ( Cb )c (Thm. 6). So we can find a
sequence of functions fn ∈ Hk that converges to f for the topology of ( Cb )c . By definition of
the topology of ( Cb )c , this implies in particular that the restrictions of fn to K converge in
infinity norm, meaning: supx∈K |fn (x) − f (x)| → 0. Thus, for a sufficiently large n, fn > 0
on K, so we can take h = fn .
Now, let us define the measures h.µα as [h.µα ](f ) = µα (hf ) for any f ∈ Cb . Then
kh.µα kT V ≤ khk∞ kµα kT V , so the new net (h.µα )α is bounded. But bounded sets are

k
supα kµα kT V < ∞). Then µα −→ µ ⇒ µα −→ µ. Consequently: µα −→
µ ⇒ µα −→ µ.

w−k

The proof of Theorem 12 used the following lemma.
R
Lemma 20 Let k be a continuous, s.p.d. kernel and let (µα )α be bounded in M+ (meaning

A.4. Proof of Theorem 12 Continued

where we used (10), (12) and the fact that by construction h. , .i coincides with h. , .ik0 on
Mf0 . Thus the proof of (v) ⇒ (ii) shows that, if k0 characteristic to Mf0 , then the kernel
R
R
k0 (x, y) + 1 is characteristic to Mf , thus s.p.d. (Thm. 6). k(x, y) := k0 (x, y) + 1 is s.p.d..
More generally, if instead of fixing k1kk R= 1 in (10) we fixed k1kk =  for some real  > 0,
then we would have ended up with an s.p.d. kernel k verifying k(x, y) := k0 (x, y) + 2 .
Thus (ii) implies (iii) and (iv). Conversely, given any kernel k of the previous form, the
inner products defined by k and k0 coincide on Mf0 . So if k is characteristic to Mf0 , then
so is k0 . Thus (iii) or (iv) implies (ii).

= k0 (x, y) + 1 ,

= hΦk0 (δx ) , Φk0 (δy )i + k1k2

= hΦk0 (δx ) + δx (1)1 , Φk0 (δy ) + δy (1)1i

k(x, y) = hΦ(δx ) , Φ(δy )i

Equivalence of (v) with (iii) & (iv): First, notice that the kernel k constructed in the
proof of (v) ⇒ (ii) verifies:

= k0 (x, y) .

= hΦk0 (δy ) + 0 , Φk0 (δx ) + 0i

hδy − ν0 , δx − ν0 i = hΦk0 (δy ) + (δy − ν0 )(1)1 , Φk0 (δx ) + (δx − ν0 )(1)1i

(d) As k0 is characteristic to Mf0 , Φ is injective over Mf0 . And Φ(ν0 ) ∈ H\Φ(Mf0 ). Thus
Φ is injective over Mf , so k is characteristic to Mf . To conclude, (12) shows that
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X

|p|≤m

=

Z

Z

Z

p,

we get

[F( ∂ p µp )](ξ)[F( ∂ q µq )](ξ) dΛ(ξ)

pµ

X

|p|,|q|≤m

[F( ∂ p µp )](ξ)|2 dΛ(ξ)

|p|≤m

| FD(ξ)|2 dΛ(ξ) ,

|

X

|p|≤m ∂

P

[F( ∂ p µp )](ξ)[F( ∂ q µq )](ξ) dΛ(ξ).

i|p+q| ξ p+q Fµq (ξ)Fµp (ξ) dΛ(ξ)

ZZZ

Z
Z

2

k

i|p+q| ei(x−y) dµ̄q (x) dµp (x) dΛ̃(ξ)
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=
=
=

∂ p µp

Thus, with the decomposition D =

kDkk2 =
=
=
where we used the linearity of the Fourier operator on the last line.

Appendix B. Short Introduction to Schwartz-Distributions
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To introduce Schwartz-distributions, the first step is to notice that
R any continuous function
f is uniquely characterized by the values taken by f (ϕ) := ϕ(x)f (x) dx when ϕ goes
through Cc . Rather than seeing f as a function that acts on points x in X, we could thus
equivalently see f as a linear functional that acts on other functions ϕ in Cc and takes its
values in C. Such functionals are called linear forms. We could do
R the same for measures:
a signed measure µ is also characterized by the values of µ(ϕ) := ϕ(x) dµ(x). So we could
also see it as a linear functional that acts on functions ϕ in Cc . Doing so effectively identifies
f with theRsigned measure µf that has density f , because both define the same linear form
ϕ 7−→
ϕ(x)f (x) dx . So from this perspective, a function f becomes a particular kind
of measure, and a measure µ a sort of ‘generalized function’. Moreover, seen as linear forms
over Cc , f and µ are continuous in the sense that if ϕα converges to ϕ, then µ(ϕα ) converges
to µ(ϕ). Thus, by definition, we just identified f and µ with elements of the dual of Cc .
We may now ask whether there are other continuous linear forms over Cc . The answer is
negative and is given by the Riesz-Markov-Kakutani representer theorem (see Appendix C).
It states that the dual of Cc is exactly the set of signed regular Borel measures
Mr , meaning
R
that any continuous linear form over Cc can be written as ϕ 7−→
ϕ dµ(x) for some
µ ∈ Mr , and can thus be identified with a measure µ. So it seems that our generalization
of functions to measures using continuous linear forms is as general as it can get. But this
is forgetting the following detail. To distinguish a measure µ from all the others in Mr , we
do not need to know the values µ(ϕ) for all functions ϕ of Cc . Actually, it suffices to know
them for all ϕ in Cc∞ . This is because Cc∞ is a dense subset of Cc . Thus for any ϕ ∈ Cc ,
even if ϕ 6∈ Cc∞ , we can reconstruct the value µ(ϕ) by taking a sequence ϕα in Cc∞ that
converges to ϕ and noticing that, by continuity, µ(ϕ) is the limit of µ(ϕα ). So instead of
23
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Figure 2: Left: the difference fσ of two Gaussians that get closer and closer and more and
more peaked with decreasing σ. Right: the KMEs of fσ . Note the difference in
the y-axis scale. fσ converges to a dipole, which is not a measure, but a Schwartzdistribution. It cannot be represented as a function, but its KME can (black solid
line). Note that the KMEs of fσ seem to converge to the KME of the dipole.

1
x+σ
σ g( σ )

− σ1 g( x−σ
σ ) ,

seeing a function or a measure as an element of ( Cc )0 , we could also see it as an element of
( Cc∞ )0 .
But do we gain anything from it? Yes indeed, because now, we can define linear functionals over Cc∞ that we could not define over Cc . For example, suppose that X = R and
consider the linear form dx that, to each function ϕ associates its derivative ∂ϕ(x) evaluated
at x. This is a valid (continuous) linear form over Cc∞ —called a dipole in x—but it cannot
be defined over Cc , because not all continuous functions are differentiable. This example
shows that, although each measure in ( Cc )0 can be seen as an element of ( Cc∞ )0 , the latter
space contains many more linear forms which do not correspond to a signed measure. This
bigger set of linear forms, which we denote D ∞ , is called the set of Schwartz-distributions.
Now, why are distributions useful? First of all, because they can all be seen as limits of
functions (Schwartz, 1978)[Theo. XV, Chap. III]. As an example, consider the sequence of
functions
fσ : x 7−→
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where g is a Gaussian (see Figure 2). fσ is the difference of two Gaussians that get closer
and closer and more and more peaked with decreasing σ. Now, applying fσ to a function
ϕ ∈ Cc∞ , it is not difficult to see that fσ (ϕ) converges to ∂ϕ(0) = d0 (ϕ) when σ → 0. The
dipole d0 can thus be seen as a weak limit of the functions fσ , although it is itself neither
a function nor even a signed measure.
Another reason to use distributions is that many common linear operations can be
extended to them (or to big subsets of them), such as differentiation, Fourier transformation
and convolution. Let us show for example how to extend differentiation. If we want the
distributional derivative ∂ to be an extension of the usual derivative, then of course we
should require that ∂µf = µf 0 whenever f is a continuously differentiable function over

24

f 0ϕ = −

f ϕ0 = −µf (ϕ0 ) .

absorbing: for any f ∈ E, there exists cf > 0 such that f ∈ cf T ;
balanced: for any f ∈ E, if f ∈ T then λf ∈ T for any λ ∈ C with |λ| ≤ 1 ;
convex ;
closed.

h∈H

26
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D(g) = hg , f i .
Note that “anti” in “anti-isomorphic” simply means that, instead of being linear, ı is antilinear: for any λ ∈ C and f ∈ H, ı(λf ) = λ̄ ı(f ). Often, we prefer to say that H is
0
0
isometrically isomorphic to H , where H denotes the conjugate of H, where the scalar

∀g ∈ H,

In particular, for any continuous linear form D ∈ H0 , there exists a unique element f ∈ H,
called the Riesz representer of D, such that

Theorem 25 (Riesz Representation Theorem for Hilbert Spaces) A Hilbert space
H and its topological dual H0 are isometrically (anti-) isomorphic via the Riesz representer
map
ı : H −→ H0
.

H −→
C
f 7−→ Df :=
g 7−→ hg , f i

Note that the notion of boundedness depends on the underlying topology. By default,
a bounded set of some dual space E = F0 designates a set that is bounded for the strong
dual topology. We now move on to an unrelated topic: the Riesz Representation theorem
for Hilbert spaces. Most of this paper relies on this one theorem.

Definition 24 (Bounded Sets in a TVS) A subset B of a TVS E is bounded, if, for
any neighborhood U ⊂ E of the origin, there exists a real cB > 0 such that B ⊂ cB U .

Obviously, to understand the content of the Banach-Steinhaus theorem, one needs the
definition of a bounded set. Let us define them now.
When E is a normed space, then a subset B of E is called bounded if supf ∈B kf kE < ∞.
In a more general loc. cv. TVS E, where the topology is given by a family of semi-norms
(k.kα )α∈I , a subset B of E is called bounded if, for any α ∈ I, supf ∈B kf kα < ∞. This can
be shown equivalent to the following, more usual definition.

h∈H

When E is a normed space and F = C, then L(E, F) is by definition E0 . With k.kE0 being
the dual norm in E0 , the equivalence of (ii) and (iii) states that


∀f ∈ E, sup |h(f )| < ∞
⇐⇒ sup khkE0 < ∞ .

(i) H is equicontinuous.
(ii) H is bounded for the topology of pointwise convergence.
(iii) H is bounded for the topology of bounded convergence.

Theorem 23 (Banach-Steinhaus) Let E be a barreled TVS, F be a loc. cv. TVS, and
let L(E, F) be the set of continuous linear maps form E to F. For any H ⊂ L(E, F) the
following properties are equivalent:

Definition 22 (Barreled spaces) A TVS is barreled if any barrel is a neighborhood of
the origin.

Given that the topology of loc. cv. TVS can be defined by a family of semi-norms, it is
not surprising that in loc. cv. spaces there always exists a basis of origin-neighborhoods
consisting only of barrels. However, there might be barrels that are not a neighborhood
of 0. This leads to

(i)
(ii)
(iii)
(iv)

Definition 21 (Barrel) A subset T of a TVS E is called a barrel if it is

Formally, a topological vector space (TVS) E is a vector space equipped with a topology
that is compatible with its linear structure, in the sense that the addition E × E −→ E
and scalar multiplication C × E −→ E become continuous for this topology (when their
domains are equipped with the product topology). This makes the topology translationinvariant and hence completely defined by the neighborhoods of the origin. A TVS is locally
convex (loc. cv.) if there exists a basis of (origin-) neighborhoods consisting of convex sets
only. Obviously, the origin-centered balls of any semi-norm are convex. But interestingly,
one can show that a TVS is loc. cv. iff its topology can be defined by a family of (continuous) semi-norms. So we can think of loc. cv. TVSs as “multi-normed” spaces, i.e. where
convergence is given by a family of possibly multiple semi-norms (k.kα )α∈I (where the index
set I can be uncountable). If this family contains only a single norm, E is a normed space.
The origin-centered balls of these semi-norms are actually not only convex, they are barrels.

Appendix C. Other Background Material

This suggests to define the derivative of any D ∈ D ∞ as ∂ p D(ϕ) := (−1)|p| D(∂ p ϕ) for any
ϕ ∈ Cc∞ . Doing so, we just defined a notion of differentiation that is compatible with the
usual differentiation and makes any distribution infinitely many times differentiable. In
particular, any function and any measure is infinitely differentiable in this distributional
sense. Moreover, if a sequence of differentiable functions fn converges to a distribution
D (in the sense that fn (ϕ) converges to D(ϕ) for any ϕ), then their usual derivatives fn0
converges to ∂D (in the same distributional sense). All this makes distributions extremely
useful for solving linear differential equations and more generally for physicists. Last but
not least, note that, by construction, if Q is a probability measure with smooth density q,
then ∂ p Q is the signed measure with density ∂ p q.

µf 0 (ϕ) =

Although many authors include local convexity in the definition, in general, a barreled
space need not be loc. cv. Barreled spaces were introduced by Bourbaki, because they were
well-suited for the following generalization of the celebrated Banach-Steinhaus theorem.

Z

X = R whose usual derivative is f 0 . Now, by integration by part, we get, for any ϕ ∈ Cc∞ :

Z
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multiplication is replaced by (λ, f ) 7−→ λ̄f . Hk0 and Hk are obviously isomorphic via
the complex conjugation map D 7−→ D̄ .
The Riesz representation theorem for Hilbert spaces is not to be confounded with the
following theorem, also known as the Riesz—or Riesz-Markov-Kakutani—representation
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( C0 (X))
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C0 −→ R C
ϕ −
7 →
ϕ dµ
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Since its introduction in Breiman (2001), random forests have enjoyed much success as one
of the most widely used decision tree based methods in machine learning. But despite
their popularity and apparent simplicity, random forests have proven to be very difficult
to analyze. Indeed, many of the basic mathematical properties of the algorithm are still
not completely well understood, and theoretical investigations have often had to rely on
either making simplifying assumptions or considering variations of the standard framework
in order to make the analysis more tractable—see, for example, Biau et al. (2008), Biau
(2012), and Denil et al. (2014).
One advantage of decision tree based methods like random forests is their ability to
natively handle categorical predictors without having to first transform them (e.g., by using
feature engineering techniques). However, in this paper, we show how this capability can
lead to an inherent “absent levels” problem for decision tree based methods that has, to the
best of our knowledge, never been thoroughly discussed, and whose consequences have never
been carefully explored. This problem occurs whenever there is an indeterminacy over how

1. Introduction

One advantage of decision tree based methods like random forests is their ability to natively
handle categorical predictors without having to first transform them (e.g., by using feature
engineering techniques). However, in this paper, we show how this capability can lead to
an inherent “absent levels” problem for decision tree based methods that has never been
thoroughly discussed, and whose consequences have never been carefully explored. This
problem occurs whenever there is an indeterminacy over how to handle an observation that
has reached a categorical split which was determined when the observation in question’s
level was absent during training. Although these incidents may appear to be innocuous, by
using Leo Breiman and Adele Cutler’s random forests FORTRAN code and the randomForest
R package (Liaw and Wiener, 2002) as motivating case studies, we examine how overlooking
the absent levels problem can systematically bias a model. Furthermore, by using three real
data examples, we illustrate how absent levels can dramatically alter a model’s performance
in practice, and we empirically demonstrate how some simple heuristics can be used to help
mitigate the effects of the absent levels problem until a more robust theoretical solution is
found.
Keywords: absent levels, categorical predictors, decision trees, CART, random forests

1

2

Breiman and Cutler’s random forests FORTRAN code is available online at:
https://www.stat.berkeley.edu/~breiman/RandomForests/
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We begin by discussing the Classification and Regression Trees (CART) methodology since
the random forests algorithm uses a slightly modified version of CART to construct the

2.1 Classification and Regression Trees (CART)

In this section, we introduce some notation and provide an overview of the random forests
algorithm. Consequently, the more knowledgeable reader may only need to review Sections 2.1.1 and 2.1.2 which cover how the algorithm’s node splits are determined.

2. Background

These occurrences subsequently result in situations where observations with absent levels
are unsure of how to proceed further down the tree—an intrinsic problem for decision tree
based methods that has seemingly been overlooked in both the theoretical literature and in
much of the software that implements these methods.
Although these incidents may appear to be innocuous, by using Leo Breiman and Adele
Cutler’s random forests FORTRAN code and the randomForest R package (Liaw and Wiener,
2002) as motivating case studies,1 we examine how overlooking the absent levels problem
can systematically bias a model. In addition, by using three real data examples, we illustrate how absent levels can dramatically alter a model’s performance in practice, and
we empirically demonstrate how some simple heuristics can be used to help mitigate their
effects.
The rest of this paper is organized as follows. In Section 2, we introduce some notation
and provide an overview of the random forests algorithm. Then, in Section 3, we use
Breiman and Cutler’s random forests FORTRAN code and the randomForest R package to
motivate our investigations into the potential issues that can emerge when the absent levels
problem is overlooked. And although a comprehensive theoretical analysis of the absent
levels problem is beyond the scope of this paper, in Section 4, we consider some simple
heuristics which may be able to help mitigate its effects. Afterwards, in Section 5, we
present three real data examples that demonstrate how the treatment of absent levels can
significantly influence a model’s performance in practice. Finally, we offer some concluding
remarks in Section 6.

3. The levels are present in an individual tree’s training set but, due to a series of earlier
node splits, are absent in certain branches of the tree.

Editor: Sebastian Nowozin

1. The levels are present in the population but, due to sampling variability, are absent
in the training set.
2. The levels are present in the training set but, due to bagging, are absent in an individual tree’s bootstrapped sample of the training set.
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to handle an observation that has reached a categorical split which was determined when
the observation in question’s level was absent during training—an issue that can arise in
three different ways:
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The “Absent Levels” Problem

n = 1, 2, . . . , N,

individual decision trees that are used in its ensemble. For a more complete overview of
CART, we refer the reader to Breiman et al. (1984) or Hastie et al. (2009).
Suppose that we have a training set with N independent observations
(xn , yn ) ,


and NR (p, Sp ) = n ∈ NM : xnp ∈ Sp0 ,

(1)

where xn = (xn1 , xn2 , . . . , xnP ) and yn denote, respectively, the P -dimensional feature vector
and response for observation n. Given this initial training set, CART is a greedy recursive
binary partitioning algorithm that repeatedly partitions a larger subset of the training set
NM ⊆ {1, 2, . . . , N } (the “mother node”) into two smaller subsets NL and NR (the “left”
and “right” daughter nodes, respectively). Each iteration of this splitting process, which
can be referred to as “growing the tree,” is accomplished by determining a decision rule that
is characterized by a “splitting variable” p ∈ {1, 2, . . . , P } and an accompanying “splitting
criterion” set Sp which defines the subset of predictor p’s domain that gets sent to the left
daughter node NL . In particular, any splitting variable and splitting criterion pair (p, Sp )
will partition the mother node NM into the left and right daughter nodes which are defined,
respectively, as
NL (p, Sp ) = {n ∈ NM : xnp ∈ Sp }

(2)

where Sp0 denotes the complement of the splitting criterion set Sp with respect to predictor
p’s domain. A simple model useful for making predictions and inferences is then subsequently fit to the subset of the training data that is in each node.
This recursive binary partitioning procedure is continued until some stopping rule is
reached—a tuning parameter that can be controlled, for example, by placing a constraint on
the minimum number of training observations that are required in each node. Afterwards,
to help guard against overfitting, the tree can then be “pruned”—although we will not
discuss this further as pruning has not traditionally been done in the trees that are grown
in random forests (Breiman, 2001). Predictions and inferences can then be made on an
observation by first sending it down the tree according to the tree’s set of decision rules,
and then by considering the model that was fit in the furthest node of the tree that the
observation is able to reach.
The CART algorithm will grow a tree by selecting, from amongst all
 possible splitting
variable and splitting criterion pairs (p, Sp ), the optimal pair p∗ , Sp∗∗ which minimizes
some measure of “node impurity” in the resulting left and right daughter nodes as defined
in (1). However, the specific node impurity measure that is being minimized will depend
on whether the tree is being used for regression or classification.
In a regression tree, the responses in a node N are modeled using a constant which,
under a squared error loss, is estimated by the mean of the training responses that are in
the node—a quantity which we denote as:
ĉ(N ) = ave(yn | n ∈ N ) .
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Therefore, the CART algorithm will grow a regression tree by partitioning
a mother node

NM on the splitting variable and splitting criterion pair p∗ , Sp∗∗ which minimizes the
squared error resulting from the two daughter nodes that are created with respect to a
3

(p,Sp )

(p, Sp ) pair:


p∗ , Sp∗∗ = arg min

X

n∈NL(p,Sp )

Au

X

n∈NR(p,Sp )



[yn − ĉ(NR (p, Sp ))]2  , (3)

k ∈ K,

as defined in (1).
the response is categorical with K possible
K = {1, 2, . . . , K}, we denote the proportion
belonging to each response class k as:

[yn − ĉ(NL (p, Sp ))]2 +

n∈N

1 X
I(yn = k),
|N |

where the nodes NL (p, Sp ) and NR (p, Sp ) are
Meanwhile, in a classification tree where
response classes which are indexed by the set
of training observations that are in a node N
π̂k (N ) =

k=1

K
X

k∈K

[π̂k (N ) · (1 − π̂k (N ))]

k̂(N ) = arg max π̂k (N ) ,

(4)

where |·| is the set cardinality function and I(·) is the indicator function. Node N will then
classify its observations to the majority response class

with the Gini index
G(N ) =

providing one popular way of quantifying the node impurity in N . Consequently, the
CART algorithm will grow a classification tree by partitioning
a mother node NM on the

splitting variable and splitting criterion pair p∗ , Sp∗∗ which minimizes the weighted Gini
index resulting from the two daughter nodes that are created with respect to a (p, Sp ) pair:



|N
(p,
S
)|
·
G(N
p
L
L (p, Sp )) + |NR (p, Sp )| · G(NR (p, Sp ))
, (5)
p∗ , Sp∗∗ = arg min
|NL (p, Sp )| + |NR (p, Sp )|
(p,Sp )

where the nodes NL (p, Sp ) and NR (p, Sp ) are as defined in (1).
Therefore, the CART algorithm will grow both regression and classification trees by
partitioning a mother node NM on the splitting variable and splitting criterion pair (p∗ , Sp∗∗ )
which minimizes the requisite node impurity measure across all possible (p, Sp ) pairs—a task
which can be accomplished by first determining the optimal splitting criterion Sp∗ for every
predictor p ∈ {1, 2, . . . , P }. However, the specific manner in which any particular predictor
p’s optimal splitting criterion Sp∗ is determined will depend on whether p is an ordered or
categorical predictor.

2.1.1 Splitting on an Ordered Predictor

JMLR 19(45):1-30, 2018

and NR (p, Sp ) = {n ∈ NM : xnp > sp } .

The splitting criterion Sp for an ordered predictor p is characterized by a numeric “split
point” sp ∈ R that defines the half-line Sp = {x ∈ R : x ≤ sp }. Thus, as can be observed
from (1), a (p, Sp ) pair will partition a mother node NM into the left and right daughter
nodes that are defined, respectively, by
NL (p, Sp ) = {n ∈ NM : xnp ≤ sp }

4

q ∈ Q.
(6)

n ∈ NM .
(7)

|{n ∈ NM : xnp = q and yn = 1}|
,
|{n ∈ NM : xnp = q}|
q ∈ Q,

(9)

(10)

(11)
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Introduced in Breiman (2001), random forests are an ensemble learning method that corrects for each individual tree’s propensity to overfit the training set. This is accomplished
through the use of bagging and a CART-like tree learning algorithm in order to build a
large collection of “de-correlated” decision trees.

2.2 Random Forests

As we later discuss in Section 3, equations (10) and (11) lead to inherent differences in
the left and right daughter nodes when splitting a mother node on a categorical predictor
in CART—differences that can have significant ramifications when making predictions and
inferences for observations with absent levels.


Sp∗ 0 = q ∈ Q : γp (q) > s̃∗p .

• The unordered levels of p that are being sent right have means or k = 1 response class
proportions γp (q) that are greater than s̃∗p :


Sp∗ = q ∈ Q : γp (q) ≤ s̃∗p .

• The unordered levels of p that are being sent left have means or k = 1 response class
proportions γp (q) that are less than or equal to s̃∗p :

and where we note here that γp (q) ≥ 0 for all q since these proportions are, by definition,
nonnegative. Afterwards, and just as in equation (7), these k = 1 response class proportions
are used to assign numeric pseudo values x̃np ∈ R to every training observation that is in the
mother node NM according to its observed level for predictor p. And once again, the optimal
splitting criterion Sp∗ for the categorical predictor p is then determined by performing an
ordered split on these numeric
pseudo values x̃np —that is, a corresponding optimal pseudo

splitting criterion S̃p∗ = x ∈ R : x ≤ s̃∗p is greedily found by searching through all of the
assigned numeric pseudo values in the mother node in order to find the optimal numeric
pseudo split point s̃∗p ∈ {x̃np ∈ R : n ∈ NM } which minimizes the weighted Gini index node
impurity measure given by (5) with respect to the resulting two daughter nodes as defined
in (8). The proof that this procedure gives the optimal split in a binary classification tree
in terms of the weighted Gini index amongst all possible splits can be found in Breiman
et al. (1984) and Ripley (1996).
Therefore, in both regression and binary classification trees, we note that the optimal
splitting criterion Sp∗ for a categorical predictor p can be expressed in terms of the criterion’s
associated optimal numeric pseudo split point s̃∗p and the requisite means or k = 1 response
class proportions γp (q) of the unordered levels q ∈ Q of p as follows:

γp (q) =

just described for regression trees can be used. Specifically, the proportion of the training
observations in the mother node that belong to the k = 1 response class is first calculated
within each of categorical predictor p’s unordered levels:
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Meanwhile, in the case of a classification tree with a weighted Gini index node impurity
measure, whether the computation simplifies or not is dependent on the number of response
classes. For the K > 2 multiclass classification context, no such simplification is possible,
although several approximations have been proposed (Loh and Vanichsetakul, 1988). However, for the K = 2 binary classification situation, a similar procedure to the one that was

Finally, the optimal splitting criterion Sp∗ for the categorical predictor p is determined
by doing an ordered split on these numeric
 pseudo values x̃np —that is, a corresponding
optimal “pseudo splitting criterion” S̃p∗ = x̃ ∈ R : x̃ ≤ s̃∗p is greedily chosen by scanning
through all of the assigned numeric pseudo values in the mother node in order to find
the optimal numeric “pseudo split point” s̃∗p ∈ {x̃np ∈ R : n ∈ NM } which minimizes the
resulting squared error node impurity measure given in (3) with respect to the left and right
daughter nodes that are defined, respectively, by


NL (p, S̃p∗ ) = n ∈ NM : x̃np ≤ s̃∗p
and NR (p, S̃p∗ ) = n ∈ NM : x̃np > s̃∗p . (8)

x̃np = γp (xnp ),

These means are then used to assign numeric “pseudo values” x̃np ∈ R to every training
observation that is in the mother node according to its observed level for predictor p:

γp (q) = ave(yn | n ∈ NM and xnp = q) ,

For a categorical predictor p with Q possible unordered levels which are indexed by the set
Q = {1, 2, . . . , Q}, the splitting criterion Sp ⊂ Q is defined by the subset of levels that gets
sent to the left daughter node NL , while the complement set Sp0 = Q \ Sp defines the subset
of levels that gets sent to the right daughter node NR . For notational simplicity and ease of
exposition, in the remainder of this section we assume that all Q unordered levels of p are
present in the mother node NM during training since it is only these present levels which
contribute to the measure of node impurity when determining p’s optimal splitting criterion
Sp∗ . Later, in Section 3, we extend our notation to also account for any unordered levels of
a categorical predictor p which are absent from the mother node NM during training.
Consequently, there are are 2Q−1 −1 non-redundant ways of partitioning the Q unordered
levels of p into the two daughter nodes, making it computationally expensive to evaluate
the resulting measure of node impurity for every possible split when Q is large. However,
this computation simplifies in certain situations.
In the case of a regression tree with a squared error node impurity measure, a categorical
predictor p’s optimal splitting criterion Sp∗ can be determined by using a procedure described
in Fisher (1958). Specifically, the training observations in the mother node are first used to
calculate the mean response within each of p’s unordered levels:

2.1.2 Splitting on a Categorical Predictor


Therefore, determining the optimal splitting criterion Sp∗ = x ∈ R : x ≤ s∗p for an ordered
predictor p is straightforward—it can be greedily found by searching through all of the
observed training values in the mother node in order to find the optimal numeric split
point s∗p ∈ {xnp ∈ R : n ∈ NM } that minimizes the requisite node impurity measure which
is given by either (3) or (5).

The “Absent Levels” Problem

2.2.1 Bagging

The “Absent Levels” Problem

Proposed in Breiman (1996a), bagging is an ensembling technique for improving the accuracy and stability of models. Specifically, given a training set
Z = {(x1 , y1 ), (x2 , y2 ), . . . , (xN , yN )} ,
this is achieved by repeatedly sampling N 0 observations with replacement from Z in order to
generate B bootstrapped training sets Z1 , Z2 , . . . , ZB , where usually N 0 = N . A separate
model is then trained on each bootstrapped training set Zb , where we denote model b’s
prediction on an observation x as fˆb (x). Here, showing each model a different bootstrapped
sample helps to de-correlate them, and the overall bagged estimate fˆ(x) for an observation
x can then be obtained by averaging over all of the individual predictions in the case of
regression

b=1

B
1 Xˆ
fˆ(x) =
fb (x),
B

b=1

or by taking the majority vote in the case of classification
!
B


X
I fˆb (x) = k
.
k∈K

fˆ(x) = arg max

One important aspect of bagging is the fact that each training observation n will only
appear “in-bag” in a subset of the bootstrapped training sets Zb . Therefore, for each training
observation n, an “out-of-bag” (OOB) prediction can be constructed by only considering
the subset of models in which n did not appear in the bootstrapped training set. Moreover,
an OOB error for a bagged model can be obtained by evaluating the OOB predictions for
all N training observations—a performance metric which helps to alleviate the need for
cross-validation or a separate test set (Breiman, 1996b).
2.2.2 CART-Like Tree Learning Algorithm
In the case of random forests, the model that is being trained on each individual bootstrapped training set Zb is a decision tree which is grown using the CART methodology,
but with two key modifications.
First, as mentioned previously in Section 2, the trees that are grown in random forests are
generally not pruned (Breiman, 2001). And second, instead of considering all P predictors
at a split, only a randomly selected subset of the P predictors is allowed to be used—a
restriction which helps to de-correlate the trees by placing a constraint on how similarly
they can be grown. This process, which is known as the random subspace method, was
developed in Amit and Geman (1997) and Ho (1998).

3. The Absent Levels Problem
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In Section 1, we defined the absent levels problem as the inherent issue for decision tree based
methods occurring whenever there is an indeterminacy over how to handle an observation
that has reached a categorical split which was determined when the observation in question’s
7
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(12)

level was absent during training, and we described the three different ways in which the
absent levels problem can arise. Then, in Section 2.1.2, we discussed how the levels of a
categorical predictor p which were present in the mother node NM during training were
used to determine its optimal splitting criterion Sp∗ . In this section, we investigate the
potential consequences of overlooking the absent levels problem where, for a categorical
predictor p with Q unordered levels which are indexed by the set Q = {1, 2, . . . , Q}, we now
also further denote the subset of the levels of p that were present or absent in the mother
node NM during training, respectively, as follows:

QP = {q ∈ Q : |{n ∈ NM : xnp = q}| > 0} ,

QA = {q ∈ Q : |{n ∈ NM : xnp = q}| = 0} .

Specifically, by documenting how absent levels have been handled by Breiman and Cutler’s
random forests FORTRAN code and the randomForest R package, we show how failing to
account for the absent levels problem can systematically bias a model in practice. However,
although our investigations are motivated by these two particular software implementations
of random forests, we emphasize that the absent levels problem is, first and foremost, an
intrinsic methodological issue for decision tree based methods.
3.1 Regression

For regression trees using a squared error node impurity measure, recall from our discussions
in Section 2.1.2 and equations (6), (10), and (11), that the split of a mother node NM on a
categorical predictor p can be characterized in terms of the splitting criterion’s associated
optimal numeric pseudo split point s̃p∗ and the means γp (q) of the unordered levels q ∈ Q
of p as follows:

• The unordered levels of p being sent left have means γp (q) that are less than or equal
to s̃p∗ .

• The unordered levels of p being sent right have means γp (q) that are greater than s̃p∗ .

Furthermore, recall from (2), that a node’s prediction is given by the mean of the training
responses that are in the node. Therefore, because the prediction of each daughter node can
be expressed as a weighted average over the means γp (q) of the present levels q ∈ QP that
are being sent to it, it follows that the left daughter node NL will always give a prediction
that is smaller than the right daughter node NR when splitting on a categorical predictor p
in a regression tree that uses a squared error node impurity measure.
In terms of execution, both the random forests FORTRAN code and the randomForest R
package employ the pseudo value procedure for regression that was described in Section 2.1.2
when determining the optimal splitting criterion Sp∗ for a categorical predictor p. However,
the code that is responsible for calculating the mean γp (q) within each unordered level q ∈ Q
as in equation (6) behaves as follows:
(
ave(yn | n ∈ NM and xnp = q) if q ∈ QP
,
0
if q ∈ QA
γp (q) =
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where QP and QA are, respectively, the present and absent levels of p as defined in (12).
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In addition, recall from (4), that a node’s classification is given by the response class that
occurs the most amongst the training observations that are in the node. Therefore, because

9

2
The exact condition for using the pseudo value procedure for binary classification in version 4.6-12 of
the randomForest R package is when a categorical predictor p has Q > 10 unordered levels. Meanwhile,
although the random forests FORTRAN code for binary classification references the pseudo value procedure, it
does not appear to be implemented in the code.

• The unordered levels of p being sent right have k = 1 response class proportions γp (q)
that are greater than s̃∗p .

• The unordered levels of p being sent left have k = 1 response class proportions γp (q)
that are less than or equal to s̃∗p .

For binary classification trees using a weighted Gini index node impurity measure, recall
from our discussions in Section 2.1.2 and equations (9), (10), and (11), that the split of a
mother node NM on a categorical predictor p can be characterized in terms of the splitting
criterion’s associated optimal numeric pseudo split point s̃∗p and the k = 1 response class
proportions γp (q) of the unordered levels q ∈ Q of p as follows:

3.2 Classification

And although this sensitivity to the training response values was most easily demonstrated
through these two extreme situations, the reader should not let this overshadow the fact
that the absent levels problem can also heavily influence a model’s performance in more
general circumstances (e.g., when the training responses are of mixed signs).

• If the training responses yn < 0 for all n, then the pseudo numeric split point s̃∗p < 0
since the means γp (q) < 0 for all of the present levels q ∈ QP . And because the
“imputed” means γp (q) = 0 > s̃∗p for all q ∈ QA , the absent levels will always be sent
to the right daughter node NR which gives larger predictions.

• If the training responses yn > 0 for all n, then the pseudo numeric split point s̃∗p > 0
since the means γp (q) > 0 for all of the present levels q ∈ QP . And because the
“imputed” means γp (q) = 0 < s̃∗p for all q ∈ QA , the absent levels will always be sent
to the left daughter node NL which gives smaller predictions.

the response class proportions of each daughter node can be expressed as a weighted average
over the response class proportions of the present levels q ∈ QP that are being sent to it,
it follows that the left daughter node NL is always less likely to classify an observation to
the k = 1 response class than the right daughter node NR when splitting on a categorical
predictor p in a binary classification tree that uses a weighted Gini index node impurity
measure.
In terms of implementation, the randomForest R package uses the pseudo value procedure for binary classification that was described in Section 2.1.2 when determining the
optimal splitting criterion Sp∗ for a categorical predictor p with a “large” number of unordered levels.2 However, the code that is responsible for computing the k = 1 response
class proportion γp (q) within each unordered level q ∈ Q as in equation (9) executes as
follows:
( |{n ∈ N : x = q and y = 1}|
np
n
M
if q ∈ QP
|{n ∈ NM : xnp = q}|
γp (q) =
.
0
if q ∈ QA

Although this “zero imputation” of the means γp (q) for the absent levels q ∈ QA is
inconsequential when determining the optimal numeric pseudo split point s̃∗p during training,
it can be highly influential on the subsequent predictions that are made for observations
with absent levels. In particular, by (10) and (11), the absent levels q ∈ QA will be sent left
if s̃∗p ≥ 0, and they will be sent right if s̃∗p < 0. But, due to the systematic differences that
exist amongst the two daughter nodes, this arbitrary decision of sending the absent levels
left versus right can significantly impact the predictions that are made on observations with
absent levels—even though the model’s final predictions will also depend on any ensuing
splits which take place after the absent levels problem occurs, observations with absent
levels will tend to be biased towards smaller predictions when they are sent to the left
daughter node, and they will tend to be biased towards larger predictions when they are
sent to the right daughter node.
In addition, this behavior also implies that the random forest regression models which
are trained using either the random forests FORTRAN code or the randomForest R package
are sensitive to the set of possible values that the training responses can take. To illustrate,
consider the following two extreme cases when splitting a mother node NM on a categorical
predictor p:

Therefore, the issues that arise here are similar to the ones that were described for regression.
Even though this “zero imputation” of the k = 1 response class proportions γp (q) for the
absent levels q ∈ QA is unimportant when determining the optimal numeric pseudo split
point s̃∗p during training, it can have a large effect on the subsequent classifications that are
made for observations with absent levels. In particular, since the proportions γp (q) ≥ 0 for
all of the present levels q ∈ QP , it follows from our discussions in Section 2.1.2 that the
numeric pseudo split point s̃∗p ≥ 0. And because the “imputed” proportions γp (q) = 0 ≤ s̃∗p
for all q ∈ QA , the absent levels will always be sent to the left daughter node. But,
due to the innate differences that exist amongst the two daughter nodes, this arbitrary
choice of sending the absent levels left can significantly affect the classifications that are
made on observations with absent levels—although the model’s final classifications will also
depend on any successive splits which take place after the absent levels problem occurs,
the classifications for observations with absent levels will tend to be biased towards the
k = 2 response class. Moreover, this behavior also implies that the random forest binary
classification models which are trained using the randomForest R package may be sensitive
to the actual ordering of the response classes: since observations with absent levels are
always sent to the left daughter node NL which is more likely to classify them to the k = 2
response class than the right daughter node NR , the classifications for these observations
can be influenced by interchanging the indices of the two response classes.
Meanwhile, for cases where the pseudo value procedure is not or cannot be used, the
random forests FORTRAN code and the randomForest R package will instead adopt a more
brute force approach that either exhaustively or randomly searches through the space of
possible splits. However, to understand the potential problems that absent levels can cause
in these situations, we must first briefly digress into a discussion of how categorical splits
are internally represented in their code.
Specifically, in their code, a split on a categorical predictor p is both encoded and
decoded as an integer whose binary representation identifies which unordered levels go left
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(the bits that are “turned on”) and which unordered levels go right (the bits that are
“turned off”). To illustrate, consider the situation where a categorical predictor p has four
unordered levels, and where the integer encoding of the split is 5. In this case, since 0101
is the binary representation of the integer 5 (because 5 = [0] · 23 + [1] · 22 + [0] · 21 + [1] · 20 ),
levels 1 and 3 get sent left while levels 2 and 4 get sent right.
Now, when executing an exhaustive search to find the optimal splitting criterion Sp∗
for a categorical predictor p with Q unordered levels, the random forests FORTRAN code
and the randomForest R package will both follow the same systematic procedure:3 all
2 Q−1 − 1 possible integer encodings for the non-redundant partitions of the unordered levels
of predictor p are evaluated in increasing sequential order starting from 1 and ending at
2 Q−1 − 1 , with the choice of the optimal splitting criterion Sp∗ being updated if and only if
the resulting weighted Gini index node impurity measure strictly improves.
But since the absent levels q ∈ QA are not present in the mother node NM during
training, sending them left or right has no effect on the resulting weighted Gini index. And
because turning on the bit for any particular level q while holding the bits for all of the
other levels constant will always result in a larger integer, it follows that the exhaustive
search that is used by these two software implementations will always prefer splits that send
all of the absent levels right since they are always checked before any of their analogous Gini
index equivalent splits that send some of the absent levels left.
Furthermore, in their exhaustive search, the leftmost bit corresponding to the Qth indexed unordered level of a categorical predictor p is always turned off since checking the
splits where this bit is turned on would be redundant—they would amount to just swapping the “left” and “right” daughter node labels for splits that have already been evaluated.
Consequently, the Qth indexed level of p will also always be sent to the right daughter node
and, as a result, the classifications for observations with absent levels will tend to be biased
towards the response class distribution of the training observations in the mother node NM
that belong to this Qth indexed level. Therefore, although it may sound contradictory, this
also implies that the random forest multiclass classification models which are trained using
either the random forests FORTRAN code or the randomForest R package may be sensitive
to the actual ordering of a categorical predictor’s unordered levels—a reordering of these
levels could potentially interchange the “left” and “right” daughter node labels, which could
then subsequently affect the classifications that are made for observations with absent levels
since they will always be sent to whichever node ends up being designated as the “right”
daughter node.
Finally, when a categorical predictor p has too many levels for an exhaustive search to
be computationally efficient, both the random forests FORTRAN code and the randomForest
R package will resort to approximating the optimal splitting criterion Sp∗ with the best split
that was found amongst a large number of randomly generated splits.4 This is accomplished
by randomly setting all of the bits in the binary representations of the splits to either a
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3
The random forests FORTRAN code will use an exhaustive search for both binary and multiclass classification whenever Q < 25. In version 4.6-12 of the randomForest R package, an exhaustive search will be
used for both binary and multiclass classification whenever Q < 10.
4
The random forests FORTRAN code will use a random search for both binary and multiclass classification
whenever Q ≥ 25. In version 4.6-12 of the randomForest R package, a random search will only be used when
Q ≥ 10 in the multiclass classification case.
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0 or a 1—a procedure which ultimately results in each absent level being randomly sent
to either the left or right daughter node with equal probability. As a result, although the
absent levels problem can still occur in these situations, it is difficult to determine whether
it results in any systematic bias. However, it is still an open question as to whether or not
such a treatment of absent levels is sufficient.

4. Heuristics for Mitigating the Absent Levels Problem

Although a comprehensive theoretical analysis of the absent levels problem is beyond the
scope of this paper, in this section we briefly consider several heuristics which may be able to
help mitigate the issue. Later, in Section 5, we empirically evaluate and compare how some
of these heuristics perform in practice when they are applied to three real data examples.
4.1 Missing Data Heuristics

Even though absent levels are fully observed and known, the missing data literature for
decision tree based methods is still perhaps the area of existing research that is most closely
related to the absent levels problem.
4.1.1 Stop

One straightforward missing data strategy for dealing with absent levels would be to simply
stop an observation from going further down the tree whenever the issue occurs and just
use the mother node for prediction—a missing data approach which has been adopted
by both the rpart R package for CART (Therneau et al., 2015) and the gbm R package
for generalized boosted regression models (Ridgeway, 2013). Even with this missing data
functionality already in place, however, the gbm R package has still had its own issues in
readily extending it to the case of absent levels—serving as another example of a software
implementation of a decision tree based method that has overlooked and suffered from the
absent levels problem.5

4.1.2 Distribution-Based Imputation (DBI)
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See, for example, https://code.google.com/archive/p/gradientboostedmodels/issues/7

Another potential missing data technique would be to send an observation with an absent
level down both daughter nodes—perhaps by using the distribution-based imputation (DBI)
technique which is employed by the C4.5 algorithm for growing decision trees (Quinlan,
1993). In particular, an observation that encounters an infeasible node split is first split
into multiple pseudo-instances, where each instance takes on a different imputed value
and weight based on the distribution of observed values for the splitting variable in the
mother node’s subset of the training data. These pseudo-instances are then sent down
their appropriate daughter nodes in order to proceed down the tree as usual, and the
final prediction is derived from the weighted predictions of all the terminal nodes that are
subsequently reached (Saar-Tsechansky and Provost, 2007).

5
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The partykit R package also provides some other functionality for dealing with missing
data that may be applicable to the absent levels problem. These include the package’s default approach of randomly sending the observations to one of the two daughter nodes with
the weighting done by the number of training observations in each node or, alternatively,
by simply having the observations go to the daughter node with more training observations. Interestingly, the partykit R package does appear to recognize the possibility of
absent levels occurring, and chooses to handle them as if they were missing—its reference
manual states that “Factors in test samples whose levels were empty in the learning sample
are treated as missing when computing predictions.” Whether or not such missing data
heuristics adequately address the absent levels problem, however, is still unknown.

4.1.4 Random/Majority

Nevertheless, surrogate splitting is still available as a non-default option for handling missing
data in the partykit R package (Hothorn and Zeileis, 2015), which is an implementation of a
bagging ensemble of conditional inference trees that correct for the biased variable selection
issues which exist in several tree learning algorithms like CART and C4.5 (Hothorn et al.,
2006).

Although surrogate splitting works well for trees, the method may not be well
suited for forests. Speed is one issue. Finding a surrogate split is computationally intensive and may become infeasible when growing a large number of trees,
especially for fully saturated trees used by forests. Further, surrogate splits may
not even be meaningful in a forest paradigm. [Random forests] randomly selects
variables when splitting a node and, as such, variables within a node may be
uncorrelated, and a reasonable surrogate split may not exist. Another concern
is that surrogate splitting alters the interpretation of a variable, which affects
measures such as [variable importance].

However, despite its extensive use in CART, surrogate splitting may not be entirely
appropriate for ensemble tree methods like random forests. As pointed out in Ishwaran
et al. (2008):

Surrogate splitting, which the rpart R package also supports, is arguably the most popular
method of handling missing data in CART, and it may provide another workable approach
for mitigating the effects of absent levels. Specifically, if p∗ , Sp∗∗ is found to be the optimal
splitting variable and splitting criterion pair for a mother node NM , then the first surrogate
split is the (p0 , Sp0 ) pair where p0 6= p∗ that yields the split which most closely mimics the
optimal split’s binary partitioning of NM , the second surrogate split is the (p00 , Sp00 ) pair
where p00 6∈ {p∗ , p0 } resulting in the second most similar binary partitioning of NM as the
optimal split, and so on. Afterwards, when an observation reaches an indeterminate split,
the surrogates are tried in the order of decreasing similarity until one of them becomes
feasible (Breiman et al., 1984).

4.1.3 Surrogate Splits

The “Absent Levels” Problem
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See, for example, https://github.com/scikit-learn/scikit-learn/pull/3346

perform when confronted with the absent levels problem in random forests.
In particular, the first two heuristics that we consider in our set H are the systematically
biased approaches discussed in Section 3 which have been employed by both the random

H = {Left, Right, Stop, Majority, Random, DBI, One-Hot}

Although the actual severity of the absent levels problem will depend on the specific data
set and task at hand, in this section we present three real data examples which illustrate
how the absent levels problem can dramatically alter the performance of decision tree based
methods in practice. In particular, we empirically evaluate and compare how the seven
different heuristics in the set

5. Examples

Nevertheless, one-hot encoding is perhaps the most straightforward feature engineering
technique that could be applied to the absent levels problem—even though some unordered
levels may still be absent when determining a categorical split during training, any uncertainty over where to subsequently send these absent levels would be eliminated by recoding
the levels of each categorical predictor into separate dummy predictors.

4.2.1 One-Hot Encoding

Apart from missing data methods, feature engineering techniques which transform the categorical predictors may also be viable approaches to mitigating the effects of absent levels.
However, feature engineering techniques are not without their own drawbacks. First,
transforming the categorical predictors may not always be feasible in practice since the feature space may become computationally unmanageable. And even when transformations are
possible, they may further exacerbate variable selection issues—many popular tree learning algorithms such as CART and C4.5 are known to be biased in favor of splitting on
ordered predictors and categorical predictors with many unordered levels since they offer
more candidate splitting points to choose from (Hothorn et al., 2006). Moreover, by recoding a categorical predictor’s unordered levels into several different predictors, we forfeit a
decision tree based method’s natural ability to simultaneously consider all of the predictor’s
levels together at a single split. Thus, it is not clear whether feature engineering techniques
are preferable when using decision tree based methods.
Despite these potential shortcomings, transformations of the categorical predictors is
currently required by the scikit-learn Python module’s implementation of random forests
(Pedregosa et al., 2011). There have, however, been some discussions about extending
the module so that it can support the native categorical split capabilities used by the
random forests FORTRAN code and the randomForest R package.6 But, needless to say, such
efforts would also have the unfortunate consequence of introducing the indeterminacy of
the absent levels problem into another popular software implementation of a decision tree
based method.

4.2 Feature Engineering Heuristics
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forests FORTRAN code and the randomForest R package due to having overlooked the absent
levels problem:
• Left: Sending the observation to the left daughter node.
• Right: Sending the observation to the right daughter node.
Consequently, these two “naive heuristics” have been included in our analysis for comparative purposes only.
In our set of heuristics H, we also consider some of the missing data strategies for
decision tree based methods that we discussed in Section 4:
• Stop: Stopping the observation from going further down the tree and using the
mother node for prediction.
• Majority: Sending the observation to the daughter node with more training observations, with any ties being broken randomly.
• Random: Randomly sending the observation to one of the two daughter nodes, with
the weighting done by the number of training observations in each node.7
• Distribution-Based Imputation (DBI): Sending the observation to both daughter
nodes using the C4.5 tree learning algorithm’s DBI approach.
Unlike the two naive heuristics, these “missing data heuristics” are all less systematic in
their preferences amongst the two daughter nodes.
Finally, in our set H, we also consider a “feature engineering heuristic” which transforms
all of the categorical predictors in the original data set:
• One-Hot: Recoding every categorical predictor’s set of possible unordered levels into
separate dummy predictors
Under this heuristic, although unordered levels may still be absent when determining a categorical split during training, there is no longer any uncertainty over where to subsequently
send observations with absent levels.
Code for implementing the naive and missing data heuristics was built on top of version
4.6-12 of the randomForest R package. Specifically, the randomForest R package is used
to first train the random forest models as usual. Afterwards, each individual tree’s in-bag
training data is sent back down the tree according to the tree’s set of decision rules in
order to record the unordered levels that were absent at each categorical split. Finally,
when making predictions or inferences, our code provides some functionality for carrying
out each of the naive and missing data heuristics whenever the absent levels problem occurs.
Each of the random forest models that we consider in our analysis is trained “off-theshelf” by using the randomForest R package’s default settings for the algorithm’s tuning
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7
We also investigated an alternative “unweighted” version of the Random heuristic which randomly sends
observations with absent levels to either the left or right daughter node with equal probability (analogous
to the random search procedure that was described at the end of Section 3.2). However, because this
unweighted version was found to be generally inferior to the “weighted” version described in our analysis,
we have omitted it from our discussions for expositional clarity and conciseness.
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For a regression example, we consider the 1985 Auto Imports data set from the UCI Machine
Learning Repository (Lichman, 2013) which, after discarding observations with missing
data, contains 25 predictors that can be used to predict the prices of 159 cars. Categorical
predictors for which the absent levels problem can occur include a car’s make (18 levels),

5.1 1985 Auto Imports

parameters. Moreover, to account for the inherent randomness in the random forests algorithm, we repeat each of our examples 1000 times with a different random seed used to
initialize each experimental replication. However, because of the way in which we have
structured our code, we note that our analysis is able to isolate the effects of the naive
and missing data heuristics on the absent levels problem since, within each experimental
replication, their underlying random forest models are identical with respect to each tree’s
in-bag training data and differ only in terms of their treatment of the absent levels. As a
result, the predictions and inferences obtained from the naive and missing data heuristics
will be positively correlated across the 1000 experimental replications that we consider for
each example—a fact which we exploit in order to improve the precision of our comparisons.
Recall from Section 4, however, that the random forest models which are trained on feature engineered data sets are intrinsically different from the random forest models which are
trained on their original untransformed data set counterparts. Therefore, although we use
the same default randomForest R package settings and the same random seed to initialize
each of the One-Hot heuristic’s experimental replications, we note that its predictions and
inferences will be essentially uncorrelated with the naive and missing data heuristics across
each example’s 1000 experimental replications.

Figure 1: Histograms for each example’s distribution of OOB absence proportions.

Frequency

n=1
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This is the case for versions 4.6-7 and earlier of the randomForest R package. Beginning in version 4.6-9,
however, the randomForest R package began to internally mean center the training responses prior to fitting
the model, with the mean being subsequently added back to the predictions of each node. Consequently, the
Left heuristic isn’t always used in these versions of the randomForest R package since the training responses
that the model actually considers are of mixed sign. Nevertheless, such a strategy still fails to explicitly
address the underlying absent levels problem.

8

body style (5 levels), drive layout (3 levels), engine type (5 levels), and fuel system (6 levels).
Furthermore, because all of the car prices are positive, we know from Section 3.1 that the
random forests FORTRAN code and the randomForest R package will both always employ the
Left heuristic when faced with absent levels for this particular data set.8
The top panel in Figure 1 depicts a histogram of this example’s OOB absence proportions, which we define for each training observation as the proportion of its OOB trees
across all 1000 experimental replications which had the absent levels problem occur at least
once when using the training set with the original untransformed categorical predictors.
Meanwhile, Table 1 provides a more detailed summary of this example’s distribution of
OOB absence proportions. Consequently, although there is a noticeable right skew in the
distribution, we see that most of the observations in this example had the absent levels
problem occur in less than 5% of their OOB trees.
(h)
Let ŷnr denote the OOB prediction that a heuristic h makes for an observation n
in an experimental replication r. Then, within each experimental replication r, we can
compare the predictions that two different heuristics h1 , h2 ∈ H make for an observation
(h )
(h )
n by considering the difference ŷnr1 − ŷnr2 . We summarize these comparisons for all
possible pairwise combinations of the seven heuristics in Figure 2, where each panel plots
the mean and middle 95% of these differences across all 1000 experimental replications as
a function of the OOB absence proportion. From the red intervals in Figure 2, we see
that significant differences in the predictions of the heuristics do exist, with the magnitude
of the point estimates and the width of the intervals tending to increase with the OOB
absence proportion—behavior that agrees with our intuition that the distinctive effects of
each heuristic should become more pronounced the more often the absent levels problem
occurs.
In addition, we can evaluate the overall performance of each heuristic h ∈ H within an
experimental replication r in terms of its root mean squared error (RMSE):
v
u
N 

u1 X
(h) 2
(h)
RMSEr = t
yn − ŷnr .
N

Table 1: Summary statistics for each example’s distribution of OOB absence proportions.
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Figure 2: Pairwise differences in the OOB predictions as a function of the OOB absence proportions in the 1985 Auto Imports
data set. Each panel plots the mean and middle 95% of the differences across all 1000 experimental replications when the
OOB predictions of the heuristic that is labeled at the right of the panel’s row is subtracted from the OOB predictions
of the heuristic that is labeled at the top of the panel’s column. Differences were taken within each experimental
replication in order to account for the positive correlation that exists between the naive and missing data heuristics.
Intervals containing zero (the horizontal dashed line) are in black, while intervals not containing zero are in red.
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Relative to all of the other heuristics and consistent with our discussions in Section 3.1, we
see from Figure 2 that the Left and Right heuristics have a tendency to severely underpredict
and overpredict, respectively. Furthermore, for this particular example, we notice from
Figure 3 that the random forests FORTRAN code and the randomForest R package’s behavior
of always sending absent levels left in this particular data set substantially underperforms
relative to the other heuristics—it gives an RMSE that is, on average, 6.2% worse than
the best performing missing data heuristic. And although the Right heuristic appears to

5.1.1 Naive Heuristics

Here we note that the Left and Right heuristics were not considered in the definition of the
best RMSE achieved within each experimental replication r due to the issues discussed in
Section 3, while the One-Hot heuristic was excluded from this definition since it is essentially
uncorrelated with the other six heuristics across all 1000 experimental replications. Boxplots
of these relative RMSEs are shown in the right panel of Figure 3.

RMSEr(hkHm ) =

Boxplots displaying each heuristic’s marginal distribution of RMSEs across all 1000 experimental replications are shown in the left panel of Figure 3. However, these marginal
boxplots ignore the positive correlation that exists between the naive and missing data
heuristics. Therefore, within every experimental replication r, we also compare the RMSE
for each heuristic h ∈ H relative to the best RMSE that was achieved amongst the missing
data heuristics Hm = {Stop, Majority, Random, DBI }:

Figure 3: RMSEs for the OOB predictions of the seven heuristics in the 1985 Auto Imports
data set. The left panel shows boxplots of each heuristic’s marginal distribution of
RMSEs across all 1000 experimental replications, which ignores the positive correlation that exists between the naive and missing data heuristics. The right panel
accounts for this positive correlation by comparing the RMSEs of the heuristics
relative to the best RMSE that was obtained amongst the missing data heuristics
within each of the 1000 experimental replications as in (13).

RMSE

Au

perform exceptionally well, we again stress the misleading nature of this performance—its
tendency to overpredict just coincidentally happens to be beneficial in this specific situation.
5.1.2 Missing Data Heuristics

As can be seen from Figure 2, the predictions obtained from the four missing data heuristics
are more aligned with one another than they are with the Left, Right, and One-Hot heuristics. Considerable disparities in their predictions do still exist, however, and from Figure 3
we note that amongst the four missing data heuristics, the DBI heuristic clearly performs the
best. And although the Majority heuristic fares slightly worse than the Random heuristic,
they both perform appreciably better than the Stop heuristic.

5.1.3 Feature Engineering Heuristic

Recall that the One-Hot heuristic is essentially uncorrelated with the other six heuristics
across all 1000 experimental replications—a fact which is reflected in its noticeably wider
intervals in Figure 2 and in its larger relative RMSE boxplot in Figure 3. Nevertheless, it
can still be observed from Figure 3 that although the One-Hot heuristic’s predictions are
sometimes able to outperform the other heuristics, on average, it yields an RMSE that is
2.2% worse than than the best performing missing data heuristic.
5.2 PROMESA

JMLR 19(45):1-30, 2018

For a binary classification example, we consider the June 9, 2016 United States House of
Representatives vote on the Puerto Rico Oversight, Management, and Economic Stability
Act (PROMESA) for addressing the Puerto Rican government’s debt crisis. Data for this
vote was obtained by using the Rvoteview R package to query the Voteview database (Lewis,
2015). After omitting those who did not vote on the bill, the data set contains four predictors
that can be used to predict the binary “No” or “Yes” votes of 424 House of Representative
members. These predictors include a categorical predictor for a representative’s political
party (2 levels), a categorical predictor for a representative’s state (50 levels), and two
ordered predictors which quantify aspects of a representative’s political ideological position
(McCarty et al., 1997).
The “No” vote was taken to be the k = 1 response class in our analysis, while the “Yes”
vote was taken to be the k = 2 response class. Recall from Section 3.2, that this ordering of
the response classes is meaningful in a binary classification context since the randomForest
R package will always use the Left heuristic which biases predictions for observations with
absent levels towards whichever response class is indexed by k = 2 (corresponding to the
“Yes” vote in our analysis).
From Figure 1 and Table 1, we see that the absent levels problem occurs much more
frequently in this example than it did in our 1985 Auto Imports example. In particular, the
seven House of Representative members who were the sole representatives from their state
had OOB absence proportions that were greater than 0.961 since the absent levels problem
occurred for these observations every time they reached an OOB tree node that was split
on the state predictor.
For random forest classification models, the predicted probability that an observation
belongs to a response class k can be estimated by the proportion of the observation’s trees
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Figure 4: Pairwise differences in the OOB predicted probabilities of voting “Yes” as a function of the OOB absence proportion
in the PROMESA data set. Each panel plots the mean and middle 95% of the pairwise differences across all 1000
experimental replications when the OOB predicted probabilities of the heuristic that is labeled at the right of the
panel’s row is subtracted from the OOB predicted probabilities of the heuristic that is labeled at the top of the panel’s
column. Differences were taken within each experimental replication to account for the positive correlation that exists
between the naive and missing data heuristics. Intervals containing zero (the horizontal dashed line) are in black, while
intervals not containing zero are in red.
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9
This is the approach that is used by the randomForest R package. The scikit-learn Python module
uses an alternative method of calculating the predicted response class probabilities which takes the average
of the predicted class probabilities over the trees in the random forest, where the predicted probability of
a response class k in an individual tree is estimated using the proportion of a node’s training samples that
belong to the response class k.

is the expected probability of the two heuristics agreeing by chance. Therefore, within an
(h ,h )
experimental replication r, we will observe κr 1 2 = 1 if the two heuristics are in com(h1 ,h2 )
plete agreement, and we will observe κr
≈ 0 if there is no agreement amongst the two
heuristics other than what would be expected by chance. In Figure 5, we plot histograms
of the Cohen’s kappa coefficient for all possible pairwise combinations of the seven heuristics across all 1000 experimental replications when the random forests algorithm’s default
majority vote discrimination threshold of 0.5 is used.
More generally, the areas underneath the receiver operating characteristic (ROC) and
precision-recall (PR) curves can be used to compare the overall performance of binary
classifiers as the discrimination threshold is varied between 0 and 1. Specifically, as the discrimination threshold changes, the ROC curve plots the proportion of positive observations
that a classifier correctly labels as a function of the proportion of negative observations
that a classifier incorrectly labels, while the PR curve plots the proportion of a classifier’s
positive labels that are truly positive as a function of the proportion of positive observations
that a classifier correctly labels (Davis and Goadrich, 2006).

n=1

is the observed probability of agreement between the two heuristics, and where
" N
!
!#
K
N



X 
X
1 X
(h1 ,h2 )
(h1 )
(h2 )
er
= 2
I ŷnr = k
·
I ŷnr = k
N

where

1 ,h2 )
κ(h
=
r

which classify it to class k.9 Let p̂nkr denote the OOB predicted probability that a heuristic
h assigns to an observation n of belonging to a response class k in an experimental replication
r. Then, within each experimental replication r, we can compare the predicted probabilities
that two different heuristics h1 , h2 ∈ H assign to an observation n by considering the
(h )
(h )
difference p̂nkr1 − p̂nkr2 . We summarize these differences in the predicted probabilities of
voting “Yes” for all possible pairwise combinations of the seven heuristics in Figure 4, where
each panel plots the mean and middle 95% of these differences across all 1000 experimental
replications as a function of the OOB absence proportion.
The large discrepancies in the predicted probabilities that are observed in Figure 4 are
(h)
particularly concerning since they can lead to different classifications. If we let ŷnr denote
the OOB classification that a heuristic h makes for an observation n in an experimental
replication r, then Cohen’s kappa coefficient (Cohen, 1960) provides one way of measuring
the level of agreement between two different heuristics h1 , h2 ∈ H:
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Figure 5: Pairwise Cohen’s kappa coefficients for the seven different heuristics as defined in (14) when the random forests algorithm’s default majority vote discrimination threshold of 0.5 is used in the PROMESA data set. Each panel plots the
histogram of coefficients across all 1000 experimental replications when the OOB classifications of the heuristic that
is labeled at the right of the panel’s row are compared against the OOB classifications of the heuristic that is labeled
at the top of the panel’s column. Cohen’s kappa coefficients were calculated within each of the 1000 experimental
replications to account for the positive correlation between the naive and missing data heuristics.
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Taking the “Yes” vote to be the positive response class in our analysis, we calculate the
areas underneath the ROC and PR curves for each heuristic h ∈ H within each experimental
replication r. Boxplots depicting each heuristic’s marginal distribution of these two areas
across all 1000 experimental replications are shown in the left panels of Figure 6. However,
these marginal boxplots ignore the positive correlation that exists between the naive and
missing data heuristics. Therefore, within every experimental replication r and similar to
what was previously done in our 1985 Auto Imports example, we also compare the areas
for each heuristic h ∈ H relative to the best area that was achieved amongst the missing
data heuristics Hm = {Stop, Majority, Random, DBI }:
AUCr(hkHm ) =

(h)

where, depending on the context, AUCr denotes the area that is underneath either the
ROC or PR curve for heuristic h in experimental replication r. Boxplots of these relative
areas across all 1000 experimental replications are displayed in the right panels of Figure 6.
5.2.1 Naive Heuristics

As expected given our discussions in Section 3.2 and how we have chosen to index the
response classes in our analysis, we see from Figure 4 that the Left heuristic results in significantly higher predicted probabilities of voting “Yes” than the other heuristics, while the
Right heuristic yields predicted probabilities of voting “Yes” that are substantially lower.
The consequences of this behavior in terms of making classifications can be observed in
Figure 5, where we note that both the Left and Right heuristics tend to exhibit a high level
of disagreement when compared against any other heuristic’s classifications. Moreover, Figure 6 illustrates that the randomForest R package’s practice of always sending absent levels
left in binary classification is noticeably detrimental here—relative to the best performing
missing data heuristic, it gives areas underneath the ROC and PR curves that are, on average, 1.5% and 3.7% worse, respectively. And although the Right heuristic appears to do
well in terms of the area underneath the PR curve, we once again emphasize the spurious
nature of this performance and caution against taking it at face value.
5.2.2 Missing Data Heuristics

JMLR 19(45):1-30, 2018

Similar to what was previously seen in our 1985 Auto Imports example, Figures 4 and 5
show that the four missing data heuristics tend to exhibit a higher level of agreement with
one another than they do with the Left, Right, and One-Hot heuristics. However, significant
differences do still exist, and we see from Figure 6 that the relative performances of the
heuristics will vary depending on the specific task at hand—the Majority heuristic slightly
outperforms the three other missing data heuristics in terms of the area underneath the
ROC curve, while the Random heuristic does considerably better than all of its missing
data counterparts with respect to the area underneath the PR curve.
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It can also be observed from Figure 7 that, although the One-Hot heuristic can occasionally
outperform the missing data heuristics, on average, it yields a log loss that is 4.5% worse
than the best performing missing data heuristic.

5.3.3 Feature Engineering Heuristic

Figure 7 shows that for this particular example, the Majority and Random heuristics perform roughly on par with one another, and that they both also significantly outperform
the Stop and DBI heuristics—the smallest log loss amongst all of the missing data heuristics was achieved by either the Majority or the Random heuristic in 999 out of the 1000
experimental replications.

5.3.2 Missing Data Heuristics

Although we once again stress the systematically biased nature of the Left and Right heuristics, we note from Figure 7 that the two naive heuristics are sometimes able to outperform
the missing data heuristics. Nevertheless, on average, the Left and Right heuristics resulted
in log losses that are 0.7% and 1.9% worse than the best performing missing data heuristic,
respectively.

5.3.1 Naive Heuristics

Boxplots of these relative log losses are depicted in the right panel of Figure 7.

m)
LogLoss(hkH
=
r

to evaluate the overall performance of each heuristic h ∈ H, where we once again let
(h)
p̂nkr denote the OOB predicted probability that a heuristic h assigns to an observation
n of belonging to a response class k in an experimental replication r. The left panel of
Figure 7 displays the marginal distribution of each heuristic’s log losses across all 1000
experimental replications. However, to once again account for the positive correlation that
exists amongst the naive and missing data heuristics, within every experimental replication
r, we also compare the log losses for each heuristic h ∈ H relative to the best log loss that
was achieved amongst the missing data heuristics Hm = {Stop, Majority, Random, DBI }:

LogLoss(h)
r =−

levels). Consequently, recall from Section 3.2, that the random forests FORTRAN code and
randomForest R package will both employ an exhaustive search that always sends absent
levels right when splitting on either the river or purpose predictors, and that they will
both resort to using a random search that sends absent levels either left or right with equal
probability when splitting on the location predictor since it has too many levels for an
exhaustive search to be computationally efficient. The OOB absence proportions for this
example are summarized in the bottom panel of Figure 1 and in Table 1.
Within each experimental replication r, we can use the log loss

Au

For a multiclass classification example, we consider the Pittsburgh Bridges data set from
the UCI Machine Learning Repository which, after removing observations with missing
data, contains seven predictors that can be used to classify 72 bridges to one of seven
different bridge types. The categorical predictors in this data set for which the absent levels
problem can occur include a bridge’s river (3 levels), purpose (3 levels), and location (46

5.3 Pittsburgh Bridges

Although it is essentially uncorrelated with the other six heuristics across all 1000 experimental replications, Figures 4 and 5 still suggest that the One-Hot heuristic’s predicted
probabilities and classifications can greatly differ from the other six heuristics. Furthermore, Figure 6 shows that even though the One-Hot heuristic may appear to perform well
in terms of the area underneath its ROC curve relative to the missing data heuristics, its
performance in the PR context is rather lackluster.

5.2.3 Feature Engineering Heuristic

Figure 6: Areas underneath the ROC and PR curves for the seven heuristics in the
PROMESA data set. The left panels show boxplots of each heuristic’s marginal
distribution of areas across all 1000 experimental replications, which ignores the
positive correlation that exists between the naive and missing data heuristics.
The right panels account for this positive correlation by comparing the areas of
the heuristics relative to the best area that was obtained amongst the missing
data heuristics within each of the 1000 experimental replications as in (15).
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In this paper, we introduced and investigated the absent levels problem for decision tree
based methods. In particular, by using Breiman and Cutler’s random forests FORTRAN code
and the randomForest R package as motivating case studies, we showed how overlooking the
absent levels problem could systematically bias a model. Furthermore, we presented three
real data examples which illustrated how absent levels can dramatically alter a model’s
performance in practice.
Even though a comprehensive theoretical analysis of the absent levels problem was
beyond the scope of this paper, we empirically demonstrated how some simple heuristics
could be used to help mitigate the effects of absent levels. And although none of the missing
data and feature engineering heuristics that we considered performed uniformly better than
all of the others, they were all shown to be superior to the biased naive approaches that
are currently being employed due to oversights in the software implementations of decision
tree based methods.
Consequently, until a more robust theoretical solution is found, we encourage the software implementations which support the native categorical split capabilities of decision trees
to incorporate the Random heuristic as a provisional measure given its reliability—in all of
our examples, the Random heuristic was always competitive in terms of its performance.
Moreover, based on our own personal experiences, we note that the Random heuristic was
one of the easier heuristics to implement on top of the randomForest R package. In the
meantime, while waiting for these mitigations to materialize, we also urge users who rely
on decision tree based methods to feature engineer their data sets when possible in order to
circumvent the absent levels problem—although our empirical results suggest that this may

6. Conclusion

Figure 7: Log losses for the OOB predicted response class probabilities of the seven heuristics in the Pittsburgh Bridges data. The left panel shows boxplots of each heuristic’s marginal distribution of log losses set across all 1000 experimental replications, which ignores the positive correlation that exists between the naive and
missing data heuristics. The right panel accounts for this positive correlation by
comparing the log losses of the heuristics relative to the best log loss that was obtained amongst the missing data heuristics within each of the 1000 experimental
replications as in (16).

Log Loss

Au

sometimes be detrimental to a model’s performance, we believe this to still be preferable
to the alternative of having to rely on biased approaches which do not adequately address
absent levels.
Finally, although this paper primarily focused on the absent levels problem for random
forests and a particular subset of the types of analyses in which random forests have been
used, it is important to recognize that the issue of absent levels applies much more broadly.
For example, decision tree based methods have also been employed for clustering, detecting
outliers, imputing missing values, and generating variable importance measures (Breiman,
2003)—tasks which also depend on the terminal node behavior of the observations. In addition, several extensions of decision tree based methods have been built on top of software
which currently overlook absent levels—such as the quantile regression forests algorithm
(Meinshausen, 2006, 2012) and the infinitesimal jackknife method for estimating the variance of bagged predictors (Wager et al., 2014), which are both implemented on top of the
randomForest R package. Indeed, given how extensively decision tree based methods have
been used, a sizable number of these models have almost surely been significantly and unknowingly affected by the absent levels problem in practice—further emphasizing the need
for the development of both theory and software that accounts for this issue.
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For the case where the rows of X are i.i.d N (0, Σ0 ), we compare kX(β̂ − β 0 )k2 with
√
1/2
nkΣ0 (β ∗ − β 0 )k2 in Theorem 11. We assume here some mild condition on the growth

b∈Rp

The results of this paper can be summarized as follows. Firstly, suppose the design is
random and that Σ0 := EX
I T X/n exists. Let β ∗ be the noiseless Lasso for random design


1/2
β ∗ ∈ arg min nkΣ0 (b − β 0 )k22 + 2λkbk1 .
(2)

with λ > 0 a regularization parameter (Tibshirani (1996)). Its prediction error is kX(β̂ −
β 0 )k22 . Main aim of this paper is to provide lower bounds for this prediction error, bounds
which show that compatibility constants necessarily enter into the picture.

b∈Rp

β̂ ∈ arg min kY − Xbk22 + 2λkbk1

where the noise  ∈ Rn is a vector of i.i.d. standard Gaussians independent of X. The Lasso
estimator β̂ is



Let X ∈ Rn×p be an input matrix and β 0 ∈ Rp a vector of unknown coefficients. Consider
an n-vector of noisy observations
Y = Xβ 0 + 

1. Introduction

Keywords: Compatibility, Lasso, Linear Model, Lower Bound

We present upper and lower bounds for the prediction error of the Lasso. For the case
of random Gaussian design, we show that under mild conditions the prediction error of
the Lasso is up to smaller order terms dominated by the prediction error of its noiseless
counterpart. We then provide exact expressions for the prediction error of the latter, in
terms of compatibility constants. Here, we assume the active components of the underlying
regression function satisfy some “betamin” condition. For the case of fixed design, we
provide upper and lower bounds, again in terms of compatibility constants. As an example,
we give an up to a logarithmic term tight bound for the least squares estimator with total
variation penalty.
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X
X
1/2
b∗ ∈ arg min kΣ0 bk2 :
|bj | −
|bj | = 1

Betamin condition Let

Throughout the paper, the active set of β 0 is denoted by S0 := {j : βj0 6= 0}. Its size is
denoted by s0 := |S0 |. Our betamin condition is as follows (its meaning should become
more clear after looking at Section 3 where compatibility constants are defined).

To get an idea of the flavour of the type of bounds we are after, we present in Theorem 1
the case of random design. Details of its proof can be found in Subsection 11.9. We provide
more explicit statements in Theorem 11.

Main theme of this paper is to gain further insight into the role of the compatibility constant
when applying the Lasso and to see how it occurs in lower bounds. In Zhang et al. (2014)
it is shown that for a given sparsity level, there is a design and a lower bound for the
mean prediction error in the noisy case, that holds for any polynomial time algorithm. This
lower bound is close to the known upper bounds and in particular shows that compatibility
conditions or restricted eigenvalue conditions cannot be avoided. This has also been shown
by Bellec (2017), where a choice of the particular vector of regression coefficients β 0 leads to
a lower bound matching the upper bound. We further elaborate on this issue, and provide
lower bounds that hold for a large class of vectors β 0 .

There are general upper bounds in the literature, in particular sharp oracle bounds as
in Koltchinskii et al. (2011) (see also Giraud, 2014, Theorem 4.1 or van de Geer, 2016,
Theorem 2.2). The oracle bounds involve a compatibility constant, and an improved version
of this constant has been developed in Sun and Zhang (2012), Belloni and Wang (2014) and
Dalalyan et al. (2017).

of the compatibility constants as n increases. The theorem has as an important corollary
√
1/2
that kX(β̂ − β 0 )k2 is up to lower order terms equal to nkΣ0 (β ∗ − β 0 )k2 whenever (after
normalizing the co-variance matrix Σ0 to having bounded entries) the largest eigenvalue
Λ2max of Σ0 is of small order log n, see Corollary 12. Secondly, we provide in Theorem 14
exact expressions for the prediction error of the noiseless Lasso in terms of compatibility
constants. We require here “betamin” conditions, which roughly say that the non-zero coefficients of β 0 should have the appropriate signs and remain above the noise level in absolute
value. Thirdly, for the case of fixed design, we present upper and lower bounds for the
prediction error kX(β̂ − β 0 )k22 in terms of weighted compatibility constants. Theorem 17
states the lower bounds, assuming again certain betamin conditions. The upper bounds we
present are similar to those obtained the literature and presented for completeness. They
are stated as a consequence of Theorem 18 in Corollary 19. Another application of Theorem 18 is given in Corollary 20. It presents an upper bound for kX(β̂ − β ∗ )k2 where β ∗
is now the counterpart of (2) for the fixed design case. As an illustration we consider least
squares estimation with a (one-dimensional) total variation penalty. For this case we arrive
in Corollary 22 at lower and upper bounds that are the same up to a logarithmic term.

van de Geer

Bounds for the Lasso

λ

kΣ0 b∗ k22 n

1/2

zj∗ bj∗
, ∀j ∈ S0 .
(3)

and for j ∈ S0 let zj∗ be the sign of bj∗ . We say that β 0 satisfies the betamin condition for
the noiseless case with random design if
zj∗ βj0 >

We will make asymptotic statements with the sample size n tending to infinity and apply
(stochastic) order symbols. All quantities in the paper are allowed to depend on n unless
otherwise stated.


kΣ0 k∞
κ2 (S)



2
Λmax
/kΣ0 k∞ = o(log(2p)),

log(2p)|S|
: S ⊂ {1, . . . , p}, |S| ≤
n

 2
 
Λmax
4s0 = o(1).
κ2 (S0 )

Theorem 1 Let the rows of X be i.i.d. N (0, Σ0 ), let kΣ0 k∞ be the maximal entry in the
2
co-variance matrix Σ0 and Λmax
be its largest eigenvalue. For S ⊂ {1, . . . , p}, let κ2 (S) be
the compatibility constant defined in Definition 2. Suppose that

and
max

For some t > 0, take the tuning parameter λ to satisfy


q

p
1/2
2n(log(2p) + t) + 2(log(2p) + t) ≤ λ = O
kΣ0 k∞ log(2p) .
3kΣ0 k1/2
∞

kΣ0 b∗ k22

1/2

λ2 /n

(1 + oIP (1)) + OIP (1)

Then, under condition (3) (the betamin condition for the noiseless case with random design),
we have
kX(β̂ − β 0 )k22 =
1/2

(where in fact s0 kΣ0 b∗ k22 = κ2 (S0 )).

2. Organization of the Paper
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In Section 3 the definition of compatibility constants is given and also some of their properties are discussed. Section 4 shows that for the case of random design the squared “bias” of
the Lasso dominates its “variance”. Section 5 then gives expressions for this “bias”, i.e. for
the noiseless Lasso. Here, we examine fixed design but the results carry over immediately
to random design. In Section 6 the result of Section 5 is illustrated with the total variation
penalty (in one dimension). Section 7 presents lower bounds for the noisy case with fixed
design, and Section 8 presents some upper bounds. Corollary 19 is essentially as in the
papers Sun and Zhang (2012), Belloni and Wang (2014) and Dalalyan et al. (2017), albeit
that do not consider the approximately sparse case to avoid digressions. Section 9 has upper
and lower bounds for the least squares estimator with total variation penalty in the noisy
case. Section 10 concludes. Section 11 contains the proofs.
3

3. Compatibility Constants

van de Geer

We introduce some notation in order to be able to define the compatibility constants. This
notation will also be helpful at other places. For S ⊂ {1, . . . , p} and a vector b ∈ Rp let
bS ∈ Rp be the vector with entries bj,S := bj l{j ∈ S}, j = 1, . . . , p. We apply the same
notation for the |S|-dimensional vector {bj }j∈S . We moreover write b−S := bS c where S c is
the the complement of the set S.

3.1. Theoretical Compatibility Constants

The population version of the compatibility constant will be used for the case of random
design X. We call the population version the theoretical compatibility constant.

Definition 2 Let Σ0 := EX
I T X/n (assumed to exist). Let S ⊂ {1, . . . , p} be a set of indices
and u ≥ 0 be a constant. The theoretical compatibility constant is


1/2
κ2 (u, S) := min |S|kΣ0 bk22 : kbS k1 − ukb−S k1 = 1 .
For u = 1 we write κ(1, S) =: κ(S).

3.2. Empirical Compatibility Constants

For a vector w we let W := diag(w) be the diagonal matrix with w on the diagonal.

Definition 3 (Belloni and Wang, 2014, Dalalyan et al., 2017) Let S ⊂ {1, . . . , p} be a set
of indices and w ∈ Rp−|S| be a vector of non-negative weights. The (empirical) compatibility
constant is is



κ̂2 (w, S) := min |S|kXbk22 /n : kbS k1 − kW b−S k1 = 1 .

For the case where w = 1 where 1 denotes a vector with all entries equal to one, put
κ̂2 (S) := κ̂2 (1, S).

3.3. Some Properties of Compatibility Constants
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One readily sees that the theoretical and empirical compatibility constants differ only in
terms of the matrix used in the quadratic form (which is Σ0 in the theoretical case and
the Gram matrix Σ̂ := X T X/n in the empirical case). Thus, when discussing their basic
properties it suffices to deal with only one of the two. In this section, we therefore restrict
attention to the empirical version κ̂(w, S). Note that we have generalized the empirical
version as compared to the theoretical one, by considering general weight vectors, not just
constant vectors. With some abuse of notation, we write κ̂(u, S) = κ̂(u1, S) when the
weights are the constant vector u1 (it should be clear from the context what is meant).

4

The matrix XST0 XS0 is invertible.
(4)

κ̂2 (v, S) = |S|kXb∗ k22 /n.

Then for 0 ≤ u < 1

Lemma 6 Let

kb∗S k1 ≤

5

κ̂(S) − uκ̂(u, S)
.
(1 − u)κ̂(u, S)



b∗ ∈ arg min kXbk22 /n : kbS k1 − kb−S k1 = 1 .
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The restriction kbS k1 −vkb−S k1 = 1 does not put any bound on the `1 -norm of b∗S . However,
if there is a little room to spare, its `1 -norm is bounded. This will be useful to understand
the betamin conditions (conditions (3) and (8)). For simplicity we examine only the value
v = 1.

Then by definition



b∗ ∈ arg min kXbk22 /n : kbS k1 − vkb−S k1 = 1 .

Let now for some v > 0

κ̂2 (u, S) ≥ φ̂2 (u, S).

Lemma 5 For all u > 0 it is true that

The newer version κ̂(u, S) is an improvement over φ̂(u, S) in the sense that κ̂(u, S) is the
larger of the two.

Here, for any S ⊂ {1, . . . , p} the matrix XS = {Xj }j∈S is the n × |S| matrix consisting of
the columns of X corresponding to the set S.

Invertibility condition

The constant φ̂(u, S) compares, for b’s satisfying a “cone condition” kb−S k1 ≤ kbS k1 /u, the
`2 -norm kXbk2 with the `1 -norm kbS k1 . The constant κ̂(u, S) is similar, but takes in the
comparison more advantage of a “cone condition” kbS k1 − ukb−S k1 > 0. When κ̂2 (S) > 0
the null space property holds (Donoho and Tanner, 2005). We will need throughout that
the compatibility constant is strictly positive at S0 (if it is zero our results cease to be of
any interest). This means that we implicitly require throughout

Let φ̂2 (S) := φ̂2 (1, S) be the compatibility constant for the case u = 1.

Definition 4 Let S ⊂ {1, . . . , p} be a set of indices and u > 0 be a constant. The (older)
compatibility constant is


φ̂2 (u, S) := min |S|kXbk22 /n : kbS k1 = 1, kb−S k1 ≤ 1/u .

The empirical compatibility constant as given in Definition 3 is from Belloni and Wang
(2014) or Dalalyan et al. (2017). Another version, from for instance van de Geer (2007) or
van de Geer (2016) and its references, is presented in the next definition.

Bounds for the Lasso

6
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Theorem 9 Suppose that


 2
 
kΣ0 k∞ log(2p)|S|
Λmax
ρ2 := max
:
S
⊂
{1,
.
.
.
,
p},
|S|
≤
4s0 = o(1).
κ2 (S)
n
κ2 (S0 )

The normalization with n is to put things on the scale of the empirical version, as EX
I TX =
nΣ0 . One may think of kX(β ∗ − β 0 )k2 as “bias” and kX(β̂ − β ∗ )k22 as “variance”. We first
investigate in some detail the “variance” part in Theorems 9 and 10. Then we apply the
triangle inequality as a way to establish that the squared “bias” dominates the “variance”,
see Theorem 11.

b∈Rp

In this section we assume that the rows of X are i.i.d. copies of a Gaussian row vector with
mean zero and co-variance matrix Σ0 . We denote the largest eigenvalue of Σ0 by Λ2max and
let kΣ0 k∞ be its largest entry. We define a noiseless version β ∗ of the Lasso where also the
random design is replaced by its population counterpart:


1/2
β ∗ ∈ arg min nkΣ0 (b − β 0 )k22 + 2λkbk1 .

4. Comparison With the Noiseless Lasso When the Design is Random

where η = o(1).

κ̂2 (v, S) ≥ (1 − η)2 κ2 (u, S).

it is true with probability tending to one that

Lemma 8 Suppose the rows of X are i.i.d. N (0, Σ0 ). Let kΣ0 k∞ be the largest entry in
the matrix Σ0 . For v > u, (1 + u)/(v − u) = O(1) and


kΣ0 k∞ s log(2p)
= o(1),
κ2 (u, S)
n

The following lemma will be applied when bounding the prediction error of β̂ in terms of
that of the noiseless Lasso β ∗ . The lemma may also be of interest in itself with applications
elsewhere.

Lemma 7 Let v > u > 0. Then


κ̂2 (v, S) ≥ min |S|kXbk22 /n : kbS k1 − ukb−S k1 = 1, kbk1 ≤ 1 + (1 + u)/(v − u) .

Having random quadratic forms in mind, the fact that kbS k1 − kb−S k1 = 1 gives no bound
on the `1 -norm can be a problem. Again, if there is a little room to spare in the value of
u in the compatibility constant, one does get a bound on the `1 -norm. We show this in
Lemma 7, and with this tool in hand we lower bound the empirical compatibility constant
in terms of the theoretical one in Lemma 8.

3.4. Comparing Empirical and Theoretical and Compatibility

van de Geer

Take for some t > 0


p
2n(log(2p) + t) + 2(log(2p) + t)

Bounds for the Lasso

1/2
λ ≥ 3kΣ0 k∞

van de Geer

The Karush-Kuhn-Tucker (KKT) conditions for the noiseless Lasso read

X T X(β ∗ − β 0 ) + λ∗ ζ ∗ = 0, ζ ∗ ∈ ∂kβ ∗ k1 ,

∂kbk1 =

κ̂2 (S) = |S|kXb∗ k22 /n

where ∂kbk1 denotes the sub-differential of b 7→ kbk1 :


z ∈ Rp : z T b = kbk1 , kzk∞ ≤ 1 .
Recall that
where

b∈R

8

(7)
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For the next condition it is useful to know that we show in Lemma 28 that for b∗ given in
(7), each coefficient bj∗ with j ∈ S is nonzero (provided κ̂2 (S) > 0).

In Theorem 14 below we give a tight result for the noiseless case under the condition that the
active coefficients in β 0 are sufficiently large in absolute value: Condition 8. Here sufficiently
large depends on the magnitude of the entries of a solution b∗ of (7) with S = S0 . Therefore,
it is of interest to know how large b∗ is. Lemma 6 considers its `1 -norm, and in view of this
lemma we conclude that if there is a little room to spare, the `1 -norm of kbS∗ k1 is bounded,
or - in other words - {bj∗ |S|}j∈S is bounded “on average”.

Note that b∗ given in (7) is not unique, for example we can flip the signs of b∗ (i.e., replace
b∗ by −b∗ ).



b∗ ∈ arg minp kXbk2 : kbS k1 − kb−S k1 = 1 .

(6)

Note that we supplied the tuning parameter λ∗ with a supscript ∗. This is because in
Theorem 18 we consider a case with different tuning parameters for the noisy and the
noiseless case, say λ and λ∗ .

In principle the noiseless Lasso considered here differs from (2), although one can say that
for fixed design Σ̂ = E
I Σ̂ =: Σ0 , with Σ̂ := X T X/n being the Gram matrix. In what follows
in this section, we do not use any specific properties of Σ̂ and the theory goes through
for any positive semi-definite matrix, Σ say. In the upcoming illustration on functions of
bounded variation, the fixed design setup is the natural one.

(5)

√
Remark 13 With the help of Lemma 45, one may also prove bounds for nkΣ0 (β̂ − β 0 )k2
to complete those for of kX(β̂ − β 0 )k2 . We refrain from doing this here to avoid digressions.

5. The Noiseless Case with Fixed Design

p
√
1/2
γ := (2Λmax ) n/λ + (2/kΣ0 k∞
)ρλ/ n log(2p).

and define

In this section we study fixed design X and the noiseless Lasso


β ∗ ∈ arg min kX(b − β 0 )k22 + 2λ∗ kbk1 .

1/2

p
√
√
1/2
1/2
nkΣ0 (β ∗ − β 0 )k2 = o( nkΣ0 (β ∗ − β 0 )k2 ) + 4 log 2 + 2x.
JMLR 19(46):1-48, 2018

b∈Rp

Then we have for all x > 0 with probability at least 1 − 4 exp[−t] − exp[−x] − o(1) that
√
√
1/2
kX(β̂ − β ∗ )k2 ≤ γ nkΣ0 (β ∗ − β 0 )k2 + 2x.
Using concentration of measure, one can remove the dependency of the confidence level on
the value of t. This value appears in the choice of the tuning parameter λ. We make some
rather arbitrary choices for the constants.
Theorem 10 With the conditions and notations of Theorem 9, and assuming in addition
that 4 exp[−t] < 1/8 (say), for n large enough and for all x > 0, with probability at least
1 − 2 exp[−x],
p
√
√
1/2
kX(β̂ − β ∗ )k2 ≤ γ nkΣ0 (β ∗ − β 0 )k2 + 4 log 2 + 2x.

We can now make a type of bias-variance decomposition. The triangle inequality tells us
that
kX(β̂ − β 0 )k2 − kX(β ∗ − β 0 )k2 ≤ kX(β̂ − β ∗ )k2 .
We then approximate the empirical “bias” kX(β ∗ − β 0 )k2 by the theoretical “bias”
√
1/2
nkΣ0 (β ∗ − β0 )k2 (which is easy as β ∗ and β 0 are non-random vectors), and use Theorem
9 or 10 to bound the “variance” kX(β̂ − β ∗ )k22 .

√

nkΣ0 (β ∗ − β 0 )k2

Theorem 11 With the conditions and notations of Theorem 10, we have for n sufficiently
large, for all x > 0 with probability at least 1 − 2 exp[−x]
kX(β̂ − β 0 )k2 −

p
√
√
1/2
≤ (γ + o(1)) nkΣ0 (β ∗ − β 0 )k2 + 4 log 2 + 2x.

Corollary 12 Recall that we defined γ as
p
√
1/2
γ := (2Λmax ) n/λ + (2/kΣ0 k∞
)ρλ/ n log(2p).

√

Therefore, with the conditions and notations of Theorem 11, and assuming in addition
- Λ2 /kΣ0 k∞ = o(log(2p)),
max
and
p
- λ = o( kΣ0 k∞ n log(2p))/ρ,
we get with probability at least 1 − 2 exp[−x]
kX(β̂ − β 0 )k2 −

In words: the squared “bias” dominates the “variance”.

7

s0 λ∗2
.
κ̂2 (S0 ) n

i=2

n
X

|fi − fi−1 |.

i=1

n
X

(fi − fi−1 )l{j ≥ i} =: (Xb)j ,

i=2

9
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Note that the first coefficient b1 is not penalized. It is therefore typically active, and we
consider the active set as the location of the jumps augmented with the index {1}. We

b∈Rn



n
X
|bi | .
β ∗ := arg min kX(b − β 0 )k22 + 2λ∗

where Xj,i = l{j ≥ i} and bi = fi − fi−1 , with f0 := 0. Hence we can say that f 0 = Xβ 0
and f ∗ = Xβ ∗ with

fj =

First, we need to rewrite problem (9) as a (noiseless) Lasso problem. Indeed, for j = 1 . . . , n,

Theorem 15 presents an explicit expression for the compatibility constant κ̂2 (S0 ) where S0
is the set consisting of the locations of the jumps of f 0 . Invoking Theorem 14 one then
arrives at an explicit expression for kf ∗ − f 0 k22 provided the jumps of f 0 are sufficiently
large, see Corollary 16.

f ∈Rn

Fix a vector f 0 ∈ Rn and let f ∗ ∈ Rn is the least squares approximation of f 0 with total
variation penalty:


f ∗ ∈ arg min kf − f 0 k22 + 2λ∗ TV(f ) .
(9)

TV(f ) :=

In this section Theorem 14 is illustrated with the total variation penalty. For a vector
f ∈ Rn , its total variation is defined as

6. The Total Variation Penalty in the Noiseless Case

kX(β ∗ − β 0 )k22 =

Theorem 14 Suppose κ̂2 (S0 ) > 0. Let b∗ satisfy (7) with S = S0 . If β 0 satisfies condition
(8) (the betamin condition for the noiseless case with fixed design), then there exists a
solution β ∗ of the KKT conditions (6) such that

+

j=2 dj

s+1
Ps 4n

+

n
ds+1

κ̂2 (S) = (s + 1)kXb∗ k22 /n

n
d1

b̃d1 +1 =

10

j=2

Then by Theorem 14 combined with Theorem 15

 ∗2
s0
X
n
4n
n
λ
kf ∗ − f 0 k22 =
+
+
.
d1
dj
ds0 +1 n
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Corollary 16 Suppose f 0 jumps at S0 := S = {d1 + 1, d1 + d2 + 1, . . . , d1 + · · · + ds + 1},
with s = s0 . Assume f 0 alternates between jumps up and jumps down. Suppose moreover
that


n
2n λ∗
|fd01 +1 − fd01 | ≥
+
,
d1
d2 n

 ∗
2n 2n λ
|fd02 +1 − fd02 | ≥
+
,
d2
d3 n
..
. 
 ∗
n
λ
2n
0
0
|fds +1 − fds | ≥
+
.
0
0
ds0
ds0 +1 n

b̃ds

b̃d2 +1

.

n
2n
+
,
d1
d2


2n 2n
+
,
= −
d2
d3
..
.


n
2n
+
.
= (−1)s+1
ds
ds+1

where b∗j = 0 for all j ∈
/ S and b∗ = b̃/kb̃k1 with

In fact

κ̂2 (S) =

Theorem 15 The compatibility constant κ̂2 (S) is, up the constant 4 and the scaling by
1/n, the harmonic mean of of the distances between jumps, including the distance between
starting point and first jump and last jump and endpoint:

Let now SP:= {d1 + 1, d1 + d2 + 1, . . . , d1 + · · · + ds + 1} for some {dj }sj=1 ⊂ {2, . . . , n}
satisfying sj=1 dj + 2 < n. The set S represents locations of jumps, d1 is thePlocation of
the first jump and {dj }sj=2 are the distances between jumps. Let ds+1 := n − sj=1 dj the
distance between the last jump and the end point. For simplicity we assume that dj is even
for all j ∈ {2, . . . , s}.

slightly adjust the definition of the compatibility constant to deal with the a coefficient
without penalty: we set for S ⊂ {2, . . . , n}


κ2 (S) := min |S ∪ {1}|kXbk22 : kbS k1 − kb−(S∪{1}) k1 = 1 .
(10)

Betamin condition Suppose κ̂2 (S0 ) > 0. Let b∗ satisfy (7) with S = S0 . Denote, for
j ∈ S0 , the sign of b∗j as zj∗ . We say that β 0 satisfies the betamin condition for the noiseless
case with fixed design if
zj∗ b∗j s0 λ∗
zj∗ βj0 > 2
∀ j ∈ S0 .
(8)
κ̂ (S0 ) n

Here is the main theorem for the noiseless case.

van de Geer

Bounds for the Lasso

Bounds for the Lasso

√
At this point it may be helpful to look how this normalizes. Say we choose λ∗ = n log n.
0
Suppose max1≤j≤s
p 0 +1 n/dj = O(s0 + 1). Then the jumps of f are required to be of order
at least (s0 + 1) log n/n. We then obtain


kf ∗ − f 0 k22 = O (s0 + 1)2 log n .

7. A Lower Bound in the Noisy Case with Fixed Design

b∈Rp



β̂ ∈ arg min kY − Xbk22 + 2λkbk1

We now turn to the Lasso β̂ in the noisy case, given by

where
Y = Xβ 0 + .
We investigate the case of fixed design X. Recall that we assume throughout i.i.d. standard
Gaussian noise.
7.1. Towards Betamin Conditions



w ∈ Rp−s0 : 1 − v̄j ≤ wj ≤ 1 + v̄j ∀ j .

Consider some vector v̄ ∈ Rp−s0 with 0 < v̄j < 1 for all j. This vector represents the “noise”
that is to be overruled by the penalty. Define the collection of weights
W(v̄) :=
Let for W̄ := diag(1 + v̄)


b∗ (v̄) ∈ arg min kXbk22 : kbS0 k1 − kW̄ b−S0 k1 = 1 , zj∗ (v̄) := sign(bj∗ (v̄)), j ∈ S0 .
Then by definition κ̂2 (1 + v̄, S0 ) = s0 kXb∗ (v̄)k22 /n. We remark here that by a slight adjustment of Lemma 28, the assumption κ̂(1 + v̄, S0 ) > 0 ensures that bj∗ (v̄) =
6 0 for all
j ∈ S0 .


b(w) ∈ arg min kXbk22 : zS∗T0 (v̄)bS0 − kW b−S0 k1 ≥ 1 .
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For w ∈ W(v̄) we define the convex problem with linear and convex constraints

Finally, define
w∈W(v̄)

bj (v̄) := max |bj (w)|/kXb(w)k22 , j ∈ S0 .
11

7.2. Projections

van de Geer

We denote the projection of X−S0 on the space spanned by the columns of XS0 by X−S0 PXS0 .
The projection is always defined but as it is implicitly assumed that XST0 XS0 is invertible
(condition (4)), we can clarify what we mean by projection by writing

X−S0 PXS0 := XS0 (XST0 XS0 )−1 XST0 X−S0 .

X−S0 AXS0 = X−S0 − X−S0 PXS0 .

The anti-projection is denoted by

We define the matrix
V−S0 ,−S0


T 

X−S0 AXS0
:=
X−S0 AXS0


T
X−S
I − XS0 (XST0 XS0 )−1 XST0 X−S0 ,
0
=

and let {vj2 }j ∈S
/ 0 be the diagonal elements of this matrix.
7.3. A Lower Bound

p
2(log(2p) + t)/λ, j ∈ S0 .

p
2(log(2p) + t)/λ, j ∈
/ S0

p
2(log(2p) + t).

(11)

The main result for the noisy case is presented in the next theorem. Here, we use the
notations and definitions of the previous two subsections.

ūj := uj

v̄j := vj

λ > kv−S0 k∞

Theorem 17 Take for some t > 0,

Define
and

where {uj }j∈S0 are the diagonal elements of the matrix (XST0 XS0 )−1 . Assume that κ̂(1 +
v̄, S0 ) > 0 and that the following betamin condition holds:

|βj0 | > λ(bj (v̄) + ūj ), sign(βj0 ) = zj∗ (v̄) ∀j ∈ S0 .

r

s0
κ̂2 (1 + v̄, S0 )

√
λ2 √
− s0 − 2x.
n

(12)

Then for all x > 0 with probability at least 1 − exp[−t] − exp[−x] there is a solution β̂ of
the KKT conditions such that
r
kX(β̂ − β 0 )k2 ≥

JMLR 19(46):1-48, 2018

Note that for j ∈ S0 , the quantity uj is the variance of the ordinary least squares estimator
of βj0 for the case S0 is known. Thus the betamin condition of Theorem 17 needs that
the magnitude of the active coefficients should exceed the noise level of the ordinary least
squares estimator for known S0 .

12

b∈R



β ∗ := arg minp kX(b − β 0 )k22 + 2λ∗ kbk1

S
V−S,−S
:=


T 

X−S AXS
X−S AXS

Suppose that

and write

p
2(log(2p) + t)/λ, j ∈
/ S.

13

λ∗ |ζj∗ |/λ < 1 − v̄jS ∀ j ∈
/ S.

v̄jS := vjS

JMLR 19(46):1-48, 2018

(14)

Theorem 18 Fix a set S with cardinality |S| = s. Assume that that for some t > 0
p
S
λ > kv−S
k∞ 2(log(2p) + t)
(13)

Recall the KKT conditions for β ∗ as given in (6), involving the vector ζ ∗ in the subdifferential ∂kβ ∗ k1 .

8.2. Upper Bound

and let {(vjS )2 }j ∈S
/ be the diagonal elements of this matrix.

Define the matrix

X−S AXS := X−S − X−S PXS .

We now introduce some notations and definitions similar to the ones in Subsections 7.2,
now for general S instead of just S = S0 . The projection of X−S on the space spanned by
the columns of XS is denoted by X−S PXS . Recall that such projections are defined, also
if XS does not have full column rank. The anti-projection is

8.1. Projections

where
≤ λ. We let S∗ be active set of β ∗ and its cardinality s∗ := |S∗ |. We investigate
the error kX(β̂ − β ∗ )k2 in Theorem 18. For λ∗ = 0 we see that β ∗ = β 0 and then Theorem
18 gives a bound for kX(β̂ − β 0 )k2 . This is elaborated upon in Corollary 19. The case
λ∗ = λ is detailed in Corollary 20. The error kX(β̂ − β ∗ )k22 can then seen as “variance” and
kX(β ∗ − β 0 )k2 as “bias”.

λ∗

with the noiseless Lasso

b∈R

This section studies the case of fixed design and compares the noisy Lasso


β̂ := arg minp kY − Xbk22 + 2λkbk1

8. Comparison with the Noiseless Lasso when the Design is Fixed

Bounds for the Lasso

w̄jS :=

1 − v̄jS − λ∗ |ζj∗ |/λ
, j∈
/ S.
1 − λ∗ /λ

(15)

(16)

14
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We conclude that under irrepresentable conditions the squared “bias” kX(β ∗ − β 0 )k22 dominates the “variance” kX(β̂ − β ∗ )k22 .

kγS,j k1 ≤ 1 − v̄jS , ∀j ∈
/ S.

Then it is not difficult to see that for j ∈
/ S |ζj∗ | ≤ kγS,j k1 . In other words, a sufficient
condition for (16) to hold is the irrepresentable condition

Xj PXS := XS γS,j .

Thus if Λ̂2max /(kΣ̂k∞ (1 − kv̄ S k∞ )2 ) = o(log(2p)), then s = o(kX(β ∗ − β 0 )k22 ). However,
for the case of fixed design, one might not want to impose such eigenvalue conditions.
Alternatively, one may want to resort to irrepresentable conditions. To this end, fix a set
S ⊃ S0 . Let for j ∈
/ S, the projection of the j th column Xj on XS be denoted by

This result is as in van de Geer (2016), Problem 2.4.
√
Corollary 20 is of interest only when s is small enough This is the case if Σ̂ := X T X/n
has a well behaved maximal eigenvalue Λ̂2max . Indeed, one can show in the same way as in
Lemma 24 (where Σ̂ is replaced by Σ0 ) that


Λ̂2max
n
s≤
kX(β ∗ − β 0 )k22 .
S
2
(1 − kv̄ k∞ ) λ2

(this implies S ⊃ S∗ ). We have with probability at least 1 − exp[−t] − exp[−x]
√
√
kX(β̂ − β ∗ )k2 ≤ s + 2x.

|ζj∗ | < 1 − v̄jS ∀ j ∈
/S

Corollary 20 We can also take λ∗ = λ in Theorem 18. We then formally put w̄jS = ∞ for
all j ∈
/ S and we put κ̂(w̄) = ∞ as well. Let S with |S| = s. Assume that

This result is comparable to results in Sun and Zhang (2012), Belloni and Wang (2014) and
Dalalyan et al. (2017), albeit that we do not deal with the extension to the approximately
sparse case. One may check that the the combined conclusions of this corollary with that of
Theorem 17 also hold with probability at least 1 − exp[−t] − exp[−x].

Corollary 19 If we take the tuning parameter λ∗ of the noiseless Lasso equal to zero,
Theorem 18 gives the following: with probability at least 1 − exp[−t] − exp[−x]
p
p
√
√
kX(β̂ − β 0 )k2 ≤ s0 /κ̂2 (1 − v̄, S0 ) λ2 /n + s0 + 2x.

We have for all x with probability at least 1 − exp[−t] − exp[−x]
r
r
√
s
(λ − λ∗ )2 √
+ s + 2x.
kX(β̂ − β ∗ )k2 ≤
κ̂2 (w̄S , S)
n

Define

van de Geer
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9. The Total Variation Penalty in the Noisy Case
We continue with the total variation penalty of Section 6, but now in a noisy setting:
Y = f 0 + ,

(17)

where f 0 ∈ Rn is an unknown vector. The least squares estimator with total variation
penalty is


fˆ ∈ arg min kY − f k22 + 2λTV(f ) .

f ∈Rn

As has become clear from the previous sections, to assess the prediction error in the noisy
case one needs to evaluate the compatibility constant κ̂(w, S) with weights wj 6= 1 for j ∈
/ S.
For the upper bound on the prediction error, we need lower bounds on κ̂(w, S). These are
derived in Dalalyan et al. (2017), Proposition 2. We re-derive (and slightly improve) their
result using a different proof (the proof in Dalalyan et al., 2017 applies a probabilistic
argument).
Suppose as in Section 6 that the locations of the jumps areP
S := {d1 + 1, d1 + d2 + 1, . . . , d1 +
s
s
· · · +Pds + 1} for some {dj }j=1
⊂ {2, . . . , n} satisfying
j=1 dj + 2 < n. Let ds+1 :=
s
dj . Assume again for simplicity that dj is even for all j ∈ {2, . . . , s}.
n − j=1

i=2

Lemma 21 Let w1 , . . . , wn be non-negative weights. We have
v
u n
√
√
u X
s+1
s+1 t
≤ kwk∞
+ n
(wi − wi−1 )2 ,
κ̂(w, S)
κ̂(S)

where as in Theorem 15
j=2

s
X
n
4n
n
s+1
=
+
+
.
κ̂2 (S)
d1
dj
ds+1

Corollary 22 Using the notation of Section 8 suppose that λ satisfies (13) with and let
v̄ = v̄ S0 be given in (14), both with S := S0 . Define v̄i = 0 for all i ∈ S0 . We then have
with wi := 1 − v̄i , j ∈
/ S0 ∪ {1}, w1 = w2 and wi = 1, i ∈ S0 that
|wi − wi−1 | ≤ |vi − vi−1 |/kvk∞ , i = {2, . . . , n}.
In Dalalyan et al. (2017) it is shown in their Proposition 3 that
n
X
2
(vi − vi−1 )2 /kvk∞
≤ (s0 + 1)log n/n.
i=2
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Hence one obtains from Lemma 21 with S = S0 , combined with Corollary 19,
s
√
s0 + 1
s0 + 1 p
≤
+ (s0 + 1) log n
κ̂(1 − v̄, S0 )
κ̂(S0 )
15

where as before

van de Geer

j=2



s0
X
s0 + 1
n
4n
n
=
+
+
.
κ̂2 (S0 )
d1
dj
ds0 +1

(s0 + 1) log n
n

κ̂(1 + v̄, S0 ) ≤ κ̂(S0 ).

(s0 + 1)
+
nκ̂2 (S0 )

Thus, with probability at least 1 − exp[−t] − exp[−x]
r
s
kfˆ − f 0 k2 ≤ λ

Theorem 15 implies that

+ λ

+

√

s0 +

√

2x.

√
√
s0 + 1
+ s0 + 2x
nκ̂2 (S0 )

(s0 + 1) log n
.
n

√
√
s0 + 1
− s0 − 2x ≤ kfˆ − f 0 k2 ≤ λ
nκ̂2 (S0 )
r

Recall that for the combined conclusion of Theorem 17 and Corollary 19 we do not have to
change the confidence level (which is 1 − exp[−t] − exp[−x]). We therefore obtain that if
the jumps of f 0 are sufficiently large in absolute value, as given in Theorem 17, then with
probability at least 1 − exp[−t] − exp[−x]
s
s
λ

10. Conclusion

This paper establishes that in a sense the squared “bias” of the Lasso dominates the “variance”. Moreover, lower bounds for the prediction error are given. These lower bounds often
match up to constants or logarithmic factors the upper bounds, or are in fact tight up to
smaller order terms. The bounds show that compatibility constants necessarily enter into
the picture. The lower bounds require “betamin” conditions, and - for the case of random
design - also certain sparsity conditions. It is as yet unclear what can be said when betamin
conditions fail to hold. In combination with this, it would also be of great interest to know
what happens when the regression coefficients are not (approximately) sparse. The question
to what extent the Lasso will have large prediction error when sparseness assumptions are
violated (i.e. when the Lasso is used in a scenario not meant for it) still has some open
ends.

11. Proofs

11.1. Proofs of the Lemmas in Section 3
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Proof of Lemma 5. We have to show that κ̂2 (u, S) ≥ φ̂2 (u, S). Write


b : kb−S k1 ≤ kbS k1 /u, kbS k1 > 0
A :=

16



= κ̂ (u, S).

≤

|S|kXbk22 /n
min
kbS k21

|S|kXbk22 /n
min
kbS k21
2



B ⊂ A.





: b∈B

: b∈A


b : kbS k1 − ukb−S k1 > 0 .

φ̂2 (u, S) =

B :=

u
t

κ̂(S) − uκ̂(u, S)
.
(1 − u)κ̂(u, S)

κ̂(S) − κ̂(u, S)
,
≤
(1 − u)κ̂(u, S)

kb∗S k1 = 1 + kb∗−S k1 ≤

kb∗−S k1

u
t

kbS k1 − vkb−S k1 = kbS k1 − ukb−S k1 − (v − u)kb−S k1

17

kbS k1 − ukb−S k1 = (v − u)kb−S k1 + 1 ≥ 1.
JMLR 19(46):1-48, 2018

(v − u)kb−S k1 = kbS k1 − ukb−S k1 − 1 ≤ kbS k1 − ukb−S k1 .

Moreover, clearly

we obtain

Since

kbS k1 − vkb−S k1 = 1.

Proof of Lemma 7. This lemma shows that one has a bound for the `1 -norm in the “cone
condition” if there is a little room to spare. Consider a vector b ∈ Rp satisfying

yielding

Thus

= 1 + (1 − u)kb∗−S k1 .

kb∗S k1 − ukb∗−S k1 = kb∗S k1 − kb∗−S k1 + (1 − u)kb∗−S k1

On the other hand

= κ̂(S)/κ̂(u, S).

Proof of Lemma 6. This lemma bounds the `1 -norm of the minimizer b∗ if there is a little
room to spare. We have
p
kb∗S k1 − ukb∗−S k1 ≤
|S|/nkXb∗ k2 /κ̂(u, S)

Thus

Then

and

Bounds for the Lasso



min kXbk2 : kbS k1 − vkb−S k1 = 1

kXbk2 = ckX b̃k2 > kX b̃k2 .

(v − u)kb̃−S k1 ≤ 1, kb̃S k1 − ukb̃−S k1 = 1.

b̃ := b/c.

u
t

18
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p
√
M (u, v) := (1 + (1 + u)/(v − u)) s/κ(u, S) = o( n/(kΣ0 k∞ log(2p))).
p
In view of Lemma 45 we know that when M = o( n/(kΣ0 k∞ log(2p))), then with probability tending to one
kXbk22 /n
inf
≥ (1 − ηM )2
1/2
1/2
kbk1 ≤M kΣ0 bk2 kΣ0 bk2
2

where

It therefore follows from Lemma 7 that


1/2
κ̂2 (v, S) ≥ |S|kXbk22 /n : kbS k1 − ukb−S k1 = 1, kbk1 ≤ M (u, v)kΣ0 bk2

√
1/2
1 ≤ kΣ0 bk2 s/κ(u, S).

Proof of Lemma 8. This lemma lower bounds the empirical compatibility constant by
the theoretical one. Here is a proof. If kbS k1 − ukb−S k1 = 1 we know that

≤ 1 + (1 + u)/(v − u).

kbk1 ≤ kbS k1 + kb−S k1 = 1 + (1 + u)kb−S k1

But if (v − u)kb−S k1 ≤ 1 and kbS k1 − ukb−S k1 = 1 we see that



min kXbk2 : (v − u)kb−S k1 ≤ kbS k1 − ukb−S k1 , kbS k1 − ukb−S k1 ≥ 1


= min kXbk2 : (v − u)kb−S k1 ≤ 1, kbS k1 − ukb−S k1 = 1 .

Therefore

Moreover

Then

Define

(v − u)kb−S k1 ≤ kbS k1 − ukb−S k1 , kbS k1 − ukb−S k1 = c.

Suppose now that for some c > 1



≥ min kXbk2 : (v − u)kb−S k1 ≤ kbS k1 − ukb−S k1 , kbS k1 − ukb−S k1 ≥ 1 .

It follows that

van de Geer
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for suitable ηM = o(1). Hence with probability tending to one


1/2
min kXbk22 /n : kbS k1 − ukb−S k1 = 1, kbk1 ≤ M (u, v)kΣ0 bk2


1/2
≥ (1 − ηM (u,v) )2 min kΣ0 bk22 : kbS k1 − ukb−S k1 = 1 = (1 − ηM (u,v) )2 κ2 (u, S).

11.2. Proof of Theorem 9

u
t

(18)

The proof is organized as follows. We first present a bound for kΣ0 (β ∗ − β0 )k2 in Lemma
23. This will be used to bound later the number of active variables s∗ of β ∗ , or rather some
extended version of it involving sub-differential calculus, see Lemma 24. We then establish
in Lemma 25 a deterministic bound assuming we are on some subset of the underlying
probability space. Then in Lemma 26 we show that this subset has large probability.
The noiseless Lasso β ∗ given in (2) satisfies the KKT conditions
nΣ0 (β ∗ − β 0 ) + λζ ∗ = 0, ζ ∗ ∈ ∂kβ ∗ k1 ,
where ∂kbk1 is the sub-differential of b 7→ kbk1 :


z : kzk∞ ≤ 1, z T b = kbk1 .
∂kbk1 :=

This will be used in Lemma 24 and again in Lemma 25. In the latter we also invoke the
KKT conditions for β̂
(19)

This yields the result of the lemma.

van de Geer

2
2
2
n
Λmax
s0
Λmax
1/2
kΣ (β ∗ − β 0 )k22 ≤
.
(1 − ν)2 λ2 0
(1 − ν)2 κ2 (S0 )

u
t

u
t

Consider the set S∗ := {βj∗ 6= 0} of active coefficients of β ∗ . We bound the size of this set.
In fact we look at bound for the size of a potentially larger set, namely the set S∗ (ν) := {j :
|ζj∗ | ≥ 1 − ν} where 0 ≤ ν < 1 is arbitrary. Note that indeed S∗ ⊂ S∗ (ν). We pin down
the value of ν to ν = 1/2 but the argument goes through for other values if one adjusts
the constants accordingly. We still keep the symbol ν at places to facilitate tracking the
constants.
Lemma 24 We have that
|S∗ (ν)| ≤

Proof of Lemma 24. Since

n2
n2
1/2
2
≤ Λmax
kΣ0 (β ∗ − β 0 )k22 2 .
λ2
λ

kζ ∗ k22 ≥ kζS∗∗ (ν) k22 ≥ (1 − ν)2 |S∗ (ν)|

it follows from the KKT conditions (18) that

(1 − ν)2 |S∗ (ν)| ≤ kΣ0 (β ∗ − β 0 )k22

s0 λ2
.
κ2 (S0 ) n2

The proof is completed by applying the upper bound of Lemma 23
1/2

kΣ0 (β ∗ − β 0 )k22 ≤

11.2.2. Projections

X T X(β̂ − β 0 ) + λζ̂ = X T , ζ̂ ∈ ∂kβ̂k1 .
11.2.1. A Bound for the Number of Active Variables of β ∗



20
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p
2(log(2p) + t) + 2(log(2p) + t) .

X−S AXS := X−S − X−S PXS .

λ ≥ 3kΣ0 k1/2
∞

Recall we take for some t > 0

11.2.3. Choice of λ

where PXS is the projection of  on the space spanned by the columns of XS . Denote the
anti-projection of X−S on this space by

U(S) := kPXS k2

Let S := S∗ (ν), s := |S| (where ν = 1/2). Set
s0 λ2
.
κ2 (S0 ) n

First we bound the prediction error of β ∗ .
Lemma 23 Suppose κ2 (S0 ) > 0. Then
1/2

nkΣ0 (β ∗ − β 0 )k22 ≤

∗
−(β ∗ − β 0 )T ζ ∗ ≤ kβ 0 k1 − kβ ∗ k1 ≤ kβS∗ 0 − β 0 k1 − kβ−S
k .
0 1

Proof of Lemma 23. This follows from results in the literature and also from a slight
adjustment of Theorem 18 in this paper. Let us present a self-contained proof as well. By
the KKT conditions (18)

1/2
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So if kΣ (β ∗ − β 0 )k2 > 0 we obtain by the definition of the compatibility constant κ2 (S0 )
2
0
that
√
1/2
1/2
nkΣ0 (β ∗ − β 0 )k22 ≤ λ s0 kΣ0 (β ∗ − β 0 )k2 /κ(S0 ).
19

v0 :=

kΣ0 k1/2
∞



p
2n(log(2p) + t) + 2(log(2p) + t) /λ.

0

T

21

XS b̂S := XS (β̂S − βS∗ ) + (X−S PXS )β̂−S .

(20)
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We write (as in the proof of Theorem 18 ahead) with S := S∗ (ν), s := |S|,

kX(β̂ − β ∗ )k22 + λ(β̂ − β ∗ )T (ζ̂ − ζ ∗ ) = (β̂ − β ∗ )T (X T  − Z).

Multiplying with β̂ − β ∗ yields

X T X(β̂ − β ∗ ) + λζ̂ − λζ ∗ = X T  − Z.

So subtracting the first from the second

X X(β̂ − β ) + λζ̂ = X .

T

with Z := (X T X − nΣ0 )(β ∗ − β 0 ), and

X T X(β ∗ − β 0 ) + λζ ∗ = Z,

Proof of Lemma 25. The KKT conditions (18) and (19), for β ∗ and β̂ respectively, are

Lemma 25 On T1 ∩ T2 ∩ T3 it holds that


√
r
√
√
λ
n
s
Λmax
+
nδ + 2x.
kX(β̂ − β ∗ )k2 ≤
2
(1 − ν) λ
κ (S) (1 − η)n

11.2.5. Deterministic Part

where x > 0 is arbitrary, δ :=
− β 0 )k2 , and where η ∈ (0, 1) is arbitrary. We pin
down η to η = 1/2 like we did with ν. We require that ν − v0 − 2δ > 0. Since ν = 1/2 and
v0 ≤ 1/3 this is the case for δ ≤ 1/(12). In view of Lemma 23, Theorem 9 is about the case
δ = o(1), so δ ≤ 1/(12) will be true for n sufficiently large.

1/2
kΣ0 (β ∗

We now define a suitable subset of the underlying probability space, on which we can derive
the searched for inequality. This subset will be the intersection of the following sets:


√
√
T1 :=
k(X−S AXS )T k∞ ≤ λv0 , U(S) ≤ s + 2x ,


T2 :=
k(X T X − nΣ0 )(β ∗ − β 0 )k∞ ≤ λδ ,


T3 :=
κ̂2 ((v − v0 − δ)/δ, S) ≥ (1 − η)2 κ2 (S) ,

Write

11.2.4. The Sets T1 , T2 and T3

Bounds for the Lasso

or

we get

22

kβ̂S − β ∗ k1 − ((ν − v0 − δ)/δ)kβ̂−S k1 > 0.

(ν − v0 − δ)kβ̂−S k1 < δkβ̂S − βS∗ k1

√
√
kX(β̂ − β ∗ )k2 ≤ ( s + 2x)
√
we are done as by Lemma 24, s ≤ Λmax δn/((1 − ν)λ). If
√
√
kX(β̂ − β ∗ )k2 > ( s + 2x)

If
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√
√
kX(β̂ − β ∗ )k22 + λ(ν − v0 − δ)kβ̂−S k1 ≤ ( s + 2x)kX(β̂ − β ∗ )k2 + λδkβ̂S − βS∗ k1 .

= −νkβ̂−S k1 .

≤ (1 − ν)kβ̂−S k1 − kβ̂−S k1

T
∗
= β̂−S
ζ−S
− kβ̂S k1

T
∗
+ β̂−S
ζ−S
− kβ̂S k1

≤ kβ̂S k1 − kβS∗ k1 + kβS∗ k1 − kβ̂S k1

= β̂ T ζ ∗ − kβ ∗ k1 + β ∗T ζ̂ − kβ̂k1

(β̂ − β ∗ )T (ζ ∗ − ζ̂) = β̂ T ζ ∗ − β ∗T ζ ∗ + β ∗T ζ̂ − β̂ T ζ̂

−(β̂ − β ∗ )T Z ≤ kβ̂ − β ∗ k1 kZk∞ ≤ λδkβ̂ − β ∗ k1 .

Inserting these bounds in (20) gives

Then

≤ U(S)kX(β̂ − β ∗ )k2
√
√
≤ ( s + 2x)kX(β̂ − β ∗ )k2

b̂TS XST  ≤ U(S)kXS b̂S k2

T
(β̂ − β ∗ )T X T  = b̂TS XST  + β̂−S
(X−S AXS )T .

T
β̂−S
(X−S AXS )T  ≤ kβ̂−S k1 k(X−S AXS )T k∞ ≤ λv0 kβ̂−S k1 .

Moreover (on T2 )

and

We use that (on T1 )

So

X(β̂ − β ∗ ) = XS b̂S + (X−S AXS )β̂−S .

∗ = 0. Therefore
Since |ζj∗ | ≤ 1 − ν < 1 for all j ∈
/ S, it must be true that β−S

van de Geer

But (on T3 )

This gives
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√
s+

√
√ √
2x + λδ s/( nκ(S)(1 − η)).

kβ̂ − βS∗ k1 − ((ν − v0 − δ)/δ)kβ̂−S k1
S
√
skX(β̂ − β ∗ )k2
≤ √
nκ̂((ν − v0 − δ)/δ), S)
√
skX(β̂ − β ∗ )k2
√
.
nκ(S)(1 − η)
≤

kX(β̂ − β ∗ )k2 ≤
√

Again, by Lemma 24,

s ≤ Λmax δn/((1 − ν)λ). We see that


√
√
√
√
n
s
λ
Λmax
+
nδ + 2x.
(1 − ν) λ
κ(S)(1 − η) (1 − η)n

kX(β̂ − β ∗ )k2 ≤

11.2.6. Random Part
We apply the tools of Section 12.
Lemma 26 It holds that


IP T1 ∩ T2 ∩ T3 ≥ 1 − 4 exp[−t] − exp[−x] − o(1).

p
2(log(2p) + t).

u
t

Proof of Lemma 26 . We first show that IP(T1 ) ≥ 1−2 exp[−t]−exp[−x]. One component
of this is to show that with probability at least 1 − 2 exp[−t]
k(X−S AXS )T k∞ ≤ λv0 .

1/2
k(X−S AXS )T k∞ ≤ kdiag((X−S AXS )T (X−S AXS ))k∞

For a square matrix B, let diag(B) be its diagonal. By Lemma 41 we know that with
probability at least 1 − exp[−t]
But

kdiag((X−S AXS )T (X−S AXS ))k∞ ≤ kdiag(X T X)k∞ .

√

p
2(log(2p) + t).
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2n(log(2p) + t) + 2(log(2p) + t) ≤ λv0 .

1/2
1/2
nkdiag(Σ0 )k∞
≤ kΣ0 k∞

Moreover in view of Lemma 42, and using the union bound, with probability at least
1 − exp[−t]
kdiag(X T X)k1/2
∞ −

So with probability at least 1 − 2 exp[−t]

p
1/2
k(X−S AXS )T k∞ ≤ kΣ0 k∞

23

√

s+

√

2x) ≤ exp[−x],

van de Geer

The second component is to show that
IP(U(S) ≤

but this follows immediately from Lemma 42.

u
t

Next we show that IP(T2 ) ≤ 2 exp[−t]. Set Z := (X T X − nΣ0 )(β ∗ − β 0 ). Clearly X(β ∗ − β 0 )
1/2
is a Gaussian vector with i.i.d. entries with mean zero and variance kΣ0 (β ∗ −β 0 )k22 . Hence,
1/2
applying Lemma 43 with σu2 ≤ kΣ0 k∞ , σv2 = kΣ0 (β ∗ − β 0 )k22 and using the union bound,
we obtain that with probability at least 1 − 2 exp[−t]


p
2n(log(2p) + t + log(2p) + t .
1/2

1/2
kZk∞ ≤ 3kΣ0 k∞
kΣ0 (β ∗ − β 0 )k2

Finally, the result IP(T3 ) = 1 − o(1) follows from Lemma 8.
11.2.7. Collecting the pieces

Combining Lemma 25 with Lemma 26 completes the proof of Theorem 9.
11.3. Proof of Theorems 10 and 11

We use concentration of measure, Lemma 44.

p
log 2

u
t

Proof of Theorem 10. Let m∗ := E(kX(
I
β̂ − β ∗ )k2 |X). Then we have (by Lemma 44)
that with probability at least 1 − 1/8 − 3/4 − o(1)

kX(β̂ − β ∗ )k2 ≥ m∗ − 2

p
√
1/2
m∗ ≤ γ nkΣ0 (β ∗ − β 0 )k2 + 4 log 2.

p
√
1/2
kX(β̂ − β ∗ )k2 ≤ γ nkΣ0 (β ∗ − β 0 )k2 + 2 log 2.

as well as (by Theorem 9),

Thus

Applying again Lemma 44 we see that


p
√
√
1/2
IP kX(β̂ − β ∗ )k ≥ γ nkΣ0 (β ∗ − β 0 )k2 + 4 log 2 + 2x



√
≤ IP kX(β̂ − β ∗ )k ≥ m∗ + 2x ≤ 2 exp[−x].

Proof of Theorem 11. By the triangle inequality
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kX(β̂ − β 0 )k2 − kX(β ∗ − β 0 )k2 ≤ kX(β̂ − β ∗ )k2 .

24

1/2

nkΣ0 (β ∗ − β 0 )k2

p
1/2
≤ ( 2 log n)kΣ0 (β ∗ − β 0 )k2 .

m0 −

√

1/2



p
p
√
1/2
nkΣ0 (β ∗ − β 0 )k2 + 4 log 2.
γ + 2 log n/n

p
p
p
√
1/2
2 log n/n) nkΣ0 (β ∗ − β 0 )k2 − 2 log 2 ≤ m0 + 2 log 2,

nkΣ0 (β ∗ − β 0 )k2 ≤

(1 − γ −

1/2

kX(β̂ − β 0 )k2 − m0 + (γ +
u
t

25
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has non-convex constraints. If we fix the signs within S of a possible solution b, one can
reformulate it as a convex problem with convex constraints. This is done in Lemma 27. We
then show that b∗j 6= 0 for all j ∈ S in Lemma 28. This is important because given the signs
within S of a potential solution b, we want the restrictions on these signs to be non-active
so that the Lagrangian formulation is of a similar form as the KKT conditions (6) for the
noiseless Lasso. This Lagrangian form is then given in Lemma 31 with Lemma 30 serving
as a preparation. The Lagrangian form of Lemma 31 with S = S0 in a sense resembles the
KKT conditions (6) when the active coefficients in the vector βS0 have appropriate signs and
|βj0 | is for j ∈ S0 large enough. This allows one to find a solution β ∗ of the KKT conditions
(6) with the prescribed prediction error.

To establish Theorem 14, we first need to study the minimizer b∗ in (7). The minimization


min kXbk22 : kbS k1 − kb−S k1 = 1

11.4. Proof of Theorem 14

1/2

nkΣ0 (β ∗ − β 0 )k2

p
p
√
1/2
2 log n/n) nkΣ0 (β ∗ − β 0 )k2 + 4 log 2.

√

nkΣ0 (β ∗ − β 0 )k2

kX(β̂ − β 0 )k2 − m0 + m0 −

√

Apply Lemma 44 again to finalize the result.

≤

≤

kX(β̂ − β 0 )k2 −

Thus, inserting the triangle inequality,

or

and

Let m0 := E(kX(
I
β̂ − β 0 )k2 |X). Using the same arguments as in Theorem 10, we arrive at
p
p
p
√
1/2
m0 − 2 log 2 ≤ (1 + γ + 2 log n/n) nkΣ0 (β ∗ − β 0 )k2 + 2 log 2

So, invoking Theoerem 9, with probability at least 1 − 4 exp[−t] − exp[−x] − o(1) − 2/n
(subtracting the term 2/n to follow the argument, as of course it can be included in the
o(1) term)
p
√
√
√
1/2
1/2
kX(β̂ − β 0 )k2 − nkΣ0 (β ∗ − β 0 )k2 ≤ (γ + 2 log n/n) nkΣ0 (β ∗ − β 0 )k2 + 2x.

kX(β ∗ − β 0 )k2 −

√

By Lemma 42, with with probability at least 1 − 2/n

Bounds for the Lasso

b

kX b̃k2 = kXbk2 /c < kXbk2 .

it holds that b∗j 6= 0 for all j ∈ S.
26
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Lemma 28 Suppose that κ̂(S) 6= 0. Then for any minimizer b∗ of the problem


min kXbk2 : kbS k1 − kb−S k1 = 1

We establish in the next lemma that sign constraints on b∗S are not active: b∗S is so to speak
maximally non-sparse. We assume that κ̂2 (S) > 0, so for S = S0 we implicitly assume
Condition 4.

u
t

We now show the second equality of the lemma. If for some zS ∈ {±1} it holds that
zj bj ≥ 0 for all j ∈ S, we have zST bS = kbS k1 . Conversely, if we define for j ∈ S with bj 6= 0,
zj := bj /|bj | as the sign of bj , and define zj ∈ {±1} arbitrarily for j ∈ S with bj = 0, then
we have zj bj ≥ 0 for all j ∈ S. Thus




b : kbS k1 − kb−S k1 ≥ 1 = ∪zS ∈{±1}|S| b : zST bS − kb−S k1 ≥ 1, zj bj ≥ 0 .

Thus the first equality of the lemma must be true.

Moreover

Proof of Lemma 27. To show that the equality constraint can be turned into an inequality
constraint let us consider some b ∈ Rp for which it holds that kbS k1 − kb−S k1 = c, where c
is a constant bigger than 1. Let b̃ := b/c. Then


kb̃S k1 − kb̃−S k1 = kbS k1 − kb−S k1 /c = 1.

zS ∈{±1}|S|

Lemma 27 We have


min kXbk22 : kbS k1 − kb−S k1 = 1


= min kXbk22 : kbS k1 − kb−S k1 ≥ 1


=
min min kXbk22 : zST bS − kb−S k1 ≥ 1, zj bj ≥ 0 ∀ j ∈ S .

can be found by searching over (at most) 2|S| convex problems with convex constraints. This
is done in the next lemma, where we also show that the equality constraint kbS k1 −kb−S k1 =
1 can be replaced by an inequality constraint kbS k1 − kb−S k1 ≥ 1.

b∈R

Our first step is to ascertain that a solution


b∗ ∈ arg minp kXbk2 : kbS k1 − kb−S k1 = 1

11.4.1. Non-Sparseness within S

van de Geer
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Remark 29 A (very) special case of Lemma 28 is the minimization problem


bS∗ ∈ arg min kbS k22 : kbS k1 = 1 .
Clearly the solution has |bj∗ | = 1/|S| 6= 0 for all j ∈ S. More generally, for the case
without “b−S -part” one can apply a geometric argument to show that whenever XST XS is
non-singular
bS∗ ∈ arg min{kXbS k2 : kbS k1 = 1}
must have all its components in S nonzero.
Proof of Lemma 28. We use the representation of Lemma 27. Let zS∗ ∈ {±1}|S| satisfy
zS∗T bS∗ = kbS∗ k1 and zj∗ bj∗ ≥ 0 for all j ∈ S. Then b∗ is a solution of the convex minimization
problem with (linear and) convex constraints


min kXbk22 : zS∗T bS − kb−S k1 ≥ 1, zj∗ bj ≥ 0, ∀ j ∈ S .
Note that in the minimization, one may replace the inequality constraint zS∗T bS −kb−S k1 ≥ 1
by an inequality constraint zS∗T bS − kb−S k1 = 1. This follows from the same arguments as
used in the proof of Lemma 27. A reason to replace the equality constraint by an inequality
constraint is that the restrictions become convex.

j∈S

The solution of the convex problem with convex constraints can be found using Lagrange
multipliers λ̃ and µS , where λ̃ ≥ 0 and where µS is an |S|-vector with non-negative entries.
The Lagrangian formulation is




X
min kXbk22 + 2λ̃ kb−S k1 − zS∗T bS − 1 − 2
µj,S zj∗ bj .

JMLR 19(46):1-48, 2018



T ∗
∗
z−S : kz−S k1 ≤ 1, z−S
b−s = −kb−S
k1 .

is an element of the sub-differential

X T Xb∗ = λ̃z ∗ + diag(µS )zS∗ ,

Because the inequality constraint can be replaced by an equality constraint, we know that
in fact λ̃ > 0. The Lagrangian formulation has has KKT conditions

where

∗
z−S
∗
−∂kb−S
k1 =

It follows that for j ∈ S

bj∗ 6= 0 ⇒ µj,S = 0.

Let N := {j ∈ S : bj∗ = 0}. Then we have by the above argument
∗
(X T Xb∗ )−N = λ̃z−N
∗
∗
(X T Xb∗ )N = λ̃zN
+ diag(µN )zN
.

27
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The tangent plane of {b : kXbk2 = kXb∗ k2 } at b∗ is

U := {u = b∗ + v : v T X T Xb∗ = 0}.

The idea of the proof is now to take an element u = b∗ + tv in this tangent plane with t > 0
and with vj 6= 0 for at least one j ∈ N and such that vj 6= 0 has the same sign as bj∗ for all
j ∈ S\N . For j ∈
/ S we take vj = 0. Then b̃ := b∗ + tv has kb̃S k1 − kb̃−S k1 > 1 and this
leads for a suitable scale t to

kX b̃k2
< kXb∗ k2 .
kb̃S k1 − kb̃−S k1

Let us now work out this idea. It cannot be true that bj∗ = 0 for all j ∈ S as kbS∗ k1 ≥ 1.
Hence S\N 6= ∅. Take (for example) vj = zj∗ for all j ∈ S\N . Then

T
∗
∗T
∗
vS\N
zS\N
= zS\N
zS\N
= |S\N |.

Now λ̃ > 0 and the entries of µN are all positive as well (since µj = 0 for some j ∈ N would
imply bj∗ = 0 for this j, which is not possible by the definition of N ). Therefore we can
choose
T
∗
∗
vN
(λ̃zN
+ diag(µN )zN
) = −λ̃|S\N |.

Then at least one entry of vN has to be non-zero and moreover

= 0.

= λ̃|S\N | − λ̃|S\N |

T
∗
T
∗
∗
v T X T Xb∗ = λ̃vS\N
zS\N
+ vN
(λ̃zN
+ diag(µN )zN
)

kbS∗

+

tvS k1

−
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∗
= kbS∗ k1 − kb−S
k1 + tkvk1

= 1 + tkvk1 .

kXb∗ k22 + t2 kXvk22
.
(1 + tkvk1 )2

kX(b∗ + tv)k22
∗ k )2
(kbS∗ + tvS k1 − kb−S
1

∗
kb−S
k1

= kbS∗ k1 + tkvk1 .

∗
kbS∗ + tvS k1 = kbS\N
k1 + tkvS\N k1 + tkvN k1

kX(b∗ + tv)k22 = kXb∗ k22 + t2 kXvk22 .

We thus have for all t > 0

Moreover

Therefore

It follows that

=

28

=

=

t2 (kXvk22 − kXb∗ k22 kvk21 ) − 2tkXb∗ k22 kvk21 .

t2 kXvk22 − 2tkXb∗ k22 kvk1 − t2 kXb∗ k22 kvk21

A := kXb∗ k22 + t2 kXvk22 − kXb∗ k22 (1 + tkvk1 )2

2kXb∗ k22 kvk21
0<t<
.
kXvk22 − kXb∗ k22 kvk21

kXvk22 > kXb∗ k22 kvk21

X T Xb∗ (zS ) = λ̃z ∗ + diag(µS )zS ,



b∗j (zS ) 6= 0 ⇒ µj,S = 0.


T ∗
z−S : kz−S k∞ ≤ 1, z−S
b−S (zS ) = −kb∗−S k1 .




zS ∈ {−1, 1}|S| : zj b∗j (zS ) > 0 ∀ j ∈ S .

X T Xb∗ = z ∗ kXb∗ k22 .
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it holds that b∗j 6= 0 for all j ∈ S. We can therefore define zj∗ := b∗j /|b∗j | for all j ∈ S and
then zS∗ = ∂kb∗S k1 ∈ ZS . The result now follows from Lemma 30.
u
t

Proof of Lemma 31. By Lemma 28, for each


b∗ ∈ arg min kXbk22 : kbS k1 − kb−S k1 = 1

∗ ∈ −∂kb∗ k .
where zS∗ = ∂kb∗S k1 and z−S
−S 1

Then

u
t

Proof of Lemma 30. To prove this result it is useful to repeat some arguments of the
proof of Lemma 28. The convex minimization problem with (linear and) convex constraints


min kXbk22 : zST bS − kb−S k1 ≥ 1, zj bj ≥ 0, ∀ j ∈ S

∗ (z ) ∈ −∂kb∗ (z )k .
where zS∗ (zS ) = zS and z−S
S
−S S 1

X T Xb∗ (zS ) = z ∗ (zS )kXb∗ (zS )k22

Lemma 30 We have for all zS ∈ ZS

ZS :=

This gives the following result.

Lemma 31 Suppose κ̂(S) 6= 0. Let


b∗ ∈ arg min kXbk22 : kbS k1 − kb−S k1 = 1

We apply the above lemma with zS :=

∂kb∗S k1 .

λ̃ = kXb∗ (zS )k22 .

1 = z ∗T b∗ (zS ) = b∗T (zS )X T Xb∗ (zS )/λ̃ = kXb∗ (zS )k22 /λ̃.

We now present the Lagrangian form given the signs within the set S and given that within
the set S the solution has non-zero entries. Let for each zS ∈ {±1}|S|


b∗ (zS ) ∈ arg min kXbk22 : zST bS − kb−S k1 ≥ 1, zj bj ≥ 0, ∀ j ∈ S .

One sees that

X T Xb∗ (zS ) = λ̃z ∗ .

The assumption that zS ∈ ZS thus gives µS = 0. The KKT conditions then read

It follows that for j ∈ S

−∂kb∗−S (zS )k1 =

∗ = z ∗ (z ) depends on z and is an element of the sub-differential
where zS∗ = zS and z−S
S
−S S

This has KKT conditions

This gives

Define

j∈S

can be solved using Lagrange multipliers λ̃ and µS , where λ̃ > 0 and µS is an |S|-vector
with non-negative entries. The Lagrangian formulation is




X
min kXbk22 + 2λ̃ kb−S k1 − zST bS − 1 − 2
µj,S zj bj .

van de Geer

11.4.2. Lagrangian Form

Here we used the assumption that kXb∗ k22 > 0 so that the above right hand side is indeed
strictly positive.
u
t

then A < 0 for all t satisfying

then A < 0 for all t > 0. If

kXvk22 ≤ kXb∗ k22 kvk21

and so we arrive at a contradiction. To show A < 0 we distinguish two cases. If

kX(b∗ + tv)k22 < kXb∗ k22 (kb∗S + tvS k1 − kb∗−S k1 )2

We will show that for suitable t > 0 the constant A is strictly negative. This means

Define

Bounds for the Lasso
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11.4.3. Finalizing the Proof of Theorem 14
With the help of Lemma 31 we are now in the position to prove Theorem 14.
b∗ s0 λ∗
β0 = β0 − 2
.
κ̂ (S0 ) n

Proof of Theorem 14. Let b∗ and z ∗ be as in Lemma 31, with S = S0 . Define

Then
λ∗ X T Xb∗ s0
X T X(β 0 − β 0 ) = −
nκ̂2 (S0 )
λ∗ X T Xb∗
= −
kXb∗ k22
= −λ∗ z ∗ .
Let S∗ := {j : b∗ =
6 0}. Then by Lemma 28, S0 ⊂ S∗ . Furthermore
j

∗ 0
∗ ∗
∗ 2

zj βj − λzj bj /kXb k2 > 0 j ∈ S0
−λ∗ zj∗ bj∗ /kXb∗ k22 > 0
j ∈ S∗ \S0 .


0
j∈
/ S∗
zj∗ βj0 =

β 0 )k22

λ∗2 kXb∗ k22
λ∗2 s0
=
=
.
nκ̂2 (S0 )
kXb∗ k24

u
t

It follows that z ∗ ∈ ∂kβ 0 k1 . Thus, β 0 =: β ∗ is a solution of the KKT conditions (6) with
ζ ∗ = z ∗ . It holds moreover that
kX(β ∗ −

11.5. Proof of Theorem 15
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The proof of Theorem 15 consists of several steps. First we note that, given the sizes of its
jumps, the total variation of a function is the smallest when this function is decreasing or
increasing. This is stated in Lemma 32 as a trivial fact. As a consequence, if one subtracts
from an arbitrary function value - or minus this value - the total variation, the result will
be at most the average of the absolute values. This is shown in Lemma 33. Lemma 33 is
then applied at each jump separately, as kbS k1 − kb−S∪{1} k1 in this example amounts to
subtracting at each jump some total variation to the left or to the right of this jump. Lemma
34 shows how this works for one jump. Then Theorem 15 is in part proved by applying this
lemma to each jump. This leads to a lower bound for κ̂2 (S). The proof is completed by
showing that this lower bound is achieved by the vector b∗ as given in Theorem 15.

f(1) ≤ · · · ≤ f(n) ,

For f ∈ Rn we define the ordered vector
with arbitrary ordering within ties.
31

Lemma 32 It holds that

van de Geer

n

i=1

1X
|fi |.
n

n

i=1

1X
|fi |,
n

T V (f ) ≥ f(n) − f(1)

with equality if f is increasing or decreasing.
Proof of Lemma 32. Trivial.

fj − TV(f ) ≤ f(1) ≤

Lemma 33 It holds for any j ∈ {1, . . . , n} that

and

−fj − TV(f ) ≤ −f(n) ≤

= f(1) .

n
X
i=1

fi /n =

i=1

n
X

|fi |/n.

≤ f(n) − (f(n) − f(1) )

− TV(f ) ≤ fj − (f(n) − f(1) )

u
t

Proof of Lemma 33. We have from Lemma 32 that TV(f ) ≥ f(n) − f(1) . Moreover,
fj ≤ f(n) . Thus
fj

f(1) ≤

Pn
Case 1: if f(1) < 0 obviously f(1) < n1 i=1
|fi |.
Case 2: if f(1) ≥ 0 then fi ≥ 0 for all i and then

In the same way

fi /n =

i=1

n
X

|fi |/n.

≤ −f(1) − (f(n) − f(1) )

−fj − TV(f ) ≤ −fj − (f(n) − f(1) )

= −f(n) .

n
X

i=1

Pn
Case 1: if f(n) > 0 then −f(n) < n1 i=1
|fi |.
Case 2: if f(n) ≤ 0 then fi ≤ 0 for all i and then
−f(n) ≤ −

i=1

i=1
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n
m
1 X
1X
|fi | +
|gi |.
n
m

u
t
Pn
Lemma 34 Let f ∈ RnP
with total variation TV(f ) = i=2
|fi − fi−1 | and g ∈ Rm with
m
total variation TV(g) = i=2
|gi − gi−1 |. Then for any j ∈ {1, . . . , n} and k ∈ {1, . . . , m}

|fj − gk | − TV(f ) − TV(g) ≤

32

|fi |/n

≤

m
i=1

i=1

i=1

|gi |/m

u
t

i=2

d1
X

X

d1 +···+ds−1

i=d1 +u2 +1

i=d1 +···+ds−2 +us−1 +1

−

+

+

+

≤

1
ds − us

1
u3

i=d1 +···+ds−1 +us +1

d1 +···+d
X s

33

|fi | +

i=d1 +···+ds−2 +us−1 +1

|fi |

1
ds+1
i=d1 +···+ds +1

n
X
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|fi |

i=d1 +···+ds−1 +1

X

d1 +···+ds−1 +us

|fi |

|fi − fi−1 |

|fi − fi−1 |

|fi − fi−1 |

1
|fi | +
us

i=d1 +d2 +1

d1 +···+ds−1

X

|fi | +

i=d1 +1

i=d1 +u2 +1

dX
1 +d2

1
ds−1 − us−1

···

1
d2 − u2

i=1

i=d1 +···+ds +2

n
X

i=d1 +···+ds−1 +2

d1 +d
2 +u3
X

|fi − fi−1 | −

d1
d1 +u2
1 X
1 X
|fi | +
|fi |
d1
u2

i=d1 +···+ds−1 +us +1

d1 +···+d
X s

X

d1 +···+ds−1 +us

i=d1 +d2 +2

d1 +d
2 +u3
X

|fi − fi−1 |

|fi − fi−1 | −

dX
1 +u2

i=d1 +2

|fi − fi−1 | −

+ |fd1 +···+ds +1 − fd1 +···+ds |

−

+ |fd1 +···+ds−1 +1 − fd1 +···+ds−1 |

···

dX
1 +d2

|fi − fi−1 | −

+ |fd1 +d2 +1 − fd1 +d2 | −

= |fd1 +1 − fd1 | −

kbS k1 − kb−(S∪{1}) k1

Proof of Theorem 15. Let for j = 2, . . . , s, uj ∈ N satisfy 1 ≤ uj ≤ dj − 1. We may write
for f = Xb,

≤

n
i=1

n
m
1X
1 X
|fi | +
|gi |.
n
m

≤

|fj − gk | − TV(f ) − TV(g) = (fj − TV(f )) + (−gk − TV(g))
}
} | P {z
| P {z

Proof of Lemma 34. Suppose without loss of generality that fj ≥ gk . Then by Lemma
33

Bounds for the Lasso

i=1

1
1
1
1
1
1
1
+
+
+ ··· +
+
+
+
d1 u2 d2 − u2
ds−1 − us−1 us ds − us ds+1
v
u n
uX
×t
|fi |2 ,

By the definition of f˜ = X b̃,

and also

kb̃S k1 =

i=1

n
X

j=1

s
X

+
j=2 dj

s+1
Ps 4n
+

n
ds+1

.

+

j=2

34

j=2

s

X n2
n2
n2
+4
+
.
d1
dj
ds+1

f˜i2 = d1 f˜t21 + · · · + ds+1 f˜d2s+1
=

.

JMLR 19(46):1-48, 2018

2n 2n
+
d2
d3
..
.
2n
2n
+
+
ds−1
ds
2n
n
+
+
ds
ds+1
s
X
n
4n
n
=
+
+
,
d1
dj
ds+1

n
2n
+
d1
d2

P
P
i = s−1
dj + 1, . . . , sj=1 dj
Pj=1
s
i = j=1 dj + 1, . . . , n

i = 1, . . . , d1
i = d1 + 1, . . . , d1 + d2

given as in the theorem and and f˜ := X b̃. Then f˜

n
d1

|f˜dj +1 − f˜dj | =

Now for the reverse inequality, let b̃ be
is equal to

n


− d1


2n


 d2
.
f˜i = ..




(−1)s 2n

ds



n
(−1)s+1 ds+1

κ2 (S) ≥

where in the first inequality we applied Lemma 34 and the second one follows from the
Cauchy-Schwarz inequality. The assumption that for all j ∈ {2, . . . , s} dj is even allows us
to take uj = dj /2 to arrive at

≤

s

van de Geer

Note also that

=

|f˜i − f˜i−1 | +

kb̃−(S∪{1}) k1
d1
X

i=2

= 0
It follows that
=

=


n
d1

+

n
X

i=d1 +···+ds +2

|f˜i − f˜i−1 |

.

2

fdj |

− ˜

+

n
ds+1

Pn ˜2
i=1 fi /n

s+1

Ps 4n
j=2 dj

Ps
˜
j=1 |fdj +1

|f˜i − f˜i−1 | + · · · +

Bounds for the Lasso

d2
X

i=d1 +2

(s + 1)kX b̃k22 /n
(kb̃S k1 − kb̃−(S∪{1}) k1 )2

11.6. Proof of Theorem 17

kW b−S0 k1

u
t

To prove Theorem 17, we first establish the Lagrangian form of the minimization problem
where we have the convex constraint zS∗T0 (v̄)bS0 − kW b−S0 k1 ≥ 1. Then we recall the
projections and we introduce a subset T of the underlying probability space where the
lower bound of Theorem 17 holds. The latter is shown in Lemma 36. Finally, we show that
the subset T has large probability.
11.6.1. Lagrangian Form

zS∗T0 (v̄)bS0

Recall for w ∈ W(v̄) the convex problem with linear and convex constraints


b(w) ∈ arg min
:
−
≥1 .
kXbk22

X T Xb(w) = kXb(w)k22 W z(w),
zS0 (w) = zS∗ 0 (v̄), z−S0 (w) ∈ −∂kb−S0 (w)k1 .
s0 kXb(w)k22 /n ≤ κ̂2 (1 + v̄, S0 ).
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Note that here we do not require the positivity constraint zj∗T (v̄)bj ≥ 0 for all j ∈ S0 . The
next lemma gives its Lagrangian form. This form plays in the proof of Theorem 17 the
same role as in the proof of Theorem 14 for the noiseless version. We also show that for
w ∈ W(v̄) the minimum kXb(w)k22 is not larger than kXb∗ (v̄)k22 (recall that by definition
κ̂2 (1 + v̄, S0 ) = s0 kXb∗ (v̄)k22 /n).
Lemma 35 We have
with
Moreover, for w ∈ W(v̄)

35
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X T Xb(w) = λ̃W z(w)

Proof of Lemma 35. The problem


min kXbk22 : zS∗T0 (v̄)bS0 − kW b−S0 k1 ≥ 1
has Lagrangian

with zS0 (w) = zS∗ 0 (v̄) and z−S0 (w) ∈ −∂kb−S0 (w)k1 . Moreover

kXb(w)k22 = λ̃b(w)T W z(w) = zS∗T0 (v̄)bS0 − kW b−S0 k1 = 1

because the minimum is reached at the boundary. So

λ̃ = kXb(w)k22 .



kXbk2
: zS∗T0 (v̄)bS0 − kW−S0 b−S0 k1 > 0
zS∗T0 (v̄)bS0 − kW−S0 b−S0 k1

To obtain the second statement of the lemma, we use similar arguments as in the proof of
Lemma 5. We have
b∈R

kXb(w)k2 = minp




A :=



b : zS∗T0 (v̄)bS0 − kW̄ b−S0 k1 > 0 .

b : zS∗T0 (v̄)bS0 − kW b−S0 k1 > 0
B :=

kXbk2
zS∗T0 (v̄)bS0 − kW b−S0 k1

kXbk2
zS∗T0 (v̄)bS0 − kW b−S0 k1

kXbk2
zS∗T0 (v̄)bS0 − kW̄ b−S0 k1

u
t
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zS∗T0 (v̄)bS0 − kW b−S0 k1 > zS∗T0 (v̄)bS0 − kW̄ b−S0 k1 .

kW b−S0 k1 ≤ kW̄ b−S0 k1

But for w ∈ W and w̄ := 1 + v̄, we know

and so
Let

and

Then B ⊂ A. Hence

b∈A

kXb(w)k2 = min

b∈B

≤ min

b∈B

≤ min

s0

= kXb∗ (v̄)k2
√
nκ̂(1 + v̄, S0 )
.
√
=

36

U(S0 ) := kPXS0 k2 .

p

∩

:=





|ûj | ≤ λūj ∀j ∈ S0
 

√
√
|v̂j | ≤ λv̄j ∀j ∈
/ S0 ∩ U(S0 ) ≤ s0 + 2x .



p
2(log(2p) + t)/λ, j ∈ S0 , v̄j := vj 2(log(2p) + t)/λ, j ∈
/ S0 .
(21)

37

−X T (Y − X β̂) = −λζ̂, ζ̂ ∈ ∂kβ̂k1 .

We will use the KKT conditions (19) for β̂:
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The idea is now to incorporate the noisy part of the KKT conditions for the noisy Lasso
into a weighted sub-differential, creating in that way KKT conditions of the same for as the
noiseless KKT conditions (see (22) in the proof). To do so, we first put part of the noise
in the vector β 0 without adding additional non-zeros. This makes it possible not to change
the sub-differential at S0 . The rewriting of the KKT conditions make them resemble the
Lagrangian form of Lemma 35.

11.6.5. Deterministic Part

We show in Subsection 11.6.6 that IP(T ) ≥ 1 − exp[−t] − exp[−x].

T

ūj := uj

Let T be the set

Recall

11.6.4. The Set T

p
λ > kv−S0 k∞ 2(log(2p) + t).

Recall that we require that for some t > 0

11.6.3. Choice of λ

and write

PXS0 := XS0 (XST0 XS0 )−1 XST0  = XS0 ûS0

We denote the projection of  on the space spanned by the columns of XS0 by

ûS0 := (XST0 XS0 )−1 XST0 .

Recall the notation of Subsection 7.2 and that moreover the diagonal elements of the matrix
(XST0 XS0 )−1 are denoted by {u2j }j∈S0 . We write

11.6.2. Projections

Bounds for the Lasso

Y

v̂S0 = 0, v̂−S0 = (X−S0 AXS0 )T .

38
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By assumption (since we are on T ) |v̂j | < λv̄j . so ŵj ≥ 1 − v̄j for all j ∈ Ŝ\S0 . For
j∈
/ Ŝ ∪ S0 we define
ŵj := max{|1 + v̂j /λ|, 1 − v̄j }.

ŵj := 1 + v̂j /(λζ̂j ).

Set Ŝ := {j : β̂j 6= 0} and define for all j ∈ Ŝ\S0

where

X T X(β̂ − β̂ 0 ) = −λζ̂ + v̂,

= (X−S0 AXS0 )T .

T
T
T
X−S
(AXS0 ) = X−S
− X−S
XS0 (XST0 XS0 )−1 XST0 
0
0
0

XST0 (AXS0 ) = 0,

−X T (Y − X β̂) = X T X(β̂ − β̂ 0 ) − X T (AXS0 ).

Y − X β̂ = −X(β̂ − β̂ 0 ) − AXS0 .

−X T (Y − X β̂) = −λζ̂.

= X β̂ 0 + AXS0 .

= XS0 βS0 0 + XS0 ûS0 + AXS0

= Xβ 0 + 

0
:= 0.
β̂S0 0 := β 0 + ûS0 , β̂−S
0

Hence the KKT conditions read

and

But

Therefore

We have

The KKT conditions (19) are

Then

Proof of Lemma 36. Set

Lemma 36 Suppose we are on the set T defined in Subsection 11.6.4. Then under the
conditions of Theorem 17
√
√
λ s0
kX(β̂ − β 0 )kn ≥ √
+ 2x
nκ̂(1 + v̄, S)

van de Geer

λζ̂j + v̂j

Then for j ∈
/ Ŝ ∪ S0

where
ζ̃j :=

Bounds for the Lasso

= λ|ζ̂j + v̂j /λ|sign(ζ̂j + v̂j /λ)
(
=

|ζ̂j + v̂j /λ| ≥ 1 − v̄j

.

|ζ̂j + v̂j /λ| ≤ 1 − v̄j

|ζ̂j + v̂j /λ| ≥ 1 − v̄j
|ζ̂j + v̂j /λ| ≤ 1 − v̄j

ŵj sign(ζ̂j + v̂j /λ),
|ζ̂j +v̂j /λ|
1−v̄j sign(ζ̂j + v̂j /λ)

ŵj

= ŵj ζ̃j ,
(
sign(ζ̂j + v̂j /λ),
|ζ̂j +v̂j /λ|
1−v̄j sign(ζ̂j + v̂j /λ)

(22)

One readily verifies that (on T ) ŵj ≤ 1 + v̄j for all j ∈
/ S0 . Taking ζ̃j = ζ̂j for j ∈ S ∪ S0
we arrive at the KKT conditions
X T X(β̂ − β̂ 0 ) = −λŴ ζ̃, ζ̃ ∈ ∂kβ̂k1

and where Ŵ = diag(ŵ) with ŵ ∈ W(v̄). Let now S0+ := {j ∈ S0 : zj∗ (v̄)bj (ŵ) > 0} and
S0− := {j ∈ S0 : zj∗ (v̄)bj (ŵ) ≤ 0}. Take
β 0 = β̂ 0 − λbj (ŵ)/kXb(ŵ)k22 .
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Case 1 Let j ∈ S0 . By the condition on β 0 we know that |βj0 | > λ|bj (ŵ)|/kXb(ŵ)k22 +|ûS0 |,
so |β̂j0 | ≥ |βj0 | − |ûS0 | > λ|bj (ŵ)|/kXb(ŵ)k22 . If zj∗ (v̄) = 1 and bj (ŵ) > 0, then β̂j0 > 0 and
βj0 = |β̂j0 | − λ|bj (ŵ)|/kXb(ŵ)k22 > 0.
If zj∗ (v̄) = 1 and bj (ŵ) ≤ 0, then β̂j0 > 0 and we have
βj0 = |β̂j0 | + λ|bj (ŵ)|/kXb(ŵ)k22 > 0.
If zj∗ (v̄) = −1 and bj (ŵ) < 0, then β̂j0 < 0 and
βj0 = −|β̂j0 | + λ|bj (ŵ)|/kXb(ŵ)k22 < 0.
If zj∗ (v̄) = −1 and bj (ŵ) ≥ 0, then β̂j0 < 0 and
βj0 = −|β̂j0 | − λ|bj (ŵ)|/kXb(ŵ)k22 < 0.

βj0 = −λbj (ŵ)/kXb(ŵ)k22 ,
zj (ŵ)βj0 = −λzj (ŵ)bj (ŵ)/kXb(ŵ)k22 > 0.

Case 2 Let now j ∈
/ S0 . Then

so

39

Thus
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z(ŵ) ∈ ∂kβ 0 k1 .

Furthermore, by the first part of Lemma 35,

X T X(β 0 − β̂ 0 ) = −λX T Xb(ŵ)/kXb(ŵ)k2 = −λŴ z(ŵ).

So β 0 =: β̂ satisfies the KKT conditions with ζ̃ = z(ŵ). We further have

= λ2 /kXb(ŵ)k2

kX(β̂ − β̂ 0 )k22 = λ2 bT (ŵ)Ŵ z(ŵ)/kXb(ŵ)k22

≥ λ2 s0 /(nκ̂2 (1 + v̄, S0 ))

√

≥ kX(β̂ − β̂ 0 )k2 − U(S0 )
√
λ s0
− U(S0 )
≥ √
nκ̂(1 + v̄, S0 )
√
√
λ s0
√
− s0 − 2x.
nκ̂(1 + v̄, S0 )
≥

u
t

where in the last step we used the second part of Lemma 35. Finally, by the triangle
inequality
kX(β̂ − β 0 )k2

11.6.6. Random Part

In Lemma 36, we showed that the conclusion (12) of Theorem 17 holds on the set T . This
subsection obtains that IP(T ) ≥ 1 − exp[−t] + exp[−x].
Lemma 37 It holds that

IP(T ) ≥ 1 − exp[−t] − exp[−x].

Proof of Lemma 37. Apply Lemma 41 with Zj = ûj /uj for j ∈ S0 and Zj = v̂j /vj for
j∈
/ S0 to find that with probability at least 1 − exp[−t]

|ûj | ≤ λūj ∀j ∈ S0 , |v̂j | ≤ λv̄j ∀j ∈
/ S0 .

U(S0 )

≤

s0

u
t

Furthermore, the random variable U2 (S0 ) has a chi-squared distribution with s0 degrees of
freedom. Lemma 42 gives that with probability at least 1 − exp[−x],
√
√
+ 2x.

11.6.7. Collecting the Pieces
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Combining Lemma 36 with Lemma 37 completes the proof of Theorem 17.

40

0

∗ ∗

u
t

41
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As before, we denote the projection of  on the space spanned by the columns of XS by
PXS and write
U(S) := kPXS k2 .

S
v̂−S
:= (X−S AXS )T .

Recall the notation of Subsection 8.1. We let moreover v̂−S0 be the vector

11.7.2. Projections

kX(β̂ − β ∗ )k22 + λkβ̂k1 − λ∗ β̂ T z ∗ ≤ (β̂ − β ∗ )T X T  + (λ − λ∗ )kβ ∗ k1 .

kβ ∗ k1 − β ∗T ζ̂ ≥ 0.

≥ λkβ̂k1 − λ∗ β̂ T ζ ∗ − (λ − λ∗ )kβ ∗ k1

= λkβ̂k1 − λ∗ β̂ T ζ ∗ + λkβ ∗ k1 − λβ ∗T ζ̂ − (λ − λ∗ )kβ ∗ k1

= λkβ̂k1 − λ∗ β̂ T ζ ∗ + λ∗ kβ ∗ k1 − λβ ∗T ζ̂

λ(β̂ − β ∗ )T ζ̂ − λ∗ (β̂ − β ∗ )T ζ ∗

kX(β̂ − β ∗ )k22 + λ(β̂ − β ∗ )T ζ̂ − λ∗ (β̂ − β ∗ )T ζ ∗ = (β̂ − β ∗ )T X T .

where we used that

Therefore

0

X T X(β̂ − β ∗ ) + λζ̂ − λ∗ ζ ∗ = X T .

Multiply by (β̂ − β ∗ )T to find

But

∗

X X(β − β ) + λ ζ = 0.

T

where ζ̂ ∈ ∂kβ̂k1 . By the KKT conditions (6) for β ∗

Hence, taking the difference

T

X X(β̂ − β ) + λζ̂ = X .

T

Proof of Lemma 38. The KKT conditions (19) for β̂ can be written as

kX(β̂ − β ∗ )k22 + λkβ̂k1 − λ∗ β̂ T z ∗ ≤ (β̂ − β ∗ )T X T  + (λ − λ∗ )kβ ∗ k1 .

Lemma 38 It holds that

We compare the KKT conditions for the noisy Lasso with those for the noiseless Lasso.

11.7.1. Comparing the KKT Conditions

√

√

2x}.

p
2x + (λ − λ∗ ) s/n/κ̂(w̄S , S).

√

kX(β̂ − β ∗ )k22 + λkβ̂k1 − λ∗ β T z ∗

T
≤ b̂TS XST  + X−S AXS β̂S  + (λ − λ∗ )kβ ∗ k1

XS b̂S = XS (β̂S − βS∗ ) + (X−S PXS )β̂−S .

On the other hand,

42

∗T
λkβ̂−S k1 − λ∗ ζ−S
β̂−S ≥ λ

j ∈S
/

X

(1 − λ∗ |ζj∗ |/λ)|β̂j |

j ∈S
/
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S
where in the last inequality we used Pythagoras rule. Moreover, by the definition of v̂−S
and since we are on the set T S

T
X
T
S
S
X−S AXS β̂−S  = β̂−S
v̂−S
≤λ
v̄−S
|β̂j |.

By the Cauchy-Schwarz inequality and since we are on T S
√
√
√
√
b̂TS XST  ≤ U(S)kX b̂S k2 ≤ ( s + 2x)kX b̂S k2 ≤ ( s + 2x)kX(β̂ − β ∗ )k2

In view of Lemma 38,

where

s+

s+

X(β̂ − β ∗ ) = XS b̂S + X−S AXS β̂−S

Proof of Lemma 39. Since S∗ ⊂ S

kX(β̂ − β ∗ )k2 ≤

Lemma 39 On the set T S it holds that

√

p
2(log(2p) + t)/λ, j ∈
/ S.

p
2(log(2p) + t).

T S := {|v̂j | ≤ λv̄j ∀ j ∈
/ S} ∩ {U(S) ≤

v̄ S := vjS

11.7.5. Deterministic Part

Let

Recall

11.7.4. The Set T S

Recall that we require that for some t > 0

The proof is along the lines of Theorem 9.
S
λ > kv−S
k∞

11.7.3. Choice of λ

van de Geer

11.7. Proof of Theorem 18

Bounds for the Lasso

and
k1

−

+ λ∗ z ∗T
β̂S

≤ (λ − λ∗

Bounds for the Lasso

λkβ̂S k1
)kβ̂S

−

βS∗ k1 .

(1 − v̄jS − λ∗ |ζj∗ |/λ)|β̂j | < (λ − λ∗ )kβ̂S − β ∗ k1 .

√
√
kX(β̂ − β ∗ )k22 − ( s + 2x)kX(β̂ − β ∗ )k2


√
√
= kX(β̂ − β ∗ )k2 kX(β̂ − β ∗ )k2 − s − 2x

X
j ∈S
/

> 0.

√
s + 2x we are done. Suppose therefore that kX(β̂ − β ∗

(λ − λ∗ )kβ ∗
√

λ

kβ̂S − βS∗ k1 − kW̄ S β̂−S k1 > 0.

k2

p
s/n)kX(β̂ − β ∗ )k2 /κ̂(w̄S , S).

)k2

>

√

√
s + 2x.

u
t

u
t
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p
√
2x + (λ − λ∗ ) s/n/κ̂(w̄S , S).

kX(β̂ − β ∗ )k22


p
√
√
s + 2x + (λ − λ∗ ) s/n/κ̂(w̄S , S) kX(β̂ − β ∗

kβ̂S − βS∗ k1 − kW̄ S β̂−S k1 ≤ (

If kX(β̂ − β ∗ )k2 ≤
Then we see that

But then

or

Then

≤

We thus arrive at

or
√
s+

IP(T S ) ≥ 1 − exp[−t] − exp[−x].

kX(β̂ − β ∗ )k2 ≤

11.7.6. Random Part
Lemma 40 We have

Proof of Lemma 40. This follows from Lemma 41 and Lemma 42.
11.7.7. Finalizing the Proof of Theorem 18
Combine Lemma 39 with Lemma 40.
43

van de Geer

11.8. Proof of the Lemma in Section 9

i=1

1
d2 − u2

d1
X
i=2

|gi − gi−1 | −

dX
1 +d2

|gi | +

i=d1 +1

i=d1 +u2 +1

X

j+1
s−1 dX
X

n
X

i=ds +1

|gi |

1/2

wi2

|gi |

|gi − gi−1 |

i=d1 +···+ds−1 +1

X

d1 +···+ds−1 +us

|gi − gi−1 | −

|gi |

1
us

n
X

X

d1 +···+ds−1 +us

i=d1 +···+ds +1

wi2

1

wi2

us2
i=d1 +···+ds−1 +1

n
X

i=d1 +···+ds +1

wi2 +

i=d1 +d2 +1

d1 +d
2 +u3
X

1
ds+1

|gi | +

i=d1 +d2 +1

d1 +d
2 +u3
X

j=2 i=dj +1

1
u3

d1 +···+ds−1

i=d1 +1

dX
1 +d2

1
u32

X

wi2 +

d +···+d

i=d1 +···+ds−2 +us−1 +1

d1 +···+ds−1

i=d1 +u2 +1

|gi | +

i=d1 +···+ds−2 +us−1 +1
d1 +···+d
X s

i=d1 +···+ds−1 +us +1

1
(d2 − u2 )2

1
(ds−1 − us−1 )2

···


d1
d1 +u2
1 X
1 X
w2 + 2
wi2
d12 i=1 i
u2

1
ds − us

1
ds−1 − us−1

···

d1
d1 +u2
1 X
1 X
|gi | +
|gi |
d1
u2

|gdj +1 − gdj | −

Proof of Lemma 21. Write gi := wi fi , i = 1, . . . , n and uj := dj /2, j = 2, . . . , s. Then
we have
s
X
j=1

≤
+

+

+

≤
+

+

i=1

1 X s
1
1
wi2 + 2
+
(d − u )2
ds+1
s
s
i=d1 +···+ds−1 +us +1

1/2
n
X
×
fi2

i=1
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r
n
n
n
n
n
n
n
+
+
+ ··· +
+
+
+
≤
d1 u2 d2 − u2
ds−1 − us−1 us ds − us ds+1
v
u n
uX
×t
|fi |2 /n
×kwk∞ .
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j=1

i=2

n
X

i=2



d1
X

j=1

s
X

i=ds +1

n
X

v
v
u n
u n
uX
uX
2
t
≤
(wi − wi−1 ) t
fi2

|gi − gi−1 | −

wi |fi − fi−1 | −

j=2 i=dj +1

j+1
s−1 dX
X

i=ds +1

n
X

|gi − gi−1 |

wi |fi − fi−1 |

i=1

i=2

wi |fi − fi−1 | −

i=2

i=2

v
v
u n
u n
uX
uX
2
fi−1
|wi − wi−1 ||fi−1 | ≤ t (wi − wi−1 )2 t

wdj +1 |fdj +1 − fdj |

i=2

n
X

j=2 i=dj +1

j+1
s−1 dX
X

wi |fi − fi−1 |

|gi − gi−1 | −

i=ds +1

Then for all t > 0, with probability at least 1 − 4 exp[−t]


√
|U T V − nσuv | ≤ 3σu σv
2nt + t .

Lemma 43 Let (U, V ) ∈ Rn×2 have i.i.d Gaussian rows with mean zero and covariance
matrix
 2

σu σuv
.
σuv σv2



√
√
IP |kZk2 − T | ≥ 2x ≤ 2 exp[−x].

Proof of Lemma 42. This follows from concentration of measure (Borell, 1975, Giné and
Nickl, 2015, Theorem 2.5.7) because the map Z 7→ kZk2 is Lipschitz. Alternatively, one
may apply Lemma 1 in Laurent and Massart (2000).
u
t

and

45

46
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u
t

u
t

Lemma 42 Let Z := (Z1 , . . . , ZT )T be a vector with i.i.d. standard Gaussian entries. Then
it holds for all x > 0 that


√
√
IP kZk2 ≥ T + 2x ≤ exp[−x]

≤ 2p exp[−(log(2p + t)] = exp[−t].

JMLR 19(46):1-48, 2018

i=1

2t) ≤ 2 exp[−t].

Proof of Lemma 43. By standard arguments (see van de Geer (2017) for tracking down
some constants) one can derive that with probability at least 1 − 4 exp[−t]
√
|U T V − nσuv | ≤ (σu σv + 2|σu,v |) 2nt + (σu σv + 2|σu,v |)t.

i=2

1≤j≤p

√

So by the union bound, for any t > 0,


p
p
IP max |Zj | > 2(log(2p) + t)
≤ pIP(|Z1 | ≥ 2(log(2p) + t))

IP(|Z1 | ≥

Proof of Lemma 41. For each t > 0

1≤j≤p

Lemma 41 Let Z1 , . . . , Zp be standard normal random variables. Then it holds for all
t > 0 that


p
IP max |Zj | ≥ 2(log(2p) + t) ≤ exp[−t].

We first present three standard lemmas for Gaussian random variables, Lemmas 41, 42 and
43. These three lemmas are followed by a concentration of measure result and a result for
Gaussian quadratic forms.

12. Tools from Probability Theory

van de Geer

This follows from Corollary 12 combined with Theorem 14, where in the latter we replace
Σ̂ := X T X/n by the population version Σ0 . This works because we replaced condition (8)
by its population counterpart condition (3).

11.9. Proof of Theorem 1

j=2

v
v
v
u n
u n
u
s
X
u X
uX
un
4n
n
2
t

t
+
+
+ n
(wi − wi−1 )  t
fi2 /n.
≤
kwk∞
d1
dj
ds+1

−

i=2

d1
X

|wi − wi−1 ||fi−1 |,

|gdj +1 − gdj | −

Thus we conclude

and

+

s
X

≤

j=2 i=dj +1

wi |fi − fi−1 |

n
X

i=2

d1
X

wi |fi − fi−1 | −

wdj +1 |fdj +1 − fdj | −

−

j=1

s
X

j+1
s−1 dX
X

Moreover

Bounds for the Lasso


2nt + t .

Bounds for the Lasso


√

We simplify this to: with probability at least 1 − 4 exp[−t]
|U T V − nσuv | ≤ 3σu σv

This is the concentration of measure lemma that we use in Section 4.


kX(β̂ − b)k2 − mb ≥

√
2x


≤ 2 exp[−x]



√
IP kX(β̂ − b)k2 ≥ mb + 2x ≤ exp[−x]

Lemma 44 For any b ∈ Rp and all x > 0, we have

and
IP
where mb := E(kX(
I
β̂ − b)k2 |X).

u
t

Proof of Lemma 44. This follows from concentration of measure see e.g. Borell (1975),
or Giné and Nickl (2015), Theorem 2.5.7, as the map  7→ kX(β̂ − b)k2 is Lipschitz, see also
van de Geer and Wainwright (2017).
u
t
Finally, we give a result for Gaussian quadratic forms.
Lemma 45 Let X have i.i.d. N (0, Σ0 )-distributed rows and let M be a (sequence of )
constant(s) such that


M 2 = o n/(kΣ0 k∞ log(2p)) .

1/2

1/2

kΣ0 bk22

kXbk22 /n

≥ (1 − ηM )2 .

Then, for a suitable sequence ηM = o(1), with probability tending to one
inf

kbk1 ≤M kΣ0 bk2

Proof of Lemma 45. See for example Chapter 16 in van de Geer (2016) and its references,
or van de Geer and Muro (2014).
u
t
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Saint Flour XLV-2016. Springer Science & Business Media, 2016.

S. van de Geer. On the efficiency of the de-biased Lasso, 2017. arXiv:1708.07986.

S. van de Geer and A. Muro. On higher order isotropy conditions and lower bounds for
sparse quadratic forms. Electronic Journal of Statistics, 8:3031–3061, 2014.

S. van de Geer and M. Wainwright. On concentration for (regularized) empircal risk minimization. Sankhyā, 79-A:159–200, 2017.
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(1)

2

for 0 ă p ă 1, where Φ : Cd1 ˆd2 Ñ Cm is the linear measurement operator and Y P Cm is the
data vector defining the problem. The overall strategy of the proposed IRLS algorithm is
to mimic this minimization by a sequence of weighted least squares problems. This strategy

X

min }X}pSp subject to ΦpXq “ Y,

In this spirit, we propose a new iteratively reweighted least squares (IRLS) algorithm for the
low-rank matrix recovery problem1 that strives to minimize a non-convex objective function
based on the Schatten-p quasi-norm

1.1 Contribution of this paper

completion problem, where the measurements correspond to entries of the matrix to be
recovered.
Although the low-rank matrix recovery problem is NP-hard in general, several tractable
algorithms have been proposed that allow for provable recovery in many important cases.
The nuclear norm minimization (NNM) approach (Fazel, 2002; Candès and Recht, 2009),
which solves a surrogate semidefinite program, is particularly well-understood. For NNM,
recovery guarantees have been shown for a number of measurements on the order of the
information theoretical lower bound rpd1 ` d2 ´ rq, if r denotes the rank of a d1 ˆ d2 matrix (Recht et al., 2010; Candès and Recht, 2009); i.e., for a number of measurements
m ě ρrpd1 ` d2 ´ rq with some oversampling constant ρ ě 1. Even though NNM is solvable in
polynomial time, it can be computationally very demanding if the problem dimensions are
large, which is the case in many potential applications. Another issue is that although the
number of measurements necessary for successful recovery by nuclear norm minimization
is of optimal order, it is not optimal. More precisely, it turns out that the oversampling
factor ρ of nuclear norm minimization needs to be much larger than the oversampling factor
of some other, non-convex algorithmic approaches (Zheng and Lafferty, 2015; Tanner and
Wei, 2013).
These limitations of convex relaxation approaches have led to a rapidly growing line
of research discussing the advantages of non-convex optimization for the low-rank matrix
recovery problem (Jain et al., 2010; Tanner and Wei, 2013; Haldar and Hernando, 2009;
Jain et al., 2013; Wen et al., 2012; Tanner and Wei, 2016; Vandereycken, 2013; Wei et al.,
2016; Tu et al., 2016). For several of these non-convex algorithmic approaches, recovery
guarantees comparable to those of NNM have been derived (Candès et al., 2015; Tu et al.,
2016; Zheng and Lafferty, 2015; Sun and Luo, 2016). Their advantage is a higher empirical
recovery rate and an often more efficient implementation. While there are some results
about global convergence of first-order methods minimizing a non-convex objective (Ge
et al., 2016; Bhojanapalli et al., 2016) so that a success of the method might not depend on
a particular initialization, the assumptions of these results are not always optimal, e.g., in
the scaling of the numbers of measurements m in the rank r (Ge et al., 2016, Theorem 5.3).
In general, the success of many non-convex optimization approaches relies on a distinct,
possibly expensive initialization step.

Kümmerle and Sigl

The problem of recovering a low-rank matrix from incomplete linear measurements or observations has gained considerable attention in the last few years due to the omnipresence
of low-rank models in different areas of science and applied mathematics. Low-rank models
arise in a variety of areas such as system identification (Liu et al., 2013; Liu and Vandenberghe, 2010), signal processing (Ahmed and Romberg, 2015), quantum tomography (Gross
et al., 2010; Gross, 2011) and phase retrieval (Candès et al., 2013; Candès et al., 2013; Gross
et al., 2015). An instance of this problem of particular importance, e.g., in recommender
systems (Srebro et al., 2005; Goldberg et al., 1992; Candès and Recht, 2009), is the matrix

1. Introduction

Keywords: Iteratively Reweighted Least Squares, Low-Rank Matrix Recovery, Matrix
Completion, Non-Convex Optimization

We propose a new iteratively reweighted least squares (IRLS) algorithm for the recovery
of a matrix X P Cd1 ˆd2 of rank r ! minpd1 , d2 q from incomplete linear observations, solving a sequence of low complexity linear problems. The easily implementable algorithm,
which we call harmonic mean iteratively reweighted least squares (HM-IRLS), optimizes a
non-convex Schatten-p quasi-norm penalization to promote low-rankness and carries three
major strengths, in particular for the matrix completion setting. First, we observe a remarkable global convergence behavior of the algorithm’s iterates to the low-rank matrix
for relevant, interesting cases, for which any other state-of-the-art optimization approach
fails the recovery. Secondly, HM-IRLS exhibits an empirical recovery probability close to 1
even for a number of measurements very close to the theoretical lower bound rpd1 ` d2 ´ rq,
i.e., already for significantly fewer linear observations than any other tractable approach in
the literature. Thirdly, HM-IRLS exhibits a locally superlinear rate of convergence (of order
2 ´ p) if the linear observations fulfill a suitable null space property. While for the first
two properties we have so far only strong empirical evidence, we prove the third property
as our main theoretical result.
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pnq 2

1

X}F2 subject to ΦpXq “ Y,
(2)
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p´2

X pn`1q “ min }WL

is shared by the related previous algorithms of (Fornasier et al., 2011; Mohan and Fazel,
2012) which minimize (1) by defining iterates as

pnq

p´2

X

1

pnq 2

X pn`1q “ min }WR
X ˚ }F2 subject to ΦpXq “ Y
(3)

where WL « pX pnq X pnq˚ q 2 is a so-called weight matrix which reweights the quadratic
penalty by operating on the column space of the matrix variable. Thus, we call this columnreweighting type of IRLS algorithms IRLS-col. Due to the inherent symmetry, it is evident
to conceive, still in the spirit of (Fornasier et al., 2011; Mohan and Fazel, 2012), the algorithm IRLS-row

pnq

4
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We proceed in the paper as follows. In Section 2, we introduce some notation to be used
and provide some background about different reformulations of the Schatten-p quasi-norm
in terms of weighted `2 -norms. This leads to the derivation of the harmonic mean iteratively
reweighted least squares (HM-IRLS) algorithm in Section 3. We present our main theoretical
results, the convergence guarantees and the locally superlinear convergence rate for the
algorithm in Section 4. Numerical experiments and comparisons to state-of-the-art methods
for low-rank matrix recovery are carried out in Section 5. In Section 6, we interpret the
algorithm’s different steps as minimizations of an auxililary functional with respect to its

1.2 Organization of the paper

results comply with our numerical experiments also for matrix completion. In particular, the theoretically predicted local convergence rate of order 2 ´ p can be observed very
precisely for this important measurement model as well (see Figures 3 to 5).
This local superlinear convergence rate of HM-IRLS is unprecedented by previous IRLS
variants such as IRLS-col or those that use the arithmetic mean of the one-sided weight
matrices: this means that neither can a superlinear rate be verified numerically, nor is it
possible to show such a rate by our proof techniques for any other previsouly considered
IRLS variant designed for the low-rank matrix recovery problem.
To the best of our knowledge, HM-IRLS is the first algorithm for low-rank matrix recovery
which achieves superlinear rate of convergence for low complexity measurements as well as
for larger problems.
Additionally, we conduct extensive numerical experiments comparing the efficiency of
HM-IRLS with previous IRLS algorithms as IRLS-col, Riemannian optimization techniques
(Vandereycken, 2013), alternating minimization approaches (Haldar and Hernando, 2009;
Tanner and Wei, 2016), algorithms based on iterative hard thresholding (Kyrillidis and
Cevher, 2014; Blanchard et al., 2015), and others (Park et al., 2016), in terms of sample
complexity, again for the important case of matrix completion.
The experiments lead to the following observation: HM-IRLS recovers low-rank matrices
systematically with an optimal number of measurements that is very close to the theoretical lower bound on the number of measurements that is necessary for recovery with high
empirical probability. We consider this result to be remarkable, as it means that for problems of moderate dimensionality (matrices of « 107 variables, e.g. pd1 ˆ d2 q-matrices with
d1 « d2 « 3 ¨ 103 ) the proposed algorithm needs fewer measurements for the recovery of a
low rank matrix than all the state-of-the-art algorithms we included in our experiments (see
Figure 6).
An important practical observation of HM-IRLS is that its performance is very robust
to the choice of the initialization and that it can be used as a stand-alone algorithm to
recover low-rank matrices also starting from a trivial initialization. This is suggested by our
numerical experiments since even for random or adversary initializations, HM-IRLS converges
to the low-rank matrix, even though it is based on an objective function which is highly nonconvex. While a complete theoretical understanding of this behavior is not yet achieved, we
regard the empirical evidence in a variety of interesting cases as strong. In this context, we
consider a proof of the global convergence of HM-IRLS for non-convex penalizations under
appropriate assumptions as an interesting open problem.
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with WR « pX pnq˚ X pnq q 2 , which reweights the quadratic penalty by acting on the row
space of the matrix variable. We note that even for square dimensions d1 “ d2 , IRLS-col
and IRLS-row do not coincide.
In this paper, as an important innovation, we propose the use of a different type of
pnq
weight matrices, which can be interpreted as the harmonic mean of the matrices WL and
pnq
WR above. This motivates the name harmonic mean iteratively reweighted least squares
(HM-IRLS) for the corresponding algorithm. The harmonic mean of the weight matrices of
IRLS-col and of IRLS-row in HM-IRLS is able to use the information in both the column
and the row space of the iterates, and it also gives rise to a qualitatively better behavior than
the use of more obvious symmetrizations as, e.g., the arithmetic mean of weight matrices
would allow for both in theory and in practice.
We argue that the choice of harmonic mean weight matrices as in HM-IRLS leads to
an efficient algorithm for the low-rank matrix recovery problem with fast convergence and
superior performance in terms of sample complexity, also compared to algorithms based on
strategies different from IRLS.
On the one hand, we show that the accumulation points of the iterates of HM-IRLS converge to stationary points of a smoothed Schatten-p functional under the linear constraint,
as it is known for, e.g., IRLS-col, c.f. (Fornasier et al., 2011; Mohan and Fazel, 2012).
On the other hand, we extend the theoretical guarantees which are based on a Schatten-p
null space property (NSP) of the measurement operator (Oymak et al., 2011; Foucart and
Rauhut, 2013) to HM-IRLS.
Our main theoretical result is that HM-IRLS exhibits a locally superlinear convergence
rate of order 2´p in the neighborhood of a low-rank matrix for the non-convexity parameter
0 ă p ă 1 connected to the Schatten-p quasi-norm, if the measurement operator fulfills the
mentioned NSP of sufficient order. For p ! 1, this means that the convergence rate is almost
quadratic.
Although parts of our theoretical results, as in the case of the IRLS algorithms algorithms of Fornasier et al. (2011) and Mohan and Fazel (2012), do not apply to the matrix
completion setting, due to the popularity of the problem and for reasons of comparability
with other algorithms, we conduct numerical experiments to explore the empirical performance of HM-IRLS also for this setting. Surprisingly enough we observe that the theoretical
3

T

P Cd1 d2 of a matrix X P Md1 ˆd2 with columns Xj , j P t1, . . . , d2 u.

5

(7)

6

}X}pSp ÝÝÝÑ rankpXq “: }X}S0 .

pÑ0

for 0 ă p ă 1, i.e., minimizing the p-th power of the Schatten-p quasi-norms under the
affine constraint. Heuristically, the choice of p ă 1 relatively small can be motivated by the
observation that by the definition (4) of the Schatten-p quasi-norm

min F p pXq :“ }X}pSp subject to ΦpXq “ Y,
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also called nuclear norm minimization (NNM), as a proxy.
As discussed in the introduction, there are empirical as well as theoretical results (e.g., in
(Daubechies et al., 2010; Chartrand, 2007)) coming from the related sparse vector recovery
problem that suggest alternative relaxation approaches. These results indicate that it might
be even more advantageous to solve the non-convex problem

(6)

JMLR 19(47):1-49, 2018

(4)

min }X}S1 subject to ΦpXq “ Y,

The above consideration suggests that the solution of (7) might be closer to (5) than (6)
for small p. On the other hand, again, it is in general computationally intractable to find
a global minimum of the non-convex optimization problem (7) if p ă 1. Therefore it is a

for p “ 8.

for 0 ă p ă 8,

for p “ 0,

(5)

The unique solvability of (5) is given with high probability if, for example, Φ is a linear
map whose matrix representation has i.i.d. Gaussian entries (Eldar et al., 2012) and m “
Ωprpd1 ` d2 qq. Unfortunately, solving (5) is intractable in general, but the works (Candès
and Recht, 2009; Recht et al., 2010; Candès and Plan, 2011) suggest solving the tractable
convex optimization program

min rankpXq subject to ΦpXq “ Y.

Nevertheless, under the additional assumption that the matrix X0 P Md1 ˆd2 has rank
r ă minpd1 , d2 q and under appropriate assumptions on the map Φ, the recovery of X0 is
possible by solving the affine rank minimization problem

Given a linear map Φ : Md1 ˆd2 Ñ Cm such that m ! d1 d2 , we want to uniquely identify and
reconstruct an unknown matrix X0 from its linear image Y :“ ΦpX0 q P Cm . However, basic
linear algebra tells us that this is not possible without further assumptions, since Φ is not
injective if m ă d1 d2 . Indeed, there is a pd1 d2 ´ mq-dimensional affine space tX0 u ` N pΦq
fulfilling the linear constraint
ΦpXq “ Y.

Note that for p “ 1, the Schatten-p norm is also called nuclear norm, written as }X}˚ :“
}X}S1 . The trace trrXs of a matrix X P Md1 ˆd2 is defined by the sum of its diagonal
řminpd ,d q
elements, trrXs “ j“1 1 2 Xjj . It can be seen that the p-th power of the Schatten-p
“
‰
norm coincides with }X}pSp “ tr pX ˚ Xqp{2 . The Schatten-2 norm is also called Frobenius
norm and has the property that it a
is induced by the Frobenius scalar product xX, Y yF “
tr rX ˚ Y s, i.e., }X}F “ }X}S2 “
xX, XyF . We define the weighted Frobenius scalar
product of two matrices X, Y P Md1 ˆd2 weighted by the the positive definite weight matrix
W P Hd1 ˆd1 as xX, Y yF pW q :“ xW X, Y yF “ xX, W Y yF . This scalar product induces the
b
a
weighted Frobenius norm }X}F pW q “ xX, XyF pW q “ trrpW Xq˚ Xs. It is clear that the
Frobenius norm of a matrix X coincides with the `2 -norm of its vectorization Xvec , i.e.,
}X}F “ }Xvec }`2 .

}X}Sp

$
’
rankpXq,
’
&”
ı1{p
řminpd1 ,d2 q p
:“
σj pXq
,
’ j“1
’
%
σmax pXq,

The reverse recast of a vector x P Cd1 d2 into a matrix of dimension d1 ˆ d2 is denoted
by xmatpd1 ,d2 q “ rX1 , . . . , Xj , . . . , Xd2 s, where Xj “ rxpd1 ´1q¨j`1 , . . . , xpd1 ´1q¨j`d1 sT , j “
1, . . . , d2 are column vectors, or Xmat if the dimensions are clear from the context. Obviously, it holds that X “ pXvec qmat .
The identity matrix in dimension d ˆ d is denoted by Id . With 0d1 ˆd2 P Md1 ˆd2 and
1d1 ˆd2 P Md1 ˆd2 we denote the matrices with only 0- or 1-entries respectively. The set of
Hermitian matrices is denoted by Hdˆd :“ tX P Mdˆd | X “ X ˚ u. We write X ` P Md1 ˆd2
for the Moore-Penrose inverse of the matrix X P Md1 ˆd2 .
Let Ud “ tU P Cdˆd ; U U ˚ “ Id u denote the set of unitary matrices. Then the singular
value decomposition of a matrix X P Md1 ˆd2 can be written as X “ U ΣV ˚ with U P Ud1 ,
V P Ud2 and Σ P Md1 ˆd2 , where Σ is diagonal and contains the singular values of X such
that Σii “ σi pXq ě 0 for i P t1, . . . , minpd1 , d2 qu. We define the Schatten-p (quasi-)norm of
X P Md1 ˆd2 as

X1T , . . . , XjT , . . . , XdT2

In this section, we explain some of the notation we use in the course of this paper.
The set of matrices X P Cd1 ˆd2 is denoted by Md1 ˆd2 . Unless stated otherwise, vecd
as column vectors. We also use the vectorized form Xvec “
”tors x P C are considered
ı

2.1 General notation, Schatten-p and weighted norms

2.2 Problem setting and characterization of Sp - and reweighted Frobenius
norm minimizers

Similar to weighted Frobenius norms, we define the weighted `2 -scalar product of vectors
x, y P Cd weighted by the positive definite weight matrix W P Hdˆd as xx, yy`2 pW q “ x˚ W y “
?
y ˚ W x and its induced weighted `2 -norm as }x}`2 pW q “ x˚ W x. We use the notation X ą 0
for a positive definite matrix X P Hdˆd . Furthermore, we denote the range of a linear( map
Φ : Md1 ˆd2 Ñ Cm by RanpΦq “ Y P Cm ; there is
( X P Md1 ˆd2 such that Y “ ΦpXq and
its null space by N pΦq “ X P Md1 ˆd2 ; ΦpXq “ 0 .

arguments and show theoretical guarantees for HM-IRLS extending similar guarantees for
IRLS-col. After this, we detail the proof of the locally superlinear convergence rate under
appropriate assumptions on the null space of the measurement operator.
In Appendix A, we provide a short overview about Kronecker and Hadamard products,
and end with some deferred proofs in Appendix B and Appendix C.

2. Notation and background
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1

p´2
2

2

bWL q ,

pXX ˚ qs “ trpWL XX ˚ q “ }WL2 X}F2

1

natural and very relevant question to ask which optimization algorithm to use to find global
minimizers of (7).
In this paper, we discuss an algorithm striving to solve (7) that is based on the following
observations: Assume for the moment that we are given a square matrix X P Md1 ˆd2 with
d1 “ d2 of full rank. Then, we can rewrite the p-th power of its Schatten-p quasi-norm as
a squared weighted Frobenius norm, or, using Kronecker product notiation as explained in
Appendix A, as a squared weighted `2 -norm (if we use the vectorized notation Xvec ): It
turns out that
p

(i) }X}Sp p “ trrpXX ˚ q 2 s “ trrpXX ˚ q
p´2

“ }X}F2 pWL q “ }pId2 b WL q 2 Xvec }`22 “ }Xvec }`22 pId

p´2
2

s “ trpX ˚ XWR q “ }XWR2 }F2

1

where WL is the symmetric weight matrix pXX ˚ q 2 in Md1 ˆd1 and Id2 b WL is the
block diagonal weight matrix in Md1 d2 ˆd1 d2 with d2 instances of WL on the diagonal
blocks, but also that
p

(ii) }X}Sp p “ trrpX ˚ Xq 2 s “ trrpX ˚ XqpX ˚ Xq
1

p´2

1

“ }X ˚ }F2 pWR q “ }pWR b Id1 q 2 Xvec }`22 “ }Xvec }`22 pWR bId q ,

(b) WR b Id1

Figure 1: Sparsity structure of the weight matrices P Md1 d2 ˆd1 d2

(a) Id2 b WL

where WR is the symmetric weight matrix pX ˚ Xq 2 in Md2 ˆd2 . It follows from the
definition of the Kronecker product that the weight `matrix WR b Id1 P ˘Md1 d2 ˆd1 d2
is a block matrix of diagonal blocks of the type diag pWR qij , . . . , pWR qij P Md1 ˆd1 ,
i, j P rd2 s.

1

1

The sparsity structures of Id2 b WL and WR b Id1 are illustrated in Fig. 1. Note that a
representation of }X}Sp p by squares of Frobenius norms can be achieved by multiplying X
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by WL2 from the left in (i), or by WR2 from the right in (ii).
The above calculations are not well-defined if X is not of full rank or if d1 ‰ d2 , since
in these cases at least one of the matrices XX ˚ P Md1 ˆd1 or X ˚ X P Md2 ˆd2 is singular,
p´2
p´2
prohibiting the definition of the matrices WR “ pX ˚ Xq 2 or WL “ pXX ˚ q 2 for p ă 2.
However, these issues can be overcome by introducing a smoothing parameter  ą 0 and
7
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p´2
2

p´2
2

.

,

(9)

(8)

smoothed weight matrices WL pX, q P Md1 ˆd1 and WR pX, q P Md2 ˆd2 defined by

WL pX, q :“ pXX ˚ ` 2 Id1 q

WR pX, q :“ pX ˚ X ` 2 Id2 q

Remark 1 The weight matrices WL pX, q and WR pX, q are symmetric and positive definite.

}X}F2 pWL q

or

min

XPMd1 ˆd2
ΦpXq“Y

}X ˚ }F2 pWR q

The possibility to rewrite the p-th power of the Schatten-p of a matrix as a squared weighted
Frobenius norm gives rise to the general strategy of IRLS algorithms for low-rank matrix
recovery: Weighted least squares problems of the type
min

XPMd1 ˆd2
ΦpXq“Y

are solved and weight matrices WL are updated alternatingly, leading to the algorithms
column-reweighting IRLS-col and row-reweighting IRLS-row, respectively (Mohan and
Fazel, 2012; Fornasier et al., 2011).
2.3 Averaging of weight matrices

While the algorithms IRLS-col and IRLS-row provide a tractable local minimization strategy of smoothed Schatten-p functionals under the linear constraint, we argue that it is
suboptimal to follow either one of the two approaches as they do not exploit the symmetry
of the problem in an optimal way: They either use low-rank information in the column
space or in the row space.
A first intuitive approach towards a symmetric exploitation of the low-rank structure
is inspired by the following identity, by combing the calculations (i) and (ii) carried out in
Section 2.2.

1
2

`2

›
˙ ››ˆ
ˆ
˙1
›2
1
1
› WL ‘ WR 2
›
}WL2 X}F2 ` }XWR2 }F2 “ ›
Xvec › “ }Xvec }`22 pWparithq q ,
›
›
2

Lemma 2 Let 0 ă p ď 2 and X P Md1 ˆd2 with d “ d1 “ d2 be a matrix of full rank. Then
}X}Sp p “

where
1
WL ‘ WR
pId2 b WL ` WR b Id1 q “
“: Wparithq
2
2
is the arithmetic mean matrix of the symmetric and positive definite weight matrices Id2 bWL
p´2
p´2
and WR b Id1 , WL :“ pXX ˚ q 2 , and WR :“ pX ˚ Xq 2 .
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Unfortunately, the introduction of arithmetic mean weight matrices does not prove to
be particularly advantageous compared to one-sided reweighting strategies. Convincing
improvements could be noted neither in numerical experiments nor in the theoretical investigations for the convergence rate of IRLS for low-rank matrix recovery, cf. also Section 5.2
and Remark 22.

8

`
`
˘´1
˘´1
2 WR´1 b Id1 ` Id2 b WL´1
“ 2 WL´1 ‘ WR´1
“: Wpharmq

¸

‘

σi2

2´p
i“1 2σi

d
ÿ

“ }X}pSp ,

`

`2

d
ÿ
˚
˚
˚
σl ul vl˚
2´p vj vi vk uk ui ui
σj
l“1

2σk

¯˚
¯
˘´1
WR´1
Xvec
X
mat

9
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In this section, we use this idea to formulate a new iteratively reweighted least squares
algorithm for low-rank matrix recovery. The so-called harmonic mean iteratively reweighted
least squares algorithm (HM-IRLS) solves a sequence of weighted least squares problems to
recover a low-rank matrix X0 P Md1 ˆd2 from few linear measurements ΦpX0 q P Cm . The
weight matrices appearing in the least squares problems can be seen as the harmonic mean
of the weight matrices in (8) and (9), i.e., the ones used by IRLS-col and IRLS-row.

3. Harmonic mean iteratively reweighted least squares algorithm

which finishes the proof.

˜

d
ÿ

WL´1

2´p
i“1 j“1 k“1 σi

“2

“

d ÿ
d
ÿ

“ 2 tr

´´`

is the harmonic mean matrix of the symmetric and positive definite weight matrices Id2 bWL
p´2
p´2
and WR b Id2 , WL :“ pXX ˚ q 2 and WR :“ pX ˚ Xq 2 .
ř
Proof Let X “ U ΣV ˚ “ di“1 σi ui vi˚ P Mdˆd be the singular value decomposition of X.
Therefore for the vectorized version,řXvec “ pV b U qΣvec holds true.
ř By the definitions of
WL and WR , we can write WL´1 “ di“1 σi2´p ui u˚i and WR´1 “ di“1 σi2´p vi vi˚ . Using the
Kronecker sum inversion formula of Lemma 23 in Appendix A, we obtain
›
›2
1
›`
›
˘´ 1
2
}Xvec }2`2 pWpharmq q “ }Wpharmq
Xvec }2`2 “ 2 ›› WL´1 ‘ WR´1 2 Xvec ››

where

`2

Lemma 3 Let 0 ă p ď 2 and X P Cd1 ˆd2 with d “ d1 “ d2 be a full rank matrix. Then
›
›2
›`
›
˘´ 1
}X}pSp “ 2 ›› WL´1 ‘ WR´1 2 Xvec ›› “ }Xvec }2`2 pWpharmq q ,

Ă pnq q“

(15)

(14)

` `
˘˘
Ăpnq q´1 Φ˚ pΦ ˝ ppW
Ăpnq q´1 ˝ Φ˚ q´1 pY q , (13)
ppW

until stopping criterion is met.
Set n0 “ n.
10
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where U pn`1q P Ud1 and V pn`1q P Ud2 are matrices containing the left and right singular
s pn`1q are defined for t P t1, 2u according to
vectors of X pn`1q in its columns, and the Σ
dt
(11).
n “ n ` 1,

2 pW

´
¯
pn`1q “ min pnq , σrr`1 pX pn`1q q ,
”
ı´1
Ă pn`1q “ 2 U pn`1q pΣ
s pn`1q q2´p U pn`1q˚ ‘ V pn`1q pΣ
s pn`1q q2´p V pn`1q˚
W
,
d1
d2

ΦpXq“Y

X pn`1q “ arg min }Xvec }2`

Algorithm 1 Harmonic Mean IRLS for low-rank matrix recovery (HM-IRLS)
Input: A linear map Φ : Md1 ˆd2 Ñ Cm , image Y “ ΦpX0 q of the ground truth matrix
X0 P Md1 ˆd2 , rank estimate rr, non-convexity parameter 0 ă p ď 1.
0
Output: Sequence pX pnq qnn“1
Ă Md1 ˆd2 .
p0q
Ă p0q “ Id d P Md d ˆd d .
Initialize n “ 0,  “ 1 and W
1 2
1 2
1 2
repeat

and the matrices U pnq P Ud1 and V pnq P Ud2 containing the left and right singular vectors of
X pnq in its columns, respectively.
Ă pnq can be seen as a stabilized version of the harmonic
We note that this definition of W
Ă pnq becomes
mean weight matrix Wpharmq of Lemma 3. This stabilization is necessary as W
very ill-conditioned as soon as some of the singular values of X pnq approach zero and, related
2´p
2´p
to that, pX pnq X pnq˚ q 2 ‘ pX pnq˚ X pnq q 2 would even be singular as soon as X pnq is not of
full rank.
Additionally, for the formulation of the algorithm it is convenient to define the linear
Ăpnq q´1 : Md ˆd Ñ Md ˆd for any n P N such that
operator pW
1
2
1
2
ı
1 ” pnq s pnq 2´p pnq˚
pnq ´1
s pnq q2´p V pnq˚ ,
Ă
U pΣd1 q U
X ` XV pnq pΣ
(12)
pW q pXq :“
d2
2
Ă pnq on Md ˆd .
describing the operation of the inverse of W
1
2
Finally, HM-IRLS can be formulated in pseudo code as follows.

(11)

More precisely, for 0 ă p ď 1 and d “ minpd1 , d2 q, D “ maxpd1 , d2 q, given a nonincreasing sequence of non-negative real numbers ppnq q8
n“1 and the sequence of iterates
pX pnq q8
n“1 produced by the algorithm, we update our weight matrices such that
ı´1
”
s pnq q2´p U pnq˚ ‘ V pnq pΣ
s pnq q2´p V pnq˚
Ă pnq “ 2 U pnq pΣ
,
(10)
W
d1
d2

In contrast, we want to promote the usage of the harmonic mean of the weight matrices
`
˘´1
“
Id2 b WL and WR b Id1 , i.e., weight matrices of the type 2 WR´1 b Id1 ` Id2 b WL´1
` ´1
˘
´1
“: Wpharmq . In the remaining parts of the paper, we explain why Wpharmq
2 WL ‘ WR´1
is able to significantly outperform other weighting variants both theoretically and practically.
The following lemma verifies that the harmonic mean Wpharmq of the weight matrices
Id2 b WL and WR b Id1 leads to a legitimate reformulation of the Schatten-p quasi-norm
power, as it we already saw for the arithmetic mean Wparithq .
s pnq P Md ˆd for dt “ td1 , d2 u such that
with the diagonal matrices Σ
t
t
dt
#
pnq
2
pnq2 q 12
if i ď d,
s pnq qii “ pσi pX q ` 
pΣ
dt
0
if d ă i ď D,
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ı
1 ” pnq s pnq 2´p pnq˚ r
r pnq pΣ
s pnq q2´p V pnq˚ .
U pΣd1 q U
X ` XV
d2
2

From a practical point of view, it is beneficial that the explicit calculation of the very
Ă pnq P Hd d ˆd d (cf. (15)) is not necessary in implementations
large weight matrices W
1 2
1 2
of Algorithm 1. As suggested by formulas (12) and (13), it can be seen that just the
Ă pnq ´1
operation of its inverse pW
q
is
needed,
which
can
be
implemented
by
matrix-matrix
r P Md ˆd , we have that W
Ă pnq Xvec “
multiplications on the space Md1 ˆd2 : For matrices X, X
1
2
rvec if and only if Xvec “ pW
Ă pnq q´1 X
rvec , which can be written in matrix variables as
X
X“

Ă pnq and the Kronecker sum, cf. (15) and
The last equivalence is due to the definitions of W
Appendix A.
Note that the smoothing parameters pnq are chosen in dependence on a rank estimate r̃
here, which will be an important ingredient for the theoretical analysis of the algorithm. In
practice, however, other choices of non-increasing sequences of non-negative real numbers
8
are possible and can as well lead to (a maybe even faster) convergence when tuned
ppnq qn“1
appropriately.
We refer to Section 5.4 for a further discussion of implementation details.
Example With a simple example, we illustrate the versatility of HM-IRLS: Let d1 “ d2 “
4, and assume that we want to reconstruct the rank-1 matrix
¨ ˛
¨
˛
1
1
2
3
4
˚ ‹`
˘ ˚ 10 20 30 40 ‹
˚ 10 ‹
˚
‹
1
2
3
4
X0 “ uv ˚ “ ˝
“
˝´2 ´4 ´6 ´8‚
´2‚
0.1
0.1 0.2 0.3 0.4

}vv ˚ ei }22
}v}24

1ďiď4

}uu˚ ei }22
}u}24

« 2.13 that are used to analyze the behavior of many matrix

d1

from m “ df “ rpd1 ` d
` 2 ´ rq “ 7 sampled entries ΦpX0 q, where Φ ˘is the linear map
Φ : M4ˆ4 Ñ C7 , ΦpXq “ X2,1 , X4,1 , X3,2 , X4,2 , X4,3 , X1,4 , X2,4 . Since the linear
map Φ samples some entries of matrices in M4ˆ4 and does not see the others, this is an
instance of the problem that is called matrix completion.
In general, reconstructing a pd1 ˆ d2 q rank-r matrix from m “ rpd1 ` d2 ´ rq entries is
a hard problem, as it is known that if m ă rpd1 ` d2 ´ rq, there is always more than one
matrix X such that ΦpXq “ ΦpX0 q, and even for equality, the property that Φ is invertible
on (most) rank-r matrices might be hard to verify (Király et al., 2015).
It can be argued that the specific matrix completion problem we consider is in some sense
a hard one, since, e.g., the deterministic sufficient condition for unique completability of
(Pimentel-Alarcón et al., 2016, Theorem 2) is not fulfilled (less then 2 observed entries in the
third column), and since the classical coherence parameters µpuq “
max
« 3.81
1ďiď4

and µpvq “ d2 max
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completion algorithms (Candès and Recht, 2009; Jain et al., 2013) are quite large, with µpuq
being quite close to the maximal value of 4.
11
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On the other hand, as the problem is small and X0 has rank r “ 1, it is possible to
impute the missing values of

˛
¨
˚
˚
˚
4
‹
˚
˚ 40‹
˚ 10 ˚
˝ ˚ ´4 ˚
˚‚
0.1 0.2 0.3 ˚

by solving very simple linear equations, since, for example, X4,4 “ u4 v4 , X2,1 “ u2 v1 ,
X X2,4
X2,4 “ u2 v4 , and X4,1 “ u4 v1 , and therefore X4,4 “ 4,1
“ 0.4. This shows that the
X2,1
only rank-1 matrix compatible with ΦpX0 q is X0 .
It turns out that—without using the combinatorial simplicity of the problem—the classical NNM does not solve the problem, as the nuclear norm minimizer (solution of (6) for
Y “ ΦpX0 q) produced by the semidefinite program of the convex optimization package CVX
(Grant and Boyd, 2014) converges to
¨
˛
1
0.023 0.041
4
˚
‹
0.232 0.411
40 ‹
snuclear « ˚ 10
X
˝
‚,
´0.056
´4
´0.200
´0.226
0.1
0.2
0.3
0.400

ΦpXq“Y

X pn`1q “ arg min xXvec , W pnq Xvec y,

i,j“1

(16)

snuclear }S ă }X0 }S “ σ1 pX0 q « 56.13 and a relative Frobenius
a matrix with 45.74 « }X
1
1
s
´X0 }F
error of }Xnuclear
“ 0.661.
}X0 }F
On the other hand, HM-IRLS is able to solve the problem—if p is chosen small enough—
with very high precision already after few iterations, for example, up to a relative error of
4.18 ¨ 10´13 after 24 iterations if p “ 0.1. This is in contrast to the behavior of IRLS-col,
IRLS-row and also to the behavior of AM-IRLS, the IRLS variant that uses weight matrices
derived from the arithmetic mean of the weights of IRLS-col and IRLS-row, cf. Lemma 2.
The iterates X pnq for iteration n “ 2000 of these algorithms exhibit relative errors of 0.240,
0.489 and 0.401, respectively, for the choice of p “ 0.1. Furthermore, there is no choice of
p that would lead to a convergence to X0 .
To understand this very different behavior, we note that the n-th iterate of any of the
four IRLS variants can be written, using Appendix A, in a concise way as

where

pnq pnq pnq
i“1 σi ui vi

ř4

(17)
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for AM-IRLS,

for IRLS-row, and

for IRLS-col,

for HM-IRLS,

being the SVD of X pnq , and

4
ÿ
“
‰
pnq
pnq
pnq
xXvec , W pnq Xvec y “ xX, U pnq H pnq ˝ pU pnq˚ XV pnq q V pnq˚ yF “
Hij |xui , Xvj y|2

with X pnq “ U pnq Σpnq V pnq˚ “

pnq

Hi,j

$
“`
` pnq
˘ 2´p ‰´1
2´p
pnq
’
’2 pσi q2 ` ppnq q2 q 2 ` pσj q2 ` ppnq q2 q 2
’
’
`
˘ p´2
’
pnq
&
pσi q2 ` ppnq q2 2
“
˘ p´2
pnq 2 2
’` pnq 2
’
’ pσj q ` p q
’
’
“` pnq
˘ p´2 ` pnq
˘ p´2 ‰
%
0.5 ¨ pσi q2 ` ppnq q2 2 ` pσi q2 ` ppnq q2 2

12

(b) IRLS-col

(c) IRLS-row

(d) AM-IRLS

pnq

pnq

u1 , . . . , ur

¯

Z1˚ ` Z2 v1pnq , . . . , vrpnq

´

¯˚

: Z1 P Md1 ˆr , Z2 P Md2 ˆr ,

(

σip pXq ă

i“r`1

d
ÿ

σip pXq

for all X P N pΦqzt0u,

(19)

14
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4. Convergence results

In the following part, we state our main theoretical results about convergence properties
of the algorithm HM-IRLS. Furthermore, their relation to existing results for IRLS-col and
IRLS-row is discussed.

Remark 6 The sufficiency of the Schatten-p NSP (19) in Proposition 5 has already been
pointed out by Oymak et al. (2011). The necessity as stated in the theorem, however, is
due to a recent generalization of Mirsky’s singular value inequalities to concave functions
(Audenaert, 2014; Foucart, 2018).

Proposition 5 (Foucart (2018)) Let Φ : Md1 ˆd2 Ñ Cm be a linear map, let 0 ă p ď 1
and r P N. Then every matrix X0 P Md1 ˆd2 such that rankpX0 q ď r and ΦpX0 q “ Y P Cm
is the unique solution of Schatten-p minimization (7) if and only if Φ fulfills (19).

since }X}Sp ď r1{p´1{2 }X}S2 for X that is rank-r. This, in turn, ensures the existence of
unique solutions to (7) if Y “ ΦpX0 q are the measurements of a low-rank matrix X0 .

i“1

r
ÿ

Intuitively explained, if a map Φ fulfills the strong Schatten-p null space property of order
r, there are no rank-r matrices in the null space and all the elements of the null space must
not have a quickly decaying spectrum.
Null space properties have already been used to guarantee the success of nuclear norm
minimization (6), or Schatten-1 minimization in our terminology, for solving the low-rank
matrix recovery problem (Recht et al., 2011).
We note that the definitions of Schatten-p null space properties are quite analogous
to the `p -null space property in classical compressed sensing (Foucart and Rauhut, 2013,
Theorem 4.9), applied to the vector of singular values. In particular, (18) implies that

for all X P N pΦqzt0u.

(18)

It can be seen that the (weak) Schatten-p NSP of (19) is a stronger property for larger p in
the sense that if 0 ă p1 ď p ď 1, the Schatten-p property implies the Schatten-p1 property.
Very related to this, it can be seen that for any 0 ă p ď 1, the strong Schatten-p null space
property is implied by a sufficiently small rank restricted isometry constant δr , which is a
classical tool in the analysis of low-rank matrix recovery algorithms (Recht et al., 2010;
Candès and Plan, 2011).

are small compared to the other penalites, since the coefficients of H p1q corresponding to T p1q
are exactly the ones in the first row and first column of the p4 ˆ 4q matrices in Figure 2—a
contrast that becomes more and more pronounced as X pnq approaches the rank-r ground
truth X0 (with r “ 1 in the example).
On the other hand, IRLS-col, IRLS-row and AM-IRLS only have small coefficients on
smaller parts of T pnq , which, from a global perspective, explains why their usage might lead
to non-global minima of the Schatten-p objective.
We note that the space T pnq plays also an important role in Riemannian optimization
approaches for matrix recovery problems (see Vandereycken, 2013), since it is also the
tangent space of the smooth manifold of rank-r matrices at the best rank-r approximation
of X pnq .

T pnq :“

´

The intuition for the superior behavior of HM-IRLS is now the following: Since large
pnq pnq˚
entries of H pnq penalize the corresponding parts of the space Md1 ˆd2 “ spantui vj , i P
rd1 s, j P rd2 su in the minimization problem (16), large areas of blue and dark blue in Figure 2
indicate a benign optimization landscape where the minimizer X pn`1q of (16) is able to
improve considerably on the previous iterate X pnq .
In particular, it can be seen that in the case of HM-IRLS, the penalties on the whole
direct sum of column and row space of the best rank-r approximation of X pnq

Figure 2: Values of the matrix H p1q of ”weight coefficients” corresponding to the orthonorp1q p1q˚
mal basis pui vj q4i,j“1 after the first iteration in the example

(a) HM-IRLS

ˆÿ
r

˙p{2
˙
ˆ ÿ
d
γr
σi2 pXq
ă 1´ p
σip pXq
r 2 i“r`1
i“1

Definition 4 (Strong Schatten-p null space property) Let 0 ă p ď 1. We say that a
linear map Φ : Md1 ˆd2 Ñ Cm fulfills the strong Schatten-p null space property (Schatten-p
NSP) of order r with constant 0 ă γr ď 1 if

It cannot be expected that a low-rank matrix recovery algorithm like HM-IRLS succeeds
to converge to a low-rank matrix without any assumptions on the measurement operator
Φ that defines the recovery problem (5). For the purpose of the convergence analysis of
HM-IRLS, we introduce the following strong Schatten-p null space property (Fornasier et al.,
2011; Oymak et al., 2011; Foucart and Rauhut, 2013).

for i, j P t1, 2, 3, 4u and pnq “ minpσ2 , pn´1q q.
The values of the matrix H p1q of weight coefficients after the first iteration in the above
example are visualized in Figure 2, for each of the four IRLS versions above.

pnq
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Definition 7 (Restricted isometry property (RIP)) The restricted isometry constant
δr ą 0 of order r of the linear map Φ : Md1 ˆd2 Ñ Cm is defined as the smallest number
such that
p1 ´ δr q}X}F2 ď }ΦpXq}`22 ď p1 ` δr q}X}F2

for all matrices X P Md1 ˆd2 of rank at most r.

?

p

δp

Indeed, it follows from the proof of Chavez-Dominguez and Kutzarova (2015, Theorem 4.1)
2
that a restricted isometry constant of order 2r such that δ2r ă ?2`3
« 0.4531 implies the
strong Schatten-p NSP of order r with a constant γr ă 1 for any 0 ă p ď 1. More precisely,
2
it can be seen that δ2r ă ?2`3
implies that the strong Schatten-p NSP (18) of order r holds

(20)

2r
with the constant γr “ p 2`1q
2p
p1´δ2r qp .
Linear maps that are instances drawn from certain random models are known to fulfill the restricted isometry property with high probability if the number of measurements
is sufficiently large (Davenport and Romberg, 2016), and, a fortiori, the Schatten-p null
space property. In particular, this is true for (sub-)Gaussian linear measurement maps
Φ : Md1 ˆd2 Ñ Cm whose matrix representation is such that

1 r
r has i.i.d. standard (sub-)Gaussian entries,
? Φ
P Cmˆd1 d2 , where Φ
m

as it is summarized in the following lemma.

Lemma 8 For any 0 ă p ď 1, 0 ă γ ă 1 and any (sub-)Gaussian random operator
Φ : Md1 ˆd2 Ñ Cm (e.g. as defined in (20)), there exist constants C1 ą 1, C2 ą 0 such that
if m ě C1 rpd1 ` d2 q, the strong Schatten-p null space property (18) of order r with constant
γr ă γ is fulfilled with probability at least 1 ´ e´C2 m .
4.1 Local convergence for p ă 1

nÑ8

In this section, we provide a convergence analysis for HM-IRLS covering several aspects.
We show that the algorithm converges to stationary points of a smoothed Schatten-p functional gp as in (21) without any additional assumptions on the measurement map Φ. Such
guarantees have already been obtained for IRLS algorithms with one-sided reweighting as
IRLS-col and IRLS-row, in particular for p “ 1 by Fornasier et al. (2011) and for 0 ă p ď 1
by Mohan and Fazel (2012).
Beyond that, assuming the measurement operator fulfills an appropriate Schatten-p null
space property as defined in Definition 4, we show the a-posteriori exact recovery statement
that HM-IRLS converges to the low-rank matrix X0 if lim n “ 0, which only was shown

d
ÿ

p

pσi pXq2 ` 2 q 2 ,
i“1
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(21)

for one-sided IRLS for the case p “ 1 by Fornasier et al. (2011).
Moreover, we provide a local convergence guarantee stating that HM-IRLS recovers the
low-rank matrix X0 if we obtain an iterate X psnq that is close enough to X0 , which is novel
for IRLS algorithms.
Let 0 ă p ď 1 and  ą 0. To state the theorem, we introduce the -perturbed Schatten-p
functional gp : Md1 ˆd2 Ñ Rě0 such that
gp pXq “

15
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where σpXq P Rd denotes the vector of singular values of X P Md1 ˆd2 .

Theorem 9 Let Φ : Md1 ˆd2 Ñ Cm be a linear operator and Y P RanpΦq a vector in its
range. Let pX pnq qně1 and ppnq qně1 be the sequences produced by Algorithm 1 for input
parameters Φ, Y, r and 0 ă p ď 1, let  “ limnÑ8 pnq .

2p`1 γr
1´γr

1´p{2

Ĉ
βrrpXqSp ,
r1´p{2

(22)

and βrrpXqSp is the best rank-r
r Schatten-p approximation error

s p ď
}X ´ X}
F

(i) If  “ 0 and if Φ fulfills the strong Schatten-p NSP (18) of order r with constant
s P Md ˆd of rank
0 ă γr ă 1, then the sequence pX pnq qně1 converges to a matrix X
1
2
at most r that is the unique minimizer of the Schatten-p minimization problem (7).
Moreover, there exists an absolute constant Ĉ ą 0 such that for any X with ΦpXq “ Y
and any rr ď r, it holds that
where Ĉ “
of X, i.e.,

(
r p ,X
r P Md ˆd has rank rr .
βrrpXqSp :“ inf }X ´ X}
1
2
Sp

s of pX pnq qně1 is a stationary point of the
(ii) If  ą 0, then each accumulation point X
-perturbed Schatten-p functional gp of (21) under the linear constraint ΦpXq “ Y .
s is the unique global minimizer of gp .
If additionally p “ 1, then X

(iii) Assume that there exists a matrix X0 P Md1 ˆd2 with ΦpX0 q “ Y such that rankpX0 q “
s P N such that
r ď minpd21 ,d2 q , a constant 0 ă ζ ă 1 and an iteration n

}X psnq ´ X0 }S8 ď ζσrrpX0 q

for n Ñ 8.

and ns “ σr`1 pX ns q. If Φ fulfills the strong Schatten-p NSP of order 2r with γ2r ă 1
0q
and if the condition number κ “ σσr1 pX
pX0 q of X0 and ζ are sufficiently small (see condition
(25) and formula (26)), then

X pnq Ñ X0

It is important to note that by using Lemma 8, it follows that the assertions of Theorem 9(i) and (iii) hold for (sub-)Gaussian operators (20) with high probability in the regime
of measurements of optimal sample complexity order. In particular, there exist constant
oversampling factors ρ1 , ρ2 ě 1 such that the assertions of (i) and (iii) hold with high
probability if m ą ρk rpd1 ` d2 q, k P t1, 2u, respectively.

` “ 1, . . . , m,

JMLR 19(47):1-49, 2018

(23)

Remark 10 However, if m ă d1 d2 , null space property-type assumptions as (18) or (19)
do not hold for the important case of matrix completion-type measurements (Candès and
Recht, 2009), where ΦpXq is given as m sample entries

ΦpXq` “ Xi` ,j` ,

16
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5. Numerical experiments
In this section, we demonstrate first that the superlinear convergence rate that was proven
theoretically for Algorithm 1 (HM-IRLS) in Theorem 11 can indeed be accurately verified in

´
¯2´p
}η pn`1q }Sp ď µ1{p }η pnq }Sp

(26)

(25)

Optimally, we would like to have a statement in Theorem 9 about the accumulation points
s being global minimizers of gp , instead of mere stationary points (Fornasier et al., 2011,
X
Theorem 6.11), (Daubechies et al., 2010, Theorem 5.3). A statement that strong is, unfortunately, difficult to achieve due to the non-convexity of the Schatten-p quasi-norm and of the
-perturbed version gp . Nevertheless, our theorems can be seen as analogues of Daubechies
et al. (2010, Theorem 7.7), which discusses the convergence properties of an IRLS algorithm
for sparse recovery based on `p -minimization with p ă 1.
As already mentioned in previous sections, Fornasier et al. (2011) and Mohan and Fazel
(2012) proposed IRLS algorithms for low-rank matrix recovery and analysed their convergence properties. The algorithm of Fornasier et al. (2011) corresponds (almost) to IRLS-col
with p “ 1 as explained in Section 3. In this context, Theorem 9 recovers the results of
Fornasier et al. (2011, Theorem 6.11(i-ii)) for p “ 1 and generalize them, with weaker conclusions due to the non-convexity, to the cases 0 ă p ă 1. The algorithm IRLS-p of Mohan
and Fazel (2012) is similar to the former, but differs in the choice of the -smoothing and
also covers non-convex choices 0 ă p ă 1. However, we note that in the non-convex case,
its convergence result (Mohan and Fazel, 2012, Theorem 5.1) corresponds to Theorem 9(ii),
but does not provide statements similar to (i) and (iii) of Theorem 9.
Theorem 11 with its analysis of the convergence rate is new in the sense that to the best
of our knowledge, there are no convergence rate proofs for IRLS algorithms for the low-rank
matrix recovery problem in the literature. Indeed, we refer to Remark 22 in Section 6.3
for an explanation why the variants of Fornasier et al. (2011) and Mohan and Fazel (2012)
cannot exhibit superlinear convergence rates, unlike HM-IRLS.
We also note that there is a close connection between the statements of Theorems 9
and 11 and results that were obtained for an IRLS algorithm dedicated to the sparse vector
recovery problem in Daubechies et al. (2010, Theorems 7.7 and 7.9).

4.3 Discussion and comparison with existing IRLS algorithms

We think that the result of Theorem 11 is remarkable, since there are only few lowrank recovery algorithms which exhibit either theoretically or practically verifiable superlinear convergence rates. In particular, although the algorithms of Mishra et al. (2013)

and

´ γ p3 ` γ qp1 ` γ q ¯2´p ´ d ´ r ¯2´ p σ pX qppp´1q
2 p r
2r
2r
2r
0
r
κp
p1 ´ γ2r q
r
p1 ´ ζq2p

pp1´pq

µ}η psnq }S8

´
¯2´p
}η pn`1q }S8 ď µ1{p }η pnq }S8

s.
for all n ě n

then

(24)

If additionally the condition number κ and ζ are small enough, or

µ :“ 25p p1 ` γ2r qp

with the constant

and
“ σr`1
more precisely, if

psnq

}η psnq }S8 ď ζσr pX0 q

be the condition number of X0 and η pnq :“ X pnq ´ X0 be the error matrices of the n-th
output of Algorithm 1 for n P N.
Assume that there exists an iteration n
s P N and a constant 0 ă ζ ă 1 such that

Theorem 11 (Locally Superlinear Convergence Rate) Assume that the linear map
Φ : Md1 ˆd2 Ñ Cm fulfills the strong Schatten-p NSP of order 2r with constant γ2r ă 1 and
that there exists a matrix X0 P Md1 ˆd2 with rankpX0 q “ r ď minpd21 ,d2 q such that ΦpX0 q “ Y ,
0q
let Φ, Y, r and 0 ă p ď 1 be the input parameters of Algorithm 1. Moreover, let κ “ σσr1 pX
pX0 q

Next, we state the second main theoretical result of this paper, Theorem 11. It shows that
in a neighborhood of a low-rank matrix X0 that is compatible with the measurement vector
Y , the algorithm HM-IRLS converges to X0 with a convergence rate that is superlinear of
the order 2 ´ p, if the operator Φ fulfills an appropriate Schatten-p null space property.

4.2 Locally superlinear convergence rate for p ă 1

and NewtonSLRA of Schost and Spaenlehauer (2016) do show superlinear convergence rates,
the first is not competitive to HM-IRLS in terms of sample complexity and the second has
neither applicable theoretical guarantees for most of the interesting problems nor the ability
of solving medium size problems.

and pi` , j` q P rd1 sˆrd2 s for all ` P rms, of the matrix X P Md1 ˆd2 , which also were considered
in the example of Section 3.
This means that parts (i) and (iii) of Theorem 9 do, unfortunately, not apply for matrix
completion measurements, which define a very relevant class of low-rank matrix recovery
problems. This problem is shared by any existing theory for IRLS algorithms for low-rank
matrix recovery (Fornasier et al., 2011; Mohan and Fazel, 2012). However, in Section 5,
we provide strong numerical evidence that HM-IRLS exhibits properties as predicted by (i)
and (iii) of Theorem 9 even for the matrix completion setting. We leave the extension of
the theory of HM-IRLS to matrix completion measurements as an open problem to be tackled
by techniques different from uniform null space properties (Davenport and Romberg, 2016,
Section V).

Remark 12 It is interesting to compare Theorem 11 with a related result for an IRLS algorithm for the sparse vector recovery problem in Daubechies et al. (2010, Theorem 7.9).
We observe that while the statement describes the observed rates of convergence very accurately (cf. Section 5.2), the assumption (25) on the neighborhood that enables convergence
of a rate 2 ´ p is more pessimistic than our numerical experiments suggest. Our experiments confirm that the local convergence rate of order 2 ´ p also holds for matrix completion
measurements, where the assumption of a Schatten-p null space property fails to hold, cf.
Section 5.
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numerical experiments, even beyond measurement operators fulfilling the strong null space
property, and compare its performance to other variants of IRLS.
In Section 5.3, we then examine the recovery performance of HM-IRLS for the matrix
completion setting with the performance of other state-of-the-art algorithms comparing
the measurement complexities that are needed for successful recovery for many random
instances.
The numerical experiments are conducted on Linux and Mac systems with MATLAB
R2017b. An implementation of HM-IRLS for matrix completion including code reproducing
many conducted experiments is available at https://github.com/ckuemmerle/hm irls.
5.1 Experimental setup
In the experiments, we sample pd1 ˆ d2 q dimensional ground truth matrices X0 of rank r
such that X0 “ U ΣV ˚ , where U P Rd1 ˆr and V P Rd2 ˆr are independent matrices with i.i.d.
standard Gaussian entries and Σ P Rrˆr is a diagonal matrix with i.i.d. standard Gaussian
diagonal entries, independent from U and V .
We recall that a rank-r matrix X P Md1 ˆd2 has df “ rpd1 ` d2 ´ rq degrees of freedom,
which is the theoretical lower bound on the number of measurements that are necessary for
exact reconstruction (Candès and Plan, 2011). The random measurement setting we use in
the experiments can be described as follows: We take measurements of matrix completion
type, sampling m “ tρdf u entries of X0 uniformly over its d1 d2 indices to obtain Y “ ΦpX0 q.
Here, ρ is such that dd1fd2 ě ρ ě 1 and parametrizes the difficulty of the reconstruction
problem, from very hard problems for ρ « 1 to easier problems for larger ρ.
However, this uniform sampling of Φ could yield instances of measurement operators
whose information content is not large enough to ensure well-posedness of the corresponding
low-rank matrix recovery problem, even if ρ ą 1. More precisely, it is impossible to recover
a matrix exactly if the number of revealed entries in any row or column is smaller than its
rank r, which is explained and shown in the context of the proof of Pimentel-Alarcón et al.
(2016, Theorem 1).
Thus, in order to provide for a sensible measurement model for small ρ, we exclude
operators Φ that sample fewer than r entries in any row or column. Therefore, we adapt
the uniform sampling model such that operators Φ are discarded and sampled again until
the requirement of at least r entries per column and row is met and recovery can be achieved
from a theoretical point of view.
We note that the described phenomenon is very related to the fact that matrix completion recovery guarantees for the uniform sampling model require at least one additional log
factor, i.e., they require at least m ě logpmaxpd1 , d2 qqdf sampled entries (Davenport and
Romberg, 2016, Section V).
While we detail the experiments for the matrix completion measurement setting just
described in the remaining section, we add that Gaussian measurement models also lead to
very similar results in experiments.
5.2 Convergence rate comparison with other IRLS algorithms
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In this subsection, we vary the Schatten-p parameter between 0 and 1 and compare the
corresponding convergence behavior of HM-IRLS with the IRLS variant IRLS-col, which
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Figure 3: Relative Frobenius errors as a function of the iteration n for oversampling factor
ρ “ 2 (easy problem).

performs the reweighting just in the column space, and with the arithmetic mean variant
AM-IRLS. The latter two coincide with Algorithm 1 except that the weight matrices are
chosen as described in Equation (17) in Section 3.
We note that IRLS-col is very similar to the IRLS algorithms of Fornasier et al. (2011)
and Mohan and Fazel (2012) and differs from them basically just in the choice of the smoothing. We present the experiments with IRLS-col to isolate the influence of the weight
matrix type, but very similar results can be observed for the algorithms of Fornasier et al.
(2011) and Mohan and Fazel (2012).2
In the matrix completion setup of Section 5.1, we choose d1 “ d2 “ 40, r “ 10 and
distinguish easy, hard and very hard problems corresponding to oversampling factors ρ of
2.0, 1.2 and 1.0, respectively. The algorithms are provided with the ground truth rank r and
are stopped whenever the relative change of Frobenius norm }X pnq ´ X pn´1q }F {}X pn´1q }F
drops below the threshold of 10´10 or a maximal iteration of iterations nmax is reached.
5.2.1 Convergence rates

First, we study the behavior of the three IRLS algorithms for the easy setting of an over2 ´rq
sampling factor of ρ “ 2, which means that 2rpd1d`d
“ 0.875 of the entries are sampled,
1 d2
and parameters p P t0.1, 0.5, 0.8, 1u.
In Figure 3, we observe that for p “ 1, HM-IRLS, AM-IRLS and IRLS-col have a quite
similar behavior, as the relative Frobenius errors }X pnq ´ X0 }F {}X0 }F decrease only slowly,
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2. Implementations of the mentioned authors’ algorithms were downloaded from https://faculty.
washington.edu/mfazel/ and https://github.com/rward314/IRLSM, respectively.
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For the hard matrix completion problems with oversampling factor of ρ “ 1.2, we observe
that for p “ 0.8, the three algorithms typically do not converge to ground truth. This can
be seen in the example that is shown in Figure 4, where HM-IRLS, AM-IRLS and IRLS-col
all exhibit a relative error of 0.27 after 100 iterations. We do not visualize the result for
p “ 1, as the iterates of the three algorithms do not converge to the ground truth either,
which is to be expected: In some sense, they implement nuclear norm minimization, which
is typically not able to recover a low-rank matrix from measurements with an oversampling
factor as small as ρ “ 1.2 (Donoho et al., 2013). The dramatic difference in behavior
between HM-IRLS and the other approaches becomes very apparent for more non-convex
choices of p P t0.01, 0.25, 0.5u, where the former converges up to a relative Frobenius error
of less than 10´10 within 15 to 35 iterations, while the others do not reach a relative error of
10´2 even after 100 iterations. For HM-IRLS, the convergence of order 2 ´ p can be very well
locally observed also here, it just takes some iterations until the superlinear convergence
begins, which is due to the increased difficulty of the recovery problem.

5.2.2 HM-IRLS as the best extension of IRLS for sparse recovery

Finally, we see in the example shown in Figure 5 that even for the very hard problems
where ρ “ 1, which means that the number of sampled entries corresponds exactly to the
degrees of freedom rpd1 ` d2 ´ rq, HM-IRLS can be successful to recover the rank-r matrix
if the parameter p is chosen small enough (here: p ď 0.25). This is not the case for the
algorithms AM-IRLS and IRLS-col.

Figure 5: Relative Frobenius errors as a function of the iteration n for oversampling factor
ρ “ 1.0 (very hard problem). Left column: y-range r10´10 ; 100 s. Right column:
Enlarged section of left column corresponding to y-range of r10´2 ; 100 s.
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We summarize that among the three variants HM-IRLS, AM-IRLS and IRLS-col, only HM-IRLS
is able to solve the low-rank matrix recovery problem for very low sample complexities corresponding to ρ « 1. Furthermore, it is the only IRLS algorithm for low-rank matrix recovery
that exhibits a superlinear rate of convergence at all.
It is worthwhile to compare the properties of HM-IRLS with the behavior of the IRLS
algorithm of Daubechies et al. (2010) designed to solve the sparse vector recovery problem
by mimicking `p -minimization for 0 ă p ď 1. While neither IRLS-col nor AM-IRLS are
able to generalize the superlinear convergence behavior of Daubechies et al. (2010) (which
is illustrated in Figure 8.3 of the same paper) to the low-rank matrix recovery problem,
HM-IRLS is, as can be seen in Figures 3 to 5.
Taking the theoretical guarantees as well as the numerical evidence into account, we
claim that HM-IRLS is the presently best extension of IRLS for vector recovery in Daubechies
et al. (2010) to the low-rank matrix recovery setting, providing a substantial improvement
over the reweighting strategies of Fornasier et al. (2011) and Mohan and Fazel (2012).
Moreover, we mention two observations which suggest that HM-IRLS has in some sense
even more favorable properties than the algorithm of Daubechies et al. (2010): First, the
discussion of Daubechies et al. (2010, Section 8) states that a superlinear convergence can
only be observed locally after a considerable amount of iterations with just a linear error

On the other hand, it is easy to see that AM-IRLS and IRLS-col converge linearly, but
not superlinearly to the ground truth X0 for p P t0.8, 0.5, 0.1u. The linear rate of AM-IRLS is
slightly better than the one of IRLS-col, but the numerical stability of AM-IRLS deteriorates
for p “ 0.1 close to the ground truth (after iteration 43). This is due to a bad conditioning of
the quadratic problems as the X pnq are close to rank-r matrices. In contrast, no numerical
instability issues can be observed for HM-IRLS.

i.e., even a linear rate is hardly identifiable. For choices p ă 1 that correspond to nonconvex objectives, we observe a very fast, superlinear convergence of HM-IRLS, as the iterates
X pnq converge up to a relative error of less than 10´12 within fewer than 20 iterations for
p P t0.8, 0.5, 0.1u. Precise calculations verify that the rate of convergences are indeed of
order 2 ´ p, the order predicted by Theorem 11. We note that this fast convergence rate
not only kicks in locally, but starting from the very first iteration.

Figure 4: Relative Frobenius errors as a function of the iteration n for oversampling factor ρ “ 1.2 (hard problem). Left column: y-range r10´10 ; 100 s. Right column:
Enlarged section of left column corresponding to y-range of r10´2 ; 100 s.
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decay. In contrast to that, HM-IRLS exhibits a superlinear error decay quite early (i.e., for
example as early as after two iterations), at least if the sample complexity is large enough,
cf. Figure 3.
Secondly, it can be observed that the convergence of the algorithm of Daubechies et al.
(2010) to a sparse vector often breaks down if p is smaller than 0.5 (Daubechies et al., 2010,
Section 8). In contrast to that, we observe that HM-IRLS does not suffer from this loss of
global convergence for p ! 0.5. Thus, a choice of very small parameters p « 0.1 or smaller
is suggested as such a choice is accompanied by a very fast convergence.
5.3 Recovery performance compared to state-of-the-art algorithms
After comparing the performance of HM-IRLS with other IRLS variants, we now conduct
experiments to compare the empirical performance of HM-IRLS also to that of low-rank
matrix recovery algorithms different from IRLS.
To obtain a comprehensive picture, we consider not only the IRLS variants AM-IRLS and
IRLS-col, but a variety of state-of-the-art methods in the experiments, as the Riemannian
optimization technique Riemann Opt (Vandereycken, 2013), the alternating minimization
approaches AltMin (Haldar and Hernando, 2009), ASD (Tanner and Wei, 2016) and BFGD
(Park et al., 2016), and finally the algorithms Matrix ALPS II (Kyrillidis and Cevher, 2014)
and CGIHT Matrix (Blanchard et al., 2015), which are based on iterative hard thresholding.
As the IRLS variants we consider, all these algorthms use knowledge about the actual
ground truth rank r.
In the experiments, we examine the empirical recovery probabilities of the different
algorithms systematically for varying oversampling factors ρ, determining the difficulty of
the low-rank recovery problem as the sample complexity fulfills m “ tρdf u. We recall that
a large parameter ρ corresponds to an easy reconstruction problem, while a small ρ, e.g.,
ρ « 1, defines a very hard problem.
We choose d1 “ d2 “ 100 and the r “ 8 as parameter of the experimental setting, conducting the experiments to recover rank-8 matrices X0 P R100ˆ100 . We remain in the matrix
completion measurement setting described in Section 5.1, but sample now 150 random instances of X0 and Φ for different numbers of measurements varying between mmin “ 1500
to mmax “ 4000. This means that the oversampling factor ρ increases from ρmin “ 0.975 to
ρmax “ 2.60. For each algorithm, a successful recovery of X0 is defined as a relative Frobenius error }X out ´ X0 }F {}X0 }F of the matrix X out returned by the algorithm of smaller
than 10´3 . The algorithms are run until stagnation of the iterates or until the maximal
number of iterations nmax “ 3000 is reached. The number nmax is chosen large enough to
ensure that a recovery failure is not due to a lack of iterations.
In the experiments, except for AltMin, for which we used our own implementation, we
used implementations provided by the authors of the corresponding papers for the respective
algorithms, using default input parameters provided by the authors. The respective code
sources can be found in the references.
5.3.1 Beyond the state-of-the-art performance of HM-IRLS
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The results of the experiment can be seen in Figure 6. We observe that HM-IRLS exhibits
a very high empirical recovery probability for p “ 0.1 and p “ 0.5 as soon as the sample
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complexity parameter ρ is slightly larger than 1.0, which means that m “ tρrpd1 ` d2 ´ rqu
measurements suffice to recover pd1 ˆ d2 q-dimensional rank-r matrices with ρ close to 1.
This is very close to the information theoretical lower bound of df “ rpd1 ` d2 ´ rq. Very
interestingly, it can be observed that the empirical recovery probability reaches almost 1
already for an oversampling factor of ρ « 1.1, and remains at exactly 1 starting from ρ « 1.2.
Relatively good success rates can also be observed for the algorithms AM-IRLS and
IRLS-col for non-convex parameter choices p P t0.1, 0.5u, reaching an empirical success
probability of almost 100% at around ρ “ 1.5. AM-IRLS performs only marginally better
than the classical IRLS strategy IRLS-col, which are both outperformed considerably by
HM-IRLS. It is important to note that in accordance to what was observed in Section 5.2,
in the successful instances, the error threshold that defines successful recovery is achieved
already after a few dozen iterations for HM-IRLS, while typically only after several or many
hundreds for AM-IRLS and IRLS-col. Furthermore, it is interesting to observe that the
algorithm IRLS-MF, which corresponds to the variant studied and implemented by Mohan
and Fazel (2012) and differs from IRLS-col mainly only in the choice of the -smoothing
(14), has a considerably worse performance than the other IRLS methods. This is plausible
since the smoothing influences severely the optimization landscape of the objective to be
minimized.
The strong performance of HM-IRLS is in stark contrast to the behavior of all the algorithms that are based on different approaches than IRLS and that we considered in our
experiments. They basically never recover any rank-r matrix if ρ ă 1.2, and most of the
algorithms need a sample complexity parameter of ρ ą 1.7 to exceed a empirical recovery
probability of a mere 0.5. A success rate of close to 0.8 is reached not before raising ρ above

Figure 6: Comparison of empirical success rates of state-of-the-art algorithms, as a function
of the oversampling factor ρ

Empirical probability of successful recovery
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While this useful observation is helpful for the implementation of HM-IRLS, it is not true
pnq
for AM-IRLS, as the action of pWparithq q´1 , the inverse of the arithmetic mean weight matrix
at iteration n, is not representable as a sum of left- and right-sided matrix multiplication.

Indeed, as it can be seen in (13) and by the definition of the Kronecker sum (55), the
harmonic mean weight matrix appears just as the linear operator pW pnq q´1 on the space
of matrices Md1 ˆd2 , whose action consists of a left- and right-sided matrix multiplication,
cf. (12). Therefore, the application of pW pnq q´1 is Opd1 d2 pd1 ` d2 qq by the naive matrix
multiplication algorithm, and can be easily parallelized.

Ă pnq , cf. (15), is an inverse of a pd1 d2 ˆ d1 d2 qWhile the harmonic mean weight matrix W
matrix and therefore in general a dense pd1 d2 ˆ d1 d2 q-matrix, it is important to note that it
never has to be computed explicitly in` an implementation of HM-IRLS; neither is ˘it necessary
Ă pnq q´1 “ 1 U pnq pΣ
s pnq q2´p U pnq˚ ‘ V pnq pΣ
s pnq q2´p V pnq˚ explicitly.
to compute its inverse pW
2

5.4 Computational complexity

Another conclusion that can be drawn from the empirical recovery probability of 1 is
that, despite the severe non-convexity of the underlying Schatten-p quasi-norm for, e.g.,
p “ 0.1, HM-IRLS with the initialization of X p1q as the Frobenius norm minimizer does not
get stuck in stationary points if the oversampling factor is large enough. Further experiments
conducted with random initializations as well as severely adversary initializations, e.g., with
starting points chosen in the orthogonal complement of the spaces spanned by the singular
vectors of the ground truth matrix X0 , lead to comparable results. Therefore, we claim
that HM-IRLS exhibits a global convergence behavior in interesting application cases and
for oversampling factor ranges for which competing non-convex low-rank matrix recovery
algorithms fail to succeed. We consider a theoretical investigation of such behavior as an
interesting open problem to explore.

We also note that the very sharp phase transition between failure and success that can
be observed in Figure 6 for HM-IRLS indicates that the sample complexity parameter ρ is
indeed the major variable determining the success of HM-IRLS. In contrast, the wider phase
transitions for the other algorithms suggest that they might depend more on other factors,
as the realizations of the random sampling model and the interplay of measurement operator
Φ and ground truth matrix X0 .
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Ă associated to Z.
be the harmonic mean matrix W
We define the auxiliary functional Jp : Md1 ˆd2 ˆ Rě0 ˆMd1 ˆd2 Ñ Rě0 as
$
d
d
p
ř
’
2 p ř
& p }X }2
σi pZq ` 2´p
σi pZq pp´2q
if rankpZq “ d,
vec
Ă pZqq ` 2
2
`2 pW
Jp pX, , Zq :“ 2
i“1
i“1
’
%`8
if rankpZq ă d.

Definition 13 Let 0 ă p ď 1. Given a full rank matrix Z P Md1 ˆd2 , let
ı´1 “
“
‰”
‰
1
Ă pZq :“ 2 Id b pZZ ˚ q 21 pZZ ˚ q 12 ‘ pZ ˚ Zq 21
W
pZ ˚ Zq 2 b Id1 P Hd1 d2 ˆd1 d2
2

For the theoretical analysis of HM-IRLS, we introduce the following auxiliary functional Jp ,
leading to a variational interpretation of the algorithm. In the whole section, we denote
d “ minpd1 , d2 q and D “ maxpd1 , d2 q.

6. Theoretical analysis

To tackle higher dimensionalities in reasonable runtimes, a key strategy could be to address
the computational bottleneck of HM-IRLS, the solution of the m ˆ m linear system in (13),
by using iterative methods. For IRLS algorithms designed for the related sparse recovery
problem, the usage of conjugate gradient (CG) methods is discussed in Fornasier et al.
(2016). By coupling the accuracy of the CG solutions to the outer IRLS iteration and
using appropriate preconditioning, the authors obtain a competitive solver for the sparse
recovery problem, also providing a convergence analysis. Similar ideas could be used for an
acceleration of HM-IRLS.
It is interesting to see if further computational improvements can be achieved by combining the ideas of HM-IRLS with the usage of truncated and randomized SVDs (Halko et al.,
2011), replacing the full SVDs of the X pnq that are needed to define the linear operator
pW pnq q´1 in Algorithm 1.

Acceleration possibilities and extensions

This means that even the execution of a fixed number of iterations of HM-IRLS is faster
than computational advantage over AM-IRLS.
Ăpnq´1 ˝ Φ˚ P Mmˆm depends on the linear measurement
The cost to compute Φ ˝ W
operator Φ. In the matrix completion setting (23), no additional arithmetic operations
have to be performed, as Φ is a just a selection operator in this case, and for HM-IRLS, this
Ăpnq´1 ˝ Φ˚ is a sparse matrix.
means that Φ ˝ W
Thus, the algorithm HM-IRLS consists of basically of two computational steps per iteration: The computation of the SVD of the d1 ˆ d2 -matrix X pnq and the solution of
the linearly constrained least squares problem in (13). The first is of time complexity
Opd1 d2 minpd1 , d2 qq. The time complexity of the second depends on Φ, but is dominated
by the inversion of a symmetric, m ˆ m sparse linear system in the matrix completion
setting, if m is the number of given entries. This has a worst case time complexity of
Opmaxpd1 , d2 q3 r3 q if ρ is just a constant oversampling factor.
For the matrix completion case, this allows us to recover low-rank matrices up to, e.g.,
d1 “ d2 “ 3000 on a single machine given very few entries with HM-IRLS.

2.0 in our experimental setting, and also only for a subset of the comparison algorithms,
in particular for Matrix ALPS II, ASD, AltMin. The empirical probability of 1 is only
reached for some of the IRLS methods, and not for any competing method in our experimental setting, even for rather large oversampling factors such as ρ “ 2.5. While we do not
rule out that a possible parameter tuning could improve the performance of any of the algorithms slightly, we conclude that for hard matrix completion problems, the experimental
evidence for the vast differences in the recovery performance of HM-IRLS compared to other
methods is very apparent.

Thus, our observation is that the proposed HM-IRLS algorithm recovers low-rank matrices systematically with nearly the optimal number of measurements and needs fewer measurements than all the state-of-the-art algorithms we included in our experiments, if the
non-convexity parameter p is chosen such that p ! 1.
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Ă of Definition 13 is just the harmonic mean of the matrices
We note that the matrix W
1
˚ 1
˚
˚ 1
Ă
Ă
W
1 :“ Id2 b pZZ q 2 and W2 “ pZ Zq 2 b Id1 , as introduced in Section 2.3, if pZZ q 2 and
1
1
1
Ă1 ` W
Ă2 is invertible
pZ ˚ Zq 2 are positive definite. Indeed, in this case, pZZ ˚ q 2 ‘pZ ˚ Zq 2 “ W
and as pA´1 ` B ´1 q´1 “ ApA ` Bq´1 B for any positive definite matrices A and B of the
same dimensions,
`
˘
Ă pZq “ 2W
Ă1 W
Ă1 ` W
Ă2 ´1 W
Ă2 “ 2pW
Ă ´1 ` W
Ă ´1 q´1 .
W
1
2

Ă pZq as it is well-defined for any full-rank Z P Md ˆd
We use the more general definition W
1
2
and as it allows to handle the case of non-square matrices, i.e., the case d1 ‰d2 , as in this
1
1
Ă`
case pZZ ˚ q 2 or pZ ˚ Zq 2 has to be singular. Using the Moore-Penrose pseudo inverse W
1
Ă ` of the matrices W
Ă1 and W
Ă2 , we can rewrite W
Ă pZq from Definition 13 as
and W
2
`
˘
Ă pZq “ 2W
Ă1 W
Ă1 ` W
Ă2 ´1 W
Ă2 “ 2pW
Ă` ` W
Ă ` q´1 .
W
1
2

“ arg min Jp pX, pnq , Z pnq q.
XPMd1 ˆd2
ΦpXq“Y

(29)

(28)

With the auxiliary functional Jp at hand, we can interpret Algorithm 1 as an alternating
minimization of the functional Jp pX, , Zq with respect to its arguments X,  and Z.
Ă pn`1q as the evaluIn the following, we derive the formula (15) for the weight matrix W
`
˘
Ă pn`1q “ W
Ă Z pn`1q of W
Ă from Definition 13 at the minimizer
ation W

ZPMd1 ˆd2

Z pn`1q “ arg min Jp pX pn`1q , pn`1q , Zq,

pnq qq

with the minimizer being unique. Similarly, formula (13) can be interpreted as
Ă

2 pW pZ

X pn`1q “ arg min }Xvec }`2
XPMd1 ˆd2
ΦpXq“Y

p´2
2

ui vi˚ .

(30)

These observations constitute the starting point of the convergence analysis of Algorithm 1, which is detailed subsequently after the verification of the optimization steps.

arg min Jp pX, , Zq

ZPMd1 ˆd2

pσi pXq2 ` 2 q
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6.1 Optimization of Jp with respect to Z and X
řd
We fix X P Md1 ˆd2 with singular value decomposition X “ i“1
σi ui vi˚ , where ui P Cd1
vi P Cd2 are the left and right singular vectors respectively and σi “ σi pXq denote its
singular values for i P rds.
Our objective in the following is the justification of formula (15). To yield the building
Ă pn`1q , we consider the minimization problem
blocks of the weight matrix W
for  ą 0.

i“1

d
ÿ

Lemma 14 The unique minimizer of (30) is given by
Zopt “

27

Kümmerle and Sigl

Jp pX, , Zopt q “

p

pσi pXq2 ` 2 q 2 “: gp pXq

i“1

d
ÿ

Furthermore, the value of Jp at the minimizer Zopt is

for p ą 0.

The proof of Lemma 14 is detailed in Appendix B.

(31)

Remark 15 We note that the value of Jp pX, , Zopt q can be interpreted as a smooth perturbation of a p-th power of a Schatten-p quasi-norm of the matrix X. In fact, for  “ 0
we have
Jp pX, 0, Zopt q “ }X}Sp p “ g0p pXq.

1

Now, we show that our definition rule (13) of X pn`1q in Algorithm 1 can be interpreted as
a minimization of the auxiliary functional Jp with respect to the variable X. Additionally,
this minimization step can be formulated as the solution of a weighted least squares problem
Ă pnq . This is summarized in the following lemma.
with weight matrix W

W ´1 pXq :“

ı
1
1
1”
rpZZ ˚ q 2 s` X ` XrpZ ˚ Zq 2 s` .
2

2 pW q

.

(32)

Ă pZq :“ 2prpZZ ˚ q 2 s` ‘
Lemma 16 Let 0 ă p ď 1. Given a full-rank matrix Z P Md1 ˆd2 , let W
1
rpZ ˚ Zq 2 s` q´1 P Hd1 d2 ˆd1 d2 be the matrix from Definition 13 and W ´1 : Md1 ˆd2 Ñ Md1 ˆd2
the linear operator of its inverse

Then the matrix

ΦpXq“Y

Ă

`
˘` ˘
Xopt “ W ´1 ˝ Φ˚ ˝ pΦ ˝ W ´1 ˝ Φ˚ q´1 Y P Md1 ˆd2

is the unique minimizer of the optimization problems

ΦpXq“Y

arg min Jp pX, , Zq “ arg min }Xvec }`2

(33)

Moreover, a matrix Xopt P Md1 ˆd2 is a minimizer of the minimization problem (32) if and
only if it fulfills the property

Ă pZqpXopt qvec , Hvec y` “ 0 for all H P N pΦq and ΦpXopt q “ Y.
xW
2

In Appendix B, the interested reader can find a sketch of the proof of this lemma.

6.2 Basic properties of the algorithm and convergence results
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In the following subsection, we will have a closer look at Algorithm 1 and point out some of
its properties, in particular, the boundedness of the iterates pX pnq qnPN and the fact that two
consecutive iterates are getting arbitrarily close as n Ñ 8. These results will be used to
show convergence and to determine the rate of convergence of Algorithm 1 under conditions
determined along the way.
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pnq2

pσi

i“1

d
ÿ

` pnq2 q

p´2
2

pnq pnq˚

ui vi

řd

pXq2

p

2 q 2

gp pXq
(34)

i“1

(35)

29

JMLR 19(47):1-49, 2018

Now, we have some basic properties of the algorithm at hand that allow us, together
with the strong nullspace property in Definition 4 to carry out the proof of the convergence
result in Theorem 9. The proof is sketched in Appendix C using the results above.

In the case that gp is convex, i.e., if p “ 1, (35) implies that X is the unique minimizer of
(34).

Ă pX, qXvec , Hvec y` “ 0 for all H P N pΦq and ΦpXq “ Y.
xW
2

Ă pX pnq , pnq q “ W
Ă pnq , with W
Ă pnq defined as in Algorithm 1, cf. (10).
then W
Furthermore, X is a critical point of the optimization problem (34) if and only if

i“1

„´ ÿ
d
d
¯ ´ÿ
¯´1
2´p
2´p
Ă pX, q “ 2
W
pσi2 ` 2 q 2 ui u˚i ‘
P Hd1 d2 ˆd1 d2 ,
pσi2 ` 2 q 2 vi vi˚

Lemma
18 Let X P Md1 ˆd2 be a matrix with the SVD such that X “
řd
˚
i“1 σi ui vi , let  ą 0. If we define

“ i“1 pσi
`
and σi pXq being the i-th singular value of X, cf. (31).
with
If gp pXq is non-convex, which is the case for p ă 1, one might practically only be able to
find critical points of the problem.

gp pXq

XPMd1 ˆd2
ΦpXq“Y

min

for n Ñ 8 by equation (31).
Now, let  ą 0, a measurement vector Y P Cm and the linear operator Φ be given and
consider the optimization problem

s
Jp pX pnq , pnq , Z pnq q Ñ gp pXq

s and pnq Ñ  for n Ñ 8 with the
At this point we notice that, assuming X pnq Ñ X
s q P Md ˆd ˆ Rě0 , it would follow that
limit point pX,
1
2

nÑ8

(c) The iterates X pnq , X pn`1q come arbitrarily close as n Ñ 8, i.e.,
lim }pX pnq ´ X pn`1q qvec }2`2 “ 0.

(b) }X pnq }pSp ď Jp pX p1q , p0q , Z p0q q “: Jp,0 for all n ě 1,

(a) Jp pX pnq , pnq , Z pnq q ě Jp pX pn`1q , pn`1q , Z pn`1q q for all n ě 1,

for n P N. Then the following properties hold:

Z pnq “

Lemma 17 Let pX pnq , pnq qnPN be the sequence of iterates and smoothing parameters of
ř
pnq pnq pnq˚
Algorithm 1. Let X pnq “ di“1 σi ui vi
be the SVD of the n-th iterate X pnq . Let
pnq
pZ qnPN be a corresponding sequence such that

Harmonic Mean Iteratively Reweighted Least Squares

? }X ´ X̄}S8
? }X ´ X̄}S8
2
and }V̄2˚ V1 }S8 ď 2
.
δ
δ

(36)

pn`1q 2p
}Sp

i“r`1

q

2´p
γ2r
2´p
r

i“r`1

ˆ ÿ
d
`

σi2 pX pnq q ` pnq2

1

2

˙2´p

q

`2 pW

`2 pW

pn`1q 2p
}ηvec
} Ă pnq .

i“r`1

q

˙
ˆ ÿ
d
` 2 pnq
˘ p 2´p pn`1q 2p
}ηvec } Ă pnq .
σi pX q ` pnq2 2

2

˘p

Tc

(37)

T

1
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r pnq Σpnq Vr pnq˚ be the (full) singular value decomposition of X pnq ,
Proof (i) Let the X pnq “ U
r pnq P Ud and Vr pnq P Ud are unitary matrices and Σpnq “ diagpσ1 pX pnq q, . . . , σr pX pnq qq P
i.e., U
1
2
pnq
r pnq and U pnq P
Md ˆd . We define U
P Md ˆr as the matrix of the first r columns of U

2 2´p
}η pn`1q }2p
Sp ď p1 ` γ2r q 2

(iii) Under the same assumption as for (ii), it holds that

p
}η pn`1q }2p
S2 ď 2

(ii) Assume that the linear map Φ : Md1 ˆd2 Ñ Cm fulfills the strong Schatten-p NSP of
order 2r with constant γ2r ă 1. Then

`2 pW

ˆ ÿ
˙
d
` 2 pnq
˘ p 2´p pn`1q 2p
σi pX q ` pnq2 2
}ηvec } Ă pnq ,

Ă pnq denotes the harmonic mean weight matrix from (10).
where W

ď 22´p

be the best rank-2r approximation of η pn`1q “ X pn`1q ´ X0 . Then

}η pn`1q ´ η2r

(i) Let η2r

pn`1q

Lemma 20 Let pX pnq qn be the output sequence of Algorithm 1 for parameters Φ, Y, r and
0 ă p ď 1, and X0 P Md1 ˆd2 be a matrix such that ΦpX0 q “ Y .

As a first step towards the proof of Theorem 11, we show the following lemma.

}Ū2˚ U1 }S8 ď

where the submatrices have the sizes of corresponding dimensions. Suppose that δ, α satisfying 0 ă δ ď α are such that α ď σmin pΣ1 q and σmax pΣ̄2 q ă α ´ δ. Then

Lemma 19 (Wedin’s bound (Stewart, 2006)) Let X and X̄ be two matrices of the
same size and their singular value decompositions
˙ ˆ ˚˙
ˆ
˙ ˆ ˚˙
ˆ
`
˘ Σ̄1 0
`
˘ Σ1 0
V̄1
V1
,
and D̄ “ Ū1 Ū2
X “ U1 U2
˚
V̄2˚
0 Σ̄2
V2
0 Σ2

In the proof of Theorem 11 we use the following bound on perturbations of the singular
value decomposition, which is originally due to Wedin (1972). It bounds the alignment of
the subspaces spanned by the singular vectors of two matrices by their norm distance, given
a gap between the first singular values of the one matrix and the last singular values of the
other matrix that is sufficiently pronounced.

6.3 Locally superlinear convergence

Kümmerle and Sigl

Md1 ˆpd1 ´rq
pnq

pnq˚

pnq˚

pnq

pnq˚

pnq

η

pnq˚

pnq˚

pnq

pnq˚
pnq˚

,

´
¯
pnq
pnq
UT
UTc , and

pnq

, we note that

pnq˚

` VTc VTc

pnq

` UTc UTc η pn`1q VT VT

pnq˚

pnq

}Sp “ }UTc η pn`1q VTc }Sp .
(38)

has a rank of at most 2r. This implies

pnq˚ pn`1q

and Id2 “ VT VT

pnq

pnq

“ η pn`1q ´ UT UT

` UTc UTc

pnq
VTc .
pnq˚

Harmonic Mean Iteratively Reweighted Least Squares

and

pnq

pnq˚

pnq

pnq˚

}Sp ď }UTc UTc η pn`1q VTc VTc

pnq

η pn`1q ` UTc UTc η pn`1q VT VT

pnq

r pnq “
as the matrix of its last d1 ´ r columns, so that U

pnq

similarly VT

pnq˚

As Id1 “ UT UT
pnq

pnq˚

UTc UTc η pn`1q VTc VTc
pnq

while UT UT
that
pn`1q

}η pn`1q ´ η2r

pnq

` pnq2´p
˘
Ă pnq “ 2pVr pnq b U
r pnq q Σ
s
s pnq2´p ´1 pVr pnq b U
r pnq q˚ ,
W
‘Σ
d1
d2

(39)

r pnq and Vr pnq , we write the harmonic mean weight matrices of the
Using the definitions of U
n-th iteration (10) as

pnq

r pnq q˚ W
Ă pnq 2 η pn`1q P Cd1 d2 ,
Ω :“ pVr pnq b U
vec

1

2´p
2

`1

¯´1{2

(41)

(40)

s
s
where Σ
d1 P Md1 ˆd1 and Σd2 P Md2 ˆd2 are the diagonal matrices with the smoothed singular values of X pnq from (11), but filled up with zeros if necessary. Using the abbreviation

we rewrite
pn`1q
ηvec

` pnq2´p
˘
Ă pnq 21 η pn`1q “ 2´1{2 pVr pnq b U
r pnq q Σ
s
s pnq2´p 1{2 Ω
Ă pnq´ 21 W
‘Σ
“W
vec
d1
d2
„

2´p
2´p
r pnq q pId b Σ
s pnq 2 qDL ` pΣ
s pnq 2 b Id qDR Ω
“ 2´1{2 pVr pnq b U
2
1
d1
d2

´´ 2 pX pnq q ` pnq2 ¯
σ
i
σj2 pX pnq q ` pnq2

´
´ σ 2 pX pnq q ` pnq2 ¯ 2´p ¯´1{2
2
j
pDL qi`pj´1qd1 ,i`pj´1qd1 “ 1 `
σi2 pX pnq q ` pnq2

with the diagonal matrices DL , DR P Md1 d2 ˆd1 d2 such that

and
pDR qi`pj´1qd1 ,i`pj´1qd1 “

˘1{2

i`pj´1qd1 ,i`pj´1qd1

sj ´1{2
1{2 si
q
` sj p ` 1q´1{2
si
sj

for i P rd1 s and j P rd2 s. This can be seen from the definitions of the Kronecker product b
and the Kronecker sum ‘ (cf. Appendix A), as
´`
¯
“ psi ` sj q1{2
s pnq2´p ‘ Σ
s pnq2´p
Σ
d1
d2

1{2

“ si psi ` sj q´1{2 ` sj psi ` sj q´1{2 “ si p1 `
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s pnq2´p and Σ
s pnq2´p for ` P rmaxpd1 , d2 qs.
if s` denotes the `-th diagonal entry of Σ
d2
d1
31

2´p

s pnq 2
If we write Σ
d1 ,Tc

pnq2´p

Kümmerle and Sigl

pnq 2´p

P Mpd1 ´rqˆpd1 ´rq for the diagonal matrix containing the d1 ´ r

2
s
s
last diagonal elements of Σ
and Σ
P Mpd1 ´rqˆpd1 ´rq for the diagonal matrix
d2 ,Tc
d1
s pnq2´p , it follows from (41) that
containing the d2 ´ r last diagonal elements of Σ
d2

Sp

Sp


„
›
›p
2´p
2´p
›
›
´ p2 › pnq˚ r pnq s pnq 2
s pnq 2 Vr pnq˚ V pnq ››
› pnq˚ pn`1q pnq ›p
U
V
pD
Ωq
`pD
Ωq
Σ
Σ
›U
mat
mat
L
R
Tc Sp “ 2
Tc U
Tc
Tc η
d1
d2
Sp
›
›
›
2´p ›p
‰
‰
p › pnq 2´p “
›p
›“
2
s pnq 2 ››
s
ď 2´ 2 ›Σ
pDL Ωqmat Tc ,Tc › ` › pDR Ωqmat Tc ,Tc Σ
d1 ,Tc
d2 ,Tc

S

2p
2´p

S2

›
›
‰
›“
›p
› pDL Ωqmat Tc ,Tc › .

(42)

with the notation that MTc ,Tc denotes the submatrix of M which contains the intersection
of the last d1 ´ r rows of M with its last d2 ´ r columns.
Now, Hölder’s inequality for Schatten-p quasi-norms (e.g., Gohberg et al. (2000, Theorem 11.2)) can be used to see that

i“r`1

i“r`1

ˆ ÿ
˙ 2´p ˆ ÿ
˙ 2´p
d
d
` 2 pnq
` 2 pnq
˘ 2pp2´pq 2
˘p 2
σi pX q ` pnq2 p2´pq4
“
σi pX q` pnq2 2

Sp

›
›
›p
›
“
‰
›p
› s pnq 2´p
› s pnq 2´p
2
2 ›
pDL Ωqmat Tc ,Tc › ď ›Σ
›
›Σ
Tc
d1 ,Tc
“
2p
2´p

Inserting the definition

S

›p
›
› s pnq 2´p
2 ›
›
›Σ
Tc

S2

S2

Ă pnq q
`2 pW

,

›
›
›
r pnq q˚ W
Ă pnq 12 η pn`1q }p
›p ď ›pDL Ωqmat ›p ď }Ωmat }p “ }pVr pnq b U
vec
S2
`2

allows us to rewrite the first factor, while the second factor can be bounded by
›“
‰
› pDL Ωqmat

Tc ,Tc

1

Ă pnq 2 η pn`1q }p “ }η pn`1q }p
“ }W
vec
vec
`2

Sp

as the matrix DL P Md1 d2 ˆd1 d2 from (41) fulfills }DL }S8 ď 1 since its entries are bounded
r pnq are unitary.
by 1; we also recall the definition (40) of Ω and that Vr pnq and U
›
2´p ›p
›
›
‰
›“
s pnq 2 ›› in the bound of ›U pnq˚ η pn`1q V pnq ›p can be estiThe term › pDR Ωqmat Tc ,Tc Σ
Tc
Tc Sp
d2 ,Tc
i“r`1

`2 pW

q

d
¯2
´ ´ ÿ
` 2 pnq
˘ p ¯ 2´p
2
pn`1q 2p
}ηvec
} Ă pnq ,
ď 2´p 2
σi pX q ` pnq2 2

mated analogously. Combining this with (38), we obtain

pn`1q 2p
}Sp

}η pn`1q ´ η2r

concluding the proof of statement (i).
(ii) Using the strong Schatten-p null space property (18) of order 2r and that η pn`1q P
N pΦq, we estimate

JMLR 19(47):1-49, 2018

2´p
p
γ2r
pγ
γ 2´p
pn`1q
pn`1q
2r ` 1q
}η pn`1q ´ η2r }S2pp ď 2p 2´p2r 2´p }η pn`1q ´ η2r }S2pp ,
p2rq2´p
2 r

2{p´1
¯p
` pn`1q
˘p ´ γ 2{p ` γ2r
pn`1q
pn`1q
}η pn`1q }S2p2 “ }η2r }S2 2`}η pn`1q´ η2r }S2 2 ď 2r 2{p´1
}η pn`1q´ η2r }S2 p
p2rq

ď

32

pn`1q

2´p
γ2r
r2´p

i“r`1

`2 pW

ˆ ÿ
˙
d
` 2 pnq
˘ p 2´p pn`1q 2p
σi pX q ` pnq2 2
}ηvec } Ă pnq ,

pn`1q p
}Sp

` }η pn`1q ´ η2r

pn`1q p
}Sp ,

ď p1 ` γ2r q}η pn`1q ´ η2r

is the minimizer of the weighted

η pn`1q

Ă pnq q
`2 pW

Ă pnq q
`2 pW

›
›
› pn`1q ›2
›ηvec ›

which is equivalent to

33
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Ă pnq η pn`1q , η pn`1q y “ ´xW
Ă pnq pX0 qvec , η pn`1q y.
“ xW
vec
vec
vec

Ă pnq X pn`1q , η pn`1q y “ xW
Ă pnq pη pn`1q ` X0 qvec , η pn`1q y,
0 “ xW
vec
vec
vec

Ă pnq .
W

least squares problem with weight matrix
As
“ X pn`1q ´ X0 is in the null
space of the measurement map Φ, it follows from Lemma 16 that

ΦpXq“Y

Proof (i) Recall that X pn`1q “ arg min }Xvec }2

2p´p2
›
›
7p rp{2 maxpr, d ´ rqp{2 σr pX0 qppp´1q p }η pnq }S8
› pn`1q ›2p
κ pnq 2p´p2 }η pn`1q }pS8 .
›ηvec › Ă pnq ď
p1 ´ ζq2p
`2 pW
q
p q

(ii) Under the same assumption as for (i), it holds that

2p´p2
›
›
4p rp{2 σr pX0 qppp´1q p }η pnq }S8
› pn`1q ›2p
κ
}η pn`1q }pS2 .
›ηvec › Ă pnq ď
p1 ´ ζq2p
`2 pW
q
ppnq q2p´p2

(i) If (24) is fulfilled for iteration n, then η pn`1q “ X pnq ´ X0 fulfills

Lemma 21 Let pX pnq qn be the output sequence of Algorithm 1 with parameters Φ, Y, r and
Ă pnq be the harmonic mean weight matrix matrix (10) for n P N. Let
0 ă p ď 1, and W
0q
X0 P Md1 ˆd2 be a rank-r matrix such that ΦpX0 q “ Y with condition number κ :“ σσr1 pX
pX0 q .

and combine this with statement (i).

}η pn`1q }pSp “ }η2r

pn`1q p
}Sp

which shows statement (ii).
(iii) For the third statement, we use the strong Schatten-p NSP (18) to see that

p
}η pn`1q }2p
S2 ď 2
q

2{p´1
}η2r }2´p
γ
pn`1q
pn`1q
S2
}η pn`1q ´ η2r }pSp ď 2r2{p´1 }η pn`1q ´ η2r }2Sp .
p2rq2´p
p2rq

Combining the estimate for }η pn`1q }2p
S2 with statement (i), this results in

}η pn`1q ´ η2r

pn`1q 2
}S2 ď

where we use in the second inequality a version of Stechkin’s lemma (Kabanava et al., 2016,
Lemma 3.1), which leads to the estimate

Harmonic Mean Iteratively Reweighted Least Squares

(43)

S2

S2

(44)

S2

34
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pnq

denoting ΣT “ diagpσi pX pnq qqri“1 and that the matrices UT and VT contain the first r
left resp. right singular vectors of X pnq in the second inequality, together with the estimates
?
}X}S1 ď r}X}S2 ď r}X}S8 for pr ˆ rq-matrices X.

using the notation from the proof of Lemma 20. To bound the first summand, we calculate
›
›
›
› ›
›
› pnq
› pnq
› pnq
pnq˚
pnq ›
pnq˚
pnq ›
pnq˚
pnq ›
›HT,T ˝pUT X0 VT q› ď ›HT,T ˝pUT X pnq VT q› ` ›HT,T ˝p´UT η pnq VT q›
S2
S2
S2
›
›
›
›
› pnq
› pnq
pnq ›
pnq˚ pnq pnq ›
ď ›HT,T ˝ ΣT › ` ›HT,T ˝ pUT η VT q›
S2
S2
ˆÿ
˙1{2
r
σi2 pX pnq q
r
pnq
pnq˚
pnq
ď
` max |Hi,j |}UT η pnq VT }S2
˘
` 2
pnq q ` pnq2 2´p
i,j“1
σ
pX
i“1
i
?
p´2
pnq˚
pnq
ď rσrp´1 pX pnq q ` pσr2 pX pnq q ` pnq2 q 2 }UT η pnq VT }S2
‰
? p´1 pnq
?
? p´2 pnq “
p´2
pnq
pnq
ď rσr pX q ` σr pX q r}η }S8 “ rσr pX q σr pX pnq q ` }η pnq }S8 ,

pnq

S2

›
¸›2
˜
pnq
pnq˚
pnq˚
pnq
›
UT X0 VTc ››
UT X0 VT
› pnq
“ ›H ˝
pnq ›
pnq
pnq˚
pnq˚
›
UTc X0 VTc ›S
UTc X0 VT
2
›
›
›
›
› pnq
› pnq
pnq˚
pnq ›2
pnq˚
pnq ›2
“ ›HT,T ˝ pUT X0 VT q› ` ›HT,Tc ˝ pUT X0 VTc q›
S2
S2
›
›
›
›
› pnq
› pnq
pnq˚
pnq ›2
pnq ›2
pnq˚
` ›HTc ,T ˝ pUTc X0 VT q› ` ›HTc ,Tc ˝ pUTc X0 VTc q› ,

S2

›2 ›
›2
›“
˘
‰ ››2 ›› pnq ` pnq
› Ă pnq
r
r pnq˚ X0 Vr pnq q Vr pnq˚ ›› “ ››H pnq˝ pU
r pnq˚X0 Vr pnq q››
H ˝ pU
› W pX0 qvec mat › “ ›U

for i P rd1 s, j P rd2 s, where 1tiďdu “ 1 if i ď d and 1tiďdu “ 0 otherwise. This enables us to
estimate

”
ı
2´p
2´p ´1
pnq
Hij “ 2 1tiďdu pσi2 pX pnq q ` pnq2 q 2 ` 1tjďdu pσj2 pX pnq q ` pnq2 q 2

using (39) and Lemma 20 about the action of inverses of Kronecker sums, with the notation
that H pnq P Md1 ˆd2 such that

Ă pnq on X0 in the matrix space as
To bound the first factor, we first rewrite the action of W
”
ı
` pnq2´p
˘
r pnq q Σ
s
s pnq2´p ´1 pVr pnq b U
r pnq q˚ pX0 qvec smat “
Ă pnqpX0 qvec
“ 2rpVr pnq b U
‘Σ
W
d1
d2
mat
`
˘
r pnq H pnq ˝ pU
r pnq˚ X0 Vr pnq q Vr pnq˚ ,
“U

Using Hölder’s inequality, we can therefore estimate
›
›
› pn`1q ›2
Ă pnq pX0 qvec , η pn`1q y` “ ´xrW
Ă pnq pX0 qvec smat , η pn`1q yF
›ηvec › Ă pnq “ ´xW
vec
2
`2 pW
q
›“ pnq
‰ ›
Ă pX0 qvec
› }η pn`1q }S .
ď› W
2
mat S2

Kümmerle and Sigl
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With the notations sr0 :“ σr pX0 q and s10 :“ σ1 pX0 q, we note that
σr pX pnq q ě sr0 p1 ´ ζq,
as the assumption (24) implies that
sr0 “ σr pX0 q “ σr pX pnq ´ η pnq q ď σr pX pnq q ` σ1 pη pnq q ď σr pX pnq q ` ζsr0 ,

S2

ď

?
rpsr0 p1 ´ ζqqp´2 rsr0 p1 ´ ζq ` ζsr0 s “

? 0 p´1
rpsr q p1 ´ ζqp´2 . (45)

using Bernstein (2009, Proposition 9.6.8) in the first inequality.
Therefore, we can bound the first summand of (44) such that
›
›
› pnq
pnq˚
pnq ›
›HT,T ˝ pUT X0 VT q›

ď

S2

max

iPrrs
jPtr`1,...,d2 u

S2

S2

ˇ
ˇ
ˇH pnq ˇ}U pnq˚ X0 V pnq }S
2
i,j
Tc
Tc

(47)

(46)

›
‰ ››2
›“ Ă pnq
For the second summand in the estimate of › W
pX0 qvec mat › , similar arguments and

again assumption (24) are used to compute

pnq

“0
hkkkkkkkkkikkkkkkkkkj
›
›
›
›
› pnq
› pnq
pnq˚
pnq ›
pnq˚ pnq pnq ›
˝ pU
X V q› `
˝ pU
X0 V q› ď ›H
›H
T
T,T
T
T,T
T
T
c
c
c
c
S2
›S2
›
› pnq
pnq
pnq˚
pnq ›
pnq
pnq˚
|Hi,j |}UT η pnq VTc }S2
max
›HT,Tc ˝ pUT η pnq VTc q› ď

pnq˚

2}UT η pnq VTc }F
pnq
pnq˚
pnq p´2
ď“
q }UT η pnq VTc }S2
2´p ‰ ď 2σr pX
pσr pX pnq q2 ` pnq2 q 2
?
?
ď 2 rpsr0 p1 ´ ζqqp´2 }η pnq }S8 ď 2ζ rpsr0 qp´1 p1 ´ ζqp´2 .

S2

From exactly the same arguments it follows that also
›
›
?
› pnq
pnq˚
pnq ›
›HTc ,T ˝ pUTc X0 VT q› ď 2ζ rpsr0 qp´1 p1 ´ ζqp´2 .

S2

›
›
› pnq
pnq˚
pnq ›2
It remains to bound the last summand ›HTc ,Tc ˝ pUTc X0 VTc q› . We see that
›
›
› pnq
pnq˚
pnq ›
›HTc ,Tc ˝ pUTc X0 VTc q›

iPtr`1,...,d1 u
jPtr`1,...,d2 u

pnq˚
pnq
pnq˚
pnq
(48)
ď ppnq qp´2 }UTc X0 VTc }S2 ď ppnq qp´2 }UTc UT0 }S8 }S 0 }S2 }VT0˚ VTc }S8
?
?
?
2}η pnq }S8 ? 0 2}η pnq }S8
s0
ď ppnq qp´2
“ 2 r}η pnq }S2 8 ppnq qp´2 p1 ´ ζq´2 psr0 q´1 10 ,
rs1
p1 ´ ζqsr0
p1 ´ ζqsr0
sr
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where Hölder’s inequality for Schatten norms was used in the third inequality. In the fourth
inequality, Wedin’s singular value perturbation bound of Lemma 19 is used with the choice
Z “ X0 , Zs “ X pnq , α “ sr0 and δ “ p1 ´ ζqsr0 , and finally pnq ď ζsr0 in the last inequality,
which is implied by the rule (14) for pnq together with assumption (24).
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Summarizing the estimates (45)–(48), we conclude that

„
ˆ 0 ˙2 
›
›
pnq 4
0 2p´2
‰
}η
}
s1
rps
›“ Ă pnq
›2
S8
rq
1 ` 8ζ 2 ` 4
ppnq q2p´4 psr0 q´2p
pX q
› W
› ď
0
vec
mat
p1 ´ ζq4´2p
p1 ´ ζq2p
sr0
S2
„
ˆ ˙ 
}η pnq }S4´2p
}η pnq }S2p8 s10 2
rpsr0 q2p´2
8
p1 ` 8ζ 2 qp1 ´ ζq2p ` 4
“
p1 ´ ζq4
sr0
ppnq q4´2p psr0 q2p


„
„
4´2p
}η pnq }S4´2p
rpsr0 q2p´2
13rpsr0 q2p´2 }η pnq }S8 2
8
ζ 2p κ2 ď
κ ,
9 ` 4 pnq 4´2p
p1 ´ ζq4
p1 ´ ζq4
p q
ppnq q4´2p
ď

pnq

›“ pnq
‰ ›
Ă pX0 qvec
› }η pn`1q }S8 ,
ď› W
mat S1

S1

(50)

(49)

as 0 ă ζ ă 1, pnq ď σr`1 pX pnq q “ }XTc }S8 ď }η pnq }S8 and using the assumption (24) in
the second inequality. This concludes the proof of Lemma 21(i) together with inequality
(43) as 13p{2 ď 16p{2 “ 4p .
(ii) For the second statement of Lemma 21, we proceed similarly as before, but note
that by Hölder’s inequality, also
Ă pnq q
`2 pW

›
›
› pn`1q ›2
›ηvec
›
›
›

mat S1

cf. (43). Furthermore
›“ pnq
‰
Ă pX0 qvec
› W

S1

›
›
›
›
› pnq
› pnq
pnq ›
pnq˚
pnq ›
pnq˚
X0 V q›
˝ pU
˝ pU
X0 V q› ` ›H
ď ›H
T
T
T,T
T
T
T,T
c
c
S1
›
›S1 ›
›
› pnq
› pnq
pnq˚
pnq ›
pnq˚
pnq ›
` ›HTc ,T ˝ pUTc X0 VT q› ` ›HTc ,Tc ˝ pUTc X0 VTc q› .

2

˘p

ď 2p´ 2 pd ´ rq2´p σr`1 pX pnq qpp2´pq

p2

(51)

The four Schatten-1 norms can then be estimated by maxpr, pd ´ rqq1{2 times the corresponding Schatten-2 norms. Using then again inequalities (45)–(48), we conclude the proof
of (ii).

σi2 pX pnq q ` pnq2

We proceed now to the proof of Theorem 11.
Proof First we note that
˜
¸2´p
d
ÿ
`

i“r`1

}η pn`1q }S2p2

}η pn`1q }Sp 8

(52)

as pnq ď σr`1 pX pn`1q q due to the choice of pnq in (14). We proceed by induction over
něn
s. Theorem 20(ii) and Theorem 21(ii) imply together with (51) that for n “ n
s,
}η pn`1q }Sp 8 ď
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¯2´p{2 7p rp ps0 qppp´1q
2´
2
2´p p´ p2 d ´ r
r
ď 2p γ2r
2
κp }η pnq }S2p´p
8
r
p1 ´ ζq2p
´ d ´ r ¯2´p{2 rp ps0 qppp´1q
pp2´pq
r
κp }η pnq }S8
r
p1 ´ ζq2p

2´p
ď 25p γ2r

s.
as σr`1 pX pnq q “ pnq by assumption for n “ n

36

`
˘2´p rp{2 ps0r qppp´1q p pnq pp2´pq pn`1q p
ď p1 ` γ2r q2 22`2p d ´ r
κ }η }S8 }η
}S2
p1 ´ ζq2p

(53)

1´p{2

ď 24p p1 `

}η pnq }pSp

r

p1 ´ ζq2p

r

´ d ´ r ¯2´p rp{2 ps0 qppp´1q
pp1´pq
κp }η pnq }S8 }η pnq }pSp .

2´p
γ2r
2´p
r

„ ÿ
1
d ´ 2
¯ p 2´p rp{2 maxpr, d ´ rqp{2
σi pX pn q q
1 pp2´pq
2
`
1
κp }η pn q }S8
pn2 q2
ps0r qpp1´pq p1 ´ ζq2p
i“r`1

1

2´p
r :“ 24p γ2r
µ

1

´ p3 ` γ qpd ´ rq ¯2´p rp{2 ps0 qppp´1q
´
¯
p
2r
r
κp max 2p pd ´ rq 2 , p1 ` γ2r q2 ,
p1 ´ γ2r qr
p1 ´ ζq2p

1

X pnq

pnq
UT

pnq

pnq

pnq˚

pnq

pnq

pnq˚

` UTc ΣTc VTc

is

38
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S2

s pnq denotes the diagonal matrix with the first r non-zero entries of Σ
s pnq and Σ
s pnq the
if Σ
T
Tc
d1
one of the remaining entries.
Here, the third of the four summands would become too large for p ă 1 to allow for
a superlinear convergence when the last d ´ r singular values of X pnq approach zero. An
pnq
analogous argument can be used for the right-sided weight matrix WR b Id1 and, notably,
pnq
pnq
pnq
also for arithmetic mean weight matrices W(arith) “ Id2 b WL ` WR b Id1 , cf. Section 2.3.

S2

be the tangent space of the smooth manifold of rank-r matrices at the best rank-r approxpnq pnq pnq˚
imation UT ΣT VT
of X pnq , or, put differently, the direct sum of the row and column
pnq pnq pnq˚
spaces of UT ΣT VT .
The fact that left- or right-sided weight matrices do not lead to algorithms with superlinear convergence rates for p ă 1 can be explained by noting that there are always parts of
the space T pnq that are equipped with too large weights if X pnq “ U pnq Σpnq V pnq˚ is already
pnq
approximately low-rank. In particular, proceeding as in (44), we obtain for Id2 b WL
›`
›
›
›“
‰ ››2 ››` pnq ˘p´2 pnq˚
› s pnq ˘p´2 pnq˚
›
pnq ›2
pnq
pnq ›2
s
UT X0 VTc ›
UT X0 VT › ` › Σ
› Id2 b WL pX0 qvec mat › “› Σ
T
T
S2
S2
S2
›2 ›
›
›
›`
˘
›` s pnq ˘p´2 pnq˚
pnq ›2
pnq ›
pnq p´2 pnq˚
s
›
›
UTc X0 VT › ` › ΣTc
UTc X0 VTc ›
`› ΣTc

containing the r first left- and right singular
the SVD of the iterate
with
and
vectors.
Now let
(
pnq˚
pnq
: Z1 P Md1 ˆr , Z2 P Md2 ˆr
T pnq :“ UT Z1˚ ` Z2 VT

pnq
VT

pnq
s pnq qp´2 V pnq˚ b Id ,
WR b Id1 :“ V pnq pΣ
1
d2

pnq

s qp´2 U pnq˚
:“ Id2 b U pnq pΣ
d1

respectively, cf. Section 2.2, if X pnq “ U pnq Σpnq V pnq˚ “ UT ΣT VT

and

Id2 b WL

pnq

Remark 22 We note that the weight matrices of the previous IRLS approaches IRLS-col
and IRLS-row Fornasier et al. (2011); Mohan and Fazel (2012) at iteration n could be
expressed in our notation as

1

The same argument shows that }η pn `1q }pSp ď }η pn q }pSp , which finishes the proof.

r ď µ with µ as
and }η pn `1q }pS8 ď }η pn q }pS8 under the assumption (25) of Theorem 11, as µ
r ď µ since
in (26). Indeed, it holds that µ
´ d ´ r ¯2´p{2
´
¯ ´ d ´ r ¯2´p
p
rp{2 ď 2p p1 ` γ2r q2
rp .
max 2p pd ´ rq 2 , p1 ` γ2r q2
r
r

for
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using that X0 is a matrix of rank at most r in the second inequality, the inductive hypothesis
in the third inequality and an analogue of (61) for a Schatten-p quasi-norm on the left hand
side (cf. Kabanava et al. (2016, Lemma 3.2) for the corresponding result for p “ 1) in the
last inequality. The latter argument uses the assumption on the null space property. This
shows that
1
1 pp2´pq
}η pn `1q }pS8 ď µ}η pn q }S8

„ ÿ
2´p
1
1
d
d ´ 2
¯ p 2´p „ ÿ
σip pX pn q q
σi pX pn q q
2
ď
`
1
`
pd
´
rq
2
2
pn q2
pn qp
i“r`1
i“r`1
„ pn1 q p
2´p „ pn2 q p
2´p
}η
}η }Sp
}Sp
ď
`
pd
´
rq
ď
`
pd
´
rq
2
2
pn qp
pn qp
pn2 q p
2´p ˆ
˙
„
2p1 ` γ2r q}XTc }Sp
3 ` γ2r 2´p
` pd ´ rq
ď
pd ´ rq2´p ,
ď
2 qp
pn
1 ´ γ2r
p1 ´ γ2r q

and we compute

}η pn `1q }pS8ď 14p

1

s, which also entails the statement of Theorem 11 for this iteration.
for n “ n
s such that (54) is true for all n with n1 ą n ě n
s.
Let now n1 ą n
1
1
1
1
If σr`1 pX pn q q ď pn ´1q , then pn q “ σr`1 pX pn q q and the arguments from above show
(54) also in the case n “ n1 .
1
1
1
2
Otherwise σr`1 pX pn q q ą pn ´1q and there exists n1 ą n2 ě n
s such that pn q “ pn q “
2
σr`1 pX pn q q. Then

}η pn`1q }pS8 ď }η pnq }pS8 and }η pn`1q }pSp ď }η pnq }pSp
(54)

}η pn`1q }pSp . Inserting this in (53) and dividing by }η pn`1q }pSp ,

2´p
γ2r q2 γ2r

2p´1 γ2r
r1´p{2

1´p{2

2p´1 γ2r
r1´p{2

Under the assumption that (25) holds, it follows from this and (52) that

}η pn`1q }pSp

and also }η pn`1q }pS2 ď
we obtain

}η pnq }pS8 ď }η pnq }pS2 ď

s. Using the strong Schatten-p null space property of order 2r for the operator Φ,
for n “ n
we see with the arguments of the proof of Lemma 20(ii) that

}η pn`1q }2p
Sp

Similarly, by Lemma 20(iii), Lemma 21(ii) and (51), the error in the Schatten-p quasinorm fulfills
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Appendix A. Kronecker and Hadamard products

a11 a12 a13
a21 a22 a23

For two matrices A “ paij qiPrd1 s,jPrd3 s P Cd1 ˆd3 and B P Cd2 ˆd4 , we call the matrix representation of their tensor product with respect to the standard bases the Kronecker product
A b B P Cd1 ¨d2 ˆd3 ¨d4 . By its definition, A b B is a block matrix of d2 ˆ d4 blocks whose block
of index pi, jq P rd1 s ˆ rd3 s is the matrix aij B P Rd2 ˆd4 . This implies, e.g., for A P Cd1 ˆd3
with d1 “ 2 and d3 “ 3 that
„

„

.
AbB “

if and only if

pB b AqXvec “ Yvec .

The Kronecker product is useful for the elegant formulation of matrix equations involving
left and right matrix multiplications with the variable X, as
AXB ˚ “ Y

We define the Hadamard product A ˝ B P Cd1 ˆd2 of two matrices A P Cd1 ˆd2 and
B P Cd1 ˆd2 as their entry-wise product
pA ˝ Bqi,j “ Ai,j Bi,j

(55)

with i P rd1 s and j P rd2 s. The Hadamard product is also known as Schur product in the
literature.
Furthermore, if d1 “ d3 and d2 “ d4 , we define the Kronecker sum A ‘ B P Cd1 d2 ˆd1 d2
of two matrices A P Cd1 ˆd1 and B P Cd2 ˆd2 as the matrix
A ‘ B “ pId2 b Aq ` pB b Id1 q.
“

Yvec ,

Note that equations of the form AX ` XB ˚ “ Y can be rewritten as
pA ‘

BqXvec

JMLR 19(47):1-49, 2018

using again the vectorizations of X and Y . An explicit formula that expresses the inverse
pA ‘ Bq´1 of the Kronecker sum A ‘ B is provided by the following lemma.
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d2
d1 ÿ
ÿ

i“1 j“1

b ui ui˚
.
σi ` µj

vj vj˚

(57)

(56)

Lemma 23 (Jameson (1968)) Let A P Hd1 ˆd1 and B P Hd2 ˆd2 , where one of the matrices is positive definite and the other positive semidefinite. If we denote the singular vectors
of A by ui P Cd1 , i P rd1 s, its singular values by σi , i P rd1 s and the singular vectors resp.
values of B by vj P Cd2 resp. µj , j P rd2 s, then

pA ‘ Bq´1 “

Furthermore, the action of pA ‘ Bq´1 on the matrix space Md1 ˆd2 can be written as

“
‰
`
˘
pA ‘ Bq´1 Zvec mat “ U H ˝ pU ˚ ZV q V ˚ .

d
ř

i“1

σi pZq

`

2´p
2

d
ř

i“1

σi pZq

p
pp´2q

if rankpZq ă d,

if rankpZq “ d,

for Z P Md1 ˆd2 , U “ ru1 , . . . , ud1 s, and V “ rv1 , . . . , vd2 s and the matrix H P Md1 ˆd2 with
the entries Hi,j “ pσi ` µj q´1 , i P rd1 s, j P rd2 s.

2 p
2

Appendix B. Proofs of preliminary statements in Section 6
B.1 Proof of Lemma 14: Main part

$
’p
&
2
2 }Xvec }`2 pW
Ă pZqq `
’
%`8

First, we define the function
p
fX,
pZq “ Jp pX, , Zq “

kÑ8

for X P Md1 ˆd2 ,  ą 0 fixed and with Z P Md1 ˆd2 as its only argument. We note that the
p
pZq does not contain an instance Z with rank smaller than d as
set of minimizers of fX,
p
pZq is infinite at such points and, therefore, it is sufficient to search for
the value of fX,
minimizers on the set Ω “ tZ P Md1 ˆd2 | rankpZq “ du of matrices with rank d. We observe
that the set Ω is an open set and that we have that

kÑ8

ě α for all Z P

Md1 ˆd2

for some constant α,

kÑ8

(a) f p pZq is lower semi-continuous, which means that any sequence pZ k qkPN with Z k ÝÑ
X,
p
p
pZq,
pZ k q ě fX,
Z fulfills lim inf fX,
(b)

p
fX,
pZq

kÑ8

p
(c) fX,
pZq is coercive, i.e., for any sequence pZ k qkPN with }Z k }F ÝÑ 8, we have
p
fX,
pZ k q ÝÑ 8.

2 p
2

i“1

d
ř

σi pZq “

2 p
2 }Z}S1

ě

2 p
2 }Z}F

and

p
Property (a) is true as fX,
pZqq|Ω is a concatenation of an indicator function of an open
set, which is lower semi-continuous and a sum of continuous functions on Ω. Property (b)
is obviously true for the choice α “ 0.

p
To justify point (c), we note that fX,
pZq ą
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therefore, coercivity is clear from its definition. As a consequence from (a) and (c), it is

40

ii

p

pσi2 pXq ` 2 q 2 .

i“1

d
ÿ

d
d
p´2
p
pÿ 2
2´p ÿ 2
pσ pXq ` 2 qpσi2 pXq ` 2 q 2 `
pσ pXq ` 2 q 2
2 i“1 i
2 i“1 i

2

4´p

tr ppA ‘ AqBZq
p
“ pA ‘ Aq “ 0.
BZ
8

41

42
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p
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“

(59)

Now we have to find Z such that A ‘ A “ 0. This implies that all eigenvalues of
A ‘ A “ A b Id ` Id b A are equal to zero. The eigenvalues of the Kronecker sum of two

BZ

p
BfX,
pZq

and hence an easy calculation as in (Duchi) gives

”
Ă Xvec q˚ pW
Ă Xvec qmat pZ ˚ Zq´ 32 Z ˚ ` Z ˚ pZZ ˚ q´ 32 pW
Ă Xvec qmat pW
Ă Xvec q˚
A “ pW
mat
mat
ı
4´p
2
˚
´ 21 ˚
˚
˚
2pp´2q
`2 pZ Zq Z ´ 2pZ Zq
Z .

where

1

4´p

`22 ZpZ ˚ Zq´ 2 ´ 2ZpZ ˚ Zq 2pp´2q BZ ˚
p
p
p
“: tr pABZq ` tr pA˚ BZ ˚ q “ tr ppA ‘ AqBZq “ 0,
8
8
8

1

`22 pZ ˚ Zq´ 2 Z ˚ ´ 2pZ ˚ Zq 2pp´2q Z ˚ BZ
3
p ´”
Ă Xvec q˚ pW
Ă Xvec qmat ` pW
Ă Xvec qmat pW
Ă Xvec q˚ pZZ ˚ q´ 23 Z
` tr ZpZ ˚ Zq´ 2 pW
mat
mat
8
ı
¯

p
To determine the critical points of fX,
pZq, we summarize the calculations above, rearrange the terms and equate the derivative with zero, such that
p ´” Ă
p
Ă Xvec qmat pW
Ă Xvec q˚
Ă Xvec qmat pZ ˚ Zq´ 32 Z ˚ ` Z ˚ pZZ ˚ q´ 32 pW
BfX,
pZq “ tr pW
Xvec q˚mat pW
mat
8
ı ¯

”´
”
ı
¯
ı
Ă ´1 “ 1 B pZZ ˚ q´ 21 ‘ pZ ˚ Zq´ 12 “ ´ 1 pZ ˚ Zq´ 32 Z ˚ BZ ` BZ ˚ ZpZ ˚ Zq´ 32 b Id
BW
1
2
4
´
¯ı
3
3
1”
Id2 b BZpZZ ˚ q´ 2 Z ˚ ` pZZ ˚ q´ 2 ZBZ ˚ .
´
4
(58)
We can reformulate the first term as follows using the cyclicity of the trace,
¯
¯ p” ´
p ´ ˚ Ă Ă ´1 Ă
Ă Xvec q˚ pW
Ă Xvec qmat pZ ˚ Zq´ 32 Z ˚ BZ
´ tr Xvec
W B W W Xvec “
tr pW
mat
2
8´
¯
3
Ă Xvec q˚ pW
Ă Xvec qmat BZ ˚
` tr ZpZ ˚ Zq´ 2 pW
mat
´
¯
3
Ă Xvec qmat pW
Ă Xvec q˚ BZ
` tr Z ˚ pZZ ˚ q´ 2 pW
mat
´
¯ı
Ă Xvec qmat pW
Ă Xvec q˚ pZZ ˚ q´ 32 ZBZ ˚ .
` tr pW
mat

where

¯ p2 ´ ´
¯
¯
1
1
p ´ ˚ Ă Ă ´1 Ă
p
BfX,
pZq “ ´ tr Xvec
W B W W Xvec `
tr ZpZ ˚ Zq´ 2 BZ ˚ ` trppZ ˚ Zq´ 2 Z ˚ BZq
2
4
¯
¯
4´p
4´p
p´ ´
´ tr ZpZ ˚ Zq 2pp´2q BZ ˚ ` trppZ ˚ Zq 2pp´2q Z ˚ BZq
4

and Theorem 3 in Chapter 8.4 of (Magnus and Neudecker, 1999) in the following. Using
the notation of Magnus and Neudecker (1999), we calculate
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p
To identify the set of critical points of fX,
pZq located in Ω, we compute its derivative with
respect to Z using the derivative rules (7), (12), (13), (15), (16), (18), (20) in Chapter 8.2

p
p
2 p
2´p
“ }Xvec }2` pW
}pZ ˚ Zq1{2 }2F `
}pZ ˚ Zq 2pp´2q }2F .
Ă pZqq `
2
2
2
2

d
d
p
p
2 p ÿ
2´p ÿ
p
fX,
pZq “ J p pX, , Zq “ }Xvec }2` pW
σi pZq `
σi pZq pp´2q
Ă pZqq `
2
2
2 i“1
2 i“1

Ă1 :“ Id b pZZ ˚ q 12 and W
Ă2 “ pZ ˚ Zq 12 b Id . For Z P Ω, we
for Z P Ω with the definitions W
reformulate the auxiliary functional such that

1

Ă pZq can then be rewritten as
As already mentioned in (27), the harmonic mean matrix W
`
˘´1
Ă pZq “ 2W
Ă1 W
Ă1 ` W
Ă2
Ă2 “ 2pW
Ă ´1 ` W
Ă ´1 q´1
W
W

Ω “ tZ P Mdˆd s.t. rankpZq “ du .

Let us without loss of generality consider the case d “ d1 “ d2 and define

p
B.2 Proof of Lemma 14: Critical points of fX,

“

“

d
d
p
pÿ 2
2 ´ p ÿ p´2
σ
r
“
pσ pXq ` 2 qr
σi `
2 i“1 i
2 i“1 i

d
d
p
p
2 p ÿ
2 ´ p ÿ p´2
ri `
r
σ
σ
Jp pX, , Zopt q “ }Xvec }2` pW
Ă pZopt qq `
2
2
2 i“1
2 i“1 i
«
˜
¸
ff
d2 ÿ
d1
d
d
d
p
ÿ
uk u˚k b vj vj˚
2 ´ p ÿ p´2
pÿ 2
2 p ÿ
σ
ri `
σ
ri
σi pXqpu˚i b vi˚ q2
“
pu
b
v
q
`
i
i
´1
´1
2 i“1
2
2
r
r
σ
`
σ
j
k
i“1
i“1
k“1 j“1

!
)
p
also true that the level sets LC “ Z P Md1 ˆd2 |fX,
pZq ď C are closed and bounded and,
therefore, compact.
Via the direct method of the calculus of variations, we conclude from the properties
p
(a)–(c) that fX,
pZq has at least one global minimizer belonging to the set of critical points
p
of fX, pZq (Dacorogna, 1989, Theorem 1).
p
To characterize the set of critical points of fX,
pZq, its derivative with respect to Z is
calculated explicitly and equated with zero in Subsection B.2. The solution of the resulting
ř
ř
p´2
ri ui vi˚ is the only critical
equation reveals that Zopt “ di“1 pσi2 pXq ` 2 q 2 ui vi˚ “: di“1 σ
p
point and consequently the unique global minimizer of fX, pZq. We define the matrices
`
řd
řd
L :“
R :“
Ă pZopt q “ 2 pW R q´1 ‘
ri ui u˚i and Wopt
ri vi vi˚ , and note that W
Wopt
opt
i“1 σ
i“1 σ
˘
L q´1 ´1 with Definition 13. To verify the second part of the theorem, we simply plug
pWopt
the optimal solution Zopt into the functional Jp and compute using (56) that
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i

j

matrices A1 and A2 with eigenvalues λs and µt with s, t P rds are the sum of the eigenvalues
λs ` µt . As in our case A “ A1 “ A2 this means that all eigenvalues of A itself have to be
zero. This is only possible if A is the zero matrix.
Let Z “ U ΣV ˚ P Mdˆd with U, V P Ud and Σ P Mdˆd , where Σ “ diagpσq is a
2
diagonal matrix with ascending entries. We define the matrix H “ Hi,j “ σ´1 `σ
´1 for
i “ 1, . . . , d, j “ 1, . . . , d corresponding to the result of reshaping the diagonal of 2pΣ ‘ Σq
`
˘
Ă Xvec qmat “ U H ˝ pU ˚ XV q V ˚ and
into a d ˆ d-matrix. Using (57), we can express pW
denote B :“ H ˝ pU ˚ XV q.
Plugging the decomposition Z “ U ΣV ˚ into (59), we can therefore calculate

2

(60)

A “ 0 ô pU BV ˚ q˚ pU BV ˚ qpV Σ2 V ˚ q´3{2 pU ΣV ˚ q˚ ` pU ΣV ˚ q˚ pU Σ2 U ˚ q˚ q´3{2 pU BV ˚ qpU BV ˚ q˚
4´p

` 22 pV Σ2 V ˚ q´1{2 pU ΣV ˚ q˚ ´ 2pV Σ2 V ˚ q 2pp´2q pU ΣV ˚ q˚ “ 0

2

ô V B ˚ BΣ´2 U ˚ ` V Σ´2 BB ˚ U ˚ ` 22 V Id U ˚ ´ 2V Σ p´2 U ˚ “ 0

ô B ˚ BΣ´2 ` Σ´2 BB ˚ ` 22 Id ´ 2Σ p´2 “ 0.
2

2

We now note that 22 Id ´2Σ p´2 is diagonal and therefore, B ˚ BΣ´2 `Σ´2 BB ˚ is diagonal
as well. Moreover, observe that B ˚ B ` Σ´2 BB ˚ Σ2 is again a diagonal matrix and has a
symmetric first summand B ˚ B. As the sum or difference of symmetric matrices is again
symmetric also the second summand Σ´2 BB ˚ Σ2 has to be symmetric, i.e., Σ´2 BB ˚ Σ2 “
pΣ´2 BB ˚ Σ2 q˚ “ Σ2 BB ˚ Σ´2 . We conclude that it has to hold that BB ˚ Σ4 “ Σ4 BB ˚ and
hence Σ4 and BB ˚ commute.
This is only possible if either Σ is a multiple of the identity or if BB ˚ is diagonal.
Assuming the first case, (60) would imply that also BB ˚ and B ˚ B have to be a multiple of
the identity. Therefore, this first case, where Σ is a multiple of the identity is a special case
of the second possible scenario, where BB ˚ is diagonal. Hence, it suffices to further consider
the more general second case. (Considerations for B ˚ B can be carried out analogously.)
Diagonality of BB ˚ only occurs if B is either orthonormal or diagonal. Assuming
orthonormality would lead to contradictions with the equations in (60). Hence B “ H ˝
pU ˚ XV q can only be diagonal.
Let now be X “ Ū S̄ V̄ ˚ the singular value decomposition of X. As H has no zero entries
due to the full rank of W , this implies the diagonality of U ˚ Ū S̄ V̄ ˚ V . Consequently, U and
V can only be chosen such that P “ rU ˚ Ū sdˆd and P ˚ “ rV̄ ˚ V sdˆd for a permutation
matrix P P Ud . The reshuffled indexing corresponding to P is denoted by ppiq P rds for
i P rds. Bearing in mind that Hii “ σi for i P rds, we obtain
2
p´2

for all i P rds.

for all i P rds

pH ˝ pP S̄P ˚ qq˚ pH ˝ pP S̄P ˚ qqΣ´2 ` Σ´2 pH ˝ pP S̄P ˚ qqpH ˝ pP S̄P ˚ qq˚ ` 22 Id ´ 2Σ p´2 “ 0
` 22 “

p´2
2

2σi
` 2 q

ô

2
2s̄ppiq

ô σi “

2
ps̄ppiq
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As the diagonal of Σ was assumed to have ascending entries and the diagonal of S̄ has
descending entries, the permutation matrix P has to be equal to the identity matrix. From
p´2
P “ Id , it follows that U “ Ū and V “ V̄ and hence Σ “ pS̄ 2 ` 2 Id q 2 .
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We summarize our calculations by stating that

Zopt “ Ū ΣV̄ ˚ “ Ū pS̄ 2 ` 2 Id q

p
is the only critical point of fX,
on the domain Ω.

p´2
2

V̄ ˚

Ă pZq is adapted by
The results extend for the case d1 ‰ d2 , where the definition of W
introducing the Moore-Penrose pseudo inverse of pZZ ˚ q1{2
`
˘
Ă pZq “ 2W
Ă1 W
Ă1 ` W
Ă2 ´1 W
Ă2 “ 2pW
Ă` ` W
Ă ´1 q´1 .
W
1
2

The corresponding derivative rule as pointed out in Theorem 5 in Chapter 8.4 of Magnus
and Neudecker (1999) can be used for the calculation in (58).

B.3 Proof of Lemma 16

The equality of the optimization problems (32) can easily be seen by the fact that only
the first summand of Jp pX, , Zq depends on X. Now, it is important to show first that
Ă pZq “ 2prpZ ˚ Zq 12 s` ‘ rpZZ ˚ q 21 s` q´1 is positive definite as minimizing Jp pX, , Zq then
W
řd
˚
reduces to minimizing a quadratic form. Let Z “ i“1
σ
i ui vi , where ui , vi for i P rds are
the left and right singular vector respectively and σi for i P rds are the singular values of Z.
řd
1
σi2 vi vi˚ ľ 0, also the generalized inverse root fulfills rpZZ ˚ q 2 s` ľ 0 and
Since Z ˚ Z “ i“1
ř
1
d
σi2 ui ui˚ ľ 0, it follows that rpZZ ˚ q 2 s` ľ 0. We stress that at least one of
for ZZ ˚ “ i“1
1
1
Ă pZq ą 0. With the
the matrices pZZ ˚ q 2 and pZ ˚ Zq 2 is positive definite and hence also W
Ă pZq ą 0, the statement can be proven analogously to the results in (Fornasier
fact that W
et al., 2011, Lemma 5.1).
B.4 Proof of Lemma 17

(a) With the minimization property that defines X pn`1q in (29), the inequality pn`1q ď pnq ,
and the minimization property that defines Z pn`1q in (28) and Lemma 14, the monotonicity
follows from

ě Jp pX pn`1q , pn`1q , Z pn`1q q.

Jp pX pnq , pnq , Z pnq q ě Jp pX pn`1q , pnq , Z pnq q ě Jp pX pn`1q , pn`1q , Z pnq q

(b) Using Theorem 14 and the monotonicity property of (a) for all n P N, we see that

}X pnq }Sp p ď gppnq pX pnq q “ Jp pX pnq , pnq , Z pnq q ď Jp pX p1q , p0q , Z p0q q.

(c) The proof follows analogously to (Fornasier et al., 2011, Proposition 6.1) where only the
` pnq ´1
Ă q q requires to take into account that the spectrum
technical calculation to bound σ1p pW
of a Kronecker sum A‘B consists of the pairwise sum of the spectra of A and B (Bernstein,
2009, Proposition 7.2.3).
B.5 Proof of Lemma 18
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Ă pX pnq , pnq q “ W
Ă pnq is clear from the definition of W
Ă pX, q and (10).
The first statement W
To show the necessity of (35), let X P Md1 ˆd2 be a critical point of (34). Without loss
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řd

X“p

pσi2 ` 2 q

i“1

d
ÿ
p´2
2

σi ui vi˚ ,

¯

1
}X 1 }pSp ´ }X}pSp ` 2βr pXqSp ,
1 ´ γr

´
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We consider discounted Markov decision processes (MDPs) and off-policy temporal-difference
(TD) learning methods for approximate policy evaluation with linear function approxima-

1. Introduction

Keywords: Markov decision process, approximate policy evaluation, generalized Bellman
equation, reinforcement learning, temporal-difference method, Markov chain, randomized
stopping time

We consider off-policy temporal-difference (TD) learning in discounted Markov decision
processes, where the goal is to evaluate a policy in a model-free way by using observations
of a state process generated without executing the policy. To curb the high variance issue
in off-policy TD learning, we propose a new scheme of setting the λ-parameters of TD,
based on generalized Bellman equations. Our scheme is to set λ according to the eligibility
trace iterates calculated in TD, thereby easily keeping these traces in a desired bounded
range. Compared with prior work, this scheme is more direct and flexible, and allows
much larger λ values for off-policy TD learning with bounded traces. As to its soundness,
using Markov chain theory, we prove the ergodicity of the joint state-trace process under
nonrestrictive conditions, and we show that associated with our scheme is a generalized
Bellman equation (for the policy to be evaluated) that depends on both the evolution of λ
and the unique invariant probability measure of the state-trace process. These results not
only lead immediately to a characterization of the convergence behavior of least-squares
based implementation of our scheme, but also prepare the ground for further analysis of
gradient-based implementations.
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tion. The goal is to evaluate a policy in a model-free way by using observations of a state
process generated without executing the policy. Off-policy learning is an important part of
the reinforcement learning methodology (Sutton and Barto, 1998) and has been studied in
the areas of operations research and machine learning. (For an incomplete list of references,
see e.g., Glynn and Iglehart, 1989; Precup et al., 2000, 2001; Randhawa and Juneja, 2004;
Sutton et al., 2008, 2009; Maei, 2011; Yu, 2012; Dann et al., 2014; Geist and Scherrer, 2014;
Mahadevan et al., 2014; Mahmood et al., 2014; Liu et al., 2015; Sutton et al., 2016; Dai
et al., 2018.) Available TD algorithms, however, tend to have very high variances due to
the use of importance sampling, an issue that limits their applicability in practice. The
purpose of this paper is to introduce a new TD learning scheme that can help address this
problem.
Our work is motivated by the recently proposed Retrace algorithm (Munos et al., 2016)
and ABQ algorithm (Mahmood et al., 2017), and by the Tree-Backup algorithm (Precup
et al., 2000) that existed earlier. These algorithms, as explained by Mahmood et al. (2017),
all try to use the λ-parameters of TD to curb the high variance issue in off-policy learning.
In particular, they all choose the values of λ according to the current state or state-action
pair in such a way that guarantees the boundedness of the eligibility traces in TD learning,
which can help reduce significantly the variance of the TD iterates. A limitation of these
algorithms, however, is that they tend to be over-conservative and restrict λ to small values,
whereas small λ can result in large approximation bias in TD solutions.
In this paper, we propose a new scheme of setting the λ-parameters of TD, based on
generalized Bellman equations. Our scheme is to set λ according to the eligibility trace
iterates calculated in TD, thereby easily keeping those traces in a desired bounded range.
Compared with the schemes used in the previous work just mentioned, this is a direct way
to bound the traces in TD, and it is also more flexible and allows much larger λ values for
off-policy learning.
Regarding generalized Bellman equations, in our context, they will correspond to a family of dynamic programming equations for the policy to be evaluated. These equations all
have the true value function as their unique solution, and their associated operators have
contraction properties, like the standard Bellman operator. We will refer to the associated
operators as generalized Bellman operators or Bellman operators for short. Some authors
have considered, at least conceptually, the use of an even broader class of equations for
policy evaluation. For example, Ueno et al. (2011) have considered treating the policy
evaluation problem as a parameter estimation problem in the statistical framework of estimating equations, and in their framework, any equation that has the true value function as
the unique solution can be used to estimate the value function. The family of generalized
Bellman equations we consider has a more specific structure. They generalize multistep
Bellman equations, and they are associated with randomized stopping times and arise from
the strong Markov property (see Section 3.1 for details).
Generalized Bellman equations and operators are powerful tools. In classic MDP theory they have been used in some intricate optimality analyses (e.g., Schäl and Sudderth,
1987). Their computational use, however, seems to emerge primarily in the field of reinforcement learning. Through the λ-parameters and eligibility traces, TD learning is naturally
connected with, not a single Bellman operator, but a family of Bellman operators, with different choices of λ or different rules of calculating the eligibility trace iterates corresponding
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to different Bellman operators. Early efforts that use this aspect to broaden the scope of
TD algorithms and to analyze such algorithms include Sutton’s work (1995) on learning at
multiple timescales and Tsitsiklis’ work on generalized TD algorithms in the tabular case
(see the book by Bertsekas and Tsitsiklis, 1996, Chap. 5.3). In the context of off-policy
learning, there are more recent approaches that try to utilize this connection of TD with
generalized Bellman operators to make TD learning more efficient (Precup et al., 2000; Yu
and Bertsekas, 2012; Munos et al., 2016; Mahmood et al., 2017). This is also our aim, in
proposing the new scheme of setting the λ-parameters.
Our analyses of the new TD learning scheme will focus on its theoretical side. Using
Markov chain theory, we prove the ergodicity of the joint state and trace process under
nonrestrictive conditions (see Theorem 2.1), and we show that associated with our scheme
is a generalized Bellman equation (for the policy to be evaluated) that depends on both
the evolution of λ and the unique invariant probability measure of the state-trace process
(see Theorem 3.2 and Corollary 3.1). These results not only lead immediately to a characterization of the convergence behavior of least-squares based implementation of our scheme
(see Corollary 2.1 and Remark 3.2), but also prepare the ground for further analysis of
gradient-based implementations. (The latter analysis has been carried out recently by Yu
(2017); see Remark 3.3.)
In addition to the theoretical study, we also present the results from a preliminary
numerical study that compares several ways of setting λ for the least-squares based offpolicy algorithm. The results demonstrate the advantages of the proposed new scheme
with its greater flexibility.
We remark that although we shall focus exclusively on policy evaluation in this paper,
approximate policy evaluation methods are highly pertinent to finding near-optimal policies
in MDPs. They can be applied in approximate policy iteration, in policy-gradient algorithms
for gradient estimation or in direct policy search (see e.g., Konda, 2002; Mannor et al., 2003).
In addition to solving MDPs, they can also be used in artificial intelligence and robotics
applications as a means to generate experience-based world models (see e.g., Sutton, 2009).
It is, however, beyond the scope of this paper to discuss these applications of our results.
The rest of the paper is organized as follows. In Section 2, after a brief background introduction, we present our scheme of TD learning with bounded traces, and we establish the
ergodicity of the joint state-trace process. In Section 3, we first discuss generalized Bellman
operators associated with randomized stopping times, and we then derive the generalized
Bellman equation associated with our scheme. In Section 4, we present the experimental
results on the least-squares based implementation of our scheme. Appendices A-B include
a proof for generalized Bellman operators and materials about approximation properties of
TD solutions that are too long to include in the main text.

2. Off-Policy TD Learning with Bounded Traces
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We describe the off-policy policy evaluation problem and the algorithmic form of TD learning in Section 2.1. We then present our scheme of history-dependent λ in Section 2.2, and
analyze the properties of the resulting eligibility trace iterates and the convergence of the
corresponding least-squares based algorithm in Section 2.3.
3

2.1 Preliminaries

Yu, Mahmood, and Sutton

The off-policy learning problem we consider in this paper concerns two Markov chains on a
finite state space S = {1, . . . , N }. The first chain has transition matrix P , and the second
P o . Whatever physical mechanisms that induce the two chains shall be denoted by π and π o ,
and referred to as the target policy and behavior policy, respectively. The second Markov
chain we can observe; however, it is the system performance of the first Markov chain that
we want to evaluate.
Specifically, we consider a one-stage reward function rπ : S → < and an associated
discounted total reward criterion with state-dependent discount factors γ(s) ∈ [0, 1], s ∈ S.
Let Γ denote the N × N diagonal matrix with diagonal entries γ(s). We assume that P and
P o satisfy the following conditions:

(i) P is such that the inverse (I − P Γ)−1 exists, and

Condition 2.1 (Conditions on the target and behavior policies)

o = 0 ⇒ P 0 = 0, and moreover, P o is irreducible.
(ii) P o is such that for all s, s0 ∈ S, Pss
0
ss

t=1 γ(S1 ) γ(S2 )

P∞

· · · γ(St ) · rπ (St )] ,

(2.1)

The performance of π is defined as the expected discounted total rewards for each initial
state s ∈ S:
vπ (s) := Esπ [ rπ (S0 ) +

where the notation Esπ means that the expectation is taken with respect to (w.r.t.) the
Markov chain {St } starting from S0 = s and induced by π (i.e., with transition matrix P ).
The function vπ is well-defined under Condition 2.1(i). It is called the value function of π,
and by standard MDP theory (see e.g., Puterman, 1994), we can write it in matrix/vector
notation as
vπ = rπ + P Γ vπ ,
i.e., vπ = (I − P Γ)−1 rπ .

The first equation above is known as the Bellman equation (or dynamic programming
equation) for a stationary policy (cf. Footnote 2).
We compute an approximation of vπ of the form v(s) = φ(s)> θ, s ∈ S, where θ ∈ <n
is a parameter vector and φ(s) is an n-dimensional feature representation for each state s
(here φ(s), θ are column vectors and the symbol > stands for transpose). Data available for
this computation are:

(i) a realization of the Markov chain {St } with transition matrix P o generated by π o ,
and

(ii) rewards Rt = r(St , St+1 ) associated with state transitions, where the function r relates
to rπ (s) as rπ (s) = Esπ [r(s, S1 )] for all s ∈ S.1

γt = γ(St ).

To find a suitable parameter θ for the approximation φ(s)> θ, we use the off-policy TD
learning scheme. Define ρ(s, s0 ) =
(the importance sampling ratio),2 and write

o
Pss0 /Pss
0

ρt = ρ(St , St+1 ),
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1. One can add to Rt a zero-mean finite-variance noise term. This makes little difference to our analyses,
so we have left it out for notational simplicity.
2. Our problem formulation entails both value function and state-action value function estimation for a
stationary policy in the standard MDP context. In these applications, it is the state-action space of the
MDP that corresponds to the state space S here. In particular, for value function estimation, St here

4

5

→ [0, 1]. We require the function λ to satisfy two conditions.
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(2.5)
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λt = λ(yt , et−1 )

(ii) For some constant Cy , kγ(s0 )ρ(s, s0 ) · λ(y, e) ek ≤ Cy for all e ∈ <n and all possible
state transitions (s, s0 ) that can lead to the memory state y.

yt = g(yt−1 , St ),

6

(i) For any e, e0 ∈ <n , kλ(y, e) e − λ(y, e0 ) e0 k ≤ ke − e0 k.

Condition 2.3 (Conditions for λ(·)) For some norm k · k on <n , the following hold for
each memory state y ∈ M:

where λ : M ×

<n

This recurrence condition is nonrestrictive: If the Markov chain has multiple recurrent
classes, each recurrent class can be treated separately by using the same arguments we
present in this paper. However, we remark that the finiteness assumption on M is a
simplification. We choose to work with finite M mainly for the reason that with the traces
lying in a continuous space, to study the joint state and trace process, we need to resort
to properties of Markov chains on infinite spaces. With an infinite M, we would need to
introduce more technical conditions that are not essential to our analysis and can obscure
our main arguments.
We thus let yt and λt evolve as

Condition 2.2 (Evolution of memory states) Under the behavior policy π o , the Markov
chain {(St , yt )} on S × M has a single recurrent class.

We denote the memory state at time t by yt . For simplicity, we assume that yt can only
take values from a finite set M, and its evolution is Markovian: yt = g(yt−1 , St ) for some
given function g. The joint process {(St , yt )} is then a simple finite-state Markov chain.
Each yt is a function of the history (S0 , . . . , St ) and y0 . We further require, besides the
irreducibility of {St } (cf. Condition 2.1(ii)), that

2.2.1 Formulation and Examples

corresponds to the pair of previous action and current state in the MDP, whereas for state-value function
o
estimation, St here corresponds to the current state-action pair in the MDP. The ratio ρ(s, s0 ) = Pss0 /Pss
0
then comes out as the ratio of action probabilities under π and π o , the same as what appears in most of
the off-policy learning literature. For the details of these correspondences, see (Yu, 2012, Examples 2.1,
2.2). The third application is in a simulation context where P o corresponds to a simulated system and
both P o , P are known so that the ratio ρ(s, s0 ) is available. Such simulations are useful, for example, in
studying system performance under perturbations, and in speeding up the computation when assessing
the impacts of events that are rare under the dynamics P .
3. However, asymptotic convergence can still be ensured for several algorithms (Yu, 2012, 2015, 2016b),
thanks partly to a powerful law of large numbers for stationary processes.

We now come to the choices of λt in the trace iterates (2.2). For TD with function approximation, one often lets λt be a constant or a function of St (Sutton, 1988; Tsitsiklis and Van
Roy, 1997; Sutton and Barto, 1998). If neither the behavior policy nor the λt ’s are further
constrained, {et } can have unbounded variances and is also unbounded in many natural
situations (see e.g., Yu, 2012, Section 3.1), and this makes off-policy TD learning challenging.3 If we let the behavior policy to be close enough to the target policy so that P o ≈ P ,
then variance can be reduced, but it is not a satisfactory solution, for the applicability of
off-policy learning would be seriously limited.
Without restricting the behavior policy, as mentioned earlier, the two recent papers
(Munos et al., 2016; Mahmood et al., 2017), as well as the closely related early work by

2.2 Our Scheme of History-dependent λ

(if it admits a solution), where Φ is a matrix with row vectors φ(s)> , s ∈ S. LSTD updates
the equation (2.4) iteratively by incorporating one by one the observation of (St , St+1 , Rt ) at
each state transition. We will discuss primarily this algorithm in the paper, as its behavior
can be characterized directly using our subsequent analyses of the joint state-trace process.
As mentioned earlier, our analyses will also provide bases for analyzing other gradientbased TD algorithms (e.g., Sutton et al., 2008, 2009; Maei, 2011; Mahadevan et al., 2014)
by using stochastic approximation theory (Kushner and Yin, 2003; Borkar, 2008; Karmakar
and Bhatnagar, 2018). Because of the complexity of this subject, however, we will not
delve into it in the present paper, and we refer the reader to the recent work (Yu, 2017) for
details.

Here λt ∈ [0, 1], t ≥ 1, are important parameters in TD learning, the choice of which we
shall elaborate on shortly.
There exist a number of TD algorithms that use et and δt to generate a sequence of
parameters θt for approximate value functions. One such algorithm is LSTD (Boyan, 1999;
Yu, 2012), which obtains θt by solving the linear equation for θ ∈ <n ,
1 Pt−1
v = Φθ
(2.4)
k=0 ek δk (v) = 0,
t

(2.3)

(2.2)

Precup et al. (2000), exploit state-dependent λ’s to control variance. Their choices of λt
are such that λt γt ρt−1 < 1 for all t, so that the trace iterates et are made bounded, which
can help reduce the variance of the iterates.
Motivated by this prior work, our proposal is to set λt according to et−1 directly, so that
we can keep et in a desired range straightforwardly and at the same time, allow a much
larger range of values for the λ-parameters. As a simple example, if we use λt to scale
the vector γt ρt−1 et−1 to be within a ball with some given radius, then we keep et always
bounded.
In the rest of this paper, we shall focus on analyzing the iteration (2.2) with a particular
choice of λt of the kind just mentioned. We want to be more general than the preceding
simple example. However, since the dependence on the trace et−1 would make λt dependent
on the entire past history (S0 , . . . , St−1 ), we also want to retain certain Markovian properties
that are very useful for convergence analysis. This leads us to consider λt being a certain
function of the previous trace and past states. More specifically, we will let λt be a function
of the previous trace et−1 and a certain memory state that is a summary of the states
observed so far. The formulation is as follows.

Given an initial e0 ∈ <n , for each t ≥ 1, the eligibility trace vector et ∈ <n and the scalar
temporal-difference term δt (v) for any approximate value function v : S → < are calculated
according to

et = λt γt ρt−1 et−1 + φ(St ),

δt (v) = ρt Rt + γt+1 v(St+1 ) − v(St ) .

Yu, Mahmood, and Sutton
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if λ̃t γt ρt−1 ket−1 k2 ≤ C;
otherwise.

(2.10)

(2.11)
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4. To see this, let the memory states be y = (S , S ). For each y = (s, s0 ), let λ(y, e) be defined according
t
t−1
t
ρ(s,s0 )
to (2.10), and let Cy in Condition 2.3(ii) be Css0 = min{K,
· C (treat 0/0 = 0). Then note that
ρ(s,s0 )}
 K
0
0
kλ(y, e)e − λ(y, e0 )e0 k2 ≤ β min ρ(s,s
0 ) , 1 · ke − e k2 ≤ βke − e k2 .

For policy evaluation, the Retrace algorithm (Munos et al., 2016) and the ABQ algorithm
(Mahmood et al., 2017) are very similar (ABQ was actually developed independently of
Retrace before the Munos et al. (2016) paper was published, although the ABQ paper
itself was released much later). Both Retrace and ABQ include the Tree-Backup algorithm
(Precup et al., 2000) as a special case. They can use additional parameters to select λ from
a range of values, whereas Tree-Backup specifies λ, implicitly, in a particular way (which
has the advantage of requiring no knowledge of the behavior policy) and does not have the
freedom in choosing λ. Because of the relations between these algorithms, when comparing
our method to them, we will compare it with Retrace only. In the experimental study given
later in Section 4 on the performance of LSTD for various ways of setting λ, we will compare
our scheme of choosing λ with that of Retrace for β = 1, which lets Retrace use the largest
λ that it can take.
We see in Example 2.2 that the eligibility trace update rule of Retrace can be written
in two equivalent forms, (2.8) and (2.9). The second form (2.9) has the advantage that
the λ-parameters involved are shown explicitly. In TD learning, the λ-parameters directly
affect the associated Bellman operators and can be meaningfully interpreted as stopping
probabilities (see Section 3), whereas the importance sampling ratio terms in the eligibility

2.2.2 Comparison with Previous Work

These variations of Retrace are similar to Example 2.1 and satisfy Condition 2.3.4

Correspondingly, instead of (2.8), the update rule of et becomes
(
β γt · min{K, ρt−1 } · et−1 + φ(St ) if γt · min{K, ρt−1 } · ket−1 k2 ≤ C;
t−1
otherwise.
β C · keet−1
k2 + φ(St )

C
λ̃t γt ρt−1 ket−1 k2

Yu, Mahmood, and Sutton
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(
β λ̃t
β λ̃t ·
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(with 0/0 = 0).

λt =

In the above, the second condition is to restrict {et } in a desired range (as it makes ket k ≤
maxy∈M Cy + maxs∈S kφ(s)k). The first condition is about the continuity of the function
λ(y, e) e in the trace variable e for each memory state y, and it plays a key role in the
subsequent analysis, where we will use this condition to ensure that the traces et and the
states (St , yt ) jointly form a Markov chain with appealing properties. We shall defer a
further discussion on the technical roles of these conditions to the end of Section 2.3 (cf.
Remark 2.2).
Let us give a few simple examples of choosing λ that satisfy Condition 2.3. We will later
use these examples in our experimental study (Section 4).

min{1,ρt−1 }
ρt−1

et =

(St−1 , St ). When the discount factors γ(s) are all strictly less than 1, ket k for all t are
bounded by a deterministic constant that depends on the initial e0 . Then for each initial
e0 , Retrace’s choice of λ coincides with a choice in our framework, since the C-parameters
in Condition 2.3(ii) can be made vacuously large so that the condition is satisfied by all
the traces et that could be encountered by Retrace. Thus in this case our framework for
choosing λ effectively encompasses the particular choice used by Retrace.
One can make variations on Retrace’s trace update rule. For example, instead of truncating each importance sampling ratio ρ(s, s0 ) by 1, one can truncate it by a constant
Kss0 ≥ 1, and then use a scaling scheme similar to Example 2.1 to bound the traces. The
simplest such variation is to choose two memory-independent positive constants K and C,
t−1 }
and replace the definition of λt in (2.9) by the following: with λ̃t = min{K,ρ
(where we
ρt−1
treat 0/0 = 0),

Css0
γ(s0 )ρ(s,s0 )kek2

Example 2.1 We consider again the simple scaling example mentioned earlier and describe
it using the terminologies just introduced. In this example, we let yt = (St−1 , St ). For each
y = (s, s0 ), we define the function λ(y, ·) so that when multiplied with λ(y, e), the vector
γ(s0 )ρ(s, s0 ) e is scaled down whenever its length exceeds a given threshold Css0 :
(
1
if γ(s0 )ρ(s, s0 )kek2 ≤ Css0 ;
(2.6)
otherwise.

λ y, e =


Condition 2.3(i) is satisfied because for y = (s, s0 ) with γ(s0 )ρ(s, s0 ) = 0, λ y, e e = e,
whereas for y = (s, s0 ) with γ(s0 )ρ(s, s0 ) 6= 0, λ y, e e is simply the Euclidean projection
of e onto the ball (centered at the origin) with radius Css0 /(γ(s0 )ρ(s, s0 )) and is therefore
Lipschitz continuous in e with modulus 1 w.r.t. k · k2 . Corresponding to (2.6), the update
rule (2.2) of et becomes
(
γt ρt−1 et−1 + φ(St )
if γt ρt−1 ket−1 k2 ≤ CSt−1 St ;
(2.7)
t−1
CSt−1 St · keet−1
k2 + φ(St ) otherwise.
et =

Note that this scheme of setting λ encourages the use of large λt : λt = 1 will be chosen
whenever possible. A variation of the scheme is to multiply the right-hand side (r.h.s.)
of (2.6) by another factor βss0 ∈ [0, 1], so that λt can be at most βSt−1 St . In particular,
one such variation is to simply multiply the r.h.s. of (2.6) by a constant β ∈ (0, 1) so that
λt ≤ β < 1 for all t.
Example 2.2 The Retrace algorithm (Munos et al., 2016) modifies the trace updates in
off-policy TD learning by truncating the importance sampling ratios by 1. In particular, for
the off-policy TD(λ) algorithm with a constant λ = β ∈ (0, 1], Retrace modifies the trace
updates to be
et = β γt · min{1, ρt−1 } · et−1 + φ(St ).
(2.8)

for λt = β ·

As pointed out by Mahmood et al. (2017), to retain the original interpretation of λ as a
bootstrapping parameter in TD learning, we can rewrite the above update rule of Retrace
equivalently as
et = λt γt ρt−1 et−1 + φ(St )
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Each λt here is a function of (St−1 , St ) only and does not depend on et−1 , so this choice
of λ-parameters automatically satisfies Condition 2.3(i) with the memory states being yt =
7

9
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The properties of the joint state-trace process {(St , yt , et )} are important for understanding
and characterizing the behavior of our proposed TD learning scheme. We study them in this
subsection. Most importantly, we shall establish the ergodicity of the state-trace process.
The result will be useful in convergence analysis of several associated TD algorithms (Yu,

2.3 Ergodicity Result

10
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5. This means that for any bounded continuous function
f on S × M × <n (endowed with the usual

topology), with Xt = (St , yt , et ), E f (X1 ) | X0 = x is a continuous function of x (Meyn and Tweedie,
2009, Prop. 6.1.1).

Proof The proof is similar to that of (Yu, 2012, Lemma 3.2). Let ∆t = ket − êt k, and let Ft
denote the σ-algebra generated by Sk , k ≤ t. Note that under our assumption, in the generation of the two trace sequences {et } and {êt }, the states {St } and the memory states {yt } are
the same, but the λ-parameters are different. Let us denote them by {λt } and {λ̂t } for the
two trace sequences, respectively. Then by (2.2), et − êt = γt ρt−1 (λt et−1 − λ̂t êt−1 ), and by
Condition
2.3(i),

 kλt et−1 − λ̂t êt−1k ≤ ket−1 − êt−1 k. Hence ket − êt k ≤ γt ρt−1 ket−1 − êt−1 k,
so E ∆t Ft−1 ≤ E γt ρt−1 Ft−1 · ∆t−1 ≤ ∆t−1 . This shows {(∆t , Ft )} is a nonnegative
supermartingale. By the supermartingale convergence theorem (Dudley, 2002, Theorem
10.5.7 and Lemma 4.3.3), {∆t } converges a.s. to a nonnegative random variable ∆∞ with
E[∆∞ ] ≤ lim infQ
t→∞ E[∆t ]. From the inequality ket − êt k ≤ γt ρt−1 ket−1
 − êt−1 k for all t, we
have ∆t ≤ ∆0 · tk=1 γk ρk−1 , from which a direct calculation shows E ∆t ≤ ∆0 · 1> (P Γ)t 1

Lemma 2.1 Let {et } and {êt } be generated by the iteration (2.2) and (2.5), using the same
trajectory of states {St } and initial y0 , but with different initial e0 and ê0 , respectively. Then
a.s.
under Conditions 2.1(i) and 2.3(i), et − êt → 0.

The third property, given in the lemma below, concerns the behavior of {et } for different
initial e0 . It is an important implication of Condition 2.3(i); actually, it is our purpose of
a.s.
introducing the condition 2.3(i) in the first place. In the lemma, → stands for “converges
almost surely to.”

(ii) Then, by a property of weak Feller Markov chains (Meyn and Tweedie, 2009, Theorem 12.1.2(ii)), the boundedness of {et } ensured by Condition 2.3(ii) implies that
{(St , yt , et )} has at least one invariant probability measure.

(i) By Condition 2.3(i), for each y, λ(y, e)e is a continuous function of e, and thus et
depends continuously on et−1 . This, together with the finiteness of S × M, ensures
that {(St , yt , et )} is a weak Feller Markov chain.5

The results given below apply to this update rule as well.
Let us start with two basic properties of {(St , yt , et )} that follow directly from our choice
of the λ function:

(2.12)

2017), although in this paper we discuss only the LSTD algorithm. In the next section we
will also use the ergodicity result when we relate the LSTD equation (2.4) to a generalized
Bellman equation for the target policy in order to interpret the LSTD solutions.
We note that to obtain the results in this subsection, we will follow similar lines of
argument used in (Yu, 2012) for analyzing off-policy LSTD with constant λ. However,
because λ is now history-dependent, some proof steps in (Yu, 2012) no longer apply. We
shall explain this in more detail after we prove the main result of this subsection.
As another side note, one can introduce nonnegative coefficients i(y) for memory states
y to weight the state features (similarly to the use of “interest” weights in the ETD algorithm (Sutton et al., 2016)) and update et according to

trace iterates are essentially unchanged, for they have to be there in order to correct for the
discrepancy between the behavior and target policies. For this reason, we prefer (2.9) to
(2.8) and prefer thinking in terms of the selection of λ-parameters to that of what occurs
apparently to those importance sampling ratio terms in the trace updates.
As mentioned in Example 2.2, the Munos et al. (2016) paper does not make the connection between (2.8) and (2.9). Mahmood et al. (2017) recognized the role of the λ-parameters
and made explicit use of it to derive the ABQ algorithm. However, in the ABQ paper, the
discussion and the presentation of the algorithm still emphasize the apparent changes in
those importance sampling ratio terms in the trace iterates. This is an unsatisfactory point
in that paper that we hope we have clarified with our present work.
We mentioned in the introduction that Retrace, ABQ and Tree-Backup are too conservative and tend to use too small λ values. Let us now make this statement more precise
and also explain the reason behind.
These algorithms tend to behave effectively like TD(λ) with small constant λ, despite
that they can have λt = 1 at some time steps t. This is due to the nature of TD learning
with time-varying λ, which is very different from that of TD with constant λ. For timevarying λ, a large λt at one time step need not mean that we are using the information
of the cumulative rewards over a long time horizon to estimate the value at the state St
encountered at time t. Because the next λt+1 could be very small or even zero, forcing a
TD algorithm to “bootstrap” immediately. When large λt ’s are interleaved with small ones,
we are effectively in the situation of TD with small λ. This could occur to our proposed
scheme as well if, for example, in Example 2.1 the thresholds Css0 are set too small. When we
use larger thresholds, we allow larger λ. By comparison, Retrace, ABQ, and Tree-Backup
constrain the state-dependent λ-parameters to be small enough so that all the products
λt γt ρt−1 < 1, and this makes them prone to the small-λ issue just mentioned. (See the
experiments in Section 4.2 for demonstrations.)
While we consider Retrace for approximate policy evaluation, the Munos et al. (2016)
paper actually focuses primarily on finding an optimal policy for an MDP, in the tabular
case, and it has demonstrated good empirical performance of Retrace and Tree-Backup
for that purpose. Despite this, its results are not adequate yet to establish asymptotic
optimality of these algorithms in the online optimistic policy iteration setting (personal
communication with Munos), and it is still an open theoretical question whether online
TD algorithms can solve an MDP like the Q-learning algorithm (Watkins, 1989; Tsitsiklis,
1994), when positive λ (small or not) and rapidly changing target policies are involved.
We also mention that for policy evaluation, Munos et al. (2016, Section 3.1) have also
conceived the use of generalized Bellman operators, although they did not relate these
operators explicitly to history-dependent λ’s and did not study corresponding algorithms
in this general case.
et = λt γt ρt−1 et−1 + i(yt ) φ(St ).
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where 1 denotes the n-dimensional vector of all 1’s. As t → ∞, (P Γ)t converges to the zero
matrix under Condition 2.1(i). Therefore, lim inf t→∞ E[∆t ] = 0 and consequently, we must
a.s.
have ∆∞ = 0 a.s., i.e., ∆t → 0.
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Now consider x = (s, y , e) for an arbitrary e ∈ <n . Generate iterates {êt } and {et }
s
according to (2.2), using the same trajectory {(St , yt )} with (S0 , y0 ) = (s, ys ), but with
a.s.
ê0 = ê and e0 = e. By Lemma 2.1, êt − et → 0. Therefore, except on a null set of sample

Since the finite-state Markov chain {(St , yt )} has a single recurrent class (Condition 2.2)
and its evolution is not affected by {et }, the marginal of ζ on S × M coincides with the
unique invariant probability distribution of {(St , yt )}. So the fact that ζ(D) = 1 and (s, ys )
is a recurrent state of {(St , yt )} implies that there exists some ê with (s, ys , ê) ∈ D. For
the initial condition x̂ = (s, ys , ê), by the result of (Meyn, 1989) mentioned earlier, {µx̂,t }
converges weakly to µx̂ , almost surely.

To this end, we first consider an arbitrary pair (s, ys ) in the recurrent class of {(St , yt )}
(cf. Condition 2.2). Let us show that for all initial conditions x ∈ {(s, ys , e) | e ∈ <n },
{µx,t } converges weakly to the same invariant probability measure, almost surely.

Proof of Theorem 2.1 As we discussed before Lemma 2.1, under Conditions 2.3,
{(St , yt , et )} is weak Feller and has at least one invariant probability measure ζ. Then,
by (Meyn, 1989, Prop. 4.1), there exists a set D ⊂ S × M × <n with ζ-measure 1 such
that for each initial condition x = (s, y, e) ∈ D, the occupation probability measures {µx,t }
converge weakly, Px -a.s., to an invariant probability measure µx that depends only on the
initial condition x. To prove the theorem using this result, we need to show that (i) all
these {µx | x ∈ D} are the same invariant probability measure, and (ii) for all x 6∈ D, {µx,t }
has the same weak convergence property.

After the proof we will first comment in Remark 2.1 on the differences between our
proof and that of a similar result in the previous work (Yu, 2012). We will then comment
in Remark 2.2 about the technical roles of Condition 2.3 (which concerns the choice of the
function λ(·)) and whether some part of that condition can be relaxed.

In the rest of this section we prove Theorem 2.1. Broadly speaking, the line of argument
is as follows: We first prove the weak convergence of occupation probability measures to
the same invariant probability measure, for each initial condition. This will in turn imply
the uniqueness of the invariant probability measure.

Corollary 2.1 Let Conditions 2.1-2.3 hold. Then for each
initial condition of (S0 , y0 , e0 ),
Pt−1
ek δk (v) = 0, tends asympalmost surely, the sequence of linear equations in v, 1t k=0
totically to Eζ [ e0 δ0 (v)] = 0 (also a linear equation in v), in the sense that the random
coefficients in the former equations converge to the corresponding coefficients in the latter
equation as t → ∞.

we see that for fixed v, every ek δk (v) can be expressed as f (Sk , Sk+1 , ek ) for a continuous function f . Since the traces and hence the entire process lie in a bounded set under Condition 2.3(ii), the weak convergence of the occupation probabilities measures of
{(St , St+1 , yt , et )} shown by Theorem 2.1 implies that this sequence of equations has an
asymptotic limit that can be expressed in terms of the stationary state-trace process as
follows.

1
t

We use Lemma 2.1 and ergodicity properties of weak Feller Markov chains (Meyn, 1989)
to prove the ergodicity theorem below. A direct application to LSTD will be discussed
immediately after the theorem, before we give its proof.
To state the result, we need some terminology and notation. For {(St , yt , et )} starting
from the initial condition x = (s, y, e), we write Px for its probability distribution, and we
write “Px -a.s.” for “almost surely with respect to Px .” The occupation probability measures
are denoted by {µx,t }, and they are random probability measures on S × M × <n given by

Pt−1
∀ Borel sets D ⊂ S × M × <n ,
k=0 1 (Sk , yk , ek ) ∈ D

µx,t (D) :=

where 1(·) is the indicator function. We are interested in the asymptotic convergence of
these occupation probability measures in the sense of weak convergence:
R for probability
R
measures {µt } and µ on a metric space, {µt } converges weakly to µ if f dµt → f dµ as
t → ∞, for every bounded continuous function f .
We shall also consider the Markov chain {(St , St+1 , yt , et )}, whose occupation probability
measures are defined likewise. This Markov chain is essentially the same as {(St , yt , et )},
but it is more convenient for applying our ergodicity result to TD algorithms because
the temporal-difference term δt (v) involves (St , St+1 , et ). Regarding invariant probability
measures of the two Markov chains, obviously, if ζ is an invariant probability measure of
{(St , yt , et )}, then an invariable probability measure of {(St , St+1 , yt , et )} is the probability
measure ζ1 composed from the marginal ζ and the conditional distribution of S1 given
(S0 , y0 , e0 ) specified by P o ; i.e.,


RP
o
0
2
∀
Borel
sets
D
⊂
S
×
M
×
<n .
ζ1 (D) =
s0 ∈S Pss0 1 (s, s , y, e) ∈ D ζ d(s, y, e)
(2.13)
R
(In the above, we used
 the notation f (x) ζ(dx) to write the integral of f w.r.t. ζ, and the
notation ζ d(s, y, e) is the same as ζ(dx) with x = (s, y, e).)

Theorem 2.1 Let Conditions 2.1-2.3 hold. Then {(St , yt , et )} is a weak Feller Markov
chain and has a unique invariant probability measure ζ. For each initial condition x :=
(s, y, e) of (S0 , y0 , e0 ), the occupation probability measures {µx,t } converge weakly to ζ, Px a.s.
Likewise, the same holds for {(St , St+1 , yt , et )}, whose unique invariant probability measure is as given in (2.13).
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If the initial distribution of (S0 , y0 , e0 ) is ζ, the state-trace process {(St , yt , et )} is stationary. Let Eζ denote expectation w.r.t. this stationary process. We now state a corollary
of the above theorem for LSTD, before we proveP
the theorem.
Consider the sequence of equations in v, 1t t−1
k=0 ek δk (v) = 0, appeared in (2.4) for
LSTD. From the definition (2.3) of δt (v),

δt (v) = ρt Rt + γt+1 v(St+1 ) − v(St ) ,
11

13
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6. Here we are using the same (Sk , yk ), k ≤ t in the occupation probability measures µx̂,t and µx,t . This is
valid because the et ’s do not affect the evolution of {(St , yt )} and are functions of these states and the
given initial e0 . If we call the µx,t here µ̃x,t instead and define µx,t using another independent copy of
{(St , yt )}, then since the two sequences of occupation probability measures will have the same probability
distribution, {µx,t } will have the same weak convergence property as {µ̃x,t }.

t→∞

This proves that {µx,t } converges weakly to µ almost surely, for each initial condition x.
It now follows that µ must be the unique invariant probability measure of {(St , yt , et )}.
To see this, suppose ζ is another invariant
probability measure.
For any bounded continuous
R
P
function f , by stationarity, Eζ [ 1t t−1
f dζ for all t ≥ 1. On the other
k=0 f (Sk , yk , ek )] =
hand, the preceding proof has established that for all initial conditions x,
R
R
1 Pt−1
f dµx,t → f dµ, Px -a.s.,
k=0 f (Sk , yk , ek ) =
t
P
which
implies that if ζ is the initial distribution of (S0 , y0 , e0 ), then 1t t−1
k=0 f (Sk , yk , ek ) →
R
f dµ, Pζ -a.s. We thus have
h P
i
h P
i
R
f dζ = Eζ 1t t−1
lim Eζ 1t t−1
k=0 f (Sk , yk , ek ) = t→∞
k=0 f (Sk , yk , ek )
h
i R
P
= Eζ lim 1t t−1
f dµ,
k=0 f (Sk , yk , ek ) =

m→∞

Denote a ∧ b = min{a, b}. Using (2.15) and the fact τ < ∞ a.s., we have that Px̄ -almost
surely,
 P

P
P
t∧(τ −1)
f (Sk , yk , ek ) = lim 1t k=0
f (Sk , yk , ek )
lim 1t t−1
f (Sk , yk , ek ) + 1t t−1
k=0
k=τ
t→∞
t→∞
Pt−τ −1
= lim 1t k=0
f (Sτ +k , yτ +k , eτ +k )
t→∞
R
P
m−1
1
= lim m
f dµ.
k=0 f (S̃k , ỹk , ẽk ) =

m→∞

where
theR third equality follows from the bounded convergence theorem. This shows
R
f dζ = f dµ for all bounded continuous functions f , and hence ζ = µ by (Dudley,
2002, Prop. 11.3.2), proving the uniqueness of the invariant probability measure.
The conclusions for the Markov chain {(St , St+1 , yt , et )} follow from the same arguments
given above, if we replace St with (St , St+1 ) and replace the set S with the set of possible
state transitions. (We could have proved the assertions for {(St , St+1 , yt , et )} first and then
deduced as their implications the assertions for {(St , yt , et )}. We treated the latter first, as
it makes the notation in the proof simpler.)

paths, it holds for all bounded Lipschitz continuous functions f on S × M × <n that6
R
R
P
1 Pt−1
f dµx̂,t − f dµx,t = 1t t−1
(2.14)
k=0 f (Sk , yk , êk ) − t
k=0 f (Sk , yk , ek ) → 0.
R
RBy the a.s. weak convergence of µx̂,t to µx̂ proved earlier, except on a null set, f dµx̂,t →
R f dµx̂ for all
R such functions f . Combining this with (2.14) yields that almost surely,
f dµx,t → f dµx̂ for all such f . By (Dudley, 2002, Theorem 11.3.3), this implies that
almost surely, µx,t → µx̂ weakly.
Thus we have proved that for all initial conditions x = (s, ys , e), e ∈ <n , {µx,t } converges
weakly, almost surely, to the same invariant probability measure µx̂ . Denote µ = µx̂ . Let
us now show that for any initial condition x, {µx,t } also converges to µ, Px -a.s.
Consider {(St , yt , et )} with an arbitrary initial condition x̄ = (s̄, ȳ, ē). Let τ = min{t |
(St , yt ) = (s, ys )} (the pair (s, ys ) is as in the proof above). Note that τ < ∞ a.s., because
(s, ys ) is a recurrent state of {(St , yt )}. Define (S̃k , ỹk ) = (Sτ +k , yτ +k ), ẽk = eτ +k for k ≥ 0.
By the strong Markov property (see e.g. Nummelin, 1984, Theorem 3.3), {(S̃k , ỹk )}k≥0
has the same probability distribution as the Markov chain {(St , yt )} that starts from
(S0 , y0 ) = (s, ys ). Therefore, by the preceding proof, Px̄ -almost surely, for all bounded
continuous functions f on S × M × <n ,
R
1 Pm−1
lim m
f dµ.
(2.15)
k=0 f (S̃k , ỹk , ẽk ) =

14
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Remark 2.2 (About the conditions on the function λ(·)) Our proof of Theorem 2.1
relied on Lemma 2.1 and the two properties discussed preceding that lemma, namely, that
{(St , yt , et )} is a weak Feller Markov chain and has at least one invariant probability measure. As long as these hold when we weaken or change the conditions on the function λ(·),
the proof and the conclusions of the theorem will remain applicable.
We introduced Condition 2.3(ii) to bound the traces for algorithmic concerns. For the
ergodicity of the state-trace process, Condition 2.3(ii) is unimportant—in fact, it can be
removed from the conditions of Theorem 2.1. The reason is that we used this condition
before Lemma 2.1 to quickly infer that {(St , yt , et )} has at least one invariant probability
measure, but this is still true without Condition 2.3(ii), in view of (Meyn and Tweedie, 2009,
Theorem 12.1.2(ii)) and the fact that under Condition 2.1(i), {et } is bounded in probability
(the proof of this fact is straightforward and similar to the proof of (Yu, 2012, Lemma 3.1)
or (Yu, 2015, Prop. A.1)).
Condition 2.3(i) is actually two conditions combined into one. The first is the continuity
of λ(y, e)e in e for each y, which was used to ensure that the state-trace process is a weak

Remark 2.1 (About the proof ) Theorem 2.1 is similar to (Yu, 2012, Theorem 3.2) for
off-policy LSTD with constant λ (the analysis given in (Yu, 2012) also applies to statedependent λ). Some of the techniques used to prove the two theorems are also similar.
The main difference to (Yu, 2012) is that in the proof here we used an argument based
on the strong Markov property to extend the weak convergence property of {µx,t } for a
subset of initial conditions x ∈ {(s, ys , e) | e ∈ <n } to all initial conditions, whereas in
(Yu, 2012) this step was proved using a result on the convergence-in-mean of LSTD iterates
established first. The latter approach would not work here due to the dependence of λt on
the history. Indeed, due to this dependence, the proof of the convergence-in-mean of LSTD
given in (Yu, 2012) does not carry over to our case, even though that convergence does hold
as a consequence of Theorem 2.1, in view of the boundedness of traces by construction.
Compared with the proof of the ergodicity result in (Yu, 2012), the proof we gave here is
more direct and therefore better.
Regarding possible alternative proofs of Theorem 2.1, let us also mention that if we
prove first the uniqueness of the invariant probability measure, then, since {(St , yt , et )}t≥1
lie in a bounded set, the weak convergence of occupation probability measures will follow
immediately from (Meyn, 1989, Prop. 4.2). However, because the evolution of the λt ’s depends on both states and traces, it does not seem easy to us to prove directly the uniqueness
part first.
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Feller Markov chain. To be more general, instead of letting the evolutions of the traces
and memory states be governed by the functions λ and g, one may consider letting them
be governed by stochastic kernels. Then by placing a suitable continuity condition on the
stochastic kernel λ, one can ensure that the state-trace process has the desired weak Feller
Markov property.
The second condition packed into Condition 2.3(i) is that for each y, λ(y, e)e is a Lipschitz continuous function of e with modulus 1. This condition is somewhat restrictive, and
one may consider instead allowing the function to have Lipschitz modulus greater than 1.
However, additional conditions are then needed to ensure that Lemma 2.1 holds. (If this
lemma does not hold, then the state-trace process may not be ergodic and one will need a
different approach than the one we took to characterize the sample path properties of the
state-trace process.)
From an algorithmic perspective, if it is desirable to choose even larger λt ’s or to have
greater flexibility in choosing these λ-parameters, some of the generalizations just mentioned
can be considered. For example, Condition 2.3(ii) can be replaced and stochastic kernels
can be introduced to allow for occasionally large traces et , so that instead of having the
traces bounded, one only make their variances bounded in a desired range.

3. Generalized Bellman Equations
In this section, we continue the analysis started in Section 2.3. Recall that Corollary 2.1
established that the asymptotic limit of the linear equations (2.4) for LSTD is the linear
equation (in v):
Eζ [ e0 δ0 (v)] = 0.

i=k

Qm

ρi ,

λkm =

i=k

Qm

λi ,

γkm =

i=k

Qm

γi .

(3.1)

Our goal now is to relate this equation to a generalized Bellman equation for the target
policy π. This will then allow us to interpret solutions of (2.4) computed by LSTD as
solutions of approximate versions of that generalized Bellman equation.
To this end, we will first give a general description of randomized stopping times and
associated Bellman operators (Section 3.1). We will then use these notions to derive the
particular Bellman operators that correspond to our choices of the λ-parameters and appear
in the linear equations for LSTD (Section 3.2). We will also discuss a composite scheme of
choosing the λ-parameters as a direct application and extension of our results.
To simplify notation in subsequent derivations, we shall use the following shorthand
notation: For k ≤ m, denote Skm = (Sk , Sk+1 , . . . Sm ),
ρkm =

Also, we shall treat ρkm = λkm = γkm = 1 if k > m.

3.1 Randomized Stopping Times and Associated Bellman Operators



t
t=0 γ1 rπ (St )

 P∞

(by definition)
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Consider the Markov chain {St } induced by the target policy π. Let Condition 2.1(i) hold.
Recall that for the value function vπ , we have that for each state s ∈ S,
vπ (s) = Esπ

15

and
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vπ (s) = rπ (s) + Esπ [γ1 vπ (S1 )].

The second equation is the standard one-step Bellman equation.
To write generalized Bellman equations for π, we shall make use of randomized stopping
times for {St }, a notion that generalizes naturally stopping times for {St } in that whether to
stop at time t depends not only on the past states S0t but also on certain random outcomes.
A simple example is to toss a coin at each time and stop as soon as the coin lands on heads,
regardless of the history S0t . (The corresponding Bellman equation is the one associated
with TD(λ) for a constant λ; cf. Example 3.1.) Of interest here is the general case where
the stopping decision does depend on the entire history.
To define a randomized stopping time formally, first, the probability space of {St } is
enlarged to take into account whatever randomization scheme that is used to make the
stopping decision. (The enlargement will be problem-dependent, as the next subsection
will demonstrate.) Then, on the enlarged space, a randomized stopping time τ for {St } is
a stopping time7 relative to some increasing sequence of σ-algebras F0 ⊂ F1 ⊂ · · · , where
the sequence {Ft } is such that

(i) for all t ≥ 0, Ft ⊃ σ(S0t ) (the σ-algebra generated by S0t ), and

(ii) relative to {Ft }, {St } remains to be a Markov chain with transition probability P ,
i.e., for all s ∈ S, Prob(St+1 = s | Ft ) = PSt s .

See (Nummelin, 1984, Chap. 3.3); in particular, see Prop. 3.6 in p. 31-32 therein for several
equivalent definitions of randomized stopping times.
Note that if Ft = σ(S0t ) for all t, then the history of states S0t fully determines whether
τ ≤ t and τ reduces to a stopping time for the Markov chain {St }. The properties (i)-(ii)
in the above definition encapsulate our earlier intuitive discussion about making stopping
decisions, namely, stopping decisions are made based on the history S0t and additional
random outcomes that do not affect the evolution of the Markov chain.
Like stopping times, the strong Markov property also holds for randomized stopping
times for a Markov chain. This is an important basic property. It says that in the event
τ < ∞, conditioned on the σ-algebra Fτ associated with the stopping time τ relative to {Ft }
(which is the σ-algebra generated by the events that “happen before τ ”), the conditional
distribution of (Sτ , Sτ +1 , . . .) is the same as the probability distribution of a Markov chain
(S0 , S1 , . . .) with initial state S0 = Sτ (Nummelin, 1984, Theorem 3.3).
The above abstract definition of a randomized stopping time allows us to write Bellman
equations in general forms without worrying about the details of the enlarged space, which
are not important at this point. For notational simplicity, when there is no confusion, we
shall still write Pπ for the probability measure on the enlarged probability space and use Eπ
and Esπ to denote the expectation and conditional expectation given S0 = s, respectively,
w.r.t. Pπ .
If τ is a randomized stopping time for {St }, the strong Markov property (Nummelin,
1984, Theorem 3.3) allows us to express vπ in terms of vπ (Sτ ) and the total discounted
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7. A random time τ is called a stopping time relative to a sequence {Ft } of increasing σ-algebras if the
event {τ = t} ∈ Ft for every t.

16

vπ (s) = Eπs
t=τ

P∞
γ1τ · γτt +1 rπ (St )

i
(3.2)

qt+ (S0t ) = Pπ (τ > t | S0t ),



<N

qt (S0t ) = Pπ (τ = t | S0t ).
<N

(3.4)

(3.3)

17

where in the last equality we also used the fact γ1∞ = 0 a.s. This gives (3.2).
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8. We explain the derivations
P in tthis footnote. In the case τ = 0, R = 0. In the case ττ = ∞, by
Condition 2.1(i), R∞ = Q∞
t=0 γ1 rπ (St ) is almost surely well-defined, while the second term γ1 vπ (Sτ ) in
∞
(3.2) is 0 because γ1 := ∞
k=1 γk = 0 a.s., under Condition 2.1(i). Equation (3.2) is derived as follows:
By the strong Markov property (Nummelin, 1984, Theorem 3.3), on {τ < ∞},
P∞ τ t

P∞ t

τ
π
τ
Eπ
t=τ γ1 · γτ +1 rπ (St ) | Fτ = γ1 · ESτ
t=0 γ1 rπ (St ) = γ1 vπ (Sτ ).




P∞ τ t
P∞ τ t
π
Then, since the term Eπs
t=τ γ1 · γτ +1 rπ (St ) = Es 1(τ < ∞) ·
t=τ γ1 · γτ +1 rπ (St ) , we use the
property of the conditional expectation given Fτ and the fact Fτ ⊃ σ(S0 ) to rewrite this term as

 P∞ τ t

Eπs 1(τ < ∞) · Eπ
= Eπs [ 1(τ < ∞) · γ1τ vπ (Sτ )] = Eπs [γ1τ vπ (Sτ )],
t=τ γ1 · γτ +1 rπ (St ) | Fτ

0

Theorem 3.1 Let Condition 2.1(i) hold, and let the randomized stopping time τ be such
that Pπ (τ ≥ 1 | S0 = s) > 0 for all states s ∈ S. Then vπ is the unique fixed point of the
generalized Bellman operator T associated with τ , and T is a contraction w.r.t. a weighted
sup-norm on <N .

Depending on the context, one expression can be more convenient to use than the other.
For example, the first expression is convenient for defining T through the associated τ and
for deducing the contraction property of T , whereas expressions like the second will be of
interest when we want to know more explicitly the particular T for our TD learning scheme
and its dependence on the λ-parameters.
In common with one-step Bellman operator, the generalized Bellman operator T is affine
and involves a substochastic matrix. If τ ≥ 1 a.s., then the value function vπ is the unique
fixed point of T , i.e., the unique solution of v = T v, and T is a sup-norm contraction. In
fact, this can be shown for slightly more general τ :

The r.h.s. of (3.2) or (3.3) defines a generalized Bellman operator T :
→
associated
with τ , which has several equivalent expressions; e.g.,
hP 
i


∞
+
t
t
t
t
(T v)(s) = Eπs Rτ + γ1τ v(Sτ ) = Eπs
t=0 qt (S0 ) · γ1 rπ (St ) + qt (S0 ) · γ1 v(St ) , s ∈ S.

where

∞
t=0

i
1(τ > t) · γ1t rπ (St ) + 1(τ = t) · γ1t vπ (St ) ,
hP 
i
∞
+
t
t
t
t
= Eπs
,
t=0 qt (S0 ) · γ1 rπ (St ) + qt (S0 ) · γ1 vπ (St )

vπ (s) = Eπs

hP

where Rτ = t=0 γ1t rπ (St ) for τ ∈ {0, 1, 2, . . .} ∪ {+∞}.8 We can also write the Bellman
equation (3.2) in terms of {St } only, by taking expectation over τ :

Pτ −1

hP

τ −1 t
t=0 γ1 rπ (St ) +


π
τ
= Es R + γ1τ vπ (Sτ ) ,

rewards Rτ prior to stopping:

Generalized Bellman Equations and TD Learning

and Pπ (τ = t | τ > t − 1, S0t ) = 1 − λ,

∀ t ≥ 1.

λt = λ(yt , et−1 ),

et = λt γt ρt−1 et−1 + φ(St ),

t ≥ 1.

18
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To make the dependence on the initial distribution ζ explicit, we write Pπζ for the probability
measure of this process.

• At time t ≥ 1, we stop the system with probability 1 − λt if it has not yet been
stopped. Let τ be the time when the system stops (τ = ∞ if the system never stops).

• Let the initial (S0 , y0 , e0 ) be distributed according to ζ, the unique invariant probability measure in Theorem 2.1 for the state-trace process induced by the behavior
policy.

yt = g(yt−1 , St ),

• Let yt , λt , et , t ≥ 1, evolve according to (2.5) and (2.2):

With the terminology of randomized stopping times, we are now ready to write down the
generalized Bellman equation associated with the TD learning scheme proposed in Section 2.2. It corresponds to a particular randomized stopping time. We shall first describe
this random time, from which a generalized Bellman equation follows as seen in the preceding subsection. That this is indeed the Bellman equation for our TD learning scheme will
then be proved.
Consider the Markov chain {St } under the target policy π. We define a randomized
stopping time τ for {St }:

3.2 Bellman Equation for the Proposed TD Learning Scheme

In particular, we always stop at t = 1 if λ = 0, and we never stop if λ = 1. Similarly, for
state-dependent λ where λt = λ(St ), a function of the current state, the preceding stopping
probability is replaced by 1 − λ(St ): Pπ (τ = t | τ > t − 1, S0t ) = 1 − λ(St ) for t ≥ 1. In these
cases, by taking expectations over τ , the corresponding Bellman operators can be expressed
solely in terms of λ and the model parameters for the target policy.

τ ≥1

Example 3.1 (TD with constant or state-dependent λ) Depending on the choice of
λ, TD(λ) algorithms are associated with different randomized stopping times τ . In the case
of constant λ, starting from time 1, we stop the system with probability 1 − λ if it has not
stopped yet; i.e.,

We prove this theorem in Appendix A. The proof amounts to showing that if a state
process evolves according to the substochastic matrix P̃ involved in the affine operator T ,
then all the states in S are transient (equivalently, the spectral radius of P̃ is less than 1
and I − P̃ is invertible (Puterman, 1994, Appendix A.4)). From this the conclusions of the
theorem follow as a basic fact from nonnegative matrix theory (Seneta, 2006, Theorem 1.1),
and one specific choice of the weights of the sup-norm in the theorem is simply the expected
time for the process to leave S from each initial state (see e.g., the proof of (Bertsekas and
Tsitsiklis, 1996, Prop. 2.2)).
For TD algorithms that do not use history-dependent λ, the random times τ and the
corresponding Bellman operators T have simple descriptions:
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Z

Z

ht (y, e, S0t ) ζ d(y, e) | S0 ,


ht+ (y, e, S0t ) ζ d(y, e) | S0 ,

Pζπ (τ = t | S0t , y0 , e0 ) = λ1t−1 (1 − λt ) =: ht (y0 , e0 , S0t ),

Pζπ (τ > t | S0t , y0 , e0 ) = λ1t =: ht+ (y0 , e0 , S0t ),

(3.8)

(3.7)

(3.6)

(3.5)

Qt
λk are functions of the initial (y0 , e0 ) and
Note that by definition λt and λ1t = k=1
states S0t . From how the random time τ is defined, we have for all t ≥ 1,

and hence
qt+ (S0t ) := Pζπ (τ > t | S0t ) =
qt (S0t ) := Pζπ (τ = t | S0t ) =
where ζ(d(y, e) | s) is the conditional distribution of (y0 , e0 ) given S0 = s, w.r.t. the initial
distribution ζ. As before, we can write the generalized Bellman operator T associated
with τ in several equivalent forms. Let Eζπ denote expectation under Pζπ . Similarly to the
derivation of (3.3), we can rewrite (3.2) in this case by taking expectation over τ conditioned
on (S0t , y0 , e0 ) to derive that for all v : S → <, s ∈ S,
i
hP
P∞ t−1
∞
t
t t
(3.9)
t=1 λ1 (1 − λt )γ1 v(St ) | S0 = s .
t=0 λ1 γ1 rπ (St ) +
(T v)(s) = Eζπ

Or express T in the form of (3.3) by further integrating over (y0 , e0 ) and using (3.7)-(3.8):
hP 

i
∞
+
t
t
t
t
S0 = s ,
(3.10)
t=0 qt (S0 ) · γ1 rπ (St ) + qt (S0 ) · γ1 v(St )
(T v)(s) = Eζπ

for all v : S → <, s ∈ S, where in the case t = 0, q0+ (S0 ) = 1 and q0 (S0 ) = 0 since τ > 0 by
construction.
It will be useful later to express T V − V in terms of temporal differences. From (3.9),
by writing λ1t−1 (1 − λt )γ1t v(St ) = λ1t−1 γ1t v(St ) − λ1t γ1t v(St ) and rearranging terms, we have
for all v : S → <, s ∈ S,

∞
t t
t=0 λ1 γ1

hP

i
hP
P
P
∞
(T v)(s) − v(s) = Eπ
λt γ t rπ (St ) + ∞ λt γ t+1 v(St+1 ) − ∞ λt γ t v(St ) | S0 = s
1
1
1
1
1
1
t=0
t=0
t=0
ζ


i
· rπ (St ) + γt+1 v(St+1 ) − v(St ) S0 = s .
(3.11)

= Eζπ

In a similar way, from (3.10), we can write9
hP


i
∞
+
t
t
S0 = s .
t=0 qt (S0 ) · γ1 · rπ (St ) + γt+1 v(St+1 ) − v(St )
(T v)(s) − v(s) = Eζπ

Remark 3.1 Comparing the two expressions (3.9) and (3.10) of T , we remark that the
expression (3.9) reflects the role of the λt ’s in determining the stopping time, whereas the
expression (3.10), which has eliminated the auxiliary variables yt and et , shows more clearly
the dependence of the stopping time on the entire history S0t . It can also be seen, from the
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9. Since τ is a randomized stopping time for the Markov chain {St }, we have Pζπ (τ > t | S0t+1 ) = Pζπ (τ >
t | S0t ), so Pζπ (τ > t | S0t ) − Pζπ (τ = t + 1 | S0t+1 ) = Pζπ (τ > t + 1 | S0t+1 ), i.e., qt+ (S0t ) − qt+1 (S0t+1 ) =
+
+
qt+1
(S0t+1 ). Thus we can write the term qt (S0t ) in (3.10) for t ≥ 1 as qt−1
(S0t−1 ) − qt+ (S0t ), and the
expression for (T v − v)(s) then follows by rearranging terms.
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initial distribution ζ, the dependence of λt on the traces and the dependence of the traces
on the function ρ(·) (which describes importance sampling ratios), that both the behavior
policy and the choice of the feature representation assert a significant role in determining
the Bellman operator T for the target policy. This is in contrast with off-policy TD learning
that uses a constant λ, where the behavior policy and the approximation subspace affect
only how one approximates the Bellman equation underlying TD, not the Bellman equation
itself, which is solely determined by λ (cf. Example 3.1).
Furthermore, note that as the invariant distribution of the state-trace process, ζ is
associated with the dynamic behavior of the states and traces under the behavior policy.
Generally, there is no explicit expression of ζ in terms of P o and the parameters in the
λ function. As a result, in general we cannot express the operator T in terms of these
parameters in the learning scheme. This is different from the case of TD(λ) where λ is a
function of the present state only.

v ∈ Lφ

We now proceed to show how the Bellman equation v = T v given above relates to the
off-policy TD learning scheme in Section 2.2. Some notation is needed. Denote by ζS the
invariant probability measure of the Markov chain {St } induced by the behavior policy; note
that it coincides
P with the marginal of ζ on S. For two functions v1 , v2 on S, we write
v1 ⊥ζS v2 if s∈S ζS (s) v1 (s) v2 (s) = 0. If L is a linear subspace of functions on S and
v ⊥ζS v 0 for all v 0 ∈ L, we write v ⊥ζS L. Recall that φ is a function that maps each
state s to an n-dimensional feature vector. Denote by Lφ the subspace spanned by the n
component functions of φ, which is the space of approximate value functions for our TD
learning scheme. Recall also that Eζ denotes expectation w.r.t. the stationary state-trace
process {(St , yt , et )} under the behavior policy (cf. Theorem 2.1).


Theorem 3.2 Let Conditions 2.1-2.3 hold. Then as a linear equation in v, Eζ e0 δ0 (v) = 0
is equivalently T v − v ⊥ζS Lφ , where T is the generalized Bellman operator for π given in
(3.9) or (3.10).
Remark 3.2 (On LSTD) Note that

T v − v ⊥ζS Lφ ,

is a projected version of the generalized Bellman equation T v − v = 0 (projecting the lefthand side onto the approximation subspace Lφ w.r.t. the ζS -weighted Euclidean norm).
Theorem 3.2 and Corollary 2.1 together show that this is what LSTD solves in the limit.
Note also that although the generalized Bellman operator T is a contraction (Theorem 3.1), the composition of projection with T is in general not a contraction (cf. Example B.1 in Appendix B). Thus we cannot use contraction-based arguments to analyze
approximation properties. For that purpose, we use the oblique projection viewpoint of
Scherrer (2010). Specifically, if the preceding projected Bellman equation admits a unique
solution v̄, then v̄ can be viewed as an oblique projection of vπ (Scherrer, 2010) and the
approximation error v̄ − vπ can be characterized as in (Yu and Bertsekas, 2010) by using
the oblique projection viewpoint. The details of these are given in Appendix B.
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Remark 3.3 (On gradient-based TD) While Theorem 3.2 is about the LSTD algorithm, it also helps prepare the ground for analyzing gradient-based algorithms similar to
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(i)

(i)

(i)



1 ≤ i ≤ m,
(3.12)

(i)
i=1 et ,

Pm

(i)
k=0 ek δk (v)

Pt−1

21

Corollary 3.1 Let Condition 2.1 hold. Consider the composite scheme of setting λ discussed above, and let Conditions 2.2-2.3 hold for each of the m schemes involved. Let LSTD
calculate traces according to (3.12) and (3.14). Then the limiting linear equation (in v) as (i)

P
sociated with LSTD, m
i=1 Eζ (i) e0 δ0 (v) = 0, is equivalently T v − v ⊥ζS Lφ , where T is
the generalized Bellman operator for π given by (3.13) and has the same fixed point and
contraction properties as stated in Theorem 3.1.

22
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3.3 Proofs of Theorem 3.2 and Corollary 3.1

JMLR 19(48):1-49, 2018

1
i=1 t

Pm

We divide the proof of Theorem 3.2 into two steps. The first step deals with an expression
for the trace vector, given in the following lemma. It is more subtle than the other step in
the proof, which involves mostly calculations.
We start by extending the stationary state-trace process {(St , yt , et )}t≥0 to t = −1,
−2, . . ., and work with a double-ended stationary process {(St , yt , et )}−∞<t<∞ (by Kolmogorov’s existence theorem (Dudley, 2002, Theorem 12.1.2), such a process exists). Note
that as before this is a Markov chain whose transition probability is defined by the behavior policy π o together with the update rules (2.2) and (2.5) for et , yt and λt , and the
marginal distribution of each (St , yt , et ) is ζ. We keep using the notation Pζ and Eζ for this
double-ended stationary Markov chain.

Pt−1

(3.14)

Note that
= 0. By Corollary 2.1,
k=0 ek δk (v) = 0 is the same as
as a linear equation in v, it tends asymptotically (as t → ∞) to the linear equation
 (i)

Pm
i=1 Eζ (i) e0 δ0 (v) = 0.

1
t

and uses the traces to form the linear equation as before,
1 Pt−1
v = Φθ.
k=0 ek δk (v) = 0,
t

et =

Consider an LSTD algorithm that defines the trace et to be the sum of the m trace vectors,

where λt = λ(i) yt , et−1 . We then have m ergodic state-trace processes that share the

(i) (i) 
same state variables, St , yt , et
, i = 1, 2, . . . , m. Each process has a unique invariant
probability measure ζ (i) (Theorem 2.1) and an associated randomized stopping time τ (i) and
generalized Bellman operator T (i) , as discussed in this subsection. Define now an operator
T by concatenating the component mappings of T (i) for Si as follows: for all v ∈ <N and
s ∈ S,
(T v)(s) := (T (i) v)(s) if s ∈ Si .
(3.13)

(i)

(i)

et = λt γt ρt−1 et−1 + φ(St ) 1(St ∈ Si ),

(i)

In the rest of this subsection, we give a corollary to Theorem 3.2, deferring the proofs
of both the theorem and the corollary to the next subsection. The corollary concerns
a composite scheme of setting λ, which is slightly more general than what Section 2.2
described. It results in a Bellman operator that is a composition of the components of
other Bellman operators, and it can be useful in practice for variance control. Let us
describe the scheme first, before explaining our motivation for it.
Partition the state space into m nonempty disjoint sets: S = ∪m
i=1 Si . Associate each set
Si with a possibly different scheme of setting λ that is of the type described in Section 2.2,
(i)
and denote its memory states by yt and λ-function by λ(i) (·, ·). Keep m trace vectors
(1)
(m)
et , . . . , et , one for each set, and update them according to

The use of composite schemes will be demonstrated by experiments in Section 4.2.2.
Here let us explain informally our motivation for such schemes.

those discussed in (Maei, 2011; Mahadevan et al., 2014). Like LSTD, these algorithms aim
to solve the same projected generalized Bellman equation as characterized by Theorem 3.2
(cf. Remark 3.2). Their average dynamics, which is important for analyzing their convergence using the mean ODE approach from stochastic approximation theory (Kushner and
Yin, 2003), can be studied based on the ergodicity result of Theorem 2.1, in essentially the
same way as we did in Section 2.3 for the LSTD algorithm. For details of the convergence
analysis of these gradient-based TD algorithms, see the recent work (Yu, 2017).

Remark 3.4 (About composite schemes of setting λ) Our motivation for using the
composite schemes is revealed by the equation (3.13). Typically each T (i) is designed to
be simple to implement in TD learning. For example, if we ignore for now the bounding
of traces introduced in Section 2.2 and just consider TD(λ) with constant λ, T (i) can be
the Bellman operator T (λ) for TD(λ) with some constant λ. A simple, extreme example
is to partition the state space into two sets, and associate one with T (λ) , λ = 1, and the
other with T (λ) , λ = 0. Using the combination (3.13) of the two operators in TD then
means that for the first set of states whose λ = 1, we want to estimate their values by
using the information about the total rewards received when starting from those states,
whereas for the second set of states whose λ = 0, we only use the information about their
one-stage rewards and how these states relate to the “neighboring” states in the transition
graph. While this way of using different kinds of information for different states is natural
and useful for TD-based policy evaluation, it cannot be realized by keeping a single trace
sequence as before and only letting λt evolve with states or histories. Indeed, in that case,
as discussed in Section 2.2.2, interleaving large and small λt ’s would make the algorithm
behave effectively like TD with small λ over the entire state space.
In the context of the more complex scheme of setting λ discussed in this paper, our
motivation and reasons for considering composite schemes are the same. Each T (i) can be
designed to be simple to implement, such as in the simple scaling example in Section 2.2.
The parameters in the ith scheme can be chosen so that they encourage the use of large λt ’s
throughout time or dictate the use of only small λt ’s. By combining component mappings
of T (i) through (3.13), composite schemes allow us to use cumulative rewards and transition
structures at different timescales for different states. This provides additional flexibility in
managing the bias-variance trade-off when estimating the value function (see Figure 9 and
Figure 11 in Section 4.2.2 for a demonstration).
Finally, we mention that for off-policy LSTD(λ) with constant λ, composite schemes
were proposed in (Yu and Bertsekas, 2012) and analyzed in (Yu, 2012, Proposition 4.5, Section 4.3). Our Corollary 3.1 extends that result. The convergence analysis of the gradientbased algorithms for the composite schemes is given in (Yu, 2017).
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< ∞. Indeed,

=

P∞ >
t
t=1 ζS (P Γ) 1

< ∞,

Recall
(3.1) introduced
at the beginning of Section 3: For k ≤ m,
Qm
Qnotation
Qmthe shorthand
m
γi , and in addition, λ10 = γ10 = ρ0−1 = 1 by
λi , γkm = i=k
ρi , λkm = i=k
ρkm = i=k
convention.
P∞ 0
0 ρ−1 φ(S ) is well-defined and finite, and
λ1−t γ1−t
Lemma 3.1 Pζ -almost surely, t=1
−t
−t
P∞ 0
−1
0
(3.15)
t=1 λ1−t γ1−t ρ−t φ(S−t ).
e0 = φ(S0 ) +

=

 0 −1 
P∞
t=1 Eζ γ1−t ρ−t

 P∞ 0 −1 
Eζ
t=1 γ1−t ρ−t

 P∞ 0 −1 
t=1 γ1−t ρ−t

Proof First, we show

Eζ

≤ maxs∈S kφ(s)k ·

 P∞ 0 −1 
Eζ
t=1 γ1−t ρ−t
< ∞.

(3.16)

where the first equality follows from the monotone convergence theorem, the second equality
from Condition 2.1(ii) and a direct
inequality follows from CondiP calculation, and the lastP
∞
∞
0 ρ−1 < ∞, P -a.s., so
tion 2.1(i) (since (I − P Γ)−1 = t=0
(P Γ)t ). This implies t=1
γ1−t
ζ
−t
0 ρ−1 → 0 as t → ∞, P -a.s. Since λ0
γ1−t
ζ
−t
1−t ≤ 1 for all t, it also implies that

 P∞ 0
−1
0
Eζ
t=1 λ1−t γ1−t ρ−t kφ(S−t )k

+

−1
0
0
λ1−m
γ1−m
ρ−m
e−m .

(3.17)

It then follows from a theorem on integration
1966, Theorem 1.38, p. 28-29) that
P∞ 0 (Rudin,
0 ρ−1 φ(S ) converges to a finite limit.
λ1−t γ1−t
Pζ -almost surely, the infinite series t=1
−t
−t
We now prove the expression for e0 . By unfolding the iteration (2.2) for et backwards
in time, we have for all m ≥ 1,
e0 = φ(S0 ) +

Pm−1 0
−1
0
t=1 λ1−t γ1−t ρ−t φ(S−t )

Let m → ∞ in the r.h.s. of (3.17). For the last term, the trace e−m lies in a bounded set
−1
0
0
by Condition 2.3(ii), λ1−m
≤ 1, and as we just showed, γ1−m
ρ−m
→ 0, Pζ -a.s. So the last
term converges
-a.s. Also as we just showed, the second term converges Pζ -almost
P∞ to0 zero0 Pζ−1
surely to t=1
λ1−t γ1−t ρ−t φ(S−t ). The expression (3.15) for e0 then follows.

t=0 Eζ

P∞

Proof of Theorem 3.2
λ10 = γ10 = ρ0−1 = 1, we write the expression of e0 given
P∞ Treating
−1
0
0
in Lemma
t=0 λ1−t γ1−t ρ−t φ(S−t ), Pζ -a.s. We use this expression to calculate
 3.1 as e0 =

first Eζ e0 · ρ0 f (S01 ) for an arbitrary function f on S × S. (Note that f is bounded and
measurable, since S is finite.) We have
h
i

 P
∞
0 γ 0 ρ−1 φ(S ) · ρ f (S 1 )
Eζ e0 · ρ0 f (S01 ) = t=0
Eζ λ1−t
−t
0
1−t −t
0
h
i
P
= ∞ Eζ λt γ t ρt−1 φ(S0 ) · ρt f (S t+1 )
t
1
1
0
t=0
h

i
φ(S0 ) · Eζ λ1t γ1t ρ0t f (Stt+1 ) | S0 , y0 , e0
(3.18)
=
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where we used the stationarity of the double-ended state-trace process to derive the second
equality, and we changed the order of expectation and summation in the first equality. This
change is justified by the dominated convergence theorem (cf. (3.16)), and so are similar
interchanges of expectation and summation that will appear in the rest of this proof.
To proceed with the calculation, we relate the expectations in the summation in (3.18)
to expectations w.r.t. the process with probability measure Pζπ introduced in Section 3.2
23
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(which we recall is induced by the target policy π and involves the randomized stopping time
τ ). Let Ẽζπ denote expectation w.r.t. the marginal of Pζπ on the space of {(St , yt , et )}t≥0 .
From the change of measure performed through ρ0t , we have




(3.19)
Eζ λ1t γ1t ρ0t f (Stt+1 ) | S0 , y0 , e0 = Ẽζπ λ1t γ1t f (Stt+1 ) | S0 , y0 , e0 , t ≥ 0.

Combining this with (3.18) and using the fact that ζ is the marginal distribution of (S0 , y0 , e0 )
in both processes, we obtain

 P∞ π h

i
Eζ e0 · ρ0 f (S01 ) = t=0
Ẽζ φ(S0 ) · Ẽζπ λ1t γ1t f (Stt+1 ) | S0 , y0 , e0
h
i
P∞ π  t t
= Ẽζπ φ(S0 ) · t=0
Ẽζ λ1 γ1 f (Stt+1 ) | S0 .
(3.20)



= (T v − v)(S0 ),


i
 P∞ π h t t 
Ẽζ λ1 γ1 rπ (St ) + γt+1 v(St+1 ) − v(St ) S0
λ1t γ1t f (Stt+1 ) | S0 = t=0



We now use (3.20) to calculate Eζ e0 δ0 (v) for a given function v. Recall from (2.3) that
δ0 (v) = ρ0 · r(S01 ) + γ1 v(S1 ) − v(S0 ) , so we let f (Stt+1 ) = r(Stt+1 ) + γt+1 v(St+1 ) − v(St ) in
(3.20). Since Eζπ [r(Stt+1 ) | S0t ] = rπ (St ), we have

P∞ π
t=0 Ẽζ

(i)

(3.21)

(i) 

St , yt , et

 i
∈ Si ) · T (i) v − v (s)

·

m
i=1 1(s

· (T v − v)(s),

hP

s∈S ζS (s) φ(s)

P



where the last equality follows from the expression (3.11) for T V − V . Therefore, by (3.20),


 P
Eζ e0 δ0 (v) = s∈S ζS (s) φ(s) · (T v − v)(s),


and this shows that Eζ e0 δ0 (v) = 0 is equivalent to T v − v ⊥ζS Lφ .

We now prove Corollary 3.1.

(i)

Proof of Corollary 3.1 We apply Theorem 3.2 to each state-trace process

=

s∈S ζS (s) φ(s)

P

 (i)
 P

Eζ (i) e0 δ0 (v) = s∈S ζS (s) · φ(s)1(s ∈ Si ) · T (i) v − v (s).

for i = 1, 2, . . . , m. Specifically, by (3.21) and the definition (3.12) of et ,

Hence

 (i)

Pm
i=1 Eζ (i) e0 δ0 (v)

=
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where the last equality follows from the definition (3.13) of the operator T . This shows that
 (i)

Pm
the linear equation in v, i=1
Eζ (i) e0 δ0 (v) = 0, is equivalently T v − v ⊥ζS Lφ .
We now prove that T has vπ as its unique fixed point and is a contraction with respect
to a weighted sup-norm—in other words, Theorem 3.1 applies to T . For this, it suffices to
show that T satisfies the conditions of Theorem 3.1, namely, T is a generalized Bellman
operator associated with a randomized stopping time τ that satisfies Pπ (τ ≥ 1 | S0 =
s) > 0 for all states s ∈ S. We can define such a random time τ from the randomized
stopping times τ (i) associated with the Bellman operators T (i) . In particular, by enlarging
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10. That we can do so is clear from the definition of each τ (i) as described at the beginning of Section 3.2
(i) (i)
and from the fact that for each i, the initial distribution ζ (i) on (S0 , y0 , e0 ) has the same marginal on
S, which is ζS .

Intuitively speaking, from the central state, the system enters one group of states by moving
diagonally in one of the four directions with equal probability, and after spending some time
in that group, eventually returns to the central state and the process repeats. The behavior
policy on average spends more time wandering inside each group than the target policy,
while the target policy tends to traverse clockwise through the group more quickly.

0.8

The toy problem we use in this study has 21 states, arranged as shown in Figure 1 (left).
One state is located at the centre, and the rest of the states split evenly into four groups,
indicated by the four loops in the figure. The topology of the transition graph is the same for
the target and behavior policies. We have drawn the transition graph only for the northeast
group in Figure 1 (left); the states in each of the other three groups are arranged in the
same manner and have the same transition structure. Given this symmetry, to specify the
transition matrices P and P o for the target and behavior policies π and π o respectively, it
suffices to specify the submatrices for the central state and one of the groups. If we label
the central state as state 1 and the states in the northeast group clockwise as states 2-6,
the submatrices of P and P o for these states are given, respectively, by




0 0.25 0
0
0
0
0 0.25 0
0
0
0
 0


0
1
0
0
0 
0
1
0
0
0 

 0

 0



0.2
0
0.8
0
0
0
0.5
0
0.5
0
0
 , πo : 
.
π: 
 0


0
0.2 0 0.8 0 
0
0.5 0 0.5 0 

 0

 0
 0
0
0 0.2 0 0.8 
0
0 0.5 0 0.5 

4.1 Behavior of Traces

In this section, we first use a toy problem to illustrate the behavior of traces calculated by
off-policy LSTD(λ) for constant λ and for λ that evolves according to a simple special case
of our proposed scheme described in Example 2.1. We then compare the behavior of LSTD
for various choices of λ, on the toy problem and on the Mountain Car problem.

4. Numerical Study

So Tτ = T by the definition (3.13) of T ; i.e., T is the Bellman operator associated with the
randomized stopping time τ .

the probability space if necessary, we can regard τ (i) , i = 1, 2, . . . , m, as being defined on
the same probability space.10 We then let τ = τ (i) if S0 ∈ Si . With this definition, we have
Pπ (τ ≥ 1 | S0 = s) > 0 for all states s ∈ S (since τ (i) ≥ 1 a.s. for all i). For each set Si ,
by (3.2), the component mappings of the generalized Bellman operator Tτ associated with
τ are given by


 (i)

(i)
(Tτ v)(s) = Eπs Rτ + γ1τ v(Sτ ) = Eπs Rτ + γ1τ v(Sτ (i) ) = (T (i) v)(s), s ∈ Si .
.5
.8/
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In this experiment we let λ = 1 and consider the trace iterates {et } calculated by TD(1). In
general, by identifying certain cycle patterns in the transition graph, one can infer whether
{et } will be unbounded over time almost surely (Yu, 2012, Section 3.1). Figure 1 (right)
shows such a cycle of states in the transition graph of the toy problem. It consists of the
central state and the northeast group of states. Labeled on each edge of the cycle is the
importance sampling ratio for that state transition. Traversing through the cycle once from
any starting state, and multiplying together the importance sampling
4 6 ratios
of each6 edge
0.8 4
and the discount factors of the destination states, we get 0.8
· γ = 0.5
· 0.9 > 1.
0.5
From this one can infer that {et } calculated by off-policy TD(1) will be unbounded in this
problem (cf. Yu, 2012, Prop. 3.1).
We plotted in the upper left graph of Figure 2 the Euclidean norm ket k of the traces
over 8 × 105 iterations for TD(1). One can see the recurring spikes and the exceptionally
large values of some of these spikes in the plot. This is consistent with the unboundedness
of {et } just discussed.
The unboundedness of {et } tells us that the invariant probability measure ζ of the
state-trace process {(St , et )} has an unbounded support. Despite this unboundedness, {et }
is bounded
 in probability (Yu, 2012, Lemma 3.4) and under the invariant distribution ζ,
Eζ ke0 k < ∞ (Yu, 2012, Prop. 3.2). The latter property implies that under the invariant
distribution, the probability of ke0 k > x decreases as o(1/x) for large x. Since the empirical

4.1.1 Traces for Constant λ

All the rewards are zero except for the middle state in each group—for the northeast
group, this is the shaded state in Figure 1 (left). For the two northern (southern) groups,
their middle states have reward 1 (−1). The discount factor is γ = 0.9 for all states. As to
features, we aggregate states into 5 groups: the 4 groups mentioned earlier and the central
state forming its own group, and we let each state have 5 binary features indicating its
membership.
We now discuss and illustrate the behavior of traces in this toy problem. For comparison,
we first do this for the off-policy TD(λ) with a constant λ. It can help explain the challenges
in off-policy TD learning and our motivation for proposing the new scheme of setting λ.

Figure 1: The transition graph of a toy problem (left) and a cycle pattern in it (right). The
numbers appearing in the right graph indicate the importance sampling ratios for
the state transitions represented by each directed edge. From such cycle patterns
one can infer whether the trace sequence is unbounded almost surely.
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Figure 2: Statistics of traces for TD(1) in a toy problem (see the text in Section 4.1.1 for
detailed explanations).

distribution of the state-trace process converges to ζ almost surely (Yu, 2012, Theorem 3.2),
during a run of many iterations, we expect to see the fraction of traces with ket k > x drop
in a similar way as x increases.
The simulation result shown in the right part of Figure 2 agrees with the preceding
discussion. Plotted in the graph are fractions of traces with ket k > x during 8 × 105
iterations (the vertical axis indicates the fraction, and the horizontal axis indicates x). It
can be seen that despite the recurring spikes in ket k during the entire run, the fraction of
traces with large magnitude x drops sharply with the increase in x.
While only a small fraction of traces have exceptionally large magnitude, they can
occur in consecutive iterations. This is illustrated by the histogram in the lower left part of
Figure 2. The histogram concerns the excursions of the trajectory {et } outside of the ball
{e ∈ <n | kek ≤ 100}. The horizontal axis indicates the lengths of the excursions (where
the length is the number of iterations an excursion contains), and the vertical axis indicates
how many excursions of length x occurred during the 8 × 105 iterations of the experimental
run. We plotted the histogram for lengths x > 10. It can be seen that one can have large
traces during many consecutive iterations. Such behavior, although tolerable by LSTD, is
especially detrimental to TD algorithms and can disrupt their learning. This is our main
motivation for suggesting the use of λ-parameters to bound the traces directly.
4.1.2 Traces with Evolving λ

(
γt ρt−1 et−1 + φ(St )
t−1
C · keet−1
k2 + φ(St )

(4.1)
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if γt ρt−1 ket−1 k2 ≤ C;
otherwise.

We now proceed to illustrate the behavior of traces and LSTD for λ that evolves according
to our proposed scheme. Specifically, for this demonstration, we will use the simple scaling
example given by (2.6)-(2.7) in Example 2.1, with all the thresholds Css0 being the same
constant C. That is, the update rule for et used in this experiment is
et =
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We first simulate the state-trace process to illustrate the ergodicity of this process stated by
Theorem 2.1. We will shortly study the performance of LSTD for different values of C in
Section 4.2.1. The results of these two experiments are shown in Figure 3 and Figures 4-5,
respectively, and the details are as follows.
According to the ergodicity result of Theorem 2.1, no matter from which initial state
and trace pair (S0 , e0 ) we generate a trajectory {(St , et )}0≤t≤t̄ according to the behavior
policy, the empirical distribution of state and trace pairs in this trajectory should converge,
as t̄ → ∞, to the same distribution on S × <n , which is the marginal of the invariant
probability measure ζ on that space. Since S is discrete, we can verify this fact by examining
the empirical conditional distribution of the trace given the state. In other words, for each
state s, we examine the empirical distribution of the trace for the sub-trajectory (Stk , etk ),
k = 1, 2, . . ., where Stk = s and it is the kth visit to state s by the trajectory. We check
if this empirical distribution converges to the same one as we increase the length t̄ of the
trajectory and as we vary the initial condition (S0 , e0 ).
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Figure 3: Demonstration of convergence of empirical conditional distributions on the trace
space. (See the text in Section 4.1.2 for detailed explanations.)
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To give a sense of what these limiting distributions over the trace space look like, we
set the parameter C = 50 and generated a long trajectory with 8 × 105 iterations. In the
top row of Figure 3, we plotted three normalized histograms of the first trace component
for the sub-trajectories associated with three states of the toy problem, respectively: the
central state (left), the middle state of the northeast group (middle), and the first state of
the southeast group (right).
To check whether the empirical conditional distributions on the trace space converge
along the sub-trajectory {(Stk , etk )} for a given state, we compare the characteristic functions fk of these distributions with the characteristic function f of the empirical conditional
distribution obtained at the end of the sub-trajectory during the experimental run. In par-
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11. Recall that a tight sequence {pk } of probability distributions on <m converges to a probability distribution p if and only if the characteristic functions of pk converge pointwise to the characteristic function of
p (Dudley, 2002, Lemma 9.5.5). Recall also that we are dealing with convergence in distribution here,
which is much weaker than convergence in total variation, so we cannot use total variation as a metric
on the distribution space in this case.

Let us first continue with the toy problem of the previous subsection and show how the
LSTD algorithm performs in this problem as we vary the parameter C in the λ function for
bounding the traces. We ran LSTD for C = 10, 20, . . . , 100, using the same trajectory, for
3 × 105 iterations, and we computed the (Euclidean) distance of these LSTD solutions to
the asymptotic TD(1) solution (in the space of the θ-parameters), normalized by the norm
of the latter. We then repeat this calculation 10 times, each time with an independently
generated trajectory. Plotted in Figure 4 (left) against the values of C are the means and
standard deviations of the normalized distances of LSTD solutions thus obtained.

4.2.1 A Toy Problem

We now present experiments on the LSTD algorithm.

4.2 LSTD with Evolving λ

ticular, we evaluate all these (complex-valued) characteristic functions at 500 points, which
are chosen randomly according to the multivariate normal distribution on <5 with mean 0
and covariance matrix 2002 I. We take the maximal difference between fk and f at these
500 points as an indicator of the deviation between the two corresponding distributions.11
In the bottom row of Figure 3, the first three plots show the difference curves obtained in
the way just described, for three different states, respectively. These three states are the
same ones mentioned earlier in the description of the top row of Figure 3. The horizontal
axis of these plots indicates k, the number of visits to the corresponding state. As can
be seen, the difference curves all tend to zero as k increases, which is consistent with the
predicted convergence of the empirical conditional distributions on the trace space.
So far we compared the empirical distributions along the same trajectory. Next we
compare them against the one obtained at the end of another trajectory that starts from a
different initial condition. The difference curve for one state (the first state in the southeast
group) is plotted in the last graph in the bottom row of Figure 3, and it is the lower curve in
that graph. As can be seen, the curve tends to zero, suggesting that the limiting distribution
of these empirical distributions does not change if we vary the initial condition, which is
consistent with Theorem 2.1.
For comparison, we also plotted the difference curve when these same empirical conditional distributions are compared against the empirical conditional distribution obtained
from the same trajectory but for a different state (specifically, the middle state of the northeast group). This is the upper curve in the last graph in the bottom row of Figure 3. It
clearly indicates that for the two states, the associated limiting conditional distributions
on the trace space are different. It also shows that the characteristic function approach we
adopted in this experiment can effectively distinguish between two different distributions
(cf. Footnote 11).
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For comparison, we did the same for LSTD with a large constant λ: λ = 0.9, 0.92, . . . , 1.
Figure 4 (right) shows the result, where the dash-dot curve indicates the normalized distance
of the asymptotic TD(λ) solution—the solution that LSTD(λ) would obtain in the limit.
It can be seen that the performance of LSTD deteriorates as λ gets close to 1. We think
that this is because due to the high variance issue, the convergence of LSTD with a large
constant λ is too slow and requires far more iterations than the 3×105 iterations performed.
In comparison, LSTD with evolving λ behaves better: it works effectively for C ≥ 20, and

Figure 5: Approximation quality of asymptotic TD(λ) solutions with constant λ for the toy
problem. Larger λ yields better approximations.
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Figure 4: Compare LSTD solutions with evolving λ (left) and with constant λ (right).
For constant λ, the red dot-dash curve in the right plot shows the quality of
the asymptotic TD(λ) solutions, and LSTD(λ) would approach this curve in the
limit, but due to variance issues, it can require an impractically large number of
iterations to exhibit this convergent behavior. LSTD with evolving λ outperforms
LSTD with constant λ in this case and effectively archives the quality of TD(λ)
solutions for large constant λ.
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the approximation quality it achieved with such C is comparable to that of asymptotic
TD(λ) solutions for a large constant λ around 0.96.
Figure 5 shows the quality of the asymptotic solutions of TD(λ) with constant λ, for
the full range of λ values. Plotted in the left graph is the normalized distance of the TD(λ)
solution to the TD(1) solution. Plotted in the right graph is the normalized approximation
error of the corresponding approximate value function, where the error is measured by
the weighted Euclidean norm with weights specified by ζS (the invariant distribution on
S under the behavior policy), and the normalization is over the weighted norm kvπ kζS of
the true value function vπ of the target policy. It can be seen that using λ > 0.9 provides
considerably better approximations for this problem than using small λ.
We also found that for this problem, if we set λ according to the Retrace algorithm with
β = 1 (cf. (2.8) in Example 2.2), then the performance of LSTD is comparable to TD(λ)
with a small λ around 0.5. (Specifically, for Retrace, the normalized distance to the TD(1)
solution is 0.37, and the normalized approximation error is 0.54, which are comparable
to the numbers for TD(0.5), as Figure 5 shows.) This is not surprising, because, as we
discussed earlier in Section 2.2.2, in keeping λt ρt−1 ≤ 1 always, Retrace and ABQ can be
too “conservative,” resulting in an overall effect that is like using a small λ, even though λt
may appear to be large at times. Recall also that this can happen to our proposed scheme
too. In the present experiment, for instance, this can happen when C is small; in particular,
the case C = 0 reduces to LSTD(0).
4.2.2 Mountain Car Problem
In this subsection we demonstrate LSTD with evolving λ on a problem adapted from the
well-known Mountain Car problem (Sutton and Barto, 1998). The details of this adaptation,
including the target and behavior policies involved, can be found in the report (Yu, 2016a,
Section 5.1, p. 23-26); most of these details are not crucial for our experiments, so to avoid
distraction, we only describe briefly the experimental setup here.
In Mountain Car, the goal is to drive an underpowered car to reach the top of a steep
hill, from the bottom of a valley. A state consists of the position and velocity of the car,
whose values lie in the intervals [−1.2, 0.5], [−0.07, 0.07], respectively. The position 0.5
corresponds to the desired hill top destination, while the position −π/6 (≈ −0.52) lies at
the bottom of a valley that is between the destination and a second hill peaked at −1.2 in
the opposite direction (see the illustration in Figure 6). Except for the destination state,
each state has three available actions: {back, coast, forward}, and the rewards depend
only on the action taken and are −1.5, 0 and −1 for the three actions, respectively. The
dynamics is as given in (Sutton and Barto, 1998). We consider undiscounted expected total
rewards, so the discount factor is 1 except at the destination state, where the discount factor
is 0 and from where the car enters a rewardless termination state permanently.
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The target policy π is a simple but reasonably well-behaved policy. On either slopes
between the two hills, it tries to increase its energy (kinetic plus gravitational potential
energy) by accelerating in the direction of its current motion. If this brings it up to the
opposite hill (position < −1), it coasts; otherwise, if its velocity drops to near zero, it goes
forward or backward with equal probability. Figure 6 visualizes the total costs −vπ of the
31
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Figure 6: Left: Illustration of the Mountain Car problem. Right: Costs −vπ for this problem are estimated and visualized as a color image, with the coloring scheme
indicated by the colorbar. (The horizontal and vertical axes of the image correspond to position and velocity, respectively, for the 2-dimensional state space of
this problem.)

Figure 7: Left: Visualization of weights on states induced by the behavior policy. Right:
The color image visualizes the approximation of −vπ obtained from a discretized
model for the Mountain Car problem, where the coloring scheme is the same as
that shown in Figure 6 (right). The quality of this approximation is close to that
of TD(0).

target policy,12 where the horizontal (vertical) axis indicates position (velocity) and the
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12. The values of vπ shown in Figure 6 are estimated by simulating the target policy for each starting state
in a set of 171 × 141 points evenly spaced in the position-velocity space. In particular, the position
(velocity) interval is evenly divided into subintervals of length 0.01 (0.001), and for each stating state,
the target policy is simulated 600 times.
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and applies the simple scaling scheme with parameters C1 , C2 for the first and second
set, respectively. When referring to this composite scheme in the figures, we will use the
designation C : (C1 , C2 ).
We ran LSTD with different ways of setting λ just mentioned, on the same state trajectory generated by the behavior policy, for 6 × 105 effective iterations (cf. Footnote 14).
Some of the approximate value functions obtained at the end of the run are visualized as
images in Figure 8. It can be seen that the result of Retrace is similar to that of the simple
scaling scheme with a small C, and as we increase C, the approximation from the scaling
scheme improves.
To compare more precisely the approximation errors and see how they change over time
for each algorithm, we did 10 independent runs, each of which consists of 6 × 105 effective

Figure 8: Visualized in the color images are approximations of −vπ obtained by LSTD
with different schemes of setting λ, where the coloring scheme is as that shown
in Figure 6 (right). The choices of λ for each image, from left to right and top
to bottom, are as follows. Top row: C = 0 (equivalent to LSTD(0)), C = 5,
Retrace. Middle row: C = 25, C = 125, C : (125, 25). Bottom row: C = 200,
C = 300, C : (300, 50).
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13. The behavior policy is exactly the same as described in (Yu, 2016a, p. 24-25) except for the possibility
of restarting near the bottom of the valley whenever the destination is reached.
14. Specifically, we chose a grid of 171 × 141 points evenly spaced in the position-velocity space. We ran the
behavior policy for 8 × 105 effective iterations, where an iteration is considered to be ineffective if the
behavior policy takes an action, e.g., the restart action, that is impossible for the target policy. A visit
to a state at an effective iteration was counted as a visit to the nearest grid point. At the end of the
run, visits to a boundary point (−1.2, 0) were disregarded as they were due to boundary effects in the
dynamics of this problem, and the final counts were normalized to produce a set of weights on the grid
points that sum to 1.
15. Two tilings are used: the first (second) comprises of 64 (81) uneven-sized rectangles that cover the state
space. Together they produce a total of 145 binary features. The details of the coding scheme are as
described in (Yu, 2016a, p. 28).
16. The first set consists of those states (position, velocity) with either position ≤ −0.9 or velocity ≥ 0.04.
The rest of the states belong to the second set.

First Experiment: In this experiment, we compare three ways of setting λ: (i) Retrace
with β = 1 (cf. Example 2.2); (ii) our simple scaling scheme with parameter C used in
the previous experiments (cf. (4.1) and Example 2.1); and (iii) a composite scheme of the
type discussed at the end of Section 3.2, which partitions the state space into two sets16

colorbar on the right shows the value corresponding to each color. The discontinuity of the
function in certain regions can be seen in this figure.
The behavior policy π o is an artificial policy that takes a random action (chosen with
equal probability from the three actions) 90% of the time, and explores the state space by
jumping to some random state 10% of the time. It also restarts when it is at the destination:
with equal probability, it either restarts near the bottom of the valley or restarts from a
random point sampled uniformly from the state space.13
We now explain how we will measure approximation qualities. Since the Mountain Car
problem has a continuous state space, it is actually not covered by our analysis, which is for
finite-state problems. Although we can treat it as essentially a finite-state problem (since
the simulation is done with finite precision in computers), the number of states would still
be too large to calculate the weights ζS . So, to measure weighted approximation errors
kv − vπ k for approximate value functions v produced by various LSTD algorithms in the
subsequent experiments, we will compare v and vπ at a grid of points in the state space and
calculate a weighted Euclidean distance between the function values at these grid points,
using a set of weights precalculated by simulating the behavior policy.14 The image in
Figure 7 (left) visualizes these weights.
We use tile-coding (Sutton and Barto, 1998) to generate 145 binary features for our
experiments.15 The approximate value functions obtained with LSTD algorithms are thus
piecewise constant. For comparison, we also build a discrete approximate model by state
aggregation. The discretization is done at a resolution comparable to our tile-coding scheme,
and the dynamics and rewards of this model are calculated based on data collected under
the behavior policy. The solution of the discrete approximate model is shown in Figure 7
(right) (the coloring scheme for this and the subsequent images are the same as shown in
Figure 6). It is similar to the approximate value function calculated by LSTD(0), which
is shown in Figure 8 (first image, top row). As will be seen shortly, with positive λ, the
approximation quality of LSTD improves. Thus the discrete model approximation approach
is not as effective as the TD method in this case.
We now report the results of our experiments on the Mountain Car problem.
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Figure 9: Compare the approximation error of LSTD for different schemes of setting λ.
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iterations. The results are shown in Figures 9-11. Plotted in Figure 9 for each algorithm
are the mean and standard deviation of the approximation errors for the 10 approximate
value functions obtained by that algorithm at the end of the 10 runs. We can see from this
figure the improvement in approximation quality as C increases. We can also see that the
result of Retrace is in between those of C = 0 and C = 5, which is consistent with what
the images in the top row of Figure 8 tell us.
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Figure 10: Compare the temporal behavior of LSTD for different schemes of setting λ.
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Figure 11: Compare the temporal behavior of LSTD for different schemes of setting λ.
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Plotted in Figures 10-11 are the approximation errors calculated per 2000 effective iterations for each algorithm, during one of the 10 experimental runs. Figure 10 (left) shows
how Retrace compares with the simple scaling with C = 5 and C = 25. It can be seen
that the latter two achieved better approximation quality than Retrace without increases
in variance. Figure 10 (right) shows that for larger values of C, variances also became larger
initially; however, after about 5 × 104 iterations, these schemes overtook Retrace, yielding
better approximations.
Figure 11 shows how the composite scheme of setting λ performs. Comparing the plots
in this figure with the right plot in Figure 10, it can be seen that the composite schemes
helped in reducing variances, and in about 2 × 104 iterations the schemes C : (125, 0) and
C : (125, 25) overtook Retrace and yielded better approximations. Together with Figure 9,
Figure 11 shows clearly the bias-variance trade-off of using composite schemes in this problem.
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Second Experiment: Similarly to the previous experiment, we now compare our proposed method with several other ways of setting λ for the LSTD algorithm as well as
with a constrained variant of LSTD: (i) Retrace with β = 1 as before; (ii) constant λ;
(iii) constrained LSTD with constant λ; and (iv) the simple scaling scheme with parameter C. For constant λ ∈ [0, 1], the constrained LSTD(λ) used in this experiment evolves
the
trace vectors as off-policy LSTD(λ) does, but it forms and solves the linear equation
1 Pt−1
k=0 [ek ]50 · δk (v) = 0, v = Φθ instead, where the function [·]50 truncates each component
t
of the trace vector to be within the interval [−50, 50]. (Such an algorithm follows naturally
from the ergodicity of the state-trace process and the approximation of an unbounded integrable function by a bounded one. For a detailed discussion, see (Yu, 2016b, Section 3.2)
or (Yu, 2017, Section 3.3).)
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Figure 12: Compare the approximation errors of several LSTD algorithms.
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Figure 12 is similar to Figure 9 and shows, for each algorithm, the mean and standard
deviation of the approximation errors of 10 approximate value functions obtained at the end
of 10 independent experimental runs (each of which consists of 6 × 105 effective iterations).
The horizontal axis indicates the algorithms and their parameters. As can be seen from this
figure, for constant small λ, LSTD(λ) performed well in this problem, and LSTD(0.3) and
Retrace are comparable. For constant λ > 0.7, LSTD(λ) failed to give sensible results, and
LSTD(0.7) started to show this unreliable behavior. This behavior of LSTD(λ) is related
to what we observed in Figure 4(right) in the small toy problem, and it is, we think, due to
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Figure 13: Compare the temporal behavior of several LSTD algorithms.
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5. Conclusion
We developed in this paper a new scheme of setting the λ-parameters for off-policy TD
learning, using the ideas of randomized stopping times and generalized Bellman equations
for MDPs. Like the two recently proposed algorithms Retrace (Munos et al., 2016) and
ABQ (Mahmood et al., 2017), our scheme keeps the traces bounded to reduce variances,
but it is much more general and flexible. To study its theoretical properties, we analyzed
the resulting state-trace process and established convergence and solution properties for
the associated LSTD algorithm, and these results have prepared the ground for convergence analysis of the gradient-based implementation of our proposed scheme (Yu, 2017). In
addition we did a preliminary numerical study. It showed that with the proposed scheme
LSTD can outperform several existing off-policy LSTD algorithms. It also demonstrated
that in order to achieve better bias-variance trade-offs in off-policy learning, it is helpful
to have more flexibility in choosing the λ-parameters and to allow for large λ values. Future research is to conduct a more extensive numerical study of both least-squares based
and gradient-based algorithms, with more versatile ways of using the memory states and
λ-parameters, in off-policy learning applications.

Figure 15: Compare the approximation error and temporal behavior for some variations on
Retrace.
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Figure 14: Compare the approximation error and temporal behavior of LSTD for different
schemes of setting λ. From left to right: C = 125, C = 200, Retrace.
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Third Experiment: In this experiment we first compare the simple scaling scheme and
Retrace, where both schemes now use an additional parameter β ∈ [0, 1], as discussed in
Examples 2.1-2.2. Recall that when β = 1, they reduce to the schemes that we already
compared in the previous experiments. For both schemes, as β becomes smaller, we expect
the approximation quality to drop but the variance to get smaller.
Plotted in Figure 14 for C = 125, C = 200 and Retrace are the results obtained from a
single experimental run consisting of 3×105 effective iterations. As before the approximation
errors were calculated per 2000 iterations. The results do show the expected bias-variance
trade-off effects of the parameter β, during the initial period of the experimental run,
although the effects on Retrace turned out to be smaller and hard to discern at the scale
of the plot.
Next we test some of the variations on Retrace discussed in Example 2.2. Specifically, we
consider (2.10)-(2.11) with parameters β = 0.9, K ∈ {1.5, 2.0, 2.5, 3.0} and C ∈ {50, 125}.
Plotted in Figure 15 are the results from one experimental run of 3 × 105 effective iterations.
For comparison, the plots also show the behavior of Retrace and the simple scaling scheme
with the same values of C during that run (these algorithms used the same β = 0.9). As
expected and can be seen from the figure, the approximation quality improves with K and
C. While the variances also tend to increase during the initial part of the run, the variants
that truncate the importance sampling ratios by K = 1.5 performed comparably to Retrace
initially, soon overtook Retrace and achieved better approximation quality.

the high variance issue, which becomes more severe as λ gets larger. Constrained LSTD(λ)
is much more reliable, and it did consistently well for all values of λ tested. LSTD with
evolving λ also did well, and with C > 125, it achieved a slightly better approximation
quality than constrained LSTD(1).
Figure 13 compares the temporal behavior of several algorithms during one experimental
run. Plotted are the approximation errors calculated per 2000 iterations for each algorithm
in the comparison. It can be seen that in this problem constrained LSTD(λ) did not suffer
from large variances even with large λ values, and compared with constrained LSTD(1),
the behavior of LSTD with evolving λ was also reasonable for large C.
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Appendix A. Proof of Theorem 3.1
We prove Theorem 3.1 in this appendix. Recall from Section 3.1 that the generalized
Bellman operator T associated with a randomized stopping time τ satisfies that vπ = T vπ .
By (3.2), the substochastic matrix P̃ in this affine operator T is given by


P̃ss0 = Esπ γ1τ 1(Sτ = s0 ) ,
s, s0 ∈ S.
(A.1)
We can extend P̃ to a transition matrix P̃ e by adding an additional absorbing state ∆ to
e
the system, so that P̃∆∆
= 1 and
 
P
π τ
s ∈ S.
s0 ∈S P̃ss0 = 1 − Es γ1 ,

e
P̃s∆
=1−

(A.3)

Both conclusions of Theorem 3.1 will follow immediately if we show that I − P̃ is
invertible. Indeed, if I − P̃ is invertible, then v = T v has a unique solution, which must
be vπ since vπ is always a solution of this equation. In addition, if I − P̃ is invertible, then
since P̃ is a substochastic matrix, the spectral radius of P̃ must be less than 1. Consider
adding to P̃ a small enough perturbation M , where M is the matrix of all ones and  is
a sufficiently small positive number so that the spectral radius of P̃ + M is less than 1.
Applying (Seneta, 2006, Theorem 1.1) to the nonnegative primitive matrix P̃ +M , we have
that (P̃ + M )w < w where w is a positive eigenvector of the matrix P̃ + M corresponding
to a positive eigenvalue that is strictly less than 1. Consequently P̃ w ≤ (P̃ + M )w < w,
implying that P̃ is a linear contraction w.r.t. a weighted sup-norm (with weights w), which
is the second conclusion of the theorem.
Hence, to prove Theorem 3.1, it suffices to show that the inverse (I − P̃ )−1 exists, which
is equivalent to that for the Markov chain on S ∪ {∆} with transition matrix P̃ e , all the
states in S are transient (see e.g., Puterman 1994, Appendix A.4).
We prove this by contradiction. Suppose it is not true, and let S̃ ⊂ S be a recurrent
e = 0 for s0 6∈ S̃ (i.e., the submatrix of P̃
class of the Markov chain. Then for all s ∈ S̃, P̃ss
0
corresponding to S̃ is a transition matrix). In particular, P̃ e = 0, so
s∆
 
e
Esπ γ1τ = 1 − P̃s∆
= 1,
∀ s ∈ S̃,
(A.2)
implying that given S ∈ S̃, γ τ = 1 a.s. (since γ τ ∈ [0, 1]). Then by (A.1),
0
1
1


P̃ss0 = Esπ 1(Sτ = s0 ) ,
∀ s, s0 ∈ S̃.
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Observe from (A.2) that given S0 ∈ S̃, the event {τ = ∞} has zero probability.
Q∞ This is
a.s.
because under Condition 2.1(i), γ1t → 0 (as t → ∞) and consequently γ1∞ := t=1
γt = 0
39
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τ

γττ12+1 = 1, · · · , γτkk+1
+1 = 1, · · ·

τ

(A.4)

P∞
(P Γ)t under Condition 2.1(i)
a.s. Indeed, the existence of the inverse (I − P Γ)−1 = t=0
implies (P Γ)t → 0 as t → ∞. Since the sth entry of (P Γ)t 1 equals Esπ [γ1t ], we have
Esπ [γ1t ] → 0 as t → ∞. As the nonnegative sequence {γ1t }t≥1 is nonincreasing (since each
a.s.
γt ∈ [0, 1]), this implies, by Fatou’s lemma (Dudley, 2002, Lemma 4.3.3), that γ1t → 0.
Thus if S0 ∈ S̃, τ is almost surely finite.
We now consider a Markov chain {St } with transition matrix P and S0 ∈ S̃. We will
extract from it a Markov chain {S̃k }k≥0 with transition matrix P̃ e on the recurrent class
S̃, by employing multiple stopping times. We will show γ1∞ = 1 a.s., contrary to the fact
γ1∞ = 0 a.s. just discussed.
For ease of explanation, let us imagine that there is a device that if we give it a sequence
of states S0 , S1 , . . . generated according to P , it will output the stopping decision at a
random time τ that is exactly the randomized stopping time τ associated with the operator
T . (Because τ is a randomized stopping time for {St }, a device that correctly implements
τ does not affect the evolution of {St }, so we can give {St } to the device as inputs.)
Let {St } start from some state S0 = s ∈ S̃. We use the device just mentioned to
generate the first randomized stopping time τ1 . We then reset the device so that it now
“sees” the time-shifted process {Sτ1 +t0 | t0 ≥ 0} with the initial state being Sτ1 . We wait till
the device makes another stopping decision, and we designate that time by τ2 . We repeat
this procedure as soon as the device makes yet another stopping decision. This gives us a
nondecreasing sequence 0 ≤ τ1 ≤ τ2 ≤ · · · .
Since S0 = s ∈ S̃, by what we proved earlier, τ1 is almost surely finite. Let S̃1 = Sτ1
and S̃0 = S0 . The transition from S̃0 to S̃1 is according to the transition matrix P̃ e by
construction (cf. (A.3)). Since S̃ is a recurrent class for P̃ e , we must have S̃1 ∈ S̃ almost
surely. Then, repeating the same argument and using induction, we have that almost
surely, for all k ≥ 1, τk is defined and finite and S̃k := Sτk ∈ S̃. Thus we obtain an infinite
sequence {S̃k }, which is a recurrent Markov chain on S̃ with its transition matrix given by
the corresponding submatrix of P̃ e .
Now in view of (A.2), almost surely,
γ1τ1 = 1,

(recall that if τk + 1 > τk+1 , γτkk+1
+1 = 1 by definition). Consider first a simpler case of
the randomized stopping time τ that defines T : for any initial state S0 , τ ≥ 1 a.s. Then,
{τk } is strictly increasing, and by multiplying the variables in (A.4) together, we have
γ1∞ = 1 a.s. For the general case of τ assumed in the theorem, τ = 0 is possible, but
Pπ (τ ≥ 1 | S0 = s) > 0 for all states s ∈ S. This means that the event of τk being the
same for all k greater than some (random) k̄ has probability zero. So {τk } must converge
to +∞ almost surely, and we again obtain, by multiplying the variables in (A.4) together,
that γ1∞ = 1 a.s. This contradicts the fact proved earlier, namely, that for any initial state
S0 , γ1∞ = 0 a.s. So the assumption of a recurrent class S̃ ⊂ S for P̃ e must be false. This
proves Theorem 3.1.

Appendix B. Oblique Projection Viewpoint and Error Bound for TD
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In this appendix we first explain Scherrer’s interpretation of TD solutions as oblique projections (Scherrer, 2010), and we then give approximation error bounds for TD similar to those
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(B.1)

x − ΠL1 L2 x ⊥ L2 ,

∀ x ∈ <N .
(B.2)

−1

Φ>
2,

(B.3)

41
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where Φ1 and Φ2 are N × n matrices whose columns form a basis of L1 and L2 , respectively
(see Saad 2003, Chap. 1.12). For comparison, a matrix representation of the orthogonal
−1 >
Φ1 . (Below we will use the same notation
projection operator ΠL1 is ΠL1 = Φ1 Φ>
1 Φ1
for a projection operator and its matrix representations.)
Back to the projected Bellman equation (B.1), let us assume it has a unique solution
vTD and express vTD in terms of vπ . We have vTD = ΠζS T vTD . By Theorem 3.1, vπ is the

ΠL1 L2 = Φ1 Φ>
2 Φ1

If the two subspaces are the same: L1 = L2 or if x lies in L1 , then the oblique projection
ΠL1 L2 x is the same as ΠL1 x, the orthogonal projection of x onto L1 . In general this need
not be the case and ΠL1 L2 x 6= ΠL1 x typically (cf. Figure 16). A matrix representation of
the projection operator ΠL1 L2 is given by

ΠL1 L2 x ∈ L1 ,

where ΠζS denotes the projection onto the approximation subspace Lφ with respect to the
ζS -weighted Euclidean norm. In the subsequent derivations, we will not use the fact that
ζS is the invariant probability measure induced by the behavior policy on S, so the analyses
we give in this appendix apply to any weighted Euclidean norm k · kζS .
Scherrer (2010) first realized that the solution of the projected Bellman equation (B.1)
can be viewed as an oblique projection of the value function vπ on the approximation subspace Lφ . This viewpoint provides an intuitive geometric interpretation of the TD solution
and explains conceptually the source of its approximation bias. Analytically, this view also
gives tight bounds on the approximation bias, as we will elaborate later in Section B.2.
An oblique projection is defined by two nonorthogonal subspaces of equal dimensions:
it is the projection onto the first subspace orthogonally to the second (Saad, 2003), as
illustrated in Figure 16. More precisely, for any two n-dimensional subspaces L1 , L2 of <N
such that no vector in L2 is orthogonal to L1 , there is an associated oblique projection
operator ΠL1 L2 : <N → L1 defined by

v = ΠζS T v,

where T is a generalized Bellman operator with vπ as its unique fixed point, and Lφ is the
approximation subspace. We can write this equation equivalently as

Let us start with the projected Bellman equation associated with TD/LSTD that we noted
in Remark 3.2:
T v − v ⊥ζS Lφ , v ∈ Lφ ,

B.1 Solutions of TD as Oblique Projections of the Value Function

given by Yu and Bertsekas (2010), which do not rely on contraction properties. We will
explain these properties of TD in the context of generalized Bellman operators discussed in
this paper. Although this was not the framework used in (Scherrer, 2010; Yu and Bertsekas,
2010) and our setup here is more general than the one discussed in those previous papers,
the arguments and reasoning are essentially the same.
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(B.4)

(B.5)

and v1 ⊥ξ v2

⇔

h(v1 ) ⊥ h(v2 ).

(B.6)

h(v̄) ∈ h(L1 ),
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h(v) − h(v̄) ⊥ h(L2 ).
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The second relation means that v̄ is an oblique projection of v for two subspaces L1 , L2 with
respect to k · kξ (i.e., v̄ ∈ L1 and v − v̄ ⊥ξ L2 ), if and only if h(v̄) is an oblique projection
of h(v) for the two subspaces h(L1 ), h(L2 ) with respect to k · k2 :

kvkξ = kh(v)k2 ,

(Here the invertibility of the matrix Φ> D(I − P̃π )Φ is equivalent to our assumption that
vTD is the unique solution of (B.1).)
Let us compare the expression (B.5) with (B.3). We see that if the geometry on <N is
determined by the usual Euclidean norm k · k2 , then vTD is an oblique
projection of vπ for

the two subspaces L1 = Lφ and L2 = column-space (I − P̃π )> DΦ .
Alternatively, consider the case where the geometry on <N is determined by some
weighted Euclidean norm k · kξ with weights ξ (for example, ξ = ζS , which is one of the
cases of interest
p in off-policy learning). In this case we can first scale each coordinate by the
square root ξ(s) of its weight to reduce the case to that of the norm k · k2 . Specifically,
let ⊥ξ denote orthogonality with respect to k · kξ , and let Ξ denote the diagonal matrix that
has ξ as its diagonal elements. For the linear mapping h : v 7→ Ξ1/2 v, we have

−1
vTD = Φ Φ> D(I − P̃π ) Φ Φ> D(I − P̃π ) vπ .

Let the columns of Φ form a basis of the approximation subspace Lφ , and let D be the
diagonal matrix with ζS as its diagonal elements.
Then a matrix representation of the
−1
projection operator ΠζS is ΠζS = Φ Φ> D Φ Φ> D. Using this representation of ΠζS and
the fact vTD ∈ Lφ , we obtain from (B.4) an expression of vTD in terms of vπ :



I − ΠζS P̃π vTD = ΠζS r̃π = ΠζS I − P̃π vπ .

unique solution of v = T v. Recall that the generalized Bellman operator T is affine and can
be expressed as T v = r̃π + P̃π v for some vector r̃π and substochastic matrix P̃π . It follows
that r̃π = (I − P̃π ) vπ and

Figure 16: Oblique projection of x onto the subspace L1 orthogonally to the subspace L2 .
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Ξ1/2 vTD
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h(vTD ) = h(Φ) · (h(Φ2 )> · h(Φ)
Φ2 = Ξ−1 (I − P̃π )> DΦ
(B.8)

−1
= Ξ1/2 Φ · Φ> D(I − P̃π ) Ξ−1 Ξ1/2 · Ξ1/2 Φ
· Φ> D(I − P̃π ) Ξ−1 Ξ1/2 · Ξ1/2 vπ
−1
h(Φ2 )> · h(vπ ),
(B.7)

With these facts in mind, we rewrite (B.5) equivalently as follows:

=⇒
where

L2 = column-space(Φ2 ).
(B.9)

and h applied to a matrix denotes the result of applying h to each column of that matrix.
Comparing (B.7) with (B.3), we see that h(vTD ) is an oblique projection of h(vπ ) with
respect to k · k2 for the two subspaces h(L1 ), h(L2 ), where
L1 = Lφ = column-space(Φ),
So based on the discussion earlier, with respect to the weighted Euclidean norm k · kξ on
<N , vTD is an oblique projection of vπ for the two subspaces L1 , L2 .
Note that by (B.8), the second subspace L2 defining the above oblique projection is the
image of the approximation subspace Lφ under the linear transformation Ξ−1 (I − P̃π )>D.
Thus L2 depends on the dynamics induced by the target policy as well as the generalized
Bellman operator T that we choose. Relating the oblique projection interpretation of vTD
to Figure 16, we can see where the approximation bias of TD, vTD − Πξ vπ , comes from.
B.2 Approximation Error Bound
We now consider the approximation error of vTD and use the oblique projection viewpoint to
derive a sharp bound on the approximation bias vTD − Πξ vπ . Before proceeding, however,
let us first remind the reader that unless the norm k · kζS for the projection operator
ΠζS is purposefully chosen, the composition of ΠζS with a generalized Bellman operator
T is usually not a contraction, and thus error bounds for projected generalized Bellman
equations usually cannot be obtained with contraction-based arguments. This is the case
even for on-policy learning, as the following example shows.
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Example B.1 (Non-contractive ΠζS T ) If the target policy π induces an irreducible
Markov chain with invariant probability measure ζS , and if T is the Bellman operator
for TD(λ) with a constant λ, then, as Tsitsiklis and Van Roy (1997) showed, ΠζS T is a
contraction operator w.r.t. the weighted Euclidean norm k · kζS . Consequently, the matrix
Φ> D(P̃π − I) Φ associated with the TD(λ) algorithm is negative definite (Tsitsiklis and Van
Roy, 1997). The derivation of the contraction property of ΠζS T in this case relies critically
on the inequality ζS> P̃π < ζS> . This inequality generally does not hold for the substochastic
matrix P̃π in the generalized Bellman operator T , when λ is not constant. So, for nonconstant λ, we can no longer expect ΠζS T to be a contraction or the matrix Φ> D(P̃π − I) Φ
to be negative definite.
As an example, consider a simple two-state problem in which the system under the
target policy π moves from one state to another in a cycle. Let π o = π, let the discount
factor γ be a constant, and
 let λ be a function of states with λ(1) = 0, λ(2) = 1. Then
γ2 0
. For γ near 1, e.g., γ = 0.95, and for Φ as given below,
γ 0
ζS> = (0.5, 0.5) and P̃π =
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ΠζS P̃π ζ = P̃π ζ ≈ 1.31 > 1,
S
S


0.4862 −0.1713
.
0.7787 −0.0738

we can calculate the ζS -weighted norm of ΠζS P̃π and the matrix associated with TD(λ):


3 1
,
1 1
Φ=

Φ> D(P̃π − I) Φ =

The latter matrix is not negative definite; in fact, its eigenvalues have positive real parts,
so it is not even a Hurwitz matrix (TD(λ) can diverge in this case). In the above, we have
ΠζS P̃π = P̃π , and while ΠζS P̃π is not a contraction w.r.t. k · kζS , it is still a contraction
w.r.t. some matrix norm. If we now let Φ = (3, 1)> instead, then the spectral radius of the
matrix ΠζS P̃π comes out as σ(ΠζS P̃π ) ≈ 1.10 > 1, so ΠζS P̃π (and hence ΠζS T ) cannot be a
contraction w.r.t. any matrix norm.

kΠL1 L2 x

kΠ 1 L2 (x − ΠL1 x)k2
− Π xk
2
L
L
1
= sup
kx − ΠL1 xk2
kx − ΠL1 xk2
x∈<N

(B.10)

We now proceed to bound the bias term vTD − Πξ vπ relative to kvπ − Πξ vπ kξ , the
distance between vπ and the approximation subspace measured with respect to k · kξ . It is
more transparent to derive the bound for the case of a general oblique projection operator
ΠL1 L2 with respect to the usual Euclidean norm k·k2 , so let us do that first and then use the
linear transformation h(·) to translate the result to TD, as we did earlier in the preceding
subsection.
We bound the bias kΠL1 L2 x − ΠL1 xk2 relative to kx − ΠL1 xk2 , by calculating
x∈<N

κ := sup

x⊥L1 , kxk2 =1

sup

kΠL1 L2 xk2 = kΠL1 L2 (I − ΠL1 )k2 ,

(B.12)

(B.11)

(where we treat 0/0 = 0). This constant κ depends on the two subspaces L1 , L2 , and
reflects the “angle” between them. It has several equivalent expressions, e.g.,
κ=

r

 q

>
σ ΠL1 L2 (I − ΠL1 ) · (I − ΠL1 )> ΠL
= σ ΠL 1 L 2 ΠL 2 L 1 − ΠL 1 .
1 L2

or with σ(F ) denoting the spectral radius of a square matrix F ,
κ=

(After the definition of κ, each expression of κ in (B.10)-(B.12) follows from the preced> =
ing one; in particular, for the last expression in (B.12), we used the fact that ΠL
1
>
ΠL 1 , ΠL
= ΠL2 L1 , and ΠL1 ΠL2 L1 = ΠL1 .)
1 L2
We can express κ in terms of the spectral radius of an n×n matrix, similarly to what was
done in (Yu and Bertsekas, 2010). In particular, we take the last expression of κ in (B.12)
and rewrite the symmetric matrix in that expression using the matrix representations of
the projection operators as follows:

ΠL1 L2 ΠL2 L1 − ΠL1 = Φ1 (Φ2> Φ1 )−1 Φ2> · Φ2 (Φ1> Φ2 )−1 Φ1> − Φ1 (Φ1> Φ1 )−1 Φ1> .
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By a result in matrix theory (Horn and Johnson, 1985, Theorem 1.3.20), for any N × n
matrix F1 and n × N matrix F2 , σ(F1 F2 ) = σ(F2 F1 ). Applying this result to the preceding
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where

−1
>
>
−1
>
F = (Φ>
2 Φ1 ) (Φ2 Φ2 )(Φ1 Φ2 ) (Φ1 Φ1 ).

(B.13)

ξ

ξ

=

h(vπ ) − Π h(vπ )

h(vTD ) − Π h(vπ )
2

2

,

(B.15)

Φ1 = Φ,

Φ2 = Ξ−1 (I − P̃π )> DΦ,
(B.18)

(B.17)
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Note that by the definition of κ, the bound (B.16) is a worst-case bound that depends
only on the two subspaces involved in the oblique projection operator. In other words,
given the approximation subspace Lφ , the dynamics described by P̃π , the projection norm
k · kζS and the norm k · kξ for measuring the approximation quality, the bound (B.16) is
attained by a worst-case choice of the rewards r̃π for the target policy. In this sense, the
bound (B.16) is tight.

or more explicitly, after substituting the expressions of h(Φ1 ) and h(Φ2 ) in the formula of
F and removing h, we have
−1 > −1  > −1 > 
F = Ψ> Φ
Ψ Ξ Ψ Φ Ψ
Φ ΞΦ , where Ψ = (I − P̃π )> DΦ.

for

where F is an n × n matrix given by

−1 
 
−1 

F = h(Φ2 )> h(Φ1 )
· h(Φ2 )> h(Φ2 ) · h(Φ1 )> h(Φ2 )
· h(Φ1 )> h(Φ1 )

where Π on the r.h.s. stands for the orthogonal projection onto h(Lφ ) with respect to k · k2 .
As shown by (B.7), h(vTD ) is an oblique projection of h(vπ ) for the two subspaces h(Lφ )
and h(L2 ), where L2 p
is given by (B.8)-(B.9). According to (B.13), the constant κ for this
oblique projection is σ(F ) − 1 where, if we take Φ1 = Φ and Φ2 as defined by (B.8), F
is now given by the expression in (B.13) with h(Φ1 ), h(Φ2 ) in place of Φ1 , Φ2 , respectively.
Thus, by (B.14) and (B.15) we obtain that
p
vTD − Πξ vπ ξ ≤ κ vπ − Πξ vπ ξ
for κ = σ(F ) − 1,
(B.16)

v π − Πξ v π

vTD − Πξ vπ

We now translate the result (B.13)-(B.14) to our TD context. We want to bound the
relative bias vTD − Πξ vπ ξ / vπ − Πξ vπ ξ . As discussed earlier in Section B.1, we can
replace k · kξ with k · k2 by using the linear transformation h(·) to scale the coordinates. In
particular, by the two relations given in (B.6),

Thus, for the above κ, the bound below holds for all x ∈ <N and with equality attained at
some x:
(B.14)
kΠL1 L2 x − ΠL1 xk2 ≤ κ kx − ΠL1 xk2 .

κ2 = σ(F ) − 1,

Combing this with (B.12), we obtain that

−1
>
>
−1
>
(Φ>
2 Φ1 ) (Φ2 Φ2 )(Φ1 Φ2 ) (Φ1 Φ1 ) − I.


expression with F1 = Φ1 , we have that σ ΠL1 L2 ΠL2 L1 − ΠL1 is equal to the spectral radius
of the matrix
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learning. The 2016 edition of the conference comprised more than 2,400 paper submissions,
3,000 reviewers, and 8,000 attendees. This represents a growth of nearly 40% in terms of
submissions, 96% in terms of reviewers, and over 100% in terms of attendees as compared
to the previous year. The massive scale as well as rapid growth of the conference calls for a
thorough quality assessment of the peer-review process and novel means of improvement.
In this paper, we analyze several aspects of the data collected during the review process,
including an experiment investigating the efficacy of collecting ordinal rankings from
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for subsequent conferences, and discuss open problems towards the goal of improving peer
review.
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(vii) there is lower disagreement among reviewers in NIPS 2016 as compared to NIPS 2015
(Section 3.7);

(vi) there is no observable bias towards any research area in accepted papers (Section 3.6);

(v) there is little change in reviewer scores after rebuttals (Section 3.5);

(iv) review scores provided by invited and volunteer reviewers have comparable biases and
variance, and junior reviewers report a lower confidence (Section 3.4);

(iii) there is significant miscalibration with respect to the rating scale (Section 3.3);

(ii) graph-theoretic techniques can be used to ensure a good reviewer assignment (Section 3.2);

(i) there are very few positive bids by reviewers and area chairs (Section 3.1);

The analysis is used to obtain insights into the peer-review process, usable suggestions for
subsequent conferences, and important open problems towards improving peer-review in
academia.
Here is a summary of our findings:

• The analysis primarily evaluates the ratings and rankings provided by reviewers, and
does not study the textual comments provided by the reviewers.

• The analysis is post hoc, unlike the controlled experiment from NIPS 2014 (Lawrence
and Cortes, 2014).

• There is no ground truth ranking of the papers or knowledge of the set of papers which
should ideally have been accepted.

The review process for NIPS 2016 involved 2,425 papers submitted by 5,756 authors, 100
area chairs, and 3,242 active reviewers submitting 13,674 reviews in total. Designing a review
process as fair as possible at this scale was a challenge. In order to scale, all parts of the
process have to be as decentralized as possible. Just to get a feeling, if the two program
chairs were supposed to take final decisions just for the 5% most challenging submissions,
which means that they would have to read and decide on 150 papers — this is the scale of a
whole conference such as COLT. Furthermore, the complexity of the logistics and software
to manage the review process is rather high already. A controlled experiment (Lawrence and
Cortes, 2014) from NIPS 2014 has shown that there is a high disagreement in the reviews.
Hence the primary goal must be to keep bias and variance of the decisions as small as
possible.
In this paper, we present an analysis of many aspects of the data collected throughout
the review phase of the NIPS 2016 conference, performed subsequent to the completion
of the review process. Our goal in this analysis is to examine various aspects of the data
collected from the peer-review process to check for any systematic issues. Before delving into
the details, we note the following limitations of this analysis:

1. Introduction
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(viii) a significant fraction of scores provided by the reviewers are tied, and ordinal rankings
can ameliorate this issue (Section 3.8);
(ix) there are some inconsistencies in the reviews and these can be identified in an automated
manner using ordinal rankings (Section 3.9).
We describe the review procedure followed at NIPS 2016 in Section 2. We present an
elaborate description of the analysis and the results in Section 3. Alongside each analysis,
we present a set of key observations, action items for future conferences, and some open
problems that arise out of the analysis. We conclude the paper with a discussion in Section 4.

2. Review procedure
In this section, we present an overview of the design of the review process at NIPS 2016.
2.1 Selecting area chairs and reviewers
Area Chairs (ACs) are the backbone of the NIPS reviewing process. Their role is similar
to that of an associate editor for a journal. Each AC typically handles 20-30 submissions,
so with an estimated number of submissions between 2000 and 3000, we needed to recruit
about 100 area chairs. As it is impossible to intimately know all the diverse research areas
covered by NIPS, we came up with the following procedure. We asked the NIPS Board and
all the ACs of NIPS from the past two years to nominate potential ACs for this year. In
this manner, we covered the entire variety of NIPS topics and obtained qualified suggestions.
We obtained around 350 suggestions. We asked the NIPS Board to go through the list of
suggested ACs and vote in favor of suggested ACs. We also accounted for the distribution of
subject areas of submitted papers of the previous year’s NIPS conference. Combining all
these inputs, we compiled a final list of ACs: by the end of January we had recruited exactly
100 ACs. In a subsequent step, we formed “buddy pairs” among the ACs. Based on the ACs
preferences, each AC got assigned a buddy AC. We revisit the role of buddy pairs in more
detail later.
The process of recruiting reviewers is time consuming, it essentially went on from
January until the submission deadline at end of May. A significant departure from the review
processes of NIPS from earlier years, this time we had two kinds of reviewers, “invited senior
reviewers” (Pool 1) and “volunteer reviewers” (Pool 2):
• Pool 1, invited senior reviewers: We asked all ACs to suggest at least 30 reviewers
who have completed their PhDs (however, this requirement was not strictly observed by
all ACs). We then also asked all confirmed reviewers to “clone themselves” by inviting
at least one researcher with a similar research background and with at least as good a
qualification as themselves.
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• Pool 2, volunteer author-reviewers: The rapid growth in the number of submissions
at NIPS poses the formidable challenge of accordingly scaling the number of reviewers.
An obvious means to achieve this objective is to ask authors to become reviewers as
well. This idea has been used in the past, for example, to evaluate NSF grant proposals
(Mervis, 2014) or to allocate telescope time (Merrifield and Saari, 2009). In order to
3
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implement this idea, without constraining unwilling authors, we requested authors to
volunteer during the submission process by naming at least one author per paper as
volunteer reviewers.

Senior
researchers /
faculty
1236
143

Junior
researchers /
postdocs
566
206

888
3050

PhD
students

255
827

PhD
students

38
9

Not
Specified

7
2

Not
Specified

9244
4430

Total

2064
1178

Total

The area chairs were aware of the respective pools to which each of their reviewers
belonged. The number of reviewers that we eventually ended up with writing reviews are as
follows:
Number
of reviewers
Pool 1: Invited
Pool 2: Volunteer

Senior
researchers /
faculty
5759
576

Junior
researchers /
postdocs
2559
795

The total number of reviews in each category are as follows:
Number
of reviews
Pool 1: Invited
Pool 2: Volunteer

2.2 Assignment of papers to reviewers and area chairs
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The assignment of papers to area chairs was made in the following manner. Prior to the
review process, the ACs and reviewers were allowed to see the list of submitted papers and
“bid” whether they were interested or disinterested in handling/reviewing any paper. For
any paper, an AC/reviewer could either indicate “Not Willing” or “In-a-pinch” – which we
count as negative bids, or indicate “Willing” or “Eager” – which we count as positive bids, or
choose to not bid for that paper. The Toronto paper matching system or TPMS was then
employed to compute an affinity score for every AC (and reviewer) with every submitted
paper based on the content of the paper and the academic profile of the AC or reviewer. In
addition, every AC/reviewer as well as the submitter of every paper was asked to select a
set of most relevant subject areas, and these subject areas were also employed to compute a
similarity between every AC/reviewer and every paper.
Based on the similarity scores and bids, an overall similarity score is computed for
every {paper, AC} and every {paper, reviewer} pair: score = 2b (saffinity + ssubject )/2, where
saffinity ∈ [0, 1] is the affinity score obtained from TPMS, ssubject ∈ [0, 1] is the score obtained
by comparing the subject areas of the paper and the subject areas selected by the AC or
reviewer, and b ∈ [−1, 1] is the bidding score provided by the AC or reviewer. Based on these
overall similarity scores, a preliminary paper assignment to ACs was then produced in an
automated manner using the TPMS assignment algorithm (Charlin and Zemel, 2013). The
ACs were given a provision to decline handling certain papers for various reasons such as
conflicts of interest. These papers were re-assigned manually by the program chairs.
The AC of each paper was responsible to first assign one senior, highly qualified reviewer
manually. Two more invited reviewers from pool 1 and three volunteer reviewers from pool 2
were then assigned automatically to each paper using the same procedure as described above.

4
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In this section, we present details of our analyses of the review data and the associated
results. Each subsection contains one analysis and concludes with a summary that highlights
the key observations, concrete action items for future conferences, and open problems that
arise from the analysis.

3. Detailed analysis

In the main NIPS 2016 review process, we elicited only cardinal scores from the reviewers
– one score in 1 to 5 for each of four criteria. Subsequent to the review process, we then
requested each reviewer to also provide a total ranking of the papers that they reviewed.
We received rankings from a total of 2189 reviewers. Note that the collection of ordinal
data was performed subsequent to the normal review submission but before release of the
final decisions. The ordinal data was not used as a part of the decision procedure in the
conference.

2.6 Experimental ordinal reviews

The decision procedure involved making an acceptance or rejection decision for each paper,
and furthermore, to select a subset of (the best) accepted papers for oral presentation.
We introduced a decentralized decision process based on pairs of ACs (“buddy pairs”).
Each AC got assigned one buddy AC. Each pair of buddy ACs was responsible for all papers
in their joint bag and made the accept/reject decisions jointly, following guidelines given
by the program chairs. Difficult cases were taken to the program chairs, which included
cases involving conflicts of interest and plagiarism. In order to harmonize decisions across
buddy pairs, all area chairs had access to various statistics and histograms over the set of
their papers and the set of all submitted papers. To decide which accepted paper would get
an oral presentation, each buddy pair was asked to champion one or two papers from their
joint bag as a candidate for an oral presentation. The final selection was then made by the
program chairs, with the goals of exhibiting the diversity of NIPS papers and exposing the
community with novel and thought-provoking ideas. In the end, 568 papers got accepted to
the conference, and 45 of these papers were selected for oral presentations.
Like previous years, we adopted a “double blind” review policy. That is, the author(s)
of each paper did not get to know the identity of the reviewers and vice versa throughout
the review process. ACs got to know the identity of the reviewers and the author(s) for
the papers under their responsibility. During the discussion phase, reviewers who reviewed
the same papers got to know each other’s identity. Lastly, PCs and program managers had
access to all information about the submissions, the ACs, the reviewers, and the authors.

Once most reviews were in, authors had the opportunity to look at the reviews and write a
rebuttal. One section of the rebuttal was revealed to all the reviewers of the paper, and a
second section was private and visible only to the ACs. Some reviews were still missing at

2.4 Discussions and rebuttals

1 = Less confident (might not have understood significant parts).

2 = Confident (read it all, understood it all reasonably well),

3 = Expert (read the paper in detail, know the area, quite certain of opinion),

1 = Low or very low.
The scoring guidelines also reflect the hierarchy of the papers: the conference selects the top
few papers for awards, the next best accepted papers are presented as oral presentations,
and the remaining accepted papers are presented as posters at the conference. The scores
provided by reviewers had to be complemented by justifications in designated text boxes.
We also asked the reviewers to flag “fatal flaws” in the papers they reviewed. For each paper,
we also asked the reviewers to declare their overall “level of confidence”:

2 = Sub-standard for NIPS,

3 = Poster level (top 30% submissions),

4 = Oral level (top 3% submissions),

5 = Award level (1/1000 submissions),

• Clarity and presentation.
The scores were on a scale of 1 to 5, with the following rubric provided to the reviewers:

• Potential impact or usefulness,

• Novelty/originality,

• Technical quality,

We completely changed the scoring method this year. In previous years, NIPS papers
were rated using a single score between 1 and 10. A single score alone did not allow
reviewers to give a differentiated quantitative appreciation on various aspects of paper quality.
Furthermore, the role of the ACs was implicitly to combine the decisions of the reviewers (late
integration) rather than combining the reviews to make the final decision (early integration).
Introducing multiple scores allowed us to better separate the roles: the reviewers were in
charge of evaluating the papers; the ACs were in charge of making decisions based on all the
evaluations. Furthermore the multiple specialized scores allowed the ACs to guide reviewers
to focus discussions on “facts” rather than “opinion” in the discussion phase. We asked
reviewers to provide a separate score for each of the following four criteria:

2.5 Decision procedure

this point, but it would not have helped to delay the rebuttal deadline as the missing reviews
trickled in only slowly. Subsequently, ACs and reviewers engaged in discussions about the
pros and cons of the submitted papers. To support the ACs, we sent individual reports to
all area chairs to flag papers whose reviews were of too low confidence, too high variance or
where reviews were still missing. In many cases, area chairs recruited additional emergency
reviewers to increase the overall quality of the decisions.

The ACs were asked to verify whether each of their assigned papers had at least 3 highly
competent reviewers; the ACs could manually change reviewer assignments to ensure that
this is the case. During the decision process, additional emergency reviewers were invited to
provide complementary reviews if some of the reviewers had not turned in their reviews or if
no consensus was reached among the selected reviewers.

2.3 Review criteria and scores
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The results are computed for a snapshot of reviews at the end of the review process
when the acceptance decisions were made. This choice does not affect our results since there
was very little change in the scores provided by reviewers across different time instants. All
t-tests conducted correspond to two-sample t-tests with unequal variances. All mentions of
p-values correspond to two-sided tail probabilities. All mentions of statistical significance
correspond to a p-value threshold of 0.01 (we also provide the exact p-values alongside).
Multiple testing is accounted for using the Bonferroni correction. The effect sizes refer to
Cohen’s d. Wherever applicable, the error bars in the figures represent 95% confidence
intervals.
Wherever applicable, we also perform our analyses on a subset of the submitted papers
which we term as the top 2k papers. The top 2k papers comprise all of the 568 accepted
papers, and an equal number (568) of the rejected papers. The 568 rejected papers are
chosen as those with the maximum mean score (where the mean for any paper is taken across
all reviewers and all reviewers).

3.1 Reviewer and AC bids
A large number of conferences in computer science ask area chairs and/or reviewers to bid
which papers they would like or not like to review, in order to obtain a better understanding
of the expertise and the preferences of reviewers. Such an improved understanding is desirable
as it leads to a more informed assignment of reviewers to papers, thereby improving the
overall quality of the review process.
Figure 1 depicts the distribution of number of bids on papers submitted by area chairs
and reviewers in NIPS 2016. Panels (a) and (b) of the figure depict the distribution of
counts per paper for reviewers and area chairs respectively; panels (c) and (d) depict the
distribution per area chairs and reviewers. The “not willing” and “in-a-pinch” bids were
considered negative bids, whereas “willing” and “eager” bids were considered positive bids.
From the data, we observe that there are very few positive bids, but a considerably higher
number of negative bids.
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The distribution of number of bids by reviewers is skewed by few reviewers who bid
(positive and negative) on too many papers: 27% of reviewers make 90% of all bids, and
50% of reviewers make 90% of all positive bids. Moreover, there are 148 reviewers with no
(positive or negative) bids and 1201 reviewers with at most 2 positive bids. In comparison,
NIPS 2016 assigned at least 3 papers to most reviewers (and many other conferences also do
likewise). We thus observe that a large number of reviewers do not even provide positive bids
amounting to the number of papers they would review. As a consequence of the low number
of bids by reviewers, we are left with 278 papers with at most 2 positive bids and 816 papers
with at most 5 positive bids. In contrast, NIPS 2016 assigned 6 reviewers to most papers.
There is thus a significant fraction of papers with fewer positive bids than the number of
requisite reviewers. Finally there are 1090 papers with no positive bids by any AC.
7
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• Design a principled means of combining bids, paper content-reviewer profile
similarity, and subject similarity.

• How to incentivize more (positive) bids so that the organizers understand preferences better for accurate reviewer assignment?

Open problems:

• Inform reviewers of the procedure employed to use their bids for assigning papers.
Make reviewers aware of the benefits of bidding, such as receiving more relevant
papers to read and serving the community by improving the review process.

• When a reviewer or AC logs into the system, show unbid papers on top.

Action items:

• There are 1090 papers with no positive bids by any AC.

• From the reviewers’ side, the bids are highly skewed: 50% of reviewers make 90%
of all positive bids, 148 reviewers make no (positive or negative) bids, and 1201
reviewers make at most 2 positive bids.

• There are very few positive bids by reviewers, with 278 papers receiving at most
2 positive bids and 816 papers receiving at most 5 positive bids.

Key observations:

Summary 1: Reviewer and AC bids

Figure 1: Histogram of number of positive and negative bids (x-axis; on a logarithmic
scale) per entity (counts on y-axis) for various entities. The first column in each histogram
represents number of entities with 0 bids. For example, the first column of panel (c) depicts
that 756 reviewers made zero positive bids and 425 reviewers made zero negative bids.
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Φ(k) =

where V \S is the complement of set S. A lower value of the conductance indicates that the
nodes in the cut are less connected to the remaining graph. Next, with a minor abuse of
notation, the conductance of a graph as function of cluster sizes is defined as:

S ⊂ V is then defined as:

Figure 5: Histogram of subject areas in the identified cluster (from Figure 4) of reviewers in
NIPS 2015 which is not well connected with the set of remaining reviewers.
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Figure 4: Graphs depicting connectivity of reviewers and that of papers for NIPS 2015 and
NIPS 2016. The nodes in black (dark) show set of nodes identified by the local minima in
the conductance plots (Figure 3) for NIPS 2015, and the remaining nodes are plotted in blue
(light).
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for every k ∈ {1, . . . , |V | − 1}. The plot of k versus Φ(k) is called a Network Community
Profile or NCP plot (Leskovec et al., 2008). The NCP plot measures the quality of the least
connected community (lowest conductance) in a large network, as a function of the size of the
community. Although computing the function Φ(k) exactly may be computationally hard,
an approximate value can be computed using a simple “second left eigenvector” procedure
(Section 2.3 of Benson et al., 2015). A well connected graph would have a smooth plot of
Φ(k) with a minima at around k = |V |/2.
Figure 3 shows the NCP plot for an increasing number of papers (respectively reviewers)
in the paper graph (respectively reviewer graph). For reference we also plot the same curve

0.25
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1.00
0.50

2016
2015

0.50
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conductance

1.00

Figure 2 depicts the histograms of the number of reviewers assigned per paper, and the
number of papers handled by each reviewer.
In order to ensure that the information about each paper “spreads” across the entire
system, it is important that there is no set of reviewers or papers that has only a small
overlap with the remaining reviewers and papers (Olfati-Saber et al., 2007; Shah et al.,
2016a). To analyze whether this was the case, we considered two graphs. We built a reviewer
graph that has reviewers as vertices, and an edge between any two reviewers if there exists
at least one paper that has been reviewed by both of them. Analogously we built a paper
graph, where vertices represent papers, and we connect two papers by an edge if there exists a
reviewer who has reviewed both papers. Note that the graph structure is in part dictated by
a constraint on the maximum number of papers per reviewer as well as the specified number
of reviewers per paper.
Our objective is to examine the structure of the graphs and determine if there were any
separated communities of nodes. In order to do so, we employ a method based on spectral
clustering. Formally, denote any graph as G = (V, E) where V is set of nodes, and E is
the set of (undirected) edges between nodes, and let |V | denote the number of nodes in the
graph. We can denote graph connectivity by its associated adjacency matrix A which is a
(|V | × |V |) matrix; we have Aij = 1 if there is an edge between nodes i and j and Aij = 0
otherwise. With this notation, a quantity known as the “conductance” Φ of any set of nodes

3.2 Reviewer assignment

Figure 2: Histogram of number of reviews.
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for graphs associated with NIPS 2015 conference. Both plots for NIPS 2015 have local
minima at around k = 0.96|V |, indicating that there is a densely connected community of
reviewers and papers that are not well connected with the rest of the graph. In contrast,
the plot associated with NIPS 2016 decreases smoothly and reaches its global minimum
when half of the nodes are in one cluster and the other half in another cluster, indicating an
absence of such a fragmentation.
In Figure 4, we plot the graph of reviewers and papers using the algorithm of Fruchterman
and Reingold (1991). In these figures we identify the set of nodes that are identified using the
aforementioned NCP method; these nodes are colored black (dark) in the figure in contrast
to the blue (light) color of the remaining nodes. We can see from the Figure 4 that these
nodes are on the periphery of the network with lower connectivity compared to the rest of
the graph.
We further examine the cluster of reviewers in NIPS 2015 which is not well connected
with the rest. In Figure 5, we plot the decomposition of this set in terms of the primary
subject areas indicated by the reviewers. Our analysis reveals that a bulk of this cluster
comprises a single subject area—reinforcement learning. Conversely, 50 out of 78 reviewers
who identified their primary subject area as reinforcement learning lie in this cluster. All in
all, graph connectivity issues of this form can lead to increased noise or bias in the overall
decisions. Our main message for future conferences is to employ such methods of graph
analysis in order to catch issues of this form at a global level (not just local to individual
ACs) before the reviews are assigned.
Summary 2: Reviewer assignment
Key observations:
• A cluster of papers and reviewers primarily in the reinforcement learning area
are not well connected to the remaining papers and reviewers in the NIPS 2015
reviewer assignments. We did not find any such separated cluster in NIPS 2016.
Action items:
• Use graph-theoretic techniques to check global structure of graph for reviewer
assignment.
Open problems:
• Design principled graph-theoretic techniques, tailored specifically to the nuances
of peer-review graphs, to verify soundness of reviewer assignments.

3.3 Review-score distribution and mismatches in calibration

JMLR 19(49):1-34, 2018

Recall from Section 2.3 that in the review process, for each criterion, the reviewers were
asked to provide a score on a scale of 1 to 5. Specifically, they were asked to provide a score
of 5 for submissions they considered as being in the top 0.1%, a score of 4 for submissions
that they deemed to be in the top 3%, and a score of 3 for submissions they deemed to be in
the top 30%. In this section, we compare the actual empirical distribution of reviewer scores
with the distribution prescribed in the guidelines to reviewers.
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Figure 6: Distribution of the mean value (across reviewers) of the score per paper for different
criteria, separated according to the final decisions.
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We begin by computing the distribution of the mean value (across reviewers) of the score
per paper for different criteria, separated according to the final decisions. We plot these
distributions in Figure 6 for each of the four criteria of clarity, impact, novelty, and quality
separately.
At first glance, these histograms and numbers look quite reasonable. However, what was
surprising to us was the percentage of papers that received any particular score – see Table 1.
Even though the reviewers were asked to give a paper a score of 3 (poster level) or higher
only if they think the paper lies in the top 30% of all papers, nearly 60% of the scores were 3
or higher. Similar effects occurred for scores 4 and 5.
One possible explanation for this phenomenon is that there were a large number of
high-quality submissions to NIPS 2016. Such an improvement in quality has obvious upsides

Impact
Quality
Novelty
Clarity
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Table 1: Distribution of the reviews according to the provided scores for each of the four
criteria. The column headings indicate the guidelines that were provided to the reviewers.
Observe that the percentage of reviews providing scores of 3, 4 or 5 is considerably higher
than the requested values.
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In this section, we compare the reviews provided by the volunteer (pool 2) reviewers to those
provided by the invited (pool 1) reviewers. The inclusion of volunteer reviewers has two
important benefits: (a) It increases the transparency of the review process. (b) Volunteer

3.4 Different types of reviewers

• What is the best way to present the review results to authors in order to provide
most useful feedback and minimizing distress?

• What is the best interface for eliciting reviewer responses?

• Since each reviewer reviews only a small subset of the submitted papers, how to
calibrate the reviews?

Open problems:

• Include an expert in elicitation, survey methodology or user interface design to
help to design what and how to ask (O’Hagan et al., 2006).

• When making reviews visible to authors, show the percentile with respect to the
data instead of absolute scores, e.g., provide feedback of the form “your paper is
in the top 40% of all submitted papers in terms of novelty...”

• If eliciting ratings, do not use numbered scales (that is, do not use “1”, “2”, . . . ).
Alternatively, one may employ other means of elicitation such as rankings.

Action items:

• The fraction of reviews with high ratings is significantly higher than what was
asked from the reviewers. For instance, nearly 60% of scores are 3 or higher even
though reviewers were asked of scores of 3 or higher only when they thought the
paper was in the top 30% of submissions.

Key observations:

Summary 3: Review-score distribution and mismatches in calibration

such as uplifting the overall experience of the conference. The downside is that the burden
on selecting the accepted papers among all those good submissions is with the area chairs,
who now still had to reduce the 60% good papers to 23% accepted papers. A second possible
explanation is that the reviewers were not calibrated that well with respect to the paper
quality. A third possible explanation is that the elicitation was in terms of a score in the set
{1, 2, 3, 4, 5} which represents a linear scale with equal spacing, whereas the text instructions
expected reviewers to rate on a non-linear scale. This mismatch could be a source of bias in
the elicited ratings. Using a linear rating scale when the actual elicitation is non-linear is a
common practice in many conferences, and it will be useful to perform a similar analysis on
the data from these conferences. In either case, we understand that this obviously led to the
frustration of many authors, whose papers received good scores but were rejected.
In addition to scores for the four criteria, the reviewer could also indicate whether the
paper had a “fatal flaw”. We observe that 32% of all papers were flagged to have a “fatal
flaw” by at least one reviewer.

Shah, Tabibian, Muandet, Guyon, von Luxburg
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Figure 7: Mean of scores provided for different criteria grouped by different reviewer types.
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reviewers may be new today but in 2 years down the line they will gain experience and
become useful to accommodate the massive growth of the conference. Given these benefits
of including volunteer reviewers, this analysis looks for any systematic differences between
the review scores provided by the two pools of reviewers.
Mean scores.
Junior reviewers are often perceived to be more critical than senior reviewers (Tomiyama,
2007; Toor, 2009). As Tomiyama (2007) notes, “You submit your manuscript and then just
pray it doesn’t get sent to a junior faculty member – young faculty are merciless!” In this
section, we examine this hypothesis in the NIPS 2016 reviews. In Figure 7, we plot the
mean score provided by each group of reviewers for each individual criterion. We apply a
t-test on observed scores and compute the effect size to examine if there is a statistically
significant difference in the underlying means of the scores provided by different categories
of reviewers. For Pool 1 vs Pool 2, this analysis shows only clarity to have a statistically
significant difference between the two pools after accounting for multiple testing. Specifically,
the p-values (before accounting for multiple testing) and effect sizes for the four criteria are:
novelty p=0.2143, d= 0.0264, quality p=0.0061, d= 0.0581, impact p=0.0961, d= 0.0353,
and clarity p=1.91 × 10−04 , d= 0.0788. Sample sizes for Pool 1 and Pool 2 reviews are 9244
and 4430 respectively.
A similar analysis between senior researchers (e.g., faculty), junior researchers (e.g.,
postdocs), and PhD students reveals no significant difference between these categories. The
remainder of this paragraph details the p-values and effect sizes. The p-values (before
accounting for multiple testing) and effect sizes for senior researcher vs. junior researchers for
the four criteria are: quality p=0.0071, d= −0.0662, novelty p=0.0037, d= −0.0704, impact
p=0.0199, d= −0.0569, and clarity p=0.3064, d= −0.0253; for junior researcher vs. students:
quality p=0.4662, d= 0.0164, novelty p=0.8247, d= 0.0049, impact p=0.8733,d= −0.0036,
and clarity p=0.3529, d= 0.0209; for senior researcher vs. students: quality p=0.0440,
d= −0.0454, novelty p=0.0499, d= −0.0629, impact p=0.0076, d= −0.0601 and clarity
p=0.9968, d= 0.00009. The sample sizes for senior, junior and student reviews are: 6335,
3938, and 3354 respectively. This analysis excludes 47 reviews by reviewers who did not
identify themselves as any of the above categories.
Self-reported confidence. We next study the difference in the self-reported confidence
among different groups of reviewers. The mean value of reported confidence is plotted in

mean score
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Figure 9: Proportions of inter-reviewer disagreements on each criterion.
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This section is devoted to the analysis of the rebuttal stage and the participation of reviewers
in discussions. We begin with some summary statistics. The authors of 2188 papers submitted
a rebuttal. There were a total of 12154 reviews that came in before the rebuttals started,
and with some more reviews received after the rebuttal round, the total number of {reviewer,
paper} pairs eventually ended up being 13674. Out of the 12154 reviews that were submitted
before the rebuttals, the scores of only 1193 changed subsequently. These changed review
scores were distributed among 886 papers.
There were 842 papers for which no reviewer participated in the discussions, 339 papers
for which exactly one reviewer participated, and 436, 376, 218, 135 and 49 papers for which
2, 3, 4, 5 and 6 reviewers participated respectively. There were a total of 5255 discussion
posts, and 4180 of the 13674 {reviewer, paper} pairs participated in the discussions.

3.5 Rebuttals and discussions

• How do we make most effective use of volunteer reviewers in a manner that
authors can trust, which reduces randomness in the peer-review process, and
trains junior reviewers effectively?

Open problems:

• Continue to include volunteer reviewers with an appropriate moderation of their
reviews.

Action items:

• Volunteer reviewers yield benefits of scalability and transparency, with no observable biases and a similar inter-reviewer agreement as the invited pool. These
reviewers can soon be an asset in dealing with the rapid growth of conferences
such as NIPS.

• Self-reported confidence correlates with seniority.

• We find no evidence of a critical bias of junior reviewers (except for a small
difference in the “clarity” criterion).

Key observations:

Summary 4: Different types of reviewers

p=0.9269 d= -0.0426, quality p=0.8648, d= 0.0039, impact p=0.7296, d= -0.0936, and
clarity p=0.8029, d= -0.0709. The total sample sizes for the three categories of overall, pool
1 and pool 2 respectively across the four criteria are: novelty 554, 282 and 49; quality 523,
285 and 41; impact 513, 276 and 37; and clarity 572, 286 and 42. Section 3.8 presents similar
consistency results for the two pools in the ordinal rankings. (We also attempted to run this
analysis restricted to the top 2k papers, but this restriction results in a very low sample
complexity and hence underpowered tests.)
Participation in discussions. One fact that caught our attention was the amount of
participation in the discussion by the different reviewer groups: senior reviewers take much
more active roles in the discussions than junior researchers. Please see Section 3.5.1 for
details, where we provide a more detailed study of the discussion phase.

2.0
1.5
1.0

(b) senior, junior, and student reviewers

senior junior student

Figure 8. In this case, we see a statistically significant correlation between seniority and
self-reported confidence. Following are p-values (before accounting for multiple testing) and
corresponding effect sizes: senior vs. junior researcher: p=4.1683 × 10−11 , d= 0.1604, senior
researcher vs. PhD student: p=3.308 × 10−57 , d= 0.3577 and junior researcher vs. PhD
student: p=8.074 × 10−15 , d= 0.1758. We observe a similar difference in confidence score
and effect size between pool 1 and pool 2 reviewers: p=3.9679 × 10−44 , d= 0.2943.
Consistency. We now study the consistency within reviewers of pool 1 (invited), and
within reviewers of pool 2 (volunteer). The consistency captures the amount of variance
or disagreements in the reviews provided by that pool. As noted by Ragone et al. (2013),
“the disagreement among reviewers is a useful metric to check and monitor during the review
process. Having a high disagreement means, in some way, that the judgment of the involved
peers is not sufficient to state the value of the contribution itself. This metric can be useful
to improve the quality of the review process...”
Concretely, consider any pair of reviewers within a given pool, any pair of papers that is
reviewed by both the reviewers, and any criterion. We say that this pair of reviewers agrees
on this pair of papers (for this criterion) if both reviewers rate the same paper higher than
the other; we say that this pair disagrees if the paper rated higher by one reviewer is rated
lower by the other. Ties are discarded. We count the total number of such agreements and
disagreements within each of the two pools.
Figure 9 plots the fraction of disagreements within each of the two pools for the cardinal
scores. At this aggregate level, we do not see enough difference to conclusively rate any one
pool’s intra-pool agreement above the other (note that the sample size for pool 2 is small, as
listed below). Specifically, for the Pearson’s chi-squared test and effect sizes of pool 1 vs.
pool 2, the results for the four criteria (before accounting for multiple testing) are: novelty
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Figure 8: Self-reported confidence grouped by different reviewer types.
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Figure 10: Proportions of contributions from different types of reviewers in discussions
(“posts” and “papers”) and the total number of such reviewers (“count”).
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Student versus non-student reviewers. We calculated the above three sets of quantities
for student and non-student reviewers. Figure 10(b) depicts the results. We tested whether
the mean number of posts per {reviewer, paper} pair for the student reviewers is identical to
the non-student reviewers. For the null hypothesis that the means are identical, the t-test
yielded p = 3.016 × 10−4 . When restricted to the top 2k papers, the t-test yielded p =
8.932 × 10−4 . We see a statistically significantly higher participation by the non-student
reviewers as compared to the student reviewers in the discussions. However, the total amount

We tested whether the mean number of posts per {reviewer, paper} pair is identical for
the two pools of reviewers. For the null hypothesis that the means are identical for the two
pools of reviewers, the t-test yielded p = 1.36 × 10−4 . We also conducted this analysis for the
restriction of papers to the top 2k, and for this subset, the t-test yielded p = 9.458 × 10−4 .
We see a statistically significantly higher participation by the pool 1 reviewers as compared
to the pool 2 reviewers in the discussions. However, the absolute amount of participation
by either group is moderate at best, and the effect sizes are small with d= 0.0704 and d=
0.0894 for analysis of all papers and top 2k papers respectively.

Pool 1 (invited) versus pool 2 (volunteer) reviewers. We compare the participation
of the reviewers in two pools in the discussions as follows, and plot the results in Figure 10(a).
In order to set a baseline, we first compute the total number of {pool 1 reviewer, paper}
pairs and the total number of {pool 2 reviewer, paper} pairs – these counts are computed
irrespective of whether the reviewer participated in the discussions or not. We plot the
proportions of these counts as the “count” bar in the figure. Next we compute the total
number of posts made by pool 1 reviewers and that made by pool 2 reviewers – the resulting
proportions are plotted as the “posts” bar in the figure. Finally, we compute the number of
{pool 1 reviewer, paper} pairs in which that reviewer put at least one post in the discussion
for that paper, and the number of {pool 2 reviewer, paper} pairs in which that reviewer
put at least one post in the discussion for that paper. We plot the two proportions in the
“papers” bar. The total sample sizes for the categories of counts, posts and papers are 13674,
5255 and 4180 respectively.

We compare the amount of participation of various groups of reviewers in the discussion
phase of the review process.

3.5.1 Who participates in discussions?

Analysis of NIPS 2016 Peer-review Process
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A total of 1193 out of 12154 reviews that were submitted before rebuttals changed subsequently.
These changed reviews were distributed among 886 papers. As a result, the amount of change
in review scores is quite small. Figure 11 depicts the score change – in absolute value –
averaged across all reviewers and all papers. While the allowed range of the scores is 1 to 5,
the change in mean score is less than 0.1.
From the point of view of reviewers, we see a significant correlation between participation
in the discussions and the final decisions. Specifically, for each paper we computed the mean
of the scores given by all reviewers who participated in the discussions and the mean of the
scores given by all reviewers who did not participate (when there was at least one reviewer
of each type). We discarded this paper if both types of reviewers provided an identical mean
score. If the participating reviewers gave a higher mean score than the non-participating
reviewers and if the paper was accepted, we counted it as an agreement of the final decision
with the participating reviewers. If the participating reviewers gave a lower mean score than
the non-participating reviewers and if the paper was not accepted, then also we count it as an
agreement of the final decision with the participating reviewers. Otherwise, we counted the
paper as having a disagreement between the final decisions and the participating reviewers.
From the data, we observe a statistically significant agreement of the final decisions and
the participating reviewers with p = 1.6 × 10−6 with d= 0.13. We continue to observe
a statistically significant correlation when this analysis is performed restricted to pool 1
reviewers (p = 7.7 × 10−4 ) or to pool 2 reviewers (p = 1.3 × 10−4 ) alone. Of course, we cannot
tell the causality from this correlation, as to whether the discussions actually influenced the
decisions or not.
All in all, we observe that only a small fraction of the reviews change scores following the
rebuttals. Moreover the magnitude of this change in scores is very small. This observation
suggests that this rebuttal process may not be very useful. That said, there are various
qualitative aspects that are not accommodated in this quantitative aggregate statistic. First,
it may be possible that more reviews changed with respect to the text comments but the
reviewers just did not bother to change the scores – we are unable to check this property since
there is no snapshot of the text comments before the rebuttal. Second, there are a reasonable
number of discussion posts, however, we do not know what fraction of these posts where
reviewers shifted from their earlier opinion. Third, the final decisions are correlated positively

3.5.2 How do discussions change the scores?

of participation by either group is not too large, and the effect sizes are small with d= 0.0695
and d= 0.0929 respectively.

Figure 11: Mean absolute value of the change in the scores from before the rebuttal round to
the end of the discussion phase.
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Summary 5: Rebuttals and discussions

with the reviewers who participated in discussions. Taking these factors into account, we
think that the present rebuttal system should be put under the microscope regarding its
value for the time and effort of such a large number of people. It may also be worth trying
alternative systems of recourse for authors, such as a formal appeals process, that help to
put more focus on the actual borderline cases.
Key observations:
• There is little change in scores post-rebuttal and a moderate amount of discussion.
• Invited and non-student reviewers participate marginally more in the discussions.
• Final decisions correlated with scores given by reviewers who participated in
discussions, even when stratified by individual pools.
Action items:
• Force every reviewer to change or confirm their scores after the end of the
discussion session.
• How to incentivize reviewer participation in rebuttals/discussions?

Open problems:
• How to de-bias reviewers from their initial opinion?
• Compare the amount of discussion and changes in scores with that in open review
processes (particularly when open reviews are used for conferences of this scale).
• Compare the efficiency of the rebuttal process with a post-decision appeal procedure to catch only cases that deserve discussion (i.e., possible mistakes).

3.6 Distribution across subject areas
Figure 12 plots scatter plot of the number of submitted papers and the number of accepted
papers per (primary) subject area. Of course the proportions are not identical, but the plots
do not show any systematic bias either towards or against any particular areas. A chi-square
test of homogeneity of the two distributions failed to detect any significant difference between
the two distributions: p=0.6029, χ2 (dof = 62, #samples = 2425) = 57.51.
Summary 6: Distribution across subject areas
Key observations:
• No observable bias across subject areas in terms of final acceptances.

• Test for systematic biases for/against any subject area before announcing decisions.

Action items:

Open problems:

JMLR 19(49):1-34, 2018

• How to assimilate different, subjective opinions of reviewers across subject areas.
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Quantifying the extent to which the outcome of a peer-review process is different from a
random selection of papers is one of the most pressing questions for the scientific community (Somerville, 2016). In this section, we conduct two analyses to quantify the randomness
in the review scores in NIPS 2016.

3.7 Quantifying the randomness

Figure 12: Number of accepted vs submitted papers per (primary) subject area. The indices
of the subject areas are provided on the right of the corresponding points and their names
are provided in Appendix A. For subject areas with same number of accepted papers, the
labels associated with each subject area are listed (from left to right) in ascending order
of number of submitted papers; if the number of submitted papers is also identical then
the indices are grouped with an “&” sign. Both axes are on a logarithmic scale. The plot
excludes subject area 62 since it had no accepted papers.

accepted papers
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3. Find the largest value of (1−t−b) such that we have (nagree [t, b]+ndisagree [t, b]) ≥ µ and
nagree [t,b]
nagree [t,b]+ndisagree [t,b] < 0.5+α. This largest value of (1−t−b) is defined as the size of the
messy middle.

2.4 Consider any pair of reviewers and any pair of papers in M that is reviewed by
both the reviewers. We say that this pair of reviewers agrees on this pair of papers
if both reviewers provide a higher mean score (mean computed across all criteria)
to the same paper as compared to the other paper. We say that this pair disagrees
if the paper rated higher by one reviewer (in terms of the mean score across the
criteria) is rated lower by the other reviewer. Ties are discarded. We count the
total number of such agreements (denoted as nagree [t, b]) and disagreements (denoted
as ndisagree [t, b]) within each of the two pools.

2.3 If (β − t)n < µ or ((1 − β) − b)n < µ then continue to the next values of (t, b) in
Step 2.

2.2 Consider the set of papers obtained by removing the top t fraction of papers and
bottom b fraction of papers from Θ. Denote this (unordered) set of “middle papers”
as M .

2.1 Initialize variables nagree [t, b] = ndisagree [t, b] = 0.

2. For every t ∈ [0, 1] and b ∈ [0, 1] (up to some granularity), do the following.

1. Rank order all papers with respect to their mean scores. Denote this ordering as Θ.

The NIPS 2014 experiment (Lawrence and Cortes, 2014) led to the proposal of an interesting
“messy middle” model (Price, 2014). The messy middle model postulates that the best and
the worst papers are clear accepts and clear rejects respectively, whereas the papers in the
middle suffer from random decisions that are independent of the content of the papers. The
messy middle model is obviously a stylized model, but it nevertheless suggests an interesting
investigation into the randomness in the reviews and decisions of the papers that lie in the
middle. In this section, we describe such an investigation using the NIPS 2016 data.
The messy middle model assumes random judgments for the middle papers. If the messy
middle model were correct then for any pair of papers in the middle, and any pair of common
reviewers, the probability of an agreement on the relative ranking of the two papers must be
identical to the probability of disagreement. With this model in mind, we restrict attention
to the papers in the middle, and then measure how far the agreements of the reviewers are
from equiprobable agreements and disagreements. An analysis of this quantity for various
notions of the “middle” papers yields insight into the messiness in the reviews for papers in
the middle.
Procedure: We now describe the procedure employed for the analysis. Here we let n
denote the total number of papers submitted to the conference and β denote the fraction of
papers accepted to the conference (we have n = 2425 and β = 0.237 in NIPS 2016). The
procedure is associated to two parameters: µ is the minimum number of samples required
and α is a threshold of messiness. We choose µ = 100 and α = 0.01 in our subsequent
analysis, noting that the overall conclusions are robust to these choices.

3.7.1 Messy middle model
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Such an analysis is useful in comparing the noise in the review data across conferences. It
can particularly be useful to evaluate the effects of any changes made in the peer-review process.
The ease of doing this post hoc analysis, without necessitating any controlled experiment,
is a significant benefit to this approach of analysis. In order to enable comparisons of the
size of the messy middle of NIPS 2016 with other conferences, we provide the values of

In the NIPS 2016 data, we observe that the size of the messy middle is 30%. Specifically,
if we remove the bottom 70% of papers (and none of the top papers) then we see that the
inter-reviewer agreements are near-random, but farther from random otherwise. On the other
hand, we observe that the size of the messy middle is 45% in the NIPS 2015 data, which
occurs when removing 15% of the top papers and 40% of the bottom papers.

Results: We used this procedure to compute the size of the messy middle in NIPS 2016
and also in NIPS 2015. The granularity we used is 1/20, that is, t, b ∈ {0, 1/20, 2/20, . . . , 1}.
NIPS 2015 had a marginally higher average number of reviews per paper as compared to
NIPS 2016. We set µ = 100 and α = 0.01 (note that the conclusions drawn below are robust
to these choices). The results of the analysis are tabulated in Figure 13a.

We can now use this analysis to compare messy middle window sizes for two or more
conferences. When making such a comparison, we make one adjustment. In the last step
(Step 3), we consider only those values of (t, b) such that nagree [t, b] + ndisagree [t, b] ≥ µ for both
datasets. We compare the sizes of the messy middle considering only these values.

Let us spend a moment interpreting some steps of the procedure. Step 2.3 and the µcondition in Step 3 ensure that there are a sufficient number of samples for any computation
on the messy middle region. Specifically, the conditions (β − t)n < µ and ((1 − β) − b)n < µ
ensure existence of a sufficient number of papers above and below the acceptance threshold.
Under this constraint, Step 3 then finds the largest window of papers in the middle such
that the fraction of reviewer-agreements is at most (0.5 + α). If the objective is to minimize
inter-reviewer disagreement (Cole et al., 1981; Whitehurst, 1984; Lindsey, 1988), then a
smaller size of the window is a desirable property.

Figure 13: Amount of randomness in the reviews.

(b) Histogram of the variance of acceptance decisions (according to mean scores) of the
papers in a bootstrapped analysis.

0.0
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and (nagree [t, b] + ndisagree [t, b]) for the NIPS 2016 data for all values of

(t, b) in Appendix B.
It is important to note that this post hoc analysis is not strictly comparable to the
NIPS 2014 controlled experiment because we do not have access to a true ranking or a
counterfactual. That said, since such an analysis can easily be performed post hoc using the
data from reviews and does not require any special arrangement in the review process, it
would be useful to see how these results compare to the data from other conferences.

3.7.2 A bootstrapped analysis

In this section, we conduct an analysis to measure the randomness in the reviews in the
NIPS 2016 data compared to that of random selection. In our analysis, we first conduct 1000
iterations of the following procedure. For each paper, we consider the set of reviewers who
reviewed this paper. We then choose the same number of reviewers uniformly at random
with replacement from the set of original reviewers for this paper. We then take the mean of
the scores across all criteria and across all the sampled reviewers for that paper. Next we
rank order all papers in terms of these mean scores and choose the top 23.7% of the papers
as “accepted” in this iteration and the others as rejected.
Our analysis focuses on the variance of the acceptance decisions for each paper. At the
end of all iterations, for each paper, we compute the fraction of iterations in which the paper
was accepted. Letting βi ∈ [0, 1] denote this fraction for any paper i, the variance in the
acceptance decisions for this paper equals βi (1 − βi ). We plot a histogram of the computed
variances (for every paper) in Figure 13b. For comparison, note that in an ideal world, the
variance of the decisions for each paper would be zero. Observe that a large fraction of
rejected papers as well as a large fraction of papers that were accepted as oral presentations
have a near-zero variance. On the other hand, a notable fraction of papers accepted as
posters as well as those rejected have a variance close to its largest possible value of 41 .
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We conclude with a clarifying comment. In the NIPS 2016 data, the messy middle
analysis outputs the top 30% of the papers as most noisy, while the bootstrap analysis shows
a very low variance on the top (oral) papers. This may appear as a contradiction, but it
is not. Notice that the messy middle analysis primarily focuses on the reviewers’ opinions
on the pairwise-relative values of reviews. On the other hand, the bootstrapped analysis
focuses on values of reviews in relation to all other papers. Thus we have that there is a
significant amount of disagreement at the top regarding which paper is better within the
top set of papers, but a significant agreement that most of these papers are good enough for
acceptance in an absolute sense.
23
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Summary 7: Quantifying the randomness
Key observations:

• A notable subset of papers incurs “messy middle” randomness. The messy middle
region is smaller in NIPS 2016 as compared to NIPS 2015.

• A bootstrapped analysis shows a significant variance in reviewer scores for a
notable fraction of papers that are accepted as posters. A large fraction of papers
accepted for oral presentations or rejected have near-zero variance.
Action items:

• Measure and compare post hoc goodness (using the analyses in this paper or
through other methods) of various review processes in order to choose a good
review process in a data-dependent manner.
Open problems:

• Principled design of statistical tests for post hoc comparison of goodness of
different review processes.

3.8 Ordinal data collection

The data collected from the reviewers in the NIPS 2016 review process comprises cardinal
ratings (in addition to the free-form text-based reviews) where reviewers score each paper on
four criteria on a scale of 1 to 5. A second form of data collection that is popular in many
applications, although not as much in conference reviews, is ordinal or comparative ranked
data. The ordinal data collection procedure that we consider asks each reviewer to provide a
total ordering of all papers that the reviewer reviewed.
There are various tradeoffs between collecting cardinal ratings and ordinal rankings. In
the context of paper reviews, cardinal ratings make reviewers read each individual paper
more carefully (and not make snap judgments), and can elicit more than a just one bit of
information. On the other hand, ordinal rankings allow for nuanced comparative feedback,
help avoid ties, and are free of various biases and calibration issues that otherwise arise in
cardinal scores (Harzing et al., 2009; Krosnick and Alwin, 1988; Russell and Gray, 1994;
Rankin and Grube, 1980; Cambre et al., 2018). We refer the reader to the papers by Barnett
(2003); Stewart et al. (2005); Shah et al. (2016a,b); Heckel et al. (2016) and references therein
for more details on ordinal data collection and processing. In the present paper, we present
three sets of analyses with the ordinal rankings collected from reviewers.
3.8.1 Tie breaks
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An ordinal ranking of the papers provided by a reviewer ensures that there are no ties in the
reviewer’s evaluations. On the other hand, asking cardinal scores can result in scores that
are tied, thereby preventing an opportunity for the AC to discern a difference between the
two papers from the provided scores.
In order to evaluate the prevalence of ties under cardinal scores, we performed the
following computation. For every {paper, paper, reviewer} triplet such that the reviewer
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Ordinal rankings can be used to detect anomalies in reviews. We discuss this aspect in the
Section 3.9.

3.8.3 Detecting anomalies

observe that the ordinal rankings have a comparable level of consistency as that observed
in the cardinal scores in Figure 9. Second, we observe no statistically significant difference
between the two pools: p=0.9849 for Pearson’s chi-squared test and effect size d= 0.0018.
The sample sizes are 696, 348 and 56 for all reviewers, pool 1 and pool 2 respectively.
Agreement of ordinal rankings with cardinal ratings. Let us now evaluate how well
the overall ordinal rankings associate with the cardinal scores given for the individual criteria.
For every pair of papers that have a common reviewer, we compare whether the relative
ordering of the cardinal scores for a given criterion agree with the ordinal ranking given by
the reviewer for the pair of papers. We report the proportion of disagreements in Figure 15b.
We observe the high amount of agreement of the ordinal rankings with the cardinal scores –
for instance, the median cardinal score agrees in about 90% of cases with the overall ordinal
rankings provided by the reviewers.
Agreement of ordinal rankings with final decisions. We finally compute the amount
of agreement between the ordinal rankings provided by the reviewers and the final decisions
of acceptance. We consider all {paper, paper, reviewer} triplets where the reviewer reviewed
both papers, and one of these papers was eventually accepted and the other was rejected.
For every such triplet, we evaluate whether the reviewer had ranked the accepted paper
higher than the rejected paper (“agreement”) or vice versa (“disagreement”). We report the
proportion of agreements and disagreements in Figure 15c. We see that there are roughly
five agreements for every disagreement.
When restricted to the top 2k papers, we observe that the disagreements of ordinal
rankings with final decisions increase to 27-28% in all three categories (overall, pool 1 and
pool 2) from 16-17% in the case of all papers. Note that the experiments on inter-reviewer
agreements do not permit an effective analysis when restricted to top 2k papers as the sample
size reduces quadratically (that is, reduces to a fraction .472 ≈ .2 of the sample size with all
papers).
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Figure 14: Proportion of ties in reviewer scores. The bars titled “mean” and “median”
represent the mean and median scores across all four criteria.
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Figure 15: Fraction of disagreements (a) within ordinal rankings between different pairs of
reviewer types; (b) between ordinal rankings and cardinal ratings (“mean” and “median” refer
to the mean and median of the cardinal scores for the four criteria); and (c) between ordinal
rankings and final acceptance decisions.
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While there is substantial literature on benefits of collecting data in an ordinal ranking form,
several past works also recommend verifying if the application setting under consideration is
appropriate for ordinal rankings. For instance, Russell and Gray (1994) state the benefits
of ranking for settings “where the items are highly discriminable”; Peng et al. (1997) ask
respondents to rank 18 values in order of importance but observe unstable and inconsistent
results; Harzing et al. (2009) argue that ranking generally requires a higher level of attention
than rating and that asking respondents to rank more than a handful of statements puts
a very high demand on their cognitive abilities. Accordingly, this section is devoted to
performing sanity checks on the ordinal ranking data obtained in NIPS 2016. We do so by
comparing certain measures of consistency of the ordinal data with the cardinal ratings for
the four criteria.
Agreements within ordinal rankings. For every pair of papers that have two reviewers
in common, we compute whether these two reviewers agree on the relative ordinal ranking of
the two papers or if they disagree. In more detail, we say that a pair of reviewers agrees on a
pair of papers if both reviewers rank the same paper higher than the other in their respective
ordinal rankings; we say that this pair disagrees if the paper ranked higher by one reviewer is
ranked lower by the other. Figure 15a depicts the proportion of disagreements for the ordinal
rankings in the entire set of papers, as well as broken down by the type of reviewer. First,

3.8.2 Consistency of ordinal ranking data

reviewed both papers, and for any chosen criterion (i.e., quality, novelty, impact, and clarity),
we computed whether the reviewer provided the same score to both papers or not. We
totaled such ties and non-ties across all such triplets.
Figure 14 depicts the proportion of ties computed across all submitted papers. The total
sample size is 26106. Observe that a significant fraction – exceeding 30% for each of the four
criteria – of pairs of reviewer scores are tied. When only the top 2k papers were used in the
calculation, the fraction of ties in each criterion further increases by approximately 10% to
15% of the respective value in the setting of all papers. In conclusion, these results reveal a
significant proportion of ties in the cardinal scoring scheme. The use of ordinal rankings, on
the other hand, does not suffer from such a drawback.
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Summary 8: Ordinal data collection
Key observations:
• Ordinal rankings are a viable option for collecting reviewer opinions.
• There are a large number of ties in ratings provided by reviewers: there are more
than 30% ties in each criterion and even greater fraction of ties in the top 2k
papers.
• Ordinal rankings can be used to check inconsistencies in the reviews.

Action items:
• Use a hybrid collection method which elicits and combines cardinal ratings and
ordinal rankings in a clever manner to avail benefits of both these types of data.

Shah, Tabibian, Muandet, Guyon, von Luxburg

the ordinal data actually is quite consistent with the cardinal data (Section 3.8.2). Hence we
do not think such a large discrepancy with fatal flaws can be explained solely due to such a
delay-related noise.
Two possible explanations for such anomalies are as follows. Either the reviewer may not
have done an adequate job of the review, or the set of provided criteria are grossly inadequate
to express reviewers’ opinions. In either case, we suggest automatically checking for such
inconsistencies (irrespective of whether ordinal or cardinal final ratings are used) during the
review process, and contacting the respective reviewers to understand their reasoning.2 We
hope that such a checkpoint will be useful in improving the overall quality of the review
process.

Summary 9: Checking inconsistencies
Key observations:

• 55 cases (across 44 reviewers) of a reviewer rating a paper higher than another
for all criteria but inverting the relative ranking of the two papers in the overall
ordering.

Open problems:
• Perform controlled experiments in order to quantify the benefits and possible
problems with ordinal rankings.

• 349 cases where a reviewer indicated a fatal flaw in a paper but ranked it higher
than another paper without any indicated fatal flaw.
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2. This analysis was performed after completion of the review process, and hence reviewers were not
contacted for these inconsistencies.

NIPS has historically been the terrain of much experimentation to improve the review process
and this paper is our contribution to advance the state of the art in review process design. It
is an on-going debate to which extent the decision process should be automated and what
means could be used to automate it. We provide some elements to fuel this discussion. In this
paper, we reported a post hoc analysis of the NIPS 2016 review process. Our analysis yielded
useful insights into the peer-review process, suggested action items for future conferences,
and resulted in several open problems towards improving the academic peer-review process,
as enumerated throughout this paper.
Our tools include several means of detecting potential artifacts or biases, and statistical
tests to validate hypotheses made: Comparing the distribution of topics in submitted papers
and accepted papers; creating a graph of proximity of reviewers (according to commonly
reviewed papers) and papers (according to common reviewers) to detect potential disconnected
communities; test to compare two pools of reviewers; quantifying the noise in the review
scores. We also observed that the histogram of scores obtained included a significantly larger

4. Discussion and conclusions

• What other inconsistencies can be checked in an automated manner?

Open problems:

• Check for inconsistencies in the reviews and contact respective reviewers.

Action items:

• Design algorithms to efficiently combine cardinal ratings for criteria and ordinal
overall rankings to provide useful guidelines to area chairs for their decisions.

3.9 Checking inconsistencies
In this section, we propose an automated technique to help reduce some human errors and
inconsistencies in the review process. In particular, we propose to automatically check
for inconsistencies in the review ratings provided by the reviewers. On finding any such
inconsistency, we propose to then have the area chairs either manually investigate this
inconsistency or to manually or automatically contact the reviewer requesting an explanation.
In what follows, we propose two notions of inconsistencies in regards to the NIPS 2016 review
process and quantify their presence in the NIPS 2016 review data.
Anomalies in criteria ratings. We investigate whether any reviewer indicated that paper
“A” is strictly better than paper “B” in all four criteria, but rank paper “A” lower than paper
“B” in the ordinal ranking. We find that there are 55 such pairs of reviews provided by 44
distinct reviewers. If we restrict attention to the top 2k papers, we find that that there are
10 such pairs of reviews provided by 10 distinct reviewers.1
Anomalies in fatal flaws. We now investigate if there are cases when a reviewer indicated
a fatal flaw in a paper, but that reviewer ranked it above another paper that did not have a
fatal flaw according to the reviewer. We found 349 such cases across 176 such reviewers. The
proportion of such cases is similar among volunteer and invited reviewers. Among the top 2k
papers, there are 55 such pairs across 33 reviewers.
One may think that the number of such cases is large because ordinal survey was done
after the review process, so people may not have remembered the papers well or may not
have done a thorough job as they knew it would not count towards the reviews. However,
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1. Note that the total number of pairs of papers reduces more than 4-fold when moving from the set of all
papers to the top 2k set.
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reviewers: the better reviews all of us provide, the better the outcome of the review process.
We as a community must also continue to strive improving the peer-review process itself, via
experiments, analysis, and open discussions. This topic in itself is a fertile ground for future
research with many useful open problems including those enumerated throughout the paper.

fraction of papers than the guidelines suggested. This observation suggests a more careful
design of the elicitation interface and the type of feedback provided to authors.
Selection biases that arise when recruiting reviewers and ACs in a review process of this
scale are difficult to deal with. Some designs in the selection of reviewers lend themselves
more to bias than others. In NIPS2016, we made some design choices of the review process
with the intention of reducing these biases. For instance, the recruitment of volunteer
author-reviewers helped increase the diversity of the reviewer pool. They were less prone
to selection bias compared to selecting reviewers by invitation only, primarily based on AC
recommendations. With respect to reducing bias across AC decisions, we introduced the
“AC buddy system” in which pairs of ACs had to make decisions jointly about all their
papers. This method scales well with the increase in number of papers, but is sub-optimal
to calibrate well decisions since buddy pairs form disjoint decision units (no paper overlap
between buddy pairs). However, decision processes based on a conference between several or
all ACs, as done in earlier editions of the conference, are also not perfect because decisions
are sometimes dominated by self-confident and/or opinionated ACs. Although the evidence
we gathered from our analyses did not reveal any “obvious” bias, it does not mean that there
is none. We hope that some designs of our review process will shed some lights on ways of
improving bias-immune or bias-avoidance procedures for future conferences.
A major challenge facing the NIPS conference is that of scaling the review process with
the rapid growth of the conference. To this end, we introduced the idea of inviting volunteer
author reviewers. Training junior reviewers today will ensure a much larger and stronger
reviewer pool in a few years from now. Recruiting more reviewers (between 4 and 6 per
paper) ensured that each paper had a better chance to get a few competent reviews. We
gave a strong role to the ACs who arbitrated between good and bad reviews and made
the final decision. Some of the ACs systematically disregarded volunteer reviews, judging
that they could not be trusted. Additionally, next to many PhD students, this brought a
considerable amount of senior reviewers in the system as well. Our analysis did not reveal
any systematic bias or additional variance in the invited reviewer pool. However, more
senior reviewers seem to put more effort into providing detailed reviews, and participating to
rebuttals and discussions. Hence we need to find means of encouraging and possibly educating
more junior reviewers to participate in these aspects. As a means of self-assessment and
encouragement, reviewers could receive statistics about review length, amount of agreement
between reviewers, and participation to rebuttals and discussions, as well as figures concerning
their own participation.
We evaluated how rebuttals and discussions change the scores. Although this concerns
only a minority of papers, we believe that ACs have a key role in arbitrating decisions when
there is a controversy and that this is not easy to monitor merely with scores. Since scores
do not seem to be consistently updated by reviewers after rebuttal/discussions, maybe the
review process should include a score confirmation to make sure that absence of change in
score is not due to negligence. Mixing ordinal and cardinal scores may reduce the problems
of reviewer calibration, tie breaking, and identifying anomalies possibly due to human error.
All in all, it is important to realize that in a review process of this scale, there is not
a single person who really controls what is going on at all levels. Program chairs spend a
lot of time on quality control, but definitely cannot control the decisions on all individual
papers or the quality of individual reviewers. In the end, we have to trust the area chairs and
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27. Semi-supervised

54 (Application) Privacy, Anonymity, Security

22. (Other) Applications

56 (Application) Bioinfo. and Systems Bio.

53 Game Theory and Econometrics

21. (Other) Probabilistic Models and Methods

57 Regularization and Large Margin Methods

52 Ranking and Preference Learning

20. Time series analysis

26. MCMC

51 Structured prediction

19. Combinatorial optimization

25. (Other) Unsupervised Learning Methods

49 Stochastic methods

50 (Other) Cognitive Science

18. Component Analysis (ICA, PCA, . . . )

48 Ensemble methods and Boosting

42 Information Theory

11. Matrix factorization

17. Multitask/Transfer learning

41 (Application) Collab. Filtering / Recommender Systems

10. Bandit algorithms

46 Nonlin. dim. reduction

40 (Other) Bayesian Inference

9. Graphical models

47 Model selection and structure learning

39 Graph-based Learning

8. Large scale learning

16. Gaussian process

38 Active Learning

7. Reinforcement learning

15. Kernel methods

36 (Other) Statistics

35 Similarity and Distance Learning

4. Convex opt. and big data

37 Spectral methods

34 Variational inference

3. Learning theory

6. Clustering

33 Bayesian nonparametrics

2. (Application) Computer Vision

5. Sparsity and feature selection

32 Causality

1. Deep learning/Neural networks

Here are the subject areas associated to the subject area indices in Figure 12.

Appendix A. Subject areas

In the appendix we present some additional details about the experiments.
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Figure 16: The inter-reviewer agreement ratios in the messy middle. For each value of t
and b, we report two numbers: The agreement ratio r := nagree /(nagree + ndisagree ) and the
number of overlapping paper-reviewer pairs m := (nagree + ndisagree ). Each cell is color-coded
by the size of the 95% confidence interval (on a log scale).

0

5

10

15

20

25

30

35

40

45

50

55

60

65

70

75

80

85

90

95

the 95% confidence interval (on a log-scale) computed as (2 × 1.96)

at the top of the corresponding cell and number of pairs m := (nagree [t, b] + ndisagree [t, b])
for every value of (t, b) at the bottom of the corresponding cell. Note that the values are
computed for all values of (t, b) ignoring the sample size restriction imposed by Step 2.3 of
the procedure outlined in Section 3.7.1. Each cell in the table is color-coded
by the size of
q

In Figure 16 we provide the values of the fraction of agreements r :=
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1. Introduction

Efforts to understand the empirical success of deep learning have followed two main lines:
Representation learning and optimization. In optimization, a deep network is treated as
a black-box family of functions for which we want to find parameters (weights) that yield
good generalization. Aside from the difficulties due to the non-convexity of the loss function,
the fact that deep networks are heavily over-parametrized presents a theoretical challenge:
The bias-variance trade-off suggests they may severely overfit; yet, even without explicit
regularization, they perform remarkably well in practice. Recent work suggests that this is
related to properties of the loss landscape and to the implicit regularization performed by
stochastic gradient descent (SGD), but the overall picture is still hazy (Zhang et al., 2017).

(Left) The AlexNet model of Zhang et al. (2017) achieves high accuracy (red) even
when trained with random labels on CIFAR-10. Using the IB Lagrangian to limit information in
the weights leads to a sharp transition to underfitting (blue) predicted by the theory (dashed line).
To overfit, the network needs to memorize the dataset, and the information needed grows linearly.
(Right) For real labels, the information sufficient to fit the data without overfitting saturates to
a value that depends on the dataset, but somewhat independent of the number of samples. Test
accuracy shows a uniform blue plot for random labels, while for real labels it increases with the
number of training samples, and is higher near the critical regularizer value β = 1.

Figure 1:

𝛽>1

𝛽<1
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Representation learning, on the other hand, focuses on the properties of the representation learned by the layers of the network (the activations) while remaining largely agnostic
to the particular optimization process used. In fact, the effectiveness of deep learning is
often ascribed to the ability of deep networks to learn representations that are insensitive
(invariant) to nuisances such as translations, rotations, occlusions, and also “disentangled,”
that is, separating factors in the high-dimensional space of data (Bengio, 2009). Careful
engineering of the architecture plays an important role in achieving insensitivity to simple geometric nuisance transformations, like translations and small deformations; however,
more complex and dataset-specific nuisances still need to be learned. This poses a riddle:
If neither the architecture nor the loss function explicitly enforce invariance and disentangling, how can these properties emerge consistently in deep networks trained by simple
generic optimization?
In this work, we address these questions by establishing information theoretic connections between these concepts. In particular, we show that: (a) a sufficient representation
of the data is invariant if and only if it is minimal, i.e., it contains the smallest amount of
information, although may not have small dimension; (b) the information in the representation, along with its total correlation (a measure of disentanglement) are tightly bounded
by the information that the weights contain about the dataset; (c) the information in the
weights, which is related to overfitting (Hinton and Van Camp, 1993), flat minima (Hochreiter and Schmidhuber, 1997), and a PAC-Bayes upper-bound on the test error (Section 6),

Using established principles from Statistics and Information Theory, we show that invariance to nuisance factors in a deep neural network is equivalent to information minimality of
the learned representation, and that stacking layers and injecting noise during training naturally bias the network towards learning invariant representations. We then decompose the
cross-entropy loss used during training and highlight the presence of an inherent overfitting
term. We propose regularizing the loss by bounding such a term in two equivalent ways:
One with a Kullbach-Leibler term, which relates to a PAC-Bayes perspective; the other
using the information in the weights as a measure of complexity of a learned model, yielding a novel Information Bottleneck for the weights. Finally, we show that invariance and
independence of the components of the representation learned by the network are bounded
above and below by the information in the weights, and therefore are implicitly optimized
during training. The theory enables us to quantify and predict sharp phase transitions between underfitting and overfitting of random labels when using our regularized loss, which
we verify in experiments, and sheds light on the relation between the geometry of the loss
function, invariance properties of the learned representation, and generalization error.
Keywords: Representation learning; PAC-Bayes; information bottleneck; flat minima;
generalization; invariance; independence;
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can be controlled by implicit or explicit regularization. Moreover, we show that adding noise
during the training is a simple and natural way of biasing the network towards invariant
representations.
Finally, we perform several experiments with realistic architectures and datasets to
validate the assumptions underlying our claims. In particular, we show that using the
information in the weights to measure the complexity of a deep neural network (DNN),
rather than the number of its parameters, leads to a sharp and theoretically predicted
transition between overfitting and underfitting regimes for random labels, shedding light on
the questions of Zhang et al. (2017).
1.1 Related work

JMLR 19(50):1-34, 2018

The Information Bottleneck (IB) was introduced by Tishby et al. (1999) as a generalization
of minimal sufficient statistics that allows trading off fidelity (sufficiency) and complexity
of a representation. In particular, the IB Lagrangian reduces finding a minimal sufficient
representation to a variational optimization problem. Later, Tishby and Zaslavsky (2015)
and Shwartz-Ziv and Tishby (2017) advocated using the IB between the test data and the
activations of a deep neural network, to study the sufficiency and minimality of the resulting
representation. In parallel developments, the IB Lagrangian was used as a regularized
loss function for learning representation, leading to new information theoretic regularizers
(Achille and Soatto, 2018; Alemi et al., 2017a; Alemi et al., 2017b).
In this paper, we introduce an IB Lagrangian between the weights of a network and the
training data, as opposed to the traditional one between the activations and the test datum.
We show that the former can be seen both as a generalization of Variational Inference,
related to Hinton and Van Camp (1993), and as a special case of the more general PAC-Bayes
framework (McAllester, 2013), that can be used to compute high-probability upper-bounds
on the test error of the network. One of our main contributions is then to show that, due to
a particular duality induced by the architecture of deep networks, minimality of the weights
(a function of the training dataset) and of the learned representation (a function of the test
input) are connected: in particular we show that networks regularized either explicitly, or
implicitly by SGD, are biased toward learning invariant and disentangled representations.
The theory we develop could be used to explain the phenomena described in small-scale
experiments in Shwartz-Ziv and Tishby (2017), whereby the initial fast convergence of SGD
is related to sufficiency of the representation, while the later asymptotic phase is related
to compression of the activations: While SGD is seemingly agnostic to the property of the
learned representation, we show that it does minimize the information in the weights, from
which the compression of the activations follows as a corollary of our bounds. Practical
implementation of this theory on real large scale problems is made possible by advances in
Stochastic Gradient Variational Bayes (Kingma and Welling, 2014; Kingma et al., 2015).
Representations learned by deep networks are observed to be insensitive to complex
nuisance transformations of the data. To a certain extent, this can be attributed to the
architecture. For instance, the use of convolutional layers and max-pooling can be shown
to yield insensitivity to local group transformations (Bruna and Mallat, 2011; Anselmi
et al., 2016; Soatto and Chiuso, 2016). But for more complex, dataset-specific, and in
particular non-local, non-group transformations, such insensitivity must be acquired as
3
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part of the learning process, rather than being coded in the architecture. We show that a
sufficient representation is maximally insensitive to nuisances if and only if it is minimal,
allowing us to prove that a regularized network is naturally biased toward learning invariant
representations of the data.

Efforts to develop a theoretical framework for representation learning include Tishby
and Zaslavsky (2015) and Shwartz-Ziv and Tishby (2017), who consider representations as
stochastic functions that approximate minimal sufficient statistics, different from Bruna and
Mallat (2011) who construct representations as (deterministic) operators that are invertible
in the limit, while exhibiting reduced sensitivity (“stability”) to small perturbations of the
data. Some of the deterministic constructions are based on the assumption that the underlying data is spatially stationary, and therefore work best on textures and other visual
data that are not subject to occlusions and scaling nuisances. Anselmi et al. (2016) develop
a theory of invariance to locally compact groups, and aim to construct maximal (“distinctive”) invariants, like Sundaramoorthi et al. (2009) that, however, assume nuisances to be
infinite-dimensional groups (Grenander, 1993). These efforts are limited by the assumption that nuisances have a group structure. Such assumptions were relaxed by Soatto and
Chiuso (2016) who advocate seeking for sufficient invariants, rather than maximal ones. We
further advance this approach, but unlike prior work on sufficient dimensionality reduction,
we do not seek to minimize the dimension of the representation, but rather its information
content, as prescribed by our theory. Recent advances in Deep Learning provide us with
computationally viable methods to train high-dimensional models and predict and quantify
observed phenomena such as convergence to flat minima and transitions from overfitting
to underfitting random labels, thus bringing the theory to fruition. Other theoretical efforts focus on complexity considerations, and explain the success of deep networks by ways
of statistical or computational efficiency (Lee et al., 2017; Bengio, 2009; LeCun, 2012).
“Disentanglement” is an often-cited property of deep networks (Bengio, 2009), but seldom
formalized and studied analytically, although Ver Steeg and Galstyan (2015) has suggested
studying it using the Total Correlation of the representation, also known as multi-variate
mutual information, which we also use.

We connect invariance properties of the representation to the geometry of the optimization residual, and to the phenomenon of flat minima (Dinh et al., 2017).

JMLR 19(50):1-34, 2018

Following (McAllester, 2013), we have also explored relations between our theory and
the PAC-Bayes framework (Dziugaite and Roy, 2017). As we show, our theory can also
be derived in the PAC-Bayes framework, without resorting to information quantities and
the Information Bottleneck, thus providing both an independent and alternative derivation,
and a theoretically rigorous way to upper-bound the optimal loss function. The use of PACBayes theory to study the generalization properties of deep networks has been championed
by Dziugaite and Roy (2017), who point out that minima that are flat in the sense of
having a large volume, toward which stochastic gradient descent algorithms are implicitly
or explicitly biased (Chaudhari and Soatto, 2018), naturally relates to the PAC-Bayes loss
for the choice of a normal prior and posterior on the weights. This has been leveraged by
Dziugaite and Roy (2017) to compute non-vacuous PAC-Bayes error bounds, even for deep
networks.

4

(i)
xi

N
i=1

and y =



N
y (i) i=1 ),

is a collection of

Q

i p(zi ) ),

(1)

5

JMLR 19(50):1-34, 2018

where β trades off sufficiency (first term) and minimality (second term); in the limit β → 0,
the IB Lagrangian is minimized when z is minimal and sufficient. It does not impose any
restriction on disentanglement nor invariance, which we introduce next.

L(p(z|x)) = H(y|z) + β I(z; x),

We say that z is a representation of x if z is a stochastic function of x, or equivalently if
the distribution of z is fully described by the conditional p(z|x). In particular we have the
Markov chain y → x → z. We say that a representation z of x is sufficient for y if y x | z,
or equivalently if I(z; y) = I(x; y); it is minimal when I(x; z) is smallest among sufficient
representations. To study the trade-off between sufficiency and minimality, Tishby et al.
(1999) introduces the Information Bottleneck Lagrangian

2.1 General definitions and the Information Bottleneck Lagrangian

We say that x, z, y form a Markov chain, indicated with x → z → y, if p(y|x, z) = p(y|z).
The Data Processing Inequality (DPI) for a Markov chain x → z → y ensures that
I(x; z) ≥ I(x; y): If z is a (deterministic or stochastic) function of x, it cannot contain
more information about y than x itself (we cannot create new information by simply applying a function to the data we already have).

I(z; x) = Ex∼p(x) KL( p(z|x) k p(z) ).

where p(zi ) are the marginal distributions of the components of z. Recall that the KL
divergence between two distributions is always non-negative and zero if and only if they are
equal. In particular TC(z) is zero if and only if the components of z are independent, in
which case we say that z is disentangled. We often use of the following identity:

TC(z) = KL( p(z) k

N randomly sampled data points
and their associated (usually discrete) labels. The
samples are assumed to come from an unknown, possibly complex, distribution pθ (x, y),
parametrized by a parameter θ. Following a Bayesian approach, we also consider θ to be a
random variable, sampled from some unknown prior distribution p(θ), but this requirement
is not necessary (see Section 6). A test datum x is also a random variable. Given a test
sample, our goal is to infer the random variable y, which is therefore referred to as our task.
We will make frequent use of the following standard information theoretic quantities
(Cover and Thomas, 2012): Shannon entropy H(x) = Ep [− log p(x)], conditional entropy
H(x|y) := Eȳ [H(x|y = ȳ)] = H(x, y) − H(y), (conditional) mutual information I(x; y|z) =
H(x|z) − H(x|y, z), Kullbach-Leibler (KL) divergence KL(p(x)||q(x)) = Ep [log p/q], crossentropy Hp,q (x) = Ep [− log q(x)], and total correlation T C(z), which is also known as
multi-variate mutual information and defined as


A training set D = {x, y}, where x = x(i)

2. Preliminaries
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I(z; n) ≤ I(z; x) − I(x; y).
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Proposition 3.1 (Invariance and minimality, Appendix C.2) Let n be a nuisance for
the task y and let z be a sufficient representation of the input x. Suppose that z depends on
n only through x ( i.e., n → x → z). Then,

To simplify the inference process, instead of working directly with the observed high dimensional data x, we want to use a representation z that captures and exposes only the
information relevant for the task y. Ideally, such a representation should be (a) sufficient
for the task y, i.e. I(y; z) = I(y; x), so that information about y is not lost; among all
sufficient representations, it should be (b) minimal, i.e. I(z; x) is minimized, so that it
retains as little about x as possible, simplifying the role of the classifier; finally, it should
be (c) invariant to the effect of nuisances I(z; n) = 0, so that the final classifier will not
overfit to spurious correlations present in the training dataset between nuisances n and labels y. Such a representation, if it exists, would not be unique, since any bijective mapping
preserves all these properties. We can use this to our advantage and further aim to make
the representation (d) maximally disentangled, i.e., choose the one(s) for which TC(z)
is minimal. This simplifies the classifier rule, since no information will be present in the
higher-order correlations between the components of z.
Inferring a representation that satisfies all these properties may seem daunting. However,
in this section we show that we only need to enforce (a) sufficiency and (b) minimality, from
which invariance and disentanglement follow naturally thanks to the stacking of noisy layers
of computation in deep networks. We will then show that sufficiency and minimality of the
learned representation can also be promoted easily through implicit or explicit regularization
during the training process.

3. Properties of optimal representations

Proposition 2.1 (Task-nuisance decomposition, Appendix C.1) Given a joint distribution p(x, y), where y is a discrete random variable, we can always find a random variable
n independent of y such that x = f (y, n), for some deterministic function f .

A nuisance is any random variable that affects the observed data x, but is not informative
to the task we are trying to solve. More formally, a random variable n is a nuisance for the
task y if y
n, or equivalently I(y; n) = 0. Similarly, we say that the representation z is
invariant to the nuisance n if z
n, or I(z; n) = 0. When z is not strictly invariant but
it minimizes I(z; n) among all sufficient representations, we say that the representation z
is maximally insensitive to n.
One typical example of nuisance is a group G, such as translation or rotation, acting
on the data. In this case, a deterministic representation f is invariant to the nuisances if
and only if for all g ∈ G we have f (g · x) = f (x). Our definition however is more general in
that it is not restricted to deterministic functions, nor to group nuisances. An important
consequence of this generality is that the observed data x can always be written as a
deterministic function of the task y and of all nuisances n affecting the data, as explained
by the following proposition.

2.2 Nuisances for a task

|=

Emergence of Invariance and Disentanglement

|=

|=

Moreover, there is a nuisance n such that equality holds up to a (generally small) residual 

Emergence of Invariance and Disentanglement

Achille and Soatto

I(z; n) = I(z; x) − I(x; y) − ,

8

JMLR 19(50):1-34, 2018

1. We use p to denote the real (and unknown) data distribution, while q denotes approximate distributions
that are optimized during training.

In this section, we let pθ (x, y) be an (unknown) distribution from which we randomly sample
a dataset D. The parameter θ of the distribution is also assumed to be a random variable
with an (unknown) prior distribution p(θ). For example pθ can be a fairly general generative
model for natural images, and θ can be the parameters of the model that generated our
dataset. We then consider a deep neural network that implements a map x 7→ fw (x) :=
q( · |x, w) from an input x to a class distribution q(y|x, w).1 In full generality, and following
a Bayesian approach, we let the weights w of the network be sampled from a parametrized

4. Learning minimal weights

Thus far we have discussed properties of representations in generality, regardless of how they
are implemented or learned. Given a source of data (for example randomly generated, or
from a fixed dataset), and given a (stochastic) training algorithm, the output weight w of the
training process can be thought as a random variable (that depends on the stochasticity
of the initialization, training steps and of the data). We can therefore talk about the
information that the weights contain about the dataset D and the training procedure,
which we denote by I(w; D).
Two extreme cases consist of the trivial settings where we use the weights to memorize
the dataset (the most extreme form of overfitting), or where the weights are constant, or
pure noise (sampled from a process that is independent of the data). In between, the
amount of information the weights contain about the training turns out to be an important
quantity both in training deep networks, as well as in establishing properties of the resulting
representation, as we discuss in the next section.
Note that in general we do not need to compute and optimize the quantity of information
in the weights. Instead, we show that we can control it, for instance by injecting noise in the
weights, drawn from a chosen distribution, in an amount that can be modulated between
zero (thus in theory allowing full information about the training set to be stored in the
weights) to an amount large enough that no information is left. We will leverage this
property in the next sections to perform regularization.

Information in the weights

Although Soatto (2013) addressed maximal invariants, we only consider sufficient invariants,
as advocated by (Soatto and Chiuso, 2016).

Proposition 3.6 (Actionable Information) When z = f (x) is a deterministic invariant, if it minimizes the IB Lagrangian it also maximizes Actionable Information (Soatto,
2013), which is H(x) := H(f (x)).

Notice, however, that the above corollary does not simply imply that the more layers the
merrier, as it assumes that one has successfully trained the network (zL is sufficient), which
becomes increasingly difficult as the size grows. Also note that in some architectures, such
as ResNets (He et al., 2016), the layers do not necessarily form a Markov chain because of
skip connections; however, their “blocks” still do.

where  := I(z; y|n) − I(x; y). In particular 0 ≤  ≤ H(y|x), and  = 0 whenever y is
a deterministic function of x. Under these conditions, a sufficient statistic z is invariant
(maximally insensitive) to nuisances if and only if it is minimal.
Remark 3.2 Since  ≤ H(y|x), and usually H(y|x) = 0 or at least H(y|x)  I(x; z), we
can generally ignore the extra term.
An important consequence of this proposition is that we can construct invariants by
simply reducing the amount of information z contains about x, while retaining the minimum
amount I(z; x) that we need for the task y. This provides the network a way to automatically
learn invariance to complex nuisances, which is complementary to the invariance imposed
by the architecture. Specifically, one way of enforcing minimality explicitly, and hence
invariance, is through the IB Lagrangian.
Corollary 3.3 (Invariants from the Information Bottleneck) Minimizing the IB Lagrangian
L(p(z|x)) = H(y|z) + β I(z; x),
in the limit β → 0, yields a sufficient invariant representation z of the test datum x for the
task y.
Remarkably, the IB Lagrangian can be seen as the standard cross-entropy loss, plus a regularizer I(z; x) that promotes invariance. This fact, without proof, is implicitly used in
Achille and Soatto (2018), who also provide an efficient algorithm to perform the optimization. Alemi et al. (2017a) also propose a related algorithm and empirically show improved
resistance to adversarial nuisances. In addition to modifying the cost function, invariance
can also be fostered by choice of architecture:
Corollary 3.4 (Bottlenecks promote invariance) Suppose we have the Markov chain
of layers
x → z1 → z2 ,
and suppose that there is a communication or computation bottleneck between z1 and z2
such that I(z1 ; z2 ) < I(z1 ; x). Then, if z2 is still sufficient, it is more invariant to nuisances
than z1 . More precisely, for all nuisances n we have I(z2 ; n) ≤ I(z1 ; z2 ) − I(x; y).
Such a bottleneck can happen for example because dim(z2 ) < dim(z1 ), e.g., after a pooling
layer, or because the channel between z1 and z2 is noisy, e.g., because of dropout.
Proposition 3.5 (Stacking increases invariance) Assume that we have the Markov chain
of layers
x → z1 → z2 → . . . → zL ,
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and that the last layer zL is sufficient of x for y. Then zL is more insensitive to nuisances
than all the preceding layers.
7

− log q(y (i) |x(i) , w),

sufficiency

efficiency

overfitting

9
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2. Note that, while the two are somewhat related, here by q(w|D) we denote the output distribution of the
weights after training with our choice algorithm on the dataset D, and not the Bayesian posterior of the
weights given the dataset, which would be denoted p(w|D). When q(w|D) is a Dirac delta at a point,
we recover the standard loss function for a MAP estimate of the weights.
3. Note that for generality here we treat the dataset D as a random variable. In practice, when a single
dataset is given, the expectation w.r.t. the dataset can be ignored.

(2)
The first term of the right-hand side of (8) relates to the intrinsic error that we would
commit in predicting the labels even if we knew the underlying data distribution pθ ; the
second term measures how much information that the dataset has about the parameter θ is
captured by the weights, the third term relates to the efficiency of the model and the class
of functions fw with respect to which the loss is optimized. The last, and only negative,
term relates to how much information about the labels, but uninformative of the underlying
data distribution, is memorized in the weights. Unfortunately, without implicit or explicit
regularization, the network can minimize the cross-entropy loss (LHS), by just maximizing
the last term of eq. (8), i.e., by memorizing the dataset, which yields poor generalization.
To prevent the network from doing this, we can neutralize the effect of the negative
term by adding it back to the loss function, leading to a regularized loss L = Hp,q (y|x, w) +
I(y; w|x, θ). However, computing, or even approximating, the value of I(y, w|x, θ) is at
least as difficult as fitting the model itself.
We can, however, add an upper bound to I(y; w|x, θ) to obtain the desired result.
In particular, we explore two alternate paths that lead to equivalent conclusions under
different premises and assumptions: In one case, we use a PAC-Bayes upper-bound, which is
KL( q(w|D) k p(w) ) where p(w) is an arbitrary prior. In the other, we use the IB Lagrangian

intrinsic error

Hp,q (y|x, w) = H(y|x, θ) + I(θ; y|x, w) +Ex,w KL( p(y|x, w) k q(y|x, w) ) − I(y; w|x, θ) .
{z
}
|
{z
} |
{z
}
| {z } |

in order for q(y|x, w) to approximate pθ (y|x).
One of the main problems in optimizing a DNN is that the cross-entropy loss in notoriously prone to overfitting. In fact, one can easily minimize it even for completely random labels (see Zhang et al. (2017), and Figure 1). The fact that, somehow, such highly
over-parametrized functions manage to generalize when trained on real labels has puzzled
theoreticians and prompted some to wonder whether this may be inconsistent with the intuitive interpretation of the bias-variance trade-off theorem, whereby unregularized complex
models should overfit wildly. However, as we show next, there is no inconsistency if one
measures complexity by the information content, and not the dimensionality, of the weights.
To gain some insights about the possible causes of over-fitting, we can use the following
decomposition of the cross-entropy loss (we refer to Appendix C for the proof and the precise
definition of each term):

i=1

N
X

(3)

10

= ED KL( q(w|D) k p(w) ),
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ED KL( q(w|D) k q(w) ) ≤ ED KL( q(w|D) k q(w) ) + KL( q(w) k p(w) )

Unfortunately, computing I(w, D) = ED KL( q(w|D) k q(w) ) is still too complicated, since
it requires us to know the marginal q(w) over all possible datasets and trainings of the
network. To avoid computing this term, we can use the more general upper-bound

4.1 Computable upper-bound to the loss

Information in the weights as a measure of complexity. Just as Hinton and
Van Camp (1993) suggested, we also advocate using the information regularizer I(w; D)
as a measure of the effective complexity of a network, rather than the number of parameters dim(w), which is merely an upper bound on the complexity. As we show in experiments,
this allows us to recover a version of the bias-variance trade-off where networks with lower
information complexity underfit the data, and networks with higher complexity overfit. In
contrast, there is no clear relationship between number of parameters and overfitting (Zhang
et al., 2017). Moreover, for random labels the information complexity allows us to precisely
predict the overfitting and underfitting behavior of the network (Section 7).

IB Lagrangian, Variational Learning and Dropout. Minimizing the information
stored at the weights I(w; D) was proposed as far back as Hinton and Van Camp (1993) as
a way of simplifying neural networks, but no efficient algorithm to perform the optimization
was known at the time. For the particular choice β = 1, the IB Lagrangian reduces to the
variational lower-bound (VLBO) of the marginal log-likelihood p(y|x). Therefore, minimizing eq. (3) can also be seen as a generalization of variational learning. A particular case of
this was studied by Kingma et al. (2015), who first showed that a generalization of Dropout,
called Variational Dropout, could be used in conjunction with the reparametrization trick
Kingma and Welling (2014) to minimize the loss efficiently.

which, remarkably, has the same general form of an IB Lagrangian, and in particular is
similar to (1), but now interpreted as a function of the weights w rather than the activations
z. This use of the IB Lagrangian is, to the best of our knowledge, novel, as the role of the
Information Bottleneck has thus far been confined to characterizing the activations of the
network, and not as a learning criterion. Equation (3) can be seen as a generalization of
other suggestions in the literature:

L(q(w|D)) = Hp,q (y|x, w) + βI(w; D),

and upper-bound it with the information in the weights I(w; D). We discuss this latter
approach now, and look at the PAC-Bayes approach in Section 6.
Notice that to successfully learn the distribution pθ , we only need to memorize in w
the information about the latent parameters θ, that is we need I(D; w) = I(D; θ) ≤ H(θ),
which is bounded above by a constant. On the other hand, to overfit, the term I(y; w|x, θ) ≤
I(D; w|θ) needs to grow linearly with the number of training samples N . We can exploit
this fact to prevent overfitting by adding a Lagrange multiplier β to make the amount of
information a constant with respect to N , leading to the regularized loss function

distribution q(w|D),whose parameters are optimized during training.2 The network is then
trained in order to minimize the expected cross-entropy loss3

Hp,q (y|x, w) = ED=(x,y) Ew∼q(w|D)

Achille and Soatto
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(4)

where p(w) is any fixed distribution of the weights. Once we instantiate the training set,
we have a single sample of D, so the expectation over D becomes trivial. This gives us the
following upper bound to the optimal loss function
L(q(w|D)) = Hp,q (y|x, w) + β KL( q(w|D) k p(w) )

(5)

Generally, we want to pick p(w) in order to give the sharpest upper-bound, and to be a fully
factorized distribution, i.e., a distribution with independent components, in order to make
the computation of the KL term easier. The sharpest upper-bound to KL( q(w|D) k q(w) )
that
Q can be obtained using a factorized distribution p is obtained when p(w) := q̃(w) =
i q(wi ) where q(wi ) denotes the marginal distributions of the components of q(w). Notice
that. once a training procedure is fixed, this may be approximated by training multiple
times and approximating each marginal weight distribution. With this choice of prior, our
final loss function becomes
L(q(w|D)) = Hp,q (y|x, w) + β KL( q(w|D) k q̃(w) )

for some fixed distribution q̃ that approximates the real marginal distribution q(w). The
IB Lagrangian for the weights in eq. (3) can be seen as a generally intractable special case
of eq. (5) that gives the sharpest upper-bound to our desired loss in this family of losses.
In the following, to keep the notation uncluttered, we will denote our upper bound
˜ D), where
KL( q(w|D) k q̃(w) ) to the mutual information I(w; D) simply by I(w;
˜ D) := KL( q(w|D) k q̃(w) ) = KL( q(w|D) k Q q(wi ) ).
I(w;
i

4.2 Bounding the information in the weights of a network

˜ D), we need a setting
To derive precise and empirically verifiable statements about I(w;
where this can be expressed analytically and optimized efficiently on standard architectures.
To this end, following Kingma et al. (2015), we make the following modeling choices.
Modeling assumptions. Let w denote the vector containing all the parameters (weights)
in the network, and let W k denote the weight matrix at layer k. We assume an improper loguniform prior on w, that is q̃(wi ) = c/|wi |. Notice that this is the only scale-invariant prior
(Kingma et al., 2015), and closely matches the real marginal distributions of the weights
in a trained network (Achille and Soatto, 2018); we parametrize the weight distribution
q(wi |D) during training as
wi |D ∼ i ŵi ,
where ŵi is a learned mean, and i ∼ log N (−αi /2, αi ) is i.i.d. multiplicative log-normal
noise with mean 1 and variance exp(αi ) − 1.4 Note that while Kingma et al. (2015) uses this
parametrization as a local approximation of the Bayesian posterior for a given (log-uniform)
prior, we rather define the distribution of the weights w after training on the dataset D to
be q(w|D).
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4. For a log-normal log N (µ, σ 2 ) mean and variance are respectively exp(µ+σ 2 /2) and [exp(σ 2 )−1] exp(2µ+
σ 2 ).

11

Achille and Soatto

i=1

dim(w)
1 X
log αi + C,
2

Proposition 4.1 (Information in the weights, Theorem C.4) Under the previous modeling assumptions, the upper-bound to the information that the weights contain about the
dataset is

˜ D) = −
I(w; D) ≤ I(w;

where the constant C is arbitrary due to the improper prior.

Remark 4.2 (On the constant C) To simplify the exposition, since the optimization is
unaffected by any additive constant, in the following we abuse the notation and, under the
˜ D) := − 1 Pdim(w) log αi . Nekmodeling assumptions stated above, we rather define I(w;
i=1
2
lyudov et al. (2017) also suggest a principled way of dealing with the arbitrary constant by
using a proper log-uniform prior.

Note that computing and optimizing this upper-bound to the information in the weights is
relatively simple and efficient using the reparametrization trick of Kingma et al. (2015).

4.3 Flat minima have low information

Thus far we have suggested that adding the explicit information regularizer I(w; D) prevents the network from memorizing the dataset and thus avoid overfitting, which we also
confirm empirically in Section 7. However, real networks are not commonly trained with
this regularizer, thus seemingly undermining the theory. However, even when not explicitly present, the term I(w; D) is implicit in the use of SGD. In particular, Chaudhari and
Soatto (2018) show that, under certain conditions, SGD introduces an entropic bias of a
very similar form to the information in the weights described thus far, where the amount
of information can be controlled by the learning rate and the size of mini-batches.
Additional indirect empirical evidence is provided by the fact that some variants of SGD
(Chaudhari et al., 2017) bias the optimization toward “flat minima”, that are local minima
whose Hessian has mostly small eigenvalues. These minima can be interpreted exactly
as having low information I(w; D), as suggested early on by Hochreiter and Schmidhuber
(1997): Intuitively, since the loss landscape is locally flat, the weights may be stored at lower
precision without incurring in excessive inference error. As a consequence of previous claims,
we can then see flat minima as having better generalization properties and, as we will see
in Section 5, the associated representation of the data is more insensitive to nuisances and
more disentangled. For completeness, here we derive a more precise relationship between
flatness (measured by the nuclear norm of the loss Hessian), and the information content
based on our model.

Proposition 4.3 (Flat minima have low information, Appendix C.5) Let ŵ be a local minimum of the cross-entropy loss Hp,q (y|x, w), and let H be the Hessian at that point.
Then, for the optimal choice of the posterior w|D =  ŵ centered at ŵ that optimizes the
IB Lagrangian, we have
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˜ D) ≤ 1 K[log kŵk2 + log kHk − K log(K 2 β/2)]
I(w; D) ≤ I(w;
2
∗
2

where K = dim(w) and k · k∗ denotes the nuclear norm.
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i=1

dim(z)
1 X
α̃i Ŵi2 · x2
Ex log
,
2
Ŵi · Cov(x)Ŵi + α̃i Ŵi2 · E(x2 )

(6)

I(x; z) + T C(z)
≤ g(α) + c,
dim(z)

13
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5. This is a technical hypothesis, always satisfied if the components xi are IID, (sub-)Gaussian, or with
uniformly bounded support.

˜ D) by
where c = O(1/ dim(x)) ≤ 1, g(α) = − log (1 − e−α )/2 and α is related to I(w;
˜ ; D)
α = exp {−I(W ; D)/ dim(W )}. In particular, I(x; z)+T C(z) is tightly bounded by I(W
and increases strictly with it.

g(α) ≤

Proposition 5.2 (Uniform bound for one layer, Appendix C.7) Let z = W x, where
W =  Ŵ , where i,j ∼ log N (−α/2, α); assume that the components of x are uncorrelated,
and that their kurtosis is uniformly bounded.5 Then, there is a strictly increasing function
g(α) s.t. we have the uniform bound

The above identity is difficult to apply in practice, but with some additional hypotheses,
we can derive a cleaner uniform tight bound on I(z; x) + TC(z).

where Wi denotes the i-th row of the matrix W , and α̃i is the noise variance α̃i = exp(αi )−1.
In particular, I(z; x) + TC(z) is a monotone decreasing function of the weight variances αi .

I(z; x) + TC(z) = −

Proposition 5.1 (Appendix C.6) Let z = W x, and assume as before W =  Ŵ ,
with i,j ∼ log N (−αi /2, αi ). Further assume that the marginals of p(z) and p(z|x) are
both approximately Gaussian (which is reasonable for large dim(x) by the Central Limit
Theorem). Then,

The following proposition gives the fundamental link in our model between information in
the weights, and hence flatness of the local minima, minimality of the representation, and
disentanglement.

5. Duality of the Bottleneck

The above theorems tells us that whenever we decrease the information in the weights,
either by explicit regularization, or by implicit regularization (e.g., using SGD), we automatically improve the minimality, and hence, by Proposition 3.1, the invariance, and the
disentanglement of the learner representation. In particular, we obtain as a corollary that
SGD is biased toward learning invariant and disentangled representations of the data. Using
the Markov property of the layers, we can easily extend this bound to multiple layers:

Notice that a converse inequality, that is, low information implies flatness, needs not
hold, so there is no contradiction with the results of Dinh et al. (2017). Also note that for
˜ D) to be invariant to reparametrization one has to consider the constant C, which we
I(w;
have ignored (Remark 4.2). The connection between flatness and overfitting has also been
studied by Neyshabur et al. (2017), including the effect of the number of parameters in the
model.
In the next section, we prove one of our main results, that networks with low information
in the weights realize invariant and disentangled representations. Therefore, invariance and
disentanglement emerge naturally when training a network with implicit (SGD) or explicit
(IB Lagrangian) regularization, and are related to flat minima.
k<L


= exp −I(W k ; D)/ dim(W k ) .
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≤ ED [KL( q(w|D) k p(w) )],
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ED [KL( q(w|D) k q(w) )] = ED [KL( q(w|D) k p(w) )] − KL( q(w) k p(w) )

where Lmax is the maximum per-sample loss function, which for a classification problem we
can assume to be upper-bounded, for example by clipping the cross-entropy loss at chance
level. Notice that right hand side coincides, modulo a multiplicative constant, with eq. (4)
that we derived as an approximation of the IB Lagrangian for the weights (eq. (3)).
Now, recall that since we have

In this section we show that using a PAC-Bayes bound, we arrive at the same regularized
loss function eq. (5) we obtained using the Information Bottleneck, without the need of any
approximation. By Theorem 2 of McAllester (2013), we have that for any fixed λ > 1/2,
prior p(w), and any weight distribution q(w|D), the test error Ltest (q(w|D)) that the network
commits using the weight distribution q(w|D) is upper-bounded in expectation by


1
ED [Ltest (q(w|D))] ≤
Hp,q (y|x, w) + λLmax ED [KL( q(w|D) k p(w) )] ,
(7)
1
N (1 − 2λ
)

6. Connection with PAC-Bayes bounds

Remark 5.5 (Training-test transfer) We note that we did not make any (explicit)
assumption about the test set having the same distribution of the training set. Instead, we
make the less restrictive assumption of sufficiency: If the test distribution is entirely different
from the training one – one may not be able to achieve sufficiency. This prompts interesting
questions about measuring the distance between tasks (as opposed to just distance between
distributions), which will be studied in future work.

Remark 5.4 (Tightness) While the bound in Proposition 5.2 is tight, the bound in
the multilayer case needs not be. This is to be expected: Reducing the information in
the weights creates a bottleneck, but we do not know how much information about x will
actually go through this bottleneck. Often, the final layers will let most of the information
through, while initial layers will drop the most.

where

αk

Corollary 5.3 (Multi-layer case, Appendix C.8) Let W k for k = 1, ..., L be weight
matrices, with W k = k Ŵ k and ki,j = log N (−αk /2, αk ), and let zi+1 = φ(W k zk ), where
z0 = x and φ is any nonlinearity. Then,
n

o
I(zL ; x) ≤ min dim(zk ) g(αk ) + 1
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The Bias-Variance trade-off is sometimes informally stated as saying that low-complexity
models tend to underfit the data, while excessively complex models may instead overfit,
so that one should select an adequate intermediate complexity. This is apparently at odds
with the common practice in Deep Learning, where increasing the depth or the number of
weights of the network, and hence increasing the “complexity” of the model measured by

7.2 Bias-variance trade-off

The model is still able to overfit when β < 1, but importantly there is a large interval
of β > 1 where the model can fit the data without overfitting to it. Indeed, as soon as
βN ∝ I(w; D) is larger than the constant H(θ), the model trained on real data fits real
labels without excessive overfitting (Figure 1).
Notice that, based on this reasoning, we expect the presence of a phase transition
between an overfitting and an underfitting regime at the critical value β = 1 to be largely
independent on the network architecture: To verify this, we train different architectures on
a subset of 10000 samples from CIFAR-10 with random labels. As we can see on the left
plot of Figure 2, even very different architectures show a phase transition at a similar value
of β. We also notice that in the experiment ResNets has a sharp transition close to the
critical β.
In the right plot of Figure 2 we measure the quantity information in the weights for
different levels of corruption of the labels. To do this, we fix β < 1 so that the network
is able to overfit, and for various level of corruption we train until convergence, and then
compute I(w; D) for the trained model. As expected, increasing the randomness of the
labels increases the quantity of information we need to fit the dataset. For completely
random labels, I(w; D) increases by ∼ 3 nats/sample, which the same order of magnitude
as the quantity required to memorize a 10-class labels (2.30 nats/sample), as shown in
Figure 2.

Figure 2: (Left) Plot of the training error on CIFAR-10 with random labels as a function of
the parameter β for different models (see the appendix for details). As expected, all models
show a sharp phase transition from complete overfitting to underfitting before the critical
value β = 1. (Right) We measure the quantity of information in the weights necessary to
overfit as we vary the percentage of corrupted labels under the same settings of Figure 1.
To fit increasingly random labels, the network needs to memorize more information in the
weights; the increase needed to fit entirely random labels is about the same magnitude as
the size of a label (2.30 nats/sample).

Information in weights
(nats/sample)
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the sharpest PAC-Bayes upper-bound to the test error is obtained when p(w) = q(w), in
which case eq. (7) reduces (modulo a multiplicative constant) to the IB Lagrangian of the
weights. That is, the IB Lagrangian for the weights can be considered as a special case of
PAC-Bayes giving the sharpest bound.
Unfortunately, as we noticed in Section 4, the joint marginal q(w) of the weights is not
tractable. To circumvent the problem, we can instead consider that the sharpest PAC-Bayes
upper-bound that can be obtained
Q using a tractable factorized prior p(w), which is obtained
exactly when p(w) = q̃(w) = i q(wi ) is the product of the marginals, leading again to our
practical loss eq. (5).
On a last note, recall that under our modeling assumptions the marginal q̃(w) is assumed
to be an improper log-uniform distribution. While this has the advantage of being a noninformative prior that closely matches the real marginal of the weights of the network, it
also has the disadvantage that it is only defined modulo an additive constant, therefore
making the bound on the test error vacuous under our model.
The PAC-Bayes bounds has also been used by Dziugaite and Roy (2017) to study the
generalization property of deep neural networks and their connection with the optimization
algorithm. They use a Gaussian prior and posterior, leading to a non-vacuous generalization
bound.

7. Empirical validation
7.1 Transition from overfitting to underfitting
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As pointed out by Zhang et al. (2017), when a standard convolutional neural network
(CNN) is trained on CIFAR-10 to fit random labels, the network is able to (over)fit them
perfectly. This is easily explained in our framework: It means that the network is complex
enough to memorize all the labels but, as we show here, it has to pay a steep price in
terms of information complexity of the weights (Figure 2) in order to do so. On the other
hand, when the information in the weights is bounded using and information regularizer,
overfitting is prevented in a theoretically predictable way.
In particular, in the case of completely random labels, we have I(y; w|x, θ) = I(y; w) ≤
I(w; D), where the first equality holds since y is by construction random, and therefore
independent of x and θ. In this case, the inequality used to derive eq. (3) is an equality, and
the IBL is an optimal regularizer, and, regardless of the dataset size N , for β > 1 it should
completely prevent memorization, while for β < 1 overfitting is possible. To see this, notice
that since the labels are random, to decrease the classification error by log |Y|, where |Y|
is the number of possible classes, we need to memorize a new label. But to do so, we need
to store more information in the weights of the network, therefore increasing the second
term I(w; D) by a corresponding quantity. This trade-off is always favorable when β < 1,
but it is not when β > 1. Therefore, the theoretically the optimal solution to eq. (1) is to
memorize all the labels in the first case, and not memorize anything in the latter.
As discussed, for real neural networks we cannot directly minimize eq. (1), and we need
to use a computable upper bound to I(w; D) instead (Section 4.2). Even so, the empirical
behavior of the network, shown in Figure 1, closely follows this prediction, and for various
sizes of the dataset clearly shows a phase transition between overfitting and underfitting
near the critical value β = 1. Notice instead that for real labels the situation is different:
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= En∼p(n) Ez∼p(z|n) log[p(z|n)/p(z)].

To approximate the expectations via sampling we need a way to approximate the likelihood
ratio log p(z|n)/p(z). This can be done as follows: Let D(z; n) be a binary discriminator
that given the representation z and the nuisance n tries to decide whether z is sampled

8. Discussion and conclusion

therefore we can use D to estimate the log-likelihood ratio, and so also the mutual information I(z; n). Notice however that this comes with no guarantees on the quality of the
approximation.
To test this algorithm, we add random occlusion nuisances to MNIST digits (Figure 4).
In this case, the nuisance n is the occlusion pattern, while the observed data x is the
occluded digit. For various values of β, we train a classifier on this data in order to learn
a representation z, and, for each representation obtained this way, we train a discriminator
as described above and we compute the resulting approximation of I(z; n). The results
in Figure 4 show that decreasing the information in the weights makes the representation
increasingly more insensitive to n.

log

if we assume that D is close to the optimal discriminator D∗ , we have

D∗ (z; n) =

from the posterior distribution p(z|n) or from the prior p(z). Since by hypothesis we can
generate samples from both distributions, we can generate data to train this discriminator.
Intuitively, if the discriminator is not able to classify, it means that z is insensitive to
changes of n. Precisely, since the optimal discriminator is

Figure 4: (Left) A few training samples generated adding nuisance clutter n to the MNIST
dataset. (Right) Reducing the information in the weights makes the representation z
learned by the digit classifier increasingly invariant to nuisances (I(n; z) decreases), while
sufficiency is retained (I(z; y) = I(x; y) is constant). As expected, I(z; n) is smaller but has
a similar behavior to the theoretical bound in Theorem 5.3.
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In this work, we have presented bounds, some of which are tight, that connect the amount
of information in the weights, the amount of information in the activations, the invariance
property of the network, and the geometry of the residual loss. These results leverage the
structure of deep networks, in particular the multiplicative action of the weights, and the
Markov property of the layers. This leads to the surprising result that reducing information

I(z; n) = En∼p(n) KL( p(z|n) k p(z) )

Corollary 5.3 shows that by decreasing the information in the weights I(w; D), which can
be done for example using eq. (3), the learned representation will be increasingly minimal,
and therefore insensitive to nuisance factors n, as measured by I(z; n). Here, we adapt a
technique from the GAN literature Sønderby et al. (2017) that allows us to explicitly measure I(z; n) and validate this effect, provided we can sample from the nuisance distribution
p(n) and from p(x|n); that is, if given a nuisance n we can generate data x affected by that
nuisance. Recall that by definition we have

7.3 Nuisance invariance

the number of parameters, does not seem to induce overfitting. Consequently, a number
of alternative measures of complexity have been proposed that capture the intuitive biasvariance trade-off curve, such as different norms of the weights (Neyshabur et al., 2015).
From the discussion above, we have seen that the quantity of information in the weights,
˜ D), also provides a natural choice to meaor alternatively its computable upperbound I(w;
sure model complexity in relation to overfitting. In particular, we have already seen that
models need to store increasingly more information to fit increasingly random labels (Fig˜ D), which can be done easily by
ure 2). In Figure 3 we show that by controlling I(w;
modulating β, we recover the right trend for the bias-variance tradeoff, whereas models
with too little information tend to underfit, while models memorizing too much information tend to overfit.

Figure 3: Plots of the test error obtained training the All-CNN architecture on CIFAR-10
(no data augmentation). (Left) Test error as we increase the number of weights in the
network using weight decay but without any additional explicit regularization. Notice that
increasing the number of weights the generalization error plateaus rather than increasing.
(Right) Changing the value of β, which controls the amount of information in the weights,
we obtain the characteristic curve of the bias-variance trade-off. This suggests that the
quantity of information in the weights correlates well with generalization.
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Gintare Karolina Dziugaite and Daniel M Roy. Computing nonvacuous generalization
bounds for deep (stochastic) neural networks with many more parameters than training data. Proc. Uncertainty in Artificial Intelligence (UAI), 2017.

Laurent Dinh, Razvan Pascanu, Samy Bengio, and Yoshua Bengio. Sharp minima can
generalize for deep nets. Proceedings of the 34th International Conference on Machine
Learning (ICML), 2017.

Djork-Arné Clevert, Thomas Unterthiner, and Sepp Hochreiter. Fast and accurate deep
network learning by exponential linear units (elus). arXiv preprint arXiv:1511.07289,
2015.

Pratik Chaudhari, Anna Choromanska, Stefano Soatto, Yann LeCun, Carlo Baldassi, Christian Borgs, Jennifer Chayes, Levent Sagun, and Riccardo Zecchina. Entropy-sgd: Biasing
gradient descent into wide valleys. In Proceedings of the International Conference on
Learning Representations (ICLR), 2017.

Pratik Chaudhari and Stefano Soatto. Stochastic gradient descent performs variational inference, converges to limit cycles for deep networks. Proc. of the International Conference
on Learning Representations (ICLR), 2018.

Joan Bruna and Stéphane Mallat. Classification with scattering operators. In IEEE Conference on Computer Vision and Pattern Recognition, pages 1561–1566, 2011.

stored in the weights about the past (dataset) results in desirable properties of the learned
internal representation of the test datum (future).
Our notion of representation is intrinsically stochastic. This simplifies the computation
as well as the derivation of information-based relations. However, note that even if we start
with a deterministic representation w, Proposition 4.3 gives us a way of converting it to
a stochastic representation whose quality depends on the flatness of the minimum. Our
theory uses, but does not depend on, the Information Bottleneck Principle, which dates
back to over two decades ago, and can be re-derived in a different frameworks, for instance
PAC-Bayes, which yield the same results and additional bounds on the test error.
This work focuses on the inference and learning of optimal representations, that seek to
get the most out of the data we have for a specific task. This does not guarantee a good
outcome since, due to the Data Processing Inequality, the representation can be easier to use
but ultimately no more informative than the data themselves. An orthogonal but equally
interesting issue is how to get the most informative data possible, which is the subject of
active learning, experiment design, and perceptual exploration. Our work does not address
transfer learning, where a representation trained to be optimal for a task is instead used for
a different task, which will be subject of future investigations.
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Appendix A. Details of the experiments
A.1 Random labels
We use a similar experimental setup as Zhang et al. (2017). In particular, we train a
small version of AlexNet on a 28×28 central crop of CIFAR-10 with completely random
labels. The dataset is normalized using the global channel-wise mean and variance, but no
additional data augmentation is performed. The exact structure of the network is in Table 1.
As common in practice we use batch normalization before all the ReLU nonlinearities, except
for the first layer. Optimization of the IB Lagrangian loss function is performed similarly
to Kingma et al. (2015) and Molchanov et al. (2017). We found that constraining the
variance αi of the weights to be the same for all weights in the same filter helps stabilizing
the training process. We train with learning rates η ∈ {0.02, 0.005} and select the best
performing network of the two. Generally, we found that a higher learning rate is needed to
overfit when the number of training samples N is small, while a lower learning rate is needed
for larger N . We train with SGD with momentum 0.9 for 360 epochs reducing the learning
rate by a factor of 10 every 140 epochs. We use a large batch-size of 500 to minimize the
noise coming from SGD. No weight decay or other regularization methods are used.
The final plot is obtained by triangulating the convex envelope of the data points, and
by interpolating their value on the resulting simplexes. Outside of the convex envelope
(where the accuracy is mostly constant), the value was obtained by inpainting.
To measure the information content of the weights as the percentage of corrupted labels
varies, we fix β = 0.1, N = 30000 and η = 0.005 and train the network on different
corruption levels with the same settings as before.
To test the phase transition on multiple architectures, we train the Small AlexNet, the
AllCNN network and a ResNet (see Table 1). For all architectures, we train with N = 10000
random labels, η = 0.05 and different values of β log-uniformly spaced in [10−2 , 102 ].
A.2 Bias-variance trade-off
For this experiment we train the AllCNN architecture (Table 1) on the CIFAR-10 dataset
with ZCA whitening Krizhevsky and Hinton (2009) and without any additional data augmentation. First, we train a standard network and change the number of filters (we multiplying the number of filters of all layers by the same constant) and train with η = 0.05,
batch size 128, weight decay 0.001. Then, we use the standard number of layers and train
instead with the IBL loss function with different values of β.
A.3 Nuisance invariance

JMLR 19(50):1-34, 2018

The cluttered MNIST dataset is generated by adding ten 4 × 4 squares uniformly at random
on the digits of the MNIST dataset (LeCun et al., 1998). For each level of β, we train the
classifier in Table 1 on this dataset. The weights of all layers, excluding the first and last
one, are threated as a random variable with multiplicative Gaussian noise (Appendix B)
and optimized using the local reparameterization trick of Kingma et al. (2015). We use the
last convolutional layer before classification as representation z.
The discriminator network used to estimate the log-likelihood ratio is constructed as follows: the inputs are the nuisance pattern n, which is a 28×28×1 image containing 10 random
23

Input 32x32
conv 64
ReLU
MaxPool 2x2
conv 64 + BN
ReLU
MaxPool 2x2
FC 3136x384 + BN
ReLU
FC 384x192 + BN
ReLU
FC 192x10
softmax
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Input 28x28
conv 96 + BN + ReLU
conv 96 + BN + ReLU
conv 192 s2 + BN + ReLU
conv 192 + BN + ReLU
conv 192 + BN + ReLU
conv 192 s2 + BN + ReLU
conv 192 + BN + ReLU
conv 192 + BN + ReLU
conv 1x1x10
Average pooling 7x7
softmax

Input 28x28
conv 64
block 64 s1
block 128 s2
block 256 s3
block 512 s3
Average pooling 4x4
linear 10
softmax

Table 1: (Left) The Small AlexNet model used in the random label experiment, adapted
from Zhang et al. (2017). All convolutions have a 5×5 kernel. The use of batch normalization makes the training procedure more stable, but did not significantly change the results
of the experiments. (Center) All Convolutional Network (Springenberg et al., 2014) used
as a classifier in the experiments. All convolutions but the last one use a 3×3 kernel, “s2”
denotes a convolution with stride 2. The final representation we use are the activations of
the last “conv 192” layer. (Right) The ResNet architecture (He et al., 2016) on which we
test the phase transition. Each block with f filters and stride s is structured as follows:
BN -> ReLU -> conv f stride s -> BN -> ReLU -> conv f with a skip connection between first ReLU and the output.

occluding squares, and the 7×7×192 representation z obtained from the classifier. First we
preprocess n using the following network: conv 48 → conv 48 → conv 96 s2 → conv
96 → conv 96 → conv 96 s2, where each conv block is a 3×3 convolution followed by
batch normalization and ReLU. Then, we concatenate the 7×7×96 result with z along the
feature maps, and the final discriminator output is obtained by applying the following network: conv 192 → conv 192 → conv 1×1×192 → conv 1×1×1 → AvgPooling 7×7
→ sigmoid.
A.4 Visualizing the representation

=Ez

Reconstruction error
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Distance from prior

Ex̂∼q(x̂|z) [log p(z|x̂)] + Ex̂∼q(x̂) [log p(x̂)] +C.
|
{z
} |
{z
}

Even when we cannot generate data affected by nuisances like in the previous section, we
can still visualize the information content of z to learn what nuisances are discarded in the
representation. To this end, given a representation z, we want to learn to sample from a
distribution q(x̂|z) of images that are maximally likely to have z as their representation.
Formally, this means that we want a distribution q(x̂|z) that maximizes the amortized
maximum a posteriori estimate of z:
Ez Ex̂∼q(x̂|z) [log p(x̂|z)]

24

25

JMLR 19(50):1-34, 2018

differs from the amortizes MAP only by a term H(p(x̂)), which has the positive effect of
improving the exploration of the reconstruction, and contains the term KL( q(x̂) k p(x̂) ),
which can be estimated easily using the discriminator network of a GAN Sønderby et al.
(2017). To maximize this gain, we can simply train a GAN with an additional reconstruction
loss − log p(z|x̂).
To test this algorithm, we train a representation z to classify the 40 binary attributes in
the CelebA face dataset (Yang et al., 2015), and then use the above loss function to train
a GAN network to reconstruct an input image x̂ from the representation z. The results in
Figure 5 show that, as expected, increasing the value of β, and therefore reducing I(w; D),
generates samples that have increasingly more random backgrounds and hair style (nuisances), while retaining facial features. In other words, the representation z is increasingly
insensitive to nuisances affecting the data, while information pertaining the task is retained
in the reconstruction x̂.
More precisely, we first train a classifier on the images from the CelebA datasets resized
to 32×32, where the task is to recover the 40 binary attributes associated to each image.
The classifier network is the same as the one in Table 1 with the following modifications:
we use Exponential Linear Units (Clevert et al., 2015) for the activations, instead of ReLU,
since invertible activations generally perform better when training a GAN, and we divide
by two the number of output filters in all layers to reduce the training time. A sigmoid
nonlinearity is applied to the final 40-way output of the network.
To generate the image x̂ given the 8×8×96 representation z computed by the classifier, we use a similar structure to DCGAN (Radford et al., 2016), namely z → conv
256 → ConvT 256s2 → ConvT 128s2 → conv 3 → tanh, where ConvT 256s2 denotes
a transpose convolution with 256 feature maps and stride 2. All convolutions have a batch

Ez Ex̂∼q(x̂|z) [log p(x̂|z)] + H(p(x̂)) = Ez Ex̂∼q(x̂|z) [log p(z|x̂)] − KL( q(x̂) k p(x̂) ) + C,

Unfortunately, the term p(x̂) in the expression is difficult to estimate. However, Sønderby
et al. (2017) notice that the modified gain function

Figure 5: For different values of β, we show the image x̂ reconstructed from a representation
z ∼ p(z|x) of the original image x in the first column. For small β, z contains more
information regarding x, thus the reconstructed image x̂ is close to x, background included.
Increasing β decreases the information in the weighs, thus the representation z becomes
more invariant to nuisances: Reconstructed image matches important details in x that
are preserved in z (i.e., hair color, sex, expression), but background, hair style, and other
nuisances are generated anew.
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Moreover, there exists a nuisance n such that equality holds up to a (generally small) residual

I(z; n) = I(z; x) − I(x; y) − ,

Proposition C.2 (Invariance and minimality) Let n be a nuisance for the task y and
let z be a sufficient representation of the input x. Suppose that z depends on n only through
x ( i.e., n → x → z). Then,
I(z; n) ≤ I(z; x) − I(x; y).

Proof Fix n ∼ Uniform(0, 1) to be the uniform distribution on [0, 1]. We claim that, for
a fixed value of y, there is a function Φy (n) such that x|y = Φy ∗ (n), where (·)∗ denotes
the push-forward map of measures. Given the claim, let Φ(y, n) = (y, Φy (n)). Since y is
a discrete random variable, Φ(y, n) is easily seen to be a measurable function and by construction (x, y) ∼ Φ∗ (y, n). To see the claim, notice that, since there exists a measurable
isomorphism between Rn and R (Theorem 3.1.1 of Berberian (1988)), we can assume without loss of generality that x ∈ R. In this case, by definition, we can take Φy (n) = Fy−1 (n)
where Fy (t) = P[x < t | y] is the cumulative distribution function of p(x|y).

Lemma C.1 (Task-nuisance decomposition) Given a joint distribution p(x, y), where
y a discrete random variable, we can always find a random variable n independent of y such
that x = f (y, n), for some deterministic function f .

Appendix C. Proofs of theorems

In developing the theory, we chose to use log-normal multiplicative noise for the weights:
The main benefit is that with this choice the information in the weights I(w; D) can be
expressed in closed form, up to an arbitrary constant C which does not matter during the
optimization process (but see also Neklyudov et al. (2017) for a principled approach to this
problem that uses a proper log-uniform prior). Another possibility, suggested by Kingma
et al. (2015) is to use Gaussian multiplicative noise with mean 1. Unfortunately, there is
no analytical expression for I(w; D) when using Gaussian noise, but I(w; D) can still be
approximated numerically with high precision (Molchanov et al., 2017), and it makes the
training process slightly more stable. The theory holds with minimal changes also in this
case, and we use this choice in some experiments.

Appendix B. Gaussian multiplicative noise

normalization layer before the activations. Finally, the discriminator network is given by x̂
→ conv 64s2 → conv 128s2 → ConvT 256s2 → conv 1 → sigmoid. Here, all convolutions use batch normalization followed by Leacky ReLU activations.
In this experiment, we use Gaussian multiplicative noise which is slightly more stable
during training (Appendix B). To stabilize the training of the GAN, we found useful to (1)
scale down the “reconstruction error” term in the loss function and (2) slowly increase the
weight of the reconstruction error up to the desired value during training.
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Proof By hypothesis, we have the Markov chain (y, n) → x → z; therefore, by the
DPI, we have I(z; y, n) ≤ I(z; x). The first term can be rewritten using the chain rule as
I(z; y, n) = I(z; n) + I(z; y|n), giving us

where  := I(z; y|n) − I(x; y). In particular 0 ≤  ≤ H(y|x), and  = 0 whenever y is
a deterministic function of x. Under these conditions, a sufficient statistic z is invariant
(maximally insensitive) to nuisances if and only if it is minimal.

Emergence of Invariance and Disentanglement

Hp (y|z) := Ey,z∼p(y,z) [− log p(y|z)],

Given the weights w, the network then defines an inference distribution q(y|x, w), which
we know and can compute explicitly. Another distribution, which instead we do not know,
is p(y|x, w), which is obtained from p(x, y, θ, w) and express the optimal inference we could
perform on the labels y using the information contained in the weights. In a well trained
network, we want the distribution approximated by the network to match the optimal
distribution q(y|x, w) = p(y|x, w).
Finally, recall that the conditional entropy is defined as

Achille and Soatto

=Ey,z∼p(y,z) [− log p(y|z)] + Ey,z∼p(y,z) [log

Hp,q (y|z) :=Ey,z∼p(y,z) [− log q(y|z)]

where z can be one random variable or a tuple of random variables. When not specified,
it is assumed that the cross-entropy is computed with respect to unknown underlying data
distribution p(x, y, w, θ). Similarly, the conditional cross-entropy is defined as

I(z; n) ≤ I(z; x) − I(z; y|n).
Now, since y and n are independent, I(z; y|n) ≥ I(z; y). In fact,
I(z; y|n) = H(y|n) − H(y|z, n)
= H(y) − H(y|z, n)

Substituting in the inequality above, and using the fact that z is sufficient, we finally obtain

=Hp (y|z) + Ez∼p(z) KL( p(y|z) k q(y|z) ).

≥ H(y) − H(y|z) = I(y; z).

I(z; n) ≤ I(z; x) − I(z; y) = I(z; x) − I(x; y).

Proposition C.3 (Information Decomposition) Let D = (x, y) denote the training
dataset, then for any training procedure, we have

p(y|z)
]
q(y|z)

Moreover, let n be as in Lemma 2.1. Then, since x is a deterministic function of y and n,
we have

Hp,q (y|x, w) = H(y|x, θ) + I(θ; y|x, w) + Ex,w KL( p(y|x, w) k q(y|x, w) ) − I(y; w|x, θ). (8)

˜ D) = −
I(w; D) ≤ I(w;

i=1

dim(w)
1 X
log αi + C,
2

where the constant C is arbitrary due to the improper prior.
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Proposition C.4 (Information in the weights) Under the previous modeling assumptions, the upper-bound to the information that the weights contain about the dataset is

I(y; w|x, θ) = Hp (y|x, θ) − Hp (y|x, θ, w).

I(y; θ|x, w) = Hp (θ, y|w) − Hp (y|θ, x, w),

which is easily done using the following identities:

Hp (y|x, w) = Hp (y|x, θ) + I(y; θ|x, w) − I(y; w|x, θ),

so we only have to prove that

Hp,q (y|x, w) = Hp (y|x, w) + Ex,w KL( p(y|x, w) k q(y|x, w) ),

Proof Recall that cross-entropy can be written as

I(z; x) = I(z; n, y) = I(z; n) + I(z; y|n),
and therefore
I(z; n) = I(z; x) − I(z; y|n) = I(z; x) − I(x; y) − .
with  defined as above. Using the sufficiency of z, the previous inequality for I(z; y|n), the
DPI, we get the chain of inequalities
 = I(z; y|n) − I(x; z) ≤ I(x; y|n) − I(x; y)
≤ H(y|n) − H(y|n, z) − H(y) + H(y|x)

≤ H(y) − H(y|n, z) − H(y) + H(y|x)

= H(y|x) − H(y|n, z)

≤ H(y|x)

from which we obtain the desired bounds for .
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While the proof of the following theorem is quite simple, some clarifications on the
notation are in order: We assume, following a Bayesian perspective, that the data is
generated by some generative model p(x, y|θ), where the parameters θ of the model are
sampled from some (unknown) prior p(θ). Given the parameters θ, the training dataset
D = (x, y) ∼ p(x, y|θ) is composed of i.i.d. samples from the unknown distribution p(x, y|θ).
The output of the training algorithm on the dataset D is a (generally simple, e.g., normal or
log-normal) distribution q(w|x, y) over the weights. Putting everything together, we have
a well-defined joint distribution p(x, y, θ, w) = p(θ)p(x, y|θ)q(w|x, y).
27

i=1

X 1
log(αi ) + const,
2

w] H[(h − h0 )
i

βX
w] −
log αi
2

αi wi2 Hii −

β
αi =
,
2wi2 Hii

i=1

X

dim(w)
i

βX
log αi .
2
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6. Note that for simplicity we have ignored the offset α/2 in the mean of the log-normal distribution.

Optimizing w.r.t. αi we get

L = H0 +

where H0 = H(y|x, ŵ). Now, notice that since q(w|D) is a log-normal distribution, we have
q(h|D) ∼ N (h0 , α).6 Therefore, can compute the expectation exactly as

L =Eh∼p(h|D) [H0 + [(h − h0 )

T

Proof First, we switch to a logarithmic parametrization of the weights, and let h := log |w|
(we can ignore the sign of the weights since it is locally constant). In this parametrization,
we can approximate the IB Lagrangian to second order as

where K = dim(w) and k · k∗ denotes the nuclear norm.

Proposition C.5 (Flat minima have low information) Let ŵ be a local minimum of
the cross-entropy loss Hp,q (y|x, w), and let H be the Hessian at that point. Then, for the
optimal choice of the posterior w|D =  ŵ centered at ŵ that optimizes the IB Lagrangian,
we have
˜ D) ≤ 1 K[log kwk2 + log kHk − K log(K 2 β/2)]
I(w; D) ≤ I(w;
2
∗
2

where we have used the formula for the entropy of a Gaussian and the fact that the KL
divergence of a distribution from the uniform prior is the entropy of the distribution modulo
an arbitrary constant.

=−

dim(w)

= H(N (µ, α)) + const

= KL( N (µ, α) k Uniform )

KL( q(w|D) k q̃(w) ) = KL( log N (µ, α) k log Uniform )

where q̃(w) is a factorized log-uniform prior. Since the KL divergence is reparametrization
invariant, we have:

˜
I(w;
D) = KL( q(w|D) k q̃(w) ),

˜
Proof Recall that we defined the upperbound I(w;
D) as
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i

X
log αi =

i

i

1
= K[log(kwk22 ) + log(kHk∗ ) − log(K 2 β/2)],
2

i=1

dim(z)
1 X
α̃i Ŵi2 · x2
Ex log
,
2
Ŵi · Cov(x)Ŵi + α̃i Ŵi2 · E(x2 )

i

X

i

i ŵi xi ] =

i

X

ŵi E[xi ] = ŵ · E[x]

i

X

i,j

X

ŵi2 E[xi ]2 +

i,j

X

i,j

X

i

ŵi ŵj E[xi ]E[xj ]
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σ02 := var[z|x] = α̃ŵ2 · x2 .

µ0 := E[z|x] = ŵ · x,

A similar computation gives us mean and variance of q(z|x):
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ŵi ŵj (E[xi xj ] − E[xi ]E[xj ])

i j ŵi ŵj xi xj ] −

= α̃ŵ2 · E[x2 ] + ŵ · Cov(x)ŵ.

= α̃

= E[

X
X
σ12 := var[z] = E[(
i ŵi xi )2 ] − (E[
i ŵi xi ])2 ,

µ1 := E[z] = E[

Proof First, we consider the case in which dim(z) = 1, and so w := W is a single row
vector. By hypothesis, q(z) is approximately Gaussian, with mean and variance

where Wi denotes the i-th row of the matrix W , and α̃i is the noise variance α̃i = exp(αi )−1.
In particular, I(z; x) + TC(z) is a monotone decreasing function of the weight variances αi .

I(z; x) + TC(z) = −

Proposition C.6 Let z = W x, and assume as before W =  Ŵ , with i,j ∼ log N (−αi /2, αi ).
Further assume that the marginals of q(z) and q(z|x) are both approximately Gaussian
(which is reasonable for large dim(x) by the Central Limit Theorem). Then,

as we wanted.

i

1X
log(wi2 ) + log(Hii ) − log(β/2).
2

X
X
˜ D) ≤ 1 K[log(
I(w;
wi2 ) + log(
Hii ) − log(K 2 β/2)]
2

Finally, by Jensen’s inequality, we have

˜ D) = − 1
I(w;
2

˜ D) that we obtained in the previous propoand plugging it back in the expression for I(w;
sition, we have
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Since we are assuming dim(z) = 1, we trivially have TC(z) = 0, so we are only left with
I(z; x) which is given by
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E(xi2 − E[xi2 ])2
≤ C.
E[xi2 ]2

P 4
ŵ E(x2 − E[x2 ])2
ŵ2 · (x2 − E[x2 ])
= Pi i
var
ŵ2 · E[x2 ]
ŵ2 ŵj2 E[xi2 ]E[xj2 ]
i,j
i
P 4
2 2
i ŵi E[xi ]
ŵi2 ŵj2 E[xi2 ]E[xj2 ]

i,j

≤ CP

= O(1/ dim(x)).

1
log(1 + α̃−1 ) + O(1/ dim(x)).
2
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It is well-known that overfitting relates to the “effective number of degrees of
freedom” that can be measured in a number of ways (Friedman et al., 2001,

Appendix D. Q&A

Now, notice that I(zk+1 ; zk ) ≤ I(φ(W k zk ); zk ) ≤ I(W k zk ; zk ), since applying a deterministic function can only decrease the information. But I(W k zk ; zk ) is exactly the quantity we
bounded in Corollary 5.2, leading us to the desired inequality.

k<L

I(zL ; x) ≤ min I(zk+1 , zk ).

Proof Since we have the Markov chain x → z1 → . . . → zL , by the Data Processing
Inequality we have I(zL ; x) ≤ min {I(zL ; zL−1 ), I(zL−1 ; x)}. Iterating this inequality, we
have


where αk = exp −I(W k ; D)/ dim(W k ) .

k<L

Corollary C.8 (Multi-layer case) Let W k for k = 1, ..., L be weight matrices, with
k = log N (−αk /2, αk ), and let z
k
W k = k Ŵ k and i,j
i+1 = φ(W zk ), where z0 = x
and φ is any nonlinearity. Then,
n

o
I(zL ; x) ≤ min dim(zk ) g(αk ) + 1

I(x; z) ≤

Therefore, we can conclude

Now,

To conclude, we want to approximate the expectation of the logarithm using a Taylor
expansion, but we first need to check that the variance of the term inside the logarithm
is low, which is where we need the bound on the kurtosis. In fact, since the kurtosis is
bounded, there is some constant C such that for all i

I(z; x) = Ex KL( q(z|x) k q(z) )
= Ex KL( N (µ0 , σ02 ) k N (µ1 , σ12 ) )

1 α̃ŵ2 · x2 + (ŵ · x − ŵ · E[x])2
σ2
= Ex
− 1 − log 02
2
σ2
σ1
1
1
α̃ŵ2 · x2
= − Ex log
.
2
ŵ · Cov(x)ŵ + α̃ŵ2 · E[x2 ]

k

Ex KL( q(zi |x) k q(zi ) ),

k

Now, for the general case of dim(z) ≥ 1, notice that
Y
Y
q(zi |x) k
q(zi ) )
X

dim(z)

I(z; x) + TC(z) = Ex KL(

=
i=1

where q(zi ) is the marginal of the k-th component of z. We can then use the previous result
for each component separately, and sum everything to get the desired identity.

I(x; z) + T C(z)
≤ g(α) + c,
dim(z)

Proposition C.7 (Uniform bound for one layer) Let z = W x, where W =  Ŵ ,
where i,j ∼ log N (−α/2, α); assume that the components of x are uncorrelated, and that
their kurtosis is uniformly bounded. Then, there is a strictly increasing function g(α) s.t.
we have the uniform bound
g(α) ≤

where c = O(1/ dim(x)) ≤ 1, g(α) = log (1 − e−α )/2 and α is related to I(w; D) by α =
exp {−I(W ; D)/ dim(W )}. In particular, I(x; z) + T C(z) is tightly bounded by I(W ; D) and
increases strictly with it.

ŵ · Cov(x)ŵ =

i
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Proof To simplify the notation we do the case dim z = 1, the general case being identical.
Let w := W be the only row of W . First notice that, since x is uncorrelated, we have
X
wi2 (E[xi2 ] − E[xi ]2 ) ≤ w2 · E[x2 ]
Therefore,

1
α̃ŵ2 · x2
I(x; z) = − Ex log
2
ŵ · Cov(x)ŵ + α̃ŵ2 · E[x2 ]
α̃ŵ2 · x2
1
≤ − Ex log
2
(1 + α̃)ŵ2 · E[x2 ]
1
= log(1 + α̃−1 )
2


1
ŵ2 · (x2 − E[x2 ])
− Ex log 1 +
.
2
ŵ2 · E[x2 ]
31
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How do you compute the information in the weights, since you only have a
sample (one set of weights that the network converged to for a given dataset)?
And how do you optimize it? That looks hard! We do not need to compute the
information in the weights, since we can control it. Even if we do not do so explicitly,
optimizing cross-entropy with SGD yields the right solution (the solution that minimizes

Of course a minimal representation should be invariant to nuisance variation
since that’s what it means to be minimal for the task. While the result may be
intuitive to some, compression and invariance are not the same thing, and we are unaware
of an existing proof of the claim other than for special tasks like clustering, and for small
perturbations.

The use of KL(q(w|D)||q̃(w)) where q(w|D) is a “posterior” defined by a learning
algorithm that returns w and q̃(w) is a log-uniform prior is the basic PACBayes bound, that, however, gives an vacuous generalization bound due to the
improper prior. A generalization bound could be stated in terms of the length
of a finite interval approximation of log-uniform prior. Indeed, this is the case.
However, in the limit of the interval length going to infinity, the KL divergence would still
be infinite, and the optimization would be slightly more complex. As simpler option to
have a generalization-bound would be to use Gaussian prior and posterior Dziugaite and
Roy (2017). However, computing a good PAC-Bayes upper-bound is outside the scope of
the paper, and the use of a non-informative, scale invariant prior matches the empirical
behavior of networks and simplifies the theoretical analysis.

Why is the dataset a random variable, if we only have one realization of it?
The theory is almost identical in both the case of a fixed dataset and a randomly sampled
dataset. We consider the case of a randomly sampled dataset since it is simpler and at the
same time more general. Some expressions simplify slightly and are easier to interpret, but
in the end a fixed training set is given either way.

A nuisance n should convey no information on y given x, so why imposing
I(y; n) = 0 rather than I(y; n|x) = 0? While I(y; n|x) = 0 may seem intuitively the
right condition, it is actually too weak. Suppose for example that y is a deterministic
function of x (i.e., the labels are perfectly determined by the data, as often is the case).
Then, we would have I(y; n|x) = 0 for any n, which would imply that everything is a
nuisance for the task, which of course is not intuitively the case.

34
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the IBL for the weights). We only have one sample of the weights if we anneal the learning
rate to zero, but otherwise SGD produces a posterior distribution of the weights, even if we
do not impose additional stochasticity. In many cases we do, for instance using Information
Dropout (Achille and Soatto (2018)) or its simpler version, Dropout. A special case of the
theory can be re-derived assuming an instantiated dataset and a set of weights, with the
same results.
The use of I(w; D) does not seem to upper bound the PAC-Bayes bound. The
direction of inequality is the opposite. The IB Lagrangian for the weights is a particular case that gives the sharpest PAC-Bayes bound. Choosing q(w) requires some attention:
Once we fix a training procedure, we can (in theory) compute/approximate the marginal
distribution q(w) over the stochasticity of the data (if any) as well as the stochasticity of
the training procedure. This marginal can then be used in the PAC-Bayes bound: This
gives the sharpest bound (McAllester, 2013) and is also equivalent to an IBL since the term
ED KL( q(w|D) k q(w) ) measures the mutual information between the training procedure
and the weights. Since in general it is not possible to explicitly compute this bound, in
practice we use less tight a bound based on a factorized approximation of the marginal.
This opportunistic choice later turns out to play a role in disentanglement.

Chapter 7). Why should we use the information in the weights? The information in the weights is indeed one particular choice of measure of complexity. One nice
aspect is that it plays a central role in many different frameworks (minimum description
length, variational inference, PAC-Bayes), and correlates well with the performance of a
real network.

How do you compute the nuclear norm of the Hessian? It sounds expensive!
We do not need to. What we show is that, if the optimization algorithm happens to find
flat minima (nuclear norm being a proxy), then it automatically limits the information in
the weights - which promotes good generalization. However, if one wanted to approximate
the trace of the Hessian, it could be done in linear time (Bai et al., 1996, Prop 4.1).

Achille and Soatto
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Most Bayesian posteriors cannot be calculated analytically, so in practice we turn to approximations. Variational Bayes (VB) casts posterior approximation as an optimization problem in which the objective to be
minimized is the divergence, among a sub-class of tractable distributions, from the exact posterior. For
example, one widely-used and relatively simple flavor of VB is “mean field variational Bayes” (MFVB),
which employs Kullback-Leibler (KL) divergence and a factorizing exponential family approximation for the
tractable sub-class of posteriors (Wainwright and Jordan, 2008). MFVB has been increasingly popular as an
alternative to Markov Chain Monte Carlo (MCMC) in part due to its fast runtimes on large-scale data sets.
Although MFVB does not come with any general accuracy guarantees (except asymptotic ones in special
cases (Westling and McCormick, 2015; Wang and Blei, 2017)), MFVB produces posterior mean estimates of
certain parameters that are accurate enough to be useful in a number of real-world applications (Blei et al.,
2016). Despite this ability to produce useful point estimates for large-scale data sets, MFVB is limited as
an inferential tool; in particular, MFVB typically underestimates marginal variances (MacKay, 2003; Wang

1. Introduction

Mean-field Variational Bayes (MFVB) is an approximate Bayesian posterior inference technique that is increasingly popular due to its fast runtimes on large-scale data sets. However, even when MFVB provides
accurate posterior means for certain parameters, it often mis-estimates variances and covariances. Furthermore, prior robustness measures have remained undeveloped for MFVB. By deriving a simple formula for the
effect of infinitesimal model perturbations on MFVB posterior means, we provide both improved covariance
estimates and local robustness measures for MFVB, thus greatly expanding the practical usefulness of MFVB
posterior approximations. The estimates for MFVB posterior covariances rely on a result from the classical
Bayesian robustness literature that relates derivatives of posterior expectations to posterior covariances and
includes the Laplace approximation as a special case. Our key condition is that the MFVB approximation
provides good estimates of a select subset of posterior means—an assumption that has been shown to hold in
many practical settings. In our experiments, we demonstrate that our methods are simple, general, and fast,
providing accurate posterior uncertainty estimates and robustness measures with runtimes that can be an order
of magnitude faster than MCMC.
Keywords: Variational Bayes; Bayesian robustness; Mean field approximation; Linear response theory;
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p (x|θ, α) p (θ|α)
p (x|θ, α) p (θ|α)
=
.
p (x|α)
p (x|θ0 , α) p (θ0 |α) λ (dθ0 )
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We will assume that we are interested in a posterior expectation of some function g (θ) (e.g., a parameter
mean, a posterior predictive value, or squared loss): Epα [g (θ)]. In the current work, we will quantify
the uncertainty of g (θ) by the posterior variance, Varpα (g (θ)). Other measures of central tendency (e.g.,
posterior medians) or uncertainty (e.g., posterior quantiles) may also be good choices but are beyond the
scope of the current work.

pα (θ) := p (θ|x, α) = R

Denote an unknown model parameter by the vector θ ∈ RK , assume a dominating measure for θ on RK given
by λ, and denote observed data by x. Suppose that we have a vector-valued hyperparameter α ∈ A ⊆ RD that
parameterizes some aspects of our model. For example, α might represent prior parameters, in which case
we would write the prior density with respect to λ as p (θ|α), or it might parameterize a class of likelihoods,
in which case we could write the likelihood as p (x|θ, α). Without loss of generality, we will include α in the
definition of both the prior and likelihood. For the moment, let pα (θ) denote the posterior density of θ given
x and α, as given by Bayes’ Theorem (this definition of pα (θ) will be a special case of the more general
Definition 2 below):

2.1 Local Sensitivity and Robustness

2. Bayesian Covariances and Sensitivity

and Titterington, 2004; Turner and Sahani, 2011). Moreover, to the best of our knowledge, techniques for
assessing Bayesian robustness have not yet been developed for MFVB. It is these inferential issues that are
the focus of the current paper.
Unlike the optimization approach of VB, an MCMC posterior estimate is an empirical distribution formed
with posterior draws. MCMC draws lend themselves naturally to the approximate calculation of posterior
moments, such as those required for covariances. In contrast, VB approximations lend themselves naturally to
sensitivity analysis, since we can analytically differentiate the optima with respect to perturbations. However,
as has long been known in the Bayesian robustness literature, the contrast between derivatives and moments is
not so stark since, under mild regularity conditions that allow the exchange of integration and differentiation,
there is a direct correspondence between derivatives and covariance (Gustafson, 1996b; Basu et al., 1996;
Efron, 2015, Section 2.2 below).
Thus, in order to calculate local sensitivity to model hyperparameters, the Bayesian robustness literature re-casts derivatives with respect to hyperparameters as posterior covariances that can be calculated
with MCMC. In order to provide covariance estimates for MFVB, we turn this idea on its head and use the
sensitivity of MFVB posterior expectations to estimate their covariances. These sensitivity-based covariance
estimates are referred to as “linear response” estimates in the statistical mechanics literature (Opper and Saad,
2001), so we refer to them here as linear response variational Bayes (LRVB) covariances. Additionally, we
derive straightforward MFVB versions of hyperparameter sensitivity measures from the Bayesian robustness
literature. Under the assumption that the posterior means of interest are well-estimated by MFVB for all the
perturbations of interest, we establish that LRVB provides a good estimate of local sensitivities. In our experiments, we compare LRVB estimates to MCMC, MFVB, and Laplace posterior approximations. We find that
the LRVB covariances, unlike the MFVB and Laplace approximations, match the MCMC approximations
closely while still being computed over an order of magnitude more quickly than MCMC.
In Section 2 we first discuss the general relationship between Bayesian sensitivity and posterior covariance and then define local robustness and sensitivity. Next, in Section 3, we introduce VB and derive the
linear system for the MFVB local sensitivity estimates. In Section 4, we show how to use the MFVB local
sensitivity results to estimate covariances and calculate canonical Bayesian hyperparameter sensitivity measures. Finally, in Section 5, we demonstrate the speed and effectiveness of our methods with simple simulated
data, an application of automatic differentiation variational inference (ADVI), and a large-scale industry data
set.
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[g (θ)]
dα

dEpα
α0

.

(1)

Note the dependence of Epα [g (θ)] on both the likelihood and prior, and hence on α, through Bayes’
Theorem. The choice of a prior and choice of a likelihood are made by the modeler and are almost invariably
a simplified representation of the real world. The choices are therefore to some extent subjective, and so
one hopes that the salient aspects of the posterior would not vary under reasonable variation in either choice.
Consider the prior, for example. The process of prior elicitation may be prohibitively time-consuming; two
practitioners may have irreconcilable subjective prior beliefs, or the model may be so complex and highdimensional that humans cannot reasonably express their prior beliefs as formal distributions. All of these
circumstances might give rise to a range of reasonable prior choices. A posterior quantity is “robust” to the
prior to the extent that it does not change much when calculated under these different prior choices.
Quantifying the sensitivity of the posterior to variation in the likelihood and prior is one of the central
concerns of the field of robust Bayes (Berger et al., 2000). (We will not discuss the other central concern,
which is the selection of priors and likelihoods that lead to robust estimators.) Suppose that we have determined that the hyperparameter α belongs to some open set A, perhaps after expert prior elicitation. Ideally,
we would calculate the extrema of Epα [g (θ)] as α ranges over all of A. These extrema are a measure of
global robustness, and their calculation is intractable or difficult except in special cases (Moreno, 2000; Huber, 2011, Chapter 15). A more practical alternative is to examine how much Epα [g (θ)] changes locally in
response to small perturbations in the value of α near some tentative guess, α0 ∈ A. To this end we define
the local sensitivity at α0 (Gustafson, 2000).

:=

Definition 1 The local sensitivity of Epα [g (θ)] to hyperparameter α at α0 is given by
Sα0

Sα0 , the local sensitivity, can be considered a measure of local robustness (Gustafson, 2000). Throughout the
paper we will distinguish between sensitivity, which comprises objectively defined quantities such as Sα0 ,
and robustness, which we treat as a more subjective concept that may be informed by the sensitivity as well
as other considerations. For example, even if one knows Sα0 precisely, how much posterior change is too
much change and how much prior variation is reasonable remain decisions to be made by the modeler. For a
more in-depth discussion of how we use the terms sensitivity and robustness, see Appendix C.
The quantity Sα0 can be interpreted as measuring sensitivity to hyperparameters within a small region
near α = α0 where the posterior dependence on α is approximately linear. Then local sensitivity provides an
approximation to global sensitivity in the sense that, to first order,
|
Epα [g (θ)] ≈ Epα0 [g (θ)] + Sα
(α − α0 ) .
0

Generally, the dependence of Epα [g (θ)] on α is not given in any closed form that is easy to differentiate.
However, as we will now see, the derivative Sα0 is equal, under mild regularity conditions, to a particular
posterior covariance that can easily be estimated with MCMC draws.
2.2 Covariances and Sensitivity
We will first state a general result relating sensitivity and covariance and then apply it to our specific cases of
interest as they arise throughout the paper, beginning with the calculation of Sα0 from Section 2.1. Consider
a general base density p0 (θ) defined relative to λ and define ρ (θ, α) to be a λ-measurable log perturbation
function that depends on α ∈ A ⊆ RD . We will require the following mild technical assumption:
Assumption 1 For all α ∈ A, ρ (θ, α) is continuously differentiable with respect to α, and, for a given λmeasurable g (θ) there exist λ-integrable functions f0 (θ) and f1 (θ) such that |p0 (θ) exp (ρ (θ, α)) g (θ)| <
f0 (θ) and |p0 (θ) exp (ρ (θ, α))| < f1 (θ).
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Under Assumption 1 we can normalize the log-perturbed quantity p0 (θ) exp (ρ (θ, α)) to get a density in θ
with respect to λ.
3
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p0 (θ) exp (ρ (θ, α))
.
p0 (θ0 ) exp (ρ (θ0 , α)) λ (dθ0 )

Definition 2 Denote by pα (θ) the normalized posterior given α:
pα (θ) := R

(2)

For example, pα (θ) defined in Section 2.1 is equivalent to taking p0 (θ) = p (θ|x, α0 ) and ρ (θ, α) =
log p (x|θ, α) + log p (θ|α) − log p (x|θ, α0 ) − log p (θ|α0 ).
For a λ-measurable function g (θ), consider differentiating the expectation Epα [g (θ)] with respect to α:
Z
pα (θ) g (θ) λ (dθ) .
(3)

d
dEpα [g (θ)]
:=
dα|
dα

α0

= Covp0

g (θ) ,

∂ρ (θ, α)
∂α

α0

!

.

(4)

When evaluated at some α0 ∈ A, this derivative measures the local sensitivity of Epα [g (θ)] to the index α
at α0 . Define A0 ⊆ A to be an open ball containing α0 . Under Assumption 1 we assume without loss of
generality that ρ (θ, α0 ) ≡ 0 so that p0 (θ) = pα0 (θ); if ρ (θ, α0 ) is non-zero, we can simply incorporate it
into the definition of p0 (θ). Then, under Assumption 1, the derivative in Eq. (3) is equivalent to a particular
posterior covariance.
Theorem 1 Under Assumption 1 ,
dEpα [g (θ)]
dα|

∂ρ (θ, α)
∂α

α0

!

.

α0

(5)

Theorem 1 is a straightforward consequence of the Lebesgue dominated convergence theorem; see Appendix
A for a detailed proof. Versions of Theorem 1 have appeared many times before; e.g., Diaconis and Freedman
(1986); Basu et al. (1996); Gustafson (1996b); Pérez et al. (2006) have contributed variants of this result to
the robustness literature.
By using MCMC draws from p0 (θ) to calculate the covariance on the right-hand side of Eq. (4), one
can form an estimate of dEpα [g (θ)] /dα| at α = α0 . One might also approach the problem of calculating
dEpα [g (θ)] /dα| using importance sampling as follows (Owen, 2013, Chapter 9). First, an importance
sampling estimate of the dependence of Epα [g (θ)] on α can be constructed with weights that depend on α.
Then, differentiating the weights with respect to α provides a sample-based estimate of dEpα [g (θ)] /dα| .
We show in Appendix B that this importance sampling approach is equivalent to using MCMC samples to
estimate the covariance in Theorem 1.
An immediate corollary of Theorem 1 allows us to calculate Sα0 as a covariance.

Corollary 1 Suppose that Assumption 1 holds for some α0 ∈ A, some g (θ), and for

g (θ) ,

−

N
s
1 X
∂ρ (θn , α)
Ns n=1
∂α

ρ (θ, α) = log p (x|θ, α) + log p (θ|α) − log p (x|θ, α0 ) − log p (θ|α0 ) .
Then Theorem 1 implies that

α0

Sα0 = Covp0

N
s
∂ρ (θn , α)
1 X
g (θn )
Ns n=1
∂α

Ns
1 X
g (θn )
Ns n=1
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(6)

Corollary 1 can be found in Basu et al. (1996), in which a version of Corollary 1 is stated in the proof of
their Theorem 1, as well as in Pérez et al. (2006) and Efron (2015). Note that the definition of ρ (θ, α) does
not contain any normalizing constants and so can typically be easily calculated. Given Ns MCMC draws
Ns
{θn }n=1
from a chain that we assume to have reached equilibrium at the stationary distribution p0 (θ), one
can calculate an estimate of Sα0 using the sample covariance version of Eq. (4):
!
!
Ŝα0 :=

for θn ∼ p0 (θ) , where n = 1, ..., Ns .

4

(7)

KL (q (θ; η) ||pα (θ)) = Eq(θ;η) [log q (θ; η) − log pα (θ)] .

:= argminq∈Q {KL (q (θ; η) ||pα (θ))} ,

(8)

5
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where k indexes a partition of the full vector θ and of the parameter vector η. That is, Qmf approximates
the posterior pα (θ) as a distribution that factorizes across sub-components of θ. This approximation is
commonly referred to as “MFVB,” for “mean field variational Bayes.” Note that, in general, each function
q (θk ; ηk ) in the product is different. For notational convenience we write q (θk ; ηk ) instead of qk (θk ; ηk )
when the arguments make it clear which function we are referring to, much as the same symbol p is used to
refer to many different probability distributions without additional indexing.
One may additionally assume that the components q (θk ; ηk ) are in a convenient exponential family.
Although the exponential family assumption does not in general follow from a factorizing assumption, for
compactness we will refer to both the factorization and the exponential family assumption as MFVB.
In an MFVB approximation, Ωη could be a stacked vector of the natural parameters of the exponential
families, or the moment parameterization, or perhaps a transformation of these parameters into an unconstrained space (e.g., the entries of the log-Cholesky decomposition of a positive definite information matrix).
For more concrete examples, see Section 5. Although all of our experiments and much of our motivating
intuition will use MFVB, our results extend to other choices of Q that satisfy the necessary assumptions.

k

In the KL divergence, the (generally intractable) normalizing constant for pα (θ) does not depend on q (θ)
and so can be neglected when optimizing. In order for the KL divergence to be well defined, we assume
that both p0 (θ) and q (θ) are given with respect to the same base measure, λ, and that the support of q (θ) is
contained in the support of pα (θ). We will require some additional mild regularity conditions in Section 3.2
below.
A common choice for the approximating family Q in Eq. (7) is the “mean field family” (Wainwright and
Jordan, 2008; Blei et al., 2016),
(
)
Y
Qmf := q (θ) : q (θ) =
q (θk ; ηk ) ,
(9)

where

qα (θ) := q (θ; η ∗ )

Definition 4 The variational approximation qα (θ) to pα (θ) is defined by

Given Q, we define the optimal q ∈ Q, which we call qα (θ), as the distribution that minimizes the KL
divergence KL (q (θ; η) ||pα (θ)) from pα (θ). We denote the corresponding optimal variational parameters
as η ∗ .

Q := {q : q = q (θ; η) for η ∈ Ωη } .

Definition 3 The approximating variational family is given by

η=η0 ,α=α0

η=η0

α0

|
= gη H−1
ηη fαη .

(10)

6
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Recall that we are ultimately interested in Epα [g (θ)]. Variational approximations and their sensitivity measures will be useful to the extent that both the variational means and sensitivities are close to the exact means
and sensitivities. We formalize these desiderata as follows.

3.3 Approximating with Variational Bayes

A proof of Theorem 2 is given in Appendix D. As with Theorem 1, by choosing the appropriate ρ (θ, α) and
evaluating fαη , we can use Theorem 2 to calculate the exact sensitivity of VB solutions to any arbitrary local
perturbations that satisfy the regularity conditions. Assumptions 1–4 are typically not hard to verify. For an
example, see Appendix E, where we establish Assumptions 1–4 for a multivariate normal target distribution
and a mean-field approximation.
Eq. (10) is formally similar to frequentist sensitivity estimates. For example, the pioneering paper of Cook
(1986) contains a formula for assessing the curvature of a marginal likelihood surface (Cook, 1986, Equation
15) that, like our Theorem 2, represents the sensitivity as a linear system involving the Hessian of an objective
function at its optimum. The geometric interpretation of local robustness suggested by Cook (1986) has been
extended to Bayesian settings (see, for example, Zhu et al. (2007, 2011)). In addition to generality, one
attractive aspect of their geometric approach is its invariance to parameterization. Investigating geometric
interpretations of the present work may be an interesting avenue for future research.

dEqα [g (θ)]
dα|

Theorem 2 Consider a variational approximation qα (θ) to pα (θ) as given in Definition 4 and a λ-measurable
function g (θ). Then, under Assumptions 1–4 , using the definitions given in Definition 5, we have

Since g (θ), α, and η are all vectors, the quantities Hηη , fαη , and gη are matrices. We are now ready to state
a VB analogue of Theorem 1.

η=η0

Definition 5 Define the following derivatives of variational expectations evaluated at the optimal parameters:
2
∂ 2 Eq(θ;η) [ρ(θ,α)]
∂E
[g(θ)]
0 (θ))
fαη :=
gη := q(θ;η)
.
Hηη := ∂ KL(q(θ;η)||p
∂η∂η |
∂α∂η |
∂η |
∗
∗
∗

We define the following quantities for notational convenience.

Assumption 4 The expectation Eq(θ;η) [g (θ)] is a continuously differentiable function of η.

Assumption 3 There exists a strict local minimum, η ∗ (α), of KL (q (θ; η) ||pα (θ)) in Eq. (8) such that
η ∗ (α) is interior to Ωη .

Assumption 2 The KL divergence at KL (q (θ; η) ||p0 (θ)) and expected log perturbation Eq(θ;η) [ρ (θ, α)]
are twice continuously differentiable in η and α.

Just as MCMC approximations lend themselves to moment calculations, the variational form of VB approximations lends itself to sensitivity calculations. In this section we derive the sensitivity of VB posterior means
to generic perturbations—a VB analogue of Theorem 1. In Section 4 we will choose particular perturbations
to calculate VB prior sensitivity and, through Theorem 1, posterior covariances.
In Definition 4, the variational approximation is a function of α through the optimal parameters η ∗ (α),
i.e., qα (θ) = q (θ, η ∗ (α)). In turn, the posterior expectation Eqα [g (θ)] is also a function of α, and its
derivative at α0 —the local sensitivity of the variational approximation to α—has a closed form under the
following mild technical conditions. As with p0 , define q0 := qα0 , and define η0∗ := η ∗ (α0 ).
All the following assumptions are intended to hold for a given pα (θ), approximating class Q, λ-measurable
function g (θ), and to hold for all α ∈ A0 and all η in an open neighborhood of η0∗ .

We briefly review variational Bayes and state our key assumptions about its accuracy. We wish to find
an approximate distribution, in some class Q of tractable distributions, selected to minimize the KullbackLeibler divergence (KL divergence) between q ∈ Q and the exact log-perturbed posterior pα . We assume that
distributions in Q are parameterized by a finite-dimensional parameter η in some feasible set Ωη ⊆ RKη .

3.2 Variational Bayes sensitivity
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≈

dEpα [g (θ)]
dα|
α0

and
(12)

(11)

Condition 1 Under Assumptions 1–4 and the quantities defined therein, we additionally have, for all α ∈ A,

α0

Eqα [g (θ)] ≈ Epα [g (θ)]

dEqα [g (θ)]
dα|
We will not attempt to be precise about what we mean by the “approximately equal” sign, since we are
not aware of any practical tools for evaluating quantitatively whether Condition 1 holds other than running
both VB and MCMC (or some other slow but accurate posterior approximation) and comparing the results.
However, VB has been useful in practice to the extent that Condition 1 holds true for at least some parameters
of interest. We provide some intuition for when Condition 1 might hold in Section 5.1, and will evaluate
Condition 1 in each of our experiments below by comparing the VB and MCMC posterior approximate
means and sensitivities.
Since Condition 1 holds only for a particular choice of g (θ), it is weaker than the assumption that qα is
close to pα in KL divergence, or even that all the posterior means are accurately estimated. For example,
as discussed in Appendix B of Giordano et al. (2015) and in Section 10.1.2 of Bishop (2006), a mean-field
approximation to a multivariate normal posterior produces inaccurate covariances and may have an arbitrarily
bad KL divergence from pα , but Condition 1 holds exactly for the location parameters. We discuss the
multivariate normal example further in Section 4.1 and Section 5.1 below.

4. Calculation and Uses of Sensitivity
In this section, we discuss two applications of Theorem 1 and Theorem 2: calculating improved covariance
estimates and prior sensitivity measures for MFVB. Throughout this section, we will assume that we can
apply Theorem 1 and Theorem 2 unless stated otherwise.
4.1 Covariances for Variational Bayes

α=0

≈

dEpα [g (θ)]
dα|

α=0

= Covp0 (g (θ)) .

(13)

Consider the mean field approximating family, Qmf , from Section 3.1 and a fixed exact posterior p0 (θ). It
is well known that the resulting marginal variances also tend to be under-estimated even when parameters
means are well-estimated (see, e.g., (MacKay, 2003; Wang and Titterington, 2004; Turner and Sahani, 2011;
Bishop, 2006, Chapter 10)). Even more obviously, any q ∈ Qmf yields zero as its estimate of the covariance
between sub-components of θ that are in different factors of the mean field approximating family. It is
therefore unreasonable to expect that Covq0 (g (θ)) ≈ Covp0 (g (θ)). However, if Condition 1 holds, we
may expect the sensitivity of MFVB means to certain perturbations to be accurate by Condition 1, and, by
Theorem 1, we expect the corresponding covariances to be accurately estimated by the MFVB sensitivity. In
particular, by taking ρ (θ, α) = α| g (θ) and α0 = 0, we have by Condition 1 that
dEqα [g (θ)]
dα|

(14)

We can consequently use Theorem 2 to provide an estimate of Covp0 (g (θ)) that may be superior to Covq0 (g (θ)).
With this motivation in mind, we make the following definition.
q0

Definition 6 The linear response variational Bayes (LRVB) approximation, CovLR (g (θ)), is given by
−1 |
CovqLR
(g (θ)) := gη Hηη
gη .
0
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Corollary 2 For a given p0 (θ), class Q, and function g (θ), when Assumptions 1–4 and Condition 1 hold for
ρ (θ, α) = α| g (θ) and
= 0, then
α0

(g (θ)) ≈ Covp0 (g (θ)) .
CovqLR
0
7
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Covq0 (g (θ)) ≈ Covp0 (g (θ)) ,

|

Eq0 [g (θ) g (θ) ] ≈ Ep0 [g (θ) g (θ) ] ⇒

|

Eq0 [g (θ)] ≈ Ep0 [g (θ)] and

The strict optimality of η0∗ in Assumption 3 guarantees that Hηη will be positive definite and symmetric, and,
as desired, the covariance estimate CovqLR
(g (θ)) will be positive semidefinite and symmetric. Since the op0
timal value of every component of Eqα [g (θ)] may be affected by the log perturbation α| g (θ), CovqLR
(g (θ))
0
can estimate non-zero covariances between elements of g (θ) even when they have been partitioned into separate factors of the mean field approximation.
(g (θ)) and Covq0 (g (θ)) differ only when there are at least some moments of p0 that
Note that CovqLR
0
q0 fails to accurately estimate. In particular, if qα provided a good approximation to pα for both the first and
second moments of g (θ), then we would have CovqLR
(g (θ)) ≈ Covq0 (g (θ)) since, for q0 and p0 ,
0

and, for qα and pα ,

Eqα [g (θ)] ≈ Epα [g (θ)] ⇒

(g (θ)) ≈ Covp0 (g (θ)) .
CovqLR
0

(g (θ)) .
Covq0 (g (θ)) ≈ CovqLR
0

Putting these two approximate equalities together, we see that, when the first and second moments of qα
approximately match those of pα ,

|

p0 (θ) = N (θ|µ, Σ) ,

(15)

(g (θ)) 6= Covq0 (g (θ)). In this sense, any discrepancy between CovqLR
(g (θ))
However, in general, CovqLR
0
0
and Covq0 (g (θ)) indicates an inadequacy of the variational approximation for at least the second moments
of g (θ).
Let us consider a simple concrete illustrative example which will demonstrate both how Covq0 (g (θ)) can
(g (θ)) can improve the approximation for some
be a poor approximation to Covp0 (g (θ)) and how CovqLR
0
moments but not others. Suppose that the exact posterior is a bivariate normal,

|

where θ = (θ1 , θ2 ) , µ = (µ1 , µ2 ) , Σ is invertible, and Λ := Σ−1 . One may think of µ and Σ as known
functions of x via Bayes’ theorem, for example, as given by a normal-normal conjugate model. Suppose we
use the MFVB approximating family

Qmf = {q (θ) : q (θ) = q (θ1 ) q (θ2 )} .

One can show (see Appendix E) that the optimal MFVB approximation to pα in the family Qmf is given by

−1
q0 (θ1 ) = N θ1 |µ1 , Λ11

−1
q0 (θ2 ) = N θ2 |µ2 , Λ22
.

Note that the posterior mean of θ1 is exactly estimated by the MFVB procedure:

Eq0 [θ1 ] = µ1 = Ep0 [θ1 ] .
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−1
However, if Σ12 6= 0, then Λ11
< Σ11 , and the variance of θ1 is underestimated. It follows that the
expectation of θ12 is not correctly estimated by the MFVB procedure:
 
 
−1
< µ12 + Σ11 = Epα θ12 .
Eqα θ12 = µ12 + Λ11

8

9

θ

θ̂Lap := argmax p0 (θ) ,
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(16)

In this section, we briefly compare linear response covariances to the Laplace approximation (Gelman et al.,
2014, Chapter 13). The Laplace approximation to p0 (θ) is formed by first finding the “maximum a posteriori” (MAP) estimate,

4.3 The Laplace Approximation and Linear Response Covariances

The application of sensitivity measures to VB problems for the purpose of improving covariance estimates has
a long history under the name “linear response methods.” These methods originated in the statistical physics
literature (Tanaka, 2000; Opper and Saad, 2001) and have been applied to various statistical and machine
learning problems (Kappen and Rodriguez, 1998; Tanaka, 1998; Welling and Teh, 2004; Opper and Winther,
2004). The current paper, which builds on this line of work and on our earlier work (Giordano et al., 2015),
represents a simplification and generalization of classical linear response methods and serves to elucidate the
relationship between these methods and the local robustness literature. In particular, while Giordano et al.
(2015) focused on moment-parameterized exponential families, we derive linear-response covariances for
generic variational approximations and connect the linear-response methodology to the Bayesian robustness
literature.
A very reasonable approach to address the inadequacy of MFVB covariances is simply to increase the
expressiveness of the model class Q—although, as noted by Turner and Sahani (2011), increased expressiveness does not necessarily lead to better posterior moment estimates. This approach is taken by much of the
recent VB literature (e.g., Tran et al., 2015a,b; Ranganath et al., 2016; Rezende and Mohamed, 2015; Liu and
Wang, 2016). Though this research direction remains lively and promising, the use of a more complex class
Q sometimes sacrifices the speed and simplicity that made VB attractive in the first place, and often without
the relatively well-understood convergence guarantees of MCMC. We also stress that the current work is not
necessarily at odds with the approach of increasing expressiveness. Sensitivity methods can be a supplement to any VB approximation for which our estimators, which require solving a linear system involving the
Hessian of the KL divergence, are tractable.

4.2 Linear Response Covariances in Previous Literature

Now let us take the log perturbation ρ (θ, α) = θ1 α1 + θ2 α2 . For all α in a neighborhood of zero, the logperturbed posterior given by Eq. (2) remains multivariate normal, so it remains the case that, as a function of
α, Eqα [θ1 ] = Epα [θ1 ] and Eqα [θ2 ] = Epα [θ2 ]. Again, see Appendix E for a detailed proof. Consequently,
Condition 1 holds with equality (not approximate equality) when g (θ) = θ. However, since the second
|
moments are not accurate (irrespective of α), Condition 1 does not hold exactly when g (θ) = θ12 , θ22 , nor
when g (θ) = θ1 θ2 . (Condition 1 may still hold approximately for second moments when Σ12 is small.) The
fact that Condition 1 holds with equality for g (θ) = θ allows us to use Theorem
|  1 and Theorem 2 to calculate
CovLR
θ12 , θ22
are mis-estimated.
q0 (g (θ)) = Covp0 (g (θ)), even though Ep0 [θ1 θ2 ] and Ep0
In fact, when Condition 1 holds with equality for some θi , then the estimated covariance in Eq. (14)
for all terms involving θi will be exact as well. Condition 1 holds with equality for the means of θi in
the bivariate normal model above, and in fact holds for the general multivariate normal case, as described
in Appendix E. Below, in Section 5, in addition to robustness measures, we will also report the accuracy
of Eq. (14) for estimating posterior covariances. We find that, for most parameters of interest, particularly
location parameters, CovLR
q0 (g (θ)) provides a good approximation to Covp0 (g (θ)).

Covq0 (θ1 , θ2 ) = 0 6= Σ12 = Covp0 (θ1 , θ2 ) .

An analogous statement holds for θ2 . Of course, the covariance is also mis-estimated if Σ12 6= 0 since, by
construction of the MFVB approximation,
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∂ 2 p0 (θ)
∂θ∂θ|
θ̂Lap

(18)

(17)

θ̂Lap

=−

θ0

∂ 2 KL (q (θ; θ0 ) ||p0 (θ))
∂θ0 ∂θ0|

θ0∗

= Hηη .

Sqα0 :=

10

dEqα [g (θ)]
dα

α0

.
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Definition 7 The local sensitivity of Eqα [g (θ)] to prior parameter α at α0 is given by

We now turn to estimating prior sensitivities for MFVB estimates—the variational analogues of Sα0 in Definition 1. First, we define the variational local sensitivity.

4.4 Local Prior Sensitivity for MFVB

LR
So θ̂Lap = θ0∗ , HLap = Hηη , and CovLap
qLap (θ) = Covq0 (θ) for the approximating family QLap .
From this perspective, the accuracy of the Laplace approximation depends precisely on the extent to which
Condition 1 holds for the family of point masses QLap . Typically, VB approximations use a Q that is more
expressive than QLap , and we might expect Condition 1 to be more likely to apply for a more expressive
family. It follows that we might expect the LRVB covariance estimate CovLR
q0 for general Q to be more
accurate than the Laplace covariance approximation CovLap
qLap . We demonstrate the validity of this intuition
in the experiments of Section 5.

HLap

∂ 2 p0 (θ)
=−
∂θ∂θ|

θ

θ̂Lap = argmax p0 (θ) = argmin KL (q (θ; θ0 ) ||p0 (θ)) = θ0∗

KL (q (θ; θ0 ) ||p0 (θ)) = − log p0 (θ0 ) − Constant ⇒

where the Constant term is constant in θ0 . That is, QLap consists of “point masses” at θ0 with constant entropy. Generally such point masses may not be defined as densities with respect to λ, and the KL divergence
in Eq. (8) may not be formally defined for q ∈ QLap . However, if QLap can be approximated arbitrarily well
by well-defined densities (e.g., normal distributions with variance fixed at an arbitrarily small number), then
we can use QLap as a heuristic tool for understanding the MAP estimator.
Since QLap contains only point masses, the covariance of the variational approximation is the zero matrix: CovqLap (θ) = 0. Thus, as when one uses the mean field assumption, CovqLap (θ) underestimates the
marginal variances and magnitudes of the covariances of Covp0 (θ). Of course, the standard Laplace approxLap
imation uses CovLap
qLap (θ), not CovqLap (θ), to approximate Covp0 (θ). In fact, CovqLap (θ) is equivalent to a
linear response covariance matrix calculated for the approximating family QLap :

Since both LRVB and the Laplace approximation require the solution of an optimization problem (Eq. (8) and
Eq. (16) respectively) and the estimation of covariances via an inverse Hessian of the optimization objective
(Eq. (14) and Eq. (17) respectively), it will be instructive to compare the two approaches.
Following Neal and Hinton (1998), we can, in fact, view the MAP estimator as a special variational
approximation, where we define
Z
n
QLap := q (θ; θ0 ) : q (θ; θ0 ) log p0 (θ) λ (dθ) = log p0 (θ0 ) and
Z
o
q (θ; θ0 ) log q (θ; θ0 ) λ (dθ) = Constant ,

−1
CovLap
qLap (θ) := HLap


qLap (θ) := N θ|θ̂Lap , CovLap
qLap (θ) .

HLap := −

and then forming the multivariate normal posterior approximation
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Corollary 3 Suppose that Assumptions 1–4 and Condition 1 hold for some α0 ∈ A and for
ρ (θ, α) = log p (x|θ, α) + log p (θ|α) − log p (x|θ, α0 ) − log p (θ|α) .

η0∗

.

(19)

Σij

if i = j
otherwise.

#

!

α0

α0

η0∗

η0∗
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R = M−1 ΣM−1 .

G IORDANO , B RODERICK ,

Using M, define the correlation matrix R as

fαη =

=

log |Ψ| − ψK

K

k=1

ν  X
−
log
2

k=1

K

0

n X
−
log
2

12

.





1
Ψkk
2



+ Kψ



1
Ψkk
2

+ Kψ





ν−K +1
2

n−K +1
2

!

η0∗

!

.

+ Constant,

(20)
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We briefly discuss practical issues in the computation of Eq. (10), which requires calculating the product
−1
−1 |
gη Hηη
(or, equivalently, Hηη
gη since Hηη is symmetric). Calculating Hηη and solving this linear system
can be the most computationally intensive part of computing Eq. (10).
We first note that it can be difficult and time consuming in practice to manually derive and implement
second-order derivatives. Even a small programming error can lead to large errors in Theorem 2. To ensure accuracy and save analyst time, we evaluated all the requisite derivatives using the Python autograd
automatic differentiation library (Maclaurin et al., 2015) and the Stan math automatic differentiation library
(Carpenter et al., 2015).
Note that the dimension of Hηη is as large as that of η, the parameters that specify the variational distribution q (θ; η). Many applications of MFVB employ many latent variables, the number of which may even scale
with the amount of data—including several of the cases that we examine in Section 5. However, these appli−1
cations typically have special structure that render Hηη sparse, allowing the practitioner to calculate gη Hηη

4.5 Practical Considerations when Computing the Sensitivity of Variational Approximations

This derivative has a closed form, but the bookkeeping required to represent an unconstrained parameterization of the matrix Ψ within η would be tedious. In practice, we evaluate terms like fαη using automatic
differentiation tools (Baydin et al., 2018).
Finally, in cases where we cannot evaluate Eq(θ;η) [log p (θ|α)] in closed form as a function of η, we
q
can use numerical techniques as described in Section 4.5. We thus view Sα
as the exact sensitivity to an
0
approximate KL divergence.

∂
∂η |

where Constant contains terms that do not depend on α, and where ψK denotes the multivariate digamma
function. Consequently, we can evaluate


∂
∂
Eq(θ;η)
log p (Σ|α)
∂η |
∂α
η=η ∗ ,α=α0

Eq [log pLKJ (R|α)] = (α − 1) log |Ψ| − ψK

where Ψ is a positive definite scale matrix and ν is the number of degrees of freedom. In this case, the
variational parameters are η = (Ψ, ν). We write η with the understanding that we have stacked only the
upper-diagonal elements of Ψ since Ψ is constrained to be symmetric and η ∗ must be interior. As we show
in Appendix G,

q (Σ) := InverseWishart (Σ|Ψ, ν) ,

pLKJ (R|α) ∝ |R|

α−1

The LKJ prior on the covariance matrix R with concentration parameter α > 0 is given by:

α0

q
Then Sα
≈ Sα0 .
0

∂ρ (θ, α)
∂α

The Stan manual recommends the use of pLKJ , together with an independent prior on the diagonal entries of
the scaling matrix M, for the prior on a covariance matrix that appears in a hierarchical model (Stan Team,
2015, Chapter 9.13).
Suppose that we have chosen the variational approximation

∂
Eq(θ;η)
∂η |

q
Corollary 3 states that, as with the covariance approximations in Section 4.1, Sα
is a useful approximation to
0
Sα0 to the extent that Condition 1 holds—that is, to the extent that the MFVB means are good approximations
to the exact means for the prior perturbations α ∈ A0 .
Under the ρ (θ, α) given in Corollary 3, Theorem 2 gives the following formula for the variational local
sensitivity:
"
#
q
−1
Sα
= gη Hηη
0

= α| θ − A (α)
"

=

∂
(α| θ − A (α))
∂α

η0∗

∂ ∂A (α)
∂
Eq(θ;η) [θ] −
∂η |
∂η | ∂α

∂
Eq(θ;η)
∂η |

We now use Eq. (19) to reproduce MFVB versions of some standard robustness measures found in the
existing literature. A simple case is when the prior p (θ|α) is believed to be in a given parametric family,
and we are simply interested in the effect of varying the parametric family’s parameters (Basu et al., 1996;
Giordano et al., 2016). For illustration, we first consider a simple example where p (θ|α) is in the exponential
family, with natural sufficient statistic θ and log normalizer A (α), and we take g (θ) = θ. In this case,
log p (θ|α)
fαη

=
∂
=
Eq(θ;η) [θ]
∂η |
= gη .

Note that when fαη = gη , Eq. (19) is equivalent to Eq. (14). So we see that
q
(θ) .
Sα
= CovqLR
0
0

(θ).
In this case, the sensitivity is simply the linear response covariance estimate of the covariance, CovqLR
0
By the same reasoning, the exact posterior sensitivity is given by
Sα0 = Covp0 (θ) .

(p

0
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q
Thus, Sα
≈ Sα0 to the extent that CovqLR
(θ) ≈ Covp0 (θ), which again holds to the extent that Condition 1
0
0
holds. Note that if we had used a mean field assumption and had tried to use the direct, uncorrected response
q
covariance Covq0 (θ) to try to evaluate Sα
, we would have erroneously concluded that the prior on one
0
component, θk1 , would not affect the posterior mean of some other component, θk2 , for k2 6= k1 .
Sometimes it is easy to evaluate the derivative of the log prior even when it is not easy to normalize it. As
an example, we will show how to calculate the local sensitivity to the concentration parameter of an LKJ prior
(Lewandowski et al., 2009) under an inverse Wishart variational approximation. The LKJ prior is defined as
follows. Let Σ (as part of θ) be an unknown K × K covariance matrix. Define the K × K scale matrix M
such that

Mij =

11

n=1

N
Y

q (θloc,n ; ηn ) for all q (θ; η) ∈ Q.

(21)

13
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In this section we provide a sequence of simple examples comparing MFVB and LRVB with Laplace approximations. These examples provide intuition for the covariance estimate CovLR
q0 (g (θ)) and illustrate how

5.1 Simple Expository Examples

We now demonstrate the speed and effectiveness of linear response methods on a number of simulated and
real data sets. We begin with simple simulated data to provide intuition for how linear response methods
can improve estimates of covariance relative to MFVB and the Laplace approximation. We then develop
linear response covariance estimates for ADVI and apply them to four real-world models and data sets
taken from the Stan examples library (Stan Team, 2017). Finally, we calculate both linear response covariances and prior sensitivity measures for a large-scale industry data set. In each case, we compare linear
response methods with ordinary MFVB, the Laplace approximation, and MCMC. We show that linear response methods provide the best approximation to MCMC while still retaining the speed of approximate
methods. Code and instructions to reproduce the results of this section can be found in the git repository
rgiordan/CovariancesRobustnessVBPaper.

5. Experiments

The model in Section 5.3 has such a global / local structure; see Section 5.3.2 for more details. Additional
discussion, including the use of Schur complements to take advantage of sparsity in the log likelihood, can
be found in Giordano et al. (2015).
When even calculating or instantiating Hηη is prohibitively time-consuming, one can use conjugate gradi|
ent algorithms to approximately compute H−1
ηη gη (Wright and Nocedal, 1999, Chapter 5). The advantage of
|
|
conjugate gradient algorithms is that they approximate H−1
ηη gη using only the Hessian-vector product Hηη gη ,
which can be computed efficiently using automatic differentiation without ever forming the full Hessian Hηη .
See, for example, the hessian vector product method of the Python autograd package (Maclaurin
et al., 2015). Note that a separate conjugate gradient problem must be solved for each column of gη| , so if the
parameter of interest g (θ) is high-dimensional it may be faster to pay the price for computing and inverting
the entire matrix Hηη . See 5.3.2 for more discussion of a specific example.
In Theorem 2, we require η0∗ to be at a true local optimum. Otherwise the estimated sensitivities may not
be reliable (e.g., the covariance implied by Eq. (14) may not be positive definite). We find that the classical
MFVB coordinate ascent algorithms (Blei et al. (2016, Section 2.4)) and even quasi-second order methods,
such as BFGS (e.g., Regier et al., 2015), may not actually find a local optimum unless run for a long time
with very stringent convergence criteria. Consequently, we recommend fitting models using second-order
Newton trust region methods. When the Hessian is slow to compute directly, as in Section 5, one can use the
conjugate gradient trust region method of Wright and Nocedal (1999, Chapter 7), which takes advantage of
fast automatic differentiation Hessian-vector products without forming or inverting the full Hessian.

∂ 2 KL (q (θ; η) ||p0 (θ))
= 0.
for all n 6= m,
|
∂ηloc,n ∂ηloc,m

In this case, the second derivatives of the variational objective between the parameters for local variables
vanish:

n=1

N
Y

p (x|θloc,n , θglob ) p (θloc,n |θglob )

q (θ; η) = q (θglob ; ηglob )

p (x, θglob , θloc,1 , ..., θloc,N ) = p (θglob )

quickly. Consider, for example, a model with “global” parameters, θglob , that are shared by all the individual
datapoint likelihoods, and “local” parameters, θloc,n , associated with likelihood of a single datapoint indexed
by n. By “global” and “local” we mean the likelihood and assumed variational distribution factorize as
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z

X

k=1

Kz
Y

p (z) p (θ|z) =

πkzk

z

X
p (z)
k=1

Kz
Y

zk

N (θ; mk , Σk )

.

|

k=1

M
K
X
1 X
log p0 (θm ) −
log σk ,
M m=1
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1. MFVB is often used to approximate the posterior when the Bayesian generative model for data x is a mixture model (e.g., Blei et al.
(2003)). By contrast, we note for clarity that we are not using the mixture model as a generative model for x here. E.g., z is not one
of the parameters composing θ, and we are not approximating the distribution of z in the variational distribution q (θ). Rather, we
are using mixtures as a way of flexibly defining skewed and over-dispersed targets, p (θ).

If we take only a single component in the definition of p0 (θ) (Kz = 1), then pα (θ) is a multivariate normal
distribution for all α, and the Laplace approximation qLap (θ) is equal to pα (θ) for all α. Furthermore, as
discussed in Section 4.1 and Appendix E, the variational means Eqα [θ] = µ are exactly equal to the exact
posterior mean Epα [θ] = m1 for all α (even though in general Covq0 (θ) 6= Σ1 ). Consequently, for all α,

5.1.1 M ULTIVARIATE N ORMAL TARGETS

which is a Monte Carlo estimate of KL (q (θ; η) ||p0 (θ)). We found M = 10000 to be more than adequate
for our present purposes of illustration. Note that we used the same draws ξm for both optimization and for
the calculation of Hηη in order to ensure that the η0∗ at which Hηη was evaluated was in fact an optimum.
This approach is similar to our treatment of ADVI; see Section 5.2 for a more detailed discussion.

KLapprox (q (θ; η) ||p0 (θ)) := −

θm := σ ◦ ξm + µ

In terms of Eq. (7), we take η = (µ1 , ..., µK , log σ1 , ..., log σK ) . Thus Eq(θ;η) [g (θ)] = Eq(θ;η) [θ1 ] = µ1 .
In the examples below, we will use multiple distinct components in the definition of p0 (θ), so that p0 (θ) is
non-normal and p0 (θ) ∈
/ Qmf .
Since the expectation Eq(θ;η) [log p (θ)] is intractable, we replace the exact KL divergence with a Monte
Carlo approximation using the “re-parameterization trick” (Kingma and Welling, 2013; Rezende et al., 2014;
iid
Titsias and Lázaro-Gredilla, 2014). Let ◦ denote the Hadamard (component-wise) product. Let ξm ∼
N (0, IK ) for m = 1, ..., M . We define

k=1

The values π, m and Σ will be chosen to achieve the desired shape for each example using up to Kz = 3
components. There will be no need to state the precise values of π, m, and Σ; rather, we will show plots of
the target density and report the marginal means and variances, calculated by Monte Carlo.1
We will be interested in estimating the mean and variance of the first component, so we take g (θ) = θ1 .
Consequently, in order to calculate CovLR
q0 (θ1 ), we will be considering the perturbation ρ (θ, α) = αθ1 with
scalar α and α0 = 0.
For the variational approximations, we will use a factorizing normal approximation:
(
)
K
Y

Qmf = q (θ) : q (θ) =
N θk ; µk , σk2 .

p0 (θ) =

p (z) =

the sensitivity analysis motivating CovLR
q0 (g (θ)) differs from the local posterior approximation motivating
CovLap
qLap (g (θ)).
For each example, we will explicitly specify the target posterior p0 (θ) using a mixture of normals. This
will allow us to define known target distributions with varying degrees of skewness, over-dispersion, or
correlation and compare the truth with a variational approximation. Formally, for some fixed Kz , component
indicators zk , k = 1, ..., Kz , component probabilities πk , locations µk , and covariances Σk , we set
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Exact
1.253
2.872

LRVB
3.245

MFVB
1.345
2.599

Laplace
0.111
0.849

Figure 1: A univariate skewed distribution. Vertical lines show the location of the means.

Metric
mean
var

Figure 2: Effect of tilting on a univariate skew distribution.
the variational approximation, the Laplace approximation, and the exact p0 (θ) all coincide in their estimates
(θ) = CovqLap
(θ). Of course, if Σ is not diagonal,
of E [θ], and by, Corollary 2, Σ = Covp0 (θ) = CovqLR
0
Lap
Covq0 (θ) 6= Σ because of the mean field assumption. Since this argument holds for the whole vector θ, it
holds a fortiori for our quantity of interest, the first component g (θ) = θ1 .
In other words, the Laplace approximation will differ only from the LRVB approximation when p0 (θ) is
not multivariate normal, a situation that we will now bring about by adding new components to the mixture;
i.e., by increasing Kz .
5.1.2 A U NIVARIATE S KEWED D ISTRIBUTION
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If we add a second component (Kz = 2), then we can make p0 (θ) skewed, as shown (with the approximations) in Fig. 1. In this case, we expect Eqα [θ1 ] to be more accurate than the Laplace approximation
EqLap [θ1 ] because Qmf is more expressive than QLap . This intuition is born out in the left panel of Fig. 1.
Since θ̂Lap uses only information at the mode, it fails to take into account the mass to the right of the mode,
and the Laplace approximation’s mean is too far to the left. The MFVB approximation, in contrast, is quite
accurate for the posterior mean of θ1 , even though it gets the overall shape of the distribution wrong.
This example also shows why, in general, one cannot naively form a “Laplace approximation” to the
posterior centered at the variational mean rather than at the MAP. As shown in the left panel of Fig. 1, in
this case the posterior distribution is actually convex at the MFVB mean. Consequently, a naive second-order
approximation to the log posterior centered at the MFVB mean would imply a negative variance.
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Figure 3: A univariate over-dispersed distribution. Vertical lines show the location of the means.

The perturbation ρ (θ, α) = αθ1 is sometimes also described as a “tilting,” and the right panel of Fig. 1
shows the effect of tilting on this posterior approximation. Tilting increases skew, but the MFVB approximation remains accurate, as shown in Fig. 2. Since local sensitivity of the expectation of θ1 to α is the variance
of θ1 (see Eq. (13)), we have in Fig. 2 that:

• The slope of the exact distribution’s line is Covp0 (θ1 );

• The slope of the MFVB line is the LRVB variance CovqLR
(θ1 ); and
0

(θ1 ).
• The slope of the Laplace line is CovqLap
Lap

Since the MFVB and exact lines nearly coincide, we expect the LRVB variance estimate to be quite accurate
for this example. Similarly, since the slope of the Laplace approximation line is lower, we expect the Laplace
variance to underestimate the exact variance. This outcome, which can be seen visually in the left-hand panel
of Fig. 2, is shown quantitatively in the corresponding table in the right-hand panel. The columns of the table
contain information for the exact distribution and the three approximations. The first row, labeled “mean,”
shows E [θ1 ] and the second row, labeled “var,” shows Cov (θ1 ). (The “LRVB” entry for the mean is blank
because LRVB differs from MFVB only in covariance estimates.) We conclude that, in this case, Condition 1
holds for Qmf but not for QLap .

5.1.3 A U NIVARIATE OVER - DISPERSED D ISTRIBUTION

JMLR 19(51):1-49, 2018

Having seen how MFVB can outperform the Laplace approximation for a univariate skewed distribution,
we now apply that intuition to see why the linear response covariance can be superior to the Laplace approximation covariance for over-dispersed but symmetric distributions. Such a symmetric but over-dispersed
distribution, formed with Kz = 3 components, is shown in Fig. 3 together with its approximations. By symmetry, both the MFVB and Laplace means are exactly correct (up to Monte Carlo error), as can be seen in
the left panel of Fig. 3.
However, the right panel of Fig. 3 shows that symmetry is not maintained as the distribution is tilted.
For α > 0, the distribution becomes skewed to the right. Thus, by the intuition from the previous section,
we expect the MFVB mean to be more accurate as the distribution is tilted and α increases from zero. In
particular, we expect that the Laplace approximation’s mean will not shift enough as α varies, i.e., that the
Laplace approximation variance will be underestimated. Fig. 4 shows that this is indeed the case. The slopes
in the left panel once again correspond to the estimated variances shown in the table, and, as expected the
LRVB variance estimate is superior to the Laplace approximation variance.
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Exact
-0.001
4.218
4.153

LRVB

MFVB
0.027
4.161

Laplace
-0.000
1.107
0.976

LRVB

MFVB
-0.002
0.241

Laplace
-0.000
0.684

k=1
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η = (µ1 , ..., µK , ζ1 , ..., ζK ) ,

|
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(22)

That is, Qad is a fully factorizing normal family with means µk and log standard deviations ζk . Because we
are including exponential family assumptions in the definition of MFVB (as described in Section 3.1), Qad
is an instance of a mean-field family Qmf . In the notation of Eq. (7),
2. Kucukelbir et al. (2017) describe a non-factorizing version of ADVI, which is called “fullrank” ADVI in Stan. The factorizing
version that we describe here is called “meanfield” ADVI in Stan. On the examples we describe, in the current Stan implementation,
we found that fullrank ADVI provided much worse approximations to the MCMC posterior means than the meanfield version, and
so we do not consider it further.

ADVI uses a family employing the factorizing normal approximation
(
)
K
Y
Qad := q (θ) : q (θ) =
N (θk |µk , exp (2ζk )) .

• Stochastic gradient descent.

• The “re-parameterization trick,” and

• An unconstraining parameterization,

• A factorizing normal variational approximation,2

In this section we apply our methods to automatic differentiation variational inference (ADVI) (Kucukelbir
et al., 2017). ADVI is a “black-box” variational approximation and optimization procedure that requires only
that the user provide the log posterior, log p0 (θ), up to a constant that does not depend on θ. To achieve this
generality, ADVI employs:

5.2 Automatic Differentiation Variational Inference (ADVI)

One might say, in this case, that Condition 1 does not hold for either Qmf or QLap , or, if it does, it is
with a liberal interpretation of the “approximately equals” sign. However, the expressiveness of Qmf allows
LRVB to improve on the Laplace approximation, and the linear response allows it to improve over the MFVB
approximation, and so LRVB gives the best of both worlds.
Thinking about problems in terms of these three simple models can provide intuition about when and
whether Condition 1 might be expected to hold in a sense that is practically useful.

Figure 6: Effect of tilting on a bivariate over-dispersed distribution.

Exact
0.005
1.635

AND J ORDAN

Metric
mean
var
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In the previous two examples the mean field approximation in Q did not matter, since the examples were
one-dimensional. The only reason that the variational approximation was different from the exact p0 (θ)
was the normal assumption in Qmf . Indeed, the tables in Fig. 2 and Fig. 4 show that the MFVB variance
estimate is also reasonably close to the exact variance. In order to demonstrate why the LRVB variance can be
better than both the Laplace approximation and the MFVB approximation, we turn to a bivariate, correlated,
over-dispersed p0 (θ). For this we use Kz = 3 correlated normal distributions, shown in the left panel of
Fig. 5. The right panel of Fig. 5 shows the marginal distribution of θ1 , in which the over-dispersion can be
seen clearly. As Fig. 5 shows, unlike in the previous two examples, the mean field approximation causes
q0 (θ) to dramatically underestimate the marginal variance of θ1 . Consequently, the MFVB means will also
be under-responsive to the skew introduced by tilting with α. Though the Laplace approximation has a larger
marginal variance, it remains unable to take skewness into account. Consequently, as seen in Fig. 6, the
LRVB variance, while not exactly equal to the correct variance, is still an improvement over the Laplace
covariance, and a marked improvement on the badly under-estimated MFVB variance.

5.1.4 A B IVARIATE OVER - DISPERSED D ISTRIBUTION

In this case, Condition 1 holds for Qmf . For the Laplace approximation, EqLap [g (θ)] = Ep0 [g (θ)] for
α = 0, so QLap satisfies Eq. (11) of Condition 1 for α near zero, the derivatives of the two expectations with
respect to α are quite different, so Eq. (12) of Condition 1 does not hold for QLap .

Figure 5: A bivariate over-dispersed distribution.

Figure 4: Effect of tilting on a univariate over-dispersed distribution.
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Z
N (θk |µk , exp (2ζk )) log p0 (θ) λ (dθ) −

Ωη = R2K , λ is the Lebesgue measure, and the objective function Eq. (8) is
KL (q (θ; η) ||p0 (θ)) = −

K
X

k=1

ζk ,

(23)

where we have used the form of the univariate normal entropy up to a constant.
The unconstraining parameterization is required because the use of a normal variational approximation
dictates that the base measure on the parameters θ ∈ RK be supported on all of RK . Although many parameters of interest, such as covariance matrices, are not supported on RK , there typically exist differentiable
maps from an unconstrained parameterization supported on RK to the parameter of interest. Software packages such as Stan automatically provide such transforms for a broad set of parameter types. In our notation,
we will take these constraining maps to be the function of interest, g (θ), and take θ to be unconstrained. Note
that, under this convention, the prior p (θ|α) must be a density in the unconstrained space. In practice (e.g.,
in the Stan software package), one usually specifies the prior density in the constrained space and converts
it to a density p (θ|α) in the unconstrained space using the determinant of the Jacobian of the constraining
transform g (·).
The re-parameterization trick allows easy approximation of derivatives of the (generally intractable) objective KL (q (θ; η) ||p0 (θ)). By defining zk using the change of variable
zk := (θk − µk )/ exp (ζk ) ,

K
X
k=1

ζk + Constant.

KL (q (θ; η) ||p0 (θ)) can be re-written as an expectation with respect to a standard normal distribution. We
write θ = exp (ζ) ◦ z + µ by using the component-wise Hadamard product ◦. Then
KL (q (θ; η) ||p0 (θ)) = −Ez [log p0 (exp (ζ) ◦ z + µ)] −



∂
∂ d
KL (η) =
KL (q (θ; η) ||p0 (θ)) ,
∂η
∂η

k=1

M
K
X
X
d (η) := − 1
log p0 (exp (ζ) ◦ zm + µ) −
ζk + Constant.
KL
M m=1

(24)

The expectation is still typically intractable, but it can be approximated using Monte Carlo and draws from
a K-dimensional standard normal distribution. For a fixed number M of draws z1 , ..., zM from a standard
K-dimensional normal, we can define the approximate KL divergence

For any fixed M ,
E

d (η) are unbiased for gradients of the exact KL divergence. Furthermore, for fixed draws
so gradients of KL
d (η) can be easily differentiated (using, again, the re-parameterization trick). Standard ADVI
z1 , ..., zM , KL
∂ d
uses this fact to optimize KL (q (θ; η) ||p0 (θ)) using the unbiased gradient draws ∂η
KL (η) and a stochastic
gradient optimization method, where the stochasticity comes from draws of the standard normal random
variable z. Note that stochastic gradient methods typically use a new draw of z at every gradient step.
5.2.1 L INEAR R ESPONSE FOR ADVI (LR-ADVI)
Since ADVI uses a factorizing normal approximation, the intuition from Section 5.1 may be expected to
apply. In particular, we might expect
that the ADVI means µ̂ might be a good approximation to Ep0 [θ],

that the ADVI variances exp 2ζ̂ would be under-estimates of the posterior variance Covp0 (θ), so that

JMLR 19(51):1-49, 2018

(θ) could improve the approximations to the posterior variance. We refer to LRVB covariances
using CovqLR
0
calculated using an ADVI approximation as LR-ADVI.
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∂ d
KL (η)
∂η

η0∗

!

−1
Hηη
.



(25)

To apply linear response to an ADVI approximation, we need to be able to approximate the Hessian of
KL (q (θ; η) ||p0 (θ)) and to be assured that we have found an optimal η0∗ . But, by using a stochastic gradient
method, ADVI avoids ever actually calculating the expectation in KL (q (θ; η) ||p0 (θ)). Furthermore even if
a stochastic gradient method finds an point that is close to the optimal value of KL (q (θ; η) ||p0 (θ)) it may
d (η) for a particular finite M . Indeed, we found that, even for very large
not be close to an optimum of KL
M , the optimum found by ADVI’s stochastic gradient method is typically not close enough to an optimum
d (η) for sensitivity calculations to be useful. Sensitivity calculations are based on
of the approximate KL
differentiating the fixed point equation given by the gradient being zero (see the proof in Appendix D), and
do not apply at points for which the gradient is not zero either in theory nor in practice.
Consequently, in order to calculate the local sensitivity, we simply eschew the stochastic gradient method
d (η) for a particular choice of M . (We will discuss shortly how to choose M .) We
and directly optimize KL
d (η) in Eq. (10) rather than the exact KL divergence. Directly optimizing KL
d (η) both frees
can then use KL
us to use second-order optimization methods, which we found to converge more quickly to a high-quality
optimum than first-order methods, and guarantees that we are evaluating the Hessian Hηη at an optimum of
the objective function used to calculate Eq. (10).
d (η) to approach the optimum of KL (q (θ; η) ||p0 (θ))
As M approaches infinity, we expect the optimum of KL
by the standard frequentist theory of estimating equations (Keener, 2010, Chapter 9). In practice we must
fix a particular finite M , with larger M providing better approximations of the true KL divergence but at
increased computational cost. We can inform this tradeoff between accuracy and computation by considering
the frequentist variability of η0∗ when randomly sampling M draws of the random variable z used to approxd (η). Denoting this frequentist variability by Covz (η ∗ ), standard results
imate the intractable integral in KL
0
(Keener, 2010, Chapter 9) give that

−1
Covz (η0∗ ) ≈ Hηη
Covz

∂Eqα [θ] −1 ∂Eqα [θ| ]
Hηη
=
∂η |
∂η



IK
0

0
0



−1
Hηη



IK
0

0
0

,

A sufficiently large M will be one for which Covz (η0∗ ) is adequately small. One notion of “adequately small”
d (η) are within some fraction of a posterior standard deviation
might be that the ADVI means found with KL
of the optimum of KL (q (θ; η) ||p0 (θ)). Having chosen a particular M , we can calculate the frequentist
(g (θ)) and estimate the posterior standard deviation using Eq. (14). If we find
variability of µ∗ using CovqLR
0
that each µ∗ is probably within 0.5 standard deviations of the optimum of KL (q (θ; η) ||p0 (θ)), we can keep
the results; otherwise, we increase M and try again. In the examples we consider here, we found that the
relatively modest M = 10 satisfies this condition and provides sufficiently accurate results.
(g (θ)) from Hηη . Recall
Finally, we note a minor departure from Eq. (14) when calculating CovqLR
0
that, in this case, we are taking g (·) to be ADVI’s constraining transform, and that Eq. (14) requires the
Jacobian, gη , of this transform. At the time of writing, the design of the Stan software package did not readily
support automatic calculation of gη , though it did support rapid evaluation of g (θ) at particular values of θ.
Consequently, we used linear response to estimate CovqLR
(θ), drew a large number Ns of Monte Carlo draws
0

from θn ∼ N µ, CovqLR
(θ) for n = 1, ..., Ns , and then used these draws to form a Monte Carlo estimate
0
of the sample covariance of g (θ). Noting that Eqα [θ] = µ, and recalling the definition of η for ADVI in
Eq. (22), by Eq. (14) we have
CovqLR
(θ) =
0

−1
which is the upper-left quarter of the matrix Hηη
. In addition to obviating the need for gη , this approach also
allowed us to take into account possible nonlinearities in g (·) at little additional computational cost.

5.2.2 R ESULTS
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We present results from four models taken from the Stan example set, namely the models election88
(“Election model”), sesame street1 (“Sesame Street model”), radon vary intercept floor (“Radon
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3. We calculated Hηη using a custom branch of Stan’s automatic differentiation software (Carpenter et al., 2015) that exposes Hessians
and Hessian-vector products in the Rstan modelfit class. When this custom branch is merged with the main branch of Stan, it
will be possible to implement LR-ADVI for generic Stan models.

We begin with election88, which models binary responses in a 1988 poll using a Bernoulli hierarchical
model with normally distributed random effects for state, ethnicity, and gender and a logit link. The model
and data are described in detail in Gelman and Hill (2006, Chapter 14). Fig. 7 shows that both the Laplace

5.2.6 E COLOGY M ODEL ACCURACY
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We now turn to radon vary intercept floor, a hierarchical model of radon levels in Minnesota
homes described in Gelman and Hill (2006, Chapters 16 and 21). This model is relatively simple, with
univariate normal observations and unknown variances. Nevertheless, the Laplace approximation again produces a numerically singular covariance matrix. The ADVI means are reasonably accurate, but the standard
deviations are not. Only LR-ADVI produces an accurate approximation to the MCMC posterior standard
deviations.

5.2.5 R ADON M ODEL ACCURACY

Next, we show results for sesame street1, an analysis of a randomized controlled trial designed to
estimate the causal effect of watching the television show Sesame Street on a letter-recognition test. To
control for different conditions in the trials, a hierarchical model is used with correlated multivariate outcomes
and unknown covariance structure. The model and data are described in detail in Gelman and Hill (2006,
Chapter 23).
As can be seen in Fig. 8, the MAP under-estimates the variability of the random effects ag, and, in turn,
under-estimates the variance parameter sigma a. Because the MAP estimate of sigma a is close to zero,
the log posterior has a very high curvature with respect to the parameter ag at the MAP, and the Hessian
used for the Laplace approximation is numerically singular. ADVI, which integrates out the uncertainty
in the random effects, provides reasonably good estimates of the posterior means but underestimates the
posterior standard deviations due to the mean-field assumption. Only LR-ADVI provides accurate estimates
of posterior uncertainty.

5.2.4 S ESAME S TREET M ODEL ACCURACY

approximation and ADVI do a reasonable job of matching to MCMC, though LR-ADVI is slightly more
accurate for standard deviations.

model”), and cjs cov randeff (“Ecology model”). We experimented with many models from the Stan
examples and selected these four as representative of the type of model where LR-ADVI can be expected
to provide a benefit—specifically, they are models of a moderate size. For very small models, MCMC runs
quickly enough in Stan that fast approximations are not necessary, and for very large models (with thousands
of parameters) the relative advantages of LR-ADVI and the Laplace approximation diminish due to the need
to calculate Hηη or HLap using automatic differentiation.3 The size of the data and size of the parameter
space for our four chosen models are shown in Fig. 11. We also eliminated from consideration models where
Stan’s MCMC algorithm reported divergent transitions or where Stan’s ADVI algorithm returned wildly inaccurate posterior mean estimates.
For brevity, we do not attempt to describe the models or data in any detail here; rather, we point to the
relevant literature in their respective sections. The data and Stan implementations themselves can be found
on the Stan website (Stan Team, 2017) as well as in Appendix F.
To assess the accuracy of each model, we report means and standard deviations for each of Stan’s model
parameters as calculated by Stan’s MCMC and ADVI algorithms and a Laplace approximation, and we report
the standard deviations as calculated by CovLR
q0 (g (θ)). Recall that, in our notation, g (·) is the (generally
nonlinear) map from the unconstrained latent ADVI parameters to the constrained space of the parameters
of interest. The performance of ADVI and Laplace vary, and only LR-ADVI provides a consistently good
approximation to the MCMC standard deviations. LR-ADVI was somewhat slower than a Laplace approximation or ADVI alone, but it was typically about five times faster than MCMC; see Section 5.2.7 for detailed
timing results.
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Figure 8: Sesame Street model
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Figure 7: Election model
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Figure 9: Radon model

Figure 10: Ecology model
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Finally, we consider a more complicated mark-recapture model from ecology known as the Cormack-JollySeber (CJS) model. This model is described in detail in Kéry and Schaub (2011, Chapter 7), and discussion
of the Stan implementation can be found in Stan Team (2015, Section 15.3).
The Laplace approximation is again degenerate, and the ADVI standard deviations again deviate considerably from MCMC. In this case, the ADVI means are also somewhat inaccurate, and some of the LR-ADVI
standard deviations are mis-estimated in turn. However, LR-ADVI remains by far the most accurate method
for approximating the MCMC standard errors.
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Figure 11: Comparision of timing in ADVI experiments

Detailed timing results for the ADVI experiments are shown in Fig. 11. Both the Laplace approximation and
ADVI alone are faster than LR-ADVI, which in turn is about five times faster than MCMC. We achieved the
d (η) by using the conjugate gradient Newton’s trust region method (trust-ncg
best results optimizing KL
of scipy.optimize), but the optimization procedure still accounted for an appreciable proportion of the
time needed for LR-ADVI.
5.3 Criteo Dataset

We now apply our methods to a real-world data set using a logistic regression with random effects, which is
an example of a generalized linear mixed model (GLMM) (Agresti and Kateri, 2011, Chapter 13). This data
and model have several advantages as an illustration of our methods: the data set is large, the model contains
a large number of imprecisely-estimated latent variables (the unknown random effects), the model exhibits
the sparsity of Hηη that is typical in many MFVB applications, and the results exhibit the same shortcomings
of the Laplace approximation seen above. For this model, we will evaluate both posterior covariances and
prior sensitivities.
5.3.1 DATA AND M ODEL

JMLR 19(51):1-49, 2018

We investigated a custom subsample of the 2014 Criteo Labs conversion logs data set (Criteo Labs, 2014),
which contains an obfuscated sample of advertising data collected by Criteo over a period of two months.
Each row of the data set corresponds to a single user click on an online advertisement. For each click, the
data set records a binary outcome variable representing whether or not the user subsequently “converted”
(i.e., performed a desired task, such as purchasing a product or signing up for a mailing list). Each row
contains two timestamps (which we ignore), eight numerical covariates, and nine factor-valued covariates.
Of the eight numerical covariates, three contain 30% or more missing data, so we discarded them. We then
applied a per-covariate normalizing transform to the distinct values of those remaining. Among the factorvalued covariates, we retained only the one with the largest number of unique values and discarded the others.
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∼

pit

ut |µ, τ
|

Bernoulli (pit ) , for t = 1, ..., T and i = 1, ..., Nt
eρit
where ρit := xTit β + ut
1 + eρit
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.
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. The cross terms in
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|

Equivalently, note that the full likelihood in Appendix H, Eq. (31), has no cross terms between ut1 and ut2
for t1 6= t2 . As the dimension T of the data grows, so does the length of η. However, the dimension of ηglob
remains constant, and Hηη remains easy to invert. We show an example of the sparsity pattern of the first few
rows and columns of Hηη in Fig. 12 .
Taking advantage of this sparsity pattern, we used autograd to calculate the Hessian of the KL divergence one group at a time and assembled the results in a sparse matrix using the scipy.sparse Python

∂ 2 KL (q (θ; η) ||pα (θ))
= 0 for all t1 6= t2 .
∂ηloc,t1 ∂ηloc,t2

|
take θloc,t = ut , and stack the variational parameters as η = ηglob
, ηloc,1 , ..., ηloc,T
Hηη between the local variables vanish:

We used the re-parameterization trick and four points of Gauss-Hermite quadrature to estimate this integral
for each observation. See Appendix H for more details.
We optimized the variational objective using the conjugate gradient Newton’s trust region method, trust-ncg,
of scipy.optimize. One advantage of trust-ncg is that it performs second-order optimization but
requires only Hessian-vector products, which can be computed quickly by autograd without constructing
the full Hessian. The MFVB fit took 57 seconds, roughly 370 times faster than MCMC with Stan.
With variational parameters for each random effect ut , Hηη is a 10014 × 10014 dimensional matrix.
Consequently, evaluating Hηη directly as a dense matrix using autograd would have been prohibitively
time-consuming. Fortunately, our model can be decomposed into global and local parameters, and the Hes|
|
sian term Hηη in Theorem 2 is extremely sparse. In the notation
 of Section 4.5, take
 θglob = (β , µ, τ ) ,

With these choices, evaluating the variational objective requires the following intractable univariate variational expectation:
 

eρit
Eq(θ;η) [log (1 − pit )] = Eq(θ;η) log 1 −
.
1 + eρit

q (θ) = q (τ ) q (µ)

q (µ) = N (µ; ηµ )

q (τ ) = Gamma (τ ; ητ )

q (ut ) = N (ut ; ηut ) , for t = 1, ..., T

q (βk ) = N (βk ; ηβk ) , for k = 1, ..., Kx

For the MCMC estimates, we used Stan to draw 5000 MCMC draws (not including warm-up), which
took 351 minutes. We estimated all the prior sensitivities of Section 5.3.6 using the Monte Carlo version of
the covariance in Eq. (5).
For the MFVB approximation, we use the following mean field exponential family approximations:

Table 1: Timing results

Seconds
12
57
104
553
21066
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Method
MAP (optimum only)
VB (optimum only)
VB (including sensitivity for β)
VB (including sensitivity for β and u)
MCMC (Stan)

G IORDANO , B RODERICK ,

We estimated the expectation and covariance of g (θ) using four techniques: MCMC, the Laplace approximation, MFVB, and linear response (LRVB) methods. For MCMC, we used Stan (Stan Team, 2015), and to
calculate the MFVB, Laplace, and LRVB estimates we used our own Python code using numpy, scipy, and
autograd (Jones et al., 2001; Maclaurin et al., 2015). As described in Section 5.3.3, the MAP estimator
did not estimate Ep0 [g (θ)] very well, so we do not report standard deviations or sensitivity measures for the
Laplace approximations. The summary of the computation time for all these methods is shown in Table 1,
with details below.

5.3.2 I NFERENCE AND T IMING

Note that we initially take γβ = 0 so that the prior information matrix on β is diagonal. Nevertheless, by
retaining γβ as a hyperparameter we will be able to assess the sensitivity to the assumption of a diagonal
prior in Section 5.3.6. The remaining prior values are given in Appendix H. It is reasonable to expect that
a modeler would be interested both in the effect of the numerical covariates and in the quality of individual
|
advertisers themselves, so we take the parameter of interest to be g (θ) = (β | , u1 , ..., uT ) .
To produce a data set small enough to be amenable to MCMC but large and sparse enough to demonstrate
our methods, we subsampled the data still further. We randomly chose 5000 distinct advertisers to analyze,
and then subsampled each selected advertiser to contain no more than 20 rows each. The resulting data set
had N = 61895 total rows. If we had more observations per advertiser, the “random effects” ut would have
been estimated quite precisely, and the nonlinear nature of the problem would not have been important; these
changes would thus have obscured the benefits of using MFVB versus the Laplace approximation. In typical
internet data sets a large amount of data comes from advertisers with few observations each, so our subsample
is representative of practically interesting problems.

β|β0 , τβ , γβ

τ |ατ , βτ

µ|µ0 , τµ

µ0 , τµ−1

Consequently, the unknown parameters are θ = (β | , µ, τ, u1 , ..., uT ) . We use the following priors:

∼

:=

yit |pit

These data-cleaning decisions were made for convenience. The goal of the present paper is to demonstrate
our inference methods, not to draw conclusions about online advertising.
Although the meaning of the covariates has been obfuscated, for the purpose of discussion we will imagine that the single retained factor-valued covariate represents the identity of the advertiser, and the numeric
covariates represent salient features of the user and/or the advertiser (e.g., how often the user has clicked
or converted in the past, a machine learning rating for the advertisement quality, etc.). As such, it makes
sense to model the probability of each row’s binary outcome (whether or not the user converted) as a function
of the five numeric covariates and the advertiser identity using a logistic GLMM. Specifically, we observe
binary conversion outcomes, yit , for click i on advertiser t, with probabilities given by observed numerical
explanatory variables, xit , each of which are vectors of length Kx = 5. Additionally, the outcomes within
a given value of t are correlated through an unobserved random effect, ut , which represents the “quality” of
advertiser t, where the value of t for each observation is given by the factor-valued covariate. The random
effects ut are assumed to follow a normal distribution with unknown mean and variance. Formally,
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Figure 12: Sparsity pattern of top-left sub-matrix of Hηη for the logit GLMM model. The axis numbers
represent indices within η, and black indicates non-zero entries of Hηη .

−1 |
gη
package. Even so, calculating the entire sparse Hessian took 323 seconds, and solving the system Hηη
using scipy.sparse.linalg.spsolve took an additional 173 seconds. These results show that the
evaluation and inversion of Hηη was several times more costly than optimizing the variational objective itself.
(Of course, the whole procedure remains much faster than running MCMC with Stan.)
−1 |
We note, however, that instead of the direct approach to calculating Hηη
gη one can use the conjugate
gradient algorithm of sp.sparse.linalg.cg (Wright and Nocedal, 1999, Chapter 5) together with the
−1 |
gη . On a typical column
fast Hessian-vector products of autograd to query one column at a time of Hηη
−1 |
gη in our experiment, calculating the conjugate gradient took only 9.4 seconds (corresponding to 81
of Hηη
Hessian-vector products in the conjugate gradient algorithm). Thus, for example, one could calculate the
−1 |
columns of Hηη
gη corresponding to the expectations of the global variables β in only 9.4 × Kx = 46.9
−1 |
seconds, which is much less time than it would take to compute the entire Hηη
gη for both β and every
random effect in u.
For the Laplace approximation, we calculated the MAP estimator and HLap using Python code similar to
that used for the MFVB estimates. We observe that the MFVB approximation to posterior means would be
expected to improve on the MAP estimator only in cases when there is both substantial uncertainty in some
parameters and when this uncertainty, through nonlinear dependence between parameters, affects the values
of posterior means. These circumstances obtain in the logistic GLMM model with sparse per-advertiser data
since the random effects ut will be quite uncertain and the other posterior means depend on them through the
nonlinear logistic function.

5.3.3 P OSTERIOR A PPROXIMATION R ESULTS
In this section, we assess the accuracy of the MFVB, Laplace, and LRVB methods as approximations to
Ep0 [g (θ)] and Covp0 (g (θ)). We take the MCMC estimates as ground truth. Although, as discussed in
|
Section 5.3, we are principally interested in the parameters g (θ) = (β | , u1 , ..., uT ) , we will report the
results for all parameters for completeness. For readability, the tables and graphs show results for a random
selection of the components of the random effects u.
5.3.4 P OSTERIOR M EANS
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We begin by comparing the posterior means in Table 2, Fig. 13, and Fig. 14. We first note that, despite
the long running time for MCMC, the β1 and µ parameters did not mix well in the MCMC sample, as is
reflected in the MCMC standard error and effective number of draws columns of Table 2. The xit data
corresponding to β1 contained fewer distinct values than the other columns of x, which perhaps led to some
co-linearity between β1 and µ in the posterior. This co-linearity could have caused both poor MCMC mixing
27

Parameter
β1
β2
β3
β4
β5
µ
τ
u1431
u4150
u4575
u4685

MCMC
1.454
0.031
0.110
-0.172
0.273
2.041
0.892
1.752
1.217
2.427
3.650

MAP
1.899
0.198
0.103
-0.173
0.280
3.701
827.724
3.700
3.699
3.702
3.706
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MCMC std. err.
0.02067
0.00025
0.00028
0.00016
0.00042
0.04208
0.00051
0.00937
0.01022
0.00936
0.00862
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MFVB
1.447
0.033
0.110
-0.173
0.273
2.041
0.823
1.757
1.240
2.413
3.633

Eff. # of MCMC draws
33
5000
5000
5000
5000
28
1232
5000
5000
5000
5000

Table 2: Results for the estimation of the posterior means

Figure 13: Comparison of MCMC and MFVB means

and, perhaps, excessive measured prior sensitivity, as discussed below in Section 5.3.6. Although we will
report the results for both β1 and µ without further comment, the reader should bear in mind that the MCMC
“ground truth” for these two parameters is somewhat suspect.
The results in Table 2 and Fig. 13 show that MFVB does an excellent job of approximating the posterior
means in this particular case, even for the random effects u and the related parameters µ and τ . In contrast,
the MAP estimator does reasonably well only for certain components of β and does extremely poorly for
the random effects parameters. As can be seen in Fig. 14, the MAP estimate dramatically overestimates the
information τ of the random effect distribution (that is, it underestimates the variance). As a consequence, it
estimates all the random effects to have essentially the same value, leading to mis-estimation of some location
parameters, including both µ and some components of β. Since the MAP estimator performed so poorly at
estimating the random effect means, we will not consider it any further.
5.3.5 P OSTERIOR C OVARIANCES
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We now assess the accuracy of our estimates of Covp0 (g (θ)). The results for the marginal standard deviations are shown in Table 3 and Fig. 15. We refer to the standard deviations of Covq0 (g (θ)) as the “uncorrected MFVB” estimate, and of CovqLR
(g (θ)) as the “LRVB” estimate. The uncorrected MFVB variance
0
estimates of β are particularly inaccurate, but the LRVB variances match the exact posterior closely.
In Fig. 16, we compare the off-diagonal elements of CovqLR
(g (θ)) and Covp0 (g (θ)). These covariances
0
are zero, by definition, in the uncorrected MFVB estimates Covq0 (g (θ)). The left panel of Fig. 16 shows the

28

MCMC
0.118
0.018
0.020
0.012
0.029
0.223
0.018
0.663
0.723
0.662
0.610

LRVB
0.103
0.018
0.020
0.012
0.030
0.192
0.033
0.649
0.707
0.649
0.607

Uncorrected MFVB
0.005
0.004
0.004
0.004
0.004
0.016
0.016
0.605
0.662
0.615
0.579
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diagonal vector of a matrix, and the division is element-wise. Note that we use the sensitivity-based variance
estimates CovLR
q0 , not the uncorrected MFVB estimates Covq0 , to normalize the variational sensitivities. We
refer to a sensitivity divided by a standard deviation as a “normalized” sensitivity.
The comparison between the MCMC and MFVB sensitivity measures is shown in Fig. 17. The MFVB and
MCMC sensitivities correspond very closely, though the MFVB means appear to be slightly more sensitive to
the prior parameters than the MCMC means. This close correspondence should not be surprising. As shown
in Section 5.3.3, the MFVB and MCMC posterior means match quite closely. If we assume, reasonably, that
they continue to match to first order in a neighborhood of our original prior parameters, then Condition 1 will
hold and we would expect Ŝα0 ≈ Sqα0 .

Finally, we compare the MFVB prior sensitivity measures of Section 4.4 to the covariance-based MCMC
sensitivity measures of Section 2.1. Since sensitivity is of practical interest only when it is of comparable order to the posteriorr
uncertainty, we report sensitivities normalized by the appropriate standard deviation. That
q



ˆ p (g (θ)) , and Sq / diag CovLR (g (θ)) , etc., where diag (·) denotes the
is, we report Ŝα0 / diag Cov
α0
q0
0

5.3.6 PARAMETRIC S ENSITIVITY R ESULTS

estimated covariances between the global parameters and all other parameters, including the random effects,
and the right panel shows only the covariances amongst the random effects. The LRVB covariances are quite
accurate, particularly when we recall that the MCMC draws of µ may be inaccurate due to poor mixing.

Table 3: Standard deviation results

Parameter
β1
β2
β3
β4
β5
µ
τ
u1431
u4150
u4575
u4685

Figure 14: Comparison of MCMC and Laplace means
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Table 4 shows the detailed MFVB normalized sensitivity results. Each entry is the sensitivity of the
MFVB mean of the row’s parameter to the column’s prior parameter. One can see that several parameters
are quite sensitive to the information parameter prior τµ . In particular, Epα [µ] and Epα [β1 ] are expected to
change approximately −0.39 and −0.35 standard deviations, respectively, for every unit change in τµ . This
size of change could be practically significant (assuming that such a change in τµ is subjectively plausible).
To investigate this sensitivity further, we re-fit the MFVB model at a range of values of the prior parameter
τµ , assessing the accuracy of the linear approximation to the sensitivity. The results are shown in Fig. 18.
Even for very large changes in τµ —resulting in changes to Epα [µ] and Epα [β1 ] far in excess of two standard
deviations—the linear approximation holds up reasonably well. Fig. 18 also shows a (randomly selected)
random effect to be quite sensitive, though not to a practically important degree relative to its posterior
standard deviation. The insensitivity of Epα [β2 ] is also confirmed. Of course, the accuracy of the linear
approximation cannot be guaranteed to hold as well in general as it does in this particular case, and the quick

Figure 16: Comparison of MCMC and LRVB off-diagonal covariances

Figure 15: Comparison of MCMC, MFVB, and LRVB standard deviations
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µ
τ
β1
β2
β3
β4
β5
u1431
u4150
u4575
u4685

τβ
-0.1333
-0.0086
-0.1464
-0.0143
0.0627
-0.0037
0.0308
-0.0397
-0.0368
-0.0406
-0.0409

γβ
-0.0510
-0.0142
-0.0095
-0.0113
-0.0081
-0.0540
-0.0695
-0.0159
-0.0146
-0.0138
-0.0142

µ0
0.0019
0.0003
0.0017
0.0003
-0.0006
0.0004
0.0002
0.0006
0.0005
0.0006
0.0006

τµ
-0.3920
-0.0575
-0.3503
-0.0516
0.1218
-0.0835
-0.0383
-0.1169
-0.1083
-0.1153
-0.1163

ατ
0.0058
0.0398
0.0022
0.0062
-0.0003
0.0002
0.0011
0.0018
0.0022
0.0011
0.0003
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β0
0.0094
0.0009
0.0089
0.0012
-0.0035
0.0018
0.0002
0.0028
0.0026
0.0028
0.0028
Table 4: MFVB normalized prior sensitivity results

βτ
-0.0048
-0.0328
-0.0018
-0.0051
0.0002
-0.0002
-0.0009
-0.0015
-0.0018
-0.0009
-0.0002

Figure 17: Comparison of MCMC and MFVB normalized parametric sensitivity results
and reliable evaluation of the linearity assumption without re-fitting the model remains interesting future
work.
Since we started the MFVB optimization close to the new, perturbed optimum, each new MFVB fit took
only 27.2 seconds on average. Re-estimating the MCMC posterior so many times would have been extremely
time-consuming. (Note that importance sampling would be useless for prior parameter changes that moved
the posterior so far from the original draws.) The considerable sensitivity of this model to a particular prior
parameter, which is perhaps surprising on such a large data set, illustrates the value of having fast, general
tools for discovering and evaluating prior sensitivity. Our framework provides just such a set of tools.

6. Conclusion

JMLR 19(51):1-49, 2018

By calculating the sensitivity of MFVB posterior means to model perturbations, we are able to provide two
important practical tools for MFVB posterior approximations: improved variance estimates and measures of
prior robustness. When MFVB models are implemented in software that supports automatic differentiation,
our methods are fast, scalable, and require little additional coding beyond the MFVB objective itself. In our
experiments, we were able to calculate accurate posterior means, covariances, and prior sensitivity measures
orders of magnitude more quickly than MCMC.
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Figure 18: MFVB sensitivity as measured both by linear approximation (blue) and re-fitting (red)
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λ-almost everywhere.

Epα [g (θ)] ≈

n=1

Ns
X

33

w̃n g (θn ) .

wn = exp (ρ (θn , α) − ρ (θn , α0 ))
wn
w̃n := PNs
0
n0 =1 wn
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R
Typically we cannot compute the dependence of the normalizing constant p (θ0 ) exp (ρ (θ0 , α)) λ (dθ0 ) on
α, so we use the following importance sampling estimate for Epα [g (θ)] (Owen, 2013, Chapter 9):

Ns
1 X
Ep0 [g (θ)] ≈
g (θn ) .
Ns n=1

θn ∼ p0 (θ) , for n = 1, ..., Ns

iid

In this section, we show that using importance sampling with MCMC samples to calculate the local sensitivity
in Eq. (1) is precisely equivalent to using the same MCMC samples to estimate the covariance in Eq. (4)
directly. For this section, will suppose that Assumption 1 holds. Further suppose, without loss of generality,
we have samples θi drawn IID from p0 (θ):

Appendix B. Comparison With MCMC Importance Sampling

Armed with these facts, we can directly compute
R
g (θ) p0 (θ) exp (ρ (θ, α)) λ (dθ)
d
dEpα [g (θ)]
R
=
|
|
dα
dα
p0 (θ) exp (ρ (θ, α)) λ (dθ)
α0
α0
R
R
∂
∂
g (θ) p0 (θ) exp (ρ (θ, α)) λ (dθ) α0
p0 (θ) exp (ρ (θ, α)) λ (dθ)
∂α|
∂α|
R
R
=
− Ep0 [g (θ)]
p0 (θ) exp (ρ (θ, α0 )) λ (dθ)
p0 (θ) exp (ρ (θ, α0 )) λ (dθ)
R
"
#
λ (dθ)
g (θ) p0 (θ) exp (ρ (θ, α)) ∂ρ(θ,α)
∂α
∂ρ (θ, α)
α0
R
=
− Ep0 [g (θ)] Ep0
∂α
p0 (θ) exp (ρ (θ, α0 )) λ (dθ)
α0
!
∂ρ (θ, α)
= Covp0 g (θ) ,
.
∂α
α0

∂p0 (θ) exp (ρ (θ, α))
∂ρ (θ, α)
= p0 (θ) exp (ρ (θ, α))
∂α
∂α

α0

In this section we prove Theorem 1.
R
∂
p0 (θ) exp (ρ (θ, α)) g (θ) λ (dθ)
Proof Under Assumption 1, we can exchange differentiation and integration in ∂α
|
R
∂
and ∂α| p0 (θ) exp (ρ (θ, α)) λ (dθ) by Fleming (1965, Chapter 5-11, Theorem 18), which ultimately depends on the Lebesgue dominated convergence theorem. By Assumption 1, Epα [g (θ)] is well-defined for
α ∈ A0 and

Appendix A. Proof of Theorem 1

Appendices
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n =1

α0

Ns
X

w̃n

!
Ns
X
∂ρ (θn , α)
∂ρ (θn0 , α)
− w̃n
w̃n0
g (θn )
∂α
∂α
n=1
n0 =1
α0
"
#"
#
Ns
Ns
Ns
1 X
∂ρ (θn , α)
1 X
∂ρ (θn , α)
1 X
=
g (θn ) −
g (θn ) ,
Ns n=1
∂α
Ns n=1
∂α
Ns n=1
α0
α0
=

n =1
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4. This decision can be cast in a formal decision theoretic framework based on a partial ordering of subjective beliefs (Insua and
Criado, 2000).

The set of plausible prior values necessarily remains a subjective decision.4 Whether or not a particular
change in Epα [g (θ)] is important depends on the ultimate use of the posterior mean. For example, the
posterior standard deviation can be a guide: if the prior sensitivity is swamped by the posterior uncertainty
then it can be neglected when reporting our subjective uncertainty about g (θ), and the model is robust.
Similarly, even if the prior sensitivity is much larger than the posterior standard deviation but small enough
that it would not affect any actionable decision made on the basis of the value of Epα [g (θ)], then the model
is robust. Intermediate values remain a matter of judgment. An illustration of the relationship between
sensitivity and robustness is shown in Fig. 19.
Finally, we note that if A is small enough that Epα [g (θ)] is roughly linear in α for α ∈ A, then calculating
Eq. (1) for all α ∈ A and finding the worst case can be thought of as a first-order approximation to a global
robustness estimate. Depending on the problem at hand, this linearity assumption may not be plausible except

2. How large of a change in Epα [g (θ)] is important.

1. How large of a change in the prior, ||α − α0 ||, is plausible, and

In this section we clarify our usage of the terms “robustness” and “sensitivity.” The quantity S|α0 (α − α0 )
measures the sensitivity of Epα [g (θ)] to perturbations in the direction ∆α. Intuitively, as sensitivity increases,
robustness decreases, and, in this sense, sensitivity and robustness are opposites of one another. However,
we emphasize that sensitivity is a clearly defined, measurable quantity and that robustness is a subjective
judgment informed by sensitivity, but also by many other less objective considerations.
Suppose we have calculated Sα0 from Eq. (1) and found that it has a particular value. To determine
whether our model is robust, we must additionally decide

Appendix C. Our Use of the Terms “Sensitivity” and “Robustness”

which is precisely the sample version of the covariance in Theorem 1.

Ns
∂ X
w̃n g (θn )
∂α n=1

It follows that

w n0

Ns
X
wn
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0
0
w
w
0
0
0
n
n
n =1
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X
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.
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∂wn
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0
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Note that w̃n |α0 = N1s , so the importance sampling estimate recovers the ordinary sample mean at α0 . The
derivatives of the weights are given by
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Figure 19: The relationship between robustness and sensitivity

sup

|
Sα
(α − α0 ) .
0

for very small A. This weakness is inherent to the local robustness approach. Nevertheless, even when
the perturbations are valid only for a small A, these easily-calculable measures may still provide valuable
intuition about the potential modes of failure for a model.
If g (θ) is a scalar, it is natural to attempt to summarize the high-dimensional vector Sα0 in a single easily
reported number such as
sup
Sα
:=
0
α:kα−α0 k≤1
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sup
For example, the calculation of Sα
is the principal ambition of Basu et al. (1996). The use of such sum0
maries is also particularly common in work that considers function-valued perturbations (e.g., Gustafson,
1996b; Roos et al., 2015). (Function-valued perturbations can be connected to the finite-dimensional perturbations of the present work through the notion of the Gateaux derivative (Huber, 2011, Chapter 2.5), the
sup
elaboration of which we leave to future work.) Although the summary Sα
has obvious merits, in the present
0
work we emphasize the calculation only of Sα0 in the belief that its interpretation is likely to vary from application to application and require some critical thought and subjective judgment. For example, the unit
ball kα − α0 k ≤ 1 (as in Basu et al. (1996)) may not make sense as a subjective description of the range of
plausible variability of p (θ|α). Consider, e.g.: why should the off-diagonal term of a Wishart prior plausibly
vary as widely as the mean of some other parameter, when the two might not even have the same units? This
problem is easily remedied by choosing an appropriate scaling of the parameters and thereby making the unit
ball an appropriate range for the problem at hand, but the right scaling will vary from problem to problem
and necessarily be a somewhat subjective choice, so we refrain from taking a stand on this decision. As
another example, the worst-case function-valued perturbations of Gustafson (1996a,b) require a choice of a
metric ball in function space whose meaning may not be intuitively obvious, may provide worst-case perturbations that depend on the data to a subjectively implausible degree, and may exhibit interesting but perhaps
counter-intuitive asymptotic behavior for different norms and perturbation dimensions. Consequently, we
do not attempt to prescribe a particular one-size-fits-all summary measure. The local sensitivity Sα0 is a
well-defined mathematical quantity. Its relationship to robustness must remain a matter of judgment.

Appendix D. Proof of Theorem 2
In this section we prove Theorem 2.
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KL (η, α)
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:= KL (q (θ; η) ||pα (θ)) .

Proof For notational convenience, we will define

α0

∂KL (η, α)
∂η

η=η ∗ (α)

=

0 for all α ∈ A0 .

is positive definite by the strict optimality of η ∗ in Assumption 3, and

∂ 2 KL(η,α)
∂η∂α|

is continuous

(26)

By Assumption 3, η ∗ (α) is both optimal and interior for all α ∈ A0 , and by Assumption 2, KL (η, α) is
continuously differentiable in η. Therefore, the first-order conditions of the optimization problem in Eq. (8)
give:

∂ 2 KL(η,α)
∂η∂η |

η=η ∗ (α)

∂KL (η, α)
∂η

η=η ∗ (α)

η=η ∗ (α)

∂ 2 KL (η, α)
dη ∗ (α)
+
dα|
∂η∂α|

d
dα

=

=

∂ 2 KL (η, α)
∂η∂η |

−1

0 for all α ∈ A0 .

.

∂ 2 KL(η,t)
∂η∂η T
η=η ∗ (α)

η=η0∗ ,α=α0

be invertible.

0 for all α ∈ A0 ⇒

by Assumption 2. It follows that η ∗ (α) is a continuously differentiable function of α by application of the
implicit function theorem to the first-order condition in Eq. (26) (Fleming, 1965, Chapter 4.6). So we can use
the chain rule to take the total derivative of Eq. (26) with respect to α.
!
∂ 2 KL (η, α)
∂η∂η |

= −

∂ 2 KL (η, α)
∂η∂α|

The strict optimality of KL (η, α) at η ∗ (α) in Assumption 3 requires that

α0

So we can evaluate at α = α0 and solve to find that

dη ∗ (α)
dα|

=

∂Eq(θ;η)

[g (θ)] dη ∗ (α)
∂η
dα|

η=η0∗ ,α=α0

.

Eqα [g (θ)] is a continuously differentiable function of η ∗ (α) by Assumption 4. So by the chain rule and
Assumption 2, we have that

α0

.

Eq(θ;η) [log q (θ; η) − log p (θ) − ρ (θ, α)] + Constant ⇒

η=η0∗ ,α=α0

=

∂2

[ρ (θ, α)]
∂η∂α|

−

Eq(θ;η)
=

[g (θ)]
dα|

dEq(θ;η)

η=η0∗ ,α=α0

KL (η, α)

Finally, we observe that

∂ 2 KL (η, α)
∂η∂α|

Here, the term Constant contains quantities that do not depend on η. Plugging in gives the desired result.

Appendix E. Exactness of Multivariate Normal Posterior Means
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In this section, we show that the MFVB estimate of the posterior means of a multivariate normal with known
covariance is exact and that, as an immediate consequence, the linear response covariance recovers the exact
(θ) = Covp0 (θ).
posterior covariance, i.e., CovqLR
0
Suppose we are using MFVB to approximate a non-degenerate multivariate normal posterior, i.e.,

p0 (θ) = N (θ; µ, Σ)

36

k=1

k

(27)

m = µ.

∗
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∂KL (q (θ; η) ||p0 (θ))
=0⇒
∂vk
m=m∗ ,v=v ∗

1
1 1
Σ−1 kk −
=0⇒
2
2 vk∗
1
 .
vk∗ =
Σ−1 kk

The optimal variances follow similarly:

m=m∗ ,v=v ∗

=0⇒

Σ−1 m∗ − Σ−1 µ = 0 ⇒

∂KL (q (θ; η) ||p0 (θ))
∂m

∗

The first-order condition for the optimal m is then

JMLR 19(51):1-49, 2018

Proof Let diag (v) denote the K × K matrix with the vector v on the diagonal and zero elsewhere. Using
the fact that the entropy of a univariate normal distribution with variance v is 12 log v plus a constant, the
variational objective in Eq. (8) is given by


1
1X
|
KL (q (θ; η) ||pα (θ)) = Eq(θ;η)
(θ − µ) Σ−1 (θ − µ) −
log vk + Constant
2
2
k

1
1X
log vk + Constant
= trace Σ−1 Eq(θ;η) [θθ| ] − µ| Σ−1 Eq(θ;η) [θ] −
2
2
k

1X
1
= trace Σ−1 (mm| + diag (v)) − µ| Σ−1 m −
log vk + Constant
2
2
k
 1
1
1X
= trace Σ−1 diag (v) + m| Σ−1 m − µ| Σ−1 m −
log vk + Constant.
2
2
2

with m∗ = µ.

η:q(θ;η)∈Q

η ∗ = argmin KL (q (θ; η) ||pα (θ))

the mean field approximating family. Then there exists an η ∗ = (m∗ , v ∗ ) that solves

In the notation of Eq. (9), we have ηk = (mk , vk ) with Ωη = {η : vk > 0, ∀k = 1, ..., K}. The optimal
|
variational parameters are given by ηk∗ = (m∗k , vk∗ ) .
n
o
QK
Lemma 1 Let p0 (θ) = N (θ; µ, Σ) for full-rank Σ and let Q = q (θ) : q (θ) = k=1 N (θk ; mk , vk ) be

|

Q
for full-rank Σ. This posterior arises, for instance, given a multivariate normal likelihood p (x|µ) = n=1:N N (xn |θ, Σx )
with known covariance Σx and a conjugate multivariate normal prior on the unknown mean parameter
θ ∈ RK . Additionally, even when the likelihood is non-normal or the prior is not conjugate, the posterior
may be closely approximated by a multivariate normal distribution when a Bayesian central limit theorem
can be applied (Le Cam and Yang, 2012, Chapter 8).
We will consider an MFVB approximation to p0 (θ). Specifically, let the elements of the vector θ be given
by scalars θk for k = 1, ..., K, and take the MFVB normal approximation with means mk and variances vk :
(
)
K
Y
Q = q (θ) : q (θ) =
N (θk ; mk , vk ) .
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Listing 1: election88.stan
data {
int<lower=0> N;
int<lower=0> n_state;
vector<lower=0,upper=1>[N] black;
vector<lower=0,upper=1>[N] female;
int<lower=1,upper=n_state> state[N];
int<lower=0,upper=1> y[N];
}
parameters {
vector[n_state] a;
vector[2] b;
real<lower=0,upper=100> sigma_a;
real mu_a;
}

F.1 Election Model (election88.stan)

JMLR 19(51):1-49, 2018

This section reports the Stan code for the models used in Section 5.2. For details on how to interpret the
models as well as the unconstraining transforms, see the Stan manual (Stan Team, 2015). For the associated
data, see the Stan example models wiki (Stan Team, 2017).

Appendix F. ADVI Model Details

Corollary 4 Under the conditions of Lemma 2, CovLR
q0 (θ) = Covp0 (θ).

It now follows immediately from Definition 6 that the linear response variational covariance exactly reproduces the exact posterior covariance for the multivariate normal distribution.

Since θ is a natural sufficient statistic of the multivariate normal distribution and the corresponding natural
parameter of pα (θ) , Σ−1 µ + α, is interior when Σ is full-rank, pα (θ) is multivariate normal for any finite
α. Assumption 1 follows immediately.
By inspection of Eq. (27), Assumption 2 is satisfied. Because Ωη is an open set and Σ is positive definite, Assumption 3 is satisfied. Since Eq(θ;η) [g (θ)] = m, Assumption 4 is satisfied. Finally, by Lemma 1,
Eqα [θ] = Epα [θ] , so Condition 1 is satisfied with equality.

1
|
log pα (θ) = − (θ − µ) Σ−1 (θ − µ) + α| θ + Constant
2

1
1
= − θ| Σ−1 θ − µ| Σ−1 µ + µ| Σ−1 + α| θ + Constant.
2
2

Proof Up to a constant that does not depend on θ, the log density of pα (θ) is

Lemma 2 Under the conditions of Lemma 1, let pα (θ) be defined from Eq. (2) with ρ (θ, α) = α| θ and
α0 = 0. Take g (θ) = θ. Then, for all finite α, Assumptions 1–4 are satisfied, and Condition 1 is satisfied
with equality.

Next, we show that Lemma 1 holds for all perturbations of the form ρ (θ, α) = α| θ with α0 = 0 and that
Assumptions 1–4 are satisfied for all finite α.

Since vk∗ > 0, we have η ∗ ∈ Ωη .
Lemma 1 can be also be derived via the variational coordinate ascent updates (Bishop (2006, Section
10.1.2) and Giordano et al. (2015, Appendix B)).
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transformed parameters {
vector[N] y_hat;
37
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Sigma_ag[1,2] <- rho_ag*sigma_a*sigma_g;
Sigma_ag[2,1] <- Sigma_ag[1,2];

40

Listing 3: radon vary intercept floor.stan
data {
int<lower=0> J;
int<lower=0> N;
int<lower=1,upper=J> county[N];
vector[N] u;
vector[N] x;
vector[N] y;
}
parameters {
vector[J] a;
vector[2] b;
real mu_a;
real<lower=0,upper=100> sigma_a;

F.3 Radon Model (radon vary intercept floor)

//data model
for (i in 1:N)
yt[i] ˜ multi_normal(yt_hat[i],Sigma_yt);

for (j in 1:J)
ag[j] ˜ multi_normal(mu_ag,Sigma_ag);

//group level
sigma_a ˜ uniform (0, 100);
sigma_g ˜ uniform (0, 100);
rho_ag ˜ uniform(-1, 1);
mu_ag ˜ normal (0, 31.6);

//data level
sigma_y ˜ uniform (0, 100);
sigma_t ˜ uniform (0, 100);
rho_yt ˜ uniform(-1, 1);
d ˜ normal (0, 31.6);
b ˜ normal (0, 31.6);

}

for (i in 1:N) {
yt_hat[i,2] <- g[siteset[i]] + d * z[i];
yt_hat[i,1] <- a[siteset[i]] + b * yt[i,2];

for (j in 1:J) {
a[j] <- ag[j,1];
g[j] <- ag[j,2];
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for (i in 1:N)
y_hat[i] <- b[1] * black[i] + b[2] * female[i] + a[state[i]];
}
model {
mu_a ˜ normal(0, 1);
a ˜ normal (mu_a, sigma_a);
b ˜ normal (0, 100);
y ˜ bernoulli_logit(y_hat);

pow(sigma_y,2);
pow(sigma_t,2);
rho_yt*sigma_y*sigma_t;
Sigma_yt[1,2];

42
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}
F.2 Sesame Street Model (sesame street1)

<<<<-

Listing 2: sesame street1.stan
data {
int<lower=0> J;
int<lower=0> N;
int<lower=1,upper=J> siteset[N];
vector[2] yt[N];
vector[N] z;
}
parameters {
vector[2] ag[J];
real b;
real d;
real<lower=-1,upper=1> rho_ag;
real<lower=-1,upper=1> rho_yt;
vector[2] mu_ag;
real<lower=0,upper=100> sigma_a;
real<lower=0,upper=100> sigma_g;
real<lower=0,upper=100> sigma_t;
real<lower=0,upper=100> sigma_y;
}
model {
vector[J] a;
vector[J] g;
matrix[2,2] Sigma_ag;
matrix[2,2] Sigma_yt;
vector[2] yt_hat[N];
//data level
Sigma_yt[1,1]
Sigma_yt[2,2]
Sigma_yt[1,2]
Sigma_yt[2,1]

// group level
Sigma_ag[1,1] <- pow(sigma_a,2);
Sigma_ag[2,2] <- pow(sigma_g,2);
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for (i in 1:nind) {
chi[i, n_occasions] = 1.0;
for (t in 1:(n_occasions - 1)) {
// Compoud declaration was enabled in Stan 2.13
int t_curr = n_occasions - t;
int t_next = t_curr + 1;

matrix prob_uncaptured(int nind, int n_occasions,
matrix p, matrix phi) {
matrix[nind, n_occasions] chi;

int last_capture(int[] y_i) {
for (k_rev in 0:(size(y_i) - 1)) {
// Compoud declaration was enabled in Stan 2.13
int k = size(y_i) - k_rev;
//
int k;
//
k = size(y_i) - k_rev;
if (y_i[k])
return k;
}
return 0;
}

functions {
int first_capture(int[] y_i) {
for (k in 1:size(y_i))
if (y_i[k])
return k;
return 0;
}

JMLR 19(51):1-49, 2018

Listing 4: cjs cov randeff.stan
// This models is derived from section 12.3 of "Stan Modeling Language
// User’s Guide and Reference Manual"

F.4 Ecology Model (cjs cov randeff)

}
model {
mu_a ˜ normal(0, 1);
a ˜ normal(mu_a, sigma_a);
b ˜ normal(0, 1);
y ˜ normal(y_hat, sigma_y);
}

for (i in 1:N)
y_hat[i] <- a[county[i]] + u[i] * b[1] + x[i] * b[2];

real<lower=0,upper=100> sigma_y;
}
transformed parameters {
vector[N] y_hat;
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parameters {
real beta;
// Slope parameter
real<lower=0,upper=1> mean_phi;
// Mean survival
real<lower=0,upper=1> mean_p;
// Mean recapture
vector[n_occ_minus_1] epsilon;
real<lower=0,upper=10> sigma;
// In case a weakly informative prior is used
// real<lower=0> sigma;
}

}

// n_occ_minus_1 = n_occasions - 1;
for (i in 1:nind)
first[i] = first_capture(y[i]);
for (i in 1:nind)
last[i] = last_capture(y[i]);
n_captured = rep_vector(0, n_occasions);
for (t in 1:n_occasions)
for (i in 1:nind)
if (y[i, t])
n_captured[t] = n_captured[t] + 1;

transformed data {
int n_occ_minus_1 = n_occasions - 1;
// int n_occ_minus_1;
int<lower=0,upper=n_occasions> first[nind];
int<lower=0,upper=n_occasions> last[nind];
vector<lower=0,upper=nind>[n_occasions] n_captured;

data {
int<lower=0> nind;
// Number of individuals
int<lower=2> n_occasions;
// Number of capture occasions
int<lower=0,upper=1> y[nind, n_occasions];
// Capture-history
vector[n_occasions - 1] x;
// Covariate
}

}

AND J ORDAN

t_curr = n_occasions - t;
t_next = t_curr + 1;
*/
chi[i, t_curr] = (1 - phi[i, t_curr])
+ phi[i, t_curr] * (1 - p[i, t_next - 1]) * chi[
i, t_next];
}
}
return chi;

/*
int t_curr;
int t_next;
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chi = prob_uncaptured(nind, n_occasions, p, phi);

}
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// mu = logit(mean_phi);
// Constraints
for (i in 1:nind) {
for (t in 1:(first[i] - 1)) {
phi[i, t] = 0;
p[i, t] = 0;
}
for (t in first[i]:n_occ_minus_1) {
phi[i, t] = inv_logit(mu + beta * x[t] + epsilon[t]);
p[i, t] = mean_p;

transformed parameters {
matrix<lower=0,upper=1>[nind, n_occ_minus_1] phi;
matrix<lower=0,upper=1>[nind, n_occ_minus_1] p;
matrix<lower=0,upper=1>[nind, n_occasions] chi;
// Compoud declaration was enabled in Stan 2.13
real mu = logit(mean_phi);
// real mu;

}

}

for (i in 1:nind) {
if (first[i] > 0) {
for (t in (first[i] + 1):last[i]) {
1 ˜ bernoulli(phi[i, t - 1]);
y[i, t] ˜ bernoulli(p[i, t - 1]);
}
1 ˜ bernoulli(chi[i, last[i]]);

model {
// Priors
// Uniform priors are implicitly defined.
// mean_phi ˜ uniform(0, 1);
// mean_p ˜ uniform(0, 1);
// sigma ˜ uniform(0, 10);
// In case a weakly informative prior is used
// sigma ˜ normal(5, 2.5);
beta ˜ normal(0, 100);
epsilon ˜ normal(0, sigma);

}
generated quantities {
real<lower=0> sigma2;
vector<lower=0,upper=1>[n_occ_minus_1] phi_est;
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sigma2 = square(sigma);
// inv_logit was vectorized in Stan 2.13
phi_est = inv_logit(mu + beta * x + epsilon); // Yearly survival
/*
for (t in 1:n_occ_minus_1)
phi_est[t] = inv_logit(mu + beta * x[t] + epsilon[t]);
*/

Appendix G. LKJ Priors for Covariance Matrices in Mean Field Variational
Inference

In this section we briefly derive closed-form expressions for using an LKJ prior with a Wishart variational
approximation.

Mij =

0

Σij

if i = j
otherwise.

Proposition 3 Let Σ be a K × K positive definite covariance matrix. Define the K × K matrix M such that
(p
Define the correlation matrix R as

R = M−1 ΣM−1 .

ξ−1

Define the LKJ prior on R with concentration parameter ξ (Lewandowski et al., 2009):

k=1

K

ν  X
−
log
2

V−1

kk

 

+ Kψ



ν−K +1
2



p

Σkk + log |R|

log Σkk .

(28)

+ Constant

pLKJ (R|ξ) ∝ |R|
.

Let q Σ|V−1 , ν be an inverse Wishart distribution with matrix parameter V−1 and ν degrees of freedom.
Then
Eq [log |R|] = log V−1 − ψK

Eq [log pLKJ (R|ξ)] = (ξ − 1) Eq [log |R|] + Constant,

where Constant does not depend on V or ν. Here, ψK is the multivariate digamma function.
Proof First note that

log

log |Σ| = 2 log |M| + log |R|

K
X

k=1

K
X

log Σkk + log |R| ⇒

k=1

k=1

K
X

=2

=

log |R| = log |Σ| −
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By Eq. B.81 in (Bishop, 2006), a property of the inverse Wishart distribution is the following relation.
ν 
− K log 2,
(29)
2

Eq [log |Σ|] = log V−1 − ψK
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T

T

1 X
1
2
= − τ
(ut − µ) − T log τ
2 t=1
2

µ0 = 0.000

βτ = 3.000.

ατ = 3.000

σβ−2 = 0.100

β0 = 0.000

σµ−2 = 0.010

Eq [ρit ]

= xTit β + ut
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(31)
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= xTit Eq [β] + Eq [ut ]


T
Varq (ρit ) = Eq β T xit xTit β − Eq [β] xit xTit Eq [β] + Varq (ut )




T
= Eq tr β T xit xTit β − tr Eq [β] xit xTit Eq [β] + Varq (ut )

 


T
= tr xit xTit Eq ββ T − Eq [β] Eq [β]
+ Varq (ut ) .

ρit

Under the variational approximation, ρit is normally distributed given xit , with

The prior parameters were taken to be

 1
1 X 2
u − µut + µ2 − T log τ + Constant
= − τ
2 t=1 t
2

1 −2 2
log p (µ, τ, β) = − σµ µ + 2µµ0 +
2
(1 − ατ ) τ + βτ log τ +




1
T
T
−
trace Σ−1
+ 2trace Σ−1
.
β ββ
β β0 β
2

log p (u|µ, τ )

In this section we include extra details about the model and analysis of Section 5. We will continue to use
the notation defined therein. We use Constant to denote any constants that do not depend on the prior
parameters, parameters, or data. The log likelihood is


pit
+ log (1 − pit )
log p (yit |ut , β) = yit log
1 − pit
= yit ρ + log (1 − pit ) + Constant

Appendix H. Logistic GLMM Model Details

Plugging Eq. (29) and Eq. (30) into Eq. (28) gives the desired result.

where ψK is the multivariate digamma function. By the marginalization property of the inverse Wishart
distribution,


Σkk ∼ InverseWishart V−1 kk , ν − K + 1 ⇒


 
ν−K +1
Eq [log Σkk ] = log V−1 kk − ψ
− log 2.
(30)
2
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eρ
1+eρ
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We found that increasing the number of points used for the quadrature did not measurably change any of
the results. The integration points and weights were calculated using the numpy.polynomial.hermite
module in Python (Jones et al., 2001).

q
ρit,s := Varq (ρit )zs + Eq [ρit ]



 
nM C
1 X
eρit,s
eρit
≈
log 1 −
Eq log 1 −
1 + eρit
nM C s=1
1 + eρit,s

h 
We can thus use nM C = 4 points of Gauss-Hermite quadrature to numerically estimate Eq log 1 −
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These define the MLR.



euµa
φ a {uµb }L
.
b=1 = PL
uµb
b=1 e

A probability such that the feature vector xµ belongs to the class a is computed through a
softmax function φ as:

uµa = x>
µ wa .

Multinomial classification is a ubiquitous task. There are several ways to treat this task,
such as the naive Bayesian methods, neural networks, decision trees, and hierarchical classification schemes (Trevor et al., 2009). Among them, in this paper, we focus on multinomial
logistic regression (MLR), which is simple but powerful enough to be used in many present
day applications.
Let us denote each feature vector by xµ ∈ RN and its class by yµ ∈ {1, · · · , L}, where
µ = 1 · · · , M denotes the index of given data. The MLR uses a linear structural model
with parameters {wa ∈ RN }L
a=1 and computes a class-a bias as an overlap:

1. Introduction

We develop an approximate formula for evaluating a cross-validation estimator of predictive
likelihood for multinomial logistic regression regularized by an `1 -norm. This allows us to
avoid repeated optimizations required for literally conducting cross-validation; hence, the
computational time can be significantly reduced. The formula is derived through a perturbative approach employing the largeness of the data size and the model dimensionality. An
extension to the elastic net regularization is also addressed. The usefulness of the approximate formula is demonstrated on simulated data and the ISOLET dataset from the UCI
machine learning repository. MATLAB and python codes implementing the approximate
formula are distributed in (Obuchi, 2017; Takahashi and Obuchi, 2017).
Keywords: classification, multinomial logistic regression, cross-validation, linear perturbation, self-averaging approximation
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(4)

(3)
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where we denote the negative log-likelihood as qµ and define a regularized cost function or
Hamiltonian H.
The introduction of regularization causes another problem of model selection or hyperparameter estimation with respect to λ. A versatile framework providing a reasonable
estimate is cross-validation (CV), but it has a disadvantage in terms of the computational
cost. The literal CV requires repeated optimizations which can be a serious computational
burden when the data size and the model dimensionality are large. The purpose of this
paper is to resolve this problem by inventing an efficient approximation of CV.
Our technique is based on a perturbative expansion employing the largeness of the data
size and the model dimensionality. Similar techniques were also developed for the Bayesian
learning of simple perceptron and committee machine (Opper and Winther, 1996, 1997), for
Gaussian process and support vector machine (Opper and Winther, 2000a,b; Vapnik and
Chapelle, 2000), for linear regression with the `1 -regularization (Obuchi and Kabashima,
2016; Rad and Maleki, 2018; Wang et al., 2018) and with the two-dimensional total variation (Obuchi et al., 2017). Actually, this perturbative approach is fairly general and can be
applied to a wide class of generalized linear models with simple convex regularizations. For
example in the present MLR case, it is easy to extend our result to the case where both the
`1 - and `2 -regularizations exist (elastic net, Zou and Hastie, 2005), which is used in a common implementation (Friedman et al., 2010). The derivation of our approximate formula
below is, however, conducted on the case of the `1 -regularization only, for simplicity. The
extension to the elastic net case is stated after the derivation.
The rest of the paper is organized as follows. In sec. 2, we state our formulation and how
to derive the approximate formula. In sec. 3, we compare our approximation result with
that of the literally conducted CV on simulated data and on the ISOLET dataset from UCI
machine learning repository (Lichman, 2013). The accuracy and the computational time of
our approximate formula are reported in comparison with the literal CV. The limitation of
a simplified version of the approximation is also examined. The last section is devoted to
the conclusion.

µ=1




n
oL 
>
qµ {wa }L
=
−
ln
φ
y
u
=
x
w
,
µ
µa
a
µ
a=1

M
L

 X


X
M
H {wa }L
qµ {wa }L
||wa ||1 ,
a=1 D , λ ≡
a=1 + λ

{wa }a

n 
o
M
{ŵa (λ)}a = arg min H {wa }L
,
a=1 D , λ

The maximum likelihood estimation is usually employed to train the MLR, though the
learning result tends to be inefficient when the data size is not sufficiently larger than
the model dimensionality or noises in relevant levels are present. A common technique to
overcome this difficulty is to introduce a penalty or regularization. In this paper, we use
an `1 -regularization, which induces a sparse classifier as a learning result and is accepted
to be effective. Given M data points DM ≡ {(xµ , yµ )}M
µ=1 , the `1 -regularized estimator is
defined by the following optimization problem:

Obuchi and Kabashima
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2. Formulation

\µ

(7)

(6)

In the maximum likelihood estimation framework, it is natural to employ a predictive likelihood as a criterion for model selection (Bjornstad, 1990; Ando and Tsay, 2010). We require
a good estimator of the predictive likelihood, and the CV provides a simple realization of
it. Particularly in this paper, we consider an estimator based on the leave-one-out (LOO)
CV. The LOO solution is described by

{wa }a

n

o
L
{ŵa\µ (λ)}a = arg min H\µ {wa }a=1
DM , λ ,

\µ







L
L
L
H\µ {wa }a=1
DM , λ ≡ H {wa }a=1
DM , λ − qµ {wa }a=1
.

µ=1

µ=1



M
M


n
o
L
1 X
1 X
\µ L
qµ
ŵa\µ
ln φ yµ {ûµa
}a=1 .
=−
M
M
a=1

(8)

Denoting the overlap of xµ with the LOO solution as ûµa = xµ> ŵa , as well as that with
the full solution ûµa = xµ> ŵa , we can define the LOO estimator (LOOE) of the predictive
negative log-likelihood as:
LOO (λ) =

In the following, the predictive negative log-likelihood is simply called prediction error. The
minimum of the LOOE determines the optimal value of λ though its evaluation requires us
to solve eq. (6) M times, which is computationally demanding.
2.0.1. Notations

>

.

(10)

(9)

Here, we fix the notations for a better flow of the derivation shown below. By summarizing
the class index, we introduce a vector notation of the overlap as uµ = (uµa )a ∈ RL and an
extended vector representation of the weight vectors {wa }a as W = (wa )a ∈ RLN . The
mth component of W can thus be decomposed into two parts as m = (mc , mf ) where
mc ∈ {1, · · · , L} denotes the class index and mf ∈ {1, · · · , N } represents the component
index of the feature vector. Namely we write Wm = wmc mf . Correspondingly, we leverage
a matrix X µ ∈ RL×LN to define a repetition representation of the feature vector xµ : Each
component is defined as:



∂ uµ
∂W

µ
Xam
≡ δamc xµmf .

This yields simple and convenient relations:
uµ = X µ W , X µ =
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(11)

Further, the class-a probability of µth data at the full solution Ŵ = (ŵa )a is denoted by:
eûµa
pa|µ = φ(a|{ûµb }b ) = PL
ûµb
b=1 e
3
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∂ qµ
∂W

∂ 2 qµ
∂uµ ∂uµ0

=

!

∂ uµ0
∂W 0

= (X µ )> bµ ,

= (X µ )> F µ X µ ,

uµ =ûµ

>

∂ uµ ∂
qµ
∂W ∂uµ

0 =û
uµ =uµ
µ

W =W 0 =Ŵ

W =Ŵ

∇qµ (Ŵ ) ≡

∂ uµ
∂W

∂ 2 qµ
∂W ∂W 0
=

∂ 2 qµ (Ŵ ) ≡

These notations express the gradient and the Hessian of qµ at the full solution as:

where

bµ ≡ (p1|µ − δ1yµ , p2|µ − δ2yµ , · · · , pL|µ − δLyµ )> ,

µ
≡ δab pa|µ − pa|µ pb|µ .
Fab

X

ν(6=µ)

X 


∂ 2 qν (Ŵ \µ ) .

In addition, we denote the cost function Hessians at the respective solutions as:

∂ 2 qµ (Ŵ ) ,

G ≡ ∂ 2 H(Ŵ ) =

µ

G\µ ≡ ∂ 2 H\µ (Ŵ \µ ) =

(12)

(13)

(14)

(15)

(16)

(17)

Finally, we introduce the symbol A(W ) ≡ {m|Wm 6= 0} representing the index set of the
active components of W and Â ≡ A(Ŵ ). Given Ŵ , we denote the active components of a
vector Y ∈ RLN by the subscript as YÂ . A similar notation is used for any matrix and the
symbol ∗ is assumed to represent all of the components in the corresponding dimension.
2.1. Approximate formula

JMLR 19(52):1-30, 2018

For a simple derivation, it is important to consider that the w-dependence of φ appears
only in the overlap u = x> w. Hence, it is sufficient to provide the relation between ûµa
\µ
and ûµa in order to derive the approximate formula.
A crucial assumption to derive the formula is that the active set is “common” between
\µ
the full and LOO solutions, Ŵ = (ŵa )a and Ŵ \µ = (ŵa )a ; namely Â = Â\µ ≡ A(Ŵ \µ ).
Although this assumption is literally not true, we numerically confirmed that this approximately holds. In other words, the change of the active set is small enough compared to the
size of the active set itself when considering the LOO operation when N and M are large.
Moreover, in a related problem of an `1 -regularized linear regression, the so-called LASSO, it
has been shown that the contribution of the active set change vanishes in a limit N, M → ∞
keeping α = M/N = O(1) (Obuchi and Kabashima, 2016). It is expected that the same
holds in the present problem. Hence, we adopt this assumption in the following definition.
Note that this idea of the active set constantness can be found in preceding analyses of
support vector machine (Opper and Winther, 2000b; Vapnik and Chapelle, 2000).
Once the active set Â is assumed to be known and unchanged by the LOO operation,
it is easy to determine the active components of the full and LOO solutions Ŵ and Ŵ \µ .

4

Â

(19)

ÂÂ

Â

ÂÂ

∗Â

(22)

(21)

∗Â

Cµ = X µ

GÂÂ

−1 

∗Â

Xµ

>

.

(25)

(24)

5
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Now, all of the variables on the righthand side of eq. (24) can be computed from the
full solution Ŵ only, which enables us to estimate the LOOE by leveraging a one-time
optimization using all of the data DM , while avoiding repeated optimizations.
We should mention the computational cost of this approximation: it is mainly scaled
as O(M L2 |Â| + M L|Â|2 + |Â|3 ). The first two terms come from the construction of GÂÂ
and Cµ , and the last one is derived from the inverse of G. If |Â| is proportional to the
feature dimensionality N , this computational cost is of the third order with respect to the
system dimensionality N and M . This is admittedly not cheap and the computational
cost for the k-fold literal CV with a moderate value of k becomes smaller than that for
our approximation in a large dimensionality limit. We, however, stress that there actually
exists a wide range of N and M values in which our approximation outperforms the literal

where

−1 µ
µ
û\µ
b ,
µ ≈ ûµ + Cµ (IL − F Cµ )

Inserting this into eq. (21) and simplifying several factors, we obtain:

This equation implies that the matrix inversion operation is necessary for each µ, which
still requires a significant computational cost. To avoid this, we employ an approximation
and the Woodbury matrix inversion formula in conjunction with eqs. (13,16,17). The result
is:

−1 
−1 
−1 
−1
G\µ
≡ ∂ 2 H\µ (Ŵ \µ )
≈ ∂ 2 H\µ (Ŵ )
= G − (X µ )> F µ X µ

−1
= G−1 − G−1 (X µ )> −F µ + X µ G−1 (X µ )>
X µ G−1 .
(23)

∗Â

\µ µ
û\µ
µ ≈ ûµ + Cµ b ,

 
>
\µ −1
Xµ
Cµ\µ ≡ X µ G
.

Inserting this and eq. (12) into the definition dµ = Ŵ − Ŵ \µ and multiplying X µ from
left, we obtain:

Â

The difference between the gradients is only ∇qµ , and hence the difference between Ŵ and
Ŵ \µ is expected to be small. Denoting the difference as dµ = Ŵ − Ŵ \µ and expanding
eq. (19) with respect to dµ up to the first order, we obtain an equation determining dµ :

 

\µ −1
dµ = − G
(20)
∇qµ (Ŵ ) .

Â

(18)

(26)

|Â|

GÂÂ =

i

X

6

di vi vi> =

i∈S +

X

di vi vi> ,
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(27)

decomposition of GÂÂ and obtain the eigenvalues {di }i=1 and eigenvectors {vi }i=1 , which
allows us to represent

|Â|

In this sense, the weight vectors defining the same model are “degenerated” and our MLR
is singular. For finite λ, this is not harmful because the regularization term resolves this
singularity and selects an optimal one {ŵa }a with the smallest value of ||wa ||1 among the
degenerated vectors. However, this does not mean that the associated Hessian is nonsingular. The regularization term does not provide any direct contribution to the Hessian
and as a result, the Hessian tends to have some zero modes. This prevents taking the inverse
Hessian G−1 in eq. (25). How can we overcome this?
One possibility is to fix the weights of one certain class at constant values when solving
the optimization problem (4). This is termed “gauge fixing” in physics, and one convenient
gauge in the present problem will be the zero gauge in which the weights in a chosen class
are fixed at zeros. This is actually found in some earlier implementations (Krishnapuram
et al., 2005; Schmidt, 2010) and is preferable for our approximate formula because it removes the harmful zero modes of the Hessian from the beginning. However, some other
implementations which are currently well accepted do not employ such gauge fixing (Friedman et al., 2010), and moreover even with gauge fixing very small eigenvalues sometimes
accidentally emerge in the Hessian. Hence, for user convenience, we require another way of
avoiding this problem.
Another possibility is to remove the zero modes by hand. By construction, the zero
modes are associated to the model invariance. This implies that those zero modes are irrelevant and may be removed. In fact, we are only interested in the perturbations which truly
change the model, and the modes which maintain the model unchanged are unnecessary.
According to this consideration, we replace G−1 in eq. (25) with the zero-mode-removed in−1
−1
verse Hessian G . The computation of G is straightforward: we perform the eigenvalue

wa → wa + v (∀a).

In the MLR, there is an intrinsic symmetry such that the model is invariant under the
addition of any constant vector to the weight vectors of all classes:

2.1.1. Handling zero modes

CV in terms of the computational time, as later demonstrated in sec. 3. Moreover, for
treating much larger systems, we invent a further simplified approximation based on the
above approximate formula. The computational cost of this simplified version is scaled only
linearly with respect to the system parameters N and M . Its derivation is in sec. 2.2 and
the precision comparison to the original approximation is in sec. 3.
−1
Another sensitive issue is present in computing GÂÂ
. Occasionally the cost function
Hessian G has zero eigenvalues and is not invertible. We handle this problem in the next
subsection.

The vanishing condition of the gradient of the cost function is the determining equation:

(∇H)Â = 0 ⇒ ŴÂ ,


\µ
= (∇H)Â − (∇qµ )Â = 0 ⇒ Ŵ .
∇H\µ

Obuchi and Kabashima
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−1

−1

GÂÂ ≡
i∈S +

X

∗Â

di−1 vi vi> .

−1

where S + denotes the index set of the modes with finite eigenvalues. Then, G
as:

Finally, we replace G−1
∗Â

by G in eq. (25), and obtain:

>
−1
Cµ = X µ GÂÂ X µ
.

a=1

is defined
(28)

(29)

By using this instead of eq. (25), the problem caused by the zero modes can be avoided.

a=1

2.1.2. Extension to the mixed regularization case

µ=1



Let us briefly state how we can generalize the present result to the case of the mixed
regularizations of the `1 - and `2 -terms (elastic net, Zou and Hastie, 2005). The problem to
be solved can be defined as follows:


L
L
M



X
X
X
λ
2
L
qµ {wa }a=1
+ λ1
||wa ||1 +
||wa ||22 . (30)

2
{wa }a

{ŵa (λ1 , λ2 )}a = arg min

µ


X
∂ 2 qµ (Ŵ ) + λ2 IN L ,

(31)

where || · ||2 denotes the `2 norm. Following the derivation in sec. 2.1, we realize that
the derivation is essentially the same, and the difference only appears in the cost function
Hessian:

Gmxd =

(Gmxd )ÂÂ

−1 

∗Â

Xµ

>

.

(32)

where IK is the identity matrix of size K. As a result, we can compute the LOO solution
by leveraging the same equation as eq. (24) by replacing the definition of Cµ , eq. (25), with:
∗Â

Cµ = X µ

Thanks to the `2 term, the zero mode removal is not needed since the eigenvalues are lifted
up by λ2 .
2.1.3. Binomial case

φlogit (yµ |uµ ) =

δyµ 1 + δyµ 0 e−uµ
,
1 + e−uµ
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(34)

(33)

The binomial case L = 2 is particularly interesting in several applications and thus we write
down the specific formula for this case.
In the binomial case, it is fairly common to express the class y as a binary y = 0, 1 and
to use the following logit function:

where
uµ = xµ> w.
7
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1−

∂ 2 qµ µ
c
∂u2µ

cµ

∂ qµ
,
∂uµ

−1

(xµ )Â ,

(39)

(38)

(37)

(36)

(35)

If we identify y = 0 in this case as y = 1 in the two-class MLR case, this is nothing but
the two-class MLR with a zero gauge w1 = 0. Hence, there is no harmful zero mode in the
Hessian and we can straightforwardly apply our approximate formula. The explicit form in
this case is:
ûµ\µ ≈ ûµ +
where qµ = − ln φlogit (yµ |uµ ) and

∂ qµ
e−uµ
,
= δyµ 0 −
∂uµ
1 + e−uµ

GÂÂ

∂ 2 qµ
e−uµ
=
,
∂uµ2
(1 + e−uµ )2
M

X
∂ 2 qµ 
xµ xµ>
,
∂uµ2
ÂÂ
GÂÂ =

Â

µ=1

 
cµ = xµ>

and Â = {i|ŵi 6= 0} is the active set of the full solution, as before.
Note that this approximation can be easily generalized to arbitrary differentiable output
functions by replacing the logit function φlogit . Readers are thus encouraged to implement
approximate CVs in a variety of different problems.

2.2. Further simplified approximation

−1

mn

≈

χm f



0,

δ
,
mc nc mf nf

(m, n ∈ Â)
,
(otherwise)

(40)

As mentioned above, the computational cost of our approximation is O(M L2 |Â|+M L|Â|2 +
|Â|3 ) and should be reduced for treating larger systems. For this, we derive a further
simplified approximation based on the invented approximate formula above. We call this a
self-averaging (SA) approximation according to physics terminology.
The basic idea for simplifying our approximate formula is to assume that correlations
between Wm and Wn are sufficiently weak. The meaning of “correlation” is not evident here,
but as seen in sec. A the Hessian G can be connected to a (rescaled) covariance χ between
Wm and Wn in a statistical mechanical formulation introducing a probability distribution
of W . Our weak correlation assumption requires that the correlation between different
feature components is negligibly small; χmn (≡ (1/β)cov(Wm , Wn )) = χ(mf ,mc ),(nf ,nc ) =
δmf nf (χmf )mc nc , where mc , nc (= 1, · · · , L) are the class indices and mf , nf (= 1, · · · , N )
are the feature component indices defined thus far, and β is the rescaling factor. In this
way, the Hessian is assumed to be expressed in a rather restricted form:
(


G\µ
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Namely, the SA Hessian is allowed to take finite values if and only if the two indices share
the same feature vector component. The dependence on the data index µ is also assumed

8

2
i xµi /(N M )

P P

Âi Âi

i=1

χi .

(42)

≈ ûµ + CSA b .

µ

(43)

j∈S +

j∈S +

\µ

∗Â

∗Â

ûµ ← ûµ + Cµ (IL − F µ Cµ )−1 bµ
end for
\µ
Compute LOO from {uµ }µ by eq. (8)
return LOO
end procedure

if λ2 is large enough then
−1
−1
GÂÂ = GÂÂ
else
−1
Compute GÂÂ by eq. (28)
end if
for µ = 1, · · · , M do

>
−1
Cµ ← X µ GÂÂ X µ

. O(M L|Â|2 + M L2 |Â| + M L3 )

. O(|Â|3 )

. O(M L|Â|2 + M L2 |Â|)

10
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(45)
where literal
denotes the literal CV estimator of the prediction error while approximate
is the
CV
LOO
approximated LOOE. Moreover, as a reference, we compute the negative log-likelihood of

approximate
− literal
CV
LOO
,
literal
CV

In this section, we examine the precision and actual computational time of ACV and SAACV
in numerical experiments. Both simulated and actual datasets (from UCI machine learning
repository, Lichman, 2013) are used.
For examination, we compute the errors also by literally conducting k-fold CV with
some ks, and compare it to the result of our approximate formula. In principle, we should
compare our approximate result with that of the LOO CV (k = M ) because our formula
approximates it. However for large M , the literal LOO CV requires huge computational
burdens despite that the result is empirically not much different from that of the k-hold CV
with moderate ks. Hence in some of the following experiments with large M , we use the
10-hold CV instead of the LOO CV. Further, to directly check the approximation accuracy,
we also compute the normalized error difference defined as

3. Numerical experiments

specifying the time consuming parts in the entire procedures. In Alg. 2, we describe an
actual implementation for solving CSA by recursion, which is not fully specified in sec. 2.2.
The symbol || · ||F denotes the Frobenius norm and we set the threshold θ judging the
convergence as θ = 10−6 in typical situations. We also set as 10−6 the threshold judging if
λ2 is large or not.

16:

15:

14:

13:

12:

11:

10:

9:

8:

7:

6:

5:

2:

1:

procedure ACV(Ŵ (λ1 , λ2 ), DM , λ2 )
Compute the active set Â from Ŵ
3:
Compute {ûµ , X µ , bµ , F µ }µ by eqs. (1,9), (14) and (15)
P
µ > µ µ
4:
GÂÂ ← M
µ=1 (X ) F X + λ2 I|Â|

Algorithm 1 Approximate CV of the MLR

Obuchi and Kabashima

Here, we summarize the two versions of the approximation derived thus far as algorithmic
procedures. We call the first version, based on eq. (24), the approximate CV or ACV,
and call the second one, using eq. (43), the self-averaging approximate CV or SAACV.
The procedures of ACV and SAACV are given in Alg. 1 and Alg. 2, respectively; they
are written for the case of the mixed regularization (30).
Comments are added for

2.3. Summary of procedures

where S + is the index set of the modes with finite eigenvalues. This requires a O(L3 )
computational cost at a maximum. Leveraging this approach, a naive way to solve eqs.
(41,42) is a recursive substitution. If this converges in a constant time, irrespectively of the
system parameters N, M and L, then the computational cost of the SA approximation is
scaled as O(N L3 + M L3 ). This is linear in the feature dimensionality N and the data size
M and hence, its advantage is significant.

j

and performing the eigenvalue decomposition, we define its zero-mode-removed inverse R
as:
X
X
X
−1
>
dj vj vj> =
dj vj vj> ⇒ RÂi Âi =
RÂi Âi =
d−1
(44)
j vj vj ,

−1

Note that there is no factor like (IL − F µ Cµ )−1 in contrast to eq. (24), because we directly
\µ
approximate Cµ in eq. (21).
When solving eqs. (41,42), the inverse at the right-hand side of eq. (41) becomes occasionally ill-defined again due to the presence of zero modes. In such cases, we should

P
−1 µ
µ
F
remove the zero modes as eq. (28). Putting R = λ2 IL + σx2 M
µ=1 (IL + F CSA )

û\µ
µ

Using the solution of eqs. (41,42), the approximate formula is now simply expressed as:

CSA = σx2

N
X

where
= µ
and Âi = {a|ŵai 6= 0} is the set of active class variables at
the feature component i; the other components of χi related to inactive variables are zeros.
\µ
The SA approximation of Cµ , CSA ∈ RL×L , is defined by:

σx2

ν=1

to be negligible, implying that strong heterogeneity among feature vectors is assumed to be
absent.
To proceed with the computation, we require a closed equation to determine the L × L
matrix χi for i = 1, · · · , N . Its derivation is rather technical and is deferred to sec. A. The
result is:
!−1
M 

X
(χi )Âi Âi = λ2 I|Âi | + σx2
(IL + F ν CSA )−1 F ν
,
(41)
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← σx−2 ,

Âi Âi



\µ (t)
− χi

F

. Start initialization

Accelerating CV in Multinomial Logistic Regression

Âi Âi

\µ (t)
χi


\µ (t)

χi

−1

← RÂi Âi


Âi Âi


\µ (t+1)

χi

end for
∆ ← 100
while ∆ > θ do
P  \µ (t)
(t+1)
C
← σ2 N χ
x
i=1
i
SA

PM 
(t+1) −1 µ
R ← σx2 µ=1
IL + F µ CSA
F + λ2 IL
∆←0
for i = 1, · · · , N do
if λ2 is large enough

−1
−1
= RÂi Âi
R
Â
i Âi
else
−1
Compute RÂi Âi by eq. (44) from R
end if then

Âi Âi


\µ (t+1)

χi

∆←∆+

end for
∆ ← ∆/N
t←t+1
end while
for µ = 1, · · · , M do
\µ
(t)
uµ ← uµ + C bµ
SA
end for
\µ
Compute LOO from {uµ }µ by eq. (8)
return LOO
end procedure
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. O(N L3 )

. O(M L3 )

. End initialization
. Compute CSA by recursion

procedure SAACV(Ŵ (λ1 , λ2 ), DM , λ2 )
N from Ŵ
Compute the active sets {Âi }i=1
Compute {uµ , X µ , bµ , F µ }µ by eqs. (1,9), (14) and (15)
t←0
for i = 1, · · · , N do


← 0,

Algorithm 2 Self-averaging approximate CV of the MLR
2:

1:

4:

3:
5:
6:
7:
8:
9:

11:

10:

12:
13:
14:
15:

17:

16:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:

11

L
the full solution {ŵa }a=1
as:

µ=1

M

1 X 
L
qµ {ŵa }a=1
,
M
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=

µ=1

a=1

a=1

(46)

and call it the training error, hereafter. The training error is expected to be a monotonic
increasing function with respect to λ, while the prediction one is supposed to be nonmonotonic.
In all of the experiments, we used a single CPU of Intel(R) Xeon(R) E5-2630 v3 2.4GHz.
To solve the optimization problems in eqs. (4,6), we employed Glmnet (Friedman et al., 2010)
which is implemented as a MEX subroutine in MATLAB R . The two approximations were
implemented as raw codes in MATLAB. This is not the most optimized approach, because
as seen in Algs. 1,2 our approximate formula uses a number of for and while loops which are
slow in MATLAB, and hence the comparison is not necessarily fair. However, even in this
comparison there is a significant difference in the computational time between the literal
CV and our approximations, as shown below.
In Glmnet, the corresponding optimization problem is parameterized as follows:


!
L
M
L




X
X
X
1
(1
−
η)
L
||wa ||1 +
qµ {wa }a=1
+ λ̃ η
||wa ||22
.(47)
M

2
{wa }a

{ŵa (λ̃, η)}a = arg min

In the following experiments, we present the results based on this parameterization. We
basically prefer η = 1 in which the `2 term is absent, because the main contribution of the
present paper is to overcome technical difficulties stemming from the `1 term. However,
Glmnet or its employing algorithm occasionally loses its stability in some uncontrolled
manner without the `2 term. Hence, in the following experiments we adaptively choose the
value of η.1
A sensitive point which should be noted is the convergence problem of the algorithm for
solving the present optimization problem. In Glmnet, a specialized version of coordinate
descent methods is employed, and it requires a threshold δ to judge the algorithm convergence. Unless explicitly mentioned, we set this as δ = 10−8 being tighter than the default
value. This is necessary since we treat problems of rather large sizes. A looser choice for δ
rather strongly affects the literal CV result, while it does not change the full solution or the
training error as much. As a result, our approximations employing only the full solution are
rather robust against the choice of δ compared to the literal CV. This is also demonstrated
below.

3.1. On simulated dataset

i=1

N
Y

{(1 − ρ0 )δ(w0ai ) + ρ0 N (0, 1/ρ0 )} ,

(48)

Let us start by testing with the simulated data. Suppose each “true” feature vector w0a is
independently identically drawn (i.i.d.) from the following Bernoulli-Gaussian prior:
w0a ∼

JMLR 19(52):1-30, 2018

1. When employing our distributed codes implementing the approximate formula (Obuchi, 2017; Takahashi
and Obuchi, 2017) in conjunction with Glmnet, the parameters λ1 and λ2 are read as λ1 = M λ̃η and
λ2 = M λ̃(1 − η).

12

13
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Let us summarize the result on simulated data.
Fig. 1 shows the plots of the prediction and training errors against λ̃ for L = 4, 8, 16 at
N = 200 and σξ2 = 0.01. This demonstrates that both approximations provide consistent
results with the literal LOO CV, except at small λ̃s. This inconsistency at small λ̃s is
considered to be due to a numerical instability occurring in the literal CV. Actually, for small
λ̃s, we have observed that certain small changes in the data induce large differences in the
literal CV result. This example demonstrates that our approximations provide robust curves
even in such situations. Note that as L grows the number of estimated parameters {wa }L
a=1
increases while the data size M = αN = 400 is fixed, meaning that the problem becomes
more and more underdetermined with the growth of L. Hence, Fig. 1 demonstrates that the
developed approximations work irrespectively of how much the problem is underdetermined.
Fig. 2 exhibits the σξ2 -dependence of the errors and the approximation results for L = 8
and N = 200. For the very weak noise case (σξ2 = 0.001, left), the difference between the
predictive and training errors is negligible and hence all four curves are not discriminable.
For the moderate (σξ2 = 0.1, middle) and large (σξ2 = 1, right) noise cases, the training curve
is very different from the predictive ones. The approximation curves are again consistent
with the literal LOO one.
Fig. 3 demonstrates how the approximation accuracy changes as the system size N
grows. For small sizes N = 50, 100, a discriminable difference exists between the results of
the approximations and the literal LOO CV, as well as the difference between the results of
the two approximations. This is expected, because our derivation relies on the largeness of
N and M . For large systems N = 400, 800, the difference among the two approximations
and the literal CV is much smaller. Considering this example in conjunction with the middle
panel of Fig. 1, we can recognize that our approximate formula becomes fairly precise for
N ≥ 200 in this parameter set. The normalized error difference corresponding to Fig. 3 is
shown in Fig. 4. We can observe that the difference tends to be smaller as the system size
increases, which is expected because the perturbation employed in our approximate formula
is justified in the large N, M limit.
Finally, let us consider the actual computational time to evaluate {ŵa }a and the approximate LOOEs, and observe its system size dependence. The left panel of Fig. 5 provides

3.1.1. Result

2 ).
where ξ is an observation noise each component of which is i.i.d. from a Gaussian N (0, σN
For convenience, we introduce the ratio of the data size to the feature dimensionality,
α = M/N , and now obtain five parameters {N, L, α, ρ0 , σξ2 } characterizing the experimental
setup. It is rather heavy to obtain the dependence of all parameters and below, and hence
we mainly focus on the dependence on L, σξ2 , and N . Other parameters are set to be α = 2
and ρ0 = 0.5.
Errors
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Figure 1: (Upper) Log-log plots of the errors against λ̃ for several values of the class number
L. Other parameters are fixed at N = 200, σξ2 = 0.01, α = 2 and ρ0 = 0.5. The
approximation results are consistent with the literal LOO CV results, except at
small λs, which is presumably due to a numerical instability occurring in the literal
CV at small λs. Here, η = 0.9. (Lower) The normalized error difference (45)
plotted against λ̃. The parameters of each panel are them of the corresponding
upper one. The horizontal dotted lines denote ±1 and drawn for comparison. For
small λ̃s the difference is not negligible, but the literal CV itself is not stable in
that region and hence the error difference is not reliable.

Normalized error difference

where N (µ, σ 2 ) denotes a Gaussian distribution whose mean and variance are µ and σ 2 ,
respectively.
The resultant feature vector va becomes N ρ0 (≡ K0 )-sparse and its norm be√
comes N on average. Then, we choose a class yµ from {1, · · · , L} uniformly and randomly,
and generate an observed feature vector xµ by leveraging the following linear process:
w0y
xµ = √ µ + ξ,
(49)
N

Errors
Normalized error difference
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Figure 3: Log-log plots of the errors against λ̃ for several values of feature dimensionality
N . Other parameters are fixed at L = 8, σξ2 = 0.01, α = 2 and ρ0 = 0.5. Here,
η = 0.9.
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Figure 2: (Upper) Log-log plots of the errors against λ̃ for several noise strengths. Other
parameters are fixed at N = 200, L = 8, α = 2 and ρ0 = 0.5. The approximation
results are consistent with the literal LOO CV, irrespectively of the noise strength.
The convergence threshold δ is set to be δ = 10−9 for the case σξ2 = 1. Here,
η = 1. (Lower) The normalized error difference (45) plotted against λ̃. The
parameters of each panel are them of the corresponding upper one. In the whole
region the difference is negligibly small.
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disadvantage of the developed approximations. For small sizes, the computational time for
optimization to obtain {ŵa }a is shorter than the time to compute the approximate LOOEs,
and hence the literal CV is better. However, for larger systems, the optimization cost in>
creases rapidly and for N >
∼ 400 the approximate CV is better. For N ∼ 800, the ACV
cost exceeds that of SAACV. The SAACV cost behaves linearly as a function of N (see the
black dashed line), and hence for larger systems of N >
∼ 800 SAACV can be a very powerful
tool. As a related issue, we mention the convergence problem of the algorithm. In the right
panel of Fig. 5, we compare the errors at two different values of the convergence threshold
δ. An important observation is that a significant difference exists in the literal CV results
while other curves do not show a strong change. This implies that our approximate formula
is rather robust and can be used with a rather loose convergence threshold or conversely,
we can use the systematic deviation between the literal CV and our approximations as an

Figure 5: (Left) Actual computational time spent to find the solution of eq. (4) and that
for ACV and SAACV, plotted against the feature dimensionality N in a double
logarithmic scale. Note that the computational time for the k-fold CV is about
k times larger than that for finding the solution of eq. (4), represented by the
green asterisks. Parameters are fixed at L = 8, σξ2 = 0.01, α = 2 and ρ0 = 0.5.
Here, η = 1. (Right) The errors are obtained for the two convergence thresholds
δ = 10−6 and δ = 10−8 . Error bars are omitted for visibility. For the tighter case
δ = 10−8 , the minimum value of λ̃ in the examined range is larger than that of the
case δ = 10−6 , though the systematic difference with the results of the literal LOO
CV is already clear. The training errors of these two different δ, represented by
black circles and left-pointing triangles, are completely overlapping. The system
parameters are N = 400, L = 8, σξ2 = 0.01, α = 2 and ρ0 = 0.5. Here, η = 1.
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the plot of the actual computational time against the system size. Here, the number of
examined points of λ̃ to obtain a solution path is different from size to size, and hence the
plotted time is given as the whole computational time to obtain the solution path divided
by the number of λ̃s points. The left panel of Fig. 5 clearly displays the advantage and
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Figure 4: The plot of the normalized error difference corresponding to Fig. 3. The difference
tends to be smaller as the system size increases.
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indicator to verify the tightness of the convergence threshold. This is beneficial, especially
when treating large models, for which the convergence check is a common annoying task.
3.2. On real-world dataset
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Next, we test the approximate formula on a real-world dataset. As shown above, our
approximations become more precise if the model dimensionality and data size are large.
Hence, we chose the ISOLET dataset which is a relatively large problem among classification tasks collected in the UCI machine learning repository (Lichman, 2013). The feature
dimensionality, the data size, and the class number are N = 617, M = 6238, and L = 26,
respectively. Here we apply the 10-fold CV, instead of the LOO CV because of the computational reason, and our approximations to this dataset. The result is given in Fig. 6. The
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results of the approximations and of the 10-fold CV demonstrate a fairly good agreement,
proving the actual effectiveness of the developed approximations. In an experiment, the
actual computational time to obtain the result of the full simulation, of the 10-fold CV,
of ACV, and of SAACV were 785, 7825, 5173, and 689 seconds, respectively. The system
parameters {N, M, L} are rather large in this problem and thus the advantage of ACV is
not large, while the efficiency of SAACV stands out in such situations.

Figure 6: Approximate CV performance on the ISOLET data of L = 26 classes. The
errors are shown in the left panel and the normalized error differences between
the approximations and the 10-fold CV are in the right panel. At the estimated
minimums of the prediction error, the accuracy rate for correctly classifying the
test data is about 0.86 while the probability of recovering the training data is
about 0.98, commonly among the literal CV and the two approximations. At
the minimum value of λ̃, the leftmost point in the figure, the accuracy rates are
different among the three different methods, and are 0.83, 0.78, and 0.81 for the
literal CV, ACV and SAACV, respectively. Here, η = 1.

Errors
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3.3. When does SAACV fail?

Two major factors neglected in SAACV are the correlations among feature components
and the heterogeneity among feature vectors. If these factors are strong, the approximation
accuracy of SAACV is expected to be degraded. In this section, we examine this point.

First, to test the impact of correlations in feature components, we add further constraints
to the simulated data treated in sec. 3.1 and examine the approximation performance on
the situation. Two cases are treated: the first is the case where the true feature vectors
{w0a } have common components among all the classes. The result of this case is shown
in the left panels in Fig. 7. Here, the fraction of the common components to the non-zero
components is rcommon = 0.9 and thus the overlap between feature vectors of different classes
is rather large. The other is the case where the noise vector has strong correlations among
the components. The result of this case is presented in the right panels in Fig. 7, in which
the noise strength is σξ2 = 1 and the correlation coefficient of any pair of noise components is
Corr(ξi , ξj ) = 0.9; hence the noise and the correlation are rather large. For both the cases,
the performance of the approximate formula is fairly good, implying that SAACV is likely
to perform well even when components of the feature vectors are correlated. Similar findings
were actually obtained in the case of linear models (Obuchi and Kabashima, 2016). This
is a preferable observation because it implies that the applicable limit of SAACV can be
extended to a wider class of feature vectors than that is assumed in our present derivation in
which the weakness of the correlations is assumed, as seen in sec. A. These also imply that
there possibly exists another approximation formula taking into account the correlations
but being similar to SAACV. A promising framework to derive such a formula might be the
adaptive TAP method (Opper and Winther, 2001a,b, 2005). The adaptive TAP method
itself requires a larger computational cost than that of SAACV but it is possible to reduce
the computational cost up to the linear scaling with respect to N and M by employing
an additional simplifying approximation (Kabashima and Vehkaperä, 2014; Çakmak and
Opper, 2018). This is, however, rather technical and we leave it as a future work.
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Second, to examine the effect of the heterogeneity among feature vectors, we introduce
an amplifying factor Ω to control the norm of feature vectors. In particular, we multiply the factor Ω to the feature vectors of some chosen classes, as xµ → Ωxµ . Here, we
use the simulated data identical to that for the center panels in Fig. 3 of the parameters
(N, L, α, ρ0 , σξ2 , η) = (200, 8, 2, 0.5, 0.1, 1), except that the amplifying factor Ω = 100 is applied to the latter four classes y = 5, 6, 7, 8. The approximation performance on this dataset
is shown in Fig. 8. We also examine the impact of the same heterogeneity on a real-world
dataset in Fig. 9. Here, we treat the well-known MNIST data of handwritten digits (LeCun
et al., 1998). For simplicity, we only use the data of two digits: 0 and 1. As a preprocessing,
feature components with small variances are removed and only the N = 350 components of
the largest variances are retained; the original size of the feature vector is 784 = 28 × 28 and
thus almost the half of the components are discarded. Then, the usual standardization procedure is conducted. Further, we apply the amplifying factor Ω = 10 to the class of 1 (right
panels), while the case without the amplification (or Ω = 1, left panels) is also examined
for comparison. These two examples clearly show that ACV shows a consistency with the
LOO CV behavior while SAACV does not, demonstrating that SAACV gives an inaccurate
estimate of the CV error for datasets with strong heterogeneity. This kind of heterogeneity
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Figure 7: (Upper) Log-log plots of the errors against λ̃ for correlated feature vectors.
The left panel is for the case with common components in true feature vectors
while the right one is of the correlated noise case. Parameters (N, L, α, ρ0 , η) =
(200, 8, 2, 0.5, 1) are common in both the cases, while the noise strengths and
convergence thresholds are different: (σξ2 , δ) = (0.1, 10−8 ) (left) and (σξ2 , δ) =
(1, 10−9 ) (right). (Lower) The normalized error difference (45) plotted against λ̃.
The parameters of each panel are them of the corresponding upper one.
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For this problem with adaptive regularization coefficients, our approximation formula can
be applied in the completely same manner, which can be convinced by seeing Algs. 1,2 where
the value of the regularization coefficient is not required as the argument. The `2 -norm can
also be handled, though the codes should be extended to take into account the groupwise
coefficients as arguments. We argue that this rescaling is a natural prescription to treat
strong heterogeneity among different classes, and once employing this prescription the weak
point of SAACV is naturally cured.
As a noteworthy remark, we point out that the basic idea of SAACV is closely related
to Wahba’s generalized cross-validation (GCV) for linear regression (Golub et al., 1979). In
\µ
GCV, the heterogeneity in coefficient corresponding to Cµ in SAACV is also neglected, and
hence it shares the same weak point as SAACV, when it is regarded as an approximation
of the CV estimator to generalization errors. We stress that this kind of approximation

a

can naturally emerge in some applications: for example if we consider problems in medical
statistics, a number of biological markers can give distinguishably large values for affected
patients compared to unaffected ones, yielding larger values in norm for feature vectors
of affected patients. This consideration suspects the efficiency of SAACV. We, however,
stress that this kind of heterogeneity attributed to the belonging class can be absorbed by
rescaling the weights as {wa }a → {Ω−1
a wa }a , where Ωa is chosen to homogenize the feature
vector norm in different classes as ||xyµ Ωa ||2 ≈ const. For the `1 regularization case, this
resultantly leads to the regularization coefficients which take different values adaptively to
the belonging class as
X
X
X
λ
||wa ||1 →
λΩa ||wa ||1 =
λa ||wa ||1 .
(50)

Figure 8: (Left) Log-log plots of the errors against λ̃ with strong heterogeneity in feature
vectors. The same dataset as that of the center panels in Fig. 3 is used but the
feature vectors for the classes yµ = 5, 6, 7, 8 are amplified as xµ → Ωxµ by the
factor Ω = 100. The ACV result is consistent with the LOO CV one while that
of SAACV is not. (Right) The normalized error difference corresponding to the
left panel.
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Figure 9: (Upper) Log-log plots of the errors against λ̃ of mnist handwritten data with two
digits 0 and 1. The amplifying factor is not applied (or Ω = 1) in the left panels
while is applied (Ω = 10) in the right ones. The strong heterogeneity among the
classes affect the performance of SAACV. (Lower) The normalized error difference
corresponding to the upper panels.

Normalized error difference
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reducing the computational cost is again needed because the data size and the model dimensionality are increasing rapidly in recent years.

4. Conclusion

In this paper, we have developed an approximate formula for the CV estimator of the
predictive likelihood of the multinomial logistic regression regularized by the `1 -norm. An
extension to the elastic net regularization has been also stated. We have demonstrated their
advantages and disadvantages in numerical experiments using simulated and real-world
datasets. Two versions of the approximation have been defined based on the developed
formula. The first version, abbreviated as ACV, has a better performance, in terms of
computational time, for middle size problems. It will eventually become worse than the
literal k-fold CV with moderate ks as the problem size grows, because its computational
time is scaled as a third-order polynomial of the feature dimensionality and data size, N
and M , though such a tendency has not been observed in the investigated range of N . We
have also defined the second version based on ACV, the computational time of which is
just scaled linearly with respect to N and M . This second approximation is called SAACV,
and it has been demonstrated that SAACV is slow for small size problems but has a great
advantage for large size problems. Hence, we suggest leveraging the literal CV for small,
ACV for middle, and SAACV for large size problems.

Our derivation is based on the perturbation which assumes that there is a small difference
between the full and leave-one-out solutions. This assumption will not be satisfied for some
specific cases. Even with this restriction, we expect the range of application of our formula
is wide enough and we would like to encourage readers to leverage it in their own work.
We have implemented MATLAB and python codes and they are available in (Obuchi, 2017;
Takahashi and Obuchi, 2017).

The perturbative approach employed here is fairly general and can be applied to a wide
class of generalized linear models with convex regularizations. The development of practical
formulas for these cases will be of great assistance, given that we are living in the Big Data
era.
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Appendix A. The SA approximation

JMLR 19(52):1-30, 2018

Let us derive eq. (41) in the SA approximation. We work on a framework called a cavity
method in statistical physics or belief propagation (BP) in computer science. We start from

24

−β

a

λ1 ||wa ||1 +

λ2
||wa ||22
2

Z (DM , λ)

P 



µ=1

M
Y

M
{wa }L
a=1 D ,λ

φβ (yµ |{uµa }a ) .

−βH
1
e
Z (DM , λ)




(51)

ν(6=µ)

M̃ν→i (wi ),

(53)

j

j(6=i)

25

j(6=i)

JMLR 19(52):1-30, 2018

where uµ = (uµa )a . A crucial observation to assess eqs. (52,53) is that the argument of the
potential function φ(uµ ) has a sum of an extensive number of random variables; the central
limit theorem thus justifies treating it as a Gaussian variable with the appropriate mean
and variance. Hence, according to eq. (52) where wi is special, we can divide the extensive
sum as follows:
X
X
X
xµj waj = xµi wai +
xµj waj ≈ xµi wai +
xµj hwaj i\µ + ta ,
(54)
uµa =

Mi→µ (wi ) = e

j(6=i)
j(6=i)


λ
Y
−β λ1 ||wi ||1 + 22 ||wi ||22

In the β → ∞ limit, this distribution converges to a point-wise measure of the solution
of eq. (4) and hence, it is useful for analyzing eq. (51). We note that the BP is usually
applied to graphical models having sparse tree-like structures, but is also applicable to
ones with densely connected structures. In such applications, the BP can be regarded as
a systematic implementation of the Thouless-Anderson-Palmer (TAP) approach (Thouless
et al., 1977) in statistical physics, which can yield a set of self-consistent equations of the
first and second moments of variables in statistical models when the models are of densely
connected types. This approach has been applied to many different models in machine
learning, which continuously yields evidences of its effectiveness (Opper and Winther, 1996,
1997, 2000a,b). When applied to densely connected models, certain correlations between
variables have to be neglected to make the computation tractable; for that reason this
approach, or the associated algorithm derived from it, is recently called approximate message passing (AMP) (Kabashima, 2003; Donoho et al., 2009). Basically, the AMP assumes
that “interactions” between
the variables
in the present problem this implies
  are weak:

PM
PM
P
(1/M
)
x
(1/M ) M
x
x
−
(1/M
)
µ
µ
µ
i
i
j
µ=1 xµj ≈ 0 (i 6= j). This treatment
µ=1
µ=1
can be justified if each feature vector xµ is i.i.d.. Rigorous proofs of this fact are available
for linear models and their some variants (Bayati and Montanari, 2011; Barbier et al., 2017).
We implicitly assume this in the following derivation.
In this appendix, we introduce a new vector representation summarizing class variables:
wi = (wai )a . Note that this is different from the notation used in the main body of this
paper, wa = (wai )i in which the feature components are summarized.
By regarding wi as a single variable node, the BP decomposes eq. (51) into two types
of messages as follows:
Z Y
Y
M̃µ→i (wi ) =
dwj φβ (uµ )
Mj→µ (wj ),
(52)

=

e



M
P {wa }L
a=1 D , λ =

defining the so-called Boltzmann distribution:
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j(6=i) xµj waj ,

P

the

i,j

(57)

>

wi − 12 wi> Γµ
i wi



Γµi = x2µi (IL + F µ Cµ\µ )−1 F µ .

(hµi )



hµi = −xµi bµ ,

β

M̃µ→i (wi ) ∝ e
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(62)

(61)

(60)

(59)

(58)
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Note that this second order expansion is justified in the limit β → ∞.

where

Hence,

∂ f µ (wi , t̂µ )
= −bµa (wi , t̂µ ),
∂za
 µ >


−1
∂ 2 f µ (wi , t̂µ )
∂ t̂
µ
µ
= −Fab
−
F∗b
=−
IL + F µ Cµ\µ
Fµ
.
∂za ∂zb
∂za
ab

∂ t̂µ
µ
= −(IL + Cµ\µ F µ )−1 Cµ\µ F∗a
,
∂za

where bµ (wi , t̂µ ) is the gradient of qµ defined at eq. (14) but the argument uµa is approximated by eq. (54). Now, let us expand the exponent f µ (wi , t) inP
eq. (55) with respect to
the dynamical variables wi up to the second order. Putting za = i xµi wai , we can define
the derivatives as:

t̂µ = −Cµ\µ bµ (wi , t̂µ ),

In the second equation we added the contribution from i for simplicity. It does not affect
the following result because the ith term contribution is small enough. Let us focus on the
limit β → ∞. This limit allows us to use the saddle-point method, or Laplace’s method,
with respect to tµ . The associated saddle-point equation is:

ab

where qµ (wi , t) is the negative log-likelihood whose argument uµa is approximated by eq.
P
\µ
(54) and Cµ is the rescaled covariance of j(6=i) xµj waj defined as


\µ
χ(ai)(bj) ≡ β hwai wbj i\µ − hwai i\µ hwbj i\µ ,


X
\µ
Cµ\µ
≡
xµi xµj χ(ai)(bj) .
(56)

symbol h·i\µ denotes the average over the Boltzmann distribution without the µth potential
µ
function, and tµ =
P(ta )a denotes the zero-mean Gaussian variables whose covariance is
. This expression allows us to replace the integration
set to be that of
j(6=i) xµj waj
a
RQ
µ
j(6=i) dwj by that over t in eq. (52). This significantly simplifies the computation and
yields:


Z
Z
\µ
µ
β − 12 t> (Cµ )−1 t−qµ (wi ,t)
M̃µ→i (wi ) ≈ dt e
≡ dt eβf (wi ,t)
(55)

where the second term on the right-hand side represents the mean of
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>

µ

M̃ν→i (wi )
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= λ2 I|Âi | + 

X

ij

X

Âi Âi

Γiν 

χ(ai)(bj) ≈ δij

\µ

xµi xµj χ(ai)(bj) ≈

ν

−1



≈

λ2 I|Âi | +

2
xµi
(χi )ab ≈ σx2

i

X

(χi )ab (a, b ∈ Âi )
.
0
(otherwise)

X
i

X

ν

Γiν

!

Âi Âi

because we

!−1

(χi )ab ≡ (CSA )ab

.

(64)

(66)
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µ >

\µ
χ(ai),(bi) ,

(63)

factor C is computed based on neglecting the difference between G and G\µ . As a result
\µ
we cannot discriminate the two factors Cµ and Cµ . This consideration implies that our
\µ
SA estimation of C, CSA , should be applied to Cµ in eq. (21) and should NOT be applied
to Cµ in eq. (24), because the latter formula formally takes into account the difference in
advance.

P \µ (wi ) ∝ e
P

ab

∝ eβ (( ν(6=µ) hi ) wi − 2 wi (λ2 IL + ν(6=µ) Γi )wi −λ1 ||wi ||1 ) .


\µ
≡
Now, we can close the equation for the rescaled variance χi

\µ

χi

ν(6=µ)

can compute the variance of wi from eq. (63). By considering the scaling, we can recognize
that the variances vanish in the speed of O(β −2 ) if one of the two components or both are
inactive. The active-active components of the variance are scaled by O(β −1 ) and remain in
the rescaled variance. Focusing on the limit β → ∞, we thus obtain:






Âi Âi

=

At the last step, the µth term is added since its contribution is expected to be small enough
in the summation. This manifests that the µ-dependence of χ\µ can be neglected and we
rewrite it as χ\µ = χ hereafter. By considering
the meaning
 of the Hessian, it is easy to

P
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ab

These leads to:


Cµ\µ

Γiν ≈ σx2

P
2 is neglected at the last step, because the sum
The µ-dependence through xµi
i would mask
such a weak µ-dependence as long as strong heterogeneity in {xµi }µ is absent. Similarly,
we may write the sum inside the parentheses of the righthand side of eq. (64) as:
X
X
(IL + F ν CSA )−1 F ν .
(67)
ν
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Inserting eqs. (65-67) into eq. (64), we obtain eq. (41).
Careful readers may be concerned about the neglected µ-dependence of χ\µ , as well as
that of G\µ . If this can be neglected, may we replace G\µ with G from the beginning at
eq. (21)? The answer is of course no. The reason is that the difference between G\µ and G
is not negligible if they are “projected” onto X µ as in eq. (21). If they are projected onto
other directions perpendicular to X µ , the difference is actually tiny and can be neglected,
\µ
but for computing the factor Cµ we need to take into account this difference appropriately.
This results in the additional factor (I − Fµ Cµ )−1 in eq. (24). In the SA approximation, the
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• We design the SampLinUCB algorithm to solve this problem, for which we demonstrate some theoretical convergence guarantees;

• We propose a new instance of the contextual bandit problem, based on constant contexts for each action, where action profiles are not known beforehand, but built from
samples obtained at each iteration (3 cases are investigated regarding the sampling
process);

• We experiment our proposal for both an artificial setting and a real-world task of
focused data capture from Twitter, to empirically demonstrate the benefits of such a

correspond to a global decision feature vector or to specific feature vectors observed for
each single action. Depending on the setting, these features can vary over time, which can
help to predict reward fluctuations, or they can correspond to constant features on actions
- that we call action profiles in the following - whose structure can be used to improve
exploration policies over non-contextual approaches. In this paper we address the latter
case, where we assume stationary distributions of rewards, but where distributions depend
on constant profiles associated each arm. Reward distributions from the different arms are
connected by a common unknown parameter to be learned (Filippi et al., 2010).
However, we introduce a new scenario where, for various possible reasons (technical,
political, etc...), profile vectors are not available a priori. Instead, the agent gets sample
vectors, centered on the true profiles, for a subset of actions at each decision step. This
can happen in various situations where some restrictions limit our knowledge of the whole
decision environment. For example in a focused data capture or technology intelligence
scenario on social media, where an agent is asked to collect relevant information w.r.t.
to a given need. Because of the extremely large number of accounts on media such as
Twitter, the agent needs to focus on a subset of relevant users to follow at each time step
(Gisselbrecht et al., 2015). However, given the strict restrictions set by the media, no
knowledge about users is available beforehand. Profiles have therefore to be constructed
from users activities, which are only observed for a small fraction of users at each step. As
we will see later, the process which delivers profile samples can either be independent - e.g.,
an external process delivers activity samples for randomly chosen users at each step in the
case of data capture from Twitter - or be included in the decision process - e.g., activity
samples are only collected for followed users at the current time step.
To the best of our knowledge, this instance of contextual bandit has not been studied
in the literature. Existing bandit approaches do not fit with this new setting. First, even
if traditional algorithms such as UCB (Auer et al., 2002) could be applied, the information provided by the sample profile vectors would be entirely ignored. Our claim is that
important benefits can arise from taking this available side-information into account. On
the other hand, existing contextual bandit policies do not take into account uncertainty on
context vectors, while we face here a bandit problem where uncertainty not only arises from
regression parameters, as classically considered by contextual approaches, but also from the
estimated profiles which serve as inputs for reward predictions at each step. The aim is
to propose an approach able to leverage structural distributions of arms, based on noisy
observations of their profiles, to improve over existing exploitation/exploration policies in
bandit settings with partial side-information.
The contribution of this paper is threefold:
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Multi-armed bandits (MAB) correspond to online decision problems where, at each step of a
sequential process, an agent has to choose an action - or arm - among a set of K actions, with
the aim to maximize some cumulative reward function. In the so-called stochastic MAB
setting, rewards collected for a given arm through time are assumed to be independently and
identically distributed, following some hidden stationary distribution on every individual
arm. The problem is therefore to deal with a tradeoff between exploitation - selecting actions
according to some estimations about their usefulness - and exploration - selecting actions
in order to increase the knowledge of their reward distribution. However, with classical
stochastic bandit policies, the convergence towards the optimal arms can be slow when the
number of actions becomes large.
On another hand, contextual bandits correspond to MAB settings where some side
information can be leveraged to improve estimations of reward distributions. In these
settings, a decision context is observed before selecting actions. This context can either

1. Introduction

Stochastic bandits have been widely studied since decades. A very large panel of settings have been introduced, some of them for the inclusion of some structure between
actions. If actions are associated with feature vectors that underlie their usefulness, the
discovery of a mapping parameter between such profiles and rewards can help the exploration process of the bandit strategies. This is the setting studied in this paper, but in our
case the action profiles (constant feature vectors) are unknown beforehand. Instead, the
agent is only given sample vectors, with mean centered on the true profiles, for a subset
of actions at each step of the process. In this new bandit instance, policies have thus to
deal with a doubled uncertainty, both on the profile estimators and the reward mapping
parameters learned so far. We propose a new algorithm, called SampLinUCB, specifically
designed for this case. Theoretical convergence guarantees are given for this strategy, according to various profile samples delivery scenarios. Finally, experiments are conducted
on both artificial data and a task of focused data capture from online social networks.
Obtained results demonstrate the relevance of the approach in various settings.
Keywords:
Stochastic Linear Bandits, Profile-based Exploration, Upper Confidence
Bounds

Editor: Peter Auer

sylvain.lamprier@lip6.fr
thibault.gisselbrecht@snips.ai

Sorbonne Universités, UPMC Paris 06, LIP6, CNRS UMR 7606

Patrick Gallinari

SNIPS, 18 rue Saint Marc, 75002 Paris

Thibault Gisselbrecht

Sorbonne Universités, UPMC Paris 06, LIP6, CNRS UMR 7606

Sylvain Lamprier

Profile-Based Bandit with Unknown Profiles

Journal of Machine Learning Research 19 (2018) 1-40

Profile-Based Bandit with Unknown Profiles

profile-based approach with ony partial knowledge for exploitation/exploration problems.
The paper is organized as follows. In section 2, we present some background and related
works. In section 3, we formalize the problem, propose our algorithm and derive the regret
bound. Finally, section 4 reports our experiments.

2. Background: the Linear Stochastic Bandit

max

i∈{1,2,...,K}

T
X
t=1

ri,t −

T
X
t=1

rit ,t

(1)

The multi-armed bandit problem, originally introduced in (Lai and Robbins, 1985) in its
stationary form, has been widely studied in the literature. This learning problem aims at
tackling the trade off between exploration and exploitation in decision processes where, at
each step, an agent must choose an action - or arm - among a finite set of size K. After each
decision, it receives a reward which quantifies the quality of the chosen action. The aim for
the agent is to maximize the cumulative reward trough time, or equivalently to minimize
the cumulative regret RT at step T defined as:
RT =

t=1

T
X

νit

(2)

where it stands for the action selected at step t and ri,t the reward obtained by playing the
action i at step t. This represents the amount of rewards that has been lost by selecting
it at each step t, compared to what could be obtained by playing the optimal arm from
the beginning to the end of the process. Note that, at each step t, only the reward for the
chosen action rit ,t is observed in practice, other ones remain unknown.
In the so-called stochastic case, one assume that rewards of an arm i are identically
and independently sampled from a distribution with mean νi . Therefore, one usually rather
consider the pseudo-regret of a policy, which introduces expectations of regret in the previous
definition:
R̂T = T νi∗ −
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where i? stands as the arm with the best reward expectation.
One of the simplest and most straightforward algorithms to deal with the stochastic
bandit problem is the well-known -greedy algorithm (Auer et al., 2002). This algorithm
selects the arm with the best reward mean empirical estimation with probability 1 −  and
uniformly selects an arm among the whole set regardless their current estimations with
probability . This guarantees to regularly reconsider estimations of all arms and therefore
prevents from getting stuck on sub-optimal arms. However, the reward loss resulting from
these blind selections prevents from ensuring a sub-linear upper bound of the pseudo-regret,
unless setting an appropriate decay on . But this requires to know a lower bound on the
difference of reward expectations between the best and the second best action (Auer et al.,
2002).
Upper Confidence Bound algorithms (UCB) is another family of bandit approaches
which define confident intervals for the reward expectations of each arm. Based on some concentration inequalities (Hoeffding, Bernstein, etc.), they propose optimistic policies which
3
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(3)

consider possible deviations of the estimated mean of each arm. By using upper bounds of
confidence intervals as selection scores, they ensure a cleaver balance between exploitation
and exploration. Many extensions of the famous UCB algorithm proposed in (Auer et al.,
2002) are known to guarantee a sub-linear bound of the pseudo-regret (see UCBV in (Audibert
et al., 2009), MOSS in (Audibert and Bubeck, 2009) or KL-UCB in (Garivier, 2011)).
At last, Thompson sampling algorithms, originally proposed in (Thompson, 1933), develop a Bayesian approach to deal with uncertainty. By sampling from posterior distributions for the reward parameters, their exploration/exploitation mechanism is also proved to
ensure a sub-linear regret (see (Kaufmann et al., 2012b) and (Agrawal and Goyal, 2012)).
The contextual bandit setting is an instance of the bandit problem where context vectors
are observed before each decision step. Typically, contextual bandits assume a linear relation
between context features and reward expectations. Formally, if we observe a context vector
xi,t ∈ Rd for each action i ∈ K at each time-step t, we consider the following assumption:
>
∃β ∈ Rd such that ri,t = xi,t
β + ηi,t

where β is a mapping parameter between contexts and rewards, ηi,t is a zero-mean conditionally R sub-Gaussian random noise, with constant R > 0 i.e: ∀λ ∈ R : E[eληi,t |Ht−1 ] ≤
2 2
eλ R /2 , with Ht−1 = {(is , xis ,s , ris ,s )}s=1..t−1 .
In this context, given a set K of K actions, any contextual bandit algorithm proceeds
at each step t ∈ {1, 2, 3, . . . , T } as follows:

1. Observation of the context vector xi,t ∈ Rd for each i ∈ {1, ..., K};

2. According to the current estimate of β, selection of an action it and reception of the
associated reward rit ,t ;

3. Improvement of the selection policy by considering the new input (it , xit ,t , rit ,t ) for
the estimation of β.

JMLR 19(53):1-40, 2018

(4)

Various contextual algorithms have been proposed in the literature. The first contextual
bandit algorithm was introduced in (Auer, 2003). More recently the well-known LinUCB
algorithm has been proposed for a task of personalized recommendation in (Li et al., 2010)
and analyzed in (Chu et al., 2011). Both of these algorithms are UCB-like policies, each of
them selecting the action whose upper bound of its reward confidence bound is the highest.
Many other UCB approaches have been developed since then. In particular, algorithms
such as OFUL or ConfidenceBall proposed in (Abbasi-Yadkori et al., 2011) and (Dani
et al., 2008) have the advantage to enjoy a tighter regret upper bound (see also (Kaufmann
et al., 2012a) and (Rusmevichientong and Tsitsiklis, 2010)). As in the stochastic bandit
setting, Thompson sampling algorithms have also been designed for the contextual case,
which also proved to be powerful, first empirically in (Chapelle and Li, 2011) and then
theoretically in (Agrawal and Goyal, 2013) and (May et al., 2012).
In this paper, we consider a variant of the contextual bandit problem where contexts of
actions are constant, which we call action profiles in the following. Hence, in our setting
we assume that each action i ∈ K is associated with a profile vector µi ∈ Rd . The linear
assumption of equation 3 becomes:
∃β ∈ Rd such that ri,t = µi> β + ηi,t

4

𝜇$

𝜇%
𝜇#

R̂T =

t=1

>
X

>
µ>
i? β − µit β

5

1
ni,t

P

obs
s∈Ti,t

obs = {s ≤ t, i ∈ O } and n = |T obs |. In
xi,s , with Ti,t
s
i,t
i,t

(6)
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1. Note that this is only an illustration of the general principle, in practice the surface of selection scores
should also differ from figure 1, since β is estimated from biased inputs.

words, ni,t corresponds to the number of times a sample has been obtained for the action i
until step t and x̂i,t corresponds to the empirical mean of observed samples for i at time t.
i,t corresponds to the deviation of the estimator x̂i,t from the true profile µi .
Compared to traditional contextual bandits, the uncertainty is double : as classically it
arises from the β parameter estimator, but also from the profile estimators, since the algorithm must both estimate β and the profile vectors {µ1 , .., µK } from observations. Figure 21
illustrates this new setting. Contrary to figure 1 where profiles are known, here we only get
confidence areas for them, represented by circles centered on their corresponding empirical
mean (represented by a blue cross). From the law of large numbers, the more observations
for a given action we get, the lower the deviation between its true profile and its empirical
estimator is. Therefore, the more knowledge we get about a given action, the smaller its
confidence circle is. The best action is still the action 1, whose true profile (represented by
a black cross) is in the greenest area. However, this information is unknown from the agent.
A naive solution would be to directly use the empirical mean for each action in order to
determine the selection scores. From the figure, this would lead to select the sub-optimal

where i,t = µi − x̂i,t , x̂i,t =

>
= x̂>
i,t β + i,t β + ηi,s

>
= x̂>
i,t β + (µi − x̂i,t ) β + ηi,s

∀s ≤ t : ri,s = µ>
i β + ηi,s

In this section, we explore our new setting in which the set of profiles {µ1 , .., µK } is not
directly observed. Instead, at each iteration t, the agent is given a subset of actions Ot
such that for every i ∈ Ot , a sample xi,t of a random variable centered on µi is revealed.
By assuming the same linear hypothesis as described in the previous section (formula 4),
the relation of rewards with profiles can be re-written as follows for any time t, in order to
introduce profile samples:

3. Profile-Based Bandit with Unknown Profiles

In the following, we derive an UCB-based policy for this new setting.

2. At each step, one only get samples for a subset of actions.

1. Action profiles are not directly available, one only get samples centered on them during
the process;

(5)

This structured bandit setting has already been investigated in (Filippi et al., 2010).
This work showed that great improvements could indeed be obtained by exploiting the
structure of actions, since observations on some actions inform on the usefulness of similar
ones. This comes down to a classical stochastic bandit where the pseudo-regret can be
defined as follows:

Figure 1: Illustration of OFUL scores for a profiles representation space.

-‐-‐-‐

+++

𝜇"

µi ,i=1..K

where µi ∈ Rd stands for the profile of the action i ∈ K and µi? = arg max µ>
i β corresponds

Thus, in this setting contexts cannot be used to anticipate some variations in the rewards
expectations as it is traditionally the case in the literature about contextual bandit, but they
can be leveraged to improve the exploration process, the use of a shared mapping parameter
β allowing one to define areas of interest in the representation space of the actions. To
illustrate this, the figure 1 represents the selection scores of a contextual algorithm (such as
OFUL that we rely on in the following) at a given step for a simple case where K = 4 and
d = 2. In this figure, green areas correspond to high scores, whereas red ones correspond
to low scores areas. Color variations render the latent structure inferred by the model. In
this setting, the algorithm would select the action 1, since its profile is located in the most
promising area of the space. On the other hand, the action 3 is located in an area that is
greatly less promising. The fact of using a common mapping parameter β allows one to
perform a mutual learning, where observations on some actions inform on the usefulness of
similar ones. This allows one to improve the exploration process by focusing more quickly
on the useful areas: Imagine that a great number of actions are located in the red area of
the figure. In that case, a classical bandit algorithm such as UCB would need to consider
each of these actions several times to reveal their low reward expectation. On the other
hand, a contextual bandit algorithm such as OFUL is able to avoid these actions really
more quickly because of the proximity with other bad actions.

to the profile of the optimal action i? .
This is the setting which is studied in this paper. However, in our case the profile vectors
are unknown to the agent beforehand, they have to be discovered iteratively during the
process. Our problem differs from existing instances by the following two main aspects:
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action 2, whose empirical mean is located in a greener area than the one of other actions.
We propose to include the additional uncertainty in the selection scores by using the best
location inside the confidence ellipsoid it is possible to reach for each action. This allows
one to define an optimistic policy which would select the optimal action 1 in the example
figure, whose confidence area contains the most promising profiles (i.e., includes the most
green locations in the figure).

+++

-‐-‐-‐
𝑥'%,)

Figure 2: Illustration of the additional uncertainty arising from profile estimators.
In the following we propose to define an algorithm fitted for this setting. After deriving
the algorithm in a generic context of samples delivery, we consider three different cases:
• Case 1: Every action delivers a profile sample at each step t (i.e., ∀t, Ot = {1, ..., K});
• Case 2: Each action i owns a probability pi of sample delivery: at each step t, an
action is included in Ot with probability pi ;
• Case 3: At each step t, only the action selected at the previous step delivers a sample
(i.e., ∀t, Ot = it−1 ).
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The first case corresponds to the simplest case, where Ot is constant over time. The
second case includes an additional difficulty since before any step, every action has not been
observed the same number of times, which leads to different levels of uncertainty. The last
case, probably the most interesting one for real-world applications, is the most difficult since
decisions at each step not only affect knowledge about reward distributions but also profile
estimations. For that case, it appears mandatory to take the uncertainty about profiles
into account in the selection policy to guarantee the process to converge towards optimal
actions.
After deriving confidence intervals for this new bandit instance, this section describes
the proposed algorithm and analyzes its regret for the three settings listed above. Then,
we consider the case where multiple actions can be performed at each step.
7
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3.1. Confidence Intervals

In the following, we derive a series of propositions which will allow us to define a selection
policy for our setting of profile-based bandit with unknown profiles. First, it is needed to
define an estimator for the mapping parameter β, and the associated confidence ellipsoid.
For that purpose, we rely on results from the theory of the self-normalized process (de la
Peña et al., 2009). The next step is to define a way to mix it with the uncertainty on profiles
to define an optimistic policy.

R2 +

L2 S 2
.
ni,t

Proposition 1 Let us consider that for any action i, all profile samples xi,t ∈ Rd are iid
from a distribution with mean µi ∈ Rd . Let us also assume that there exists a real number
L > 0 such that ||xi,t || ≤ L and a real number S > 0 such that ||β|| ≤ S. Then, for any i ∈ K
>β +η
and any step s ≤ t, the random variable ηi,t,s = i,t
i,s is conditionally sub-Gaussian
s
with constant Ri,t =

Proof Available in appendix A.1.

0

In this proposition, R is the constant of the sub-Gaussian random noise of the rewards
√ (ηs
from equation 6) and the notation ||x|| stands as the norm of a vector x (i.e., ||x|| = xT x).
Since the noise ηi,t,s is sub-Gaussian, it will be possible to apply the theory of self-normalized
process for defining a confidence ellipsoid for β.
At step t, we can use the following set of observations to find an estimator for β:
{(x̂is ,t , ris ,s )}s=1..t−1 (i.e., at any decision step t, the reward ris ,s observed at any previous
step s < t is associated with the profile of the selected action at step s, estimated knowing
samples observed from step 1 to step t). The following notations are used in the remaining
of the paper:

>
• ηt−1 = (ηis ,s + i>s ,t β)s=1..t−1
the vector of noises of size t − 1.

• Xt−1 = (x̂i>s ,t )s=1..t−1 the (t − 1) × d matrix containing the empirical means of the
selected actions, where the s-th row corresponds to the estimator at step t of the
action selected at step s.

>
• Yt−1 = (ris ,s )s=1..t−1
the rewards vector of size t − 1.

• At−1 = diag(1/Ris ,t )s=1..t−1 the diagonal (t − 1) × (t − 1) matrix, where the s-th
diagonal element equals 1/Ris ,t . Note that, for a specific action, the value of its corresponding coefficient increases with the number of observed samples for this action.

(7)

With these notations, the linear application from profiles to rewards can be written as:
0

Yt−1 = Xt−1 β + ηt−1
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Proposition 2 We note β̂t−1 the least square estimator of the parameter β at step t, according to the following l2 -regularized regression problem, where each element is weighted

8

s=1

t−1
X
1
(β > x̂is ,t − ris ,s )2 + λ||β||2
Ris ,t

(9)

(8)

√

x> V x is the V-norm of the vector x.

t−1
P

9
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This bound is very similar to the one defined in the OFUL algorithm (Abbasi-Yadkori
et al., 2011) to build its confidence ellipsoid. However, a notable difference lies in the
definition of the matrix Vt , in which weights in At are applied to cope with confidence
differences between profile estimators. Without this weighting, no confidence ellipsoid could
0
be found for β since no common bound could be defined for the various noises ηs (see the
proof of proposition 3 in appendix).
The following proposition can easily be deduced from the previous one to bound the
expectation of reward with known profiles.

Proof Available in appendix A.2.

where ||x||V =

> A
Proposition 3 Let us define Vt−1 = λI + Xt−1
t−1 Xt−1 = λI +

x̂is ,t x̂>
is ,t
. With the
s=1 Ris ,t
same assumptions as in proposition 1, for any 0 < δ < 1, with a probability at least equal
to 1 − δ, the estimator β̂t−1 verifies for all t ≥ 0:
v
!
u
u
√
det(Vt−1 )1/2 det(λI)−1/2
t
+ λS = αt−1
(10)
||β̂t−1 − β||Vt−1 ≤ 2 log
δ

This estimator of β uses empirical means of observed samples as inputs. Weighting each
element according to the corresponding value Ris ,t allows one to consider the uncertainty
associated with this approximation. It renders the confidence we have in the weighted input.
Note that this coefficient tends towards a constant when the number of observed samples
increases for the corresponding action. It allows one, according to the following proposition,
to define a confidence ellipsoid for the estimator of β.

The gradient is given by:
> A
>
>
∇β L = −2Xt−1
t−1 (Yt−1 − Xt−1 β) + 2λβ = 2(Xt−1 At−1 Xt−1 + λI)β − 2Xt−1 At−1 Yt−1
By canceling this gradient, we get the announced result.

β

Proof Let us rewrite the minimization problem such as:
β̂t−1 = arg min L with L = (Yt−1 − Xt−1 β)> At−1 (Yt−1 − Xt−1 β) + λβ > β.

>
>
β̂t−1 = (Xt−1
At−1 Xt−1 + λI)−1 Xt−1
At−1 Yt−1

We have:

where λ > 0 is the l2-regularization constant.

β

β̂t−1 = arg min

by the corresponding coefficient 1/Ris ,t :
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(11)

t

with:

i,t =

||β̂t−1 ||

ρi,t,δ β̂t−1

˜i,t = √

10

t−1

λ||x̂i,t ||V −1

ρi,t,δ x̂i,t

t−1

>
β > µi ≤ β̂t−1
(x̂i,t + i,t ) + αt−1 ||x̂i,t + ˜i,t ||V −1
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(13)

Proposition 6 For every i ∈ K and any t > 0, with probability greater than 1 − δ/t2 − δ,
we have:

t=2

Now that we have defined probabilistic deviation bounds for the different estimators, we
can use them conjointly to define the confidence interval of the reward expectation for the
setting of unknown profiles, and thus to upper bound the expected reward for each action
i.

t

in the bound, which allows one to define a uniform probability over all steps since we have
∞
P
thereby: P(∀t, ||x̂i,t − µi || ≤ ρi,t,δ ) ≥ 1 − δ −
δ/t2 = 1 − δ − δ(π 2 /6 − 1) ≥ 1 − 2δ.

Contrary to the bound of the deviation of the mapping parameter β which holds simultaneously for all steps of the process, the one for the profile estimators is only valid
for each step separately. To obtain a bound holding for every step simultaneously, which
is important for the regret analysis (see section 3.3), we use the uniform bound principle.
For P
a given action i, we have: P(∀t,P
||x̂i,t − µi || ≤ ρi,t,δ ) = 1 − P(∃t, ||x̂i,t − µi || ≥ ρi,t,δ ) ≥
1 − P(||x̂i,t − µi || ≥ ρi,t,δ ) ≥ 1 − δ/t2 . This justifies the introduction of the t2 term

Proof This inequality comes from the application of the Hoeffding’s inequality to each
dimension separately. The min operator comes from the base hypothesis ||xi,t || ≤ L, which
can be more restrictive than the Hoeffding assumption. The proof is available in appendix
A.4.

Proposition 5 For every i ∈ K and any t > 0, with probability greater than 1 − δ/t2 , we
have:
s
 2
2d
2dt
||x̂i,t − µi || ≤ min(L
, 2L) = ρi,t,δ
(12)
log
ni,t
δ

This upper-bound for the expected reward contains two distinct terms: while the former
corresponds to a classical exploitation term which estimates the expected reward with the
current parameters, the latter corresponds to an exploration term since it takes into account
the uncertainty on the reward parameter. If profiles were known, this could directly be used
as a selection score for an UCB-like policy. However, in our setting, profiles are unknown.
We have to consider confidence ellipsoids for the profiles of actions too. The following
proposition defines confidence bounds for the profile estimators.

Proof Available in appendix A.3

t−1

>
β > µi ≤ β̂t−1
µi + αt−1 ||µi ||V −1

Proposition 4 For every i ∈ K, with probability greater than 1 − δ, we have for all t ≥ 0:
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Proof The proof is available in appendix A.5.
Compared to the bound given in proposition 4, we find the same two terms of exploitation and exploration. However in this case, profile vectors that are unknown are replaced
by the estimator plus an additional term: i,t in the former part and ˜i,t in the latter one.
These terms aim at coping with profile uncertainty, considering confidence ellipsoids for
these profiles as defined in proposition 5. i,t is collinear with β̂t−1 . It is used to translate
the estimator x̂i,t so that β > µi is upper-bounded. ˜i,t is collinear with x̂i,t . It is used to
−1
translate the estimator x̂i,t so that the Vt−1
-norm ||µi ||V −1 is upper-bounded. This bound
t−1
enables us to derive an optimistic policy in the next section.
3.2. SampLinUCB
In this section, we detail our policy for the setting of unknown profiles, called SampLinUCB,
which is directly derived from the bound proposed in proposition 6. Its process is detailed
in algorithm 1. In words, it proceeds as follows:
1. Initialization of the shared variables V and b used to estimate the mapping parameter
β in lines 1 and 2. The d × d matrix V is initialized with an identity matrix times
the regularization parameter λ (the greater λ is, the more the parameter β will be
constrained to have components close to zero). The vector b is initialized as a null
vector of size d.
2. Initialization of the individual variables ni , x̂i , Ri , Ni and Si for every action in K
(lines 3 to 6). The two latter are additional scalar variables which enable efficient
updates for the shared variables after context observations. Ni counts the number of
times an action has been selected from the beginning, Si sums the rewards collected
by selecting i from the beginning.
3. At each iteration t, for each action i ∈ Ot , observation of the sample xi,t (line 11)
and update of individual variables ni , x̂i and Ri for action i (line 12) and shared
parameters V and b according to these new individual values for i (line 10 and 13).
Since shared parameters are simple sums of elements, they can be simply updated by
first removing old values (line 10) and then adding the new ones when updated (line
13). This is efficiently done without requiring an important memory load thanks to
scalar variables Ni and Si .
4. Computation of the selection score si,t (line 21) for each action i according to equation
14 detailed below, and selection of the action associated with the highest selection
score (line 23) (except in the early stages ≤ K where all actions are selected in turn
to initialize their counts in line 16).
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5. Collection of the associated reward (line 25) and update of variables Ni , Si , V and b
according to this new outcome (lines 26 to 28).
11

end

V =V +
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end
Reception of rit ,t ;
Nit = Nit + 1;
Sit = Sit + rit ,t ;
x̂it x̂i>t
x̂i
; b = b + rit ,t t ;
Rit
Rit

i∈K

V = λId×d (Identity matrix of size d);
b = 0d (Null vector of size d);
for i ∈ K do
Ni = 0; Si = 0;
ni = 0; x̂i = 0d ; Ri = +∞;
end
for t = 1..T do
Reception of Ot ;
for i ∈ Ot do
x̂i x̂i>
x̂i
V = V − Ni
; b = b − Si ;
Ri
Ri
Observation of xi,t ;
s
(ni − 1)x̂i + xi,t
L2 S 2
ni = ni + 1; x̂i =
; Ri = R2 +
;
ni
ni
x̂i x̂i>
x̂i
V = V + Ni
; b = b + Si ;
Ri
Ri
end
if t ≤ K then
Selection of it = t;
end
else
β̂ = V −1 b;
for i ∈ K do
Computation of si,t according to formula 14 ;
end
Selection of it = arg max si,t ;

Algorithm 1: SampLinUCB
1
2
3
4
5
6
7
8
9
10
11

12
13
14
15
16
17
18

20

19
21
22
23
24
26

25
27

28
29

(14)

The selection score si,t used in our policy for each action i at any step t is directly
derived from proposition 6:

t−1

si,t = (x̂i,t + i,t )> β̂t−1 + αt−1 ||x̂i,t + ˜i,t ||V −1

JMLR 19(53):1-40, 2018

For cases 2 and 3 of the profile delivery mechanism (see at the beginning of the section),
there are actions i with ni,t = 0 in the early steps of the process. No sample has ever been
observed for these actions, which is problematic for the computation of ρi,t,δ , and therefore

12

+

>
ρi,t,δ β̂t−1

t−1

β̂t−1 + αt−1 ||x̂i,t + √

ρi,t,δ x̂i,t

||β̂t−1 ||

13
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This new formulation of the selection score allows one to take a different look at the
algorithm behavior. The first part of the score x̂>
−1 is similar to a
i,t β̂t−1 + αt−1 ||x̂i,t ||Vt−1
score that would use the classical OFUL algorithm (although with a different construction of
Vt ), with an exploitation term and a classical exploration term considering
the uncertainty


αt−1
on the estimator of β. But it exhibits an additional part ρi,t,δ ||β̂t−1 || + √
which is
λ
directly proportional to the coefficient ρi,t,δ and thus enables some exploration w.r.t. the
uncertainty of the profile estimators. This highlights the premium granted to less observed
actions. Note that for the case 1, this additional part is the same for every action. It
therefore could be removed from the score since it does not permit to discriminate some
action w.r.t any other one. However, this new exploration term is particularly useful for the

=

|| −1
λ||x̂i,t ||V −1 Vt−1
t−1


ρi,t,δ
>
 ||x̂i,t || −1

= x̂i,t β̂t−1 + ρi,t,δ ||β̂t−1 || + αt−1 1 + √
Vt−1
λ||x̂i,t ||V −1
t−1


αt−1
= x̂>
||β̂t−1 || + √
−1 + ρi,t,δ
i,t β̂t−1 + αt−1 ||x̂i,t ||Vt−1
λ

x̂>
i,t β̂t−1

si,t = (x̂i,t + i,t )> β̂t−1 + αt−1 ||x̂i,t + ˜i,t ||V −1

Proof



Proof Available in appendix A.6.

d
log
λ
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Proposition 8 (Generic bound) By choosing λ ≥ max(1, L2 / R2 ), with a probability
greater than 1 − 3δ, the cumulative pseudo-regret of the algorithm SampLinUCB is upperbounded by:

The following proposition establishes an upper bound for the cumulative pseudo-regret of
the SamplinUCB algorithm proposed above. This is a generic bound for which no assumption
is done on the process generating Ot at each step t.

3.3. Regret

case 3, where observations of samples are directly connected to the selection policy, since
it prevents from moving aside some optimal actions that have unluckily provided only not
promising samples in the early steps.
To demonstrate that considering uncertainty on profiles is crucial in that case, let us
consider a scenario where the optimal action i? gets a null vector as the first profile sample.
Then, in a setting where all profile samples are in [0, L]d and all rewards are in [0, +∞], it
suffices that a sub-optimal action i gets a non-null vector as the first profile sample and a
positive value as the first reward to lead to a linear regret from a given step. Indeed, since
we only get samples with all components greater or equal than 0, i will never get a null
vector as a profile estimator. On the other hand, while i? is not selected, its profile estimator
cannot change from the null vector. Thus, with a naive algorithm that would not include
translations w.r.t. uncertainty of profiles, we would have si? ,t = x̂>
−1 = 0
i? ,t β̂t−1 + α||x̂i? ,t ||Vt−1
for all t until it = i? . Now, the least square estimator of β approximates observed reward
values from estimated profiles. Since we have at least one non-null reward associated with a
non-null profile estimator, β will always output a positive expected reward at least for one
action. Thus, there is always an action i0 with si0 ,t > 0, which prevents from selecting the
optimal action until the end of the process. This shows that a naive algorithm is not well
fitted here, since it is likely to stay stuck on sub-optimal actions because of wrong knowledge
about profiles. The point is now to show that the proposed additional term enables to solve
this problem and ensures a sub-linear pseudo regret for our profile-based bandit algorithm
with unknown profiles.

the computation of i,t and ˜i,t . For the case 2, where we are not active on the process for
observing contexts, this can be solved by simply ignoring actions until at least one sample
of profile has been observed for them. For the case 3 however, samples are only obtained
by selection. Thus, we need to force the observation of a sample for every action in the
first steps. In that way, for actions with ni,t = 0 at any step t, we arbitrarily set si,t = +∞
in order to make the policy favor actions without any knowledge to initialize the process.
Thus, in that case, algorithm 1 selects the K actions in turn in the K first steps of the
process.
The selection score defined in formula 14 corresponds to the upper-bound of the expected
reward for each action, as it is done in all UCB-based policies. Intuitively, it leads the
algorithm to select actions whose profile estimator is either in an area with high potential,
or is sufficiently uncertain to consider still likely that the action can be potentially useful.
The goal is to quickly rule out bad actions, whose confidence ellipsoid does not include
any potentially useful locations w.r.t. the current estimation of β. To better analyze the
algorithm, we propose below a new formulation of the selection score.

Proposition 7 The score si,t from equation 14 can be re-written in the following way:


αt−1
√
si,t = x̂>
β̂
+
α
||x̂
||
+
ρ
||
β̂
||
+
(15)
−1
t−1
t−1
i,t
t−1
i,t,δ
i,t
Vt−1
λ
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Profile-Based Bandit with Unknown Profiles

Profile-Based Bandit with Unknown Profiles

The study of dominant factors of the bound given above enables to obtain the following
proposition for the three considered settings of the context delivery process, where we
removed dependencies on L, λ, R and S to simplify the notations.

(17)

Proposition 9 (Bounds for the three profile delivery settings) For each of the three
considered settings for the profile delivery process, the upper bound of the cumulative pseudoregret is2 :
• For the case 1, with a probability greater than 1 − 3δ:

 

T p
R̂T = O d log
T log(T )
δ

T

 s
T
δ
log(T )
p

!

(19)

(18)

• For the case 2, with a probability greater than (1−3δ)(1−δ), and for T ≥ 2 log(1/δ)/p2 :

R̂T = O d log

where p is the probability of profile delivery for any action at each step.

T K log(

 r

T
δ

!
T
)
K

• For the case 3, with a probability greater than 1 − 3δ:
R̂T = O d log

Proof The proofs for these three bounds are respectively given in appendix A.7.1, A.7.2
and A.7.3.
Thus, in every setting our SamplinUCB algorithm ensures a sub-linear upper bound for
its cumulative pseudo-regret. The bound given for case 2 owns an additional dependency in
p, the probability of context delivery for each action at each step. Obviously, the higher this
probability is, the faster the uncertainty about profiles decreases. Note that this bound for
case 2 is only valid from a given number of iterations inversely proportional to p2 , since it
requires a minimal number of observations to hold. The bound for case 3 owns a dependency
in the number of available actions K. This comes from the fact that only the selected action
reveals its profile at each step, which re-introduces the need of considering each action a
minimal number of times, as it is the case with traditional stationary approaches such as
the classical UCB algorithm. However, as we show in our experiments below, the use of the
structure of the actions, which enables some common learning of reward distributions, leads
to greatly better results than existing stationary algorithms in various cases.
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2. O renders the relation ”dominated by”, which means that f = O(g) implies that there exists a strictly
positive constant C such that asymptotically we have: |f | ≤ C|g|.
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3.4. Extension to the multiple-plays setting

This short section extends our algorithm for the multiple-plays setting, where multiple
actions are chosen at each step. Rather than only selecting a single action it at any step t,
the algorithm has now to select a set Kt ⊆ K of k ≥ 1 actions for which it gets rewards.
Algorithm 1 is therefore adapted to this setting, by simply selecting the k best actions at
each step (those that get the best selection scores w.r.t. formula 14) rather than only the
best one (line 23 of the algorithm). The aim is still to maximize the cumulative reward
through time, where all rewards at any step t are simply summed to form the collected
reward at step t (although other Lipschitz functions could have been considered for the
collective reward construction from the k individual ones, such as proposed in Chen et al.
(2013)).

µi> β −

t=1 i∈Kt

> P
P

µi> β

(20)

Definition 1 The cumulative pseudo-regret of our setting of bandit with multiple plays is
defined as:
P

i∈K?

R̂T =T

with K? the set of k optimal actions, i.e. the k actions with the highest values µi> β.

Proposition
√ 10 (Generic bound for the multiple-plays setting) By choosing λ ≥
max(1, L2 / R2 ), with a probability greater than 1 − 3δ, the cumulative pseudo-regret for
our SampLinUCB algorithm with multiple selections is upper bounded by:

t=1 i∈Kt

s
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× tT d
R2 + L2 S 2 log 1 +
λd
λ
δ
ni,t

Proof The proof is available in appendix A.8.

Equivalent bounds for the three cases of context delivery can be directly derived from
this new generic bound by applying the same methods as in the previous section. This
allows us to apply our algorithm for tasks where multiple actions can be triggered at each
step, such as in the data capture task considered in our experiments in section 4.2.

4. Experiments

JMLR 19(53):1-40, 2018

This section is divided in two parts. First, we propose a series of experiments on artificial
data in order to observe the behavior of our approach in well-controlled environments. Then,
we give results obtained on real-world data, for a task of data capture from social media.
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To emhasize the need of exploration on profiles, note that we set to null vectors the
profile samples of the 100 first steps of each dataset. 100 datasets have been generated in
such a way. The results given below correspond to averages on these artificial datasets.

Figure 3: Profile Samples Generation Process: Truncated Gaussians

-‐𝐿

2. For each action i ∈ {1, ..., K}, we sampled a reward ri,t from a Gaussian with mean
2
µ>
i β and variance R = 1;

1. For each action i ∈ {1, ..., K}, we sampled a vector xi,t from the multivariate Gaussian
N (µi , σ 2 I). Note that, in order to assess the influence of profile samples variations
on the performances of SampLinUCB, we tested different values for σ ∈ {0.5, 1.0, 2.0}.
Moreover, in order to guarantee that ||xi,t || ≤ L = 1, while still getting sampled
centered on µi , the Gaussian is truncated symmetrically around µi . This is illustrated
by figure 3 for d = 1, where hatched areas correspond to excluded values. On the left
is given the case with µi > 0 and on the right the case with µi < 0;

Data Generation: In order to assess the performances of the SamplinUCB algorithm,
we propose to first experiment it in a context of simple selection (k = 1) on artificially
generated data. For that purpose, we set the horizon T to 30000 iterations, the number of
available actions K to 100 and the size of the profile space to d = 5 dimensions. Then, we
h
√
√ id
sampled a mapping vector β randomly in −S/ d..S/ d , in order to fulfill the ||β|| ≤
S = 1 condition. For each arm i, we then sampled a random vector µi uniformly in
h
√
√ id
−L/ d..L/ d with L = 1. Finally, for each iteration t ∈ {1, ..., T }, we proceeded as
follows to generate simulated data:

4.1.1. Protocol

4.1. Artifical Data

Profile-Based Bandit with Unknown Profiles
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To analyze the performances of SampLinUCB, we implement the three scenarios studied
in previous sections. In the following, our approach is denoted SampLinUCB p=<p>, where p

• MeanLinUCB: this baseline corresponds to our approach but without the exploration
term w.r.t. the profiles. Empirical means are considered as true profiles at each
step of the process (this comes down to set ρi,t,δ to 0 for every arm and every step).
As discussed above (see the last paragraph of section 3.2), such a baseline cannot
guarantee a sub-linear regret since it can infinitely stay stuck on sub-optimal arms,
but an empirical evaluation of its performances is useful to understand the benefits of
the proposed approach.

• LinUCB: the very famous contextual approach that assumes a linear mapping between
observed contexts and rewards (Li et al., 2010). In our case, observed profile samples
correspond to the contexts that LinUCB takes into account in its selection policy. We
consider this baseline in the interesting setting where contexts are only delivered for
the selected arms (case 3 described above). In this setting, non selected arms deliver
null context vectors for the next step;

None of these approaches use any side information. Therefore, the only noise they have
to deal with comes from the variance R2 of the Gaussian distributions of rewards. For
SampLinUCB an additional difficulty comes from the variations of the observed samples
of profiles. The point is therefore to know whether these samples can be leveraged to
exhibit some structure of the actions, that can benefit to stationary bandit tasks, despite
such variations. Additionaly, the following two contextual baselines are considered in our
experiments to analyze the performances of our approach:

• MOSS: a variant of UCB, which usually obtains better results than the classical UCB but
requires the knowledge about the horizon T (Audibert and Bubeck, 2009);

• Thompson: the Thompson Sampling algorithm (Thompson, 1933) introduces randomness in the exploration process by sampling reward expectations from their posterior
at each time-step, following a Gaussian assumption of the rewards;

• UCB−δ: the UCB−δ algorithm (Abbasi-Yadkori et al., 2011) is a variant of UCB where
optimism is ensured via a concentration inequality based on auto-normalised process
(de la Peña et al., 2009), with a confidence level of 1 − δ. In our experiments, we set
δ = 0.05;

• UCBV: the UCBV algorithm (Audibert et al., 2009) is an extension of UCB, where the
variance of rewards for each action is included in the selection scores to lead the policy
to ground their estimations in an higher number of observations for noisier actions.

• UCB: the well-known UCB approach (Auer et al., 2002), which selects at each step the
action with the best upper-confidence bound, estimated w.r.t. past rewards of actions,
without any assumption about some latent structure of the actions;

Experimented Policies: We propose to compare SampLinUCB to the following bandit
policies:

Lamprier, Gisselbrecht and Gallinari
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bad profiles observed in the early steps of the process, MeanLinUCB usually stays stuck on
the first actions that provided a non-nul sample associated with a positive reward. If they
are lucky, LinUCB and MeanLinUCB can exhibit good performances on some instances, but
they are clearly not well fitted for the bandit setting considered in this paper.
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Given a time period divided in T steps, the agent has to select, at each iteration t ∈
{1, ..., T } of the process, a subset Kt of k user accounts to follow, among the whole set of
possible users K (Kt ⊆ K). Given a relevance score ri,t assigned to the content posted by
user i ∈ Kt during iteration t of the process (the set of tweets he posted during iteration t),
the aim is to select at each iteration t the set of user accounts that maximize the sum of

In this section we propose to apply our SampLinUCB algorithm to the task of dynamic
data capture from Twitter introduced in (Gisselbrecht et al., 2015). According to a given
information need, the aim is to collect relevant data from the streaming API proposed by
Twitter. This API provides messages published by users on the social network in realtime. In this setting, each user account is associated with a stream of messages that can
be monitored. However, for various reasons (notably w.r.t. constraints set by the social
media), it is not possible to collect the whole activity of the social media. Only streams of
messages published by a subset of k users can be monitored simultaneously (k << K). The
aim is therefore to focus on users that are the most likely to publish messages that fit with
the data need. The difficulty is that we do not know anything about the users beforehand,
everything must be discovered during the capture process. We have thus to deal with an
exploitation/exploration problem that suits well with the bandit setting studied in this
paper.

4.2. Real World Experiments: Social Data Capture

To conclude, it appears from these first experiments that our SampLinUCB algorithm,
while dealing with a doubled uncertainty (both on the mapping parameters and the profile
estimators), is able to leverage the latent structure that it discovers through time from noisy
samples of the profiles.

Figure 4: Cumulative pseudo-regret through time on artificial data with different settings
for the profile samples delivery process (from very noisy samples on the left, to samples
with low variance on the right).

0

corresponds to the probability for any action to get a sample of its profile at every iteration.
Different values for p are considered: p ∈ {0, 0.005, 0.01, 1}. Note that p = 1 corresponds
to the case 1, while p = 0 refers to the case 3. In this latter instance, as considered in the
previous sections, the samples delivery process is replaced by the ability to observe samples
for the selected actions at each iteration. Note also that, for clarity and analysis purposes,
in instances with p > 0 we do not observe samples for the selected actions (which exactly
follows the cases studied in the previous section)3 . In every instance, we set δ = 0.05 for
these experiments. Also, to avoid a too large exploration on profiles in the early steps, we
multiplied each ρi,t,δ by a 0.01 coefficient, which still guarantees a sub-linear regret in the
limit.
4.1.2. Results
Figures 4(a), 4(b) and 4(c) report the evolution of the cumulative pseudo-regret through
time for the tested policies, for σ values (variance of profile samples) respectively set to
σ = 2.0, σ = 1.0 and σ = 0.5. Note that the curves of UCB, UCB-δ, UCBV, Thompson and MOSS
are identical in every plot since their performances do not depend on the profile samples. We
first notice from these plots that UCB-δ and UCBV do not provide good results on these data.
It appears that these two policies over-explore during the whole bandit process. Thompson
and MOSS obtain better results in average, but still far from the best contextual approach
SampLinUCBp=1 . This confirms that using profiles of arms can be greatly advantegeous
when there exist a linear correlation between these profiles and the associated rewards. In
this setting (which corresponds to the case 1 studied above), the profiles are discovered
step by step, but since we get a sample for every arm at each iteration, the estimators
quickly converge towards the true profiles. This explains the very good results for this easy
setting, and why there is nearly no differences in the results of SampLinUCBp=1 for the three
considered sample variances.
Let us now focus on the results provided by our SampLinUCB algorithm when only a
subset of arms gets profile samples at each step of the process. As expected, the more the algorithm observes samples, the better it performs. However, we remark that SampLinUCBp=0
obtains better results than SampLinUCBp=0.005 for σ = 2 and σ = 1, and even better than
SampLinUCBp=0.01 when σ = 2 (while observing the same rate of samples as in this latter
setting). This denotes a stronger robustness to the profile sample variance. By dynamically
selecting the arms to observe, it is able to focus on the improvement of useful estimators rather than getting as many samples but for randomly selected arms (and potentially
for arms that could be quickly discarded). In this interesting setting, SampLinUCB always
outperforms non-contextual approaches for the studied sample variances, while we note a
significant improvement of the results when the variance is low.
At last, we can note the very weak - near random - results obtained by LinUCB, which
directly bases its strategy on the observed samples. More interesting are the weak results
obtained by MeanLinUCB, which exhibits a linear regret. This emphasizes the crucial role
of the profile exploration term of SampLinUCB: While SampLinUCBp=0 is able to reconsider

JMLR 19(53):1-40, 2018

3. Note that we could easily imagine tasks, which correspond to some mix of cases 2 and 3, where we both
get samples from an external process and for the selected actions. For such cases, we can reasonably
assume better results than those reported below for cases 2 and 3, since the process would benefit from
both sample sources.
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where Ψi,t ⊆ Ωi,t contains all messages posted by i during step t and ω ∈ Rm (with m the
size of the vocabulary) is a TF bag of words representation of a message (after stemming
via the Porter Stemmer algorithm). The function f aims at reducing the dimension of
the representations, since the dimension d of the profile samples is the main factor of
complexity in our algorithm, due to the required d × d matrix inversions. In order to reduce
the dimension of profiles, we used a Latent Dirichlet Allocation method specifically designed
for short texts (Hong and Davison, 2010), which aims at modeling texts as a mixture of
topics. We set the number of topics to d = 30 and learned the LDA model on a preliminary
3-days random capture from Twitter.

xi,t+1 = f (

Following the setting of our profile based bandit, we assume that each user i of the social
network is associated to an unknown vector µi corresponding to its profile. In these experiments, we assume that the profile of a user i corresponds to the mean of its content
1 PT
distribution: µi = lim
t=1 xi,t , where xi,t is a given representation of the content
T →∞ T
posted by i during step t − 1:

4.2.2. Profiles

where Ωi,t contains the original messages from i, the re-tweets of messages from i and the
replies to i during the period t, and gγ is a function returning 1 if the content of the message
as argument is judged as belonging to the desired thematic γ, 0 otherwise. To build this
function gγ , we trained a SVM topic classifier on the 20 Newsgroups dataset (with TF bag
of words representations of the texts, after stemming via the Porter Stemmer algorithm).
We finally focus on 4 different topics γ: Politics, Religion, Science and Sport. Four different
reward functions are therefore considered in the following (one for each topic).

ω∈Ωi,t

ri,t = tanh 



In our experiments, we attempt to focus on users that have a great impact on some specified
thematic. The Follow Streaming API of Twitter provides in real-time not only tweets posted
by the followed users, but also all the re-tweets and replies to these users other users post
on the network. Our reward function takes all of these messages into account to provide a
reward score ri,t for each user i ∈ Kt after each capture period t:

4.2.1. Rewards

(Kt )t=1..T

max

collected scores:

Profile-Based Bandit with Unknown Profiles
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As done in (Gisselbrecht et al., 2015), we set k, the number of listened users at each time
step, to 100, and the size of an iteration to 100 seconds. In these experiments, we assume
L = S = R = 1 and we set δ = 0.05 as done with artificial data.
Figures 5, 6 and 7 give the evolution of the cumulative reward through time for the
datasets USElections, OlympicGames and Brexit respectively. In every case, we consider
the four reward functions corresponding to the four topics Politic, Religion, Science and
Sport. In order to lighten the plots, we only give in these figures the results of SamplinUCB
for p = 0 and p = 1. In every plot, our algorithm is compared to the same baselines as
described in section 4.1, where the policies are extended for the multiple-plays setting (as
done in (Gisselbrecht et al., 2015)).
A first important observation from these plots is that in every setting, our algorithm
SampLinUCB obtains better results than every other policy, even CUCBV, the extension of
UCBV for the multiple-plays setting. Although CUCBV has demonstrated good performances
for the task of social data capture (Gisselbrecht et al., 2015), where a high variance can
be observed in the contents posted by users, the use of profiles associated to users of the
networks enables an even more efficient exploration process. Globally, same manner as
with artificial data, the performances of our approach increase with p, with a maximum
reached when p = 1. Note however that the setting p = 0 (the case 3 studied above) is
the most realistic one, since it does not use anything but the content collected by followed
users at each step, which is the case in practice when collecting data from a social media
such as Twitter. Interestingly, even for this setting the results obtained are always better
than those of every compared approach. The improvement w.r.t. CUCBV is less significant
for the Sport reward function for which greatly more rewards exist in the datasets (greatly
more messages are categorized as sport), which allows non-contextual approaches to quickly

4.2.4. Results

• Brexit: dataset containing 2 118 235 messages produced by 5000 users during the
first week of October 2016. The 5000 chosen accounts are the first ones who used
“#Brexit” from a preliminary random capture from Twitter.

• OlympicGames: dataset containing 15 010 322 messages produced by 5000 users in
August 2016 during a period of three weeks covering the Olympic Games of Rio. The
5000 chosen accounts are the ones that were observed to use the most many hashtags
“#Rio2016”, “#Olympics”, “#Olympics2016” or “#Olympicgames” within a period
of preliminary random capture of three days before the Olympic Games.

• USElections: dataset containing 3 587 961 messages produced by 5000 users during
the ten days preceding the US presidential elections in 2012. The 5000 chosen accounts
are the first ones who used either “Obama”, “Romney” or “#USElections” from a
preliminary random capture on Twitter.

In order to be able to test different policies and simulate a real time decision process several
times, we propose to conduct our experiments on offline datasets:

4.2.3. Datasets
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Figure 6: Evolution of the cumulative reward through time on the OlympicGames dataset,
according to the three considered reward functions Politic, Religion, Science and Sport.

(d) Sport
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Figure 5: Evolution of the cumulative reward through time on the USElections dataset,
according to the three considered reward functions Politic, Religion, Science and Sport.
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Figures 8, 9 and 10 give the relative final cumulative rewards for different settings of the
sample delivery process on the datasets USElections, OlympicGames et Brexit respectively
(each score is normalized according to the score obtained when p = 1). Here we still observe
that performances tend to decrease with p, for settings where p > 0. However it must be
noticed that the setting p = 0 obtains results very close to other settings: it always obtains
at least 80% of the final cumulative reward obtained when every user delivers a sample at
each step of the process (p = 1). Better, in many cases SampLinUCBp=0 succeeds in obtaining
an higher final cumulative reward than p = 0.01 and p = 0.02. This is particularly true
for the Brexit dataset where the dynamic selection of samples to be delivered appears
very effective. On that dataset, SampLinUCBp=0 even usually reaches the performances of
SampLinUCBp=0.05 , while observing greatly less profile samples at each step (only 100 over
5000 at each iteration, which corresponds to the observation rate of the setting p = 0.02).
While settings with p > 0 are greatly favored by the fact that they do not need to play an
arm to get a sample of its profile, SampLinUCBp=0 is not only active for the discovery of the
mapping parameters, but also for the estimation of profiles. Its knowledge about profiles

(c) Science

Cumulative Reward
Cumulative Reward

collect knowledge about reward expectations of users. But for every other reward function
SampLinUCBp=0 always obtained results comprised between 1.5 and 3 times the ones obtained
with the best non-contextual approach. Note also the crucial role of the exploration term
for profile discovery ρ, since MeanLinUCB, which considers current empirical sample means
as true profiles, always obtains greatly lower results than SampLinUCBp=0 (except for the
Science reward function on the OlympicGames and the Brexit datasets, where it benefits
from good rewards and profile samples observed for some useful users in the initialization
steps of the process). At last, as expected, LinUCB, which directly bases its selection policy
on profile samples observed at the current step, obtains very bad results (near random).
Since obtaining nul context vectors for every user not selected at the previous step, its
selection mechanism very early focuses on a given set of users without ever reconsidering the
others (except in the rare cases of context samples leading to negative reward expectations
according to β). All these results highlight the interest of the proposed approach, based on
confidence balls of the arm profiles, for tasks where contexts are only observed when the
arms are selected .
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In this paper, we focused on structured stochastic bandits, where rewards depend on some
constant profile associated with actions. More specifically, we introduced the case where the
associated profiles are unknown beforehand, and must be discovered from samples delivered
during the process. This setting implies a doubled uncertainty, both on profile estimators
and on reward predictors, for which we designed a dedicated algorithm, named SamplinUCB,
that seeks at leveraging the structure of the unknown profiles in its exploration process.
Various settings for the profile samples delivery process have been considered, for which
we gave theoretical convergence guarantees. Finally, experiments on both artificial data

5. Conclusion

is directly connected to its selection strategy, with a selection score that favors promising
actions with high uncertainty about their profile. This leads to an algorithm that efficiently
deals with a trade-off between exploitation of good actions and exploration on both the
mapping parameter and the profiles of actions.

Figure 7: Evolution of the cumulative reward through time on the Brexit dataset, according
to the three considered reward functions Politic, Religion, Science and Sport.
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• Laplace Condition: ∃R > 0, ∀λ ∈ R, E[eλX ] ≤ eR

2 λ2 /2
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Lemma 1 Let X be a random variable centered on 0. Then, X is said sub-gaussian with
constant R if one of the two equivalent following conditions holds:

The two following lemmas directly come from the definition of the sub-gaussian variables.

A.1. Proof of proposition 1

Appendix A. Appendix

This research work has been carried out in the framework of the Technological Research
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Program “Investissements d’Avenir”.
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and a task of data capture from social networks demonstrate the very good behavior of the
proposed approach. Ongoing works concern the inclusion of a non-stationary part in the
selection strategy, where profiles may vary over time according to some evolving latent state
of the actions.

Figure 9: Final normalized cumulative rewards for SampLinUCB on OlympicGames with
different p settings.
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Figure 8: Final normalized cumulative rewards for SampLinUCB on USElections with different p settings.
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We finally use the lemma 2 with the sum of β > i,t and ηi,s to prove the proposition
>
1, which establishes
s the random variable β i,t + ηi,s is conditionally sub-gaussian with

> β is sub-gaussian with constant LS .
which allows us to say that i,t
√
ni,t





ni,t γ 2
∀γ > 0, P |β > x̂i,t − β > µi | > γ = P |β > i,t | > γ ≤ 2e− 2S2 L2

Proof
> β| ≤
By using the Cauchy-Schwarz inequality, for all i and at each step t we have: |xi,t
||β||||x̂i,t || ≤ LS. Then, given that for all i, all samples xi,t are iid and E[xi,t ] = µi , we can
apply the Hoeffding inequality to the random variable β > x̂i,t with mean µi> β:

Lemma 3 Let us assume that for any i all samples xi,t ∈ Rd observed for i at every step
t > 0 are iid with mean µi ∈ Rd . Let us also assume that ||xi,t || ≤ L for every i and t, and
that ||β|| ≤ S. Then, for every i, and at each step t, β > i,t is sub-gaussian with constant
LS
(with i,t = µi − x̂i,t ).
√
ni,t

The lemma 3 can be deduced from the application of the lemma 1 in the context of our
specific problem of profile-bandit with unknown profiles, where the deviation of the profile
estimators is a sub-gaussian variable.

Lemma 2 Let X1 and X2 be two sub-gaussian variables with respective constant R1 and
R2 . Let α1 andpα2 be two real scalars. Then the variable α1 X1 + α2 X2 is sub-gaussian too,
with constant α12 R12 + α22 R22 .

• Sub-Gaussian Tail: ∃R > 0, ∀γ > 0, P (|X| ≥ γ) ≤ 2e−γ

Figure 10: Final normalized cumulative rewards for SampLinUCB on Brexit with different p
settings.
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A.2. Proof of the proposition 3

s=1

0

X 1
(β > x̂is ,t − ris ,s )2 + λ||β||2
Ris ,t

t−1

To lighten notations, we removed the dependence on t in A and X. We have:

β

β̂t−1 = arg min

= (X > AX + λI)−1 X > AY

0

= (X > AX + λI)−1 X > A(Xβ + η )

0

= (X > AX + λI)−1 X > Aη + (X > AX + λI)−1 (X > AX + λI)β
− (X > AX + λI)−1 λIβ

= (X > AX + λI)−1 X > Aη + β − λ(X > AX + λI)−1 β

Then, the following main arguments of this proof come from the theory of autonormalized process (de la Peña et al., 2009). By using a similar method to the one used in
(Abbasi-Yadkori et al., 2011), we get:
0

t−1

t−1

||β̂t−1 − β||Vt−1 ≤ ||X > Aη ||V −1 + λ||β||V −1

t−1

t−1

√

λS

with Vt−1 = λI + X > AX, which is semi-definite positive since λ > 0. Since ||β|| ≤ S and
||β||V2 −1 ≤ ||β||2 /λmin (Vt−1 ) ≤ ||β||2 /λ, we get:
0

||β̂t−1 − β||Vt−1 ≤ ||X > Aη ||V −1 +

t−1

t−1

0

By using the proposition 1 of (Abbasi-Yadkori et al., 2011), and since we know from
0
η
proposition 1 that s is sub-gaussian with constant 1, for any δ > 0, with a probability
Ris ,t
of at least 1 − δ, for every t ≥ 0 we have:
0

||X > Aη ||V −1

s

d log



1 + tL2 /λ
δ



X η
s
= ||
x̂is ,t ||V −1
t−1
R
s=1 is ,t
v
!
u
u
det(Vt−1 )1/2 det(λI)−1/2
≤ t2 log
δ
≤

A.3. Proof of the proposition 4
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Proof Let us assume that the inequality of the proposition 3 is valid. Therefore, we have
for all t > 0 and every i ∈ K:

28

t−1

=0

t−1

t−1

≥ − αt−1 ||µi ||V −1 + αt−1 ||µi ||V −1

t−1

t−1

≥ − ||β̂t−1 − β||Vt−1 ||µi ||V −1 + αt−1 ||µi ||V −1

ni,t γ 2
2L2 d

t−1

t−1

t−1

29
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Proof Let us assume that the inequality of the proposition 5 is valid. Therefore, we have:
√
√
• ||µi ||V −1 −||x̂i,t ||V −1 ≤ ||µi − x̂i,t ||V −1 ≤ ||µi − x̂i,t ||/ λ ≤ ρi,t,δ / λ. Thus: ||µi ||V −1 ≤
t−1
t−1
t−1
t−1
√
√
||x̂i,t ||V −1 + ρi,t,δ / λ = ||x̂i,t + ˜i,t ||V −1 , with ˜i,t = ρi,t,δ x̂i,t /( λ||x̂i,t ||V −1 ).

A.5. Proof of the proposition 6

This bound for the deviation of the profile estimator can be less restrictive than the base
assumption which states that for any i ∈ K and t ≥ 0, ||xi,t || ≤ L. From this assumption
we indeed know that, ||x̂i,t || ≤ L, ||µi || ≤ L and thus ||x̂i,t − µi || ≤ 2L .
We therefore consider the following bound that holds for any t ≥ 0 with a probability
greater than 1 − δ/t2 :
s
 2
2d
2dt
||x̂i,t − µi || ≤ min(L
log
, 2L) = ρi,t,δ
ni,t
δ

Thus, for every i ∈ {1, . . . , K} and every step t > 0, with a probability of at least
1 − δ/t2 :
s
 2
2d
2dt
||x̂i,t − µi || ≤ L
log
ni,t
δ

P (||x̂i,t − µi || ≤ γ) ≥ 1 − 2de−

d
1 P
Then, by using the fact that ||x̂i,t − µi || ≤ √
|x̂ii,t − µii | and the uniform bound
d i=1
property, we get:


ni,t γ 2
√ 
∀γ > 0 : P |x̂ji,t − µji | > γ/ d ≤ 2e− 2L2 d

With ||xi,t || ≤ L, we know that, for any j ∈ [1..d], |xji,t | ≤ L. Thus, we can apply the
Hoeffding inequality to each dimension of the profile estimators:

A.4. Proof of the proposition 5

t−1

>
β̂t−1
µi + αt−1 ||µi ||V −1 − β > µi =(β̂t−1 − β)> µi + αt−1 ||µi ||V −1

Profile-Based Bandit with Unknown Profiles

t−1

t−1

t−1

t−1

t−1

t−1

t−1

√
√
≤ 2αt ||x̂i,t ||V −1 + 4 d(αt−1 / λ + S)ρi,t,δ

t−1

t−1

t−1

t−1

30

√
≤2αt−1 ||x̂i,t ||V −1 + 2αt−1 ||˜
i,t ||V −1 + 2(αt−1 + S λ)||i,t ||V −1
t−1
t−1
t−1
√
≤2αt−1 ||x̂i,t ||V −1 + 4(αt−1 / λ + S)ρi,t,δ

t−1

≤2αt−1 ||x̂i,t + ˜i,t ||V −1 + 2||β̂t−1 ||Vt−1 ||i,t ||V −1

t−1
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>
≤||β̂t−1 − β||Vt−1 ||µi ||V −1 + αt−1 ||x̂i,t + ˜i,t ||V −1 + β̂t−1
(x̂i,t − µi + i,t )

t−1

>
>
=(β̂t−1 − β)> µi + αt−1 ||x̂i,t + ˜i,t ||V −1 − β̂t−1
(µi − x̂i,t ) + β̂t−1
i,t

>
β̂t−1
(x̂i,t + i,t ) + αt−1 ||x̂i,t + ˜i,t ||V −1 − β > µi

t−1

Proof
As for proposition 6,√we assume √
that the inequality of proposition
5 holds. Then, noting
√
that ||i,t ||V −1 ≤ ||i,t ||/ λ = ρi,t,δ / λ and ||˜
i,t ||V −1 = ρi,t,δ / λ, we have:

t−1

>
β̂t−1
(x̂i,t + i,t ) + αt−1 ||x̂i,t + ˜i,t ||V −1 − β > µi

Lemma 4 For every i ∈ K and t > 0, with a probability of at least 1 − δ/t2 − δ, we have:

A.6. Proof of the proposition 8

≥0

>
(x̂i,t − µi + i,t )
≥ − αt−1 ||x̂i,t + ˜i,t ||V −1 + αt−1 ||x̂i,t + ˜i,t ||V −1 + β̂t−1

t−1

>
(x̂i,t − µi + i,t )
≥ − αt−1 ||µi ||V −1 + αt−1 ||x̂i,t + ˜i,t ||V −1 + β̂t−1

t−1

>
(x̂i,t − µi + i,t )
≥ − ||β̂t−1 − β||Vt−1 ||µi ||V −1 + αt−1 ||x̂i,t + ˜i,t ||V −1 + β̂t−1

t−1

>
>
(µi − x̂i,t ) + β̂t−1
=(β̂t−1 − β)> µi + αt−1 ||x̂i,t + ˜i,t ||V −1 − β̂t−1
i,t

>
β̂t−1
(x̂i,t + i,t ) + αt−1 ||x̂i,t + ˜i,t ||V −1 − β > µi

By using these two results and the uniform bound property, we can proof the proposition:

> (x̂ − µ )| ≤ ||β̂
>
• |β̂t−1
i,t
i
t−1 ||||(x̂i,t − µi )|| ≤ β̂t−1 i,t , with i,t = ρi,t,δ β̂t−1 /||β̂t−1 ||.
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(1)

regt

(2)

regt

Lemma 5 For every t, with a probability of at least 1 − δ/t2 − δ, the instantaneous pseudoregret of the algorithm SampLinUCB, noted regt = β > µi? − β > µit , is upper-bounded as:
√
regt ≤ 2αt−1 ||x̂it ,t ||V −1 + 4(αt−1 / λ + S)ρit ,t,δ
t−1
{z
}
|
{z
} |

t−1

Proof The previous lemma allows us to say√that for all t:
sit ,t ≤ β > µit + 2αt−1 ||x̂i,t ||V −1 + 4(αt−1 / λ + S)ρi,t,δ
t−1
Now, given the selection policy of SampLinUCB and the proposition 6, we get for all t:
s ≥ si? ,t ≥ β > µi? . Thus:
√
regt ≤ sit ,t − β > µit ≤ 2αt−1 ||x̂i,t ||V −1 + 4(αt−1 / λ + S)ρi,t,δ
it ,t

(2)

regt

≤C+

T
X

t=2

√
4(αt−1 / λ + S)ρit ,t,δ

nit ,t

√
≤ C + 4L(αT / λ + S)

≤

T
X

t−1

2d log

s


T
X
√
2d
2dt2
≤C+
4(αt−1 / λ + S)L
log
ni,t
δ
t=2
s


T
X
1
√
2dT 2
δ

t=2

∞ δ
P
Next, we use the uniform bound property, the fact that
= δ(π 2 /6 − 1) ≤ δ and the
2
t=2 t
fact that in the proposition 3 the bound is uniform (i.e., it holds for all step t simultaneously)
to say that, with a probability of at least 1 − 2δ:
T
X
t=1

(1)

regt
t=1

2αt−1 ||x̂it ,t ||V2 −1
t−1

On another hand, we have:
T
X
t=1

t=1

v
u T
u X
2 ||x̂
2
4αt−1
≤ tT
it ,t ||V −1

−1
Vt−1

v
u
T
u X
≤ 2αT tT
||x̂it ,t ||2

t=1
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T
P
Now, it remains to upper-bound the term
||x̂it ,t ||V2 −1 .
t−1
t=1
p
For that purpose, we introduce the following notation: νi,t,δ = L 2d/(ni,t ) log (2dT /δ).
By using again the Hoeffding inequality, with a probability of at least 1 − δ/T , we get for
all s ≤ t − 1:
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||x̂is ,t || ≤ ||µis || + νis ,t,δ

p
p
Ris ,s ||µis − ˇis ,s || ≤ 1/ Ris ,t ||x̂is ,t ||

With ˇi,t = min(νi,t,δ , ||µi ||)µi /||µi ||, we get, for all s ≤ t − 1:
1/

s=1

s=1

t−1
t−1
X
X
1
1
x̂i ,t x̂> ≥ λI +
(µi − ˇis ,s )(µis − ˇis ,s )> = Wt−1
Ris ,t s is ,t
Ris ,s s

Then, we arrive to:

Vt−1 = λI +

t−1

t−1

||x̂is ,t ||W −1 ≤ ||µis + ˆis ,s ||W −1

t−1

2
||x̂it ,t ||W
−1

||µit −

2
ˇit ,t ||W
−1
t−1

t−1

T
X

t=1

t=1

t=1

t−1

t−1

2
||ˇ
it ,t ||W
−1
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 T
X
1
nit ,t

t=1

T
X

2
||µit + ˆit ,t − ˇit ,t + ˇit ,t ||W
−1

t−1

2dT
δ

2
||ˆ
it ,t ||W
−1 +

T

T
X

t=1

4L2 d
log
λ

2X 2
+
νit ,t,δ
λ
t=1


+

2
||µit + ˆit ,t ||W
−1 ≤

||µit −

2
ˇit ,t ||W
−1
t−1

t−1

2
||µit − ˇit ,t ||W
−1 +

T δ
P
= δ, with a
T

Which means that for every vector x: ||x||V −1 ≤ ||x||W −1 .
t−1
t−1
√
Let us now define ˆi,t = νi,t,δ µi /( λ||µi ||W −1 ), such that for all s ≤ t − 1:

and

t−1

√
||ˆ
is ,s ||W −1 = νis ,s,δ / λ

T
X
t=1

T
X
t=1

T
X
t=1

T
X
t=1

T
X
t=1

t−1

Finally, by using the uniform bound property and the fact that

t−1

||x̂it ,t ||V2 −1 ≤

probability of at least 1 − δ:
T
X
t=1

≤
≤
≤
≤
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t=1

T
Y
(1 +

1
||µit − ˇit ,t ||2W −1 )
t−1
Rit ,t



det(WT )
det(λI)



t=1

t=1

t−1

T
p
X
≥ 1/ R2 + L2 S 2
||µit − ˇit ,t ||2W −1

T
X
1
||µit − ˇit ,t ||2W −1
t−1
Rit ,t
t=1

X
T
1
≥ min
||µit − ˇit ,t ||2W −1
t−1
t=1..T
Rit ,t

≥

t−1

||µit − ˇit ,t ||2W −1 ≤



p
T L2
R2 + L2 S 2 d log 1 +
λd
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Gathering all these results together allows us to prove the announced result.

Finally, same manner as in the lemma 10 of Abbasi-Yadkori et al. (2011), the tracedeterminant inequality gives:
s


√
1 + T L2 /λ
αT ≤ d log
+ λS
δ

t=1

T
X

Which leads us to:

As in the lemma 11 of (Abbasi-Yadkori et al., 2011), we also have:




det(WT )
T L2
log
≤ d log 1 +
det(λI)
λd

2 log

Thus, by using the fact that x ≤ 2 log(1 + x) when 0 ≤ x ≤ 1, we get:

√
√
1
||µit − ˇit ,t ||2W −1 ≤ ||x̂it ,t ||2 / R2 λ ≤ L2 / R2 λ ≤ 1
t−1
Rit ,t

Where we used the fact that all eigenvalues of I + xx> equal 1 except one that is associated
to the eigenvector x and thus equals 1 +√||x||2 .
Since by assumption λ > max(1, L2 / R2 ), we have:

= det(λI)

det(WT ) = det(WT −1 +

1
(µiT − ˇiT ,T )(µaT − ˇiT ,T )> )
RiT ,T
1
−1/2
−1/2
= det(WT −1 )det(I +
W
(µiT − ˇiT ,T )(WT −1 (µiT − ˇiT ,T ))> )
RiT ,T T −1
1
= det(WT −1 )(1 +
||µiT − ˇiT ,T ||2W −1 )
T −1
RiT ,T

On another hand, we have:
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t=1

s

d
log
λ



d log



1 + T L2 /λ
δ



+

√

λS

!
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Thanks to this lemma, we are ready to derive specific bounds for the three considered profile
delivery settings.

t=1

v
!
u



 T
p
u
T L2
4L2
2dT X 1
× tT d
R2 + L2 S 2 log 1 +
+
log
λd
λ
δ
n
t=1 it ,t
v
s
!
 u


T
X
T u
1
tT d log(T ) + log dT
≤ Constant × d log
δ
δ
n
t=1 it ,t
v
s
 u
 X
T
T u
1
tT d log dT
≤ Constant × d log
δ
δ
n
t=1 it ,t
v
 u
T
X
T u
1
tT
≤ Constant × d log
(when T > d > 0)
δ
nit ,t

s

t=1

!s


 T
2dT 2 X 1
1 + T L2 /λ
2d log
= 4L
+ 2S
√
δ
δ
nit ,t
t=1
s  
 2X
T
1
T
dT
log
≤ Constant × d log
√
δ
δ
nit ,t
t=1
 X
T
1
T
(when T > d > 0)
≤ Constant × d log
√
δ
nit ,t

R̂T,2 = 2

And

R̂T,1

where:

R̂T ≤ C + R̂T,1 + R̂T,2

Proof From proposition 16, we have:

with C,C1 and C2 three constants.

t=1

Lemma 6 When removing dependencies on L, λ, R and S, the bound from proposition 16
for the cumulative regret R̂T can written as follows (when T > d):
v
 u
 X
T
T
X
1
T u
1
T
tT
+ C2 d log
R̂T ≤ C + C1 d log
√
δ
nit ,t
δ
nit ,t
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A.7.1. Case 1:

T
δ
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On one hand, we have:

t=1

T
T
X
X
1
1
=
≤ 1 + log(T )
nit ,t
t

t=1

√

On the other hand, we have:
Z T
T
T
X
X
√
1
1
1
√ ≤
√ dt ≤ 2 T
=
nit ,t
t
t
0
t=1
t=1

T
δ

T + C2 d log

Finally, we get from lemma 6 that, when T > d > 0:
 
 
p
√
T log(T )

R̂T,1 ≤ C + C1 d log

with C,C1 and C2 three constants. Since the last term is clearly the greatest, we get the
announced result.

A.7.2. Case 2:
Lemma 7 ∀i, ∀t ≥ d2 log(1/δ)/p2 e, with a probability of at least 1 − δ:

≥ 1 − δ, which proves the lemma.

tp
ni,t ≥
2
Proof By the Hoeffding inequality, for all  > 0:

2 /2

2 /t

2 /2

P(ni,t ≥ tp − ) ≥ 1 − e−2
By taking  = tp/2, we get:
P(ni,t ≥ tp/2) ≥ 1 − e−tp
If t ≥ 2 log(1/δ)/p2 , then 1 − e−tp

T

t=u+1
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Let us note u = ceil(2 log(1/δ)/p2 ). Thus, following lemma 7, with a probability of at
least 1 − δ, we have:
t=1

T
u
T
X
X
X
1
1
1
=
+
nit ,t
nit ,t
nit ,t

t=1

2 X 1
≤u+
p
t
t=u+1
Z
2 T 1
≤u+
dt
p u t
2 log(T )
p

≤u+
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T

T
+ C2 d log
p

T
δ

T

log(T )
p

From another hand, still thanks to the lemma 7, with a probability of at least 1 − δ:
T
X
t=1

2T
p

X 1
X
1
=
+
√
√
nit ,t
nit ,t
t=1
t=u+1
r
T
2 X 1
√
≤u+
p
t
t=u+1
r Z
2 T 1
√ dt
p
t
s u
≤u+

≤u+2

T
δ

Finally, we get from lemma 6 that, when T > d > 0:
 s
 s
R̂T,1 ≤ C + C1 d log

with C,C1 and C2 three constants. Since the last term is clearly the greatest, we get the
announced result.
A.7.3. Case 3:

T
P
1
First note that the sum
is maximized when each action has delivered exactly bT /Kc
t=1 nit ,t
samples in the bT /KcK first iterations (i.e., every action has been played as many times).
Thus:

t=1

dT /Ke
X
1
t

t=1

≤ K(1 + log(dT /Ke))

≤K

i=1

K bT /Kc+1
T
X
X 1
X
1
≤
nit ,t
t
t=1

√

1
nit ,t

≤ 2K

X 1
√
≤K
t
t=1
p
dT /Ke

dT /Ke

With the same argument, we also get:
T
X
t=1

JMLR 19(53):1-40, 2018

p
√
Finally, by noting that K log(dT /Ke) ∼ K log(T /K), that K dT /Ke ∼ KT and by
using the generic bound from the proposition 9, we get the announced result. Finally, since

36

i∈K?

X

µ>
i β−

i∈Kt

X

µ>
i β

i∈K?

t−1

t−1

||µit − ˇit ,t ||2W −1

t−1

||µit − ˇit ,t ||2W −1 . We have:



√
T kL2
≤ R2 + L2 S 2 d log 1 +
λd

t=1 it ∈Kt

T P
P
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Finally, we can use the same methods as in the previous proofs for deriving specific
bounds from the generic one, where the selection of k actions at each step appears explicitly
T P 1
T P
P
P
1
in the terms
and
.
√
n
n
i,t
i,t
t=1 i∈Kt
t=1 i∈Kt

t=1 it ∈Kt

T P
P

• On another hand on the upper-bounding of

• First on the confidence ellipsoid of β. For k actions played at each step, we have:
s


√
1 + kT L2 /λ
+ λS;
αT ≤ d log
δ

Where the matrix Vt−1 is defined by considering the k played actions at each step:
t−1
P P 1
Vt−1 = λI +
x̂i,t x̂>
i,t . The fact that we add k terms to the matrix V at each
s=1 i∈Ks Ri,t
iteration implies two distinct things:

i∈Kt

This leads to:
X
√
√
regt ≤
2αt−1 ||x̂i,t ||V −1 + 4 d(αt−1 / λ + S)ρi,t,δ

i∈Kt

with K? the set of k optimal actions, i.e., those with greatest expectations µ>
i β. Then, we
use the fact that for every step t:
X
X
si,t ≥
si? ,t

regt =

We follow a similar method to the one presented in Qin et al. (2014) for the specific case of
sums of individual rewards: Since we consider that the reward obtained by playing a set of
actions at a given step t is the sum of rewards observed for every single played action at t,
we have:

A.8. Proof of the proposition 10

with C,C1 and C2 three constants. Since the last term is clearly the greatest, we get the
announced result.

p
√
K log(dT /Ke) ∼ K log(T /K) and K dT /Ke ∼ KT , we get from lemma 6 that, when
T > d > 0:
 
 
T √
T p
R̂T,1 ≤ C + C1 d log
KT + C2 d log
T K log(T /K)
δ
δ
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si,t
αt
¯t
˜t

δ
Vt−1
ρi,t,δ

Yt−1
At−1

Ri,t
Xt−1

0

ηt−1

T
K
K
k
d
it
i∗
ri
xi,t
x̂i,t
L
Ot
ni,t
µi
β
β̂t
S
λ
ηi,t
R
i,t
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number of steps of the process
set of available actions
number of available arms
number of simultaneaous plays at each step
dimension of the arms’ profiles
arm selected at step t
arm with the highest final cumulative reward
reward obtained by arm i at step t
profile sample vector observed for arm i at step t
average of profile sample vectors observed for arm i until step t
upper-bound for the profiles’ norm
set of arms delivering a profile context at step t
number of samples observed for arm i until step t
profile vector of arm i
mapping parameter between profiles and rewards
estimator of β at step t
upper-bound for the β parameter norm
l2-regularization constant of the β estimator
sub-gaussian noise of the reward of arm i at step t
sub-gaussian constant of the rewards distribution
deviation between the true profile of arm i and its estimator at step t (i,t =
µi − x̂i,t )
vector of reward deviations of the first t − 1 selected arms from their expec0
>
tation at step t: ηt−1 = (ηis ,s + >
is ,t β)s=1..t−1
sub-gaussian constant of the noise of the reward of i at step t w.r.t. x̂>
i,t β
(t−1)×d matrix containing the empirical means of the selected actions, where
the s-th row corresponds to the estimator at step t of the action selected at
step s: Xt−1 = (x̂>
is ,t )s=1..t−1
rewards vector of size t − 1: Yt−1 = (ris ,s )>
s=1..t−1
diagonal (t−1)×(t−1) matrix, where the s-th diagonal element equals 1/Ris ,t :
At−1 = diag(1/Ris ,t )s=1..t−1
parameter controling the confidence level of the regret bound
variance-covariance matrix of the posterior distribution of β at step t
quantity
the deviation of the estimators of profiles: ρi,t,δ =
s used to bound

2d
2dt2
min(L
log
, 2L)
ni,t
δ
selection score for arm i at step t
exploration coefficient at step t w.r.t. the confidence of the beta estimator
quantity used to bound µ>
i β̂t
quantity used to bound µ>
i (β − β̂t )

A.9. Table of the main notations
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Recent research has shown the potential utility of deep Gaussian processes. These deep
structures are probability distributions, designed through hierarchical construction, which
are conditionally Gaussian. In this paper, the current published body of work is placed in a
common framework and, through recursion, several classes of deep Gaussian processes are
defined. The resulting samples generated from a deep Gaussian process have a Markovian
structure with respect to the depth parameter, and the effective depth of the resulting
process is interpreted in terms of the ergodicity, or non-ergodicity, of the resulting Markov
chain. For the classes of deep Gaussian processes introduced, we provide results concerning
their ergodicity and hence their effective depth. We also demonstrate how these processes
may be used for inference; in particular we show how a Metropolis-within-Gibbs construction across the levels of the hierarchy can be used to derive sampling tools which are robust
to the level of resolution used to represent the functions on a computer. For illustration,
we consider the effect of ergodicity in some simple numerical examples.
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• By exploiting the fact that this common framework has a Markovian structure, we
interpret the depth of the process in terms of the ergodicity or non-ergodicity of this
process; in simple terms ergodic constructions have effective depth given by the mixing
time.

• We demonstrate a unifying perspective on the hierarchical Gaussian processes described in the previous subsection, leading to a wide class of deep Gaussian processes,
with a common framework within which new deep Gaussian processes can be constructed.

In the paper we make three main contributions:

1.2 Our Contribution

Gaussian processes have proved remarkably successful as a tool for various statistical inference and machine learning tasks (Rasmussen and Williams, 2006; Kennedy and O’Hagan,
2001; Higdon et al., 2004; Stein, 1999). This success relates in part to the ease with which
computations may be performed in the Gaussian framework, and also to the flexible ways
in which Gaussian processes may be used, for example when combined with thresholding to
perform classification tasks via probit models (Neal, 1997; Rasmussen and Williams, 2006)
or to find interfaces in Bayesian inversion (Iglesias et al., 2016). Nonetheless there are limits
to the sort of phenomena that are readily expressible via direct use of Gaussian processes,
such as in the sparse data scenario, where the constructed probability distribution is far
from posterior contraction. Recognizing this fact, there have been a number of interesting
research activities which seek to represent new phenomena via the hierarchical cascading
of Gaussians. Early work of this type includes the PhD thesis of Paciorek (2003) (see also
Paciorek and Schervish, 2004) in which the aim is to reproduce spatially non-stationary
phenomena, and this is achieved by means of a Gaussian process whose covariance function
itself depends on another Gaussian process. This idea was recently re-visited by Roininen
et al. (2016), using the precision operator viewpoint, rather than covariance function, and
building on the explicit link between Gaussian processes and stochastic partial differential
equations (SPDEs) (Lindgren et al., 2011). A different approach was adopted by Damianou
and Lawrence (2013) where a Gaussian process was directly composed with another Gaussian process; furthermore the idea was implemented recursively, leading to what is referred
to as deep Gaussian processes (DGP). These ingenious constructions open up new possibilities for problems in non-parametric inference and machine learning and the purpose of
this paper is to establish, and utilize, a common framework for their study. Relevant to
our analysis is the early work of Diaconis and Freedman (1999) which studied iterations of
random Lipschitz functions and the conditions required for their convergence.

1.1 Background

This section provides background on the study and application of Gaussian and deep Gaussian processes, outlines the contribution and setup of the paper, and establishes notation to
be used in subsequent sections.

1. Introduction
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• We demonstrate how these processes may be used for inference; in particular we show
how a Metropolis-within-Gibbs construction across the levels of the hierarchy can
be used to derive sampling tools which are robust to the level of resolution used to
represent the functions on a computer.
We also describe numerical experiments which illustrate the theory, and which demonstrate some of the limitations of the framework in the inference context, suggesting the need
for further algorithmic innovation and theoretical understanding. We now summarize the
results and contributions by direct reference to the main theorems in the paper.
• Theorem 4 shows that a composition-based deep Gaussian process will, with sufficiently many layers, produce samples that are approximately constant. This pathology
can be avoided by, for example, increasing the width of each hidden layer, or allowing
each layer to depend on the input layer.
• Theorem 8 shows the ergodicity of a class of discretized deep Gaussian processes,
constructed using non-stationary covariance functions. As a consequence, there is little
benefit in adding additional layers after a certain point. This observation elucidates the
mechanism underlying the choices of DGPs with a small number of layers for inference
in numerous papers (for example Cutajar et al., 2017; Salimbeni and Deisenroth, 2017;
Dai et al., 2015).
• Theorem 14 establishes a similar result as Theorem 8 on function space, for a different
class of deep Gaussian processes constructed using non-stationary covariance operators.
• Theorem 16 establishes the asymptotic properties of a deep Gaussian process formed
by iterated convolution of fairly general classes of Gaussian random fields. Specifically
it is shown that such processes will either converge weakly to zero or diverge as the
number of layers is increased, and so they will provide little flexibility for inference in
practice.
1.3 Overview

∼N

m(un ), C(un )

The general framework in which we place the existing literature, and which we employ to
analyze deep Gaussian processes, and to construct algorithms for related inference tasks, is
as follows. We consider sequences of functions {un } which are conditionally Gaussian:

;
(CovOp)
un+1 |un

here m(un ) denotes the mean function and C(un ) the covariance operator. We will also
sometimes work with the covariance function representation, in which case we will write

un+1 |un ∼ GP m(x; un ), c(x, x0 ; un ) .
(GP)
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Note that the covariance function is the kernel of the covariance operator when the latter is
represented as an integral operator over the approximate domain D ⊆ Rd :
Z
c(x, x0 ; un )φ(x0 )dx0 .


C(un )φ (x) =

3
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(ZeroMean)

In most of the paper we consider the centred case where m ≡ 0, although the flexibility
of allowing for non-zero mean will be important in some applications, as discussed in the
conclusions. When the mean is zero, the iterations (CovOp) and (GP) can be written in the
form

un+1 = L(un )ξn+1 ,

where {ξn } form an i.i.d. Gaussian sequence and, for each u, L(u) is a linear operator.
For example if the ξn are white then the covariance operator is C(u) = L(u)L(u)> with
> denoting the adjoint operation and L(u) is a Cholesky factor of C(u). The formulation
(ZeroMean) is useful in much of our analysis. For the purpose of this paper, we will refer to
any sequence of functions constructed as in (ZeroMean) as a deep Gaussian process.
In section 2 we discuss the hierarchical Gaussian constructions referenced above, and
place them in the setting of equations (CovOp), (GP) and (ZeroMean). Section 3 studies the
ergodicity of the resulting deep Gaussian processes, using the Markov chain which defines
them. In section 4 we provide supporting numerical experiments; we give illustrations
of draws from deep Gaussian process priors, and we discuss inference. In the context of
inference we describe a methodology for MCMC, using deep Gaussian priors, which is defined
in the function space limit and is hence independent of the level of resolution used to
represent the functions un ; numerical illustrations are given. We conclude in section 5 in
which we describe generalizations of the settings considered in this paper, and highlight
future directions.
1.4 Notation

(2)

(1)

The structure of the deep Gaussian processes above means that they can be interpreted as
Markov chains on a Hilbert space H of functions. Let B(H) denote the Borel σ-algebra on
H. We denote by P : H × B(H) → R the one-step transition probability distribution,

P(u, A) = P(un ∈ A | un−1 = u),

and denote by Pn : H × B(H) → R the n-step transition probability distribution,

Pn (u, A) = P(un ∈ A | u0 = u).

Thus, for example, in the case of the covariance operator construction (CovOp) we have


P(u, ·) = N 0, C(u) ,

when the mean is zero. This Markovian structure will be exploited when showing ergodicity,
or lack of ergodicity, of the chains.

2. Four Constructions
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This section provides examples of four constructions of deep Gaussian processes, all of which
fall into our general framework. The reader will readily design others.

4



Σ(x) + Σ(x0 )
2

−1

(x − x0 ),

x, x0 ∈ Rd .

5

Rd
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where F : R → R≥0 for u : D ⊆ Rd → R. We then write c(x, x0 ; u). Now let un : D → R
and consider the Markov chain (GP) in the mean zero case. Paciorek (2003) considered
this iteration over one-step with u0 ∼ GP(0, σ 2 ρS (kx − x0 k)) and u1 was shown to exhibit
interesting non-stationary effects. Here we generalize and consider the deep process that
results from this construction for arbitrary n ∈ N. By considering the covariance operator
Z

C(u)ϕ (x) =
c(x, x0 ; u)ϕ(x0 ) dx0

Σ(x) = F u(x) Id



is positive definite on Rd × Rd and may thus be used as a covariance function. We make
these statements precise below. If we choose Σ to depend on un then this may be used as
the basis of a deep Gaussian process. To be concrete we choose

If the isotropic correlation function ρS (·) is positive definite on Rd , for all d ∈ N, then the
function
1
1
d
p
2 2 det(Σ(x)) 4 det(Σ(x0 )) 4
c(x, x0 ) = σ 2
ρS ( Q(x, x0 ))
1
0
det(Σ(x) + Σ(x )) 2

Q(x, x0 ) = (x − x0 )T

Paciorek (2003) gives a general strategy to construct anisotropic versions of isotropic covariance functions. Let Σ : Rd → Rd×d be such that Σ(z) is symmetric positive definite for all
z ∈ Rd , and define the quadratic form

2.2 Covariance Function

The case m = l, F = id and D = D0 = Rm was introduced by Damianou and Lawrence
(2013) and the generalization here is inspired by the formulation of Duvenaud et al. (2014).
The case where two layers are employed could be interpreted as a form of warped Gaussian
process: a generalization of Gaussian processes that have been used successfully in a number
of inference problems (Snelson et al., 2004; Schmidt and O’Hagan, 2003).
We note that the mapping ξ 7→ ξ ◦ F ◦ u is linear, and we may thus define L(u) by
L(u)ξ = ξ ◦ F ◦ u; hence the Markov chain may be written in the form (ZeroMean). If
ξ1 ∼ N (0, Σ) then the Markov chain
 has the form (CovOp), with mean zero and C(u) =
0 ) then the Markov chain has the form (GP) with mean
L(u)ΣL(u)∗ ; if ξ1 ∼ GP
0,
k(z,
z



zero and c(x, x0 ; u) = k F u(x) , F u(x0 ) .

Let D ⊆ Rd , D0 ⊆ Rl , un : D → Rm and F : Rm → D0 . If {ξn } is a collection of i.i.d.
centred Gaussian processes taking values in the space of continuous functions C(D0 ; Rm )
then we define the Markov chain


un+1 (x) = ξn+1 F un (x) .
(3)

2.1 Composition
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bi bj ρS kxi − xj k2 > 0.

d

1

1
2

1

|Σ(x) + Σ(x0 )|

2 2 |Σ(x)| 4 |Σ(x0 )| 4

ρS

p

Q(x, x0 ) ,

6
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1. If the double sum in this definition is only non-negative, we say that the kernel ρS is positive semidefinite. We are thus adopting the terminology used by Wendland (2004), where the kernel ρS is called
positive definite if the double sum in Assumptions 1(i) is positive, and positive semi-definite if the sum
is non-negative. For historical reasons, there is an alternative terminology, used by for example Paciorek
(2003), where our notion of positive definite is referred to as strictly positive definite, and our notion of
positive semi-definite is referred to as positive definite.

is positive definite on Rd × Rd , for any d ∈ N, and is a non-stationary correlation function.

ρ(x, x0 ) =

Then the function ρ(·, ·), defined by

Proposition 1 Let Assumptions 1 hold. Suppose Σ : Rd → Rd×d is such that Σ(z) is
symmetric positive definite for all z ∈ Rd , and define the quadratic form


Σ(x) + Σ(x0 ) −1
Q(x, x0 ) = (x − x0 )T
(x − x0 ),
x, x0 ∈ Rd .
2

Using (Wendland, 2004, Theorem 6.11), sufficient conditions for ρS to fulfill Assumptions
1(i) are that ρS , as a function of x − y, is continuous, bounded and in L1 (Rd ), with a Fourier
transform that is non-negative and non-vanishing. These sufficient conditions are satisfied,
for example, for the family of Matèrn covariance functions and the Gaussian covariance. To
satisfy Assumptions 1(ii), any positive definite kernel ρ̃S can simply be rescaled by ρ̃S (0).
We now have the following proposition, a slightly weaker version of which is proved
by Paciorek (2003), where it is shown that ρ(·, ·) is positive semi-definite if ρS is positive
semi-definite. Our proof, which is in the Appendix, follows closely that of (Paciorek, 2003,
Theorem 1), but sharpens the result using a characterization of positive definite kernels
proved in (Wendland, 2004, Theorem 7.14).

(ii) ρS is normalized to be a correlation kernel, i.e. ρS (0) = 1.

i=1 j=1

N X
N
X

Assumptions 1 (i) The covariance kernel ρS (kx − yk2 ) is positive definite1 on Rd × Rd :
d
for any N ∈ N, b ∈ RN \{0} and pairwise distinct {xi }N
i=1 ⊆ R , we have

we may write the iteration in the form (CovOp). The form (ZeroMean) follows with L(u) =
1
C(u) 2 and ξn+1 being white noise.
Various generalizations of this construction are possible, for example allowing the pointwise variance of the process σ 2 to be spatially varying (Heinonen et al., 2016) and to depend
on un (x). These may be useful in applications, but we confine our analysis to the simpler
setting for expository purposes; however in Remark 12 we discuss this generalization.
In order to make the statements made above precise, let ρS : [0, ∞) → R be a stationary
covariance kernel, where the covariance between locations x and y depends only on the
Euclidean distance kx − yk2 . We make the following assumption on ρS .
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for n ∈ N.

(4b)

(4a)

Non-stationary covariance functions c(x, y), for which c(x, x) 6= 1, can be obtained from
the non-stationary correlation function ρ(x, y) through multiplication by a standard deviation function σ : Rd → R, in which case we have c(x, y) = σ(x)σ(y)ρ(x, y). Since the
product of two positive definite kernels is also positive definite by (Wendland, 2004, Theorem 6.2), the kernel c(x, y) can be ensured to be positive definite by a proper choice of σ.
We discuss generalizations such as this in the conclusions section 5.
We are interested in studying the behaviour of Gaussian processes with non-stationary
correlation functions ρ(x, y) of the form derived in Proposition 1, in the particular case where
the matrices Σ(z) are derived from another Gaussian process. Specifically, we consider the
following hierarchy of conditionally Gaussian processes on a bounded domain D ⊆ Rd defined
as follows:
u0 ∼ GP(0, ρS (·)),

un+1 |un ∼ GP(0, ρ(·, ·; un )),

and ρS (r) = 0 for any r > 0.

Here, ρ(·, ·; un ) denotes a non-stationary correlation function constructed from ρS (·) as in
Proposition 1, with the map Σ defined through un . Typical choices for Σ are Σ(z) =
(un (z))2 Id and Σ(z) = exp(un (z)) Id . Choices such as the first of these lead to the possibility
of positive semi-definite Σ and, in the worst case, Σ ≡ 0. If Σ ≡ 0 the resulting correlation
function is given by
ρS (0) = 1,

for n ∈ N.

(5b)

(5a)

This does not correspond to any (function valued) Gaussian process on Rd (Kallianpur,
2013): heuristically the resulting process would be a white noise process, but normalized to
zero. However, it is possible to sample from any set of finite dimensional distributions when
Σ ≡ 0: the correlation matrix is then the identity. To allow for the possibility of F (·) taking
the value zero, we therefore only study the finite dimensional process defined as follows:
u0 ∼ N (0, RS ),

un+1 | un ∼ N (0, R(un )),

The vector un has entries (un )i = un (xi ). Here, RS is the covariance matrix with entries
(RS )ij = ρS (kxi − xj k2 ), and R(un ) is the covariance matrix with entries (R(un ))ij =
ρ(xi , xj ; un ). The set {xj } comprises a finite set of points in Rd .
We may now generalize Proposition 1 to allow for Σ becoming zero. In order to do this
we make the following assumptions:
Assumptions 2 (i) We have Σ(z) = G(z)Id , for some non-negative, bounded function
G : R → R≥0 .
(ii) The correlation function ρS is continuous, with limr→∞ ρS (r) = 0.
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Remark 3 This proposition applies to the process (5) with Σ(z) = F un (z) Id and F :
R → R≥0 locally bounded, by taking G = F ◦ un , proving that ρ(·, ·; un ) is positive definite on
D × D for all bounded functions un on D. Here we generalize the notion of positive-definite
in the obvious way to apply on D ⊆ Rd rather than on the whole of Rd .
2.3 Covariance Operator

C(u)−1 = P + Γ(u)

Here we demonstrate how precision (inverse covariance) operators may be used to make
deep Gaussian processes. Because precision operators encode conditional independence and
sparsity this can be a very attractive basis for fast computations (Lindgren et al., 2011).
Our approach is inspired by the hierarchical Gaussian process introduced by Roininen et al.
(2016), where one-step of the Markov chain which we introduce here was considered. Let
D ⊆ Rd , un : D → R and X := C(D; R). Assume that F : R → R≥0 is a bounded
function. Let C− be a covariance operator associated to a Gaussian process taking values in
X and letP be the associated
precision operator. Define the multiplication operator Γ(u)

by Γ(u)v (x) = F u(x) v(x) and the covariance operator C(u) by

and consider the Markov chain (CovOp) with mean zero; this defines our deep Gaussian
process. We note that formulation (GP) can be obtained by observing that the covariance
function c(u) := c(x, x0 ; u) is the Green’s function associated with the precision operator for
C(u):
C(u)−1 c(·, x0 ; u) = δx0 (·)

where δx0 is a Dirac delta function centred at point x0 . Computationally we will typically
choose P to be a differential operator, noting that then fast methods may be employed to
sample the Gaussian process un+1 |un by means of SPDEs (Lindgren et al., 2011; Dashti
and Stuart, 2017). If P is chosen as a differential operator, then the order of this operator
will be related to the order of regularity of samples, and F will be related to the length
scale of the samples. These relations are made explicit in the case of certain Whittle-Matérn
distributions when F is constant (Lindgren et al., 2011); some boundary effects may be
present when D 6= Rd , though methodology is available to ameliorate these (Daon and
Stadler, 2018). As in the previous subsection, the form (ZeroMean) follows with L(u) =
1
C(u) 2 and ξn+1 being white noise.
Generalizations of the construction in this subsection are possible, and we highlight
these in subsection 5; however for expository purposes we confine our analysis to the setting
described in this subsection. For theoretical investigation of the equivalence, as measures,
of Gaussians defined by addition of an operator to a given precision operator (see Pinski
et al., 2015).
2.4 Convolution

un+1 (x) = (un ∗ ξn+1 )(x) :=

[0,1]d

Z
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un (x − y)ξn+1 (y) dy,

We consider the case (ZeroMean) where L(u)ξ := u ∗ ξ is a convolution. To be concrete we
let D = [0, 1]d and construct a sequence of functions un : D → R (or un : D → C) defined
via the iteration

Proposition 2 Let Assumptions 1 and 2 hold. Then the kernel ρ(·, ·) defined in Proposition
1 is positive definite on Rd × Rd .

8

We then have the following result on the positive-definiteness of ρ(·, ·),
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7

9

h(z) = σ 2 e−z

2 /2w 2

(6)
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A common choice of covariance function is the squared exponential kernel:

where h is a stationary covariance function. We therefore make the choice m = l and F = id
in (3) so that we are in the same setup as Damianou and Lawrence (2013); Duvenaud et al.
(2014); the inclusion of more general maps F is discussed in Remark 5. Then for any
x, x0 ∈ R we have
!
 
  
0
ujn+1 (x)
0
h(0)
 h kun (x) − un (x )k2
u
∼
N
,
.
n
j
0
h kun (x) − un (x )k2
h(0)
0
un+1 (x0 )

Due to point (ii) above, if the sequence {un } is to be ergodic, then necessarily it must be the
case that Zn → ∅, or else the process will have retained knowledge of the initial condition.
In particular, if the initial condition is piecewise constant, then ergodicity would force the
limit to be constant in space.
In what follows we assume that the iteration is given by


j
∼ GP 0, h(kx − x0 k2 ) i.i.d.
un+1 (x) = ξn+1 un (x) , ξn+1

(ii) if u0 has discontinuity set Z0 , and Zn denotes the discontinuity set of the nth iterate,
then Zn+1 ⊆ Zn for all n ∈ N.

(i) if u0 is piecewise constant, then un is piecewise constant for all n ∈ N;

We first consider the case where the iteration is defined by (3), which includes examples
considered by Damianou and Lawrence (2013); Duvenaud et al. (2014). Duvenaud et al.
(2014) observed that after a number of iterations, sample paths are approximately piecewise constant. We investigate this effect in the context of ergodicity. We first make two
observations:

3.1 Composition

2h(0) − 2h kun−1 (x) − un−1 (x0 )k2

1
ε2



mσ 2
w2

n

κ(x, x0 ),

n=1 m=n

10

(7)
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and so, since σ 2 < w2 /m, applying the first Borel-Cantelli lemma we deduce that
!
∞ [
∞
\
P
{kum (x) − um (x0 )k2 ≥ ε} = 0.

P kun (x) − un (x0 )k2 ≥ ε) ≤

for some constant κ(x, x0 ). By the Markov inequality, we see that for any ε > 0,

and so using induction and the tower property of conditional expectations,


mσ 2
Ekun (x) − un (x0 )k22 ≤
Ekun−1 (x) − un−1 (x0 )k22
2
w


mσ 2 n
Eku0 (x) − u0 (x0 )k22
≤
w2


mσ 2 n
≤
κ(x, x0 )
2
w

σ2
kun−1 (x) − un−1 (x0 )k22
w2

j=1

≤m

=

m
X

j=1

σ2 2
z ,
w2

m
 X

E kun (x) − un (x0 )k22 un−1 =
E |ujn (x) − ujn (x0 )|2 un−1

with equality when z = 0. Then we have

2h(0) − 2h(z) ≤

Proof Since 1 − e−x ≤ x for x ≥ 0 it follows that, for all z ∈ R,

where P denotes the law of the process {un } over the probability space Ω.



Theorem 4 Assume that h(·) is given by the squared exponential kernel (6) and that u0 is
bounded on bounded sets almost-surely. Then if σ 2 < w2 /m,

The purpose of this section is to demonstrate that the iteration (ZeroMean) is, in many
situations, ergodic. This has the practical implication that the effective depth of the deep
Gaussian process is limited by the mixing time of the Markov chain. In some cases the
ergodic behaviour may be trivial (convergence to a constant). Furthermore, even if the
chain is not ergodic, the large iteration number dynamics may blow-up, prohibiting use of
the iteration at significant depth. The take home message is that in many cases the effective
depth is not that great. Great care will be needed to design deep Gaussian processes whose
depth, and hence approximation power, is substantial. This issue was first identified by
Duvenaud et al. (2014), and we here provide a more general analysis of the phenomenon
within the broad framework we have introduced for deep Gaussian processes.

P kun (x) − un (x0 )k2 → 0 for all x, x0 ∈ D = 1

where σ 2 , w2 > 0 are scalar parameters. In Duvenaud et al. (2014), in the case m = d =
1, the choice σ 2 /w2 = π/2 is made above to ensure that the expected magnitude of the
derivative remains constant through iterations. We show in the next proposition that if
σ 2 , w2 are chosen such that σ 2 < w2 /m, then the limiting process is trivial in a sense to be
made precise.

where {ξn } are a sequence of i.i.d. centred real-valued Gaussian random functions on D.
Here we implicitly work with periodic extension of un from D to the whole of Rd in order
to define the convolution.

3. The Role of Ergodicity
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∞ [
∞ \
∞
\

−

0

)k2

!

≥ 1/k}

{kum (x) − um (x0 )k2 < 1/k}

k=1 n=1 m=n

∞ [
∞
\

n=1 m=n

∞  \
∞ [
∞
[

k=1

P
{kum (x)

n=1 m=n

um (x

!

= 1.

!
{kum (x) − um (x0 )k2 ≥ 1/k}
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We therefore have that
P(kun (x) − un (x0 )k2 → 0) = P

∞
X

=1−P
≥1−
k=1

Hence given any x, x0 ∈ D, we can find Ω(x, x0 ) ⊆ Ω with P(Ω(x, x0 )) = 1 such that for any
ω ∈ Ω(x, x0 ), kun (x; ω) − un (x0 ; ω)k2 → 0. Let {qj } be a countable dense subset of D, and
define
\
Ω (qi , qj ) ,
Ω∗ =
i,j∈N

noting that P(Ω∗ ) = 1. Then for any ω ∈ Ω∗ and any x, x0 ∈ {qj }, kun (x; ω) − un (x0 ; ω)k2 →
0. Since sample paths are almost-surely continuous, the above can be extended to all
x, x0 ∈ D, so that

P kun (x) − un (x0 )k2 → 0 for all x, x0 ∈ D = 1.

Remark 5
1. If a more general transformation map F : Rm → D0 is included, then
the above result still holds provided we take σ 2 < w2 /(kF 0 k∞ m). The convergence to
a constant hence occurs when the length scale w is large or kF 0 k∞ is small (so each
Gaussian random field doesn’t change too rapidly across the domain), or when the
amplitude σ is small (so inputs are not warped too far).
2. The condition of the above theorem is less likely to be satisfied as the width m of each
layer is increased, and so this triviality pathology is unlikely to arise for large m; this
may be observed in practice numerically.
3. Following Neal (1995); Duvenaud et al. (2014), recent works (such as Dai et al., 2015;
Cutajar et al., 2017) connect all layers to the input layer in order to avoid certain
pathologies. The Markovian structure of the process is maintained in this case: with
the above notation, the process is then defined by

j
ξn+1
∼ GP 0, h(kx − x0 k2 ) i.i.d,
un+1 (x) = ξn+1 (un (x), x),
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where now ξn : Rm × Rd → Rm . Defining β = mσ 2 /w2 < 1, if σ ≥ 1 we may use the
same argument as the proof above to deduce that

E kun (x) − un (x0 )k22 un−1 ≤ βkun−1 (x) − un−1 (x0 )k22 + βkx − x0 k22 ,

11

which leads to



1 − βn
1−β
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Ekun (x) − un (x0 )k22 ≤ β n Eku0 (x) − u0 (x0 )k22 + β



kx − x0 k22 .

The right hand side does not vanish as n → ∞, and so we can no longer use the first
Borel-Cantelli lemma to reach the same conclusion as the case where the layers are not
connected to the input layer. This could provide some intuition as to why including the
connection of each layer to the input layer provides greater stability than not doing so.
3.2 Covariance Function

In order to study ergodicity of the deep Gaussian process defined through covariance functions, we will restrict attention in the remainder of this subsection to hierarchies of finitedimensional multivariate Gaussian random variables as in (5). Note that although we have
here defined u0 ∼ N (0, RS ), following e.g. Paciorek (2003), the ergodicity of the deep Gaussian process will be proved for fixed u0 ∈ RN (cf. Theorem 8). The following result is
immediate from Proposition 2.

(8)

Corollary 6 Let Assumptions 1 and 2 hold. Then the covariance matrix R(un ) is positive
definite for all un ∈ C, for any compact subset of C ⊆ RN .

Note that, because we have chosen to work with a correlation kernel, we have

Tr R(un ) = N.

We will use this fact explicitly in the ergodicity proof; however it may be relaxed as discussed
in the Remark 12 below.
∞
as a Markov chain, with u0 ∈ RN
We view the sequence of random variables {un }n=0
given, and we want to show the existence of a stationary distribution. Recall the one-step
transition kernel P of the Markov chain given by (1), and its n−fold composition given by
(2). In order to prove ergodicity of the Markov chain we will follow the proof technique of
Mattingly et al. (2002); Meyn and Tweedie (2012), which establishes geometric ergodicity
with the following proposition.

∞
Proposition 7 Suppose the Markov chain {un }n=0
satisfies, for some compact set C ∈
B(RN ), the following:

for all u ∈ C.

(i) For some y ∗ ∈ int(C) and for any δ > 0, we have

P(u, Bδ (y ∗ )) > 0

A
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(ii) The transition kernel P(u, ·) possesses a density p(u, y) in C, precisely
Z
p(u, y) dy, for all u ∈ C, A ∈ B(RN ) ∩ B(C),
P(u, A) =

and p(u, y) is jointly continuous on C × C.

12

2β
γ−α



,

0 ,·)

(g) − π(g)| ≤ κrn V (u0 ).

n

for all n ∈ N,

for all n ∈ N.

j=1

13
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X

N

E kun+1 k22 | un = E
(un+1 )2j un = Tr(R(un )) = N,

Proof Let n ≥ 0. Since the random variable un+1 |un has zero mean, the linearity of
expectation implies (using (8)) that

Lemma 9 (Boundedness) Suppose Assumptions 1 and 2 hold. For all n ∈ N, we have

E kun+1 k22 | un = N.

The proof rests on the following three lemmas, and is given after stating and proving
them. The first lemma shows that, on average, the norm of states of the chain remains
constant as the length of the chain is increased. The second shows that, given any current
state in RN and any ball around the origin in RN , there is a positive probability that the
next state will belong to that ball. The third lemma shows that the probability that the
Markov chain moves to a set may be found via integration of a continuous function over
that set.

and so the chain is ergodic.

kP (u0 , ·) − πkT V ≤ K(1 − ε)

n

Theorem 8 Suppose Assumptions 1 and 2 hold. Then the Markov chain {un }∞
n=0 satisfies
the assumptions of Proposition 7. As a consequence, there exists ε ∈ (0, 1) such that for any
u0 ∈ RN , there is a K(u0 ) > 0 with

We may verify the assumptions of Proposition 7 leading to the following theorem concerning the ergodicity of deep Gaussian processes defined via the covariance function:

|EP

n (u

√
for some γ ∈ ( α, 1), then there exists a unique invariant measure π. Furthermore, there
is r(γ) ∈ (0, 1) and κ(γ) ∈ (0, ∞) such that for all u0 ∈ RN and all measurable g with
|g(u)| ≤ V (u) for all u ∈ RN , we have

If we can choose the compact set C such that

C = u : V (u) ≤

|EP

n (u ,·)
0

14

(g) − π(g)| ≤ κrn V (u0 ).
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(9)

is compact. Then there is a unique invariant measure π, and there is r(γ) ∈ (0, 1) and
κ(γ) ∈ (0, ∞) such that for u0 ∈ RN and all measurable g with |g(u)| ≤ V (u) for all
u ∈ RN , we have

We may now use the three preceding lemmas to prove the main ergodic theorem for deep
Gaussian processes defined through the covariance function.
Proof of Theorem 8 Lemma 10 shows that assumption (i) is satisfied, for any C containing
y ∗ = 0, and Lemma 11 shows that assumption (ii) is satisfied, for any compact set C. It
follows from Lemma 9 that assumption (iii) is satisfied, with V (u) = kuk22 + 1, any α ∈ (0, 1)
√
and β = N + 1. Now choose α = 1/4 and γ = 3/4 ∈ ( α, 1), so that the set



2β
C = u : V (u) ≤
= u : kuk22 ≤ 4N + 4
γ−α

Proof We have un+1 |(un = u) ∼ N (0, R(u)), and the existence of a jointly continuous
density of the transition probability in C follows if R(u) is positive definite for all u ∈ C.
The claim then follows by Proposition 2.

Lemma 11 (Transition probability
has a density) Suppose Assumptions 1 and 2 hold. Then

the transition probability P u, · has a jointly continuous density p(u, y) for all u ∈ C, for
any compact set C ⊆ RN .

The claim then follows.

p
−1
To show that the latter probability is positive, we need to show that δ
R(u) 2 > 0.
p
p
2
Since δ > 0 is fixed, we only need to show
R(u) 2 < ∞. Since
R(u) 2 = ρ(R(u)),
the spectral radius of R(u), we have
p
2
R(u) 2 = ρ(R(u)) ≤ Tr(R(u)) = N.

Lemma 10 (Positive probability of a ball around zero) Suppose Assumptions 1 and 2 hold.
For all u ∈ RN and δ > 0, we have

P u, Bδ (0) > 0.
p
p
Proof We have the equality un+1 |(un = u) = R(u)ξn+1 in distribution, where R(u)
denotes the Cholesky factor of the correlation matrix R(u) and ξn+1 ∼ N(0, IN ). Then


P u, Bδ (0) = P kun k2 ≤ δ | un−1 = u
 p

=P
R(u)ξn+1 2 ≤ δ

 p
≥P
R(u) 2 ξn+1 2 ≤ δ


p
−1
= P ξn+1 2 ≤ δ
R(u) 2 .

(iii) There is a function V : RN → [1, ∞), with limu→∞ V (u) = ∞, and real numbers
α ∈ (0, 1) and β ∈ [0, ∞) such that

E(V (un+1 ) | un ) ≤ αV (un ) + β.

Dunlop, Girolami, Stuart and Teckentrup
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Since V (u) ≥ 1 for all u ∈ RN , the above holds in particular for all measurable g with
kgk∞ ≤ 1. Taking the supremum over all such g in (9) yields the given total variation
bound, with K = κV (u0 ) and ε = 1 − r.

How Deep Are Deep Gaussian Processes?
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u ∈ H,

u ∈ H.

16

for all n ∈ N.
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Proof The assumptions on F mean that the measures µ(· ; u), µ− and µ+ are mutually
absolutely continuous, with


1
1
dµ(· ; u)
(v) =
exp − v, F (u)v ,
dµ
Z(u)
2
−



1
Z(u) = Eµ− exp − v, F (u)v
;
2


dµ+
1
1
(v) =
exp − v, F+ v ,
dµ−
Z+
2



1
.
Z+ = Eµ− exp − v, F+ v
2

dµ(· ; u)
(v) ≥ ε.
dµ+

Lemma 15 Let Assumptions 3 hold. Then there exists ε > 0 such that for any u, v ∈ H,

The following lemma will be used to show a minorization condition, as well as establish
further notation, key to the proof of Theorem 14 which follows it. It essentially shows a
stronger form of equivalence of the family of measures {µ(·, u)}u∈H .

In particular, the chain is ergodic.

kPn (u0 , ·) − πkT V ≤ (1 − ε)n

Theorem 14 Let Assumptions 3 hold, and let the Markov chain {un } be given by (Ze1
roMean) with L(u) = C(u) 2 as defined above. Then there exists a unique invariant distribution π, and there exists ε > 0 such that for any u0 ∈ H,

We now prove the following ergodic theorem for the deep Gaussian processes constructed
through covariance operators.

2. The assumed form of the precision operator together with Assumptions 3 mean that
the resulting family of measures {µ(·; u)}u∈H will be mutually equivalent. This allows
for the total variation metric between measures to be used, and a concise proof of
ergodicity to be obtained. If the measures were singular, a different metric such as the
Wasserstein metric would be required to quantify the convergence.

Remark 13
1. The assumption on algebraic decay of the eigenvalues can be relaxed to the
operator C− being trace-class on H; however the arguments that follow are cleaner when
we assume this explicit decay which, of course, implies the trace condition. Note also
that, under the stated assumption on algebraic decay, Gaussian measures on L2 (D; R)
will be supported on X = C(D; R) under mild
conditions on the eigenfunctions of C−

(Dashti and Stuart, 2017) so that F u(x) will be defined for all x ∈ D rather than x
a.e. in D. Then Γ(u)v makes sense pointwise when v ∈ X.

Remark 12 (Covariance vs correlation kernels) In this subsection we have restricted our
attention to correlation kernels ρS (kxi − xj k2 ) and ρ(xi , xj ; un ), rather than more general
covariance kernels

c(xi , xj ; un ) = σ(xi ; un )σ(xj ; un )ρ(xi , xj ; un ),

cS (kxi − xj k2 ) = σS2 ρS (kxi − xj k2 ),
for stationary and non-stationary marginal standard deviation functions σS ∈ (0, ∞) and
σ : Rd → (0, ∞) respectively. This restriction is solely for ease of presentation; the analysis
presented readily extends to c(xi , xj ; un ), under suitable assumptions on σ. In particular
the analysis may be adapted to the case of general covariance kernels cS (kxi − xj k2 ) and
c(xi , xj ; un ) under the assumption that there exist positive constants σ − , σ + such that σ − ≤
σ(z) ≤ σ + , for all z ∈ Rd . When general covariances are used then it is possible to ensure
that every multivariate Gaussian random variable in the hierarchy is of the same amplitude
by scaling the corresponding covariance matrix C(un ) to have constant trace N at each
N is then 1 for every n.
iteration n; the average variance over all points {xi }i=1
3.3 Covariance Operator

−1
C−
= P,

C(u)−1 = P + Γ(u),

−1
C+
= P + F+ I,

We consider the class of covariance operators introduced in section 2.3 and show that, under
precise assumptions detailed below, the iteration (ZeroMean) produces an ergodic Markov
chain. Unlike the previous subsection, where we worked on RN , here we will work on
the separable Hilbert space H = L2 (D; R). To begin with, define the precision operators
(densely defined on H: Hairer et al., 2005; Pinski et al., 2015),

and the probability measures
µ− = N (0, C− ),

µ+ = N (0, C+ ),
µ(· ; u) = N (0, C(u)),

Throughout the rest of this section we make the following assumptions on C− and F :
Assumptions 3
1. The operator C− : H → H is symmetric and positive, and its eigenvalues {λj2 } have algebraic decay λj2  j −r for some r > 1.
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2. The function F : H → R is continuous, and there exists F+ ≥ 0 such that 0 ≤ F (u) ≤
F+ for all u ∈ H.
15

j=1

17
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It is standard to show that Hs is compactly embedded in H for any s > 0 (see for example
Robinson, 2001, Appendix A.2). By the Karhunen-Loéve theorem, any v ∼ µ− may be
represented as
∞
X
v=
λj ξj ϕj , ξj ∼ N (0, 1) i.i.d.

j=1

Since F (u) ≤ F+ it follows that Z(u) is bounded below by a positive constant, uniformly
with respect to u. Additionally F is continuous and non-negative, and so the integrand
is bounded and continuous with respect to u. Hence given any sequence u(k) → u in H,
we may apply the dominated convergence theorem to see that (Pf )(u(k) ) → (Pf )(u). The
function Pf is therefore continuous, and so the chain {un } is strong Feller.
We now show tightness. The assumptions on the operator C− : H → H imply that
it is trace-class, and so in particular compact. It is also positive and symmetric, and so
by the spectral theorem, admits a complete orthonormal system of eigenvectors {ϕj } with
corresponding positive eigenvalues {λ2j } such that λ2j → 0. Given s > 0, define the subspace
Hs ⊂ H by


∞
X
j 2s |hϕj , vi|2 < ∞ .
Hs = v ∈ H kvk2Hs :=

Proof of Theorem 14 We first establish existence of at least one invariant distribution by
showing that chain {un } is (strong) Feller, and that for each u0 ∈ H the family {Pn (u0 , ·)}
of transition kernels is tight. To see the former, let f : H → R be any bounded measurable
function. We have that, for any v ∈ H,
Z
(Pf )(u) :=
f (v)P(u, dv)


ZH
1
1
=
f (v)
exp − hv, F (u)vi µ− (dv).
Z(u)
2
H

since F+ bounds F above uniformly.

j=1


r 1
Eµ− kvk2Hs < ∞ if and only if s < − .
2 2

j=1



r 

M
P kun kHs ≤
≥ 1 − κ.
κ

18
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Combined with the existence of an invariant distribution above, a short coupling argument
(Meyn and Tweedie, 2012, Theorem 16.2.4) gives the result with the same ε as above.





dµ(· ; u0 )
P u0 , A = Eµ(· ;u0 ) 1A (v) = Eµ+
(v)1A (v) ≥ εµ+ (A).
dµ+

Pn (u0 , Kκ ) ≥ 1 − κ
p

where Kκ = u ∈ H | kukHs ≤ M/κ is compact in H, since Hs is compactly embedded
in H; this shows tightness of the sequence of probability measures Pn (u0 , ·). Since tightness
implies boundedness in probability on average, an application of (Meyn and Tweedie, 2012,
Theorem 12.0.1) gives existence of an invariant distribution.
Lemma 15 shows that {un } satisfies a global minorization condition for the one-step
transition probabilities: for any u0 ∈ H and any measurable A ⊆ H,

This can be rewritten as

and so given any κ > 0,


 E kun k2Hs
M
P kun kHs > R ≤
≤ 2,
2
R
R

We have bounded Z(un−1 ) ≥ Z+ using that F (un−1 ) ≤ F+ . Applying the Chebychev
inequality, we have for each n ∈ N and R > 0


= E Eµ(· ;un−1 ) kvk2Hs
Z



1
1
=E
kvk2Hs
exp − v, F (un−1 )v µ− (dv)
Z(un−1 )
2
H

1 µ−
2
≤
kvkHs
E
Z+
=: M < ∞.

E kun k2Hs ) = E E kun k2Hs un−1

Since r > 1 by assumption, we can always choose s > 0 such that this holds; fix such an s
in what follows. Observe that, for any n ∈ N,

and so

Hence, by the orthonormality of the {ϕj } and the assumed decay of the eigenvalues, we have
that
∞
∞
X
 X
Eµ− kvk2Hs =
j 2s λ2j 
j 2s−r

Observe that we may bound Z(u) ≤ 1 uniformly in u ∈ H since F ≥ 0. Additionally, we
have that







1
1
Z+ ≥ Eµ− exp − v, F+ v 1kvk2 ≤1 ≥ exp − F+ µ− kvk2 ≤ 1 =: ε > 0.
2
2

Note that ε is positive since H is separable, and thus all balls have positive measure (Hairer,
2009). It follows that

−1
dµ(· ; u)
dµ(· ; u)
dµ+
(v) =
(v) ×
(v)
dµ+
dµ−
dµ−




1
1
1
=
exp − v, F (u)v × Z+ exp
v, F+ v
Z(u)
2
2



1
≥ ε exp
v, F+ − F (u) v
2
≥ε
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3.4 Convolution
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Z
un (x − y)ξn+1 (y) dy,

ξn+1 ∼ N (0, C) i.i.d.

(10)

The convolution iteration has the advantage that, through use of Fourier series and the law
of large numbers, its long time behaviour can be completely characterized analytically. We
consider the convolution as a random map on H = L2 (D; C), D = (0, 1)d . The iteration is
given by
un+1 (x) = (un ∗ ξn+1 )(x) :=
D

where we implicitly work with periodic extensions to define the convolution. We assume
that C is a negative fractional power of a differential operator so that it diagonalizes in
Fourier space; such a form of covariance operator is common in applications, as it includes,
for example, Whittle-Matérn distributions (Lindgren et al., 2011). For example, we may
take
2
C = (I − 4)−α , D(−4) = Hper
([0, 1]d ) ⊂ H,

k ∈ Zd ,

in which case the samples ξn+1 ∼ N (0, C) will (almost surely) possess s fractional Sobolev
and Hölder derivatives for any s < α − d/2 (see Dashti and Stuart, 2017, for details).
We choose the orthonormal Fourier basis
ϕk (x) = e2πik·x ,

D

(11)

which are the eigenvectors of C; we denote the corresponding eigenvalues {λk2 }. Given u ∈ H
and k ∈ Zd , define the Fourier coefficient û(k) ∈ C by
Z
ϕk (x)u(x) dx.
û(k) := hϕk , uiL2 =

Then it can be readily checked that for any u, v ∈ H and k ∈ Zd ,
\
(u
∗ v)(k) = û(k)v̂(k).
We use this property to establish the following theorem.
Theorem 16 Let C : H → H be a negative fractional power of a differential operator such
that C is positive, symmetric and trace-class, with eigenvectors {ψk } and eigenvalues {λk2 }.
Define the Markov chain {un } by (10). Then for any u0 ∈ H,
(
0
|λk |2 < 2eγ
almost surely
∞ |λk |2 > 2eγ
lim |ûn (k)|2 =

n→∞

where γ ≈ 0.577 is the Euler-Mascheroni constant. In particular, if |λk |2 < 2eγ for all
k ∈ Zd , then every Fourier coefficient of un tends to zero almost surely and hence un * 0
in H almost surely.

k∈Zd

λk ηn,k ϕk ,

ηn,k ∼ N (0, 1) i.i.d.
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Proof First observe that by the Karhunen-Loéve theorem, we may express ξn+1 ∼ N (0, C)
as
X
ξn+1 =

19
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and so, since {ϕk } is orthonormal,

ξˆn+1 (k) = λk ηn,k .

Then by the property (11), we see that for each k ∈ Zd and n ∈ N,

ûn+1 (k) = ûn (k)ξˆn+1 (k) = ûn (k)λk ηn,k

n
Y

j=1

n
Y

j=1

|λk |2 |ηj,k |2

ûn (k) = û0 (k)

λk ηj,k .

(12)

(14)

(13)

where the second equality is in distribution. The problem has now been reduced to an
independent family of scalar problems. We can write ûn (k) explicitly as

Now observe that
|ûn (k)|2 = |û0 (k)|2

j=1



n

1X
log |λ |2 |η |2 
= |û (k)|2 exp n ·
0
j,k
k
n
j=1
 

n
1X
log |ηj,k |2 + log |λk |2  .
n

= |û0 (k)|2 exp n · 

By the strong law of large numbers, the scaled sum inside the exponential converges almost
surely to E(log |η1,k |2 ). This can be calculated as

E(log |η1,k |2 ) = −γ − log 2.

If the bracketed term inside the exponential in (14) is eventually negative almost surely,
then the limit of |un (k)|2 will be zero almost surely. This is guaranteed when −γ − log 2 +
log |λk |2 < 0, i.e. |λk |2 < 2eγ . Similarly we get divergence if the bracketed term is eventually
positive, which happens when |λk |2 > 2eγ .

(
0
∞

|λk |2 < 1
.
|λk |2 > 1

E|ûn (k)|2 = |û0 (k)|2 |λk |2n

Remark 17 It is interesting to note that we may take expectations in (12) to establish that

and so

lim E|ûn (k)|2 =
n→∞
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In particular, if |λk |2 ∈ (1, 2eγ ), then |ûn (k)|2 converges to zero almost surely, but diverges
in mean square.

20

j=1

αj ζn,j ψj ,

ζn,j ∼ N (0, 1) i.i.d.


1
αj ζn,j √ hϕk , ϕj i − hϕk , ϕ−j i
2i
j=1

√


1
2 cos(jπx) = √ ϕj (x) + ϕ−j (x) ,
2

21

The argument is identical, except no sgn(k) term appears in λk .

ψj (x) =

JMLR 19(54):1-46, 2018

j ≥ 1.

Remark 19 The preceding results also holds if we replace the Brownian bridge by a Gaussian process with precision operator the negative Laplacian subject to Neumann boundary
conditions and spatial mean zero; the eigenfunctions are then

We can now proceed as in Theorem 16 to deduce that |un (k)|2 → 0 whenever |λk |2 < 2eγ ;
note that the correlations between ûn (k) and ûn (−k) do not affect the argument. Now
observe that |λk |2 = (2π 2 k 2 )−1 < 1 < 2eγ for all k, and the result follows.

= ûn (k)

sgn(k)α|k|
√
ζn,|k|
2i
= ûn (k)λk ηn,k , ηn,k ∼ N (0, 1).

= ûn (k)

∞
X

j=1

ûn+1 (k) = ûn (k)ξˆn (k)
∞
X
= ûn (k)
αj ζn,j hϕk , ψj i

by the Karhunen-Loéve theorem. We calculate

ξn+1 =

∞
X

with corresponding eigenvalues αj2 = (π 2 j 2 )−1 . A Brownian bridge ξn+1 ∼ N (0, (−4)−1 )
can then be expressed as

The result of Theorem 16 cannot be applied directly, since the basis functions {ϕk } do not
satisfy the boundary conditions. The eigenfunctions with the correct boundary conditions
are given by
√

1
ψj (x) = 2 sin(jπx) = √ ϕj (x) − ϕ−j (x) , j ≥ 1
2i

2
D(−4) = {u ∈ Hper
([0, 1]) | u(0) = u(1) = 0}.

Proof The Brownian bridge on [0, 1] has covariance operator (−4)−1 , where

Corollary 18 Let D = (0, 1) and let {un } be defined by the iteration (10), where each ξn+1
is a Brownian bridge. Then un * 0 almost surely.

Via a slight modification of the above proof to account for different boundary conditions,
we have the following result.

How Deep Are Deep Gaussian Processes?

r > 0.

22
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We now consider the covariance operator construction of the deep Gaussian process. In order
to produce more interesting behaviour in the samples, we move away from the absolutely
continuous setting considered in section 3.3 by introducing a rescaling of C(u) that depends

4.2 Covariance Operator

The function F determining the length scale of the kernel ρ(·, ·; un ) is chosen as F (x) = x2 ,
such that Σ(z) = (un (z))2 Id . Similar results are obtained with other choices of F in terms
of the distribution of samples un . The choice of F does, however, influence the conditioning
of the correlation matrix R(un ), and the choice F (x) = exp(x), for example, can lead to
numerical instabilities. As described in section 2.2, we will sample from the finite dimensional
distributions obtained by sampling from the Gaussian process at a finite number of points
in the domain D. To generate the samples, we use the command mvnrnd in MATLAB, and
when plotting the samples, we use linear interpolation.
In Figure 1, we show four independent realizations of the first seven layers u0 , . . . , u6 ,
where u0 is taken as a sample of the stationary Gaussian process with correlation kernel
ρS . The domain D is here chosen as the interval (0, 1), and the sampling points are given
by the uniform grid xi = i−1
256 , for i = 1, . . . , 257. Each column in Figure 1 corresponds to
one realization, and each row corresponds to a given layer un , the first row showing u0 . We
can clearly see the non-stationary behaviour in the samples when progressing through the
levels. We note that the ergodicity of the chain is also reflected in the samples, with the
distribution of the samples un looking similar for larger values of n.
Figure 2 shows the same information as Figure 1, in the case where the domain D is (0, 1)2
and the sampling points are the tensor product of the one-dimensional points x1i = i−1
64 , for
i = 1, . . . , 65.

ρS (r) = exp(−r2 ),

We start by investigating typical realizations of a deep Gaussian process, constructed through
anisotropic covariance kernels as in section 2.2. As the basis of our construction, we choose
a stationary Gaussian correlation kernel, given by

4.1 Covariance Function

We now study two of the constructions of deep Gaussian processes numerically. In subsection
4.1 we look at realizations of the deep Gaussian process constructed using the covariance
function formulation, and in subsection 4.2 we perform similar experiments for the covariance
operator formulations. Finally we consider Bayesian inverse problems, in which we choose
deep Gaussian processes as our prior distributions; we introduce a function space MCMC
algorithm, which scales well under mesh refinement of the functions to be inferred, for
sampling.
For the composition construction, numerical experiments are given by, for example,
Damianou and Lawrence (2013); Duvenaud et al. (2014). We do not provide numerical
experiments for the convolution construction; Theorem 16 tells us that interesting behaviour
cannot be expected in this case.

4. Numerical Illustrations
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Figure 1: Four independent realizations of the first seven layers of a deep Gaussian process,
in one spatial dimension, using the covariance kernel construction described in
subsection 2.2. Each column corresponds to an independent chain, and layers
u0 , u1 , . . . , u6 are shown from top-to-bottom.
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Figure 2: Four independent realizations of the first seven layers of a deep Gaussian process,
in two spatial dimensions, using the covariance kernel construction described in
subsection 2.2. Each column corresponds to an independent chain, and layers
u0 , u1 , . . . , u6 are shown from top-to-bottom.
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u ∈ H 2 (D; R)

du
(x) = 0 for x ∈ ∂D ,
dν

(15)

25
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so that v ∼ N (0, C(u)) solves the SPDE A(u)v = ξ, where ξ is white noise.
In Figure 3 we show samples of the deep Gaussian process on domain D = (0, 1), sampled
i−1
on the uniform grid xi = 1000
, for i = 1, . . . , 1001. We show 4 independent realizations of the
first seven layers of the process—each row corresponds to a given layer un . The anisotropy
of the length-scale is evident in levels beyond u0 , and the effect of ergodicity is evident, with
deeper levels having similar properties. Compared to the covariance function construction,
local effects are less prominent, though a greater level of anisotropy could potentially be
obtained by making an alternative choice of F (·). Figure 4 shows the same experiments on
domain D = (0, 1)2 , sampled on the tensor product of the one-dimensional points x1i = i−1
150 ,
for i = 1, . . . , 151, and the same effects are observed. Figure 5 shows the trace of the norm of
a DGP {un } with d = 1, along with the running mean of these norms; the rapid convergence
of the mean reflects the ergodicity of the chain.
We emphasize that our perspective on inference includes quite general inverse problems,
and is not limited to the problems of regression and classification which dominate much of

A(u) := σ −1 Γ(u)d/4−α/2 (P + Γ(u))α/2 ,

for some F+ , F− , a, b > 0. In particular, in one spatial dimension we take F+ = 1502 ,
F− = 200, a = 100 and b = 2. In two dimensions, we take F+ = 1502 , F− = 50, a = 25
and b = 0.3. We take α = 4 in both cases, and choose σ such that E u(x)2 ≈ 1. These
parameter choices were made empirically to ensure interesting structure of the samples. In
order to generate samples at a given level, the negative Laplacian P is constructed using a
finite-difference method. Given u, the operator A(u) is then computed,

F (u) = min{F− + aebu , F+ }

2


where Γ(u)v (x) = F u(x) v(x). The scaling introduced is inspired by the SPDE representation of Whittle-Matérn distributions (Lindgren et al., 2011); if F (u) = τ 2 is chosen to be
constant, then modulo boundary conditions, samples from a centred Gaussian distribution
with covariance C(u) are samples from a Whittle-Matérn distribution. In particular, τ corresponds to the inverse length-scale of samples, and samples almost-surely have s Sobolev
and Hölder and derivatives for any s < α − d/2.
For numerical experiments, we take



C(u)−1 = σ −2 (P + Γ(u))α/2 Γ(u)d/2−α (P + Γ(u))α/2

where ν is the outward normal to ∂D. Given α > d/2, σ > 0, we define P = −4 and

D(−4) =



on u. This scaling is chosen so that the amplitude of samples is O(1) with respect to u. The
rescaled family can be shown to satisfy Assumptions 3, and a minorization condition as in
Lemma 15 can also be shown to hold when the state space is finite-dimensional. From this
we can deduce that the resulting discretized process will still be ergodic.
Assume D ⊆ Rd and define the negative Laplacian −4 on D(−4),
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Figure 3: Four independent realizations of the first seven layers of a deep Gaussian process,
in one spatial dimension, using the covariance operator construction described in
subsection 4.2. Each column corresponds to an independent chain, and layers
u0 , u1 , . . . , u6 are shown from top-to-bottom.
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Figure 4: Four independent realizations of the first seven layers of a deep Gaussian process,
in two spatial dimensions, using the covariance operator construction described
in subsection 4.2. Each column corresponds to an independent chain, and layers
u0 , u1 , . . . , u6 are shown from top-to-bottom.
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Figure 5: The trace of the norm of un versus n for a 1000 layer DGP {un } as in Figure 3.
The thick black curve shows the running mean of the norms.

(16)

classical machine learning; this broad perspective on the potential for the methodology affects the choice of algorithms that we study as we do not exploit any of the special structures
that arise in regression and classification.
The deep Gaussian processes discussed in the previous sections were introduced with the
idea of providing flexible prior distributions for inference, for example in inverse problems.
The structure of such problems is as follows. We have data y ∈ RJ arising via the model

y = G(u) + η

where η is a realization of some additive noise, and G : X → RJ is a (typically non-linear)
forward map. The map G may involve, for example, solution of a partial differential equation
which takes function u as input, or point evaluations of a function u, regression. In this
paper we will fix X = HN , writing u = (u0 , . . . , uN −1 ) ∈ X; our prior beliefs on u will then
be characterized by the first N states of a Markov chain of a form considered in the previous
sections. Note that the map G could incorporate a projection map if the dependence is only
upon a single state uN −1 ; indeed this is the canonical example—the variables (u0 , . . . , uN −2 )
are viewed as hyperparameters in a prior on the parameter uN −1 .
4.2.1 Algorithms

JMLR 19(54):1-46, 2018

We now turn to the design of algorithms for the Bayesian inference problems of sampling u|y.
As already mentioned above, we are typically only interested in sampling the deepest layer
uN −1 |y. However, due to the hierarchical definition of uN −1 given all the components of u,
our algorithms work with the full set of layers u. Since the components of u are functions,
and hence infinite dimensional objects in general, a guiding principle is to design algorithms
which are well-defined on function space, an approach to MCMC inference reviewed by
Cotter et al. (2013); the value of this approach is that it leads to algorithms whose mixing
time is not dependent on the number of mesh points used to represent the function to be
inferred. For simplicity of exposition we assume that the observational noise η is distributed
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(17)

ζ (k) ∼ N (0, I).

X
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4.3 Application to Regression
We consider the application of the non-centered algorithm described above to simple regression problems in one and two spatial dimensions.

P(duN −1 |y) = exp(−Ψ(uN −1 ; y))P(duN −1 ),
1
1
Ψ(uN −1 ; y) = kyk2AC(uN −1 )A∗ +Γ + log det(AC(uN −1 )A∗ + Γ),
2
2
after reparametrizing in terms of ξ. This approach can be viable even when the data is
particularly informative so that Φ is very singular—this singularity does not in general pass
to Ψ. It is this approach that we use for the simulations in the following subsections. An
alternative approach not based on MCMC would be to use the non-centred parameterization
of the Ensemble Kalman Filter (Chada et al., 2018) which we have successfully implemented
in the context of the deep Gaussian processes of this paper, but do not show here for reasons
of brevity.

The distribution P(duN |uN −1 , y) = N (my (uN −1 ), Cy (uN −1 )) is Gaussian, where expressions
for my , Cy are known, and so direct sampling methods are available. On the other hand,
we have that P(y|uN −1 ) = N (0, AC(uN −1 )A∗ + Γ), and so we may use the non-centred
algorithm to robustly sample the measure

non-centred coordinates ξ, the prior does not appear in the acceptance probability and so
this issue is circumvented. Another advantage of using the non-centred coordinates is that
there is no need to calculate the (divergent) log determinants which appear in the centred
acceptance probability, avoiding potential numerical issues. These issues are discussed in
greater depth and generality by Chen et al. (2018). For the reasons set-out in that paper,
including those above, we have used only the non-centred algorithm in what follows. When
the forward model G(u) = Au is linear, the non-centred algorithm can be combined with
standard Gaussian process regression techniques via the identity
Z
P(duN |y) =
P(duN |uN −1 , y)P(duN −1 |y).

4. Set k 7→ k + 1 and go to 1.

otherwise set ξ (k+1) = ξ (k) .

3. Set ξ (k+1) = ξˆ(k) with probability
n


o
αk = min 1, exp Φ T (ξ (k) ); y − Φ T (ξˆ(k) ); y
;

1
(k)
2. Propose ξˆ(k) = (I − B 2 ) 2 ξ (k) + Bζj ,

1. Fix β0 , . . . , βN −1 ∈ (0, 1] and define B = diag(βj ). Choose initial state ξ (0) ∈ X, and
set u(0) = T (ξ (0) ) ∈ X. Set k = 0.

Algorithm 1 Non-Centred Algorithm

Dunlop, Girolami, Stuart and Teckentrup

We know (Cotter et al., 2013) that it is straightforward to design algorithms to sample
P(ξ|y) which are well-defined in infinite dimensions, exploiting the fact that P(ξ) is Gaussian.
An example of such an algorithm given by Algorithm 1.
This algorithm produces a chain {ξ (k) }k∈N that samples P(ξ|y) in stationarity; and
{T (ξ (k) )}k∈N will be samples of P(u|y). By working in non-centred coordinates we have
been able to design this algorithm which is well-defined on function space. If we were to
work with the centred coordinates u directly, the algorithm would not be well-defined on
function space: in infinite dimensions, each family of measures {P(un |un−1 )}un−1 ∈H will typically be mutually singular, and so a proposed update u 7→ û will almost surely be rejected.
To see why this rejection occurs in practice, in high finite dimensions K, notice that the
acceptance probability for an update u 7→ û will involve the ratios of the Gaussian densities
N (un ; 0, C(un−1 )) and N (un ; 0, C(ûn−1 )). These densities will decay to zero as the dimension K is increased, and their ratio will only be well-defined in the limit if the measures
are equivalent; consequently, the Markov chain will mix very poorly. Working with the

We may then apply Bayes’ theorem to write down the posterior distributions P(u|y) and
P(ξ|y):

P(u|y) ∝ P(y|u)P(u) ∝ exp − Φ(u; y) P(u),

P(ξ|y) ∝ P(y|ξ)P(ξ) ∝ exp − Φ̃(ξ; y) P(ξ).

P(y|u) =


1
1
1
2
exp − Φ(u; y) , Φ(u; y) := Γ− 2 (y − G(u)) ,
Z(y)
2

1
1
1
2
P(y|ξ) =
exp − Φ̃(ξ; y) , Φ̃(ξ; y) := Γ− 2 (y − G̃(ξ)) .
2
Z̃(y)

where our prior belief on ξ is that its components are i.i.d. Gaussians. To be consistent with
the notation introduced by Papaspiliopoulos et al. (2007); Yu and Meng (2011), (16) will be
referred to as the centred model and (17) will be referred to as the non-centred model. The
space H may be chosen differently in the centred and non-centred cases.
Associated with the two data models are two likelihoods: P(y|u) and P(y|ξ). Assuming
that the observational noise η ∼ N (0, Γ) is Gaussian, where Γ ∈ RJ×J is a positive definite
covariance matrix, the likelihoods are given by

y = G̃(ξ) + η = G(T (ξ)) + η

The data may then be expressed in terms of ξ rather than u:

Tn+1 (ξ0 , . . . , ξN −1 ) = L(Tn (ξ0 , . . . , ξN −1 ))ξn , n = 1, . . . , N − 1.

T1 (ξ0 , . . . , ξN −1 ) = ξ0 ,

as N (0, Γ); this is not central to our developments but makes the exposition concrete.
Recalling that the Markov chain defining the prior beliefs is given by (ZeroMean), we can
consider the unknowns in the problem to be the variables u = (u0 , . . . , uN −1 ), which are
correlated under the prior, or the variables ξ = (ξ0 , . . . , ξN −1 ), where we define ξ0 = u0 ,
which are independent under the prior. These variables are related via u = T (ξ), where the
components of the deterministic map T : X → X are defined iteratively by
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4.3.1 One-Dimensional Simulations
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We consider first the case D = (0, 1), where the forward map is given by a number of point
J
evaluations: Gj (u) = u(xj ) for some sequence {xj }j=1
⊆ D. We compare the quality of
reconstruction versus both the number of point evaluations and the number of levels in the
deep Gaussian prior. We use the same parameters for the family of covariance operators as
in subsection 4.2. The base layer u0 is taken to be Gaussian with covariance of the form
(15), with Γ(u) ≡ 202 .
The true unknown field u† is given by the indicator function u† = 1(0.3,0.7) , shown in
Figure 6. It is generated on a mesh of 400 points, and three data sets are created wherein
it is observed on uniform grids of J = 25, 50 and 100 points, and corrupted by white noise
with standard deviation γ = 0.02. Sampling is performed on a mesh of 200 points to avoid
an inverse crime (Kaipio and Somersalo, 2006). 106 samples are generated per chain, with
the first 2 × 105 discarded as burn-in when calculating means. The jump parameters βj are
adaptively tuned to keep acceptance rates close to 30%.
In these experiments the deepest field is labelled as uN , rather than as uN −1 as in the
statement of the algorithm; this is purely for notational convenience, of course. In Figure
7 the means of the deepest field uN and of the length-scales associated
with each hidden
1
layer are shown, that is, approximations to E u and E F (uj ) 2 for each j = 0, . . . , N − 1.
N
We see that, in all cases, the reconstructions of u† are visually
similar when two or more
1
layers are used, and similar length-scale fields E F (uN −1 ) 2 are obtained in these cases.
The sharpness of these length-scale fields is related to the amount of data. Additionally,
when N = 4and J = 100 the location of the discontinuities is visible in the estimate for
1
E F (uN −2 ) 2 , suggesting the higher quality data can influence the process more deeply.
When J = 50 or J = 25, this layer does not appear to be significantly informed. When a
single layer prior is used, the reconstruction fails to accurately capture the discontinuities.
Figure 7 also shows bands of quantiles of the values u(x) under the posterior, illustrating
their distribution; in particular the lack of symmetry and disagreement of the means and
medians show that the posterior is clearly non-Gaussian. Uncertainty increases both as the
number of observations J and the layer n in the chain is increased. Note in particular the
over-confidence of the shallow Gaussian process posterior: the truth is not contained within
95% credible intervals in all cases.
In Table 1 we show the L1 -errors between the true field and the posterior means arising from the different setups. The errors decrease as the number of observation points is
increased, as would be expected. Additionally, when J = 100 and J = 50, the accuracy of
the reconstruction increases with the number of layers, though the most significant increase
occurs when increasing from 1 to 2 layers. When J = 25, the error increases beyond 2 layers,
suggesting that some balance is required between the quality of the data and the flexibility
of the prior.
In Figure 8 we replace the uniformly spaced observations with 106 randomly placed
observations, to illustrate the effect of very high quality data. With 3 or 4 layers, more
anisotropic behavior is observed in the length-scale field. Additionally, the layer uN −2 is
much more strongly informed than the cases with fewer observations, though the layer uN −3
in the case N = 4 does not appear to be informed at all, indicating a limitation on how deeply
the process can be influenced by data. The corresponding errors are shown in Table 1—as
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Figure 6: The true field used to generate the data for the one-dimensional inverse problem.
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0.000145

0.000133

0.0131

0.000133
106

Table 1: The L1 -errors ku† −E(uN )kL1 between the true field and sample means for the onedimensional simulations shown in Figure 7, for different numbers of data points J
and layers N . Also shown are the corresponding errors for the simulations shown
in Figure 8

.

in the cases N = 50, 100, more layers increases the accuracy of the mean, with diminishing
returns for each additional layer. Note that higher accuracy could be attained in the single
layer case by adjusting the constant length-scale parameter.
Finally, in Figure 9, we consider the same experiment as in Figure 7, except observations
are limited to the subset (0, 0.5) of the domain. Uncertainty is naturally higher in the
unobserved portion of the domain. Uncertainty also increases in the observed layer uN
as N is increased; this could suggest that deep Gaussian processes may provide better
generalization to unseen data than shallow Gaussian processes—note that the truth has
much higher probability under the posterior with 4 layers versus just 1.
4.3.2 Two-Dimensional Simulations
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We now consider the case D = (0, 1)2 , again where the forward map is given by a number
of point evaluations. We fix the number of point observations J = 210 , on a 25 × 25 uniform
grid. We again compare quality of reconstruction versus the number of point evaluations
and the number of levels in the deep Gaussian prior, and use the same parameters for the
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Figure 7: Estimates of posterior means (solid curves) and 5−95% quantiles (shaded regions)
arising from one-dimensional inverse problem. Number of data points taken are
J = 100 (top block), J = 50 (middle block), J = 25 (bottom block). From
1
1
1
left-to right, results for uN , F (uN −1 ) 2 , F (uN −2 ) 2 , F (uN −3 ) 2 are shown. From
top-to-bottom within each block, N = 4, 3, 2, 1.
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It is generated on a uniform square mesh of 214 points, and two data sets are created wherein
it is observed on uniform square grid of J = 210 , 28 points, and corrupted by white noise
with standard deviation γ = 0.02. Sampling is performed on a mesh of 212 points to again
avoid an inverse crime. 4 × 105 samples are generated per chain, with the first 2 × 105
discarded as burn-in when calculating means. Again the jump parameters βj are adaptively
tuned to keep acceptance rates close to 30%.
In Figure 11, analogously to Figure 7, the means of uN and of the length-scales associated
with each layer are shown, for N = 1, 2, 3. When J = 210 , reconstructions are similar,
though quality is generally proportional to the number of layers. In particular the, effect of
too short a length-scale is evident in the case N = 1, in the regions where the length-scale
should be larger, and conversely the effect of too long a length-scale is evident in the cases
N = 1, 2 in the region where the length-scale
should be the shortest. In the cases N = 2, 3,
1
the length-scale fields E F (uN −1 ) 2 are similar, though in the case N = 3 more accurately
captures the true length-scales. When J = 28 the reconstructions are again similar, though

+ sin(16πx) sin(16πy)1(1/4,1/2)2 (x, y).

+ sin(8πx) sin(8πy)1(1/2,3/4)2 (x, y)

u† (x, y) = cos(2πx) cos(2πy) + sin(4πx) sin(4πy)1(1/4,3/4)2 (x, y)

family of covariance operators as in subsection 4.2. The base layer u0 is taken to be Gaussian
with covariance of the form (15), with Γ(u) ≡ 202 .
The true unknown field u† is constructed as a linear combination of truncated trigonometric functions with different length-scales, and shown in Figure 10 along with its contours.
It is given by

Figure 8: Estimates of posterior means (solid curves) and 5−95% quantiles (shaded regions)
arising from one-dimensional inverse problem, with J = 106 data points. From
1
1
1
left-to right, results for uN , F (uN −1 ) 2 , F (uN −2 ) 2 , F (uN −3 ) 2 are shown. From
top-to-bottom, N = 4, 3, 2, 1.
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Figure 9: Estimates of posterior means (solid curves) and 5−95% quantiles (shaded regions)
arising from one-dimensional inverse problem. Number of data points taken are
J = 100 (top block), J = 25 (bottom block). From left-to right, results for uN ,
1
1
1
F (uN −1 ) 2 , F (uN −2 ) 2 , F (uN −3 ) 2 are shown. From top-to-bottom within each
block, N = 4, 3, 2, 1.
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Figure 10: The true field used to generate the data for the two-dimensional inverse problem.
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Table 2: The L2 -errors ku† −E(uN )kL2 between the true field and sample means for the twodimensional simulations shown in Figure 11, for different numbers of data points
J and layers N .

there is now less accuracy in the shapes of the contours. In particular, the effect of too
short a length-scale is especially evident in the case N = 1. The values of the reconstructed
fields in the area of shortest length-scale are inaccurate in all cases—the positions of the
observation points meant
that the actual values of the peaks were not reflected in the data.
1
The fields E F (uN −1 ) 2 have similar structure to the case J = 210 , though less accurately
represent the true length scales. The L2 -errors between the means and the truth are shown
in Table 2

5. Conclusions, Discussion, and Actionable Advice

JMLR 19(54):1-46, 2018

In this section we provide an overview of the advantages and disadvantages of each of the
four different DGP constructions considered in the paper, and summarize actionable advice
that can be taken from the theoretical and numerical results that have been presented. We
then outline a number of directions that would be interesting for future study.
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Figure 11: Estimates of posterior means arising from two-dimensional inverse problem.

(Top block) J = 210 , (Bottom block) J = 28 . From left-to right, E uN ,
1
1
E F (uN −1 ) 2 , E F (uN −2 ) 2 . From top-to-bottom within each block, N =
3, 2, 1.

N =1
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Lu = −∇ · F (u)∇u .
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There are a number of interesting ways in which this work may be generalized. Within
the context of covariance operators it is of interest to construct covariances C(u) which are
defined as L−α with L being the divergence form elliptic operator

5.2 Summary and Future Work

We have considered four different constructions of deep GPs and we now discuss their relative merits. We also consider the context of variational inference which is popular in machine
learning primarily because of its tractability. We emphasize however that it forms an uncontrolled approximation of the true posterior distribution and may fail to adequately represent
the posterior distribution, and uncertainty in particular.
The composition construction is the classical construction introduced by Damianou
and Lawrence (2013), building a hierarchy of layers using a stationary covariance function
and composition. It has received the most study, and methods for variational inference have
already been established. It has the advantage of scaling well with respect to data dimension
d, however accurate sampling methods such as MCMC are intractable for large numbers of
data points, due to the requirement to construct and factor dense covariance matrices at
every step.
The covariance function construction builds the hierarchy using a stationary covariance function, and iteratively modifying its associated length scale. It has the advantage
that each layer can be readily interpreted as the anisotropic length-scale field of the following
layer. Its scaling properties are similar to those of the composition construction, however
variational inference methods for this construction have not yet been studied.
The covariance operator construction builds the hierarchy using an SPDE representation of stationary Matèrn fields, and again iteratively modifies their associated length scale.
It allows for fast sampling in low data dimension d via the use of PDE solvers, even when
the number of data points is large. Accurate sampling via MCMC methods is tractable with
this construction, due to the low cost of constructing and storing the inverse covariance
(precision) matrix. Inference when d is large appears to be intractable at present, due to
the requirement of dense meshes for PDE solvers.
Finally, the convolution construction builds the hierarchy via iterative convolution of
Gaussian random fields. It has the advantage of being amenable to analysis, however the
results of this analysis indicate that it would likely be a poor construction to use for inference
due to trivial behaviour for large depth.
To summarize the numerical results on illustrative regression problems from the previous
section, if the data is high quality, a small number of layers in the DGP will be sufficient
as the problem becomes closer to interpolation. Conversely, if the data is low quality the
likelihood is not strong enough to inform deeper layers in the DGP, and so a small number of
layers is again sufficient. As a consequence, when the data lies between these two cases, and
the truth has sufficiently rich structure, the use of deeper processes may be advantageous,
but care is required to limit the number of layers employed.

5.1 Comparison of Deep GP Constructions
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Such a construction allows for the conditional distributions of the layers to be viewed as
stationary on deformed spaces (Lindgren et al., 2011, §3.4), or to incorporate anisotropy in
specific directions (Roininen et al., 2014, §3.1). Similar notions of anisotropy in different
directions can be incorporated into the covariance function formulation by choosing the
length scale Σ(z) different to a multiple of the identity matrix. Additionally, we could
consider a non-zero mean in the iteration (GP), as considered by Duvenaud et al. (2014);
Salimbeni and Deisenroth (2017), allowing for forcing of the system. For example, with the
choice m(un ) = un and a rescaling of the covariance, we obtain the ResNet-type iteration
p
4tL(un )ξn+1 .
un+1 = un +

This may be viewed as a discretization of the continuous-time stochastic differential equation

du = L(u)L(u)> dW ,
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analogously to what has been considered for neural networks (Haber and Ruthotto, 2017).
Study of these systems could be insightful, for example deriving conditions to ensure a lack
of ergodicity and hence arbitrary depth. As before > denotes the adjoint operation.
And finally it is possible to consider processes outside the four categories considered
here; for example the one-step transition from un to un+1 might be defined via stochastic
integration against i.i.d. Brownian motions.
We have shown how a number of ideas in the literature may be recursed to produce deep
Gaussian processes, different from those introduced by Damianou and Lawrence (2013). We
have studied the effective depth of these processes, either through demonstrating ergodicity,
or through showing convergence to a trivial solution (such as 0 or ∞). Together these results
demonstrate that, as also shown by Duvenaud et al. (2014) for the original construction
of deep Gaussian processes, care is needed in order to design processes with significant
depth. Nonetheless, even a few layers can be useful for inference purposes, and we have
demonstrated this also. It is an interesting question to ask precisely how the approximation
power and effective depth are affected by the number of layers of the process, both in the
non-ergodic case, and in the ergodic case before stationarity has been reached.
We also emphasize that the analysis in the paper is based solely on the deep Gaussian
process un , and not the conditioned process un |y in the inference problem with observed
data y. The ergodicity properties of un do not directly carry over to un |y. As we have
seen in the numerical experiments, the number of layers required in the inference problem
in practice depends on the information content in the observed data y, and the analysis in
this paper does not fully answer the question as to how many. The results in this paper do
show, however, that in the case of ergodic constructions, the expressive power of the prior
distribution in the inference problem does not increase past a certain number of layers. This
provides some justification for using only a moderate number of layers in a deep Gaussian
process prior in inference problems.
There are interesting approximation theory questions around deep processes, such as
those identified in the context of neural networks by Pinkus (1999). There are also interesting
questions around the use of these deep processes for inversion; in particular it seems hard
to get significant value from using depth of more than two or three layers for noisy inverse
problems. On the algorithmic side the issue of efficiently sampling these deep processes
39
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(even over only two layers), when conditioned on possibly nonlinear observations remains
open. We have used non-centred parameterizations because these may be sampled using
function-space MCMC (Cotter et al., 2013; Chen et al., 2018); but centred methods, or
mixtures, may be desirable for some applications.
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Appendix A. Proofs for Section 2

0

Proof of Proposition 1 The stationary kernel ρS is positive definite by Assumption 1,
and so by (Wendland, 2004, Theorem 7.14), we have
Z ∞
exp(−r2 t) dν(t) for all r ∈ [0, ∞),
ρS (r) =

1
exp
(2π)d/2 |Σ̃t (x)|1/2



1
− (x − z)T Σ̃t (x)−1 (x − z) .
2

for a finite, non-negative Borel measure ν on [0, ∞) that is not concentrated at 0 (i.e. it is
not a multiple of the Dirac measure centred at 0).
For any x ∈ Rd and t ∈ [0, ∞), let us now define the matrix Σ̃t (x) := (4t)−1 Σ(x) and
the functions
Kx,t (z) =

Here | · | denotes determinant and so the preceding is simply an expression for a normal
density with mean x and covariance matrix Σ̃t (x) when t > 0; at t = 0, we simply have
Kx,t (z) = 0, for all x, z ∈ Rd . Then ρ(x, x0 ) is given by

0

1

exp

|Σ̃t (x)| 4 |Σ̃t (x0 )| 4

1

|Σ̃t (x)| 4 |Σ̃t (x0 )| 4

0

|Σ̃t (x) + Σ̃t (x0 )| 2
Z ∞

d

1

Rd

Z

Kx,t (z)Kx0 ,t (z) dz dν(t),

d
1
1
 2 d2 |Σ(x)| 14 |Σ(x0 )| 14 Z ∞

2 2 |Σ(x)| 4 |Σ(x0 )| 4 p
Q(x, x0 ) =
exp − tQ(x, x0 ) dν(t)
1 ρS
1
0
|Σ(x) + Σ(x0 )| 2
|Σ(x) + Σ(x0 )| 2




1
1 Z
d
2 2 |Σ(x)| 4 |Σ(x0 )| 4 ∞
Σ(x) + Σ(x0 ) −1
(x − x0 ) dν(t)
=
exp − t(x − x0 )T
1
2
0
|Σ(x) + Σ(x0 )| 2


1
1
Z ∞

−1
1
− (x − x0 )T Σ̃t (x) + Σ̃t (x0 )
(x − x0 ) dν(t)
2

d

= 22

d

= (2π) 2 2 2

JMLR 19(54):1-46, 2018

R
where in the last step, we have used the fact that the convolution Rd Kx,t (z)Kx0 ,t (z) dz can
be calculated explicitly using properties of normal random variables. More precisely, we
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Rd

Rd

Z

Kx,t (z)Kx0 ,t (z) dz =

Rd

Z

pX (z − x)pX 0 (z) dz =
Rd

Z

pX,X 0 (z − x, z) dz,

Rd

d

d
2

d

d
2

0

Rd

i=1

0

N
X

bi bj

Z

1
4

1

!2
dz dν(t)

1

|Σ̃t (xi )| 4 Kxi ,t (z)|Σ̃t (xj )| 4 Kxj ,t (z) dz dν(t)

bi |Σ̃t (xi )| Kxi ,t (z)

Rd

∞Z
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Proof of Proposition 2 We note that the definition of positive definite in Assumptions
1(i) refers only to behaviour of the kernel on a finite set of pairwise distinct points {xi }N
i=1 .
By Assumption 2(i), the function G is non-negative and bounded. If G(z) > 0 for all z ∈ Rd ,

since the Borel measure ν is finite and non-negative. It remains to show that strict inequality
also holds.
1
Firstly, we note that |Σ̃0 (xi )| 4 Kxi ,0 (z) = 0, for all xi , z ∈ Rd , which means that the
integrand with respect to t is identically equal to zero at t = 0. Secondly, we note that
1
N
4
the points {xi }N
i=1 are pairwise distinct and the functions {|Σ̃t (xi )| Kxi ,t (·)}i=1 are hence
linearly independent for any t ∈ (0, ∞). It is thus impossible to make the integrand with
respect to z identically equal to 0 for a.e. z ∈ Rd . As a consequence the integrand with respect to t is positive for all t ∈ (0, ∞). Since we know that the measure ν is not concentrated
at 0 this completes the proof that ρ is positive definite on Rd × Rd , for any d ∈ N.
Finally, we note that the kernel ρ is clearly non-stationary, and is a correlation function
since ρ(x, x) = 1, for any x ∈ Rd .

≥ 0,

= (2π) 2

∞Z

i=1 j=1

Z

N X
N
X

bi bj ρ(xi , xj )

= (2π) 2 2 2

i=1 j=1

N X
N
X

as required.
Now, for any b ∈ RN and pairwise distinct {xi }N
i=1 , we then have

Since W = X 0 − X ∼ N (x0 , Σ̃t (x) + Σ̃t (x0 )), we hence have
Z
Kx,t (z)Kx0 ,t (z) dz
Rd



−1
1
1
=
(x − x0 ) ,
− (x − x0 )T Σ̃t (x) + Σ̃t (x0 )
d
1 exp
2
(2π) 2 |Σ̃t (x) + Σ̃t (x0 )| 2

Rd

where pX is the density of X ∼ N (0, Σ̃t (x)), pX 0 is the density of X 0 ∼ N (x0 , Σ̃t (x0 )) and X
and X 0 are independent. The change of variable from X, X 0 to W, X 0 , where W = X 0 − X,
has Jacobian 1, and so
Z
Z
Z
pW,X 0 (x, z) dz = pW (x).
pW,X 0 (z − (z − x), z) dz =
pX,X 0 (z − x, z) dz =

have
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1

1

G(x1 )→0

lim

4

!d

=

lim

G(x1 )→0

4G(x1 )G(xj )

4

!d

1 = 1,

2
G(x1 ) + G((xj )

2
G(x1 ) + G(x1 )

4G(x1 )G(x1 )

=

.

(18)

G(x1 )→0

lim

2
G(x1 ) + G(xj )

4G(x1 )G(xj )

4

!d

= 0.


−1
Q(x1 , xj ) = 2kx1 − xj k22 G(xj ))
,

(19)

ρ(x1 , xj ) = 0.
42

G(x1 )→0

lim
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Thus, using the continuity of ρS , together with (19) and the algebra of limits, we have

and

G(x1 )→0

lim

ii) xj 6= x1 and G(xj ) > 0: we have

G(x1 )→0

and so using the algebra of limits, the continuity of ρS , (18) and the fact that ρS (0) = 1,
we have
p

lim ρ(x1 , x1 ) = lim ρS
Q(x1 , x1 ) = ρS (0) = 1.
G(x1 )→0

i) xj = x1 : we have

We now study separately three cases:

det(Σ(x1 ) + Σ(xj ))

1
2

2 2 det(Σ(x1 )) 4 det(Σ(xj )) 4

d

where k · k2 is the Euclidean norm, and

Q(x1 , xj ) = (x1 − xj )T


Σ(x1 ) + Σ(xj ) −1
(x1 − xj )
2

−1
,
= 2kx1 − xj k22 G(x1 ) + G(xj )



then the matrix Σ(z) is positive definite for all z ∈ Rd , and the fact that ρ(·, ·) is positive
definite follows directly from Proposition 1.
It remains to investigate the case where G(z) = 0 for some z ∈ Rd . We will prove
that ρ(·, ·) is positive definite by showing that the correlation matrix R, with entries Rij =
ρ(xi , xj ), is positive definite for any pairwise disjoint points {xi }N
i=1 . Without loss of generality, we will study the case G(x1 ) = 0; the proof easily adapts to the case where G(xi ) = 0,
for i 6= 1. To define ρ(x1 , xj ) in this case, we start by assuming G(x1 ) > 0, G(xj ) > 0, and
then take limits.
With Σ(z) = G(z)Id , we have
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iii) xj 6= x1 , G(xj ) = 0: we obtain
lim

ρS

q

Q(x1 , xj ) = 0.

G(x1 ),G(xj )→0

lim

G(x1 ),G(xj )→0

which by Assumptions 2(ii) implies that

>

0, G(xj )

4

!d
≤ 1,

ρ(x1 , xj ) = 0.

4G(x1 )G(xj )
2
G(x1 ) + G((xj )

> 0, and hence

0≤

Since (a + b)2 ≥ 4ab for any positive numbers a and b, we have

for any
G(x1 )
lim

G(x1 ),G(xj )→0

Hence, when G(xi ) > 0, for i = 2, . . . , N , we have limG(x1 )→0 R = R∗ , where the matrix
R∗ has the first row and column equal to the first basis vector e1 = (1, 0, 0, . . . , 0) ∈ RN ,
∗
N −1×N −1 with entries ρ(x , x ), for i, j = 2, . . . , N .
and the remaining submatrix RN
i j
−1 ∈ R
∗
∗
The matrix RN
−1 is positive definite by Proposition 1, from which we can conclude that R
is positive definite also. A similar argument holds when G(xi ) = 0 for one or more indices
i ∈ {2, . . . , N }.
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Sampling from distributions is a core problem in statistics, probability, operations research,
and other areas involving stochastic models (Geman and Geman, 1984; Brémaud, 1991;
Ripley, 2009; Hastings, 1970). Sampling algorithms are a prerequisite for applying Monte
Carlo methods to order to approximate expectations and other integrals. Recent decades
have witnessed great success of Markov Chain Monte Carlo (MCMC) algorithms; for instance, see the handbook by Brooks et al. (2011) and references therein. These methods are
based on constructing a Markov chain whose stationary distribution is equal to the target
distribution, and then drawing samples by simulating the chain for a certain number of
steps. An advantage of MCMC algorithms is that they only require knowledge of the target
density up to a proportionality constant. However, the theoretical understanding of MCMC

1. Introduction

We propose and analyze two new MCMC sampling algorithms, the Vaidya walk and the
John walk, for generating samples from the uniform distribution over a polytope. Both
random walks are sampling algorithms derived from interior point methods. The former
is based on volumetric-logarithmic barrier introduced by Vaidya whereas the latter uses
John’s ellipsoids. We show that the Vaidya walk mixes in significantly fewer steps than the
logarithmic-barrier based Dikin walk studied in past work. For a polytope in Rd defined
by n > d linear
constraints, we show that the mixing time from a warm start is bounded as

O n0.5 d1.5 , compared to the O (nd) mixing time bound for the Dikin walk. The cost of
each step of the Vaidya walk is of the same order as the Dikin walk, and at most twice as
large in terms of constant pre-factors. For the John walk, we prove an O d2.5 · log4 (n/d)
bound on its mixing time and conjecture
that an improved variant of it could achieve a

mixing time of O d2 · poly-log(n/d) . Additionally, we propose variants of the Vaidya and
John walks that mix in polynomial time from a deterministic starting point. The speed-up
of the Vaidya walk over the Dikin walk are illustrated in numerical examples.
Keywords: MCMC methods, interior point methods, polytopes, sampling from convex
sets
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For a polytope defined by n constraints, Kannan and Narayanan (2012) proved an
upper bound on the mixing time of the Dikin walk that scales linearly with n. In many
applications, the number of constraints n can be much larger than the number of variables
d. For example, we could imagine one using many hyperplane constraints to approximate
complicated convex sets such as sphere or ellipsoid. For such problems, linear dependence
on the number of constraints is not desirable. Consequently, it is natural to ask if it is
possible to design a sampling algorithm whose mixing time scales in a sub-linear manner
with the number of constraints. Our main contribution is to investigate and answer this
question in affirmative—in particular, by designing and analyzing two sampling algorithms
with provably faster convergence rates than the the Dikin walk while retaining its advantages
over the ball walk and the hit-and-run methods.

Many MCMC algorithms have been studied for sampling from polytopes, and more
generally, from convex bodies. Some early examples include the Ball Walk (Lovász and
Simonovits, 1990) and the hit-and-run algorithm (Bélisle et al., 1993; Lovász, 1999), which
apply to sampling from general convex bodies. Although these algorithms can be applied to
polytopes, they do not exploit any special structure of the problem. In contrast, the Dikin
walk introduced by Kannan and Narayanan (2012) is specialized to polytopes, and thus can
achieve faster convergence rates than generic algorithms. The Dikin walk was the first sampling algorithm based on a connection to interior point methods for solving linear programs.
More specifically, as we discuss in detail below, it constructs proposal distributions based
on the standard logarithmic barrier for a polytope. In a later paper, Narayanan (2016)
extended the Dikin walk to general convex sets equipped with self-concordant barriers.

The problem of sampling uniformly from a polytope is important in various applications
and methodologies. For instance, it underlies various methods for computing randomized
approximations to polytope volumes. There is a long line of work on sampling methods
being used to obtain randomized approximations to the volumes of polytopes and other
convex bodies (see, e.g., Lovász and Simonovits, 1990; Lawrence, 1991; Bélisle et al., 1993;
Lovász, 1999; Cousins and Vempala, 2014). Polytope sampling is also useful in developing
fast randomized algorithms for convex optimization (Bertsimas and Vempala, 2004) and
sampling contingency tables (Kannan and Narayanan, 2012), as well as in randomized
methods for approximately solving mixed integer convex programs (Huang and Mehrotra,
2013, 2015). Sampling from polytopes is also related to simulations of the hard-disk model
in statistical physics (Kapfer and Krauth, 2013), as well as to simulations of error events
for linear programming in communication (Feldman et al., 2005).

In this paper, we study a certain class of MCMC algorithms designed for the problem of drawing samples from the uniform distribution over a polytope. The polytope is
specified in the form K := {x ∈ Rd | Ax ≤ b}, parameterized by the matrix-vector pair
(A, b) ∈ Rn×d × Rn . Our goal is to understand the mixing time for obtaining δ-accurate
samples, and how it grows as a function of the pair (n, d).

algorithms used in practice is far from complete. In particular, a general challenge is to
bound the mixing time of a given MCMC algorithm, meaning the number of iterations—as
a function of the error tolerance δ, problem dimension d and other parameters—for the
chain to arrive at a distribution within distance δ of the target.
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Our contributions: We introduce and analyze a new random walk, which we refer
to as the Vaidya walk since it is based on the volumetric-logarithmic barrier introduced
d
by Vaidya (1989). We show
 that for a polytope in R defined by n-constraints, the Vaidya
walk mixes in O n1/2 d3/2 steps, whereas the Dikin walk (Kannan and Narayanan, 2012)
has mixing time bounded as O (nd). So the Vaidya walk is better in the regime n  d. We
also propose the John walk, which is based on the John ellipsoidal algorithm
in optimization.

We show that the John walk has a mixing timeof O d2.5 · log4 (n/d) and conjecture that a
variant of it could achieve O d2 · poly-log(n/d) mixing time. We show that when compared
to the Dikin walk, the per-iteration computational complexities of the Vaidya walk and the
John walk are within a constant factor and a poly-logarithmic in n/d factor respectively.
Thus, in the regime n  d, the overall upper bound on the complexity of generating an
approximately uniform sample follows the order Dikin walk  Vaidya walk  John walk.
The remainder of the paper is organized as follows. In Section 2, we discuss many
polynomial-time random walks on convex sets and polytopes, and motivate the starting
point for the new random walks. In Section 3, we introduce the new random walks and
state bounds on their rates of convergence and provide a sketch of the proof in Section 3.5.
We discuss the computational complexity of the different random walks and demonstrate
the contrast between the random walks for several illustrative examples in Section 4. We
present the proof of the mixing time for the Vaidya walk in Section 5 and defer the analysis
of the John walk to the appendix. We conclude with possible extensions of our work in
Section 6.
Notation: For two sequences aδ and bδ indexed by δ ∈ I ⊆ R, we say that aδ = O (bδ ) if
there exists a universal constant C > 0 such that aδ ≤ Cbδ for all δ ∈ I. For a set K ⊂ Rd ,
the sets int (K) and Kc denote the interior and complement of K respectively. We denote the
boundary of the set K by ∂K. The Euclidean norm of a vector x ∈ Rd is denoted by kxk2 .
For any square matrix M , we use det(M ) and trace(M ) to denote the determinant and the
trace of the matrix M respectively. For two distributions P1 and P2 defined on the same
probability space (X , B(X )), their total-variation (TV) distance is denoted by kP1 − P2 kTV
and is defined as follows

Chen, Dwivedi, Wainwright and Yu

2.1 Markov chains and mixing

(1)

Suppose that we are interested in drawing samples from a target distribution π ∗ supported
on a subset X of Rd . A broad class of methods are based on first constructing a discretetime Markov chain that is irreducible and aperiodic, and whose stationary distribution is
equal to π ∗ , and then simulating this Markov chain for a certain number of steps k. As we
describe below, the number of steps k to be taken is determined by a mixing time analysis.
In this paper, we consider the class of Markov chains that are of the Metropolis-Hastings
type (Metropolis et al., 1953; Hastings, 1970); see the books by Robert (2004) and Brooks
et al. (2011), as well as references therein, for further background. Any such chain is
specified by an initial density π 0 over the set X , and a proposal function p : X × X ∈ R+ ,
where p(x, ·) is a density function for each x ∈ X . At each time, given a current state x ∈ X
of the chain, the algorithm first proposes a new vector z ∈ X by sampling from the proposal
density p(x, ·). It then accepts z ∈ X as the new state of the Markov chain with probability



π ∗ (z)p(z, x)
α(x, z) := min 1, ∗
.
π (x)p(x, z)

for z 6= x,

Otherwise, with probability equal to 1 − α(x, z), the chain stays at x. Thus, the overall
transition kernel p for the Markov chain is defined by the function

q(x, z) := p(x, z)α(x, z)

for all x, y ∈ X .

(2)

R
and a probability mass at x with weight 1 − X q(x, z)dz. It should be noted that the
purpose of the Metropolis-Hastings correction (1) is that ensure that the target distribution
π ∗ satisfies the detailed balanced condition, meaning that

q(y, x)π ∗ (x) = q(x, y)π ∗ (y)

It is straightforward to verify that the detailed balance condition (2) implies that the target
density π ∗ is stationary for the Markov chain. Throughout this paper, we analyze the lazy
version of the Markov chain, defined as follows: when at state x with probability 1/2 the
walk stays at x and with probability 1/2 it makes a transition as per the original random
walk. Given that the Markov chains discussed in this paper are also irreducible, the laziness
ensures uniqueness of the stationary distribution.
Overall, this set-up defines an operator Tp on the space of probability distributions:
given an initial distribution µ0 with supp(µ0 ) ⊆ supp(π ∗ ), it generates a new distribution
Tp (µ0 ), corresponding to the distribution of the chain at the next step. Moreover, for any
positive integer k = 1, 2, . . ., the distribution µk of the chain at time k is given by Tpk (µ0 ),
where Tpk denotes the composition of Tp with itself k times. Furthermore, the transition
distribution at any state x is given by Tp (δx ) where δx denotes the dirac-delta distribution
with unit mass at x.
Given our assumptions and set-up, we are guaranteed that limk→∞ Tpk (µ0 ) = π ∗ —that
is, if we were to run the chain for an infinite number of steps, then we would draw a sample
from the target distribution π ∗ . In practice, however, any algorithm will be run only for a
finite number of steps, which suffices to ensure only that the distribution from which the
X

Z

2. Background and problem set-up

KL(P1 kP2 ) =

log



dP1
dP2



dP1 .

Furthermore if P1 is absolutely continuous with respect to P2 , then the KullbackLeibler
divergence from P2 to P1 is defined as

A∈B(X )

kP1 − P2 kTV = sup |P1 (A) − P2 (A)| .

In this section, we describe general MCMC algorithms and review the rates of convergence
of existing random walks on convex sets. After introducing several random walks studied
in past work, we introduce the Vaidya and John walks studied in this paper.
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where b ∈ Rn is a fixed vector. Since the uniform distribution on the polytope K is the
primary target distribution considered in the paper, in the sequel we use π ∗ exclusively
to denote the uniform distribution on the polytope K. There are various algorithms to
sample a vector from the uniform distribution over K, including the ball walk (Lovász
and Simonovits, 1990) and hit-and-run algorithms (Lovász, 1999). To be clear, these two
algorithms apply to the more general problem of sampling from a convex set; Table 1 shows
their complexity, when applied to the polytope K, relative to the Vaidya walk analyzed in
this paper. Most closely related to our paper is the Dikin walk proposed by Kannan and
Narayanan (2012), and a more general random walk on a Riemannian manifold studied by
Narayanan (2016). Both of these random walks, as with the Vaidya and John walks, can be
viewed as randomized versions of the interior point methods used to solve linear programs,
and more generally, convex programs equipped with suitable barrier functions.
In order to motivate the form of the Vaidya and John walks proposed in this paper, we
begin by discussing the ball walk and then the Dikin walk. For the sake of completeness, we
end the section with a brief description another popular sampling algorithm Hit-and-run.

In this paper, we consider the problem of drawing a sample uniformly from a polytope.
Given a full-rank matrix A ∈ Rn×d with n ≥ d, we consider a polytope K in Rd of the form

K := x ∈ Rd | Ax ≤ b ,
(4)

2.2 Sampling from polytopes

M -warm with respect to π ∗ . Naturally, as the value of M decreases, the task of generating
samples from the target distribution gets easier. However, access to a warm-start may not
be feasible for many applications and thus deriving bounds on mixing time of the Markov
chain from a non warm-start is also desirable. Consequently, we provide modifications of
our random walks which mix in polynomial time even from deterministic starting points.

µ0 ∈PM (π ∗ )

where the supremum is taken over all measurable sets S. A number of mixing time guarantees from past work (Lovász, 1999; Vempala, 2005) are stated in terms of this notion of
M -warmness, and our results make use of it as well. In particular, we provide bounds on the
quantity
sup kmix (δ; µ0 ), where PM (π ∗ ) denotes the set of all distributions that are

inf

Rin ,Rout >0

 Rout
Rin

| B(x, Rin ) ⊆ K ⊆ B(y, Rout )

o
for some x, y ∈ K .

(5)
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1. Although, very recently Lee
the mixing time of the ball walk for isotropic
√ and Vempala (2018b) improved

sets which have γK = O( d) improved from O d3 to O d2.5 .

Dikin walk: The Dikin walk (Kannan and Narayanan, 2012) is similar in spirit to the
ball walk, except that it proposes a point drawn uniformly from a state-dependent ellipsoid
known as the Dikin ellipsoid (Dikin, 1967; Nesterov and Nemirovskii, 1994). It then applies
an accept-reject step to adjust for the difference in the volumes of these ellipsoids at different
states. The state-dependent choice of the ellipsoid allows the Dikin walk to adapt to the
boundary structure. A key property of the Dikin ellipsoid of unit radius—in contrast to
the Euclidean ball that underlies the ball walk—is that it is always contained within K, as
is known from classic results on interior point methods (Nesterov and Nemirovskii, 1994).
Furthermore, the Dikin walk is affine invariant, meaning that its behavior does not change
under linear transformations of the problem. As a consequence, the Dikin mixing time does
not depend on the condition number γK . In a variant of this random walk (Narayanan,
2016), uniform proposals in the ellipsoid are replaced by Gaussian proposals with covariance
specified by the ellipsoid, and it is shown that with high probability, the proposal falls within
the polytope.
The Dikin walk is closely related to the interior point methods for solving linear programs. In order to understand the Vaidya and John walks, it is useful to understand this
connection in more detail. Suppose that our goal is to optimize a convex function over the
polytope K. A barrier method is based on converting this constrained optimization problem
to a sequence of unconstrained ones, in particular by using a barrier to enforce the linear

Mixing time of the ball walk has been improved greatly since it was introduced (Kannan
et al., 1997, 2006; Lee and Vempala, 2018b). Nonetheless, as shown in Table 1, the mixing
time of the ball walk gets slower when the condition of the set is large; for instance, it scales1
as d6 for a set with condition number γK = d2 . One approach to tackle bad conditioning
is to use rounding as a pre-processing step, where the set is rounded to bring it in a nearisotropic position, i.e., reduce the condition γK to near-constant before sampling from it.
Nonetheless, these algorithms are themselves based on several rounds of sampling algorithms
and the current best algorithm by Lovász and
√ Vempala (2006b) puts a convex body into
approximately isotropic position, i.e., O∗ ( d) rounding with a running time of O∗ (d4 )
where we have omitted the dependence on log-factors. If one has more information about
the structure of the convex set (and not just oracle access as required by the ball walk), one
can potentially exploit it to design fast sampling algorithms which are unaffected by the
conditioning of the set thereby reducing the need of the (expensive) pre-processing step.
One such algorithm is the Dikin walk for polytopes which we describe next.

γK =

Ball walk: The ball walk of Lovász and Simonovits (1990) is simple to describe: when at
a point x ∈ K, it draws a new point u from a Euclidean ball of radius r > 0 centered at x.
Here the radius r is a step size parameter in the algorithm. If the proposed point u belongs
to the polytope K, then the walk moves to u; otherwise, the walk stays at x. On the one
hand, unlike the walks analyzed in this paper, the ball walk applies to any convex set, but
on the other, its mixing time depends on the condition number γK of the set K, given by

sample has been drawn is “close” to the target π ∗ . In order to quantify the closeness, for a
given tolerance parameter δ ∈ (0, 1), we define the δ-mixing time as
n
o
kmix (δ; µ0 ) := min k | kTpk (µ0 ) − π ∗ kTV ≤ δ ,
(3)

corresponding to the first time that the chain’s distribution is within δ in TV norm of the
target distribution, given that it starts with distribution µ0 .
In the analysis of Markov chains, it is convenient to have a rough measure of the distance
between the initial distribution µ0 and the stationary distribution. Warmness is one such
measure: For a finite scalar M , the initial distribution µ0 is said to be M -warm with respect
to the stationary distribution π ∗ if


µ0 (S)
sup
≤ M,
(Warm-Start)
π ∗ (S)
S
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log(bi − aiT x).
(6)

(7)

(9a)

Jx :=

n
X

i=1

2.3 Mixing time comparisons of walks

ζx,i

ai ai>
2 ,
sx,i

i=1

(11)

(12)

Hit-and-run: We conclude with a brief discussion with another popular sampling algorithm: Hit-and-run. It was introduced by Smith (1984) as a sampling algorithm for general
distributions and it was later shown to have polynomial mixing time for sampling from
convex sets (Lovász, 1999; Lovász and Vempala, 2003, 2006a). The algorithm proceeds as
follows: when at point x, it firsts draws a random line through x and then samples from
the one-dimensional marginal of the target distribution restricted to this line. For uniform
sampling from convex sets, the second step simplifies to drawing a uniform point from the
line restricted to the convex set. Mixing time bounds for this random walk are summarized
in Table 1.

with βJ := d/2n and αJ := 1 − 1/ log2 (1/βJ ). Lee and Sidford (2014) proposed the convex
program (12) associated with the approximate John weights ζx , with the aim of searching
for the best member of a family of volumetric barrier functions. They analyzed the use of
the John weights in the context of speeding up interior point methods for solving linear
programs; here we consider them for improving the mixing time of a sampling algorithm.
The convex program (12) is closely related to the problem of finding the largest ellipsoid at
any interior point of the polytope, such that the ellipsoid is contained within the polytope.
This problem of finding the largest ellipsoid was first studied by John (1948) who showed
that each convex body in Rd contains a unique ellipsoid of maximal volume. The convex
program (12) was used by Lee and Sidford (2014) to compute approximate John Ellipsoids
for solving linear programs. In a recent work, Gustafson and Narayanan (2018) make use of
the exact John ellipsoids and design a polynomial time sampling algorithm for polytopes.
See Table 1 for the associated guarantees.

)
n
X
1
log det(A> Sx−1 W αJ Sx−1 A) − βJ
log wi ,
αJ

where for each x ∈ int (K), the weight vector ζx ∈ Rn is obtained by solving the convex
program
(
n
X

wi −

Chen, Dwivedi, Wainwright and Yu

n
X
i=1

where

i=1
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ai ai>
2 ,
sx,i

(9b)

w∈R

constraints defining the polytope. Letting ai> denote the i-th row vector of matrix A, the
logarithmic-barrier for the polytope K given by the function

(σx,i + βV )

.

ζx := arg minn

John walk: We now describe the John walk. For any vector w ∈ Rn , let W := diag(w)
denote the diagonal matrix with Wii = wi for each i ∈ [n]. Let Sx = diag(sx ) denote
the slackness matrix at x. It is easy to see that Sx is positive semidefinite for all x ∈ K,
and strictly positive definite for all x ∈ int (K). The (scaled) inverse covariance matrix
underlying the John walk is given by

F(x) := −

n

i=1

X i a>
a
i
2 .
sx,i

For each i ∈ [n], we define the scalar sx,i := (bi − aiT x), and we refer to the vector
sx := (sx,1 , . . . , sx,n )> as the slackness at x.
Each step of an interior point algorithm (Boyd and Vandenberghe, 2004) involves (approximately) solving a linear system involving the Hessian of the barrier function, which is
given by
∇2 F(x) :=

(8)

In the Dikin walk (Kannan and Narayanan, 2012), given a current iterate x, the algorithm
chooses a point uniformly at random from the ellipsoid
{u ∈ Rd | (u − x)> Dx (u − x) ≤ R},

where Dx := ∇2 F(x) is the Hessian of the log barrier function, and R > 0 is a user-defined
radius. In an alternative form of the Dikin walk (Narayanan, 2016; Sachdeva and Vishnoi,
2016), the proposal vector u ∈ Rd is drawn randomly from a Gaussian centered at x, and
with covariance equal to a scaled copy of (Dx )−1 . Note that in contrast to the ball walk,
the proposal distribution now depends on the current state.

n
X
i=1

a1> (∇2 Fx )−1 a1
a> (∇2 Fx )−1 an
,..., n
2
2
sx,n
sx,1

!>

Vaidya walk: For the Vaidya walk analyzed in this paper, we instead generate proposals
from the ellipsoids defined, for each x ∈ int (K), by the positive definite matrix
Vx :=

βV := d/n and σx :=

The entries of the the vector σx are known as the leverage scores assciated with the matrix
∇2 Fx from equation (7), and are commonly used to measure the importance of rows in a
linear system (Mahoney, 2011). The matrix Vx is related to the Hessian of the function
x 7→ Vx given by
(10)

Table 1 provides a summary of the mixing time bounds and per step complexity and the
effective per sample complexity for various random walks, including the Vaidya and John
walks analyzed in this paper. In addition to the Ball Walk, Hit-and-Run, Dikin, Vaidya
and John walks, we also show scalings for the recently introduced Riemannian Hamiltonian
Monte Carlo (RHMC) on polytopes by Lee and Vempala (2016) and the John’s walk based
on exact John ellipsoids studied by Gustafson and Narayanan (2018). The details of per
Vx := log det ∇2 Fx + βV Fx .

This particular combination of the volumetric barrier and the logarithmic barrier was introduced by Vaidya (1989) and Vaidya and Atkinson (1993) in the context of interior point
methods, hence our name for the resulting random walk.
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(13)

P
the weight wx,i relative to the total weight ni=1 wx,i signifies more importance for the i-th
linear constraint for the point x.
Figure 1a illustrates the difference in three weights as we move points inside the polytope
[−1, 1]2 . When the point x is in the middle of the unit square formed by the four constraints,
all walks exhibit equal weight for every constraint. When the point x is closer to the bottomleft boundary, the Vaidya and John weights assign larger weights to the bottom and the
left constraints, while the weights for top and right constraints decrease. Note that the
total sum of Vaidya weights and that of John weights remains constant independent of the
position of the point x.
In Figure 1b-2b, we demonstrate that the Vaidya walk and the John walk are better at
handling repeated constraints. Note that we can define the square [−1, 1]2 as

9

ai a>
i
,
s2x,i

n,d

nd2 log2 n

Table 1. Upper bounds on computational complexity of random walks on the polytope
K = {x ∈ Rd |Ax ≤ b} defined by the matrix-vector pair (A, b) ∈ Rn×d × Rn with a warmstart. For simplicity, here we ignore the logarithmic dependence on the warmness parameter
and the tolerance δ. The iteration cost terms of order nd2 arise from linear system solving,
using standard and numerically stable algorithms, for n equations in d dimensions; algorithms
with best possible theoretical complexity ndω for ω < 1.373 are not numerically stable
 enough
for practical use. # Mixing time of the Ball walk has been improved to O d2 γK for near
isotropic convex bodies by Lee and Vempala (2018b) during the submission period of this
paper. While ball walk, Hit-and-run are affected by the condition number γK of the set, the
Dikin and RHMC walks have quadratic dependence on the number of constraints n. † John’s
walk by Gustafson and Narayanan (2018) (based on the exact John ellipsoids) has linear
dependence on n but poor dependence on d. In contrast, the Vaidya walk has sub-quadratic
dependence on n and significantly better dependence on d. Furthermore, the John walk
(based on approximate John’s ellipsoids) analyzed in this paper has linear dependence with
reasonable dependence on the dimensions d. ‡ The mixing time bound for the improved John
walk with poly-logarithmic factor κn,d is conjectured.

Improved John

nd4.5

nd2 log2 n

n1.5 d3.5

nd11 + d15

n2 d2.67





1
0



 




0
1
1
.
,
b
=
[−1, 1]2 = x ∈ R2 Ax ≤ b, A = 
−1 0 
1






0 −1

wx,i

d

John walk (this paper)
d2 κ

d5/2 log4

Vaidya walk (this paper)

walk‡ (this paper)

nd2

n1/2 d3/2

John’s

nd4

d7

2n

nd2/3

RHMC walk (Lee and Vempala, 2018a)
+

nd2

nd

Dikin walk (Kannan and Narayanan, 2012)

d8

n2 d3

nd2

walk† (Gustafson and Narayanan, 2018)

2
nd3 γK

nd

2
d2 γK

Hit-and-Run (Lovász and Vempala, 2006a)

2
nd3 γK

Ball walk# (Kannan et al., 2006)

Per sample cost

nd

kmix (δ; µ0 )
2
d2 γK

Random walk

Iteration cost
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where wx,i > 0 corresponds to a state-dependent weight associated with the i-th constraint.
The Dikin walk uses the weights wx,i = 1; the Vaidya walk uses the weights wx,i = σx,i + βV ;
and the John walk uses the weights wx,i = ζx,i . For simplicity, we refer to these weights
as the Dikin, Vaidya and John weights. The i-th weight characterize the importance of
the i-th linear constraint in constructing the inverse covariance matrix. A larger value of

i=1

n
X

In order to gain intuition about the three interior point based methods—namely, the Dikin,
Vaidya and John walks—it is helpful to discuss how their underlying proposal distributions
change as a function of the current point x. All three walks are based on Gaussian proposal
distributions with inverse covariance matrices of the general form

2.4 Visualization of three walks’ proposal distributions

iteration cost for the new random walks is discussed in Section 4.1. We now compare and
contrast the complexities of these random walks.
Unlike the Ball Walk or hit-and-run which are useful for general convex sets, the Dikin,
Vaidya, John and RHMC walks are specialized for polytopes. These latter random walks
exploit the definition of the polytope in a particular way so that the transition probability
from a point x to y does not change under an affine transformation, i.e., T(x, y) = T(Ax, Ay)
where T denotes the transition kernel for the random walk. Consequently, the mixing time
bounds for these random walks have no dependence on the condition number of the set
γK (5). We can see from Table 1, that compared to the Ball walk and hit-and-run, Vaidya
2 . The condition number γ of polytopes with
walk mixes significantly faster if n  dγK
K
1
polynomially many faces can not be O(d 2 − ) for any  > 0 but can be arbitrarily larger,
even exponential in dimension d (Kannan and Narayanan, 2012). For such polytopes,
3
Vaidya walk
p mixes faster as long as n  d (and even for larger n when γK is large). It
takes O( n/d) fewer steps compared to Dikin walk and thus provides a practical speed up
over all range of d.
From a warm start, the Riemannian Hamiltonian
Monte Carlo on polytopes introduced

by Lee and Vempala (2016) has O nd2/3 mixing time, and thus mixes faster (up to constants) compared than the Vaidya walk (respectively the John walk) when the number of
constraints n is is bounded as n  d5/3 (respectively n  d11/6 ). For larger numbers of
constraints, the Vaidya and John walks exhibit faster mixing. More generally, it is clear
that the rate of John walk has almost the best order across all the walks for reasonably
large values of n  d2 .
Finally, let us compare the (exact) John walk due to Gustafson and Narayanan (2018)
with the (approximate) John walk studied in our paper. A notable feature of their random
walk is that its mixing time is independent of the number of constraints and the per iteration
cost also depends linearly on the number of constraints. Nonetheless, the dependence on
d, for both the mixing time (d7 ) and the per iteration cost (nd4 + d8 ) is quite poor. In
contrast, the per iteration cost for our John walk is nd2 and the mixing time has only a
poly-logarithmic dependence on n.
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(b) Effective weights for a fixed location and
different number of constraints n
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(a) Weights for different locations and a fixed
number of constraints n.
Figure 1. Visualization of the weights on the square with repeated constraints Sn/4 for
the different random walks. The number mentioned next to the boundary lines denotes the
effective weight for the location x (denoted by diamond) for the corresponding constraint.
(a) n = 4 is common across rows and x = (0, 0) for the top row, (0.9, 0.9) for the middle and
(−0.9, −0.7) for the bottom row. The Dikin weights are independent of x, the Vaidya and
the John weights for a constraint increase if the location x is closer to it. (b) x = (0.85, 0.30)
is common across rows, and n = 4 for the top row, n = 16 for the middle and n = 128 for the
bottom row. The effective Dikin weight for each constraint increases linearly with n but for
the Vaidya and John walk adaptively, the weights get adjusted such that the sum of their
weights is always of the order of the dimension d.




 




,

×(n/4)

b
.
..

(14)

Simply repeating the rows of the matrix A several times changes the mathematical formulatiton of the polytope, but does not change the shape of the polytope. We define the
square with constraints repeated n/4 times Sn/4 as
Sn/4

×(n/4)





A





= x ∈ R2 An/4 x ≤ bn/4 , An/4 =  ...  , bn/4 = 



where A and b were defined above. We denote effective weight for each distinct constraint as
the sum of weights corresponding to the same constraint. Using this definition, the effective
Dikin weight, which is n/4, is thus affected by the repeating of constraints. Consequently,
the Dikin ellipsoid is much smaller for polytopes with repeated constraints. However, the
Vaidya and John weights do not change as observed in the Figure 1b. Such a property
of these two weights implies that the Vaidya and John ellipsoids are not too small even
for very large number of constraints. And we observe such a phenomenon in Figures 2a2b where the repetition of rows in the matrix A leads to very small Dikin ellipsoid but
large Vaidya and John ellipsoid. A few other numerical computations also suggest that the
Vaidya and John ellipsoids are moder adaptive when compared to Dikin ellipsoids when the
11
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Dikin
Vaidya
John
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1.0

0.5

−1.0
−1.0

Dikin
Vaidya
John

−0.5

(b) n = 2048

0.0

0.5

1.0

number of constraints is large. Nonetheless, such a claim is only based on heuristics and
is presented simply to provide an intuition that the new ellipsoids are better behaved than
Dikin ellipsoids and thereby motivated the design of the new random walks.

1.0

0.5

1.0

0.0

0.5

0.0

0.0

−0.5

−0.5

−0.5
−1.0
−1.0

(a) n = 32

Figure 2. Visualization of the proposal distribution on the square with repeated constraints
Sn/4 for the different random walks. (a, b) Unit ellipsoids associated with the covariances
of the random walks at different states x on the square with repeated constraints Sn/4 .
Clearly, all these ellipsoids adapt to the boundary but increasing n has a profound impact
on the volume of the Dikin ellipsoids and comparatively less impact on the Vaidya and John
ellipsoids.

3. Main results

With the basic background in place, we now describe the algorithms more precisely and
state upper bounds on the mixing time of the Vaidya and John walks. In Section 3.4, we
propose a variant of the John walk, known as the improved John walk, and conjecture that
it has a better mixing time bound than that of the John walk.
3.1 Vaidya and John walks

In this subsection, we formally define the Vaidya and John walks. In Algorithm 1 and
Algorithm 2, we summarize the steps of the Vaidya walk and the John walk.

Vaidya walk: The Vaidya walk with radius parameter r > 0, denoted by VW(r) for
short, is defined by a Gaussian proposal distribution denoted as PxV : given a current state
x ∈ int (K), it proposes a new point by sampling from the multivariate Gaussian distribution

12
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r2
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!
(15)

end

1
2
1
2

% lazy step

Accept-reject step:
if zi+1 ∈
/ K then xi+1 ← xi
% reject an infeasible proposal
else

compute αi+1 = min 1, pzi+1 (xi+1 )/pxi+1 (zi+1 )
With probability αi+1 accept the proposal: xi+1 ← zi+1
With probability 1 − αi+1 reject the proposal: xi+1 ← xi

stay at the current state: xi+1 ← xi
perform the following
update: 

r2
−1
Proposal step: Draw zi+1 ∼ N xi , (nd)
1/2 Vxi

for i = 0, 1, . . . do
With probability
With probability

13
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We are now ready to state an upper bound on the mixing time of the Vaidya walk. In
this and other theorem statements, we use c to denote a universal positive constant. Recall
that π ∗ denotes the uniform distribution on the polytope K, and, that TVaidya(r) denotes the
operator on distributions associated with the Vaidya walk.

3.2 Mixing time bounds for warm start

John walk: The John walk is similar to the Vaidya walk except that the
at state 
 proposals
2
x ∈ int (K) are generated from the multivariate Gaussian distribution N x, d3/2 ·logr 4 (2n/d) Jx −1 ,
2
where the matrix Jx is defined by equation (11), and r > 0 is a constant. The proposal
J
distribution at x ∈ int (K) is denoted as Px . The proposal step is then followed by an
accept-reject step similarly defined as in the Vaidya walk. We use TJohn(r) to denote the
resulting transition operator for the John walk with parameter r.

11

10

9

8

7

6

5

4

3

2

1

Input: Parameter r and x0 ∈ int (K)
Output: Sequence x1 , x2 , . . .

Algorithm 1: Vaidya Walk with parameter r (VW(r))

R
and a probability mass at x, given by 1 − z∈K min {px (z), pz (x)} dz. We use TVaidya(r) to
denote the resulting transition operator for the Vaidya walk with parameter r.

As the target distribution for our walk is the uniform distribution on K, the proposal step is
followed by an accept-reject step as described in Section 2.1 (equation 1). Thus the overall
transition distribution for the walk at state x is defined by a density given by
(
min {pVx (z), pVz (x)} , z ∈ K and z 6= x,
qVaidya(r) (x, z) =
0,
z∈
/ K,

√


p
nd d/2
nd
exp − 2 (z − x)> Vx (z − x) .
pVx (z) := pVaidya(r) (x, z) = det Vx
2
2πr
2r

N x, √nd Vx −1 . In analytic terms, the proposal density at x is given by



end

1
2
1
2
2

% lazy step

Accept-reject step:
if zi+1 ∈
/ K then xi+1 ← xi
% reject an infeasible proposal
else

compute αi+1 = min 1, pzi+1 (xi+1 )/pxi+1 (zi+1 )
With probability αi+1 accept the proposal: xi+1 ← zi+1
With probability 1 − αi+1 reject the proposal: xi+1 ← xi

% this step is different than the Vaidya walk

stay at the current state: xi+1 ← xi
perform the following
update:


Proposal step: Draw zi+1 ∼ N xi , dr3/2 Jx−1
i

for i = 0, 1, . . . do
With probability
With probability

for all k ≥ cn

d

1/2 3/2

log

M
δ

√

!

.

(16)
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2. A larger than optimal r leads to an undesirable high rejection rate. In practice, we can fine tune r
by performing a binary search over the interval [10−4 , 1] and keeping track of the rejection rate of the
samples during the run of the Markov chain for a given choice of r. A choice of r > 1 is obviously bad
because then the Vaidya ellipsoid will have poor overlap with polytopes near the boundary, causing high
rejection rate and slow down of the chain.

The proof of Theorem 1 is provided in Section 5. Theorem 1 precisely quantifies the dependence of mixing time of the Vaidya walk on many parameters of interest such as dimension
d, number of constraints n, the error tolerance δ and the warmness M . The specific choice
rV = 10−4 is for theoretical purposes; in practice, we find that substantially largerp
values
can be used.2 Our upper bound for the mixing time of the Vaidya walk has O( n/d)
improvement over the current best upper bound for the mixing time of the Dikin walk. In
Section 4.1, we show that the per iteration cost for the two walks is of the same order.
Since n ≥ d for closed polytopes in Rd , the effective cost until convergence (iteration complexity multiplied by number of iterations required) for the Vaidya walk is at least of the
same order as of the Dikin walk, and significantly smaller when n  d. Comparing the
provable mixing time upper bounds, the Vaidya walk has an advantage over the Dikin walk
for the problems where the number of constraints is significantly larger than the number of
variables involved. Our simulations also confirm this theoretical finding.
Let us now state our result for the mixing time of the John walk:

∗

kTVaidya(rV ) (µ0 ) − π kTV ≤ δ

k

Theorem 1 Let µ0 be any distribution that is M -warm with respect to π ∗ as defined in
equation (Warm-Start). For any δ ∈ (0, 1], the Vaidya walk with parameter rV = 10−4
satisfies
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9

8

7

6

5

4

3

2

1

Input: Parameter r and x0 ∈ int (K)
Output: Sequence x1 , x2 , . . .

Algorithm 2: John Walk with parameter r (JW(r))
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for all k ≥ c d2.5 log4

 
n
log
d

√
Theorem 2 Suppose that n ≤ exp( d), and let µ0 be any distribution that is M -warm
with respect to π ∗ . Then for any δ ∈ (0, 1], the John walk with parameter rJ = 10−5 satisfies
√ !
M
.
δ
∗
k
kTJohn
(rJ ) (µ0 ) − π kTV ≤ δ

The proof of Theorem 2 is provided in Appendix D. Again the specific choice of rJ = 10−5
is for theoretical purpose; in practice larger choices are possible. Note that the mixing time
bound for the John walk depends only on the number of constraints n via a logarithmic
factor, and so is almost independent of n. Consequently, it has a mixing √time that is
polynomial in d even if the number of constraints n scales exponentially in d. Further,
we show in Section 4.1 that the cost to execute one step of the John walk is of the same
order as of the Dikin walk up to a poly-logarithmic factor in n. Thus, using John walk, we
obtain improved mixing time bounds for the case when n  d2 .
3.3 Mixing time bounds from deterministic start
The mixing time bounds in Theorem 1 and 2 depend on the warmness M of the initial
distribution. In some applications, it may not be easy to find an M -warm initial distribution. In such cases, we can consider starting the random walk from a deterministic point
x0 ∈ int (K) that is not too close to the boundary ∂K. Indeed, such a point can be found
using standard optimization methods—e.g., using a Phase-I method for Newton’s algorithm
(see Boyd and Vandenberghe, 2004, Section 11.5.4).
Given such a deterministic initialization, our mixing time guarantees depend on the
distance of the starting point from the boundary. This dependence involves the following
notion of s-centrality:
Definition 3 A point x ∈ int (K) is called s-central if for any chord ef with end points
e, f ∈ ∂K passing through x, we have ke − xk2 / kf − xk2 ≤ s.

Chen, Dwivedi, Wainwright and Yu

Corollary 4 Any s-central Dikin-start-Vaidya-walk with parameter r = 10−4 satisfies
 ns 

∗
k
k1
for all k ≥ cn1/2 d5/2 log
kTVaidya
,
(r) TDikin (δx0 ) − π kTV ≤ δ
δ

where k1 is a geometric random variable with E [k1 ] ≤ c0 , and c, c0 > 0 are universal constants.

The mixing rate is logarithmic in ns and has an extra factor of d compared to the bounds in
Theorem 1. However, guaranteeing a warm start for a general polytope is hard but obtaining
a central point involves only a few steps of optimization. Consequently, the hybrid walk and
the guarantees from Corollary 4 come in handy for all such cases. Once
again we observe
p
that the upper bounds for mixing time are improved by a factor of O( n/d) when compared
to the Dikin walk from an s-central start
(Kannan and Narayanan, 2012; Narayanan, 2016)

which had a mixing time of O nd2 . The proof follows immediately from Theorem 1 by
Kannan and Narayanan (2012) and Theorem 1 of this paper and is thereby omitted.
In a similar fashion, we can provide a polynomial time guarantee for a modified John
walk from a deterministic start. We can consider a hybrid random walk that starts at an
s-central point, simulates the Dikin walk until it makes the first move to a new state, and
from there onwards simulates
the John walk. Such a chain would have a mixing time of

O d3.5 poly-log(n, d, s) . For brevity, we omit a formal statement of this result.

3.4 Conjecture on improved John walk

From our analysis, we
 suspect that it is possible to improve the mixing time bound of
O d2.5 poly-log(n/d) in Theorem 2 by considering a variant of the John walk. In particular, 

r2
we conjecture that a random walk with proposal distribution given by N x, d·poly-log(n/d)
Jx −1

for a suitable choice of r has an O d2 poly-log(n/d) mixing time from a warm start. We
refer to this random walk as the improved John walk, and denote its transition operator by
TJohn+ . Let us now give a formal statement of our conjecture on its mixing rate.

0

for all k ≥ c d2 log2c

2n
d

log

√ !
M
,
δ

Conjecture 5 Let µ0 be any M -warm distribution. Then for any δ ∈ (0, 1], the improved
John walk with parameter r = r0 , satisfies the bound
 
∗
k
kTJohn
+ (µ0 ) − π kTV ≤ δ

where r0 , c, c0 are universal constants.

Note that this conjecture involves quadratic (degree two) scaling in d; this exponent of
two matches the sum of exponents for d and n in the mixing time bounds for both the Dikin
and Vaidya walks from a warm-start. Consquently, the improved John walk would have
better performance than the Dikin, Vaidya and John walks for almost all ranges of (n, d),
apart from possible poly-logarithmic factors in the ratio n/d.
3.5 Proof sketch

In this subsection, we provide a high-level sketch of the main ingredients of the main proof.
It is well-known that mixing of a Markov chain is closely related to its conductance. Our

Assuming that it is started at an s-central point x0 , the Dikin walk (Kannan and Narayanan,
2012, algorithm in section 2.1) has a polynomial mixing time. The authors showed that
when the walk
moves to a new state for the first time, the distribution of the iterate is

√
O ( ns)d -warm with respect to the distribution3 π ∗ . Since only constant number of steps
is required to get a warm start, for a deterministic start, we can just use the Dikin walk in
the beginning to provide a warm start to the Vaidya (or John) walk. This motivates us to
define the following hybrid walk.
Given an s-central point x0 , simulate the Dikin walk until we observe a new state. Note
that due to laziness and the accept-reject step, the chain can stay at the starting point for
several steps before making the first move a new state. Let k1 denote the (random) number
of steps taken to make the first move to a new state. After k1 steps, we run the walk VW(r)
with xk1 as the initial point. We call such a walk as s-central Dikin-start-Vaidya-walk with
parameter r. Let TDikin denote the transition kernel of the Dikin walk stated above. Then,
we have the following mixing time bound for this hybrid walk.
3. Obtaining a warmness result for the Vaidya walk from a deterministic start from a central point is nontrivial and it is quite possible that the warmness does not improve. As a result, we simply invoke the
established result for the Dikin walk.
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4. In theory, the matrix computations for the Dikin walk can be carried out in time ndν for an exponent
ν < 1.373, but such algorithms are not numerically stable enough for practical use.

We now show that the per iteration cost of the Dikin, Vaidya and John walks is of the same
order. The proposal step of Vaidya walk requires matrix operations like matrix inversion,
matrix multiplication and singular value decomposition (SVD). The accept-reject step requires computation of matrix determinants, besides a few matrix inverses
 and matrix-vector
products. The complexity of all aforementioned operations
is O nd2 . Thus, per iteration

computational complexity for the Vaidya walk is O nd2 .4

4.1 Per iteration cost

In this section, we first analyze the per-iteration cost to implement of three walks. We
show that while the Dikin walk has the best per-iteration cost, the per-iteration cost of
the Vaidya walk is only twice of that of Dikin walk and the per-iteration cost of the John
walk is only of order log2 (2n/d) larger. Second, we demonstrate the speed-up gained by the
Vaidya walk over the Dikin walk for a warm start on different polytopes.

4. Numerical experiments

Both the Dikin and Vaidya walks requires an SVD computation for inverting the Hessian
of Dikin barrier ∇2 Fx . In addition for the Vaidya walk, we have to invert the matrix Vx ,
which leads to almost twice the computation time of the Dikin walk per step. This difference
can be observed in practice.
For the John walk, we need to compute the weights ζx at each point which involves
solving the program (12). Lee and Sidford (2014) argued that the convex program (12) for
obtaining John walk’s weights is strongly convex with a suitably chosen norm. They proved
that solving this program requires log2 n number of gradient steps, where the computational
complexity
 of each gradient step is equivalent to that of solving an n × d linear system
(O nd2 using a numerically stable routine). Thus, the overall cost for the John walk is of
the same order as of the Dikin walk up to a poly-logarithmic factor in the pair (n, d).
In practice, for the John walk, the combined effect of logarithmic factors in the number
of steps and the cost to implement each step cannot be ignored. This extra factor becomes a
bottleneck for the overall run time for the convergence of the Markov chain. Consequently,
the John walk is not suitable for polytopes with moderate values of n and d, and its mixing
time bounds are computationally superior to the Dikin and Vaidya walks only for the
polytopes with n  d  1.

main proof relies on the work by Lovász (1999) that characterizes the conductance of Markov
chains on a convex set using Hilbert metric. Precisely, Lovász (1999) showed that a Markov
chain has good conductance if it makes jumps to regions with large overlaps from two nearby
points and the mixing time depends inversely on the maximum Hilbert metric between
such nearby points. Using this argument, it remains to make sure that the ellipsoid radius
is chosen properly such that the ellipsoids remain inside the polytope and the ellipsoids
corresponding to two different points x and y overlap a lot even if the points x and y are
relatively far apart.
The conductance-based argument has been used for analyzing the ball walk (Lovász and
Simonovits, 1990, 1993), Hit-and-run (Lovász, 1999; Lovász and Vempala, 2006a) and the
Dikin walk (Kannan and Narayanan, 2012; Narayanan, 2016; Sachdeva and Vishnoi, 2016).
We refer the reader to the survey by Vempala (2005) for a thorough discussion about the
relation between the conductance and mixing time for Markov chains. Our proof techniques
share a few features with the recent analyses of the Dikin walk by Kannan and Narayanan
(2012) and Sachdeva and Vishnoi (2016). However, new technical ideas are needed in order
to handle the state-dependent weights σx and ζx , as defined in equations (9b) and (12)
respectively, that underlie the proposal distributions for the Vaidya and John walks. Note
that these techniques are not present in the analysis of the Dikin walk, which is based on
constant weights.
Specifically, we present the proof of Theorem 1 on the mixing time of the Vaidya walk
in Section 5 and defer the intermediate technical results to Appendix A, B and C. We
present the proof of Theorem 2 (mixing time bound for the John walk) in Appendix D
and provide related auxiliary results and their proofs in Appendices E, F, G, H and I. As
alluded to earlier, to keep the paper self-contained, we provide the proof of Lovász’s Lemma
in Appendix J.
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We choose σd such that the warmness parameter M is bounded by 100. We provide implementations of the Dikin, Vaidya and John walks in python and a jupyter notebook at the
github repository https://github.com/rzrsk/vaidya-walk.
We use the following three ways to compare the convergence rate of the Dikin and the
Vaidya walks: (1) comparing the approximate mixing time of a particular subset of the
polytope—smaller value is associated with a faster mixing chain; (2) comparing the plot
of the empirical distribution of samples from multiple runs of the Markov chain after k
steps—if it appears more uniform for smaller k, the chain is deemed to be faster; and (3)
contrasting the sequential plots of one dimensional projection of samples for a single long
run of the chain—less smooth plot is associated with effective and fast exploration leading
to a faster mixing (Yu and Mykland, 1998). Note that MCMC convergence diagnostics is
a hard problem, especially in high dimensions, and since the methods outlined above are
heuristic in nature we expect our experiments to not fully match our theoretical results.
In Set-up 1, we consider the polytope [−1, 1]2 which can be represented by exactly 4
linear constraints (see Section 2.4). Suppose that we repeat the rows of the matrix A, and

Set-up 5 : Hyper cube [−1, 1]d for d = 10 and 50.

Set-up 4 : The interior of regular n-polygons on the unit circle.

Set-up 3 : Symmetric polytopes in R2 with n-randomly-generated-constraints.

Set-up 2 : The set [−1, 1]d for d ∈ {2, 3, 4, 5, 6, 7} for n = {2d, 2d2 , 2d3 } constraints.

Set-up 1 : The set [−1, 1]2 defined by different number of constraints.

We now present simulation results for the random walks in Rd for d = 2, 10 and 50 with
initial distribution µ0 = N (0, σd2 Id ) and target distribution being uniform, on the following
polytopes:

4.2 Simulations

Chen, Dwivedi, Wainwright and Yu
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random variables from [0, 1] and then flip the sign of both of them with probability 1/2 and
assign these values to the vector ai . The resulting polytope is always a subset of the square
K = [−1, 1]2 and contains the diagonal line connecting the points (−1, 1) and (1, −1). From
Figure 4a-4b, we observe that while there is no clear winner for the case n = 64, the Vaidya
walk mixes mixes significantly faster than the Dikin walk for the polytope defined by 2048
constraints.
In Set-up 4, the constraint set is the regular n-polygons inscribed in the unit circle. A
similar observation as in Set-up 3 can be made from Figure 4c-4d: the Vaidya walk mixes
at least as fast as the Dikin walk and mixes significantly faster for large n.
In Set-up 5, we examine the performance of the Dikin walk and the Vaidya walk on
hyper-cube [−1, 1]d for d = 10, 50. We plot the one dimensional projections onto a random
normal direction of all the samples from a single run up to 10, 000 steps. The Vaidya
sequential plot looks more jagged than that of the Dikin walk for d = 10, n = 5120. For
other
p cases, we do not have a clear winner. Such an observation is consistent with the
O( n/d) speed up of the Vaidya walk which is apparent when the ratio n/d is large.

Chen, Dwivedi, Wainwright and Yu

5. Proofs

We begin with auxiliary results in Section 5.1 which we use then to prove Theorem 1 in
Section 5.2. Proofs of the auxiliary results are in Sections 5.3 and 5.4, and we defer other
technical results to appendices.

then run the Dikin and Vaidya walks with the new A. Given the larger number of constraints, our theory predicts that the random walks should mix more slowly. In Figure 3c
and 3d, we plot the empirical distribution obtained by the Dikin walk and Vaidya walk,
starting from 200 i.i.d initial samples, for n = 64 and 2048. The empirical distribution plot
shows that having large n significantly slows the mixing rate of the Dikin walk, while the
effect on the Vaidya walk is much less. Further, we also plot the scaling of the approximate mixing time k̂mix (defined below) for this simulation as a function of the number of
constraints n in Figure 3b. For Set-up 2, we plot k̂mix as a function of the dimensions d
in Figures 3e-3g, for the random walks on [−1, 1]d where the hypercube is parametrized by
different number of constraints n ∈ {2d, 2d2 , 2d3 }. The approximate mixing time is defined
with respect to the set Sd = {x ∈ Rd | |xi | ≥ cd ∀i ∈ [d]} where cd is chosen such that
π ∗ (Sd ) = 1/2. In particular, for a fixed value of n, let T̂k denote the empirical measure
after k-iterations across 2000 experiments. The approximate mixing time k̂mix is defined as


1
k̂mix := min k π ∗ (Sd ) − T̂k (Sd ) ≤
,
(17)
20
We choose such a set since the set covers the regions near to the boundary of the polytope which are not covered well by the chosen initial distribution. We make the following
observations:

DW Experiments

1.72
2.48
2.75

VW Experiments

kT̃ (δx ) − T̃ (δy )kTV ≤ 1 − ρ

ke(x) − e(y)k2 kx − yk2
.
ke(x) − xk2 ke(y) − yk2

20

(18)

(19a)

JMLR 19(55):1-86, 2018

for all x, y ∈ int (K) with dK (x, y) < ∆.

Lemma 6 (Lovász’s Lemma) Suppose that there exist scalars ρ, ∆ ∈ (0, 1) such that

The ratio dK (x, y) is related to the Hilbert metric on K, which is given by log (1 + dK (x, y));
see the paper by Bushell (1973) for more details.
Consider a lazy reversible random walk on a bounded convex set K with transition
operator T defined via the mapping µ0 7→ µ0 /2 + T̃ (µ0 )/2 and stationary with respect
to the uniform distribution on K (denoted by π ∗ ). (Recall that δx denote the dirac-delta
distribution with unit mass at x.) The following lemma gives a bound on the mixing-time
of the Markov chain.

dK (x, y) :=

5.1 Auxiliary results

VW Theoretical

1.58
2.80
3.84

1. The slopes of the best-fit lines, for k̂mix versus n in the log-log plot in Figure 3b, are
0.88 and 0.45 for Dikin and Vaidya walks respectively. This observation reflects a
near-linear and sub-linear dependence on n for a fixed d for the mixing time of the
Dikin walk and the Vaidya walk respectively.

DW Theoretical

2.0
2.5
3.0

Our proof proceeds by formally establishing the following property for the Vaidya walk: if
two points are close, then their one-step transition distribution are also close. Consequently,
we need to quantify the closeness between two points and the associated transition distributions. We measure the distance between two points in terms of the cross ratio that we
define next. For a given pair of points x, y ∈ K, let e(x), e(y) ∈ ∂K denote the intersection
of the chord joining x and y with K such that e(x), x, y, e(y) are in order (see Figure 6a).
The cross-ratio dK (x, y) is given by

No. of Constraints
2.0
3.0
4.0

2. In Figures 3e-3g, once again we observe a more significant effect of increasing the
number of constraints on the approximate mixing time k̂mix . We list the slopes of
the best fit lines on these log-log plots in Table 2. These slopes correspond to the
exponents for d for the approximate mixing time. From the table, we can observe that
these experiments
 agree with the mixing time bounds of O (nd) for the Dikin walk
and O n0.5 d1.5 for the Vaidya walk.
n = 2d
n = 2d2
n = 2d3

Table 2. Value of the exponent of dimensions d for the theoretical bounds on mixing time
and the observed approximate mixing time of the Dikin walk (DW) and the Vaidya walk
(VW) for [−1, 1]d described by n = 2d, 2d2 , 2d3 constraints. The theoretical exponents are
based on the mixing time bounds of O (nd) for the Dikin walk and O n0.5 d1.5 for the Vaidya
walk. The experimental exponents are based on the results from the simulations described
in Set-up 2 in Section 4.2. Clearly, the exponents observed in practice are in agreement
with the theoretical rates and imply the faster convergence of the Vaidya walk compared to
the Dikin walk for large number of constraints.

In Set-up 3, we compare the plots of the empirical distribution of 200 runs of the Dikin
walk and the Vaidya walk for different values of k, for symmetric polytopes in R2 with nrandomly-generated-constraints. We fix bi = 1. To generate ai , first we draw two uniform
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Then for every distribution µ0 that is M -warm with respect to π ∗ , the lazy transition operator
T satisfies


√
∆2 ρ2
kT k (µ0 ) − π ∗ kTV ≤ M exp −k
∀ k = 1, 2, . . . .
(19b)
4096

Figure 3. Comparison of the Dikin and Vaidya walks on the polytope K = [−1, 1]2 . (a)
Samples from the initial distribution µ0 = N (0, 0.04 I2 ) and the uniform distribution on
[−1, 1]2 . (b) Log-log plot of k̂mix (17) versus the number of constraints (n) for a fixed
dimension d = 2. (c, d) Empirical distribution of the samples for the Dikin walk (blue/top
rows) and the Vaidya walk (red/bottom rows) for different values of n at iteration k =
10, 100, 500 and 1000. (e, f, g) Log-log plot of k̂mix vs the dimension d, for n ∈ {2d, 2d2 , 2d3 }
for d ∈ {2, 3, 4, 5, 6, 7}. The exponents from these plots are summarized in Table 2. Note
that increasing the number of constraints n has more profound effect on the Dikin walk in
almost all the cases.
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Figure 5. Sequential plots of a one-dimensional random projection of the samples on the
hyperbox K = [−1, 1]d , defined by n constraints. Each plot corresponds to one long run of
the Dikin and Vaidya walks, and the projection is taken in a direction chosen randomly
from the sphere. (a) Plots for d = 10 and n ∈ {20, 640, 5120}. (b) Plots for d = 50 and
n ∈ {100, 400, 1600}. Relative to the Dikin walk, the Vaidya walk has a more jagged plot for
pairs (n, d) in which the ratio n/d is relatively large: for instance, see the plots corresponding
to (n, d) = (640, 10) and (5120, 10). The same claim cannot be made for pairs (n, d) for which
the ratio n/d is relatively small; e.g., the plot with (n, d) = (20, 10). These observations are
consistent
with our results that the Vaidya walk mixes more quickly by a factor of order
p
O( n/d) over the Dikin walk.
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Figure 4. Empirical distribution of the samples from 200 runs for the Dikin walk (blue/top
rows) and the Vaidya walk (red/bottom rows) at different iterations k. The 2-dimensional
polytopes considered are: (a, b) random polytopes with n-constraints, and (c, d) regular
n-polygons inscribed in the unit circle. For both sets of cases, we observe that higher n slows
down the walks, with visibly more effect on the Dikin walk compared to the Vaidya walk.
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x

(a)

e(y)

Figure 6. Polytope K = {x ∈ Rd |Ax ≤ b}. (a) The points e(x) and e(y) denote the
intersection points of the chord joining x and y with K such that e(x), x, y, e(y) are in order.
(b) A geometric illustration of the argument (23). It is straightforward
to observe that

kx − yk2 /ke(x) − xk2 = ku − yk2 /ku − vk2 = ai> (y − x) / bi − ai> x .

2

,...,

an

2

2

!>

i=1

=

a> Vx−1 a1
1
,...,
2
sx,1

a> Vx−1 an
n
2
sx,n

v
u n
uX
(a> v)2
= t (σx,i + βV ) i2 ,
sx,i

sx,n Vx

!>

.

(20b)

(20a)

This result is implicit in the paper by Lovász (1999), though not explicitly stated. In order
to keep the paper self-contained, we provide a proof of this result in Appendix J.
Our proof of Theorem 1 is based on applying Lovász’s Lemma; the main challenge in our
work is to establish that our random walks satisfy the condition (19a) with suitable choices
of ∆ and ρ. In order to proceed with the proof, we require a few additional notations. Recall
that the slackness at x was defined as sx := (b1 − a1> x, . . . , bn − an> x)> . For all x ∈ int (K),
define the Vaidya local norm of v at x as
kvkVx := Vx1/2 v

a1

and the Vaidya slack sensitivity at x as
θVx :=
sx,1 Vx

:=

Jx1/2 v
2

and

θ Jx

:=

a1
sx,1

2
Jx

an
,...,
sx,n

Jx

2

!>

.

(20c)

Similarly, we define the John local norm of v at x and the John slack sensitivity at x as
kvkJx

The following lemma provides useful properties of the leverage scores σx from equation (9b),
the weights ζx obtained from solving the program (12), and the slack sensitivities θVx and
θ Jx .
Lemma 7 For any x ∈ int (K), the following properties hold:
(a) σx,i ∈ [0, 1] for all i ∈ [n],
Pn
i=1 σx,i = d,
(b)
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h p
i
(c) θVx ,i ∈ 0, n/d for all i ∈ [n],

(d) ζx,i ∈ [βJ , 1 + βJ ] for all i ∈ [n],
Pn
i=1 ζx,i = 3d/2, and
(e)

(f ) θJx ,i ∈ [0, 4] for all i ∈ [n].

We prove this lemma in Section 5.3.

Let PxV to denote the proposal distribution of the random walk VW(r) at state x. Next,
we state a lemma that shows that if two points x, y ∈ int (K) are close in Vaidya local norm
at x, then for a suitable choice of the parameter r, the proposal distributions PxV and PyV
are close. In addition, we show that the proposals are accepted with high probability at
any point x ∈ int (K). To establish the latter result, we now define the non-lazy transition
operator of the Vaidya walk. Since the Vaidya walk is lazy with probability 1/2, there exists
a valid (non-lazy) transition operator T̃Vaidya(r) such that for any distribution µ0 , we have

TVaidya(r) (µ0 ) = µ0 /2 + T̃Vaidya(r) (µ0 )/2.

We call T̃Vaidya the non-lazy transition operator for the Vaidya walk. Note that the one-step
non-lazy transition distribution T̃Vaidya(r) (δx ) denotes the distribution of proposals after the
accept-reject step if the chain was not lazy. Thus to establish that proposals are accepted
with high probability, it suffices to establish that the transition distribution T̃Vaidya(r) (δx ) at
any point x ∈ K is close to the proposal distribution PxV . We now state these two results
formally:

∀ x, y ∈ int (K) s.t. kx − ykVx

r
≤
,
2(nd)1/4

and

(21b)

(21a)

Lemma 8 There exists a continuous non-decreasing function f : [0, 1/4] → R+ with
f (1/15) ≥ 10−4 such that for any  ∈ (0, 1/15], the random walk VW(r) with r ∈ [0, f ()]
satisfies
kPxV − PyV kTV ≤ 

kT̃Vaidya(r) (δx ) − PxV kTV ≤ 5 ∀ x ∈ int (K).

See Section 5.4 for the proof of this lemma.

With these lemmas in hand, we are now equipped to prove Theorem 1. To simplify notation,
for the rest of this section, we adopt the shorthands Tx = T̃Vaidya(r) (δx ), Px = PxV and
k·kVx = k·kx .
5.2 Proof of Theorem 1

(A): First, we relate the cross-ratio dK (x, y) to the local norm (20a) at x.

In order to invoke Lovász’s Lemma for the random walk VW(10−4 ), we need to verify the
condition (19a) for suitable choices of ρ and ∆. Doing so involves two main steps:

(B): Second, we use Lemma 8 to show that if x, y ∈ int (K) are close in local-norm, then
the transition distributions Tx and Ty are close in TV-distance.
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kx − yk2
kx − yk2
,
ke(x) − xk2 ke(y) − yk2


(ii)
kx − yk2
kx − yk2
,
≥ max
,
ke(x) − xk2 ke(y) − xk2

ke(x) − e(y)k2 kx − yk2 (i)
≥ max
ke(x) − xk2 ke(y) − yk2

(22)

kTx − Ty kTV ≤ kTx − Px kTV + kPx − Py kTV + kPy − Ty kTV .

By the triangle inequality, we have

∀x, y ∈ int (K) such that kx − ykx ≤

r
.
2(nd)1/4

In order to bound the total variation distance kPx − Py kTV , we apply Pinsker’s inequality,
which provides an upper bound on the TV-distance in terms of the KL divergence:
q
kPx − Py kTV ≤ 2 KL(Px kPy ).

5.4.1 Proof of claim (21a)

where χk = (2e/k · log (4/))k/2 for k = 2, 3 and 4. A numerical calculation shows that
f (1/15) ≥ 10−4 .
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1 1
1
1
· √
≥ 10−12 √ .
152 152 10−8 d nd
d nd

whence

(24)

We prove the lemma for the following function


r
r


1




, p

√
√
f () := min
,
, p
,
,
√

1
 20 1 + 2 log 2 4
86 3χ2 22 5/3χ3
50 105χ4 
18 log(2/)


5.4 Proof of Lemma 8

25

=

42

 Vx and whence θVx ,i ≤ 1/ (σx,i + βV ). Combining

For Gaussian distributions, the KL divergence has a closed form expression. In particular,
for two normal-distributions G1 = N (µ1 , Σ1 ) and G2 = N (µ2 , Σ2 ), the Kullback-Leibler

(1 −
√
8d nd

11)2 2 r2

we can set  = 1/15 and r =

10−4 ,

and ρ := 1 − 11.

ai a>
i
s2x,i

the two inequalities yields the claim.
The other parts of the Lemma follow from Lemma 13, 14 and 15 by Lee and Sidford
(2014) and are thereby omitted here.

Further, we also have (σx,i + βV )

Now we prove part (c). Using the fact that σx,i ≥ 0, and an argument similar to part (a)
−1
2
we find that that the matrices Vx and Vx−1 are PSD. Since θVx ,i = a>
i Vx ai /sx,i , we have
θVx ,i ≥ 0. It is straightforward to see that βV ∇2 Fx  Vx which implies that θVx ,i ≤ σx,i /β.

Since rank(Ax ) = d, we conclude that the matrix ∇2 Fx is invertible and thus, both the
−1
−1
2
matrices ∇2 Fx and ∇2 Fx
are PSD. Since σx,i = a>
ai /s2x,i , we have σx,i ≥ 0.
i ∇ Fx
2  ∇2 F implies that σ
Further, the fact that ai a>
/s
≤
1.
x
x,i
i
x,i
Turning to the proof of part (b), from the equality trace(AB) = trace(BA), we obtain
!
−1 !
n
n
n
2
X
X
−1 X
a>
ai
ai a>
i ∇ Fx
2
i
σx,i = trace
=
trace
∇
F
= trace(Id ) = d.
x
s2x,i
s2x,i
i=1
i=1
i=1

P
2
In order to prove part (a), observe that for any x ∈ int (K), the Hessian ∇2 Fx := ni=1 ai a>
i /sx,i
is a sum of rank one positive semidefinite (PSD) matrices. Also, we can write ∇2 Fx = A>
A
x x
where

 >
a1 /sx,1


..
Ax := 
.
.
>
an /sx,n

5.3 Proof of Lemma 7
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Observing that ∆ < 1 yields the claimed upper bound for the mixing time of Vaidya Walk.

∆2 ρ 2 =

Since f (1/15) ≥

10−4 ,

r
1
∆ := √ ·
2d 2(nd)1/4

Consequently, the walk VW(r) satisfies the assumptions of Lovász’s Lemma with

kTx − Ty kTV ≤ 11,

Thus, for any (r, ) such that  ∈ [0, 1/15] and r ≤ f (), Lemma 8 implies that

Step (B):

thereby proving the claim (22).

i=1

This argument of equation (14) has also been used (Sachdeva and Vishnoi, 2016, lemma
9). Note that maximum of a set of non-negative numbers is greater than the mean of the
numbers. Combining this fact with properties (a) and (b) from Lemma 7, we find that
v
u
n
X
u
(a> (x − y))2
kx − ykx
1
dK (x, y) ≥ t Pn
= √
,
(σx,i + βV ) i 2
(σ
+
β
)
s
2d
x,i
V
i=1
x,i

where step (i) follows from the inequality ke(x) − e(y)k2 ≥ max {ke(y) − yk2 , ke(x) − xk2 };
and step (ii) follows from the inequality ke(x) − xk2 ≤ ke(y) − xk2 . Furthermore, from
Figure 6b, we observe that


kx − yk2
kx − yk2
a> (x − y)
max
= max i
.
(23)
,
ke(x) − xk2 ke(y) − xk2
sx,i
i∈[n]

dK (x, y) =

1
dK (x, y) ≥ √ kx − ykx .
2d

We claim that for all x, y ∈ int (K), the cross-ratio can be lower bounded as

Note that we have

Step (A):
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−1/2
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−1/2

divergence between the two is given by

1
−1/2
−1/2
−1/2
−1/2
KL(G1 kG2 ) =
trace(Σ1 Σ2 Σ1 )−d−log det(Σ1 Σ2 Σ1 )+(µ1 −µ2 )> Σ1−1 (µ1 −µ2 ) .
2
Recall from
 equation(15) that the proposal distribution for Vaidya walk is Gaussian, i.e.,
Px = N x, √rnd Vx−1 . Substituting G1 = Px and G2 = Py into the above expression and
applying Pinsker’s inequality, we find that
√
nd
2
kPx − Py kTV
≤ 2 KL(Py kPx ) = trace(Vx−1/2 Vy Vx−1/2 )−d−log det(Vx−1/2 Vy Vx−1/2 ) + 2 kx−ykx2
r
)
(
√

d 
X
1
nd
+ 2 kx − ykx2 ,
=
λi − 1 + log
(25)
λi
r
i=1

where λ1 , . . . , λd > 0 denote the eigenvalues of the matrix Vx
Vy Vx
, and we have used
Pd
Qd
−1/2
−1/2
−1/2
−1/2
λi and trace(Vx
Vy Vx
) =
the facts that det(Vx
Vy Vx
) = i=1
i=1 λi . The
following lemma is useful in bounding expression (25).
Lemma 9 For any scalar t ∈ [0, 1/12] and any pair x, y ∈ int (K) such that kx − ykx ≤ t/(nd)1/4 ,
we have




8t
8t
1− √
Id  Vx−1/2 Vy Vx−1/2  1 + √
Id ,
d
d
where  denotes ordering in the PSD cone, and Id is the d-dimensional identity matrix.

1

+

√
nd
2
kx − ykx2 ≤ 322 r2 + .
r2
4

See Appendix B for the proof of this lemma.

λi − 2 +

λi

For  ∈ (0, 1/15] and r ∈ [0, 1/12], we have t = r/2 ≤ 1/12, whence the eigenvalues
{λi , i ∈ [d]} can be sandwiched as
1
4r
4r
≤ 1 − √ ≤ λi ≤ 1 + √
for all i ∈ d.
(26)
2
d
d
We are now ready to bound the TV distance between Px and Py . Using the bound (25)
and the inequality log ω ≤ ω − 1, valid for ω > 0, we obtain
 √
d 
X
1
nd
2
kPx − Py kTV
≤
λi − 2 +
+ 2 kx − ykx2 .
λ
r
i
i=1

Using the assumption that kx − ykx ≤ r/ 2(nd)1/4 , and plugging in the bounds (26) for
the eigenvalues {λi , i ∈ [d]}, we find that

d 
X

i=1

1
(λi − 1)2
=
≤2·
λi
λi



4r
√
d

2

.

In asserting this inequality, we have used the facts that according to equation (26), for any
i ∈ [d],
λi − 2 +

Note that for any r ∈ [0, 1/12] we have that 32r2 ≤ 1/2. Putting the pieces together yields
kPx − Py kTV ≤ , as claimed.
27
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K



Z 
pz (x)
1 − min 1,
px (z)dz,
px (z)
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5.4.2 Proof of claim (21b)
Note that
Tx ({x}) = Px (Kc ) +

=: S2

(27)

where Kc denotes the complement of K. Consequently, we find that




Z
Z
1
pz (x)
kPx − Tx kTV =
Tx ({x}) +
px (z)dz −
min 1,
px (z)dz
2
px (z)
Rd
K






Z
Z
pz (x)
pz (x)
1
2−2
min 1,
px (z)dz + 2
min 1,
px (z)dz
=
2
px (z)
px (z)
d
c
R
K



pz (x)
≤ Px (Kc ) + 1 − Ez∼Px min 1,
,
(28)
| {z }
px (z)
|
{z
}
=: S1

Consequently, it suffices to show that both S1 and S2 are small, where the probability is
taken over the randomness in the proposal z. In particular, we show that S1 ≤  and S2 ≤ 4.

d

d

z =x+

r
V −1/2 ξ,
(nd)1/4 x

(29)

Bounding the term S1 : Since z is multivariate Gaussian with mean x and covariance
we can write
2
√r V −1 ,
nd x

2

=

1

(nd) 2

r2

"

−1/2

ai> Vx
ξ
sx,i

#2

(i)

≤

1

(nd) 2

r2

(ii)

θVx ,i kξk22 ≤

r2
kξk22 ,
d

(30)

where ξ ∼ N (0, Id ) and = denotes equality in distribution. Using equation (29) and definition (20b) of θVx ,i , we obtain the bound
ai> (z − x)
2
sx,i



r2
kξk22 < 1
d



and E 0 := {z ∈ int (K)} .

where step (i) follows from Cauchy-Schwarz inequality, and step (ii) from the bound on θVx ,i
from Lemma 7(c). Define the events
E :=

1+

2/d log(1/)

(31)

Inequality (30) implies that E ⊆ E 0 and hence P [E 0 ] ≥ P [E]. Using a standard Gaussian tail
, we obtain P [E] ≥ 1 −  and whence P [E 0 ] ≥ 1 − .
bound and noting that r ≤ √ 1

for all α ∈ (0, 1].

Thus, we have shown that P [z ∈
/ K] ≤  which implies that S1 ≤ .

Bounding the term S2 : By Markov’s inequality, we have



pz (x)
Ez∼Px min 1,
≥ αP [pz (x) ≥ αpx (z)]
px (z)
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!

and
(32b)

(32a)
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In this paper, we focused on improving mixing rate of MCMC sampling algorithms for
polytopes by building on the advancements in the field of interior point methods. We
proposed and analyzed two different barrier based MCMC sampling algorithms for polytopes
that outperforms the existing sampling algorithms like the ball walk, the hit-and-run and
the Dikin walk for a large class
 of polytopes. We provably demonstrated
 the fast mixing of
the Vaidya walk, O n0.5 d1.5 and the John walk, O d2.5 poly-log(n/d) from a warm start.
Our numerical experiments, albeit simple, corroborated with our theoretical claims: the
Vaidya walk mixes at least as fast the Dikin walk and significantly faster when the number
of constraints is quite large compared to the dimension of the underlying space. For the
John walk, the logarithmic factors were dominant in all our experiments and thereby we
deemed the result of importance only for set-ups with polytopes in very high dimensions
with number of constraints overwhelmingly larger than the dimensions. Besides, proving
the mixing time guarantees for the improved John walk (Conjecture 5) is still an open
question.
Narayanan (2016) analyzed a generalized version of the Dikin walk for arbitrary convex
sets equipped with self-concordant
barrier. Fromhis results, we were able to derive mixing

time bounds of O nd4 and O d5 poly-log(n/d) from a warm start for the Vaidya walk
and the John walk respectively. Our proof takes advantage of the specific structure of the
Vaidya and John walk, resulting a better mixing rate upper bound the the general analysis
provided by Narayanan (2016).

6. Discussion

with probability at least 1 − 2. Substituting α = 1 − 2 in inequality (31) yields that
S2 ≤ 4, as claimed.

pz (x)
≥ exp (−2) ≥ 1 − 2
px (z)

Using Lemma 10, we now complete the proof. For r ≤ f (), we obtain

See Appendix C for the proof of this claim.

Lemma 10 For any  ∈ (0, 1/15] and r ∈ (0, f ()], we have


1
1
Pz∼Px
log det Vz − log det Vx ≥ − ≥ 1 − ,
2
2


r2
Pz∼Px kz − xk2z − kz − xk2x ≤ 2 √
≥ 1 − .
nd

The following lemma provides us with useful bounds on the two terms in this expression,
valid for any x ∈ int (K).

 1
pz (x)
nd 
= exp − 2 kz − xk2z − kz − xk2x + (log det Vz − log det Vx ) .
px (z)
2r
2

√

By definition (15) of px , we obtain
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While our paper has mainly focused on sampling algorithms on polytopes, the idea
of using logarithmic barrier to guide sampling can be extended to more general convex
sets. The self-concordance property of the logarithmic barrier for polytopes is extended by
Anstreicher (2000) to more general convex sets defined by semidefinite constraints, namely,
linear matrix inequality (LMI) constraints. Moreover, Narayanan (2016) showed that for
a convex set in Rd defined by n LMI constraints and equipped with the log-determinant
barrier—the semidefinite analog of the logarithmic
barrier for polytopes—the mixing time

of the Dikin walk from a warm start is O nd2 . It is possible that an appropriate Vaidya
walk on such sets would have a speed-up over the Dikin walk. Narayanan and Rakhlin
(2013) used the Dikin walk to generate samples from time varying log-concave distributions
with appropriate scaling of the radius for different class of distributions. We believe that
suitable adaptations of the Vaidya and John walks for such cases would provide significant
gains.
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Appendix A. Auxiliary results for the Vaidya walk

In this appendix, we first summarize a few notations used in the proofs related to Theorem 1,
and collect the auxiliary results for the later proofs.
A.1 Notation

(33)

We begin with introducing the notation. Recall A ∈ Rn×d is a matrix with ai> as its i-th
row. For any positive integer p and any vector v = (v1 , . . . , vp )> , diag(v) = diag(v1 , . . . , vp )
denotes a p×p diagonal matrix with the i-th diagonal entry equal to vi . Recall the definition
of Sx :

Sx = diag (sx,1 , . . . , sx,n ) where sx,i = bi − ai> x for each i ∈ [n].

(34)

Furthermore, define Ax = Sx−1 A for all x ∈ int (K), and let Υx denote the projection matrix
for the column space of Ax , i.e.,

Υx := Ax (Ax> Ax )−1 Ax> = Ax ∇2 Fx−1 Ax> .

Σx = diag (σx,1 , . . . , σx,n ) .

2

for all i, j ∈ [n].

for i ∈ [n], and

for i, j ∈ [n].

ai> Vx−1 ai
2
sx,i

2

(36)

(35)

Note that for the scores σx (9b), we have σx,i = (Υx )ii for each i ∈ [n]. Let Σx be an n × n
diagonal matrix defined as

(2)

ai> ∇2 Fx−1 aj
2 s2
sx,i
x,j

Let σx,i,j := (Υx )ij , and let Υx denote the Hadamard product of Υx with itself, i.e.,
2
(Υx(2) )ij = σx,i,j
=

Using the shorthand θx := θVx , we define

ai> Vx−1 aj
2 s2
sx,i
x,j

Θx := diag (θx,1 , . . . , θx,m ) where θx,i =
2
2
Ξx := (θx,i,j
) where θx,i,j
=

In our new notation, we can re-write the Vaidya matrix Vx defined in equation (9a) as
Vx = Ax> (Σx + βV I) Ax , where βV = d/n.
A.2 Basic Properties

We begin by summarizing some key properties of various terms involved in our analysis.

(2)

Lemma 11 For any vector x ∈ int (K), the following properties hold:
Pn
Pn
2
j=1 σx,i,j =
j,k=1 σx,i,j σx,j,k σx,k,i for each i ∈ [n],
(a) σx,i =

(b) Σx  Υx ,

32
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−1

∇2 Fx ∇2 Fx
s2x,i

−1

ai

=

2
a>
i ∇ Fx

−1
∇2

a>
j aj
j=1 s2x,j

s2x,i

Pn
∇2 F x

−1
ai
=

(2)

i,j=1

n
X
2
σx,i,j
.

ai a>
(σx,i + βV ) 2 i
sx,i
i=1

n
X

+ βV )

!

Vx−1 ai
=
i,j=1

n
X
2
(σx,i + βV ) θx,i,j
.

= trace (Id ) = d.

1−

33

n1
sy,i
4
≤
kx − ykx
sx,i
d

Lemma 12 For all x, y ∈ int (K), we have
for each i ∈ [n].

JMLR 19(55):1-86, 2018

We now prove an important result that relates the slackness sx and sy at two points, in
terms of kx − ykx .

Part (f ): The left inequality is by the definition of Vx . The right inequality uses the fact
that Σx  Id .

Using part (c) and Lemma 7(c) yields the claim.

s2x,i

j=1 (σx,i

Pn
a>
j aj
s2x,j

An argument similar to part (a) implies that

θx,i (σx,i + βV ) = trace

−1
a>
−1
−1
i Vx
a>
i Vx Vx Vx ai
=
s2x,i

Part (e):

θx,i =

Part (d):

i=1

Vx−1

Since trace(AB) = trace(BA), we have

n
X

Part (c):

Part (b): From part (a), we have that Σx − Υx is a symmetric and diagonally dominant
matrix with non-negative entries on the diagonal. Applying Gershgorin’s theorem (Bhatia,
2013; Horn and Johnson, 2012), we conclude that it is PSD.

i,j,k=1

Applying a similar trick twice and performing some algebra, we obtain
−1 2
−1 2
−1
n
X
a> ∇2 Fx
∇ Fx ∇2 Fx
∇ F x ∇2 F x
ai
=
σx,i,j σx,j,k σx,k,i .
σx,i = i
2
sx,i

σx,i =

2
a>
i ∇ Fx

Proof We prove each property separately.
−1
Part (a): Using Id = ∇2 Fx ∇2 Fx
, we find that

where βV = d/n was defined in equation (9b).

(f ) βV ∇2 Fx  Vx  (1 + βV ) ∇2 Fx .

(c)

+ βV ) = d,
P
2
(d) ∀i ∈ [n], θx,i = nj=1 (σx,j + βV ) θx,i,j
, for each i ∈ [n],
√
P
2 (σ
nd, and
(e) θx> (Σx + βV I) θx = ni=1 θx,i
x,i + βV ) ≤

Fast MCMC Sampling Algorithms on Polytopes

i=1 θx,i (σx,i

Pn

= θx,i s2x,i kx − yk2x
r
(ii)
n 2
≤
s kx − yk2x ,
d x,i

= aTi Vx−1 ai kx − yk2x

2 (i)
2  − 1
1
1
−1
> 2
2
a>
(x
−
y)
=
(V
a
)
V
(x
−
y)
≤ kVx 2 ai k22 kVx2 (x − y)k22
x
x
i
i

sy,i
t
≤√ ,
sx,i
d

for any x, y ∈ int (K) such that kx − ykx ≤

t
1− √
d

2

1+

1−

√t
d

√t
d

√t
d

√t
d

2

∇2 F x .

 1
for any ω ∈ 0, 12
.

4 Vx .

for all i ∈ [n].

2

(1 + ω)2
≤ 1 + 8ω
(1 − ω)4

1−

1+

2 σx,i

t
1+ √
d

2



√t
d

√t
d

4 V x  V y  

2

and

√t
d

1+

(1 − ω)2
≥ 1 − 8ω
(1 + ω)4

√t
d

1−

1−

1+



t
.
(nd)1/4

34

(37)
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√
Applying this sandwiching pair of inequalities with ω = t/ d yields the claim.

Note that





2 σx,i ≤ σy,i ≤ 

2

Consequently, we find that







∇2 Fx  ∇2 Fy 

By the definition of σx,i and σy,i , we have



The Hessian ∇2 Fy is thus sandwiched in terms of the Hessian ∇2 Fx as

1−

In this appendix section, we prove Lemma 9 using results from the previous appendix. As
a direct consequence of Lemma 12, we find that

Appendix B. Proof of Lemma 9

where step (i) follows from the Cauchy-Schwarz inequality, and step (ii) uses the bound θx,i
from Lemma 7(c). Noting the fact that a>
i (x − y) = sy,i − sx,i , the claim follows after simple
algebra.



Proof For any pair x, y ∈ int (K) and index i ∈ [n], we have

Chen, Dwivedi, Wainwright and Yu

Ψx

1
:= log det Vx ,
2
for all x ∈ int (K) .

Fast MCMC Sampling Algorithms on Polytopes

and

Appendix C. Proof of Lemma 10

σx,i + βV
:=
for i ∈ [n],
2
sx,i

We begin by defining
ϕx,i
(38)

Further, for any two points x and z, let xz denote the set of points on the line segment joining
x and z. The proof of Lemma 10 is based on a Taylor series expansion, and so requires
careful handling of σ, ϕ, Ψ and their derivatives. At a high level, the proof involves the
following steps: (1) perform a Taylor series expansion around x and along the line segment
xz; (2) transfer the bounds of terms involving some point y ∈ xz to terms involving only x
and z; and then (3) use concentration of Gaussian polynomials to obtain high probability
bounds.
C.1 Auxiliary results for the proof of Lemma 10
We now introduce some auxiliary results involved in these three steps. The following lemma
provides expressions for gradients of σ, ϕ and Ψ and bounds for directional Hessian of ϕ
and Ψ. Let ei ∈ Rd denote a vector with 1 in the i-th position and 0 otherwise. For any
h ∈ Rd and x ∈ int (K), define ηx,h,i = ηx,i := ai> h/sx,i for each i ∈ [n].
Lemma 13 The following relations hold;
(2)

(a) Gradient of σ: ∇σx,i = 2Ax> (Σx − Υx )ei for each i ∈ [n].

i
2 >h
(b) Gradient of ϕ: ∇ϕx,i =
A 2Σx + βV I − Υx(2) ei for each i ∈ [n];
x
2
sx,i


(c) Gradient of Ψ: ∇Ψx = Ax> 2 Σx + βV I − Υx(2) θx ;

Pn
1 > 2
2
2
2
j=1 σx,i,j ηx,j for i ∈ [n];
2 h ∇ ϕx,i h ≤ 14 (σx,i + βV ) ηx,i + 11

Pn
Pn
2 + 17
2
2
(σx,i + βV ) θx,i ηx,i
∇2 Ψx h ≤ 13 i=1
i,j=1 σx,i,j θx,i ηx,j .
2

1 >
2h

2
(d) Bound on ∇2 ϕ: sx,i

(e) Bound on ∇2 Ψ:
See Section C.6 for the proof of this claim.

The following lemma that shows that for a random variable z ∼ Px , the slackness sz,i
is close to sx,i with high probability.

q

2 log(4/)
.
d

q
h 
Thus for any d ≥ 1 and r ≤ 1/ 20 1 + 2 log

4


i

, we have

Lemma 14 For any  ∈ (0, 1/4], r ∈ (0, 1) and x ∈ int (K), we have


sx,i
Pz∼Px ∀i ∈ [n], ∀v ∈ xz,
∈ (1 − r (1 + δ) , 1 + r (1 + δ)) ≥ 1 − /4,
sv,i
where δ =



sx,i
Pz∼Px ∀i ∈ [n], ∀v ∈ xz,
∈ (0.95, 1.05) ≥ 1 − /4.
sv,i
35
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1 −1/2
V
ai
sx,i x

for each i ∈ [n].

s

(39)

See Section C.4 for the proof which is based on combining the bound on sx,i
from Lemma 12
v,i
with standard Gaussian tail bounds.
This result comes in handy for transferring bounds for different expressions in Taylor
expansion involving an arbitrary y on xz to bounds on terms involving simply x. The proof
follows from Lemma 12 and a simple application of the standard Gaussian tail bounds and
is thereby omitted. For brevity, we define the shorthand
âx,i =

In the following lemma, we state some tail bounds for particular Gaussian polynomials that
arise in our analysis.

"

n
X

i=1

(40a)


,
4

(40d)

(40c)

(40b)


.
4

" n
#

2
X
√

>
P
ξ ≤ χ2 3d ≥ 1 − ,
(σx,i + βV ) âx,i
4
i=1
#

3
√

>
(σx,i + βV ) âx,i
ξ
≤ χ3 15 (nd)1/4 ≥ 1 − ,
4

Lemma 15 For any  ∈ (0, 1/15], define χk = (2e/k · log (4/))k/2 for k = 2, 3 and 4.
Then for ξ ∼ N (0, Id ) and any x ∈ int (K) the following high probability bounds hold:

P

n
X

i=1



 

n
X
√
âx,i + âx,j > 3
P
ξ
≤ χ 15 (nd)1/4  ≥ 1 −
σ2
3
x,i,j
2
i,j=1
"
#

4
√
>
(σx,i + βV ) âx,i
ξ ≤ χ4 105 (nd)1/2 ≥ 1 −
P

r
V −1/2 ξ,
(nd)1/4 x

(SSI)

(AM-GM)

(C-S)

(41)

See Section C.5 for the proof of these claims.
Now we summarize the final ingredients needed for our proofs. Recall that the Gaussian
proposal z is related to the current state x via the equation
d

z =x+

|u> v| ≤ kuk2 kvk2
1
νκ ≤ (ν 2 + κ2 ).
2
1
ka + bk22 ≤ kak22 + kbk22 ,
2

where ξ ∼ N (0, Id ). We also use the following elementary inequalities:
Cauchy-Schwarz inequality:
AM-GM inequality:
Sum of squares inequality:

Note that the sum-of-squares inequality is simply a vectorized version of the AM-GM inequality. With these tools, we turn to the proof of Lemma 10. We split our analysis into
parts.

36
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1
(z − x)> ∇2 Ψy (z − x) ,
2

(42b)

(42a)

>



≤ 9 nd

√

for all x ∈ int (K) .

2
√r ∇Ψ> V −1 ∇Ψx
x x
nd


. We claim that
(43)

a>
i (z−x)
sx,i

=

r

1

(mn) 4

completes the claim.

â>
x,i ξ. Using Lemma 13(e), we have


18 log(2/)

37
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The last inequality comes from Lemma 7(c) and Lemma 11(a). Setting τ = 1.05, we define
the events E1 and E2 as follows:


sx,i
E1 = ∀i ∈ [n],
∈ [2 − τ, τ ] , and
(45a)
sy,i



2
σx,i
τ
E2 = ∀i ∈ [n],
∈ 0,
.
(45b)
σy,i
(2 − τ )2

n
n
X
s2x,i 2
s2x,j 2
1
17 X 2
(z − x)> ∇2 Ψy (z − x) ≤ 13
(σy,i + βV ) θy,i 2 ηx,i
+
σy,i,j θy,i 2 ηx,j
2
2
s
sy,j
y,i
i=1
i,j=1
r n
(σy,i + βV ) s2x,i 2
43 n X
≤
(σx,i + βV )
η .
(44)
2
d
(σx,i + βV ) s2y,i x,i
i=1

Let ηx,i =

C.2.2 Proof of bound (42b)

Setting ω = /2 and noting that r ≤ √

We prove this inequality at the end of this subsection. Taking it as given for now, let
ξ 0 ∼ N (0, 9r2 ). Then using inequality (43) and a standard Gaussian tail bound, we find
that
h
i


P (z − x)> ∇Ψx ≥ −ω ≥ P ξ 0 ≥ −ω ≥ 1 − exp(−ω 2 /(18r2 )), valid for all ω ≥ 0.

−1
∇Ψ>
x Vx ∇Ψx

Equation (41) implies that (z − x) ∇Ψx ∼ N 0,

C.2.1 Proof of bound (42a)

Note that the claim (32a) is a consequence of these two auxiliary claims, which we now
prove.

and

for some y ∈ xz.

We claim that for r ≤ f (), we have
h
i
Pz (z − x)> ∇Ψx ≥ −/2 ≥ 1 − /2,


1
Pz
(z − x) ∇2 Ψy (z − x) ≥ −/2 ≥ 1 − /2.
2

Ψz − Ψx = (z − x)> ∇Ψx +

Using the second degree Taylor expansion, we have

C.2 Proof of claim (32a)

Fast MCMC Sampling Algorithms on Polytopes

i=1

i=1

(46)

(48)

(47)

=:L

38
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We deduce that all eigenvalues of the matrix L lie in the interval [0, 1] and hence all the
eigenvalues of the matrix L2 belong to the interval [0, 1]. As a result, we have




−1
2Σx − Υ(2)
2Σx − Υ(2)
x + βV I (3Σx + 3βV I)
x + βV I  (3Σx + 3βV I) .



−1/2
0  (3Σx + 3βV I)−1/2 2Σx − Υ(2)
 I.
x + βV I (3Σx + 3βV I)
{z
}
|

Consequently, we find that

0  2Σx − Υ(2)
x + βV I  3 (Σx + βV I) .

where the last step follows from the Cauchy-Schwarz inequality. As a consequence of
(2)
Lemma 11(b), the matrix Σx − Υx is PSD. Thus, we have

We now return to prove our earlier inequality (43). Using the expression for the gradient
∇Ψx from Lemma 13(c), we have that for any vector u ∈ Rn
D

 E2
>
(2)
u> ∇Ψx ∇Ψ>
x u = u, Ax 2Σx − Υx + βV I θx
D

 E2
= Ax u, 2Σx − Υ(2)
x + β V I θx

 E2
D
1
= (Σx + βV I) 2 Ax u, (Σx + βV I)−1/2 2Σx − Υ(2)
x + βV I θx




−1
≤ u> Vx u · θx> 2Σx − Υ(2)
2Σx − Υ(2)
x + βV I (Σx + βV I)
x + βV I θ x

C.2.3 Proof of bound (43)

as claimed.

1
(z − x)> ∇2 Ψy (z − x) ≥ −/2,
2

we obtain that with probability at least 1 − /2,

Applying the high probability bound Lemma 15 (40a) and the condition
r

√
r≤
,
86 3χ2

i=1

It is straightforward to see that E1 ⊆ E2 following a hsimilar
we used
to obtain
 argument
√
i
equation (37) in the proof of Lemma 9. Since r ≤ 1/ 20 1 + 2 log1/2 4
, Lemma 14
implies that P [E1 ] ≥ 1 − /4 whence P [E2 ] ≥ 1 − /4. Using these high probability bounds
and the setting τ = 1.05, we obtain that with probability at least 1 − /4
r n
r n
n
(σy,i + βV ) s2x,i 2
nX
nX
2r2 X
2
2
η
≤
2
(σx,i + βV )
(σx,i + βV ) ηx,i
=
(σx,i + βV ) (â>
x,i ξ) .
d
(σx,i + βV ) s2y,i x,i
d
d

Chen, Dwivedi, Wainwright and Yu
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2
(ϕz,i − ϕx,i ) .

Thus, we obtain




θx> 2Σx − Υx(2) + βV I (Σx + βV I)−1 2Σx − Υx(2) + βV I θx ≤ 9θx> (Σx + βV I) θx .

ai> (z − x)

Finally, applying Lemma 11 and combining bounds (48) and (49) yields the claim.
C.3 Proof of claim (32b)

n 
X

The quantity of interest can be written as
kz − xkz2 − kz − xkx2 =
i=1

n 
X

i=1

2
ai> u (ϕz,i − ϕx,i ) .

(49)

We can write z = x + αu, where α is a scalar and u is a unit vector in Rd . Then we have
kz − xkz2 − kz − xkx2 = α2

2
Pn
We apply a Taylor series expansion for i=1
ai> u (ϕz,i − ϕx,i ) around the point x, along
the line u. There exists a point y ∈ xz such that

i=1

2 2
ηx,i
sx,i (z−x)> ∇ϕx,i +

n

i=1

we obtain

X
2 2 1
ηx,i
sx,i (z−x)> ∇2 ϕy,i (z−x) . (50)
2

ai> (z−x)
sx,i ,



n
n




X
X
2
2
1
ai> u (ϕz,i − ϕx,i ) =
ai> u
(z − x)> ∇ϕx,i + (z − x)> ∇2 ϕy,i (z − x) .
2

i=1

n
X
i=1

Multiplying both sides by α2 , and using the shorthand ηx,i =
kz−xkz2 −kz−xkx2 =

2 2
ηx,i
sx,i (z − x)> ∇ϕx,i = 2

3

n 
X
7
i=1


n
1 X 2
3
σx,i + βV ηx,i
−
σx,i,j (ηx,i + ηx,j )3 .
3
i,j=1

(51)

Substituting the expression for ∇ϕx,i from Lemma 13(b) in equation (50) and performing
some algebra, the first term on the RHS of equation (50) can be written as
n
X
i=1

(52)

On the other hand, using Lemma 13 (d), we have



n
2
2
2
X
s
sx,i
s
1
x,i 2
x,j 
2
2

+
11
σy,i,j
ηx,j
.
s2 (z − x)> ∇2 ϕy,i (z − x) ≤ 2 14 (σy,i + βV ) 2 ηx,i
2
2 x,i
sy,i
sy,i
sy,j
j=1

Now, we use a fourth degree Gaussian polynomial to bound both the terms on the RHS of
inequality (52). To do so, we use high probability bound for sx,i /sy,i . In particular, we use
the high probability bounds for the events E1 and E2 defined in equations (45a) and (45b).
39
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≤

25τ 4

(Lem. 11(a))

≤

i=1

4
(σy,i + βV ) ηx,i

i=1

n
X

4
(σx,i + βV ) ηx,i
,

i=1

i=1

n
X

50

(hpb.(45b))

≤

i,j=1

i,j=1

(53)



n
n
X
(AM−GM)
11 X 2
4
4
4
σy,i,j (ηx,i
+ ηx,j
)
τ 4 14
(σy,i + βV ) ηx,i
+
2

≤

2 and summing over the index i, we obtain
Multiplying both sides of inequality (52) by ηx,i
that with probability at least 1 − /4, we have


n
n
n
X
X
X
s2 s2
s4
1
x,i
x,i
x,j
4
2 2
2
2
2

+ 11
ηx,i
sx,i (z − x)> ∇2 ϕy,i (z − x)
≤ 14
σy,i,j
ηx,i
ηx,j
(σy,i + βV ) 4 ηx,i
2 s2
2
s
sy,i
y,i
y,j
i=1
i=1
i,j=1
 X

n
n
X
(hpb.(45a))
4
2
2 2
τ 4 14
(σy,i + βV ) ηx,i
+ 11
σy,i,j
ηx,i
ηx,j

i=1

i=1

i,j=1

r4 X
>
(σx,i + βV ) (âx,i
ξ)4 ,
nd

n

i,j=1

i=1

(54)

3

n
n


X
X
3
8 r3
1
14 r3
>
2
(âx,i + âx,j )> ξ
(σx,i + βV ) âx,i
ξ
+
σx,i,j
3 (nd)3/4
3 (nd)3/4
2

i=1

n
n
n
X
14 X
8 X 2
3
4
(σx,i + βV ) ηx,i
+
σx,i,j ((ηx,i + ηx,j ) /2)3 + 38
σx,i ηx,i
3
3

where “hpb” stands for high probability bound for events E1 and E2 . In the last step, we
have used the fact that τ 6 /(2 − τ )2 ≤ 2 for τ = 1.05. Combining equations (50), (51) and
(53) and noting that ηx,i = râi> ξ/(nd)1/4 , we find that
kz − xkz2 − kz − xkx2 ≤
≤

+ 50

where the last step follows from the fact
0 ≤ σx,i ≤ σx,i + βV . In order to show that
 that
√ 
kz − xkz2 − kz − xkx2 is bounded as O 1/ nd with high probability, it suffices to show

)

,

!
√

r4  √
22 15χ3
+√
50 105χ4 .
3
nd

r


√
50 105χ4

(55)

> ξ, that appear in
that with high probability, the third and fourth degree polynomials of âx,i
√ 

bound (54), are bounded by O (nd)1/4 and O
nd respectively.
Applying the bounds (40b), (40c) and (40d) from Lemma 15, we have with probability
at least 1 − ,

(


p
,
22 5/3χ3

r3
kz − xkz2 − kz − xkx2 ≤ √
nd
Using the condition
r ≤ min

completes our proof of claim (32b).
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E

i=1

n
X


2
(σx,i + βV ) â>
x,i ξ

We have

!2

2

i,j=1

i,j=1
n
X

i,j=1
n
X

n
X

≤ 3d2 ,
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+2


â>
x,i âx,j

2 
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2
(σx,i + βV ) (σx,j + βV ) θx,i θx,j + 2θx,i,j

(σx,i + βV ) (σx,j + βV )

kâx,i k22 kâx,j k22


2 
2
(σx,i + βV ) (σx,j + βV ) E â>
â>
x,i ξ
x,j ξ

= d + 2d

(i)

=

=

=

C.5.1 Proof of bound (40a)

where inequality (i) follows from Lemma 7 (c).

where ξ ∼ N (0, In ) denotes a standard Gaussian vector in n dimensions. Also, the following
observations on the behavior of the vectors âx,i defined in equation (39) are useful:
r
(i)
n
kâx,i k22 = θx,i ≤
for all i ∈ [n], and
(57a)
d
2
2
(â>
(57b)
x,i âx,j ) = θx,i,j for all i, j ∈ [n],

The proof relies on the classical fact that the tails of a polynomial in Gaussian random
variables decay exponentially independently of dimension. In particular, Theorem 6.7 by
Janson (1997) ensures that for any integers d, k ≥ 1, any polynomial f : Rd → R of degree
k, and any scalar t ≥ (2e)k/2 , we have




1 
k
2
P |f (ξ)| ≥ t Ef (ξ)2
≤ exp − t2/k ,
(56)
2e

C.5 Proof of Lemma 15

According to equation (41), the proposal follows Gaussian distribution
n1
r
4
kx − zkx = 1/2 kξk2 ,
d
d
where ξ ∼ N (0, Id ). Using the standard chi-square tail bound we have that for δ > 0,
h
i
√

P kξk2 / d ≥ 1 + δ ≤ exp −dδ 2 /2 .
q

1
Plugging in δ = d2 log 2 4 concludes the lemma.

The proof is based on Lemma 12 and a simple application of the standard chi-square tail
bounds. According to Lemma 12, we have that for v ∈ xz,
n1
n1
sv,i
4
4
1−
kx − vkx ≤
kx − zkx .
≤
sx,i
d
d

C.4 Proof of Lemma 14
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i=1

n
X


3
(σx,i + βV ) â>
x,i ξ

!2

+6

|

|

i,j=1

n
X

i,j=1

=:N2

{z

}


3
(σx,i + βV ) (σx,j + βV ) â>
.
x,i âx,j

=:N1

{z

}

(58)



(σx,i + βV ) (σx,j + βV ) kâx,i k22 kâx,j k22 â>
x,i âx,j


3 
3
(σx,i + βV ) (σx,i + βV ) E â>
â>
x,i ξ
x,j ξ

i,j=1
n
X

n
X

=9

=

2
(σx,i +βV )kâx,i k22 â>
x,i (σx,j +βV )kâx,j k2 âx,j =

i=1

n
X
(σx,i +βV )kâx,i k22 âx,i

2

2

= B>v

2

≤ kvk22 ,

2 (i)

that
kvk22 =

i=1

n
X

42

2
(σx,i + βV ) θx,i
≤

√

nd.
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where inequality (i) follows from the fact that v > P v ≤ kvk22 for any orthogonal projection
2 . Using Lemma 11(e), we find
matrix P . Equation (57a) implies that vi2 = (σx,i + βV ) θx,i

i,j=1

n
X

Thus we have B > B = Id , which implies p
that BB > is an orthogonal projection matrix.
Letting v ∈ Rn be a vector such that vi = (σx,i + βV ) kâx,i k22 , we then have

√
√
We claim that the two terms in this sum are bounded as N1 ≤ nd and N2 ≤ nd.
Assuming the claims as given, we now complete
3 2 in the√bounds for N1
Pn the proof. Plugging
>
≤ 15 nd. Applying
and N2 in equation (58) we find that E
i=1 (σx,i + βV ) âx,i ξ
3/2
2e
yields the claim. We also verify that for
the bound (56) with k = 3, t = 3 log(4/)
 ∈ (0, 1/15], t ≥ (2e)3/2 . We now turn to proving the bounds on N1 and N2 .
p
Bounding N1 : Let B be an n × d matrix with its i-th row given by (σx,i + βV )â>
x,i .
Observe that
!
n
n
X
X
ai a>
−1/2
i
(σx,i + βV ) âi â>
=
V
(σ
+
β
)
Vx−1/2 = Vx−1/2 Vx Vx−1/2 = Id . (59)
x,i
V
x,i
x
s2x,i
i=1
i=1

E

Using Isserlis’ theorem (Isserlis, 1918) for Gaussian moments, we obtain

C.5.2 Proof of bound (40b)

where step (i) follows from properties (c) and (d) from Lemma 11. Applying the bound (56)
with k = 2, t = e log( 4 ) yields the claim. We verify that for  ∈ (0, 1/15], t ≥ 2e.
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n
X

(σx,i + βV ) (σx,j +

2
βV ) θx,i,j

p
θx,i θx,j

{z

}


2
>
(σx,i + βV ) (σx,j + βV ) âx,i
âx,j kâx,i k2 kâx,j k2
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We see that

≤

(C−S)
i,j=1

i,j=1

r

n
(eqns.(57a),(57b)) X


3
>
(σx,i + βV ) (σx,j + βV ) âx,i
âx,j

Bounding N2 :
n
X

i,j=1

≤

≤

(Lem. 7(c))
i,j=1

n
n X
2
(σx,i + βV ) (σx,j + βV ) θx,i,j
.
d

We now apply Lemma 11(d) followed by Lemma 11(c) to obtain the claimed bound on N2 .

|

i,j,k,l=1

=: C2

n



3
X
>
2
2
2
2
>
ck,l +6
kci,j k22 kck,l k22 ci,j
σx,i,j
σx,k,l
σx,i,j
σx,k,l
ci,j
ck,l

}

(âx,i + âx,j )
for i, j ∈ [n]. Using Isserlis’ theorem for Gaussian moments, we
2

C.5.3 Proof of bound (40c)
Let ci,j =
obtain

i,j,k,l=1

n
X

=: C1

{z



2
n
n
3

3 

3
X
X
>
>
2
>
2
2
E ci,j
ξ
ck,l
ξ
σx,i,j
ci,j
ξ  =
σx,i,j
σx,k,l

i,j=1

E
=9
|

i,j,k,l=1

SSI

≤


1
kâi k22 + kâj k22
2

=

1
(θx,i + θx,j )
2
r
n
.
d

(60b)

(60a)

√
√
We claim that C1 ≤ nd and C2 ≤ nd. Assuming the claims as given, the result follows
using similar arguments as in the previous part. We now bound Ci , i = 1, 2, using arguments
similar to the ones used in Section C.5.2 to bound Ni , i = 1, 2, respectively. The following
bounds on kci,j k22 are used in the arguments that follow:
kci,j k22

≤

Lem. 7(c)

Bounding C1 : Let B
p be the same> n × d matrix as in the proofd of previous part with
its i-th row given by (σx,i + βV )âx,i
. Define the vector u ∈ R with entries given by
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ui =

Pn
2
j=1 σx,i,j

i,j=1

2

2

i,j=1

B>u

≤ kuk22 ,

(i)

=

2

2


n
X
(SSI) 1
2

σx,i,j
kci,j k22 âx,i
≤
2

2
σx,i,j
kci,j k22 ci,j
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2
2
σx,i,j
σx,i,k

n
X

kci,j k22 /(σx,i + βV )1/2 . We have

j,k=1

n


X
2
2
>
σx,i,j
σx,k,l
kci,j k22 kck,l k22 ci,j
ck,l ≤

i,j,k,l=1

=

1
+β

V

kci,j k22 kci,k k22

≤

(Lem. 11(a))

≤

(bnd. (60a))

≤

r

r

j=1

2

2

+

j=1

n
X

i,j=1

n X 2 θx,i + θx,j
σx,i,j
.
d
2

n

2
σx,i,j
kci,j k22 âx,j

n
n σx,i X 2
σx,i,j kci,j k22
d σx,i + βV

j,k=1

n
X
1
n
2
2
σx,i,j
σx,i,k
kci,j k22
d σx,i + βV

where inequality (i) follows from the fact that v > P v ≤ kvk22 for any orthogonal projection
matrix P . It is left to bound the term ui2 . We see that
r
n
X
(bnd. (60b))
ui2

σx,i

i=1 j=1

√

nd.

i=1

Now, summing over i and using symmetry of indices i, j, we find that
r
r n
n
n
(Lem. 11(c))√
n XX 2
(Lem. 11(a)) n X
σx,i,j θx,i =
σx,i θx,i ≤
nd,
d
d
kuk22 ≤

2
2
σx,i,j
σx,k,l

>
ci,j
ck,l

≤

r

i,j,k,l=1

n
2

n X 2
2
>
σx,i,j σx,k,l
ci,j
ck,l .
d

i,j,k,l=1

Using the Cauchy-Schwarz inequality and the bound (60b), we find that
n
2
3


X
2
2
>
ci,j
ck,l kci,j k2 kck,l k2
σx,i,j
σx,k,l

thereby implying that C1 ≤
Bounding C2 :
n
X

i,j,k,l=1

≤

i,j,k,l=1

i,k=1

Using SSI and the symmetry of pairs of indices (i, j) and (k, l), we obtain
n
n
n

2

2

2
X
X
X
2
2
>
2
2
>
>
σx,i,j
σx,k,l
ci,j
ck,l ≤
σx,i,j
σx,k,l
âx,i
âk =
σx,i σx,k âx,i
âk .
i,j,k,l=1

i,k=1

i=1

The resulting expression can be bounded as follows:
n
n
n

2 (eqn.(57b)) X
X
(Lem. 11(d))X
(Lem. 11(c))
2
>
=
σx,i σx,k θx,i,k
≤
σx,i θx,i ≤ n.
σx,i σx,k âx,i
âk

i,k=1

Putting the pieces together yields the claimed bound on C2 .
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i=1

n
X


4
σx,i â>
x,i ξ

105

105

=

≤

i=1

!2

2
log(4/) yields the result. We also verify that

2
σx,i θx,i

2 2
σx,i σx,j θx,i
θx,j

n
X

105nd.

e
2

4 . Thus we have
= 105 θx,i

ai a>
i

1
1
− 2
2
s
(sx,i − a>
h)
x,i
i

=

i=1

"
#


2
1
2a>
3(a>
i h
i h)
1
+
+ O khk32 ,
+
2
2
sx,i
sx,i
sx,i
"
#
n


> h)2
>h
X
ai a>
2a
3(a
i
i
i
=
+
+ O khk32 ,
sx,i
s2x,i
s2x,i

i=1

n
X

!
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(62c)

(62b)

(62a)

(61)
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3
−1
−1
> −1 H
−1
> −1 H
−1 H
−1
aTi Hx+h
ai = a>
i Hx ai − ai Hx ∆x,h Hx ai + ai Hx ∆x,h Hx ∆x,h Hx ai + O khk2 .

∆H
x,h

s2x+h,i

1

Up to second order terms, we have

∆H
x,h := Hx+h − Hx =

>
Using sx+h,i = (bi − a>
i (x + h)) = sx,i − ai h, we define the Hessian difference matrix

C.6.1 Gradient of σ

We now derive the different expressions for derivatives and prove the bounds for Hessians
of x 7→ ϕx,i , i ∈ [n] and x 7→ Ψx . In this section we use the simpler notation Hx := ∇2 Fx .

C.6 Proof of Lemma 13

n
X

8

 
8  12
8  12  
E â>
σx,i σx,j E â>
x,j ξ
x,i ξ

i,j=1

i,j=1

n
X

=

≤

C−S

(Lem. 11(e))

!2

Applying the bound (56) with k = 4, t =
for  ∈ (0, 1/15], we have t ≥ (2e)2

E

>
Observe that â>
x,i ξ ∼ N (0, θx,i ) and hence E âx,i ξ

C.5.4 Proof of bound (40d)
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∇σx,i
∇sx,i
− 2 (σx,i + βV ) 3
s2x,i
sx,i
i
2 > −1 h
= 2 A Sx 2Σx + βV I − Υ(2)
ei ,
x
sx,i

1 −1/2
V
ai ,
sx,i x

and

i=1

n
X

(σx,i + βV ) âx,i â>
x,i = Id .
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Let log L denote the logarithm of the matrix L. Keeping track of the first order terms on
RHS of equation (63), we find that
!#
"
!#
"
n
n
X
X
âx,i â>
x,i
>
−
trace
log
(σ
+
β
)
â
â
trace log
(σx+δh,i + βV )

x,i
V
x,i
x,i
2
1 − δa>
i=1
i=1
i h/sx,i
"
!!#
"
!#
n
n

X
X

a> h
= trace log
σx+δh,i + βV + δh> ∇σx,i
1 + 2δ i2
− trace log
(σx,i + βV ) âx,i â>
+ O δ2
x,i
s
x,i
i=1
i=1
" n
!
#
X

a>
h
2
= trace
δ 2 (σx,i + βV ) i2 + h> ∇σx,i âx,i â>
x,i + O δ
sx,i
i=1
! !
n
X

a> h
=δ
2 (σx,i + βV ) i2 + h> ∇σx,i θi + O δ 2 ,
s
x,i
i=1

For a unit vector h, we have
"
!
!#
n
n
X
X
(σx+δh,i + βV )
1
>
>
>
h ∇ log det Vx = lim
trace log
(σx,i + βV ) âx,i âx,i
.
2 âx,i âx,i − trace log
>
δ→0 δ
i=1 1 − δai h/sx,i
i=1
(63)

âx,i =

For convenience, let us restate equations (39) and (59):

C.6.3 Gradient of Ψ

as claimed.

∇ϕx,i =

Using the chain rule and the fact that ∇sx,i = −ai , we find that

C.6.2 Gradient of ϕ

Dividing both sides by h and letting h → 0 yields the claim.

Collecting different first order terms in σx+h,i − σx,i , we obtain


>
Pn aj a>
j aj h
> H −1
a
Hx−1 ai
2


x
i
j=1 sx,j sx,j
>
−1
a>
i Hx ai ai h
σx+h,i − σx,i = 2
−2
+ O khk22
2
2
sx,i
sx,i
sx,i


n
>


a> h X 2 aj h 
= 2 σx,i i −
+ O khk22
σx,i,j
sx,i
sx,j
j=1


2
−1
= 2 [(Σx − Υ(2)
x )Sx A]i h + O khk2 .
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Ax>


4Σx + 2βV I −

−1
a> Hx,i
ai
i
4
sx,i

!
}

"
1+

4ai> h
+
sx,i

2Υx(2)

#


Θx h.

1
{z

−

=:A2

2
sx+h,i



+ O khk23 .

|

+ βV

1
2
sx,i

!
}

.

 

2
= 2 h> Ax> Eii 3 (Σx + βV I) + 7Σx − 8 diag(Υx(2) ei ) Eii
sx,i

1

(65)

(64)

where we have used the fact trace(log I) = 0. Letting δ → 0 and substituting expression of
h> ∇σx from part (a), we obtain
h> ∇ log det Vx =
C.6.4 Bound on Hessian ∇2 ϕ

h> ∇ 2
ϕx,i h

−

{z

=:A1

−1
ai> Hx+h,i
ai
4
sx+h,i


+ diag(Υx ei )(4Υx − 3I) diag(Υx ei ) Ax h.

In terms of the shorthand Eii = ei ei> , we claim that for any h ∈ Rd ,

Note that

ϕx+h,i − ϕx,i =
|

=
4
sx,i

10(ai> h)2
2
sx,i

4 is given by
The second order Taylor expansion of 1/sx,i

1
4
sx+h,i



Let B1 and B2 denote the second order terms, i.e., the terms that are of order O khk22 ,
in Taylor expansion of A1 and A2 around x, respectively. Borrowing terms from equations (62a)-(62c) and simplifying we obtain

l=1

n
n
n X
n
2
>
2
> 2
>
>
X
X
a
σ
σ
σ
(a> h)2
a> h X σx,i,j
j h
x,i,j (aj h)
x,l,i aj h al h
x,i,j
B1 = 10σx,i i 2
−8 i
−3
+4
σx,j,l
,
2
2
2
sx,i
sx,j
sx,i
sx,i sx,j sx,l
sx,i
sx,i
sx,i
sx,j
j=1
j=1
j=1

(a> h)2
and B2 = 3βV i 2 .
sx,i

Observing that the second order term in the Taylor expansion of ϕx+h,i around x, is exactly
1 > 2
2 h ∇ ϕx,i h yields the claim (64). We now turn to prove the bound on the directional
47

JMLR 19(55):1-86, 2018

1 > 2
h ∇ ϕx,i h
2

n
X
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2
2
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σx,i,j
ηx,j
+4

Chen, Dwivedi, Wainwright and Yu

n
X
j=1

j=1

n
X

2
σx,i,j
ηx,j ηx,i −3

Hessian. Recall ηx,i = ai> h/sx,i . We have

2
sy,i

n
X

j=1
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n
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|ηx,i ηx,j | + 7

2
2
= 3 (σx,i +βV ) ηx,i
+7σx,i ηx,i
−8
(i)

2
≤ 10 (σx,i + βV ) ηx,i
+8
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2
≤ 10 (σx,i + βV ) ηx,i
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(iii)

2
≤ 10 (σx,i + βV ) ηx,i
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2
≤ 14 (σx,i + βV ) ηx,i
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1 + δai> h/sx,i

>
(σx + βV ) âx,i âx,i

.

σx,i,j σx,j,k σx,k,i ηx,j ηx,k

(66)

where step (i) follows from the fact that diag(Υy ei )Υy diag(Υy ei )  diag(Υy ei ) diag(Υy ei )
since Υy is an orthogonal projection matrix; step (ii) follows from AM-GM inequality; step
(iii) follows from the symmetry of indices i and j and Lemma 11(a), and step (iv) from the
fact that σx,i ≤ σx,i + βV .
C.6.5 Bound on Hessian ∇2 Ψ
We have
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n
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+ trace log

− 2 trace log
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x,i )
i

+

i,j,k,l=1

2
2
2
ηx,i ηx,j .
σx,j,k
θx,k,l
σx,i,l



i,j,k=1

(68)

(67)

j=1

j=1

j=1

i,j=1
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i,j,k,l=1

 X

n
n
n
X
X
2
2 2
2 2 2
+ 8
(σi + βV ) (σj + βV ) ηi ηj θi,j
+8
(σi + βV ) σj,k
θi,k ηi ηj + 2
σi,l
σj,k θk,l ηi ηj .

i=1

h> ∇2 Ψx h


n  
n
n
n
X
X
X
X

2
2
2 2
≤
3 σi + βV ηi2 + 4 σi ηi2 +
σi,j
ηi ηj + 3σi ηi2 + 4
σi,j
ηi ηj + 7
σi,j
η j θi

Using this fact and substituting the expression for h> ∇2 σx,i h from equation (68) in equation (67), we obtain

diag(Υx ei )Υx diag(Υx ei )  diag(Υx ei ) diag(Υx ei ).

Assuming the claim at the moment we now bound
. To shorten the notation,
we drop the x-dependence of the terms σx,i , σx,i,j , θx,i and ηx,i . Since Υx is an orthogonal
projection matrix, we have

h> ∇2 Ψx h

We claim that the directional Hessian h> ∇2 σx,i h is given by
h
i
(2)
h> ∇2 σx,i h = 2 h> A>
x Eii (3Σx − 4 diag(Υx ei ))Eii + diag(Υx ei )(4Υx − 3I) diag(Υx ei ) Ax h.

1 >
h
2

h> ∇σ


Pn

≤

(i)

"

i,j=1

n
X

i,j=1

n
X

j=1

j=1

n
X

j=1

n
X

i,j,k=1
2
σi,j
ηi2 + ηj + 7


2

2 2
σi,j
ηj θi

#

2 2
(σi + βV ) σj,k
θi,k ηi ηj + 2

2 2 2
σi,l
σj,k θk,l ηi ηj

i,j,k,l=1

i,j,k,l=1

n
X

i=1

i

V

i i

i,j=1

i,j,k=1

i,j i j



>
aj a>
j aj h
j=1 s2x,j sx,j

s2x,i


Pn

>
al a>
l al h
l=1 s2 sx,l
x,l

a>
i h
sx,i
Hx−1 ai

Hx−1



Hx−1 ai

s2x,i



> 2
aj a>
j (aj h)
j=1 s2x,j s2x,j


Pn


Pn
−1
a>
i Hx

−1
a>
i Hx

s2x,i

>
aj a>
j aj h
j=1 s2x,j sx,j


Pn



ai
.

3
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−1
> 2
a>
2
i Hx ai (ai h)
= 3 σx,i ηx,i
= h> 3 A>
x Eii Σx Eii Ax h.
s2x,i
s2x,i

We simply each term on the RHS one by one. Simplifying the first term, we obtain

+4

−3

2
a> H −1 ai (a>
i h)
−4
= 3 i 2x
sx,i
s2x,i

−1
a>
i Hx

Proof of claim (68): In order to compute the directional Hessian of x 7→ σx,i , we need
to track the second order terms in equations (62a)-(62c). Collecting the second order terms
(2)
(denoted by σh ) in the expansion of σx+h,i − σx,i , we obtain

Dividing both sides by two completes the proof.

(2)
σh

#

n
n
X
X

 2 2
 2 2 2
2 2 2
σi + βV σj + βV θi,j
(ηi + ηj2 ) + 4
σi + βV σj,k
θi,k (ηi + ηj2 ) +
σi,l
σj,k θk,l (ηi2 + ηj2 )

j=1

n
X

2
(σi + βV ) (σj + βV ) ηi ηj θi,j
+8

10 (σi + βV ) ηi2 + 4

"

"

+ 4

i=1

n
X

+ 8

i=1

h> ∇2 Ψx h
"
#
n
n
n
X
X
X
2
2 2
≤
10 (σi + βV ) ηi2 + 8
σi,j
ηi ηj + 7
σi,j
ηj θi

Rearranging terms, we find that

Chen, Dwivedi, Wainwright and Yu

Using part (a) to substitute
x,i , we obtain
where in step (i) we have used the AM-GM inequality. Simplifying further, we obtain




n
n
"
#
" n
#
X
X

n
n
n
1
X
X
X
X
2
2
2
3 (σx,i + βV ) ηx,i
∇2 log det Vx h =
+ 4 σx,i ηx,i
−
σx,i,j
ηx,i ηx,j  + h> ∇2 σx,i h θi
2
2 2
2
2
2
> 2
14 (σi + βV ) ηi + 11
σi,j ηj θi +
12 (σi + βV ) θi ηi +
6σi,j θi ηj
h ∇ Ψy h ≤
2
i=1
j=1
i=1
j=1
i=1
i,j=1
X
n
n
X
n
n
X
X
2
2
2
−2
(2σx,i + βV ) (2σx,j + βV ) ηx,i ηx,j θx,i,j
−2
(2σx,i + βV ) σx,j,k
θx,i,k
ηx,i ηx,j
= 26
(σ + β ) θ η 2 + 17
σ2 θ η2.

Recall ηx,i =

a>
i h
sx,i .

We can similarly obtain the second order expansion of the term trace log

i=1

Up to second order terms, we have
"
!#
n
X
âx,i â>
x,i
trace log
(σx+δh,i + βV )
2
1 − δa>
i=1
i h/sx,i
"
!#
 > 2 !


n
X
ai h
1
a> h
= trace log
σx,i + βV + δh> ∇σx,i + δ 2 h> ∇2 σx,i h
âx,i â>
1 + 2δ i + 3δ 2
x,i
2
sx,i
sx,i
i=1
!
#
" n 



2
X
a>
a> h
1
i h
1 + 2δ i + 3δ 2
âx,i â>
= trace
σx,i + βV + δh> ∇σx,i + δ 2 h> ∇2 σx,i h
x,i
2
sx,i
sx,i
i=1

!2 
 > 2 !

n 
>h
X
a
h
1
1
a
i
.
σx,i + βV + δh> ∇σx,i + δ 2 h> ∇2 σx,i h
− trace 
1 + 2δ i + 3δ 2
âx,i â>
x,i
2
2
sx,i
sx,i
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#

ai> Hx−1


Hx−1 ai

j=1

n
X

n

j=1

2
2
σx,i,j
ηx,j



= 4 h> Ax> Eii diag Υx(2) ei Eii Ax h.

=3


ai
=4

n
X

j,l=1

σx,i,j σx,j,l σx,l,i ηx,j ηx,l

= 3 h> Ax> diag (Υx ei ) diag (Υx ei ) Ax h
Pn al al> al> h
l=1 s2 sx,l
x,l

Hx−1 ai

X
ai> h
2
= 4 ηx,i
σx,i,j
ηx,j
sx,i
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Pn aj aj> aj> h
2
j=1 sx,j
sx,j

2
sx,i

Pn aj aj> (aj> h)2
2
2
j=1 sx,j
sx,j

Hx−1

2
sx,i

For the second term, we have

4

ai> Hx−1

Pn aj aj> aj> h
2
j=1 sx,j
sx,j

The third term can be simplified as follows:


3

ai> Hx−1

For the last term, we find that



4
2
sx,i

= 4 h> Ax> diag (Υx ei ) Υx diag (Υx ei ) Ax h.
Putting together the pieces yields the expression (68).

Appendix D. Analysis of the John walk

n
X

wi −

and

βJ =

d
,
2n

i=1

n



X
1
log det A> Sx−1 W αJ Sx−1 A − βJ
log wi ,
αJ

(69)

We recap the key ideas of the John walk for convenience. We have designed a new proposal
distribution by making use of an optimal set of weights to define the new covariance structure
for the Gaussian proposals, where optimality is defined with respect to the convex program
defined below (69). The optimality condition is closely related to the problem of finding
the largest ellipsoid at any interior point of the polytope, such that the ellipsoid is contained
within the polytope. This problem of finding the largest ellipsoid was first studied by John
(1948) who showed that each convex body in Rd contains a unique ellipsoid of maximal
volume. More recently, Lee and Sidford (2014) make use of approximate John Ellipsoids
to improve the convergence rate of interior point methods for linear programming. We
refer the readers to their paper for more discussion about the use of John Ellipsoids for
optimization problems. In this work, we make use of these ellipsoids for designing sampling
algorithms with better theoretical bounds on the mixing times.
The vector ζx = (ζx,1 , . . . , ζx,n )> defined in the John walk’s inverse covariance matrix (11) is computed by solving the following optimization problem:

w∈R

ζx = arg minn cx (w) :=

i=1

1
log2 (2n/d)

where the parameters αJ , βJ are given by
αJ = 1 −
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Jx =

n
X
i=1

ζx,i

ai ai>
.
(bi − ai> x)2

(70)

and W denotes an n × n diagonal matrix with Wii = wi for each i ∈ [n]. In particular, for
our proposal the inverse covariance matrix is proportional to Jx , where

p
det Jx

κ4 d3/2
2πr2

!d/2

exp −

!
κ4 d3/2
(z − x)> Jx (z − x) .
2r2

(71)

where κ := κn,d = log2 (2n/d) = (1 − αJ )−1 .
Recall that for John walk with parameter r , the proposals at state x are drawn
d3/4 κ2


r2
from the multivariate Gaussian distribution given by N x, d3/2
J −1 , which we denote
κ4 x
by PxJ . In particular, the proposal density at point x ∈ int (K) is given by
px (z) := p(x, z) =

for all k ≥ C d2.5 log24



2n
d



log

√ !
M
.
δ

Here we restate our result for the mixing time of the John walk.
√
Theorem 2 Let µ0 be any distribution that is M -warm with respect to π ∗ and let n < exp( d).
Then for any δ ∈ (0, 1], the John walk with parameter rJohn = 10−5 satisfies
k
∗
kTJohn
(r) (µ0 ) − π kTV ≤ δ

D.1 Auxiliary results

(72)

We begin by proving basic properties of the weights ζx which are used throughout the paper.
n , define the projection matrix Υ
For x ∈ int (K) , w ∈ R++
x,w as follows

Υx,w = W α/2 Ax (Ax> W α Ax )−1 Ax> W α/2 ,

a> Jx−1 an
n
2
sx,n

!>

for all x ∈ int (K) .

for x ∈ int (K) and i ∈ [n].

(75)

(74)

(73)

where Ax = Sx−1 A and W is the n × n diagonal matrix with i-th diagonal entry given by
wi . Also, let
σx,i := (Υx,ζx )ii

a> Jx−1 a1
1
,...,
2
sx,1

Define the John slack sensitivity θxJ as
θx := θxJ :=

2

Further, for any x ∈ int (K), define the John local norm at x as
v
u n
uX
(a> v)2
=t
ζx,i i2 .
sx,i
i=1

k·kJx : v 7→ Jx1/2 v

We now collect some basic properties of the weights ζx and the local sensitivity θx and
restate parts of Lemma 7 for clarity here.
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for all x, y ∈ int (K) such that kx − ykJx ≤

r
,
2κ2 d3/4
(76b)

(76a)

and

1
kx − ykx .
dK (x, y) ≥ p
3d/2

53

i∈[n]

dK (x, y) ≥ max

a>
i (x − y)
.
sx,i
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(78)

(77)

We claim that for all x, y ∈ int (K), the cross-ratio can be lower bounded as

From the arguments in the proof of Theorem 1 (proof for the Vaidya Walk), we have

Step (A):

In order to invoke Lovász’s Lemma, we need to show that for any two points x, y ∈ int (K)
with small cross-ratio dK (x, y), the TV-distance kTx − Ty kTV is also small.
We proceed with the proof in two steps: (A) first, we relate the cross-ratio dK (x, y)
to the John local norm of x − y at x, and (B) we then use Lemma 4 to show that if
x, y ∈ int (K) are close in the John local-norm, then the transition kernels Tx and Ty are
close in TV-distance.

Tx = TJohn(r) (δx ), Px = PxJ and k·kx = k·kJx .

The proof is similar to the proof of Theorem 1, and relies on the Lovász’s Lemma. Here
onwards, we use the following simplified notation

D.2 Proof of Theorem 2

See Section D.3 for its proof.
With these lemmas in hand, we are now ready to prove Theorem 2.

kTJohn(r) (δx ) − PxJ kTV ≤ 5, for all x ∈ int (K).

kPxJ − PyJ kTV ≤ ,

Lemma 4 There exists a continuous non-decreasing function h : [0, 1/30] → R+ with
h(1/30) ≥ 10−5 , such that for any  ∈ (0, 1/30], the John walk with r ∈ [0, h()] satisfies

Lemma 3 follows from Lemmas 14 and 15 by Lee and Sidford (2014) and thereby we omit
its proof.
Next, we state a key lemma that is crucial for proving the convergence rate of John
walk. In this lemma, we provide bounds on difference in total variation norm between the
proposal distributions of two nearby points.

(d) (Slack sensitivity) θx,i ∈ [0, 4] for all i ∈ [n].

(b) (Uniformity) ζx,i ∈ [βJ , 1 + βJ ] for all i ∈ [n],
P
(c) (Total size) ni=1 ζx,i = 3d/2, and

(a) (Implicit weight formula) ζx,i = σx,i + βJ for all i ∈ [n],

Lemma 3 For any x ∈ int (K), the following properties are true:
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and ρ := 1 − 11.


√
,
8 1680χ4,

s


√ √
1/2 ,
40 χ2, χ6, 24 15120

r




√
.
204800χ2, 24 log(32/) 

−1/2
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where λ1 , . . . , λd > 0 denote the eigenvalues of the matrix Jx
expression (79), we make use of the following lemma:

i=1

. To bound the

(79)

κ4 d3/2
kx−yk2x
r2

JMLR 19(55):1-86, 2018

Jy Jx

−1/2

kPx − Py k2TV ≤ 2 KL(Py kPx ) = trace(Jx−1/2 Jy Jx−1/2 )−d−log det(Jx−1/2 Jy Jx−1/2 ) +

d 
X
1
κ4 d3/2
=
λi − 1 + log
+
kx − yk2x ,
λi
r2

Applying Pinsker’s inequality, and plugging in the closed formed expression for the KL
divergence between two Gaussian distributions we find that

D.3.1 Proof of claim (76a)

where χ1, = log(2/)and χk, = (2e/k · log (16/))k/2 for k = 2, 3, 4 and 6. A numerical
calculation shows that h(1/30) ≥ 10−5 .
We now prove the two parts (76a) (76b) of the Lemma separately.

r

We prove the lemma for the following function,

r

1



q
√
√

h() = min
,
,
, √
,
√

386 24χ2, 5 60χ3,
25 1 + 2 log(4/) 2 32χ1,

D.3 Proof of Lemma 4


Plugging in  = 1/30, r = 10−5 , we obtain the claimed upper bound of O κ4 d5/2 on the
mixing time of the random walk.

r
1
·
∆ := p
3d/2 2κ2 d3/4

kTx − Ty kTV ≤ 11,

r
.
2κ2 d3/4
Consequently, the John walk satisfies the assumptions of Lovász’s Lemma with
∀x, y ∈ int (K) such that kx − ykx ≤

kTx − Ty kTV ≤ kTx − Px kTV + kPx − Py kTV + kPy − Ty kTV .

By the triangle inequality, we have

Using Lemma 4, we obtain that

Step (B):

thereby proving the claim (77).

Using the fact that maximum of a set of non-negative numbers is greater than the weighted
mean of the numbers and Lemma 3, we find that
v
u
n
X
u
(a> (x − y))2
kx − ykx
1
dK (x, y) ≥ t Pn
= p
ζx,i i 2
,
ζ
s
3d/2
x,i
i=1
x,i
i=1
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Lemma 5 For any scalar t ∈ [0, 1/64] and pair of points x, y ∈ int (K) such that kx − ykx ≤ t/κ2 ,
we have


1 − 48t + 4t2 Id  Jx−1/2 Jy Jx−1/2  1 + 48t + 4t2 ,

where  denotes ordering in the PSD cone and Id denotes the d-dimensional identity matrix.

24r 2 r2
24r 2 r2
+ 3/2 ≤ λi ≤ 1 + 3/4 + 3/2
d3/4
d
d
d
for all i ∈ d.
(80)

See Section F for the proof of this lemma.
For  ∈ (0, 1/30] and r = 10−5 , we have t = r/(2d3/4 ) ≤ 1/64, whence the eigenvalues
{λi , i ∈ [d]} can be sandwiched as
1−


d 
X
1
κ4 d3/2
kx − ykx2 .
λi − 2 +
+
λi
r2

i=1

We are now ready to bound the TV distance between Px and Py . Using the bound (79)
and the inequality log ω ≤ ω − 1, valid for ω > 0, we obtain
2
kPx − Py kTV
≤


Using the assumption that kx − ykx ≤ r/ 2κ2 d3/4 , and plugging in the bounds (80) for
the eigenvalues {λi , i ∈ [d]}, we find that

d 
2 r2
4 3/2
X
1
2000
2
κ
d
√
λi − 2 +
kx − ykx2 ≤
+ .
+
λi
r2
4
d

i=1

In asserting this inequality, we have used the facts that

(81)

 1 
1
1
≤ 1 + 24ω + 1000ω 2 , and
≤ 1 − 24ω + 1000ω 2 for all ω ∈ 0, 100
.
1 − 24ω + ω 2
1 + 24ω + ω 2
√
Note that for any r ∈ [0, 1/100], we have that 2000r2 / d ≤ 1/2. Putting the pieces together
yields kPx − Py kTV ≤ , as claimed.
D.3.2 Proof of claim (76b)
We have
kPx − Tx kTV

=: S1




pz (x)
3
≤ Px (Kc ) + 1 − Ez∼Px min 1,
,
px (z)
|2 {z } |
{z
}

=: S2

(82)

where Kc denotes the complement of K. We now show that S1 ≤  and S2 ≤ 4, from which
the claim follows.
2

r
J −1/2 ξ,
κd3/4 x

Bounding the term S1 : Note that for z ∼ N (x, κ2rd3/2 Jx−1 ), we can write
d

z =x+
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(83)

where ξ ∼ N (0, Id ) and = denotes equality in distribution. Using equation (82) and definition (74) of θx,i , we obtain the bound

#2
"

2
−1/2
2
(ii)
ai> (z − x)
r2
ai> Jx ξ (i) r2
4r
= 2 3/2
≤ 2 3/2 θx,i kξk22 ≤
kξk22 ,
2
sx,i
d
sx,i
κ d
κ d

r2
1
kξk22 <
d
4

where step (i) follows from Cauchy-Schwarz inequality, and step (ii) from part (d) of
Lemma 3. Define the events


and E 0 := {z ∈ int (K)} .
E :=

1+

2/d log(2/)

(84)

Inequality (83) implies that E ⊆ E 0 and hence P [E 0 ] ≥ P [E]. Using a standard Gaussian
√ 1/2
tail bound and noting that r ≤
, we obtain P [E] ≥ 1 − /2 and whence

for all α ∈ (0, 1].

P [E 0 ] ≥ 1 − /2. Thus, we have shown that P [z ∈
/ K] ≤ /2 which implies that S1 ≤ .

Bounding the term S2 : By Markov’s inequality, we have




pz (x)
Ez∼Px min 1,
≥ αP [pz (x) ≥ αpx (z)]
px (z)
By definition (71) of px , we obtain

!
 1
pz (x)
d3/2 κ4 
= exp −
kz − xkz2 − kz − xkx2 + (log det Jz − log det Jx ) .
px (z)
2r2
2

and

(85b)

(85a)

The following lemma provides us with useful bounds on the two terms in this expression,
valid for any x ∈ int (K).

Lemma 6 For any  ∈ (0, 14 ] and r ∈ (0, h()], we have



1
1
log det Jz − log det Jx ≥ − ≥ 1 − ,
Pz∼Px
2
2


r2
Pz∼Px kz − xkz2 − kz − xkx2 ≤ 2 4 3/2 ≥ 1 − .
κ d

We provide the of this lemma in Section G.
Using Lemma 6, we now complete the proof of the Theorem 2. For r ≤ h(), we obtain

pz (x)
≥ exp (−2) ≥ 1 − 2
px (z)

with probability at least 1 − 2. Substituting α = 1 − 2 in inequality (84) yields that
S2 ≤ 4, as claimed.

56

JMLR 19(55):1-86, 2018

(2)

(86b)

(86a)

Υx = Υx,ζx ,

(2)

Υ(2)
x = Υx,ζx ,
Σx = Σx,ζx ,

−1

1

(ii)

≤ kJx 2 ai k22 kJx2 (x − y)k22 = θx,i s2x,i kx − yk2x ≤ 4s2x,i kx − yk2x ,

(i)

ζy,i

>h
∇ζy,i

, i ∈ [n]

a>
i h
, i ∈ [n]
sy,i

Ly = diag(`y,1 , . . . , `y,n ),

Fy = diag(fy,1 , . . . , fy,n ),

Dy = diag(dy,1 , . . . , dy,n ),

Jx

ax,i
,
s2x,i

−1/2

ζx,i
,
s2x,i

and

and

1
log det Jx ,
2
b̂x,i := Jx−1/2 Ax Λx (Gx − αΛx )−1 ei .

Ψx :=

i∈[n]

57

sy,i
≤ 2 kx − ykx .
sx,i
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(90)

(89)

58

(d) Gradient of ϕ: ∇ϕ>
y,i h = ϕy,i (2dy,i + fy,i ).

kρy k1 ≤ 56κ2

i=1

n
X

ζy,i d2y,i .

(a) Gradient of ζ: (fy,1 , . . . , fy,n )> = 2 (Gy − αΛy )−1 Λy Ay h;

(91)
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Lemma 9 (Calculus) For any y ∈ int (K) and h ∈ Rn , the following relations hold;

Next, we state expressions for gradients of ζ, ϕ and Ψ and bounds for directional Hessian
of σ, ϕ and Ψ which are used in various Taylor series expansions and bounds in our proof.

âx,i :=

ϕx,i :=



(c) Gradient of Ψ: ∇Ψ> h = θy> Gy In + (Gy − αΛy )−1 Λy Ay h.

max 1 −

(88d)

(88c)

(88b)

(88a)

where for brevity in our notation we have omitted the dependence on h. The choice of h is
specified as per the context. Further, we define for each x ∈ int (K) and i ∈ [n]

`y,n

1
`y,i = h> ∇2 ζy,i h/ζy,i , i ∈ [n]
2


`y,1


ρy := (Gy − αΛy )  ...  ,

fy,i =

dy,i =

We now state various expressions and bounds for the first and second order derivatives
of the different terms. To lighten notation, we introduce some shorthand notation. For any
y ∈ int (K) and h ∈ Rd , define the following terms:

Lemma 8 For all x, y ∈ int (K), we have

(87c)

(87b)

2

where step (i) follows from the Cauchy-Schwarz inequality, and step (ii) uses the bound
θx,i from Lemma 3(d). Noting the fact that a>
i (x − y) = sy,i − sx,i , the claim follows after
simple algebra.

a>
i (x − y)

(b) Hessian of ζ:

Λx = Λx,ζx .

(87a)



Proof For any pair x, y ∈ int (K) and index i ∈ [n], we have
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The proof is based on the ideas similar to Lemma 5 in the proof of the Vaidya walk and is
thereby omitted.
The next lemma relates the change in slackness sx,i = bi − a>
i x to the John-local norm
at x.

(f ) βJ ∇2 Fx  Jx  (1 + βJ ) ∇2 Fx .

(b) Σx  Υx ,
Pn
(c)
i=1 ζx,i θx,i = d,
P
2
, for each i ∈ [n],
(d) θx,i = nj=1 ζx,i θx,i,j
Pn 2
>
(e) θx Σx θx = i=1 θx,i ζx,i ≤ 4d, and

(2)

Lemma 7 For any x ∈ int (K), the following properties hold:
P
P
2
= nj,k=1 σx,i,j σx,j,k σx,k,i for each i ∈ [n],
(a) σx,i = nj=1 σx,i,j

We now collect some properties of various terms defined above.

E.1 Deterministic expressions and bounds

ζx = σx,ζx + βJ 1 = σx + βJ 1.

Thus, we have the following relation:

σx = σx,ζx ,

To simplify notation, we use the following shorthands:

wi = σx,w,i + βJ , i ∈ [n].

Lee and Sidford (2014) proved that the weight vector ζx is the unique solution of the
following fixed point equation:

Λx,w := Σx,w − Υ(2)
x,w .

Let Υx,w denote the hadamard product of Υx,w with itself. Further define

Σx,w = diag (σx,w,i , . . . , σx,w,n ) where σx,ζx ,w,i = (Υx,w )ii , i ∈ [n].

We begin by summarizing a few key properties of various terms involved in our analysis.
Let Σx,w be an n × n diagonal matrix defined as

Appendix E. Technical Lemmas for the John walk
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1
2

h> (∇2 Ψ)h ≤

1
2
i=1 ζy,i θy,i

hP
n

h
i
i
Pn
2 + 4f 2
9 dy,i
y,i + | i=1 ζy,i θy,i `y,i |

Fast MCMC Sampling Algorithms on Polytopes

(e) Bound on ∇2 Ψ:
(f ) Bound on ∇2 ϕ:

i=1

i=1

i=1

n
n
n
n
X
X
X
X
2 2 1 > 2
4
3
2
dy,i
sy,i h ∇ ϕy,i h ≤ 3
ζy,i dy,i
+2
ζy,i dy,i
fy,i +
ζy,i dy,i
`y,i .
2
i=1

The proof is provided in Section H.1.
Next, we state some results that would be useful to provide explicit bounds for various
terms like fy , `y and ρy that appear in the statements of the previous lemma. Note that the
following results do not have a corresponding analog in our analysis of the Vaidya walk.
Lemma 10 For any c1 , c2 ≥ 0, y ∈ int (K), we have




c1 In + c2 Λy (Gy − αΛy )−1 Gy c1 In + c2 (Gy − αΛy )−1 Λy  (c1 + c2 )2 κ2 Gy ,
where  denotes the ordering in the PSD cone.

∈ [0, κ],

2
µy,i,j
≤ κ3 .
ζy,j

µy,i,i

and,

(92b)

(92a)

Lemma 11 Let µy denote the n × n matrix (Gy − αΛy )−1 Gy , and let µy,i,j denote its ij-th
entry. Then for each i ∈ [n] and y ∈ int (K), we have
X

j6=i,j∈[n]

1

√
≤ 3 dκ3/2 ,

for all i ∈ [n].

(93)

Corollary 12 Let ei ∈ Rn denote the unit vector along i-th axis. Then for any y ∈ int (K),
we have
Gy (Gy − αΛy )−1 ei

√
Consequently, we also have ||| (Gy − αΛy )−1 Gy |||∞ ≤ 3 dκ3/2 .
See Section H.2, H.3 and H.4 for the proofs of Lemma 10, Lemma 11 and Corollary 12
respectively.
E.2 Tail Bounds

25·

√

1
,
√
1+ 2 log(4/)

we have
(94a)

We now collect lemmas that provide us with useful tail bounds.
We start with a result that shows that for a random variable z ∼ Px , the slackness sz,i
is close to sx,i with high probability and consequently the weights ζz,i are also close to ζx,i .
This result comes in handy for transferring the remainder terms in Taylor expansions to
the reference point (around which the series is being expanded).
Lemma 13 For any point x ∈ int (K) and r ≤



sx,i
ζx,i
Pz∼Px ∀i ∈ [n], ∀v ∈ xz,
∈ [0.99, 1.01] and
∈ [0.96, 1.04] ≥ 1 − /4
sv,i
ζv,i
59
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See Section I.1 for the proof of this lemma.
Next, we state high probability results for somePGaussian polynomials. These results are
n
k , where d
>
useful to bound various polynomials of the form i=1
ζx,i dx,i
x,i = ai (z − x)/sx,i
and z is drawn from the transition distribution for the John walk at point x.

i=1

Lemma 14 (Gaussian moment bounds) To simplify notations, all subscripts on x are
omitted in the following statements. For any  ∈ (0, 1/30], define χk := χk, = (2e/k · log (16/))k/2 ,
for k = 2, 3, 4 and 6, then we have
"
#
n

2
X
√

P
ζi âi> ξ ≤ χ2 24d ≥ 1 − ,
(95a)
16
i=1
"
#
n


X
√
3

P
(95b)
ζi âi> ξ ≤ χ3 60d1/2 ≥ 1 − ,
16
i=1
#
"
n

 

X
√
2

P
ζi âi> ξ
b̂i> ξ ≤ χ3 240κd1/2 ≥ 1 − ,
(95c)
16
i=1
#
" n


X
√
4

(95d)
P
ζi âi> ξ ≤ χ4 1680d ≥ 1 − ,
16
i=1
" n
#
6
X 
√

ζi âi> ξ ≤ χ6 15120d ≥ 1 − .
(95e)
16
P

See Section I.2 for the proof.

Appendix F. Proof of Lemma 5

2

i∈[n]

max 1 −

sy,i
2t
≤ 2.
sx,i
κ

2t
κ2

∇2 Fy  ∇2 Fx 



2t 2
1 + 2 ∇2 F y .
κ

(97)

(96)

As a direct consequence of Lemma 8, for any x, y ∈ int (K) such that kx − ykx ≤ t/κ2 , we
have



1−

Bounding the terms in ∇2 Fx one by one, we obtain

We claim that

klog ζy − log ζx k∞ ≤ 16t.

(98)

Assuming the claim as given at the moment, we now complete the proof. Putting the
result (97) in matrix form, we obtain that exp (−16t) In  Gx−1 Gy  exp (16t) In , and hence

exp (−16t) ζx,i ≤ ζy,i ≤ exp (16t) ζx,i .
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(i)

and

(ii)

ωu ≤ (1 + ω)2 · exp (8ω) ≤ 1 + 24ω + ω 2 ,

ωu

∞

≤ κ kv1 k∞ + 2κ2 G1/2
v v1
2

for any v1 ∈ Rn .
(100)

(ii) 3t
sx,i (i)
2t
≤ 2
≤ 2.
sv,i
κ (1 − 2t/κ2 )
κ

61

≤

(iii)

1.5t
,
κ4

JMLR 19(55):1-86, 2018

Inequality (i) uses bound (96) and inequality (ii) follows by plugging in t ≤ 1/64. Next, we
have
2
n
X
2
a> (y − x) ζv,i s2v,i (i)
ζv,i s2v,i
G1/2
=
ζx,i i 2
≤ kx − yk2x max
v Av (y − x)
2
ζx,i sx,i
2
sx,i
i∈[n] ζx,i s2
x,i
i=1


(ii) t2

2t 2
≤ 4 1 + (16t) + (16t)2 1 + 2
κ
κ

kAv (y − x)k∞

sy,i − sx,i
sy,i − sx,i
= max
= max
i
i
sv,i
sx,i

We prove the claim at the end of this section. We now derive bounds for the two terms on
the RHS of the equation (100) for v1 = Av (y − x). Note that

(Gv − αΛv )−1 Λv v1

where in step (i) we have used the fact that uλ − x = λ(y − x) and λ ∈ [0, 1]. We claim that

It suffices to establish that λmax = 1. Note that λ = 0 is feasible on the RHS of equation (99)
and hence λmax exists. Now for any λ ∈ [0, λmax ] and i ∈ {1, . . . , n}, there exists v on the
segment uλ x such that


(i)
∇ζv,i >
−1
0
Λv Av (y − x)
|log ζuλ ,i − log ζx,i | =
(uλ − x) ≤ G−1
v Gv (y − x) ∞ = 2 (Gv − αΛv )
ζv,i

for t ∈ [0, 1/48].
Now, we return to the proof of our earlier claim (97). We use an argument based on the
continuity of the function x 7→ log ζx . (Such an argument appeared in a similar scenario
in Lee and Sidford (2014).) For λ ∈ [0, 1], define uλ = λy + (1 − λ) x. Let


λmax := sup λ ∈ [0, 1] klog ζuλ − log ζx k∞ ≤ 16t .
(99)

where inequalities (i) and (ii) hold since ω ≤ 1/24. Putting the pieces together, we find
that


1 − 48t + 4t2 Jx  Jy  1 − 48t + 4t2 Jx

ω` ≥ (1 − ω)2 · exp (−8ω) ≥ 1 − 24ω + ω 2 ,

Letting ω = 2t, we obtain

ω`

Consequently, using the definition of Jx we have,




2t 2
2t 2
1 − 2 exp (−16t) Jx ≤ Jy ≤ 1 + 2 exp (16t) Jy .
κ
κ
|
|
{z
}
{z
}
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∞

.

+ σv,i kv1 k∞ + σv,i

2

Gv1/2 v1

2

2

,

(101)

2
σy,i,j
wj ≤
j=1

n
X

(a)

2
σy,i,j
|wj | ≤ σy,i

j=1

n
X

(b)

σy,j |wj | ≤ σy,i

j=1

n
X
√

σy,j |wj | = σy,i Σv1/2 w

2

,

62

Note that the claim (85a) follows from the above two claims.

(102b)

(102a)
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Using the second order Taylor expansion, we have
1
Ψz − Ψx = (z − x)> ∇Ψx + (z − x)> ∇2 Ψy (z − x) , for some y ∈ xz.
2
We claim that for r ≤ h(), we have
h
i
P (z − x)> ∇Ψx ≥ −/2 ≥ 1 − /2, and


1
(z − x) ∇2 Ψy (z − x) ≥ −/2 ≥ 1 − /2.
P
2

G.1 Proof of claim (85a)

We prove Lemma 6 in two parts: claim (85a) in Section G.1 and claim (85b) in Section G.2.

Appendix G. Proof of Lemma 6

2
where step (a) follows from the fact that σy,i,j
≤ σy,i σy,j , and step (b) from the fac that
σy,i ∈ [0, 1]. Dividing both sides of inequality (101) by ((1 − α)σv,i + βJ ) and observing that
σv,i / ((1 − α)σv,i + βJ ) ≤ κ, and α ∈ [0, 1], yields the claim.

j=1

n
X

where inequality (ii) from the fact that Σy  Gy and inequality (iii) from Lemma 10 with
c1 = 0, c2 = 1. To assert inequality (i), observe the following

2

+ σv,i kv1 k∞ + σv,i

G1/2
v v1

+ σv,i kv1 k∞ + σv,i Σ1/2
v v1

2

2

G1/2
v v1

Gv1/2 w

≤ ασv,i κ

(iii)

≤ ασv,i

(ii)

≤ ασv,i Σv1/2 w

(i)

(2)
> (2)
|((1 − α)σv,i + βJ ) wi | ≤ α e>
i Υv w + σv,i |v1,i | + ei Υv v1

Writing component wise, we find that for any i ∈ [n], we have

The strict inequality is valid for λ = λmax . Consequently, using the continuity of x 7→ log ζx ,
we conclude that λmax = 1.
It is left to prove claim (100). Let w := (Gv − αΛv )−1 Λv v1 . which implies (Gv − αΛv ) w =
Λv v1 . Plugging the expression of Gv and Λv , we have




(1 − α)Σv + βJ In + αΥ(2)
w = Σv − Υ(2)
v1 .
v
v

klog ζuλ − log ζx k∞ ≤ 2(κ · 3t/κ2 + 2κ2 · 1.5t/κ4 ) ≤ 12t < 16t.

where step (i) follows from the definition of the local norm; step (ii) follows from bounds (96)
and (99) and the fact that ex ≤ 1 + x + x2 for all x ∈ [0, 1/4]; and inequality (iii) follows
by plugging in t ≤ 1/64. Putting the pieces together, we obtain
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r2
0, 2 ∇Ψx> Jx−1 ∇Ψx .
κ n
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G.1.1 Proof of bound (102a)
We observe that
(z − x)> ∇Ψx ∼ N

2
ζx,i θx,i
≤ 16κ2 d,



Let Ex = In + (Gx − αΛx )−1 Λx . Substituting the expression of ∇Ψx from Lemma 9 (c)
and applying Cauchy-Schwarz inequality, we have that for any vector v ∈ Rd

 

v > ∇Ψx ∇Ψx> v = (θx> Gx Ex Ax v)2 ≤ v > Ax> Gx Ax v · θx> Gx Ex Gx−1 Ex Gx θx .
(103)

Observe that
−1/2
G1/2
= In + (In − αGx−1/2 Λx Gx−1/2 )−1 (Gx−1/2 Λx Gx−1/2 ).
x Ex Gx

 2κIn ,

Now, using the intermediate bound (126) from the proof of Lemma 10, we obtain that
In 

Gx1/2 Ex Gx−1/2

i=1

n
X

and hence Gx  Gx Ex Gx−1 Ex Gx  4κ2 Gx . Consequently, we have
θx> Gx Ex Gx−1 Ex Gx θx ≤ 4κ2 θx> Gx θx = 4κ2


√
,
2 32χ1

(104)

−χ12

where the last step follows from Lemma 7. Putting the pieces together into equation (103),
−1/2
−1/2
we obtain ∇Ψx ∇Ψx>  16κ2 dJx whence Jx ∇Ψx ∇Ψx> Jx
 16κ2 dId . Noting that the
−1/2
−1/2
matrix Jx ∇Ψx ∇Ψx> Jx
has rank one, we have


∇Ψx> Jx−1 ∇Ψx = trace Jx−1/2 ∇Ψx ∇Ψx> Jx−1/2 ≤ 16κ2 d.


√
Using standard Gaussian tail bound, we have P (z − x)> ∇Ψx ≥ − 32χ1 r ≥ 1−exp

r≤

Choosing χ1 = log(2/), and observing that

yields the claim.
G.1.2 Proof of bound (102b)

In the following proof, we use h = z−x for definitions (88a)-(88d). According to Lemma 9(e),
we have

i=1

i=1



n
n
X
9 2
1
1 X
2
ζy,i θy,i
ζy,i θy,i `y,i
(z − x)> ∇2 Ψy (z − x) ≤
d + 2fy,i
+
2
2 y,i
2
63
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.

We claim that
n
X
i=1

ζy,i θy,i

Chen, Dwivedi, Wainwright and Yu

i=1

i=1



n
n
X
√
1 X
9 2
2
2
d + 2fy,i
+
ζy,i dy,i
.
ζy,i θy,i `y,i ≤ 386 dκ4
2 y,i
2

n
X
i=1

2
ζy,i dy,i

i=1

τy,i

n
2
X
ζy,i sx,i
=
ζ d2
x,i
x,i
2 .
ζx,i sy,i
| {z }

(105)

Assuming the claim as given at the moment, we now complete the proof. Note that y is
some particular point on xz and its dependence on z is hard to characterize. Consequently,
we transfer all the terms with dependence on y, to terms with dependence on x only. We
have

sup

τy,i ≤ 1.1 ≥ 1 − /4,

and,

r2
κ2 d3/2

r

P

,

(107)

(106)

#

2
√
>
ζx,i âx,i
ξ ≤ χ2 24d ≥ 1 − /16.

≤

hpb (106)

. Consequently, for

n
X

2

i=1

> ξ
âx,i


√
,
386 24χ2



We now invoke the following high probability bounds implied by Lemma 13 and Lemma 14 (95a)
respectively
"
#
"
P

y∈xz,i∈[n]

2 =
Since h = z − x, we have that dx,i

r≤

i=1

n
X
(105)
√
2
386 dκ4
ζy,i dy,i

≤

eqn.

with probability at least 1 − /2, we have
1
(z − x)> ∇2 Ψy (z − x)
2

which completes the proof.
We now turn to the proof of claim (105). First we observe the following relationship
between the terms dy,i and fy,i :

(108)

i=1

n
n
X
X
(ii)
2
2 (i)
= 4h> Ay>Λy (Gy −αΛy )−1 Gy (Gy −αΛy )−1 Λy Ay h ≤ 4κ2 h>Ay>Gy Ay h = 4κ2
ζy,i dy,i
,
ζy,i fy,i
i=1

ζy,i θy,i `y,i

=



(Gy

−

αΛy )

−1

Gy θy

>

(Gy

−

αΛy ) `y

v1

≤ (Gy − αΛy )−1 Gy θy
|
{z
}

∞

ρy

(Gy − αΛy ) `y
|
{z
}

where step (i) follows by plugging in the definition of fy,i (88b) and step (ii) by invoking
Lemma 10 with c1 = 0 and c2 = 1. Next, we relate the term on the LHS of equation (105)
involving `y,i to a polynomial in dy,i . Using Lemma 9, we find that
n
X
i=1
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1

,

i=1

j=1

i=1

i=1

2
a>
(ϕz,i − ϕx,i ) .
i u

i=1

i=1

n
X

d2x,i s2x,i (z−x)> ∇ϕx,i +
i=1

n
X

i=1

n
X

!

1
d2x,i s2x,i (z−x)> ∇2 ϕy,i (z−x)
2

i=1

≤

r2
κ4 d3/2

#

#
≥ 1 − /2.

≥ 1 − /2, and
(110b)

(110a)

i=1

n
X

=

d2x,i s2x,i (z−x)> ∇ϕx,i =

ζx,i d2x,i (2dx,i + fx,i )
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n
n

3

2 

r3 X
2r3 X
>
+
b̂>
(111)
ζ
â
ξ
ζx,i â>
x,i
x,i ξ
x,i
x,i ξ
d9/4 κ6 i=1
d9/4 κ6 i=1

i=1

n
X

Using Lemma 9(d) and using h = z − x where z is given by the relation (82), we find that

G.2.1 Proof of bound (110a)

We now prove each claim separately.

y∈xz

Pz∼TJx sup

"

r2
κ4 d3/2

1
d2x,i s2x,i (z−x)> ∇2 ϕy,i (z−x) . (109)
2

We claim that for r ≤ h(), we have
" n
X
Pz∼TJx
d2x,i s2x,i (z−x)> ∇ϕx,i ≤ 

kz−xk2z −kz−xk2x =

Note that the point y in this discussion is not the same as the point y used in previous
proofs, in particular in Section G.1. Multiplying both sides by t2 , and using the shorthand
a> (z−x)
dx,i = i sx,i , we obtain

i=1

Pn

2
Now, we use a Taylor series expansion for i=1 a>
i u (ϕz,i − ϕx,i ) around the point x,
along the line u. There exists a point y ∈ xz such that

n 
n 
2
2 
X
X
1
>
> 2
>
a>
u
a
u
(z
−
x)
∇
ϕ
(z
−
x)
.
(ϕ
−
ϕ
)
=
(z
−
x)
∇ϕ
+
y,i
z,i
x,i
x,i
i
i
2

kz − xk2z − kz − xk2x = t2

n 
X

Writing z = x + tu, where t is a scalar and u is a unit vector in Rd , we obtain

G.2 Proof of claim (85b)

where the last step follows from Lemma 7(a) and the bound (108). The claim now follows.

i=1


n 
n
n
X
X
X
 2
√
√
2
2
ζy,i θy,i `y,i ≤ 12 nκ3/2
7ζy,i d2y,i +3ζy,i fy,i
+
13d2y,j +6fy,j
Υy,i,j ≤ 672 nκ4
ζy,i d2y,i ,

i=1

i=1

|

i=1

i=1
n
X

≤3

(i)

C1

{z

}

ζy,i d4y,i +2

|

i=1

n
X

C2

{z

}

ζy,i d3y,i fy,i +

n
X
1
1
d2y,i s2y,i h> ∇2 ϕy,i h
d2x,i s2x,i h> ∇2 ϕy,i h =
2
2

|

i=1

n
X

C3

{z

(115b)

(114)

(113)

3C1 +2C2 +C3 ≤

and consequently

i=1

66

i

i=1
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(116)

"
X
1/2
n
n
n
X
X
r4
4
2
6
4·
ζx,i (â>
ζx,i (â>
ζx,i (â>
x,i ξ) + 10 ·
x,i ξ) ·
x,i ξ)
3
4.5
d κ
i=1
i=1
i=1
#
n
n

2 
X
X

>
2
4 1/2
>
ζx,i (â>
ξ)
,
+ 100 ·
ζx,i âx,i ξ · max(âx,i ξ) +
x,i

Assuming the claims as given, we now complete the proof. Using Lemma 13, we have
"
#
ζy,i d6y,i
P
≤
1.2
≥ 1 − /4,
ζx,i d6x,i

Now, we claim the following:
v"
# " n
#
u n

2 ζ d2

6 ζ d6
X
X
r4 u
y,i y,i
y,i y,i
> ξ
C2 ≤ 2 3 7 · t
ζx,i â>
ξ
·
ζ
â
, and,
(115a)
x,i
x,i
x,i
n κ
ζx,i d2x,i
ζx,i d6x,i
i=1
i=1
v

!
u n
n

2 d2

4 ζ d4

2 ζ d2
X
uX
r4
y,i
y,i
y,i
y,i y,i
>
>
>
t
max âx,i ξ

+
C3 ≤ 56 3 4.5
ζx,i âx,i ξ
ζx,i âx,i ξ
i
n κ
ζx,i d2x,i
ζx,i d4x,i
d2x,i
i=1
i=1

i=1

}

ζy,i d2y,i `y,i ,

where step (i) follows from Lemma 9(f). We can write C1 as follows
n
n
n

4 ζ d4
X
X
ζy,i d4y,i
r4 X
y,i y,i
ζy,i d4y,i =
ζx,i d4x,i
= 3 8
ζx,i â>
.
x,i ξ
ζx,i d4x,i
n κ
ζx,i d4x,i

i=1

n
X

(112)

Note that dx,i sx,i = a>
i h = dy,i sy,i for any h. Using this equality for h = z − x, we find that

G.2.2 Proof of bound (110b)

with probability at least 1 − /2. The last inequality uses the condition that

r≤ √
.
5 60χ3
The claim now follows.

Using high probability bounds for the two terms in equation (111) from Lemma 14, part (95b)
and part (95c), we obtain that
√
n
X
r2
5 60χ3 r3
≤  4 3/2 ,
d2x,i s2x,i (z−x)> ∇ϕx,i ≤
5 d7/4
κ
κ
d
i=1

where the last step follows from the Holder’s inequality: for any two vectors u, v ∈ Rd , we
have that u> v ≤ kuk∞ kvk1 . Substituting the bound for the norm kv1 k∞ from Corollary 12
and the bound on ρy,i from Lemma 9(b), we obtain that

n
X
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>
âx,i
ξ

∼ N (0, θx,i )

and θx,i ≤ 4.

with probability at least 1 − /4. Now, we observe that for all i ∈ [n] and x ∈ int (K), we
have

i

Invoking the standard tail bound for maximum of Gaussian random variables, we obtain

p



p
>
P max âx,i
ξ ≤8·
log n + log(32/) ≥ 1 − /16.

i

Using the fact that 2c1 c2 ≥ c1 + c2 for all c1 , c2 ≥ 1, we obtain




p
p
>
P max âx,i
ξ ≤ 16 · log n · log(32/) ≥ 1 − /16.
Combining this bound with the tail bounds for various Gaussian polynomials (95a), (95d),
(95e) from Lemma 14, and substituting in inequality (116), we obtain that

"
n
 √
1/2
X
√
√
r4
2 2 1 > 2
dx,i
s
x,i h ∇ ϕy,i h ≤ 6.5 3 4 · χ4 1680d + 10 χ2 24d · χ6 15120d
2
κ d
i=1
#

 √
1/2 
√
+ 100 · χ2 24d · 256 · log n · log(32/) + χ4 1680d




r2


 log n
2 2 1 > 2
√ +1 .
+ +
dx,i
sx,i h ∇ ϕy,i h ≤ 4 3/2
2
2 4 8
κ d
d




√
√
,
√ √
 ,
8 1680χ4 40 χ2 χ6 24 15120 1/2 204800χ2 24 log(32/)

,

(117)

with probability at least 1 − /2. In the above expression, the terms χi are a function of 
as defined in Lemma 14. In particular, χi = χi, = (2e/i · log(16/))i/2 for i ∈ {2, 3, 4, 6}.
√
1/2
, and that our choice of r satisfies
Observing that 256 log(32/) ≥ χ4 1680
)
(
r2 ≤ min

we obtain
n
X

i=1

n
X

n
X

2
ζy,i dy,i
2 .
ζx,i dx,i

6
ζy,i dy,i

2
ζx,i dx,i

i=1

i=1

n
X

2
ζy,i fy,i
·

2
ζy,i dy,i
= 4κ2

i=1

Applying Cauchy-Schwarz inequality, we have
3
ζy,i dy,i
fy,i ≤

n
X
i=1

!1/2

√
Asserting the additional condition d ≥ log n, yields the claim.
It is now left to prove the bounds (115a) and (115b). We prove these bounds separately.
Bounding C2 :
n
X
i=1

2
ζy,i fy,i
≤ 4κ2

Using the bound (108), we obtain
n
X
i=1
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n
X
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2
ζy,i fy,i
≤ 4κ2

=

r6
d9/2 κ12

i=1 ζx,i

Pn



> ξ
âx,i

n
2
ζy,i dy,i
r2 X
>
ζx,i (âx,i
ξ)2
2 .
ζx,i dx,i
d3/2 κ4 i=1

6
i=1 ζy,i dy,i

Pn

6

Putting

r
â> ξ,
d3/4 κ x,i

6
ζy,i dy,i
6 .
ζx,i dx,i

Substituting h = z − x where z is given by relation (82), we obtain that dx,i =
and thereby

i=1

Doing similar algebra, we obtain

the pieces together yields the claim.

2
ζy,i dy,i
`y,i

}|

=:C4

{

2
|ρy,i | · µy,i,i dy,i
+

=:vy>

z
n
X

i=1

=:C

j∈[n],j6=i

5
 }|
X

|ρy,i | · 

ρy

X

j∈[n],j6=i

2 
µy,i,j dy,j

{

2
µy,i,j dy,j
.

= 1Dy2 Gy `y = 1Dy2 Gy (Gy − αΛy )−1 (Gy − αΛy )`y .
{z
}
{z
} |
|

Bounding C3 : Recall that ρy = (Gy − αΛy )`y (Lemma 9) and µy = (Gy − αΛy )−1 Gy
(Lemma 11). We have
n
X
i=1

Using the definition of vy and µy , we obtain

z
n
X
i=1

2
vy,i := ei> vy = ei> (Gy − αΛy )−1 Gy Dy2 1 = ei> µy Dy2 1 = µy,i,i dy,i
+

vy,i ρy,i ≤

Consequently, we have
n
X
i=1

(i)

2
≤
µy,i,j dy,j

j∈[n],j6=i




1/2
1/2
n
n
2
X
X
(ii)
µy,i,j
d4
4
3
4 ζy,j y,j 


,
·
ζy,j dy,j
≤
κ
·
ζx,j dx,j
4
ζy,j
ζx,j dx,j
j=1
j=1

2 .
From Lemma 11, we have that µy,i,i ∈ [0, κ]. Hence, we have C4 ≤ kρy k1 · κ · maxi∈[n] dy,i
To bound C5 , we note that

X

X

j∈[n],j6=i

56κ2

n
X
i=1

2
ζy,i dy,i

r
κ2 d3/4




> ξ yields the claim.
âx,i



1/2 
!
n
4
X
ζy,j dy,j


2
4
 
· κ · max dy,i
+ κ3/2 
ζx,j dx,j
.
4
ζx,j dx,j
i∈[n]
j=1

j=1

where step (i) follows from Cauchy-Schwarz inequality and step (ii) from Lemma 11.
Putting the pieces together, we obtain that




1/2
n
n
X
X
d4


2
2
4 ζy,j y,j 
ζy,i dy,i
`y,i ≤ kρy k1 · κ · max dy,i
+ κ3/2 
ζx,j dx,j
.
4
ζx,j dx,j
i∈[n]
i=1

2
ζy,i dy,i
`y,i ≤

Using the bound on kρy k1 from Lemma 9, we have

n
X
i=1

Substituting the expression for dx,i =
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a>
i h/sy,i , fy,i

>
α
α ai ai
J˜y := A>
ζy,i
y Gy Ay =
2 .
s
y,i
i=1

n
X

h> ∇ζ

(118d)

i=1

|

(2)

3d2y,i

(i)

(2)

=:∆y,h




>
α(α − 1) 2
α ai ai
+ 2αdy,i fy,i + α`y,i +
+O khk32 .
fy,i ζy,i
2
s2y,i
{z
}
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The expression for the gradient ∇ζy,i is derived in Lemma 14 of the paper (Lee and Sidford,
2014) and is thereby omitted.

H.1.1 Proof of part (a): Gradient of weights

Let ∆y,h := ∆y,h + ∆y,h . Note that ∆y,h denotes the i-th order term in khk2 . Finally, the
following expansion also comes in handy for our derivations:


3
−1
> ˜−1
> ˜−1
˜−1
˜−1
˜−1
˜−1
aTi J˜y+h
ai = a>
i Jy ai − ai Jy ∆y,h Jy ai + ai Jy ∆y,h Jy ∆y,h Jy ai + O khk2 . (118e)

(1)

+

n 
X

=:∆y,h

(1)

Note that dy,i and fy,i are first order terms in khk2 and `y,i is a second order term in khk2 .
Thus we obtain
n
>
X
α ai ai
J˜y+h − J˜y =
(2dy,i + αfy,i ) ζy,i
2
sy,i
i=1
{z
}
|

i=1

Using equations (118a) and (118c), and substituting dy,i =
=
y,i /ζy,i and
`y,i = 21 h> ∇2 ζy,i h/ζy,i , we find that

n 


X
 α ai a>
α (α − 1) 2 
i
J˜y+h =
1 + αfy,i + α`y,i +
fy,i 1 + 2dy,i + 3d2y,i ζy,i
+ O khk32 .
2
2
sy,i

Further, let

Up to second order terms, we have
"
#


2
1
3(a>
1
2a>
i h
i h)
(118a)
=
1
+
+
+ O khk32 ,
2
2
2
sx,i
sx+h,i
sx,i
sx,i


1
ζy+h,i = ζy,i + h> ∇ζy,i + h> ∇2 ζy,i h + O khk32 ,
(118b)
 2





2
1
α (α − 1) α−2 >
α−1
α
α
ζy+h,i
= ζy,i
+ αζy,i
h> ∇ζy,i + h> ∇2 ζy,i h +
ζy,i h ∇ζy,i + O khk32 ,
2
2
(118c)

(119)

j=1

n
X


2
(2dy,j + αfy,j )Υ2y,i,j + 2αdy,i fy,i + 3d2y,i + τα fy,i
σy,i

j=1

n
X

(i)

|ρy,i | ≤

i=1

n
X

(ii)
2
20σy,i d2y,i + 9σy,i fy,i
≤

i=1

n
X

2
20ζy,i d2y,i + 9ζy,i fy,i
≤ 56κ2

(iii)

 2
2
13d2y,j + 6fy,j
Υy,i,j .

i=1

n
X

ζy,i d2y,i ,

for all i ∈ [n].

(120)

α
equation (72), we find that σy,i = ζy,i

70

˜−1
a>
i Jy ai
.
s2y,i
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To compute the difference σy+h,i − σy,i , we

Next, we derive the Taylor series expansion of σy,i . Using the definition of J˜x (118d) in

1 > 2
1
h ∇ ζy,i h = h> ∇2 σy,i h
2
2

where step (i) follows from Lemma 7 (a), step (ii) from Lemma 3 (a) and step (iii) from
the bound (108).
We now return to the proof of expression (119). Using equation (87c), we find that

i=1

n
X

Summing both sides over the index i, we find that

2
|ρy,i | ≤ 7σy,i d2y,i + 3σy,i fy,i
+

Combining these observations with the AM-GM inequality, we have

diag(Υx ei )Υx diag(Υx ei )  diag(Υx ei ) diag(Υx ei ).

Recall that α = 1 − 1/ log2 (2n/d). Since n ≥ d for polytopes, we have α ∈ [0, 1] and
consequently |τα | = |α(α − 1)/2| ∈ [0, 1]. Further note that Υx is an orthogonal projection
matrix, and hence we have

j,l=1

n
n
X
X

 2
2
−
2αdy,j fy,j + 3d2y,j + τα fy,j
Υy,i,j +
(2dy,j + αfy,j )(2dy,l + αfy,l )Υy,i,j Υy,j,l Υy,l,i .
j=1

ρy,i = (2dy,i + αfy,i )

where we have used diag(B) to denote the diagonal vector (B1,1 , . . . , Bn,n ) of the matrix
B. Deferring the proof of this expression for the moment, we now derive a bound on the `1
norm of ρy . Expanding the i-th term of ρy,i from equation (119), we obtain

1 > 2

2 h ∇ ζy,1 h


 = (2Dy + αFy )Υ(2)
···
ρy = I − αΛy G−1
y
y (2Dy + αFy )1
1 > 2
h
∇
ζ
h
y,m
2



+ Σy − Υ(2)
2αDy Fy + 3Dy2 + τα Fy2 1
y
+ diag (Υy (2Dy + αFy )Υy (2Dy + αFy )Υy ) ,

We claim that

In this section we collect proofs of lemmas from Section E.1. Each lemma is proved in a
different subsection.

H.1 Proof of Lemma 9

H.1.2 Proof of part (b): Hessian of weights

Chen, Dwivedi, Wainwright and Yu

Appendix H. Proofs of Lemmas from Section E.1
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2
1 + 2dy,i + 3dy,i
+ O khk23

use the expansions (118a), (118c) and (118e). Letting τα = α(α − 1)/2, we have

j=1

j=1

n
n
X
X
2
2
(2dy,j + αfy,j )Υy,i,j
+ (2dy,i + αfy,i )
(2dy,j + αfy,j )Υy,i,j

2
1 + αfy,i + α`y,i + τα fy,i

−1
a> J˜y+h
ai
i
2
sy+h,i

2
sy,i

−1
ai> J˜y+h
ai 

α
σy+h,i = ζy+h,i

α
= ζy,i

= σy,i + (2dy,i + αfy,i )σy,i −

n
X



(2dy,j + αfy,j )(2dy,l + αfy,l )Υy,i,j Υy,j,l Υy,l,i + O khk23 .

j=1

n
X


 2
 2
2
2
2
+ 2αdy,i fy,i σy,i + α`y,i + τα fy,i
+ 3dy,i
σy,i −
3dy,j + 2αdy,j fy,j + α`y,j + τα fy,j
Υy,i,j

+
j,l=1

j,l=1



We identify the second order (in O khk22 ) terms in the previous expression. Using the

n
X
(2dy,j
j=1

2
3dy,j
+ 2αdy,j fy,j +



α h> ∇2 ζy,i h
2
2
2
+ αfy,j )Υy,i,j
+ 2αdy,i fy,i σy,i +
+ τα fy,i
+ 3dy,i
σy,i
2
ζy,i

n
X
α h> ∇2 ζy,j h
2
2
+ τα fy,j
Υy,i,j
+
(2dy,j
2
ζy,j

equation (120), these are indeed the terms that correspond to the terms 21 h> ∇2 ζy,i h, i ∈ [n].
Substituting `y,i = 12 h> ∇2 ζy,i h/ζy,i , we have

1 > 2
h ∇ ζy,i h
2

n 
X
j=1

= (2dy,i + αfy,i )
−

Chen, Dwivedi, Wainwright and Yu

where we have substituted
sy+δh,i = sy,i − δai> h. Keeping track of first order terms in δ,
Pn
> = I , we find that
and noting that i=1
ζy,i ây,i ây,i
d

i=1

δ

#
!
"


n
n


X
X

ζy+δh,i
2δai> h
>
>
trace log
ây,i ây,i
= trace log
1+
ây,i ây,i
+ O δ2
ζy,i + δh> ∇ζy,i
sy,i
(1 − δa> h/s )
y,i
i
i=1
i=1
#
"


n
X

2ai> h
>
+ O δ2
+ h> ∇ζy,i ây,i ây,i
= trace
δ
sy,i
i=1
 >

n
X

2a
i h
+ h> ∇ζy,i θy,i + O δ 2
sy,i
=

> ) = â> â
where in the last step we have used the fact that trace(ây,i ây,i
y,i y,i = θy,i for each
i ∈ [n]. Substituting the expression for ∇ζy from part (a), and rearranging the terms yields
the claimed expression in the limit δ → 0.

H.1.4 Proof of part (d): Gradient of ϕ

Using the chain rule and the fact that ∇sy,i = −ai , yields the result.
H.1.5 Proof of part (e)

i=1

i,j=1

We claim that


n
n
1 > 2
1 X
1 X
2
2
h ∇ Ψy h = 
ζy,i θy,i (3dy,i
+ 2dy,i fy,i + `y,i ) −
ζy,i ζy,j θy,i,j
(2dy,i + fy,i ) (2dy,j + fy,j ) .
2
2
2

= trace log

|

i=1

=:Id +B
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!
n
X
ζy+δh,i
>
ây,i ây,i
trace log
(1 − δa> h/s )
y,i
i
i=1
"
!
#

n 
X

δ2
a> h
(a> h)2
>
ζy,i + δh> ∇ζy,i + h> ∇2 ζy,i h
1 + 2δ i + 3δ 2 i 2
+O δ 3 .
ây,i ây,i
2
sy,i
sy,i
{z
}

Expanding the first term in the above expression, we find that

=


1 >
1
h ∇2 log det Jy h = lim 2 (log det Jy−1/2 Jy+δh Jy−1/2 + log det Jy−1/2 Jy−δh Jy−1/2 − 2 log det Id )
δ→0 2δ
2
"
!
!#
n
n
X
X
ζ
ζy−δh
1
1
y+δh
>
>
lim
trace log
ây,i ây,i
+ trace log
ây,i ây,i
.
2 δ→0 δ 2
(1 − δai> h/sy,i )
(1 + δai> h/sy,i )
i=1
i=1

> 2
+ αfy,j )(2dy,l + αfy,l )Υy,i,j Υy,j,l Υy,l,i . The desired bound on h ∇ Ψy h /2 now follows from an application of AM-GM inequality
with Lemma 7(d).
We now derive the claimed expression for the directional Hessian of the function Ψ. We
have

Collecting the different terms and doing some algebra yields the result (119).
H.1.3 Proof of part (c): Gradient of logdet
For a unit vector h ∈ Rd , we have

1
1
h> log det Jy = lim (log det Jy+δh − log det Jy ) = lim (log det Jy−1/2 Jy+δh Jy−1/2 − log det Id )
δ→0 δ
δ→0 δ
−1/2

i=1

!#
"
n
X
ζy+δh
1
>
ây,i ây,i
,
trace log
δ
(1 − δai> h/sy,i )

Let ây,i := Jy,i ai /sy,i for each i ∈ [n]. Using the property log det B = trace log B, where
log B denotes the logarithm of the matrix and that log det Id = 0, we obtain

δ→0

h> log det Jy = lim
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i=1

n
X

h

i=1

n
X

ζy+δh,i
ây,i â>
y,i
(1 − δa>
i h/sy,i )

!

=

+ O kBk

,



ζy,i θy,i δ(2dy,i + fy,i ) + δ 2 (3d2y,i + 2dy,i fy,i + `y,i )

= θy,i,j , and (3) for each i ∈ [n], we

2

3

i

i,j=1



. Putting the


1 > 2
h ∇ ϕy,i h = ϕy,i 2dy,i fy,i + 3d2y,i + `y,i .
2

i,j=1

(122)

(121)

i=1

n

≤
i=1

i=1
n
X

n

We claim that

0

G−1/2
y



73

c1 In + c2 Λy (Gy − αΛy )

H.2 Proof of Lemma 10

−1


G1/2
y
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 (c1 + c2 ) κIn .

(123)



2
d2y,i ζy,i `y,i + fy,i
+ 4d2y,i ,

X

 X 2


1
d2y,i s2y,i h> ∇ϕ2y,i h =
d2y,i s2y,i ϕy,i `y,i + 2dy,i fy,i + 3d2y,i =
dy,i ζy,i `y,i + 2dy,i fy,i + 3d2y,i
2

where in the last step we have used the AM-GM inequality. The claim follows.

i=1

n
X

The claim follows from a straightforward application of chain rule and substitution of the
expressions for ∇ζy,i and ∇2 ζy,i in terms of the shorthand notation dy,i , fy,i and `y,i . Multiplying both sides of equation (122) with d2y,i s2y,i and summing over index i, we find that

We claim that

H.1.6 Proof of part (f)

i=1

n
n
X

1 X
1 >
2
h ∇2 log det Jy h =
ζy,i θy,i (3d2y,i + 2dy,i fy,i + `y,i ) −
ζy,i ζy,j θy,i,j
(2dy,i + fy,i )(2dy,j + fy,j ).
2
2

ζy−δh
n
>
i=1 (1+δa> h/sy,i ) ây,i ây,i
i

P

n

1 X
2
−
ζy,i ζy,j θy,i,j
δ 2 (2dy,i + fy,i )(2dy,j + fy,j ) + O δ 3 .
2

i=1

n
X

=

â>
y,i âj

Similarly, we can obtain an expression for trace log
pieces together, we obtain

trace log

(2) for each i, j ∈ [n], we have
have θy,i,i = θy,i . Thus we obtain

trace(ây,i â>
j )

B2






3
ζy,i δ(2dy,i + fy,i ) + δ 2 (3d2y,i + 2dy,i fy,i + `y,i ) ây,i â>
.
y,i + O δ

Now we make use of the following facts (1) trace log(Id + B) = trace B −

B=

Substituting the shorthand notation from equations (88a), (88b) and (88c), we have
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(124)

 κIn .

(127)

0 ≤ ν1 ≤

(i)
ζy,1
≤ κ,
ζy,1 − ασy,1

74

(129)

(128)
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where inequality (i) follows from the facts that ζy,j ≥ σy,j and (1 − α) = κ.

Rearranging terms, we obtain

> −1
−1
≥ ν > G−1
y ν − αν Gy Σy Gy ν
 2
−1
2
≥ g1 − ασy,1 /g1 ν1 .

Multiplying the equation (127) on the left by ν > G−1
y , we obtain
> −1
−1
> −1 (2) −1
g1−1 ν1 = ν > G−1
y ν − αν Gy Σy Gy ν + αν Gy Υy Gy ν

Proof of bound (92a):

We now prove bounds (92a) and (92b) separately.

−1
(2) −1
e1 = (Gy − αΛy ) G−1
y ν = ν − αΣy Gy ν + αΥy Gy ν

Without loss of generality, we can first prove the result for i = 1. Let ν := µ>
y e1 denote the
first row of the matrix µy . Observe that

H.3 Proof of Lemma 11

we obtain By (In − αJ By

(126)
)−1

)−1 ,

(125)

− αJ Gy−1/2 Λy Gy−1/2 )−1 By1/2  κIn .

Using the fact that By commutes with (In − By
Using observation (124) now completes the proof.

0

 κIn .

and using the relation (125), we obtain

By1/2 (In

Multiplying both sides by By

1/2

0  (In −

As s result, we obtain

αJ Gy−1/2 Λy Gy−1/2 )−1

Further, recall that αJ = (1 − 1/κ) ⇔ κ = (1 − αJ

)−1 .

By = G−1/2
Λy G−1/2
 In .
y
y

For the last step we have used the fact that Σy − Υy is a diagonally dominant matrix with
non negative entries on the diagonal to conclude that it is a PSD matrix. Consequently, we
have

(2)

Σy + βJ In = Gy  Σy  Λy = Σy − Υ(2)
y  0.

Note that the RHS is equal to the matrix By (In − αJ By )−1 which is symmetric. Observe
the following ordering of the matrices in the PSD cone

:=By

G−1/2
Λy (Gy − αΛy )−1 G1/2
= Gy−1/2 Λy Gy−1/2 (In − αJ G−1/2
Λy Gy−1/2 )−1 .
y
y
y
|
{z
}

The proof of the lemma is immediate from this claim, as for any PSD matrix H ≤ cIn , we
have H 2 ≤ c2 In .
We now prove claim (123). Note that

Chen, Dwivedi, Wainwright and Yu

ζy,1
2 ,
ζy,1 − ασy,1 + ασy,1

j=2

(130)

In our proof, we use the following improved lower bound for the

Fast MCMC Sampling Algorithms on Polytopes

Proof of bound (92b):
term µy,1,1 = ν1 .
ν1 ≥

j=2

Deferring the proof of this claim at the moment, we now complete the proof.
We begin by deriving a weighted `2 -norm bound for the vector ν̃ = (ν2 , . . . , νn )> . Equation (128) implies


n
n


X
X
(i)
νj2
σy,1
−1
−2
−1
ν1 ≥
νj2 ζy,j
,
− αζy,j
ζy,1
ν1 1 − ν1 + α
σy,j ≥ (1 − α)
ζy,1
ζy,j
where step (i) follows from the fact that ζy,i ≥ σy,i . Now, we upper bound the expression
on the left hand side of the above inequality using the upper (129) and lower (130) bounds
on ν1 :
!




σy,1
ζy,1
ζy,1
σy,1
−1
−1
ν1 1 − ν1 + α
ζy,1
ν1 ≤ ζy,1
1− 1−α
2
ζy,1
ζy,1 − ασy,1
ζy,1 ζy,1 − ασy,1 + ασy,1
ασ 2
 y,1

=
2
(ζy,1 − ασy,1 ) ζy,1 − ασy,1 + ασy,1

≤ κ2 ,

and

2
σy,1,n

(2)

(131b)

(131a)

where in the last step we haveP
used the facts that ζy,1 ≥ σy,1 and (1 − α)−1 = κ. Putting
n
−1
νj2 ζy,j
≤ κ3 , which is equivalent to our claim (92b) for
the pieces together, we obtain j=2
i = 1.
It remains to prove our earlier claim (130). Writing equation (127) separately for the
first coordinate and for the rest of the coordinates, we obtain

j=2

n


X
−1
−1
−1
2
2
+ ασy,1,1
ζy,j
ν1 + α
1 = 1 − ασy,1 ζy,1
σy,1,j
ζy,j
νj ,

0(2)

 
 
 2 
σy,1,2
ν2
ν2
 
 


−1
0 = In−1 − αΣy0 Gy0−1  ...  + αΥy0(2) Gy0−1  ...  + αζy,1
ν1  ...  ,
νn
νn

cy,j

Cy.2

(132)

where Gy0 (respectively Σy0 , Υy ) denotes the principal minor of Gy (respectively Σy , Υy )
obtained by excluding the first column and the first row. Multiplying both sides of the
equation (131b) from the left by ν2 , · · · , νn Gy0−1 , we obtain
 
ν2


n
n
2
X
X
σ

ασ
1
ν


y,j
y,j
1
0=
1−
νj2 +α ν2 , · · · , νn Gy0−1 Υy0(2) Gy0−1  ...  +α
νj .
ζ
ζ
ζy,1
ζ
y,j
j=2 y,j
{z
}
νn
{z
}
|
j=2 | y,j
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j=2

n
2
ν1 X σy,j
νj ≤ 0.
ζy,1
ζy,j

Observing that α ∈ [0, 1] and ζy,j ≥ σy,j for all y ∈ int (K) and j ∈ [n], we obtain cy,j ≥ 0.
0(2)
Further, note that Gy0−1 Υy Gy0−1 is a PSD matrix and hence we have that Cy,2 ≥ 0. Putting
the pieces together, we have
α

Combining this inequality with equation (131a) yields the claim.
H.4 Proof of Corollary 12

j=2

j=2

j=2

Without loss of generality, we can prove the result for i = 1. Applying Cauchy-Schwarz
inequality, we have
v
u n
n
n
X
X
√
√
νj2 X
u
·
ζy,j ≤ κ + κ3/2 · 1.5 d ≤ 3 dκ3/2 ,
|νj | ≤ ν1 + t
ζy,j

kνk1 = ν1 +

≤4

(133)

where to assert the last inequality we have used Lemma 11 and Lemma 3(c). The claim (93)
follows. Further, noting that the infinity
√ norm of a matrix is the `1 -norm of its transpose,
we obtain ||| (Gy − αΛy )−1 Gy |||∞ ≤ 3 dκ3/2 as claimed.

Appendix I. Proof of Lemmas from Section E.2

sz,i
sx,i

r2
ξ > ξ,
κ4 d3/2

In this section, we collect proofs of auxiliary lemmas from Section E.2.
I.1 Proof of Lemma 13

1−

Using Lemma 8, and the relation (82) we have

2
where ξ ∼ N (0, Id ). Define

Pz∼Px ∆s ≤

2r2 (1 +

#
p
2/d log(4/)
√
≥ 1 − /4.
κ4 d

(135)

sv,i
∆s := max
.
(134)
1−
sx,i
i∈[n], v∈xz


Using the standard Gaussian tail bound, we observe that Pξ∼N (0,In ) ξ > ξ ≥ d(1 + δ) ≤
q
1 − /4 for δ = d2 . Plugging this bound in the inequality (133) and noting that for all
v ∈ xz we have kv − xkJx ≤ kz − xkJx , we obtain that
"
Setting

q
√
r ≤ 1/(25 1 + 2 log(4/)),
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ζx,i 
∈ 1 − 24κ2 ∆s , 1 + 24κ2 ∆s ,
ζv,i
if ∆s ≤

1
.
32κ2

max

i∈[n],v∈xz

ζx,i
2
2
∈ (e−8κ ∆s , e8κ ∆s ).
ζv,i

for all i ∈ [n] and v ∈ xz,

i=1

n
X

ζx,i âx,i â>
x,i =
= Id .

−1/2
−1/2
ζx,i b̂x,i b̂>
Ax Λx (Gx − αΛx )−1 Gx (Gx − αΛx )−1 Λx A>
= 4κ2 Id .
x,i = Jx
x Jx

ai a>
Jx−1/2
ζx,i 2 i Jx−1/2
sx,i
i=1

n
X

and â>
x,i âx,j = θx,i,j .

(139)

(138)

(137)

(136)
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Throughout this section, we consider a fixed point x ∈ int (K). For brevity in our notation,
we drop the dependence on x for terms like ζx,i , θx,i , âx,i (etc.) and denote them simply by
ζi , θi , âi respectively.

i=1

n
X

Further, using Lemma 10 we obtain

We also have

kâx,i k22 = θx,i ,

where ξ ∼ N (0, In ) denotes a standard Gaussian vector in n dimensions.
Recall the notation from equation (90) and observe that





1 
k
2
P |P (ξ)| ≥ t EP (ξ)2
≤ exp − t2/k ,
2e

The proof once again makes use of the classical tail bounds for polynomials in Gaussian
random variables. We restate the classical result stated in equation (136) for convenience.
For any d ≥ 1, any polynomial P : Rd → R of degree k, and any t ≥ (2e)k/2 , we have

I.2 Proof of Lemma 14

Asserting the facts that ex ≤ 1 + 3x and e−x ≥ 1 − 3x, for all x ∈ [0, 1] yields the claim.

which implies that

ζv,i
2
2
∈ (e−8κ ∆s , e8κ ∆s )
ζx,i

The result follows immediately from this claim. To prove the claim, note that equation (98)
1
implies that if ∆s ≤ 32κ
2 , then

i∈[n],v∈xz

max

and noting that κ d ≥ 1 implies the claim (94a). Hence, we obtain that ∆s < .005/κ2
and consequently maxi∈[n],v∈xz sx,i /sv,i ∈ (0.99, 1.01) with probability at least 1 − /4.
We now claim that

√
4
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BB >  In ,

and Bb Bb>  4κ2 In .

(141a)

2

2

=
i=1

i=1
n
X

n
X

≤
4d,

i=1

Lem. 7 (e)

and

n

2 X
ζi â>
≤
ζi kâi k22 b̂i
i b̂i

ζi θi2

2

2

≤4

i=1

n
X

ζi b̂i

i,j=1

i,j=1

= 4 trace(Bb> Bb )

≤

16κ2 d.
(141c)

eqn. (141a)

|

i,j=1

{z

=:N1

}

|

i,j=1

{z

=:N2

}
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We claim that N1 ≤ 4d and N2 ≤ 4d. Assuming these claims as given at the moment, we
P
 2
n
> 3
≤ 60d. Applying the bound (136)
now complete the proof. We have E
i=1 ζi âi ξ

i=1

Applying Isserlis theorem for Gaussian moments, we obtain
!
n
n
n

3 2


3

X
X
X
>
ζi ζj â>
.
E
ζi âi ξ
=9
ζi ζj kâi k22 kâj k22 â>
i âj
i âj +6

I.2.2 Proof of bound (95b)

where the last follows from Lemma 7. Applying the bound (136) with k = 2 and t =
e log( 16
 ). Note that the bound is valid since t ≥ (2e) for all  ∈ (0, 1/30].

i=1

2

2

(141b)

Using Isserlis theorem (Isserlis, 1918) for fourth order Gaussian moments, we have
!

n
n
n

2 2

2 
X
X
X

2
E
ζi â>
ξ
=
ζi ζj kâi k22 kâj k22 + 2 â>
=
ζi ζj θi θj + 2θi,j
≤ 24d2 ,
i
i âj

I.2.1 Proof of bound (95a)

We now prove the five claims of the lemma separately.

v ab

kvk22 =

To see these claims, note that equation (138) implies that B > B = Id and consequently, BB >
is an orthogonal projection matrix and BB >  In . Next, note that from equation (139)
we have that Bb> Bb  κ2 Id , which implies that Bb Bb>  κ2 In . In asserting both these
arguments, we have used the fact that for any matrix B, the matrices BB > and B > B are
PSD and have same set of eigenvalues.
Next, we bound the `2 norm of the vectors v and v ab :

We claim that

We introduce some matrices and vectors that would come in handy for our proofs.
√ > 
√

√ > 
√ > 
ζ1 â1
ζ1 b̂1
ζ1 kâ1 k22
ζ1 â1 b̂1
 .. 




 .. 
.
..
ab
..
B =  .  , Bb =  .  , v = 
,
and
v
=


.
.
√ >
√
√ >
√
2
>
ζn ân
ζn kân k2
ζn b̂n
ζn ân b̂n
(140)
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n
X

i,j=1
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ζi kâi k22 âi> ζj kâj k22 âj =

n
X
i=1

ζi kâi k22 âi

2

2

= B>v
2

≤

2 eqn. (141a)

kvk22

i,j=1

!2


n
X

≤

4

(Lem. 3 (d))

{z



:=N3

ζi ζj
{z

âi> âj

:=N6

n
X

≤

(Lem. 7 (d))

i,j=1

|

2
ζi ζj θi,j

}

i,j=1

2 
b̂i> b̂j


}

+4

n
X
i,j=1

|

ζi ζj



4

n
X
i=1

{z

:=N4

≤


{z

:=N7

âi> âj

âi> b̂j

n
X

ζi kâi k22 b̂i> ζj kâj k22 b̂j =

ζi


âi> ξ

n
X

i=1

2 
>
b̂x,i
ξ

ζi kâi k22 b̂i





ζi ζj âi> âj âi> b̂i âj> b̂j = B > v ab



2

2
2
2

!2

≤ 240κ2 d.

= Bb> v
≤

≤

2
2

B > v ab

v ab

2

4d.



≤

eqn. (141b)

and
≤ 16κ2 d.

16κ2 d,

4κ2 kvk22 =
≤

Bb> v

2

eqn. (141c)

2 eqn. (141a)
2

≤

C−S

eqn. (141a)


 

> 

ζi ζj kâi k22 b̂i> âj âj> b̂j = B > v ab
Bb> v

}



}

16κ2 d,

b̂i> âj

n
n






X
X
ζi ζj kâi k22 kâj k22 b̂i> b̂j +4
ζi ζj âi> âj âi> b̂i âj> b̂j

|

+2
i,j=1

|

i,j=1

}



=

âj> b̂j

ζi θi = 4d.

eqn. (141b)


16 3/2
, and verifying that t ≥ (2e)3/2 for  ∈ (0, 1/30] yields
with k = 3 and t = 2e
3 log 
the claim.
We now turn to prove the bounds on N1 and N2 . We have
N1 =

i,j=1

n
n

3
X
X
p
2
ζi ζj âi> âj ≤
ζi ζj θi,j
θi θ j

Next, applying Cauchy-Schwarz inequality and using equation (137), we obtain
N2 =
I.2.3 Proof of bound (95c)



n

2 

X
>
ζi âi> ξ
b̂x,i
ξ
n
X

b̂i> âj

{z

ζi ζj kâi k22

i=1

Using Isserlis theorem for Gaussian moments, we have

E

+4
i,j=1

|

:=N5

E
i=1

We claim that all terms Nk ≤ 16κ2 d, k ∈ {3, 4, 5, 6, 7}. Putting the pieces together, we have

n
X

i,j=1

n
X

i,j=1

n
X

i,j=1


16 3/2
yields the claim. Note that
Applying the bound (136) with k = 3 and t = 2e
3 log 
for the given definition of t, we have t ≥ (2e)3/2 for  ∈ (0, 1/30] so that the bound (136) is
valid.
It is now left to prove the bounds on Nk for k ∈ {3, 4, 5, 6, 7}. We have
N3 =
N4 =
N5 =
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we have

4

i=1

ζi b̂i

16κ2 d.

2

n

2 
(C−S)
2
1 X
≤
ζi ζj âi> âj
b̂i
2
2
i,j=1
n


2
2
(symm.in i,j) X
=
ζi ζj âi> âj
b̂i
2
i,j=1
n
(eqn. (138)) X
2
≤
ζi kâi k22 b̂i
2
i=1
n
X
2

(Lem. 3(d))

≤

(eqn. (141c))

≤
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2 

ζi ζj âi> âj
b̂i> b̂j

N6 ,

n
X

i,j=1

For the term
N6 =

C−S

≤

i,j=1



e
2

= 105 θi4 . Thus, we have

log

Pn
i=1 ζi

16


+ b̂j

2

2



i=1

 4 2
âi> ξ
≤ 1680d2 . Consequently,
2
and noting that t ≥ (2e)2 for

i,j=1

!2
1

1 
n
n
n




X
X
X
8 2
8 2
E âj> ξ
= 105
ζi ζj θi2 θj2 = 105
ζi θi2 .
ζi ζj E âi> ξ

8

The bound on the term N7 can be obtained in a similar fashion.

!2

I.2.4 Proof of bound (95d)

n

4
X
ζi âi> ξ

Observe that âi> ξ ∼ N (0, θi ) and hence E âi> ξ
E

i=1

Now applying Lemma 7, we obtain that E

applying the bound (136) with k = 4 and t =
 ∈ (0, 1/30], yields the claim.

âi> ξ

≤ 15120d2 .

e
3

log

16


3

, and verifying that

I.2.5 Proof of bound (95e)
12
= 945 θi6 and an argument similar to the previous part yields
Pn
i=1 ζi

Using the fact that E âi> ξ

 6 2

that E

Finally, applying the bound (136) with k = 6 and t =
t ≥ (2e)3 for  ∈ (0, 1/30], yields the claim.

Appendix J. Proof of Lovász’s Lemma

inf

S∈B(K)
π ∗ (S)∈(0,1/2)

Φ(S)
π ∗ (S)

where Φ(S) :=

S

We begin by formally defining the conductance (Φ) of a Markov chain on (K, B(K)) with
arbitrary transition operator T and stationary distribution π ∗ . We assume that the operator
T is lazy and thereby the stationary distribution π ∗ is unique. Let Tx = T (δx ) denote the
transition distribution at point x, then the conductance Φ is defined as
Z
Tu (K ∩ S c )dπ ∗ (u) for any S ⊆ K.
Φ :=
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π ∗ (K\S1 \S2 ) ≥ dK (S1 , S2 ) · π ∗ (S1 ) · π ∗ (S2 ).

is the uniform measure on K, this lemma implies that
(142)

ρ∆
,
64
(143)

Define the sets


ρ
S10 := u ∈ S1 T̃u (S2 ) <
,
2

S20

:=



81

v ∈ S2 T̃v (S1 ) <

ρ
2


,

JMLR 19(55):1-86, 2018

(145)

and S30 := K\S10 \S20 .

from which the proof follows by applying Lemma 15. We now prove the claim (143) along
the lines of Theorem 11 in the paper by Lovász (1999). In particular, we show that under
the assumptions in the lemma, the sets with bad conductance are far apart and thereby have
a small measure under π ∗ , whence the ratio Φ(S)/π ∗ (S) is not arbitrarily small. Consider
a partition S1 , S2 of the set K such that S1 and S2 are measurable. To prove claim (143),
it suffices to show that
Z
1
ρ∆
Tu (S2 )du ≥
· min {π ∗ (S1 ), π ∗ (S2 )} ,
(144)
vol(K) S1
64

Φ≥

Proof of (Lovász’s) Lemma 6: We first bound the conductance of the Markov chain
using the assumptions of the lemma. From Lemma 15, we see that the Markov chain mixes
fast if all the sets S have a high conductance Φ(S). We claim that

In fact, such an inequality holds for an arbitrary log-concave distribution (Lovász and
Vempala, 2003). In words, the inequality says that for a bounded convex set any two
subsets which are far apart, can not have a large volume. Taking these lemmas as given,
we now complete the proof.

Since

π∗

where dK (S1 , S2 ) := inf x∈S1 ,y∈S2 dK (x, y).

vol(K\S1 \S2 ) · vol(K) ≥ dK (S1 , S2 ) · vol(S1 ) · vol(S2 ),

Lemma 16 (Lovász, 1999, Theorem 6) For any measurable sets S1 , S2 ⊆ K, we have

Note that this result holds for a general distribution π ∗ although we apply for uniform
π ∗ . The result can be derived from Cheeger’s inequality for continuous-space discrete-time
Markov chain and elementary results in Calculus. See, e.g., Theorem 1.4 and Corollary 1.5
by Lovász and Simonovits (1993) for a proof. For ease in notation define K\S := K ∩ S c .
We now state a key isoperimetric inequality.

Lemma 15 (Lovász and Simonovits, 1993, Theorem 1.4) For any M -warm start µ0 , the
mixing time of the Markov chain with conductance Φ is bounded as

k


√
√
Φ2
Φ2
≤ M 1−
T k (µ0 ) − π ∗
.
≤ M exp −k
2
2
TV

The conductance denotes the measure of the flow from a set to its complement relative to
its own measure, when initialized in the stationary distribution. If the conductance is high,
the following result shows that the Markov chain mixes fast.
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Tu (S2 )du ≥

(i)

1
2

Z

S1 \S10

(ii)

T̃u (S2 )du ≥

(iii) ρ∆
ρ
vol(S1 ) ≥
· min {vol(S1 ), vol(S2 )} ,
4
4

If we have vol(S10 ) ≤ vol(S1 )/2 and consequently vol(K\S10 ) ≥ vol(S1 )/2, then

TV

≥ T̃u (S1 ) − T̃v (S1 ) = 1 − T̃u (S2 ) − T̃v (S1 ) > 1 − ρ,

∆
· vol(S1 ) · vol(S2 ).
4

(146)

S1

Z

Tu (S2 )du =

S2

Z

Tv (S1 )dv.

∆ ∗
∆
· π (S1 ) · π ∗ (S2 ) ≥ min {π ∗ (S1 ), π ∗ (S2 )} .
4
8

(148)

(147)

ρ vol(S30 )
8 vol(K)

ρ∆
min {π ∗ (S1 ), π ∗ (S2 )} ,
64

(iii)
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where step (i) follows from the definition of the kernel T , step (ii) follows from the definition
of the set S30 (145) and step (iii) follows from the inequality (147). Putting together the
pieces yields the claim (143).

≥

≥

(ii)

Assuming the claim as given, we now complete the proof. Using the equation (148), we
have
Z

Z
Z
1
1
Tu (S2 )du =
Tu (S2 )du +
Tv (S1 )dv
vol(K) S1
2 vol(K)
S1
S2
!
Z
Z
(i)
1
1
1
≥
T̃u (S2 )du +
T̃v (S2 )dv
2 vol(K) 2 S1 \S10
2 S2 \S20

We claim that

π ∗ (S30 ) ≥

Using this inequality and the fact that for any x ∈ [0, 1] we have x(1−x) ≥ min {x, (1 − x)} /2
we obtain that

vol(S30 ) · vol(K) ≥ ∆ · vol(S10 ) · vol(S20 ) ≥

and hence by assumption we have dK (S10 , S20 ) ≥ ∆. Applying Lemma 16 and the definition
of S30 (145) we find that

T̃u − T̃v

Case 2: It remains to establish the inequality (144) for the case when vol(Si0 ) ≥ vol(Si )/2
for each i ∈ {1, 2}. Now for any u ∈ S10 and v ∈ S20 we have

which implies the inequality (144) since π ∗ is the uniform measure on K. In the above
sequence of inequalities, step (i) follows from the definition of the kernel T , step (ii) follows
from the definition of the set S10 (145) and step (iii) from the fact that ∆ < 1. Dividing
both sides by vol(K) yields the inequality (144) and we are done.

S1

Z

Case 1:

Chen, Dwivedi, Wainwright and Yu
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Φ(S) = Φ(K\S)

S1

Tu (S)dπ ∗ (u) =

R

for any measurable S ⊆ K.

K Tu (S)dπ

Tu (S)dπ ∗ (u) −

Z
S

∗ (u)

dπ ∗ (u) −

S

Tu (S)dπ ∗ (u) =

Z
S

S2

Z

(149)

Tu (S)dπ ∗ (u).

Tv (S1 )dv,

S

Tu (K\S)dπ ∗ (u) = Φ(S),

Tu (S)dπ ∗ (u) = π ∗ (S) −

= π ∗ (S). Thus, we have

1
Tu (S2 )π ∗ (u)du = Φ(S1 ) = Φ(K\S1 ) =
vol(K)

S

Z

It remains to prove the claim (148). We make use of the following result

S1

Using equation (149) and noting that S1 = K\S2 , we have
Z
Z
Tu (S2 )du =
1
vol(K)

K

Note that
Z

Tu (S)dπ ∗ (u) =

which yields equation (148).

K\S

Proof of result (149):
Z
Φ(K\S) =

S

Using the fact that 1 − Tu (S) = Tu (K\S), we obtain
Z
Z
Z
π ∗ (S) −

thereby yielding the claim (149).
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minx∈Rn

Sparsity impacts the entire data analysis pipeline, touching algorithmic, modeling, as well
as practical aspects. Most commonly, sparsity is elicited via `1 -norm regularization (Tibshirani, 1996; Candès and Tao, 2004). However, numerous applications rely on more refined
“structured” notions of sparsity, e.g., groupwise-sparsity (Meier et al., 2008; Liu and Zhang,
2009; Yuan and Lin, 2006; Bach et al., 2011), hierarchical sparsity (Bach, 2010; Mairal et al.,
2010), gradient sparsity (Rudin et al., 1992; Vogel and Oman, 1996; Tibshirani et al., 2005),
or sparsity over structured ‘atoms’ (Chandrasekaran et al., 2012).
Such regularizers typically arise in optimization problems of the form

1. Introduction

We study TV regularization, a widely used technique for eliciting structured sparsity. In
particular, we propose efficient algorithms for computing prox-operators for `p -norm TV.
The most important among these is `1 -norm TV, for whose prox-operator we present a new
geometric analysis which unveils a hitherto unknown connection to taut-string methods.
This connection turns out to be remarkably useful as it shows how our geometry guided implementation results in efficient weighted and unweighted 1D-TV solvers, surpassing stateof-the-art methods. Our 1D-TV solvers provide the backbone for building more complex
(two or higher-dimensional) TV solvers within a modular proximal optimization approach.
We review the literature for an array of methods exploiting this strategy, and illustrate the
benefits of our modular design through extensive suite of experiments on (i) image denoising, (ii) image deconvolution, (iii) four variants of fused-lasso, and (iv) video denoising. To
underscore our claims and permit easy reproducibility, we provide all the reviewed and our
new TV solvers in an easy to use multi-threaded C++, Matlab and Python library.
Keywords: proximal optimization, total variation, regularized learning, sparsity, non–
smooth optimization
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1. We use the term “anisotropic” to refer to the specific TV penalties considered in this paper.

Numerous other proximal methods exist—see e.g., (Beck and Teboulle, 2009; Nesterov,
2007; Combettes and Pesquet, 2009; Kim et al., 2010; Schmidt et al., 2011).
To implement the proximal-gradient iteration (1.6) efficiently, we require a subroutine
that computes the prox-operator proxr . An additional concern is whether the overall algorithm requires an exact computation of proxr , or merely a moderately inexact computation.
This concern is justified: rarely does r admit an exact algorithm for computing proxr . Fortunately, proximal methods easily admit inexactness, e.g., (Schmidt et al., 2011; Salzo and
Villa, 2012; Sra, 2012), which allows approximate prox-operators (as long as the approximation is sufficiently accurate).
We study both exact and inexact prox-operators in this paper, contingent upon the
`p -norm used and on the data dimensionality m.

xk+1 = proxηk r (xk − ηk ∇`(xk )),

A popular method based on prox-operators is the proximal gradient method (also known
as ‘forward backward splitting’), which performs a gradient (forward) step followed by a
proximal (backward) step to iterate

proxΦ = y 7→ argmin

def

These definitions look formidable; already 2D-TV (1.4) or even the simplest 1D-TV (1.2)
are fairly complex, which further complicates the overall optimization problem (1.1). Fortunately, this complexity can be “localized” by invoking prox-operators (Moreau, 1962),
which are now widely used across machine learning (Sra et al., 2011; Parikh et al., 2014).
The main idea of using prox-operators while solving (1.1) is as follows. Suppose Φ is a
convex lsc function on a set X ⊂ Rn . The prox-operator of Φ is defined as the map

Tv2p,q (W; X) =

where Xj ≡ Xi1 ,...,ik−1 ,j,ik+1 ,...,im , wIk ,j ≥ 0 are weights, and p ≡ [pk ≥ 1] for 1 ≤ k ≤ m. If
X is a matrix, expression (1.3) reduces to (note, p, q ≥ 1)

Tvm
p (W; X) =

def

More generally, if X is an order-m tensor in R j=1 nj with entries Xi1 ,i2 ,...,im (1 ≤ ij ≤ nj for
1 ≤ j ≤ m); we define the weighted m-dimensional anisotropic TV regularizer as

j=1
Qm

where ` : Rn → R is a smooth loss function (often convex), while r : Rn → R ∪ {+∞} is a
lower semicontinuous, convex, and nonsmooth regularizer that induces sparsity.
We focus on instances of (1.1) where r is a weighted anisotropic Total-Variation (TV)
regularizer1 , which for a vector x ∈ Rn and fixed weights w ≥ 0 is defined as
1/p
Xn−1
def
def
wj |xj+1 − xj |p
p ≥ 1.
(1.2)
r(x) = Tv1p (w; x) =
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1.1. Contributions
In particular, we review, analyze, implement, and experiment with a variety of fast algorithms. The ensuing contributions of this paper are summarized below.
• Geometric analysis that leads to a new, efficient version of the classic Taut String
Method (Davies and Kovac, 2001), whose origins can be traced back to (Barlow,
1972) – this version turns out to perform better than most of the recently developed
TV proximity methods.
• A previously unknown connection between (a variation of) this classic algorithm and
Condat’s unweighted TV method (Condat, 2012). This connection provides a geometric, more intuitive interpretation and helps us define a hybrid taut-string algorithm
that combines the strengths of both methods, while also providing a new efficient
algorithm for weighted `1 -norm 1D-TV proximity.
• Efficient prox-operators for general `p -norm (p ≥ 1) 1D-TV. In particular,
– For p = 2, we present a specialized Newton method based on the root-finding
strategy of Moré and Sorensen (1983),
– For the general p ≥ 1 case we describe both “projection-free” and projection
based first-order methods.
• Scalable proximal-splitting algorithms for computing 2D (1.4) and higher-D TV (1.3)
prox-operators. We review an array of methods in the literature that use proxsplitting, and through extensive experiments show that a splitting strategy based
on alternating reflections is the most effective in practice. Furthermore, this modular
construction of 2D and higher-D TV solvers allows reuse of our fast 1D-TV routines
and exploitation of the massive parallelization inherent in matrix and tensor TV.
• The final most important contribution of our paper is a well-tuned, multi-threaded
open-source C++, Matlab and Python implementation of all the reviewed and developed methods.2
To complement our algorithms, we illustrate several applications of TV prox-operators to:
(i) image and video denoising; (ii) image deconvolution; and (iii) four variants of fused-lasso.
Note: We have invested great efforts to ensure reproducibility of our results. In particular,
given the vast attention that TV problems have received in the literature, we believe it is
valuable to both users of TV and other researchers to have access to our code, data sets,
and scripts, to independently verify our claims, if desired.3
1.2. Related Work

JMLR 19(56):1-82, 2018

The literature on TV is too large to permit a comprehensive review here. Instead, we
mention the most directly related work to help place our contributions in perspective.
We focus on anisotropic-TV, in contrast to isotropic-TV (Rudin et al., 1992). Several
proposals for designing an anisotropic variant of TV have been proposed in the literature:
2. See https://github.com/albarji/proxTV
3. This material shall be made available at: http://suvrit.de/work/soft/tv.html

3
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in this paper we use the definition given in Bioucas-Dias and Figueiredo (2007), which
follows the already presented Equation (1.2). Alternative definitions of anisotropic TV include instances such as a general TV defined in the continuous domain in terms of Wulff
shapes (Esedoglu and Osher, 2004), or making use of estimates of the directional information (Steidl and Teuber , 2009), to name a few. Although the definition used here
is simpler, it arises frequently in image denoising and signal processing, and quite a few
TV-based denoising algorithms exist (Zhu and Chan, 2008, see e.g.).
2D
The anisotropic TV regularizers Tv11D and Tv1,1
arise in image denoising and deconvolution (Dahl et al., 2010), in the fused-lasso (Tibshirani et al., 2005), in logistic fusedlasso (Kolar et al., 2010), in change-point detection (Harchaoui and Lévy-Leduc, 2010), in
graph-cut based image segmentation (Chambolle and Darbon, 2009), in submodular optimization (Jegelka et al., 2013); see also the related work in (Vert and Bleakley, 2010).
This broad applicability and importance of anisotropic TV is the key motivation towards
developing carefully tuned proximity operators.
There is a rich literature of methods tailored to anisotropic TV, e.g., those developed in
the context of fused-lasso (Friedman et al., 2007; Liu et al., 2010), graph-cuts (Chambolle
and Darbon, 2009), ADMM-style approaches (Combettes and Pesquet, 2009; Wahlberg
et al., 2012), fast methods based on dynamic programming (Johnson, 2013) or KKT conditions analysis (Condat, 2012). However, it seems that anisotropic TV norms other than
`1 have not been studied much in the literature, although recognized as a form of Sobolev
semi-norms (Pontow and Scherzer, 2009).
For 1D-TV and for the particular `1 norm, there exist several direct methods that are
exceptionally fast. We treat this problem in detail in Section 2, and hence refer the reader
to that section for discussion of closely related work on fast solvers. We note here, however,
that in contrast to many of the previous fast solvers, our solvers allow weights, a capability
that can be very important in applications (Jegelka et al., 2013).
Regarding 2D-TV, Goldstein T. (2009) presented a so-called “Split-Bregman” (SB).
It turns out that this method is essentially a variant of the well-known ADMM method.
In contrast to the 2D approach presented here, the SB strategy followed by Goldstein
T. (2009) is to rely on `1 -soft thresholding substeps instead of 1D-TV substeps. From
an implementation viewpoint, the SB approach is somewhat simpler, but not necessarily
more accurate. Incidentally, sometimes such direct ADMM approaches turn out to be less
effective than ADMM methods that rely on more complex 1D-TV prox-operators (Ramdas
and Tibshirani, 2014).
It is worth highlighting that it is not just proximal solvers such as FISTA (Beck and
Teboulle, 2009), SpaRSA (Wright et al., 2009), SALSA (Afonso et al., 2010), TwIST
(Bioucas-Dias and Figueiredo, 2007), Trip (Kim et al., 2010), that can benefit from our
fast prox-operators. All other 2D and higher-D TV solvers, e.g., (Yang et al., 2013), as well
as the recent ADMM based trend-filtering solvers of Tibshirani (2014) immediately benefit,
not only in speed but also by gaining the ability to solve weighted problems.
1.3. Summary of the Paper
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The remainder of the paper is organized as follows. In Section 2 we consider prox operators
for 1D-TV problems when using the most common `1 norm. The highlight of this section

4

min

Xn

i=1

Xn

(−ui−1 + ui − yi )2 , s.t. kuk∞ ≤ λ,

(2.3)

5

i=1

i=1

Xn

(si−1 − si )2 ,

s

min

i=1

6

n q
X
1 + (si−1 − si )2 , s.t. ks − rk∞ ≤ λ,

s0 = 0, sn = rn .

Now the key trick: problem (2.4) can be shown to share the same optimum as

s

min

s.t. ks − rk∞ ≤ λ, s0 = 0, sn = rn .

(−ri−1 + si−1 + ri − si − yi )2 , s.t. ks − rk∞ ≤ λ,

which upon simplification becomes

s

(2.5)

(2.4)

r0 − s0 = rn − sn = 0,

u0 = un = 0.

Now we
P perform a change of variables by defining the new set of variables s = r − u, where
ri := ik=1 yk is the cumulative sum of input signal values. Thus, (2.3) becomes

u

min

Introducing the fixed extreme points u0 = un = 0, we can replace the problem (2.2) by

i=2
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(2.1)

(2.2)
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− yk22 + λkDxk1 ,

− uT Dy, s.t. kuk∞ ≤ λ.

A proof of this relationship may be found in (Steidl et al., 2005); for completeness, and also
because it will help us generalize to the weighted Tv1D
1 variant, we include an alternative
proof in Appendix C.
The name “taut-string” is explained as follows. The objective in (2.5) can be interpreted
as the Euclidean length of a polyline through the points (i, si ). Thus, (2.5) seeks the
minimum length polyline (the taut-string) crossing a tube of height λ with center the
cumulative sum r and having the fixed endpoints (s0 , sn ). An example illustrating this
description is shown in Figure 1.

1
2 kx

T
2
1
2 kD uk2

Without changing the minimizer, the objective (2.2) can be replaced by kD T u − yk22 , which
then unfolds into
Xn−1
(u1 − y1 )2 +
(−ui−1 + ui − yi )2 + (−un−1 − yn )2 .

u

min

While taut-string methods seem to be largely unknown in machine learning, they have been
widely applied in statistics—see e.g., (Grasmair, 2007; Davies and Kovac, 2001; Barlow,
1972).
We start by transforming the problem as follows. For TV-L1, elementary manipulations,
e.g., using Proposition A.4, yield the dual (re-written as a minimization problem)

where D is the differencing matrix, all zeros except dii = −1 and di,i+1 = 1 (1 ≤ i ≤ n − 1).
To solve (2.1) we will analyze an approach based on the line of “taut-string” methods.
We first introduce these methods for the unweighted TV-L1 problem (2.1), before discussing
the elementwise weighted TV problem (2.6). Most of the previous fastest methods handle
only unweighted-TV. It is often nontrivial to extend them to handle weighted-TV, a problem
that is crucial to several applications, e.g., segmentation (Chambolle and Darbon, 2009) and
certain submodular optimization problems (Jegelka et al., 2013).
A remarkably efficient approach to TV-L1 was presented in (Condat, 2012). We will
show Condat’s fast algorithm can be interpreted as a “linearized” version of the taut-string
approach, a view that paves the way to obtain an equally fast solver for weighted TV-L1.
Before proceeding we note that other than (Condat, 2012), other efficient methods to
address unweighted Tv1D
1 proximity have been proposed. Johnson (2013) shows how solving
Tv1D
p proximity is equivalent to computing the data likelihood of an specific Hidden Markov
Model (HMM), which suggests a dynamic programming approach based on the well-known
Viterbi algorithm for HMMs. The resulting algorithm is very competitive, and guarantees
an overall O(n) performance while requiring approximately 8n storage. Another similarly
performing algorithm was presented by Kolmogorov et al (2015) in the form of a message
passing method. We will also consider these algorithms in our experimental comparison in
§5.1.
Yet another family of methods is based on projected-Netwon (PN) techniques: we also
present in Appendix E a PN approach for its instructive value, and also because it provides
key subroutines for solving TV problems with p > 1. Our derivation may also be helpful
to readers seeking to implement efficient prox-operators for problems that have structure

x∈R

minn

We begin with the 1D-TV problem (1.2) for an `1 norm choice, for which we review several
carefully tuned algorithms. Using such well–tuned algorithms pays off: we can find fast,
robust, and low-memory (in fact, in place) algorithms, which are not only of independent
value, but also ideal building blocks for scalably solving 2D- and higher-D TV problems.
Computation of the `1 -norm TV prox-operator can be compactly written as the problem

2. TV-L1: Fast Prox-Operators for Tv1D
1

similar to TV, for instance `1 -trend filtering (Kim et al., 2009; Tibshirani, 2014). Indeed,
the PN approach proves to be foundational for the fast “group fused-lasso” algorithms
of (Wytock et al., 2014).

is our analysis on taut-string TV solvers, which leads to the development a new hybrid
method and a weighted TV solver (Sections 2.3, 2.4). Thereafter, we discuss variants of
1D
1D-TV (Section 3), including a specialized Tv1D
2 solver, and a more general Tvp method
based on a gradient projection strategy. Subsequently, we describe multi-dimensional TV
problems and study their prox-operators in Section 4, paying special attention to 2D-TV; for
both 2D and multi-D, prox-splitting methods are used. After these theoretical sections, we
describe experiments and applications in Section 5. In particular, extensive experiments for
1D-TV are presented in Section 5.1 and Section 5.2; 2D-TV experiments are in Section 5.3,
while an application of multi-D TV is the subject of Section 5.4. The appendices to the
paper include further technical details and additional information about the experimental
setup.
2.1. The Taut-String Method for Tv1D
1
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where we used the primal-dual relation x = y−D T u. Intuitively, the above argument shows
that the solution to the TV-L1 proximity problem is obtained as the discrete gradient of
the taut string, or as the slope of its segments.
It remains to describe how to find the taut string. The most widely used approach seems
to be the one due to Davies and Kovac (2001). This approach starts from the fixed point
s0 = 0, and incrementally computes the greatest convex minorant of the upper bounds on
the λ tube, as well as the smallest concave majorant of the lower bounds on the λ tube.
When both curves intersect, the left-most point where either the majorant or the minorant
touched the tube is used to fix a first segment of the taut string. The procedure is then
resumed at the end of the identified segment, and iterated until all taut string segments have
been obtained. Pseudocode of this method is presented as Algorithm 1, while an example
of this procedure is shown in Figure 2.
It is important to note that since we have a discrete number of points in the tube, the
greatest convex minorant can be expressed as a piecewise linear function with segments of
monotonically increasing slope, while the smallest concave majorant is another piecewise
linear function with segments of monotonically decreasing slope. Another relevant fact is
that each segment in the tube upper/lower bound enters the minorant/majorant exactly
once in the algorithm, and is also removed exactly once. This limits the extent of the inner
loops in the algorithm, and in fact an analysis of the computational complexity of this
behavior leads to an overall O(n) performance (Davies and Kovac, 2001).
In spite of this, Condat (2012) notes that maintaining the minorant and majorant functions in memory is inefficient, and views a taut-string approach as potentially inferior to

si − si−1

Once the taut string is found, the solution for the original TV problem (2.1) can be
recovered by observing that

Figure 1: Example of the taut string method. The cumulative sum r of the input signal values y
is shown as the dashed line; the black dots mark the points (i, ri ). The bottom and top
of the λ-width tube are shown in red. The taut string solution s is shown as a blue line.

s
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Algorithm 1 Taut string algorithm for TV-L1-proximity

then

1: Inputs: input signal y of length n, regularizer λ.
Pi
2: Initialize i = 0, concmajorant = ∅, convminorant = ∅, ri = k=1 yk .
3: while i < n do
4:
Add new segment: concmajorant = concmajorant ∪ ((i − 1, ri−1 − λ) → (i, ri − λ)).
5:
while concmajorant is not concave do
6:
Merge the last two segments of concmajorant
7:
end while
8:
Add new segment: convminorant = convminorant ∪ ((i − 1, ri−1 + λ) → (i, ri + λ)).
9:
while convminorant is not convex do
10:
Merge the last two segments of convminorant
11:
end while
12:
if slope(left-most segment in concmajorant) > slope(lest-most segment in convminorant)

13:
break = left-most point where either the majorant or the minorant touched the tube
14:
if break ∈ convminorant then
15:
Remove left-most segment of the minorant, add it to the taut-string solution x.
16:
Majorant is recalculated as a straight line from break to its last point.
17:
end if
18:
if break ∈ concmajorant then
19:
Remove left-most segment of the majorant, add it to the taut-string solution x.
20:
Minorant is recalculated as a straight line from break to its last point.
21:
end if
22:
end if
23:
i++
24: end while
25: Add last segment from either the majorant or minorant to the solution x.

his proposed method. To this observation we make two claims: Condat’s method can be
interpreted as a linearized version of the taut-string method (see Section 2.2); and that a
careful implementation of the taut-string method can be highly competitive in practice.

2.1.1. Efficient Implementation of Taut-Strings
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We propose now an efficient implementation of the taut-string method. The main idea is
to carefully use double-ended queues (Knuth, 1997) to store the majorant and minorant
information. Therewith, all majorant/minorant operations such as appending a segment or
removing segments from either the beginning or the end of the majorant can be performend
in constant time. Note however that usual double-ended queue implementations use doubly linked lists, dynamic arrays or circular buffers: these approaches require dynamically
reallocating memory chunks at some of the insert or remove operations. But in the tautstring algorithm, the maximum number of segments of the majorant/minorant is just the
size of the input signal (n), and also the number of segments to be inserted in the queue
throughout the algorithm will be n. Making use of these facts we implement a specialized
queue based on a contiguous array of fixed length n. New segments are added from the
start of the array on, and a couple of pointers are maintained to keep track of the first and
last valid segments in the array, much in the way of a circular buffer. This implementation, however, does not require of the usual circular logic. Overall, this double-ended queue

8

(5)

(8)

(4)

(7)

(9)

(6)

(3)

9
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requires a single memory allocation at the beginning of the algorithm, keeping the rest of
queue operations free from memory management and all but the simplest pointer or index
algebra.
We also store for each segment the following values: x length of the segment, y length
and slope. Slopes might seem as redundant given the other two factors, but given the
number of times the algorithm requires comparing slopes between segments (e.g., to preserve convexity/concavity) it pays off to precompute these values. This fact together with

(blue) and largest convex minorant (green) are updated are every step. At step (1)
the algorithm is initialized. Steps (2) to (4) successfully manage to update majorant
and minorant without producing crossings between them. Note how while the concave
majorant keeps adding segments without issue, the convex minorant must remove and
merge existing segments with new ones to mantain a convex function from the origin to
the new points. At step (5) the end of the tube is reached, but the minorant and majorant
slopes overlap, and so it is necessary to break the segment at the left-most point where
the majorant/minorant touched the tube. Since the left-most touching point is in the
concave majorant it’s leftmost segment is removed and placed in the solution, while the
convex minorant is updated as a straight line from the detected breakpoint to the last
explored point, resulting in (6). The algorithm would then continue adding segments, but
since the majorant/minorant slopes are still crossing, the procedure of fixing segments to
the solution is repeated through steps (6), (7) and (8). Finally at step (9) the slopes are
no longer crossing and the method would continue adding tube segments, but since the
end of the tube has already been reached the algorithm stops.

Figure 2: Example of the evolution of the taut string method. The smallest concave majorant

(2)

(1)

Modular proximal optimization for multidimensional TV regularization
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i0 : index of the current segment start
δ̄: slope of the majorant
δ: slope of the minorant
¯
h̄: height of majorant w.r.t. the λ-tube center
h: height of minorant w.r.t. λ-tube center
¯
ī: index of last point where δ̄ was updated—potential majorant break point
i: index of last point where δ was updated—potential minorant break point.
¯
¯
Figure 4 gives a geometric interpretation of these variables; we use these variables to detect
minorant-majorant intersections, without the need to compute or store them explicitly.
Algorithm 2 presents full pseudocode of the linearized taut-string method. Broadly, the
algorithm proceeds in the same fashion as the classic taut-string method, updating the affine
approximations to the majorant and minorant at each step, and introducing a breakpoint
whenever the slopes of these two functions cross.
More precisely, at each each iteration the method steps one point further through the
tube, updating the minorant/majorant slopes (δ, δ̄) as well as their heights at the current
¯
point (h, h̄). To check for minorant/majorant crossings it suffices to compare the slopes
¯
(δ, δ̄), or equivalently, to check whether the height of the minorant h falls below the tube
¯
¯
bottom (since the minorant follows the tube ceiling) or the height of the majorant h̄ grows
above the tube ceiling (since the majorant follows the tube bottom). We make use of this
last variant, since updating heights turns out to be slightly cheaper than updating slopes,
and so it is faster to ensure no crossing will take place before performing such updates.
When a crossing is detected, we perform similar steps as in the classic taut-string method
but with one significant difference: the algorithm is completely restarted at the newly
introduced breakpoint. This restart idea is in contrast with the classic method, where we
simply re-use the previously computed information about the minorant and majorant to
update their estimates and continue working with them. In the linearized version we do

1.
2.
3.
4.
5.
6.
7.

Details. Linearized taut-string requires only the following bookkeeping variables:

We now present a variant, linearized version of the taut-string method. Surprisingly, the
resulting algorithm turns out to be equivalent to the fast algorithm of Condat (2012), though
now with a clearer interpretation based on taut-strings.
The key idea is to build linear approximations to the greatest convex minorant and
smallest concave majorant, producing exactly the same results but significantly reducing
the bookkeeping of the method to a handful of simple variables. We therefore replace the
greatest convex minorant and smallest convex majorant by a greatest affine minorant and
smallest affine majorant.
An example of the method is presented in Figure 3. A proof showing that this linearization does not change the resultant taut-string is given in Appendix D. In what follows, we
describe the linearized method in depth.

2.2. Linearized Taut-String Method for Tv1D
1

other calculation and code optimization details produces our implementation; these can be
reviewed in the code itself at https://github.com/albarji/proxTV.

Barbero and Sra

(2)

(3)
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(1)

(6)

(9)

(5)

(8)

(11)

(4)

(7)

(10)

Figure 3: Example of the evolution of the linearized taut string method. The smallest affine majorant of the tube bottom (blue) and greatest affine minorant of the tube ceiling (green)
are updated at every step. At step (1) the algorithm is initialized. Steps (2) to (4) successfully manage to update majorant/minorant without crossings. At step (5), however,
the slopes cross, and so it is necessary to break the segment. Since the left-most tube
touching point is the one in the majorant, the majorant is broken down at that point and
its left-hand side is added to the solution, resulting in (6). The method is then restarted
at the break point, with majorant/minorant being updated at step (7), though at step
(8) once again a crossing is detected. Hence, at step (9) a breaking point is introduced
again and the algorithm is restarted once more. Following this, step (10) manages to
update majorant/minorant slopes up to the end of the tube, and so at step (11) the final
segment is built using the (now equal) slopes.

not keep enough information to perform such an operation, so all data about minorant and
majorant is discarded and the algorithm begins anew. Because of this choice the same tube
segment might be reprocessed up to O(n) times in the method, and therefore the overall
worst case performance is O(n2 ). This fact was already observed in (Condat, 2012).

JMLR 19(56):1-82, 2018

In what follows we describe the rationale behind the height update formulae.
11

Barbero and Sra

Figure 4: Illustration of the geometric concepts involved in the linearized taut string method. The
greatest linear minorant (of the tube ceiling) is depicted in green, while the smallest
linear majorant (of the tube bottom) is shown in blue. The δ slopes and h heights are
presented updated up to the index shown as i.

Height variables. To implement the method described above, the height variables h
are not strictly necessary as they can be obtained from the slopes δ. However, explicitly
including them leads to efficient updating rules at each iteration, as we show below.
Suppose we are updating the heights and slopes from their estimates at step i − 1 to
step i. Updating the heights is immediate given the slopes, since

hi = hi−1 + δ − yi .

λ + ri − α
λ + (h̄i − h̄i ) + ri − α
=
,
i
i

In other words, since we are following a line with slope δ, the change in height from one step
to the next is given by precisely such a slope. Note, however, that in this algorithm we do
not compute absolute heights but instead relative heights with respect to the λ–tube center.
Therefore we need to account for the change in the tube center between steps i − 1 and i,
which is given by ri − ri−1 = yi . This completes the update, which is shown in Algorithm
2 as lines 4 and 11.
However, it is possible that the new height h runs over or under the tube. This would
mean that we cannot continue using the current slope in the majorant or minorant, and a
recalculation is needed, which again can be done efficiently by using the height information.
Assume without loss of generality that the starting index of the current segment is 0 and
the absolute height of the starting point of the segment is given by α. Then, for adjusting
the minorant slope δ̄i so that it touches the tube ceiling at the current point, we note that
δ̄i =

JMLR 19(56):1-82, 2018

where we have also added and subtracted the current value of h̄i . Observe that this value was
computed using the estimate δi−1 of the slope so far, so we can rewrite it as the projection
of the initial point in the segment following such a slope, that is, as h̄i = iδ̄i − ri + α. Doing

12

Linearized (Condat’s)
O(n2 )
Yes
Very fast iteration, cache
friendly

13

λ + (iδ̄i−1 − ri + α) − h̄i + ri − α
λ − h̄i
= δ̄i−1 +
,
i
i

14
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δ̄i =

so for one of the added heights h̄i produces

27:
28:
29:
30:
31:
32:

26:
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2.3. Comparison of Taut-String Methods and a Hybrid Strategy

required beyond the constant number of bookkeeping variables, and in-place updates are
also possible because yi values for already fixed sections of the taut-string are not required
again, so the output x and the input y can both refer to the same memory locations.
The resulting algorithm turns out to be equivalent, almost line by line, to the method
of Condat (2012), even though its theoretical grounds are radically different: while the
approach presented here has a strong geometric basis due to its taut-string relationship,
(Condat, 2012) is based solely on analysis of KKT conditions. Therefore, we have shown
that Condat’s fast TV method is, in fact, a linearized taut-string algorithm.

which generates a simple updating rule. A similar derivation holds for the minorant. The
resulting updates are included in the algorithm in lines 20 and 26. After recomputing this
slope we need to adjust the corresponding height back to the tube: since the heights are
relative to the tube center we can just set h̄ = λ, h = −λ; this is done in lines 21 and 27.
¯
Notice also that the special case of the last point in the tube where the taut-string
must meet sn = rn is handled by line 3, where λ̃ is set to 0 at such a point to enforce this
constraint. Overall, one iteration of the method is very efficient, as mostly just additions
and subtractions are involved with the sole exception of the division required for the slope
updates, which are not performed at every iteration. Moreover, no additional memory is

The majorant now touches the floor: h̄ = −λ̃
This is a possible majorant breaking point: ī = i
end if
/* Check if minorant height is above the ceiling */
if h ≥ λ̃ then
¯
−λ̃−h
Correct slope: δ = δ + i−i0¯
¯ ¯
The minorant now touches the ceiling: h = λ̃
¯
This is a possible minorant breaking point: i = i
¯
end if
Continue building current segment: i = i + 1
end while
Build last valid segment: xi0 +1:n = δ̄.

Classic
O(n)
No
Fast bookkeeping through
double-ended queues

Table 1: Comparison of the main features of reviewed taut-string algorithms.

Worst-case performance
In–memory
Other considerations

Barbero and Sra

Table 1 summarizes the main features of the classic and linearized taut-string methods
reviewed so far. Although the classic taut-string method has been largely neglected in
the machine learning literature, its guarantee in linear performance makes it an attractive
choice. Furthermore, although we could not find any references on implementation details
of this method, we have empirically seen that a very efficient solver can be produced by
making use of a double-ended queue to bookkeep the majorant/minorant information.
In contrast to this, the linearized taut-string method (equivalent to Condat (2012))
features a much better performance per step in the tube traversal, mainly due to not
requiring additional memory and making use of only a small constant number of variables,
making the method friendly for CPU cache or registers calculation. As a tradeoff of keeping
such scarce information in memory, the method does not guarantee linear performance,
falling to a quadratic theoretical runtime in the worst case. This fact was already observed
in (Condat, 2012), though such worst case was deemed as pathological, claiming a O(n)
performance in all practical situations. We shall review these claims in the experimental
sections in this manuscript.
The key points of Table 1 show that no taut-string variant is clearly superior. While the
classic method provides a safe linear time solution to the problem, the linearized method
is potentially faster but riskier in terms of worst case performance. Following these observations we propose here a simple hybrid method combining both approaches: run the
linearized algorithm up to a prefixed number of steps nS , S ∈ (1, 2), and if the solution
has not yet been found, we switch to the classic method. We therefore limit the worst-case
scenario to O(nS ) + O(n) ' O(nS ), because once the classic method kicks, it will ensure an
O(n) performance guarantee.
Implementation of this hybrid method is easy upon realizing the similarities between
algorithms: a switch–check is added to the linearized method every time a segment of the
taut-string has been identified (Algorithm 2, lines 7, 14). If it is confirmed that the method

21:
22:
23:
24:
25:

1: Initialize i = ī = i = h̄ = h = 0, δ = y0 + λ, δ̄ = y0 − λ
¯
¯
¯
2: while i < n do
3:
Find tube height: λ̃ = λ if i < n − 1, else λ̃ = 0
4:
Update majorant height following current slope: h̄ = h̄ + δ̄ − yi .
5:
/* Check for ceiling violation: majorant is above tube ceiling */
6:
if h̄ > λ̃ then
7:
Build valid segment up to last majorant breaking point: xi0 +1:ī = δ̄.
8:
Start new segment after break: (i0 , i) = ī, δ = yi + 2λ, δ̄ = yi , h = λ, h̄ = −λ, i = ī + 1
¯
¯
¯
9:
continue
10:
end if
11:
Update minorant height following current slope: h = h + δ − yi .
¯ ¯ ¯
12:
/* Check for bottom violation: minorant is below tube bottom */
13:
if h < −λ̃ then
¯
14:
Build valid segment up to last minorant breaking point: xi0 +1:i = δ.
¯
¯
15:
Start new segment after break: (i0 , ī) = i, δ = yi , δ̄ = −2λ + yi , h = λ, h̄ = −λ, i = i + 1
¯ ¯
¯
¯
16:
continue
17:
end if
18:
/* Check if majorant height is below the floor */
19:
if h̄ ≤ −λ̃ then
λ̃−h̄
20:
Correct slope: δ̄ = δ̄ + i−i
0

Algorithm 2 Linearized taut string algorithm for TV-L1-proximity

Modular proximal optimization for multidimensional TV regularization
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wi |xi+1 − xi |,

(2.6)

has already run for nS steps without reaching the solution, the remaining part of the signal
for which the taut-string has not yet been found is passed on to the classic method, whose
solution is concatenated to the part the linearized method managed to find so far. We also
report the empirical performance of this method in the experimental section.
2.4. Taut-string Methods for Weighted Tv11D

1
2 kx

− yk22 +

i=1

Several applications TV require penalizing the discrete gradients individually, which can be
done by solving the weighted TV-L1 problem
Xn−1

minx

T
2
1
2 kD uk2

− uT Dy
s.t. |ui | ≤ wi ,

1 ≤ i < n.

(2.7)

n−1
where the weights {wi }i=1
are all positive. To solve (2.6) using a taut-string approach, we
again begin with its dual (written as a minimization problem)

minu

i=1

Then, we repeat the derivation of the unweighted taut-string method but with a few key
modifications. More precisely, we transform (2.7) by introducing u0 = un = 0 to obtain
Xn
(yi − ui + ui−1 )2 s.t. |ui | ≤ wi , 1 ≤ i < n.

u

min

i=1

Pi
yk , and consider
Then, we perform the change of variables s = r − u, where ri := k=1
Xn
(si − si−1 )2 s.t. |si − ri | ≤ wi , 1 ≤ i < n s0 = 0, sn = rn .
s

min

i=1

Finally, applying Theorem C.1 we obtain the equivalent weighted taut-string problem
Xn q
1 + (si − si−1 )2 s.t. |si − ri | ≤ wi , 1 ≤ i < n, s0 = 0, sn = rn .
(2.8)

s

min
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Problem (2.8) differs from its unweighted counterpart (2.5) in the constraints |si − ri | ≤
wi (1 ≤ i < n), which allow different weights for each component instead of using the same
value λ. Our geometric intuition also carries over to the weighted problem, albeit with a
slight modification: the tube we are trying to traverse now has varying widths at each step
instead of the previous fixed λ width—Figure 5 illustrates this idea.
As a consequence of the above derivation and intuition, taut-string methods can be
produced to solve the weighted Tv11D problem. The original formulation of the classic tautstring method in (Davies and Kovac, 2001) defines the limits of the tube through possibly
varying bottom and ceiling values (li , ui ) ∀i, and so this method easily extends to solve
the weighted TV problem by assigning li = ri − wi , ui = ri + wi . In our pseudocode in
Algorithm 1 we just need to replace λ by the appropriate wi values.
Similar considerations apply for the linearized version (Algorithm 2), in particular, when
checking ceiling/floor violations as well as when checking slope recomputations and restarts,
we must account for varying tube heights. Algorithm 3 presents the precise modifications
that we must make to Algorithm 2 to handle weights. Regarding the convergence of this
method, the proof of equivalence with the classic taut-string method still holds in the
weighted case (see Appendix D).
The very same analysis as portrayed in Table 1 applies here: both the benefits and
problems of the two taut-string solvers carry on to the weighted variant of the problem.
15

6
4
2
0
0

1

2

3
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i

5

6

Taut−string solution

4

Algorithm 3 Modified lines for weighted version of Algorithm 2

7

8

9

3:
Find tube height: λ̃ = w
if i < n − 1, else λ̃ = 0
i+1
8:
Start new segment after break: (i0 , i) = ī, δ = yi + wi−1 + wi , δ̄ = yi + wi−1 − wi ,
¯
¯
h̄ = −wi , i = ī + 1
Start new segment after break: (i0 , ī) = i, δ = yi + wi−1 − wi , δ̄ = yi + wi−1 + wi ,
¯ ¯
h̄ = −wi , i = i + 1
¯
15:

3.1. TV-L2: Proximity for Tv21D

For TV-L2 proximity (p = 2) the dual to the prox-operator for (1.2) reduces to

minu φ(u) := 21 kD T uk22 − uT Dy, s.t. kuk2 ≤ λ.

16

10

h = wi ,
¯
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Problem (3.1) is nothing but a version of the well-known trust-region subproblem (TRS),
for which a variety of numerical approaches are known (Conn et al., 2000).
We derive a specialized algorithm based on the classic Moré-Sorensen Newton (MSN)
method of (Moré and Sorensen, 1983). This method in general can be quite expensive, but
for (3.1) the Hessian is tridiagonal which can be well-exploited (see Appendix E). Curiously,
experiments show that for a limited range of λ values, even ordinary gradient-projection

(3.1)

While more infrequent, replacing the `1 norm of the standard TV regularizer by an `p -norm
version can also be useful. In this section we focus first on a specialized solver for p = 2,
before discussing a less efficient but more general solver for any `p with p ≥ 1. We also
briefly cover the p = ∞ case.

3. Other One-Dimensional TV Variants

h = wi ,
¯

Figure 5: Example of the weighted taut string method with w = (1.35, 3.03, 0.73, 0.06, 0.71, 0.20,
0.12, 1.49, 1.41). The cumulative sum r of the input signal values y is shown as the
dashed line, with the black dots marking the points (i, ri ). The bottom and ceiling of
the tube are shown in red, which vary in width at each step following the weights wi .
The weighted taut string solution s is shown as a blue line.

s

α ≥ 0,

(3.2)

(3.3)

(3.5)

(3.4)

α

←

α−

kuα k22
kqα k22



kuα k2
1−
.
λ

−1

kuα k32
= α−
−λ )· T
,
uα (DD T + αI)−1 uα
kuα k22 − λ−1 kuα k32
= α−
,
kqα k22


2
kuα k2
kuα k2
= α−
1−
,
2
λ
kqα k2

(kuα k−1
2

(3.6)
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As shown for TV-L1 (Appendix E), the tridiagonal structure of (DD T + αI) allows one
to compute both Rα and qα in linear time, so the overall iteration runs in O(n) time.

and therefore

hα
α− 0
hα

The key idea in MSN is to eliminate the matrix inverse in (3.5) by using the Cholesky
decomposition DD T + αI = RαT Rα and defining a vector qα = (RαT )−1 u, so that kqα k22 =
uTα (DD T + αI)−1 uα . As a result, the Newton iteration (3.4) becomes

1
kuα k32
= T
.
h0α
uα (DD T + αI)−1 uα

Some calculation shows that the derivative h0 can be computed as

α ← α − hα /h0α .

which has the benefit of being almost linear in the search interval, which results in fast
convergence (Moré and Sorensen, 1983). Thus, the task is to find the root of the function
hα , for which we use Newton’s method, which in this case leads to the iteration

hα := λ−1 − kuα k−1
2 = 0,

where α is a Lagrange multiplier. There are two possible cases: either kuk2 < λ or kuk2 = λ.
If kuk2 < λ, then the KKT condition α(kuk2 − λ) = 0, implies that α = 0 must hold
and u can be obtained immediately by solving the linear system DD T u = Dy. This can
be done in O(n) time owing to the bidiagonal structure of D. Conversely, if the solution to
DD T u = Dy lies in the interior of the ball kuk2 ≤ λ, then it solves (3.2). Therefore, this
case is trivial, and we need to consider only the harder case kuk2 = λ.
For any given α one can obtain the corresponding vector u as uα = (DD T + αI)−1 Dy.
Therefore, optimizing for u reduces to the problem of finding the “true” value of α.
An obvious approach is to solve kuα k22 = λ2 . Less obvious is the MSN equation

α(kuk2 − λ) = 0,

(DD T + αI)u = Dy,

(GP) can be competitive. But for overall best performance, a hybrid MSN-GP approach is
preferable.
Towards solving (3.1), consider its KKT conditions:

Modular proximal optimization for multidimensional TV regularization

(3.7)
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The theoretically ideal choice for the stepsize α0 is given by the inverse of the Lipschitz
constant L of the gradient ∇φ(u) (Nesterov, 2007; Beck and Teboulle, 2009). Since φ(u)
is a convex quadratic, L is simply the largest eigenvalue of the Hessian DD T . Owing to
its special structure,
namely

 the eigenvalues of the Hessian have closed-form
 expressions,

iπ
λi = 2−2 cos n+1
(for 1 ≤ i ≤ n). The largest one is λn = 2−2 cos (n−1)π
, which tends
n
to 4 as n → ∞; thus the choice α0 = 1/4 is a good and cheap approximation. Pseudocode
showing the whole procedure is presented in Algorithm 5. Combining this with the fact that
the projection Pk·k2 ≤λ is also trivial to compute, the GP iteration (3.7) turns out to be very
attractive. Indeed, sometimes it can even outperform the more sophisticated MSN method,
though only for a very limited range of λ values. Therefore, in practice we recommend a
hybrid of GP and MSN, as suggested by our experiments (see §5.2.1).

ut+1 = Pk·k2 ≤λ (ut − α0 ∇φ(ut )).

Even though Algorithm 4 requires only linear time per iteration, it is fairly sophisticated,
and in fact a much simpler method can be devised. This is illustrated here by a gradientprojection method with a fixed stepsize α0 , whose iteration is

The above ideas are presented as pseudocode in Algorithm 4. As a stopping criterion
two conditions are checked: whether the duality gap is small enough, and whether u is close
enough to the boundary. This latter check is useful because intermediate solutions could be
dual-infeasible, thus making the duality gap an inadequate optimality measure on its own.
In practice we use tolerance values λ = 10−6 and gap = 10−5 .

Algorithm 5 GP algorithm for TV-L2 proximity
Initialize u0 ∈ RN , t = 0.
while (¬ converged) do
Gradient update: v t = ut − 14 ∇f (ut ).
Projection: ut+1 = max(1 − λ/kv t k2 , 0) · v t .
t ← t + 1.
end while
return ut .

Algorithm 4 MSN based TV-L2 proximity
Initialize: α = 0, uα = 0.
while kuα k22 − λ > λ or gap(uα ) > gap do
Compute Cholesky decomp. DD T + αI = RαT Rα .
Obtain uα by solving RαT Rα uα = Dy.
Obtain qα by solving
RαT qα = uα .

kuα k22
kuα k2
α = α − kq k2 1 − λ
.
α 2
end while
return uα

Barbero and Sra
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3.2. TV-Lp: Proximity for Tvp1D
For TV-Lp proximity (for 1 < p < ∞) the dual problem becomes
u

min φ(u) := 21 kD T uk22 − uT Dy, s.t. kukq ≤ λ,

s.t. kwkq ≤ λ.

(3.8)

(3.10)

(3.9)

where q = 1/(1 − 1/p). Problem (3.8) is not particularly amenable to Newton-type approaches, as neither PN (Appendix E), nor MSN-type methods (§3.1) can be applied easily.
It is partially amenable to gradient-projection (GP), for which the same update rule as
in (3.7) applies, but unlike the q = 2 case, the projection step here is much more involved.
Thus, to complement GP, we may favor the projection-free Frank-Wolfe (FW) method. As
expected, the overall best performing approach is actually a hybrid of GP and FW. We
summarize both choices below.
3.2.1. Efficient Projection onto the `q -ball

d(w) := 21 kw − uk22 ,

The problem of projecting onto the `q -norm ball is
minw

d∗ (w) := 21 kw − uk22 + λkwkp ,

For this problem, it turns out to be more convenient to address its Fenchel dual
minw

which is actually nothing but proxλk·kp (u). The optimal solution, say w∗ , to (3.9) can be
obtained by solving (3.10), by using the Moreau-decomposition (A.6) which yields
w∗ = u − proxλk·kp (u).

d∗ (w) := 21 kw − uk22 + λ

i

wip

s.t. w ≥ 0.

(3.12)

(3.11)

Projection (3.9) is computed many times within GP, so it is crucial to solve it rapidly and
accurately. To this end, we first turn (3.10) into a differentiable problem and then derive a
projected-Newton method following our approach presented in Appendix E.
Assume therefore, without loss of generality that u ≥ 0, so that w ≥ 0 also holds (the
signs can be restored after solving this problem). Thus, instead of (3.10), we solve
X
1/p

minw

The gradient of d∗ may be compactly written as

∇d∗ (w) = w − u + λkwkp1−p wp−1 ,

where wp−1 denotes elementwise exponentiation of w. Elementary calculation yields




wi p−2
wi p−1 wj p−1
∂2
kwkp−1 + λ(1 − p) kwk
kwkp−1
d∗ (w) = δij 1 + λ(p − 1) kwk
kwkp
p
p

= δij 1 − cŵip−2 + cw̄i w̄j ,
∂wi ∂wj
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where c := λ(1 − p)kwkp−1 , ŵ := w/kwkp , w̄ := (w/kwkp )p−1 , and δij is the Dirac delta.
In matrix notation, this Hessian’s diagonal plus rank-1 structure becomes apparent

H(w) = Diag 1 − cŵp−2 + cw̄ · w̄T
(3.13)
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∆−1 cw̄I¯w̄IT¯ ∆−1

1 + cw̄IT¯ ∆−1 w̄I¯

.

(3.15)

To develop an efficient Newton method it is imperative to exploit this structure. It is
not hard to see that for a set of non-active variables I¯ the reduced Hessian takes the form

HI¯(w) = Diag 1 − cŵIp−2
+ cw̄I¯w̄IT¯ .
(3.14)
¯

−1

= ∆−1 −


With the shorthand ∆ = Diag 1 − cŵIp−2
, the matrix-inversion lemma yields
¯

T
HI−1
¯ (w) = ∆ + cw̄I¯w̄I¯

∇I¯f (w) −

v


T
w̄I¯ v w̄I¯ ∇I¯f (w)

,
1/c + w̄I¯ v w̄I¯

(3.16)

Furthermore, since in PN the inverse of the reduced Hessian always operates on the reduced
gradient, we can rearrange the terms in this operation for further efficiency; that is,
HI¯(w)−1 ∇I¯f (w) = v

−1
where v := 1 − cŵIp−2
, and denotes componentwise product.
¯
The relevant point of the above derivations is that the Newton direction, and thus the
overall PN iteration can be computed in O(n) time, which results in a highly effective solver.

3.2.2. Frank-Wolfe Algorithm for TV-Lp Proximity

The Frank-Wolfe (FW) algorithm (see e.g., Jaggi (2013) for a recent overview), also known
as the conditional gradient method (Bertsekas, 1999) solves differentiable optimization problems over compact convex sets, and can be quite effective if we have access to a subroutine
to solve linear problems over the constraint set.
The generic FW iteration is illustrated in Algorithm 6. FW offers an attractive strategy
for TV-Lp because both the descent-direction as well as stepsizes can be computed easily.
Specifically, to find the descent direction we need to solve

sT DD T u − Dy , s.t. kskq ≤ λ.
(3.17)
mins
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This problem can be solved by observing that maxkskq ≤1 sT z is attained by some vector
s proportional to z, of the form |s∗ | ∝ |z|p−1 . Therefore, s∗ in (3.17) is found by taking
z = DD T u − Dy, computing s = − sgn(z) |z|p−1 and then rescaling s to meet kskq = λ.

Algorithm 6 Frank-Wolfe (FW)
Inputs: f , compact convex set D.
Initialize x0 ∈ D, t = 0.
while stopping criteria not met do
Find descent direction: mins s · ∇f (xt ) s.t. s ∈ D.
Determine stepsize: minγ f (xt + γ(s − xt )) s.t. γ ∈ [0, 1].
Update: xt+1 = xt + γ(s − xt )
t ← t + 1.
end while
return xt .

20

T
2
1
2 kD uk2

− uT Dy, s.t. kuk1 ≤ λ.
(3.18)

i=1
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where each ri (for 1 ≤ i ≤ m) is lsc and convex.
Just like the basic problem (1.1), the more complex problem (4.1) can also be tackled
via proximal methods. The key to doing so is to use inexact proximal methods along with
a technique we should call proximity stacking. Inexact proximal methods allow one to
use approximately computed prox operators without impeding overall convergence, while

The basic composite objective (1.1) is a special case of the more general class of models
where one may have several regularizers, so that we now solve
Xm
minx f (x) +
ri (x),
(4.1)

4.1. Proximity Stacking

We now move onto discussing how to use the efficient 1D-TV prox operators derived above
within a prox-splitting framework to handle multidimensional TV (1.3) proximity.

4. Prox Operators for Multidimensional TV

This problem can be again easily solved by invoking GP, where the only non-trivial step
is projection onto the `1 -ball. But the latter is an extremely well-studied operation (see
e.g., Condat (2016); Liu and Ye (2009); Kiwiel (2008)), and so O(n) time routines for this
purpose are readily available. By integrating them in our GP framework an efficient prox
solver is obtained.

minu

The final case is Tv1D
∞ proximity. We mention this case only for completeness. The dual to
the prox-operator here is

3.3. Prox Operator for TV-L∞

at the end of each iteration. If this gap is smaller than the desired tolerance, the real duality
gap is computed and checked; if it also meets the tolerance, the algorithm stops.

s∈D

g(x) = xT ∇f (x) − min sT ∇f (x) = (x − s∗ )T ∇f (x),

where γ̂ = −(dT DD T u + dT Dy)/(dT DD T d) is the unconstrained optimal stepsize. We
note that following (Jaggi, 2013) we also check a “surrogate duality-gap”

γ ∗ = min {max {γ̂, 1} , 0} ,

A brief calculation on the above problem yields

minγ∈[0,1] 12 kD T (u + γd)k22 − (u + γd)T Dy.

The stepsize can also be computed in closed form owing to the objective function being
quadratic. Note the update in FW takes the form u + γ(s − u), which can be rewritten as
u + γd with d = s − u. Using this notation the optimal stepsize is obtained by solving

Modular proximal optimization for multidimensional TV regularization

...
Proximity
operator

i=1

1
2 kx

− yk22 + r1 (x) + r2 (x),
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which is a particular case of (4.2) for m = 2. The method follows the procedure detailed in
Algorithm 7, which is guaranteed to converge to the desired solution. Using PD for proximal
stacking for 2D Total-Variation was previously proposed in (Barbero and Sra, 2011).
It has also been shown that the application of this method is equivalent to performing
alternating projections onto certain dual polytopes (Jegelka et al., 2013), a procedure whose

x

min

The Proximal Dykstra method (Combettes and Pesquet, 2009) solves problems of the form

4.1.1. Proximal Dykstra (PD)

by iteratively invoking the individual prox operators proxri and then combining their outputs. This mixing is done by means of a combiner method, which guarantees convergence
to the solution of the overall proxr (y).
Different proximal combiners can used for computing proxr (4.2). In what follows we
briefly describe some of the possibilities. The crux of all of them is that their key steps
will be proximity steps over the individual ri terms. Thus, using proximal stacking and
combination, any convex machine learning problem with multiple regularizers can be solved
in a highly modular proximal framework. After this section we exemplify these ideas by
applying them to two- and higher-dimensional TV proximity, which we then use within
proximal solvers for addressing a wide array of applications.

x

proximity
stacking allows one to compute the prox operator for the entire sum r(x) =
Pm
i=1 ri (x) by “stacking” the individual ri prox operators. This stacking leads to a highly
modular design; see Figure 6 for a visualization. In other words, proximity stacking involves
computing the prox operator
Xm
proxr (y) := argmin 21 kx − yk22 +
ri (x),
(4.2)

Pm
i=1 ri (x).
Proximal stacking makes the sum of regularizers appear as a single one to the proximal
method, while retaining modularity in the design of each proximity step through the use
of a combiner method. For non-smooth f the same schema applies by just replacing the
f gradient operator by its corresponding proximity operator.

Proximity Proximity
operator operator

Proximity combiner

Figure 6: Design schema in proximal optimization for minimizing the function f (x) +

Gradient
operator

+

Proximal method

Barbero and Sra
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Algorithm 7 Proximal Dykstra
Inputs: r1 , r2 , input signal y ∈ Rn .
Initialize x0 = y, p0 = q0 = 0, t = 0.
while stopping criteria not met do
r2 proximity operator: zt = proxr2 (xt + pt ).
r2 step: pt+1 = xt + pt − zt .
r1 proximity operator: xt+1 = proxr1 (zt + qt ).
r1 step: qt+1 = zt + qt − xt+1 .
t ← t + 1.
end while
Return xt .
Algorithm 8 Parallel-Proximal Dykstra
Inputs: r1 , . . . , rm , input signal y ∈ Rn .
Initialize x0 = y, z0i = 0, for i = 1, . . . , m; t = 0
while stopping criterion not met do
for i = 1 to m in parallel do
pti = proxri (zti )
end for P
1
i
xt+1 = m
i pt
for i = 1 to m in parallel do
i
zt+1
= xt+1 + zti − pti
end for
t←t+1
end while
Return xt

effectiveness varies depending on the relative orientation of such polytopes. A more efficient
method based on reflections instead of projections is possible, as we will see below.
More generally, if more than two regularizers are present (i.e., m > 2), then it is more
fitting to use Parallel-Proximal Dykstra (PPD) (Combettes, 2009) (see Alg. 8), a generalization obtained via the “product-space trick” of Pierra (1984). This parallel proximal
method is attractive because it not only combines an arbitrary number of regularizers, but
also allows parallelizing the calls to the individual prox operators. This feature allows us to
develop a highly parallel implementation for multidimensional TV proximity (§4.3).
4.1.2. Alternating Reflections – Douglas-Rachford (DR)

f1 (x) + f2 (x),
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(4.3)

The Douglas-Rachford (DR) method was originally devised for minimizing the sum of two
(nonsmooth) convex functions (Combettes and Pesquet, 2009), in the form:

x

min
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1
2

[Rf1 Rf2 + I] zk ,

(4.4)

such that (ri dom f1 ) ∩ (ri dom f2 ) 6= ∅. The method operates by iterating a series of
reflections, and in its simplest form can be written as
zk+1 =

2
1
2 kxk2

+ r̂1 (x) + r2 (x),

(4.5)

where the reflection operator Rφ := 2 proxφ −I. This method is not cleanly applicable to
problem (4.2) because of the squared norm term. Nevertheless in (Jegelka et al., 2013) a
suitable transformation was proposed by making use of arguments from submodular optimization; a minimal background on this topic is given in Appendix A. We summarize the
key ideas from (Jegelka et al., 2013) below.
Assume m = 2 and r1 , r2 being Lovász extensions to some submodular functions (TotalVariation is the Lovász extension of a submodular graph-cut problem, see Bach (2013)).
Defining r̂1 (x) = r1 (x) − xT y, r̂1 is also a Lovász extension of some submodular function
(see Appendix A). Therefore, we may consider the problem
x

proxr (y) := argmin

s.t. a ∈ −Br̂1 , b ∈ Br2 ,

which can be rewritten (using Proposition A.11) as
a,b

min ka − bk2 ,

δ−Br̂1 (x) + δBr2 (x),

where Br denotes the base polytope of submodular function corresponding to r (see Appendix A). The original solution can be recovered through x = a − b. Problem (4.5) is
still not in a form amenable to DR (4.3)—nevertheless, if we apply DR to the indicator
functions of the sets −Br̂1 , Br2 , that is, to the problem
x

min

a = Π−Br̂1 (b).

(4.6)

it can be shown (Bauschke, 2004) that the sequence (4.4) generated by DR is divergent, but
that after a correction through projection converges to the desired solution of (4.5). Such
solution is given by the pair

b = ΠBr2 (zk ),

Although in this derivation many concepts have been introduced, suprisingly all the operations in the algorithm can be reduced to performing proximity steps. Note first that the
projections onto a base polytope required to get a solution (4.6) can be written in terms of
proximity operators (Proposition A.12), which in this case implies

ΠBr2 (z) = z − proxr2 (z),

Π−Br̂1 (z) = z + proxr̂2 (−z) = z + proxr2 (−z + y),
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where we use the fact that for f (x) = φ(x) + uT x, proxf (x) = proxφ (x − u). The reflection
operations in which the DR iteration is based (4.4) can also be written in terms of proximity
steps, as we are applying DR to the indicator functions δ−Br̂1 , δBr2 , and proximity for an
indicator function equals projection.
This alternating reflections variant of DR is presented in Algorithm 9. Note that in
contrast with the original DR method, this variant does not require tuning any hyperparameters, thus enhancing its practicality.

24

i=1

≡

fi (x) =

min

max

i=1

i=1


ρ
fi (zi ) + uTi (zi − x) + kzi − xk2 .
2

s.t. z1 = x, . . . , zm = x,

m 
X

fi (zi )

x,z1 ,...,zm u1 ,...,um

min

x,z1 ,...,zm

m
X

1
2 kx

max

≡

1
2 kx

i=1

m 
X

ri (x),

− yk22 +

i=1

Xm

ρ
fi (zi ) + uTi (zi − x) + kzi − xk2 .
2
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The steps for obtaining a solution then follow as Algorithm 10. Similar to Parallel Proximal
Dykstra, this approach allows computing the prox-operator of each function ri in parallel.

min

− yk22 +

x,z1 ,...,zm u1 ,...,um

x

proxr (y) := argmin

The method then proceeds to solve this problem by alternating steps of minimization on x,
minimization on every zi , and a gradient step on every ui .
In (Yang et al., 2013) a proposal using this method was presented to solve m–dimensional
anisotropic TV (1.3). This approach applies equally to the more general proximal stacking
framework under discussion here (4.2), by the transformation

x

min

m
X

Although many times presented as a particular algorithm for solving problems involving
the minimization of a certain objetive f (x) + g(Lx) with L a linear operator (Combettes
and Pesquet, 2009), the Alternating-Direction Method of Multipliers can be thought as a
general splitting strategy for solving the unconstrained minimization of aP
sum of functions.
This strategy boils down to transforming a problem in the form minx m
i=1 fi (x) into a
saddle-point problem by introducing consensus constraints and incorporating them into the
objective through augmented Lagrange multipliers,

4.1.3. Alternating-Direction Method of Multipliers (ADMM)

RBr2 (z) = 2ΠBr2 (z) − z.
while stopping
i do
h criteria not met
zt+1 = 12 R−Br̂1 RBr2 + I zk
t ← t + 1.
end while
b = ΠBr2 (zt ), a = Π−Br̂1 (b).
Return x∗ = a − b.

def

R−Br̂1 (z) = 2Π−Br̂1 (z) − z.

def

ΠBr2 (z) = z − proxr2 (z).

def

Algorithm 9 Alternating reflections – Douglas Rachford (DR)
Inputs: r1 , r2 Lovász extensions of some submodular function, input signal y ∈ Rn .
Initialize z0 ∈ Rn , t = 0.
Define the following operations:
def
Π−Br̂1 (z) = z + proxr1 (−z + y).

Modular proximal optimization for multidimensional TV regularization

ρ

F (Kx) + G(x),

x

y
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where K ∗ is the conjugate transpose of K. σ, τ and θ are algorithm parameters that
should be either selected under some bounds (Chambolle and Pock, 2011, Algorithm 1) or
readjusted every iteration making use of Lipschitz convexity of G (Chambolle and Pock,
2011, Algorithm 2), resulting in an accelerating scheme much in the style of FISTA (Beck
and Teboulle, 2009). The overall procedure can also be shown to be an instance of preconditioned ADMM, where the preconditioning is given by the application of a proximity
step for the maximization of y (instead of the usal dual gradient step of ADMM) and the
auxiliary point x̄. Note also how proximity is computed over the dual F ∗ instead of the
primal proxF .

x̄t+1 = xt+1 + θ(xt+1 − xt ),

xt+1 = proxτ G (xt − τ K ∗ yt+1 )

yt+1 = proxσF ∗ (yt + σK x̄t )

with
convex conjugate of F . This problem is then solved by alternating maximization
on y and minimization on x through proximity steps, as

F∗

min max (Kx)T y + G(x) − F ∗ (y),

for K some linear operator, F, G convex lower-semicontinuous functions. Through a strategy similar to ADMM an equivalent saddle point problem can be obtained,

x

min

Another family of approaches to solve (4.2) is to compute the global proximity operator
using the Fenchel duals proxri∗ . This can be advantageous in settings where the dual proxoperator is easier to compute than the primal operator; isotropic Total-Variation problems
are an instance of such a setting, and thus investigating this approach for their anisotropic
variants is worthwhile.
Indeed, in the context of image processing a popular splitting approach is given by Chambolle and Pock (2011), which consider a problem in the form

4.1.4. Dual Proximity Methods

i
uit+1 = ut+1 + ρ(zt+1
− xt+1 )
end for
t←t+1
end while
Return xt

Algorithm 10 Alternating Direction Method of Multipliers (ADMM)
Inputs: r1 , . . . , rm , input signal y ∈ Rn .
Initialize x0 = z0i = y for i = 1, . . . , m; t = 0
while stopping
not met do
P criterion
i
i
y+ m
i=1 (ut +ρzt )
xt+1 =
.
1+mρ
for i = 1 to m in parallel do
zti = prox λ ri (− ρ1 uit + xt+1 )

Barbero and Sra
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where we have made use of the Fenchel dual r2∗ (z) = maxx0 z T x0 − r2 (x0 ). This problem
can be solved through a primal-dual minimization:

z t+1 = proxσt r2∗ z t + σ t (xt + θt (xt − xt−1 )) ,

xt+1 = proxτ t (k·−yk22 +r1 ) xt − τ t z t+1 .

Barbero and Sra

m
X
i=1

ri (Li x),

!

− yk22 , g(x) = 0, L = I. The

Li∗ uit

1
2 kx
m
X
i=1

− yk22 + r1 (x) + r2 (x),

min

1
2 kx

−
1
2 kx

1 + τ −1
kx − (1 + τ −1 )−1 (y + τ −1 w)k22 ,
= argmin r1 (x) +
2
x

= prox(1+τ −1 )−1 r1 (1 + τ −1 )−1 (y + τ −1 w) .

yk22

+ r1 (x) + r2 (x),

− yk22 + r1 (x1 ) + r2 (x2 )
x,x1 ,x2

≡ min

s.t. x = x1 , x = x2

− yk22 + r1 (x1 ) + z1T (x − x1 ) + r2 (x2 ) + z2T (x − x2 ).
1
2 kx

z1 ,z2

− 21 kz1 + z2 k22 − r1∗ (u1 ) − r2 (u2∗ ) + (u1 + u2 )T y,
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where once again we can resort to the Moreau decomposition to compute the dual proximity
operators.

x2k+1 = proxr2∗ (y − x1k+1 ),

x1k+1 = proxr1∗ (y − x̄2k ),

x̄k+1 = x2k +

which can be solved through an accelerated alternating minimization as
q
1 + 1 + 4tk2
tk+1 =
,
2
tk − 1 k
(x2 − x2k−1 ),
tk+1

max

Minimizing this Lagrangian over x, x1 , x2 and making use of Fenchel duals we arrive at

x,x1 ,x2 z1 ,z2

≡ min max

x

thus solving the dual proximity operator in terms of the primal proxr2 . Regarding the algorithm parameters θ, τ and σ, they can be adjusted at every iteration for greater performance
making use of Lipschitz convexity (Chambolle and Pock, 2014).
Lastly, and again for m = 2, both r1 and r2 can be exploited in their dual forms as
shown in Chambolle and Pock (2015) through the splitting

= w − σ proxσ−1 r2 (σ −1 w),

Regarding the dual step, in the previously presented methods the decompositions allowed
to disentangle the effect of a linear operator Li from each ri . The present decomposition, however, does not take into account this possibility, thus increasing the complexity of
computing r2∗ . To address this difficulty the Moreau decomposition (A.3) is helpful, as


σ
proxσr2∗ (w) = w − σ argmin r2 (x) + kx − σ −1 wk22 ,
2
x

prox
(w)
1
τ (r1 + 2 k·−yk22 )

The primal proximity operator over the squared norm term plus r1 can be rewritten in
terms of proxr1 as

Now, this decomposition strategy can be applied for some instances of proximal stacking (4.2) when the ri terms allow the particular composition
 

K1
m
 
... 
x = F (Kx),
Km
X

ri (x) = F 

i=1

which does not hold in general but holds for 2D TV (1.4) when taking the identities

I ⊗D
D⊗I

F (x) = kxk1 , G(x) = 1 kx − yk22 ,

 2
,
K=

f (x) + g(x) +

with D the differencing matrix as before, ⊗ denotes Kronecker product, and x a vectorization of the 2D input. The iterates above can then be applied easily: proximity over G is trivial and proximity over F ∗ is also easy upon realizing that proxk·k∗1 = proxδk·k∞ ≤1 = Πk·k∞ ≤1 ,
which is solved through thresholding.
A generalization of this approach is presented by Condat (2014), who considers

x

min

xt − τ ∇f (xt ) − τ

a problem that cleanly fits into (4.2) with f (x) =
procedure to find a solution is proposed as
x̄t+1 = proxτ g∗
xn+1 = ρx̄t+1 + (1 − ρ)xt

∀i = 1, . . . , m ,

ūit+1 = proxσhi∗ (uit + σLi (2x̄t+1 − xt )) ∀i = 1, . . . , m ,

uit+1 = ρūit+1 + (1 − ρ)uit

1
2 kx

kx − yk22 + r1 (x) + r2 (x0 )

s.t. x = x0 ,

for τ, ρ parameters of the algorithm. When applying this procedure to 2D TV (m =
2, r1 (x) = proximity over rows, r2 (x) = proximity over columns) an algorithm almost
equivalent to Chambolle and Pock (2011) is obtained, the only difference being that here
the gradient of f is used, instead of the proxG operation.
Yet another related method is the splitting approach of Kolmogorov et al (2015), which
for m = 2 performs the following splitting:
x

min
x,x

≡ min0

z

kx − yk22 + r1 (x) + r2 (x0 ) + z T (x − x0 ),
x,x

≡ min0 max
z

kx − yk22 + r1 (x) − r2∗ (z) + xT z.
x
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≡ min max
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i=1

j=1

|xi,j+1 − xi,j |p

1/p

+
j=1

i=1

Xn2 Xn1 −1

|xi+1,j − xi,j |q

1/q
. (4.7)

the anisotropic 2D-TV regularizer takes the form

i=1

Xn

kDn xi,: kp +
j=1

Xm

kDm x:,j kq ,
(4.8)

1
2 kX

− Y k2F + λ

X
j


X

kDn xi,: kp + λ
kDm x:,j kq ,

Tv2D
p,q

i

(4.10)

Qm

X

k=1 {i1 ,...,im }\ik

m
X

j=1

k −1
nX

|Xi1 ,...,ik−1 ,j+1,ik+1 ,...,im − Xi1 ,...,ik−1 ,j,ik+1 ,...,im |pk

1/pk

,

k=1

29

i(k)
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(4.11)
where p = [p1 , . . . , pm ] is a vector of scalars pk ≥ 1. This corresponds to applying a 1D-TV
to each of the 1D fibers of X along each of the dimensions.
Introducing the multi-index i(k) = (i1 , . . . , ik−1 , ik+1 , . . . , im ), which iterates over every
1-dimensional fiber of X along the k-th dimension, the regularizer (4.11) can be written
more compactly as
Xm X
Tvm
kDnk xi(k) kpk ,
(4.12)
p (X) =

Tvm
p (X) =

def

Let X be an order-m tensor in R j=1 nj , whose components are indexed as Xi1 ,i2 ,...,im
(1 ≤ ij ≤ nj for 1 ≤ j ≤ m); we define TV for X as

Going even beyond Tv2D
p,q is the general multidimensional TV (1.3), which we recall below.

4.3. Higher-Dimensional TV

where the parentheses make explicit that
is a combination of two regularizers: one
acting over the rows and the other over the columns. Formulation (4.10) fits the model
solvable by the strategies presented above, though with an important difference: each of
the two regularizers that make up Tv2D
p,q is itself composed of a sum of several (n or m)
1D-TV regularizers. Moreover, each of the 1D row (column) regularizers operates on a
different row (columns), and can thus be solved independently.

minX

vectorization of X. Using (4.8), problem (4.9) becomes

where xi,: denotes the i-th row of X, and x:,j its j-th column. The corresponding Tv2D
p,q proximity problem is
minX 12 kX − Y k2F + λ Tv2D
(4.9)
p,q (X),
qP
2
where we use the Frobenius norm kXkF =
ij xi,j = kvec(X)k2 , where vec(X) is the

Tv2D
p,q (X) =

1D
This regularizer applies a Tv1D
p regularization over each row of X, and a Tvq regularization
over each column. Introducing differencing matrices Dn and Dm for the row and column
dimensions, the regularizer (4.7) can be rewritten as

Tv2p,q (X) :=

Xn1 Xn2 −1

Recall that for a matrix X ∈

Rn1 ×n2 ,

4.2. Two-Dimensional TV

Modular proximal optimization for multidimensional TV regularization

1
2 kX

− Yk2F + λ Tvm
p (X),

(4.13)

i(k)
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II) Varying penalty parameter λ ranging from 10−3 (negligible regularization) to 103 (the
TV term dominates); here n is set to 1000 and yi is randomly generated in the range
[−2, 2] (uniformly).

We test the solvers under two scenarios of synthetic signals:
I) Increasing input size ranging from n = 101 to n = 107 . A penalty λ ∈ [0, 50] is
chosen at random for each run, and the data vector y with uniformly random entries
yi ∈ [−2λ, 2λ] (proportionally scaled to λ).

5.1.1. Running Time Results for Synthetic Data

Since the most important components of the presented modular framework are the efficient
Tv1D
1 prox operators, let us begin by highlighting their empirical performance. We will do
so both on synthetic and natural images data.

5.1. Tv1D
Experiments and Applications
1

We will now demostrate the effectiveness of the various solvers covered in a wide array
of experiments, as well as showing many of their practical applications. We will start
by focusing on the Tv1D
methods, moving then to other 1D-TV variants, and then to
1
multidimensional TV.
All the solvers implemented for this paper were coded in C++ for efficiency. Our publicy
available library proxTV includes all these implementations, plus bindings for easy usage
in Matlab or Python: https://github.com/albarji/proxTV. Matrix operations have been
implented by exploiting the LAPACK (Fortran) library (Anderson et al., 1999).

5. Experiments and Applications

The proximity task (4.14) can be regarded as the sum of m proximity terms, each of which
further decomposes into a number of inner Tv1D terms. These inner terms are trivial to
address since, as in the 2D-TV case, each of the Tv1D terms operates on different entries
of X. Regarding the m major terms, we can handle them by applying any of the combiner
strategies presented above for m > 2, which ultimately yield the prox operator for Tvm
p by
just repeatedly calling Tv1D prox operators. Most importantly, both proximal stacking and
the natural decomposition of the problem provide a vast potential for parallel multithreaded
computing, which is valuable when dealing with such complex and high-dimensional data.

k=1

where λ > 0 is a penalty parameter, and the Frobenius norm for a tensor just denotes the
ordinary sum-of-squares norm over the vectorization of such tensor.
Problem (4.13) looks very challenging, but it enjoys decomposability as suggested by
(4.12) and made more explicit by writing it as a sum of Tv1D terms
Xm X

(4.14)
minX 12 kX − Yk2F +
Tv1D
pk xi(k) .

minX

where xi(k) denotes a row of X along the k-th dimension, and Dnk is a differencing matrix
of appropriate size for the 1D-fibers along dimension k (of size nk ). The corresponding
m-dimensional-TV proximity problem is
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Another implementation of the classic taut string method, found in the literature, has
been added to the benchmark to test whether the implementation we have proposed is on
par with the state of the art. We would like to note the surprising lack of widely available
implementations of this method: the only working and efficient code we could find was part
of the same paper where Condat’s method was proposed.
For Projected Newton and SLEP a duality gap of 10−5 is used as the stopping criterion.
For the hybrid taut-string method the switch parameter is set as S = 1.05. The rest of
algorithms do not have parameters.

• The message passing method of Kolmogorov et al (2015), which allows generalization
for computing a Total Variation regularizer on a tree.

• The dynamic programming method of Johnson (2013), which guarantees linear running time.

• The state-of-the-art method of Condat (2012), which we have seen to be equivalent
to a linearized taut-string method.

• The FLSA function (C implementation) of the SLEP library of Liu et al. (2009) for
Tv11D -proximity (Liu et al., 2010).

• Our proposed hybrid taut string approach.

• An implementation of the linearized taut string method.

• Another implementation of the classic taut string method by Condat (2012).

• Our efficient implementation of the classic taut string method.

• Our proposed Projected Newton method (Appendix E).

We benchmark the performance of the following methods, including both our proposals
and state of the art methods found in the literature:

Figure 7: Running times (in secs) for proposed and state of the art solvers for Tv11D proximity with increasing a) input sizes, b) penalties. Both axes are on a log-scale.

Time (s)

Barbero and Sra

Timing results are presented in Figure 7 for both experimental scenarios. The following
interesting facts are drawn from these results

• Direct methods (Taut string methods, Condat, Johnson, Kolmogorov) prove to be
much faster than iterative methods (Projected Newton, SLEP).

• Although Condat’s (and hence linearized taut string) method, has a theoretical worstcase performance of O(n2 ), the practical performance seems to follow an O(n) behavior, at least for these synthetic signals.

• Even if Johnson and Kolmogorov methods have a guaranteed running time of O(n),
they turn out to be slower than the linearized taut string and Condat’s methods.
This is in line with our previous observations of the cache-friendly properties of inmemory methods; in contrast Johnson’s method requires an extra ∼ 8n memory
storage. Kolmogorov’s method has less memory requirements but nevetheless shows
similar behavior.

• The same performance observation applies to the classic taut string method. It is
also noticeable that our implementation of this method turns out to be faster than
previously available implementations (Condat’s Taut-string), even becoming slightly
faster than the state of the art Johnson and Kolmogorov methods. This result is
surprising, and shows that the full potential of the classic taut-string method has
been largely unexploited by the research community, or at least that proper efficient
implementations of this method have not been made readily available so far.
5.1.2. Worst Case Scenario

The point about comparing O(n) and O(n2 ) algorithms deserves more attention. As an
illustrative experiment we have generated a signal following the worst case description in
Condat (2012), and tested again the methods above on it, for increasing signal lengths.
Figure 8 plots the results. Condat’s method and consequently the linearized taut string
method shows much worse performance than the rest of the direct methods. It is also
remarkable how the hybrid method manages to avoid quadratic runtimes in this case.

5.1.3. Running Times on Natural Images

JMLR 19(56):1-82, 2018

In the light of the previous results the following question arises: in practical settings, are
the problems to be solved closer to the worst or the average runtime scenario? This fact
will determine whether the guaranteed linear time or the more risky quadratic methods
are more apt for practical use. To test this we devise the following experiment: we take a
large benchmark of natural images and run each solver over all the rows and columns of all
the images in the set, counting total running times, for different regularization values. The
benchmark is made from images obtained from the data sets detailed in Table 2. We run
this benchmark for the methods showing better performance in the experiments above: our
implementation of the classic taut-string method, Condat’s method (≡ linearized taut-string
method), our proposed Hybrid taut-string method, Johnson’s method and Kolmogorov
et al’s method.

32
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INRIA holidays (Jegou et al, 2008)
LSVRC 2010 val set (Russakovsky et al, 2015)

1817 × 2233 × 3 px
391 × 450 × 3 px

Average image size
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• Condat’s method (linearized taut-string) shows top performance for low penalty values, but bad scaling when moving to higher penalties. This can be explained using
the geometric intuition developed above: for large penalty values the width of the
tube is very large, and thus the taut-string will be composed of very long segments.

Figure 9 shows runtime results for different penalty values over the whole INRIA holidays
data set (Jegou et al, 2008), while Figure 10 shows similar results for the whole Large Scale
Visual Recognition Challenge 2010 validation data set (Russakovsky et al, 2015). The
following facts of interest can be observed:

Table 2: Detail of image data sets used for large-scale Tv1D
1 experiments.

Images

Data set

Figure 8: Running times (in secs) for proposed and state of the art solvers for Tv1D
1 proximity in the worst-case scenario for Condat’s method, for increasing input
sizes. Both axes are on a log-scale.
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Figure 9: Running times (in secs) for the top performing proposed and state of the art
solvers for Tv1D
1 -proximity over the whole INRIA Holidays data set, for increasing
penalties.

• The proposed hybrid strategy closely follows the performance of Condat’s method for
the low penalty regime, while adapting to a behaviour akin to Kolmogorov for large
penalties, thus resulting in very good performances over the whole regularization
spectrum.

• The performance of Classic taut-string, Johnson and Kolmogorov becomes slightly
worse for large penalties, but suffers significantly less than the linearized taut-string.
Surprisingly, the best performing approach tends to be the classic taut-string method.

This is troublesome for a linearized taut-string method, as each backtrack will require
recomputing a large number of steps. On the contrary for smaller penalties the tube
will be narrow, and the taut-string composed of many small segments, thus resulting
in very cheap backtracking costs.

Barbero and Sra

Modular proximal optimization for multidimensional TV regularization

Figure 10: Running times (in secs) for the top performing proposed and state of the art
solvers for Tv11D -proximity over the whole Large Scale Visual Recognition Challenge 2010 validation data set, for increasing penalties.

5.1.4. Running Time Results for Weighted TV-L1
An advantage of the solvers proposed in this paper is their flexibility to easily deal with
the more difficult, weighted version of the TV-L1 proximity problem. To illustrate this,
Figure 11 shows the running times of the Projected Newton and (linearized) Taut String
methods when solving both the standard and weighted TV-L1 prox operators.
Since for this set of experiments a whole vector of weights w is needed, we have adjusted
the experimental scenarios as follows:
I) n is generated as in the general setting, penalties w ∈ [0, 100] are chosen at random
for each run, and the data vector y with uniformly random entries yi ∈ [−2λ, 2λ],
with λ the mean of w, using also this λ choice for the uniform (unweighted) case.
II) λ and n are generated as in the general setting, and the weights vector w is drawn
randomly from the uniform distribution wi ∈ [0.5λ, 1.5λ].

JMLR 19(56):1-82, 2018

As can be readily observed, performance for both versions of the problem is almost
identical, even if the weighted problem is conceptually harder. Conversely, adapting the
35
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Next we show results for Tv21D proximity. To our knowledge, this version of TV has not
been explicitly treated before, so there do not exist highly-tuned solvers for it. Thus, we
show running time results only for the MSN and GP methods. We use a duality gap of
10−5 as the stopping criterion; we also add an extra boundary check for MSN with tolerance
10−6 to avoid early stopping due to potentially infeasible intermediate iterates. Figure 12
shows results for the two experimental scenarios under test.
The results indicate that the performance of MSN and GP differs noticeably in the two
experimental scenarios. While the results for the first scenario (Figure 12(a)) might suggest
that GP converges faster than MSN for large inputs, it actually does so depending on the
size of λ relative to kyk2 . Indeed, the second scenario (Figure 12(b)) shows that although
for small values of λ, GP runs faster than MSN, as λ increases, GP’s performance worsens
dramatically, so much that for moderately large λ, it is unable to find an acceptable solution
even after 10,000 iterations (an upper limit imposed in our implementation). Conversely,

5.2.1. Running Time Results for TV-L2

In this section we present experiments for other choices of the `p norm in Tvp1D , namely
p = 2, p = ∞ and any general p ≥ 1.

5.2. Experiments for other 1D-TV Variants

other reviewed algorithms to address this problem while keeping up with performance is
not a straightforward task.
We would also like to point out that in the paper Kumar et al (2015) a practical application of this method for energy minimization in computer vision is presented, where exactly
the code behind this paper has been put to use.

Figure 11: Running times (in secs) for Projected Newton and Taut String solvers for
weighted and uniform Tv11D -proximity with increasing a) input sizes, b) penalties. Both axes are on a log-scale.
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Now we show results for Tv1D
p proximity. Again, to our knowledge efficient solvers for this
version of TV are not available; still proposals for solving the `q -ball projection problem do
exist. For these experiments we decided to use a method based on a zero finding approach
readily available as the epp function in SLEP library (Liu et al., 2009). Consequently,
we present here a comparison between this reference projection subroutine and our PN–
based projection when embedded in our proposed Gradient Projection solver of §3.2. The
alternative proposal given by the Frank–Wolfe algorithm of §3.2.2 is also present in the
comparison. We use a duality gap of 10−5 as stopping criterion both for GP and FW.
Figure 13 shows results for the two experimental scenarios under test, for p values of 1.5,
1.9 and 3.
A number of interesting conclusions can be drawn from the results. First, our Projected
Newton `q -ball subroutine is far more efficient than epp when in the context of the GP
solver. Two factors seem to be the cause of this: in the first place our Projected Newton

5.2.2. Running Time Results for TV-Lp

MSN finds a solution satisfying the stopping criterion under every situation, thus showing
a more robust behavior.
These results suggest that it is preferable to employ a hybrid approach that combines the
strengths of MSN and GP. Such a hybrid approach is guided using the following (empirically
determined) rule of thumb: if λ < kyk2 use GP, otherwise use MSN. Further, as a safeguard,
if GP is invoked but fails to find a solution within 50 iterations, the hybrid should switch to
MSN. This combination guarantees rapid convergence in practice. Results for this hybrid
approach are also included in the plots in Figure 12, and show how it successfully mimics
the behavior of the better algorithm amongst MSN and GP.

Figure 12: Running times (in secs) for MSN, GP and a hybrid MSN+GP approach for
Tv1D
2 -proximity with increasing a) input sizes, b) penalties. Both axes are on a
log-scale.
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(5.1)

We now present a key application that benefits from our TV prox operators: Fused-Lasso
(FL) (Tibshirani et al., 2005), a model that takes the form

5.2.4. Application: Proximal Optimization for Fused-Lasso

For completeness we also include results for our Tv1D
∞ solver based on GP + a standard `1 projection subroutine. Figure 15 presents running times for the two experimental scenarios
under test. Since `1 -projection is an easier problem than the general `q -projection the
resultant algorithm converges faster to the solution than the general GP Tv1D
p prox solver,
as expected.

5.2.3. Running Time Results for TV-L∞

approach proves to be faster than the zero finding method used by epp. Secondly, in order
for the GP solver to find a solution within the desired duality gap, the projection subroutine
must provide very accurate results (about 10−12 in terms of duality gap). Given its Newton
nature, our `q -ball subroutine scales better in term of running times as a factor of the
desired accuracy, which explains he observed differences in performance.
It is also of relevance noting that Frank–Wolfe is significantly faster than Projected
Newton. This should discourage the use of Projected Newton, but we find it to be extremely
useful in the range of λ penalties where λ is large, but not enough to render the problem
trivial (w = 0 solution). In this range the two variants of PN and also FW are unable to
find a solution within the desired duality gap (10−5 ), getting stuck at suboptimal solutions.
We solve this issue by means of a hybrid GP+FW algorithm, in which updates from both
methods are interleaved at a ratio of 10 FW updates per 1 GP update, as FW updates
are faster. As both algorithms guarantee improvement in each iteration but follow different
procedures for doing so, they complement each other nicely, resulting in a superior method
attaining the objective duality gap and performing faster than GP.

Figure 13: Running times (in secs) for GP with PN projection, GP with SLEP’s epp projection, FW and a hybrid GP+FW algorithm, for Tv1D
p -proximity with increasing
input sizes and three different choices of p. Both axes are on a log-scale.
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The `1 -norm in (5.1) forces many xi to be zero, while Tv11D favors nonzero components to
appear in blocks of equal values xi−1 = xi = xi+1 = . . .. The FL model has been successfully
applied in several bioinformatics applications (Tibshirani and Wang, 2008; Rapaport and
Vert, 2008; Friedman et al., 2007), as it encodes prior knowledge about consecutive elements
in microarrays becoming active at once.
Following the ideas presented in Sec. 4, since the FL model uses two regularizers, we
can use Proximal Dykstra as the combiner to handle the prox operator. To illustrate the
benefits of this framework in terms of reusability, we apply it to several variants of FL.
• Fused-Lasso (FL): Least-squares loss +`1 + Tv11D as in (5.1)
p

• `p -Variable Fusion (VF): Least-squares loss +`1 + Tvp1D . Though Variable Fusion
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was already studied by Land and Friedman
approach proposed an `p -like
Pn−1 (1997), their
regularizer in the sense that r(x) = i=1
|xi+1 − xi |p is used instead of the TV regP

1/p
n−1
p
ularizer Tvp1D (x) =
. Using Tvp leads to a more conservative
i=1 |xi+1 − xi |
penalty that does not oversmooth the estimates. This FL variant seems to be new.
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To solve these variants of FL, all that remains is to compute the gradients of the loss
functions, but this task is trivial. Each of these four models can be then solved easily by
invoking any proximal splitting method by appropriately plugging in gradient and prox
operators. Incidentally, the SLEP library (Liu et al., 2010) includes an implementation

• Logistic + `p -fusion (LVF): Logistic loss +`1 + Tvp1D .

• Logistic-fused lasso
(LFL): Logistic-loss
+`1 + Tv11D , where the loss takes the form


P
T
`(x, c) = i log 1 + e−yi (ai x+c) , and can be used in a FL formulation to obtain
models more appropriate for classification on a data set {(ai , yi )} (Kolar et al., 2010).

Figure 16: Fused-Lasso models addressed by proximal splitting.
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Figure 15: Running times (in secs) for GP for Tv∞
-proximity with increasing a) input
sizes, b) penalties. Both axes are on a log-scale.
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training, validation and test. The penalty parameters were found by exhaustive grid search
in the range λ1 , λ2 ∈ [10−4 , 102 ] to maximize classification accuracy on the validation splits.

Table 3: Classification accuracies for the presented Fused–Lasso models on microarray data.
For the Variable Fusion models an `2 version of TV was employed.

ArrayCGH
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Colon
Ovarian
Rat

Data set
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Figure 17: Relative distance to optimum vs time of the Fused Lasso optimizers under comparison, for the different layouts of synthetic matrices.

10

0

Fused Lasso matrix 500 x 500000

10

1

SLEP
SLEP+Taut−String

−2

10

−1

10

0

10

Table 3 shows test accuracies. In general, as expected the logistic-loss based FL models
yield better classification accuracies than those based on least-squares, as such loss function
tends to be more appropriate for classification problems. However the Ovarian data set
proves to be an exception, showing better performance under a squared loss. Regarding
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Now we report results of applying the four FL models on a series of problems from bioinformatics. We test the FL models on binary classification tasks for the following real microarray
data sets: ArrayCGH (Stransky et al., 2006), Leukemias (Golub et al., 1999), Colon (U.
Alon et al., 1999), Ovarian (Rogers et al., 2005) and Rat (Hua et al., 2009). Each data set
was split into three equal parts (ensuring similar proportion of classes in every split) for

5.2.6. Fused-Lasso Experiments: Microarray Classification

The standard FL model has been well-studied in the literature, so a number of practical
algorithms addressing it have already been proposed. The aforementioned Fused-Lasso
algorithm in the SLEP library can be regarded as the state of the art, making extensive
use of an efficient proximity subroutine (FLSA). Our experiments on Tv1D
1 -proximity (§5.1)
have already shown superiority of our prox solvers over FLSA; what remains to be checked
is whether this benefit has a significant impact on the overall FL solver. To do so, we
compare running times with synthetic data.
We generate random matrices A ∈ Rn×m with i.i.d. entries drawn from a zero mean, unit
variance gaussian. We set the penalties to λ1 = λ2 = 10. We select the vector of responses
y using the formula y = sgn(Axt + v), where xt , and v are random vectors whose entries
have variances 1 and 0.01, respectively. The numerical results are summarized in Figure
17, which compares out of the box SLEP (version 4.0) (Liu et al., 2009) against the very
same algorithm employing our fast taut–string Tv1D
1 solver instead of the default FLSA
subroutine of SLEP. Comparison is done by showing the relative distance to the problem’s
optimum versus time. The optimal values in each setting were estimated by running both
algorithms for a very large number of iterations.
The plots show a clear trend: when the input matrices feature a very large column
dimension the use of our taut-string Tv1D
1 solver turns into speedups in optimization times,
which however become negligible for matrices with a more balanced rows/columns ratio.
This result is reasonable, as the vector x under optimization has size equal to the number of
columns of the data matrix A. If A has a large number of columns the cost of solving Tv1D
1
is significant, and thus any improvement in this step has a noticeable impact on the overall
algorithm. Conversely, when the number of rows in A is large the cost of computing the
gradient of the loss function (∇ 21 kAx − yk22 = AT (Ax − y)) dominates, getting limited
benefits from such improvements in prox computations. Therefore, it is for data with a
very large number of features where our proposed method can provide a useful speedup.

5.2.5. Fused-Lasso Experiments: Simulation

Relative distance to optimum
Relative distance to optimum

of FISTA (Beck and Teboulle, 2009) carefully tuned for Fused Lasso, which we base our
experiments on. Figure 16 shows a schematic of the algorithmic modules for solving each
FL model.
Remark: A further algorithmic improvement can be obtained by realizing that for
r(x) = λ1 kxk1 + λ2 Tv1D
. Such
1 (x) the prox operator proxr ≡ proxλ1 k·k1 ◦ proxλ2 Tv1D
1 (·)
a decomposition does not usually hold, but it can be shown to hold for this particular
case (Yu, 2013; Rinaldo, 2009; Tibshirani et al., 2005). Therefore, for FL and LFL we can
compute the proximal operator for the combined regularizer r directly, thus removing the
need for a combiner algorithm. This is also shown in Figure 16.
Relative distance to optimum
Relative distance to optimum
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Relative distance to optimum
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(5.2)

X

Modular proximal optimization for multidimensional TV regularization

k∂xi,j k2 ,

min

the TV-regularizer, the classic Tv11D -penalty seems to perform better in general, with the
Tv21D -penalty showing competitive results in some settings.
5.3. 2D-TV: Experiments and Applications
We address now several practical applications that benefit from two-dimensional TV regu2D
larization; our results show again how the presented Tvp,q
prox operators fits in seamlessly
into our modular framework to produce efficient proximal splitting solvers.
5.3.1. Image Denoising through Anisotropic Filtering

n X
m
X
i=2 j=2



.
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In Proximal Dykstra, Douglas-Rachford and ADMM we use the linearized taut–string strategy presented before as solver for the base proximity operators. All algorithm parameters
were set as recommended in their corresponding papers or public implementations, except
for Proximal Dykstra and Douglas-Rachford, which are parameter free. For ChambollePock we tried both the scheme with fixed algorithm parameters (Chambolle and Pock,
2011, Algorithm 1) and the scheme with acceleration (Chambolle and Pock, 2011, Algorithm 2); however the accelerated version did not converge to the desired solution within
enough accuracy (relative difference of 10−5 ), therefore only the results for the fixed version are reported. For Kolmogorov we follow the recommendations in Chambolle and Pock
(2014), taking into account the Lipschitz constants of the optimized functions and selecting the parameter updating strategy that produced faster performance in the experiments:
1
t+1 = θ t+1 τ t , σ t+1 = σ t , θ 0 = 1, τ 0 = 1 , σ 0 = 1.
θt+1 = √1+τ
t,τ
2
θt+1

• The maximum flow approach by Goldfarb and Yin (2009), which shows the relationship between the 2D-TV proximity minimization and the maximum flow problem over
a grid, and thus applies an efficient maximum flow method to solve a discrete-valued
version of 2D-TV.

• Yang’s method (ADMM) (§ 4.1.3)

• Kolmogorov et al primal-dual method (§ 4.1.4).

• Condat’s general splitting method (§ 4.1.4).

• Chambolle-Pock’s method applied to 2D TV (§ 4.1.4).

• The Split Bregman method of Goldstein T. (2009), which follows an ADMM–like
approach to split the `1 norm apart from the discrete gradient operator, thus not
requiring the use of a 1D-TV prox operator.

• The Douglas-Rachford variant based on alternating projections (§ 4.1.2)

• Proximal Dykstra (§ 4.1.1)

2D
But (5.3) is nothing but the Tvp,q
-proximity problem, and hence can be directly solved by
applying the 2D-TV prox operators described above. We solve (5.3) below for the choice
p = q = 1 (which is common in practice), for the following selection of algorithms:

isotropic TV penalizes each component of the discrete gradient ∂xi,j following an `2 norm,
2D
2D
whereas the anisotropic Tvp,q
-norm and in particular Tv1,1
-norm, penalize rows and columns
independently.
While image filtering using isotropic TV is generally preferred for natural images denoising (Bioucas-Dias et al., 2006), in some settings anisotropic filtering can produce better
results, and in fact has been favored by some authors in the past (Choksi et al., 2010; Li and
Santosa, 1996). This is specially true on those images that present a “blocky” structure,
2D
and thus are better suited to the structure modeled by the Tvp,q
-norm. Therefore, efficient
methods to perform anisotropic filtering are also important.
2D
Anisotropic denoising experiments: denoising using the anisotropic Tvp,q
-norm
reduces to solving
2
2D
kX − µ0 kF
+ λTvp,q
(X).
(5.3)



xi,j − xi−1,j
xi,j − xi,j−1

2
kX − µ0 kF
+λ

Our first example is related to the classic problem of image denoising, but with the twist
that we deal with noise of an anisotropic character. More specifically, suppose that the true
image µ ∈ Rn×m is contaminated by additive noise N , so that only µ0 = µ + N is observed.
The denoising problem estimates µ given just the noisy version µ0 . This problem is highly
ill-posed and as such not approachable unless additional assumptions on the noise (or on
the underlying image) are made.
Isotropic and anisotropic models: an extremely common choice is to simply assume the noise to be gaussian, or some other zero-mean distribution. Under these conditions, a classic method to perform such denoising task is the Rudin-Osher-Fatemi (ROF)
model (Rudin et al., 1992), which finds an approximation X to the original image by solving
min
X

where ∂xi,j is the discrete gradient
∂xi,j =

JMLR 19(56):1-82, 2018

That is, it is the vector of differences of Xi,j and its neighbors along both axes.
The objective of the first term in the ROF model is to penalize any deviation of X
from the observed image µ0 , while the second term can be readily recognized as a mixed
(2, 1)-norm over the discrete gradient of X. This regularizer models caters to some prior
knowledge: in natural images sharp discontinuities in intensity between neighboring points
only appear in borders of objects, while the rest of the pixels usually show smooth variations
in intensity. It makes sense, therefore, to penalize large values of the gradient, as sharp
changes have a higher probability of having being produced by noise. Conversely, as the
mean of the noise is zero, it is also sensible to maintain the denoised image X close to the
observed µ0 . Merging these two goals produces the ROF model (5.2).
A closer look at the ROF regularizer reveals that it follows the spirit of the reviewed 2DTV regularizer which also penalizes sharp variations between neighboring pixels. Indeed,
all such regularizers are broadly categorized as TV regularizers within the image processing
community. It is clear, though, that the ROF regularizer (5.2) does not coincide with the
2D
regularizer used in this paper. Some authors (Bioucas-Dias and Figueiredo, 2007)
Tvp,q
differentiate between these regularizers by naming the ROF approach as isotropic TV
2D
and the Tvp,q
-style approach as anisotropic TV. This naming comes from the fact that
43
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• ADMM (Yang’s method) exhibits slow performance at the beginning, but when run
for sufficient time is able to achieve a good approximation to the optimum.

• Condat’s method and Chambolle-Pock’s method are reduced to essentially the same
algorithm when applied to the particular case of anisotropic 2D TV denoising. Furthermore, they seem to perform slowly when compared to other methods.

where µ is the original image, µ0 its noisy variant, and X the reconstruction.
To compare the algorithms we run all of them for each image and measured its ISNR
and relative distance to the optimal objective value of the current solution at each iteration
through their execution. The only exception to this procedure is the method of Goldfarb
and Yin, which is non–iterative and thus always returns an exact solution, and so we just
measure the time required to finish. The optimal objective value was estimated by running
all methods for a very large number of iterations and taking the minimum value of them
all. This produced the plots shown in Figures 18–19. From them the following observations
are of relevance:

ISNR(X, µ, µ0 ) = 10 log10

kµ0 − Xk2F
,
kX − µk2F

The images used in the experiments are displayed in Appendix F as Figure 25. To test
the filters under a variety of scenarios, different kinds of noise were introduced for each
image. Table 4 gives details on this, while the noisy images are shown in Figure 26. All QR
barcode images used the same kind and parameters of noise. Noise was introduced using
Matlab’s imnoise function.
Values for the regularization parameter λ were found by maximizing the quality of the
reconstruction, measured using Improved Signal-to-Noise Ratio (ISNR) (Afonso et al.,
2010). ISNR is defined as

not applied for the image. Gaussian and Speckle correspond to gaussian additive and
multiplicative (respectively) noises with zero mean and the indicated variance. Salt &
Pepper noise turns into black or white the indicated fraction of image pixels. Poisson
regenerates each pixel by drawing a random value from a Poisson distribution with mean
equal to the original pixel value, thus producing a more realistic noise.

Table 4: Types of noise and parameters for each test image. A ∅ indicates that such noise was
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Figure 18: Relative distance to optimum vs time of the denoising 2D-TV algorithms under
comparison, for the different images considered in the experiments.
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Figure 19: Increased Signal to Noise Ratio (ISNR) vs time of the denoising 2D-TV algorithms under comparison, for the different images considered in the experiments.
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• The Split Bregman method, in spite of being an ADMM–like method much like Condat’s or Chambolle-Pock, performs significantly better than those. We attribute this
to the very efficient implementation provided by its authors, and to the fact that
a fast approximate method is employed to compute the required matrix inversions
throughout the method.

• The method by Goldfarb and Yin is slower than other approaches and seems to provide
suboptimal solutions. We attribute this to the fact that this method solves a discrete
(integer–rounded) approximation to the problem. We acknowledge that other methods
exploiting the Total Variation - Minimum-cut relationship have been proposed with
varying speed results, e.g. (Duan and Tai, 2012), however the suboptimality issues
still apply.

• The method by Kolmogorov et al, when properly accelerated by a suitable choice of
adaptive stepsizes, seems to be the best choice for finding very accurate solutions,
though it is very closely followed by ADMM.

• The parameter free methods PD and DR are the fastest to achieve a mid-quality
solution, with Douglas-Rachford performing better than Proximal Dykstra.

Considering these facts, the method of choice among the ones considered depends on
the desired accuracy. We argue, however, that for the purpose of image processing a midquality solution is sufficient. The ISNR plots of Figure 19 certainly seem to support this, as
the perceived quality of the reconstruction, roughly approximated by the ISNR, saturates
rapidly and no significant improvements are obtained through further optimization. Given
this, the proposed methods seem to be the best suited for the considered task.
For quick reference, Table 5 presents a summary of key points of the compared methods,
along with some recommendations about when to put them to use.
5.3.2. Parallelization Experiments

JMLR 19(56):1-82, 2018

In addition to the previous experiments and to illustrate the parallelization potential of the
presented anisotropic filtering method, Figure 20 plots running times for the PD algorithm
as the number of processor core ranges from 1 through 16. We see that for the smaller
images, the gains due to more processors essentially flatten out by 8 cores, where synchronization and memory contention offsets potential computational gains (first row). For the
larger images, there is steadier speedup as the number of cores increase (in each plot there
seems to be a “bump” at 14 processors; we attribute this to a quirk of the multicore machine
that we used). From all the plots, however, the message is clear: our TV prox operators
exploit parallelization well, and show substantial speedups as more processor cores become
available.
We should also note in passing that the Split Bregman method, which in the previous
experiments showed a reasonable performance, turns out to be much harder to parallelize.
This fact was already observed by Jie Wang et al. (2014) in the context of isotropic TV.
Therefore when several processor cores are available the proposed modular strategy seems
to be even more suitable to the task.
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Eventually performs similarly to DR
Slow convergence at first iterations
Use DR instead

Slow
Use other method instead

+
−
⇒

+
−
⇒

−
⇒

+

Proximal Dykstra

Split Bregman

Chambolle–Pock

Condat

+
−
⇒

+
−
−
⇒

Kolmogorov

Goldfarb-Yin

Solves the discrete version of the problem
Slow
Poor accuracy for the continuous version
Apply only when solving the discrete problem

More accurate
Slower than DR for low accuracies
Useful when extremely accurate solutions are required

More accurate
Slightly slower than Kolmogorov
Bad behavior for mid-quality solutions
Use Kolmogorov instead

Solves objectives involving a sum of smooth/non–smooth functions with linear operators
Reduces to Chambolle–Pock when solving basic image denoising
Use only when dealing with more complex functionals
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µ0 = K ∗ µ + N ,
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Taking a step forward we now confront the problem of image deconvolution (or image
deblurring). This setting is more complex since the task of image recovery is made harder
by the presence of a convolution kernel K that distorts the image as

5.3.3. Anisotropic Image Deconvolution

Table 5: Summary of key points of the compared Tv2D
1,1 proximity (denoising) methods.
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⇒

ADMM (Yang)

−
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Fast convergence to medium-quality
Embarrassingly parallel
Slow for higher accuracies
Ideal for standard denoising tasks
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But slower than DR
Use DR instead
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As before, the regularizer r(X) can be isotropic or anisotropic TV, among others. Here we
focus again on the anisotropic TV case to show how the presented solvers can also be used
for this image task.
Problem (5.4) also fits the proximal splitting framework, and so we employ the popular
FISTA (Beck and Teboulle, 2009) method for image processing. The gradient of the loss
can be dealt efficiently by exploiting K being a convolution operator, which through the
well–known convolution theorem is equivalent to a dot product in the frequencies space,
and so the computation is done by means of fast Fourier transforms and products. Several
other solvers that explicitly deal with convolution operators are also available (Afonso et al.,
2010; Bioucas-Dias and Figueiredo, 2007). A notable solver specific for the isotropic case
is given by the work of Krishnan and Fergus (2009), that handles even nonconvex isotropic
TV-norms (0 < p < 1). But this approach does not extend to the anisotropic case, so we
focus on general proximal splitting.
We use the same test images as for our denoising experiments (Figure 25), with identical
noise patterns (Table 4) for the QR images, and gaussian noise with variance 0.05 for the
rest. In addition, we convolve each image with a different type of kernel to assess the
behavior for a variety of convolutions; Table 6 shows the kernels applied. We constructed
these kernels using Matlab’s fspecial function; the convolved images are shown in Figure 28.
The values for the regularizer λ were determined by maximizing the reconstruction
quality measured in ISNR. Since deconvolution is much more expensive than denoising,

X

min

where N is noise as before and ∗ denotes convolution. To recover the original image µ from
the observed µ0 , it is common to solve the following deconvolution problem

2

2
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Table 6: Convolution kernels used for each test image. Average substitutes each pixel with the
average of its surrounding n × m neighbors. Disk performs the same operation within a
disk-shaped neighborhood of the shown radius. Gaussian uses a n × n neighborhood and
assigns different weights to each neighbor following the value of a gaussian distribution
of the indicated deviation centered at the current pixel. Motion emulates the distortions
produced when taking a picture in motion, defining a neighborhood following a vector of
the indicated length and angle.

instead of performing an exhaustive search for the best λ, we used a Focused Grid Search
strategy (Barbero et al., 2008, 2009) to find the best performing values.
Any denoising subroutine can be plugged into the aforementioned deconvolution methods, however for comparison purposes we run our experiments with the best proposed
method, Douglas Rachford (Alternating Reflections), and the best competing method among
those reviewed from the literature, Kolmogorov et al. A key parameter in deconvolution
performance is for how long should these methods be run at each FISTA iteration. To
select this, we first run FISTA with 100 iterations of Douglas Rachford per step, for a large
number of FISTA steps, and take the final objective value as an estimate of the optimum.
Then we find the minimum number of Douglas Rachford and Kolmogorov iterations for
which FISTA can achieve a relative distance to such optimum below 10−3 . The reason for
doing this is that for larger distances the attained ISNR values are still far from convergence. This turned to be 5 iterations for Douglas Rachford an 10 for Kolmogorov. We then
run FISTA for such configurations of the inner solvers, and others with a larger number of
inner iterations, for comparison purposes.
Figures 21-22 show the evolution of objective values and ISNR for all the tested configurations. In general, Douglas Rachford seems to be slightly better at finding more accurate
solutions, and also faster at converging to the final ISNR value. We explain this by the
fact that the major advantage of Douglas Rachford is its aforementioned ability to find
medium–quality solutions in a very small number of iterations: this is why with a small
number of inner DR iterates we can converge to good ISRN levels.

JMLR 19(56):1-82, 2018

For reference we also provide the resultant deconvoluted images as Figure 29.
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Figure 21: Relative distance to optimum vs time of the deconvolution 2D-TV algorithms
under comparison, for the different images considered in the experiments.
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Figure 22: Increased Signal to Noise Ratio (ISNR) vs time of the deconvolution 2D-TV
algorithms under comparison, for the different images considered in the experiments.
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2 kx

− yk22 + λ1 kxk1 + λ2 Tv1D
1 (x).

1
2 kX

− Y k2F + λ1 kvec(X)k1 + λ2 Tv2D
1,1 (X).

(5.5)

1,1

1
2 kX

− U0 k2F + λTv3D
p1 ,p2 ,p3 (X),

(5.6)

• Parallel Proximal Dykstra (§ 4.1.1).
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3
where U0 is the observed noisy video, and Tv3D
p1 ,p2 ,p3 = Tvp with p = [p1 , p2 , p3 ]. Application
of the filter (5.6) is nothing but computation of the prox operator, which can be done using
the Parallel-Proximal Dykstra (PPD) algorithm presented in Sec. 4.
We apply this idea to the video sequences detailed in Table 7. All of the sequences
are made of grayscale pixels. Figure 30 in the Appendix shows some of the frames of the
salesman sequence. We noise every frame of these sequences by applying gaussian noise
with zero mean and variance 0.01, using Matlab’s imnoise function. Then we solve problem
5.6 for each sequence, adjusting the regularization value so as to maximize ISNR of the
reconstructed signal. We test the following algorithms, which have been previously applied
in the literature for solving 3D-TV, with the only exception Parallel Proximal Dykstra:

minX

We now apply the presented multidimensional TV regularizer to anisotropic filtering for
video denoising. The extension to videos from images is natural. Say a video contains f
frames of size n × m pixels; this video can be viewed as a 3D-tensor X ∈ Rn×m×f , on which
a 3D-TV based filter can be effected by

5.4. Application of Higher-Dimensional TV

Thus, to solve (5.5) we merely invoke one of the presented Tv2D
1,1 prox operators and then
apply soft-thresholding to the results. Since soft-thresholding is done in closed form, the
performance of a 2D-FLSA solver depends only on its ability to compute Tv2D
1,1 -proximity
efficiently. We can then safely claim that the results summarized in table 5 apply equivalently to 2D-FLSA, and so the proposed Douglas Rachford method performs best when
reconstruction ISNR is the primary concern.

1,1

Friedman et al. (2007) used this model for denoising images where a large number of pixels
are known to be completely black (intensity 0), which aligns well with the structure imposed
by the `1 regularizer.
Akin to the 1D-case, 2D-FLSA (5.5) can also be solved by decomposing its computation
into two prox operators (Friedman et al., 2007); formally,

proxλ1 k·k1 +λ2 Tv2D (·) (Y ) = proxλ1 k·k1 proxλ2 Tv2D (·) (Y ) .

minX

This problem can be solved immediately using the methods presented in §5.2.4. A
slightly less trivial problem is the one posed by the 2D variant of FLSA:

minx

The Fused–Lasso Signal Approximator (FLSA) (Friedman et al., 2007) can be regarded
as a particular case of Fused-Lasso where the input matrix A is the identity matrix I, i.e.,

5.3.4. 2D Fused-Lasso Signal Approximator
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• Yang’s method, which is based on ADMM (§ 4.1.1)
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• The maximum flow approach by Goldfarb and Yin (2009), which features an implementation for 3D grids, thus solving a discrete-valued version of 3D-TV.
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For both PPD and ADMM we again make use of linearized taut-string 1D TV solver. We
must also point out that other image denoising methods seem amenable for extension into
the multidimensional setting, such as Condat’s and Chambolle-Pock methods. However
in the light of our image denoising results we do not deem them as good choices for this
problem. A more reasonable choice might be to extend Split-Bregman to multiple dimensions, but such an extension has not been implemented or proposed as far as we know. We
would also like to note that we have considered extending the Douglas Rachford method to
a multidimensional setting, however such task is complex and thus we decided to focus on
Parallel Proximal Dykstra.
Similarly to our previous image denoising experiments, we ran the algorithms under
comparison for each video sequence and measured its ISNR and relative distance to the
optimal objective value of the current solution at each iteration through their execution.
Again the exception is the Goldfarb-Yin method, which is non–iterative and so we only
report the time required for its termination. The optimal objective value was estimated by
running all methods for a very large number of iterations and taking the minimum value
of them all. This produced the plots shown in Figures 23–24. From them the following
observations are of relevance:
55

5
4
3
2
1
0

Time (s)

2

10

Yang
Goldfarb−Yin
PPD

Denoising algorithms: salesman

1

10

ISNR

6
5
4
3
2
1
0

Barbero and Sra

Time (s)

2

10

Yang
Goldfarb−Yin
PPD

Denoising algorithms: coastguard

1

10

56

5

4

3

2

1

0

Time (s)

2

10

Yang
Goldfarb−Yin
PPD

Denoising algorithms: bicycle

1

10

JMLR 19(56):1-82, 2018
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The ISNR plots in Figure 24 also show how both Parallel Proximal Dykstra and ADMM
(Yang’s method) converge to equivalent solutions in practice. Therefore, for the purpose of
video denoising PPD seems to be the best choice, unless for some reason a high degree of
accuracy is required, for which ADMM should be preferred.

• Intermediate solutions prior to convergence of the PPD run result in better ISNR
values for the coastguard and bicycle data sets. This hints that the denoising model
used in this experiment may not be optimal for these kind of signals; indeed, more
advanced denoising models abound in the signal processing literature. Hence we do not
claim novel results in terms of ISNR quality, but just in solving this classic denoising
model more efficiently.

• Parallel Proximal Dykstra is the fastest to achieve a mid-quality solution.

• The method by Goldfarb and Yin again provides suboptimal solutions, due to the
discrete approximation it uses.

• Following the pattern observed in the image denoising experiments, ADMM (Yang’s
method) is best suited for finding very accurate solutions.

Figure 24: Increased Signal to Noise Ratio (ISNR) vs time of the denoising 3D-TV algorithms under comparison, for the different video sequences considered in the
experiments.
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Table 7: Size details of video sequences used in the video denoising experiments.
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Figure 23: Relative distance to optimum vs time of the denoising 3D-TV algorithms under
comparison, for the different video sequences considered in the experiments.
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then r∗ = δk·k∗ ≤1 ,
(A.3)

(A.4)

(A.5)

57

y = proxγr y + γ proxr∗ /γ (γ −1 y).
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(A.6)

Proposition A.3 (Moreau decomposition) Let r ∈ Γ0 (X ), γ > 0, and y ∈ X . Then,

Sometimes the Fenchel conjugate r∗ is easier to use than r; similarly, sometimes the
operator proxr∗ is easier to compute than proxr . The result below shows the connection.

and the nonlinear map proxr : X → X is called the prox operator of r.

x∈X

proxr (y) := argmin r(x) + 21 kx − yk22 ,

Definition A.2 (Prox operator) Let r ∈ Γ0 (X ), and let y ∈ X . Then proxr y is the
unique point in X that satisfies Er1 (y) = minx∈X (r(x) + 12 kx − yk22 ), i.e.,

Using the Moreau envelope (A.4), we now formally introduce prox operators.

Proof See e.g. (Bauschke and Combettes, 2011, Prop. 12.15).

The Moreau envelope (A.4) is convex, real-valued, and continuous.

1
Erγ (·) := r  ( 2γ
k·k22 ).

Proposition A.1 Let r ∈ Γ0 (X ) and let γ > 0. The Moreau envelope of r indexed by γ is

where the norm k·k∗ is dual to k·k. Let r and h be proper convex functions. The infimal
convolution of r with h is the convex function given by (rh)(x) := inf y∈X r(y)+h(x−y)).
For our purposes, the most important special case is infimal convolution of a convex function
with the squared euclidean norm, which yields the Moreau envelope (Moreau, 1962).

if r = k·k,

which is lsc if and only if C is closed.
The convex conjugate of r is given by r∗ (z) := supx∈dom r hx, zi−r(x), and a particularly
important example is the Fenchel conjugate of a norm k·k

The set of proper lsc convex functions on X is denoted by Γ0 (X ) (such functions are also
called closed convex functions). The indicator function of a set C is defined as
(
0, if x ∈ C;
δC : X → [0, ∞] : x 7→
(A.2)
∞, if x 6∈ C,
T

∗

s.t. Bx ∈ Z

f (−B u) + r (u).

∗

f (x) + r(Bx)

z∈Z

(A.8)

(A.7)
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BF = {y ∈ Rn : y(A) ≤ F (A) ∀A ⊆ V,
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y(V ) = F (V )} .

Definition A.7 (Base polytope) The base polytope BF of a submodular function F is
the polyhedron given by

That is, a function is modular if it always assigns the same value for each element added
to the set, regardless
Pof the other elements in the set. A common shorthand for modular
functions is s(A) = k∈A sk .
Submodular functions can be thought as convex functions in the realm of discrete optimization, in the sense that they feature useful properties that allow for efficient optimization.
Similarly, modular functions are connected to linear functions. To make such connections
explicit we require of the following geometric concepts.

Definition A.6 (Modular function) A set-function F : 2V → R, for 2V the power set
p
of some set V , F (∅)
P= 0 is modular (and also submodular) if and only if there exists s ∈ R
such that F (A) = k∈A sk .

Intuitively, a set-function is submodular if adding a new element to the set results in less
value as the set grows in size.

F (A ∪ {k}) − F (A) ≥ F (B ∪ {k}) − F (B).

Definition A.5 (Submodular function) A set-function F : 2V → R, for 2V the power
set of some set V , is submodular if and only if it fulfills the diminishing returns property,
that is, for A ⊆ B ⊆ V and k ∈ V , k ∈
/ B we have

Notions on submodular optimization are also required to introduce some of the decomposition techniques for 2D-TV in this paper. For a more thorough read on this topic we
recommend the monograph Bach (2013).

which upon rewriting using Fenchel conjugates yields (A.8).

x∈X

g(u) = inf f (x) + uT Bx + inf r(z) − uT z,

Proof Introduce an extra variable z = Bx, dual function is

u∈Z

inf

inf

Proposition A.4 Let f ∈ Γ0 (X ) and r ∈ Γ0 (Z). The problems below form a primal-dual
pair.

xk → x =⇒ r(x) ≤ lim inf k r(xk ).
x∈X

This decomposition provides the necessary tools to exploit useful primal–dual relations. For
the sake of clarity we also present an additional result regarding a particular primal-dual
relation that plays a key role in our algorithms.

We begin by recalling a few basic ideas from convex analysis; we recommend the recent
book (Bauschke and Combettes, 2011) for more details.
Let X ⊂ Rn be any set. A function r : X → R ∪ {−∞, +∞} is called lower semicontinuous if for every x ∈ X and a sequence (xk ) that converges to x, it holds that
(A.1)

Proof A brief exercise; see e.g., (Bauschke and Combettes, 2011, Thm. 14.3).

Barbero and Sra

Appendix A. Mathematical Background
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That is, the base polytope is a polyhedron defined through linear inequality constraints
on the values of F for every one of the n elements of the powerset 2V , and an equality
constraint for the complete set. This results in a combinatorial number of contraints, but
fortunately this polytope will not be used directly.


= sup xT a : x ∈ A .

Definition A.8 (Support function) The support function hA for some non-empty closed
convex set A ∈ Rn is given by
hA (x)

wjp ,

The support function is useful when connected with the following definition.

wj 1

p
X
[F ({j1 , . . . , jk }) − F ({j1 , . . . , jk−1 })].

Definition A.9 (Lovász extension) Suppose a set-function F such that F (∅) = 0. Its
Lovász extension f : Rp → R is defined through the following mechanism. Take w ∈ Rp
input to f , and order its components in decreasing order
≥ ... ≥
then
f (w) =
k=1

Other equivalent definitions are possible: see Bach (2013) for details. The following result
links all the definitions so far.
Proposition A.10 For F submodular function such that F (∅) = 0 we have
• Its Lovász extension f is a convex function.
• The support function of its base polytope is equal to its Lovász extension, that is,
hBF (x) = f (x).
• The problem minS⊆V F (S) is dual to minx f (x) + 21 kxk22 , with S ∗ = {k|xk∗ ≥ 0}.
For proofs on these points we refer to Bach (2013). The takeaway from them is that any
minimization on a submodular function can be cast into a convex optimization problem.
Furthermore, for those convex minimization problems whose objective turns out to be the
Lovász extension of some other function, we can trace the steps the other way round,
obtaining the minimization of a submodular function.
P
Consider now a composite problem minS⊆V j Fj (S). The following results hold

P
P
Proposition A.11 The problem minS⊆V j Fj (S) is equivalent to minx j fj (x)+ 12 kxk22 ,
P
with S ∗ = {k|xk∗ ≥ 0}. Furthermore it is also equivalent to minyj ∈BFj ∀j 21 k j yj k22 , with
P
x∗ = − j yj∗ .
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Proof The first equivalence is a direct result of the properties of Lovász extensions (Bach,
2013), in particular that for F, G set-functions with Lovász extensions f, g, the Lovász
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j
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x

j

X

j

max

x

yj k22 ,

j



X
min 
yjT x + 21 kxk22  ,

yj ∈BFj

yj ∈BFj ∀j

j

X

min 1 k
yj ∈BFj ∀j 2

yj∗ comes from solving the inner minx problem for x.

=

=

= min

x

fj (x) + 21 kxk22 = min

j

P

max yjT x + 21 kxk22 ,

extension of F + G is f + g. For the second equivalence we have:
X
X
hBFj + 21 kxk22 ,
x

min

and the dual relationship x∗ = −

+

y2 k22

=

min 1 ky1
y1 ∈BF1 2
−y2 ∈−BF2

−

(−y2 )k22

=

min 1 ka
a∈BF1 2
b∈−BF2

− bk22

Therefore any decomposable submodular minimization, or sum of Lovász extensions plus
`2 term, can be casted into a geometric problem in terms of the base polytopes. For two
functions the resultant problem is of special interest if rewritten as
min 1 ky1
y1 ∈BF1 2
y2 ∈BF2

with a = y1 , b = −y2 , as this results in the classic geometric problem of finding the closest
points between two convex sets. Many algorithms have been proposed to tackle problems
in this form, most of them making use of alternating projection operations onto the two
sets. Thus, a legitimate concern is how easy it is to compute such projections for BF1 and
−BF2 .

Proposition A.12 Given a submodular function F and its base polytope BF , the projections ΠBF (z) and Π−BF (z) of a point z onto BF or its negated counterpart can be computed
as

ΠBF (z) = z − proxf (z),

Π−BF (z) = z + proxf (−z),

with prox proximity operator of a function, f the Lovász extension of F .

x
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Proof We start with the proximity of f and work our way to a relationship with the
projection operator,
x

proxf (z) ≡ min f (x) + 12 kx − zk22 ,
y∈BF

= max min y T x + 12 kx − zk22 ,

− y T z,

− zk22 = ΠBF (z),

2
1
2 kyk2

= max y T (z − y) + 12 k(z − y) − zk22 ,
y∈BF

= min

y∈BF

1
ky
y∈BF 2

≡ min
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ŝ

i=1

i=1

s∗

ŝ∗ .

(si − si−1 )2 , s.t. |si − ri | ≤ wi ∀i = 1, . . . , n − 1 , s0 = 0, sn = rn ,

L(s, α, β) =

i=1

n
X

(si − si−1 )2 +

i=1

n−1
X
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αi (si − ri − wi ) +

Proof
The Lagrangian of problem C.1 takes the form

i=1

n−1
X

for a non-zero vector w, both problems share the same minimum

(C.2)

(C.1)
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βi (−wi − si + ri ),

=

n q
X
min
1 + (ŝi − ŝi−1 )2 , s.t. |ŝi − ri | ≤ wi ∀i = 1, . . . , n − 1 , ŝ0 = 0, ŝn = rn ,

and

s

min

n
X

Theorem C.1 (Equality of taut-string problems) Given the problems

Appendix C. Proof on the Equality of Taut-String Problems

the general Tvp proximity problem is addressed, whereupon an adequate solver is chosen
by the library.
More advanced uses of the library are possible, allowing to specify which norm p and
regularizer lambda values to use for each dimension of the signal, and even applying combinations of several different Tvp regularizers along the same dimension. Please refer to the
documentation within the toolbox for further information.

>> TV(X, lambda , p )

solves Tv1 proximity for a signal X of any dimension and a regularization value lambda.
The weighted version of this problem is also seamlessly tackled by just providing a vector
of weights of the appropriate length as the lambda parameter.
If a third parameter p is provided as

>> TV(X, lambda )

All the Total–Variation proximity solvers in this paper have been implemented as the
proxTV toolbox for C++, Matlab and Python, available at https://github.com/albarji/
proxTV. The toolbox has been designed to be used out of the box in a user friendly way;
for instance, the top–level Matlab function TV solves Total–Variation proximity for a given
signal under a variety of settings. For instance

Appendix B. proxTV Toolbox

where solving the inner minimization problem for x gives the primal–dual relationship
x∗ = z − y ∗ . Using this we can obtain the solution for the projection problem from the
proximity problem, as ΠBF (z) = z − proxf (z). Projection onto the negated base polytope
follows from the basic geometric argument Π−BF (z) = −ΠBF (−z).

Modular proximal optimization for multidimensional TV regularization

(C.3)

(C.7)

(C.6)

(C.5)

(C.4)

(C.12)

(C.11)

(C.10)

(C.9)

(C.8)

√ x
1+x2

is contractive and monotonous.
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• Condition C.10 is met for those choices of α̂i , β̂i , as C.5 was met for αi , βi and
0 ≤ k < 1.

• Since f is contractive, condition C.8 can be met by setting (α̂i , β̂i ) = (kαi , kβi ) for
some 0 ≤ k < 1. Note that this works because (αi , βi ) cannot be both zero at the
same time.

• f (si+1 − si ) − f (si − si−1 ) has the same sign as (si+1 − si ) − (si − si−1 ), since f is
monotonous and as such preserves ordering.

• Hence and because αi , βi ≥ 0 and condition C.3 holds, when (si+1 −si )−(si −si−1 ) > 0
then αi > 0, βi = 0, and when (si+1 − si ) − (si − si−1 ) < 0 then αi = 0, βi > 0.

• The couple (αi , βi ) cannot be both non–zero at the same time, since αi > 0 enforces
si = ri + wi and βi > 0 enforces si = ri − wi , and wi is non–zero.

• The operator f (x) =

• Condition C.9 becomes the same as condition C.4, and so it is immediately met.

∀i = 1, . . . , n − 1, and where we use hat notation for the dual coefficients to tell them apart
from those of problem C.1.
Suppose s∗ minimizer to problem C.1, hence fulfilling the conditions C.3-C.7. In particular this means that it is feasible to assign values to the dual coefficients α, β in such
a way that the conditions above are met. If we set ŝ = s∗ in the conditions C.8-C.12 the
following observations are of relevance

β̂i (−wi − ŝi + ri ) = 0,

α̂i (ŝi − ri − wi ) = 0,

α̂i , β̂i ≥ 0,

|ŝi − ri | ≤ wi ,

(ŝ
(ŝi − ŝi−1 )
− ŝi )
p i+1
−p
= α̂i − β̂i ,
1 + (ŝi+1 − ŝi )2
1 + (ŝi − ŝi−1 )2

∀i = 1, . . . , n − 1, and where the first equation comes from the fact that ∂L(s,α,β)
= 0 at
∂s
the minimum.
As the only difference between problems C.1 and C.2 is in the form of the objective, the
KKT conditions for problem C.2 take the same form, but for the first one,

βi (−wi − si + ri ) = 0,

αi (si − ri − wi ) = 0,

αi , βi ≥ 0,

|si − ri | ≤ wi ,

(si+1 − si ) − (si − si−1 ) = αi − βi ,

and its Karush-Kuhn-Tucker optimality conditions are given by
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• Conditions C.11 and C.12 are also met for those choices of α̂i , β̂i , as α̂i (si −ri −wi ) =
kαi (si − ri − wi ) = 0 and β̂i (−wi − si + ri ) = kβi (−wi − si + ri ) = 0.
Therefore, all of the optimality conditions C.8-C.12 for problem C.2 are met for s∗ solution
of problem C.1, and so a minimum of problem C.1 is also a minimum for problem C.2.
The proof can be repeated the other way round by setting s = ŝ∗ optimal for problem
x
C.2, defining the operator f −1 (x) = √1−x
, and observing that this operator is monotonous
2
and expansive, so we can establish (αi , βi ) = (k α̂i , k β̂i ) for some k ≥ 1 and the optimality
conditions C.3-C.7 for problem C.1 are met following a similar reasoning to the one presented
above. Thus, a minimum for problem C.2 is also a minimum for problem C.1, which joined
with the previous result completes the proof.

Appendix D. Proof on the Equivalence of Linearized Taut-String Method
Proposition D.1 Using affine approximations to the greatest convex minorant and the
smallest concave majorant does not change the solution of the taut-string method.
Proof Let us note ∩(f ) as the smallest concave majorant of some function f taking integer
values, ∪(f ) as the greatest concave minorant, ā(f ) as the smallest affine majorant and a(f )
¯
as the greatest affine minorant. By definition we have

≤ ∩(f (i) −

λi )

≤ ā(f (i) −

λi )

a(f (i)) ≤ ∪(f (i)) ≤ f (i) ≤ ∩(f (i)) ≤ ā(f (i)) ∀i ∈ Z
¯
Consider now the nature of the taut-string problem, where a vertically symmetric tube
of radius λi at each section is modelled by following the majorant of the tube bottom (f −λ)
and the minorant of the tube ceiling (f + λ). We work the inequalities above as:

f (i) −

λi

a(f (i) + λi ) ≤ ∪(f (i) + λi ) ≤ f (i) + λi
¯
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We will show that an overlap of smallest concave majorant / greatest convex minorant
takes place iff the same overlap happens when using the affine approximations. We formally
define overlap as the setting where for a point i we have ∪(fi + λi ) ≤ ∩(fi − λi ).
One side of the implication is easy: if ∪(f (i) + λi ) ≤ ∩(f (i) − λ) for some i, then using
the relations above we have a(f (i) + λi ) ≤ ∪(f (i) + λi ) ≤ ∩(f (i) − λi ) ≤ ā(f (i) − λi ),
¯
and so the affine approximation detects any overlap taking place in the concave/convex
counterpart.
The opposite requires the key observation that in the taut-string method both majorant
and minorant functions are clamped to the same point of origin: f (0) = 0 at the start of
the method, or the point where the last segment was fixed after each restart. Let us assume
f (0) = 0 without loss of generality. Suppose now that an overlap is detected by the affine
approximation. Because of this affine nature the majorant/minorant slopes are constant,
63

i.e.
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δ1∪ ≤ δ2∪ ≤ . . . ≤ δn∪ ,

δ1∩ ≥ δ2∩ ≥ . . . ≥ δn∩ .

δ̄1 = δ̄2 = . . . = δ̄n = δ̄, δ1 = δ2 = . . . = δn = δ.
¯
¯
¯
¯
However, if we consider the convex/concave approximations these slopes can increase/decrease as the segment progresses, that is:

i
X
j=1

δj∩ ,

∪(f (i) + λi ) =

j=1

i
X

δj∪ ,

ā(f (i) − λi ) = iδ̄,

a(f (i) + λi ) = iδ.
¯
¯

Consider now the majorant/minorant values, expressed through the slopes and taking into
account the observation above about the starting point.
∩(f (i) − λi ) =

Since an overlap has been detected in the affine approximation, we have that for some point
i

iδ = a(f (i) + λi ) ≤ ā(f (i) − λi ) = iδ̄,
¯ ¯
so δ ≤ δ̄. Consider now the values of the affine minorant/majorant at the point immediately
¯
after the origin,

a(f1 − λ1 ) = δ, ā(f1 + λ1 ) = δ̄.
¯
¯
We will show now that the convex/convex counterpart must take exactly the same values
at these points. To do so we take into account the following fact: there must exist points x
and y, x, y ≤ i, where

a(fx + λx ) = fx + λx = ∪(fx + λx ), ā(fy − λy ) = fy − λy = ∩(fy − λy ),
¯
that is to say, the affine minorant/majorant must touch the tube ceiling/bottom at some
point, otherwise we could obtain a greater minorant / smaller majorant by reducing this
distance. The equalities to the convex minorant / concave majorant are then obtained by
exploiting the inequalities at the beginning of the proof.
By the already presented inequalities ∪(f + λ ) ≥ a(f + λ1 ), but let us suppose for a
1
1
1
¯
moment ∪(f1 + λ1 ) > a(f1 + λ1 ). This would imply δ1∪ > δ. We then would have that at
¯
¯
the touching point x

fx + λx = a(fx + λx ) = xδ < xδ1∪ ≤ ∪(f1 + λ1 ),
¯
¯
as the slopes in a convex minorant must be monotonically increasing. However, such
function would not be a valid convex minorant, as it would grow over f + λ. Therefore
∪(f1 + λ1 ) = a(f1 + λ1 ) must hold. Using a symmetric argument, ∩(f1 − λ1 ) = ā(f1 − λ1 )
¯
can also be shown to hold. Joining this with the previous facts we have that

JMLR 19(56):1-82, 2018

∪(f1 + λ1 ) = a(f1 + λ1 ) = δ ≤ δ̄ = ā(f1 − λ1 ) = ∩(f1 − λ1 ),
¯
¯
and therefore the overlap detected by the affine approximation is detected through its
convex/concave version as well through ∪(f1 + λ1 ) ≤ ∩(f1 − λ1 ).

64

or

(ui = wi and [∇φ(u)]i < −)} ,
(E.1)

(E.2)
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where α is a stepsize, and P denotes projection onto the constraints, which for box–
constraints reduces to simple element–wise projection. Note that only the variables in the
set I¯ are updated in this iterate, leaving the rest unchanged. While such update requires
computing the inverse of the reduced Hessian HI¯, which in the general case can amount to
computational costs in the O(n3 ) order, we will see now how exploiting the structure of the
problem allows us to perform all the steps above efficiently.

uI¯ ← P (uI¯ − αHI−1
¯ [∇φ(u)]I¯),

where  ≥ 0 is small scalar. This corresponds to the set of variables at a bound, and for
which the gradient points inside the feasible region; that is, for these variables to further
improve the objective function we would have to step out of bounds. It is thus clear
that these variables are of no use for this iteration, so we define the complementary set
I¯ := {1 . . . n} \I of indices not in I, which are the variables we are interested in updating.
From the Hessian H = ∇2 φ(u) we extract the reduced Hessian HI¯ by selecting rows and
¯ and in a similar way the reduce gradient [∇φ(u)] ¯. Using these we
columns indexed by I,
I
perform a Newton–like “reduced” update in the form

I := {i | (ui = −wi and [∇φ(u)]i > )

At each iteration PN selects the active variables

PN runs iteratively in three key steps: first it identifies a special subset of active variables
and uses these to compute a reduced Hessian. Then, it uses this Hessian to scale the gradient
and move in the direction opposite to it, damping with a stepsize, if needed. Finally, the
next iterate is obtained by projecting onto the constraints, and the cycle repeats. PN can be
regarded as an extension of the gradient-projection method (GP, Bertsekas (1999)), where
the components of the gradient that make the updating direction infeasible are removed; in
PN both the gradient and the Hessian are reduced to guarantee this feasibility.

The weighted-TV dual problem (2.7) is a bound-constrained QP, so it could be solved
using a variety of methods such as TRON (Lin and Moré, 1999), L-BFGS-B (Byrd et al.,
1994), or projected-Newton (PN) (Bertsekas, 1982). Obviously, these methods will be
inefficient if invoked off-the-shelf; exploitation of problem structure is a must for solving (2.7)
efficiently. PN lends itself well to such structure exploitation; we describe the details below.

In this appendix we present details of a projected-Newton (PN) approach to solving the
weighted-TV problem (2.6). Although taut-string approaches are empirically superior to
this PN approach, the details of this derivation prove to be useful when developing subroutines for handling `p -norm TV prox-operators, but perhaps their greatest use lies in
presenting a general method that could be applied to other problems that have structures
similar to TV, e.g., group total-variation (Alaız et al., 2013; Wytock et al., 2014) and
`1 -trend filtering (Kim et al., 2009; Tibshirani, 2014).

Appendix E. Projected-Newton for Weighted Tv1D
1
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where a tolerance σ = 0.05 works well practice.
Note that the gradient ∇φ(u) might be misleading in the condition above if u has
components at the boundary and d points outside this boundary (because then, due to
the subsequent projection no real improvement would be obtained by stepping outside the
feasible region). To address this concern, we modify the computation of the gradient ∇φ(u),
zeroing our the entries that relate to direction components pointing outside the feasible set.
The whole stepsize selection procedure is shown in Algorithm 11. The costliest operation
in this procedure is the evaluation of φ, which, nevertheless can be done in linear time.
Furthermore, in practice a few iterations more than suffice to obtain a good stepsize.
Overall, a full PN iteration as described above runs at O(n) cost. Thus, by exploiting
the structure of the problem, we manage to reduce the O(n3 ) cost per iteration of a general

φ(u) − φ(P [u − αk d]) ≥ σ · αk · (∇φ(u) · d) ,

Because the reduced Hessian is also tridiagonal, its Cholesky decomposition can be
computed in linear time to yield a bidiagonal matrix R, which in turn allows to solve the
subsequent linear systems also in linear time. Extremely efficient routines to perform all
these tasks are available in the LAPACK libraries (Anderson et al., 1999).
The next crucial ingredient is efficient selection of the stepsize α. The original PN
algorithm Bertsekas (1982) recommends Armijo-search along projection arc. However, for
our problem this search is inordinately expensive. So we resort to a backtracking strategy
using quadratic interpolation (Nocedal and Wright, 2000), which works admirably well.
This strategy is as follows: start with an initial stepsize α0 = 1. If the current stepsize αk
does not provide sufficient decrease in φ, build a quadratic model using φ(u), φ(u − αk d),
and ∂αk φ(u). Then, the stepsize αk+1 is set to the value that minimizes this quadratic
model. In the event that at some point of the procedure the new αk+1 is larger than or too
similar to αk , its value is halved. In this fashion, quadratic approximations of φ are iterated
until a good enough α is found. The goodness of a stepsize is measured using the following
Armijo-like sufficient descent rule

3. Solve the linear system RdI¯ = v to obtain dI¯.

2. Solve the linear system RT v = [∇φ(u)]I¯ to obtain v.

1. Compute the Cholesky decomposition HI¯ = RT R.

Next, observe that whatever the active set I, the corresponding reduced Hessian HI¯
remains symmetric tridiagonal. This observation is crucial because then we can quickly
compute the updating direction dI¯ = HI−1
¯ [∇φ(u)]I¯, which can be done by solving the
linear system HI¯dI¯ = [∇φ(ut )]I¯ as follows:

First, observe that for (2.7) the Hessian is

2 −1
 −1 2 −1


−1 2
H = DD T = 


..

.
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αk2 ∂αk φ(u)
2(φ(u)−φ(u−αk )+αk ∂αk φ(u)) .

Algorithm 11 Stepsize selection for Projected Newton
Initialize: α0 = 1, k = 0, d, tolerance parameter σ
while φ(u) − φ(P [u − αk d]) < σ · αk · (∇φ(u) · d) do
Minimize quadratic model: αk+1 =

if αk+1 > αk or αk+1 ' αk , then αk+1 = 12 αk .
k ←k+1
end while
return αk
Algorithm 12 PN algorithm for TV-L1-proximity
Let W = Diag(wi ); solve DD T W u∗ = Dy.
if kW −1 u∗ k∞ ≤ 1, return u∗ .
u0 = P [u∗ ], t = 0.
while gap(u) >  do
Identify set of active constraints I; let I¯ = {1 . . . n} \ I.
Construct reduced Hessian HI¯.
Solve HI¯dI¯ = [∇φ(ut )]I¯.
Compute stepsize α using backtracking + interpolation (Alg. 11).
= P [uIt¯ − αdI¯].
Update uIt+1
¯
t ← t + 1.
end while
return ut .

PN algorithm to a linear-cost method. The pseudocode of the resulting method is shown
as Algorithm 12. Note that in the special case when the weights W := Diag(wi ) are so
large that the unconstrained optimum coincides with the constrained one, we can obtain u∗
directly via solving DD T W u∗ = Dy (which can also be done at O(n) cost). The duality
gap of the current solution is used as a stopping criterion, where we use a tolerance of
 = 10−5 in practice.

Appendix F. Testing Images and Videos, and Experimental Results

http://code.google.com/intl/en-EN/apis/chart/
Extracted from http://en.wikipedia.org/wiki/File:Shepp_logan.png
Author: Francisco Molina. http://www.afrikislife.net/english/
Extracted from http://www.flickr.com/photos/jeffschwartz/202423023/
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The images used in the experiments are displayed in what follows, along with their noisy/denoised and convoluted/deconvoluted versions for each algorithm tested. QR barcode images
were generated by encoding random text using Google chart API4 . Images shape and phantom 5 are publicly available and frequently used in image processing. trollface and comic
6 are also publicly available. gaudi, used in the multicore experiments, is a high resolution
3197 × 3361 photograph of Gaudi’s Casa Batlló7 . The rest of the images were originally
created by the authors.
4.
5.
6.
7.
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For the video experiments, the salesman, coastguard and bicycle sequences were used,
which are publicly available at BM3D (2013). As an example, frames from the first video
are displayed in what follows, along with their noisy/denoised versions.
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shape (128 × 128)

text (665 × 665)

phantom (1713 × 1713)

randomQR-4 (500 × 500)

diagram (259 × 259)

contour (1000 × 1000)

randomQR-3 (375 × 375)

trollface (388 × 388)

comic (402 × 402)

Figure 25: Test images used in the experiments together with their sizes in pixels. Images
displayed have been scaled down to fit in page.
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randomQR-2 (300 × 300)
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Figure 26: Noisy versions of images used in the experiments.

comic (402 × 402)

trollface (388 × 388)

randomQR-3 (375 × 375)

randomQR-0 (100 × 100)

trollface (388 × 388)

randomQR-3 (375 × 375)

randomQR-0 (100 × 100)

contour (1000 × 1000)

diagram (259 × 259)

randomQR-4 (500 × 500)

randomQR-1 (175 × 175)

phantom (1713 × 1713)

text (665 × 665)

shape (128 × 128)

randomQR-2 (300 × 300)

comic (402 × 402)

trollface (388 × 388)

randomQR-3 (375 × 375)

randomQR-0 (100 × 100)

contour (1000 × 1000)

diagram (259 × 259)

randomQR-4 (500 × 500)

randomQR-1 (175 × 175)

phantom (1713 × 1713)

text (665 × 665)

shape (128 × 128)

randomQR-2 (300 × 300)

JMLR 19(56):1-82, 2018
Figure 28: Noisy and convoluted versions of images used in the
experiments.

comic (402 × 402)

Figure 27: Denoising results for the test images.JMLR 19(56):1-82, 2018
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Figure 29: Deconvolution results for the test images.
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Figure 30: A selection of frames from the salesman video sequence.

Barbero and Sra

Barbero and Sra

JMLR 19(56):1-82, 2018

Modular proximal optimization for multidimensional TV regularization

76

Figure 32: Denoised frames from the salesman video sequence.
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Figure 31: Noisy frames from the salesman video sequence.
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p(xj | x\j ) = exp ηj (x\j ) · xj + fj (xj ) − bj (ηj , fj ) ,
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1.1. Related Works
There is a huge literature on estimating undirected graphical models (Lauritzen, 1996;
Edwards, 2000; Whittaker, 2009). For modeling continuous data, the most commonly used
methods are Gaussian graphical models (Yuan and Lin, 2007; Banerjee et al., 2008; Friedman
et al., 2008; Ravikumar et al., 2011; Rothman et al., 2008; Lam and Fan, 2009; Shen et al.,
2012; Yuan, 2010; Cai et al., 2011; Sun and Zhang, 2013; Guo et al., 2011; Danaher et al.,
2014; Mohan et al., 2014; Meinshausen and Bühlmann, 2006; Peng et al., 2009; Friedman
et al., 2010). To relax the Gaussian assumption, Liu et al. (2009); Xue et al. (2012b); Liu
et al. (2012); Ning and Liu (2013) propose the Gaussian copula model and Voorman et al.
(2014) study the joint additive models for graph estimation. For modeling binary data,
the Ising graphical model is considered by Lee et al. (2006); Höfling and Tibshirani (2009);

)T ,

Second, we propose a symmetric pairwise score test for the null hypothesis H0 : βjk =
0. This is equivalent to testing whether Xj and Xk are conditionally independent given
{X` : ` 6= j, k}. Compared with Ning et al. (2017b), the novelty of our method is that
we consider a more sophisticated cross type inference which incorporates the symmetry
of the parameter, i.e., βjk = βkj . By considering this unique structure of the graphical
model, our proposed method achieves the invariance property of the inferential results.
That means the same p-values are obtained for testing βjk = 0 and βkj = 0. In contrast,
the asymmetric method in Ning et al. (2017b) may lead to different conclusions for testing
these two equivalent null hypotheses.

First, for the purpose of estimating βjk , we extend the multistage relaxation algorithm
(Zhang, 2010) and conduct a localized analysis for a more sophisticated loss function obtained by a statistical chromatography method (Liang and Qin, 2000; Diao et al., 2012;
Chan, 2012; Ning et al., 2017b). The gradient and Hessian matrix of the loss function are
nonlinear U-statistics with unbounded kernel functions. This makes our technical analysis more challenging than that in Zhang (2010). Under the assumption that the sparse
eigenvalue condition holds locally, we prove the same optimal statistical rates for parameter
estimation as in high dimensional linear models.

P
where x\j = (x1 , . . . , xj−1 , xj+1 , . . . , xd ), ηj (x\j ) = αj + k6=j βjk xk is the canonical parameter, fj (·) is an unknown base measure function, and bj (·, ·) is the log-partition function.
Besides, we assume βjk = βkj for all j 6= k. By definition, the unknown parameter contains {(αj , βjk , fj ) : 1 ≤ j < k ≤ d}. To make the model identifiable, we set αj = 0 and
absorb the term αj xj into fj (xj ). By the Hammersley-Clifford theorem (Besag, 1974), we
have βjk 6= 0 if and only if Xj and Xk are conditionally independent given {X` : ` 6= j, k}.
Therefore, we set (j, k) ∈ E if and only if βjk 6= 0. The graph G thus characterizes the
conditional independence relationship among the high dimensional distribution of X. The
key feature of the proposed model is that (1) it is a general semiparametric model and (2)
it can be used to handle mixed data, which means that X may contain both continuous
and discrete random variables. Unlike the existing mixed graphical models, we allow the
nodewise conditional distributions to be semiparametric generalized linear models with unspecified base measure functions. Thus, our method does not need to specify the type of
each node and is more convenient to apply in practice. In addition to the proposed new
model, our paper has the following two novel contributions.

Yang, Ning, and Liu

Given a d-dimensional random vector X = (X1 , . . . , Xd
inferring the conditional independence among X and quantifying its uncertainty are important tasks in statistics. We
propose a unified framework for modeling, estimation, and uncertainty assessment for a
new type of graphical model, named as semiparametric exponential family graphical model.
Let G = (V, E) be an undirected graph with node set V = {1, 2, . . . , d} and edge set
E ⊆ {(j, k) : 1 ≤ j < k ≤ d}. The semiparametric exponential family graphical model
specifies the joint distribution of X such that for each j ∈ V, the conditional distribution
of Xj given X\j := (X1 , . . . , Xj−1 , Xj+1 , . . . , Xd )T is of the form

1. Introduction

We propose a new class of semiparametric exponential family graphical models for the analysis of high dimensional mixed data. Different from the existing mixed graphical models, we
allow the nodewise conditional distributions to be semiparametric generalized linear models
with unspecified base measure functions. Thus, one advantage of our method is that it is
unnecessary to specify the type of each node and the method is more convenient to apply
in practice. Under the proposed model, we consider both problems of parameter estimation
and hypothesis testing in high dimensions. In particular, we propose a symmetric pairwise
score test for the presence of a single edge in the graph. Compared to the existing methods
for hypothesis tests, our approach takes into account of the symmetry of the parameters,
such that the inferential results are invariant with respect to the different parametrizations
of the same edge. Thorough numerical simulations and a real data example are provided
to back up our theoretical results.
Keywords: Graphical Models, Exponential Family, High Dimensional Inference
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Ravikumar et al. (2010); Xue et al. (2012a); Cheng et al. (2014). In addition to binary
data, Allen and Liu (2012) and Yang et al. (2013b) consider the Poisson data and Guo
et al. (2015) consider the ordinal data. Moreover, Yang et al. (2013a) propose exponential
family graphical models, and Tan et al. (2014) propose a general framework for graphical
models with hubs.
Recently, modeling the mixed data attracts increasing interests (Lee and Hastie, 2015;
Fellinghauer et al., 2013; Cheng et al., 2017; Chen et al., 2015; Fan et al., 2017; Yang et al.,
2014). Compared with Lee and Hastie (2015); Cheng et al. (2017); Chen et al. (2015); Yang
et al. (2014), our model has the following two main advantages. First, it is a semiparametric
model, which does not need to specify the parametric conditional distribution for each node.
Therefore, it provides a more flexible modeling framework than the existing ones. Second,
under our proposed model, the estimation and inference methods are easier to implement.
Unlike these existing methods, we propose a unified estimation and inference procedure,
which does not need to distinguish whether the node satisfies the Gaussian distribution
or the Bernoulli distribution. In addition, our estimation and inference methods are more
efficient than the nonparametric approach in Fellinghauer et al. (2013). Finally, our method
is more convenient for modeling the count data than the latent Gaussian copula approach
in Fan et al. (2017).
Though significant progress has been made towards developing new graph estimation
procedures, the research on uncertainty assessment of the estimated graph lags behind.
In low dimensions, Drton et al. (2007); Drton and Perlman (2008) establish confidence
subgraph of Gaussian graphical models. In high dimensions, Ren et al. (2015); Janková
and van de Geer (2015); Gu et al. (2015) study the confidence interval for a single edge
under Gaussian (copula) graphical models and Liu et al. (2013) study the false discovery
rate control. However, all these methods rely on the Gaussian or sub-Gaussian assumption
and cannot be easily applied to the discrete data and more generally the mixed data in high
dimensions.
1.2. Notation
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We adopt the following notation throughout this paper. For any vector v = (v1 , . . . , vd )T ∈
Rd , we define its support as supp(v) P
= {t : vt 6= 0}. We define its `0 -norm, `p -norm, and `∞ norm as kvk0 = |supp(v)|, kvkp = ( j∈[d] |vj |p )1/p and kvk∞ = maxj∈[d] |vj |, respectively,
where p > 1. Let v⊗2 = vvT be the Kronecker product of a vector v and itself. We write
v ◦ u = (v1 u1 , . . . , vd ud )T as the Hadamard product of two vectors u, v ∈ Rd . In addition,
we use |v| = (|v1 |, . . . , |vd |)T to denote the elementwise absolute value of vector v and define
kvkmin = minj∈[d] |vj |. For any matrix A = [ajk ] ∈ Rd1 ×d2 , let AS1 S2 = [ajk ]j∈S1 ,k∈S2 be the
submatrix of A with indices in S1 × S2 ; let Aj\j = [ajk ]k6=j . Besides, let kAk2 , kAk1 , kAk∞ ,
kAk`p be the spectral norm, elementwise `1 -norm, elementwise `∞ -norm, and operator `p norm of A, respectively. Furthermore, for two matrices A1 and A2 , we write A1  A2 if
A2 −A1 is positive semidefinite and write A1 ≤ A2 if every entry of A2 −A1 is nonnegative.
For a function f (x) : Rd → R, we write ∇f (x), ∇S f (x), ∇2 f (x) and ∂f (x) as the gradient
of f (x), the gradient of f (x) with respect to xS , the Hessian of f (x), and the subgradient of
f (x), respectively. Moreover, we write {1, 2, . . . , d} as [d]. For a sequence of random vectors
{Yi }i≥1 and a random vector Y , we write Yi
Y if {Yi }i≥1 converges to Y in distribution.
3
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Finally, for functions f (n) and g(n), we write f (n) . g(n) to denote that f (n) ≤ cg(n) for a
universal constant c ∈ (0,+∞) and we write f (n)  g(n) when f (n) . g(n) and g(n) . f (n)
hold simultaneously.
1.3. Paper Organization

The rest of this paper is organized as follows. In §2 we introduce the semiparametric
exponential family graphical models. In §3 we present our methods for graph estimation
and uncertainty assessment. In §4 we lay out the assumptions and main theoretical results.
We study the finite-sample performance of our method on both simulated and real-world
datasets in §5 and conclude the paper in §6 with some discussion.

2. Semiparametric Exponential Family Graphical Models

The semiparametric exponential family graphical models are defined by specifying the conditional distribution of each variable Xj given the rest of the variables {Xk : k 6= j}.

(2)

Definition 1 (Semiparametric exponential family graphical model) A d-dimensional
random vector X = (X1 , . . . , Xd )T ∈ Rd follows a semiparametric exponential graphical
model with graph G = (V, E) if for any node j ∈ V, the conditional density of Xj given X\j
satisfies



p(xj | x\j ) = exp xj (βjT x\j ) + fj (xj ) − bj (βj , fj ) ,

where fj (·) is an unknown base measure function and bj (·, ·) is a known log-partition function. In particular, (j, k) ∈ E if and only if βjk 6= 0.

j=1

X

k<`

βk` xk x` +

d
X

j=1



fj (xj ) ν(dx) ,

(4)

(3)

This model is semiparametric since we treat both βj = (βj1 , . . . , βjj−1 , βjj+1 , . . . , βjd )T ∈
Rd−1 and the univariate function fj (·) as parameters, where βj and fj (·) are the parametric
and nonparametric components, respectively. Because the model in Definition 1 is only
specified by the conditional distributions of each variable, it is important to understand
the conditions under which a valid joint distribution of X exists. This problem has been
addressed by Chen et al. (2015). As shown in their Proposition 1, one sufficient condition
for the existence of joint distribution of X is that, (i) βjk = βkj for 1 ≤ j, k ≤ d and (ii)

P
Pd
g(x) := exp j<k βjk xj xk + j=1
fj (xj ) is integrable.
Hereafter, we assume that the above two conditions hold. Thus, there exists a joint
probability distribution for the model defined in (2), whose density has the form of

k<`

X

d
X

p(x) = exp
βk` xk x` +
fj (xj ) − A {βi , fi }i∈[d] ,
Z

Rd

exp

where βk` 6= 0 if and only if (k, `) ∈ E. Here A(·) is the log-partition function given by

A {βi , fi }i∈[d] := log
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Q
where ν(·) is a product measure satisfying ν(dx) = j∈[d] νj (dxj ), and each νj is either a
Lebesgue or a counting measure on the domain of Xj , depending whether Xj is discrete or

4

k<`

xj ≥0

exp


−
k=1

d
X

φk xk −
k<`

X

5


θk` xk x` dxj
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Thus, we have βj = −θj , fj (x) = −φj x and bj (βj , fj ) = log(βjT x\j + φj ).




= exp −xj φj + θjT x\j − log φj + θjT x\j .

k=1

 X
 Z
d
X
p(xj | x\j ) = exp −
φk xk −
θk` xk x`

Exponential Graphical Models: For exponential graphical P
models, X takes
values in
P
[0, +∞)d and the joint probability density satisfies p(x) ∝ exp(− dj=1 φj xj − k<` θk` xk x` ).
In order to ensure that this probability distribution is normalizable, we require that φj >
0, θjk ≥ 0 for all j, k ∈ [d]. Then we obtain the following conditional probability density of
Xj given X\j :

Therefore, in this case we have βj = θj , fj (x) = 0 and bj (βj , fj ) = log[1 + exp(βjT x\j )].

Ising Models: In an Ising model with noP
external field, X takes value in {0, 1}d and the
joint probability mass function p(x) ∝ exp( j<k θjk xj xk ). Let θj = (θj1 , . . . , θj,j−1 , θj,j+1 , . . . , θjd )T .
The conditional distribution of Xj given X\j is of the form

P
n


o
exp
k<` θk` xk x`
 = exp xj θjT x\j − log 1 + exp(θjT x\j ) .
P
p(xj | x\j ) = P
k<` θk` xk x`
xj ∈{0,1} exp

Compared with (2), we obtain βj = −Θ\j,j , fj (x) = −x2 /2 and bj (βj , fj ) = (βjT x\j )2 /2 +
log(2π)/2.

where αj = Θ\j,j . The conditional density is given by
p


p(xj | x\j ) = 1/(2π) exp −xj (ΘT\j,j x\j ) − 1/2 · x2j − 1/2 · (ΘT\j,j x\j )2 .

Xj | X\j = αTj X\j + j with j ∼ N (0, 1),

Gaussian Graphical Models: The Gaussian graphical models assume that X ∈
follows a multivariate Gaussian distribution N (0, Θ−1 ), where Θ ∈ Rd×d is the precision
matrix satisfying Θjj = 1 for j ∈ [d]. The conditional distribution of Xj given X\j satisfies

Rd

We provide some widely used parametric examples in the class of semiparametric exponential family graphical models.

2.1. Examples

k<`


y=0 exp

P∞

y(βjT x\j ) +

6
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be the event that we observe Xi\j = xi\j and Xi0 \j = xi0 \j and the order statistics of Xij and
Xi0 j (but not the relative ranks of Xij and Xi0 j ). More specifically, we denote max{Xij , Xi0 j }
and min{Xij , Xi0 j } by O1 and O2 , and let o1 and o2 be the observed values of O1 and O2 .
Then Ajii0 can be equivalently written as {O1 = o1 , O2 = o2 , Xi\j = xi\j , Xi0 \j = xi0 \j }.

For graph estimation, we treat βj as the parameter of interest and the base measures fj (·)
as nuisance parameter. Let X1 , . . . , Xn be n i.i.d. copies of X. Due to the presence of
fj (·), finding the conditional maximum likelihood estimator of βj is intractable. To solve
this problem, we exploit a pseudo-likelihood loss function proposed in Ning et al. (2017b)
that is invariant to the nuisance parameters {fj }j∈[d] . This pseudo-likelihood loss is based
on pairwise local order statistics, which have been previously studied in Liang and Qin
(2000); Diao et al. (2012); Chan (2012) for semiparametric regression models. More details
are presented as follows.
Let x1 , x2 , . . . , xn be n data points that are realizations of X1 , X2 , . . . , Xn . For any
1 ≤ i < i0 ≤ n, let

Ajii0 := (Xij , Xi0 j ) = (xij , xi0 j ), Xi\j = xi\j , Xi0 \j = xi0 \j

3.1. A Nuisance-Free Loss Function

In this section, we lay out the procedures for graph estimation and uncertainty assessment.
Throughout our analysis, we use {βi∗ , fi∗ }i∈[d] to denote the true parameters, and E(·) to
denote the expectation with respect to the joint density in (3) with the true parameters. We
first introduce a pseudo-likelihood loss function for the parametric components {βj }dj=1 that
is invariant to the nuisance parameters {fj }j∈[d] . Based on such a loss function, we present
an Adaptive Multi-stage Convex Relaxation algorithm to estimate each βj∗ by minimizing
the loss function regularized by a nonconvex penalty function. We then proceed to introduce
the inferential procedure for accessing the uncertainty of a given edge in the graph.

3. Graph Estimation and Uncertainty Assessment

where we have βj = θj , fj (x) = φj x − log(x!) and bj (βj , fj ) = log

fj (y) .




p(xj | x\j ) = exp xj θjT x\j + φj xj − log(xj !) − bj (θj , fj ) ,

Similar to the exponential graphical models, we also need to impose some restrictions on
the parameters so that the probability mass function is normalizable. Here we require that
θjk ≤ 0 for all j, k ∈ [d]. By direct computation, the conditional probability mass function
of Xj given X\j is given by

j=1

Poisson Graphical Models: In a Poisson graphical model, every node Xj is a discrete
random variable taking values in N = {0, 1, 2, . . .}. The joint probability mass function is
given by
X

d
d
X
X
p(x) ∝ exp
φj xj −
log(xj !) +
θk` xk x` .

continuous. Since βk` = β`k for all pairs of nodes (k, `), in the sequel, we will use βk` and
β`k interchangeably for notational simplicity.
Furthermore, we remark that, without the knowledge of {fj }j∈[d] , estimating parameters
{βj }j∈[d] is insufficient to learn the distribution of X. In this paper, we focus on the
statistical inference of the underlying conditional independence graph specified by {βj }j∈[d] .
In the next section, by adopting a loss function for {βj }j∈[d] that is free of the base measures,
we obtain estimators of these parameters, which are used to construct an estimator of the
underlying graph. Moreover, by further considering the hypothesis testing problem for each
βjk , we are able to assess the uncertainty of the estimated graph.
j=1

Yang, Ning, and Liu
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Let R ∈ {(1, 2), (2, 1)} be the relative rank of Xij and Xi0 j , and r be the observed value.
Then, by definition, we have

On Semiparametric Exponential Family Graphical Models

(C.3) There exist constants c1 ∈ [0, 1] and c2 ∈ (0, +∞) such that pλ0 (u+) ≥ c1 λ for u ∈
[0, c2 λ].

Yang, Ning, and Liu

Furthermore, we have

P(Xij = xi0 j , Xi0 j = xij Xi\j = xi\j , Xi0 \j = xi0 \j )

"
#−1
P(Xij = x 0 , X 0 = xij Aj 0 )
i
j
i
j
j 
ii
P R = r Aii
= 1+
0
j
P(Xij = xij , Xi0 j = xi0 j Aii
0)
"
= 1+

#−1

−1
j
= 1 + Rii
,
0 (βj )


P Xij = xij , Xi0 j = xi0 j X = x , X 0 = x 0
i\j
i\j
i
\j
i
\j

j 
= P O1 = o1 , O2 = o2 Xi\j = xi\j , Xi0 \j = xi0 \j · P R = r Aii
0 .

(5)

P(Xij = xij , Xi0 j = xi0 j Xi\j = xi\j , Xi0 \j = xi0 \j )

2
n(n − 1)
1≤i<i0 ≤n

X


j
log 1 + Rii
0 (βj ) .

(6)

j
T
where Rii
0 (βj ) := exp[−(xij − xi0 j )βj (xi\j − xi0 \j )]. Based on the conditional likelihood
in (5), we construct the following pseudo-likelihood loss function for βj :

Lj (βj ) :=

X


pλ (|βjk |) ,

(7)

2:

1:
3:
4:

8:

(0)

(`)

(`)

Rd−1

k6=j

Initialize λjk = λ for 1 ≤ j, k ≤ d.
for j= 1,2,. . . ,d do
for ` = 1, 2, . . . , until convergence do
Solve the convex optimization problem
n
o
X (`−1)
(`)
βbj = argmin Lj (βj ) +
λjk |βjk | .
(`)

8
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5:
Update λ by λjk = pλ0 (|βbjk |) for 1 ≤ k ≤ d, k 6= j.
jk
6:
end for
(`)
Output βbj = βbj , where ` is the number of iterations until convergence is attained.
end for
7:

(8)

Algorithm 1 Adaptive Multi-stage Convex Relaxation algorithm for parameter estimation

at u = |βjk |.
Since the optimization problem in step 4 is convex, our method is computationally
efficient. Besides, note that (8) with ` = 1 corresponds to the `1 -regularized problem.
Hence, our approach can be viewed as a refinement of LASSO. As we will show in §4.1,
the estimator βbj of βj∗ constructed by Algorithm 1 attains the optimal statistical rates of
convergence for parameter estimation.

(`)

Note that we only require the penalty function to be right-differentiable. In what follows, we
denote by pλ0 (u) the right-hand derivative. By (C.1), pλ0 (u) is nonincreasing and nonnegative
in [0, ∞). It is easy to verify that SCAD, MCP and capped-`1 penalty all satisfy (C.1)–(C.3).
Due to the penalty term, the optimization problem in (7) is nonconvex and may have
multiple local solutions. To overcome such difficulty, we exploit the local linear approximation algorithm (Zou and Li, 2008; Fan et al., 2014) or equivalently, the multi-stage convex
relaxation (Zhang, 2010; Zhang et al., 2013; Fan et al., 2018) to attain an estimator of
βj∗ . Compared with previous works that mainly focus on sparse linear regression, our loss
function Lj (βj ) is a U -statistics based logistic loss, which requires nontrivial extensions of
the existing theoretical analysis.
We present the proposed adaptive multi-stage convex relaxation method in Algorithm 1.
Our algorithm solves a sequence of convex optimization problems corresponding to finer and
finer convex relaxations of the original nonconvex optimization problem. More specifically,
for each j = 1, . . . , d, in the first iteration, step 4 of Algorithm 1 is equivalent to a `1 (1)
regularized optimization problem and we obtain the first-step solution βbj . Then, in each
subsequent iteration, we solve an adaptive `1 -regularized optimization problem where the
weights of the penalty depend on the solution of the previous step. For example, in the
(`−1)
`-th iteration, the regularization parameter λjk
in (8) is updated using the (` − 1)-th
(`−1)
(`) 
step estimator βbj
. Note that pλ0 |βjk | is the right-hand derivative of pλ (u) evaluated

Obviously, Lj (·) only involves βj . Since its form resembles the logistic loss, to find a
minimizer of this loss function, we could readily apply any logistic regression solver.
3.2. Adaptive Multi-stage Convex Relaxation Algorithm



Lj (βj ) +

Now we are ready to present the algorithm for parameter estimation. For high dimensional
sparse estimation, to promote sparsity, we minimize the sum of the loss functions Lj (βj ) and
some penalty function. Two of the most prevalent methods are the LASSO (`1 -penalization)
(Tibshirani, 1996) and the folded concave penalization (Fan et al., 2014). Although the `1 penalization enjoys good computational properties as a convex optimization problem, it is
known to incur significant estimation bias for parameters with large absolute values (Zhang
and Huang, 2008). In contrast, nonconvex penalties such as smoothly clipped absolute
deviation (SCAD) penalty, minimax concave penalty (MCP) and capped-`1 penalty can
eliminate such bias and attain improved rates of convergence. Therefore, we consider the
nonconvex optimization problem

Rd−1

βbj = argmin

k6=j

where λ > 0 is a regularization parameter and pλ (·) : [0, +∞) → [0, +∞) is a penalty
function satisfying the following three conditions:
(C.1) The penalty function pλ (u) is continuously nondecreasing and concave with pλ (0) = 0.

JMLR 19(57):1-59, 2018

(C.2) The right-hand derivative at u = 0 satisfies pλ0 (0) = pλ0 (0+) = λ.
7

u6=k,v6=k

∗
=
wj,k


−1
∗
and wk,j
= Hkjk,k\j Hkk\j,k\j
.

similarly. Furthermore, we define


−1
Hjjk,j\k Hjj\k,j\k

and

Hkk\j,k\j

v6=k

(9)

(10)

u6=k,v6=k

such that

∇2jk,j\k Lj (0, βbj\k ) − wT ∇2j\k,j\k Lj (0, βbj\k )

∞

≤ λD ,
(11)

9
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where βbj is the estimator of βj∗ obtained from Algorithm 1 and λD is a regularization
∗ can be similarly obtained. Based on w
b k,j of wk,j
b j,k and w
b k,j ,
parameter. An estimator w
∗ by
we construct the composite pairwise score statistic for βjk



T
T
b j,k
b k,j
Sbjk = ∇jk Lj (0, βbj\k ) + ∇jk Lk 0, βbk\j − w
∇j\k Lj 0, βbj\k − w
∇k\j Lk 0, βbk\j .
(12)

b j,k = argmin kwk1
w

∗ by
We also define ∇2jk,k\j Lk (βk ) and ∇2k\j,k\j Lk (βk ) similarly. Then we estimate wj,k
solving

v6=k

where we write ∇jk Lj (βj ) = ∂Lj (βj )/∂βjk and ∇j\k Lj (βj ) = ∂Lj (βj )/∂βj\k . Here, the
last two terms in (10) are constructed to reduce the effect of nuisance parameters βj\k and
∗ , which is the parameter of interest. A key feature
βk\j on assessing the uncertainty of βjk
of Sjk (βj∨k ) is that the symmetry of βjk and βkj (i.e., βjk = βkj ) is taken into account,
which is distinct from the existing works such as Ren et al. (2015); Janková and van de
Geer (2015); Liu et al. (2013) for Gaussian graphical models and Ning et al. (2017b) in the
regression setup.
∗ and w∗ are computed from H, which is unknown. We estimate
Note that both wj,k
k,j
them using the Dantzig-type estimators (Candés et al., 2007). Specifically, we define the
j
empirical versions of Hjk,j\k and Hjj\k,j\k as
"
"
#
#
∂ 2 Lj (βj )
∂ 2 Lj (βj )
∇2jk,j\k Lj (βj ) =
and ∇2j\k,j\k Lj (βj ) =
.
∂βjk ∂βjv
∂βju ∂βjv

∗ T
∗ T
∇k\j Lk (βk ).
Sjk (βj∨k ) = ∇jk Lj (βj ) + ∇jk Lk (βk ) − wj,k
∇j\k Lj (βj ) − wk,j

Following the general approach in Ning et al. (2017a); Neykov et al. (2018), the composite
pairwise score function for parameter βjk is defined as

and we define

Hkjk,k\j

For any given 1 ≤ j < k ≤ d, we are interested in testing if (j, k) ∈ E, i.e., we consider
∗ = 0 versus H : β ∗ 6= 0. To simplify the notation,
the hypothesis testing problem H0 : βjk
1
jk
we write βj\k = (βj1 , . . . , βjj−1 , βjj+1 , . . . , βjk−1 , βjk+1 , . . . , βjd )T ∈ Rd−2 and denote the
T
T , βT
parameters associated with node j and node k by βj∨k := βjk ; βj\k
∈ R2d−3 . In
k\j


j
2
∗
addition, let H := E ∇ Lj (βj ) be the expected Hessian of Lj (βj ) evaluated at βj∗ . We
define two submatrices Hjjk,j\k and Hjj\k,j\k of Hj as
#
"
#
"
∂ 2 Lj (βj∗ )
∂ 2 Lj (βj∗ )
j
j
d−2
∈R
and Hj\k,j\k := E
∈ R(d−2)×(d−2) ,
Hjk,j\k := E
∂βjk ∂βjv
∂βju ∂βjv

3.3. Graph Inference: Composite Pairwise Score Test

On Semiparametric Exponential Family Graphical Models

Rd

Z

k<`

i=1




d
X
X
∗
exp uxj +
βk`
xk x` +
fi∗ (xi ) dν(x) , j ∈ [d].

10
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Unlike the Ising graphical models, {Xj }j∈[d] are not bounded in general for semiparametric exponential family graphical models. Instead, we impose mild conditions as in

We assume that there exists a constant κh such that maxu : |u|≤1 Ā00j (u) ≤ κh for all j ∈ [d].

Āj (u) := log

Assumption 2 For all j ∈ [d], we assume that the first two moments of Xj are bounded.
That is, there exist two constants κm and κv such that |E(Xj )| ≤ κm and E(Xj2 ) ≤ κv .
Denote the true parameters by {βj∗ , fj∗ }j∈[d] and define d univariate functions Āj (·) : R → R
as

We first establish the rates of convergence of the adaptive multi-stage convex relaxation
estimator. We begin by listing several required assumptions. The first is about moment
conditions of {Xj } and the local smoothness of the log-partition function A(·) defined in
(4). This assumption also appears in Yang et al. (2013a) and Chen et al. (2015) as a pivotal
technical condition for theoretical analysis.

4.1. Theoretical Results for Parameter Estimation

In this section, we present our theoretical results. We first prove that the proposed procedure
attains the optimal rate of convergence for parameter estimation. Then, we provide theory
for the composite pairwise score test.

4. Theoretical Properties

where Φ(t) is the cumulative distribution function of a standard normal random variable.
∗ = 0 consists
In sum, the composite pairwise score test for the null hypothesis H0 : βjk
b
b
b j,k
of the following four steps: (i) Calculate βj and βk from Algorithm 1; (ii) Obtain w
b k,j by solving two Dantzig-type problems defined in (11); (iii) Compute the limiting
and w
2 ; (iv) Evaluate the test function (13).
variance σ
bjk

Comparing (10) and (12), we see that Sbjk is obtained by replacing βj and βk in (10) by
∗ and w∗ in (10) by w
b j,k and w
b k,j .
(0, βbj\k ) and (0, βbk\j ) respectively and replacing wj,k
k,j
To obtain a valid hypothesis test, we need to establish the limiting distribution of Sbjk
under the null hypothesis. Note that Sbjk is a linear combination of entries of ∇Lj (βj ) and
∇Lk (βk ), both of which are U -statistics. In the next section, we prove the asymptotic nor√
2 ),
mality of Sbjk . More specifically, under the null hypothesis, we have nSbjk /2
N (0, σjk
2
where the limiting variance can be estimated consistently by σ
bjk (More details will be explained in the following section). With a significance level α ∈ (0, 1), the test function
ψjk (α) is defined as
(
√ b 
nSjk (2b
σjk ) > Φ−1 (1 − α/2)
1 if
,
(13)
ψjk (α) =
√ b 
0 if
nSjk (2b
σjk ) ≤ Φ−1 (1 − α/2)

Yang, Ning, and Liu
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(14)

Assumption 2 to obtain a loose control of the tail behaviors of the distribution of X. As
shown in Yang et al. (2013a), Assumption 2 implies that for all j ∈ [d],

max log E[exp(Xj )], log E[exp(−Xj )] ≤ κm + κh /2.
Markov inequality implies for any x > 0,

P |Xj | ≥ x ≤ 2 exp(κm + κh /2) · exp(−x).

Thus, by setting x = C log d in (14) with constant C sufficiently large, we have kXk∞ ≤
C log d with high probability. In addition to Assumption 2, we also impose conditions to
control the curvature of function Lj (·).





vT E ∇2 Lj (βj∗ ) v : kvk0 ≤ s, kvk2 = 1 .

 T  2

v E ∇ Lj (βj∗ ) v : kvk0 ≤ s, kvk2 = 1 ;

Definition 3 (Sparse eigenvalue condition) For any j, s ∈ [d], we define the s-sparse
eigenvalues of E[∇2 Lj (βj∗ )] as

v∈Rd−1

inf

v∈Rd−1

∗
ρj+
(s) := sup
∗
ρj−
(s) :=

n→∞

Assumption 4 Let s∗ = maxj∈[d] kβj∗ k0 . We assume that for any j ∈ [d], there exist an
integer k ∗ ≥ 2s∗ satisfying lim k ∗ (log9 d/n)1/2 = 0 and a positive number ρ∗ such that the

sparse eigenvalues of E[∇2 Lj (βj∗ )] satisfy

∗
∗
0 < ρ∗ ≤ ρj−
(2s∗+ 2k ∗ ) < ρj+
(k ∗ ) < +∞ and
 ∗
∗
ρj+
(k ∗ ) ρj−
(2s∗+ 2k ∗ ) ≤ 1 + 0.2k ∗/s∗ for any j ∈ [d].

∗ (k ∗ ) ρ∗ (2s∗+2k ∗ ) ≤ 1+0.2k ∗/s∗ requires the eigenvalue ratio ρ∗ (k)/ρ∗ (2k+
The condition ρj+
j−
j+
j−
2s∗ ) to grow sub-linearly in k. Assumption 4 is commonly referred to as sparse eigenvalue
condition, which is standard for sparse estimation problems and has been studied by Bickel
et al. (2009); Raskutti et al. (2010); Zhang (2010); Negahban et al. (2012); Xiao and Zhang
(2013); Loh and Wainwright (2015) and Wang et al. (2014). Our assumption is similar to
that in Zhang (2010) and is weaker than the restricted isometry property (RIP) proposed
in Candés and Tao (2005). We claim that this assumption is true in general and will be
verified for Gaussian graphical models in the appendix.
Now we are ready to present the main theorem of this section. Recall that the penalty
function pλ (u) satisfies conditions (C.1)–(C.3) in §3.2. We use pλ0 (u) to denote its right-hand
derivative. For convenience, we will set pλ0 (u) = 1 when u < 0.
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Theorem 5(`2 - and `1 -rates of convergence) For all j ∈ [d], we define the support of
∗ 6= 0, k ∈ [d] and let s∗ = max
∗
βj∗ as Sj := (j, k) : βjk
j∈[d] kβj k0 . Let ρ∗ > 0 be defined in
Assumption 4. Under Assumptions
2 and 4, there exists an absolute constant K > 0 such
p
that k∇Lj (βj∗ )k∞ ≤ K log d/n, ∀j ∈ [d] with probability at least 1 − (2d)−1 . Moreover,
the penalty function pλ (·) in (7) satisfies (C.1)–(C.3) listed in §3.2 with p
c1 = 0.91 and
c2 ≥ 24/ρ∗ for condition (C.3). We set the regulization parameter λ = C log d/n with
C ≥ 25K. We denote constants % = c2 (c2 ρ∗ − 11)−1, A1 = 22%, A2 = 2.2c2 , B1 = 32%,
11

1
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P
∗ | − c λ)2 ]1/2 . Then, with
B2 = 3.2c2 , γ = 11c2−1 ρ∗−1 < 1, and define Υj := [ (j,k)∈Sj pλ0 (|βjk
2
probability at least 1−d−1 , we have the following statistical rates of convergence:
√


(`)
(15)
βbj − βj∗ 2 ≤ A1 ∇Sj Lj (βj∗ ) 2 + Υj + A2 s∗ λγ ` and
√ 

≤ B1 s∗ ∇Sj Lj (βj∗ ) 2 + Υj + B2 s∗ λγ ` , ∀j ∈ [d].
(16)

(`)
βbj − βj∗

2

= OP

∇Sj Lj (βj∗ )

2



and

(`)
βbj − βj∗

1

= OP

√

s∗ ∇Sj Lj (βj∗ )

2



.

∗ |−c λ)
By Theorem 5, the statistical rates are dominated by the second term if pλ0 (|βjk
2
is not negligible. If the signal strength is large enough such that pλ0 (β − c2 λ) = 0 where
∗ |, after sufficient number of iterations, the statistical rates will be of the
β = min(j,k)∈Sj |βjk
order
(`)
βbj − βj∗

(`)
βbj − βj∗

2

= OP


∗ |−c λ > 0 for all (j, k) ∈ S ,
However, if the signals are uniformly small such that pλ0 |βjk
2
j
the rates of convergence will be of the order
√ 

(`)
s∗ λ and
βbj − βj∗ 1 = OP s∗ λ ,

2

= OP

which are identical to the `2 - and `1 -rates of the LASSO estimator, respectively (Ning
et al., 2017b). Thus c2 λ can be viewed as the threshold of signal strength. Therefore, after
sufficient numbers of iterations, the final estimator βbj obtained by Algorithm 1 attains the
following more refined rates of convergence:


√ 

∇Sj Lj (βj∗ ) 2 + Υj and βbj − βj∗ 1 = OP s∗ ∇Sj Lj (βj∗ ) 2 + Υj .

βbj − βj∗

2

= OP

q

sj∗ λj

and

(`)
βbj − βj∗

1


= OP sj∗ λj .

These statistical rates of convergence are optimal in the sense that they cannot be improved
in terms of the order.
Finally, we comment that the sparsity level s∗ in (15) and (16) can be replaced by
the sparsity level of each βj∗ . Let sj∗ = kβj∗ k0 be the sparsity level of βj∗ and λj be the
regularization parameter for optimization problem (7) such that λj  k∇Lj (βj∗ )k∞ . The
(`)
statistical rates of convergence for each βbj can be improved to
(`)
βbj − βj∗

We use the uniform sparsity level s∗ = maxj∈[d] sj∗ and the same regularization parameter λ
for simplicity, but the proof can be easily adapted to individual sj∗ and λj for each j ∈ [d].

4.2. Theoretical Results for Composite Pairwise Score Test
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∗ = 0, we construct the
In the composite pairwise score test for the null hypothesis H0 : βjk
test statistic by combining the loss functions Lj (·) and Lk (·) together because βjk appears
in both Lj (βj ) and Lk (βk ) (recall that we use βjk and βkj interchangeably). In the sequel,
we present the theoretical results that guarantee the validity of the proposed inferential
method.
Recall that we define the pairwise score function Sjk (βj∨k ) and the pairwise score statistic Sbjk in (10) and (12) respectively. According to a fixed pair of nodes (j, k), entries in

12

(17)

(18)

i=1

(20)

(19)

13
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Assumption 6 requires the minimum eigenvalue of Σjk to be bounded away from 0, which
implies Var(vT Ujk ) ≥ 4cΣ for all v ∈ R2d−3 with kvk2 = 1. Thus, this assumption guaran√
∗ ) is bounded away from 0. We also present the
tees the asymptotic variance of nSjk (βj∨k
following assumption that specifies the scaling of the Dantzig selector problem in (11).

Assumption 6 Under Assumption 2, for gjk (Xi ) defined in (19), we denote the covariance
matrix of gjk (Xi ) as Σjk := E[gjk (Xi )gjk (Xi )T ]. We assume that there exists a constant
cΣ > 0 such that λmin (Σjk ) ≥ cΣ for all 1 ≤ j < k ≤ d.



∗
Thus 2/n · gjk Xi is the projection of ∇Ljk βj∨k
onto the σ-filed generated by Xi and

∗
Ujk is the Hájek projection of ∇Ljk βj∨k
. Under mild conditions, Ujk in (20) is a good

∗
approximation of ∇Ljk βj∨k
, which enables us to characterize the limiting distribution
∗
of Sjk (βj∨k ). We present the following assumption that guarantees the non-degeneracy of

gjk Xi .

i=1







∗
∗
and
Xi = E hjk
gjk (Xi ) := n/2 · E ∇Ljk βj∨k
ii0 βj∨k Xi
n
n
X
X



2
∗
Ujk :=
Xi .
gjk (Xi ) =
E ∇Ljk βj∨k
n

∗
0; hence hjk
ii0 (βj∨k ) is also centered. We define

T ,β
0
bT )T , w∗ and w∗ are defined in (9), w
:= 0, βbj\k
b j,k is obtained
where we write βbj∨k
k,j
j,k
k\j
b k,j can be obtained similarly. To derive
from the Dantzig-type problem in (11), and w
√ 
the asymptotic
distribution of Sbjk under the null hypothesis, we first show that n Sbjk −

∗ ) = o (1). Then the problem is reduced to finding the limiting distribution of
Sjk (βj∨k
P
∗ ) under H . Thanks to its structure of being a U -statistics, we can characterize
Sjk (βj∨k
0
∗ ) using the method of Hájek projection (Van der Vaart,
the limiting distribution of Sjk (βj∨k
2000), which approximates a U -statistic with a sum of independent random variables.
To begin with, we denote the kernel functions of ∇Lj (βj ), ∇Lk (βk ) and ∇Ljk (βj∨k ) as
j
∗
k
∗
hjii0 (βj ), hkii0 (βk ) and hjk
ii0 (βj∨k ) respectively. It can be shown that E[hii0 (βj )] = E[hii0 (βk )] =




∗T
∗ T
Sjk (βj∨k ) = ∇jk Ljk βj∨k − wj,k
∇j\k Ljk βj∨k − wk,j
∇k\j Ljk βj∨k and



0
T
0
T
0
b j,k
b k,j
Sbjk = ∇jk Ljk βbj∨k
−w
∇j\k Ljk βbj∨k
−w
∇k\j Ljk βbj∨k
,

Let βbj and βbk be the estimators of βj∗ and βk∗ obtained from Algorithm 1. Note that we
can write the pairwise score function Sjk (·) and the test statistic Sbjk as

∇k\j Ljk (βj∨k ) = ∇k\j Lk (βk ).
n→∞

(21)

√ b 
nSjk (2b
σjk )

N (0, 1).

and

pjk
ψ

Unif[0, 1] under H0 ,
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where Unif[0, 1] is the uniform distribution over [0, 1].
0
We note that our inferential approach is still valid if we replace βbj∨k
in (18) by other
∗ , provided such an estimator converges to β ∗
estimators of βj∨k
at
an
appropriate statisj∨k
tical rate. Our theory still holds after simple modification on the proof when controlling
the order of the remainder terms.


lim P ψjk (α) = 1 | H0 = α

n→∞

By Theorem 8, to test the null hypothesis H0 :
= 0 against the alternative hy
∗ 6= 0, we reject H if the studentized test statistic √nS
bjk (2b
pothesis H1 : βjk
σjk ) is too
0
extreme. Recall that the test function of the composite pairwise score test with significance level α is deboted by ψjk (α) in (13). The associated p-value is defined as pjk
ψ :=


√ b 
σjk ) . By Theorem 8, under H0 , we have
2 1−Φ
nSjk (2b

∗
βjk

∗ = 0, we have
Then, under the null hypothesis H0 : βjk

2
b jk
b jk w
b jk − 2Σ
:= Σ
b
b
b T b jk
b
b T b jk
b
σ
bjk
jk,jk
jk,j\k j,k − 2Σjk,k\j wk,j + wj,k Σj\k,j\k wj,k + wk,j Σk\j,k\j wk,j .

Theorem 8 Under the Assumptions
for all j 6= k and
 2, 4, 6 and 7, it holds uniformly
√
√
T ,β
∗
0
bT )T
j, k ∈ [d] that nSbjk = nSjk βj∨k
+ oP (1). Furthermore, we let βbj∨k
= (0, βbj\k
k\j

Pn 
P
⊗2
jk b0
jk
−1
jk
−1
b
, where hii0 βj∨k is the kernel
and define Σ := n
i0 6=i hii0 (βj∨k )
i=1 (n − 1)
function of the second-order U -statistic ∇Ljk (βj∨k ). In addition, we define σ
bjk by

Now we are ready to present the main theorem of composite pairwise score test.

If we can treat w0 as a constant, and k ∗ and k0? is of the same order of s∗ and s?0 ,
respectively, Assumption 7 is reducedpto λD  s∗ λ log2 d, s?0 λD = o(1), s∗ λ log2 d = o(1),
and (s∗+s? )λλD = o(n1/2 ). Since λ  log d/n, we can choose λD = Cs∗ (log5 d/n)1/2 with
a sufficiently large C, provided (s∗ + s?0 )(log9 d/n)1/2 = o(1), s?0 s∗ (log5 d/n)1/2 = o(1), and
(s∗ + s?0 )s∗ log3 d/n = o(n−1/2 ). Hence this condition is fulfilled if


2/9 √
√
√
√
, ( n/s?0 )2/9 , ( n/s∗2 )1/3 , ( n/s∗ s? )1/3 .
log d = o min ( n/s∗

n→∞

n→∞

In addition, recall that we denote the s-sparse eigenvalues of E[∇2 Lj (βj∗ )] by ρ∗j− (s) and
ρ∗j+ (s). We further assume that there exist an integer k0? ≥ s?0 and a positive number ν∗
such that
1/2

lim k0? log9 d/n
= 0, 0 < ν∗ ≤ ρ∗j− (s?0 + k0? ) < ρ∗j+ (k0? ) ≤ 1 + 0.5k0? /s?0 ν∗ , 1 ≤ j ≤ d.

n→∞

Assumption 7 We assume that Hj is invertible for all j ∈ [d]. In addition, we assume that
∗ k ≤ s? − 1 and kw∗ k ≤
there exist an integer s?0 and a positive number w0 such that kwj,k
0
0
j,k 1
w0 . Besides, the regularization parameter λD in (11) satisfies λD  max{1, w0 }s∗ λ log2 d.
Moreover, we assume that
√
lim (1+w0 +w02 )s∗ λ log2 d = 0, lim (1+w0 )s?0 λD = 0, and lim n(s∗+s?0 )λλD = 0.

βj and βk can be categorized into three types: (i) βjk , (ii) βj\k = (βj` ; ` 6= k)T , and (iii)
T , β T )T for notational simplicity.
βk\j = (βk` ; ` 6= j)T . Recall that we write βj∨k = (βjk , βj\k
k\j


Moreover, letting Ljk βj∨k := Lj (βj ) + Lk (βj ), the entries of ∇Ljk βj∨k are given by

∇jk Ljk (βj∨k ) = ∇jk Lj (βj ) + ∇kj Lk (βk ); ∇j\k Ljk (βj∨k ) = ∇j\k Lj (βj ), and
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Remark 9 There are a number of recent works on the uncertainty assessment for high dimensional linear models or generalized linear models with `1 -penalty; see Lee et al. (2016);
Lockhart et al. (2014); Belloni et al. (2012, 2013); Zhang and Zhang (2014); Javanmard
and Montanari (2014); van de Geer et al. (2014). These works utilize the convexity and
the Karush-Kuhn-Tuker conditions of the LASSO problem. Compared with these works,
our pairwise score test is constructed using a nonconvex penalty function and is applicable
to a larger model class. Ning et al. (2017b) consider the score test for `1 -penalized semiparametric generalized linear models in the regression setting. Compared with this work, we
adopt a composite score test with a nonconvex penalty and relax many technical assumptions including the bounded covariate assumption. For nonconvex penalizations, Fan and Lv
(2011); Bradic et al. (2011) establish the asymptotic normality for the low dimensional and
nonzero parameters in high dimensional models based on the oracle properties. However,
their approach depends on the minimal signal strength assumption, which is not needed in
our approach.
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5. Numerical Results
In this section we study the finite-sample performance of the proposed graph inference
methods on both simulated and real-world datasets.
5.1. Simulation Studies

the number of rejected hypotheses when there is no edge
,
d(d − 1)/2 − the total number of edges

the number of rejected hypotheses when there is an edge
.
the total number of edges
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We report the type I errors and powers of the hypothesis tests at the 0.05 significance level
in Figure 1 and Figure 2, respectively. The simulation is repeated 100 times. As revealed
in Figure 1, both the asymmetric and the pairwise score test achieve accurate type I errors,
which is comparable to the desparsity method. Moreover, in terms of the power of the test,
in Figure 2, the two score tests based on the loss function defined in (6) are less powerful
than the desparsity method, which shows the loss of efficiency by only considering the
relative rank. However, as shown in Figure 2-(b) and (c), the two score tests are nearly as
powerful as the desparsity method in the Ising and mixed graphical models. In addition, we
emphasize that for mixed graphical models the desparsity method needs to know the type
(or distribution) of each nodes as a priori. Such phenomenon suggests that we may sacrifice
little efficiency for model generality/robustness. Furthermore, comparing the performances
of these two score tests, we see that the pairwise score test achieves uniformly higher power
than the asymmetric one, which perfectly illustrates that taking into consideration of the
∗ and β ∗ may improve the inference accuracy.
symmetry of βjk
kj

Power =

Type I error =

obtain a point estimate of βj∗ by solving (7) using Algorithm 1 with the capped-`1 penalty
pλ (u) = λ min{u, λ}. The parameter λ is chosen by 10-fold cross validation as suggested by
Ning et al. (2017b).
Recall that the form of the loss function Lj (βj ) is exactly the loss function for logistic regression, where we use Rademacher random variables yii0 as response and yii0 (xij −
xi0 j )βjT (xi\j − xi0 \j ) as covariates, Algorithm 1 can be easily implemented by using the
`1 -regularized logistic regression such as the PICASSO package (Ge et al., 2017). In particular, the algorithm converges quickly after a few iterations, indicating that it attains a good
balance between computational efficiency and statistical accuracy. Once βbj is obtained, we
solve the Dantzig-type problem (11) using βbj as input. We set the regularization parameter
λD to be 1. In practice, the performance of the proposed method is not very sensitive to
the choice of λD .
To examine the performance of our semiparametric modeling approach, we compare
the pairwise score test with the desparsity method in van de Geer et al. (2014). Although
this method is proposed for hypothesis tests in generalized linear models (GLMs), it can
be adapted for graphical models by performing nodewise regression, assuming the base
∗ = 0 with j < k, we apply
measures {fj }j∈[d] are correctly specified. When testing H0 : βjk
the desparsity method with Xj and X\j being the response and covariates, respectively.
Furthermore, to show that combining both Lj (βj ) and Lk (βk ) is beneficial for inferring
∗ , we also compare our method with the asymmetric score test, which constructs a score
βjk
test statistic similar to that in (12) based solely on Lj (βj ).
∗ = 0 versus H : β ∗ 6= 0 for
To examine the validity of our method, we test H0 : βjk
1
jk
∗ = µ when there is an edge. Here, we let µ increase from 0 to a
all (j, k). Recall that βjk
sufficiently large number. We calculate the type I errors and powers as

We first examine the numerical performance of the proposed pairwise score tests for the
∗ = 0. We simulate data from the following three settings:
null hypothesis H0 : βjk
(i) Gaussian graphical model. We set n = 100 and d = 200. The graph structure is
a 4-nearest-neighbor graph, that is, for j, k ∈ [d], j 6= k, node j is connected with
node k if |j − k| = 1, 2, d − 2, d − 1. More specifically, we sample X1 , . . . , Xn from a
Gaussian distribution Nd (0, Σ). For the precision matrix Θ = Σ−1 , we set Θjj = 1,
Θjk = µ ∈ [0, 0.25) for |j − k| = 1, 2, d−2, d−1 and Θjk = 0 for 2 ≤ |j − k|≤ d − 2.
Note that µ denotes the signal strength of the graph inference problem and µ ≤ 0.25
ensures that Θ is diagonal dominant and invertible.
(ii) Ising graphical model. We set n = 100 and d = 200. The graph structure is a
10 × 20 grid with the sparsity level s∗ = 4. We use Markov Chain Monte Carlo
method (MCMC)
to simulate
n data from an Ising model with joint distribution

P
∗
p(x) ∝ exp
j6=k βjk xj xk (using the package IsingSampler (Epskamp, 2015)). We
∗ | = µ ∈ [0, 1] if there exists an edge connecting node j and node k, and β ∗ = 0
set |βjk
jk
otherwise.
(iii) Mixed graphical model. We set n = 100 and d = 200. The graph structure is a
10×10×2 grid with the sparsity level s∗ = 5. We set the nodes in the first layer to
∗ | = µ ∈ [0, 1] if
be binomial and nodes in the second layer to be Gaussian. We set |βjk
∗ = 0 otherwise. We refer
there exists an edge connecting node j and node k, and βjk
to Lee and Hastie (2015) for details.
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We denote the true parameters of the graphical models as {β ∗ , j 6= k}. We also denote
jk
∗ , . . . , β ∗ )T . For the Gaussian graphical model, we have β ∗ = Θ . We first
βj∗ = (βj1
jk
jd
jk
15
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We then apply the proposed methods to analyze a publicly available dataset named Computer
Audition Lab 500-Song (CAL500) dataset (Turnbull et al., 2008). The data can be obtained from the Mulan database (Tsoumakas et al., 2011). The CAL500 dataset consists
of 502 popular music tracks each of which is annotated by at least three listeners. The
attributes of this dataset include two subsets: (i) continuous numerical features extracted
from the time series of the audio signal and (ii) discrete binary labels assigned by human
listeners to give semantic descriptions of the song. For each music track, short time Fourier
transform is implemented for a sequence of half-overlapping 23ms time windows over the
song’s digital audio file. This procedure generates four types of continuous features: spectral
centroids, spectral flux, zero crossings and a time series of Mel-frequency cepstral coefficient

5.2. Real Data Analysis

●

(c). Mixed graphical model.

●

●

Figure 2: Powers of the composite pairwise score test, asymmetric score test, and the
desparsity method for the three graphical models at the 0.05 significance level.
These figures are based on 100 independent simulations.

(a). Gaussian graphical model.

●

0.20

(c). Mixed graphical model.

●

Figure 1: Type-I errors of the composite pairwise score test, asymmetric score test, and the
desparsity method for the three graphical models at the 0.05 significance level.
These figures are based on 100 independent simulations.
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(MFCC). For the MFCC vectors, every consecutive 502 short time windows are grouped
together as a block window to produce the following four types of features: (i) overall mean
of MFCC vectors in each block window, (ii) mean of standard deviations of MFCC vectors in each block window, (iii) standard deviation of the means of MFCC vectors in each
block window, and (iv) standard deviation of the standard deviations of MFCC vectors
in each block window. More details on the feature extraction can be found in Tzanetakis
and Cook (2002). In addition to these continuous variables, binary variables in the CAL500
dataset include a 174-dimensional array indicating the existence of each annotation. These
174 annotations can be grouped into six categories: emotions (36 variables), instruments
(33), usages (15), genres (47), song characteristics (27) and vocal types (16). Our goal is
to infer the association between these different types of variables using graphical models.
This dataset has been analyzed in Cheng et al. (2017) where they exploit a nodewise groupLASSO regression to estimate the graph structure. In what follows, we use the proposed
pairwise score test to examine the graph structure.
Similar to Turnbull et al. (2008) and Cheng et al. (2017), we only keep the MFCC
features because they can be interpreted as the amplitude of the audio signal and the other
continuous features are not readily interpretable. Unlike Cheng et al. (2017), we keep all
the binary labels. Thus the processed dataset has n = 502 data points of dimension d = 226
with 52 continuous variables and 174 binary variables. We apply the pairwise score test to
each pair of variables to determine the presence of an edge between them. The p-values
for the null hypothesis that two variables are conditionally independence given the rest of
variables are calculated. We then apply the Bonferroni correction to control the familywise
error rate at 0.05. We set the nonconvex penalty function in optimization problem (7) to
be capped-`1 penalty pλ (u) = λ min{u, λ} with the regularization parameter λ selected by
10-fold cross-validation as in the previous section.
We compare the pairwise score test with the desparsity method and the asymmetric score
test, which are constructed in the same way as in the simulation. We present the fitted
graphs obtained by these three methods in Figure 3-(a)–(c), where we plot the connected
components and omit the singletons. Moreover, in Figure 3-(d), we plot the intersection of
these three graphs. To better display the graphical structure, we use a square to represent
each type of 13 MFCC features respectively. If a node is connected to any node within the
group of variables in a MFCC node, then we draw an edge. We use circles to represent the
binary variables and use different colors to indicate their categories. The obtained graphs
have some interesting properties. While all three tests create different graphs, the graphs
obtained by the pairwise score test and the asymmetric score test have more common edges,
which agrees with our simulation results. Indeed, our test can correct the inconsistency of
∗ = 0 and
the asymmetric score test, in the sense that the asymmetric score tests for βjk
∗
βkj = 0 may yield different test results. To show this inconsistency problem, we also plot
the graph obtained by the asymmetric score test based on the loss function Lk (βk ) in Figure
4 in the appendix. Comparing with Figure 3-(b), we can see that the asymmetric score test
indeed leads to many contradictory edges.
In Figure 3, both the pairwise score test and this asymmetric score test discover that
songs that are danceable (circle 92) are suited for parties (circle 93), but such a connection
is not found by the desparsity method. This is also true for the connection between the
rapping vocals (circle 119) and the rap genre (circle 48) and the edge between strong vocals
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(circle 122) and songs with strong emotions (circle 19). Moreover, in all three graphs, the
continuous features are densely connected within themselves, which is similar to the results
in Cheng et al. (2017). All three tests find that the noisiness of the music (square 4) is
connected with the quality of songs (circle 85). Furthermore, the common edges connecting
two binary variables also display interesting patterns. For instance, we find that awakening
emotions (circle 6) are connected with soothing emotions (circle 8); laid-back emotions
(circle 14) are connected with songs with high energy (circle 32); sad emotions (circle 20)
are connected with songs with positive feelings (circle 84); songs with female lead vocals
(circle 62) are connected with those with male lead vocals (circle 66). In addition, songs
using drum sets (circle 59) are connected with the electronica genre (circle 46), which is
also connected with the acoustic texture (circle 88). All these edges have fairly intuitive
explanations.
In summary, the proposed method reveals some interesting associations between these
variables and can be used as a useful complement to analyze high dimensional datasets with
more complex distributions.

6. Conclusion
We propose an integrated framework for uncertainty assessment of a new semiparametric
exponential family graphical model. The novelty of our model is that the base measures of
each nodewise conditional distribution are treated as unknown nuisance functions. Towards
the goal of uncertainty assessment, we first adopt the adaptive multi-stage relaxation algorithm to perform the parameter estimation. Then we propose a composite pairwise score
test of the graph structure. Our method provides a rigorous justification for the uncertainty
assessment, and is further supported by extensive numerical results. In a followup paper
(Tan et al., 2016), the proposed model is further extended to account for the unobserved
latent variables in the graphical model.
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Figure 3: Estimated graphs in the CAL500 dataset inferred by the pairwise score test, asymmetric score test, and the desparsity method. We plot the connected components
of the estimated graph. In (a)-(c) we plot the graphs obtained by these three approaches, respectively, and plot the common edges in (d). For better illustration,
we only plot the connected components, combine the same type of continuous
variables, display them as a square and draw each binary variable as a circle.
The edges of the estimated graph show the association between these variables.
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(`)
βbj − βj∗

2

21

and

(`)
βbj − βj∗

1

j

1

.

(23)

JMLR 19(57):1-59, 2018

Gj

(`)
∗
≤ 2.2 βb e` − βG
e`

e ` :=
Lemma 11 Letting the index sets Sj , G`j , Jj` and Ij` be defined as above, we denote G
j
c
∗
`
`
Gj . Under the assumption that |Gj | ≤ 2s , we have

norms of its subvector under the induction assumption that

(G`j )c

j

By this lemma, we conclude that the regularization parameter λ ≥ 25 ∇Lj (βj∗ ) ∞ with
(`)
high probability. The following lemma bounds the `1 - and `2 -norms of βb − β ∗ by the

Proof See §C.1 for a proof.

Lemma 10 Under Assumptions 2 and 4, there exists a positive constants K such that, it
holds with probability at least 1 − (2d)−1 that
p
∇Lj (βj∗ ) ∞ ≤ K log d/n, ∀j ∈ [d].
(22)

ambiguity arises.
The key point of the proof is to show that the complement of G`j is not too large. To be
more specific, we show that (G`j )c ≤ 2s∗ for ` ≥ 1. Since Sj ⊂ (G`j )c , (G`j )c ≤ 2s∗ implies
(G`j )c − Sj ≤ s∗ . Note that G`j is the set of irrelevant features that are heavily penalized
in the `-th iteration of the algorithm, (G`j )c − S being a small set indicates that the most of
the irrelevant features are heavily penalized in each step. We show that (G` )c ≤ 2s∗ for
each ` ≥ 1 by induction.
(0)
For ` = 1, we have G1j = Sjc because λjk = λ for all j, k ∈ [d]. Hence (G1j )c ≤ s∗ . Now

c
c
we assume that | G`j | ≤ 2s∗ for some integer ` and our goal is to prove that | G`+1
| ≤ 2s∗ .
j
Our proof is based on three technical lemmas. The first lemma shows that the regularization
parameter λ in (7) is of the same order as k∇Lj (βj∗ )k∞ .

j

is defined in Assumption 4. In addition, we let Ij` = (G`j )c ∪ Jj` . Moreover, for notational
   
 
simplicity, we denote βj G` , βj G` and βj I ` as βG` , βJ ` and βI ` respectively when no

Proof We only need to prove the theorem for one node j ∈ [d], the proof is identical for
the rest. To begin with, we first define a few index sets that play a significant role in our
∗ 6= 0, k ∈ [d]} be the support of β ∗ . For
analysis. For all j ∈ [d], we let Sj := {(j, k) : βjk
j

(`−1)
the number of iterations ` = 1, 2, . . ., let G`j := (j, k) ∈
/ Sj : λjk
≥ p0λ (c2 λ), k ∈ [d] .
By condition (C.3) of the penalty function pλ (u) (see §3.2), we have p0λ (c2 λ) ≥ 0.91λ. In
 (`) 
addition, we let Jj` be the largest k ∗ components of βbj G` in absolute value where k ∗

A.1. Proof of Theorem 5

In this appendix we lay out the proof of the main results. In §A.1 we prove the result of
parameter estimation. The proof is based an induction argument that Algorithm 1 keeps
penalizing most of the irrelevant features and gradually reduces the bias in relevant features.

Appendix A. Proof of the Main Results
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j

j

(`)
βbI ` − βI∗`

2

≤ 10ρ−1
∗

h

j

∇Ge` Lj (βj∗ )

2

(`−1)

+ λS j

2

2

√
s∗ λ and
≤ 24ρ−1
∗

jk

λ

2

P


(`)
∗
(c2 λ) = βbA − βA

∗
≤ 33ρ−1
∗ s λ.

2

√ 
√

(c2 λ) ≤ 24ρ−1
s∗ c2 ≤ s∗ ,
∗

1

e ` := (G` )c .
, G
j
j

jk

(26)

(25)

(24)

where A :=

(G` )c

Since λ > 25

≤ ∇S Lj (βj∗ )

+

≤ ∇S Lj (βj∗ )

2

2

2

22

≤ ∇S Lj (βj∗ )

2

(`−1)

(`−1)

+ δI `

2

2

∞

.

(28)

(27)
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(25c2 ).


(25c2 ),

e ` − S| ∇Lj (β ∗ )
|G
j

+ δA

q

(`−1)

Thus (27) can be written as
∇Ge` Lj (βj∗ )

−S ⊂

I `.

2

(26) implies that

2

∇Ge` Lj (βj∗ )

∇Lj (βj∗ ) ∞ ,

∇Ge` Lj (βj∗ )

j

(`)

first derive a recursive bound that links kδI ` k2 to kδI `−1 k2 . Note that by (23), kδ (`) k1 ≤
√
(`)
(`)
(`)
2.2kδ e` k1 ≤ 2.2 2s∗ kδ e` k2 . Hence we only need to control kδI ` k2 to obtain the statistical
G
G
(`)
rates of convergence for βb . By triangle inequality,

(`)
(`)
A refined bound for βbj − βj∗ 2 and βbj − βj∗ 1 : For notional simplicity, we let
(`)
e ` := (G` )c . We
δ (`) = βbj − βj∗ and omit subscript j in Sj , G`j , Jj` and Ij` . We also denote G

rates (25) hold. In what follows, we derive the more refined rates (15) and (16).

(`) 2 
where the first inequality follows from |A| ≤ (j,k)∈A βbjk
(c2 λ)2 . Note that (26) implies
c ≤ 2s∗ . Therefore by induction, (G` )c ≤ 2s∗ for any ` ≥ 1.
that (G`+1
)
j
j
Now we have shown that for ` ≥ 1 and j ∈ [d], (G`j )c ≤ 2s∗ and the crude statistical

Therefore we have
p
(`)
|A| ≤ βbA

λ

(`)
βbj − βj∗

i

e `+1 = (G`+1 )c satisfies |G
e `+1 | ≤ 2s∗ , which concludes our induction.
Now we show that G
j
j
j
`+1 c
Letting A := (Gj ) − Sj , by the definition of G`+1
/ Sj
j , (j, k) ∈ A implies that (j, k) ∈
(`)
(`) 
≥ c2 λ.
≤ p0 (c2 λ). Hence by the concavity of pλ (·), for any (j, k) ∈ A, βb
and p0 βb

Proof See §C.3 for a detailed proof.

(`)
βbj − βj∗

(`)
This implies the following crude rates of convergence for βbj :

j

(`)
(`)
Lemma 12 For ` ≥ 1 and j ∈ [d], we denote λSj := (λjk , (j, k) ∈ Sj )T . Assuming that
`
c
∗
−1
(Gj ) ≤ 2s , it holds with probability at least 1 − d that, for all j ∈ [d], the estimators
(`)
βb obtained in each iteration of Algorithm 1 satisfy

(`)
The next lemma guarantees that βbj stays in the `1 -ball centered at βj∗ with radius r for
` ≥ 1 where r appears in Assumption 4. Moreover, by showing this property of Algorithm
1 , we obtain a crude rate for parameter estimation. We summarized this result in the next
lemma.
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 X

1/2

∇S Lj (βj∗ )

 X
(j,k)∈S

(`−1)

|βbjk

2

1/2 .


c2 .

∗ 2
−βjk
|

(`−1)

+ δI `−1


(`−1)
+ Υj + γ δI `−1 k2 ,

2 i1/2

+

2

∗
pλ0 |βjk
|−c2 λ

∗
pλ0 |βjk
|−c2 λ

h X
(j,k)∈S



2

∗ | ≥ c λ,
Also notice that ∀βjk ∈ R, if |βjk − βjk
2

≤

≤

(j,k)∈S

2

≤ 10ρ∗−1

c2 ,

(30)


∗
pλ0 (|βjk |) ≤ λ ≤ |βjk − βjk
|
c
2;

∗ | − |β | ≤ |β − β ∗ | < c λ and thus p0 (|β |) ≤ p0 |β ∗ |−c λ by
otherwise we have |βjk
2
2
jk
jk
jk
jk
λ
λ
jk
the concavity of pλ (·). Hence the following inequality always holds:


∗
∗
pλ0 (|βjk |) ≤ pλ0 |βjk
|−c2 λ + |βjk − βjk
| c2 .
(29)

2

(`−1)
Applying (29) to βbj
we have
(`−1)

λS

which leads to
(`−1)

λS

2

By (24), (28) and (30) we obtain
(`)

δI `

2

by


≤ 10% ∇S Lj (βj∗ )
2


≤ 22% ∇Sj Lj (βj∗ )

2

,

2

.

Ij`

(`)
≤ 2.2 βb − β ∗

j

√
√

≤ 11ρ∗−1 s∗ λ = c2 γ s∗ λ.


(1)
+ Υj + 2.2γ `−1 δI 1

2


(1)
+ Υj + γ `−1 δI 1

2

∞

.

2

(31)
, we

(32)

:

(33)
1

(34)

(`)
, we obtain a bound on βbj − βj∗

√

+ Υj + 2.2c2 s∗ λγ ` .

βj∗ 2 :
2

2

2
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j

√

(1)
+ Υj + 2.2γ `−1 2s∗ δI 1

j

Ij`

2 1/2
P
∗
0
for notational
where γ := 11(c2 ρ∗ )−1 and we define Υj :=
(j,k)∈S pλ |βjk | − c2 λ
simplicity. Note that since c2 ≥ 24ρ∗−1 , we have γ < 1. By recursion we obtain
(`)

δI `

2

2

(`)
where % := ρ∗−1 · (1 − γ)−1 = c2 (c2 ρ∗ − 11)−1 . Using βbj − βj∗

(`)
can bound βbj − βj∗
(`)
βbj − βj∗

2

Note that for ` = 1, by (24) we have
√
√ 
(1)
≤ 10ρ∗−1 s∗ λ + 2 ∇Lj (βj∗ )
j

δI 1


≤ 22% ∇Sj Lj (βj∗ )

j

2

√
(`)
≤ 2.2 2s∗ βbI ` − βI∗`
√ 
≤ 32 s∗ % ∇Sj Lj (βj∗ )

1

2

(`)
then we establish the following bound for βbj −
(`)
βbj − βj∗

1

(`)
Similarly, by βbj − βj∗

(`)
βbj − βj∗

23

1

j

2
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2


+ Υj + 3.2c2 s∗ λγ ` .

(35)

≤ 3.2c2 γs∗ λ, then the right-hand side of (34) can be

√ 
≤ 32 s∗ % ∇Sj Lj (βj∗ )

√
(1)
By (32) we have 2.2 2s∗ δI 1
bounded by
(`)
βbj − βj∗

Therefore (15) and (16) can be implied by (33) and (35) respectively. Moreover, by Lemma
12, we conclude that the statistical rates (33) and (35) hold for all j ∈ [d] with probability
at least 1 − d−1 .

A.2. Proof of Theorem 8

Proof We first remind the reader that, for 1 ≤ j 6= k ≤ d, we denote

βj\k = (βj1 , . . . , βjj−1 , βjj+1 , . . . , βjk−1 , βjk+1 , . . . , βjd )T ∈ Rd−2 ,

0
2 =
βj∨k = (βjk , βj\k , βk\j )T ∈ R2d−3 and βbj∨k
= (0, βbj\k , βbk\j )T . In addition, we define σjk

n→∞ j<k

jk
jk
∗ − 2Σjk
∗
∗T jk
∗
∗T jk
∗
Σjk,jk
− 2Σjk,j\k
wj,k
jk,k\j wk,j + wj,kΣj\k,j\k wj,k + wk,j Σk\j,k\j wk,j . To prove the
theorem our goal is to prove the following two arguments:
√
∗
σjk − σjk | = 0.
(36)
) = 0 and lim max |b
lim max n Sbjk −Sjk (βj∨k
n→∞ j<k

2 is the asymptotic variance of √n/2·S (β ∗ ). Thus combining
Note that by Lemma 14, σjk
jk
j∨k
∗ ) and
(36) and Slutsky’s theorem yields the theorem. By the the expression of Sjk (βj∨k

Sbjk in (17) and (18), under null hypothesis, for a fixed pair of nodes j and k, we have
∗
Sbjk −Sjk (βj∨k
)
=
I
1j +I2j +I1k +I2k where I1j and I2j are defined as




T
b j,k
∇j\k Lj (βbj0 ) − ∇j\k Lj (βj∗ ) and
I1j := ∇jk Lj (βbj0 ) − ∇jk Lj (βj∗ ) − w

∗
b j,k )T ∇j\k Lj (βj∗ );
−w
I2j := (wj,k

whereas I1k and I2k are defined by interchanging j and k in I1j and I2j :




T
b k,j
∇k\j Lk (βbk0 ) − ∇k\j Lk (βk∗ ) and
I1k := ∇kj Lk (βbk0 ) − ∇jk Lk (βk∗ ) − w

∗
b k,j )T ∇k\j Lj (βk∗ ).
I2k := (wk,j
−w

∗ = 0,
We first bound I1j . Recall that βbj0 = (0, βbj\k )T . Note that under the null hypothesis, βjk
by the Mean-Value Theorem, there exists a βej\k ∈ Rd−2 in the line segment between βbj\k
∗
and βj\k
such that




T e
∗
e jk,j\k − w
b j,k
I1j = Λ
Λj\k,j\k βbj\k − βj\k
,

e := ∇2 Lj (0, βej\k ). We let δ := βb0 − β ∗ and denote ∇2 Lj (βb0 ) and ∇2 (β ∗ ) as Λ and
where Λ
j
j
j
j
Λ∗ respectively. From the definition of Dantzig selector we obtain
I11

I12
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e jk,j\k k∞ kδj\k k1
b T Λj\k,j\k k∞ kδj\k k1 + kΛjk,j\k − Λ
|I1j | ≤ kΛjk,j\k − w
|
{z
} |
{z
}

I13

e j\k,j\k )δj\k k∞ .
b T (Λj\k,j\k − Λ
+ kw
|
{z
}

24

uniformly for 1 ≤ j < k ≤ d.
(39)

(38)

(37)

uniformly for 1 ≤ j < k ≤ d.

√

n/2 · b

∗
∇Ljk βj∨k
)

T

jk

n→∞

N 0, b Σ b .



∗
n Sbjk − Sjk βj∨k



≤

√

 √
n |I1 | + |I2 | . n(s∗ +s?0 )λλD .

(41)
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25

Proposition 16 Suppose X ∼ N (0, Σ) is a Gaussian graphical model and let Θ = Σ−1
be the precision matrix. For all j ∈ [d], the conditional distribution of Xj given X\j is a
∗
normal distribution with mean βj∗ T X\j and variance Θ−1
jj , where βj = Θj\j . Let Lj (·) be
the loss function defined in (6). We assume that there exist positive constants D, cλ and
Cλ such that kΣk∞ ≤ D and cλ ≤ λmin (Σ) ≤ λmax (Σ) ≤ Cλ . We let s∗ = maxj∈[d] kβj∗ k0
and also assume that there exists a constant Cβ > 0 such that kβj∗ k2 ≤ Cβ for all j ∈ [d].

In this subsection, we verify the sparse eigenvalue condition for Gaussian graphical models.
Moreover, we show that such condition holds uniformly over a `1 -ball centered at the true
parameter βj∗ .

B.1. Verify the Sparse Eigenvalue Condition for Gaussian Graphical Models

We present the additional results of parameter estimation. In §B.1 we verify the sparse
eigenvalue condition for Gaussian graphical models, which justifies Assumption 4 in our
paper. In §B.2 we derive a more refined statistical rates of convergence for the iterates of
Algorithm 1.

Appendix B. Additional Estimation Results

Since σ
bjk is consistent for σjk by Lemma 15 and σjk is bounded away from zero by Assump√
tion 6, Slutsky’s theorem implies that nSbjk /(2b
σjk )
N (0, 1).

Proof See §D.3 for a proof.

n→∞ j<k

√
∗ ) as
Lemma 15 For 1 ≤ j 6= k ≤ d, we denote the asymptotic variance of n/2 · Sjk (βj∨k
2
σjk . Under Assumptions 2, 4, 6 and 7, the estimator σ
bjk satisfies lim max |b
σjk − σjk | = 0.

Finally, the following lemma, whose proof is deferred to the supplementary material, shows
that σ
bjk is a consistent estimator of σjk .

√


∗
For a more accurate estimation of Sbjk − Sjk βj∨k
, we have

(40)

2
N (0, σjk
),

jk
2
∗
∗
∗T jk
∗
∗T jk
∗
σjk
= Σjk
jk,jk − 2Σjk,j\k wj,k − 2Σjk,k\j wk,j + wj,kΣj\k,j\k wj,k + wk,j Σk\j,k\j wk,j .

2 is given by
where the asymptotic variance σjk

By Lemma 14 we obtain




√
∗
∗
∗T
∗
∗T
∗
n/2 · S βj∨k
= ∇jk Ljk βj∨k
− wj,k
∇j\k Ljk βj∨k
− wk,j
∇j\k Ljk βj∨k

T


Lemma 14 For any b ∈ R2d−3 with kbk2 = 1 and |bk0 ≤ se, if lim se n = 0, we have
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Therefore we have shown that I1j + I2j = o(n−1/2 ) with high probability. Similarly, we also
have I1k + I2k = o(n−1/2 ) with high probability. Moreover, since the bounds for |I1j | and
|I2j | is independent of the choice of (j, k) ∈ {(j, k) : 1 ≤ j 6= k ≤ d}, we conclude that

√ 
∗
n Sbjk − Sjk βj∨k
= oP (1) uniformly for 1 ≤ j < k ≤ d.

∗
Our next lemma characterizes the limiting distribution of ∇Ljk βj∨k
and is pivotal for
establishing the validity of the composite pairwise score test.

Now combining Lemma 13 and Theorem 10 we obtain that
p
|I2j | ≤ 37ν∗−1 K1 s?0 λD log d/n  s?0 λλD = o(n−1/2 ).

Proof See §D.2 for a detailed proof.

∗
b j,k − wj,k
kw
k1 ≤ 37ν∗−1 s?0 λD for all 1 ≤ j 6= k ≤ d.

b j,k be the solution of the Dantzig-type optimization
Lemma 13 For 1 ≤ j 6= k ≤ d, let w
j
−1
∗ = Hj
problem (11) and let wj,k
jk,j\k (Hj\k,j\k ) . Under Assumptions 2, 4, 6 and 7, with
probability tending to one, we have

where we use the fact that λD & max{1, w0 }s∗ λ log2 d. Therefore we conclude that for
all j ∈ [d], |I1j | . s∗ λλD = oP (n−1/2 ). For I2j , Hölder’s inequality implies that |I2j | ≤
∗ −w
∗ −w
b j,k k1 , we need to the following lemma to
b j,k k1 ∇Lj (βj∗ ) ∞ . To control kwj,k
kwj,k
b j,k .
obtain the estimation error of the Dantzig selector w

I13 ≤ Cw0 s∗2 λ2 log2 d . s∗ λλD

∗ k ≤ w . Combining (39) and (38)
b j,k , kw
b j,k k1 ≤ kwj,k
Notice that by the optimality of w
1
0
we have

e ∞ kδk1 .
b j,k k1 kΛ − Λk
I13 ≤ kw

Similarly by Hölder’s inequality, we have

I12 ≤ 2Cs∗2 λ2 log2 d . s∗ λλD

Therefore combining (37) and (38) we have

e ∞ ≤ kΛ − Λ∗ k∞ + kΛ∗ − Λk
e ∞ ≤ 2Cs∗ λ log2 d.
kΛ − Λk

By Lemma 26 we obtain

e jk,j\k k∞ kδj\k k1 .
I12 ≤ kΛjk,j\k − Λ

Theorem 5 implies that δk1 ≤ Cs∗ λ with probability tending to 1 for some constant C > 0.
Then by the definition of Dantzig selector, I11 ≤ Cs∗ λλD . with high probability. Moreover,
the constant C is the same for all (j, k). By assumption 7, I11 = o(n−1/2 ) with probability
tending to one.
For term I12 , Hölder’s inequality implies that
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√
Suppose r > 0 is a real number such that r = O(1/ s∗ ). Then, there exist ρ∗ , ρ∗ > 0 such
that for all j ∈ [d], and s = 1, . . . , d − 1,






ρ∗ ≤ ρ− E ∇2 Lj , βj∗ ; s, r ≤ ρ+ E ∇2 Lj , βj∗ ; s, r ≤ ρ∗ .

Proof We prove this lemma in two steps. For any βj ∈ Rd−1 such that kβj − βj∗ k1 ≤ r


and any v ∈ Rd−1 such that kvk2 = 1, we first give a lower bound for vT E ∇2 Lj (βj ) v by
truncation. Then we give an upper bound in the second step.



d−1 : kβ −
Step (i): Lower Bound of vT E ∇2 L (β ) v. We denote Bj (r) := β ∈
j
j
 R
β ∗ k ≤ r . For two truncation levels τ > 0 and R > 0, we denote Aii0 := |Xij | ≤ τ ∩

j 1
 T
βj ≤ R, ∀βj ∈ Bj (r) and Bi0 := XiT0 \j βj∗ ≤ R, ∀βj ∈ Bj (r) .
|Xi0 j | ≤ τ , Bi := Xi\j
The values of R and τ will be determined later. By the definition of Lj (·), for any βj ∈ Bj (r)
and any v ∈ Rd−1 with kvk2 = 1, we have

i<i

2 
T 2
2C1 (R, τ ) X
vT ∇2 Lj (βj )v ≥
Xij − Xi0 j
Xi\j − Xi0 \j v I(Bi )T (Bi0 )I(Aii0 ), (42)
n(n − 1)
0

R

p(xi |Bi )dxij = p(xij |xi\j ),


−2
where C1 (R, τ ) := exp(−4Rτ ) 1 + exp(−4Rτ ) . For notational simplicity, we denote the
right-hand side of (42) as C1 (R, τ )vT ∆v. By the properties of Gaussian graphical models,
the conditional density of Xij given Ii := Xi\j = xi\j ∩ Bi is
.Z
p xij |Ii ) = p(xi |Bi )

where we use the fact that p(xi |Bi ) = p(xi )/P(Bi ) and that P(Bi ) is a constant. Recall that
q



T
Θjj (2π) exp −Θjj /2(xij − Xi\j
βj∗ )2 where βj∗ = Θj\j .

p(xij |Xi\j ) =

−τ

τ

−τ

τ

Thus the conditional expectation of (Xij − Xi0 j )2 I(Aij ) given Ii and Ii0 is
h
i
E (Xij − Xi0 j )2 I(Aii0 ) Ii ∩ Ii0
Z Z
n

o
(xij − xij )2 exp −Θjj /2 (xij − βjT xi\j )2 + (xi0 j − βjT xi0 \j )2 dxij dxi0 j .

= Θjj /(2π)

Note that on event Ii , |βjT Xi\j | ≤ R, hence the expression above can be lower-bounded by

−τ

−τ

h
i
E (Xij − Xi0 j )2 I(Aii0 ) Ii ∩ Ii0
Z τ Z τ
n
 2
o
(xij − xi0 j )2 exp −Θjj /2 xij
+ xi20 j + 2R2 + 2R(|xij | + |xi0 j |) dxij dxi0 j .
≥ Θjj /(2π)

The last expression is positive and we denote it as C2 (R, τ ) for simplicity. Thus by the law
of total expectation we obtain
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n
o


2
n
vT E(∆)v = vT E E(∆ ∩i=1
Ii ) v ≥ C2 (R, τ )E (Xi\j − Xi0 \j )T v I(Bi )I(Bj ) .
27
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By Cauchy-Schwarz inequality we have
n
4 q

2 
o q
P Bic ∪ Bic0 . (43)
E (Xi\j − Xi0 \j )T v 1 − I(Bi )I(Bi0 ) ≤ E[(Xi\j − Xi0 \j )T v

Note that for Gaussian graphical model, the marginal distribution of X\j is N (0, Σ\j\j ).
T β ∗ ∼ N (0, σ 2 ) and
If we denote Σ\j\j as Σ1 , we have (Xi\j − Xi0 \j )T v ∼ N (0, σv2 ), Xi\j
1
j

T β ∼ N (0, σ 2 ) where σ 2 = 2vT Σ v, σ 2 = β ∗ T Σ β ∗ and σ 2 = β T Σ β . Hence we have
Xi\j
1
1 j
1 j
v
2
1
2
j
j

4
E (Xi\j − Xi0 \j )T v = 3σv4 . Because the maximum eigenvalue of Σ1 is upper bounded by
Cλ , we have σ12 ≤ Cλ Cβ2 and σv2 ≤ 2Cλ . Note that σ22−σ12 = βjT Σ1 βj−βj∗ T Σ1 βj∗ , the following
lemma in linear algebra bounds this type of error.

Lemma 17 Let M ∈ Rd×d be a symmetric matrix and vectors v1 and v2 ∈ Rd , then

v1T Mv1 − v2T Mv2 ≤ kMk∞ kv1 − v2 k12 + 2kMv2 k∞ kv1 − v2 k1 .

−

v2T Mv2

≤ (v1 −v2 )T M(v1 −v2 ) + 2 v2T M(v1 −v2 )

+ 2kΣ1 βj∗ k∞ kβj − βj∗ k1 .

≤ kMk∞ kv1 − v2 k12 + 2kMv2 k∞ kv1 − v2 k1 .

2
1

(44)

Proof Note that v1T Mv1 − v2T Mv2 = (v1 − v2 )T M(v1 − v2 ) + 2v2T M(v1 − v2 ), Hölder’s
inequality implies
v1T Mv1

By Lemma 17, we have

Hence, we conclude the proof of Lemma 17.

σ22 − σ12 ≤ kΣ1 k∞ kβj − βj∗

By Hölder’s inequality and the
√ relation between `1 -norm and `2 -norm of a vector, we have
kΣ1 βj∗ k∞ ≤ kΣ1 k∞ kβj∗ k1 ≤ s∗ Cβ D. Therefore the right-hand side of (44) can be bounded
by
√
σ22 − σ12 ≤ r2 D + 2 s∗ rCβ D,
√
which shows that σ22 is also bounded because r = O(1 s∗ ). In addition, by the bound
√
1 − Φ(x) ≤ exp(−x2 /2)/(x 2π) for the standard normal distribution function, we obtain
that



T
T
P Bic ≤ P Xi\j
βj∗ > R + P Xi\j
βj > R




≤ cσ1 exp −R2 /(2σ12 ) /R + cσ2 exp −R2 /(2σ22 ) /R,
√
C3 (R), then the rightwhere the constant c = 1/ 2π. We denote the
p lastpexpression asp
hand side of (43) can be upper-bounded by p 3σv4 2C3 (R) ≤ 2 6C3 (R)Cλ . Hence we
can choose a sufficiently large R such that 2 6C3 (R)Cλ = λmin (Σ) and we denote this
particular choice of R as R0 .
Now we have
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n
2 
o
E (Xi\j − Xi0 \j )T v 1 − I(Bi )I(Bi0 ) ≤ λmin (Σ)

28

(45)

(48)

(47)

(46)

29

Therefore, we conclude the proof of Proposition 16.

τ ∈R

JMLR 19(57):1-59, 2018

Combining (45) and (49) we conclude that Proposition 16 holds with

2
2
ρ∗ = max C1 (R0 , τ )C2 (R0 , τ ) λmin (Σ) and ρ∗ = 4Θ−1
jj Cλ + 6Cλ + 6Cλ Cβ .

(49)


4
and E (Xi\j − Xi0 \j )T v = 12σ14 ≤ 12Cλ Cβ2 .

Therefore we can bound the right-hand side of (48) by


2
2
E vT ∇2 Lj (βj )v ≤ 4Θ−1
jj Cλ + 6Cλ + 6Cλ Cβ .


4
E (Xi\j − Xi0 \j )T βj∗ = 3σv4 ≤ 12Cλ2

Since (Xi\j − Xi0 \j )T v ∼ N (0, σv2 ) and (Xi\j − Xi0 \j )T βj∗ ∼ N (0, 2σ12 ) where σv2 and σ12 are
defined as 2vT Σ1 v and βj∗ T Σ1 βj∗ respectively, we obtain

Moreover, by inequality 2ab ≤ a2 + b2 we obtain
n
2 
2 o

4

4
2E (Xi\j − Xi0 \j )T βj∗ (Xi\j − Xi0 \j )T v
≤ E (Xi\j − Xi0 \j )T βj∗ + E (Xi\j − Xi0 \j )T v .

Because Xi\j ∼ N (0, Σ1 ) where Σ1 := Σ\j,\j , and also note that the maximum eigenvalue
of Σ1 is upper bounded by Cλ , we have

2
E (Xi\j − Xi0 \j )T v = 2vT Σ1 v ≤ 2Cλ .

Combining (46) and (47) we obtain
n 


 
2 o
E vT ∇2 Lj (βj )v ≤ E E (Xij − Xi0 j )2 Xi\j , Xi0 \j · (Xi\j − Xi0 \j )T v
n
2
2 
2 o
T
≤ 2Θ−1
+ E (Xi\j − Xi0 \j )T βj∗ (Xi\j − Xi0 \j )T v
.
jj E (Xi\j − Xi0 \j ) v


 
2
E (Xij − Xi0 j )2 Xi\j , Xi0 \j = (Xi\j − Xi0 \j )T βj∗ + 2Θ−1
jj .


2
vT ∇2 Lj (βj )v ≤ (Xij − Xi0 j )2 (Xi\j − Xi0 \j )T v .

T β ∗ , Θ−1 , hence
Notice that conditioning on Xi\j , Xij ∼ N Xi\j
j
jj



Step (ii): Upper Bound of vT E ∇2 Lj (βj ) v. For any βj ∈ Rd−1 such that kβj −βj∗ k1 ≤
r and for any v ∈ Rd−1 with kvk2 = 1, by the definition of ∇2 Lj (βj ) we have

τ ∈R




vT E ∇2 Lj (βj ) v ≥ max C1 (R0 , τ )C2 (R0 , τ ) λmin (Σ).

Therefore we conclude that for all βj ∈ Rd−1 such that kβj − βj∗ k1 ≤ r,



vT E ∇2 Lj (βj ) v ≥ C1 (R0 , τ )C2 (R0 , τ )λmin (Σ) for all τ ∈ R.


Note that E [(Xi\j − Xi0 \j )T v]2 = σv2 ≥ 2λmin (Σ), we obtain that
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2

≤ 10ρ−1
∗



∇Ge` Lj (βj∗ )

2

(`−1)

+ λSj

2



e ` = (G` )c .
; G

(52)

∞

2

≤ ∇S1j Lj (βj∗ )

2

+

q

(`−1)
s∗2j λ 25 + δI `−1

2

.
(25c2 ).

with high probability, by (28), we further have

(53)

(j,k)∈Sj

30

(j,k)∈S2j
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Note that by the definition of S1j , for any (j, k) ∈ S1j , p0λ |βjk |−c2 λ ≤ p0λ (c3 λ) = 0, then
we have
h X
h X
i1/2 q
2 i1/2
∗
∗
Υj := λ
p0λ |βjk
| − c2 λ
=λ
p0λ (|βjk
| − c2 λ)2
≤ s∗2j λ.

∇Ge` Lj (βj∗ )

Since λ ≥ 25 ∇Lj (βj∗ )

e ` | ≤ 2s∗ for all j ∈ [d] and ` ≥ 1. Because
In the proof of Theorem5, we show that |G
∗ | ≥ (c + c )λ and S = S −S , then by triangle
Sj = S1j ∪ S2j where S1j = (j, k) : |βjk
2
3
2j
j
1j
inequality we have
q
∇Sj Lj (βj∗ ) 2 ≤ ∇S1j Lj (βj∗ ) 2 + s∗2j ∇S2j Lj (βj∗ ) ∞ .

(`)

δI `

∗ 6= 0, k ∈ [d]} be the support of β ∗ and let index set G` , J ` and
Proof Let Sj = {(j, k) : βjk
j
j
j
Ij` be the same as defined in the proof of Theorem 5. For notational simplicity, we omit the
subscript j in these index sets which stands for the j-th node of the graph; we simply write
(`)
them as G` , J ` and I ` . Moreover, we let δ (`) = βbj − βj∗ , it is shown in Lemma 12 that

Theorem 18 (Refined statistical rates of convergence) Under Assumptions 2 and 4,
we let K1 and K2 be the constants defined in Theorem 10 and also let ρ∗ > 0 and r > 0 be
∗ 6=
defined in Assumption 4. For all j ∈ [d], we define the support of βj∗ as Sj := {(j, k) : βjk
0, k ∈ [d]} and let s∗ = maxj∈[d] kβj∗ k0 . The penalty function pλ (u) : [0, +∞) → [0, +∞) in
(7) satisfies regularity conditions (C.1), (C.2) and (C.3) listed in §3.2p
with c1 = 0.91 and
c2 ≥ 24/ρ∗ for condition (C.3). We set the regularity parameter λ = C log d/n such that
C ≥ 25K1 . Moreover, we assume that the penalty function pλ (u) satisfies an extra condition
(C.4): there exists a constant c3 > 0 such that p0λ (u) = 0 for u ∈ c3λ, +∞ . Suppose that the
∗ | ≥ (c +c )λ
support of βj∗ can be partitioned into Sj = S1j ∪ S2j where S1j = (j, k) : |βjk
2
3
and S2j = Sj − S1j . We denote constants A1 = 22%, A2 = 2.2c2 , B1 = 32%, B2 = 3.2c2 ,
−1
∗
∗
% = c2 (c2 ρ∗ −11)−1, γ = 11c−1
2 ρ∗ < 1 and a = 1.04; we let s1j = |S1j | and s2j = |S2j |. With
probability at least 1−d−1 , we have the following more refined rates of convergence:
o
n
q
√
(`)
(50)
βbj − βj∗ 2 ≤ A1 ∇S1j Lj (βj∗ ) 2 + a s∗2j λ + A2 s∗ λγ ` and
n
o
q
(`)
βbj − βj∗ 1 ≤ B1 ∇S1j Lj (βj∗ ) 2 + a s∗2j λ + B2 s∗ λγ ` , ∀j ∈ [d].
(51)

In this subsection we show more refined statistical rates of convergence for the proposed
estimators. In specific, we consider the case where βj∗ contains nonzero elements with both
strong and week magnitudes.

B.2. Refined Statistical Rates of Parameter Estimation

Yang, Ning, and Liu

≤ Υj + δI `−1

(`−1)

≤ 10ρ∗−1

2

q
∗ λ + 1.04 δ (`−1)
+ 1.04 s2j
I `−1

q

∗ λ + δ (`−1)
c2 ≤ s2j
I `−1
2

2

,

 o
c2 .

.
c2 .

2

2
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2

Therefore (30) is reduced to
(`−1)

λSj

2

Combining (52), (53) and (54) we obtain
n
∇S1j Lj (βj∗ )

(`)

δI `

2

Then by recursion, we obtain the following estimation error:
o
n
q
∗ λ + γ `−1 δ (1)
≤ 10% ∇S1j Lj (βj∗ ) 2 + 1.04 s2j
I1
(`)

δI `

2

√
√
(1)
≤ 2.2c2 γ s∗ λ and 2.2 2s∗ δI1
2

≤ 3.2c2 γs∗ λ.

(54)

where γ := 11c2−1 ρ∗−1 and % := c2 (c2 ρ∗ − 11)−1 . Note that we assume c2 ≥ 24ρ∗−1 , for k = 1
by (32) we have

(1)

2.2 δI1

1

Therefore, using the original notation, we obtain the refined rates of convergence by (23):
o
n
q
√
(`)
∗ λ + 2.2c γ ` s∗ λ and
βbj − βj∗ 2 ≤ 22% ∇S1j Lj (βj∗ ) 2 + 1.04 s2j
2
o
q
√ n
∗ λ + 3.2c γ ` s∗ λ,
≤ 32% s∗ ∇S1j Lj (βj∗ ) 2 + 1.04 s2j
2
(`)
βbj − βj∗

∗ = |S |. Moreover, it is easy to see that, with probability at least 1−d−1 , these
where s2j
2j
convergence rates hold for all j ∈ [d].

Appendix C. Proof of the Auxiliary Results for Estimation
In this appendix, we prove the main results for estimation results presented in §4.1. In this
appendix, we prove the auxiliary results for estimation. In specific, we give detailed proofs
of Lemmas 10, 11, and 12, which are pivotal for the proof of Theorem5. We first prove
Lemmas 10, which gives an upper bound for k∇Lj (βj∗ )k∞ .
C.1. Proof of Lemma 10



jk

=

− Xi0 j )(Xik − Xi0 k )
j
∗
1 + Rii
0 (βj )

j
∗
Rii
0 (βj )(Xij

.

Proof By definition, ∇Lj (βj∗ ) is a centered second-order U -statistic with kernel function
j
∗
d−1 , whose entries are given by
hii
0 (βj ) ∈ R


j
∗
hii
0 (βj )

By the tail probability bound in (14), for any i ∈ [n] and j ∈ [d], we have
X

P |Xij | > x, ∀i ∈ [n], ∀j ∈ [d] ≤
P(|Xij | > x)

i∈[n],j∈[d]

(55)
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≤ 2 exp(κm + κh /2) exp(−x + log d + log n).
31
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By setting x = C log d for some constant C, we conclude that event E := {|Xij | ≤
C log d, ∀i ∈ [n], ∀j ∈ [d]} holds with probability at least 1 − (4d)−1 . Following from
the same argument as in Ning et al. (2017b), it is easy to show that, conditioning on E,
j
j
∗
∗
hii
hii
≤ C log2 d for
0 (βj ) is also centered. Note that conditioning on event E,
0 (βj )
∞
some generic constant C and for all i, i0 ∈ [d] and j ∈ [d]. The following Bernstein’s inequality for U -statistics, presented in Arcones (1995), gives an upper bound for the tail
probability of ∇Lj (βj∗ ).

 −1
n
m

i1 <...<im

X

h(Zi1 , . . . , Zim ).

Lemma 19 (Bernstein’s inequality for U -statistics) Given n i.i.d. random variables
Z1 , . . . Zn taking values in a measurable space (S, B) and a symmetric and measurable kernel
function h : Sm → R, we define the U -statistics with kernel h as
U :=

(56)


2
Suppose that E[h(Zi1 , . . . , Zim )] = 0, E E[h(Zi1 , . . . , Zim ) | Zi1 ] = σ 2 , and khk∞ ≤ b for
some positive σ and b. There exists an absolute constant K(m) > 0 that only depends on
m such that


P(|U | > t) ≤ 4 exp −nt2 /[2m2 σ 2 + K(m)bt] , ∀t > 0.

(57)

j
∗ 2
Note that by (14), the fourth moment of X is bounded, which implies that E[hii
0 (βj )]
is uniformly bounded by an absolute constant for all j ∈ [d]. By Lemma 19, setting
b = C log2 d in (56) yields that

h
i


P ∇jk Lj (βj∗ ) > t E ≤ 4 exp −nt2 (C1 + C2 log2 d · t)

∇Lj (βj∗ )

∞

>tE

o




. d2 · exp −nt2 (C1 + C2 log2 d · t) .

(58)

for some generic constants C1 and C2 . Taking a union bound over {(j, k) : j, k ∈ [d], k 6= j}
we obtain
j∈[d]

n
max P

∞

≤ K1

p
Under Assumption 4 and conditioning on E, by setting t = K1 log d/n for a sufficiently
large K1 > 0, it holds probability greater than 1 − (4d)−1 that
p
log d/n ∀j ∈ [d].
∇Lj (βj∗ )

Note that E holds with probability at least 1−(4d)−1 , we conclude the proof of Lemma 10.

C.2. Proof of Lemma 11

min
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≥ pλ0 (θ) ≥ 0.91λ > 22.75k∇Lj (βj∗ )k∞ . We prove this lemma

Proof In what follows, for notational simplicity and readability, we omit j in the subscript
and ` in the superscript by simply writing Sj , Gj` , Jj` and Ij` as S, G, J an I respectively. By
(`−1)

the definition of G, λG`

32

(`−1) (`)
ξjk

(`)

= 0,

(`)

ξjk ∈ [−1, 1] if

(`)
βbjk 6= 0;

(`)
βbjk = 0.

(59)

1

(`−1)

(`−1)

and λj

(`)

(`−1)

= λj1

T

(i)

∞

kδk1 .

(ii)

{z

}

.

j

(61)

(60)

j

≤ 0.

(63)

(62)

p0λ (c2 λ)kδG k1

33

≤ kδG k1 kλG kmin ≤

∇Lj (βj∗ ) ∞ kδk1

JMLR 19(57):1-59, 2018

+ kδS k1 kλS k∞ .

By the definition of G, we have kλG kmin ≥ p0λ (c2 λ) ≥ 0.91λ. Rearranging terms in (63) we
have

−kδS k1 kλS k∞ + kδG k1 kλG kmin + kδH k1 kλH kmin −

∇Lj (βj∗ ) ∞ kδk1

≥ −kδS k1 kλS k∞ + kδG k1 kλG kmin + kδH k1 kλH kmin .

δ, λ ◦ ξ = δS , (λ ◦ ξ)S + |δH |, λH + |δG |, λG

Combining (60), (61) and (62) we have

S

For term (i) in (60), recall that we denote |v| as the vector that takes entrywise absolute
(`) (`)
(`)
value for v. By the fact that ξjk βbjk = |βbjk |, we have ξG ◦ δG = |δG | and ξH ◦ δH = |δH |.
(`)
Since δS c = βb c . Hölder’s inequality implies that

(ii) ≥ − ∇Lj (βj∗ )

For term (ii) in (60), Hölder’s inequality implies that

2

∇Lj (βj∗ ), δ

∇Lj (βbj ) − ∇Lj (βj∗ ) = ∇2 Lj (βej )δ.

0 ≤ δ ∇ Lj (βej )δ = − δ, λ ◦ ξ −
| {z } |

Then (59) implies that

Rd−1 satisfies

subscript j in both λj
and ξj by writing them as λ and ξ. By definition, I = Gc ∪ J.
Note that we denote the support of βj∗ as S; we define H := Gc −S, then S, H and G is a

partition of (j, k) : k ∈ [d], k 6= j .
(`)
By the Mean-Value theorem, there exists an α ∈ [0, 1] such that βej := αβ ∗ +(1 − α)βb ∈

(`)
(`)
where ξj ∈ ∂ βbj

(`−1) (`−1)
(`−1) T
, . . . , λjj−1 , λjj+1 , . . . , λjd
∈ Rd−1 .
(`)
∗
d−1
For notational simplicity, we let δ = βbj − βj ∈ R
and omit the superscript ` and

(`)
(`−1)
(`)
∇Lj (βbj ) + λj
◦ ξj = 0,

The above Karush-Kuhn-Tuker condition can be written in a compact form as

∇jk Lj (βbj ) + λjk

(`)

sign(βbjk ) = 0 if

(`−1)

∇jk Lj (βbj ) + λjk

(`)

the Karush-Kuhn-Tucker condition implies that

j

(`)
` − β∗
in two steps. In the first step we show that βbj − βj∗ 1 ≤ 2.2 βbG
c
Gc 1 . Suppose

(`)
that βb is the solution in the `-th iteration and we denote ∇jk Lj (βj ) = ∂Lj (βj ) ∂βjk ,

On Semiparametric Exponential Family Graphical Models

Recall that λ > 25 ∇Lj (βj∗ )
1

≤

∞
∞

≤

k∗

1

Gj

.

j

(`)
≤ 2.2 βbI ` − βI∗`

1

2

. Recall that J

(65)

(64)

1/2

(67)

(66)

√
k∗ .

⊂ I. Then by (65) and (67)
≤ 1.2kδGc k1

⊂ G and

Gc

2

j

j

(`)
≤ 2.2 βbI ` − βI∗`

2

and

34


e ` = G` c , which concludes the proof.
where G
j
j

(`)
βbj − βj∗

Note that (65) and (68) are equivalent to
(`)
βbj − βj∗

1

Gj

j

1

,

(68)
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(`)
∗
≤ 2.2 βb e` − βG
e`

kδk2 ≤ kδI c k2 + kδI k2 ≤ 2.2kδI k2 .

where we use k ∗ ≥ 2s∗ and the induction assumption that |G| ≤ 2s∗ . Then triangle inequality for `2 -norm yields that

By the norm inequality between `1 -norm and `2 -norm, we have
p
√
kδI c k2 ≤ 1.2kδGc k1 / k ∗ ≤ 1.2 2s∗ /k ∗ kδGc k2 ≤ 1.2kδI k2 ,

kδI c k2 ≤ (1.2/k ∗ )1/2 kδGc k1 kδG k1

By the definition of index sets G and I, we have
we obtain

Ic

Then by Hölder’ inequality and (66) we obtain that
1/2
1/2
kδI c k2 ≤ kδI c k1 kδI c k∞
≤ (1.2/k ∗ )1/2 kδI k1 kδI c k1
.

kδI c k∞ ≤ 1.2/k ∗ · kδGc k1 ≤ 1.2/k ∗ · kδI k1 .

By inequality (65) and the fact that Gc ⊂ I, we further have

(`)
is the largest
components of βbG in absolute value where we omit the subscript j and
superscript ` in the sets G`j , Jj` and Ij` . By the definition of J we obtain that


(`)
kδI c k∞ ≤ kδJ k1 k ∗ ≤ kδG k1 k ∗ , where δ = βbj − βj∗ .

2

j

(`)
∗
≤ 2.2 βb e` − βG
e`

(`)
Now we show in the second step that βbj − βj∗

(`)
βbj − βj∗

j

kδGc k1 ≤ 1.2kδGc k1 ,

λ + 0.04λ
≤ 1.2.
0.91λ − 0.04λ

∞

Going back to the original notation, (65) is equivalent to

p0λ (c2 λ)

∞

− ∇Lj (βj∗ )

− ∇Lj (βj∗ )

p0λ (c2 λ)

λ + ∇Lj (βj∗ )

and p0λ (θ) ≥ 0.91λ, (64) implies

λ + ∇Lj (βj∗ )

where we use the fact that

δG

∞

Using the decomposability of the `1 -norm, we have
i
h
i
h
p0λ (c2 λ) − ∇Lj (βj∗ ) ∞ kδG k1 ≤ kλS k∞ + k∇Lj (βj∗ )k∞ kδGc k1
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(`)
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C.3. Proof of Lemma 12

(`)

Proof We first show that βbj stays in the `1 -ball centered at βj∗ with radius r =
p
(`)
Cρ s∗ log d/n, where Cρ ≥ 33ρ∗−1 . For notational simplicity, we denote δ = βbj − βbj
and write Sj , Gj` , Jj` and Ij` as S, G, J an I respectively. We prove by contradiction. Sup-

(70)

(69)

pose that kδk1 > r, then we define βej = βj∗ + t(βbj − βj∗ ) ∈ Rd−1 with t ∈ [0, 1] such that
βej − βj∗ 1 ≤ r. Letting δe := βej − βj∗ , by (68) we obtain
e 2 = tkδk2 ≤ 2.2tkδI k2 = 2.2kδeI k2 .
kδk

Moreover, by Lemma (11) and the relation between `1 - and `2 -norms we have
√
e 1 = tkδk1 ≤ 2.2tkδGc k1 ≤ 2.2 2s∗ kδeI k2 ,
kδk

where we use the fact that Gc ⊂ I and the induction assumption that |Gc | ≤ 2s∗ . By
e
Mean-Value theorem, there exists a γ ∈ [0, 1] such that ∇Lj (βej ) − ∇Lj (βj∗ ) = ∇2 Lj (β1 )δ,
where β1 := γβj∗ + (1 − γ)βej ∈ Rd−1 . In what follows we will derive an upper bound for
e Before doing that, we present two lemmas. The first one shows
kδeI k2 from δeT ∇2 Lj (β1 )δ.
that the restricted correlation coefficients defined as follows are closely related to the sparse
eigenvalues. This lemma also appear in Zhang (2010) and Zhang et al. (2013) for `2 -loss.
Lemma 20 (Local sparse eigenvalues and restricted correlation coefficients) Let m be a
positive integer and M(·) : Rm → Sm be a mapping from Rm to the space of m×m symmetric
matrices. We define the s-sparse eigenvalues of M(·) over the `1 -ball centered at u0 ∈ Rm
with radius r as

inf

v,u∈Rm



vT M(u)v : kvk0 ≤ s, kvk2 = 1, ku − u0 k1 ≤ r .



ρ+ M, u0 ; s, r = sup vT M(u)v : kvk0 ≤ s, kvk2 = 1, ku − u0 k1 ≤ r ;


ρ− M, u0 ; s, r =

v,u∈Rm



∞

vI 2
vIT M(u)vI wJ

vIT M(u)wJ

: I ∩J = ∅, |I| ≤ s, |J| ≤ k, u−u0

1


≤r .

In addition, we define the restricted correlation coefficients of M over the `1 -ball centered
at u0 with radius r as

v,w,u∈Rm


π M, u0 ; s, k, r := sup

JMLR 19(57):1-59, 2018

√ r
.

k
ρ+ M, u0 ; k, r ρ− M, u0 ; s+k, r −1.
2


Suppose that the local sparse eigenvalue ρ− M, u0 ; s+k, r > 0, then we have the following
upper bound on the restricted correlation coefficient π(M, u0 ; s, k) :

π M, u0 ; s, k, r ≤

Proof See §E.1.1 for a detailed proof.
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q
ρj+ (k ∗ )/ρj− (2s∗+2k ∗ ) − 1.

(71)

We denote the restricted correlation coefficients of ∇2 Lj (·) over the `1 -ball centered at
βj∗ with radius r as πj (s1 , s2 ) := π ∇2 Lj , βj∗ ; s1 , s2 , r and denote the s-sparse eigenval

ues ρ− ∇2 Lj , βj∗ ; s, r and ρ+ ∇2 Lj , βj∗ ; s, r as ρj− (s) and ρj+ (s) respectively. Applying
Lemma 20 to πj (2s∗+k ∗ , k ∗ ) we obtain

πj (2s∗+k ∗ , k ∗ ) ≤ k ∗1/2 /2 ·

2
By the law of large numbers,

 if the sample size n is sufficiently large such that ∇ Lj is close
to its expectation E ∇2 Lj . When βj is close to βj∗ , by Assumption 4, we expect that the
sparse eigenvalue condition also holds for ∇2 Lj (βj ) with high probability. The following
lemma justifies this intuition.



Lemma 21 Recall that we define the sparse eigenvalues of E ∇2 Lj (βj∗ ) in Definition 3.
Under Assumptions 2 and 4, if n is sufficiently large such that ρ∗ & k ∗ λ log2 d, with probability at least 1−(2d)−1, for all j ∈ [d], there exists a constant Cρ ≥ 33ρ∗−1 such that

∗
∗
∗
∗
∗
∗
∗
∗
ρj−
(2s
+2k
)
−
0.05ρ
∗ ≤ ρj− (2s +2k ) < ρj+ (k ) ≤ ρj+ (k ) + 0.05ρ∗ , and

ρj+ (k ∗ ) ρj− (2s∗+2k ∗ ) ≤ 1 + 0.27k ∗ /s∗ ,

(73)

(72)



where we denote the local sparse eigenvalues ρ− ∇2 Lj , βj∗ ; s, r and ρ+ ∇2 Lj , βj∗ ; s, r with
p
r = Cρ log d/n as ρj− (s) and ρj+ (s), respectively.
Thus by Lemma 21 we have

Proof See §E.1.2 for a detailed proof.

q

πj (2s∗+k ∗ , k ∗ ) ≤ 0.5 0.27k ∗ 2 s∗ .

By (65), (72) and Gc ⊂ I we obtain
√
1 − 2πj (2s∗+k ∗ , k ∗ )k ∗−1 kδeG k1 /kδeI k2 ≥ 1 − 1.2 0.54 := κ1 ,

√
where we denote κ1 := 1 − 1.2 0.54 ≥ 0.11. Now we use the second lemma to get an lower
e which implies an upper bound for kδeI k2 .
bound of δeT ∇2 Lj (β1 )δ,

Lemma 22 Let M : Rm → Sm be a mapping from Rm to the space
 of m × m-symmetric
matrices. Suppose that the sparse eigenvalue ρ− M, u0 ; s + k, r > 0, let the restricted
correlation coefficients of M(·)
 be defined in Lemma 20. We denote the
 restricted correlation
coefficients π M, u0 ; s, k, r and s-sparse eigenvalue ρ− M, u0 ; s, r as π(s, k) and ρ− (s)
respectively for notational simplicity. For any v ∈ Rd , let F be any index set such that
|F c | ≤ s, let J be the set of indices of the largest k entries of vF in absolute value and
let I = F c ∪ J. For any u ∈ Rd such that ku − u0 k2 ≤ r and any v ∈ Rd satisfying
1 − 2π(s+k, k)kvF k1 /kvI k2 > 0 we have
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vT M(u)v ≥ ρ− (s+k) kvI k2 − 2π(s+k, k)kvF k1 k kvI k2 .

36

(75)

(74)

(i)

(ii)

2

j

∞

(77)

(76)

(78)

2

2

37
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where the second inequality follows from p0λ (c2 λ) > ∇Lj (βj∗ ) ∞ . From the inequality above
and the induction assumption |Gc | ≤ 2s∗ we obtain that
√ √


s∗ 2 ∇Lj (βj∗ ) ∞ + λ .
(79)
δeI 2 ≤ 10ρ−1
∇Gc Lj (βj∗ ) 2 + kλS k2 ≤ 10ρ−1
∗
∗

j

where we use the Hölder’s inequality and the definition of G. Combining (75),(77) and (78)
we obtain that



2
κ2 ρ∗ δeI 2 ≤ ∇Gc Lj (βj∗ ) 2 + kλS k2 kδeI k2 + ∇Lj (βj∗ ) ∞ − p0λ (c2 λ) kδeG k1

≤ ∇Gc Lj (β ∗ ) + kλS k2 δeI ,

−t δ, λj ◦ ξj ≤ − δS , (λj ◦ ξj )S − |δeG |, λG ≤ kλS k2 kδeI k2 − p0λ (c2 λ)kδeG k1 ,

where the inequality follows from Gc ⊂ I. For term (ii) in (76), by (62) and Hölder’s
inequality we have

j

−t ∇Lj (βj∗ ), δ ≤ t ∇Gc Lj (βj∗ ) 2 kδGc k2 + t ∇G Lj (βj∗ ) ∞ kδG k1
≤ ∇Gc Lj (β ∗ ) kδeI k2 + ∇G Lj (β ∗ ) kδeG k1 ,

For term (i) in (76), by Hölder’s inequality we have

Dj (βej , βj∗ ) ≤ tDj (βbj , βj∗ ) ≤ −t ∇Lj (βj∗ ), δ −t δ, λj ◦ ξj .
{z
}
{z
}|
|

By Lemma 23 and (60),

Proof See §E.1.4 for a detailed proof.

Dj (β(t), β1 ) ≤ tDj (β2 , β1 )

Lemma 23 Let Dj (β1 , β2 ) := β1 − β2 , ∇Lj (β1 ) − ∇L(β2 ) , β(t) = β1 + t(β2 − β1 ),
t ∈ (0, 1) be any point on the line segment between β1 and β2 . Then we have

e We
where we let κ2 := 0.95κ1 ≥ 0.1. Now we derive an upper bound for δeT ∇2 Lj (β1 )δ.
define the symmetric Bregman divergence of Lj (βj ) as Dj (β1 , β2 ) := β1 − β2 , ∇Lj (β1 ) −
∇Lj (β2 ) , where β1 , β2 ∈ Rd−1 . Then by definition, δeT ∇2 `(β1 )δe = Dj (βej , βj∗ ). The following lemma relates Dj (βej , βj∗ ) with Dj (βbj , βj∗ ).

δeT ∇2 `(β1 )δe ≥ κ1 ρj− (2s∗+k ∗ )kδeI k22 ≥ 0.95κ1 ρ∗ kδeI k22 = κ2 ρ∗ kδeI k22 ,

Then by (73), the right-hand side of (74) can be lower bounded by



δeT ∇2 Lj (β1 )δe ≥ ρj− (2s∗+k ∗ )kδeI k2 kδeI k2 − 2πj (2s∗+k ∗ , k ∗ )/k ∗ kδeG k1 .

Now applying Lemma 22 to ∇2 Lj (·) with F = G, s = 2s∗ and k = k ∗ we obtain

Proof See §E.1.3 for a detailed proof.
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(80)

j

2

≤ 10ρ−1
∗



j

∇Ge` Lj (βj∗ )

2

(`−1)

+ λSj

2



e ` := (G` )c .
, G
j
j

(83)

Hjk

∞

j∈[d]

38

j∈[d]
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. max E|Xij − Xi0 j |4 . max E|Xj |4 for any j, k ∈ [d], j 6= k.

Under Assumption 2, we
 first show that there exists a positive constant D such that for
any j, k ∈ d, j 6= k, max Σjk ∞ , Hjk ∞ , Θjk ∞ ≤ D. The reason is as follows.
Note that Hölder’s inequality imply





∗ jk
∗ T
Σjk := E gjk (Xi )gjk (Xi )T and Θjk := E hjk
ii0 (β )hii0 (β ) .



Proof Before proving
this lemma,
we first let ∇2 Ljk βj∨k be the Hessian of Ljk βj∨k


∗
and define Hjk := E ∇2 Ljk βj∨k
. We also define

D.1. Proof of Lemma 14

We prove the auxiliary results for asymptotic inference. More specifically, we first prove
Lemma 14, which is pivotal for deriving the limiting distribution of the pairwise score
statistic. Then we prove the lemmas presented in the proof of Theorem 8.

Appendix D. Proof of Auxiliary Results for Asymptotic Inference

Note that we use Lemmas 10 and 21, hence (83) and (83) hold with probability at least
1 − d−1 for all j ∈ [d].

j

(`)
βbI ` − βI∗`

And (79) is equivalent to

Therefore going back to the original notations, note that κ2 ≥ 0.1, we establish the following
crude rates of convergence for ` ≥ 1 :
√
(`)
(`)
∗
s∗ λ and βbj − βj∗ 1 ≤ 33ρ−1
(82)
βbj − βj∗ 2 ≤ 24ρ−1
∗ s λ.
∗

where we use the condition that λ ≥ 25 ∇Lj (βj∗ ) ∞ . In addition, by(65) and (79) we obtain
the following bound on kδk1


√
∗
kδk1 ≤ 2.2kδGc k1 ≤ 22 2s∗ ρ−1
∇Gc Lj (βj∗ ) 2 + kλS k2 ≤ 33ρ−1
(81)
∗
∗ s λ,

where the last inequality follows from the definition of λ. Notice that (80) contradicts our
e 1 = r, the reason for this contradiction is because we assume that
assumption that kδk
(`)
(`)
(`)
(`)
βbj − βj∗ 1 > r, hence βbj − βj∗ 1 ≤ r and βej = βbj . This means that βbj stays in the
`1 -ball centered at βj∗ with radius r in each iteration.
Moreover, by (68) and (79), we obtain the following upper bound for kδI k2 :
√

s∗ λ,
∇Gc Lj (βj∗ ) 2 + kλS k2 ≤ 24ρ−1
kδk2 ≤ 22ρ−1
∗
∗

Thus (70), (79) and the the fact that 25 ∇Lj (βj∗ ) ∞ ≤ λ imply that
√
√
e 1 ≤ 22 2ρ−1 (1 + 2/25)s∗ λ < 33ρ−1 s∗ λ ≤ r,
kδk
∗
∗

Yang, Ning, and Liu

∞

P(|X4 |4 > t)dt ≤

Z
0

∞

∞

c exp(−t1/4 )dt = 24c, c = 2 exp(κm + κh /2).

j∈[d]

. max E|Xj |4 . By (14) we have
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Z
0

Similarly, for Θjk , we also have Θjk
E|Xj |4 =

i=1

I1

{z

Moreover, note that by the law of total variance, the diagonal elements of Σjk are no
larger than the corresponding diagonal elements of Θjk ; then by Cauchy-Schwarz inequality,
kΣjk k∞ ≤ kΘjk k∞ . Therefore there exists a constant D that does not depend on (s∗ , n, d)
such that

max kHjk k∞ , kΣjk k∞ , kΘjk k∞ ≤ D, 1 ≤ j < k ≤ d.
(84)

Now we are ready to prove the lemma. Recall that ∇Ljk βj∨k is a U -statistic with ker
jk
jk
∗
nel function hii
is centered, the law of total expectation implies
0 (βj∨k ). Because hii0 βj∨k


that E gjk (Xi ) = 0. Note that the left-hand side of (40) can be written as
√
√
√



n T
n T
n T
∗
∗
− Ujk
=
b ∇Ljk βj∨k
b Ujk +
b ∇Ljk βj∨k
2
2
2
√
n


1 X T
n T
∗
=√
− Ujk .
b ∇L βj∨k
b g (Xi ) +
jk
jk
n
|2
{z
}
}
I2
|

Notice that I1 is a weighted sum of i.i.d. random variables with the mean and variance
given by




E bT gjk (Xi ) = 0 and Var bT gjk (Xi ) = bT Σjk b.

i<i

X
1
bT χii0 ,
n(n − 1) 0

1
n(n − 1)2

T
bT E(χii0 χss
0 )b.

where χii0 = (hii0 − hii0 |i − hii0 |i0 ).

X

i<i0 ,s<s0

(86)

(85)

Central limit theorem implies that I1
N (0, bT Σjk b). In what follows we use hii0 and

 jk ∗ 

jk
∗
hii0 |i to denote hii
and E hii
Xi = gjk (Xi ). Thus we can write I2 as
0 βj∨k
0 βj∨k

I2 = √

Then E(I22 ) can be expanded as
E(I22 ) =

By the definition of χii0 , we have
T
T
T
T
T
E(χii0 χss
0 ) = E(hii0 hss0 ) − E(hii0 hss0 |s ) − E(hii0 hss0 |s0 ) − E(hii0 |i hss0 )

T
T
T
T
T
+ E(hii0 |i hss
0 |s ) + E(hii0 |i hss0 |s0 ) − E(hii0 |i0 hss0 ) + E(hii0 |i0 hss0 |s ) + E(hii0 |i0 hss0 |s0 ).

T ) = 0.
Therefore, for i 6= s, s0 and i0 6= s, s0 , law of total expectation implies that E(χii0 χss
0
Similarly, if exactly one of i, i0 is identical to one of s, s0 , say i = s, then (86) becomes
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T
T
T
0
00
T
T
E(χii0 χii
00 ) = E(hii0 hii00 ) − E(hii0 hii00 |i ) − E(hii0 |i hii00 ) + E(hii0 |i hii00 |i ), i 6= i 6= i .
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Note that by the law of total expectation, for each term in (86) we have

T
T
T
T
E(hii0 hii
00 ) = E(hii0 hii00 |i ) = E(hii0 |i hii00 ) = E(hii0 |i hii00 |i ).

∞

T
≤ E(hii0 hii
0)

∞

T
+ E(hii0 |i hii
0 |i )

∞

T
+ E(hii0 |j hii
0 |j )

∞

≤ 3D,

T
0
0
Therefore, E(χii0 χii
00 ) = 0. Finally, if i = s and i = s , by the law of total expectation,
T ) = E(h 0 hT ) − E(h 0 hT ) − E(h 0 0 hT ) =
(86) can be further reduced to E(χii0 χii
0
ii ii0
ii |i ii0 |i
ii |i ii0 |i0
Θjk − 2Σjk . Thus by triangle inequality we have
T
E(χii0 χii
0)

1
n(n − 1)2

i<i0 ,s<s0

T
bT E(χii0 χss
)b =

i<i

X

1
T
bT E χii0 χii
0 b.
n(n − 1)2 0

(87)

where the last inequality follows from Assumption 6. Then equation (85) can be reduced
to
X
E(I22 ) =

By Hölder’s inequality we obtain

1
T
E(I22 ) ≤
kbk1 E(χii0 χii
0 )b
∞
2(n − 1)
3D
1
T
≤
kbk12 E(χii0 χii
kbk12 .
0)
∞
2(n − 1)
2(n − 1)
≤

Since kbk0 ≤ se, by the relationship between `1 -norm and `2 -norm, we can further bound
the right-hand side of (87) by E(I22 ) ≤ 1.5e
sD/(n − 1) → 0, where we use the condition that
lim se/n = 0. Therefore, we conclude the proof of Lemma 14.
n→∞

D.2. Proof of Lemma 13

∗T j
∗ we have Hj
b0
b
Proof By the definition of wj,k
jk,j\k = wj,kHj\k,j\k . We let βj = (0, βj\k ) and

(88)

∗
denote ∇2 Lj (βbj0 ) and ∇2 Lj (βj∗ ) as Λ and Λ∗ respectively. In addition, we write Hj , wj,k
b j,k as H, w∗ and w
b respectively for notational simplicity. Triangle inequality implies
and w
that

kΛjk,j\k −w∗T Λj\k,j\k k∞ ≤ kHjk,j\k −Λjk,j\k k∞ +kw∗T (Hj\k,j\k −Λj\k,j\k )k∞ .

Hölder’s inequality implies that

kΛjk,j\k −w∗T Λj\k,j\k k∞ ≤ kΛ−Hk∞ (1 + kw∗ k1 ).

2
∗ = 0. By Lemma 26, we have kΛ−Hk
∗
Under null hypothesis, βjk
∞ . s λ log d. Then the
right-hand side of (88) is bounded by

kΛjk,j\k −w∗T Λj\k,j\k k∞ . (w0 + 1)s∗ λ log2 d.
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Therefore, by the assumption that λD & max{1, w0 }s∗ λ log2 d we can ensure that w∗ is in
b 1 ≤ kw∗ k1 ≤ w0
the feasible region of the Dantzig selector problem (11), hence we have kwk

40

b J c k1 ≤
= kw

b J k1
kwJ∗ k1−kw

≤

b J −wJ∗ k1 ,
kw

(89)

A2

41
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Proof The proof is similar to that of Lemma 3, hence is omitted here.

ρ∗j− (2s?0+2k0? ) − 0.05ν∗ ≤ ρj− (2s?0+2k0? ) < ρj+ (k0? ) ≤ ρ∗j+ (k0? ) + 0.05ν∗ , and

ρj+ (k0? ) ρj− (2s?0+2k0? ) ≤ 1 + 0.58k0? /s?0 ,


where we denote the local sparse eigenvalues ρ− ∇2 Lj , βj∗ ; s, r and ρ+ ∇2 Lj , βj∗ ; s, r with
p
r = Cρ log d/n as ρj− (s) and ρj+ (s), respectively.

Lemma 24 Under Assumptions 2, 4 and 7, if n is sufficiently large such that ρ∗ &
s∗ λ log2 d, with probability at least 1−(2d)−1, for all j ∈ [d], there exists a constant Cρ ≥ 33ρ−1
∗
such that

The following lemma relates the sparse eigenvalues of ∇2 Lj (βj ) to those of E∇2 Lj (βj∗ ).

By Hölder’s inequality and inequality between `1 -norm and `2 -norms, we obtain that
p
p
A1 ≤ 2λD kb
ωJ k1 ≤ 2 s?0 λD kb
ωJ k2 and A2 ≤ 2λD kb
ωJ c k1 ≤ 2λD kb
ωJ k1 ≤ 2 s?0 λD kb
ωJ k2 .
p
b | ≤ 4 s?0 λD kb
Hence we conclude that |b
ω T Λj\k,j\k ω
ωJ k2 .
b J c in absolute value
We let J1 be the set of indices of the largest k0? component of ω
and let I = J1 ∪ J, then |I| ≤ s?0 + k0? . Under the null hypothesis, kβbj0 −βj∗ k1 = kβbj\k −
∗ k ≤ 33ρ−1 s∗ λ. We denote the s-sparse eigenvalue of ∇2
βj\k
1
∗
j\k,j\k Lj (βj ) over the `1 -ball
centered at βj∗ with radius r as ρ0j+ (s) and ρ0j− (s) respectively and denote the corresponding
restricted correlation coefficients as πj0 (s1 , s2 ). And we denote these quantities of ∇2 Lj (βj∗ )
as ρj− (s), ρj+ (s) and πj (s1 , s2 ). By definition, we immediately have ρj− (s) ≤ ρ0j− (s) ≤
ρ0j+ (s) ≤ ρj+ (s).
By Lemma 22 we have

 
b | ≥ ρ0j− k ?+s? kb
|b
ω T Λj\k,j\k ω
ωI k2 − 2πj0 (s?+k0? , s?0 )kb
ωJ c k1 k ? kb
ωI k2 .
(90)

A1

b| .
b | ≤ |b
b | + |ωJTc ΛJ c ,j\k ω
|b
ω T Λj\k,j\k ω
ωJT ΛJ,j\k ω
{z
} |
{z
}
|

b are feasible for the Dantzig
where the last inequality follows from that both w∗ and w
selector problem (11). Then triangle inequality implies that

b k∞ ≤ kΛjk,j\k − Λj\k,j\k wk
b ∞ + kΛjk,j\k − Λj\k,j\k w∗ k∞ ≤ 2λD ,
kΛj\k,j\k ω

b =w
b − w∗ , inequality (89) is equivalent
where J c := {(j, `) : (j, `) ∈
/ J, j fixed}. Letting ω
to kb
ωJ c k1 ≤ kb
ωJ k1 . Moreover, triangle inequality yields that

b J c−wJ∗ c k1
kw

∗ ]
b Let J be the support set of w∗ , that is, J := {(j, `) : [wj,k
by the optimality of w.
j` 6=
b J c k1 + kw
b J k1 ≤ kwJ∗ k1 . By triangle
0, ` ∈ [d], ` 6= j}; the optimality of w∗ is equivalent to kw
inequality, we have
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(92)

(91)

|



I2j

I3j

I2k



i 6=i
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(93)

42

2 , we need the following theorem to show that Σ
b jk is a
To prove the consistency of σ
bjk
jk
jk
jk
b −Σ
consistent estimator of Σ in the sense that Σ
is negligible.
∞

i=1

n

o⊗2
Xn 1 X jk
b jk (βj∨k ) = 1
Σ
.
hii0 (βj∨k )
n
n−1 0

I3k

T b jk
∗T jk
∗
∗T jk
b k,j
b k,j − wk,j
Σk\j,k\j w
Σk\j,k\j wk,j
− wk,j
Σk\j,jk + w
,
{z
} |
{z
}

b jk βj∨k is defined as
b jk = Σ
b jk βb0
where Σ
j∨k and Σ

+2

I1

T b jk
b k,j
w
Σk\j,jk

2
2
∗T jk
∗T jk
∗
T b jk
T b jk
b jk − Σjk
b j,k − wj,k
b j,k
b j,k
|≤ Σ
|b
σjk
− σjk
Σj\k,jk − wj,k
Σj\k,jk + w
Σj\k,j\k w
Σj\k,j\k wj,k
jk,jk +2 w
jk,jk
|
{z
}
|
{z
} |
{z
}

n→∞

2 is a consistent estimator of σ 2 , which is equivalent
Proof We only need to show that σ
bjk
jk
2 − σ 2 | = 0. To begin with, triangle inequality implies that
to showing that lim |b
σjk
jk

D.3. Proof of Lemma 15

∗ k ≤ 37ν −1 s? λ for all
b j,k − wj,k
Returning to the original notations, we conclude that kw
1
∗
0 D
(j, k) such that j, k ∈ [d], j 6= k.

√
ωJ k2 ≤ 8ν∗−1 κ−1 s?0 λD ≤ 37ν∗−1 s?0 λD .
kb
ω k1 ≤ 2kb
ωJ k1 ≤ 2 s? kb

b j,k can be bounded by
Therefore the estimation error of w

where κ = 0.22. This inequality holds because J ⊂ I. By (92) we have
p
p
p
ωJ k2 ≤ 4 s?0 λd kb
ωI k2 , which implies kb
ωI k2 ≤ 4ν∗−1 κ−1 s?0 λD .
ν∗ κkb
ωI k22 ≤ 4 s?0 λd kb


b | ≥ 0.95ν∗ (1 − 0.76kb
|b
ω T Λj\k,j\k ω
ωJ k2 kb
ωI k2 )kb
ωI k22 ≥ ν∗ κkb
ωI k22 ,

Thus the right-hand side of (91) can be reduced to

q
q
p
2πj0 (s?0+k0? , k0? ) s?0 /k0? ≤ s?0 /k0? ρ0j+ (k0? )/ρ0j− (s?0+2k0? ) − 1
q
q
q
q
≤ s?0 /k0? ρj+ (k0? )/ρj− (s?0+2k0? ) − 1 ≤ s?0 /k0? 0.58k0? /s?0 ≤ 0.76.

Using Lemma 20 we obtain

p
s?0 /k0? )kb
ωI k2 .

p ?
ωJ k2 and Lemma 24, the right-hand side of (90) can be
s0 kb

b | ≥ 0.95ν∗ kb
|b
ω T Λj\k,j\k ω
ωI k2 − 2πj0 (s?0+k0? , s? )kb
ωJ k2

By kb
ωJ c k1 ≤ kb
ωJ k1 ≤
reduced to
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I22

I23

≤

n→∞ j<k


4kvI k22 A1 −ρ− (s+k) vI
A1
A1 kwJ k22

44

A2

A3

(102)

(103)

(105)
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A3 −ρ− (s+k)kwJ k22 .

2

2

By the inequality of arithmetic and geometric means, we have


ρ− (s+k)kvI k22 A1 −ρ− (s+k)kvI k22
1
≤ .
A1
A1
4

A12 kwJ

4A2 kvI k22
2
2
2

Note that the left-hand side (103) is a univariate quadratic function in α, thus (103) implies
that



A1 −ρ− (s+k)kvI k22 A3 −ρ− (s+k)kwJ k22 ≥ A22 .
(104)

Therefore by multiplying 4kvI k2∞ (A12 kwJ k22 ) to both sides of (104) we have

Since kθk22 = kvI k22 + α2 kwJ k22 . Rearranging the terms in (102) we have




A3 −ρ− (s+k)kwJ k22 α2 + 2A2 α + A1 −ρ− (s+k)kvI k22 ≥ 0 for all α ∈ R.

A1

ρ− (s+k)kθk22 ≤ θ T M(u)θ = vIT M(u)vI +2α vIT M(u)wJ +α2 wJT M(u)wJ .
| {z }
|
{z
}
|
{z
}

Proof Let I and J be two index sets with I ∩ J = ∅, |I| ≤ s, |J| ≤ k, for any u ∈ Rd with
ku − u0 k2 ≤ r and any v, w ∈ Rd , let θ = vI + αwJ with some α ∈ R, then by definition,
kθk0 ≤ s + k. For notational simplicity, we denote s-sparse eigenvalues ρ+ M, u0 ; s, r) and
ρ− M, u0 ; s, r) as ρ− (s) and ρ+ (s) respectively. By definition, we have

E.1.1. Proof of Lemma 20

In this subsection we prove the technical lemmas we use to prove the auxiliary results of
estimation. These lemmas are standard for high-dimensional linear regression, but proving
them for our logistic-type loss function needs nontrivial extensions.

E.1. Proof of Technical Lemmas in §C

Finally, we prove the technical lemmas in this appendix. Specifically, we prove the lemmas
introduced to derive the auxiliary results.

Appendix E. Proof of Technical Lemmas

to one.

Therefore combining (94), (98) and (101) we obtain I1 + I2j + I3j = oP (1). We can show
2 − σ 2 = 0 with probability converging
similarly that I2k + I3k = oP (1). Thus lim max σ
bjk
jk

∗ k
∗
where we use Hölder’s inequality kΣj\k,j\k wj,k
∞ ≤ kwj,k k1 kΣk∞ ≤ Dw0 . By (99), (100)
and λD & w0 s∗ λ log2 d, we obtain

2
I3j . w02 s∗ λ log2 d + Dω0 s0? λD + Ds0? 2 λD
.
(101)

≤ CΣ s∗ λ log2 d for 1≤ j < k≤ d.

(94)


b jk βj∨k be defined as (93). Suppose βbj and βbk are the
Lemma 25 For 1≤ j < k≤ d, let Σ
T ,β
bT )T .
estimators of βj∗ and βk∗ obtained from Algorithm 1 and we denote βbj∨k = (βbjk , βbj\k
k\j
b jk (βbj∨k ) is a consistent estimator of Σjk . There exists a constant CΣ that does not
Then Σ
depend on (j, k) such that, with probability tending to one,
b jk (βbj∨k ) − Σjk
Σ

∞

Proof See §E.2.1 for a detailed proof.


b − Σk∞ ≤ OP s∗ λ log2 d .
I1 ≤ kΣ

b jk and Σjk for notational
In the rest of the proof, we will omit the superscripts in both Σ
simplicity. By Lemma 25,

I21

By triangle inequality, we have the following inequality for I2 :


∗ T
∗T b
∗ T b
b j,k −wj,k
b j,k −wj,k
) Σj\k,jk + wj,k
) Σj\k,jk−Σj\k,jk + (w
Σj\k,jk − Σj\k,jk .
I2j ≤ (w
|
{z
} |
{z
} |
{z
}

(96)

b j,k , we obtain an upperBy Hölder’s inequality, Lemma 25 and the estimation error of w
bound for I21 as follows:

∗ ?
2
∗
b
b j,k −wj,k
k1 kΣ−Σk
(95)
I21 ≤ kw
∞ = OP s s0 λD λ log d .
Similarly, for I22 , Hölder’s inequality implies that

∗
b j,k −wj,k
k1 kΣk∞ = OP s0? λD D ,
I22 ≤ kw

(99)

(98)

where the constant D appears in (84). For I , by Hölder’s inequality and 25 we obtain
23

∗
b − Σk∞ = OP w0 s∗ λ log2 d .
I23 ≤ kwj,k
k1 kΣ
(97)
Combining (95), (96) and (97) we have

I2j . (w0 + s0? λD )s∗ λ log2 d + s0? λD .

I32

For I3j , by triangle inequality we have

T
∗T
∗
T
b j\k,j\k−Σj\k,j\k w
b j,k
b j,k + w
b j,k
b j,k −wj,k
I3j ≤ w
Σ
Σj\k,j\k w
Σj\k,j\k wj,k
.
|
{z
} |
{z
}
I31

b implies that
For term I31 , Hölder’s inequality and the optimality of w

b j\k,j\k−Σj\k,j\k k∞ ≤ CΣ w2 s∗ λ log2 d.
b j,k k12 kΣ
I31 ≤ kw
0

For term I32 , Lemma 17 implies that
I32

(100)
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∗ 2
∗
∗
b j,k − wj,k
b j,k − wj,k
≤ kΣj\k,j\k k∞ kw
k1 + kΣj\k,j\k wj,k
k∞ kw
k1

2
≤ Dω0 s0? λD + Ds0? 2 λD
,
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βj −βj∗ 1

(s∗ , n, d)

n→∞

βj∗

(s∗ , n, d).

(108)

(107)
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0.95ρ∗ ≤ ρ∗j− (2s∗+ 2k ∗ ) − 0.05ρ∗ ≤ ρj− (2s∗+ 2k ∗ ) < ρj+ (k ∗ ) ≤ ρ∗j+ (k ∗ ) + 0.05ρ∗ ,

p
Lemma 26 implies that kΛ2 k∞ ≤ Ch log d/n with probability at least 1 − (2d)−1 . By
the relation between `1 - and `2 -norms, we have
p
vT Λ2 v ≤ (2s∗+ 2k ∗ )kvk22 kΛk∞ ≤ (2s∗+ 2k ∗ )Ch log d/n.
p
Moreover, setting r = Cρ s∗ log d/n with Cρ ≥ 33ρ−1
∗ , we have
p
T
2
|v Λ1 v| ≤ Cr Cρ kvk1 ≤ Cr Cρ (2s∗+ 2k ∗ ) log d/n.
p

By Assumption 4, if n is large enough such that (2s∗+ 2k ∗ )(Cr Cρ + Ch ) log d/n ≤ 0.05ρ∗ ,
then we have

Proof See §E.3 for a detailed proof.

∇2 Lj (βj ) − ∇2 Lj (βj∗ ) ∞ ≤ Cr r1 (s∗ , n, d) · log2 d,

T
v ∇2 Lj (βj ) − ∇2 Lj (βj∗ )v ≤ Cr r1 (s∗ , n, d) · kvk22 .

≤ r1
as the `1 -ball centered at
with radius r1
Under
Assumptions 2 and 4, there exist absolute constants Ch , Cr > 0 such that, with probability
at least 1 − (2d)−1 , for all j ∈ [d], βj ∈ Bj (r1 ) and v ∈ Rd , it holds that,
p


∇2 Lj (βj∗ ) − E ∇2 Lj (βj∗ ) ∞ ≤ Ch log d/n,
(106)

Rd−1 :

Lemma 26 We denote s∗ = maxj∈[d] kβj∗ k0 . Let r1 (s∗ , n, d) > 0 be a real number depend
ing on s∗ , n, and d that satisfy lim r1 (s∗, n, d) log2 d = 0. We define Bj (r1 ) := βj ∈

Proof Under Assumption 4, for any βj ∈ Rd−1 such that kβj −βj∗ k2 ≤ r and any v ∈ Rd−1


with kvk0 ≤ 2s∗+ 2k ∗ , we denote ∇2 Lj (βj ) − ∇2 Lj (βj∗ ) and ∇2 Lj (βj ) − E ∇2 Lj (βj∗ ) as
Λ1 and Λ2 respectively. Our goal is to show that both |vT Λ1 v| and |vT Λ2 v| are negligible. Hölder’s inequality implies that vT Λ2 v ≤ kvk1 kΛ2 vk∞ ≤ kvk21 kΛ2 k∞ . We use the
following lemma to control |v> Λ1 v| and kΛ2 k∞ .

E.1.2. Proof of lemma 21

Taking supremum over v, w ∈ Rd finally yields Lemma 20.

where the last inequality follows from A3 ≤√ρ+ (k)kwJ k22 . Note that by the relationship
between `2 - and `∞ norm, we have kwJ k2 ≤ kkwJ k∞ , which further implies that
√ T
√
√
vIT M(u)wJ kvI k2
kvI M(u)wJ kvI k2
kA2 kvI k2
kp
≤
≤
=
ρ+ (k)/ρ− (s + k) − 1.
T
T
A1 kwJ k2
2
vI M(u)vI kwJ k∞
vI M(u)vI kwJ k2

A3 − ρ− (s+k)kwJ k22
4A22 kvI k22
ρ+ (k)
≤
≤
− 1,
2
2
ρ− (s+k)
A1 kwJ k2
ρ− (s+k)kwJ k22

Then the right-hand side of (104) can be bounded by
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≥

=

v M(u)v ≥

T

+

2vIT M(u)vI c ,

by (109) we have



T
vIT M(u)vI − 2π(s+k, k)kvI k−1
2 vI M(u)vI kvF k1
 T

 
−1
vI M(u)vI 1 − 2π(s+k, k)kvI k2 kvF k1 k .

vIT M(u)vI

i≥2


k

(109)
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E.1.4. Proof of Lemma 23

Proof Let F (t) = Lj β(t) − Lj (β1 )− ∇Lj (β1 ), β(t) − β1 . Since the derivative of
Lj β(t) with respect to t is ∇Lj β(t) , β2 − β1 , the derivative of F is given by

F 0 (t) = ∇Lj β(t) − ∇Lj (β1 ), β2 − β1 .

where we denote s-sparse eigenvalue ρ− (M, u0 ; s, r) as ρ− (s + k) for the simplicity of notations. Inequality (110) concludes the proof of Lemma 22.

Thus we can bound the right-hand side of the last formula using the sparse eigenvalue
condition


2
(110)
vT M(u)v ≥ ρ− (s+k) 1 − 2π(s+k, k)k −1 kvI k−1
2 kvF k1 kvI k2 ,

Because

vT M(u)v

i≥2

 T


≤ π(s+k, k)kvI k−1
2 vI M(u)vI kvF k1 k.

Thus we have the following upper bound for vIT M(u)vI c :
X
 T
X
vIT M(u)vI c ≤
vIT M(u)vJi ≤ π(s+k, k)kvI k−1
kvJi k∞
2 vI M(u)vI

Proof For v = (v1 , . . . , vd )T ∈ Rd , without loss of generality, we assume that F c = [s1 ]
where s1 = |F c | ≤ s. In addition, we assume that when j > s1 , vj is arranged in descending
order of |vj |. That is, we rearrange the components of v such that |vj | ≥ |vj+1 | for all
j ≥ s1 . Let J0 = [s1 ] and Ji = {s1 +(i − 1)k +1, . . . , min(s1 + ik, 
d)}. By definition, we
have J = J1 and I = J0 ∪ J1 . Moreover,
we have kvJi k∞≤ kvJi−1 k1 k when i ≥ 2 because
P
by the definition of Ji , we have i≥2 kvJi k∞ ≤ kvF k1 k. Note that by the definition of
index sets I and Ji , |Ji | ≤ k and |I| = k +s1 ≤ k +s. We denote the restricted correlation
coefficients π(M, u0 ; s, k, r) as π(s, k), then by the definition of π(s+k, k) we have



vIT M(u)vJi ≤ π(s+k, k) vIT M(u)vI kvJi k∞ kvI k2 .

E.1.3. Proof of Lemma 22

Thus, we conclude the proof of Lemma 26.

ρ∗j+ (k ∗ ) + 0.05ρ∗j− (2s∗+ 2k ∗ )
ρ∗j+ (k ∗ ) + 0.05ρ∗
ρj+ (k ∗ )
≤
≤ ∗
≤ 1 + 0.27k ∗ /s∗ .
∗
∗
∗
∗
ρj− (2s + 2k )
ρj− (2s + 2k ) − 0.05ρ∗
0.95ρ∗j− (2s∗+ 2k ∗ )



where we denote the s-sparse eigenvalues ρ− ∇2 Lj , βj∗ ; s, r and ρ+ ∇2 Lj , βj∗ ; s, r as ρj− (s)

and ρj+ (s) respectively. Under Assumption 4, ρ∗j+ (k ∗ ) ρ∗j− (2s∗+ 2k ∗ ) ≤ 1 + 0.2k ∗ /s∗ and
k ∗ ≥ 2s∗ , simple computation yields that
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Therefore the Bregman divergence Dj β(t), β1 can be written as

Dj β(t), β1 = ∇Lj [β(t)] − ∇Lj (β1 ), t(β2 − β1 ) = tF 0 (t).
By definition, it is easy to see that F 0 (1) = Dj (β2 , β1 ). To derive Lemma 23, it suffices to
show that F (t) is convex, which implies that F 0 (t) is non-decreasing and Dj β(t), β1 =
tF 0 (t) ≤ tF 0 (1) = tDj (β2 , β1 ).
For ∀t1 , t2 ∈ R+ , t1 + t2 = 1, x, y ∈ (0, 1), by the linearity of β(t), β(t1 x + t2 y) =
t1 β(x) + t2 β(y). Then we have

(112)

∇Lj (β1 ), β(t1 x + t2 y) − β1 = t1 ∇Lj (β1 ), β(x) − β1 + t2 ∇Lj (β1 ), β(y) − β1 . (111)
In addition, by convexity of function Lj (·), we obtain



Lj β(t1 x + t2 y) ≤ t1 Lj β(x) + t2 Lj β(y) .
Adding (111) and (112) we obtain

F t1 x + t2 y ≤ t1 F (x) + t2 F (y).

Therefore F (t) is convex, thus we have Dj (β(t), β1 ) ≤ tDj (β2 , β1 ).

E.2. Proof of Technical Lemmas in §D
Now we prove the lemmas that supports the auxiliary inferential results. We first prove
2 is a consistent estimator of the asymptotic variance
Lemma 25, which implies that the σ
bjk
of σjk .

X

i=1 i0 6=i,i00 6=i

n
X
1
n(n − 1)2


jk
Vii
0 i00 βj∨k .

I2



E.2.1. Proof of lemma 25

Proof Recall that we denote βj∨k = (βjk , βj\k , βk\j ) and Ljk βj∨k = Lj (βj )+Lk (βk ). We


denote the kernel function of the second-order U -statistic ∇Ljk βj∨k as hjk0 βj∨k where
ii

jk
:=
the subscripts i, i0 indicate that hjk0 (·) depends on Xi and Xi0 . We define Vii
0 i00 βj∨k
ii
 jk
T

jk
b jk βj\k can be written as
hii
. Then by definition, Σ
0 βj∨k hii0 βj∨k

b jk βj∨k =
Σ


b jk βj∨k − Σjk
Note that Σ

I1




jk
b jk βj∨k − Σ
b jk β ∗
b jk β ∗
=Σ
j∨k + Σ
j∨k − Σ .
{z
} |
{z
}
|

jk
∗
We first consider I2 . For notational simplicity, we use hii0 and hii0 |i to denote hij
βj∨k


 jk ∗ 
jk
∗
and hii
Xi respectively. As shown in §D.1, for i 6= i0 6= i00 ,
0 |i βj∨k := E hij βj∨k
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T
T
T
jk
T
and E hij hij
E hii0 hii
= E hii0 hii
= Θjk ,
00 Xi = E hii0 |i hii00 |i = Σ
00

we can write I2 as

47

I2 =

n−2
n−1

i<i0 <i00

{z

I21
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}

|

i<i0

I22

 

 

X
X





n −1
n −1
1
1
Vii0 i00 −E(Vii0 i00 ) +
Vii0 i0 −E(Vii0 i0 ) +
Θjk−Σjk ,
3
n−1
2
n−1
{z
}
|

≤ 8 exp(2κm + κh ) exp(−x).




> 2x4 ≤ P (Xia − Xi0 a )(Xib − Xi0 b )(Xic − Xi00 c )(Xid − Xi00 d ) > x4

jk
∗
where we use Vii0 i00 to denote Vii
0 i00 (βj∨k ). Observing that I21 is a centered third order


∗ )
U -statistic, for x large enough such that x4 ≥ E Vijk (βj∨k
and for any (a, b), (c, d) ∈
∞

(p, q) : p, q ∈ {j, k} we have

P

 jk

Vii0 i00 (βj∨k ) ab,cd

(113)

Thus there exist constants c1 and C1 that does not depend on n or d or (j, k) such that for
any x ∈ R, any i, i0 , i00 ∈ [n] and any j, k ∈ [d],


jk
∗
1/4
).
P [Vii
0 i00 (βj∨k )]ab,cd > x ≤ C1 exp(c1 x

(117)

(116)

(115)

(114)

jk
4
∗
This implies that there exists some generic constant C such that kVii
0 i00 (βj∨k )k∞ ≤ C log d
for all j, k ∈ [d] and i, i0 ∈ [n] with probability tending to one. Similar to the method we
 jk
4
0 00 ∈ [n], j, k ∈ [d] . By
∗
use in §E.3, we define E := kVii
0 i00 (βj∨k )k∞ ≤ C log d, ∀i, i , i
Bernstein’s inequality for U -statistics (Lemma 19) with b = C log4 d in (56), for some
generic constants C, it holds with high probability that

i<i

 
p

n −1 X
Vii0 i0 −E(Vii0 i0 |E) ≤ C log d/n, ∀j, k ∈ [d], i, i0 , i00 ∈ [n].
2
0
Moreover, by (113), we have

C log4 d



∗
∗
)]ab,cd
E [Vii0 i0 (βj∨k
)]ab,cd |E − E [Vii0 i00 (βj∨k
Z ∞
 jk
∗
≤ c1 log3 d · exp(−c2 log d)
P [Vii
0 i00 (βj∨k )]ab,cd > x
≤

for some absolute constant c1 and c2 . Since (115) holds uniformly, we have

i<i

 −1 X
p


n
E(Vii0 i0 |E) − E(Vii0 i00 ) ≤ log3 d · exp(−c2 log d) . log d/n.
2
0

Combining (114) and (116) we obtain that
p

log d/n uniformly for 1 ≤ j < k ≤ n.

kI21 k∞ = OP
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For the second part I22 , noting that it is a U -statistic of order 2, because
p (113) also holds
∗ ), applying the same technique, we have kI k
for Vii0 i00 (βj∨k
log d/n uniformly
21 ∞ = OP

48

(119)

∞


≤ max 1 − exp(−2b), exp(2b) − 1

b jk β ∗
Σ
j∨k



∞

.

(120)

∞

b jk β ∗
.b Σ
j∨k



∞ ∞


jk
b jk β ∗
≤b Σ
j∨k − Σ

∞

+ bkΣjk k∞ .

∞

= OP r(s∗ , n, d) log2 d +

p
log d/n



for all (j, k).

(122)
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Now we turn to the last unproven result, namely Lemma 26, which characterizes the perturbation of ∇2 Lj (βj ).

E.3. Proof of Lemma 26

Finally, by the fact that maxj∈[d] kβbj − βj∗ k1 . s∗ λ, we conclude the proof of Lemma 25 by
setting r = Cs∗ λ.


b jk βj∨k − Σjk
Σ




b jk βj∨k :
Combining (118) and (121), we have the following error bound for Σ

p


jk
b jk β ∗
log d/n , which converges to
Note that we show kI2 k∞ = Σ
= OP
j∨k − Σ
∞
zero asymptotically. Thus we conclude that



∗
2
b jk βj∨k − Σ
b jk β ∗
(121)
Σ
j∨k ∞ = OP r(s , n, d) log d .



b jk βj∨k − Σ
b jk β ∗
Σ
j∨k

n→∞

As we show in §E.3, b ≤ Cr(s∗ , n, d) log2 d with high probability for some absolute constant
C > 0. Since lim r(s∗ , n, d) log2 d = 0, by (120) we have

which implies that


b jk β ∗
b jk βj∨k − Σ
Σ
j∨k

where the inequality is taken elementwisely. We denote b := maxi,i0 ∈[n];j∈[d] r(s∗ , n, d) (Xij −
Xi0 j )(Xi\j −Xi0 \j ) ∞ . Note that when kβj −βj∗ k1 ≤ r(s∗ , n, d) and kβk −βk∗ k1 ≤ r(s∗ , n, d),

we have ωiij 0 , ωiik 0 ∈ [exp(−b), exp(b)]. Therefore by (119) and the definition of Viijk0 i00 βj\k ,
we obtain the following elementwise inequality



jk
jk
jk
∗
∗
exp(−2b)Vii
0 i00 βj\k ≤ Vii0 i00 βj\k ≤ exp(2b)Vii0 i00 βj\k ,

jk
j
jk
∗
k
∗
min{1, ωiij 0 , ωiik 0 }hjk
ii0 (βj∨k ) ≤ hii0 (βj∨k ) ≤ max{1, ωii0 , ωii0 }hii0 (βj∨k ),

Now we turn to I1 . For any βj , βk ∈ Rd−1 such that kβj − βj∗ k1 ≤ r(s∗ , n, d) and


kβk − βk∗ k1 ≤ r(s∗ , n, d), we denote ωiij 0 := exp −(Xij − Xi0 j )(βj − βj∗ )T (Xi\j − Xi0 \j ) and


j
T
denote ωiik 0 similarly. Recall that we denote Rii
0 (βj ) = exp −(xij − xi0 j )βj (xi\j − xi0 \j ) .
j
j
j
Hence by definition we have Rii0 (βj ) = ωii0 Rii0 (βj∗ ). As shown in §E.3, we have

for 1 ≤ j < k ≤ n. Combining with (117), we conclude that, for some absolute constant C,
we have
p

jk
b jk β ∗
Σ
≤ C log d/n, ∀1 ≤ j < k ≤ n.
(118)
j∨k − Σ
∞
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E[Tii0 (βj )]

is bounded for all βj ∈

j∈[d]

j∈[d],i∈[n]

. max E|Xij − Xi0 j |4 . max
∞

∞

because

i<i

E|Xij |4 ≤

Rd−1

0

Z
∞

(124)

c exp(−t1/4 )dt = 24c,

X
2
Tii0 (βj ).
n(n − 1) 0
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for some absolute constant c1 and c2 . Therefore we have
p




E1 ∇2 Lj (βj ) − E ∇2 Lj (βj ) ∞ . log3 d · exp(−c2 log d) . log d/n.

C log4 d

with probability at least 1 − (8d)−1 . Moreover, by (124) we obtain that
Z ∞



P [Tii0 (βj∗ )]k` > x ≤ c1 log3 d·exp(−c2 log d)
E [Tii0 (βj∗ )]k` E −E [Tii0 (βj∗ )]k` ≤





Here we use E1 ∇2 Lj (βj ) to denote E ∇2 Lj (βj ) E . Thus under Assumption 4 we obtain
that, conditioning on event E,
p


(126)
∇2 Lj (βj ) − E1 ∇2 Lj (βj ) ∞ ≤ C log d/n, ∀j ∈ [d]

Thus by a union bound, we conclude that there exists some generic constant C such that
kTii0 (βj∗ )k∞ ≤ C log4 d for all j ∈ [d] and i, i0 ∈ [n] with probability at least 1 − (8d)−1 .

We define an event E := kTii0 (βj∗ )k∞ ≤ C log4 d, ∀i, i0 ∈ [n], j ∈ [d] . By (124), it is easy
∗
to see that Tii0 (βj ) is `2 -integrable. By Bernstein’s inequality for U -statistics (Lemma 19)
with b = C log4 d in (56), for some generic constants C1 and C2 , we obtain that







P ∇2 Lj (βj ) − E1 ∇2 Lj (βj ) > t E ≤ 4 exp −nt2 (C1 + C2 log4 ·t) , ∀j ∈ [d]. (125)


P [Tii0 (βj∗ )]k` > x ≤ CT exp(−2−1/4 x1/4 ) for all x > 0.

where c = 2 exp(κm + κh /2). Here the last inequality follows from (14). Let ∇2jk,j` Lj (βj ) =




∂ 2 Lj (βj ) ∂βjk ∂βj` and let Tii0 (βj ) k` be the corresponding kernel function. That is,



P
−1
4
∇2jk,j` Lj (βj ) = n2
i<i0 Tii0 (βj ) k` . For x > 0 such that x > 24c and k, ` 6= j, we have



P [Tii0 (βj∗ )]k` > 2x4 ≤ P (Xij − Xi0 j )2 (Xik − Xi0 k )(Xi` − Xi0 ` ) > x4



≤ P |Xij − Xi0 j | > x + P |Xik − Xi0 k | > x + P |Xi` − Xi0 ` | > x .
(123)

As a direct implication of Assumption 2, we have P |Xij − Xij | > x ≤ 2 exp(2κm +
κk ) exp(−x) for all j ∈ [d]. Then we can bound the right-hand side of (123) by

P [Tii0 (βj∗ )]k` > 2x4 ≤ 6 exp(2κm + κh ) exp(−x) when x4 > 48 exp(κm + κh /2).
o
n

Letting CT = max 6 exp(2κm + κh ), exp [48 exp(κm + κh /2)]1/4 , it holds that

u∈Rd−1

max

Note that E[Tii0 (βj )]



∇2 Lj (βj ) − E ∇2 Lj (βj ) =



Proof Note that ∇2 Lj (βj ) is a second-order U -statistic. Hence ∇2 Lj (βj ) − E ∇2 Lj (βj )
is a centered U -statistic. We denote its kernel as Tii0 (βj ), then
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(128)

Combining (126) and (127) we show that, with probability at least 1 − (4d)−1 , ∇2 Lj (βj∗ ) −
p
E[∇2 Lj (βj∗ )] ∞ ≤ Ch log d/n for all j ∈ [d].
For the second argument (107), let ∆ = βj − βj∗ where βj ∈ Rd−1 lies in the `1 -ball
centered at βj∗ with radius r1 (s∗ , n, d), that is, βj −βj∗ 1 ≤ r1 (s∗, n, d). By the independence
between Xi and Xi0 , Assumption 2 implies that
n



o
max log E exp(Xij − Xi0 j ) , log E exp(Xi0 j − Xij ) ≤ 2κm + κh ,
which further implies that for any x > 0


P (Xij − Xi0 j ) > x ≤ 2 exp(2κm + κh ) exp(−x), ∀j ∈ [d].

Hence for any x > 0 and j, k ∈ [d], a union bound implies that
≤ 4 exp(2κm + κh ) exp(−x).







P (Xij − Xi0 j )(Xik − Xi0 k ) > x2 ≤ P (Xij − Xi0 j ) > x + P (Xik − Xi0 k ) > x

Taking a union bound over 1≤ j < k≤ d and 1 ≤ i < i0 ≤ n we obtain that
i
h
(Xij − Xi0 j )(Xi\j − Xi0 \j ) ∞ > x2 . n2 d2 exp(−x).
max
P

i,i0 ∈[n];j∈[d]

−(Xij

Xi0 j )∆

(Xi\j

Xi0 \j )

If we denote b := maxi,i0 ∈[n];j∈[d] r1 (s∗ , n, d) (Xij − Xi0 j )(Xi\j − Xi0 \j ) ∞ , then we obtain
2
that b ≤ Cr1 (s∗ , n, d)
at least 1 − (4d)−1 for some constant C > 0.
 log d with probability
T
:= exp
Denoting
−
−
, by definition,
ωii0


j
j
∗ T
∗
Rii
= ωii0 Rii
0 (βj ) = exp −(Xij − Xi0 j )(∆ + βj ) (Xi\j − Xi0 \j )
0 (βj ).

Thus we can write ∇2 Lj (βj ) as:


X Rj 0 (β ∗ )(Xij − Xi0 j )2 (Xi\j − Xi0 \j )⊗2 ωii0 1 + Rj 0 (β ∗ ) 2
2
ii
ii
∇2 Lj (βj ) =
2
2 .
j
j
∗
∗
n(n − 1) 0
1 + Rii
1
+
ω
0 (β )
ii0 Rii0 (β )
i<i
(129)

(130)

2 

j
∗ 2 ≤ 1; otherwise we have
If ω 0 ≥ 1, then (ω 0 )−2 ≤ 1 + Rj (β ∗ )
1 + ωii0 Rii
0
0 (β )
ii
2 ii
 ii
j
j
∗ 2 ≤ (ω 0 )−2 . This observation implies
1 ≤ 1 + Rii
/ 1 + ωii0 Rii
0 (β)
0 (β )
ii

min ωii0 , 1/ωii0

2

ω 0 1 + Rj 0 (β)
ii
ii
≤
 ≤ max ωii0 , 1/ωii0 .
j
∗ 2
1 + ωii0 Rii
0 (β )

By the definition of ωii0 , Hölder’s inequality implies that (Xij −Xi0 j )∆T (Xi\j −Xi0 \j ) ≤ b,
thus we have
(131)
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exp(−b) ≤ min ωii0 1/ωii0 ≤ max ωii0 , 1/ωii0 ≤ exp(b).
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Combining (129),(130) and (131) we obtain

∇2 Lj (βj∗ )

exp(−b)∇2 Lj (βj∗ ) ≤ ∇2 Lj (βj ) ≤ exp(b)∇2 Lj (βj∗ ).
n→∞

∞


≤ max 1 − exp(−b), exp(b) − 1

Then by (132), since lim r1 (s∗ , n, d) log2 d = 0, we have
∇2 Lj (βj ) − ∇2 Lj (βj∗ )

∞

∞

∞

(132)

. b ∇2 Lj (βj∗ )



Notice that under Assumption 2, as shown in §D.1, we can assume that E ∇2 Lj (βj∗ ) ∞ ≤
D where D appears in (84). By triangle inequality,
p




≤ ∇2 Lj (βj∗ )−E ∇2 Lj (βj∗ ) ∞ + E ∇2 Lj (βj∗ ) ∞ ≤ D+Ch log d/n ≤ 2D

∇2 Lj (βj∗ )

∞

≤ Cr r1 (s∗ , n, d) log2 d

with probability at least 1 − (4d)−1 , where the last inequality follows from the fact that
1/2
log9 d/n
tends to zero as n goes to infinity. Then we obtain that

∇2 Lj (βj ) − ∇2 Lj (βj∗ )

∞

,

holds for some absolute constant Cr > 0 and uniformly for all j ∈ [d] and βj ∈ Bj (r1 ) with
probability at least 1 − (2d)−1 .
Finally, for the last argument (108), for any v ∈ Rd−1 , by (132) we have

exp(−b)vT ∇2 Lj (βj∗ )v ≤ vT ∇2 Lj (βj )v ≤ exp(b)vT ∇2 Lj (βj∗ )v.

Thus we have


vT ∇2 Lj (βj ) − ∇2 Lj (βj∗ ) v . b vT ∇2 Lj (βj∗ )v ≤ bkvk12 ∇2 Lj (βj∗ )
which implies (108).
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Although being favored in practice for assessing the risk of the kNN classifier, the use
of CV comes with very few theoretical guarantees regarding its performance. Moreover
probably for technical reasons, most existing results apply to Hold-out and leave-one-out
(L1O), that is LpO with p = 1 (Kearns and Ron, 1999). In this paper we rather consider
the general LpO procedure (for 1 ≤ p ≤ n − 1) used to estimate the risk (alternatively
the classification error rate) of the kNN classifier. Our main purpose is then to provide
distribution-free theoretical guarantees on the behavior of LpO with respect to influential
parameters such as p, n, and k. For instance we aim at answering questions such as: “Does

In numerous (if not all) practical applications, computing the cross-validation (CV)
estimator (Stone, 1974, 1982) has been among the most popular strategies to evaluate the
performance of the kNN classifier (Devroye et al., 1996, Section 24.3). All CV procedures
share a common principle which consists in splitting a sample of n points into two disjoint
subsets called training and test sets with respective cardinalities n − p and p, for any
1 ≤ p ≤ n−1. The n−p training set data serve to compute a classifier, while its performance
is evaluated from the p left out data of the test set. For a complete and comprehensive review
on cross-validation procedures, we refer the interested reader to Arlot and Celisse (2010).
In the present work, we focus on the leave-p-out (LpO) cross-validation. Among CV
procedures,
it belongs to exhaustive strategies since it considers (and averages over) all the

n
p possible such splittings of {1, . . . , n} into training and test sets. Usually the induced
computation time of the LpO is prohibitive, which gives rise to its surrogate called V −fold
cross-validation (V-FCV) with V ≈ n/p (Geisser, 1975). However, Steele (2009); Celisse
and Mary-Huard (2011) recently derived closed-form formulas respectively for the bootstrap
and the LpO procedures applied to the kNN classifier. Such formulas allow for an efficient
computation of the LpO estimator. Moreover since the V-FCV estimator suffers the same
bias but a larger variance than the LpO one (Celisse and Robin, 2008; Arlot and Celisse,
2010), LpO (with p = bn/V c) strictly improves upon V-FCV in the present context.

Cover and Hart (1967); Cover (1968); Györfi (1981). The kNN classifier has been proved to
be (weakly) universally consistent by Stone (1977) as long as k = kn → +∞ and k/n → 0
as n → +∞. For the 1NN classifier, an asymptotic expansion of the error rate has been
derived by Psaltis et al. (1994). The same strategy has been successfully applied to the
kNN classifier by Snapp and Venkatesh (1998). Hall et al. (2008) study the influence of the
parameter k on the risk of the kNN classifier by means of an asymptotic expansion derived
from a Poisson or binomial model for the training points. More recently, Cannings et al.
(2017) pointed out some limitations suffered by the “classical” kNN classifier and deduced
an improved version based on a local choice of k in the semi-supervised context. In contrast
to the aforementioned results, the work by Chaudhuri and Dasgupta (2014) focuses on the
finite-sample framework. They typically provide upper bounds with high probability on the
risk of the kNN classifier where the bounds are not distribution-free. Alternatively in the
regression setting, Kulkarni and Posner (1995) derived a strategy leading to a finite-sample
bound on the performance of 1NN, which has been extended to the (weighted) kNN rule
(k ≥ 1) by Biau et al. (2010a,b) (see also Berrett et al., 2016, where a weighted kNN estimator is designed for estimating the entropy). We refer interested readers to Biau and
Devroye (2016) for an almost thorough presentation of known results on the kNN algorithm
in various contexts.

Celisse and Mary-Huard

The k-nearest neighbor (kNN) algorithm (Fix and Hodges, 1951) in binary classification is
a popular prediction algorithm based on the idea that the predicted value at a new point is
based on a majority vote from the k nearest labeled neighbors of this point. Although quite
simple, the kNN classifier has been successfully applied to many difficult classification tasks
(Li et al., 2004; Simard et al., 1998; Scheirer and Slaney, 2003). Efficient implementations
have been also developed to allow dealing with large datasets (Indyk and Motwani, 1998;
Andoni and Indyk, 2006).
The theoretical performances of the kNN classifier have been already extensively investigated. In the context of binary classification preliminary theoretical results date back to

1. Introduction

The present work aims at deriving theoretical guaranties on the behavior of some crossvalidation procedures applied to the k-nearest neighbors (kNN) rule in the context of
binary classification. Here we focus on the leave-p-out cross-validation (LpO) used to assess
the performance of the kNN classifier. Remarkably this LpO estimator can be efficiently
computed in this context using closed-form formulas derived by Celisse and Mary-Huard
(2011).
We describe a general strategy to derive moment and exponential concentration inequalities for the LpO estimator applied to the kNN classifier. Such results are obtained
first by exploiting the connection between the LpO estimator and U-statistics, and second
by making an intensive use of the generalized Efron-Stein inequality applied to the L1O
estimator. One other important contribution is made by deriving new quantifications of
the discrepancy between the LpO estimator and the classification error/risk of the kNN
classifier. The optimality of these bounds is discussed by means of several lower bounds as
well as simulation experiments.
Keywords: Classification, Cross-validation, Risk estimation
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there exist any regime of p = p(n) (with p(n) some function of n) where the LpO estimator
is a consistent estimate of the risk of the kNN classifier?”, or “Is it possible to describe the
convergence rate of the LpO estimator depending on p?”
Contributions. The main contribution of the present work is two-fold: (i) we describe
a new general strategy to derive moment and exponential concentration inequalities for
the LpO estimator applied to the kNN binary classifier, and (ii) these inequalities serve to
derive the convergence rate of the LpO estimator towards the risk of the kNN classifier.
This new strategy relies on several steps. First exploiting the connection between the
LpO estimator and U-statistics (Koroljuk and Borovskich, 1994) and the Rosenthal inequality (Ibragimov and Sharakhmetov, 2002), we prove that upper bounding the polynomial
moments of the centered LpO estimator reduces to deriving such bounds for the simpler
L1O estimator. Second, we derive new upper bounds on the moments of the L1O estimator
using the generalized Efron-Stein inequality (Boucheron et al., 2005, 2013, Theorem 15.5).
Third, combining the two previous steps provides some insight on the interplay between p/n
and k in the concentration rates measured in terms of moments. This finally results in new
exponential concentration inequalities for the LpO estimator applying whatever the value of
the ratio p/n ∈ (0, 1). In particular while the upper bounds increase with 1 ≤ p ≤ n/2 + 1,
it is no longer the case if p > n/2 + 1. We also provide several lower bounds suggesting our
upper bounds cannot be improved in some sense in a distribution-free setting.
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Ak (Dn ; x) = fbk (Dn ; x) :=

bp (A, Dn ) =
R

e∈En−p

4

i∈ē
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In this paper we focus on the estimation of L(fˆ) (and its expectation R(fˆ)) by use of the
Leave-p-Out (LpO) cross-validation for 1 ≤ p ≤ n − 1 (Zhang, 1993; Celisse and Robin,
2008). LpO successively considers all possible splits of Dn into a training set of cardinality
n − p and a test set of cardinality p. Denoting by En−p the set of all possible subsets of
{1, . . . , n} with cardinality n − p, any e ∈ En−p defines a split of Dn into a training sample
De = {Zi | i ∈ e} and a test sample Dē , where ē = {1, . . . , n} \ e. For a given classification
algorithm A, the final LpO estimator of the performance of ADn (·) = fb is the average (over
all possible splits) of the classification error estimated on each test set, that is
!
 
n −1 X
1X
(2.2)
1{ADe (Xi )6=Yi } ,
p
p

where Y(i) (x) is the label of the i-th nearest neighbor of x for 1 ≤ i ≤ k, and B(0.5) denotes
a Bernoulli random variable with parameter 1/2.
Leave-p-out cross-validation For a given sample Dn , the performance of any classifier
fˆ = ADn (·) (respectively of any classification algorithm A) is assessed by the classification
error L(fˆ) (respectively the risk R(fˆ)) defined by


h 
i
L(fˆ) = P fˆ(X) 6= Y | Dn , and
R(fˆ) = E P fˆ(X) 6= Y | Dn .

Dn = {Z1 , . . . , Zn } called the training sample, where Zi = (Xi , Yi ), 1 ≤ i ≤ n represent
n copies of (X, Y ) drawn independently from P(X,Y ) . In settings where no confusion is
possible, we will replace Dn by D.
Any strategy to build such a classifier is called a classification algorithm, and can be
formally defined as a function A : ∪n≥1 {X × {0, 1}}n → F that maps a training sample
Dn onto the corresponding classifier ADn (·) = fˆ ∈ F, where F is the set of all measurable
functions from X to {0, 1}. Numerous classifiers have been considered in the literature and
it is out of the scope of the present paper to review all of them (see Devroye et al. (1996)
for many instances). Here we focus on the k-nearest neighbor rule (kNN) initially proposed
by Fix and Hodges (1951) and further studied for instance by Devroye and Wagner (1977);
Rogers and Wagner (1978).
The kNN algorithm For 1 ≤ k ≤ n, the kNN classification algorithm, denoted by Ak ,
consists in classifying any new observation x using a majority vote decision rule based on
the labels of the k closest points to x, denoted by X(1) (x), . . . , X(k) (x), among the training
sample X1 , . . . , Xn . In what follows these k nearest neighbors are chosen according to the
distance associated with the usual Euclidean norm in Rd . Note that other adaptive metrics
have been also considered in the literature (see for instance Hastie et al., 2001, Chap. 14 ).
But such examples are out of the scope of the present work, that is our reference distance
does not depend on the training sample at hand. Let us also emphasize that possible ties
are broken by using the smallest index among ties, which is one possible choice for the
Stone lemma to hold true (Biau
 and Devroye, 2016, Lemma 10.6, p.125).
Formally, given Vk (x) = 1 ≤ i ≤ n, Xi ∈ X(1) (x), . . . , X(k) (x)
the set of indices of
the k nearest neighbors of x among X1 , . . . , Xn , the kNN classifier is defined by

P
P
k

1
, if k1 i∈Vk (x) Yi = k1 i=1
Y(i) (x) > 0.5

Pk
, (2.1)
0
, if k1 i=1
Y(i) (x) < 0.5

 B(0.5) , otherwise

The remainder of the paper is organized as follows. The connection between the LpO
estimator and U -statistics is clarified in Section 2, where we also recall the closed-form
formula of the LpO estimator applied to the kNN classifier (Celisse and Mary-Huard, 2011).
Order-q moments (q ≥ 2) of the LpO estimator are then upper bounded in terms of those
of the L1O estimator. This step can be applied to any classification algorithm. Section 3
then specifies the previous upper bounds in the case of the kNN classifier, which leads to
the main Theorem 3.2 characterizing the concentration behavior of the LpO estimator with
respect to p, n, and k in terms of polynomial moments. Deriving exponential concentration
inequalities for the LpO estimator is the main concern of Section 4 where we highlight the
strength of our strategy by comparing our main inequalities with concentration inequalities
derived with less sophisticated tools. Finally Section 5 exploits the previous results to
bound the gap between the LpO estimator and the classification error of the kNN classifier.
The optimality of these upper bounds is first proved in our distribution-free framework by
establishing several new lower bounds matching the upper ones in some specific settings.
Second, empirical experiments are also reported which support the above conclusions.

2. U -statistics and LpO estimator
2.1. Statistical framework

JMLR 19(58):1-54, 2018

Classification We tackle the binary classification problem where the goal is to predict the
unknown label Y ∈ {0, 1} of an observation X ∈ X ⊂ Rd . The random variable (X, Y )
has an unknown joint distribution P(X,Y ) defined by P(X,Y ) (B) = P [ (X, Y ) ∈ B ] for any
Borelian set B ∈ X × {0, 1}, where P denotes a reference probability distribution. In what
follows no particular distributional assumption is made regarding X. To predict the label,
one aims at building a classifier fˆ : X → {0, 1} on the basis of a set of random variables
3

e

i∈e
/

=

i=1

p
i=1

n
1X

e

Pe (AD (Xi ) 6= Yi | i ∈
/ e)Pe (i ∈
/ e).

e∈En−p

j=k

k+p−1
X

e

Pe (AD (Xi ) 6= Yi | Rki = j, i ∈
/ e)Pe (Rki = j | i ∈
/ e),

5

? Pe (i ∈
/ e) = np
? Pe (Rki = j|i ∈
/ e) = kj P (U = j − k)

e
? Pe (AD (Xi ) 6= Yi |Vki = j, i ∈
/ e) = (1 − Yj ) 1 − FH
k+1
2



k−1
2
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+ Yj 1 − F H 0

3. Observe that the resulting probabilities can be easily computed (see Lemma D.4):

,

where the sum involves p terms since only X(k) , . . . , X(k+p−1) are candidates for being
the k-th neighbor of Xi in at least one training subset e.

Pe (AD (Xi ) 6= Yi |i ∈
/ e) =

e

The key in the derivation is to condition with respect to the random variable Rki which
denotes the rank (in the whole sample Dn ) of the k-th neighbor of Xi in the De . For
instance Rki = j means that X(j) is the k-th neighbor of Xi in De . Then

2. For any Xi , let X(1) , ..., X(k+p−1) , X(k+p) , ..., X(n−1) be the ordered sequence of neighbors of Xi . This list depends on Xi , that is X(1) should be noted X(i,1) . But this
dependency is skipped here for the sake of readability.

Here Pe means that the integration is made with respect
 to the random variable e ∈
En−p , which follows the uniform distribution over the np possible subsets in En−p with
cardinality n−p. For instance Pe (i ∈
/ e) = p/n since it is the proportion of subsamples
withcardinality
n − p which do not contain a given prescribed index i, which equals

n
n−1
n−p / p . (See also Lemma D.4 for further examples of such calculations.)

e∈En−p

1. From Eq. (2.2) the LpO estimator can be expressed as a sum (over the n observations
of the complete sample) of probabilities:


!
 −1 X
 
n
n
1 X
1 X  n −1 X

=
1{ADe (Xi )6=Yi }
1{ADe (Xi )6=Yi } 1{i∈e}
/
p
p
p
p

where AD (·) is the classifier built from De . We refer the reader to Arlot and Celisse (2010)
for a detailed description of LpO and other cross-validation procedures. In the sequel, the
bp (A, Dn ) is replaced by R
bp,n in settings where no confusion can arise
lengthy notation R
bp (Dn ) if the training sample
about the algorithm A or the training sample Dn , and by R
has to be kept in mind.
Exact LpO for the kNN classification algorithm Usually due to its seemingly prohibitive computational cost, LpO is not applied except with p = 1 where it reduces to the
well known leave-one-out. However in several contexts such as density estimation (Celisse
and Robin, 2008; Celisse, 2014) or regression (Celisse, 2008), closed-form formulas have
been derived for the LpO estimator when applied with projection and kernel estimators.
The kNN classifier is another instance of such estimators for which efficiently computing
the LpO estimator is possible. Its computation requires a time complexity that is linear
in p as previously established by Celisse and Mary-Huard (2011). Let us briefly recall the
main steps leading to the closed-form formula.
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 −1
n
m

X

1≤i1 <...<im ≤n

h (xi1 , . . . , xim )

r

j=1


1X
h x(j−1)m+1 , . . . , xjm ,
r

where

σ

P


1 X
W xσ(1) , . . . , xσ(n) ,
n! σ

6

(2.3)
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denotes the summation over all permutations σ of {1, . . . , n}.

Un (x1 , . . . , xn ) =

where r = bn/mc denotes the integer part of n/m. Then

W (x1 , . . . , xn ) =

Proposition 2.1 (Eq. (5.5) in Hoeffding (1963)). With the notation of Definition 2.1, let
us define W : X n −→ R by

Before clarifying the connection between LpO and U -statistics, let us introduce the main
property of U -statistics our strategy relies on. It consists in representing any U-statistic as
an average, over all permutations, of sums of independent variables.

where m ≤ n, is a U -statistic of order m and kernel h.

Un (x1 , . . . , xn ) = Un (h)(x1 , . . . , xn ) =

Definition 2.1 (Koroljuk and Borovskich (1994)). Let h : X m −→ R denote any measurable function where m ≥ 1 is an integer. Let us further assume h is a symmetric function
of its arguments. Then any function Un : X n −→ R such that

The purpose of the present section is to describe a general strategy allowing to derive
new upper bounds on the polynomial moments of the LpO estimator. As a first step of
this strategy, we establish the connection between the LpO risk estimator and U-statistics.
Second, we exploit this connection to derive new upper bounds on the order-q moments of
the LpO estimator for q ≥ 2. Note that these upper bounds, which relate moments of the
LpO estimator to those of the L1O estimator, hold true with any classifier.
Let us start by introducing U -statistics and recalling some of their basic properties that
will serve our purposes. For a thorough presentation, we refer to the books by Serfling
(1980); Koroljuk and Borovskich (1994). The first step is the definition of a U -statistic of
order m ∈ N∗ as an average over all m-tuples of distinct indices in {1, . . . , n}.

2.2. U -statistics: General bounds on LpO moments

The computational cost of LpO for the kNN classifier is the same as that of L1O for the
(k + p − 1)NN classifier whatever p, that is O(p n). This contrasts with the usual np
prohibitive computational complexity seemingly suffered by LpO.

with U ∼ H(j, n − j − 1, p − 1), H ∼ H(Nij , j − Nij − 1, k − 1), and H 0 ∼ H(Nij −
1, j − Nij , k − 1), where FH and FH 0 respectively denote the cumulative distribution
functions of H and H 0 , H denotes the hypergeometric distribution, and Nij is the
number of 1’s among the j nearest neighbors of Xi in Dn .
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bp,n
R

=

1

e∈En−p

i=1

X

i∈ē

e∈En−p

v∈En−p+1

i

i

1{i∈v} 1nADv\{i} (X )6=Y o

i∈v


n
n−p+1

.

X
1
1nADv\{i} (X )6=Y o ,
i
i
n−p+1

n
X

X

v∈En−p+1 i=1



= (n − p + 1)

v∈En−p+1
n!
p−1!n−p!

n
n−p+1

1 1

=
p np
=

pn!
p!n−p!


h
i 2 E
bp,n − E R
bp,n
R
≤

Furthermore as long as p > n/2 + 1, one also gets

• for q = 2
E

8

m

v
u

 q 
q

b
u

t 2Var R1,m 
,

 ,
n


m

(2.6)

(2.7)
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The proof is given in Appendix A.1. Eq. (2.5) and (2.6) straightforwardly result from the
Jensen inequality applied to the average over all permutations provided in Proposition 2.1.
If p > n/2 + 1, the integer part bn/mc becomes larger than 1 and Eq. (2.6) becomes better
than Eq. (2.5) for q = 2. As a consequence of our strategy of proof, the right-hand side of
Eq. (2.6) is equal to the classical upper bound on the variance of U-statistics which suggests
it cannot be improved without adding further assumptions.
Unlike the above ones, Eq.
Pr (2.7) is derived from the Rosenthal inequality, which enables
us to upper bound a sum k i=1
ξ
i kq of independent and identically centered random variPr
P
r
ables in terms of i=1
kξi kq and i=1
Var(ξi ). Let us remark that, for q = 2, both terms
of the right-hand side of Eq. (2.7) are of the same order as Eq. (2.6) up to constants. Furthermore using the Rosenthal inequality allows taking advantage of the integer part bn/mc
when p > n/2 + 1 (unlike what we get by using Eq.(2.5) for q > 2). In particular it provides
a new understanding of the behavior of the LpO estimator when p/n → 1 as highlighted
later by Proposition 4.2.

where γ > 0 is a numeric constant and B(q, γ) denotes the optimal constant defined
in the Rosenthal inequality (Proposition D.2).

• for every q > 2
h
h
i qi
bp,n − E R
bp,n
E R
≤ B(q, γ)×

h
i


b1,m − E R
b1,m

jnk
R
n
2q γ
E

m

m

max


h
i 2
b
b1,m
R
−E R
1,m
n
·

Theorem 2.2. For any classifier A, let ADn (·) and ADm (·) be the corresponding classifiers
built from respectively Dn and Dm , where m = n − p + 1. Then for every 1 ≤ p ≤ n − 1
such that a classifier can be computed from A on n − p training points, and for any q ≥ 1,
h
h
i qi
h
h
i qi
bp,n − E R
bp,n
b1,m − E R
b1,m
E R
≤E R
.
(2.5)

We now derive a general upper bound on the q-th moment (q ≥ 1) of the LpO estimator
that holds true for any classifier (as long as the following expectations are well defined).

In the context of testing whether two binary classifiers have different error rates, this fact
has already been pointed out by Fuchs et al. (2013).

(2.4)
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=
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b1 (A, Dm ) = R
b1,n−p+1 .
hm (Z1 , . . . , Zm ) = R

The kernel hm is a deterministic and symmetric function of its arguments that does only
depend on m. Let us also notice that hm (Z1 , . . . , Zm ) reduces to the L1O estimator of the
risk of the classifier A computed from Z1 , . . . , Zm , that is

m

i=1

1 X 
,
1 D(i)
m
A m (Xi )6=Yi

We are now in position to state the key remark of the paper. All the developments
further exposed in the following result from this connection between the LpO estimator
defined by Eq. (2.2) and U -statistics.

hm (Z1 , . . . , Zm ) =

Theorem 2.1. For any classification algorithm A and any 1 ≤ p ≤ n − 1 such that a
bp,n is a
classifier can be computed from A on n − p training points, the LpO estimator R
U-statistic of order m = n − p + 1 with kernel hm : X m −→ R defined by

(i)

where Dm denotes the sample Dm = (Z1 , . . . , Zm ) with Zi withdrawn.
(i)

Note for instance that when A = Ak denotes the kNN algorithm, the cardinality of Dm
has to satisfy n − p ≥ k, which implies that 1 ≤ p ≤ n − k ≤ n − 1.
Proof of Theorem 2.1.

From Eq. (2.2), the LpO estimator of the performance of any classification algorithm A
computed from Dn satisfies
bp (A, Dn ) = R
bp,n
R
n
p

1 X 1X
e
= 
1
D
n
A
(X
{
i )6=Yi }
p
p e∈En−p
i∈ē


1 X 1 X X
= 
1{v=e∪{i}}  1{ADe (Xi )6=Yi } ,
p

X

v∈En−p+1



n
1 X X
1{v=e∪{i}} 1{i∈ē}  1nADv\{i} (X )6=Y o .
i
i
p

since there is a unique set of indices v with cardinality n − p + 1 such that v = e ∪ {i}. Then

p

bp,n = 1
R
n

n
p

P
Furthermore for v and i fixed, e∈En−p 1{v=e∪{i}} 1{i∈ē} = 1{i∈v} since there is a unique set
of indices e such that e = v \ i. One gets

by noticing p

7

q/2

E

h

√

b1,m − E R
b1,m
R

h

i2 

≤ C1
m

k 3/2

h
i qi
b1,m − E R
b1,m
R
≤ (C2 · k)q

E



q q/2
,
m

;

(3.2)

(3.1)

9
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Its proof (detailed in Section A.2) relies on Stone’s lemma (Lemma D.5). For a given
(i)
Xi , it proves that the number of points in Dn having Xi among their k nearest neighbors
is not larger than kγd . The dependence of our upper bounds with respect to γd (see explicit
constants C1 and C2 ) induces their strong deterioration as the dimension d grows since
γd ≈ 4.8d − 1. Therefore the larger the dimension d, the larger the required sample size n
for the upper bound to be small (at least smaller than 1). Note also that the tie breaking
strategy (based on the smallest index in the present work) is chosen so that it ensures
Stone’s lemma to hold true.

with C1 = 2 + 16γd and C2 = 4γd 2κ, where γd is a constant (arising from Stone’s lemma,
see Lemma D.5) that grows exponentially with dimension d, and κ is defined in Proposition 3.1.

• for every q > 2,

• for q = 2,

m
(m = n − p + 1) denote the kNN classifier
Theorem 3.1. For every 1 ≤ k ≤ n − 1, let AD
k
b1,m be the corresponding L1O estimator given by Eq. (2.2). Then
learnt from Dm and R

b1 (Ak , Dm ) = R
b1,m (L1O estimator computed
Then applying Proposition 3.1 with ζ = R
from Dm with m = n − p + 1) and Ξ = Rd × {0, 1} leads to the following Theorem 3.1. It
controls the order-q moments of the L1O estimator applied to the kNN classifier.

i=1

Proposition 3.1. Let ξ1 , . . . , ξn denote n independent Ξ-valued random variables and ζ =
f (ξ1 , . . . , ξn ), where f : Ξn → R is any measurable function. With ξ10 , . . . , ξn0 independent
copies of the ξi s, there exists a universal constant κ ≤ 1.271 such that for any q ≥ 2,
v
u X
p
u n
kζ − Eζkq ≤ 2κq t
(f (ξ1 , . . . , ξi , . . . , ξn ) − f (ξ1 , . . . , ξi0 , . . . , ξn ))2
.

Our goal is now to specify the general upper bounds provided by Theorem 2.2 in the case
of the kNN algorithm Ak (1 ≤ k ≤ n) introduced by (2.1).
Since Theorem 2.2 expresses the moments of the LpO estimator in terms of those of the
L1O estimator computed from Dm (with m = n − p + 1), the next step consists in focusing
on the L1O moments. Deriving upper bounds on the moments of the L1O is achieved
using a generalization of the well-known Efron-Stein inequality (see Theorem D.1 for EfronStein’s inequality and Theorem 15.5 in Boucheron et al. (2013) for its generalization). For
the sake of completeness, we first recall a corollary of this generalization that is proved in
Section D.1.4 (see Corollary D.1).

3. New bounds on LpO moments for the kNN classifier
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denotes the sample Dm where Zi has been (resp. Zi and Zj have been)

(Xi )

h
i qi

q/2
q
bp,n
bp,n − E R
R
≤ (C2 k)q n−p+1
,

h

k 3/2
;
(n − p + 1)

h
i2 
bp,n − E R
bp,n
R
≤ C1


E

E

(3.4)

(3.3)

E

h
i2 
bp,n − E R
bp,n
R
≤ C1

√

√
where Γ = 2 2e max 2C1 , 2C2 .

h
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(3.5)
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n
n−p+1

k 3/2
j
k ,
n
(n − p + 1) n−p+1
h
i qi
bp,n − E R
bp,n
R



n
k 3/2
k2

j
k q,
≤
Γq max 
j
n
n−p+1
(n − p + 1) n−p+1
(n − p + 1)
E

• for every q > 2,

• for q = 2,

√
√ d and C2 = 4γd 2κ, where γd denotes the constant arising from Stone’s
with C1 = 128κγ
2π
lemma (Lemma D.5). Furthermore in the particular setting where n/2 + 1 < p ≤ n − k,
then

• for every q > 2,

• for q = 2,

bp,n denote the LpO risk estimator
Theorem 3.2. For every p, k ≥ 1 such that p+k ≤ n, let R
n
(·)
defined
by
(2.1).
Then
there exist (known) constants
(see (2.2)) of the kNN classifier AD
k
C1 , C2 > 0 such that for every 1 ≤ p ≤ n − k,

We are now in position to state the main result of this section. It follows from the
combination of Theorem 2.2 (connecting moments of the LpO and L1O estimators) and
Theorem 3.1 (providing an upper bound on the order-q moments of the L1O).

(resp.
removed.

(i,j)
Dm )

Ak m (Xi )6=Ak m

the kNN classifier computed from Dn−p ), the resulting k 3/2 /m rate is a strict improvement
upon the usual k 2 /m that is derived from using the sub-Gaussian exponential concentration
inequality proved by Theorem 24.4 in Devroye et al. (1996).
By contrast the larger k q arising in Eq. (3.2) results from the difficulty to derive a tight
P
(i)
 )q with q > 2, where Dm
upper bound for the expectation of ( ni=1 1 D(i)
(i,j)
D

In Eq. (3.1), the easier case q = 2 enables to exploit exact
h calculations
i
 of (rather
 than
b1,m = R ADn−p (risk of
upper bounds on) the variance of the L1O estimator. Since E R
k
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The straightforward proof is detailed in Section A.3. Let us start by noticing that both
upper bounds in Eq. (3.3) and (3.4) deteriorate as p grows. This is no longer the case for
Eq. (3.5) and (3.6), which are specifically designed to cover the setup where p > n/2 + 1,
that is where bn/mc is no longer equal to 1. Therefore unlike Eq. (3.3) and (3.4), these
last two inequalities are particularly relevant in the setup where p/n → 1, as n → +∞,
which has been investigated by Shao (1993); Yang (2006, 2007); Celisse (2014). Eq. (3.5)
and (3.6) lead to respective convergence rates at worse k 3/2 /n (for q = 2) and k q /nq−1 (for
q > 2). In particular this last rate becomes approximately equal to (k/n)q as q gets large.
One can also emphasize that, as a U-statistic of fixed order m = n − p + 1, the LpO
estimator has a known Gaussian limiting distribution, that is (see Theorem A, Section 5.5.1
Serfling, 1980)
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b
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t2

−n
2 2
> t ≤ 2e 8(k+p−1) γd .

(4.1)
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h
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t2
b
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b
max P R
≤
exp
−(n
−
p
+
1)
,
p,n − E Rp,n > t , P E Rp,n − Rp,n > t
∆2 k 2
(4.2)

bp,n denote the LpO estimator of
Theorem 4.2. For every p, k ≥ 1 such that p + k ≤ n, let R
the classification error of the kNN classifier fˆk = AkDn (·) defined by (2.1). Then for every
t > 0,

However the upper bound of Theorem 4.1 does not reflect the right dependencies with
respect to k and p compared with what has been proved for polynomial moments in Theorem 3.2. In particular it deteriorates as p increases unlike the upper bounds derived for
p > n/2 + 1 in Theorem 3.2. This drawback is overcome by the following result, which is
our main contribution in the present section.

The proof is given in Section B.2.
Unlike Proposition 4.1, taking into account the rank of each neighbor in the whole
sample enables us to considerably reduce the weight of p (compared to that of k) in the
denominator of the exponent. In particular, letting p/n → 0 as n → +∞ (with k assumed
to be fixed for instance) makes the influence of the k + p factor asymptotically negligible.
This would allow for recovering (up to numeric constants) a similar upper bound to that of
Devroye et al. (1996, Theorem 24.4), achieved with p = 1.

with  = 1024eκ(1+γd ), where γd is introduced in Lemma D.5 and κ ≤ 1.271 is a universal
constant.




  


 
bp,n − E R
bp,n > t , P E R
bp,n − R
bp,n > t ≤ exp −n
max P R

bp,n denote the LpO estimator
Theorem 4.1. For every p, k ≥ 1 such that p + k ≤ n, let R
(2.2) of the classification error of the kNN classifier AkDn (·) defined by (2.1). Then there
exists a numeric constant  > 0 such that for every t > 0,

Based on the previous comments, a sharper quantification of the influence of each neighbor among the k + p − 1 ones leads to the next result.

The proof is given in Appendix B.1.
The upper bound of Eq. (4.1) strongly exploits the facts that: (i) for Xj to be one of
the k nearest neighbors of Xi in at least one subsample X e , it requires Xj to be one of the
k + p − 1 nearest neighbors of Xi in the complete sample, and (ii) the number of points for
which Xj may be one of the k + p − 1 nearest neighbors cannot be larger than (k + p − 1)γd
by Stone’s Lemma (see Lemma D.5).
This reasoning results in a rough upper bound since the denominator in the exponent
exhibits a (k + p − 1)2 factor where k and p play the same role. The reason is that we do
not distinguish between points for which Xj is among or above the k nearest neighbors of
Xi in the whole sample (although these two setups lead to highly different probabilities of
being among the k nearest neighbors in the training sample). Consequently the dependence
of the convergence rate on k and p in Proposition 4.1 can be improved, as confirmed by
forthcoming Theorems 4.1 and 4.2.

√ 
h
i

n b
L
bp,n
−−−−−→ N 0, σ12 ,
Rp,n − E R
n→+∞
m

where σ12 = Var [ g(Z1 ) ], with g(z) = E [ hm (z, Z2 , . . . , Zm ) ]. Therefore the upper bound
given by Eq. (3.5) is non-improvable in some sense with respect to the interplay between n
and p since one recovers the right magnitude for the variance term as long as m = n − p + 1
is assumed to be constant.
Finally Eq. (3.6) has been derived using a specific version of the Rosenthal inequality
(Ibragimov and Sharakhmetov, 2002) stated with the optimal constant and involving a
“balancing factor”. In particular this balancing factor has allowed us to optimize the relative
weight of the two terms between brackets in Eq. (3.6). This leads us to claim that the
dependence of the upper bound with respect to q cannot be improved with this line of
proof. However we cannot conclude that the term in q 3 cannot be improved using other
technical arguments.

4. Exponential concentration inequalities
This section provides exponential concentration inequalities for the LpO estimator applied
to the kNN classifier. Our main results heavily rely on the moment inequalities previously
derived in Section 3, namely Theorem 3.2. In order to emphasize the gain allowed by this
strategy of proof, we start this section by successively proving two exponential inequalities
obtained with less sophisticated tools. We then discuss the strength and weakness of each
of them to justify the additional refinements we introduce step by step along the section.
bp (Ak , Dn ) = R
bp,n can be derived by
A first exponential concentration inequality for R
use of the bounded difference inequality following the line of proof of Devroye et al. (1996,
Theorem 24.4) originally developed for the L1O estimator.



Rp,n

bp,n denote the LpO
Proposition 4.1. For any integers p, k ≥ 1 such that p + k ≤ n, let R
estimator (2.2) of the classification error of the kNN classifier AkDn (·) defined by (2.1).
Then for every t > 0,
P

Rp,n
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where γd denotes the constant introduced in Stone’s lemma (Lemma D.5).
11

(4.3)



bp,n − L(fˆk )
R

2 

√
√
2 2 (2p + 3) k
1
≤ √
+
·
n
n
π

2  128κγ
k 3/2
16 p2 k
d
bp,n − R(fˆk )
R
+
·
≤ √
2π n − p + 1 2π n2

(5.3)

(5.2)

13

14
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Moreover,

E

(5.1)

In contrast to the results
in the previous sections, a new restriction on p arises in
√
Theorem 5.1, that is p ≤ k. This comes from the use of Lemma D.6 (proved by Devroye
and Wagner (1979b)), which gives an upper bound on the L1 stability of the kNN classifier
when p observations are removed from the training
sample Dn . Actually this upper bound
√
only remains meaningful as long as 1 ≤ p ≤ k.

n−p+1

and

√
h
i
bp,n − R(fˆk ) ≤ √4 p k ,
E R
2π n

√
√
bp,n denote the
Theorem 5.1. For every p, k ≥ 1 such that p ≤ k and k + k ≤ n, let R
n
(·)
defined
by
(2.1). Then,
LpO risk estimator (see (2.2)) of the kNN classifier fˆk = AD
k

on the LpO estimator are completely new for p > 1, some of them being extensions of former
ones specifically derived for the L1O estimator applied to the kNN classifier.

b
First, we derive new upper bounds on different measures of the discrepancy
h
ibetween Rp,n =
ˆ
ˆ
ˆ
b
Rp (Ak , Dn ) and the classification error L(fk ) or the risk R(fk ) = E L(fk ) . These bounds

5.1. Upper bounds

5. Assessing the gap between LpO and classification error

Nevertheless we √
almost recover the k/n rate by choosing for instance p ≈ n(1 − log n/n),
√
which leads to k log n/n. Therefore varying p allows to interpolate between the k/ n and
the k/n rates.
Note also that the dependence of the first (sub-Gaussian) deviation term with respect to
k is only k 3/2 , which improves upon the usual k 2 resulting from Ineq. (4.2) in Theorem 4.2
for instance. However this k 3/2 remains certainly too large for being optimal even if this
question remains widely open at this stage in the literature.
More generally one strength of our approach is its versatility. Indeed the two above
deviation terms directly result from the two upper bounds on the moments of the L1O
established in Theorem 3.1. Therefore any improvement of the latter upper bounds would
immediately lead to enhance the present concentration inequality (without changing the
proof).

Celisse and Mary-Huard

The present inequality is very similar to the well-known Bernstein inequality (Boucheron
et al., 2013, Theorem 2.10) except the second deviation term of order t3/2 instead of t (for
the Bernstein inequality).
√
With respect to n, the first deviation term is of order ≈ k 3/2 / n, which is the same as
with the Bernstein inequality. The second deviation term is of a somewhat different order,
√
that is ≈ k n − p + 1/n, as compared with the usual 1/n in the Bernstein inequality.

where Γ > 0 is the constant arising from (3.6).

n−p+1

Proposition 4.2. With the same notation as Theorem 4.2, for any p, k ≥ 1 such that
p + k ≤ n, p > n/2 + 1, and for every t > 0



v
√


u
h
i
3/2
2eΓ
k
k
n
u
 b


3/2
bp,n > √
k t + 2e j
kt 
P  Rp,n − E R
e · e−t ,
t j
 ≤
n
n
n−p+1
n−p+1

In order to facilitate the interpretation of the last Ineq. (4.3), we also derive the following
proposition (proved in Appendix B.3) which focuses on the description of each deviation
term in the particular case where p > n/2 + 1.

The proof has been postponed to Appendix B.3. It involves different arguments for
deriving the two inequalities (4.2) and (4.3) depending on the range of values of p. Firstly
for p ≤ n/2+1, a simple argument is applied to derive Ineq. (4.2) from the two corresponding
moment inequalities of Theorem 3.2 characterizing the sub-Gaussian behavior of the LpO
estimator in terms of its even moments (see Lemma D.2). Secondly for p > n/2 + 1, we
rather exploit: (i) the appropriate upper bounds on the moments of the LpO estimator
given by Theorem 3.2, combined with (ii) Proposition D.1 which establishes exponential
concentration inequalities from general moment upper bounds.
In accordance with the conclusions drawn about Theorem 3.2, the upper bound of
Eq. (4.2) increases as p grows unlike that of Eq. (4.3). The best concentration rate in
Eq. (4.3) is achieved as p/n → 1, whereas Eq. (4.2) turns out to be useless in that setting.
However Eq. (4.2) remains strictly better than Theorem 4.1 as long as p/n → δ ∈ [0, 1[ as
n → +∞. Note also that the constants Γ and γd are the same as in Theorem 3.1. Therefore
the same comments regarding their dependence with respect to the dimension d apply here.

where Γ arises in Eq. (3.6) and γd denotes the constant introduced in Stone’s lemma
(Lemma D.5).

√ 
√
where ∆ = 4 e max C2 , C1 with C1 , C2 > 0 defined in Theorem 3.1.
Furthermore in the particular setting where p > n/2 + 1, it comes


i

i
  h
h
 
n
bp,n − R
bp,n > t ≤ e
bp,n > t , P E R
bp,n − E R
max P R
×
n−p+1


!1/3 


2



t2
n
1
n
t2

,
exp − min (n − p + 1)
,
(n
−
p
+
1)
2
2


2e
n − p + 1 4Γ2 k 3/2
n − p + 1 4Γ k
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k

Proof of Theorem 5.1.
e
Proof of (5.1): With fˆke = AkD , Lemma D.6 immediately provides
h
i
h
i
i
h
bp,n − L(fˆk )
= E L(fˆke ) − E L(fˆk )
E R
h
i
≤ E 1{ADe (X)6=Y } − 1{ADn (X)6=Y }
√


4
p k
e
= P AkD (X) 6= AkDn (X) ≤ √
·
2π n

√ !2
4 p k
√
,
2π n






h
i
h
i2

h
i

h
i
2
2
bp,n − E L(fˆk )
bp,n − E L(fˆk )
bp,n − E R
bp,n
=E R
+ E R
R

Proof of (5.2): The proof combines the previous upper bound with the one established for
the variance of the LpO estimator, that is Eq. (3.3).
E
128κγd k 3/2
≤ √
+
2π n − p + 1

JMLR 19(58):1-54, 2018

which concludes the proof.
The proof of Ineq. (5.3) is more intricate and has been postponed to Appendix C.1.
h
i
bp,n = R(ADn−p ), the right-hand side of Ineq. (5.1) is an
Keeping in mind that E R
k
upper bound on the bias of the LpO estimator, that is on the difference between the risks
of the classifiers built from respectively n − p and n points. Therefore, the fact that this
D
upper bound increases with p is reliable since the classifiers Ak n−p+1 (·) and AkDn (·) can
become more and more different from one another
as p increases. More precisely, the
√
upper√bound in Ineq. (5.1) goes to 0 provided p k/n does. With the additional restriction
p ≤ k, this reduces to the usual condition k/n → 0 as n → +∞ (see Devroye et al.,
1996, Chap. 6.6 for instance), which is used to prove the universal consistency of the kNN
classifier (Stone, 1977). The monotonicity of this upper upper bound with respect to k can
seem somewhat unexpected. One could think that the two classifiers would become more
and more “similar” to each other as k increases enough. However it can be proved that, in
some sense, this dependence cannot be improved in the present distribution-free framework
(see Proposition 5.1 and Figure 1).
Note that an upper bound similar to that of Ineq. (5.2) can be easily derived for any
order-q moment (q ≥ 2) at the price of increasing the constants by using (a + b)q ≤
2q−1 (aq + bq ), for every a, b ≥ 0. We also emphasize that Ineq. (5.2) allows us to control the discrepancy between the LpO estimator and the risk of the kNN classifier, that is
the expectation of its classification error. Ideally we would have liked to replace the risk
R(fˆk ) by the prediction error L(fˆk ). But with our strategy of proof, this would require
an additional distribution-free concentration inequality on the prediction error of the kNN
classifier. To the best of our knowledge, such a concentration inequality is not available up
to now.
Upper bounding the squared difference between the LpO estimator and the prediction
error is precisely the purpose of Ineq. (5.3). Proving the latter inequality requires a completely different strategy which can be traced back to an earlier proof by Rogers and Wagner
15
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(1978, see the proof of Theorem 2.1) applying to the L1O estimator. Let us mention that
Ineq. (5.3) combined with the Jensen inequality lead to a less accurate upper bound than
Ineq. (5.1).
Finally the apparent difference between the upper bounds in Ineq. (5.2) and (5.3) results
from the completely different schemes of proof. The first one allows us to derive general
upper bounds for all centered moments of the LpO estimator, but exhibits a worse dependence with respect to k. By contrast the second one is exclusively dedicated to upper
bounding the mean squared
difference between the prediction error and the LpO estimator
√
and leads to a smaller k. However (even if probably not optimal), the upper bound used
in Ineq. (5.2) still enables to achieve minimax rates over some Hölder balls as proved by
Proposition 5.3.
5.2. Lower bounds
5.2.1. Bias of the L1O estimator

The purpose of the next result is to provide a counter-example highlighting that the upper
bound of Eq. (5.1) cannot be improved in some sense. We consider the following discrete
setting where X = {0, 1} with π0 = P [ X = 0 ], and we define η0 = P [ Y = 1 | X = 0 ] and
η1 = P [ Y = 1 | X = 1 ]. In what follows this two-class generative model will be referred to
as the discrete setting DS.
Note that (i) the 3 parameters π0 , η0 and η1 fully describe the joint distribution P(X,Y ) ,
and (ii) the distribution of DS satisfies the strong margin assumption of Massart and
Nédélec (2006) if both η0 and η1 are chosen away from 1/2. However this favourable setting
has no particular effect on the forthcoming lower bound except a few simplifications along
the calculations.

JMLR 19(58):1-54, 2018

Proposition 5.1. Let us consider the DS setting with π0 = 1/2, η0 = 0 and η1 = 1, and
assume that k is odd. Then there exists a numeric constant C > 1 independent of n and k
D
such that, for all n/2 ≤ k ≤ n − 1, the kNN classifiers AkDn and Ak n−1 satisfy
√


i
h 
k
D
≥C
E L AkDn − L Ak n−1
·
n
√
The proof of Proposition 5.1 is provided in Appendix C.2. The rate k/n in the righthand side of Eq. (5.1) is then achieved under the generative model DS for any k ≥ n/2. As
a consequence this rate cannot be improved without any additional assumption, for instance
on the distribution of the Xi s. See also Figure 1 below and related comments.
Empirical illustration
To further illustrate the result of Proposition 5.1, we simulated data according to DS,
for different values of n ranging from 100 to 500 and different values of k ranging from 5 to
n − 1.
h 


i
D
Figure 1 (a) displays the evolution of the absolute bias E L AkDn − L Ak n−1
as
a function of k, for several values of n (plain curves). The absolute bias is a nondecreasing
function of k, as suggested by the upper bound provided in Eq. (5.1) which is also plotted
(dashed lines) to ease the comparison. The non-decreasing behavior of the absolute bias
is not always restricted to high values of k (w.r.t. n), as illustrated in Figure 1 (b) which

16

n0 (η1 − η0 )
·
η1 − 1/2
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Following an example described by Devroye and Wagner (1979a), we now provide a lower
bound on the minimal convergence rate of the mean squared error (see also Devroye et al.,
1996, Chap. 24.4, p.415 for a similar argument).

5.2.2. Mean squared error

In the setting of Proposition 5.1, this reasoning remarkably yields kpeak ≈ n, while it
leads to kpeak ≈ 0.4n in the setting of Figure 1 (b), which is close to the location of the
observed peaks. This also suggests that even smaller values of kpeak can arise by tuning
the parameter π0 close to 0. Let us mention that very similar curves have been obtained
for a Gaussian mixture model with two √
disjoint classes (not reported here). On the one
hand this empirically illustrates that the k/n rate is not limited to DS (discrete setting).
On the other hand, all of this confirms that this rate cannot be improved in the present
distribution-free framework.
Let us finally consider Figure 1 (c), which displays the absolute bias as a function of n
where k = bCoef × nc for different values of Coef, where b·c denotes the integer part. With
√
this choice of k, Proposition 5.1 implies that the absolute bias should decrease at a 1/ n
rate, which is supported by the plotted curves. By contrast, panel (d) of Figure 1 illustrates
√
that choosing smaller values of k, that is k = bCoef × nc, leads to a faster decreasing rate.

• For large values of n, one should have n0 ≈ nπ0 , that is the peak should appear at
nπ0 (η1 − η0 )
·
kpeak ≈
η1 − 1/2

• Since k > n0 , one has k0 = n0 and the last expression boils down to k =

• For the tie situation to arise at x0 , half of its neighbors have to be 1. This only occurs
if (i) k > n0 (with n0 the number of observations such that X = 0 in the training
set), and (ii) k0 η0 + k1 η1 = k/2, where k0 (resp. k1 ) is the number of neighbors of x0
such that X = 0 (resp. X = 1).

• With π0 < 0.5, then ties will most likely occur for the case X = 0. Therefore the
discrepancy between the two classifiers will be the highest at any new observation
x0 = 0.

• This requires one of the two classifiers – say the first one – to have ties among the k
nearest neighbors of each label in at least one of the two cases X = 0 or X = 1.

• For the peak to arise, the two classifiers (based on n and respectively n − 1 observations) have to disagree the most strongly.

corresponds to DS with parameter values (π0 , η0 , η1 ) = (0.2, 0.2, 0.9). In particular the
non-decreasing behavior of the absolute bias now appears for a range of values of k that are
smaller than n/2.
Note that a rough idea about the location of the peak, denoted by kpeak , can be deduced
as follows in the simple case where η0 = 0 and η1 = 1.
Bias
Bias
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Figure 1: (a) Evolution of the absolute value of the bias as a function of k, for different
values of n (plain lines). The dashed lines correspond to the upper bound obtained
in (5.1). (b) Same as previous, except that data were generated according to
the DS setting with parameters (π0 , η0 , η1 ) = (0.2, 0.2, 0.9). Upper bounds are
not displayed in order to fit the scale of the absolute bias. (c) Evolution of
the absolute value of the bias with respect to n, when k is chosen such that
k = bCoef × nc (b·c denotes the integer part). The different colors correspond to
different values of Coef. (d) Same as previous, except that k is chosen such that
√
k = bCoef × nc.
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Proposition 5.2. Let us assume n is even, and that P (Y = 1 | X) = P (Y = 1) = 1/2 is
independent of X. Then for k = n − 1 (k odd), it results

 Z
h
i


1
2
1
1
b1,n − L(fˆk ) > t dt ≥ √
b1,n − L(fˆk )
2t · P R
E R
=
·√ ·
8 π
n
0
√
From the upper bound of order k/n provided by Ineq. (5.3) (with p = 1), choosing
√
k = n − 1 leads to the same 1/ n √
rate as that of Proposition 5.2. This suggests that, at
least for very large values of k, the k/n rate is of the right order and cannot be improved
in the distribution-free framework.
5.3. Minimax rates
Let us conclude this section withh a corollary,
which provides a finite-sample bound on the
i
ˆ
ˆ
b
gap between R
p,n and R(fk ) = E L(fk ) with high probability. It is stated under the same
√
k.
restriction on p as the previous Theorem 5.1 it is based on, that is for p ≤

Corollary
√ √ 5.1. With the notation of Theorems 4.2 and 5.1, let us assume p, k ≥ 1 with
p ≤ k, k + k ≤ n, and p ≤ n/2 + 1. Then for every x > 0, there exists an event with
probability at least 1 − 2e−x such that
v
√
u
4
p k
u  ∆2 k 2 
bp,n ≤ t
R(fˆk ) − R
x+ √
,
(5.4)
2π n
n 1 − p−1
n
where fˆk = AkDn (·).

bp,n
R(fˆk ) − R

Proof of Corollary 5.1. Ineq. (5.4) results from combining the exponential concentration
bp,n , namely Ineq. (4.2) (from Theorem 4.2) and the upper bound on the
result derived for R
bias, that is Ineq. (5.1).
h
i
h
i
bp,n + E R
bp,n − R
bp,n
≤ R(fˆk ) − E R
s
√
4 p k
∆2 k 2
≤√
+
x ·
n−p+1
2π n
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Note that the right-hand side of Ineq. (5.4) could be used to derive bounds on R(fˆk ) that
seem similar to confidence bounds. However we do not recommend doing this in practice for
several reasons. On the one hand, Ineq. (5.4) results from the repeated use of concentration
inequalities where numeric constants are not optimized at all. This would lead to require
a large sample size n for the deviation terms to be small in practice. On the other hand,
explicit numeric constants such as ∆2 in Corollary 5.1 exhibit a dependence on γd ≈ 4.8d −1,
which becomes exponentially large as d increases. Proving that this dependence can be
weakened or not remains a completely open question at this stage. Nevertheless one can
highlight that, for a given n, increasing d will quickly make the deviation term larger than
bp,n belong to [0, 1].
1, whereas both R(fˆk ) and R
19
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√
The right-most term of order k/n in Ineq. (5.4) results from the bias. This is a
necessary price to pay which cannot be improved in the present distribution-free
framework
√
according to Proposition 5.1. Besides combining the restriction p ≤ k with the usual
consistency constraint k/n = o(1) leads to the conclusion that small values of p (w.r.t. n)
have almost no√effect on the convergence rate of the LpO estimator. Weakening the key
restriction p ≤ k would be necessary to potentially nuance this conclusion.

In order to highlight the interest of the above deviation inequality, let us deduce an
optimality result in terms of minimax rate over Hölder balls H(τ, α) defined by
n
o
H(τ, α) = g : Rd 7→ R, |g(x) − g(y)| ≤ τ kx − ykα ,

with α ∈]0, 1[ and τ > 0. In the following statement, Corollary 5.1 is used to prove that,
bp,n and the risk R(fˆk ) of the kNN classifier
uniformly with respect to k, the LpO estimator R
remain close to each other with high probability.

Proposition 5.3. With the same notation as Corollary 5.1, for every C > 1 and θ > 0,
−(C−1) on which, for any p, k ≥ 1 such
there exists
√ an event
√ of probability at least 1 − 2 · n
that p ≤ k, k + k ≤ n, and p ≤ n/2 + 1, the LpO estimator of the kNN classifier satisfies

√
i
h
−1
2
2
θ
∆
C
k
log(n)
4
p k

−√
(1 − θ) R(fˆk ) − L? −
4
2π n
n R(fˆk ) − L?

(5.5)

√
i
h
−1 2
2
bp (Ak , Dn ) − L? ≤ (1 + θ) R(fˆk ) − L? + θ ∆ C  k log(n)  + √4 p k ,
≤R
4
2π n
n R(fˆk ) − L?

a.s. .

(5.6)

where L? denotes the classification error of the Bayes classifier.
Furthermore if one assumes the regression function η belongs to a Hölder ball H(τ, α) for
2α
some α ∈]0, min(d/4, 1)[ (recall that Xi ∈ Rd ) and τ > 0, then choosing k = k ? = k0 · n 2α+d
leads to

bp (Ak? , Dn ) − L? ∼n→+∞ R(fˆk? ) − L? ,
R
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Ineq. (5.5) gives a uniform control (over k) of the gap between the excess risk R(fˆk ) − L?
bp (fˆk ) − L? with high probability. The decreasing
and the corresponding LpO estimator R
rate (in n−(C−1) ) of this probability is directly related to the log(n) factor in the lower
and upper bounds. This decreasing rate could be made faster at the price of increasing
the exponent of the log(n) factor. In a similar way the numeric constant θ has no precise
meaning and can be chosen as close to 0 as we want, leading to increase one of the other
deviation terms by a numeric factor θ−1 . For instance one could choose θ = 1/ log(n), which
would replace the log(n) by a (log n)2 .
The equivalence established by Eq. (5.6) results from knowing that this choice k = k ?
α
makes the kNN classifier achieve the minimax rate n− 2α+d over Hölder balls (Yang, 1999).
This holds true for α ∈]0, 1[ as long as d ≥ 4. However if d < 4 the minimax rate is only
achieved over ]0, d/4[. This limitation results from the dependence of the deviation terms
with respect to k 2 in Eq. (5.5), which is not optimal and should be further improved.

20

k=1

K
X

e−C·log(n) = K · e−C·log(n) ≤ e−(C−1)·log(n) =

→ 0, as n → +∞, since a union bound leads to

e−xk =

1
nC−1

1
·
nC−1



k

θ−1 2
k2
 C · log(n),
+
∆ 
4
ˆ
n R(fk ) − L?

nC−1

1

Besides

≥

P [ Ωcn ]

= P

 

≥ P

 

D1 + D2 
>θ+
R(fˆk? ) − L?
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R(fˆk? ) − L?


bp (Ak? , Dn ) − L?
R
D1 + D2 
−1 >θ+
.
R(fˆk? ) − L?
R(fˆk? ) − L?


 
bp (Ak? , Dn ) − L? − R(fˆk? ) − L?
R

where a  b means there exist numeric constants l, u > 0 such that l ·b ≤ a ≤ u·b. Moreover
it is then easy to check that
 d−3α



−1 2
−1
k?2
• D1 := θ 4 ∆2
C·log(n)  Cθ 4∆ k0 · n− 2α+d log(n) = on→+∞ R(fˆk? ) − L? ,
n(R(fˆk? )−L? )


√
d
?
?
• D2 := p nk ≤ kn = k0 · n− 2α+d = on→+∞ R(fˆk? ) − L? .

Let us now prove the next equivalence, namely (5.6), by means of the Borel-Cantelli
lemma.
First Yang (1999) combined with Theorem 7 in Chaudhuri and Dasgupta (2014) provide
that the minimax rate over the Hölder ball H(τ, α) is achieved by the kNN classifier with
k = k ? ), that is


α
R(fˆk? ) − L?  n− 2α+d ,

hence Ineq. (5.5).

≤ θ R(fˆk ) − L?



Furthermore
combining
(for a, b > 0) the inequality ab ≤ a2 θ2 + b2 θ−2 /4 for every θ > 0
√
√
√
with a + b ≤ a + b, it results that
r

 θ−1
k2
k2
 xk
∆2 xk ≤ θ R(fˆk ) − L? +
∆2 
n
4
ˆ
n R(f ) − L?

k=1

K
X

Then P [ Ωcn ] ≤

Proof of Proposition 5.3. Let us define K ≤ n as the maximum value of k and assume
xk = C · log(n) (for some constant C > 1) for any 1 ≤ k ≤ K. Let us also introduce the
event
(
r
√ )
2
bp (Ak , Dn ) ≤ ∆2 k xk + √4 p k .
Ωn = ∀1 ≤ k ≤ K, R(fˆk ) − R
n
2π n
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≤ .
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 R
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?
?
ˆ
ˆ

nC−1
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Alternatively, the LpO estimator can also be used as a data-dependent calibration procedure to tune k, by choosing the value k̂p which minimizes the LpO estimate. For instance

It is worth mentioning that the upper-bounds derived in Sections 4 and 5 — see for
instance Theorem 5.1 — can be minimized by choosing p = 1, suggesting that the L1O
estimator is optimal in terms of risk estimation when applied to the kNN classification
algorithm. This observation corroborates the results of the simulation study presented in
Celisse and Mary-Huard (2011), where it is empirically shown that small values of p (and
in particular p = 1) lead to the best estimation of the risk for any fixed k, whatever the
level of noise in the data. The suggested optimality of L1O (for risk estimation) is also
consistent with results by Burman (1989) and Celisse (2014), where it is proved that L1O is
asymptotically the best cross-validation procedure to perform risk estimation in the context
of low-dimensional regression and density estimation respectively.

The present work provides several new results quantifying the performance of the LpO
estimator applied to the kNN classifier. By exploiting the connexion between LpO and Ustatistics (Section 2), the polynomial and exponential inequalities derived in Sections 3 and 4
give some new insight on the concentration of the LpO estimator around its expectation for
different regimes of p/n. In Section 5, these results serve for instance to conclude to the
consistency of the LpO estimator towards the risk (or the classification error rate) of the
kNN classifier (Theorem 5.1). They also allow us to establish the asymptotic equivalence
between the LpO estimator (shifted by the Bayes risk L? ) and the excess risk over some
Hölder class of regression functions (Proposition 5.3).

6. Discussion

P
Finally, choosing any C > 2 leads to +∞
n=1 P [ An () ] < +∞, which provides the expected
conclusion by means of the Borel-Cantelli lemma.

Hence

θ+

Using that D1 and D2 are negligible with respect to R(fˆk? ) − L? as n → +∞, there exists
an integer n0 = n0 () > 0 such that, for all n ≥ n0 and with θ = /2,

An () =


 
bp (Ak? , Dn ) − L?
 R

Let us now choose any  > 0 and introduce the sequence of events {An ()}n≥1 such that
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in classification, LpO can be used to get the value of k leading to the best prediction performance. In this context the value of p (the splitting ratio) leading to the best kNN classifier
can be very different from p = 1. This is illustrated by the simulation results summarized
by Figure 2 in Celisse and Mary-Huard (2011) where p has to be larger than 1 as the noise
level becomes strong. This phenomenon is not limited to the kNN classifier, but extends
to various estimation/prediction problems (Breiman and Spector, 1992; Arlot and Lerasle,
2012; Celisse, 2014). If we turn now to the question of identifying the best predictor among
several candidates, choosing p = 1 also leads to poor selection performances as proved by
Shao (1993, Eq. (3.8)) with the linear regression model. For the LpO, Shao (1997, Theorem 5) proves the model selection consistency if p/n → 1 and n − p → +∞ as n → +∞.
For recovering the best predictor among two candidates, Yang (2006, 2007) proved the consistency of CV under conditions relating the optimal splitting ratio p to the convergence
rates of the predictors to be compared, and further requiring that min(p, n − p) → +∞ as
n → +∞.
Although the focus of the present paper is different, it is worth mentioning that the
concentration results established in Section 4 are a significant early step towards deriving
theoretical guarantees on LpO as a model selection procedure. Indeed, exponential concentration inequalities have been a key ingredient to assess model selection consistency or
model selection efficiency in various contexts (see for instance Celisse (2014) or Arlot and
Lerasle (2012) in the density estimation framework). Still theoretically investigating the
behavior of k̂p requires some further dedicated developments. One first step towards such
results is to derive a tighter upper bound on the bias between the LpO estimator and the
risk. The best known upper bound currently available is derived from Devroye and Wagner
(1980, see Lemma D.6 in the present paper). Unfortunately it does not fully capture the
true behavior of the LpO estimator with
√ respect to p (at least as p becomes large) and
could be improved in particular for p > k as emphasized in the comments following Theorem 5.1. Another important direction for studying the model selection behavior of the LpO
procedure is to prove a concentration inequality for the classification error rate of the kNN
classifier around its expectation. While such concentration results have been established
for the kNN algorithm in the (fixed-design) regression framework (Arlot and Bach, 2009),
deriving similar results in the classification context remains a challenging problem to the
best of our knowledge.
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Appendix A. Proofs of polynomial moment upper bounds
A.1. Proof of Theorem 2.2

The proof relies on Proposition 2.1 that allows to relate the LpO estimator to a sum of
independent random variables. In the following, we distinguish between the two settings
q = 2 (where exact calculations can be carried out), and q > 2 where only upper bounds
can be derived.
When q > 2, our proof deals separately with the cases p ≤ n/2 + 1 and p > n/2 + 1. In
the first one, a straightforward use of Jensen’s inequality leads to the result. In the second
setting, one has to be more cautious when deriving upper bounds. This is done by using
the more sophisticated Rosenthal’s inequality, namely Proposition D.2.
A.1.1. Exploiting Proposition 2.1

W

X

bp,n = 1
R
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(with m = n − p + 1)

According to the proof of Proposition 2.1, it arises that the LpO estimator can be expressed
as a U -statistic since

with

and

(i)

(A.1)

where ADm (.) denotes the classifier based on sample Dm = (Z1 , . . . , Zi−1 , Zi+1 , . . . , Zm ).
Further centering the LpO estimator, it comes

h
i
X

bp,n − E R
bp,n = 1
R
W̄ Zσ(1) , . . . , Zσ(n) ,
n! σ

where W̄ (Z1 , . . . , Zn ) = W (Z1 , . . . , Zn ) − E [ W (Z1 , . . . , Zn ) ].
Then with h̄m (Z1 , . . . , Zm ) = hm (Z1 , . . . , Zm ) − E [ hm (Z1 , . . . , Zm ) ], one gets
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where Z10 , . . . , Zn0 are i.i.d. copies of Z1 , . . . , Zn . Then it comes for every γ > 0

∀1 ≤ i ≤ bn/mc ,



If p > n/2 + 1: Let us now use Rosenthal’s inequality (Proposition D.2) by introducing
symmetric random variables ζ1 , . . . , ζbn/mc such that
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If p ≤ n/2 + 1:
A straightforward use of Jensen’s inequality from (A.1) provides

A.1.3. The setting q > 2

which leads to the result.
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If q = 2, then by independence it comes

A.1.2. The setting q = 2
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1
1 X n
o − 1(
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1 D(i)
+
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Ak (Xi )6=Yi
m m
A j (Xi )6=Yi

Then, ∆j hm = hm (Z1 , . . . , Zm ) − hm (Z1 , . . . , Zj0 , . . . , Zm ) is now upper bounded by

For the sake of readability
the notation D(i) = Dm (see Theorem 2.1), and
 let us now use 
(i)
0
let Dj denote the set Z1 , . . . , Zj , . . . , Zn where the i-th coordinate has been removed.

A.2.1. Upper bounding ∆j hm

by repeated uses of Stone’s lemma, that is Lemma D.5 which upper bounds by kγd the
maximum number of Xi s that can have a given Xj among their k nearest neighbors. Finally,
for technical reasons we have to distinguish the case q = 2 (where we get tighter bounds)
and q > 2.

∆j hm = hm (Z1 , . . . , Zj , . . . , Zm ) − hm (Z1 , . . . , Zj0 , . . . , Zm )

b1,m by Eq. (2.4), and h̄m (Z1 , . . . , Zm ) = hm (Z1 , . . . , Zm ) −
where hm (Z1 , . . . , Zm ) = R
E [ hm (Z1 , . . . , Zm ) ]. The second idea consists in deriving upper bounds of

Our strategy of proof follows several ideas. The first one consists in using Proposition 3.1
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A.2. Proof of Theorem 3.1
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(i)

(i)

)

(Xi )6=Ak j (Xi )
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.

Furthermore, let us introduce for every 1 ≤ j ≤ n,

Aj = {1 ≤ i ≤ m, i 6= j, j ∈ Vk (Xi )} and Aj0 = 1 ≤ i ≤ m, i 6= j, j ∈ Vk0 (Xi )

AkD

(A.3)

where Vk (Xi ) and Vk0 (Xi ) denote the indices of the k nearest neighbors of Xi respectively
among X1 , . . . , Xj−1 , Xj , Xj+1 , . . . , Xm and X1 , ..., Xj−1 , Xj0 , Xj+1 , . . . , Xm . Setting Bj =
Aj ∪
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+
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From now on, we distinguish between q = 2 and q > 2 because we will be able to derive
a tighter bound for q = 2 than for q > 2.
A.2.2. Case q > 2
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Proof of Ineq. (3.6): It results from the upper bounds proved in Theorem 3.1 and plugged
in Ineq. (2.7) (derived from Rosenthal’s inequality with optimized constant γ, namely Proposition D.3).
Then it comes

Proof of Ineq. (3.3), (3.4), and (3.5): These inequalities straightforwardly result from
the combination of Theorem 2.2 and Ineq. (2.5) and (2.6) from Theorem 3.1.

The idea is to plug the upper bounds previously derived for the L1O estimator, namely
Ineq. (2.5) and (2.6) from Theorem 2.2, in the inequalities proved for the moments of the
LpO estimator in Theorem 2.2.

A.3. Proof of Theorem 3.2
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It is possible to obtain a slightly better upper bound in the case q = 2 with the following
reasoning. With the same notation as above and from (A.3), one has
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• First, by using Ineq. (D.4) (generalized Efron-Stein inequality), which amounts to
control the q-th moments of the differences

In this proof, we use the same notation as in that of Proposition 4.1.
The goal of the proof is to provide a refined version of previous Proposition 4.1 by taking
into account the status of each Xj as one of the k nearest neighbors of a given Xi (or not).
To do so, our strategy is to prove a sub-Gaussian concentration inequality by use of
bp .
Lemma D.2, which requires the control of the even moments of the LpO estimator R
Such upper bounds are derived

B.2. Proof of Theorem 4.1

The conclusion results from McDiarmid’s inequality (Section D.1.5).
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R
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Then Lemma D.5 implies Card(Bj n−p ) ≤ 2(k + p − 1)γd , hence
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Using Eq. (2.2), one has

The proof relies on two successive ingredients: McDiarmid’s inequality (Theorem D.3), and
Stone’s lemma (Lemma D.5).
First with Dn = D and Dj = (Z1 , . . . , Zj−1 , Zj0 , Zj+1 , . . . , Zn ), let us start by upper
bp (Dn ) − R
bp (Dj ) for every 1 ≤ j ≤ n.
bounding R

B.1. Proof of Proposition 4.1

Appendix B. Proofs of exponential concentration inequalities
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!)
.

• Second, by precisely evaluating the contribution
of each neighbor Xi of a given Xj ,

e
that is by computing quantities such as Pe j ∈ e, i ∈ ē, j ∈ VkD (Xi ) , where Pe [ · ]
denotes the probability measure with respect to the uniform random variable e over
e
En−p , and VkD (Xi ) denotes the indices of the k nearest neighbors of Xi among X e =
{X` , ` ∈ e}.
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B.2.1. Upper bounding R
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where the notation Pe means the integration is carried out with respect to the random
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Pe j ∈ e, i ∈ ē, j ∈ VkD (Xi ) ∪ Vk j (Xi )

Vk j (Xi ) denotes the set of indices of the k nearest neighbors of Xi among Dje with the
notation of the proof of Proposition 4.1. Then it results
n
i
h
X
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e
Pe j ∈ e, i ∈ ē, AkD (Xi ) 6= Ak j (Xi )

i=1

n
X
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which leads to
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X 

e
bp (D) − R
bp (Dj ) ≤ 1 + 2
R
Pe j ∈ e, i ∈ ē, j ∈ VkD (Xi ) .
n p
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Summing over 1 ≤ j ≤ n the square of the above quantity, it results
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n
X
2
+8
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2 X
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1 2X 
e
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≤2
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e
i
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n2
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i=1
j=1
(
)
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e
Pe j ∈ e, i ∈ ē, j ∈ VkD (Xi )
.
p
≤

B.2.2. Evaluating the influence of each neighbor
Further using that
n
X

i=1

!2
n

1X 
e
Pe j ∈ e, i ∈ ē, j ∈ VkD (Xi )
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1≤i6=`≤n
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X
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h
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n
X
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e
.
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 pn−p
e
Pe j ∈ e, i ∈ ē, j ∈ VkD (Xi )
nn−1

 

e
Pe j ∈ e, i ∈ ē, j ∈ VkD (Xi )


X

j∈Vk+p (Xi )\Vk (Xi )

 p 2 n − p
kp p − 1 p n − p
=k
,
n n−1nn−1
n n−1

+

j∈Vk+p (Xi )\Vk (Xi )

let us now successively deal with each of these two terms.
Upper bound on T 1
First, we start by partitioning the sum over j depending on the rank of Xj as a neighbor
of Xi in the whole sample (X1 , . . . , Xn ). It comes
=

=

j∈Vk (Xi )

X

+

pn−p
nn−1

2

2

Then Lemma D.4 leads to
X
≤



pn−p
nn−1

j∈Vk (Xi )

=k

32

j

P
aj , for aj ≥ 0. It results

  

p 2 n−p
kn−p
1
=
·
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(
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p−1
8k 2 (1 + γd )
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1 + 4k + 4k 2 γd 1 + (k + p)
≤
1 + (k + p)
.
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n
n−1

n 
X

which enables to conclude
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n
X

Gathering the upper bounds
The two previous bounds provide
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If p ≥ n/2 + 1:
This part of the proof relies on Proposition D.1 which provides an exponential concentration
inequality from upper bounds on the moments of a random variable.
j
k
n
Let us now use (3.3) and (3.6) combined with (D.1), where C = n−p+1
, q0 = 2, and
minj αj = 1/2. This provides for every t > 0

h
h
i
i 
n
bp,n − E R
bp,n > t ≤
P R
e×
n−p+1


!1/3 



2


1
n
t2
n
t2

,
√ , (n − p + 1)
exp − min (n − p + 1)
2
2


2e
n − p + 1 4Γ2 k k
n − p + 1 4Γ k

From (3.3) and 
(3.4) applied with 2q, and further introducing a constant ∆ =
p
√
C1 /2, C2 > 0, it comes for every q ≥ 1
4 e max

q
 2
q
h
i 2q   ∆2
∆
k2
k2
bp,n − E R
bp,n
E R
≤
(2q)q ≤
q! ,
(B.1)
16e n − p + 1
8 n−p+1
√
with q q ≤ q!eq / 2πq. Then Lemma D.2 provides for every t > 0



h
i

 h
i

2
bp,n − E R
bp,n > t ∨ P E R
bp,n − R
bp,n > t ≤ exp −(n − p + 1) t
P R
.
∆2 k 2

If p < n/2 + 1:
In what follows, we exploit a characterization of sub-Gaussian random variables by their
2q-th moments (Lemma D.2).

B.3.1. Proof of Theorem 4.2
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e
Pe j ∈ e, i ∈ ē, j ∈ VkD (Xi )
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B.3. Proof of Theorem 4.2 and Proposition 4.2
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Hence combined with q! ≥
2πq, it comes
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The conclusion follows from Lemma D.2 with C = 16eκ 8(1+γ
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Then (D.4) provides for every q ≥ 1

B.2.3. Generalized Efron-Stein inequality
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We then apply Stone’s lemma (Lemma D.5) to get

+

i=1 `6=i j∈Vk (X` )
n X
X


 pn−p
e
Pe j ∈ e, i ∈ ē, j ∈ VkD (Xi )
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j=1 1≤i6=`≤n

n
1 X
2
p

n
1 XX
≤ 2
p

T2 =

Upper bound on T 2
Let us now apply the same idea to the second sum, partitioning the sum over j depending
on the rank of j as a neighbor of ` in the whole sample. Then,

j=1 i=1

2

a2j ≤ (maxj aj )

n
n

1 XX 
e
Pe j ∈ e, i ∈ ē, j ∈ VkD (Xi )
T1 = 2
p

where the upper bound results from
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where Γ arises from Eq. (3.6).
B.3.2. Proof of Proposition 4.2
As in the previous proof, the derivation of the deviation terms results from Proposition D.1.

n−p+1

n−p+1
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With the same notation and reasoning as in the jprevious
k proof, let us combine (3.3)
n
and (3.6). From (D.2) of Proposition D.1 where C = n−p+1
, q0 = 2, and minj αj = 1/2,
it results for every t > 0



v
s


u
i
h
2e
k
n
 b
u k 3/2 k

b
k t3/2 
>Γ
e · e−t ,
P R
t + 2e j
t j
≤
p,n − E Rp,n
n
n
(n − p + 1)
n−p+1
where Γ > 0 is given by Eq. (3.6).
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Appendix C. Proofs of deviation upper bounds

C.1. Proof of Ineq. (5.3) in Theorem 5.1

Pe

fk (X0 )

Y0 , fbke (Xi )


i∈
/e

Pe (i

(C.2)

(C.1)
i
∈
/ e) .

The proof follows the same strategy as that of Theorem 2.1 in Rogers and Wagner (1978).
Along the proof, we will repeatedly use some notation that we briefly introduce here.
First, let us define Z = (X0 , Y0 ) and Zn+1 = (Xn+1 , Yn+1 ) that are independent copies
0
of Z1 . Second to ease the reading of the proof, we also use several shortcuts: fbk (X0 ) =
e
AkDn (X0 ), and fbke (X0 ) = AkD (X0 ) for every set of indices e ∈ En−p (with cardinality n − p).
Finally along the proof, e, e0 ∈ En−p denote two random variables which are sets of
distinct indices with discrete uniform distribution over En−p . The notation Pe (resp. Pe,e0 )
means the integration is made with respect to the sample D and also the random variable
e (resp. D and also the random variables e, e0 ). Ee [ · ] and Ee,e0 [ · ] are teh corresponding
expectations. Note that the sample D and the random variables e, e0 are independent from
each other, so that computing for instance Pe (i 6∈ e) amounts to integrating with respect
to the random variable e only.
C.1.1. Main part of the proof



 
E Ln2 = P fbk (X0 ) 6= Y0 , fbk (Xn+1 ) 6= Yn+1 ,

With the notation Ln = L(AkDn ), let us start from
i
h
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bp,n Ln ,
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let us notice that
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It immediately comes
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h
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=E R
/ e Pe (i 6∈ e)
p
k
k
h 


b
b
6=
+ P b
6=
6=
−
6=

fk (X0 )

The proof then consists in successively upper bounding the two terms (C.1) and (C.2) of
the last equality.

i,j

k

k

Upper bound of (C.1)
First, we have
h
i
h
i
X
bp2 (ADn ) =
p2 E R
Ee,e0 1{fbe (Xi )6=Yi } 1{i∈e}
/ 1{fbe0 (Xj )6=Yj } 1{j ∈e
/ 0}
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i6=j
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which depends on `, i.e. on the fact that index 2 belongs or not to the training set e.

• Upper bound for A:
To upper bound A, simply notice that:
  p 2

/ e, i ∈
/ e0 ≤
A ≤ Pe,e0 Si0 ≤ Pe,e0 i ∈
.
n
• Upper bound for B:
To obtain an upper bound for B, one needs to upper bound




0
`
`
Pe,e0 fbke (X1 ) 6= Y1 , fbke (X2 ) 6= Y2 | S1,2
− Pe,e0 fbk (X0 ) 6= Y0 , fbke (X1 ) 6= Y1 | S1,2
, (C.4)

`
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Pe,e0 fbke (X1 ) 6= Y1 , fbke (X2 ) 6= Y2 | S1,2
− Pe,e0 fbk (X0 ) 6= Y0 , fbke (X1 ) 6= Y1 | S1,2
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(C.3)
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Pe,e0 fbke (X1 ) 6= Y1 , fbke (X2 ) 6= Y2 | S1,2
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"
#
4


X


1
1 X
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X
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b2 (ADn ) =
p2 E R
p
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Then,

3
Si,j

1
Si,j

Si0 = {i ∈
/ e, i ∈
/ e0 },

Let us now introduce the five following events where we emphasize e and e0 are random
variables with the discrete uniform distribution over En−p :
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√
√
8 k
4p k
+√
·
2π(n − p)
2πn
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(−1)
where fbk
is built on sample (X2 , Y2 ), ..., (Xn+1 , Yn+1 ). One has




/e
P fbk (X0 ) 6= Y0 , fbk (Xn+1 ) 6= Yn+1 − Pe,e0 fbk (X0 ) 6= Y0 , fbke (Xi ) 6= Yi | i ∈
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Upper bound of (C.2) First observe that
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Back to Eq. (C.3), one deduces

Combining the previous bounds and Lemma C.1 leads to
√
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(C.4) ≤ √

• If 2 ∈ e (i.e. ` = 2 or 4): Then, Lemma C.3 settles

√
4p k
(C.4) ≤ √
·
2πn

• If 2 6∈ e (i.e. ` = 1 or 3): Then, Lemma C.2 proves
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where we used Lemma D.6 again to obtain the last inequality.
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Conclusion:
The conclusion simply results from combining bonds (C.1) and (C.2), which leads to
E
C.1.2. Combinatorial lemmas
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 (n−2
)
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n )
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All the lemmas of the present section are proved with the notation introduced at the beginning of Section C.1.
Lemma C.1. For any 1 ≤ i 6= j ≤ n,
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·

Proof of Lemma C.1. Along the proof, we repeatedly exploit the independence of the random variables e and e0 , which are set of n − p distinct indices with the discrete uniform
distribution over En−p .
Note also that an important ingredient is that the probability of each one of the following
events does not depend on the particular choice of the indices (i, j), but only on the fact
that i 6= j.
1
Pe,e0 Si,j

Pe,e0

2
Si,j

3
Pe,e0 Si,j

4
Pe,e0 Si,j


/ e0 , i ∈ e0 =
= Pe (i ∈
/ e, j ∈ e) Pe0 j ∈
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Lemma C.2. With the above notation, for ` ∈ {1, 3}, it comes
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Pe fbke (X1 ) 6= Y1 , fbke (X2 ) 6= Y2 | S1,2
·
2πn

Proof of Lemma C.2. First remind that as a test sample element Z0 cannot belong to either
e or e0 . Consequently, an exhaustive formulation of




`
`
Pe fbk (X0 ) 6= Y0 , fbke (X1 ) 6= Y1 | S1,2
= Pe fbk (X0 ) 6= Y0 , fbke (X1 ) 6= Y1 | S1,2
.

Then it results


 (2)

`
`
Pe fbk (X0 ) 6= Y0 , fbke (X1 ) 6= Y1 | S1,2
= Pe fbk (X2 ) 6= Y2 , fbke (X1 ) 6= Y1 | S1,2
,

(2)

where fbk is built on sample (X0 , Y0 ), (X1 , Y1 ), (X3 , Y3 ), ..., (Xn , Yn ).
Hence Lemma D.6 implies
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Lemma C.3. With the above notation, for ` ∈ {2, 4}, it comes
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√
√
4p k
8 k
+√
·
2π(n − p)
2πn

≤√

Proof of Lemma C.3. As for the previous lemma, first notice that


 (2)

e0
`
`
Pe,e0 fbk (X0 ) 6= Y0 , fbke (X1 ) 6= Y1 | S1,2
= Pe,e0 fbk (X2 ) 6= Y2 , fbk (X1 ) 6= Y1 | S1,2
,

e0
where fbk is built on sample e with observation (X2 , Y2 ) replaced with (X0 , Y0 ). Then
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0
`
`
Pe,e0 fbke (X1 ) 6= Y1 , fbke (X2 ) 6= Y2 | S1,2
− Pe,e0 fbk (X0 ) 6= Y0 , fbke (X1 ) 6= Y1 | S1,2




(2)
e
0
0
`
`
= Pe,e0 fbke (X1 ) 6= Y1 , fbke (X2 ) 6= Y2 | S1,2
− Pe,e0 fbk (X2 ) 6= Y2 , fbk (X1 ) 6= Y1 | S1,2

 n

n
o n e0
o

o
(2)
0
`
`
≤ Pe,e0
fbke (X1 ) 6= Y1 4 fbk (X1 ) 6= Y1 | S1,2
+ Pe,e0
fbk (X2 ) 6= Y2 4 fbke (X2 ) 6= Y2 | S1,2
√
√




e0
(2)
0
4p
k
k
8
`
`
+√
·
= Pe,e0 fbke (X1 ) 6= fbk (X1 ) | S1,2
+ Pe,e0 fbk (X2 ) 6= fbke (X2 ) | S1,2
≤√
2π(n − p)
2πn
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h

n
AD
k (0)

−

D

41
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With N01 (respectively Ñ01 ) denoting the number of 1s among th k nearest neighbors of
X = 0 among X1 , . . . , Xn (resp. X1 , . . . , Xn−1 ), the proof of Theorem 3 in Chaudhuri

n
Then knowing X(k+1) (X) and X are not equal implies the only way for AD
and
k
Dn−1
Ak
to differ is that the numbers of k nearest neighbors of each label are almost
equal, that is either equal to (k − 1)/2 or to (k + 1)/2 (k is odd by assumption).

n−1
n
E AD
(0) | X(k+1) (0) = 1, X = 0
k (0) − Ak
h
i
Dn−1
n
= P AD
(0) = 0 | X(k+1) (0) = 1, X = 0
k (0) = 1, Ak
h
i
Dn−1
n
− P AD
(0) = 1 | X(k+1) (0) = 1, X = 0 .
k (0) = 0, Ak

h

i

since all of the k + 1 nearest neighbors share the same label.

• On the other hand, let us notice

i

i
| X(k+1) (1) = 1, X = 1 = 0,

| X(k+1) (0) = 0, X = 0

D
Ak n−1 (1)

D
Ak n−1 (0)

n
= E AD
k (1) −

E

h

• On the one hand it is easy to check that

Then, a few remarks lead to simplify the above expression.

where X(k+1) (x) denotes the k + 1-th neighbor of x.

h 


i
D
n
E L AD
− L Ak n−1
k
i
i i
h
 h h
Dn−1
n
(X) | X(k+1) (X), X | X
= −2E (η(X) − 1/2) E E AD
k (X) − Ak
i
i i
h
 h h
Dn−1
n
(X) | X(k+1) (X), X | X
= −2E (η(X) − 1/2) E E AD
k (X) − Ak
i 
n h

Dn−1
n
(0) | X(k+1) (0) = 0, X = 0 P X(k+1) (0) = 0 | X = 0
= 1/2 E AD
k (0) − Ak
i 
h
o
Dn−1
n
(0) | X(k+1) (0) = 1, X = 0 P X(k+1) (0) = 1 | X = 0
+E AD
k (0) − Ak
i 
n h

Dn−1
n
(1) | X(k+1) (1) = 0, X = 1 P X(k+1) (1) = 0 | X = 1
− 1/2 E AD
k (1) − Ak
i 
h
o
Dn−1
n
+E AD
(1) | X(k+1) (1) = 1, X = 1 P X(k+1) (1) = 1 | X = 1 ,
k (1) − Ak

The bias of the L1O estimator is equal to

C.2. Proof of Proposition 5.1
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≥

42

where denotes a numeric constant independent of n and k.
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n/2 which entails that
√


k+1
k
k
×
(1/2)k ≥ C
,
2n
(k + 1)/2
n

• The conclusion then follows from considering k
P [ B(n, 1/2) ≤ k ] ≥ 1/2, and also by noticing that

• Similar calculations applied to X = 1 finally lead to



i k + 1 
h 


k
Dn−1
n
−
L
A
=
E L AD
×
(1/2)k × P X(k+1) (0) = 1 | X = 0
k
k
2n
(k + 1)/2


k+1
k
=
×
(1/2)k × P [ B(n, 1/2) ≤ k ] .
(k + 1)/2
2n

where H(a, b; c) denotes a hypergeometric random variable with a successes in a population of cardinality a + b, and c draws, and η̄ = π0 η0 + (1 − π0 )η1 = 1/2.
i
h
Dn−1
n
Following the same reasoning for P AD
(0) = 1 | X(k+1) (0) = 1, X = 0
k (0) = 0, Ak
and recalling that η0 = 0 and η1 = 1 by assumption, it results


h
i
k+1
k
Dn−1
n
E AD
(0) | X(k+1) (0) = 1, X = 0 = −
×
(1/2)k .
k (0) − Ak
2n
(k + 1)/2

and Dasgupta (2014) leads to
i
h
Dn−1
n
(0) = 0 | X(k+1) (0) = 1, X = 0
P AD
k (0) = 1, Ak
h
i
= P n ∈ Vk (0), N01 = (k + 1)/2, Ñ01 = (k − 1)/2 | X(k+1) (0) = 1, X = 0
i
h
k
= × P Ñ01 = (k − 1)/2 | N01 = (k + 1)/2, X(k+1) (0) = 1, X = 0
n

× P N01 = (k + 1)/2 | X(k+1) (0) = 1, X = 0
 




k
k+1 k−1
k
= ×P H
,
; 1 = 1 · η1 ×
η̄ (k+1)/2 (1 − η̄)(k−1)/2
n
2
2
(k + 1)/2


k+1
k
=
× η1 ×
η̄ (k+1)/2 (1 − η̄)(k−1)/2 ,
2n
(k + 1)/2
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Appendix D. Technical results
D.1. Main inequalities
D.1.1. From moment to exponential inequalities

N
X
i=1

λi q αi

!q

.



t
N λj

 1
αj

≤ Ceq0 minj αj · e−x .

−(mini αi )e−1 minj

E [ |X|q ] ≤ C

ex
minj αj







,

(D.2)

(D.1)

Proposition D.1 (see also Arlot (2007), Lemma 8.10). Let X denote a real valued random
variable, and assume there exist C ≥ 1, λ1 , . . . , λN > 0, and α1 , . . . , αN > 0 (N ∈ N∗ ) such
that for every q ≥ q0 ,

Then for every t > 0,

λi

αi #

P [ |X| > t ] ≤ Ceq0 minj αj e
N
X

Furthermore for every x > 0, it results
"

P |X| >

i=1

E [ |X|q ]
+ 1q<q0 ≤ 1q≥q0 C
tq

t

PN
αi
i=1 λi q

!q

+ 1q<q0 .

Proof of Proposition D.1. By use of Markov’s inequality applied to |X|q (q > 0), it comes
for every t > 0
P [ |X| > t ] ≤ 1q≥q0

P
Now using the upper bound N λi q αi ≤ N maxi {λi q αi } and choosing the particular value


 1 i=1

αj
t
, one gets
N λj
q̃ = q̃(t) = e−1 minj

q̃≥q0



−(mini αi ) e−1 minj

Ce






t
N λj

 1
αj








,
ex
minj αj

q̃<q0



+1
PN
i=1 λi

α i

combined with




  q̃

α
1
i


αj
t
−α
i
min
j
N λj

 maxi N λi e


P [ |X| > t ] ≤ 1q̃≥q0 C 
 + 1q̃<q0
t

≤1
which provides (D.1).

Let us now turn to the proof of (D.2). From t∗ =
q ∗ = minxj αj , it arises for every x > 0
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α i

α i
P
P
N
N
P
ex


−1 ex
N
∗ αi
i=1 λi e
i=1 λi minj αj
minj αj
−αk
i=1 λi (q )



αi = e− mink αk .
=
≤
max
e
αi
PN
PN
ex
ex
k
t∗
i=1 λi minj αj
i=1 λi minj αj
43

Then,

Hence,
"

P |X| >

C

N
X
i=1

λi

#

j

−(mink αk ) minx α

≤ Ce

j

= Ce−x .

≤ Ce−x 1q∗ ≥q0 + 1q∗ <q0 ≤ Ceq0 minj αj · e−x ,

!q ∗
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αi

PN
∗ αi
i=1 λi (q )
t∗



ex
minj αj

since eq0 minj αj ≥ 1 and −x + q0 minj αj ≥ 0 if q < q0 .

D.1.2. Sub-Gaussian random variables



E X 2q ≤ q! (4ν)q .

Lemma D.1 (Theorem 2.1 in Boucheron et al. (2013) first part). Any centered random
2
variable X such that P (X > t) ∨ P (−X > t) ≤ e−t /(2ν) satisfies

for all q in N+ .

with ν = 4C.

Lemma D.2 (Theorem 2.1 in Boucheron et al. (2013) second part). Any centered random
variable X such that



E X 2q ≤ q!C q .

2 /(2ν)

for some C > 0 and q in N+ satisfies P (X > t) ∨ P (−X > t) ≤ e−t
D.1.3. The Efron-Stein inequality

n
X
i=1

h
i
E (Z − E [Z | (Xj )j6=i ])2 = ν.

Theorem D.1 (Efron-Stein’s inequality Boucheron et al. (2013), Theorem 3.1). Let
X1 , . . . , Xn be independent random variables and let Z = f (X1 , . . . , Xn ) be a squareintegrable function. Then
Var(Z) ≤


Zi0 = f X1 , . . . , Xi0 , . . . , Xn ,

i=1

n

2 i
1X h
E Z − Zi0
.
2
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Moreover if X10 , . . . , Xn0 denote independent copies of X1 , . . . , Xn and if we define for every
1≤i≤n

then

ν=

44

q/2

i=1
q/2

.

(D.3)

q/2

2/

i=1

i=1

2
i=1 ci

Pn

2
i=1 ci

Pn

B ∗ (q, γ) =
=

45

| ]
1 + E[ |N
, if
γ
γ −q/(q−1) E [ |Z − Z 0 |q ] , if

q
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2 < q ≤ 4,
4 < q,

where a ∨ b = max(a, b) (a, b ∈ R), and B(q, γ) denotes a positive constant only depending
on q and γ. Furthermore, the optimal value of B(q, γ) is given by

i=1

Proposition D.2 (Eq. (20) in Ibragimov and Sharakhmetov (2002)). Let X1 , . . . , Xn denote independent real random variables with symmetric distributions. Then for every q > 2
and γ > 0,

v
q 
" n
u n
q#
n
 X

X
X
u


Xi
≤ B(q, γ) γ
E [ |Xi |q ] ∨ t
E
E Xi2  ,



D.1.6. Rosenthal’s inequality

A proof can be found in Devroye et al. (1996) (see Theorem 9.2).

P (E [f (X1 , ..., Xn )] − f (X1 , ..., Xn ) ≥ ε) ≤ e−2ε

P (f (X1 , ..., Xn ) − E [f (X1 , ..., Xn )] ≥ ε) ≤ e

−2ε2 /

f (x1 , ..., xi , ..., xn ) − f (x1 , ..., x0i , ..., xn ) ≤ ci , 1 ≤ i ≤ n .

Then for all ε > 0, one has

x1 ,...,xn ,x0i

sup

Theorem D.3. Let X1 , ..., Xn be independent random variables taking values in a set A,
and assume that f : An → R satisfies

D.1.5. McDiarmid’s inequality

Moreover considering

= f (ξ1 , . . . , ξj−1 , ξj+1 , . . . , ξn ) for every 1 ≤ j ≤ n, it results
r

Pn
√
(j) 2
.
(D.4)
kζ − Eζkq ≤ 2 2κq
i=1 ζ − ζ

ζ (j)

i=1

Corollary D.1. With the same notation, it comes
v
v
u X
u n
p
u n
√ u X
kζ − Eζkq ≤ 2κq t
(ζ − ζi0 )2
(ζ − E [ζ | (ξj )j6=i ])2
≤ 2 κq t

Theorem D.2 (Theorem 15.5 in Boucheron et al. (2013)). Let ξ1 , . . . , ξn be n independent Ξ-valued random variables, f : Ξn → R denote a measurable function, and define
ζ = f (ξ1 , . . . , ξn ) and ζi0 =
f (ξ1 , . . . , ξi0 , . . . , ξn ), iwith ξ10 , . . . , ξn0 independent
copies of ξii .
hP
hP 

2
n 
n
0 ) 2 | ξ n and V
(ζ
−
ζ
Furthermore let V+ = E
(ζ
−
ζi0 )− | ξ1n .
=
E
−
1
i +
i=1
i=1
Then there exists a constant κ ≤ 1, 271 such that for all q in [2, +∞[,
q
q
(ζ − Eζ)− q ≤ 2κq kV− kq/2 .
(ζ − Eζ)+ q ≤ 2κq kV+ kq/2 ,
and

D.1.4. Generalized Efron-Stein’s inequality
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i=1

i=1

i=1

i=1

B ∗ (q, γ) = 1 +

E [ |N |q ]
≤1+
γ

√ √
2e q
γ

√ √ q
2e q
,
γ

46

q

q2
e

≤1+

√

e
γ

q√ q

2e

q

q2
e

√ √ q
2e q
,
γ
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=1+

q

 q
4eq γ 1/(q−1) + q
.

B ∗ (q, γ) ≤ 1 +

B ∗ (q, γ) ≤ γ −q/(q−1)
Proof of Lemma D.3. If 2 < q ≤ 4,

• for every 4 < q,

• for every 2 < q ≤ 4,

Lemma D.3. With the same notation as Proposition D.2 and for every γ > 0, it comes

i=1

Plugging the previous upper bounds in Rosenthal’s inequality (Proposition D.2), it results
for every q > 2

v
q 
" n
u n
q#
n
√ X
 √ √ q
X
uX 
 
q
q
2
t

E
E [ |Xi | ] ,
Xi
E Xi  .
≤ 2 2e q max ( q)



• if 4 < q, γ = q (q−1)/2 leads to
q

√ q  √ √ q
 q
B ∗ (q, γ) ≤ q −q/2
4eq q 1/2 + q
≤ q −q/2
8eq = 2 2e q .

 √ √ q
B ∗ (q, γ) ≤ 2 2e q .

• if 2 < q ≤ 4, choosing γ = 1 provides

Proof of Proposition D.3. From Lemma D.3, let us observe

i=1

Proposition D.3. Let X1 , . . . , Xn denote independent real random variables with symmetric distributions. Then for every q > 2,

v
q 
" n
u n
q#
n
 X
 √ q
X
X 
 
√ q u
q
q
2
t
E [ |Xi | ] , ( q)
E
≤ 2 2e max q
Xi
E Xi  .



where N denotes a standard
Gaussian
variable, and Z, Z 0 are i.i.d. random variables with
 1/(q−1)

γ
Poisson distribution P
.
2
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√
√
by use of Lemma D.9 and q 1/q ≤ e for every q > 2.
If q > 4,

q
B ∗ (q, γ) = γ −q/(q−1) E Z − Z 0
 iq/2
√ hq
≤ γ −q/(q−1) 2q/2+1 e q
γ 1/(q−1) + q
e
 iq/2
√ q √ q h q  1/(q−1)
≤ γ −q/(q−1) 2q/2 2e e
γ
+q
e


q
h

 iq/2
 q
≤ γ −q/(q−1) 4eq γ 1/(q−1) + q
= γ −q/(q−1)
4eq γ 1/(q−1) + q
,

applying Lemma D.11 with λ = 1/2γ 1/(q−1) .

(D.7)

(D.6)

(D.5)

D.2.2. Stone’s lemma

Celisse and Mary-Huard

Lemma D.5 (Devroye et al. (1996), Corollary 11.1, p. 171). Given n points (x1 , ..., xn ) in
Rd , any of these points belongs to the k nearest neighbors of at most kγd of the other points,
where γd increases on d.

D.2.3. Stability of the kNN classifier when removing p observations

Lemma D.6 (Devroye and Wagner (1979b), Eq. (14)). For every 1 ≤ k ≤ n, let Ak denote
k-NN classification algorithm defined by Eq. (2.1), and let Z1 , . . . , Zn denote n i.i.d. random
variables such that for every 1 ≤ i ≤ n, Zi = (Xi , Yi ) ∼ P . Then for every 1 ≤ p ≤ n − k,
√
4 p k
P [ Ak (Z1,n ; X) 6= Ak (Z1,n−p ; X) ] ≤ √
,
2π n

where Z1,i = (Z1 , . . . , Zi ) for every 1 ≤ i ≤ n, and (X, Y ) ∼ P is independent of Z1,n .

n
X

j=1

1i∈ē

k=

Pe [ i ∈ ē, j ∈ Vke (Xi ) ] −

X

σi (j)≤k

Pe [ i ∈ ē, j ∈ Vke (Xi ) ]
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E [ |N |q ] ≤

√ √  q  2q
2e q
.
e

48
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Proof of Lemma D.9. If q is even (q = 2k > 2), then
r
Z +∞
Z +∞
x2
x2
1
2
xq √ e− 2 dx =
xq−2 e− 2 dx
E [ |N |q ] = 2
(q − 1)
π
2π
0
r
r0
2 (q − 1)!
2
q!
=
·
π 2k−1 (k − 1)!
π 2q/2 (q/2)!
=

Lemma D.9. Let N denote a real-valued standard Gaussian random variable. Then for
every q > 2, one has

D.2.6. Upper bound on the optimal constant in the Rosenthal’s inequality

The proof is straightforward from the combination of Lemmas D.1 and D.7.

E

Lemma D.8. For every 1 ≤ k ≤ n, let Ak denote k-NN classification algorithm defined by
b1 (·) denote the L1O estimator defined by Eq. (2.2) with p = 1. Then
Eq. (2.1). Let also R
for every q ≥ 1,
!

2 q
h
i 
2q
(kγ
d)
b1 (Ak , Z1,n ) − E R
b1 (Ak , Z1,n )
R
≤ q! 2
.
(D.8)
n

D.2.5. Moment upper bounds for the L1O estimator

P

Lemma D.7 (Devroye et al. (1996), Theorem 24.4). For every 1 ≤ k ≤ n, let Ak denote
b1 (·) denote the L1O estimator
k-NN classification algorithm defined by Eq. (2.1). Let also R
defined by Eq. (2.2) with p = 1. Then for every ε > 0,



h
i

2
b1 (Ak , Z1,n ) − E R
b1 (Ak , Z1,n ) > ε ≤ 2 exp −n ε
.
R
γd2 k 2

D.2. Technical lemmas

kp p − 1
·
n n−1

j=1

D.2.4. Exponential concentration inequality for the L1O estimator

Pe [ i ∈ ē, j ∈ Vke (Xi ) ] =

!

e

D.2.1. Basic computations for resampling applied to the kNN algorithm

j=1

e

p
k .
n

Pe [ i ∈ ē, j ∈ Vke (Xi ) ] =

Lemma D.4. For every 1 ≤ i ≤ n and 1 ≤ p ≤ n, one has
p
Pe (i ∈ ē) = ,
n
n
X
kp
,
n
X

k<σi (j)≤k+p

Pe [ i ∈ ē, j ∈ Vke (Xi ) ] =

e

 −1 X

j=1

n
p

Proof of Lemma D.4. The first equality is straightforward. The second one results from
simple calculations as follows.


 
n  −1 X
n
X
X
n
n −1 X
1i∈ē 1j∈Vke (Xi ) =
1i∈ē 
1j∈Vke (Xi ) 
p
p
n
X
j=1

=

Pe [ i ∈ ē, j ∈ Vke (Xi ) ] =

n−1p
Pe [ i ∈ ē, j ∈ Vke (Xi ) ] = Pe [ j ∈ Vke (Xi ) | i ∈ ē ] Pe [ i ∈ ē ] =
,
n−pn

For the last equality, let us notice every j ∈ Vi satisfies

hence
X

k<σi (j)≤k+p

p
n−1p
p p−1
=k −k
=k
·
n
n−pn
nn−1
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r  
q
e q q/2 √ √  q  2
E [ |N | ] ≤ 2
< 2e q
·
π e
e

q

√
q!
< 2e e−q/2 q q/2 ,
2q/2 (q/2)!

0

Z

+∞
0

Z
h
i
P S < E [ S ] − t1/q dt = 2q

q

0

Z

+∞

uq−1 e−

u2
k

du = 2q

k
2

+∞

v q−1 e−

v2
2

dv.
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If q is even, then q −1 > 2 is odd and the same calculations as in the proof of Lemma D.9
apply, which leads to
r q
r q
r q
r q
 q q/2
√ √
√ √
k q/2  q 
k q/2 √
qk
qk
E [ |S − E [ S ]|q ] ≤ 2
2
!≤2
2
πeq
= 2 πe q
<4 e q
·
2
2
2
2e
2e
2e

E [ |S − E [ S ]|q ] ≤ 2q

r

P [ S < E [ S ] − u ] uq−1 du.

0

Z

+∞

p
Using Chernoff’s inequality and setting u = k/2v, it results

E [ |S − E [ S ]|q ] = 2

Proof of Lemma D.10. Since S − E(S) is symmetric, it comes

Lemma D.10. Let S denote a binomial random variable such that S ∼ B(k, 1/2) (k ∈ N∗ ).
Then for every q > 3, it comes
r q
√ √
qk
E [ |S − E [ S ]|q ] ≤ 4 e q
·
2e

If q is odd (q = 2k + 1 > 2), then
r Z +∞
r Z +∞
√ q −t dt
x2
2
2
2t e √ ,
E [ |N |q ] =
xq e− 2 dx =
π 0
π 0
2t
√
by setting x = 2t. In particular, this implies
r Z +∞
r
r


√ √  q  2q
2
2 k
2 q−1 q − 1
E [ |N |q ] ≤
.
(2t)k e−t dt =
2 k! =
2 2
! < 2e q
π 0
π
π
2
e

which implies

it results

Then using for any positive integer a
 a a
 a a
√
√
2πa
< a! < 2eπa
,
e
e
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q
q−1


q
q−1

q q
e

(q−1)/2

≤

2e.

r
E [ |S − E [ S ]|q ] ≤ 2

q

√ √
k √ √  q q/2
=4 e q
2 e q
2
e

r

qk
2e

q

e

·

q q
√ r q
e
2e
q − 1  q−1 (q−1)/2

√

=

 q (q+1)/2
√ √  q q/2
q!
≤ 2e
=2 e q
,
e
e
!
2(q−1)/2 q−1
2

r

√
2πeq

(q−1)/2

p
2(q−1)/2 π(q − 1) q−1
2e
(q−1)/2

√ r q  q (q+1)/2
q
= 2e
q−1 e
q−1

≤

q

q

E [ |X − Y | ] ≤ 2 EN

which entails that

"

√ √
4 e q

r

q

50

qN
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i
h
q
EN N q/2 .
e

where N = X + Y . Furthermore, the conditional distribution of X given N = X + Y is a
binomial distribution B(N, 1/2). Then Lemma D.10 provides that
r
q
√ √
qN
q
a.s. ,
E [ |X − N/2| | N ] ≤ 4 e q
2e

E [ |X − Y |q ] = EN [ E [ |X − Y |q | N ] ] = 2q EN [ E [ |X − N/2|q | N ] ] ,

Proof of Lemma D.11. Let us first remark that

Lemma D.11. Let X, Y be two i.i.d. random variables with Poisson distribution P(λ)
(λ > 0). Then for every q > 3, it comes
iq/2
√ hq
E [ |X − Y |q ] ≤ 2q/2+1 e q
(2λ + q)
.
e

hence

This implies

and also that

2(q−1)/2 q−1
2 !

q!

Let us notice

If q is odd, then q − 1 > 2 is even and another use of the calculations in the proof of
Lemma D.9 provides
r q
r q
(q − 1)!
q!
k
k
E [ |S − E [ S ]|q ] ≤ 2q
=
2
.
2 2(q−1)/2 q−1
2 2(q−1)/2 q−1
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Maximum selection and sorting are fundamental operations with widespread applications
in computing, investment, marketing (Aggarwal et al., 2009), decision making (Thurstone,
1927; David, 1963), and sports. These operations are often accomplished via pairwise
comparisons between elements, and the goal is to minimize the number of comparisons.
For example, one may find the largest of n elements by first comparing two elements and
then successively comparing the larger one to a new element. This simple algorithm takes
n − 1 comparisons, and it is easy to see that n − 1 comparisons are necessary. Similarly,
merge sort sorts n elements using less than n log n comparisons, close to the information
theoretic lower bound of log n! = n log n − o(n).
However, in many applications, the pairwise comparisons may be imprecise. For example, in comparing two random numbers, such as stock performances, or team strengths, the
output of the comparison may vary due to chance. Consequently, a number of researchers
have considered maximum selection and sorting with imperfect, or noisy, comparators. The
comparators in these models mostly function correctly but occasionally may produce an
inaccurate comparison result, where the form of inaccuracy is dictated by the application.
Based on the form of inaccuracy, models can be divided into two categories: probabilistic
and adversarial. Probabilistic models can be parametric or non-parametric. One of the
simplest parametric probabilistic models was considered in Feige et al. (1994), where the
output of each comparator could be wrong with some known probability p. Algorithms
applying this model for maximum selection were proposed in Adler et al. (1994) and for
ranking in Karp and Kleinberg (2007); Ben-Or and Hassidim (2008); Braverman and Mossel
(2008); Braverman et al. (2016).
Another parametric family of probabilistic models, the Bradley-Terry-Luce model (Bradley
and Terry, 1952) assumes that if two values x and y are compared, then x is selected as
the larger with probability x/(x + y). Observe that the comparison is correct with probability max{x, y}/(x + y) ≥ 1/2. Algorithms for ranking and estimating values under this
and another related model, the Plackett-Luce (Plackett, 1975; Luce, 2005), are proposed,
for example, in Negahban et al. (2012); Szörényi et al. (2015). The Mallows model is yet
another example of a parametric probabilistic model and is studied in Busa-Fekete et al.
(2014).
Non-parametric probabilistic models assume some natural constraints on comparison
probabilities, such as Strong Stochastic Transitivity or Stochastic Triangle Inequality. Algorithms for maximum selection and sorting under these models are studied in Falahatgar
et al. (2017b,a, 2018); Yue and Joachims (2011) and algorithms for comparison-probability
matrix estimation are considered in Shah et al. (2016). This model is also considered for
the top-k sorting problem in Chen et al. (2017b,a).
We consider a model where, unlike the probabilistic models, the comparison outcome
can be adversarial. If the numbers compared are more than a threshold ∆ apart, the
comparison is correct, while if they differ by at most ∆, the comparison outcome is arbitrary,
and possibly even adversarial.
This model can be partially motivated by physical observations. Measurements are
regularly quantized and often adulterated with some measurement noise. Quantities with
the same quantized value may, therefore, be incorrectly compared. In psychophysics, the
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Weber-Fechner law (Ekman, 1959) stipulates that humans can distinguish between two
physical stimuli only when their difference exceeds some threshold (known as just noticeable
difference). Additionally, in sports, a judge or a home-team advantage may, even adversarially, sway the outcome of a game between two teams of similar strength but not between
teams of significantly different strengths. Our main motivation for the model derives from
the important problem of density estimation and distribution learning.
1.1. Density estimation via pairwise comparisons
In a typical PAC-learning setup (Valiant, 1984; Kearns et al., 1994), we are given samples
from an unknown distribution p0 in a known distribution class P and would like to find,
with high probability, a distribution p̂ ∈ P such that kp̂ − p0 k1 < δ.
One standard approach proceeds in two steps (Devroye and Lugosi, 2001):
1. Offline, construct a δ-cover of P, a finite collection Pδ ⊆ P of distributions such that
for any distribution p ∈ P, there is a distribution q ∈ Pδ such that kp − qk1 < δ.
2. Using the samples from p0 , find a distribution in Pδ whose `1 distance to p0 is close
to the `1 distance of the distribution in Pδ that is closest to p0 .
These two steps output a distribution whose `1 distance from p0 is close to δ. Surprisingly,
for several common distribution classes, such as Gaussian mixtures, the number of samples
required by this generic approach matches the information theoretically optimal sample
complexity, up to logarithmic factors (Daskalakis and Kamath, 2014; Suresh et al., 2014;
Diakonikolas et al., 2016).
The Scheffe Algorithm (Scheffe, 1947; Devroye and Lugosi, 2001) is a popular method for
implementing the second step, namely to find a distribution in Pδ with a small `1 distance
from p0 . It takes every pair of distributions in Pδ and uses the samples from p0 to decide
which of the two distributions is closer to p0 . It then declares the distribution that “wins”
the most pairwise closeness comparisons to be the nearly-closest to p0 . As shown in Devroye
and Lugosi (2001), the Scheffe algorithm yields, with high probability, a distribution that is
at most nine times further from p0 than the distribution in Pδ with the lowest `1 distance
from p0 , plus a diminishing additive term; hence, a distribution that is roughly 9δ away
from p0 is found. Since this algorithm compares every pair of distributions in Pδ , it uses
quadratic in |Pδ | comparisons. In Section 6, we use maximum-selection results to derive an
algorithm with the same approximation guarantee but linear in |Pδ | comparisons.
1.2. Organization

JMLR 19(59):1-31, 2018

This paper is organized as follows: in Section 2, we define the problem and introduce the
notations; in Section 3, we summarize the results; in Section 4, we derive simple bounds
and describe the performance of simple algorithms; and, in Section 5, we present our main
maximum-selection algorithms. The relation between density estimation problem and our
comparison model is discussed in Section 6, and, in Section 7, we discuss sorting with
adversarial comparators.
3
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2. Notations and preliminaries

arg max {xi , xj }
if
i or j (adversarially) if

|xi − xj | > 1,
|xi − xj | ≤ 1.

Practical applications call for sorting or selecting the maximum of not just numbers, but,
rather, of items with associated values—for example, finding the person with the highest
salary, the product with the lowest price, or a sports team with the most capability of
def
winning. Associate with each item i a real value xi and let X = {x1 , . . . , xn } be the
multiset of values. In maximum selection, we use noisy pairwise comparisons to find an
def
index i such that xi is close to the largest element x∗ = max{x1 , . . . , xn }.
Formally, a faulty comparator C takes two distinct indices i and j and, if |xi − xj | > ∆,
outputs the index associated with the higher value, while if |xi − xj | ≤ ∆, outputs either i
or j, possibly adversarially. Without loss of generality, we assume that ∆ = 1. Then,

C(i, j) =

max{xi , xj }
if
xi or xj (adversarially) if

|xi − xj | > 1,
|xi − xj | ≤ 1.

It is easier to think just of the numbers, rather than the indices. Therefore, informally we
will simply view the comparators as taking two real inputs xi and xj , and outputting

(1)
C(xi , xj ) =

We consider two types of adversarial comparators: non-adaptive and adaptive.

• A non-adaptive adversarial comparator has complete knowledge of X and the algorithm but must fix its outputs for every pair of inputs before the algorithm starts

• An adaptive adversarial comparator not only has access to the algorithm and the
inputs but is also allowed to adaptively decide the outcomes of the queries taking into
account all the previous comparisons made by the algorithm

A non-adaptive comparator can be naturally represented by a directed graph with n
nodes representing the n indices. There is an edge from node i to node j if the comparator
declares xi to be larger than xj , namely, C(xi , xj ) = xi . Figure 1 is an example of such a
comparator, where, for simplicity, we show only the values 0, 1, 1, 2, and not the indices.
Note that, by definition, C(2, 0) = 2, but for all the other pairs, the outputs can be decided
by the comparator. In this example, the comparator declares the node with value 2 as the
“winner” against the right node with value 1 but as the “loser” against the left node, also
with value 1. Among the two nodes with value 1, it arbitrarily declares the left one as the
winner. An adaptive adversary reveals the edges one-by-one as the algorithm proceeds.
We refer to each comparison as a query. The number of queries an algorithm A makes for

def

X = {x1 , . . . , xn } is its query complexity, denoted by QnA .1 Our algorithms are randomized,
and QnA is a random variable. The expected query complexity of A for the input X is

qnA = E[QnA ],

1. This is a slight abuse of notation suppressing X .
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where the expectation is over the randomness of the algorithm. Note that the expected
query complexity is defined for all runs of an algorithm, and it is independent of the success
probability.

4

0

1

C∈Cnon

X

(2)

C∈Cadpt

X

C∈Cnon

X

C∈Cadpt

X

A

A

Example 1 shows that E3non (t) ≥

1
3

5

for all t < 2.

Enadpt (t) ≥ Ennon (t).
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Since adaptive adversarial comparators are stronger than non-adaptive, for all t,

Enadpt (t) = min EnA,adpt (t).

def

and, similarly, for the adaptive adversary,

Ennon (t) = min EnA,non (t),

def

For the non-adaptive adversary, the minimum t-approximation error of any algorithm is

EnA,adpt (t) = max max EnA (t).

def

and, similarly, for the adaptive adversary,

EnA,non (t) = max max EnA (t),

def

the probability that A’s output YA (X ) is not a t-approximation of x∗ . For an algorithm A,
the maximum t-approximation error for the worst non-adaptive adversary is

EnA (t) = Pr (YA (X ) < x∗ − t) ,

def

The t-approximation error of an algorithm A over n inputs is

Definition 1 A number x is a t-approximation of x∗ if x ≥ x∗ − t.

We evaluate an algorithm by how close its output is to x∗ (the maximum of X ).

qnA,adpt = max max qnA .

def

Similarly, the maximum expected query complexity of A against adaptive adversarial comparators is

qnA,non = max max qnA .

def

Let Cnon (X ), or simply Cnon , be the set of all non-adaptive adversarial comparators, and
let Cadpt be the set of all adaptive adversarial comparators. The maximum expected query
complexity of A against non-adaptive adversarial comparators is

Figure 1: Comparator for four inputs with values {0, 1, 1, 2}

1
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1
3

2

0

1

for all t < 2. Consider X = {0, 1, 2} and the following compara-

6
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In Section 4.1 we lower bound Ennon (t) as a function of t. In Lemma 2, we show that for all
t < 1 and odd n, Ennon (t) = 1 − 1/n, namely for some X , approximating the maximum to
within less than one is equivalent to guessing a random xi as the maximum. In Lemma 3, we
modify Example 1 and show that for all t < 2 and odd n, any algorithm has t-approximation
error close to 1/2 for some input.
We propose a number of algorithms to approximate the maximum. These algorithms
have different guarantees in terms of the probability of error, approximation factor, and
query complexity.
We first consider two simple algorithms: the complete tournament, denoted compl, and
the sequential selection, denoted seq. Algorithm compl compares all the possible input
pairs and declares the input with the most wins as the maximum. We show the simple
result that compl outputs a 2-approximation of x∗ . We then consider the algorithm seq
that compares a pair of inputs, discards the loser, and compares the winner with a new
input. We show that even under random selection of the inputs, there exist inputs such
that, with high probability, seq cannot provide a constant approximation to x∗ .
We then consider more advanced algorithms. The knock-out algorithm, at each stage,
pairs the inputs at random and keeps the winners of the comparisons for the next stage.
We design a slight modification of this algorithm, denoted ko-mod that achieves a 3approximation with error probability at most , even against adaptive adversarial comparators. We note that Ajtai et al. (2015) proposed a different algorithm with similar
performance guarantees.
Motivated by quick-sort, we propose a quick-select algorithm q-select that outputs a
2-approximation with zero error probability. It has an expected query complexity of at most
2n against the non-adaptive adversary. However, in Example 2, we see that this algorithm
requires n2 queries against the adaptive adversary.
This leaves the question of whether there is a randomized algorithm for 2-approximation
of x∗ with O(n) queries against the adaptive adversary. In fact, Ajtai et al. (2015) pose
this as an open question. We resolve this problem by designing an algorithm comb that
combines quick-select and knock-out. We prove that comb outputs a 2-approximation with
probability of error, at most, , using O(n log 1 ) queries. We summarize the results in
Table 1.
We note that while we focus on randomized algorithms, Ajtai et al. (2015) also studied
the best possible trade-offs for deterministic algorithms. They designed a deterministic

3. Previous and new results

By symmetry, no algorithm can differentiate between the three inputs. Hence, any algorithm
will output 0 with probability 1/3.

Example 1 E3non (t) ≥
tors. .
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Approximation
Encompl,adpt (2) = 0
EnA,adpt (2) = 0

Notation
compl
EnA,adpt (2) = 0

−1 →1



log n
log log n

Enko-mod,adpt (3) < 
Enq-select,adpt (2) = 0

Enseq,non

ko-mod
q-select
Encomb,adpt (2) < 

seq

comb

qnA,non

-

<n+
< 2n

3



4

q A,adpt
n

n
2

n−1

O n log 1

 1 1 2
4
1
2 log n ln 
n
2

Ω(n 3 )

Θ(n 2 )
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Algorithm
complete tournament
deterministic upper
bound (Ajtai et al.,
2015)
deterministic lower
bound (Ajtai et al.,
2015)
sequential
modified knock-out
quick-select
knock-out and
quick-select
combination
Table 1: Maximum selection algorithms
algorithm for 2-approximation of the maximum using only O(n3/2 ) queries. Moreover,
they prove that no deterministic algorithm with fewer than Ω(n4/3 ) queries can output a
2-approximation of x∗ for the adaptive adversarial model.

4. Simple results
In Lemmas 2 and 3, we prove lower bounds on the error probability of any algorithm that
provides a t-approximation of x∗ for t < 1 and t < 2, respectively. We then consider two
straightforward algorithms for finding the maximum. One is the complete tournament,
where all pairs of inputs are compared, and the other is sequential, where inputs are compared sequentially, and the loser is discarded at each comparison.
4.1. Lower bounds

−

for all 1 ≤ t < 2 and odd n

for all 0 ≤ t < 1 and odd n

1
2n

1
n

We show the following two results:

1
2

• Ennon (t) = 1 −
• Ennon (t) ≥

1
.
n
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These lower bounds can be applied to n, which is even, by adding an extra input that is
smaller than all the other inputs and loses to them.
Lemma 2 For all 0 ≤ t < 1 and odd n,
Ennon (t) = 1 −
7

0

0

0
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1

0

0

1

0

Figure 2: Tournament for Lemma 2 when n = 5

2

1

Figure 3: Tournament for Lemma 3 when n = 5

n−1

Proof Let (x1 , x2 , . . . , xn ) be an unknown permutation of (1, 0, . . . , 0). Suppose we consider
| {z }

1
1
−
.
2 2n

an adversary that ensures each input wins exactly (n − 1)/2 times. An example is shown
in Figure 2 for n = 5.
To get a lower bound on the performance of any randomized algorithm, we use Yao’s
principle. We consider only deterministic algorithms over a uniformly chosen permutation
of the inputs, namely only one of the coordinates is 1, and the remaining are less than 1 − t.
In this case, if we fix any comparison graph (as in Figure 2), and permute the inputs, the
algorithm cannot distinguish between 1 and 0’s, and outputs 0 with probability 1 − 1/n;
therefore, Ennon (t) ≥ 1 − n1 . Also, an algorithm that randomly picks an element as the
maximum achieves the error 1 − 1/n; hence, the lemma.
Lemma 3 For all 1 ≤ t < 2 and odd n,

Ennon (t) ≥

m

m

Proof Let m be (n−1)/2. Let (x1 , x2 , . . . , xn ) be an unknown permutation of (2, 1, . . . , 1, 0, . . . , 0).
| {z } | {z }
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Suppose the adversary ensures that 2 loses against all the 1’s and, indeed, all inputs have
exactly (n − 1)/2 wins. An example is shown in Figure 3.
Similar to Lemma 2, the inputs are all identical to the algorithm, and, therefore, the
1
1
algorithm outputs one of the 0’s with probability m
n = 2 − 2n .

8

9
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Sequential selection first compares a random pair of inputs and, at each successive step,
compares the winner of the last comparison with a randomly chosen new input. It outputs
the final remaining input. This algorithm uses n − 1 queries.

4.2.2. Sequential selection


compl is deterministic, and, after n2 queries, it outputs a 2-approximation of x∗ . If
the comparators are noiseless, we can simply compare the inputs sequentially, discarding
the loser at each step, and, thus, requiring only n − 1 comparisons. This evokes the hope of
finding a deterministic algorithm that requires a linear number of comparisons and outputs
a 2-approximation of x∗ . As mentioned earlier, however, Ajtai et al. (2015) showed it is
not achievable, as they proved that any deterministic 2-approximation algorithm requires
Ω(n4/3 ) queries. They also showed a strictly superlinear lower bound on any deterministic constant-approximation algorithm. They designed a deterministic 2-approximation
algorithm using O(n3/2 ) queries.

Lemma 4 shows that compl gives a 2-approximation against both adversaries. The
result, although weaker than the deterministic guarantees of Ajtai et al. (2015), is illustrative
and useful in the algorithms proposed later.

Lemma 4 qncompl,adpt = n2 and Encompl,adpt (2) = 0.

Proof The number of queries is clearly n2 . To show Encompl,adpt (2) = 0, note that if
∗
y < x − 2, then for all z that y wins over, z ≤ y + 1 < x∗ − 1, and therefore x∗ also beats
them. Since x∗ wins over y, it wins over more inputs than y, and y cannot be the output
of the algorithm. It follows that the input with maximum wins is a 2-approximation of x∗ .

input: X
compare all input pairs in X , count the number of times each input wins
output: an input with the maximum number of wins
Algorithm compl - Complete tournament

As its name evinces, a complete tournament involves a match between every pair of teams.
Using this metaphor to competitions, we compare all the n2 input pairs, and the input
with maximum wins is declared as the output. If two or more inputs end up with the
highest wins, any of them can be declared as the output. This algorithm is formally stated
in compl.

4.2.1. Complete tournament (round-robin)

In this section, we analyze two well-known maximum selection algorithms, the complete
tournament and the sequential selection. We discuss their strengths and weaknesses and
show that there is a trade-off between the query complexity and the approximation guarantees of these two algorithms. Another well-known algorithm for maximum selection is the
knock-out algorithm, and we discuss a variant of it in Section 5.1.

4.2. Two elementary algorithms

Maximum Selection and Sorting with Adversarial Comparators

Enseq,non (t) ≥ 1 −

For all t < s,
1
.
log log n



max{xi , xj } if |xi − xj | > 1,
min{xi , xj } if |xi − xj | ≤ 1.

(3)

10
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Observation 2 For the adversarial comparator defined in (3), if L0 > L1 > . . . > Ls , then
no input j can survive beyond location Lj−1 , and, therefore, seq outputs 0.

Observation 1 Input j appears at least (log n − 1) times that of input j + 1.

The sequential algorithm takes a random permutation of the inputs. It then starts by
comparing the first two elements and then sequentially compares the winner with the next
element, and so on. Let Lj be the location in the permutation where input j appears
for the last time. The next two observations follow from the construction of inputs and
comparators respectively.

C(xi , xj ) =

where r = log n. Consider the following non-adaptive adversarial comparator:

log n
log log n .

Proof Assume that s, log n, and log log n are integers and

s
for i = 1,




s − 1 for i = 2, . . . , r,




s − 2 for i = r + 1, . . . , r2 ,


 .
..
xi =


for i = rs−m−1 + 1, . . . , rs−m ,
 m


 ..


.



0
for i = rs−1 + 1, . . . , rs ,

Lemma 5 Let s =

Lemma 5 shows that even against the non-adaptive adversary, the algorithm cannot
output a constant-approximation of x∗ .

input: X
choose a random y ∈ X and remove it from X
while X is not empty
choose a random x ∈ X and remove it from X
y ← C(x, y)
end while
output: y
Algorithm seq - Sequential selection

Acharya, Falahatgar, Jafarpour, Orlitsky and Suresh
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input at that round, there is a fair chance that the largest input will be eliminated. If this
elimination happens in several rounds, we will end up with a number significantly smaller
than x∗ .

Acharya, Falahatgar, Jafarpour, Orlitsky and Suresh

1
s
=1−
.
log n
log log n

1
log log n .

12
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Proof The number of comparisons made by ko-sub is at most n2 + n4 + n8 + . . . < n.
l
m
def
Observe that ko-sub is called m = log nn1 times. Let Xi be the multiset X at the start of
the ith call to ko-sub. Let Xm+1 and Ym+1 be the multisets X and Y right before calling


2
Theorem 6 For n1 ≥ 2, we have qnko-mod,adpt < n+ 12 (log4 n)· 1 ln 1 and Enko-mod,adpt (3) <
.

In Theorem 6, we show that ko-mod has a 3-approximation error less than .

def 
We first explain the algorithm and then state the result. Let n1 = 1 ln 1 · log n . At
each round, we add n1 of the remaining inputs at random to the multiset Y and run the
knock-out subroutine ko-sub on the multiset X . When |X | ≤ n1 , we perform a complete
tournament on X ∪ Y and declare the output as the winner. We show that, with probability
at least 1 − , the final set Y contains at least one input which is a 1-approximation of x∗ .
Since the complete tournament outputs a 2-approximation of its maximum input, ko-mod
outputs a 3-approximation of x∗ with probability greater than 1 − .

input: X , 


Y = ∅, n1 = 1 ln 1 · log n
while |X | > n1
randomly choose n1 inputs from X and copy them to Y
X ← ko-sub(X )
end while
output: compl(X ∪ Y)
Algorithm ko-mod - Modified knock-out algorithm

input: X
pair the inputs of X randomly, let X 0 be the winners
output: X 0
Algorithm ko-sub - Subroutine for ko-mod and comb

To circumvent the problem of discarding large inputs, we select a specified number of
inputs at each round and save them for the very end, thereby ensuring that at every round,
if the largest input is eliminated, then an input within 1 from it has been saved. We
then perform a complete tournament on these saved inputs. The algorithm is explained in
ko-mod.

As a consequence of Observation 1, in the random permutation of inputs, Lj > Lj+1
with probability at least 1− log1 n . By the union bound, L0 > L1 > . . . > Ls with probability
at least,
1−
By applying Observation 2, seq outputs 0 with probability at least 1 −

5. Algorithms
In the previous section, we saw that the complete tournament, compl, always outputs a
2-approximation but has quadratic query complexity, while the sequential selection, seq,
has linear query complexity but a poor approximation guarantee. A natural question to ask
is whether there exist algorithms with bounded error and linear query complexity. In this
section, we propose algorithms with linear query complexity and approximation guarantees
that compete with the best possible, namely, 2-approximation of x∗ .
We propose three algorithms with different performance guarantees:
• Modified knock-out, described in Section 5.1, has linear query complexity, and,
with high probability, outputs a 3-approximation of x∗ against both adaptive and
non-adaptive adversaries
• Quick-select, described in Section 5.2, outputs a 2-approximation to x∗ (against
both adversaries). It also has a linear expected query complexity against non-adaptive
adversarial comparators
• Knock-out and quick-select combination, described in Section 5.3, has linear
query complexity, and, with high probability, outputs a 2-approximation of x∗ even
against adaptive adversarial comparators
We now go over these algorithms in detail.
5.1. Modified knock-out

JMLR 19(59):1-31, 2018

For simplification, in this section, we assume that log n is an integer. The knock-out algorithm derives its name from knock-out competitions where the tournament is divided into
log n successive rounds. In each round, the inputs are paired at random, and the winners
n
advance to the next round. Therefore, in round i, there are 2i−1
inputs. The winner at the
end of log n rounds is declared as the maximum.
Under our adversarial model, at each round of the knock-out algorithm, the largest
remaining input decreases by at most one. Therefore, the knock-out algorithm finds at
least log n-approximation of x∗ . Analyzing the precise approximation error of knock-out
algorithm appears to be difficult. However, simulations suggest that for any large n, for
the set consisting of 0.2 · n 0’s, α · n 1’s, (0.7 − α) · n 2’s, 0.1 · n 3’s, and a single 4, where
0 < α < 0.7 is an appropriately chosen parameter, the knock-out algorithm is not able to
find a 3-approximation of x∗ with positive constant probability. The problem with knockout algorithm is that if at any of the log n rounds, many inputs are within 1 from the largest
11

≤ n1 + mn1


 

n
1 1
=
log
+1 ·
ln · log n
n1
 

 


1 1
n
+1 ·
dlog ne
ln
≤
log
n1
 


1 1
≤ log2 n ·
,
ln
 

i=1

|Xm+1 ∪ Ym+1 | ≤ |Xm+1 | + |Ym+1 |
m
X
≤ n1 +
(|Yi+1 | − |Yi |)

i=1
m
X

m
X

i=1

i=1

m
X

αi

n1
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where (a) follows since at round i, ko-sub randomly pairs the inputs and only inputs
∗
in Xi∗ \{x∗ } are able to eliminate x∗ . Next we discuss Pr(|Ym+1
| = 0). At round i, the
probability that an input in X ∗ is not picked up in Y is
 

|Xi |−|Xi∗ |
|X ∗ | n1
n1
= (1 − αi )n1 .
 ≤ 1− i
|Xi |
|Xi |

≤ αm,

≤

≤

|Xi∗ | − 1
|Xi | − 1

∗
Pr(x∗ ∈
/ Xi+1
|x∗ ∈ Xi )

∗
Pr(x∗ ∈
/ Xi+1
|x∗ ∈ Xi ) · Pr(x∗ ∈ Xi )

i=1
m
(a) X

≤

∗
Pr(x∗ ∈
/ Xm+1
)=

∗
Ym+1
= Ym+1 ∩ X ∗ . Let αi = |Xii | and α = max{α1 , α2 , . . . , αm }. We show that, with
∗
∗
high probability, |Xm+1
∪ Ym+1
| ≥ 1, namely, some input in Xm+1 ∪ Ym+1 belongs to X ∗ .
∗
In particular, we show that, with probability 1 − , for large α, |Ym+1
| > 0, and for small
∗
α, x ∈ Xm+1 . Observe that

def |X ∗ |

be the multiset of all inputs that are at least x∗ − 1. For i ≤ m + 1, let Xi∗ = Xi ∩ X ∗ and

X ∗ = {x ∈ X : x ≥ x∗ − 1}

def

where the last inequality follows as n1 ≥ 2 and log n is an integer. Since the complete
tournament
in the input size, the total number of queries is at most n +
 1 is1 quadratic
2
4
1
2 log n  ln  .
Next, we bound the error of ko-mod. Let

compl. Then,
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i=1

m
Y

(1 − αi )n1

∗
∗
≤ Pr(x∗ ∈
/ Xm+1
∧ |Ym+1
| = 0)

= (1 − α)n1 .

i

≤ min(1 − αi )n1

∗
Pr(|Ym+1
| = 0) ≤

α

14
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We show that q-select provides a 2-approximation with no error against both the
adaptive and non-adaptive adversaries. To show this result, observe that x∗ will only be

input: X
pick a pivot xp ∈ X at random
compare xp with all other inputs in X
let Y ⊂ X \{xp } be the multiset of inputs that beat xp
output: if Y 6= ∅ output Y otherwise output {xp }
Algorithm qs-sub - Subroutine for q-select and comb

Motivated by quick-sort, we propose a quick-select algorithm q-select that at each round
compares all the inputs with a random pivot to provide stronger performance guarantees
against the non-adaptive adversary.

5.2. Quick-select

In Appendix A, we show that ko-mod cannot output better than 3-approximation of
x∗ with constant probability.

where (a) follows since the first argument of the min increases
 and the second argument
decreases with α. Also, (b) follows since m ≤ log n and n1 = 1 ln 1 log n .
So far, we have shown that with probability 1 − , there exists a 1-approximation of x∗
in Xm+1 ∪ Ym+1 . From Lemma 4, compl gives a 2-approximation of the maximum input.
Consequently, with probability 1 − , ko-mod outputs a 3-approximation of x∗ .

< ,

(b)

≤ max {αm, (1 − α)n1 }|α= 
log n


n1 
m

= max
, 1−
log n
log n

(a)

≤ max min {αm, (1 − α)n1 }

α

∗
∗
≤ max min{Pr(x∗ ∈
/ Xm+1
), Pr(|Ym+1
| = 0)}

∗
∗
∗
∗
Pr(|Xm+1
∪ Ym+1
| = 0) = Pr(|Xm+1
| = 0 ∧ |Ym+1
| = 0)

As a result,

Therefore,
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input: X
while |X | > 1
X ← qs-sub(X )
end while
output: the unique input in X
Algorithm q-select - Quick-select

eliminated if a 1-approximation of x∗ is chosen as pivot, and, therefore, only inputs that
are 2-approximation of x∗ will survive.
Lemma 7 Enq-select,adpt (2) = 0.
Proof If the output is x∗ , the lemma holds. Otherwise, x∗ is discarded when it was
chosen as a pivot or compared with a pivot. Let xp be the pivot when x∗ is discarded;
hence, xp ≥ x∗ − 1. By the algorithm’s definition, all the surviving inputs are at least
xp − 1 ≥ x∗ − 2.
We now show that the expected query complexity of q-select against a non-adaptive
adversary is at most 2n. This result follows from the observation that the non-adaptive
adversary fixes the comparison graph at the beginning, and hence a random pivot wins
against half of the inputs in expectation. This idea is made rigorous in the proof of Lemma 8.

In Example 2 we show an instance for which q-select requires n2 queries against the
adaptive adversary.
Lemma 8 qnq-select,non < 2n.
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Proof Recall that the non-adaptive adversary can be modeled as a complete directed graph
where each node is an input and there is an edge from x to y if C(x, y) = x. Let in(x) be
the in-degree of x in such a graph.
At round i, the algorithm chooses a pivot xp at random and compares it to all the
remaining inputs. By keeping the winners, max{in(xp ), 1} inputs will remain for the next
round. As a result, we have the following recursion for non-adaptive adversaries:
qnq-select = E [Qnq-select ]
n

i=1

1 X q-select
qin(xi ) .
n

i=1
n

1 X h q-select i
=n−1+
E Qin(xi )
n
=n−1+

15

By (2),

X

= max max qnq-select
"

C∈Cnon

n

n

i=1

1 X q-select
qin(xi )
n

#
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qnq-select,non

X

= max max n − 1 +
C∈Cnon

i=1

1 X q-select,non
qin(xi )
,
n

i=1
n

1X
q-select
≤n−1+
max max qin(x
i)
C∈Cnon X
n

=n−1+

n(n−1)
.
2

n(n − 1)
n

i=1

1X
2 · in(xi )
n

i=1
n

1 X q-select,non
≤n−1+
qin(xi )
n

n

(4)

where the inequality follows as the maximum of sums is at most the sum of maxima. We
prove by strong induction that qnq-select,non ≤ 2(n − 1), which holds for n = 1. Suppose it
holds for all n0 < n, then,
qnq-select,non

≤n−1+

=n−1+

≤ 2(n − 1),

where the equality follows since the in-degrees sum to

Lemma 8 shows that qnq-select,non < 2n. Next, we show a naive concentration bound for
the query complexity of q-select. By Markov’s inequality, for a non-adaptive adversary,

1
Pr(Qnq-select > 4n) ≤ .
2

k

Let k be an integer multiple of 4. Now suppose we run q-select, allowing kn queries. At
each 4n queries, the q-select ends with probability ≥ 12 . Therefore,

Pr(Qnq-select > kn) ≤ 2− 4 .

This naive bound is exponential in k. The next lemma shows a tighter super-exponential
concentration bound on the query complexity of the algorithm beyond its expectation. We
defer the proof to appendix B.

Lemma 9 Let k 0 = max{e, k/2}. For a non-adaptive adversary, Pr(Qnq-select > kn) ≤
0
0
e−(k−k ) ln k .
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While q-select has linear expected query complexity under the non-adaptive adversarial model, the following example suggested to us by Nelson (2015) shows that it has a
quadratic query complexity against an adaptive adversary.

16

2
3 ni .

17
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Recall that X ∗ = {x ∈ X : x ≥ x∗ − 1}. Lemma 11 shows that choosing inputs inside X ∗

Proof If at any round |Xi | ≤
then the lemma holds, and the algorithm does not
call ko-sub. On the other hand, if ko-sub is called, then by Markov’s inequality at most
two-thirds of the inputs win more than three-fourth of the queries. As a result, at round i,
at least one-third of the inputs in X will be eliminated.

2
3 ni ,

Lemma 10 At each round |X | reduces by at least a third, namely, ni+1 ≤

We begin the algorithm’s analysis with a few lemmas.

input: X , 
β1 = 9, β2 = 25, i = 0
while |X | > 1
i=i+1
(i is the round)
ni = |X |


run X ← qs-sub(X ) for β1 log 1 times
Xi = X
if |Xi | > 23 ni
j
k
i
run ko-sub on fixed X for β2 43 log 1 times
j
k
i
if there exists an input with > 34 β2 43 log 1 wins
j
k
i
let X be a multiset of inputs with > 34 β2 43 log 1 wins
else
let X be an input with highest number of wins
end while
output: X
Algorithm comb - Knock-out and quick-select combination

ko-mod has the benefit of reducing the number of inputs exponentially at each round
and therefore maintaining a linear query-complexity while having only a 3-approximation
guarantee. On the other side, q-select has a 2-approximation guarantee while it may
require O(n2 ) queries for some instances of inputs. In comb we combine the benefits of
these algorithms and avoid their shortcomings. By carefully repeating qs-sub, we try to
reduce the number of inputs by a fraction at each round and keep the largest element in the
remaining set. If the number of inputs is not reduced by a fraction, most of them must be
close to each other. Therefore, repeating the ko-sub for a sufficient number of times and
keeping the inputs with the higher number of wins will guarantee the reduction of the input
size without making the approximation error worse. Our final algorithm comb provides
a 2-approximation of x∗ , even against the adaptive-adversarial comparator and has linear
query complexity. Therefore, an open question of Ajtai et al. (2015) is resolved.

5.3. Knock-out and quick-select combination

as a pivot guarantees a 2-approximation of x∗ . The proof is similar to Lemma 7 and is
omitted.

Example 2 Let X = {0, 0, . . . , 0}. At each round, the adversary declares the pivot to be
smaller than all the other inputs. Consequently, only the pivot is eliminated, and the query
complexity is n2 .

i=1

∞ 
X

β1


2 i−1
3

+ 23 β2


8 i−1
9



def |Xi∗ |
|Xi | .

We consider the following two cases separately.

18

|X ∩ X ∗ |
αi |Xi |
2
≥ 3
= αi .
|X |
3
|X
|
i
2
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First, we consider Case 1. We show that in this case a pivot from X ∗ is chosen with
probability > 1 − . Observe that at round
i, |X | starts at ni < 32 |Xi | and gradually

decreases. On the other hand, in all the β1 log 1 calls to qs-sub, |X ∩ X ∗ | is at least
|Xi∗ | = αi |Xi |. Therefore, in all the calls to qs-sub at round i,

• Case 2 For all i, either |Xi | ≤ 23 ni or αi ≤ 18 .

• Case 1 There exists an i such that |Xi | > 23 ni and αi > 18 .

Let Xi∗ = Xi ∩ X ∗ and αi =

def

• An input inside X ∗ is chosen as a pivot at some round.

• comb outputs x∗ .

We now analyze the approximation guarantee of comb. We show that at least one of
the following events happens with probability greater than 1 − .

≤ n(3β1 + 6β2 ) log 1

= O n log 1 .

qncomb,adpt ≤ n log 1

where the first term is for calls to qs-sub, and the second term is for calls to ko-sub.
Adding the query complexity of all the rounds,

Therefore, the total number of queries at round i is at most
i−1
i−1
i
n 23
β1 log 1 + n2 23
β2 43 log 1 ,

Proof We start by analyzing the query complexity of comb. By Lemma 10,
i−1
ni ≤ n · 23
.

We showed that at each round, comb reduces |X | by at least a third. As a result, the
number of inputs decreases exponentially, and the total number of queries is linear in n.
We also show that if x∗ is eliminated at some round, then, with high probability, the pivot
at that round is an input from X ∗ . Using Lemma 11, this implies that comb outputs a
2-approximation of x∗ with high probability.

Theorem 12 qncomb,adpt = O n log 1 and Encomb,adpt (2) < .

Lemma 11 If x∗ ∈ X , at a call to qs-sub either x∗ survives or a pivot from X ∗ is chosen
where in the latter case, only inputs that are 2-approximation of x∗ will survive.
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3 7
4 || 8

Let E be the event of not choosing a pivot from X ∗ at round i. As a result,
j
k
 β log 1
1 − 32 αi 1 
1

11 8 log 
12

< .

≤

Pr(E) ≤

≤

 j
Pr(Ei0 ) ≤ exp − β2

 i
4
2 3

,


1
4 i
3 log 

k

·D

Therefore, in Case 1, with probability at least 1 − , a pivot from X ∗ is chosen.
We now consider Case 2. By Lemma 11, during the calls to qs-sub, either x∗ survives
or an input from X ∗ is chosen as a pivot. Therefore, we may only lose x∗ without choosing
a pivot from X ∗ , if at some round i, |Xi | > 32 ni and x∗ wins less than three-fourth of its
queries during the calls to ko-sub.
Recall that in Case 2, if |Xi | > 32 ni then αi ≤ 18 . Observe that x∗ wins against a random
input in Xi with probability greater than > 1 − αi , which is at least seven-eighths. Let
Ei0 be the event that x∗ wins fewer than three-quarters of its queries at round i. By the
Chernoff bound,

def

∞
X
i=1

< .

Pr(Ei0 ) ≤


 i
4
2 3

where D(p||q) = p ln pq + (1 − p) ln 1−p
1−q is the Kullback-Leibler distance between Bernoulli
distributed random variables with parameters p and q, respectively. Assuming  < 21 , the
total probability of missing x∗ without choosing a pivot form X ∗ is at most
∞
X
i=1

This shows that with probability > 1 − , either x∗ survives or an input inside X ∗ is
chosen as a pivot. The theorem follows from Lemma 11.

6. Application to density estimation
Our study of maximum selection with adversarial comparators was motivated by the following density estimation problem:
Given a known set Pδ = {p1 , . . . , pn } of n distributions and k samples from an unknown
distribution p0 , output a distribution p̂ ∈ Pδ such that for a small constant C > 1 and with
high probability,
p∈Pδ

kp̂ − p0 k1 ≤ C · min kp − p0 k1 + ok (1).
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This problem was studied in Devroye and Lugosi (2001) who showed that for n = 2, the
scheffe-test, described below in pseudocode, takes k samples and, with probability 1 − ε,
19

s

10 log 1ε
.
k
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outputs a distribution p̂ ∈ Pδ such that

p∈Pδ

||p̂ − p0 ||1 ≤ 3 · min ||p − p0 ||1 +

input: distributions p1 and p2 , k i.i.d. samples of unknown distribution p0
let S = {x : p1 (x) > p2 (x)}
let p1 (S) and p2 (S) be the probability mass that p1 and p2 assign to S
let µS be the frequency of samples in S
output: if |p1 (S) − µS | ≤ |p2 (S) − µS | output p1 , otherwise output p2
Algorithm scheffe-test- Scheffe test for two distributions

(5)

scheffe-test provides a factor-3 approximation with high probability. The algorithm,
as stated in its pseudocode, requires computing pi (S) which can be hard since the distributions are not restricted. However, as noted in Suresh et al. (2014), the algorithm can be
made to run in time linear in k. Devroye and Lugosi (2001) also extended scheffe-test
for n > 2. Their proposed algorithm for n > 2 runs scheffe-test for each pair of distributions in Pδ and outputs the distribution with the maximum wins, where a distribution is
a winner if it is the output of scheffe-test. This algorithm is referred to as the Scheffe
tournament. They showed that this algorithm finds a distribution p̂ ∈ Pδ such that

p∈Pδ

||p̂ − p0 ||1 ≤ 9 min ||p − p0 ||1 + ok (1),

and the running time is clearly Θ(n2 k)—quadratic in the number of distributions.
Mahalanabis and Stefankovic (2008) showed that the optimal coefficients for the Scheffe
algorithms are indeed 3 and 9 for n = 2 and n > 2, respectively. They proposed an algorithm
with an improved factor-3 approximation for n > 2—still running in time Θ(n2 ), however.
They also proposed a linear-time algorithm, but it requires a preprocessing step that runs
in time exponential in n.
Scheffe’s method has been used recently to obtain nearly sample optimal algorithms
for learning Poisson Binomial distributions (Daskalakis et al., 2012), and Gaussian mixtures (Daskalakis and Kamath, 2014; Suresh et al., 2014).
We now describe how our noisy comparison model can be applied to this problem to
yield a linear-time algorithm with the same estimation guarantee as the Scheffe tournament.
Our algorithm uses the Scheffe test as a subroutine. Given a sufficient number of samples,
k = Θ(log n), the small term in the RHS of (5) vanishes, and scheffe-test outputs

if ||pi − p0 ||1 < 31 ||pj − p0 ||1 ,
 pi
pj
if ||pj − p0 ||1 < 31 ||pi − p0 ||1 ,
unknown otherwise.
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Let xi = − log3 ||pi − p0 ||1 , then analogously to the maximum selection with adversarial
noise in (1), scheffe-test outputs


max{xi , xj } if |xi − xj | > 1,
unknown
otherwise.

20

def

p∈Pδ

p∗ = argmin ||p − p0 ||1 .

21

22
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7.1. Problem statement

JMLR 19(59):1-31, 2018

(7)

In this section, we consider sorting with noisy comparators. The comparator model is the
same as before, and the goal is to approximately sort the inputs in decreasing order.

f (n) = 2n ln n − (4 − 2γ)n + 2 ln n + O(1),

def

Quick-sort is a well-known algorithm and, here, is denoted by q-sort. The expected query
complexity of quick-sort with noiseless comparisons and distinct inputs is

7.3. Quick-sort

Next, we discuss an algorithm with improved query complexity.

The following lemma—and its proof—is similar to Lemma 4, and, therefore, we skip the
proof.

Lemma 14 qncompl-sort,adpt = n2 and Encompl-sort,adpt (2) = 0.

input: X
compare all input pairs in X , count the number of times each input wins
output: output the inputs in the order of their number of wins, breaking the ties
randomly
Algorithm compl-sort - Complete tournament

The algorithm is similar to compl in Section 4.2.1, and we refer to it as compl-sort. The
only difference is in the output of the algorithm.

7.2. Complete tournament

namely, the probability of Yi appearing after Yj in YA while Yi − Yj > t. Note that our
definitions for EnA,non (t), EnA,adpt (t), qnA,adpt , and qnA,non hold the same as before.
In the following, we first revisit the complete tournament with a small modification for
the sake of the sorting problem, and we show that, under the
 adaptive adversarial model, it
has zero 2-approximation error and query complexity of n2 . We then discuss the quick-sort
algorithm q-sort and show that it has zero 2-approximation error but with improved query
complexity for the non-adaptive adversary. We apply the known bounds for the running
time of the general quick-sort algorithm with n distinct inputs to find the query complexity
of q-sort.

where γ is Euler’s constant (McDiarmid and Hayward, 1996). Note that f (n) is a convex
function of n.
In the rest of this section, we study the error guarantee of quick-sort and its query
complexity in the presence of noise. In Lemma 15, we show that the error guarantee of
quick-sort for our noise model is the same as the complete tournament, namely, it can sort

7. Noisy sorting

By the union bound (6) holds for all pi and pj with probability at least 1 − ε. Similar to
Lemma 7, if p∗ is eliminated, then at some round, q-select has chosen p0 as a pivot such
that
s
(n)
10 log ε2
p0 − p0 1 ≤ 3 · ||p∗ − p0 ||1 +
.
k
Now after choosing p0 as a pivot, for any distribution p00 that survives,
s
(n)
10 log ε2
00
0
p − p0 1 ≤ 3 · p − p0 1 +
s k
(n)
10 log ε2
.
≤ 9 · ||p∗ − p0 ||1 + 4
k


Using (5), for each pi and pj in Pδ , with probability 1 − ε/ n2 , scheffe-test outputs p̂
such that
s
(n)
10 log ε2
||p̂ − p0 ||1 ≤ 3 · min ||p − p0 ||1 +
.
(6)
k
p∈{pi ,pj }

Proof Let

Theorem 13 Combination of scheffe-test and q-select algorithms, with probability
1 − ε, results in p̂ such that
s
( n)
10 log ε2
||p̂ − p0 ||1 ≤ 9 · min ||p − p0 ||1 + 4
.
p∈Pδ
k

with running time Θ(nk). Next, we consider the combination of scheffe-test and q-select
in greater detail.

p∈Pδ
i,j:i>j

Consider an Algorithm A for sorting the inputs. The output of A is denoted by
def
YA (X ) = (Y1 , Y2 , . . . , Yn ), a particular ordering of the inputs. Similar to the maximumselection problem, a t-approximation error is


def
EnA (t) = Pr max (Yi − Yj ) > t ,

Given a fixed multiset of samples the tournament results are fixed; hence, this setup is
identical to the non-adaptive adversarial comparators. In particular, with probability 1 − ε,
our quick-select algorithm can find p̂ ∈ Pδ such that

||p̂ − p0 ||1 ≤ 9 · min ||p − p0 ||1 ,

Acharya, Falahatgar, Jafarpour, Orlitsky and Suresh
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where the solution to this recursion is f (n), given in (7). Hence qn is bounded above by
f (n), and the equality happens when the in-degrees and out-degrees are permutations of
(0, 1, . . . , n − 1).
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X

(8)

n−2
3

24

1
3

n−2
3

3
10
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• With high probability, the fraction of 1s in the final multiset is close to 1

• Pr(input 0∗ is present in the final multiset)>

• Pr(input with value 3 is not present in the final multiset)>

This multiset consists of an input with value zero but specified with 0∗ since this input is
going to behave differently from other 0s. Let the adversarial comparator be such that all
0s, except 0∗ , and all 2s lose to all 1s, and 3 loses to all 2s. If two inputs of the same
value get paired, one of them wins randomly (except in the case of 0∗ ). By the properties
of comparator, it is obvious that any 2 will defeat all zeros, including 0∗ . In order to prove
our main claim, we make the following arguments and show that each of them happens with
high probability:

n−2
3

{3, 2, 2, . . . , 2, 1, 1, . . . , 1, 0, 0, . . . , 0, 0∗ }.
| {z } | {z } | {z }

Example 3 Suppose n − 2 is multiple of 3 and n is a large number. Let X be a random
permutation of

Example 3 shows that the modified knock-out algorithm cannot achieve better than 3approximation of x∗ .

Appendix A. For all t < 3, ko-mod cannot output a t-approximation
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Knuth (1998); Hennequin (1989); McDiarmid and Hayward (1992) show different concentration bounds for quick-sort. In particular, McDiarmid and Hayward (1992) show that
the probability of the quick-sort algorithm requiring more comparisons than (1 + ) times
its expected query complexity is n−2 ln ln n+O(ln ln ln n) . Observe that for the non-adaptive
adversarial model, the chance of a random pivot cutting the set of inputs into balanced
sets increases. As a result, one can show that the analysis in McDiarmid and Hayward
(1992) follows automatically. In particular, Lemmas 2.1 and 2.2 in McDiarmid and Hayward (1992), which are the basis of their analysis, are valid for our non-adaptive adversarial
model. Therefore, their tight concentration bound for quick-sort algorithm can be applied
to our non-adaptive adversarial model.

the inputs with zero 2-approximation error. Next, in Lemma 16, we show that the expected
query complexity of quick-sort with non-adaptive adversarial noise is at most its expected
query complexity in the noiseless model.
Lemma 15 Enq-sort,adpt (2) = 0.
Proof The proof is by contradiction. Suppose xi > xj + 2, but xj appears before xi
in the output of quick-sort algorithm. Then there must have been a pivot xp such that
C(xi , xp ) = xp while C(xj , xp ) = xj . Since xi > xj + 2 no such a pivot exists.
The quick-sort algorithm chooses a pivot randomly to divide the set of inputs into
smaller-size sets. The optimal pivot for noiseless quick-sort is known to be the median of
the inputs to balance the size of the remained sets. In fact, it is easy to show that if we
choose the median of the inputs as the pivot, the query complexity of quick-sort reduces
to less than n log n. Observe that in a non-adaptive adversarial model, the probability of
having balanced sets after choosing pivot increases. As a result, in Lemma 16, we show
that the expected query complexity of quick-sort in the presence of noise is upper bounded
by f (n).
Lemma 16 qnq-sort,non = f (n) and is achieved when the queries are noiseless and the inputs
are distinct.
Proof Let in(x) and out(x) be the in-degree and out-degree of node x in the complete
tournament respectively. For the noiseless comparator with distinct inputs, the in-degrees
and out-degrees of inputs are permutation of (0, 1, . . . , n − 1). We show that
C∈Cnon

argmax max qnq-sort ,

n

i=1

1X
qout(xi ) + qin(xi ) .
n

is a comparator whose complete tournament in-degrees and out-degrees are permutations
of (0, 1, . . . , n − 1). For notational simplicity let qn = qnq-sort,non . We have the following
recursion for quick-sort similar to (4):
qn ≤ n − 1 +

n

1X
f (in(xi )) + f (out(xi ))
n
i=1
n

i=1

1X
f (i − 1) + f (n − i),
n
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By induction, we show that the solution to (8) is bounded above by f (n), a convex function
of n. The induction holds for n = 0, 1, and 2. Now
for all
P suppose the
P induction holds
n(n−1)
, the
i < n. Since f (n) is a convex function of n and i in(xi ) =
i out(xi ) =
2
right hand side of (8) is maximized when the in-degrees and out-degrees take their extreme
values, namely, when they are permutation of (0, 1, . . . , n − 1). Plugging in these values, (8)
is equivalent to,
qn ≤ n − 1 +
≤n−1+

23

3
10 .
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Proof Similar to the argument made in the proof of Lemma 17, we have the following
recursion for fi (2).


fi+1 (2) = 2 · fi (2) fi2(2) + 1 − fi (2) − fi (1)

Lemma 19 Pr(input 0∗ is present in the final multiset)> 13 .

Proof The input with value 3 is going to be removed when it is compared against one of the
2s. There is a slight chance of it surviving if it is chosen randomly for being in the output.
Thus, the probability of input 3 being removed from the multiset in the first round is
n1 
3
n−2
1−
> ,
Pr(input 3 is being removed in the first round) =
3n
n
10


where n1 = 1 ln 1 log n .

Lemma 18 Pr(input with value 3 is not present in the final multiset)>

where the factor 2 on the RHS of the recursion above is due to the fact that at each step we
are reducing the number of inputs to half. Starting with f0 (1) = 1/3, we get the set of values
{1/3, 5/9, 65/81, 6305/6561 ∼ 0.96, ...} for fi (1)s. We can see that the ratio is approaching
1 very fast. More precisely, the fraction of 0s is decreasing quadratically since their only
chance of survival is to get paired among themselves. As a result, after a couple of steps,
the fraction of zeros is extremely small, and, henceforth, the only chance of survival for 2s
becomes getting paired among themselves. Additionally their fraction is going to decrease
quadratically afterward. As a result, more samples of 1s will be in the final Y with high
probability.

Proof We calculate the expected number of 0s, 1s, and 2s at each step. Let fi (j) be the
fraction of j’s at the end of step i. After each step, we lose an input with value 1 if and
only if they are paired with each other. As a result, we have the following recursion:


fi+1 (1) = 2 · fi (1) fi2(1) + 1 − fi (1) ,

Lemma 17 With high probability, the fraction of 1s in the final multiset is close to 1, and
the fraction of 0s and 2s are very small.

−

85
2187 ) · · ·

1
> ,
3

def

E[eλQn ]
.
ekλn
0

(9)

j=1

j=1

(10)

Φ(n) ≤

Φ(i) ≤

Similarly, by induction on 1 ≤ i < n,

Combining the above equations,

j=1

26

eλi ek λi − 1
.
i ek0 λ − 1

0

0

eλn ek λn − 1
.
n ek 0 λ − 1

eλn ek λn − 1
.
=
n ek0 λ − 1

0

j=0

n
n−1
eλn X k0 λin(xj ) eλn X k0 λj
e
≤
e
n
n
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P
0
Observe that ek λin(xj ) is a convex function of in(xj ), and nj=1 in(xj ) = n(n−1)
. As a result,
2
the RHS of (10) is maximized when the in-degrees take their extreme values, namely, any
permutation of (0, 1, . . . , n − 1). Therefore,

j=1

n
n
eλn X k0 λin(xj )
eλn X
Φ(in(xj )) ≤
e
.
n
n

Since in(xj ) < n, using induction,

j=1

n
eλ(n−1) X
Φ(in(xj ))
n
n
eλn X
≤
Φ(in(xj )).
n

Φ(n) ≤

Let λ = n1 ln k 0 and Φ(i) = E[eλQi ]. We prove by induction that Φ(i) ≤ ek λi . The induction
holds for i = 0. Similar to (4), we have the following recursion for Φ(n):

Pr(Qn > kn) ≤

Abbreviate Qq-select
by Qn . As in the Chernoff bound proof, for all λ > 0,
n

Appendix B. Proof of Lemma 9

proving the lemma.

5
27 )(1

Thus, we have f0 (2) = 1/3, f1 (2) = 1/3, f2 (2) = 5/27, f3 (2) = 85/2187. As we stated in
the proof of Lemma 17, the expected fraction of 2s is decreasing quadratically and

Before proving each argument, we show why satisfying all the above statements are sufficient
to prove our claim. Consider the final multiset; with high probability, it mainly consists of
1s, and there are a small number of 0s and 2s. Moreover, with probability greater than
1
3
∗
3 × 10 , input with value 3 has been removed before reaching the final multiset, and 0 has
survived to reach the final multiset. Therefore, if we run algorithm compl on the final
multiset, the input 0∗ will have the most wins and be declared as the output. Hence for all
t < 3, we have Enko-mod,non (t) > constant. Note that we did not try to optimize this constant.
Now we show why each of the arguments above is true. Note that the reasoning made
here is in expectation and assuming n is sufficiently large. However, the concentration
bounds for all these claims are straightforward and thus omitted.
Pr(0∗ surviving) = (1 − 31 )(1 − 13 )(1 −
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eλi ek λi − 1
0
≤ ek λi .
i ek 0 λ − 1

0

In Lemma 20 we show that for 1 ≤ i ≤ n,

0

0

1
n

ln k 0 .

0

k0 λ
≤ 1.
ek 0 λ − 1
0

(11)
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Therefore, Φ(i) ≤ ek λi for 1 ≤ i ≤ n, and, in particular, Φ(n) ≤ ek λn . Substituting
E[eλQn ] = Φ(n) in (9),

0

≤ ek λi .

and λ =

ek λn
Pr(Qn > kn) ≤ kλn
e
0
0
ek ln k
= k ln k0
e
0
0
= e−(k−k ) ln k .
k
2}

eλi ek λi −1
i ek0 λ −1

0

This proves the lemma.
We now prove (11). Let k 0 = max{e,
Lemma 20 For all 1 ≤ i ≤ n,

lim f (t) =

t→0

λt
−k λt
def e 1 − e
< 1.
f (t) =
t ek 0 λ − 1

Proof It suffices to show that for all 0 < t ≤ n,

Observe that

On the other hand,
eλn 1 − e−k λn
f (n) =
n ek0 λ − 1
k0
1
≤
n ek0 ln k0 /n − 1
k0 n
≤
n k 0 ln k 0
≤ 1.

1 − e−u
,
u

0

1 − e−k λt
,
t

ln

Next, we show that f (t) is convex. One can show that,

is a convex function of u. As a result,
ln

27
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1 − e−k λt
+ ln eλt ,
t

0

is a convex function of t. Observe that ln eλt is also convex. Therefore,
ln

is convex. As a result, logarithm of f (t) is convex, and, therefore, f (t) is convex.
We showed that f (t) is convex, f (t → 0) ≤ 1, and f (n) ≤ 1. Therefore, for all 0 < t ≤ n,
f (t) ≤ 1.
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Balázs Szörényi, Róbert Busa-Fekete, Adil Paul, and Eyke Hüllermeier. Online rank elicitation for plackett-luce: A dueling bandits approach. In Advances in Neural Information
Processing Systems, pages 604–612, 2015.

Ananda Theertha Suresh, Alon Orlitsky, Jayadev Acharya, and Ashkan Jafarpour. Nearoptimal-sample estimators for spherical gaussian mixtures. In Advances in Neural Information Processing Systems, pages 1395–1403, 2014.

Nihar Shah, Sivaraman Balakrishnan, Aditya Guntuboyina, and Martin Wainwright.
Stochastically transitive models for pairwise comparisons: Statistical and computational
issues. In International Conference on Machine Learning, pages 11–20, 2016.

Henry Scheffe. A useful convergence theorem for probability distributions. In The Annals
of Mathematical Statistics, volume 18, pages 434–438, 1947.

Robin L Plackett. The analysis of permutations. Applied Statistics, pages 193–202, 1975.

Jelani Nelson. Personal communication. 2015.

Sahand Negahban, Sewoong Oh, and Devavrat Shah. Iterative ranking from pair-wise
comparisons. In Advances in Neural Information Processing Systems 25: 26th Annual
Conference on Neural Information Processing Systems 2012. Proceedings of a meeting
held December 3-6, 2012, Lake Tahoe, Nevada, United States, pages 2483–2491, 2012.

Colin McDiarmid and Ryan B Hayward. Large deviations for quicksort. journal of algorithms, 21(3):476–507, 1996.

Colin McDiarmid and Ryan Hayward. Strong concentration for quicksort. In Proceedings
of the Third Annual ACM/SIGACT-SIAM Symposium on Discrete Algorithms, 27-29
January 1992, Orlando, Florida, pages 414–421, 1992.

Satyaki Mahalanabis and Daniel Stefankovic. Density estimation in linear time. In Proceedings of the 21st Annual Conference on Learning Theory (COLT), pages 503–512,
2008.

R Duncan Luce. Individual choice behavior: A theoretical analysis. Courier Corporation,
2005.

Pascal Hennequin. Combinatorial analysis of quicksort algorithm. Informatique théorique
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Québec, Canada, pages 273–282, 1994.

Xi Chen, Sivakanth Gopi, Jieming Mao, and Jon Schneider. Competitive analysis of the topk ranking problem. In Proceedings of the Twenty-Eighth Annual ACM-SIAM Symposium
on Discrete Algorithms, pages 1245–1264. SIAM, 2017a.

Xi Chen, Yuanzhi Li, and Jieming Mao. An instance optimal algorithm for top-k ranking
under the multinomial logit model. arXiv preprint arXiv:1707.08238, 2017b.

Acharya, Falahatgar, Jafarpour, Orlitsky and Suresh

Maximum Selection and Sorting with Adversarial Comparators

Maximum Selection and Sorting with Adversarial Comparators

JMLR 19(59):1-31, 2018

Yisong Yue and Thorsten Joachims. Beat the mean bandit. In Proceedings of the 28th
International Conference on Machine Learning (ICML-11), pages 241–248, 2011.

31

Submitted 3/17; Revised 8/18; Published 11/18

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/v19/17-179.html.

c 2018 Ivo Fagundes David de Oliveira, Nir Ailon and Ori Davidov.

1. Introduction

We consider the situation where I items are ranked by paired comparisons. It is usually
assumed that the probability that item i is preferred over item j is pij = F (µi −µj ) where F
is a symmetric distribution function, which we refer to as the comparison function, and µi
and µj are the merits or scores of the compared items. This modelling framework, which is
ubiquitous in the paired comparison literature, strongly depends on the assumption that the
comparison function F is known. In practice, however, this assumption is often unrealistic
and may result in poor fit and erroneous inferences. This limitation has motivated us
to relax the assumption that F is fully known and simultaneously estimate the merits
of the objects and the underlying comparison function. Our formulation yields a flexible
semi-definite programming problem that we use as a refinement step for estimating the
paired comparison probability matrix. We provide a detailed sensitivity analysis and,
as a result, we establish the consistency of the resulting estimators and provide bounds
on the estimation and approximation errors. Some statistical properties of the resulting
estimators as well as model selection criteria are investigated. Finally, using a large data-set
of computer chess matches, we estimate the comparison function and find that the model
used by the International Chess Federation does not seem to apply to computer chess.
Keywords: linear stochastic transitivity, statistical ranking, semi-definite programming,
model selection, sensitivity analysis, chess

Editor: Nicolas Vayatis
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(1)
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pij = F (µi − µj )

There are many situations in which a preference or a ranking among a set of items is
desired. Ranking methods are widely used in settings such as product testing (Cremonesi
et al., 2010), the evaluation of political candidates (Saari, 1995; Pacuit, 2012), psychometrics
(Regenwetter et al., 2011), machine learning (Ailon, 2012; Shah et al., 2015a) and sports
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(Herbrich et al., 2007; Govan, 2008). An ordering of a set of items can be inferred from
different types of data including scores (Balinski and Laraki, 2010) and ranked lists (Marden,
1996). A ranked list may be complete, i.e., all items are compared and ranked, or partial
or incomplete, when only a subset of items is compared and ranked. In particular, paired
comparison data is obtained if all comparisons involve only two items (David, 1988). Here
we focus on paired comparisons with a binary outcomes.
Given a set of I items, also called objects, or players, let Yijk , 1 ≤ i, j ≤ I, be independent binary random variables where Yijk = 1 if item i is preferred over item j on their
k th comparison and Yijk = 0 otherwise. The probability of this event is denoted by pij ,
i.e., pij = P(Yijk = 1). WePassume that mij comparisons were observed between each pair
mij
of items and we let Yij = k=1
Yijk denote the number of times item i was preferred over
item j. Further let P = [pij ] denote the I × I underlying probability matrix.
Typically, it is assumed that

Oliveira, Ailon and Davidov

where µi , µj ∈ R are the merits (also called skills, scores or ratings) of items i and j respectively, and F : R → [0, 1] is a known, strictly increasing, comparison function, i.e.,
a symmetric absolutely continuous distribution function. We assume that the merits are
fixed and unknown. In some situations the merits may vary according to an “effort” (Jia
et al., 2013), or depend on covariates (Herbrich et al., 2007; Allison and Christakis, 1994).
Model (1) implies that pij + pji = 1 and imposes a form of stochastic transitivity (Morrison, 1963; Regenwetter et al., 2011) which is known as linear stochastic transitivity (LST).
Models satisfying (1) will be referred to as LST models. Various LST models have been
proposed, these differ in the choice of the comparison function F . In particular, two canonical LST models have been widely studied; the Thurstonian model (Thurstone, 1927) and
the (Zarmelo) Bradley-Terry-Luce model (Zermelo, 1928; Bradley and Terry, 1952). The
Bradley-Terry-Luce model (BTL, henceforth) assumes that F is a standard logistic distribution whereas Thurstone’s model assumes F is a standard normal distribution. There are
literally thousands of studies which employ these models and their variants. Other, albeit
less popular, LST models are also studied in literature, e.g., the Threshold model which
employs the Laplace distribution and is used for modelling animal behavior (Yellott, 1970),
and the locally linear model (Batchelder et al., 1992) which employs a uniform on [−1, 1]
distribution.
The assumption that F is known has been recognized as rather unrealistic (Morrison,
1963; David, 1988; Regenwetter and Davis-Stober, 2008; Hwang, 2009; Shah et al., 2015b;
Heckel et al., 2016). This has motivated several authors to resort to the use of less restrictive
transitivity relations. A variety of stochastic transitivity relations have been explored in
the literature (Morrison, 1963; Regenwetter et al., 2011; Oliveira et al., 2018), the weakest
of which is known as weak stochastic transitivity. Under weak stochastic transitivity if
pij ≥ 1/2 and pjk ≥ 1/2 then pik ≥ 1/2. A stronger form of stochastic transitivity, referred
to as strong stochastic transitivity (SST), postulates that if pij ≥ 1/2 and pjk ≥ 1/2 then
pik ≥ max{pij , pjk }. Of course model (1) satisfies both of the relations. Various authors
have developed methods for analyzing data under these less restrictive assumptions (deCani,
1969; Regenwetter and Davis-Stober, 2008; Chatterjee and Mukherjee, 2016; Shah et al.,
2015b). It turns out that the estimation procedures associated with these less restrictive
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i6=j

X

ˆ ij − (µi − µj ))2 ,
wij (∆

(2)

transitivity relations are in general, NP-hard. Since these models provide less structure,
they may not be adequate when the comparison graph is sparse and most importantly may
provide less predictive power. The SST model, for example, cannot guarantee that stronger
players have higher chances than weaker players in knockout tournaments, whereas BTL
can (Chung and Hwang, 1978; Israel, 1981; Adler et al., 2017; Baek et al., 2013). Thus
we propose a different, potentially more powerful approach, within the LST framework, in
which the assumption that the comparison function F is known is relaxed. The proposed
methodology is flexible, tractable and retains the desirable computational and statistical
characteristics of LST models.
A natural and widely used approach for estimating the model parameters in (1) is
by least squares (LS). LS is often the method of choice due to its (relative) computational
simplicity. Thus if (1) holds then the LS estimators solve the following optimization problem:
µ̂ ∈ argmin

ˆ ij ≡ F −1 (p̂ij ) and p̂ij is an estimator of the probability pij . For now we
where, typically, ∆
ˆ ij is well defined. The
assume that p̂ij is bounded away from 0 and 1 and p̂ij + p̂ji = 1 so ∆
ˆ ij , or the
weights wij are given and are either proportional to the variance of the estimated ∆
number of comparisons between items i and j. Notice that (2) admits multiple solutions, for
if µ∗ is a solution to problem (2) then so is µ∗ + v1 for any v ∈ R. A unique solution
P exists
if the comparison graph is connected and an additional linear constraint such as i µi = 0
is enforced (Tsukida and Gupta, 2011).
P ˆ
When all wij in (2) are equal, then the solution is of the form µi∗ = κ j ∆
ij for some
κ > 0. For this reason the LS method is sometimes referred to as the row—sum procedure (Huber, 1963). There are other well known ranking methods which can be viewed as
ˆ . For example, the Copland Method,
row—sum procedures with varying definitions of ∆
ij
popular within the voting literature (Levin and Nalebuff,
P 1995; Favardin et al., 2002), is a
row sum procedure in which p̂ij is defined as p̂ij ≡ ( k Yijk )/I and F (x) = 1/2 + x for
x ∈ [−1/2, 1/2] where Yijk equals one if the kth voter prefers candidate i above candidate
j and zero otherwise. The Borda Count can be also shown to be a row—sum method.
Another LS variant, known as Massey Ratings, is widely used in the rating of sport teams
in college football, basketball, hockey, and baseball, see Chapter 4 of Massey (2017). For
more on the LS literature, refer to Hodge rank in Jiang et al. (2010).
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Our Contribution. We will weaken the assumption that the comparison function F is known
and assume only that it belongs to, a new, large family of parametric functions. Our parametric set, can be understood as an interior approximation, with arbitrary precision, to the
full set of comparison functions. We then simultaneously estimate the merits as well as the
comparison function F by generalizing the LS approach. Estimating the probabilities pij is
now an easy consequence. We show that this can be done efficiently both computationally
and statistically. In particular, we develop a procedure that takes as input an estimate of
the probability matrix and returns an estimate of the comparison function F , the merit
vector µ and a refinement of the original estimate of the probability matrix. Estimation
reduces to a semi-definite programming problem with a tractable solution. We provide a
thorough sensitivity analysis and derive statistical properties such as convergence and con3

Oliveira, Ailon and Davidov

centration bounds on the refined estimator and the estimated function. By applying our
methodology to a large data-set of computer chess matches, we verify that the ubiquitous
(Zarmelo) Bradley-Terry-Luce model may be inappropriate for computer chess.

2. Formulation and Estimation

(3)

Formulation: Least Squares Estimation Over Polynomial Families. First, we may generalize
problem (2) by rewriting it in matrix notation in the following way

µ̂ ∈ argminµ ||F −1 (P̂ ) − ∆µ||W .

Here ∆µ is an I ×I matrix whose ij th element is µi −µj and F −1 (P̂ ) is a matrix with the
same dimensions whose ij th element is F −1 (p̂ij ), if wij > 0 and 0 otherwise. Unless specified
otherwise, in this paper the norm || · ||W will be the weighted Frobenius (semi-)norm, with
pre-specified weights and || · || will be its unweighted counterpart. With a slight abuse of
notation we will refer to the frobenius norm as the L2 norm. The minimization in (3) can
also be formulated with respect to the sum of the absolute values of the elements, which we
refer to as the L1 norm, or maximum value of the elements of a matrix, which we refer to
as the L∞ norm. The mechanics involved in solving (3) are norm dependent. If one views
∆ as an operator from RI → RI×I then ∆µ̂ is the projection of F −1 (P̂ ) on the image set
of the operator ∆. Finally note that the least squares procedure takes an estimator P̂ and
produces a refined estimator denoted by P ∗ = F (∆µ̂).
The assumption that the comparison function F is known is relaxed and instead it is
assumed that F ∈ F where F, where:

A1 (Parametric Assumption): The family F indexed by β ∈ RD+1 consists of all distribution functions whose inverse, i.e., its quantile function, may be written as a polynomial, of
the form
(4)

Fβ−1 (p) = β0 + β1 p + ... + βD pD where p ∈ [0, 1/2].

For all Fβ ∈ F, Fβ is L-Lipschitz and ||β||∞ ≤ U for some

Equation (4) defines a quantile regression model (Takeuchi et al., 2006; Su, 2015). By
the LST condition Fβ is symmetric, i.e., Fβ (x) + Fβ (−x) = 1 so Fβ−1 (p) + Fβ−1 (1 − p) = 0.
It immediately follows that Fβ−1 (p) is also a polynomial when p ∈ [1/2, 1]. Also, (4) implies
that the support of Fβ is the finite interval [β0 , −β0 ], where β0 < 0. It is further assumed
that:
A2 (Lipschitz Assumption):
constants L and U .
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We note that each fixed value of (D, U, L) generates a parametric family of distributions
F(D, U, L); which we denote for convenience by F. This is a new, non-standard, rich family
of distributions, in which the quantile function, not the density, is parametrized. Figure
1 shows that the Bradley-Terry-Luce model can be can be approximated by a low degree
polynomial over the interval p ∈ [0.01, 0.99]. Furthernote, that by increasing D, U and L
we can approximate any quantile function with arbitrary precision.

4
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7th Degree Polynomial

BTL
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0.5
Probability: p
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0.8

0.9

1

µi = 0

and

β0 = −1.
(5)

β1 + ... + DβD p(D−1) −

βi = 0 and − U ≤ βi ≤ U for all i.

(8)

Q0 ∈ Sd+1
+ ,
Q1 ∈ Sd+ .
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where S = {(i, j) | pij ≤ .5 or pij = .5 and i < j}, and tD−1 = tD−2 = t−1 = t−2 = 0, Sk+
is the set of k × k symmetric positive semi-definite matrices, and the rows and columns of
Q0 and Q1 are indexed by 0 to d and 0 to d − 1 respectively.

P
si = j+k=i Q0jk for i = 0, ..., D − 1,
P
ti = j+k=i Q1jk for i = 0, ..., D − 3,

Theorem 1 Given U, L ≥ 0, D = 2d + 1 with d ∈ N, a symmetric weight matrix W and
an estimator P̂ , then problem (6) is equivalent to:
P
D
2
minimize
(i,j)∈S wij (β0 + ... + βD p̂ij + µj − µi )
subject to
βi = 1i ( 12 ti−2 − ti−3 + si−1 ) for i = 2, ..., D,

PD
1 k
(9)
β1 = s0 + L1 ,
βk = 0,
||β||∞ ≤ U,
k=0 2

(7)

1
≥ 0 for all p ∈ [0, 1/2]
L

5

2

Minimizing ||F −1 (P̂ ) − ∆µ||W subject to (7) and (8) yields a semi-infinite programming
problem (SIP) (Mutapcic and Boyd, 2009; Stein, 2012), i.e., an optimization problem with
an infinite number of, in this case linear, constraints.
There are a number of methods for solving SIPs. One natural approach is discretization,
(D−1)
which in our case means replacing (7) by N constraints of the form β1 +β2 pj ...+DβD pj
−
1/L ≥ 0 where 0 < p1 < p2 < ... < pN < 1/2 for some finite N . This yields a simple
quadratic programming problem. From a practitioner’s point of view, discretization may
be a method of choice due to its simplicity. This is specifically true when || · ||W is either
the weighted or unweighted L1 or L∞ norms, since in these cases discretization results
in a simple linear program. However, the resulting estimate of F is not guaranteed to
be strictly monotone (although this can be overcome, see section 3.2 of Mutapcic and
Boyd 2009) and more importantly in the worst case the solution may not be polynomially
computable. These issues may be overcome by noting that the constraints in (7)-(8) are
equivalent to a combination of linear constraints and positive semi-definite cone constraints,
see Parrilo (2016) for further details. Thus our optimization problem is (also) a semi-definite
optimization problem (SDP). There is a large literature on SDPs (Nemirovski and Todd,
2009) and in particular it is known that SDPs can be solved by interior point methods
(Vandenberghe and Boyd, 1996) in polynomial time. Therefore we may formally rewrite
(6) as:

i=0

D  i
X
1

In addition F (0) = 1/2, so Fβ−1 (1/2) = 0 and ||β||∞ ≤ U therefore
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For brevity we present here only the case when D is odd, a similar characterization
holds for D even. We note that analogues of Theorem 1 could also be formulated for the
L1 and L∞ norms and their weighted versions in which case the constraints in (9) would
remain unaltered whereas the objective function would be as defined by the corresponding
norm.

Solution via Semidefinite Programming. Our first concern is to characterize the set of
feasible solutions for (µ, β). As noted earlier the quantile function (4) satisfies F −1 (p) =
−F −1 (1 − p) so we need only consider constraints generated by values p ∈ [0, 1/2]. In this
interval Fβ−1 (p) is increasing hence its derivative, which is a polynomial of degree D − 1,
is non-negative. Furthermore, the Lipschitz continuity constraint on F implies that F −1 is
strictly monotone with derivative greater or equal to 1/L. Thus,

Although (6) is a least squares problem it is non-standard as “both sides”, i.e., the “predictor” and the “response” in the regression equation, are associated with unknown parameters
which are estimated simultaneously. In the following subsection we will study problem (6)
under assumptions A1 to A3 .

Thus, if F belongs to F we may estimate (µ, β) by solving the following optimization
problem:
(µ̂, β̂) ∈ argminµ∈R,Fβ ∈F ||Fβ−1 (P̂ ) − ∆µ||W .
(6)

i

X

A3 (Scaling Assumption): The merits and the comparison function are scaled to satisfy

It is known that F and G are equivalent comparison functions iff F (x) = G(κx) for some
positive κ, see Yellott (1977), and therefore F −1 is equivalent to G−1 iff κF −1 (p) = G−1 (p).
A valid linear constraint on the coefficient vector β is thus imposed to ensure identifiability.
For example, fixing the support of F , which amounts to fixing β0 < 0, is sufficient. Another
natural choice is to fix the derivative of F at 0, which amounts to fixing β1 > 0. A rescaling
argument shows that the resulting inferences do not depend on the chosen constraint. As
noted earlier, identifiablity requires that the merits satisfy a constraint. Henceforth it will
be assumed that:

Figure 1: An approximation of the Bradley-Terry-Luce quantile function over the interval
p ∈ [0.01, 0.99] by a function F ∈ F for D = 7.
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Note that (9) admits a unique solution when the objective function is positive definite.
Lemma 2 below provides an example in a simple but important case. In large samples the
D −
solution to (9) is uniquely determined when the system of equations β1 pij + ... + βD pij
(µi − µj ) = −β0 for (i, j) ∈ S is of full rank. This condition is met when (i) there are at
least I + D − 1 connected pairs (i, j) ∈ S; which (ii) the coefficients appearing in the linear
equations, which are derived from the comparison probabilities pij , are sufficiently diverse,
otherwise the resulting equations would not be linearly independent. Thus we assume that:
A4 (Connectivity & Diversity Assumption): The comparison graph has at least I + D − 1
edges. These edges correspond to a set of linearly independent equations of the form
D − (µ − µ ) = −β .
β1 pij + ... + βD pij
i
j
0

A

β
µ

=

−β0
0

P
If we label these equations (ij)1 , ..., (ij)D+I−1 then together with the constraint µi = 0
we may write the resulting system of equations (with a slight abuse of notation) as:
 


(10)

k

(i,k)∈S

(i,k)∈S
/

1 X −1
1 X
1 X
Fβ (pik ) =
Fβ−1 (pik ) −
Fβ−1 (pki )
I
I
I

(11)

D
where the k’th row of A is Ak = (p(ij)k ... p(ij)
− e(ij)k ) for k = 1, ..., I + D − 1 and
k
AI+D = (0T ... 1T ) where eij ∈ RI is defined by eij ≡ ei − ej , where ei is the standard
basis. The condition number of A plays a role in the quality of our estimators.
Define p = (1, p, ... , pD )T and note that if all the weights are equal then

µi =

and thus we may eliminate µ from (9) by means of equation (11). This considerably reduces
the size of the SDP at hand when the number of items I is larger than D. Algorithm
PolyRank (displayed below) takes advantage of this. Furthermore:

v (ij) ≡ −I p̂ij +

(ik)∈S

P

X

(ij)∈S

p̂ki −

P

T
v (ij) v (ij)

(ik)∈S
/

P

M≡
p̂ik −

(jk)∈S

p̂jk +

(jk)∈S
/

p̂kj .

(12)
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P

Lemma 2 When all weights wij are equal, then, the objective function of problem (9) is
equivalent to minimizing β T M β, where

and

Hence the estimators can be efficiently calculated in three steps:

7
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Algorithm: PolyRank

Input: P̂ ∈ [0, 1]I×I D ∈ N an odd number and U, L ≥ 0.

1. Preprocessing: Calculate M as in equation (12);

1
I

β̂

β̂

2. Functional Estimation: β̂ ≡ argmin {β T M β subject to (9) and (5)};
P
P
−1
−1
(p̂ik ) − I1 (i,k)∈S
(p̂ki );
(i,k)∈S F
/ F
3. Merit Estimation: µ̂i =

Output: β̂ ∈ RD+1 , µ̂ ∈ Rn and P ∗ ≡ Fβ̂ (∆µ̂)

Step 1 may be√performed with no more than O(I 3 D + I 2 D2 ) operations, Step 2 with no
more than O(D2 D) operations and Step 3 with no more than O(I 2 D) operations. Thus,
the√overall computational complexity of solving problem (6) is no more than O(I 3 D+I 2 D2 +
D2 D). Notice also that Steps 1 and 3 can be done in a distributed fashion. When the
weights are not all equal the merits cannot be written as in (11) and therefore Algorithm
PolyRank as stated above cannot be used, in that case we solve (9) directly. Nevertheless
we will refer to all versions of our estimation procedure as PolyRank. In our experience,
problem (6) with any norm (weighted or unweighted) can be tackled successfully with a
generic convex optimization solver on a desktop computer for problems of moderate size
(e.g. with D ≤ 10 and I ≤ 120) in at most 2 or 3 seconds. Using the three step procedure
(with the same generic solver) allows easy scaling up to problems where D ≤ 20 and
I ≤ 10000. If (6) is treated as a SIP and solved via discretization, then significant reduction
in computation time is observed at the cost of loosening the guarantee of optimality.

Remark 1 Notice that if the machine precision is  and if D is such that  > (1/2)D then
the last terms of the polynomial F −1 are rounded to zero. Therefore for standard 32 bit
floating point arithmetic one should
√ choose D at most 22, similarly for a 64 bit arithmetic
D should not surpass 44. O(V 2 V )

Remark 2 In theory F can be recovered from F −1 exaclty via Lagrange Inversion Theorem. Numerically though, calculating Fβ (µi − µj ) reduces to a polynomial root-finding
problem. Although root-finding is an ill-conditioned problem for general polynomials (Trefethen 2011), it may be solved via binary search (with linear convergence in the worst case)
or via Newton steps (with possible quadratic convergence).

JMLR 19(60):1-29, 2018

Remark 3 When the weights wij are not all equal, or || · ||W represents the L1 or L∞
norms, then a full SDP with V = I + D variables must be solved. In these cases the
simplifying row-sum
structure is absent and the worst case bounds are well known, and of
√
the order O(V 2 V ), see the general SDP literature (Vandenberghe and Boyd, 1996).

8

4U
||µ̂ − µ|| ≤ √ ||P̂ − P ||.
2I
(14)

(13)

9
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By construction the constant 4LU ≥ 1 and so (13) guarantees that ||P ∗ − P || will be at
most a constant times ||P̂ − P ||. Although it may be possible to improve the constant in
(13), its value can never be less than 1, for if not, one could generate a converging sequence
P1 ∗ , P2 ∗ , ... by recursively applying the LS refinement to any initial (blind) guess of P̂ . This
argument holds for any refinement procedure, including PolyRank. Also, by construction
the LS refinement defines P ∗ = F (∆µ̂) and thus minµ ||F −1 (P ∗ ) − ∆µ|| = 0 for µ = µ̂ and
so no improvement will be obtained via recursive LS type refinements. The bound in (13)
is a “worst case” bound and on average we often observe that ||P ∗ − P || is indeed smaller
that ||P̂ − P ||. For other norms refer to the appendix.

If, additionally, it is assumed that P̂ obeys strong stochastic transitivity, then the estimators
are order preserving, i.e.,
µ̂i < µ̂j ⇐⇒ p̂ij < p̂ji .
(15)

and

||P ∗ − P || ≤ 4LU ||P̂ − P ||,

Theorem 3 Let F be a known L-Lipschitz continuous function with a 4U -Lipschitz continuous inverse (over their respective domains). Let µ̂ be as in (2) and P ∗ = F (∆µ̂). Then,

Here the function F is assumed to be a known L-Lipschitz continuous function with a U Lipschitz inverse, i.e., it is bilipschitz. A common assumption in the literature, cf. Shah et al.
(2015a,b), is that the probabilities in (1) are bounded away from 0 and 1, i.e., pij ∈ [, 1 − ],
for some  > 0. Over this domain the Bradley-Terry-Luce, Thurstone, Threshold and
Locally Linear models are all bilipschitz.

3.1. Known Comparison Function

The goal of this section is to investigate the sensitivity of PolyRank with respect to
the input matrix P̂ . There are several reasons for developing thorough, non-stochastic,
sensitivity bounds. Firstly, the analysis serves to clarify the mechanics of PolyRank
providing bounds that apply to any choice of P̂ . Secondly, using the sensitivity bounds
statistical properties such as consistency of the refined estimator are easily derived. A
third motivation is that different estimators P̂ have been investigated in the literature,
e.g., Rajkumar and Agarwal (2014); Chatterjee and Mukherjee (2016); Shah et al. (2015b),
and since PolyRank may be applied to any of them, the respective bounds on the refined
estimator are universal and apply to any P̂ . Sensitivity analysis is carried out under three
increasingly general settings. First, we provide a benchmark by studying the LS method
with known F . Then, we consider PolyRank in the case where the model is correctly
specified, i.e., F ∈ F. This is also called the realizable case. Finally, we consider agnostic
cases, that is, situations where the model may be misspecified in some way. Three examples
of misspecifications are analyzed.
For simplicity we first focus on the unweighted L2 norm, extensions to the respective
weighted versions are similarly obtained.

3. Sensitivity Analysis

A New and Flexible Approach to the Analysis of Paired Comparison Data

β̂ − β
µ̂ − µ



≤ K1 ||P̂ − P ||,

max |Fβ̂ (x) − Fβ (x)| ≤ K2 ||P̂ − P ||∞ ,

x∈[−1,1]



(18)

(17)

(16)

10

1 |βD |
≤ max |Fβ0 (α) − Fβ (α)|
α
2U 8D
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(19)

Theorem 5 Assume the true model satisfies (4), however the fitted model was of degree
D0 ≤ D − 1. Then for any β 0 of dimension D0 ≤ D − 1, a lower bound on the approximation
error, in the Chebyshev norm, is:

We will now investigate the properties of PolyRank under several types of misspecification.
First, we investigate the effect of misspecifying the degree of the polynomial (4). Then, we
provide results analogous to those provided by Theorem 4 by replacing the assumption
that F ∈ F by the assumption that the true F is an analytic function. Finally, we drop
the assumption that P satisfies the LST hypothesis all together and verify that we can still
derive, albeit, weaker sensitivity bounds and rank consistency properties if strong stochastic
transitivity is assumed.

3.3. Agnostic Cases

Notice that the constants in (13) and (16) depend solely on the product of the Lipschitz
constants of F and F −1 . Moreover the constant in (16) does not depend on D nor on the
condition number of A . In contrast, the constants in inequalities (14) and (17) do depend
on the dimensions of the problem. Equation (18) guarantees the convergence of Fβ̂ to the
true function F with respect to the Chebyshev distance, thus, one can eventually recover
F with arbitrary precision.

p
P
where K1 ≤ U (1 + 4LU ) D(I + D)||A−1 || and K2 ≤ 16LDU 2 maxi j |A−1
ij |. If, additionally, it is assumed that P̂ obeys strong stochastic transitivity, then the estimators are
order preserving.

as well as,

and

||P ∗ − P || ≤ (1 + 4LU )||P̂ − P ||,

Theorem 4 Let P ∗ = Fβ̂ (∆µ̂) where β̂ and µ̂ are estimated using PolyRank. Then,

Under the hypothesis of realizability, i.e., when the model is correctly specified, we have:

3.2. Realizable Case

The benchmarks provided by Theorem 3 will be used for comparison with the more
general cases tackled by PolyRank. As will be shown, inequality (13) also holds when F
is unknown (with different constant factors); similarly, the order preservation is maintained
in all the settings considered.
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The lower bound (19) shows that the Chebyshev distance between the true function
and the estimated function cannot be arbitrarily minimized when the degree of the fitted
polynomial is under-specified. The lower-bound, though, decreases with the value of D at
an exponential rate.
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β̂ n − β
µ̂n − µ

sup



12

1
E||P̂ ISO − P ||22 ≤ C
I2

r

log I
,
I
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(24)

We now turn our attention to round robin tournaments (Chatterjee and Mukherjee, 2016;
Shah et al., 2015b; Simons and Yao, 1999), in which each pair of items is compared m times.
If the number of items I is fixed and if m → ∞ then we can use the results described above.
A more interesting situations arises when m = 1 but the number of items I → ∞. As pointed
out earlier, in this setting if p̂ij ∝ Yij then the LS estimator µ̂i will be proportional to its
Copeland Score (the number of times an item was preferred). Recent papers addressing
this setting are by Chatterjee and Mukherjee (2016) and Shah et al. (2015b). In particular
they assume strong stochastic transitivity and construct an estimator P̂ ISO which is shown
to satisfy:

4.1. Round robin

The constants in (22) are K1 = 2|E| where |E| is the number of edges in the comparison
−1 2
−1
graph, and K2 = 2/(|E|(1+4LU )2 U 2 D(I +D)||AW
|| ), where AW
is defined as in equation
(10) with the appropriate modifications for weights. Clearly, I + D − 1 ≤ |E| ≤ (I 2 − I)/2.
Of course, smaller values of |E| will provide tighter bounds in equation (22). The value
−1
of ||AW
|| is a function of, among other things, the topology of the comparison graph.
Unfortunately, the condition number of AW is difficult to analyze as it contains a (I+D−1)×
D Vandermonde submatrix which can range from 1 (the best possible condition number) to
exponential on the dimensions of the matrix (Pan, 2015). As a rule of thumb Vandermonde
matrices are well conditioned when the points p(ij)1 , ..., p(ij)D+I−1 are (approximately) spaced
over Chebyshev points. Matrix AW also contains a standard (I + D − 1) × I submatrix of
pairings and thus we conjecture that smaller values of the second eigenvalue of the graph
Laplacian matrix should also provide tighter estimation bounds.

β̂ − β
µ̂ − µ

Theorem 8 shows that the estimators β̂ n and µ̂n converge at an exponential rate and
are therefore strongly consistent. Theorem 8 also implies an exponential convergence of P ∗
to P as well as of Fβ̂ (x) to Fβ (x) in the Chebyschev distance. Theorem 8 is proved by first
establishing sensitivity bounds for the weighted norm. These are analogues of Theorem 4
and are of the form


≤ K||P̂ − P ||W .
(23)

where K1 and K2 are discussed bellow.

P

Theorem 8 Let β̂ n and µ̂n be estimated using PolyRank with mij ≡ wij n. Let p̂ij be
the usual MLEs. Then for large enough n there are constants K1 and K2 such that,


≥  ≤ K1 exp −nK2 2 ,
(22)

standard Bradley-Terry-Luce model are proportional to the second eigenvalue of the graph
Laplacian. This eigenvalue, referred to as the algebraic connectivity of the graph, measures
how “well” the graph is connected (Chung, 1994). In our concentration bounds the number
of edges in the comparison
P graph and the condition number associated with (10) will play
a similar role. Let n = i,j mij be the number of paired comparisons.

(20)

Theorem 6 Let P ∗ = Fβ̂ (∆µ̂) where β̂ and µ̂ are estimated with PolyRank. Assume
that the true probability matrix P = F (∆µ) for some µ and some unknown L-Lipschitz
continuous function F with an analytic inverse function F −1 whose coefficients are upperbounded by U . Then for the estimated probability matrix we have:
1
||P ∗ − P || ≤ (1 + 4LU )||P̂ − P || + D LU I
2
If additionally it is assumed that P̂ obeys strong stochastic transitivity, then the estimators
are order preserving.
Equation (20) shows that the error of P ∗ can be controlled under a broad class of
analytic functions. The first term is controlled by increasing the precision of P̂ and the
second term is controlled by choosing larger values for D.
In the following Theorem we will assume no particular structure on P , i.e. the probability matrix P need not be consistent with any stochastic transitivity model.

(21)

Theorem 7 Let P ∗ = Fβ̂ (∆µ̂) where β̂ and µ̂ are estimated with PolyRank. Then for
the estimated probability matrix we have:
β̂

||P ∗ − P || ≤ ||P̂ − P || + L||F −1 (P̂ ) − ∆µ̂||,

If additionally it is assumed that P̂ obeys strong stochastic transitivity, then the estimators
are order preserving.
An immediate consequence of order preservation is that if P is in the interior of the strong
stochastic transitivity set then PolyRank is order-consistent for any consistent estimator
P̂ , i.e., when P̂ → P then the vector µ̂ will correctly recover the underlying order among
the items. The error bound in equation (21), though, cannot be controlled as in equation
(20), this is so because the second term can be as big as κI 2 for some positive κ even when
P̂ satisfies strong stochastic transitivity (Shah et al., 2015b).

4. Convergence and Concentration
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In this subsection we assume that the model is correctly specified and investigate some
properties of the estimators obtained by PolyRank. We start with the case where the
comparisons graph is fixed and the number of comparisons per pair, i.e., the mij ’s is allowed
to increase. Similar conditions have been considered in literature (Rajkumar and Agarwal,
2014; Shah et al., 2015a).
It is well known that the topology of the comparison graph plays an important role in
the quality of the estimators (Shah et al., 2015a; Massey, 2017; Colley, 2002). In particular
Shah et al. (2015a) show that, the mean squared errors of the estimated merits from a
11

1
log2 I
E||P ∗ − P ||22 ≤ K
,
I2
I
(25)
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Figure 3: Refined estimators for round-robin tournaments.
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Figure 2: Comparison of refined estimators with low sampling.
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Experiment 2 In this experiment we investigate the empirical performance of PolyRank
in the round-robin setting when the number of items is increasing. Specifically, we generate
a sequence of round-robin tournaments with an increasing number of items. The data is
generated assuming model (4) with D = 5. The matrix P is estimated using the isotonic
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regression estimator of Chatterjee and Mukherjee (2016) and refined using PolyRank with
D ∈ {3, 5, 7}. Figures 3 and 4 display, respectively, the average of ||P ∗ − P ||2 /I 2 and the
average of ||(β̂ − β, µ̂ − µ)||2 /(I + D) for I = 10, 20, 30, 40 and 50.
Figure 3 shows four curves, all of which decrease with I. The top curve is the risk for the
unrefined isotonic-regression based estimator. The estimators refined by PolyRank, which
correspond to the lower 4 curves always do better. Notice that over-fitting, i.e., D = 7,
which corresponds to the second curve from the top, usually results in higher estimation
error with no change in the approximation error when compared to D = 3, 5. The second
curve from the bottom corresponds to the true model. The bottom curve is obtained when
D = 3, i.e., under under-fitting, and results in the lowest risk. Although this result is
somewhat surprising it has been documented also in the context of other models (Claeskens

Experiment 1: In this experiment we compare the empirical performance of the estimator
of P when using PolyRank with a low degree polynomial with its performance given
the correct comparison function. Specifically, this is done by generating I = 20 items
with merits µi sampled uniformly from [0, 10]. A total of 50 pairs, selected randomly,
were compared assuming a Bradley-Terry-Luce (BTL) model. We refine the estimator
p̂ij = (Yij + 1)/(mij + 2) with PolyRank using D = 5. We also compute the LS estimated
with the known F . Figure 2 shows the average distance ||P ∗ − P ||2 . As expected, the LS
method with the correct comparison function performs best, PolyRank performs almost
as well and both substantially outperform the initial estimates. This is consistent with our
expectations because the BTL model, despite not belonging to the class of functions F, can
be well approximated by this class within the range of choice probabilities generated.

In the following we describe four experiments performed to further test and investigate
PolyRank. Each simulation is performed 1000 times and we report and discuss the average
performance under the specified conditions.

5. Numerical Experiments and An Illustrative Example

for some constant K that does not depend on neither I nor D (nor the condition number of
A) and the supremum is taken over the set of probability matrices consistent with functions
F ∈ F. This is optimal up to log factors.

sup

Theorem 9 Let P ∗ be the refinement of P̂ ISO using PolyRank, where P̂ ISO is the estimator of Chatterjee and Mukherjee (2016), then:

where the supremum is taken over all matrices that satisfy strong stochastic transitivity.
They also show that if the true model was LST then, under some regularity conditions,
the upper bound in (24) can be tightened to O(1/I) up to log factors (Shah et al., 2015b).
Their estimator is calculated in two steps: (i ) first, they sort the items according to their
Copeland Score; (ii ) then, they perform a two dimensional isotonic regression on the matrix
Y assuming the order obtained in (i ).
The resulting estimator has two drawbacks when the true model is LST. First, the
estimator may be infeasible, i.e., P̂ ISO may not be LST. Our experience indicates that this
is frequently the case. In addition the resulting estimator does not fully exploit the benefits
of an LST model since the estimated probability matrix is not a Functional of a merit vector
and the comparison function. These deficiencies, however, can be addressed by applying
PolyRank to their estimator. A trivial consequence of equation (16) is that the refined
estimator P ∗ retains the optimal risk bounds of P̂ ISO and by construction is feasible. We
state the full result for completeness:
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Figure 4: Estimated parameters for round-robin tournaments.
and Hjort, 2006, Chapter 5). This indicates that lower degree polynomial often perform
well in practice. In Figure 4 we see that the average error of the estimated parameters
decreases as a function of I.
Experiment 3: In this experiment we investigate the performance of PolyRank in the
round-robin setting with a fixed number of items and a increasing number of comparisons.
we generated a sequence of round-robin tournaments with I = 10 and an increasing number
of matches. The data is generated assuming model (4) with D = 3. The matrix P is
estimated using the standard frequency estimator for p̂ij and is refined using PolyRank
(with D = 3). Figure 5 displays the average of ||P ∗ − P ||2 /I 2 , of ||µ̂ − µ||2 /I and of
||β̂ − β||2 for mij = 1 to 5 for all pairs (i, j) and Figure 6 shows the sequence of estimated
functions.
The three decreasing curves of Figure 5 show that the variance of the estimators decreases with the amount of paired comparisons. Figure 6 shows that the estimated comparison function converges to its true value. These results and those of Experiment 2 are
consistent with Theorems 8 and 9.
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(26)

Experiment 4: In practice the degree D of the polynomial (4) may not be known in
advance. If we choose D to be too small then we may not fully capture the geometry of F ,
while if D is too large there is a danger of over-fitting and possible numerical problems. In
this experiment we investigate the use of some well known model selection criteria (Claeskens
and Hjort, 2006) for choosing D. In particular, we test the empirical performance of the
Bayesian Information Criterion (BIC) and two variants of the Akaike Information Criterion
(AIC) and contrast these with the performance of (leave-one-out) cross-validation. The
classical AIC criteria is
AIC(D) ≡ 2(I + D) + n log(l(D))
15
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Figure 5: Variance of estimators in a round-robin with increasing number of matches between each pair.

Beta − L2 Norm
Probability: p = F(x)

Beta and Mu − L2 Norm

=1
=3
=5
=7
=9

D
D
D
D
D

CV
100%
0%
0%
0%
0%

CV
100%
0%
0%
0%
0%

AIC
100%
0%
0%
0%
0%

BIC
100%
0%
0%
0%
0%

CV
22%
63.7%
11.8%
2.4%
0.1%

AIC
100%
0%
0%
0%
0%

BIC
100%
0%
0%
0%
0%

CV
7.1%
87.4%
5.3%
.2%
0%

AIC
2.6%
85.2%
12.2%
0%
0%

mij = 3

AICc
2.8%
89%
8.2%
0%
0%

Table 2: Model Selection (I = 12, D = 5)

mij = 1

AICc
100%
0%
0%
0%
0%

AIC
24.4%
69.8%
4.9%
0.8%
0.1%

mij = 3

AICc
30.3%
67.3%
1.5%
0.8%
0.1%

Table 1: Model Selection (I = 6, D = 5)

mij = 1

AICc
100%
0%
0%
0%
0%

BIC
6.8%
92.5%
0.7%
0%
0%

BIC
37.4%
61.6%
0.1%
0.8%
0.1%

(28)
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Tables 1 and 2 compares the AIC, the AICc and the BIC methods in a round-robin data
generated with I = 6 and I = 12 objects and with mij = 1 for all ij, as well as mij = 3.
The data was generated monotone polynomials of degree 5 randomly selected with uniform
coefficients and projected to the monotone cone. We display the frequency in which the
methods correctly identify the degree of the polynomial as opposed to overfit/underfit.
Tables 1 and 2 show the empirical performance of the model selection criteria as a
function of number of items I and the number of paired comparisons mij . For low values
of mij all criteria select the lowest degree polynomial, i.e., D = 1. When the number
of comparisons increases the procedures tend to select larger values of D. In general the
performance of the procedures are comparable. However, AIC and Cross validation do
seem to (slightly) outperform the other methods. Cross validation is significantly more
demanding computationally than AIC and thus as a rule of thumb we recommend the use
of the AIC method when no further information is available.

BIC(D) ≡ (I + D) log(n) + n log(l(D)).

AIC c (D) ≡ AIC(D) +

2(I + D + 1)(I + D + 2)
(27)
n−I −D−2
and is designed to correct for small sample-sizes. The BIC method penalizes more the
number of parameters and is defined by

where l(D) is the least-squares loss function, given in (6) and evaluated at the estimated
parameters, I + D is the number of parameters in the model and n is the sample-size. The
corrected AIC (AICc) is
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1. Publicly available at http://kirill-kryukov.com/chess/kcec/games.html.
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In this subsection we illustrate the use of PolyRank on a computer-chess data set1 . The
data set comprises of matches between 186 free single-CPU chess-engines. Each chess-engine
played (roughly) 32 matches against 40 opponents. We use PolyRank to estimate model
parameters from observed matches that resulted in a victory or defeat; ties are ignored.
Figure 7 shows the estimated comparison function for various values of D when for the
first 100 chess-engines. As is observed the estimated function Fβ̂ seems to stabilize for D
greater than or equal to 7. Figure 8 shows the estimated function when the dimension
D = 7 is fixed and the number of chess-engines I is gradually increased. For I greater
than or equal to 60 our estimated function seems to stabilize. Finally, Figure 9 compares
the best fit function recovered by PolyRank to the family of BTL models described by
FBTL (x) = 1/(1 + exp(−κx)) for various values of κ > 0. Somewhat surprisingly, it seems
that the family of BTL functions does not provide a good fit.
To illustrate this point consider three players i, j and k such that pij = pjk = α > 0.5
and pik = β, then, from (1) we have that β = F (2F −1 (α)). For low values of α (say
α = 0.55) the BTL model and the polynomila model estimated by PolyRank virtually
agree on the value of β (BTL: β ≈ 0.6; Polynomial: β ≈ 0.59); for intermediate values of α
(say, α = 0.7) the models begin to diverge β ≈ 0.84; Polynomial: β ≈ 0.77) and for large
values of α (say α = 0.9) this divergence is even more extreme (BTL: β ≈ 0.99; Polynomial:
β ≈ 0.92). The estimated polynomial model seems to be more agreeable with the the data
at hand since very few chess engines had a (near) perfect win against any opponent. It will
be interesting to investigate whether our findings hold for human chess as well.

5.1. Illustrative Example

Figure 7: The effect of increasing the dimension D in estimating function F .

Probability: p = F(x)

-0.6

-0.4

-0.2

0
Merit Difference: x

0.2

0.4

0.6

I = 20
I = 40
I = 60
I = 80
I = 100

0.8

A New and Flexible Approach to the Analysis of Paired Comparison Data

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0
-0.8

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0
−1

PolyRank Fit
BTL Models

−0.6

−0.4

−0.2

19

0

0.2

0.4

0.6

0.8

1

JMLR 19(60):1-29, 2018

Figure 9: Bradley-Terry-Luce models compared to the best fit comparison function.

−0.8

Figure 8: The effect of increasing the amount of data in estimating function F .
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6. Summary and Discussion

In this paper we propose a new method for analyzing paired comparison data. Our main
contribution is to relax the assumption that the comparison function is known in advance.
Instead, we assume that the inverse of the comparison function is a D’th degree polynomial
and the comparison function has a bounded support. We show that estimation reduces to a
tractable SDP that simultaneously recovers the merit vector and the underlying comparison
function F from an initial estimator P̂ . We refer to this new methodology as PolyRank.
We provide non-stochastic as well as stochastic guarantees for our estimators. This includes
a thorough sensitivity analysis and additionally convergence and concentration bounds. Our
simulation study demonstrates that the method works well in practice. Finally, we investigate a large data set of computer chess matches and provide evidence that the comparison
function used for calculating chess ratings for almost nine decades seems to be inadequate,
at least for computer chess engines.
Our work shows that PolyRank can be used whenever the existing methods, which
assume that the comparison function is known, are used. The only additional requirement
is that the comparison graph must have at least I + D − 1 edges, a condition which is almost
always satisfied in practice. Thus, PolyRank provides a flexible and principled alternative
to the existing methods for ranking and rating which are based on paired comparisons. Our
analysis, however, is just a starting point and many open research problems remain. It
is clear that PolyRank can be extended in various directions; these can be grouped into
several domains including: (i) modelling issues; (ii) computational/numerical issues; (iii)
statistical and inferential problems of varied types.

i=1

D
X

βi Ki (p)

Modelling. We have assumed that F −1 is given by a polynomial. Many other models,
in which the polynomial in (4) is replaced by some other set of basis functions, are possible.
Monotone splines provide a class of such functions (Ramsay, 1988). One other interesting
possibility, with more of a statistical flavor, is to write

F −1 (p) =

where Ki (p) are themselves quantile functions of symmetric random variables. This equation can be viewed as a mixture model on the quantile scale. The family {Ki } is then
chosen by the investigator; the symmetrized beta family of distributions seems like a suitable family to explore. Another, important issue is the incorporation of covariates, such as
time or a “home advantage”, as well as many others in the model. This, again, can be done
in several ways. The merits can be modeled as regression functions or alternatively one
can incorporate the covariates directly into the comparison function. Other issues which
deserve attention are the modelling of ties and the comparison of more than two items a time.

JMLR 19(60):1-29, 2018

Computations and Numerics. Compared with traditional methods, where the comparison
function is given, PolyRank has higher computational complexity and may suffer from
numerical instability. In part, the numerical issues are related to our decision to model
the inverse of the comparison function as a polynomial. This in turn entails that the normal equations are associated with Vandermonde matrices. A known way to circumvent

20
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Statistics. The current paper leaves many statistical issues unresolved. For example, we did
not provide any results on the asymptotic distributions of our estimated parameters. We
believe, however, that normal limits are obtained provided (µ, β) are in the interior of the
parameter space. It is also clear that employing the one step method we can obtain a fully
efficient estimator (Fan and Chen, 1999). Other issues of interest are limit theorems for
the case where I → ∞ and when paired comparisons are made adaptively. In the adaptive
set up one may exploit the fact that function F can be recovered up to arbitrary precision
by using a small subset of the items in order to reduce the overall query complexity of the
paired comparison experiment.

this problem is to use a different basis for solving equation (10), this amounts to choosing
a different basis for the polynomial regression, such as Chebyshev Polynomials. Another
possibility is the use of a different loss function which is less sensitive to numerical issues.
Developing a method to uncouple the estimation of F and of µ as we provided for the
unweighted L2 norm might provide further insight in this direction. One other, future objective, is to extend the practical reach of PolyRank to larger values of D and I while
at the same time increasing computational and numerical efficiency. There may be several
ways of doing so. One approach is hand crafting a solver for the SDP at hand. Another
possibility is developing an online distributed version of PolyRank in which the function
and the merits are updated after each pairwise comparison is observed.
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X
X
(µ̂i − µ̂j − µi + µj )2 = 2n||µ̂ − µ||22 − 2(
µ̂i −
µi )2

(29)
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Where the last equality is an application of equation (29) and the last inequality an application of (14). If P̂ is assumed to obey strong stochastic transitivity, then p̂ij < 1/2
implies that p̂ik P
≤ p̂jk for all k and p̂ik < p̂jk for at least some k. Thus, the identity
µ̂i − µ̂j = (1/n) k (F −1 (p̂ik ) − F −1 (p̂jk )) < 0 together with the fact that F −1 is strictly
monotone assures that the strong stochastic transitivity order is the same as the order of
the estimated merits.

||P ∗ −P ||22 = ||F (∆µ̂)−F (∆µ)||22 ≤ L2 ||∆µ̂−∆µ||22 = L2 2n||µ̂−µ||22 ≤ L2 (4U )2 ||P̂ −P ||22 .

1
4U
= √ ||F −1 (P̂ ) − F −1 (P )||2 ≤ √ ||P̂ − P ||2 .
2n
2n
The first inequality is a conscequence of the convex projection theorem and the first equality
follows from (29). Equation (13) is derived from

1
1
||µ̂ − µ||2 = √ ||∆µ̂ − ∆µ||2 ≤ √ ||F −1 (P̂ ) − ∆µ||2
2n
2n

where the last term is zero by construction. It follows that

||∆µ̂ − ∆µ||22 =

this is so because

||∆µ̂ − ∆µ||22 = 2n||µ̂ − µ||22 ;

Proof A little algebra show that

A.2. Proof of Theorem 3

P
i
Proof The constraint F (0) = 1/2 is equivalent to F −1 (1/2) = D
i=0 βi (1/2) = 0, which is
−1
the last equality constraint in (9). Also, F is increasing iff F (p) is increasing and for our
set of polynomials this is equivalent to (F −1 (p))0 = β1 +2·β2 p+...+D·βD pD−1 ≥ 0 for every
p ∈ [0, 1/2]. In addition, F is L-Lipschitz continuous and so |F 0 (x)| ≤ L; which combined
with the monotonicity constraint is equivalent to the constraint (F −1 (p))0 ≥ 1/L. By Theorem 6 of (Parrilo, 2016) we have that (F −1 (p))0 −1/L = s(x)+x(1/2−x)t(x) where s(x) and
t(x) are sum of squares polynomial functions of degree at most 2d and 2d − 2 respectively.
d such that the
Now by Lemma 4 of Parrilo (2016) there exists Q0 P
∈ Sd+1
and Q1 ∈ SP
+
+
coefficients of the polynomials s(x) and t(x) are si = j+k=i Q0jk and ti = j+k=i Q1jk . By
combining these conditions on the polynomial (F −1 (p))0 −1/L and the constraint ||β||∞ ≤ U
we obtain the desired result.

A.1. Proof of Theorem 1

The following contains the proofs of our main results.

Appendix A. Proof of Theorems
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Remark Theorem 3, applies to other norms with the proper modifications. Assume that
the estimator P ∗ is obtained via (3) under the norm or semi-norm || · ||# . Let L# and 4U#
be the Lipschitz constants of F and F −1 associated with || · ||# , then
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D+I−1
X
k=1

.

∗
D(p(ij)
− p(ij)k )2 ≤ D||P ∗ − P ||2
k

p
D(I + D)||A(P )−1 ||||P̂ − P ||,

=

β̂

β̃

α∈[0,1/2]

max |G−1 (α) − Fβ−1 (α)|

β̂

β̃

max |F −1 (α) + αD |

α∈[0,1/2]

max |F −1 (α) + βD αD |

G−1 ∈PD−1 α∈[0,1/2]

min

α∈[0,1/2]

max |F −1 (α) − Fβ−1 (α)| = max |F −1 (α) − Fβ−1 (α)|
α∈[0,1]

β̃

β̃

α∈[−1,1]

|βD | 1
4D 2D−1

α∈[−1,1]

β̃

max |F −1 (α) + αD |

β̃

max |F −1 ((α + 1)/4) + ((α + 1)/4)D |

min
F −1 ∈ PD−1

min
F −1 ∈ PD−1

max |G(α) − Fβ−1 (α)| ≥
=

= |βD |

β̃

β̃

=

|βD |
min
4D F −1 ∈ P
D−1

min
F −1 ∈ PD−1
≥

ˆl(D) =

min

β∈RD ,µ∈RI

(ij)∈S

s X
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D − µ + µ )2
(β0 + ... + βD p̂ij
i
j

Proof Let ˆl(D) be the empirical loss of a D dimensional fit provided by PolyRank, then:

A.5. Proof of Theorem 6

The last equality is a defining property of Chebyshev polynomials (Mason and Handscomb, 2002). Now, notice that the 4U -Lipschitz continuity of Fβ−1 is equivalent to |Fβ (y)−
Fβ (x)| ≥ (1/4U )|y − x|; combining this with maxα∈[0,1] |F −1 (α) − Fβ−1 (α)| ≥ 2|βD |/8D we
β̂
obtain equation (19).

|βD |

G∈FD0 α∈[0,1/2]

≥ min

Proof We will first prove that maxα∈[0,1] |F −1 (α) − Fβ−1 (α)| ≥ 2|βD |/8D . In the following
β̂
proof PD−1 is the set of polynomials of degree less than or equal to D − 1.

A.4. Proof of Theorem 5

this with (30), (17) and the lipschitz continuity of Fβ we find the desired result. Finally,
to prove order preservation, recognize that problem (9) can be solved by minimizing in µ
and in β separately. By minimizing on µ we find the
Psame closed form solution as the least
squares refinement procedure, namely µi = (1/I) j Fβ−1 (p̂ij ). The proof follows by the
same arguments as in Theorem 3.

||P ∗ − P ||# ≤ ||P̂ − P ∗ ||# + ||P̂ − P ||# ≤ L# ||F −1 (P̂ ) − ∆µ̂||# + ||P̂ − P ||# ≤

(30)

L# ||F −1 (P̂ )−∆µ||# +||P̂ −P ||# ≤ 4L# U# ||P̂ −P ||# +||P̂ −P ||# = (1+4L# U# )||P̂ −P ||# ,
as in (13).
A.3. Proof of Theorem 4
Proof Equation (16) is a conscequence of
β̂

||P ∗ − P || ≤ ||P̂ − P ∗ || + ||P̂ − P || ≤ L||F −1 (P̂ ) − ∆µ̂|| + ||P̂ − P ||
≤ L||Fβ−1 (P̂ ) − ∆µ|| + ||P̂ − P || ≤ 4LU ||P̂ − P || + ||P̂ − P ||;

= A(P )−1 [A(P ∗ ) − A(P )]

β̂
µ̂

where the last inequality stems from the fact that Fβ−1 (p) is 4U -Lipschitz continuous for every Fβ (p) ∈ F and the previous inequality is a consequence of the optimality of PolyRank.
In order to prove (17), consider a set of linear equations Ax = b and a perturbed version
(A+∆A)(x+∆x) = b where both A and A+∆A are non-singular square matrices. Under
these conditions one can show that ∆x = A−1 ∆A(x + ∆x); thus:




β̂ − β
µ̂ − µ

β̂ − β
µ̂ − µ

≤ U (4LU + 1)

n=1

D+I−1
D
X X
k=1



∗n
n
(p(ij)
− p(ij)
)2 ≤
k
k

Notice that ||β̂|| ≤ U and also ||µ̂|| ≤ U . The second claim is true for if µ̂j ≥ U for
∞
∞
∗ )| ≤ |F −1 (0)| = |β | ≤ U which then implies that µ̂ ≥ 0
some j then |µ̂i − µ̂j | = |F −1 (p̂ij
0
i
β̂
β̂
P
P
for every i and so i µ̂i ≥ U > 0 which violates the constraint i µ̂i = 0; therefore we
must have µ̂j < U for every j (the analogous argument is valid for µ̂j > −U ). Using the
equivalence between norms find:


√
≤ U I + D||A(P )−1 ||||A(P ∗ ) − A(P )||.
Now notice that
||A(P ∗ ) − A(P )||2 =
and therefore:


β̂ − β
µ̂ − µ

β̂
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which completes the proof of (17). Now we will prove equation (18). A bit of algebra shows
that for every Fβ ∈ F we have that maxα∈[0,1] |Fβ−1 (α) − F −1 (α)| ≤ 2||β̂ − β||∞ ; combining
23

β∈RD+1 ,µ∈RI

min

(ij)∈S

s X

D+1
(β0 + ... + βD p̂D
− µi + µj )2 + U
ij + βD+1 p̂ij

(ij)∈S

(ij)∈S

s X

i=D+1

∗

L||F −1 (P̂ )
β̂
− ∆µ̂||
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β̂

||P ∗ − P ||# ≤ ||P̂ − P ||# + ||P̂ − P ∗ ||# ≤ ||P̂ − P ||# + L# ||F −1 (P̂ ) − ∆µ̂||# ;

Remark One could equivalently prove that PolyRank defined with the L1 norm satisfies
||P ∗ − P ||1 ≤ (1 + 4LU )||P̂ − P ||1 + (1/2D )LU I 2 for analytic functions with bounded
coefficients and with the L∞ norm one finds that ||P ∗ − P ||∞ ≤ (1 + 4LU )||P̂ − P ||∞ +
(1/2D )LU . We provide a sketch of the proof for a generic norm || · ||# . Again, we take L#
to be the Lipschitz constant of F associated to || · ||# and 4U# the Lipschitz constant of
F −1 associated to || · ||# , then, we find that

p
LU |S|
1
≤ (1 + 4LU )||P̂ − P || + D LU I.
≤ ||P̂ − P || + L||F −1 (P̂ ) − ∆µ|| +
2D
2

||P − P || ≤ ||P̂ − P || + ||P̂ − P || ≤ ||P̂ − P || +

∗

To complete the proof of (20) notice that

(31)

p
|S|/2D ; combining

i=1

p
K
D+K
X 1
X
p
1
ˆl(D + K) + U |S|
=
.
|S|
2i
2D
2i

Therefore taking the limit of K → ∞ we find that ˆl(D) ≤ ˆl(∞) + U
this with the optimality of the estimated parameters we obtain
p
U |S|
||F −1 (P̂ ) − ∆µ̂|| ≤ ||F −1 (P̂ ) − ∆µ|| +
.
β̂
2D

ˆl(D) ≤ ˆl(D + K) + U

((1/2)D+1 )2

(ij)∈S

p
≤ ˆl(D + 1) + U (1/2)D+1 |S|.
p
We have shown that ˆl(D) ≤ ˆl(D + 1) + U |S|/2D+1 which implies that:

≤

β∈RD+1 ,µ∈RI

for the set specified by the triplet (D + 1, U, L), and so
s X
s X
D+1
ˆl(D) ≤
(β0 + ... + βD p̂D
(βD+1 p̂D+1
− µi + µj )2 +
)2
min
ij + βD+1 p̂ij
ij

(ij)∈S

k2
.
sD

µ̂ − µ

2

≥ 2



ij

X 
P |p̂ij − pij | ≥


p
K wij |E|



≤2

ij

X

exp



− 2mij


p
K wij |E|

!2 

which completes our proof.
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Where the last inequality follows from Hoeffding’s bound; thus, taking mij = nwij we have:
!2 



X

2
p
=2
exp − 2nwij
≤ 2|E| exp − 2n 2
,
K |E|
K wij |E|
ij

=

ij

.



X
≤ P K2
wij |p̂ij − pij |2 ≥ 2

 X 

2
2
≤ P |E| max{wij |p̂ij − pij |2 } ≥ 2 ≤
P wij |p̂ij − pij |2 ≥
2
ij
K
|E|K

µ̂ − µ

Proof Note that:
 

 


β̂ − β
β̂ − β
P
≥ =P

Lemma 10 Let β̂ and µ̂ be estimated using PolyRank. Then,


β̂ − β
(32)
≤ K||P̂ − P ||W ,
µ̂ − µ
p
where K ≤ U (1 + 4LU ) D(I + D)||A−1
W || and AW is defined as in 10 with each line
multiplied by its respective weight.

We will use of the following lemma whose proof is virtually identical to that of Theorem 4:

A.7. Proof of Theorem 8

β̂

||P ∗ − P || ≤ ||P̂ − P || + ||P̂ − P ∗ || ≤ ||P̂ − P || + L||F −1 (P̂ ) − ∆µ̂||.

Proof Equation (21) is a conscequence of the L-Lipschitz continuity of functions in F:

A.6. Proof of Theorem 7

This completes the proof.

||P ∗ − P ||# ≤ k1 ||P̂ − P ||# +

then an inequality similar to (31) is obtained for the norm || · ||# . Norm equivalence guarantees that this can be done up to constant factors. Then, combining the two inequalities
one finds that for some k1 ≥ 1 and some k2 ≥ 0 the following inequality holds:

where the minimum is taken over the sets specified by PolyRank for some triplet (D, U, L).
It is also true that:
s X
2
ˆl(D) =
(β0 + ... + βD p̂D
min
ij − µi + µj )

β∈RD+1 ,µ∈RI
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1. Introduction

Our focus is on data classification problems in which only a binary representation of the
data is available. Such binary representations may arise under a variety of circumstances.
In some cases, they may arise naturally due to compressive acquisition. For example, distributed systems may have bandwidth and energy constraints that necessitate extremely
coarse quantization of the measurements (Fang et al., 2014). A binary data representation
can also be particularly appealing in hardware implementations because it is inexpensive
to compute and promotes a fast hardware device (Jacques et al., 2013b; Laska et al., 2011);
such benefits have contributed to the success, for example, of 1-bit Sigma-Delta converters
(Aziz et al., 1996; Candy and Temes, 1962). Alternatively, binary, heavily quantized, or
compressed representations may be part of the classification algorithm design in the interest of data compression and speed (Boufounos and Baraniuk, 2008; Hunter et al., 2010;
Calderbank et al., 2009; Davenport et al., 2010; Gupta et al., 2010; Hahn et al., 2014).
The goal of this paper is to present a framework for performing learning inferences, such
as classification, from highly quantized data representations—we focus on the extreme case

1.1. Contribution

We consider the setting where a classification algorithm has access to training data of the
form Q = sign(AX), along with a vector of associated labels b = (b1 , · · · , bp ) ∈ {1, . . . , G}p ,
indicating the membership of each xi to exactly one of G classes. Here, A is an m by n
matrix. The rows of A define hyperplanes in Rn and the binary sign information tells us
which side of the hyperplane each data point lies on. Throughout, we will primarily take A to
have independent identically distributed standard Gaussian entries (though experimental
results are also included for structured matrices). Given Q and b, we wish to train an
algorithm that can be used to classify new signals, available only in a similar binary form
via the matrix A, for which the label is unknown.

(sign(M ))i,j := sign(Mi,j ).

Without risk of confusion, we overload the above notation so the sign operator can apply
to matrices (entrywise). In particular, for an m by p matrix M , and (i, j) ∈ [m] × [p], we
define sign(M ) as the m × p matrix with entries

Moreover, let A : Rn → Rm be a linear map, and denote by sign : R → R the sign operator
given by
(
1
a≥0
sign(a) =
−1 a < 0.

X = [x1 x2 · · · xp ] ∈ Rn×p .

of 1-bit (binary) representations. Let us begin with the mathematical formulation of this
problem.
Problem Formulation. Let {xi }pi=1 ⊂ Rn be a point cloud represented via a matrix

Needell, Saab and Woolf

Our contribution is a framework for classifying data into a given number of classes using
only a binary representation (obtained as the sign pattern from low-dimensional projections,
as described above) of the data. This framework serves several purposes: (i) it provides
mathematical tools that can be used for classification in applications where data is already
captured in a simple binary representation, (ii) demonstrates that for general problems,
classification can be done effectively using low-dimensional measurements, (iii) suggests an
approach to use these measurements for classification using low computation, (iv) provides
a simple technique for classification that can be mathematically analyzed. We believe this
framework can be extended and utilized to build novel algorithmic approaches for many
types of learning problems. In this work, we present one method for classification using
training data, illustrate its promise on synthetic and real data, and provide a theoretical
analysis of the proposed approach in the simple setting of two-dimensional signals and two
possible classes. Under mild assumptions, we derive an explicit lower bound on the probability that a new data point gets classified correctly. This analysis serves as a foundation for
analyzing the method in more complicated settings, and a framework for studying similar
types of approaches.

Keywords: binary measurements, one-bit representations, classification

Binary, or one-bit, representations of data arise naturally in many applications, and are
appealing in both hardware implementations and algorithm design. In this work, we study
the problem of data classification from binary data obtained from the sign pattern of
low-dimensional projections and propose a framework with low computation and resource
costs. We illustrate the utility of the proposed approach through stylized and realistic
numerical experiments, and provide a theoretical analysis for a simple case. We hope
that our framework and analysis will serve as a foundation for studying similar types of
approaches.
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1.2. Organization

Simple Classification Using Binary Data

We proceed next in Section 1.3 with a brief overview of related work. Then, in Section 2
we propose a two-stage method for classifying data into a given number of classes using
only a binary representation of the data. The first stage of the method performs training
on data with known class membership, and the second stage is used for classifying new
data points with a priori unknown class membership. Next, in Section 3 we demonstrate
the potential of the proposed approach on both synthetically generated data as well as real
datasets with application to handwritten digit recognition and facial recognition. Finally,
in Section 4 we provide a theoretical analysis of the proposed approach in the simple setting
of two-dimensional signals and two classes. We conclude in Section 5 with some discussion
and future directions.
1.3. Prior Work

JMLR 19(61):1-30, 2018

There is a large body of work on several areas related to the subject of this paper, ranging
from classification to compressed sensing, hashing, quantization, and deep learning. Due to
the popularity and impact of each of these research areas, any review of prior work that we
provide here must necessarily be non-exhaustive. Thus, in what follows, we briefly discuss
related prior work, highlighting connections to our work but also stressing the distinctions.
Support vector machines (SVM) (Christianini and Shawe-Taylor, 2000; Hearst et al.,
1998; Joachims, 1998; Steinwart and Christmann, 2008) have become popular in machine
learning, and are often used for classification. Provided a training set of data points and
known labels, the SVM problem is to construct the optimal hyperplane (or hyperplanes)
separating the data (if the data is linearly separable) or maximizing the geometric margin
between the classes (if the data is not linearly separable). Although loosely related (in the
sense that at a high level we utilize hyperplanes to separate the data), the approach taken
in this paper is fundamentally different than in SVM. Instead of searching for the optimal
separating hyperplane, our proposed algorithm uses many, randomly selected hyperplanes
(via the rows of the matrix A), and uses the relationship between these hyperplanes and the
training data to construct a classification procedure that operates on information between
the same hyperplanes and the data to be classified.
The process of transforming high-dimensional data points into low-dimensional spaces
has been studied extensively in related contexts. For example, the pioneering JohnsonLindenstrauss Lemma states that any set of p points in high dimensional Euclidean space
can be (linearly) embedded into O(−2 log(p)) dimensions, without distorting the distance
between any two points by more than a small factor, namely  (Johnson and Lindenstrauss,
1982). Since the original work of Johnson and Lindenstrauss, much work on JohnsonLindenstrauss embeddings (often motivated by signal processing and data analysis applications) has focused on randomized embeddings where the matrix associated with the linear
embedding is drawn from an appropriate random distribution. Such random embeddings
include those based on Gaussian and other subgaussian random variables as well as those
that admit fast implementations, usually based on the fast Fourier transform (Ailon and
Chazelle, 2006; Achlioptas, 2003; Dasgupta and Gupta, 2003).
Another important line of related work is compressed sensing, in which it has been
demonstrated that far fewer linear measurements than dictated by traditional Nyquist sam3
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pling can be used to represent high-dimensional data (Candès et al., 2006b,a; Donoho, 2006).
For a signal x ∈ Rn , one obtains m < n measurements of the form y = Ax (or noisy measurements y = Ax + z for z ∈ Rm ), where A ∈ Rm×n , and the goal is to recover the signal x.
By assuming the signal x is s-sparse, meaning that kxk0 = |supp(x)| = s  n, the recovery
problem becomes well-posed under certain conditions on A. Indeed, there is now a vast literature describing recovery results and algorithms when A, say, is a random matrix drawn from
appropriate distributions (including those where the entries of A are independent Gaussian
random variables). The relationship between Johnson-Lindenstrauss embeddings and compressed sensing is deep and bi-directional; matrices that yield Johnson-Lindenstrauss embeddings make excellent compressed sensing matrices (Baraniuk et al., 2006) and conversely,
compressed sensing matrices (with minor modifications) yield Johnson-Lindenstrauss embeddings (Krahmer and Ward, 2011). Some initial work on performing inference tasks like
classification from compressed sensing data shows promising results (Boufounos and Baraniuk, 2008; Hunter et al., 2010; Calderbank et al., 2009; Davenport et al., 2010; Gupta et al.,
2010; Hahn et al., 2014).
To allow processing on digital computers, compressive measurements must often be
quantized, or mapped to discrete values from some finite set. The extreme quantization
setting where only the sign bit is acquired is known as one-bit compressed sensing and was
introduced recently (Boufounos and Baraniuk, 2008). In this framework, the measurements
now take the form y = sign(Ax), and the objective is still to recover the signal x. Several
methods have since been developed to recover the signal x (up to normalization) from such
simple one-bit measurements (Plan and Vershynin, 2013a,b; Gopi et al., 2013; Jacques et al.,
2013b; Yan et al., 2012; Jacques et al., 2013a). Although the data we consider in this paper
takes a similar form, the overall goal is different; rather than signal reconstruction, our
interest is data classification.
More recently, there has been growing interest in binary embeddings (embeddings into
the binary cube (Plan and Vershynin, 2014; Yu et al., 2014; Gong et al., 2013; Yi et al.,
2015; Choromanska et al., 2016; Dirksen and Stollenwerk, 2016), where it has been observed
that using certain linear projections and then applying the sign operator as a nonlinear
map largely preserves information about the angular distance between vectors provided one
takes sufficiently many measurements. Indeed, the measurement operators used for binary
embeddings are Johnson-Lindenstrauss embeddings and thus also similar to those used in
compressed sensing, so they again range from random Gaussian and subgaussian matrices to
those admitting fast linear transformations, such as random circulant matrices (Dirksen and
Stollenwerk, 2016), although there are limitations to such embeddings for subgaussian but
non-Gaussian matrices (Plan and Vershynin, 2014, 2013a). Although we consider a similar
binary measurement process, we are not necessarily concerned with geometry preservation
in the low-dimensional space, but rather the ability to still perform data classification.
Deep Learning is an area of machine learning based on learning data representations
using multiple levels of abstraction, or layers. Each of these layers is essentially a function
whose parameters are learned, and the full network is thus a composition of such functions.
Algorithms for such deep neural networks have recently obtained state of the art results
for classification. Their success has been due to the availability of large training data sets
coupled with advancements in computing power and the development of new techniques
(Krizhevsky et al., 2012; Simonyan and Zisserman, 2014; Szegedy et al., 2015; Russakovsky
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Algorithm 1 Training
input: training labels b, number of classes G, number of levels L, binary training data
Q (or raw training data X and fixed matrix A)
if raw data: Compute Q = sign(AX)
for ` from 1 to L, i from 1 to m do
select: Randomly select Λ`,i ⊂ [m], |Λ`,i | = `
for t from 0 to 2` − 1, g from 1 to G do
compute: Compute r(`, i, t, g) by (1)
end for
end for
Once the algorithm has been trained, we can use it to classify new signals. Suppose
x ∈ Rn is a new signal for which the class is unknown, and we have available the quantized

Remark 1 Note that in practice the membership index value need not be stored for all 2`
possible sign pattern indices, but rather only for the unique sign patterns that are actually
observed by the training data. In this case, the unique sign patterns at each level ` and
iteration i must be input to the classification phase of the algorithm (Algorithm 2).

Let us briefly explain the intuition for this formula. The first fraction in (1) indicates the
proportion of training points in class g out of all points with sign pattern t (at the `-th level
and i-th iteration). The second fraction in (1) is a balancing term that gives more weight
to group g when that group is much different in size than the others with the same sign
pattern. If Pj|t is the same for all classes j = 1, . . . , G, then r(`, i, t, g) = 0 for all g, and
thus no class is given extra weight for the given sign pattern, set selection, and level. If Pg|t
is nonzero and Pj|t = 0 for all other classes, then r(`, i, t, g) = G − 1 and r(`, i, t, j) = 0 for
all j 6= g, so that class g receives the largest weight. It is certainly possible that a large
number of the sign pattern indices t will have Pg|t = 0 for all groups (i.e., not all binary
sign patterns are observed from the training data), in which case r(`, i, t, g) = 0.

P`
k−1 is in one-to-one correspondence with the binary sign
t = (t` . . . t2 t1 )bin :=
k=1 tk 2
pattern it represents, up to the identification of {0, 1} with the images {−1, 1} of the sign
operator. For example, at level ` = 2 the sign pattern index t = 2 = (10)bin corresponds
 
1
to the sign pattern
.
−1
For the t-th sign pattern and g-th class, a membership index parameter r(`, i, t, g) that
uses knowledge of the number of training points in class g having the t-th sign pattern, is
calculated for every Λ`,i . Larger values of r(`, i, t, g) suggest that the t-th sign pattern is
more heavily dominated by class g; thus, if a signal with unknown label corresponds to the
t-th sign pattern, we will be more likely to classify it into the g-th class. In this paper, we
use the following choice for the membership index parameter r(`, i, t, g), which we found
to work well experimentally. Below, Pg|t = Pg|t (Λ`,i ) denotes the number of training points
from the g-th class with the t-th sign pattern at the i-th set selection in the `-th level:
PG
Pg|t
j=1 |Pg|t − Pj|t |
r(`, i, t, g) = PG
.
(1)
PG
P
j=1 j|t
j=1 Pj|t
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The training phase of our algorithm is detailed in Algorithm 1. Here, the method may take
the binary data Q as input directly, or the training data Q = sign(AX) may be computed
as a one-time pre-processing step. For arbitrary matrices A, this step of course may incur
a computational cost on the order of mnp. In Section 3, we also include experiments using
structured matrices that have a fast multiply, reducing this cost to a logarithmic dependence
on the dimension n. Then, the training algorithm proceeds in L “levels”. In the `-th level,
m index sets Λ`,i ⊂ [m], |Λ`,i | = `, i = 1, ..., m, are randomly selected, so that all elements
of Λ`,i are unique, and Λ`,i 6= Λ`,j for i 6= j. This is achieved by selecting the multi-set of
m 
Λ`,i ’s uniformly at random from a set of cardinality (m` ) . During the i-th “iteration” of
the `-th level, the rows of Q indexed by Λ`,i are used to form the ` × p submatrix of Q,
the columns of which define the sign patterns {±1}` observed by the training data. For
example, at the first level the possible sign patterns are 1 and -1, describing which side of
the selectedhyperplane
   the training
  data points lie on; at the second level the possible sign
1
1
−1
−1
patters are
,
,
,
, describing which side of the two selected hyperplanes
1
−1
1
−1
the training data points lie on, and so on for the subsequent levels. At each level, there
are at most 2` possible sign patterns. Let t = t(`) ∈ {0, 1, 2, . . . } denote the sign pattern
index at level `, where 0 ≤ t ≤ 2` − 1. Then, the binary (i.e., base 2) representation of each

2. The Proposed Classification Algorithm

et al., 2015). Randomization in neural networks has again been shown to give computational advantages and even so-called “shallow” networks with randomization and random
initializations of deep neural networks have been shown to obtain results close to deep networks requiring heavy optimization (Rahimi and Recht, 2009; Giryes et al., 2016). Deep
neural networks have also been extended to binary data, where the net represents a set of
Boolean functions that maps all binary inputs to the outputs (Kim and Smaragdis, 2016;
Courbariaux et al., 2015, 2016). Other types of quantizations have been proposed to reduce
multiplications in both the input and hidden layers (Lin et al., 2015; Marchesi et al., 1993;
Simard and Graf, 1994; Burge et al., 1999; Rastegari et al., 2016; Hubara et al., 2016).
We will use randomized non-linear measurements but consider deep learning and neural
networks as motivational to our multi-level algorithm design. Indeed, we are not tuning
parameters nor doing any optimization as is typically done in deep learning, nor do our
levels necessarily possess the structure typical in deep learning “architectures”; this makes
our approach potentially simpler and easier to work with.
Using randomized non-linearities and simpler optimizations appears in several other
works (Rahimi and Recht, 2009; Ozuysal et al., 2010). The latter work most closely resembles our approach in that the authors propose a “score function” using binary tests in
the training phase, and then classifies new data based on the maximization of a class probability function. The perspective of this prior approach however is Bayesian rather than
geometric, the score functions do not include any balancing terms as ours will below, the
measurements are taken as “binary tests” using components of the data vectors (rather than
our compressed sensing style projections), and the approach does not utilize a multi-level
approach as ours does. We believe our geometric framework not only lends itself to easily
obtained binary data but also a simpler method and analysis.

Simple Classification Using Binary Data

measurements q = sign(Ax). Then Algorithm 2 is used for the classification of x into
one of the G classes. Notice that the number of levels L, the learned membership index
values r(`, i, t, g), and the set selections Λ`,i at each iteration of each level are all available
from Algorithm 1. First, the decision vector r̃ is initialized to the zero vector in RG .
Then for each level ` and set selection i, the sign pattern, and hence the binary base 2
representation, can be determined using q and Λ`,i . Thus, the corresponding sign pattern
index t? = t? (`, i) ∈ {0, 1, 2, . . . } such that 0 ≤ t? ≤ 2` − 1 is identified. For each class g,
r̃(g) is updated via r̃(g) ← r̃(g) + r(`, i, t? , g). Finally, after scaling r̃ with respect to the
number of levels and measurements, the largest entry of r̃ identifies how the estimated label
bbx of x is set. This scaling of course does not actually affect the outcome of classification,
we use it simply to ensure the quantity does not become unbounded for large problem sizes.
We note here that especially for large m, the bulk of the classification will come from the
higher levels (in fact the last level) due to the geometry of the algorithm. However, we
choose to write the testing phase using all levels since the lower levels are cheap to compute
with, may still contribute to classification accuracy especially for small m, and can be used
naturally in other settings such as hierarchical classification and detection (see remarks in
Section 5).

Simple Classification Using Binary Data
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In our first stylized experiment, we consider three classes of Gaussian clouds in R2 (i.e.,
n = 2); see Figure 1 for an example training and testing data setup. For each choice of
m ∈ {5, 7, 9, 11, 13, 15, 17, 19} and p ∈ {75, 150, 225} with equally sized training data sets
for each class (that is, each class is tested with either 25, 50, or 75 training points), we
execute Algorithms 1 and 2 with a single level and 30 trials of generating A. We perform
classification of 50 test points per group, and report the average correct classification rate
(ACCR) over all trials. Note that the ACCR is simply defined as the number of correctly
classified testing points divided by the total number of testing points (where the correct
class is known either from the generated distribution or the real label for real world data),
and then averaged over the trials of generating A. We choose this metric since it captures
both false negatives and positives, and since in all experiments we have access to the correct
labels. The right plot of Figure 1 shows that m ≥ 15 results in nearly perfect classification.
Next, we present a suite of experiments where we again construct the classes as Gaussian
clouds in R2 , but utilize various types of data geometries. In each case, we set the number
of training data points for each class to be 25, 50, and 75. In Figure 2, we have two classes
forming a total of six Gaussian clouds, and execute Algorithms 1 and 2 using four levels and
m ∈ {10, 30, 50, 70, 90, 110, 130}. The classification accuracy increases for larger m, with
nearly perfect classification for the largest values of m selected. A similar experiment is
shown in Figure 3, where we have two classes forming a total of eight Gaussian clouds, and
execute the proposed algorithm using five levels.
In the next two experiments, we display the classification results of Algorithms 1 and 2
when using m ∈ {10, 30, 50, 70, 90} and one through four levels, and see that adding levels
can be beneficial for more complicated data geometries. In Figure 4, we have three classes
forming a total of eight Gaussian clouds. We see that from both L = 1 to L = 2 and L = 2

3.1. Classification of Synthetic Datasets

are harder to visualize. We include both types of data to fully characterize our method’s
performance.
We also remark here that we purposefully choose not to compare to other related methods like SVM for several reasons. First, if the data happens to be linearly separable it is
clear that SVM will outperform or match our approach since it is designed precisely for such
data. In the interesting case when the data is not linearly separable, our method will clearly
outperform SVM since SVM will fail. To use SVM in this case, one needs an appropriate
kernel, and identifying such a kernel is highly non-trivial without understanding the data’s
geometry, and precisely what our method avoids having to do.
Unless otherwise specified, the matrix A is taken to have i.i.d. standard Gaussian entries.
Also, we assume the data is centered. To ensure this, a pre-processing step on the raw data
is performed to account for the fact that the data may not be centered P
around the origin.
p
That is, given the original training data matrix X, we calculate µ = p1 i=1
xi . Then for
each column xi of X, we set xi ← xi − µ. The testing data is adjusted similarly by µ. Note
that this assumption can be overcome in future work by using dithers—that is, hyperplane
dither values may be learned so that Q = sign(AX + τ ), where τ ∈ Rm —or even with
random dithers, as motivated by quantizer results (Baraniuk et al., 2017; Cambareri et al.,
2017).

Algorithm 2 Classification
input: binary data q, number of classes G, number of levels L, learned parameters
r(`, i, t, g) and Λ`,i from Algorithm 1
initialize: r̃(g) = 0 for g = 1, . . . , G.
for ` from 1 to L, i from 1 to m do
identify: Identify the sign pattern index t? using q and Λ`,i
for g from 1 to G do
update: r̃(g) = r̃(g) + r(`, i, t? , g)
end for
end for
scale: Set r̃(g) = r̃(g)
Lm for g = 1, . . . , G
classify: bbx = argmaxg∈{1,...,G} r̃(g)

3. Experimental Results

JMLR 19(61):1-30, 2018

In this section, we provide experimental results of Algorithms 1 and 2 for synthetically generated datasets, handwritten digit recognition using the MNIST dataset, and facial recognition using the extended YaleB database. We note that for the synthetic data, we typically
use Gaussian clouds, but note that since our algorthms use hyperplanes to classify data, the
results on these type of datasets would be identical to any with the same radial distribution
around the origin. We use Gaussian clouds simply because they are easy to visualize and
allow for various geometries. Of course, our methods require no particular structure other
than being centered around the origin, which can be done as a pre-processing step (and
the framework could clearly be extended to remove this property in future work). The real
data like the hand-written digits and faces clearly have more complicated geometries and
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Figure 2: Synthetic classification experiment with six Gaussian clouds and two classes
(G = 2), L = 4, n = 2, 50 test points per group, and 30 trials of randomly generating A.
(Left) Example training and testing data setup. (Right) Average correct classification rate
versus m and for the indicated number of training points per class.
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Figure 1: Synthetic classification experiment with three Gaussian clouds (G = 3), L = 1,
n = 2, 50 test points per group, and 30 trials of randomly generating A. (Left) Example
training and testing data setup. (Right) Average correct classification rate versus m and
for the indicated number of training points per class.
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In this section, we apply Algorithms 1 and 2 to the MNIST (LeCun, 2018) dataset, which
is a benchmark dataset of images of handwritten digits, each with 28 × 28 pixels. In total,
the dataset has 60, 000 training examples and 10, 000 testing examples.
First, we apply Algorithms 1 and 2 when considering only two digit classes. Figure 6 shows the correct classification rate for the digits “0” versus “1”. We set m ∈
{10, 30, 50, 70, 90, 110}, p ∈ {50, 100, 150} with equally sized training data sets for each
class, and classify 50 images per digit class. Notice that the algorithm is performing very
well for small m in comparison to n = 28 × 28 = 784 and only a single level. Figure 7 shows
the results of a similar setup for the digits “0” and “5”. In this experiment, we increased
to four levels and achieve classification accuracy around 90% at the high end of m values
tested. This indicates that the digits “0” and “5” are more likely to be mixed up than “0”
and “1”, which is understandable due to the more similar digit shape between “0” and “5”.
In Figure 7, we include the classification performance when the matrix A is constructed
using the two-dimensional Discrete Cosine Transform (DCT) in addition to our typical
Gaussian matrix A (note one could similarly use the Discrete Fourier Transform instead of
the DCT but that requires re-defining the sign function on complex values). Specifically, to
construct A from the n × n two-dimensional DCT, we select m rows uniformly at random

3.2. Handwritten Digit Classification

Figure 3: Synthetic classification experiment with eight Gaussian clouds and two classes
(G = 2), L = 5, n = 2, 50 test points per group, and 30 trials of randomly generating A.
(Left) Example training and testing data setup. (Right) Average correct classification rate
versus m and for the indicated number of training points per class.
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to L = 3, there are huge gains in classification accuracy. In Figure 5, we have four classes
forming a total of eight Gaussian clouds. Again, from both L = 1 to L = 2 and L = 2
to L = 3 we see large improvements in classification accuracy, yet still better classification
with L = 4. We note here that in this case it also appears that more training data does not
improve the performance (and perhaps even slightly decreases accuracy); this is of course
unexpected in practice, but we believe this happens here only because of the construction
of the Gaussian clouds—more training data leads to more outliers in each cloud, making
the sets harder to separate.
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Figure 5: Synthetic classification experiment with eight Gaussian clouds and four classes
(G = 4), L = 1, . . . , 4, n = 2, 50 test points per group, and 30 trials of randomly generating
A. (Top) Example training and testing data setup. Average correct classification rate
versus m and for the indicated number of training points per class for: (middle left) L = 1,
(middle right) L = 2, (bottom left) L = 3, (bottom right) L = 4.
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Figure 4: Synthetic classification experiment with eight Gaussian clouds and three classes
(G = 3), L = 1, . . . , 4, n = 2, 50 test points per group, and 30 trials of randomly generating
A. (Top) Example training and testing data setup. Average correct classification rate
versus m and for the indicated number of training points per class for: (middle left) L = 1,
(middle right) L = 2, (bottom left) L = 3, (bottom right) L = 4.
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Our last experiment considers facial recognition using the extended YaleB dataset (Cai
et al., 2007b,a, 2006; He et al., 2005). This dataset includes 32 × 32 images of 38 individuals
with roughly 64 near-frontal images under different illuminations per individual. We select
four individuals from the dataset, and randomly select images with different illuminations
to be included in the training and testing sets (note that the same illumination was included
for each individual in the training and testing data). We execute Algorithms 1 and 2 using
four levels with m ∈ {10, 50, 100, 150, 200, 250, 300}, p ∈ {20, 40, 60} with equally sized
training data sets for each class, and classify 30 images per class. The results are displayed

3.3. Facial Recognition

Next, we apply Algorithms 1 and 2 to the MNIST dataset with all ten digits. We
utilize 1, 000, 3, 000, and 5, 000 training points per digit class, and perform classification with 800 test images per class. The classification results using 18 levels and m ∈
{100, 200, 400, 600, 800} are shown in Figure 8, where it can be seen that with 5, 000 training points per class, above 90% classification accuracy is achieved for m ≥ 200. We also see
that larger training sets result in slightly improved classification.

Figure 6: Classification experiment using the handwritten “0” and “1” digit images from
the MNIST dataset, L = 1, n = 28 × 28 = 784, 50 test points per group, and 30 trials of
randomly generating A. (Top left) Training data images when p = 50. (Top right) Average
correct classification rate versus m and for the indicated number of training points per class.
(Bottom) Testing data images.
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and then apply a random sign (i.e., multiply by +1 or -1) to the columns. We include these
two results to illustrate that there is not much difference when using the DCT and Gaussian
constructions of A, though we expect analyzing the DCT case to be more challenging and
limit the theoretical analysis in this paper to the Gaussian setting. The advantage of using
a structured matrix like the DCT is of course the reduction in computation cost in acquiring
the measurements.
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Figure 8: Correct classification rate versus m when using all ten (0-9) handwritten digits
from the MNIST dataset, L = 18, n = 28 × 28 = 784, 1,000, 3,000, and 5,000 training
points per group, 800 test points per group (8,000 total), and a single instance of randomly
generating A.
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Figure 7: Classification experiment using the handwritten “0” and “5” digit images from
the MNIST dataset, L = 4, n = 28 × 28 = 784, 50 test points per group, and 30 trials
of randomly generating A. (Top) Training data images when p = 50. (Middle) Testing
data images. Average correct classification rate versus m and for the indicated number of
training points per class (bottom left) when using a Gaussian matrix A and (bottom right)
when using a DCT matrix A.
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where Ag|t = Ag|t (Λ`,i ) denotes the angle of the part of class g with the t-th sign pattern
index at the i-th set selection in the `-th level. Throughout, let ti? denote the sign pattern
?
index of the test point x with the i-th hyperplane at the first level, ` = 1; i.e. ti? = tΛ
`,i
with the identification Λ`,i = {i} (since ` = 1 implies a single hyperplane is used). Letting
bbx denote the classification label for x after running the proposed algorithm, Theorem 2
describes the probability that x gets classified correctly with bbx = 1. Note that for simplicity,

Ag|t
r(`, i, t, g) = PG
j=1 Aj|t

The membership index parameter (1) is still used; however, now we have angles instead
of numbers of training points. That is,

Figure 10: Visualization of the analysis setup for two classes of two dimensions. If a
hyperplane intersects the θ1 region of G1 , then x is not on the same side of the hyperplane
as G2 . If a hyperplane intersects the θ2 region of G1 , then x is on the same side of the
hyperplane as G2 . That is, θ1 and θ2 are determined by the position of x within G1 , and
θ 1 + θ 2 = A1 .

as the angle between classes G1 and G2 . Suppose that the test point x ∈ G1 , and that we
classify x using m random hyperplanes. For simplicity, we assume that the hyperplanes can
intersect the cones, but only intersect one cone at a time. This means we are imposing the
condition A12 + A1 + A2 ≤ π. See Figure 10 for a visualization of the setup for the analysis.
Notice that A1 is partitioned into two disjoint pieces, θ1 and θ2 , where A1 = θ1 + θ2 . The
angles θ1 and θ2 are determined by the location of x within G1 .

x1 ∈G1 ,x2 ∈G2

Needell, Saab and Woolf
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where ∠(x1 , x2 ) denotes the angle between the vectors x1 and x2 ; define A2 similarly for
G2 . Also, define
min
∠(x1 , x2 )

1
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in Figure 9. Above 90% correct classification is achieved for m ≥ 150 when using the largest
training set.

Training Data

x1 ,x2 ∈G1

max ∠(x1 , x2 ),

Let A1 denote the angular measure of G1 , defined by
A1 =
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We now provide a theoretical analysis of Algorithms 1 and 2 in which we make a series of
simplifying assumptions to make the development more tractable. We focus on the setting
where the signals are two-dimensional, belonging to one of two classes, and consider a single
level (i.e., ` = 1, n = 2, and G = 2). Moreover, we assume the true classes G1 and G2
to be two disjoint cones in R2 and assume that regions of the same angular measure have
the same number (or density) of training points. Of course, the problem of non-uniform
densities relates to complicated geometries that may dictate the number of training points
required for accurate classification (especially when many levels are needed) and is a great
direction for future work. However, we believe analyzing this simpler setup will provide a
foundation for a more generalized analysis in future work.

4.1. Main Results

4. Theoretical Analysis for a Simple Case

Figure 9: Classification experiment using four individuals from the extended YaleB dataset,
L = 4, n = 32 × 32 = 1024, 30 test points per group, and 30 trials of randomly generating
A. (Top left) Training data images when p = 20. (Top right) Average correct classification
rate versus m and for the indicated number of training points per class. (Bottom) Testing
data images.

Testing Data

Average Correct Classification Rate

A1
π

k2 

π − 2A1 − A12
π

k

.

(3)
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Proof Using our setup, we have five possibilities for any given hyperplane: (i) the hyperplane completely separates the two classes, i.e., the cones associated with the two classes

4.2.1. Proof of Theorem 2

4.2. Proof of Main Results

Corollary 4 Consider the setup of Theorem 2. Suppose A1 +A12 > 0.58π and A12 + 43 A1 ≤
π
b
2 . Then P[bx = 1] → 1 as m → ∞. In fact, the probability converges to 1 exponentially,
i.e. P[b̂x = 1] ≥ 1 − Ce−cm for positive constants c and C that may depend on A1 , A12 .

Corollary 3 Consider the setup of Theorem 2. Suppose A12 ≥ A1 and 2A12 ≥ π − 2A1 .
Then P[bbx = 1] → 1 as m → ∞. In fact, the probability converges to 1 exponentially, i.e.
P[b̂x = 1] ≥ 1 − Ce−cm for positive constants c and C that may depend on A1 , A12 .

Figure 11 displays the classification probability bound of Theorem 2 compared to the (simulated) true value of P[bbx = 1]. Here, A1 = A2 = 15◦ , θ1 = θ2 = 7.5◦ , and A12 and m
are varied. Most importantly, notice that in all cases, the classification probability is approaching 1 with increasing m. Also, the result from Theorem 2 behaves similarly as the
simulated true probability, especially as m and A12 increase.
The following two corollaries provide asymptotic results for situations where P[bbx = 1]
tends to 1 when m → ∞. Corollary 3 provides this result whenever A12 is at least as large
as both A1 and π − 2A1 − A12 , and Corollary 4 provides this result for certain combinations
of A1 and A12 . These results of course should match intuition, since as m grows large, our
hyperplanes essentially chop up the space into finer and finer wedges. Below, the dependence
on the constants on A1 , A12 is explicit in the proofs.

×



j=0 k1,1 =0 k1,2 =0 k2 =0 k=0
j+k1,1 +k1,2 +k2 +k=m, k1,2 ≥9(j+k1,1 )

Theorem 2 Let the classes G1 and G2 be two cones in R2 defined by angular measures
A1 and A2 , respectively, and suppose regions of the same angular measure have the same
density of training points. Suppose A1 = A2 , θ1 = θ2 , and A12 + A1 + A2 ≤ π. Then, the
probability that a data point x ∈ G1 gets classified in class G1 by Algorithms 1 and 2 using
a single level and a measurement matrix A ∈ Rm×2 with independent standard Gaussian
entries is bounded as follows,


  
m X
m
m
m X
m
X
X
X
m
A12 j A1 k1,1 +k1,2
P[bbx = 1] ≥ 1 −
j, k1,1 , k1,2 , k2 , k
π
2π

in Theorem 2 we assume the classes G1 and G2 are of the same size (i.e., A1 = A2 ) and
the test point x lies in the middle of class G1 (i.e., θ1 = θ2 ). These assumptions are for
convenience and clarity of presentation only (note that (3) is already quite cumbersome),
but the proof follows analogously (albeit without easy simplifications) for the general case;
for convenience we leave the computations in Table 1 in general form and do not utilize the
assumption θ1 = θ2 until the end of the proof. We first state a technical result in Theorem
2, and include two corollaries below that illustrate its usefulness.
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#

>

r(`, i, t?i , 2)
r(`, i, t?i , 1)

i=1

m
X
m
X

r(`, i, t?i , 1) >

j,k1,1 ,k1,2 ,k2
j+k1,1 +k1,2 +k2 ≤m

P[bbx = 1] = P

i=1

m
X

r(`, i, t?i , 2)
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|E(j, k1,1 , k1,2 , k2 )

#

whereby from among the m total hyperplanes, j hyperplanes separate the cones, k1,1 hyperplanes cut G1 in θ1 , k1,2 hyperplanes cut G1 in θ2 , and k2 hyperplanes cut G2 . See
Table 1 for an easy reference of these quantities. Note that we must distinguish between
hyperplanes that cut through θ1 and those that cut through θ2 ; k1,1 hyperplanes cut G1
and land within θ1 so that x is not on the same side of the hyperplane as G2 whereas k1,2
hyperplanes cut G1 and land within θ2 so that x is on the same side of the hyperplane as
G2 . These orientations will affect the computation of the membership index. Using the
above definition of (4), we use the law of total probability to get a handle on P[bbx = 1], the
probability that the test point x gets classified correctly, as follows,

E(j, k1,1 , k1,2 , k2 )

fall on either side of the hyperplane, (ii) the hyperplane completely does not separate the
two classes, i.e., the cones fall on the same side of the hyperplane, (iii) the hyperplane cuts
through G2 , (iv) the hyperplane cuts through G1 via θ1 , or (v) the hyperplane cuts through
G1 via θ2 . Using this observation, we can now define the event

Figure 11: P[bbx = 1] versus the number of hyperplanes m when A12 is varied (see legend),
A1 = A2 = 15◦ , and θ1 = θ2 = 7.5◦ . The solid lines indicate the probability (5) with the
multinomial probability given by (6) and the conditional probability (9) simulated over 1000
trials of the uniform random variables. The dashed lines indicate the result (3) provided in
Theorem 2.

Probability Label is 1

Simple Classification Using Binary Data

× P [E(j, k1,1 , k1,2 , k2 )] .

π − A1 − A2 − A12
π

(5)

(6)

The latter probability in (5) is similar to the probability density of a multinomial random
variable:

A2
π

P [E(j, k1,1 , k1,2 , k2 )]
  
 


m
A12 j θ1 k1,1 θ2 k1,2
=
π
π
π
j, k1,1 , k1,2 , k2 , m − j − k1,1 − k1,2 − k2
 k2 
m−j−k1,1 −k1,2 −k2
,

×

1

1
2

2

1

2

1

Class g
1
2

1
0

A1 |A1 −A2 |
(A1 +A2 )2
A2 |A1 −A2 |
(A1 +A2 )2
A1 |A1 −A2 u0 |
(A1 +A2 u0 )2
A2 u0 |A1 −A2 u0 |
(A1 +A2 u0 )2

Value of r(`, i, ti? , g) (see (2))
1
0


where k1 ,k2n,...,km = k1 !k2n!
!···km ! .
To evaluate the conditional probability in (5), we must determine the value of r(`, i, ti? , g),
for g = 1, 2, given the hyperplane cutting pattern event. Table 1 summarizes the possible
cases. In the cases where the hyperplane cuts through either G1 or G2 , we model the
location of the hyperplane within the class by a random variable defined on the interval
[0, 1], with no assumed distribution. We let u, u0 , uh , uh0 ∈ [0, 1] (for an index h) denote
independent copies of such random variables.

j

Number in event (4)

(i) separates
m − j − k2 − k1,1 − k1,2

Hyperplane Case

(ii) does not separate

k1,2

k1,1

k2

θ1

(iii) cuts G2
(iv) cuts

G1 ,

(v) cuts G1 , θ2

2

(θ1 +θ2 u)|θ1 +θ2 u−A2 |
(θ1 +θ2 u+A2 )2
A2 |θ1 +θ2 u−A2 |
(θ1 +θ2 u+A2 )2

Table 1: Summary of (2) when up to one cone can be cut per hyperplane, where u, u0 are
independent random variables defined over the interval [0, 1].

r(`, i, ti? , 1) = j + (m − j − k1,1 − k1,2 − k2 )
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A1 |A1 − A2 |
+ k1,1
(A1 + A2 )2

Using the computations given in Table 1 and assuming j hyperplanes separate (i.e.
condition (i) described above), k1,1 hyperplanes cut G1 in θ1 (condition (iv) above), k1,2
hyperplanes cut G1 in θ2 (condition (v) above), k2 hyperplanes cut G2 (condition (iii)
above), and m − j − k1,1 − k1,2 − k2 hyperplanes do not separate (condition (ii) above), we
compute the membership index parameters defined in (2) as:
m
X
i=1

19

and
m
X
i=1

+

Needell, Saab and Woolf

h=1

k1,2
k2
0
X
X
A
(θ
1 |A1 − A1 uh |
1 + θ2 uh )|θ1 + θ2 uh − A1 |
+
(θ1 + θ2 uh + A1 )2
(A1 + A1 uh0 )2
h=1

A2 |A1 − A2 |
(A1 + A2 )2

h=1

k1,2
k2
X
A uh0 |A1 − A2 uh0 |
A |θ + θ u − A | X
2
2
1
2
2
h
+
(θ1 + θ2 uh + A2 )2
(A1 + A2 uh0 )2
h=1

h=1

h=1

k1,2
k2
0
0
X
X
A
A
1 uh |A1 − A1 uh |
1 |θ1 + θ2 uh − A1 |
,
+
(θ1 + θ2 uh + A1 )2
(A1 + A1 uh0 )2

+

h=1

k1,2
k2
0
X
X
A
(θ
1 |A1 − A2 uh |
1 + θ2 uh )|θ1 + θ2 uh − A2 |
+
(θ1 + θ2 uh + A2 )2
(A1 + A2 uh0 )2
h=1

= j + k1,1 +

=

r(`, i, ti? , 2) = (m − j − k1,1 − k1,2 − k2 )

k1,2
X
|θ1 +

(θ1

− A1 )

h=1

θ2 uh − A1 |(θ1 + θ2 uh
+
+ A1 )2

θ2 uh

+

(A1

k2
X
|A1 −

h=1

A uh0 |(A1 − A1 uh0 )
1
+ A1 uh0 )2

(7)

(8)

(9)

> 0 ,

where in both cases we have simplified using the assumption A1 = A2 . Thus, the conditional
probability in (5), can be expressed as:


P j + k1,1 +

h=1

P j + k1,1 −

h=1



θ2
A1 + θ 1

2

and γ = j + k1,1 .


k1,2
k2
2
X
X
(A1 − A1 uh0 )2
(θ
1 + θ2 uh − A1 )
+
> 0 ≥ P[γ > β]
(θ1 + θ2 uh + A1 )2
(A1 + A1 uh0 )2

k

h=1

k1,2

(10)

where it is implied that this probably is conditioned on the hyperplane configuration as in
(5). Once the probability (9) is known, we can calculate the full classification probability
(5).
Since by assumption, θ1 + θ2 = A1 , we have θ1 + θ2 u − A1 ≤ 0 and A1 − A1 u0 ≥ 0. Thus,
(9) simplifies to

where

β = k1,2

k1,2

h=1

2
0
2
X
X
X
(A
(θ − A )2
(θ1 − A1 )2
1 − A1 uh )
1
1
+
≥ j + k1,1 −
+ 0 = γ − β.
(θ1 + θ2 uh + A1 )2
(A1 + A1 uh0 )2
(θ1 + A1 )2

h=1

To obtain the inequality in (10), we used the fact that
j + k1,1 −

X

P

"m
X

i=1

r(`, i, ti? , 1) >

i=1

m
X
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r(`, i, ti? , 2) |E(j, k1,1 , k1,2 , k2 )

By conditioning on γ > β, the probability of interest (5) reduces to (note the bounds on
the summation indices):
#
P[bbx = 1] =

j,k1,1 ,k1,2 ,k2
j+k1,1 +k1,2 +k2 ≤m

20

×



θ2
π

k1,2 

A2
π

j,k1,1 ,k1,2 ,k2
j+k1,1 +k1,2 +k2 ≤m,
β−γ<0

k2 

π − A1 − A2 − A12
π

m−j−k1,1 −k1,2 −k2
.

(12)

× P [E(j, k1,1 , k1,2 , k2 )]
(11)


  
m
A12 j θ1 k1,1
j, k1,1 , k1,2 , k2 , m − j − k1,1 − k1,2 − k2
π
π


A12
π

j 
θ1
π

k1,1 +k1,2

j+k1,1 +k1,2 +k2 +k=m,
k1,2 <9(j+k1,1 )

X



m
j, k1,1 , k1,2 , k2 , k

j, k1,1 , k1,2 , k2 , k



A12
π

π

j 
A1
2π

π

k1,1 +k1,2 
A1
π

π

π

k2 
(15)

π − 2A1 − A12
π

21
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Proof We can bound (3) from below by bounding the excluded terms in the sum (i.e.,
those that satisfy k1,2 ≥ 9(j + k1,1 )) from above. One approach to this would be to count
the number of terms satisfying k1,2 ≥ 9(j + k1,1 ) and bound them by their maximum. Using
basic combinatorics (see the appendix, Section A.1), that the number of terms satisfying

4.2.2. Proof of Corollary 3

,

(14)
k

 

A2 k2 π − 2A1 − A12 m−j−k1,1 −k1,2 −k2
(13)
π
π










X
m
A12 j θ1 k1,1 +k1,2 A2 k2 π − 2A1 − A12 k

j+k1,1 +k1,2 +k2 +k=m,
k1,2 <9(j+k1,1 )



m
j, k1,1 , k1,2 , k2 , m − j − k1,1 − k1,2 − k2



where we have introduced k to denote the number of hyperplanes that do not separate nor
cut through either of the groups, and simplified using the assumptions that θ1 = A21 and
A1 = A2 .
Note that if we did not have the condition k1,2 < 9(j + k1,1 ) in the sum (15) (that is,
if we summed over all terms), the quantity would sum to 1 (this can easily be seen by the
Multinomial Theorem). Finally, this means (15) is equivalent to (3), thereby completing
the proof.

=

=

×

j+k1,1 +k1,2 +k2 ≤m,
k1,2 <9(j+k1,1 )

X

2
)2 − (j + k1,1 ) < 0, which implies
The condition β − γ < 0 is equivalent to k1,2 ( A1θ+θ
1
2 < j + k . Assuming θ = θ simplifies this condition to depend only on
2
k1,2 ( A1θ+θ
)
1,1
1
2
1
θ2
2
the hyperplane configuration (and not A1 , θ1 , and θ2 ) since A1θ+θ
= 3θ
= 13 . Thus, the
1
2
condition β − γ < 0 reduces to the condition k1,2 < 9(j + k1,1 ) and (12) then simplifies to

≥

X
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,

=1−m

2

10

1 A12
29 π

1 A12
29 π

22

1 A12
5 9
2 π

∼ 1 − m4 5m

≥ 1 − W1 5m







A1
π

A1
π

A1
π

9 !m/10

9 !m/10

9 !m/10

.

Combining (17) with the bounds given in (18) and (20), we have

(21)

(20)

(19)
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 k1,1 +k1,2 
  


A12 j A1 k1,1 +k1,2 +k2 π − 2A1 − A12 k
1
2
π
π
π
 9m/10 

 
1
A12 m/10 A1 9m/10
≤
2
π
π
 9 !m/10
1 A12 A1
=
.
29 π
π

Since we are assuming A12 is larger than A1 and π − 2A1 − A12 (from the assumption
that 2A12 ≥ π − 2A1 ), the strategy is to take j to be as large as possible while satisfying
m
k1,2 ≥ 9j and j + k1,2 = m. Since k1,2 ≥ 9j, we have j + 9j ≤ m which implies j ≤ 10
. So,
m
we take j = 10
, k1,2 = 9m
,
and
k
=
k
=
k
=
0.
Then
1,1
2
10

where the maximum is taken over all j, k1,1 , k1,2 , k2 , k = 0, . . . , m such that k1,2 ≥ 9(j +k1,1 ).
Ignoring the constraint k1,2 ≥ 9(j + k1,1 ), we can upper bound the multinomial coefficient
using the trivial upper bound of 5m :


m
≤ 5m .
(18)
j, k1,1 , k1,2 , k2 , k



  
  
 !

m
A12 j A1 k1,1 +k1,2 A1 k2 π − 2A1 − A12 k
=
1 − W1 max
π
2π
π
π
j, k1,1 , k1,2 , k2 , k

  k1,1 +k1,2 
j  k1,1 +k1,2 +k2 
 !
A12
π − 2A1 − A12 k
m
1
A1
1 − W1 max
,
j, k1,1 , k1,2 , k2 , k
2
π
π
π
(17)


j m k2
 j m k

jmk
1 j m k
150
+1
+2
− 10(4m + 1)
+ 3(m2 + 3m + 2) ∼ m4 .
12
10
10
10
10
(16)

Then, the quantity (3) can be bounded below by

W1 =

k1,2 ≥ 9(j + k1,1 ) is given by

Needell, Saab and Woolf
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9
10
For the above to tend to 1 as m → ∞, we need 5 9 A12 A1
< 1. This is equivalent
9
10 2 π π π 9π
10
= 5 5 . Note that if θ1 = π5 , then
to A12 A21 < π510 , which implies A12 θ19 < π5
π
A1 = A2 = 2θ1 = 2π
5 . Then A12 could be at most 5 . But, this can’t be because we
have assumed A12 ≥ A1 . Thus, we must have θ1 < π5 . In fact, θ1 = π6 is the largest
9
possible, in which case A12 = A1 = A2 = π3 . If θ1 = π6 , then A12 θ19 < π5 π5 becomes
9
A12 < π5 56 ≈ 3.24. Therefore, since we are already assuming A12 + 2A1 ≤ π, this is
essentially no further restriction on A12 , and the same would be true for all θ1 ≤ π6 . This
completes the proof.

4.2.3. Proof of Corollary 4

2m X
m X
2m
X



m
k1,2 , j 0 , r
A12 +
π

A1
2

!j 0

A1
2π

k1,2


π − A1 − A12
π

r

.

(22)

Proof Consider (3) and set j 0 = j + k1,1 and r = k2 + k. Then we view (3) as a probability
equivalent to
1−
j 0 =0 k1,2 =0 r=0
j 0 +k1,2 +r=m, k1,2 ≥9j 0

(25)

(24)

Note that multinomial coefficients are maximized when the parameters all attain the same
value. Thus, the multinomial term above is maximized when k1,2 , j 0 and r are all as
close to one another as possible. Thus, given the additional constraint that k1,2 ≥ 9j 0 ,
m
9m
0
the multinomial term is maximized when k1,2 = 9m
19 , j = 19 , and r = 19 (possibly with
ceilings/floors as necessary if m is not a multiple of 19), (see the appendix, Section A.2, for
a quick explanation), which means


m
(23)
k1,2 , j 0 , r
m!
≤ 9m m 9m
( 19 )!( 19 )!( 19 )!
√
2πm( m
)m
pe
∼
m
m m/19
2π 9m
( 9m )18m/19 2π 19
( 19e
)
√19 19e

m
19
19 19
( )18/19 191/19
=
18πm
9
√
19 19
2.37m ,
18πm
≈

√


π − A1 − A12 m
19 19
2.37m
,
18πm
π
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(26)

where (24) follows from Stirling’s approximation for the factorial (and we use the notation
∼ to denote asymptotic equivalence, i.e. that two quantities have a ratio that tends to 1 as
the parameter size grows).
Now assume A12 + 34 A1 ≤ π2 , which implies π − A1 − A12 ≥ A12 + A21 . Note also that
π − A1 − A12 ≥ A1 since it is assumed that π − 2A1 − A12 ≥ 0. Therefore, we can lower
bound (22) by
1 − W2

23
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π−A1 −A12
π

where W2 is the number of terms in the summation in (22), and is given by

j k

jmk
2
m
1 j m k
100
W2 =
+1
+ (5 − 30m)
+ 3(m2 + 3m + 2) ∼ m3 .
(27)
6
10
10
10

< 1, which holds if A1 +A12 > 0.58π.
Thus, (26) goes to 1 as m → ∞ when 2.37

5. Discussion and Conclusion

In this work, we have presented a supervised classification algorithm that operates on binary,
or one-bit, data. Along with encouraging numerical experiments, we have also included a
theoretical analysis for a simple case. We believe our framework and analysis approach is
relevant to analyzing similar, multi-level-type algorithms. Future directions of this work
include the use of dithers for more complicated data geometries, identifying settings where
real-valued measurements may be worth the additional complexity, analyzing geometries
with non-uniform densities of data, as well as a generalized theory for high dimensional data
belonging to many classes and utilizing multiple levels within the algorithm. In addition,
we believe the framework will extend nicely into other applications such as hierarchical
clustering and classification as well as detection problems. In particular, the membership
function scores themselves can provide information about the classes and/or data points
that can then be utilized for detection, structured classification, false negative rates, and so
on. We believe this framework will naturally extend to these types of settings and provide
both simplistic algorithmic approaches as well as the ability for mathematical rigor.
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(9b + x)(9b + x − 1) · · · (9b + 1)
9b · 9b · · · 9b
(9b+x)!(b−x)! =
·(9b)!b! ≥
·(9b)!b! = 9x ·(9b)!b!.
b(b − 1) · · · (b − x + 1)
b · b···b

Suppose we want to maximize (over the choices of a, b, c) a trinomial
subject to a +
b + c = m and a > 9b. Since m is fixed, this is equivalent to choosing a, b, c so as to
minimize a!b!c! subject to these constraints. First, fix c and consider optimizing a and b
subject to a + b = m − c =: k and a > 9b in order to minimize a!b!. For convenience,
9
k
suppose k is a multiple of 10. We claim the optimal choice is to set a = 9b (i.e. a = 10
1
and b = 10
k). Write a = 9b + x where x must be some non-negative integer in order to
satisfy the constraint. We then wish to compare (9b)!b! to (9b + x)!(b − x)!, since the sum
of a and b must be fixed. One readily observes that:

m!
a!b!c!

(30)

(29)

!

  

 2
 
M
M
M
M
2
+1
+2
150
− 10(4M + 1)
+ 3(M + 3M + 2)
10
10
10
10

A.2. Derivation of (23)

∼ M 4.

1
W =
12

To see the upper limit of the sum above, note that we must have M − 10n + 2 ≥ 2, which
M
means n ≤ M
10 . Since n must be an integer, we take n ≤ b 10 c. After some heavy algebra
(i.e. using software!), one can express this sum as:

n=0

X M − 10n + 2
× (n + 1).
2

bM
c
10 

Suppose we have M objects that must be divided into 5 boxes (for us, the boxes are the 5
different types of hyperplanes). Let ni denote the number of objects
put into box i. Recall

+k−1
that in general, M objects can be divided into k boxes Mk−1
ways.
How many arrangements satisfy n1 ≥ 9(n2 + n3 )? To simplify, let n denote the total
number of objects in boxes 2 and 3 (that is, n = n2 + n3 ). Then, we want to know how
many arrangements satisfy n1 ≥ 9n?
If n = 0, then n1 ≥ 9n is satisfied no matter how many objects are in box 1. So, this

reduces to the number of ways to arrange M objects into 3 boxes, which is given by M2+2 .
Suppose n = 1. For n1 ≥ 9n to be true, we must at least reserve 9 objects in box 1.
Then M − 10 objects remain to be placed in 3 boxes, which can be done in (M −10)+2
ways.
2
But, there are 2ways for n = 1, either n2 = 1 or n3 = 1, so we must multiply this by 2.
Thus, (M −10)+2
× 2 arrangements satisfy n1 ≥ 9n.
2

× (n + 1) arrangeContinuing in this way, in general for a given n, there are M −10n+2
2
ments that satisfy
n1 ≥ 9n. There are n + 1 ways to arrange the objects in boxes 2 and 3,

and M −10n+2
ways to arrange the remaining objects after 9n have been reserved in box 1.
2
Therefore, the total number of arrangements that satisfy n1 ≥ 9n is given by

A.1. Derivation of (16)

Appendix A. Elementary Computations
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Many real-life binary classification problems involve imbalanced classes, for example object detection in vision and fraud detection in security. In such problems it is easy to collect background
data (the negative class), while data representing the target class (the positive class) is rare or hard
(expensive) to obtain. The majority of existing classifiers (e.g., SVM, Neural Networks, including deep ones) assume balanced training sets and when trained on imbalanced sets show degraded

1. Introduction

Keywords: Minimiax, Imbalanced Classification, Intersection of K Hyperplanes, Transfer Learning

In this work we consider non-linear classifiers that comprise intersections of hyperplanes. We learn
these classifiers by minimizing the “minimax” bound over the negative training examples and the
hinge type loss of the positive training examples. These classifiers fit typical real-life datasets that
consist of a small number of positive data points and a large number of negative data points. Such
an approach is computationally appealing since the majority of training examples (belonging to
the negative class) are represented by the statistics of their distribution, which is used in a single
constraint on the empirical risk, as opposed to SVM, in which the number of variables is equal to
the size of the training set. We first focus on intersection of K hyperplanes, for which we provide
empirical
risk bounds. We show that these bounds are dimensionally independent and decay as
√
K/ m for m samples. We then extend the K-hyperplane mixed risk to the latent mixed risk for
training a union of C K-hyperplane models, which can form an arbitrary complex, piecewise linear
boundaries. We propose efficient algorithms for training the proposed models. Finally, we show
how to combine hinge-minimax training with deep architectures and extend it to multi-class settings
using transfer learning. The empirical evaluation of the proposed models shows their advantage
over the existing methods in a small training labeled data regime.
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1. Input normalization is a standard procedure, applied for faster learning.
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classification performance or require a long and tedious bootstrapping process of mining negative
examples (e.g. Malisiewicz et al. (2011); Girshick et al. (2014)) out of millions.
When there are (infinitely) many training examples, instead of minimizing the average sample
loss, it is more computationally appealing to apply minimax setting (Lanckriet et al. (2003); Honorio and Jaakkola (2014)), which upper bounds the expected risk of a classifier assuming only the
knowledge of mean and covariance of the data distribution. The “minimax” bound provides an upper bound for every distribution with a given mean and covariance. Applying the minimax learning
(Lanckriet et al. (2003)) to the negative class (the majority class) allows to avoid bootstrapping procedure and makes learning more efficient, as it replaces loss evaluation on all negative samples with
a single “minimax” bound.
Due to the assumption that the positive class is rare, we cannot apply the minimax learning
to the positive class, as it completely relies on the mean and covariance of the data. Estimating
the covariance matrix in high-dimensional space from a small number of positive training samples
is problematic. Alternatively, we can use the hinge loss (Vapnik (2000); Zhang (2002); Bartlett
and Mendelson (2003); Bousquet et al. (2004); Kakade et al. (2008)) for the positive class as it is
computationally appealing when there are fairly small number of training samples.
We suggest to combine the hinge-like loss for the positive samples with the “minimax” bound
applied to the statistics of the negative samples to enjoy the best of both worlds and we call these
classifiers Hinge-Minimax classifiers.
The idea of combining “minimax” bound for the negative class and svm-like formulation for
the positive samples was introduced in Osadchy et al. (2012, 2016) for computing linear and kernel
classifiers. Kernel classifiers could be quite slow, as they require evaluating kernel on many support
vectors. In this work we focus on more efficient non-linear classifiers – ensembles of hyperplanes.
We first consider an intersection of hyperplanes and then extended it to more general ensembles of
hyperplanes.
Previous algorithms for intersection of hyperplanes are computationally costly when considering large sets of negative data points (Klivans and Sherstov (2009); Daniely et al. (2014)). To deal
with this computational difficulty we use the mixed risk. Namely, we extend the “minimax” bound
to deal with intersection of hyperplanes over (infinitely many) negative examples. For the positive
samples, we define a K-hyperplane hinge loss. We derive an empirical mixed-risk bound, that uses
the Rademacher complexities to bound the risk of the positive class and vector Bernstein’s inequalities to bound the risk associated with the negative class. Note that we treat the positive and negative
samples differently because of the computational gain such separation provides.
Recently, Honorio and Jaakkola (2014) derived a generalization bound for the minimax setting
using PAC-Bayesian approach, which bounds the expected loss with respect to a posterior distribution over all possible classifiers. Our work differs as we use stronger assumptions - that the norm
of the data points is bounded by a constant, an assumption that is natural in many applications.1
Thus we are able to avoid the PAC-Bayesian approach that considers generalization bounds over
randomized predictors.
Intersection of positive half-spaces is a convex set. We generalize the mixed risk for a nonconvex classifier. We learn an ensemble of K-hyperplane models, that can form arbitrary, piece-wise
linear boundaries. We propose a training algorithm that minimizes this risk by simultaneously discovering the convex components in the positive class and building K-hyperplane models to separate
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each component from the negative class. The learning is done by alternating between finding the
best partition of the data into hidden components and updating the model over this partition. We call
this novel classifier the Latent Hinge Minimax (LHM) classifier, as it discovers the latent structure
in the data and employs the Hinge-Minimax paradigm.
We show that the LHM model has an equivalent Neural Networks (NN) architecture. This
allows us 1) to use deep learning features via transfer learning and 2) to extend the proposed model
to the multi-class setting. For the multi-class problems, we build one-against-all classifiers for all
classes and combine them in a single model by mapping class specific LHM models to a multi-class
NN with a matching architecture. We then use the cross-entropy loss to adjust the weights in the
resulting LHM-NN combination.
We show that using LHM-NN in the transfer learning settings has significant benefits compared
to NN (standard settings), in both classification accuracy and training efficiency. The improved
accuracy stems from the ability of LHM model to learn from unlabeled data. The fast convergence
of the LHM-NN (just a handful of epochs) is due to a very good initialization of the upper layers
with class specific LHM classifiers. Note that class specific LHM models can be trained in parallel.
Moreover, adding a new class to LHM-NN is fast and easy: train a classifier for the new class, map it
to the corresponding LHM-NN architecture and run a very fast fine-tuning. Similarly to Kuzborskij
et al. (2013), which considered the transfer learning for the n + 1 category from a fully trained ncategory classifier, we use only a handful of training samples for tuning it. In contrast to Kuzborskij
et al. (2013), we do not restrict the new classifier to belong to the span of the previously learned
n classifiers. This allows us greater flexibility in adding a new, non-related class to the multi-class
model.
We performed empirical evaluation of the proposed models: the K-hyperplane, the LHM, and
the multi-class models. In all cases, the proposed models outperformed their counterparts in small
and imbalanced training data regime.
The rest of the paper is organized as follows. Section 2 introduces the K hyperplane HingeMinimax classifier (KHHM). Specifically, we extend the “minimax” bound for the intersection of K
positive half-spaces in Section 2.1.1. Then in Section 2.2, we propose a novel training algorithm for
the KHHM classifier. We prove the uniform generalization bounds for the KHHM model in Section
2.3. Section 3 focuses on a non-convex generalization of the KHHM model – LHM classifier. We
introduce the latent mixed risk in Section 3.1, the training algorithm in Section 3.2, and we prove a
uniform generalization bound for the LHM classifier with a fixed assignment of the positive labeled
training set in Section 3.3. Section 4 discusses the mapping of the LHM classifier to a neural
network. Section 5 reports the experiments with KHHM, LHM, and LHM-NN classifiers. Section
6 discusses the efficiency of the proposed models and Section 7 concludes the paper.

2. K-Hyperplane Hinge-Minimax Classifier
In the following, for simplicity we assume that for a linear classifier which predicts y = sign(wT x),
b = 0 (or absorbed by w).

1
if W > x ≥ ~0
−1 otherwise
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(1)

Definition 1 Let wi , i = 1, .., K denote K hyperplanes. Let W be a matrix with wi as its ith
column. We define K-hyperplane classifier fW (x) as an intersection of these K half-spaces:

fW (x) =

3
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where ~0 denotes a vector of zeros.
2.1. Mixed Risk for K-Hyperplane Model

We are interested in a classification problem in which the positive class corresponds to a single
concept and the negative class is its complement and we refer to it as a background. We assume that
the sample of the positive class is relatively small while the negative sample is very large (it can be
represented by an unlabeled data as well, thus is easy to collect). Due to the specifics of the problem
we propose a mixed risk for the non-linear classifier in eq. 1. We first define its parts in Definitions
2 and 3 and then define the mixed risk in Definition 4.

(2)

Definition 2 Let (x, y) ∼ D be a joint distribution of samples x ∈ Rn and labels y ∈ {−1, 1}. We
define the hinge risk of fW (x) as follows,

H
LD
(W ) = ED [`(W, x, y)1[y = 1] + 0 · 1[y = −1]]

where `(W, x, y) = maxj∈{1,...,K} {max{0, 1 − ywj> x}}.

Z∈Ω(µ,Σ)

Definition 3 Under the assumptions of Definition 2, let Dneg be a marginal distribution of samples
from a ball of radius C over the negative labels with mean µ and covariance matrix Σ. Let Ω(µ, Σ)
be a family of all distributions with mean µ and covariance matrix Σ. We assume that Dneg ∈
Ω(µ, Σ).
We define the background risk2 of fW (x) as follows,
"
#
sup P rz∼Z (W > z ≥ ~0) 1[y = −1] + 0 · 1[y = 1]
(3)
B
Lµ,Σ
(W ) =

We derive the expression for the background risk in the next section.
According to the Definitions 2 and 3, the hinge risk is defined over the samples of the positive
class only and the background risk is defined over the distribution of the negative class only. Thus
we can sum the two to form the mixed risk over D.

Definition 4 Under the assumptions of Definitions 2 and 3, we define the mixed risk for the Khyperplane classifier as:
HB
H
B
LD
(W ) = LD
(W ) + Lµ,Σ
(W ),
(4)

2.1.1. T HE E XPECTED R ISK OF THE N EGATIVE C LASS

1
,
1 + d2

The extension of Theorem 3.1 from Marshall and Olkin (1960) to a nonzero mean variable (as
shown in Marshall and Olkin (1960) Eq. 7.7–7.8) states that for a random vector x with mean M
and covariance Γ,

sup Pr(x ∈ S) =
x∼(M,Γ)

with d2 = inf x∈S (x − M )> Γ−1 (x − M ), where S is a given convex set.
The intersection of K hyperplanes is a convex set, thus we can bound the probability of a
negative sample falling into the intersection of K hyperplanes using the above result and derive the
B (W ) as shown below in Theorem 1.
expression for Lµ,Σ
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2. the name “background” is chosen to emphasize the fact that the negative class is the majority class, while the positive
class is rare.

4

is the closest point to the mean of the negative

P rz∼Z (W > z ≥ ~0) =

1
,
1 + d2

z

5

i

X
∂L
= 2Σ−1 z − 2Σ−1 µ +
λi wi = 0,
∂z

i

JMLR 19(62):1-30, 2018

≥ 0 for i = 1, .., K. We construct the Lagrangian:
X
L(z, λi ) = (z − µ)> Σ−1 (z − µ) +
λi wi> z, λi ≥ 0.

The optimality condition:

s.t.

wi> z

with d2 = inf W > z≥~0 (z − µ)> Σ−1 (z − µ), where the supremum is taken over all distributions in
Ω(µ, Σ).
Next, we want to derive a closed-form expression for d2 . We seek the solution for the primal
problem
min(z − µ)> Σ−1 (z − µ)

Z∈Ω(µ,Σ)

sup

Before we proceed with the proof, let us consider the following 2D toy example to gain some
intuition into Theorem 1 (see Figure 2.1.1). Assume that the positive class lies inside an intersection
of three hyperplanes W = [w1 , w2 , w3 ] and the negative class is described by the normal distribution
with mean µ and covariance Σ. d2 is a square distance between the mean of the negative distribution
and the point on the boundary of the positive region of the classifier, which is closest to µ. In the
example, depicted in Figure 2.1.1, the closest point is denoted by z ∗ and it’s an intersection of w1
and w2 , thus U = [w1 , w2 ].
Proof Let z ∼ Dneg ∈ Ω(µ, Σ) be a sample from the negative class. W > z ≥ ~0 defines a convex
set, thus we can apply the result due to Marshall and Olkin (1960) to obtain:

with d2 = µ> U (U > ΣU )−1 U > µ, where U is a subset of columns of W that satisfy w> z ∗ = 0,
where z ∗ = arg minz (z − µ)> Σ−1 (z − µ).

1
sup P rz∼Z (W > z ≥ ~0) =
1 + d2
Z∈Ω(µ,Σ)

Theorem 1 For any finite number of hyperplanes wj ,

Figure 1: A 2D illustrative example of Theorem 1.
distribution.

z∗
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i

2
j

i

X
λj Σwj  +


i

X



λi wi> µ

λ∗ = 2(U ΣU )−1 U > µ,

j

wt> z ∗


1X
λj Σwj 
−
2

(6)

(5)

sup
Z∈Ω(µ,Σ)

P rz∼Z (W > z ≥ ~0) =

1
1 + µ> U (U > ΣU )−1 U > µ

P

(7)

6
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q
where γ = 1−δ
δ . This formulation minimizes the regularized hinge loss on the positive samples
while constraining the probability of “background” data misclassified by the classifier w to be less
than a small threshold δ.

regularized by the sum of L2 norms of the K hyperplanes: C2 i kwi k2 + LHB
S . This empirical
risk is a non convex and non smooth function, hence a gradient based optimization of it is difficult.
However, Osadchy et al. (2016) showed an algorithm for approximating this problem for a single
hyperplane w using the following convex formulation:
X
minimize λkwk2 +
max{0, 1 − w> xi }
w
i
(8)
√
subject to γ w> Σw + w> µ ≤ 0.

H
LHB
= LB
S
S (W ) + LS (W )

We aim to minimize the mixed risk in eq. 4. To this end, we minimize the empirical risk

2.2. K-Hyperplane Hinge-Minimax (KHHM) Training

LB
µ,Σ (W ) =

Given the result of Theorem 1, we can express the background part of the mixed risk of the
K-hyperplane classifier as follows,

λ≥0

d2 = max(L(z ∗ , λ∗ )) = µ> U (U > ΣU )−1 U > µ

= 0.
where U is formed by a subset of columns of W for which λt > 0, and thus
For the last step we substitute the optimal λ, given in eq. 6 into the dual function in eq. 5 and
after simple algebraic manipulations we get:

for t such that λt > 0.
The function is optimized at

1X
∂L(z ∗ , λ)
=−
λi wt> Σwi + wt> µ = 0
∂λt
2

Σ

−1  1



The Lagrange dual function is as follows,

!>

i λi Σwi .

P

1X
λi Σwi
2

1
2

The optimality conditions are:

L(z , λ) =

∗

gives us z ∗ = µ −
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We approximate the solution to the problem in eq. 7 by finding K hyperplanes W , which minimize the regularized hinge loss LSH (W ) on the positive samples while constraining the probability
of “background” data misclassified by the intersection of these hyperplanes to be less than a small
threshold .
We propose an algorithm (Algorithm 1) that computes the hyperplane iteratively, each hyperplane at a time using Osadchy et al. (2016). Note that since the algorithm in Osadchy et al. (2016)
constraints the supremum over all distributions with given µ and Σ, it constraints an upper bound on
the true distribution of the negative class. However, for a Gaussian distribution the bound is tight.
The Algorithm 1 starts by training K hyperplanes in a greedy manner and then iteratively adjusts
each hyperplane to further reduce the loss.
Algorithm 1 KHHM Training
Input: {xi }, i = 1, .., m+ a set of positive examples; {zi }, i = 1, .., m− a set of negative
examples.
Initialization:
−
Estimate µ and Σ using {zi }im . Find w1 using Osadchy et al. (2016) with µ, Σ.
for t=2 to k do
Estimate µt and Σt using {zi | wj> zi > 0, j = 1, .., t − 1}
Find wt using Osadchy et al. (2016) with µt and Σt .
end for
Training:
for t=1, 2, 3... do
Let Pt be the probability P r(W > z > 0) in iteration t
if (Pt−1 − Pt > )
Estimate µt and Σt using {zi | wj> zi > 0, j = 1, .., K; j 6= t}.
Find wt using Osadchy et al. (2016) with µt and Σt .
else
Output W (K hyperplanes)
end if
end for
Lemma 2 Algorithm 1 minimizes the regularized hinge loss LSH (W ) on the positive samples while
keeping P r(W > z ≥ ~0) ≤  (for a small ).
Proof Let Z denote the distribution of the negative class and z ∼ Z denote a sample from this
distribution. Let S t denote the part of negative class that falls inside the intersection of K − 1
hyperplanes (wt is not included):
S t = {z|wi> z ≥ 0, ∀i ∈ {1, ..., K} \ {t}}.

JMLR 19(62):1-30, 2018

In step i, Algorithm 1 finds wti that minimizes the hinge loss (which is always positive) of wti
over positive labels and constrains P r(wt>i z ≥ 0)|z ∈ S ti ) ≤ δ, while keeping the rest of the
hyperplanes fixed.
7
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The empirical risk of the intersection of K hyperplanes over positive labels is the maximum over
K of hinge losses. Thus, the hinge loss of W is decreased at the iterations, in which the hyperplane
with the maximal loss is updated, and it remains unchanged otherwise. Consequently, Algorithm 1
minimizes the hinge loss of W .
We can write

P r(W > z ≥ 0) = P r(wt>i z ≥ 0)|z ∈ S ti )P r(z ∈ S ti ) + 0 · P r(z ∈
/ S ti ).

P r(z ∈ S ti ) = a which is constant (does not depend on wti ) and P r(wt>i z ≥ 0)|z ∈ S ti ) ≤ δ.
Thus, P r(W > z ≥ 0) ≤ aδ. Setting  = aδ concludes the proof.

2.3. Generalization Bound for KHHM Model

In the following we bound the mixed risk of the KHHM classifier by its finite sample. We show
HB

HB

that the discrepancy between the risk LD (W ) and its empirical estimation LS (W ) decays at the
q
rate of O(K log(1/δ)
) where δ is the confidence over the samples of the training data and m is
m
the training data size. The main difficulty in deriving a generalization bound arises from mixing
the hinge risk for the positive examples and the background risk for the negative examples. We
approach this problem by deriving the uniform generalization bounds separately for the positive
and negative classes.

2.3.1. U NIFORM GENERALIZATION BOUND FOR THE EMPIRICAL BACKGROUND RISK

Recall that Dneg is the distribution of the negative data points, and µ and Σ are its mean and
covariance respectively. Let µ̂ and Σ̂ be the mean and covariance estimates from the training data
points that are associated with negative labels. We bound the background risk by its training sample
estimation. The generalization bound is dominated by the discrepancy

B
B
∆ = Lµ,Σ
(w) − Lµ̂,
(w)
Σ̂

JMLR 19(62):1-30, 2018

1
1
−
1 + µ> U (U > ΣU )−1 U > µ 1 + µ̂> U (U > Σ̂U )−1 U > µ̂

To provide uniform generalization bound to the background risk, we show that the discrepancy ∆
decreases when the size of the training sample increases. Therefore we represent the discrepancy
with kµ̂ − µk and kΣ̂ − Σk that decrease as a function of the training sample.
Let U denote a subset of columns of W that satisfy w> z ∗ = 0, where z ∗ = arg minz (z −
µ)> Σ−1 (z − µ). We make two additional assumptions on U : First, the number of hyperplanes
KU comprising U is smaller than the dimension of the features and second, the hyperplanes in
U are linearly independent. Both assumptions hold in practice. The number of hypeplanes must
be small to make the classifier computationally efficient and KU ≤ K (while the dimension of
the feature space is usually large). The same reason justifies the independence assumption, as
linearly dependent hyperplanes are redundant and do not contribute to the classifier, thus should be
removed/avoided.
Using the result of Theorem 1, we can write the discrepancy ∆ as follows:
∆=

8

(11)

kU (U > ΣU )−1 U > k ≤

1
α

32C 4 (log(1/δ) + 1/4)
m1

(12)

kV > ΣV )−1 k2 =

9

1
1
≤
λmin (V > ΣV )2
λmin (Σ)2
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Since V is a projection operator, the last inequality in Eq. 14 is due to kV βk ≤ kβk ≤ 1.

kβk≤1

= max ((V > β)> (V > ΣV )−2 (V > β)) ≤ kV > ΣV )−1 k2

kβk≤1

= max (β > V (V > ΣV )−1 V > V (V > ΣV )−1 V > β)

(15)

(14)

kV (V > ΣV )−1 V > k2 = max kV (V > ΣV )−1 V > βk2

kβk≤1

(13)

U (U > ΣU )−1 U > = V ST > (T SV > ΣV ST > )−1 T SV > = V (V > ΣV )−1 V >

Following the assumption that the columns of U are linearly independent
PKU and>that their number is smaller
than the dimension of the feature space, we can derive that U = i=1
si vi ti , where v1 , ..., vKU are left
singular vectors, t1 , ..., tKU are right singular vectors, and s1 , ..., sKU are singular values of U which are all
non-zero. Let V be n × KU matrix of left singular vectors v1 , ..., vKU , T be a KU × KU matrix of right
singular vectors t1 , ..., tKU , and S be a KU × KU diagonal matrix of singular values s1 , ..., sKU , then

Proof First, we show the upper bound

2C
∆1 ≤
α

Lemma 3 Assume x ∼ Dneg is a distribution over data points x with negative labels such that kxk ≤ C
holds with probability 1. Denote
P by µ its mean and by Σ its covariance. Let
P S1 denote a training sample
of size m1 and let µ̂ = m11 x∈S1 x be its sampled mean and Σ̂ = m11 x∈S1 (x − µ̂)(x − µ̂)> be its
sampled covariance. Define ∆1 as in eq. 10, where matrix U has KU linearly independent columns (KU ≤
n) . Assume that the minimal eigenvalues of Σ, Σ̂ are lower bounded by α = λmin (Σ), α̂ = λmin (Σ̂),
respectively. Then, with probability at least 1 − δ over the draws of the training set S1 , the following holds
uniformly for all W
s

In the following, let k · kF denote the Frobenius norm of a matrix (the `2 − norm of matrix vectorized form).

(10)

∆2 = µ̂> (U (U > Σ̂U )−1 U > − U (U > ΣU )−1 U > )µ̂

(9)

∆1 = µ> U (U > ΣU )−1 U > (µ̂ − µ) + (µ̂ − µ)> U (U > ΣU )−1 U > µ̂

>

∆2 , µ̂ (Â − A)µ̂.

∆1 , µ> A(µ̂ − µ) + (µ̂ − µ)> Aµ̂

Going back to the original notations, we obtain

and

Denote

∆ ≤ µ> A(µ̂ − µ) + µ̂> (Â − A)µ̂ + (µ̂ − µ)> Aµ̂.

Next, we denote A , U (U > ΣU )−1 U > and Â , U (U > Σ̂U )−1 U > . By adding and subtracting µ> Aµ̂ and
rearranging the terms, we obtain

By noting that the denominator of both terms is greater than 1 we can upper bound ∆ by omitting the
denominator. Then,
∆ ≤ µ̂U (U > Σ̂U )−1 U > µ̂ − µ> U (U > ΣU )−1 U > µ
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−1

−1

= µ̂ U (U Σ̂U )

>

>

≤ µ̂ U (U Σ̂U )

>

>

>

−1

>

U (Σ − Σ̂)U (U ΣU )

>

>

U µ̂

−1
>

(U ΣU − U Σ̂U )(U ΣU )

>



∆2 = µ̂> U (U > Σ̂U )−1 − (U > ΣU )−1 U > µ̂

U µ̂

>

Σ

Σ̂

kΣ − Σ̂k ≤ kΣ̂ − ΣkF

We now consider kΣ − Σ̂k:

k=1

k=1

m1
m1
1 X
1 X
(xk − µ̂)(xk − µ̂)> =
xk xk − µ̂µ̂>
m1
m1

kµ̂k2 kΣ̂ − Σk
.
αα̂

k=1

10

(16)

JMLR 19(62):1-30, 2018

Ex∼Dneg (x − µ)(x − µ)> = Ex∼Dneg xx> − µµ>
m1
1 X
>
>
>
≤ k
xk x>
k − Ex∼Dneg xx kF + kµ̂µ̂ − µµ kF
m1
=

=

∆2 ≤

Applying the Cauchy-Schwarz inequality and the upper bound in eq. 12, we obtain:

Proof

Lemma 4 Under the conditions of Lemma 3, define ∆2 as in eq. 11. Then, with probability at least 1 − δ
over the draws of the training set S1 , the following holds uniformly for all W
s
C2 
32C 4 (log(1/δ) + 1/4) 
∆2 ≤
2Ckµ̂ − µk +
αα̂
m1

We turn to handle the second term ∆2 of the discrepancy.

∆1 ≤

2C
kµ − µ̂k.
α
Finally, we use the Bernstein inequality for vectors (cf. Candes P
and Plan (2011) Theorem 2.6) which
states that for vectors v1 , ..., vm1 with Evk = 0 and kvk k ≤ B and k Ekvk k2 ≤ σ 2 it holds that for all
P 2
P
1
t2
2
0 ≤ t ≤ σ 2 /B that P [k k vk k ≥ t] ≤ exp(− 8σ
2 + 4 ). Here kvk =
i vi .
To fit the Bernstein inequality for vectors to our setting, we set vk = m11 (xk − Ex∼Dneg x) for any
xk ∈ S1 . To see that the conditions of Candes and Plan (2011) Theorem 2.6 hold, we note that since
Pm1
2
2 def
def
= σ2 .
kxk ≤ C then kvk k ≤ 2C/m1 = B and therefore kvk k2 ≤ 4C
and k=1
Ekvk k2 ≤ 4C
m1
m21
Consequently it holds for 0 ≤ t ≤ 2C that


m1 t2
1
P [kµ̂ − µk ≥ t] ≤ exp −
+
.
2
32C
4
q
2
32C 2 (log(1/δ)+1/4)
m1 t
1
.
The result follows when setting δ = exp(− 32C
2 + 4 ), or equivalently t =
m1

∆1 ≤

(kµ̂k + kµk)kµ̂ − µk
.
α
Since kxk ≤ C, then kµ̂k + kµk ≤ 2C and we get:

The last inequality in Eq. 15 follows from Poincaré Separation Theorem (Bellman (1970)).
Combining equations 13, 14, and 15, we obtain
1
kU (U > ΣU )−1 U k = kV (V > ΣV )−1 V > k ≤ k(V > ΣV )−1 k ≤
α
Then applying the above upper bound and the Cauchy-Schwarz inequality, we obtain:
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B and therefore kvk k2 ≤

4C 4
m12

and
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2C 2 def
m1 =

For the second component in the bound: µ̂µ̂> − µµ> = µ̂(µ̂ − µ)> + (µ̂ − µ)µ> therefore kµ̂µ̂> −
µµ> kF ≤ kµ̂(µ̂ − µ)> kF + k(µ̂ − µ)µ> kF ≤ 2Ckµ̂ − µk.
For the first component in the bound, we use the Bernstein inequality for vectors (Candes and Plan (2011)
Theorem 2.6) in the same manner it is applied in Lemma 3. We set vk to be the vectorization of m11 xk xk> −
E
xx> for any xk ∈ S1 . To see that the conditions of Candes and Plan (2011) in Theorem 2.6 hold,
Pm1
2
k=1 Ekvk k ≤
x∼Dneg

σ 2 . Consequently it holds for 0 ≤ t ≤ 2C 2 that

we note that since kxk ≤ C then kvk k ≤

4C 4 def
m1 =

k=1

+

1
4)

or equivalently t =

q

32C 4 (log(1/δ)+1/4)
.
m1

m1
i
h 1 X
m 1 t2
1
P
xk xk> − Ex∼Dneg xx> ≥ t ≤ exp(−
+ )
m1
32C 4
4

The result follows when setting δ =

m1 t2
exp(− 32C
4

The upper bound for ∆ relies on the lower bound on the minimal eigenvalue of covariance Σ = Ex∼Dneg (x−
P
µ)(x − µ)> and of the sampled covariance Σ̂ = m11 x∈S1 (x − µ̂)(x − µ̂)> . While the minimal eigenvalue
of Σ, say α = λmin (Σ), can be set to be away from zero, the minimal eigenvalue of the sampled covariance
α̂ = λmin (Σ̂) is a random variable. We show that α̂ is close to α with high probability:

1
4)

S1 .

Lemma 5 Assume the conditions of Lemma 3 hold. Assume that the minimal eigenvalue of α = λmin (Σ) is
positive. Let α̂ = λmin (Σ̂) be the minimal eigenvalue of the random covariance matrix Σ̂. Then α̂ ≥ α/2
+ over the draws of the training set
with probability at least 1 −

m1 α2
2 exp(− 32·36C
4

Proof Using Cauchy-Schwartz inequality we obtain

kU > Σ̂U k ≥ kU > ΣU k − kΣ − Σ̂kkU k2 .

kU > ΣU k − kU > Σ̂U k ≤ kU > ΣU k − kU > Σ̂U k ≤ kU > ΣU − U > Σ̂U k ≤ kΣ − Σ̂kkU k2 .
Therefore,
Following Lemma 4 we note that

k=1

m1
1 X
xk xk> − Ex∼Dneg xx> kF + kµ̂µ̂> − µµ> kF
kΣ̂ − Σk ≤ kΣ̂ − ΣkF ≤ k
m1

k=1

m1
1 X
xk xk> − Ex∼Dneg xx> k ≥ α/6] ≤ exp(−m1 α2 /(36 · 32) + 1/4)
m1

We use Bernstein inequality for vectors with t = α/6 to bound
P [k

for any α/6 ≤ 4m1 . We also use Bernstein inequality for vectors with t = α/(2C · 3) to bound


m1 α 2
1
P [kµ̂ − µk ≥ α/(2C · 3)] ≤ exp −
+
.
36 · 32C 4
4


Pm1
m1 α2
1
there hold k m11 k=1
Thus with error probability of 2 exp − 36·32C
xk xk> − Ex∼Dneg xx> k ≤ α/6
4 + 4
and 2Ckµ̂ − µk ≤ α/3. In particular, the sum of both is upper bounded by α/2, hence kΣ̂ − Σk ≤ α/2,
resulting in kU > Σ̂U k ≥ (α − α/2)kU k2 . Therefore α̂kU k2 ≥ α/2kU k2 .
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Bounds on the discrepancy between the expected and the empirical background risks that are uniform
for any U guarantee generalization. The above lemmas suggest that the penalty of observing a finite sample
space decreases as 1/m1 . This is summarized in the following theorem.
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α

 2C 2

+

6C 4 
α2

32(log(1/δ) + 1/4)
.
m1

q
with probability at least 1 − 3δ
Theorem 6 Under the conditions of Lemma 3, for α ≥ 1152(log(2/δ)+1/4)
m1
over m1 the i.i.d. samples from Dneg the following holds uniformly for all W with K linearly independent
hyperplanes:
s
B
B
Lµ,Σ
(U ) ≤ Lµ̂,
(U ) +
Σ̂

≤

≤

2C 2
α

3C 4
αα̂

s

32 log(1/δ) + 1/4
m1

32(log(1/δ) + 1/4)
6C 4
≤ 2
m1
α

s

32(log(1/δ) + 1/4)
m1

B
B
Proof Following Eq. 9, we note that Lµ,Σ
(U ) − Lµ̂,
(U ) ≤ ∆1 + ∆2 , for ∆1 , ∆2 defined in Lemmas 3, 4.
Σ̂
The proof applies the bounds on ∆1 , ∆2 , where each of these bounds holds with an error probability at most
δ. The proof is concluded by bounding α̂ ≥ α/2 with an error probability at most δ. Formally, with error
probability at most 3δ:
s

∆1

∆2

p
The generalization guarantees of the background risk penalize a finite sample size m by 1/m1 . It decays to
zero when the number of the negative labels in the training sample tends to infinity. In our setting, we assume
that m ≈ m1 , thus we get favorable guarantees with respect to the training size.

2.3.2. U NIFORM GENERALIZATION BOUND FOR THE EMPIRICAL RISK OF THE HINGE - LOSS

We derive a uniform generalization bound for the expected risk over the positive examples using Rademacher
complexity. The Rademacher complexity of a bounded set A ⊂ RK is
"
#
m
X
1
Eσ max
σi ai ,
a∈A
m
i=1
R(A) =

while σi ∈ {−1, +1} are i.i.d. and equally probable random variables.
Let F denote a family of functions:

F , {(x, y) → `(W, x, y) : W = [w1 , ..., wk ], wj ∈ Rd , ∀j}.

F ◦ S = {f (x1 , y1 ), ..., f (xm , ym )}.

Let S = {(x1 , y1 ), ..., (xm , ym )} be a training sample. Let F ◦ S be the set of all possible evaluations a
function f ∈ F can achieve on a sample S:

3

max

j∈{1,...,K}

{max{0, 1 − ywj> x}}

Consider a K−hyperplanes loss function

is zero for y = −1, we consider only the positive subset of S, denoted as, S2 , {(xi , 1), ...(xm2 , 1)}.

R(F ◦ S) ,

The Rademacher complexity of F with respect to S is defined as follows:
"
#
m
X
1
Eσ∼{±1}m sup
σi f (xi , yi )
m
f ∈F i=1
H
Since LD

Theorem 7

`(W, x, y) =
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3. Theorem 4 in the ICML’15 version of the paper had a typo. Here we present a corrected version of the theorem with
a detailed proof.
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Eσ∼{±1}m

i=1

m
X

#
√
σi max(0, 1 − wj> xi ) ≤ K m2

j=1

>

(17)

i=1 z∼Z(µ,Σ)

14

13
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H
B
LHB
S (WLHM , ϕ) = LS2 (WLHM , ϕ) + LS1 (WLHM )

JMLR 19(62):1-30, 2018

(20)

Recall that S is a training sample of size m, where S2 = {(x, y) ∈ S : y = 1}, and S1 = {(x, y) ∈ S : y =
−1} are the positive and negative training sets correspondingly, m2 is the size of S2 and m1 be the size of
S1 . We define the empirical risk over S as follows:

3.2. Empirical Latent Mixed Risk

The intersection of K positive half-spaces forms a convex set. For non-convex sets, KHHM will produce
many false positives (as show in Figure 2 left). To accommodate classes that form non-convex or disjoint
sets, we propose a non-convex classifier, which is an ensemble of KHHM models that we call the Latent
Hinge-Minimax (LHM) classifier. Specifically, we define the LHM classifier as a union of intersections of
i
positive half-spaces. We assume that each intersection is composed of K hyperplanes: W i = [w1i , ..., wK
]
and there are C components in the union (see Figure 2 right). Let WLHM , (W 1 , . . . , W C ) denote the LHM
model.

max {max{0, α − ywjT x}}
j∈{1..K}

is the modified K-hyperplane hinge loss (in Eq. 2). We replaced 1 with α to accommodate comparison
between different norms of the hyperplanes.

`(W ; x, y) =

3. Latent Hinge-Minimax Classifier

(19)
where

i=1

The hinge part of the latent mixed risk aggregates the K-hyperplane hinge risk over C components:
" C
#
X
LH
`(W i ; x, y)1 [ϕ(x) = i]
D (WLHM ; ϕ) = E(x,y)∈D

i=1

The background part of the latent mixed risk bounds the probability of the negative class in all components
Qi :
C
C
X
X
i
LB
LB
sup Pr(z ∈ Qi )
(18)
µ,Σ (WLHM ) =
µ,Σ (W ) =

H
LD (WLHM ; ϕ) = LB
µ,Σ (WLHM ) + LD (WLHM ; ϕ),

Similarly to K-hyperplane model, the latent mixed risk is also composed of the hinge and background parts.
T
However, we extend the risk in Eq. 4 to contain multiple components Qi , {x ∈ Rn |W i x ≥ ~0} and
n
a latent variable ϕ(x) = i (i ∈ {1, . . . , C}) which assigns each positive sample x ∈ R to one of the C
components.

3.1. Expected Latent Mixed Risk

Figure 2: Schematic comparison of KHHM (left) and LHM (right) classifiers on a non-convex positive class. The LHM classifier iteratively discovers a partition of the positive set into
convex components and builds KHHM model for each convex component.
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Proof By noting that |`(W, x, y)| ≤ 2K and that a maximum over positive numbers is upper bounded by
their sum, the result follows immediately, from Bartlett and Mendelson (2003).

H
H
Theorem
Pm 8 Let LD (W ) = ED [`(W, x, y)1[y = 1] + 0 · 1[y = −1]] be the expected risk, and let LS (W ) =
1
i=1 `(W, xi , 1) be the empirical risk over a positive label training sample of size m2 . Then, for any
m2
δ ∈ (0, 1] with probability at least 1 − δ over the i.i.d. sample of size m2 it holds simultaneously for all
kw1 k, ..., kwk k ≤ 1 that whenever kxk ≤ 1:
s
2K
2 log(2/δ)
H
LH
(W
)
≤
L
(W
)
+
+
8K
√
D
S
m2
m2

Next we provide the uniform generalization bound for the empirical risk of the maximum over hinge
losses.

The bound follows from the Contraction Lemma (Ledoux and Talagrand, 1991), applied to max(0, 1−w x),
which is 1-Lipschitz function.
Hence, R(F ◦ S2 ) ≤ √K
m2 .

j=1

K
X

"

i=1
...
kwk k≤1

m
K
X
X


Eσ∼{±1}m 
max
σi
max(0, 1 − wj> xi )
kw
≤
1 k≤1



i=1
...
kwk k≤1

m
X


max
σi max {max(0, 1 − wj> xi )}
Eσ∼{±1}m 
≤
kw
j∈{1,...,K}
1 k≤1

m2 R(F ◦ S2 ) =


Proof

where m2 is the number of positive examples.

K
R(F ◦ S2 ) ≤ √ ,
m2

for which each hyperplane satisfies kwj k ≤ 1 and each data point satisfies kxk ≤ 1. Then,
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i=1

C
X
B
Lµ̂,
(W i )
Σ̂

(21)

Both parts of the empirical latent mixed risk are aggregated over C latent components. Specifically, the
background part of the risk is defined as a sum of background empirical risks of the model’s components:
LSB1 (WLHM ) =

C
X

LSH2 (W i )

(23)

(22)

B
where Lµ̂,
(W i ) = supZ∈Ω(µ̂,Σ̂) P rz∼Z (z ∈ Qi ) and µ̂, Σ̂ are the empirical mean and covariance matrix,
Σ̂
estimated from the negative training sample S1 .
Let X i , {x : ϕ(x) = i} define a subset of positive samples. The hinge part of the empirical risk is
defined as the follows:

LSH2 (WLHM , ϕ) =
i=1

P
where LSH2 (W i ) = x∈X i `(W i , x, 1).
Using the above notations, we can define a component empirical risk, as
B
LHB (W i ) = LSH2 (W i ) + Lµ̂,
(W i )
Σ̂

Next, we formalize the loss function for a positive sample which we use in the training algorithm in
Section 3.3. Each sample with positive label encounters a loss only in a single latent component, specified
by its latent variable ϕ(x). The hinge part of this loss is `(W i , x, 1). The background empirical risk of a
component LM (W i ) depends on µ̂, Σ̂ and W i . W i depends on the latent assignment of the positive samples.
µ̂,Σ̂
Thus the optimal assignment should minimize also the background part of the risk. We implement this by
M
dividing the empirical risk Lµ̂,
(W i ) equally among the positive samples with ϕ(x) = i. Hence the sample
Σ̂
loss (for positive samples) is defined as follows:
(24)
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Figure 3: The orange ellipses represent the negative distribution Z(µ̂, Σ̂), the red triangles corresponds to Qxi and the blue ones to Qi . Left: w1i , w2i are moved to pass through x, causing
the probability Qi to increase. Right:w∗i is moved to pass through x, causing the probability Qi to decrease.

Wxi ,

(
W def
W inf

if x ∈ Qi
if x ∈
/ Qi

(25)

which wkT x + bk < 0, until they intersect in x, namely, wkT x + bk0 = 0. Wxi is a surrogate model, defined as
follows,

T

and Qxi , {x : Wxi x ≥ ~0}. Using the above notations, we define the assignment function as follows,
i∈{1..C}

ϕ(x) = argmin P rz∼Z (z ∈ Qxi ) + λ`(W i ; x, 1)

where λ is a balancing parameter. The full training algorithm is summarized in Algorithm 2.

Lemma 9 Algorithm 2 reduces the empirical risk LSHB (WLHM ; ϕ) in each iteration.

1 M
L (W ϕ(x) )
|S i | µ̂,Σ̂

where |S i | is the number of samples with ϕ(x) = i.

L(W ϕ(x) ; x, 1, ϕ(x)) = `(W ϕ(x) , x, 1) +

3.3. LHM Training Algorithm
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Since x ∈ Qi , reassigning it to a different component will cause the P rz∼Z (z ∈ Qxi ) to decrease (or stay the
same), thus
(28)
LSB1 (Wxi,t ) − LSB2 (W i,t ) ≤ 0.

k∈{1..C}



ϕt+1 (x) = j = argmin LSB1 Wxk,t + λLSH2 W k,t ; x .

2. The assignment of sample x is changed. Formally, in iteration t: ϕt (x) = i and in iteration t + 1, exists
j 6= i, such that
(27)

Proof Since latent mixed risk is a sum of risks over the latent components (Eq. 20), it is minimized by
minimizing the empirical risk of each component. In step (5) of the Algorithm 2, we train W i,t model for each
latent component i = 1, ..., C using Algorithm 1 (Section 2.2). It is easy to see that LSHB (W i ) = LSHB (W )
(in Eq. 7), thus step (5) of the Algorithm 2 minimizes the component’s risk in Eq. 23.
It is now left to show that the assignment ϕt in iteration t, will cause the reduction in the empirical risk
in iteration t + 1. Since the empirical risk is aggregated over positive samples, it is enough to prove the claim
for a single sample. We consider two cases:
1. The assignment of sample x does not change, formally ϕt (x) = ϕt+1 (x).
t+1
In this case L(WLHM
; ϕt+1 (x)) will only be affected by the W i,t+1 training, thus


t
t+1
L WLHM
; ϕt (x) ≥ L WLHM
; ϕt+1 (x)
(26)
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The training aims to minimize the empirical risk in Eq. 20 over the parameters WLHM and the hidden variables
ϕ. We propose an iterative algorithm, which reaches fast convergence and shows good results in practice.
The algorithm iterates between two steps: First, given an assignment it produces a model WLHM , second, it
updates the latent variables ϕ(x), ∀(x, y) ∈ S2 to better represent the latent structure of the data.
t
The first step updates the LHM model WLHM
in iteration t given the latent variables ϕ from iteration
t − 1. Namely, for each hidden component i = 1, ..., C, we find the hyperplanes W i separating the training
samples in S i from Dneg by minimizing the empirical risk in Eq. 23. This risk is minimized by the training
algorithm proposed in Algorithm 1.
t
The second step updates the latent variable assignment, given the current WLHM
. For each positive
sample, it finds the best component w.r.t. the risk in Eq 20. Specifically, the hinge risk for x is simply
/ Qi should consider the probability
`(W i , x, 1). The background part of the assignment function for x ∈
that this point adds when it is included in the component i (as shown in Figure 3, left). For x ∈ Qi , the
background part should consider the amount of probability released when the component shrinks as a result
of change in the assignment of x (as shown in Figure 3, right). The optimal assignment should take both
cases into consideration for all components. To define the assignment function we introduce the following
notations.
W def is a deflated model derived from W i by parallel translation of the hyperplane closest to x such that
w∗T x + b∗ = 0. W inf is an inflated model derived from W i by parallel translation of the hyperplanes for
15

(30)

(29)

(32)

≤
+

i=1

C 
X

i
p i LH
D (W ) −


mi H
L + (W i )
m2 S

be its estimated mean. Then,

(34)

i=1

C
X

LB
(W i )
µ̂,Σ̂
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Deep Neural Networks and Convolutional Neural Networks (CNN) in particular have shown impressive results in a variety of domains, including images, speech, text, etc. CNN enables learning very good features
for these domains, but requires a lot of labeled training samples. One way to reduce the number of examples

4. Mapping LHM Classifier to a Neural Network

The proof is straightforward as the assignment ϕ∗ does not affect negative samples, and thus the bound is a
simple summation of bounds for each component which is derived using Theorem 6.

be the empirical background risk over the negative labels (µ̂, Σ̂ are the empirical mean and covariance
estimation of Dneg ). With probability at least 1 − 3δ over m1 the i.i.d. samples from Dneg the following
holds uniformly for all W including C components, each with K independent hyperplanes:
s
 2G2
6G4  32(log(1/δ) + 1/4)
∗
B
∗
LB
(W
;
ϕ
)
≤
L
(W
;
ϕ
)
+
C
+
.
LHM
LHM
µ,Σ
µ̂,Σ̂
α
α2
m1

LB
(WLHM ; ϕ∗ ) =
µ̂,Σ̂

Theorem 11 Suppose that D is a distribution over X×Y such that Y = {−1, +1} and X = {x : kxk ≤ G}.
∗
Let LB
µ,Σ (WLHM ; ϕ ) be the background risk over the negative labels, where µ, Σ are the mean and covariance
of the marginal distribution of x over the negative labels and the positive labeled samples have a fixed
assignment ϕ∗ . Consider a training sample S of size m, m1 of which have negative label and let

We formulate the uniform generalization bound for the negative class below.

We can bound the discrepancy between the expected and empirical
using
 risks in a component
 Theorem 8.
q
2 log(2/δ)
Hence, the first term in Eq. 34 is upper bounded by maxi∈{1,...,C} √2K
+
8K
. We can upper
m2
mi
PC
mi
i
bound (pi − m2 ) using the Hoeffding inequality. Rearranging the terms and noting that i=1 LH
S2 (W ) =
∗
LH
(W
,
ϕ
)
conclude
the
proof.
LHM
S2

C
C h
i
X

 X
mi
i
i
H
i
=
pi LH
+
(pi − + )LH
S2 (W )
D (W ) − LS2 (W )
m
i=1
i=1

∗
H
∗
LH
D (WLHM ; ϕ ) − LS2 (WLHM , ϕ ) =

mi
m+



s
log 1/δ H
2K
2 log(2/δ) 
∗

√
L (WLHM , ϕ ) + max
+ 8K
2m2 S2
m2
i∈{1,...,C}
mi

i

s

1[ϕ∗ (x) = i] , and let

h

∗
LH
S2 (WLHM , ϕ )

Proof Let pi = E(x,1)∼D

∗
LH
D (WLHM ; ϕ )

∗
Theoremh10 Let ϕ∗ denote a fixed assignment
Let LH
D (WLHM ; ϕ ) =
i of the positive training samples to components.P
PC
C
i
∗
H
∗
H
i
E(x,y)∈D
i=1 `(W ; x, y)1 [ϕ (x) = i] be the expected risk, and let LS2 (WLHM , ϕ ) =
i=1 LS2 (W )
be the empirical risk over a positive label training sample of size m2 for a fixed assignment ϕ∗ of the positive
samples to C components. Then, for any δ ∈ (0, 1] with probability at least 1 − δ over the i.i.d. sample of
size m2 it holds simultaneously for all kwi k ≤ 1 (i = 1, ..., C · K) that whenever kxk ≤ 1:
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For a fixed ϕ(x), ∀(x, y) ∈ S2 , we can derive a uniform generalization bound for the union of the Khyperplane models. Similarly to KHHM model (in Section 2.3), we derive the uniform generalization bounds
separately for the positive and negative classes. We start with the positive class, for which we use the hinge
part of the latent mixed risk.

3.4. Generalization Bound for LHM Model with Fixed Assignment

(as we assume that x ∈ X j leads to x ∈ Qj,t+1 ). Finally, by combining the inequalities in Eq. 29–32, we
obtain:


L W i,t ; x ≥ L W j,t+1 ; x .
(33)

In iteration t + 1, x is included in X j for training the j’th latent component, consequently

j,t
j,t+1
LH
; x ≥ LH
; x).
S2 W
S2 (W

Since Wxj,t is a naive inflation of W j,t to include x, the solution W j,t+1 , provided by KHHM training, would
have lower (or same) empirical risk, thus

j,t
j,t+1
LB
≥ LB
).
(31)
S1 Wx
S1 (W

At the same time, j is the optimal assignment, thus




i,t
i,t
B
j,t
j,t
LB
+ λLH
+ λLH
;x .
S1 Wx
S2 W ; x ≥ LS1 Wx
S2 W

Hence, the sample loss in component i is larger than the sample loss in the deflated component:



i,t
i,t
L W i,t ; x ≥ LB
+ λLH
S1 Wx
S2 W ; x .

Training:
t ; ϕt ) − L(W t−1 ; ϕt−1 ) ≥ T do
while L(WLHM
LHM
{Model Step}
for i=1 to C do
W i,t =KHHM-training(S1 ,X i ) {in Algorithm 1}
end for
{Assignment Step}
for(x, y) ∈ S2
ϕt+1 (x) as defined in Eq. 25
end for
t←t+1
end while
Output: WLHM , ϕ

Algorithm 2 LHM Training. T is the threshold on the empirical risk change.
Input: C, K, S1 , S2 ,T
Initialization:
t←1
t=0 ; ϕt=0 ) ← ∞
L(WLHM
ϕt ← Init(S2 , C)
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Figure 4: An example of NN equivalent to LHM for two components and three hyperplanes in each.

needed for training of a specific classification task is to pre-train a CNN on a different classification problem
in a similar domain and then change the last layer of the CNN to fit the target classification problem and
fine-tune the network on a smaller training set associated with the target problem. This approach is referred
to as transfer learning.
When the target classification problem is less similar to that used to train CNN features, the classification
accuracy of the fine-tuned network could be quite poor. This is because the high-level representation of the
original and the target networks are different. One way to approach this problem is by employing a non-linear
classifier, such as LHM classifier, on CNN features. In order to fine-tune the feature layers with the LHM
classifier, we need to combine them in a single architecture. To this end we propose to map LHM Classifier
to a Neural Network and stack it on top of the pre-trained convolutional layers. This enables end-to-end
training of feature extraction and classifier. As we show below, mapping of LHM classifier to NN also allows
extending it to multi-class problems.

4.1. Binary NN
A union of the intersections of positive half spaces can be implemented by a NN with three hidden layers.
The first fully connected hidden layer has K ×C neurons with a sigmoid activation, where K is the number of
hyperplanes in an intersection and C is the number of components. The second hidden layer has C nodes with
a sigmoid activation, connected only to the neurons associated with hyperplanes forming the corresponding
intersection. The weights on these connections and the biases are fixed and mimic AND operation, namely,
all weights of this layer are equal to 1/K and the biases are equal to −1 + 1/(2K). The last hidden layer
has two neurons, which are fully connected to the previous layer with the fixed weights and biases, one of
which mimics OR operation, and the other NOT OR. Namely, the neuron, corresponding to OR has weights
equal to 1/C and the bias of −1/(2C). The neuron corresponding to NOT OR has weights equal to −1/C
and the bias of 1/(2C). The network has two outputs, one for the positive class (with label 1) and one for the
negative class (with label 0). An example of such network for C = 2 and K = 3 is depicted in Figure 4.

4.2. Multi-Class NN

JMLR 19(62):1-30, 2018

For a multi-class setting, we suggest to train LHM model for each class using an additional unlabeled data
for estimating the statistics of the negative class. We then map these models to a multi-class NN with the
following architecture. The first hidden layer is a fully connected layer with C × K neurons per class,
19
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C ×K ×G neurons in total, where G is the number of classes. These are equivalent to C ×K ×G hyperplanes
in the LHM model. For each hidden component, all hyperplanes in the intersection are connected to their
corresponding node in the AND layer (as detailed in Section 4.1). The AND layer comprises C × G neurons.
The next layer is a fully connected layer, comprising G nodes. The weights on the connections to the C
components of the corresponding class are initialized with 1’s, and the weights on the remaining connections
are initialized with very small values from a Gaussian distribution. The network has G outputs and is trained
using the cross-entropy loss.
To provide an end-to-end training, one can consider stacking the feature extraction layers of CNN (up to
fully connected layers) with one of the above networks.

5. Experiments

We start by evaluating the simple K-hyperplane model (Section 5.1) and then move to a more general LHM
model (Section 5.2). Both models are tested on synthetic and real data. Then we show how the hingeminimax training can be combined with a CNN (Section 5.3) for approaching problems that require more
powerful features but do not have large enough data to train a deep model from scratch. We demonstrate this
for both binary and multi-class settings.

5.1. K-Hyperplane Hinge-Minimax Classifier

To test the proposed KHHM classifier, we ran experiments in three different scenarios: synthetic 2D data,
letter recognition, and large scale scene classification.
During classification, the K-hyperplane classifier incurs only K times the computational complexity
of a linear classifier (just K inner products), hence its “natural competitors” are linear classifiers, and we
choose linear SVM for the benchmark. We have also compared the hinge-minimax classifiers to kernel SVM
and ensemble-based methods, which incur far longer running times (this is especially true for kernel SVM).
The classification rates of the hinge-minimax classifier in all our experiments were comparable to ensemble
classifiers which required 100-170 basic classifiers in order to reach similar performance. In experiments
with high-dimensional data, the KHHM classifiers preformed as well as kernel SVM.
The SVM classifiers were trained using C-SVC in LIBSVM 4 . We used the CVX optimization package
5
to find a single hyperplane in Algorithm 1. The ensemble classifiers were trained using the Matlab Statistic
toolbox.

5.1.1. S YNTHETIC DATA E XAMPLE

94.68

0.01

94.91

0.1

95.07

0.2

94.96

0.3

94.89

0.4

95.83

0.5

We construct the KHHM classifier for 2D data to illustrate Algorithm 1. We samples 5000 data points
from two highly overlapping Gaussians (see Figure 5) with varying ratio of positive (shown in red) and
negative (shown in blue) examples. Each class was equally partitioned into training, validation, and test
sets. We estimated the mean and covariance from the training data and tuned the parameters (C and γ) and
the bias using the validation set. Table 1 shows the AUC for the different ratios of positive and negative
examples using an intersection of 5 hyperplanes. These results demonstrate the robustness of the algorithm
to imbalanced sets.
Positive
fraction
AUC
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Table 1: AUC for different size partitions of positive and negative classes
4. http : //www.csie.ntu.edu.tw/cjlin/libsvm/
5. http : //cvxr.com/cvx/download/
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The first five plots in Figure 5 show the result of the initial greedy step for the first, second, third, forth,
and fifth hyperplanes respectively. The contour lines in Figure 5 illustrate the covariance of the negative
distribution inside the intersection, which is used to find the optimal separation hyperplane, depicted in black.
The last plot in Figure 5 shows the final classifier after 25 iterations. It illustrates that the approximation
algorithm succeeds in separating the positive set from the background, and that the refinement iterations
improve the separation boundary.
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The KHHM classifiers improve over the linear SVM for all K, and for K > 1 outperforms Adaboost with
much shorter classification time. For this data set, kernel SVM outperform all methods. However, the KHHM
classifier with K = 4 comes fairly close to the performance of the kernel SVM, while its classification time
is three magnitudes faster.

The following tests were performed on a data set of letters from the UCI Machine Learning Repository
(Murphy and Aha (1994)), which includes 16-dimensional feature vectors for the 26 letters in the English
alphabet. The letter images were based on 20 different fonts and each letter within these 20 fonts was
randomly distorted to produce 20,000 samples. For each letter, we used 100 samples for training, 250 for
validation, and the rest for test (about 400 samples per letter). The parameters of all methods have been
chosen using the validation set. Since the test set includes 25 times more negatives than positives, which
leads to about 96% classification rate by just classifying all inputs as negative, we used EER as a more
faithful measure of performance. Table 2 shows the classification rate at EER , averaged over 26 letters, and
the average classification times of the tested classifiers.

5.1.2. L ETTER R ECOGNITION

15

10

Figure 5: Illustration of KHHM classifier construction on a toy example.The first 5 figures show the
greedy initial step. The last figure shows the final classifier after 25 iterations. The contour lines show the covariance matrix of the negative distribution inside the intersection
of hyperplane, which is used to find the optimal hyperplane, depicted in black.
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Classification
rate at EER
89.32
92.98
93.93
94.48
84.87
96.47
92.26

Classification
time
5.6e-07
1.4e-06
1.5e-06
1.7e-06
4.6e-07
1.7e-03
1.0e-03

88.89
90.99
88.20
90.77
90.76

AUC

classification
time
9.8e-05
1.34e-04
8.6e-05
23.97
0.08
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Using a pyramid of BOWs with the histogram intersection kernel improves over the RBF kernel applied
to the bottom layer of the pyramid, but then the dimension of the feature vector increases to 6300. The AUC
of the KHHM classifier with K = 2 is 92.99% and of histogram kernel is 92.85%. Figure 6 shows the ROCs
of the first three categories produced by the KHHM classifier and the histogram intersection kernel SVM
classifiers.

In this test we used 397 scene categories of the SUN data base, which have at least 100 images per category
(Xiao et al. (2010)). We represent the images as BOW of dense HOG features with 300 words. We downloaded the features from the SUN web page6 , containing spatial pyramid of BOWs, and used the bottom
layer (the details of the feature extraction can be found in Xiao et al. (2010)). The data is divided into 50
training and 50 test images in 10 folds. Training one-against-all classifiers for 397 categories with 50 training
samples per category uses very unbalanced training sets. Thus we defined different weights for positive and
negative samples in SVM training and we used RUSBoost (Seiffert et al. (2008)) as an ensemble method (it
is designed for skewed data and performed significantly better than AdaBoost on this data set). Note that the
KHHM classifier naturally handles imbalanced sets. KHHM classifier with more than two hyperplanes didn’t
improve the performance. Table 5.1.3 shows the average AUC of the tested methods and their running times.

5.1.3. L ARGE S CALE S CENE R ECOGNITION

Table 3: Scene classification with 300 dim. features. The classification time of RBF kernel SVM
is very high, since it chooses about 15,000 SVs from 19850 training examples. The RUSBoost uses 100 decision trees.

KHHM K = 1
KHHM K = 2
Linear SVM
RBF kernel SVM
RUSBoost

Method

Table 2: Letter experiments. K corresponds to the number of hyperplanes used in the hingeminimax classifier. The times are in sec. AdaBoost uses 100 decision trees.

KHHM K = 1
KHHM K = 2
KHHM K = 3
KHHM K = 4
Linear SVM
RBF kernel SVM
AdaBoost

Method
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Figure 6: ROCs of the first three categories of the SUN data set, represented by a spatial pyramid
of BOWs, obtained from dense HOG. The solid lines correspond to the hinge-minimax
classifier, dotted lines correspond to the histogram intersection kernel SVM.

Figure 7: A qualitative comparison of the latent hinge minimax classifier (on the left) to the union
of LDA classifiers (on the right).

5.2. Latent Hinge Minimax Classifier
We first show a 2D toy example (Section 5.2.1) to illustrate the ability of the LHM classifier to discover
the hidden components in the positive class and to separate each of them from the negative class using a
K-hyperplane model.
Then, we compare LHM model to alternative ensembles of hyperplanes (in shallow architectures) on the
PASCAL-VOC 2007 dataset (Everingham et al. (2010)) (Section 5.2.2), and show its advantage over those
methods and its robustness to the choice of the number of latent components.

5.2.1. S YNTHETIC DATA
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A simpler alternative to the LHM model is a two-step algorithm which first finds the structure of the target
class by applying some kind of unsupervised learning (e.g, k-means clustering) and then builds a model
23
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Figure 8: First four iterations of the LHM training on toy example and the corresponding loss convergence.

Figure 9: Comparison of the LHM classifier to the equivalent NN for a varying number of hidden
components (from 2 to 5) on PASCAL VOC 2007. The points above the diagonal line
show the advantage of LHM classifier.

JMLR 19(62):1-30, 2018

for each component. Such a simple approach was employed in Hariharan et al. (2012) with LDA classifier
(Hastie et al. (2001)) trained per cluster. Unless the clusters are very small7 , it relies heavily on the results of
the clustering. If an initial clustering is incorrect (as in Figure 7, right), LDA (or any other convex classifier)
cannot separate the resulting components from the background without including many false positives. The
LHM training finds the underlying structure of the data and the model iteratively, improving both (Figure 7,
left). Furthermore, LHM is quite robust to the initial assignment. Figure 8 shows a few iterations and the
corresponding loss convergence when the initial assignment of the positive samples to components is chosen
at random. Note the LHM training discovers the underlying structure in a 3-4 iterations.

7. as in time consuming exemplar-based approach(Malisiewicz et al. (2011))
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Union of LDAs
65.17%

NN
67.19%

KHHM
69.45%
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5.3.1. B INARY I MBALANCED S ETTING
The “Best Case” Transfer Learning: We trained binary classifiers for pairs of classes from CIFAR-10
using imbalanced training sets, in which the negative class included all samples from all other classes (40,000
examples) and the positive class included a varying number of samples (140, 300, 600, 1400, 2000, 5000-all).
This resulted in imbalance ratios from 1:256 to 1:4.
LHM model was trained with 2 hidden components and 3 hyperplanes per component. The matching NN
mimicked the configuration of LHM model, but the weights were allowed to change in training. Figure 10-left
shows the 1-EER (averaged over 5 classification problems) of the LHM classifier and the two NN baselines
as a function of the positive training sample size.
The “Worst Case” Transfer Learning for Binary Imbalanced Problems: Since the number of samples per
class in CIFAR-100 is significantly smaller, this experiment tests the robustness to imbalanced training data

In the following experiments, we show that LHM classifier can be combined with CNN via transfer learning.
Specifically, we test the LHM classifier on top of the pre-trained CNN feature extraction in imbalanced binary
problems and in multi-class tasks with a small number of labeled examples.
We explore the following transfer learning settings. The first setting refers to the best case scenario
in which the source and the target classification tasks operate on the same set of features but differ in the
classification problem. The second setting refers to the worst case scenario for the transfer learning where
the source and the target classification problems share very little similarity. The “worst case” scenario is
very common in practice, as many classification tasks do not have a large, comprehensive training set (such
as ImageNet (Deng et al. (2009)) in object recognition) to be used in transfer learning. No good solution
currently exists for such problems.

We used the CIFAR-10, composed of 10 categories (airplane, automobile, bird, cat, deer, dog, frog,
horse, ship, and truck) as the source problem. Specifically, we trained the LeNet model implemented in
MatConvNet Vedaldi and Lenc (2015) on CIFAR-10. Then we removed the last fully-connected layer and
the soft-max and used this trimmed network as a feature extractor which converts images to a 64-dimensional
feature vectors.
For the best case transfer learning, we defined a new set of classes by coupling i and i + 5 indexes of
CIFAR-10 classes. CNN trained on CIFAR-10 maps individual classes to linearly separable sub-spaces, thus
using pairs of classes as a target classification problem makes it non-linear. Consequently, we get a new
classification problem over the same space of features.
For the worst case transfer learning, we picked a subset of 5 classes (train, bottle, cattle, forest, and
sweet peppers) from the CIFAR-100, which do not overlap (in their visual appearance) with the CIFAR-10
categories, to be the target classification task. CIFAR-10 data set is not rich enough to enable learning of
features that can be used for an arbitrary category, thus we believe that such setting is especially difficult.
We tested the LHM binary and multi-class classifiers in the best and the worst case transfer learning
scenarios and compared their performance to two baselines. One is an NN with a single fully connected layer
and the cross-entropy loss (NN linear) and the other is the NN with the architecture matching the LHM model
(NN matching). We repeated each experiment 50 times over different random subsets of training samples and
random initialization of NN and averaged the results.

Figure 10: Binary imbalanced classification: left – the “best-case” transfer learning setting, right –
the “worst-case” transfer learning setting.
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5.3. Hinge-Minimax Training in Deep Architecture

Next, we compared the LHM classifier to alternative ensembles of linear classifiers on PASCAL VOC 2007
dataset (Everingham et al. (2010)). To compare the raw performance of the classifiers we designed the
experiment to separate the contribution of the classifier from that of features and the detection system (which
usually involves various engineering steps that obscure the actual contribution of the classifier). To this end
we used simple features, such as Dalal-Triggs variant of the HOG features (Dalal and Triggs (2005)) with a
fixed number of cells (thus keeping the classification problem difficult), and we compared the classification
accuracy on the bounding boxes of 20 VOC object categories in test images (instead of running a full detection
system).
LDA Union (as a baseline model): We applied k-means clustering on whitened features to find the partition.
We then learned an LDA classifier for each cluster in that partition. We varied the number of clusters from 2
to 5.
NN with an architecture equivalent to LHM: We used the model described in Section 4.1 with K = 2 and
H = 2, .., 5, but the weights were initialized at random.
KHHM model This is essentially an LHM model with a single component, thus it is theoretically inferior to
LHM. However, we ran this experiment to test the benefits of modeling the hidden structure of the positive
class. We varied the number of hyperplanes from 2 to 5.
LHM model: We set the number of hyperplanes in each component to 2 and varied the number of components from 2 to 5. An initial assignment to the components was done using k-means with the Euclidian
distance.
All ensembles were trained in one-against-all manner. Similarly to (Hariharan et al. (2012); Osadchy
et al. (2012)), we learned the background mean and covariance using bounding boxes from all classes and
used them to represent the negative class in LDA union, KHHM, and LHM training. We tested all ensemble
classifiers on all bounding boxes from the test set. Table 4 summarizes the accuracy at the EER points of all
ensembles averaged over classes and different parameters. It shows that LHM model outperforms all other
classifiers. Figure 9 compares LHM to NN on 20 categories (as one-against-all binary classifiers) for varying
number of hidden components. The plot shows that LHM outperforms NN independently of the number of
components.

5.2.2. E NSEMBLES OF H YPERPLANES

Table 4: The table reports the accuracy at the EER point averaged over 20 classes and different
hidden partitions (except for KHHM) on PASCAL VOC-2007 classification task using
80-dimensional HOG features.

LHM
71.48%
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Figure 11: Multi-class classification: left – the “best-case” transfer learning setting, right – “worstcase” transfer learning setting.

and to a small number of examples. We varied the size of the positive training set between 20, 50, 100, 250,
500(all) samples and we used all 2,000 samples of other classes as the negative training set. We compared the
LHM model trained with 2 hidden components and 2 hyperplanes per component to NN baselines. Figure 10right shows the 1-EER of the classifiers averaged over 5 classification problems as a function of the positive
training set size.

5.3.2. M ULTI -C LASS S ETTING
The “Best Case” Transfer Learning: We mapped the LHM binary classifiers trained for 5 pairs of categories
to a multi-class NN as described in Section 4.2. We fine-tuned the weights with a very fast training (just a
handful of epochs, while training from scratch requires two orders of magnitude more training epochs).
Figure 11-left shows the accuracy of the LHM models mapped to a multi-class NN (LHM-NN) with the two
baseline NNs as a function of the size of the training set.
The “Worst Case” Transfer Learning for Multi-Class Problems: We mapped the LHM binary classifiers
trained for the 5 categories from CIFAR-100 (using CIFAR-10 features) to a multi-class NN and fine-tuned
the weights with a small number of epochs.
To test the complexity of the transfer learning problem we also trained a CNN (LeNet model implemented
in MatConvNet (Vedaldi and Lenc (2015))) on the target problem. We hoped that due to the small size of the
target classification problem, 500 training examples per class would yield relatively good accuracy. Figure 11right compares the accuracy of LHM-NN, two baseline NNs, and CNN (trained from scratch) as a function of
the training sample size. It shows that CNN trained on the target problem is indeed the best as it succeeds to
learn features specific for the task, but its accuracy drops very abruptly when the number of training samples
becomes smaller. This suggests that when the number of training examples is small, using transfer learning
even in a such difficult setting is a better solution than training a CNN from scratch.

JMLR 19(62):1-30, 2018

The results in Figures 10 and 11 show that the NN models either heavily overfit when the number of
training samples is small (NN matching) or they are not expressive enough when the number of training
samples increases (NN linear). LHM classifiers are expressive enough to learn from a large set of examples
and are more robust to overfitting when the number of examples is small.
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6. Training Efficiency

Another advantage of LHM-NN is its training efficiency. A class-specific LHM model converges in 5-10
iterations. Its training time primarily depends on the number of positive samples and the dimension. The
negative samples are used to estimate the mean and covariance of the background. The initial estimation
(which involves a large number of samples) is done only once and used for all classes. Since the probability
of the negative class is evaluated inside the positive region using false positives, the number of which drops
very fast, the estimation time of the mean and covariance during the training is negligible. Training of a
binary classifier per class is independent of other classes, thus their training can be done in parallel. Finally,
the fine-tuning of the multi-class network after mapping is very fast, due to the initialization of all layers
(using supervized learning): feature extraction layers with pre-trained CNN and classifier’s layers with LHM
models.
The LHM-NN is also beneficial for the problems in which classes are dynamically added or removed
from the classification task. Adding a class requires training a single binary classifier and fast fine-tuning;
removing a class requires only fine-tuning.

7. Conclusions and Future Work

We proposed an efficient method for learning an intersection of finite number of hyperplanes which combines
the hinge-risk (for the small number of positive data) with the background risk, based on the “minimax bound”
(for a large number of negative data points) and derived a generalization bound for the mixed risk. We showed
that the proposed classifier yields results comparable to the popular non-linear classifiers, but at much lower
(order of magnitude) computational cost of classification.
We generalized this model to a non-convex classifier (Latent Hinge-Minimax classifier), which discovers
the hidden components in the positive class and separates them from the negative class with the intersections
of positive half spaces. The main advantage of this classifier is its ability to incorporate unlabeled data in
training which improves the robustness to imbalanced sets.
We showed that for multi-class tasks, class-specific LHM models can be mapped to a multi-class NN
with matching architecture requiring only a few iterations of fine-tuning. Finally, the showed that LHM
architecture can be integrated with CNN features via transfer learning. The entire training procedure is very
efficient. Our experiments showed that such classifiers are much more robust to the number of labeled training
samples than the equivalent NNs.
This work cay be extended in various directions. A lower Rademacher complexity was shown for the
k-fold maxima of hyperplanes in Kontorovich (2018). We plan to extend this result to the maximum over
hinge losses and improve the generalization bound for the positive sample. Structured output learning have
had an impact on machine vision and can be applied to this framework while improving the multiclass procedure. Another direction is devising a unified probabilistic framework to include both the hinge-loss and
background-loss. Also, extensions of Marshall-Olkin theorem to non-convex sets might have a significant
impact on robust deep learning methods.
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We propose a short-term sparse portfolio optimization (SSPO) system based on alternating
direction method of multipliers (ADMM). Although some existing strategies have also
exploited sparsity, they either constrain the quantity of the portfolio change or aim at
the long-term portfolio optimization. Very few of them are dedicated to constructing
sparse portfolios for the short-term portfolio optimization, which will be complemented
by the proposed SSPO. SSPO concentrates wealth on a small proportion of assets that
have good increasing potential according to some empirical financial principles, so as to
maximize the cumulative wealth for the whole investment. We also propose a solving
algorithm based on ADMM to handle the `1 -regularization term and the self-financing
constraint simultaneously. As a significant improvement in the proposed ADMM, we have
proven that its augmented Lagrangian has a saddle point, which is the foundation of the
iterative formulae of ADMM but is seldom addressed by other sparsity strategies. Extensive
experiments on 5 benchmark data sets from real-world stock markets show that SSPO
outperforms other state-of-the-art systems in thorough evaluations, withstands reasonable
transaction costs and runs fast. Thus it is suitable for real-world financial environments.
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Portfolio optimization (PO) via machine learning systems has been catching more and
more attention recently (Li and Hoi, 2012; Huang et al., 2013; Li et al., 2015; Li and Hoi,
2014; He et al., 2015; Yang et al., 2015; Huang et al., 2016; Li et al., 2016; MahdaviDamghani et al., 2017). It aims to invest in a group of financial assets with instructions
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by the machine, based on some financial principles and optimization strategies. Since it
requires a large amount of quantitative calculation, machine learning methods are in high
demand to reduce mistakes and biases made by human in real-world investment.
PO originates from the mean-variance theory (Markowitz, 1952), which seeks to minimize the volatility of a portfolio given a certain expected return level. From then on,
various theories based on such a framework are proposed in the language of probability and
statistics (Sharpe, 1964; Fama, 1965; Lintner, 1965; Fama, 1970; Treynor and Black, 1973).
The equally-weighted portfolio is a popular theory that can achieve good performance if
the individual risks of the assets are similar, while the risk parity theory is efficient in diversifying the portfolio risk if the individual risks are significantly different (Maillard et al.,
2010). Instead of treating PO as a static problem, the stochastic portfolio theory (Fernholz,
2002) further extends it to a dynamic problem under some strict statistical assumptions.
Besides, some special objectives can be achieved by adding specific prior knowledge into
the dynamic model, like the rank-dependent portfolios. However, all the above methods
are rather theoretical and their conclusions are based on very strict statistical assumptions
that are far from real-world situations. On the other hand, machine learning strategies
do not require such strict assumptions, thus they are more productive and effective in a
well-defined technical sense (Das et al., 2013; Shen et al., 2014; Ho et al., 2015).
The attempt to construct sparse portfolios via machine learning starts in the long-term
PO. In general, a long-term PO changes its portfolio once for a week or a month (or even
a year). It focuses on the choice of assets rather than the timing of trading (buying or
selling). A kind of sparse and stable Markowitz portfolios (SSMP) is proposed by Brodie
et al. (2009). It adds an `1 -regularization (Candès and Plan, 2009) term of the portfolio
vector to the traditional Markowitz model, which regulates the amount of short-position
in the portfolio. The regularized symmetric tail average (STA) minimization is proposed
by Still and Kondor (2010), which exploits the Karush-Kuhn-Tucker (KKT) conditions
(Bertsekas, 1999) to make the portfolio sparse. Ho et al. (2015) also construct sparse meanvariance portfolios with weighted elastic net penalization (Zou and Hastie, 2005). Shen et al.
(2014) propose the doubly regularized portfolio allocation to control the quantity of portfolio
change. Empirical or simulated experiments indicate that they show some advantages in
the long-term PO.
However, few systems construct sparse portfolios for the short-term and online PO,
which changes its portfolio once for a day (or even shorter). Since the short-term PO is
more general than the long-term PO (e.g., one can change the portfolio only on the first day
of each month), the short-term PO considers both of the choice of assets and the timing of
trading. While the objective of long-term PO is to minimize the quadratic risk (Markowitz,
1952; Brodie et al., 2009; Ho et al., 2015; Shen et al., 2014), the objective of short-term
PO is to maximize the increasing factor on each day and ultimately the cumulative wealth
(Cover, 1991; Agarwal et al., 2006; Li et al., 2011; Das et al., 2013; Li et al., 2015; Huang
et al., 2016; Li et al., 2016).
Alternating direction method of multipliers (ADMM) (Boyd et al., 2010) is an efficient and reliable approach for solving `1 -regularization problems in many applications
(Yin et al., 2015; Fang et al., 2016). However, it is nontrivial to implement ADMM (and
other approaches) on the short-term sparse PO especially when both the `1 -regularization
term and the self-financing constraint are present (Shen et al., 2014), thus there are few
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public solving schemes. Shen et al. (2014) point out that this problem is difficult and turn
to a commercial software for solution. Ho et al. (2015) include the `1 -regularization term
but exclude the self-financing constraint. Although Das et al. (2013) successfully set up an
ADMM algorithm, they do not prove that its augmented Lagrangian has a saddle point,
which is the foundation of the iterative formulae of ADMM. In fact, the saddle point proof is
also absent in other applications (Mohsin et al., 2015; Zhan et al., 2016) than PO. Besides,
not all designs of ADMM have saddle points.
To address the above-mentioned problems, we propose a novel Short-term Sparse PO
(SSPO) system based on ADMM. It well fits the machine learning framework for the shortterm PO and is free of the strict assumptions of the stochastic portfolio theory. Its novelty
falls into several aspects.
• Most state-of-the-art short-term PO systems focus only on adopting empirical financial principles (like the mean reversion) (Li et al., 2012, 2013, 2015; Huang et al.,
2016), but SSPO also exploits the intrinsic sparse structure of portfolio by using
an `1 -regularization term and a self-financing constraint simultaneously, which lacks
public solving schemes.
• Most previous sparsity models minimize the square error (Brodie et al., 2009; Still
and Kondor, 2010; Lai et al., 2015; Zhan et al., 2016) or the quadratic risk (Brodie
et al., 2009; Ho et al., 2015), but SSPO maximizes an increasing factor, which is quite
different from the former in formulation.
• Previous sparsity models for short-term PO constrain the quantity of the portfolio
change to form “lazy updates” (Das et al., 2013; Shen et al., 2014), which are defensive
strategies and not really sparse PO systems. But SSPO actively updates the sparse
portfolio according to the changing increasing potential of different assets as time
passes, which is an aggressive strategy.
• We prove that the augmented Lagrangian of SSPO has a saddle point, which is the
foundation of the iterative formulae of ADMM but is seldom addressed by other
sparsity models.
The rest of the paper is organized as follows. Section 2 presents some preliminaries
and related works. Section 3 illustrates the whole SSPO system and its solving algorithm.
Section 4 presents extensive experimental results to evaluate SSPO. Finally, Section 5 draws
conclusions.

2. Preliminaries and Related Works
2.1. Problem Setting of Short-term Portfolio Optimization
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We present the framework of short-term PO via machine learning, which is taken as
baseline by many previous researches (Cover, 1991; Agarwal et al., 2006; Li et al., 2015;
Huang et al., 2016; Li et al., 2016). Suppose there are d assets in a financial market,
d , t = 0, 1, 2, · · · , where Rd represents the dtheir prices are collected as a vector pt ∈ R+
+
dimensional nonnegative real space. Note that pt may change as time t goes, forming a
3
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max

n
{bt ∈∆d }t=1

t=1

n
Y
(bt> xt ).

(1)

t
sequence. We can evaluate the performance of assets by the price relative xt , ppt−1
, where
the division is performed element-wise.
d :
A portfolio is a vector lying on the d-dimensional simplex bt ∈ ∆d := {b ∈ R+
Pd
(i) = 1} with assumptions of non-short-selling and self-financing (without borrowing
i=1 b
money and full re-investment). It represents the proportion of the total wealth invested in
different assets at the beginning of the t-th period.
At the end of the t-th period, the cumulative wealth St evolves by an increasing factor
of bt> xt : St = St−1 · (bt> xt ). Suppose the whole investment Q
lasts n periods and the initial
n
wealth is S0 = 1, then the final cumulative wealth is Sn = t=1
(bt> xt ). The objective of
short-term PO is to maximize Sn by maximizing bt> xt on each period (Cover, 1991; Agarwal
et al., 2006; Li et al., 2011; Das et al., 2013; Li et al., 2015; Huang et al., 2016; Li et al.,
2016):

Ŝn =

Note that no statistical assumptions regarding the movement of asset prices are required in
the framework.

2.2. Related Works on Short-term Portfolio Optimization

Different systems or strategies suggest different principles of optimizing bt as time passes.
In general, short-term PO systems need to flexibly react to the rapid change of financial
environments, thus they have to exploit some principles of empirical financial studies (Jegadeesh, 1990, 1991; Li and Hoi, 2014; Li et al., 2016) and investing behaviors (Kahneman
and Tversky, 1979; Bondt and Thaler, 1985; Jegadeesh and Titman, 1993) to make future
price predictions, rather than follow strict statistical assumptions that may only take effect
in the long run (Das et al., 2013). For example, some state-of-the-art short-term PO systems adopt the mean reversion principle in finance (Jegadeesh, 1990, 1991; Li et al., 2012,
2013, 2015; Huang et al., 2016), which indicates that the future price of an asset will reverse
to some kind of its historical mean.
2.2.1. Two Trivial Systems

b∈∆d

A simple but widely used system is the Uniformly Buy-And-Hold (UBAH) strategy (Li
and Hoi, 2014), which disperses the wealth equally in all the assets at the very beginning
Pd Qn
(i)
and remains unchanged: ŜnU BAH = d1 i=1
t=1 xt . It is taken by most financial markets
as their market strategies.
On the contrary, the Beststock (BS) strategy (Li and Hoi, 2014) allocates
Nn all the wealth
N
to the best performing asset in the whole investment: ŜnBS = max b> ( t=1
xt ), where

is the element-wise product operator. It is a hindsight strategy that cannot be implemented
in reality.

2.2.2. Systems Based on Correlation
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Anticor (Borodin et al., 2004) is a mean-reversion system, selling previous good performing assets and buying the anti-correlated bad performing ones. It measures the similarity
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¯ (i) )> (ly(j) −ly
¯ (j) )
(lx(i) −lx
¯ (i) kkly(j) −ly
¯ (j) k
klx(i) −lx

and an

w<k<t:

t
std(Xk−1
k−w )std(Xt−w+1 )

t
cov(Xk−1
k−w , Xt−w+1 )

>ρ ,

)

k=0

w−1
X

kpt−k − pk,
x̂t+1 =

p̂t+1
.
pt

(6)

b

= argmin b> Σ̂b − b> µ̂ +

i=1

d
X

τi |b(i) | +

i=1

d
X

ιi |b(i) |2 ,

(7)

(8)

b∈∆d

5

6
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1
b̂t+1 = argmin −η log(b> xt ) + τ kb − b̂t k1 + kb − b̂t k2 .
2
b∈∆d

Online Lazy Update (OLU) (Das et al., 2013) is a sparsity model for the short-term PO.
However, the sparsity is on the change of portfolio, not on the portfolio itself:

2.3.2. Systems for Lazy Updates

where Σ̂ and µ̂ are the estimated covariance and expectation of asset returns, respectively.
SSMP and WENPP reflect that the objective of long-term PO is to minimize the
quadratic risk k1(n) − Rbk2 or b> Σ̂b, which is quite different from the problem setting (1)
of short-term PO. Besides, Σ̂ and µ̂ have to be estimated in a single static period, which is
not adaptive to the rapid changing financial environments in the short-term PO (Das et al.,
2013).

bW EN P P

JMLR 19(63):1-28, 2018

(5)

(4)

s.t. b> µ = , b> 1 = 1,

(5) is a normalization to the simplex (Duchi et al., 2008). This optimization model does not
impose sparsity constraints on the portfolio, and it tries to approach the current portfolio
b̂t with a prospective growth b> x̂t+1 > .

s.t. b> x̂t+1 >  > 0,

(3)

b

= argmin k1(n) − Rbk2 + τ kbk1

where  is a predefined prospective growth rate, 1(n) is an n-dimensional vector of 1, R
is an n × d-dimensional asset return matrix, µ is the expectation of asset returns, k · k1
denotes the `1 -Norm, and τ is the regularization strength. Rb contains the actual portfolio
returns of n samples, while b> µ is the expectation of the portfolio return. (6) constrains
b> µ to a predefined level , and tries to minimize the square error (i.e., the quadratic risk
in the context of quantitative finance) of the actual portfolio returns to their expectation.
Besides, it relaxes the nonnegativity constraint of b and retains the self-financing constraint
b> 1 = 1. With `1 -regularization, b is forced to be sparse and the short position is limited
(Brodie et al., 2009).
Weighted Elastic Net Penalized Portfolio (WENPP) (Ho et al., 2015) adds an elastic
net penalization (Zou and Hastie, 2005) but removes the self-financing constraint b> 1 = 1:

bSSM P

Sparse and Stable Markowitz Portfolio (SSMP) (Brodie et al., 2009) uses the following
regularization model

2.3.1. Systems for Long-term Portfolio Optimization

Although sparsity models have been proposed for PO, they either aim at the long-term
PO or constrain the quantity of the portfolio change. Very few of them aim to construct
sparse portfolios for the short-term PO.

2.3. Related Works on Sparsity Constraints

Lai, Yang, Fang and Wu

Hence it is not really a sparse PO. Besides, it assumes that the current price relative xt
will be replicated in the next day, which may lack supports from empirical financial studies.
Moreover, although it has established an ADMM solver, it has not given a saddle point
proof for its augmented Lagrangian, which is the foundation of the iterative formulae of
ADMM. Note that not all ADMM designs have saddle points.

b̂t+1 = argmin kb − bt+1 k .

2

1
bt+1 = argmin kb − b̂t k2
2
b

Both RMR and OLMAR use the following optimization model to update portfolio:

p∈Rd+

p̂t+1 = argmin

where 1 is a vector with elements of 1, whose dimension can be inferred from the context,
and w is the window size. Its portfolio update scheme is the same as the below-mentioned
RMR strategy (Huang et al., 2016).
RMR also makes moderate price predictions, but substitutes `1 -median (Vardi and
Zhang, 2000) for MA, since `1 -median is more robust to noise and outliers:

OLMAR (Li et al., 2015) exploits the popular financial tool of moving average (MA)
to predict future asset prices. It is a defensive and moderate strategy with a neutral risk
appetite, so as to avoid over-estimating or under-estimating:
!
Pw−1
M At (w)
1
1
1
k=0 pt−k
x̂t+1 (w) =
=
=
1+
+ · · · + Nw−2
,
(2)
pt
wpt
w
xt
k=0 xt−k

2.2.3. Systems Based on Average Indices

where Xk−1
k−w denotes the price relative vectors in the time window [k − w, k − 1].
Mahdavi-Damghani et al. (2017) consider PO in the context of cointelated pairs, a
typical model for pairs trading. It is designed to signify a hybrid method between the
cointegration and the correlation models. There are two approaches to addressed this
problem: Stochastic Differential Equation and Band-wise Gaussian Mixture, which give
similar results but the latter keeps the methodology simpler and more adaptable to the
regime change.

Ct+1 (w, ρ) =

(

anti-correlation Ai = |cori,i | if cori,i < 0; else Ai = 0, where k · k is the Euclidean norm, lx
and ly are logarithmic returns in two successive windows.
CORN (Li et al., 2011) further combines correlation with pattern-matching (Györfi
et al., 2006) and searches for historical correlation-similar patterns

of different assets by the cross-window correlation cori,j =

Short-term Sparse Portfolio Optimization Based on ADMM

(9)

(10)

pM AX
pt

pt



.



Rt = 1.1 log

pM AX
pt

(i)

> 1 and the inequality dominates each element. If

pt

(i)

pM AX

(i)

= 1, then

is the logarithmic return (Borodin et al., 2004), Rt is a linear transform
pM AX
pt

b

s.t. 1> b = 1,

λ
η
kb − gk2 + λkgk1 + (1> b − 1)2 + ρ(1> b − 1),
2γ
2

8

(12)

(13)
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where γ > 0 controls the approximation of g to b, and η > 0 controls the penalty strength
λ
kb − gk2 forces g → b.
when 1> b 6= 1. Generally speaking, if γ → 0, then the penalty 2γ
Further analysis of γ will be given later in the optimization steps.
Not all formulations of ADMM have saddle points. Few methods take the bother to
figure out and prove the existence of saddle points (Das et al., 2013; Mohsin et al., 2015;
Zhan et al., 2016). But we can prove that the augmented Lagrangian (13) has a saddle
point, which makes the iterative formulae (25)∼(27) of ADMM appropriate.

L(b, g, ρ) = b> ϕt +

where λ > 0 controls the regularization strength.
Different from previous compressed sensing models (Brodie et al., 2009; Mohsin et al.,
2015; Zhan et al., 2016) that minimize a square error, model (12) minimizes b> ϕt . It is also
different from (7) and (9) which minimize a quadratic risk for the long-term PO. Besides,
(12) has a self-financing constraint 1> b = 1 which is absent in (7), and (9) is solved by a
commercial software (Shen et al., 2014). Thus there are few existing public algorithms to
solve (12) and we have to design a new algorithm. Last, bt+1 can be projected onto the
simplex to form an eligible portfolio, as instructed by Duchi et al. (2008); Li et al. (2015);
Huang et al. (2016).
Based on the ADMM criterion, we introduce an auxiliary vector g ∈ Rd to approach b,
and turn to minimize λkgk1 . We also introduce a dual variable ρ for the constraint 1> b = 1,
and transform the constraint into a penalty function. By this way, the constrained model
(12) is changed to the optimization of an unconstrained augmented Lagrangian

bt+1 = min b> ϕt + λkbk1 ,

We consider the following objective to set up a sparse portfolio model: first, we should
maximize b> Rt , which is the increasing potential of the whole portfolio. Denote ϕt =
−Rt , then we can change the maximization to a minimization. Second, we adopt an `1 regularization term and a self-financing constraint simultaneously to concentrate the portfolio on a few assets. It leads to the following model

3.2. Sparse Portfolio Model

Rt = 1. The coefficient 1.1 is a slight adjustment of the shape of linear transform. We use
Rt as the price information input for the SSPO system.

(i)

pM AX
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s.t. b> 1 = 1,

i = 1, 2, · · · , d.
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(i)

max pt−k ,
06k6w−1

where log


Doubly Regularized Portfolio (DRP) (Shen et al., 2014) also employs the lazy update
strategy in its model:
b̂t = argmin b> Σ̂t b + τ1 kbk1 + τ2 kb − b̂t− k2

=

of log

gain profits by the growth of asset price, they consider pM AX as a potential level that the
future price can probably reach.
Next, the relative distance from the current price vector pt to pM AX implies the increasing potential of the assets. Thus we define a generalized logarithmic return as follows:


+ 1,
(11)

b

where b̂t− denotes the re-normalized portfolio before the rebalancing at time t, and Σ̂t
denotes the estimated covariance at time t. DRP is also for the long-term PO in both
model setting (minimizing the quadratic risk) and its experimental evaluation (weekly or
monthly data). It updates the covariance Σ̂t based on the newest price information, instead
of using a single static Σ̂ as in (7). The regularization term τ2 kb − b̂t− k2 is introduced to
control the change of portfolio. DRP does not propose a solver for its model, but turns to
a commercial software toolbox (Shen et al., 2014).

3. Short-term Sparse Portfolio Optimization
To make a summary of Section 2, there are few sparse portfolio methods for the
short-term PO that have reliable public solving schemes, especially when both the `1 regularization term and the self-financing constraint are present. Besides, most state-ofthe-art short-term PO systems focus only on exploiting empirical financial principles and
pay little attention to constructing sparse, concentrated and effective portfolios.
To fill this gap, we propose a novel Short-term Sparse PO (SSPO) system based on
ADMM. We also prove that its augmented Lagrangian has a saddle point, which is the
foundation of the iterative formulae of ADMM but is seldom addressed by other sparsity
models. SSPO actively rebalances the sparse portfolio according to some empirical financial
principles in order to maximize the cumulative wealth. To establish SSPO, we follow the
3 conventional steps of short-term PO system design (Borodin et al., 2004; Li et al., 2011;
Li and Hoi, 2014; Li et al., 2015; Huang et al., 2016): price information processing, sparse
portfolio model setup, and solving algorithm design.
3.1. Price Information

(i)

pM AX

A sparse portfolio should concentrate on only a few assets that have good increasing potential, which is more adaptive to an aggressive strategy than a defensive one. Hence SSPO
exploits the irrational investing behaviors indicated by some empirical financial studies on
stock price overreactions (Bondt and Thaler, 1985; Kahneman and Tversky, 1979; Shiller,
2003), instead of the mean reversion principle (Jegadeesh, 1991). For example, investors
are usually irrational to keep on buying the assets rising in value, which further pushes up
the asset prices and postpones the reversion (Jegadeesh and Titman, 1993; Shiller, 2000).
To evaluate the increasing potential of an asset, the highest price in a recent time window
with size w is observed:

(i)
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pM AX plays an important role in real-world investment and portfolio management, and it
is an indispensable indicator in nearly every stock analysis software. Since most investors
7

∀ b, g, ρ.
(14)

b,g

g

g

min L(b, g, ρ) 6 min L(b, g, ρ) 6 L(b, g, ρ).

b

(16)

(15)

γ
2

if |b(i) | 6 γ
.
if |b(i) | > γ
(19)

(18)

(17)

i=1

h(b(i) )+(1−θ)

i=1

h(c(i) ) = θH(b)+(1−θ)H(c).

h(θb(i) + (1 − θ)c(i) )

i=1
d
X

d
X

9

η
min b> ϕt +λH(b)+ (1> b−1)2 , s.t. 1> b = 1.
b
2

(20)
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Hence H(b) is also a strictly convex function.
Looking back to (17), l(b, ρ) is the Lagrangian of the following problem

<θ

d
X

H(θb + (1 − θ)c) =

It is a continuous function, which only needs to be verified at |b(i) | = γ and it is obvious.
Moreover, it is decreasing when b(i) 6 0 and increasing when b(i) > 0, indicating that it is
also a strictly convex function.
Suppose we have 2 vectors b 6= c. For any 0 < θ < 1,

where h(b(i) ) is the Huber function (Boyd et al., 2010)
(
|b(i) |2
1
2γ
h(b(i) ) = min (b(i) − g(i) )2 + |g(i) | =
g(i) 2γ
|b(i) | −

i=1

η
l(b, ρ) = min L(b, g, ρ) = b> ϕt +λH(b)+ (1> b−1)2 +ρ(1> b−1),
g
2
d
X
1
H(b) , min kb−gk2 +kgk1 =
h(b(i) ),
g 2γ

Taking minb,g in all 3 terms of the above inequalities, we find that they are restricted
to equalities, since the first term equals the last term. Besides, minb,g ming L(b, g, ρ) =
minb ming L(b, g, ρ), thus we deduce equation (15).
Next, we examine the following functions

It can be seen that

b,g

min L(b, g, ρ) = min min L(b, g, ρ).

We now prove that this saddle point really exists. First, for any given ρ, the following
equation holds:

L(b∗ , g∗ , ρ) 6 L(b∗ , g∗ , ρ∗ ) 6 L(b, g, ρ∗ ),

Our algorithm originates from the existence of a saddle point (b∗ , g∗ , ρ∗ ) for the Lagrangian (13) such that

3.3.1. The Existence of Saddle Point

3.3. Solving Algorithm

Short-term Sparse Portfolio Optimization Based on ADMM

∀ b, ρ.

(21)

(22)

b

g

b,g

(24)

(23)

(27)

ρ(o+1) = ρ(o) + η(1> b(o+1) − 1).

10

(28)
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where I is an identity matrix whose dimension can be inferred from the context.

λ
η
λ >
b Ib − b> g(o) + b> 11> b − (η − ρ(o) )b> 1
b(o+1) = argmin b> ϕt +
2γ
γ
2
b




1 > λ
λ
>
>
= argmin b
I + η11
b + b ϕt − g(o) − (η − ρ(o) )1 ,
2
γ
γ
b

To solve (25), we can leave out all the constant terms that do not include b in (13),
which leads to

g

(26)

(25)
g(o+1) = argmin L(b(o+1) , g, ρ(o) ),

b

b(o+1) = argmin L(b, g(o) , ρ(o) ),

Based on the saddle point inequalities (14) and the ADMM criterion, the Lagrangian
(13) should be minimized by b,g and maximized by ρ, which can be formulated in 3 iterative
steps

3.3.2. The Algorithm Based on ADMM

Combining (23) and (24), we prove that (b∗ , g∗ , ρ∗ ) is a saddle point satisfying (14).

b

L(b∗ , g∗ , ρ∗ ) = l(b∗ , ρ∗ ) = min l(b, ρ∗ ) = min min L(b, g, ρ∗ ) = min L(b, g, ρ∗ ).

Furthermore, by (15), (17) and the second inequality of (21) we have

L(b∗ , g∗ , ρ) = l(b∗ , ρ) 6 l(b∗ , ρ∗ ) = L(b∗ , g∗ , ρ∗ ).

where (·)+ denotes the positive part of a vector, which maps all the negative elements to
0 and retains all the nonnegative ones. abs(·), sign(·) are the absolute value function and
the sign function implemented on each element of a vector, respectively. The soft shrinkage
operator shrinks each element of b∗ towards 0 by a step size of γ.
Therefore, from the first inequality of (21) we have

g∗ = sign(b∗ ) ⊗ (abs(b∗ ) − γ1)+ ,

The last step is to find g∗ . From (18) we know that g is determined by b. Specifically,
g∗ is the minimizer of H(b∗ ) in (18), which is a soft shrinkage (Tibshirani, 1996)

l(b∗ , ρ) 6 l(b∗ , ρ∗ ) 6 l(b, ρ∗ ),

We have proven that H(b) is strictly convex. It is apparent that b> ϕt and η2 (1> b−1)2 are
also convex on b. Hence the whole function to be minimized in (20) is strictly convex. By
Slater’s theorem (Boyd and Vandenberghe, 2004), strong duality holds and there exists a
saddle point (b∗ , ρ∗ ) such that

Lai, Yang, Fang and Wu

−1 
+ η11>



in (28). Apparently


λ
g + (η − ρ(o) )1 − ϕt .
γ (o)

λ
γI
λ
γI
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λ
I + η11>
γ


Proposition 1 There is a unique minimum of (28):
b(o+1) =
Proof We analyze the quadratic form
definite. It can be shown that η11> is positive semidefinite:
∀b, ηb> 11> b = η(b> 1)(1> b) = η(b> 1)2 > 0.


λ
> is positive definite.
γ I + η11

Thus the whole quadratic form


λ
I + η11>
γ

−1 

λ
g + (η − ρ(o) )1 − ϕt .
γ (o)

(29)
is positive

We take the gradient of (28) with respect to b and let it be a zero vector


λ
λ
I + η11> b + ϕt − g(o) − (η − ρ(o) )1 = 0.
(30)
γ
γ


Since λγ I + η11> is positive definite, the function of (28) is convex and the solution of
(30) is the unique minimum
b(o+1) =

1
kb
− gk2 + kgk1 .
2γ (o+1)

(31)

Next, we turn to solve (26), which has already been addressed in Section 3.3.1. By
excluding all the terms unrelated to g in (13), we have a Huber vector function

g

H(b(o+1) ) = min

(32)

Now we can see that γ balances between the approximation of g to b(o+1) and the sparsity
of g. When γ → 0, g → b(o+1) and the sparse regularization kgk1 will be weaken, vice
versa. The minimizer of (31) is a soft shrinkage:
g(o+1) = sign(b(o+1) ) ⊗ (abs(b(o+1) ) − γ1)+ .

JMLR 19(63):1-28, 2018

(33)

Next, we implement (27) as a dual ascent step for (13), and turn to the next iteration.
We repeat (29)(32)(27) until the equality tolerance |1> b(o) −1| <  or the maximum iteration
is reached. Last, b(o) should be normalized to be a real portfolio output for the next trading
period (Duchi et al., 2008):
b∈∆d

b̂t+1 = argmin kb − ζb(o) k2 ,
where ζ > 0 is a scale parameter.
We summarize the whole SSPO as Algorithm 1.
11
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ALGORITHM 1: Short-term Sparse Portfolio Optimization (SSPO)

λ
>
γ I+η11

−1 h

i = 1, 2, · · · , d.

λ
γ g(o) +(η−ρ(o) )1−ϕt

i

.

w−1
Input: Asset prices in the recent time window {pt−k }k=0
, the current portfolio b̂t ,
parameters w, λ, γ, η, ζ. Set the equality tolerance  = 10−4 and the maximum

iteration= 104 .
(i)
1.
= max
p ,
06k6w−1

 t−k
pM AX
− 1.
pt

(i)
pM AX

2. ϕt = −1.1 log



3. Initialize: o = 1, b(1) = g(1) = b̂t , ρ(1) = 0.
repeat
4. b(o+1) =

5. g(o+1) = sign(b(o+1) ) ⊗ (abs(b(o+1) ) − γ1)+ .
6. ρ(o+1) = ρ(o) + η(1> b(o+1) − 1).
7. o = o + 1.
until |1> b(o) − 1| <  or o > M ax Iter
8. Normalize: b̂t+1 = argminb∈∆d kb − ζb(o) k2 .
Output: The next portfolio b̂t+1 .

3.3.3. Sparsity of the Portfolio

#{small weights}
.
d−1

(34)

We show that our algorithm really produces sparse portfolios. We compute the corresponding portfolio bt+1 by Algorithm 1 without normalization in Step 8 (to verify that
the core procedure of the algorithm produces sparse portfolios) and test its sparsity. For a
portfolio, we consider the weights which are no larger than 10% of the maximum weight as
small weights. Then the sparsity of a portfolio is the proportion of the small weights in all
the non-maximum weights:
spar =

NYSE(N)
89.06%

DJIA
91.91%

SP500
91.36%

TSE
94.50%

We compute the average sparsity of the portfolios of SSPO on each of the 5 experimental
data sets NYSE(O) (Cover, 1991), NYSE(N) (Li et al., 2013), DJIA (Borodin et al., 2004),
SP500 (Borodin et al., 2004) and TSE (Borodin et al., 2004), and show the results in Table 1.
The parameters of SSPO are set in Section 4.1. SSPO achieves high sparsities that are near
to or greater than 90% on all the data sets. It indicates that SSPO can produce sparse
portfolios. Moreover, these sparse portfolios also achieve good investing performance, which
is supported by the experimental results in Section 4.
NYSE(O)
92.91%

Table 1: Average sparsity of the portfolios of SSPO on 5 benchmark data sets.
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To visualize the sparsity, we randomly choose 6 portfolios (the 2-nd,33-rd,450-th,276th,127-th and 98-th investing days) of SSPO on the DJIA data set and show them in Figure
1. We can see that the portfolios are sparse and concentrate on only a few assets. For
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= 1, which

is the standard level of a price relative. The figure shows that all the benchmark data sets
have a representative asset pool with diverse characteristics of return and volatility. Hence

pt−1

(i)

pt

(i)

JMLR 19(63):1-28, 2018

(i)

2. Note that if Asset i does not change in price at day (period) t, then xt =

4. Experimental Results

We conduct extensive experiments on 5 benchmark data sets from real-world stock
markets: NYSE(O) (Cover, 1991), NYSE(N) (Li et al., 2013), DJIA (Borodin et al., 2004),
SP500 (Borodin et al., 2004), and TSE (Borodin et al., 2004). They consist of daily price
relatives from New York Stock Exchange, Dow Jones Industrial Average, Standard & Pool
500 and Toronto Stock Exchange, covering a wide range of assets and time spans. Their
information is shown in Table 2. To be consistent across the experiments, all the involved
returns and increasing factors in this section are daily but not annualized.
We also show the box plots of asset price relatives on the 5 benchmark data sets in Figure

4.1. Parameter Setting

they are reliable to test the performance of different PO systems in real-world financial
environments.
For comparison, 7 state-of-the-art short-term PO systems are evaluated: ONS (Agarwal
et al., 2006), CORN, Anticor, PAMR (Li et al., 2012), CWMR (Li et al., 2013), OLMAR
and RMR, as well as 2 trivial ones: Beststock and Market. The parameters for these systems
are set by the defaults in their original papers and previous experiments (Li and Hoi, 2014;
Li et al., 2016, 2015; Huang et al., 2016): ONS: η = 0, β = 1, γ = 81 ; CORN: w = 5, P =
1, ρ = 0.1; Anticor: w = 5; PAMR and CWMR:  = 0.5; OLMAR: w = 5,  = 10; RMR:
w = 5,  = 5. The parameters for SSPO are set as: w = 5, λ = 0.5, γ = 0.01, η = 0.005, ζ =
500. Note that the window size w = 5 is the same with all these systems, to be consistent.
Evaluation protocols mainly fall into 8 indicators: 1. Cumulative wealth (CW): the
main score to evaluate investing performance; 2. Mean Excess Return (MER) (Jegadeesh,
1990): the average excess performance of a system compared with the market; 3. α Factor
(Lintner, 1965): MER excluding the market risk; 4. Order statistics: the rank of a system
return in all the asset returns; 5. Sharpe Ratio (Sharpe, 1966): risk-adjusted average return;
6. Information Ratio (Treynor and Black, 1973): risk-adjusted MER; 7. Transaction costs;
8. Running times. Indicators 1∼3 are investing performance measurements, Indicators
4∼6 are risk metrics, and Indicators 7,8 evaluate the applicability to real-world financial
environments. SSPO achieves state-of-the-art results in all these indicators.

Table 2: Information of 5 benchmark data sets from real-world stock markets.

We first conduct experiments of the final cumulative wealth (CW) to empirically set
the parameters for SSPO, which is similar to Borodin et al. (2004); Li et al. (2011, 2015);
Huang et al. (2013, 2016). The final CW is the cumulative product of the actual increasing
n
factors {b̂>
t xt }t=1 with the initial wealth S0 = 1.
First, w = 5 is a common window size in real-world stock trading, especially in shortterm investment. It is also consistent with the compared state-of-the-art methods. Hence
it is adopted for SSPO. Second, we fix w = 5, γ = 0.01, η = 0.005, ζ = 500 and change λ in
0.4 ∼ 0.65. The results in Figure 3 show that λ = 0.5 leads to good performance in general
and thus is set for SSPO. To better show the geometric scaling effect of the daily geometric
increasing factor on the final CW, the power form is used to label the y-axis. The base is
the daily geometric increasing factor while the exponent is the total number of trading days
in the data set.
At each time, we change one parameter and fix other parameters, and the results are
shown in Figure 4, Figure 5, and Figure 6. They indicate that γ = 0.01, η = 0.005, and
ζ = 500 are suitable parameters for SSPO.

Figure 1: Portfolios produced by SSPO on 6 random investing days (2-nd,33-rd,450-th,276th,127-th,98-th) of the DJIA data set. The red horizontal line separates small
weights from large weights. The portfolios are sparse and concentrate on only a
few assets. For example, in the first figure, the portfolio weight of the 29-th asset
dominates others. In the second figure, the portfolio weights of the 18-th and the
26-th assets dominate others.
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example, in the first figure, the portfolio weight of the 29-th asset is much larger than other
weights. In the second figure, the portfolio weights of the 18-th and the 26-th assets are
much larger than other weights. Portfolios on other investing days are also sparse but we
need not exhaustively show them all.
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We show the final CWs of different PO systems on 5 benchmark data sets in Table 3. The
approximate power form is used to make an intuitive sense of the geometric scaling effect

4.2. Cumulative Wealth

Figure 4: Final cumulative wealths of SSPO with respect to η on 5 benchmark data sets
(fix w = 5, γ = 0.01, λ = 0.5, ζ = 500).

(d) SP500

5

Figure 3: Final cumulative wealths of SSPO with respect to λ on 5 benchmark data sets
(fix w = 5, γ = 0.01, η = 0.005, ζ = 500). The power form is used to label the
y-axis to better show the geometric scaling effect of the daily geometric increasing
factor on the final cumulative wealth. The base is the daily geometric increasing
factor while the exponent is the total number of trading days in the data set.
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Cumulative Wealth
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Figure 2: Box plots of asset price relatives on 5 benchmark data sets.
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of the daily geometric increasing factor on the final CW. The base is the daily geometric
increasing factor while the exponent is the total number of trading days in the data set.
SSPO achieves the best performance on all the data sets against other state-of-the-art
systems. For instance, SSPO achieves a much higher CW (3.68) than OLMAR (2.54) and
RMR (2.67) on DJIA which is difficult to handle (Huang et al., 2016). On NYSE(O),
NYSE(N) and TSE, SSPO achieves CW= 1.06E+18, 1.62E+9 and 364.94, respectively,

Figure 6: Final cumulative wealths of SSPO with respect to ζ on 5 benchmark data sets
(fix w = 5, η = 0.005, λ = 0.5, γ = 0.01).
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Figure 5: Final cumulative wealths of SSPO with respect to γ on 5 benchmark data sets
(fix w = 5, η = 0.005, λ = 0.5, ζ = 500).
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NYSE(O)
14.50 ≈ 1.000475651
54.14 ≈ 1.000715651
109.19 ≈ 1.000835651
8.09E+11 ≈ 1.004865651
2.04E+7 ≈ 1.002985651
5.14E+15 ≈ 1.006425651
6.49E+15 ≈ 1.006465651
7.21E+16 ≈ 1.006895651
1.64E+17 ≈ 1.007045651
1.06E+18 ≈ 1.007375651

NYSE(N)
18.06 ≈ 1.000456431
83.51 ≈ 1.000696431
21.59 ≈ 1.000486431
2.33E+5 ≈ 1.001926431
2.11E+5 ≈ 1.001916431
1.25E+6 ≈ 1.002196431
1.41E+6 ≈ 1.002206431
4.14E+8 ≈ 1.003096431
3.25E+8 ≈ 1.003056431
1.62E+9 ≈ 1.003306431

DJIA
0.76 ≈ 0.99947507
1.19 ≈ 1.00034507
1.53 ≈ 1.00084507
0.78 ≈ 0.99951507
1.63 ≈ 1.00096507
0.68 ≈ 0.99924507
0.69 ≈ 0.99926507
2.54 ≈ 1.00184507
2.67 ≈ 1.00194507
3.68 ≈ 1.00257507

SP500
1.34 ≈ 1.000231276
3.78 ≈ 1.001041276
3.34 ≈ 1.000951276
5.29 ≈ 1.001311276
5.61 ≈ 1.001351276
5.09 ≈ 1.001281276
5.95 ≈ 1.001401276
15.94 ≈ 1.002171276
8.28 ≈ 1.001661276
16.97 ≈ 1.002221276

TSE
1.61 ≈ 1.000381259
6.28 ≈ 1.001461259
1.62 ≈ 1.000381259
9.80 ≈ 1.0001811259
28.68 ≈ 1.002671259
264.86 ≈ 1.004441259
332.62 ≈ 1.004621259
58.51 ≈ 1.003241259
181.34 ≈ 1.004141259
364.94 ≈ 1.004701259
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At the end of each day, we want to know what proportion of total wealth gained or
lost on this day. This concept can be represented by the term “return”: rt = b̂>
t xt − 1.

4.3. Mean Excess Return

Figure 7: Cumulative wealth evolution paths of portfolio optimization systems on DJIA.
The length of one period is one day.

1.00000507

1.00080507

1.00137

SSPO
RMR
OLMAR
CWMR
PAMR
Anticor
CORN
ONS
Beststock
Market

Table 3: Final cumulative wealths of portfolio optimization systems on 5 benchmark data
sets. The approximate power form is used to make an intuitive sense of the geometric scaling effect of the daily geometric increasing factor on the final CW.
The base is the daily geometric increasing factor while the exponent is the total
number of trading days in the data set.

Market
Beststock
ONS
CORN
Anticor
PAMR
CWMR
OLMAR
RMR
SSPO

which are much higher than OLMAR (7.21E+16, 4.14E+8 and 58.51) and RMR (1.64E+17,
3.25E+8 and 181.34). Therefore, SSPO is an efficient short-term PO system for diverse
real-world stock markets. We also plot the CW evolution paths for different PO systems
on DJIA in Figure 7. On most days, the SSPO plot is over other systems, and it climbs up
significantly when there are good opportunities.

Cumulative Wealth

TSE
0.0016
0.0002
0.0020
0.0027
0.0050
0.0053
0.0045
0.0053
0.0060

(35)

System
Beststock
ONS
CORN
Anticor
PAMR
CWMR
OLMAR
RMR
SSPO

20

TSE
α
p-Value
0.0014
0.0606
0.0002
0.3514
0.0018
0.0278
0.0025 < 0.0001
0.0048 < 0.0001
0.0051 < 0.0001
0.0042
0.0050
0.0051 < 0.0001
0.0058 < 0.0001
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One may worry about that a PO system just simply selects the lucky assets with the
highest growth. To check this point, we can compare the system return rs,t = b̂t> xt − 1
(i)
(i)
with all the asset returns rt = xt − 1, i = 1, · · · , d (d is the number of assets in a data
S (i) d
set). By sorting the (d + 1) returns {rs,t } {rt }i=1
in the descending order, we can obtain
the rank of rs,t . If a PO system always chooses the lucky assets, then rs,t will always rank
very high in the investment.
We give a summary description of the rank of rs,t in the whole investment (n days)
on each data set for different PO systems, shown in Figure 8 and Table 6. It can be seen
that the ranks for SSPO cover a wide range instead of concentrating on the highest ranks.
Besides, the mean rank and the median rank of SSPO are close to the middle rank (d + 1)/2
on each data set, indicating that SSPO is at the average return level of all the asset returns.
Furthermore, the rank results of SSPO are similar to other state-of-the-art short-term PO
systems, which means that SSPO has a similar return level to the related systems. To
summarize, SSPO does not simply select the lucky assets with the highest growth and its
returns are credible. Note that this rank test is different from the rank-dependent portfolio
(Fernholz, 2002) that takes the rank information as prior knowledge and exploits it to
formulate PO models.

4.5. Order Statistics

Table 5: α factors (with p-values of t-tests) of portfolio optimization systems on 5 benchmark data sets.

SP500
α
p-Value
0.0011
0.0593
0.0008
0.0040
0.0013
0.0190
0.0012
0.0021
0.0013
0.0259
0.0014
0.0170
0.0023
0.0017
0.0018
0.0102
0.0024 0.0019
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SP500
0.0012
0.0007
0.0014
0.0013
0.0014
0.0015
0.0024
0.0019
0.0025

DJIA
α
p-Value
0.0012
0.0838
0.0016 < 0.0001
0.0002
0.4077
0.0017
0.0010
0.0002
0.4275
0.0002
0.4168
0.0029
0.0065
0.0030
0.0054
0.0037
0.0009
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n

DJIA
0.0011
0.0015
0.0002
0.0016
0.0001
0.0001
0.0028
0.0029
0.0036

NYSE(N)
α
p-Value
0.0004
0.0176
0.0003
0.1257
0.0016 < 0.0001
0.0016 < 0.0001
0.0021 < 0.0001
0.0021 < 0.0001
0.0031 < 0.0001
0.0031 < 0.0001
0.0034 < 0.0001

Mean Excess Return (MER) (Jegadeesh, 1990) is the average daily excess return of a system
compared with the market in the long run:

t=1

1X
(rs,t − rm,t ),
n

NYSE(N)
0.0003
0.0003
0.0017
0.0016
0.0021
0.0022
0.0032
0.0032
0.0035

NYSE(O)
α
p-Value
0.0003
0.0195
0.0005 < 0.0001
0.0048 < 0.0001
0.0026 < 0.0001
0.0063 < 0.0001
0.0063 < 0.0001
0.0069 < 0.0001
0.0070 < 0.0001
0.0074 < 0.0001

In the real-world portfolio management, it is common to perform a right-tailed t-test
to see whether α is significantly > 0. If so, it indicates that the good performance of the
system is not due to luck (Grinold and Kahn, 1999; Li et al., 2015; Huang et al., 2013,
2016). According to the results in Table 5, SSPO achieves significantly better performance
than the market at a high confidence level of 99% (with all p-values < 0.01).

M ER = r̄s − r̄m =

NYSE(O)
0.0003
0.0004
0.0049
0.0026
0.0064
0.0064
0.0070
0.0071
0.0076

where rs,t and rm,t are daily returns of a PO system and the market on the t-th day,
respectively. It is more worthy of implementing a PO system with a higher MER. Even a
small difference of MER leads to a large gap of CW in the long run, due to the geometric
scaling effect.
We present the MERs for different PO systems in Table 4. SSPO outperforms other
state-of-the-art systems on all the data sets. For instance, the MERs of SSPO (0.0036 and
0.0060) are much higher than those of OLMAR (0.0028 and 0.0045) and RMR (0.0029 and
0.0053) on DJIA and TSE, respectively. This is the reason why SSPO outperforms other
systems in cumulative wealth in the long run.
System
Beststock
ONS
CORN
Anticor
PAMR
CWMR
OLMAR
RMR
SSPO

Table 4: Mean excess returns of portfolio optimization systems on 5 benchmark data sets.

4.4. α Factor

(37)

(36)

According to the Capital Asset Pricing Model (CAPM) (Sharpe, 1964), the expected
return of a system can be decomposed into 2 parts: the market return component, and the
intrinsic excess return usually called the α Factor in the finance industry (Lintner, 1965).
The former is determined by the market environment, which cannot be improved by any
active investing strategy or PO system, while the latter can be improved by a good PO
system. The α Factor can be represented as follows:
E(rs ) = βE(rm ) + α,
ĉ(rs , rm )
, α̂ = r̄s − β̂r̄m ,
σ̂ 2 (rm )
β̂ =
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where E(·) denotes the mathematical expectation, ĉ(·, ·) and σ̂(·) are the sample covariance
and the sample standard deviation (STD) computed on n trading days, respectively. In
finance, STD is a common tool to measure risk (volatility).
The α Factors of different PO systems are given in Table 5. SSPO outperforms other
PO systems on all the data sets, indicating that SSPO achieves high intrinsic excess returns
despite the market volatility. Particularly on DJIA data set which is difficult to handle,
SSPO achieves α = 0.0037, which is much higher than OLMAR (0.0029) and RMR (0.0030).
19

0

5

10

15

20

25

M

t
ck
ke
ar tsto
s
Be

S
N

O
C

N
R

0

5

10

15

20

25

t
ck
ke
ar tsto
M
s
Be

O

O
C

N
R

t
ck
ke
ar tsto
s
Be

S
N

O
C

N
R

Systems

0

20

40

60

80

t
ck
ke
ar tsto
M
s
Be
O

S
N

or

O

S
N
N
R

R
R
O
R AR
M SP
M
M
R
S
PA CW OLM

Systems

or

tic
An

(c) DJIA

O
C

R
R
O
R AR
M SP
M
M
R
S
PA CW OLM

t
ck
ke
ar tsto
s
Be

M

Systems

tic
An

0

5

10

15

20

25

(e) TSE

O
C

N
R

R
R
O
R AR
M SP
M
M
R
S
PA CW OLM

Systems

or

tic
An

(b) NYSE(N)

O

or MR MR AR MR PO
tic
R
SS
PA CW OLM
An

M

(d) SP500

S
N

R
R
O
R AR
M SP
M
M
R
S
PA CW OLM

Systems

or

tic
An

(a) NYSE(O)

O

0

5

10

15

20

30

NYSE(O): 37
Median Mean
19
18.63
19
19.34
19
18.56
18
18.08
17
17.25
16
17.27
16
17.22
17
17.56
16
17.40
17
17.71

NYSE(N): 24
Median Mean
12
12.25
13
12.76
12
12.42
12
12.10
12
11.72
12
12.22
12
12.19
12
12.26
12
12.26
12
12.25

DJIA:
Median
16
16
15
16
15
15
16
15
15
15

31
Mean
16.12
16.32
15.35
16.04
15.32
16.05
16.09
15.45
15.34
15.25

SP500: 26
Median Mean
13
13.34
14
14.05
13
13.01
13
13.26
13
12.98
13
13.22
13
13.18
12
13.31
13
13.40
12
13.33

TSE:
Median
43
52
45
46
39
35
35
43
40
44

89
Mean
42.88
47.09
44.83
44.87
41.77
40.11
40.01
43.12
42.18
43.03
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Table 6: Medians and means of the ranks for the system returns rs,t on 5 benchmark data
sets. The value of (d + 1) is also given behind each data set name. The mean rank
and the median rank of SSPO are close to the middle rank (d + 1)/2 on each data
set, which indicates that SSPO does not simply select the lucky assets with the
highest growth.

Market
Beststock
ONS
CORN
Anticor
PAMR
CWMR
OLMAR
RMR
SSPO

System

Figure 8: Box plots of the ranks for the system returns rs,t on 5 benchmark data sets. The
ranks for SSPO cover a wide range instead of concentrating on the highest ranks.

Rank

30
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25
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35

Rank
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Rank

r̄s − rf
,
σ̂(rs )

(38)

NYSE(O)
SR
IR
0.0549
Null
0.0536 0.0241
0.0789 0.0424
0.1635 0.1570
0.1720 0.1743
0.2149 0.2121
0.2169 0.2143
0.2102 0.2071
0.2153 0.2123
0.2073 0.2041

NYSE(N)
SR
IR
0.0458
Null
0.0472 0.0225
0.0313 0.0129
0.0968 0.0859
0.0973 0.0899
0.0864 0.0763
0.0858 0.0758
0.1038 0.0958
0.1033 0.0953
0.1060 0.0979

DJIA
SR
IR
−0.0273
Null
0.0253
0.0560
0.0504 0.1574
−0.0097 0.0108
0.0535
0.1255
−0.0115 0.0036
−0.0106 0.0047
0.0731
0.1058
0.0763
0.1092
0.0919 0.1304

SP500
SR
IR
0.0224
Null
0.0485 0.0468
0.0701 0.0582
0.0581 0.0618
0.0682 0.0834
0.0568 0.0573
0.0606 0.0623
0.0806 0.0848
0.0659 0.0678
0.0791 0.0840

TSE
SR
IR
0.0491
Null
0.0579 0.0490
0.0281 0.0093
0.0675 0.0595
0.1061 0.0993
0.1182 0.1131
0.1179 0.1129
0.0820 0.0769
0.0981 0.0932
0.1054 0.1009

(r̄s − r̄m )
.
σ̂(rs − rm )

(39)
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We compute the daily IRs of different PO systems in Table 7. SSPO achieves the highest
IR on NYSE(N) and is close to the best system on other data sets. Moreover, SSPO is
competitive to OLMAR and RMR. For example, SSPO achieves IR = 0.0840, 0.1009 on
SP500 and TSE, respectively, while RMR achieves IR = 0.0678 on SP500 and OLMAR
achieves IR = 0.0769 on TSE. It shows the robustness of SSPO to risk on the premise of
good investing performance.

IR =

Different from SR, Information Ratio (IR) (Treynor and Black, 1973) directly measures
the daily risk-adjusted excess return of a system compared with the market, which can be
seen as a combination of MER and SR. It is also worth reference for the concern with risk.

4.7. Information Ratio

Table 7: Daily Sharpe Ratios (SR) and daily Information Ratios (IR) of portfolio optimization systems on 5 benchmark data sets.

Market
Beststock
ONS
CORN
Anticor
PAMR
CWMR
OLMAR
RMR
SSPO

System

where rf is the daily return of some risk-free asset, which is not considered in this paper.
Hence we set rf = 0 to make SR a daily risk-adjusted return.
We compute and present the daily SRs of different PO systems in Table 7. SSPO
achieves the highest SR on NYSE(N) and DJIA, and is close to the best system on other
data sets. Besides, SSPO is competitive to OLMAR and RMR. For example, SSPO achieves
SR = 0.0791 on SP500 compared with RMR (0.0659), and achieves SR = 0.1054 on TSE
compared with OLMAR (0.0820). It indicates that SSPO has a good ability in balancing
between return and risk on the premise of good investing achievement with high CWs.

SR =

In general, when an investor pursues high return, he/she should be ready to undertake
high risk. Thus he/she has to balance between return and risk all the time. Sharpe Ratio
(SR) (Sharpe, 1966) is such a measurement to meet this demand based on CAPM:

4.6. Sharpe Ratio
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4.8. Transaction Costs

(i)

Snν =
(i)

b̃t−1 =

b̂t−1 · x

> x
b̂t−1
t−1

t−1
,

n
Y
S0 [(b̂t> xt )
t=1
(i)
(i)

· (1 −
i=1

d
ν X (i)
(i)
|b̂t − b̃t−1 |)],
2

(41)

(40)

In practice, transaction cost is an important issue in PO. Suppose we have to pay at a
transaction cost rate ν ∈ (0, 1) to update the portfolio. Then according to the proportional
transaction cost model (Blum and Kalai, 1999; Li et al., 2015; Huang et al., 2016), the
cumulative wealth at the beginning of the t-th day is
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where b̃t−1 denotes the adjusted portfolio of Asset i at the end of the (t − 1)-th day and
Pd
(i)
(i)
b̃0 is set as [0, · · · , 0]> . ν2 i=1
|b̂t − b̃t−1 | is the proportional transaction cost when we
change the adjusted portfolio b̃t−1 to the next portfolio b̂t .
To test the effectiveness of SSPO with consideration of transaction cost, we conduct
experiments of cumulative wealth with ν = 0 ∼ 0.5%, where ν = 0.5% is a rather high cost
rate for stock transactions. The results shown in Figure 9 indicate that SSPO outperforms
the two state-of-the-art systems OLMAR and RMR on all the data sets and thus it is
applicable to real-world financial environments.
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Figure 9: Cumulative wealths of portfolio optimization systems with respect to the transaction cost rate ν on 5 benchmark data sets.

Cumulative Wealth

4.9. Running Times

Lai, Yang, Fang and Wu

We use a computer with an AMD A10-7800 CPU and an 8GB DDR3 1600MHz memory
card to run SSPO in the experiments, which shows that it is sufficiently fast for large-scale
and time-limited trading environments such as High-Frequency Trading (HFT) (Aldridge,
2013). The average running times (in seconds) of SSPO for one trade on different data
sets are: NYSE(O) (0.0576s), NYSE(N) (0.0450s), DJIA (0.0455s), SP500 (0.0449s), and
TSE (0.1190s). Hence SSPO has good computational efficiency besides significant investing
advantage.

5. Conclusions

We present a novel short-term sparse portfolio optimization (SSPO) system to concentrate wealth on a few assets with good increasing potential according to some empirical
financial principles. Few short-term PO systems construct sparse portfolios, and most existing sparsity systems are either lazy updates or for the long-term PO. These problems
motivate the design of SSPO. We further propose an ADMM algorithm for SSPO, and
prove that its augmented Lagrangian has a saddle point. This is the foundation of the
iterative formulae of ADMM but is seldom addressed before.

We conduct extensive experiments on 5 benchmark data sets with diverse real-world
stock data, which shows that SSPO outperforms other state-of-the-art short-term PO systems with all the investing performance measurements (cumulative wealth, mean excess
return and α Factor) on all the benchmark data sets. The order statistics of the SSPO
returns also indicate that SSPO does not simply select the lucky assets with the highest
growth and its returns are credible. SSPO is also competitive to other systems on the risk
metrics SR and IR, and shows robustness in balancing between return and risk. Furthermore, SSPO can withstand reasonable transaction costs and runs fast, thus it is applicable
to real-world financial environments including High-Frequency Trading. Therefore, SSPO
is an effective and robust system that is worth further investigations. In the future, we
will continue to establish more complex SSPO systems, so as to improve the investing
performance and the robustness to risk.
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There has been considerable interest in making Bayesian inference more scalable. In
big data settings, most of the focus has been on reducing the computing time per iteration rather than reducing the number of iterations needed in Markov chain Monte Carlo
(MCMC). This article considers data augmentation MCMC (DA-MCMC), a widely used
technique. DA-MCMC samples tend to become highly autocorrelated in large samples,
due to a mis-calibration problem in which conditional posterior distributions given augmented data are too concentrated. This makes it necessary to collect very long MCMC
paths to obtain acceptably low MC error. To combat this inefficiency, we propose a family
of calibrated data augmentation algorithms, which appropriately adjust the variance of
conditional posterior distributions. A Metropolis-Hastings step is used to eliminate bias
in the stationary distribution of the resulting sampler. Compared to existing alternatives,
this approach can dramatically reduce MC error by reducing autocorrelation and increasing
the effective number of DA-MCMC samples per unit of computing time. The approach is
simple and applicable to a broad variety of existing data augmentation algorithms. We
focus on three popular generalized linear models: probit, logistic and Poisson log-linear.
Dramatic gains in computational efficiency are shown in applications.
Keywords: Bayesian Probit, Biased subsampling, Big n, Data augmentation, Log-linear
model, Logistic regression, Maximal correlation, Polya-Gamma
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This double burden has led many members of the machine learning community to abandon MCMC in favor of more easily scalable alternatives, such as variational approximations.
Unfortunately, these approaches typically lack theoretical guarantees and often badly underestimate posterior uncertainty. Hence, there has been substantial interest in recent years in
designing scalable MCMC algorithms. The focus of this paper is a popular and broad class
of Data Augmentation (DA)-MCMC algorithms. DA-MCMC algorithms are used routinely
in many classes of models, with the algorithms of Albert and Chib (1993) for probit models
and Polson et al. (2013) for logistic models being particularly popular. Our focus is on
improving the performance of such algorithms in big data settings in which poor scalability
occurs both because of high cost per iteration and deterioration of mixing as sample size
increases. We focus here on the slow mixing problem.

A major concern in applying MCMC algorithms in big data problems is that the level of
autocorrelation in the MCMC path may increase with the size of the data. Markov chains
with high autocorrelation have low effective sample size (ESS) per unit computational time,
which we refer to informally as the slow mixing problem. The ESS compares the asymptotic
variance of the MCMC time averaging estimate to a gold standard Monte Carlo algorithm
that collects independent samples. For example, if the number of effective samples in 1,000
MCMC iterations is only 10, then the MCMC algorithm will need to be run 100 times as
long as an ordinary MC algorithm to obtain the same MC error for time averages. Such a
scenario is not unusual in big data problems, leading MCMC algorithms to face a double
burden, with the time per iteration increasing and it becoming necessary to collect more
iterations as sample size increases.

The standard approach to Bayesian posterior computation is Markov chain Monte Carlo
(MCMC) and related sampling algorithms. However, conventional MCMC algorithms often
scale poorly in problem size and complexity. Due to its sequential nature, the computational
cost of MCMC is the product of two factors: the evaluation cost at each sampling iteration
and the total number of iterations needed to obtain an acceptably low Monte Carlo (MC)
error. While a substantial literature has developed focusing on decreasing computational
cost per iteration in “big data” (large sample) settings (Minsker et al. (2017); Maclaurin
and Adams (2015); Srivastava et al. (2015); Conrad et al. (2016) among others), there
has been less focus on reducing the required number of MCMC iterations. This contrasts
with a historical focus in the statistics and probability literature on improving mixing and
convergence of MCMC in more traditional small to moderate sample size problems, and
suggests the opportunity for improved performance in big data settings through a renewed
focus on improving mixing.

With the deluge of data in many modern application areas, there is pressing need for scalable
computational algorithms for inference from such data, including uncertainty quantification
(UQ). Somewhat surprisingly, even as the volume of data increases, uncertainty often remains sizable. Examples in which this phenomenon occurs include financial fraud detection
(Ngai et al., 2011), disease mapping (Wakefield, 2007) and online click-through tracking
(Wang et al., 2010). Bayesian approaches provide a useful paradigm for quantifying uncertainty in these and other settings.

1. Introduction
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Calibrated Data Augmentation

Johndrow et al. (2018) demonstrate that popular DA-MCMC algorithms have small effective sample sizes in large data settings involving imbalanced data. For example, data may
be binary with a high proportion of zeros. A key insight is that this problem results from
a discrepancy in the rates at which Gibbs step sizes and the width of the high-probability
region of the posterior converge to zero as n increases. In particular, the conditional posterior given the augmented data may simply be too concentrated relative to the marginal
posterior, with this problem amplified as the data sample size increases. There is a rich
literature on methods for accelerating mixing in DA-MCMC algorithms using tricks ranging
from reparameterization to parameter-expansion (Liu and Wu, 1999; Meng and Van Dyk,
1999; Papaspiliopoulos et al., 2007). However, we find that such approaches fail to address the miscalibration problem and have no impact on the worsening mixing rate with
increasing data sample size n.
This article proposes a general new class of algorithms that addresses the miscalibration of step sizes in DA. The idea underlying these calibrated DA (CDA) algorithms is to
introduce auxiliary parameters that change the variance of full conditional distributions for
one or more parameters. These auxiliary parameters can adapt with the data sample size
n to correct the typical step sizes of the CDA algorithm to match the rate at which the
high probability region of the posterior contracts as n increases. In general, the invariant measure of CDA-MCMC – which typically does exist and is unique – differs from the
posterior of interest. Thus, CDA-MCMC is a computationally more efficient perturbation
of the original Markov chain, and the bias can be eliminated using Metropolis-Hastings.
Compared to other adaptive Metropolis-Hastings algorithms, which often require carefully
chosen multivariate proposals and complicated adaptation with multiple chains (Tran et al.,
2016), CDA-MCMC only requires a simple modification to Gibbs sampling steps to generate proposals. We show the auxiliary parameters can be efficiently adapted for each type of
data augmentation via minimizing the difference between Fisher information of conditional
and marginal distributions.

2. Calibrated Data Augmentation

(1)

Data augmentation Gibbs samplers alternate between sampling latent data z from their
conditional posterior distribution given model parameters θ and observed data y, and sampling parameters θ given z and y; either of these steps can be further broken down into
a series of full conditional sampling steps but we focus for simplicity on algorithms of the
form:
z | θ, y ∼ π(z; θ, y)

θ | z, y ∼ f (θ; z, y),
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where f belongs to a location-scale family, such as the Gaussian. Popular data augmentation algorithms are designed so that both of these sampling steps can be conducted
easily and efficiently; e.g., sampling the latent data for each subject independently and
then drawing θ simultaneously (or at least in blocks) from a multivariate Gaussian or other
standard distribution. This effectively avoids the need for tuning, which is a major issue
for Metropolis-Hastings algorithms, particularly when θ is high-dimensional. Data augmentation algorithms are particularly common for generalized linear models (GLMs), with
3
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E[var(h(θ) | z)]
,
var(h(θ))

(2)

E(yi | xi , θ) = g −1 (xi θ) and a conditionally Gaussian prior distribution chosen for θ. We focus in particular on Poisson log-linear, binomial logistic, and binomial probit as motivating
examples.
Consider a Markov kernel K((θ, z); ·) with invariant measure Π and update rule of the
form (1), and a Markov chain (θt , zt ) on a Rstate space Θ × Z evolving according to K.
We will abuse notation in writing Π(dθ) = z∈Z Π(dθ, dz). The lag-1 autocorrelation for
a function h : Θ → R at stationarity can be expressed as the Bayesian fraction of missing
information (Papaspiliopoulos et al. (2007), Rubin (2004), Liu (1994b))
γg = 1 −

θ∈Θ


Z
h : Θ → R,


{h(θ)}2 Π(dθ) < ∞

where the integrals in the numerator are with respect to Π(dθ, dz) and in the denominator
with respect to Π(dθ). Let
L2 (Π) =

sup γh = 1 −
h∈L2 (Π)

inf

h∈L2 (Π)

E[var(h(θ) | z)]
var(h(θ))

be the set of real-valued, Π square-integrable functions. The maximal autocorrelation
γ=

z∈Z

Z

πr,b (z; θ, y)fr,b (θ∗ ; z, y)dz,
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(3)

is equal to the geometric convergence rate of the data augmentation Gibbs sampler (Liu
(1994b)). For h(θ) = θj a coordinate projection, the numerator of the last term of (2)
is, informally, the average squared step size for the augmentation algorithm at stationarity
in direction j, while the denominator is the squared width of the bulk of the posterior in
direction j. Consequently, γ will be close to 1 whenever the average step size at stationarity
is small relative to the width of the bulk of the posterior.
The purpose of CDA is to introduce additional parameters that allow us to control
the step size relative to the posterior width – roughly speaking, the ratio in (2) – with
greater flexibility than reparametrization or parameter expansion. The flexibility gains
are achieved by allowing the invariant measure to change as a result of the introduced
parameters. The additional parameters, which we denote (r, b), correspond to a collection
of reparametrizations, each of which defines a proper (but distinct) likelihood Lr,b (θ; y), and
for which there exists a Gibbs update rule of the form (1). In general, r is a vector of scale
parameters that are tuned to increase E[var(h(θ) | z)]{var(h(θ))}−1 – usually for coordinate
projections h(θ) = θj – although the exact way in which they enter the likelihood and
corresponding Gibbs update depend on the application; b are location parameters that shift
the high posterior region of Lr,b (θ; y) to better approximate L(θ; y). The reparametrization
also has the property that L1,0 (θ; y) = L(θ; y), the original likelihood. The resulting Gibbs
sampler, which we refer to as CDA Gibbs, has θ-marginal invariant measure Πr,b (θ; y) ∝
Lr,b (θ; y)Π0 (θ), where Π0 (θ) is the prior. Ultimately, we are interested in Π1,0 (θ; y), so we
use CDA Gibbs as an efficient proposal for Metropolis-Hastings. That is, we propose θ∗
from q(θ∗ ; θ) with
q(θ∗ ; θ) =

4

(4)

as defined in (3) with

pi = Φ(θ) i = 1, . . . , n

5
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where f (z; µ, σ 2 ) is the density for normal distribution No(µ, σ 2 ).
This leads to the update rule

No[0,∞) (θ, 1)
if yi = 1
zi | θ, yi ∼
i = 1, . . . , n
No(−∞,0] (θ, 1) if yi = 0

and improper prior
∝ 1. The data augmentation algorithm (Tanner and Wong, 1987;
Albert and Chib, 1993) is based on the following integral
 R∞
f (zi ; θ, 1)dzi if yi = 1
L(yi ; θ) = R 00
i = 1, . . . , n
if yi = 0
−∞ f (zi ; θ, 1)dzi

Π0 (θ)

yi ∼ Bernoulli(pi ),

To illustrate the CDA algorithm, we first present a toy example of the probit regression
with intercept only.

2.1. Initial Example: Probit with Intercept Only

Proofs are located in the Appendix.

• A Metropolis-Hastings algorithm with proposal kernel qr,b
fixed r, b is ergodic with invariant measure Π(dθ).

(θ0 ; θ)

• For fixed r, b, CDA Gibbs is ergodic with invariant measure Πr,b (dθ, dz).

Remark 2 (Ergodicity) Assume that Π(dθ) and Πr,b (dθ) have densities with respect to
Lebesgue measure on Rp , and that Kr,b ((θ, z); (θ0 , z 0 )) > 0 ∀ ((θ, z), (θ0 , z 0 )) ∈ (Θ × Z) × (Θ ×
Z). Then,

A general strategy for tuning is given in Section 4.
We give a basic convergence guarantee that holds for CDA MH under weak assumptions
on Lr,b , which is based on Roberts and Smith (1994). Basically, one needs Π(·)  Πr,b (·)
for all r, b, where for two probability measures µ, ν, µ(·)  ν(·) means µ is absolutely
continuous with respect to ν.

Remark 1 The CDA MH acceptance ratio is given by


L(θ∗ ; y)Π0 (θ∗ )q(θ; θ∗ )
α(θ, θ∗ ) = min 1,
L(θ; y)Π0 (θ)q(θ∗ ; θ)


L(θ∗ ; y)Lr,b (θ; y)
.
= min 1,
L(θ; y)Lr,b (θ∗ ; y)

where πr,b and fr,b denote the conditional densities of z and θ in the Gibbs sampler with
invariant measure Πr,b . By tuning (r, b) during an adaptation phase to reduce the autocorrelations and increase the Metropolis-Hastings acceptance rate, we can obtain a computationally efficient algorithm. Tuning is facilitated by the fact that the MH acceptance ratios
using this proposal kernel have a convenient form, which is a nice feature of using Gibbs to
generate MH proposals.

Calibrated Data Augmentation

i

X
zi , n−1

!
,

6
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To achieve step sizes consistent with the width of the high posterior probability region,
we need n−1 r0 ≈ (log n)−1 , so r0 ≈ n/ log n. To preserve the original target, we use (6) to
generate an MH proposal θ∗ . By Remark 1, the MH acceptance probability is given by (4)
y
(1−yi )
with Lr,b (θ; yi ) = Φ (θ + b0 )r0 −1/2 i Φ − (θ + b0 )r0 −1/2
and L(θ; yi ) = L1,0 (θ; yi ).
Setting r0 = 1 and b0 = 0 leads to acceptance rate of 1, which corresponds to the original
Gibbs sampler.
P
To illustrate, we consider i yi = 1 and n = 104 . Letting r0 = n/ log n, we then choose
b0 to increase the acceptance rate in the MH step. In this simple example, it is easy to
√
compute
value of b0 , since b0 = −3.7( r − 1) results in Pr(yi = 1) = Φ(−3.7) =
P a “good”
−1
−4
n
in the proposal distribution, centering the proposals near the MLE for pi .
i yi ≈ 10
We perform computation for these data with different values of r0 ranging from r0 = 1
to r0 = 5, 000, with r0 = 1, 000 ≈ n/ log n corresponding to the theoretically optimal value.
Figure 1(a) plots autocorrelation functions (ACFs) for these different samplers without MH
adjustment. Autocorrelation is very high even at lag 40 for r0 = 1, while increasing r0 leads
to dramatic improvements in mixing. There are no further gains in increasing r0 from the
theoretically optimal value of r0 = 1, 000 to r0 = 5, 000. Figure 1(b) shows kernel-smoothed
density estimates of the posterior of θ without MH adjustment for different values of r0
and based on long chains to minimize the impact of Monte Carlo error; the posteriors are
all centered on the same values but with variance increasing somewhat with r0 . With MH
adjustment such differences are removed; the MH step has acceptance probability close to
one for r0 = 10 and r0 = 100, about 0.6 for r0 = 1, 000, and 0.2 for r0 = 5, 000.

i

In this simple example, we set the tuning parameters to be all the same: ri = r0 and bi = b0
over i = 1, . . . , n, with r0 and b0 two scalars. This leads to the modified data augmentation
algorithm

No[0,∞) (θ + b0 , r0 )
if yi = 1
zi | θ, yi ∼
i = 1, . . . , n
(6)
No(−∞,0] (θ + b0 , r0 ) if yi = 0
!
X
(zi − b0 ), n−1 r0 .
θ | z, y ∼ No n−1

2
where the subscript in No[a,b] (µ,
Pσ ) denotes the truncation to the interval [a, b]. Johndrow
et al. (2018) show that when i yi = 1, var(θt | θt−1 ) is approximately n−1 log n, while
the width of the high probability region of the posterior is order (log n)−1 , leading to slow
mixing.
We introduce a scale parameter ri in the update for zi , and adjust the conditional mean
by a location parameter bi . This is equivalent to changing the scale of zi | θ, yi from 1 to ri
and the mean from θ to θ + bi . These adjustments yield


Z ∞
1
(zi − θ − bi )2
√
Pr(yi = 1|θ, ri , bi ) =
exp −
dzi
2ri2
2πri
0


θ + bi
=Φ √
.
(5)
ri

θ | z, y ∼ No n−1
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3.1. Probit Regression
Consider the probit regression:
yi ∼ Bernoulli(pi ),

No[0,∞) (xi θ, 1)
No(−∞,0] (xi θ, 1)

No[0,∞) (xi θ + bi , ri )
No(−∞,0] (xi θ + bi , ri )

Pr(yi = 1|θ, xi , ri , bi ) =

0

√
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where R = diag(r1 , . . . , rn ), b = (b1 , . . . , bn )0 . Under the Bernoulli likelihood, we have


Z ∞
2
1
(z
i − xi θ − bi )
exp −
dzi
2ri
2πri

θ | z, X ∼ No((X 0 R−1 X)−1 X 0 R−1 (z − b), (X 0 R−1 X)−1 ),

zi | θ, xi , yi ∼

Liu and Wu (1999) and Meng and Van Dyk (1999), among others, previously studied this
algorithm and proposed to rescale θ through parameter expansion. However, this modification does not impact the conditional variance of θ and thus does not directly increase
typical step sizes.
Our approach is fundamentally different, since we directly adjust the conditional variance. Similar to the intercept only model, we modify var(θ|z) by changing the scale of each
zi . This yields the update rule

i = 1, . . . , n
(7)

θ | z, x, y ∼ No((X 0 X)−1 X 0 z, (X 0 X)−1 ).

zi | θ, xi , yi ∼

with improper prior Π0 (θ) ∝ 1. The data augmentation sampler (Tanner and Wong, 1987;
Albert and Chib, 1993) has the update rule

if yi = 1
if yi = 0

pi = Φ(xi θ) i = 1, . . . , n

In this section, we describe CDA algorithms for general probit and logistic regression.

3. Specific Algorithms

We also study a common hierarchical Gaussian example in appendix C.

Figure 1: Autocorrelation functions (ACFs) and kernel-smoothed density estimates for different CDA samplers in intercept-only probit model.

(a) ACF for CDA without MH (b) Posterior density estimates (c) ACF for CDA with MH adadjustment.
without MH adjustment.
justment
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xi θ + bi
=Φ
.
√
ri

(8)

For fixed r = (r1 , . . . , rn ) and b = (b1 , . . . , bn ), (8) defines a proper Bernoulli likelihood for
yi conditional on parameters, and therefore the transition kernel Qr,b ((θ, z); ·) defined by
the Gibbs update rule in (7) would have a unique invariant measure for fixed r, b, which we
denote Πr,b (θ, z | y).

For insight into the relationship between r and step size, consider the θ-marginal autocovariance in a Gibbs sampler evolving according to Kr,b

covr,b (θt | θt−1 , X, z, y)

≥(X 0 R−1 X)−1 .

=(X 0 R−1 X)−1 + (X 0 R−1 X)−1 X 0 R−1 cov(z − b|R)R−1 X(X 0 R−1 X)−1

In the special case where ri = r0 for all i, we have

covr,b (θt | θt−1 , X, z, y) ≥ r0 (X 0 X)−1 ,

so that all of the conditional variances are increased by at least a factor of r0 . This holds
uniformly over the entire state space, so it follows that

EΠr,b [var(θj | z)] ≥ r0 EΠ [var(θj | z)].

The key to CDA is to choose r, b to make EΠr,b [var(θj | z)] close to varΠr,b (θj | z), while
additionally maximizing the MH acceptance probability. We defer the details of tuning
algorithm for r, b to the next section.

JMLR 19(64):1-34, 2018

For illustration, we consider a simulation study for probit regression P
with an intercept
and two predictors xi,1 , xi,2 ∼ No(1, 1), with θ = (−5, 1, −1)0 , generating i yi ≈ 20 among
n = 10, 000. The Albert and Chib (1993) DA algorithm mixes slowly (Figure 2(a) and
2(b)). We also show the results of the parameter expansion algorithm (PX-DA) proposed
by Liu and Wu (1999). PX-DA only mildly reduces the correlation, as it does not solve the
small step size problem. After tuning, CDA reaches a satisfactory acceptance rate of 0.6
and leads to dramatically better mixing.
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where PG(a1 , a2 ) denotes the density of the Polya-Gamma distribution with parameters
a1 , a2 , with Ezi = a1 /(2a2 ) tanh(a2 /2).
Since our goal is to increase the conditional variance (X 0 ZX)−1 , we can achieve this
stochastically by reducing the mean Ezi . We replace PG(zi | 1, 0) with PG(zi | ri , 0) in
the step for updating the latent data. Adding the location term bi to the linear predictor
ηi = xi θ leads to


Z ∞
zi (xi θ + bi )2
PG(zi | ri , 0)dzi
Lr,b (xi θ; yi ) =
exp{(xi θ + bi )(yi − ri /2)} exp −
2
0
exp{(xi θ + bi )yi }
=
,
(10)
{1 + exp(xi θ + bi )}ri

where Z = diag(z1 , . . . , zn ). This algorithm relies on expressing the logistic regression
likelihood as


Z ∞
zi (xi θ)2
L(xi θ; yi ) =
exp{xi θ(yi − 1/2)} exp −
PG(zi | 1, 0)dzi ,
2
0

i = 1, . . . , n,

θ ∼ No (X 0 ZX)−1 X 0 (y − 0.5), (X 0 ZX)−1 ,
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Our goal is to adjust the conditional variance under calibration of (r, b) to approximately match the marginal variance under the exact target distribution, while maintaining
a reasonable MH acceptance rate.

As illustrated in the previous subsection, efficiency of CDA is dependent on good choices
of the calibration parameters r and b. We propose a simple and efficient algorithm for
calculating “good” values of these parameters utilizing the Fisher information and empirical
MH acceptance rate. Although our choice of calibration parameters relies on large sample
approximations, we find that this calibration approach also works well for modest sample
size.

4. Automatic Tuning of Calibration Parameters

Figure 3: Panel (a) demonstrates in traceplot and panel (b) in autocorrelation the substantial improvement of CDA in logistic regression with rare event data, compared
with the original DA (Polson et al., 2013).
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For illustration, we use a two-parameter intercept-slope model
Pwith xi1 ∼ No(0, 1) and
θ = (−8, 1)0 . With n = 105 , we obtain rare outcome data with
yi ≈ 50. In CDA, after
tuning, it reaches an acceptance rate of 0.8. Shown in Figure 3, DA mixes slowly, exhibiting
strong autocorrelation even at lag 40, while CDA has dramatically better mixing.

iid

where r = (r1 , . . . , rn )0 and b = (b1 , . . . , bn )0 . We again defer the tuning details for r and b
to the next section.


θ0 ∼ No (X 0 ZX)−1 X 0 (y − r/2 − Zb), (X 0 ZX)−1 ,

zi ∼ PG(ri , |xi θ + bi |) i = 1, . . . , n,

and the update rule for the CDA Gibbs sampler is then

Duan, Johndrow and Dunson

CDA

zi ∼ PG(1, |xi θ|)

and improper prior Π0 (θ) ∝ 1. For this model, Polson et al. (2013) proposed Polya-Gamma
data augmentation:

yi ∼ Bernoulli(pi ),

In the second example, we focus on the logistic regression model with

3.2. Logistic Regression

Figure 2: Panel (a) demonstrates in traceplot and panel (b) in autocorrelation the substantial improvement in CDA by correcting the variance mis-match in probit
regression with rare event data, compared with the original (Albert and Chib,
1993) and parameter-expanded methods (Liu and Wu, 1999).

(a) Traceplot for the original DA, parameter expanded DA and CDA algorithms.

−6.0

−5.5

−5.0

−4.5

−6.0

−5.5

−5.0

−4.5

−6.0

−5.5

−5.0

−4.5

ACF

Calibrated Data Augmentation

PX−DA CDA

ACF

DA

DA

Calibrated Data Augmentation

Duan, Johndrow and Dunson

.

xi θ + bi if (yi − 0.5)(xi θ + bi ) > 0
0
otherwise

ri
|xi θi + bi |
tanh(
) i = 1, . . . , n,
2|xi θi + bi |
2

12

JMLR 19(64):1-34, 2018

Although Remark 2 gives a basic guarantee of convergence of the usual time-averaging
estimators commonly used in MCMC, the goal of CDA-MH is to improve upon the convergence rate of the usual DA Gibbs. Motivation for CDA is provided by the results of
Johndrow et al. (2018), which studied the special case of intercept-only logistic and probit regression when y = 1 and n → ∞ so that the data grow increasingly imbalanced as
the sample size increases. Johndrow et al. (2018) showed that in this setting, the spectral
gap of DA converges to zero at least as fast as n−1/2 (log n)k for k ≤ 5.5, while randomwalk Metropolis has spectral gap order (log n)3 or larger. This suggests the superiority of
Metropolis algorithms in the large sample imbalanced data setting. However, to implement
Metropolis effectively with moderate to large numbers of covariates, one needs an efficient
way to construct proposals, which is the goal of CDA.
We now give a result on the convergence rates of CDA and CDA-MH for imbalanced
intercept-only logistic regression. The result shows that the spectral gap is larger than that
for DA (as a function of n), and comparable to MH with optimally tuned proposals when y
grows no faster than log n. While this is a special case, we note that the result in Johndrow
et al. (2018) is given only for fixed y = 1, and thus our result is more general. The difficulty

5. Geometric convergence rates for CDA-MH and CDA-Gibbs

θ̃∗ (z) =(X 0 ZX)−1 X 0 (y − r/2 − Zb).

z̃i (θ) =

For logistic regression, the conditional means for πr,b (z; θ, y), θ̃∗ and fr,b (θ∗ ; z, y) all have
closed-form expressions given by

θ̃∗ (z) =(X 0 R−1 X)−1 X 0 R−1 (z − b).

z̃i (θ) =

The optional parameter λ > 0 allows for differential weighting of the acceptance rate and
variance, although the default λ = 1 works well for all of our applications.
To facilitate automatic tuning in generic cases, we exploit the automatic differentiation
and optimization software, TensorFlow, to compute the Fisher information and optimize
for (r̂, b̂). One only needs to provide the densities Lr,b (θ; y), fr,b (θ∗ ; z, y), πr,b (z; θ, y) and
two conditional estimators z̃(θ) and θ̃∗ (z).
We now provide the tuning details for probit and logistic regression. The likelihood
and update densities Lr,b (θ; y), fr,b (θ∗ ; z, y), πr,b (z; θ, y) are already given, we present the
conditional estimators. For probit regression, the two conditional modes for πr,b (z; θ, y), θ̃∗
and fr,b (θ∗ ; z, y) are available in closed form, viz

for i = 1, . . . , n,

r,b

To approximate the marginal variance, we use the inverse of the observed Fisher information (Efron and Hinkley, 1978):

θ=θ̂

with θ̂ the MAP of θ, z̃(θ) the mean or mode of πr,b (z; θ, y), θ̃∗ the mean or mode of
fr,b (θ∗ ; z, y).
Combining (11) and (12), this yields the optimal tuning parameters under those two
criteria:


(r̂, b̂) = min d1 (r, b) + λd2 (r, b) .
(13)

var(θ | y) ≈ I −1 (θ̂)





∂
∂
I(θ̂)
log L(θ; y)
log L(θ; y)
=
∂θi
∂θj
i,j
for i = 1, . . . , p, j = 1, . . . , p, where θ̂ is the Maximum a Posteriori (MAP) estimate of θ.
Recall that the CDA proposal has density
Z
fr,b (θ∗ ; z, y)πr,b (z; θ, y)dz,
q(θ∗ ; θ) =

θ∗ =θ̂

and the conditional variance has lower bound var(θ∗ | θ) ≥ Ez|θ var(θ∗ | z). We use the
inverse of the observed Fisher information to approximate var(θ∗ | z) via
Ez|θ var(θ∗ | z) ≈ Ez|θ I −1 (θ̂; r, b, z) ≈ I −1 (θ̂; r, b, z̃(θ̂))
!




∂
∂
=
I(θ̂; r, b, z)
log fr,b (θ∗ ; y, z)
log fr,b (θ∗ ; y, z)
∂θi∗
∂θj∗
i,j

Since Ez|θ I −1 (θ̂; r, b, z) is often intractable or cumbersome to compute, we instead use the
second approximation, the Fisher information evaluated at z̃(θ̂), the conditional mean or
mode of πr,b (z; θ̂, y). The choice between mean and mode depends on which has a closedform expression.
One can now adjust r, b to reduce the distance


d1 (r, b) = Dist I −1 (θ̂), I −1 (θ̂; r, b, z̃(θ̂)) ,
(11)
where Dist(M1 , M2 ) is a distance between two matrices, such as kM1 − M2 kF or kM1−1 −
M2−1 kF , the Frobenius norm of the difference.
However, the increase in proposal variance only results in an increase in the variance
of the Metropolis-Hastings transition density so long as the acceptance probability is not
substantially depressed (relative to the DA Gibbs sampler, which has acceptance probability
one). Therefore, one also needs to adjust (r, b) both to optimize the acceptance rate α(θ, θ∗ )
and the proposal variance. Considering the average acceptance rate (on the negative-log
scale), with expectation over proposal density q(θ∗ ; θ) and posterior π(θ | y)


Eθ|y Eθ∗ |θ − log α(θ, θ∗ )


L(θ∗ ; y)
L(θ; y)
=Eθ|y Eθ∗ |z Ez|θ max − log
+ log
,0 .
Lr,b (θ∗ ; y)
Lr,b (θ; y)
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To provide tractable computation, we again use the functions evaluated at the conditional
mean or mode to approximate the three expectations. This yields


L(θ̂; y)
L(θ̃∗ (z̃(θ̂)); y)
+ log
,0 ,
d2 (r, b) = max − log
(12)
Lr,b (θ̃∗ (z̃(θ̂)); y)
Lr,b (θ̂; y)
11

−1

, m = Λa − b and a =

i yi

P

− nr/2 + b/σ 2 .

i yi

P

κ = O(n−

2.5+2 log 2
σ2

).

= o(log n), there exist choices for r, b such that CDA-MH has spectral gap
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To show that the result
P is borne out empirically, we conduct simulations as in Johndrow
et al. (2018), with fixed i yi = 1 and increasing n from 101 to a massive 1014 . Figure 4
compares the effective sample size per 1, 000 steps using DA and CDA. The deterioration of
DA shows up as early as n = 102 ; its slow-down becomes critical at n = 104 with effective
sample size close to 0. CDA performs exceptionally well, even at n = 1014 (we stop at 1014
as 1/n reaches the limit of floating point accuracy).

Thus, for σ 2 > 5 + 4 log 2 ≈ 7.77, the spectral gap of CDA-MH goes to zero more slowly
with increasing n than DA-Gibbs. Moreover, if we choose the prior σ 2 = log n, the spectral
gap of CDA-MH is independent of n. It follows that CDA-MH mixes rapidly as n → ∞ in
the large-sample imbalanced setting, unlike DA-Gibbs, which has spectral gap converging
to zero at rate n−1/2 or faster (ignoring logarithmic factors).

3. If

2. CDA-MH is uniformly ergodic

1. CDA-Gibbs is uniformly ergodic

Theorem 3 Consider intercept-only logistic regression with n observations. Then

where Λ = (z + 1/σ 2 )

fr,b (θ0 | z) = No(m, Λ)

πr,b (z | θ) = PG(nr, |θ + b|)

Consider intercept-only logistic regression from (9) with xi = 1 for i = 1, . . . , n and
prior θ ∼ No(0, σ 2 ). As all pi ’s are the same, we use a single scalar ri = r and bi = b for all
i. With r, b fixed, the update rule for CDA-Gibbs is

of obtaining quantitative estimates of the rate at which the spectral gap converges to zero
as n grows is underscored by the length and complexity of the arguments in Johndrow et al.
(2018).
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We consider the same two-parameter intercept-slope model in logistic regression as described above, except we now vary data sample size from n = 105 to 108 . We simulate

−1 with x = (1, w ) for w iid
Bernoulli outcomes yi ∼ Bernoulli (1 + exp(−x
i θ))
i
i
i ∼ No(0, 1)
P
and θ = (−θ0 , 1)0 . We vary θ0 to obtain
yi ≈ 10 for each n. We utilize the minibatch
Polya-Gamma algorithm described by Johndrow et al. (2017), and apply CDA to calibrate

One potential issue for data augmentation in general is the large number of latent variables to sample in each iteration. A common strategy is to avoid sampling latent variables
for every observation by approximating the Markov transition kernel using subsamples (Korattikara et al., 2014; Quiroz et al., 2018; Bardenet et al., 2017). Unlike other alternative
algorithms we consider here, this changes the invariant measure. Finding a suitable subsample size while controlling the approximation error is challenging and usually problemspecific (Johndrow et al., 2017; Rudolf et al., 2018), and we do not consider it here. Instead,
our goal is to show sub-sampling alone does not address the low ESS of DA; whereas one
can trivially combine our proposed CDA strategy with subsampling to scale DA-MCMC up
to enormous data sample sizes. We illustrate this strategy here.

As motivated in the introduction, two factors are necessary for MCMC to be practically
useful: a low computing cost in each iteration and a high effective sample size within a
small number of iterations.

6.1. Comparison with Downsampling Algorithm

In this section, we compare the performance of CDA against popular alternative algorithms.

6. Simulation Study

Figure 4: Effective sample size (with 95% pointwise confidence interval) per 1, 000 steps
with different sample size n from 10 to 1014 , using logistic regression model with
intercept.
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We compare the performance of MH algorithms with t3 and CDA proposals, using
the two-parameter intercept-slope example described in Section 6.1. Figure 6 shows the
acceptance ratio at different intercept values θ0 , which is approximately the average of xi θ.

L(θ∗ ; y)Lr,b (θ; y)
≈ 1.
Lr,b (θ∗ ; y)L(θ; y)

where c2 is a constant. Minimizing the Fisher information distance gives approximately
ri ≈ exp(xi θ̂) and bi ≈ −xi θ̂, so the density ratio is approximately c2 . Thus the acceptance
ratio

i

Y {1 + exp(xi θ + bi )}ri
L(θ; y)
= c2
,
Lr,b (θ; y)
1 + exp(xi θ)

which decreases exponentially away from the current state.
In contrast, since the CDA proposal density is similar to the target, with calibration the
density ratio can be made close to a constant in the neighborhood of the mode. Consider
the density ratio in the logistic CDA proposal:

i

where ν > 2 and I(θ̂) = X T diag[exp(xi θ̂){1 + exp(xi θ̂)}−2 ]X. The second parameter is set
to have var(θ) = I −1 (θ̂) exactly. We choose ν = 3 to induce a tail heavier than the target
likelihood, which is a necessary condition for geometric ergodicity of MH with independent
proposals (Mengersen et al., 1996).
The density ratio is
(
)
(ν+p)/2
Y exp(yi xi θ)
L(θ; y)
1
=c
(θ − θ̂)T I(θ̂)(θ − θ̂)
1+
1
q(θ)
1 + exp(xi θ)
ν−2
i
"
#
(ν+p)/2
P
X 1
exp( i yi xi θ)
= c1 Q
1+
(xi θ − xi θ̂)2 exp(xi θ̂){1 + exp(xi θ̂)}−2
,
ν−2
i {1 + exp(xi θ)}
i
(14)
where c1 denotes the constant
P part. We give an approximation of the acceptance ratio.
We focus on the case
yi  n, where the mixing is slow for DA-Gibbs. This results
in exp(xi θ̂) ≈ 0 for most i. Assuming the high posterior density region is a neighborhood
{θ : |xi θ − xi θ̂| < η for all i}, where η is a bounded constant, the second term in (14)
is close to a constant, while the first term is approximately equal to its numerator. The
acceptance ratio is thus approximately
(
)
X
L(θ∗ ; y)q(θ)
≈ exp
yi xi (θ∗ − θ) ,
q(θ∗ )L(θ; y)

n
o
q(θ∗ , θ) = q(θ) = tν θ; θ̂, (ν − 2)ν −1 I −1 (θ̂) ,

parameter space. However, for computational convenience, one often has to use a proposal
that is easy to sample. The density mis-match between L(θ; y) and q(θ; θ∗ ) can cause the
ratio to decrease rapidly moving away from the posterior mode of θ, resulting in a high
rejection rate.
To illustrate, we consider the independent multivariate t-distribution proposal for logistic
regression:

i∈V1


 n−|V1 |
|V0 |
Y
Y
exp(x
1
i θ)


.
1 + exp(xi θ)
1 + exp(xi θ)

the variance discrepancy. Since y is highly imbalanced, we apply biased sampling by including all data with yi = 1, while sub-sampling 1% of data with yi = 0.
Denoting the set of all data with yi = 1 as V1 and a random subset with yi = 0 as V0 , we
adjust the likelihood contribution from yi = 0 via a power of (n − |V1 |)/|V0 | to compensate
for the downsampling, leading to an approximate likelihood

L(θ; y) =

5

●

The number of latent variables is reduced to n0 ≡ |V0 | + |V1 |; since n0 is still large, slow
mixing remains a problem and calibration is needed. The algorithmic details are presented
in the appendix.
Figure 5 compares the performance of the two approximating algorithms, one combining
CDA and sub-sampling, and one using sub-sampling alone. Clearly, sub-sampling alone still
results in very small effective sample size, while using CDA and sub-sampling together can
produce excellent computational performance.
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Assuming the prior Π0 (θ) has negligible impact when n is large, the key to a high acceptance
rate is to have L(θ; y)/q(θ; θ∗ ) close to a constant in the high posterior density region of the

In the CDA-MH algorithm, we utilize the marginal quantities θ̂ and I(θ̂) to tune the
(r, b) parameters. We compare the performance of the CDA proposal against alternative
MH proposal with access to the same information. Specifically, we analyze MH using
independent multivariate t proposals with mean θ̂ and variance I −1 (θ̂). We show that this
algorithm has very low acceptance rate relative to CDA-MH.
The general form of the MH acceptance rate is given by


L(θ∗ ; y)q(θ; θ∗ ) Π0 (θ∗ )
.
α(θ, θ∗ ) = min 1,
q(θ∗ ; θ)L(θ; y) Π0 (θ)

6.2. Comparison with Independence Metropolis-Hastings

Figure 5: Comparing the performance of CDA and DA, coupled with sub-sampling approximation to reduce the number of sampled latent variables.
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There are 507 regions located in the left (L) and P
508 in the right hemisphere
P (R). There
are many more connections within each
Phemisphere ( Ai∈L,j∈L,i>j = 2, 280, Ai∈R,j∈R,i>j
= 2, 443), than across hemispheres ( Ai∈L,j∈R = 23). To quantify this phenomenon, we
use two intercepts β0 and β1 to represent the within- and across-hemisphere fixed effects

We now apply CDA to accelerate estimation of group intercepts in a latent factor model.
The dataset is a large sparse network from the Human Connectome Project (Marcus et al.,
2011). The network data under consideration is an adjacency matrix representing the
connectivity among V = 1015 macroscopic regions of one human brain. The matrix
{Aij }(i,j)∈{1...V }2 is binary and symmetric. For i 6= j, Aij = 1 if regions i and j are
connected, Aij = 0 otherwise; Aii are missing as self-connections are ignored. Therefore,
there are effectively n = V (V − 1)/2 = 514, 605 observed binary outcomes.

7.1. Bernoulli Latent Factor Model with Group Intercepts for Network
Modeling

7. Data Applications

Figure 6: Comparing the acceptance ratios using the multivariate t-distribution and CDA
proposals in logistic regression, with variance fixed at the inverse Fisher information. CDA has a much higher acceptance ratio than the multivariate t proposal.

Acceptance.Rate

The acceptance rate drops rapidly to 0 for the t3 proposal, and is close to one for the CDA
proposal.
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r=1

pij = Φ(ψij ),

β1 ∼ No(0, 100),

σ 2 ∼ Inverse-Gamma(2, 1),

for r = 1, . . . , d,

for i = 2 . . . V, j < i,



No(0,∞) (ψij , 1)
No(−∞,0) (ψij , 1)

if Aij = 1
if Aij = 0

for i = 2 . . . V, j < i,
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Lag
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(b) ACFs of the parameters β0 and β1 using CDA.
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Figure 7: ACFs show the mixing performance of β0 and β1 in modeling average sparsity in
network connectivity of a brain.

(a) ACFs of the parameters β0 and β1 using DA.
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U | β0 , β1 , Z ∼ Bingham({zij − β0 wij − β1 (1 − wij )}, diag{vr /2}).

Because the connection data are highly imbalanced – fewer than 5,000 connections out of
a possible 514,605 – the intercepts β0 and β1 mix slowly in an ordinary DA Gibbs algorithm
(Figure 7(a)). Without using DA, efficient MH proposals are difficult to develop due to the
restriction that U ∈ SV ×d . The DA-Gibbs relies on the full conditional distribution

zji = zij .

zij ∼

where wij = 0 if i ∈ L and j ∈ R, otherwise wij = 1; U = {uir } is a V -by-d matrix
of latent factors. Following Hoff (2009), we assign U a uniform prior on Stiefel manifold
SV ×d = {U : U T U = Id }, and set the latent dimension at d = 10. The latent variable
updates in the probit data augmentation algorithm are given by

β0 ∼ No(0, 100),

vr ∼ No(0,∞) (0, σ 2 )

U T U = Id ,

uir vr ujr + β0 wij + β1 (1 − wij )

π(U ) ∝ 1,

ψij =

d
X

Aij ∼ Bernoulli(pij ),

within the following Bernoulli probit latent factor model

ACF

Calibrated Data Augmentation

ACF

r=1

j<i

ν 2 ∼ π(ν 2 ).

i = 1...n

Duan, Johndrow and Dunson

j<i

j<i

τ0 ∼ No(0, στ2 )

τi ∼ No(τ0 , ν 2 ),

iid

Calibrated Data Augmentation

j<i

r=1

+

τi )) ,

We use CDA to calibrate the updates of β0 and β1 , while keeping the other Gibbs
sampling steps unchanged, i.e.

No(0,∞) (ψij + bij , rij )
if Aij = 1
∗
zij
∼
for i = 2 . . . V, j < i,
No(−∞,0) (ψij + bij , rij ) if Aij = 0


d
X
X
X

wij −1
wij −1 X  wij ∗
]
(z − bij −
]
,
uir vr ujr ) , [
β0∗ ∼ No [
rij
rij ij
rij
j<i

∼

Poisson (exp(xi β

β ∼ No(0, Iσβ2 ),

L(ηi ; yi ) =

exp(yi ηi }
exp(yi ηi )
= lim
.
exp{exp(ηi )} λ→∞ {1 + exp(ηi )/λ}λ

(15)

We assign a weakly informative prior for β and τ0 with σβ2 = στ2 = 100. For the overdispersion parameter ν 2 , we assign a non-informative flat prior on (0, ∞).
When β and τ are sampled separately, the random effects τ = {τ1 , . . . , τn } mix slowly.
Instead, we sample β and τ jointly. Letting X̃ be the n×(n+p) matrix given by X̃ = [In X],
and ηi = xi β + τi the linear predictor, θ = {τ, β}0 can be sampled jointly in a block. An
explanation of improved mixing with blocked sampling can be found in Liu (1994a).
We now focus on the mixing behavior of data augmentation. We first review data
augmentation for the Poisson log-normal model. Zhou et al. (2012)
proposed to treat

Poisson(ηi ) as the limit of the negative binomial NB λ, ηi /(λ + ηi ) with λ → ∞, and used
moderate λ = 1, 000 for approximation. The limit relationship, omitting constants, is given
by

yi

session. We refer to visiting more than one site during the same session as co-browsing. For
each of the client websites, it is of commercial interest to identify the high-traffic sites with
relatively high co-browsing rates, so that ads can be more effectively placed. In computational advertising, it is also valuable to understand the co-browsing behavior and predict
the traffic pattern of users.
We consider a Poisson regression model for co-browsing. We use the co-browsing count
of a single client website as the outcome yi and the log of one plus the co-browsing count
∗ + 1) for i = 1, . . . , 59792 and
of the other 95 websites as the predictors, i.e. xij = log(xij
j = 1, . . . , 95, where x∗ is the raw co-browsing count for high-traffic site i and client site j.
A Gaussian random effect is included to account for over-dispersion relative to the Poisson
distribution, leading to a Poisson log-normal regression model:

j<i



d
X
X
X

1 − wij −1 X  1 − wij ∗
1 − wij −1
β1∗ ∼ No [
]
(zij − bij −
]
.
uir vr ujr ) , [
rij
rij
rij

j<i

Then β0∗ and β1∗ are accepted via MH step with calibrated conditional density
Y
Φ(ψij )Aij [1 − Φ(ψij )](1−Aij )
Lr,b (β0 , β1 | U, V, A) =

r=1

d
X
−1
ψij = rij
[
uir vr ujr + β0 wij + β1 (1 − wij ) + bij ]

CDA
-2.09 (-2.10, -2.08)
-3.75 (-3.86, -3.66)
92.1%
0.142
2.0 sec
14.1 sec

The tuning parameters
Pdare optimized using the approach described in Section 4, except
uir vr ujr + β0 wij + β1 (1 − wij ).
with xi θ replaced by r=1
DA
-2.09 (-2.10, -2.08)
-3.68 (-3.72, -3.64)
90.5%
0.008
2.0 sec
251 sec

With finite λ approximation, the posterior can be sampled using Polya-Gamma data
augmentation

β0
β1
Fitted AUC
Tef f /T
Avg Computing Time / T
Avg Computing Time / Tef f

Table 1: Parameter estimates and computing speed of DA and CDA in Bernoulli latent
factor modeling of a brain network.

zi | ηi ∼ PG(λ, ηi − log λ) i = 1 . . . n



2
−1
1/ν
·
I
0
n
θ | z, y ∼ No X̃ 0 Z X̃ +
0
1/σβ2 · Ip




τ /ν 2 1n
X̃ 0 y − λ/2 + Z log λ + 0
,
0p

 

2
−1
1/ν
·
I
0
n
,
0
1/σβ2 · Ip
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where Z = diag{z1 , . . . , zn }, 1n = {1, . . . , 1}0 and 0p = {0, . . . 0}0 .
However, this approximation-based data augmentation is inherently problematic. For
example, setting λ = 1, 000 leads to large approximation error. As in (15), the approximating denominator has (1 + exp (ηi )/λ)λ = exp{exp(ηi ) + O(exp(2ηi )/λ)}; for moderately
large ηi ≈ 10, λ needs to be at least 109 to make exp(2ηi )/λ close to 0. This large error

X̃ 0 Z X̃ +

We run DA for 30, 000 steps and CDA for 2, 000 steps, so that they have approximately
the same effective sample size (calculated with the CODA package in R). Both algorithms
are initialized at the MAP estimates. CDA leads to significant reduction in autocorrelation
(Figure 7(b)) and about 18 times lower computing time per effective sample size. We also
compare the in-sample fitted AUCs, computed based on Aij and the posterior mean of pij .
The CDA estimates clearly have a better fit to the data.
7.2. Poisson Log-Normal Model for Web Traffic Prediction

JMLR 19(64):1-34, 2018

As a second application, we apply CDA to an online browsing activity dataset obtained
from a computational advertising company. The dataset contains a two-way table of visit
count by users who browsed one of 96 websites belonging to clients of the computational
advertising agency, and one of the n = 59, 792 high-traffic sites during the same browsing
19

exp(ηi − log λ + bi
,
{1 + exp(ηi − log λ + bi )}ri λ

21
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After
θ is updated, the other
parameters can be sampled viaPτ0 ∼ No (n/ν 2 + 1/στ2 )−1

P
2
2
2 −1 and ν 2 ∼ Inverse-Gamma(n/2 − 1,
2
i τi /ν , (n/ν + 1/στ )
i (τi − τ0 ) /2).
We ran the ordinary DA algorithm with λ = 1, 000, CDA with λ = 109 and Hamiltonian
Monte Carlo with No-U-Turn sampler under the default tuning setting (as implemented in
STAN 2.17). All algorithms are initialized at the MAP. We ran DA for 200, 000 steps,
CDA for 2, 000 steps and HMC for 20, 000 steps so that they have approximately the same
effective sample size. For CDA, we used the first 1, 000 steps for adapting r and b. Figure 8
shows empirical autocorrelations for DA, CDA and HMC. Even with small λ = 1, 000 in DA,
all of the parameters mix poorly; HMC seemed to be affected by the presence of random

The tuning parameters are then optimized as described in Section 4, using


λri
|ηi − log λ + bi |
z̃i (θ) =
tanh
i = 1, . . . , n,
2|ηi − log λ + bi |
2



−1
1/ν 2 · In
0
θ̃∗ (z) = X̃ 0 Z X̃ +
0
1/σβ2 · Ip


n

τ /ν 2 1n o
X̃ 0 y − rλ/2 + Z log(λ − b) + 0
.
0p

i

 Y

exp{exp(ηi )} {1 + exp(ηi∗ − log λ + bi )}ri λ
min 1,
.
∗
r
λ
i
exp{exp(ηi )} {1 + exp(ηi − log λ + bi )}

Letting ηi∗ = X̃θ∗ , the proposal is accepted with probability (based on the Poisson density
and the approximation Lr,b (xi θ; yi )):

zi ∼ PG(ri λ, ηi − log λ + bi ) i = 1 . . . n



−1
1/ν 2 · In
0
θ∗ ∼ No X̃ 0 Z X̃ +
2
0
1/σβ · Ip


n

τ /ν 2 1n o
X̃ 0 y − rλ/2 + Z log(λ − b) + 0
,
0p



−1

1/ν 2 · In
0
X̃ 0 Z X̃ +
0
1/σβ2 · Ip

with ri ≥ (yi − 1)/λ +  for proper likelihood, and proposal update rule:

Lr,b (xi θ; yi ) =

)yi
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(b) Autocorrelation of the param- (c) Autocorrelation of the parameters from CDA.
eters from HMC.

0

0.25

0.50

0.75

1.00

DA
0.072 (0.071, 0.075)
0.0034 (0.0033, 0.0035)
-0.405 (-0.642, -0.155)
1.126 (0.968, 1.339)
33.21
0.0037 (0.0011 0.0096)
1.3 sec
346.4 sec

CDA
-0.041 (-0.042, -0.038)
0.231 (0.219 0.244)
-1.292 (-2.351, -0.446)
3.608 (0.696, 7.928)
8.52
0.3348 (0.0279, 0.699)
1.3 sec
11.5 sec

HMC
-0.010 (-0.042, -0.037)
0.232 (0.216 0.244)
-1.297 (-2.354, -0.451)
3.589 (0.678, 8.011)
13.18
0.0173 (0.0065, 0.0655)
56 sec
3240.6 sec
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Table 2: Parameter estimates, prediction error and computing speed of the DA, CDA and
HMC in Poisson regression model.

P
P βj2/95
P βj /95
P τi2/n
τi /n
Prediction RMSE
Tef f /T
Avg Comp. Time / T
Avg Comp. Time / Tef f

to predict the count for the client of interest yi† , over the high traffic site i = 1, . . . , 59792.
We predict using ŷi† = Eβ,τ |y,x yi† = Eβ,τ |y,x exp(x†i β + τi ) on the client site. The expectation
is approximated using the MCMC sample path for β, τ | y, x obtained using training set
1/2
P †
† 2
{y, x}, as discussed above. Cross-validation root-mean-squared error
i (ŷi − yi ) /n
†
between the prediction and actual count yi ’s is computed. As shown in Table 2, slow mixing
in DA and HMC cause poor estimation of the parameters and high prediction error, while
CDA has significantly lower error.

To evaluate predictive performance, we use another co-browsing count table for the same
high traffic and client sites, collected during a different time period. We use the high traffic
†
†∗
co-browsing count x†∗
ij and their log transform xij = log(xij + 1) for the j = 1, . . . , 95 clients

Figure 8: CDA significantly improves the mixing of the parameters in the Poisson lognormal.

(a) Autocorrelation of the parameters from DA.
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effects, and most of parameters remain highly correlated within 40 lags; CDA substantially
improves the mixing. Table 2 compares all three algorithms. CDA has the most efficient
computing time per effective sample, and is about 30 − 300 times more efficient than the
other two algorithms.

ACF

cannot be corrected with an additional MH step, since the acceptance rate would be too
low. On the other hand, it is not practical to use a large λ in a Gibbs sampler, as it would
create extremely large zi (associated with small conditional covariance for θ), resulting in
slow mixing.
We use CDA to circumvent this issue. We first choose a very large λ (109 ) to control the
approximation error, then use a small fractional ri multiplying to λ for calibration. This
leads to a proposal likelihood similar to the logistic CDA:

Duan, Johndrow and Dunson

ACF

Calibrated Data Augmentation

ACF

8. Discussion

Calibrated Data Augmentation

Data augmentation (DA) is a technique routinely used to enable implementation of simple
Gibbs samplers, avoiding the need for expensive and complex tuning of Metropolis-Hastings
algorithms. Despite the convenience, DA mixes slowly when the conditional posterior variance given the augmented data is substantially smaller than the marginal variance. When
the data sample size is massive, this problem arises when the rates of convergence of the augmented and marginal posterior differ. There is a rich literature on strategies for improving
mixing rates of Gibbs samplers, with centered or non-centered re-parameterizations (Papaspiliopoulos et al., 2007) and parameter-expansion (Liu and Wu, 1999) leading to some
improvements. However, existing approaches do not solve large sample mixing problems
because they do not address the fundamental rate mismatch issue.
To tackle this problem, we propose to calibrate data augmentation by directly adjusting the conditional variance (which is associated with step size). CDA adds a small cost
for likelihood evaluation, which is often negligible when compared to the random number
generation required at each iteration of DA. In this article, we demonstrate that calibration
is generally applicable when θ | z belongs to a location-scale family. We expect it to be also
useful outside of location-scale families, but have not pursued that here.
As both CDA and HMC involve MH steps, we draw some further comparison between
the two. Both methods rely on finding a good proposal by searching a region far from
the current state. One key difference lies in the computing efficiency. Although HMC is
more generally applicable beyond data augmentation, it is computationally intensive since
Hamiltonian dynamics often requires multiple numeric steps. CDA only requires one step
of calibrated Gibbs sampling, which is often much more efficient, leveraging on existing
data augmentation algorithms. The idea of using an auxiliary Gibbs chain to generate MH
proposals seems generally promising (Tran et al., 2016), yet has received little attention in
the literature.
In this work, we focused on cases when the sample size n is large, with the parameter
dimension p moderate. One limitation of CDA-MH is that when p grows, in order to
maintain a reasonable acceptance rate, the range to increase the conditional variance has
to decrease. This is a common problem for general MH algorithms. Therefore, solutions to
high dimensionality require further study.

Appendix A. Proof of Remark 1

q(θ; θ∗ )Πr,b (θ∗ ) = q(θ∗ ; θ)Πr,b (θ),

Proof Since qr,b (θ; θ0 ) is the θ marginal of a Gibbs transition kernel, and Gibbs is reversible
on its margins, we have

and so

JMLR 19(64):1-34, 2018

L(θ∗ ; y)Π0 (θ∗ )Lr,b (θ; y)Π0 (θ)
L(θ∗ ; y)Π0 (θ∗ )q(θ; θ∗ )
=
L(θ; y)Π0 (θ)q(θ∗ ; θ)
L(θ; y)Π0 (θ)Lr,b (θ∗ ; y)Π0 (θ∗ )
L(θ∗ ; y)Lr,b (θ; y)
.
L(θ; y)Lr,b (θ∗ ; y)
=
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Appendix B. Proof of Remark 2

Proof For any r, b, the conditionals Πr,b (z | θ) and Πr,b (θ | z) are well-defined for all
z ∈ Z, θ ∈ Θ, and therefore the Gibbs transition kernel Kr,b ((θ, z); ·) and corresponding
marginal kernels Qr,b (θ; ·) are well-defined. Moreover, for any (z, θ) ∈ Z × Θ, we have
P[(θ0 , z 0 ) ∈ A | (θ, z)] > 0 by assumption. Thus Kr,b is aperiodic and Πr,b -irreducible (see
the discussion following Corollary 1 in Roberts and Smith (1994)).
Qr,b (θ0 ; θ) is aperiodic and Πr,b (θ)-irreducible, since it is the θ marginal transition kernel
induced by Kr,b ((θ, z); ·). Thus, it is also Π(θ)-irreducible so long as Π  Πr,b , where for two
measure µ, ν, µ  ν indicates absolute continuity. Since Π, Πr,b have densities with respect
to Lebesgue measure, Πr,b -irreducibility implies Π irreducibility. Moreover, q(θ; θ0 ) > 0 for
all θ ∈ Θ. Thus, by Theorem 3 of Roberts and Smith (1994), CDA MH is Π-irreducible
and aperiodic.

Appendix C. Toy example: Hierarchical Normal

i = 1, . . . , n

To demonstrate the effects of r, b, we use a toy example commonly used in the data augmentation literature (Liu and Wu, 1999). Consider a marginal Normal model

yi ∼ No(θ, σ 2 + 1)

zi ∼ No(θ, 1),

i = 1, . . . , n,

(16)

with σ 2 known and improper prior π(θ) ∝ 1. This can be considered as a hierarchical model
yi ∼ No(zi , σ 2 ),





i = 1, . . . , n

where z = {z1 , . . . , zn } are augmented data. The standard data augmentation algorithm
has the update rule
zi | y, θ ∼ No

i

1
yi σ −2 + θ
,
σ −2 + 1 σ −2 + 1
X
zi , n−1 ).
θ | z ∼ No(n−1

zi ∼ No(θ + b0 , r0 ),

JMLR 19(64):1-34, 2018

i = 1, . . . , n,

Thanks to the simple form, it is straightforward to compute the marginal variance of
θ, var(θ | y) = n−1 (1 + σ 2 ). Clearly, this is larger than the conditional variance Ez var(θ0 |
z) = n−1 , when σ 2 is large.
To be able to adjust the conditional variance, we consider an alternative hierarchical
model
yi ∼ No(zi , σ 2 ),

24



i


i = 1, . . . , n
(17)

r0 = 1 + σ .
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Figure 9: Trace and autocorrelation plots for DA and CDA in hierarchical normal model.

Value

2.0

Value

We use σ 2 = 100, θ = 1 to simulate n = 1000 data. Figure 9 compares the mixing
performance, in terms of traceplots and autocorrelation plots (ACF)
Pfor the original DA and
calibrated DA. Each algorithm was initiated at the MAP θ̂ = n−1 i yi . CDA significantly
improves the mixing performance, with acceptance rate approximately 0.9.

(b0 + θ̂)r0
i yi r0
− 2
=0
σ 2 + r0
σ + r0

n−1

E(θ∗ | θ) = Ez|θ Eθ∗ |z (θ∗ | z) = θ +

P
n−1 i yi r0 (b0 + θ)r0
− 2
σ 2 + r0
σ + r0
Intuitively, one way to improve the acceptance rate is to have the proposal centered at the
current θPin the high posterior density region. That is, E(θ∗ | θ) ≈ θ for θ near the MAP
θ̂ = n−1 i yi . This yields one choice for b0

Note the proposal mean has

2

To correct the deviation caused by the alternative model, we treat θ∗ as a proposal to
the target model (16), using M-H as in Remark 1 with Lr,b (θ; y) = (r0 + σ 2 )−1/2 φ[(r0 +
σ 2 )−1/2 (yi − θ − b0 )] and φ the standard normal density. We can choose r0 so that the
proposal variance equals to the target marginal variance varr,b (θ0 | z) = var(θ | y); this
yields

zi | y, θ ∼ No

yi σ −2 + (θ + b0 )r0−1
1
, −2
σ −2 + r0−1
σ + r0−1
X
θ∗ | z ∼ No(n−1
zi − b0 , n−1 r0 ).

with update rule

Calibrated Data Augmentation

DA

V0 ∼ Subset(|V |, {i ∈ {1, . . . , n} : yi = 0})

i∈V1

Y

26

conclude that CDA-Gibbs is uniformly ergodic.

θ∈Θ

inf q(θ, θ0 ) ≥ c1 g(θ0 );

R

Θ g(θ)dθ

= 1 for

JMLR 19(64):1-34, 2018

1. Show that there exists a constant c1 > 0 and a density g such that
which

We proceed in the following steps:

inf p(θ, θ0 ) > cg(θ0 )
θ∈Θ

respectively.
We seek a constant c > 0 and a density g such that

Proof Let Q be the proposal kernel for CDA-MH, which is identically the transition kernel
for CDA-Gibbs, and let P be the Markov transition semigroup of CDA-MH.
Both have densities with respect to Lebesgue measure given by
Z
q(θ, θ0 ) =
fr,b (θ0 | z, y)πr,b (z | θ, y)dz
Z


Z
p(θ, θ0 ) = α(θ, θ0 )q(θ, θ0 ) + δθ (θ0 ) 1 − α(θ, θ̃)q(θ, θ̃)dθ̃ ,

Appendix E. Proof of Theorem 1

i∈V0

n−|V1 |
Y
exp(xi θ + bi )
1
(
) |V0 | ,
{1 + exp(xi θ + bi )}ri
{1 + exp(xi θ + bi )}ri

with target approximate likelihood L1,0 (θ; y).

Lr,b (θ; y) =

where subscript .V indicates the sub-matrix or sub-vector corresponding to the sub-sample;
ki = 1 if yi = 1, and ki = (n − |V1 |)/|V0 |. We accept θ∗ in an MH step using calibrated
likelihood


θ∗ ∼ No (XV0 ZV XV )−1 XV0 (yV − kV rV /2 − ZV bV ), (XV0 ZV XV )−1 ,

i ∈ V,

V1 = {i ∈ {1, . . . , n} : yi = 1},

zi ∼ PG(ki ri , |xi θ + bi |)

V = V1 ∪ V0 ,

Adapting based on Johndrow et al. (2017), we first randomly sample a subset of indices
V of size |V |. This algorithm generates proposals from

Appendix D. Calibrated Polya-Gamma Algorithm with Sub-sampling

Note in this special example, instead of relying on varr,b (θ∗ | z), one could directly
adjust varr,b (θ∗ | θ) = [r02 + 2r0 σ 2 ]/[n(r0 + σ02 )] to match var(θ | y). However, in general
non-Gaussian cases, varr,b (θ∗ | θ) is intractable, so we expect adjusting var(θ∗ | z) to be
more useful.
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inf

θ∈Θ,θ0 ∈S

α(θ, θ0 ) > c2 .

2. Show that there exists S ⊂ Θ and a constant c2 > 0 such that

S

3. Combine 1 and 2 to show p(θ, θ0 ) ≥ κgS (θ0 ), where κ = c1 c2 c3 with
Z
g(θ)dθ, gS (θ) = c3−1 g(θ)1{θ ∈ S}
c3 =

the restriction of g to S. Conclude that CDA-MH is uniformly ergodic with spectral
gap κ.
4. Find values (r0 , b0 , S0 ) of the tuning parameters r, b, S so that κ goes to zero slowly
as n → ∞.
1. Show that q(θ, θ0 ) ≥ c1 g(θ0 ). First we bound πr,b (θ0 | z) by a constant times a
function depending on z


1
1/2
πr,b (θ0 | z) = (2π)−1/2 (z + 1/σ 2 ) exp − (θ0 − m)(z + 1/σ 2 )(θ0 − m)
2



1
a2
1/2
=(2π)−1/2 (z + 1/σ 2 ) exp −
(θ0 + b)(z + 1/σ 2 )(θ0 + b) − 2a(θ0 + b) +
2
z + 1/σ 2



a2
1
1/2
>(2π)−1/2 (1/σ 2 ) exp −
(θ0 + b)(z + 1/σ 2 )(θ0 + b) − 2a(θ0 + b) +
2
1/σ 2






1
1
=(2π)−1/2 σ −1 exp −
(θ0 + b)2 /σ 2 − 2a(θ0 + b) + a2 σ 2 exp −
(θ0 + b)2 z
2
2
(18)

coshα (β/2)
p
,
coshα ( (β 2 /2 + t)/2)

in which the inequality holds since z > 0.
Using the Laplace transform of ω ∼ PG(α, β)
E[exp(−ωt)] =

we proceed to bound the expectation of (18) with respect to z
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p



Z
∞
((θ + b)2 + (θ0 + b)2 )
1
|θ + b|
exp −
(θ0 + b)2 z πr,b (z | θ)dz = coshnr (
)cosh−nr (
)
2
2
2
0
|θ + b|
(|θ + b| + |θ0 + b|)
≥ coshnr (
)cosh−nr (
)
2
2
|θ + b|
|θ0 + b|
|θ + b|
)cosh−nr (
)cosh−nr (
)
≥ 2−nr coshnr (
2
2
2
|θ0 + b|
= 2−nr cosh−nr (
)
2


nr|θ0 + b|
≥ 2−nr exp −
2
27
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nr[(θ0 + b)2 + 1]
≥ 2−nr exp −
4

where the first inequality uses a2 + b2 ≤ (|a| + |b|)2 ; the second uses Lemma 3.2 of Choi and
Hobert (2013); the third uses the property of cosh; and the fourth uses |a| ≤ (1 + a2 )/2.
We combine to obtain q(θ, θ0 ) > c1 g(θ0 ), viz
Z ∞
q(θ, θ0 ) =
πr,b (θ0 | z, y1:n )πr,b (z | θ, y1:n )dz
0





1
nr[(θ0 + b)2 + 1]
>(2π)−1/2 σ −1 exp −
(θ0 + b)2 /σ 2 − 2a(θ0 + b) + a2 σ 2 2−nr exp −
2
4





1
nr
1
nr a2 σ 2
(θ0 + b)2 ( +
=(2π)−1/2 σ −1 2−nr exp −
) − 2a(θ0 + b) exp −
−
2
σ2
2
4
2




1
nr
nr a2 σ 2
1
1
nr
=σ −1 2−nr ( 2 +
)−1/2 exp −
−
exp a2 ( 2 +
)−1
σ
2
4
2
2
σ
2




1
nr 1/2
1 0
1
nr −1 2 1
nr
+
) exp −
θ +b−( 2 +
) a ( 2+
)
σ2
2
2
σ
2
σ
2
(2π)−1/2 (

=c1 g(θ0 )

where





1
nr −1/2
nr a2 σ 2
1
1
nr −1
c1 = σ −1 2−nr ( 2 +
)
exp −
−
exp a2 ( 2 +
)
σ
2
4
2
2
σ
2


1
nr −1
1
nr −1
g(θ0 ) = No θ0 | ( 2 +
) a − b, ( 2 +
)
.
σ
2
σ
2

α0 (θ0 )
α0 (θ)

n 
,1 ,

α0 (x) =

{1 + exp(x + b)}r
1 + exp(x)

This completes the first part.
2. Show that inf θ∈Θ,θ0 ∈S α(θ, θ0 ) > c2 for some set S.
The acceptance ratio is

α(θ, θ0 ) = min

,
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eb r − 1
) − b ≡ θ̂
1−r


(r − 1)eb ex + eb r − 1

(ex + 1)2

r−1

Differentiating with respect to x we obtain

∂α0 (x) ex eb+x + 1
=
∂x
Assuming that r < 1 and eb r > 1, since

>0

x = log(

r−1

=⇒

(ex + 1)2

ex eb+x + 1

and there is only one root on (−∞, ∞) for
(r − 1)eb ex + eb r − 1 = 0
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b

=⇒

=⇒
x < θ̂

x > θ̂


 

1 + exp(θ) n 1 + exp(θ0 + b) rn
α(θ, θ0 ) =
1 + exp(θ0 )
1 + exp(θ + b)

n

n
1
1
≥
×
1
≥
1 + exp(θ0 )
1 + exp(s2 )

< s2 ,

{1 + exp(θ0 + b)}r
≥ 0 lim α0 (θ0 ) = 1,
θ →−∞
1 + exp(θ0 )
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1
1 + exp(θ)
1
=
≥
α0 (θ)
{1 + exp(θ + b)}r
α0 (θ̂)
1
α(θ, θ0 ) = α0 (θ0 )
α0 (θ)
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Further, because α0 is monotone nonincreasing on (θ̂, ∞) we have

α0 (θ0 ) =

(b) If s1 < θ0 ≤ θ̂ < θ, because α0 is monotone nondecreasing on (−∞, θ̂), we have:

(a) If θ̂ < θ0 ≤ θ, then α0 (θ0 ) ≥ α0 (θ), α(θ, θ0 ) = 1.

2. Case 2: θ > θ̂,

where we used that θ0 > θ so the second term is bounded below by 1, and that
1 + eθ > 1. If s2 ≤ θ̂, then θ0 < θ̂, we only need to consider the condition (a) and
(b).

(c) If θ ≤ θ̂ <

θ0


 

1 + exp(θ) n 1 + exp(θ0 + b) rn
α(θ, θ0 ) =
0
1 + exp(θ )
1 + exp(θ + b)
rn 


1 − r rn
1
=
≥1 ×
eξ − r
1 + exp(θ̂ + b)

(b) If s1 < θ0 ≤ θ ≤ θ̂ then

(a) If θ < θ0 ≤ θ̂, then α0 (θ0 ) ≥ α0 (θ), α(θ, θ0 ) = 1.

1. Case 1: θ ≤ θ̂. We have three subcases

Therefore, θ̂ is the unique mode of α0 , and α0 is (1) monotonically increasing for x < θ̂ and
monotonically decreasing for x > θ̂.
For convenience, we write b = − log(r) + ξ with ξ > 0, so that 1 + exp(θ̂ + b) =
(eξ − r)/(1 − r). Now set S = (s1 , s2 ). We now show that α(θ, θ0 ) > c2 for θ0 ∈ S. We
proceed in two cases.

(r − 1)e e + e r − 1 > 0

b x

(r − 1)eb ex + eb r − 1 < 0
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=

{1 + exp(θ̂)}n

c3 =

Z

g(θ0 )1{θ0 ∈ S},

0
0
= c1 c2 c3 c−1
3 g(θ )1{θ ∈ S},
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0
0
so that gS (θ0 ) = c−1
3 g(θ )1{θ ∈ S} is a density. Specifically we have
!


−1
θ0 − ( σ12 + nr
1
nr 1/2
−1
2 ) a−b
0
gS (θ ) = c3
+
φ
1{θ0 ∈ S}
−1/2
σ2
2
( σ12 + nr
2 )

where

θ∈Θ

inf p(θ, θ0 ) ≥ c1 c2 g(θ0 )1{θ0 ∈ S}

parts (1) and (2) establish the bound

≥ α(θ, θ0 )q(θ, θ0 ),

for θ0 ∈ (s1 , s2 ). Since this does not depend on s1 , we take s1 = −∞.
3. Combine to show p(θ, θ0 ) ≥ c1 c2 c3 gS (θ0 )
Since


Z
p(θ, θ0 ) = α(θ, θ0 )q(θ, θ0 ) + δθ (θ0 ) 1 − α(θ, θ̃)q(θ, θ̃)dθ̃ ,

Therefore we have the common lower bound:

n 
 
1 − r rn
1
α(θ, θ0 ) ≥ c2 , c2 = min
,
1 + exp(s2 )
eξ − r

Combining (1) and (2), even when s2 ≤ θ̂, the lower bound still has:


 
n 

1 − r rn
1
1 − r rn
≥ min
,
ξ
ξ
1 + exp(s2 )
e −r
e −r

If s2 ≤ θ̂, then θ0 < θ̂ and we only need to consider the condition (b).



 

1 + exp(θ) n 1 + exp(θ0 + b) rn
0
1 + exp(θ )
1 + exp(θ + b)

n

n
1
1
≥
×
1
=
1 + exp(θ0 )
1 + exp(s2 )

α(θ, θ0 ) =

(c) If θ̂ < θ < θ0 < s2 ,

α0 (θ̂)
1

1

{1 + exp(θ̂ + b)}rn


1 − r rn
≥
=
eξ − r
{1 + exp(θ̂ + b)}rn

≥1×
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=Φ
−1/2

a .

)
1
nr −1
−( +
) a+b
σ2
2
#

1
rn
+
σ2
2
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s2

(s2 + b) −

1/2 

1/2

1
nr
+
σ2
2

rn
1
+
σ2
2

(

"

for φ(·) the standard Gaussian density, where
c3
=Φ
It follows that P is uniformly ergodic with spectral gap at least κ = c1 c2 c3 .
4. Tune constants so that κ → 0 slowly as n → ∞
We now may choose r, b, S in such a way as to minimize the rate at which the spectal
gap goes to zero, subject to the constraints on r, b from part (2) and

1
rn
+
σ2
2

1/2

1
1 + exp(s2 )


(s2 + b) −

1
rn
+
σ2
2

−1/2 #
a

κ(r, b, S) = c1 c2 c3




 
1
nr
nr a2 σ 2
1
1
nr −1
= σ −1 2−nr ( 2 +
)−1/2 exp −
−
exp a2
+
σ
2
4
2
2
σ2
2

 
n 
1 − r rn
,
eξ − r
"

× min

×Φ

i

P

yi + ξ/σ 2 = o(log(n)), we have

i

log w w X
ξ
log n
+ =
yi + 2 + 2
σ2
2
σ
σ

First, we note that because b = ξ − log r, tuning of r, ξ is equivalent to tuning of r, b, so we
elect to do the former.
2 2
First, to reduce the effect of n, we set
Pr = w/n, with 0 < w < n. Noting exp(−a σ /2)
decreases rapidly in a and recalling a = i yi − nr/2 + b/σ 2 and b = ξ − log r, we solve for
w to make a = 0
X
yi − w/2 + (− log(w) + log(n) + ξ)/σ 2 = 0

assuming

w = 2 log(n)/σ 2 + o(log(n)).

Second, we make c3 a constant independent of y, n, by choosing s2 such that
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rn 1/2
1
rn −1/2
1
) (s2 + b) − ( +
)
a=0
( +
σ2
2
σ2
2
1
rn 1/2
( +
) (s2 + b) = 0
σ2
2
s2 = −b = log(w) − log(n) − ξ.
which yields c3 = 0.5.
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rn

=
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w

n 

≥ exp(−w).

≥ exp(−we−ξ ) ≥ e−w

1
1 + exp(s2 )

n




eξ − w/n
≥ e−w
= exp −w log
1 − w/n



n
w
wo
eξ − w/n
1−
≤1
e+
=⇒ log
n
n
1 − w/n




rn 

,

1
1 + we−ξ /n

1 − w/n
eξ − w/n

=

1−r
eξ − r

n


1
1 + exp(s2 )

1−r
eξ − r

ξ ≤ log

Third, choose ξ so that

meaning

and

We have
c2 = min

Combining results and choosing r = r0 =P
w/n, b = b0 = − log(w) + log(n) + ξ, S =
S0 = (−∞, log(w) − log(n) − ξ), with (w, ξ) : i yi − w/2 + (− log(w) + log(n) + ξ)/σ 2 =
0, ξ ≤ log[(1 − w/n)e + w/n], we have


1
w
w
κ(r0 , b0 , S0 ) =σ −1 2−w−1 ( + )−1/2 exp −
exp(−w)
σ2
2
4




5
=O exp − ( + log 2)w
4


5/2+2 log 2
=O n− σ2
.
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1. Introduction

Keywords: Multi-class problems, face recognition, object recognition, transfer learning,
nonparametric models

The difficulty of multi-class classification generally increases with the number of classes.
Using data for a small set of the classes, can we predict how well the classifier scales as the
number of classes increases? We propose a framework for studying this question, assuming
that classes in both sets are sampled from the same population and that the classifier is
based on independently learned scoring functions. Under this framework, we can express
the classification accuracy on a set of k classes as the (k − 1)st moment of a discriminability
function; the discriminability function itself does not depend on k. We leverage this result
to develop a non-parametric regression estimator for the discriminability function, which
can extrapolate accuracy results to larger unobserved sets. We also formalize an alternative approach that extrapolates accuracy separately for each class, and identify tradeoffs
between the two methods. We show that both methods can accurately predict classifier
performance on label sets up to ten times the size of the original set, both in simulations
as well as in realistic face recognition or character recognition tasks.

Editor: Christoph Lampert

Many machine learning tasks are interested in recognizing or identifying an individual instance within a large set of possible candidates. These problems are usually modeled as
multi-class classification problems, with a large and possibly complex label set. Leading examples include detecting the speaker from his voice patterns (Togneri and Pullella, 2011),
identifying the author from her written text (Stamatatos et al., 2014), or labeling the object
category from its image (Duygulu et al., 2002; Deng et al., 2010; Oquab et al., 2014). In
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all these examples, the algorithm observes an input x, and uses the classifier function h to
guess the label y from a large label set S.
There are multiple practical challenges in developing classifiers for large label sets. Collecting high quality training data is perhaps the main obstacle, as the costs scale with the
number of classes. It can be more affordable to first collect data for a small set of classes,
even if the long-term goal is to generalize to a larger set. Furthermore, classifier development can be accelerated by training first on fewer classes, as each training cycle may
require substantially less resources. Indeed, due to interest in how small-set performance
generalizes to larger sets, such comparisons can found in the literature (Oquab et al., 2014;
Griffin et al., 2007). A natural question is: how does changing the size of the label set affect
the classification accuracy?
We consider a pair of classification problems on finite label sets: a source task with label
set Sk1 of size k1 , and a target task with a larger label set Sk2 of size k2 > k1 . For each
label set Sk , one constructs the classification rule h(k) : X → Sk . Supposing that in each
task, the test example (X ∗ , Y ∗ ) has a joint distribution, define the generalization accuracy
for label set Sk as
GAk = Pr[h(k) (X ∗ ) = Y ∗ ].
(1)

Zheng, Achanta and Benjamini

The problem of performance extrapolation is the following: using data from only the source
task Sk1 , predict the accuracy for a target task with a larger unobserved label set Sk2 .
A natural use case for performance extrapolation would be in the deployment of a
facial recognition system. Suppose a system was developed in the lab on a database of k1
individuals. Clients would like to deploy this system on a new larger set of k2 individuals.
Performance extrapolation could allow the lab to predict how well the algorithm will perform
on the clients’ problem, accounting for the difference in label set size.
Extrapolation should be possible when the source and target classifications belong to
the same problem domain. In many cases, the set of categories S is to some degree a
random or arbitrary selection out of a larger, perhaps infinite, set of potential categories Y.
Yet any specific experiment uses a fixed finite set. For example, categories in the classical
Caltech-256 image recognition data set (Griffin et al., 2007) were assembled by aggregating
keywords proposed by students and then collecting matching images from the web. The
arbitrary nature of the label set is even more apparent in biometric applications (face
recognition, authorship, fingerprint identification) where the labels correspond to human
individuals (Togneri and Pullella, 2011; Stamatatos et al., 2014). In all these cases, the
number of the labels used to define a concrete data set is therefore an experimental choice
rather than a property of the domain. Despite the arbitrary nature of these choices, such
data sets are viewed as representing the larger problem of recognition within the given
domain, in the sense that success on such a data set should inform performance on similar
problems.
In this paper, we assume that both Sk1 and Sk2 are samples consisting of independent
and identically distributed (i.i.d.) labels from a population (or prior distribution) π, which
is defined on the label space Y. We have no constraints on the dependence between Sk1 and
Sk2 : for example, Sk1 may be independent of Sk2 , or alternatively Sk1 may be a subsample
of Sk2 (the latter case is used in our experiments in Section 5). The sampling assumption
is an approximate characterization of the label selection process, which is often at least
partially manual. Nevertheless, it provides the exact properties we need without having

Department of Statistics
The Hebrew University of Jerusalem,
Jerusalem, Israel

Yuval Benjamini

Department of Statistics
Stanford University
Palo Alto, CA

Rakesh Achanta

Section on Functional Imaging Methods
National Institute of Mental Health
Bethesda, MD

Charles Zheng

Extrapolating Expected Accuracies for Large Multi-Class
Problems

Journal of Machine Learning Research 19 (2018) 1-30

Extrapolating Expected Accuracies

to derive specialized metrics of how similar Sk2 is to Sk1 . This simplifies the theory, and
demonstrates that in a very general setting, extrapolation is possible. We also make the
assumption that the classifiers train a model independently for each class. This convenient
property allows us to characterize the accuracy of the classifier by selectively conditioning
on one class at a time.
Since we assume the label set is random, the generalization accuracy of a given classifier becomes a random variable. Performance extrapolation then becomes the problem
of estimating the average generalization accuracy AGAk of an i.i.d. label set Sk of size k.
Roughly speaking, the achievable accuracy of a classification problem depends on how well
the labels can be ‘separated’ based on the training data– that is, how different the empirical
distributions of the training data look at the points where new test instances are drawn.
The condition of i.i.d. sampling of labels ensures that the separation of labels in a random
set Sk2 can be inferred by looking at the empirical separation in Sk1 , and therefore that
some estimate of the average accuracy on Sk2 can be obtained.
Our paper presents several main contributions related to extrapolation within this framework. First, we present a theoretical formula describing how average accuracy for smaller
k is linked to average accuracy for label set of size K > k. We show that accuracy at
any size depends on a discriminability function D, which is determined by properties of
the data distribution and the classifier but does not depend on k. Second, we propose an
estimation procedure that allows extrapolation of the observed average accuracy curve from
k1 -class data to a larger number of classes, based on the theoretical formula. Under certain
conditions, the estimation method has the property of being an unbiased estimator of the
average accuracy. Third, we formalize an alternative approach (proposed by Kay et al.
(2008)) that extrapolates accuracy separately for each class, and discuss tradeoffs between
the two methods.
The paper is organized as follows. In the rest of this section, we discuss related work.
The framework of randomized classification is introduced in Section 2, and there we also
introduce a toy example which is revisited throughout the paper. Section 3 develops our
theory of extrapolation, and in Section 3.3 we suggest an estimation method. We evaluate
our method using simulations in Section 4. In Section 5, we demonstrate our method on a
facial recognition problem, as well as an optical character recognition problem. In Section
6 we discuss modeling choices and limitations of our theory, as well as potential extensions.
1.1. Related Work
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Linking performance between two different but related classification tasks can be considered
an instance of transfer learning (Pan and Yang, 2010). Under Pan and Yang’s terminology,
our setup is an example of multi-task learning, because the source task has labeled data,
which is used to predict performance on a target task that also has labeled data. Applied
examples of transfer learning from one label set to another include Oquab et al. (2014),
Donahue et al. (2014), Sharif Razavian et al. (2014). However, there is little theory for
predicting the behavior of the learned classifier on a new label set. Instead, most research
of classification for large label sets deal with the computational challenges of jointly optimizing the many parameters required for these models for specific classification algorithms
(Crammer and Singer, 2001; Lee et al., 2004; Weston and Watkins, 1999). Gupta et al.
3
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(2014) presents a method for estimating the accuracy of a classifier which can be used to
improve performance for general classifiers, but doesn’t apply for different set sizes.
The theoretical framework we adopt is one where there exists a family of classification
problems with increasing number of classes. This framework can be traced back to Shannon
(1948), who considered the error rate of a random codebook, which is a special case of
randomized classification. More recently, a number of authors have considered the problem
of high-dimensional feature selection for multi-class classification with a large number of
classes (Pan et al., 2016; Abramovich and Pensky, 2015; Davis et al., 2011). All of these
works assume specific distributional models for classification compared to our more general
setup. However, we do not deal with the problem of feature selection.
Perhaps the most similar method that deals with extrapolation of classification error
to a larger number of classes can be found in Kay et al. (2008). They trained a classifier
for identifying the observed stimulus from a functional MRI scan of brain activity, and
were interested in its performance on larger stimuli sets. They proposed an extrapolation
algorithm, based on per-class kernel density estimation, as a heuristic with little theoretical
discussion. In Section 3.5, we formalize their method within our framework, and implement
two variations of their algorithm. We present simulation results and theoretical arguments
to compare the algorithm to the regression approach we propose.

2. Randomized Classification
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The randomized classification model we study has the following features. We assume that
there exists an infinite, perhaps continuous, label space Y and an example space X ⊆ Rp . In
the subsequent theory we assume that Y is continuous solely for the sake of mathematical
convenience, so that we can discuss probability integrals on the space without the use of
measure-theoretic notation. However, the theory would also approximately describe the
case of Y is a sufficiently large discrete space, as long as the probability mass of the largest
atom is suitably small.
We assume there exists a prior distribution π on the label space Y, and that for each
label y ∈ Y, there exists a distribution of examples Fy . In other words, for an example-label
pair (X, Y ), the conditional distribution of X given Y = y is given by Fy .
A random classification task can be generated as follows. The label set S = {Y (1) , . . . , Y (k) }
is generated by drawing labels Y (1) , . . . , Y (k) i.i.d. from π. Here we assume the number of
labels k to be deterministic. For each label, we sample a training set and a test set. The
(i)
test set is obtained by sampling r observations X` i.i.d. from FY (i) for ` = 1, . . . , r. For
now, we can also assume that the training set is obtained by sampling rtrain observations
(i)
X`,train i.i.d. from FY (i) for ` = 1, . . . , rtrain and i = 1, . . . , k. However, later we will relax
these assumptions on the sampling of the training sets, so that we can accommodate classes
have differing or stochastically determined number of instances, as long as the number of
training instances for different labels are conditionally independent.
Recalling the face recognition example, Y is the space of all people, π is some distribution for sampling over people, X is a photo of a person’s face, and FY is the conditional
distribution of photos for person Y . The goal of classification is to label the photo X with
the correct person Y .

4

i=1

k
1X
Pr[my(i) (X (i) ) = max my(j) (X (i) )],
j
k

j=1

5
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1. In Section 6, we discuss extensions of our framework that can accommodate the case that the test labels
are not uniformly drawn from S, i.e. that one has a non-uniform prior distribution over test labels.

where Y (1) , . . . , Y (k) ∼ π, and where (X, Y ) is an independent draw with the same joint
distribution as its superscripted counterparts (X (i) , Y (i) ). The last line follows from noting
that all k summands in the previous line are identical, as each Y (i) is drawn from the same
distribution π. The definition of average generalization accuracy is illustrated in Figure 1.
Note that in this framework, the role of the training and test sets is different than
how they are usually used machine learning. Our goal is to predict the accuracy achieved
on another (random) label set. Therefore, both the training and test data may be used

iid

k−1

= Pr[MY (X) > max MY (j) (X)]

i=1

k
1X
=
Pr[MY (i) (X (i) ) = max MY (j) (X (i) )]
j
k

AGAk = E[GAk (H, Sk )]

where
∼ Fy(i) for i = 1, . . . , k.
However, it is often appropriate to model the labels {Y (i) }ki=1 as a random sample from a
distribution. Examples for such randomized classification problems include face recognition,
where faces are drawn from a larger population, and large multi-class problems where only
an arbitrary subset of labels have been collected.
Given our assumption that k is fixed, a natural target for prediction extrapolation is the
expected value of the generalization accuracy GAk (h, S) over the distribution of label sets.
We call this the k-class average generalization accuracy of the classifier, denoted AGAk ,
and formally defined as

X (i)

GAk (h, S) =

We assume that the classifier h(x) works by assigning a score to each label y (i) ∈ S, then
choosing the label with the highest score. That is, there exist real-valued score functions
my(i) (x) for each label y (i) ∈ S. Here we used the lower-case notation y (i) for the labels,
treating them as fixed for now. Since the classifier is allowed to depend on the training
data, it is convenient to view it (and its associated score functions) as random. We write
H(x) when we wish to work with the classifier as a random function, and likewise My (x)
to denote the score functions whenever they are considered as random. Since the classifier
works by choosing the label with the highest score, the classifier is correct for a given test
instance x∗ with true label y ∗ whenever my∗ (x∗ ) = maxj my(j) (x∗ ), assuming that there are
no ties.
For a fixed instance of the classification task with labels S = {y (i) }ki=1 and associated score functions {my(i) }ki=1 , recall the definition of the k-class generalization error (1).
We will use the assumption that the test labels are uniformly distributed1 over S, which
makes GAk (h, S) a balanced accuracy, which equally weights the accuracies of the individual
classes. Assuming that there are no ties, it can be written in terms of score functions as

Extrapolating Expected Accuracies

(i)

6
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2. Due to this abstraction, our framework can accommodate scenarios where the classes have differing or
stochastically determined number of instances, as long as the number of training instances for different
labels are conditionally independent.

training set Xj,train .
In our analysis however, we shall relax the assumption that the classifier H(x) is based
on a training set2 . Instead, it is sufficient that the score functions {MY (i) }ki=1 associated

(i)

the H is a marginal classifier since My(i) (x) only depends on the label y (i) and the class

(i)

My(i) (x) = g(x; y (i) , (X1,train , ..., Xrtrain ,train )),

The theoretical analysis of the average generalization accuracy is made much simpler if we
can assume that the learning of the scoring functions MY (i) occurs independently for each
labels–that is, there is no information shared between classes. For example, if there exists
some function g such that

2.1. Marginal Classifier

in this estimation. Our approach, to be described in Section 2.3, uses the training data
exclusively to construct classifiers on label subsets, and test data exclusively to estimate
the distribution of favorability over test examples.

Figure 1: Average generalization accuracy: A diagram of the random quantities underlying the average generalization accuracy for k labels (AGAk ). At the training
stage (left), a set of k labels S is sampled from the prior π, and score functions are
trained from examples for these classes. At the test stage (right), one true class
Y ∗ is sampled uniformly from S, as well as a test example X ∗ . AGAk measures
the expected accuracy over these random variables.
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− µ(F ))T dF (y). Hence, QDA is
fˆy is obtained as the multivariate
estimated from the data.

log fˆy,j (x),

R
R
where µ(F ) = ydF (y) and Σ(F ) = (y − µ(F ))(y
the special case of the estimated Bayes classifier when
Gaussian density with mean and covariance parameters
In Naı̈ve Bayes, the score function is

p
X

j=1

where fˆy,j is a density estimate for the j-th component of F̂y . Hence, Naı̈ve Bayes is the
estimated Bayes classifier when fˆy is obtained as the product of estimated componentwise
marginal distributions of p(xi |y).
For some classifiers, My is a deterministic function of y (and therefore νy is degenerate).
A prime example is when there exist fixed or pre-trained embeddings g, g̃ that map both
labels y and examples x into Rp . Then

myN B (x) =

Figure 2: Classification rule: Top: Score functions for three classes in a one-dimensional
example space. Bottom: The classification rule chooses between y (1) , y (2) or y (3)
by choosing the maximal score function.

Myembed = −kg(y) − g̃(x)k2 .

R`i,j =

k
X
s=1

(i,j)

I{m`

8

(i,s)

≥ m`

}.
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Before tackling extrapolation, it will be useful for us to discuss the simpler task of generalizing accuracy results when the target set is not larger than the source set. This allows us to
introduce several concepts and notations that are used in the harder problem of generalizing
to a larger set. We will also illustrate all of these concept in a toy example following this
section, which we shall revisit once more while tackling the problem of extrapolation.
Suppose we have training and test data for a classification task with k1 classes. That is,
k1
, and we assume that the training data has been used to
we have a label set Sk1 = {y (i) }i=1
(i)
(i)
obtain its associated set of score functions My(i) . The test set, composed of (x1 , . . . , xr )
for i = 1, . . . , k1 is also available to be used for this estimation task. What would be the
predicted accuracy for a new randomly sampled set of k2 ≤ k1 labels?
Note that AGAk2 is the expected value of the accuracy on the new set of k2 labels.
Therefore, any unbiased estimator of AGAk2 will be an unbiased predictor for the accuracy
on the new set.
(i)
Let us start with the case k2 = k1 = k. For each test observation x` , define the ranks
of the candidate classes j = 1, . . . , k by

2.3. Estimation of Average Accuracy

This would be the case when features from publicly available embeddings (e.g. word embedding vectors) are used for classification; see our example in Section 5. See also Pereira
et al. (2018) for an example using word embedding vectors. Note that if the embeddings g
or g̃ are informed by the specific set of classes in the experiment, this would no longer be a
marginal classifier.
There are many classifiers which do not satisfy the marginal property, such as multinomial logistic regression, multilayer neural networks, decision trees, and k-nearest neighbors.

(2)

k
with the random label set {Y (i) }i=1
are independent of the test instances. Under this
formalism, we define a marginal classifier as follows.

Definition 1 The classifier H(x) is called a marginal classifier if and only if MY (i) are
independent of both Y (j) and MY (j) for j 6= i.
In marginal classifiers, classes “compete” only through selecting the highest score, but
not in constructing the score functions. Therefore, each My can be considered to have
been independently drawn from a distribution νy . The operation of a marginal classifier is
illustrated in Figure 2.
For marginal classifiers, we can prove especially strong results about the accuracy of the
classifier under i.i.d. sampling assumptions. And as we will see in the following section,
many well-known types of classifiers satisfy the marginal property.
2.2. Examples of Marginal Classifiers
Estimated Bayes classifiers are primary examples of marginal classifiers. By this, we mean
classifiers which output the class that maximizes the posterior probability for a class label
according to Bayes’ rule, but substituting in estimated distributions for the unknown true
distributions. Let fˆy be a density estimate of the example distribution under label y obtained
from the empirical distribution Fˆy , and let π(y) be the prior distribution over labels. Then,
we can use the estimated density to produce the score functions:
MyEB (x) = log(fˆy (x)) + log(π(y)).
The resulting empirical approximation for the Bayes classifier would be
H EB (x) = argmaxY ∈S (MYEB (x)).
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Both Quadratic Discriminant Analysis (QDA) and naı̈ve Bayes classifiers can be seen
as specific instances of an estimated Bayes classifier. For QDA, the score function is given
by
myQDA (x) = −(x − µ(F̂y ))T Σ(F̂y )−1 (x − µ(F̂y )) − log det(Σ(F̂y )),
7

(i)

(3)

k2


k1

1

(4)

9

My (x) = log(p(x|y)) = −

(x − ρy)2
+ const.
2(1 − ρ2 )
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Supposing we draw k = 3 labels
the classification problem will be to assign
a test instance X ∗ to the correct label. The test instance X ∗ would be drawn with equal
probability from one of three conditional distributions X|Y = y (i) , as illustrated in Figure
3(b, top). The Bayes rule assigns X ∗ to the class with the highest density p(x|y (i) ), as
illustrated by Figure 3(b, bottom): it is therefore a marginal classifier, with score function

{y (1) , y (2) , y (3) },

X|Y = y ∼ N (ρy, 1 − ρ ).

2

as illustrated in Figure 3(a). Therefore, for a given randomly drawn label Y , the conditional
distribution of X for that label is univariate normal with mean ρY and variance 1 − ρ2 ,

Let us illustrate these ideas using a toy example. Let (Y, X) have a bivariate normal joint
distribution,
  

0
1 ρ
(Y, X) ∼ N
,
,
0
ρ 1

i=1 `=1


k1 X
r  i,i
1 X
R` − 1
.
rk2
k2 − 1

2.4. Toy Example: Bivariate Normal

ATAk2 =

Taking expectations over both the test set and the random labels, the expected value of the
test accuracy is AGAk . Therefore, in this special case, TAk provides an unbiased estimator
for AGAk2 .
Next, let us consider the case where k2 < k1 . Consider label set Sk2 obtained by sampling
k2 labels uniformly without replacement from Sk1 . Since Sk2 is unconditionally an i.i.d.
sample from the population of labels π, the test accuracy of Sk2 is an unbiased estimator
of AGAk2 . However, we can get a better unbiased estimate of AGAk2 by averaging over all
the possible subsamples Sk2 ⊂ Sk1 . This defines the average test accuracy over subsampled
tasks, ATAk2 .

Remark. Naı̈vely, computing ATAk2 requires us to train and evaluate kk12 classification
rules. However, for marginal classifiers, retraining the classifier is not necessary. The rank
(i)
R`i,i of the correct label i for x` , allows us to determine how many subsets S2 will result in
a correct classification. Specifically, there are R`i,i − 1 ≤ k2 labels with a lower score than
the correct label i. Therefore, as long as one of the classes in S2 is i, and the other k2 − 1
(i)
labels are from the set of R`i,i − 1 labels with lower score than i, the classification of xj
i,i

(i)
−1
will be correct. This implies that there are Rk`2 −1
such subsets S2 where x` is classified

k1
correctly, and therefore the average test accuracy for all k2 subsets S2 is

i=1 `=1

k
r
1 XX
TAk =
I{R`i,i = k}.
rk
y

−1

(a)

x

0

1

2

E[X|Y=y]
−4

−4

−2

−2

(b)

x

0
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2
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Figure 4: Generalization accuracy for toy example: The distribution of the generalization accuracy for k = 2, 3, . . . , 10 for the bivariate normal model with ρ = 0.7.
Circles indicate the average generalization accuracy AGAk ; the red curve is the
theoretically computed average accuracy.

2

Figure 3: Toy example: Left: The joint distribution of (X, Y ) is bivariate normal with
correlation ρ = 0.7. Right: A typical classification problem instance from the
bivariate normal model with k = 3 classes. (Top): the conditional density of X
given label Y , for Y = {y (1) , y (2) , y (3) }. (Bottom): the Bayes classification regions
for the three classes.
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where we have defined m` = my(j) (x` ). The test accuracy is the fraction of observations
for which the correct class also has the highest rank
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i=1

!

−Φ

y [i−1] − y [i]
p
2 1 − ρ2

!

k
1X
k
Pr
[p(X|y (i) ) = max p(X|y (j) )]
j=1
k
X∼p(x|y (i) )

i=1

k
1X
Φ
k

y [i+1] − y [i]
p
2 1 − ρ2

,

For this model, the generalization accuracy of the Bayes rule for any label set {y (1) , . . . , y (k) }
is given by
GAk (h, {y (1) , . . . , y (k) }) =
=

iid

where Φ is the standard normal cdf, y [1] < · · · < y [k] are the sorted labels, y [0] = −∞ and
y [k+1] = ∞, and h is the maximum-margin classifier h(x) = argmaxy∈{y(1) ,...,y(k) } my (x). We
numerically computed GAk (h, {Y (1) , . . . , Y (k) }) for randomly drawn labels Y (1) , . . . , Y (k) ∼
N (0, 1), and the distributions of GAk for k = 2, . . . , 10 are illustrated in Figure 4. The mean
of the distribution of GAk is the k-class average accuracy, AGAk . The theory presented in
the next section deals with how to analyze the average accuracy AGAk as a function of k.

3. Extrapolation
The section is organized as follows. We begin by introducing an explicit formula for the
average accuracy AGAk . The formula reveals that AGAk is determined by moments of a
one-dimensional function D(u). Using this formula, we can estimate D(u) using subsampled
accuracies. These estimates allow us to extrapolate the average generalization accuracy to
an arbitrary number of labels.
The result of our analysis is to expose the average accuracy AGAk as the weighted
average of a function D(u), where D(u) is independent of k, and where k only changes the
weighting.
One of the assumptions we rely on is the tie-breaking condition, which allows us to
neglect specifying the case when margins are tied.
Definition 2 Tie-breaking condition: for all x ∈ X , MY (x) 6= MY 0 (x) with probability one
for Y, Y 0 independently drawn from π.
In practice, one can simply break ties randomly, which is mathematically equivalent to
adding a small amount of random noise  to the function M .
The result is stated as follows.

0

Theorem 3 Suppose π, {Fy }y∈Y , and score functions My satisfy the tie-breaking condition.
Then, there exists a cumulative distribution function D(u) defined on the interval [0, 1] such
that
Z 1
D(u)uk−2 du.
(5)
AGAk = 1 − (k − 1)

3.1. Analysis of Average Accuracy
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Recall that for marginal classifiers, the model MY should be independent of the other
labels and independent of the test instances. We often consider a random label (Y ) with its
11
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MY |Y ∼ νY ,

X|Y ∼ FY .

associated score function (MY ) and an example vector (X) drawn from label Y . Explicitly,
this sampling can be written:
Y ∼ π,

MY 0 .

(6)

Similarly we use (Y 0 , MY 0 , X 0 ) and (Y ∗ , MY ∗ , X ∗ ) for two more triplets with independent
and identical distributions. Specifically, X ∗ will typically note the test example, and therefore Y ∗ the true label and MY ∗ its score function.
The function D is related to a favorability function. Favorability measures the probability that the score for the example x is going to be maximized by a particular score function
compared to a random competitor
Formally, we write
my ,

Ux (my ) = Pr[my (x) > MY 0 (x)].

Note that for fixed example x, favorability is monotonically increasing in my (x). If
my (x) > my† (x), then Ux (y) > Ux (y † ), because the event {my (x) > MY 0 (x)} contains the
event {my† (x) > MY 0 (x)}.
Therefore, given labels y (1) , . . . , y (k) and test instance x, we can think of the classifier
as choosing the label with the greatest favorability:

ŷ = argmaxy(i) ∈S my(i) (x) = argmaxy(i) ∈S Ux (my(i) ).

Furthermore, via a conditioning argument, we see that this is still the case even when the
test instance and labels are random, as long as the random example X ∗ is independent of
Y . (Recall that in our notation, X and Y are dependent, but X ∗ ⊥ Y .)

Ŷ = argmaxY (i) ∈S MY (i) (X ∗ ) = argmaxY (i) ∈S UX ∗ (MY (i) ).

The favorability takes values between 0 and 1, and when any of its arguments are
random, it becomes a random variable with a distribution supported on [0, 1]. In particular,
we consider the following two random variables:

a. the incorrect-label favorability Ux∗ (MY ) between a given fixed test instance x∗ , and
the score function of a random incorrect label MY , and

(7)

b. the correct-label favorability UX ∗ (MY ∗ ) between a random test instance X ∗ , and the
score function of the correct label, MY ∗ .

3.1.1. Incorrect-Label Favorability

The incorrect-label favorability can be written explicitly as

Ux∗ (MY ) = Pr[MY (x∗ ) > MY 0 (x∗ )|MY (x∗ )].

Note that MY and MY 0 are identically distributed, and both are unrelated to x∗ that is
fixed. This leads to the following result:

Pr[Ux∗ (MY ) ≤ u] = u
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(8)

Lemma 4 Under the tie-breaking condition, the incorrect-label favorability Ux∗ (MY ) is uniformly distributed for any x∗ ∈ X , meaning
for all u ∈ [0, 1].

12

D

π. The tie-breaking condition implies that Pr[Z = Z 0 ] = 0. Now observe that

(9)

k−1

i=1

i=1

13

u∗ = Ux∗ (my∗ ).
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recalling that U ∗ = UX ∗ (MY ∗ ). Now, if we condition on X ∗ = x∗ , Y ∗ = y ∗ and MY ∗ = my∗ ,
then the random variable U ∗ becomes fixed, with value

AGAk = Pr[MY ∗ (X ∗ ) > max MY (i) (X ∗ )] = Pr[U ∗ > max UX ∗ (MY (i) )],

k−1

Proof Without loss of generality, suppose that the true label is Y ∗ and the incorrect labels
are Y (1) , . . . , Y (k−1) . We have

where D(u) is the cumulative distribution function of U ∗ , D(u) = Pr[U ∗ ≤ u]. Theorem 3
extends this to general k; we now give the proof.

Here, the conditional probability inside the expectation is the correct-label favorability.
Therefore,
Z
AGA2 = E[U ∗ ] = D(u)du,

AGA2 = E[Pr[MY ∗ (X ∗ ) > MY 0 (X ∗ )|Y ∗ , MY ∗ , X ∗ ]].

where Y ∗ is the correct label, and Y 0 is a random incorrect label. If we condition on Y ∗ ,
MY ∗ and X ∗ , we get

AGA2 = Pr[MY ∗ (X ∗ ) > MY 0 (X ∗ )].

The distribution of U ∗ will depend on π, {Fy }y∈S and {νy }y∈S , and generally cannot be
written in a closed form. However, this distribution is central to our analysis–indeed, we
will see that the function D appearing in theorem 3 is defined as the cumulative distribution
function of U ∗ .
The special case of k = 2 shows the relation between the distribution of U ∗ and the
average generalization accuracy, AGA2 . In the two-class case, the average generalization
accuracy is the probability that a random correct label score function gives a larger value
than a random distractor:

U ∗ = UX ∗ (MY ∗ ) = Pr[MY ∗ (X ∗ ) > MY 0 (X ∗ )|Y ∗ , MY ∗ (X ∗ ), X ∗ ].

The correct-label favorability is

3.1.2. Correct-Label Favorability

for independent random variables Z, Z 0 with Z = Z 0 and Pr[Z = Z 0 ] = 0, the conditional
probability Pr[Z > Z 0 |Z] is uniformly distributed.

Y, Y

Write Ux∗ (MY ) = Pr[Z > Z 0 |Z], where Z = MY (x) and Z 0 = MY 0 (x) for

0 i.i.d.
∼

Proof

Extrapolating Expected Accuracies

i=1

0

k−1

AGAk = E[Pr[U ∗ > max UX ∗ (MY (i) )|X ∗ = x∗ , U ∗ = u∗ ]]
i=1
Z U∗
= E[
(k − 1)uk−2 du|U ∗ = u∗ ]
0
Z 1
I{u ≤ U ∗ }(k − 1)uk−2 du]
= E[
0
Z 1
= (k − 1)
Pr[u ≤ U ∗ ]uk−2 du
0
Z 1
= 1 − (k − 1)
Pr[u ≥ U ∗ ]uk−2 du.

(16)

(15)

(14)

(13)

(12)

(11)

14

My (x∗ ) = log(p(x∗ |y)) = −

(x∗ − ρy)2
.
2(1 − ρ2 )
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Recall that for the toy example from Section 2.4, the score function My was a non-random
function of y that measures the distance between x and ρy

3.2. Favorability and Average Accuracy for the Toy Example

Theorem 3 expresses the average accuracy as a weighted integral of the function D(u).
Essentially, this theoretical result allows us to reduce the problem of estimating AGAk to
one of estimating D(u). But how shall we estimate D(u) from data? We propose using
non-parametric regression for this purpose in Section 3.3.

and substituting this definition into (15), we obtain the identity (5).

D(u) = Pr[UX ∗ (MY ∗ ) ≤ u],

By defining D(u) as the cumulative distribution function of U ∗ on [0, 1],

Consequently,

0

(10)

Furthermore, Umax,k−1 is independent of U ∗ conditional on X ∗ . Therefore, the conditional
probability can be computed as
Z u∗
(k − 1)uk−2 du.
Pr[U ∗ > Umax,k−1 |X ∗ = x∗ , U ∗ = u∗ ] =

Umax,k−1 |X ∗ = x∗ ∼ Beta(k − 1, 1).

Since by Lemma 4, UX ∗ (MY (i) ) are i.i.d.

= E[Pr[U ∗ > max UX ∗ (MY (i) )|X ∗ = x∗ , U ∗ = u∗ ]].

i=1
k−1

k−1

AGAk = E[Pr[U ∗ > max UX ∗ (MY (i) )|X ∗ = x∗ , Y ∗ = y ∗ , MY ∗ = my∗ ]]

Now define Umax,k−1 = maxk−1
i=1 UX ∗ (MY (i) ).
uniform conditional on X ∗ = x∗ , we know that

Therefore,
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−Φ

x∗ − |ρy − x∗ |
ρ


,

For this model, the favorability function Ux∗ (my ) compares the distance between x∗ and
ρy to the distance between x∗ and ρY 0 for a randomly chosen distractor Y 0 ∼ N (0, 1):
x∗ + |ρy − x∗ |
ρ

Ux∗ (my ) = Pr[|ρy − x∗ | < |ρY 0 − x∗ |]



=Φ

where Φ is the standard normal cumulative distribution function. Figure 5(a) illustrates the
level sets of the function Ux∗ (my ). The highest values of Ux∗ (my ) are near the line x∗ = ρy
corresponding to the conditional mean of X|Y , and as one moves farther from the line,
Ux∗ (my ) decays. Note, however, that large values of x∗ and y (with the same sign) result
in larger values of Ux∗ (my ) since it becomes unlikely for Y 0 ∼ N (0, 1) to exceed Y = y.
Using the formula above, we can calculate the correct-label favorability U ∗ = UX ∗ (MY ∗ )
and its cumulative distribution function D(u). The function D is illustrated in Figure 5(b)
for the current example with ρ = 0.7. The red curve in Figure 4 was computed using the
formula
Z
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Figure 5: Favorability for toy example: Left: The level curves of the function Ux∗ (My )
in the bivariate normal model with ρ = 0.7. Right: The function D(u) gives the
cumulative distribution function of the random variable UX ∗ (MY ).

0.0

AGAk

D(u)uk−2 du.

(17)

y
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Figure 6: Average accuracy with different ρ’s: Left: The average accuracy AGAk .
Right: D(u) function for the bivariate normal model with ρ ∈ {0.3, 0.5, 0.7, 0.9}.

K(u)

AGAk = 1 − (k − 1)

It is illuminating to consider how the average accuracy curves and the D(u) functions
vary as we change the parameter ρ. Higher correlations ρ lead to higher accuracy, as seen
in Figure 6(a), where the accuracy curves are shifted upward as ρ increases from 0.3 to 0.9.
The favorability Ux∗ (my ) tends to be higher on average as well, which leads to lower values
of the cumulative distribution function–as we see in Figure 6(b), where the function D(u)
decreases as ρ increases, and therefore accuracy increases.
3.3. Estimation
Next, we discuss how to use data from smaller classification tasks to extrapolate average
\k such that
accuracy. We are seeking an unbiased estimator AGA

β` h` (u),

1.0

0.8

0.6

0.4

0.2

0.0

1.0
0.8
0.6
0.4
0.2
0.0

\k ] = AGAk .
E[AGA

`=1

m
X

Assume that we have data from a k1 -class random classification task, and would like to
estimate the average accuracy AGAk2 for k2 > k1 classes. Our estimation method will use
the k-class average test accuracies, ATA2 , ..., ATAk1 (see Eq 4), for its inputs.
The key to understanding the behavior of the average accuracy AGAk is the function
D. We adopt a linear model
D(u) =

JMLR 19(65):1-30, 2018

where h` (u) are known basis functions, and β` are the linear coefficients to be estimated. The
linearity assumption (17) means that linear regression can be used to estimate the average
accuracy curve. This the the idea behind our proposed method ClassExReg, meaning
Classification Extrapolation using Regression.
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1.0

0.8

0.6

0.4

0.2

0.0

3
2
1
0
−1
−2
−3

0

Z

1

β` h` (u)uk−2 du

`=1

h` (u)uk−2 du.

β` H`,k ,

H`,k = (k − 1)

`=1

m
1X

0 `=1

Z

(21)

(20)

(19)

`=1

m
X

β̂` H`,k2 .

(22)

(`)

(`)

(`)
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(b) Compute average test accuracies ATA2 , . . . , ATAk0 from the subsample Sk0 .

(a) Subsample Sk0 from Sk1 uniformly with replacement.

(`)

1. For ` = 1, . . . , L resampling steps:

Accurate extrapolation using ClassExReg depends on a good fit between the linear model
(17) and the true discriminability function D(u). However, since the function D(u) depends
on the unknown joint distribution of the data, it makes sense to let the data help us choose
a good basis {hu } from a set of candidate bases.
(i)
i
Let B1 , . . . , Bs be a set of candidate bases, with Bi = {hu }m
u=1 . Ideally, we would like
our model selection procedure to choose the Bi that obtains the best root-mean-squared
error (RMSE) on the extrapolation from k1 to k2 classes. As an approximation, we estimate
the RMSE of extrapolation from k21 source classes to k1 target classes, by means of the
“bootstrap principle.” This amounts to a resampling-based model selection approach, where
we perform extrapolations from k0 = b k21 c classes to k1 classes, and evaluate methods based
[ k1 matches the test accuracy ATAk1 . To elaborate, our
on how closely the predicted AGA
model selection procedure is as follows.

3.4. Model Selection

\k2 = 1 −
AGA

is unbiased for β. The estimate of AGAk2 is similarly obtained from (20), via

k=2

The constants H`,k are moments of the basis function h` . Note that H`,k can be precomputed
numerically for any k ≥ 2.
Now, since the test accuracies ATAk are unbiased estimates of AGAk , this implies that
the regression estimate
!2
k1
m
X
X
β̂ = argminβ
(1 − ATAk ) −
β` H`,k ,

where

=

m
X

= (k − 1)

Conveniently, AGAk can also be expressed in terms of the β` coefficients. If we plug in
the assumed linear model (17) into the identity (5), then we get
Z
1 − AGAk = (k − 1) D(u)uk−2 du
(18)

Extrapolating Expected Accuracies

by

j=1

`=1

(i,`)

(i,`)

β̂j

(i)

Hj,k1 .

[ k − ATAk1 )2 .
(AGA
1

`=1

mi
X

(i,i)
(i)

(i)

> mY (x` )],

(i,i)

(i,j)

> maxj6=i m`

(i)

] = Acc2 (x` ; my(i) )k−1 .

(i)
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3. The KDE extrapolation method is described in page 29 of supplement to Kay et al. (2008). While
the method is only described for a one-nearest neighbor classifier and for the setting where there is at
most one test observation per class, we have taken the liberty of extending it to a generic multi-class
classification problem.

Accuracy for each example Acc2 (x` ) is estimated in two steps:

(i)

Note that if we have noisy but unbiased estimates of Acc2 (x` ; my(i) ), then the estimates
(i)
[ K will be upward biased because E[X K ] ≥ E[X]K .
for Acck (x` ; my(i) ) and AGA

i=1 `=1

(i)
d 2 (x(i) ), ` = 1, . . . , r, i = 1, ..., k1 , we can average
Given estimated accuracy values a` = Acc
`
the k − 1 powers:
k1 X
r
X
(i)
[k = 1
(1 − (1 − a` )k−1 )
AGA
rk1

Acck (x` ; my(i) ) := Pr[m`

(i)

recalling that we defined m`
= my(j) (x` ). For a given example, accurate classification
against k − 1 independent (random) distractor classes is equivalent to k − 1 independent
accurate classifications of a single random competitor. Therefore,

(i,j)

Acc2 (x` ; m) := Pr[m`

(i)

In their paper,3 Kay et al. (2008) proposed a method for extrapolating classification accuracy to a larger number of classes. The method depends on repeated kernel-density
estimation (KDE) steps. Because the method is only briefly motivated in the original text,
we present it in our notation.
(i)
The idea of the method is to estimate separately for each example x` associated with
(i)
class y the probability of outscoring a random competitor:

3.5. The Kay KDE-based estimator

3. Use the basis Bi∗ to extrapolate from k1 classes (the full data) to k2 classes.

L
X

(i,`)

[k =
AGA
1

i∗ = argminsi=1

2. Select the basis Bi∗ by

(i,`)

[k
ii. Estimate AGA
1

k=2

(c) For each candidate basis Bi , with i = 1, . . . , s:
i. Compute β̂ (i,`) by solving the least-squares problem

2
mi
k0
X
X
(`)
(i)
(i,`)
(1 − ATA ) −
β̂
= argminβ
βj Hj,k  .
k
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j6=i

1 X
(i,j)
Kh (m` , m).
k1 − 1

1. The density of the wrong-class scores is estimated by smoothing the observed scores
with a kernel function K(·, ·) and bandwidth h
(i)
fˆ` (m) =

(i,i)

m`

−∞

Z
(i)
fˆ` (m)dm.

(i)
(i,i)
2. The density fˆ` (m) is integrated below the observed true value m` :
(i)
d 2 (x(i) ) =
a` = Acc
`

The smoothed density usually over-estimates the size of the right-tail of wrong class distribution compared to the observed proportion of errors, biasing downward the accuracy of
each individual example.
Briefly, let us point out several key differences between our regression method and Kay’s
KDE method:
i. The KDE method balances two biases: an upward bias in exponentiating the estimated
accuracy, and a downward bias in smoothing the wrong-class densities. The upward
d 2 (x(i) ) is unbiased, Acc
d 2 (x(i) )k will not be unbiased
bias occurs because even if Acc
`
`
(i)
for Acc2 (x` )k , and will typically be larger. The bias becomes more prominent for
larger k, but decreases as the true accuracy approaches 1. The result of the KDE
method therefore depends non-trivially on the choice of smoothing bandwidth used
in the density estimation step. (Without smoothing, however, any example that was
d K = 1). The method relies on
correctly estimated in the smaller set would have Acc
(i,i)
smoothing of each class to generate the tail density that exceeds m` , and therefore
it is highly dependent on the choice of kernel bandwidth.
ii. The KDE method estimates the accuracy separately for every class. When the sourceset size k is small, this might lead to less stable estimation for each class and therefore a
larger bias after extrapolating. The regression estimator, on the other hand, estimates
the average accuracy pooling together information across classes. This might lead to
higher variance.
iii. The regression method does not look at the scores directly, only at the rankings. It
is therefore blind to monotone transformations on the score functions. The KDE
method, on the other hand, is sensitive to the distribution of observed scores.

4. Simulation Study
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We ran simulations to check how the proposed extrapolation method, ClassExReg, performs
in different settings. The results are displayed in Figure 7. We varied the number of
classes k1 in the source data set, the difficulty of classification, and the basis functions.
We generated data according to a mixture of isotropic multivariate Gaussian distributions:
labels Y were sampled from Y ∼ N (0, I10 ), and the examples for each label sampled from
X|Y ∼ N (Y, σ 2 I10 ). The noise-level parameter σ determines the difficulty of classification.
19
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Φ−1 (u) − t`
h



.

Similarly to the real-data example, we consider a 1-nearest neighbor classifier, which is
given a single training instance per class.
For the estimation, we use the model selection procedure described in Section 3.4 to
select the parameter h of the “radial basis”

h` (u) = Φ

1

where t` are a set of regularly spaced knots which are determined by h and the problem
parameters. Additionally, we add a constant element to the basis, equivalent to adding an
intercept to the linear model (17).
The rationale behind the radial basis is to model the density of Φ−1 (U ∗ ) as a mixture
of Gaussian kernels with variance h2 . To control overfitting, the knots are separated by at
least a distance of h/2, and the largest knots have absolute value Φ−1 (1 − rk12 ). The size

of the maximum knot is set this way since rk12 is the number of ranks that are calculated
and used by our method. Therefore, we do not expect the training data to contain enough
information to allow our method to distinguish between more than rk12 possible accuracies,
and hence we set the maximum knot to prevent the inclusion of a basis element that has
on average a higher mean value than u = 1 − rk12 . However, in simulations we find that
1
the performance of the basis depends only weakly on the exact positioning and maximum
size of the knots, as long as sufficiently large knots are included. As is the case throughout
non-parametric statistics, the bandwidth h is the most crucial parameter. In the simulation,
we use a grid h = {0.1, 0.2, . . . , 1} for bandwidth selection.
Meanwhile, for the KDE method, we used a Gaussian kernel, with the bandwidth chosen
via pseudolikelihood cross-validation (Cao et al., 1994), as recommended by Kay et al.
(2008). Specifically, we used the two methods for cross-validated KDE estimation provided
in the stats package in the R statistical computing environment: biased cross-validation
and unbiased cross-validation (Scott, 1992).

4.1. Simulation Results
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We see in Figure 7 that ClassExReg and the KDE methods with unbiased and biased
cross-validation (KDE-UCV, KDE-BCV) perform comparably in the Gaussian simulations.
We studied how the difficulty of extrapolation relates to both the absolute size of the
number of classes and the extrapolation factor kk21 . Our simulation has two settings for
k1 = {500, 5000}, and within each setting we have extrapolations to 2 times, 4 times, 10
times, and 20 times the number of classes.
Within each problem setting defined by the number of source and target classes (k1 , k2 ),
we use the maximum RMSE across all signal-to-noise settings to quantify the overall performance of the method, as displayed in Table 1.
The results also indicate that more accurate extrapolation appears to be possible for
smaller extrapolation ratios kk12 and larger k1 . ClassExReg improves in worst-case RMSE
when moving from k1 = 500 to k1 = 5000 while keeping the extrapolation factor fixed, most
dramatically in the case kk12 = 2 when it improves from a maximum RMSE of 0.032 ± 0.001
(k1 = 500) to 0.009 ± 0.000 (k1 = 5000), which is 3.5-fold reduction in worst-case RMSE,

20

k2
1000
2000
5000
10000
10000
20000
50000
100000

ClassExReg
0.032 (0.001)
0.044 (0.002)
0.073 (0.004)
0.098 (0.004)
0.009 (0.000)
0.015 (0.001)
0.032 (0.002)
0.054 (0.003)

KDE-BCV
0.090 (0.001)
0.088 (0.001)
0.079 (0.001)
0.076 (0.001)
0.038 (0.000)
0.028 (0.000)
0.035 (0.000)
0.065 (0.000)

KDE-UCV
0.067 (0.001)
0.059 (0.001)
0.051 (0.001)
0.045 (0.001)
0.028 (0.000)
0.019 (0.000)
0.053 (0.000)
0.086 (0.000)
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4. For each photo x, a 128-dimensional feature vector g(x) is obtained as follows. The computer vision
library DLLib is used to detect landmarks in x, and to apply a nonlinear transformation to align x to a
template. The aligned photograph is then downsampled to a 96 × 96 image. The downsampled image

We demonstrate the extrapolation of average accuracy in two data examples: (i) predicting
the accuracy of a face recognition on a large set of labels from the system’s accuracy on
a smaller subset, and (ii) extrapolating the performance of various classifiers on an optical
character recognition (OCR) problem in the Telugu script, which has over 400 glyphs.
The face-recognition example takes data from the “Labeled Faces in the Wild” data set
(Huang et al. (2007)), where we selected the 1672 individuals with at least 2 face photos.
(i)
We form a data set consisting of photo-label pairs (xj , y (i) ) for i = 1, . . . , 1672 and j = 1, 2
by randomly selecting 2 face photos for each individual. We used the OpenFace (Amos
et al. (2016)) embedding for feature extraction.4 In order to identify a new photo x∗ , we
obtain the feature vector g(x∗ ) from the OpenFace network, and guess the label ŷ with the

5. Experimental Evaluation

but also benefiting from at least a 1.8-fold reduction in RMSE when going from the smaller
problem to the larger problem in the other three cases.
The kernel-density method produces comparable results, but is seen to depend strongly
on the choice of bandwidth selection: KDE-UCV and KDE-BCV show very different performance profiles, although they differ only in the method used to choose the bandwidth.
This matches our analysis in Section 3.5 (item i), where we noted the sensitivity of the tail
densities to the bandwidth. Also, the KDE methods show significant estimation bias, as
can be seen from Figure 8. As we discussed in 3.5 (item i), this is due to the fact that
the KDE method ignores the bias introduced by exponentiation. Meanwhile, ClassExReg
avoids this source of bias by estimating the (k − 1)st moment of D(u) directly. As we see in
Figure 8, correcting for the bias of exponentiation helps greatly to reduce the overall bias.
Indeed, while ClassExReg shows comparable bias for the 500 to 10000 extrapolation, the
bias is very well-controlled in all of the k1 = 5000 extrapolations.

Table 1: Maximum RMSE (se) across all signal-to-noise-levels in predicting TAk2 from k1
classes in multivariate Gaussian simulation. Standard errors were computed by
nesting the maximum operation within the bootstrap, to properly account for the
variance of a maximum of estimated means.

k1
500
500
500
500
5000
5000
5000
5000

Extrapolating Expected Accuracies

Predicting AGA10000

Extrapolating from k1 = 500
Predicting AGA2000

Predicting AGA100000
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Figure 7: Simulation results (RMSE): Simulation study consisting of multivariate Gaussian Y with nearest neighbor classifier. Prediction RMSE vs true k2 -class accuracy for ClassExReg with radial basis (ClassExReg), KDE-based methods with
biased cross-validation (KDE BCV) and unbiased cross-validation (KDE UCV).

Predicting AGA50000

Extrapolating from k1 = 5000
Predicting AGA10000
Predicting AGA20000

Predicting AGA5000

Predicting AGA1000
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Extrapolating Expected Accuracies

Predicting AGA2000

Extrapolating from k1 = 5000
Predicting AGA50000
Predicting AGA100000

Extrapolating from k1 = 500
Predicting AGA5000
Predicting AGA10000

Predicting AGA20000
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Figure 8: Simulation results (biases): Simulation study consisting of multivariate Gaussian Y with nearest neighbor classifier. Bias (mean predicted minus true accuracy) vs true k2 -class accuracy for ClassExReg with radial basis (ClassExReg),
KDE-based methods with biased cross-validation (KDE BCV) and unbiased crossvalidation (KDE UCV).
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Figure 9: Face recognition setup (top): Examples of labels and features from the Labeled Faces in the Wild data set. Telugu OCR (bottom): exemplars from six
of the glyph classes, along with intermediate features and final transformations
from the deep convolutional network.

minimal Euclidean distance between g(y (i) ) and g(x∗ ), which implies a score function

(i)

My(i) (x∗ ) = −||g(x1 ) − g(x∗ )||2 .

In this way, we can compute the test accuracy on all 1672 classes, TA1672 , but we also
subsample k1 = {100, 200, 400} classes in order to extrapolate from k1 to 1672 classes.
In the Telugu optical character recognition example (Achanta and Hastie (2015)), we
consider the use of three different classifiers: logistic regression, linear support-vector machine (SVM), and a deep convolutional neural network.5 The full data consists of 400 classes
with 50 training and 50 test observations for each class. We create a nested hierarchy of
subsampled data sets consisting of (i) a subset of 100 classes uniformly sampled without
replacement from the 400 classes, and (ii) a subset consisting of 20 classes uniformly sampled without replacement from the size-100 subsample. We therefore study three different
prediction extrapolation problems:

1. Predicting the accuracy on k2 = 100 classes from k1 = 20 classes, comparing the
predicted accuracy to the test accuracy of the classifier on the 100-class subsample as
ground truth.

JMLR 19(65):1-30, 2018

is fed into a pre-trained deep convolutional neural network to obtain the 128-dimensional feature vector
g(x). More details are found in Amos et al. (2016).
5. The network architecture is as follows: 48x48-4C3-MP2-6C3-8C3-MP2-32C3-50C3-MP2-200C3-SM.
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ClassExReg
0.113 (0.002)
0.058 (0.002)
0.050 (0.001)

KDE-BCV
0.053 (0.001)
0.037 (0.001)
0.024 (0.001)

KDE-UCV
0.082 (0.001)
0.057 (0.001)
0.035 (0.001)

KDE-BCV

KDE-UCV
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Unlike in the face recognition example, we did not resample training classes here, because that would require retraining all of the classifiers–which would be prohibitively timeconsuming for the Deep CNN. Thus, we cannot comment on the robustness of the comparisons from this example, though it is likely that we would obtain different rankings under a
new resampling of the training classes.

set, making it difficult to compare extrapolation methods using the 20-to-400 extrapolation
task.

These empirical results indicate that in comparison to the KDE methods of Kay et al.,
ClassExReg has lower bias and better performance at small k (up to 500 classes), while the
KDE methods start to achieve comparable results to ClassExReg when k is around 5,000
or more classes. This matches the theoretical intuition we developed in Section 3.5 (item
ii): since the Kay et al. method works by estimating each the favorability of each example
separately, that it requires more data (meaning more classes in the training set) to achieve
robust estimation.

Figure 10: Predicted accuracy curves for face-recognition example: The plots show
predicted accuracies. Each red curve represents the predicted accuracies using
a single subsample of size k1 . The black curve shows the average test accuracy
obtained from the full data set.

k1 = 400

k1 = 200

k1 = 100

ClassExReg
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The extrapolation results for the face recognition problem can be seen in Figure 10, which
plots the extrapolated accuracy curves for each method for 100 different subsamples of size
k1 . As can be seen, for all three methods, the variances decrease rapidly as k1 increases.
The root-mean-square errors at k2 = 1672 can be seen in Table 2. KDE-BCV achieves
the best extrapolation for all three cases k1 = {100, 200, 400} with KDE-UCV consistently
achieving second place. These results differ from the ranking of the RMSEs for the analagous
simulation when predicting k2 = 2000 from k1 = 500 for accuracies around 0.45: in the
first row and second column of Figure 7, where the true accuracy is 0.43 (from setting
σ 2 = 0.2), the lowest RMSE belongs to KDE-UCV (RMSE=0.0361±0.001), followed closely
by ClassExReg (RMSE=0.0372 ± 0.002), and KDE-BCV (RMSE=0.0635 ± 0.001) having
the highest RMSE. These discrepancies could be explained by differences between the data
distributions between the simulation and the face recognition example, and also by the fact
that we only have access to the k2 = 1672-class ground truth for the real data example.
The results for Telugu OCR classification are displayed in Table 3. If we rank the three
extrapolation methods in terms of distance to the ground truth accuracy, we see a consistent
pattern of rankings between the 20-to-100 extrapolation and the 100-to-400 extrapolation.
As we remarked in the simulation, the difficulty of extrapolation appears to be primarily
sensitive to the extrapolation ratio kk21 , which are similar (5 versus 4) in the 20-to-100 and
100-to-400 problems. In both settings, ClassExReg comes closest to the ground truth for
the Deep CNN and the SVM, but KDE-BCV comes closest to ground truth for the Logistic
regression. However, even for logistic regression, ClassExReg does better or comparably to
KDE-UCV.
In the 20-to-400 extrapolation, which has the highest extrapolation ratio ( kk12 = 20),
none of the three extrapolation methods performs consistently well for all three classifiers.
It could be the case that the variability is a dominating effect given the small training

5.1. Results

Note that unlike in the case of the face recognition example, here the assumption of marginal
classification is satisfied for none of the classifiers. We compare the result of our model to
the ground truth obtained by using the full data set.

3. Same as (2), but setting k2 = 400 and k1 = 100.

2. Same as (1), but setting k2 = 400 and k1 = 20, and using the full data set for the
ground truth.

Table 2: Face-recognition extrapolation RMSEs: RMSE (se) on predicting TA1672
from k1 classes

k1
100
200
400

Extrapolating Expected Accuracies

k1
20

400

k2
100

400

20

100

True
0.9908
0.8490
0.7582
0.9860
0.7107
0.5452
0.9860
0.7107
0.5452

ClassExReg
0.9905
0.8980
0.8192
0.9614
0.8824
0.6725
0.9837
0.7214
0.5969

KDE-BCV
0.7138
0.8414
0.6544
0.4903
0.7467
0.5163
0.8910
0.7089
0.4369

Extrapolating Expected Accuracies

Classifier
Deep CNN
Logistic
SVM
Deep CNN
Logistic
SVM
Deep CNN
Logistic
SVM

KDE-UCV
0.6507
0.8161
0.5771
0.3863
0.7015
0.4070
0.8625
0.6776
0.3528

Table 3: Telugu OCR extrapolated accuracies: Extrapolating from k1 to k2 classes
in Telugu OCR for three different classifiers: logistic regression, support vector
machine, and deep convolutional network

6. Discussion
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In this work, we suggest treating the class set in a classification task as random, in order
to extrapolate classification performance on a small task to the expected performance on a
larger unobserved task. We show that average generalized accuracy decreases with increased
label set size like the (k−1)th moment of a distribution function. Furthermore, we introduce
an algorithm for estimating this underlying distribution, that allows efficient computation
of higher order moments. We additionally implement a kernel-density estimation based
extrapolation, and discuss different regimes were the methods are useful. Code for the
methods and the simulations can be found in https://github.com/snarles/ClassEx.
There are many choices and simplifying assumptions used in the description of the
method. Here we discuss these decisions and map some alternative models or strategies for
future work.
Two important practical aspects of real-world problems not currently handled by our
analysis are (i) non-uniform prior distributions on the labels, and (ii) cost functions other
than zero-one loss. In fact, a theory for arbitrary cost functions can double as a theory for
non-uniform priors, because the risk incurred under non-uniform priors is equivalent to the
risk incurred under a uniform prior but with a weighted cost function. Hence, we address
both (i) and (ii) in forthcoming work that shows how performance extrapolation is possible
under arbitrary cost functions.
Since our analysis is currently restricted to i.i.d. sampling of classes, one direction for
future work is to generalize the sampling mechanism, such as to cluster sampling. More
broadly, the assumption that the labels in Sk are a random sample from a homogeneous
distribution π may be inappropriate. Many natural classification problems arise from hierarchically partitioning a space of instances into a set of labels. Therefore, rather than
modeling Sk as a random sample, it may be more suitable to model it as a random hierarchical partition of Y, such as one arising from an optional Pólya tree process (Wong and
Ma, 2010). Finally, note that we assume no knowledge about the new class-set except for
its size. Better accuracy might be achieved if some partial information is known.
27
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A third direction of exploration is to impose additional modeling assumptions for specific
problems. ClassExReg adopts a non-parametric model of the discriminability function D(u),
in the sense that D(u) was defined via a spline expansion. However, an alternative approach
is to assume a parametric family for D(u) defined by a small number of parameters. In
forthcoming work, we show that under certain limiting conditions, D(u) is well-described
by a two-parameter family. This substantially increases the efficiency of estimation in cases
where the limiting conditions are well-approximated.
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This paper studies the low-dimensional structure of transformations between random variables. Such transformations, which can be understood as transport maps between probability measures, are ubiquitous in statistics and machine learning. They can be used
for posterior sampling (Moselhy and Marzouk, 2012), possibly via deep neural networks
(Rezende and Mohamed, 2015); for accelerating Markov chain Monte Carlo or importance
sampling algorithms (Parno and Marzouk, 2018; Han and Liu, 2017); or as the building
blocks of implicit generative models (Kingma and Welling, 2013; Goodfellow et al., 2014)
and flexible methods for density estimation (Tabak and Turner, 2013; Dinh et al., 2016).
In the context of variational inference (Blei et al., 2016), a transport map can be used
to define a deterministic coupling between a tractable reference measure νη that we can
easily simulate (e.g., a standard Gaussian) and an arbitrary target measure νπ that we
wish to characterize (e.g., a posterior distribution). Given i.i.d. samples (Xi ) from the
reference measure, we can evaluate the transport map to obtain i.i.d. samples (T (Xi )) from

1. Introduction

We investigate the low-dimensional structure of deterministic transformations between
random variables, i.e., transport maps between probability measures. In the context of
statistics and machine learning, these transformations can be used to couple a tractable
“reference” measure (e.g., a standard Gaussian) with a target measure of interest. Direct
simulation from the desired measure can then be achieved by pushing forward reference
samples through the map. Yet characterizing such a map—e.g., representing and evaluating it—grows challenging in high dimensions. The central contribution of this paper is to
establish a link between the Markov properties of the target measure and the existence of
low-dimensional couplings, induced by transport maps that are sparse and/or decomposable.
Our analysis not only facilitates the construction of transformations in high-dimensional
settings, but also suggests new inference methodologies for continuous non-Gaussian graphical models. For instance, in the context of nonlinear state-space models, we describe new
variational algorithms for filtering, smoothing, and sequential parameter inference. These
algorithms can be understood as the natural generalization—to the non-Gaussian case—of
the square-root Rauch–Tung–Striebel Gaussian smoother.
Keywords: transport map, variational inference, graphical models, sparsity, state-space
models, joint parameter and state estimation
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thus enabling the use of standard integration techniques for the tractable νη , including
Monte Carlo sampling (Meng and Schilling, 2002) and deterministic quadratures.
We focus on absolutely continuous measures (νη , νπ ) on Rn , for which the existence of a
transport map T : Rn → Rn is guaranteed (Santambrogio, 2015). Such a map, however, is
seldom unique. Identifying a particular map requires imposing additional structure on the
problem. Optimal transport maps, for instance, define couplings that minimize a particular
integrated transport cost expressing the effort required to rearrange samples (Villani, 2008).
The analysis of such maps underpins a vast field that links geometry and partial differential
equations, with applications in fluid dynamics, economics, statistics (Douglas, 1999; Kantorovich, 1965), and beyond. In recent years, several other couplings have been proposed
for use in statistical problems, e.g., parametric approximations of the Knothe–Rosenblatt
rearrangement (Moselhy and Marzouk, 2012), couplings induced by the flows of ODEs (Anderes and Coram, 2012; Heng et al., 2015), and couplings induced by the composition of
many simple maps, including deep neural networks (Rezende and Mohamed, 2015; Liu and
Wang, 2016). Yet the construction, representation, and evaluation of all these maps grows
challenging in high dimensions. In the setting considered here, a transport map is a function
from Rn onto itself; without specifying further structure, representing such a map or even
realizing its action is often intractable as n increases.
The central contribution of this paper is to establish a link between the conditional independence structure of the reference-target pair—the so-called Markov properties (Lauritzen,
1996) of νη and νπ —and the existence of low-dimensional couplings. These couplings are
induced by transport maps that are sparse and/or decomposable. A sparse map consists of
scalar-valued component functions that each depend only on a few input variables, whereas
a decomposable map factorizes as the exact composition of finitely many functions of low
effective dimension (i.e., T = T1 ◦ · · · ◦ T` , where each Ti differs from the identity map only
along a subset of its components). These properties, and their combinations, dramatically
reduce the complexity of representing a transport map and can be deduced before the map
is explicitly computed.
The utility of these results is twofold. First, they make the construction of couplings—
and hence the characterization of complex probability distributions—tractable for a large
class of inference problems. In particular, these results can be exploited in state-of-theart approaches for the numerical computation of transport maps, including normalizing
flows or Stein variational algorithms (Rezende and Mohamed, 2015; Detommaso et al.,
2018). Second, these results suggest new algorithmic approaches for important classes of
statistical models. For instance, our analysis of sparse triangular maps provides a general
framework for describing continuous and non-Gaussian Markov random fields, and for exploiting the conditional independence structure of these fields in computation. Our analysis
of decomposable transport maps yields new variational algorithms for sequential inference
in nonlinear and non-Gaussian state space models. These algorithms characterize the full
Bayesian solution to the smoothing and joint state–parameter inference problems by means

R
the target. In other words, the map allows any expectation g dνπ over the target measure
to be rewritten as an integral over the reference measure,
Z
Z
g(x) dνπ (x) = g(T (x)) dνη (x) ,
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of a decomposable transport map, which is constructed (recursively) in a single forward
pass using local operations. These algorithms can be understood as the natural generalization, to the non-Gaussian case, of the square-root Rauch-Tung-Striebel Gaussian smoother.
Moreover, the results presented in this paper underpin recent efforts in structure learning
for non-Gaussian graphical models (Morrison et al., 2017), and novel approaches to the
filtering of high-dimensional spatiotemporal processes (Spantini, 2017, Ch. 6). Overall, we
propose a range of techniques to address problems of inference in continuous non-Gaussian
graphical models.
The paper is organized as follows. Section 2 introduces some notation used throughout the paper. Section 3 reviews the Knothe-Rosenblatt rearrangement, a key coupling for
our analysis, while Section 4 briefly recalls some standard terminology for Markov random
fields and graphical models. The main results are in Sections 5–7: Section 5 addresses the
sparsity of triangular transports, while Section 6 introduces and develops the concept of
decomposable transport maps for general Markov networks. These two sections can be read
independently. Section 7 specializes the theory of Section 6 to state-space models, introducing new variational algorithms for filtering, smoothing, and parameter inference. Section 8
illustrates aspects of the theory with numerical examples. A final discussion is presented in
Section 9. Appendix A collects some technical details on the Knothe-Rosenblatt rearrangement and its generalizations. Appendix B contains the proofs of the main results. Appendix
C provides pseudocode for our variational algorithms applied to state-space models, and
additional numerical experiments are described in Appendix D. Code and all numerical
examples are available online.1

2. Notation
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Here, we collect some useful notation used throughout the paper.
Notation for functions, sets, and graphs. For a pair of functions f and g, we
denote their composition by f ◦ g. We denote by ∂k f the partial derivative of f with respect
to its kth input variable. By ∂k f = 0, we mean that the function f does not depend on
its kth input variable. Depending on the context, we can identify a matrix Q with its
corresponding linear map, given by x 7→ Qx.
For all n > 0, we let Nn = {1, . . . , n} denote the set of the first n integers. For any
pair of sets, A ⊂ B means that A is a subset of B (including the possibility of A = B). We
denote by |A| the cardinality of A.
Given a graph G = (V, E) with vertices V and edges E, we denote by Nb(k, G) the
neighborhood of a node k in G, while for any set A ⊂ V, we denote by G A = (V 0 , E 0 ) the
subgraph given by V 0 = A and E 0 = E ∩ (A × A).
Notation for measures and densities. In this paper, we mostly consider probability
measures on Rn that are absolutely continuous with respect to the Lebesgue measure, λ,
and that are fully supported. We denote the set of such measures by M+ (Rn ). The density
of a measure will always be intended with respect to λ. For a pair of measures ν1 , ν2 ,
ν1  ν2 means that ν1 is absolutely continuous with respect to ν2 .
For any measure ν and measurable map T , we denote by T] ν the pushforward measure
given by ν ◦ T −1 , where for any set B, T −1 (B) is the set-valued preimage of B under T .
1. http://transportmaps.mit.edu
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T ] π(x) = π(T (x)) | det ∇T (x)|,

(1)

Similarly, we denote by T ] ν the pullback measure given by ν ◦ T . Given a measure ν with
density π and a map T , we denote by T] π the density of T] ν, provided it exists (depending on
T ). We call T] π the pushforward density of π by T . Similarly, we define the pullback density
T ] π as the density of T ] ν, provided it exists. Whether the map T preserves the absolute
continuity of the measure depends on the regularity of T . For instance, if T : Rn → Rn is
a diffeomorphism—i.e., a differentiable bijection with differentiable inverse—then one has:

T] π(x) = π(T −1 (x)) | det ∇T −1 (x)|,

(
πX,Y (x, y)/πY (y) if πY (y) 6= 0
0
otherwise.

(2)

where ∇T (x) denotes the Jacobian of T at x. The regularity assumptions on T can be
substantially weakened as long as one modifies (1) appropriately (Fremlin, 2000). We
will give one such example shortly
R when dealing with triangular maps (see Section 3
or Appendix A). We denote by f (x) ν(dx) the integration of a measurable function
f : Rn → R
R with respect to
R a measure ν. For the Lebesgue measure, we simplify our
notation as f (x) λ(dx) = f (x) dx. Given a pair η, π of probability densities and a map
T : Rn → Rn , we say that T pushes forward η to π if and
R only if T couples the Rcorresponding
probability measures, i.e., T] νη = νπ , with νη (B) = B η(x) dx and νπ (B) = B π(x) dx for
all measurable sets B. (Notice that T] η need not be given by (1) since we are not specifying
any regularity on T .)
When it is clear from context, we will freely omit the qualifier a.e. to indicate a property
that holds up to a set of measure zero.
Notation for random variables. We use boldface capital letters, e.g., X, to denote
random variables on Rn with n > 1, while we write scalar-valued random variables as X.
The law of a random variable X defined on a probability space (Ω, P) is given by X] P. For a
measure ν, X ∼ ν means that X has law ν. If X = (X1 , . . . , Xp ) is a collection of random
variables and A ⊂ Np , then XA = (Xi , i ∈ A) denotes a subcollection of X. In the same
way, for j < k, Xj:k = (Xj , Xj+1 , . . . , Xk ). If X = (X1 , . . . , Xp ) has jointRdensity π and
A ⊂ Np , we denote by πXA the marginal of π along XA , i.e., πXA (xA ) = π(x) dxNp \A .
If π is the density of Z = (X, Y ), we denote by πX|Y the density of X given Y , where
πX|Y (x|y) =

We denote independence of a pair of random variables X, Y by X ⊥
⊥ Y . In the same way,
X⊥
⊥ Y |R means that X and Y are independent given a third random variable R.

3. Triangular Transport Maps: a Building Block
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An important transport for our analysis is the Knothe-Rosenblatt (KR) rearrangement on
Rn (Rosenblatt, 1952). For a pair of measures νη , νπ ∈ M+ (Rn ), with densities η and
π, respectively, the KR rearrangement is the unique monotone increasing lower triangular
measurable map that pushes forward νη to νπ , i.e., T] νη = νπ (Carlier et al., 2010). Here,
monotonicity is with respect to the lexicographic order on Rn , while uniqueness is up to
νη -null sets. A lower triangular map T : Rn → Rn is a multivariate function whose kth

4

i=1 ∂k

Tk

exists a.e., and where

T ]π
is the density of

T ]ν
π.

(4)

5
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In general, det ∇T in (4) is not the determinant of the Jacobian of T since the map may not
be differentiable, in which case it would not be possible to define ∇T in the classical sense;
this is why det ∇T is redefined in the lemma. Nevertheless, it is known that T inherits
the same regularity as η and π, but not more (Santambrogio, 2015). See Appendix A for
additional remarks on the regularity of the map.
An essential feature of the triangular transport map is its anisotropic dependence on
the input variables. That is, even though each component of the transport map does not
depend on all n inputs, the map is still capable of coupling arbitrary probability distributions. Informally, we can think of the KR rearrangement as imposing the sparsest possible
structure that preserves generality of the coupling—in that the rearrangement is guaranteed
to exist for any νη , νπ ∈ M+ (Rn ). In Section 6, we will show that the anisotropy of the KR
rearrangement is crucial to proving that certain “complex” (and generally non-triangular)
transports can be factorized into compositions of a few lower-dimensional triangular maps.
Thus we can think of the KR rearrangement as the fundamental building block of a more
general class of non-triangular transports.
The KR rearrangement also enjoys many attractive computational features. As shown
in Marzouk et al. (2016), it can be characterized as the unique minimizer of the Kullback–
Leibler (KL) divergence DKL ( T] νη || νπ ) over the cone T4 of monotone increasing triangular

where det ∇T :=

Qn

T ] π(x) = π(T (x)) det ∇T (x) = η(x),

Lemma 1 If T is a KR rearrangement pushing forward νη to νπ , then νη -a.e.,

is homeomorphic (continuous bijection with continuous inverse), strictly increasing, and differentiable a.e. (Santambrogio, 2015). Here, monotonicity with respect to the lexicographic
order is equivalent to each function (3) being increasing. The resulting rearrangement T
is far from being a diffeomorphism but is still regular enough to define a useful change of
variables, as the following lemma proven in Bogachev et al. (2005) shows.

for some collection of functions (T k ) and for all x = (x1 , . . . , xn ).
The distinction between lower, upper, or other more general forms of triangular map is a
matter of convention. We will revisit this important point in Section 6. See Appendix A for
a constructive definition of the KR rearrangement based on a sequence of one-dimensional
transports. In our hypothesis, the KR rearrangement is always a bijection on Rn , while
each map
ξ 7→ T k (x1 , . . . , xk−1 , ξ)
(3)

component depends only on the first k input variables, i.e.,

 1
T (x1 )

 T 2 (x1 , x2 )


T (x) =  .

.

 .
T n (x1 , x2 , . . . xn )

Inference via Low-Dimensional Couplings

j

k

i=1

M
X

log π̄(T (xi )) +

k

X

log ∂k T k (xi ) − log η(xi )

!

(7)

6
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2. For computational efficiency, one may substitue the exponential function with any other strictly positive
expression, like a positively shifted square function.

s.t. T ∈ T4 ,

T

min −

where the expectation is with respect to the reference measure—which is the law of X.
Two aspects of (6) are particularly important. First, for the purpose of optimization,
the target density can be replaced with its unnormalized version π̄. (This replacement is essential in Bayesian inference, where the posterior normalizing constant is usually unknown.)
Second, (6) can be treated as a stochastic program and solved by means of sample-average
approximation (SAA) or stochastic approximation (Shapiro, 2013; Kushner and Yin, 2003).
Recall that the reference measure is a degree of freedom of the problem and is chosen precisely to make the integration in (6) feasible using, for instance, quadrature, Monte Carlo,
or quasi-Monte Carlo methods (Dick et al., 2013).
Assuming some additional regularity for π (e.g., at least differentiability) and using the
monotone parameterization of (5), then (6) becomes an unconstrained and differentiable
optimization problem. In particular, we can use the gradient of log π to obtain an unbiased
estimator for the gradient of (6) (Asmussen and Glynn, 2007). Alternatively, if ∇ log π is
unavailable, we can use the score method (Glynn, 1990) to produce an estimator that is still
unbiased, but with higher variance. For concreteness, consider the realization of an i.i.d.
sample (xi )M
i=1 from νη . Then a SAA of (6) reads as:

s.t. T ∈ T4 ,

T

in terms of multivariate Hermite polynomials (ψi ) and unknown coefficients c = (ak,i , bk,j );
alternatively, one could use a neural network representation of ak and bk . The resulting
transport map T [c]—parameterized by the coefficients c—is monotone and invertible for
all choices of c. (In contrast, parameterizing general classes of monotone non-triangular
maps is a difficult task.) The minimization of DKL ( T] νη || νπ ) for a map in T4 and for a
pair of nonvanishing target (π) and reference (η) densities can be rewritten as
"
#
X
log ∂k T k (X) − log η(X)
(6)
min − E log π(T (X)) +

i

for some arbitrary functions ak : Rk−1 → R and bk : Rk → R (Ramsay, 1998). For example,
one could parameterize each ak , bk using a linear expansion
X
X
ak (x) =
ak,i ψi (x),
bk (x) =
bk,j ψj (x)

0

maps. From the perspective of function approximation, parameterizing a monotone triangular map is straightforward: it suffices to write each component of the map as2
Z xk
exp (bk (x1 , . . . , xk−1 , t)) dt,
(5)
T k (x) = ak (x1 , . . . , xk−1 ) +
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(9)

3

itself, and in high dimensions (i.e., for large n) the representation and approximation of such
functions becomes increasingly intractable. In the ensuing sections, on the other hand, we
will show that a large class of transport maps are in fact only superficially high-dimensional;
that is, they possess some hidden low-dimensional structure that can facilitate their fast and
reliable computation. This low-dimensional structure is linked to the Markov properties of
the target measure, which we briefly review in the next section.

k

log ∂k Tek (X) − log η(X) .

3

3
0

Te1

3
3

3
3

3
0

Te0

8
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Let Z = (Z1 , . . . , Zn ) be a collection of random variables with law νπ and density π.
We can represent a list of conditional independences satisfied by Z—the so-called Markov
properties—using a simple undirected graph G = (V, E), where each node k ∈ V is associated

4. Markov Networks

Figure 1: Computation of a simple transport map in two dimensions: The leftmost figure
shows contours of the reference density η, which is a standard Gaussian, and
of the target density π, which is a banana-shaped distribution in the tails of η.
The target distribution has a nonlinear dependence structure. The orange dots
in the leftmost figure correspond to 100 samples (xi ) from η and are used to
make a sample-average approximation of (6). We adopt the triangular monotone
parameterization of (5) for the candidate transport map, where the functions
ak , bk are expanded in a multivariate Hermite polynomial basis of total degree
two (Xiu, 2010). The resulting optimization problem is solved with a quasiNewton method (BFGS). The kth figure from the left shows the pushforward of
the original reference samples through the approximate transport map, Tek , after k
iterations of BFGS. The initial map Te0 is chosen to be the identity. The reference
samples flow collectively towards the target density and eventually settle on the
support of π, capturing its structure after just a few iterations.

3

which is now amenable to deterministic optimization techniques. The numerical solution
of (7) by means of an iterative method (e.g., BFGS, Wright and Nocedal, 1999) produces
a sequence of maps Te1 , Te2 , . . . that are increasingly better approximations of the KR rearrangement, in the sense defined by (7). In particular, we can interpret (Tek )k as a discrete
M , to the target
time flow that pushes forward the collection of reference samples, (xi )i=1
distribution. See Figure 1 for a simple illustration. As shown by Moselhy and Marzouk
(2012), the KL divergence DKL ( Te] νη || νπ ) for an approximate map Te can be estimated as:
"
#
X
1
DKL ( Te] νη || νπ ) ≈ Var log π̄(Te(X)) +
log ∂k Tek (X) − log η(X) ,
(8)
2

k

up to second-order terms, in the limit of DKL ( Te] νη || νπ ) → 0, even if the normalizing
constant of π is unknown. This convergence criterion is rather useful for any variational
inference method, and is usually not available for techniques like MCMC. In the same way,
one can construct effective estimators for the normalizing constant β := π̄/π as
#
"
X
β̂ = exp E log π̄(Te(X)) +

We refer the reader to (Parno, 2015; Parno and Marzouk, 2018) for an alternative
construction of the transport map that is useful when only samples from the target measure
are available. An interesting application of the latter construction is the problem of density
estimation or Bayesian inference with intractable likelihoods (Tabak and Turner, 2013;
Csilléry et al., 2010). In this case, it turns out that the inverse transport S = T −1 can
be easily computed via convex optimization. (Notice that S is just an ordinary triangular
transport map that pushes forward νπ to νη . The “inverse” descriptor will help distinguish
S from the map T that pushes forward the reference to the target distribution. We refer to
T as the direct transport.) We can then invert S at x ∈ Rn to obtain the evaluation of the
direct transport T (x). Inverting a monotone triangular function is a computationally trivial
task since it requires the solution of a sequence of one-dimensional root finding problems.
In practice, one just needs to invert (3) for k = 1, . . . , n. It is also possible to compute the
inverse transport from the unnormalized target density, rather than from samples; here,
it suffices to minimize DKL ( νη || S] νπ ) for S ∈ T4 . The resulting variational problem is
equivalent to (6) with the identity S = T −1 . By symmetry of our formulation, S has the
same regularity as T . In particular, Lemma 1 holds for S as well, and gives a formula for
the pushforward density T] η as:
T] η(z) = η(S(z)) det ∇S(z) = π(z),
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Qn
where det ∇S := i=1
∂k S k exists a.e., and where T] η is the density of T] νη .
There is a growing body of literature on the efficient numerical approximation of transport maps (e.g., Rezende and Mohamed, 2015; Bigoni et al., 2019; Mendoza et al., 2018).
Essentially all of these approaches employ numerical optimization to construct or realize
the action of a map, and thus harness optimization to enhance integration. Yet all these
approaches face a fundamental challenge: the transport map is a function from Rn onto
7

9
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3. S is a separator set for A and B if (1) S is disjoint from A and B, and if (2) every path from α ∈ A to
β ∈ B intersects S. If A and B are disconnected components of G, then S = ∅ is a separator set for A
and B.
4. A clique is a fully connected subset of the vertices, whereas a maximal clique is a clique that is not a
strict subset of another clique.

for some nonnegative functions (ψC ) called potentials, where C is the set of maximal cliques4
of G and c is a normalizing constant. It is immediate to show that if νπ factorizes according
to G, then νπ satisfies the global Markov property relative to G (Lauritzen, 1996, Prop. 3.8).
The converse is true only under additional assumptions: for instance, if νπ admits a continuous and strictly positive density (see the Hammersley-Clifford theorem; Hammersley and
Clifford, 1971; Lauritzen, 1996).
A critical question then is how to characterize a suitable I-map for a given measure.
There are several answers. First of all, in many applications that involve probabilistic
modeling, the target distribution is defined in terms of its potentials, as in (11), because
this is just a more convenient way to specify a high-dimensional distribution and to perform
inference (or general probabilistic reasoning) with it. Finding a graph for which νπ factorizes
is then a trivial task. See Figure 4 (left) for an example. Applications where this commonly
holds range from spatial statistics and image analysis to speech recognition (Koller and
Friedman, 2009; Rue and Held, 2005). In Section 7, for example, we focus exclusively on
discrete-time Markov processes, where the Markov structure of the problem is self-evident.
More specifically, Section 7 tackles the problem of recursive smoothing and static parameter
estimation for a state-space model. In this context, the target measure νπ could represent
the joint distribution of state and parameters, conditioned on all the available observations
(see Figures 4 and 8). The reader might want to consider this sequential inference problem

C∈C

The measure νπ is said to satisfy the global Markov property, relative to G, if (10) holds.
We can also say that νπ is globally Markov with respect to G. The corresponding graph is
then called an independence map (I-map) for νπ .
Intuitively, a sparse graph represents a family of distributions that enjoy many conditional independence properties. I-maps are in general not unique. Of particular interest
are minimal I-maps, i.e., the sparsest graphs compatible with the conditional independence
structure of νπ .
Conditional independence is associated with factorization properties of π. For instance,
ZA ⊥
⊥ ZB | ZS if and only if πZA ,ZB |ZS = πZA |ZS πZB |ZS a.e. (Lauritzen, 1996). We then
say that νπ factorizes according to some graph G if there exists a version of the density of
νπ such that
1Y
π(z) =
ψC (zC ),
(11)
c

(10)

⇐⇒

2
∂i,j
log π = 0 on Rn .

10
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Given a lower triangular function T , we define its sparsity pattern, IT , as the set of all
integer pairs (j, k), with j < k, such that the kth component of the map does not depend
on the jth input variable, i.e., IT = {(j, k) : j < k, ∂j T k = 0}. (We do not include pairs
j > k in the definition of IT since, for a lower triangular function, ∂j T k = 0 for j > k by
construction.)
Knowing the sparsity pattern of the KR rearrangement before computing the actual
transport has important computational implications. For instance, in the variational characterization of the transport described in (6), we can restrict the feasible domain to the
set of triangular maps with sparsity pattern given by IT , and still recover the desired KR
rearrangement. That is, if (j, k) ∈ IT , we can parameterize any candidate transport map
by removing the dependence on the jth input variable from the kth component of the map.
Thus, analyzing the Markov structure of the target distribution enables the representation
and computation of maps in possibly higher-dimensional settings.

5.1. Sparsity Bounds

We begin our investigation of low dimensional structure by considering the notion of sparse
transport map. A sparse map is a multivariate function where each component does not
depend on all of its input variables. According to this definition, a triangular transport is
already sparse. In this section, however, we show that the KR rearrangement can be even
sparser, depending on the Markov structure of the target distribution.

5. Sparsity of Triangular Transport Maps

Thus, if we can evaluate π and its derivatives (up to a normalizing constant), we can use
Lemma 2 to assess pairwise conditional independence and to define a minimal I-map for
νπ as follows: add an edge between every pair of distinct nodes unless the corresponding
random variables are conditionally independent (Koller and Friedman, 2009, Thm. 4.5).
Regardless of the many ways to obtain an I-map, there is a fundamental connection
between Markov properties of a distribution and the existence of low-dimensional transport
maps. The rest of the paper will elaborate precisely on this connection.

Zi ⊥
⊥ Zj | ZV\(i,j)

Lemma 2 (Pairwise conditional independence) If Z ∼ νπ for a measure νπ with
smooth and strictly positive density π, we have:

as a guiding application while reading the forthcoming Sections 5 and 6. We emphasize,
however, that our theory is far more general and by no means restricted to any specific
Markov structure.
In other settings, the graph is unknown and must be estimated. When only samples
from νπ are available, this is a question of model learning (Koller and Friedman, 2009, Part
III)—a problem with various applications (Hyvärinen, 2005; Meinshausen and Bühlmann,
2006; Lin et al., 2015). In case of a known and smooth target density, we can characterize
pairwise conditional independence in terms of mixed second-order partial derivatives, as
shown by the following lemma.

with a distinct random variable, Zk , and where the edges in E encode a specific notion of
probabilistic interaction among these random variables (Koller and Friedman, 2009). In
particular, we say that Z is a Markov network—or a Markov random field (MRF)—with
respect to G if for any triplet A, S, B of disjoint subsets of V, where S is a separator set for
A and B,3 the subcollections ZA and ZB are conditionally independent given ZS , i.e.,

ZA ⊥⊥ ZB | ZS .

Spantini, Bigoni, and Marzouk

Inference via Low-Dimensional Couplings

The following theorem, which is the main result of this section, characterizes bounds on
the sparsity patterns of triangular transport maps given an I-map for the target measure. In
the statement of the theorem, we denote the direct transport by T and the inverse transport
by S = T −1 (see Section 3). The theorem suggests that S and T can have quite different
sparsity patterns.5

Inference via Low-Dimensional Couplings

Spantini, Bigoni, and Marzouk

(13)

(12)

Theorem 3 (Sparsity of Knothe–Rosenblatt rearrangements) Let X ∼ νη , Z ∼
n R. Moreover, assume that ν
νπ with νη , νπ ∈ M+ (Rn ) and νη a product measure on ×i=1
π
n
is globally Markov with respect to G, and define, recursively, the sequence of graphs (G k )k=1
as: (1) G n := G and (2) for all 1 ≤ k < n, G k−1 is obtained from G k by removing node k
and by turning its neighborhood Nb(k, G k ) into a clique. Then the following hold:
1. If IS is the sparsity pattern of the inverse transport map S, then
b
IS ⊂ IS ,

where b
IS is the set of integer pairs (j, k) such that j ∈
/ Nb(k, G k ).

2. If IT is the sparsity pattern of the direct transport map T , then
b
IT ⊂ IT ,

where b
IT is defined recursively as follows: for k = 2, . . . , n the pair (j, k) ∈ b
IT if and
only if (j, i) ∈ b
IT for all i ∈ Nb(k, G k ).
(14)

3. The predicted sparsity pattern of S is always greater than or equal to that of T , i.e.,
b
IT ⊂ b
IS .

12
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The reader familiar with Gaussian Markov random fields (GMRFs), might see links between
the preceding results and widespread approaches to the modeling of Gaussian fields. In this
section, we clarify the extent of these connections.
Many applications (e.g., image analysis, spatial statistics, time series) involve modeling
by means of high-dimensional Gaussian fields. Dealing with large and dense covariances,
however, is often impractical; both storage and sampling of the Gaussian field are problematic. The usual workaround is to replace or approximate the Gaussian field with a sparse
GMRF—i.e., a Gaussian Markov network that enforces locality in the probabilistic interac-

5.2. Connection to Gaussian Markov Random Fields

since the reference distribution is considered a degree of freedom of the problem. Theorem
3 gives sufficient but not necessary conditions on (νη , νπ ) for the existence of a sparse map.
And it could not be otherwise: if νη = νπ then the identity map—the sparsest possible
map—would be a valid coupling.
We also note that Theorem 3 does not provide the exact sparsity patterns of the triangular transport maps; instead, (12) and (13) provide subsets of IT and IS . In other words,
the actual transport maps might be sparser than predicted by the sets b
IS and b
IT —but,
crucially, they cannot be less sparse. Thus, we can think of Theorem 3 as providing bounds
on the sparsity of triangular transports. An important fact is that, without additional information on νπ , these bounds are sharp. That is, we can always find a pair of measures
(νη , νπ ) satisfying the hypotheses of Theorem 3 and such that the predicted and actual
sparsity patterns coincide, i.e., b
IT = IT or b
IS = IS .
Part 3 of Theorem 3 shows that the predicted sparsity pattern of the inverse KR rearrangement is always larger than or equal to that of the direct transport, i.e., b
IT ⊂ b
IS . This
does not mean that for every pair of measures (νη , νπ ), the inverse triangular transport is
always at least as sparse as the direct transport; in fact, it is possible to provide simple
counterexamples. However, this result does imply that if we are only given an I-map for νπ ,
then parameterizing candidate inverse triangular transports allows the imposition of more
sparsity constraints than parameterizing candidate direct transports. In general, sparser
transports are easier to represent. See Figure 4 (right) for a nontrivial example of sparsity
patterns for a stochastic volatility model.
Indeed, (14) hints at a typical trend: inverse transport maps tend to be sparser (in
many practical cases, much sparser) than their direct counterparts. Intuitively, the sparsity
of a direct transport is associated with marginal independence in Z, whereas the inverse
transport inherits sparsity from the conditional independence structure of Z. The latter is a
weaker condition than mutual independence; for instance, the correlation length of a process
modeled by a Markov random field may be much larger than the typical neighborhood
size (Rue and Held, 2005). Thus, given a sparse I-map for the target measure, it can
be computationally advantageous to characterize an inverse transport rather than a direct
one, because the inverse transport can inherit a larger sparsity pattern. Given an inverse
triangular transport S, we can then easily evaluate the direct transport T = S −1 at any
point x ∈ Rn by inverting S pointwise, as described in Section 3. There is no need to
have an explicit representation of the direct transport as long as it can be implicitly defined
through its inverse.

Several remarks are in order. First, we emphasize the fact that Theorem 3 characterizes
sparsity patterns using only an I-map for νπ , without requiring any actual computation
of the transports. One only needs to perform simple graph operations on G to build the
sequence of graphs (G k ). See Figure 2 for an illustration of this procedure, with the corresponding sparsity patterns in Figure 3. We refer to (G k ) as the marginal graphs. In fact,
the sequence (G k ) is precisely the set of intermediate graphs produced by the variable elimination algorithm (Koller and Friedman, 2009, Ch. 9), when marginalizing with elimination
ordering (n, n − 1, . . . , 1). This should not be surprising as the KR rearrangement is essentially a sequence of ordered marginalizations (Villani, 2008). The hypothesis that νη is a
product measure is important for the theorem to hold. If we pick a reference measure with
an arbitrary Markov structure, there need not exist a sparse transport map coupling νη and
νπ , even if νπ has a sparse I-map. The role of a reference measure is somewhat peculiar
to the world of couplings and is usually not addressed in classical treatments of graphical
models. Nonetheless, this assumption on νη is not restrictive in the present framework,

JMLR 19(66):1-71, 2018

5. A note: as we already saw, the KR rearrangement is unique up to a set of measure zero. Theorem 3
characterizes the sparsity pattern of a particular version of the map, the one given by Definition 14 in
Appendix A. We will implicitly make this assumption throughout the paper.
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tions among the underlying random variables. The minimal I-map for the GMRF is thus
sparse, and so is the precision matrix Λ of the field (Rue and Held, 2005). The covariance
matrix is still in general dense, but dealing with the sparse precision matrix is much easier.
If LL> is a (sparse) Cholesky decomposition of Λ, then L> represents a linear triangular
transport that pushes forward the joint distribution of the GMRF, νπ = N (0, Λ−1 ), to a
standard normal, νη = N (0, I). The key point is that for many Markov structures of interest, the Cholesky factor inherits sparsity from the underlying graph, so that sampling from
νπ can be achieved at low cost as follows: if X is a sample from νη , then we can obtain a
sample Z from νπ simply by solving the sparse triangular linear system L> Z = X. There
is no need to explicitly represent or store the dense factor L−> , since we can implicitly
represent its action by inverting a sparse triangular function.

Figure 3: Sparsity patterns predicted by Theorem 3 for the target measure analyzed in
Figure 2. We represent the sparsity patterns using a symbolic matrix notation:
the (j, k)-th entry of the matrix is not colored if the kth component of the map
(S or T ) does not depend on the jth input variable, or, equivalently, if (j, k) ∈ b
IS
(resp. b
IT ) (12). (Since we are considering lower triangular transports, all entries
j > k are uncolored. Note also that S k and T k are always functions of their kth
input by strict monotonicity of the map.) The predicted sparsity pattern for the
direct transport in this example is b
IT = ∅.

Pjk = ∂j S k

Figure 2: Sequence of graphs (G k ) described in Theorem 3 for a target measure in M+ (R5 )
with I-map illustrated by the leftmost graph, G 5 . Notice that to generate the
graph G 2 , we remove node 3 from G 3 and turn its neighborhood into a clique by
adding the edge (1, 2).

4

5
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6. Actually, this transport is upper rather than lower triangular. This distinction plays no role in the
following discussion, and the fact that a KR rearrangement is a lower triangular function is merely a
matter of convention.

The results of Theorem 3 suggest that the sparsity of a triangular transport map depends
on the ordering of the input variables. See Figure 5 for a simple illustration. Indeed,
the triangular transport itself depends anisotropically on the input variables and requires
the definition of a proper ordering. A natural approach is then to seek the ordering that
promotes the sparsest transport map possible.
Consider a pair of measures (νη , νπ ) that satisfies the hypotheses of Theorem 3. We
associate an ordering of the input variables with a permutation σ on Nn = {1, . . . , n}, and
define the reordered target measure νπσ as the pushforward of νπ by the matrix Qσ that
represents the permutation σ. In particular, (Qσ )ij = (eσ(i) )j , where ei is the ith standard
basis vector on Rn . Moreover, if G is an I-map for νπ , then we denote an I-map for νπσ by

5.3. Ordering of Triangular Maps

Now the connection with Section 5.1 is clear: L> is an inverse triangular transport,6
while L−> is a direct one. Moreover, solving a triangular linear system is just a particular instance of inverting a nonlinear triangular function by performing a sequence of
one-dimensional root-findings. Thus the developments of the previous section, which consider arbitrary nonlinear maps, are a natural generalization—to the non-Gaussian case—of
modeling and sampling techniques for high-dimensional GMRFs (Rue and Held, 2005).

Figure 4: (left) Markov network for a stochastic volatility model (Kim et al., 1998). Blue
nodes represent the discrete-time latent log-volatility process (Zk )N
k=0 , which
obeys a simple autoregressive model with hyperparameters µ, φ. The graph above
is a minimal I-map for the posterior density described in Section 8, πµ,φ,Z0:N |y0:N ,
where y0:N are some (fixed) observations. (right) The predicted sparsity pattern
b
IS (only the top 6 × 6 block is shown) for the inverse transport corresponding
to the model on the left: the first column/row of the matrix refer jointly to all
of the hyperparameters. Each component S k of the inverse transport can depend at most on four input variables, namely µ, φ, Zk−1 , Zk , regardless of the
overall dimension N of the problem. In order to apply the results of Theorem
3, we must select an ordering of the input variables; here, we used the ordering
(µ, φ, Z0 , . . . , ZN ). Optimal orderings are further discussed in Section 5.3.

Z0

µ
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(15)

G σ . Notice that G σ can be derived from G simply by relabeling its nodes according to the
permutation σ. Then we can cast a variational problem for the best ordering σ ∗ as:
S] νπσ = νη

σ ∗ ∈ arg maxσ |IS |
s.t.

σ ∈ P(Nn ),

σ ∈ P(Nn ).

(16)

where S is the KR rearrangement that pushes forward the reordered target νπσ to νη and
P(Nn ) is the set of permutations of Nn . The goal is to maximize the cardinality of the
sparsity pattern of the inverse map, |IS |. We restrict our attention to the sparsity of the
inverse transport, since we know from Section 5.1 that the direct transport tends to be
dense, even for the most trivial Markov structures.
Ideally, we would like to determine a good ordering for the map before computing the
actual transport, and to use the resulting information about the sparsity pattern to simplify the optimization problem for S. However, evaluating the objective function of (15)
requires computing a different inverse transport for each permutation σ. One possible way
to relax (15) is to replace IS with the predicted sparsity pattern b
IS introduced in (12). The
advantage of this approach is that the objective function of the relaxed problem can now be
evaluated in closed form without computing any transport map, but rather by performing
the simple sequence of graph operations on G σ described by Theorem 3. The caveat is that,
in general, b
IS ⊂ IS , and thus maximizing |b
IS | amounts to seeking the tightest lower bound
on the sparsity pattern of the inverse transport. From the definition of b
IS , it follows that
the best ordering σ ∗ for the relaxed problem is one that introduces the fewest edges in the
∗
construction of the marginal graphs G n , . . . , G 1 , whenever G n = G σ . Thus, for a given
I-map G, we denote by F(σ; G) the fill -in produced by the ordering σ. That is, F(σ; G) is
a set containing all the edges introduced in the construction of the marginal graphs (G k )
from G σ . A computationally feasible relaxation of (15) is then given by:
s.t.

σ ∗ ∈ arg minσ |F(σ; G)|

(16) is a standard problem in graph theory; it arises in a variety of practical settings,
including (most relatedly) finding the best elimination ordering for variable elimination in
graphical models, or finding the permutation that minimizes the fill-in of the Cholesky factor
of a positive definite matrix (George and Liu, 1989; Saad, 2003). From an algorithmic point
of view, (16) is NP-complete (Yannakakis, 1981). This should not be surprising, as best–
ordering problems are typically combinatorial in nature. Nevertheless, given its widespread
applicability, a host of effective polynomial-time heuristics for (16) have been developed in
past years (e.g., min-fill or weighted-min-fill, Koller and Friedman, 2009). Most importantly,
(16) can be solved without ever touching the target measure (assuming, of course, that an
I-map G for νπ is known). As a result, the cost of finding a good ordering is often negligible
compared to the cost of characterizing a nonlinear transport map via optimization.

6. Decomposability of Transport Maps

JMLR 19(66):1-71, 2018

Thus far, we have investigated the sparsity of triangular transport maps and found that
inverse transports tend to inherit sparsity from the underlying Markov structure of the
15
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Pij = ∂i S j

1

0
Pij
= ∂i S j

Figure 5: Illustration of how a simple re-ordering of the input variables can change the
(predicted) sparsity pattern of the inverse map. On the left, G represents an I-map
for the target measure considered in Figure 2, with ordering (Z1 , Z2 , Z3 , Z4 , Z5 ),
together with its sparsity pattern b
IS . (See Figure 3 for details on the “matrix”
representation of sparsity patterns.) On the right, G 0 is an I-map for the same
target measure but with the ordering (Z1 , Z2 , Z5 , Z4 , Z3 ). The corresponding
sparsity pattern b
IS 0 is now the empty set.

target measure. Though direct triangular transports also inherit some sparsity according
to Theorem 3, they tend to be more dense.
This section shows that direct transports enjoy a different form of low-dimensional
structure: decomposability. A decomposable transport map is a function that can be written
as the composition of a finite number of low-dimensional maps, e.g., T = T1 ◦ · · · ◦ T` for
some integer ` ≥ 2. We use a very specific notion of low-dimensional map, as follows.

Definition 4 (Low-dimensional map with respect to a set) A map M : Rn → Rn is
low-dimensional with respect to a nonempty set C ⊂ V ' Nn if
1. M k (x) = xk for k ∈ C
2. ∂j M k = 0 for j ∈ C and k ∈ V \ C.

The effective dimension of M is the minimum cardinality |V \ C| over all sets C with respect
to which M is low-dimensional.

M C (xC¯)
xC

In particular, up to a permutation of its components, we can rewrite M as:


¯
,

M (x) =

JMLR 19(66):1-71, 2018

where C¯ = V \ C denotes the complement of C in V, and where for any map M and
set A = {a1 , . . . , ak }, M A denotes the multivariate function x 7→ (M a1 (x), . . . , M ak (x))
obtained by stacking together the components of M with index in A. Thus M is the
¯
trivial embedding of a |C|-dimensional
function into the identity map and has effective
¯ < n. It is not surprising, then, that a decomposable transport
dimension bounded by |C|
T = T1 ◦· · ·◦T` should be easier to represent than an ordinary map. A perhaps less intuitive
feature, however, is that the computation of a high-dimensional decomposable transport can
be broken down into multiple simpler steps, each associated with the computation of a lowdimensional map Tj that accounts only for local features of the target measure.

16
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for some collection (T k ). We regard each component T σ(k) as a map Rk → R. We say
that a σ-triangular function T is monotone increasing if each component T k is a monotone
increasing function of the input xk . Moreover, for any νη , νπ ∈ M+ (Rn ) and for any

We can think of a generalized triangular function as a map that is lower triangular up to a
permutation. In particular, if σ is the identity on Nn , then a σ-triangular function is simply
a lower triangular map (see Section 3). To represent the permutation σ, we use the notation
σ({i1 , . . . , ik }) = {σ(i1 ), . . . , σ(ik )} to denote an ordered set that collects the action of the
permutation on the elements (ij ). For example, if T : R4 → R4 is a σ-triangular map with
σ defined as σ(N4 ) = {1, 4, 2, 3}, then T will be of the form:
 1

T (x1 )
 T 2 (x1 , x4 , x2 )


T (x) = 
 T 3 (x1 , x4 , x2 , x3 ) 
T 4 (x1 , x4 )

Definition 6 (Generalized triangular function) A function T :
→
is said to
be generalized triangular, or simply σ-triangular, if there exists a permutation σ of Nn
such that the σ(k)th component of T depends only on the variables xσ(1) , . . . , xσ(k) , i.e.,
T σ(k) (x) = T σ(k) (xσ(1) , . . . , xσ(k) ) for all x = (x1 , . . . , xn ) and for all k = 1, . . . , n.

Rn

See Figure 6 (top left) for an example of a decomposition. Clearly, not every graph admits
a proper decomposition; for instance, a fully connected graph does not have a separator set
for nonempty A and B. The idea we will pursue here is that graph decompositions lead to
the existence of decomposable transports.
The notion of a generalized triangular function is perhaps less standard, but still relatively straightforward:

Definition 5 (Proper graph decomposition) Given a graph G = (V, E), a triple (A, S, B)
of disjoint subsets of the vertex set V forms a proper decomposition of G if (1) V = A∪S ∪B,
(2) A and B are nonempty, (3) S separates A from B, and (4) S is a clique.

Before addressing the decomposability of transport maps, we need to introduce two useful
concepts: proper graph decompositions and generalized triangular functions. The decomposition of a graph is a standard notion (Lauritzen, 1996).

6.1. Preliminary Notions

permutation σ of Nn , there exists a (νη -unique) monotone increasing σ-triangular map—
which we call a σ-generalized KR rearrangement—that pushes forward νη to νπ . We give
a constructive definition for a generalized KR rearrangement in Appendix A.
A key property of a σ-generalized KR rearrangement is that it allows different sparsity
patterns to be engineered, depending on σ, in a map that is otherwise fully general—in the
sense of being able to couple arbitrary measures in M+ (Rn ). This feature will be essential
to characterizing decomposable transport maps.

The forthcoming analysis will consider general, and hence possibly non-triangular, transports. Thus its scope is much broader than that of Section 5, where we only focused on
the sparsity of triangular transports. Yet, we will show that triangular maps are the building block of decomposable transports. The cornerstone of our analysis is Theorem 7, which
characterizes the existence and structure of decomposable transports given only the Markov
structure of the underlying target measure.
Our discussion will proceed in two stages: first, we show how to identify direct transports
that decompose into two maps, i.e., T = T1 ◦ T2 , and then we explain how to apply this
result recursively to obtain a general decomposition of the form T = T1 ◦ · · · ◦ T` .

if k = 1, . . . , |S|
if k = |S| + 1, . . . , |A ∪ S|
otherwise,

any permutation σ of Nn with

(18)

(17)
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– Remove any edge from G i that is incident to any node in A.
– For any maximal clique C ⊂ S ∪B with nonempty intersection C ∩S, let jC be
the maximum integer j such that σ(j) ∈ C ∩ S and turn C ∪ {σ(1), . . . , σ(jC )}
into a clique.

(d) L]i νi factorizes according to a graph G i+1 that can be derived from G i as follows:

i+1
i+1
i+1
(c) If Z i+1 ∼ L]i νi , then ZA
⊥
⊥ ZS∪B
and ZA
= XA in distribution.

(b) Ri is the set of maps Rn → Rn that are low-dimensional with respect to A and
that push forward νη to the pullback L]i νi ∈ M+ (Rn ).

(a) Li is a σ-generalized KR rearrangement that pushes forward νη to a measure
with density ψA∪S (zA∪S ) ηXB (zB )/c and is low-dimensional with respect to B.

there exists a nonempty family, Di , of decomposable transport maps T = Li ◦ R
parameterized by R ∈ Ri such that each T ∈ Di pushes forward νη to νi and where:

2. For any factorization (17) and for


S
σ(k) ∈ A


B

where ψA∪S

πi (z) =

1
ψA∪S (zA∪S ) ψS∪B (zS∪B ),
c
R
is strictly positive and integrable, with c = ψA∪S .

1. There exists a factorization of πi of the form

Theorem 7 (Decomposition of transport maps) Let X ∼ νη , Z i ∼ νi , with νη , νi ∈
M+ (Rn ) and νη tensor product measure. Denote by η, πi a pair of nonvanishing densities
for νη and νi , respectively, and assume that νi factorizes according to a graph G i , which
admits a proper decomposition (A, S, B). Then the following hold:

We now characterize transports that decompose into a pair of low-dimensional maps, as
described in the following theorem. We formulate the theorem for a generic target measure
νi . Later we will apply the theorem recursively to a sequence (νi ) of different targets.

6.2. Decomposition and Graph Sparsification

Spantini, Bigoni, and Marzouk
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2
independent of ZS∪B
by acting locally on G. And not only that: L1 also ensures that the
marginals of νη and L1] νπ agree along A (see Theorem 7[Part 2c]). Thus we should really
interpret L1 as the first step towards a progressive transport of νη to νπ . L1 is a local map:
it can depend nontrivially only upon variables in xA∪S . Indeed, in the most general case,
|A ∪ S| is the minimum effective dimension of a low-dimensional map necessary to decouple
A from the rest of the graph. The more edges incident to A, the higher-dimensional a
transport is needed. This type of graph sparsification requires a peculiar “block triangular”
structure for L1 as shown by (19): any σ-triangular function with σ given by (18) achieves
this special structure. The second step of Part 2d shows that if S 6= ∅, then it might be
necessary to add edges to the subgraph G S∪B , depending on σ.9 The relevant aspect of σ
for this discussion is the definition of the permutation onto the first |S| integers. In general,
there are |S|! different permutations that could induce different sparsity patterns in G 2 . We
shall see that permutations that add the fewest edges possible are of particular relevance.

Spantini, Bigoni, and Marzouk
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9. This is not always the case. For instance, if S is a subset of every maximal clique of G in S ∪ B that
has nonempty intersection with S, then, by Theorem 7[Part 2d], no edges need to be added.
10. Whenever we do not specify a permutation σi or a factorization (17) in the definition of Li , it means
that the claim holds true for any feasible choice of these parameters.

(c) Each R ∈ Ri+1 has effective dimension bounded by |V \ Ai+1 |.

(b) Li+1 is low-dimensional with respect to Ai ∪ Bi+1 and has effective dimension
bounded by |(Ai+1 \ Ai ) ∪ Si+1 |.

(a) Ri ⊃ Di+1 and Li ◦ Ri ⊃ Li ◦ Li+1 ◦ Ri+1 .

1. Si ∪ Bi is not a clique in G i+1 . In this case, it is possible to identify a proper decomposition (Ai+1 , Si+1 , Bi+1 ) of G i+1 for some Ai+1 that is a strict superset of Ai
by (possibly) adding edges to G i+1 in order to turn Si+1 into a clique. Let Di+1 =
Li+1 ◦ Ri+1 be defined as in Theorem 7 for the pair of measures νη , νi+1 := Li] νi and
(Ai+1 , Si+1 , Bi+1 ). Then the following hold:

Lemma 8 (Recursive decompositions) Let νη , νi , G i be defined as in the assumptions
of Theorem 7 for a proper decomposition (Ai , Si , Bi ) of G i , while let G i+1 and Di = Li ◦ Ri
be the resulting graph (Part 2d) and family of decomposable transports,10 respectively. Then
there are two possibilities:

The sparsity of G 2 is important because it affects the “complexity” of the maps in R1 : each
R ∈ R1 pushes forward νη to L1] νπ . More specifically, by the previous discussion, we can
see how the role of each R ∈ R1 is really only that of matching the marginals of νη and
L1] νπ along V \ A. A natural question then is whether we can break this matching step into
simpler tasks, or, in the language of this section, whether R1 contains transports that are
further decomposable. Intuitively, we are seeking a finer-grained representation for some of
the transports in R1 . The following lemma (for i = 1) provides a positive answer to this
question as long as V \ A is not fully connected in G 2 . From now on, we denote (A, S, B)
by (A1 , S1 , B1 ), since we will be dealing with a sequence of different graph decompositions.

6.3. Recursive Decompositions

We first look at the theorem for i = 1 and let ν1 := νπ and G 1 := G, where νπ denotes
our usual target measure with I-map G and where (A, S, B) denotes a decomposition of G.
Among the infinitely many transport maps from νη to νπ , Theorem 7 identifies a family of decomposable ones. The existence of these maps relies exclusively on the Markov
structure of νπ : we just require G to admit a (proper) decomposition.7
Each transport T ∈ D1 pushes forward νη to νπ and is the composition of two lowdimensional maps, i.e., T = L1 ◦ R for a fixed L1 defined in Theorem 7[Part 2a] and for
some R ∈ R1 . (We also write D1 := L1 ◦ R1 .8 ) The structure of these low-dimensional
maps is quite interesting. Up to a reordering of their components, Theorem 7[Parts 2a and
2b] show that L1 and R have an intuitive complementary form:




L1A (xS , xA )
xA




(19)
L1 (x) =  L1S (xS )
R(x) =  RS (xS , xB )  .
,
RB (xS , xB )
xB
(If S = ∅, one can just remove L1S and RS from (19), and drop the dependence of the
remaining components on xS .) In particular, L1 and R have effective dimensions bounded
by |A ∪ S| and |S ∪ B| = |V \ A|, respectively (see Definition 4). Even though L1 and R are
low-dimensional maps, their composition is quite dense—in the sense of Section 5—and is
in general nontriangular:


L1A ( RS (xS , xB ), xA )


T (x) = (L1 ◦ R)(x) =  L1S ( RS (xS , xB ) )
,
RB (xS , xB )

and thus more difficult to represent and to work with. The key idea of decomposable
transports is that they can be represented implicitly through the composition of their lowdimensional factors, similar to the way that direct transports can be represented implicitly
through their sparse inverses (Section 5).
The sparsity patterns of L1 and R in (19) are needed for the theorem to hold. In
particular, L1 must be a σ-triangular function with σ specified by (18). Notice that (18) does
not prescribe an exact permutation, but just a few constraints on a feasible σ. Intuitively,
these constraints say that L1 should be a function whose components with indices in S
depend only on the variables in S (whenever S =
6 ∅), and whose components with indices in
A depend only on the variables in A ∪ S. Thus, there is usually some freedom in the choice
of σ. Different permutations lead to different families of decomposable transports, and can
induce different sparsity patterns in an I-map, G 2 , for L1] νπ (Theorem 7[Part 2d]).
Part 2d of the theorem shows how to derive a possible I-map G 2 —not necessarily
minimal—by performing a sequence of graph operations on G. There are two steps: one
that does not depend on σ and one that does. Let us focus first on the former: the idea is to
remove from G any edge that is incident to any node in A, effectively disconnecting A from
2 marginally
the rest of the graph. That is, if Z 2 ∼ L1] νπ , then, regardless of σ, L1 makes ZA
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7. To obtain a proper decomposition of G, one is free to add edges to G in order to turn the separator set
S into a clique (see Definition 5); νπ still factorizes according to any less sparse version of G.
8. The notation here is intuitive: for a given g : Rn → Rn and for a given set of functions F from Rn to
Rn , g ◦ F denotes the set of maps that can be written as g ◦ f for some f ∈ F.
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(21)

(20)



.
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The map R is low-dimensional with respect to Ak+1 and can also be chosen as a generalized
triangular function. Intuitively, we can think of Li as decoupling nodes in Ai \ Ai−1 from
the rest of the graph in an I-map for (L1 ◦ · · · ◦ Li−1 )] νπ . (Recall that by Lemma 8 all the

xAi−1
 LAi \Ai−1 (x , x
 i
Si
Ai \Ai−1 )
Li (x) =  S
 Li i (xSi )
xBi



for some R ∈ Rk+1 , that pushes forward νη to νπ . (Note that we can apply Lemma 8[Part
1] only finitely many times since |V \ Ai+1 | is an integer function strictly decreasing in i and
bounded away from zero.) Each Li in (20) is a σi -triangular map for some permutation σi
that satisfies (21), and is low-dimensional with respect to Ai−1 ∪ Bi , i.e., for i > 1 and up
to a permutation of its components,

T = L1 ◦ · · · ◦ Lk+1 ◦ R,

which shows that there exists a decomposable transport,

D1 = L1 ◦ R1 ⊃ L1 ◦ · · · ◦ Lk+1 ◦ Rk+1 ,

Lemma 8[Part 1] shows that if S1 ∪ B1 is not fully connected in G 2 , then there exists
a proper decomposition (A2 , S2 , B2 ) of G 2 (obtained, possibly, by adding edges to G 2 in
V \ A1 ) for which A2 is a strict superset of A1 . One can then apply Theorem 7 for the pair
νη , ν2 = L]1 ν1 and the decomposition (A2 , S2 , B2 ). As a result, Part 1a of the lemma shows
that R1 contains a subset D2 = L2 ◦ R2 of decomposable transport maps where both L2
and each R ∈ R2 are local transports on V \ A1 , i.e., they are both low-dimensional with
respect to A1 . In particular, L2 is responsible for decoupling A2 \ A1 from the rest of the
graph and for matching the marginals of νη and L]2 L]1 νπ = (L1 ◦ L2 )] νπ along A2 \ A1 .
The effective dimension of L2 is bounded above by the size of the separator set S2 plus the
number of nodes in A2 \ A1 (Part 1b of the lemma). The effective dimension of each R ∈ R2
is bounded by the cardinality of V \ A2 and is, in the most general case, lower than that
of the maps in R1 (Part 1c). Moreover, by Part 1a, D1 = L1 ◦ R1 ⊃ L1 ◦ L2 ◦ R2 , which
means that among the infinitely many decomposable transports that push forward νη to νπ ,
there exists at least one that factorizes as the composition of three low-dimensional maps
as opposed to two, i.e., T = L1 ◦ L2 ◦ R for some R ∈ R2 .
If, on the other hand, S1 ∪ B1 is fully connected in G 2 , then by Lemma 8[Part 2] we
know that the decomposition of Part 1 does not exist. As a result, we cannot use Theorem
7 to prove the existence of more finely decomposable transports in R1 . In other words, if
we want to match the marginals of νη and L]1 νπ along V \ A1 = S1 ∪ B1 , then we must do
so in one shot, using a single transport map.
The main idea, then, is to apply Lemma 8[Part 1], recursively, k times, where k is the
first integer (possibly zero) for which Sk+1 ∪ Bk+1 is a clique in G k+2 . After k iterations,
the following inclusion must hold:

2. Si ∪ Bi is a clique in G i+1 . In this case, the decomposition of Part 1 does not exist.

Inference via Low-Dimensional Couplings
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sets (Ai ) are nested, i.e., A1 ⊂ · · · ⊂ Ak+1 .) Figure 6 illustrates the mechanics underlying
the recursive application of Lemma 8.
We emphasize that the existence and structure of (21) follow from simple graph operations on G, and do not entail any actual computation with the target measure νπ . Notice
also that even if each map in the decomposition (20) is σ-triangular, the resulting transport
map T need not be triangular at all. In other words, we obtain factorizations of general and
possibly non-triangular transport maps in terms of low-dimensional generalized triangular
functions. In this sense, we can regard triangular maps as a fundamental “building block”
of a much larger class of transport maps.
Decomposable transports are clearly not unique. In particular, there are two factors
that affect both the sparsity pattern and the number k of composed maps in the family
L1 ◦ · · · ◦ Lk+1 ◦ Rk+1 : the sequence of decompositions (Ai , Si , Bi ) and the sequence of
permutations (σi ). Usually, there is a certain freedom in the choice of these parameters,
and each configuration might lead to a different family of decomposable transports. Of
course some families might be more desirable than others: ideally, we would like the lowdimensional maps in the composition to have the smallest effective dimension possible.
Recall that by Lemma 8 the effective dimension of each Li can be bounded above by
|(Ai \ Ai−1 ) ∪ Si | (with the convention A0 = ∅). Thus we should intuitively choose a
decomposition (Ai , Si , Bi ) of G i and a permutation σi for Li that minimize the cardinality
of (Ai \ Ai−1 ) ∪ Si , and that, at the same time, minimize the number of edges added from
G i to G i+1 . In principle, we should also account for the dimensions of all future maps in
the recursion. In the most general case, this graph theoretic question could be addressed
using dynamic programming (Bertsekas, 1995). In practice, however, we will often consider
graphs for which a good sequence of decompositions and permutations is rather obvious (see
Section 7). For instance, if the target distribution νπ factorizes according to a tree G, then
it is immediate to show the existence of a decomposable transport T = T1 ◦ · · · ◦ Tn−1 that
pushes forward νη to νπ and that factorizes as the composition of n−1 low-dimensional maps
(Ti )n−1
i=1 , each associated to an edge of G: it suffices to consider a sequence of decompositions
(Ai , Si , Bi ) with A1 ⊂ A2 ⊂ · · · , where, for a given rooted version of G, Ai \ Ai−1 consists
of a single node ai with the largest depth in G V\Ai−1 , and where Si contains the unique
parent of that node. Remarkably, each map Ti has effective dimension less than or equal to
two, independent of n—the size of the tree.
At this point, it might be natural to consider a junction tree decomposition of a triangulation of G (Koller and Friedman, 2009) as a convenient graphical tool to schedule the
sequence of decompositions (Ai , Si , Bi ) needed to apply Lemma 8 recursively. Decomposable graphs are in fact ultimately chordal (Lauritzen, 1996). However, the situation might
not be as straightforward. The problem is that the clique structure of G i , an I-map for
νi , can be very different than that of G i+1 , an I-map for L]i νi ; Theorem 7[Part 2d] shows
that G i+1 might contain larger maximal cliques than those in G i , even if G i is chordal (see
Figure 6 for an example). Thus, working with a junction tree might require a bit of extra
care.
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6.4. Computation of Decomposable Transports
Given the existence and structure of a decomposable transport like (21), what to do with
it? There are at least two possible ways of exploiting this type of information. First, one
could solve a variational problem like (6) and enforce an explicit parameterization of the
transport map as the composition T = L1 ◦ · · · ◦ Lk+1 ◦ R. In this scenario, one need only
parameterize the low-dimensional maps (Li , R) and optimize, jointly, over their composition.
The advantage of this approach is that it bypasses the parameterization of a single highdimensional function, T , altogether. See the literature on normalizing flows (Rezende and
Mohamed, 2015) for possible computational ideas in this direction.
An alternative—and perhaps more intriguing—possibility is to compute the maps (Li )
sequentially by solving separate low-dimensional optimization problems—one for each map
Li . By Theorem 7[Part 2a] and Lemma 8, there exists a factorization (17) of πi —a density
]
of Li−1
νi−1 —for which Li is a σi -generalized KR rearrangement that pushes forward νη to
a measure with density proportional to ψAi ∪Si ηXBi , where (Ai , Si , Bi ) is a decomposition
of G i and G i is an I-map for νi . In general ψAi ∪Si depends on Li−1 , and so the maps (Li )
must be computed sequentially.11 In essence, decomposable transports break the inference
task into smaller and possibly easier steps.
Note that we could define Li with respect to any factorization (17) with ψAi ∪Si integrable: these different factorizations would lead to a family of decomposable transports
with the same low-dimensional structure and sparsity patterns (as predicted by Theorem 7).
Thus, as long as we have access to a sequence of integrable factors (ψAi ∪Si ), we can compute each map Li individually by solving a low-dimensional optimization problem. (See
Appendix A for computational remarks on generalized triangular functions.) Intuitively,
since by Lemma 8[Part 1b] Li is low-dimensional with respect to Ai−1 ∪ Bi , we really only
need to optimize for a portion of the map, namely LiC for C = (Ai \ Ai−1 ) ∪ Si , which can
be regarded effectively as a multivariate map on R|C| . In the same way, the map R can
]
νk+1 .
be computed as any transport (possibly triangular) that pushes forward νη to Lk+1
Theorem 7[Part 2b] tells us that once again we only need to optimize for a low-dimensional
portion of the map, namely, RSk+1 ∪Bk+1 .
While it might be difficult to access a sequence of factorizations (17) for a general
problem, there are important applications, such as Bayesian filtering, smoothing, and joint
parameter/state estimation, where the sequential computation of the transports (Li , R) is
always possible by construction. We discuss these applications in the next section.

7. Sequential Inference on State-Space Models: Variational Algorithms
In this section, we consider the problem of sequential Bayesian inference (or discrete-time
data assimilation; Reich and Cotter, 2015) for continuous, nonlinear, and non-Gaussian
state-space models.
Our goal is to specialize the theory developed in Section 6 to the solution of Bayesian filtering and smoothing problems. The key result of this section is a new variational algorithm
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11. This is not always the case. For instance, given a rooted version of G and a pair of consecutive depths
(see the discussion at the end of Section 6.3), all the maps (Li ) associated with edges connecting nodes
at these two depths can be computed in parallel.
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Figure 6: Sequence of graph decompositions associated with the recursive application of
Lemma 8. On the (top left) there is an I-map, G 1 , for νπ , with νπ ∈ M+ (R6 ).
We first decompose this graph into (A1 , S1 , B1 ) as indicated, and apply Theorem
7 to the pair νη , νπ . To do so, we first need to add edge (2, 3) to G 1 in order
to turn (A1 , S1 , B1 ) into a proper decomposition of G 1 with a fully connected
S1 . The resulting graph, G ?1 , is now chordal (in fact, a triangulation of G 1 ,
Lauritzen, 1996), but still an I-map for νπ . The first map L1 is σ1 -triangular
with σ1 (N6 ) = {2, 3, 1, 4, 5, 6} and it is low-dimensional with respect to B1 ; The
(top right) figure shows the I-map, G 2 , for L1] νπ as given by Theorem 7[Part 2d]:
as expected, A1 is disconnected from S1 ∪ B1 ; moreover, a new maximal clique
{2, 3, 4, 5} appears in G 2 . This new clique is larger than any of the maximal
cliques in G ?1 , even though G ?1 is chordal. (Notice that σ1 is not the permutation
that adds the fewest edges possible in G 2 . An example of such “best” permutation
would be σ(N6 ) = {3, 2, 1, 4, 5, 6}.) Though Theorem 7 guarantees the existence
of a low-dimensional map R ∈ R1 that pushes forward νη to L1] νπ , we instead
proceed recursively by applying Lemma 8[Part 1] for a proper decomposition,
(A2 , S2 , B2 ), of G 2 , where A2 is a strict superset of A1 (bottom left). The lemma
shows that R1 ⊃ L2 ◦R2 for some σ2 -triangular map L2 , which is low-dimensional
with respect to A1 ∪B2 , and where each R ∈ R2 pushes forward νη to (L1 ◦L2 )] νπ .
Can we apply Lemma 8 one more time to characterize decomposable transports
in R2 ? The answer is no, as the I-map for (L1 ◦ L2 )] νπ (bottom right) consists of
a single clique in S2 ∪ B2 . Nevertheless, each R ∈ R2 is still low-dimensional with
respect to A2 . Overall, we showed the existence of a transport map T : R6 → R6
pushing forward νη to νπ that decomposes as T = L1 ◦ L2 ◦ R, where L1 , L2 , R
are effectively {3, 4, 3}-dimensional maps, respectively.
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πZ0:k |y0:k (z0:k ) := πZ0:k |Y0:k (z0:k |y0:k )
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(22)

In typical applications of state-space modeling, the process (Yk ) is only observed sequentially, and thus the goal of inference is to characterize—sequentially in time and via a
recursive algorithm—the joint distribution of the current and past states given currently
available measurements, i.e.,

7.1. Smoothing and Filtering: the Full Bayesian Solution

Figure 7: (above) I-map for the joint process (Zk , Yk )k≥0 defining the state-space model.
(below) I-map for the independent reference process (Xk )k≥0 used in Theorem 9.

Z1

Z0

for all k ≥ 0. That is, we wish to characterize πZ0:k |y0:k based on our knowledge of the
posterior distribution at the previous timestep, πZ0:k−1 |y0:k−1 , and with an effort that is
constant over time. We regard (22) as the full Bayesian solution to the sequential inference
problem (Särkkä, 2013).
Usually, the task of updating πZ0:k−1 |y0:k−1 to yield πZ0:k |y0:k becomes increasingly challenging over time due to the widening inference horizon, making characterization of the full
Bayesian solution impractical for large k. Thus, two simplifications of the sequential inference problem are frequently considered: filtering and smoothing (Särkkä, 2013). In filtering,
we characterize πZk |y0:k for all k ≥ 0, while in smoothing we recursively update πZj |y0:k for
increasing k > j, where Zj is some past state of the unobserved process. Both filtering
and smoothing deliver particular low-dimensional marginals of the full Bayesian solution
to the inference problem, and hence are often considered good candidates for numerical
approximation (Doucet and Johansen, 2009).
The following theorem shows that characterizing the full Bayesian solution to the sequential inference problem via a decomposable transport map is essentially no harder than
performing lag–1 smoothing, which, in turn, amounts to characterizing πZk−1 ,Zk |y0:k for all
k ≥ 0 (an operation only slightly harder than regular filtering). This result relies on the
recursive application of the decomposition theorem for couplings (Theorem 7) to the tree
Markov structure of πZ0:k |y0:k . In what follows, let (Xk )k≥0 be an independent (reference)
process with nonvanishing marginal densities (ηXk ), with each Xk taking values on Rn . See
Figure 7 for the corresponding Markov network.

for characterizing the full posterior distribution of the sequential inference problem—e.g.,
not just a few filtering or smoothing marginals—via recursive lag–1 smoothing with transport maps. The proposed algorithm builds a decomposable high-dimensional transport map
in a single forward pass by solving a sequence of local low-dimensional problems, without
resorting to any backward pass on the state space model (see Theorem 9). These results
extend naturally to the case of joint parameter and state estimation (see Section 7.3 and
Theorem 12). Pseudocode for the algorithm is given in Appendix C.
A state-space model consists of a pair of discrete-time stochastic processes (Zk , Yk )k≥0
indexed by the time k, where (Zk ) is a latent Markov process of interest and where (Yk ) is
the observed process. We can think of each Yk as a noisy and perhaps indirect measurement
of Zk . The Markov structure corresponding to the joint process (Zk , Yk ) is shown in Figure
7. The generalization of the results of this section to the case of missing observations is
straightforward and will not be addressed here.
We assume that we are given the transition densities πZk+1 |Zk for all k ≥ 0, sometimes referred to as the “prior dynamic,” together with the marginal density of the initial conditions
πZ0 . (For instance, the prior dynamic could stem from the discretization of a continuous
time stochastic differential equation; Oksendal, 2013.) We denote by πYk |Zk the likelihood
function, i.e., the density of Yk given Zk , and assume that Zk and Yk are random variables
taking values on Rn and Rd , respectively. Moreover, we denote by (yk )k≥0 a sequence of
realizations of the observed process (Yk ) that will define the posterior distribution over the
unobserved (hidden) states of the model, and make the following regularity assumption in
our theorems: πZ0:k−1 ,Y0:k−1 > 0 for all k ≥ 1. (The existence of underlying fully supported
measures will be left implicit throughout the section for notational convenience.)
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pushes forward ηXk ,Xk+1 to πZk ,Zk+1 |y0:k+1 .

[lag–1 smoothing]

(24)

[filtering]
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2. The map Mk , defined as (M1k−1 (x) = x for k = 0)
"
#
M1k−1 (M0k (xk , xk+1 ))
Mk (xk , xk+1 ) =
,
M1k (xk+1 )

1. The map M1k pushes forward ηXk+1 to πZk+1 |y0:k+1 .

Then, for all k ≥ 0, the following hold:

– π
ei (zi , zi+1 ) = πZi+1 |Zi (zi+1 |zi ) πYi+1 |Zi+1 (yi+1 |zi+1 ) for i ≥ 1.

– π
e0 (z0 , z1 ) = πZ0 ,Z1 (z0 , z1 ) πY0 |Z0 (y0 |z0 ) πY1 |Z1 (y1 |z1 ),

where ci is a normalizing constant and where (e
π i )i≥0 are functions on Rn × Rn given by:

– Mi pushes forward ηXi ,Xi+1 to π i (zi , zi+1 ) = ηXi (zi ) π
ei (M1i−1 (zi ), zi+1 )/ci ,

– M0 pushes forward ηX0 ,X1 to π 0 = π
e0 /c0 ,

for some σi , M0i : Rn × Rn → Rn , M1i : Rn → Rn , and that are defined by the recursion:

Theorem 9 (Decomposition theorem for state-space models) Let (Mi )i≥0 be a sequence of (σi )-generalized KR rearrangements on Rn × Rn , which are of the form
"
#
M0i (xi , xi+1 )
Mi (xi , xi+1 ) =
(23)
M1i (xi+1 )
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(26)

[full Bayesian solution]

(25)
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x0
.
..
xi−1
Mi0 (xi , xi+1 )
Mi1 (xi+1 )
xi+2
.
..
xk+1

ci .

(27)

3. The composition of transport maps Tk = T0 ◦ · · · ◦ Tk , where each Ti is defined as









Ti (x0 , . . . , xk+1 ) = 







pushes forward ηX0:k+1 to πZ0:k+1 |y0:k+1 .

i=0

k
Y

4. The model evidence (marginal likelihood) is given by
πY0:k+1 (y0:k+1 ) =

28
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Evaluating Tk on samples drawn from the reference process ηX0:k+1 amounts to sampling
first from the final filtering marginal πZk+1 |y0:k+1 and then from the sequence of “backward”
conditionals in (27). See also (Kitagawa, 1987; Doucet and Johansen, 2009; Godsill et al.,
2004) for alternative approximations of the forward–filtering backward–smoothing formulas.
Note that the proposed approach does not reduce to the ensemble Kalman filter (EnKF)
or to the ensemble Kalman smoother (EnKS) (Evensen, 2003; Evensen and Van Leeuwen,
2000), even if the maps {Mk } are constrained to be linear. For one, the EnKF implements
a two-step recursive approximation of each filtering marginal, which consists of (i) a particle
approximation of the “forecast” distribution πZk+1 |y0:k obtained by simulating the transition
kernel πZk+1 |Zk , followed by (ii) a linear approximation of the forecast-to-analysis update
(i.e., the update from πZk+1 |y0:k to πZk+1 |y0:k+1 ). In contrast, our approach constructs a
recursive variational approximation of each lag–1 smoothing distribution, essentially using numerical optimization to minimize the KL divergence between πZk ,Zk+1 |y0:k+1 and its
transport map approximation. We do not make a particle approximation of the forecast

πZi+1 ,Zi |y0:i+1 = πZi+1 |y0:i+1 πZi |Zi+1 ,y0:i .

wherein each map Mi , due to its block upper triangular structure, is associated with a
specific factorization of the lag–1 smoothing density,

πZ0:k+1 |y0:k+1 = πZk+1 |y0:k+1 πZk |Zk+1 ,y0:k πZk−1 |Zk ,y0:k−1 · · · πZ0 |Z1 ,y0 ,

we are only interested in a particular smoothing marginal, e.g., πZ0 |y0:k+1 for all k ≥ 0, then
we can define a general forward recursion to sample πZ0 |y0:k+1 with a single transport map
that is updated recursively over time, rather than with a growing composition of maps—and
thus with a cost independent of k. This construction is given in Section 7.4.
Also, it is important to emphasize that in order to assimilate a new measurement, say
yk+1 , we do not need to evaluate the full composition Tk−1 ; we only need to compute a
low-dimensional map Mk whose target density π k depends only on Mk−1 . The previous
maps (Mi )i<k−1 are unnecessary at this stage. Thus the effort of assimilating a new piece
of data is constant in time—modulo the complexity of each Mk .
The distribution πZ0:k+1 |y0:k+1 is not represented via a collection of particles as k ≥ 0 increases, but rather via a growing composition of low-dimensional transport maps that yields
fully supported approximations of πZ0:k+1 |y0:k+1 . These maps are computed via deterministic optimization: there are no importance sampling or resampling steps. Intuitively, the
optimization step for Mk moves the particles on which the map is evaluated, rather than
reweighing them.
Part 1 of Theorem 9 shows that the lower subcomponent Mk1 : Rn → Rn of the map
Mk characterizes the filtering distribution πZk+1 |y0:k+1 for all k ≥ 0, while Part 2 shows
that each Mk also characterizes the lag–1 smoothing distribution πZk ,Zk+1 |y0:k+1 up to an
invertible transformation of the marginal over Zk . Thus, Theorem 9 implies a deterministic
algorithm for lag–1 smoothing that in fact fully characterizes the posterior distribution of
the nonlinear state-space model—much in the same spirit as the Rauch-Tung-Striebel (RTS)
smoothing algorithm for Gaussian models. We clarify this connection in Section 7.2.
A related perspective on the proposed smoothing algorithm is that the composition of
maps Tk = T0 ◦ · · · ◦ Tk implements the following factorization of the full Bayesian solution,
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Theorem 9 suggests a variational algorithm for smoothing and filtering a continuous statespace model: compute the sequence of maps (Mi ), each of dimension 2n; embed them
into higher-dimensional identity maps to form (Ti ) according to (25); then evaluate the
composition Tk = T0 ◦ · · · ◦ Tk to sample directly from πZ0:k+1 |y0:k+1 (i.e., the full Bayesian
solution) and obtain information about any smoothing or filtering distribution of interest.
Successive transports in the composition (Tk )k≥0 are nested and thus ideal for sequential
assimilation: given Tk−1 , we can obtain Tk simply by computing an additional map Mk of
dimension 2n—with no need to recompute (Mi )i<k . This step converts a transport map
that samples πZ0:k |y0:k into one that samples πZ0:k+1 |y0:k+1 . This feature is important since
Mk is always a 2n-dimensional map, while πZ0:k+1 |y0:k+1 is a density on Rn(k+2) —a space
whose dimension increases with time k. In fact, from the perspective of Section 6, Theorem
9 simply shows that each πZ0:k+1 |y0:k+1 can be represented via a decomposable transport
Tk = T0 ◦ · · · ◦ Tk . The sparsity pattern of each map Mi , specified in (23), is necessary for
Theorem 9 to hold: Mi cannot be any transport map; it must be block upper triangular.
The proposed algorithm consists of a forward pass on the state-space model—wherein
the sequence of transport maps (Mi ) are computed and stored—followed by a backward
pass where the composition Tk = T0 ◦ · · · ◦ Tk is evaluated deterministically to sample
πZ0:k+1 |y0:k+1 . This backward pass does not re-evaluate the potentials of the state-space
model (e.g., transition kernels or likelihoods) at earlier times, nor does it perform any
additional computation other than evaluating the maps (Mi ) in Tk .
Though each map Tj is usually trivial to evaluate—e.g., the map might be parameterized
in terms of polynomials (Marzouk et al., 2016) and differ from the identity along only 2n
components—it is true that the cost of evaluating Tk grows linearly with k. This is hardly
surprising since πZ0:k+1 |y0:k+1 is a density over spaces of increasing dimension. A direct
approximation of Tk is usually a bad idea since the map is high-dimensional and dense (in
the sense defined by Section 6); it is better to store Tk implicitly through the sequence of
k , and sample smoothed trajectories by evaluating T only when it is needed. If
maps (Mi )i≥0
k
27

πZ0:k+1 |y0:k+1 (x)
(Tk )] ηX0:k+1 (x)
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is readily available, and can be used to yield consistent estimators with respect to the
smoothing distribution. However, the resulting weights cannot be computed recursively in
time, because even though the small dimensional maps Mk are computed sequentially, the
map-induced proposal (Tk )] ηX0:k+1 changes entirely at every step.
In particle filters, the complexity of approximating the underlying distribution is given
by the number of particles N . In the proposed variational approach, the complexity of
the approximation depends on the parameterization of each map Mi . There is no single
parameter like N to describe the complexity of the latter—though, broadly, it should depend
on the number of degrees of freedom in the parameterization. In some cases, one might
think of using the total order of a multivariate polynomial expansion of each component of
the map as a tuning parameter. But this is far from general or practical in high dimensions.
The virtue of a functional representation of the transport map is the ability to carefully
select the degrees of freedom of the parameterization. For instance, we might model local
interactions between different groups of input variables using different approximation orders
or even different sets of basis functions. This freedom should not be frightening, but rather
embraced as a rich opportunity to exploit the structure of the particular problem at hand.
Spantini (2017, Ch. 6) gives an example of this practice in the context of filtering highdimensional spatiotemporal processes with chaotic dynamics.
In general, richer parameterizations of the maps are more costly to characterize because
they lead to higher-dimensional optimization problems (7). Yet, richer parameterizations
can yield arbitrarily accurate results. There is clearly a tradeoff between computational
cost and statistical accuracy. We investigate this tradeoff numerically in Section 8, where
we report the cost of computing a transport map under different parameterizations and
inference scenarios.
Another important note: the sequential approximation of the individual maps (Mi )
might present additional challenges due to the accumulation of error, since the target den-

wk+1 (x) =

sity for the k-th map Mk depends on the numerical approximation of the previous map,
Mk−1 . This is not an issue with the factorization of Tk per se, but rather with sequentially
computing each element of the factorization. The analysis of sequential Monte Carlo methods (e.g., Crisan and Doucet, 2002; Del Moral, 2004; Smith et al., 2013) addresses a similar
accumulation of error, but has not yet been extended to sequential variational inference
techniques. In Section 8, we empirically investigate the stability of variational transport
map approximations for a problem of very long time smoothing (see Figure 17), showing
excellent results—at least for the reconstruction of low-order smoothing marginals.
As shown in (9), the computation of each Mi is also associated with an approximation
of the normalizing constant ci of its own target density, which then leads to a one-pass
approximation of the marginal likelihood using (26).
One last remark: the proof of Theorem 9 shows that the triangular structure hypothesis
for each Mi can be relaxed provided that the underlying densities are regular enough. The
following corollary clarifies this point.

distribution by integrating the model dynamics, but instead require explicit evaluations of
the transition density πZk+1 |Zk . If, however, the dynamics of the state-space model are linear, with Gaussian transition/observational noise and Gaussian initial conditions, then the
proposed algorithm is equivalent to filtering and smoothing via “exact” Kalman formulas;
in this case, the EnKF and EnKS can be interpreted as Monte Carlo approximations of the
recursions defined by the proposed algorithm (Raanes, 2016).
Numerical approximations. In general, the maps (Mi ) must be approximated numerically (see Section 3). As a result, Monte Carlo estimators associated with the evaluation
of Tk = T0 ◦· · ·◦Tk are biased, although possibly with negligible variance, since it is trivial to
evaluate the map a large number of times. This bias is only due to the numerical approximation of (Mi ), and not to the particular factorization properties of Tk . In practice, one might
either accept this bias or try to reduce it. The bias can be reduced in at least two ways: (1)
by enriching the parameterization of some (Mi ), and thus increasing the accuracy of the
variational approximation, or (2) by using the map-induced proposal density (Tk )] ηX0:k+1 —
i.e., the pushforward of a marginal of the reference process through Tk —within importance
sampling or MCMC (see Section 8). For instance, the weight function

30
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for some matrices Ak , Bk , Ck ∈ Rn×n and ak , ck ∈ Rn . (Notice that in this case Corollary
10 applies and the matrices Ak , Bk can be full and not necessarily triangular.) The following
lemma gives a closed form expression for the maps (Mk ) with k ≥ 1. (M0 can be derived
analogously with simple algebra.)

for all k ≥ 0, where εk ∼ N (0, Qk ), ξk ∼ N (0, Rk ), Fk ∈ Rn×n , Hk ∈ Rd×n , and Z0 ∼
N (µ0 , Γ0 ). Both εk and ξk are independent of Zk , while Qk , Rk , and Γ0 are symmetric
positive definite matrices for all k ≥ 0.
If we choose an independent reference process (Xk ) with standard normal marginals,
i.e., ηXk = N (0, I), then the maps (Mk ) of Theorem 9 can be chosen to be linear:

 


zk
ak
Ak Bk
,
(28)
Mk (zk , zk+1 ) =
+
0 Ck
zk+1
ck

Yk = Hk Zk + ξk

Zk+1 = Fk Zk + εk

In this section, we specialize the results of Theorem 9 to linear Gaussian state-space models,
and make explicit the connection with the RTS Gaussian smoother (Rauch et al., 1965).
Consider a linear Gaussian state-space model defined by

7.2. The Linear Gaussian Case: Connection with the RTS Smoother

Filtering and smoothing are of course very rich problems, and in this section we have by
no means attempted to be exhaustive. Rather, our goal was to highlight some implications
of decomposable transports on problems of sequential Bayesian inference, in a general nonGaussian setting.

Corollary 10 The results of Theorem 9 still hold if we replace every KR rearrangement
Mi with a “block triangular” diffeomorphism of the form (23) that couples the same distributions, provided that such regular transport maps exist.
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ZN

– M0 pushes forward ηXΘ ,X0 ,X1 to

– Mi pushes forward ηXΘ ,Xi ,Xi+1 to

– π
e0 (zθ , z0 , z1 ) = πΘ,Z0 ,Z1 (zθ , z0 , z1 ) πY0 |Z0 ,Θ (y0 |z0 , zθ ) πY1 |Z1 ,Θ (y1 |z1 , zθ ),

"

TkΘ (xθ )
Mk1 (xθ , xk+1 )

#

,

(32)

(33)

[filtering]

– π
ei (zθ , zi , zi+1 ) = πZi+1 |Zi ,Θ (zi+1 |zi , zθ ) πYi+1 |Zi+1 ,Θ (yi+1 |zi+1 , zθ ) for i ≥ 1.
Then, for all k ≥ 0, the following hold:

fk , defined as
1. The map M

fk (xθ , xk+1 ) =
M

pushes forward ηXΘ ,Xk+1 to πΘ,Zk+1 |y0 ,...,yk+1 .

32

MiΘ (xθ )
x0
.
..
xi−1
Mi0 (xθ , xi , xi+1 )
Mi1 (xθ , xi+1 )
xi+2
...
xk+1

pushes forward ηXΘ ,X0 ,...,Xk+1 to πΘ,Z0 ,...,Zk+1 |y0 ,...,yk+1 .









Ti (xθ , x0 , . . . , xk+1 ) = 
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[full Bayesian solution]

(35)

2. The composition of transport maps Tk = T0 ◦ · · · ◦ Tk , where each Ti is defined as











,








(34)

where ci is a normalizing constant, the map TjΘ := M0Θ ◦ · · · ◦ MjΘ for all j ≥ 0, and where
(e
π i )i≥0 are functions on Rp × Rn × Rn given by:

Θ
1
π i (zθ , zi , zi+1 ) = ηXΘ ,Xi (zθ , zi ) π
ei (Ti−1
(zθ ), Mi−1
(zθ , zi ), zi+1 )/ci ,

π0 = π
e0 /c0 ,

for some σi , MiΘ : Rp → Rp , Mi0 : Rp × Rn × Rn → Rn , Mi1 : Rp × Rn → Rn , and that are
defined by the recursion:

(31)
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MiΘ (xθ )


=  Mi0 (xθ , xi , xi+1 ) 
Mi1 (xθ , xi+1 )
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Θ

Z2

Mi (xθ , xi , xi+1 )

Theorem 12 (Decomposition theorem for joint parameter and state estimation)
Let (Mi )i≥0 be a sequence of (σi )-generalized KR rearrangements on Rp × Rn × Rn , which
are of the form

(29)

Lemma 11 (The linear Gaussian case) For k ≥ 1, the map Mk in (28) can be defined
as follows: if (ck , Ck ) is the output of a square-root Kalman filter at time k (Bierman,
2006), i.e., if ck and Ck are, respectively, the mean and square root of the covariance of the
filtering distribution πZk+1 |y0:k+1 , then one can set:
−1/2

Bk = −Jk−1 Pk Ck

Ak = J k
ak = Jk−1 Pk (Fk ck−1 − ck ),

> F > Q−1 F C
>
> −1
for Jk := I + Ck−1
k k−1 and Pk = −Ck−1 Fk Qk .
k
k

The formulas in Lemma 11 can be interpreted as one possible implementation of a squareroot RTS smoother for Gaussian models: at each step k of a forward pass, the filtering
estimates (ck , Ck ) are augmented with a collection (ak , Ak , Bk ) of stored quantities, which
can then be reused to sample the full Bayesian solution (or particular smoothing marginals)
whenever needed, and without ever touching the state-space model again. In this sense, the
algorithm proposed in Section 7.1 can be understood as the natural generalization—to the
non-Gaussian case—of the square-root RTS smoother.
7.3. Sequential Joint Parameter and State Estimation

(30)

In defining a state-space model, it is common to parameterize the transition densities of the
unobserved process or the likelihoods of the observables in terms of some hyperparameters
Θ. The Markov structure of the resulting Bayesian hierarchical model, conditioned on
the data, is shown in Figure 8. The state-space model is now fully specified in terms of
the conditional densities (πYk |Zk ,Θ )k≥0 , (πZk+1 |Zk ,Θ )k≥0 , πZ0 |Θ , and the marginal πΘ . We
assume that the hyperparameters Θ take values on Rp , and that the following regularity
conditions hold: πΘ,Z0:k−1 ,Y0:k−1 > 0 for all k ≥ 1.
Given such a parameterization, one often wishes to jointly infer the hidden states and
the hyperparameters of the model as observations of the process (Yk ) become available.
That is, the goal of inference is to characterize, via a recursive algorithm, the sequence of
posterior distributions given by
πΘ,Z0:k |y0:k (zθ , z0:k ) := πΘ,Z0:k |Y0:k (zθ , z0:k |y0:k )

Z1

for all k ≥ 0 and for a sequence (yk )k≥0 of observations. The following theorem shows that
we can characterize (30) by computing a sequence of low-dimensional transport maps in
the same spirit as Theorem 9. In what follows, let (Xk ) be an independent process with
marginals (ηXk ) as defined in Theorem 9 and let XΘ be a random variable on Rp that is
independent of (Xk ) and with nonvanishing density ηXΘ .

Z0
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Figure 8: I-map for πΘ,Z0 ,...,ZN |y0 ,...,yN , for any N > 0.
31
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Consider again the problem of sequential inference in a state-space model without static parameters (see Figure 7), and suppose that we are interested only in the smoothing marginal
πZ0 |y0:k for all k ≥ 0; this is the fixed-point smoothing problem.
In Section 7.1 we showed that computing a sequence of maps (Mi )—each of dimension
2n—is sufficient to sample the joint distribution πZ0:k+1 |y0:k+1 by evaluating the composition
Tk = T0 ◦ · · · ◦ Tk , where each Ti is a trivial embedding of Mi into an identity map. If we
can sample πZ0:k+1 |y0:k+1 , then it is easy to obtain samples from the marginal πZ0 |y0:k+1 : in
fact, it suffices to evaluate only the first n components of Tk , which can be interpreted as
a map from Rn×(k+2) to Rn . To do so, however, we need to evaluate k maps. A natural

7.4. Fixed-Point Smoothing

Theorem 12 suggests a variational algorithm for the joint parameter and state estimation
problem that is similar to the one proposed in Theorem 9: compute the sequence of maps
(Mi ), each of dimension 2n + p; embed them into higher-dimensional identity maps to form
(Ti ) according to (35); then evaluate the composition Tk = T0 ◦ · · · ◦ Tk to sample directly
from πΘ,Z0:k+1 |y0:k+1 (i.e., the full Bayesian solution). See Appendix C for more details.
Each map Mi is now of dimension twice that of the model state plus the dimension of the
hyperparameters. This dimension is slightly higher than that of the maps (Mi ) considered
in Theorem 9, and should be regarded as the price to pay for introducing hyperparameters
in the state-space model and having to deal with the Markov structure of Figure 8 as
opposed to the tree structure of Figure 7. By Theorem 12[Part 1], the composition of maps
Θ
Θ
TΘ
k = M0 ◦ · · · ◦ Mk provides a recursive characterization of the posterior distribution
over the static parameters, πΘ|y0:k+1 , for all k ≥ 0. The latter is often the ultimate goal
of inference (Andrieu et al., 2010). In order to have a sequential algorithm for parameter
Θ
estimation, we also need to keep a running approximation of TΘ
k using the recursion Tk =
Θ —e.g., via regression—so that the cost of evaluating TΘ does not grow with k.
TΘ
◦
M
k
k
k−1
Even in the joint parameter and state estimation case, only a single forward pass with
local computations is necessary to gather all the information from the state-space model
needed to sample the collection of posteriors (πΘ, Z0:k+1 |y0:k+1 ). Notice that the accuracy
of the variational procedure is only limited by the accuracy of each computed map, and
that the proposed approach does not prescribe an artificial dynamic for the parameters
(Kitagawa, 1998; Liu and West, 2001), or an a priori fixed-lag smoothing approximation
(Polson et al., 2008). Yet there is no rigorous proof that the performance of the proposed
sequential algorithm for parameter estimation does not deteriorate with time. Indeed,
developing exact, sequential, and online algorithms for parameter estimation in general nonGaussian state-space models is among the chief research challenges in SMC methods (Jacob,
2015). See (Chopin et al., 2013; Crisan and Miguez, 2013; Del Moral et al., 2017) for recent
contributions in this direction and (Kantas et al., 2015) for a review of SMC approaches
to Bayesian parameter inference. See also (Erol et al., 2017) for a hybrid approach that
combines elements of variational inference with particle filters.
We refer the reader to Section 8 for a numerical illustration of parameter inference with
transport maps involving a stochastic volatility model.

3. The model evidence (marginal likelihood) is given by (26).
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Z3

Z4

ZN
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We illustrate some aspects of the preceding theory using a problem of sequential inference in
a non-Gaussian state-space model. In particular, we show the application of decomposable
transport maps (Sections 6 and 7) to joint state and parameter inference in a stochastic
volatility model. This example is intended as a direct and simple illustration of the theory.
The notion of decomposable transport maps is useful well beyond the sequential inference
setting, and entails the general problem of inference in continuous non-Gaussian graphical
models. We refer the reader to Morrison et al. (2017) for an application of the theory of
sparse transports (Section 5) to the problem of learning the Markov structure of a nonGaussian distribution, and we defer further numerical investigations to a dedicated paper
(Bigoni et al., 2019).
Following (Kim et al., 1998; Rue et al., 2009), we model the scalar log-volatility (Zk )
of the return of a financial asset at time k = 0, . . . , N using an autoregressive process
of order one, which is fully specified by Zk+1 = µ + φ (Zk − µ) + εk , for all k ≥ 0,
1
where εk ∼ N (0, 1/16) is independent of Zk , Z0 |µ, φ ∼ N (µ, 1−φ
2 ), and where φ and
µ represent scalar hyperparameters of the model. In particular, µ ∼ N (0, 1) and φ =
2 exp(φ? )/(1 + exp(φ? )) − 1 with φ? ∼ N (3, 1). We define Θ := (µ, φ). The process (Zk )
and parameters Θ are unobserved and must be estimated from an observed process (Yk ),
which represents the mean return on holding the asset at time k, Yk = ξk exp( 12 Zk ), where
ξk is a standard normal random variable independent of Zk . As a data set (yk )N
k=0 , we use
the N + 1 daily differences of the pound/dollar exchange rate starting on 1 October 1981,
with N = 944 (Rue et al., 2009; Durbin and Koopman, 2000).

8. Numerical Illustration

Figure 9: I-map (certainly not minimal) for πZ0 ,Z1:N |y0:N , for any N > 0. Orange edges
have been added compared to the tree structure of Figure 7.

Z1

Z0

question then is whether it is possible to characterize πZ0 |y0:k+1 via a single transport map
that is updated recursively in time, as opposed to a growing composition of maps.
Here we propose a solution—certainly not the only possibility—based on the theory of
Section 7.3. The idea is to treat Z0 as a static parameter, i.e., to set Θ := Z0 and apply
the results of Theorem 12 to the Markov structure of Figure 9. The resulting algorithm
computes a sequence of maps (Mi ) of dimension 3n, i.e., three times the state dimension,
Θ
Θ
Θ
and keeps a running approximation of TΘ
k via the recursion Tk = Tk−1 ◦ Mk , where
each MΘ
is
just
a
subcomponent
of
M
.
These
maps
(M
)
are
higher-dimensional
than
i
k
k
n
n
those considered in Section 7.1, but they do yield the desired result: each TΘ
k : R → R
characterizes the smoothing marginal πZ0 |y0:k+1 , for all k ≥ 0, via a single transport map
that is updated recursively in time with just one forward pass (see Theorem 12[Part 1]).
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to a standard Gaussian. Figure 15 supports this claim by showing a collection of random two-dimensional conditionals of the approximate pullback: these “slices” of the 947dimensional (N +1 states plus two hyperparameters) pullback distribution are identical to a
two-dimensional standard normal, as expected. The fact that we can evaluate the approximate pullback density is one of the key features of this variational approach to inference.
Even more, we can use this approximate pullback density to estimate the KL divergence
between our target νπ (the full Bayesian solution at time N ) and the approximating meae N −1 )] νη , via the variance diagnostic in (8). A numerical realization of (8) yields
sure (T
e N −1 )] νη || νπ ) ≈ 1.07 × 10−1 , which confirms the good numerical approximation of
DKL ( (T
νπ , a 947-dimensional target measure. For comparison, we note that the KL divergence
from νπ to its Laplace approximation (a Gaussian approximation at the mode) is ≈ 5.68—
considerably worse than what is achieved through optimization of a nonlinear transport
map. Moreover, the Laplace approximation cannot be computed sequentially with a constant effort per time step.
While a slow accumulation of errors is expected for sequential parameter inference,
we also wish to investigate the stability of our transport map approximation for recursive smoothing without static parameters.
We try the following experiment: (1) compute the posterior medians of the static parameters after N + 1 = 945 days, i.e., θ ∗ =
med[Θ|y0 , . . . , y944 ]; and then (2) use these parameters to characterize the smoothing distribution πZ0 ,...,Z2500 |θ∗ , y0 ,..., y2500 of the log-volatility over (roughly) the next ten years worth
of exchanges, using the sequential algorithm proposed in Section 7.1, which in this case
amounts to computing only a sequence of two-dimensional maps (Mk ). The resulting
smoothing marginals are shown in Figure 16 and compared to those of a reference MCMC
simulation with 105 effectively independent samples; we observe excellent agreement despite the long assimilation window. We then repeat the same experiment for an even longer
assimilation window, i.e., 9009 steps or roughly 35 years. Figure 17 shows the remarkable stability of the resulting smoothing approximation, at least for low-order marginals.
In fact, even the approximation of the joint distribution of the states is quite good, as reported in the last column of Table 1. Understanding how errors propagate in this variational
framework—and what could be potential mechanisms for the “dissipation” of errors—is an
exciting avenue for future work.
The results presented so far are very accurate, but also expensive. Table 1 collects the
computational times for the joint state-parameter inference problem (approximately two
days) and for the long-time (9009 step) smoothing problem (approximately 40 minutes),
using a degree-seven map. While there remains a tremendous opportunity to develop more
performance-oriented versions of our transport map code, specialized to the problem of
sequential inference, the present framework also offers a practical and powerful tradeoff
between computational cost and accuracy. In Appendix D, we re-run all our test cases
using linear, rather than degree seven, parameterizations of the maps {Mk }. Table 1 shows
that the computational times are dramatically reduced: from two days to approximately
one minute for the joint state-parameter inference problem, and from 40 minutes to 7
minutes for the long-time smoothing problem. The reduction in computational time comes,
of course, at the price of accuracy; see last column of Table 1. This reduction in accuracy
may or may not be acceptable. For instance, in Figure 24, it is difficult to distinguish the
linear map approximation from the reference MCMC solution. Quantitatively, we know
JMLR 19(66):1-71, 2018

Our goal is to sequentially characterize πΘ,Z0:k |y0:k , for all k = 0, . . . , N , as observations
(yk ) become available. The Markov structure of πΘ,Z0:N |y0:N matches Figure 8. We solve the
N −1
problem using the algorithm introduced in Section 7.3: we compute a sequence, (Mj )j=0
,
of four-dimensional transport maps (n = dim(Zj ) = 1 and p = dim(Θ) = 2) according to
their definition in Theorem 12 and using the variational form (6). All reference densities
are standard Gaussians. Then, by Theorem 12[part 1], for any k < N , we can easily
sample the filtering marginal πZk+1 |y0:k+1 by pushing forward a standard normal through
the subcomponent Mk1 of Mk , and we can also sample the posterior distribution over the
static parameters πΘ|y0:k+1 by pushing forward a standard normal through the map TkΘ .
The map TkΘ = M0Θ ◦ · · · ◦ MkΘ is updated sequentially over time (via regression) using the
Θ ◦ MΘ , so that the cost of evaluating TΘ does not increase with k. The
recursion TkΘ = Tk−1
k
k
resulting algorithm for parameter estimation is thus sequential. Moreover, if we want to
sample πΘ,Z0:k+1 |Y0:k+1 —the full Bayesian solution at time k + 1—we simply need to embed
each Mj into an identity map to form the transport Tj , for j = 0, . . . , k, and push forward
reference samples through the composition Tk = T0 ◦ · · · ◦ Tk (Theorem 12[part 2]). See
Appendix C for pseudocode of the relevant algorithms.
Figures 10 and 11 show the resulting smoothing and filtering marginals of the states
over time, respectively. Figures 12 and 13 collect the corresponding posterior marginals of
the static parameters over time. Figure 14 illustrates marginals of the posterior predictive
distribution of the data, together with the observed data (yk ), showing excellent coverage
overall.
Our results rely on a numerical approximation of the desired transport maps. Each
component of Mk is parameterized via the monotone representation (5), with (ak ) and (bk )
chosen to be Hermite polynomials and functions, respectively, of total degree seven.The
expectation in (6) is approximated using tensorized Gauss quadrature rules. The resulting
minimization problems are solved sequentially using the Newton–CG method (Wright and
Nocedal, 1999). This test case was run using the dedicated software package publicly available at http://transportmaps.mit.edu. The website contains details about additional
possible parameterizations of the maps.
There are several ways to investigate the quality of these approximations. Figures 10,
12, and 13 compare the numerical approximation (via a decomposable transport map)
of the smoothing marginals of the states and the posteriors of the static parameters to
a “reference” solution obtained via MCMC. The MCMC chain is run until it yields 105
effectively independent samples. The two solutions agree remarkably well and are almost
indistinguishable in most places. (Of course, MCMC in this context is not a data-sequential
N
algorithm; it requires that all the data (yk )k=0
be available simultaneously.) An important
fact is that the MCMC chain is generated using an independence proposal (Robert and
Casella, 2013) given by the pushforward of a standard Gaussian through the numerical
e N −1 ). The resulting MCMC chain has an acceptance
approximation of TN −1 (denoted as T
rate slightly above 75%, confirming the overall quality of the variational approximation.
We notice, however, a slow accumulation of error in the posterior marginal for the static
parameter µ (Figure 13). This is not surprising since we are performing sequential parameter
inference (Jacob, 2015).
A second quality test can proceed as follows: since we use a standard Gaussian refe N −1 to be close
erence distribution νη , we expect the pullback of πΘ,Z0:N |y0:N through T
35
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Figure 10: Comparison between the {5, 95}–percentiles (dashed lines) and the mean (solid
line) of the numerical approximation of the smoothing marginals πZk |y0:N via
transport maps (red lines) versus a “reference” MCMC solution (black lines),
for k = 0, . . . , N . The two solutions are indistinguishable.

Zt|Y0 : N

from Table 1 that a linear map is worse at approximating the full Bayesian solution than
a degree-7 transformation. Yet, as far as quantiles of low-order marginals are concerned,
the two solutions are indistinguishable (Figure 24); in an applied setting, this accuracy may
be more than sufficient. In other cases, however, a linear map might be inadequate. For
example, the parameter marginals in Figures 20 and 22, estimated using linear maps, are
much worse than their degree-7 counterparts (Figures 12 and 13). In these cases, we need
nonlinear transformations.
Clearly, there is a rich spectrum of possibilities between a linear and a high-order transport map. Some parameterizations can scale with dimension (e.g., separable but nonlinear
representations), while others cannot (e.g., total-degree polynomial expansions). Depending on the problem, some parameterizations will lead to accurate results, while others will
not. Yet, the cost-accuracy tradeoff in the transport framework can be controlled, e.g., by
estimating the quality of a given approximation using (8).
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Figure 12: (Horizontal plane) At each time k, we illustrate the {5, 25, 40, 60, 75, 95}–
percentiles (shaded regions) and the mean (solid line) of the numerical approximation of πφ|y0:k , the posterior marginal of the static parameter φ. (Vertical
axis) At several times k we also compare the transport map numerical approximation of πφ|y0:k (solid lines) with a reference MCMC solution (dashed lines).
The two distributions agree remarkably well.

30
25
20
15
10
5
0

Figure 11: At each time k, we illustrate the {5, 95}–percentiles (dotted lines) and the mean
(solid line) of the numerical approximation of the filtering distribution πZk |y0:k .
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Order
Laplace
7
linear
Laplace
7
linear

0

200

Var. diag. (8)
5.68
1.07 × 10−1
1.77
10.0
1.19 × 10−1
5.01
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Table 1: Computational effort required to compute a decomposable transport map for different complexities of the transformations Mk —linear versus degree seven—and for
different inference scenarios—smoothing and static parameter estimation (top row)
or long-time smoothing without static parameters (bottom row), for the stochastic
volatility model of Section 8. The last column reports the variance diagnostic
(8) for the corresponding joint posterior, not just a few marginals. It highlights
a tradeoff between cost and accuracy, typical of the transport map approach to
variational inference. For comparison, we also report the cost and accuracy of a
simple Laplace approximation, which requires no formal optimization.
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Figure 13: Same as Figure 12, but for the static parameter µ.
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Figure 15: Randomly chosen two-dimensional conditionals of the pullback of πΘ,Z0:N |y0:N
through the numerical approximation of TN −1 . Since we use a standard normal
reference distribution, the numerical approximation of TN −1 should be deemed
satisfactory if the pullback density is close to a standard normal, as it is here.

Random conditionals

Figure 14: Shaded regions represent the {5, 25, 40, 60, 75, 95}–percentiles of the marginals
of the posterior predictive distribution (conditioning on all the data), along with
N .
black dots that represent the observed data (yk )k=0
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3
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Figure 16: Comparison between the {5, 95}–percentiles (dashed lines) and the mean (solid
line) of the transport map numerical approximation of the smoothing marginals
πZk |θ∗ ,y0:2500 , with θ ∗ = med[Θ|y0 , . . . , yN ] (red lines), and a reference MCMC
solution (black lines). The two solutions are indistinguishable.
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Figure 17: Same as Figure 16, but for a longer assimilation window, i.e., πZk |θ∗ ,y0:9000 . The smoothing approximation remains
excellent despite the widening inference horizon.

9. Discussion

Inference via Low-Dimensional Couplings

JMLR 19(66):1-71, 2018

This paper has focused on the problem of coupling a pair (νη , νπ ) of absolutely continuous
measures on Rn , for the purpose of sampling or integration. If νη is a tractable measure
(e.g., an isotropic Gaussian) and νπ is an intractable measure of interest (e.g., a posterior
distribution), then
coupling enables principled approximations of integrals
R a deterministic
R
via the identity g dνπ = g ◦ T dνη . In other words, a deterministic coupling provides a
simple way to simulate νπ by pushing forward samples from νη through a transport map
T . This idea, modulo some variations, has been exploited in a variety of statistical and
machine learning applications—some old, some new—including random number generation
(Marsaglia and Tsang, 2000), variational inference (Moselhy and Marzouk, 2012; Schillings
and Schwab, 2016; Rezende and Mohamed, 2015), the computation of model evidence (Meng
and Schilling, 2002), model learning and density estimation (Laparra et al., 2011; Anderes
and Coram, 2012; Stavropoulou and Müller, 2015), non-Gaussian proposals for MCMC
or importance sampling (Parno and Marzouk, 2018; Bardsley et al., 2014; Oliver, 2015),
multiscale modeling (Parno et al., 2016), and filtering (Daum and Huang, 2008; Chorin and
Tu, 2009; Reich, 2013), to name a few. Indeed there are infinitely many ways to transport
one measure to another (Villani, 2008) and as many ways to compute one. Yet these maps
are not equally easy to characterize.
This paper establishes an explicit link between the conditional independence structure
of (νη , νπ ) and the existence of low-dimensional couplings induced by transport maps that
are sparse and/or decomposable. These results can enhance a wide array of numerical
approaches to the transportation of measures, including (Tabak and Turner, 2013; Rezende
and Mohamed, 2015; Liu and Wang, 2016; Bigoni et al., 2019), and thus facilitate simulation
with respect to complex distributions in high dimensions. We briefly discuss our main results
below.
Sparse transports. A sparse transport is a map whose components do not depend on
all input variables. Section 5 derives tight bounds on the sparsity pattern of the Knothe–
Rosenblatt (KR) rearrangement (a triangular transport map) based solely on the Markov
structure of νπ , provided that νη is a product measure (Theorem 3). This analysis shows
that the inverse of the KR rearrangement is the natural generalization to the non-Gaussian
case of the Cholesky factor of the precision matrix of a Gaussian MRF—in that both the
inverse KR rearrangement (a potentially nonlinear map) and the Cholesky factor (a linear
map) have the same sparsity pattern given target measures with the same Markov structure.
Thus the KR rearrangement can be used to extend well-known modeling and sampling techniques for high-dimensional Gaussian MRFs (Rue and Held, 2005) to non-Gaussian fields
(Section 5.2). These results are particularly useful when constructing a transport map from
samples via convex optimization (Parno, 2015) and suggest novel approaches to model learning (Morrison et al., 2017) and high-dimensional filtering (Spantini, 2017, Ch. 6). Section 5
shows that sparsity is usually a feature of inverse transports, while direct transports tend to
be dense, even for the most trivial Markov structures. In fact, the sparsity of direct transports stems from marginal (rather than conditional) independence—a property frequently
exploited in localization schemes for high-dimensional covariance estimation (Gaspari and
Cohn, 1999; Hamill et al., 2001).
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min DKL ( T] νη || νπ ) < ε,

Decomposable transports. A decomposable map is a function that can be written as the composition of finitely many low-dimensional maps that are triangular up to a
permutation—i.e., T = T1 ◦ · · · ◦ T` , where each Ti differs from the identity only along a
small subset of its components and is a generalized triangular function as defined in Section
6. Theorem 7 shows that every target measure whose Markov network admits a graph
decomposition can be coupled with a product (reference) measure via a decomposable map.
Decomposable maps are important because they are much easier to represent than arbitrary
multivariate functions on Rn . In general, these maps are non-triangular, even though each
map in the composition is generalized triangular.
The notion of a decomposable map is different from the composition-of-maps approaches
advocated in the literature for the approximation of transport maps, e.g., consider normalizing flows (Rezende and Mohamed, 2015) or Stein variational algorithms (Anderes and
Coram, 2012; Liu and Wang, 2016; Detommaso et al., 2018), but also (Tabak and Turner,
2013; Laparra et al., 2011). In these approaches, very simple maps (Mi )i≥1 are composed in
growing number to define a transport map of increasing complexity, M = M1 ◦· · ·◦Mk . The
number of layers in M depends on the desired accuracy of the transport and can be arbitrarily large. On the other hand, a decomposable coupling is induced by a special transport
map that can be written exactly as the composition of finitely many maps, T = T1 ◦ · · · ◦ T` ,
where each Ti has a specific sparsity pattern that makes it low-dimensional. This definition
does not specify a representation for Ti . In fact, each Ti could itself be approximated by
the composition of simple maps using any of the aforementioned techniques. The advantage of targeting a decomposable transport is the fact that the (Ti ) are guaranteed to be
low-dimensional.
Approximate Markov properties. Sparsity and decomposability of certain transport maps are induced by the Markov properties of the target measure. A natural question is: what happens when νπ satisfies some Markov properties only approximately? In
particular, let νπ be Markov with respect to G, and assume that there exists a measure
ν̂ ∈ M+ (Rn ) which is Markov with respect to a graph Ĝ that is sparser than G and such
that DKL ( ν̂ || νπ ) < ε, for some ε > 0. For small ε, we would be tempted to use Ĝ to characterize couplings of (νη , νπ ) that are possibly sparser or more decomposable than those
associated with G. Concretely, if we are interested in a triangular transport that pushes
forward νη to νπ , we could minimize DKL ( T] νη || νπ ) over the set of maps whose inverse
has the same sparsity pattern as the KR rearrangement between ν̂ and νη . Bounds on
this sparsity pattern are given by Theorem 3 using only graph operations on Ĝ; no explicit
knowledge of ν̂ is required. Alternatively, if we are interested in decomposable transports
that push forward νη to νπ , we could minimize DKL ( T] νη || νπ ) over the set of maps that
factorize as any of the decomposable transports between νη and ν̂. The shapes of these lowdimensional factorizations are given by Theorem 7 using, once again, only graph operations
on Ĝ.
Now let T̂ denote the set of maps whose structure is constrained by Ĝ in terms of
sparsity or decomposability. It is easy to show that
T ∈T̂
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which means that the price of assuming that the coupling is either sparser or more decomposable than it ought to be is just a small error in the approximation of νπ .
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One of the first contributions to use optimal transport in filtering is due to Reich (2013),
who constructs an optimal transport plan between an empirical approximation of the forecast distribution (given by simulating the prior dynamic) and a corresponding empirical
approximation of the filtering distribution, obtained by reweighing the forecast ensemble
according to the likelihood. Thus, Reich (2013) solves a discrete Kantorovich optimal
transport problem instead of a continuous problem for a transport map (cf. Section 7.1).
A linear transformation of the forecast ensemble is then derived from the optimal plan. In
this approach, the explicit construction of couplings is used only to update the forecast
distribution, instead of the previous filtering marginal.
Further extensions. We envision many additional ways to extend the present work.
For instance, it would be interesting to investigate the low-dimensional structure of deterministic couplings between pair of measures (νη , νπ ) that are not absolutely continuous and
that need not be defined on the same space Rn . Such couplings are usually induced by
“random” maps and can be particularly effective for approximating multi-modal distributions; see the warp bridge transformations in (Meng and Schilling, 2002; Wang and Meng,
2016) for some examples.
Finally, we emphasize that this paper characterizes some classes of low-dimensional
maps, but certainly not all. In particular, low dimensionality need not stem from the
Markov properties of the underlying measures. In ongoing work we are exploring the notion
of low-rank couplings: these are induced by transport maps that are low-dimensional up to a
rotation of the space, i.e., maps whose action is nontrivial only along a low-dimensional subspace. This type of structure appears quite naturally in certain high-dimensional Bayesian
inference problems—e.g., inverse problems (Stuart, 2010) and spatial statistics—where the
data may be informative only about a few linear combinations of the latent parameters
(Spantini et al., 2015; Cui et al., 2014; Spantini et al., 2017). Low-rank structure can be
detected via certain average derivative functionals (Samarov, 1993; Constantine et al., 2014)
but cannot be deduced, in general, from the Markov structure of (νη , νπ ).

Of course, the pending question is whether νπ can be well approximated by a measure
that satisfies additional Markov properties. There is some work on this topic, e.g., Johnson
and Willsky, 2008; Jog and Loh, 2015; Cheng et al., 2015—especially in the case of Gaussian
measures—but a more thorough investigation of the problem remains an open and important
direction for future work. Interestingly, the transport map framework also allows one to
adaptively discover information about low-dimensional couplings. For instance, one might
start with a very sparse transport map and then incrementally decrease the sparsity level
of the map until the resulting approximation of νπ becomes satisfactory. The same can be
done for decomposable transports. See Bigoni et al. (2019) for some details on this idea.
Filtering and smoothing. Section 6.4 shows how not only the representation, but also
the computation, of a decomposable map, T = T1 ◦ · · · ◦ T` , can be broken into a sequence
of ` simpler steps, each associated with a low-dimensional optimization problem whose
solution yields Ti . We give a concrete example of this idea for filtering, smoothing, and
joint state–parameter inference in nonlinear and non-Gaussian state-space models (Section
7). In this context, Theorems 9 and 12 introduce variational approaches for characterizing
the full posterior distribution of the sequential inference problem, essentially by performing
only recursive lag–1 smoothing with transport maps. The proposed approaches consist of a
single forward pass on the state-space model, and generalize the square-root Rauch-TungStriebel smoother to non-Gaussian models (see Section 7.2). In practice, we should think of
Theorems 9 and 12 as providing “meta-algorithms” within which all kinds of approximations
can be introduced, e.g., linearizations of the forward model, restriction to linear maps, and
approximate flows (Daum and Huang, 2008; Liu and Wang, 2016), to name a few. These
approximations are the workhorse of modern approaches to large-scale filtering, e.g., data
assimilation in geophysical applications (Särkkä, 2013; Evensen, 2007), and may play a key
role in further instantiations of the “meta-algorithms” proposed in Section 7. Of course,
it would be desirable to complement such variational approximations with a rigorous error
analysis, analogous to the analysis available for SMC methods (Crisan and Doucet, 2002;
Del Moral, 2004; Smith et al., 2013). It is also important to note that one can always use
functionals like (8) to estimate the quality of a given approximate map, or use the map itself
to build sophisticated proposals for sampling techniques like MCMC (Parno and Marzouk,
2018).
A recent approach that constructs an approximation of the KR rearrangement for sequential inference is the “Gibbs flow” of Heng et al. (2015); here, the authors define a
proposal for SMC (or MCMC) methods using the solution map of a discretized ordinary differential equation (ODE) whose drift term depends only on the full conditionals of the target
distribution. Evaluating the solution map only requires the evaluation of one-dimensional
integrals, and the action of this map implicitly defines a transport, without any explicit
parameterization of the transformation. Several other filtering approaches in the literature, e.g., (Daum and Huang, 2012; Yang et al., 2013), rely on the solution of ODEs that
are different from Heng et al. (2015), but also inspired by ideas from mass transportation. Implicit sampling for particle filters (Chorin and Tu, 2009) also implicitly constructs
a transport map, from a standard Gaussian to a particular approximation of the filtering
distribution; the action of this transport is realized by solving an optimization/root-finding
problem for each sample (Morzfeld et al., 2012).
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In this section we first review the classical notion of KR rearrangement (Rosenblatt, 1952),
and then give a formal definition for a generalized KR rearrangement, i.e., a transport map
that is lower triangular up to a permutation. A disclaimer: these transports can also be
defined under weaker conditions than those considered here, at the expense, however, of
some useful regularity (Bogachev et al., 2005).

Appendix A. Generalized Knothe-Rosenblatt Rearrangement
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The following definition introduces the one-dimensional version of the KR-rearrangement,
and it is key to extend the transport to higher dimensions.
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12. See Definition 6.
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2 log π = 0 on Rn is given by log π(z) =
Proof of Lemma 2 The general solution of ∂i,j
g(z1:i−1 , zi+1:n ) + h(z1:j−1 , zj+1:n ) for some functions g, h : Rn−1 → R. Hence Zi ⊥
⊥ Zj | ZV\(i,j) (Lauritzen, 1996). Conversely, if Zi ⊥⊥ Zj | ZV\(i,j) , then π—which is the

In this section we collect the proofs of the main results and claims of the paper, together
with useful additional lemmas to support the technical derivations.

Appendix B. Proofs of the Main Results

Proof If T` pushes forward (Qσ )] νη to (Qσ )] νπ , then νη ◦ Qσ> ◦ T`−1 = νπ ◦ Qσ> , and
so T = Qσ> ◦ T` ◦ Qσ must push forward νη to νπ . Moreover, notice that T σ(k) (x) =
T`k (x> eσ(1) , . . . , x> eσ(k) ), which shows that T is a monotone increasing σ-generalized triangular function (see Definition 6). The lemma then follows by νη -uniqueness of a KR
rearrangement.

Lemma 17 Given νη , νπ ∈ M+ (Rn ), let T be a σ-generalized KR rearrangement that
pushes forward νη to νπ for some permutation σ. Then T = Qσ> ◦ T` ◦ Qσ a.e., where
Qσ ∈ Rn×n is a matrix representing the permutation, i.e., (Qσ )ij = (eσ(i) )j , and where T`
is a (lower triangular) KR rearrangement that pushes forward (Qσ )] νη to (Qσ )] νπ .

Existence of a generalized KR rearrangement follows trivially from its definition. Moreover, the transport map satisfies all the regularity properties discussed for the classic KR
rearrangement, including Lemmas 1 and 15. Thus we will often cite these two results when
dealing with generalized KR rearrangements in our proofs. The following lemma shows that
the computation of a generalized KR rearrangement is also essentially no different than the
computation of a lower triangular transport (and thus all the discussion of Section 3 readily
applies).

where xσ(1:k−1) = xσ(1) , . . . , xσ(k−1) .

ξ 7→ πZσ(k) |Zσ(1:k−1) (ξ|T σ(1) (xσ(1) ), . . . , T σ(k−1) (xσ(1:k−1) )),

Definition 16 (Generalized Knothe-Rosenblatt rearrangement) Given X ∼ νη , Z ∼
νπ , with νη , νπ ∈ M+ (Rn ), a pair η, π of strictly positive densities for νη and νπ , respectively, and a permutation σ of Nn , the corresponding σ-generalized KR rearrangement is a
σ-triangular map12 T : Rn → Rn defined at any x ∈ Rn using the following recursion in k.
The map ξ 7→ T σ(k) (xσ(1) , . . . , xσ(k−1) , ξ) is defined as the increasing rearrangement on R
that pushes forward ξ 7→ ηXσ(k) |Xσ(1:k−1) (ξ|xσ(1:k−1) ) to

however, that Lemma 15 does not hold for a generic triangular function: the map must be
somewhat regular, in the sense specified by the lemma. Bogachev et al. (2005) give an in
depth discussion on this topic.
We now give a constructive definition for a generalized KR rearrangement.

Definition 13 (Increasing rearrangement on R) Let νη , νπ ∈ M+ (R), and let F, G
be their respective cumulative distribution functions, i.e., F (t) = νη ((−∞, t)) and G(t) =
νπ ((−∞, t)). Then the increasing rearrangement on R is given by T = G−1 ◦ F .
Under the hypothesis of Definition 13, it is easy to see that both F and G are homeomorphisms, and that T is a strictly increasing map that pushes forward νη to νπ (Santambrogio,
2015).
Definition 14 (Knothe-Rosenblatt rearrangement) Given X ∼ νη , Z ∼ νπ , with
νη , νπ ∈ M+ (Rn ), and a pair η, π of strictly positive densities for νη and νπ , respectively,
the corresponding KR rearrangement is a triangular map T : Rn → Rn defined, recursively,
as follows. For all x1:k−1 ∈ Rk−1 , the map ξ 7→ T k (x1:k−1 , ξ)—the restriction of the kth
component of T onto its first k − 1 inputs—is defined as the increasing rearrangement on R
that pushes forward ξ 7→ ηXk |X1:k−1 (ξ|x1:k−1 ) to ξ 7→ πZk |Z1:k−1 (ξ|T 1 (x1 ), . . . , T k−1 (x1:k−1 )),
where ηXk |X1:k−1 and πZk |Z1:k−1 are conditional densities defined as in (2).
Notice that for any measure ν in M+ (Rn ) there always exists a strictly positive version of
its density. By considering such positive densities in Definition 14, we can define the KR
rearrangement on the entire Rn (Bogachev et al., 2005). In fact, we should really think
of Definition 14 as providing a possible version of the KR rearrangement (recall that the
increasing triangular transport is unique up toRsets of measure zero). Since in this case νπ is
equivalent to the Lebesgue measure (νπ (A) = A π(x) λ(dx) = 0 ⇒ λ(A) = 0 if π > 0 a.e.),
the component (3) is also absolutely continuous on all compact intervals (Bogachev et al.,
2005, Lemma 2.4). As a result, the rearrangement can be used to define general change
of variables as well as pullbacks and pushforwards with respect to arbitrary densities, as
shown by the following lemma adapted from Bogachev et al. (2005).
Lemma 15 Let T be an increasing triangular bijection on Rn such that the functions
ξ 7→ T k (x1 , . . . , xk−1 , ξ)

ϕ(T (x)) det ∇T (x) dx,

are absolutely continuous on all compact intervals for a.e. (x1 , . . . , xk−1 ) ∈ Rk−1 . Then for
any integrable function ϕ, it holds:
Z
Z
ϕ(y) dy =

(36)

Qn
where det ∇T := k=1
∂k T k . In particular, if νρ is a measure on Rn with density ρ, then
we also have T ] νρ  λ with density (a.e.):

T ] ρ(x) = ρ(T (x)) det ∇T (x).
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The lemma can also be applied to the inverse KR rearrangement T −1 to show that T] νρ  λ,
where the form of the corresponding pushforward density T] ρ is given by replacing T with
T −1 in (36). We will use these results extensively in the proofs of Appendix B. Notice,
47

2. ∂j T k = 0 for j ∈ A and k ∈ V \ A.

1. T k (x) = xk for k ∈ A
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Lemma 18 Let X ∼ νη , Z ∼ νπ with νη , νπ ∈ M+ (Rn ) and νη tensor product measure,
and let σ be any permutation of Nn . Moreover, assume that νπ is globally Markov with
respect to G = (V, E), and assume that there exists a nonempty set A ⊂ V ' Nn such that
ZA ⊥⊥ ZV\A and ZA = XA in distribution. Then the σ-generalized KR rearrangement T
given by Definition 16 (for a pair η, π of nonvanishing densities for νη and νπ , respectively)
is low-dimensional with respect to A, i.e.,

The following lemma specializes the results of Theorem 3[Part 2] to the case of I-maps
G with a disconnected component, and will be useful in the proofs of Section 6.

We already know that πZk |Z1:k−1 (zk |z1:k−1 ) can only depend (nontrivially) on zk and on zj
for j ∈ Nb(k, G k ). Hence, if none of the components T i , with i ∈ Nb(k, G k ), depends on
the jth input, then T k is constant along its jth input as well, so that (j, k) ∈ b
IT .
For Part 3, let (j, k) ∈ b
IT . Then, by definition, (j, i) ∈ b
IT for all i ∈ Nb(k, G k ), which
also implies that j ∈
/ Nb(k, G k ) since j 6= i for all (j, i) ∈ b
IT . Hence (j, k) ∈ b
IS and this
shows the inclusion b
IT ⊂ b
IS .
These arguments show that there exists at least a version of the KR rearrangement that
is exactly at least as sparse as predicted by the theorem.

ξ 7→ πZk |Z1:k−1 (ξ|T 1 (x1 ), . . . , T k−1 (x1:k−1 )).

Proof of Theorem 3 We begin with Part 1 of the theorem. Let η, π be a pair of strictly
positive densities for νη and νπ , respectively (these positive densities exist since the measures
are fully supported). Now consider a version of the KR rearrangement, S, that pushes
forward νπ to νη as given by Definition 14 for the pair η, π (Appendix A). By definition, and
for all z1:k−1 ∈ Rk−1 , the map ξ 7→ S k (z1:k−1 , ξ) is the monotone increasing rearrangement
that pushes forward ξ 7→ πZk |Z1:k−1 (ξ|z1:k−1 ) to the marginal ηXk (recall that νη is a tensor
product measure). Moreover, it follows easily from (Lauritzen, 1996, Prop. 3.17), that each
marginal πZ1:k —or better yet, the corresponding measure—is globally Markov with respect
to G k , and that πZ1:k (z1:k ) πC (zC ) = πZk ,ZC (zk , zC ) πZ1:k−1 (z1:k−1 ), where C := Nb(k, G k ),
possibly empty. Thus, the conditional πZk |Z1:k−1 (zk |z1:k−1 ) is constant along any input zj
with j ∈
/ Nb(k, G k ). For any such j, S k must be constant along its jth input, so that
(j, k) ∈ b
IS .
Part 2 of the theorem follows similarly. Consider the KR rearrangement, T , that pushes
forward νη to νπ as given by Definition 14. For all x1:k−1 ∈ Rk−1 , the map ξ 7→ T k (x1:k−1 , ξ)
is the monotone increasing rearrangement that pushes forward ηXk to

C∈C S∪B

50

JMLR 19(66):1-71, 2018

for some nonvanishing functions (ψC ), where C S∪B denotes the set of maximal cliques of
the subgraph G S∪B . Since S is a fully connected separator set (possibly empty) for A and
B, the maximal cliques of G S∪B are precisely the maximal cliques of G that are a subset of
S ∪ B. We are going to use (38) shortly.
Define π
e : Rn → R as π
e(z) = ψA∪S (zA∪S ) ηXB (zB )/c, and notice that π
e is a nonvanishing probability density. Denote the corresponding measure by νe ∈ M+ (Rn ). For an
arbitrary permutation σ of Nn that satisfies (18), let Li be the σ-generalized KR rearrangement that pushes forward νη to νe as given by Definition 16 in Appendix A. By Lemma 18,
e ∼ νe,
Li is low-dimensional with respect to B (Part 2a of the theorem). To see this, let Z
eB ⊥⊥ Z
eA∪S and Z
eB = XB in distribution. By Lemma 15, we can write a
and notice that Z

π(z) =

1
ψA∪S (zA∪S ) ψS∪B (zS∪B ),
(37)
c
R
where ψA∪S is strictly positive and integrable, with c = ψA∪S < ∞. A factorization
like (37) always exist since ν factorizes according to G—thus G is an I-map for ν—and
since (A, S, B) is a proper decomposition of G. For instance, one can set ψA∪S = πZA∪S ,
c = 1, and ψS∪B = πZB |ZS since ZA ⊥
⊥ ZB |ZS and since π is a nonvanishing density of ν.
However, this is not the only possibility. See Section 7 for important examples where it is
not convenient to assume that ψA∪S corresponds to a marginal of π. This proves Part 1 of
the theorem.
By (Lauritzen, 1996, Prop. 3.16), we can rewrite ψS∪B as:
Y
ψS∪B (zS∪B ) =
ψC (zC )
(38)

Proof of Theorem 7 For notational convenience, we drop the subscript and superscript i
from νi , πi , Z i , and G i . Consider a factorization of π of the form

Proof It suffices to prove the lemma for a lower triangular KR rearrangement; the result
for an arbitrary σ then follows trivially. If A = V, then T is simply the identity map. Thus
we assume that V \ A is nonempty.
We begin with Part 1 of the lemma and use the results of Theorem 3[Part 2] to characterize the sparsity of the rearrangement. Let k ∈ A and notice that Nb(k, G k ) = ∅, where G k
is the marginal graph defined in Theorem 3. Thus (j, k) ∈ b
IT ⊂ IT for all j = 1, . . . , k − 1,
so that T k (x) = xk for all k ∈ A.
Now let us focus on Part 2 and prove that (j, k) ∈ b
IT for all j ∈ A and k ∈ V \ A. We
proceed by contradiction. Assume that there exists some pair (j, k) ∈ A × (V \ A) such
that (j, k) ∈
/b
IT . In particular, let K be the set of k ∈ V \ A for which there exists at least
a j ∈ A such that (j, k) ∈
/ b
IT . Clearly K is nonempty and finite. Let s be the minimum
integer in K, and let j ∈ A be a corresponding index for which (j, s) ∈
/ b
IT . In this case,
by Theorem 3[Part 2], there must exist an i ∈ Nb(s, G s ) such that (j, i) ∈
/b
IT . Now there
are two cases: either i ∈ A (for which we reach a contradiction by part 1 of the lemma) or
i ∈ V \ A. In the latter case, we also reach a contradiction since i < s and s was defined as
the smallest index for which (j, s) ∈
/b
IT for some j ∈ A.

density of νπ with respect to a tensor product Lebesgue measure (Lauritzen, 1996)—must
factor as
π = πZi |ZV\(i,j) πZj |ZV\(i,j) πZV\(i,j) ,

2 log π = 0 on Rn .
so that ∂i,j
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density of the pullback measure Li] ν as:

Y

C∈C S∪B

Li] π = π ◦ Li | det ∇Li |
C

 Q
C∈C S∪B ψC ◦ Li
= Li] π
e
ηXB
= ηXA∪S

(39)

where we used the identity π = π
e ψS∪B /ηXB together with (38) and the fact that Lik (x) =
xk for k ∈ B (Part 2a), and where, for any C = {c1 , . . . , c` } ∈ C S∪B with ψC (zC ) =
ψC (zc1 , . . . , zc` ), LiC is a map Rn → R` given by x 7→ (Lic1 (x), . . . , Lic` (x)).
0 ⊥
0
0 = X in distribution
If Z 0 ∼ Li] ν, then (39) shows that ZA
⊥ ZS∪B
and that ZA
A
(Part 2c of the theorem). Moreover, from the factorization in (39), we can easily construct
a graph for which Li] ν factorizes: it suffices to consider the scope of the factors (ψC ◦ LiC ),
i.e., the indices of the input variables that each ψC ◦ LiC can depend on. Recall that for a
σ-triangular map, the σ(k)th component can only depend on the variables xσ(1) , . . . , xσ(k) .
For each C ∈ C S∪B there are two possibilites: Either C ∩ S = ∅, in which case the scope of
ψC ◦ LiC is simply C since Lik (x) = xk for k ∈ B. Or C ∩ S is nonempty, in which case let jC
be the maximum integer j such that σ(j) ∈ C ∩ S, and notice that the scope of ψC ◦ LiC is
simply C ∪ {σ(1), . . . , σ(jC )}. Thus, we can modify G to obtain an I-map for Li] ν as follows:
(1) Remove any edge that is incident to any node in A because of Part 2c. (2) For every
maximal clique C in G that is a subset of S ∪ B and that has nonempty intersection with
S, turn C ∪ {σ(1), . . . , σ(jC )} into a clique. This proves Part 2d of the theorem.
Now let Ri be the set of maps Rn → Rn that are low-dimensional with respect to A and
that push forward νη to Li] ν. Ri is nonempty. To see this, let R be the σ-generalized KR
rearrangement that pushes forward νη to Li] ν, for an arbitrary permutation σ, as given by
Definition 16 (for the pair of nonvanishing densities η and Li] π). By Part 2c and Lemma
18, R is low-dimensional with respect to A. Thus R ∈ Ri (Part 2b of the theorem).
Let Di := Li ◦ Ri be the set of maps that can be written as Li ◦ R for some R ∈ Ri . By
construction, each T ∈ Di pushes forward νη to ν (part 2 of the theorem).
In the following corollary every symbol should be interpreted as in Theorem 7.
Corollary 19 Given the hypothesis of Theorem 7, assume that there exists A⊥ ⊂ A such
i
i
i
that ZA
⊥ ZV\A
⊥ ⊥
⊥ and ZA⊥ = XA⊥ in distribution. Then Li is low-dimensional with
respect to A⊥ ∪ B, while each T ∈ Di is low-dimensional with respect to A⊥ .
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Proof By Theorem 7[Part 2a], Li is low-dimensional with respect to B, while Lemma 18
shows that Li is also low-dimensional with respect to A⊥ . Moreover, notice that if A⊥ is
nonempty, then for all T = Li ◦ R in Di , we have T k (x) = xk for k ∈ A⊥ since Lik (x) = xk
and Rk (x) = xk for k ∈ A⊥ (Theorem 7[Parts 2b]). Additionally, ∂j T k = 0 for j ∈ A⊥ and
k ∈ V \ A⊥ . To see this, notice that T k (x) = Lik (R(x)) and that the following two facts
hold: (1) The component Lik , for k ∈ V \ A⊥ , does not depend on input variables whose
index is in A⊥ since Li is low-dimensional with respect to A⊥ ; (2) The `th component of
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R with ` ∈
/ A⊥ also does not depend on xA⊥ since R is low-dimensional with respect to A
(Theorem 7[Parts 2b]). Hence, T must be a low-dimensional map with respect to A⊥ .
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Proof of Lemma 8 Let νη , νi , πi , G i , Di , Li , Ri , and G i+1 be defined as in Theorem 7 for
a proper decomposition (Ai , Si , Bi ) of G i , a permutation σi that satisfies (18), and for any
factorization (17) of πi .
We first want to prove that Si ∪ Bi is fully connected in G i+1 if and only if the decomposition (Ai+1 , Si+1 , Bi+1 ) of Part 1 does not exist. Let us start with one direction.
Assume that a decomposition like the one in Part 1 does not exist, despite the possibility
to add edges to G i+1 in V \ Ai . We want to show that in this case Si ∪ Bi must be a
clique in G i+1 . Since Bi is nonempty, there are two possibilities: either |Si ∪ Bi | = 1 or
|Si ∪ Bi | > 1. If |Si ∪ Bi | = 1, then Si ∪ Bi consists of a single node and thus it is a trivial
clique. If |Si ∪ Bi | > 1, then Si ∪ Bi contains at least two nodes. In this case, let us proceed
by contradiction and assume that Si ∪ Bi is not fully connected in G i+1 = (V, E i+1 ), i.e.,
there exist a pair of nodes α, β ∈ Si ∪ Bi such that (α, β) ∈
/ E i+1 . Let Ai+1 = Ai ∪ {α},
Bi+1 = {β}, and Si+1 = (V \ Ai+1 ) \ Bi+1 . Notice that (Ai+1 , Si+1 , Bi+1 ) forms a partition
of V, with nonempty Ai+1 , Bi+1 and with Ai+1 strict superset of Ai . Moreover Si+1 must
be a separator set for Ai+1 and Bi+1 since (α, β) ∈
/ E i+1 and Ai is disconnected from Si ∪ Bi
in G i+1 (Theorem 7[Part 2d]). Now there are two cases: If Si+1 = ∅, then (Ai+1 , Si+1 , Bi+1 )
is a decomposition that satisfies Part 1 of the lemma (contradiction). If Si+1 6= ∅, then
we can always add enough edges to G i+1 in Si ∪ Bi ⊃ Si+1 in order to make Si+1 fully
connected. Also in this case, the resulting decomposition (Ai+1 , Si+1 , Bi+1 ) satisfies Part 1
of the lemma and thus leads to a contradiction.
Now the reverse direction. Assume that Si ∪ Bi is a clique in G i+1 . If |Si ∪ Bi | = 1, then
the decomposition of Part 1 cannot exist since both Ai+1 \Ai and Bi+1 should be nonempty.
Hence, let |Si ∪ Bi | > 1 and proceed by contradiction. That is, let (Ai+1 , Si+1 , Bi+1 ) be a
proper decomposition that satisfies Part 1 of the lemma. Notice that this decomposition
must have been achieved without adding any edge to G i+1 in Si ∪ Bi since this set is already
fully connected. By hypothesis, there must exist α, β such that α ∈ Ai+1 \ Ai and β ∈ Bi+1 .
However, both α and β are also in Si ∪ Bi , and so they must be connected by an edge in
G i+1 . Hence, Si+1 is not a separator set for Ai+1 and Bi+1 (contradiction).
The latter result proves directly Part 2 of the lemma. Moreover, it shows that if Si ∪ Bi
is not a clique in G i+1 , then there exists a proper decomposition (Ai+1 , Si+1 , Bi+1 ) of G i+1 ,
where Ai+1 is a strict superset of Ai , obtained, possibly, by adding edges to G i+1 in order to
turn Si+1 into a clique. Note that even if we add edges to G i+1 , Li] νi still factorizes according
to the resulting graph, which is then an I-map for Li] νi . Moreover we can really only add
edges in V \ Ai since Ai must be a strict subset of Ai+1 , and thus Ai remains disconnected
from Si ∪Bi in G i+1 . Let Di+1 , Li+1 , Ri+1 be defined as in Theorem 7 for the pair of measures
νη , νi+1 = Li] νi , the decomposition (Ai+1 , Si+1 , Bi+1 ) of G i+1 , a permutation σi+1 that
satisfies (18), and for any factorization (17) (note that Li] νi ∈ M+ (Rn ) by Theorem 7[Part
2b]). Fix T ∈ Di+1 . By Theorem 7[Part 2], T pushes forward νη to νi+1 = Li] νi . Moreover,
i+1
i+1
if Z i+1 ∼ Li] νi , then by Theorem 7[Part 2c] we have ZA
⊥
⊥ ZSi+1
and ZA
= XAi in
i
i ∪Bi
i
distribution. Then by Corollary 19 it must also be that T is low-dimensional with respect
to Ai . Thus T ∈ Ri , and this proves the inclusion Ri ⊃ Di+1 .
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where we used the change of variables xi+1 = M1i (zi+1 ) and the fact that (M1i )] ηXi+1 =
πZi+1 |y0:i+1 (induction hypothesis). Thus π i+1 is a nonvanishing
density and by (41) we can
R
easily verify that π i+1 has the desired marginal, i.e., π i+1 (zi+1 , zi+2 ) dzi+1 = πZi+2 |y0:i+2 .
This argument completes the induction step and shows that not only the maps (Mi )i≥0
are well-defined—together with the maps (Ti )i≥0 in (25)—but also that (M1i )] ηXi+1 =
πZi+1 |y0:i+1 for all i ≥ 0 (Part 1 of the theorem).
Now we move to Part 3 of the theorem and use another induction argument over k ≥ 0.
For the base case (k = 0), notice that T0 = T0 = M0 , and that, by definition, M0 pushes
forward ηX0 ,X1 to π 0 = πZ0 ,Z1 |y0 ,y1 .

= πYi+2 |Y0:i+1 (yi+2 |y0:i+1 ) < ∞,

R
Now assume that π i is a nonvanishing density and that the marginal π i (zi , zi+1 ) dzi =
πZi+1 |y0:i+1 for some i > 0. The map Mi is then well-defined. In particular,
R by definition of
KR rearrangement, the submap M1i pushes forward ηXi+1 to the marginal π i (zi , zi+1 ) dzi .
Moreover, by Lemma 15, we have:
Z
ci+1 = ηXi+1 (zi+1 ) π
ei+1 (M1i (zi+1 ), zi+2 ) dzi+1:i+2
(41)
Z
= πZi+2 ,Yi+2 |Y0:i+1 (zi+2 , yi+2 |y0:i+1 ) dzi+2

so that π 0 = π
e0 /c0 > 0 is a valid density. Moreover, we have the desired marginal, i.e.,
Z
Z
π 0 (z0 , z1 ) dz0 = πZ0 ,Z1 |Y0 ,Y1 (z0 , z1 |y0 , y1 ) dz0 = πZ1 |Y0 ,Y1 (z1 |y0 , y1 ).

Proof of Theorem 9 For the sake of clarity, we divide the proof in two parts: First, we
show that the maps (Mi )i≥0 are well-defined. Then, we prove the remaining claims of the
theorem.
The maps (Mi )i≥0 are well-defined as long as, for instance, we show that π i is a probability density for all i ≥ 0, and as long as there exist permutations (σi ) that guarantee the
block upper triangular structure of (23). As for the permutations, it suffices to consider
σ = σ1 = σ2 = · · · with σ(N2n ) = {2n, 2n − 1, . . . , 1}, i.e., upper triangular maps. (If n > 1,
i
then there is some freedom in the choice of σ.) As for
R the targets (π ), we now show that
π i is a nonvanishing density and that the marginal π i (zi , zi+1 ) dzi = πZi+1 |y0:i+1 , for all
i ≥ 0, using an induction argument over i. For the base case (i = 0), just notice that
Z
c0 = π
e0 (z0 , z1 ) dz0:1 = πY0 ,Y1 (y0 , y1 ) < ∞,
(40)


 π k+1 
ηXk+1

i=1

k
Y

πYi+1 |Y0:i (yi+1 |y0:i ) =

i=0

k
Y

ci ,

(42)
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Proof of Lemma 11 First a remark about notation: we denote by N (x; µ, Σ) the density
(as a function of x) of a Gaussian with mean µ and covariance Σ.

where we used both (40) and (41).

πY0:k+1 (y0:k+1 ) = πY0 ,Y1 (y0 , y1 )

for a multivariate function Bk —whose particular form is not relevant to this argument—
and for a map, Mk , defined in (24) as a function on Rn × Rn . Since (Tk )] ηX0:k+1 =
πZ0:k+1 |y0:k+1 , the map Mk must also push forward ηXk ,Xk+1 to the lag-1 smoothing marginal
πZk ,Zk+1 |y0:k+1 . This proves Part 2 of the theorem.
For Part 4, just notice that

where we used the fact that by Lemma 15 (applied iteratively) it must be that (Ak+1 ◦
]
Tk+1 )] ρ = Tk+1
A]k+1 ρ for all densities ρ. (Notice that Ak+1 is the composition of functions
which are trivial embeddings into the identity map of KR rearrangements that couple a pair
of measures in M+ (Rn × Rn ), and thus each map in the composition satisfies the hypothesis
of Lemma 15.) In particular, (Tk+1 )] ηX0:k+2 = πZ0:k+2 |y0:k+2 (Part 3 of the theorem).
Now notice that each Tk can also be written as
"
#
Bk (x0:k+1 )
Tk (x0:k+1 ) =
Mk (xk , xk+1 )

= ηX0:k M]k+1 π k+1 = ηX0:k+2 ,

T]k πZ0:k+1 |y0:k+1


]
= Tk+1
ηX0:k π k+1

]
T]k+1 πZ0:k+2 |Y0:k+2 = Tk+1

Thus the following hold:

where we used (41) and the definition of the collection (e
π i ). Let Tk+1 = T0 ◦ · · · ◦ Tk+1 be
defined as in Part 3 of the theorem, and observe that Tk+1 = Ak+1 ◦ Tk+1 with


x0


.
"
#
 ..



Tk (x0:k+1 )
.
Ak+1 (x0:k+2 ) =
, Tk+1 (x0:k+2 ) = 
x
k


xk+2


 M0k+1 (xk+1 , xk+2 ) 
1
Mk+1 (xk+2 )

πyk+2 |Zk+2 πZk+2 |Zk+1
π
ek+1
= πZ0:k+1 |y0:k+1
,
πyk+2 |y0:k+1
ck+1

Assume that Tk pushes forward ηX0:k+1 to πZ0:k+1 |y0:k+1 for some k > 0 (Tk is welldefined for all k since the maps (Ti )i≥0 in (25) are also well-defined), and notice that

Now fix any T ∈ Li ◦ Li+1 ◦ Ri+1 = Li ◦ Di+1 . It must be that T = Li ◦ g for some
g ∈ Di+1 ⊂ Ri , so that T ∈ Li ◦ Ri , which shows the inclusion Li ◦ Ri ⊃ Li ◦ Li+1 ◦ Ri+1
(Part 1a of the lemma). By Corollary 19, we have that Li+1 is low-dimensional with respect to Ai ∪ Bi+1 , and so its effective dimension is bounded above by |V \ (Ai ∪ Bi+1 )| =
|(Ai+1 \ Ai ) ∪ Si+1 | (Part 1b). Finally, by Theorem 7[Part 2b], each R ∈ Ri+1 is lowdimensional with respect to Ai+1 , and so its effective dimension is bounded by |V \ Ai+1 |
(Part 1c).
πZ0:k+2 |y0:k+2 = πZ0:k+1 |y0:k+1
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Now let k > 0 and notice that πZk+1 |Zk (zk+1 |zk ) = N (zk+1 ; Fk zk , Qk ), πYk+1 |Zk+1 (yk+1 |zk+1 ) =
N (yk+1 ; Hk+1 zk+1 , Rk+1 ) and ηXk (zk ) = N (zk ; 0, I). By definition of the target π k in
Theorem 9, we have:

= N (zk ; 0, I) N (yk+1 ; Hk+1 zk+1 , Rk+1 )

1
π k (zk , zk+1 ) = ηXk (zk ) πYk+1 |Zk+1 (yk+1 |zk+1 ) πZk+1 |Zk (zk+1 |Mk−1
(zk ))

N (zk+1 ; Fk (Ck−1 zk + ck−1 ), Qk )
1
∝ exp(− z > J z + z > h),
2

J=

> J
J12
22

J11 J12

,

h=

h1
h2

where z = (zk , zk+1 ) ∈ R2n , and where J ∈ R2n×2n , h ∈ R2n are defined as
"
#


,
with:

>
> −1

J11 = I + Ck−1 Fk Qk Fk Ck−1


>
> −1


J12 = −Ck−1 Fk Qk
> R−1 H
J22 = Qk−1 + Hk+1
k+1
k+1




h1 = J12 Fk ck−1


−1
>
h2 = Q−1
k Fk ck−1 + Hk+1 Rk+1 yk+1 .

In particular, we can rewrite π k in information form (Koller and Friedman, 2009) as π k (z) =
N −1 (z; h, J ). Moreover we know by Theorem 9[Part 1], that the submap Mk1 (zk+1 ) =
Ck zk+1 + ck pushes forward ηXk+1 to the filtering marginal πZk+1 |y0:k+1 . Hence (ck , Ck )
should be, respectively, the mean and a square root of the covariance of πZk+1 |y0:k+1 —
thus the output of any square-root Kalman filter at time k + 1. Now we just need to
determine the submap Mk0 (zk , zk+1 ) = Ak zk + Bk zk+1 + ak . Given that Mk is a block
upper triangular function, the map zk 7→ Mk0 (zk , zk+1 ) should push forward ηXk to zk 7→
k
k
(zk |zk+1 ) = N −1 (zk ; h1 − J12 zk+1 , J11 ) =
πZ
(zk |Mk1 (zk+1 )). Notice that πZ
k |Zk+1
k |Zk+1

zk .

−1
−1
−1
k
J12 (Fk ck−1 −
(h1 − J12 zk+1 ), J11
). Hence πZ
(zk |Mk1 (zk+1 )) = N (zk ; J11
N (zk ; J11
k |Zk+1

−1
Ck zk+1 − ck ), J11
), and so:

−1/2

−1
Mk0 (zk , zk+1 ) = J11
J12 (Fk ck−1 − Ck zk+1 − ck ) + J11

Simple algebra then leads to (29).
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Proof of Theorem 12 We use a very similar argument to Theorem 9. We first show that
the maps (Mi )i≥0 are well-defined. These maps are well-defined as long as, for instance, we
show that π i is a probability density for all i ≥ 0, and as long as there exist permutations (σi )
that guarantee the generalized block triangular structure of (31). As for the permutations, it
suffices to consider σ = σ1 = σ2 = · · · with σ(Np+2n ) = {1, . . . , p, p+2n, p+2n−1, . . . , p+1}.
As for the targets (π i ), we now use a (complete) induction argument over i to show that, for
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R

"

Θ (x )
Ti−1
θ
xi+1

#

,

π i (zθ , zi , zi+1 ) dzi = Ai] πΘ,Zi+1 |y0:i+1 (zθ , zi+1 )

Spantini, Bigoni, and Marzouk

all i ≥ 0, π i is a nonvanishing density and
for a map Ai defined on Rp × Rn as

Ai (xθ , xi+1 ) =

Θ
with Ti−1
(x
θ ) = xθ if i = 0.
For the base case (i = 0), just notice that c0 = πY0 ,Y1 (y0 , y1 ) < ∞, so that π 0 = π
e0 /c0 >
0 is a valid density. Moreover, we have the desired marginal, i.e.,
Z
π 0 (zθ , z0 , z1 ) dz0 = πΘ,Z1 |Y0 ,Y1 (zθ , z1 |y0 , y1 ) = A0] πΘ,Z1 |y0 ,y1 (zθ , z1 ),

MiΘ (xθ )
Mi1 (xθ , xi+1 )

,

since A0 is the identity map on Rp × Rn . Now assume that π j is aR nonvanishing density
for all j ≤ i (complete induction) with i > 0, and that the marginal π i (zθ , zi , zi+1 ) dzi =
Ai] πΘ,Zi+1 |y0:i+1 (zθ , zi+1 ). Under this hypothesis, the maps (Mj )j≤i are well-defined, and
so are Ai , Ai+1 since TiΘ = M0Θ ◦ · · · ◦ MiΘ . Before checking the integrability of π i+1 , notice
that by definition of Mi (a KR rearrangement), the map Bi , given by
#
"

Bi (xθ , xi+1 ) =

π
ei+1 (TiΘ (zθ ), Mi1 (zθ , zi+1 ), zi+2 ) dzθ dzi+1:i+2
Z
fi )] ηX ,X (xθ , xi+1 ) πZ |Z ,Θ (zi+2 |xi+1 , xθ )
(M
i+1
Θ
i+2
i+1

πY |Z ,Θ (yi+2 |zi+2 , xθ ) dxθ dxi+1 dzi+2
Z i+2 i+2
πΘ,Zi+1 |y0:i+1 (xθ , xi+1 )

fi (zθ , zi+1 ),
=M

(44)

R
pushes forward ηXΘ ,Xi+1 to the marginal π i (zθ , zi , zi+1 ) dzi , which equals Ai] πΘ,Zi+1 |y0:i+1
(inductive hypothesis), i.e., (Bi )] ηXΘ ,Xi+1 = Ai] πΘ,Zi+1 |y0:i+1 . In particular, it must also
be that (A ◦ B ) η
=π
, where Ai ◦ Bi corresponds precisely to the map
i
i
X
]
Θ,Z
Θ ,Xi+1
i+1 |y0:i+1
fi defined in (34), so that (M
fi )] ηX ,X = πΘ,Z |y
M
.
i+1
Θ
i+1 0:i+1
Now we can prove that ci+1 < ∞ using the following identities:
Z
ηXΘ ,Xi+1 (zθ , zi+1 )
(43)
ci+1 =

=

=

TiΘ (zθ )
Mi1 (zθ , zi+1 )

#

πZi+2 ,Yi+2 |Zi+1 ,Θ (zi+2 , yi+2 |xi+1 , xθ ) dxθ dxi+1 dzi+2

= πYi+2 |Y0:i+1 (yi+2 |y0:i+1 ) < ∞,

=

where we used the change of variables:
"
# "
xθ
xi+1
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fi )] ηX ,X
and the fact that (M
i+1 = πΘ,Zi+1 |y0:i+1 (induction hypothesis). (The change of
Θ
fi can be factorized as the
variables in (44) is valid for the following reason: the map M
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πyk+2 |Zk+2 ,Θ πZk+2 |Zk+1 ,Θ
π
ek+1
,
= πΘ,Z0:k+1 |y0:k+1
πyk+2 |y0:k+1
ck+1



ηXΘ ,Xk+1

π k+1
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where we used the fact that by Lemma 15 (applied iteratively) it must be that (Ck+1 ◦
]
]
Tk+1 )] ρ = Tk+1
Ck+1
ρ for all densities ρ. (Notice that Ck+1 is the composition of functions
which are trivial embeddings into the identity map of KR rearrangements that couple a
pair of measures in M+ (Rp × Rn × Rn ), and thus each map in the composition satisfies the
hypothesis of Lemma 15.) Thus (Tk+1 )] ηXΘ ,X0:k+2 = πΘ,Z0:k+2 |y0:k+2 , and this concludes
the induction argument and the proof of Part 2 of the theorem.
The proof of Part 3 follows from c0 = πY0 ,Y1 (y0 , y1 ), (43), and (42).

= ηX0:k M]k+1 π k+1 = ηXΘ ,X0:k+2 ,

T]k πΘ,Z0:k+1 |y0:k+1


]
= Tk+1
ηX0:k π k+1

]
T]k+1 πΘ,Z0:k+2 |y0:k+2 = Tk+1

Thus the following hold:

where we used (43) and the definition of the collection (e
π i ). Let Tk+1 = T0 ◦ · · · ◦ Tk+1 be
defined as in Part 2 of the theorem, and observe that Tk+1 = Ck+1 ◦ Tk+1 with


MΘ
k+1 (xθ )

 x

 0
"
#

 .

 ..
Tk (xθ , x0:k+1 )
.
, Tk+1 (xθ , x0:k+2 ) = 
Ck+1 (xθ , x0:k+2 ) =

 x
xk+2

 k


0
 Mk+1 (xθ , xk+1 , xk+2 ) 
M1k+1 (xθ , xk+2 )

πΘ,Z0:k+2 |y0:k+2 = πΘ,Z0:k+1 |y0:k+1

This argument completes the induction step and shows that not only the maps (Mi )i≥0
f1 )] ηX ,X =
are well-defined—together with the maps (Ti )i≥0 in (35)—but also that (M
i+1
i
Θ
πΘ,Zi+1 |y0:i+1 for all i ≥ 0 (Part 1 of the theorem).
Now we prove Part 2 of the theorem using another induction argument on k ≥ 0. For
the base case (k = 0), notice that T0 = T0 = M0 , and that, by definition, M0 pushes
forward ηXΘ ,X0 ,X1 to π 0 = πΘ,Z0 ,Z1 |y0 ,y1 .
Assume that Tk pushes forward ηXΘ ,X0:k+1 to πΘ,Z0:k+1 |y0:k+1 for some k > 0 (Tk is
well-defined for all k since the maps (Ti )i≥0 in (35) are also well-defined), and notice that

composition of i + 1 (generalized) triangular functions, all that fit the hypothesis of Lemma
15, so that (44) should really be interpreted as a sequence of i + 1 change of variables—each
associated with one map in the composition and justified by Lemma 15.) Therefore π i+1 is
a nonvanishing density. Following the same derivations as in (43), it is not hard to show
that π i+1 has also the desired marginal, i.e.,
Z
π i+1 (zθ , zi+1 , zi+2 ) dzi+1 = A]i+1 πΘ,Zi+2 |y0:i+2 (zθ , zi+2 ).
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return
end procedure

T [c? ]

c∈RN

c? = argmin −

i=1

1 X
m

m

log π̄(T [c](xi )) +

k

X

Generate samples (xi )m
i=1 ∼ N (0, I)
Solve (e.g., via a quasi-Newton or Newton method),

i.i.d.

procedure ComputeMap(π̄, T [c], m)

!
log ∂k T [c]k (xi )

4:

i=1
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Generate samples (xi )m
i=1 ∼ N (0, I)
Solve
m
1 X
c? = argmin
(M (xi ) − T [c](xi ))2
c∈RN m

i.i.d.

procedure RegressionMap(M , T [c], m)

return T [c? ]
5: end procedure

3:

2:

1:
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Algorithm 2 (Regression of a monotone map)
Given a map M and a parametric triangular monotone map T [c] of the form (5) , defined
by an arbitrary set of coefficients c ∈ RN , find the coefficients c? minimizing the discrete
L2 norm between the two maps.

5:

4:

3:

2:

1:

Algorithm 1 (Computation of a monotone map)
Given an unnormalized target density π̄ and a parametric triangular monotone map T [c] of
the form (5), defined by an arbitrary set of coefficients c ∈ RN , find the optimal coefficients
c? according to (7).

Here we digest the smoothing and joint state-parameter inference methodologies discussed
in Section 7 into a handful of algorithms, described with pseudocode. Algorithms 1 and 2
below are building blocks: they describe, respectively, how to approximate a transport map
given an (unnormalized) target density, and how to project a given transport map onto a set
of monotone transformations. Algorithm 3 shows how to build a recursive approximation
of πΘ,Z0:k+1 |y0:k+1 —i.e., the full Bayesian solution to the problem of sequential inference
in state-space models with static parameters—using a decomposable transport map. See
details in Section 7.3. For simplicity, we always use a standard normal reference process
ηX , although more general choices are possible. Algorithm 4 shows how to sample from
the resulting approximation of the joint distribution πΘ,Z0:k+1 |y0:k+1 , whereas Algorithm 5
focuses on a particular “filtering” marginal, i.e., πΘ,Zk+1 |y0:k+1 . The problem of sequential
inference on state-space models without static parameters (see Section 7.1) can be tackled
via a simplified version of Algorithm 3, wherein the formal dependence on Θ is dropped. The
actual implementation of these algorithms is available online at http://transportmaps.
mit.edu.

Appendix C. Algorithms for Inference on State-Space Models
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1
0
1
2
3
200

fk (xθ , xk+1 ) :=
M

400

e Θ (MΘ (xθ ))
T
k−1
k
Mk1 (xθ , xk+1 )

time

60

600

. see Thm. 12 Part. 1

800
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Figure 18: Same as Figure 10, but using linear maps. Compared to a high-order map, there
seems to be only a minimal loss of accuracy, more prominent at earlier times.

0

We revisit the numerical example of Section 8 and re-run both the joint state/parameter
inference problem and the long-time smoothing problem with linear rather than nonlinear
maps. The results are less accurate, but substantially faster; see Table 1 and the discussion
of this comparison in Section 8.

Appendix D. Additional Results for the Stochastic Volatility Model

fk (xθ , xk+1 )
y←M
return y
end procedure

eΘ )
procedure SampleFiltering( Mk , T
k−1
Generate x ∼ N (0, I), with I the identity in dθ + dz dimensions
Define



Algorithm 5 (Sample the filtering distribution)
Generate a sample from the marginal distribution πΘ,Zk+1 |y0 ,...,yk+1 using the maps computed in Algorithm 3.

1:

k+1
procedure Assimilate((yi )i=0
, m)
for i ← 0 to k do
. see Thm. 12
if i = 0 then
e Θ to be the identity map
Define T
i−1
Define π i as in (32)
else
e Θ ◦ MΘ , T
e Θ [c], m )
e Θ [c? ] ← RegressionMap( T
T
i−1
i−2
i−1
i−1
Define π i as in (33)
end if
Mi [c? ] ← ComputeMap(π i , Mi [c], m)
i−1
Append Mi to the list (Mj )j=0
end for
k
eΘ
return (Mj )j=0
,T
k−1
end procedure

Algorithm 3 (Joint parameter and state inference)
k+1
Given observations (yi )i=0
, construct a transport map approximation of the smoothing
k .
distribution πΘ,Z0 ,...,Zk+1 |y0 ,...,yk+1 in terms of a list of maps (Mj )j=0
2:
3:
5:

4:
6:
7:
8:
9:
10:
12:

11:
13:
14:

Algorithm 4 (Sample the smoothing distribution)
Generate a sample from the smoothing distribution πΘ,Z0 ,...,Zk+1 |y0 ,...,yk+1 using the maps
computed in Algorithm 3.
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k )
procedure SampleSmoothing( (Mj )j=0
Generate x ∼ N (0, I), with I the identity in dθ + k · dz dimensions
for j ← k to 0 do
. see Thm. 12 Part. 2
xθ ← MjΘ (xθ )
xj ← Mj0 (xθ , xj , xj+1 )
xj+1 ← Mj1 (xθ , xj+1 )
end for
return x
end procedure
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Figure 20: Same as Figure 12, but using linear maps. Here, the loss of accuracy is more dramatic than for the smoothing distribution of the state in Figure 18. Even though
the approximate marginal captures the bulk of the true parameter marginals,
for this specific problem of static parameter inference, a linear map is largely
inadequate; hence the need for a higher-order nonlinear transformation.
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Figure 22: Same as Figure 13, but using linear maps. Once again, the linear map provides
plausible, but somewhat inaccurate, results for sequential parameter inference.
A nonlinear transformation is better suited for this problem.

3.0
2.5
2.0
1.5
1.0
0.5
0.0

Figure 21: The horizontal plane of Figure 20 (black lines) overlaid with a selected number
of box-and-whisker plots associated with the marginals of a “reference” MCMC
solution. The ends of the whiskers represent the {5, 95}–percentiles, while the
green dots correspond to the means of the reference distribution. Linear maps
are insufficient to correctly characterize the parameter marginals, especially the
transition at time 74 (cf. Figures 12 and 20)
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0

Figure 19: Comparison of the {5, 95}–percentiles (dashed lines) and the mean (solid line)
of the numerical approximation of the filtering marginals using linear transport
maps (blue lines) with those of a “reference” solution obtained via seventh-order
maps (as shown in Figure 11). The two solutions look remarkably similar despite
the enormous difference in computational cost (see Table 1).
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Figure 23: The horizontal plane of Figure 22 (black lines) overlaid with a selected number
of box-and-whisker plots associated with the marginals of a “reference” MCMC
solution. See Figure 21 caption for more details.
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Figure 24: Same as Figure 17, but using linear maps. Long-time smoothing with no static parameters via linear maps yields
accurate characterizations of the marginal distributions across all times, at a fraction of the cost of a high-order
nonlinear transformation (see Table 1).
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1. Samo and Roberts (2015) propose an efficient approximate sampling scheme.
2. For a frequentist nonparametric approach to this model, see (Flaxman et al., 2017). For a Bayesian
extension see (Walder and Bishop, 2017).
3. For a different application of marked Poisson processes, see (Lloyd et al., 2016).

models, the inference problem for such Poisson models has attracted considerable interest
in the machine learning community.
While powerful black–box variational Gaussian inference algorithms are available which
can be applied to arbitrary link–functions, the choice of link–functions is not only crucial for
defining the prior over intensities but can also be important for the efficiency of variational
inference. The ’standard’ choice of Cox processes with an exponential link function was
treated in (Hensman et al., 2015). However, variational Gaussian inference for this link
function has the disadvantage that the posterior variance becomes decoupled from the
observations (Lloyd et al., 2015).1 An interesting choice is the quadratic link function of
(Lloyd et al., 2015) for which integrations over the data domain, which are necessary for
sparse GP inference, can be (for specific kernel) computed analytically.2 For both models,
the minimisation of the variational free energies is performed by gradient descent techniques.
In this paper we will deal with approximate inference for a model with a sigmoid link–
function. This model was introduced by (Adams et al., 2009) together with a MCMC
sampling algorithm which was further improved by (Gunter et al., 2014) and (Teh and
Rao, 2011). Kirichenko and van Zanten (2015) have shown that the model has favourable
(frequentist) theoretical properties provided priors and hyperparameters are chosen appropriately. In contrast to a direct variational Gaussian approximation for the posterior
distribution of the latent function, we will introduce an alternative type of variational approximation which is specially designed for the sigmoidal Gaussian Cox process. We build
on recent work on Bayesian logistic regression by data augmentation with Pólya–Gamma
random variables (Polson et al., 2013). This approach was already used in combination
with GPs (Linderman et al., 2015; Wenzel et al., 2017), for stochastic processes in discrete
time (Linderman et al., 2017), and for jump processes (Donner and Opper, 2017). We extend this method to an augmentation by a latent, marked Poisson process, where the marks
are distributed according to a Pólya–Gamma distribution.3 In this way, the augmented
likelihood becomes conjugate to a GP distribution. Using a combination of a mean–field
variational approximation together with sparse GP approximations (Csató and Opper, 2002;
Csató, 2002; Titsias, 2009) we obtain explicit analytical variational updates leading to fast
inference. In addition, we show that the same augmentation can be used for the computation of the maximum a posteriori (MAP) estimate by an expectation–maximisation (EM)
algorithm. With this we obtain a Laplace approximation to the non–augmented posterior.
The paper is organised as follows: In section 2, we introduce the sigmoidal Gaussian
Cox process model and its transformation by the variable augmentation. In section 3, we
derive a variational mean field method and an EM–algorithm to obtain the MAP estimate,
followed by the Laplace approximation of the posterior. Both methods are based on a
sparse GP approximation to make the infinite dimensional problem tractable. In section 4,
we demonstrate the performance of our method on synthetic data sets and compare with
the results of a Monte Carlo sampling method for the model and the variational approximation of Hensman et al. (2015), which we modify to solve the Cox–process model with the
scaled sigmoid link function. Then we compare our method to the state-of-the-art inference
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Estimating the intensity rate of discrete events over a continuous space is a common problem for real world applications such as modeling seismic activity (Ogata, 1998), neural data
(Brillinger, 1988), forestry (Stoyan and Penttinen, 2000) and so forth. A particularly common approach is a Bayesian model based on a so–called Cox process (Cox, 1955). The
observed events are assumed to be generated from a Poisson process, whose intensity function is modeled as another random process with a given prior probability measure. The
problem of inference for such type of models has also attracted interest in the Bayesian
machine learning community in recent years. Møller et al. (1998); Brix and Diggle (2001);
Cunningham et al. (2008) assumed that the intensity function is sampled from a Gaussian
Process (GP) prior (Rasmussen and Williams, 2006). However, to restrict the intensity
function of the Poisson process to nonnegative values, a common strategy is to choose a
nonlinear link function which takes the GP as its argument and returns a valid intensity.
Based on the success of variational approximations to deal with complex Gaussian process

1. Introduction

We present an approximate Bayesian inference approach for estimating the intensity of a
inhomogeneous Poisson process, where the intensity function is modelled using a Gaussian
process (GP) prior via a sigmoid link function. Augmenting the model using a latent
marked Poisson process and Pólya–Gamma random variables we obtain a representation
of the likelihood which is conjugate to the GP prior. We estimate the posterior using a
variational free–form mean field optimisation together with the framework of sparse GPs.
Furthermore, as alternative approximation we suggest a sparse Laplace’s method for the
posterior, for which an efficient expectation–maximisation algorithm is derived to find the
posterior’s mode. Both algorithms compare well against exact inference obtained by a
Markov Chain Monte Carlo sampler and standard variational Gauss approach solving the
same model, while being one order of magnitude faster. Furthermore, the performance and
speed of our method is competitive with that of another recently proposed Poisson process
model based on a quadratic link function, while not being limited to GPs with squared
exponential kernels and rectangular domains.
Keywords: Poisson process; Cox process; Gaussian process; data augmentation; variational inference
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algorithm (Lloyd et al., 2015) on artificial and real data sets with up to 104 observations.
Section 5 presents a discussion and an outlook.

Sigmoidal Gaussian Cox Process Inference
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pPG (ω|b, 0)dω,

(5)

(6)
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where b > 0 and c are parameters. We will not need an explicit form of this density, since
the subsequently derived inference algorithms will only require the first moments. Those
can be obtained directly from the moment generating function, which can be calculated
straightforwardly from Equation (5) and (6) (see Appendix B). Equation (5) allows us to

pPG (ω|b, c) ∝ e− 2 ω pPG (ω|b, 0),

c2

where pPG is a Pólya–Gamma density (Appendix B). We further define the tilted Pólya–
Gamma density by

cosh−b (z/2) =

Following Polson et al. (2013) we represent the inverse of the hyperbolic cosine as a scaled
Gaussian mixture model

2.2. Data augmentation II: Pólya–Gamma variables and marked Poisson
process

where PΛ is the probability measure of a Poisson process with intensity Λ(z). Equation (4)
can be derived by Campbell’s theorem (see Appendix A and (Kingman, 1993, chap. 3))
and identifies a Poisson process uniquely.
Setting h(z) = ln σ(−g(z)), and Z = X , and combining Equation (3) and (4) we obtain
the likelihood used by Adams et al. (2009, Eq. 4). However, in this work we make use of
another augmentation, before invoking Campbell’s theorem. This will result in a likelihood
which is conjugate to the model priors and further simplifies inference.

z m ∈ΠZ

EPΛ 

The left hand side has the form of a characteristic functional of a Poisson process. Generally,
for a random set of points ΠZ = {z m ; z m ∈ Z} on a space Z and with a function h(z), this
is defined as


 Z 


Y
eh(zm )  = exp −
1 − eh(z) Λ(z)dz ,
(4)

X

We will briefly introduce a data augmentation scheme by a latent Poisson process which
forms the basis of the sampling algorithm of Adams et al. (2009). We will then extend
this method further to an augmentation by a marked Poisson process. We focus on the
exponential term in Equation (1). Utilizing the well known property of the sigmoid that
σ(x) = 1 − σ(−x) we can write


 Z
 Z
(1 − σ(−g(x))) λdx .
(3)
λσ(g(x))dx = exp −
exp −

2.1. Data augmentation I: Latent Poisson process

non–linearly on g (through sigmoid and exponent of sigmoid). In the following we tackle
this by an augmentation scheme for the likelihood, such that it becomes conjugate to a GP
prior and we subsequently can derive an analytic form of a variational posterior given one
simple mean field assumption (Section 3).

2. The Inference problem
N
are generated by a Poisson process. Each point
We assume that N events D = {xn }n=1
xn is a d–dimensional vector in the compact domain X ⊂ Rd . The goal is to infer the
varying intensity function Λ(x) (the mean measure of the process) for all x ∈ X based on
the likelihood

X

Y
 Z
N
Λ(x)dx
Λ(xn ),
L(D|Λ) = exp −

n=1

(1)

which is equal (up to a constant) to the density of a Poisson process having intensity Λ (see
Appendix C and (Konstantopoulos et al., 2011)) with respect to a Poisson process with unit
intensity. In a Bayesian framework, a prior over the intensity makes Λ a random process.
Such a doubly stochastic point process is called Cox process (Cox, 1955). Since one needs
Λ(x) ≥ 0, Adams et al. (2009) suggested a reparametrization of the intensity function by
Λ(x) = λσ(g(x)), where σ(x) = (1 + e−x )−1 is the sigmoid function and λ is the maximum
intensity rate. Hence, the intensity Λ(x) is positive everywhere, for any arbitrary function
g(x) : X → R and the inference problem is to determine this function. Throughout this
work we assume that g(·) will be modelled as a GP (Rasmussen and Williams, 2006) and
the resulting process is called sigmoidal Gaussian Cox process. The likelihood for g becomes

X

Y
 Z
N
λσ(g(x))dx
λσ(gn ),
L(D|g, λ) = exp −

(2)

.
where gn = g(xn ). For Bayesian inference we define a GP prior measure PGP with zero
mean and covariance kernel k(x, x0 ) : X × X → R+ . λ has as prior density (with respect to
the ordinary Lebesgue measure) p(λ) which we take to be a Gamma density with shape-,
and rate parameter α0 and β0 , respectively. Hence, for the prior we get the product measure
dPprior = dPGP × p(λ)dλ. The posterior density p (with respect to the prior measure) is
given by
L(D|g, λ)
. dPposterior
p(g, λ|D) =
(g, λ|D) =
.
dPprior
EPprior [L(D|g, λ)]
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The normalising expectation in the denominator on the right hand side is with respect to
the probability measure Pprior . To deal with the infinite dimensionality of GPs and Poisson
processes we require a minimum of extra notation. We introduce densities or Radon–
Nikodým derivatives such as defined in Equation (2) (see Appendix C or de G. Matthews
et al. (2016)) with respect to infinite dimensional measures by boldface symbols p(z). On
the other hand, non–bold densities p(z) denote densities in the ‘classical’ sense, which means
they are with respect to Lebesgue measure dz.
Bayesian inference for this model is known to be doubly intractable (Murray et al., 2006).
The likelihood in Equation (1) contains the integral of g over the space X in the exponent
and the normalisation of the posterior in Equation (2) requires calculating expectation of
Equation (1). In addition inference is hampered by the fact, that likelihood (1) depends
3

0

Z

∞

ef (ω,z) pPG (ω|1, 0)dω,

. z z2
f (ω, z) = − ω − ln 2.
2
2

e
=
2 cosh( z2 )

z
2

X ×R+


1 − ef (ω,−g(x))


(8)


pPG (ω|1, 0) λdωdx .

(7)

(x,ω)m ∈ΠX̂

Y
e



f (ωm ,−gm ) 

.

(x,ω)m ∈ΠX̂

Y

ef (ωm ,−gm )
n=1

N
Y

(9)
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λef (ωn ,gn ) ,

5

where we define the prior measure of augmented variables as Paug = PΛ × PωN and where
ω N = {ωn }N
the Pólya–Gamma variables for the observations D with the prior
n=1 are
Q
measure dPωN = N
n=1 p(ωn |1, 0)dωn . This augmented representation of the likelihood
contains the function g(·) only linearly and quadratically in the exponents and is thus
conjugate to the GP
 prior of g(·). Note
 that the original likelihood in Equation (1) can be
recovered by EPaug L(D, ω N , ΠX̂ |g, λ) = L(D|g, λ).

=

. dPjoint
(D, ω N , ΠX̂ |g, λ)
L(D, ω N , ΠX̂ |g, λ) =
dPaug

Interestingly, the new Poisson process ΠX̂ with measure PΛ has the form of a marked Poisson
process (Kingman, 1993, chap. 5), where the latent Pólya-Gamma variables ωm denote the
‘marks’ being independent random variables at each location xm . It is straightforward to
sample such processes by first sampling the inhomogeneous Poisson process on domain X
(for example by ‘thinning’ a process with constant rate (Lewis and Shedler, 1979; Adams
et al., 2009)) and then drawing a mark ω on each event independently from the density
pPG (ω|1, 0).
Finally, using the Pólya–Gamma augmentation also for the discrete likelihood factors
corresponding to the observed events in Equation (1) we obtain the following joint likelihood
of the model

X̂


 Z 


f (ω,−g(x))
Λ(x, ω) dωdx = EPΛ 
exp −
1−e

Finally, we apply Campbell’s theorem (Equation (4)) to Equation (8). The space is a
.
product space Z = X̂ = X × R+ and the intensity Λ(x, ω) = λpPG (ω|1, 0). This results in
the final representation of the exponential in Equation (8)

X

 Z

 Z
exp −
λ (1 − σ(−g(x))) dx = exp −

Setting z = −g(x) in Equation (3) and substituting Equation (7) we get

where we define

σ(z) =

rewrite the sigmoid function as

Sigmoidal Gaussian Cox Process Inference

(11)

. dQ2
q 2 (g, λ) =
(g, λ).
dPprior

6
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Using standard arguments for mean field variational inference (Bishop, 2006, chap. 10)
and Equation (11), one can then show that the optimal factors satisfy



ln q 1 ω N , ΠX̂ = EQ2 log L(D, ω N , ΠX̂ |g, λ) + const.
(13)

. dQ1
q 1 (ω N , ΠX̂ ) =
(ω N , ΠX̂ ),
dPaug

where Q is the probability measure of the variational posterior in Equation (11) and we
introduced approximate likelihoods

meaning that the dependencies between the Pólya–Gamma variables ω N and the marked
Poisson process ΠX̂ on the one hand, and the function g and the maximal intensity λ on the
other hand, are neglected. As we will see in the following, this simple mean–field assumption
allows us to derive the posterior approximation analytically.
The variational approximation is optimised by minimising the Kullback–Leibler divergence between exact and approximated posteriors. This is equivalent to maximising the
lower bound on the marginal likelihood of the observations
 

L(D, ω N , ΠX̂ |g, λ)
L(q) = EQ log
≤ log L(D),
(12)
q 1 (ω N , ΠX̂ )q 2 (g, λ)

Pposterior (ω N , ΠX̂ , g, λ|D) ≈ Q1 (ω N , ΠX̂ ) × Q2 (g, λ),

For variational inference one assumes that the desired posterior probability measure belongs
to a family of measures for which the inference problem is tractable. Here we make a
simple structured mean field assumption in order to fully utilise its conjugate structure:
We approximate the posterior measure by

3.1. Variational mean–field approximation

.
p(ω N , ΠX̂ , g, λ|D) =

dPposterior
(ω N , ΠX̂ , g, λ|D)
d(Pprior × Paug )
(10)
L(D, ω N , ΠX̂ |g, λ)
,
=
L(D)


where the denominator is the marginal likelihood L(D) = EPprior ×Paug L(D, ω N , ΠX̂ |g, λ) .
The posterior density of Equation (10) could be sampled using Gibbs sampling with explicit,
tractable conditional densities. Similar to the variational approximation in the next section,
one can show that the conditional measure of the point sets ΠX̂ and the variables ω N , given
the function g(·) and maximal intensity λ is a product of a specific marked Poisson process
and independent (tilted) Pólya–Gamma densities. On the other hand, the distribution over
function g(·) conditioned on ΠX̂ and ω N is a Gaussian process. Note, however, one needs
to sample this GP only at the finite points xm in the random set ΠX̂ and the fixed set D.

Based on the augmentation we define a posterior density for the joint model with respect
to the product measure Pprior × Paug

3. Inference in the augmented space

Donner and Opper

and




+ const. ,

Sigmoidal Gaussian Cox Process Inference

ln q 2 (g, λ) = EQ1
log L(D, ω N , ΠX̂ |g, λ)
(14)

(16)

(15)

respectively. These results lead to an iterative scheme for optimising q 1 and q 2 in order
to increase the lower bound in Equation (12) in every step. From the structure of the
likelihood one derives two further factorisations:

q 2 (g, λ) = q 2 (g)q 2 (λ),

q 1 (ω N , ΠX̂ ) = q 1 (ω N )q 1 (ΠX̂ ),
where the densities are defined with respect to the measures dP (ω N ), dPΛ , dPGP , and
p(λ)dλ, respectively. The subsequent section describes these updates explicitly.
Following Equation (13) and (15) we obtain

 (n) 


c1
(n)
ω
N exp −
N
n
p
2
Y
Y
PG ωn |1, c1

=
,
(n)
pPG (ωn |1, 0)
cosh−1 c1 /2
n=1

n=1

Optimal Pólya–Gamma density

q 1 (ω N ) =

X̂

R 

Q
EQ2 [f (ωm ,−gm )]
λ1
(x,ω)m ∈ΠX̂ e

,
eEQ2 [f (ω,−g(x))] − 1 λ1 pPG (ω|1, 0)dxdω

(18)

(17)

where the factors are tilts of the prior Pólya-Gamma densities (see Equation (6) and App
(n)
pendix B) with c1 = EQ2 [gn2 ]. By simple density transformation we obtain the density
with respect to the Lebesgue measure as

n=1

N


Y
dPωN
(n)
q1 (ω N ) = q 1 (ω N )
=
pPG ωn |1, c1 ,
dω N

being a product of tilted Pólya–Gamma densities.

exp

Optimal Poisson process Using Equation (13) and (15) we obtain
q 1 (ΠX̂ ) =

c1 (x)
2

 pPG (ω|1, c1 (x))



(19)
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pPG (ω|1, c1 (x))

∗
.
withλ1 = e EQ2 [log λ ] . Note, that EQ2 [f (ωm , −gm )] involves the expectations EQ2 [gm ] and
EQ2 (gm )2 . One can show, that Equation (18) is again a marked Poisson process with
intensity





E [g(x)]
exp − Q2 2

2 cosh



c1 (x) − EQ2 [g(x)]
2
p
EQ2 [g(x)2 ] (for a proof see Appendix D).

=λ1 σ(−c1 (x)) exp

Λ1 (x, ω) =λ1

where c1 (x) =

7
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n=1

N
X

EQ1 [f (ωn , g(xn ))] .

Optimal Gaussian process From Equation (14) and (16) we obtain the optimal approximation of the posterior likelihood (note that this is defined relative to GP prior)

q 2 (g) ∝ eU (g) ,



f (ωm , −gm ) +

where the effective log–likelihood is given by

X

(x,ω)m ∈ΠX̂

U (g) = EQ1 

N
X

1
2

X

A(x)g(x)2 dx +

0

Z

∞

EQ1 [ωn ] δ(x − xn ) +

n=1

1X
1
δ(x − xn ) −
2
2

n=1
N

U (g) = −

A(x) =

B(x) =

1

∞

X

Z

0

Λ1 (x, ω)dω,

ωΛ1 (x, ω)dω,

The first expectation is over the variational Poisson process ΠX̂ and the second one over
the Pólya–Gamma variables ω N . These can be easily evaluated (see Appendix A) and one
finds
Z
Z
B(x)g(x)dx,
(20)
with

∞
∞

(n)

2c1

tanh

(n)

c1
2

,

1
tanh
2c1 (x)



c1 (x)
2

Λ1 (x, ω)dω = λ1 σ(−c1 (x)) exp

ωΛ1 (x, ω)dω =



Λ1 (x).

c1 (x) − EQ2 [g(x)]
2



.
= Λ1 (x),

where δ(·) is the Dirac delta function. The expectations and integrals over ω are
!
EQ1 [ωn ] =

Z

Z0

0
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The resulting variational distribution defines a Gaussian process. Because of the mean–
field assumption the integrals in Equation (20) do not require integration over random
variables, but only solving two deterministic integrals over space X . However, those integrals
depend on function g over the entire space and it is not possible for a general kernel to
compute the marginal posterior density at an input x in closed form. For specific GP
kernel operators, which are the inverses of differential operators, a solution in terms of
linear partial differential equations would be possible. This could be of special interest for
one–dimensional problems where Matern kernels with integer parameters (Rasmussen and
Williams, 2006) fulfill this condition. Here, the problem becomes equivalent to inference
for a (continuous time) Gaussian hidden Markov model and could be solved by performing
a forward–backward algorithm (Solin, 2016). This would reduce the computations to the
solution of ordinary differential equations. We will discuss details of such an approach
elsewhere. To deal with general kernels we will resort instead to a the well known variational
sparse GP approximation with inducing points.

8

s (g

s)

with U s (g s ) = EP (g|gs ) [U (g)] ,

(22)

X



Z
µs2 = Σs2 Ks−1
B(x)ks (x)dx .

(26)

(25)

9
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In contrast to other variational approximations (see for example (Lloyd et al., 2015; Hensman et al., 2015)) we obtain a closed analytic form of the variational posterior mean and

and the mean

X

with the covariance matrix given by

−1
Z
Σs2 = Ks−1
A(x)ks (x)ks (x)> dx Ks−1 + Ks−1
,

The constant equals the conditional variance of g(x) which does not depend on the sparse
set g s , but only on the locations of the sparse points. Because we are dealing now with
a finite problem we can define the ‘ordinary’ posterior density of the GP at the inducing
points with respect to the Lebesgue measure dg s . From Equation (20), (22), and (23),
we conclude that the sparse posterior at the inducing variables is a multivariate Gaussian
density
q2s (g s ) = N (µs2 , Σs2 ),
(24)

where ks (x) = (k(x, x1 ), . . . , k(x, xL ))> and Ks is the kernel matrix between inducing
points. For the second expectation, we get


2
EP (g|gs ) g 2 (x) = EP (g|gs ) [g(x)] + const.
(23)

EP (g|gs ) [g(x)] = ks (x)> Ks−1 g s ,

where the conditional expectation is with respect to the GP prior measure given the function
g s at the inducing points. The explicit calculation requires the conditional expectations of
g(x) and of (g(x))2 . We get

q2s (g s ) ∝ eU

A short computation (Appendix E) shows that

which depends only on a finite dimensional vector of function values g s = (g(x1 ), . . . , g(xL
at a set of inducing points {xl }L
l=1 . With this approach it is again possible to marginalise
out exactly all the infinitely many function values outside of the set of inducing points. The
sparse likelihood q s2 is optimised by minimising the Kullback–Leibler divergence


q s (g)
.
DKL (Qs2 kQ2 ) = EQs2 log 2
q 2 (g)

))>

(21)
X

Z
F (x)dx ≈
r=1

R

|X | X
F (xr ).
R

β2α2 (λ)α2 −1 e−β2 λ
,
Γ(α2 )

(29)

10
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Hyperparameters Hyperparameters of the model are (i) the covariance parameters θ
of the GP, (ii) the locations of the inducing points {xl }L
l=1 , and (iii) the prior parameters
α0 , β0 for the maximal intensity λ. The covariance parameters (i) θ are optimised by
gradient ascent following the gradient of the lower bound in Equation (12) with respect to
θ (Appendix F). As gradient ascent algorithm we employ the ADAM algorithm (Kingma
and Ba, 2014). We perform always one step after the variational posterior q is updated as
described before. (ii) The locations of the sparse GP {xl }L
l=1 could in principle be optimised
as well, but we keep them fixed and position them on a regular grid over the space X .
From this choice it follows that Ks is a Toeplitz matrix, when the kernel is translationally
invariant. This could be inverted in O(L(log L)2 ) instead of O(L3 ) operations (Press et al.,
2007) but we do not employ this fact. Finally, (iii) the value for prior parameters α0 and β0
are chosen such that p(λ) has a mean twice and standard deviation once the intensity one
would expect for a homogeneous Poisson Process observing D. The complete variational
procedure is outlined in Algorithm 1.

R
where α2 = N + EQ1 [1Π (x)] + α0 , β2 = β0 + X dx and Γ(·) is the gamma function. 1Π (x)
denotes the indicator function being 1 if x ∈ Π and 0 otherwise and the integral is again
solved by Monte Carlo integration. This defines the required expectations for updating q1
by EQ2 [λ] = αβ22 and EQ2 [log λ] = ψ(α2 ) − log β2 , where ψ(·) is the digamma function.

q2 (λ) = Gamma(λ|α2 , β2 ) =

Optimal density for maximal intensity λ
density as a Gamma density

(28)

(27)

From Equation (14) we identify the optimal


(s2 (x))2 = k(x, x) − ks (x)> Ks−1 I − Σs2 Ks−1 ks (x),

where I is the identity matrix.

and variance

µ2 (x) = EQ2 [g(x)] = ks (x)> Ks−1 µs2 ,

is drawn uniformly from the space X .
The set of integration points
Finally, from Equation (21) and (24) we obtain the mean function and the variance of
the sparse approximation for every point x ∈ X , which is

{xr }R
r=1

IF =

covariance which holds for arbitrary GP kernels. However, these results depend on finite
dimensional integrals over the space X which cannot be computed analytically. This is different to the sparse approximation for the Poisson model with square link function (Lloyd
et al., 2015), where similar integrals in the case of the squared exponential kernel can be obtained analytically. Hence, we resort to a simple Monte–Carlo integration, where integration
points are sampled uniformly on X as

Optimal sparse Gaussian process The sparse variational Gaussian approximation follows the standard approach (Csató and Opper, 2002; Csató, 2002; Titsias, 2009) and its
generalisation to a continuum likelihood (Batz et al., 2018; de G. Matthews et al., 2016).
For completeness, we repeat the derivation here and more detailed in Appendix E. We
approximate q 2 (g) by a sparse likelihood GP q s2 (g) with respect to the GP prior

dQs2
(g) = q s2 (g s ),
dP

Donner and Opper
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Algorithm 1: Variational Bayes algorithm for sigmoidal Gaussian Cox process.


Init: EQ [g(x)] , EQ (g(x))2 at D and integration points, and EQ [λ] , EQ [log λ]
1 while L not converged do
2
Update q1
3
PG distributions at observations: q1 (ω N ) with Eq. (17)
4
Rate of latent process: Λ1 (x, ω) at integration points with Eq. (19)
5
Update q2
6
Sparse GP distribution: Σ2s , µ2s with Eq. (25), (26)

7
GP at D and integration points: EQ2 [g(x)] , EQ2 (g(x))2 with
Eq. (27), (28)
8
Gamma-distribution of λ: α2 , β2 with Eq. (29)
9
Update kernel parameters with gradient ascent
end

10

3.2. Laplace approximation
In this section we will show that our variable augmentation method is well suited for computing a Laplace approximation (Bishop, 2006, chap. 4) to the joint posterior of the GP
function g(·) and the maximal intensity λ as an alternative to the previous variational
scheme. To do so we need the maximum a posteriori (MAP) estimate (equal to the mode
of the posterior distribution) and a second order Taylor expansion around this mode. The
augmentation method will be used to compute the MAP estimator iteratively using an EM
algorithm.
Obtaining the MAP estimate In general, a proper definition of the posterior mode
would be necessary, because the GP posterior is over a space of functions, which is an
infinite dimensional object and does not have a density with respect to Lebesgue measure.
A possibility to avoid this problem would be to discretise the spatial integral in the likelihood
and to approximate the posterior by a multivariate Gaussian density for which the mode
can then be computed by setting the gradient equal to zero. In this paper, we will use a
different approach which defines the mode directly in function space and allows us to utilise
the sparse GP approximation developed previously for the computations. A mathematically
proper way would be to derive the MAP estimator by maximising a properly penalised log–
likelihood. As discussed e.g. in Rasmussen and Williams (2006, chap. 6) for GP models
with likelihoods which depend on finitely many inputs only, this penalty is given by the
squared reproducing kernel Hilbert space (RKHS) norm that corresponds to the GP kernel.
Hence, we would have


1
2
(g ∗ , λ∗ ) =argming∈Hk ,λ − ln L(D|g, λ) − ln p(λ) + kgkH
,
k
2
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2
where kgkH
is the RKHS norm for the kernel k. This penalty term can be understood
k
as a proper generalisation of a Gaussian log–prior density to function space. We will not
give a formal definition here but work on a more heuristic level in the following. Rather
than attempting a direct optimisation, we will use an EM algorithm instead, applying the

11
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old )
X̂ |(g,λ)



1
2
ln L(D, ω N , ΠX̂ |g, λ) + ln p(λ) − kgkH
,
k
2

(30)

variable augmentation with the Poisson process and Pólya–Gamma variables introduced in
the previous sections. In this case, the likelihood part of the resulting ’Q–function’
.
Q((g, λ)|(g, λ)old ) = EP (ωN ,Π

n=1

N
Y
dPωN
=
pPG (ωn |1, c̃n ) ,
dω N

that needs to be maximised in the M–step becomes (as in the variational approach before)
the likelihood of a Gaussian model in the GP function g. Hence, we can argue that the
function g which maximises Q is equal to the posterior mean of the resulting Gaussian
model and can be computed without discussing the explicit form of the RKHS norm.
The conditional probability measure P (ω N , ΠX̂ |(g, λ)old ) is easily obtained similar to
the optimal measure Q1 by not averaging over g and λ. This gives us straightforwardly the
density
p(ω N , ΠX̂ |(g, λ)old ) = p(ω N |(g, λ)old )p(ΠX̂ |(g, λ)old ).
The first factor is

p(ω N |(g, λ)old ) = p(ω N |(g, λ)old )

dPΛ̃
(Π |(g, λ)old ),
dPΛ X̂

Λ̃(x, ω) = λold σ(−g old (x))pPG (ω|1, c̃(x)) ,

p(ΠX̂ |(g, λ)old ) =

with c̃n = |gnold |. The latent point process ΠX̂ is again a Poisson process density

where the intensity is

N
X

=−

1
2

Z

X

∞

Z

0

Λ̃(x, ω)dω.

∞

Ã(x)g(x)2 dx +

0

Z

EP (ωn |(g,λ)old ) [ωn ] δ(x − xn ) +

n=1

1
1X
δ(x − xn ) −
2
2

n=1
N

EP (ω|(g,λ)old ) [ω] Λ̃(x, ω)dω,

X

with c̃(x) = |g old (x)|. The first term in the Q–function is


.
U (g, λ) = EP (ωN ,Π |(g,λ)old ) ln L(D, ω N , ΠX̂ |g, λ)
X̂
Z
B̃(x)g(x)dx,
with
Ã(x) =

B̃(x) =

We have already tackled almost identical log–likelihood expressions in Section 3.1 (see Equation (20)). While for specific priors (with precision kernels given by differential operators)
an exact treatment in terms of solutions of ODEs or PDEs is possible, we will again resort to
the sparse GP approximation instead. The sparse version U s (g s , λ) is obtained by replacing
g(x) → EP (g|gs ) [g(x)] in U (g, λ). From this we obtain the sparse Q–function as

(31)
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1
.
Qs ((g s , λ)|(g s , λ)old ) = U s (g s , λ) + ln p(λ) − g s> Ks−1 g s .
2

12

Ks−1 g s
xn ∈Dtest

(32)

pΛ (·),



(xi − x0i )2
exp −
,
2νi2
i=1

14
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d
Y

where the hyperparameters are scalar θ and length scales ν = (ν1 , . . . , νd )> . Sampling of
the inhomogeneous Poisson process is done via thinning (Lewis and Shedler, 1979; Adams
et al., 2009). We assume that hyperparameters are known for subsequent experiments with
data sampled from the generative model.

k(x, x0 ) = θ

where pΛ (·) is the Poisson process density over sets of point with Λ(x) = λσ(g(x)) and
pGP (·|0, k) is a GP density with mean 0 and covariance function k. As kernel we choose a
squared exponential function

D∼

g ∼ pGP (·|0, k),

Generating data from the model To evaluate the two newly developed algorithms we
generate data according to the sigmoidal Gaussian Cox process model

4. Results

where ΛQ (x) = EQ [λ] σ(EQ [g(x)]) and Hgs Λ , Hλ |ΛQ are the second order derivative of
Q
the likelihood in Equation (1) with respect to g s and λ at ΛQ . While an approximation only
involving the first term would neglect the uncertainties in the posterior (as done by John
and Hensman (2018)), the second and third term take these into account.

where the integral in the exponent is approximated by Monte–Carlo integration. The expectation is approximated by averaging over 2 × 103 samples from the inferred posterior Q
of λ and g at the observations of Dtest and the integration points.
Instead of sampling one can also obtain an analytic approximation for the log test likelihood
in Equation (32) by a second order Taylor expansion around the mean of the obtained
posterior. Applying this idea to the variational mean field posterior we get
i
h
1
`(Dtest ) ≈ ln L(Dtest |ΛQ ) + EQ (g s − µs2 )> Hgs Λ (g s − µs2 )
Q
2
(33)
1
+ Hλ |ΛQ VarQ (λ),
2

X

which for both methods results in a normal density. To find the posterior mean of the
intensity function at a point x ∈ X one needs to compute
 Z ∞

EQ [Λ(x)] = EQ λ
σ(g(x)) .

Both variational and Laplace approximation yield a posterior distribution q over g s and λ.
The GP approximation at any given points in X is given by
Z Z
q(g(x)) =
p(g(x)|g s )q(g s , λ) dg s dλ,

3.3. Predictive density

For this sparse likelihood it is easy to compute the Laplace posterior using second derivatives. Here, the change of variables ρ = ln λ will be made to ensure that λ > 0. This
results in an effective log–normal density over the maximal intensity rate λ. While we do
not address hyperparameter selection for the Laplace posterior in this work, a straightforward approach, as suggested by Flaxman et al. (2017), could be to use cross validation
to optimise the kernel parameters while finding the MAP estimate or to use the Laplace
approximation to approximate the evidence. As in the variational case the inducing point
locations {xl }L
l=1 will be on a regular grid over space X .
Note that for the Laplace approximation, the augmentation scheme is only used to compute the MAP estimate in an efficient way. There are no further mean–field approximations
involved. This also implies, that dependencies between g s and λ are retained.

.
Ls (g s , λ) = L(D|EP (g|gs ) [g] , λ)

Sparse Laplace posterior To complete the computation of the Laplace approximation,
we need to evaluate the quadratic fluctuations around the MAP solution. We will also do
this with the previously obtained sparse approximation. The idea is that from the converged
MAP solution, we define a sparse likelihood of the Poisson model via the replacement

As for the variational scheme, integrals over the space X are approximated by Monte–
Carlo integration. An alternative derivation of the sparse MAP solution can be based on
restricting the minimisation of (30) to functions which are linear combinations of kernels
centred at the inducing points and using the definition of the RKHS norm (see (Rasmussen
and Williams, 2006, chap. 6)).

gM AP (x) = ks (x)

>

`(Dtest ) = ln EP [L(Dtest |Λ)|D] ≈ ln EQ [L(Dtest |Λ)]
"
#
 Z
 Y
= ln EQ exp −
λσ(g(x))dx
λσ(g(xn ))

For variational and Laplace posterior the expectation over λ can be computed analytically,
leaving the expectation over g(x), which is computed numerically via quadrature methods.
To evaluate the performance of inference results we are interested in computing the likelihood on test data Dtest , generated from the ground truth. We will consider two methods:
Sampling GPs g from the posterior we calculate the (log) mean of the test likelihood

The function values g s and the maximal intensity λ that maximise Equation (31) can be
found analytically by solving
∂Qs
∂Qs
= 0 and
= 0.
∂g s
∂λ

The final MAP estimate is obtained after convergence of the EM algorithm and the desired
sparse MAP solution for g(x) is given by (see Equation (27))
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Benchmarks for sigmoidal Gaussian Cox process inference We compare the proposed algorithms to two alternative inference methods for the sigmoidal Gaussian Cox
process model. As an exact inference method we use the sampling approach of Adams
et al. (2009)4 . In terms of speed, a competitor is a different variational approach given by
Hensman et al. (2015) who proposed to discretise space X in several regular bins with size
∆. Then the likelihood in Equation (1) is approximated by
Y
ppo (ni |λσ(g(xi ))∆),
i
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Figure 1: Inference on 1D dataset. (a)–(d) Inference result for sampler, mean field
algorithm, Laplace approximation, and variational Gauss. Solid coloured lines
denote the mean intensity function, shaded areas mean ± standard deviation,
and dashed black lines the true rate functions. Vertical bars are observations D.
(e) Convergence of mean field and EM algorithm. Objective functions (Lower
bound for mean–field and log likelihood for EM algorithm, shifted such that
convergence is at 0) as function of run time (triangle marks one finished iteration
of the respective algorithm). (f ) Inferred posterior densities over the maximal
intensity λ. Variational Gauss provides only a point estimate. Black vertical bar
denotes the true λ.

0

max

Obj. func.

-Density [×10 2]

L(D|λσ(g(x))) ≈

where ppo is the Poisson distribution conditioned on the mean parameter, xi is the centre
of bin i, and ni the number of observations within this bin. Using a (sparse) Gaussian
variational approximation the corresponding Kullback–Leibler divergence is minimised by
gradient ascent to find the optimal posterior over the GP g and a point estimate for λ. This
method was originally proposed for the log Cox-process (Λ(x) = eg(x) ), but with the elegant
GPflow package (Matthews et al., 2017) implementation of the scaled sigmoid link function
is straightforward. It should be noted, that this method requires numerical integration over
the sigmoid link function to evaluate the variational lower bound at every spatial bin and
every gradient step, since it does not make use of our augmentation scheme (see Section 5
for discussion, how the proposed augmentation can be used for this model). We refer to this
inference algorithm as ‘variational Gauss’. To have fair comparison between the different
methods, the inducing points for all algorithms (except for the sampler) are equal and the
number of bins used to discretise the domain X for the variational Gauss algorithm is set
equal to the number of integration points used for the MC integration in the variational
mean field and the Laplace method.
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4. To increase efficiency, the GP values g are sampled by elliptical slice sampling (Murray et al., 2010).

Experiments on data from generative model As an illustrative example we sample a
one dimensional Poisson process with the generative model and perform inference with the
sampler (2×103 samples after 103 burn-in iterations), the mean field algorithm, the Laplace
approximation and the variational Gauss. In Figure 1 (a)–(d) the different posterior mean
intensity functions with their standard deviations are shown. For (b)–(d) 50 regularly
spaced inducing points are used. For (b)–(c) 2 × 103 random integration points are drawn
uniformly over the space X , while for (d) X is discretised into the same number of bins. All
algorithms recover the true intensity well. The mean field and the Laplace algorithm show
smaller posterior variance compared to the sampler. The fastest inference result is obtained
by the Laplace algorithm in 0.02 s, followed by the mean field (0.09), variational Gauss
(80) and the sampler (1.8 × 103 ). The fast convergence of the Laplace and the variational
mean field algorithm is illustrated in Figure 1 (e), where objective functions of our two
algorithms (minus the maximum they converged to) is shown as a function of run time.
Both algorithms reach a plateau in only a few (∼ 6) iterations. To compare performance in
terms of log expected test likelihood `test (test sets Dtest sampled from the ground truth),
we averaged results over ten independent data sets. The posterior of the sampler yields the
highest value with 875.5, while variational (`test = 686.2, approximation by Equation (33)
yields 686.5), variational Gauss (686.7) and Laplace (686.1) yield all similar results (see also
Figure 4 (a)). The posterior density of the maximal intensity λ is shown in Figure 1 (f ).

15
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Mean field
(d)

Laplace
(e)
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In Figure 4 the four algorithms are compared on five different data sets sampled from
the generative model. As we observed for the previous examples the three different approximating algorithms yield qualitatively similar performance in terms of log test likelihood
`test , but the sampler is superior. Again the approximated test likelihood in Equation (33)
(blue star) provides good estimate of the sampled value. In addition we provide the approximated root mean squared error (RMSE, evaluated on a fine grid and normalised by
maximal intensity λ) between inferred mean and ground truth. In terms of run time the
mean field and Laplace algorithm are by at least on order of magnitude faster than the vari-

To evaluate the role of the number of inducing points and number of integration points
we generate 10 test sets Dtest from a process with the same intensity as in Figure 2(a).
We evaluate the log expected likelihood (Equation (32)) on these test sets and compute
the average. The result is shown for different numbers of inducing points (Figure 3(a)
with 2500 integration points) and different numbers of integration points (Figure 3(b) with
10 × 10 inducing points). To account for randomness of integration points the fitting is
repeated five times and the shaded area is between the minimum and maximum obtained
by these fits. For all approximate algorithms the log predictive test likelihood saturates
already for few inducing points (≈ 49 (7 × 7)) of the sparse GP. However, as expected,
the inference approximations are slightly inferior to the sampler. The log expected test
likelihood is hardly affected by the number of integration points as shown in Figure 3 (b).
Also the approximated test likelihood for the mean field algorithm in Equation (33) yields
good estimates of the sampled value (dashed line in (a) and (b)). In terms of runtime
(Figure 4 (c)–(d)) the mean field algorithm and the Laplace approximation are superior
by more than one order of magnitude to the variational Gauss algorithm for this particular
example. Difference increases with increasing number of inducing points.

In Figure 2 we show inference results for a two dimensional Cox process example. 10×10
inducing points and 2500 integration points/bins are used for mean field, Laplace and
variational Gauss algorithm. The posterior mean of sampler (b), of the mean field (c), of
the Laplace (d) and of the variational Gauss algorithm (e) recover the true intensity rate
Λ(x) (a) well.

Figure 2: Inference on 2D dataset. (a) Ground truth intensity function Λ(x) with observed dataset D (red dots).(b)–(e) Mean posterior intensity of the sampler, mean
field algorithm, Laplace, and variational Gauss are shown. 100 inducing points
on a regular grid (shown as coloured points) and 2500 integration points/bins are
used.
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Figure 3: Evaluation of inference. (a) The log expected predictive likelihood averaged
over ten test sets as a function of the number of inducing points. Number of
integration points/bins is fixed to 2500. Results for sampler in (red), mean field
(blue), Laplace (orange), and variational Gauss (purple) algorithm. Solid line
denotes mean over five fits (same data), and shaded area denotes min. and
max. result. Dashed blue line shows the approximated log expected predictive
likelihood for the mean field algorithm. (b) Same as (a), but as function of
number of integration points. Number of inducing points is fixed to 10 × 10.
Below: Run time of the different algorithms as function of number of inducing
points (c) and number of integration points (d). Data are the same as in Figure 2.
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(a)

x

N = 47

Runtime [s]
0.27 ± 0.30
0.50 ± 0.04
0.41 ± 0.01

N = 453

Donner and Opper

(b)

x

Λ(x) = λmax σ(g(x))
RMSE
`test
0.24 ± 0.02 −43.43 ± 0.42
0.97 ± 0.13 720.81 ± 0.28
7.68 ± 0.75 17497.31 ± 2.13

20

(c)

Runtime [s]
0.41 ± 0.05
0.23 ± 0.05
0.79 ± 0.09

N = 4652

(x) = g2(x)
(x) = max (g(x))

x

Λ(x) = g 2 (x)
RMSE `test
0.24
−44.26 ± 0.09
2.11
710.43 ± 1.38
8.16
17496.75 ± 1.65
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5. We thank Chris Lloyd and Tom Gunter for providing the code for inferring the variational posterior of
the squared Gaussian Cox process.

process with their corresponding variational algorithm to each training set5 . The number
of inducing points is 40 in this example. For our variational mean field algorithm we used
5000 integration points. The posterior intensity Λ(x) for the three data sets can be seen in
Figure 5. The model with the sigmoidal link function infers smoother posterior functions
with smaller variance compared to the posterior with the squared link function. For data
sets shown in Figure 5 we run the fits five times and report mean and standard deviation of
runtime, RMSE and log expected test likelihood `test in Table 1. Run times of the two algorithms are comparable, where for the intermediate data set the algorithm with the squared
link function is faster while for the largest data set the one with the sigmoidal link function
converges first. RMSE and `test are also comparable except for the intermediate data set,
where the sigmoidal model is the superior one.
Next we deal with two real world two dimensional data sets for comparison. The first
one is neuronal data, where spiking activity was recorded from a mouse, that was freely
moving in an arena (For The Biology Of Memory and Sargolini, 2014; Sargolini et al.,
2006). Here we consider as data D the position of the mouse when the recorded cell fired
and the observations are randomly assigned to either training or test set. In Figure 6 (a)

Table 1: Benchmarks for Figure 5 The mean and standard deviation of runtime, RMSE,
and log expected test likelihood for Figure 5(a)–(c) obtained from 5 fits. Note
that the RMSE for Λ(x) = g 2 (x) has no standard deviation, because the inference
algorithm is deterministic.

N
47
453
4652

Figure 5: 1D example. Observations (black bars) are sampled from the same function
(black line) scaled by (a) 1, (b) 10, and (c) 100. Blue and green line show the
mean posterior of the sigmoidal and squared Gaussian Cox process, respectively.
Shaded area denotes mean ± standard deviation.
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General data sets and comparison to the approach of Lloyd et al. Next, we test
our variational mean field algorithm on data sets not coming from the generative model.
On such data sets we do not know, whether our model provides a good prior. As discussed
previously an alternative model was proposed by Lloyd et al. (2015) making use of the link
function Λ(x) = g 2 (x). While the sigmoidal Gaussian Cox process with the proposed augmentation scheme has analytic updates for the variational posterior, in case of the squared
Gaussian Cox process the likelihood integral can be solved analytically and does not need
to be sampled (if the kernel is a squared exponential and the domain is rectangular). Both
algorithms rely on the sparse GP approximation. To compare the two methods empirically
first we consider one dimensional data generated using a known intensity function. We
choose Λ(x) = 2 exp(−x/15) + exp(−(x − 25)2 /100) on an interval [0, 50] already proposed
by Adams et al. (2009). We generate three training and test sets, where we scale this
rate function by factors of 1, 10, and 100 and fit the sigmoidal and squared Gaussian Cox

ational Gauss algorithm. In general, the mean–field algorithm seems to be slightly faster
than the Laplace.

Figure 4: Performance on different artificial datasets. The sampler (S), the mean
field algorithm (MF), the Laplace (L), and variational Gauss (VG) are compared
on five different datasets with d–dimensions and N observations (one column
corresponds to one dataset). Top row: Log expected test likelihood of the different inference results. The star denotes the approximated test likelihood of the
variational algorithm. Center row: The approximated root mean squared error
(normalised by true maximal intensity rate λ). Bottom row: Run time in seconds.
The dataset (e) is intractable for the sampler due to the many observations. Data
in Figure 1 and 2 correspond to (a) and (c).
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6. Note, that - in contrast to Figures 3 and 4 - the runtime is displayed on linear scale, meaning both
algorithms are of same order of magnitude.
7. As John and Hensman (2018) report some regions to be highly peaked we consider only pickups happening
within the coordinates (41.147, −8.58) and (41.18, −8.65) in order to exclude those regions.

Using a combination of two known variable augmentation methods, we derive a conjugate
representation for the posterior measure of a sigmoidal Gaussian Cox process. The approximation of the augmented posterior by a simple mean field factorisation yields an efficient
variational algorithm. The rationale behind this method is that the variational updates in
the conjugate model are explicit and analytical and do not require (black–box) gradient

5. Discussion and Outlook

the observations in the training set (N = 583) are shown. In Figure 6 (b) and (c) the
variational posterior’s mean intensity Λ(x) is shown obtained for the sigmoidal and the
squared link function, respectively, inferred with a regular grid of 20 × 20 inducing points.
As in Figure 5 we see that the sigmoidal posterior is the smoother one. The major difference
between the two algorithms (apart from the link function) is the fact that for the sigmoidal
model we are required to sample an interval over the space. We investigate the effect of the
number of integration points in terms of runtime6 and log expected test likelihood in Figure 6
(d). First, we observe regardless of the number of integration points that the variational
posterior of the squared link function yields the superior expected test likelihood. For the
sigmoidal model the test likelihood does not improve significantly with more integration
points. Runtimes of both algorithms are comparable, when 5000 integration points are
chosen. A speed up for our mean field algorithm is achieved by first fitting the model with
1000 integration points and once converged, redrawing the desired number of integration
points and rerun the algorithm (dotted line in Figure 6(d)). This method allows for a
significant speed up without loss in terms of test likelihood `test . The variational mean-field
algorithm with the sigmoid link function is faster with up to 5000 integration points and
equally fast with 10000 integration points.
As second data set we consider the Porto taxi data set (Moreira-Matias et al., 2013).
This data contains trajectories of taxi travels from the years 2013/14 in the city of Porto.
As John and Hensman (2018) we consider the pick-ups as observations of a Poisson process7 .
We consider 20000 taxi rides randomly split into training and test set (N = 10017 and
N = 9983, respectively). The training set is shown in Figure 6(e). Inducing points are
positioned on a regular grid of 20 × 20. The variational posterior mean of the respective
intensity is shown in Figure 6 (f ) and (g). With as many data points as in these data the
differences between the two models are more subtle as compared to (b) and (c). In terms of
test likelihood `test the variational posterior of the sigmoidal model (with ≥ 2000 integration
points) outperforms the model with squared link function (Figure 6 (h)). For similar test
likelihoods `test our variational algorithm is ∼ 2× faster than the variational posterior with
squared link function. The results show that the choice of number of integration points
reduces to the question of speed vs accuracy trade–off. As for the previous data set, the
strategy of first fitting the posterior with 1000 integration points and then with the desired
number of integration points (dotted line) proves that we can get a significant speed up
without loosing predictive power.
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Figure 6: Fits to real world data sets. (a) Position of the mouse while the recorded neuron spiked. (b) Posterior mean obtained by the variational mean–field algorithm
for the sigmoidal Gaussian Cox process. (c) Same as in (b) for the variational
approximation of the squared Gaussian Cox process. (d) Log expected test–
likelihood `test and runtime as function of number of integration points for both
algorithms. The dotted line is obtained by first fitting the sigmoidal model with
1000 integration points and then with the number that is indicated on the x-axis.
Shaded area is mean ± standard deviation obtained in 5 repeated fits. (e)–(h)
Same as (a)–(d), but for a data set, where the observations are positions of taxi
pick–ups in the city of Porto.
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descent methods. In fact, a comparison with a different variational algorithm for the same
model - not based on augmentation, but on direct approximation of the posterior with
a Gaussian - shows that the qualities of inference for both approaches are similar, while
the mean field algorithm is at least one order of magnitude faster. We use the same variable augmentation method for computation of the MAP estimate for the (unaugmented)
posterior by a fast EM algorithm. This is finally applied to the calculation of Laplace’s
approximation. Both methods yield an explicit result for the approximate GP posterior.
Since the corresponding effective likelihood contains a continuum of the GP latent variables,
the exact computations of means and marginal variances would require the inversion of a
linear operator instead of a simpler matrix inverse. While for specific priors, this problem
could be solved by PDE or ODE methods, we resort to a well known sparse GP approach
with inducing points in this paper. We can apply this to arbitrary kernels but need to
solve spatial integrals over the domain. These can be (at least for moderate dimensionality)
well approximated by simple Monte Carlo integration. Advantage of this approach is, that
one is not limited to rectangular domains. The only requirement is that the volume |X | is
known. An alternative Poisson model for which similar spatial integrals can be performed
analytically (Lloyd et al., 2015) within the sparse GP approximation (limited to squared
exponential kernels and rectangular domains) is based on a quadratic link function (Lloyd
et al., 2015; Flaxman et al., 2017; John and Hensman, 2018). We compare our variational
algorithm with the variational algorithm of Lloyd et al. (2015) on different data sets and
observe that both algorithms act on the same order of magnitude in terms of runtime (with
slight advantages for our variational mean field algorithm). As expected, we show that
whether one or the other model is better in predictive power is highly data dependent.
As an alternative to the Monte Carlo integration in our approach we could avoid the
infinite dimensionality of the latent GP from the beginning by working with a binning
scheme for the Poisson observations as in Hensman et al. (2015). It would be straightforward
to adopt our augmentation method to this case. The resulting Poisson likelihoods would
then be augmented by pairs of Poisson and Pólya–Gamma variables (see Donner and Opper
(2017)) for each bin. This approach could be favourable when the number of observed
data points becomes very large, because the discretisation method does not scale with the
number data points but with the resolution of discretisation. However, we do expect, that
any approach based on either spatial discretisation or on the sparse, inducing point method
would become problematic for large or high dimensional domains X . Alternative methods
based on spectral representations of kernels (Knollmüller et al., 2017; John and Hensman,
2018) are promising for tackling those problems.
It will be interesting to apply the variable augmentation method to other Bayesian models with the sigmoid link function. For example, the inherent boundedness of the resulting
intensity can be crucial for point processes such as the nonlinear Hawkes process (Hawkes,
1971) which is widely used for modelling stock market data (Embrechts et al., 2011) or seismic activity (Ogata, 1998). For other point process models the sigmoid function appears
naturally. We mention the kinetic Ising model, a Markov jump process (Donner and Opper,
2017) which was originally introduced to model the dynamics of classical spin systems in
physics. More recently it was used to model the joint activity of neurons (Dunn et al.,
2015). Finally, a Gaussian process density model introduced by (Murray et al., 2009) can
be treated by the augmentations developed in this work (Donner and Opper, 2018).
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with h(z, m) : Ẑ → R and H(ΠẐ ) =

Ẑ

25

(z,m)∈ΠẐ

P

h(z, m).
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It is straightforward to extend Campbell’s theorem and to show that the characteristic
functional of such a process is
Z 

h
i

EPΛ eξH(ΠẐ ) = exp
eξh(z,m) − 1 Λ(z, m) dmdz ,
(37)

Λ(z, m) = Λ(z)p(m|z).

Marked Poisson process Let ΠZ = {z n }N
n=1 a Poisson process on Z with intensity Λ(z).
Then ΠẐ = {(z n , mn )}N
n=1 is again a Poisson process on the product space Ẑ = Z × M,
if mn ∼ p(mn |z n ) is drawn independently at each z n . The mn ∈ M are the so–called
‘marks’, and the resulting Process is a marked Poisson process with intensity

Note, that Equation (36) defines the characteristic functional of a Poisson process.

Z

for any ξ ∈ C, such that the integral converges. PΛ is the probability measure of a Poisson
process with intensity Λ(z). Mean and variance are obtained as
Z
EPΛ [H(ΠZ )] =
h(z)Λ(z)dz,
ZZ
VarPΛ [H(ΠZ )] = [h(z)]2 Λ(z)dz.

Z

If Λ(z) < ∞ for z ∈ Z, then
Z 

h
i

EPΛ eξH(ΠZ ) = exp
eξh(z) − 1 Λ(z)dz ,

z∈ΠZ

Campbell’s Theorem Let ΠZ be a Poisson process on Z with mean measure Λ(z).
Furthermore, we define a function h(z) : Z → R and the sum
X
H(ΠZ ) =
h(z).

If the mean measure is constant (Λ(z) = Λ) the Poisson process is homogeneous, and
inhomogeneous otherwise.

i) for any sequence of disjoint subsets {Zk ⊂ Z}K
k=1 the cardinality of the union
.
N (Zk ) = | {ΠZ ∩ Zk } | is independent of N (Zl ) for all l 6= k.
R
ii) N (Zk ) is Poisson distributed with mean Zk Λ(z)dz, and mean measure Λ(z) : X → R+ .

Definition of a Poisson process A random countable subset ΠZ ⊂ Z is a Poisson
process on Z, if

∞

 2 
c
exp − ω pPG (ω|b, 0)dω,
2

b
tanh (c/2) .
2c

dP
(X),
dR

(38)

pΛ (ΠZ ) =

26

 Z

dPΛ
(ΠZ ) = exp − (Λ(z) − Λ0 (z))dz
dPΛ0
Z

Λ(z n )
,
Λ0 (z n )
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z n ∈ΠZ

Y

Poisson process density As specific example consider the prior density of the Poisson
process in Equation (9), which is defined with respect to a reference measure

The density in Equation (38) is known as the Radon–Nikodým derivative of R with respect
to P (Konstantopoulos et al., 2011).

if R(X) is absolutely continuous with respect to P (X) (if R(X) = 0 then P (X) = 0). Using
such a density, expectations are
Z
Z
EP [f (X)] = f (X)dP (X) = f (x)p(x)dR(X) = ER [f (x)p(x)] .

p(X) =

Densities for random processes A stochastic process X with probability measure
P (X) often has no density with respect to Lebesgue measure, since X can be an infinite dimensional object such as a function for the case of a Gaussian process. However, one
can define densities with respect to another (reference) measure R(X) written as

Appendix C. Variational inference for stochastic processes

EpPG [ω] =

and differentiating with respect to ξ at ξ = 0 yields the first moment

From those two equations the moment generating function can be obtained from the basic
definition, being
Z ∞
coshb (c/2)
q
,
eξω pPG (ω|b, c)dω =
c2 /2−ξ
0
coshb
2

with parameter b > 0. Furthermore, one can define a tilted Pólya-Gamma density as
 2 
exp − c2 ω
pPG (ω|b, 0).
pPG (ω|b, c) =
cosh−b (c/2)

0

Z

The Pólya-Gamma density (Polson et al., 2013) has the useful property, that it allows to
represent the inverse hyperbolic cosine by an infinite Gaussian mixture as

In this paragraph we briefly summarise those properties of a Poisson process, which are
relevant for this work. For a thorough and more complete description we recommend the
concise book by Kingman (1993), particularly chapter 3 and 5.
We consider a general space Z and a countable subset ΠZ = {z; z ∈ Z}.
cosh−b (c/2) =

Appendix B. The Pólya-Gamma density
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X

u(z n ) = E

PΛ0



pΛ (ΠZ )

X

z n ∈ΠZ

u(z n ) .
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z n ∈ΠZ

(39)

where PΛ0 is the probability measure with intensity Λ0 and the expectation is defined as




E

PΛ

Calculating the expectation of eξH(ΠZ ) with Equation (39) we identify the characteristic
function of a Poisson process (see Equation (37)) with intensity Λ(z).
Kullback-Leibler divergence Using these densities we can express the Kullback-Leibler
divergence between two probability measures.
The KL–divergence between q(X) and p(X) is defined as

 Z
dQ
q(X)
(X) = log
dQ(X),
DKL (QkP ) = EQ log
dP
p(X)
where
dQ
q(X) =
(X),
dR
and where R(X) also is absolutely continuous to Q(X). The KL–divergence does not depend
on the reference measure R(X).

Appendix D. The posterior point process is a marked Poisson process

Q
Q
ef (zm )
ef (zm )
dQ
z
∈Π
m
Z
,
hQ
i=
R zm ∈ΠZ
(ΠZ ) =
dPλ
exp Z (ef (z) − 1)λ(z)dz
f (z m )
EPλ
z m ∈ΠZ e

Here we prove that the optimal variational posterior point process in Equation (18) again
is a Poisson process using Campbell’s theorem. As posterior process in Equation (18) one
gets
q(ΠZ ) =

Z

where ΠZ is some random set of points on space Z and Pλ is a random Poisson measure with
intensity λ(z). To proof, that the resulting point process density q(ΠZ ) is again a Poisson
process we calculate the characteristic functional for some arbitrary function h : Z → R
hQ
i


h(z m )+f (z m )
EPλ
Y
z m ∈ΠZ e

R
EQ 
eh(zm )  =
exp Z (ef (z) − 1)λ(z)dz
z m ∈ΠZ

R
exp Z (eh(z)+f (z) − 1)λ(z)dz

R
=
exp Z (ef (z) − 1)λ(z)dz
Z

(eh(z) − 1)ef (z) λ(z)dz
= exp

ZZ
(eh(z) − 1)ΛQ (z)dz .
= exp

JMLR 19(67):1-34, 2018

We identify the last row as the generating functional of a Poisson process (37) with ξ = 1.
The intensity of the process is ΛQ (z) = ef (z) λ(z). With the fact that a Poisson process
is uniquely characterised by its generating function (Kingman, 1993, chap. 3), the proof is
complete.
27

Donner and Opper

Appendix E. Sparse Gaussian process approximation

dQ2s
(g) = q 2s (g s )
dP

(40)

To solve the inference problem for the function g, we define a sparse GP, using the same
prior P , but by an effective likelihood which depends on a finite set of function values
g s = (g1 , . . . , gL )> only. Hence, we get

and the sparse posterior measure is

dQ2s (g) = q 2s (g s )dP (g) = dP (g|g s ) × q 2s (g s )dP (g s ),

dQ2
eU (g)


(g) =
dP
EP eU (g)

where the last equality holds true, since Equation (40) only depends on g s . The KL–
divergence between the full posterior density

q 2 (g) =

and the sparse one q 2s (g s ) is given by

s (g

s)

Z

,

U (g)dP (g|g s ).
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q s (g )
q s (g )
DKL (Q2s kQ2 ) = EQ2s log 2 s = EP (gs ) q 2s (g s )EP (g|gs ) log 2U (g)s
+ const.
q
(g)
e

 2
q s (g )
= EP (gs ) q 2s (g s ) log E 2 s[U (g)] + const.
e P (g|gs )

q 2s (g) ∝ eU

From this we derive directly the posterior density for the sparse GP

with the sparse log–likelihood

U s (g s ) = EP (g|gs ) [U (g)] =

28

X̂

Z
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Lehel Csató and Manfred Opper. Sparse on-line gaussian processes. Neural Computation,
14(3):641–668, 2002. doi: 10.1162/089976602317250933.
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This paper deals with inference and prediction for multiple correlated time series, where
one also has the choice of using a candidate pool of contemporaneous predictors for each
target series. Starting with a structural model for time series, we use Bayesian tools for
model fitting, prediction and feature selection, thus extending some recent works along
these lines for the univariate case. The Bayesian paradigm in this multivariate setting
helps the model avoid overfitting, as well as captures correlations among multiple target
time series with various state components. The model provides needed flexibility in selecting a different set of components and available predictors for each target series. The
cyclical component in the model can handle large variations in the short term, which may
be caused by external shocks. Extensive simulations were run to investigate properties such
as estimation accuracy and performance in forecasting. This was followed by an empirical
study with one-step-ahead prediction on the max log return of a portfolio of stocks that
involve four leading financial institutions. Both the simulation studies and the extensive
empirical study confirm that this multivariate model outperforms three other benchmark
models, viz. a model that treats each target series as independent, the autoregressive integrated moving average model with regression (ARIMAX), and the multivariate ARIMAX
(MARIMAX) model.
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The analysis of “Big Data” through the application of a new breed of analytical tools for
manipulating and analyzing vast caches of data, is one of the cutting edge new areas. As a
byproduct of the extensive use of the internet in collecting data on economic transactions,
such data are growing exponentially every day. According to (Varian, 2014) and the references therein, Google has 30 trillion URLs and crawls over 20 billion of those each day.
Conventional statistical and econometric techniques become increasingly inadequate to deal
with such big data problems. For a good introduction to the new trends in data science, see
( Blei and Smyth, 2017). Machine Learning as a field of computer science has strong ties to
mathematical optimization and delivers methods, theory and applications, giving computers the ability to learn without being explicitly programmed (see a classical book, Mohri
et al., 2012). Machine Learning indeed helps in developing high-performance computer
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tools, which often provide useful predictions in the presence of challenging computational
needs. However, the result is one that we might call “pure prediction” and is not necessarily
based on substantive knowledge. Also, typical assumptions such as the data being independent and identically (or at least independently) distributed, are not satisfactory when
dealing with time stamped data, which is driven by multiple “predictors” or “features”.
We need to employ time series analysis for such series of data that are dependent, such
as macroeconomic indicators of the national economy, enterprise operational management,
market forecasting, weather and hydrology prediction.
Our focus here is on new techniques that work well for feature selection problems in
time series applications. Scott and Varian (2014, 2015) introduced and further explored the
Bayesian Structural Time Series (BSTS) model, a technique that can be used for feature
selection, time series forecasting, nowcasting, inferring causal relationships (see Brodersen
et al., 2015 and Peters et al., 2017), among others. One main ingredient of the BSTS model
is that the time series aspect is handled through the Kalman filter (see Harvey, 1990; Durbin
and Koopman, 2002; Petris et al., 2009) while taking into account the trend, seasonality,
regression, and other common time series factors. The second aspect is the “spike and slab”
variable selection, which was developed by George and McCulloch (1997) and Madigan and
Raftery (1994), by which the most important regression predictors are selected at each
step. The third aspect is the Bayesian model averaging (see Hoeting et al., 1999), which
combines the feature selection results and prediction calculation. All these three parts have
natural Bayesian interpretations and tend to play well together so that the resulting BSTS
model discovers not only correlations but also causations in the underlying data. Some
excellent related literature includes, but is not limited to the following: Dy and Brodley
(2004); Cortes and Vapnik (1995); Guyon and Elisseeff (2003); Koo et al. (2007); Bach et al.
(2013); Keerthi and Lin (2003); Nowozin and Lampert (2011); Krishnapuram et al. (2005);
Caron et al. (2006); Csató and Opper (2002).
In this paper, we extend the BSTS model to the multivariate target time series with
various components, and label it the Multivariate Bayesian Structural Time Series (MBSTS)
model. For instance, the MBSTS model can be used to explicitly model the correlations
between different stock returns in a portfolio through the covariance structure specified by
Σt , see Equation (1). In this model, we allow a cyclical component with a shock damping
parameter to specially model the influence of a shock to the time series, in addition to a
standard local linear trend component, a seasonal component, and a regression component.
One motivation for this is provided by the 2007–2008 financial crisis to the stock market. In
examples with simulated data, the properties of our model such as estimation and prediction
accuracy is investigated. As an illustration, through an empirical case study, we predict the
max log returns over 5 consecutive business days of a stock portfolio with 4 stocks: Bank of
America (BOA), Capital One Financial Corporation (COF), J.P. Morgan (JPM) and Wells
Fargo (WFC), using domestic Google trends and 8 stock technical indicators as predictors.
Extensive analysis on both simulated data and real stock market data verifies that
the MBSTS model gives much better prediction accuracy compared to the univariate BSTS
model, the autoregressive integrated moving average with regression (ARIMAX) model, and
the multivariate ARIMAX (MARIMAX) model. Some of the reasons for this can be seen in
the following: the MBSTS model is strong in forecasting since it incorporates information
of different components in the target time series, rather than merely historical values of the
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same component; the Bayesian paradigm and the MCMC algorithm can perform variable
selection at the same time during model training and thus prevent overfitting, even if some
spurious predictors are added into the candidate pool; the MBSTS model benefits from
taking correlations among multiple target time series into account, which helps boost the
forecasting power and is a significant improvement over the univariate BSTS model.
The rest of the paper is organized as follows. In Section 2, we build the basic model
framework. Extensive simulations are carried out in Section 3 to examine how the model
performs under various conditions. In Section 4, an empirical study on the stock portfolio
is done to show how well our model performs with real-world data. Section 5 concludes
with some final remarks.

Multivariate Bayesian Structural Time Series Model

2.2 Components of State

where ỹt , µ̃t , τ̃t , ω̃t , ξ˜t and ˜t are m-dimension vectors, representing target time series,
linear trend component, seasonal component, cyclical component, regression component
and observation error terms respectively. Based on the state space form, αt is the collection
of these components, namely αt = [µ̃tT , τ̃tT , ω̃tT , ξ˜tT ]T . Here Σ is a m × m matrix, positive
definite and is assumed to be constant over time for simplicity. Structural time series models allow us to examine the time series and flexibly select suitable components for trend,
seasonality, and either static or dynamic regression. In the current model, all state components are assembled independently, with each component yielding an additive contribution
to ỹt . The flexibility of the model allows us to include different model components for each
target series.
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t = 1, 2 . . . , n,

(1)
(2)
(3)

(4)
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(i)

SX
i −2
k=0

(i)

(i)

τt−k + wt ,

iid

ṽt ∼ Nm (0, Σδ ),

iid

ũt ∼ Nm (0, Σµ ),

(1)

] ∼ Nm (0, Στ ),

(m) T iid

w̃t = [wt , · · · , wt

4

(5)

(6)

(7)
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where Si represents the number of seasons for y (i) and a m-dimension vector τ̃t denotes
their joint contribution to the observed target time series ỹt . When we add a seasonal
component, Si seasonal effects are set in the state space form for y (i) . However, only one
seasonal effect has error term based on equation (7) and other effects are represented by
itself in a deterministic equation. More specifically, the part of the transition matrix Tt
representing the seasonal effects is an (Si − 1) × (Si − 1) matrix with −1 along the top row,
1 along the subdiagonal and 0 elsewhere. In addition, the expectation of the summation of
Si seasonal effects for y (i) is zero with variance equal to the i-th diagonal element of Στ .

τt+1 = −

where δ̃t and D̃ are m-dimension vectors. δ̃t is the expected increase in µ̃t between times t
and t + 1, so it can be thought as the slope at time t and D̃ is the long-term slope. The parameter ρ̃ is a m×m diagonal matrix, whose diagonal entries 0 ≤ ρii ≤ 1 for i = 1, 2, · · · , m,
(i)
represent the learning rates at which the local trend is updated for {yt }i=1,2,··· ,m . Thus,
the model balances short-term information with long-term information. When ρii = 1, the
corresponding slope becomes a random walk.
The second component is the one that captures seasonality. One frequently used model
in the time domain is:

δ̃t+1 = D̃ + ρ̃(δ̃t − D̃) + ṽt ,

µ̃t+1 = µ̃t + δ̃t + ũt ,

The first component is a local linear trend. The specification of a time series model for the
trend component varies according to the features displayed by the series under investigation
and any prior knowledge. The most elementary structural model deals with a series whose
underlying level changes over time. Moreover, it also sometimes displays a steady upward
or downward movement, suggesting to incorporate a slope or a drift into the model for the
trend. The resulting model, a generalization of the local linear trend model where the slope
exhibits stationarity instead of obeying a random walk, is expressed in the form as:

2. The MBSTS Model
In this section, we introduce the MBSTS model including model structure, state components, prior elicitation and posterior inference. Then we describe the algorithm for training
the model and performing forecasts. In the sequel, the symbol “ ∼ ” and the superscript
“(i)” will denote a column vector and the i-th component of a vector respectively, such as
(1)
(m)
a m × 1 vector ỹt = [yt , · · · , yt ]T .
2.1 Structural Time Series

ηt ∼ Nq (0, Qt ),

˜t ∼ Nm (0, Σt ),

Structural time series models belong to state space models for time series data given by the
following set of equations:
ỹt = ZtT αt + ˜t ,
αt+1 = Tt αt + Rt ηt ,

α0 ∼ Nd (µ0 , Σ0 ).

˜t ∼ Nm (0, Σ ),

iid

Equation (1) is called the observation equation, as it links the m×1 vector ỹt of observations
at time t with a d × 1 vector αt denoting the unobserved latent states, where d is the total
number of latent states for all entries in ỹt . Equation (2) is called the transition equation
because it defines how the latent states evolve over time. The model matrices Zt , Tt , and
Rt typically contain unknown parameters and known values which are often set as 0 and
1. Zt is a d × m output matrix, Tt is a d × d transition matrix, and Rt is a d × q control
matrix. The m × 1 vector ˜t denotes observation errors with a m × m variance-covariance
matrix Σt , and ηt is a q-dimensional system error with a q × q state diffusion matrix Qt ,
where q ≤ d. Note that any linear dependencies in the state vector can be moved from Qt
to Rt , hence Qt can be set as a full rank variance matrix.
Structural time series models constructed in terms of components have a direct interpretation. For example, one may consider the classical decomposition in which a series can
be seen as the sum of trend, season, cycle and regression components. In general, the model
in state space form can be written as:
ỹt = µ̃t + τ̃t + ω̃t + ξ˜t + ˜t ,

3

iid

?
\ t + %̃cos(λ)ω̃
\ ? + κ̃? ,
ω̃t+1
= −%̃sin(λ)ω̃
t
t

(8)

(i)

(9)

5
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All predictors are supposed to be contemporaneous with a known lag, which can be easily
incorporated by shifting the corresponding predictors in time.

(1)
(m)
Here ξ˜t = [ξt , · · · , ξt ]T is the collection of all elements in the regression component.
(i)
(i)
(i)
For target series y (i) , xt = [xt1 , . . . , xtki ]T is the pool of all available predictors at time
T
t, and βi = [βi1 , . . . , βij , . . . , βiki ] represents corresponding static regression coefficients.

ξt = βiT xt .

(i)

\ cos(λ)
\ are m × m diagonal matrices with diagonal entries equal to %ii (a
where %̃, sin(λ),
damping factor for target series y (i) such that 0 < %ii < 1), sin(λii ) where λii = 2π/qi is the
frequency with qi being a period such that 0 < λii < π, and cos(λii ) respectively. When
λii is 0 or π, the model degenerates to the AR(1) process. The damping factor should be
strictly less than one for stationary purpose. When the damping factor is bigger than one,
there will be no restriction for the cyclical movement, resulting in extending the amplitude
of the cycle.
These three time series components are illustrated in Figure 1. The big difference
between the cyclical component and the seasonal component is the damping factor. The
amplitude of the cyclical component will decay as time goes by, which can be applied to
target time series affected by external shocks. Here Σµ , Σδ , Στ and Σω are m × m variancecovariance matrices for error terms of different time series components, and for simplicity
we assume they are diagonal.
The fourth component is the regression component with static coefficients written as
follows:

κ̃?t ∼ Nm (0, Σω ),

iid

κ̃t ∼ Nm (0, Σω ),

\ t + %̃sin(λ)ω̃
\ ? + κ̃t ,
ω̃t+1 = %̃cos(λ)ω̃
t

For each target series y (i) , the model allows for various seasonal components with different periods as shown in equation (7). For instance, we might include a seasonal component
with Si = 7 to capture day-of-the-week effect for target series y (i) , and Sj = 30 indicating
day-of-the-month effect for another target series y (j) when modeling daily data. The corresponding seasonal transition matrix in state space setting is a 6 × 6 matrix and a 29 × 29
matrix with nonzero error variance for y (i) and y (j) respectively.
The third component is the one accounting for cyclical effects in the series. In economics, the term “business cycle” broadly refers to recurrent, not exactly periodic, deviations around the long-term path of the series. A model with a cyclical component is capable
of reproducing commonly acknowledged essential features, such as the presence of strong
autocorrelation, recurrence and alternation of phases, dampening of fluctuations, and zero
long run persistence. A stochastic trend model of a seasonally adjusted economic time series does not capture the short-term movement of the series by itself. Including a serially
correlated stationary component, the short-term movement could be captured, and this is
the model incorporating cyclical effect (see Harvey et al., 2007). The cycle component is
postulated as:

Multivariate Bayesian Structural Time Series Model

(10)


X1 0 0 . . .
 0 X2 0 . . .

X= .
..
.. . .
 ..
.
.
.
0
0 0 ...
6

Xm

0
0
..
.



,




βm

(11)
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β1
 β2 
 
β =  . ,
 .. 



where Ỹ = vec(Y ), M̃ = vec(M ), T̃ = vec(T ), W̃ = vec(W ), Ẽ = vec(E), and X, β are
written as:

Ỹ = M̃ + T̃ + W̃ + Xβ + Ẽ,

In order to assign appropriate prior distributions to parameters, we first combine ỹt , µ̃t , τ̃t , ω̃t ,
˜t into a n × m matrix as follows: Y = [ỹ1 , . . . , ỹt , . . . , ỹn ]T , M = [µ̃1 , . . . , µ̃t , . . . , µ̃n ]T ,
T = [τ̃1 , . . . , τ̃t , . . . , τ̃n ]T , W = [ω̃1 , . . . , ω̃t , . . . , ω̃n ]T and E = [˜
1 , . . . , ˜t , . . . , ˜n ]T . Then the
model can be written in a long matrix form as follows:

2.3.1 Matrix Representation

In feature selection, a high degree of sparsity is expected, in the sense that coefficients of the
vast majority of predictors are expected to be zero. A natural way to represent sparsity in
the Bayesian paradigm is through the spike and slab coefficients. One advantage of working
in a fully Bayesian setting is that we do not need to commit to a fixed set of predictors.

2.3 Spike and Slab Regression

Figure 1: Simulated time series components include generalized linear trend, seasonality
and cycle, generated by equations (5), (6), (7) and (8) with ρ̃ = [0.6], D̃ = [0],
Σµ = [0.52 ], Σδ = [0.082 ], S = 30, Στ = [0.012 ], λ = π/10, %̃ = [0.97] and
Σω = [0.012 ], to show different contributions in explaining variations in target
time series.
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(12)

(14)
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i = 1, · · · , m,

2.3.3 Posterior Inference

By the law of total probability, the full likelihood function is given by

p(Ỹ ? , β, Σ , γ) = p(Ỹ ? |β, Σ , γ) × p(β|γ) × p(Σ |γ) × p(γ),

Ŷ ? = ((U −1 )T ⊗ In )Ỹ ? ,

8

X̂ = ((U −1 )T ⊗ In )X,

(16)

(17)

(18)

(19)
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Then the full conditional distribution of β|Ŷ ? , Σ , γ can be expressed as:


1
p(β|Ŷ ? , Σ , γ) ∝ exp − ((Ŷ ? − X̂γ βγ )T (Ŷ ? − X̂γ βγ ) + (βγ − bγ )T Aγ (βγ − bγ )) . (20)
2

Var(Ê) = E((U −1 )T ⊗ In )Ẽ Ẽ T ((U −1 )T ⊗ In )] = Im ⊗ In .

Ŷ ? = X̂β + Ê,

where Ỹ ? = Ỹ − M̃ − T̃ − W̃ is the multiple target time series Ỹ with time series components
(trend, seasonality and cycle) subtracted out. Conditional on Σ , one can introduce a normal
prior, standardize the observations to remove correlation, and produce a posterior. However,
we cannot find a convenient prior to integrate out Σ from this conditional posterior. We
tackle this issue by transforming equation Ỹ ? = Xβ + Ẽ into a system with uncorrelated
errors, using the square root of the variance-covariance matrix, Σ = U T U . That is, if we
multiply ((U −1 )T ⊗ In ) both sides of the equation, by the fact that (U −1 )T Σ U −1 = I, the
transformed system has uncorrelated errors:



1
p(Ỹ ? |β, Σ , γ) ∝ |Σ |−n/2 exp − (Ỹ ? − Xγ βγ )T (Σ−1 ⊗ In )(Ỹ ? − Xγ βγ ) ,
2


1
p(β|γ) ∝ |A |1/2 exp − (β − b )T A (β − b ) ,
γ
γ
γ
γ
γ
γ
2


1
p(Σ |γ) ∝ |Σ |−(v0 +m+1)/2 exp tr(− V0 Σ−1 ) ,
2

(15)

By the assumption that all components are independent of each other, the prior distributions
in multivariate form can reduced to their univariate counterparts since the matrices are
diagonal. In other words, each diagonal entry of these matrices follows inverse gamma
distributions as introduced in BSTS.

for u ∈ {µ, δ, τ, ω}.

where Xi being a n × ki matrix, representing all observations of ki candidate predictors
for y (i) , which is all observationsP
of the i-th target series. The regression matrix X is of
m
dimension (nm × K) with K = i=1
ki . Moreover, Xi and Xj can be the same or only
contain a portion of common predictors. The regression coefficients for y (i) denoted as
βi = [βi1 , . . . , βij , . . . , βiki ]T is a ki -dimension vector. Reformulating the model in this way
facilitates the mathematical derivation in selecting a different set of available predictors at
each iteration for y (i) .

− πij )1−γij ,

(13)

Σu ∼ IW (wu , Wu ),

Wishart distribution with v0 the number of degrees of freedom and V0 a m×m scale matrix.
Although these priors are not conjugate, they are conditionally conjugate.
Equation (13) is the so-called “slab” because one can choose the prior parameters to
make it only very weakly informative (close to flat), conditional on γ. The vector bγ encodes
our prior expectation about the value of each element of βγ . In practice, one usually sets
b = 0. The values of v0 and V0 can be set by asking analysts for an expected R2 form the
regression, and a number of observations worth of weight v0 , which must be greater than
the dimension of ỹt plus one. Then V0 = (v0 − m − 1) ∗ (1 − R2 ) ∗ Σy , where Σy is the
variance-covariance matrix for multiple target time series Y .
Prior distributions of other variance-covariance matrices can be expressed as:

2.3.2 Prior distribution and elicitation

ki
m Y
Y
γ
πijij (1

We define γij = 1 if βij 6= 0, and γij = 0 if βij = 0. Then γ = [γ1 , . . . , γm ] where
γi = [γi1 , . . . , γiki ]. Denote βγ as the subset of elements of β where βij 6= 0, and let Xγ be
the subset of columns of X where γij = 1. The spike prior is written as:
γ∼
i=1 j=1

=

p(β|γ)p(Σ |γ)p(γ),

where πij is the prior inclusion probability of the j-th predictor for the i-th target time
series. Equation (12) is often further simplified by setting all the πij for j = 1, 2, · · · , ki
as the same value πi for y (i) if prior information about effects of specific predictors on
each target series are not available. With sufficient prior information available, assigning
different subjectively determined values to πij might provide more robust results without a
great amount of computational burden. An easy way to elicit πi is to ask researchers for an
“expected model size”, so that if one expects qi nonzero predictors for y (i) , then πi = qi /ki ,
where ki is the total number of candidate predictors for the i-th target series. Under some
circumstances, πij could be set as 0 or 1, for some specific predictors of y (i) , forcing certain
variables to be excluded or included. The spike prior can be specified by researchers in
different distributional forms.
The natural conjugate prior for the multivariate model with the same set of predictors
has the conjugate prior on β depending on Σ . However, the multivariate extension with
different set of predictors in each equation will destroy the conjugacy (Rossi et al. (2012)).
Conjugate priors such as the normal distribution and the inverse Wishart distribution can
still be used in a nonconjugate context, since models can be conjugate conditional on some
other parameters. In order to obtain this conditional conjugate, we stack up the regression
equations into one shown in equation (11). A simple slab prior specification is to make β
and
prior independent (see Griffiths, 2003):
Σ

p(β, Σ , γ)

β|γ ∼ NK (bγ , Aγ−1 ),

Σ |γ ∼ IW (v0 , V0 ),
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where bγ is the vector of prior means and Aγ = κXγT Xγ /n is the full-model prior information matrix, with κ the number of observations worth of weight on the prior mean
vector bγ . If XγT Xγ is not positive definite due to perfect collinearity among predictors,
Aγ = κ(ωXγT Xγ + (1 − ω)diag(XγT Xγ ))/n can be used instead to guarantee propriety.
Given analysts’ specification, Aγ can be set in other forms. Here, IW (v0 , V0 ) is the inverse
7

(21)

(22)

(24)

βm

0
0
..
.
γ



 .




(30)
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2.4.1 Model Training

Markov chain Monte Carlo (MCMC) methods are a class of algorithms to sample from a
probability distribution based on constructing a Markov chain that has the desired distribution as its equilibrium distribution. The state of the chain after a number of steps is then
used as a sample from the desired distribution. The quality of the sample improves as an
increasing function of the number of steps.

2.4 Markov Chain Monte Carlo

where A = [Ã1 , . . . , Ãn ] is a m × n matrix, representing a collection of residues of each time
series component.

for u ∈ {µ, δ, τ, ω},

Let θ = (Σµ , Σδ , Στ , Σω ) denotes the set of state component parameters. The posterior
distribution of the model can be simulated by a Markov chain Monte Carlo algorithm given
in Algorithm 1. Looping through the five steps yields a sequence of draws ψ̃ = (α, θ, γ, Σ , β)

(27)

(26)

(25)

Σu |u ∼ IW (wu + n, Wu + AAT ),

where Zγ = (X̂γT Ŷ ? + Aγ bγ ). Then the conditional distribution of γ|Σ , Ỹ ? can be expressed
as:


|Aγ |1/2 p(γ)
1
p(γ|Σ , Ỹ ? ) = C(Σ , Ỹ ? )
exp − {bTγ Aγ bγ − ZγT (X̂γT X̂γ + Aγ )−1 Zγ } ,
2
|X̂γT X̂γ + Aγ |1/2
(29)
where C(Σ , Ỹ ? ) is a normalizing constant that only depends on Σ and Ỹ ? . Note that,
matrices needed to be computed here are of low dimension, in the sense that equation
(29) places positive probabilities on coefficients being zero, leading to the sparsity of these
matrices. In general, as a feature of the full posterior distribution, sparsity in this model
enables equation (29) to be evaluated in an inexpensive way.
Next we need to derive conditional posterior of Σu for u ∈ {µ, δ, τ, ω}. Given the
draws of states, parameters drawn are straightforward for all state components except
the static regression coefficients. All time series components that solely depend on their
variance parameters would translate their draws back to the error terms and accumulate
sums of squares. For the reason that inverse Wishart distribution is the conjugate prior of
a multivariate normal distribution with known mean and variance-covariance, the posterior
distribution is still inverse Wishart distributed

derived by the properties of conditional conjugacy. The joint probability density function
p(Σ , Ỹ ? , γ) can be obtained as follows:
Z +∞
p(β, Σ , Ỹ ? , γ)dβ
p(Σ , Ỹ ? , γ) =
−∞


1
? T ?
∝|Σ |−(v0 +m++n+1)/2 exp − {tr(V0 Σ−1
(28)
 ) + (Ŷ ) Ŷ }
2


1/2
|Aγ | p(γ)
1
exp − {bTγ Aγ bγ − ZγT (X̂γT X̂γ + Aγ )−1 Zγ } ,
×
2
|X̂γT X̂γ + Aγ |1/2
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Note that, if we let the prior precision goes to zero, the posterior on Σ would center over
the sum of squared residuals matrices.
Since there is no conjugacy in this prior setting, we can not get an analytic solution
of the marginal distribution of γ. However, the conditional distribution of γ|Σ , Ỹ ? can be

Σ |Ỹ ? , β, γ ∼ IW (v0 + n, EγT Eγ + V0 ).

Then the full conditional distribution of Σ is inverted Wishart as follows:


1
p(Σ |Ỹ ? , β, γ) ∝ |Σ |−(n+v0 +m+1)/2 exp − {tr[(EγT Eγ + V0 )Σ−1
 ]} ,
2


β1 0 0 . . .
 0 β2 0 . . .

Bγ =  .
.. .. . .
 ..
.
. .
0 0 0 ...

where Eγ = Y ? − Xγ? Bγ , Y ? = Y − M − T − W , Xγ? = [X1 , X2 , . . . , XM ]γ is a (n × K)
matrix, and Bγ is a (K × m) matrix expressed as follows:

T
−1
T
−1
ẼγT (Σ−1
 ⊗ In )Ẽγ = vec(Eγ ) (Σ ⊗ In )vec(Eγ ) = tr(Eγ Eγ Σ ),

where Ẽγ = Ỹ ? − Xγ βγ . The terms in the exponential part can be expressed in a trace
form:

As Aγ gets smaller, the prior becomes flatter. The mean β̃γ can be recognized as the
generalized least squares estimator.
The posterior of Σ |Ŷ ? , β, γ is in the inverted Wishart form. To see this, firstly recall
that given βγ we can observe or compute the errors Ẽ. Then the problem becomes a
standard inference problem of a variance-covariance matrix using a multivariate normal
sample. From equations (15), (16), (17) and (18), we know that


1
−1
p(Σ |Ỹ ? , β, γ) ∝ |Σ |−(n+v0 +m+1)/2 exp − {ẼγT (Σ−1
(23)
 ⊗ In )Ẽγ + tr(V0 Σ )} ,
2

β|Ŷ ? , Σ , γ ∼ NK (β̃γ , (X̂γT X̂γ + Aγ )−1 ).

where β̃γ = (X̂γT X̂γ + Aγ )−1 (X̂γT Ŷ ? + Aγ bγ ). Then, a normal prior for βγ is conjugate with
the conditional likelihood for the transformed system:

=(βγ − β̃γ )T (X̂γT X̂γ + Aγ )(βγ − β̃γ ) + Const,

=βγT (X̂γT X̂γ + Aγ )βγ − βγT (X̂γT Ŷ ? + Aγ bγ ) − (X̂γT Ŷ ? + Aγ bγ )T βγ + Const

(Ŷ ? − X̂γ βγ )T (Ŷ ? − X̂γ βγ ) + (βγ − bγ )T Aγ (βγ − bγ )

Let us combine the two terms in exponential:

Multivariate Bayesian Structural Time Series Model

Multivariate Bayesian Structural Time Series Model

generating summary statistics, such as mean and variance-covariance from joint empirical
distribution of forecast values.

Qiu,Jammalamadaka and Ning

(31)

+ B T x̃t + ˜t

+ B T x̃t + ˜t

α̃t = µ̃t0 + τ˜t

α̃t = µ̃t0

α̃t = µ̃t

α̃t = µ̃t0 + τ˜t + ω̃t

+ B T x̃t + ˜t

ỹt = α̃t + B T x̃t + ˜t

M odel 1 : ỹt = µ̃t
M odel 2 : ỹt = µ̃t0
M odel 3 : ỹt = µ̃t0 + τ̃t

iid

˜t ∼ N2 (0, Σ )

xt4 ∼ N (−2, 52 )

iid

x̃t = [xt1 , xt2 , xt3 , xt4 ]T

iid

(33)

(34)
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µ
µ
δ
u
= 1,t+1 = 1,t + 1,t + 1,t
µ2,t+1
µ2,t
0
u2,t
!
  


0
0.52 0
u1,t iid
,
∼ N2
0
0 1
u2,t

xt2 ∼ P ois(10) xt3 ∼ B(1, 0.5)

iid


T
2
−1 −0.5 0
−1.5 4
0
2.5



1.1 0.7
Σ =
0.7 0.9

M odel 4 : ỹt = µ̃t0 + τ̃t + ω̃t + B T x̃t + ˜t

B=
iid

µ̃t+1

xt1 ∼ N (5, 52 )

iid

δ1,t ∼ N (δ1,t−1 , 0.082 )

12

(32)

To check whether the estimation error and estimation standard deviation decrease as sample
size increases, we built four different models in equation (32), each of which generates two
target time series data with different numbers of observations (50, 100, 200, 400, 800,
1600, 3200). These data sets are simulated using latent states and a static regression
component with four explanatory variables, one of which has no effect on each target series
with zero coefficient. Specifically, each target series was generated with a different set of
state components and explanatory variables, while the insignificant variable for each target
series is not the same.
The latent states were generated using a local linear trend component with and without a
global slope, a seasonality component with period equal to four, and/or a cyclical component
with λ = π/10 for both target series. All initial values are drawn from normal distribution
with a mean of zero. The detailed model description is presented as follows:

3.1 Generated Data

In order to investigate the properties of our model, in this section, we analyze computergenerated data through a series of independent simulations. We generated multiple data
sets with different time spans, local trends, number of regressors, dimensions of target
series and correlations among several target series to analyze three aspects of generated
data: accuracy in parameter estimation, ability to select the correct variables, and forecast
performance of the model.

3. Application to Simulated Data

from a Markov chain with stationary distribution p(ψ̃|Y ), the posterior distribution of ψ̃
given Y .

1:

Draw the latent state α = (µ̃, δ̃, τ̃ , ω̃) from given model parameters and Ỹ , namely
p(α|Ỹ , θ, γ, Σ , β), using the posterior simulation algorithm from Durbin and Koopman
(2002).
Draw time series state component parameters θ given α, namely simulating θ ∼
p(θ|Ỹ , α) based on equation (30).
Loop over i in an random order, draw each γi |γ−i , Ỹ , α, Σ , namely simulating γ ∼
p(γ|Ỹ ? , Σ ) one by one based on equation (29), using the stochastic search variable
selection (SSVS) algorithm from George and McCulloch (1997).
Draw β given Σ , γ, α and Ỹ , namely simulating β ∼ p(β|Σ , γ, Ỹ ? ) based on equation
(22).
Draw Σ given γ, α, β and Ỹ , namely simulating Σ ∼ p(Σ |γ, Ỹ ? , β) based on equation
(27).

Algorithm 1 MBSTS Model Training

2:
3:

4:
5:

2.4.2 Target Series Forecasting

p(Ŷ |ψ̃)p(ψ̃|Y )dψ̃

As typically in Bayesian data analysis, forecasts using our model are based on the posterior
predictive distribution. Given draws of model parameters and latent states from their
posterior distribution, we can draw samples from the posterior predictive distribution. Let
Ŷ represents the set of values to be forecast. The posterior predictive distribution of Ŷ can
be expressed as follows:
Z
p(Ŷ |Y ) =

JMLR 19(68):1-33, 2018

where ψ̃ is the set of all the model parameters and latent states randomly drawn from
p(ψ̃|Y ). We can draw samples of Ŷ from p(Ŷ |ψ̃) by simply iterating equations (5), (6), (7),
(8) and (9) to move forward from initial values of states α with initial values of parameters
θ, β and Σ . In the one-step-ahead forecast, we draw samples from the multivariate normal
PS−2
\ n + %̃sin(λ)ω̃
\ ? + β (k) xn+1
τ̃n−k + %̃cos(λ)ω̃
distribution with mean equal to µ̃n + δ̃n + k=0
n
and variance equal to Σ + Σµ + Στ + Σω . Therefore, the samples drawn in this way have
the same distribution as those simulated directly from the posterior predictive distribution.
Note that, the predictive probability density is not conditioned on parameter estimates,
and inclusion or exclusion of predictors with static regression coefficients, all of which have
been integrated out. Thus, through Bayesian model averaging, we commit neither to any
particular set of covariates which helps avoid arbitrary selection, nor to point estimates
of their coefficients which prevents overfitting. By the multivariate nature in our MBSTS
model, the correlations among multiple target series are naturally taken into account, when
sampling for prediction values of several target series. The posterior predictive density in
equation (31), is defined as a joint distribution over all predicted target series, rather than as
a collection of univariate distributions, which enables us to properly forecast multiple target
series as a whole instead of predicting them individually. This is crucial, especially when
11



 

  P2
w
τ1,t+1
− k=0 τ1,t−k
+ 1,t
=
0
τ2,t+1
0
iid

w1,t ∼ N (0, 0.012 )

iid

κ?2,t ∼ N (0, 0.012 ).

(37)

(36)

(35)

u2,t  iid
∼ N3
u3,t

1,t
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0 ,  0 1 0  .
0
0 0 0.72

(38)
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M odel 5 : ỹt = µ̃00t + B T x̃t + ˜t
˜t ∼ N3 (0, Σ )

T


2
−1 −0.5 0
1.1 0.7 0.7
0
2.5
B = −1.5 4
Σ = 0.7 0.9 0.7
3
0
3.5 −2
0.7 0.7 1.0
 00
  00   00  

µ1,t+1
µ1,t
δ1,t
u1,t
00
00 
µ̃t+1 = µ002,t+1  = µ002,t  + δ2,t
+ u2,t 
00
u3,t
µ003,t+1
µ003,t
δ3,t
 00 

 
!
00
δ1,t
0.6δ1,t−1
+ 0.4 ∗ 0.02
0.082 0
0
00  iid
00
2
δ2,t



δ2,t−1
0 0.16
0 
,
∼ N3
00
00
0
0 0.122
δ3,t
0.3δ3,t−1
+ 0.7 ∗ 0.01


   2

u
0
0.5 0 0 !

iid

To check the model performance with more than two series, two more data sets were
generated by Model 5 and Model 6 according to equations (38) and (39), respectively, where
for simplicity we consider latent states only include a generalized local linear trend with
and without a global slope. The specific settings are given below:

κ2,t ∼ N (0, 0.012 )

iid


 
 

 
0
0
0
ω
+
+
ω̃t+1 = 1,t+1 =
?
0.5 ∗ sin(λ22 )ω2,t
κ2,t
ω2,t+1
0.5 ∗ cos(λ22 )ω2,t
 ?  
 
 

ω
0
0
0
?
ω̃t+1
= 1,t+1
=
+
+ ?
?
?
0.5 ∗ cos(λ22 )ω2,t
κ2,t
ω2,t+1
−0.5 ∗ sin(λ22 )ω2,t

τ̃t+1 =

µ̃0t+1

 0
  0   0  

µ
µ1,t
δ1,t
u1,t
= 1,t+1
=
+
+
0
µ02,t+1
µ02,t
δ2,t
u2,t

 
 0 
!
0
0.6δ1,t−1 + 0.4 ∗ 0.02
δ1,t iid
0.082 0
,
∼
N
2
0
0
δ2,t−1
0 0.162
δ2,t
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(39)

iid

iid

iid

xt6 ∼ P ois(15) xt7 ∼ P ois(20) xt8 ∼ N (0, 102 ),

(40)
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where x?2 , x?5 and x?8 are variables whose values were obtained by rearranging a partial
portion of data values for x2 , x5 and x8 , and the diag() operator extracts diagonal entries
in the matrix to form a column vector. In Model 7, the first target series was generated
by (x1 , x2 , x3 , x4 , x5 , x6 , x7 , x?8 ) and the second target series was generated by (x1 , x?2 ,
x3 , x4 , x5 , x6 , x7 , x8 ). Therefore, when explanatory variables (x1 , x?2 , x3 , x4 , x?5 , x6 , x7 ,
x?8 ) are used for model training, regression coefficients of x?2 (resp. x?5 ) for the first target
series generation are expected not to reflect the true linear relationship between y (1) and
x2 (resp. x5 ). Similarly, regression coefficients of x?5 (resp. x?8 ) for the second target series
generation are expected not to reflect the true linear relationship between y (2) and x5 (resp.
x8 ). In sum, each distinct target series has a unique pattern generated by a particular set of
explanatory variables and state components (the first target series affected by seasonality,
not cyclical effect; the second target series affected by cyclical effect, not seasonality). Then
we apply the MBSTS model on generated data sets to study its different properties.

xt5 ∼ N (−5, 52 )

iid

M odel 7 : ỹt = µ̃0t + τ̃t + ω̃t + diag(B T x̃t ) + ˜t ˜t ∼ N2 (0, Σ )

T
2
−1 −0.5 0 1.5 −2 0 3.5
B=
−1.5 4
0
2.5 −1 0 −3 0.5

T
x
xt2 xt3 xt4 xt5 xt6 xt7 x?t8
x̃t = t1
xt1 x?t2 xt3 xt4 xt5 xt6 xt7 xt8

iid

Model 7 was used to generate data to examine the accuracy in Bayesian point and
interval estimations and covariates inclusion probabilities. The model is described as follows:

T
M odel 6 : ỹt = µ̃000
˜t
˜t ∼ N4 (0, Σ )
t + B x̃t + 

T
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−1 −0.5
0
1.1 0.7 0.7 0.7
−1.5 4
0.7 0.9 0.7 0.7
0
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0.7 0.7 0.7 1.2
 000   000   000  
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000








µ2,t+1  = µ2,t  + δ2,t  + u2,t 
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δ
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3,t
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+ 0.4 ∗ 0.02
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0
0
!
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2
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0
0 
  iid

 ,  0 0.16

∼
N
4
000 
000
δ3,t
0.3δ3,t−1
+ 0.7 ∗ 0.01  0
0 0.122 0 
000
000
0
0
0 0.102
δ4,t
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u1,t
0
0.5 0 0
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 ∼ N4 0 ,  0 1 0

u3,t 
0  0 0 0.72 0  .
u4,t
0
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3.2 Estimation and Model Selection Accuracy
From three perspectives, we explored properties of our model. More specifically, they include
how the number of observations affects Bayesian estimation accuracy, how likely the 90%
credible interval contains the true values of coefficients, and how possible the model selects
the most important explanatory variables and ignores variables that do not contribute as
desired, with results given in Figures 2, 3 and 4, respectively.

(d) Model 4

(b) Model 2

With the advent of the “big data” era, a huge amount of time series data are available
to be analyzed from various sources. In the first analysis, we want to check whether a
larger sample size improves the model performance in terms of Bayesian point estimation
accuracy. After model training, we drew 2000 samples for each coefficient to be estimated
during MCMC iterations. To reduce the influence of initial values on posterior inferences,
we discarded an initial portion of the Markov chain samples. Specifically based on trial and
error, the first 200 drawn samples were removed and the rest of them were used to build a
sample posterior distribution for each parameter.

(a) Model 1

(c) Model 3
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Figure 2: Estimation error for regression coefficients with different sample size. (a), (b),
(c) and (d) display results using generated data sets by four different models in
equation (32).
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(a) Model 1

(d) Model 4

(b) Model 2

Based on the theory of Bayesian estimation, the sample mean from posterior distribution
is considered to be the best point estimator for unknown parameters in terms of the mean
squared error. We firstly consider the estimation error defined as the absolute value of
difference between the true value and its Bayesian point estimate. The plots in Figure 2
illustrate how estimation errors of coefficients change as the sample size increases. The
first target series was generated not using covariate x4 , while the second target series was
generated not using covariate x3 , as shown in equation (33). Those zero coefficients are not
displayed in these line plots. Figure 2 shows that only the estimation error for coefficient
β31 goes down dramatically when sample size expands in these four cases. The remaining
estimation errors stay almost the same regardless of different sample sizes, which implies
that the number of observations significantly affect only the point estimation accuracy of
coefficients for binary variables, not for numerical or ordinal variables. Even if only a small
amount of data is available, our approach still performs well when binary or factor variables
are not involved in the analysis.

(c) Model 3

JMLR 19(68):1-33, 2018

Figure 3: Standard error for regression coefficients with different sample size. Here, standard error is the empirical standard deviation of draws from equation (22). (a),
(b), (c) and (d) display results using generated data sets by four different models
in equation (32).
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In the second analysis, we assess the coverage properties of the posterior credible intervals based on the empirical posterior distribution of each covariate’s coefficients. In other
words, the 90% credible interval contains the ground truth in 90% of the simulations. In
Model 7 equation (40), x?8 instead of x8 was used to generate the first target series y (1) ,
and x?2 instead of x2 was used to generate the second target series y (2) . Therefore, when
the explanatory variables (x1 , x?2 , x3 , x4 , x?5 , x6 , x7 , x?8 ) are used for model training, the
resulting coefficients β21 and β51 for y (1) as well as β52 and β82 for y (2) , cannot reveal a true
linear relationship. The box plot in Figure 4 displays the empirical posterior distribution of
estimated coefficients for significant explanatory variables whose values were not randomly
shuffled, and indicates that the true values of all coefficients are within 90% credible inter-

Figure 4: Empirical posterior distribution of estimated coefficients and indicators. (a) Box
plots of the difference between draws from equation (22) and true values of regression coefficients. The top and bottom correspond to the 95% upper bound
and 5% low bound, respectively. (b) Bar plot of empirical inclusion probability illustrates the proportion of Monte Carlo draws with γij = 1. The red color
shows positive estimated values of regression coefficients, while gray color displays
negative values.

(b) Inclusion Probability
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The generated data sets were split into a certain period of training data and a subsequent
period of testing set. The standard approach would use the training data to develop the
model that would then be applied to obtain predictions for the testing period. We use
a growing window approach, which simply adds one new observation in the test set to
the existing training set, obtaining a new model with fresher data and then constantly
forecasting a new value in the test set.
To evaluate the performance of the MBSTS model, we use three other models: autoregressive integrated moving average model with regression (ARIMAX), multivariate ARIMAX (MARIMAX), and the BSTS model, as benchmark models. We replace ARIMAX
and MARIMAX with seasonal ARIMAX (SARIMAX) and multivariate seasonal ARIMAX
(MSARIMAX), when seasonality exists. In this study, applying the growing window approach, all models were trained by the training set and then were used to make a one-stepahead prediction. More specifically, the univariate BSTS and ARIMAX were trained for
each target time series individually, but MBSTS and MARIMAX were applied on the mul-

3.3 Model Performance Comparison

vals. In addition, we can see that the 90% credible interval of binary covariates’ coefficients
is much wider than others, due to their larger standard errors.
In the third analysis, one important property of our model is to reduce data dimension
by variable selection in model training. In Figure 4, the bar plot of empirical inclusion
probabilities based on the proportion of MCMC draws shows a clear picture of which variables are used to generate data and which are the ones with shuffled values. For the first
target series y (1) , the empirical inclusion probabilities of covariates x1 , x3 , x6 and x8 as one
or close to one indicate that they were all, or almost all, selected during MCMC iterations,
which is exactly how the data set was generated; the covariates x4 and x7 with zero coefficients indicate that they are rarely selected during MCMC iterations. Some covariates
with partially shuffled values, such as x2 and x5 , are more likely be selected than those
with no effect on this target series, but they are not so important as x1 , x3 , x6 and x8 .
Similar striking results were achieved for the second target series. Moreover, we can see
that as expected, the inclusion probability of x?5 is just 0.17 (resp. 0.27) for the first (resp.
second) target series. In a word, our MBSTS model is good at variables selection, even if
the variation of each target series is explained by a different set of explanatory variables.
It is worth emphasizing that our model performs very well in terms of estimation accuracy and variables selection ability, even if each target series has a different set of latent
states and explanatory variables from others. However, all preceding results depend on the
assumption that the model structure remains intact throughout the modeling period. In
other words, even though the model is built on the idea of multiple non-stationary components such as a time-varying local trend, seasonal effect, and potentially dynamic regression
coefficients, the structure itself remains unchanged. If the model structure does change over
time (e.g. local trend disappears or the static regression coefficients become dynamic), the
estimation accuracy may suffer. Therefore, a preliminary data exploration and acquiring a
background knowledge about the data set before applying our model is suggested, although
it has the strength in allowing users to adjust the model components flexibly for each target
series.

The sample standard error, defined as the posterior standard deviation of the regression
coefficient, is used to illustrate the spread of the Bayesian estimator. To further explore
other properties of the posterior distribution of draws, the standard errors were checked
for each coefficient with different sample sizes. Figure 3 shows that all standard errors
for covariates’ coefficients except β31 gradually decline with a larger amount of data. The
standard error for coefficients β31 peaks when the number of observations is 100 for Model
1 or 200 for models 2, 3 and 4, and then begin to drop very sharply. In general, a larger
sample size helps shrink the standard errors of all coefficients, especially for binary or factor
covariates’ coefficients, as one would expect. In other words, collecting more data allows
us to shrink the dispersion of the posterior empirical distribution from Monte Carlo draws,
and hence build a narrower credible interval.

(a) Boxplot with 90% Credible Interval
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(f) Model 6

(d) Model 4

(b) Model 2

Multivariate Bayesian Structural Time Series Model

(a) Model 1

(c) Model 3

(e) Model 5

Figure 5: Cumulative absolute one-step-ahead prediction error for generated multiple target
series containing different components. (a)-(f) display results using generated
data sets by six different models in equations (32), (38) and (39). Three other
benchmark models (BSTS, ARIMAX and MARIMAX) are also trained and used
to make a prediction.
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tidimensional series data set as a whole. Then we compared the performances of the other
three models with that of MBSTS in terms of cumulative one-step ahead prediction errors.
The prediction error at each step PEt is defined by summing up the absolute values of the
19
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(c) ρ = −0.3

(a) ρ = 0

(f) ρ = 0.8

(d) ρ = 0.5

(b) ρ = 0.2

differences between the true values and their own predicted values over all target time sePm
(i)
(i)
|yt − ŷt |. Figure 5 and Figure 6 are generated to demonstrate our model’s
ries, i.e. i=1
comparison performance under the influence of complexity in different kinds and numbers of
multiple target time series, and under various correlations (ρ = 0, 0.2, −0.3, 0.5, −0.6, 0.8),
respectively.

(e) ρ = −0.6
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Figure 6: Cumulative absolute one-step-ahead prediction error for generated multiple target
series with different correlations. (a)-(f) display results using generated data
sets by equation (40) with various correlation coefficients in Σt . Other three
benchmark models (BSTS, ARIMAX and MARIMAX) are also trained and used
to make a prediction.
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To better capture market information and different properties of the stock price time series and to facilitate the forecasting task, we use the following fundamental and technical
predictors.

We perceive the stock as worthwhile in terms of trading when its future price is predicted
to vary more than p% of its current price. In this context, we forecast the trend of stock
movements in the next k(= 5) transaction days, which is especially helpful when liquidation
risk is in consideration given a sign of sale, and useful to avoid a large amount purchase
driving up the stock prices given a sign of buying. In this study, we provide daily predictions
sequentially of the overall price dynamics in the next k transaction days.
Following Torgo (2011), we approximate the daily average price as: P̄t = (Ct +Ht +Lt )/3,
where Ct , Ht and Lt are the close, high and low quotes for day t respectively. However,
instead of using the arithmetic returns, we are interested in the log return Vt defined as
Vt = {log(P̄t+j /Ct )}kj=1 . We consider the indicator variable yt = max{v ∈ Vt }, the maximum
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Fundamental Part Fundamental analysis claims that markets may incorrectly price a
security in the short run but will eventually correct it. Profits can be achieved by purchasing
the undervalued security and then waiting for the market to recognize its “mistake” and
bounce back to the fundamental value. Since macroeconomy has a significant effect on the
financial market, economical analysis plays an important role in fundamental analysis in
giving a precise stock return prediction.

4.2 Predictors

value of log returns over the next k transaction days. A high positive value of yt means that
there is at least one future daily price that is much higher than today’s close quote, indicating
potential opportunities to issue a buy order, as we predict the prices will rise. A trivial value
of yt around zero can be seen as the sign of no action that should be taken at this moment.
In this study, we calculated yt for four leading companies in the financial industry (BOA,
COF, JPM and WFC), whose stock prices are affected by economic activities. Visualization
of a part of the daily prices time series and their corresponding yt indicators for BOA can
be seen in Figure 7.

Figure 7: The candlestick chart and max log return. The top panel displays a candlestick
chart of BOA from Aug 21st to Nov 3rd, containing information such as open
and closing quotes. The bottom panel shows corresponding max log returns over
the next five transaction days, which is the target time series.
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4.1 Target Time Series

Predicting stock prices (for example, of a group of leading companies) is extremely important to Wall Street practitioners for investment and/or risk management purposes. In the
following, we forecast the future values of stock portfolio return using the proposed MBSTS
model and compare its performance with three other benchmark models: BSTS, ARIMAX
and MARIMAX. In this section, we analyze the data of Bank of America (BOA), Capital
One Financial Corporation (COF), J.P. Morgan (JPM) and Wells Fargo (WFC). The daily
data sample is from 11/27/2006 to 11/03/2017 and obtained from Google Finance.

4. Application to Empirical Data

Figure 5 shows cumulative one-step-ahead prediction errors of six time series models,
which were trained using a set of data sets with each containing one thousand observations
generated by equations (32), (38) and (39). We can see that the MBSTS model does not
show an obvious advantage in the first two plots, since the generated target time series have
only a local trend or a linear trend. However, the MBSTS model beats other benchmark
models in plot 3 and plot 4, where the target series contain seasonality or cycle components.
Clearly, the BSTS or MBSTS model has a strong ability to capture seasonality and cycle
embodied in the series. The performance evaluations in plot 5 (three target time series) and
plot 6 (four target time series) demonstrate the forecast advantage of our MBSTS model
over other benchmark models, even with an increased number of target series. In general,
the multivariate models outperform their corresponding univariate ones due to the influence
of correlations among multiple target time series. Moreover, BSTS is better than ARIMAX,
and MBSTS outperforms all other models, thanks to the Bayesian model averaging and time
series structure of target series.
Figure 6 provides a clear picture of an impressive fact: the higher correlation among
multiple target time series, the better performance of the MBSTS model over other models.
Generally, the MBSTS model outperforms the traditional ARIMAX or MARIMAX model
for the reason that averaging algorithm helps hedge against selecting the “wrong” set of
predictors in prediction steps. The gaps of cumulative prediction errors between models in a
multivariate version and their univariate counterparts increase as multiple target time series
have stronger correlations. Therefore, it is better to model multiple target time series as
a whole by MBSTS rather than model them individually by BSTS, especially when strong
correlations appear in the multiple target time series, as illustrated in Figure 6
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Trend
advert
auto
autofi
bnkrpt
comput
crcard
educat
finpln
insur
luxury
mtge
rental
smallbiz
unempl

Abbr.
Air travel
Auto financing
Business & industrial
Commercial Lending
Construction
Durable goods
Finance & investing
Furniture
Jobs
Mobile & wireless
Real estate
Shopping
Travel

Trend
airtvl
autoby
bizind
comlnd
constr
durble
invest
furntr
jobs
mobile
rlest
shop
travel

Abbr.

For economic analysis, we know that it is difficult to collect important economic indicators on a daily basis. However, starting from the year 2004, Google has been collecting
the daily volume of searches related to various aspects of macroeconomics. This database
is publicly available as “Google Domestic Trends”. In a recent study, Preis et al. (2013)
showed correlations between Google domestic trends and the equity market. In this study,
we use the Google domestic trends data as a representation of the public interest in various
macroeconomic factors, and include 27 domestic trends which are listed in Table 1 with
their abbreviations.

Advertising & marketing
Auto buyers
Automotive
Bankruptcy
Computers & electronics
Credit cards
Education
Financial planning
Insurance
Luxury goods
Mortgage
Rental
Small business
Unemployment
Table 1: Google domestic trends

Abbr.

Technical Part Technical analysis claims that useful information is already reflected in
stock prices. We selected a representative set of technical indicators to capture the volatility,
close location value, potential reversal, momentum and trend of each stock. Eight variables
are calculated for each company as listed in Table 2:
Variable

ChaVol
Vol
EMV
MACD
MFI
AROON
SAR
CLV

JMLR 19(68):1-33, 2018

Chaikin volatility
Yang and Zhang Volatility historical estimator
Arms’ Ease of Movement Value
Moving Average Convergence/Divergence
Money Flow Index
Aroon Indicator
Parabolic Stop-and-Reverse
Close Location Value
Table 2: Stock Technical Predictors

23

Qiu,Jammalamadaka and Ning

• The ChaVol indicator depicts volatility by calculating the difference between the high
and low for each period or trading bar, and measures the difference between two
moving averages of a volume weighted accumulation distribution line.

• The Vol indicator has the minimum estimation error, and is independent of drift
and opening gaps, which can be interpreted as a weighted average of the Rogers and
Satchell estimator, the close-open volatility, and the open-close volatility.

• The EMV indicator is a momentum indicator developed by Richard W. Arms, Jr.,
which takes into account both volume and price changes to quantify the ease (or
difficulty) of price movements.

• The MACD indicator is a trading indicator used in stock prices’ technical analysis,
created by Gerald Appel in the late 1970s, supposed to reveal changes in the strength,
direction, momentum and duration of a trend in a stock’s price.

• The MFI indicator is a ratio of positive and negative money flow over time and starts
with the typical price for each period. It is an oscillator that uses both price and
volume to measure buying and selling pressure, created by Gene Quong and Avrum
Soudack.

• The AROON indicator is a technical indicator used to identify trends in an underlying
security and the likelihood that the trends will reverse, including “Aroon up” (resp.
“Aroon down”) for measurement of the strength of the uptrend (resp. downtrend),
and reports the time it takes for the price to reach the highest and lowest points over
a given time period.

• The SAR indicator is a method proposed by J. Welles Wilder, Jr., to find potential
reversals in the market price direction of traded goods such as securities.

• The CLV indicator is used to measure the closes quote relative to the day’s high and
low, which varies in range between −1 and +1.
4.3 Training Result

JMLR 19(68):1-33, 2018

It is worth noting that all predictors do not show obvious trends and most of them are
stationary in the sense that their unit-root null hypotheses have p-values less than 0.05 in the
augmented Dickey-Fuller test (see Said and Dickey, 1984). However, some of them indicate
seasonal patterns. We can remove seasonal patterns of these predictors by subtracting the
estimated seasonal component computed by the STL procedure (see Cleveland et al., 1990).
Then we test our MBSTS model with and without deseasonalizing the predictors.
These eight technical predictors are calculated for each financial institution and then
exclusive to others. Domestic Google trends serve as common predictors available to all
companies. Based on the forecast output, the model trained without deseasonal predictors
performs better than the corresponding one with deseasonal predictors. Therefore, the
training results shown in Figure 8 are from a model with original predictors.
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The business cycle describes the fluctuations in economic activities that an economy experiences over a period of time. It typically involves shifts over time between periods of
expansions and recessions, which has a great impact on institutions in financial industry,
especially investment and commercial banks. We use BOA as an example to illustrate target
series and its corresponding state components. Visually checking the time series of max log
returns over the next five transaction days in Figure 8, we see strong fluctuations during
2008-2009, which is right after the outbreak of the subprime mortgage crisis. There is also
an obvious subsequent strong variation during 2012. Therefore, in order to capture recurrent economic shocks, it is necessary to incorporate the cyclical component in our model. In
fact, applying the trend-cycle model can capture both short-term and long-term movements
of the series.
By spectral analysis, we find the corresponding period equals 274, which is almost one
year of transaction days. Through cross validation, we find the optimal damping factor
equals 0.95 in terms of cumulative one-step prediction errors. Figure 9 shows how much
variation in the max log return time series is explained by the trend, cyclical and regression
components. The trend component shows the highest peak is around 2009, and provides a
general picture of how the series would evolve in the long run. The comparatively stronger
variation between 2009 and 2012 is reflected in the cyclical component, which captures the
economic shocks that occurred. The fluctuations gradually become stable as the effects
of shocks diminish. Both trend and cyclical components handle the series with unequal
variances over time. On the contrary, the regression component varies more frequently but
with no obvious peaks. It accounts for local movements without the impact of external

4.3.1 Decomposition of State Components

Figure 8: True and fitted values of max log returns from 11/27/2006 to 10/20/2017 (BOA)

Multivariate Bayesian Structural Time Series Model
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Figure 9: Contributions of state components to max log return (BOA). The fitted target
series is decomposed into three state components: (a) trend (local level in this
example) component, (b) cycle component and (c) regression component, with
shaded areas indicating the 90% confidence bands based on MCMC draws.

(c) Regression Component

(b) Cyclical Component

(a) Trend Component
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shocks. In sum, decomposing the target time series into three components provides us
enough information on how each component contributes in explaining variations.
4.3.2 Feature Selection
Thanks to the spike and slab regression, one advantage of the MBSTS model is that feature selection and model training can be done simultaneously, which prevents overfitting
and avoids redundant or spurious predictors. That is, the MBSTS model is flexible in that
it selects a different set of predictors for each target time series during the MCMC iterations. Moreover, we can set a different model size for each target time series by assigning
appropriate values to the prior inclusion probabilities {πij }. The empirical posterior inclusion probability, as a useful indicator of the importance of one specific predictor, is the
proportion of number of times that the predictor is selected to the total count of MCMC
iterations. A higher inclusion probability indicates more variation of target time series can
be explained by that predictor, whose chance of being selected depends on equation (29).
Figure 10 displays the predictors whose empirical posterior inclusion probabilities are
greater than 0.2 for four companies. For the predictors with empirical inclusion probabilities
equal to one, we can see that Bank of America has seven, Capital One Financial Corporation
has eight, J.P. Morgan has four, and Wells Fargo has three. That is, the sets of predictors
are different among these four companies; hence, the expected model size for each company
also differs from each other. In general, sparsity was produced by our algorithm, and the size
of the resulting model for each company is much less that of the total number of candidate
predictors.
No such domestic Google trends contribute significantly to the variations of max log
returns for all companies. Different sets of domestic Google trends capture the variations of
max log returns of these four companies; more specifically, “mobile”, “constr” and “comput”
are the most important economic indicators for Bank of America, “unempl”, “rental”,
“furntr”, “finpln” and “comput” for Capital One Financial Corporation, “jobs” for J.P.
Morgan and Wells Fargo. Among all the technical predictors, MFI, EMV and CLV were
favored by the sampling algorithm for all companies, indicating the importance of these
predictors in explaining the variations of max log returns.
4.4 Target Series Forecast
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Time series forecasting is challenging, especially when it comes to multivariate target time
series. One strength of our model is that it can make predictions for multiple target time
series (i.e. max log returns of a stock portfolio) with a great number of contemporaneous
predictors. Moreover, the Bayesian paradigm together with the spike-slab regression and
MCMC algorithm can further improve prediction accuracy through model averaging technique. Similar to the performance analysis on simulated data, we compared the MBSTS
model’s performance using real financial market data with three other benchmark models: BSTS, ARIMAX and MARIMAX, measured by cumulative one-step-ahead prediction
errors.
27

(a) Bank of America Corp.

(d) Wells Fargo & Co.

(b) Capital One Financial Corp.
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(c) JPMorgan Chase & Co.

Figure 10: Empirical posterior inclusion probabilities for the most likely predictors of max
log return. (a), (b), (c) and (d) display important predictors for BOA, COF,
JPM and WFC respectively. Each bars is colored (red or gray) according to the
sign (positive or negative) of the estimated value of the corresponding regression
coefficient.

4.4.1 Model Comparison

JMLR 19(68):1-33, 2018

Figure 11 shows the cumulative one-step-ahead prediction errors of these four models without and with deseasonalized predictors, respectively. We can see that the MBSTS model
outperforms other benchmark models with smaller cumulative prediction errors at almost
every step in these two cases. We can also see that models with original predictors outperform those using deseasonalized predictors. There are two obvious reasons to explain
why the MBSTS model is the best. Firstly, benefiting from the multivariate setting, it captures the inherent correlations of multiple target time series after subtracting the effects of
trend, seasonality and cycle components; these enables MBSTS to outperform the univariate BSTS model that is trained by each target time series individually. Secondly, Bayesian
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(b) Partial Predictors With Deaseasonal

(d) Wells Fargo & Co.

(b) Capital One Financial Corp.
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In this paper, we have proposed a Multivariate Bayesian Structural Time Series (MBSTS)
model for dealing with multiple target time series (e.g. max log returns of a stock portfolio), which helps in feature selection and forecasting in the presence of related external
information. We evaluated the forecast performance of our model using both simulated
and empirical data, and found that the MBSTS model outperforms three other benchmark
models: BSTS, ARIMAX and MARIMAX. This superior performance can be attributed
mainly to the following three reasons. Firstly, the MBSTS model derives its strength in
forecasting from the fact that it incorporates information about other variables, rather than
merely historical values of its own. Secondly, the Bayesian paradigm and the MCMC algorithm can perform variable selection at the same time as model training and thus prevent

5. Conclusion

Figure 12: One-step-ahead predictions of max log returns: (a), (b), (c) and (d) display
predicted and true max log return values for BOA, COF, JPM and WFC, respectively. Black lines with dots represent the true values, while red line with
dots indicate predicted values. The gray shaded areas are 40% prediction bands.

(c) JPMorgan Chase & Co.

(a) Bank of America Corp.
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Figure 12 shows one-step-ahead predictions by the MBSTS model for these four companies over two weeks. The shaded areas are the 40% prediction intervals generated by
draws from the posterior distribution of ŷ. All true values are covered by the prediction
intervals. The predicted value of max log return can be used as an indicator of whether to
trade a stock or not. For example, if the lower bound of the predicted max log return is a
large positive number, it is a strong signal that future prices will go substantially above the
closing price of that day, thus buying this stock that day should be seriously considered.
When the predicted value is positive but not large enough to cover transaction cost, it is a
weak buying signal and a second thought should be given before making a decision. Selling
or shorting the stock is suggested if the predicted max log return in the next five transaction
days, is negative.

In finance, a trading strategy is a set of objective rules defining the conditions that must
be met for a trade entry or exit action. Thanks to the strong prediction power, our model
can provide supplemental guidelines to trading, given the current information of domestic
Google trends and technical indexes. In other words, security strategists can decide when
and how to trade based on the predictions from the MBSTS model.

4.4.2 Trading Strategy

model averaging helps avoid arbitrary selection and sticking to a fixed set of predictors, and
the cyclical component can capture dramatic shocks to variations in target time series with
diminishing impact, both of which enable our MBSTS model to outperform the MARIMAX
model.

Figure 11: Performance analysis measured by cumulative one-step-ahead prediction errors:
(a) displays the result when all predictors are original; (b) shows the result
with some predictors with detected seasonality being deseasonalized. Other
three benchmark models (BSTS, ARIMAX and MARIMAX) were also trained
to make predictions.

(a) All Predictors Without Deaseasonal
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overfitting even if some spurious predictors are added into the candidate pool. Thirdly,
the MBSTS model benefits from taking correlations among multiple target time series into
account, which helps boost the forecasting power. Therefore, this model, as expected, is
able to provide more accurate forecasts than the univariate BSTS model and the traditional
time series models such as ARIMA or MARIMA, when multiple target time series need to
be modeled.
The excellent performance of the MBSTS model comes with high computation requirements in the MCMC iterations. Clearly, one would also not expect this model to show
significant advantages over the univariate BSTS model, when multiple target series are independent of each other. But some preliminary exploratory analysis as well as professional
insight would help to tell whether correlations in multiple target time series are strong
enough in specific cases. Two open questions that are currently under investigation include: whether and how prior information such as model size and estimated coefficients
can improve estimation accuracy and forecasting performance; the other is how to adjust
this model to satisfy the need of analysis of non-Gaussian observations. Overall, it is fair
to conclude that the MBSTS model offers practitioners a very good option to model or
forecast multiple correlated target time series with a pool of available predictors.
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Advances in the field of inverse reinforcement learning (IRL) have led to sophisticated
inference frameworks that relax the original modeling assumption of observing an agent
behavior that reflects only a single intention. Instead of learning a global behavioral model,
recent IRL methods divide the demonstration data into parts, to account for the fact that
different trajectories may correspond to different intentions, e.g., because they were generated by different domain experts. In this work, we go one step further: using the intuitive
concept of subgoals, we build upon the premise that even a single trajectory can be explained more efficiently locally within a certain context than globally, enabling a more
compact representation of the observed behavior. Based on this assumption, we build
an implicit intentional model of the agent’s goals to forecast its behavior in unobserved
situations. The result is an integrated Bayesian prediction framework that significantly
outperforms existing IRL solutions and provides smooth policy estimates consistent with
the expert’s plan. Most notably, our framework naturally handles situations where the
intentions of the agent change over time and classical IRL algorithms fail. In addition, due
to its probabilistic nature, the model can be straightforwardly applied in active learning
scenarios to guide the demonstration process of the expert.
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Inverse reinforcement learning (IRL) refers to the problem of inferring the intention of an
agent, called the expert, from observed behavior. Under the Markov decision process (MDP)
formalism (Sutton and Barto, 1998), that intention is encoded in the form of a reward function, which provides the agent with instantaneous feedback for each situation encountered
during the decision-making process. Classical IRL methods (Ng and Russell, 2000; Abbeel
and Ng, 2004; Ziebart et al., 2008; Ramachandran and Amir, 2007; Levine et al., 2011)
assume there exists a single global reward model that explains the entire set of demonstrations provided by the expert. In order to relax this rather restrictive modeling assumption,
recent IRL methods allow that the agent’s intention can change over time (Nguyen et al.,
2015), or they presume that the demonstration data set is inherently composed of several
parts (Dimitrakakis and Rothkopf, 2011), where different trajectories reflect the intentions
of different domain experts.
In this work, we go a step further and start from the premise that — even in the case of
a single expert or trajectory — the demonstrated behavior can be explained more efficiently
locally (i.e., within a certain context) than by a global reward model. As an illustrative
example, we may consider the task shown in Figure 1a, where the expert approaches a set of
intermediate target positions before finally heading toward a global goal state. Similarly, in
Figure 1b, the agent eventually returns to its initial position, from where the cyclic process
repeats. Despite the simplicity of these tasks, the encoding of such behaviors in a global
intention model requires a reward structure that comprises a comparably large number
of redundant state-action-based rewards. Alternative modeling strategies rely on taskdependent expansions of the agent’s state representation, e.g., to memorize the last visited
goal (Krishnan et al., 2016), or they resort to more general decision-making frameworks like
semi-MDPs/options (Bradtke and Duff, 1994; Sutton et al., 1999) in order to achieve the
necessary level of task abstraction.
In this paper, we present a substantially simpler modeling framework that requires only
minimal adaptations to the standard MDP formalism but comes with a hypothesis space
of behavioral models that is sufficiently large to cover a broad class of expert policies.
The key insight that motivates our approach is that many tasks, like those in Figure 1,
can be decomposed into smaller subtasks that require considerably less modeling effort.
The resulting low-level task descriptions can then be used as building blocks to synthesize
arbitrarily complex behavioral strategies through a suitable sequencing of subtasks. This
offers the possibility to learn comparably simple task representations using the intuitive
concept of subgoals, which is achieved by efficiently encoding the expert behavior using
task-adapted partitionings of the system state space/the expert data.
The proposed framework builds upon the method of Bayesian nonparametric inverse
reinforcement learning (BNIRL, Michini and How, 2012), which can be used to build a
subgoal representation of a task based on demonstration data — however, without learning
the underlying subgoal relationships or providing a policy model that can generalize the
strategy of the demonstrator. In order to address this limitation, we generalize the BNIRL
model using insights from our previous works on nonparametric subgoal modeling (Šošić
et al., 2018a) and policy recognition (Šošić et al., 2018b), building a compact intentional
model of the expert’s behavior that explicitly describes the local dependencies between the
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(b) cyclic behavior
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(a) sequenced target positions
(Michini and How, 2012)

Figure 1: Two simple behavior examples that motivate the subgoal principle. The setting
is based on the grid world dynamics described in Section 5.1. In both cases,
a task description based on a global reward function is inefficient as it requires
many state-action-based rewards to explain the observed trajectory structures.
However, the data can be described efficiently through subgoal-based encodings.
Both scenarios are analyzed in detail in Section 5.

demonstrations and the underlying subgoal structure. The result is an integrated Bayesian
prediction framework that exploits the spatio-temporal context of the demonstrations and
is capable of producing smooth policy estimates that are consistent with the expert’s plan.
Furthermore, capturing the full posterior information of the data set enables us to apply
the proposed approach in an active learning setting, where the data acquisition process is
controlled by the posterior predictive distribution of our model.
In our experimental study, we compare the proposed approach with common baseline
methods on a variety of benchmark tasks and real-world scenarios. The results reveal that
our approach performs significantly better than the original BNIRL model and alternative
IRL solutions on all considered tasks. Interestingly enough, our algorithm outperforms the
baselines even when the expert’s true reward structure is dense and the underlying subgoal
assumption is violated.
1.1 Related Work

JMLR 19(69):1-45, 2018

The idea of decomposing complex behavior into smaller parts has been around for long and
researchers have approached the problem in many different ways. While the overall field of
methods is too large to be covered here, most existing approaches can be clearly categorized
according to certain criteria. Often, two approaches differ in their exact problem formulation, i.e., we can distinguish between active methods, where the learning algorithm can
interact freely with the environment (e.g., hierarchical reinforcement learning, Botvinick,
2012; Al-Emran, 2015), and passive methods, where the behavioral model is trained solely
through observation (learning from demonstration, Argall et al., 2009). Furthermore, we
3
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can discriminate between methods that build an explicit intentional model of the underlying task (IRL and option-based models, Choi and Kim, 2012; Sutton et al., 1999), and
such that work directly on the control/trajectory level (skill learning, movement primitives,
Konidaris et al., 2012; Schaal et al., 2005). The latter distinction is sometimes also referred
to as intentional/subintentional approaches (Albrecht and Stone, 2017; Panella and Gmytrasiewicz, 2017). In order to give a concise summary of the work that is most relevant to
ours, we restrict ourselves to passive approaches, with a focus on intentional methods, the
field of which is considerably smaller. For an overview of active approaches, we refer to
existing literature, e.g., the work by Daniel et al. (2016a).
First, there is the class of methods that pursue a decomposition of the observed behavior on the global level, using trajectory-based IRL approaches. For example, Dimitrakakis
and Rothkopf (2011) proposed a hierarchical prior over reward functions to account for the
fact that different trajectories in a data set could reflect different behavioral intentions,
e.g., because they were generated by different domain experts. Similarly, Babeş-Vroman
et al. (2011) follow an expectation-maximization-based clustering approach to group individual trajectories according to their underlying reward functions. Choi and Kim (2012)
generalized this idea by proposing a nonparametric Bayesian model in which the number of
intentions is a priori unbounded.
While the above methods consider the expert data at a global scale, our work is concerned with the problem of subgoal modeling, which is often conducted in the form of
option-based reasoning (Sutton et al., 1999). For instance, Tamassia et al. (2015) proposed
a clustering approach based on state distances to find a minimal set of options that can explain the expert behavior. While the method provides a simple alternative to handcrafting
options, it does not allow any probabilistic treatment of the data and involves many ad-hoc
design choices. Going in the same direction, Daniel et al. (2016a) presented a more principled, probabilistic option framework based on expectation-maximization. Not only is the
framework capable of inferring sub-policies automatically, it can be also used in a reinforcement learning context for intra-option learning. However, the resulting behavioral model
is based on point estimates of the policy parameters, and the number of sub-policies needs
to be specified manually. The latter problem was solved by Krishnan et al. (2016), who
proposed a hierarchical nonparametric IRL framework to learn a sequential representation
of the demonstrated task, based on a set of transition regions that are defined through local
changes in linearity of the observed behavior. However, in contrast to the work by Daniel
et al. (2016a), inference is not performed jointly but in several isolated stages where, again,
each stage only propagates a point estimate of the associated model parameters. Moreover,
the temporal relationship of the demonstration data, used to identify the local linearity
changes, is considered only in an ad-hoc fashion with the help of a windowing function.
Another general class of models, which explicitly addresses this issue, employs a hidden
Markov model (HMM) structure to establish a temporal relationship between the demonstrations. For instance, the work presented by Nguyen et al. (2015) can be regarded as a
generalization of the model by Babeş-Vroman et al. (2011), which extends the expectationmaximization framework by imposing a Markov structure on the reward model. Similarly,
Niekum et al. (2012) use an extended HMM to segment the demonstrations into vector autoregressive models, in order to learn a suitable set of movement primitives. However, the
learning of those primitives is done in a post-processing step, meaning that the quality of
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1. Notice that the subgoal prior distribution in the original BNIRL formulation does not take the state
variable s as an argument. Nonetheless, the authors of BNIRL suggest to restrict the support of the
distribution to the set of visited states, which indeed implies a conditioning on s.

where g ∈ {1, . . . , |S|} indicates the subgoal location and C ∈ (0, ∞) is some positive
constant (compare Şimşek et al., 2005; Stolle and Precup, 2002; Tamassia et al., 2015).
Although in principle it is legitimate to associate each subgoal with an arbitrary reward
structure to encode more complex forms of goal-oriented behavior (see, for example, Ranchod et al., 2015), the restriction to the reward function class in Equation (1) is sufficient
in the sense that the same behavioral complexity can be synthesized through a combination
of subgoals. This is made possible by the nonparametric nature of BNIRL, i.e., because
the number of possible subgoals is assumed to be unbounded. The use of the reward model
in Equation (1) has the advantage, however, that posterior inference about the expert’s
subgoals becomes computationally tractable, as will be explained in Section 4.5. In the following, we therefore focus on the above reward model and summarize the infinite collection
∞
of subgoals
G := {gk }∞
k=1 ∈ ×k=1 S, where we adopt the assumption that
Qin the multiset
1
p(G | s) = ∞
p
(g
|
s).
g
k
k=1
The subgoal assignment in BNIRL is achieved using a set of indicator variables z̃ :=
{z̃d ∈ N}D
d=1 , which annotate each demonstration pair (sd , ad ) with its unique subgoal index.
The prior distribution p(z̃) is modeled by a Chinese restaurant process (CRP, Aldous, 1985),

(1)

Following the common IRL paradigm (Ng and Russell, 2000; Zhifei and Joo, 2012), the goal
of BNIRL is to infer the intentions of an agent based on demonstration data. Starting from
a standard MDP model, the problem is formalized on a finite state space S, assuming a

2.1 Revisiting the BNIRL Framework

The purpose of this section is to recapitulate the principle of Bayesian nonparametric inverse
reinforcement learning. After briefly discussing all building blocks of the model, we focus
on the limitations of the framework, which motivates the need for an extended model
formulation and finally leads to a new inference approach, presented afterwards in Section 3.

2. Bayesian Nonparametric Inverse Reinforcement Learning

The organization of the paper is as follows: in Section 2, we briefly revisit the BNIRL model
and discuss its limitations, which forms the basis for our work. Section 3 then introduces a
new intentional subgoal framework, which addresses the shortcomings of BNIRL discussed
in Section 2. In Section 4, we derive a sampling-based inference scheme for our model and
explain how the new framework can be used for subgoal extraction and action prediction.
Experimental results on both synthetic and real-world data are presented in Section 5 before
we finally conclude our work in Section 6.

1.2 Paper Outline

if g = s,
otherwise,

time-invariant state transition model T : S ×S ×A → [0, 1], where A is a finite set of actions
available to the agent at each state. For notational convenience, we represent the states
in S by the integer values {1, . . . , |S|}, where |S| denotes the cardinality of the state space.
In BNIRL, it is assumed that we can observe a number of expert demonstrations provided in the form of state-action pairs, D := {(sd , ad )}D
d=1 , where each pair (sd , ad ) ∈ S × A
consists of a state sd visited by the agent and the corresponding action ad taken. Herein, D
denotes the size of the demonstration set. Throughout the rest of this paper, we will use the
D
shorthand notations s := {sd }D
d=1 and a := {ad }d=1 to access the collections of expert states
and actions individually. Note that the BNIRL model makes no assumptions about the
temporal ordering of the demonstrations, i.e., each state-action pair is considered to have
arisen from a specific but arbitrary time instant of the agent’s decision-making process. We
will come back to this point later in Sections 2.2 and 3.3.
In contrast to the classical MDP formalism and most other IRL frameworks, BNIRL
does not presuppose that the observed expert behavior necessarily originates from a single
underlying reward function. Instead, it introduces the concept of subgoals (and corresponding subgoal assignments) with the underlying assumption that, at each decision instant, the
expert selects a particular subgoal to plan the next action. Each subgoal is herein represented by a certain reward function defined on the system state space; in the simplest case,
it corresponds to a single reward mass placed at a particular goal state in S, which we
identify with a reward function Rg : S → {0, C} of the form

the final representation crucially depends on the success of the initial segmentation stage.
In contrast, the method by Rueckert et al. (2013) automatically learns the position and
timing of subgoals in the form of via-points, but the number of via-points is assumed to be
known and the system objective gets finally encoded in form of a global cost function. Recently, Lioutikov et al. (2017) presented a related approach based on probabilistic movement
primitives that jointly solves the segmentation and learning step for an unknown number of
primitives, using an expectation-maximization framework. Yet, the model operates purely
on the trajectory level and cannot reveal the latent intentions of the demonstrator. Another
variant of the approach by Niekum et al. (2012) that explicitly addresses this problem was
proposed by Surana and Srivastava (2014). In their paper, the authors propose to replace
the HMM emission model with an MDP model, in order to infer a policy model from the
segmented trajectories instead of recognizing changes in the dynamics. The model was later
extended by Ranchod et al. (2015), who augmented the HMM representation with a beta
process model to facilitate skill sharing across trajectories. While the resulting model formulation is highly flexible, its major drawback is that inference becomes computationally
expensive as it involves multiple IRL iterations per Gibbs step.
In contrast to the HMM-based solutions, which by their sequential nature focus on the
temporal relationship of subtasks, the approach presented in this paper establishes a more
general correlation structure between demonstrations by employing non-exchangeable prior
distributions over subgoal assignments, i.e., without committing to purely temporal factorizations of subgoals. This results in a compact model representation (e.g., it avoids the need
of estimating latent subgoal transition probabilities required in an HMM structure) and adds
the flexibility to capture both, the temporal and the spatial dependencies between subtasks.
(
C
Rg (s) :=
0
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which assigns the event that indicator z̃d points to the jth subgoal the prior probability
(
nj if j ∈ {1, . . . , K},
p(z̃d = j | z̃\d ) ∝
α if j = K + 1,

a∈A exp

where z̃\d := {z̃d } \ z̃d is a shorthand notation for the collection of all indicator variables
except z̃d . Further, nj denotes the number of assignments to the jth subgoal in z̃\d , K
represents the number of distinct entries in z̃\d , and α ∈ [0, ∞) is a parameter controlling
the diversity of assignments.
Having targeted a particular subgoal gz̃d while being at some state sd , the expert is
assumed to choose the next action ad according to a softmax decision rule, π : A × S × S →
[0, 1], which weighs the expected returns of all actions against one another,

exp βQ∗ (sd , ad | gz̃d )

:= P
.
(2)
βQ∗ (sd , a | gz̃d )
π(ad | sd , gz̃d )

"
∞
X

n=0

γ n Rg (st=n )

#

st=0 = s, at=0 = a, π̄ ,

(3)

Herein, Q∗ (s, a | g) denotes the state-action value (or Q-value, Sutton and Barto, 1998) of
action a at state s under an optimal policy for the subgoal reward function Rg ,

π̄

Q∗ (s, a | g) := max E

∞
Y

k=1

pg (gk | s)

d=1

D
Y

π(ad | sd , gz̃d ).

(4)

where the expectation is with respect to the stochastic state-action sequence induced by the
fixed policy π̄ : S → A, with initial action a executed at the starting state s. The explicit
notation st=n and at=n is used to disambiguate the temporal index of the decision-making
process from the demonstration index of the state-action pairs {(sd , ad )}.
The softmax policy π models the expert’s (in-)ability to maximize the future expected
return in view of the targeted subgoal, while the coefficient β ∈ [0, ∞) is used to express
the expert’s level of confidence in the optimal action. Combined with the subgoal prior
distribution pg and the partitioning model p(z̃), we obtain the joint distribution of all
demonstrated actions a, subgoals G, and subgoal assignments z̃ as
p(a, z̃, G | s) = p(z̃)

JMLR 19(69):1-45, 2018

The structure of this distribution is visualized in form of a Bayesian network in Figure 2a.
It is worth emphasizing that π — although referred to as the likelihood model for the stateaction pairs in the original BNIRL paper — is really just a model for the actions conditional
on the states. In contrast to what is stated in the original paper, the distribution in Equation (4) therefore takes the form of a conditional distribution (i.e., conditional on s), which
does not provide any generative model for the state variables.
Posterior inference in BNIRL refers to the (approximate) computation of the conditional distribution p(z̃, G | D), which allows to identify potential subgoal locations and the
corresponding subgoal assignments based on the available demonstration data. For further
details, the reader is referred to the original paper (Michini and How, 2012).
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(a) BNIRL model

D

Figure 2: Relationships between all discussed subgoal models, illustrated in the form of
Bayesian networks. Shaded nodes represent observed variables; deterministic
dependencies are highlighted using double strokes.

2.2 Limitations of BNIRL

Subgoal-based inference is a well-motivated approach to IRL and the BNIRL framework has
shown promising results in a variety of real-world scenarios. Yet, the model formulation by
Michini and How (2012) comes with a number of significant conceptual limitations, which
we explain in detail in the following paragraphs.

Limitation 1: Subgoal Exchangeability and Posterior Predictive Policy

The central limitation of BNIRL is that the framework is restricted to pure subgoal extraction and does not inherently provide a reasonable mechanism to generalize the expert
behavior based on the inferred subgoals. The reason lies in the particular design of the
framework, which, at its heart, treats the subgoal assignments z̃ as exchangeable random
variables (Aldous, 1985). By implication, the induced partitioning model p(z̃) is agnostic about the covariate information contained in the data set and the resulting behavioral
model is unable to propagate the expert knowledge to new situations.

JMLR 19(69):1-45, 2018

To illustrate the problem, let us investigate the predictive action distribution that arises
from the original BNIRL formulation. For simplicity and without loss of generality, we may
assume that we have perfectly inferred all subgoals G and corresponding subgoal assignments z̃ from the demonstration set D. Denoting by a∗ ∈ A the predicted action at some

8

p(a∗ | z̃ ∗ , s∗ , gz̃ ∗ )p(z̃ ∗ | z̃),

p(a∗ | z̃ ∗ , s∗ , D, z̃, G)p(z̃ ∗ | s∗ , D, z̃, G)

z̃ ∗ ∈N

X

z̃ ∗ ∈N

X
(5)
bag-of-words clustering

noisy trajectory labeling
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(iii) The waypoint method cannot be applied to multiple unaligned trajectories (e.g., obtained from different experts) or in cases where the data set does not carry any
temporal information. This situation occurs, for instance, when the expert data is
provided as separate state-action pairs with unknown timestamps and not given in
form of coherent trajectories (see again example in Section 5.2).

(ii) Measuring proximities to subgoals in order to determine the right visitation order
requires some form of distance metric defined on the state space. If the system states
correspond to physical locations, constructing such a metric is usually straightforward.
However, in the general case where states encode arbitrary abstract information (see
example in Section 5.2), it can become difficult to design that metric by hand. Unfortunately, the BNIRL framework does not provide any solution to this problem.

(i) Using the waypoint method, the spatio-temporal relationships between the individual demonstrations are explored only in a post-hoc fashion and are largely ignored
during the actual inference procedure (the state information enters via the likelihood
model π but is not considered by the partitioning model p(z̃), as explained in Limitation 1). This lack of context-awareness makes the inference mechanism overly prone
to demonstration noise (see Figure 3 and results in Section 5).

constructed by considering the state distances to the identified subgoals as well as their
temporal ordering prescribed by the expert.
When combined with BNIRL, this method allows to synthesize a behavioral model
that mimics the observed expert behavior. However, the strategy comes with a number of
significant drawbacks:

Figure 3: A diagram to illustrate the implications of the exchangeability assumption
in BNIRL. Similar to a bag-of-words model (Blei et al., 2003; Yang et al., 2007),
the BNIRL partitioning mechanism ignores the spatio-temporal context of the
data, which makes it difficult to discriminate demonstration noise from a real
change of the agent’s intentions. Note that the diagram illustrates the partitioning process in a simplified way as it only shows the effect of the prior p(z̃) but
neglects the impact of the likelihood model π. While the latter does indeed consider the state context of the actions, it cannot account for spatial or temporal
patterns in the data as it processes all state-action pairs separately.

imperfect demonstrations
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The waypoint method, described at full length in a follow-up paper by Michini et al. (2015),
is a post-processing routine to convert the subgoals identified through BNIRL into a valid
option model (Sutton et al., 1999). The obtained model reconstructs the high-level plan
of the demonstrator by sequencing the inferred subgoals in a way that complies with the
spatio-temporal relationships of the expert’s decisions as observed during the demonstration
phase. To this end, the required initiation and termination sets of the option-policies are

Limitation 2: Spatial and Temporal Context

where z̃ ∗ ∈ N is the latent subgoal index belonging to s∗ . Note that p(a∗ | z̃ ∗ , s∗ , gz̃ ∗ ) can
either represent the softmax decision rule π(a∗ | s∗ , gz̃ ∗ ) from Equation (2) or an optimal
(deterministic) policy for subgoal gz̃ ∗ , depending on whether we aspire to describe the noisy
expert behavior at s∗ or want to determine an optimal action according to the inferred reward
model. The last equality in Equation (5), indicated by (?), follows from the conditional
independence properties implied by Equation (4), which can be easily verified using dseparation (Koller and Friedman, 2009) on the graphical model in Figure 2a.
As Equation (5) reveals, the predictive model is characterized by the posterior distribution p(z̃ ∗ | s∗ , D, z̃, G) of the latent subgoal assignment z̃ ∗ of state s∗ — the intuition
being that, in order to generalize the expert’s plan to a new situation, we need to take
into account the gathered information about what would be a likely subgoal targeted by
the expert at s∗ . However, in BNIRL, the distribution p(z̃ ∗ | s∗ , D, z̃, G) is modeled without
consideration of the query state s∗ , or any other observed variable. By conditional independence (Equation 4), the distribution effectively reduces (?) to the CRP prior p(z̃ ∗ | z̃),
which, due to its intrinsic exchangeability property, only considers the subgoal frequencies
of the readily inferred assignments z̃. Clearly, a subgoal assignment mechanism based solely
on frequency information is of little use when it comes to predicting the expert behavior as
it will inevitably ignore the structural information contained in the demonstration set and
always return the same subgoal probabilities at all query states, regardless of the agent’s
actual situation. By contrast, a reasonable assignment mechanism should inherently take
into account the context of the agent’s current state s∗ when deciding about the next action.
While the authors of BNIRL discuss the action selection problem in their paper and propose an assignment strategy for new states based on action marginalization, their approach
does not provide a satisfactory solution to the problem because the alleged conditioning on
the query state (see Equation 19 in the original paper, Michini and How, 2012) has no effect
on the involved subgoal indicator variable, as shown by Equation (5) above. The only way
to remedy the problem without modifying the model is to use an external post-processing
scheme like the waypoint method, discussed in the next section.

=

(?)

=

z̃ ∗ ∈N

new state s∗ ∈ S, the BNIRL model yields
X
p(a∗ | s∗ , D, z̃, G) =
p(a∗ , z̃ ∗ | s∗ , D, z̃, G)
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(iv) Assigning a particular visitation order to the inferred subgoals is meaningful only if
the expert eventually reaches those subgoals during the demonstration phase (or if,
at least, the subgoals lie “close” to the visited states in terms of the aforementioned
distance metric). Finding subgoals with such properties can be guaranteed by constraining the support of the subgoal prior distribution pg to states that are near to
the expert data (see footnote on page 6) but this reduces the flexibility of the model
and potentially disables compact encodings of the task (Figure 4).

Limitation 3: Inconsistency under Time-Invariance
Reasoning about the intentions of an agent, there are two basic types of behavior one may
encounter:
• either the agent follows a static strategy to optimize a fixed objective (as assumed in
the standard MDP formalism, Sutton and Barto, 1998), or
• the intentions of the agent change over time.
The latter is clearly the more general case but also poses a more difficult inference problem
in that it requires us both, to identify the intentions of the agent and to understand their
temporal relationship. The static scenario, in contrast, implies that there exists an optimal
policy for the task in form of a simple state-to-action mapping π : S → A (Puterman, 1994),
which from the very beginning imprints a specific structure on the inference problem.
The BNIRL model generally falls into the second category since it freely allocates its
subgoals per decision instant and not per state, allowing a flexible change of the agent’s
objective. Yet, it is important to understand that the model does not actually distinguish
between the two described scenarios. As explained in Limitation 2, the temporal aspect
of the data is not explicitly modeled by the BNIRL framework, even though the waypoint
method subsequently tries to capture the overall chronological order of events. As a consequence, the model is not tailored to either of the two scenarios: on the one hand, it ignores
the valuable temporal context that is needed in the time-varying case to reliably discriminate demonstration noise from a real change of the agent’s intention. On the other hand,
the model is agnostic about the predefined time-invariant nature of the optimal policy in
the static scenario. This lack of structure not only makes the inference problem harder than
necessary in both cases; it also allows the model to learn inconsistent data representations
in the static case since the same state can be potentially assigned to more than one subgoal,
violating the above-mentioned state-to-action rule (Figure 5).
Limitation 4: Subgoal Likelihood Model
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Apart from the discussed limitations of the BNIRL partitioning model, it turns out there
are two problematic issues concerning the softmax likelihood model in Equation (2). On the
following pages, we demonstrate that the specific form of the model encodes a number of
properties that are indeed contradictory to our intuitive understanding of subgoals. While
these properties are less critical for the final prediction of the expert behavior, it turns
out they drastically affect the localization of subgoals. Since the cause of these effects is
somewhat hidden in the model equation, we defer the detailed explanation to Section 3.1.
11

subgoals

local search

global goal

global search
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demonstrations
trajectory

(b) time-invariant intentions

Figure 4: Difference between local (constrained) and global (unconstrained) subgoal
search. The top and the bottom row depict two different sets of demonstration
data (solid lines), together with potential goal/subgoal locations (crosses/circles)
that explain the observed behavior. Color indicates the corresponding subgoal
assignment of each trajectory segment. Top: two trajectories approaching the
same goal. Bottom: the agent is heading toward a global goal, gets temporarily
distracted, and then follows up on its original plan. Left: observed trajectories.
Center: example partitioning under the assumption that the expert reached
all subgoals during the demonstration. Right: example partitioning without
restriction on the subgoal locations, yielding a more compact encoding of the task.

(a) time-varying intentions
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Figure 5: Schematic comparison of the two basic behavior types, illustrated using two different agent trajectories. Color indicates the temporal progress. (a) Time-varying
intentions may cause the agent to perform a different action when revisiting a
state (dotted circle). (b) By contrast, time-invariant intentions imply a simple
state-to-action policy: the agent has no incentive to perform a different action
at an already visited state since — by definition — the underlying objective has
remained unchained. Diverging actions, as observed at the crossing point in the
left subfigure, can therefore only be explained as a result of suboptimal behavior.
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3.1.2 Impact of the Transition Dynamics
The second implication of the softmax likelihood model is less immediate and inherently
tied to the dynamics of the system. To explain the problem, we consider a scenario where
we have a precise idea about the potential goals of the expert. For our example, we adopt

The first implication of the softmax likelihood model concerns the choice of the uncertainty
coefficient β. To explain the problem, we consider the thought experiment of an agent
located at some state s targeting a particular subgoal g. The likelihood π(a | s, g) in Equation (2) quantifies the probability that the agent decides for a specific action a, based on the
corresponding state-action values Q(·, s | g). Since those values are linear in the underlying
reward function Rg (Equation 3), the softmax likelihood model implies that the expert’s
ability to maximize the long-term reward, reflected by the spread of the probability mass
in π(· | s, g), rises with the magnitude C of the assumed subgoal reward (more concentrated
probability mass signifies a higher confidence in the action choice). In other words, assuming
a higher goal reward virtually increases our level of confidence in the expert, even though
the difficulty of the underlying task and the optimal policy remain unchanged. Nonetheless,
the BNIRL model requires us to readjust the uncertainty coefficient β in order to keep both
models consistent. However, as the model provides no reference level for the expert’s uncertainty across different scenarios, the choice of β becomes nontrivial. Yet, the parameter
has a significant impact on the granularity of the learned subgoal model as it trades off
purposeful goal-oriented behavior against random decisions.
Note that the described effect is not specific to the subgoal reward model in Equation (1)
but is really a consequence of the softmax transformation in Equation (2). In fact, the same
problem occurs when the model is applied in a regular MDP environment with arbitrary
reward function, for example, when the agent is provided an additional constant reward
at all states. Clearly, such a constant reward provides no further information about the
underlying task and should hence not affect the agent’s belief about the optimal choice of
actions (compare discussion on constant reward functions and transformations of rewards,
Ng and Russell, 2000; Ng et al., 1999). Based on these two observations, our intuition tells
us that we seek for a rationality model that is invariant to affine transformations of the
reward signal, meaning that any two reward functions R : S → R and R̄ := xR + y with
x ∈ (0, ∞), y ∈ R, should give rise to the same intentional representation. As we shall see
in Section 3.1.3, this can be achieved by modeling the behavior of an agent based on the
relative advantages of actions rather than on their absolute expected returns.

3.1.1 Scale of the Reward Function

In the following paragraphs, we focus on the implications of this model on the subgoal
extraction problem and show that it contradicts our intuitive understanding of what characteristics a reasonable subgoal model should have. In particular, we argue that the subgoal
posterior distribution arising from the BNIRL softmax model is of limited use for inferring
the latent intention of the agent, due to subgoal artifacts caused by the system dynamics
that cannot be reconciled with the evidence provided by the demonstrations. Based on
these insights, we propose an alternative transformation scheme that is more consistent
with the subgoal principle.
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Like many other approaches found in the (I)RL literature, BNIRL exploits a softmax weighting (Equation 2) to transform the Q-values of an optimal policy into a valid subgoal likelihood model. The softmax action rule has its origin in RL where it is known as the Boltzmann exploration strategy (Cesa-Bianchi et al., 2017; Sutton and Barto, 1998), which is
commonly applied to cope with the exploration-exploitation dilemma (Ghavamzadeh et al.,
2015). In recent years, however, it has also become the de facto standard for describing the
(imperfect) decision-making strategy of an observed demonstrator (see, for example, Dimitrakakis and Rothkopf, 2011; Ramachandran and Amir, 2007; Rothkopf and Dimitrakakis,
2011; Choi and Kim, 2012; Neu and Szepesvári, 2007; Babeş-Vroman et al., 2011).

3.1 The Subgoal Likelihood Model

In this section, we introduce a redesigned inference framework, which, in analogy to BNIRL,
we refer to as distance-dependent Bayesian nonparametric IRL (ddBNIRL). We derive the
model by making a series of modifications to the original BNIRL framework that address
the previously described shortcomings on the conceptual level. Rethinking each part of
the original framework, we begin with a discussion of the commonly used softmax action
selection strategy (Equation 2) in the context of subgoal inference, which finally leads to a
redesign of the subgoal likelihood model (Limitation 4). Next, we focus on the subgoal allocation mechanism itself and introduce two closely related model formulations, each targeting
one of the basic behavior types described in Figure 5, thereby addressing Limitations 1, 2
and 3. For the time-invariant case, we begin with an intermediate model that introduces a
subtle yet important structural modification to the BNIRL framework. In a second step,
we generalize that new model to account for the spatial structure of the control problem,
which finally allows us to extrapolate the expert behavior to unseen situations. As part of
this generalization, we present a new state space metric that arises naturally in the context
of subgoal inference (see Limitation 2, second point). Lastly, we tackle the time-varying
case and present a variant of the model that explicitly considers the temporal aspect of the
subgoal problem. A solution to Limitation 5 is discussed later in Section 4.
In contrast to BNIRL, both presented models can be used likewise for subgoal extraction
and action prediction. Moreover, sticking with the Bayesian methodology, the presented
approach provides complete posterior information at all levels.

3. Nonparametric Spatio-Temporal Subgoal Modeling

Lastly, a minor problem of the original BNIRL framework is that the inference algorithm expects the demonstration data to be provided in the form of state-action pairs, which requires
full access to the expert’s action record. This assumption is restrictive from a practical point
of view as it confines the application of the model to settings with laboratory-like conditions
that allow a complete monitoring of the expert. For this reason, it is important to note that
an estimate of the expert’s action sequence can be recovered through BNIRL with the help
of an additional sampling stage (omitted in the original paper), provided that we know the
successor state reached by the expert after each decision. For the marginalized inference
scheme described in this paper, we present the corresponding sampling stage in Section 4.4.

Limitation 5: State-Action Demonstrations
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the grid world dynamics described in Section 5.1 and consider a simple upward-directed
trajectory of state-action pairs, which we aspire to explain using a single (sub-)goal. The
complete setting is depicted in Figure 6.
Intuitively, the shown demonstration set should lead to goals that are located in the
upper region of the state space and concentrated around the vertical center line. Moreover,
as we move away from that center line, we expect to observe a smooth decrease in the
subgoal likelihood, while the rate of the decay should reflect our assumed level of confidence
in the expert. As it turns out, the induced BNIRL subgoal posterior distribution, shown
in the top row for different values of β, contradicts this intuition. In particular, we observe
that the model yields unreasonably high posterior values at the upper border states and
corners of the state space, which, according to our intuitive understanding of the problem,
cannot be justified by the given demonstration set.
To pin down the cause of this effect, we recall from Equation (2) that the likelihood of
an action grows with the corresponding Q-value. Hence, we need to ask what causes the
Q-values of the demonstrated actions to be large when the subgoal is assumed to be located
at one of the upper corner/border states of the space. Using Bellman’s principle, we can
express the optimal Q-function for any subgoal g as


Q∗ (s, a | g) = Rg (s) + γ ET V ∗ (s0 | g) | s, a


= Rg (s) + γ ET Eρπg [Rg (s00 ) | s0 ] | s, a
(6)


= Rg (s) + γ ET Cρπg (g | s0 ) | s, a ,

where V ∗ (s | g) := maxa∈A Q∗ (s, a | g), πg (s) := arg maxa∈A Q∗ (s, a | g) is the optimal policy for subgoal g, and C is the subgoal reward from Equation (1). Lastly, ρπg (s0 | s) :=
P
∞
t
0
t=0 γ pt (s | s, πg ) denotes the (improper) discounted state distribution generated by executing policy πg from the considered initial state s, where pt (s0 | s, πg ) refers to the probability of reaching state s0 from state s under policy πg after exactly t steps, which is defined
implicitly via the transition model T .
The outer expectation in Equation (6) accounts for the stochastic transition to the
successor state s0 , while the inner expectation evaluates the expected cumulative reward over
all states s00 that are reachable from s0 . It is important to note that — by the construction
of the Q-function — only the first move of the agent to state s0 depends on the choice of
action a whereas all remaining moves (i.e., the argument of the expectation in the last line)
are purely determined by the system dynamics and the subgoal policy πg . Focusing on
that inner part, we conclude that, regardless of the chosen action a, the Q-values will be
large whenever the assumed subgoal induces a high state visitation frequency ρπg at its own
location g. The latter is fulfilled if

(i) the chance of reaching the goal in a small number of steps is high so that the effect
of discounting is small and/or
(ii) the controlled transition dynamics T (s0 | s, πg (s)) that are induced by the subgoal lead
to a high chance of hitting the goal frequently.
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Note that the first condition implies that the model generally prefers subgoals that are close
to the demonstration set — a property that cannot be justified in all cases. For example,
the recording of the demonstrations could have simply ended before the expert was able to
15
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reach the goal (Figure 5). Yet, if desired, this proximity property should be more naturally
attributed to the subgoal prior model pg (g | s).
Moreover, we observe that the second condition depends primarily on the system dynamics T , which can be more or less strongly influenced by the actions of the agent, depending
on the scenario. In fact, in a pathological example, T could be even independent of the
agent’s decisions, meaning that the agent has no control over its state. An example illustrating this extreme case would be a scenario where the agent gets always driven to the same
terminal state, regardless of the executed policy. Although it is somewhat pointless speak
of “subgoals” in this context, that terminal state would exhibit a high subgoal likelihood
according to the softmax model because the corresponding visitation frequency would be
inevitably large. A softened variant of this condition can occur at corner/border states (i.e.,
states in which the agent experiences fewer degrees of freedom and which are hence more
difficult to leave than others) and transition states (i.e., states that must be passed in order
to get from certain regions of the space to others), which naturally exhibit an increased
visitation frequency due to the characteristics of the environment.
In our example in Figure 6, we can observe the symptoms of both described conditions
clearly. In particular, for an upward-directed policy as it is implied by the shown demonstration set, the induced state visitation distribution exhibits increased values at exactly
the aforementioned border and corner states (due to the reflections occurring to the agent
when hitting the state space boundary) as well as close to the trajectory ending (caused by
the proximity condition).

3.1.3 The Normalized Likelihood Model



Q∗ (s,a | g)−Q∨ (s | g)
Q∧ (s | g)−Q∨ (s | g)

otherwise,

To address these problems, we modify the likelihood model using a rescaling of the involved
Q-values. Let Q∧ (s | g) and Q∨ (s | g) denote the maximum and minimum Q-values at state s
for subgoal g, i.e., Q∧ (s | g) := maxa∈A Q∗ (s, a | g) and Q∨ (s | g) := mina∈A Q∗ (s, a | g). We
then define the normalized state-action value function Q• : S × A × S → [0, 1] as
(
if Q∧ (s | g) 6= Q∨ (s | g),
(7)
Q• (s, a | g) :=

where  ∈ (0, 1] is an arbitrary constant that is canceled out in Equation (8). In contrast
to the Bellman state-action value function Q∗ , which quantifies the expected return of
an action, the normalized function Q• assesses the return of that action in relation to the
returns of all other actions. This concept is similar to that of the advantage function (Baird,
1993) with the important difference that the values returned by Q• are normalized to the
range [0, 1] and thus serve as an indicator for the relative quality of actions. Accordingly,
the values can be interpreted as relative advantages (i.e., relative to the maximum possible
advantage among all actions). The normalized subgoal likelihood model is then constructed
analogously to the BNIRL likelihood model,

π • (ad | sd , gz̃d ) ∝ exp βQ• (sd , ad | gz̃d ) .
(8)
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The key property of this model is that it is invariant to affine transformations of the reward
function, as summarized by the following proposition.
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Figure 6: Comparison of the subgoal posterior distributions induced by the original BNIRL
likelihood model and by the proposed normalized model, based on the grid world
dynamics described in Section 5.1 and a uniform subgoal prior distribution pg .
The range of the shown color scheme is to be understood per subfigure. Black
squares indicate wall states. The BNIRL likelihood model yields unreasonably
high subgoal posterior mass at the border states and corners of the state space
(due to locally increased state visitation probabilities arising from wall reflections)
as well as at trajectory endings (caused by the implicit proximity property of the
model) — see Section 3.1.2 for details. Both effects are mitigated by the proposed
normalized likelihood model, which describes the action-selection process of the
agent using relative advantages of actions instead of absolute returns.

normalized model
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With our redesigned likelihood model, we now focus on the partitioning structure of the
model. Herein, we first consider the case where the intentions of the agent are constant with

3.2 Modeling Time-Invariant Intentions

Using the proposed likelihood model offers several advantages. First of all, it enables a
more generic choice of the uncertainty coefficient β (Section 3.1.1). This is because the
returned Q• -values lie in the fixed range [0,1], where 0 always indicates the lowest and 1
indicates the highest confidence. For example, setting β = log(β 0 ) for some β 0 ∈ (0, ∞)
always corresponds to the assumption that the expert chooses the optimal action with a
probability that is β 0 times higher than the probability of choosing the least favorable action,
irrespective of the underlying system model.
Moreover, as the results in Figure 6 reveal, the induced subgoal posterior distribution
is notably closer to our expectation. The reason for this is twofold: first, a likelihood
computation based on relative advantages mitigates the influence of the transition dynamics
discussed in Section 3.1.2. This is because the described cumulation effect of the state
visitation distribution ρπg (Equation 6) is present in the returns of all actions and is thus
reduced through the proposed normalization. For instance, if the agent in our grid world
follows a policy that is all upward directed (as shown in the example), the induced state
visitation distribution exhibits increased values at the upper border states of the world, even
if we manipulated the first action of the agent (as considered in the Bellman Q-function).
Accordingly, the original model would indicate an increased subgoal likelihood at those
states. The normalized model, by contrast, is less affected as it constructs the likelihood by
considering the increased visitation frequencies relative to each other.
Second, since the normalization diminishes the effect of the discounting, the subgoal
posterior distribution is less concentrated around the trajectory ending and shows significant
mass along the extrapolated path of the agent. This property allows us to identify far
located states as potential goal locations, which adds more flexibility to the inferred subgoal
constellation (compare Figure 4). As an illustrating example, consider the scenario shown in
the bottom part of Figure 6. We observe that the normalized model assigns high posterior
mass to all states in the right three corridors since any subgoal located in those corridors
explains the demonstration set equally well. Here, the difference between the two models is
even more pronounced because the transition dynamics have a strong impact on the agent
behavior due to the added wall states. For further details, we refer to Section 5.1, where
we provide additional insights into the subgoal inference mechanism.

Proof Due to the linear dependence of Q∗ on the reward function R (Equation 3) it holds
y
that Q∗ (s, a | xR + y) = xQ∗ (s, a | R) + 1−γ
. Using this relationship in Equation (7), it
follows immediately that Q• (s, a | R) = Q• (s, a | xR + y).

Proposition 1 (Affine Invariance) Consider an MDP with reward function R : S → R
and let Q∗ (s, a | R) denote the corresponding optimal state-action value function. For the
corresponding normalized function Q• it holds that Q• (s, a | R) = Q• (s, a | xR + y) ∀x ∈
(0, ∞), y ∈ R, s ∈ S, a ∈ A. Hence, the subgoal likelihood model in Equation (8) is invariant
to affine transformations of R.
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∞
Y

pg (gk | s)
d=1

D
Y

π • (ad | sd , gzsd ),

respect to time. As explained in Limitation 3, this setting is consistent with the standard
MDP formalism in the sense that the optimal policy for the considered task can be described
in the form of a state-to-action mapping.
As a first step, to account for this relation, we establish a link between the model partitioning structure and the underlying system state space by replacing the demonstration|S|
D
based indicators z̃ = {z̃d ∈ N}d=1
with a new set of variables z := {zi ∈ N}i=1 . Unlike z̃,
these new indicators do not operate directly on the data but are instead tied to the elements
in S. Although they formally represent a new type of variable, we can still imagine that
their distribution follows a CRP. This yields an intermediate model of the form
p(a, z, G | s) = p(z)
k=1

whose structure is illustrated in Figure 2b. To see the difference to Equation (4), notice the
way the subgoals are indexed in this model.
The intermediate model makes it possible to reason about the policy (or, more suggestively, the underlying state-to-action rule approximated by the expert) at visited parts
of the state space. Yet, the model is unable to extrapolate the gathered information to
unvisited states, for the reasons explained in Section 2.2. This problem can be solved by
replacing the exchangeable prior distribution over subgoal assignments induced by the CRP
with a non-exchangeable one, in order to account explicitly for the covariate state information contained in the demonstration set. Based on our insights from Bayesian policy
recognition (Šošić et al., 2018b), we use the distance-dependent Chinese restaurant process
(ddCRP, Blei and Frazier, 2011) for this purpose, which allows a very intuitive handling of
the state context, as explained below. For alternatives, we point to the survey paper by
Foti and Williamson (2015).
In contrast to the CRP, which assigns states to partitions, the ddCRP assigns states to
other states, based on their pairwise distances. These “to-state” assignments are described
Q|S|
|S|
by a set of indicators c := {ci ∈ S}i=1 with prior distribution p(c) = i=1 p(ci ),
(
ν
if i = j,
(9)
f (∆i,j ) otherwise,
p(ci = j) =

∞
Y

k=1

pg (gk | s)

d=1

D
Y

π • (ad | sd , gz(c)|sd ),

(10)

for i, j ∈ S. Herein, ν ∈ [0, ∞) is called the self-link parameter of the process, ∆i,j denotes
the distance from state i to state j, and f : [0, ∞) → [0, ∞) is a monotone decreasing
score function. Note that the distances {∆i,j } can be obtained via a suitable metric defined
on the state space, which may be furthermore used for calibrating the score function f
(see subsequent section). The state partitioning structure itself is then determined by the
connected components of the induced ddCRP graph (Figure 7). Our joint distribution,
visualized in Figure 2c, thus reads as
p(a, c, G | s) = p(c)
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where z(c)|s denotes the subgoal label of state s arising from the considered indicator set c.
In order to highlight the state dependence of the underlying subgoal mechanism, we refer
to this model as ddBNIRL-S.
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Šošić, Rueckert, Peters, Zoubir and Koeppl

3.2.1 The Canonical State Metric for Spatial Subgoal Modeling

The use of the ddCRP as a prior model for the state partitioning in Equation (10) inevitably
requires some notion of distance between any two states of the system, in order to compute
the involved function scores {f (∆i,j )}. When no such distances are provided by the problem
setting (see Limitation 2, second point), a suitable (quasi-)metric can be derived from the
transition dynamics of the system, which turns out to be the canonical choice for the
∞
ddBNIRL-S model. Consider the Markov chain governing the state process {st=n }n=1
of
an agent for some specific policy π. For any ordered pair of states (i, j), the chain naturally
π
induces a value Ti→j
, called a hitting time (Taylor and Karlin, 1984; Tewari and Bartlett,
2008), which represents the expected number of steps required until the state process,
initialized at i, eventually reaches state j for the first time,


π
:= E min{n ∈ N : st=n = j} | s0 = i, π .
Ti→j

In the context of our subgoal problem, the natural quasi-metric to measure the directed
distance between two states i and j is thus given by the time it takes to reach the goal
state j from the starting state i under the corresponding optimal subgoal policy πj (s) =
πj
arg maxa∈A Q∗ (s, a | j), i.e., ∆i,j := Ti→j
. For ddBNIRL-S (as well as for the waypoint
method in BNIRL), this choice is particularly appealing since the subgoal policies {πj } are
already available within the inference procedure after the state-action values have been computed for the likelihood model (more on this in Section 4.5). The corresponding distances
{∆i,j } can be obtained efficiently in a single policy evaluation step since ∆i,j corresponds to
the optimal (negative) expected return at the starting state i for the special setting where
the respective target state j is made absorbing with zero reward while all other states are
assigned a reward of −1.

3.2.2 Choice of the Score Function

From Equation (9) it is evident that the ddCRP model favors partitioning structures that
result from the connection of nearby states. In the context of the subgoal problem, this
property translates to the prior assumption that, most likely, each subgoal is approached
by the expert from only one specific localized region in the system state space. While this
assumption may be reasonable for some tasks, other tasks require that certain target states
be approached more than one time, from different regions in the system state space. In
such cases, it is beneficial if the model can reuse the same subgoal in various contexts, in
order to obtain a more efficient task encoding (Figure 4).
From a mathematical point of view, the prerequisite for learning such encodings is that
the score function f does not shrink to zero at large distance values, so that there remains
a non-zero probability of connecting states that are far apart from each other. This can be
achieved, for example, by representing f as a convex combination of a monotone decreasing
zero-approaching function f¯ : [0, ∞) → [0, ∞) and some constant offset κ ∈ (0, 1],
f (∆) = (1 − κ)f¯(∆) + κ,
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where f¯ is chosen, e.g., as a radial basis function (Šošić et al., 2018b). Note that, in order
to implement a desired degree of locality in the model, the scale of the decay function f (or
f¯, respectively) can be further calibrated based on the quantiles of the distribution of the
given distances {∆i,j }.
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∞
Y

pg (gk | s)
d=1

D
Y

π • (ad | sd , gz̃(c̃)|d ),
(11)
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3. While we omit a rigorous proof here, this can be seen intuitively by noticing that any state-to-action
rule that is optimal for a given MDP reward function can be synthesized via ddBNIRL-S by assuming
an individual subgoal for each state in the extreme case.

Accordingly, if we assume that the Markov property holds (meaning that the chosen state
representation is sufficiently rich to capture the decision-making strategy of the agent), the
only theoretical justification to prefer a dynamic subgoal model like ddBNIRL-T over a
static one such as ddBNIRL-T would be if we assume that the intentions of the agent are
truly time-dependent.
Practically speaking, however, there can be several reasons why a given state representation might not fulfill the Markov requirement. One obvious explanation would be that
the actual state space of the demonstrator is not perfectly known. This situation occurs, for

• either, the reward model of the agent changes over time,
• or, the observed decision-making process is not Markovian with respect to the assumed
state space model (i.e., the agent’s decisions depend on additional context information
that is not explicitly captured in our state representation).

With the model structures described in Sections 3.2 and 3.3, we have presented two alternative views on the subgoal problem. Naturally, the question arises which of the two
approaches is better suited for a particular application scenario. As explained in the previous paragraphs, the main difference between the two models lies in their structure, i.e., in
the way subgoals are allocated. While ddBNIRL-S relies on a static assignment mechanism
that consistently links the individual states of a system to their corresponding subgoals,
ddBNIRL-T allocates its subgoals per demonstration pair. The latter means that different
state-action pairs observed at the same state can be explained using different intentional
settings (Figure 5). To answer the above question, we hence need to ask under which conditions an observed decision-making process can be described via a static assignment rule
that uniquely characterizes each system state, and in which situations we require a more
flexible model that allows to take into account additional side information.
From decision-making theory, we know that the optimal solutions for time-invariant
MDPs can be formulated as a deterministic time-invariant Markov policies (Puterman,
1994), the class of which is fully covered by the static ddBNIRL-S framework.3 Therefore,
assuming that the transition dynamics of our system are constant with respect to time
and that the agent acts rationally while having complete knowledge of the environment,
there exist only two plausible reasons why we would potentially observe the agent execute
a time-variant policy:

3.4 Static versus Dynamic Subgoal Allocation

the intermediate model presented in Section 3.2 (Figure 2). However, although the BNIRL
model can be recovered from ddBNIRL, it is important to note that the sampling mechanisms of both frameworks are fundamentally different. Whereas in BNIRL the subgoal
assignments are sampled directly, the clustering structure in ddBNIRL is defined implicitly
via the assignment variables c and c̃, respectively. As explained by Blei and Frazier (2011),
this has the effect that the Markov chain governing the Gibbs sampler mixes significantly
faster because several cluster assignments can be altered in a single step, which effectively
realizes a blocked Gibbs sampler (Roberts and Sahu, 1997).
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2. Note that the timestamps {td } are naturally available if the demonstrations are recorded in trajectory
form, where we observe several consecutive state-action pairs. In fact, the temporal information of the
data is also required for the waypoint method to work (Limitation 2), even though the authors of BNIRL
formally assume to have access to the reduced data set of state-action pairs only.

Since the distance-dependent CRP contains the classical CRP as a special case for a specific choice of distance metric and score function (Blei and Frazier, 2011), the ddBNIRL-T
model can be considered a strict generalization of the original BNIRL framework (neglecting the likelihood normalization in Section 3.1). In the same way, ddBNIRL-S generalizes

3.3.1 Relationship to BNIRL

where z̃(c̃)|d refers to the subgoal label of the dth demonstration pair induced by the
given assignment c̃. Analogous to our spatial subgoal model, we refer to this model as
ddBNIRL-T. The structural differences between all models can be seen from Figure 2.

p(a, c̃, G | s) = p(c̃)

where the indices d, d0 ∈ {1, . . . , D} range over the size of the demonstration set. Herein,
e d,d0 := |td − td0 | denotes the temporal distance between the data points d and d0 . As
∆
before, we use the “∼”-notation to distinguish the data-related partitioning variables c̃, z̃
e d,d0 } from their state-space-related counterparts c, z and {∆i,j } used in
and distances {∆
ddBNIRL-S. Note, however, that the score function f is independent of the underlying
model type and may be chosen as described in Section 3.2.1, with a scale calibrated to the
duration of the demonstrated task.
With that, we obtain our temporal subgoal model as

For the case of changing expert intentions, we need to keep the flexibility of BNIRL to
select a new subgoal at each decision instant, instead of restricting our policy to target
a unique subgoal per state (Figure 5). Hence, we retain the basic BNIRL structure in
this case and define the subgoal allocation mechanism using a set of data-related indicator
variables. However, in contrast to BNIRL, which makes no assumptions about the temporal
relationship of the subgoals and thus allows arbitrary changes of the expert’s intentions
(Section 2.1), we design our joint distribution in a way that favors smooth action plans in
which the expert persistently follows a subgoal over an extended period of time. Again, we
can make use of the ddCRP properties to encode the underlying smoothness assumption,
but this time using a score function defined on the temporal distance between demonstration
pairs. For this purpose, we require an additional piece of information, namely the unique
timestamp of each demonstration example. Accordingly, we need to assume that our data
e := {(sd , ad , td )}D , where td denotes the recording time of the dth
set is of the form D
d=1
demonstration pair (sd , ad ).2
Q
The prior distribution over data partitionings can then be written as p(c̃) = D
d=1 p(c̃d ),
(
ν
if d = d0 ,
p(c̃d = d0 ) ∝
e d,d0 ) otherwise,
f (∆

3.3 Modeling Time-Varying Intentions
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example, if not all state context available to the agent is observable by the modeler. Another
potential situation is when the strategy of the agent depends on information that is independent of the system dynamics and hence deliberately excluded from the state variable (i.e.,
parameters that are unaffected by the actions of the agent, such as the preselection of a
specific high-level strategy). A generic framework for such settings is described by Daniel
et al. (2016b), where the agent learns multiple sub-policies that are triggered depending on
context information that is treated separately from the state.
To an external observer who is unaware of that context information, the resulting policy
of the agent would potentially appear time-dependent, in which case the only chance to
disentangle the individual sub-policies would be to resort to a dynamic subgoal encoding,
such as provided by ddBNIRL-T. However, if the context is known (like the temporal information in Section 3.3 as a particular example), both approaches can be used equivalently
and will only differ in the resulting state representation. More specifically, we can either
fall back on the static ddBNIRL-S model by augmenting the state variable with the context information accordingly, or we can resort to the dynamic subgoal allocation scheme
of ddBNIRL-T, using a distance metric that accounts for the context. Conversely, when
considered in a purely time-invariant setting (where the context is described by some other
known quantity), ddBNIRL-S and ddBNIRL-T can be regarded as two sides of the same
coin, i.e., both can be used to describe the time-invariant policy of an observed demonstrator
but they differ in the way the side information is represented.

4. Prediction and Inference
Having introduced the ddBNIRL framework, we now explain how it can be used to generalize
a given expert behavior. To this end, we first focus on the task of action prediction at a given
query state, and then explain in a second step how to extract the necessary information from
the demonstration data. Along the way, we also give insights into the implicit intentional
model learned through the framework.
Note: In order to keep the level of redundancy at a minimum, the following considerations
are based on the ddBNIRL-S model. The results for ddBNIRL-T follow straightforwardly;
the only change in the equations is the way the subgoals are referenced. To obtain the
corresponding expressions, we simply replace the assignment variables c with c̃ and change
the cluster definition in Equation (16) to Ck := {d ∈ {1, . . . , D} : z̃(c̃)|d = k}. Accordingly,
all occurrences of z(c)|s∗ change to z̃(c̃)|d∗ , z(c)|sd becomes z̃(c̃)|d , and sd ∈ Ck is replaced
with d ∈ Ck .
4.1 Action Prediction

JMLR 19(69):1-45, 2018

Similar to the work by Abbeel and Ng (2004), we consider the task of predicting an action
a∗ ∈ A at some query state s∗ ∈ S that is optimal with respect to the expert’s unknown
reward model. However, in contrast to most existing IRL methods, our approach is not
based on point estimates of the expert’s reward function but takes into account the entire
hypothesis space of reward models. This allows us to obtain the full posterior predictive
policy from the expert data. Mathematically, the task is formulated as computing the predictive action distribution p(a∗ | s∗ , D), which captures the full information about the expert
23
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c∈S |S|

behavior contained in the demonstration set D. We start by expanding that distribution
with the help of the latent state assignments c,
X
p(a∗ | s∗ , D, c)p(c | D).
p(a∗ | s∗ , D) =

X

c∈S |S|

p(c | D)

i∈S

X

p(a∗ | s∗ , c, gz(c)|s∗ = i)p(gz(c)|s∗ = i | D, c),

The conditional distribution p(a∗ | s∗ , D, c) can be expressed in terms of the posterior distribution of the subgoal targeted at the query state s∗ ,
p(a∗ | s∗ , D) =

Y

π(ad | sd , gk ),

d:z(c)|sd =k

1
pg (gk | s)
Zk (D, c)

d:z(c)|sd =k

pg (gk = i | s)

(13)

where we used the fact that the prediction a∗ is conditionally independent of the demonstration set D given the state partitioning structure and the corresponding subgoal assigned
to s∗ (that is, given c and gz(c)|s∗ ). From the joint distribution in Equation (10), it follows
that
(12)
p(gk | D, c) =

i∈supp(pg )

where Zk (D, c) is the corresponding normalizing constant,
X
Y
π(ad | sd , gk = i).
Zk (D, c) :=

Using this relationship, we get

X
X
1
p(c | D)
pg (gz(c)|s∗ = i | s) . . .
p(a∗ | s∗ , D) =
Zk (D, c)
i∈supp(pg )
c∈S |S|
Y
π(ad | sd , gz(c)|s∗ = i)p(a∗ | s∗ , c, gz(c)|s∗ = i).
d:z(c)|sd =z(c)|s∗

... ×

X

p(gz(c{n} )|s∗ = i | D, c{n} )p(a∗ | s∗ , c{n} , gz(c{n} )|s∗ = i),
n=1 i∈supp(pg )

N
1 X
N

In contrast to the summation over subgoal locations i, whose computational complexity is
determined by the support of the subgoal prior distribution pg and which grows at most
linearly with the size of S, the marginalization with respect to the indicator variables c
involves the summation of |S||S| terms and becomes quickly intractable even for small state
spaces. Therefore, we approximate this operation via Monte Carlo integration, which yields
p(a∗ | s∗ , D) ≈

(14)

where c{n} ∼ p(c | D). The final prediction step can then be performed, for example, via
the maximum a posteriori (MAP) policy estimate,

a∗ ∈A

π̂(s∗ ) := arg max p(a∗ | s∗ , D).
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The inference task, hence, reduces to the computation of the posterior samples {c{n} },
which is described in the next section.
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X

pg (gk | s)

X

pg (gk | s)

k=1 gk ∈supp(pg )

Y

|z(c)|

k=1 gk ∈supp(pg )

∞
Y

d:sd ∈Ck

π(ad | sd , gk ),

π(ad | sd , gz(c)|sd )

Y

d=1

D
Y

(16)

(15)

d:sd ∈C

(b)

(c)

i∈supp(pg )

d0 :z(c)|sd0 =z(c)|sd
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As a last point in this section, we would like to discuss the computational complexity of
our approach. For this purpose, here a quick reminder on the used notation: we write |S|
and |A| for the cardinalities of the state and action space, respectively, and use the letter D
for the size of the demonstration set. Further, we write Ck to refer to the kth state cluster
(ddBNIRL-S) or data cluster (ddBNIRL-T). In the subsequent paragraphs, we additionally
use the notation ND (Ck ) to access the number of demonstration data points associated with

4.5 Computational Complexity

which, for a fixed assignment c, recovers an estimate of the latent action set a from the
observed state transitions. Note that knowledge of the transition model T is required for
this step as it provides the necessary link between the expert’s actions and the observed
successor states. The same extension is possible for the ddBNIRL-T model, provided that
the transition timestamps {td } are known (Section 3.3).

As mentioned in Section 2.2, the original BNIRL algorithm requires complete knowledge of
the expert’s action record a, which limits the range of potential application scenarios. For
this reason, we generalize our inference scheme to the case where we have access to state
information only, provided in the form of an alternative data set D := {(sd , s̄d )}D
d=1 , where
s̄d refers to the state visited by the expert immediately after sd . In this setting, inference
can be performed by extending the Gibbs procedure with an additional collapsed sampling
stage,
X
Y
p(ad | a\d , D, c) ∝ T (s̄d | sd , ad )
pg (gz(c)|sd = i)
π(ad0 | sd0 , gz(c)|sd = i), (19)

4.4 Action Inference

Figure 7: Insertion of an edge (dashed arrow) to the ddCRP graph. Colors indicate the
cluster memberships of the nodes, which are defined implicitly via the connected
components of the graph. (a) Adding a self-loop or (b) inserting an edge between
two already connected nodes does not alter the clustering structure. (c) Adding
an edge between two unconnected components merges the associated clusters.

(a)
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It is important to note that the inference method described in Sections 4.1 and 4.2 is based
on a collapsed sampling scheme where all subgoals of our model are marginalized out.
In fact, the ddBNIRL framework differs from BNIRL and other IRL methods in that the
reward model of the expert is never made explicit for predicting new actions. Nonetheless, if
desired (e.g., for the purpose of analyzing the expert’s intentions), an estimate of the subgoal
locations can be obtained in a post-hoc fashion from the subgoal posterior distribution in
Equation (12) for any given assignment c. Examples are provided in Figure 8.

4.3 Subgoal Inference

which further represents the normalizing constant for the posterior distribution of the cluster
subgoal (Equation 13). Accordingly, the fraction in Equation (17) can be interpreted as the
likelihood ratio of the partitioning defined by c\i and the merged structure after inserting
the new edge ci .

g∈supp(pg )

Herein, L(C) denotes the marginal action likelihood of all demonstrations accumulated in
cluster C,
X
Y
L(C) =
pg (g | s)
π(ad | sd , g),
(18)

L(Czi )·L(Czj )

and |z(c)| is the total number of clusters defined by c. As explained by Blei and Frazier
(2011), the indicator samples {c{n} } can be efficiently generated using a fast-mixing Gibbs
chain. Starting from a given ddCRP graph defined by the subset of indicators c\i := {cj }\ci ,
the insertion of an additional edge ci will result in one of three possible outcomes, as
illustrated in Figure 7: in the case of adding a self-loop (ci = i), the underlying partitioning
structure stays unaffected. Setting ci 6= i either leaves the structure unchanged (if the target
state is already in the same cluster as state i) or creates a new link between two clusters.
In the latter case, the involved clusters are merged, which corresponds to a merging of
the associated sums in Equation (15). According to these three cases, the conditional
distribution for the Gibbs procedure is obtained as

ν
if i = j,



f
(d
)
if
no clusters are merged,
i,j
p(ci = j | c\i , D) ∝
(17)

L(Czi ∪ Czj )

f (di,j )
if clusters Czi and Czj are merged.

Ck := {s ∈ S : z(c)|s = k},

where Ck denotes the kth state cluster induced by the assignment c,

= p(c)

p(c | D) = p(c)

Based on the joint model in Equation (10), we obtain the posterior distribution p(c | D) in
factorized form as

4.2 Partition Inference

IRL via Nonparametric Spatio-Temporal Subgoal Modeling

IRL via Nonparametric Spatio-Temporal Subgoal Modeling

which case the complexity increases to O(Ng D2 Nc ). Note that, in order to identify the new
cluster structure after changing an assignment, we additionally need to track the connected
components of the underlying ddCRP graph. As explained by Kapron et al. (2013), this
can be done in polylogarithmic worst-case time.
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a proof of concept and conceptual comparison to BNIRL (Section 5.1),
a performance comparison with related algorithms (Section 5.2),
a real data experiment conducted on a KUKA robot (Section 5.3) and
an active learning task (Section 5.4).
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(i) Unlike BNIRL, the proposed framework allows to choose between a spatial and a
temporal encoding of the observed task, providing the possibility to account explicitly
for the type of demonstrated behavior (static/dynamic). As explained in Section 3.3.1,
the context-unaware (yet in principle dynamic) vanilla BNIRL inference scheme is still
included as a special case.

To illustrate the conceptual differences to BNIRL and provide additional insights into the
latent intentional model learned through our framework, we begin with the motivating data
set from Figure 1a, which had been originally presented by Michini and How (2012). The
considered system environment, defined by |S| = 20 × 20 = 400 grid positions, is again
shown in the top left corner of Figure 8. Nine of those positions correspond to inaccessible
wall states, marked by the horizontal black bar. At the valid states, the expert can choose
from an action set comprising a total of eight actions, each initiating a noisy state transition
toward one of the (inter-)cardinal directions. The observed state-action pairs are depicted
in the form of arrows, whose colors indicate the MAP partitioning learned through BNIRL.
The remaining subfigures show the results of the ddBNIRL framework, which were obtained
from a posterior sample returned by the respective algorithm (ddBNIRL-S/T) at a low
temperature in a simulated annealing schedule (Kirkpatrick et al., 1983).
Comparing the obtained results, we observe the following main differences to the original
approach:

5.1 Proof of Concept

(i)
(ii)
(iii)
(iv)

In this section, we present experimental results for our framework. The evaluation is separated into four parts:

5. Experimental Results

Action Sampling: In order compute the conditional probability distribution of a particular
action ad , we need to evaluate a product involving all actions that belong to the same cluster
as action ad (Equation 19). First, we can compute the product over all actions except ad
itself, where the number of involved terms is again upper-bounded by D. Appending the
term that belongs to ad for all possible action choices requires another |A| operations.
These two steps need to be repeated for all possible subgoals, yielding an upper bound on
the complexity of order O(Ng (D + |A|)). For a full Gibbs cycle, which involves sampling all
D action variables, the overall (worst-case) complexity is hence of order O(Ng (D + |A|)D).

cluster Ck , K to indicate the number of clusters in the current iteration, Ng := |supp(pg )|
as a shorthand for the size of the support of the subgoal prior distribution, and Nc for the
number of indicator variables, i.e., Nc := |S| for ddBNIRL-S and Nc := D for ddBNIRL-T.
Initialization Phase: Common to all discussed models (including BNIRL) is that they
depend on a preceding planning phase, where we compute, potentially in parallel, the
state-action value functions (Equation 3) for all Ng considered subgoals, which allows us
to construct the subgoal likelihood model (Equation 2 or 8). The overall computational
complexity of this procedure is of order O(Ng CMDP (|S|, |A|)), where CMDP (x, y) denotes
the complexity of the used planning routine to (approximately) solve an MDP of size x
with a total number of y actions. Using a value iteration algorithm, for instance, this can
be achieved in O(CMDP (|S|, |A|)) = O(|S|2 |A|) steps (Littman et al., 1995). If we assume
that the expert reaches all subgoals during the demonstration phase (Michini and How,
2012), we can restrict the support of the subgoal prior to the visited states, so that Ng is
upper-bounded by min(|S|, D). Note that there exist approximation techniques that make
the computation tractable in large/continuous state spaces (see discussion in Section 6).
Before we start the sampling procedure, we compute all single-cluster likelihoods {L(Ck )}
and pairwise likelihoods {L(Ck ∪ Ck0 )} according to Equation (18), based on some (random)
initial cluster structure. The likelihood computation for the kth cluster Ck involves a product over ND (Ck ) data points, which needs to be calculated for each of the Ng subgoals
before taking their weighted average. This step has to be executed (potentially in parallel)
for all clusters. However, because each demonstration is associated with exactly one cluster
(either directly
P as in ddBNIRL-T or via the corresponding state variable as in ddBNIRL-S)
and hence k ND (Ck ) = D, the total complexity for computing all single-cluster likelihoods
is of order O(Ng D), irrespective of the actual cluster structure. A similar line of reasoning
applies to the computation of the pairwise likelihoods, yielding the same complexity order.
Yet, for the latter we need to consider all possible cluster combinations. Assuming an initial
number of K clusters, there are in total K(K − 1)/2 pairwise likelihoods to be computed.
Hence, the overall complexity of the initialization phase can be summarized as O(Ng DK 2 ).
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Partition Inference: For the partition inference, the bulk of the computation lies in the
repeated construction of the likelihood term in Equation (17), which needs to be updated
whenever the cluster structure changes. To analyze the complexity, we consider the sampling
step of an individual assignment variable ci (or likewise c̃i ). In the worst case, removing
the edge that belongs to ci from the ddCRP graph divides the associated cluster into two
parts (Figure 7), so that two new single-cluster likelihoods need to be computed. With the
upper bound D on the number of data points associated with the cluster before the division,
this operation is of worst-case complexity O(Ng D) (see initialization phase). Irrespective
of whether a division occurs, we then need to compute all pairwise cluster likelihoods with
the (new) cluster connected via ci . For a total of K − 1 possible choices, this is done in
O(Ng DK) operations (see initialization phase). After assigning the indicator, we move on
to the next variable where the process repeats. If we assume, for simplicity, that the number of clusters stays constant during a full Gibbs cycle, the total complexity of updating
all cluster assignments is hence of order O(Ng DKNc ). A (pessimistic) upper bound for the
general case can be obtained by assuming that each data point defines its own cluster, in
27
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Figure 8: Results on the BNIRL data set (Michini and How, 2012). Top row: demonstration data and sample partitionings generated by the different inference algorithms. Center row: subgoal posterior distributions associated with the partitions found by ddBNIRL-S and ddBNIRL-T. For a clearer overview, the corresponding BNIRL distributions are omitted (see Figure 6 for a comparison). Bottom row: time-invariant ddBNIRL-S policy model synthesized from all three detected subgoals (left) and temporal phases identified by ddBNIRL-T (right). The
background colors have no particular meaning and were added only to highlight
the structures of the policies. Because of its missing generalization mechanism,
BNIRL does not itself provide a reasonable predictive policy model (Limitation 1).

spatial policy
(all subgoals combined)

predictive policies

subgoal posteriors

sample partitionings

BNIRL
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L(π ∗ , π̂) :=
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kV∗ − Vπ̂ k2
,
kV∗ k2
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(20)

Our next experiment is designed to provide insights into the generalization abilities of the
framework. For this purpose, we consider a class of randomly generated MDPs similar to the
Garnet problems (Bhatnagar et al., 2009). The transition dynamics {T (· | s, a)} are sampled
independently from a symmetric Dirichlet distribution with a concentration parameter of
0.01, where we choose |S| = 100 and |A| = 10. For each repetition of the experiment, NR
states are selected uniformly at random and assigned rewards that are, in turn, sampled
uniformly from the interval [0, 1]. All other states contain zero reward. Next, we compute
an optimal deterministic MDP policy π ∗ with respect to a discount factor of γ = 0.9 and
generate a number of expert trajectories of length 10. Herein, we let the expert select the
optimal action with probability 0.9 and a random, suboptimal action with probability 0.1.
The obtained state sequences are passed to the algorithms and we compute the normalized
value loss of the reconstructed policies according to

5.2 Random MDP Scenario

The example illustrates how the synthesis of the predictive policy differs between ddBNIRL-S
(bottom left) and ddBNIRL-T (bottom row, rightmost three subfigures). While ddBNIRL-T
uses a set of (conditionally) independent policy models to describe the different identified behavioral phases, ddBNIRL-S maps the entire subgoal schedule onto a single timeinvariant policy representation. Looking closer at the learned models, we recognize that the
ddBNIRL-S solution in fact realizes a spatial combination of the three temporal ddBNIRL-T
components, where each component is activated in the corresponding cluster region of the
state space. This gives us two alternative interpretations of the same behavior.

(iv) In contrast to BNIRL, which has no built-in generalization mechanism (Limitation 1),
our method returns a predictive policy model comprising the full posterior action information at all states. Note that we only show the resulting MAP policy estimates
here (bottom row), computed according to Equation (14). Additional results concerning the posterior uncertainty are provided in Sections 5.3 and 5.4.

(iii) For each state partition or trajectory segment, we obtain an implicit representation
of the associated subgoal in the form of a posterior distribution, without the need of
assigning point estimates (center row). It is striking that the posterior distribution
corresponding to the green state partition has a comparably large spread on the upper
side of the wall. This can be explained intuitively by the fact that any subgoal located
in this high posterior region could have potentially caused the green state sequence,
which circumvents the wall from the right. At the same time, the green area of high
posterior values exhibits a sharp boundary on the left side since a subgoal located in
the upper left region of the state space would have more likely resulted in a trajectory
approaching from the left.

(ii) Exploiting the spatial/temporal context of the data, the ddBNIRL solution is inherently robust to demonstration noise, giving rise to notably smoother partitioning
structures (top row). This effect is particularly pronounced in the case of real data,
as we shall see later in Section 5.3.2.
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Figure 9: Comparison of all inference methods in the random MDP scenario for different
reward densities. Shown are the empirical mean values and standard deviations
of the resulting value losses, obtained from 100 Monte Carlo runs. The graphs
show a clear difference between BNIRL, BNIRL-EXT and ddBNIRL-S, which illustrates the importance of considering the spatial context for subgoal extraction.

where V∗ and Vπ̂ represent, respectively, the vectorized value functions of the optimal
policy π ∗ and the reconstruction π̂.
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Since the considered system belongs to the class of time-invariant MDPs, ddBNIRL-S
lends itself as the natural choice to model the expert behavior. As baseline methods, we
adopt our subintentional Bayesian policy recognition framework (BPR, Šošić et al., 2018b),
as well as maximum-margin IRL (Abbeel and Ng, 2004), maximum-entropy IRL (Ziebart
et al., 2008), and vanilla BNIRL. Due to the missing generalization abilities of BNIRL
(Limitation 1) and because the waypoint method (Section 2.2) does not straightforwardly
apply to the considered scenario of multiple unaligned trajectories, we further compare our
algorithm to an extension of BNIRL, which we refer to as BNIRL-EXT. Mimicking the
ddBNIRL-S principle, the method accounts for the spatial context of the demonstrations
31
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by assigning each state to the BNIRL subgoal that is targeted by the closest (see metric in
Section 3.2.1) state-action pair — however, these assignments are made after the actual subgoal inference. When compared to ddBNIRL-S, this provides a reference of how much can
be gained by considering the spatial relationship of the data during the inference. For the
experiment, both ddBNIRL-S and BNIRL(-EXT) are augmented with their corresponding
action sampling stages (Section 4.4) since the action sequences of the expert are discarded
from the data set, in order to enable a fair comparison to the remaining algorithms.
Figure 9 shows the value loss over the size of the demonstration set for different reward settings. For small NR , both BNIRL(-EXT) and ddBNIRL-S significantly outperform
the reference methods. This is because the sparse reward structure allows for an efficient
subgoal-based encoding of the expert behavior, which enables the algorithms to reconstruct
the policy even from minimal amounts of demonstration data. However, the BNIRL(-EXT)
solutions drastically deteriorate for denser reward structures. In particular, we observe a
clear difference in performance between the cases where

(i) we do not account for the spatial information in the partitioning model (BNIRL),

(ii) include it in a post-processing step (BNIRL-EXT), and

(iii) exploit it during the inference itself (ddBNIRL-S),

which demonstrates the importance of processing the context information. Most tellingly,
ddBNIRL-S outperforms the baseline methods even in the dense reward regimes, although
the subgoal-based encoding loses its efficiency here. In fact, the results reveal that the
proposed approach combines the merits of both model types, i.e., the sample efficiency of
the intentional models (max-margin/max-entropy) required for small data set sizes, as well
as the asymptotic accuracy and fully probabilistic nature of the subintentional Bayesian
framework (BPR).4
5.3 Robot Experiment

In the next experiment, we test the ddBNIRL framework on various real data sets, which we
recorded on a KUKA lightweight robotic arm (Figure 10) via kinesthetic teaching. Videos
of all demonstrated tasks can be found at http://www.spg.tu-darmstadt.de/jmlr2018.
The system has seven degrees of freedom, corresponding to the seven joints of the arm.
Each joint is equipped with a torque sensor and an angle encoder, providing recordings
of joint angles, velocities and accelerations. For our experiments, we only consider the
xy-Cartesian coordinates spanning the transverse plane, which we computed from the raw
measurements using a forward kinematic model. The data was recorded at a sampling rate
of 50 Hz and further downsampled by a factor of 10, yielding an effective sample rate of
5 Hz, which provided a sufficient temporal resolution for the considered scenario.
The goal of the experiment is to learn a set of high-level intentional models for the
recorded behavior types by partitioning the data sets into meaningful parts that can be used
to predict the desired motion direction of the expert. For simplicity and to demonstrate the
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4. The comparably large loss of BPR for small data set sizes can be explained by the fact that the framework
is based on a more general policy model in which the expert behavior is assumed to be inherently
stochastic, in contrast to the here considered setting where stochasticity arises merely a consequence of
suboptimal decision-making.
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First, we consider a case where the expert behavior can be described using a time-invariant
policy model, which we aspire to capture via ddBNIRL-S. For our example, we consider the
“Cycle” task shown in the video and in Figure 14. The same setting is analyzed using the
time-variant ddBNIRL-T model in Section 5.3.2, which allows a direct comparison of the
two approaches. The task consists in approaching a number of target positions, indicated
by a set of markers (see video), before eventually returning to the initial state. The setting
can be regarded as a real-world version of the “Loop” problem described by Michini and
How (2012). As explained in their paper, classical IRL algorithms that rely on a global
state-based reward model (such as max-margin IRL and max-entropy IRL) completely fail
on this problem, due to the periodic nature of the task.
Figure 11a shows the downsampled and discretized data set (black arrows) obtained
from four expert trajectories (white lines). For visualization purposes, the discretization
block size is chosen as 2 cm×2 cm, giving rise to a total of 18 × 24 = 432 states. As in
the top row of Figure 8 (ddBNIRL-S), the coloring of the background indicates the learned
partitioning structure, computed from a low-temperature posterior sample. We observe
that the found state clusters clearly reveal the modular structure of the task, providing an
intuitive and interpretable explanation of the data. However, although the induced policy

5.3.1 Spatial Partitioning

algorithm’s robustness to modeling errors, we adopt the simplistic transition model from
Section 5.1 with the same action set containing the eight (inter-)cardinal motion directions.
The high measurement accuracy of the end-effector position allows us to extract these highlevel actions directly from the raw data, i.e., by selecting the directions with the smallest
angular deviations from the ground truth (see example in Figure 11a). The underlying state
space is obtained by discretizing the part of the coordinate range that is covered by the
measurements into blocks of predefined size (see next sections for details). Apart from this
discretization step and the aforementioned data downsampling, no preprocessing is applied.

Figure 10: KUKA lightweight robotic arm.

IRL via Nonparametric Spatio-Temporal Subgoal Modeling

(d) final predictive model

(b) MAP policy estimate
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model (Figure 11b) smoothly captures the cyclic nature of the task, we cannot expect to
obtain trustworthy predictions in the center region of the state space, due to the lack of
additional demonstration data that would be required to unveil the expert’s true intention
in that region. Clearly, a point estimate such as the shown MAP policy cannot reflect this
prediction uncertainty since it does not carry any confidence information. Yet, following
a Bayesian approach, we can naturally quantify the prediction uncertainty at any query
state s∗ based on the shape of the corresponding posterior predictive action distribution
p(a∗ | s∗ , D). A straightforward option is, for example, to consider the prediction entropy,

Figure 11: Results of ddBNIRL-S on the “Cycle” task. (a) Raw measurements (white
lines) and discretized demonstration data (black arrows). The coloring of the
background indicates a partitioning structure obtained from a low-temperature
posterior sample. (b) Maximum a posteriori policy estimate. (c) Visualization
of the model’s prediction uncertainty at all system states, represented by the
entropies of the corresponding posterior predictive action distributions. Dark
background indicates high uncertainty. (d) Illustration of the final predictive
model, comprising both the action information and the prediction uncertainty.

(c) uncertainty estimate

(a) expert data & sample partitioning
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defined as
X

a∗ ∈A

p(a∗ | s∗ , D) log p(a∗ | s∗ , D).

IRL via Nonparametric Spatio-Temporal Subgoal Modeling

H(s∗ ) :=
In order to obtain an unbiased approximation of the true non-tempered predictive distribution p(a∗ | s∗ , D), we run a second Gibbs chain with unaltered temperature in parallel to the
tempered chain. The resulting entropy estimates are summarized in an uncertainty map
(Figure 11c), which we overlaid on the original prediction result to produce the final figure
shown at the bottom right. Note that the obtained posterior uncertainty information of the
model can be further used in an active learning setting, as demonstrated in Section 5.4.
5.3.2 Temporal Partitioning
Next, we turn our attention to the ddBNIRL-T model, which we test against the vanilla
BNIRL approach. For this purpose, we consider the full collection of tasks shown in the
supplementary video, which comprises different time-dependent expert behaviors of varying
complexity. In order to obtain a quantitative performance measure for our evaluation, we
conducted a manual segmentation of all recorded trajectories, thereby creating a set of
ground truth subgoal labels for all observed decision times. The result of this segmentation
step is depicted in the appendix (Figure 14, center column). Note that the ground truth
subgoals are assumed immediately at the ends of the corresponding segments.
The left and right column of Figure 14 show, respectively, the partitioning structures
found by BNIRL and ddBNIRL-T, based on a uniform subgoal prior distribution with
support at the visited states. The underlying state discretization block size is chosen as
1 cm×1 cm, as indicated by the regular grid in the background. A simple visual comparison
of the learned structures reveals the clear superiority of ddBNIRL-T over vanilla BNIRL
on this problem set.
For our quantitative comparison, we consider the instantaneous subgoal localization
errors of the two models over the entire course of a demonstration (Figure 12). Herein,
the instantaneous localization error for a given state-action pair is measured in terms of
the Euclidean distance between the grid location of the ground truth subgoal associated
with the pair and the corresponding subgoal location predicted by the model. Note that the
predictions of both models are based on the entire trajectory data of an experiment, considering the full posterior information after completing the demonstration. For ddBNIRL-T,
which does not directly return a subgoal location estimate but instead provides access to the
full subgoal posterior distribution, the error is computed with respect to the MAP subgoal
locations {ĝk },
ĝk := arg max p(gk | D, c̃),
gk ∈supp(pg )

JMLR 19(69):1-45, 2018

using the ddBNIRL-T version of Equation (12) — see note at the beginning of Section 4.
The black dots in the figure indicate the time instants where the ground truth annotations change. At those time instants, we observe significantly increased localization errors
for both models, which can be explained by the fact that the ground truth annotation is
somewhat subjective around the switching points (see labeling in Figure 14). Also, we
notice a comparably high error at the beginning and the end of some trajectories, which
stems from the imperfect synchronization between the recording interval and the execution
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Figure 12: Instantaneous subgoal localization errors of ddBNIRL-T (upper rows) and
BNIRL (lower rows) for the eight recorded data sets. The black dots indicate
the subgoal switching times in the corresponding ground truth subgoal annotation, depicted in the center column of Figure 14. On average, the localization
error of ddBNIRL-T is significantly lower compared to the BNIRL approach, as
indicated by the median values shown on the left. For a qualitative comparison
of the underlying partitioning structures, see Appendix A.

of the task (recall that we skipped the corresponding data preprocessing step). Hence, to
capture the accuracy in a single figure of performance, we consider the median localization
error of each time series, as it masks out these outliers and provides a more realistic error
quantification than the sample mean. The obtained values are shown next to the error
plots in Figure 12, indicating that the ddBNIRL-T localization error is in the range of the
discretization interval in most cases. Compared to BNIRL, the proposed method yields an
error reduction of more than 70% on average.
5.4 Active Learning

JMLR 19(69):1-45, 2018

In Section 5.3, we saw that the posterior predictive action distribution p(a∗ | s∗ , D) provides
a natural way to quantify the prediction uncertainty of our model at any given query state s∗ .
This offers the opportunity to apply the framework in an active learning setting, since the
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facq (p) := p(â2 ) − p(â1 ),

• smallest margin:

a∈A

facq (p) := 1 − max p(a),

• least confidence:

a∈A
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The purpose of the acquisition criterion is to assess the uncertainty of the model at all possible query states, so that the next demonstration can be requested in the high uncertainty
region of the state space (see uncertainty sampling, Settles, 2010). For our experiment, we
consider the following three common choices,
P
• highest entropy: facq (p) := −
p(a) log p(a),

ad+1 ∼ πE (a | sd+1 ).

s∗ ∈S

Dd+1 = Dd ∪ {(sd+1 , ad+1 )}


sd+1 = arg max facq p(a∗ | s∗ , Dd )

induced uncertainty map (see example in Figure 11c) indicates in which parts of the state
space the trained model can process further instructions from the expert most effectively.
To demonstrate the basic procedure, we reconsider the random MDP problem from
Section 5.2 in an active learning context, where we compare different active strategies with
the previously used random data acquisition scheme. As an initialization for the learning
procedure, we request a single state-action pair (s1 , a1 ) from the demonstrator, which we
store in the initial data set D1 := {(s1 , a1 )}. Herein, the state s1 is drawn uniformly at
random from S and the action a1 ∼ πE (a | s1 ) is generated according to the noisy expert
policy πE : A × S → [0, 1] described in Section 5.2. Continuing from this point, each of
the considered active learning algorithms requests a series of subsequent demonstrations
((s2 , a2 ), (s3 , a3 ), . . .), inducing a sequence of data sets (D1 , D2 , D3 , . . .), where the next
query state sd+1 is chosen according to the specific data acquisition criterion facq of the
algorithm evaluated on the current predictive model,

Figure 13: Comparison between random data acquisition and active learning in the random
MDP scenario. Shown are the empirical mean value losses of the obtained policy
models over the number of data queries, obtained from 200 Monte Carlo runs.
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Building upon the principle of Bayesian nonparametric inverse reinforcement learning, we
proposed a new framework for data-efficient IRL that leverages the context information of
the demonstration set to learn a predictive model of the expert behavior from small amounts
of training data. Central to our framework are two model architectures, one designed for
learning spatial subgoal plans, the other to capture time-varying intentions. In contrast to
the original BNIRL model, both architectures explicitly consider the covariate information
contained in the demonstration set, giving rise to predictive models that are inherently
robust to demonstration noise. While the original BNIRL model can be recovered as a
special case of our framework, the conducted experiments show a drastic improvement over
the vanilla BNIRL approach in terms of the achieved subgoal localization accuracy, which
stems from both an improved likelihood model and a context-aware clustering of the data.
Most notably, our framework outperforms all tested reference methods in the analyzed
benchmark scenarios while it additionally captures the full posterior information about
the learned subgoal representation. The resulting prediction uncertainty about the expert
behavior, reflected by the posterior predictive action distribution, provides a natural basis
to apply our method in an active learning setting where the learning system can request
additional demonstration data from the expert.
The current limitation of our approach is that both presented architectures require an
MDP model with discrete state and action space. While the subgoal principle carries over
straightforwardly to continuous metric spaces, the construction of the likelihood model
becomes difficult in these environments as it requires knowledge of the optimal state-action
value functions for all potential subgoal locations. However, for BNIRL, there exist several
ways to approximate the likelihood in these cases (Michini et al., 2013) and the same
concepts apply equally to ddBNIRL. Thus, an interesting future study would be to compare
the efficacy of both model types on larger problems involving continuous spaces, where it
appears even more natural to follow a distance-based approach.

6. Conclusion

where â1 and â2 denote, respectively, the most likely and second most likely action according
to the considered distribution p, i.e., â1 := arg maxa∈A p(a) and â2 := arg maxa∈A\â1 p(a).
At each iteration, we compute the value losses (Equation 20) of the induced policy models
and compare them with the corresponding loss obtained from random data acquisition. The
resulting curves are delineated in Figure 13. As expected, the learning speed of the model
is significantly improved under all active acquisition schemes, which reduces the number of
expert demonstrations required to successfully learn the observed task.
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Appendix A. Robot experiment
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Figure 14 (continued): Motion sequences with few trajectory crossings, requiring a timevarying subgoal representation.
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Figure 14: Motion sequences without trajectory crossings, which can be represented using
a spatial subgoal pattern.
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Figure 14 (continued): Long motion sequences comprising a large number of sub-patterns
with overlapping parts that can be only separated by considering the
temporal context. Flower (Const): all strokes are performed with
the same absolute velocity. Flower (Var): the individual strokes are
performed with alternating velocity.
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It is becoming increasingly clear that implicit biases introduced by the optimization algorithm play a
crucial role in deep learning and in the generalization ability of the learned models (Neyshabur et al.,
2014, 2015; Zhang et al., 2017; Keskar et al., 2017; Neyshabur et al., 2017; Wilson et al., 2017).
In particular, minimizing the training error, without explicit regularization, over models with more
parameters and capacity than the number of training examples, often yields good generalization. This
is despite the fact that the empirical optimization problem being highly underdetermined. That is,
there are many global minima of the training objective, most of which will not generalize well, but
the optimization algorithm (e.g. gradient descent) biases us toward a particular minimum that does
generalize well. Unfortunately, we still do not have a good understanding of the biases introduced by
different optimization algorithms in different situations.
We do have an understanding of the implicit regularization introduced by early stopping of
stochastic methods or, at an extreme, of one-pass (no repetition) stochastic gradient descent (Hardt
et al., 2016). However, as discussed above, in deep learning we often benefit from implicit bias even
when optimizing the training error to convergence (without early stopping) using stochastic or batch
methods. For loss functions with attainable, finite minimizers, such as the squared loss, we have some

1. Introduction

We examine gradient descent on unregularized logistic regression problems, with homogeneous
linear predictors on linearly separable datasets. We show the predictor converges to the direction
of the max-margin (hard margin SVM) solution. The result also generalizes to other monotone
decreasing loss functions with an infimum at infinity, to multi-class problems, and to training a
weight layer in a deep network in a certain restricted setting. Furthermore, we show this convergence
is very slow, and only logarithmic in the convergence of the loss itself. This can help explain the
benefit of continuing to optimize the logistic or cross-entropy loss even after the training error is
zero and the training loss is extremely small, and, as we show, even if the validation loss increases.
Our methodology can also aid in understanding implicit regularization in more complex models and
with other optimization methods.
Keywords: gradient descent, implicit regularization, generalization, margin, logistic regression
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X
` yn w> xn .

(1)
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1. The requirement of non-negativity and that the loss asymptotes to zero is purely for convenience. It is enough to
require the loss is monotone decreasing and bounded from below. Any such loss asymptotes to some constant, and is
thus equivalent to one that satisfies this assumption, up to a shift by that constant.

Assumption 2 ` (u) is a positive, differentiable, monotonically decreasing to zero1 , (so ∀u : ` (u) >
0, `0 (u) < 0, limu→∞ ` (u) = limu→∞ `0 (u) = 0), a β-smooth function, i.e. its derivative is βLipshitz and limu→−∞ `0 (u) 6= 0.

Assumption 1 The dataset is linearly separable: ∃w∗ such that ∀n : w∗> xn > 0 .

where w ∈ Rd is the weight vector. To simplify notation, we assume that all the labels are positive:
∀n : yn = 1 — this is true without loss of generality, since we can always re-define yn xn as xn .
We are particularly interested in problems that are linearly separable, and the loss is smooth
strictly decreasing and non-negative:

L (w) =

d
Consider a dataset {xn , yn }N
n=1 , with xn ∈ R and binary labels yn ∈ {−1, 1}. We analyze learning
by minimizing an empirical loss of the form

2. Main Results

understanding of this: in particular, when minimizing an underdetermined least squares problem
using gradient descent starting from the origin, it can be shown that we will converge to the minimum
Euclidean norm solution. However, the logistic loss, and its generalization the cross-entropy loss
which is often used in deep learning, do not admit finite minimizers on separable problems. Instead,
to drive the loss toward zero and thus minimize it, the norm of the predictor must diverge toward
infinity.
Do we still benefit from implicit regularization when minimizing the logistic loss on separable
data? Clearly the norm of the predictor itself is not minimized, since it grows to infinity. However,
for prediction, only the direction of the predictor, i.e. the normalized w(t)/ kw(t)k, is important.
How does w(t)/ kw(t)k behave as t → ∞ when we minimize the logistic (or similar) loss using
gradient descent on separable data, i.e., when it is possible to get zero misclassification error and
thus drive the loss to zero?
In this paper, we show that even without any explicit regularization, for all linearly separable datasets, when minimizing logistic regression problems using gradient descent, we have that
w(t)/ kw(t)k converges to the L2 maximum margin separator, i.e. to the solution of the hard margin
SVM for homogeneous linear predictors. This happens even though neither the norm kwk, nor the
margin constraint, are part of the objective or explicitly introduced into optimization. More generally,
we show the same behavior for generalized linear problems with any smooth, monotone strictly
decreasing, lower bounded loss with an exponential tail. Furthermore, we characterize the rate of
this convergence, and show that it is rather slow, wherein for almost all datasets, the distance to the
max-margin predictor decreasing only as O(1/ log(t)), and in some degenerate datasets, the rate
further slows down to O(log log(t)/ log(t)). This explains why the predictor continues to improve
even when the training loss is already extremely small. We emphasize that this bias is specific to
gradient descent, and changing the optimization algorithm, e.g. using adaptive learning rate methods
such as ADAM (Kingma and Ba, 2015), changes this implicit bias.
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`0 w> xn w∗> xn .

where ŵ is the

max margin vector (the solution to the hard margin SVM):
w∈Rd

ŵ = argmin kwk2 s.t. w> xn ≥ 1,

lim

ŵ
w (t)
=
.
kw (t)k
kŵk

n=1

(4)

N
N






X
X
>
exp −w (t)> xn xn =
exp −g (t) w∞
xn exp −ρ (t)> xn xn . (5)
n=1

N
X

n=1

αn xn

∀n






αn ≥ 0 and ŵ> xn = 1 OR αn = 0 and ŵ> xn > 1

4

(6)
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These are precisely the KKT conditions for the SVM problem (eq. 4) and we can conclude that ŵ is
indeed its solution and w∞ is thus proportional to it.
To prove Theorem 3 rigorously, we need to show that w (t) / kw (t)k has a limit, that g (t) =
log (t) and to bound the effect of various residual errors, such as gradients of non-support vectors
and the fact that the loss is only approximately exponential. To do so, we substitute eq. 3 into the
gradient descent dynamics (eq. 2), with w∞ = ŵ being the max margin vector and g(t) = log t.
We then show that, except when certain degeneracies occur, the increment in the norm of ρ (t) is
bounded by C1 t−ν for some C1 > 0 and ν > 1, which is a converging series. This happens because
the increment in the max margin term, ŵ [log (t + 1) − log (t)] ≈ ŵt−1 , cancels out the dominant
> x = 1).
t−1 term in the gradient −∇L (w (t)) (eq. 5 with g (t) = log (t) and w∞
n

ŵ =

As g(t) → ∞ and the exponents become more negative, only those samples with the largest (i.e.,
least negative) exponents will contribute to the gradient. These are precisely the samples with the
> x , aka the “support vectors”. The negative gradient (eq. 5) would then
smallest margin argminn w∞
n
asymptotically become a non-negative linear combination of support vectors. The limit w∞ will then
be dominated by these gradients, since any initial conditions become negligible as kw (t)k → ∞
(from Lemma 1). Therefore, w∞ will also be a non-negative linear combination of support vectors,
> x . We therefore have:
and so will its scaling ŵ = w∞ / minn w∞
n

−∇L (w) =

Proof Sketch We first understand intuitively why an exponential tail of the loss entail asymptotic
convergence to the max margin vector: Assume for simplicity that ` (u) = e−u exactly, and examine
the asymptotic regime of gradient descent in which ∀n : w (t)> xn → ∞, as is guaranteed by
Lemma 1. If w (t) / kw (t)k converges to some limit w∞ , then we can write w (t) = g (t) w∞ +ρ (t)
such that g (t) → ∞, ∀n :xn> w∞ > 0, and limt→∞ ρ (t) /g (t) = 0. The gradient can then be
written as:

Furthermore, for almost all data sets (all except measure zero), the residual ρ(t) is bounded.

t→∞

and the residual grows at most as kρ (t)k = O(log log(t)), and so

L2
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(2)
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`0 w (t)> xn xn .

Theorem 3 For any dataset which is linearly separable (Assumption 1), any β-smooth decreasing loss function (Assumption 2) with an exponential tail (Assumption 3), any stepsize η <
−2 (X ) and any starting point w(0), the gradient descent iterates (as in eq. 2) will be2β −1 σmax
have as:
w (t) = ŵ log t + ρ (t) ,
(3)

N
X

Assumption 2 includes many common loss functions, including the logistic, exp-loss2 and probit
2
losses. Assumption 2 implies that L (w) is a βσmax
(X )-smooth function, where σmax (X ) is the
maximal singular value of the data matrix X ∈ Rd×N .
Under these conditions, the infimum of the optimization problem is zero, but it is not attained
at any finite w. Furthermore, no finite critical point w exists. We consider minimizing eq. 1 using
Gradient Descent (GD) with a fixed learning rate η, i.e., with steps of the form:
w (t + 1) = w (t) − η∇L (w(t)) = w (t) − η
n=1

We do not require convexity. Under Assumptions 1 and 2, gradient descent converges to the global
minimum (i.e. to zero loss) even without it:
−2 (X ) and
Lemma 1 Let w (t) be the iterates of gradient descent (eq. 2) with η < 2β −1 σmax
any starting point w(0). Under Assumptions 1 and 2, we have: (1) limt→∞ L (w (t)) = 0, (2)
limt→∞ kw (t)k = ∞, and (3) ∀n : limt→∞ w (t)> xn = ∞.

N
X

Proof Since the data is linearly separable, ∃w∗ which linearly separates the data, and therefore
w∗> ∇L (w) =
n=1

For any finite w, this sum cannot be equal to zero, as a sum of negative terms, since ∀n : w∗> xn > 0
and ∀u : `0 (u) < 0. Therefore, there are no finite critical points w, for which ∇L (w) = 0. But
gradient descent on a smooth loss with an appropriate stepsize is always guaranteed to converge to a
critical point: ∇L (w (t)) → 0 (see, e.g. Lemma 10 in Appendix A.4, slightly adapted from Ganti
>
(2015), Theorem 2). This necessarily
implies

 that kw (t)k → ∞ while ∀n : w (t) xn > 0 for large
enough t—since only then `0 w (t)> xn → 0. Therefore, L (w) → 0, so GD converges to the
global minimum.
The main question we ask is: can we characterize the direction in which w(t) diverges? That is, does
the limit limt→∞ w (t) / kw (t)k always exist, and if so, what is it?
In order to analyze this limit, we will need to make a further assumption on the tail of the loss
function:
Definition 2 A function f (u) has a “tight exponential tail”, if there exist positive constants
c, a, µ+ , µ− , u+ and u− such that
∀u > u+ :f (u) ≤ c (1 + exp (−µ+ u)) e−au

∀u > u− :f (u) ≥ c (1 − exp (−µ− u)) e−au .
Assumption 3 The negative loss derivative −`0 (u) has a tight exponential tail (Definition 2).
For example, the exponential loss ` (u) = e−u and the commonly used logistic loss ` (u) =
log (1 + e−u ) both follow this assumption with a = c = 1. We will assume a = c = 1 — without
loss of generality, since these constants can be always absorbed by re-scaling xn and η.
We are now ready to state our main result:
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2. The exp-loss does not have a global β smoothness parameter. However, if we initialize with η < 1/L(w(0)) then it is
straightforward to show the gradient descent iterates maintain bounded local smoothness.

3

(7)

5
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Analogies with Boosting Perhaps most similar to our study is the line of work on understanding
AdaBoost in terms its implicit bias toward large L1 -margin solutions, starting with the seminal work
of Schapire et al. (1998). Since AdaBoost can be viewed as coordinate descent on the exponential
loss of a linear model, these results can be interpreted as analyzing the bias of coordinate descent,
rather then gradient descent, on a monotone decreasing loss with an exact exponential tail. Indeed,
with small enough step sizes, such a coordinate descent procedure does converge precisely to the
maximum L1 -margin solution (Zhang et al., 2005; Telgarsky, 2013). In fact, Telgarsky (2013) also
generalizes these results to other losses with tight exponential tails, similar to the class of losses we
consider here.
Also related is the work of Rosset et al. (2004). They considered the regularization path wλ =
arg min L(w) + λ kwkpp for similar loss functions as we do, and showed that limλ→0 wλ / kwλ kp is
proportional to the maximum Lp margin solution. That is, they showed how adding infinitesimal Lp
(e.g. L1 and L2 ) regularization to logistic-type losses gives rise to the corresponding max-margin



∀n ∈ S : η exp −x>
n w̃ = αn

Theorem 4 Under the conditions and notation of Theorem 3, for almost all datasets, if in addition
the support vectors span the data (i.e. rank (XS ) = rank (X), where XS is a matrix whose columns
are only those data points xn s.t. ŵ> xn = 1), then limt→∞ ρ (t) = w̃, where w̃ is a solution to

More Refined Analysis of the Residual In some non-degenerate cases, we can further characterize
the asymptotic behavior of ρ (t). To do so, we need to refer to the KKT conditions (eq. 6) of the
SVM problem (eq. 4) and the associated support vectors S = argminn ŵ> xn . We then have the
following Theorem, proved in Appendix A:

w(t)
log log t
tablishing converges to the max margin predictor by showing that kw(t)k
.
− kŵ
log t
ŵk = O
Our analysis provides a more precise characterization of the iterates, and also shows the convergence
is actually quadratically faster (see Section 3). However, Ji and Telgarsky go even further and provide
a characterization also when the data is non-separable but w(t) still goes to infinity.

Parallel Work on the Degenerate Case Following the publication of our initial version, and while
preparing this revised version for publication, we learned of parallel work by Ziwei Ji and Matus Telgarsky that also closes this gap. Ji and Telgarsky (2018) provide an analysis of the degenerate
q case, es

predictor.3 However, Rosset et al. do not consider the effect of the optimization algorithm, and
instead add explicit regularization. Here we are specifically interested in the bias implied by the
algorithm not by adding (even infinitesimal) explicit regularization. We see that coordinate descent
gives rise to the max L1 margin predictor, while gradient descent gives rise to the max L2 norm
predictor. In Section 4.3 and in follow-up work (Gunasekar et al., 2018) we discuss also other
optimization algorithms, and their implied biases.

Degenerate and Non-Degenerate Data Sets An earlier conference version of this paper (Soudry
et al., 2018) included a partial version of Theorem 3, which only applies to almost all data sets, in
which case we can ensure the residual ρ(t) is bounded. This partial statement (for almost all data
sets) is restated and proved as Theorem 9 in Appendix A. It applies, e.g. with probability one for
data sampled from any absolutely continuous distribution. It does not apply in “degenerate” cases
where some of the support vectors xn (for which ŵ> xn = 1) are associated with dual variables
that are zero (αn = 0) in the dual optimum of 4. As we show in Appendix B, this only happens
on measure zero data sets. Here, we prove the more general result which applies for all data sets,
including degenerate data sets. To do so, in Theorem 13 in Appendix C we provide a more complete
characterization of the iterates w(t) that explicitly specifies all unbounded components even in the
degenerate case. We then prove the Theorem by plugging in this more complete characterization and
showing that the residual is bounded, thus also establishing Theorem 3.

(9)

 
1
.
t

6

3. In contrast, with non-vanishing regularization (i.e., λ > 0), arg minw L(w) +
solution.

L (w (t)) = O

On the other hand, the loss itself decreases as

λ kwkpp
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is generally not a max margin

(11)

with this rate improving to O(1/ log2 (t)) for almost every dataset; and the margin converges as


1
minn x>
1
n w (t)
−
=O
.
(10)
kŵk
kw (t)k
log t

with this rate improving to O(1/ log(t)) for almost every dataset; and in angle

 !
w (t)> ŵ
log log t 2
1−
,
=O
kw (t)k kŵk
log t

Theorem 5 Under the conditions and notation of Theorem 3, for any linearly separable data set,
the normalized weight vector converges to the normalized max margin vector in L2 norm


ŵ
log log t
w (t)
−
=O
,
(8)
kw (t)k kŵk
log t

The solution in eq. 3 implies that w (t) / kw (t)k converges to the normalized max margin vector ŵ/ kŵk . Moreover, this convergence is very slow— logarithmic in the number of iterations.
Specifically, our results imply the following tight rates of convergence:

3. Implications: Rates of convergence

where we do not have a b2 penalty in the objective.

w∈Rd ,b∈R

argmin kwk2 s.t. w> xn + b ≥ 1,

which is not the L2 max margin (SVM) solution

w∈Rd ,b∈R

argmin kwk2 + b2 s.t. w> xn + b ≥ 1,

Non-homogeneous linear predictors In this paper we focused on homogeneous linear predictors
of the form w> x, similarly to previous works (e.g., Rosset et al. (2004); Telgarsky (2013)). Specifically, we did not have the common intercept term: w> x + b. One may be tempted to introduce the
intercept in the usual way, i.e., by extending all the input vectors xn with an additional 0 10 component.
In this extended input space, naturally, all our results hold. Therefore, we converge in direction to the
L2 max margin solution (eq. 4) in the extended space. However, if we translate this solution to the
original x space we obtain
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2

n=1

8

 !
exp wy>n xn

PK
>
k=1 exp wk xn
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3
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t

2
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1
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4
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3
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t
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6

6
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What do the linear predictors wk (t) converge to if we minimize the cross-entropy loss by gradient
descent on the predictors? In Appendix E we analyze this problem for separable data, and show that

N
X

L {wk }k∈[K] = −
log

So far, we have discussed the problem of binary classification, but in many practical situations
we have more then two classes. For multi-class problems, the labels are the class indices yn ∈
[K] , {1, . . . , K} and we learn a predictor wk for each class k ∈ [K]. A common loss function
in multi-class classification is the following cross-entropy loss with a softmax output, which is a
generalization of the logistic loss:

4.1. Multi-Class Classification with Cross-Entropy Loss

4. Extensions

kw(t)k getting larger, and in fact the model might be getting better (increasing the margin and
possibly decreasing the error rate).

Figure 1: Visualization of or main results on a synthetic dataset in which the L2 max margin vector
ŵ is precisely known. (A) The dataset (positive and negatives samples (y = ±1) are
respectively denoted by 0 +0 and 0 ◦0 ), max margin separating hyperplane (black line), and
the asymptotic solution of GD (dashed blue). For both GD and GD with momentum
(GDMO), we show: (B) The norm of w (t), normalized so it would equal to 1 at the last
iteration, to facilitate comparison. As expected (eq. 3), the norm increases logarithmically;
(C) the training loss. As expected, it decreases as t−1 (eq. 11); and (D&E) the angle
and margin gap of w (t) from ŵ (eqs. 9 and 10). As expected, these are logarithmically
decreasing to zero. Implementation details: The dataset includes four support vectors:
x1 = (0.5, 1.5) , x2 = (1.5, 0.5) with y1 = y2 = 1, and x3 = −x1 , x4 = −x
√ 2 with
y3 = y4 = −1√(the L2 normalized max margin vector is then ŵ = (1, 1) / 2 with
margin equal to 2 ), and 12 other random datapoints (6 from each class), that are not on
2
2
the margin. We used a learning rate η = 1/σmax
(X), where σmax
(X) is the maximal
singular value of X, momentum γ = 0.9 for GDMO, and initialized at the origin.

−3
−3

L(w(t))

Margin gap

Normalized ||w(t)||

Angle gap
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All the rates in the above Theorem are a direct consequence of Theorem 3, except for avoiding
the log log t factor for the degenerate cases in eq. 10 and eq. 11 (i.e., establishing that the rates
1/ log t and 1/t always hold)—this additional improvement is a consequence of the more complete
characterization of Theorem 13. Full details are provided in Appendix D. In this appendix, we also
provide a simple construction showing all the rates in Theorem 5 are tight (except possibly for the
log log t factors).
The sharp contrast between the tight logarithmic and 1/t rates in Theorem 5 implies that the
convergence of w(t) to the max-margin ŵ can be logarithmic in the loss itself, and we might need to
wait until the loss is exponentially small in order to be close to the max-margin solution. This can
help explain why continuing to optimize the training loss, even after the training error is zero and the
training loss is extremely small, still improves generalization performance—our results suggests that
the margin could still be improving significantly in this regime.
A numerical illustration of the convergence is depicted in Figure 1. As predicted by the theory,
the norm kw(t)k grows logarithmically (note the semi-log scaling), and w(t) converges to the
max-margin separator, but only logarithmically, while the loss itself decreases very rapidly (note the
log-log scaling).
An important practical consequence of our theory, is that although the margin of w(t) keeps
improving, and so we can expect the population (or test) misclassification error of w(t) to improve
for many datasets, the same cannot be said about the expected population loss (or test loss)! At the
limit, the direction of w(t) will converge toward the max margin predictor ŵ. Although ŵ has zero
training error, it will not generally have zero misclassification error on the population, or on a test or
a validation set. Since the norm of w(t) will increase, if we use the logistic loss or any other convex
loss, the loss incurred on those misclassified points will also increase. More formally, consider the
logistic loss `(u) = log(1+e−u ) and define also the hinge-at-zero loss
= max(0, −u). Since ŵ
Ph(u)
N
classifies all training points correctly, we have that on the training set n=1
h(ŵ> xn ) = 0. However,
on the population we would expect some errors and so E[h(ŵ> x)] > 0. Since w(t) ≈ ŵ log t and
`(αu) → αh(u) as α → ∞, we have:
E[`(w(t)> x)] ≈ E[`((log t)ŵ> x)] ≈ (log t)E[h(ŵ> x)] = Ω(log t).

That is, the population loss increases logarithmically while the margin and the population misclassification error improve. Roughly speaking, the improvement in misclassification does not out-weight
the increase in the loss of those points still misclassified.
The increase in the test loss is practically important because the loss on a validation set is
frequently used to monitor progress and decide on stopping. Similar to the population loss, the
validation loss will increase logarithmically with t, if there is at least one sample in the validation set
which is classified incorrectly by the max margin vector (since we would not expect zero validation
error). More precisely, as a direct consequence of Theorem 3 (as shown on Appendix D):

x∈V

Corollary 6 Let ` be the logistic loss, and V be an independent validation set, for which ∃x ∈ V
such that x> ŵ < 0. Then the validation loss increases as

X 
` w (t)> x = Ω(log(t)).
Lval (w (t)) =
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This behavior might cause us to think we are over-fitting or otherwise encourage us to stop the
optimization. However, this increase does not actually represent the model getting worse, merely
7

x

k=1

K
X

||wk ||2 s.t. ∀n, ∀k 6= yn : wy>n xn ≥ wk> xn + 1.
(15)

(14)

9
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4. Code available here: https://github.com/paper-submissions/MaxMargin

So far we have only considered linear prediction. Naturally, it is desirable to generalize our results
also to non-linear models and especially multi-layer neural networks.
Even without a formal extension and description of the precise bias, our results already shed light
on how minimizing the cross-entropy loss with gradient descent can have a margin maximizing effect,
how the margin might improve only logarithmically slow, and why it might continue to improve
even as the validation loss increases. These effects are demonstrated in Figure 2 and Table 1 which
portray typical training of a convolutional neural network using unregularized gradient descent4 . As
can be seen, the norm of the weight increases, but the validation error continues decreasing, albeit
very slowly (as predicted by the theory), even after the training error is zero and the training loss is
extremely small. We can now understand how even though the loss is already extremely small, some
sort of margin might be gradually improving as we continue optimizing. We can also observe how
the validation loss increases despite the validation error decreasing, as discussed in Section 3.

4.2. Deep networks

argminw1 ,...,wk

where the residual ρk (t) is bounded and ŵk is the solution of the K-class SVM:

wk (t) = ŵk log(t) + ρk (t),

Theorem 7 For almost all multiclass datasets (i.e., except for a measure zero) which are linearly
separable (i.e. the constraints in eq. 15 below are feasible), any starting point w(0) and any small
enough stepsize, the iterates of gradient descent on 13 will behave as:

again, the predictors diverge to infinity and the loss converges to zero. Furthermore, we prove the
following Theorem:

Figure 2: Training of a convolutional neural network on CIFAR10 using stochastic gradient descent
with constant learning rate and momentum, softmax output and a cross entropy loss, where
we achieve 8.3% final validation error. We observe that, approximately: (1) The training
loss decays as a t−1 , (2) the L2 norm of last weight layer increases logarithmically, (3)
after a while, the validation loss starts to increase, and (4) in contrast, the validation
(classification) error slowly improves.
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50
13.6
0.1
4%
0.52
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100
16.5
0.03
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0.55
10.4%

200
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0.02
0.6%
0.77
11.1%

400
20.3
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0.07%
0.77
9.1%

2000
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10−4
0%
1.01
8.92%

4000
27.54
3 · 10−5
0%
1.18
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m=1

l
Y

Am,n Wm xn ,

un (wl ) = vL,n =

Using this notation we can write

δ l,n = Al,n

m=1

L
Y

>
Wm
Am,n ; x̃l,n = δ l,n ⊗ ul−1,n .

10

(16)
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>
Am,n Wm xn = δ >
l,n Wl ul−1,n = x̃l,n wl .

m=L

l+1
Y

where we defined Al,n for l < L as a diagonal 0-1 matrix, which diagonal is the ReLU slopes at
layer l, sample n, and AL,n = 1. Additionally, we define

vl,n =

Proof We examine the output of the network given a single input xn , for t > t0 . Since the ReLU
inputs do not switch signs, we can write vl , the output of layer l, as

wl

ŵl = argmin kwl k2 s.t. yn un (wl ) ≥ 1.

and has loss ` (yn un ), where ` obeys assumptions 2 and 3.
If we optimize a single weight layer wl = vec Wl> using gradient descent, so that L (wl ) =
PN
n=1 ` (yn un (wl )) converges to zero, and ∃t0 such that ∀t > t0 the ReLU inputs do not switch
signs, then wl (t)/ kwl (t)k converges to

Corollary 8 We examine a multilayer neural network with component-wise ReLU functions f (z) =
max [z, 0], and weights {Wl }L
l=1 . Given input xn and target yn ∈ {−1, 1}, the DNN produces a
scalar output
un = WL f (WL−1 f (· · · W2 f (W1 xn )))

As an initial advance toward tackling deep network, we can point out that for several special
cases, our results may be directly applied to multi-layered networks. First, somewhat trivially, our
results may be applied directly to the last weight layer of a neural network if the last hidden layer
becomes fixed and linearly separable after a certain number of iterations. This can become true,
either approximately, if the input to the last hidden layer is normalized (e.g., using batch norm), or
exactly, if the last hidden layer is quantized (Hubara et al., 2018).
Second, as we show next, our results may be applied exactly on deep networks if only a single
weight layer is being optimized, and, furthermore, after a sufficient number of iterations, the activation
units stop switching and the training error goes to zero.

Table 1: Sample values from various epochs in the experiment depicted in Fig. 2.

Epoch
L2 norm
Train loss
Train error
Validation loss
Validation error
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In this paper we examined the implicit bias of gradient descent. Different optimization algorithms
exhibit different biases, and understanding these biases and how they differ is crucial to understanding

4.3. Other optimization methods

Importantly, this case is non-convex, unless we are optimizing the last layer. Note we assumed
ReLU functions for simplicity, but this proof can be easily generalized for any other piecewise linear
constant activation functions (e.g., leaky ReLU, max-pooling).
Lastly, in a follow-up work (Gunasekar et al., 2018b), given a few additional assumptions,
extended our results to linear predictors which can be written as a homogeneous polynomial in the
parameters. These results seem to indicate that, in many cases, GD operating on exp-tailed loss
with positively homogeneous predictors aims to a specific direction. This is the direction of the
max margin predictor minimizing the L2 norm in the parameter space. It is not yet clear how to
generally translate such an implicit bias in the parameter space to the implicit bias in the predictor
space — except in special cases, such as deep linear neural nets, as we have shown in (Gunasekar
et al., 2018b). Moreover, in non-linear neural nets, there are many equivalent max-margin solutions
which minimize the L2 norm of the parameters. Therefore, it is natural to expect that GD would have
additional implicit biases, which select a specific subset of these solutions.

which is the same as the original linear problem. Since the loss converges to zero, the dataset
N
{x̃l,n , yn }n=1
must be linearly separable. Applying Theorem 3, and recalling that u(wl ) = x̃l> wl
from eq. 16, we prove this corollary.

L(wl ) =

Figure 3: Same as Fig. 1, except we multiplied all x2 values in the dastaset by 20, and also train
using ADAM. The final weight vector produced after 2 · 106 epochs of optimization using
ADAM (red dashed line) does not converge to L2 max margin solution (black line), in
contrast to GD (blue dashed line), or GDMO.

x2
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and constructing learning methods attuned to the inductive biases we expect. Can we characterize
the implicit bias and convergence rate in other optimization methods?
In Figure 1 we see that adding momentum does not qualitatively affect the bias induced by
gradient descent. In Figure 4 in Appendix F we also repeat the experiment using stochastic gradient
descent, and observe a similar asymptotic bias (this was later proved in Nacson et al. (2018)). This is
consistent with the fact that momentum, acceleration and stochasticity do not change the bias when
using gradient descent to optimize an under determined least squares problem. It would be beneficial,
though, to rigorously understand how much we can generalize our result to gradient descent variants,
and how the convergence rates might change in these cases.
On the other hand, as an example of how changing the optimization algorithm does change the
bias, consider adaptive methods, such as AdaGrad (Duchi et al., 2011) and ADAM (Kingma and Ba,
2015). In Figure 3 we show the predictors obtained by ADAM and by gradient descent on a simple
data set. Both methods converge to zero training error solutions. But although gradient descent
converges to the L2 max margin predictor, as predicted by our theory, ADAM does not. The implicit
bias of adaptive methods has in fact been a recent topic of interest, with Hoffer et al. (2017) and
Wilson et al. (2017) suggesting they lead to worse generalization, and Wilson et al. (2017) providing
examples of the differences in the bias for linear regression problems with the squared loss. Can
we characterize the bias of adaptive methods for logistic regression problems? Can we characterize
the bias of other optimization methods, providing a general understanding linking optimization
algorithms with their biases?
In a follow-up paper (Gunasekar et al., 2018) provided initial answers to these questions. Gunasekar et al. (2018) derived a precise characterization of the limit direction of steepest descent for
general norms when optimizing the exp-loss, and show that for adaptive methods such as Adagrad
the limit direction can depend on the initial point and step size and is thus not as predictable and
robust as with non-adaptive methods.
4.4. Other loss functions

In this work we focused on loss functions with exponential tail and observed a very slow, logarithmic
convergence of the normalized weight vector to the L2 max margin direction. A natural question
that follows is how does this behavior change with types of loss function tails. Specifically, does the
normalized weight vector always converge to the L2 max margin solution? How is the convergence
rate affected? Can we improve the convergence rate beyond the logarithmic rate found in this work?
In a follow-up work Nacson et al. (2018) provided partial answers to these questions. They
proved that the exponential tail has the optimal convergence rate, for tails for which `0 (u) is of
the form exp(−uν ) with ν > 0.25. They then conjectured, based on heuristic analysis, that the
exponential tail is optimal among all possible tails. Furthermore, they demonstrated that polynomial
or heavier tails do not converge to the max margin solution. Lastly, for the exponential loss they
proposed a√normalized gradient scheme which can significantly improve convergence rate, achieving
O(log(t)/ t).
4.5. Matrix Factorization

JMLR 19(70):1-57, 2018

With multi-layered neural networks in mind, Gunasekar et al. (2017) recently embarked on a study
of the implicit bias of under-determined matrix factorization problems, where the squared loss of
the linear observation of a matrix is minimized by gradient descent on its factorization. Since a
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Perhaps that gradient descent leads to a max L2 margin solution is not a big surprise to those for
whom the connection between L2 regularization and gradient descent is natural. Nevertheless, we
are not familiar with any prior study or mention of this fact, let alone a rigorous analysis and study of
how this bias is exact and independent of the initial point and the step-size. Furthermore, we also
analyze the rate at which this happens, leading to the novel observations discussed above. Even more

3. We should not rely on plateauing of the training loss or on the loss (logistic or exp or crossentropy) evaluated on a validation data, as measures to decide when to stop. Instead, we should
look at the 0–1 error on the validation dataset. We might improve the validation and test errors
even when when the decrease in the training loss is tiny and even when the validation loss
itself increases.

2. The convergence of the direction of gradient descent updates to the maximum L2 margin
solution, however is very slow compared to the convergence of training loss, which explains
why it is worthwhile continuing to optimize long after we have zero training error, and even
when the loss itself is already extremely small.

1. How gradient descent, without early stopping, induces implicit L2 regularization and converges
to the maximum L2 margin solution, when minimizing for binary classification with logistic
loss, exp-loss, or other exponential tailed monotone decreasing loss, as well as for multi-class
classification with cross-entropy loss. Notably, even though the logistic loss and the exploss behave very different on non-separable problems, they exhibit the same behaviour for
separable problems. This implies that the non-tail part does not affect the bias. The bias is also
independent of the step-size used (as long as it is small enough to ensure convergence) and is
also independent on the initialization (unlike for least square problems).

We characterized the implicit bias induced by gradient descent on homogeneous linear predictors
when minimizing smooth monotone loss functions with an exponential tail. This is the type of loss
commonly being minimized in deep learning. We can now rigorously understand:

5. Summary

importantly, we hope that our analysis can open the door to further analysis of different optimization
methods or in different models, including deep networks, where implicit regularization is not well
understood even for least square problems, or where we do not have such a natural guess as for
gradient descent on linear problems. Analyzing gradient descent on logistic/cross-entropy loss is not
only arguably more relevant than the least square loss, but might also be technically easier.

matrix factorization can be viewed as a two-layer network with linear activations, this is perhaps the
simplest deep model one can study in full, and can thus provide insight and direction to studying
more complex neural networks. Gunasekar et al. conjectured, and provided theoretical and empirical
evidence, that gradient descent on the factorization for an under-determined problem converges to
the minimum nuclear norm solution, but only if the initialization is infinitesimally close to zero and
the step-sizes are infinitesimally small. With finite step-sizes or finite initialization, Gunasekar et al.
could not characterize the bias.
The follow-up paper (Gunasekar et al., 2018) studied this same problem with exponential loss
instead of squared loss. Under additional assumptions on the asymptotic convergence of update
directions and gradient directions, they were able to relate the direction of gradient descent iterates
on the factorized parameterization asymptotically to the maximum margin solution with unit nuclear
norm. Unlike the case of squared loss, the result for exponential loss are independent of initialization
and with only mild conditions on the step size. Here again, we see the asymptotic nature of
exponential loss on separable data nullifying the initialization effects thereby making the analysis
simpler compared to squared loss.
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Appendix

G RADIENT DESCENT ON SEPARABLE DATA

Appendix A. Proof of Theorems 3 and 4 for almost every dataset
In the following sub-sections we first prove Theorem 9 below, which is a version of Theorem 3,
specialized for almost every dataset. We then prove Theorem 4 (which is already stated for almost
every dataset).

(17)

Theorem 9 For almost every dataset which is linearly separable (Assumption 1), any β-smooth
decreasing loss function (Assumption 2) with an exponential tail (Assumption 3), any stepsize
−2 (X ) and any starting point w(0), the gradient descent iterates (as in eq. 2) will
η < 2β −1 σmax
behave as:
w (t) = ŵ log t + ρ (t) ,
where ŵ is the L2 max margin vector
w∈Rd

ŵ = argmin kwk2 s.t. ∀n : w> xn ≥ 1,
the residual ρ(t) is bounded, and so
w (t)
ŵ
lim
=
.
kw (t)k
kŵk

t→∞

In the following proofs, for any solution w (t), we define
r (t) = w (t) − ŵ log t − w̃,
where ŵ and w̃ follow the conditions of Theorems 3 and 4, i.e. ŵ is the L2 is the max margin vector
defined above, and w̃ is a vector which satisfies eq. 7:


∀n ∈ S : η exp −xn> w̃ = αn ,
(18)

> 1,

(19)

where we recall that we denoted XS ∈ Rd×|S| as the matrix whose columns are the support vectors,
a subset S ⊂ {1, . . . , N } of the columns of X = [x1 , . . . , xN ] ∈ Rd×N .
In Lemma 12 (Appendix B) we prove that for almost every dataset α is uniquely defined, there
are no more then d support vectors and αn 6= 0, ∀n ∈ S. Therefore, eq. 18 is well-defined in those
cases. If the support vectors do not span the data, then the solution w̃ to eq. 18 might not be unique.
In this case, we can use any such solution in the proof.
We furthermore denote the minimum margin to a non-support vector as:
θ=

min xn> ŵ
n∈S
/

and by Ci ,i ,ti (i ∈ N) various positive constants which are independent of t. Lastly, we define
P1 ∈ Rd×d as the orthogonal projection matrix5 to the subspace spanned by the support vectors (the
columns of XS ), and P̄1 = I − P1 as the complementary projection (to the left nullspace of XS ).

JMLR 19(70):1-57, 2018

+
5. This matrix can be written as P1 = XS XS
, where M† is the Moore-Penrose pseudoinverse of M.
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A.1. Simple proof of Theorem 9

In this section we first examine the special case that ` (u) = e−u and take the continuous time limit
of gradient descent: η → 0 , so
ẇ (t) = −∇L (w (t)) .

The proof in this case is rather short and self-contained (i.e., does not rely on any previous results),
and so it helps to clarify the main ideas of the general (more complicated) proof which we will give
in the next sections.
Recall we defined
r (t) = w (t) − log (t) ŵ − w̃ .
(20)

1
1
ṙ (t) = ẇ (t) − ŵ = −∇L (w (t)) − ŵ
t
t

N

X

n∈S

(22)

(21)

Our goal is to show that kr (t)k is bounded, and therefore ρ (t) = r (t) + w̃ is bounded. Eq. 20
implies that

and therefore
1d
kr (t)k2 = ṙ> (t) r (t)
2 dt






exp − log (t) ŵ> xn − w̃> xn − xn> r (t) xn> r (t) ,



X
1
=
exp −xn> w (t) xn> r (t) − ŵ> r (t)
t
n=1
"
#


1
exp − log (t) ŵ> xn − w̃> xn − xn> r (t) xn> r (t) − ŵ> r (t)
t
=

X
n6∈S
/

+

n∈S





1X
1X
exp −w̃> x − x> r (t) x> r (t) −
exp −w̃> xn xn> r (t)
n
n
n
t
t
n∈S
n∈S





1X
exp −w̃> xn exp −xn> r (t) − 1 xn> r (t) ≤ 0,
t

(23)

where in the last equality we used eq. 20 and decomposed the sum over support vectors S and
>
non-support vectors. We examine
 Recall that ŵ xn = 1 for n ∈ S, and that
Pboth bracketed terms.
we defined (in eq. 18) w̃ so that n∈S exp −w̃> xn xn = ŵ. Thus, the first bracketed term in eq.
22 can be written as

=

n6∈S
/

>
since ∀z, z (e−z − 1) ≤ 0. Furthermore, since ∀z e−z z ≤ 1 and θ = argminn∈S
/ xn ŵ > 1 (eq.
19), the second bracketed term in eq. 22 can be upper bounded by






X
1 X
exp − log (t) ŵ> xn − w̃> xn exp −xn> r(t) xn> r(t) ≤ θ
exp −w̃> xn . (24)
t
n6∈S
/

t1
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dt
≤ C0 < ∞ ,
tθ

Substituting eq. 23 and 24 into eq. 22 and integrating, we obtain, that ∃C, C 0 such that
Z t

∀t1 , ∀t > t1 : kr (t)k2 − ||r(t1 )||2 ≤ C

16

(28)

(27)

(26)

k∇L (w (t))k2 < ∞ .

(32)

t=0

∞
X

kr (t + 1) − r (t)k2 = C0 < ∞ .

(34)

(33)

u=t1

t−1
X

C1 u− min(θ,1+1.5µ+ ,1+0.5µ− )

(35)

JMLR 19(70):1-57, 2018
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n=1

≤ η 2 k∇L (w (t))k2 + kŵk2 t−2

(3)

= k−η∇L (w (t)) − ŵ [log (t + 1) − log (t)]k2


= η 2 k∇L (w (t))k2 + kŵk2 log2 1 + t−1 + 2η ŵ> ∇L (w (t)) log 1 + t−1

(2)

= kw (t + 1) − ŵ log (t + 1) − w̃ − w (t) + ŵ log (t) + w̃k2

(1)

17

A.3. Proof of Theorem 4

which is a bounded, since θ > 1 (eq. 19) and µ− , µ+ > 0 (Definition 2). Therefore, kr (t)k is
bounded. 

≤ C0 + 2

u=t1

kr (t)k2 − kr (t1 )k2
t−1 h
i
X
=
kr (u + 1)k2 − kr (u)k2

Thus, by combining eqs. 35 and 33 into eq. 29, we find

(r (t + 1) − r (t))> r (t) ≤ C1 t− min(θ,1+1.5µ+ ,1+0.5µ− ) .

Next, we would like to bound the second term in eq. 29. From eq. 26 in Lemma 11, we can find
t1 , C1 such that ∀t > t1 :

∃t0 : ∀t > t0 : |kr (t + 1)k − kr (t)k| < 0 .

Note that this equation also implies that ∀0

kr (t + 1) − r (t)k2 = o (1) and

where in (1) we used eq. 20, in (2) we used eq. 2, and in (3) we used ∀x > 0 : x ≥ log (1 + x) > 0,
and also that
N


X
ŵ> ∇L (w (t)) =
`0 w (t)> xn ŵ> xn ≤ 0 ,
(31)

(30)

(29)

t=0

∞
X

Substituting eq. 32 into eq. 30, and recalling that a t−ν power series converges for any ν > 1, we
can find C0 such that

k∇L (w (t))k2 = o (1) and

since ŵ> xn ≥ 1 (from the definition of ŵ) and `0 (u) ≤ 0.
Also, from Lemma 10 we know that
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All that remains now is to show that kr (t)k → 0 if rank (XS ) = rank (X), and that w̃ is unique
given w (0). To do so, this proof will continue where the proof of Theorem 3 stopped, using notations
and equations from that proof.
Since r (t) has a bounded norm, its two orthogonal components r (t) = P1 r (t) + P̄1 r (t) also
have bounded norms (recall that P1 , P̄1 were defined in the beginning of appendix section A). From
eq. 2, ∇L (w) is spanned by the columns of X. If rank (XS ) = rank (X), then it is also spanned
by the columns of XS , and so P̄1 ∇L (w) = 0. Therefore, P̄1 r (t) is not updated during GD, and
remains constant. Since w̃ in eq. 20 is also bounded, we can absorb this constant P̄1 r (t) into w̃
without affecting eq. 7 (since ∀n ∈ S : x>
n P̄1 r (t) = 0). Thus, without loss of generality, we can
assume that r (t) = P1 r (t).
We define the set
T = {t > max [t2 , t0 ] : kr (t)k < 1 } .

kr (t + 1) − r (t)k2

First, we note that first term in this equation can be upper-bounded by

kr (t + 1)k2 = kr (t + 1) − r (t)k2 + 2 (r (t + 1) − r (t))> r (t) + kr (t)k2

Our goal is to show that kr (t)k is bounded, and therefore ρ (t) = r (t) + w̃ is bounded. To show
this, we will upper bound the following equation

(r (t + 1) − r (t))> r (t) ≤ −C2 t−1 < 0 .

then the following improved bound holds

kP1 r (t)k ≥ 1 ,

Additionally, ∀1 > 0 , ∃C2 , t2 , such that ∀t > t2 , if

∃C1 , t1 : ∀t > t1 : (r (t + 1) − r (t))> r (t) ≤ C1 t− min(θ,1+1.5µ+ ,1+0.5µ− ) .

Lemma 11 We have

Lemma 10 Let L (w) be a β-smooth non-negative objective. If η < 2β −1 , then, for any w(0), with
the GD sequence
w (t + 1) = w (t) − η∇L (w(t))
(25)
P
2
2
we have that ∞
k∇L
(w
(u))k
<
∞
and
therefore
lim
k∇L
(w
(t))k
=
0.
t→∞
u=0

Next, we give the proof for the general case (non-infinitesimal step size, and exponentially-tailed
functions). Though it is based on a similar analysis as in the special case we examined in the previous
section, it is somewhat more involved since we have to bound additional terms.
First, we state two auxiliary lemmata, that are proven below in appendix sections A.4 and A.5:

A.2. Complete proof of Theorem 9

since θ > 1 (eq. 19). Thus, we showed that r(t) is bounded, which completes the proof for the
special case. 
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By contradiction, we assume that the complementary set is not finite,
T̄ = {t > max [t2 , t0 ] : kr (t)k ≥ 1 } .

u=tmax

u=tmax

t−1 h
t−1
i
X
X
kr (u + 1)k2 − kr (u)k2 ≤ C0 − 2C2
u−1 → −∞ ,

Additionally, the set T is not finite: if it were finite, it would have had a finite maximal point
tmax ∈ T , and then, combining eqs. 28, 29, and 33, we would find that ∀t > tmax
kr (t)k2 − kr (tmax )k2 =

kr (u + 1) − r (t)k2 = C0 − h (t)

which is impossible since kr (t)k2 ≥ 0. Furthermore, eq. 33 implies that
t
X
u=0

t−1 h
X

u=t3
t−1 h
X

u=t3

kr (u + 1)k2 − kr (u)k2

i

u−1

i
kr (u + 1) − r (u)k2 + 2 (r (u + 1) − r (u))> r (u)
t−1
X
u=t3

(36)

where h (t) is a positive monotone function decreasing to zero. Let t3 , t be any two points such that
t3 < t, {t3 , t3 + 1, . . . t} ⊂ T̄ , and (t3 − 1) ∈ T . For all such t3 and t, we have
kr (t)k2 ≤ kr (t3 )k2 +
= kr (t3 )k2 +
≤ kr (t3 )k2 + h (t3 ) − h (t − 1) − 2C2
≤ kr (t3 )k2 + h (t3 ) .

Also, recall that t3 > t0 , so from eq. 34, we have that |kr (t3 )k − kr (t3 − 1)k| < 0 . Since
kr (t3 − 1)k < 1 (from T definition), we conclude that kr (t3 )k ≤ 1 + 0 . Moreover, since T̄ is an
infinite set, we can choose t3 as large as we want. This implies that ∀2 > 0 we can find t3 such that
2 > h (t3 ), since h (t) is a monotonically decreasing function. Therefore, from eq. 36, ∀1 , 0 , 2 ,
∃t3 ∈ T̄ such that
∀t > t3 : kr (t)k2 ≤ 1 + 0 + 2 .

< ∞ and therefore limt→∞ k∇L (w (t))k2 = 0.

This implies that kr (t)k → 0.
Lastly, we note that since P̄1 r (t) is not updated during GD, we have that P̄1 (w̃ − w (0)) = 0.
This sets w̃ uniquely, together with eq. 7. 
A.4. Proof of Lemma 10

2
u=0 k∇L (w (u))k

P∞
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Lemma 10 Let L (w) be a β-smooth non-negative objective. If η < 2β −1 , then, for any w(0), with
the GD sequence
w (t + 1) = w (t) − η∇L (w(t))
(25)
we have that
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β
kx − yk2 .
2

(37)

This proof is a slightly modified version of the proof of Theorem 2 in (Ganti, 2015). Recall a
well-known property of β-smooth functions:

f (x) − f (y) − ∇f (y)> (x − y) ≤
From the β-smoothness of L (w)

β
L (w (t + 1)) ≤ L (w (t)) + ∇L (w (t))> (w (t + 1) − w (t)) + kw (t + 1) − w (t)k2
2
βη 2
= L (w (t)) − η k∇L (w (t))k2 +
k∇L (w (t))k2
2


βη
= L (w (t)) − η 1 −
k∇L (w (t))k2
2
Thus, we have

u=0

X L (w (u)) − L (w (u + 1))
L (w (0)) − L (w (t + 1))




=
.
η 1 − βη
η 1 − βη
2
2

t

L (w (t)) − L (w (t + 1))


≥ k∇L (w (t))k2
η 1 − βη
2
k∇L (w (u))k2 ≤

which implies
t
X
u=0

The right hand side is upper bounded by a finite constant, since L (w (0)) < ∞ and 0 ≤ L (w (t + 1)).
This implies
∞
X
k∇L (w (u))k2 < ∞ ,
u=0

and therefore k∇L (w (t))k2 → 0. 

A.5. Proof of Lemma 11

Recall that we defined r (t) = w (t) − ŵ log t − w̃, with ŵ and w̃ follow the conditions of the
Theorems 3 and 4, i.e, ŵ is the L2 max margin vector and (eq. 4), and eq. 7 holds


∀n ∈ S : η exp −xn> w̃ = αn .
Lemma 11 We have

(26)

(27)

(28)
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∃C1 , t1 : ∀t > t1 : (r (t + 1) − r (t))> r (t) ≤ C1 t− min(θ,1+1.5µ+ ,1+0.5µ− ) .

kP1 r (t)k ≥ 1 ,

Additionally, ∀1 > 0 , ∃C2 , t2 , such that ∀t > t2 , if
then the following improved bound holds

(r (t + 1) − r (t))> r (t) ≤ −C2 t−1 < 0 .

20

>

n∈S





>

t−1 exp −w̃> xn + `0 w (t) xn



n∈S
/

i

x>
n r (t)

n∈S

(41)

(40)

21

`0 (w(t)> xn ) ≤ 2 exp(−w(t)> xn ).

(42)
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where in the last line we used that ∇L (w (t)) = o (1), from Lemma 10.
Next, we upper bound the second term in eq. 40. From eq. 38 ∃t0+ , such that ∀ > t0 > t0+ ,

0≤u≤t

≤ ŵ> (w (0) − w̃ − ŵ log (t)) − ηt min ŵ> ∇L (w (u)) = o (t)

u=0

where in (1) we used that P̄1 ŵ = P̄1 XS α = 0 from eq. 6, and in (2) we used that ŵ> r (t) = o (t),
since
!
t
X
ŵ> r (t) = ŵ> w (0) − η
∇L (w (u)) − ŵ log (t) − w̃

We examine the three terms in eq. 40. The first term can be upper bounded by


ŵ> r (t) t−1 − log 1 + t−1
h
i

≤ max ŵ> r (t) , 0 t−1 − log 1 + t−1
h
i
(1)
≤ max ŵ> P1 r (t) , 0 t−2
(
(2) kŵk t−2 , if kP r (t)k ≤ 
1
1
1

≤
o t−1
, if kP1 r (t)k > 1

n∈S

where in last line we used eqs. 6 and 7 to obtain


X
X
ŵ =
α n xn = η
exp −w̃> xn xn .

−η

Xh

>


X 


= ŵ r (t) t−1 − log 1 + t−1 − η
`0 w (t)> xn x>
n r (t)

n=1

= (−η∇L (w (t)) − ŵ [log (t + 1) − log (t)]) r (t)
N


X

>
−1
= −η
`0 w (t)> xn x>
n r (t) − ŵ r (t) log 1 + t

(r (t + 1) − r (t)) r (t)

>

Next, we examine the expression we wish to bound, recalling that r (t) = w (t) − ŵ log t − w̃:

From Lemma 1, ∀n : limt→∞ w (t)> xn = ∞. In addition, from assumption 3 the negative
loss derivative −`0 (u) has an exponential tail e−u (recall we assume a = c = 1 without loss of
generality). Combining both facts, we have positive constants µ− , µ+ , t− and t+ such that ∀n

 




∀t > t+ : −`0 w (t)> xn ≤ 1 + exp −µ+ w (t)> xn exp −w (t)> xn
(38)

 




∀t > t− : −`0 w (t)> xn ≥ 1 − exp −µ− w (t)> xn exp −w (t)> xn
(39)

G RADIENT DESCENT ON SEPARABLE DATA



`0 w (t)> xn x>
n r (t)



>
2t−xn ŵ exp −w̃> xn

n∈S:
/ x>
n r(t)≥0

X



>
>
2t−xn ŵ exp −w̃> xn − x>
n r (t) xn r (t)

n∈S:
/ x>
n r(t)≥0

X



2 exp −w (t)> xn x>
n r (t)

n∈S:
/ x>
n r(t)≥0

X

X



`0 w (t)> xn x>
n r (t)

n∈S:
/ x>
n r(t)≥0

n∈S
/

X

n

(43)

(46)

e−x

x2

22

so

(47)

t00+
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where in (1) we used the fact that
≤ 1 − x + for x ≥ 0 and in (2) we defined
that the previous expression is negative — since t−0.5µ+ decreases slower than t−µ+ .

≤ 0, ∀t > t00+

(2)

−0.5µ+ , then we can find t00 > t0 to upper bound eq. 45 ∀t > t00 :
2. If x>
n r(t) > C0 t
+
+
+
h

i

−1 −w̃> xn
−µ+ −µ+ w̃> xn
−0.5µ+
>
ηt e
1+t
e
exp −C0 t
− 1 xn r (t)
i
h

(1)

>
>
≤ ηt−1 e−w̃ xn 1 + t−µ+ e−µ+ w̃ xn 1 − C0 t−0.5µ+ + C02 t−µ+ − 1 x>
n r (t)


>

>
−µ+ min w̃ xn −µ+
n
t
− C0 t−0.5µ+ + C02 t−µ+ x>
≤ηt−1 e−w̃ xn 1 − C0 t−0.5µ+ + C02 t−µ+ e
n r (t)

n

−0.5µ+ , then we can upper bound eq. 45 with
1. If x>
n r(t) ≤ C0 t


η exp − (1 + µ+ ) min w̃> xn C0 t−1−1.5µ+ .

We further divide into cases:

We examine each term n in this sum, and divide into two cases, depending on the sign of x>
n r (t).
First, if x>
n r (t) ≥ 0, then term n in eq. 44 can be upper bounded ∀t > t+ , using eq. 38, by

 h




i
>
(45)
ηt−1 exp −w̃> xn
1 + t−µ+ exp −µ+ w̃> xn exp −x>
n r (t) − 1 xn r (t)

n∈S

where in (1) we used eq. 42, in (2) we used w (t) = ŵ log t + w̃ + r (t), in (3) we used
xe−x ≤ 1 and x>
n r (t) ≥ 0,and in (4) we used θ > 1, from eq. 19.
Lastly, we will bound the sum in the third term in eq. 40



i
Xh
−η
t−1 exp −w̃> xn + `0 w (t)> xn x>
(44)
n r (t) .

(4)



≤ ηN exp − min w̃> xn t−θ

≤η

(3)

≤η

(2)

≤η

(1)

≤−η

−η

Therefore, ∀t > t0+ :
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(48)

  0.5
−1/µ+
000 > t00 such that t000 > exp min w̃> x
2 − 1
3. If xn> r(t) ≥ 2 , then we define t+
,
n e
+
+
 −n
000 , we have 1 + t−µ+ exp −µ w̃> x
and therefore ∀t > t+
e 2 < e−0.52 .
+
n
n

000
This implies that ∀t > t+
we
can
upper
bound
eq.
45
by



−η exp − max w̃> xn 1 − e−0.52 2 t−1 .

(49)

Second, if xn> r(t) < 0, we again further divide into cases:


1. If xn> r(t) ≤ C0 t−0.5µ− , then, since −`0 w (t)> xn > 0, we can upper bound term n in eq.
44 with
n





ηt−1 exp −w̃> xn xn> r (t) ≤ η exp − min w̃> xn C0 t−1−0.5µ−

>x

n

h

0

(50)

2. If xn> r (t) > C0 t−0.5µ− , then, using eq. 39 we upper bound term n in eq. 44 with
h

i
>
η −t−1 e−w̃ xn − `0 w (t)> xn xn> r (t)




i
h
>
≤η −t−1 e−w̃ xn + 1 − exp −µ− w (t)> xn exp −w (t)> xn xn> r (t)


h

iµ− i
>
xn> r (t)
1 − exp −r (t)> xn 1 − t−1 e−w̃ xn exp −r (t)> xn
=ηt−1 e−w̃

0

Next, we will show that ∃t− > t− such that the last expression
is strictly
h
 negative ∀t
iµ>− t− .
>
Let M > 1 be some arbitrary constant. Then, since t−1 e−w̃ xn exp −r (t)> xn
=


>
exp −µ− w (t)> xn → 0 from Lemma 1, ∃tM > max(t− , M e−w̃ xn ) such that ∀t > tM ,


if exp −r (t)> xn ≥ M > 1 then


h

iµ− 
>
exp −r (t)> xn 1 − t−1 e−w̃ xn exp −r (t)> xn
≥ M0 > 1 .
(51)


Furthermore, if ∃t > tM such that exp r (t)> xn < M , then
iµ− 


h

>
exp −r (t)> xn 1 − t−1 e−w̃ xn exp −r (t)> xn


h
iµ− 
>
> exp −r (t)> xn 1 − t−1 e−w̃ xn M
.
(52)

which is lower bounded by
h
iµ− 

>
1 + C0 t−0.5µ− 1 − t−µ− e−w̃ xn M
h
iµ−
h
iµ−
>
>
≥1 + C0 t−0.5µ− − t−µ− e−w̃ xn M
− t−1.5µ− e−w̃ xn M
C0
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since xn> r (t) > C0 t−0.5µ− , xn> r (t) < 0 and ex ≥ 1 + x. In this case last line is strictly
larger than 1 for sufficiently large t. Therefore, after we substitute eqs. 51 and 52 into 50, we
0 >t
0
find that ∃t−
M > t− such that ∀t > t− , term k in eq. 44 is strictly negative
h

i
>
η −t−1 e−w̃ xk − `0 w (t)> xk xk> r (t) < 0
(53)
23

S OUDRY, H OFFER , NACSON , G UNASEKAR , AND S REBRO

3. If xk> r(t) ≥ 2 , which is a special case of the previous case ( xk> r (t) > C0 t−0.5µ− ) then
0 , either eq. 51 or 52 holds. Furthermore, in this case, ∃t00 > t0 and M 00 > 1 such that
∀t > t−
−
−
00 eq. 52 can be lower bounded by
∀t > t−

h
iµ− 
>
exp (2 ) 1 − t−1 e−w̃ xk M
> M 00 > 1 .

n∈S

1 X >
xn P1 r (t)
|S|

2

=

1
XS> P1 r (t)
|S|

≥

2 (2)

1 2
σ
(XS ) 12 (55)
|S| min

Substituting this, together with eq. 51, into eq. 50, we can find C00 > 0 such we can upper
bound term k in eq. 44 with
00
−C00 t−1 , ∀t > t−
.
(54)
 000 00 
To conclude, we choose t0 = max t+
, t− :
2 (1)

≥

1. If kP1 r (t)k ≥ 1 (as in Eq. 27), we have that

n∈S

max xn> r (t)

where in (1) we used P1> xn = xn ∀n ∈ S, in (2) we denoted by σmin (XS ), the minimal
non-zero singular value of XS and used eq. 27. Therefore, for some k, xk> r ≥ 2 ,
q
2 (X ) 2 . In this case, we denote C 00 as the minimum between C 0 (eq. 54) and
|S|−1 σmin
S 1
0
0


η exp − maxn w̃> xn 1 − e−0.52 2 (eq. 48). Then we find that eq. 44 can be upper
bounded by −C000 t−1 + o t−1 , ∀t > t0 , given eq. 27. Substituting this result, together with
eqs. 41 and 43 into eq. 40, we obtain ∀t > t0

(r (t + 1) − r (t))> r (t) ≤ −C000 t−1 + o t−1 .

This implies that ∃C2 < C000 and ∃t2 > t0 such that eq. 28 holds. This implies also that eq. 26
holds for kP1 r (t)k ≥ 1 .

2. Otherwise, if kP1 r (t)k < 1 , we find that ∀t > t0 , each term in eq. 44 can be upper bounded
by either zero (eqs. 47 and 53), or terms proportional to t−1−1.5µ+ (eq. 46) or t−1−0.5µ− ,
(eq. 49). Combining this together with eqs. 41, 43 into eq. 40 we obtain (for some positive
constants C3 , C4 , C5 , and C6 )

(r (t + 1) − r (t))> r (t) ≤ C3 t−1−1.5µ+ + C4 t−1−0.5µ− + C5 t−2 + C6 t−θ .

Therefore, ∃t1 > t0 and C1 such that eq. 26 holds. 

N
X

n=1

α n xn

∀n






αn ≥ 0 and ŵ> xn = 1 OR αn = 0 and ŵ> xn > 1

Lemma 12 For almost all datasets there is a unique α which satisfies the KKT conditions (eq. 6):

Appendix B. Generic solutions of the KKT conditions in eq. 6

ŵ =

JMLR 19(70):1-57, 2018

Furthermore, in this solution αn 6= 0 if ŵ> xn = 1, i.e., xn is a support vector (n ∈ S), and there
are at most d such support vectors.

24

(56)

X>
S XS

−1

1 = αS .

(57)

(58)

25
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+ the indices
In particular, ŵ1 is the max margin predictor for the original data set. We then denote Sm
of non-support vectors for 58, Sm the indices of support vector of 58 with non-zero coefficients for
the dual variables corresponding to the margin constraints (for some dual solution), and S̄m the set

w∈Rd

ŵm = argmin kwk2 s.t. w> P̄m−1 xn ≥ 1 ∀n ∈ S̄m−1 .

In the preceding Appendices, we established Theorem 4, which only applied when all support vectors
are associated with non-zero coefficients. This characterizes almost all data sets, i.e. all except for
measure zero. We now turn to presenting and proving a more complete characterization of the limit
behaviour of gradient descent, which covers all data sets, including those degenerate data sets not
covered by Theorem 4, thus establishing Theorem 3.
In order to do so, we first have to introduce additional notation and a recursive treatment of the
data set. We will define a sequence of data sets P̄m XS̄m obtained by considering only a subset S̄m
of the points, and projecting them using the projection matrix P̄m . We start, for m = 0, with the
full original data set, i.e. S̄0 = {1, . . . , N } and P̄0 = Id×d . We then define ŵm as the max margin
predictor for P̄m−1 XS̄m−1 , i.e.:

Appendix C. Completing the proof of Theorem 3 for zero measure cases

This implies that ∀n ∈ S, αn is equal to a rational function in the components of XS , i.e., αn =
pn (XS ) /qn (XS ), where pn and qn are polynomials in the components of XS . Therefore, if αn = 0,
then pn (XS ) = 0, so the components of XS must be at a root of the polynomial pn . The roots of the
polynomial pn have measure zero, unless ∀X
pn cannot be identically
 S : pn (XS ) = 0. However,

>
equal to zero, since, for example, if X>
S = I|S|×|S| , 0|S|×(d−|S|) , then XS XS = I|S|×|S| , and so
in this case ∀n ∈ S, αn = 1 6= 0, from eq. 57.
Therefore, for a given S, the event that "eq. 56 has a solution with a zero component" has a
zero measure. Moreover, the union of these events, for all possible S, also has zero measure, as a
finite union of zero measures sets (there are only finitely many possible sets S ⊂ {1, . . . , N } ). This
implies that, for almost all datasets X, αn = 0 only if n ∈
/ S. Furthermore, for almost all datasets
the solution α is unique: for each dataset, S is uniquely determined, and given S , the solution eq.
56 is uniquely given by eq. 57. 



where we denoted αS as α restricted to the support vector components. For almost every set X,
|S|×|S| is invertible. Therefore, α has the unique solution
since d ≥ |S|, X>
S
S XS ∈ R

>
1 = X>
S ŵ = XS XS αS ,

For almost every set X, no more than d points xn can be on the same hyperplane. Therefore,
since all support vectors must lie on the same hyperplane, there can be at most d support vectors, for
almost every X.
Given the set of support vectors, S, the KKT conditions of eq. 6 entail that αn = 0 if n ∈
/ S and

G RADIENT DESCENT ON SEPARABLE DATA

k=1

(59)

m=1

26

where w̃m and w̌k,m are defined next, and additionally, we denote
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C.1. Auxiliary notation
P
We say that a function f : N → R is absolutely summable if ∞
t=1 |f (t)| < ∞, and then we denote
f (t) ∈ L1 . Furthermore, we define
"
#
M
m−1
X
X
w̌k,m
◦m
r (t) = w (t) −
ŵm log (t) + w̃m +
Qm−1
◦r
r=k log (t)
m=1
k=1

z
}|
{
where log◦m (t) = log log · · · log (t), ŵm is the L2 max margin vector defined in eq. 58, and the
residual ρ (t) is bounded.

m times

Theorem 13 For all datasets which are linearly separable (Assumption 1) and given a β-smooth
loss function (Assumption 2) with an exponential tail (Assumption 3), gradient descent (as in eq. 2)
−2 (X ) and any starting point w(0), the iterates of gradient descent can
with step size η < 2β −1 σmax
be written as:
M
X
w (t) =
ŵm log◦m (t) + ρ (t) ,
(61)

where we denoted A† as the Moore-Penrose pseudo-inverse of A. We also denote Pm = Id − P̄m .
This recursive treatment continues as long as S̄m 6= ∅, defining a sequence ŵm of max margin
predictors, for smaller and lower dimensional data sets P̄m−1 XS̄m−1 . We stop when S̄m = ∅ and
denote the stopping stage M —that is, M is the minimal m such that S̄m = ∅. Our characterization
will be in terms of the sequence ŵ1 , . . . , ŵM . As established in Lemma 12 of Appendix B, for
almost all data sets we will not have support vectors with non-zero coefficients, and so we will have
M = 1, and so the characterization only depends on the max margin predictor ŵ1 of the original
data set. But, even for the measure zero of data sets in which M > 1, we provide the following more
complete characterization:

The problematic degenerate case, not covered by the analysis of Theorem 4, is when there are
support vectors with zero coefficients, i.e., when S̄m 6= ∅. In this case we recurse on these zerocoefficient support vectors (i.e., on S̄m ), but only consider their components orthogonal to the
non-zero-coefficient support vectors (i.e., not spanned by points in Sm ). That is, we project using:


P̄m = P̄m−1 Id − XSm X†Sm
(60)

=
S̄m = Sm
\ Sm .

of support vector with zero coefficients. That is:
n
o
+
>
Sm
= n ∈ S̄m−1 |ŵm
P̄m−1 xn > 1
n
o
=
>
+
Sm
= n ∈ S̄m−1 |ŵm
P̄m−1 xn = 1 = S̄m \ Sm
(
)
N
X
=
N
=
Sm = n ∈ Sm |∃α ∈ R≥0 : ŵm =
αk P̄m−1 xk , αn > 0, ∀i ∈
/ Sm : αi = 0
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w̃ =

X

M
X

m=1

m
X

w̃m .

exp −

w̃k> xn

!
P̄m−1 xn = ŵm ,

G RADIENT DESCENT ON SEPARABLE DATA

∀m ≥ 1 : ∀n ∈ Sm : η
k=1

Pm−1 w̃m = 0 and P̄m w̃m = 0.

n∈Sm

We define, ∀m ≥ 1, w̃m as the solution of

such that

n∈Sm

n∈Sk

Pk−1 w̌k,m = 0 and P̄k w̌k,m = 0 .

k=1

The existence and uniqueness of the solution, w̃m are proved in appendix section C.4.
Lastly, we define, ∀m > k ≥ 1, w̌k,m as the solution of


m−1




X X
X

exp −w̃> xn Pm−1 xn =
exp −w̃> xn xn xn>  w̌k,m
such that

X

k=1

n∈Sk

The existence and uniqueness of the solution w̌k,m are proved in appendix section C.5.
Together, eqs. 62-65 entail the existence of a unique decomposition, ∀m ≥ 1 :


m−1




X X

exp −w̃> xn xn − η
exp −w̃> xn xn xn>  w̌k,m
ŵm = η

n∈Sm

given the constraints in eqs. 63 and 65 hold.

C.2. Proof of Theorem 13

τ (t) =

M
X

ŵm log◦m (t) +

M m−1
X
X
w̌k,m
Qm−1
◦r
r=k log (t)
m=1 k=1

Cτ
kτ (t + 1) − τ (t)k ≤
t log (t)

m=2

In the following proofs, for any solution w(t), we define

noting that

and
r(t) = w(t) − ŵ1 log (t) − w̃ − τ (t)

(62)

(63)

(64)

(65)

(66)

(67)

where w̃ follow the conditions of Theorem 13. Our goal is to show that kr(t)k is bounded. To show
this, we will upper bound the following equation
(68)
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kr(t + 1)k2 = kr(t + 1) − r(t)k2 + 2 (r(t + 1) − r(t))> r(t) + kr(t)k2
27
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(69)

First, we note that ∃t0 such that ∀t > t0 the first term in this equation can be upper bounded by
||r(t + 1) − r(t)||2

= ||w(t + 1) − ŵ1 log (t + 1) − τ (t + 1) − w(t) + ŵ1 log (t) + τ (t) ||2

(1)

(2)

= || − η∇L(w(t)) − ŵ1 (log (t + 1) − log (t)) − (τ (t + 1) − τ (t))||2

= η 2 ||∇L(w(t))||2 + kŵ1 k2 log2 1 + t−1 + kτ (t + 1) − τ (t)k2


+ 2η∇L(w(t))> ŵ1 log 1 + t−1 + τ (t + 1) − τ (t)


+ 2ŵ1> (τ (t + 1) − τ (t)) log 1 + t−1

≤ η 2 ||∇L(w(t))||2 + kŵ1 k2 t−2 + Cτ2 t−2 log−2 (t) + 2Cτ kŵ1 k t−2 log−1 (t) , ∀t > t0

(3)

where in (1) we used eq. 67, in (2) we used eq. 2 and in (3) we used ∀x > 0 : x ≥ log (1 + x) > 0,
and also using `0 (w(t)> xn ) < 0 for large enough t, we have that



N
X


 kxn k Cτ0
>
ŵ1 log 1 + t−1 + τ (t + 1) − τ (t) ∇L (w (t)) ≤
`0 (w(t)> xn ) ŵ1> xn log 1 + t−1 −
t log (t)
n=1

u=0

∞
X

k∇L(w(u))k2 < ∞

(71)

(70)

which is negative for sufficiently large t0 (since log 1 + t−1 decreases as t−1 , which is slower then
1/ (t log (t))), ∀n : ŵ1> xn ≥ 1 and `0 (u) ≤ 0.
Also, from Lemma 10 we know that:

k∇L (w (t)) k2 = o(1) and

(73)

Substituting eq. 71 into eq. 69, and recalling that t−ν1 log−ν2 (t) converges for any ν1 > 1 and any
ν2 , and so
κ0 (t) , ||r(t + 1) − r(t)||2 ∈ L1 .
(72)

Also, in the next subsection we will prove that

Lemma 14 Let κ1 (t) and κ2 (t) be functions in L1 , then

(r (t + 1) − r (t))> r (t) ≤ κ1 (t) kr (t)k + κ2 (t)

Thus, by combining eqs. 73 and 72 into eq. 68, we find

kr(t + 1)k2 ≤ κ0 (t) + 2κ1 (t) kr (t)k + 2κ2 (t) + kr(t)k2

On this result we apply the following lemma (with φ (t) = kr(t)k, h (t) = 2κ1 (t), and z (t) =
κ0 (t) + 2κ2 (t)), which we prove in appendix C.6:
C1

u=1

t
X

z (u)

φ2 (t + 1) ≤ z (t) + h (t) φ (t) + φ2 (t)

P∞
t=1 h (t)
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(75)

(74)

Lemma 15 Let φ (t) , h (t) , z (t) be three functions from N to R≥0 , and C1 , C2 , C3 be three positive
constants. Then, if
≤
< ∞, and
we have

φ2 (t + 1) ≤ C2 + C3

28

kr(t + 1)k2 ≤ C2 + C3

u=1

t
X

(κ0 (u) + 2κ2 (u)) ≤ C4 < ∞ ,

t

r=1

log◦r (t)

dt = t−ν1
r=1

mY
0 −2

Z

(log◦r (t))−νr+1 dt

∞

f (t)dt =

∞

y1

Z

y −νm0

m=m0 +1

M
+1
Y

−ν
log◦m−m0 (y) m d(y) ≤
y1

∞

(log(y))ν̃
dy.
y 1+
(76)

Z

29

(log(t))ν̃
(log(t))ν̃
ν̄
dt = −
+
1+
t
t


Z
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(log(t))ν̃−1
dt
t1+


−νm
For m0 = 1, we have ν1 = 1 +  for some  > 0, and for m > 1, log◦(m−1) (t)
≤
R∞
R ∞ (log(t))ν̃
PM +1
|νm |
(log(t))
. Thus, denoting, ν̃ = m=2 |νm |, we have t1 f (t)dt ≤ t1 t1+ dt.
ν̃
R∞
Thus, for any m0 , we only need to show that for all t1 > 0,  > 0 and ν̃ > 0, t1 (log(t))
dt < ∞.
t1+
R ∞ (log(t))ν̃
ν̃
1
Let us now look at t1 t1+ dt. using u = (log(t)) and dv = t1+ , we have du =
R
R
ν̃t−1 (log(t))ν̃−1 and v = − t1 . Using integration by parts, udv = uv − vdu, we have

t1

Z


−νm 
−νm
and for all m > m0 , log◦(m−1) (t)
= log◦(m−m0 ) (y)
≤ (log(y))|νm | . Thus, denoting
PM +1
◦(m0 −1)
ν̃ = m=m0 +1 |νm | and log
(t1 ) = y1 , we have

dy =

mY
0 −2

!−1

Proof To prove Lemma 16, we will show that the improper integeral t1 f (t)dt for any t1 > 0 is
R∞
bounded, i.e., ∀t1 > 0, t1 f (t)dt < C. Using
P the integeral test for convergence (or Maclaurin–
Cauchy test) this in turn implies that ∀t1 > 0, ∞
t1 f (t) < C, and thus f (t) ∈ L1 .
First, if m0 > 1, then ν1 = ν2 . . . = νm0 −1 = 1 and νm0 = 1 +  for some  > 0. Using change
of variables y = log◦(m0 −1) (t), we have

R∞

Lemma 16 Consider the function f (t) = t−ν1 (log(t))−ν2 (log log(t))−ν3 . . . (log◦M (t))−νM +1 . If
∃m0 ≤ M + 1 such that νm0 > 1 and for all m0 < m0 ,νm0 = 1, then f (t) ∈ L1 .

Before we prove Lemma 14, we prove the following auxilary Lemma:

C.3. Proof of Lemma 14

since we assumed that ∀i = 0, 1, 2 : κi (t) ∈ L1 . This completes our proof. 

and obtain that

G RADIENT DESCENT ON SEPARABLE DATA

k=0

k=0
K−1
X

+ cK

+ cK

∞

∞

t=t1

Z

t=t1

Z

t=t1

1 (3)
t1+

(log(t))ν̃−K
dt
t1+

cK
ck (log(t1 ))ν̃−k
y+  <∞
t1
t1

ck (log(t1 ))
t1

ν̃−k

ck (log(t1 ))
t1

ν̃−k

(77)

m=1

M
X

k=1

m−1
X

w̌k,m
Qm−1
◦r
r=k log (t)

[ŵm log◦m (t) + hm (t)] .
hm (t) = w̃m +

q (t) =

r(t) = w(t) − q (t)

q̇ (t) =

m=1

M
X

30

k=1

m
X

kw̌k,m k ≤ Ch

1
ŵm Qm−1
+ ḣm (t) .
t r=1 log◦r (t)
khm (t)k ≤ kw̃m k +

Additionally, we define Ch , Ch0 so that

where

kq (t + 1) − q (t) − q̇ (t)k ≤ Cq t−2 ∈ L1

(83)

(82)

(81)

(80)

(79)

(78)

(73)
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with ŵm , w̃m and w̌k,m defined in eqs. 58, 62 and 64, respectively. We note that

where

Proof Recall that we defined

(r (t + 1) − r (t))> r (t) ≤ κ1 (t) kr (t)k + κ2 (t)

Lemma 14 Let κ1 (t) and κ2 (t) be functions in L1 , then

P
ck (log(t))ν̃−k t→∞
where (1) follows as K−1
→ 0, (2) follows as K is chosen such that ν̃ − K < 0
k=0
t
and hence for all t > 0, (log(t))ν̃−K < 1. This completes the proof of the lemma.

=

≤

k=0
X
(2) K−1

=

(1)

K−1
X

k=0

Recursing the above equation K times such that ν̃ − K < 0, we have positive constants
c0 , c1 , . . . cK > 0 independent of t, such that
" K−1
#∞
Z ∞
Z ∞
X ck (log(t))ν̃−k
(log(t))ν̃
(log(t))ν̃−K
dt = −
+ cK
dt
1+

t
t
t1+
t1
t=t1
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and
C0
h

2 ∈ L1 .
log◦(m−1) (t)

log◦r (t)

G RADIENT DESCENT ON SEPARABLE DATA

r=1

ḣm (t) ≤ Q
m−2
t

(r(t + 1) − r(t))> r(t)

We wish to calculate

(1)

= [w(t + 1) − w (t) − [q (t + 1) − q (t)]]> r (t)

= [−η∇L (w (t)) − q̇ (t)]> r (t) − [q (t + 1) − q (t) − q̇ (t)]> r (t)

(2)

m=1

#>

r (t) ,

(84)

(85)

M
X
M C0
h
ḣm (t) kr (t)k ≤ Q

2 kr (t)k
m−2
◦r
t
log◦(m−1) (t)
r=1 log (t)

(86)

where in (1) we used eq. 78 and in (2) we used the definition of GD in eq. 2. We can bound the
second term using Cauchy-Shwartz inequality and eq. 81:

(t)

[q (t + 1) − q (t) − q̇ (t)]> r (t) ≤ kq (t + 1) − q (t) − q̇ (t)k kr (t)k ≤ Cq t−2 kr (t)k .
Next, we examine the second term in eq. 85

1

ŵm Qm−1
◦r
r=1 log
t

`0 (w(t)> xn ) xn> r (t)

[−η∇L (w (t)) − q̇ (t)]> r (t)
"
#>
N
X
`0 (w(t)> xn ) xn − q̇ (t) r (t)
n=1

M X
X
M
X

m=1

+
m=1 n∈Sm

−`0 (w(t)> xn ) xn −

ḣm (t)> r (t) − η

M X
X

m=1

M
X

= −η
(1)

=−
"

+ η
m=1 n∈Sm

ḣm (t)> r (t) ≤

+ are mutually exclusive and ∪M S ∪ S + = [N ].
where in (1) recall from eq. 59 that Sm , Sm
m
m=1 m
Next we upper bound the three terms in eq. 86.
To bound the first term in eq. 86 we use Cauchy-Shartz, and eq. 84.
M
X

m=1
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In bounding the second term in eq. 86, note that for tight exponential tail loss, since w (t)> xn →
∞, for large enough t0 , we have −`0 (w (t)> xn ) ≤ (1 + exp(−µ+ w (t)> xn )) exp(−w (t)> xn ) ≤
2 exp(−w (t)> xn ) for all t > t0 . The first term in eq. 86 can be bounded by the following set of
31

M X
X

X

exp −

exp −

n

k=1

Qm−1

+
n∈Sm

t(

M h
X
l=1

M h
X

l=1

X

n

+
m=1 n∈Sm
: x> r(t)≥0

−`0 (w (t)> xn ) xn> r (t)

!
i

!

if M > 1

if M = 1

∈ L1 .

!
i
ŵl> xn log◦l (t) + xn> hl (t) − xn> r (t) xn> r (t)

ŵl> xn log◦l (t) + xn> hl (t)

θm

2η |S1+ | exp(maxn kxn kCh )
tθ1

log◦k (t))(log◦m−1 (t))

M
X
exp (M kxn k Ch ) exp −
ŵl> xn log◦l (t)
l=1


2η S + exp M max
kx kC
|
|
n
+
m
h
n∈Sm


QM −1
ŵ> x
◦m
(t)) k n
k=m (log

+
m=1 n∈Sm
: x> r(t)≥0

m=1

PM
m=1

M
X
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M
X

X

+
m=1 n∈Sm

M
X

+
Sm
max

+
> r(t)≥0
m=1 n∈Sm
: xn

M
X

−`0 (w (t)> xn ) xn> r (t) ≤ η

inequalities, for t > t0 ,
η
(1)

≤ 2η
≤ 2η

(2)

(3)





≤ 2η

≤

(4) 





(

(1 + exp(−µ+ w(t)> xn ) if r (t)> xn ≥ 0
.
(1 − exp(−µ− w(t)> xn ) if r (t)> xn < 0

(87)

(88)

where in (1) we used eqs. 78 and 79, in (2) we used that ∀x : xe−x ≤ 1 and xn> r (t) ≥ 0, (3) we
>
used eq. 83 and in (4) we denoted θm = minn∈Sm
+ ŵm xn > 1 and the last line is integrable based
on Lemma 16.
Next, we bound the last term in eq. 86. For exponential tailed losses (Assumption 3), since
w(t)> xn → ∞, we have positive constants µ− , µ+ > 0, t− and t+ such that ∀n

 




∀t > t+ : −`0 w (t)> xn ≤ 1 + exp −µ+ w (t)> xn exp −w (t)> xn

 




∀t > t− : −`0 w (t)> xn ≥ 1 − exp −µ− w (t)> xn exp −w (t)> xn
We define γn (t) as

γn (t) =
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This implies t > max (t+ , t− ), −`0 (w(t)> xn ) xn> r (t) ≤ γn (t) exp −w> (t) xn xn .

32

m=1 n∈Sm

M X
X

m=1 n∈Sm

X

γn (t) exp −

l=1

M
X

"

(t) +

X

m=1 n∈Sm

ŵl> xn log◦l

−`0 (w(t)> xn ) x>
n r (t) ≤ η

M
X



x>
n w̃l
+
k=1

l−1
X

Ql−1

r=k

log◦r (t)

x>
n w̌k,l

#

−

x>
n r (t)

γn (t) exp −w (t)> xn x>
n r (t)


!

x>
n r (t)

−`0 (w(t)> xn ) x>
n r (t) −

m=1 t

!
≤ ψm (t) ≤ 1 .

(91)

where (1) follows from the bound in eq. 89.

η

33
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>
ŵm
r (t)
Qm−1
log◦r (t)
r=1
m=1 n∈Sm
"
!


M
M
−1
>
>
X ηγn (t) exp −x>
X
(1) X
x>
n w̃ exp −xn r (t) xn r (t)
n w̌m,l+1
≤
ψ
(t)
exp
−
Qm−1
Q
m
l
◦r
t r=1 log◦r (t)
m=1 n∈Sm
r=m log (t)
l=m
!#
M
−1
X x> w̌m,l+1
n
− 1−
Ql
◦r
r=m log (t)
l=m
!
"

 >
M
−1
M
>
X
X
X ηγn (t) exp −x>
x>
n w̃ exp −xn r (t) xn r (t)
n w̌m,l+1
+
ψ
(t)
1
−
Qm−1
Q
m
l
◦r
t r=1 log◦r (t)
m=1 n∈Sm
r=m log (t)
l=m
#
>
r(t) ŵm
− Qm−1
,
(92)
t r=1 log◦r (t)

M
X
X

M
X

log◦(m−1) (t)

−M maxn kxn k Ch

Thus, the third term in 86 is given by

exp

Note ∃tψ such that ∀t > tψ , we can bound ψm (t) by

where in (1) we used eqs. 78 and 79, and in (2) we used Pk−1 w̌k,m = 0 from eq. 65 (so x>
n w̌k,l = 0
if m < k) and in (3) defined
!
m−1
M
X X
x>
n w̌k,l
ψm (t) = exp −
.
(90)
Ql−1
◦r
r=k log (t)
k=1 l=k+1

=

(2)

!

 >
M X
m X
M
>
X
X
ηγn (t) exp −x>
x>
n w̃ exp −xn r (t) xn r (t)
n w̌k,l
exp
−
Qm−1
Q
l−1
◦r
t r=1 log◦r (t)
r=k log (t)
m=1 n∈Sm
k=1 l=k+1
!


M
M
>
>
>
X
x>
(3) X X ηγn (t) exp −xn w̃ exp −xn r (t) xn r (t)
n w̌m,l
exp
−
=
ψm (t)
Qm−1
Q
l−1
◦r
t r=1 log◦r (t)
r=m log (t)
m=1 n∈Sm
l=m+1
"
!

 >
M
−1
M X
>
X
X
ηγn (t) exp −x>
x>
n w̃ exp −xn r (t) xn r (t)
n w̌m,l+1
1
−
ψ
(t)
≤
Qm−1
Q
m
l
◦r
t r=1 log◦r (t)
r=m log (t)
m=1 n∈Sm
l=m
!
!#
M
−1
M
−1
X
X
x>
x>
n w̌m,l+1
n w̌m,l+1
+ exp −
− 1−
(89)
Ql
Ql
◦r
◦r
log
(t)
r=m
r=m log (t)
l=m
l=m

=η

(1)

η

M
X

From this result, we have the following set of inequalities:
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n∈Sm :
x>
n r(t)≥0

X


ηγn (t) exp −x>
n w̃ (t)
Qm−1
◦r
t r=1 log ψm (t)
l=m

M
−1
X

r=m

Ql

log◦r (t)

x>
n w̌m,l+1

!2

∈ L1 ,

1−

l=m

M
−1
X

x>
n w̌m,l+1
> −1 ,
Ql
◦r
r=m log (t)

(93)

log◦r (t)

!#

34
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in (1) we used that since e−x ≥ 1 − x, and also from using e−x x ≤ 1 and in (2) we use that ∀x ≥ −1
we have that e−x ≤ 1 − x + x2 and ψm (t) ≤ 1 from eq. 91.

l=m

M
−1
X

r=m

x>
n w̌m,l+1
Ql

where we set t1 > 0 such that ∀t > t1 the term in the square bracket is positive and

≤

(2)

x>
n r(t)≥0


 >
>
X ηγn (t) exp −x>
n w̃ exp −xn r (t) xn r (t)
ψm (t)
Qm−1
◦r
t r=1 log (t)
n∈Sm
"
!
!#
M
−1
M
−1
X
X
x>
x>
n w̌m,l+1
n w̌m,l+1
· exp −
−
1
−
Ql
Q
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◦r
◦r
r=m log (t)
r=m log (t)
l=m
l=m
"
!

M
−1
>
X x> w̌m,l+1
X ηγn (t) exp −xn w̃ ψm (t)
(1)
n
exp
−
≤
−
Qm−1
Ql
◦r
t r=1 log◦r (t)
n∈Sm :
r=m log (t)
l=m

∀t > t1 > tψ , where we will determine t1 later. We have the following for all m ∈ [M ]


 >
M
>
X
X ηγn (t) exp −x>
n w̃ exp −xn r (t) xn r (t)
ψm (t)
Qm−1
◦r
t r=1 log (t)
m=1 n∈Sm
"
!
!#
M
−1
M
−1
X
X
x>
x>
n w̌m,l+1
n w̌m,l+1
· exp −
−
1
−
Ql
Q
l
◦r
◦r
r=m log (t)
r=m log (t)
l=m
l=m

We examine the first term in eq. 92
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We examine the second term in eq. 92 using the decomposition of ŵm from eq. 66

(94)

m=1 n∈Sm

M
X
X

m=1 n∈Sm

Γm,n (t),

t

!
"
#


M
M
−1
>
X
X ηγ (t) exp −x> w̃ exp −x> r (t) x> r (t)
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x
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n
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n
n
n
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◦r
t
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t r=1 log◦r (t)
r=1
m=1 n∈Sm
r=m log (t)
l=m

M
>
>


(1) X X η exp −xn w̃ xn r (t)
γ (t) exp −x> r (t) ψm (t) − 1
=
Q
n
n
m−1
t r=1 log◦r (t)
m=1 n∈Sm


M
−1
M
>
>
>
X
X
X
ηγ
xn> w̌m,l+1
n (t) exp −xn w̃ exp −xn r (t) xn r (t) ψm (t)
−
Qm−1
Ql
◦r
t r=1 log◦r (t)
m=1 n∈Sm
r=m log (t)
l=m

M m−1
X
X X η exp −xn> w̃ xn> r (t) xn> w̌k,m
+
Qm−1
◦r
r=1 t log (t)
m=1 k=1 n∈Sk
 >
M
>


(2) X X η exp −xn w̃ xn r (t)
=
γn (t) exp −xn> r (t) ψm (t) − 1
Q
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t r=1 log◦r (t)
m=1 n∈Sm


M
−1
X
X
X M
ηγn (t) exp −x> w̃ exp −xn> r (t) xn> r (t) ψm (t)xn> w̌m,l+1
n
−
Ql
t r=1 log◦r (t)
m=1 n∈Sm l=m

M X M
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X
X
η exp −xn> w̃ xn> r (t) xn> w̌k,m+1
Qm
+
◦r
r=1 t log (t)
k=1 n∈Sk m=k
"
#
M
−1
M
X



1
xn> w̌m,k+1
(3) X X
−
η exp −xn> w̃ γn (t)ψm (t) exp −xn> r (t) − 1 xn> r (t)
Qm−1
Qk
◦r
◦r
r=1 log (t)
r=1 log (t)
k=m t
=

:=

where in (1) we used eq. 66, in (2) we re-arranged the order of summation in the last term, and in
(3) we just use a change of variables.
Next, we examine Γm,n (t) for each m and n ∈ Sm in eq. 94. Note that, ∃t2 > tψ such that
∀t > we have
t2

#

(95)






exp −xn> w̃ γn (t)ψm (t) exp −xn> r (t) − 1 xn> r (t) ,

M
−1
X
x> w̌
0.5
m,k+1
n
.
≤ Qm−1
Qk
◦r
t r=1 log◦r (t)
r=1 log (t)

t

(t)

k=m

κ(n, t)

Qm−1
◦r
r=1 log

In this case, ∀t > t2
"
(1)

Γm,n (t) ≤ η

t

where in (1) follows from the definition of t2 , wherein



1.5 if γn (t)ψm (t) exp −xn> r (t) − 1 xn> r (t) > 0
.
κn (t) =
0.5 if γn (t)ψm (t) exp −xn> r (t) − 1 xn> r (t) < 0
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1. First, if xn> r (t) > 0, then γn (t) = (1 + exp(−µ+ w(t)> xn )) > 0.
We further divide into two cases. In the following C0 , C1 are some constants independent of t.
35

M h
i
X
ŵl> xn log◦l (t) + hl> xn

l=1

!!


0
1 − C0 t−0.5µ+ + 0.5C02 t−µ+ , ∀t > t+



exp −xn> r (t)
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1 + exp −µ+

(a) If xn> r (t) > C0 t−0.5µ+ , then we have the following


γn (t)ψm (t) exp −xn> r (t)
(1)

≤





(2)
exp(µ+ Ch kxn k) 
µ+ exp(−C0 t−0.5µ+ )
≤ 1 +  Q
◦r
t m−1
r=1 log (t)
≤ 1 + C1 t−µ+

(3)


 (4)
00
≤ 1 − C0 t−0.5µ+ 1 + C1 t−µ+ + 0.5C02 t−µ+ 1 + C1 t−µ+ ≤ 1, ∀t > t+
,

ηκ(n, t) exp −xn> w̃
Qm−1
log◦r (t)
t r=1

(96)

where in (1), we use ψm (t) ≤ 1 from eq. 91 and using eq. 78, in (2) we used bound on hm
exp(µ+ Ch kxn k)
0 > t , we have Q
from eq. 83, in (3) for some large enough t+
≤ C1 , and
µ
+
m−1
log◦r (t)) +
( r=1
for the second term we used the inequality e−x ≤ 1 − x + 0.5x2 for x > 0, and (4) holds
00 for large enough t00 > t0 as C t−0.5µ+ converges slower than
asymptotically for t > t+
0
+
+
0.5C02 t−µ+ to 0.
Thus, using eq. 96 in eq. 95, ∀t > max (t , t00 ), we have
2
+
"
#




γn (t)ψm (t) exp −xn> r (t) − 1 xn> r (t) ≤ 0
Γm,n (t)≤

ηκ(n, t) exp −xn> w̃
Qm−1
◦r
r=1 log (t)

t

#

C0 t−0.5µ+ ∈ L1 .

−0.5µ+ , then we have the following: ψ (t) ≤ 1 from eq. 91,
(b) If 0 < xn> r (t)
m
 < C0 t
000 ,
exp −x> r (t) ≤ 1 as x> r (t) > 0, and since w(t)> xn → ∞, for large enough t > t+
n
n

γn (t) = 1 + exp −µ+ w(t)> xn ≤ 2 

This gives us, γn (t)ψm (t) exp −xn> r (t) − 1 xn> r (t) ≤ xn> r (t) ≤ C0 t−0.5µ+ , and using
0 )
this in eq. 95, ∀t > max (t2 , t+
"

Γm,n (t)≤
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< 1 and

"
#



1.5η exp −xn> w̃ 
Γm,n (t) ≤
1 − γn (t)ψm (t) exp −xn> r (t)
xn> r (t)
Qm−1
t r=1
log◦r (t)
"
#


−1−0.5µ̃−
C0 log◦(m−1) (t)
∈ L1 .

2. Second, if xn> r (t) ≤ 0, then γn (t) = (1 − exp(−µ− w(t)> xn )) ∈ (0, 1). We again divide
into following special cases.

−0.5µ̃−
(a) If xn> r (t) ≤ C0 log◦(m−1) (t)
, where µ̃− = min (µ− , 1), then we have

≤

(1)
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where in (1) we used that 1 − γ (t)ψm (t) exp −xn> r (t)
n
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.

36

≤ log ψm (t) < x>
n r (t) .
(97)
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(iii)

37

exp(−Ch kxn k)τ
Q
◦r
t m−2
r=1 log (t)

≤
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where the last inequality follows as for large enough t00− > t0− , we have
C2 .

"

> 1 + x for all x,

 #µ− !
exp(−hl (t)> xn ) exp −x>
n r (t)
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and again using
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−1 

−1 
(ii) ψm (t) ≥ exp −C1 log◦(m−1) (t)
≥ 1 − C1 log◦(m−1) (t)
from eq. 91

for all x,

0
0
Since, x>
n w(t) → ∞ and ψm (t) → 1 from eq. 90, for large enough t− > t− , we have ∀t > t− ,
>
0
ψm (t) > 0.5 and γn (t) = (1 − exp(−µ− xn w(t)))
 > 0.5. Let τ > max (4, t− ) be an >arbitrar
ily large constant. For all t > τ , if exp −x>
n r (t) > τ ≥ 4, then γn (t)ψm (t) exp −xn r (t) >
0.25τ ≥ 1.

On the other hand, if there exists t > τ ≥ 4, such that exp −x>
n r (t) < τ , then for some
constants C1 , C2 we have the following 
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In this case, since γn (t) = 1−exp(−w(t)>xn ) <
1, we also have γn (t)ψm (t) exp −x>
n r (t) <

>
1, and hence γn (t)ψm (t) exp −x>
n r (t) − 1 xn r(t) > 0. Thus, ∀t > t2 , in 95, κn (t) =
1.5, and we have

log◦(m−1) (t)

−M maxn kxn k Ch


(b) If ψm (t) exp −x>
n r (t) < 1, then, from eq. 91

G RADIENT DESCENT ON SEPARABLE DATA

(98)

# 

(99)



1 − γn (t)ψm (t) exp −x>
x>
n r (t)
n r (t) ≤ 0

n∈Sm

k=1

m
X

w̃k> xn

!

P̄m−1 xn = ŵm ,

(101)

(100)

|S |



xn βn exp −x>
n w̃1 = ŵ1

38

In the following Lemma 17 we prove this equation ∀β ∈ R>01 .

n∈S1

X

JMLR 19(70):1-57, 2018

To prove this, without loss of generality,
 P and with a slightabuse of notation, we will denote Sm as
>
S1 , P̄m−1 xn as xn and βn = exp − m−1
k=1 w̃k P̄k−1 xn , so we can write the above equation as

k=1

Pm−1 w̃m = 0 and P̄m w̃m = 0,

exp −

we have a unique solution. From eq. 101, we can modify eq. 100 to
!
m
X
X
exp −
w̃k> P̄k−1 xn P̄m−1 xn = ŵm , .

such that

n∈Sm

X

We wish to prove that ∀m ≥ 1 :

C.4. Proof of the existence and uniqueness of the solution to eqs. 62-63

Collecting all the terms from the above special cases, and substituting back into eq. 85, we note
that all terms are either negative, in L1 , or of the form f (t) kr (t)k, where f (t) ∈ L1 , thus proving
the lemma.

ηκ(n, t) exp −x>
n w̃
Γm,n (t) ≤
Q
◦r
log
(t)
t m−1
r=1

"

Finally, using eq. 98 in eq. 95, we have for all t > max (t2 , τ, tψ , t000
−)

00
where in (1) we dropped the other positive terms, and (2) follows for large enough t000
− > t− as

−0.5µ̃−
◦(m−1)
the C0 log log
(t)
converges to 0 more slowly than the other negative terms.


−0.5µ̃−

−1

−µ−
≥ 1 + C0 log◦(m−1) (t)
− C1 log◦(m−1) (t)
− C2 log◦(m−1) (t)

−µ− 0.5µ̃−

−1−0.5µ̃− (2)
− C0 C2 log◦(m−1) (t)
− C0 C1 log◦(m−1) (t)
≥ 1, ∀t > t000
−,

(1)


γn (t)ψm (t) exp −x>
n r (t)


−0.5µ̃−  

−1  

−µ− 
≥ 1 + C0 log◦(m−1) (t)
1 − C1 log◦(m−1) (t)
1 − C2 log◦(m−1) (t)

Using the above inequalities, we have
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Lemma 17 ∀β ∈

|S |
R>01

G RADIENT DESCENT ON SEPARABLE DATA

we can find a unique w̃ such that


X
xn βn exp −xn> w̃1 = ŵ1
n∈S1

and for ∀z ∈ Rd such that z> XS1 = 0 we would have w̃1> z = 0.

(102)

∀z 6= 0, ∀n ∈ S1 : z> [u1 , . . . , uK ]> xn 6= 0 ,
(104)

(103)

ŵ1 / kŵ1 k,

∀i > K : ∀n ∈ S1 : ui> xn = 0 .

u1

Proof Let K = rank (XS1 ). Let and U = [u1 , . . . , ud ] ∈ Rd×d be a set of orthonormal vectors (i.e.,
UU> = U> U = I) such that
=
and

while



K
X

j=1

vi,n βn exp −

sj vj,n  = ui> ŵ1 .



sj vj,n  = ŵ1 .

K
X



sj vj,n  = kŵ1 k δi,1 .

j=1

K
X
j=1

vi,n βn exp −



xn βn exp −

(106)

(105)

In other words, u1 is in the direction of ŵ1 , [u1 , . . . , uK ] are in the space spanned by the columns
of XS1 , and [uK+1 , . . . , ud ] are orthogonal to the columns of XS1 .
We define vn = U> xn and s = U> w̃1 . Note that ∀i > K : vi,n = 0 ∀n ∈ S1 from eq. 104,
and ∀i > K : si = 0, since for ∀z ∈ Rd such that z> XS1 = 0 we would have w̃1> z = 0. Lastly,
equation 102 becomes


X

n∈S1

X

n∈S1

Multiplying by U> from the left, we obtain
∀i ≤ K :

X

n∈S1

Since u1 = ŵ1 / kŵ1 k, we have that
∀i ≤ K :

j=2

K
X

j=2

K
X



sj vj,n  ,

sj vj,n  = 0 .

(108)

(107)

K
We recall that v1,n = ŵ1> xn / kŵ1 k = 1/ kŵ1 k , ∀n ∈ S1 . Given {sj }j=2
, we examine eq. 106 for
i = 1,

n∈S1



βn exp −

j=2




 X

K
X
s1

exp −
βn exp −
sj vj,n  = kŵ1 k2 .
kŵ1 k

This equation always has the unique solution

X

s1 = kŵ1 k log kŵ1 k−2

n∈S1

βn vi,n exp −s1 / kŵ1 k −
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K
given {sj }j=2
. Next, we similarly examine eq. 106 for 2 ≤ i ≤ K as a function of si



X

n∈S1

39

βn vi,n exp −

K
X

j=2



K
X

j=2

sj vj,n  .



∂
[E (s2 , . . . , sK )] ,
∂si

βn exp −

sj vj,n  = −

X

n∈S1
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X

n∈S1

multiplying by exp (s1 / kŵ1 k) we obtain

0=

where we defined

E (s2 , . . . , sK ) =

|S |

j=2

(110)

(109)

Therefore, any critical point of E (s2 , . . . , sK ) would be a solution of eq. 108 for 2 ≤ i ≤ K, and
substituting this solution into eq. 107 we obtain s1 . Since βn > 0, E (s2 , . . . , sK ) is a convex
function, as positive linear combination of convex function (exponential). Therefore, any finite
critical point is a global minimum. All that remains is to show that a finite minimum exists and that
it is unique.
P
|S |
From the definition of S1 , ∃α ∈ R>01 such that ŵ1 = n∈S1 αn xn . Multiplying this equation
by U> we obtain that ∃α ∈ R>01

n∈S1

such that 2 ≤ i ≤ K
X
vi,n αn = 0 .

n∈S1

Therefore, ∀ (s2, . . . , sK ) 6= 0 we have that


K
X X

sj vj,n  αn = 0 .

K

K

K
X

i=2

K
X
i=2

qi vi,n

qi vi,n

!2

K
X

j=2

K
X

qk vk,n



k=2

exp −



exp −



j=2

K
X

sj vj,n  .

XX
∂ ∂
qi qk
E (s2 , . . . , sK ) .
∂si ∂sk
!
!
βn

i=2 k=2

X

n∈S1

X

βn



sj vj,n 

j=2 qj vj,n

PK
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6= 0, from eq.

PK
Recall, from eq. 103 that ∀ (s . . . , s ) 6= 0, ∃n ∈ S :
2,
1
K
j=2 sj vj,n 6= 0, and that αn > 0.
PK
Therefore, eq. 110 implies that ∃n ∈ S1 such that j=2
sj vj,n > 0 and also ∃m ∈ S1 such that
PK
j=2 sj vj,m < 0.
Thus, in any direction we take a limit in which |si | → ∞ ∀2 ≤ i ≤ K, we obtain that
E (s2 , . . . , sK ) → ∞, since at least one exponent in the sum diverge. Since E (s2 , . . . , sK ), is a
continuous function, it implies it has a finite global minimum. This proves the existence of a finite
solution. To prove uniqueness we will show the function is strictly convex, since the hessian is
(strictly) positive definite, i.e., that the following expression is strictly positive:

=

=

n∈S1

the last expression is indeed strictly positive since ∀q 6= 0, ∃n ∈ S1 :
103. Thus, there exists a unique solution w̃1 .

40





X

n∈Sk









exp −w̃> xn xn x>
n w̌k,m



(112)

(111)

k=1

m
X

Qk + P̄m

(113)

h
i


>
rank X>
Sk Qk Wk,m = rank XSk Qk = dk .

(115)

(114)

n∈Sm

X

>
Wk,m

from the right, we obtain






exp −w̃> xn Qk xn x>
n w̌k,m .




41

n∈Sk
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(116)





X
>
>

Qk Pm−1 xn = 
exp −w̃> xn Wk,m
Q k x n x>
exp −w̃> xn Wk,m
n Qk Wk,m uk,m .



X

n∈Sk



exp −w̃> xn Qk Pm−1 xn = 



Substituting eq. 114, and multiplying by

n∈Sm

X



Recall that ∀m : P̄m Pm = 0 and ∀k ≥ 1, ∀n ∈ Sm P̄m+k xn = 0. Therefore, ∀v ∈ Rd ,
Pk−1 Qk v = 0, P̄k Qk v = 0. Thus, w̌k,m eq. 114 implies the constraints in eq. 112 hold.
Next, we prove the existence and uniqueness of the solution w̌k,m for each k = 1, . . . , m
separately. We multiply eq. 111 from the left by the identity matrix, decomposed to orthogonal
projection matrices as in eq. 113. Since each matrix projects to an orthogonal subspace, we can solve
each product separately.
The product with P̄m is equal to zero for both sides of the equation. The product with Qk is
equal to

and, furthermore,

w̌k,m = Qk w̌k,m = Qk Wk,m uk,m .

We will write w̌k,m = Wk,m uk,m , where uk,m ∈ Rdk and Wk,m ∈ Rd×dk is a full rank matrix
such that Qk Wk,m = Wk,m , so

∀m : I = Pm + P̄m =

Proof For this proof we denote XSk as the matrix which columns are {xn |n ∈ Sk }, the orthogonal
projection matrix Qk = Pk P̄k−1 where Qk Qm = 0 ∀k 6= m, Qk P̄m = 0 ∀k < m, and

have a unique solution w̌k,m .

k=1

m−1
X

Pk−1 w̌k,m = 0 and P̄k w̌k,m = 0

exp −w̃> xn Pm−1 xn =

under the constraints

n∈Sm

X

Lemma 18 For ∀m > k ≥ 1, the equations

C.5. Proof of the existence and uniqueness of the solution to eqs. 64-65

G RADIENT DESCENT ON SEPARABLE DATA

(2)

(117)

φ2 (t + 1) ≤ C2 + C3

u=1

t
X

z (u)

42

+ (1 + h (t)) (1 + h (t − 1)) (1 + h (t − 2)) φ2 (t − 2)

(75)

(74)
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≤ ψ (t) + (1 + h (t)) ψ (t − 1) + (1 + h (t)) (1 + h (t − 1)) ψ (t − 2)

≤ ψ (t) + (1 + h (t)) ψ (t − 1) + (1 + h (t)) (1 + h (t − 1)) φ2 (t − 1)

≤ ψ (t) + (1 + h (t)) φ2 (t)

≤ z (t) + h (t) + h (t) φ2 (t) + φ2 (t)

≤ z (t) + h (t) φ (t) + φ2 (t)


≤ z (t) + h (t) max 1, φ2 (t) + φ2 (t)

φ2 (t + 1)

Proof We define ψ (t) = z (t) + h (t), and start from eq. 74

we have

φ2 (t + 1) ≤ z (t) + h (t) φ (t) + φ2 (t)

Lemma 15 Let φ (t)
P, h (t) , z (t) be three functions from N to R≥0 , and C1 , C2 , C3 be three positive
constants. Then, if ∞
t=1 h (t) ≤ C1 < ∞, and

C.6. Proof of Lemma 15

where in (1) we used that Ek is diagonal and non-zero, and in (2) we used eq. 115. This implies
that the dk × dk matrix in eq. 117 is full rank, and so eq. 116 has a unique solution uk,m . Therefore,
there exists a unique solution w̌k,m .

(1)

rank [EXSk Qk Wk,m ] = rank [XSk Qk Wk,m ] = dk


Since rank AA> = rank (A) for any matrix A, the rank of this matrix is equal to

>
Wk,m
Qk XSk Ek Ek X>
Sk Qk Wk,m .


Denoting Ek ∈ R|Sk |×|Sk | as diagonal matrix for which Enn,k = exp − 12 w̃> xn , the matrix in the
square bracket in the left hand side can be written as
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m=1
k=0

#

" k−1
Y
k−1
X

m=1

#

h (t − m)

!#
ψ (t − k)

(1 + h (t − m)) ψ (t − k)

exp

m=0

#

k=0

t−1
X

t−t
X1

#

z (u)

"

G RADIENT DESCENT ON SEPARABLE DATA

!#

#

+

(1 + h (t − m)) φ (t1 ) +

t−1
X

t
X
u=1

(z (u) + h (u))

ψ (u)

ψ (t − k)

h (t − m)
t−1
X
k=0

t
X

u=1

t
X
u=1

φ (t1 )

we keep iterating eq. 74, until we obtain
" t−1
#
Y
≤

"

≤ exp
m=1

"

≤ exp (C) φ (1) +
"

≤ exp (C) φ (1) +
"

≤ exp (C) φ (1) +
"

≤ exp (C) φ (1) + C +
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Therefore, the Lemma holds with C2 = (φ (1) + C) exp (C) and C3 = exp (C).

43
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Appendix D. Calculation of convergence rates

In this section we calculate the various rates mentioned in section 3.
D.1. Proof of Theorem 5

From Theorems 4 and 13, we can write w (t) = ŵ log t + ρ (t), where ρ (t) has a bounded norm for
almost all datasets, while in zero measure case ρ (t) contains additional O(log log(t)) components
which are orthogonal to the support vectors in S1 , and, asymptotically, have a positive angle with
the other support vectors. In this section we first calculate the various convergence rates for the
non-degenerate case of Theorem 4, and then write the correction in the zero measure cases, if there
is such a correction.
First, we calculated of the normalized weight vector (eq. 8), for almost every dataset:

w (t)
kw (t)k
ρ (t) + ŵ log t
=q
ρ (t)> ρ (t) + ŵ> ŵ log2 t + 2ρ (t)> ŵ log t

1
kŵk

ρ (t)

(118)

ρ (t) / log t + ŵ
r
=




kŵk 1 + 2ρ (t)> ŵ/ kŵk2 log t + kρ (t)k2 / kŵk2 log2 t




!2




1
3 ρ (t)> ŵ
kρ (t)k2  1
1
ρ (t)> ŵ

+O
+
−
+ ŵ 1 −
log t
2
log3 t
kŵk2 log t
kŵk2
2 kŵk2 log2 t
=

!


ρ (t)
ŵ
ŵ ρ (t)> ŵ
1
1
=
+
−
+O
kŵk
kŵk kŵk kŵk2
log t
log2 t




ŵ
ŵŵ> ρ (t) 1
1
+ I−
+O
,
kŵk
log2 t
kŵk2 kŵk log t

=



1
log t



.


1
where to obtain eq. 118 we used √1+x
= 1 − 21 x + 43 x2 + O x3 , and in the last line we used the
fact that ρ (t) has a bounded norm for almost every dataset. Thus, in this case

w (t)
ŵ
−
=O
kw (t)k kŵk



log log t
log t
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PM
For the measure zero cases, we instead have from eq. 61, w(t) = m=1
ŵ log◦m (t) + ρ(t),
PM
where kρ(t)k is bounded (Theorem 3). Let ρ̃(t) = m=2
ŵ log◦m (t) + ρ(t), such that w(t) =
ŵ log(t) + ρ̃(t) with ρ̃(t) = O(log log(t)). Repeating the same calculations as above, we have for
the degenerate cases,

w (t)
ŵ
−
=O
kw (t)k kŵk

44



1
log2 t



(119)

=

=

=

L (w (t)) ≤

1 + t−µ+ ŵ

>x

n

n∈S



exp − (ρ (t) + ŵ log t)> xn



45
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>
exp −µ+ ρ (t)> xn exp −ρ (t)> xn t−ŵ xn

1 + exp −µ+ (ρ (t) + ŵ log t)> xn







1 + exp −µ+ w (t)> xn exp −w (t)> xn



1 X −ρ(t)> xn
e
+ O t− max(θ,1+µ+ ) .
t

n=1

n=1
N 
X

n=1
N 
X

N 
X

Calculation of the training loss (eq. 11):

for almost every dataset, where in eq. 119 we used eq. 19. Interestingly the measure zero case has a
similar convergence rate, since after a sufficient number of iterations, the O(log log(t)) correction is
orthogonal to xk , where k = argminn x>
n w(t). Thus, for all datasets,


1
1
min x>
w (t) −
=O
(120)
n
n
kŵk
log t

min

x>
1
n w (t)
−
n kw(t)k
kŵk
!
"

#
ρ (t)
ŵ ρ (t)> ŵ
1
1
−
+
O
= min x>
n
n
kŵk kŵk kŵk2
log t
log2 t
!


1
ρ (t)> ŵ
1
1
=
min x>
ρ
(t)
−
+
O
n
n
kŵk
log t
log2 t
kŵk2

Next, we calculate the margin (eq. 10)

Repeating the same calculation for the measure zero case, we have instead

 !
log log t 2
w (t)> ŵ
=O
kw (t)k kŵk
log t

w (t)> ŵ
=O
kw (t)k kŵk

for almost every dataset. Thus, in this case

w (t)> ŵ
kw (t)k kŵk




!2




>
>
ŵ>
1
kρ (t)k2  1
1

1 − 1 ρ (t) ŵ +  3 2 ρ (t) ŵ
=
ρ
(t)
+
ŵ
−
+
O
log t
log t kŵk2
4
log3 t
kŵk2
kŵk2
2 kŵk2 log2 t


!2


ρ (t)> ŵ
1
2 kρ (t)k2 
1 1
+O
=1 +
−
2
2
3
kŵk kρ (t)k
4 log t
log t
kŵk

Next, we use eq. 118 to calculate the angle (eq. 9)
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We examine multiclass classification. In the case the labels are the class index yn ∈ {1, . . . , K} and
we have a weight matrix W ∈ RK×d with wk being the k-th row of W.
Furthermore, we define w = vec W> , a basis vector ek ∈ RK so that(ek )i = δki , and
the matrix Ak ∈ RdK×d so that Ak = ek ⊗ Id , where ⊗ is the Kronecker product and Id is the
d-dimension identity matrix. Note that A>
k w = wk .
Consider the cross entropy loss with softmax output
 !
N
X
exp wy>n xn
L (W) = −
log PK

>
k=1 exp wk xn
n=1

Appendix E. Softmax output with cross-entropy loss

Thus, for all datasets Lval (w (t)) = Ω(log(t)).

≥ − log tŵ> xk + ρ (t)> xk




≥ log 1 + exp −w (t)> xk



= log 1 + exp − (ρ (t) + ŵ log t)> xk





= log exp − (ρ (t) + ŵ log t)> xk 1 + exp (ρ (t) + ŵ log t)> xk



≥ − (ρ (t) + ŵ log t)> xk + log 1 + exp (ρ (t) + ŵ log t)> xk

n∈V

Lastly, recall that V is a set of indices for validation set samples. We calculate of the validation
loss for logistic loss, if the error of the L2 max margin vector has some classification errors on the
validation, i.e., ∃k ∈ V : ŵ> xk < 0:



X
Lval (w (t)) =
log 1 + exp −w (t)> xn

D.2. Validation error lower bound

Using this example with w2 (0) > 0, it is easy to see that the above upper bounds are strict in the
non-degenerate case. 

w1 (t) = log (t + exp (w1 (0))) ; w2 (t) = w2 (0) .

We can analytically integrate these equations to obtain

ẇ1 (t) = exp (−w (t)) ; ẇ2 (t) = 0.

Thus, for all datasets L (w (t)) = O(t−1 ). Note that the zero measure case has the same behavior,
since after a sufficient number of iterations, the O(log log(t)) correction has a non-negative angle
with all the support vectors.
Next, we give an example demonstrating the bounds above, for the non-degenerate case, are strict.
Consider optimization with and exponential loss ` (u) = e−u , and a single data point x = (1, 0). In
this case ŵ = (1, 0) and kŵk = 1. We take the limit η → 0, and obtain the continuous time version
of GD:
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log

log

N
X

N
X

n=1
k=1

r

− A k ) xn )

!
!

(Ak − Ayn ) xn .

K


X
exp w> (Ak − Ayn ) xn

exp w> Ayn xn
PK
>
k=1 exp (w Ak xn )
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=

L (w) = −

N
X

1

> (A


w> (Ak − Ayn ) xn (Ak − Ayn ) xn
PK
>
r=1 exp (w (Ar − Ayn ) xn )

r=1 exp (w

PK

PK
k=1 exp

n=1 k=1

N X
K
X

n=1

n=1

Using our notation, this loss can be re-written as

Therefore
∇L (w) =
=

w> (A − A ) x
y
n
k
n
∗
> (A − A ) x )
r
n
k

r=1 exp (w

.

If, again, we make the assumption that the data is linearly separable, i.e., in our notation

N X
K
X

n=1 k=1

PK

Assumption 4 ∃w∗ such that w∗> (Ak − Ayn ) xn < 0 ∀k 6= yn .
then the expression
w∗> ∇L (w) =

(121)

is strictly negative for any finite w. However, from Lemma 10, in gradient descent with an appropriately small learning rate, we have that ∇L (w (t)) → 0. This implies that: kw (t)k → ∞, and ∀k 6=
yn , ∃r : w (t)> (Ar − Ak ) xn → ∞, which implies ∀k 6= yn , maxk w (t)> (Ak − Ayn ) xn →
−∞. Examining the loss (eq. 121) we find that L (w (t)) → 0 in this case. Thus, we arrive to an
equivalent Lemma to Lemma 1, for this case:
Lemma 19 Let w (t) be the iterates of gradient descent (eq. 2) with an appropriately small learning
rate, for cross-entropy loss operating on a softmax output, under the assumption of strict linear
separability (Assumption 4), then: (1) limt→∞ L (w (t)) = 0, (2) limt→∞ kw (t)k = ∞, and (3)
∀n, k 6= yn : limt→∞ w (t)> (Ayn − Ak ) xn = ∞.
Using Lemma 10 and Lemma 19, we prove the following Theorem (equivalent to Theorem 3) in the
next section:

(15)
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||wk ||2 s.t. ∀n, ∀k 6= yn : wy>n xn ≥ wk> xn + 1.

(14)

Theorem 7 For almost all multiclass datasets (i.e., except for a measure zero) which are linearly
separable (i.e. the constraints in eq. 15 below are feasible), any starting point w(0) and any small
enough stepsize, the iterates of gradient descent on 13 will behave as:
wk (t) = ŵk log(t) + ρk (t),

k=1

K
X

where the residual ρk (t) is bounded and ŵk is the solution of the K-class SVM:
argminw1 ,...,wk
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E.1. Notations and Definitions

N X
K
X

n=1 k=1

αn,k x̃n,k 1{n∈Sk }

(123)

(122)

To prove Theorem 7 we require additional notation. we define x̃n,k , (Ayn − Ak )xn . Using this
notation, we can re-write eq. 15 (K-class SVM) as
w

arg min kwk2 s.t. ∀n, ∀k 6= yn : w> x̃n,k ≥ 1

ŵ =

From the KKT optimality conditions, we have for some αn,k ≥ 0,

k=1

k=1

In addition, for each of the K classes, we define Sk = arg minn (ŵyn − ŵk )> xn (the k’th class
support vectors).
Using this definition, we define XSk ∈ RdK×|Sk | as the matrix which columns are x̃n,k , ∀n ∈ Sk .
K
K
S
S
Sk and X̃S ,
XSk .
We also define S ,

n∈S
/ k

(126)

(125)

(124)

We recall that we defined W ∈ RK×d with wk being the k-th row of W and w = vec(W> ).
Similarly, we define:
1. Ŵ ∈ RK×d with ŵk being the k-th row of Ŵ
2. P ∈ RK×d with ρk being the k-th row of P
3. W̃ ∈ RK×d with w̃k being the k-th row of W̃
and ŵ = vec(Ŵ> ), ρ = vec(P> ), w̃ = vec(W̃> ).
Using our notations, eq. 14 can be re-written as w = ŵ log(t) + ρ(t) when ρ(t) is bounded.
For any solution w(t), we define

r(t) = w(t) − ŵ log t − w̃,

k

where ŵ is the concatenation of ŵ1 , ..., ŵk which are the K-class SVM solution, so


>
>
∀k, ∀n ∈ Sk : x̃n,k
ŵ = 1 ; θ = min min x̃n,k
ŵ > 1
and w̃ satisfies the equation:

∀k, ∀n ∈ Sk : η exp((w̃k − w̃yn )> xn ) = αn,k

This equation has a unique solution for almost every data set according to Lemma 12.
For each of the K classes, we define P1k ∈ Rd×d as the orthogonal projection matrix to the subspace
spanned by the support vector of the k’th class, and P̄1k = I − P1k as the complementary projection.
Finally, we define P1 ∈ RKd×Kd and P̄1 ∈ RKd×Kd as follows:

P1 = diag(P11 , P12 , ..., P1K ) , P̄1 = diag(P̄11 , P̄12 , ..., P̄1K )

(P1 + P̄1 = I ∈ RKd×Kd )
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In the following section we will also use 1{A} , the indicator function, which is 1 if A is satisfied and
0 otherwise.

48

>

We prove the Lemma below, in appendix section E.4

+ C2 t

−2

2

(131)

(130)

(129)

(128)

(127)

t=0

∞
X

k∇L (w (t))k2 < ∞ .

(133)

kr (t + 1) − r (t)k2 = o (1) and

49

t=0

∞
X

(134)
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kr (t + 1) − r (t)k2 = C0 < ∞ .

Substituting eq. 133 into eq. 131, and recalling that a t−ν power series converges for any ν > 1, we
can find C0 such that

k∇L (w (t))k2 = o (1) and

since ŵ> (Ar − Ak )xn = (ŵr − ŵyn )xn < 0, ∀k 6= yn (we recall that ŵk is the K-class SVM
solution).
Also, from Lemma 10 we know that

where in (1) we used eq. 124, in (2) we used eq 2.2, and in (3) we used ∀x > 0 : x ≥ log(1 + x) > 0,
and also that
N X
K
X
ŵ> (Ayn − Ak )xn
ŵ> ∇L(w) =
<0
(132)
PK
>
r=1 exp(w (Ar − Ak )xn )
n=1 k=1

≤ η 2 k∇L (w (t))k2 + kŵk2 t−2 ,

(3)

= k−η∇L (w (t)) − ŵ [log (t + 1) − log (t)]k


= η 2 k∇L (w (t))k2 + kŵk2 log2 1 + t−1 + 2η ŵ> ∇L (w (t)) log 1 + t−1

(2)

= kw (t + 1) − ŵ log (t + 1) − w̃ − w (t) + ŵ log (t) + w̃k2

(1)

kr (t + 1) − r (t)k2

First, we note that first term in this equation can be upper-bounded by

kr (t + 1)k2 = kr (t + 1) − r (t)k2 + 2 (r (t + 1) − r (t))> r (t) + kr (t)k2

Our goal is to show that ||r(t)|| is bounded, and therefore ρ(t) = r(t) + w̃ is bounded.
To show this, we will upper bound the following equation

E.3. Proof of Theorem 7

−θ

(r(t + 1) − r(t))> r(t) ≤ −C3 t−1 < 0

then we can improve this bound to

||P1 r(t)|| > 1

Additionally, ∀1 > 0, ∃C2 , t2 , such that ∀t > t2 , such that if

∃C1 , t1 : ∀t > t1 : (r(t + 1) − r(t)) r(t) ≤ C1 t

Lemma 20 We have

E.2. Auxiliary Lemma

G RADIENT DESCENT ON SEPARABLE DATA

(135)

u=t1

t−1
X




n=1 k=1

αn,k x̃n,k 1{n∈Sk } = η

n=1 k=1

N X
K
X



exp −w̃> x̃n,k ) x̃n,k 1{n∈Sk } ,

50

(138)

(137)
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where 1{A} is the indicator function which is 1 if A is satisfied and 0 otherwise.

N X
K
X

where in the last line we used eqs. 123 and 126 to obtain

= ŵ> r(t)[t−1 − log(1 + t−1 )]
"
#

N X
K


X
exp −w(t)> x̃n,k x̃>
n,k r(t)
−1
>
>
+η
−
t
exp
−
w̃
x̃
x̃
r(t)1
PK
n,k
{n∈Sk } ,
n,k
>
r=1 exp (−w(t) x̃n,r )
n=1 k=1
ŵ = η

(129)

(128)

(127)

(136)

First, we recall we defined x̃n,k , (Ayn − Ak )xn .
(r(t + 1) − r(t)) r(t) = (−η∇L(w(t)) − ŵ[log(t + 1) − log(t)])> r(t)
!>
N PK
>
X
−1
k=1 exp(−w(t) x̃n,k )x̃n,k
= η
−
ŵ
log(1
+
t
)
r(t)
P
K
>
r=1 exp(−w(t) x̃n,r )
n=1

>

We wish to bound (r(t + 1) −

r(t))> r(t).

(r(t + 1) − r(t))> r(t) ≤ −C3 t−1 < 0

then we can improve this bound to

||P1 r(t)|| > 1

Additionally, ∀1 > 0, ∃C2 , t2 , such that ∀t > t2 , such that if

∃C1 , t1 : ∀t > t1 : (r(t + 1) − r(t))> r(t) ≤ C1 t−θ + C2 t−2

Lemma 20 We have

E.4. Proof of Lemma 20

which is bounded, since θ > 1 (eq. 125). Therefore, ||r(t)|| is bounded.

u=t1

t−1 h
i
X
C1 u−θ + C2 u−2

||r(u + 1)||2 − ||r(u)||2

≤ C0 + 2

=

||r(t)||2 − ||r(t1 )||2

Thus, by combining eqs. 136 and 134 into eq. 130, we find:

(r(t + 1) − r(t))> r(t) ≤ C1 t−θ + C2 t−2

Next, we would like to bound the second term in eq. 130. From eq. 127 in Lemma 20, we can find
t1 , C1 such that ∀t > t1 :

∃t0 : ∀t > t0 : |kr (t + 1)k − kr (t)k| < 0 .

Note that this equation also implies that ∀0

S OUDRY, H OFFER , NACSON , G UNASEKAR , AND S REBRO

G RADIENT DESCENT ON SEPARABLE DATA

≤

∇L (w (u)) − ŵ log (t) − w̃

= 0, and in (2) we used that ŵ> r (t) = o (t), since
!

t
X

u=0

The first term can be upper bounded by


ŵ> r (t) t−1 − log 1 + t−1
i
h

≤ max ŵ> r (t) , 0 t−1 − log 1 + t−1
i
h
(1)
≤ max ŵ> P1 r (t) , 0 t−2
(
−2 , if kP r (t)k ≤ 
(2)
k
ŵk
1t
1
1

o t−1
, if kP1 r (t)k > 1

where in (1) we used that
P2 ŵ

w (0) − η
0≤u≤t



>
− t−1 exp −w̃> x̃n,k x̃n,k
r(t)1{n∈Sk }

(139)

(140)
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#

≤ ŵ> (w (0) − w̃ − ŵ log (t)) − ηt min ŵ> ∇L (w (u)) = o (t)

ŵ> r (t) = ŵ>

N X
K
X

> r(t)
exp −w(t)> x̃n,k x̃n,k
PK
>
r=1 exp (−w(t) x̃n,r )

where in the last line we used that ∇L (w (t)) = o (1), from Lemma 10.
Next, we wish to upper bound the second term in eq. 137:
"

η

n=1 k=1

51



r=1
r6=yn
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>
x̃n,k
r(t)



 >
K 
>



X
x̃
exp
−w(t)
x̃
n,k


n,k r(t)
>
− t−1 exp −w̃> x̃n,k x̃n,k
r(t)1{n∈Sk } 

K


P

exp (−w(t)> x̃n,r )

We examine each term n in the sum:
#
"

K
>
>


X
exp
−w(t)
x̃
n,k x̃n,k r(t)
>
r(t)1{n∈Sk }
− t−1 exp −w̃> x̃n,k x̃n,k
PK
>
r=1 exp (−w(t) x̃n,r )
k=1

=

+

r=1
r6=yn

n,k r(t)<0}

n,k r(t)≥0}






exp −w(t)> x̃n,k − t−1 exp −w̃> x̃n,k 1{n∈Sk } 1{x̃>

k=1  1

k=1

k=1

n,k r(t)<0}

n,k r(t)<0}

n,k1 r(t)<0}

≤ 1 and in (2) we defined:

,






>
exp −w(t)> x̃n,k − t−1 exp −w̃> x̃n,k 1{n∈Sk } x̃n,k
r(t)

r=1
r6=yn



>
exp −w(t)> (x̃n,k + x̃n,r ) x̃n,k
r(t)1{x̃>






>
r(t)
exp −w(t)> x̃n,k − t−1 exp −w̃> x̃n,k 1{n∈Sk } x̃n,k

>
x̃n,k
r(t)




K
K




X
X



>
exp −w(t)> x̃n,r 
exp −w(t) x̃n,k 1 −

K 
(1) X

≤

+

k=1

K X
K
X

k=1

K 
X




−t−1 exp −w̃> x̃n,k 1{n∈Sk } 1{x̃>
=

−
≤

K 
(2) X

k=1

1
1+x



>
− K 2 exp −w(t)> (x̃n,k1 + x̃n,r1 ) x̃n,k
r(t)1{x̃>
1

where in (1) we used ∀x ≥ 0 : 1 − x ≤

k,r

(141)
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>
(k1 , r1 ) = argmax exp −w(t)> (x̃n,k + x̃n,r ) x̃n,k
r(t)1{x̃>
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k=1

k=1
K
X

k=1
K
X

n,k







t

−1

> x̃



n,k
n,k r(t)<0





exp −w̃> x̃n,k exp −r(t)> x̃n,k x̃>
n,k r(t)1{x̃>

>

>









n,k r(t)<0

h


i
exp −w̃ x̃n,k exp −r(t)> x̃n,k − 1 x̃>
n,k r(t)1{x̃>

t−ŵ

, n∈Sk }

, n∈Sk }

, n∈S
/ k}

n,k r(t)≥0

/ k}
n,k r(t)≥0 , n∈S

exp −w̃> x̃n,k exp −r(t)> x̃n,k x̃>
n,k r(t)1{x̃>



k=1

K
X

>

x̃n,k

− 1)x < 0, θ =

>
mink minn∈S
/ k x̃n,k ŵ

h

i

x̃n,k1



exp −w̃> x̃n,k1 exp −r(t)> x̃n,k1 x̃>
n,k1 r(t)1{x̃>
n,k

1

r(t)<0} .

k=1

K
X

t−ŵ

> x̃

n,k

n,k r(t)<0,

<0

n∈S
/ k}

n∈Sk }

n,k r(t)<0,





exp −w̃> x̃n,k exp −r(t)> x̃n,k x̃>
n,k r(t)1{x̃>


h


i
t−1 exp −w̃> x̃n,k exp −r(t)> x̃n,k − 1 x̃>
n,k r(t)1{x̃>

k=1

K
X

(144)
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>
>
If x̃>
n,k1 r < 0 then we note that −x̃n,r1 r(t) ≤ −x̃n,k1 r(t) since:
> r(t) ≤ 0 ≤ −x̃> r(t).
1. If x̃>
r(t)
≥
0
then
this
is
immediate
since
−x̃
n,r1
n,r1
n,k1
2. If x̃>
r(t)
<
0
then
from
(k
,
r
)
definition:
1 1
n,r1




>
>
exp −w(t)> (x̃n,k1 + x̃n,r1 ) x̃>
n,r1 r(t) ≤ exp −w(t) (x̃n,k1 + x̃n,r1 ) x̃n,k1 r(t) ,

+

φ(t) =

to show that φ(t) is strictly negative. If x̃>
n,k1 r ≥ 0 then from the last two equations:

n,k

(143)

> 1 (eq. 125)

We use the fact that ∀x : (e−x − 1)x < 0 and therefore ∀(n, k):




>
t−ŵ x̃n,k exp −w̃> x̃n,k exp −r(t)> x̃n,k x̃>
<0
n,k r(t)1{x̃>
n,k r(t)<0}

h


i
t−1 exp −w̃> x̃n,k exp −r(t)> x̃n,k − 1 x̃>
n,k r(t)1{x̃> r(t)<0} < 0,

>




exp −r(t)> x̃n,k − 1 x̃>
n,k r(t)1{x̃>
n,k r(t)<0,n∈Sk }

(e−x



exp −w̃> x̃n,k exp −r(t)> x̃n,k x̃>
/ k}
n,k r(t)1{x̃>
n,k r(t)<0, n∈S

t−1 exp −w̃> x̃n,k

k=1

t−ŵ

< 1, ∀x :

− K 2 exp(−w(t)> x̃n,r1 )t−ŵ

+

φ(t) =

K
X

where in (1) we used
and denoted:

xe−x

n,k

− K 2 exp(−w(t)> x̃n,r1 )t−ŵ x̃n,k1 exp −w̃> x̃n,k1 exp −r(t)> x̃n,k1 x̃>
n,k1 r(t)1{x̃>
n,k1 r(t)<0}


(1)
≤ Kt−θ exp − min w̃> x̃n,k + φ(t),
(142)

+

+

+

> x̃



h


i
t−1 exp −w̃> x̃n,k exp −r(t)> x̃n,k − 1 x̃>
n,k r(t)1{x̃>

t−ŵ

k=1
K
X

K
X

Recalling that w(t) = ŵ log(t) + w̃ + r(t), eq. 141 can be upper bounded by
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>
>
>
−x̃>
n,r1 r(t) = x̃n,r1 r(t) ≤ x̃n,k1 r(t) = −x̃n,k1 r(t).

n,k1 r(t)<0}

>

> x̃
n,k1

n,k1

r(t)<0}

(145)
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(149)

(148)

(147)
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If, in addition, ∃k, n ∈ Sk : |x̃>
n,k r(t)| > 2 then

h


i
−1
>
t exp −w̃ x̃n,k exp −r(t)> x̃n,k − 1 x̃>
n,k r(t)
(

−1
>
−t exp − maxn,k w̃ x̃n,k [1 − exp (−2 )] 2 , if r(t)> x̃n,k ≥ 0

≤
−t−1 exp − maxn,k w̃> x̃n,k [exp (2 ) − 1] 2
, if r(t)> x̃n,k < 0

n,k

>
>
since −x̃>
n,r1 r(t) ≤ −x̃n,k1 r(t) ≤ C0 and by definition, ∀(n, k) : ŵ x̃n,k ≥ 1.
Therefore, eq. 141 can be upper bounded by


Kt−θ exp − min w̃> x̃n,k + C5 t−2

where in the last transition we used Lemma 19.
b. If |x̃>
n,k1 r(t)| ≤ C0 then we can find constant C5 so that eq. 145 can be upper bounded by


>
K 2 t−ŵ (x̃n,k1 +x̃n,r1 ) exp −w̃> (x̃n,k1 + x̃n,r1 ) exp (2C0 ) C0 ≤ C5 t−2 ,
(146)

K 2 exp(−w(t)> x̃n,r1 )
K 2 exp(−w(t)> x̃n,r1 )
=
≤
< 1, ∀t > t4
>
1 − exp (−C0 )
1 − exp (r(t) x̃n,k1 )

t−1 exp (−w̃> x̃n,k1 ) [exp (−r(t)> x̃n,k1 ) − 1] x̃>
n,k1 r(t)1{x̃>

n,k1

r(t)<0}

n,k1

> C0 then ∃t4 such that ∀t > t4 this sum can be upper bounded by zero since



>
>
K 2 exp(−w(t)> x̃n,r1 )t−ŵ x̃n,k1 exp −w̃> x̃n,k1 ) exp −x̃>
n,k1 r(t) x̃n,k1 r(t)1{x̃> r(t)<0}

a. If

|x̃>
n,k1 r(t)|

1

r(t)<0}




exp −r(t)> x̃n,k1 − 1 x̃>
n,k1 r(t)1{x̃>
n,k1 r(t)<0}


2
>
−ŵ> x̃n,k1
>
− K exp(−w(t) x̃n,r1 )t
exp −w̃ x̃n,k1 exp −r(t)> x̃n,k1 x̃>
n,k1 r(t)1{x̃>
n,k

t−1 exp −w̃> x̃n,k1

2. If n ∈ Sk1 then we examine the sum

n,k1

exp (−w̃> x̃n,k1 ) exp (−r(t)> x̃n,k1 ) x̃>
n,k1 r(t)1{x̃>

= K exp(−w(t) x̃n,r1 ) < 1, ∀t > t3

2

t−ŵ

The first term is negative and the second is positive. From Lemma 19
n,r1 → ∞. Therefore
∃t3 so that ∀t > t3 : exp(−w(t)> x̃n,r1 ) < K 2 and therefore this sum is strictly negative since



>
>
K 2 exp(−w(t)> x̃n,r1 )t−ŵ x̃n,k1 exp −w̃> x̃n,k1 ) exp −x̃>
n,k1 r(t) x̃n,k1 r(t)1{x̃> r(t)<0}

w(t)> x̃

We divide into cases:
1. If n ∈
/ Sk1 then we examine the sum




−ŵ> x̃n,k1
exp −w̃> x̃n,k1 exp −r(t)> x̃n,k1 x̃>
t
n,k1 r(t)1{x̃>
n,k1 r(t)<0}




>
−ŵ x̃n,k1
>
2
>
exp −w̃ x̃n,k1 exp −r(t)> x̃n,k1 x̃>
− K exp(−w(t) x̃n,r1 )t
n,k1 r(t)1{x̃>

and therefore
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−C 00 t−1 < 0,
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and we can improve this bound to

≥

2 (1)

1 X
|S|
>
x̃n,k
P1 r (t)

2

=

1
XS> P1 r (t)
|S|
≥

2 (2)

(150)

1 2
σ
(XS ) 12 (151)
|S| min


>
where C 00 is the minimum
 between exp − maxn,k w̃ x̃n,k [1 − exp (−2 )] 2 and
exp − maxn,k w̃> x̃n,k [exp (2 ) − 1] 2 . To conclude:
1. If kP1 r (t)k ≥ 1 (as in Eq. 139), we have that
>
r (t)
max x̃n,k

k,n∈Sk
k,n∈Sk

where in (1) we used P1> x̃n,k = x̃n,k ∀k, n ∈ Sk , in (2) we denoted by σmin (XS ), the minimal
> r ≥  ,
non-zero singular value of XS and used eq. 128. Therefore, for some (n, k), x̃n,k
2

(r(t + 1) − r(t))> r(t) ≤ −C 00 t−1 + o(t−1 )

2 (X ) 2 . If ||P r(t)|| ≥  , then combining eq. 139 with eq. 150 we find that eq. 137
|S|−1 σmin
1
1
S 1
can be upper bounded by:

2

3
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This implies that ∃C2 < C 00 and ∃t2 > 0 such that eq. 129 holds. This implies also that eq. 127
holds for ||P1 r(t)|| ≥ 1 .
2. If ||P1 r(t)|| < 1 , we obtain (for some positive constants C3 , C4 ):
(r(t + 1) − r(t))> r(t) ≤ C3 t−θ + C4 t−2
Therefore, ∃t1 > 0 and C1 such that eq. 127 holds.

1

Appendix F. An experiment with stochastic gradient descent
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Figure 4: Same as Fig. 1, except stochastic gradient decent is used (with mini-batch of size 4),
instead of GD.
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Our main result is that quantum and classical sample complexity are in fact equal up to
constant factors in both the PAC and agnostic models. We give two proof approaches. The
first is a fairly simple information-theoretic argument that yields the above two classical
bounds and yields the same bounds for quantum sample complexity up to a log(d/ε) factor.
We then give a second approach that avoids the log-factor loss, based on analyzing the
behavior of the “Pretty Good Measurement” on the quantum state-identification problems
that correspond to learning. This shows classical and quantum sample complexity are equal
up to constant factors for every concept class C .
Keywords: Quantum computing, PAC learning, Sample complexity, Lower bounds

examples are necessary and sufficient to output an hypothesis h ∈ C whose error is at
most ε worse than the error of the best concept in C .
Here we analyze quantum sample complexity, where each example is a coherent quantum state. This model was introduced by Bshouty and Jackson (1999), who showed that
quantum examples are more powerful than classical examples in some fixed-distribution
settings. However, Atıcı and Servedio (2005), improved by Zhang (2010), showed that
in the PAC setting (where the learner has to succeed for every distribution), quantum
examples cannot be much more powerful: the required number of quantum examples is
 d1−η
log(1/δ) 
Ω
+d+
for arbitrarily small constant η > 0.
ε
ε

examples are necessary and sufficient for a learner to output, with probability 1 − δ, a
hypothesis h that is ε-close to the target concept c (measured under D). In the related
agnostic model, where the samples need not come from a c ∈ C , we know that
d
log(1/δ) 
Θ 2+
ε
ε2

In learning theory, the VC dimension of a concept class C is the most common way to
measure its “richness.” A fundamental result says that the number of examples needed
to learn an unknown target concept c ∈ C under an unknown distribution D, is tightly
determined by the VC dimension d of the concept class C . Specifically, in the PAC model
 d log(1/δ) 
Θ
+
ε
ε
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where the probability is over the sequence of examples and the learner’s internal randomness.
Note that we leave the learner the freedom to output an h which is not in C . If always
h ∈ C , then the learner is called a proper PAC-learner.
Of course, we want the learner to be as efficient as possible. Its sample complexity is the
worst-case number of examples it uses, and its time complexity is the worst-case running
time of the learner. In this paper we focus on sample complexity. This allows us to ignore
technical issues of how the runtime of an algorithm is measured, and in what form the
hypothesis h is given as output by the learner.
The sample complexity of a concept class C is the sample complexity of the most efficient
learner for C . It is a function of ε, δ, and of course of C itself. One of the most fundamental
results in learning theory is that the sample complexity of C is tightly determined by a
combinatorial parameter called the VC dimension of C , due to and named after Vapnik
and Chervonenkis (1971). The VC dimension of C is the size of the biggest S ⊆ {0, 1}n
that can be labeled in all 2|S| possible ways by concepts from C : for each sequence of |S|

For all target concepts c ∈ C and distributions D:
Pr[the learner’s output h is ε-approximately correct] ≥ 1 − δ,

Leslie Valiant (1984)’s Probably Approximately Correct (PAC) learning model gives a precise complexity-theoretic definition of what it means for a concept class to be (efficiently)
learnable. For simplicity we will (without loss of generality) focus on concepts that are
Boolean functions, c : {0, 1}n → {0, 1}. Equivalently, a concept c is a subset of {0, 1}n ,
namely {x : c(x) = 1}. Let C ⊆ {f : {0, 1}n → {0, 1}} be a concept class. This could for
example be the class of functions computed by disjunctive normal form (DNF) formulas of
a certain size, or Boolean circuits or decision trees of a certain depth.
The goal of a learning algorithm (the learner) is to probably approximate some unknown
target concept c ∈ C from random labeled examples. Each labeled example is of the form
(x, c(x)) where x is distributed according to some unknown distribution D over {0, 1}n .
After processing a number of such examples (hopefully not too many), the learner outputs
some hypothesis h. We say that h is ε-approximately correct (w.r.t. the target concept c) if
its error probability under D is at most ε: Prx∼D [h(x) 6= c(x)] ≤ ε. Note that the learning
phase and the evaluation phase (i.e., whether a hypothesis is approximately correct) are
according to the same distribution D—as if the learner is taught and then tested by the
same teacher. An (ε, δ)-learner for the concept class C is one whose hypothesis is probably
approximately correct:

1.1.1. The PAC setting

Machine learning is one of the most successful parts of AI, with impressive practical applications in areas ranging from image processing and speech recognition, to even beating
Go champions. Its theoretical aspects have been deeply studied, revealing beautiful structure and mathematical characterizations of when (efficient) learning is or is not possible in
various settings.

1.1. Sample complexity and VC dimension

1. Introduction

Arunachalam and de Wolf
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x∈{0,1}n

X

binary labels for the elements of S, there is a c ∈ C that has that labeling.1 Knowing
this VC dimension (and ε, δ) already tells us the sample complexity of C up to constant
factors. Blumer et al. (1989) proved that the sample complexity of C is lower bounded by
Ω(d/ε + log(1/δ)/ε), and they proved an upper bound that was worse by a log(1/ε)-factor.
In very recent work, Hanneke (2016) (improving on Simon (2015)) got rid of this log(1/ε)factor for PAC learning,2 showing that the lower bound of Blumer et al. is in fact optimal:
the sample complexity of C in the PAC setting is
 d log(1/δ) 
Θ
+
.
(1)
ε
ε
1.1.2. The agnostic setting

X

x∈{0,1}n

4
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we know the amplitudes are square-rooted probabilities. Adding more degrees of freedom to quantum
examples does not make learning easier.

then a small modification of the Bernstein and Vazirani (1997) algorithm can recover a
(and hence c) with probability 1/2. Hence O(1) quantum examples suffice to learn c exactly,
with high probability, under the uniform distribution. Atıcı and Servedio (2009) used similar
ideas to learning k-juntas (concepts depending on only k of their n variables) from quantum
examples under the uniform distribution. However, PAC learning requires a learner to learn
c under all possible distributions D, not just the uniform one. The success probability of
the Bernstein-Vazirani algorithm deteriorates sharply when D is far from uniform, but that
does not rule out the existence of other quantum learners that use o(n) quantum examples
and succeed for all D.
Our main result in this paper is that quantum examples are not actually more powerful
than classical labeled examples in the PAC model and in the agnostic model: we prove
that the lower bounds on classical sample complexity of Eq. (1) and Eq. (2) hold for quantum examples as well. Accordingly, despite several distribution-specific speedups, quantum
examples do not significantly reduce sample complexity if we require our learner to work

p
1
D(x)|x, c(x)i = √
2n

This model was introduced by Bshouty and Jackson (1999), who showed that DNF formulas
are learnable in polynomial time from quantum examples when D is uniform. For learning
DNF under the uniform distribution from classical examples, Verbeurgt (1990) gave the
best upper bound of quasipolynomial time. With the added power of “membership queries,”
where the learner can actively ask for the label of any x of his choice, DNF formulas are
known to be learnable in polynomial time under uniform D by a result of Jackson (1997), but
without membership queries polynomial-time learnability is a longstanding open problem
(see Daniely and Shalev-Shwartz (2016) for a recent hardness result) .
How reasonable are examples that are given as a coherent superposition rather than as
a random sample? They may seem unreasonable a priori because quantum superpositions
seem very fragile and are easily collapsed by measurement, but if we accept the “church
of the larger Hilbert space” view on quantum mechanics, where the universe just evolves
unitarily without any collapses, then they may become more palatable. It is also possible
that the quantum examples are generated by some coherent quantum process that acts like
the teacher.
How many quantum examples are needed to learn a concept class C of VC dimension d?
Since a learner can just measure a quantum example in order to obtain a classical example,
the upper bounds on classical sample complexity trivially imply the same upper bounds
on quantum sample complexity. But what about the lower bounds? Are there situations
where quantum examples are more powerful than classical? Indeed there are. We already
mentioned the results of Bshouty and Jackson (1999) for learning DNF under the uniform
distribution without membership queries. Another good example is the learnability of the
concept class of linear functions over F2 , C = {c(x) = a · x : a ∈ {0, 1}n }, again under the
uniform distribution D. It is easy to see that a classical learner needs about n examples to
learn an unknown c ∈ C under this D. However, if we are given one quantum example

The PAC model assumes that the labeled examples are generated according to a target
concept c ∈ C . However, in many learning situations that is not a realistic assumption, for
example when the examples are noisy in some way or when we have no reason to believe
there is an underlying target concept at all. The agnostic model of learning, introduced
by Haussler (1992) and Kearns et al. (1994), takes this into account. Here, the examples
are generated according to a distribution D on {0, 1}n+1 . The error of a specific concept
c : {0, 1}n → {0, 1} is defined to be errD (c) = Pr(x,b)∼D [c(x) 6= b]. When we are restricted
to hypotheses in C , we would like to find the hypothesis that minimizes errD (c) over all
c ∈ C . However, it may require very many examples to do that exactly. In the spirit of the
PAC model, the goal of the learner is now to output an h ∈ C whose error is at most an
additive ε worse than that of the best (= lowest-error) concepts in C .
Like in the PAC model, the optimal sample complexity of such agnostic learners is
tightly determined by the VC dimension of C : it is


d
log(1/δ)
Θ 2+
,
(2)
ε
ε2
where the lower bound was proven by Vapnik and Chervonenkis (1974) (see also Simon
(1996)), and the upper bound was proven by Talagrand (1994). Shalev-Shwartz and BenDavid (2014) call Eq. (1) and Eq. (2) the “Fundamental Theorem of PAC learning.”

1.2. Our results
In this paper we are interested in quantum sample complexity. Here a quantum example
for some concept c : {0, 1}n → {0, 1}, according to some distribution D, corresponds to an
(n + 1)-qubit state
X p
D(x)|x, c(x)i.
x∈{0,1}n

In other words, instead of a random labeled example, an example is now given by a coherent
quantum superposition where the square-roots of the probabilities become the amplitudes.3

JMLR 19(71):1-36, 2018

1. Such an S is said to be shattered by C .
2. Hanneke’s learner is not proper, meaning that its hypothesis h is not always in C . It is known that the
extra log(1/ε)-factor is sometimes necessary for proper
P PAC learners.
3. We could allow more general quantum examples x∈{0,1}n αx |x, c(x)i, where we only require |αx |2 =
D(x). However, that will not affect our results since our lower bounds apply to quantum examples where

3

5
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4. We remark that the distributions used here (and later in the agnostic setting) for proving lower bounds
on quantum sample complexity have been used in the literature before for analyzing classical sample
complexity.

3. One example gives only O(ε) bits of information about c, because it will tell us one of
the labels of s1 , . . . , sd only with probability 4ε (and otherwise it just gives c(s0 ) = 0).

2. T examples give at most T times as much information about c as one example.

1. In order to ε-approximate c, the learner has to learn the c-labels of at least 3/4
of the s1 , . . . , sd (since together these have 4ε of the D-weight, and we want an εapproximation). As all 2d labelings are possible, the T examples together contain
Ω(d) bits of information about c.

In Section 3 we give a fairly intuitive information-theoretic argument that gives optimal
lower bounds for classical sample complexity, and that gives nearly-optimal lower bounds
for quantum sample complexity. Let us first see how we can prove the classical PAC lower
bound of Eq. (1). Suppose S = {s0 , s1 , . . . , sd } is shattered by C (we now assume VC
dimension d + 1 for ease of notation). Then we can consider a distribution D that puts
probability 1 − 4ε on s0 and probability 4ε/d on each of s1 , . . . , sd .4 For every possible
labeling (`1 . . . `d ) ∈ {0, 1}d of s1 , . . . , sd there will be a concept c ∈ C that labels s0 with 0,
and labels si with `i for all i ∈ {1, . . . , d}. Under D, most examples will be (s0 , 0) and
hence give us no information when we are learning one of those 2d concepts. Suppose we
have a learner that ε-approximates c with high probability under this D using T examples.
Informally, our information-theoretic argument has the following three steps:

1.2.1. An information-theoretic argument

Here we optimize these bounds, removing the η and achieving the optimal lower bound for
quantum sample complexity in the PAC model (Eq. (1)).
We also show that the lower bound (Eq. (2)) for the agnostic model extends to quantum
examples. As far as we know, in contrast to the PAC model, no earlier results were known
for quantum sample complexity in the agnostic model.
We have two different proof approaches, which we sketch below.

(3)

6
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5. The other part of the lower bound of Eq. (1) does not depend on d and is fairly easy to prove.

In order to get rid of the logarithmic factor we then try another proof approach, which
views learning from quantum examples as a quantum state-identification problem: we are
given T copies of the quantum example for some concept c and need to ε-approximate c
from this. In order to render ε-approximation of c equivalent to exact identification of c,
we use good linear error-correcting codes, restricting to concepts whose d-bit labeling of
the elements of the shattered set s1 , . . . , sd corresponds to a codeword. We then have 2Ω(d)
possible concepts, one for each codeword, and need to identify the target concept from a
quantum state that is the tensor product of T identical quantum examples.
State-identification problems have been well studied, and many tools are available for analyzing them. In particular, the so-called “Pretty Good Measurement” (PGM, also referred
to as “square root measurement” by Eldar and Forney Jr (2001)) is a specific measurement

1.2.2. A state-identification argument

Putting these steps together implies T = Ω(d/ε).5 This argument for the PAC setting
is similar to an algorithmic-information argument of Apolloni and Gentile (1998) and an
information-theoretic argument for variants of the PAC model with noisy examples by Gentile and Helmbold (2001).
As far as we know, this type of reasoning has not yet been applied to the sample
complexity of agnostic learning. To get good lower bounds there, we consider a set of
distributions Da , indexed by d-bit string a. These distributions still have the property
that if a learner gets ε-close to the minimal error, then it will have to learn Ω(d) bits of
information about the distribution (i.e., about a). Hence the first step of the argument
remains the same. The second step of our argument also remains the same, and the third
step shows an upper bound of O(ε2 ) on the amount of information that the learner can get
from one example. This then implies T = Ω(d/ε2 ). We can also reformulate this for the
case where we want the expected additional error of the hypothesis over the best classifier
in C to be at most ε, which is how lower bounds are often stated in learning theory. We
emphasize that our information-theoretic proof is simpler than the proofs in Anthony and
Bartlett (2009); Audibert (2009); Shalev-Shwartz and Ben-David (2014); Kontorovich and
Pinelis (2016).
This information-theoretic approach recovers the optimal classical bounds on sample
complexity, but also generalizes readily to the quantum case where the learner gets T
quantum examples. To obtain lower bounds on quantum sample complexity we use the same
distributions D (now corresponding to a coherent quantum state) and basically just need to
re-analyze the third step of the argument. In the PAC setting we show that one quantum
example gives at most O(ε log(d/ε)) bits of information about c, and in the agnostic setting
it gives O(ε2 log(d/ε)) bits. This implies lower bounds on sample complexity that are only
a logarithmic factor worse than the optimal classical bounds for the PAC setting (Eq. (1))
and the agnostic setting (Eq. (2)). This is not quite optimal yet, but already better than
the previous best known lower bound (Eq. (3)). The logarithmic loss in step 3 is actually
inherent in this information-theoretic argument: in some cases a quantum example can give
roughly ε log d bits of information about c, for example when c comes from the concept class
of linear functions.

for all distributions D. This should be contrasted with the situation when considering the
time complexity of learning. Servedio and Gortler (2004) considered a concept class (already considered in the literature by Kearns and Valiant (1994)) that can be PAC-learned
in polynomial time by a quantum computer, even with only classical examples, but that
cannot be PAC-learned in polynomial time by a classical learner unless Blum integers can
be factored in polynomial time (which is widely believed to be false).
Earlier work on quantum sample complexity had already gotten close to extending the
lower bound of Eq. (1) to PAC learning
from quantum examples. Atıcı and Servedio (2005)
√
first proved a lower bound of Ω( d/ε + d + log(1/δ)/ε), which was subsequently improved
by Zhang (2010) to

 d1−η
log(1/δ) 
Ω
+d+
for arbitrarily small constant η > 0.
ε
ε
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that one can always use for state identification, and whose success probability is no more
than quadratically worse than that of the very best measurement (even better, in our application the PGM is the optimal measurement). In Section 4 we use Fourier analysis to give
an exact analysis of the average success probability of the PGM on the state-identification
problems that come from both the PAC and the agnostic model. This analysis could be
useful in other settings as well. Here it implies that the number of quantum examples, T ,
is lower bounded by Eq. (1) in the PAC setting, and by Eq. (2) in the agnostic setting.
Using the Pretty Good Measurement, we are also able to prove lower bounds for PAC
learning under random classification noise, which models the real-world situation that the
learning data can have some errors. Classically in the random classification noise model
(introduced by Angluin and Laird (1988)), instead of obtaining labeled examples (x, c(x))
for some unknown c ∈ C , the learner obtains noisy examples (x, bx ), where bx = c(x) with
probability 1 − η and bx = 1 − c(x) with probability η, for some noise rate η ∈ [0, 1/2).
Similarly, in the quantum learning model we could naturally define a noisy quantum example
as an (n + 1)-qubit state
X p
p
(1 − η)D(x)|x, c(x)i + ηD(x)|x, 1 − c(x)i.
x∈{0,1}n

Using the PGM, we are able to show that the quantum sample complexity of PAC learning
a concept class C under random classification noise is:

d
log(1/δ) 
+
.
(4)
(1 − 2η)2 ε (1 − 2η)2 ε
Ω

We remark here that the best known classical sample complexity lower bound (see Simon
(1996)) under the random classification noise is equal to the quantum sample complexity
lower bound proven in Eq. (4).
1.3. Related work

8

of the concept class C which we shall not define here (see Atıcı and Servedio (2005) for a
precise definition). Montanaro (2012) showed how low-degree polynomials over a finite field
can be identified more efficiently using quantum algorithms.
In many ways the time complexity of learning is at least as important as the sample complexity. We already mentioned that Servedio and Gortler (2004) exhibited a concept class
based on factoring Blum integers that can be learned in quantum polynomial time but not in
classical polynomial time, unless Blum integers can be factored efficiently. Under the weaker
(and widely believed) assumption that one-way functions exist, they exhibited a concept
class that can be learned exactly in polynomial time using quantum membership queries,
but that takes superpolynomial time to learn from classical membership queries. Gavinsky
(2012) introduced a model of learning called “Predictive Quantum” (PQ), a variation of
quantum PAC learning, and exhibited a relational concept class that is polynomial-time
learnable in PQ, while any “reasonable” classical model requires an exponential number of
classical examples to learn the concept class.
Aı̈meur et al. (2006, 2013) considered a number of quantum algorithms in learning
contexts such as clustering via minimum spanning tree, divisive clustering, and k-medians,
using variants of Grover (1996)’s algorithm to improve the time complexity of the analogous
classical algorithms. Recently, there have been some quantum machine learning algorithms
based on Harrow et al. (2009)’s algorithm (commonly referred to as the HHL algorithm) for
solving (in a weak sense) very well-behaved linear systems. However, these algorithms often
come with some fine print that limits their applicability, and their advantage over classical is
not always clear. We refer the reader to the fine print by Aaronson (2015) for references and
caveats. There has also been some work on quantum training of neural networks by Wiebe
et al. (2016a,b).
In addition to learning classical objects such as Boolean functions, one may also study
the learnability of quantum objects. In particular, Aaronson (2007) studied how well n-qubit
quantum states can be learned from measurement results. In general, an n-qubit state ρ
is specified by exp(n) many parameters, and exp(n) measurement results on equally many
copies of ρ are needed to learn a good approximation of ρ (say, in trace distance). However,
Aaronson showed an interesting and surprisingly efficient PAC-like result: from O(n) measurement results, with measurements chosen i.i.d. according to an unknown distribution D
on the set of all possible two-outcome measurements, we can learn an n-qubit quantum
state ρe that has roughly the same expectation value as ρ for “most” possible two-outcome
measurements. In the latter, “most” is again measured under D, just like in the usual PAC
learning the error of the learner’s hypothesis is evaluated under the same distribution D
that generated the learner’s examples. Accordingly, O(n) rather than exp(n) measurement
results suffice to approximately learn an n-qubit state for most practical purposes.
The use of Fourier analysis in analyzing the success probability of the Pretty Good
Measurement in quantum state identification appears in a number of earlier works. By
considering the dihedral hidden subgroup problem (DHSP) as a state-identification problem, Bacon et al. (2006) show that the PGM is the optimal measurement for DHSP and
prove a lower bound on the sample complexity of Ω(log |G |) for a dihedral group G using
Fourier analysis. Ambainis and Montanaro (2014) view the “search with wildcard” problem
as a state-identification problem. Using ideas similar to ours, they show that the (x, y)-th
entry of the Gram matrix for the ensemble depends on the Hamming distance between x
γ̂

JMLR 19(71):1-36, 2018

Here we briefly mention related work on quantum learning, referring to our survey Arunachalam and de Wolf (2017) for more details. In this paper we focus on sample complexity,
which is a fundamental information-theoretic quantity. Sample complexity concerns a form
of “passive” learning: the learner gets a number of examples at the start of the process,
and then has to extract enough information about the target concept from these. We may
also consider more active learning settings, in particular ones where the learner can make
membership queries (i.e., learn the label c(x) for any x of his choice). Servedio and Gortler
(2004) showed that in this setting, classical and quantum complexity are polynomially related. They also exhibit an example of a factor-n speed-up from quantum membership
queries using the Bernstein-Vazirani algorithm. Jackson et al. (2002) showed how quantum
membership queries can improve Jackson (1997)’s classical algorithm for learning DNF with
membership queries under the uniform distribution.
For quantum exact learning (also referred to as the oracle identification problem in the
quantum literature), Kothari (2014) resolved a conjecture of Hunziker et al. (2010), that
states that for any concept class C , the number of quantum membership queries required
√ |C | ), where γ̂ C is a combinatorial parameter
to exactly identify a concept c ∈ C is O( log
C
7

hf, gi = E[f (x) · g(x)]

9
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where the expectation is uniform over x ∈ {0, 1}n . For S ⊆ [n] (equivalently S ∈ {0, 1}n ),
let χS (x) := (−1)S·x denote the parity of the variables (of x) indexed by the set S. It is
easy to see that the set of functions {χS }S⊆[n] forms an orthonormal basis for the space of

x

Let [n] = {1, . . . , n}. For x, y ∈ {0, 1}d , the bit-wise sum x + y is over F2 , the Hamming
distance dH (x, y) is the number of indices on which x and y differ,P
|x + y| is the Hamming
weight of the string x + y (which equals dH (x, y)), and x · y = i xi yP
i (where the sum
is over F2 ). For a vector z ∈ Rd , the norm of z is defined as kzk = ( i zi2 )1/2 . For an
n-dimensional vector space, the standard basis is denoted by {ei ∈ {0, 1}n : i ∈ [n]}, where
ei is the vector with a 1 in the i-th coordinate and 0’s elsewhere. We write log for logarithm
to base 2, and ln for base e. We will often use the bijection between the sets {0, 1}k and
[2k ] throughout this paper. Let 1[A] be the indicator for an event A, and let δx,y = 1[x=y] .
We denote random variables in bold, such as A, B.
we define f ◦ M : {0, 1}k →
For a Boolean function f : {0, 1}m → {0, 1} and M ∈ Fm×k
2
{0, 1} as (f ◦ M )(x) := f (M x) (where the matrix-vector product is over F2 ) for all x ∈
{0, 1}k . For a distribution D : {0, 1}n → [0, 1], let supp(D) = {x ∈ {0, 1}n : D(x) 6= 0}. By
x ∼ D, we mean x is sampled according to the distribution D, i.e., Pr[X = x] = D(x).
√
If M is a √
positive
√ semidefinite (psd)
√ matrix, we define M as the√unique psd matrix
that satisfies M · M = M , and M (i, j) as the (i, j)-th entry of M . For a matrix
A ∈ Rm×n , we denote the singular values of A by σ1 (A) ≥ σ2 (A) ≥ · · · ≥ σmin{m,n} (A) ≥ 0.
The spectral norm of A is kAk = maxx∈Rn ,kxk=1 kAxk = σ1 . Given a set of d-dimensional
vectors U = {u1 , . . . , un } ∈ Rd , the Gram matrix V corresponding to the set U is the n × n
psd matrix defined as V (i, j) = uti uj for i, j ∈ [n], where uti is the row vector that is the
transpose of the column vector ui .
A technical tool used in our analysis of state-identification problems is Fourier analysis on the Boolean cube. We will just introduce the basics of Fourier analysis here, referring to O’Donnell (2014) for more. Define the inner product between functions f, g :
{0, 1}n → R as

2.1. Notation

2. Preliminaries

In Section 2 we formally define the classical and quantum learning models and introduce the
Pretty Good Measurement. In Section 3 we prove our information-theoretic lower bounds
both for classical and quantum learning. In Section 4 we prove an optimal quantum lower
bound for PAC and agnostic learning by viewing the learning process as a state-identification
problem. We conclude in Section 5 with a conclusion of the results and some open questions
for further work.

1.4. Organization

and y, allowing them to use Fourier analysis to obtain an upper bound on the success
probability of the state-identification problem using the PGM.

Optimal Quantum Sample Complexity of Learning Algorithms

10
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The sample complexity of A is the maximum number of invocations of the PEX(c, D)
oracle which the learner makes, over all concepts c ∈ C , distributions D, and the internal
randomness of the learner. The (ε, δ)-PAC sample complexity of a concept class C is the
minimum sample complexity over all (ε, δ)-PAC learners for C .
Agnostic learning is the following model: for a distribution D : {0, 1}n+1 → [0, 1], a
learner A is given access to an AEX(D) oracle that generates examples of the form (x, b)
drawn from the distribution D. We define the error of h : {0, 1}n → {0, 1} under D as
errD (h) = Pr(x,b)∼D [h(x) 6= b]. When h is restricted to come from a concept class C , the
minimal error achievable is optD (C ) = minc∈C {errD (c)}. In agnostic learning, a learner A

For every c ∈ C and distribution D, given access to the PEX(c, D) oracle:
A outputs an h such that errD (h, c) ≤ ε with probability at least 1 − δ.

In this paper we will be concerned mainly with the PAC (Probably Approximately Correct) model of learning introduced by Valiant (1984), and the agnostic model of learning
introduced by Haussler (1992) and Kearns et al. (1994). For further reading, see standard
textbooks in computational learning theory such as Kearns and Vazirani (1994); Anthony
and Bartlett (2009); Shalev-Shwartz and Ben-David (2014).
In the classical PAC model, a learner A is given access to a random example oracle
PEX(c, D) which generates labeled examples of the form (x, c(x)) where x is drawn from an
unknown distribution D : {0, 1}n → [0, 1] and c ∈ C is the target concept that A is trying
to learn. For a concept c ∈ C and hypothesis h : {0, 1}n → {0, 1}, we define the error of h
compared to the target concept c, under D, as errD (h, c) = Prx∼D [h(x) 6= c(x)]. A learning
algorithm A is an (ε, δ)-PAC learner for C , if the following holds:

2.3. Classical learning models

In machine learning, a concept class C over {0, 1}n is a set of concepts c : {0, 1}n → {0, 1}.
We refer to a concept class C as being trivial if either C contains only one concept, or C
contains two concepts c0 , c1 with c0 (x) = 1 − c1 (x) for every x ∈ {0, 1}n . For c : {0, 1}n →
{0, 1}, we will often refer to the tuple (x, c(x)) ∈ {0, 1}n+1 as a labeled example, where c(x)
is the label of x.
A central combinatorial concept in learning is the Vapnik and Chervonenkis (1971)
dimension, also referred to as the VC dimension. Fix a concept class C over {0, 1}n . A set
S = {s1 , . . . , st } ⊆ {0, 1}n is said to be shattered by a concept class C if {(c(s1 ), . . . , c(st )) :
c ∈ C } = {0, 1}t . In other words, for every labeling ` ∈ {0, 1}t , there exists a c ∈ C such
that (c(s1 ), . . . , c(st )) = `. The VC dimension of a concept class C is the size of the largest
S ⊆ {0, 1}n that is shattered by C .

2.2. Learning in general

where fb(S) = hf, χS i = Ex [f (x) · χS (x)] is called a Fourier coefficient of f .

S⊆[n]

real-valued functions over the Boolean cube. Hence every f can be decomposed as
X
f (x) =
fb(S)(−1)S·x
for all x ∈ {0, 1}n ,

Arunachalam and de Wolf

needs to output a hypothesis h whose error is not much bigger than optD (C ). A learning
algorithm A is an (ε, δ)-agnostic learner for C if:

Optimal Quantum Sample Complexity of Learning Algorithms

Arunachalam and de Wolf

m
X

i=1

pi hψi |Mi |ψi i.

P opt (E)2 ≤ P P GM (E) ≤ P opt (E).
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Theorem 1 Let E = {(pi , |ψi i)}i∈[m] be an ensemble of d-dimensional states. Suppose
P P GM (E) is defined as the average success probability of identifying the states in E using
the PGM, then we have that

Let P opt (E) = maxM PM (E) denote the optimal average success probability of E, where the
maximization is over the set of valid m-outcome POVMs.
For every ensemble E, the so-called Pretty Good Measurement (PGM) is a specific POVM
(depending on the ensemble E), which we shall define shortly, that does reasonably well
against E.

PM (E) =

2.6. Pretty Good Measurement
P
Consider an ensemble of d-dimensional states, E = {(pi , |ψi i)}i∈[m] , where i∈[m] pi = 1.
Suppose we are given an unknown state |ψi i sampled according to the probabilities and we
are interested in maximizing the average probability of success to identify the state that
we are given. For a POVM specified by positive semidefinite matrices M = {Mi }i∈[m] , the
probability of obtaining outcome j equals hψi |Mj |ψi i. The average success probability is
defined as

The sample complexity of A is the maximum number invocations of the QAEX(D) oracle
over all distributions D and over the learner’s internal randomness. The (ε, δ)-agnostic
quantum sample complexity of a concept class C is the minimum sample complexity over
all (ε, δ)-agnostic quantum learners for C .

For every distribution D, given access to the QAEX(D) oracle:
A outputs an h ∈ C such that errD (h) ≤ optD (C ) + ε with probability at
least 1 − δ.

The sample complexity of A is the maximum number invocations of the QPEX(c, D) oracle,
maximized over all c ∈ C , distributions D, and the learner’s internal randomness. The (ε, δ)PAC quantum sample complexity of a concept class C is the minimum sample complexity
over all (ε, δ)-PAC quantum learners for C .
We define quantum agnostic learning now. For a joint distribution D : {0, 1}n+1 → [0, 1]
over the set of examples, the learner
an QAEX(D) oracle which acts on |0n , 0i
Phas access to p
and produces a quantum example (x,b)∈{0,1}n+1 D(x, b)|x, bi. A learning algorithm A is
an (ε, δ)-agnostic quantum learner for C if:

For every c ∈ C and distribution D, given access to the QPEX(c, D) oracle:
A outputs an h such that errD (h, c) ≤ ε, with probability at least 1 − δ.

n
concept c ∈ C P
, a quantum
p example oracle QPEX(c, D) acts on |0 , 0i and produces a quantum example
D(x)|x, c(x)i (we leave QPEX undefined on other basis states).
x∈{0,1}n
A quantum learner is given access to some copies of the state generated by QPEX(c, D)
and performs a POVM where each outcome is associated with a hypothesis. A learning
algorithm A is an (ε, δ)-PAC quantum learner for C if:

For every distribution D on {0, 1}n+1 , given access to the AEX(D) oracle:
A outputs an h ∈ C such that errD (h) ≤ optD (C ) + ε with probability at least
1 − δ.
Note that if there is a c ∈ C which perfectly classifies every x with label y for (x, y) ∈
supp(D), then optD (C ) = 0 and we are in the setting of proper PAC learning. The sample
complexity of A is the maximum number of invocations of the AEX(c, D) oracle which the
learner makes, over all distributions D and over the learner’s internal randomness. The
(ε, δ)-agnostic sample complexity of a concept class C is the minimum sample complexity
over all (ε, δ)-agnostic learners for C .
2.4. Quantum information theory
Throughout this paper we will assume the reader is familiar
Pn with the following quantum terminology. An n-dimensional pure state is |ψi =
i=1 αi |ii, where |ii is the ndimensional unit vector
P that has a 1 only at position i, the αi ’s are complex numbers called
the amplitudes, and i∈[n] |αi |2 = 1. An n-dimensional mixed state (or density matrix )
Pn
pi |ψi ihψi | is a mixture of pure states |ψ1 i, . . . , |ψn i prepared with probabilities
ρ = i=1
p1 , . . . , pn , respectively. The eigenvalues λ1 , . . . , λn of ρ are non-negative reals and satisfy
P
i∈[n] λi = 1. If ρ is pure (i.e., ρ = |ψihψ| for some |ψi), then one of the eigenvalues is 1
and the others are 0.
To obtain classical information from ρ, one could apply a POVM (positive-operatorvalued measure) to the state ρ. An m-outcome P
POVM is specified by a set of positive
semidefinite matrices {M }
with the property i Mi = Id. When this POVM is applied
i
i∈[m]
to the mixed state ρ, the probability of the j-th outcome is given by Tr(Mj ρ).
P
For a probability vector
P (p1 , . . . , pk ) (where i∈[k] pi = 1), the entropy function is defined
as H(p1 , . . . , pk ) = − i∈[k] pi log pi . When k = 2, with p1 = p and p2 = 1 − p, we denote
the binary entropy function as H(p). For a state ρAB on the Hilbert space HA ⊗ HB ,
we let ρA be the reduced state after taking the partial trace over HB . The entropy of
a quantum state ρA is defined as S(A) = −Tr(ρA log ρA ). The mutual information is
defined as I(A : B) = S(A) + S(B) − S(AB), and conditional entropy is defined as
S(A|B) = S(AB) − S(B). Classical information-theoretic quantities correspond to the
special case where ρ is a diagonal matrix whose diagonal corresponds to the probability
distribution of the random variable. Writing ρA in its eigenbasis, it follows that S(A) =
H(λ1 , . . . , λdim(ρA ) ), where λ1 , . . . , λdim(ρA ) are the eigenvalues of ρ. If ρA is a pure state,
S(A) = 0.
2.5. Quantum learning models
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The quantum PAC learning model was introduced by Bshouty and Jackson (1999). The
quantum PAC model is a generalization of the classical PAC model, in which instead of having access to random examples (x, c(x)) from the PEX(c, D) oracle, the learner now has access to superpositions over all (x, c(x)). For an unknown distribution D : {0, 1}n → [0, 1] and
11

|νi ihνi | = ρ−1/2

i=1

m
X


|ψi0 ihψi0 | ρ−1/2 = Id .

i∈[m]

X

P P GM (E).

=

pi |hνi |ψi i|2 =

i∈[m]

X

i∈[m]

X

X

j∈[m]

i∈[m]

X√
G(i, i)2 .

hµi |ρ1/2 |µi i2 .

hψi0 |ρ−1/2 |ψi0 i2 =

|hνi |ψi0 i|2

i,j∈[m]

|hµi |ρ1/2 |µj i|2 ≥

i∈[m]

i∈[m]

≤

13

i∈[m]

sX

i∈[m]

1/2

q

(5)
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P P GM (E).

hψi0 |ρ−1/2 |ψi0 i2

hψi0 |ρ−1/2 |ψi0 i2 =

i∈[m]

sX

|µi ihψi0 |ρ−1/2 |ψi0 i

hµi |ρ1/2 |µi i2

hµi |ρ

sX

i∈[m]

Eq. (5)

≤

≤

X

i∈[m]

Then, using the Cauchy-Schwarz inequality, we have
X
X
|hµi |ψi0 i|2 =
|hµi |ρ1/4 ρ−1/4 |ψi0 i|2
P opt (E) =

=

X

i∈[m]

We now prove
≤
Suppose M is the optimal measurement. Since
E consists of pure states, by a result of Eldar et al. (2003), we can assume without loss of
generality that the measurement operators in M are rank-1, so Mi = |µi ihµi | for some |µi i.
Note that

X
X
1 = Tr(ρ) = Tr
|µi ihµi |ρ1/2
|µj ihµj |ρ1/2

P opt (E)2

P P GM (E) =

Let G be the Gram matrix for the set E 0 , i.e., G(i, j) = hψi0 |ψj0 i for i, j ∈ [m]. It can be
√
verified that G(i, j) = hψi0 |ρ−1/2 |ψj0 i. Hence

i=1

m
X

The above shows that for all ensembles E, the PGM for that ensemble is not much
worse than the optimal measurement. In some cases the PGM is the optimal measurement.
In particular, an ensemble E is called geometrically uniform if E = {Ui |ϕi : i ∈ [m]} for
some Abelian group of matrices {Ui }i∈[m] and state |ϕi. Eldar and Forney Jr (2001) showed
P opt (E) = P P GM (E) for such E.

Proof The second inequality in the theorem follows because P opt (E) is a maximization
over all valid POVMs and the first inequality was shown by Barnum and Knill (2002). For
completeness we give a simple proof of P opt (E)2 ≤ P P GM (E) below (similar to Montanaro
√
0
(2007)). Let |ψi0 i = pi |ψi i, and E 0 = {|ψP
i i : i ∈ [m]} be the set of states in E, renormalized
to reflect their probabilities. Define ρ = i∈[m] |ψi0 ihψi0 |. The PGM is defined as the set of
measurement operators {|νi ihνi |}i∈[m] where |νi i = ρ−1/2 |ψi0 i (the inverse square root of ρ is
taken over its non-zero eigenvalues). We first verify this is a valid POVM:

=

=

=

f\
◦ M (Q) =

S:M t S=Q

E

z∈{0,1}k

fb(S).

fb(S)

S∈{0,1}m

14

[(−1)(M

]

(using hS, M zi = hM t S, zi)

(Fourier expansion of f )
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(using Ez∈{0,1}k (−1)(z1 +z2 )·z = δz1 ,z2 )

t S+Q)·z

[(f ◦ M )(z)(−1)Q·z ]
i
h X
fb(S)(−1)S·(M z)+Q·z
S∈{0,1}m

X

X

z∈{0,1}k

E

E

z∈{0,1}k

Proof Writing out the Fourier coefficients of f ◦ M

Claim 5 Let f : {0, 1}m → R and let M ∈ Fm×k
. Then the Fourier coefficients of f ◦ M
2
P
are f\
◦ M (Q) = S∈{0,1}m :M t S=Q fb(S) for all Q ⊆ [k] (where M t is the transpose of the
matrix M ).

We will need the following claims later

Theorem 4 For every sufficiently large integer n, there exists an integer k ∈ [n/4, n] and a
of rank k, such that the associated [n, k, d]2 linear code {M x : x ∈ {0, 1}k }
matrix M ∈ Fn×k
2
has minimal distance d ≥ n/8.

We will use the following well-known theorem from the theory of error-correcting codes
(which follows immediately from the Gilbert-Varshamov bound):

Theorem 3 (Vapnik and Chervonenkis (1974); Simon (1996); Talagrand
(1994))


exLet C be a concept class with VC-dim(C ) = d. In the agnostic model, Θ εd2 + log(1/δ)
ε2
amples are necessary and sufficient for a classical (ε, δ)-agnostic learner for C .

Theorem 2 (Blumer et al. (1989); Hanneke
Let C be a concept class with
 (2016)) 
VC-dim(C ) = d + 1. In the PAC model, Θ dε + log(1/δ)
examples are necessary and
ε
sufficient for a classical (ε, δ)-PAC learner for C .

The following theorems characterize the sample complexity of classical PAC and agnostic learning.

2.7. Known results and required claims

Arunachalam and de Wolf

Optimal Quantum Sample Complexity of Learning Algorithms

√
2
Claim 6 max{(c/ t)t : t ∈ [1, c2 ]} = ec /(2e) .

Lemma 11 (Atıcı and Servedio (2005)) Let C be a non-trivial concept class. For every δ ∈ (0, 1/2), ε ∈ (0, 1/4), a (ε, δ)-PAC quantum learner for C has sample complexity
Ω( 1ε log 1δ ).

3.1. VC-independent part of lower bounds

Arunachalam and de Wolf

 √ t
Proof The value of t at which the function c/ t is the largest, is obtained by differentiating the function with respect to t,

Optimal Quantum Sample Complexity of Learning Algorithms


√ 
√
d  √ t
c/ t = (c/ t)t ln(c/ t) − 1/2 .
dt

≤ 2nH(k/n) for all k ≤ n and
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Proof. Let random variable h(B) ∈ {0, 1}d be the hypothesis that the learner produces

1. I(A : B) ≥ (1 − δ)(1 − H(1/4))d − H(δ) = Ω(d).

Proof Consider an (ε, δ)-PAC learner for C that uses T examples. The d-independent
part of the lower bound, T = Ω(log(1/δ)/ε), even holds for quantum examples and was
proven in Lemma 11. Hence it remains to prove T = Ω(d/ε). It suffices to show this for
a specific distribution D, defined as follows. Let S = {s0 , s1 , . . . , sd } ⊆ {0, 1}n be some
(d + 1)-element set shattered by C . Define D(s0 ) = 1 − 4ε and D(si ) = 4ε/d for all i ∈ [d].
Because S is shattered by C , for each string a ∈ {0, 1}d , there exists a concept ca ∈ C
such that ca (s0 ) = 0 and ca (si ) = ai for all i ∈ [d]. We define two correlated random
variables A and B corresponding to the concept and to the examples, respectively. Let A
be a random variable that is uniformly distributed over {0, 1}d ; if A = a, let B = B1 . . . BT
be T i.i.d. examples from ca according to D. We give the following three-step analysis of
these random variables:

Theorem 13 Let C be a concept class with VC-dim(C ) = d+1. Then for every δ ∈ (0,1/2)

.
and ε ∈ (0, 1/4), every (ε, δ)-PAC learner for C has sample complexity Ω dε + log(1/δ)
ε

3.2.1. Optimal lower bound for classical PAC learning

3.2. Information-theoretic lower bounds on sample complexity: classical case

Proof Since C is non-trivial, we may assume there are two concepts c1 , c2 ∈ C and
there exists an input x ∈ {0, 1}n such that c1 (x) 6= c2 (x). Consider the two distributions
D− and D+ defined as follows: D± (x, c1 (x)) = (1 ± ε)/2 and D± (x,
p c2 (x)) = (1 ∓ ε)/2.
Let |ψ± i be the state after T queries to QAEX(D± ), i.e., |ψ± i = ( (1 ± ε)/2|x, c1 (x)i +
p
(1 ∓ ε)/2|x, c2 (x)i)⊗T . It follows that hψ+ |ψ− i = (1 − ε2 )T /2 . Since the successpprobability of an (ε, δ)-agnostic quantum learner is ≥ 1 − δ, Fact 9 implies hψ+ |ψ− i ≤ 2 δ(1 − δ).
Hence T = Ω( ε12 log 1δ )

Lemma 12 Let C be a non-trivial concept class. For every δ ∈ (0, 1/2), ε ∈ (0, 1/4), a
(ε, δ)-agnostic quantum learner for C has sample complexity Ω( ε12 log 1δ ).

Proof Since C is non-trivial, we may assume there are two concepts c1 , c2 ∈ C defined
on two inputs {x , x } as follows c (x ) = c (x ) = 0 and c1 (x2 ) = 0, c2 (x2 ) = 1. Consider
1
2
1
1
2
1
the distribution D(x1 ) = 1 − ε and D(x2 )√= ε. For i ∈ {1, 2}, the state of the algorithm
√
after T queries to QPEX(ci , D) is |ψi i = ( 1 − ε|x1 , 0i + ε|x2 , ci (x2 )i)⊗T . It follows that
hψ1 |ψ2 i = (1−ε)T . Since the
p success probability of an (ε, δ)-PAC quantum learner is ≥ 1−δ,
Fact 9 implies hψ1 |ψ2 i ≤ 2 δ(1 − δ). Hence T = Ω( 1ε log 1δ ).

Equating the derivative to zero we obtain the maxima (the second derivative can be checked
to be negative) at t = c2 /e.

Fact 7 For all ε ∈ [0, 1/2] we have H(ε) ≤ O(ε log(1/ε)), and (from the Taylor series)

n
k



1 − H(1/2 + ε) ≤ 2ε2 / ln 2 + O(ε4 ).
Fact 8 For every positive integer n, we have that
Pm n
nH(m/n) for all m ≤ n/2.
i=0 i ≤ 2
The following facts are well-known in quantum information theory.

Fact 9 (Kaye et al., 2006, Appendix A.9) Let binary random variable b ∈ {0, 1} be
uniformly distributed. Suppose an algorithm is given |ψb i (for unknown b) and is requiredpto guess whether b = 0 or b = 1. It will guess correctly with probability at most
+ 21 1 − |hψ0 |ψ1 i|2 .
1
2

p Note that if we can distinguish |ψ0 i and |ψ1 i with probability ≥ 1 − δ, then |hψ0 |ψ1 i| ≤
2 δ(1 − δ).

Fact 10 (Subadditivity of quantum entropy): For an arbitrary bipartite state ρAB on the
Hilbert space HA ⊗ HB , it holds that S(ρAB ) ≤ S(ρA ) + S(ρB ).

3. Information-theoretic lower bounds
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Upper bounds on sample complexity carry over from classical to quantum PAC learning,
because a quantum example becomes a classical example if we just measure it. Our main
goal is to show that the lower bounds also carry over. All our lower bounds will involve
two terms, one that is independent of C and one that is dependent on the VC dimension of
C . In Section 3.1 we prove the VC-independent part of the lower bounds for the quantum
setting (which also is a lower bound for the classical setting), in Section 3.2 we present
an information-theoretic lower bound on sample complexity for PAC learning and agnostic
learning which yields optimal VC-dependent bounds in the classical case. Using similar
ideas, in Section 3.3 we obtain near-optimal bounds in the quantum case.
15

i=1

i=1

T
X

H(Bi | A) =

H(Bi | A)

H(Bi ) −

i=1

T
X

i=1

T
X

I(A : Bi ),

17

Combining these three steps implies T = Ω(d/ε).

I(A : B1 ) = I(A : I) + I(A : L | I) =
i=1

d
X
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Pr[I = i] · I(A : L | I = i) = 4ε.

Proof. View B1 = (I, L) as consisting of an index I ∈ {0, 1, . . . , d} and a corresponding
label L ∈ {0, 1}. With probability 1 − 4ε, (I, L) = (0, 0). For each i ∈ [d], with
probability 4ε/d, (I, L) = (i, Ai ). Note that I(A : I) = 0 because I is independent
of A; I(A : L | I = 0) = 0; and I(A : L | I = i) = I(Ai : L | I = i) = H(Ai | I =
i) − H(Ai | L, I = i) = 1 − 0 = 1 for all i ∈ [d]. We have

3. I(A : B1 ) = 4ε.

where the second equality used independence of the Bi ’s conditioned on A, and the
inequality uses Fact 10. Since I(A : Bi ) = I(A : B1 ) for all i, we get the inequality.

≤

T
X

I(A : B) = H(B) − H(B | A) = H(B) −

Proof. This inequality essentially appeared in (Jain and Zhang, 2009, Lemma 5), we
include the proof for completeness.

2. I(A : B) ≤ T · I(A : B1 ).

= (1 − δ)(1 − H(1/4))d − H(δ).

≥ d − (1 − δ)H(1/4)d − δd − H(δ)

Pr[Z = 0] · H(A | B, Z = 0) − H(Z)

= H(A) − Pr[Z = 1] · H(A | B, Z = 1)−

≥ H(A) − H(A | B, Z) − H(Z)

I(A : B) = H(A) − H(A | B)

We now lower bound I(A : B) as follows:

H(A | B, Z = 1) ≤ H(A | h(B), Z = 1) ≤ H(1/4)d.

(given the examples in B) restricted to the elements s1 , . . . , sd . Note that the error
of the hypothesis errD (h(B), cA ) equals dH (A, h(B)) · 4ε/d, because each si where A
and h(B) differ contributes D(si ) = 4ε/d to the error. Let Z be the indicator random
variable for the event that the error is ≤ ε. If Z = 1, then dH (A, h(B)) ≤ d/4. Since
we are analyzing an (ε, δ)-PAC learner, we have Pr[Z = 1] ≥ 1 − δ, and H(Z) ≤ H(δ).
Pd/4 
Given a string h(B) that is d/4-close to A, A ranges over a set of only i=0 di ≤
2H(1/4)d possible d-bit strings (using Fact 8), hence
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Pr[I = i] · I(A : L | I = i)

(X,Y)∼DT

E

18

[errD (hXY )] − optD (C ) ≤ ε.
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In the theorem below, we optimize the constant in the lower bound of the sample
complexity in Theorem 14. In learning theory such lower bounds are often stated slightly
differently. In order to compare the lower bounds, we introduce the following. We first
define an ε-average agnostic learner for a concept class C as a learner that, given access to
T samples from an AEX(D) oracle (for some unknown distribution D), needs to output a
hypothesis hXY (where (X, Y) ∼ DT ) that satisfies

Combining these three steps implies T = Ω(d/ε2 ).

i=1

d
X

= 1 − H(1/2 + 2ε) = O(ε2 ).

I(A : B1 ) = I(A : I) + I(A : L | I) =

Using Fact 7, we have

= 1 − H(1/2 + 2ε).

I(A : L | I = i) = I(Ai : L | I = i) = H(Ai | I = i) − H(Ai | L, I = i)

Proof. View the Da -distributed random variable B1 = (I, L) as index I ∈ [d] and
label L ∈ {0, 1}. The marginal distribution of I is uniform; conditioned on I = i, the
bit L equals Ai with probability 1/2 + 2ε. Hence

3. I(A : B1 ) = 1 − H(1/2 + 2ε) = O(ε2 ).

2. I(A : B) ≤ T · I(A : B1 ).

1. I(A : B) ≥ (1 − δ)(1 − H(1/4))d − H(δ) = Ω(d).

Proof The d-independent part of the lower bound, T = Ω(log(1/δ)/ε2 ), even holds for
quantum examples and was proven in Lemma 12. For the other part, the proof is similar to
Theorem 13, as follows. Assume an (ε, δ)-agnostic learner for C that uses T examples. We
need to prove T = Ω(d/ε2 ). For shattered set S = {s1 , . . . , sd } ⊆ {0, 1}n and a ∈ {0, 1}d ,
define distribution Da on [d] × {0, 1} by Da (i, `) = (1 + (−1)ai +` 4ε)/2d.
Again let random variable A ∈ {0, 1}d be uniformly random, corresponding to the values
of concept ca on S, and B = B1 . . . BT be T i.i.d. samples from Da . Note that ca is the
minimal-error concept from C w.r.t. Da , and concept cã has additional error dH (a, ã) · 4ε/d.
Accordingly, an (ε, δ)-agnostic learner has to produce (from B) an h(B) ∈ {0, 1}d , which,
with probability at least 1 − δ, is d/4-close to A. Our three-step analysis is very similar to
Theorem 13; only the third step changes:

Theorem 14 Let C be a concept class with VC-dim(C ) = d. Then for every
 δ ∈ (0, 1/2)

and ε ∈ (0, 1/4), every (ε, δ)-agnostic learner for C has sample complexity Ω εd2 + log(1/δ)
.
ε2

3.2.2. Optimal lower bound for classical agnostic learning

Arunachalam and de Wolf

d
.
T
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1
[errD (hXY )] − optD (C ) ≥
6

Lower bounds on the quantity (E(X,Y)∼DT [errD (hXY )] − optD (C )) are generally referred to
as minimax lower bounds in learning theory. For concept class C , Audibert (2008, 2009)
showed that there exists a distribution D, such that if the agnostic learner uses T samples
from AEX(D), then
r
E

(X,Y)∼DT

d
Equivalently, this is a lower bound of T ≥ 36ε
2 on the sample complexity of an ε-average
d
agnostic learner. We obtain a slightly weaker lower bound that is essentially T ≥ 62ε
2:

Theorem 15 Let C be a concept class with VC-dim(C ) = d. Then for every ε ∈ (0, 1/10],
there exists a distribution for
 which every ε-average agnostic learner has sample complexity

1
at least εd2 · 62
− log(2d+2)
.
4d

Proof The proof is similar to Theorem 14. Assume an ε-average agnostic learner for C
that uses T samples. For shattered set S = {s1 , . . . , sd } ⊆ {0, 1}n and a ∈ {0, 1}d , define
distribution Da on [d] × {0, 1} by Da (i, `) = (1 + (−1)ai +` βε)/2d, for some constant β ≥ 2
which we shall pick later.
Again let random variable A ∈ {0, 1}d be uniformly random, corresponding to the values
of concept ca on S, and B = B1 . . . BT be T i.i.d. samples from Da . Note that ca is the
minimal-error concept from C w.r.t. Da , and concept cã has additional error dH (a, ã) · βε/d.
Accordingly, an ε-average agnostic learner has to produce (from B) an h(B) ∈ {0, 1}d , which
satisfies EA,B [dH (A, h(B))] ≤ d/β.
Our three-step analysis is very similar to Theorem 14; only the first step changes:
1. I(A : B) ≥ d(1 − H(1/β)) − log(d + 1).

Proof. Define random variable Z = dH (A, h(B)), then E[Z] ≤ d/β.
Note that given

a string h(B) that is `-close to A, A ranges over a set of only d` ≤ 2H(`/d)d possible
d-bit strings (using Fact 8), hence

H(A | B, Z = `) ≤ H(A | h(B), Z = `) ≤ H(`/d)d.
We now lower bound I(A : B):

`=0

(using E[Z] ≤ d/β)

(using Jensen’s inequality)

(since Z ∈ {0, . . . , d})

Pr[Z = `] · H(A | B, Z = `) − H(Z)
[H(`/d)d] − log(d + 1)
`∈{0,...,d}

E

d+1
X

≥ H(A) − H(A | B, Z) − H(Z)

I(A : B) = H(A) − H(A | B)
=d−
≥d−

 E [`] 
`
≥ d − dH
− log(d + 1)
d
≥ d − dH(1/β) − log(d + 1),
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where for the third inequality we used the concavity of the binary entropy function to
conclude E` [H(`/d)] ≤ H(E` [`]/d), and for the fourth inequality we used that β ≥ 2.
19

Arunachalam and de Wolf

2. I(A : B) ≤ T · I(A : B1 ).

Fact 7

3. I(A : B1 ) = 1 − H(1/2 + βε/2) ≤ β 2 ε2 / ln 4 + O(ε4 ).

d ln 4  1 − H(1/β)
log(d + 1) 
·
− 2
.
ε2
β 2 + O(ε2 )
β d + O(dε2 )

Combining these three steps implies
T ≥

Using ε ≤ 1/10, β = 4 to optimize this lower bound, we obtain T ≥

d
ε2

·



1
62


− log(2d+2)
.
4d

3.3. Information-theoretic lower bounds on sample complexity: quantum case

Here we will “quantize” the above two classical information-theoretic proofs, yielding lower
bounds for quantum sample complexity (in both the PAC and the agnostic setting) that
are tight up to a logarithmic factor.

3.3.1. Near-optimal lower bound for quantum PAC learning

Theorem 16 Let C be a concept class with VC-dim(C ) = d + 1. Then, for every δ ∈
(0, 1/2) and ε ∈ (0, 1/4),

 every (ε, δ)-PAC quantum learner for C has sample complexd
ity Ω ε log(d/ε)
+ log(1/δ)
.
ε

a∈{0,1}d

X

|aiha| ⊗ |ψa ihψa |⊗T .

Proof The proof is analogous to Theorem
p the same distribution D, with the
P 13. We use
Bi now being quantum samples: |ψa i = i∈{0,1,...,d} D(si )|i, ca (si )i. The AB-system is
now in the following classical-quantum state:
1
2d

The first two steps of our argument are identical to Theorem 13. We only need to re-analyze
step 3:

1. I(A : B) ≥ (1 − δ)(1 − H(1/4))d − H(δ) = Ω(d).
2. I(A : B) ≤ T · I(A : B1 ).

3. I(A : B1 ) ≤ H(4ε) + 4ε log(2d) = O(ε log(d/ε)).

Proof. Since AB is a classical-quantum state, we have

I(A : B1 ) = S(A) + S(B1 ) − S(AB1 ) = S(B1 ),

JMLR 19(71):1-36, 2018

where the first equality follows from definition and the second equality uses S(A) = d
since
A is uniformly distributed in {0, 1}d , and S(AB1 ) = d since the matrix σ =
1 P
d
a∈{0,1}d |aiha| ⊗ |ψa ihψa | is block diagonal with 2 rank-1 blocks on the diagonal.
2d

20

(using Fact 7)

a∈{0,1}

√1
2d

P

i∈[d],`∈{0,1} |i, `i.

i∈[d]

21
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 1 √

√
√
1 X 1 √
hψ|ψa i =
1 + 4ε + 1 − 4ε =
1 + 4ε + 1 − 4ε ≥ 1 − 2ε2 − O(ε4 ),
d
2
2

We lower bound the largest singular value of ρ. Consider |ψi =

Proof of step 3. As in step 3 of the proof of Theorem 16, it suffices to upper bound
the entropy of
1 X
ρ= d
|ψa ihψa |.
2
d

3. I(A : B1 ) =

O(ε2 log(d/ε)).

2. I(A : B) ≤ T · I(A : B1 ).

1. I(A : B) ≥ (1 − δ)(1 − H(1/4))d − H(δ) = Ω(d).

Proof The proof
p to Theorem 14, with the Bi now being quantum samples
P is analogous
for Da , |ψa i = i∈[d],`∈{0,1} Da (i, `)|i, `i. Again we only need to re-analyze step 3:

Theorem 17 Let C be a concept class with VC-dim(C ) = d. Then for every δ∈ (0, 1/2),
d
ε ∈ (0, 1/4), every (ε, δ)-agnostic quantum learner for C has sample complexity Ω ε2 log(d/ε)
+

log(1/δ)
.
ε2

3.3.2. Near-optimal lower bound for quantum agnostic learning



d
Combining these three steps implies T = Ω ε log(d/ε)
.

= O(ε log(d/ε)).

≤ H(4ε) + 4ε log(2d)

= H(Z) + Pr[Z = 0] · H(N | Z = 0) + Pr[Z = 1] · H(N | Z = 1)

S(ρ) = H(N) = H(N, Z) = H(Z) + H(N | Z)

Let σ0 ≥ σ1 ≥ · · · ≥ σ2d ≥ 0 be its singular values. Since ρ is a density matrix, these
form a probability distribution. Note that the upper-left entry of the matrix |ψa ihψa | is
D(s0 ) = 1−4ε, hence so is the upper-left entry of ρ. This implies σ0 ≥ 1−4ε. Consider
sampling a number N ∈ {0, 1, . . . , 2d} according to the σ-distribution. Let Z be the
indicator random variable for the event N 6= 0, which has probability 1−σ0 ≤ 4ε. Note
that H(N | Z = 0) = 0, because Z = 0 implies N = 0. Also, H(N | Z = 1) ≤ log(2d),
because if Z = 1 then N ranges over 2d elements. We now have

a∈{0,1}

It thus suffices to bound the entropy of the singular values of the reduced state of B1 ,
which is
1 X
|ψa ihψa |.
ρ= d
2
d
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k

k

is defined as P (x, y) = g(x + y), then

Q∈{0,1}k

X

z1 ,z2

z1 ∈{0,1}k

X

22

(−1)(x+Q)·z1

z2 ∈{0,1}k

X

JMLR 19(71):1-36, 2018

(−1)(y+Q)·z2

(−1)z1 ·x+z2 ·y gb(Q)(−1)Q·(z1 +z2 ) (Fourier expansion of g)
gb(Q)

,Q∈{0,1}k

X

z1 ,z2 ∈{0,1}

= 2k gb(x)δx,y ,

1
= k
2

1
= k
2

Proof Let H ∈ R2 ×2 be the matrix defined as H(x, y) = (−1)x·y for x, y ∈ {0, 1}k . It is
easy to see that H −1 (x, y) = (−1)x·y /2k . We now show that H diagonalizes P :
X
1
(−1)z1 ·x+z2 ·y g(z1 + z2 )
(HP H −1 )(x, y) = k
2
k

k ×2k

Claim 19 Suppose g : {0, 1}k → R and P ∈ R2
the eigenvalues of P are {2k gb(Q) : Q ∈ {0, 1}k }.

Proof The structure of the proof is to first diagonalize A, relating its eigenvalues
to the
√
Fourier coefficients of f . This allows to calculate the diagonal entries of A exactly in
terms of those Fourier coefficients. We then upper bound those Fourier coefficients using a
combinatorial argument.
We first observe the well-known relation between the eigenvalues of a matrix P defined
as P (x, y) = g(x + y) for x, y ∈ {0, 1}k , and the Fourier coefficients of g.

T
Theorem 18 For m ≥ 10, let f : {0, 1}m → R be defined as f (z) = (1 − β |z|
m ) for some
m×k
3
be a matrix with rank k. Suppose
β ∈ (0, 1] and T ∈ [1, m/(e β)]. For k ≤ m, let M ∈ F2
k
k
A ∈ R2 ×2 is defined as A(x, y) = (f ◦ M )(x + y) for x, y ∈ {0, 1}k , then
√
√
2 e
β T /2 11T 2 β 2 /m+√T mβ
A(x, x) ≤ k/2 1 −
for all x ∈ {0, 1}k .
e
2
2

In this section we present a tight lower bound on quantum sample complexity for both
the PAC and the agnostic learning settings, using ideas from Fourier analysis to analyze
the performance of the Pretty Good Measurement. The core of both lower bounds is the
following theorem.

4. A lower bound by analysis of state identification

I(A : B1 ) ≤ S(ρ) ≤ H(4ε2 ) + 4ε2 log(2d) = O(ε2 log(d/ε)).


d
.
Combining these three steps implies T = Ω ε2 log(d/ε)

Fact 7

We can now finish as in step 3 of the proof of Theorem 16:

a∈{0,1}

√
where the last inequality used the Taylor series expansion of 1 + x. This implies
that the largest singular value of ρ is at least
1 X
hψ|ρ|ψi = d
|hψ|ψa i|2 ≥ 1 − 4ε2 − O(ε4 ).
2
d

Arunachalam and de Wolf
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P
where we used z∈{0,1}k [(−1)(a+b)·z ] = 2k δa,b in the last equality. The eigenvalues of P are
the diagonal entries, {2k gb(Q) : Q ∈ {0, 1}k }.
√

s
X

S∈{0,1}m :M t S=Q

fb(S).

A to the Fourier coefficients of f :

Q∈{0,1}k

X

We now relate the diagonal entries of

√
1
2k/2

Claim 20 For all x ∈ {0, 1}k , we have
A(x, x) =

5

1
2k/2

X

Q∈{0,1}k

s

X

S∈{0,1}m :M t S=Q

o
nq
A = H −1 · diag
2k f\
◦ M (Q) : Q ∈ {0, 1}k
· H,

Q∈{0,1}k

fb(S).

Proof Since A(x, y) = (f ◦ M )(x + y), by Claim 19 it follows that H (as defined in the
proof of Claim 19) diagonalizes A and the eigenvalues of A are {2k f\
◦ M (Q) : Q ∈ {0, 1}k }.
Hence, we have
√

1
2k/2

√
and the diagonal entries of A are
X q
√
Claim
f\
◦ M (Q) =
A(x, x) =

In the following lemma, we give an upper bound on the Fourier coefficients of
√ f , which
in turn (from the claim above) gives an upper bound on the diagonal entries of A.

for all S such that |S| = q.

Lemma 21 For β ∈ (0, 1], the Fourier coefficients of f : {0, 1}m → R defined as f (z) =
T
(1 − β |z|
m ) , satisfy

  β q
T
β
T
2 2
0 ≤ fb(S) ≤ 4e 1 −
e22T β /m ,
2
m

Proof In order to see why the Fourier√coefficients of p
f are non-negative,
we first define
P
the set U = {ux⊗T }x∈{0,1}m where ux = 1 − β|0, 0i + β/m i∈[m] |i, xi i. Let V be the
2m × 2m Gram matrix for the set U . For x, y ∈ {0, 1}m , we have
m


T
β X
V (x, y) = (ux∗ uy )T = 1 − β +
hxi |yi i
m
i=1

T 
|x + y| T
β
= 1 − β + (m − |x + y|) = 1 − β
= f (x + y).
m
m
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By Claim 19, the eigenvalues of the Gram matrix V are {2m fb(S) : S ∈ {0, 1}m }. Since the
Gram matrix is psd, its eigenvalues are non-negative, which implies that fb(S) ≥ 0 for all
S ∈ {0, 1}m .
23

E

z∈{0,1}m

h

1−β

Arunachalam and de Wolf

i
|z| T
(−1)S·z
m

We now prove the upper bound in the lemma. By definition,
fb(S) =

`=0

m

T  
X
T 
β T −`  β `
1−
`
2
2m

`=0

i1 ,...,i` =1

m
X

i1 ,...,i` =1

1[ei1 +···+ei

`

=S] ,

h
i
T
P
β
β X
=
E
1− +
(since |z| = i∈[m]
(−1)zi (−1)S·z
2
2m
z∈{0,1}m
i=1
m
T  
h X
i
X
T 
β T −`  β `
E
(−1)z·(ei1 +···+ei` +S)
1−
2
2m z∈{0,1}m
`
=

=

1−(−1)zi
)
2

using Ez∈{0,1}m [(−1)(z1 +z2 )·z ] = δz1 ,z2 in the last equality.
We will use the following claim to upper bound the combinatorial sum in the quantity above.

`

1[ei1 +···+ei

=S]

≤

0

.

(
`! · m(`−q)/2 2(`−q)/2 ((` − q)/2)!

otherwise

if (` − q) is even

Claim 22 Fix S ∈ {0, 1}m with Hamming weight |S| = q. For every ` ∈ {q, . . . , T }, we
have
m
X

i1 ,...,i` =1

`

1[ei1 +···+ei

=S]

≤
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.

`
q! · (` − q)! · m(`−q)/2 2(`−q)/2 ((` − q)/2)! .
q

Proof Since |S| = q, we can write S = er1 + · · · + erq for distinct r1 , . . . , rq ∈ [m]. There

are q` ways to pick q indices in (i1 , . . . , i` ) (w.l.o.g. let them be i1 , . . . , iq ) and there are q!
factorial ways to assign (r1 , . . . , rq ) to (i1 , . . . , iq ). It remains to count the number of ways
that we can assign values to the remaining indices iq+1 , . . . , i` such that eiq+1 + · · · + ei` = 0.
If ` − q is odd then this number is 0, so from now on assume ` − q is even. We upper bound
the number of such assignments by partitioning the ` − q indices into pairs and assigning
the same value to both indices in each pair.
We first count the number of ways to partition a set of ` − q indices into subsets of

−1
size 2. This number is exactly (` − q)! 2(`−q)/2 ((` − q)/2)!
. Furthermore, there are m
possible values that can be assigned to the pair of indices in each of the (` − q)/2 subsets
such that ei + ej = 0 within each subset. Note that assigning m possible values to each pair
of indices in the (` − q)/2 subsets overcounts, but this rough upper bound is sufficient for
our purposes.
Combining the three arguments, we conclude
d
X

i1 ,...,i` =1

which yields the claim.

24

`

`=q

`

T  
X
T

`=0


T 

1−

i1 ,...,i` =1

`

1[ei1 +···+ei
=S]

.
` − q  
β T −`  β `
`! · m(`−q)/2 2(`−q)/2
!
2
2m
2

β T −`  β `
1−
2
2m

m
X

T

`=q

r
T
`


`! ≤ T ` )

r=de3 T 2 β 2 /me+1

 √eT β r 
√
.
mr

(since the summands are ≥ 0)

(using n! ≥

(n/e)n )

(substituting r ← (` − q))

(since β < 1 and

(by Claim 22)

e3 T 2 β 2  dT 2 β 2 /me/2
eT β r 
2 2
√
≤ 2+
e
≤ 2e22T β /m+1 ,
m
mr
(6)

r=de3 T 2 β 2 /me+1

T
X

 √eT β r
√
≤
mr

25

r=de3 T 2 β 2 /me+1

T
X

e

 1 r
≤
r=1

e

T  
X
1 r

=

(7)
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1 − e−T
≤ 2/3.
e−1

where the first inequality uses Claim 6 and the second inequality uses 2 + x ≤ 2ex for x ≥ 0
and e3 + 1/2 ≤ 22. For the second piece, we use

r=0

X

de3 T 2 β 2 /me  √

maximized at r = dT 2 β 2 /me. Hence we get

Note that by the assumptions of the theorem, T 2 e3 β 2 /m ≤ T β ≤ T , which allowed us to
split the sum into two pieces in the last equality. At this point, we upper bound both
 √ pieces
r
β
in the last equation separately. For the first piece, using Claim 6 it follows that √eT
is
mr

r=0

de3 T 2 β 2 /me  √

X
β T  T β q 
eT β r
√
= 1−
+
2
m
mr

T −q

β T  T β q X  T β r er/2
√
≤ 1−
2
m
2m (r/2)r/2
r=0
√
T −q

β T  T β q X  eT β r
√
= 1−
2
m
mr
r=0
√
T

β T  T β q X  eT β r
√
≤ 1−
2
m
mr
r=0



r=0

T
X

m ` . ` − q 
!
2
2

T −q

β T  2 q/2  T β q X  T β r 1
√
√
= 1−
2
m
2m
2m (r/2)!

`=q

β T  2 q/2 X 
β
≤ 1−
·
T·
2
m
m





T   
`  m `/2 . ` − q 
β
β T  2 q/2 X T
`!
!
= 1−
2
m
m(2 − β)
2
2
`

≤

fb(S) =

T 
X

Continuing with the evaluation of the Fourier coefficient and using the claim above,
we have
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2k/2

q
fb(S)

26
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Proof The d-independent part of the lower bound is Lemma 11. To prove the d-dependent
part, define a distribution D on a set S = {s0 , . . . , sd } ⊆ {0, 1}n that is shattered by C as
follows: D(s0 ) = 1 − 20ε and D(si ) = 20ε/d for all i ∈ [d].
Now consider a [d, k, r]2 linear code (for k ≥ d/4, distance r ≥ d/8) as shown to exist in
Theorem 4 with the generator matrix M ∈ Fd×k
of rank k. Let {M x : x ∈ {0, 1}k } ⊆ {0, 1}d
2
be the set of codewords in this linear code; these satisfy dH (M x, M y) ≥ d/8 whenever x 6= y.
For each x ∈ {0, 1}k , let cx be a concept defined on the shattered set as: cx (s0 ) = 0 and

Theorem 23 Let C be a concept class with VC-dim(C ) = d + 1, for sufficiently large d.
Then for every δ ∈ (0,
 1/2) and ε ∈ (0, 1/20), every (ε, δ)-PAC quantum learner for C has
sample complexity Ω dε + 1ε log 1δ .

We can now prove our tight lower bound on quantum sample complexity in the PAC model:

4.1. Optimal lower bound for quantum PAC learning

m  
β T /2 11T 2 β 2 /m X m  T β q/2
e
(using Lemma 21)
2
q
m
q=0
r
β T /2 11T 2 β 2 /m 
T β m
e
1+
(using binomial theorem)
2
m
β T /2 11T 2 β 2 /m+√T mβ
e
.
(using (1 + x)t ≤ ext for x, t ≥ 0)
2

X

q=0 S∈{0,1}m :|S|=q

√
2 e
≤ k/2 1 −
2
√
2 e
= k/2 1 −
2√
2 e
≤ k/2 1 −
2

=

m
1 X

S∈{0,1}

(since 22T 2 β 2 /m > 0)

(using Eq. (6), (7))

The theorem follows by putting together Claim 20 and Lemma 21:
X s
X
√
1
A(x, x) = k/2
fb(S)
(using Claim 20)
2
S∈{0,1}m :M t S=Q
Q∈{0,1}k
q
X
X
1
fb(S) (using lower bound from Lemma 21)
≤ k/2
2
Q∈{0,1}k S∈{0,1}m :M t S=Q
X q
1
= k/2
fb(S)
(∪Q {S : M t S = Q} = {0, 1}m since rank(M )=k)
2
m



β T  T β q  22T 2 β 2 /m+1
fb(S) ≤ 1 −
2e
+ 2/3
2
m

β T  T β q 22T 2 β 2 /m
≤ 4e 1 −
e
2
m

So we finally get
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p
D(si )|si , cx (si )i, and E =

cx (si ) = (M x)i for all i ∈ [d]. The existence of such concepts in C follows from the fact
that S is shattered by C . From the distance property of the code, we have Prs∼D [cx (s) 6=
d
cy (s)] ≥ 20ε
d 8 = 5ε/2. This in particular implies that an (ε, δ)-PAC quantum learner that
tries to ε-approximate a concept from {cx : x ∈ {0, 1}k } should successfully identify that
concept with probability at least 1 − δ.
k
We P
now consider
p the following state-identification problem: for x ∈ {0, 1} , denote
|ψx i = i∈{0,...,d} D(si )|si , cx (si )i. Let the (ε, δ)-PAC quantum sample complexity be T .
Assume T ≤ d/(20e3 ε), since otherwise T ≥ Ω(d/ε) and the theorem follows. Suppose
the learner has knowledge of the ensemble E = {(2−k , |ψx i⊗T ) : x ∈ {0, 1}k }, and is given
|ψx i⊗T ∈ E for a uniformly random x. The learner would like to maximize the average
probability of success to identify the given state. For this problem, we prove a lower bound
on T using the PGM defined in Section 2.6. In particular, we show that using the PGM,
if a learner successfully identifies the states in E, then T = Ω(d/ε). Since the PGM is
the optimal measurement6 that the learner could have performed, the result follows. The
following lemma makes this lower bound rigorous and will conclude the proof of the theorem.
P
i∈{0,...,d}

√
4e
2 2
e8800T ε /d+4 5T dε .
2d/4+T ε

Lemma 24 For every x ∈ {0, 1}k , let |ψx i =
{(2−k , |ψx i⊗T ) : x ∈ {0, 1}k }. Then
P P GM (E) ≤

Before we prove the lemma, we first show why it implies the theorem. Since we observed
above that P opt (E) = P P GM (E), a good learner satisfies P P GM (E) = Ω(1) (say
√ for δ = 1/4),
which in turn implies (by taking logarithms) that Ω(d + T ε) ≤ O(T 2 ε2 /d + T dε). Hence,
it follows that
√
Ω(max{d, T ε}) ≤ O(min{T 2 ε2 /d, T dε}).
Note that if T ε maximizes the left-hand side, then√d ≤ T ε and hence T ≥ Ω(d/ε). The
remaining cases are Ω(d) ≤ T 2 ε2 /d and Ω(d) ≤ T dε. Both these statements give us
T ≥ Ω(d/ε).7 Hence the theorem follows, and it remains to prove Lemma 24:

x∈{0,1}k

Proof Let E 0 = {2−k/2 |ψx i⊗T : x ∈ {0, 1}k } and G be the 2k × 2k Gram matrix for E 0 .
As we saw in Section 2.6, the success probability of identifying the states in the ensemble
E using the PGM is
X √
G(x, x)2 .
P P GM (E) =
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6. For x ∈ {0, 1}k , define unitary Ucx : |si , bi →P
|si , b + cx (sp
i )i for all i ∈ {0, . . . , d}. The ensemble E is
generated by applying {Ucx }x∈{0,1}k to |ϕi = i∈{0,...,d} D(si )|si , 0i. View cx = (0, M x) ∈ {0, 1}d+1
as a concatenated string where M x is a codeword of the [d, k, r]2 code. Since the 2k codewords of
the [d, k, r]2 code form a linear subspace, {Ucx }x∈{0,1}k is an Abelian group. From the discussion in
Section 2.6, we conclude that the PGM is the optimal measurement for this state-identification problem.
7. We made no attempt to optimize the constants here. Also, we remark that this tight lower bound on
sample complexity implies that Lemma 21 is tight up to constant factors in the exponent.
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√

=

T
1
20ε
= k (1 − 20ε) +
(d − dH (M x, M y))
d
2
T
1
20ε
dH (M x, M y) ,
1−
d
2k

i=1

d
T
1
1
20ε X x
hψx |ψy iT = k (1 − 20ε) +
hc (si )|cy (si )i
d
2k
2

For all x, y ∈ {0, 1}k , the entries of the Gram matrix G can be written as:
G(x, y) =

x∈{0,1}k

1
2k

x∈{0,1}k

X

A(x, x)2

(since G = A/2k )

where M x, M y ∈ {0, 1}d are codewords in the linear code defined earlier. Define f :
T
k
{0, 1}d → R as f (z) = (1 − 20ε
d |z|) , and let A(x, y) = (f ◦ M )(x + y) for x, y ∈ {0, 1} .
Note that G = A/2k . Since we assumed T ≤ d/(20e3 ε), we can use Theorem 18 (by choosing
m = d and β = 20ε) to upper bound the success probability of successfully identifying the
states in the ensemble E using the PGM.
X √
G(x, x)2
P P GM (E) =

=

4e 
β T 22T 2 β 2 /d+2√T dβ
e
≤
1−
(using Theorem 18)
2
2k
T
√
4e 
2 2
= k 1 − 10ε e8800T ε /d+4 5T dε
(substituting β = 20ε)
2
4e 8800T 2 ε2 /d+4√5T dε
e
(using (1 − 10ε)T ≤ e−10εT ≤ 2−εT )
2k+T ε
≤

The lemma follows by observing that k ≥ d/4.

4.2. Optimal lower bound for quantum agnostic learning

We now use the same approach to obtain a tight lower bound on quantum sample complexity
in the agnostic setting.

Theorem 25 Let C be a concept class with VC-dim(C ) = d, for sufficiently large d. Then
for every δ ∈ (0, 1/2)
 and ε ∈ (0,1/10), every (ε, δ)-agnostic quantum learner for C has
sample complexity Ω εd2 + ε12 log 1δ .
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Proof The d-independent part of the lower bound is Lemma 12. For the d-dependent term
in the lower bound, consider a [d, k, r]2 linear code (for k ≥ d/4, distance r ≥ d/8) as shown
to exist in Theorem 4, with generator matrix M ∈ F2d×k of rank k. Let {M x : x ∈ {0, 1}k } ⊆

28

for (i, b) ∈ [d] × {0, 1},

4e

e(d ln 2)/4+25T ε2

e220000T

√

2 ε4 /d+20

T dε2

.

P

X

|si ihsi | ⊗ X (M x)i , where X is the NOT-gate, so

JMLR 19(71):1-36, 2018

i∈[d]
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|bi = |b + (M x)i i for b ∈ {0, 1}. The ensemble E is generated by applying {Ucx }x∈{0,1}k to
q
P
|ϕi = √1d (i,b)∈[d]×{0,1} 12 + 12 (−1)b α|si , bi. Since the 2k codewords of the [d, k, r]2 code form a linear
subspace, {Ucx }x∈{0,1}k is an Abelian group. From the discussion in Section 2.6, we conclude that the
PGM is the optimal measurement for this state-identification problem.

(M x)i

8. For x ∈ {0, 1}k , define unitary Ucx =

Like in the proof of Theorem 23, this implies a lower bound of T = Ω(d/ε2 ) and proves the
theorem. It remains to prove Lemma 26:

√
Ω(max{d, T ε2 }) ≤ O(min{T 2 ε4 /d, T dε2 }).

Before we prove the lemma, we first show why it implies the theorem. Since we observed
above that P opt (E) = P P GM (E), a good learner satisfies P P GM (E) = Ω(1) (say for δ = 1/4),
which in turn implies

P P GM (E) ≤

p
P
Lemma 26 For x ∈ {0, 1}k , let |ψx i = (i,b)∈[d]×{0,1} Dx (si , b)|si , bi, and consider the
ensemble E = {(2−k , |ψx i⊗T ) : x ∈ {0, 1}k }. Then

where S = {s1 , . . . , sd } is a set that is shattered by C , and α is a parameter which we
shall pick later. Let cx ∈ C be a concept that labels S according to M x ∈ {0, 1}d . The
existence of such cx ∈ C follows from the fact that S is shattered by C . Note that cx is
the minimal-error concept in C w.r.t. Dx . A learner that labels S according to some string
` ∈ {0, 1}d has additional error dH (M x, `) · α/d compared to cx . This in particular implies
that an (ε, δ)-agnostic quantum learner has to find (with probability at least 1 − δ) an `
such that dH (M x, `) ≤ dε/α. We pick α = 20ε and we get dH (M x, `) ≤ d/20. However,
since M x was a codeword of a [d, k, r]2 code with distance r ≥ d/8, finding an ` satisfying
dH (M x, `) ≤ d/20 is equivalent to identifying M x, and hence x.
k
p the following state-identification problem: for x ∈ {0, 1} , let |ψx i =
P Now consider
D
(s
,
b)|s
,
bi.
Let
the
(ε,
δ)-agnostic
quantum
sample
complexity
be T .
x
i
i
(i,b)∈[d]×{0,1}
Assume T ≤ d/(100e3 ε2 ), since otherwise T ≥ Ω(d/ε2 ) and the theorem follows. Suppose
the learner has knowledge of the ensemble E = {(2−k , |ψx i⊗T ) : x ∈ {0, 1}k }, and is given
|ψx i⊗T ∈ E for uniformly random x. The learner would like to maximize the average
probability of success to identify the given state. For this problem, we prove a lower bound
on T using the PGM defined in Section 2.6. In particular, we show that using the PGM,
if a learner successfully identifies the states in E, then T = Ω(d/ε2 ). Since the PGM is
the optimal measurement8 that the learner could have performed, the result follows. The
following lemma makes this lower bound rigorous and will conclude the proof of the theorem.


11 1
+ (−1)(M x)i +b α ,
d 2 2

q

T
Dx (i, b)Dy (i, b)

(i,b):
(M x)i 6=(M y)i

1
2k

x∈{0,1}k

X

√
A(x, x)2

(since G = A/2k )
≤
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4e 
β T 22T 2 β 2 /d+2√T dβ
(using Theorem 18)
1−
e
k
2
2


√
T
√
4e
β
2 4
2
≤ k 1−
e220000T ε /d+20 T dε
(using β = 1 − 1 − 100ε2 ≤ 100ε2 )
2
2
T
√
√
4e 
2 4
2
≤ k 1 − 25ε2 e220000T ε /d+20 T dε
(using 1 − 100ε2 ≤ 1 − 50ε2 )
2
√
4e
2 4
2
≤ k ln 2+25T ε2 e220000T ε /d+20 T dε .
(using (1 − x)t ≤ e−xt for x, t ≥ 0)
e
The lemma follows by observing that k ≥ d/4.

=

x∈{0,1}k

 d − d (M x, M y) √1 − 100ε2
T
H
=
+
dH (M x, M y)
d
d
√

T
1 − 1 − 100ε2
= 1−
dH (M x, M y) .
d
where we used α√= 20ε in the third equality.
Let β = 1 − 1 − 100ε2 , which is at most 1 for ε ≤ 1/10. Define f : {0, 1}d → R as
f (z) = (1 − βd |z|)T , and let A(x, y) = (f ◦ M )(x + y) for x, y ∈ {0, 1}k . Then G = A/2k .
Note that T ≤ d/(100e3 ε2 ) ≤ d/(e3 β) (the first inequality is by assumption and the second
3 2
inequality follows for ε ≤ 1/10 and β ≤ 1). Since
√ we assumed T ≤ d/(100e ε ), we can
use Theorem 18 (by choosing m = d and β = 1 − 1 − 100ε2 ) to upper bound the success
probability of identifying the states in the ensemble E:
X √
G(x, x)2
P P GM (E) =

(i,b):
(M x)i =(M y)i

q
1
T
X
=
(1 + 10ε(−1)(M x)i +b )(1 + 10ε(−1)(M y)i +b )
2d
(i,b)∈[d]×{0,1}
T
1
p
X
X
1
=
(1 + 10ε(−1)(M x)i +b ) +
1 − 100ε2
2d
2d

(i,b)∈[d]×{0,1}

2k · G(x, y) = hψx |ψy iT

X
=

For all x, y ∈ {0, 1}k , the entries of G can be written as:

x∈{0,1}k

Proof Let E 0 = {2−k/2 |ψx i⊗T : x ∈ {0, 1}k } and G be the 2k × 2k Gram matrix for the
set E 0 . As we saw in Section 2.6, the success probability of identifying the states in the
ensemble E using the PGM is
X √
P P GM (E) =
G(x, x)2 .

{0, 1}d be the set of 2k codewords in this linear code; these satisfy dH (M x, M y) ≥ d/8
whenever x 6= y. To each codeword x ∈ {0, 1}k we associate a distribution Dx as follows:

Dx (si , b) =
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4.3. Additional results
In this section we mention two additional results that can also be obtained using Theorem 18.
4.3.1. Quantum PAC sample complexity under random classification noise
In the theorem below, we show a lower bound on the quantum PAC sample complexity
under the random classification noise model with noise rate η. Recall that in this model,
for every c ∈ C and distribution D, ε, δ > 0, given access to copies of the η-noisy state,
X p
p
(1 − η)D(x)|x, c(x)i + ηD(x)|x, 1 − c(x)i,
x∈{0,1}n

a (ε, δ)-PAC quantum learner is required to output an hypothesis h such that errD (c, h) ≤ ε
with probability at least 1 − δ.
Theorem 27 Let C be a concept class with VC-dim(C ) = d + 1, for sufficiently large d.
Then for every δ ∈ (0, 1/2), ε ∈ (0, 1/20) and η ∈ (0, 1/2), every (ε, δ)-PAC quantum learner
for C in the PAC setting
with random classification noise rate η, has sample complexity


log(1/δ)
d
Ω (1−2η)
2 ε + (1−2η)2 ε .

One can use exactly the same proof techniquep
as in Lemma 11 and Theorem 23 to
prove this, with only the additional inequality 1 − 2 η(1 − η) ≤ (1 − 2η)2 , which holds for
η ≤ 1/2. We omit the details of the calculation.
4.3.2. Distinguishing codeword states

Ashley Montanaro (personal communication) alerted us to the following interesting special
case of our PGM-based result.
Consider an [n, k, d] linear code {M x : x ∈ {0, 1}k }, where M ∈ F2n×k is the rank-k
2
generator matrix of the code, k = Ω(n), and distinct codewords have
P Hamming distance at
least d.9 For every x ∈ {0, 1}k , define a codeword state |ψx i = √1n i∈[n] |i, (M x)i i. These
states form an example of a quantum fingerprinting scheme considered earlier by Buhrman
et al. (2001): 2k states whose pairwise inner products are bounded away from 1. How many
copies do we need to identify one such fingerprint?
Let E = {(2−k , |ψx i) : x ∈ {0, 1}k } be an ensemble of codeword states. Consider the
following task: given T copies of an unknown state drawn uniformly from E, we are required
to identify the state with probability ≥ 4/5. From Holevo’s theorem one can easily obtain
a lower bound of T = Ω(k/ log n) copies, since the learner should obtain Ω(k) bits of
information (i.e., identify k-bit string x with probability ≥ 4/5), while each copy of the
codeword state gives at most log n bits of information. In the theorem below, we improve
that Ω(k/ log n) to the optimal Ω(k) for constant-rate codes.
P
Theorem 28 Let E = {|ψx i = √1n i∈[n] |i, (M x)i i : x ∈ {0, 1}k }, where M ∈ F2n×k is
the generator matrix of an [n, k, d]2 linear code with k = Ω(n). Then Ω(k) copies of an

JMLR 19(71):1-36, 2018

9. Note that throughout this paper C was a concept class in {0, 1}n and d was the VC dimension of C .
The use of n, d in this section has been changed to conform to the convention in coding theory.
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unknown state from E (drawn uniformly at random) are necessary to be able to identify that
state with probability at least 4/5.

One can use exactly the proof technique of Theorem 23 to prove the theorem. Suppose

4e 22T 2 /n+2√T n
.
e
2k+T

we are given
√ T copies of the unknown codeword state. Assume T ≤ n, since otherwise
T ≥ n ≥ kn and the theorem follows. Observe that the Gram matrix G for E 0 =

T
{2−k/2 |ψx i⊗T : x ∈ {0, 1}k } can be written as G(x, y) = 21k 1− |M (x+y)|
for x, y ∈ {0, 1}k .
n
Using Theorem 18 (choosing β = 1 and m = n) to upper bound the success probability of
successfully identifying the states in the ensemble E using the PGM, we obtain
P P GM (E) ≤

As in the proof of Theorem 23, this implies the lower bound of Theorem 28. We omit the
details of the calculation.

5. Conclusion

The main result of this paper is that quantum examples give no significant improvement over
the usual random examples in passive, distribution-independent settings. Of course, these
negative results do not mean that quantum machine learning is useless. In our introduction
we already mentioned improvements from quantum examples for learning under the uniform
distribution; improvements from using quantum membership queries; and improvements in
time complexity based on quantum algorithms like Grover’s and HHL. Quantum machine
learning is still in its infancy, and we hope for many more positive results.
We end by identifying a number of open questions for future work:

• We gave lower bounds on sample complexity for the rather benign random classification noise. What about other noise models, such as malicious noise?

• What is the quantum sample complexity for learning concepts whose range is [k]
rather than {0, 1}, for some k > 2? Even the classical sample complexity is not fully
determined yet (Shalev-Shwartz and Ben-David, 2014, Section 29.2).

• In the introduction we mentioned a few examples of learning under the uniform distribution where quantum examples are significantly more powerful than classical examples. Can we find more such examples of quantum improvements in sample complexity
in fixed-distribution settings?

• Can we find more examples of quantum speed-up in time complexity of learning?
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Recent years have witnessed the proliferation of Free and Open Source Software (FOSS)
in the research community. Specifically, in the field of Machine Learning, researchers have
benefited from the availability of different frameworks that provide tools for faster development, allow replicability and reproducibility of results and foster collaboration. Following
the FOSS principles, we introduce scikit-multiflow, a Python framework to implement algorithms and perform experiments in the field of Machine Learning on Evolving Data Streams.
scikit-multiflow is inspired in the popular frameworks scikit-learn, MOA and MEKA.
scikit-learn (Pedregosa et al., 2011) is the most popular open source software machine
learning library for the Python programming language. It features various classification,
regression and clustering algorithms including support vector machines, random forest,
gradient boosting, k-means and DBSCAN, and is designed to inter-operate with the Python
numerical and scientific packages NumPy and SciPy.

1. Introduction

scikit-multiflow is a framework for learning from data streams and multi-output learning in
Python. Conceived to serve as a platform to encourage the democratization of stream learning research, it provides multiple state-of-the-art learning methods, data generators and
evaluators for different stream learning problems, including single-output, multi-output and
multi-label. scikit-multiflow builds upon popular open source frameworks including scikitlearn, MOA and MEKA. Development follows the FOSS principles. Quality is enforced by
complying with PEP8 guidelines, using continuous integration and functional testing. The
source code is available at https://github.com/scikit-multiflow/scikit-multiflow.
Keywords: Machine Learning, Stream Data, Multi-output, Drift Detection, Python
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Depending on the base learner.
We have only listed incremental methods for data-streams; MEKA and scikit-learn have
many other batch-learning models available. MEKA in particular, has many problemtransformation methods which may be incremental depending on the base learner (it is
able to use those from the MOA framework).

kNN
kNN + ADWIN
SAM kNN
Hoeffding Tree
Hoeffding Adaptive Tree
FIMT-DD
Adaptive Random Forest
Oza Bagging
Leverage Bagging
Multi-output Learner
Classifier Chains
Regressor Chains
SGD
Naive Bayes
MLP
ADWIN
DDM
EDDM
Page Hinkley

Algorithm

Java

Table 1: Available methods in scikit-multiflow. Methodologies on the left, and frameworks
on the right of the vertical bar.

Regression

Jesse Read

Classification

LIX, École Polytechnique
Palaiseau, FRANCE

Single-Output

jacob.montiel@telecom-paristech.fr

Multi-Output

LTCI, Télécom ParisTech, Université Paris-Saclay
Paris, FRANCE

MOA

Jacob Montiel

MOA (Bifet et al., 2010) is the most popular open source framework for data stream
mining, with a very active growing community. It includes a collection of machine learning
algorithms (classification, regression, clustering, outlier detection, concept drift detection
and recommender systems) and tools for evaluation. Related to the WEKA project (Hall
et al., 2009), MOA is also written in Java, while scaling to more demanding problems.
The MEKA project (Read et al., 2016) provides an open source implementation of methods for multi-label learning and evaluation. In multi-label classification, the aim is to predict
multiple output variables for each input instance. This different from the ‘standard’ case
(binary, or multi-class classification) which involves only a single target variable.
As a multi-output streaming framework, scikit-multiflow serves as a bridge between research communities that have flourished around the aforementioned popular frameworks,
providing a common ground where they can thrive. scikit-multiflow assists on the democratization of Stream Learning by bringing this research field closer to the Machine Learning
community, given the increasing popularity of the Python programing language. The objective is two-folded: First, fills the void in Python for a stream learning framework which
can also interact with available tools such as scikit-learn and extends the set of available

Drift Detection
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scikit-multiflow

«StreamModel»
Model

Montiel and Read and Bifet and Abdessalem

«Stream»
DataStream
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4 : predict(X)

3 : X, y_true = next sample

5 : y_predicted = Prediction

6 : results = evaluate(y_true, y_predicted)

UNREGISTERED
«StreamEvaluator»
Evaluator

A StreamModel object interacts with two other objects: a Stream object and (optionally)
a StreamEvaluator object. The Stream object provides a continuous flow of data on request.
The StreamEvaluator performs multiple tasks: queries the stream for data, trains and tests
the model on the incoming data and continuously tracks the model’s performance. The
sequence to train a Stream Model and track its performance using prequential evaluation
in scikit-multiflow is outlined in Figure 1.
interaction Stream Learning
User

1 : evaluate(stream, model)
loop evaluate
[while there is data in the stream]
alt prequential
[valid sample]

7 [m samples passed] : update_metrics(last_result)

9 : partial_fit(X)

8 [m samples passed] : update_plot(last_result)
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References

• A webpage, https://scikit-multiflow.github.io/, including documentation and
user guide. Both, documentation and user guide, are living documents that are continuously updated to reflect the current stage of scikit-multiflow.
• Version control via git. The source code of the package is publicly available on Github
at https://github.com/scikit-multiflow/scikit-multiflow
• Package deployment and software quality are enforced via continuous integration and
functional testing, https://travis-ci.org/scikit-multiflow/scikit-multiflow

The scikit-multiflow package is distributed under the BSD License. Development follows the
FOSS principles and encompasses:

4. Development

Figure 1: Training and testing a stream model using scikit-multiflow. This sequence corresponds to prequential evaluation.

10 : trained model

2 : get next sample

state-of-the-art methods on this platform. Second, provides a set of tools to facilitate the
development of stream learning research, an example is (Montiel et al., 2018).
It is important to notice that scikit-multiflow complements scikit-learn, whose primary
focus is batch learning, expanding the set of free and open source tools for Stream Learning.
In addition, scikit-multiflow can be used within Jupyter Notebooks, a popular interface in
the Data Science community. Special focus in the design of scikit-multiflow is to make it
friendly to new users and familiar to experienced ones.
scikit-multiflow contains stream generators, learning methods, change detectors and evaluation methods. Stream generators include: Agrawal, Hyperplane, Led, Mixed, RandomRBF, Random-RBF with drift, Random Tree, SEA, SINE, SEA, STAGGER, Waveform,
Multi-label, Regression and Concept-Drift. Available evaluators correspond to Prequential
and Hold-Out evaluations, both supporting multiple performance metrics for Classification
(Accuracy, Kappa Coefficient, Kappa T, Kappa M), Multi-Output Classification (Hamming
Score, Hamming Loss, Exact Match, Jaccard Index) Regression (Mean Squared Error, Mean
Absolute Error) and Multi-Output Regression (Average Mean Squared Error, Average Mean
Absolute Error, Average Root Mean Squared Error). Learning methods and change detectors are listed in Table 1. This table also serves to outline the position of scikit-multiflow
with respect to other open source frameworks.

2. Stream Data Mining Notation and Background
Consider a continuous stream of data A = {(~xt , yt )}|t = 1, . . . , T where T → ∞. Input
~xt is a feature vector and yt the corresponding target where y is continuous in the case
of regression and discrete for classification. The objective is to predict the target y for an
unknown ~x. In traditional single-output models, we deal with a single target variable for
which one corresponding output is produced per test instance. Multi-output models can
produce multiple outputs to assign to multiple target variables ~y for each test instance.
Different to batch learning, where all data (X, y) is available for training; in stream
learning, training is performed incrementally as new data (~xi , yi ) is available. Performance
P of a given model is measured according to some loss function that evaluates the difference
between the set of expected labels Y and the predicted ones Ŷ . Hold-out evaluation is a
popular performance evaluation method for batch and stream settings, where tests are
performed in a separate test set. Prequential-evaluation (Dawid, 1984) or interleaved-testthen-train evaluation, is a popular performance evaluation method for the stream setting
only, where tests are performed on new data before using it to train the model.

3. Architecture
The base class in scikit-multiflow is StreamModel which contains the following abstract methods to be implemented by its subclasses:

JMLR 19(72):1-5, 2018

• fit — Trains a model in a batch fashion. Works as an interface to batch methods that
implement a fit() function such as scikit-learn methods.
• partial fit — Incrementally trains a stream model.
• predict — Predicts the target’s value in supervised learning methods.
• predict proba — Calculates per-class probabilities in classification problems.
3
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where A ∼ D indicates that the matrix A is a random matrix with distribution D.

Theorem 1 (Johnson and Lindenstrauss (1984)) For any real numbers 0 < , δ < 12 ,
there exists an absolute constant c > 0 such that for any integer k ≥ c−2 log 1δ , there exists
a probability distribution D on k × d real matrices such that for any fixed x ∈ Rd ,


ProbA∼D (1 − )kxk22 ≤ kAxk22 ≤ (1 + )kxk22 > 1 − δ,
(1)

where k · k2 denotes the Euclidean norm. These inequalities are implied by the following
theorem (by setting δ = N12 and using the union bound):

(1 − )kxi − xj k2 ≤ kAxi − Axj k2 ≤ (1 + )kxi − xj k2 ,

In 1984, Johnson and Lindenstrauss (1984), in establishing a bound on the Lipschitz constant for the Lipschitz extension problem, proved that any finite set of data in a highdimensional space can be projected into a lower-dimensional space while preserving the
pairwise Euclidean distance within any desired relative error. In particular, for any finite
set of vectors x1 , . . . , xN ∈ Rd and for any error factor 0 <  < 12 , there exists an absolute
constant c such that for all k ≥ c−2 log N , there exists a linear map A : Rd → Rk such that
for all pairs 1 ≤ i, j ≤ N ,

1. Introduction

In 1984, Johnson and Lindenstrauss proved that any finite set of data in a high-dimensional
space can be projected to a lower-dimensional space while preserving the pairwise Euclidean
distances between points up to a bounded relative error. If the desired dimension of the
image is too small, however, Kane, Meka, and Nelson (2011) and Jayram and Woodruff
(2013) proved that such a projection does not exist. In this paper, we provide a precise
asymptotic threshold for the dimension of the image, above which, there exists a projection
preserving the Euclidean distance, but, below which, there does not exist such a projection.
Keywords: Johnson-Lindenstrauss transformation, Dimension reduction, Phase transition, Asymptotic threshold
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(
k −1/2 ,
−k −1/2 ,

with probability 1/2,
with probability 1/2.
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The recent constructions in Ailon and Chazelle (2006); Matousek (2008); Dasgupta et al.
(2010); Kane and Nelson (2014) have focused on the complexity of computing a projection for the purpose of applications. We note that the ability to project a vector to a
smaller dimensional space, independent of the original dimension, while preserving the Euclidean norm up to a prescribed relative error, is highly desirable. In particular, dimension
reduction has applications in many fields, including machine learning (Arriaga and Vempala (2006); Weinberger et al. (2009)), low rank approximation (Clarkson and Woodruff
(2013); Nguyen et al. (2009); Ubaru et al. (2017)), approximate nearest neighbors (Ailon
and Chazelle (2006); Indyk and Motwani (1998)), data storage (Candès (2008); Cormode
and Indyk (2016)), and document similarity (Bingham and Mannila (2001); Lin and Gunopulos (2003)).
For both practical and theoretical purposes, it is important to know the smallest possible
dimension k of a potential image space for any given  and δ. Note that, for any d1 < d,
each (, δ)-JL distribution D on Rk×d induces an (, δ)-JL distribution D1 on Rk×d1 in a
natural way: the matrices of D1 are obtained from D by deleting the last d − d1 columns
of a random matrix, together with the induced probability distribution. This construction
is a JL distribution since Rd1 can be naturally embedded into Rd by extending a vector in
Rd1 by d − d1 zeros. Hence, if there exists an (, δ)-JL distribution on Rk×d , then there is
an (, δ)-JL distribution on Rk×d1 for all 1 ≤ d1 ≤ d. Similarly, if an (, δ)-JL distribution
does not exist on Rk×d , then, for any k1 < k, there cannot be an (, δ)-JL distribution on
Rk1 ×d . In particular, since Rk1 can be naturally embedded into Rk by extending a vector
in Rk1 by k − k1 zeros, if an (, δ)-JL distribution existed for Rk1 ×d , it could be extended
to an (, δ)-JL distribution for Rk×d .

aij =

Note that, in order to project a large number of vectors, δ must be sufficiently small. For
instance, suppose we wish to project a set of N = 220 vectors to a smaller dimensional space.
To apply the union bound to Inequality (1), we use any δ < 2−39 . In this case, Inequality
(1) implies that the probability of preserving all pairwise distances between N points (up
to a relative error of ) is at least 1 − δN 2 /2 > 0. Since the probability is nonzero, such a
projection exists.
A probability distribution D satisfying Inequality (1) is called an (, δ)-JL distribution,
or simply a JL distribution. Since these transformations are linear, without loss of generality,
we assume for the rest of the paper that kxk2 = 1. When a JL distribution is specified via
an explicit construction, we may call a random projection x 7→ Ax generated in this way a
JL transformation.
Since the introduction of JL distributions, there has been considerable work on explicit
constructions of JL distributions, see, e.g., Johnson and Lindenstrauss (1984); Frankl and
Maehara (1988); Indyk and Motwani (1998); Achlioptas (2003); Ailon and Chazelle (2006);
Matousek (2008); Dasgupta et al. (2010); Kane and Nelson (2014); and the references
therein. A simple and easily described JL distribution is that of Achlioptas (2003). In
this construction, the entries of A are distributed as follows:

Burr, Gao, and Knoll

4−2 log 1δ [1 + o(1)]

JLD Exists

Optimal Bounds for Johnson-Lindenstrauss Transformations

No JLD Exists
c1 −2 log 1δ
Figure 1: For fixed  and δ, there exists a JL distribution for k ≥ 4−2 log(1/δ) [1 + o(1)].
For k < c1 −2 log(1/δ), for some absolute constant c1 > 0, there is no JL distribution. In this paper, we close this gap in the limit.

= min{k : there exists an (, δ)-JL distribution on Rk×d for every d ≥ 1}.

For any  and δ, we define
k0 (, δ)

−1
,

By our definition, k0 = k0 (, δ) is independent of d, and, by Theorem 1, we have that
k0 ≤ c−2 log(1/δ) for some absolute constant c > 0. Frankl and Maehara (1988) show that
c ≤ 9. Achlioptas (2003) further improves this bound by providing a JL distribution with
2 3
−
2
3

= 4−2 log(1/δ) [1 + o(1)] ,



−1

k > 2 log(2/δ)


2 3
−
2
3

resulting in the following upper bound:
k0 ≤ 2 log(2/δ)

where o(1) approaches zero as both  and δ approach zero.
A lower bound on k0 was not given until 2003 when Alon (2003) proved that
.
k0 ≥ c−2 log(1/δ) log(1/)
for some absolute constant c > 0. Improving Alon’s work, Jayram and Woodruff (2013)
and Kane et al. (2011) showed, through different methods, that, for some absolute constant
c1 > 0, there is no (, δ)-JL distribution for k ≤ c1 −2 log 1δ . Hence, there is a lower bound
of the form k0 ≥ c1 −2 log 1δ . This situation is summarized in Figure 1.
The goal of the current paper is to close the gap between the upper and lower bounds in
the limit. In particular, we prove an optimal lower bound that asymptotically matches the
known upper bound when  and δ approach 0, see Theorem 2. This means that 4−2 log(1/δ)
is an asymptotic threshold for k0 where a phase change phenomenon occurs. The main result
of this paper is captured in the following theorem:

k0 (, δ)
= 1.
4−2 log(1/δ)
JMLR 19(73):1-22, 2018

Theorem 2 For  and δ sufficiently small, k0 ≈ 4−2 log(1/δ). More precisely,
lim

,δ→0

3

k−2
2

Burr, Gao, and Knoll

(1 − s)

d−k−2
2

.

1
dΩd−1 = f (s)ds dΩk−1 dΩd−k−1 ,
2

The rest of the paper is organized as follows: To prove Theorem 2, we follow the approach
of Kane et al. (2011). To make their constant c1 explicit, however, we must use a more careful
argument. In Section 2, we provide explicit conditions under which we prove the main result,
Theorem 2. We delay the proofs of these conditions until Section 3 in order to make the
main result more accessible, since only the statements of these results are needed and not
their more technical proofs. In Section 3, we prove probabilistic bounds on s = x12 + · · · + xk2
where x = (x1 , · · · , xk , · · · , xd ) is a random variable uniformly distributed on S d−1 . These
bounds explicitly determine the hidden constants in the bounds on Prob [s < s0 (1 − )] and
Prob [s > s0 (1 + )] from (Kane et al., 2011, Theorem 20). These bounds can be viewed
as explicit bounds for concentration theorems for laws of large numbers from probability
theory. In the Appendix, we provide an alternate proof of a result in Kane et al. (2011),
showing that if dΩd−1 is the surface area for the (d − 1)-dimensional sphere S d−1 , then for
any 1 ≤ k ≤ d,

where s ∈ [0, 1] and f (s) = s

2. Asymptotic Threshold Bound

In this section, we prove the asymptotic threshold bound for JL transformations. In particular, we provide specific conditions that result in the asymptotic threshold bound of
4−2 log(1/δ). In Section 3, we prove that these conditions hold, but the details of these
proofs are more technical and are unnecessary to understand the main results of this paper.

2.1. The Uniform Distribution on S d−1

There is a unique probability distribution, called the uniform distribution, on the (d − 1)dimensional sphere S d−1 that is invariant under the orthonormal group. We express the
uniform distribution on S d−1 in terms of the surface area differential form dΩd−1 , which
means that, for any measurable subset V ⊂ S d−1 , the (d − 1)-dimensional
surface area of
R
V is equal to the integral with respect to dΩd−1 , i.e., Vold−1 (V ) = V dΩd−1 .1 Thus, the
uniform distribution on S d−1 corresponds to the measure dΩd−1 /Vold−1 S d−1 .
As we are interested in reducing a d-dimensional vector to a k-dimensional vector for
1 ≤ k < d, we derive a relationship between the uniform distribution on S d−1 and the
uniform distributions on S k−1 and S d−k−1 . Following the approach of Kane et al. (2011),
for 1 ≤ k < d, we define an injective map

Ψ : S d−1 → [0, 1] × S k−1 × S d−k−1

√
and v = (xk+1 , . . . , xd )t / 1 − s.

as follows: For any x = (x1 , x2 , . . . , xd )t ∈ S d−1 , we define s in Ψ(x) = (s, u, v) as s =
x12 + · · · + xk2 . In the case where 0 < s < 1, we define
√
u = (x1 , . . . , xk )t / s

JMLR 19(73):1-22, 2018

1. In this paper, we suppress the pullback maps on equalities for differential forms since there is a unique
(almost) bijective map under consideration in each case. We leave the details to the interested reader.

4

B=



Γ( d2 )
1 Volk−1 S k−1 Vold−k−1 S d−k−1
.
=
k
k−1
2
Volk−1 (S
)
Γ( 2 )Γ( d−k
2 )

(2)

= 4−2 log(1/δ) [1 + o(1)] .

k−2 2

4

(1− 23 ) ,

(3)

the right-hand-side of Inequality (3) is less than δ. In this case, the o(1) term needed
in the

theorem statement appears in Inequality (4). Therefore, when k > 4−2 log 1δ [1 + o(1)],
the distribution D is an (, δ)-JL distribution.

by assumption. We observe that when
#
 "
 
2
log(2C)
1
22
1
1
−2
−2


k > 4 log
1+
+
+
=
4
log
[1 + o(1)] ,
δ
3 − 2
δ
log 1δ 1 − 2/3 4 log 1δ
(4)

Probx∼S d−1 [s < s0 (1 − )] + Probx∼S d−1 [s > s0 (1 + )] ≤ 2Ce−

5

6
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−1

i=1

d−1 means that x is a random variable uniformly distributed on S d−1 . Let
where
Pkx ∼ 2S
s = i=1 xi . Then, s ∈ [0, 1] and the probability above becomes

JMLR 19(73):1-22, 2018

2 3
−
2
3

1 2
(x + · · · + x2k ).
s0 1

We observe that this result also follows from work in Dasgupta and Gupta (2003). In
particular, (Dasgupta and Gupta, 2003, Lemma 2.2) can be used to derive bounds similar
to the assumed bounds in this statement.



||Aw||22 =

t
s−1
0 (x1 , . . . , xk ) , and

Since V is orthonormal and ||w||2 = 1, we have that ||x||2 = 1, and, hence, x ∈ S d−1 .
We observe that since V is a random orthogonal matrix, for fixed w ∈ S d−1 , x = V w is a
random variable, uniformly distributed on S d−1 . Hence,
"
#
k


1 X 2
ProbA∼D kAwk22 − 1 >  = Probx∼S d−1
xi − 1 >  ,
s0

V w. Then Aw =

t
Proof Let V be the
q random orthogonal matrix as defined above, and let x = (x1 , . . . , xd ) =

where s = x21 + · · · + x2k is defined as in Ψ(x) = (s, u, v). Then, there exists an o(1)
 function,
which approaches zero as both  and δ approach zero so that if k > 4−2 log 1δ [1 + o(1)],
then the distribution on k × d random matrices defined as above is an (, δ)-JL distribution,
that is, for any w ∈ S d−1 ,


ProbA∼D kAwk22 − 1 <  ≥ 1 − δ.

(1− 23 ) ,

In this section, we give an alternate proof of this result using the approach and bounds from
this paper.
We recall the following construction by Dasgupta and Gupta (2003): A distribution D on
k × d matrices is formed by picking a d × d orthonormal matrix V = (v1 , . . . , vd )t uniformly

k0 (, δ) ≤ 2 log(2/δ)

We recall that Achlioptas (2003) proved that

2.2. Upper Bound: Explicit JL Distribution

The independence of these three random variables is a key property in our proof as it allows
us to study the three spaces separately.

(iii) The random variables S, Xk−1 , and Xd−k−1 are independent.

(ii) Xk−1 and Xd−k−1 are uniformly distributed on S k−1 and S d−k−1 , and

(i) S is a random variable on [0, 1] with density function Bf (s),

is an appropriate scaling constant, depending on the gamma function, for more details,
see the Appendix. Moreover, in this situation, we observe that Bf (s) is a probability
distribution on [0, 1]. This implies that the uniform distribution on S d−1 is a direct product
of the distributions on the factors. In other words, a uniformly distributed random variable
Xd−1 on S d−1 can be decomposed into three random variables Ψ(Xd−1 ) = (S, Xk−1 , Xd−k−1 )
with the following properties:

where

dΩd−1
dΩk−1
dΩd−k−1
= Bf (s)ds
,
Vold−1 (S d−1 )
Volk−1 (S k−1 ) Vold−k−1 (S d−k−1 )

Equivalently, in term of probability distributions,

1
dΩd−1 = f (s)ds dΩk−1 dΩd−k−1 .
2

In the Appendix, we provide alternative proof to the computation in Kane et al. (2011)
which shows that, via the map Ψ,

k−2 2

4

and s0 = k/d. Suppose that there is some constant C so

max{Probx∼S d−1 [s < s0 (1 − )] , Probx∼S d−1 [s > s0 (1 + )]} ≤ Ce−

1
2

at random with respect to the Haar measure on orthonormal matrices and then letting
A = √1s0 (v1 , . . . , vk )t , where s0 = k/d. The following proposition shows that k0 (, δ) ≤
4−2 log(1/δ) [1 + o(1)], which, in turn, implies that the limit appearing in Theorem 2 (if it
exists) is at most 1:

When s = 0, i.e., x1 = · · · = xk = 0, we define u = (1, 0, . . . , 0)t (or any point in S k−1 ) and
v = (xk+1 , . . . , xd )t . Similarly, for s = 1, we define u = (x1 , . . . , xk )t and v = (1, 0, . . . , 0)t
(or any point in S d−k−1 ). It is straight-forward to check that Ψ is injective. In addition,
the complement of the image of Ψ is a subset of {0, 1} × S k−1 × S d−k−1 , which has, in turn,
(d − 1)-dimensional surface area equal to 0. Therefore, when convenient, we assume that
s ∈ (0, 1).
For s ∈ [0, 1], we define
k−2
d−k−2
f (s) = s 2 (1 − s) 2 .
Proposition 3 Let 0 < , δ <
that

Burr, Gao, and Knoll
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2.3. Lower Bound for Arbitrary Distributions
In this section, we prove an optimal lower bound on the limit in Theorem 2 that matches
the upper bound from the previous section. The proof of this lower bound is the main
challenge in this paper. We begin with the following key lemma:
Lemma 4 Let x = (x1 , . . . , xd )t be a random variable, uniformly distributed on S d−1 ,
Ψ(x) = (s, u, v), and s0 = k/d. Suppose that for a fixed  > 0,
min{Prob [s > s0 (1 + )] , Prob [s < s0 (1 − )]} ≥ L,

Probx∼S d−1 [|sc − 1| > ] ≥ L.

where s is a random variable with probability distribution Bf (s) on [0, 1]. For any function
c(u, v) > 0 depending only on u ∈ S k−1 and v ∈ S d−k−1 (i.e., independent of s), we have

Z

|sc−1|>

Bf (s)ds

s<s0 (1−)

dΩk−1
dΩd−k−1
.
Volk−1 (S k−1 ) Vold−k−1 (S d−k−1 )

dΩk−1
dΩd−k−1
Volk−1 (S k−1 ) Vold−k−1 (S d−k−1 )
!

|sc−1|>

Z

Bf (s)ds

Proof By the equality of differential forms in Equation (2),
Z
Prob [|sc − 1| > ] =

=
S k−1 ×S d−k−1

s>(1+)/c

Bf (s)ds ≥

L

Volk−1 (S

s<(1−)/s0

dΩk−1
k−1

Bf (s)ds ≥ L.

= L.

JMLR 19(73):1-22, 2018

) Vold−k−1 (S

dΩd−k−1
d−k−1 )

is bounded from below by L, and

s<(1−)/c

|sc−1|> Bf (s)ds

Bf (s)ds ≥ L.

R
Our goal is to find a lower bound on the integral |sc−1|> Bf (s)ds. Due to the independence
of u, v, and s, c(u, v) is a fixed positive constant within this integral. We observe that
|sc − 1| >  consists of two intervals, s < (1 − )/c and s > (1 + )/c, and we consider two
cases depending on the value of c.
We begin by recalling that
Z
Z
Bf (s)ds and Prob [s < s0 (1 − )] =
Bf (s)ds.
Prob [s > s0 (1 + )] =

s>s0 (1+)

Bf (s)ds ≥

s>(1+)/s0

If c ≥ s0 , then (1 + )/c ≤ (1 + )/s0 , and, hence
Z
Z
Z
Bf (s)ds ≥
|sc−1|>

R

Z

Bf (s)ds ≥

On the other hand, if c < s0 , then (1 − )/s0 < (1 − )/c, then
Z
Z
Z
|sc−1|>

Therefore, the integral

Prob [|sc − 1| > ] ≥

S k−1 ×S d−k−1

7
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ProbA∼D,

w∼S d−1



|kAwk22 − 1| >  < δ,

(5)

We now show that when k ≤ η−2 log(1/δ) with η < 4, and  and δ are sufficiently small,
there does not exist an (, δ)-JL distribution on Rk×d . This fact, combined with the results
in Section 2.2, shows that the limit appearing in Theorem 2 exists and equals 1. In order
to show this, we consider the following related problem: By definition, for a probability
distribution D on Rk×d to be an (, δ)-JL distribution, the following inequality must hold
for every w ∈ S d−1 :


ProbA∼D |kAwk22 − 1| >  < δ.
Hence,

where w ∈ S d−1 is a random variable distributed uniformly on S d−1 . Following the approach
of Kane et al. (2011), our goal is to prove that, for every A ∈ Rk×d ,


Probw∼S d−1 |kAwk22 − 1| >  > δ.
(6)

η

When Inequality (6) holds for all A, then Inequality (5) cannot hold for any distribution D
on Rk×d . Therefore, an (, δ)-JL distribution does not exist. We make this precise in the
following theorem:


Theorem 5 Suppose that η < 4 and let k(, δ) = η−2 log 1δ . Let s0 = k/d, and
suppose that, for every , δ, and s0 sufficiently small (to make s0 sufficiently small, d must
be sufficiently large),

min{Prob [s > s0 (1 + )] , Prob [s < s0 (1 − )]} ≥ Cδ 4 γ ,

where C > 0 is an absolute constant, and γ approaches 1 as , δ, and s0 approach 0. Then,
by decreasing , δ, and s0 as needed, for every matrix A ∈ Rk(,δ)×d ,


kAwk22 − 1 >  > δ.

Probw∼S d−1

Proof We assume that A has rank k = k(, δ) since, if not, we may reduce k (and decrease
η correspondingly) to the rank of A. Let A = U ΣV t be the singular value decomposition of
A where U is a k × k orthonormal matrix, V = (v1 , . . . , vd ) is a d × d orthonormal matrix,
and Σ is a k × d diagonal matrix with λi > 0 its entry at Σi,i for 1 ≤ i ≤ k. Let

x = (x1 , . . . , xd )t = V t w.

i=1

k
X

λi2 xi2 .

Since V is orthonormal, we have x ∈ S d−1 . We observe that since w is a uniformly distributed random variable on S d−1 , V t w is also a uniformly distributed random variable on
S d−1 . Therefore, since U is orthonormal, we have

kAwk22 = kU Σxk22 = kΣxk22 =

k
X

i=1

λi2 xi2 /s = kΣk×k uk22 ,

JMLR 19(73):1-22, 2018

We recall the definition of the function Ψ(x) = (s, u, v) where s = x12 + · · · + xk2 . Moreover,
we restrict our attention to the case where s ∈ (0, 1) since the complement has zero measure.
Let
c=

8


kAwk22 − 1 >  = Probx∼S d−1 [|sc − 1| > ] .



η


η
kAwk22 − 1 >  ≥ Cδ 4 γ .

and

Prob [s < s0 (1 − )] ,

√

π, Γ(1) = 1, and Γ(1 + z) = zΓ(z). Hence

9
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d
d
d
d
d
3 1√
Γ
=
− 1 ! if d is even, and Γ
=
−1
− 2 ···
π if d is odd.
2
2
2
2
2
22

We recall that Γ(1/2) =

3.1. Bounds for B

using the probability density Bf (s) for s and f (s) = s(k−2)/2 (1 − s)(d−k−2)/2 . These probabilities appear in (Kane et al., 2011, Theorem 20) without the explicit constants that are
derived in this paper. These bounds are instances of explicit concentration theorems (or
explicit laws of large numbers) from probability theory. Our goal is to formulate these
bounds as precisely as possible so that the lower and upper bounds are asymptotically the
same when  and δ approach 0.

Prob [s > s0 (1 + )]

Throughout this section, we assume that s is a random variable with probability distribution
Bf (s). We define s0 = kd , and we further assume that 0 ≤ , δ ≤ 1/2, k − 4 ≥ −2 and
s0 < 0.4. We derive lower and upper bounds for the following probabilities:

3. Explicit Concentration Bounds

This proves the main result in the paper. In the following section, we provide the more
technical results that verify the assumptions in Proposition 3 and Theorem 5.

(a) There exists an o(1) function that approaches 0 as  and δ approach zero such that if
k > 4−2 log 1δ [1 + o(1)], then there exists a JL distribution.


(b) If k(, δ) = η−2 log 1δ , then, by decreasing  and δ, and increasing d, there is no
(, δ)-JL distribution for any k 0 ≤ k(, δ).

Corollary 6 Assume the hypotheses on Prob [s > s0 (1 + )] and Prob [s < s0 (1 − )] from
Proposition 3 and Theorem 5 hold.

Therefore, by selecting , δ, and s0 sufficientlysmall, it follows from Theorem 5 that there is
no (, δ)-JL distribution when k < η−2 log 1δ for η < 4. Therefore, k0 (, δ) ≥ η−2 log 1δ .
We collect the results of Proposition 3 and Theorem 5 in the following corollary:

It follows that for , δ, and s0 sufficiently small, Cδ 4 γ > δ.

Probw∼S d−1

Due to the independence of u, v, and s, it follows that c depends only on u. Therefore, by
Lemma 4, it follows that

Probw∼S d−1



where Σk×k denotes the k × k principal submatrix of Σ, then

Optimal Bounds for Johnson-Lindenstrauss Transformations

(k − 2)

(d−k−1)/2

≤ B ≤ C1

(k − 2)

(d − k − 2)(d−k−1)/2

−1
−1
1
e−1
1
C1 = √ e−1 e 6(d−2) e 6(k−2)+1 e 6(d−k−2)+1 ≤ √ .
2 π
2 π

and

(d − 2)(d−1)/2
(k−1)/2

−1
−1
1
e−2
1
C0 = √ e−1 e 6(d−2)+1 e 6(k−2) e 6(d−k−2) ≥ √ ,
2 π
2 π

(d − k − 2)

(d − 2)(d−1)/2

(k−1)/2

,

10
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2. Throughout this section, it is possible to derive tighter bounds on constants in the following inequalities,
but the ones appearing here are sufficient for our proofs. We leave the details of the tighter bounds to
the interested reader.

Similarly, by using the upper bound in Lemma 7, we obtain the upper bound

 d−1 
 k−1 
 d−k−1 √
2
2
e−1 √
d−2 2
k
d−k
d
9e−1 √
√
Bs0 f (s0 ) ≤ √
k
k,
≤ √
d
k−2
d−k−2
2 π
d−k
2π

 x−1
2
d
x
where the last inequality follows from d−k
≤ 2 since s0 < 0.4, and x−2
≤ 3 for x ≥ 3.

Proof By evaluating f at s0 and replacing B by its lower bound found in Lemma 7, we
obtain the lower bound

1 
 k−1 
 d−k−1
2
d − 2 2 k(d − 2) 2
(d − k)(d − 2)
e−2 √
e−2 √
Bs0 f (s0 ) ≥ √
k
≥ √
k.
d−k
d(k − 2)
d(d − k − 2)
2 π
2 π

e−2 √
9e−1 √
√
k ≤ Bs0 f (s0 ) ≤ √
k.
2 π
2π

Corollary 8 With s0 = k/d, we have

where

C0

Proof Using the bound on n! from Robbins (1955), we obtain

e−2
(d − 2)(d−1)/2
e−1
(d − 2)(d−1)/2
√
≤B≤ √
.
(k−1)/2
(d−k−1)/2
(k−1)/2
2 π (k − 2)
2 π (k − 2)
(d − k − 2)
(d − k − 2)(d−k−1)/2

Lemma 7 Suppose k and d are both even. Then we have the following inequality:2

Since we are interested in the asymptotic behavior, we focus on the case where d is even.
This choice does not affect the asymptotic results of our paper, but the calculations are
more straight-forward in this case. We leave the details for the case where d is odd to the
interested reader.

In this section, we derive lower and upper bounds for B, see Equation (38), by using the
following form of Stirling’s approximation of n! due to Robbins (1955):
√
√
1
1
2πnn+1/2 e−n e 12n+1 < Γ(n + 1) = n! < 2πnn+1/2 e−n e 12n .

Burr, Gao, and Knoll
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3.2. Bounds on Prob [s > s0 (1 + )]

(10)

(9)

(8)

(7)

We begin by mentioning the following inequalities which are used in our arguments below:

and

for x > −1.

for x > −1,

x2 x3
+
2
3

x2
log(1 + x) ≥ x −
for 0 < x < 1,
2
log(1 − x) ≥ −x − x2 for 0 < x < 0.68,
log(1 + x) ≤ x

log(1 + x) ≤ x −

√

.

1+s



1
−1
s0

0

.

f (s0 (1 + x))dx,

k+1)2 1−s0

Z

(11)

These bounds can be verified by employing basic calculus techniques (e.g., derivatives and
Taylor expansions) as well as sufficiently accurate approximations. Using these inequalities,
we derive the following bounds:
Lemma 9
e−2 − 1 (
Prob [s > s0 (1 + )] ≥ √ e 4
4 π

f (s)ds = Bs0



1 + s0
1 − s0

e−2 η γ1
δ4 ,
4π

2 

γ1 = 1 + (η log(1/δ))−1/2

Prob [s > s0 (1 + )] ≥

Moreover, when k < η−2 log 1δ ,

where

Z

Additionally, γ1 approaches 1 as , δ, and s0 approach 0.
Proof Note that
Prob [s > s0 (1 + )] = B
s>s0 (1+)

g(s0 (1 + x))
.
s0 (1 + x) (1 − s0 (1 + x))

(12)

via the substitution s = s0 (1 + x).
Let g(s) = sk/2 (1−s)(d−k)/2 , then f (s0 (1+x)) can be expressed in terms of g(s), namely,
f (s0 (1 + x)) =

d
2

To find a lower bound on Prob [s > s0 (1 + )], we compute a bound on g(s0 (1 + x)) from
below. Taking the logarithm of g(s0 (1 + x)), we find



s0
s0 log(1 + x) + (1 − s0 ) log 1 −
x
. (13)
1 − s0
log (g(s0 (1 + x))) = log g(s0 ) +

JMLR 19(73):1-22, 2018

s0
Restricting x to the interval 0 ≤ x < 1, it then follows that 0 < 1−s
x < 0.68 from
0
the assumption that s0 < 0.4. We now bound the second term in Equation (13) using
Inequalities (7) and (8), as follows:




s0 (1 + s0 )
s0
s0 log(1 + x)+(1 − s0 ) log 1 −
x ≥−
x2 .
(14)
1 − s0
2(1 − s0 )

11
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0

− k4 x2 1−s0

1+s

.

(15)

Hence, by substituting Inequality (14) into Equation (13) and exponentiating, we obtain
the following lower bound for g(s0 (1 + x)):

g(s0 (1 + x)) ≥ g(s0 )e

(16)

We also observe that since s0 < 0.4 and 0 ≤ x < 1, the denominator of Equation (12) is
bounded from below as follows:

1
1
≥
.
s0 (1 + x)(1 − s0 (1 + x))
2s0 (1 − s0 )

1+s0
1+s0
1
g(s0 )
− k x2
− k x2
e 4 1−s0 = f (s0 )e 4 1−s0 .
2s0 (1 − s0 )
2

(17)

Therefore, by substituting Inequalities (15) and (16) into Equation (12) when 0 ≤ x < 1,
we have
f (s0 (1 + x)) ≥

Z



+k−1/2

e

1+s

0

− k4 x2 1−s0

e−2 − 1 (
dx ≥ √ e 4
4 π

√

0

k+1)2 1−s0

1+s

,

1
Since s0 < 0.4, we observe that s10 − 1 = d−k
k > 1.5. Since we assumed that  < 2 and
k ≥ 4 + −2 > 4, it follows that  + k −1/2 < 1 and so  + k −1/2 < 1 < s10 − 1. Therefore,
we further restrict x to the interval (,  + k −1/2 ) and observe that Inequality (17) applies
in this range. Therefore, since f is a positive function,
Z +k−1/2
Z 1 −1
Z +k−1/2
1+s0
s0
1
− k x2
e 4 1−s0 dx.
Bs0
f (s0 (1 + x))dx ≥ Bs0
f (s0 (1 + x))dx ≥ Bs0 f (s0 )
2



(18)
Replacing Bs0 f (s0 ) with its lower bound given in Corollary 8 and observing that the integrand is decreasing over an interval of width k −1/2 , Inequality (18) is bounded from below
by

1
Bs0 f (s0 )
2

which completes the first inequality. The second inequality follows by replacing k by the
given upper bound and simplifying.

Lemma 10

27e−1 k−2 2 2
Prob [s > s0 (1 + )] ≤ √ e− 4  (1− 3 ) .
2π

k−2
2


1−
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(20)

 −s  d−k−2
 d−k−2
2
2
0 x
k−2
s0
e 1−s0
x
≤ f (s0 )(1+x) 2
, (19)
1 − s0

Proof To derive an upper bound, we start with the expression for Prob [s > (1 + )s0 ] from
Equation (11). We first find an upper bound on f (s0 (1 + x)). Then, we bound f (s0 (1 + x))
using the inequality 1 − x ≤ e−x for all x as follows:
f (s0 (1+x)) = f (s0 )(1+x)
Moreover, since s0 < 0.4,

s0 d − k − 2
k d−k−2
k−2
=
>
.
1 − s0
2
d−k
2
2

12

e

− k−2
x
2

.



(22)

∞

(1 + x)

k−2
2

e

− k−2
x
2

k−2

=e

k−2
2

log(1+)

, we obtain the upper bound

k.

(23)

√

x2

− x3

for 0 < x < 0.815,

(24)

log(1 − x) ≤ −x −

13
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2
x2
for 0 ≤ x < 1.
(25)
2
These bounds can be justified using a similar approach as for Inequalities (7-10). Using
these inequalities, we derive the following bounds:

log(1 − x) ≥ −x −

We begin this section by including the following two additional inequalities on log(1 − x):

3.3. Bounds on Prob [s < s0 (1 − )]

By combining Inequalities (21) and (23), we find an upper bound on the probability as
follows:
Z 1 −1
s0
2(1 + ) − k−2 2 (1− 2 )
3 .
Bs0
e 4
f (s0 (1 + x))dx ≤ Bs0 f (s0 ) √
k

Applying the upper bound on Bs0 f (s0 ) from Corollary 8 and the assumption that  ≤ 12
completes the inequality.

2(1 + ) − k−2 2 (1− 2 ) 2(1 + ) − k−2 2 (1− 2 )
3
3 .
≤ √
e 4
e 4
(k − 2)
k

≥ k − 4 ≥ −2 , and, hence, that (k − 2) ≥
Since k − 4 ≥ −2 , it follows that (k−2)
k
Therefore, we can further simplify our bound to

2

k−2
k−2
2(1 + ) − k−2 2 (1− 2 )
2(1 + )
3 .
(1 + ) 2 e− 2  ≤
e 4
(k − 2)
(k − 2)

k−2
2

i=0

k−2
2
k−2
k−2
2e− 2  X
2(1 + )
(1 + ) 2 e− 2  .
dx ≤
(1 + )i ≤
k−2
(k − 2)

By applying Inequality (10) to (1 + )



Z

Applying Inequality (22) k−2
2 times to the integral in Inequality (21) and bounding the
resulting geometric series from above gives

By integrating by parts, we observe that for any ` and m with 1 ≤ ` ≤ m,
Z ∞
Z ∞
1
(1 + x)` e−mx dx ≤ (1 + )` e−m +
(1 + x)`−1 e−mx dx.
m





Therefore, by extending the region of integration in Inequality (11), we find the following
upper bound on the probability:
Z 1 −1
Z ∞
s0
k−2
k−2
(1 + x) 2 e− 2 x dx.
Bs0
f (s0 (1 + x))dx ≤ Bs0 f (s0 )
(21)

f (s0 )(1 + x)

k−2
2

By applying Inequality (20) to Inequality (19), we derive the upper bound
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e−2 − 14
Prob [s < s0 (1 − )] ≥ √ e
2 π


√
√
( k+1)2
3
+2( k+k−1/6 )3
1−s0

.

s<s0 (1−)

Z

log g(s0 (1 − x)) = log g(s0 ) +

d
2



1



s0 log(1 − x) + (1 − s0 ) log 1 +

s0
x
1 − s0



f (s0 (1 − x))dx.

g(s0 (1 − x))
s0 (1 − x)(1 − s0 (1 − x))

f (s)ds = Bs0

.

(28)

(27)

(26)

− k4



x2
+2x3
1−s0



.




(30)

14
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s0
s0
Since s0 < 0.4, it follows that 1−s
< 1, and, hence, that (1−x) 1 + 1−s
x < 1. Therefore,
0
0
the denominator in Equation (27) can be bounded from above by


s0 x
s0 (1 − x) (1 − s0 (1 − x)) = s0 (1 − s0 )(1 − x) 1 +
≤ s0 (1 − s0 ).
(31)
1 − s0

g(s0 (1 − x)) ≥ g(s0 )e

Substituting Inequality (29) into Expression (28) and exponentiating, we get

s0
Since 0 < x ≤ 1, it follows that 0 < 1−s
x < 0.68 from the assumption that s0 < 0.4.
0
Therefore, we can bound the second term in Equation (28) using Inequalities (7) and (24),
as follows:


−s0
s0
x ≥
x2 − s 0 x3 .
(29)
s0 log(1 − x) + (1 − s0 ) log 1 +
1 − s0
2(1 − s0 )

and

f (s0 (1 − x)) =

Using g(s) as in Lemma 9, it follows that

Prob [s < (1 − )s0 ] = B

Proof The proof of this lemma is very similar to the proof of Lemma 9, so we focus on
the new details. The probability can be rewritten, using the substitution s = s0 (1 − x), as
Z



2
3
1
1
1 
 + 2 1/3 + q
 .
1+ q
γ2 =
1 − s0
3
η log 1δ
η log 1δ

Additionally, γ2 approaches 1 as , δ, and s0 approach 0.

where



e−2 η
Prob [s < s0 (1 − )] ≥ √ δ 4 γ2 ,
2 π

Moreover, when k < η−2 log 1δ ,

Lemma 11
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x2
+2x3
1−s0

.
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− k4

f (s0 (1 − x)) ≥ f (s0 )e

(32)

Therefore, by substituting Inequalities (30) and (31) into Expression (27), when  < x < 1,
we have



Z
1

f (s0 (1 − x))dx ≥ Bs0 f (s0 )

Z


+k−1/2
− k4

e


x2
+2x3
1−s0



dx.

(33)

Since  < 21 and k ≥ 4+−2 > 4, it follows that +k −1/2 < 1. Therefore, we restrict x to
the interval (,  + k −1/2 ), and observe that Inequality (32) applies in this range. Therefore,
Bs0


Z

+k−1/2
− k4

e


x2
+2x3
1−s0



e−2 − 14
dx ≥ √ e
2 π

 √

√
( k+1)2
3
+2( k+k−1/6 )3
1−s0

,

Replacing Bs0 f (s0 ) with its lower bound given in Corollary 8 and observing that the
integrand is decreasing on an interval of width k −1/2 , Inequality (33) is bounded from below
by
Bs0 f (s0 )


which completes the first inequality. The second inequality follows by replacing k ≥ 1 by
the given upper bound and simplifying.

Lemma 12
√
√
18 2e1/2 −( k−2 )2 (1− 2 )
18 2e1/2 −( k )2
4
3
√
√
e 4
≤
e
.
Prob [s < s0 (1 − )] ≤
π
π

f (s0 (1

− x)) =
f (s0 )(1

− x)

k−2
2


 d−k−2
2
s0
1+
.
x
1 − s0

(34)

Proof The proof of this lemma is very similar to the proof of Lemma 10, so we focus on
the new details. To prove an upper bound, we start with the bound on Prob [s < s0 (1 − )]
from Equation (26). We first observe that

=

k
d−k

k−2
2



s0
x
1 − s0

2

 d−k−2 !

≤

k−2
2

k

(36)





x2
d−k−2
s0
−x −
+
x (35)
2
2
1 − s0

and  < x < 1, Inequality (35) further simplifies to

1+

We now bound the logarithm of the second and third factors in Equation (34) using Inequalities (9) and (25) as follows:

s0
1−s0

2







 
x2
d−k−2
k
k−2
3
k
−x −
+
x ≤x−
x2 ≤ −
x2 .
2
2
d−k
4
2
4

log (1 − x)
Since
k−2
2

Hence, for  ≤ x < 1, we have
k
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f (s0 (1 − x)) ≤ f (s0 )e3/2 e−( 4 )x ≤ f (s0 )e3/2 e−( 4 )x .
15
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f (s0 (1 − x))dx ≤ Bs0 f (s0 )e3/2



Z



∞

e−( 4 )x dx ≤ Bs0 f (s0 )

k

4e3/2 − k 2
e 4 .
k

Substituting Inequality (36) into the integral of Equation (26), we find
Z 1
Z 1
k
e−( 4 )x dx
Bs0

≤ Bs0 f (s0 )e3/2

Since k ≥ −2 , Inequality (37) can be further simplified to

4e3/2 k 2
Bs0 f (s0 ) √ e− 4 
k

(37)

Applying the upper bound on Bs0 f (s0 ) from Corollary 8 completes the first inequality of
the proof. The final inequality follows from the fact that k ≥ (k − 2) 1 − 32  .

This completes the proof all of the conditions in Section 2, and, therefore, completes
the proof of our main theorem, Theorem 2.
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Appendix A. Uniform Distributions on Unit Spheres in High Dimensions

In this section, we study uniform distributions and surface areas (or hypervolumes) on
high-dimensional spheres. More precisely, for any d ≥ 1, let S d−1 denote the unit sphere of
dimension d − 1 and dΩd−1 denote the surface area measure for S d−1 . We show that, for
any 1 ≤ k ≤ d,
k−2

d−k−2

1
dΩd−1 = f (s)ds dΩk−1 dΩd−k−1 ,
2

where s ∈ [0, 1] and f (s) = s 2 (1 − s) 2 . This is a more precise version of a result in
Kane et al. (2011), replacing an unspecified constant by 1/2. We include the proof of this
result here in order to make this result more accessible to a larger population of researchers.
This formula is of independent interest since it shows that the uniform distribution on S d−1
is a product of uniform distributions on S k−1 and S d−k−1 with a distribution on [0, 1].

Theorem 13 Under the almost bijective map Ψ : S d−1 → [0, 1] × S k−1 × S d−k−1 , we have
equality of the surface area differential forms on S d−1 , S k−1 , and S d−k−1 , i.e.,

1
dΩd−1 = f (s)ds dΩk−1 dΩd−k−1 ,
2

where f (s) = s(k−2)/2 (1 − s)(d−k−2)/2 . Equivalently, in terms of probability distribution
measures,

JMLR 19(73):1-22, 2018

dΩd−1
dΩk−1
dΩd−k−1
= Bf (s)ds
.
Vold−1 (S d−1 )
Volk−1 (S k−1 ) Vold−k−1 (S d−k−1 )

16

i=1
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We observe that Φd |Dd−1 ×{0} maps the disk Dd−1 × {0} surjectively onto the graph of φ,
i.e., the upper hemisphere of S d−1 , see Figure 2.

(x̂1 , . . . , x̂d−1 , x̂d ) 7→ ((1 + x̂d )x̂1 , (1 + x̂d )x̂2 , . . . , (1 + x̂d )x̂d−1 , (1 + x̂d )φ(x̂1 , . . . , x̂d−1 )) .

We observe that the graph of this function is the upper hemisphere of S d−1 . We now extend
this map to Dd−1 × R as Φd : Dd−1 × R → Rd defined by

i=1

Proof In d-dimensional space, we consider the upper hemisphere of S d−1 as the graph
of a function over the (d − 1)-dimensional disk Dd−1 . We construct a pair of (d − 1)dimensional parallelepipeds as follows: P d−1 is in the tangent space of Dd−1 and Qd−1 is in
the tangent space of S d−1 . Then, we take the limit of their (d − 1)-dimensional volumes as
P d−1 approaches a point. Due to complications in taking the (d − 1)-dimensional volume
in d-dimensional space, we extend both P d−1 and Qd−1 to associated, full-dimensional
parallelepipeds.
Let (x̂1 , . . . , x̂d−1 ) ∈ Dd−1 and define φ : Dd−1 → R≥0 as
v
u
d−1
u
X
φ(x̂1 , . . . , x̂d−1 ) = t1 −
x̂2i .

We then integrate over the disk
to calculate the surface area of S 2 . In particular,
the integrand is the limit of the ratios of the area of a square in D2 to the area of the
corresponding parallelogram above the square in the tangent space of S 2 as the square
shrinks a point. In the case of the sphere, the parallelogram’s area is calculated using the
cross product, but we must replace the use of the cross product in higher dimensions.

D2

Before we begin the proof, we recall the approach for S 2 in 3-dimensional space. We consider
the upper hemisphere of S 2 as the graph of a function over D2 , where Dd−1 denotes (d − 1)dimensional disk, namely
(
)
d−1
X
Dd−1 = x̂ ∈ Rd−1 :
x̂2i ≤ 1 .

dΩd−1

1
=
dx1 . . . dxd−1 .
xd

Lemma 14 Let x = (x1 , . . . , xd ) with xd > 0 be a point on the upper hemisphere of S d−1 .
Then the surface area measure of the unit sphere S d−1 at x is

This theorem is based on the following lemma, which is well-known to experts, but is
included here for completeness.

Hence, the uniform distribution on S d−1 can be identified with the product distribution on
[0, 1] × S k−1 × S d−k−1 where the distribution of s on [0, 1] has density function Bf (s) and


Γ( d2 )
1 Volk−1 S k−1 Vold−k−1 S d−k−1
B=
=
.
(38)
k
2
Volk−1 (S k−1 )
Γ( 2 )Γ( d−k
2 )
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π

x̂1
− φ(x̂1 ,...,x̂
d−1 )

...

I

x̂d−1
− φ(x̂1 ,...,x̂
d−1 )

φ(x̂1 , . . . , x̂d−1 )

x̂d−1

..
.

x̂1






.
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h (x̂1 , . . . , x̂d−1 , φ(x̂1 , . . . , x̂d−1 )) .
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for 1 ≤ i ≤ d − 1, where the fi is the ith standard basis vector of Rd . Moreover, Qd is
defined by these vectors as well as the image of hed , i.e.,

Since the Jacobian acts on tangent vectors, Qd−1 is defined by the vectors


x̂i
∆x̂i fi −
fd ,
φ(x̂1 , . . . , x̂d−1 )

(Jac Φd ) |Dd−1 ×{0}






=







Next, we let Qd−1 and Qd be the images of P d−1 and P d under the Jacobian of Φd , i.e.,
Jac Φd , respectively. Note that the Jacobian of Φd , when restricted to Dd−1 × {0}, is

We recall that, at (x̂1 , . . . , x̂d−1 ) ∈ Dd−1 , the tangent space is Rd−1 and we define the
parallelepiped P d−1 in the tangent space by the vectors ∆x̂i ei of length ∆x̂i in the direction
of the ith standard basis vector ei of Rd−1 . Similarly, the tangent space at (x̂1 , . . . , x̂d−1 , 0) ∈
Dd−1 ×R is Rd , and we define the parallelepiped P d in this tangent space by the vectors ∆x̂i ei
for 1 ≤ i ≤ d − 1 and hed for the final direction. Then, as the vector hed is perpendicular
to the tangent vectors of the disk Dd−1 , the d-dimensional volume of P d can be computed
in terms of the (d − 1)-dimensional volume of P d−1 and the height h, i.e.,


 
Vold P d = hVold−1 P d−1 .

Figure 2: Φd maps the disk Dd−1 ×{0} surjectively onto the upper hemisphere of the (d−1)dimensional unit sphere S d−1 . We observe that (Φd )−1 = π is the projection map
onto the first d − 1 coordinates.

Φd

Burr, Gao, and Knoll



fi

−

x̂i
φ(x̂1 ,...,x̂d−1 ) fd



for 1 ≤ i ≤ d−1 are tangent vectors to
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We observe that the vectors

∆x̂i

the sphere S d−1 , and that h (x̂1 , . . . , x̂d−1 , φ(x̂1 , . . . , x̂d−1 )) is the outward pointing surface
normal with length h. Since the tangent vectors are perpendicular to the outward pointing
normal, the volumes of Qd−1 and Qd have a similar relationship as the volumes of P d−1
and P d , i.e.,
 


Vold Qd = hVold−1 Qd−1 .
Therefore, the ratio between the d-dimensional volumes of Qd and P d is the same as the
ratio of the (d − 1)-dimensional volumes of Qd−1 and P d−1 .
Since Qd is the image of P d under the linear map Jac Φd Dd−1 ×{0} , it follows that
 
 
Vold Qd = det (Jac Φd ) (x̂1 ,...,x̂d−1 ,0) Vold P d .

the surface area in the

Therefore, the ratio of the volumes of Qd−1 and P d−1 is det (Jac Φd ) (x̂1 ,...,x̂d−1 ,0) . It is
straight-forward to compute the determinant of Jac(Φd ) at the point (x̂1 , . . . , x̂d−1 , 0) via a
few row reductions to eliminate the first d−1 entries in the last row and turn the matrix into
Hence, the determinant
1
an upper triangular matrix whose lower right corner is φ(x̂1 ,...,x̂
.
d−1 )
1
of Jac(Φd ) is φ(x̂1 ,...,x̂
, which is the desired scaling factor.
d−1 )
1
φ(x̂1 ,...,x̂d−1 ) is the local factor in the stretching of

Therefore,

and

φ(x̂1 , . . . , x̂d−1 ) = xd .

map from Dd−1 to S d−1 . We recall that the coordinates x1 , . . . , xd are the coordinates on
the upper hemisphere and x̂1 , . . . , x̂d−1 are the coordinates on Dd−1 . Since, under the map
Φd |Dd−1 ×{0} , xi = x̂i for 1 ≤ i ≤ d − 1, it follows that
dx̂1 . . . dx̂d−1 = dx1 . . . dxd−1
From here, the result follows directly.

ϕ : [0, 1] × Dk−1 × Dd−k−1 → Dd−1

Proof of Theorem 13 Let (w1 , . . . , wd ), (x1 , . . . , xk ), and (y1 , . . . , yd−k ) be coordinates
of points on the (d − 1)-dimensional unit sphere, the (k − 1)-dimensional unit sphere, and
the (d − k − 1)-dimensional unit sphere, respectively. Let (ŵ1 , . . . , ŵd−1 ), (x̂1 , . . . , x̂k−1 ),
and (ŷ1 , . . . , ŷd−k−1 ) be the coordinates of points on the disks Dd−1 , Dk−1 and Dd−k−1 ,
respectively. Let
be defined by

i=1

s × (x̂1 , . . . , x̂k−1 )×(ŷ1 , . . . , ŷd−k−1 ) 7→
v


u
k−1
X
√
√
√
√
√ u
 sx̂1 , . . . , sx̂k−1 , st1 −
x̂i2 , 1 − sŷ1 , . . . , 1 − sŷd−k−1  .
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We observe that ϕ maps the disks Dk−1 and Dd−k−1 onto the half of the disk Dd−1 whose
k th coordinate is nonnegative. As the measure of the image is the measure of the preimage
scaled by the determinant of the Jacobian of ϕ, the surface area measure of the disk Dd−1
is
dŵ1 . . . dŵd−1 = | det Jac(ϕ)|ds dx̂1 . . . dx̂k−1 dŷ1 . . . dŷd−k−1 .
(39)
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0

..

.

...

.
..

0
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0

.
..

...

s

.
..

.

0

..

...

.
..

.
..

0

√

0

s

...

0

0

x̂k−1
√
2 s
q P
k−1 2
1− i=1
x̂i
√
2 s
−ŷ1
√
2 1−s

1−s

.
..

...

√
− sx̂
q P k−1
k−1 2
1− i=1
x̂i

..

√

0

...

.
..

...

...
0

.
..

0

0

√
q −Psx̂1
k−1 2
1− i=1
x̂i

.

..

0

1 − s ...
.
..

...

√
.
..

0

.
−ŷd−k−1
√
2 1−s

The Jacobian of ϕ for s ∈ (0, 1) is
√

x̂1












Jac ϕ = 











d−k−1
1 k−2
s 2 (1 − s) 2 .
2x̂k















.











Eliminating all but the k th entry of the first column by adding multiples of the other columns
to the first column, we obtain
det Jac(ϕ) =

1 (k−2)/2
s
(1 − s)(d−k−1)/2 ds dx̂1 . . . dx̂k−1 dŷ1 . . . dŷd−k−1 .
2x̂k

(40)

Substituting this value into Expression (39), we have the surface area measure of Dd−1 in
terms of the disks Dk−1 and Dd−k−1 . That is,
dŵ1 . . . dŵd−1 =

We observe that the coordinates of the disk Dt−1 correspond to the first t − 1 entries of
coordinates of the unit sphere S t−1 . Therefore, we may extend ϕ to the map Ψ, as defined
above, where
Ψ−1 = Φd ◦ ϕ ◦ (ids × (Φk )−1 × (Φd−k )−1 ).

Employing the results of Lemma 14 in various dimensions, we rewrite the surface measure
of a unit sphere in terms of the surface measure of the corresponding disks:

dx̂1 . . . dx̂k−1 = dx1 . . . dxk−1 = xk dΩk−1

dŷ1 . . . dŷd−k−1 = dy1 . . . dyd−k−1 = yd−k dΩd−k−1

dŵ1 . . . dŵd−1 = dw1 . . . dwd−1 = wd dΩd−1 .

By applying the Ψ, we can substitute these three equalities into Equation (40) to obtain

JMLR 19(73):1-22, 2018

1
yd−k
dΩd−1 =
dw1 . . . dwd−1 =
s(k−2)/2 (1 − s)(d−k−1)/2 ds dΩk−1 dΩd−k−1
wd
2wd
1
1
= s(k−2)/2 (1 − s)(d−k−2)/2 ds dΩk−1 dΩd−k−1 = f (s)ds dΩk−1 dΩd−k−1 ,
2
2
√
where the third equality follows from the fact that wd = 1 − syd−k by the map Ψ. Since
the cases where s = 0 or s = 1 have measure 0, the result follows.
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1. We say a method has glrc if ∃ 0 < δ < 1 such that (f (wr+1 ) − f (w? )) ≤ δ(f (wr ) − f (w? )) ∀r.

where
=
g(w) = ∇f (w), a, b is the angle between vectors a and b, and 0 ≤
θ < π/2, and then performs a line search along the direction dr to find the next point,
wr+1 = wr + tdr . Let w? = arg minw f (w). A key side contribution of this paper is the
proof that, when f is convex and satisfies some additional weak assumptions, the method has
global linear rate of convergence (glrc)1 and so it finds a point wr satisfying f (wr )−f (w? ) ≤ 
in O(log(1/)) iterations. The main theme of this paper is that the flexibility offered by this
method with strong convergence properties allows us to build a class of useful distributed
learning methods with good computation and communication trade-off capabilities.
Take one of the most effective distributed methods, viz., SQM (Statistical Query Model)
(Chu et al., 2006; Agarwal et al., 2011), which is a batch, gradient-based descent method.
The gradient is computed in a distributed way with each node computing the gradient

gr

sufficient angle of descent: −g r , dr ≤ θ

In recent years, machine learning over Big Data has become an important problem, not
only in web related applications, but also more commonly in other applications, e.g., in
the data mining over huge amounts of user logs. The data in such applications are usually
collected and stored in a decentralized fashion over a cluster of commodity machines (nodes)
where communication times between nodes are significantly large. Examples of applications
involving high communication costs include: Click prediction on advertisement data where
the number of examples is huge and features are words which can run in to billions, and
Geo distributed data across different countries/continents where cross data-center speeds
are extremely slow. In such a settings, it is natural for the examples to be partitioned over
the nodes.
Distributed machine learning algorithms that operate on such data are usually iterative.
Each iteration involves some computation that happens locally in each node. In each iteration, there is also communication of information between nodes and this is special to the
distributed nature of solution. Distributed systems such as those based on the Map-Reduce
framework (Dean and Ghemawat, 2008) involve additional special operations per iteration,
such as the loading of data from disk to RAM. Recent frameworks such as Spark (Zaharia
et al., 2010) and REEF (Weimer et al., 2015) avoid such unnecessary repeated loading of
data from disk. Still, communication between nodes in each iteration is unavoidable and,
its cost can be substantial when working with Big Data. Therefore, the development of efficient distributed machine learning algorithms that minimize communication between nodes
is an important problem. The key is to come up with algorithms that minimize the number
of iterations.
In this paper we consider the distributed batch training of linear classifiers in which:
(a) both, the number of examples and the number of features are large; (b) the data matrix
is sparse; (c) the examples are partitioned over the nodes; (d) the loss function is convex
and differentiable; and, (e) the L2 regularizer is employed. This problem involves the large
scale unconstrained minimization of a convex, differentiable objective function f (w) where
w is the weight vector. The minimization is usually performed using an iterative descent
method in which an iteration starts from a point wr , computes a direction dr that satisfies

1. Introduction

Mahajan, Agrawal, Keerthi, Sellamanickam and Bottou

An efficient distributed learning algorithm

Mahajan, Agrawal, Keerthi, Sellamanickam and Bottou

(2)

component corresponding to its set of examples. This is followed by an aggregation of the
components. We are interested in systems in which the communication time between nodes
is large relative to the computation time in each node.2 For iterative algorithms such as
SQM, the total training time is given by
Training time = (T cmp + T com ) T iter

g r+1 · dr ≥ βg r · dr

f r+1 ≤ f r + αg r · (wr+1 − wr )

4

(4)

(5)

JMLR 19(74):1-37, 2018

3. It would be interesting future work to extend all the theory developed in this paper to non-differentiable
convex functions, using sub-gradients.

Wolfe:

Armijo:

Let f ∈ C 1 , the class of continuously differentiable functions3 , f be convex, and the gradient
g satisfy the following assumptions.
A1. g is Lipschitz continuous, i.e., ∃ L > 0 such that kg(w) − g(w̃)k ≤ Lkw − w̃k ∀ w, w̃.
A2. ∃ σ > 0 such that (g(w) − g(w̃)) · (w − w̃) ≥ σkw − w̃k2 ∀ w, w̃.
A1 and A2 are essentially second order conditions: if f happens to be twice continuously
differentiable, then L and σ can be viewed as upper and lower bounds on the eigenvalues of
the Hessian of f . A convex function f is said to be σ- strongly convex if f (w) − σ2 kwk2 is
convex. In machine learning, all convex risk functionals in C 1 having the L2 regularization
term, λ2 kwk2 are σ- strongly convex with σ = λ. It can be shown (Smola and Vishwanathan,
2008) that, if f is σ-strongly convex, then f satisfies assumption A2.
Let f r = f (wr ), g r = g(wr ) and wr+1 = wr + tdr . Consider the following standard line
search conditions.

2. Basic descent method

wp of fˆp can be found such that the direction dp = wp − wr satisfies the sufficient angle
of descent condition, (1). A convex combination of the set of directions generated in the
nodes, {dp } forms the overall direction dr for iteration r. Note that dr also satisfies (1).
The result is an overall distributed method that finds a point w satisfying f (w) − f (w? ) ≤ 
in O(log(1/)) time. This answers Q2.
The method also reduces the number of communication passes over the examples compared with SQM, thus also answering Q1. The intuition here is that, if each fˆp is a good
approximation of f , then dr will be a good global direction for minimizing f at wr , and so
the method will move towards w? much faster than SQM.
In summary, the paper makes the following contributions. First, for convex f we establish glrc for a general iterative descent method. Second, and more important, we propose a
distributed learning algorithm that: (a) converges in O(log(1/)) time, thus leading to an
IPM method with strong convergence; (b) is more efficient than SQM when communication
costs are high; and (c) flexible in terms of the local optimization method M that can be
used in the nodes.
There is also another interesting side contribution associated with our method. It is
known that example-wise methods such as stochastic gradient descent (SGD) are inherently
sequential and hard to parallelize (Zinkevich et al., 2010). By employing SGD as M,
the local optimizer for f˜p in our method, we obtain a parallel SGD method with good
performance as well as strong convergence properties. This contribution is covered in detail
in Mahajan et al. (2013b); we give a summarized view in Subsection 3.5.
Experiments (Section 4) validate our theory as well as show the benefits of our method
for large dimensional datasets where communication is the bottleneck. We give a discussion
on unexplored possibilities for extending our distributed learning method in Section 5 and
conclude the paper in Section 6.

(3)

where T cmp and T com are respectively, the computation time and the communication time
per iteration and T iter is the total number of iterations. When T com is large, it is not
optimal to work with an algorithm such as SQM that has T cmp small and due to which,
T iter is large. In such a scenario, it is useful to ask: Q1. In each iteration, can we do
more computation in each node so that the number of iterations and hence the number of
communication passes are decreased, thus reducing the total computing time?
There have been some efforts in the literature to reduce the amount of communication.
In one class of such methods, the current wr is first passed on to all the nodes. Then,
each node p forms an approximation f˜p of f using only its examples, followed by several
optimization iterations (local passes over its examples) to decrease f˜p and reach a point wp .
The wp ∀p are averaged to form the next iterate wr+1 . One can stop after just one major
iteration (going from r = 0 to r = 1); such a method is referred to as parameter mixing
(PM) (Mann et al., 2009). Alternatively, one can do many major iterations; such a method
is referred to as iterative parameter mixing (IPM) (Hall et al., 2010). Convergence theory
for such methods is inadequate (Mann et al., 2009; McDonald et al., 2010), which prompts
us to ask: Q2. Is it possible to devise an IPM method that produces {wr } → w? ?
In another class of methods, the dual problem is solved in a distributed fashion (Pechyony et al., 2011; Yang, 2013; Yang et al., 2013; Jaggi et al., 2014). Let αp denote the dual
vector associated with the examples in node p. The basic idea is to optimize {αp } in parallel
and then use a combination of the individual directions thus generated to take an overall
step. In practice these methods tend to have slow convergence; see Section 4 for details.
We make a novel and simple use of the iterative descent method mentioned at the
beginning of this section to design a distributed algorithm that answers Q1-Q2 positively.
The main idea is to use distributed computation for generating a good search direction
dr and not just for forming the gradient as in SQM. At iteration r, let us say each node
p has the current iterate wr and the gradient g r . This information can be used together
with the examples in the node to form a function fˆp (·) that approximates f (·) and satisfies
∇fˆp (wr ) = g r . One simple and effective suggestion is:
fˆp (w) = fp (w) + (g r − ∇fp (wr )) · (w − wr )

where fp is the part of f that does not depend on examples outside node p; the second
term in (3) can be viewed as an approximation of the objective function part associated
with data from the other nodes. In Section 3 we give other suggestions for forming fˆp . Now
fˆp can be optimized within node p using any method M which has glrc, e.g., Trust region
method, L-BFGS, etc. There is no need to optimize fˆp fully. We show (see Section 3) that,
in a constant number of local passes over examples in node p, an approximate minimizer
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2. This is the case when feature dimension is huge. Many applications gain performance when the feature
space is expanded, say, via feature combinations, explicit expansion of nonlinear kernels etc.

3

g(wr + tβ dr ) · dr = βg r · dr ,
(6)
(7)

4. Assumption A2 implies that w? is unique.

5
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In this section we discuss full details of our distributed training algorithm. Let {xi , yi } be
the training set associated with a binary classification problem (yi ∈ {1, −1}). Consider a

3. Distributed training

(1 − 2α(1 − β) Lσ 2 cos2 θ).
A proof of Theorem 2 is given in the appendix B. If one is interested only in proving
convergence, it is easy to establish under the assumptions made; such theory goes back to
the classical works of Wolfe (Wolfe, 1969, 1971). But proving glrc is harder. There exist
proofs for special cases such as the gradient descent method (Boyd and Vandenberghe,
2004). The glrc result in Wang and Lin (2013) is only applicable to descent methods that
are “close” (see equations (7) and (8) in Wang and Lin (2013)) to the gradient descent
method. Though Theorem 2 is not entirely surprising, as far as we know, such a result does
not exist in the literature.
Remark 1. It is important to note that the rate of convergence indicated by the upper
bound on δ given in Theorem 2 is pessimistic since it is given for a very general descent
algorithm that includes plain batch gradient descent which is known to have a slow rate of
convergence. Therefore, it should not be misconstrued that the indicated slow convergence
rate would hold for all methods falling into the class of methods covered here. Depending
on the method used for choosing dr , the actual rate of convergence can be a lot better. For
example, we observe very good rates for our distributed method, FADL; see the empirical
results in Section 4 and also the comments made in Remark 2 of Section 3.

2

Theorem 2. Let w? = arg minw f (w) and f ? = f (w? ).4 Then {wr } → w? . Also, we
have glrc, i.e., ∃ δ satisfying 0 < δ < 1 such that (f r+1 − f ? ) ≤ δ (f r − f ? ) ∀ r ≥ 0,
0 −f ? )/)
and, f r − f ? ≤  is reached after at most log((f
iterations. An upper bound on δ is
log(1/δ)

r

f (w + tα d ) = f r + tα αg r · dr , tα > 0.

r

Let us now consider the general descent method in Algorithm 1 for minimizing f . The
following result shows that the algorithm is well-posed. A proof is given in the appendix B.
Lemma 1. Suppose g r · dr < 0. Then {t : (4) and (5) hold for wr+1 = wr + tdr } = [tβ , tα ],
where 0 < tβ < tα , and tβ , tα are the unique roots of

Choose w0 ;
for r = 0, 1 . . . do
1. Exit if g r = 0;
2. Choose a direction dr satisfying (1);
3. Do line search to choose t > 0 so that wr+1 = wr + tdr satisfies the
Armijo-Wolfe conditions (4) and (5);
end

Algorithm 1: Descent method for f

where 0 < α < β < 1.

An efficient distributed learning algorithm

X
λ
λ
Lp (w),
kwk2 + L(w) = kwk2 +
2
2
p

(8)

6

5. An AllReduce arrangement of nodes (Agarwal et al., 2011) may also be used.
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Our method offers great flexibility in choosing fˆp and the method used to optimize it. We
only require fˆp to satisfy the following.
A3. fˆp is σ-strongly convex, has Lipschitz continuous gradient and satisfies gradient consistency at wr : ∇fˆp (wr ) = g r .
Below we give several ways of forming fˆp . The σ-strongly convex condition is easily
taken care of by making sure that the L2 regularizer is always a part of fˆp . This condition
implies that
σ
fˆp (wp ) ≥ fˆp (wr ) + ∇fˆp (wr ) · (wp − wr ) + kwp − wr k2 .
(9)
2

3.2. Choosing fˆp

on the current iterate, wr .

Our distributed method is based on the descent method in Algorithm 1. We use a masterslave architecture.5 Let the examples be partitioned over P slave nodes. Distributed computing is used to compute the gradient g r as well as the direction dr . In the r-th iteration,
let us say that the master has the current wr and gradient g r . One can communicate these
to all P (slave) nodes. The direction dr is formed as follows. Each node p constructs an
approximation of f (w) using only information that is available in that node, call it fˆp (w),
and (approximately) optimizes it (starting from wr ) to get the point wp . Let dp = wp − wr .
Then dr is chosen to be any convex combination of dp ∀p. Doing line search along the dr
direction completes the r-th iteration. Line search involves distributed computation, but it
is inexpensive; we give details in Subsection 3.4.
We want to point out that fˆp can change with r, i.e., one is allowed to use a different fˆp
in each outer iteration. We just don’t mention it as fˆpr to avoid clumsiness of notation. In
fact, all the choices for fˆp that we discuss below in Subsection 3.2 are such that fˆp depends

3.1. Our approach

where λ > 0 is the regularization constant. It is easy to check that g = ∇f is Lipschitz
continuous.

f (w) =

linear classification model, y = sgn(wT x). Let l(w·xi , yi ) be a continuously differentiable loss
function that has Lipschitz continuous gradient. This allows us to consider loss functions
such as least squares (l(s, y) = (s − y)2 ), logistic loss (l(s, y) = log(1 + exp(−sy)) and
squared hinge loss (l(s, y) = max{0, 1 − ys}2 ). Hinge loss is not covered by our theory since
it is non-differentiable.
Suppose the training examples are distributed
P in P nodes. Let: Ip be the set of indices i
such that (xi , yi ) sits in the p-th node; Lp (w) = i∈Ip l(w; xi , yi ) be the total loss associated
P
with node p; and, L(w) = p Lp (w) be the total loss over all nodes. Our aim is to minimize
the regularized risk functional f (w) given by

Mahajan, Agrawal, Keerthi, Sellamanickam and Bottou
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(17)
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(13)

8

(18)
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The following result shows that if an optimizer with glrc is used to minimize fˆp , then, only
a constant number of iterations is needed to satisfy the sufficient angle of descent condition.

σ
π
> θ > cos−1 .
2
L

In practice, exactly minimizing fˆp is infeasible. For convergence, it is not necessary for wp
to be the minimizer of fˆp ; we only need to find wp such that the direction dp = wp − wr
satisfies (1). The angle θ needs to be chosen right. Let us discuss this first. Let ŵp? be the
minimizer of fˆp . It can be shown (see appendix B) that ŵp? − wr , −g r ≤ cos−1 Lσ . To allow
for wp being an approximation of ŵp? , we choose θ such that

3.3. Convergence theory

A somewhat similar approximation is used in Sharir et al. (2014). But the main algorithm
where it is used does not have deterministic monotone descent like our algorithm. The
gradient consistency condition, which is essential for establishing function descent, is not
respected in that algorithm. In Section 4 we compare our methods against the method
in Sharir et al. (2014).
BFGS approximation. For L̃p we can either use Lp or a second order approximation,
like in the approximations given above. For L̂p we can use a second order term, 21 (w −
wr ) · H(w − wr ) where H is a positive semi-definite matrix; for H we can use a diagonal
approximation or keep a limited history of gradients and form a BFGS approximation of
L − Lp .
Remark 2. The distributed method described above is an instance of Algorithm 1
and so Theorem 2 can be used. In Theorem 2 we mentioned a convergence rate, δ. For
cos θ = σ/L this yields the rate δ = (1 − 2α(1 − β)( Lσ )4 ). This rate is obviously pessimistic
given that it applies to general choices of fˆp satisfying minimal assumptions. Actual rates
of convergence depend a lot on the choice made for fˆp . Suppose we choose fˆp via Hybrid,
Quadratic or Nonlinear approximation choices mentioned in Subsection 3.2 and minimize
fˆp exactly in the inner optimization. These approximations are invariant to coordinate
transformations such as w0 = Bw, where B is a positive definite matrix. Note that ArmijoWolfe line search conditions are also unaffected by such transformations. What this means
is that, at each iteration, we can, without changing the algorithm, choose for analysis a
coordinate transformation that gives the best rate. The Linear approximation choice for
fˆp does not enjoy this property. This explains why the Hybrid, Quadratic and Nonlinear
approximations perform so well and give great rates of convergence in practice; see the
experiments in Section 4.7 and Subsection 4.9.1. Proving much better convergence rates for
FADL using these approximations would be interesting future work.
In Section 4 we evaluate some of these approximations in detail.

L̃p (w) = Lp (w),

Nonlinear approximation. Here the idea is to use P − 1 copies of Lp to approximate
P
q6=p Lq .

L̃p (w) = Lp (w),
P −1
r
)) · (w − wr ) +
(w − wr )T Hpr (w − wr ),
2

L̂p (w) = (∇L(wr ) − P ∇Lp (wr )) · (w − wr ) + (P − 1)Lp (w).

The gradient consistency condition is motivated by the need to satisfy the angle condition
(1). Since wp is obtained by starting from wr and optimizing fˆp , it is reasonable to assume
that fˆp (wp ) < fˆp (wr ). Using these in (9) gives −g r ·dp > 0. Since dr is a convex combination
of the dp it follows that −g r · dr > 0. Later we will formalize this to yield (1) precisely.
A general way of choosing the approximating functional fˆp is
λ
fˆp (w) = kwk2 + L̃p (w) + L̂p (w),
(10)
2
P
where L̃p is an approximation of Lp and L̂p (w) is an approximation of L(w)−Lp (w) = q6=p
Lq (w). A natural choice for L̃p is Lp itself since it uses only the examples within node p;
but there are other possibilities too. To maintain communication efficiency, we would like
to design an L̂p such that it does not explicitly require any examples outside node p. To
satisfy A3 we need L̂p to have Lipschitz continuous gradient. Also, to aid in satisfying
gradient consistency, appropriate linear terms are added. We now suggest five choices for
fˆp .
Linear Approximation. Set L̃p = Lp and choose L̂p based on the first order Taylor series.
Thus,
L̃p (w) = Lp (w),
L̂p (w) = (∇L(wr ) − ∇Lp (wr )) · (w − wr ).
(11)

= (∇L(wr ) −
∇Lp (w

(The zeroth order term needed to get f (wr ) = fˆ(wr ) is omitted everywhere because it is a
constant that plays no role in the optimization.) Note that ∇L(wr ) = g r − λwr and so it is
locally computable in node p; this comment also holds for the methods below.
Hybrid approximation. This is an improvement over the linear approximation where
we add a quadratic term to L̂p . Since the loss term in (8) is total loss (and not averaged
loss), this is done P
by using (P − 1) copies of the quadratic term of Lp to approximate the
quadratic term of q6=p Lq .
L̂p (w)

(15)

(14)

where Hpr is the Hessian of Lp at wr . This corresponds to using subsampling to approximate the Hessian of L(w) − Lp (w) at wr utilizing only the local examples. Subsampling
based Hessian approximation is known to be very effective in optimization for machine
learning (Byrd et al., 2012).
Quadratic approximation. This is a pure quadratic variant where a second order approximation is used for L̃p too.
1
L̃p (w) = ∇Lp (wr ) · (w − wr ) + (w − wr )T Hpr (w − wr ),
2
P −1
(w − wr )T Hpr (w − wr ).
2
L̂p (w) = (∇L(wr ) − ∇Lp (wr )) · (w − wr ) +
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The comment made earlier on the goodness of subsampling based Hessian for the Hybrid
approximation applies here too.
7

9

6. These methods update w after scanning each example.
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For large scale learning on a single machine, example-wise methods6 such as stochastic
gradient descent (SGD) and its variations (Bottou, 2010; Johnson and Zhang, 2013) and dual

3.5. Connections with parallel SGD

We refer to our method by the acronym, FADL - Function Approximation based Distributed
Learning. Going with the practice in numerical optimization, we replace (1) by the condition, −g r · dr > 0 and use α = 10−4 , β = 0.9 in (4) and (5). In actual usage, Algorithm 1
can be terminated when kg r k ≤ g kg 0 k is satisfied at some r. Let us take line search next.
On w = wr + tdr , the loss has the form l(zi + tei , yi ) where zi = wr · xi and ei = dr · xi . Once
we have computed zi ∀i and ei ∀i, the distributed computation of f (wr +tdr ) and its derivative with respect to t is cheap as it does not involve any computation involving the data,
{xi }. Thus, many t values can be explored cheaply. Since dr is determined by approximate
optimization, t = 1 is expected to give a decent starting point. We first identify an interval
[t1 , t2 ] ⊂ [tβ , tα ] (see Lemma 1) by starting from t = 1 and doing forward and backward
stepping. Then we check if t1 or t2 is the minimizer of f (wr + tdr ) on [t1 , t2 ]; if not, we do
several bracketing steps in (t1 , t2 ) to locate the minimizer approximately. Finally, when using method M, we terminate it after a fixed number of steps, k̂; we have found that, setting
k̂ to match computation and communication costs works effectively. Algorithm 2 gives all
the steps of FADL while also mentioning the distributed communications and computations
involved.
Choices for M. There are many good methods having (deterministic) glrc: L-BFGS,
TRON (Lin et al., 2008), Primal coordinate descent (Chang et al., 2008), etc. One could also
use methods with glrc in the expectation sense (in which case, the convergence in Theorem
4 should be interpreted in some probabilistic sense). This nicely connects our method with
recent literature on parallel SGD. We discuss this in the next subsection only briefly as it
is outside the scope of the current paper. See our related work (Mahajan et al., 2013b) for
details. For the experiments of this paper we do the following. For optimizing the quadratic
approximation in (10) with (14)-(15), we used the conjugate-gradient method (Shewchuk,
1994). For all other (non-quadratic) approximations of FADL as well as all nonlinear solvers
needed by other methods, we used TRON.

3.4. Practical implementation.

−g r , v k − wr ≤ θ ∀k ≥ k̂.
Lemma 3 can be combined with Theorem 2 to yield the following convergence theorem.
Theorem 4. Suppose θ satisfies (18), M is as in Lemma 3 and, in each iteration r and for
each p, k̂ or more iterations of M are applied to minimize fˆp (starting from wr ) and get
wp . Then the distributed method converges to a point w satisfying f (w) − f (w? ) ≤  in
O(log(1/)) time.
Proofs of Lemma 3 and Theorem 4 are given in appendix B.

p

∇fˆp (w) =

i∈Ip

10

1 X
(∇ψi (w) − ∇ψi (wr ) + g r ).
np
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(19)

coordinate ascent (Hsieh et al., 2008) perform quite well. However, example-wise methods
are inherently sequential. If one employs a method such as SGD as M, the local optimizer
for f˜p , the result is, in essence, a parallel SGD method. However, with parameter mixing
and iterative parameter mixing methods (Mann et al., 2009; Hall et al., 2010; McDonald
et al., 2010) (we briefly discussed these methods in Section 1) that do not do line search,
convergence theory is limited, even that requiring a complicated analysis (Zinkevich et al.,
2010); see also Mann et al. (2009) for some limited results. Thus, the following has been
an unanswered question: Q3. Can we form a parallel SGD method with strong convergence
properties such as glrc?
As one special instantiation of our distributed method, we can use, for the local optimization method M, any variation of SGD with glrc (in expectation), e.g., the one in Johnson and Zhang (2013). For this case, in a related work of ours (Mahajan et al., 2013b)
we show that our method has O(log(1/)) time convergence in a probabilistic sense. The
result is a strongly convergent parallel SGD method, which answers Q3. An interesting
side observation is that, the single machine version of this instantiation is very close to the
variance-reducing SGD method in Johnson and Zhang (2013). We discuss this next.
Connection with SVRG. Let us take the fˆp in (11). Let np = |Ip | be the number of
examples in node p. Define ψi (w) = np l(w · xi , yi ) + λ2 kwk2 . It is easy to check that

7. Set wp = v k̂+1 ;
end
8. Set dr as any convex combination of {wp } (agg: wp );
9. Compute {ei = dr · xi } (com: dr ; cmp: One pass over data);
10. Do line search to find t (for each t: com: t; cmp: l and ∂l/∂t agg: f (wr + tdr )
and its derivative wrt t);
11. Set wr+1 = wr + tdr ;
end

Choose w0 ;
for r = 0, 1 . . . do
1. Compute g r (com: wr ; cmp: Two passes over data; agg: g r ); By-product:
{zi = wr · xi };
2. Exit if kg r k ≤ g kg 0 k;
3. for p = 1, . . . , P (in parallel) do
4. Set v 0 = wr ;
5. for k = 0, 1, . . . , k̂ do
6. Find v k+1 using one iteration of M;
end

Algorithm 2: FADL - Function Approximation based Distributed Learning. com:
communication; cmp: = computation; agg: aggregation. M is the optimizer used for
minimizing fˆp .

Lemma 3. Assume g r 6= 0. Suppose we minimize fˆp using an optimizer M that starts from
v 0 = wr and generates a sequence {v k } having glrc, i.e., fˆp (v k+1 ) − fˆp? ≤ δ(fˆp (v k ) − fˆp? ),
where fˆ? = fˆp (ŵ? ). Then, there exists k̂ (which depends only on σ and L) such that

p
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Thus, plain SGD updates applied to fˆp has the form
w = w − η(∇ψi (w) − ∇ψi (wr ) + g r ),
(20)

which is precisely the update in SVRG. In particular, the single node (P = 1) implementation of our method using plain SGD updates for optimizing fˆp is very close to the
SVRG method.7 While Johnson and Zhang (2013) motivate the update in terms of variance
reduction, we derive it from a functional approximation viewpoint.
3.6. Computation-Communication tradeoff
In this subsection we do a rough analysis to understand the conditions under which our
method (FADL) is faster than the SQM method (Chu et al., 2006; Agarwal et al., 2011)
(see Section 1). This analysis is only for understanding the role of various parameters and
not for getting any precise comparison of the speed of the two methods.
Compared to the SQM method, FADL does a lot more computation (optimize fˆp ) in
each node. On the other hand FADL reaches a good solution using a much smaller number
of outer iterations. Clearly, FADL will be attractive for problems with high communication
costs, e.g., problems with a large feature dimension. For a given distributed computing
environment and specific implementation choices, it is easy to do a rough analysis to understand the conditions in which FADL will be more efficient than SQM. Consider a distributed
grid of nodes in an AllReduce tree. Let us use a common method such as TRON for impleouter > 3.0T outer (where T outer
menting SQM as well as for M in FADL. Assuming that TSQM
FADL
FADL
outer are the number of outer iterations required by SQM and FADL), we can do a
and TSQM
rough analysis of the costs of SQM and FADL (see appendix A for details) to show that
FADL will be faster when the following condition is satisfied.
nz
γP
<
(21)
m
2k̂
where: nz is the number of nonzero elements in the data, i.e., {xi }; m is the feature
dimension; γ is the relative cost of communication to computation (e.g. 100 − 1000); P is
the number of nodes; and k̂ is the number of inner iterations of FADL. Thus, the larger
the dimension (m) is, and the higher the sparsity in the data is, FADL will be better than
SQM.

4. Experiments
In this section, we demonstrate the effectiveness of our method by comparing it against
several existing distributed training methods on five large data sets. We first discuss our
experimental setup. We then briefly list each method considered and then do experiments
to decide the best overall setting for each method. This applies to our method too, for
which the setting is mainly decided by the choice made for the function approximation,
fˆp ; see Subsection 3.2 for details of these choices. Finally, we compare, in detail, all the
methods under their best settings. This study clearly demonstrates scenarios under which
our method performs better than other methods.
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7. Note the subtle point that applying SVRG method on fˆp is different from doing (20), which corresponds
to plain SGD. It is the former that assures glrc (in expectation).
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4.1. Experimental Setup

#Examples (n)
8.41 × 106
1.91 × 106
0.35 × 106
8.1 × 106
0.5 × 106

#Features (m)
20.21 × 106
3.23 × 106
16.6 × 106
784
47236

#Non-zeros (nz)
0.31 × 109
0.22 × 109
0.98 × 109
6.35 × 109
0.50 × 108

λ/n
1.25 × 10−6
0.11 × 10−6
1.0 × 10−4
1.0 × 10−4
1.0 × 10−4

We ran all our experiments on a Hadoop cluster with 379 nodes and 10 Gbit interconnect
speed. Each node has Intel (R) Xeon (R) E5-2450L (2 processors) running at 1.8 GHz.
Since iterations in traditional MapReduce are slower (because of job setup and disk access
costs), as in Agarwal et al. (Agarwal et al., 2011), we build an AllReduce binary tree between
the mappers8 . The communication bandwidth is 1 Gbps (gigabits per sec).
Dataset
kdd2010
url
webspam
mnist8m
rcv

Table 1: Properties of datasets.

Data Sets. We consider the following publicly available datasets having a large number
of examples:9 kdd2010, url, webspam, mnist8m and rcv. Table 1 shows the numbers of
examples, features, nonzero in data matrix and the values of regularizer λ used. The
regularizer for each dataset is chosen to be the optimal value that gives the best performance
on a small validation set. We use these datasets mainly to illustrate the validity of theory,
and its utility to distributed machine learning. In real scenarios of Big data, the datasets
are typically much larger. Note that kdd2010, url and webspam are large dimensional (m is
large) while mnist8m and rcv are low/medium dimensional (m is not high). This division
of the datasets is useful because communication cost in example-partitioned distributed
methods is mainly dependent on m (see Appendix A) and so these datasets somewhat help
to see the effect of communications cost.
We use the squared-hinge loss function for all the experiments. Unless stated differently,
for all numerical optimizations we use the Trust Region Newton method (TRON) proposed
in Lin et al. (2008).

Evaluation Criteria. We use the relative difference to the optimal function value and
the Area under Precision-Recall Curve (AUPRC) (Sonnenburg and Franc, 2010; Agarwal
et al., 2013)10 as the evaluation criteria. The former is calculated as (f − f ∗ )/f ∗ in log
scale, where f ∗ is the optimal function value obtained by running the TERA algorithm (see
below) for a very large number of iterations.
4.2. Methods for comparison
We compare the following methods.

JMLR 19(74):1-37, 2018

8. Note that we do not use the pipelined version and hence we incur an extra multiplicative logP cost in
communication.
9. These datasets are available at: http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/. For
mnist8m we solve the binary problem of separating class “3” from others.
10. We employed AUPRC instead of AUC because it differentiates methods more finely.
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11. We use this inexpensive initialization for FADL and ADMM too. It is not applicable to CoCoA. Because
of this, CoCoA starts with a different primal objective function value than others.

The ADMM objective function (Boyd et al., 2011) has a quadratic proximal term called
augmented Lagrangian with a penalty parameter ρ multiplying it. In general, the performance of ADMM is very sensitive to the value of ρ and hence making a good choice for it
is crucial. We consider three methods for choosing ρ.

4.4. Study of ADMM

A key attractive property of TERA is that the number of outer iterations pretty much
remains constant with respect to the number of distributed nodes used. As recommended
by Agarwal et al. (2011), we find a local weight vector per node by minimizing the local
objective function (based only on the examples in that node) using five epochs of SGD (Bottou, 2010). (The optimal step size is chosen by running SGD on a subset of data.) We then
average the weights from all the nodes (on a per-feature basis as explained in Agarwal et al.
(2011)) and use the averaged weight vector to warm start TERA.11 Agarwal et al. (2011)
use the LBFGS method as the trainer whereas we use TRON. To make sure that this does
not lead to bias, we try both, TERA-LBFGS and TERA-TRON. Figure 1 compares the
progress of objective function for these two choices. Clearly, TERA-TRON is superior. We
observe similar behavior on the other datasets also. Given this, we restrict ourselves to
TERA-TRON and simply refer to it as TERA.

4.3. Study of TERA

• Our method (FADL): This is our method described in detail in Section 3 and more
specifically, in Algorithm 2.

• DiSCO: This (Zhang and Xiao, 2015) is a distributed Newton method designed with
communication-efficiency in mind.

• DANE: This is the Newton based method described in Sharir et al. (2014) that uses
a function approximation similar to FADL.

• CoCoA: This method (Jaggi et al., 2014) represents the class of distributed dual
methods (Pechyony et al., 2011; Yang, 2013; Yang et al., 2013; Jaggi et al., 2014) that,
in each outer iteration, solve (in parallel) several local dual optimization problems.

• ADMM: We use the example partitioning formulation of the Alternating Direction
Method of Multipliers (ADMM) (Boyd et al., 2011; Zhang et al., 2012). ADMM is
a dual method which is very different from our primal method; however, like our
method, it solves approximate problems in the nodes and iteratively reaches the full
batch solution.

• TERA: The Terascale method (TERA) (Agarwal et al., 2011) is the best representative
method from the SQM class (Chu et al., 2006). It can be considered as the state-ofthe-art distributed solver and therefore an important baseline.
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Figure 1: Plots showing the time efficiency of TERA methods for kdd2010.
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It is also worth commenting on methods related to ADMM. Apart from ADMM, Bertsekas and Tsitsiklis (1997) discuss several other classic optimization methods for separable
convex programming, based on proximal and Augmented Lagrangian ideas which can be
used for distributed training of linear classifiers. ADMM represents the best of these methods. Also, Gauss-Seidel and Jacobi methods given in Bertsekas and Tsitsiklis (1997) are
related to feature partitioning, which is very different from the example partitioning scenario
studied in this paper. Therefore we do not consider these methods.

Figure 2 compares the progress of the training objective function for the three choices
on kdd2010 for P = 8 and P = 128. Analytic is an order of magnitude slower than the
other two choices. Search works well. However, a significant amount of initial time is spent
on finding a good value for ρ, thus making the overall approach slow. Adap comes out to be
the best performer among the three choices. Similar observations hold for other datasets
and other choices of P . So, for ADMM, we will fix Adap as the way of choosing ρ and refer
to ADMM-Adap simply as ADMM.

We also consider a third choice, ADMM-Search in which, we start with the value of ρ
given by Analytic, choose several values of ρ in its neighborhood and select the best ρ by
running ADMM for 10 iterations and looking at the objective function value. Note that
this step takes additional time and causes a late start of ADMM.

Recently, Deng and Yin (2012) proved a linear rate of convergence for ADMM under
assumptions A1 and A2 (see Section 2) on ADMM functions. As a result, their analysis
also hold for the objective function in (8). They also give an analytical formula to set ρ in
order to get the best theoretical linear rate constant. We will refer to this choice of ρ as
Analytic.

Even though there is no supporting theory, Boyd et al (Boyd et al., 2011) suggest an
approach by which ρ is adapted in each iteration; see Equation (3.13) in Section 3.4.1 of
that paper. We will refer to this choice as Adap.
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In our detailed comparison study later in this section, we will also include another method
called DANE, which has some resemblance to FADL. This is the Newton based method
described in Sharir et al. (2014). Even though this method is very different in spirit from
our method, it uses a function approximation similar to our Nonlinear approximation idea;
we briefly discussed this in Subsection 3.2. DANE is a non-monotone method that is based
on fixed step sizes, with a probabilistic convergence theory to support it.
DANE has two parameters, µ and η in the function approximation; µ is the coefficient
for the proximal term and η is used for defining the direction. Sharir et al. (2014) do not
prove convergence for any possible choices of µ and η values; their practical recommendation
is to use µ = 3λ and η = 1. The choice of µ in particular, turns out to be quite sub-optimal.
We found that there was no single value of µ that is good for all datasets, and so it needs
to be tuned for each dataset. So, to improve DANE, we included an initial µ-tuning step.

JMLR 19(74):1-37, 2018

12. The examples were randomly shuffled for presentation. When the number of epochs is a fraction, e.g.,
0.1, the inner iteration was stopped after 10% of the examples were presented.
13. The same comment holds for ADMM which is also a dual method; see for example, the jumps in objective
function values for ADMM in Figures 6 and 8 for kdd2010.
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Recall from Subsection 3.2 the various choices that we suggested for fˆp . We are yet to
implement and study the BFGS approximation; we leave it out for future work. Our
original work (Mahajan et al., 2013a) focused on the Linear approximation, but we found
the Quadratic, Hybrid and Nonlinear choices to work much better. So we study only these
three methods. The implementation of these methods is as described in Subsection 3.4 and
Algorithm 2.

4.7. Study of FADL

The choice of inner optimizer for DANE is crucial for its efficiency. We tried
SVRG (Johnson and Zhang, 2013) and also TRON (Lin et al., 2008). Both did well, but
SVRG was better, especially for small number of nodes. So we did a more detailed study of
SVRG. We tried two choices. (a) Fix the number of epochs for the local (inner) optimization
to some good value, e.g., 10. (b) Always choose the number of epochs for the local (inner)
optimization to be such that the cost of local computation in a node is matched with the
communications cost. Choice (b) gave a better solution. So we have used it for DANE.

We start with µ = 3 ∗ λ and use an initial set of four outer iterations to choose the µ value
that gives the best improvement in objective function. Starting from µ = 3 ∗ λ we try
several values of µ in the direction of µ change that leads to improvement. After the first
four outer iterations, we fix µ at the chosen best value for the remaining iterations. (Note
that the cost associated with tuning µ has to be included in the overall cost of DANE.) As
we will see later in Subsection 4.9, in spite of all this tuning, DANE did not converge in
several situations. Essentially, the issue is that µ has to be adaptive - DANE needs to use
different choices of µ in the early, middle and end stages of one training. But then, this is
nearly akin to doing a kind of line search in each outer iteration. As opposed to DANE,
note that FADL is a monotone method directly based on line search, and it does not need
the proximal term to restrict step-sizes. Also, unlike DANE, all the parameters of FADL
are fixed to default values for all datasets.

Figure 3: Plots showing the time efficiency of CoCoA settings for kdd2010.
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Figure 2: Plots showing the time efficiency of ADMM methods for kdd2010.
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In CoCoA (Jaggi et al., 2014) the key parameter is the approximation level of the inner
iterations used to solve each projected dual sub-problem. The number of epochs of coordinate dual ascent inner iterations plays a crucial role. We try the following choices for it:
0.1, 1 and 10.12 Figure 3 compares the progress of the objective function on kdd2010 for
two choices of nodes, P = 8 and P = 128. We find the choice of 1 epoch to work well
reasonably consistently over all the five datasets and varying number of nodes. So we fix
this choice and refer to the resulting method simply as CoCoA. Note in Figure 3 that the
(primal) objective function does not decrease continuously with time. This is because it is
a dual method and so monotone descent of the objective function is not assured.13

4.5. Study of CoCoA
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4.9.1. Rate of Convergence
Analysis of the rate of convergence is better done by studying the behavior of the training
objective function with respect to the number of communication passes. So it is useful to
look at Figures 6 and 7. Clearly, as predicted by theory, the rate of convergence is linear
for all methods.

Let us now use these plots to compare the methods. In the plots, DANE starts later than
other methods due to the extra work needed for tuning the proximal parameter µ.

3. Speed-up over TERA. TERA is an established strong baseline method. So it is useful
to ask how other methods fare relative to TERA and study this as a function of the
number of nodes. For doing this we need to represent each method by one or two real
numbers that indicate performance. Since generalization performance is finally the
quantity of interest, we stop a method when it reaches within 0.1% of the steady state
AUPRC value achieved by full, perfect training of (8) and record the following two
measures: the total number of communication passes and the total time taken. For
each measure, we plot the ratio of the measure’s value for TERA to the corresponding
measure’s value for a method, as a function of the number of nodes, and repeat this
for each method. Larger this ratio, better is a method; also, ratio greater than one
means a method is faster than TERA. Figures 10 and 11 give the plots for all the five
datasets.

2. Time. We plot the variation of the training objective function as a function of the actual solution time. Figures 8 and 9 give the plots respectively for the large dimensional
and medium/small dimensional datasets.

1. Communication passes. We plot the variation of the training objective function as a
function of the number of communication passes. For the x-axis we prefer the number
of communication passes instead of the number of outer iterations since the latter
has a different meaning for different methods while the former is quite uniform for
all methods. Figures 6 and 7 give the plots respectively for the large dimensional
(m large) datasets (kdd2010, url and webspam) and medium/small dimensional (m
medium/small) datasets (mnist8m and rcv).

Having made the best choice of settings for the methods, we now evaluate FADL against
TERA, ADMM, CoCoA and DANE in more detail. We do this using three sets of plots.
We give details only for P = 8 and P = 128 to give an idea of how performance varies for
small and large number of nodes.

4.9. Comparison of FADL against TERA, ADMM, CoCoA and DANE

difference being quite large on datasets such as kdd2010. In terms of total computing
time, the superiority of FADL turns out to be even better than what is seen in the plots
of communication passes. This is because DiSCO requires more extensive computational
steps than FADL within one communication pass.

Mahajan, Agrawal, Keerthi, Sellamanickam and Bottou

DiSCO (Zhang and Xiao, 2015) is an inexact damped Newton method, where the inexact
Newton steps are computed using a distributed preconditioned conjugate gradient method.
Like TERA, it belongs to the SQM class (Chu et al., 2006). The DiSCO method as described
in Zhang and Xiao (2015) is not designed for squared hinge loss. Therefore, in this subsection
we separately compare FADL against DiSCO using the logistic loss. With communication
efficiency in mind we compare the two methods in terms of the number of communication
passes. Figure 5 gives the progress in objective function as a function of the number
of communication passes for the two methods. FADL is clearly better than DiSCO, the

4.8. Comparison of FADL against DiSCO

Figure 4 compares the progress of the training objective function for various choices
of fˆp . Among the choices, the quadratic approximation for fˆp gives the best performance,
although the Hybrid and Nonlinear approximations also do quite well. We observe this
reasonably consistently in other datasets too. Hence, from the set of methods considered in
this subsection we choose FADL-Quadratic approximation as the only method for further
analysis, and simply refer to this method as FADL hereafter.
Why does the quadratic approximation do better than hybrid and nonlinear approximations? We do not have a precise answer to this question, but we give some arguments in
support. In each outer iteration, the function approximation idea is mainly used to get a
good direction. Recall from Subsection 3.2 that different choices use different approximations for L̃p and L̂p . Using the same “type” (meaning linear, nonlinear or quadratic) for
both, L̃p and L̂p is possibly better for direction finding. Second, the direction finding could
be more sensitive to the nonlinear approximation compared to the quadratic approximation;
this could become more severe as the number of nodes becomes larger. Literature shows
that quadratic approximations have good robustness properties; for example, subsampling
in Hessian computation (Byrd et al., 2012) doesn’t worsen direction finding much.

Figure 4: Plots showing the time efficiency of the three function approximations of FADL
for kdd2010.
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Figure 5: Plots comparing the number of communication passes of DiSCO and FADL on
three datasets.
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Figure 6: Plots showing the rate of convergence of various methods for the three high dimensional datasets.
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14. Here, it is useful to recall the comments made in Remark 2 of Section 3 on the goodness of the convergence
rate of FADL.

FADL is uniformly better than ADMM with respect to the total time taken. Overall,
FADL shows the best performance, performing equally or much better than other methods in
different situations. With medium/low dimensional datasets (see Figure 9), communication
time is less of an issue and so the expectation is that FADL is less of value for them. Even
on these datasets, FADL does equally or better than TERA. DANE is not competitive due
to the time involved for tuning µ.

CoCoA does well sometimes; for example, on kdd2010 and url, when the number of
nodes is small, say P = 8. But it is slow otherwise, especially when the number of nodes is
large.

In the previous analysis we ignored computation costs within each iteration. But these
costs play a key role when we analyze overall efficiency in terms of the actual time taken.
We study this next. Figures 8 and 9 are relevant for this study. FADL, ADMM, CoCoA
and DANE involve much more extensive computations in the inner iterations than TERA;
this is especially true when the number of nodes is small because of the large amount of
local data in each node. TERA fares much better in the time analysis than what we saw
while studying using communication passes only. Thus the gap between TERA and other
methods becomes a lot smaller in the time analysis. Compare, for example, TERA and
ADMM with respect to communication passes and time. Although ADMM is much more
efficient than TERA with respect to the number of communication passes, TERA catches
up nicely with ADMM on the time taken.

4.9.2. Time Taken

Overall, FADL gives much better rates of convergence (both, in the early training stage
as well as in the end stage) compared to TERA, CoCoA, ADMM and DANE methods.14
FADL shows a large reduction in the number of communication passes over TERA, especially when the number of nodes is small. Against CoCoA the trend is the other way:
FADL needs a much smaller number of communication passes than CoCoA especially when
the number of nodes is large. These observations can also be seen from Figure 10. Clearly
CoCoA seems to be very slow with increasing number of nodes.

DANE has good rates of convergence when P is small (P = 8), but the cost associated
with tuning µ makes it poor; note that, if µ is not tuned, that will affect the rate of
convergence. DANE tends to be unstable for large P values.

Even though the end convergence rate of ADMM is slow, it generally shows good rates of
convergence in the initial stages of training. This is a useful behavior because generalization
measures such as AUPRC tend to achieve steady state values quickly in the early stages.
This usefulness is seen in Figure 10 too.
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Recall from Section 1 that, our main aim behind the design of the function approximation based methods is to reduce the number of communication passes significantly. The
plots in Figures 6 and 7 clearly confirm such a reduction.

For FADL, the rate is steeper for P = 8 than for P = 128. This steeper behavior
for lower number of nodes is expected because the functional approximation in each node
becomes better as the number of nodes decreases.

TERA uses distributed computation only to compute the gradient and so the plots
should be unaffected by P . But in the plots we do see differences between the plots for
P = 8 and P = 128. This is because of their different initialization (average of one pass
SGD solutions from nodes): the initialization with lower number of nodes is better due
its smaller variance; note also the better starting objective function value at the start (left
most point) for P = 8.

Figure 7: Plots showing the linear convergence of various methods for the two low/medium
dimensional datasets.
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Figure 11 is relevant for this study. CoCoA shows impressive speed-up over TERA on
kdd2010 but it is much slower on all the other datasets. It is unclear why CoCoA fares so
well on kdd2010 but not on the other datasets. ADMM gives an overall decent performance
when compared to TERA. FADL is consistently faster than TERA, with speed-ups ranging
anywhere from 1-10. In communication-heavy scenarios where reducing the number of
communication passes is most important, methods such as FADL and ADMM have great
value (see Figure 10), with the possibility of getting even higher speed-ups over TERA.
Except for kdd2010 for which FADL is slower than CoCoA for small number of nodes, it is
generally the fastest method. DANE does not seem to have any special scenario where it is
better than others.

4.9.3. Relative performance of the methods

Figure 9: Plots showing the time efficiency of various methods for the two low/medium
dimensional datasets. For rcv and mnist8m - 8 nodes, the plot of DANE is invisible
since the time taken for tuning µ is larger than the time window displayed.
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Figure 8: Plots showing the time efficiency of various methods for the three high dimensional
datasets.
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Figure 11: Plots showing time (relative to TERA) as a function of the number of nodes.
Each method was terminated when it reached within 0.1% of the steady state
AUPRC value achieved by full, perfect training of (8).
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Figure 10: Plots showing communication passes (relative to TERA) as a function of the
number of nodes. Each method was terminated when it reached within 0.1% of
the steady state AUPRC value achieved by full, perfect training of (8). For rcv,
the FADL and ADMM curves coincide.
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4.10. Experiment on a much larger dataset
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4.9.4. Speed-up as a function of P
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Let us revisit Figure 8 and look at the plots corresponding to kdd2010 for FADL.15 It can
be observed that the time needed for reaching a certain tolerance, say Log Rel. Func. Value
Diff. = -3, is two times smaller for P = 8 than for P = 128. This means that using a large
number of nodes is not useful, which prompts the question: Is a distributed solution really
necessary? There are two answers to this question. First, as we already mentioned, when
the training data is huge16 and the data is generated and forced to reside in distributed nodes
(moving data between machines is not an efficient option), the right question to ask is not
whether we get great speed-up, but to ask which method is the fastest. Second, for a given
dataset and method, if the time taken to reach a certain approximate stopping tolerance
(e.g., based on AUPRC) is plotted as a function of P , it usually has a minimum at a value
P > 1. Given this, it is appropriate to choose a P optimally to minimize training time. A
large fraction of Big data machine learning applications involve periodically repeated model
training involving newly added data. For example, in Advertising, logistic regression based
click probability models are retrained on a daily basis on incrementally varying datasets.
In such scenarios it is worthwhile to spend time to tune P in an early deployment phase to
minimize time, and then use this choice of P for future runs.

CoCoA
0.1416
0.1040
0.1570

TERA
0.1422
0.2986
0.2423

ADMM
1.8499
3.4886
1.2543

28
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In this section, we discuss briefly, other different distributed settings made possible by our
algorithm. The aim is to show the flexibility and generality of our approach while ensuring
glrc.
Section 3 considered example partitioning where examples are distributed across the
nodes. First, it is worth mentioning that, due to the gradient consistency condition, partitioning is not a necessary constraint; our theory allows examples to be resampled, i.e., each
example is allowed to be a part of any number of nodes arbitrarily. For example, to reduce
the number of outer iterations, it helps to have more examples in each node.

5. Discussion

• FADL nicely balances computation and communication costs.

• FADL shows a speed-up of 1-10 over TERA, the actual speed-up depending on the
dataset and the setting.

• In spite of higher computational costs per iteration FADL shows the overall best performance on the total time taken. This is true even for medium and low dimensional
datasets.

• FADL gives a great reduction in the number of communication passes, making it
clearly superior to other methods in communication heavy settings.

It is useful to summarize the findings of the empirical study.

4.11. Summary

To verify the goodness of FADL, we also did an experiment evaluating FADL against other
methods, on a large dataset that is more than an order of magnitude bigger than the largest
dataset in Table 1. The dataset is the Splice site recognition dataset from the bioinformatics
domain (Sonnenburg and Franc, 2010). In this dataset each example is a sequence; we
considered all positional features upto 9 grams. This led to a dataset of 49 million features
and 50 million examples. The size of the dataset is larger than 0.65 Terabytes. We employed
a cluster of 100 nodes to solve this problem. Figure 12 compares the various methods on
(a) the reduction of the objective function as a function of communication passes; (b)
the reduction of the objective function as a function of time; and (c) the improvement of
generalization performance (AUPRC) as a function of time. It is clear that FADL makes
great reductions over other methods, on the number of communication passes. FADL is
also the best performer when we measure by the time taken. On clusters with slower
communication speeds and iteration set-up times, the value of FADL over other methods
will be even higher. Interestingly, CoCoA comes out as the next best performer. CoCoA
has slower end convergence than FADL, but it shows up equally well in plot (c) on the
improvement of generalization performance. As we saw earlier with other datasets, the
value of CoCoA varies a lot; for the current scenario of solving the splice site recognition
on 100 nodes it seems to be well-suited. FADL, on the other hand, is uniformly good in
varying scenarios of several datasets, number of nodes etc.

4.9.5. Computation and Communication Costs

FADL
1.6333
1.3650
1.2082

Table 2 shows the ratio of computational cost to communication cost for the three high
dimensional datasets for all the methods.17 Note that the ratio is small for TERA and
so communication cost dominates the time for it. On the other hand, both the costs are
well balanced for FADL. Note that ratio varies in the range of 0.625 − 2.845. This clearly
shows that FADL trades-off computation with communication, while significantly reducing
the number of communication passes (Figures 6 and 7) and time (Figures 8 and 9).

kdd2010
url
webspam

Table 2: Ratio of the total computation cost to the total communication cost for various
methods which were terminated when AUPRC reached within 0.1% of the AUPRC
value for 128 nodes.
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15. We choose FADL as an example, but the comments made in the discussion apply to other methods too.
16. The datasets, kdd2010, url and webspam are really not huge in the Big data sense. In this paper we used
them only because of lack of availability of much bigger public datasets.
17. For the medium/low dimensional datasets rcv and mnist8m, communication latencies, line search cost
etc. also play a key role and an analysis of computation cost versus communication cost does not provide
any great insight.
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where T outer is the number of outer iterations, T inner is the number of inner iterations at
each node before communication happens and c1 and c2 denote the number of passes over
the data and m-dimensional dot products per inner iteration respectively. For communication, we assume an AllReduce binary tree as described in Agarwal et al. (2011) with
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(22)
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nz
+ c2 m)T inner + c3 γm]T outer ,
P

18. For non-convex settings glrc is hard to establish, but proving a simpler convergence theory is quite
possible.

[(c1

Let us use the notations of section 3 given around (21). We define the overall cost of any
distributed algorithm as

Appendix A: Complexity analysis

To conclude, we have proposed FADL, a novel functional approximation based distributed
algorithm with provable global linear rate of convergence. The algorithm is general and
flexible in the sense of allowing different local approximations at the node level, different
algorithms for optimizing the local approximation, early stopping and general data usage
in the nodes. We also established the superior efficiency of FADL by evaluating it against
key existing distributed methods. We believe that FADL has great potential for solving
machine learning problems arising in Big data.

6. Conclusion

a monotone property, implying that the approximation is convex. The algorithm only has
asymptotic linear rate of convergence and it requires the feature partitions to be disjoint.
In contrast, our method has glrc and works even if features overlap in partitions. Moreover,
there does not exist any counterpart of our example partitioning based distributed algorithm
discussed in Section 3.
Recently Mairal (2013) has developed an algorithm called MISO. The main idea of MISO
(which is in the spirit of the EM algorithm) is to build majorization approximations with
good properties so that line search can be avoided, which is interesting. MISO is a serial
method. Developing a distributed version of MISO is an interesting future direction; but,
given that line search is inexpensive communication-wise, it is unclear if such a method
would give great benefits.
Our approach can be easily generalized to joint example-feature partitioning as well as
non-convex settings.18 The exact details of all the extensions mentioned above and related
experiments are left for future work.
Recently, a powerful divide and conquer approach Hsieh et al. (2014) has been suggested
for training kernel methods. The idea is to partition the input space such that the restrictions of training on the partitioned input spaces are as decoupled as possible. If, in FADL,
we had the ability to choose the parts of data that are placed in the nodes, then we would
also gain by choosing decoupled partitions. However, in the distributed case, this requires
pre-processing as well as shuffling of data, which are expensive.
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∂f
∂f
consistency with f at wr on Jp if ∂w(j)
(wr ) = ∂w(j)
(wr ) ∀ j ∈ Jp .
Under the above condition, we can modify the algorithm proposed in Section 3 to come
up with a feature decomposition algorithm with glrc.
Several feature decomposition based approaches (Richtárik and Takác, 2012; Patriksson,
1998b) have been proposed in the literature. The one closest to our method is the work
by Patrikkson on a synchronized parallel algorithm (Patriksson, 1998b) which extends a
generic cost approximation algorithm (Patriksson, 1998a) that is similar to our functional
approximation. The sub-problems on the partitions are solved in parallel. Although the
objective function is not assumed to be convex, the cost approximation is required to satisfy

ˆ

Second, the theory proposed in Section 3 holds for feature partitioning also. Suppose,
in each node p we restrict ourselves to a subset of features, Jp ⊂ {1, . . . , d}, i.e., include the
constraint, wp ∈ {w : w(j) = wr (j) ∀r 6∈ Jp }, where w(j) denotes the weight of the j th
feature. Note that we do not need {Jp } to form a partition. This is useful since important
features can be included in all the nodes.
Gradient sub-consistency. Given wr and Jp we say that fˆp (w) has gradient sub-

Figure 12: Plots comparing various methods on the Splice site recognition dataset.
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T inner
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Proof of Theorem 2. Using (5) and A1,

(1 − β)
(−g r · dr )
Lkdr k2

α(1 − β)
cos2 θkg r k2
L

α(1 − β)
α(1 − β)
(−g r · dr )2 ≤ f r −
cos2 θkg r k2
Lkdr k2
L

t≥

(β − 1)g r · dr ≤ (g r+1 − g r ) · dr ≤ Ltkdr k2
This gives a lower bound on t:

Using (4), (27) and (1) we get
f r+1 ≤ f r + αtg r · dr ≤ f r −
Subtracting f ? gives

≤ (1 − 2α(1 − β)

σ2
(f r+1 − f ? ) ≤ (f r − f ? ) − 2α(1 − β) 2 cos2 θ(f r − f ? )
L
σ2
cos2 θ)(f r − f ? )
L2

(27)

(28)

(29)

(30)

A2 together with g(w? ) = 0 implies kg r k2 ≥ σ 2 kwr − w? k2 . Also A1 implies f r − f ? ≤
L
r
? 2
2 kw − w k Smola and Vishwanathan (2008). Using these in (29) gives

(f r+1 − f ? ) ≤ (f r − f ? ) −

(26)
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c3
1
2
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c2
≈ 5 − 10
≈5−7

pipelining. As a result, we do not have a multiplicative factor of log2 P in our cost19 . γ
is the relative computation to communication speed in the given distributed system; more
precisely, it is the ratio of the times associated with communicating a floating point number
and performing one floating point operation; γ is usually much larger than 1. c3 is the
number of m-dimensional vectors (gradients, Hessian-vector computations etc.) we need to
communicate.
c1
2
2

Let tβ be the point at which ρ0 (t) = βρ0 (0). Since ρ0 (0) < 0 and ρ0 is strictly monotone
increasing, tβ is unique and tβ > 0. This validates the definition in (6). Monotonicity of ρ0
implies that (5) is satisfied iff t ≥ tβ .
Note that γ(0) = 0 and γ 0 (0) < 0. Also, since γ 0 is monotone increasing and γ(t) → ∞
as t → ∞, there exists a unique tα > 0 such that γ(tα ) = 0, which validates the definition
in (7). It is easily checked that γ(t) ≤ 0 iff t ∈ [0, tα ].
The properties also imply γ 0 (tα ) > 0, which means ρ0 (tα ) ≥ αρ0 (0). By the monotonicity
of ρ0 we get tα > tβ , proving the lemma.

Method
SQM
FADL
Table 3: Value of cost parameters

(23)

outer is
The values of different parameters for SQM and FADL are given in Table 3. TSQM
the number of overall conjugate gradient iterations plus gradient computations. k̂ is the
average number of conjugate gradient iterations (for the inner minimization of fˆp using
TRON) required per outer iteration in FADL. Typically k̂ is between 5 and 20.
Since dense dot products are extremely fast c2 m is small compared to c1 nz/P for both
the approaches, we ignore it from (22) for simplicity. Now for FADL to have lesser cost
than TERA, we can use (22) to get the condition,
outer
outer nz
outer
outer
2.0(k̂TFADL
− TSQM
)
≤ (TSQM
− 2TFADL
)γm
P

(24)

outer on the left side of this inequality (in favor of SQM) and rearrange to
Let us ignore TSQM
get the looser condition,
outer
nz
γP 1 TSQM
≤
( outer − 2)
m
k̂ 2.0 TFADL

outer > 3.0T outer , we arrive at the final condition in (21).
Assuming TSQM
FADL

Appendix B: Proofs

2

Let δ = (1 − 2α(1 − β) Lσ 2 cos2 θ). Clearly 0 < δ < 1. Theorem 2 follows.

Proofs of the results in section 2
Let us now consider the establishment of the convergence theory given in section 2.

be the minimizer of fˆp . Let dp =

(ŵp?

(31)

(32)
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− wr ). Then

−g r · dp ≥ (σ/L)kg r kkdp k

32

kg r k = k∇fˆp (wr ) − ∇fˆp (ŵp? )k ≤ Lkdp k

Proof. First note, using gradient consistency and ∇fp (ŵp? ) = 0 that

ŵp?

Let us now consider the establishment of the convergence theory given in section 3. We
begin by establishing that the exact minimizer of fˆp makes a sufficient angle of descent at
wr .

Proofs of the results in section 3

Lemma 5. Let
(25)

Proof of Lemma 1. Let ρ(t) = f (wr + tdr ) and γ(t) = ρ(t) − ρ(0) − αtρ0 (0). Note
the following connections with quantities involved in Lemma 1: ρ(t) = f r+1 , ρ(0) = f r ,
ρ0 (t) = g r+1 · dr and γ(t) = f r+1 − f r − αg r · (wr+1 − wr ). (4) corresponds to the condition
γ(t) ≤ 0 and (5) corresponds to the condition ρ0 (t) ≥ βρ0 (0).
γ 0 (t) = ρ0 (t) − αρ0 (0). ρ0 (0) < 0. ρ0 is strictly monotone increasing because, by assumption A2,
ρ0 (t) − ρ0 (t̃) ≥ σ(t − t̃)kdr k2 ∀ t, t̃

This implies that γ 0 is also strictly monotone increasing and, all four, ρ, ρ0 , γ 0 and γ tend
to infinity as t tends to infinity.
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19. Actually, there is another communication term, γb log2 P , where b is the size of first block of communicated doubles in the pipeline. However, typically b  m and hence we ignore it.
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σ
r
L kg kkdp k(33)

kv k − ŵp? k2 ≤

fˆp (v ) −

k

fˆp?
r

≤ δ (fˆp (w ) −

k

fˆp? )

33

v∈S k

−g r , v k

wr

δk L
≥ ζ2
σ

δk L
σ

cos φk ≥ ζ ∀k ≥ k̂

1−

cos2 φk ≥ 1 −

kŵp? − wr k2 − (rk )2
kv̂ − wr k2
(rk )2
δk L
=
=1−
=1−
kŵp? − wr k2
kŵp? − wr k2
kŵp? − wr k2
σ

v k −wr ,

(44)

(43)

(42)

(41)
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Using (37) note that (38) holds if

kv k − ŵp? k2 ≤ kwr − ŵp? k2

For now let us assume the following:
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(37)

2(fˆp (v k ) − fˆp? )
2δ k (fˆp (wr ) − fˆp? )
δk L r
def
≤
≤
kw − ŵp? k2 = (rk )2
σ
σ
σ

We can use these to get

After k iterations we have

σ
L
kv − ŵp? k2 ≤ fˆp (v) − fˆp? ≤ kv − ŵp? k2
2
2

By A3 and equations (3.16) and (3.22) in Smola and Vishwanathan (2008), we get

Figure 13: Construction used in the proof of Lemma 3.

π
σ
> θ > cos−1 + cos−1 ζ
2
L

Proof of Lemma 3. Let us now turn to the question of approximate stopping and establish
Lemma 3. Given θ satisfying (18) let us choose ζ ∈ (0, 1) such that

where the second line comes from σ-strong convexity and the fourth line follows from (32).

kd k
−g r · dp = (∇fˆp (wr ) − ∇fˆp (ŵp? ))T (wr − ŵp? ) ≥ σkdp k2 = σkg r kkdp k kgpr k ≥
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We consider a model selection problem in high-dimensional binary Markov random fields.
The usefulness of the Ising model in studying systems of complex interactions has been
confirmed in many papers. The main drawback of this model is the intractable norming
constant that makes estimation of parameters very challenging. In the paper we propose
a Lasso penalized version of the Monte Carlo maximum likelihood method. We prove that
our algorithm, under mild regularity conditions, recognizes the true dependence structure of
the graph with high probability. The efficiency of the proposed method is also investigated
via numerical studies.
Keywords: Ising model, Monte Carlo Markov chain, Markov random field, model selection, Lasso penalty
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A Markov random field is an undirected graph (V, E), where V = {1, . . . , d} is a set of
vertices and E ⊂ V × V is a set of edges. The structure of this graph describes conditional
independence among subsets of a random vector Y = (Y (1), . . . , Y (d)), where a random
variable Y (s) is associated with a vertex s ∈ V. Finding interactions between random
variables is a central element of many branches of science, for example biology, genetics,
physics or social network analysis. The goal of the current paper is to recognize the structure
of a graph on the basis of a sample consisting of n independent observations. We consider

Submitted 11/16; Revised 11/18; Published 11/18

the high-dimensional setting, i.e. the number of vertices d can be comparable or larger than
the sample size n. It is motivated by contemporary applications of Markov random fields in
the above-mentioned places, for instance gene microarray data.
The Ising model (Ising, 1925) is an important example of a mathematical model that
is often used to explain relations between discrete random variables. In the literature one
can find many papers that argue for its effectiveness in recognizing the structure of a graph
(Ravikumar et al., 2010; Höfling and Tibshirani, 2009; Guo et al., 2010; Xue et al., 2012;
Jalali et al., 2011). This model also plays a key role in our paper. On the other hand, the
Ising model is an example of an intractable constant model that is the joint distribution
of Y is known only up to a norming constant and this constant cannot be calculated in
practice.
Thus, there are two main difficulties in the considered model. The first one is the
high-dimensionality of the problem. The second one is the intractable norming constant.
To overcome the first obstacle we apply a well-known Lasso method (Tibshirani, 1996).
The properties of this method in model selection are deeply studied in many papers that
mainly investigate linear models or generalized linear models (Bickel et al., 2009; Bühlmann
and van de Geer, 2011; Huang and Zhang, 2012; van de Geer, 2008; Ye and Zhang, 2010;
Zhao and Yu, 2006; Zhou, 2009). However, it is not difficult to find papers that describe
properties of Lasso estimators in more complex models, for instance Markov random fields
(Banerjee et al., 2008; Bühlmann and van de Geer, 2011; Ravikumar et al., 2010; Höfling
and Tibshirani, 2009; Guo et al., 2010; Xue et al., 2012) that are considered in this paper.
There are many approaches trying to overcome the second obstacle that is the intractable
norming constant. For instance, in Ravikumar et al. (2010) one proposes to perform d regularized logistic regression problems. This idea is based on the fact that the norming constant
reduces, if one considers the conditional distribution instead of the joint distribution in the
Ising model. This simple fact is at the heart of the pseudolikelihood approach (Besag,
1974) that is replacing the likelihood (that contains the norming constant) by the product
of conditionals (that do not contain the norming constant). This idea is widely applied in
the literature (Höfling and Tibshirani, 2009; Guo et al., 2010; Xue et al., 2012; Jalali et al.,
2011) to study model selection properties of high-dimensional Ising models. However, this
approach works well only if the pseudolikelihood is a good approximation of the likelihood.
In general, it depends on the true structure of a graph. Namely, if this structure of the graph
is sufficiently simple (examples of different structures can be found in section 5.1), then the
product of conditionals should be close to the joint distribution. However, in practice this
knowledge is unavailable. Another approach is described in Banerjee et al. (2008). It adapts
the method that estimates the precision matrix in gaussian graphical models to the binary
case. In the current paper we propose the approach to the norming constant problem that
relates to Markov chain Monte Carlo (MCMC) methods. Namely, the norming constant is
approximated using the importance sampling technique. This method is independent of the
unknown complexity of the estimated graph. It is sufficient that the size of a sample used
in importance sampling is sufficiently large to have good approximation of the likelihood.
The MCMC method is a well-known approach to overcome the problem with the intractable norming constant in classical (low-dimensional) estimation of graphs. For instance, its properties are investigated in influential papers Geyer and Thompson (1992);
Geyer (1994). In the high-dimensional Ising model these algorithms were also studied. For
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The second term in (2) contains the norming constant so we cannot use (2) to estimate θ? . To
overcome this problem one usually replaces the negative log-likelihood by its approximation
and estimates θ? using the minimizer of this approximation. In the current paper the
approximation of (2) is based on Monte Carlo (MC) methods. Suppose that h(y) is an
importance sampling distribution and note that
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(7)

The last term in (6), that contains the unknown constant C(ψ), does not depend on θ, so
it can be ignored while minimizing (6).
Our goal is selecting the true model (recognizing edges of a graph) in the high-dimensional
setting. It means that the number of vertices d can be large. In fact, it can be greater than
the sample size, i.e. d = dn  n. To estimate the vector θ? we use penalized empirical
risk minimization. The natural choice of the penalty would be the l0 -penalty, but it makes
the procedure nonconvex and computationally expensive even for moderate values of d. To
avoid such problems, we use the Lasso penalty and minimize a function

`nm (θ) = −

A natural choice of the importance sampling distribution is h(y) = p(y|ψ) for some parameter ψ. It leads to

`nm (θ) = −

where Y 1 , . . . , Y m is a sample drawn from h or, which is more realistic and is considered in
the current paper, Y 1 , . . . , Y m is a Markov chain with h being a density of its stationary
distribution. Thus, the MCMC approximation of (2) is

k=1

for each θ. An MC approximation of the norming constant is


m
1 X exp θ0 J(Y k )
,
m
h(Y k )

C(θ) =

The Ising model has the following property: vertices r and s are not connected by
? = 0) means that variables Y (r) and Y (s) are conditionally independent
an edge (i.e. θrs
given the other vertices. Therefore, we recognize the structure of the graph (its edges) by
estimating the parameter θ? . Assume that Y1 , . . . , Yn are independent random vectors from
the model (1). Then the negative log-likelihood is

example, Honorio (2012) and Atchadé et al. (2017) analyzed stochastic versions of proximal gradient algorithms. Both papers derive nonasymptotic bounds between the output of
the algorithm and the true minimizer of the cost function. However, in the current paper
we focus on model selection properties of MCMC methods. We investigate them in the
high-dimensional scenario and compare to the existing methods that are mentioned above.
Model selection for undirected graphical models means finding the existing edges in the
“sparse” graph that is a graph having relatively few edges (comparing to the total number
of possible edges d(d−1)
and the sample size n).
2
The paper is organized as follows: in the next section we describe the Ising model
and our approach to the problem that relates to minimization of the penalized MCMC
approximation of the likelihood. The literature concerning this topic is also discussed. In
section 3 we state main theoretical results. Details of efficient implementation are given in
section 4, while the results of numerical studies are presented in section 5. The conclusions
can be found in section 6. Finally, the proofs are postponed to appendices A and B.

2. Model description and related works
In this section we introduce the Ising model and the proposed method. It also contains a
review of the literature relating to this problem.
2.1. Ising Model and undirected graphs
Let (V, E) be an undirected graph that consists of a set of vertices V and a set of edges E.
The random vector Y = (Y (1), Y (2), . . . , Y (d)), that takes values in Y, is associated with
this graph. In the paper we consider a special case of the Ising model that Y (s) ∈ {−1, 1}
and the joint distribution of Y is given by the formula
!
X
1
?
exp
θrs
y(r)y(s) ,
(1)
C(θ? )
r<s
p(y|θ? ) =

X

r<s

where the sum in (1) is taken over such pairs of indices (r, s) ∈ {1, . . . , d}2 that r < s. The
vector θ? ∈ Rd(d−1)/2 is a true parameter and C(θ? ) is a norming constant, i.e.
!
C(θ? ) =

y∈Y



1
exp (θ? )0 J(y) .
C(θ? )

The norming constant is a finite sum but it consists of 2d elements that makes it intractable
even for a moderate size of d.
For convenience, we denote J(y) = (y(r)y(s))r<s , so
p(y|θ? ) =

JMLR 19(75):1-26, 2018

Remark 1 The model (1) is a simplified version of the Ising model, for instance we omit
an external field in (1). We have decided to restrict to the model containing only parameters
? , because interactions between random variables is what we focus on in the current paper.
θrs
However, our results can be relatively easy extended.
3

k

(8)
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exp {ψ 0 J(Y + )}
,
exp {ψ 0 J(Y + )} + exp {ψ 0 J(Y − )}
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5

P(Y k (r) = 1) =

where Y + (s) = Y − (s) = Y k−1 (s) for s 6= r and Y + (r) = 1, Y − (r) = −1. For s 6= r we set
Y k (s) = Y k−1 (s).

where Spec( · ) denotes the spectrum of an operator in L2 (π). For reversible chains the
spectral gap property is equivalent to geometric ergodicity of the chain (Kontoyiannis and
Meyn, 2012; Roberts and Rosenthal, 1997).
In the paper we focus on the Gibbs sampler for the Ising model. However, theoretical
results remain true for other MCMC algorithms as long as the spectral gap property is
satisfied. The random scan Gibbs sampler for the Ising model with a joint distribution
p(y|ψ) is defined as follows: given Y k−1 , first we sample uniformly index r and we draw
Y k (r) from the distribution

κ = sup{|ρ| : ρ ∈ Spec(P ) \ {1}} ,

We say that the Markov chain has a spectral gap 1 − κ if and only if

S

Let us consider a Markov chain on a space S with a transition kernel P (x, · ) and a
2
stationary distribution π. We define the Hilbert space
R L (π) as a space of functions that
π(f 2 ) < ∞ and the inner product is given as hf, gi = S f (x)g(x)π(dx). The linear operator
P on L2 (π) associated with the transition kernel P (x, · ) is defined as follows
Z
P f (x) =
f (y)P (x, dy) .

k,l

is the same as the vector a on T and zero otherwise. The l∞ -norm of a matrix Σ is denoted
by |Σ|∞ = max |Σkl |.

In further parts of the paper we need few notations. Most of them are collected in this
subsection.
For simplicity, we write θ̂ and λ instead of θ̂nm and λm
n , respectively. Besides, we denote
the number of estimated parameters in the model by d¯ = d(d − 1)/2. Nonzero coordinates
of θ? are collected in the set T , and T c is a completion of T. Besides, d¯0 = |T | denotes the
number of elements in the set T.
For a vector a we denote its l∞ -norm by |a|∞ = max |ak | and a⊗2 = aa0 . The vector aT

In the current paper we apply the MCMC method to overcome the intractable norming
constant problem. Our experimental study (presented in section 5) confirms that estimators
based on the MCMC approximation usually perform comparably or better in model selection
than their competitors from Banerjee et al. (2008); Höfling and Tibshirani (2009); Ravikumar et al. (2010). Our theoretical results are similar to those described in the previous
paragraph, that is we prove model selection consistency. But, in general, our assumptions

Model selection in the high-dimensional Ising model is a popular topic and many papers
investigating this problem using different methods can be found in the literature (Banerjee
et al., 2008; Bresler et al., 2008; Lee et al., 2006; Ravikumar et al., 2010; Höfling and
Tibshirani, 2009; Guo et al., 2010; Xue et al., 2012; Jalali et al., 2011). The significant
part of them uses the pseudolikelihood approximation with the Lasso penalty. For instance,
Ravikumar et al. (2010) applies it by considering d logistic regression problems. They prove
that this algorithm is model selection consistent, if some regularity conditions are satisfied.
These conditions are similar to the “irrepresentable conditions” (Zhao and Yu, 2006), that
are sufficient to prove an analogous property in the linear model. The pseudolikelihood
method with the Lasso as a “joint” procedure is proposed in Höfling and Tibshirani (2009).
Moreover, in the same paper one also proposes an “exact” algorithm, that minimizes the
negative log-likelihood with the Lasso penalty. However, this procedure also bases on the
pseudolikelihood approximation. Model selection consistency of the latter algorithm has
not been studied yet. The former procedure has this property, that is showed in Guo et al.
(2010) provided that conditions similar to Ravikumar et al. (2010) are satisfied. In Xue
et al. (2012) the Lasso penalty is replaced by the SCAD penalty (Fan and Li, 2001) and
theoretical properties of this algorithm are studied. In Jalali et al. (2011) one replaces
restrictive irrepresentable conditions by weaker restricted strong convexity and smoothness
conditions (Negahban et al., 2009) and proves model selection consistency of an algorithm
that joints ideas from Ravikumar et al. (2010) and Zhang (2009). Namely, it performs
d separate logistic regression problems with the forward-backward greedy approach. The
algorithm described in Banerjee et al. (2008) is also based on the likelihood approximation
with the Lasso penalty. However, it does not apply the pseudolikelihood method. Using
the determinant relaxation (Wainwright and Jordan, 2006) it treats the problem of model
selection in discrete Markov random fields analogously to the continuous case.

2.3. Notation

are weaker than their analogs from the above-mentioned papers. The detailed comparison
is given after Corollary 3 in section 3.
Moreover, the advantage of our algorithm is that the MCMC approach allows us to
approximate the norming constant with an arbitrary precision. The approximation error
of other methods is given by the problem/data. It depends on the unknown structure of
a graph and a user cannot improve it. In our approach a user can improve approximation
by increasing the length of simulation, using the MCMC algorithm tailored to the problem.
The obvious drawback of our approach is the need of additional simulations to obtain the
MCMC sample. It makes our procedure computationally more complex, but at the same
time more accurate in selecting the true model.

P
where |θ|1 = r<s |θrs | and λm
n > 0 is a smoothing parameter, that is a balance between
minimizing the MCMC approximation and the penalty. We denote the minimizer of (7) by
θ̂nm . Notice that the function (7), that we minimize, is convex in θ, because the Lasso penalty
as well as the MCMC approximation (6) are convex function in θ. The latter follows from
the fact that the Hessian of `m
n (θ), that is given explicitly in (19), is a weighted covariance
matrix with positive weights that sum up to one. Convexity of the problem is important
from the practical and theoretical point of view. First, every minimum of a convex function
is the global minimum, so there are no local minimum problems. Second, convexity is also
utilized in the proofs of the results contained in the paper. In further parts of the paper we
study properties of θ̂nm in model selection.

2.2. Related works
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y∈Y

Suppose that Y 1 , . . . , Y m is a Markov chain on Y generated by a random scan Gibbs
sampler defined as above. By construction the chain is irreducible, aperiodic and h(y) =
p(y|ψ) is the density of its stationary distribution. Therefore, the stationary distribution
is defined uniquely and the chain is ergodic for any initial measure ν with the density q.
Moreover, there exists a spectral gap 1 − κ, because the state space is finite and the chain is
reversible. Actually, κ is the second greatest absolute value of eigenvalues of the transition
matrix. We will need three quantities related to this Markov chain :
v
u
uX q 2 (y)
1−κ
exp((θ? )0 J(y))
β1 = t
, β2 =
, M = max
.
(9)
y∈Y
h(y)
1+κ
h(y)C(θ? )
Roughly speaking, these three values can be viewed as: β1 – how close the initial density
is to the stationary one, β2 – how fast the chain “mixes”, M – how close the importance
sampling density is to the true density (1).

3. Main results
In this section we state key results of the paper. In the first one (Theorem 2) we show that
the estimation error of the minimizer of the MCMC approximation with the Lasso penalty
can be controlled. In the second result (Corollary 3) we prove model selection consistency
for the thresholded Lasso estimator (Zhou, 2009).
First, we introduce the cone invertibility factor that plays an important role in investigating properties of Lasso estimators. It is defined analogously to Ye and Zhang (2010);
Huang and Zhang (2012); Huang et al. (2013) that concerns linear regression, generalized
linear models and the Cox model, respectively. It is also closely related to the compatibility
condition (van de Geer, 2008) or the restricted eigenvalue condition (Bickel et al., 2009).
Thus, for ξ > 1 and the set T we define a cone as
C(ξ, T ) = {θ : |θT c |1 ≤ ξ|θT |1 } .

inf

06=θ∈C(ξ,T )

θ0 Σθ
.
|θT |1 |θ|∞

For a nonnegative definite matrix Σ the cone invertibility factor is
F (ξ, T, Σ) =

inf

06=θ∈C(ξ,T )

θ0 ∇2 log C(θ? )θ
|θT |1 |θ|∞

(12)

(11)

(10)

Cone invertibility factors of Hessians of two functions are crucial in our argumentation. The
first function is the expectation of the negative log-likelihood (2), i.e.
E`n (θ) = −θ0 EJ(Y ) + log C(θ)

F (ξ, T ) =

inf

06=θ∈C(ξ,T )
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θ0 ∇2 `nm (θ? )θ
,
|θT |1 |θ|∞

and the second one is the MCMC approximation (5). We denote them as

and
F̄ (ξ, T ) =

7
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≤

. If

2e ξ α(ξ)λ
,
(ξ + 1)[α(ξ) − 2]F (ξ, T )

(16)

(15)

(14)

(13)

respectively. Notice that only the values of ∇2 log C(θ) and ∇2 `nm (θ) at the true parameter
θ? are taken into consideration in (11) and (12).
Now we can state main results of the paper.

e
ξ−1

¯
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Theorem 2 Let ε > 0, ξ > 1 and α(ξ) = 2 +

m≥

∞
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¯
log
(2
d
ξ+1
2 log(2d/ε)
.
max 2
, 8M
ξ−1
n
mβ2

θ̂ − θ?

then with probability at least 1 − 4ε we have the inequality

where
λ=

(r,s)∈T

?
? |
Corollary 3 Suppose that conditions (13) and (14) are satisfied. Let θmin
= min |θrs

and Rnm denote the right-hand side of the inequality (15). Consider the Lasso estimator
with a threshold δ > 0 that is the set of nonzero coordinates of the final estimator is defined
? /2 > δ ≥ Rm , then
as T̂ = {(r, s) : |θ̂rs | > δ}. If θmin
n


P T̂ = T ≥ 1 − 4ε .
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The main results of the paper describe properties of estimators, that are obtained by
minimization of the MCMC approximation (5) with the Lasso penalty. Theorem 2 states
that the estimation error of the Lasso estimator can be controlled. Roughly speaking, the
estimation error is small, if the initial sample size and the MCMC sample size are large
enough, the model is sparse and the cone invertibility factor F (ξ, T ) is not too close to
zero. The influence of the model parameters (n, d, d¯0 ) as well as Monte Carlo parameters
(m, β1 , β2 , M ) on the results are explicitly stated. It is worth to emphasize that our results
work in the high-dimensional scenario, i.e. the number of vertices d can be greater than
the sample size n provided
that the model is sparse. Indeed, the condition (13) is satisfied
c 
even if d¯ ∼ O en 1 , d¯0 ∼ O(nc2 ) and c1 + 2c2 < 1. The condition (14), that relates to the
MCMC sample size, is also reasonable. The number β1 depends on the initial and stationary
distributions. In general, its relation to the number of vertices is exponential. However, in
(14) it appears with the logarithm. Moreover, β1 is also reduced using so called burn-in
time, i.e. the beginning of the Markov chain trajectory is discarded. Next, the number
β2 is related to the spectral gap of a Markov chain. Under mild conditions the inverse of
β2 depends polynomially on d, and under strong regularity conditions it can be reduced to
O(d log d) as in Mossel and Sly (2013). Finally, there is also the number M in the condition
(14) that relates to the distance between the stationary distribution h(·) and p(·|θ? ). Stating

8

>

q

log d
n

.

9
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In Ravikumar et al. (2010, Corollary 1) one needs stronger irrepresentable condition in
(a). Their analog of (b) is n ≥ v 3 log d, where v is the maximum neighbourhood size. Since
v is smaller than d¯0 , their condition is less restrictive. However, in (c) they require
q the
d
minimum signal strength to be higher than ours, because it has to be larger than v log
n
q
as distinct from logn d in our paper.
Assumptions in Guo et al. (2010, Theorem 2) are stronger than ours. Indeed, they
p need
irrepresentable condition in (a), d¯0 in the third power in (b) and additional factor d¯0 in
(c).
In Xue et al. (2012, Corollary 3.1 (2)) model selection consistency of Lasso estimators
is also proved with more restrictive conditions than ours. Namely, they are similar to
Ravikumar et al. (2010) and Guo et al. (2010) but d¯0 is reduced in the condition (c).
Moreover, they also consider the pseudolikelihood approximation with the SCAD penalty
and shows that the condition (a) seems to be superfluous in this case, see Xue et al. (2012,
Corollary 3.1 (1)). However, using the SCAD penalty they minimize a nonconvex function
to obtain an estimator, so they have to prove that the computed (local) minimizer is the
desired theoretic local solution. Their approach can be viewed as a sequence of weighted
Lasso problems, so they need auxiliary Lasso procedures to behave well. Therefore, the
irrepresentable condition is assumed (Xue et al., 2012, Corollary 3.2).

(c) the nonzero parameters should be sufficiently large, that is

?
θmin

(b) the sample size should be sufficiently large, that is n > d¯20 log d,

(a) the cone invertibility factor condition is satisfied,

The conditions sufficient for model selection consistency that are stated in Jalali et al.
(2011, Theorem 2) are comparable to ours but also more restrictive. Instead of the condition
(a) they consider a similar requirement called the restricted strong convexity condition. It
is completed by the restricted strong smoothness condition.
p Moreover, in the the lower
bound in the condition (c) they need an additional factor d¯0 as well as the upper bound
? .
for θmin
In the proof of Theorem 2 we use methods that are well-known while investigating
properties of Lasso estimators as well as some new argumentation. The main novelty (and
difficulty) is the use of the Monte Carlo sample, that contains dependent vectors. The first
part of our argumentation consists of two steps:

the explicit relation between M and the model seems to be difficult. However, the algorithm,
that we propose to calculate θ̂, is designed in such a way to minimize the impact of M on
the results. The detailed implementation of the algorithm is given in section 4.
The estimation error of the Lasso estimator in Theorem 2 is measured in l∞ -norm.
Similarly to Huang et al. (2013), it can be extended to the general lq -norm, q ≥ 1. We omit
it, because (15) is sufficient to obtain the second main result of the paper (Corollary 3). It
states that the thresholded Lasso estimator is model selection consistent, if, additionally to
(13) and (14), the nonzero parameters are not too small and the threshold is appropriately
chosen. It is a consequence of the fact, which follows from Theorem 2, that the Lasso
seperates significant parameters from irrelevant ones, i.e. for each (r, s) ∈ T and (r0 , s0 ) ∈
/T
we have |θ̂rs | > |θ̂r0 s0 | with high probability. However, Corollary 3 does not give a way of
? /2] are unknown.
choosing the threshold δ, because both endpoints of the interval [Rnm , θmin
It is not a surprising fact and has been already observed, for instance, in linear models (Ye
and Zhang, 2010, Theorem 8). In section 4 we propose a method of choosing a threshold,
that relates to information criteria.
We have already mentioned that there are many approaches to the high-dimensional
Ising model. Now we compare conditions, that are sufficient to prove model selection
consistency in the current paper to those basing on the likelihood approximation. If we
simplify regularity conditions in Theorem 2, Corollary 3 and forget about Monte Carlo
parameters in (14), then we have:

wk (θ) =



exp θ0 J(Y k )
,
h(Y k )

m
P

k = 1, . . . , m .

wk (θ? )

wk (θ? )J(Y k )

k=1

k=1

m
P

(18)

(17)

y∈Y

10

where |g|∞ = sup |g(y)| and β1 , β2 are defined in (9).

k=1
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Theorem 4 Let Y 1 , . . . , Y m be a reversible Markov chain with a stationary distribution
with a density h and a spectral gap 1 − κ . Moreover, let g : Y → R be a bounded function
and µ = EY ∼h g(Y ) be a stationary mean value. Then for every t > 0, m ∈ N and an initial
distribution q
!


m
β2 mt2
1 X
g(Y k ) − µ > t ≤ 2β1 exp −
P
,
2
m
|g|∞

Notice that (17) contains independent random variables Y1 , . . . , Yn from the initial
sample and the Markov chain Y 1 , . . . , Y m from the MC sample. Therefore, to obtain
the exponential inequalities for the l∞ -norm of (17), which are given in Lemma 7
and Corollary 8 in the appendix A, we apply the MCMC theory. In particular, we
frequently use the following Hoeffding’s inequality for Markov chains (Miasojedow,
2014, Theorem 1.1).

where

i=1

1X
?
∇`m
J(Yi ) +
n (θ ) = −
n

n

(ii) the second step is ”stochastic”. We state a probabilistic inequality that bounds the
l∞ -norm of the derivative of the MCMC approximation (5) at θ? , that is

(i) the first step can be viewed as ”deterministic”. We apply methods that were developed
in Ye and Zhang (2010); Huang and Zhang (2012); Huang et al. (2013) and strongly
exploit convexity of the considered problem. These auxiliary results are stated in
Lemma 5 and Lemma 6 in the appendix A,

Miasojedow and Rejchel
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(19)

n
o
n`nm (θ̂i ) + log(n)kθˆi k0

θ

arg min {`nm (θ) + λi |θ|1 } .
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P
⊗2
m
wk (θ? )J(Y k )


 k=1

−
m
 ,
P
wk (θ? )
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wk (θ? )J(Y k )⊗2
wk (θ? )

1≤i≤100

i∗ = arg min

12
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The bounds on β2 are challenging problem itself and the sharp bounds are available only
in very specific cases. Due to that, we do not have the explicit control on β2 . However, in
our procedure the stationary distributions are typically given by sparse Ising models and by
Mossel and Sly (2013) the spectral gap depends mostly on the number of existing edges in
the graph. Therefore β2 should not vanish to rapidly with dimensionality of the problem.

Note that in the first iteration in Algorithm 1 we use an uniform distribution on
{−1, +1}d as an instrumental distribution and we can use i.i.d sample Y 1 , . . . , Y m . Therefore, for λ1 we get β1 = β2 = 1. When we compute estimators for λi with i ≥ 2 we use the
last sample from the previous step as an initial point, so since the Markov chain generated by
the Gibbs sampler is ergodic its initial distribution should be close to p(y|θ̂i−2 ). Therefore,
even without the burn-in time β1 should be approximately equal to the L2 -distance between
p(y|θ̂i−1 ) and p(y|θ̂i−2 ), which seems to be small, because differences between consecutive
λi ’s are small. So, after discarding initial iterations β1 is further reduced. Our choice of stationary distributions also leads to relatively small variances of importance sampling weights
given in (18).

The important property of our implementation is that the chosen ψ = θ̂i−1 is usually
close to θ̂i , because differences between consecutive λi ’s are small. In our studies the final
estimator θ̂ is the element of the sequence (θ̂i )i , that recognizes the true model in the best
way, i.e. it minimizes the MCMC approximation and is sparse simultaneously. One believes
that the final estimator θ̂ = θ̂i is close to θ? , therefore the chosen ψ = θ̂i−1 should be also
similar to θ? , that makes M in (9) close to one. Finally, notice that conditionally on the
previous step our algorithm fits to the framework described in subsection 2.1.

In Algorithm 1 we use 100 values of λ uniformly spaced on the log scale, starting from
the largest λ, which corresponds to the empty model. We use m = 103 d iteration of the
Gibbs sampler. To compute `nm (θ̂i ) for i = 1, . . . , 100 in BIC we generate one more sample
of the size m = 104 d using the Gibbs sampler with the stationary distribution p(·|θ̂50 ).

and kθk0 denotes the number of non-zero elements of θ.

Set ψ = θ̂i .
end for
Next, set θ̂ = θ̂i∗ , where

The next part of our argumentation relates to the fact that the Hessian of the MCMC
approximation at θ? , that is

m
P

k=1
m
P
k=1

Algorithm 1 MCMC Lasso for Ising model
Let λ0 > λ1 > · · · > λ100 and ψ = 0.
for i = 1 to 100 do
Simulate Y 1 , . . . , Y m using a Gibbs sampler with the stationary distribution p(y|ψ).
Run the FISTA algorithm to compute θ̂i as

∇2 `nm (θ? ) =
k=1

is random variable. Similar problems were considered in several papers investigating properties of Lasso estimators in the high-dimensional Ising model (Ravikumar et al., 2010;
Guo et al., 2010; Xue et al., 2012) or the Cox model (Huang et al., 2013). We overcome
this difficulty by bounding from below the cone invertibility factor F̄ (ξ, T ) by nonrandom
F (ξ, T ). Therefore, we need to prove that Hessians of (10) and (5) are close. It is obtained
again using the MCMC theory in Lemma 9 and Corollary 10 in the appendix A.
Finally, the proofs of Theorem 2 and Corollary 3 are stated in the appendix B.

4. Details of implementation
In this section we describe in details practical implementation of the algorithm analyzed in
the previous section.

JMLR 19(75):1-26, 2018

The solution of the problem (7) depends on the choice of λ in the penalty term and
the parameter ψ in the instrumental distribution. Finding “optimal” λ and ψ is difficult in
practice. To overcome this problem we compute a sequence of minimizers (θ̂i )i such that
θ̂i corresponds to λ = λi and the sequence (λi )i is decreasing. In the second step we use
the Bayesian Information Criterion (BIC) to choose the final penalty λ. More precisely, we
start with the greatest value λ0 for which the entire vector θ̂ is zero. For each value of λi ,
i ≥ 1, we set ψ = θ̂i−1 and use the MCMC approximation (7) with Y 1 , . . . , Y m given by a
Gibbs sampler with the stationary distribution p(·|θ̂i−1 ). This scheme exploits warm starts
and leads to more stable algorithm. Next, the estimator θ̂ is chosen using BIC that is a
popular method of choosing λ in the literature, for instance in Xue et al. (2012). Notice
that the function `nm (θ) is convex, so we can use proximal gradient algorithms to compute θ̂i
as a solution of (7) for a given λi and ψ. In the current paper we use the FISTA algorithm
with backtracking from Beck and Teboulle (2009). The whole procedure is summarized in
Algorithm 1.
11

δ
`m
n (θ̂ )

s : s<r

+

s : s>r

X 


θrs [Y k+1 (s)Y k+1 (r) − Y k (s)Y k (r)] .
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? =
M1: The first 6 vertices are correlated, while the remaining vertices are independent: θrs
?
±2 for r < s and s = 2, 3, 4, 5, 6, other θrs = 0. Thus, the model dimension in this
problem is 15. The signs are chosen randomly.

To illustrate the performance of the proposed method we simulate data sets in two scenarios:

5.1. Simulated data

In this section we present efficiency of the proposed method via numerical studies. First,
we compare our method to three algorithms, which we have mentioned previously, using
simulated data sets. Next we apply our method to the real data example.

5. Numerical experiments
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Figure 1: The results for M 1 model
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The model M 1 corresponds to a dense structure on a small subset of vertices. The model
M 2 is a simple structure which involves relatively large subset of vertices.
We consider the following cases: d = 20, 50, 100. So, the considered number of possible
edges (parameters of the model) is d¯ = 190, 1225, 4950, respectively. For d¯ = 190, 1225 we
use n = 20, 40, 80 and for d¯ = 4950 we use n = 40, 80.
For each configuration of the model, the number of vertices d and the number of observation n we sample 100 replications of data sets. For sampling a data set we use a final
configuration of independent Gibbs samplers of the length 106 .
In simulation study we compare our methods to the following methods: the pseudolikelihood approach, eLasso proposed by van Borkulo et al. (2014) and the Gaussian approximation from Banerjee et al. (2008). The eLasso method is based on separate logistic
models and it is similar to the method proposed by Ravikumar et al. (2010). For all methods
except eLasso we use two stage procedures, which are analogous to Algorithm 1. Namely,
we choose λ by BIC and in the second step we choose the threshold δ by GIC. For the
Gaussian approximation we use the same approximate likelihood as in Viallon et al. (2013).
For eLasso for every node we use BIC as in van Borkulo et al. (2014).

?
M2: The first 20 vertices have the “chain structure” and the rest are independent: θr−1,r
=
±1 for r ≤ 20. Again the signs are chosen randomly and the model dimension is 19.
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Finally, it is well-known that FISTA (Beck and Teboulle, 2009) achieves accuracy  in
1
O( 2 ) steps. So, the total cost of computing the solution for single λi with precision  is
1
of order O( 2 md). The further reduction of the cost can be obtained using sparsity of θ̂i−1
in computing `m
n (θ) and its gradient, and introducing active variables inside the FISTA
algorithm.

θ0 J(Y k+1 ) = θ0 J(Y k ) +


θsr [Y k+1 (s)Y k+1 (r) − Y k (s)Y k (r)]
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d = 1225

X 

where
is the Lasso estimator θ̂ after thresholding with the level δ. To compute
for δ ∈ ∆ in GIC we generate the last sample of the size m = 104 d using the Gibbs sampler
with the stationary distribution p(·|θ̂). To find the optimal threshold we apply GIC that
uses larger penalty than BIC. Choosing the threshold in this way should be better in model
selection and is recommended, for instance, in Pokarowski and Mielniczuk (2015).
In the rest of this section we discuss computational complexity of our method. The computational cost of a single step of the Gibbs sampler is dominated by computing probability
(8), which is of the order O(r), where r is the maximal degree of vertices in a graph related
to the stationary distribution. In the paper we focus on estimation of sparse graphs, so the
proposed λi ’s have to be sufficiently large to make θ̂i ’s sparse. Therefore, the degree r is
rather small and the computational cost of generating Y 1 , . . . , Y m is of order O(m). Next,
we need to compute `m
n (θ) and its gradient. For an arbitrary Markov chain the cost of these
computation is of the order O(d2 m). But when we use single site updates as in the Gibbs
sampler we can reduce it to O(dm) by remembering which coordinate of Y k where updated.
Indeed, if we know that only the r coordinates are updated in the step Y k → Y k+1 , then

θ̂δ

δ∈∆

n
o
δ
¯ δ
δ ∗ = arg min n`m
,
n (θ̂ ) + log(d)kθ̂ k0

Finally, the thresholded estimator is obtained using the Generalized Information Criterion (GIC). For a prespecified set of thresholds ∆ we calculate
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Figure 2: The results for M 2 model

In the comparison we use the following measures of the accuracy. First, to observe the
ability of methods to separate true and false edges we compute AUC, where the ROC curve
is computed as the threshold δ varies. The estimates are also compared using the false
discovery rate (FDR) and the ability of recognizing true edges (denoted by “Power”). The
results are summarized in Figure 1 and Figure 2 for models M 1 and M 2, respectively.
In the first model we can observe that our algorithm and the Gaussian approximation
work very well and comparably. The latter has slightly larger power, but at the price of
slightly larger FDR. The dominance of these two methods over the pseudolikehood estimator
and eLasso is evident. The pseudolikelihood method finds well true edges, but is not able
to discard false edges. eLasso works very poorly in this model.
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The second model has a simple structure, so both methods based on the pseudolikelihood
approach work much better than in M 1. The accuracy of the Gaussian approximation is
weak in this model. It has substantial problem with finding true edges, especially when
d is large and n small. For n = 20, 40 our estimator has relatively small FDR and large
Power. In this model we can observe that FDR increases as n increases for the Gaussian
approximation and for n = 80 it reaches about 0.5. The MCML approximation has also
“increasing FDR”, but this behaviour is less conspicuous. In fact, for n = 80 FDR of our
algorithm is still comparable to those of eLasso and Pseudolikelihood.
15
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Summarizing, it is difficult to indicate the winner algorithm. We can observe that the
quality of our algorithm in selecting the true model is satisfactory. Moreover, only this
procedure works on a good level in both models and avoids making noticeable mistakes.
The Gaussian approximation works well in M 1, but seems to be the weakest in M 2. The
eLasso completely fails in M 1, but its quality in M 2 is high, especially for large sample
sizes. The pseudolikelihood approach in all examples well separates true and false edges,
has good power but in comparison with other methods its FDR is too high, so models that
it chooses contains many irrelevant edges.
Clearly, by construction the computational cost of our method is larger than its three
competitors. However, the whole time that is needed to compute our estimator is reasonable.
For instance, for a single data set and n = 40 computing the estimator on 3.4 GHZ CPU
takes about 15 seconds for d¯ = 190, 60 seconds for d¯ = 1225 and 5 minutes for d¯ = 4950.
Since our algorithm uses only sufficient statistics the dependence on n of its computational
cost is negligible. Thus, the computational times for n = 80 are almost the same.
5.2. CAL500 dataset

We apply our method to “CAL500” dataset (Turnbull et al., 2008). Working with a real data
set we consider the Ising model (1) with a linear term (an external field). This modification
is motivated by the fact that in practice marginal probabilities of Y (s) being +1 or −1
are unknown and should be estimated. The adaptation of our algorithm to this case is
straightforward.
For model selection in the Ising model there are no natural measures of the quality of
estimates. One would try to compare the prediction ability of obtained estimators, but
prediction for the Ising model is challenging itself and results will be biased by the method
used to approximate predicted states. Moreover, all considered methods optimize different
loss functions, so these loss functions also cannot be used to the honest comparison of the
methods. Due to that, we decide to show only the results of our method for the real data
example.
The considered data set consists of 174 binary features and 68 numeric features for 502
songs. We skipped the numeric features and apply our method to find the dependence
structure between labels. These labels concerning genre, mood or instrument are annotated
to songs. We run our algorithm analogously to the case of simulated data and as the result
we obtain a sparse graph with 181 edges, see Figure 3. We observe that founded edges are
rather intuitive. For instance, among the most positively correlated labels we have labels denoted by 3 and 14 (,,Emotion-Arousing-Awakening” and ,,Emotion-Exciting-Thrilling”), 57
and 61 (,,Song-Like” and ,, Song-Recommend”) or 22 and 34 (,,Emotion-Loving-Romantic”
and ,,Emotion-Touching-Loving”). On the other hand, the most negatively correlated labels
are: 44 and 45 (,,Instrument-Female Lead Vocals” and ,,Instrument - Male Lead Vocals”)
or 63 and 64 (,,Song-Texture Acoustic” and ,,Song-Texture Electric”).

6. Conclusions

JMLR 19(75):1-26, 2018

In the paper we consider a problem of structure learning for binary Markov random fields.
We base estimation of model parameters on the Lasso penalized Monte Carlo approximation
of the likelihood. In the theoretical part of the paper we show that the proposed procedure
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1: Angry−Agressive
2: NOT−Emotion−Angry−Agressive
3: Emotion−Arousing−Awakening
4: NOT−Emotion−Arousing−Awakening
5: NOT−Emotion−Bizarre−Weird
6: Emotion−Calming−Soothing
7: NOT−Emotion−Calming−Soothing
8: Emotion−Carefree−Lighthearted
9: NOT−Emotion−Carefree−Lighthearted
10: Emotion−Cheerful−Festive
11: NOT−Emotion−Cheerful−Festive
12: Emotion−Emotional−Passionate
13: NOT−Emotion−Emotional−Passionate
14: Emotion−Exciting−Thrilling
15: NOT−Emotion−Exciting−Thrilling
16: Emotion−Happy
17: NOT−Emotion−Happy
18: Emotion−Laid−back−Mellow
19: NOT−Emotion−Laid−back−Mellow
20: Emotion−Light−Playful
21: NOT−Emotion−Light−Playful
22: Emotion−Loving−Romantic
23: NOT−Emotion−Loving−Romantic
24: Emotion−Pleasant−Comfortable
25: NOT−Emotion−Pleasant−Comfortable
26: Emotion−Positive−Optimistic
27: NOT−Emotion−Positive−Optimistic
28: Emotion−Powerful−Strong
29: NOT−Emotion−Powerful−Strong
30: Emotion−Sad
31: NOT−Emotion−Sad
32: Emotion−Tender−Soft
33: NOT−Emotion−Tender−Soft
34: Emotion−Touching−Loving
35: NOT−Emotion−Touching−Loving
36: Genre−−_Alternative
37: Genre−−_Classic_Rock
38: Genre−−_Soft_Rock
39: Genre−Electronica
40: Genre−Hip_Hop−Rap
41: Genre−Rock
42: Instrument_−_Bass
43: Instrument_−_Drum_Set
44: Instrument_−_Female_Lead_Vocals
45: Instrument_−_Male_Lead_Vocals
46: Instrument_−_Sequencer
47: Instrument_−_Synthesizer
48: Song−Catchy−Memorable
49: NOT−Song−Catchy−Memorable
50: NOT−Song−Changing_Energy_Level
51: Song−Fast_Tempo
52: NOT−Song−Fast_Tempo
53: Song−Heavy_Beat
54: NOT−Song−Heavy_Beat
55: Song−High_Energy
56: NOT−Song−High_Energy
57: Song−Like
58: NOT−Song−Like
59: Song−Positive_Feelings
60: NOT−Song−Positive_Feelings
61: Song−Recommend
62: NOT−Song−Recommend
63: Song−Texture_Acoustic
64: Song−Texture_Electric
65: Song−Texture_Synthesized
66: Song−Tonality
67: Song−Very_Danceable
68: NOT−Song−Very_Danceable
69: Vocals−Emotional
70: Vocals−Rapping
71: Vocals−Strong
72: Genre−Best−−_Alternative
73: Genre−Best−−_Classic_Rock
74: Genre−Best−−_Soft_Rock
75: Genre−Best−Electronica
76: Genre−Best−Rock

17
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The results of the current paper can be easily extended to other discrete Markov random
fields. There are also some non-trivial issues that are not discussed in the paper, for instance

reveals the true dependence structure with high probability. The regularity conditions that
we need are not restrictive and are weaker than assumptions used in the other approaches
based on the likelihood approximation. Moreover, the theoretical results are completed by
numerical experiments. They confirm that the MCMC approximation is able to find the
true model in a satisfactory way and its quality is comparable or higher than competing
algorithms.

Figure 3: The obtained graph for CAL500 dataset. The width of the edges corresponds
δ ∗ |. The edges with higher absolute value are wider. The
to the magnitude of |θ̂rs
δ ∗ : green – positive, red – negative. To improve clarity
color denotes the sign of θ̂rs
δ ∗ | < 0.001.
we do not show edges corresponding to |θ̂rs
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(λ − z ∗ )|θ̃T c |1 ≤ D(θ̂, θ? ) + (λ − z ∗ )|θ̃T c |1 ≤ (λ + z ∗ )|θ̃T |1 .

(21)

(20)

|θ̃rs | − λ

(r,s)∈T c

X

(r,s)∈T c

|θ̂rs | + |θ̃|1 z ∗

18

= (λ + z ∗ )|θ̃T |1 + (z ∗ − λ)|θ̃T c |1 .

≤ λ|θ̃T |1 − λ|θ̃T c |1 + z ∗ |θ̃T |1 + z ∗ |θ̃T c |1

(r,s)∈T

X

(r,s)∈T

≤λ

r<s
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sign(t) = 0 for t = 0. Using (22) and properties of the l1 -norm we obtain that
X
X
?
?
0
m ?
θ̂rs ∇rs `m
D(θ̂, θ? ) =
θ̃rs ∇rs `m
n (θ + θ̃) − θ̃ ∇`n (θ )
n (θ + θ̃) +

Proof The proof is the same as the proof of Huang et al. (2013, Lemma 3.1). It is quoted
here to make the paper complete.
Convexity of the MCMC approximation `m
n (θ) easily implies the first inequality in (20).
The same property combined with convexity of the Lasso penalty gives us that zero has to
belong to the subgradient of (7) at the minimizer θ̂, i.e.

∇rs `m
if θ̂rs 6= 0
n (θ̂) = −λsign(θ̂rs ),
(22)
|∇rs `m
if θ̂rs = 0 ,
n (θ̂)| ≤ λ,


m
where we use ∇`m
and sign(t) = 1 for t > 0, sign(t) = −1 for t < 0,
n (θ) = ∇rs `n (θ̂)

the random vector θ̃ belongs to the cone C(ξ, T ).

Besides, for arbitrary ξ > 1 on the event


ξ−1
?
Ω1 = |∇`m
λ
n (θ )|∞ ≤
ξ+1

Then

?
Lemma 5 Let θ̃ = θ̂ − θ? , z ∗ = |∇`m
n (θ )|∞ and
h
i
m
D(θ̂, θ) = (θ̂ − θ)0 ∇`m
n (θ̂) − ∇`n (θ) .

In this section we formulate lemmas that are needed to prove main results of the paper.
The roles, that they play, are described in detail at the end of section 3. The first lemma is
borrowed from Huang et al. (2013, Lemma 3.1).

Appendix A. Auxiliary results
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(24)

where we have used bounds (27) and (25). Using the equality |θ|∞ =
proof.

≤

t̃ exp(−2t̃)θ0 ∇2 `nm (θ? )θ
|θ̃|1 exp(−η) ≤ t̃ exp(−2t̃) ≤
F̄ (ξ, T )|θT |1 |θ|∞


θ0 ∇`nm (θ? + t̃θ) − ∇`nm (θ? )
≤
F̄ (ξ, T )|θT |1 |θ|∞
2λξ
,
(ξ + 1)F̄ (ξ, T )|θ|∞
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,

and an event



Proof We can rewrite ∇`nm (θ? ) as

i=1

#
" n
∇C(θ? )
1X
∇`nm (θ? ) = −
J(Yi ) −
+
n
C(θ? )

P

n

i=1

∞

1
m

> t/2

m
P

k=1

wk (θ? )

h
m
P
wk (θ? ) J(Y k ) −

k=1

!

1X
∇rs C(θ? )
Jrs (Yi ) −
> t/2
n
C(θ? )

n

i=1

1X
∇C(θ? )
J(Yi ) −
n
C(θ? )

Therefore, by the union bound we have
P

k=1

20

∇C(θ? )
C(θ? )


≤ 2 exp −nt2 /8 .


≤ 2d¯exp −nt2 /8 .

i

(28)
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Next, we investigate the second expression in (28). Its denominator is an average that
depends on the Markov chain. To handle it we can use Theorem 4 in section 3. Notice that
exp[(θ? )0 J(y)]
exp[(θ? )0 J(Y )]
?
≤
M
C(θ
)
for
every
y
and
E
= C(θ? ). Therefore, for every n, m
Y ∼h
h(y)
h(Y )
!


m
1 X
mβ2
wk (θ? ) ≥ C(θ? )/2 ≥ 1 − β1 exp −
.
(30)
m
4M 2
P

(29)

Notice that the first therm in (28) depends only on the initial sample Y1 , . . . , Yn and is an
average of i.i.d random variables. The second term depends only on the MCMC sample
Y 1 , . . . , Y m . We start the analysis with the former one. Using Hoeffding’s inequality we
obtain for each natural n, positive t and a pair of indices r < s
!

1
m

Lemma 7 For every natural n, m and positive t


 2


mβ2
¯ 1 exp − t mβ2 .
P (|∇`nm (θ? )|∞ ≤ t) ≥ 1 − 2d¯exp −nt2 /8 − β1 exp −
− 2dβ
4M 2
64M 2

we finish the

So, every t satisfying (25) has to fulfill the inequality 2t exp(−2t) ≤ τ . In particular,
2t̃ exp(−2t̃) ≤ τ. We are on Ω2 , so it implies that 2t̃ ≤ η, where η is the smaller solution of
the equation η exp(−η) = τ. We know also that |θ̃|1 ≤ t̃, so

λ + z∗
|θ̃T |1 ≤ ξ|θ̃T |1 .
λ − z∗

(ξ+1)d¯0 λ
F̄ (ξ,T )


= τ < e−1 .
2ξeη λ
(ξ + 1)F̄ (ξ, T )

+ tθ) −

(25)

|θ̃|∞
,
|θ̃|1

Thus, the second inequality in (20) is also established. To prove the last claim of the lemma
notice that on the event Ω1 we obtain from (20)
|θ̃T c |1 ≤

Ω2

|θ̂ − θ? |∞ ≤

(23)

The second lemma is an adaptation of Huang et al. (2013, Theorem 3.1) to our problem.



Lemma 6 Let ξ > 1. Moreover, let us denote τ =

Then Ω1 ∩ Ω2 ⊂ A, where
A=
where η < 1 is the smaller solution of the equation ηe−η = τ.

g(t) =

θ0 ∇`nm (θ? )

Proof Suppose we are on the event Ω1 ∩ Ω2 . Denote again θ̃ = θ̂ − θ? and notice that
θ = θ̃ ∈ C(ξ, T ) by Lemma 5. Consider the function
|θ̃|1

θ0 ∇`nm (θ?

2λ
2λξ
|θT c |1 ≤
|θT |1 .
ξ+1
ξ+1

for each t ≥ 0. This function is nondecreasing, because `nm (·) is convex. Thus, we obtain
g(t) ≤ g(|θ̃|1 ) for every t ∈ (0, |θ̃|1 ). On the event Ω1 and from Lemma 5 we have that
θ0 [∇`nm (θ? + tθ) − ∇`nm (θ? )] +

(27)

In further argumentation we consider all nonnegative t satisfying (25), that is an interval
[0, t̃] for some t̃ > 0. Proceeding similarly to the proof of Huang et al. (2013, Lemma 3.2)
we obtain
tθ0 [∇`nm (θ? + tθ) − ∇`nm (θ? )] ≥ t2 exp(−γtθ )θ0 ∇2 `nm (θ? )θ ,
(26)

where γtθ = t maxk,l |θ0 J(Y k )−θ0 J(Y l )| ≤ 2t, because J(Y k ) = Y k (r)Y k (s) rs and |θ|1 = 1.
Therefore, the right-hand side in (26) can be lower bounded by
t2 exp(−2t)θ0 ∇2 `nm (θ? )θ .
F̄ (ξ, T )|θT |12
≤ t exp(−2t)θ0 ∇2 `nm (θ? )θ
d¯0

Using the definition of F̄ (ξ, T ), the fact that θ ∈ C(ξ, T ), the bound (27) and (25) we obtain
t exp(−2t)
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≤ θ0 [∇`nm (θ? + tθ) − ∇`nm (θ? )]
2λξ
2λ
≤
|θT |1 −
|θT c |1
ξ+1
ξ+1
≤ λ(ξ + 1)|θT |12 /2 .
19

k=1

m
P

1
m

k=1

m
P

wk (θ? )

h
wk (θ? ) J(Y k ) −

∇C(θ? )
C(θ? )

i

∞

≤ t/2 .

in Lemma 7.

P

?
2
?
∇2 `m
n (θ ) − ∇ log C(θ )

∞



21

≤t

(32)

(31)
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mβ2
≥ 1 − 2β1 exp −
2
4M
 2

¯ d¯ + 1)β1 exp − t mβ2 .
− 2d(
256M 2

P (Ω1 ) ≥ 1 − 2ε .

Lemma 9 For every n, m and positive t

Proof We take t =

ξ−1
ξ+1 λ

Conditions (13) and (14) imply

Corollary 8 Let ε > 0, ξ > 1 and
 r
s


¯
log (2d¯ + 1)β1 /ε
ξ+1
2
log(2
d/ε)
.
λ=
max 2
, 8M
ξ−1
n
mβ2

Taking (29) and (31) together we finish the proof.

1
m

 2

mβ2
. Using union bounds we estimate the nuwith probability at least 1 − 2β1 exp − t64M
2
merator of the second expression in (28). This fact and
 (30)imply that for
 every positive t
mβ2
¯ 1 exp − t2 mβ22 we have
and natural n, m with probability at least 1 − β1 exp − 4M
− 2dβ
2
64M

k=1



m
1 X
∇rs C(θ? )
wk (θ? ) Jrs (Y k ) −
≥ tC(θ? )/4
?
m
C(θ )

From Theorem 4 we obtain for every positive t

exp((θ? )0 J(y)
∇rs C(θ? )
Jrs (y) −
≤ 2M C(θ? ) .
h(y)
C(θ? )

k=1

⊗2
m
1 P
w (θ)J(Y k )


? ⊗2

 m k=1 k
 − ∇C(θ )

.
m


C(θ? )
1 P
wk (θ)
m

k=1

(34)

∞

k=1

∞

∞

22

Putting together this fact and the bound of (33) we finish the proof.
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The first term in (35) has been bounded with high probability in the proof of Lemma 7. The
remaining two can be easily estimated by one. Therefore, for every positive t the l∞ -norm
of (34) is not greater than t/2 with probability at least


 2

mβ2
¯ 1 exp − t mβ2 .
1 − β1 exp −
−
2
dβ
4M 2
256M 2

k=1

The last step of the proof is handling with the l∞ -norm of (34). This expression can be
upper-bounded by
 P

m
m
P
wk (θ)J(Y k )
wk (θ)J(Y k )
?
?

∇C(θ ) 
∇C(θ )  k=1
k=1
 .
(35)
+
−
m
m

?
P
P
C(θ )
C(θ? ) ∞ 
wk (θ)
wk (θ)

Using the union bound and (30) we upper-bound the l∞ -norm of the right-hand side of (33)
by t/2 with probability at least


 2

mβ2
¯2 β1 exp − t mβ2 .
1 − β1 exp −
−
2
d
4M 2
64M 2

∇2rs,r0 s0 C(θ? )
exp((θ? )0 J(y)
Jrs (y)Jr0 s0 (y) −
≤ 2M C(θ? ) .
h(y)
C(θ? )

and for every y and two pairs of indices r < s, r0 < s0 we have

The denominator of the right-hand side of (33) has been estimated in the proof of
Lemma 7, so we bound the numerator. We can calculate that



exp [(θ? )0 J(Y )]
∇2 C(θ? )
EY ∼h
J(Y )⊗2 −
=0
?
h(Y )
C(θ )

and

k=1

Proof To estimate the l∞ -norm of the matrix difference in (32) we bound l∞ -norms of two
matrices:
h
i
m
m
2 C(θ ? )
P
1 P
wk (θ? ) J(Y k )⊗2 − ∇C(θ
wk (θ? )J(Y k )⊗2
?)
m
2
?
∇ C(θ )
k=1
−
= k=1
(33)
m
m
P
C(θ? )
1 P
?
wk (θ )
wk (θ? )
m

Finally, we bound the l∞ -norm of the numerator of the second term in (28). We fix a pair
of indices r < s. It is not difficult to calculate that



exp [(θ? )0 J(Y )]
∇rs C(θ? )
EY ∼h
Jrs (Y ) −
=0
?
h(Y )
C(θ )

and for every y
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s


¯ d¯ + 1)β1 /ε
log 2d(
mβ2

Corollary 10 If (14), then for every ε > 0 the following inequality
F̄ (ξ, T ) ≥ F (ξ, T ) − 16d¯0 (1 + ξ)2 M
has probability at least 1 − 2ε.
Proof We take
s


¯ d¯ + 1)β1 /ε
log 2d(
t = 16M
mβ2

in Lemma 9 and use Huang et al. (2013, Lemma 4.1 (ii)).

Appendix B. Proofs of main results

¯

s


¯ d¯ + 1)β1 /ε
log 2d(
+ ξ)2 M
≥ γF (ξ, T ) .
mβ2

Proof [Proof of Theorem 2] Fix ε > 0, ξ > 1 and denote γ = γ(ξ) = α(ξ)−2
α(ξ) ∈ (0, 1). First,
from Corollary 8 we know that P (Ω1 ) ≥ 1 − 2ε. Using the condition (14) we obtain that
F (ξ, T ) −
16d0 (1

Therefore, from Corollary 10 we have that P (F̄ (ξ, T ) ≥ γF (ξ, T )) ≥ 1−2ε. It is not difficult
to calculate that
(1 + ξ)d¯0 λ
≤ e−1 ,
γF (ξ, T )

so we have also P (Ω2 ) ≥ 1 − 2ε. To finish the proof we use Lemma 6 (with η = 1 for
simplicity) and again bound F̄ (ξ, T ) from below by γF (ξ, T ) in the event A defined in (24).

=

|θ̂rs

−

?
θrs
|

≤

Rnm ,
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Proof [Proof of Corollary 3] The proof is a simple consequence of the uniform bound (15)
obtained in Theorem 2. Indeed, for an arbitrary pair of indices (r, s) ∈
/ T we obtain
|θ̂rs |

so (r, s) ∈
/ T̂ . Analogously, if we take a pair (r, s) ∈ T, then
?
?
|θ̂rs | ≥ |θrs
| − |θ̂rs − θrs
| > 2δ − Rnm ≥ δ .
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Learning a low-rank matrix from noisy, high-dimensional complex data is an important
research challenge in modern machine learning. In particular, in the recent big data era,
assuming that the observations come from a model with implicit low-rank structure is one of
the most prevailing approaches to avoid the curse of dimensionality. While various low-rank
matrix learning problems arise from different contexts and domains, the primary challenge
is rather similar: namely to reliably learn a low-rank matrix L0 based only on missing
and corrupted observations from L0 . This generic framework includes many well-known
machine learning problems such as matrix completion (Candès and Tao, 2009), robust
PCA (Wright et al., 2009) and matrix sensing (Zhong et al., 2015), and is shown to be

1. Introduction

Learning a low-rank matrix from missing and corrupted observations is a fundamental
problem in many machine learning applications. However, the role of side information in
low-rank matrix learning has received little attention, and most current approaches are
either ad-hoc or only applicable in certain restrictive cases. In this paper, we propose a
general model that exploits side information to better learn low-rank matrices from missing
and corrupted observations, and show that the proposed model can be further applied to
several popular scenarios such as matrix completion and robust PCA. Furthermore, we
study the effect of side information on sample complexity and show that by using our model,
the efficiency for learning can be improved given sufficiently informative side information.
This result thus provides theoretical insight into the usefulness of side information in our
model. Finally, we conduct comprehensive experiments in three real-world applications—
relationship prediction, semi-supervised clustering and noisy image classification, showing
that our proposed model is able to properly exploit side information for more effective
learning both in theory and practice.
Keywords: Side information, low-rank matrix learning, learning from missing and corrupted observations, matrix completion, robust PCA
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1. We will use terms ‘side information’ and ‘features’ interchangeably throughout the paper.

• Image denoising. Another low-rank matrix learning application is image denoising.
It is known that same types of images (e.g. images of human face, digits, or images with same scene) often share a common low-rank structure, and learning that
low-dimensional space can be useful for many applications such as image recognition

• Link prediction. The link prediction problem in online social network analysis is to
predict and recommend the implicit friendships of users given the current network
snapshot. One approach is to think of the network snapshot as a user-to-user relationship matrix R, and thus any missing relationships in the snapshot can be inferred
by conducting matrix completion on R (Liben-Nowell and Kleinberg, 2007). Similarly,
if user-specific information (like user profile) is collected, these user features can be
deemed as both X and Y .

• Collaborative filtering. Collaborative filtering is one of the most popular machine
learning applications in industry where we aim to predict the preferences of users to
any products based on limited rating history (e.g. the Netflix problem we mentioned
previously). A traditional approach is to complete the partial user-product rating
matrix R via matrix completion. However, one could also collect per-user features xi
and per-product features yj as possible information to leverage, and the assembled
feature representation for users and products becomes X and Y in this framework.

useful in many important real-world applications including recommender systems (Koren
et al., 2009), social network analysis (Hsieh et al., 2012) and image processing (Wright et al.,
2009).
Among research related to low-rank matrix learning, one promising direction is to further exploit side information, or features, to help the learning process. 1 The notion of side
information appears naturally in many applications. For example, in the famous Netflix
problem where the goal is movie recommendation based on users’ ratings, a popular approach is to assume that the given user-movie rating pairs are sampled from a low-rank
matrix (Koren et al., 2009). However, besides rating history, profiles of users and/or genres
of movies may also be provided, and one can possibly leverage such side information for
better recommendation. Since such additional features are available in many applications,
designing a model to better incorporate features into low-rank matrix learning problems
becomes an important issue with both theoretical and practical interests.
Motivated by the above realization, we study the effect of side information on learning
low-rank matrices from missing and corrupted observations in this paper. Our general
problem setting can be formally described as follows. Let L0 ∈ Rn1 ×n2 be the low-rank
modeling matrix, yet due to various reasons we can only observe a matrix R ∈ Rn1 ×n2
which contains missing and/or corrupted observations of L0 . In addition, suppose we are
also given additional feature matrices X ∈ Rn1 ×d1 and/or Y ∈ Rn2 ×d2 as side information,
where each row xi ∈ Rd1 (or yi ∈ Rd2 ) denotes a feature representation of the i-th row
(or column) entity of X (or Y ). Then, instead of just using R to recover L0 , our hope is
to leverage side information X and Y to learn L0 more effectively. Below, we further list
some important applications where the side information naturally comes in as the form of
X and/or Y in this framework:
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and background subtraction. Yet in the realistic setting, images may be corrupted by
sparse noise such as shadowing or brightness saturation, making the learning of that
low-dimensional space much more difficult. A popular approach, known as robust
PCA, is to construct an observed matrix R where each column is a vector representation of an image, and further learn the underlying low-rank subspace by separating
it from the sparse noise in R. In Section 4, we will show that if features of clean images X and/or label-relevant features Y are also given, one can learn the underlying
low-dimensional subspace more accurately.
Organization of the paper. To study the effect of side information in low-rank matrix
learning with missing and corrupted observations, we focus on answering the following
important questions in a systematical manner:
• What type of side information can benefit learning?
• What model should we use for incorporating side information?
• How can we further quantify the merits of side information in learning?

JMLR 19(76):1-35, 2018

Regarding the first question, in Section 2, we start with the case of “perfect” side information
(defined in equation 2) as an idealized case where the given features are fully informative,
and further generalize to the case of noisy side information where the given features are
only partially correlated to L0 . We will see that while information from perfect features is
extremely useful, certain noisy features can also be quite effective to benefit learning.
The model for incorporating side information can also be constructed subsequently once
the type of side information is identified. Precisely, in Section 2, we argue that for perfect
features, one can directly transform the low-rank modeling matrix into a bilinear form
with respect to features X and Y . However, the validity of such an embedding becomes
questionable if features are noisy. Therefore, for noisy features, we propose to break the
low-rank matrix into two parts—one that captures information from features and one that
captures information outside the feature space—resulting in a general model (problem 4)
that learns the low-rank matrix by jointly balancing information from noisy features and
observations. In addition, we discuss the connections between our model and several wellknown models, such as low-rank matrix completion and robust PCA. We also show that
our proposed model can be efficiently solved by well-established optimization procedures.
Furthermore, in Section 3, we provide a theoretical analysis to justify the merits of side
information in the proposed model (4). To start with, in Section 3.1, we quantify the quality
of features and the noise level of corruption using Rademacher model complexity in the generalization analysis. As a result, a tighter error bound can be derived given better quality
of features and/or lower noise level in observations. We further derive sample complexity
guarantees for the case of matrix completion in Section 3.2 and for the case where observations are both missing and corrupted in Section 3.3. For the case of matrix completion, our
sample complexity result suggests that the proposed model requires asymptotically fewer
observations to recover the low-rank matrix compared to standard matrix completion, as
long as the given features are sufficiently informative. This result substantially generalizes
the previous study of side information in matrix completion in Jain and Dhillon (2013)
which only guarantees improved complexity given perfect features. On the other hand, for
3
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the case where observations are both missing and corrupted, our resulting sample complexity guarantee implies that better quality of side information is useful for learning missing
entries of the low-rank matrix provided that the corruption is not too severe. These results
thus justify the usefulness of side information in the proposed model in theory.
Finally, in Section 4, we verify the effectiveness of the proposed model experimentally on various synthetic data sets, and additionally apply it to three machine learning
applications—relationship prediction, semi-supervised clustering and noisy image classification. We show that each of them can be tackled by learning a low-rank modeling matrix
from missing or corrupted observations given certain additional features, and therefore, by
employing our model to exploit side information, we can achieve better performance in these
applications compared to other state-of-the-art methods. These results demonstrate that
our proposed model indeed exploits side information for various low-rank matrix learning
problems.
Here are the key contributions of this paper:

• We study the effect of side information and provide a general treatment to incorporate side information for learning low-rank matrices from missing and corrupted
observations.

• In particular, given perfect side information, we propose to transform the estimated
low-rank matrix to a bilinear form with respect to features. Moreover, given noisy side
information, we propose to further break the low-rank matrix into a part capturing
feature information plus a part capturing information outside the feature space, and
therefore, learning can be conducted efficiently by balancing information between
features and observations.

• We theoretically justify the usefulness of side information in the proposed model in
various scenarios by first quantifying the effectiveness of features and then showing
that the sample complexity can be asymptotically improved provided sufficiently informative features.

• We provide comprehensive experimental results to confirm that the proposed model
properly embeds both perfect and noisy side information for learning low-rank matrices more effectively compared to other state-of-the-art approaches.
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Parts of this paper have previously appeared in Chiang et al. (2015) and Chiang et al. (2016),
in which we exclusively studied the effect of noisy side information in matrix completion and
the effect of perfect side information in robust PCA, respectively. In this paper, we consider
a much more general setting and propose a general model to exploit side information for a
broader class of low-rank matrix learning problems. In particular, given this general model,
we can further exploit noisy side information for the robust PCA problem and for the case
where observations are both missing and corrupted as we will discuss in Section 2.3. We
also provide much more comprehensive theoretical and experimental results to demonstrate
the effectiveness of the proposed treatment.

4

col(Y ) ⊇ col(LT0 ),

(2)

s.t. Lij + Sij = Rij , ∀ (i, j) ∈ Ωobs ,
(1)

5

2.2. Idealized Case: Perfect Side Information

where kLk
P∗ is the nuclear norm of L defined by the sum of singular values of L, and
kSk1 := i,j |Sij | is the element-wise one norm of S. These two regularizations are known
to be useful for enforcing low rank structure and sparse structure, respectively.
Although problem (1) has been shown to enjoy theoretical and empirical success (Candès
et al., 2011), it cannot directly leverage side information for recovery if it is provided. A
tailored model is thus required to resolve this issue.

L,S

min kLk∗ + λkSk1

6
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(3)
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s.t. xTi M yj + Sij = Rij , ∀ (i, j) ∈ Ωobs ,

Suppose in addition to the data matrix R, we are also given features of row and column
entities X ∈ Rn1 ×d1 and Y ∈ Rn2 ×d2 , d1 < n1 and d2 < n2 as side information. Then, the
goal of low-rank matrix learning with side information is to exploit X and Y in addition to
the observations R to better estimate L0 . A concrete example is the Netflix problem where
R corresponds to the partial user-movie rating matrix and, X and Y correspond to user

M,S

min kM k∗ + λkSk1

Then, consider L0 = U ΣV T to be the SVD of L0 , a set of perfect side information will also
satisfy col(X) ⊇ col(U ) and col(Y ) ⊇ col(V ), which further indicates that there exists a
matrix M0 ∈ Rd1 ×d2 such that L0 = XM0 Y T . This fact leads us to expressing the target
low-rank matrix as a bilinear form with respect to features X and Y , and as a result, one
can cast problem (1) with features as:

where col(X) and col(Y ) denotes the column space of X and Y .

col(X) ⊇ col(L0 ),

Definition 1 (Perfect side information) The side information X and Y is called perfect side information, or noiseless side information, w.r.t. L0 if X and Y satisfy:

and movie features; the hope is to further leverage additional features X and Y along with
rating history R to better predict the unknown user-movie ratings.
In principle, not all types of side information will be useful. For instance, if the given
X and Y are simply two random matrices, then there is no information gain from the provided side information, and therefore, any method incorporating such X and Y is expected
to perform the same as methods only using structural information. That being said, to
explore the advantage of side information, a condition on side information to ensure its
informativeness is required. To begin with, we consider an ideal scenario where the side
information is “perfect” in the sense that it implicitly describes the full latent space of L0 .
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in which the problem is reduced to learning a smaller d1 × d2 low-rank matrix M . The
bilinear embedding with respect to perfect features for the low-rank matrix has already
been proposed in matrix completion. Indeed, by casting L = XM Y T as matrix completion,
one can obtain a so-called “inductive matrix completion” (IMC) model which is able to
learn the underlying matrix with much fewer samples given perfect side information (Jain
and Dhillon, 2013; Xu et al., 2013; Zhong et al., 2015). We will discuss the improved sample
complexity result of IMC in detail in Section 3.2.
However, an obvious weakness of the bilinear embedding in problem (3) is that it assumes
the given side information to be perfect. Unfortunately, in real applications, most given
features X and Y will not be perfect, and could be in fact noisy or only weakly correlated
to the latent space of L0 . In such cases, L0 can no longer be expressed as XM Y T and
thus the translated objective (3) becomes questionable to use. This weakness will also be
empirically shown in Section 4 in which we observe that the recovered matrix XM ∗ Y T of
problem (3) will diverge from L0 given noisy side information in experiments. Nevertheless,
it is arguable that certain noisy features should still be helpful for learning L0 . For example,
given the SVD of L0 = U ΣV T , a small perturbation of a single entry of U (or V ) makes the
perturbed U , V to be imperfect features, yet such U and V should still be very informative.
This observation thus motivates us to design a more general model to exploit noisy side
information.

the goal is to accurately estimate the underlying matrix L0 given R. Without loss of
generality, we assume that S0 is supported on Ωobs , i.e. Ω ⊆ Ωobs and S00 = S0 . Note that
this problem can be viewed as an extension of the matrix completion problem, which only
assumes the given observations to be undersampled yet noiseless (Ω is the empty set).
An intuitive way to approach this problem is to estimate the low-rank matrix based on
the given structural information of the problem. Specifically, Candès et al. (2011) proposed
to solve this problem via the following convex program:

R = PΩobs (L0 + S0 ) = PΩobs (L0 ) + S00 ,

Then, given the observed data matrix R which is in the form of:

The problem of learning a low-rank matrix from missing and corrupted observations can
be formally stated as follows. Let L0 ∈ Rn1 ×n2 be the underlying rank-r matrix where
r  min(n1 , n2 ) so that L0 is low-rank, and S0 be a noise matrix whose support (denoted
as Ω) and magnitude is unknown but the structure is known to be sparse. Furthermore, let
Ωobs be a set of observed entries with cardinality m, and PΩobs be the orthogonal projection
operator defined by:
(
Xij ,
if (i, j) ∈ Ωobs ,
PΩobs (X)ij =
0,
otherwise.

2.1. Learning from Missing and Corrupted Observations

In this section, we discuss how to incorporate side information for learning low-rank matrices from missing and corrupted observations. We first introduce the problem formulation in
Section 2.1. We then start with exploiting perfect, noiseless side information in Section 2.2
and introduce the proposed model which can further exploit noisy side information in Section 2.3. We finally describe the optimization for solving the proposed model in Section 2.4.

2. Exploiting Side Information for Learning Low-Rank Matrices

Low-Rank Matrix Learning with Side Information

Low-Rank Matrix Learning with Side Information

2.3. The Proposed Model: Exploiting Noisy Side Information

(i,j)∈Ωobs

We now introduce an improved model to further exploit imperfect, noisy side information.
The key idea of our model is to balance both feature information and observations when
learning the low-rank matrix. Specifically, we propose to learn L0 jointly in two parts, one
part captures information from the feature space as XM Y T , and the other part N captures
the information outside the feature space. Thus, even if the given features are noisy and
fail to cover the full latent space of L0 , we can still capture missing information using N
learned from pure observations.
However, there is an identifiability issue if we simply learn L0 with the expression
XM Y T + N , since there are infinitely many solutions of (M, N ) that satisfy XM Y T + N =
L0 . Although in theory they all perfectly recover the underlying matrix, some of the solutions shall be more preferred than others if we further consider the efficiency of learning.
Intuitively, since the underlying L0 is low-rank, a natural thought is to prefer both XM Y T
and N to be low-rank so that the L0 can be recovered with fewer parameters. This preference leads us to pursue a low-rank M as well, which conceptually means that only a small
subspace of X and a subspace of Y are expected to be effective in jointly forming a lowrank estimate XM Y T . Pursuing low-rank solutions of M and N enables us to accurately
estimate L0 with fewer samples because fewer parameters need to be learned compared to
other solutions. This advantage will be formally justified later in Section 3.
Therefore, putting this all together, to incorporate noisy side information and learn
the low-rank matrix L0 from missing and corrupted observations, we propose to solve the
following problem:
X
`((XM Y T + N + S)ij , Rij ) + λM kM k∗ + λN kN k∗ + λS kSk1
(4)
min

M,N,S

√

√
rkRkF ≤ CL rn1 n2 ,

with some convex surrogate loss `, and the underlying matrix L0 can be estimated by
XM ∗ Y T + N ∗ , where (M ∗ , N ∗ , S ∗ ) is the optimal solution of problem (4). Note that to
force M and N to be low-rank, in the proposed objective we add nuclear norm regularization
on both variables M and N . It is known that nuclear norm regularization is one of the most
popular heuristic to pursue low-rank structure as it is the tightest convex relaxation of the
rank function (Fazel et al., 2001). In particular, given a low-rank matrix rank(R) ≤ r and
maxij |Rij | ≤ CL , we always have:
kRk∗ ≤

s.t. (XM Y T + N + S)ij = Rij , ∀(i, j) ∈ Ωobs .

(5)

and thus, a nuclear norm regularized constraint kRk∗ ≤ t can be thought of as a relaxed
√
condition of rank(R) ≤ r and maxij |Rij | ≤ t/ rn1 n2 .
The proposed problem (4) is also a general formulation to better exploit side information
for learning low-rank matrices from missing and corrupted observations. This fact can be
seen by considering the following equivalent form of problem (4) which converts the loss
term to hard constraints:
min αkM k∗ + βkN k∗ + λkSk1
M,N,S
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Then, it is easy to see that by setting α = ∞ or β = ∞, problem (5) will become problem (1)
or problem (3), which learns the low-rank matrix from missing and corrupted observations
7
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either without any side information or using perfect side information, respectively. This
suggests that our model (4) is more general as it can exploit both perfect and noisy side
information in learning.
The parameters λM , λN and λS of the model are crucial for controlling the contributions
from features, observations and corruption. Intuitively, λS controls the ratio of corrupted
observations. The relative weight between λM and λN further controls the contributions
from XM Y T and N in forming the low-rank estimate. Therefore, with an appropriate
ratio between λM , λN , the proposed model can leverage a (informative) part of the features
XM Y T , yet also be robust to feature noise by learning the remaining part N from pure
observations. Below, we further discuss the connections between our model (4) and other
well-known models for solving various low-rank matrix learning problems.

2.3.1. Connections to models for matrix completion

(i,j)∈Ωobs

First, consider the matrix completion case where the partially observed entries are not corrupted. Then, λS can be set to ∞ to force S ∗ = 0, and therefore, our proposed problem (4)
reduces to the following objective:
X
`((XM Y T + N )ij , Rij ) + λM kM k∗ + λN kN k∗ ,
(6)
min

M,N

which is a general model for solving matrix completion problem. For example, when λM =
∞, M ∗ will be forced to 0 so features are disregarded, and problem (6) becomes a standard
matrix completion objective. On the other hand, when λN = ∞, N ∗ will be forced to 0
and problem (6) becomes the IMC model (Jain and Dhillon, 2013; Xu et al., 2013) where
the estimation of the low-rank matrix is completely from XM ∗ Y T . However, problem (6)
is more general than both problems, since by appropriately setting the weights of λM and
λN , it can better estimate the low-rank matrix jointly from (noisy) features XM ∗ Y T and
pure observations N ∗ . Therefore, problem (6) can be thought of as an improved model
which exploits noisy side information in matrix completion problem. We thus refer to
problem (6) as “IMC with Noisy Features” (IMCNF) and will justify its effectiveness for
matrix completion in Section 4.

2.3.2. Connections to models for robust PCA

s.t. XM Y T + N + S = R.

(7)

Another special case is to consider the well-known “robust PCA” setting, in which Ωobs is
assumed to be the set of all n1 × n2 entries, i.e. observations are full without any missing
entries but few of them are corrupted. In this scenario, our proposed problem (4) can be
used for solving robust PCA problem with side information by again converting the loss
term to hard constraints:

min αkM k∗ + βkN k∗ + λkSk1
M,N,S
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Problem (7) can be further reduced to several robust PCA models. For example, if α = ∞,
problem (7) will be equivalent to the well-known PCP method (Candès et al., 2011) which
solves robust PCA problem purely using a structural prior. On the other hand, suppose
side information is perfect, then one can set β = ∞ in (7) to derive the following “PCP

8

Corresponding setting in our proposed model (4)
λM = ∞
λN = ∞
λS = ∞, λM = ∞
λS = ∞, λN = ∞
λS = ∞
Ωobs = all entries, λN = ∞, Y = I
Ωobs = all entries, λM = ∞
Ωobs = all entries, λN = ∞
Ωobs = all entries

s.t. XM Y T + S = R,
(8)

9
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2. Some models are originally proposed in hard-constrained forms, yet their equivalent forms in soft constraints become instances of our proposed problem (4).
3. For simplicity, we choose `(t, y) = (t − y)2 to be the squared loss.

We propose an alternative minimization scheme to solve the proposed problem (4). The
algorithm is shown in Algorithm 1 in which we alternatively update one of the variables (M ,
N or S) by fixing the others in each iteration, 3 and update of each variable can thus be done
via solving a single variable minimization (sub)problem. This algorithm can be viewed as
applying a block coordinate descent algorithm on a convex and continuous function, and in

2.4. Optimization

in which L0 can be directly estimated by the bilinear embedding XM ∗ Y T as discussed
in Section 2.2. However, problem (7) is more general than both PCP and PCPF as it
can exploit noisy side information for recovery. We thus refer to (7) as “PCP with Noisy
Features” (PCPNF) and will examine its effectiveness to leverage noisy side information in
robust PCA in Section 4.
Table 1 summarizes several well-known low-rank matrix learning models in terms of the
proposed model (4). 2 From the above discussion, it shall be convincing that problem (4)
is a general treatment for solving various matrix learning problems with side information.
In particular, we have provided sufficient intuitions on how parameters λM , λN and λS
play important roles in learning under various circumstances. In Section 3, we will further
analytically show that by properly setting these parameters based on the quality of features
and noise level of corruption, the proposed model is able to achieve more efficient learning.
As a remark, in practical applications, feature quality and noise level may not be known a
priori. Therefore, in this case, we recommend to set these parameters via validation, i.e.
choosing parameters such that the learned low-rank model best estimates the entries in the
validation set.

M,S

min αkM k∗ + λkSk1

with (perfect) Features” (PCPF) objective:

Table 1: Settings of several low-rank matrix learning models in the form of our proposed
problem (4).

Model
problem (1) (Candès et al., 2011)
problem (3)
MC
IMC (Jain et al., 2013)
IMCNF
LRR (Liu et al., 2013)
PCP (Candès et al., 2011)
PCPF
PCPNF

Low-Rank Matrix Learning with Side Information
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In this section, we provide a theoretical analysis to justify the usefulness of side information
in our model (4). We will focus on the sample complexity analysis of the model, in which
we aim to show that by exploiting side information, learning can be accomplished with
fewer number of (possibly corrupted) observations. The high-level idea of the analysis is
to consider the generalization error of the estimated entries, which is associated to both

3. Theoretical Analysis on the Effect of Side Information

such case the cyclic block coordinate descent algorithm is guaranteed to converge to global
minimums (see Tseng, 2001). The condition required in Tseng (2001) is that the level set
has to be compact, which is satisfied when λM , λN , λS > 0.
We now briefly discuss the optimization for solving three subproblems in Algorithm 1.
Let Sx (A) := sign(A) ◦ max(|A| − x, 0) be the soft thresholding operator on elements of
A, where ◦ denotes the element-wise product. Similarly, let Dx (A) be the thresholding
operator on singular values of A, i.e. Dx (A) := UA Sx (ΣA )VAT where UA ΣA VAT is the SVD
of A. Then, when fixing N and S, the minimization problem over M becomes a standard
IMC objective with observed matrix to be R0 := R − N − S. We then solve for M using
typical proximal gradient descent update M ← DλM (M − ηX T (R0 − XM Y T )Y ), where η is
the learning rate. Notice that in our setting, feature dimensions (d1 , d2 ) are much smaller
than number of entities (n1 , n2 ). Therefore, it is relatively inexpensive to compute a full
SVD for a d1 × d2 matrix in each proximal step.
On the other hand, when fixing M and S, the subproblem of solving over N becomes
standard matrix completion problem where the observed matrix is R − XM Y T − S. In
principle, any algorithm for matrix completion with nuclear norm regularization can be
used to solve this subproblem (e.g. the singular value thresholding algorithm (Cai et al.,
2010) using proximal gradient descent). In our experiment, we apply the active subspace
selection algorithm (Hsieh and Olsan, 2014) to solve the matrix completion problem more
efficiently.
Finally, the solution of minimizing over S given fixed M, N can be written in a simple
closed form, SλS (PΩobs (R − XM Y T − N )). The resulting S ∗ , therefore, will be always
supported on Ωobs .

Algorithm 1: Alternative Minimization for Problem (4) with Squared Loss
Input: R: observed matrix, X, Y : feature matrices, tmax : max iteration
Output: L∗ : estimated low-rank matrix
M ← 0, N ← 0, S ← 0, t ← 0
do
P
M ← arg minM (i,j)∈Ωobs ((XM Y T )ij − (R − N − S)ij )2 + λM kM k∗ .
P
N ← arg minN (i,j)∈Ωobs (Nij − (R − XM Y T − S)ij )2 + λN kN k∗ .
P
S ← arg minS (i,j)∈Ωobs (Sij − (R − XM Y T − N )ij )2 + λS kSk1 .
t ← t + 1.
while not converged and t < tmax
L∗ ← XM Y T + N

Chiang, Hsieh and Dhillon
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(9)

number of samples and a model complexity term. We further show that model complexity
can be related to the quality of features and the noise level of sparse error, and as a result,
better feature quality will lead to a smaller generalization error and also a better sample
complexity guarantee, provided a small enough noise level. To concentrate on the whole
picture of the analysis, we leave detailed proofs of theorems, corollaries and lemmas in
Appendix A.
3.1. Generalization Bound of the Proposed Model
To begin with, we consider the equivalent hard-constrained form of problem (4):
X
`((XM Y T + N + S)ij , Rij ), s.t. kM k∗ ≤ M, kN k∗ ≤ N , kSk1 ≤ S.
min

(i,j)∈Ωobs

1
m

(i,j)∈Ωobs

N = kL0 − Xµ M̂ YνT k∗

mini kxi k mini kyi k
,
X
Y

CL d 2
,
µ2 ν 2 γ 2 X Y

12

S = kS0 k1 ,

(10)
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where CL ≥ maxi,j |eiT L0 ej | is the constant upper bounding the entries of L0 .

kM̂ k∗ ≤

where X , Y are constants defined in Lemma 3. Then the trace norm of M̂ is upper bounded
by:

γ := min

Lemma 4 Fix µ, ν ∈ (0, 1], and let γ be a constant defined by



where M̂ := arg minM kXµ M YνT −L0 kF2 = (XµT Xµ )† XµT L0 Yν (YνT Yν )† is the optimal solution
for approximating L0 under the informative feature spaces Xµ and Yν . The following lemma
further shows that the trace norm of M̂ will not grow as a function of n.

M = kM̂ k∗

Thus, from Lemma 2 and 3, one should carefully construct

 a feasible solution set (by setting
M, N and S) such that both R̂` (f ∗ ) and EΩobs R(FΘ ) are controlled to be reasonably
small. We now suggest a witness setting of (M, N , S) as follows. Let Tµ (·) : R+ → R+ be
the thresholding operator where Tµ (x) = x if x ≥ µ and Tµ (x) = 0 otherwise. In addition,
Pd1
Pd1
let X = i=1
σi ui viT be the reduced SVD of X, and Xµ = i=1
σ1 Tµ (σi /σ1 )ui viT be the
“µ-informative” part of X. The ν-informative part of Y , denoted as Yν , can also be defined
similarly. We then propose to set:

where L` and B are constants appearing in Lemma 2.

2L` MX Y

Lemma 3 Let X = max kx k , Y = max ky k , n = max(n , n ) and d = max(d1 , d2 ).
i
i
2
i
i
2
1
2
Suppose ` is a convex surrogate loss satisfying conditions in Lemma 2 with
the Lipschitz

constant L` . Then for FΘ in problem (9), its model complexity EΩobs R(FΘ ) is upper
bounded by:
r
r
r
r


√
√
N ( n1 + n2 )
log 2d
log 2n
2 log(2n1 n2 )
+ min 2L` N
, 9CL` B
+ L` S
,
m
m
m
m

Therefore, to guarantee

a small enough R` , not only R̂` , but also the Rademacher model
complexity EΩobs R(FΘ ) has to be carefully controlled. We further introduce a key lemma
to show that the model complexity is related to both the feature quality and the sparse
noise level, where better quality of features and lower noise level will lead to a smaller model
complexity. The intuition of the goodness of feature quality can be motivated as follows.
Consider any imperfect side information which violates (2). One can imagine such a feature
set is perturbed by some misleading noise which is not correlated to the true latent space.
However, features should still be effective if noise does not weaken the true latent space
information too much. Thus, if a large portion of true latent space lies on the informative
part of the feature spaces X and Y , they should still be somewhat informative and helpful
for recovering the matrix L0 .


More formally, for FΘ in problem (9), its model complexity EΩobs R(FΘ ) can be
bounded in terms of M, N and S by the following lemma:

M,N,S

R̂` (f ) :=

In the analysis, we assume that each entry (i, j) ∈ Ωobs is sampled i.i.d. from an unknown
m , 4 and each entry of L is upper bounded by a
distribution D with index set {(iα , jα )}α=1
0
√
constant CL (so kL0 k∗ = O( n1 n2 )). Such a circumstance is consistent with real scenarios
such as Netflix problem where users can rate movies with scale up to 5. Let θ := (M, N, S)
be any feasible solution and Θ := {(M, N, S) | kM k∗ ≤ M, kN k∗ ≤ N , kSk1 ≤ S} be the
set of feasible solutions. Also, let fθ ∈ [n1 ] × [n2 ] → R, fθ (i, j) := xiT M yj + eiT N ej + eiT Sej
be the estimation function (parameterized by θ) where et is the unit vector on the t-th
axis, and let FΘ := {fθ | θ ∈ Θ} be the set of feasible functions. We are interested in both
expected and empirical “`-risk” quantities, R` (f ) and R̂` (f ), defined by:
X
`(f (i, j), Rij ).


R` (f ) := E(i,j)∼D `(f (i, j), eiT (L0 + S0 )ej ) ,

Under this context, our model (problem 9) is to solve for θ∗ that parameterizes f ∗ =
arg minf ∈FΘ R̂` (f ). Classic generalization error bounds have shown that the expected risk
R` (f ) can be controlled by R̂` (f ) along with a measurement on the complexity of the model.
The following lemma is a typical result to bound R` (f ):
Lemma 2 (Bound on Expected `-risk, Bartlett and Mendelson, 2003) Let ` be a
Lipschitz loss function and is bounded by B with respect to its first argument, and δ be a
constant where 0 < δ < 1. Let R(FΘ ) be the Rademacher model complexity of the function
class FΘ (w.r.t. Ωobs ) defined by:

α=1

m


1 X
R(FΘ ) := Eσ sup
σα `(f (iα , jα ), Riα jα ) ,
f ∈FΘ m

where each σα takes values {±1} with equal probability. Then with probability at least 1 − δ,
for all f ∈ FΘ we have:
s


R` (f ) ≤ R̂` (f ) + 2EΩobs R(FΘ ) + B

log 1δ
.
2m
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4. In other words, we consider the observations to be sampled under a sampling with replacement model
which is similar to Recht (2011); Shamir and Shalev-Shwartz (2014). There are also studies that consider
other sampling procedures such as Bernoulli model (Candès and Tao, 2009; Candès and Recht, 2012).

11
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Corollary 7 suggests that, under random orthogonal model, if features are not too noisy
in the sense that noise only perturbs the true subspace associated with smaller singular
values, the sample complexity of IMCNF can be asymptotically lower than the lower bound
of standard matrix completion (which is Ω(n3/2 )).
All in all, for the matrix completion case where observations are partial yet uncorrupted,
our proposed problem (4) reduces to the IMCNF model (6) and moreover, Corollary 6

Corollary 7 Let L0 ∈ Rn×n be generated from random orthogonal model, where U =
{ui }ri=1 , V = {vi }ri=1 are random orthogonal bases, and σ1 . . . σr are singular values with
√
arbitrary magnitude. Let σt be the largest singular value such that limn→∞ σt / n = 0.
Then, given the noisy features X, Y where X:i = ui (and Y:i = vi ) if i < t and X:i (and
V:i ) be any basis orthogonal to U (and V ) if i ≥ t, o(n) samples are sufficient for IMCNF
to achieve recovery of L0 .

Corollary 6 suggests that the sample complexity of IMCNF can be lowered with the
aid of (sufficiently informative) noisy side information. The significance of this result can
be further explained by comparing with the sample complexity of other models. First, if
features are perfect (N = O(1)), Corollary 6 suggests that our IMCNF model only requires
O(log n) samples for recovery. This result coincides with the sample complexity of IMC, in
which researchers have shown that given perfect features, O(log n) observations are enough

Corollary 6 Suppose we aim to (approximately)
recover L0 from

 partial observations R =
PΩobs (L0 ) in the sense that E(i,j)∼D `((XM ∗ Y T +N ∗ )ij , eTi L0 ej ) <  given an arbitrary  >
√
0. Then by solving problem (9) with constraints to be set as (10), O(min(N n, N 2 log n)/2 )
∗
samples are sufficient to guarantee that the estimated low-rank matrix XM Y T +N ∗ recovers
L0 with high probability, provided a sufficiently large n.

First, consider the matrix completion case where the observations are partial yet not corrupted, i.e. S0 = 0. Then, as mentioned, our model can be further reduced to IMCNF
(problem (6), or equivalently problem (9) with S = 0) which exploits noisy side information
to solve the matrix completion problem. In addition, from Theorem 5, we can derive the
sample complexity of IMCNF as follows.

3.2. Sample Complexity for Matrix Completion

As a result, Theorem 5 leads us to deem N and S in (10) to be the measurement of feature quality and noise level respectively, where features with better quality (or observations
with less corruption) lead to a smaller N (or S) and thus a smaller risk quantity. Note that
the measurement N is consistent with the stated intuition of feature quality, since given
a good feature set such that most true latent space of L0 lies on the informative part of
the feature spaces, Xµ M̂ YνT will absorb most of L0 , resulting in a small N . Given Theorem 5, we can further discuss the effect of side information in the proposed model (9) on
the sample complexity in several important scenarios. To make the comparison more clear,
we fix d = O(1) so the feature dimensions do not grow as a function of n in the following
discussion.

where C, CL and γ are constants appearing in Lemma 3 and 4.

where E ∈ Rn1 ×n2 is the matrix with all entries to be one. To explain the result, we
compare this result to the sample complexity of standard matrix completion where no side
information is considered. At the first glance, it may appear that the result is worse than
pure matrix completion in the worst case, since many well-known matrix completion guarantees showed that under certain spikiness and distributional conditions, one can achieve
O(n polylog n) sample complexity for both approximate recovery (Srebro and Shraibman,
2005; Negahban and Wainwright, 2012) and exact recovery (Candès and Recht, 2012). However, all of the above O(n polylog n) results require additional distributional assumptions on
observed entries, while our analysis does not make distributional assumptions. To make a
fairer comparison, Shamir and Shalev-Shwartz (2014) have shown that for pure matrix completion, O(n3/2 ) entries are sufficient for approximate recovery without any distributional
assumptions, and furthermore, the bound is tight if no further distributional assumptions
on observed entries is allowed. Therefore, Corollary 6 indicates that IMCNF is at least
as good as pure matrix completion even in the worst case under the distribution-free setting. Notice that it is reasonable to meet the matrix completion lower bound Ω(n3/2 ) even
given features, since for completely useless feature case (e.g. X, Y are random matrices), the
given information is exactly the same as that in standard matrix completion, so any method
cannot beat the matrix completion lower bound even by taking features into account.
However, in most applications, the given features are expected to be far from random,
and Corollary 6 provides a theoretical insight to show that even noisy features can be
useful in matrix completion. Indeed, as long as features are informative enough such that
N = o(n), sample complexity of the IMCNF model will be asymptotically lower than
standard matrix completion. Here we provide a concrete example for such a scenario. We
consider the rank-r matrix L0 to be generated from random orthogonal model (Candès and
Recht, 2012) as follows:

for exact recovery (Xu et al., 2013; Zhong et al., 2015). However, IMC does not guarantee
recovery when features are not perfect, while Corollary 6 suggests that recovery is still
√
attainable by IMCNF with O(min(N n, N 2 log n)/2 ) samples.
On the other hand, our analysis suggests that sample complexity of IMCNF is at most
O(n3/2 ) given any features by applying the following inequality to Corollary 6:
p
√
N ≤ kL0 k∗ ≤ CL kEk∗ ≤ CL rank(E)kEkF = CL n1 n2 = O(n),

Therefore, by combining Lemma 2-4, we derive a generalization error bound on R` (f ∗ ) of
problem (9) as follows.

Theorem 5 Suppose ` is a convex surrogate loss function with Lipschitz constant L`
bounded by B with respect to its first argument and assume that `(t, t) = 0. Consider
problem (9) where the constraints (M, N , S) are set as (10) with some fixed µ, ν ∈ (0, 1].
Then with probability at least 1 − δ, the expected `-risk of the optimal solution R` (f ∗ ) is
bounded by:
r
r
r


√
√
N ( n1 + n2 )
log 2n
2 log (2n1 n2 )
+ 2L` S
R` (f ∗ ) ≤ min 4L` N
, 36CL` B
m
m
m
s
r
1
2
log δ
4L` CL d
log 2d
+ 2 2 2
+B
,
µ ν γ
m
2m
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suggests that it can attain recovery more efficiently than other existing models by exploiting
noisy yet informative side information.
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16

JMLR 19(76):1-35, 2018

We first examine the effect of side information in our model in the case of matrix completion.
We create a low rank matrix L0 = U V T where the true latent row/column space U, V ∈
R200×20 , Uij , Vij ∼ N (0, 1). We then randomly sample ρobs of entries Ωobs from L0 to form
the observed matrix R = PΩobs (L0 ). In addition, we construct perfect side information
X ∗ , Y ∗ ∈ R200×40 satisfying (2), from which we generate different quality of features X, Y
with a noise parameter ρf ∈ [0, 1], where X and Y are derived by replacing ρf of bases

4.1.1. Experiments on Matrix Completion Setting

To begin with, we show the usefulness of (both perfect and noisy) side information in our
model under different synthetic settings.

4.1. Synthetic Experiments

We now present experimental results on exploiting side information using the proposed
model (4) for various low-rank matrix learning problems. For synthetic experiments, we
show that our model performs better with the aid of side information given observations are
either only missing (i.e. matrix completion setting), only corrupted (i.e. robust PCA setting) or both missing and corrupted. For real-world applications, we consider three machine
learning applications—relationship prediction, semi-supervised clustering and noisy image
classification—and show that each of them can be viewed as a problem of learning a lowrank modeling matrix from missing/corrupted entries with side information. As a result, by
applying our model, we can achieve better performance compared to other state-of-the-art
methods in these applications.

4. Experimental Results

However, in some circumstances, it is in fact possible to provide a stronger argument to
justify the usefulness of side information in the exact recovery context. For example, in the
robust PCA setting where observations are grossly corrupted yet full, one can further show
that by exploiting perfect side information, a large amount of low-rank matrices L0 , which
cannot be recovered by standard robust PCA without features, can be exactly recovered
using our proposed model. Interested readers can consult Chiang et al. (2016) for such
a result in detail. A theoretical analysis on how much the side information can improve
the exact recovery guarantees in general low-rank matrix learning would be an interesting
research direction to explore in the future.

2012) and robust PCA (Chandrasekaran et al., 2011; Candès et al., 2011) as we only consider an approximate recovery on missing entries. However, it is important to note that
those stronger recovery guarantees require additional assumptions, such as incoherence of
the underlying low-rank matrices and distributional assumptions, to ensure the sampled
observations are sufficiently representative. On the other hand, our analysis does not require distributional or incoherence assumptions, since in generalization analysis we only
need to ensure the average loss of the missing entries are sufficiently small, and therefore,
the average loss can still be controlled even if few spots are wrongly estimated in a high
incoherence L0 .

We now further consider the case where observations are both missing and corrupted. In
the presence of corruption, Theorem 5 results in the following Corollary 8 which shows that
the learned matrix XM ∗ Y T + N ∗ + S ∗ will be close to L0 + S0 with sufficient observations,
where the number of required samples depends on both the quality of features and the noise
level of sparse error. Since there always exists a solution of problem (9) with PΩ⊥ (S ∗ ) = 0
obs
and the generalization bound in Theorem 5 holds for any solution, the result in Corollary 8
implies that XM ∗ Y T +N ∗ is close to L0 on missing entries (i, j) ∈
/ Ωobs , which means we can
recover the missing entries of the underlying low-rank matrix with small error. Moreover, if
we apply the proposed Algorithm 1 to solve the soft-constrained form (4), the solution S ∗
will satisfy PΩ⊥ (S ∗ ) = 0 automatically. In the following, we formally state the recovery
obs
guarantee for partial and corrupted observations:

obs

Corollary 8 Suppose we are given a data matrix R = PΩobs (L0 + S0 ) containing both
missing and corrupted observations of L0 along with side information X, Y . Then for
problem (9) with constraints to be set as (10), if we apply Algorithm 1 to solve its equivalent
√
form in (4), O({min(N n, N 2 log n)+S 2 log n}/2 ) samplesare sufficient to guarantee that
with high probability, E(i,j)∼D `((XM ∗ Y T +N ∗ +S ∗ )ij , Rij ) <  for any  > 0 provided a
sufficiently large n, where S ∗ satisfies PΩ⊥ (S ∗ ) = 0.
Corollary 8 suggests that if observations are both missing and corrupted, then to guarantee the learned low-rank matrix XM ∗ Y T + N ∗ is accurate on missing entries, the number
of required samples depends not only on the quality of features N , but also on the noise level
of corruption S. In addition, larger S results in a higher complexity guarantee. The reasoning behind this result is intuitive: compared to the matrix completion setting in Section 3.2,
allowing observed samples to be corrupted makes the problem harder, and therefore may
increase sample complexity. However, suppose
√ the corruption is not too severe as the total
magnitude of error S is in the order of o(n/ log n), Corollary 8 still provides a non-trivial
bound on required samples for learning the missing entries accurately. Furthermore, better
quality of features becomes helpful for faster learning if corruption is small enough. For
example, suppose the allowed corruption budget is upper bounded as S = O(1), then the
√
sample complexity will again be O(min(N n, N 2 log n)/2 ). As discussed, it implies that
the number of samples can be o(n3/2 ) provided sufficiently good features, while the required
samples will be O(n3/2 ) if no features are given.

JMLR 19(76):1-35, 2018

Remark. Overall, we provide sample complexity analysis to justify that our model (4) is
able to learn the missing information of L0 more effectively by leveraging side information.
The analysis is based on the generalization bounds of the missing values, where more informative side information (and less corruption) results in fewer required samples for accurate
estimation, justifying the usefulness of side information.
Again, we emphasize that our results are relatively loose compared to those exact recovery guarantees in both matrix completion (Candès and Tao, 2009; Candès and Recht,
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Figure 1: Performance of various methods for matrix completion under certain fixed sparsity
of observations ρobs (upper figures) and fixed feature quality ρf (lower figures). We observe
that all feature-based methods perform better than standard matrix completion (MC) given
perfect features (ρf = 0). However, IMCNF is less sensitive to feature noise as ρf increases,
indicating that it better exploits information from noisy features.
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In this experiment, we examine the effect of both perfect and noisy side information in
the proposed model for robust PCA as follows. We create a low-rank matrix L0 = U V T ,
where U, V ∈ Rn×40 , Uij , Vij ∼ N (0, 1/n) with n = 200. We also form a sparse noise
matrix S0 where each entry will be a non-zero entry with probability ρs , and each non-zero
entry will take values from {±1} with equal probability. We then construct noisy features
X, Y ∈ Rn×50 with a noise parameter ρf using the same construction in the previous
experiment, i.e. features X/Y will only span 40 × (1 − ρf ) true bases of U /V . We then
consider to recover the low-rank matrix given the fully observed matrix R = L0 + S0 along
with noisy side information X and Y .
We consider the following three methods: PCP (Candès et al., 2011) which does not exploit features, PCPF (problem 8) which theoretically exploits perfect features using bilinear
embedding, and PCPNF (problem 7) for incorporating noisy side information. Note that
PCPF and PCPNF are instances of our proposed model (4) that exploits side information
for robust PCA problem as discussed in Section 2.3. The same relative error criterion (11)
is used for evaluation.

4.1.2. Experiments on Robust PCA Setting

For each method, we select parameters from the set {10α }2α=−3 and report the one with the
best recovery. All results are averaged over 5 random trials.
Figure 1 shows results of each method under different ρobs = 0.1, 0.25, 0.4 and ρf =
0.1, 0.5, 0.9. We can first observe in upper figures that IMC and SVDfeature perform similarly under each ρobs , and moreover, their performance mainly depends on feature quality
and will not be affected much by the number of observations. Although their performance
is comparable to IMCNF given perfect features (ρf = 0), their performance quickly drops
when features become noisy. This phenomenon is more clear in figure 1c and 1f where we
see that given noisy features, IMC and SVDfeature will be easily trapped by feature noise
and perform even worse than pure MC. Another interesting finding is that even if feature
quality is as good as ρf = 0.1 (Figure 1d), IMC (and SVDfeature) still fails to achieve 0
relative error as the number of observations increases, suggesting that IMC is sensitive to
feature noise and cannot guarantee recoverability when features are not perfect. On the
other hand, we see that performance of IMCNF can be improved by both better features
and more observations. In particular, it makes use of informative features to achieve lower
error compared to MC and is also less sensitive to feature noise compared to IMC and
SVDfeature. These results empirically support the analysis presented in Section 3.

kL∗ − L0 kF
.
kL0 kF

in X ∗ (and Y ∗ ) with bases orthogonal to X ∗ (and Y ∗ ). We then consider recovering the
underlying matrix L0 given R, X and Y .
In this experiment, we consider the proposed IMCNF model (problem 6) which is an
instance of the general problem (4) for exploiting noisy side information in matrix completion case. We compare IMCNF with standard trace-norm regularized matrix completion
(MC), IMC (Jain and Dhillon, 2013) and SVDfeature (Chen et al., 2012). The recovered
matrix L∗ from each algorithm is evaluated by the standard relative error:
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We now consider three applications—relationship prediction in signed networks, semisupervised clustering and noisy image classification—which can be cast to problems of
low-rank matrix learning from missing/corrupted entries with additional side information.
As a consequence, we show that by learning the low-rank modeling matrix using our proposed model, we can achieve better performance compared to other methods for these
applications as our model can better exploit side information in learning.

4.2. Real-world Applications

we apply both methods to obtain the estimated low-rank matrix L∗ . We then mark the
grid point (r, ρs ) to be white if recovery is attained by both methods and black if both
fail. We also observe that in several cases recovery cannot be attained by PCP-part but
can be attained by PCPF-part, and these grid points are marked as gray. The results are
shown in Figure 3. We observe that for each ρobs , there exists a substantial gray region
where matrices in such a region can be recovered only by PCPF-part. This result shows
that in the case where both missing and corrupted entries are present, by exploiting side
information, the proposed model is able to further recover a large amount of matrices which
cannot be recovered if no side information is provided.

JMLR 19(76):1-35, 2018

4.1.3. Experiments on Learning with Missing and Corrupted Observations
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We first consider relationship prediction problem in an online review website Epinions (Massa and Avesani, 2006), where people can write product reviews and choose to
trust or distrust others based on their reviews. Such a social network can be modeled as
a signed network where each person is treated as an entity and trust/distrust relationships
between people are modeled as positive/negative edges between entities (Leskovec et al.,
2010). The relationship prediction problem in signed network is to predict unknown relationship between any two users given the current network snapshot. While several methods

Figure 3: Performance of PCP-part and PCPF-part with perfect features for recovering
L0 from missing and corrupted observations (controlled by ρobs and ρs respectively). Both
methods achieve recovery in white region and fail in black region, yet there is a gray region
where only PCPF-part achieves recovery. This shows that by leveraging perfect features,
PCPF-part can recover a much larger class of L0 given both missing and corrupted observations are present.

ρs

We now further examine to what extent can side information help the learning using our
model when observations are both missing and corrupted. We consider the same construction of L0 and S0 as in the previous experiment, and generate perfect feature matrices
X, Y ∈ Rn×d with d = r + 10. We then form the observation set Ωobs by randomly sampling
ρobs of entries from all n2 indexes, and take R = PΩobs (L0 + S0 ) as the observed matrix.
The goal is therefore to recover L0 given R along with side information X and Y .
To exploit the advantage of side information, we consider the proposed model in form (5)
where we further set α = 1 and β = ∞ to force N ∗ to be zero for better exploiting perfect
features, and compare it with the problem (1) which tries to recover L0 only using structural
information. Notice that when ρobs = 1.0, the given problem becomes a robust PCA problem
where R is a fully observed matrix, in which case problem (1) reduces to PCP method and
our model reduces to PCPF objective (problem 8), respectively. From this aspect, we refer
to problem (1) as “PCP with partial observations” (PCP-part) and our model as “PCPF
with partial observations” (PCPF-part). The relative error criterion (11) is again used to
evaluate the recovered matrix. Here, we regard the recovery to be successful if the error is
√
less than 10−4 . The parameter λ in both methods are set to be 1/ ρobs n.
We compare the recoverability of PCP-part and PCPF-part by varying rank of L0 (r)
and sparsity of S0 (ρs ) under different ρobs = 1.0, 0.7 and 0.5. For each pair of (r, ρs ),

Figure 2 shows the performance of each method given different feature quality under
ρs = 0.1, 0.2, 0.3. We first see that when features are perfect (ρf = 0), both PCPF and
PCPNF can exactly recover the underlying matrix, while pure PCP fails to recover L0 if
ρs ≥ 0.2. This result confirms that both PCPNF and PCPF can leverage perfect features for
better recovery. However, as features become noisy (larger ρf ), we see that PCPF quickly
performs worse as it is misled by noise in features, while PCPNF can better exploit noisy
features for recovery. In particular, in Figure 2b, we observe that PCPNF still recovers L0
given noisy yet reasonably good features (0 < ρf < 0.4), whereas PCP and PCPF fail to
recover L0 . These results show that PCPNF can take advantage of noisy side information
for learning L0 given corrupted observations.

ρs
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Figure 2: Performance of various methods for robust PCA given different feature noise level
ρf and sparsity of corruption ρs . These results show that PCPNF can make use of noisy
yet informative features for better recovery.
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where πi∗ is the ground-truth cluster of item i.
Figure 4 shows the clustering result of each method given various numbers of constraints
on each data set. We first see that for the Mushrooms data set where features are perfect
(100% training accuracy can be attained by a linear-SVM for classification), both MCCC

JMLR 19(76):1-35, 2018

(i,j):πi 6=πj

5. All data sets are available at http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/. For Covtype, we subsample from the entire data set to make each cluster has balanced size.

(i,j):πi =πj

obtain a clustering purely from the pairwise constraints using matrix completion as follows.
Let S ∈ Rn×n be the (signed) similarity matrix constructed from the constraint set where
Sij = 1 if item i and j are similar, −1 if dissimilar and 0 if similarity is unknown. Then
finding a clustering of n items becomes equivalent to finding a clustering on the signed graph
S, where the goal is to put items (denoted as nodes) into k groups so that most edges within
the same group are positive and most edges between groups are negative (Chiang et al.,
2014). As a result, one can apply a matrix completion approach proposed in Chiang et al.
(2014) to solve the signed graph clustering problem, which first conducts matrix completion
on S and runs k-means on the top-k eigenvectors of completed S to obtain a clustering of
nodes.
Apparently, either dropping features or constraint set is not optimal for semi-supervised
clustering problem. Thus, many algorithms are proposed to take both item features and
constraints into account, such as metric-learning-based approaches (Davis et al., 2007),
spectral kernel learning (Li and Liu, 2009) and MCCC algorithm (Yi et al., 2013). Among
many of them, MCCC algorithm is a cutting edge approach which essentially solves semisupervised clustering using IMC objective. Observing that each pairwise constraint can be
viewed as a sampled entry from the matrix L0 = U U T where U ∈ Rn×k is the clustering
membership matrix, MCCC tries to complete L0 back as ZM Z T using IMC objective.
Furthermore, since the completed matrix is ideally L0 whose subspace spans U , it thus
conducts k-means on the top-k eigenvectors of the completed matrix to obtain a clustering.
However, since MCCC is based on IMC, its performance thus heavily depends on the
quality of features. Therefore, we propose to replace IMC with IMCNF in the matrix
completion step of MCCC, and then run k-means on the top-k eigenvectors of the completed
matrix to obtain a clustering. Both X and Y are again set to be Z as the target low-rank
matrix describes the similarity between items. This algorithm can be viewed as an improved
version of MCCC to handle noisy features Z.
We now compare our algorithm with k-means, signed graph clustering with matrix
completion (Chiang et al., 2014) (SignMC) and MCCC (Yi et al., 2013) on three real-world
data sets: Mushrooms, Segment and Covtype. 5 All of them are classification benchmarks
where features and ground-truth labels of items are both available, and the ground-truth
cluster of each item is defined by its ground-truth label. The statistics of data sets are
summarized in Table 3. For each data set, we randomly sample m = [1, 5, 10, 15, 20, 25, 30]×
n clean pairwise constraints and input both constraints and features to each algorithm to
obtain a clustering π, where πi is the cluster index of item i. We then evaluate π using the
following pairwise error:
 X

X
n(n − 1)
1 [πi 6= πj ] +
1 [πi = πj ]
2
∗
∗
∗
∗
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Semi-supervised clustering is another application which can be translated to learning a lowrank matrix with partial observations. Given a feature matrix Z ∈ Rn×d of n items and m
pairwise constraints specifying whether item i and j are similar or dissimilar, the goal is to
find a clustering of items such that most similar items are within the same cluster.
First, note that the problem can be sub-optimally solved by dropping either constraint
or feature information. For example, traditional clustering algorithms (such as k-means)
can solve the problem based purely on features of items. On the other hand, one can also

4.2.2. Semi-supervised Clustering

are proposed, a state-of-the-art approach is the low-rank model (Hsieh et al., 2012; Chiang
et al., 2014) which first conducts matrix completion on the adjacency matrix and then uses
the sign of the completed matrix for prediction. However, these methods are developed
based only on network structure. Therefore, if features of users are available, we can also
extend the low-rank model by incorporating user features in the completion step.
The experiment setup is described as follows. In this data set, there are about n = 105K
users and m = 807K observed relationship pairs where 15% relationships are distrust. In
addition to the who-trust-to-whom information, we are also given a user feature matrix
Z ∈ Rn×41 where for each user a 41-dimensional feature is collected based on the user’s
review history, such as number of positive/negative reviews the user gave or received. We
consider the following prediction methods: walk and cycle-based methods including HOC-3
and HOC-5 (Chiang et al., 2014), and the original low-rank model with matrix factorization
for the completion step (LR-ALS) (Hsieh et al., 2012). These methods make the prediction
based on network structure without considering user features. We further consider the
extended low-rank model where the completion step is replaced by IMCNF and IMC (Jain
et al., 2013), both of which thus incorporate user features implicitly for prediction. Since
row and column entities are both users, X = Y = Z is set for both IMCNF and IMC
methods. We randomly divide the edges of the network into 10 folds and conduct the
experiment using 10-fold cross validation, in which 8 folds are used for training, one fold for
validation and the other for testing. Parameters for validation in each method are chosen
from the set t2α=−3 {10α , 5 × 10α }.
The averaged accuracy and AUC of each method are reported in Table 2. We first observe that IMC performs worse than LR-ALS even though IMC takes features into account.
It is because these user features are only partially related to the relationship matrix, and
IMC is misled by such noisy features. On the other hand, IMCNF performs the best among
all prediction methods, as it performs slightly better than LR-ALS in terms of accuracy and
much better in terms of AUC. This result shows that IMCNF can exploit weakly informative
features to make better prediction without being trapped by feature noise.

Table 2: Relationship prediction on Epinions network. We see that given noisy user features,
IMC performs worse even than methods without features (MF-ALS and HOCs), while
IMCNF outperforms others by successfully exploiting noisy features.

Method
Accuracy
AUC

Low-Rank Matrix Learning with Side Information

0.5
0.4
0.3
0.2
0.1
0
0

number of items n
8124
2319
11455

feature dimension d
112
19
54

1

Segment

4

x 10

K−means
SignMC
MCCC
IMCNF

2
3
4
5
6
Number of observed pairs

0.5
0.4
0.3
0.2
0.1
0
0
0.5

Covtype

1
1.5
2
2.5
Number of observed pairs

3
5
x 10

K−means
SignMC
MCCC
IMCNF

number of clusters k
2
7
7

Low-Rank Matrix Learning with Side Information

Mushrooms
Segment
Covtype

0.5
0.4
0.3
0.2
0.1
0
0

Pairwise error

Table 3: Statistics of semi-supervised clustering data sets.
Mushrooms

5

x 10

K−means
SignMC
MCCC
IMCNF

0.5
1
1.5
2
Number of observed pairs

Pairwise error
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Finally, we consider noisy image classification problem as an application of low-rank matrix
learning with corrupted observations. In this problem, we are given a set of correlated
images in which a few of pixels are corrupted, and the task is to denoise the images so that
one can classify the images correctly. Since the underlying clean images are correlated and
thus share an implicit low-rank structure, standard robust PCA could be used to identify
sparse noise and recover the (low-rank approximation of) clean images. However, in certain
cases, low-dimensional features of images may also be available from other sources. For
example, suppose the set of images are human faces, then the principal components of

4.2.3. Noisy Image Classification

and IMCNF can obtain the ground-truth clustering with 0 error rate, which indicates that
MCCC (and IMC) is indeed effective with perfect features. For the Segment and Covtype
data sets, we observe that the performance of k-means and MCCC is dominated by feature
quality. Although MCCC is still benefited from constraint information as it outperforms
k-means, it clearly does not make the best use of constraints since its performance is not
improved even if number of constraints increases. On the other hand, the error rate of
SignMC can always decrease down to 0 by increasing m; however, since it disregards features, it suffers from a much higher error rate than other methods when constraints are few.
Finally, we see that IMCNF combines advantages from both MCCC and SignMC, as it not
only makes use of features when few constraints are observed, but also leverages constraint
information to avoid being trapped by feature noise. Therefore, the experiment shows that
by carefully handling side information using IMCNF model, we can further improve the
state-of-the-art semi-supervised clustering algorithm.

Figure 4: Performance of various semi-supervised clustering methods on real-world data
sets. For the Mushrooms data set where features are perfect, both MCCC and IMCNF
can output the ground-truth clustering with 0 error rate. For Segment and Covtype where
features are more noisy, IMCNF model outperforms MCCC as its error decreases given
more constraints.

Pairwise error

ρs
0.1
0.2
0.3

ρs
0.1
0.2
0.3

98.33

kernel SVM classifiers
Clean Noisy PCP PCPF
18.47 94.85 95.89
10.32 94.55 95.48
10.32 87.00 87.78
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linear SVM classifiers
Clean Noisy PCP PCPF
59.63 86.33 87.88
38.16 85.94 87.48
25.63 78.52 79.84
91.96

Table 4: Digit classification accuracy of PCP and PCPF with Eigendigit features. The
column Clean shows the accuracy on L0 and the column Noisy shows the accuracy on
R. Denoised images from both PCP and PCPF achieve much higher accuracy than noisy
images, and PCPF further outperforms PCP by incorporating Eigendigit features.

general human faces—known as Eigenface (Turk and Pentland, 1991)—could be used as
features, and such features could be helpful in the denoising process.
Motivated by the above realization, here we consider multiclass classification on a set
of noisy images from the MNIST data set. The data set includes 50, 000 training images
and 10, 000 testing images, and each image is a 28 × 28 handwritten digit represented as a
784-dimensional vector. We first pre-train both multiclass linear and kernel SVM classifiers
on the clean training images, and perturb the testing image set to generate noisy images
R. Precisely, let L0 ∈ R784×10000 be the set of (clean) testing images, where each row
denotes a pixel and each column denotes an image. We then construct a sparse noise
matrix S0 ∈ R784×10000 where ρs of entries are randomly picked to be corrupted by setting
their values to be 255. The observed noisy images is thus given by R = min(L0 + S0 , 255).
In the following, we show that by exploiting features of row and column entities in this
problem, we can better denoise the noisy images for classification.

Exploiting Eigendigit Features. We first exploit “Eigendigit” features to help denoising. We take the training image set to produce the Eigendigit features X ∈ R784×300 using
PCA and simply set Y = I as we do not consider any column features here. We then input
∗
R into PCP to derive a set of denoised images Lpcp
and
input
R,
X
and Y (which is I)
∗
∗
= XM ∗ . Both Lpcp
into PCPF (problem 8) to derive another set of denoised images Lpcpf
∗
will be low rank approximations of the clean images. Note that although the
and Lpcpf
Eigendigit features X will not satisfy (2) which is assumed in the derivation of PCPF, we
could heuristically incorporate it using PCPF in this circumstance because X is still expected to contain unbiased information of the low-rank approximation of the clean digits. 6
∗
To compare the quality of denoised images of PCP and PCPF, we input Lpcp
and
∗
Lpcpf
to pre-trained SVMs for digit classification and report the results in Table 4. Both
methods are somehow effective for denoising sparse noise, since accuracies achieved by
the denoised images are much closer to the clean images compared to the noisy images.
Furthermore, PCPF consistently achieves better accuracies than PCP under different ρs ,
showing that incorporating Eigendigit features using PCPF is helpful on denoising process
for classification.

Exploiting both Eigendigit and Label-relevant Features In addition to the
Eigendigit features X, now we further exploit features for column entities. Ideally, the
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6. Rigorously speaking, the ground-truth L0 is not even low-rank, but only approximately low-rank.
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5. Related Work

from both PCPF-w/Y and PCPNF-w/Y achieve even much higher accuracies compared to
the clean images (reported in Table 4). However, once ρf increases, PCPF-w/Y quickly fails
as its accuracy drops drastically (accuracies become much lower than 70 for ρf > 0.5 and
thus are not shown in figures). On the other hand, we see that PCPNF-w/Y performs much
better than PCPF-w/Y on exploiting noisy label-relevant features, as it still achieves better
accuracies compared to both PCPF and PCP when ρf > 0. The results again demonstrate
the effectiveness of our proposed model on exploiting noisy side information.
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Figure 5: Digit classification accuracy of various methods with both Eigendigit and labelrelevant features. For each ρs , we construct the label-relevant features Y with different
quality by varying ρf . The results show that PCPNF-w/Y is able to better exploit noisy
label-relevant features Y .

Accuracy

100

26

JMLR 19(76):1-35, 2018

1

1

75

80

90

95

PCP
PCPF
PCPF-w/Y
PCPNF-w/Y

JMLR 19(76):1-35, 2018

(a) Linear SVM, ρs = 0.1
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column features Y may describe the relevant information between images, which could be
extremely useful for classification. Thus, we generate the “label-relevant” features Y for
column entities as follows. Let Y ∗ ∈ R10000×10 be a perfect column feature matrix where
the i-th column of Y ∗ is the indicator vector of digit i − 1 (so Y ∗ contains ground-truth
label information). We then randomly pick ρf of rows in Y ∗ and shuffle these rows to form
Ỹ , which correspondingly means that 10, 000 × ρf images have noisy relevant information
in Ỹ . Finally, we form the column feature Y ∈ R10000×50 which spans Ỹ . Thus, the quality
of Y depends on the parameter ρf ∈ [0, 1] and smaller ρf results in better label-relevant
features.
We consider four approaches for denoising in the following experiment. The first two
baseline methods are PCP and PCPF with only Eigendigit features X. Both methods are
the ones we considered in the previous experiment which do not take label-relevant features
into account. Moreover, we consider using PCPF and PCPNF to incorporate both the
Eigendigit features X and the label-relevant features Y for denoising, and we name them as
“PCPF-w/Y” and “PCPNF-w/Y” to emphasize that they embed the label-relevant features
Y . We apply each method to denoise noisy images under different ρf and ρs and examine
the quality of denoised images by testing the accuracies they achieve in pre-trained SVMs.
The results are shown in Figure 5. In each figure, we fix the sparsity of noise ρs and try
to recover the clean images using each method with different quality of Y . We can see that
the perfect label-relevant features are extremely useful, as when ρf = 0, recovered images
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Learning a low-rank matrix from imperfect observations is an expansive domain in machine
learning including many fundamental problems, such as Principal Component Analysis
(PCA) (Hotelling, 1933), matrix completion (Candès and Tao, 2009), low-rank matrix sensing (Zhong et al., 2015) and robust PCA (Wright et al., 2009). While each of the above
topics is an independent research area burgeoning in recent years, our main focus is to study
the usefulness of side information in low-rank matrix learning where the observations are
partial and/or corrupted in both theoretical and practical aspects.
Learning a low-rank matrix from partial observations is well-known as matrix completion problem, which has been successfully applied to many machine learning tasks including
recommender systems (Koren et al., 2009), social network analysis (Hsieh et al., 2012; Chiang et al., 2014) and clustering (Chen et al., 2014). Several theoretical foundations have also
been established. One of the most striking results is the exact recovery guarantee provided
by Candès and Tao (2009) and Candès and Recht (2012) where the authors showed that
O(n polylog n) observations are sufficient for exact recovery with high probability, provided
that entries are uniformly sampled at random. Several works also study recovery under
non-uniform distributional assumptions (Negahban and Wainwright, 2012), distributionfree settings (Shamir and Shalev-Shwartz, 2014) and noisy observations (Keshavan et al.,
2010; Candès and Plan, 2010).
A few research papers also consider side information in the matrix completion setting
(Menon and Elkan, 2011; Chen et al., 2012; Natarajan and Dhillon, 2014; Shin et al., 2015).
Although most of them found that features are helpful in certain applications (Menon
and Elkan, 2011; Shin et al., 2015) and in the cold-start setting (Natarajan and Dhillon,
2014), they mainly focus on the non-convex matrix factorization formulation without any
theoretical analysis on the effect of side information. More recently, Jain et al. (2013)
studied Inductive Matrix Completion (IMC) objective to incorporate side information, and
several follow-up works also consider IMC with trace norm regularization (Xu et al., 2013;
Zhong et al., 2015). All of them showed that recovery can be achieved by IMC with much
lower sample complexity provided perfect features. However, as we have discussed in the
paper, given imperfect features, IMC cannot recover the underlying matrix and may even
suffer from poor performance in practice. This observation leads us to further develop an
improved model which better exploits noisy side information in learning (see Section 2.3).
Robust PCA is another prominent instance of low-rank matrix learning from imperfect
observations, where the goal is to recover a low-rank matrix from a full matrix in which a
few of entries are arbitrarily corrupted by sparse noise. This sparse structure of noise is
common in many applications such as image processing and bioinformatics (Wright et al.,
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Accuracy
Accuracy

Low-Rank Matrix Learning with Side Information

2009). Researchers have also investigated several approaches to robust PCA with theoretical guarantees (Chandrasekaran et al., 2011; Candès et al., 2011). Perhaps the most
remarkable milestone is the strong guarantee provided by Candès et al. (2011), in which
the authors showed that under mild conditions, low-rank and sparse structure are exactly
distinguishable. Several extensions of robust PCA have also been considered, such as robust
PCA with column-sparse errors (Xu et al., 2010), with missing data (Candès et al., 2011;
Chen et al., 2013) and with compressed data (Ha and Barber, 2015).
However, unlike matrix completion, there is little research that directly exploits side information in the robust PCA problem, leaving the advantage of side information in robust
PCA unexplored. Though it may appear that one can extend the analysis of side information in matrix completion to robust PCA as both problems share certain similarities, the
robust PCA problem is still essentially different—in fact harder—from matrix completion
in many aspects. In particular, matrix completion has been mostly used for missing value
estimation, where the emphasis is to accurately recover the missing entries given trustable,
partial observations, while robust PCA is a matrix separation problem where one has to
identify the corrupted entries given full yet untrustable observations. This difference naturally precludes a direct extension from the analyses of matrix completion to robust PCA.
Nevertheless, Chiang et al. (2016) has recently shown that given perfect features, exact
recovery of higher-rank matrices becomes attainable in the robust PCA problem, indicating
that side information in robust PCA can be exploited. In this paper, we extend Chiang et al.
(2016) and develop a more general model which can further exploit noisy side information
to help solve the robust PCA problem.
Another model that shares certain similarities to robust PCA with side information is
Low-Rank Representation (LRR), which emerged from the subspace clustering problem (Liu
et al., 2010, 2013). Given that the observed data matrix is corrupted by sparse errors,
LRR model assumes that the underlying low-rank matrix can be represented by a linear
combination of a provided dictionary. Interestingly, LRR can be thought of as a special
case of the proposed PCPF model (see Section 2.3) where the given dictionary serves as
the row features X. Our problem setting is also more general than LRR as we consider
incorporating both row and column features to help recovery.

6. Conclusions
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In this paper, we study the effectiveness of side information for low-rank matrix learning
from missing and corrupted observations. We propose a general model (problem (4)) which
incorporates both perfect and noisy side information by balancing information from features
and observations simultaneously, from which we can derive several instances of the model,
including IMCNF and PCPNF, that better solve matrix completion and robust PCA by
leveraging side information. In addition, we provide a formal analysis to justify the effectiveness of side information in the proposed model, in which we quantify the quality of
features and show that the sample complexity of learning can be asymptotically improved
given sufficiently informative features, provided a small enough noise level. This analysis
therefore quantifies the merits of side information in our model for low-rank matrix learning in theory. Finally, we verify our model in several synthetic experiments as well as in
real-world machine learning applications including relationship prediction, semi-supervised
27
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clustering and noisy image classification. By viewing each application as a low-rank matrix
learning problem from missing or corrupted observations given certain additional features,
we show that employing our model results in competitive algorithms whose performance is
comparable to or better than other state-of-the-art approaches. All of our results consistently demonstrate that the proposed model learns the low-rank matrix from missing and
corrupted observations more effectively by properly exploiting side information.
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Appendix A. Proofs
Preliminary Lemmas

We first introduce two lemmas required in the proof of Lemma 3. These two lemmas provide
bounds on the Rademacher complexity of the function class with bounded trace norm and
`1 norm respectively.



W ∈Sw

sup

i=1


1 X
σi trace(W Ai ) ≤ 2AW
m

log 2n
.
m

Lemma 9 Let Sw = {W ∈ Rn×n | kW k∗ ≤ W} and A = maxi kAi k2 , where each Ai ∈
Rn×n , then:
r
m
Eσ

Proof This Lemma is directly from the Lemma 3 in Hsieh et al. (2015).



W ∈Sw

sup

m

i=1


1 X
σi trace(W Ei ) ≤ W
m

r

2 log (2n1 n2 )
.
m

Lemma 10 Let Sw = {W ∈ Rn1 ×n2 | kW k1 ≤ W}, and each Ei is in the form of Ei =
ex eyT , where ex ∈ Rn2 , ey ∈ Rn1 are two unit vectors. Then:
Eσ
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Proof This Lemma is a special case of Theorem 1 in Kakade et al. (2008) with the fact
that kEi k∞ := maxa,b |(Ei )ab | = 1.
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kSk1 ≤S m

α=1

log 2d
+ 2L` N
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+ L` S
m

σα trace(Sejα eTiα )
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r

log 2n
+ L` S
m

r
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(i,j)
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1 X
1 X
sup
Aij `(f (i, j), Rij ) + Eσ sup
Bij `(f (i, j), Rij ) .
f ∈FΘ m
f ∈FΘ m

(i,j)
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1 X
B X
B
Eσ sup
Aij `(f (i, j), Rij ) ≤ Eσ
|Aij | ≤ √
m
m
p
f ∈FΘ

For the first term in (13), since |`(f (i, j), Rij )| ≤ B, it can be upper bounded by:

R(FΘ ) = Eσ



By construction, Γ = A + B. Therefore, we can separate R(FΘ ) to be:

P
where Γ ∈ Rn1 ×n2 , Γij = α:iα =i,jα =j σα . Now, using the same trick in Shamir and ShalevShwartz (2014), we can divide Γ based on the “hit-time” of each (i, j) ∈ Ωobs , with some
threshold p > 0 whose value will be set later. Formally, let hij = |{α : iα = i, jα = j}|, and
let A, B ∈ Rn1 ×n2 be defined by:
(
(
Γij , if hij > p,
0,
if hij > p,
Aij =
Bij =
0,
otherwise.
Γij , otherwise.

α=1

m




1 X
1 X
R(FΘ ) = Eσ sup
σα `(f (iα , jα ), Riα ,jα )) = Eσ sup
Γij `(f (i, j), Rij ) ,
f ∈FΘ m
f ∈FΘ m

However, in some circumstances, the above bound (12) is too loose for sample complexity
analysis. To deal with these cases, we follow Shamir and Shalev-Shwartz (2014) to derive a
tighter bound on the trace norm of residual (i.e. N ). To begin with, we rewrite R(FΘ ) as:

R(FΘ ) ≤ 2L` MX Y

r

where the last inequality is derived by applying Lemma 9 and Lemma 10. Moreover, since
maxi,j kyj xTi k2 = maxj kyj k2 maxi kxi k2 , we can thus upper bound R(FΘ ) by:

i,j

r

α=1

α=1
m
X

≤2L` M max kyj xTi k2



sup

m
m



1 X
1 X
σα trace(M yjα xTiα ) + L` Eσ
sup
σα trace(N ejα eTiα )
kM k∗ ≤M m
kN k∗ ≤N m

σ=1


1 X
sup
σα (XM Y T + N + S)iα jα
m
θ∈Θ

+ L` Eσ

=L` Eσ

R(FΘ ) ≤L` Eσ



Proof First, we can use a standard Rademacher contraction principle (e.g. Lemma 5
in Meir and Zhang, 2003) to bound R(FΘ ) to be:

Proof of Lemma 3
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kM̂ k∗ ≤ dkM̂ k2 = dk(XµT Xµ )† XµT L0 Yν (YνT Yν )† k2 ≤

(16)
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σx σy dkL0 k∗
,
2 σ2
σxm
ym

where σx (or σy ) is the largest singular value of Xµ (or Yν ). Therefore, by the definition of
M̂ , we have:

kXµT L0 Yν k2 ≤ kXµ k2 kL0 k2 kYν k2 ≤ σx σy kL0 k∗ ,

Proof To begin with, we have:

Proof of Lemma 4

Lemma 3 thus follows by combining (12) and (15).

where the last inequality is derived by applying Lemma 11 in Shamir and Shalev-Shwartz
(2014). Therefore, putting all of the above upper bounds to (13) and choosing p to be
√
√
mB/(2.2CL` N ( n1 + n2 )), we obtain another upper bound on R(FΘ ) as:
r
r
r
√
√
N ( n1 + n2 )
log 2d
2 log (2n1 n2 )
R(FΘ ) ≤ 2L` MX Y
+ 9CL` B
+ L` S
.
(15)
m
m
m

(i,j)

In addition, by applying Hölder’s inequality, the second term of (14) is upper bounded by:
√
√ √
X
 L`
 2.2CL` N p( n1 + n2 )
L` 
L` N 
Eσ
sup
Bij Nij ≤
sup kBk2 kN k∗ =
Eσ kBk2 ≤
,
m
m N :kN k∗ ≤N
m
m
kN k∗ ≤N

L` Eσ

and the third term of (14) is upper bounded by:

α=1

We can again upper bound the first and third term of (14) using Lemma 9 and Lemma 10.
Precisely, the first term can be upper bounded by:
r
m
m
X



L` 
1 X
log 2d
T
T
Eσ
σα xiα M yjα = L` Eσ
σα trace(M yjα xiα ) ≤ 2L` MX Y
,
sup
sup
m
m
kM k∗ ≤M
kM k∗ ≤M m

(i,j)

X
X
X
 L` 
 L` 

L` 
sup
Bij xTi M yj + Eσ
sup
Bij Nij + Eσ sup
Bij Sij .
= Eσ
m
m
m
kM k∗ ≤M
kN k∗ ≤N
kSk1 ≤S

(i,j)

X

L` 
Eσ sup
Bij f (i, j)
m
f ∈FΘ

where the last inequality is derived by applying Lemma 10 in Shamir and Shalev-Shwartz
(2014). Now consider the second term of (13). Again, by Rademacher contraction principle,
it can be upper bounded by:
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kXkF2
n min kxi k2
nγ 2 X 2
≥
≥
.
d
d
d

where σxm (or σym ) is the smallest non-zero singular value of Xµ (or Yν ). Furthermore, by
the construction of Xµ and Yν , we have σxm ≥ µσx and σym ≥ νσy . We can further lower
bound σx (and σy ) by:
σx2 = kXµ k22 = kXk22 ≥
Therefore, from (16), we can further bound kM̂ k∗ by:
d2 kL0 k∗
dkL0 k∗
≤
.
kM̂ k∗ ≤
√
µ2 ν 2 σx σy
µ 2 ν 2 γ 2 X Y n1 n2
√
The lemma is thus concluded by the fact that kL0 k∗ ≤ CL n1 n2 .

Proof of Theorem 5

ui eiT +

d
X
i=t

ũi eiT ,

σi ,

Y =

t−1
X
i=1

vi eiT +

d
X
i=t

ṽi eiT ,

(17)

Proof The claim is directly proved by plugging Lemma 3 - 4 to Lemma 2, in which
R̂` (f ∗ ) = 0 because (M̂ , L0 − X M̂ Y T , S0 ) ∈ Θ and such an instance makes R̂` = 0.

Proof of Theorem 6
Proof Note that since S0 = S ∗ = 0 in matrix completion case, we have:


R` (f ∗ ) = E(i,j)∼D `(XM ∗ YijT , eiT L0 ej ) .

The claim therefore directly follows from Theorem 5 by setting R` (f ∗ ) < .

Proof of Theorem 7

t−1
X
i=1

Proof By the construction of X and Y , we can rewrite them as follows:
X=

where for each ũi , ũiT uj = 0, ∀j. Therefore, we can upper bound N by:
kL0 − X M̂ Y T k∗ = kŨ Ũ T L0 + L0 Ṽ Ṽ T − Ũ Ũ T L0 Ṽ Ṽ T k∗

i=t

k
X

≤ 2kŨ Ũ T U ΣV T k∗ + kU ΣV T Ṽ Ṽ T k∗

≤3
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√
where Ũ , Ṽ are the second term of X and Y in (17). Moreover, we have σi = o( n) for all
√
i ≥ t. To see this, suppose σp = Ω( n) for any t ≤ p ≤ k, then:
σp
σt
lim √ ≥ lim √ > 0,
n n→∞ n

n→∞
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i=t

k
X

√
√
σi ≤ 3k × o( n) = o( n),

leading a contradiction to the definition of σt . Therefore we can conclude:

N = kL0 − X M̂ Y T k∗ ≤ 3

and the Theorem is thus proved by plugging the above bound on N to Theorem 6.

Proof of Theorem 8

Proof The sample complexity claim directly follows from Theorem 5 by setting R` (f ∗ ) < ,
and the claim of PΩ⊥ (S ∗ ) = 0 is directly from the construction of Algorithm 1 as discussed
obs
in Section 2.4.
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The random dot product graph (RDPG) model serves as a test bed for various types of clustering
and statistical inference algorithms. This model generalizes the Stochastic Blockmodel (SBM), the
Overlapping SBM, the Mixed Membership SBM, and the Degree-Corrected SBM (Holland et al.,
1983; Latouche and Ambroise, 2011; Airoldi et al., 2008; Karrer and Newman, 2011). Under the

1. Introduction

Keywords: Random Dot Product Graph, Edge exchangeable, Simulation

Given matrices X,Y ∈ Rn×K and S ∈ RK×K with positive elements, this paper proposes an algorithm
fastRG to sample a sparse matrix A with low rank expectation E(A) = XSY T and independent Poisson elements. This allows for quickly sampling from a broad class of stochastic blockmodel graphs
(degree-corrected, mixed membership, overlapping) all of which are specific parameterizations of
the generalized random product graph model defined in Section 2.2. The basic idea of fastRG is to
first sample the number of edges m and then sample each edge. The key insight is that because of
the the low rank expectation, it is easy to sample individual edges. The naive “element-wise” algorithm requires O(n2 ) operations to generate the n × n adjacency matrix A. In sparse graphs, where
m = O(n), ignoring log terms, fastRG runs in time O(n). An implementation in R is available on
github. A computational experiment in Section 2.4 simulates graphs up to n = 10, 000, 000 nodes
with m = 100, 000, 000 edges. For example, on a graph with n = 500, 000 and m = 5, 000, 000,
fastRG runs in less than one second on a 3.5 GHz Intel i5.
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X∈
{0, 1}n×K
Rn×K
Rn×K
{0, 1}n×K
{1}n
Rn

In each row...
a single one
a single non-zero positive entry
non-negative and sum to one
a mix of 1s and 0s
a single one
a single value

2
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Table 1: Restrictions on the matrix X create different types of well known low rank models. There
are further differences between these models that are not emphasized by this table.

Types of low rank models
SBM
Degree-Corrected SBM
Mixed Membership SBM
Overlapping SBM
Erdős-Rényi
Chung-Lu

fastRG is motivated by the wide variety of low rank graph models that specify the expectation of
the adjacency matrix as E(A) = XSX T for some matrix (or vector) X and some matrix (or value) S.

2. fastRG

Let G = (V, E) be a graph with the node set V = {1, . . . , n} and the edge set E contains edge (i, j) if
node i is connected to node j. In a directed graph, each edge is an ordered pair of nodes while in an
undirected graph, each edge is an unordered pair of nodes. A multi-edge graph allows for repeated
edges. In any graph, a self-loop is an edge that connects a node to itself. Let the adjacency matrix
A ∈ Rn×n contain the number of edges from i to j in element Ai j . For column vectors x ∈ Ra , z ∈ Rb
and S ∈ Ra×b , define hx, ziS = xT Sz; this function is not necessarily a proper inner product because
it does not require that S is non-negative definite. We use standard big-O and little-o notations, i.e.
for sequence xn , yn ; xn = o(yn ) when yn is nonzero implies limn→∞ xn /yn = 0; xn = O(yn ) implies
there exists a positive real number M and an integer N such that |xn | ≤ M|yn |, ∀n ≥ N.

1.1. Notation

The organization of this paper is as follows. Section 2 gives fastRG. Section 2.1 relates fastRG
to xlr, a new class of edge-exchangeable random graphs with low-rank expectation. Section 2.2
presents a generalization of the random dot product graph. Theorem 4 shows that fastRG samples
Poisson-edge graphs from this model. Then, Theorem 7 in Section 2.3 shows how fastRG can
be used to approximate a certain class of Bernoulli-edge graphs. Section 2.4 describes our implementation of fastRG (available at https://github.com/karlrohe/fastRG) and assesses the
empirical run time of the algorithm.

While many network analysis algorithms only require O(m) operations, where m is the number
of edges in the graph, sampling RDPGs with the naive “element-wise” algorithm takes O(n2 ) operations, where n is the number of nodes. In particular, sparse eigensolvers compute the leading k
eigenvectors of such graphs in O(km) operations (e.g. in ARPACK Lehoucq et al. 1995). As such,
sampling an RDPG is a computational bottleneck in simulations to examine many network analysis
algorithms.

RDPG, each node i has a (latent) node feature xi ∈ RK and the probability that node i and j share
an edge is parameterized by hxi , x j i (Young and Scheinerman, 2007).
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Given X ∈ Rn×Kx , Y ∈ Rd×Ky and S ∈ RKx ×Ky , fastRG samples a random graph. Define A
as the n × d matrix where Ai j counts the number of times edge (I, J) was sampled by fastRG. In
expectation A is XSY T . Importantly, fastRG requires that the elements of X,Y, and S are nonnegative. This condition holds for all of the low rank models in the above table. Each of those
models set Y = X and enforce different restrictions on the matrix X.
As stated below, fastRG samples a (i) directed graph with (ii) multiple edges and (iii) self-loops.
After sampling, these properties can be modified to create a simple graph (undirected, no repeated
edges, and no self-loops); see Remarks 5 and 6 in Section 2.2 and Theorem 7 in Section 2.3.
Algorithm 1 fastRG(X, S,Y )
Require: X ∈ Rn×Kx , S ∈ RKx ×Ky , and Y ∈ Rd×Ky with all matrices containing non-negative entries.
Compute diagonal matrix CX ∈ RKx ×Kx with CX = diag(∑i Xi1 , . . . , ∑i XiKx ).
Compute diagonal matrix CY ∈ RKy ×Ky with CY = diag(∑i Yi1 , . . . , ∑i YiKy ).
Define X̃ = XCX−1 , S̃ = CX SCY , and Ỹ = YCY−1 .
Sample the number of edges m ∼ Poisson(∑u,v S̃uv ).
for ` = 1 : m do
Sample U ∈ {1, . . . , Kx },V ∈ {1, . . . , Ky } with P(U = u,V = v) ∝ S̃uv .
Sample I ∈ {1, . . . , n} with P(I = i) = X̃iU .
Sample J ∈ {1, . . . , d} with P(J = j) = Ỹ jV .
Add edge (I, J) to the graph, allowing for multiple edges (I, J).
end for
An implementation in R is available at https://github.com/karlrohe/fastRG. As discussed in Section 2.4, in order to make the algorithm more efficient, the implementation is slightly
different from the statement of the algorithm above.
There are two model classes that can help to interpret the graphs generated from fastRG and
those model classes are explored in the next two subsections. Throughout all of the discussion, the
key fact that is exploited by fastRG is given in the next Theorem.

∑u,v X̃iuỸ jv S̃uv

u,v

∑u,v S̃u,v

=

∑u,v XiuY jv Suv
∑u,v S̃u,v

=
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xiT Sy j
∑a,b xaT Syb

∑ P((I, J) = (i, j)|(U,V ) = (u, v)) P((U,V ) = (u, v)))

P ((I, J) = (i, j)) ∝ hxi , y j iS .

Theorem 1 Suppose that X ∈ Rn×Kx , Y ∈ Rd×Ky and S ∈ RKx ×Ky all contain non-negative entries.
Define xi ∈ RKx as the ith row of X. Define y j ∈ RKy as the jth row of Y . Let (I, J) be a single edge
sampled inside the for loop in fastRG(X, S,Y ), then

Proof

P (I, J) = (i, j) =
=

3
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2.1. fastRG samples from xlr: a class of edge-exchangeable random graphs

There has been recent interest in edge exchangeable graph models with blockmodel structure (e.g.
Crane and Dempsey 2016; Cai et al. 2016; Herlau et al. 2016; Todeschini and Caron 2016). To
characterize a broad class of such models, we propose xlr. For notational simplicity, the rest of the
paper will suppose that Y = X ∈ Rn×K and fastRG(X, S) = fastRG(X, S, X).

Definition 2 [xlr] An xlr graph on n nodes and K dimensions is generated as follows,

1. Sample (X, S) ∈ Rn×K × RK×K from some distribution and define xi as the ith row of X.
2. Initialize the graph to be empty.

hxi , x j iS
.
∑a,b hxa , xb iS

3. Add independent edges e1 , e2 , . . . to the graph, where

P(e` = (i, j)) =

From Theorem 1, fastRG samples the edges in xlr.
An xlr graph is both (i) edge-exchangeable as defined by Crane and Dempsey (2016) and (ii)
conditional on X and S, its expected adjacency matrix is low rank. By sampling X to satisfy one set
of restrictions specified in Table 1, xlr provides a way to sample edge exchangeable blockmodels.
xlr stands for edge-exchangeable and low rank because it characterizes all edge-exchangeable and
low rank random graph models on a finite number of nodes. In particular, by Theorem 4.2 in
Crane and Dempsey (2016) if a random undirected graph with an infinite number of edges is edge
exchangeable, then the edges are drawn iid from some randomly chosen distribution on edges f .
Moreover, let B be the adjacency matrix of a single edge drawn from f . Under the assumption that
E(B| f ) is rank K, there exist matrices X ∈ Rn×K and S ∈ RK×K that are a function of f and give the
eigendecomposition E(B| f ) = XSX T . This implies that P(e1 = (i, j)| f ) ∝ hxi , x j iS , where xi is the
ith row of X.

2.2. fastRG samples from a generalization of the RDPG

Under the RDPG as described in Young and Scheinerman (2007), the expectation of the adjacency
matrix is XX T for some matrix X ∈ Rn×K . This implies that the expected adjacency matrix is always
non-negative definite (i.e. its eigenvalues are non-negative). However, some parameterizations of
the SBM (and other blockmodels) lead to an expected adjacency matrix with negative eigenvalues
(i.e. it is not non-negative definite); for example, if the off-diagonal elements of S are larger than the
diagonal elements, then XSX T could have negative eigenvalues. Moreover, even if the elements of
X and S are positive, as is the case for the low rank models in Table 1 and as is required for fastRG,
it is still possible for XSX T to have negative eigenvalues. By modifying the RDPG to incorporate a
matrix S, the model class below incorporates all types of blockmodels.

(Xi1 ,

XiK )T

K K

l
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Definition 3 [Generalized Random Product Graph (gRPG) model] For n nodes in K dimensions,
the gRPG is parameterized by X ∈ Rn×K and S ∈ RK×K , where each node i is assigned the ith row
of X, =
...,
∈ RK . For i, j ∈ V , define
xi

k

λi j = hxi , x j iS = ∑ ∑ Xik Skl X jl .

4

5
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Theorem 7 Let Ã be a Poisson gRPG and let B be a Bernoulli gRPG using the same set of λi j s,
with Ãi j ∼ Poisson(λi j ) and Bi j ∼ Bernoulli(λi j ). Let t(·) be the thresholding function for Ã.
Let αn be a sequence. If λi j = O(αn /n) for all i, j and there exists some constant c > 0 and
N > 0 such that ∑i j λi j > cαn n for all n > N, then there exists a coupling between t(Ã) and B such
that
Ekt(Ã) − Bk2F
= O(αn /n).
EkBk2F

Theorem 7 shows that in the sparse setting, there is a coupling between t(Ã) and B such that t(Ã) is
approximately equal to B. The theorem is asymptotic in n; a superscript of n is suppressed on Ã, B
and λ .

Bi j ∼ Bernoulli(λi j ).

To create a simple graph with fastRG (i.e. no multiple edges, no self-loops, and undirected), first
sample a graph with fastRG. Then, perform the modifications described in Remarks 5 and 6. Then,
keep an edge between i and j if there is at least one edge in the multiple edge graph; define the
threshold function, t(Ai j ) = 1(Ai j > 0), where t(A) applies element-wise.
If Ã is a Poisson gRPG, then t(Ã) is a Bernoulli gRPG with mean function f (λi j ) = 1 −
exp(−λi j ). Let B be distributed as Bernoulli gRPG(X, S) with identity mean function,

2.3. Approximate Bernoulli-edges

Remark 6 (Simulating a graph without self-loops) As defined, both the gRPG model and fastRG
generate graphs with self-loops. A “gRPG without self-loops” should add a constraint to Definition
3 that Aii = 0 for all i. A graph from fastRG can be converted to a gRPG without self-loops by simply (1) sampling m ∼ Poisson(∑u,v S̃uv − ∑i hxi , xi iS ) and (2) resampling any edge that is a self-loop.
The proof of Theorem 4 can be extended to show that this is equivalent.

Remark 5 (Simulating an undirected graph) As defined, both the gRPG model and fastRG generate directed graphs. An “undirected gRPG” should add a constraint to Definition 3 that Ai j = A ji
for all i, j. To sample such a graph with fastRG, input S/2 instead of S, then after sampling a
directed graph with fastRG, symmetrize each edge by removing its direction (this doubles the probability of an edge, hence the need to input S/2). Theorem 4 can be easily extended to show this is
an undirected gRPG.

The proof is contained in the appendix.

Theorem 4 For X ∈ Rn×K and S ∈ RK×K , each with non-negative elements, if Ã is the adjacency
matrix of a graph sampled with fastRG(X, S), then Ã is a Poisson gRPG with Ãi j ∼ Poisson(hxi , x j iS ).

6
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Code at https://github.com/karlrohe/fastRG gives an implementation of fastRG in R. It
also provides wrappers that simulate the SBM, Degree-Corrected SBM, Overlapping SBM, and
Mixed Membership SBM. The code for these models first generates the appropriate X and then
calls fastRG. In order to help control the edge density of the graph, fastRG and its wrappers can be
given an additional argument avgDeg. If avgDeg is given, then the matrix S is scaled so that fastRG
simulates a graph with expected average degree equal to avgDeg. Without this, parameterizations
can easily produce very dense graphs.
To accelerate the running time of fastRG, the implementation is slightly different than the
statement of the algorithm above. The difference can be thought of as sampling all of the (U,V )
pairs before sampling any of the Is or Js. In particular, the implementation samples ϖ ∈ RK×K
as multinomial(m, S̃/ ∑u,v S̃uv ). Then, for each u ∈ {1, . . . K}, it samples ∑v ϖu,v -many Is from the
distribution X̃·u . Similarly, for each v ∈ {1, . . . K}, it samples ∑u ϖu,v -many Js from the distribution
X̃·v . Finally, the indexes are appropriately arranged so that there are ϖu,v -many edges (I, J) where
I ∼ X·u and J ∼ X·v . Recall that the statement of fastRG above allows for X and Y , where those
matrices can have different numbers of rows and/or columns; the implementation also allows for
this.
Under the SBM, it is possible to use fastRG to sample from the Bernoulli gRPG with the
identity mean function instead of the mean function 1 − exp(−hxi , x j iS ) that is created by the thresholding function t from Section 2.3. The wrapper for the SBM does this by first transforming each
element of S as − ln(1 − Si j ) and then calling fastRG. The others models are not amenable to this
trick; by default, they sample from the Poisson gRPG with identity mean function.

2.4. Implementation of fastRG

Regarding the third point, consider the coupling in the proof of Theorem 7 without any condition
on λi j . The coupling ensures that every edge in t(Ã) is also contained in B. Conversely, conditioned
on edge i, j appearing in B, then the probability that this edge is included in t(Ã) is a greater than
1 − exp(−λi j ) ≥ 1 − exp(−1) > .63.

3. Use fastRG and expect edge attenuation (no greater than 37%) for high probability edges.

2. Use fastRG as a proposal distribution for rejection sampling (if for some ε > 0, λi j < 1 − ε
for all i, j, then rejection sampling would still be O(m) operations).

1. Segment the pairs i, j into two sets (large and small λi j ’s) and use two different sampling
techniques on each set.

For example, in the sparse graph setting where λi j = O(1/n) and ∑i j λi j = O(n), αn = 1. Under
this setting and the coupling defined in the proof, all of the O(n) edges in t(Ã) are contained in B
and B has an extra O(1) more edges than t(Ã).
The condition αn = o(n) implies that all edge probabilities decay. If one is interested in models
where some λi j ’s are constant (e.g. certain models with heavy tailed degree distributions), then there
are three possible paths forward.

Under the gRPG, the adjacency matrix A ∈ Rn×n contains independent elements and the distribution
of Ai j (i.e. the number of edge from i to j) is fully parameterized by f (λi j ), where f is some mean
function.

Below, we will use the fact that the gRPG only requires that the λi j s specify the distribution of
Ai j , allowing for Ai j to be non-binary (as in multi-graphs and weighted graphs) or to have edge
probabilities which are a function of λi j .
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This section investigates the graph density at which fastRG becomes slower than simulating each
element Ai j as a Bernoulli random variable. In Figure 3, the reported time to compute this naive
(element-wise) algorithm includes both (i) the time it takes to compute the probabilities eA =
X%*%B%*%t(X) and (ii) sample the edges z = rbinom(length(eA), 1, eA). The time for
fastRG is for a directed graph, represented as a sparse matrix. The time to compute fastRG also
includes the time it takes to construct X and B.
Figure 3 compares these two approaches on a set of Stochastic Blockmodels for values K ∈
{2, 5, 10}, n ∈ {500, 1000, 5000, 10000}, and graph density ρ = n−2 E(m) varying between .02 and
.35. In all simulations, the S matrix is proportional to IK + JK ∈ RK×K , where IK is the identity
matrix and JK is the matrix of ones. The scale of S is adjusted to ensure the correct density ρ. For
each model, both fastRG and the naive simulation are used to simulate two graphs. The line is
a quadratic fit with ordinary least squares. In each panel, the vertical line is at ρ = .25, which is

3.3. Simulating small and dense graphs with fastRG

with fastRG. There are three lines in Figure 2 for fastRG, one line for each data type (edge list,
sparse adjacency matrix, and igraph). The speed comparison in Figure 2 corresponds to the average
running time over 10 simulations performed on a 2015 MacBook Pro, 2.8 GHz Intel Core i7, with
16 GB 1600 MHz DDR3 running Python 3.5.2 and R 3.3.2. The slope of the blue line corresponds
to the running time O(n log n). While none of these packages have been optimized for speed, they
are all sufficiently fast for a wide range of purposes.

Figure 1: Both plots present the same experimental data. In the left plot, each line corresponds to a
different value of n and they are presented as a function of E(m). In the right plot, each
line corresponds to a different value of E(m) and they are presented as a function of n.
On the right side of both plots, the lines start to align with the solid black line, suggesting
a linear dependence on E(m) and n.

time
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3. Experiments
3.1. Running time of fastRG on large and sparse graphs
To examine the running time of fastRG, we simulated a range of different values of n and E(m),
where E(m) is the expected number of edges. In all simulations X = Y and K = 5. The elements of X
are independent Poisson(1) random variables and the elements of S are independent Uni f orm[0, 1]
random variables. To specify E(m), the parameter avgDeg is set to E(m)/n. The values of n range
from 10, 000 to 10, 000, 000 and the values of E(m) range from 100, 000 to 100, 000, 000. The graph
was taken to be directed, with self-loops and multiple edges. Moreover, the reported times are only
to generate the edge list of the random graph; the edge list is not converted into a sparse adjacency
matrix, which in some experiments would have more than doubled the running time. Each pair of
n and E(m) is simulated one time; deviations around the trend lines indicate the variability in run
time.
In Figure 1, the vertical axes present the running time in R on a Retina 5K iMac, 27-inch, Late
2014 with 3.5 GHz Intel i5 and 8GB of 1600 MHz DDR3 memory. In the left panel of Figure 1,
each line corresponds to a single value of n and E(m) increases along the horizontal axis. In the
right panel of Figure 1, each line corresponds to a single value of E(m) and n increases along the
horizontal axis. All axes are on the log10 scale. The solid black line has a slope of 1. Because the
data aligns with this black line, this suggests that fastRG runs in linear time.
The computational bottleneck is sampling the Is and Js. The implementation uses Walker’s
Alias Method (Walker, 1977) (via sample in R). To take m samples from a distribution over n
elements, Walker’s Alias Method requires O(m + ln(n)n) operations (Vose, 1991). However, the
log dependence is not clearly evident in the right plot of Figure 1; perhaps it would be visible for
larger values of n.
3.2. Comparison to a previous technique

JMLR 19(77):1-13, 2018

Previously, Hagberg and Lemons (2015) studied a fast technique to generate sparse random kernel
graphs. Under the random kernel graph model, nodes i and j connect with probability κ(i/n, j/n),
where the function κ is non-negative, bounded, symmetric, measurable, and almost surely continuous. This model class includes the SBM and the Degree-Corrected SBM. It is difficult to see
how a more general low rank model could be parameterized as a random kernel graph with an almost surely continuous κ. For example, we suspect that Mixed Membership SBMs could not be
parameterized as such.
The algorithm proposed
in Hagberg and Lemons (2015) is fast when it is fast to compute (i)
R
the integral F(y, a, b) = ab κ(x, y)dx and (ii) its roots, that is for any y, a, r, solve for F(y, a, b) = r.
Their software, which we will refer to as f ast-κ is in python and generates a NetworkX graph.
For a simple benchmark to compare the running times of fastRG and f ast-κ, Figure 2 repeats
the run time experiment that was performed in Hagberg and Lemons (2015). This simulation is
for an Erdős-Rényi graph with expected degree 10, for n ranging between 5, 000 and 5M. Speed
comparisons are troubled by the fact that our code returns an edge list in R and f ast-κ returns a
NetworkX graph in python. Converting from an edge list to other data types takes longer than
sampling the edge list with fastRG. For example, converting the edge list to a sparse matrix (a
type that is convenient for spectral estimators) takes about as long as sampling the edge list with
fastRG. Converting the edge list to an igraph takes about 10x longer than sampling the edge list
7

time

0.1

1.0

10.0

100.0

●

1e+04

●

●

1e+05

●

●

Number of Nodes

●

●

1e+06

●

●

●

fastRG−I

fastRG−A

fastRG

● fastKappa

Algorithm

Running time of fastRG and f ast-κ on Erdős-Rényi graph with expected degree 10
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ij

(A11 , A12 , . . . , Ann ) ∼ Multinomial(m, λ / ∑ λi j )
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Lemma 8 Let A ∈ Rn×n be the random matrix whose i, jth element Ai j ∼ Pois(λi j ) i, j = 1, . . . , n.
Then conditioned on ∑i, j Ai j = 1Tn A1n = m,

i.d.

For an integer d, define 1d ∈ Rd as a vector of ones. The proof of Theorem 4 requires the following
lemma, which says that a vector (or matrix) of independent Poisson entries becomes multinomial
when you condition on the sum of the vector (or matrix).

seconds
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method
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Figure 3: This figure compares the run time of fastRG to the run time of simulating each Ai j as a
Bernoulli random variable (denseRG in the legend). Note that the number of edges grows
quadratically with the edge density. So, as the density of the graph increases (horizontal
axis), the running time of fastRG grows quadratically, whereas the running time of the
naive algorithm does not depend on the density of the graph. In this simulation, the
crossover is around ρ = .25 (black line). This figure shows that even for relatively small
n and in the dense regime, fastRG has potential to be faster than the naive approach.
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n = 1000

approximately the crossover point in all simulations. For scale, ρ = .25 corresponds to expected
degrees 125, 250, 1250, and 2,500 respectively for n values 500, 1000, 5000, and 10000.

Figure 2: As the number of nodes increases (horizontal axis), all of the running times increase in
parallel to the solid blue line which gives the rate O(n log n). The bottom three lines all
correspond to fastRG, outputting three different graph types (edge list, sparse adjacency
matrix, and igraph). For example, in roughly 8 seconds, f ast-κ generates a graph with
20k nodes and fastRG generates an igraph with 1M nodes. To generate the random edge
list on 1M nodes with fastRG takes less than 1 second
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where λ = (λ11 , λ12 , . . . , λnn ). That is, let a ∈ Rn×n be a fixed matrix of integers with 1nT a1n = m,
then
P(A = a|1T A1 = m) = P(A = a , A = a , . . . , A = a |1T A1n = m)
n
11
11
12
12
nn
nn
n
ai j n

λi j
m!
.
∏
∏i, j ai j ! i, j λ11 + λ12 + · · · + λnn
=

For completeness, a proof of this classical result is given at the end of the paper. The next proof
is a proof of Theorem 4.

(2)

(1)

Proof Let A come from the Poisson gRPG with X and S and identity mean function. Let Ã be a
sample from fastRG. For any fixed adjacency matrix a, we will show that P(A = a) = P(Ã = a).
Define m = 1nT a1n and decompose the probabilities,
P(A = a) = P(1nT A1n = m)P(A = a|1nT A1n = m)

P(Ã = a) = P(1nT Ã1n = m)P(Ã = a|1nT Ã1n = m).

ij

u,v

The proof will be divided into two parts. The first part shows that P(1nT A1n = m) = P(1nT Ã1n = m)
and the second part will show that P(A = a|1nT A1n = m) = P(Ã = a|1nT Ã1n = m).
Part 1: The sum of independent Poisson variables is still Poisson,
ij

∑ Ai j ∼ Poisson(∑ λi j ).
So, we must only show that 1nT A1n and 1nT Ã1n have the same Poisson parameter:
ij

∑ λi j = 1nT XSX1n = 1nT XCC−1 SC−1CX1n = 1nT X̃ S̃X̃1n = 1nT X̃ S̃X̃1n = 1KT S̃1K = ∑ S̃uv .

> 1 − e−λi j ),

JMLR 19(77):1-13, 2018

hxi , x j iS
λi j
=
∑a,b hxa , xb iS ∑a,b λab

Part 2: After conditioning on 1nT A1n = m, Lemma 8 shows that A has the multinomial distribution. In fastRG, we first sample 1nT Ã1n and then add edges with the multinomial distribution. So,
we must only show that the multinomial edge probabilities are equal for A and Ã. From Lemma
8, the multinomial edge probabilities for A are λi j / ∑a,b λab . To compute the multinomial edge
probabilities for Ã, recall that (I, J) is a single edge added to the graph in fastRG. By Theorem 1,

P(Ãi j = 1|1nT Ã1n = 1) = P (I, J) = (i, j) =

This concludes the proof.

i.i.d

=

1(Ui j

Proof [Proof of Theorem 7] Let Ui j ∼ Uni f orm(0, 1). Define A and B:
Ai j

Bi j = 1(Ui j > λi j ).

11
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∞

Note that A and B are equal in distribution to t(Ã) and B respectively. By Taylor expansion,

i, j

i, j k=2

i, j

i, j

EkA − BkF2 = ∑(λi j − (1 − e−λi j )) = ∑ ∑ (−λi j )k /k! = ∑ O(λi2j ) = ∑ O((αn /n)2 ) = O(αn2 ).

a

λi ji j −λ
e ij
∏i, j
ai j !
P(A = a)
=
(λ11 + λ12 + · · · + λnn )m −(λ +λ +···+λnn )
P(1nT A1n = m)
e 11 12

m! 

ai j
λi j
m!
∏
∏i, j ai j ! i, j λ11 + λ12 + · · · + λnn

Then, EkBkF2 = ∑i j λi j > cαn n. So, defining t(Ã) and B with the above coupling yields the result.

Proof [proof of Lemma 1]

=

P(A = a|1nT A1n = m) =
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Big datasets arise frequently in clinical, epidemiological, financial and sociological studies.
In such applications, many classical optimization methods for parameter estimation such as
Fisher scoring, the EM algorithm or iterated reweighted least squares (Hastie et al. 2009,
Nelder and Baker 1972) do not scale well and are computationally less attractive. Due to
its computational and memory efficiency, stochastic gradient descent (Robbins and Monro
1951)[SGD] is a scalable algorithm for parameter estimation and has recently drawn a great
deal of attention. Unlike other classical methods that evaluate the objective function involving the entire dataset, the SGD method calculates the gradient of the objective function
using only one data point at a time and recursively updates the parameter estimate. This

1. Introduction

In many applications involving large dataset or online learning, stochastic gradient descent
(SGD) is a scalable algorithm to compute parameter estimates and has gained increasing
popularity due to its numerical convenience and memory efficiency. While the asymptotic
properties of SGD-based estimators have been well established, statistical inference such
as interval estimation remains much unexplored. The classical bootstrap is not directly
applicable if the data are not stored in memory. The plug-in method is not applicable
when there is no explicit formula for the covariance matrix of the estimator. In this paper,
we propose an online bootstrap procedure for the estimation of confidence intervals, which,
upon the arrival of each observation, updates the SGD estimate as well as a number of
randomly perturbed SGD estimates. The proposed method is easy to implement in practice.
We establish its theoretical properties for a general class of models that includes linear
regressions, generalized linear models, M-estimators and quantile regressions as special
cases. The finite-sample performance and numerical utility is evaluated by simulation
studies and real data applications.
Keywords: Bootstrap, Interval estimation, Generalized linear models, Large datasets,
M-estimators, Quantile regression, Resampling methods, Stochastic gradient descent
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Parameter estimation by optimizing an objective function is often encountered in statistical
practice. Consider the general situation where the optimal model parameter θ0 ∈ Rp is
defined to be the minimizer of the expected loss function,
n
o
θ0 = argmin L(θ) , E[`(θ; Z)] ,
(1)

2. The proposed resampling procedure

is also numerically appealing and particularly useful in online updating settings such as
streaming data where it may not even be feasible to store the entire dataset in memory.
Wang et al. (2016) gave a nice review on recent achievements of applying the SGD method
to big data and streaming data.
The asymptotic properties of SGD estimators such as consistency and asymptotic normality have been well established; see, for example, Ruppert (1988) and Polyak and Juditsky
(1992). However, statistical inference such as confidence interval estimation for SGD estimators has remained largely unexplored. Traditional interval estimation procedures such
as the plug-in procedure and the bootstrap are often numerically difficult in the presence
of big datasets. The bootstrap repeatedly draws samples from the entire dataset. The
plug-in procedure requires an explicit variance-covariance formula. Since the classical bootstrap is not directly applicable if the data are not stored in memory, using the deal from
the weighted bootstrap (Rubin 1981), we propose an online bootstrap procedure for the
estimation of confidence intervals.
There are only a few papers considering the statistical inference of the SGD method.
Chen et al. (2016) proposed a method called the batch-mean procedure. Although computationally efficient and theoretically sound, the batch-means procedure substantially underestimates the variance of the SGD estimator in finite-sample studies, because of the
correlations between the batch means. Li et al. (2017) presented a new method for statistical inference in M-estimation problems, based on SGD estimators with a fixed step size.
However, this method is limited to M-estimation and fixed step size. Su and Zhu (2018)
proposed a new method called HiGrad, short for Hierarchical Incremental GRAdient Descent, which estimates model parameters in an online fashion and provides a confidence
interval for the true population value. This method is also computationally efficient and
theoretically sound, but it is not applicable to vanilla SGD estimators.
In this paper, we propose an online bootstrap resampling procedure to approximate the
distribution of a SGD estimator in a general class of models that includes linear regressions,
generalized linear models, M-estimators and quantile regressions as special cases. Our
proposal, justified by asymptotic theories, provides a simple way to estimate the covariance
matrix and confidence regions. Through numerical experiments, we verify the ability of this
procedure to give accurate inference for big datasets.
The rest of the article is organized as follows. In Section 2, we introduce the proposed
online bootstrap procedure for constructing confidence regions. In Section 3, we theoretically justify the validity of our proposal for a general class of models, along with some
special cases. In Section 4, we demonstrate the performance of the proposed procedures
in finite samples via simulation studies and three real data applications. Some concluding
remarks are given in Section 5 and all the technical proofs are relegated to the Appendix.

Yixin Fang, Jinfeng Xu and Lei Yang

Online Bootstrap for SGD
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i=1

4

(9)

JMLR 19(78):1-21, 2018

From Lemma 1, we can conduct statistical inference based on θn provided that we can
estimate the covariance matrix S0−1 V0 S0−1 , or we can use some resampling procedure to
√
approximate the sampling distribution of n(θn − θ0 ). We first derive the asymptotically
∗
linear representation of θn for any perturbation variables that are i.i.d. random variables
satisfying that E(Wn ) = 1.

Lemma 1 If Assumptions A1-A5 are satisfied, then we have

√
n(θn − θ0 ) ⇒ N 0, S0−1 V0 S0−1 , in distribution, as n → ∞.

Following similar arguments in Ruppert (1988) and Polyak and Juditsky (1992), we can
prove the asymptotic normality of the SGD estimator θn under the above assumptions.

(A6). The perturbation variables, W1 , W2 , . . ., are non-negative i.i.d. random variables satisfying that E(Wn ) = Var(Wn ) = 1.

(A5). The learning rates are chosen as γn = γ1 n−α with γ1 > 0 and α ∈ (0.5, 1).

(A4). Let V0 = E {[∇`(θ0 ; Z)][∇`(θ0 ; Z)]T }. Assume Ek∇`(θ; Z)k2 ≤ C(1 + kθk2 ) for some
C and Ek∇`(θ; Z) − ∇`(θ0 ; Z)k2 ≤ δ(kθ − θ0 k) for some δ(·) with δ(x) → 0 as x → 0.

(A3). The Hessian matrix of L(θ), S(θ) = ∇2 L(θ), exists and is positive definite at θ0 with
S0 = S(θ0 ) > 0 and is Lipschitz continuous at θ0 with constant L2 > 0.

(A2). The gradient of L(θ), R(θ) = ∇L(θ), is Lipschitz continuous with constant L1 > 0;
that is, for any θ1 and θ2 , kR(θ1 ) − R(θ2 )k ≤ L1 kθ1 − θ2 k.

(A1). The objective function L(θ) is convex, continuously differentiable over θ ∈ Θ, and
twice continuously differentiable at θ = θ0 , where θ0 is the unique minimizer of L(θ).

In this section, we derive some theoretical properties of θn , justifying that the conditional
∗
distribution of θn − θn given data Dn = {Z1 , Z2 , . . . , Zn } can approximate the sampling
distribution of θn − θ0 , under the following assumptions. Let k · k be the Euclidean norm
for vectors and the operator norm for matrices. The proofs are presented in the Appendix.

3.1. Main theorems

3. Theoretical Results

where `(θ; z) is some loss function and Z denotes one single observation and Θ is the
domain on which the loss function is defined, which is assumed to be open. Suppose that
the data consist of independent and identically distributed (i.i.d.) copies of Z, denoted by
DN = {Z1 , . . . , ZN }. Under mild conditions, θ0 can be consistently estimated by
(
)
N
1 X
`(θ; Zi ) .
(2)
N
θ∈Θ

θeN = argmin

(8)
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∗

and then approximate the sampling distribution of θn − θ0 using the empirical distribution
∗,b
of {θn − θn , b = 1, ..., B}. Specifically, the covariance matrix of θn can be estimated by the
∗,b
sample covariance matrix constructed from {θn , b = 1, ..., B}. Estimating the distribution
√
√ ∗
of n(θn − θ0 ) based on the distribution of n(θn − θn )|Dn leads to the construction
of (1 − α)100% confidence regions for θ0 . The resulting inferential procedure retains the
numerical simplicity of the SGD method, only using one pass over the data. The proposed
inferential procedure scales well for datasets with millions of data points or more, and its
theoretical validity can be justified for a general class models with mild regularity conditions
as shown in the next section.

(3)

However, the minimization problem (2) for large-scale datasets pose numerical challenges.
Furthermore, for applications such as online data where each sample arrives sequentially
(e.g., search queries or transactional data), it may not be necessary or feasible to store the
entire dataset, leaving alone evaluating the minimand in (2).
As a stochastic approximation method (Robbins and Monro 1951), stochastic gradient
descent is a scalable algorithm for parameter estimation with large-scale data. Given an
initial estimate θb0 , the SGD method recursively updates the estimate upon the arrival of
each data point Zn , n = 1, 2, . . . , N ,
θbn = θbn−1 − γn ∇`(θbn−1 ; Zn ),

n

i=1

1 Xb
θi ,
n

(4)

where the learning rates are γn = γ1 n−α with γ1 > 0 and α ∈ (0.5, 1). As suggested by
Ruppert (1988) and Polyak and Juditsky (1992), we consider the averaging estimate,
θn =

(5)

(6)

which can also be recursively updated given that θn = (n − 1)θn−1 /n + θbn /n.
In order to conduct statistical inference with the averaging SGD estimator θn at any
stage, we propose an online bootstrap resampling procedure, which recursively updates
the SGD estimate as well as a large number of randomly perturbed SGD estimates, upon
the arrival of each data point. Specifically, let W = {Wi , i = 1, . . . , N } be a set of i.i.d.
non-negative random variables with mean and variance equal to one. In parallel with (3)
and (4), with θb0∗ ≡ θb0 , upon observing data point Zn , we recursively updates randomly
perturbed SGD estimates,

i=1

1 X b∗
θi .
n

n

∗
∗
θbn∗ = θbn−1
− γn Wn ∇`(θbn−1
; Zn ),
∗

θn =

n

i=1

1 X b∗,b
θi ,
n

(7)

√
√ ∗
We will show that n(θn − θ0 ) and n(θ − θn ) converge in distribution to the same
n
limiting distribution. In practice, these results allow us to estimate the distribution of
√
∗,b
n(θn − θ0 ) by generating a large number, say B, of random samples of W. We obtain θn
by sequentially updating perturbed SGD estimates for each sample, b = 1, . . . , B,

=

∗,b
∗,b
θbn∗,b = θbn−1
− γn Wn,b ∇`(θbn−1
; Zn ),
∗,b

θn

3

n

i=1

X
1
n(θn − θ0 ) = − √ S0−1
∇`(θ0 ; Zi ) + op (1).
n

n

i=1

X
1
∗
n(θn − θn ) = − √ S0−1
(Wi − 1)∇`(θ0 ; Zi ) + op (1).
n

(12)

(11)

(10)

(13)

(16)

(18)

(17)

n

i=1

n

i=1

5

1X 2
1X
Sbn =
∇ `(θi ; Zi ) and Vbn =
[∇`(θi ; Zi )][∇`(θi ; Zi )]T .
n
n

(15)

6

JMLR 19(78):1-21, 2018

i=1

(14)

However, the above final-step plug-in estimation is impractical for large-scale data or
streaming data, because it requires that the whole dataset be stored. To overcome this
problem, in practice we can estimate S0 and V0 recursively, for n = 1, 2, . . ., using

i=1

N
N
1 X 2
1 X
SbN =
∇ `(θN ; Zi ) and VbN =
[∇`(θN ; Zi )][∇`(θN ; Zi )]T .
N
N
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(21)

(20)

In the following, we examine two examples where `(θ; Z) is twice differentiable. Example
1 is linear regression, where the loss function `(θ; Z) is twice differentiable and the objective

θbn = θbn−1 + γn XY /[1 + exp(Y X T θbn−1 )],
∗
∗
θbn∗ = θbn−1
+ γn Wn XY /[1 + exp(Y X T θbn−1
)].

where `(θ; Z) = log (1 + exp(−Y X T θ)) is twice differentiable and L(θ) = E{`(θ; Z)} is nonexp(Y X T θ)
1
XY , ∇2 `(θ; Z) = [1+exp(Y
XX T ,
strongly convex. Moveover, ∇`(θ; Z) = − 1+exp(Y
X T θ)
X T θ)]2
n
o
 2
1
2
∇L(θ) = E {∇`(θ; Z)}, and ∇ L(θ) = E ∇ `(θ; Z) . Letting V0 = E [1+exp(Y X T θ)]2 XX T
n
o
exp(Y X T θ)
XX T , we can easily verify that Assumptions A1-A4 hold. The
and S0 = E [1+exp(Y
X T θ)]2
SGD and perturbed SGD updates for θ0 , as defined in (3) and (5) respectively, are

Example 2 (Logistic regression) Suppose that Zn = (Yn , Xn ), n = 1, 2, . . ., are i.i.d. copies
of Z = (Y, X), where Y = ±1 and X is p-dim with EkXk2 < ∞. Let



1
θ0 = arg minp E − log
,
(19)
T
θ∈R
1 + exp(−Y X θ)

θbn = θbn−1 + 2γn (Yn − XnT θbn−1 )Xn ,
∗
∗
θbn∗ = θbn−1
+ 2γn Wn (Yn − XnT θbn−1
)Xn .

where `(θ; Z) = (Y − X T θ)2 is twice differentiable and L(θ) = E (Y − X T θ)2 is strongly
convex. Moveover, ∇`(θ; Z) = −2(Y − X T θ)X, ∇2 `(θ; Z) = 2X T X, ∇L(θ) = 2E{XX T }θ −
2E{XY }, and ∇2 L(θ) = E{∇l(θ; Z)} = 2E{XX T }. Letting V0 = 4E{(Y − X T θ0 )2 XX T }
and S0 = 2E{XX T }, we can easily verify that Assumptions A1-A4 hold. The SGD and
perturbed SGD updates for θ0 , as defined in (3) and (5) respectively, are

θ∈R

θ0 = arg minp E (Y − X T θ)2 ,

We conclude this subsection with some discussion on the strong convexity of objective
function L(θ), which is strongly convex in Example 1 and is non-strongly convex in Example
2. If L(θ) is strongly convex, i.e. there exists µ > 0 such that L(θ1 ) ≥ L(θ2 ) + ∇L(θ2 )T (θ1 −
θ2 ) + µkθ1 − θ2 k2 for any θ1 and θ2 , Moulines and Bach (2011) derived a non-asymptotic
bound for (Ekθn − θ0 k)1/2 . The bound of (Ekθn − θ0 k)1/2 has several terms; the leading
term is of order O(n−1 ) and the next two leading terms have order O(nα−2 ) and O(n−2α ),
suggesting the setting α = 2/3 to make them equal. If L(θ) is non-strongly convex, Moulines
and Bach (2011) derived a non-asymptotic bound for E[L(θbn )−L(θ0 )] and a non-asymptotic
bound for E[L(θn ) − L(θ0 )]. The bound of E[L(θbn ) − L(θ0 )] is O(max{nα−1 , n−α/2 }), also
suggesting the setting α = 2/3 to achieve optimal rate O(n−1/3 ). Using the Polyak-Ruppert
averaging has allowed the bound of E[L(θn ) − L(θ0 )] to go from O(max{nα−1 , n−α/2 }) to
O(n−α ). Therefore, we use α = 2/3 in the numerical results.

If the loss function `(θ; Z) is twice differentiable,
we can use the plug-in procedure to
√
estimate the asymptotic covariance matrix of N (θN − θ0 ), S0−1 V0 S0−1 . That is, at the final
step, S0 and V0 can be estimated respectively by

3.2.1. Cases where `(θ; Z) is twice differentiable

3.2. Special cases

√ ∗
√
By Theorem 2, the Kolmogorow-Smirnov distance between n(θn −θn ) and n(θn −θ0 )
converges to zero in probability. This validates our proposal of the perturbation-based
resampling procedure for inference with SGD. In the next section, we consider some special
cases where Assumptions A1-A4 are satisfied.

v∈Rp

Theorem 3 If Assumptions A1-A6 hold, then we have

√

√
∗
n(θn − θn ) ≤ v − P n(θn − θ0 ) ≤ v → 0, in probability.
sup P∗

Let P∗ and E∗ denote the conditional probability and expectation given the data. Starting from (12), we derive the following theorem.

√

Then, considering the difference between (2) and (11), we have

√

By Theorem 1, letting Wn ≡ 1, we derive the following representation for θn ,

i=1

X
1
∗
n(θn − θ0 ) = − √ S0−1
Wi ∇`(θ0 ; Zi ) + op (1).
n

n

function L(θ) is strongly convex. Example 2 is logistic regression, where `(θ; Z) is twice
differentiable but L(θ) is non-strongly convex. They are two examples of generalized linear
models, one for quantitative outcome and the other for binary outcome. In these two
examples, both the plug-in procedures and the proposed perturbation resampling procedure
are robust to model mis-specification.
Example 1 (Linear regression) Suppose that Zn = (Yn , Xn ), n = 1, 2, . . ., are i.i.d. copies
of Z = (Y, X), where Y is quantitative and X is p-dim with EkXk2 < ∞. Let

Theorem 2 If Assumptions A1-A5 hold, and the perturbation variables, W1 , W2 , . . ., are
non-negative i.i.d. random variables satisfying that E(Wn ) = 1, then we have,

√

Yixin Fang, Jinfeng Xu and Lei Yang
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3.2.2. Cases where `(θ; Z) is not twice-differentiable

(22)

If the loss function `(θ; Z) is not twice-differentiable, neither the final-step plug-in estimation
(14) nor the recursive plug-in estimation (15) is applicable. Fortunately, our proposal
of scalable inference based on perturbation resampling is still applicable because it only
depends on the first order derivative ∇`(θ; Z). To understand this explicitly, consider the
following example of robust regression via ψ-type M-estimator where the loss function may
be not twice-differentiable.
Example 3 (Robust regression via ψ-type M-estimator) Suppose that Zn = (Yn , Xn ),
n = 1, 2, . . ., are i.i.d. copies of Z = (Y, X), where Y is quantitative and X is p-dim with
EkXk2 < ∞. Let ρ(·) be some convex function with ρ(0) = 0 and we attempt to estimate
θ∈R

θ0 = arg minp Eρ (Y − X T θ) ,

= 0,

(23)

where `(θ; Z) = ρ(Y − X T θ) and L(θ) = Eρ (Y − X T θ). This is robust regression via ρ-type
M-estimator. If ρ(·) is differentiable with derivative ρ̇(·) = ψ(·), we can solve it via ψ-type
M-estimator, solving the following equation,
E {ψ (Y − X T
θ0 ) X}

(25)

(24)

where ∇`(θ; Z) = −ψ(Y − X T θ)X and ∇L(θ) = −E {ψ (Y − X T θ) X}. Hence, the SGD
and perturbed SGD updates for θ0 , as defined in (3) and (5) respectively, are
θbn = θbn−1 + γn ψ(Yn − XnT θbn−1 )Xn ,
∗
∗
θbn∗ = θbn−1
+ γn Wn ψ(Yn − XnT θbn−1
)Xn .

If ψ(·) is not differentiable, neither the final-step plug-in estimation (14) nor the recursive
plug-in estimation (15) is applicable. However, if the corresponding `(θ; Z) and L(θ) satisfy
Assumptions A1-A4, the perturbation resampling procedure is applicable. Next we consider
a special setting where the following Assumptions B1-B4 hold.

C1 (1

(B1). Assume that ρ(u) is a convex function on R with the right derivative being ψ+ (u) and
left derivative being ψ− (u). Let ψ(u) be a function such that ψ− (u) ≤ ψ(u) ≤ ψ+ (u).
There exists constant
> 0 such that |ψ(u)| ≤
+ |u|).
C1

(B2). Let εn = Yn − XnT θ0 . Assume that (Xn , εn ), n = 1, 2, ..., are i.i.d. copies of (X, ε), with
EkXk4 < ∞ and Ekεk2 < ∞. Let V0 = E{ψ 2 (ε)XX T } > 0.
(B3). Let φ(u|X) = E{ψ(u + ε)|X}. Assume that φ(0|X) = 0, uφ(u|X) > 0 for any u 6= 0,
and φ(u|X) has a derivative at u = 0 with φ̇(0|X) ≥ σ > 0 uniformly over X. Let
S0 = E{φ̇(0|X)XX T } > 0.
(B4). Assume that φ̇(u|X) is uniformly Lipschitz at u = 0. That is, there exist constants
C2 > 0 and δ > 0 such that φ̇(u|X) − φ̇(0|X) ≤ C2 |u| for |u| ≤ δ uniformly over X.
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We derive the asymptotic properties of the ψ-type M-estimator as follows.
7
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Lemma 4 If Assumptions B1-B4 and A5 are satisfied, then we have


√
n(θn − θ0 ) ⇒ N 0, S0−1 V0 S0−1 , in distribution, as n → ∞.

Theorem 5 If Assumptions B1-B4 and A5-A6 are satisfied, then we have

n

i=1

X
√ ∗
1
n(θn − θ0 ) = √ S0−1
Wi ψ(εi )Xi + op (1).
n

(26)

(27)

(28)

From Lemma 2 we see that the plug-in procedures are not applicable for estimating the
asymptotic covariance matrix, because although they are applicable for estimating V0 , they
are not applicable for estimating S0 , which involves φ̇(0|X). Moreover, by Theorem 3, we
√ ∗
√
can show that the Kolmogorow-Smirnov distance between n(θn − θn ) and n(θn − θ0 )
converges to zero in probability, as stated in Theorem 2. This validates our proposal of
the perturbation-based resampling procedure for robust regression. To further understand
Assumptions B1-B4, we examine the following example of quantile regression, which is a
special case of the above robust regression.
Example 4 (Quantile regression). Assume the τ -quantile of Y given X is X T θ0 , with

θ∈R

θ0 = arg minp Eρτ (Y − X T θ),

where ρτ (u) = u(τ − I(u < 0)) with a given 0 < τ < 1. Let ε = Y − X T θ0 and ψτ (u) =
τ − I(u < 0). Thus E{ψτ (ε)|X} = τ − Fε (0|X) = 0, where Fε (u|X) is the conditional
distribution function of ε. Let pε (u|X) be the conditional density function of ε. Note
that φ(u|X) = E{ψτ (u + ε)|X} = τ − Fε (−u|X), φ̇(0|X) = pε (0|X), V0 = E{ψτ2 (ε)XX T } =
τ (1−τ )E{XX T } and S0 = E{pε (0|X)XX T }. Therefore, we can easily verify that if pε (0|X)
is uniformly bounded away from 0 and pε (u|X) is uniformly Lipschitz continuous at u = 0,
then Assumptions B1-B4 hold. Thus, the SGD and perturbed SGD updates for θ0 , as
defined in (3) and (5) respectively, are
n
o
θbn = θbn−1 + γn τ − I(Yn − XnT θbn−1 < 0) Xn ,
(29)
n
o
∗
∗
θbn∗ = θbn−1
+ γn Wn τ − I(Yn − XnT θbn−1
< 0) Xn ,
(30)

and the asymptotic results stated in Lemma 2 and Theorem 3 follow directly.

4. Numerical results
4.1. Simulation studies

JMLR 19(78):1-21, 2018

To assess the performance of the proposed online bootstrap resampling procedure (a.k.a.
random weighting procedure; RW) for SGD estimators, we conduct simulation studies for
those four examples discussed in Section 3. We compare the proposed procedure with the
recursive plug-in procedure (RPI).
Setting 1 (Linear regression): Consider linear regression (16), where covariates X (j) ,
j = 1, . . . , p, and residual ε = Y −X T θ0 , are independently generated from standard normal

8

In this section, we apply the proposed procedures to conduct inference for linear regression
analysis for the individual household electric power consumption data (POWER) and logistic regression analysis for the skin segmentation dataset (SKIN) and gas sensors for the
home Activity monitoring data (GAS). All the three datasets are publicly available on UCI
machine learning repository.
The POWER dataset contains 2,075,259 observations and we fit a linear model to investigate how the time of a day influences the response variable “sub-metering-1”, the energy
sub-metering No. 1, in watt-hour of active energy corresponding to kitchen. The observations with missing value are deleted, and the time of a day is divided into 8 categories,
“Time 0-2”, “Time 3-5”, ..., and “Time 21-23”. The SKIN dataset contains 245,057 observations, out of which 50,859 is the skin samples and 194,198 is non-skin samples. We
fit a logistic model to examine the relationship between the indicator of skin and three
predictors, B, G and R. The GAS dataset contains 919,438 observations and we only use
a subset containing 652,024 observations with response variable being either “banana” or
“wine”. We fit a logistic model to examine the association between the response variable
and 11 explanatory variables, Time, R1 to R8, Temperature and Humidity.
JMLR 19(78):1-21, 2018
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empirical standard error. Moveover, from Table 3, we see that, for LAD regression and for
both Settings 3 and 4, the coverage probabilities using either of the two proposed random
weighting procedures are close to 95%, and the standard errors using RW-σ are close to the
empirical standard errors.

N (0, 1). Here X (j) indicates the j-th dimension of X. Let θ0 = (µ1Tq/2 , −µ1Tq/2 , 0Tp−q )T (same
for the other three settings). Consider the corresponding SGD estimators (17) and (18).
Setting 2 (Logistic regression): Consider logistic regression (19), where covariates
X (j) are independently from N (0, 1) and response Y from Bernoulli distribution with
logit{P (Y = 1|X)} = X T θ0 . Consider the corresponding SGD estimators (20) and (21).
Setting 3 (LAD regression): Consider least absolute deviation (LAD) regression, which
is a special case of robust regression (22) with ρ(x) = |x| and quantile regression (28) with
τ = 0.5, where covariates X (j) , j = 1, . . . , p, are i.i.d. with N (0, 1) and residual ε, defined
as Y − X T θ0 , is independently from double exponential distribution DE(0, 1). Consider the
corresponding SGD estimators (29) and (30) with τ = 0.5.
Setting 4 (LAD regression for data with outliers): Consider LAD regression for the
data generated from Setting 1 but contaminated with 10% outliers. The contaminated data
are obtained by transforming the outcome variable in the data generated from Setting 1
using Y ← Y + 10 if |X (1) | ≥ 1.96 and |X (2) | < 1.96; and Y ← Y − 10 if |X (1) | < 1.96
and |X (2) | ≥ 1.96. In this setting, covariate vector X and residual ε = Y − X T θ0 are not
independent, but median{ε|X} = 0. Consider the corresponding SGD estimators defined
in (29) and (30) with τ = 0.5.
For each simulation setting, we consider four scenarios, as described by (N, p, q, µ),
where sample size N = 10, 000 or 20, 000, number of covariates p = 10 or 20, number of
informative covariates q = 6, and effect size µ = 0.1 or 0.2. For each example, we repeat
the data generation 1000 times. For each data repetition, we use Wnb ∼ exp(1) as random
weights and generate B = 200 copies of random weights whenever a new data point is read.
Then, for each data repetition, we obtain the SGD estimate (4), and apply the following
procedures to construct 95% confidence intervals: the proposed random weighting procedure
to obtain 2.5% and 97.5% quantile (RW-Q), the proposed random weighting procedure to
c and the
estimate its standard error (RW-σ) and then construct “estimate ± 1.96 × SE”,
recursive plug-in procedures (RPI), if applicable, to estimate its standard error. We consider
the learning rate α = 2/3. When we calculate the average SGD estimators (4) and (6), the
first 2000 and 4000 estimates are excluded for N = 10, 000 and N = 20, 000, respectively.
We also obtain the empirical standard error based on 1000 repeated SGD estimates, as a
benchmark approximation to the true standard error.
The coverage probabilities of the 95% confidence interval estimates are summarized in
Table 1 for linear regression (Setting 1), Table 2 for logistic regression (Setting 2) and Table
3 for LAD regression (Settings 3-4), respectively. We only report results corresponding to
the first, fourth and seventh covariates (that is, X (1) , X (q/2+1) and X (q+1) ). The plug-in
procedures are not applicable for LAD regression in Settings 3-4.
From Tables 1 and 2, we see that, for linear regression and logistic regression, the
coverage probabilities using the RW-Q, RW-σ and RPI are close to 95%. Therefore, the
proposed random weighting procedures (both RW-Q and RW-σ) perform well for linear
regression and logistic regression, and if we choose to use the plug-in
which
P procedure,
b
involves matrix inverse, we can use RPI. Since the point estimate is N
i=N0 +1 θi /(N − N0 ),
where N0 is the number of excluded estimates and which involves a pass of SGD estimates,
its standard error should also involve a pass of SGD estimates, instead of involving only
the final-step estimate or the true parameter value. We can understand this clearer if
we see the “SE” column, where the standard errors from RW-σ and RPI are close to the
RW-Q
RW-σ
RPI
Empirical
RW-Q
RW-σ
RPI
Empirical
RW-Q
RW-σ
RPI
Empirical
RW-Q
RW-σ
RPI
Empirical

(10000,10,6,0.1)

4.2. Real data applications

(20000,20,6,0.2)

(20000,20,6,0.1)

(10000,10,6,0.2)

Method

(N, p, q, µ)

10

Dim 1
Cover
SE
0.947
−
0.956 0.012
0.953 0.011
−
0.011
0.947
−
0.956 0.012
0.953 0.011
−
0.011
0.939
−
0.949 0.008
0.956 0.008
−
0.008
0.939
−
0.949 0.008
0.956 0.008
−
0.008

Dim q/2 + 1
Cover
SE
0.946
−
0.950 0.012
0.946 0.011
−
0.011
0.946
−
0.950 0.012
0.946 0.011
−
0.011
0.951
−
0.953 0.008
0.948 0.008
−
0.008
0.951
−
0.953 0.008
0.948 0.008
−
0.008

Dim q + 1
Cover
SE
0.950
−
0.959 0.012
0.956 0.011
−
0.011
0.950
−
0.959 0.012
0.956 0.011
−
0.011
0.945
−
0.960 0.008
0.957 0.008
−
0.008
0.945
−
0.960 0.008
0.957 0.008
−
0.008

Table 1: Coverage probabilities of 95% confidence intervals for linear regression

Yixin Fang, Jinfeng Xu and Lei Yang
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(10000,10,6,0.1)

(20000,20,6,0.2)

(20000,20,6,0.1)

(10000,10,6,0.2)

(10000,10,6,0.1)

(N, p, q, µ)

0.950
0.960
−
0.955
0.956
−
0.965
0.964
−
0.961
0.961
−

0.969
0.965
−
0.967
0.968
−
0.966
0.965
−
0.966
0.969
−

−
0.035
0.033
−
0.035
0.033
−
0.047
0.044
−
0.047
0.044

−
0.029
0.026
−
0.029
0.026
−
0.010
0.009
−
0.010
0.009

Dim q + 1
Cover
SE
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Dim q + 1
Cover
SE
0.928
−
0.948 0.023
0.942 0.023
−
0.023
0.944
−
0.954 0.024
0.948 0.023
−
0.023
0.934
−
0.952 0.016
0.949 0.016
−
0.016
0.939
−
0.957 0.016
0.952 0.015
−
0.016

Online Bootstrap for SGD

Method

Dim q/2 + 1
Cover
SE
0.948
−
0.954 0.024
0.952 0.023
−
0.022
0.945
−
0.954 0.025
0.952 0.023
−
0.023
0.939
−
0.953 0.016
0.953 0.016
−
0.016
0.941
−
0.952 0.017
0.944 0.016
−
0.016

Table 3: Coverage probabilities of 95% confidence intervals for LAD regression

(N, p, q, µ)

Dim 1
Cover
SE
0.950
−
0.954 0.024
0.954 0.023
−
0.022
0.945
−
0.959 0.025
0.955 0.023
−
0.023
0.944
−
0.951 0.016
0.948 0.016
−
0.016
0.946
−
0.958 0.017
0.950 0.016
−
0.016

(10000,10,6,0.2)

(20000,20,6,0.1)

(20000,20,6,0.2)
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on conducting statistical inference based on SGD estimators. In this paper, we propose
the perturbation-based resampling procedure, which can be applied to estimate the sampling distribution of an SGD estimator. The offline version of perturbation-based resamping
procedure was first proposed by Rubin (1981) and was also discussed in Shao and Tu (2012).
The proposed resampling procedure is in essence an online version of the bootstrap.
Recall that the data points, Z1 , Z2 , . . . , ZN , are arriving one at a time and an SGD estimate updates itself from θbn−1 to θbn whenever a new data point Zn arrives. If we
are forced to apply the bootstrap, then we should have many bootstrap samples; the
∗
data points of each bootstrap sample, Z1∗ , Z2∗ , . . . , ZN
,
are
assumed
to
be
arriving one at
∗
a time and the bootstrapped SGD estimate updates itself from θbn−1
to θbn∗ whenever a
new data point Zn∗ arrives. Of course such bootstrap is impractical here because in online updating we will not obtain and store all the data points and then generate boot∗ as
strap samples. Now if we rearrange hypothetical bootstrap sample Z1∗ , Z2∗ , . . . , ZN

Method
Dim 1
Dim q/2 + 1
Cover
SE
Cover
SE
Simulation Setting 3
RW-Q
0.965
−
0.965
−
RW-σ
0.969 0.029 0.965 0.029
Empirical
−
0.026
−
0.027
RW-Q
0.972
−
0.965
−
RW-σ
0.973 0.029 0.966 0.029
Empirical
−
0.026
−
0.027
RW-Q
0.970
−
0.973
−
RW-σ
0.966 0.010 0.969 0.010
Empirical
−
0.009
−
0.009
RW-Q
0.967
−
0.974
−
RW-σ
0.966 0.010 0.969 0.010
Empirical
−
0.009
−
0.009
Simulation Setting 4
RW-Q
0.954
−
0.971
−
RW-σ
0.958 0.035 0.969 0.035
Empirical
−
0.032
−
0.031
RW-Q
0.960
−
0.966
−
RW-σ
0.958 0.035 0.966 0.035
Empirical
−
0.032
−
0.031
RW-Q
0.948
−
0.953
−
RW-σ
0.963 0.047 0.958 0.047
Empirical
−
0.043
−
0.045
RW-Q
0.944
−
0.957
−
RW-σ
0.961 0.047 0.961 0.047
Empirical
−
0.044
−
0.045

Table 2: Coverage probabilities of 95% confidence intervals for logistic regression

(10000,10,6,0.1)

(20000,20,6,0.2)

(20000,20,6,0.1)

(10000,10,6,0.2)

RW-Q
RW-σ
RPI
Empirical
RW-Q
RW-σ
RPI
Empirical
RW-Q
RW-σ
RPI
Empirical
RW-Q
RW-σ
RPI
Empirical

Although standard softwares such as SAS and R can fit linear and logistic regression to
such datasets without difficulty, for the illustration purpose, we use the SGD as in Examples
1 and 2 to fit linear and logistic regression and use the proposed online boostrap procedure
to construct confidence intervals. The point estimates and the 95% confidence intervals of
the coefficients are showed in Table 4. From the left-top panel of Table 4, we see that the
electronic power consumption from kitchen is relatively high in the evening and night. From
the left-bottom panel of Table 4, we see that variable B is positively associated with the
response while the other two variables G and R are negatively associated. From the right
panel of Table 4, we see that all the variables but R4 are statistical significantly associated
with the response. Furthermore, we display the histogram of B = 1000 perturbation-based
SGD estimates for each coefficient in Figures 4.2-4.2 for the POWER data, the SKIN data
and the GAS data, respectively. The blue triangle in each figure indicates the corresponding
point estimate the red triangles indicate 2.5 and 97.5 quantiles. From these figures, we see
the the perturbation-based procedure can be used to approximate the sampling distribution
of the corresponding SGD estimator, which might be skewed. For example, for the GAS
data, the sampling distributions are very skewed, and therefore the proposed resampling
procedure is able to display such skewness.

5. Discussion

JMLR 19(78):1-21, 2018

Online updating is a useful strategy for analyzing big data and streaming data, and recently stochastic gradient decent has become a popular method for doing online updating.
Although the asymptotic properties of SGD have been well studied, there is little research
11

Est.
2.265
2.045
2.623
3.323
3.445
3.059
4.176
4.053
1.501
−0.242
−1.956

95% CI
(2.254, 2.275)
(2.040, 2.049)
(2.608, 2.639)
(3.298, 3.347)
(3.420, 3.470)
(3.037, 3.082)
(4.143, 4.208)
(4.024, 4.082)
(1.441, 1.569)
(−0.319, −0.166)
(−1.999, −1.918)

Variable
Time
R1
R2
R3
R4
R5
R6
R7
R8
Temp.
Humi.

Est.
−0.158
−0.202
0.176
−0.907
−0.007
−0.450
1.772
0.173
0.302
−0.175
−0.551

95% CI
(−0.178, −0.139)
(−0.215, −0.190)
(0.160, 0.191)
(−0.932, −0.882)
(−0.018, 0.004)
(−0.467, −0.432)
(1.759, 1.785)
(0.139, 0.207)
(0.272, 0.332)
(−0.191, −0.160)
(−0.560, −0.542)
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13

bootstrap is equivalent to our proposed online bootstrap procedure with Wn ∼ P (1), whose
mean and variance are both equal to one.
Finally, the SGD method considered in this paper is actually the explicit SGD, in contrast with the implicit SGD considered in Toulis et al (2017). We are working on extending

Figure 3: Histograms of B = 1000 perturbation-based SGD estimates for the GAS data.

Figure 2: Histograms of B = 1000 perturbation-based SGD estimates for the SKIN data.

Yixin Fang, Jinfeng Xu and Lei Yang

{K1 copies Z1 , K2 copies Z2 , . . . , KN copies ZN }, where Kn follows binomial distribution
∗
B(N, 1/N ), then the SGD estimator updates itself from θbn−1
to θbn∗ whenever a new batch of
data points, Kn copies of Zn , arrives. Noting that binomial distribution B(N, 1/N ) approximates to Poisson distribution P (1) as N → ∞, we see that the aforementioned hypothetical

Figure 1: Histograms of B = 1000 perturbation-based SGD estimates for the POWER data.

Variable
Time 0-2
Time 3-5
Time 6-8
Time 9-11
Time 12-14
Time 15-17
Time 18-20
Time 21-23
B
G
R

Table 4: Point estimates and 95% confidence intervals for three real datasets; POWER data
on the left-top panel, SKIN data on the left-bottom panel and GAS data on the
right panel

Online Bootstrap for SGD

Online Bootstrap for SGD

the proposed perturbation-based resampling procedure for conducting statistical inference
for the implicit SGD.

Appendix A. technical proofs
For ease exposition of establishing asymptotic normality of SGD and perturbed SGD estimates, we present the following Proposition 1, adapted from Theorem 2 of Polyak and
Juditsky (1992; pp.841). Let R(θ) : Rp → Rp be some unknown function and R(θ0 ) = 0.
The dataset consists of Zn , n = 1, 2, . . . , which are i.i.d. copies of Z. Stochastic gradients
b Zi ) and E{R(θ;
b Zi )} = R(θ). With an initial point θb0 and learning rates γn , the
are R(θ;
SGD estimate is defined as


b θbn−1 ; Zn ) = θbn−1 − γn R(θbn−1 ) − Dn ,
θbn = θbn−1 − γn R(
(31)
b θbn−1 ; Zn ) is a martingale-difference process; that is, E{Dn |Fn−1 } =
where Dn = R(θbn−1 )−R(
0, where Fn−1 = σ(Dn−1 ). The regularity conditions for Proposition 1 are listed as follows.

(C1). There exists a function U (θ) : Rp → R such that for some λ > 0, δ > 0, l0 > 0, L0 > 0,
and all θ, θ0 ∈ Rp , the conditions U (θ) ≥ λkθk2 , k∇U (θ) − ∇U (θ0 )k ≤ L0 kθ − θ0 k,
U (0) = 0, ∇U (θ − θ0 )T R(θ) > 0 for θ 6= θ0 hold true. Moreover, ∇U (θ − θ0 )T R(θ) ≥
l0 U (θ − θ0 ) for all kθ − θ0 k ≤ δ.

(C2). There exists a positive definite matrix S0 ∈ Rp×p such that for some C > 0, 0 < % ≤ 1,
and δ > 0, the condition kR(θ) − S0 (θ − θ0 )k ≤ Ckθ − θ0 k1+% for all kθ − θ0 k ≤ δ holds
true.
(C3). {Dn }n≥1 is a martingale difference process with E{Dn |Fn−1 } = 0, and for some C > 0,



E kDn k2 | Fn−1 + kR(θbn−1 )k2 ≤ C 1 + kθbn−1 k2 a.s.,

< ∞.

for all n ≥ 1. Consider decomposition Dn = Dn (0) + En (θbn−1 ), where Dn (0) =
b 0 ; Zn ) and En (θbn−1 ) = Dn − Dn (0). Assume that E{Dn (0)|Fn−1 } = 0 a.s.,
R(θ0 ) − R(θ
P

E{Dn (0)Dn (0)T |Fn−1 } → V0 > 0,

P
supn≥1 E kDn (0)k2 I(kDn (0)k > η)|Fn−1 → 0, as η → ∞,

(1+%)/2 −1/2
n
n=1 γn

P∞

and there exists δ(x) → 0 as x → 0 such that, for all n large enough,
n
o
E kEn (θbn−1 )k2 | Fn−1 ≤ δ(kθbn−1 − θ0 k) a.s..

(C4). It holds that (γn − γn+1 )/γn = o(γn ), γn > 0 for all n, and

Assumptions C2 and C4 are implied by the following Assumptions C20 (i.e. Assumption
C2 with % = 1) and C40 (i.e. Assumption A5):
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(C20 ). There exists a positive definite matrix S ∈ Rp×p such that for some C > 0 and δ > 0,
the condition kR(θ) − S0 (θ − θ0 )k ≤ Ckθ − θ0 k2 for all kθ − θ0 k ≤ δ holds true.
15
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(C40 ). The learning rates are chosen as γn = γ1 n−α with γ1 > 0 and α ∈ (0.5, 1).

√


n(θn − θ0 ) ⇒ N 0, S0−1 V0 S0−1 , in distribution.

i=1

X
√
1
n(θn − θ0 ) = √ S −1
Di + op (1),
n

n

(32)

Proposition 1. If Assumptions C1-C4 are satisfied, then we have θn → θ0 , a.s.; and

which implies

A1. Proof of Lemma 1

JMLR 19(78):1-21, 2018

Proof. By Proposition 1, it suffices to show that Assumptions C1-C4 hold under Assumptions A1-A5. Because C2 and C4 are implied by C20 and C40 , it suffices to show that
Assumptions C1, C20 , C3 and C40 hold under Assumptions A1-A5.
b Zi ) = ∇`(θ; Zi ).
Verification of Assumption C1: Recall that R(θ) = ∇L(θ) and R(θ;
Define U (θ) = L(θ0 + θ) − L(θ0 ) + λkθk2 for a given λ > 0. By definition of U (θ) and
Assumption A1, we have U (θ) ≥ λkθk2 and U (0) = 0. For any θ and θ0 , since ∇U (θ) −
∇U (θ0 ) = R(θ +θ0 )−R(θ0 +θ0 )+2λ(θ −θ0 ), letting L0 = L1 +2λ and by Assumption A2, we
have k∇U (θ)−∇U (θ0 )k ≤ L1 kθ−θ0 k. Since ∇U (θ−θ0 )T R(θ) = kR(θ)k2 +λ(θ−θ0 )T R(θ), by
Assumption A1, we have ∇U (θ−θ0 )T R(θ) > 0 for any θ 6= θ0 . Last, it remains to verify there
exist l0 > 0 and δ > 0 such that ∇U (θ − θ0 )T R(θ) ≥ l0 U (θ − θ0 ) for all kθ − θ0 k ≤ δ. Noting
that U (θ−θ0 ) = L(θ+θ0 )+λkθ−θ0 k2 , by Taylor expansion and Assumption A3, we see that
there exist l1 > 0 and δ1 such that U (θ −θ0 ) ≤ l1 kθ −θ0 k2 for all kθ −θ0 k ≤ δ1 . On the other
hand, noting that ∇U (θ − θ0 )T R(θ) = kR(θ)k2 + λ(θ − θ0 )T R(θ), by Assumption A3 also, we
see that there exist l2 > 0 and δ2 such that (θ − θ0 )T R(θ) ≥ l2 kθ − θ0 k2 for all kθ − θ0 k ≤ δ2 .
Selecting δ = min(δ1 , δ2 ) and l0 = λl2 /l2 , we show that ∇U (θ − θ0 )T R(θ) ≥ l0 U (θ − θ0 ) for
all kθ − θ0 k ≤ δ.
Verification of Assumption C20 : Recall that R(θ) = ∇L(θ), S(θ) = ∇R(θ), and S0 =
S(θ0 ) > 0. By Assumption A3, there exists δ > 0 such that for any kθ − θ0 k < δ 0 ,
e −
kS(θ) − S(θ0 )k < L2 kθ − θ0 k. By mean-value theorem, kS(θ) − S0 (θ − θ0 )k = kS(θ)(θ
θ0 ) − S0 (θ − θ0 )k, where θe lies between θ and θ0 . Hence kS(θ) − S0 (θ − θ0 )k ≤ L2 kθ − θ0 k2 ,
for any kθ − θ0 k ≤ δ. Letting C = L2 , we have verified Assumption C20 .
b θbn−1 ; Zn ). Consider decomposiVerification of Assumption C3: Dn = R(θbn−1 ) − R(
tion Dn = Dn (0) + En (θbn−1 ), where Dn (0) = −∇`(θ0 , Zn ) and En (θbn−1 ) = [R(θbn−1 ) −
R(θ0 )] − [∇`(θbn−1 ; Zn ) − ∇`(θ0 ; Zn )]. By Assumption A2,kR(θbn−1 )k2 ≤ L12 kθbn−1 − θ0 k2 .
In addition, Cauchy-Schwartz inequality implies
; Zn )k2 =
n that E k∇`(θ; Zn ) − ∇`(θ0o
2Ek∇`(θ; Z )k2 + 2Ek∇`(θ ; Z )k2 ; we have E k∇`(θbn−1 ; Zn ) − ∇`(θ0 ; Zn )k2 | ≤ C 0 (1 +
n
0
n

0
kθk2 ) for some C
A4, . Together, we have E kDn k2 | Fn−1 +
 > 0 by Assumption

kR(θbn−1 )k2 ≤ C 1 + kθbn−1 k2 for some C > 0. Moreover, because Dn (0)’s are i.i.d., we

P
have E{Dn (0)Dn (0)T |Fn−1 } = V0 > 0 and supn≥1 E kDn (0)k2 I(kDn (0)k > η)|Fn−1 → 0,
as η → ∞. Finally, note that EkEn (θ)k2 ≤ L12 kθ − θ0 k2 + Ek∇`(θ; Zn ) − ∇`(θ0 ; Zn )k2 . By
Assumption A3, Ek∇`(θ; Zn ) − ∇`(θ0 ; Zn )k2 ≤ δ 0 (kθ − θ0 k) for some δ 0 (·) with δ 0 (x) → 0 as
x → 0. Define δ(x) = L12 x2 + δ 0 (x), we show EkEn (θ)k2 ≤ δ(kθ − θ0 k). This complete the
verification of Assumption C3.

16

∗
∗
θbn∗ = θbn−1
− γn R(θbn−1
) + γn Dn∗ ,

(33)

En∗ (θ)

= [R(θ) − R(θ0 )] − Wn [∇`(θ; Zn ) − ∇`(θ0 ; Zn )].

(35)

(34)

(37)

≤

∗
∗
3L21 kθbn−1
−θ0 k2 +2Ckθbn−1
k2

∗
≤ C (1+kθbn−1
−θ0 k2 ), (38)

0

∗

=

n(θn − θ0 ) =

n

i=1
n
1 −1 X
− √ S0
Wi ∇`(θ0 ; Zi )
n
i=1

X
1
√ S0−1
Di∗ + op (1)
n

i=1

n

X
1
∗
+ √ S0−1
En∗ (θbn−1
) + op (1).
n

(39)

17
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∗ )k2 |F
0 b∗
b∗
Note that E{kEn (θbn−1
n−1 } ≤ δ (kθn−1 − θ0 k), following (37). Since θn → θ0 a.s., we
√
−1 Pn
∗
∗
b
b
have δ(kθn−1 − θ0 k) → 0 a.s.. Thus, S0
i=1 En (θn−1 )/ n = op (1). Therefore, by (39),
this completes the proof of Theorem 1. 

√

n

for some large enough
> 0. Combining results (36)-(38), we have verified Assumption
C3. Moreover, noting that EWn = 1, we can easily verify that Assumptions A1 and A2
imply that Assumption C1 holds, and Assumption A3 implies that Assumption C2 holds.
By Proposition 1, we show that θb∗ → θ0 almost surely, and

C0

∗
E{kDn∗ k2 |Fn−1 }+kR(θbn−1
)k2

where δ 0 (x) = 2L21 x2 + 2δ(x) satisfying that δ 0 (x) → 0 as x → 0. Also by Cauchy-Schwartz
inequality, E{kEn∗ (θ)k2 } ≤ 2kR(θ)k2 + 2E{k∇`(θ, Z)k2 }. Further, by Assumptions A2 and
A4,

By Cauchy-Schwartz inequality and Assumptions A2 and A4, we have

E{kEn∗ (θ)k2 } ≤ 2kR(θ)k2 + 4E k∇`(θ, Z) − ∇`(θ0 , Z)k2 ≤ δ 0 (kθ − θ0 k),

Noting that E{Dn∗ (0)} = 0 and E(Wn2 ) = 2 under Assumption A6, by Assumption A4, we
have
E{[Dn∗ (0)][Dn∗ (0)]T } = 2E {[`(θ0 ; Zn )][`(θ0 ; Zn )]T } = 2V0 .
(36)

and

Dn∗ (0) = −Wn ∇`(θ0 ; Zn )

∗ ) − W ∇`(θ
b∗ ; Zn ). Then let F∗
where Dn∗ = R(θbn−1
n
n−1
n−1 be the Borel field generated
by {(Zi , Wi ), i ≤ n − 1}. Since E{Wn |F∗n−1 } = 1 and R(θ) = E{∇`(θ; Zn )}, we have
E{Dn∗ |Fn−1 } = 0. Thus Dn∗ is a martingale-difference process. Let Dn∗ (θ) = R(θ) −
∗ ), where
Wn ∇`(θ; Zn ). Consider decomposition Dn∗ = Dn∗ (0) + En∗ (θbn−1

Proof. Rewrite θbn∗ as

A2. Proof of Theorem 1

Obviously Assumption A5 is the same as Assumption C40 . Therefore, we have verified
that Assumptions A1-A5 imply Assumptions C1, C20 , C3 and C40 . By Proposition 1, we
complete the proof of Lemma 1. 

Online Bootstrap for SGD

√

∗

1
Vn = − √ S0−1 (Wi − 1)∇`(θ0 , Zi ).
n

(40)

(42)

(41)

n

n

i=1

i=1

1X
1X 2
Var∗ {(Wi − 1)ξi } =
ξi → σβ2 , in probability,
n
n

(44)

(43)

(45)

√

18

Combining (47) and (48), we complete the proof of Theorem 2. 

v∈Rp

(48)

(47)

(46)
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∗
n(θn − θn ) ≤ v − P(ζ ≤ v) → 0, in probability,
where ζ ∼ N (0, S0−1 V0 S0−1 ). By Lemma 1, we can also show that

√
sup P n(θn − θ0 ) ≤ v − P(ζ ≤ v) → 0.

v∈Rp

sup P∗

Hence, we show that

u∈R

sup |P∗ (β T Vn−1 ≤ u) − Φ(u/σβ )| → 0, for any β ∈ B0 .

Consider B0 , {β ∈ Rp : kβk = 1, the components of β are rational}, which contains only
countable many β and is a dense subset of B. For any subsequence {n1 }, by Cantor’s “diagonal method” used in Rao and Zhao (1992), we can show that there exists a subsequence
{n2 } ⊂ {n1 } such that, with probability one,

u∈R

sup |P∗ (β T Vn ≤ u) − Φ(u/σβ )| → 0, in probability.

Therefore, the Lindeberg’s condition is satisfied. By the central limit theorem, (41) holds,
which implies that for any β ∈ B,

i=1

n


√
1 X ∗
E (Wi − 1)2 ξi2 I |(Wi − 1)ξi | > nsn  → 0, in probability.
nsn

and for any  > 0,

sn =

where ξi = −β T S0−1 ∇`(θ0 , Zi ). Note that, by Assumption A6, EWi = Var(Wi ) = 1. Hence

i=1

1 X
β T Vn = √
(Wi − 1)ξi ,
n

n

where Φ(u) is the distribution of N (0, 1) and σβ = β T S0−1 V0 S0−1 β. In fact,

P∗ (β T Vn ≤ u) → Φ(u/σβ ), in probability,

By Theorem 1, we have n(θn − θn ) = Vn + op (1). We first show that, for any β ∈ B ,
{β ∈ Rp : kβk = 1} and u ∈ R,

Proof. Let

A3. Proof of Theorem 2
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A4. Proof of Lemma 2

Online Bootstrap for SGD

Proof. By Proposition 1, it suffices to show that Assumptions C1, C20 and C3 hold under
Assumptions B1-B4.
Verification of Assumption C1: Define ∆ = θ − θ0 . Let R(∆) = E{φ(∆T X|X)X} and
b
R(∆;
Zn ) = ψ(∆T Xn +εn )Xn . Define U (∆) = ∆T ∆. By definition of U (∆), U (∆) ≥ λk∆k2
with λ = 1, U (0) = 0 and ∇U (∆) is Lipschitz continuous. Since ∆T E{φ(∆T X|X)∆T X} > 0
by Assumption B3, we see that ∇U (∆)T R(∆) > 0. By the mean-value theorem and by Assumption B3, there exists δ such that ∆T E{φ(∆T X|X)∆T X} ≥ ∆T E{φ̇(0|X)XX T }∆/2 ≥
λmin (S0 )k∆k2 /2, for any k∆k ≤ δ, where λmin (S0 ) is the minimum eigenvalue of S0 . Hence
∇U (∆)T R(∆) ≥ λmin (S0 )k∆k2 and we have verified Assumption C1.
Verification of Assumption C20 : Note that
kR(∆) − S0 ∆k = kEφ(∆T X|X) − Eφ̇(0|X)XX T ∆k.

(49)

By the mean-value theorem and Assumption B4, there exists δ such that, for any k∆k ≤ δ,
kE{φ(∆T X|X)X} − E{φ̇(0|X)XX T ∆}k ≤ C2 λmax (S0 )k∆k2 . This implies Assumption C20 .
b n = θbn − θ0 . Then Dn = R(∆
b n−1 ) − R(
b ∆
b n−1 ; Zn ).
Verification of Assumption C3: Let ∆
b
b
Consider decomposition Dn = Dn (0)+En (∆
n−1 ), where Dn (0) = ψ(εn )Xn and En (∆n−1 ) =
b T X +ε )X }−[ψ(∆
b T X +ε )X −ψ(ε )X ]. By Assumption B1 and the CauchyE{ψ(∆
n
n
n
n
n
n
n−1
n−1



b n−1 )k2 ≤ 2C1 1 + k∆
b n−1 k2 .
Schwartz inequality, we can show that E kDn k2 | Fn−1 +kR(∆
Moreover, by Assumption B2, Dn (0)’s are i.i.d., so E{Dn (0)Dn (0)T |Fn−1 } = V0 > 0 and
supn≥1 E kDn (0)k2 I(kDn (0)k > η)|Fn−1 →0, as η → ∞. Finally, by Cauchy-Schwartz
inequality and Assumptions B2-B3, we can show that EkEn (∆)k2 ≤ δ(k∆k) for some δ(·)
with δ(x) → 0 as x → 0. This complete the verification of Assumption C3.
Obviously Assumption A5 is the same as Assumption C40 . Therefore, we have verified
that Assumptions B1-B4 and A5 imply Assumptions C1, C20 , C3 and C40 . By Proposition
1, we complete the proof of Lemma 2. 

A5. Proof of Theorem 3
b n = θbn − θ0 . Rewrite θb∗ as
Proof. Recall that R(∆) = E{φ(∆T X|X)X} and ∆
n
∗
b n ) + γn D ∗ ,
θbn∗ = θbn−1
+ γn R(∆
n

(50)

b T Xn +εn )Xn −R(∆
b n ) is a martingale-difference process by Assumption
where Dn∗ = Wn ψ(∆
n
B3 and that E{Wn |Fn−1 } = 1. Let Dn∗ (∆) = Wn ψ (∆T Xn + εn ) Xn − R(∆) and Dn∗ (∆) =
Dn∗ (0) + En∗ (∆), where
En∗ (∆) = Wn [ψ(∆T Xn + εn ) − ψ(εn )] Xn − R(∆).
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Since Dn∗ (0) = Wn ψ(εn )Xn , E{Dn∗ (0)} = 0 and E{[Dn∗ (0)][Dn∗ (0)]T } = (1 + Var(W1 ))V0
by Assumption B2. By Cauchy-Schwartz inequality and Assumptions B2-B3, we can show
that EkEn∗ (∆)k2 ≤ δ(k∆k) for some δ(·) with δ(x) → 0 as x → 0. Therefore, using the
similar arguments as those in the proof of Lemma 2, we can verify that, under Assumptions
B1-B4, Assumptions C1-C4 are satisfied. By Proposition 1, it follows that θbn∗ → θ0 almost
19

surely, and
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n

n

i=1

X
√ ∗
1
n(θn − θ0 ) = √ S0−1
Di∗ + op (1).
n
n

i=1

By the decomposition of Di∗ , we have

i=1

X
X
√ ∗
1
1
∗
n(θn − θ0 ) = √ S0−1
Wi ψ(εi )Xi + √ S0−1
En∗ (θbn−1
− θ0 ) + op (1).
n
n

(51)

(52)

∗
2
b∗
b∗
By the definition of δ(k∆k), E{kEn∗ (θbn−1
−
∆)k
|F
n−1 } = δ(kθn−1 − θ0 k). Since θn → θ0
Pn2 ∗ b∗
√
∗
a.s., we have δ(kθbn−1
− θ0 k) → 0 a.s.. Thus, i=1
En (θn−1 − θ0 )/ n = op (1). By (52), we
complete the proof of Theorem 3. 
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Returning to graph-based SSL, a likely key reason for the open-ended question of a most
natural choice for the graph representative arises from these methods being essentially built
upon intuitive reasoning arising from low dimensional data considerations rather than from
mostly inaccessible theoretical results. Indeed, the non-linear expression of the affinity
matrix W as well as the rather involved form assumed by the algorithm output (although
explicit) hinder the possibility to statistically evaluate the algorithm performances for all
finite n, p, even for simple data assumptions. The present article is placed instead under
a large dimensional data assumption, thus appropriate to the present big-data paradigm,

node to belong to a particular class. These scores are then compared for each class in order
to obtain a hard decision on the individual unlabelled node class. A popular, and widely
recognized as highly performing, example is the PageRank approach (Avrachenkov et al.,
2011).
Many of these algorithms also have the particularity of having a closed-form and quite
interrelated expression for their stationary points. These stationary points are also often
found to coincide with the solutions to optimization problems under constraints, independently established. This is notably the case of Zhu et al. (2003) under equality constraints
for the labelled nodes or of Belkin et al. (2004) where a relaxation approach is used instead
to allow for modifications of the value of labelled nodes – this ensuring that erroneously
labelled data or poorly informative labelled data do not hinder the algorithm performance.
As is often the case in graph-related optimization, a proper choice of the matrix representative of the inter-data affinity is at the core of scientific research and debates and mainly
defines the differences between any two schemes. In particular, Joachims et al. (2003) suggests the use of a standard Laplacian representative, where Zhou et al. (2004) advises for a
normalized Laplacian approach. These individual choices correspondingly lead to different
versions of the label propagation methods on the graph, as discussed in Avrachenkov et al.
(2011).
There also exists another branch of manifold based semi-supervised learning (Belkin and
Niyogi, 2004; Goldberg et al., 2009; Moscovich et al., 2016). In contrast to the methods
discussed in this paper, these approaches involve a step of manifold learning, which plays
a decisive role in the success of the learning task. While there exist many articles providing theoretical analyses for such methods (Wasserman and Lafferty, 2008; Bickel et al.,
2007; Moscovich et al., 2016; Globerson et al., 2017), a comprehensive comparison to the
graph-based methods presently discussed is beyond current analytical reach. This being
said, while the Gaussian-mixture data model under study in the present article violates
the manifold assumption, given appropriate feature (kernel function) mapping, there exists a low dimensional manifold where data demonstrate a clustering behavior, as shown
by Couillet and Benaych-Georges (2015); as such, when the classes are very well separated and sufficient data are available to estimate the manifold, manifold-based methods
in this setting should lead to competitive performance. While clearly out of our present
scope, future investigations might allow for a comparative study of manifold versus graph
approaches. Another recent line of alternative works consider SSL from a graph signal processing perspective (Narang et al., 2013a,b; Gadde et al., 2014; Anis et al., 2015), where the
classification scores are viewed as smooth signals on the similarity graph and the learning
task then consists in recovering a bandlimited (understood in the graph Fourier transform
domain) graph signal from its known sample values.
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Semi-supervised learning consists in classification schemes combining few labelled and numerous unlabelled data. With the advent of the big-data paradigm, where supervised
learning implies the impossible pre-labelling of sometimes millions of samples, these so-far
marginal methods are attracting a renewed attention. Its appeal also draws on its providing an alternative to unsupervised learning which excludes the possibility to exploit known
data. We refer to Chapelle et al. (2006) for an overview.
An important subset of semi-supervised learning methods concerns graph-based approaches. In these, one considers data instances x1 , · · · , xn ∈ Rp as vertices on a graph
with edge weights Wij encoding their similarity, which is usually defined through a kernel
function f , as with radial kernels of the type Wij = f (kxi − xj k2 /p) which we shall focus
on in this article. The motivation follows from one’s expectation that two instances with a
strong edge weight tend to belong to the same class and thus vertices of a common class
tend to aggregate. Standard methods for recovering the classes of the unlabelled data then
consist in various random walk (Jaakkola and Szummer, 2002) or label propagation (Zhu
and Ghahramani, 2002) algorithms on the graph which softly allocate “scores” for each

1. Introduction

Keywords: semi-supervised learning, kernel methods, random matrix theory, high dimensional statistics

This article provides an original understanding of the behavior of a class of graph-oriented
semi-supervised learning algorithms in the limit of large and numerous data. It is demonstrated that the intuition at the root of these methods collapses in this limit and that, as
a result, most of them become inconsistent. Corrective measures and a new data-driven
parametrization scheme are proposed along with a theoretical analysis of the asymptotic
performances of the resulting approach. A surprisingly close behavior between theoretical
performances on Gaussian mixture models and on real data sets is also illustrated throughout the article, thereby suggesting the importance of the proposed analysis for dealing with
practical data. As a result, significant performance gains are observed on practical data
classification using the proposed parametrization.
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and proposes instead to derive, for the first time to the best of the authors’ knowledge,
theoretical results on the performance of the aforementioned algorithms in the large n, p
limit for a certain class of statistically distributed data x1 , . . . , xn ∈ Rp . Precisely due to
the large data assumption, as we shall observe, most of the intuition leading up to the
aforementioned algorithms collapse as n, p → ∞ at a similar rate, and we shall prove that
few algorithms remain consistent in this regime.
Specifically, recall that the idea behind graph-based semi-supervised learning is to exploit
the similarity between data points and thus expect a clustering behavior of close-by data
nodes. In the large data assumption (i.e., p  1), this similarity-based approach suffers a
curse of dimensionality. As the span of Rp grows exponentially with the data dimension
p, when p is large, the data points xi (if not too structured) are in general so sparsely
distributed that their pairwise distances tend to be similar regardless of their belonging to
the same class or not. The Gaussian mixture model that we define in Subsection 3 and will
work on is a telling example of this phenomenon; as we show, in a regime where the classes
ought to be separable (even by unsupervised methods as shown by Couillet and Benaych√
Georges 2015), the normalized distance kxi −xj k/ p of two random different data instances
xi and xj generated from this model converges to a constant irrespective of the class of xi
and xj in the Gaussian mixture and, consequently, the similarity defined by Wij = f (kxi −
xj k2 /p) is asymptotically the same for all pairs of data instances. This behavior should
therefore invalidate the intuition behind semi-supervised classification, hence likely render
graph-based methods ineffective. As a direct consequence, the scores are flat in the sense
that they have the same asymptotic values, irrespective of the class. Nonetheless, we will
show that sensible classification on data sets generated from this model can still be achieved
provided that appropriate amendments to the classification algorithms are enforced, due
to the small fluctuations around these flat asymptotic limit of scores. This flat limit is
reminiscent of the work by Nadler et al. (2009) where the authors show that the scores indeed
share the same limit, irrespective of the class, in the presence of infinitely many unlabelled
samples but for p ≥ 2 fixed. Yet, despite the scores flatness, the authors experimentally
observed non-trivial classification in binary tasks thanks to the small difference between
scores; they however did not provide any theoretical support for such behavior, for they
analysis failed to recover the small fluctuations.
Inspired by Avrachenkov et al. (2011), we generalize here the algorithm proposed in Zhu
et al. (2003) by introducing a normalization parameter α in the cost function in order to
design a large class of regularized affinity-based methods, among which are found the traditional Laplacian- and normalized Laplacian-based algorithms. The generalized optimization
framework is presented in Section 2.
The main contribution of the present work is to provide a quantitative performance study
of the generalized graph-based semi-supervised algorithm for large dimensional Gaussianmixture data and radial kernels, technically following the random matrix approach developed by Couillet and Benaych-Georges (2015). Our main findings are summarized as
follows:
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• Irrespective of the choice of the data affinity matrix, the classification outcome is
strongly biased by the number of labelled data from each class and unlabelled data tend
3
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to be classified into the class with most labelled nodes; we propose a normalization
update of the standard algorithms to correct this limitation.

• Once the aforementioned bias corrected, the choice of the affinity matrix (and thus
of the parameter α) strongly impacts the performances; most importantly, within
our framework, both standard Laplacian (α = 0 here) and normalized Laplacianbased (α = − 21 ) methods, although widely discussed in the literature, fail in the
large dimensional data regime. Of the family of algorithms discussed above, only the
PageRank approach (α = −1) is shown to provide asymptotically acceptable results.

• The scores of belonging to each class attributed to individual nodes by the algorithms
are shown to asymptotically follow a Gaussian distribution with mean and covariance
depending on the statistical properties of classes, the ratio of labelled versus unlabelled
data, and the value of the first derivatives of the kernel function at the limiting value
τ of p1 kxi − xj k2 (which we recall is irrespective of the genuine classes of xi , xj ).
This last finding notably allows one to predict the asymptotic performances of the
semi-supervised learning algorithms.

• From the latter result, three main outcomes unfold:

– when three classes or more are considered, there exist Gaussian mixture models
for which classification is shown to be impossible;

– despite PageRank’s consistency, we further justify that the choice α = −1 is
not in general optimal. For the case of 2-class learning, we provide a method to
approach the optimal value of α; this method is demonstrated on real data sets
to convey sometimes dramatic improvements in correct classification rates.

– for a 2-class learning task, necessary and sufficient conditions for asymptotic
consistency are: f 0 (τ ) < 0, f 00 (τ ) > 0 and f 00 (τ )f (τ ) > f 0 (τ )2 ; in particular,
Gaussian kernels, failing to meet the last condition, cannot deal with the large
dimensional version of the “concentric spheres” task.

Throughout the article, theoretical results and related discussions are confirmed and
illustrated with simulations on Gaussian-mixture data as well as the popular MNIST data
(LeCun et al., 1998), which serves as a comparison for our theoretical study on real world
data sets. The consistent match of our theoretical findings on MNIST data, despite their
departing from the very large dimensional and Gaussian-mixture assumption, suggests that
our results have a certain robustness to these assumptions and can be applied to a larger
range of data. We indeed believe that, while only the limiting behavior of Gaussian mixture
inputs is characterized in this article (mostly for technical reasons), the analysis reveals
certain properties inherent to graph-based SSL methods, which extend well beyond the
Gaussian hypothesis.
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Notations: δab is a binary function taking the value of 1 if a = b or that of 0 if not. 1n
is the column vector of ones of size n, In the n × n identity matrix. The norm k · k is the
Euclidean norm for vectors and the operator norm for matrices. The operator diag(v) =
k
diag{va }a=1
is the diagonal matrix having v1 , . . . , vk as its ordered diagonal elements. O(·)
is the same as specified in the work of Couillet and Benaych-Georges (2015): for a random

4

Wij dαi Fik − dαj Fjk

2

(1)

5
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where α ∈ R is a given parameter. The interest of this generic formulation is that it
coincides with the standard Laplacian-based approach for α = 0 and with the normalized
Laplacian-based approach for α = − 21 , both discussed in Section 1. Note importantly that
Equation (1) is naturally motivated by the observation that large values of Wij enforce close
values for Fik and Fjk while small values for Wij allow for more freedom in the choice of
Fik and Fjk .
By denoting






F[l]
W[ll] W[lu]
D[l]
0
F =
, W =
, and D =
F[u]
W[ul] W[uu]
0 D[u]

s.t. Fik

k=1 i,j=1

K X
n
X

(
1, if xi ∈ Ck
=
, 1 ≤ i ≤ n[l] , 1 ≤ k ≤ K
0, otherwise

F = argminF ∈Rn×k

for some function f . The matrix W may be seen as the adjacency matrix of the n-node
graph indexed
P by the vectors x1 , . . . , xn . We further denote by D the diagonal matrix with
Dii ≡ di = nj=1 Wij the degree of the node associated to xi .
We next define a score matrix F ∈ Rn×K with Fik representing the evaluated score for
xi to belong to Ck . In particular, following the conventions typically used in graph-based
semi-supervised learning (Chapelle et al., 2006), we shall affect a unit score Fik = 1 if xi is
a labelled data of class Ck and a null score for all Fik0 with k 0 6= k. In order to attribute
classes to the unlabelled data, scores are first affected by means of the resolution of an
optimization framework. We propose here

Let x1 , . . . , xn ∈ Rp be n data vectors belonging to K classes C1 , . . . , CK . The class association of the n[l] vectors x1 , . . . , xn[l] is known (these vectors will be referred to as labelled ),
while the class of the remaining n[u] vectors xn[l] +1 , . . . , xn (n[l] + n[u] = n) is unknown
(these are referred to as unlabelled vectors). Within both labelled and unlabelled subsets,
the data are organized in such a way that the n[l]1 first vectors x1 , . . . , xn[l]1 belong to class
C1 , n[l]2 subsequent vectors to C2 , and so on, and similarly for the n[u]1 , n[u]2 , . . . first vectors
of the set xn[l] +1 , . . . , xn . Note already that this ordering is for notational convenience and
shall not impact the generality of our results.
The affinity relation between the vectors x1 , . . . , xn is measured from the weight matrix
W defined by
 
n
1
W ≡ f
kxi − xj k2
p
i,j=1

(4)

(3)

6
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Consistently with the previous section, for each k, there are nk instances of vectors of class
Ck , among which n[l]k are labelled and n[u]k are unlabelled.
As pointed out above, in the regime where n, p → ∞, special care must be taken to ensure
that the classes C1 , . . . , CK , the statistics of which evolve with p, remain at a “somewhat
constant” distance from each other. This is to ensure that the classification problem does not
become asymptotically infeasible nor trivially simple as p → ∞. Based on the earlier work
(Couillet and Benaych-Georges, 2015) where similar considerations were made, the behavior
of the class means, covariances, and cardinalities will follow the prescription below:

xi ∈ Ck ⇔ xi ∼ N (µk , Ck ).

In the remainder of the article, we shall assume that the data x1 , . . . , xn are extracted from
a Gaussian mixture model composed of K classes. Specifically, for k ∈ {1, . . . , K},

3.1. Model and Assumptions

3. Model and Theoretical Results

and thus the matrix F is a stationary point for the algorithm constituted of the updating
rules (3) and (4) (when replacing the equal signs by affectations). In particular, for α = −1,
the algorithm corresponds to the standard label propagation method found in the PageRank
algorithm for semi-supervised learning as discussed in Avrachenkov et al. (2011), with the
major difference that F[l] is systematically reset to its known value while in the study of
Avrachenkov et al. (2011), F[l] is allowed to evolve (for reasons related to robustness to
pre-labeling errors).
The technical objective of the article is to analyze the behavior of F[u] in the large n, p
regime for a Gaussian mixture model for the data x1 , . . . , xn . To this end, we shall first
need to design appropriate growth rate conditions for the Gaussian mixture statistics as
p → ∞ (in order to avoid trivializing the classification problem as p grows large) before
proceeding to the evaluation of the behavior of W , D, and thus F .

1≤k≤K

F[l] = {δxi ∈Ck }1≤i≤n[l]

−1−α
−1−α
α
α
F[u] = D[u]
W[uu] D[u]
F[u] + D[u]
W[ul] D[l]
F[l]

Note in passing that the formulation (2) implies in particular that

Cˆxi = Ck̂ for k̂ = argmax1≤k≤K Fik .

Once these scores are affected, a mere comparison between all scores Fi1 , . . . , FiK for unlabelled data xi (i.e., for i > n[l] ) is performed to decide on its class, i.e., the allocated class
index Cˆxi for vector xi is given by

with F[l] ∈ Rn[l] , W[ll] ∈ Rn[l] ×n[l] , D[l] ∈ Rn[l] ×n[l] , one easily finds (since the problem
is a convex quadratic optimization with linear equality constraints) the solution to (1) is
explicitly given by

−1
−1−α
−1−α
α
α
F[l] .
(2)
D[u]
W[ul] D[l]
F[u] = Inu − D[u]
W[uu] D[u]

variable x ≡ xn and un ≥ 0, we write x = O(un ) if for any η > 0 and D > 0, we have
nD P(x ≥ nη un ) → 0. When multidimensional objects are concerned, for a vector (or a
diagonal matrix)v, v = O(un ) means the maximum entry in absolute value is O(un ) and
for a square matrix M , M = O(un ) means that the operator norm of M is O(un ).

2. Optimization Framework
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and µk◦ , µk − µ◦ , kµk◦ k = O(1).
√
and Ck◦ , Ck − C ◦ , kCk k = O(1) and trCk◦ = O( p).

n
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nk
k=1 n µk

PK

Assumption 1 (Growth Rate) As n → ∞, np → c0 > 0 and n[l] → c[l] > 0,
n
n[u]k
c[u] > 0. For each k, nnk → ck > 0, [l]k
n → c[l]k > 0, n → c[u]k > 0. Besides,
1. For µ◦ ,
nk
k=1 n Ck

PK

2. For C ◦ ,
→ τ 6= 0.

3. As n → ∞,

2
◦
p trC

4. As n → ∞, α = O(1).
It will also be convenient in the following to define
1
tk ≡ √ tr Ck◦
p
1
tr Ck Ck0
p

Tkk0 ≡

k0 =1

K
X
n
[l]k0
µk 0
n[l]

as well as the labelled-data centered notations
µ̃k ≡ µk −
K
X
n
[l]k0
C̃k ≡ Ck −
Ck 0
n[l]
k0 =1

1
t̃k ≡ √ tr C̃k
p
1
tr C̃k C̃k0 .
p

T̃kk0 ≡

n[u]
n

→
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A few comments on Assumption 1 are in order. First note that, unlike in the previous
works (Nadler et al., 2009; Globerson et al., 2017) where the number of labelled data n[l] and
data dimension p are considered fixed and the number of unlabelled data n[u] is supposed
to be infinite, we assume a regime where n[l] , n[u] and p are simultaneously large. Letting
p large allows us to investigate SSL in the context of large dimensional data. Further
imposing that n[l] , n[u] grow at a controlled rate with respect to p (here at the same rate)
allows for an exact characterization of the limiting SSL performances, as a function of
the hyperparameters α, f and data statistics µk , Ck , in non-trivial classification scenarios
(i.e., when classification is neither asymptotically perfect nor impossible), instead of solely
retrieving consistency bounds as a function of growth rates in p, n[l] , n[u] . This in turn allows
for possible means of precise parameter setting to reach optimal performances (which is not
possible with results based on bounds). While it may be claimed that SSL in practice often
handles scenarios where n[u]  n[l] , assuming that n[u] , n[l] are of the same order but that
n[u] is multiple times n[l] actually maintains the validity of our results so long that n[l] is
not too small. To be more exact, our results are still valid in the limit where c[l] → 0, but
then become trivial, as numerically confirmed by Figure 5. To consider the setting where
7
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n[l] is fixed while p, n[u] grow large would demand a change in the statistical assumptions
of the input data sets, which goes beyond the scope of the present investigation.

Item 3. of Assumption 1 is mostly a technical convenience that shall simplify our analysis,
but our results naturally extend as long as both liminf and limsup of p2 trC ◦ are away from
zero or infinity. The necessity of Item 1. only appears through a detailed analysis of spectral
properties of the weight matrix W for large n, p, carried out later in the article. As for Item
√
2., note that if tr Ck◦ = O( p) were to be relaxed, it is easily seen that a mere (unsupervised)
comparison of the values of kxi k2 would asymptotically provide an almost surely perfect
classification.

1
a.s.
kxi − xj k2 − τ −→0
p

(5)

As a by-product of imposing the growth constraints on the data to ensure non-trivial
classification, Assumption 1 induces the following seemingly unsettling implication, easily
justified by a simple concentration of measure argument
max

1≤i,j≤n

as p → ∞. Equation (5) is the cornerstone of our analysis and states that all vector pairs
xi , xj are essentially at the same distance from one another as p gets large, irrespective of
their classes. This striking result evidently is in sharp opposition to the very motivation
for the optimization formulation (1) as discussed in the introduction. It thus immediately
entails that the solution (2) to (1) is bound to produce asymptotically inconsistent results.
We shall see that this is indeed the case for all but a short range of values of α.
This being said, Equation (5) has an advantageous side as it allows for a Taylor expansion
of Wij = f ( p1 kxi − xj k2 ) around f (τ ), provided f is sufficiently smooth around τ , which is
ensured by our subsequent assumption.

Assumption 2 (Kernel function) The function f : R+ → R is three-times continuously
differentiable in a neighborhood of τ .

Note that Assumption 2 does not constrain f aside from its local behavior around τ . In
particular, we shall not restrict ourselves to matrices W arising from nonnegative definite
kernels as standard machine learning theory would advise (Schölkopf and Smola, 2002).
The core technical part of the article now consists in expanding W , and subsequently
all terms intervening in (2), in a Taylor expansion of successive matrices of non-vanishing
operator norm. Note indeed that the magnitude of the individual entries in the Taylor
expansion of W needs not follow the magnitude of the operator norm of the resulting
matrices;1 rather, great care must be taken to only retain those matrices of non-vanishing
operator norm. These technical details call for advanced random matrix considerations and
are discussed in the appendix and in Couillet and Benaych-Georges (2015).
We are now in position to introduce our main technical results.
3.2. Main Theoretical Results

In the course of this section, we provide in parallel a series of technical results under the
proposed setting (notably under Assumption 1) along with simulation results both on a
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T
1. For instance, kIn k = 1 while k1n 1n
k = n despite both matrices having entries of similar magnitude.

8

) is a random variable, function of xi , but independent of k.

C2

◦
[F[u]
]·2

◦
[F[u]
]·1

MNIST (8 and 9)

9
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◦ ] and [F ◦ ] for 2-class data, n = 1024, p = 784, n /n = 1/16, n
Figure 1: [F[u]
·1
l
[u]1 = n[u]2 ,
[u] ·2
n[l]1 = 3n[l]2 , α = −1, Gaussian kernel.

C1

◦
[F[u]
]·2

◦
[F[u]
]·1

Gaussian mixture

The proof of Proposition 1 is given as an intermediary result of the proof of Theorem 5 in
the appendix.
Proposition 1 provides a clear overview of the outcome of the semi-supervised learning
1
algorithm. First note that Fik = c[l]k + O(n− 2 ). Therefore, irrespective of xi , Fik is strongly
biased towards c[l]k . If the values n[l]1 , . . . , n[l]k differ by O(n), this induces a systematic
asymptotic allocation of every xi to the class having largest c[l]k value. Figure 1 illustrates
this phenomenon, observed both on synthetic and real data sets, here for n[l]1 = 3n[l]2 .

where zi = O(n

− 12

1
O(n− 2 )

Proposition 1 Let Assumptions 1–2 hold. Then, for i > n[l] (i.e., for xi an unlabelled
vector),
#
"
n[l]k
f 0 (τ ) tk
−1
(6)
1 + (1 + α)
Fik =
√ + zi +O(n )
n
f (τ ) p
{z
}
|

◦ is the same as that on F .
for k ∈ {1, 2}. Obviously, the decision rule on F[u]
[u]
Our first hinging result concerns the behavior of the score matrix F in the large n, p
regime, as per Assumption 1, and reads as follows.

k =1

K
h
i



1 X
◦
≡ F[u] ·k −
F[u]
F[u] ·k0
K 0
·k

the MNIST database (LeCun et al., 1998), for f (t) = exp(− 12 t), i.e., the classical Gaussian
(or heat) kernel. For reasons that shall become clear in the following discussion, these
figures will depict the (size n) vectors

2-class Gaussian mixture data model with µ1 = [4; 0p−1 ], µ2 = [0; 4; 0p−2 ], C1 = Ip and
{C2 }i,j = .4|i−j| (1 + √3p ), as well as on real data sets, here images of eights and nines from
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1

n
Fik
n[l]k

(7)

pF̂i· = p(1 + zi )1K + Gi + oP (1)

(8)

10
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Besides, there exists A ⊂ σ({{x1 , . . . , xn[l] }, p = 1, 2, . . .}) (the σ-field induced by the labelled
variables) with P (A) = 1 over which (8) also holds conditionally to {{x1 , . . . , xn[l] }, p =
1, 2, . . .}.

where zi = O( p) is as in Proposition 1 and Gi ∼ N (mb , Σb ), i > n[l] , are independent
with
 00

f (τ ) f 0 (τ )2
2f 00 (τ )
2f 0 (τ ) T
β f 0 (τ )
µ̃a µ̃b +
−
t̃a t̃b +
T̃ab +
ta
(9)
[mb ]a = −
f (τ )
f (τ )
f (τ )2
f (τ )
c[l] f (τ )
 00



2
c0 Tb,a1
f (τ ) f 0 (τ )2
f 0 (τ )2 ◦T
[Σb ]a1 a2 = 2
−
Tbb ta1 ta2 + 4
µa1 Cb µ◦a2 + δa1 a2
.
(10)
2
f (τ )
f (τ )
f (τ )2
c[l] c[l]a1

√

Theorem 2 Let Assumptions 1–2 hold. For i > n[l] (i.e., xi unlabelled) with xi ∈ Cb , let
F̂ia be given by (7) with F defined in (2) and α = −1 + √βp for β = O(1). Then,

Under these two amendments of the algorithm, according to Proposition 1, the performance of the semi-supervised learning algorithm now relies upon terms of magnitude
O(n−1 ), which are so far left undefined. A thorough analysis of these terms allows for a complete understanding of the asymptotic behavior of the normalized scores F̂i· = (F̂i1 , . . . , F̂iK ),
as presented in our next result.

1

α = −1 + O(n− 2 ).

2. The parameter α must be chosen in such a way that

rather than upon the scores Fik directly.

F̂ik ≡

1. The final comparison step must be made upon the normalized scores

The discussion above thus induces two important consequences to adapt the semisupervised learning algorithm to large data.

outcome can be avoided either by letting f 0 (τ ) = O(n− 2 ) or α = −1 + O(n− 2 ). But, as
discussed in the study of Couillet and Benaych-Georges (2015) and later in the article, the
choice of f such that f 0 (τ ) ' 0, if sometimes of interest, is generally inappropriate.

1

comparison between Fi1 , . . . , FiK next revolves around the term of order O(n− 2 ). Since zi
only depends on xi and not on k, it induces a constant offset to the vector Fi· , thereby not
intervening in the class allocation. On the opposite, the term tk is independent of xi but may
vary with k, thereby possibly intervening in the class allocation, again an undesired effect.
Figure 2 depicts the effect of various choices of α for equal values of n[l]k . This deleterious

1

Pursuing the analysis of Proposition 1 by now assuming that n[l]1 = . . . = n[l]K , the

Mai and Couillet

Gaussian mixture

◦
[F[u]
]·1
◦
[F[u]
]·2

◦
[F[u]
]·1
◦
[F[u]
]·2

α = −1

◦
[F[u]
]·1
◦
[F[u]
]·2

◦
[F[u]
]·1
◦
[F[u]
]·2

α = − 21
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α = − 23

11

a6=b

√β .
p

◦
[F[u]
]·1
◦
[F[u]
]·2

◦
[F[u]
]·1
◦
[F[u]
]·2

Then, under the
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P xi → Cb |xi ∈ Cb , x1 , · · · , xn[l] − P (xi → Cb |xi ∈ Cb ) → 0


P (xi → Cb |xi ∈ Cb ) − P [Gi ]b > max{[Gi ]a }|xi ∈ Cb → 0.

Corollary 3 Let Assumptions 1–2 hold. Let i > n[l] and α = −1 +
notations of Theorem 2,

Theorem 5 in the appendix which provides the asymptotic behavior of F̂i· for all values of
α (and thus generalizes Theorem 2).
Since the ordering of the entries of F̂i· is the same as that of F̂i· − (1 + zi ), Theorem 2
amounts to saying that the probability of correctly classifying unlabeled vectors xi genuinely
belonging to class Cb is asymptotically given by the probability of [Gi ]b being the maximal
element of Gi , which, as mentioned above, is the same whether conditioned or not on
x1 , . . . , x[l] for α = −1 + O( √1p ). This is formulated in the following corollary.

Note that the statistics of Gi are independent of the realization of x1 , . . . , x[l] when α =
−1 + O( √1p ). This in fact no longer holds when α is outside this regime, as pointed out by

◦ ] , [F ◦ ] for 2-class data, n = 1024, p = 784, n /n = 1/16, n
Figure 2: [F[u]
·1
l
[u]1 = n[u]2 ,
[u] ·2
n[l]1 = n[l]2 , Gaussian kernel.

MNIST (8 and 9)

1
2π

a6=b

2

− t2
−∞ e

Ru
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[mb ]b − [mb ]a
with θba ≡ p
[Σb ]bb + [Σb ]aa − 2[Σb ]ab

dt is the Gaussian distribution function.

In particular, for K = 2, and a 6= b ∈ {1, 2},


P [Gi ]b > max{[Gi ]a }|xi ∈ Cb = Φ(θba ),
where Φ(u) =

With Gi being independent, Corollary 3 allows us to approach the empirical classification
accuracy as it is consistently estimated by the probability of correct classification given in the
corollary. As with Theorem 2 which can be appended to Theorem 5 for a large set of values of
α, Corollary 3 is similarly generalized by Corollary 6 in the appendix. Using both corollaries,
Figure 3 displays a comparison between simulated accuracies from various pairs of digits
from the MNIST data against our theoretical results; to apply our results, a 2-class Gaussian
mixture model is assumed with means and covariances equal to the empirical means and
covariances of the individual digits, evaluated from the full 60 000-image MNIST database.
It is quite interesting to observe that, despite the obvious inadequacy of a Gaussian mixture
model for this image database, the theoretical predictions are in strong agreement with the
practical performances. Also surprising is the strong adequacy of the theoretical prediction
of Corollary 3 beyond the range of values of α in the neighborhood of −1.

4. Consequences

4.1. Semi-Supervised Learning beyond Two Classes

An immediate consequence of Corollary 3 is that, for K > 2, there exists a Gaussian
mixture model for which the semi-supervised learning algorithms under study necessarily
fail to classify at least one class. To see this, we consider K = 3 and let µ3 = 3µ2 = 6µ1 ,
C1 = C2 = C3 , n1 = n2 = n3 , n[l]1 = n[l]2 = n[l]3 . First, it follows from Corollary 3 that,

P (xi → C2 |xi ∈ C2 ) ≤ P ([Gi ]2 > [Gi ]1 |xi ∈ C2 ) + o(1) = Φ(θ21 ) + o(1)

P (xi → C3 |xi ∈ C3 ) ≤ P ([Gi ]3 > [Gi ]1 |xi ∈ C3 ) + o(1) = Φ(θ31 ) + o(1)

Then, under Assumptions 1–2 and the notations of Corollary 3,

µ12
θ21 = sgn(f 0 (τ )) p
(Σ2 )22 + (Σ2 )11 − 2(Σ2 )12

15µ12
θ31 = −sgn(f 0 (τ )) p
(Σ3 )33 + (Σ3 )11 − 2(Σ3 )13

so that f 0 (τ ) < 0 ⇒ θ21 < 0, f 0 (τ ) > 0 ⇒ θ31 < 0, while f 0 (τ ) = 0 ⇒ θ21 = θ31 = 0. As such,
the correct classification rate of elements of C2 and C3 cannot be simultaneously greater
than 21 , leading to necessarily inconsistent classifications.

JMLR 19(79):1-27, 2018

It is nonetheless easy to check that this kind of inconsistency cannot occur if µ1 , µ2 and
µ3 are mutually orthogonal (which is often bound to occur with large dimensional data). Indeed, note that all first three terms at the right-hand side of (9) can be viewed as products of

12
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m
2. The third term of (9) can be seen in this way
Pmsince for anyT two symmetric matrices A = {aij }i,j=1 and B =
{bij }m
a
b
=
a
b
with
a
=
[a
,
·
·
·
,
a
,
·
·
·
,
a
, · · · , amm ],
ij
ij
v
v
11
1m
m1
v
i,j=1 of same dimensions, tr AB =
i,j
bv = [b11 , · · · , b1m , · · · , bm1 , · · · , bmm ].

−1.4

some centered vectors ṽk = vk − k0 =1 γk0 vk0 where k0 =1 γk0 = 1. Inconsistency occurs to
class k if there exist a, b 6= k such that ṽkT ṽb > ṽkT ṽk > ṽkT ṽa . To better understand the cause
of this inconsistency, let us consider two extreme scenarios: (i) the vk differ by ‘intensity’,
i.e., vk = rk v for k ∈ {1, · · · , K}, or (ii) the vk differ by ‘direction’, i.e, vk = v + uk with orthogonal uk ’s. In scenario (i), let smin = argmink∈{1,··· ,K} rk and smax = argmaxk∈{1,··· ,K} rk ;
then, for k 6= {smin , smax }, min{ṽkT ṽsmin , ṽkT ṽsmax } < ṽkT ṽk < max{ṽkT ṽsmin , ṽkT ṽsmax } and inconsistency is thus observed for classes k 6= {smin , smax }. Contrarily, in scenario (ii), for all

0.6

Figure 3: Theoretical and empirical accuracy as a function of α for 2-class MNIST data
(top: digits (0,1), middle: digits (1,7), bottom: digits (8,9)), n = 1024, p = 784,
n[l] /n = 1/16, n[u]1 = n[u]2 , Gaussian kernel. Averaged over 50 iterations.
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t̃2b ≥ t̃a t̃b ,

T̃bb ≥ T̃ab

f 00 (τ )f (τ ) > f 0 (τ )2 ,

f 00 (τ ) > 0

c = (f 00 (τ )f (τ ) − f 0 (τ )τ 2 )/f 00 (τ ).

−0.6
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Another interesting fact lies in the choice f 0 (τ ) = 0 (while f 00 (τ ) 6= 0). As already
identified by Couillet and Benaych-Georges (2015) and further thoroughly investigated by
Couillet and Kammoun (2016), if t1 = t2 (which can be enforced by normalizing the data set)
and T̃bb > T̃ba for all a 6= b ∈ {1, 2}, then Σb = 0 while [mb ]b > [mb ]a for all b 6= a ∈ {1, 2}
and thus leading asymptotically to a perfect classification. As such, while Assumption 1 was

−0.7

A quite surprising outcome of the necessary conditions on the derivatives of f is that
the widely used Gaussian (or heat) kernel f (t) = exp(− 2σt 2 ), while fulfilling the condition
f 0 (t) < 0 and f 00 (t) > 0 for all t (and thus f 0 (τ ) < 0 and f 00 (τ ) > 0), only satisfies
f 00 (t)f (t) = f 0 (t)2 . This indicates that discrimination over t1 , . . . , tK , under the conditions
of Assumption 1, is asymptotically not possible with a Gaussian kernel. This remark is
illustrated in Figure 4 for a discriminative task between two centered isotropic Gaussian
classes only differing by the trace of their covariance matrices. There, irrespective of the
choice of the bandwidth σ, the Gaussian kernel leads to a constant 1/2 accuracy, where a
mere second order polynomial kernel selected upon its derivatives at τ demonstrates good
performances. Since p-dimensional isotropic Gaussian vectors tend to concentrate “close
to” the surface of a sphere, this thus suggests that Gaussian kernels are not inappropriate
to solve the large dimensional generalization of the “concentric spheres” task (for which
they are very efficient in small dimensions). In passing, the right-hand side of Figure 4
confirms the need for f 00 (τ )f (τ ) − f 0 (τ )2 to be positive (there |f 0 (τ )| < 1) as an accuracy
lower than 1/2 is obtained for f 00 (τ )f (τ ) − f 0 (τ )2 < 0.

Since τ can be consistently estimated in practice by (11) (see the discussion in Subsection 5.1), so can a, b, and c.

a = f 00 (τ ) b = f 0 (τ ) − f 00 (τ )τ

to fully discriminate Gaussian mixtures. As such, from Corollary 3, by letting α = −1,
semi-supervised classification of K = 2 classes is always consistent under these conditions.
Since only the first three derivatives of f are involved, one may design a simple kernel for
any desired values of f 0 (τ ), f 00 (τ )f (τ ) − f 0 (τ )2 and f 00 (τ ) with a second degree polynomial
f (t) = ax2 + bx + c in such a way that aτ + b = f 0 (τ ), a(aτ 2 + bτ + c) − (aτ + b)2 =
f 00 (τ )f (τ ) − f 0 (τ )2 and a = f 00 (τ ), i.e.,

f 0 (τ ) < 0,

with equalities respectively for µa = µb , ta = tb , and tr Ca Cb = tr Cb2 . This result, along
with Corollary 3, implies the necessity of the conditions

(K = 2) ∀a 6= b ∈ {1, 2}, kµ̃b k2 ≥ µ̃T
b µ̃a ,

As a consequence of the previous section, we shall from here on concentrate on the semisupervised classification of K = 2 classes. In this case, it is easily seen that,

4.2. Choice of f and Suboptimality of the Heat Kernel

k 6= k 0 ∈ {1, · · · , K}, ṽkT ṽk ≥ ṽkT ṽk0 since ṽkT ṽk ≥ 0 and ṽkT ṽk0 ≤ 0. As such, inconsistency is
less likely to occur if the vk ’s have very different directions.

Mai and Couillet

0

f 00 (τ )f (τ ) > f 0 (τ )2
−1
f 0 (τ )

1

Polynomial kernel of degree 2
f (τ ) = f 00 (τ ) = 1
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Gaussian kernel
f (t) = exp(− 2σt 2 )

0.5
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24

1
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2−2
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2−5
σ2

Figure 4: Empirical accuracy for 2-class Gaussian data with µ1 = µ2 , C1 = Ip and C2 =
(1 + √3p )Ip , n = 1024, p = 784, nl /n = 1/16, n[u]1 = n[u]2 , n[l]1 = n[l]2 , α = −1.

claimed to ensure a “non-trivial” growth rate regime, asymptotically perfect classification
may be achieved by choosing f such that f 0 (τ ) = 0, under the aforementioned statistical
conditions. One must nonetheless be careful that this asymptotic result does not necessarily
entail outstanding performances in practical finite dimensional scenarios. Indeed, note that
taking f 0 (τ ) = 0 discards the visibility of differing means µ1 6= µ2 (from the expression of
[mb ]a in Theorem 2); for finite n, p, cancelling the differences in means (often larger than
differences in covariances) may not be compensated for by the reduction in variance. Trials
on MNIST particularly emphasize this remark.
4.3. Impact of Class Sizes
A final remark concerns the impact of c[l] and c0 on the asymptotic performances. Note
that c[l] and c0 only act upon the covariance Σb and precisely on its diagonal elements.
Both a reduction in c0 (by increasing n) and an increase in c[l] reduce the diagonal terms in
the variance, thereby mechanically increasing the classification performances (if in addition
[mb ]b > [mb ]a for a 6= b). In the opposite case of few labeled data, i.e., c[l] → 0, the variance
diverges and the performance tends to that of random classification, as shown in Figure 5.

5. Parameter Optimization in Practice
5.1. Estimation of τ
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In previous sections, we have emphasized the importance of selecting the kernel function f
so as to meet specific conditions on its derivatives at the quantity τ . In practice however,
τ is an unknown quantity. A mere concentration of measure argument nonetheless shows
15
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2−7

Simulation
Theory (from Corollary 3)

2−9

i,j=1

2−2

Random guess

2−3

n
X
1
1
a.s.
kxi − xj k2 −→τ.
n(n − 1)
p

2−1

(11)

Figure 5: Theoretical and empirical accuracy as a function of c[l] for 2-class Gaussian data
with µ2 = 2µ1 = [6, 0, · · · , 0], C1 = Ip and {C2 }i,j = .4|i−j| , p = 2048, c0 = 1,
n[u]1 = n[u]2 , n[l]1 = n[l]2 , α = −1, Gaussian kernel. Averaged over 50 iterations.
that
τ̂ ≡

As a consequence, the results of Theorem 2 and subsequently of Corollary 3 hold verbatim
with τ̂ in place of τ . One thus only needs to design f in such as way that its derivatives at
τ̂ meet the appropriate conditions.
5.2. Optimization of α

In Section 4.2, we have shown that the choice α = −1, along with an appropriate choice of
f , ensures the asymptotic consistency of semi-supervised learning for K = 2 classes, in the
sense that non-trivial asymptotic accuracy (> 0.5) can be achieved. This choice of α may
however not be optimal in general. This subsection is devoted to the optimization of α so
as to maximize the average precision, a criterion often used in absence of prior information
to favor one class over the other. While not fully able to estimate the optimal α? of α, we
shall discuss here a heuristic means to select a close-to-optimal α, subsequently denoted α0 .

As per Theorem 2, α must be chosen as α = −1 + √βp for some β = O(1). In order to
set β = β ? in such a way that the classification accuracy is maximized, Corollary 3 further
suggests the need to estimate the θba terms which in turn requires the evaluation of a certain
number of quantities appearing in the expressions of mb and Σb . Most of these are however
not directly accessible from simple statistics of the data. Instead, we shall propose here
a heuristic and simple method to retrieve a reasonable choice β0 for β, which we claim is
often close to optimal and sufficient for most needs.
To this end, first observe from (9) that the mappings β 7→ [mb ]a satisfy

JMLR 19(79):1-27, 2018

f 0 (τ )
d
d
([mb ]b − [mb ]a ) =
(tb − ta ) = − ([ma ]a − [ma ]b ).
dβ
f (τ )c[l]
dβ

16

f 00 (τ ) f 0 (τ )2
−
f (τ )
f (τ )2


(t1 − t2 )2 +

f (τ ) c[l]1 − c[l]2
∆m
f 00 (τ ) t1 − t2

one ensures that Exi ∈C1 [F̂i1 − F̂i2 ] = −Exi ∈C2 [F̂i1 −

2f 00 (τ )
(T11 + T22 − 2T12 )
f (τ )

(12)
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Figure 6 provides a performance comparison, in terms of average precision, between the
PageRank (α = −1) method and the proposed heuristic improvement for α = α0 , versus
the oracle estimator for which α = α? , the precision-maximizing value. The curves are here

β̂0 − β0 −→0.

a.s.

Of utmost importance here is the fact that, unlike θba which are difficult to assess empirically, a consistent estimate of β0 can be obtained through a rather simple method, which
we presently elaborate on.
While an estimate for ta and Tab can be obtained empirically from
themP the labelled data
1 P
selves, kµ1 −µ2 k2 is not directly accessible (note indeed that n 1
Ca xi = µa + n[l]a
C a wi ,
[l]a
P
w
for some wi ∼ N (0, Ca ), and the central limit theorem guarantees that k n 1
Ca i k =
[l]a
O(1), the same order of magnitude as kµa − µb k). However, one may access an estimate
for ∆m by running two instances of the PageRank algorithm (α = −1), resulting in the
method described in Algorithm 1. It is easily shown that, under Assumptions 1–2,

F̂i2 ] + o(1) (i > n[l] ), thereby evenly balancing the average “resolution” of each class. An
even balance typically produces the desirable output of the central displays of Figure 2 (as
opposed to the largely undesirable bottom of top displays, there for very offset values of α).
Obviously though, since the variances of F̂i1 − F̂i2 for xi ∈ C1 or xi ∈ C2 are in general not
the same, this choice of α may not be optimal. Nonetheless, in most experimental scenarios
of practical interest, the score variances tend to be sufficiently similar for the choice of α0
to be quite appealing.
This heuristic motivation made, note that β0 is proportional to c[l]b −c[l]a . This indicates
that the more unbalanced is the labelled data set, the more deviated from zero is β0 . In
particular, for n[l]1 = n[l]2 , α0 = −1. As we shall subsequently observe in simulations, this
remark is of dramatic importance in practice where taking α = −1 (the PageRank method)
in place of α = α0 leads to significant performance losses.

β0
√
p,

[m1 ]1 − [m1 ]2 = [m2 ]2 − [m2 ]1 .



By choosing α = α0 ≡ −1 +

β0
√
p,

2f 0 (τ )
kµ1 − µ2 k2 +
f (τ )

is such that, for α = −1 +

∆m = −

where

β0 ≡

Proposition 4 Let K = 2 and [mb ]a be given by (9). Then

Hence, changes in β induce a simultaneous reduction and increase of either one of [mb ]b −
[mb ]a and [ma ]a − [ma ]b . Placing ourselves again in the case K = 2, we define β0 to be the
value for which both differences (with a 6= b ∈ {1, 2}) are the same, leading to the following
Proposition–Definition.

A Random Matrix Analysis of Semi-Supervised Learning

c[l] f (τ̂ ) J 0 −J
c n[u] .
f 0 (τ̂ )∆t

[l]
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This article is part of a series of works consisting in evaluating the performance of kernelbased machine learning methods in the large dimensional data regime (Couillet and BenaychGeorges, 2015; Liao and Couillet, 2017; Couillet and Kammoun, 2016). Relying on the
derivations of Couillet and Benaych-Georges (2015) that provide a Taylor expansion of radial kernel matrices around the limiting common value τ of p1 kxi − xj k2 for i 6= j and
p → ∞, we observed that the choice of the kernel function f merely affects the classification performances through the successive derivatives of f at τ . In particular, similar to
the earlier analyses (Couillet and Benaych-Georges, 2015; Liao and Couillet, 2017; Couillet
and Kammoun, 2016), we found that the case f 0 (τ ) = 0 induces a sharp phase transition
on normalized data by which the asymptotic classification error rate vanishes. However,
unlike the works (Couillet and Benaych-Georges, 2015; Liao and Couillet, 2017), the exact

6. Concluding Remarks

Note that the method for estimating β0 provided in Algorithm 1 implicitly exploits
the resolution of two equations (through the observation of J, J 0 obtained for different
values of n[l]1 , n[l]2 ) to retrieve the value of ∆m defined in Proposition 4. Having access
to ∆m further allows access to kµ1 − µ2 k2 , for instance by setting f so that f 00 (τ ) = 0
and f 00 (τ )f (τ ) = f 0 (τ )2 . This in turn allows access to all terms intervening in [mb ]a (as
per (9)), making it possible to choose f so to maximize the distances |[m1 ]1 − [m1 ]2 | and
|[m2 ]2 − [m2 ]1 |. However, in addition to the cumbersome aspect of the induced procedure
(and the instability implied by multiple evaluations of the scores F under several settings
for f and c[l]a ), such operations also alter the values of the variances in (10) for which not
all terms are easily estimated. It thus seems more delicate to derive a simple method to
optimize f in addition to α.

snapshots of typical classification precision obtained from examples of n = 4096 images
with c[l] = 1/16. As expected, the gain in performance is largest as |c[l]1 − c[l]2 | is large.
More surprisingly, the performances obtained are impressively close to optimal. It should
be noted though that simulations revealed more unstable estimates of β̂0 for smaller values
of n.

5:

Return β̂0 ≡

P
Set α = −1 and define J ≡ p ni=n[l] +1 F̂i1 − F̂i2 .
4: Still for α = −1, reduce the set of labelled data to n0[l]1 = n0[l]2 = min{n[l]1 , n[l]2 } and,
P
0 − F̂ 0 .
with obvious notations, let J 0 ≡ p ni=n0 +1 F̂i1
i2

3:

Algorithm 1 Estimate β̂0 of β0 .
1: Let τ̂ be given by (11).
2: Let
P

Pn[l]
n[l]1
2
2
i,j=n[l]1 +1 kxi − xj k
1  i,j=1 kxi − xj k
c

∆t = √
−
2 p
n[l]1 (n[l]1 − 1)
n[l]2 (n[l]2 − 1)
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2−3
c[l]1

α = α? (oracle)
β̂0
α = −1 + √
(Algorithm 1)
p
α = −1 (PageRank method)

2−2

2−1
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Figure 6: Average precision varying with c[l]1 for 2-class MNIST data (top: digits (0,1),
middle: digits (1,7), bottom: digits (8,9)), n = 4096, p = 784, n[l] /n = 1/16,
n[u]1 = n[u]2 , Gaussian kernel.

expression at the core of the limiting performance assumes a different form. Of importance
is the finding that, under a heat kernel assumption f (t) = exp(− 2σt 2 ), the studied semisupervised learning method fails to classify Gaussian mixtures of the type N (0, Ck ) with
√
tr Ck◦ = O( p) and tr Ck Ck0 − tr Ck2 = o(p), which unsupervised learning or LS-SVM are
able to do (Couillet and Benaych-Georges, 2015; Liao and Couillet, 2017). This paradox
may deserve a more structural way of considering together methods on the spectrum from
unsupervised to supervised learning.
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The very fact that the kernel matrix W is essentially equivalent to the matrix f (τ )1n 1nT
(the n × n matrix filled with f (τ ) values), thereby strongly disrupting with the expected
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natural behavior of kernels, essentially follows from the Gaussian mixture model we assumed
as well as from the decision to compare vectors by means of a mere Euclidean distance. We
believe that this simplistic (although widely used) method explains the strong coincidence
between performances on the Gaussian mixture model and on real data sets. Indeed, as
radial functions are not specially adapted to image vectors (as would be wavelet or convolutional filters), the kernel likely operates on first order statistics of the input vectors, hence
similar to its action on a Gaussian-mixture data. It would be interesting to generalize our
result, and for that matter the set of works (Couillet and Benaych-Georges, 2015; Liao and
Couillet, 2017; Couillet and Kammoun, 2016), to more involved data-oriented kernels, so
long that the data contain enough exploitable degrees of freedom.

It is also quite instructive to note that, from the proof of our main results, the terms re−1−α
α appearing in (2) almost all vanish, strongly
maining after the expansion of D[u]
W[uu] D[u]
suggesting that similar results would be obtained if the inverse matrix in (2) were discarded altogether. This implies that the intra-unlabelled data kernel W[uu] is of virtually
no asymptotic use. Also, the remark of Section 4.3 according to which c[l] → 0 implies a
vanishing classification rate suggests that even the (unsupervised) clustering performance
obtained by Couillet and Benaych-Georges (2015) is not achieved, despite the presence of
possibly numerous unlabelled data. This, we believe, is due to a mismatched scaling in the
SSL problem definition. A promising avenue of investigation would consist in introducing
appropriate scaling parameters in the label propagation method or the optimization (1) to
ensure that W[uu] is effectively used in the algorithm. Early simulations do suggest that
elementary amendments to (2) indeed result in possibly striking performance improvements.
These considerations are left to future works.
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Appendix A. Preliminaries

We begin with some additional notations that will be useful in the proofs.

√
• For xi ∈ Ck , ωi ≡ (xi − µk )/ p, and Ω ≡ [ω1 , · · · , ωn ]T

• jk ∈ Rn is the canonical vector of Ck , in the sense that its i-th element is 1 if xi ∈ Ck
or 0 otherwise. j[l]k and j[u]k are respectively the canonical vectors for labelled and
unlabelled data of Ck .

• ψi ≡ kωi k2 − E[kωi k2 ], ψ ≡ [ψ1 , · · · , ψn ]T and (ψ)2 ≡ [(ψ1 )2 , · · · , (ψn )2 ]T .
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With these notations at hand, we introduce next the generalized version of Theorem 2
√
for all α = O(1) (rather than α = −1 + O(1/ n)).

20

d=1

K
X

2 /2)dt

and mb , Σb are given in (i) of Theorem 5.

a.s.

convergence
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−1−α
α −1 −1−α
α
F[u] = (Inu − D[u]
W[uu] D[u]
) D[u] W[ul] D[l]
F[l] .

In the following, we provide a sketch of the development of F[u] ; most unshown intermediary
steps can be retrieved from simple, yet painstaking algebraic calculus.
Recall from (2) the expression of the unnormalized scores for unlabelled data

B.1. Step 1: Taylor expansion

to Gaussian variables of

is directly obtained from

eq
F̂[u]
. We then complete the proof by demonstrating the
eq
F̂[u]
by means of a central limit theorem argument.

eq
eq
expansion yields a random equivalent F̂[u]
in the sense that p(F̂[u] − F̂[u]
)−→0. Proposition 1

The proof of Theorem 5 is divided into two steps: first, we Taylor-expand the normalized
a.s.
scores for unlabelled data F̂[u] using the convergence p1 kxi − xj k2 −→τ for all i 6= j; this

Appendix B. Proof of Theorems 5

The remainder of the appendix is dedicated to the proof of Theorem 5 and Corollary 6
from which the results of Section 3.2 directly unfold.

where here mb , Σb are given in (ii) of Theorem 5.

P (xi → Cb |xi ∈ Cb ) − Φ(θba ) → 0
[mb ]b − [mb ]a
θba = p
[Σb ]bb + [Σb ]aa − 2[Σb ]ab

−∞ exp(−t

Ru

We first proceed to the development of the terms W[ul] , W[uu] , subsequently to D[l] , D[u] , to
a.s.
then reach an expression for F[u] . To this end, owing to the convergence kxi − xj k2 /p−→τ

(16)

ta .

(15)
!

1
2π

(ii) Unconditionally,

where Φ(u) =

[mb ]b − [mb ]a
θba = p
[Σb ]bb + [Σb ]aa − 2[Σb ]ab



P xi → Cb |xi ∈ Cb , x1 , · · · , xn[l] ) − Φ(θba → 0

(i) Conditionally on x1 , · · · , xn[l] ,

Let P (xi → Cb |xi ∈ Cb , x1 , · · · , xn[l] ) denote the probability of correct classification of
xi ∈ Cb unlabelled, conditioned on x1 , . . . , xn[l] , and P (xi → Cb |xi ∈ Cb ) the unconditional

with Hab given in (15) and ∆a in (16).

[Σb ]a1 a2

[mb ]a = Hab +

K
1 X
n
f 0 (τ )2
(αnd + n[u]d )Had + (1 + α)
ta tb
∆a − α
n[l]
n[l]
f (τ )2
d=1
!2
(−α2 − α)n − n[l] f 0 (τ )2 f 00 (τ )
+
Tbb ta1 ta2
=
n[l]
f (τ )2
f (τ )
!
f 0 (τ )2 (1 + α)2 2c0 Taa 4c0 Tba1
4f 0 (τ )2 ◦
+ δaa12
+
+
µ Cb µ◦a2
f (τ )2
c[l]a1
c[l]a1
f (τ )2 a1
c2[l]

"

#

n[u]d td

(ii) for Fi· considered on the σ-field induced by the random variables x1 , . . . , xn ,

Hab =

 00

f 0 (τ ) ◦
f (τ ) f 0 (τ )2
2f 00 (τ )
kµb − µ◦a k2 +
−
ta tb +
Tab
2
f (τ )
f (τ )
f (τ )
f (τ )
 0 2
√ 0

pf (τ )
αf 0 (τ )2 + f (τ )f 00 (τ )
1
f (τ )
ta +
2Taa + t2a +
∆a =
2
f (τ )
2f (τ )
n[l] f (τ )

where

(14)

4f 0 (τ )2 ◦
f 0 (τ )2 4c0 Tba1
µ Cb µ◦a2
+
f (τ )2 c[l]a1
f (τ )2 a1

+ δaa12

(13)

K
1 X
[mb ]a = Hab +
(αnd + n[u]d )Had
n[l]
d=1
#
"
f 0 (τ )2
n
p f 0 (τ ) T
∆a +
ψ[l] j[l]a − α
t
t
+ (1 + α)
a b
n[l]
n[l]a f (τ )
f (τ )2
!2
(−α2 − α)n − n[l] f 0 (τ )2 f 00 (τ )
[Σb ]a1 a2 =
+
Tbb ta1 ta2
n[l]
f (τ )2
f (τ )

(i) for Fi· considered on the σ-field induced by the random variables x[l]+1 , . . . , xn , p =
1, 2, . . .,

where zi is as in Theorem 2 and

Gi ∼ N (mb , Σb )

Corollary 6 Under the conditions of Theorem 1, and with K = 2, we have, for a 6= b ∈
{1, 2},

probability. Recall that the probability of correct classification of xi ∈ Cb is the same as the
probability of F̂ib > maxa6=b F̂ib , which, according to the above theorem, is asymptotically
the probability that [Gi ]b is the greatest element of Gi . Particularly for K = 2, we have the
following corollary.

Theorem 5 For xi ∈ Cb an unlabelled vector (i.e., i > n[l] ), let F̂ia be given by (7) with F
defined in (2) for α = O(1). Then, under Assumptions 1–2,

pF̂i· = p(1 + zi )1K + Gi + oP (1)

Mai and Couillet

A Random Matrix Analysis of Semi-Supervised Learning

A Random Matrix Analysis of Semi-Supervised Learning

1

a=1

(17)

for all i 6= j, we first Taylor-expand Wij = f (kxi − xj k2 /p) around f (τ ) to obtain the
following expansion for W , already evaluated by Couillet and Benaych-Georges (2015),
√

W = W (n) + W ( n) + W (1) + O(n− 2 )
√
n) = O(√n) and kW (1) k = O(1), with the definitions

where kW (n) k = O(n), kW (

a=1

b=1

a,b=1

b=1

a=1


K
K
X
X
t
T
a
ab
jb jaT + 2ψψ T + (f (0) − f (τ ) + τ f 0 (τ ))In .
√ jaT + 4
p
p

a,b=1

K
K
K
K
X
X
X
X
tb
tb
ta
ta tb T
jb ja + 2
diag(jb ) √ ψ1nT + 2
1n ψ T diag(ja ) √
√ jb ψ T + 2
p
p
p
p

b=1

W (n) = f (τ )1n 1nT
"
!
#
K
K
X
X
√
ta
t
b
W ( n) = f 0 (τ ) ψ1nT + 1n ψ T +
√ jb 1nT + 1n
√ jaT
p
p
a=1
b=1
"
K
K
K
X
kµa◦ − µb◦ k2 T
2 X ◦ T
2 X
W (1) = f 0 (τ )
jb ja − √ Ω
diag(jb )Ωµb◦ 1nT
µa ja + √
p
p
p
a=1
a,b=1
b=1
#
K
K
X
2 X
2
−√
jb µb◦T ΩT + √ 1n
µa◦ T ΩT diag(ja ) − 2ΩΩT
p
p
a=1
b=1

K
K
X
X
tb2 T
ta2 T
f 00 (τ )
(ψ)2 1nT + 1n [(ψ)2 ]T +
jb 1n + 1n
j
2
p
p a
+

+2

+ 2ψ

As W[ul] , W[uu] are sub-matrices of W , their approximated expressions are obtained
directly by extracting the corresponding subsets of (17). Applying then (17) in D =
diag(W 1n ), we next find


√
1
1
D = nf (τ ) In +
diag(W ( n) 1n + W (1) 1n ) + O(n− 2 ).
nf (τ )

(18)

Thus, for any σ ∈ R, (n−1 D)σ can be Taylor-expanded around f (τ )σ In as


√
√
σ1
σ(σ − 1)
(n−1 D)σ = f (τ )σ In +
diag((W ( n) + W (1) )1n ) + 2
diag2 (W ( n) 1n )
nf (τ )
2n f (τ )2
3

+ O(n− 2 )

1 −1
(n D[u] )−1−α W[ul] (n−1 D[l] )α
n

where diag2 (·) stands for the squared diagonal matrix. The Taylor-expansions of (n−1 D[u] )α
and (n−1 D[l] )α are then directly extracted from this expression for σ = α, and similarly for
(n−1 D[u] )−1−α with σ = −1 − α. Since
−1−α
α
D[u]
W[ul] D[l]
=
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it then suffices to multiply the Taylor-expansions of (n−1 D[u] )α , (n−1 D[l] )α , and W[ul] , given
respectively in (18) and (17), normalize by n and then organize the result in terms of order
√
O(1), O(1/ n), and O(1/n).
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1
1
1n 1n + O(n− 2 ).
n [u] [l]

−1−α
α is dealt with in the same way. In particular,
The term D[u]
W[uu] D[u]

−1−α
α
=
D[u]
W[uu] D[u]

−1
1
1
1
1
= In[u] +
1n 1n + O(n− 2 )
1n 1n + O(n− 2 ).
n [u] [u]
n[l] [u] [u]

−1−α
α )−1 may be simply written as
Therefore, (In[u] − D[u]
W[uu] D[u]



In[u] −

Combining all terms together completes the full linearization of F̂[u] .
This last derivation, which we do not provide in full here, is simpler than it appears
and is in fact quite instructive in the overall behavior of F [u] . Indeed, only product terms
−1−α
α )−1 and D −1−α W
α [l] of order at least
in the development of (In[u] − D[u]
W[uu] D[u]
[ul] D[l] F
[u]
O(1) shall remain, which discards already a few terms. Now, in addition, note that for
any vector v, v1nT[l] F [l] = v1kT so that such matrices are non informative for classification
(they have identical score columns); these terms are all placed in the intermediary variable
z, the entries zi of which are irrelevant and thus left as is (these are the zi ’s of Proposi(1)
tion 1 and Theorem 2). It is in particular noteworthy to see that all terms of W[uu] that

−1−α
α F [l] are precisely those multiplied by
remain after taking the product with D[u]
W[ul] D[l]

f (τ )1n[u] 1nT[l] F [l] and thus become part of the vector z. Since most informative terms in the

(1 + α)n T
4 T
ψ j +
j Ω ωi
n[l] n[l]a [l] [l]a n[l]a [l]a [l]

+ zi

ta
2f 0 (τ ) ◦
√ ψi +
√ µ ωi
p
f (τ ) p a
!

(19)

kernel matrix development are found in W (1) , this means that the algorithm under study
(1)
shall make little use of the unsupervised information about the data (those found in W[uu] ).
This is an important remark which, as discussed in Section 6, opens up the path to further
improvements of the semi-supervised learning algorithms which would use more efficiently
(1)
the information in W[uu] .
eq
All calculus made, this development finally leads to F[u] = F[u]
with, for a, b ∈ {1, . . . , K}
and xi ∈ Cb , i > n[l] ,
"
"
#
#
K
1
1 X
n
f 0 (τ )2
ta tb
Hab +
Had (αnd + n[u]d ) + (1 + α)
∆a − α
p
n[l]
pn[l]
f (τ )2
d=1
!
f 0 (τ )
f (τ )

(−α2 − α)n − n[l] f 0 (τ )2 f 00 (τ )
+
n[l]
f (τ )2
f (τ )

eq
F̂ia
=1+

+

+

√
where Hab is as specified in (15), ∆a as in (16), and zi = O( p) is some residual random
variable only dependent on xi . Gathering the terms in successive orders of magnitude,
Proposition 1 is then straightforwardly proven from (19).
B.2. Step 2: Central limit theorem
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The focus of this step is to examine Gi = p(F̂ieq − (1 + zi )1K ). Theorem 5 can be proven by
showing that Gi = Gi + oP (1).

24

Letting ωi =

p r,

with r ∼ N (0, Ip ), g1 ψi + g2 ωi can be rewritten as rT Ar + br + c

0 (τ )2
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Konstantin Avrachenkov, Paulo Gonçalves, Alexey Mishenin, and Marina Sokol. Generalized optimization framework for graph-based semi-supervised learning. arXiv preprint
arXiv:1110.4278, 2011.

First consider Item (i) of Theorem 5, which describes the behavior of F̂[u] conditioned on
x1 , . . . , xn[l] . Recall that a necessary and sufficient condition for a vector v to be a Gaussian
vector is that all linear combinations of the elements of v are Gaussian variables. Thus, for
given x1 , . . . , xn[l] deterministic, according to (19), Gi is asymptotically Gaussian if, for all
g1 ∈ R, g2 ∈ Rp , g1 ψi + g2T ωi has a central limit.

1
Cb2
√

Mai and Couillet

A Random Matrix Analysis of Semi-Supervised Learning

A Random Matrix Analysis of Semi-Supervised Learning

Amit Moscovich, Ariel Jaffe, and Boaz Nadler. Minimax-optimal semi-supervised regression
on unknown manifolds. arXiv preprint arXiv:1611.02221, 2016.
Boaz Nadler, Nathan Srebro, and Xueyuan Zhou. Semi-supervised learning with the graph
laplacian: the limit of infinite unlabelled data. In International Conference on Neural
Information Processing Systems, pages 1330–1338, 2009.
Sunil K Narang, Akshay Gadde, and Antonio Ortega. Signal processing techniques for
interpolation in graph structured data. In IEEE International Conference Acoustics,
Speech and Signal Processing, pages 5445–5449. IEEE, 2013a.
Sunil K Narang, Akshay Gadde, Eduard Sanou, and Antonio Ortega. Localized iterative
methods for interpolation in graph structured data. In Global Conference on Signal and
Information Processing, pages 491–494. IEEE, 2013b.
Bernhard Schölkopf and Alexander J Smola. Learning with Kernels: Support Vector Machines, Regularization, Optimization, and Beyond. MIT press, 2002.
Larry Wasserman and John D Lafferty. Statistical analysis of semi-supervised regression.
In International Conference on Neural Information Processing Systems, pages 801–808,
2008.
Dengyong Zhou, Olivier Bousquet, Thomas Navin Lal, Jason Weston, and Bernhard
Schölkopf. Learning with local and global consistency. volume 16, pages 321–328, 2004.
Xiaojin Zhu and Zoubin Ghahramani. Learning from labeled and unlabeled data with label
propagation. Technical report, Citeseer, 2002.

JMLR 19(79):1-27, 2018

Xiaojin Zhu, Zoubin Ghahramani, John Lafferty, et al. Semi-supervised learning using
gaussian fields and harmonic functions. In International Conference on Machine Learning,
volume 3, pages 912–919, 2003.

27

Abstract

yi.yang6@mcgill.ca

teng.zhang@ucf.edu

JMLR 19(80):1-39, 2018

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/v19/17-473.html.

c 2018 Teng Zhang and Yi Yang.

In many problems, the underlying data matrix is assumed to be approximately low-rank.
Examples include problems in computer vision Epstein et al. (1995); Ho et al. (2003),
machine learning Deerwester et al. (1990), and bioinformatics Price et al. (2006). For
such problems, principal component analysis (PCA) is a standard statistical procedure to
recover the underlying low-rank matrix. However, PCA is highly sensitive to outliers in
the data, and robust PCA Candès et al. (2011); Chandrasekaran et al. (2011); Clarkson
and Woodruff (2013); Frieze et al. (2004); Bhojanapalli et al. (2015); Yi et al. (2016);
Chen and Wainwright (2015); Gu et al. (2016); Cherapanamjeri et al. (2016); Netrapalli
et al. (2014) is hence proposed as a modification to handle grossly corrupted observations.
Mathematically, the robust PCA problem is formulated as follows: given a data matrix
Y ∈ Rn1 ×n2 that can be written as the sum of a low-rank matrix L∗ (signal) and a sparse
matrix S∗ (corruption) with only a few nonzero entries, can we recover both components
accurately? Robust PCA has been shown to have applications in many real-life applications

1. Introduction

Keywords: principal component analysis, low-rank modeling, manifold of low-rank matrices.

Robust PCA is a widely used statistical procedure to recover an underlying low-rank matrix
with grossly corrupted observations. This work considers the problem of robust PCA as a
nonconvex optimization problem on the manifold of low-rank matrices and proposes two
algorithms based on manifold optimization. It is shown that, with a properly designed
initialization, the proposed algorithms are guaranteed to converge to the underlying lowrank matrix linearly. Compared with a previous work based on the factorization of low-rank
matrices Yi et al. (2016), the proposed algorithms reduce the dependence on the condition
number of the underlying low-rank matrix theoretically. Simulations and real data examples
confirm the competitive performance of our method.
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where kLk∗ represents the nuclear norm (i.e., Schatten 1-norm) of L, defined by the sum
of its singular values and kSk1 represents the sum of the absolute values of all entries of
S. Since this problem is convex, the solution to (1) can be solved in polynomial time. In
addition, it is shown that the solution recovers the correct low-rank matrix when S∗ has
at most γ ∗ = O(1/µ2 r) fraction of corrupted non-zero entries, where r is the rank of L∗
and µ is the incoherence level of L∗ Hsu et al. (2011). If the sparsity of S∗ is assumed
to be random, then Candès et al. (2011) shows that the algorithm succeeds with high
probability, even when the percentage of corruption can be in the order of O(1) while the
rank r = O(min(n1 , n2 )/µ log2 max(n1 , n2 )), where µ is a coherence parameter of the lowrank matrix L∗ (this work defines µ slightly differently compared to Candès et al. (2011)
and (16) in this work, but the value is comparable).
However, the aforementioned algorithms based on convex relaxation have a computational complexity of O(n1 n2 min(n1 , n2 )) per iteration, which could be prohibitive when n1
and n2 are very large. Alternatively, some faster algorithms are proposed based on nonconvex optimization. In particular, the work by Kyrillidis and Cevher (2012) proposes a
method based on the projected gradient method. However, it assumes that the sparsity
pattern of S∗ is random, and the algorithm still has the same computational complexity
as the convex methods. Netrapalli et al. (2014) proposes a method based on the alternating projecting, which allows γ ∗ ≤ µ12 r , with a computational complexity of O(r2 n1 n2 )
per iteration. Chen and Wainwright (2015) assumes that L∗ is positive semidefinite and
applies the gradient descent method on the Cholesky decomposition factor of L∗ , but the
positive semidefinite assumption is not satisfied in many applications. Gu et al. (2016)
factorizes L∗ into the product of two matrices and performs alternating minimization over
both matrices. It shows that the algorithm allows γ ∗ = O(1/µ2/3 r2/3 min(n1 , n2 )) and has
the complexity of O(r2 n1 n2 ) per iteration. Yi et al. (2016) applies a similar factorization
and applies an alternating gradient descent algorithm with a complexity of O(rn1 n2 ) per
iteration and allows γ ∗ = O(1/κ2 µr3/2 ), where κ is the condition number of the underlying
low-rank matrix. There is another line of works that further reduces the complexity of the
algorithm by subsampling the entries of the observation matrix Y, including Mackey et al.
(2011); Li and Haupt (2015); Rahmani and Atia (2017); Cherapanamjeri et al. (2016) and
(Yi et al., 2016, Algorithm 2), which will also be discussed in this paper as the partially
observed case.
The common idea shared by Gu et al. (2016) and Yi et al. (2016) is as follows. Since
any low-rank matrix L ∈ Rn1 ×n2 with rank r can be written as the product of two low-rank

L,S

min kLk∗ + kSk1 , s.t. Y = L + S,

including background detection Li et al. (2004), face recognition Basri and Jacobs (2003),
ranking, and collaborative filtering Candès et al. (2011).
Since the set of all low-rank matrices is nonconvex, it is generally difficult to obtain
an algorithm with theoretical guarantee since there is no tractable optimization algorithm
for the nonconvex problem. Here we review a few carefully designed algorithms such that
the theoretical guarantee on the recovery of underlying low-rank matrix exists. The works
Candès et al. (2011); Chandrasekaran et al. (2011) consider the convex relaxation of the
original problem instead:

Zhang and Yang

Robust PCA by Manifold Optimization

matrices by L = UVT with U ∈ Rn1 ×r and V ∈ Rn2 ×r , we can optimize the pair (U, V)
instead of L, and a smaller computational cost is expected since (U, V) has (n1 + n2 )r
parameters, which is smaller than n1 n2 , the number of parameters in L. In fact, such a
re-parametrization technique has a long history Ruhe (1974), and has been popularized by
Burer and Monteiro Burer and Monteiro (2003, 2005) for solving semi-definite programs
(SDPs). The same idea has been used in other low-rank matrix estimation problems such
as dictionary learning Sun et al. (2017), phase synchronization Boumal (2016), community
detection Bandeira et al. (2016), matrix completion Jain et al. (2013), recovering matrix
from linear measurements Tu et al. (2016), and even general problems Chen and Wainwright
(2015); Wang et al. (2017); Park et al. (2016); Wang et al. (2017); Park et al. (2017). In
addition, the property of associated stochastic gradient descent algorithm is studied in De Sa
et al. (2015).
The main contribution of this work is a novel robust PCA algorithm based on the gradient descent algorithm on the manifold of low-rank matrices, with a theoretical guarantee on
the exact recovery of the underlying low-rank matrix. Compared with Yi et al. (2016), the
proposed algorithm utilizes the tool of manifold optimization, which leads to a simpler and
more naturally structured algorithm with a stronger theoretical guarantee. In particular,
with a proper initialization, our method can still succeed with γ ∗ = O(1/κµr3/2 ), which
means that it can tolerate more corruption than Yi et al. (2016) by a factor of κ. In addition, the theoretical convergence rate is also faster than Yi et al. (2016) by a factor of
κ. Simulations also verified the advantage of the proposed algorithm over Yi et al. (2016).
We remark that while manifold optimization has been applied to robust PCA in Cambier
and Absil (2016), our work studies a different algorithm and gives theoretical guarantees.
Considering the popularity of the methods based on the factorization of low-rank matrices,
it is expected that manifold optimization could be applied to other low-rank matrix estimation problems. In addition, we implement our method in an efficient and user-friendly
R package morpca, which is available at https://github.com/emeryyi/morpca.
The paper is organized as follows. We first present the algorithm in Section 2, and
explain how the proposed algorithms are derived in Section 3. Their theoretical properties
are studied and compared with previous algorithms in Section 4. In Section 5, simulations
and real data analysis on the Shoppingmall dataset show that the proposed algorithms
are competitive in many scenarios and have superior performances to the algorithm based
on matrix factorization. A discussion about the proposed algorithms is then presented in
Section 6, followed by the proofs of the results in Appendix.

2. Algorithm

(2)

In this work, we consider the robust PCA problem in two settings: fully observed setting and
partially observed setting. The problem under the fully observed setting can be formulated
as follows: given Y = L∗ +S∗ , where L∗ is a low-rank matrix and S∗ is a sparse matrix, then
can we recover L∗ from Y? To recover L∗ , we solve the following optimization problem:
b = arg min f (L), where f (L) = 1 kF (L − Y)k2 ,
L
F
2
rank(L)=r
3
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where F : Rn1 ×n2
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→ Rn1 ×n2 is a hard thresholding procedure defined in (3):
(
0,
if |Aij | > |Ai,· |[γ] and |Aij | > |A·,j |[γ]
Aij , otherwise.
Fij (A) =

(3)

Here Ai,· represents the i-th row of the matrix A, and A·,j represents the j-th column of A.
|Ai,· |[γ] and |A·,j |[γ] represent the (1 − γ)-th percentile of the absolute values of the entries
of Ai,· and A·,j for γ ∈ [0, 1). In other words, what are removed are the entries that are
simultaneously among the largest γ-fraction in the corresponding row and column of A in
terms of the absolute values. The threshold γ is set by users. If some entries of Ai,· or A·,j
have the entries with identical absolute values, the ties can be broken down arbitrarily.
The motivation is that, if S∗ is sparse in the sense that the percentage of nonzero
entries in each row and each column is smaller than γ, then F (L∗ − Y) = F (−S∗ ) is zero
by definition thus f (L∗ ) is zero. Since f is nonnegative, L∗ is the solution to (2). To solve
(2), we propose Algorithm 1 based on manifold optimization, with its derivation deferred
to Section 3.3.1.

Algorithm 1 Gradient descent on the manifold under the fully observed setting.

Input: Observation Y ∈ Rn1 ×n2 ; Rank r; Thresholding value γ; Step size η.
Initialization: Set k = 0; Initialize L(0) using the rank-r approximation to F (Y).
Loop: Iterate Steps 1–4 until convergence:
1: Let L(k) = U(k) Σ(k) V(k) T .
2: Let D(k) = F (L(k) − Y).
3(a): (Option 1) Let Ω(k) = U(k) U(k) T D(k) + D(k) V(k) V(k) T − U(k) U(k) T D(k) V(k) V(k) T ,
and let U(k+1) ∈ Rn1 ×r , Σ(k+1) ∈ Rr×r , and V(k+1) ∈ Rn2 ×r be matrices consist of the top
r left singular vectors/singular values/right singular vectors of L(k) − ηΩ(k) .
3(b): (Option 2) Let Q1 , R1 be the QR decomposition of (L(k) − ηD(k) )T U(k) and Q2 , R2
be the QR decomposition of (L(k) − ηD(k) )V(k) . Then U(k+1) = Q2 , V(k+1) = Q1 and
Σ(k+1) = R2 [U(k) T (L(k) − ηD(k) )V(k) ]−1 R1T .
4: k := k + 1.
Output: Estimation of the low-rank matrix L∗ , given by limk→∞ L(k) .

(
0,
Aij ,

if |Aij | > |Ai,· |[γ,Φ] and |Aij | > |A·,j |[γ,Φ]
otherwise.

(4)

Under the partially observed setting, in addition to gross corruption S∗ , the observed
matrix Y has a large number of missing values, i.e., many entries of Y are not observed.
We denote the set of all observed entries by Φ = {(i, j)|Yij is observed}, and define F̃ :
Rn1 ×n2 → Rn1 ×n2
F̃ij (A) =

(i,j)∈Φ

Here |Ai,· |[γ,Φ] and |A·,j |[γ,Φ] represent the (1 − γ)-th percentile of the absolute values of
the observed entries of Ai,· and A·,j of the matrix A respectively.
As a generalization of Algorithm 1, we propose to solve
1 X
arg min f˜(L), f˜(L) =
F̃ij (L − Y)2 ,
(5)
2
rank(L)=r

4
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Step 1. Consider f (x) as a differentiable function from Rn to R and calculate the Euclidean
gradient ∇f (x).

The purpose of this section is to review the framework of the gradient descent method on
manifolds. It summarizes mostly the framework used in Vandereycken (2013); Shalit et al.
(2012); Absil et al. (2009), and we refer readers to these work for more details.
Given a smooth manifold M ⊂ Rn and a differentiable function f : M → R, the
procedure of the gradient descent algorithm for solving minx∈M f (x) is as follows:

3.1. Manifold optimization

This section gives the derivations of Algorithms 1 and 2. Since they are derived from
manifold optimization, we first give a review of manifold optimization in Section 3.1 and
the geometry of the manifold of low-rank matrices in Section 3.2.

3. Derivation of the Proposed Algorithms

which is similar to (2) but only the observed entries are considered. The implementation is
presented in Algorithm 2 and its derivation is deferred to Section 3.3.2.
For Algorithm 1, its memory usage is O(n1 n2 ) due to the storage of Y. For Algorithm 2,
storing Y and L(k) requires O(|Φ|) and storing U(k) and V(k) requires O(r(n1 +n2 )). Adding
them together, the memory usage is O(|Φ| + r(n1 + n2 )).
For both Algorithm 1 and Algorithm 2 with Option 1, the singular value decomposition
is the most computationally intensive step and as a result, the complexity per iteration is
O(rn1 n2 ). For Algorithm 1 and Algorithm 2 with Option 2, their computational complexities per iteration are in the order of O(rn1 n2 ) and O(r2 (n1 + n2 ) + r|Φ|) respectively.

Input: Observation Y ∈ Rn1 ×n2 ; Set of all observed entries by Φ; Rank r; Thresholding
value γ; Step size η.
Initialization: Set k = 0; Initialize L(0) using the rank-r approximation to F̃ (Y).
Loop: Iterate Steps 1–4 until convergence:
1: Let L(k) be a sparse matrix with support Φ, with nonzero entries given by the corresponding entries of U(k) Σ(k) V(k) T .
2: Let D(k) = F̃ (L(k) − Y).
3(a): (Option 1) Let Ω(k) = U(k) U(k) T D(k) + D(k) V(k) V(k) T − U(k) U(k) T D(k) V(k) V(k) T ,
and let U(k+1) ∈ Rn1 ×r , Σ(k+1) ∈ Rr×r , and V(k+1) ∈ Rn2 ×r be matrices consists of the top
r left singular vectors/singular values/right singular vectors of L(k) − ηΩ(k) .
3(b): (Option 2) Let Q1 , R1 be the QR decomposition of (L(k) − ηD(k) )T U(k) and Q2 , R2
be the QR decomposition of (L(k) − ηD(k) )V(k) . Then U(k+1) = Q2 , V(k+1) = Q1 and
Σ(k+1) = R2 [U(k) T (L(k) − ηD(k) )V(k) ]−1 RT1 .
4: k := k + 1.
Output: Estimation of the low-rank matrix L∗ , given by limk→∞ L(k) .

Algorithm 2 Gradient descent on the manifold under the partially observed setting.

Robust PCA by Manifold Optimization
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We remark that in differential geometry, the standard “retraction” is the exponential map
from the tangent space to the manifold. However, in this work (as well as many works on
manifold optimization) it is used to represent a generic mapping from the tangent plane
to the manifold. As a result, the definition of retraction is not unique in this work. In
Figure 1, we visualize the gradient descent method on the manifold M with two different
kinds of retractions (orthographic and projective). We will discuss the details of those two
retractions in Section 3.2.

where η is the step size.

x+ = Rx (−ηPTx M ∇f (x)),

Step 3. Define a retraction Rx that maps the tangent space back to the manifold, i.e.
Rx : Tx M → M, where Rx needs to satisfy the conditions in (Vandereycken, 2013,
Definition 2.2). In particular, Rx (0) = x, Rx (y) = x + y + O(kyk2 ) as y → 0, and Rx
needs to be smooth. Then the update of the gradient descent algorithm x+ is defined
by

Step 2. Calculate its Riemannian gradient, which is the direction of steepest ascent of f (x)
among all directions in the tangent space Tx M. This direction is given by PTx M ∇f (x),
where PTx M is the projection operator to the tangent space Tx M.

Figure 1: The visualization of gradient descent algorithms on the manifold M. The black
solid line is the Euclidean gradient. The blue solid line is the projection of the
Euclidean gradient to the tangent space. The red solid line represents the orthographic retraction, while the red dashed line represents the projective retraction.

Zhang and Yang
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3.2. The geometry of the manifold of low-rank matrices

D ∈ Rn1 ×n2 .
(7)

To apply the gradient descent algorithm in Section 3.1 to the manifold of the low-rank
matrices, the projection PTx M and the retraction Rx need to be defined. In this section, we
let M be the manifold of all Rn1 ×n2 matrices with rank r and X ∈ M be a matrix of rank
r and will find the explicit expressions of PTx M and Rx .
The tangent space TX M and the retraction RX of the manifold of the low-rank matrices
have been well-studied Absil and Oseledets (2015): Assume that the SVD decomposition
of X is X = UΣVT , then the tangent space TX M can be defined by TX M = {AVVT +
UUT B : for A ∈ Rn1 ×n1 , B ∈ Rn2 ×n2 } according to Absil and Oseledets (2015). The
explicit formula for the projection
is given in (Absil and Oseledets, 2015, (9)):
PTX M

PTX M (D) = UUT D + DVVT − UUT DVVT ,

Z∈M

RX (δ) = arg min kX + δ − ZkF .

(1)

(8)

For completeness, a proof of (7) is presented in Appendix.
There are various ways of defining retractions for the manifold of low-rank matrices,
and we refer the reader to Absil and Oseledets (2015) for more details. In this work, we
consider two types of retractions. One is called the projective retraction Shalit et al. (2012);
Vandereycken (2013), Given any δ ∈ TX M, the retraction is defined as the nearest low-rank
matrix to X + δ in terms of Frobenius norm:

Z∈M

(2)

The solution is theP
rank-r approximation of X + δ (for any matrix W, its rank-r approxir
σi ui viT , where σi , ui , vi are the ordered singular values and vectors
mation is given by i=1
of W).
In order to further improve computation efficiency, we also consider the orthographic
(2)
retraction Absil and Oseledets (2015). Denoted by RX (δ), it is the nearest rank-r matrix
to X + δ that their difference is orthogonal to the tangent space TX M:
(2)

∇f (L(k) )),

(11)

(10)

RX (δ) = arg min kX + δ − ZkF , s.t. hRX (δ) − (X + δ), ZiF = 0 for all Z ∈ TX M, (9)
and its explicit solution of (9) is given in (Absil and Oseledets, 2015, Section 3.2),
(2)

RX (δ) = (X + δ)V[UT (X + δ)V]−1 UT (X + δ),
and a proof is given in Appendix.
3.3. Derivation of the proposed algorithms
3.3.1. Derivation of Algorithm 1

L(k)

The gradient descent algorithm (6) for solving (2) can be written as
L(k+1) = RL(k) (−ηPT

where PT (k) is defined in (7) and RL(k) is defined in (8) or (10). To derive the explicit
L
algorithm, it remains to find the gradient ∇f .
7

JMLR 19(80):1-39, 2018

Zhang and Yang

If the absolute values of all entries of A are different, then we have

∇f (L) = F (L − Y).

L

(12)

The proof of (12) is deferred to Appendix. When some entries of A are equivalent and
there is a tie in generating F (L − Y), the objective function could be non-differentiable.
However, it can be shown that by arbitrarily breaking the tie, F (L − Y) is a subgradient
of f (L).
The corresponding gradient descent method (or subgradient method when f is not
differentiable) with projective retraction can be written as follows:
i
h
(13)
L(k+1) := rank-r approximation of L(k) − ηPT (k) F (L(k) − Y) ,

L(k+1) := (L(k) − ηD)V(k) [U(k)T (L(k) − ηD)V(k) ]−1 U(k)T (L(k) − ηD),

(14)

where the rank-r approximation has been defined after (8). This leads to Algorithm 1 with
Option 1.
For the orthographic retraction, i.e., RL(k) defined according to (10), by writing D =
F (L(k) − Y), the update formula (11) can be simplified to

where U(k) ∈ Rn1 ×r is any matrix such that its column space is the same as the column
space of L(k) ; and V(k) ∈ Rn2 ×r is any matrix such that its column space is the same as
the row space of L(k) . The derivation of (14) is deferred to Appendix, and it can be shown
that the implementation of (14) leads to Algorithm 1 with Option 2.
3.3.2. Derivation of Algorithm 2

By a similar argument as in the previous section, we can conclude that when all entries of
|L − Y| are different from each other, then applying the same procedure of deriving (12),
we have
∇f˜(L) = F̃ (L − Y);

and F̃ (L−Y) is a subgradient when f˜(L) is not differentiable. Based on this observation, the
algorithm under the partially observed setting is identical to (13) or (14), with F replaced
by F̃ . This gives the implementation of Algorithm 2.

3.3.3. Basic convergence properties of Algorithms 1 and 2

An interesting topic is that, can we still expect the algorithm to have reasonable basic properties, such as convergence to a critical point? Unfortunately, it is impossible to have such
a theoretical guarantee if a fixed step size η is chosen: in general, the subgradient method
with fixed step size does not have the convergence guarantee if the objective function is
non-differentiable. However, if we choose step size with line search, then any accumulation
b would have the property that either the objective function is not differenpoint of L(k) , L,
b or it is a critical point in the sense that its Riemannian gradient is zero. For
tiable at L,
example, the line search strategy for Algorithm 1 can be described as follows: start the step
size ηk with a relatively large value, and repeatedly shrinks it by a factor of β ∈ (0, 1) such
(k) )),
that the following condition is satisfied: for L(k+1) =

∇f (L(k) )k2 ,

RL(k) (−ηk PT (k) ∇f (L
L

L(k)

f (L(k) ) − f (L(k+1) ) > cηk kPT

8
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where the norm k · k2,∞ is defined by kAk2,∞ = maxkzk2 =1 kAzk∞ and kxk∞ = maxi |xi |.

Assumption 2 The low-rank matrix L∗ is not near-sparse. To achieve this, we require that
L∗ must be µ-coherent. Given the singular value decomposition (SVD) L∗ = U∗ Σ∗ V∗T ,
where U∗ ∈ Rn1 ×r and V∗ ∈ Rn2 ×r , we assume there exists an incoherence parameter µ
such that
r
r
µr
µr
kU∗ k2,∞ ≤
, kV∗ k2,∞ ≤
,
(16)
n1
n2

Assumption 1 Each row of S∗ contains at most γ ∗ n2 nonzero entries and each column of
S∗ contains at most γ ∗ n1 nonzero entries. In other words, for γ ∗ ∈ [0, 1), assume S∗ ∈ Sγ ∗
where

Sγ ∗ := A ∈ Rn1 ×n2 | kAi,· k0 ≤ γ ∗ n2 , for 1 ≤ i ≤ n1 ; kA·,j k0 ≤ γ ∗ n1 , for 1 ≤ j ≤ n2 .
(15)

In this section, we analyze the theoretical properties of Algorithms 1 and 2 and compare
them with previous algorithms. Since the goal is to recover the low-rank matrix L∗ and
the sparse matrix S∗ from Y = L∗ + S∗ , to avoid identifiability issues, we need to assume
that L∗ can not be both low-rank and sparse. Specifically, we make the following standard
assumptions on L∗ and S∗ :

4. Theoretical Analysis

which can be considered as f˜ in (5) when γ = 0.

L∈Rn1 ×n2 ,rank(L)=r (i,j)∈Φ

The idea of optimization on manifolds has been well investigated in the literature Vandereycken (2013); Shalit et al. (2012); Absil et al. (2009). For example, Absil et al. Absil
et al. (2009) give a summary of many advances in the field of optimization on manifolds.
Manifold optimization has been applied to many matrix estimation problems, including recovering a low rank matrix from its partial entries, i.e., matrix completion Keshavan et al.
(2010); Vandereycken (2013); Wei et al. (2016) and robust matrix completion in Cambier
and Absil (2016). In fact, the problem studied in this work can be reformulated to the
problem analyzed in Cambier and Absil (2016). In comparison, our work studies a different
algorithm and gives additional theoretical guarantees.
In another aspect, while Wei et al. (2016) studies matrix completion, it shares some
similarities with this work: both works study manifold optimization algorithms and have
theoretical guarantees showing that the proposed algorithms can recover the underlying
low-rank matrix exactly. In fact, Wei et al. (2016) can be considered as our problem under
the partially observed setting, without corruption S∗ . It proposes to solve
X
arg min
(Yij − Lij )2 ,

3.4. Prior works on manifold optimization

where c ∈ (0, 1) is prespecified. The argument for convergence follows from the same
argument as the proof of (Absil et al., 2009, Theorem 4.3.1).

Robust PCA by Manifold Optimization




1
1
a2
= (1 − 2C1 ).
+
2 1 − η0 (1 + C1 )a
8
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The combination of Theorem 1, 4 and the fact that γ = O(γ ∗ ) implies that under the
fully observed setting, the tolerance of the proposed algorithms to corruption is at most
1
γ ∗ = O( µr√
), where κ = σ1 (L∗ )/σr (L∗ ) is the condition number of L∗ . We also study
rκ
the stability of Algorithm 1 in the following statement.

√
kL(0) − L∗ kF ≤ 8γµr 2rσ1 (L∗ ).

Theorem 4 (Initialization, fully observed case) If γ > γ ∗ and we initialize L(0) using
the rank-r approximation to F (Y), then

Since the statements require proper initializations (i.e., small a), the question arises as to
how to choose proper initializations. The work by Yi et al. (2016) shows that if the rank-r
approximation to F (Y) is used as the initialization L(0) , then such initialization has the
upper bound kL(0) − L∗ k according to the proofs of (Yi et al., 2016,
√ Theorems 1 and 3) (we
borrow this estimation along with the fact that kL(0) − L∗ kF ≤ 2rkL(0) − L∗ k).

Remark 3 (Simplified choices of parameters) There exists c1 and c2 such that if a < c1 ,
γ ∗ µr < c2 and γ = 65γ ∗ , then one can choose η0 = 1/8. In this sense, if the initialization
of the algorithm is good, then the algorithm can handle γ ∗ as large as O(1/µr). In addition,
it requires O(log(1/)) iterations to achieve kL(k) − L∗ kF /kL(0) − L∗ kF < .

Since the LHS is an increasing function of η0 and is zero when η0 = 0, and its RHS is a
positive number.
p
While C1 < 1/2 requires 4γ ∗ /(γ − γ ∗ ) < 1/2, i.e., γ > 17γ ∗ . In practice a much
smaller γ can be used. In Section 5, γ = 1.5γ ∗ is used and works well for a large number of
examples. It suggests that some constants in Theorem 1 might be due to the technicalities
in the proof and can be potentially improved.

η0 (1 + C1 )2

Remark 2 (Choices of parameters). It is shown in the proof that η0 can be set to the
solution of the equation


1 − 2C1 k (0)
η kL − L∗ kF .
kL(k) − L∗ kF ≤ 1 −
8

∗

γ
1
2
C1 = 4(γ + 2γ ∗ )µr + 4 γ−γ
∗ + a < 2 , then there exists η0 = η0 (C1 , a) > 0 that does not
depend on k, such that for all η ≤ η0 ,

Theorem 1 (Linear convergence rate, fully observed case) Suppose that kL(0) −L∗ kF ≤
∗ ), where σ (L∗ ) is the r-th largest singular value of L∗ , a ≤ 1/2, γ > 2γ ∗ and
aσr (Lq
r

With Assumption 1 and 2, we have the following theoretical results regarding the convergence rate, initialization, and stability of Algorithm 1:

4.1. Analysis of Algorithm 1

Zhang and Yang
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(18)

(19)
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4. Corruption level (proper initialization). Suppose that the initialization is given
by the procedure in Theorem 4 (for the partially observed case) and 9 (for the fully
observed case), what is the maximum corruption level that can be tolerated?

3. Corruption level (perfect initialization). Suppose that the initialization is in a
sufficiently small neighborhood of L∗ (i.e. there exists a very small 0 > 0 such that
L(0) satisfies kL(0) − L∗ kF < 0 ), what is the maximum corruption level that can be
tolerated in the convergence analysis?

2. Convergence rate. What is the smallest number of iteration steps k such that the
algorithm reaches a given convergence criterion , i.e. kL(k) − L∗ kF /kL(0) − L∗ kF < ?

1. Accuracy of initialization. What is the largest value t that the algorithm can
tolerate, such that for any initialization L(0) satisfying kL(0) −L∗ kF ≤ t, the algorithm
is guaranteed to converge to L∗ ?

Since our objective functions are equivalent to the objective functions of the alternating
gradient descent (AGD) in Yi et al. (2016), it would be interesting to compare these two
works. The only difference of these two works lies in the algorithmic implementation: our
methods use the gradient descent on the manifold of low-rank matrices, while the methods
in Yi et al. (2016) use alternating gradient descent on the factors of the low-rank matrix.
In the following we compare the results of both works from four aspects:

4.3. Comparison with Alternating Gradient Descent

with probability at least 1 − c3 n−1 , where σ1 (L∗ ) is the largest singular value of L∗ .

Theorem 9 (Initialization, partially observed case) There exists c1 , c2 , c3 > 0 such
2
+ α1 ) log n/ min(n1 , n2 ), and we initialize L(0) using the
that if γ > 2γ ∗ , and p ≥ c2 ( µr
2
rank-r approximation to F (Y), then
√
√
kL(0) − L∗ kF ≤ 16γµrσ1 (L∗ ) 2r + 2 2c1 σ1 (L∗ )

We present a method of obtaining a proper initialization in Theorem 9. Combining it with
p
Theorem 6, Algorithm 2 allows the corruption level γ ∗ to be in the order of O( µr√
).
rκ

Compared with the result in Theorem 1, the addition parameter p appears in both the initialization requirement a < c1 p as well as the convergence rate. This makes the result weaker,
but we suspect that the dependence on the subsampling ratio p could be improved through
a better estimation in (39) and the estimation of C̃1 in Lemma 16, and we leave it as a
possible future direction.

kL(k) − L∗ kF
≤ (1 − c4 ηp2 )k .
kL(0) − L∗ kF
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(n1 + n2 )r ln(n1 n2 ) ≤ kL − L∗ kF ≤ aσr (L∗ )k,

4
Remark 8 (Simplified choice of parameters) There exists {ci }i=1
> 0 such that when  <
1/2, a < c1 p, γ ∗ µr < c2 and γ = c3 γ ∗ , then when η < 1/8,

p

Theorem 5 (Stability, fully observed case) Let L be the current value, and let L+ be
the next update by applying Algorithm 1 to L for one iteration. Assuming Y = L∗ + S∗ +
N∗ , where N∗ is a random Gaussian noise i.i.d. sampled from N (0, σ 2 ), γ > 10γ ∗ and
(γ + 2γ ∗ )µr < 1/64, then there exist C, a, c, η > 0 such that when η < η ,
0
0

P kL+ − L∗ kF ≤ (1 − cη) kL − L∗ kF for all L ∈ Γ →1, as n1 , n2 → ∞,
(17)
where

Γ = {L ∈ Rn1 ×n2 : rank(L) = r, Cσ
Since 1 − cη < 1, and Theorem 5 shows that when the observation Y is contaminated with
a random Gaussian noise, if L(0) is properly initialized such that kL(0) − L∗ kF < aσr (L∗ ),
Algorithms 1 will converge to a neighborhood of L∗ given by
p
{L : kL − L∗ kF ≤ Cσ (n1 + n2 )r ln(n1 n2 )}
p
(n1 + n2 )r ln(n1 n2 ))]/ log(1 − cη) iterations, with probin [− log(kL(0) − L∗ kF ) + log(Cσ
ability goes to 1 as n1 , n2 → ∞.
4.2. Analysis of Algorithm 2
For the partially observed setting, we assume that each entry of Y = L∗ + S∗ is observed
with probability p. That is, for any 1 ≤ i ≤ n1 and 1 ≤ j ≤ n2 , Pr((i, j) ∈ Φ) = p. Then
we have the following statement on convergence:

η 2 a2 (p + p)2 (1 + C̃1 )2 ik
1 − ηa(p + p)(1 + C̃1 )

h
i
1
3γ ∗ p
a
6(γ + 2γ ∗ )pµr + 4
( p(1 + ) + )2 + a2 .
p(1 − )
γ − 3γ ∗
2

+

Theorem 6 (Linear convergence rate, partially observed case) There exists c > 0
log n
such that for n = max(n1 , n2 ), if p ≥ max(cµr log(n)/2 min(n1 , n2 ), 56
3 γ min(n1 ,n2 ) ), then
with probability 1 − 2n−3 − 6n−1 ,
s




kL(k) − L∗ kF h
ap(1 + )
(1 + C̃1 ) − η 2 (1 + C̃1 )2
≤ 1 − p2 (1 − )2 2η 1 − C̃1 −
2(1 − a)
kL(0) − L∗ kF

for
C̃1 =

Remark 7 (Choice of parameters) Note that when η is small, the RHS of (18) is in the
order of


ap(1 + )
1 − p2 (1 − )2 1 − C̃1 −
(1 + C̃1 ) η + O(η 2 ).
2(1 − a)

ap(1 + )
(1 + C̃1 ) > 0.
2(1 − a)

As a result, to make sure that the RHS of (18) to be smaller than 1 for small η, we assume
that
1 − C̃1 −

For example, when ap(1 + ) = 4(1 − a), it requires that C̃1 < 1/3. If (19) holds, then there
exists η0 = η0 (C̃1 , p, , a) such that for all η ≤ η0 , the RHS of (18) is smaller than 1.
The practical choices of η and γ will be discussed in Section 5.
11
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1
O( µr
)

O( κ21µr )
1
O( µr
)

O( κ21µr )

O(log( 1 ))

O(κ log( 1 ))

O(log( 1 )/p2 )

O(κµr log( 1 )

∗)
O( σr (L
κ )

√

p

O( max(µr1.51κ1.5 ,κ2 µr) )

O( µr1.5 κ )

O( max(µr1.51κ1.5 ,κ2 µr) )

1
)
O( µr1.5
κ

Max corruption
(proper init.)

Rm×n .

−(AAT

(20)
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As a result, the “gradient descent on factors (x, y)” has a direction of
+
BBT )f 0 (z). In comparison, the gradient descent on the variable z has a direction of −f 0 (z),
which is the direction that f decreases fastest. If AAT + BBT is a matrix with a large condition number, then we expect that the gradient descent method on factors (x, y) would not
work well. This example shows that generally, compared to applying the gradient descent
method to the factors of a variable, it is better to apply it to the variable itself. Similar
to this example, our method applies gradient descent on the L itself while Yi et al. (2016)
applies gradient descent to the factors of L.

z+ = Ax+ + By+ = z − η(AAT + BBT )f 0 (z).

Writing the update formula (20) in terms of z, it becomes

x+ = x − ηAT f 0 (z), y+ = y − ηBT f 0 (z).

where x, y ∈
and A, B ∈
In this example, (x, y) can be considered as the
“factors” of z. The gradient descent method on the factors (x, y) is then given by

Rn

z∈Rm

arg min f (z), where z = Ax + By,

Here we use a simple example to give some intuition of why our proposed methods work
better than gradient descent method based on factorization. Let us consider the following
simple optimization problem:

algorithm in Yi et al. (2016). The four criteria are explained in details in Section 4.3.

Table 1: Comparison of the theoretical guarantees in our work and the alternating gradient descent

APG (partial)

Algorithm 2

O( σr√(Lκ ) )
√
O( pσr (L∗ ))

∗

O(σr (L∗ ))

Algorithm 1

APG (full)

Max corruption
(perfect init.)

Convergence
rate

Accuracy of
initialization

Criterion

These comparisons are summarized in Table 1. We can see that under the full observed
setting, our results remove or reduce the dependence on the condition number κ, while
keeping other values unchanged. Under the partially observed setting our results still have
the advantage of less dependence on κ, but sometimes require an additional dependence on
the subsampling ratio p. The simulation results discussed in the next section also verify
that when κ is large our algorithms have better performance, while that the slowing effect
of p under the partially observed setting is not significant. As discussed after Theorem 6,
we suspect that this dependence could be removed after a more careful analysis (or more
assumptions).

Robust PCA by Manifold Optimization

O(rn1 n2 )
O(n1 n2 min(n1 , n2 ))
O(r2 n1 n2 )
O(r2 n1 n2 )
O(rn1 n2 )

O(1/κµr3/2 )
O(1/µ2 r)
1/512µ2 r
O(1/µ2/3 r2/3 min(n1 , n2 ))
O(1/κ2 µr3/2 )
Algorithm 1
Convex methods
Netrapalli et al. (2014)
Gu et al. (2016)
Yi et al. (2016)

14
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The stability in Theorem 5 is comparable to analysis in Netrapalli et al. (2014) (the
works Gu et al. (2016) and (Yi et al., 2016, Alternating Gradient Descent) do not have
stability analysis). The work Netrapalli et al. (2014) assumes that kN∗ k∞ < σr (L∗ )/100n2
b satisfies
and proves that the output of their algorithm L


√
n1 n2
b − L∗ kF ≤  + 2µ2 r 7kN∗ k2 + 8 √
kL
kN∗ k∞ ,
r

rithms.

Table 2: Comparison of the theoretical guarantees in our work and some other robust PCA algo-

Complexity
per iteration

Maximum
corruption level
Criterion

where ν is a parameter concerning the coherence of L∗ , s∗ is the number of nonzero entries
in S∗ , d = min(n1 , n2 ). As a result s∗ /d is approximately γ ∗ max(n1 , n2 ) in our notation.
√
If ν is in the order of O(1), then this results requires that µ rκσ1 max(n1 , n2 )3/2 γ ∗ 3/2 ≤
O(1), which is more restrictive than our assumption in Theorem 1 that γ ∗ µr ≤ O(1).
Convex methods usually have convergence rate guarantees based on convexity, for example,
the accelerated proximal gradient method Toh and Yun (2010) has a convergence rate of
O(1/k 2 ). While it is a slower convergence rate compared to the result in Theorem 1 in this
work or the results in Netrapalli et al. (2014); Gu et al. (2016) and it does not necessarily
converge to the correct solution, this result does not depend on any assumption on the
low-rank matrix and the corruption ratio.

In this section we compare our result with other robust PCA methods and summarize them
in Table 2. Some criterion in Table 1 are not included since they do not apply. For example, (Netrapalli et al., 2014, Alternating Projection) only analyzes the algorithm with
specific initialization, and the criterion 1 and 3 in Table 1 do not apply to this work. As
a result, we only compare the maximum corruption ratio that these methods can handle, and the computational complexity per iteration in Table 2. As for the convergence
rate, it depends on assumptions on parameters such as the coherence parameter, rank,
and the size of the matrix: The alternating projection Netrapalli et al. (2014) requires
√
10 log(4n1 µ2 rkY − L(0) k2 / n1 n2 ) iterations to achieve an accuracy , under the assump√
tions that γ ∗ < 1/512µr2 and a tuning parameter is chosen to be 4µ2 r n1 n2 . The alternating minimization method Gu et al. (2016) have the guarantee that if kL(1) − L∗ k2 ≤ σ1 (L∗ ),
then
!k
√
√
96 2νµ r(s∗ /d)3/2 κσ1
√
kL(k+1) − L∗ kF ≤ σ1
kL(1) − L∗ kF ,
√ ∗ 3/2
1 − 24 2νµ r(s /d) κσ1

4.4. Comparison with other robust PCA algorithms

Zhang and Yang
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n2 )r ln(n1 n2 )

where  is the error of the algorithm when there is no noise. If N∗ is i.i.d. sampled from
b − L∗ kF is bounded above by  + O(µ2 √rn1 n2 σ). In
N (0, σ 2 ), this result suggests that kL
comparison,
Theorem 5 suggests that after a few iterations, kL(k) − L∗ kF is bounded above
p
by Cσ
+
with high probability, which is a tighter upper bound.
(n1

5. Simulations

In this section, we test the performance of the proposed algorithms by simulated data sets
and real data sets. The MATLAB implementation of our algorithm used in this section
is available at https://sciences.ucf.edu/math/tengz/. For simulated data sets, we
generate L∗ by UΣVT , where U ∈ Rn1 ×r and V ∈ Rn2 ×r are random matrices that i.i.d.
sampled from N (0, 1), and Σ ∈ Rn1 ×r is an diagonal matrix. As for S∗ ∈ Rn1 ×n2 , each
entry is sampled from N (0, 100) with probability q, and is zero with probability 1 − q.
That is, q represents the level of sparsity in the sparse matrix S∗ . It measures the overall
corruption level of Y and is associated with the corruption level γ ∗ (γ ∗ measures the row
and column-wise corruption level). For the partially observed case, we assume that each
entry of Y is observed with probability p.
5.1. Choice of parameters
We first investigate the performance of the proposed algorithms, in particular, the dependence on the parameters η and γ. In simulations, we let [n1 , n2 ] = [500, 600], r = 3, Σ = I,
and q = 0.02. For the partially observed case, we let p = 0.2.
The first simulation investigates the following questions:
• Should we use the Algorithms 1 and 2 with Option 1 or Option 2?
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Figure 3: The convergence of the algorithm depending on the choice of γ. (a) fully observed
setting; (b) partially observed setting.

0

Figure 2: The dependence of the estimation error on the number of iterations for different step sizes η (a) Algorithm 1 (Option 1); (b) Algorithm 1 (Option 2); (c)
Algorithm 2 (Option 1); (d) Algorithm 2 (Option 2).

10-10

Error

Error

Error

• What is the appropriate choice of the step size η?
The simulation results for Option 1 an 2 with various step sizes are visualized in Figure 2,
which show that the two options perform similarly. Usually the algorithms converge faster
when the step size is larger. However, if the step size is too large then it might diverge.
As a result, we use the step size η = 0.7 for Algorithm 1 and 0.7/p for Algorithm 2 for the
following simulations.
The second simulation concerns the choice of γ. We test γ = cγ ∗ for a few choices of c
(γ ∗ can be calculated from the zero pattern of S). Figure 5.1 shows that if γ is too small,
for example, 0.5γ ∗ , then the algorithm fail to converge to the correct solution; and if γ is
too large, then the convergence is slow. Following these observations, we use γ = 1.5γ ∗ as
the default choice of the following experiments, which is also used in Yi et al. (2016).
5.2. Performance of the proposed algorithm
In this section, we analyze the convergence behavior as the parameters (overall ratio of
corrupted entries q, condition number κ, rank r, subsampling ratio p) changes and visualized
the result in Figure 4.
Figure 4(a) shows the simulation for corruptions level q, we use the setting in Section 5.1,
but replace the corruption level q by q = 0.1, 0.2, 0.3, 0.4. Figure 4 shows that the algorithm
15
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Figure 4: Dependence of the estimation error on the number of iterations for different (a)
Overall ratios of corrupted entries q (Algorithm 1); (b) Ranks r (Algorithm 1);
(c) Condition numbers κ (Algorithm 1); (d) Matrix sizes [n1 , n2 ] (Algorithm 1);
(e) Subsampling ratio p (Algorithm 2).
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as well as the alternating gradient descent method (AGD) in Yi et al. (2016) that solves the
same optimization as this work, but with an implementation based on matrix factorization
rather than manifold optimization. We use the implementation of APG from Toh and Yun
(2010) and the implementation of ADMM from https://github.com/dlaptev/RobustPCA.
p
In these two algorithms, we use the choice of parameter λ = 1/ max(n1 , n2 ), which is the
default choice in the implementation Toh and Yun (2010) and the theoretical analysis in
Candès et al. (2011). For ADMM, the augmented Lagrangian parameter is set by default
as 10λ. For RMC and GD, we use their default setting of parameters. Since the setting
of Algorithm 2 does not apply to the implementations of APG/ADMM, we compare them
under the fully observed setting. We compare them in the following four settings:

rank(L)=r (i,j)∈Φ

In this section, we compare our algorithm with the accelerated proximal gradient method
(APG) and the alternating direction method of multiplier (ADMM) based on convex relaxation (1); the robust matrix completion algorithm (RMC) Cambier and Absil (2016) based
on manifold optimization problem
X
X
arg min
kLij − Yij k + λ
L2ij ,

5.3. Comparison with other robust PCA algorithms

converges slower with more corruption, which is expected since there is fewer information
available. However, the algorithm still converges even with an overall corruption level at
0.4.
Figure 4(b) shows the simulation for rank r, we use the setting in Section 5.1, but replace
r by r = 3, 10, 30, 100, 300 respectively. Simulations show that the algorithm works fine for
rank r = 3, 10, 30, 100 and it converges slower for rank r = 300.
Figure 4(c) shows the simulation for condition number κ of L, we use the setting in
Section 5.1, but replace Σ by Σ = diag(1, 1, 1/κ) and try various values of κ. While the
algorithm converges for κ up to 30 in the simulation, for larger κ the algorithm converges
slowly at the beginning, and then decreases quickly to zero. We suspect that the initialization is not sufficiently good and it takes a while for the algorithm to reach the “local
neighborhood of convergence”. We also remark that L with a very large condition number,
e.g. κ = 100, is generally challenging for any nonconvex optimization algorithm, as shown
in Figure 5, Setting 4. It is because that when κ is large, the solution is close to a matrix
with rank less than r – a singular point on the manifold of the matrices of rank r, which
gives a geometry of manifold that is not “smooth” enough. We observe that when κ = 100,
our algorithm performs well if the rank r is set to 2 (instead of the true value 3)—in fact,
when κ = 100, the underlying matrix is approximately of rank 2 since the third singular
value is very small.
We test the algorithm with various matrix sizes using the setting in Section 5.1 and
set [n1 , n2 ] = [1000, 1200], [5000, 6000], [10000, 12000]. Figure 4(d) shows that Algorithm 1
converges quickly for all of the choices within a few iterations.
In the last simulation, we test Algorithm 2 under the setting in Section 5.1 with various
choices of the subsampling ratio p. Figure 4(e) shows suggest that the algorithm converges
for p as small as 0.1, though the convergence rate is slow for small p.
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Comparison of robust PCA algorithms, partially observed setting

1

5

1. The data set is originally from http://perception.i2r.a-star.edu.sg/bk_model/bk_index.html, and
is available at https://sciences.ucf.edu/math/tengz/.

20

In Figure 8, we compare our algorithms with APG in terms of the convergence of the
objective function value. In this figure, the relative error is defined as kF (L − Y)kF /kYkF ,
a scaled objective value. A smaller relative error implies a better low-rank approximation.
Figure 8 shows out that our algorithms can obtain smaller objective values within 100
iterations under both fully observed and partially observed cases.

Figure 5 shows that under Setting 1, 2 and 3, Algorithm 1 converges faster than other
algorithms. In particular, the advantage over the AGD algorithm is very clear under Setting
2, where the condition number is larger. This verifies our theoretical analysis, where the
√
convergence rate is faster than the analysis in Yi et al. (2016) by a factor of κ. In Setting 3,
the algorithms RMC, AGD and Algorithm 1 converge much faster than APG and ADMM,
which verifies the computational advantage of nonconvex algorithms when the matrix size
is large. However, in Setting 4, the convex algorithms converge to the correct solution
while the nonconvex algorithms converge to a local minimizer that is different than the
correct solution. This is due to the fact that the nonconvex algorithms have more than one
minimizer, and if it is not initialized well then it could get trapped in local minimizers. In
19
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We also test the proposed algorithms in a real data application for video background
subtraction. We adopt the public data set Shoppingmall studied in Yi et al. (2016),1 A few
frames are visualized in the first column of Figure 7. There are 1000 frames in this video
sequence, represented by a matrix of size 81920 × 1000, where each column corresponds
to a frame of the video and each row corresponds to a pixel of the video. We apply our
algorithms with r = 3 and γ ∗ = 0.1, p = 0.5 for the partially observed case, the step size
η = 0.7. We stop the algorithm after 100 iterations. Figure 7 shows that our algorithms
obtain desirable low-rank approximations within 100 iterations.

We also compare the performance of RMC, AGD and Algorithm 2 under the partially
observed setting. We use Setting 1 with p = 0.3 and visualize the result in Figure 6.
The results are similar to that of the fully observed setting: AGD and Algorithm 2 are
comparable and RMC converges faster at the beginning, but then does not achieve higher
accuracy, possibly due to their choice of the regularization parameter.

practice, we observed that if the initialization is well chosen and close to the true L∗ , then
Algorithm 1 converges quickly to the correct solution.

Figure 6: The comparison of the performances of the algorithms under the partially observed setting. The running time is measured in seconds.
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• Setting 4 (large condition number): replace Σ by diag(1, 1, 0.01) in Setting 1.

• Setting 3 (large matrix): replace n1 and n2 by 3000 and 4000 in Setting 1.

• Setting 2 (large condition number): replace Σ by diag(1, 1, 0.1) in Setting 1.

• Setting 1: same setting as in Section 5.1.

Figure 5: The comparison of the performance of the algorithms under the fully observed
setting. The running time is measured in seconds.
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Figure 8: The relative error of Algorithms 1, 2, and AGD with respect to the iterations,
for both fully observed case and partially observed case in the experiment of
background subtraction.
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Figure 7: The performance of Algorithms 1 and 2 in video background subtraction, with
three rows representing three frames in the video sequence. For Algorithm 2, a
subsampling ratio of p = 0.5 is used.

Relative Error

22

JMLR 19(80):1-39, 2018

The authors thank the editor, an associate editor and referee for their helpful comments
and suggestions. The authors also thank David Fleischer for providing helps on the coding.
Yang’s research is partially supported by NSERC RGPIN-2016-05174. Zhang’s research is
partially supported by National Science Foundation (NSF) grant CNS-1739736.

Acknowledgements

This paper proposes two robust PCA algorithms (one for fully observed case and one for
partially observed case) based on the gradient descent algorithm on the manifold of lowrank matrices. Theoretically, compared with the gradient descent algorithm with matrix
factorization, our approach has a faster convergence rate, better tolerance of the initialization accuracy and corruption level. The approach removes or reduces the dependence of
the algorithms on the condition number of the underlying low-rank matrix. Numerically,
the proposed algorithms performance is less sensitive to the choice of step sizes. We also
find that under the partially observed setting, the performance of the proposed algorithm
is not significantly affected by the presence of the additional dependence on the observation
probability. Considering the popularity of the methods based on matrix factorization, it
is an interesting future direction to apply manifold optimization to other low-rank matrix
estimation problems.

6. Conclusion
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Appendix for “Robust PCA by Manifold Optimization"
A. Technical Derivations in Section 3

hD −

T

iF

= h(I − UUT )D(I − VVT ), AVVT
iF

Verification of (7). Formula (7) can be verified as follows. Let h·iF be the Frobenius
inner product of two matrices, then
PTX M (D), AVV

=h(I − UUT )D(I − VVT )VVT , AiF = h0, AiF = 0

(2)

and similarly hD − PTX M (D), UUT BiF = 0. As a result, hD − PTX M (D), AVVT +
UUT BiF = 0 for all A ∈ Rn1 ×n1 and B ∈ Rn2 ×n2 , which verifies formula (7) by showing
that D − PTX M (D) is orthogonal to TX M.

(2)

(2)

(2)

(21)

Verification of (10). It is clear that RX (δ) defined in (10) has rank r; and to show that
(2)
(2)
hRX (δ) − (X + δ), ZiF = 0 for all Z ∈ TX M, we first write this property as [RX (δ) − (X +
δ)] ⊥ TX M for simplicity, and since TX M = {AVVT + UUT B : for A ∈ Rn1 ×n1 , B ∈
(2)
Rn2 ×n2 }, we just need to show that hRX (δ) − (X + δ), AVVT + UUT BiF = 0 for all
(2)
A ∈ Rn1 ×n1 and B ∈ Rn2 ×n2 . This is easy to verify, because we have RX (δ)V = (X + δ)V,
(2)

hRX (δ) − (X + δ), AVVT iF = h(RX (δ)V − (X + δ)V)VT , AiF = h0, AiF = 0,

Similarly, we can easily verify that UT RX (δ) = UT (X + δ), we have hRX (δ) − (X +
(2)
δ), UUT BiF = 0, and therefore [RX (δ) − (X + δ)] ⊥ TX M. As a result, there exists a
(2)
(2)
(2)
unique RX such that rank(RX ) = r and [RX (δ) − (X + δ)] ⊥ TX M.

Verification of (12). We first define the operator S : Rn1 ×n2 → Rn1 ×n2 such that F (A) =
S(A) ◦ A (◦ represents the elementwise product), i.e.,
(
0, if |Aij | > |Ai,· |[γ] and |Aij | > |A·,j |[γ] ,
1, otherwise.

S(A) =

Then if the absolute values of all entries of A are different, the sparsity pattern does
not change under a small perturbation, i.e., S(A) = S(A + ∆). Then by definition of f (·),
1
1
f (L + ∆) − f (L) = kS(L − Y + ∆) ◦ (L − Y + ∆)kF2 − kS(L − Y) ◦ (L − Y)kF2
2
2
1
1
= kS(L − Y) ◦ (L − Y + ∆)kF2 − kS(L − Y) ◦ (L − Y)kF2
2
2
=hS(L − Y) ◦ (L − Y), ∆iF + O(k∆kF2 ),
where ◦ represents the Hadamard product, i.e., the elementwise product between matrices.

(D))

(D))V(k) [U(k)T (L(k) − ηP
M
L(k)

TL(k) M

(D))V(k) ]−1

(22)

Verification of (14). It is sufficient to prove the case where U(k) and V(k) are given by
the SVD decomposition L(k) = U(k) Σ(k) V(k)T . Denote D = ∇f (L(k) ) = F (L(k) − Y). Set
X = L(k) and δ = −ηP
(D) in (10), we have

TL(k) M

L(k+1) := (L(k) − ηP

TL(k) M

U(k)T (L(k) − ηPT

23
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L(k)

PT

(k)

Zhang and Yang

= U(k) U(k)T D + DV(k) V(k)T − U(k) U(k)T DV(k) V(k)T .

= [U(k) U(k)T D + DV(k) V(k)T − U(k) U(k)T DV(k) V(k)T ]V(k)

M (D)

On the other hand, from (7) we have the projection

As a result
PT (k) M (D)V
L

(D) = U(k)T D.

= U(k) U(k)T DV(k) + DV(k) V(k)T V(k) − U(k) U(k)T DV(k) V(k)T V(k) = DV(k)
and similarly,

M
L(k)

U(k)T PT

Combining (23), (24) with (22), the update formula (14) is verified.
B. Proof of Theorem 1

In this proof, we will investigate kL+ − L∗ kF , where

L+ = RL (−ηPTL F (L − Y)).

(23)

(24)

(26)

(25)

It is sufficient to prove that when kL − L∗ k ≤ aσr (L∗ ) with the value a satisfying the
conditions in Theorem 1, then


1
−
2C1 
kL+ − L∗ kF ≤ 1 −
η kL − L∗ kF .
8

To prove (25), we first introduce three auxiliary lemmas.

Lemma 10 (a) Let D = L − L∗ − F (L − Y) = L − L∗ − F (L − L∗ − S∗ ), then

kDkF2 ≤ C12 kL − L∗ kF2 .

+ n1

kD0 kF2 ≤ 2C12 kL − L∗ kF2 + 2(γ + 5γ ∗ )N1 ,
Pn2
∗ max .
j=1 |N·,j |

∗ max
i=1 |Ni,· |

Pn1

(29)

(28)

(b) For the noisy setting where Y = L∗ + S∗ + N∗ , and D0 = L − L∗ − N∗ − F (L − Y),
we have
(27)
where N1 = n2

Lemma 11 If kL − L∗ kF ≤ aσr (L∗ ) and a ≤ 1, then

kXkF2
, for either i = 1 or 2.
2(σr (L) − kXk)

a
k(L − L∗ ) − PTL (L − L∗ )kF ≤
kL − L∗ kF ,
2(1 − a)
a
k(L − L∗ ) − PTL∗ (L − L∗ )kF ≤ kL − L∗ kF .
2
Lemma 12 For X ∈ TL M, then
(i)

kRL (X) − (L + X)kF ≤

24
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kL −

− kL −

− kL −

ηPTL F (L − Y) − L∗ k2F
L∗ k2F + 2ηhL − L∗ , PTL F (L

− Y)iF − kηPTL F (L − Y)k2F

(30)

L∗ k2F

(31)

η( 21 − C1 )kL − L∗ k2F − η 2 (1 + C1 )2 kL − L∗ k2F
kL − L∗ kF + kL − ηPTL F (L − Y) − L∗ kF


1
1
≥
η( − C1 ) − η 2 (1 + C1 )2 kL − L∗ kF .
2
2

≥

η 2 kPTL F (L − Y)k2F
η 2 a2 (1 + C1 )2
≤
kL − L∗ kF .
σr (L∗ ) − ηkPTL F (L − Y)kF
1 − ηa(1 + C1 )

25

Therefore, Theorem 1 is proved when C1 < 1/2, and η0 is


1
a2
η0 (1 + C1 )2
+
≤
2 1 − η0 (1 + C1 )a

(35)

(34)

(33)
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1
(1 − 2C1 ).
8

chosen such that



kL − L∗ kF − kL+ − L∗ kF
1
1
a2
≥ η(1 − 2C1 ) − η 2 (1 + C1 )2
+
.
∗
kL − L kF
4
2 1 − η(1 + C1 )a

Combining (33) and (35),

≤

kL+ − L∗ kF − kL − ηPTL F (L − Y) − L∗ kF ≤ kL − ηPTL F (L − Y) − L+ kF

and Lemma 12 give

kPTL F (L − Y)kF ≤ kF (L − Y)kF = kL − L∗ kF + kDkF ≤ (1 + C1 )kL − L∗ kF

In addition,

∗

kL − L kF − kL − ηPTL F (L − Y) − L kF

∗

kL −
− kL − ηPTL F (L − Y) −
1
≥ η( − C1 )kL − L∗ k2F − η 2 (1 + C1 )2 kL − L∗ k2F .
(32)
2
When ths RHS of (32) is positive (i.e., when (1 − 2C1 ) ≥ 2η(1 + C1 )2 ), (32) implies kL −
L∗ kF > kL − ηPTL F (L − Y) − L∗ kF and

L∗ k2F

∗

1
kPTL (L − L )kF ≥ kL − L∗ kF .
2
Combining it with the estimation of kDkF in Lemma 10, we have

The fourth line is obtained by PTL (L − L∗ − F (L − Y)) = L − L∗ − PTL F (L − Y)iF .
The fifth line is because L − L∗ = PTL (L − L∗ ) + PT⊥L (L − L∗ ). The last line uses CauchySchwarz inequality hPTL (L−L∗ ), PTL DiF ≤ kDkF kPTL (L−L∗ )kF and triangular inequality
kPTL F (L − Y)kF ≤ kL − L∗ kF + kPTL q
(D)kF ≤ kL − L∗ kF + kDkF . Lemma 11 and the
a
∗
∗
)2 > 12 imply
assumptions kL − L kF ≤ aσr (L ) and 1 − ( 2(1−a)

≥2η(kPTL (L − L∗ )k2F − kDkF kPTL (L − L∗ )kF ) − η 2 (kL − L∗ kF + kDkF )2 .

=2ηhPTL (L − L∗ ), PTL (L − L∗ ) − PTL DiF − η 2 kPTL F (L − Y)k2F

=2ηhL − L∗ , PTL (L − L∗ ) − PTL (L − L∗ − F (L − Y))iF − η 2 kPTL F (L − Y)k2F

=2ηhL − L , PTL F (L − Y)iF − kηPTL F (L − Y)k2F

=kL −

L∗ k2F
L∗ k2F
∗

To prove (25), first we note that

Robust PCA by Manifold Optimization

(36)

26

Then we introduce the following lemma parallel to Lemma 10:
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log n
Lemma 15 (Yi et al., 2016, Lemma 10) If p ≥ 56
3 γ min(n1 ,n2 ) , the with probability at least
−1
1 − 6n , the number of entries in Φ per row is in the interval [pn2 /2, 3pn2 /2], and the
number of entries in Φ per column is in [pn1 /2, 3pn1 /2].

Lemma 14 (Yi et al., 2016, Lemma 9) There exists c > 0 such that for all 0 <  < 1,
if p ≥ cµr log(n)/2 min(n1 , n2 ), then with probability at least 1 − 2n−3 , for all X in the
tangent plane TL∗ , i.e., all X that can be written as L∗ A + BL∗ , where A ∈ Rn2 ×n2 and
B ∈ Rn1 ×n1 ,
1
(1 − )kXk2F ≤ kPΦ Xk2F ≤ (1 + )kXk2F .
p

This proof borrows two lemmas from (Yi et al., 2016, Lemmas 9, 10) as follows.

D. Proof of Theorem 6

p
holds for all {L : C6 σ (n1 + n2 )r ln(n1 n2 ) ≤ kL − L∗ kF ≤ aσr (L∗ )} converges to 1.

1
hN∗ , PTL (L − L∗ )iF ≤ kPTL (L − L∗ )k2F
4

16σ 2 n2 ln(n1 n2 ), and as a result, N1 ≤ 32σ 2 n1 n2 ln(n1 n2 ).
(b) There exists C6 > 0 such that as n1 + n2 → ∞, the probability that

1 2

2 ), then
Lemma 13 If N∗ ∈ Rn1 ×n2 isPelementwisely i.i.d. sampled from N (0, σP
2
1
(a) with probability 1 − n74n7 , ni=1
(|N∗·,j |max )2 ≤
(|N∗i,· |max )2 ≤ 16σ 2 n1 ln(n1 n2 ), and nj=1

Combining it with the estimation of C1 , N1 , and hN∗ , QiF in Lemma 13 and the fact that
a
a
(1 − 2(1−a)
)kL − L∗ kF ≤ kQkF ≤ (1 + 2(1−a)
)kL − L∗ kF (which follows from Lemma 11),
the Theorem is proved.

kL+ − LkF − kL − ηPTL F (L − Y) − L∗ kF = O(η 2 ).

In addition, (35) gives

=2ηhPTL (L − L∗ ), PTL (L − L∗ − N∗ − D0 )iF + O(η 2 )


q
≥2η kQk2F − hN∗ , QiF − kQkF 2C12 kL − L∗ k2F + 2(γ + 5γ ∗ )N1 + O(η 2 ).

=2ηhL − L∗ , PTL F (L − Y)iF + O(η 2 ) = 2ηhPTL (L − L∗ ), PTL F (L − Y)iF + O(η 2 )

kL − L∗ k2F − kL − ηPTL F (L − Y) − L∗ k2F

and define Q = PTL (L−L∗ ), then following the proof of Theorem 1 and applying Lemma 10
(b), we have

The proof of the noisy case also follows similarly from the proofs of Theorem 1 and 6. Note
that
F (L − Y) = L − L∗ − N∗ − D0 ,

C. Proof of Theorem 5

Zhang and Yang

Robust PCA by Manifold Optimization

C̃12 kL

L∗ kF2 ,

h
i
1
3γ ∗ p
a
( p(1 + ) + )2 + a2 .
6(γ + 2γ ∗ )pµr + 4
p(1 − )
γ − 3γ ∗
2

kD̃kF2

Lemma 16 When the events in Lemmas 14 and 15 hold, for D̃ = PΦ [L − L∗ − F̃ (L − Y)]
we have
≤
−
(37)
with
C̃1 =
The proof of Theorem 6 is parallel to the proof of Theorem 1, with L+ defined slightly
differently by

(
Xij , if (i, j) ∈ Φ,
0, if (i, j) ∈
/ Φ.

L+ = RL (−ηPTL F̃ (L − Y)).
Defining PΦ : Rn1 ×n2 → Rn1 ×n2 by
[PΦ X]ij =
Then F̃ (L − Y) = PΦ F̃ (L − Y). Following a similar analysis as (30),
kL − L∗ kF2 − kL − ηPTL PΦ F̃ (L − Y) − L∗ kF2

=2ηhL − L∗ , PTL PΦ F̃ (L − Y)iF − kηPTL PΦ F̃ (L − Y)kF2
≥2ηhPΦ PTL (L − L∗ ), PΦ F̃ (L − Y)iF − kηPΦ F̃ (L − Y)kF2

Lemma 11 and

≥2ηhPΦ (L − L∗ ) − PΦ PT⊥L (L − L∗ ), PΦ (L − L∗ ) − D̃iF − η 2 (kPΦ (L − L∗ )kF + kD̃kF )2 ,
(38)
here PT⊥L represents the projector to the subspace orthogonal to TL .
Lemma 14 imply

Zhang and Yang

Combining it with (40) and Lemma 11, we have

η 2 a2 (p + p)2 (1 + C̃1 )2
,
1 − ηa(p + p)(1 + C̃1 )

s
 


ap(1 + )
kL+ − L∗ kF
≤ 1 − p2 (1 − )2 2η 1 − C̃1 −
(1 + C̃1 ) − η 2 (1 + C̃1 )2
kL − L∗ kF
2(1 − a)
+

and Theorem 6 is proved.
E. Proof of Lemmas

D = L − L∗ − S∗ − F (L − L∗ − S∗ ) + S∗

Lemma 10(a) Proof By the definition of F , for any matrix A, A − F (A) is a sparse
matrix, therefore

is a sparse matrix. Denote the locations of the nonzero entries of D by S, and divide it into
two sets S1 ∪ S2 defined as follows:

S1 = {(i, j) : |[L−L∗ −S∗ ]ij | > |[L−L∗ −S∗ ]i,· |[γ] and |[L−L∗ −S∗ ]ij | > |[L−L∗ −S∗ ]·,j |[γ] },
and

S2 = {(i, j) ∈
/ S1 : Dij = [L − L∗ ]ij − F (L − L∗ − S∗ )ij 6= 0}.

For (i, j) ∈ S1 , [F (L − L∗ − S∗ )]ij = 0. As a result, Dij = [L − L∗ ]ij . In addition, by
definition of F (·), each row or column of D has at most γ percentage of points in S1 .
∗ 6= 0. By
For (i, j) ∈ S2 , since [F (L − L∗ − S∗ )]ij = [L − L∗ − S∗ ]ij , we have Dij = Sij
Assumption 1, therefore, for each row or column of D, at most γ ∗ percentage of points lie
in S2 .
Combine the results
(39)

kPΦ PT⊥L (L − L∗ )kF
kPT⊥L (L − L∗ )kF
ap(1 + )
≤
≤
,
kPΦ (L − L∗ )kF
kPΦ (L − L∗ )kF
2(1 − a)

|[L − L∗ − S∗ ]j,· |[γ] ≤ {|[L − L∗ ]j,· | + |[S∗ ]j,· |}[γ] ≤ |[L − L∗ ]j,· |[γ−γ ] ,

+ )kL − L∗ k

28

∗

∗
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Applying the estimations above, and repeatedly use the fact that (x + y)2 ≤ 2x2 + 2y 2 , we
have

≤|[L − L∗ ]ij | + max(|[L − L∗ ]i,· |[γ−γ ] , |[L − L∗ ]·,j |[γ−γ ] ).

∗

≤|[L − L∗ ]ij | + max(|[L − L∗ − S∗ ]i,· |[γ] , |[L − L∗ − S∗ ]·,j |[γ] )

≤|[L − L∗ ]ij | + |F (L − L∗ − S∗ )]ij |

|Dij | =|[L − L∗ − F (L − L∗ − S∗ )]ij |

with [F (L − L∗ − S∗ )]ij = [L − L∗ − S∗ ]ij , we have for (i, j) ∈ S2

|[L − L∗ − S∗ ]i,· |[γ] ≤ {|[L − L∗ ]i,· | + |[S∗ ]i,· |}[γ] ≤ |[L − L∗ ]i,· |[γ−γ ] ,

∗

and combining it with the estimation of D̃ in Lemma 16, the RHS of (38) is larger than


 
ap(1 + )
(1 + C̃1 ) − η 2 (1 + C̃1 )2 .
(40)
2η 1 − C̃1 −
2(1 − a)
kPΦ (L − L∗ )kF2

In addition, Lemma 14 implies

≤ (1 + C̃1 )kPΦ (L − L∗ )kF ,

≤ (1 +

η 2 a2 (p + p)2 (1 + C̃1 )2
kL − L∗ kF .
1 − ηa(p + p)(1 + C̃1 )

C̃1 )p(1

kPΦ F̃ (L − Y)kF ≤ kPΦ (L − L∗ )kF + kPΦ D̃kF

and combining it with Lemma 12,
kL+ − L∗ kF − kL − ηPTL PΦ F̃ (L − Y) − L∗ kF ≤
27
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D2ij =

(i,j)∈S1

X

D2ij +

(i,j)∈S2

X

D2ij ≤
(i,j)∈S1

X

[L − L∗ ]2ij

X

(i,j)∈S

X

L∗ ]2ij

+2

L∗ ]2ij

+

(i,j)∈S2

L∗ ]2ij

+2

X

L∗ ]2ij

+4

∗

[γ−γ ∗ ]

∗

+ |[L − L∗ ]·,j |

(i,j)∈S

[PTL∗ (L − L∗ )]2ij + 2

(i,j)∈S2

X

L∗ k2F

[PTL∗ (L − L∗ )]2ij + 4

(i,j)∈S2

γ∗

γ − γ∗

kL − L∗ k2F
(41)

(i,j)∈S2

X

(i,j)∈S2

X

∗

|[L − L∗ ]·,j |[γ−γ ] ≤

∗

|[L − L∗ ]i,· |[γ−γ ] ≤
1

(γ − γ ∗ )n1

γ∗n
k[L − L∗ ]·,j k2F .

γ ∗ n2
k[L − L∗ ]i,· k2F ;
(γ − γ ∗ )n2

∗

(43)

(42)

(γ − γ ∗ )n2 |[L − L∗ ]·,j |[γ−γ ] ≤ k[L − L∗ ]·,j k22 .

29

kL − L∗ − PTL∗ (L − L∗ )kF ≤

a
kL − L∗ kF .
2
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(44)

The values γ ∗ n2 and γ ∗ n1 in the numerator of the right hand sides in 42 and 43 are due to
the fact that, in each row or column of D, at most γ ∗ percentage of points lie in S2 .
On the other hand, Lemma 11 implies

Therefore

(γ − γ ∗ )n2 |[L − L∗ ]i,· |[γ−γ ] ≤ k[L − L∗ ]i,· k22 ;

∗

where x(k) is the k-th order statistics of x1 , . . . , xn , i.e. the k-th smallest value. This gives
us

k(x(k) )2 ≤ (x(k) )2 + (x(k+1) )2 + · · · + (x(n−1) ) + (x(n) ) ≤ (x(1) ) + · · · + (x(n) ) = kxk2F ,

Note that from line 5 to line 6, we used the fact that for x ∈ Rn , and k ≤ n

+ 4kL − L∗ − PTL∗ (L − L∗ )k2F .

≤2

(i,j)∈S

X

[γ−γ ∗ ]

∗

}2

}

[γ−γ ∗ ] 2

, |[L − L ]·,j |

∗

{|[L − L∗ ]i,· |[γ−γ ] }2 + {|[L − L∗ ]·,j |[γ−γ ] }2

{|[L − L∗ ]i,· |

[γ−γ ∗ ]

max{|[L − L ]i,· |

kL −

(i,j)∈S2
γ∗

X

(i,j)∈S2

X

(i,j)∈S2

X

γ − γ∗

[L − L∗ ]2ij + 4

[L − L∗ ]2ij + 2

[L −

[L −

(i,j)∈S2

X

(i,j)∈S2

X

(i,j)∈S2

X

[L − L∗ ]2ij + 2

[L − L∗ ]2ij + 2

[L −

(i,j)∈S1

X

(i,j)∈S1

X

(i,j)∈S1

[L −

(i,j)∈S2

o2
X n
∗
∗
|[L − L∗ ]ij | + max(|[L − L∗ ]i,· |[γ−γ ] , |[L − L∗ ]·,j |[γ−γ ] )

X

+

(i,j)∈S

X

γ∗
kL − L∗ k2F
≤2
[PTL∗ (L − L∗ )]2ij + 2
[PTL∗ (L − L∗ )]2ij + 4
γ − γ∗
(i,j)∈S
(i,j)∈S2
X
X
+2
[L − L∗ − PTL∗ (L − L∗ )]2ij + 2
[L − L∗ − PTL∗ (L − L∗ )]2ij

≤

≤

≤

≤

kDk2F =

X

Robust PCA by Manifold Optimization

(i,j)∈S

X

1≤i≤n1 ,1≤j≤n2

(i,j)∈S

[PTL∗ (L − L∗ )]2ij ≤ 2γ ∗ µrkL − L∗ k2F ,

X


0

∗

|[x + y]|[γ] ≤ |[x]|[γ] + |[x]|max ,

[L −

L∗ ]2ij

+

∗

|N∗ij |2

+

X

(i,j)∈S2

∗

[L −

L∗ ]2ij

+


|N∗ij |2 

∗

L∗(2,1) ≡ U⊥T L∗ V,
30

L∗(2,2) ≡ U⊥T L∗ V⊥ .
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Lemma 11 Proof Let the SVD decomposition of L∗ be L∗ = UΣV, U⊥ and V⊥ be
orthogonal matrices of sizes Rn1 ×(n1 −r) and Rn2 ×(n2 −r) such that Col(U⊥ ) ⊥ Col(U) and
Col(V⊥ ) ⊥ Col(V) (here Col(U) represents the subspace spanned by the columns of U).
Let
L∗(1,1) ≡ UT L∗ V,
L∗(1,2) ≡ UT L∗ V⊥ ,

where the last inequality follows from the proof of part (a) and the definition of N1 .

≤ 2C12 kL − L∗ k2F + 2(γ + 5γ ∗ )N1 ,

(i,j)∈S2

∗

{(|[L0 − L∗ ]i,· |[γ−γ ] )2 + (|N∗i,· |max )2 + (|[L0 − L∗ ]·,j |[γ−γ ] )2 + (|N∗·,j |max )2 }

(i,j)∈S

X

(i,j)∈S2

{(|[L − L ]i,· |[γ−γ ] )2 + (|[L0 − L∗ ]·,j |[γ−γ ] )2 }
X

(i,j)∈S2

≤ 2
+4

+2

(46)

Proof Let L0 = L − N∗ , then applying the fact that for any x, y ∈ Rn ,

where |[x]|max represents the largest value of |[x]|. We have
X
X
kD0 k2F ≤
[L0 − L∗ ]2ij +
[L0 − L∗ ]2ij
(i,j)∈S

Lemma 10(b)

Combining (41)-(46), (26) is proved.

(i,j)∈S2

X

(45)

[k(AVT )ij k2 + k(UBT )ij k2 ] = 2(γ + γ ∗ )µrkPTL∗ (L − L∗ )k2F

Similarly, kAk2,∞ = maxkzk2 =1 kAzk∞

≤2(γ + γ ∗ )µrkL − L∗ k2F .

≤2(γ + γ ∗ )µr

In addition, using the fact that there exists A ∈ Rn1 ×r and B ∈ Rn2 ×r , such that
PTL∗ (L − L∗ ) = AVT + UBT and kPTL∗ (L − L∗ )k2F = kAVT k2F + kUBT k2F , and that for
each row or column, at most γ + γ ∗ percentage of points lie in S, we have
X
X
[k(AVT )ij k2 + k(UBT )ij k2 ]
[PTL∗ (L − L∗ )]2ij ≤ 2
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−1 ∗
∗
∗
∗
L(1,2) .
L(1,1)
= L(2,1)
L(2,2)
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Since rank(L∗ ) = r, we have

≤ 1/(1 −

a)σr (L∗ ).
kABkF2 ≤ kAkF2 kBkF2

Applying

−1
∗
L(1,1)
= U0 Σ0 V0T ,

∗
Since all singular values of L(1,1)
are larger than (1 − a)σr (L∗ ), if the singular value decom−1
∗
position of L(1,1)
is given by

then the

kΣ0 k

2

∗

2

(47)

and the fact that for a square, diagonal matrix Σ, |[XΣ]ij | = |Xij Σjj | ≤ kΣk|Xij |, we have
∗
∗
∗
kF
U0 Σ0 V0T L(1,2)
kF = kL(2,1)
kL(2,2)

∗

∗
∗
kF
U0 Σ0 kF kV0T L(1,2)
≤ kL(2,1)
1
∗
≤
kL∗ U0 kF kV0T L(1,2)
kF
(1 − a)σr (L∗ ) (2,1)
1
∗
kL∗ kF kL(1,2)
kF
(1 − a)σr (L∗ ) (2,1)

≤

 kL

1
(2,1) kF + kL(1,2) kF
≤
(1 − a)σr (L∗ )
2
 a2 σ (L∗ )2 
1
r
≤
(1 − a)σr (L∗ )
2
a2
σr (L∗ ),
≤
2(1 − a)

Proof Let the SVD decomposition of L be L = UΣV, and

and (28) is proved. The proof of (29) is similar.

Lemma 12

(2)

= UT XV⊥ , L(2,1) = U⊥T (X + L)V = U⊥T XV,

L(1,1) = UT (X + L)V, L(1,2) = UT (X + L)V⊥
then it is clear that
RL (X) = L + X + U⊥ L(2,1) L(1,1) −1 L(1,2) V⊥T ,
1
kL
kF kL(2,1) kF
∗
σr (L(1,1)
) (1,2)

and using the same argument as in (47),
kL(2,1) L(1,1) −1 L(1,2) kF ≤

2
2 

kL
1
(2,1) kF + kL(1,2) kF
≤
σr (L) − kXk
2
kXkF2
1
.
σr (L) − kXk 2

≤
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So Lemma 12 is proved for RL (X).
(1)
(1)
By definition, RL (X) is the closest matrix to L + X that has rank r, so kRL (X) −
(2)
(1)
(L + X)kF ≤ RL (X) − (L + X)kF and Lemma 12 is also proved for RL (X).

Lemma 13 Proof WLOG, we assume σ = 1 and the generic cases can be proved
similarly.
(a) It follows from the estimation of the distribution of the maximum of n1 i.i.d. Gaussian
n1
variables {gi }i=1
:


 (4pln(n n ))2 n1
p
1 2
Pr{ max |gi | ≤ 4 ln(n1 n2 )} ≥ 1 − 2 exp −
1≤i≤n1
2
 (4pln(n n ))2 
1 2
≥1 − 2n1 exp −
= 1 − 2n1−7 n2−8 ,
2

1
kg(L) − g(L0 )kF .
1 − a2

(49)

where the first inequality applies the estimation of the cumulative distribution function of
the Gaussian distribution (Ledoux and Talagrand, 1991, pg 8).
Combining this estimation for each column of N∗ and applying the union bound, the second inequality in part (a) holds with probability 1 − 2n1−7 n2−7 . Similarly, the first inequality
in part (a) holds with the same probability.
(b) First, we parameterize L by g(L) = PL∗ (L − L∗ ). Then we claim that, for any L
and L0 such that kL − L∗ kF , kL0 − L∗ kF ≤ aσr (L∗ ), there exists C0 depending on a such
that
kPTL (L − L∗ ) − PTL0 (L0 − L∗ )kF ≤ C0 kg(L) − g(L0 )kF .
(48)
To prove (48), apply (29) and obtain

kL − L0 kF ≤

(50)

T + V VT − U UT V VT , and using Davis-Kahan theorem Davis
Since PTL = UL UL
L L
L L L L
and Kahan (1970) and the assumption kL − L∗ kF ≤ aσr (L∗ ), there exists c1 , c2 depending
on a such that

T
T
T
T
kUL UL
− U L0 U L
0 kF ≤ c1 , kVL VL − VL0 VL0 kF ≤ c2 ,

so there exists C 0 depending on a such that

kPTL (L − L∗ ) − PTL0 (L0 − L∗ )kF

=k[PTL0 (L − L∗ ) − PTL0 (L0 − L∗ )] + [PTL (L − L∗ ) − PTL0 (L − L∗ )]kF
≤kL − L0 kF + C 0 kL − L0 kF .

Combining (49) and (50), (48) is proved.
Second, based on (48), we will apply an -net covering argument to finish the proof that
combines probabilistic estimation for each L and a union bound (-net covering argument
is a standard argument in probabilistic estimation Vershynin (2012)). Use the estimation of
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≤

(51)

(52)

33

)
(53)
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x
16C0 kN∗ kF


 
n1 r+n2 r−r2
1
x2
≤ exp −
· 16C5 C0 kN∗ kF
.
2
128

for all L s.t. kPTL (L − L∗ )kF − x ≤

(
1
Pr hN∗ , PTL (L − L∗ )iF ≥ kPTL (L − L∗ )k2F ,
4

where the last inequality applies the assumption x −  ≤ kPTL (L − L∗ )kF . Combining (51)
and (52) and recall that t = x/8, we have that for all L such that x − x/16C0 kN∗ kF ≤
kPTL (L − L∗ )kF ≤ x + x/16C0 kN∗ kF ,

x
x2
x
= (x + ) + +
8
8 64kN∗ kF
1
≤ kPTL (L − L∗ )k2F ,
4

tkPTL (L − L∗ )kF + 2C0 (kN∗ kF + t) ≤

x
x
(x + ) +
(kN∗ kF + t)
8
8kN∗ kF
x2 17 x x2
x2 17 x2 x2
1
≤
+ +
≤
+
+
≤ (x − )2
8 16 8 64
8 16 32 64
4

Let t = x/8 and  = x/16C0 kN∗ kF , then when kN∗ kF ≥ 1 (which holds with high probability as n1 n2 goes to infinity), then using C0 ≥ 1 we have  ≤ x/16, and when x ≥ 4,

Pr {hN∗ , PTL (L − L∗ )iF ≥ tkPTL (L − L∗ )kF + 2C0 (kN∗ kF + t)}
 2 
1
t
C5 x n1 r+n2 r−r2
≤ exp −
·
.
2
2


Using union bound, there is an -net of the set {g(L) : kg(L)kF = x} with at most
2
(C5 x/)n1 r+n2 r−r points. Therefore, for all L such that x −  ≤ kPTL (L − L∗ )kF ≤ x + ,

 2
1
t
.
exp −
2
2

 2
1
t
exp −
.
2
2

Pr {hN∗ , PTL (L − L∗ )iF ≥ tkPTL (L − L∗ )kF + C0 (kN∗ kF + t)} ≤

For any L such that kg(L0 ) − g(L)kF < , applying (48),


Pr hN∗ , PTL0 (L0 − L∗ )iF ≥ tkPTL0 (L0 − L∗ )kF

the cumulative distribution function of the Gaussian distribution (Ledoux and Talagrand,
1991, pg 8), for any L0 ,
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i=1

∞

i=1
∞

n1 + n2 X
)
exp(−(1 + 1/16C0 kN∗ kF )2i )
128

i=1

exp(−1/8C0 kN∗ kF )
n1 + n2
n1 + n2
− 1)
≤ 8C0 kN∗ kF exp(−
− 1),
128
1 − exp(−1/8C0 kN∗ kF )
128

(54)

3γ ∗
kPΦ (L − L∗ )k2F + a2 kL − L∗ k2F .
γ − 3γ ∗

34

Combining it with the estimation of kPΦ (L − L∗ )kF in Lemma
C̃1 kPΦ (L − L∗ )kF with
h
1
3γ ∗ p
C̃1 =
6(γ + 2γ ∗ )pµr + 4
( p(1 + ) +
p(1 − )
γ − 3γ ∗

JMLR 19(80):1-39, 2018

i
a 2
) + a2 .
2

11, we have kD̃kF ≤

kPΦ (L − L∗ )kF ≤ kPΦ PTL∗ (L − L∗ )kF + kPΦ PT⊥L∗ (L − L∗ )kF
p
a
≤ p(1 + )kL − L∗ kF + kL − L∗ kF .
2

Applying Lemma 11 and (44), we have

kD̃k2F ≤ 6(γ + 2γ ∗ )pµrkL − L∗ k2F + 4

Lemma 16 Proof Following (41) and the proof of Lemma 10[a], and note that Lemma 15
means that γ ∗ and γ are replaced by arbitrary numbers in the intervals [0.5pγ ∗ , 1.5pγ ∗ ] and
[0.5pγ, 1.5pγ], we have

aσr (L∗ ) ≥ kL − L∗ kF
p
1
≥
max( n1 + n2 + 128(n1 r + n2 r − r2 ) ln(16C5 C0 kN∗ kF ), 4).
1 − a2
p
Considering that n1 + n2 + 128(n1 r + n2 r − r2 ) ln(16C5 C0 kN∗ kF ) is the dominant term
when n1 , n2 → ∞, Lemma 13(b) is proved.

Combining it with (29), the event (36) holds for all for all L such that

where the last inequality uses exp(−c) ≤ 1 − c when c ≥ 0. Clearly, the RHS goes to 0 as
n1 + n2 → ∞.
n1 +n2
∗
Combining the estimation (53) for {xi }∞
i=1 , with probability 1−8C0 kN kF exp(− 128 −
1), the event (36) holds for all L such that
p
kg(L)kF ≥ max( n1 + n2 + 128(n1 r + n2 r − r2 ) ln(16C5 C0 kN∗ kF ), 4).

= exp(−

n1 + n2 X
)
≤ exp(−
exp(−1 − i/8C0 kN∗ kF )
128

≤ exp(−

p
Let xi = n1 + n2 + 128(n1 r + n2 r − r2 ) ln(16C5 C0 kN∗ kF )(1 + 1/16C0 kN∗ kF )i with i =
1, 2, ..., then
 

∞
n1 r+n2 r−r2
X
x2
exp − i · 16C5 C0 kN∗ kF
128
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As data sets continue to increase in size and multi-core computer architectures are developed,
asynchronous parallel optimization algorithms become more and more essential to the field
of Machine Learning. Unfortunately, conducting the theoretical analysis asynchronous
methods is difficult, notably due to the introduction of delay and inconsistency in inherently
sequential algorithms. Handling these issues often requires resorting to simplifying but
unrealistic assumptions. Through a novel perspective, we revisit and clarify a subtle but
important technical issue present in a large fraction of the recent convergence rate proofs for
asynchronous parallel optimization algorithms, and propose a simplification of the recently
introduced “perturbed iterate” framework that resolves it. We demonstrate the usefulness
of our new framework by analyzing three distinct asynchronous parallel incremental optimization algorithms: Hogwild (asynchronous Sgd), Kromagnon (asynchronous Svrg)
and Asaga, a novel asynchronous parallel version of the incremental gradient algorithm
Saga that enjoys fast linear convergence rates. We are able to both remove problematic
assumptions and obtain better theoretical results. Notably, we prove that Asaga and
Kromagnon can obtain a theoretical linear speedup on multi-core systems even without
sparsity assumptions. We present results of an implementation on a 40-core architecture
illustrating the practical speedups as well as the hardware overhead. Finally, we investigate
the overlap constant, an ill-understood but central quantity for the theoretical analysis
of asynchronous parallel algorithms. We find that it encompasses much more complexity
than suggested in previous work, and often is order-of-magnitude bigger than traditionally
thought.
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1. Since we have assumed that each individual fi is L-smooth, f itself is L-smooth – but its smoothness
constant Lf could be much smaller. While the more classical condition number is κb := Lf/µ, our rates
are in terms of this bigger L/µ in this paper.
2. Their complexity in terms of gradient evaluations to reach an accuracy of  is O((n + κ) log(1/)), in
contrast to O(nκb log(1/)) for batch gradient descent in the worst case.
3. We note that Sdca requires the knowledge of an explicit µ-strongly convex regularizer in (1), whereas
Sag / Saga are adaptive to any local strong convexity of f (Schmidt et al., 2016; Defazio et al., 2014).
The variant of Svrg from Hofmann et al. (2015) is also adaptive (we review this variant in Section 4.1).

Contributions. In Section 2, we propose a simplification of the “perturbed iterate” framework from Mania et al. (2017) as a basis for our asynchronous convergence analysis. At the

where each fi is assumed to be convex with L-Lipschitz continuous gradient, f is µ-strongly
convex and n is large (for example, the number of data points in a regularized empirical
risk minimization setting). We define a condition number for this problem as κ := L/µ, as
is standard in the finite sum literature.1 A flurry of randomized incremental algorithms
(which at each iteration select i at random and process only one gradient fi0 ) have recently
been proposed to solve (1) with a fast2 linear convergence rate, such as Sag (Le Roux
et al., 2012), Sdca (Shalev-Shwartz and Zhang, 2013), Svrg (Johnson and Zhang, 2013)
and Saga (Defazio et al., 2014). These algorithms can be interpreted as variance reduced
versions of the stochastic gradient descent (Sgd) algorithm, and they have demonstrated both
theoretical and practical improvements over Sgd (for the finite sum optimization problem 1).
In order to take advantage of the multi-core architecture of modern computers, the
aforementioned optimization algorithms need to be adapted to the asynchronous parallel
setting, where multiple threads work concurrently. Much work has been devoted recently
in proposing and analyzing asynchronous parallel variants of algorithms such as Sgd (Niu
et al., 2011), Sdca (Hsieh et al., 2015) and Svrg (Reddi et al., 2015; Mania et al., 2017;
Zhao and Li, 2016). Among the incremental gradient algorithms with fast linear convergence
rates that can optimize (1) in its general form, only Svrg had had an asynchronous parallel
version proposed.3 No such adaptation had been attempted for Saga until Leblond et al.
(2017), even though one could argue that it is a more natural candidate as, contrarily to
Svrg, it is not epoch-based and thus has no synchronization barriers at all. The present
paper is an extended journal version of the conference paper from Leblond et al. (2017).
The usual frameworks for asynchronous analysis are quite intricate (see Section 2.2)
and thus require strong simplifying assumptions. They are not well suited to the study of
complex algorithms such as Saga. We therefore base our investigation on the newly proposed
“perturbed iterate” framework introduced in Mania et al. (2017), which we also improve upon
in order to properly analyze Saga. Deriving a framework in which the analysis of Saga is
possible enables us to highlight the deficiencies of previous frameworks and to define a better
alternative. Our new approach is not limited to Saga but can be used to investigate other
algorithms and improve their existing bounds.

We consider the unconstrained optimization problem of minimizing a finite sum of smooth
convex functions:
n
1X
min f (x), f (x) :=
fi (x),
(1)
n
x∈Rd

1. Introduction
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same time, through a novel perspective, we revisit and clarify a technical problem present in
a large fraction of the literature on randomized asynchronous parallel algorithms (with the
exception of Mania et al. 2017, which also highlights this issue): namely, they all assume
unbiased gradient estimates, an assumption that is inconsistent with their proof technique
without further unpractical synchronization assumptions.
In Section 3.1, we present a novel sparse variant of Saga that is more adapted to the
parallel setting than the original Saga algorithm. In Section 3.2, we present Asaga, a
lock-free asynchronous parallel version of Sparse Saga that does not require consistent
read or write operations. We give a tailored convergence analysis for Asaga. Our main
result states that Asaga obtains the same geometric convergence rate per update as Saga
when the overlap bound τ (which scales with the number of cores) satisfies τ ≤ O(n) and
τ ≤ O( √1∆ max{1, nκ }), where ∆ ≤ 1 is a measure of the sparsity of the problem. This
notably implies that a linear speedup is theoretically possible even without sparsity in the
well-conditioned regime where n  κ. This result is in contrast to previous analysis which
always required some sparsity assumptions.
In Section 4, we revisit the asynchronous variant of Svrg from Mania et al. (2017),
Kromagnon, while removing their gradient bound assumption (which was inconsistent with
the strongly convex setting).4 We prove that the algorithm enjoys the same fast rates of
convergence as Svrg under similar conditions as Asaga – whereas the original paper only
provided analysis for slower rates (in both the sequential and the asynchronous case), and
thus less meaningful speedup results.
In Section 5, in order to show that our improved “after read” perturbed iterate framework
can be used to revisit the analysis of other optimization routines with correct proofs that do
not assume homogeneous computation, we provide the analysis of the Hogwild algorithm
first introduced in Niu et al. (2011). Our framework allows us to remove the classic gradient
bound assumption and to prove speedups in more realistic settings.
In Section 6, we provide a practical implementation of Asaga and illustrate its performance on a 40-core architecture, showing improvements compared to asynchronous variants
of Svrg and Sgd. We also present experiments on the overlap bound τ , showing that it
encompasses much more complexity than suggested in previous work.
Related Work. The seminal textbook of Bertsekas and Tsitsiklis (1989) provides most of
the foundational work for parallel and distributed optimization algorithms. An asynchronous
variant of Sgd with constant step size called Hogwild was presented by Niu et al. (2011);
part of their framework of analysis was re-used and inspired most of the recent literature on
asynchronous parallel optimization algorithms with convergence rates, including asynchronous
variants of coordinate descent (Liu et al., 2015), Sdca (Hsieh et al., 2015), Sgd for non-convex
problems (De Sa et al., 2015; Lian et al., 2015), Sgd for stochastic optimization (Duchi
et al., 2015) and Svrg (Reddi et al., 2015; Zhao and Li, 2016). These papers make use of
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4. Although the authors mention that this gradient bound assumption can be enforced through the use of a
thresholding operator, they do not explain how to handle the interplay between this non-linear operator
and the asynchrony of the algorithm. Their theoretical analysis relies on the linearity of the operations
(e.g. to derive (Mania et al., 2017, Eq. (2.6))), and thus this claim is not currently supported by theory
(note that a strongly convex function over an unbounded domain always has unbounded gradients).
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an unbiased gradient assumption that is not consistent with the proof technique, and thus
suffers from technical problems5 that we highlight in Section 2.2.
The “perturbed iterate” framework presented in Mania et al. (2017) is to the best of
our knowledge the only one that does not suffer from this problem, and our convergence
analysis builds heavily from their approach, while simplifying it. In particular, the authors
assumed that f was both strongly convex and had a bound on the gradient, two inconsistent
assumptions in the unconstrained setting that they analyzed. We overcome these difficulties
by using tighter inequalities that remove the requirement of a bound on the gradient. We
also propose a more convenient way to label the iterates (see Section 2.2). The sparse version
of Saga that we propose is also inspired from the sparse version of Svrg proposed by Mania
et al. (2017).
Reddi et al. (2015) presents a hybrid algorithm called Hsag that includes Saga and
Svrg as special cases. Their asynchronous analysis is epoch-based though, and thus does
not handle a fully asynchronous version of Saga as we do. Moreover, they require consistent
reads and do not propose an efficient sparse implementation for Saga, in contrast to Asaga.
Pan et al. (2016) proposes a black box mini-batch algorithm to parallelize Sgd-like
methods while maintaining serial equivalence through smart update partitioning. When the
data set is sparse enough, they obtain speedups over “Hogwild” implementations of Svrg
and Saga.6 However, these “Hogwild” implementations appear to be quite suboptimal,
as they do not leverage data set sparsity efficiently: they try to adapt the “lazy updates”
trick from Schmidt et al. (2016) to the asynchronous parallel setting – which as discussed
in Appendix E is extremely difficult – and end up making several approximations which
severely penalize the performance of the algorithms. In particular, they have to use much
smaller step sizes than in the sequential version, which makes for worse results.
Pedregosa et al. (2017) extend the Asaga algorithm presented in Section 3.2 to the
proximal setting.

Notation. We denote by E a full expectation with respect to all the randomness in the
system, and by E the conditional expectation of a random i (the index of the factor fi chosen
in Sgd and other algorithms), conditioned on all the past, where “past” will be clear from
the context. [x]v represents the coordinate v of the vector x ∈ Rd . For sequential algorithms,
x+ is the updated parameter vector after one algorithm iteration.

2. Revisiting the Perturbed Iterate Framework for Asynchronous
Analysis

As most recent parallel optimization contributions, we use a similar hardware model to Niu
et al. (2011). We consider multiple cores which all have read and write access to a shared
memory. The cores update a central parameter vector in an asynchronous and lock-free
fashion. Unlike Niu et al. (2011), we do not assume that the vector reads are consistent:
multiple cores can read and write different coordinates of the shared vector at the same time.
This also implies that a full vector read for a core might not correspond to any consistent
state in the shared memory at any specific point in time.
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5. Except (Duchi et al., 2015) that can be easily fixed by incrementing their global counter before sampling.
6. By “Hogwild”, the authors mean asynchronous parallel variants where cores independently run the
sequential update rule.

4

(2)

(3)

E[g(x̂t , it )|x̂t ] = f 0 (x̂t ).

7

(4)

(5)
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Formalizing the meaning of xt and x̂t highlights a subtle but important difficulty arising when
analyzing randomized parallel algorithms: what is the meaning of t? This is the problem of
labeling the iterates for the purpose of the analysis, and this labeling can have randomness
itself that needs to be taken in consideration when interpreting the meaning of an expression
like E[xt ]. In this section, we contrast three different approaches in a unified framework. We
notably clarify the dependency issues that the labeling from Mania et al. (2017) resolves and
propose a new, simpler labeling which allows for much simpler proof techniques.

2.2. On the Difficulty of Labeling the Iterates

7. We note that to be completely formal and define this conditional expectation more precisely, one would
need to define another random vector that describes the entire system randomness, including all the reads,
writes, delays, etc. Conditioning on x̂t in (4) is actually a shorthand to indicate that we are conditioning
on all the relevant “past” that defines both the value of x̂t as well as the fact that it was the tth labeled
element. For clarity of exposition, we will not go into this level of technical detail, but one could define
the appropriate sigma fields to condition on in order to make this equation fully rigorous.
8. A notable exception is Sag (Le Roux et al., 2012) which has biased updates and thus requires a significantly
more complex convergence proof. Making Sag unbiased leads to Saga (Defazio et al., 2014), with a
much simpler convergence proof.

The “After Write” Approach. We call the “after write” approach the standard global
labeling scheme used in Niu et al. (2011) and re-used in all the later papers that we mentioned
in the related work section, with the notable exceptions of Mania et al. (2017) and Duchi
et al. (2015). In this approach, t is a (virtual) global counter recording the number of
successful writes to the shared memory x (incremented after step 4 in 5); xt thus represents
the (true) content of the shared memory after t updates. The interpretation of the crucial
equation (3) then means that x̂t represents the (delayed) local copy value of the core that
made the (t + 1)th successful update; it represents the factor sampled by this core for this
update. Notice that in this framework, the value of x̂t and it is unknown at “time t”; we have
to wait to the later time when the next core writes to memory to finally determine that its
local variables are the ones labeled by t. We thus see that here x̂t and it are not necessarily
independent – they share dependence through the assignment of the t label. In particular,
if some values of it yield faster updates than others, it will influence the label assignment
defining x̂t . We provide a concrete example of this possible dependency in Figure 1.
The only way we can think to resolve this issue and ensure unbiasedness is to assume that
the computation time for the algorithm running on a core is independent of the sample i chosen.
This assumption seems overly strong in the context of potentially heterogeneous factors fi ’s,
and is thus a fundamental flaw for analyzing non-uniform asynchronous computation that
has mostly been ignored in the recent asynchronous optimization literature.10

4. Write an update to shared memory.

3. Perform some computations using (x̂t , it ).

2. Sample it .

1. Read the information in shared memory (x̂t ).

We consider algorithms that execute in parallel the following four steps, where t is a
global labeling that needs to be defined:9
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9. Observe that contrary to most asynchronous algorithms, we choose to read the shared parameter vector
before sampling the next data point. We made this design choice to emphasize that in order for x̂t and it
to be independent – which will prove crucial for the analysis – the reading of the shared parameter has
to be independent of the sampled data point. Although in practice one would prefer to only read the
necessary parameters after sampling the relevant data point, for the sake of the analysis we cannot allow
this source of dependence. We note that our analysis could also handle reading the parameter first and
then sampling as long as independence is ensured, but for clarity of presentation, we decided to make
this independence explicit.
Mania et al. (2017) make the opposite presentation choice. In their main analysis, they explicitly
assume that x̂t and it are independent, although they explain that it is not the case in practical
implementations. The authors then propose a scheme to handle the dependency directly in their appendix.
However, this “fix” can only be applied in a restricted setup: only for the Hogwild algorithm, with the
assumption that the norm of the gradient is uniformly bounded. Furthermore, even in this restricted
setup, the scheme leads to worsened theoretical results (the bound on τ is κ2 worse). Applying it to
a more complex algorithm such as Kromagnon or Asaga would mean overcoming several significant
hurdles and is thus still an open problem.
In the absence of a better option, we choose to enforce the independence of x̂t and it with our
modified steps ordering.
10. We note that Bertsekas and Tsitsiklis (1989) briefly discussed this issue (see Section 7.8.3), stressing that
their analysis for SGD required that the scheduling of computation was independent from the randomness
from SGD, but they did not offer any solution if this assumption was not satisfied. Both the “before read”
labeling from Mania et al. (2017) and our proposed “after read” labeling resolve this issue.

This condition is at the heart of most convergence proofs for randomized optimization
methods.8 Mania et al. (2017) correctly pointed out that most of the literature thus made
the often implicit assumption that it is independent of x̂t . But as we explain below, this
assumption is incompatible with a non-uniform asynchronous model in the analysis approach
used in most of the recent literature.

[unbiasedness condition]

We can thus interpret x̂t as a noisy (perturbed) version of xt due to the effect of asynchrony.
We formalize the precise meaning of xt and x̂t in the next section. We first note that
all references mentioned in the related work section that analyzed asynchronous parallel
randomized algorithms assumed that the following unbiasedness condition holds:

xt+1 := xt − γg(x̂t , it ) .

where it is a random variable independent from xt and we have the unbiasedness condition
Eg(xt , it ) = f 0 (xt ) (recall that E is the relevant-past conditional expectation with respect to
it ).
Unfortunately, in the parallel setting, we manipulate stale, inconsistent reads of shared
parameters and thus we do not have such a straightforward relationship. Instead, Mania et al.
(2017) proposed to distinguish x̂t , the actual value read by a core to compute an update,
from xt , a “virtual iterate” that we can analyze and is defined by the update equation:

xt+1 = xt − γg(xt , it ) ,

We first review the “perturbed iterate” framework recently introduced by Mania et al. (2017)
which will form the basis of our analysis. In the sequential setting, stochastic gradient descent
and its variants can be characterized by the following update rule:

2.1. Perturbed Iterate Framework
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f1
×
×

f10 (x̂0 )

f2
core 1
core 2
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f10 (x̂0 )
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×

f10 (x̂0 )
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f2
core 1
core 2

f1

f2

f20 (x̂0 )

×
×
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core 1
core 2
fi00 (x̂0 )
Figure 1: Suppose that we have two cores and that f has two factors: f1 which has support on only
one variable, and f2 which has support on 106 variables and thus yields a gradient step that is significantly
more expensive to compute. x0 is the initial content of the memory, and we do not know yet whether x̂0
is the local copy read by the first core or the second core, but we are sure that x̂0 = x0 as no update can
occur in shared memory without incrementing the counter. There are four possibilities for the next step
defining x1 depending on which index i was sampled on each core. If any core samples i = 1, we know
that x1 = x0 − γf10 (x0 ) as it will be the first (much faster update) to complete. This happens in 3 out of
4 possibilities; we thus have that Ex1 = x0 − γ( 43 f10 (x0 ) + 41 f20 (x0 )). We see that this analysis scheme does
not satisfy the crucial unbiasedness condition (4). To understand this subtle point better, note that in this
very simple example, i0 and i1 are not independent. We can show that P (i1 = 2 | i0 = 2) = 1. They share
dependency through the labeling assignment.

The “Before Read” Approach. Mania et al. (2017) address this issue by proposing
instead to increment the global t counter just before a new core starts to read the shared
memory (before step 1 in 5). In their framework, x̂t represents the (inconsistent) read that
was made by this core in this computational block, and it represents the chosen sample. The
update rule (3) represents a definition of the meaning of xt , which is now a “virtual iterate”
as it does not necessarily correspond to the content of the shared memory at any point.
The real quantities manipulated by the algorithm in this approach are the x̂t ’s, whereas
xt is used only for the analysis – consequently, the critical quantity we want to see vanish
is Ekx̂t − x∗ k2 . The independence of it with x̂t can be simply enforced in this approach
by making sure that the way the shared memory x is read does not depend on it (e.g. by
reading all its coordinates in a fixed order). Note that this implies that we have to read all
of x’s coordinates, regardless of the size of fit ’s support. This is a much weaker condition
than the assumption that all the computation in a block does not depend on it as required
by the “after write” approach, and is thus more reasonable.
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A New Global Ordering: the “After Read” Approach. The “before read” approach
gives rise to the following complication in the analysis: x̂t can depend on ir for r > t. This
is because t is a global time ordering only on the assignment of computation to a core, not
on when x̂t was finished being read. This means that we need to consider both the “future”
and the “past” when analyzing xt . To simplify the analysis, we thus propose a third way to
label the iterates that we call “after read”: x̂t represents the (t + 1)th fully completed read (t
incremented after step 1 in 5). As in the “before read” approach, we can ensure that it is
independent of x̂t by ensuring that how we read does not depend on it . But unlike in the
“before read” approach, t here now does represent a global ordering on the x̂t iterates – and
thus we have that ir is independent of x̂t for r > t. Again using (3) as the definition of the
virtual iterate xt as in the perturbed iterate framework, we then have a very simple form for
7
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t−1
X
u=0

g(x̂u , α̂u , iu ) ;

t−1
X

u

, iu )]v .

the value of xt and x̂t (assuming atomic writes, see Property 5 below):
xt = x0 − γ
[x̂t ]v =

[x0 ]v − γ
[g(x̂u , α̂
u=0
u s.t. coordinate v was written
for u before t

(6)

This proved crucial for our Asaga proof and allowed us to obtain better bounds for Hogwild
and the Kromagnon algorithm presented in Mania et al. (2017).
The main idea of the perturbed iterate framework is to use this handle on x̂t − xt to
analyze the convergence for xt . As xt is a virtual quantity, Mania et al. (2017) supposed that
there exists an index T such that xT lives in shared memory (T is a pre-set final iteration
number after which all computation is completed, which means xT = x̂T ) and gave their
convergence result for this xT .
In this paper, we instead state the convergence results directly in terms of x̂t , thus
avoiding the need for an unwieldy pre-set final iteration counter, and also enabling guarantees
during the entire course of the algorithm.

Remark 1 As mentioned in footnote 9, Mania et al. (2017) choose to sample a data point
first and only then read the shared parameter vector in (5). One advantage of this option is
that it allows for reading only the relevant dimensions of the parameter vector, although it
means losing the crucial independence property between x̂t and it .
We can thus consider that their labeling approach is “after sampling” rather than “before
read” (both are equivalent given their ordering). If we take this view, then by switching the
order of the sampling and the reading steps in their setup, the “after sampling” approach
becomes equivalent to our proposed “after read” labeling.
However, the framework in which they place their analysis is the “before read” approach
as described above, which results in having to take into account troublesome “future” terms
in (6). These additional terms make the analysis considerably harder and ultimately lead to
worse theoretical results.

3. Asynchronous Parallel Sparse Saga

We start by presenting Sparse Saga, a sparse variant of the Saga algorithm that is more
adapted to the asynchronous parallel setting. We then introduce Asaga, the asynchronous
parallel version of Sparse Saga. Finally, we state both convergence and speedup results for
Asaga and give an outline of their proofs.
3.1. Sparse Saga

Borrowing our notation from Hofmann et al. (2015), we first present the original Saga
algorithm and then describe our novel sparse variant.
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Original Saga Algorithm. The standard Saga algorithm (Defazio et al., 2014) maintains
two moving quantities to optimize (1): the current iterate x and a table (memory) of historical

8

(7)

(8)

9
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11. For linear predictor models, the memory αi0 can be stored as a scalar. Following Hofmann et al. (2015), αi0
can be initialized to any convenient value (typically 0), unlike the prescribed fi0 (x0 ) analyzed in (Defazio
et al., 2014).

a
Theorem 2 Let γ = 5L
for any a ≤ 1. Then Sparse
 Saga converges geometrically in
expectation with a rate factor of at least ρ(a) = 15 min n1 , a κ1 , i.e., for xt obtained after t
P
updates, we have Ekxt −x∗ k2 ≤ (1 − ρ)t C0 , where C0 := kx0 −x∗ k2 + 5L1 2 ni=1 kαi0 −fi0 (x∗ )k2 .

Convergence Result for (Serial) Sparse Saga. For clarity of exposition, we model
our convergence result after the simple form of Hofmann et al. (2015, Corollary 3). Note that
the rate we obtain for Sparse Saga is the same as the one obtained in the aforementioned
reference for Saga.

where Di is a diagonal matrix that makes a weighted projection on the support of fi0 . More
precisely, let Si be the support of the gradient fi0 function (i.e., the set of coordinates where
fi0 can be nonzero). Let D be a d × d diagonal reweighting matrix, with coefficients 1/pv on
the diagonal, where pv is the probability that dimension v belongs to Si when i is sampled
uniformly at random in {1, ..., n}. We then define Di := PSi D, where PSi is the projection
onto Si . The reweighting by D ensures that EDi ᾱ = ᾱ, and thus that the update is still
unbiased despite the sparsifying projection.

x+ = x − γ(fi0 (x) − αi + Di ᾱ),

Sparse Saga Algorithm. As in the Sparse Svrg algorithm proposed in Mania et al.
(2017), we obtain Sparse Saga by a simple modification of the parameter update rule in (7)
where ᾱ is replaced by a sparse version equivalent in expectation:

Motivation for a Variant. In its current form, every Saga update is dense even if the
individual gradients are sparse due to the historical gradient (ᾱ) term. Schmidt et al. (2016)
introduced an implementation technique denoted lagged updates in which each iteration has a
cost proportional to the size of the support of fi0 (x). However, this technique involves keeping
track of past updates and is not easily adaptable to the parallel setting (see Appendix E).
We therefore introduce Sparse Saga, a novel variant which explicitly takes sparsity into
account and is easily parallelizable.

P
where γ is the step size and ᾱ := 1/n ni=1 αi can be updated efficiently in an online
fashion. Crucially, Eαi = ᾱ and thus the update direction is unbiased (Ex+ = x − γf 0 (x)).
Furthermore, it can be proven (see Defazio et al., 2014) that under a reasonable condition on
γ, the update has vanishing variance, which enables the algorithm to converge linearly with
a constant step size.

αi+ = fi0 (x),

t
i=1 α̂i

Pn



.

(10)

10
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Before stating our convergence result, we highlight some properties of Algorithm 1 and make
one central assumption.

g(x̂t , α̂t , it ) := fi0t (x̂t ) − α̂itt + Dit 1/n

xt+1 := xt − γg(x̂t , α̂t , it );

We describe Asaga, a sparse asynchronous parallel implementation of Sparse Saga, in
Algorithm 1 in the theoretical form that we analyze, and in Algorithm 2 as its practical
implementation. We state our convergence result and analyze our algorithm using the
improved perturbed iterate framework.
In the specific case of (Sparse) Saga, we have to add the additional read memory
argument α̂t to our perturbed update (3):

3.2. Asynchronous Parallel Sparse Saga

Comparison with Lagged Updates. The lagged updates technique in Saga is based on
the observation that the updates for component [x]v need not be applied until this coefficient
needs to be accessed, that is, until the next iteration t such that v ∈ Sit . We refer the reader
to Schmidt et al. (2016) for more details.
Interestingly, the expected number of iterations between two steps where a given dimension
v is in the support of the partial gradient is p−1
v , where pv is the probability that v is in the
support of the partial gradient at a given step. p−1
v is precisely the term which we use to
multiply the update to [x]v in Sparse Saga. Therefore one may see the updates in Sparse
Saga as anticipated updates, whereas those in the Schmidt et al. (2016) implementation are
lagged.
The two algorithms appear to be very close, even though Sparse Saga uses an expectation
to multiply a given update whereas the lazy implementation uses a random variable (with
the same expectation). Sparse Saga therefore uses a slightly more aggressive strategy, which
may explain the result of our experiments (see Section 6.3): both Sparse Saga and Saga
with lagged updates had similar convergence in terms of number of iterations, with the
Sparse Saga scheme being slightly faster in terms of runtime.
Although Sparse Saga requires the computation of the pv probabilities, this can be done
during a first pass throughout the data (during which constant step size Sgd may be used)
at a negligible cost.

This gives a contraction term. A Lyapunov function is then defined to control the two other
terms. To ensure our variant converges at the same rate as regular Saga, we only need to
prove that the above inequality (Hofmann et al., 2015, Lemma 1) is still verified. To prove
this, we derive close variants of equations (6) and (9) in their paper. The rest of the proof
can be reused without modification. The full details can be found in Appendix A.


Ekx+ −x∗ k2 ≤(1−γµ)kx−x∗ k2 + 2γ 2 Ekαi − fi0 (x∗ )k2 + (4γ 2 L − 2γ) f (x) − f (x∗ ) . (9)

Proof outline. We reuse the proof technique from Hofmann et al. (2015), in which a
combination of classical strong convexity and Lipschitz inequalities is used to derive the
inequality (Hofmann et al., 2015, Lemma 1):

gradients (αi )ni=1 .11 At every iteration, the Saga algorithm samples uniformly at random an
index i ∈ {1, . . . , n}, and then executes the following update on x and α (for the unconstrained
optimization version):


x+ = x − γ fi0 (x) − αi + ᾱ ;
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n
Initialize shared variables x and (αi )i=1
keep doing in parallel
x̂ = inconsistent read of x
∀j, α̂j = inconsistent read of αj
Sample i uniformly in {1, ..., n}
Let Si be fP
i ’s support
n
[α̂k ]Si
[ᾱ]Si = 1/n k=1

[δx]Si = −γ(fi0 (x̂) − α̂i + Di [ᾱ]Si )
for v in Si do
[x]v ← [x]v + [δx]v
// atomic
[αi ]v ← [fi0 (x̂)]v
// ‘←’ denotes a shared memory update.
end for
end parallel loop

1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:

n
Initialize shared x, (αi )i=1
and ᾱ
keep doing in parallel
Sample i uniformly in {1, ..., n}
Let Si be fi ’s support
[x̂]Si = inconsistent read of x on Si
α̂i = inconsistent read of αi
[ᾱ]Si = inconsistent read of ᾱ on Si
[δα]Si = fi0 ([x̂]Si ) − α̂i
[δx]Si = −γ([δα]Si + Di [ᾱ]Si )
for v in Si do
[x]v ← [x]v + [δx]v
// atomic
[αi ]v ← [αi ]v + [δα]v
// atomic
[ᾱ]v ← [ᾱ]v + 1/n[δα]v
// atomic
end for
end parallel loop

Algorithm 1 Asaga (analyzed algorithm) Algorithm 2 Asaga (implementation)
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:

Property 3 (independence) Given the “after read” global ordering, ir is independent of
x̂t ∀r ≥ t.
The independence property for r = t is assumed in most of the parallel optimization literature,
even though it is not verified in case the “after write” labeling is used. We emulate Mania
et al. (2017) and enforce this independence in Algorithm 1 by having the core read all the
shared data parameters and historical gradients before starting their iterations. Although
this is too expensive to be practical if the data is sparse, this is required by the theoretical
Algorithm 1 that we can analyze. The independence for r > t is a consequence of using the
“after read” global ordering instead of the “before read” one.
Property 4 (unbiased estimator) The update, gt := g(x̂t , α̂t , it ), is an unbiased estimator of the true gradient at x̂t , i.e. (10) yields (4) in conditional expectation.
This property is crucial for the analysis, as in most related literature. It follows by the
independence of it with x̂P
t and from the computation of ᾱ on line 7 of Algorithm 1, which
n
ensures that Eα̂i = 1/n k=1
[α̂k ]Si = [ᾱ]Si , making the update unbiased. In practice,
recomputing ᾱ is not optimal, but storing it instead introduces potential bias issues in the
proof (as detailed in Appendix F.3).
Property 5 (atomicity) The shared parameter coordinate update of [x]v on line 11 is
atomic.
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Since our updates are additions, there are no overwrites, even when several cores compete for
the same resources. In practice, this is enforced by using compare-and-swap semantics, which
are heavily optimized at the processor level and have minimal overhead. Our experiments
with non-thread safe algorithms (i.e. where this property is not verified, see Figure 7 of
Appendix F) show that compare-and-swap is necessary to optimize to high accuracy.
11
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Finally, as is standard in the literature, we make an assumption on the maximum delay
that asynchrony can cause – this is the partially asynchronous setting as defined in Bertsekas
and Tsitsiklis (1989):

Assumption 6 (bounded overlaps) We assume that there exists a uniform bound, called τ ,
on the maximum number of iterations that can overlap together. We say that iterations r and
t overlap if at some point they are processed concurrently. One iteration is being processed
from the start of the reading of the shared parameters to the end of the writing of its update.
The bound τ means that iterations r cannot overlap with iteration t for r ≥ t + τ + 1, and
thus that every coordinate update from iteration t is successfully written to memory before
the iteration t + τ + 1 starts.

Our result will give us conditions on τ subject to which we have linear speedups. τ is
usually seen as a proxy for p, the number of cores (which lowerbounds it). However, though
τ appears to depend linearly on p, it actually depends on several other factors (notably
the data sparsity distribution) and can be orders of magnitude bigger than p in real-life
experiments. We can upper bound τ by (p − 1)R, where R is the ratio of the maximum
over the minimum iteration time (which encompasses theoretical aspects as well as hardware
overhead). More details can be found in Section 6.7.

u=(t−τ )+

t−1
X

Gut g(x̂u , α̂u , iu ),

(11)

Explicit effect of asynchrony. By using the overlap Assumption 6 in the expression (6)
for the iterates, we obtain the following explicit effect of asynchrony that is crucially used in
our proof:

x̂t − xt = γ

where Gut are d × d diagonal matrices with terms in {0, +1}. From our definition of t and xt ,
it is clear that every update in x̂t is already in xt – this is the 0 case. Conversely, some
updates might be late: this is the +1 case. x̂t may be lacking some updates from the “past"
in some sense, whereas given our global ordering definition, it cannot contain updates from
the “future".

3.3. Convergence and Speedup Results

We now state our main theoretical results. We give a detailed outline of the proof in
Section 3.3.2 and its full details in Appendix B.
We first define a notion of problem sparsity, as it will appear in our results.
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Definition 7 (Sparsity) As in Niu et al. (2011), we introduce ∆r := maxv=1..d |{i : v ∈
Si }|. ∆r is the maximum right-degree in the bipartite graph of the factors and the dimensions,
i.e., the maximum number of data points with a specific feature. For succinctness, we also
define ∆ := ∆r /n. We have 1 ≤ ∆r ≤ n, and hence 1/n ≤ ∆ ≤ 1.

12

13
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12. Asaga can actually converge for any τ , but the maximum step size then has a term of exp(τ /n) in the
denominator with much worse constants. See Appendix B.7.

• We give the first convergence analysis for an asynchronous parallel version of Saga
(note that Reddi et al. (2015) only covers an epoch based version of Saga with random
stopping times, a fairly different algorithm).
• Theorem 8 can be directly extended to the a parallel extension of the Svrg version
from Hofmann et al. (2015) which is adaptive to the local strong convexity with similar
rates (see Section 4.2).
• In contrast to the parallel Svrg analysis from Reddi et al. (2015, Thm. 2), our proof
technique handles inconsistent reads and a non-uniform processing speed across fi ’s.

Comparison to related work.

Interestingly, in the well-conditioned regime (n > κ, where Saga enjoys a range of step sizes
which all give the same contraction ratio), Asaga enjoys the same rate as Saga even in
the non-sparse regime (∆ = 1) for τ < O(n/κ). This is in contrast to the previous work on
asynchronous incremental gradient methods which required some kind of sparsity to get a
theoretical linear speedup over their sequential counterpart (Niu et al., 2011; Mania et al.,
2017). In the ill-conditioned regime (κ > n), sparsity is required for a linear speedup, with a
√
bound on τ of O( n) in the best-case (though degenerate) scenario where ∆ = 1/n.
The proof for Corollary 9 can be found in Appendix B.9.

√1
∆

Corollary 9 (Speedup condition) Suppose τ ≤ O(n) and τ ≤ O( max{1,
Then
using the step size γ = a∗ (τ )/L from (12), Asaga converges geometrically with rate factor
Ω(min{ n1 , κ1 }) (similar to Saga), and is thus linearly faster than its sequential counterpart
up to a constant factor. Moreover, if τ ≤ O( √1∆ ), then a universal step size of Θ( L1 ) can be
used for Asaga to be adaptive to local strong convexity with a similar rate to Saga (i.e.,
knowledge of κ is not required).

n
κ }).

This result is very close to Saga’s
√ original convergence theorem, but with the maximum step
size divided by an extra 1 + τ ∆ factor. Referring to Hofmann et al. (2015) and our own
Theorem 2, the rate factor for Saga is min{1/n, a/κ} up to a constant factor. Comparing
this rate with Theorem 8 and inferring the conditions on the maximum step size a∗ (τ ), we
get the following conditions on the overlap τ for Asaga to have the same rate as Saga
(comparing upper bounds).

For any step size γ = La with a ≤ a∗ (τ ), the inconsistent readiterates of Algorithm 1 converge
in expectation at a geometric rate of at least: ρ(a) = 15 min n1 , a κ1 , i.e., Ef (x̂t ) − f (x∗ ) ≤
(1 − ρ)t C̃0 , where C̃0 is a constant independent of t (≈ nγ C0 with C0 as defined in Theorem 2).

Theorem 8 (Convergence guarantee and rate of Asaga) Suppose τ < n/10.12 Let
s
1
1
where ξ(κ, ∆, τ ) := 1 +
min{ √ , τ }
1


8κ
a∗ (τ ) :=
(12)
∆
√
√
32 1 + τ ∆ ξ(κ, ∆, τ )
√
1
(note that ξ(κ, ∆, τ ) ≈ 1 unless κ < / ∆ (≤ n)).

3.3.1. Convergence and Speedup Statements
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(13)

µ
kx̂t − x∗ k2 .
2

(14)

(15)

14
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13. Note that here is our departure point with Mania et al. (2017) who replaced the f (x̂t ) − f (x∗ ) term with
the lower bound µ2 kx̂t − x∗ k2 in this relationship (see their Equation (2.4)), thus yielding an inequality
too loose afterwards to get the fast rates for Svrg.

where at := Ekxt −
and et := Ef (x̂t ) − f (x∗ ).
Inequality (15) is a midway point between the one derived in the proof of Lemma 1
in Hofmann et al. (2015) and Equation (2.5) in Mania et al. (2017), because we use the
tighter strong convexity bound (14) than in the latter (giving us the important extra term
−2γet ).
In the sequential setting, one crucially uses the negative suboptimality term −2γet to
cancel the variance term γ 2 Ekgt k2 (thus deriving a condition on γ). In our setting, we need

additional asynchrony terms

γµ
)at + γ 2 Ekgt k2 +γµEkx̂t − xt k2 + 2γEhx̂t − xt , gt i −2γet ,
|
{z
}
2

x∗ k2

at+1 ≤ (1 −

With further manipulations on the expectation of (13), including the use of the standard
inequality ka + bk2 ≤ 2kak2 + 2kbk2 (see Appendix B.1), we obtain our basic recursive
contraction inequality:

hx̂t − x∗ , f 0 (x̂t )i ≥ f (x̂t ) − f (x∗ ) +

Note that we introduce x̂t in the inner product because gt is a function of x̂t , not xt .
In the sequential setting, we require it to be independent of xt to obtain unbiasedness.
In the perturbed iterate framework, we instead require that it is independent of x̂t (see
Property 3). This crucial property enables us to use the unbiasedness condition (4) to write:
Ehx̂t −x∗ , gt i = Ehx̂t −x∗ , f 0 (x̂t )i. Taking the expectation of (13) and using this unbiasedness
condition we obtain an expression that allows us to use the µ-strong convexity of f :13

= kxt − x∗ k2 + γ 2 kgt k2 − 2γhx̂t − x∗ , gt i + 2γhx̂t − xt , gt i .

= kxt − x∗ k2 + γ 2 kgt k2 − 2γhxt − x∗ , gt i

kxt+1 − x∗ k2 = kxt − γgt − x∗ k2

Initial recursive inequality. Let gt := g(x̂t , α̂t , it ). By expanding the update equation (10) defining the virtual iterate xt+1 and introducing x̂t in the inner product term, we
obtain:

We give here an extended outline of the proof. We detail key lemmas in Section 3.3.3.

3.3.2. Proof Outline of Theorem 8

Our bounds are similar (noting that ∆ is equivalent to theirs), except for the adaptivity
to local strong convexity: Asaga does not need to know κ for optimal performance,
contrary to parallel Svrg (see Section 4 for more details).
• In contrast to the Svrg analysis from Mania et al. (2017, Thm. 14), we obtain a better
dependence on the condition number in our rate (1/κ vs. 1/κ2 on their work) and on
the sparsity (they obtain τ ≤ O(∆−1/3 )), while we furthermore remove their gradient
bound assumption. We also give our convergence guarantee on x̂t during the algorithm,
whereas they only bound the error for the “last” iterate xT .
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to bound the additional asynchrony terms using the same negative suboptimality in order to
prove convergence and speedup for our parallel algorithm – this will give stronger constraints
on the maximum step size.
The rest of the proof then proceeds as follows:
1. By using the expansion (11) for x̂t − xt , we can bound the additional asynchrony terms
in (15) in terms of the past updates (Ekgu k2 )u≤t . This gives Lemma 10 below.
2. We then bound the updates Ekgt k2 in terms of past suboptimalities (ev )v≤u by using
standard Saga inequalities and carefully analyzing the update rule for αi+ (7) in
expectation. This gives Lemma 13 below.
3. By applying Lemma 13 to the result of Lemma 10, we obtain a master contraction
inequality (27) in terms of at+1 , at and (eu )u≤t .
Pt
(1 − ρ)t−u au and manipulate the
4. We define a novel Lyapunov function Lt = u=0
master inequality to show that Lt is bounded by a contraction, subject to a maximum
step size condition on γ (given in Lemma 14 below).
5. Finally, we unroll the Lyapunov inequality to get the convergence Theorem 8.
3.3.3. Details

√
∆τ

and

t−1
X

√

14

Ekgu k2 − 2γet ,
∆ + γµC1 .

u=(t−τ )+

C2 :=

(17)

(16)

We list the key lemmas below with their proof sketch, and pointers to the relevant parts of
Appendix B for detailed proofs.

C1 := 1 +

γµ
)at + γ 2 C1 Ekgt k2 + γ 2 C2
2

Lemma 10 (Inequality in terms of gt := g(x̂t , α̂t , it )) For all t ≥ 0:
at+1 ≤ (1 −
where

√
∆
(Ekgu k2 + Ekgt k2 ) .
2

(18)

To prove this lemma we need to bound both Ekx̂t − x∗ k2 and Ehx̂t − xt , gt i with respect to
(Ekgu k2 )u≤t . We achieve this by crucially using Equation (11), together with the following
proposition, which we derive by a combination of Cauchy-Schwartz and our sparsity definition
(see Section B.2).
Proposition 11 For any u 6= t,
E|hgu , gt i| ≤

To derive this essential inequality for both the right-hand-side terms of Eq. (18), we start by
proving a relevant property of ∆. We reuse the sparsity constant introduced in Reddi et al.
(2015) and relate it to the one we have defined earlier, ∆r :
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14. Note that C2 depends on γ. In the rest of the paper, we write C2 (γ) instead of C2 when we want to draw
attention to that dependency.

15

∀x ∈ Rd ,
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i=1

1X
kxki2 ≤ Dkxk2
n

n

Remark 12 Let D be the smallest constant such that:
Ekxki2 =

D=

i=1 v∈Si

∆r
= ∆.
n

v=1

v=1 i|v∈Si

1 X [x]v2
δv
.
n
kxk2

d

v=1

n
n
d
d
1XX 2
1X X 2
1X
1X
δv [x]v2 ,
kxki2 =
[x]v =
[x]v =
n
n
n
n
i=1

where k.ki is defined to be the `2 -norm restricted to the support Si of fi . We have:

Proof We have:
Ekxki2 =

where δv := |(i | v ∈ Si )|. This implies:
D≥

v=1

1 X [x]v2
δv
.
n
kxk2

d

Since D is the minimum constant satisfying this inequality, we have:

x∈Rd

D = max

(19)

(20)

(21)

(22)

(23)

We need to find x such that it maximizes the right-hand side term. Note that the vector
([x]v2 /kxk2 )v=1..d is in the unit probability simplex, which means that an equivalent problem
is the maximization over all convex combinations of (δv )v=1..d . This maximum is found by
putting all the weight on the maximum δv , which is ∆r by definition.
This implies that ∆ = ∆r /n is indeed the smallest constant satisfying (19).

Proof of Proposition 11 Let u 6= t. Without loss of generality, u < t.15 Then:

≤

√
∆
(Ekgu k2 + Ekgt k2 ) .
2
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(24)

E|hgu , gt i| ≤ Ekgu kit kgt k
(Sparse inner product; support of gt is Sit )
q
p
≤ Ekgu ki2t Ekgt k2
(Cauchy-Schwarz for expectations)
p
p
(Remark 12 and it ⊥⊥ gu , ∀u < t)
≤ ∆Ekgu k2 Ekgt k2
√
∆
(Ekgu k2 + Ekgt k2 ) .
(AM-GM inequality)
2
All told, we have:
E|hgu , gt i| ≤
15. One only has to switch u and t if u > t.

16

−

t−1

fi0 (x∗ )k2 .16

u=1

1
1
4L X
(1 − )(t−2τ −u−1)+ eu + 4L(1 − )(t−τ )+ ẽ0 ,
n
n
n

(26)

(25)

u=(t−τ )+

u=(t−τ )+

(27)

u=0

(1 − ρ)t−u au ,
0 < ρ < 1,

(28)

17
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16. We introduce this quantity instead of e0 so as to be able to handle the arbitrary initialization of the αi0 .
17. More precisely: ∀t, i, v ∃uti,v < t s.t. [α̂it ]v = [fi0 (x̂uti,v )]v .

where ρ is a target contraction rate that we define later.

Lt =

t
X

Lyapunov function and associated recursive inequality. We now have the beginning
of a contraction with additional positive terms which all converge to 0 as we near the
optimum, as well as our classical negative suboptimality term. This is not unusual in the
variance reduction literature. One successful approach in the sequential case is then to define
a Lyapunov function which encompasses all terms and is a true contraction (see Defazio
et al., 2014; Hofmann et al., 2015). We emulate this solution here. However, while all terms
in the sequential case only depend on the current iterate, t, in the parallel case we have terms
“from the past” in our inequality. To resolve this issue, we define a more involved Lyapunov
function which also encompasses past iterates:

at+1 ≤(1 −

 4Lγ 2 C1
γµ
1
)at − 2γet + 4Lγ 2 C1 et + (1 − )(t−τ )+ ẽ0 +
Ht
2
n
n
t−1
t−1
X
 4Lγ 2 C2 X
1
+ 4Lγ 2 C2
(eu + (1 − )(u−τ )+ ẽ0 +
Hu .
n
n

we replace the partial gradient with αi0 ). We then derive bounds on P (uti,v = u) and sum on
all possible u. Together with clever conditioning, we obtain Lemma 13 (see Section B.3).
P
1 (t−2τ −u−1)+
eu . Then, by
Master inequality. Let Ht be defined as Ht := t−1
u=1 (1 − n )
setting (25) into Lemma 10, we get (see Section B.5):

We can handle the first term by taking the expectation over a Lipschitz inequality (Hofmann
et al. (2015, Equations 7 and 8). All that remains to prove the lemma is to express the
Ekα̂itt − fi0t (x∗ )k2 term in terms of past suboptimalities. We note that it can be seen as an
expectation of past first terms with an adequate probability distribution which we derive
and bound.
From our algorithm, we know that each dimension of the memory vector [α̂i ]v contains a
partial gradient computed at some point in the past [fi0 (x̂uti,v )]v 17 (unless u = 0, in which case

Ekgt k2 ≤ 2Ekfi0t (x̂t ) − fi0t (x∗ )k2 + 2Ekα̂itt − fi0t (x∗ )k2 .

From our proof of convergence for Sparse Saga we know that (see Appendix A):

where ẽ0 :=

1
0
2L Ekαi

Ekgt k2 ≤ 4Let +

Lemma 13 (Suboptimality bound on Ekgt k2 ) For all t ≥ 0,
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u=0

t
X

(29)

32L(1 +

√

1
q
∆τ ) 1 +

1
8κ

min(τ, √1∆ )

(30)

γµ
)Lt + (1 − ρ)t+1 (a0 + Aẽ0 ) .
2

(32)

(34)

(33)

18
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18. ν is introduced to circumvent the problematic case where ρ and γµ/2 are too close together.

∗
where η := 1−M
1−ρ∗ with M := max(ρ, γµ/2). Our geometric rate factor is thus ρ (see
Appendix B.8).

γet + Lt+1 ≤ (1 −

γµ t+1
a0 + Aẽ0
) L0 + (1 − ρ∗ )t+1
2
1−η

1
∗ t+1
γet ≤ (1 − ρ )
L0 +
(a0 + Aẽ0 ) ,
1−η

We have two linearly contracting terms. The sum contracts linearly with the worst rate
between the two (the smallest geometric rate factor). If we define ρ∗ := ν min(ρ, γµ/2), with
0 < ν < 1,18 then we get:

Lt+1 ≤ γet + Lt+1 ≤ (1 −

We obtain this result after carefully deriving the rut terms. We find a second-order polynomial
inequality in γ, which we simplify down to (30) (see Appendix B.7).
We can then finish the argument to bound the suboptimality error et . We have:

then for all u ≥ 1, the coefficients rut from (29) are negative. Furthermore, we have rtt + γ ≤ 0
and thus:
γµ
γet + Lt+1 ≤ (1 − ρ)t+1 a0 + (1 −
)Lt + r0t ẽ0 .
(31)
2

γ ≤ γ∗ =

Lemma 14 (Sufficient condition for convergence) Suppose τ < n/10 and ρ ≤ 1/4n. If

The aim is to prove that Lt is bounded by a contraction. We have two promising terms at
the beginning of the inequality, and then we need to handle the last term. Basically, we can
rearrange the sums in (27) to expose a simple sum of eu multiplied by factors rut .
Under specific conditions on ρ and γ, we can prove that rut is negative for all u ≥ 1, which
coupled with the fact that each eu is positive means that we can safely drop the sum term
from the inequality. The r0t term is a bit trickier and is handled separately.
In order to obtain a bound on et directly rather than on Ekx̂t − x∗ k2 , we then introduce
an additional γet term on both sides of (29). The bound on γ under which the modified
rtt + γ is negative is then twice as small (we could have used any multiplier between 0 and
2γ, but chose γ for simplicity’s sake). This condition is given in the following Lemma.

u=1

X
γµ
)Lt +
rut eu + r0t ẽ0 .
2

t

(1 − ρ)t−u au+1

≤ (1 − ρ)t+1 a0 + (1 −

Lt+1 = (1 − ρ)t+1 a0 +

Using the master inequality (27), we get (see Appendix B.6):
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4. Asynchronous Parallel Svrg with the “After Read” Labeling
Asaga vs. asynchronous Svrg. There are several scenarios in which Asaga can be
practically advantageous over its closely related cousin, asynchronous Svrg (note though
that “asynchronous” Svrg still requires one synchronization step per epoch to compute a
full gradient).
First, while Saga trades memory for less computation, in the case of generalized linear
models the memory cost can be reduced to O(n), compared to O(d) for Svrg (Johnson and
Zhang, 2013). This is of course also true for their asynchronous counterparts.
Second, as Asaga does not require any synchronization steps, it is better suited to
heterogeneous computing environments (where cores have different clock speeds or are shared
with other applications).
Finally, Asaga does not require knowing the condition number κ for optimal convergence
in the sparse regime. It is thus adaptive to local strong convexity, whereas Svrg is not.
Indeed, Svrg and its asynchronous variant require setting an additional hyper-parameter
– the epoch size m – which needs to be at least Ω(κ) for convergence but yields a slower
effective convergence rate than Asaga if it is set much bigger than κ. Svrg thus requires
tuning this additional hyper-parameter or running the risk of either slower convergence (if
the epoch size chosen is much bigger than the condition number) or even not converging at
all (if m is chosen to be much smaller than κ).19
Motivation for analyzing asynchronous Svrg. Despite the advantages that we have
just listed, in the case of complex models, the storage cost of Saga may become too expensive
for practical use. Svrg (Johnson and Zhang, 2013) trades off more computation for less
storage and does not suffer from this drawback. It can thus be applied to cases where Saga
cannot (e.g. deep learning models, see Reddi et al., 2016).
Another advantage of Kromagnon is that the historical gradient term f 0 (x̃) is fixed
during an epoch, while its Asaga equivalent, ᾱ, has to be updated at each iteration, either
by recomputing if from the α̂ – which is costly – or by updating a maintained quantity
– which is cheaper but may ultimately result in introducing some bias in the update (see
Appendix F.3 for more details on this subtle issue).
It is thus worthwhile to carry out the analysis of Kromagnon (Mania et al., 2017)20 , the
asynchronous parallel version of Svrg, although it has to be noted that since Svrg requires
regularly computing batch gradients, Kromagnon will present regular synchronization steps
as well as coordinated computation – making it less attractive for the asynchronous parallel
setting.
We first extend our Asaga analysis to analyze the convergence of a variant of Svrg
presented in Hofmann et al. (2015), obtaining exactly the same bounds. This variant improves
upon the initial algorithm because it does not require tuning the epoch size hyperparameter
and is thus adaptive to local strong convexity (see Section 4.1). Furthermore, it allows for a
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19. Note that as Saga (and contrary to the original Svrg) the Svrg variant from Hofmann et al. (2015)
does not require knowledge of κ and is thus adaptive to local strong convexity, which carries over to its
asynchronous adaptation that we analyze in Section 4.2.
20. The speedup analysis presented in Mania et al. (2017) is not fully satisfactory as it does not achieve
state-of-the-art convergence results for either Svrg or Kromagnon. Furthermore, we are able to remove
their uniform gradient bound assumption, which is inconsistent with strong convexity.

19
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cleaner analysis where – contrary to Svrg – we do not have to replace the final parameters
of an epoch by one of its random iterates.
Then, using our “after read” labeling, we are also able to derive a convergence and speedup
proof for Kromagnon, with comparable results to our Asaga analysis. In particular, we
prove that as for Asaga in the “well-conditioned” regime Kromagnon can achieve a linear
speedup even without sparsity assumptions.
4.1. Svrg Algorithms

We start by describing the original Svrg algorithm, the variant given in Hofmann et al.
(2015) and the sparse asynchronous parallel adaptation, Kromagnon.

Original Svrg algorithm. The standard Svrg algorithm (Johnson and Zhang, 2013) is
very similar to Saga. The main difference is that instead of maintaining a table of historical
gradients, Svrg uses a “reference” batch gradient f 0 (x̃), updated at regular intervals (typically
every m iterations, where m is a hyper-parameter). Svrg is thus an epoch-based algorithm,
where at the beginning of every epoch a reference iterate x̃ is chosen and its gradient is
computed. Then, at every iteration in the epoch, the algorithm samples uniformly at random
an index i ∈ {1, . . . , n}, and then executes the following update on x:

x+ = x − γ fi0 (x) − fi0 (x̃) + f 0 (x̃) .
(35)

As for Saga the update direction is unbiased (Ex+ = x − γf 0 (x)) and it can be proven (see
Johnson and Zhang, 2013) that under a reasonable condition on γ and m (the epoch size),
the update has vanishing variance, which enables the algorithm to converge linearly with a
constant step size.

Hofmann’s Svrg variant. Hofmann et al. (2015) introduce a variant where the size of
the epoch is a random variable. At each iteration t, a first Bernoulli random variable Bt with
p = 1/n is sampled. If Bt = 1, then the algorithm updates the reference iterate, x̃ = xt and
computes its full gradient as its new “reference gradient”. If Bt = 0, the algorithm executes
the normal Svrg inner update. Note that this variant is adaptive to local strong convexity,
as it does not require the inner loop epoch size m = Ω(κ) as a hyperparameter. In that
respect it is closer to Saga than the original Svrg algorithm which is not adaptive.

Kromagnon. Kromagnon, introduced in Mania et al. (2017) is obtained by using the
same sparse update technique as Sparse Saga, and then running the resulting algorithm in
parallel (see Algorithm 3).

4.2. Extension to the Svrg Variant from Hofmann et al. (2015)
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We introduce Ahsvrg – a sparse asynchronous parallel version for the Svrg variant from Hofmann et al. (2015) – in Algorithm 4. Every core runs stochastic updates independently as
long as they are all sampling inner updates, and coordinate whenever one of them decides to
do a batch gradient computation. The one difficulty of this approach is that each core needs
to be able to communicate to every other core that they should stop doing inner updates
and start computing a synchronized batch gradient instead.
To this end, we introduce a new shared variable, s, which represents the “state” of the
computation. This variable is checked by each core c before each update. If s = 1, then

20

Initialize shared x and x0
while True do
Compute in parallel g = f 0 (x0 ) (synchronously)
for i = 1..m do in parallel (asynchronously)
Sample i uniformly in {1, ..., n}
Let Si be fi ’s support
[x̂]Si = inconsistent read of x on Si
[δx]Si = −γ([fi0 (x̂t ) − fi0 (x0 )]Si + Di [g]Si )
for v in Si do
[x]v = [x]v + [δx]v
// atomic
end for
end parallel loop
x0 = x
end while
√
+ 2L(1 + 2 ∆τ )(γ + τ µγ 2 )
√
< 1.
1 − 2L(1 + 2 ∆τ )(γ + τ µγ 2 )

1
µγm

(36)
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another core has called for a batch gradient computation and core c starts computing its
allocated part of this computation. If s = 0, core c proceeds to sample a first random variable.
Then it either samples and performs an inner update and keeps going, or it samples a full
gradient computation, in which case it updates s to 1 and starts computing its allocated

where x̃k is the initial iterate for epoch k, which is obtained by choosing uniformly at random
among the inconsistent read iterates from the previous epoch.

Then the inconsistent read iterates of Kromagnon converge in expectation at a geometric
rate, i.e.
Ef (x̃k ) − f (x∗ ) ≤ θt (f (x0 ) − f (x∗ )) ,
(37)

0 < θ :=

Theorem 15 (Convergence guarantee and rate of Kromagnon) Suppose the step
size γ and epoch size m are chosen such that the following condition holds:

We now state our main theoretical results. We give a detailed outline of the proof in
Section 4.4 and its full details in Appendix C.

4.3. Fast Convergence and Speedup Rates for Kromagnon

part of the computation. Once a full gradient is computed, s is set to 0 once again and every
core resume their loop.
Our Asaga convergence and speedup proofs can easily be adapted to accommodate
Ahsvrg since it is closer to Saga than the initial Svrg algorithm. To prove convergence,
all one has to do is to modify Lemma 13 very slightly (the only difference is that the
(t − 2τ − u − 1)+ exponent is replaced by (t − τ − u − 1)+ and the rest of the proof can be
used as is). The justification for this small tweak is that the batch steps in Svrg are fully
synchronized. More details can be found in Appendix B.4.
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This result is similar to the theorem given in the original Svrg paper (Johnson and Zhang,
2013). Indeed, if we remove the asynchronous part (i.e. if we set τ = 0), we get exactly the
same rate and condition. It also has the same form as the one given in Reddi et al. (2015),
which was derived for dense asynchronous Svrg in the easier setting of consistent read and
writes (and in the flawed “after write” framework), and gives essentially the same conditions
on γ and m.
In the canonical example presented in most Svrg papers, with κ = n, m = O(n) and
γ = 1/10L, Svrg obtains a convergence rate of √
0.5. Reddi
et al. (2015) get the same rate by

√
setting γ = 1/20 max(1, ∆τ )L and m = O n(1 + ∆τ ) . Following the same line of reasoning
√
(setting γ = 1/20 max(1, ∆τ )L, τ = O(n) and θ = 0.5 and computing the resulting condition on
m), these values for γ and m also give us a convergence rate of 0.5. Therefore, as in Reddi
√
√
et al. (2015), when κ = n we get a linear speedup for τ < 1/ ∆ (which can be as big as n
in the degenerate case where no data points share any feature with each other). Note that
this is the same speedup condition as Asaga in this regime.
Svrg theorems are usually similar to Theorem 15, which does not give an optimal step
size or epoch size. This makes the analysis of a parallel speedup difficult, prompting authors
to compare rates in specific cases with most parameters fixed, as we have just done. In order
to investigate the speedup and step size conditions more precisely and thus derive a more
general theorem, we now give Svrg and Kromagnon results modeled on Theorem 8.

Algorithm 4 Ahsvrg
1: Initialize shared x, s and x0
2: while True do
3:
Compute in parallel g = f 0 (x0 ) (synchronously)
4:
s=0
5:
while s = 0 do in parallel (asynchronously)
6:
Sample B with p = 1/n
7:
if B = 1 then
8:
s=1
9:
else
10:
Sample i uniformly in {1, ..., n}
11:
Let Si be fi ’s support
12:
[x̂]Si = inconsistent read of x on Si
13:
[δx]Si = −γ([fi0 (x̂t ) − fi0 (x0 )]Si + Di [g]Si )
14:
for v in Si do
15:
[x]v = [x]v + [δx]v
// atomic
16:
end for
17:
end if
18:
end parallel loop
19:
x0 = x
20: end while

14:

13:

12:

11:

10:

9:

8:

7:

6:

5:

4:

3:

2:

1:

Algorithm 3 Kromagnon (Mania et al., 2017)
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∀k ≥ 0 .

(38)

a
for any
Corollary 16 (Convergence guarantee and rate for serial Svrg) Let γ = 4L
a ≤ 41 and m = 32κ
in expectation with a rate factor
a . Then Svrg converges geometrically

a
per gradient computation of at least ρ(a) = 41 min n1 , 64κ
, i.e.

Ef (x̃k ) − f (x∗ ) ≤ (1 − ρ)k(2m+n) (f (x0 ) − f (x∗ ))

Due to Svrg’s special structure, we cannot write Ef (xt ) − f (x∗ ) ≤ (1 − ρ)t (f (x0 ) − f (x∗ ))
for all t ≥ 0. However, expressing the convergence properties of this algorithm in terms of a
rate factor per gradient computation (of which there are 2m + n per epoch) makes it easier
to compare convergence rates, either to similar algorithms such as Saga or to its parallel
variant Kromagnon – and thus to study the speedup obtained by parallelizing Svrg.
Compared to Saga, this result is very close. The main difference is that the additional
hyper-parameter m has to be set and requires knowledge of µ. This illustrates the fact that
Svrg is not adaptive to local strong convexity, whereas both Saga and Hofmann’s Svrg
are.

1
√
4(1 + 2 ∆τ )(1 +
τ
16κ )

.

(39)

Corollary 17 (Simplified convergence guarantee and rate for Kromagnon) Let
a∗ (τ ) =

∀k ≥ 0 .

(40)

a
For any step size γ = 4L
with a ≤ a∗ (τ ) and m = 32κ
a , Kromagnon converges geometrically

a
in expectation with a rate factor per gradient computation of at least ρ(a) = 41 min n1 , 64κ
,
i.e.

Ef (x̃k ) − f (x∗ ) ≤ (1 − ρ)k(2m+n) (f (x0 ) − f (x∗ ))

This result is again quite close to Corollary 16 derived
√ in the serial case. We see that the
maximum step size is divided by an additional (1 + 2τ ∆) term, while the convergence rate
is the same. Comparing the rates and the maximum allowable step sizes in both settings
give us the sufficient condition on τ to get a linear speedup.
Corollary 18 (Speedup condition) Suppose τ ≤ O(n) and τ ≤ O( √1∆ max{1, nκ }). If
√
n ≥ κ, also suppose τ ≤ n∆−1/2 . Then using the step size γ = a∗ (τ )/L from (39),
Kromagnon converges geometrically with rate factor Ω(min{ n1 , κ1 }) (similar to Svrg), and
is thus linearly faster than its sequential counterpart up to a constant factor.
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√
This result is almost the same as Asaga, with the additional condition that τ ≤ O( n) in
the well-conditioned regime. We see that in this regime Kromagnon can also get the same
rate as Svrg even without sparsity, which had not been observed in previous work.
Furthermore, one has to note that τ is generally smaller for Kromagnon than for Asaga
since it is reset to 0 at the beginning of each new epoch (where all cores are synchronized
once more).
23
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Comparison to related work.

• Corollary 16 provides a rate of convergence per gradient computation for Svrg, contrary
to most of the literature on this algorithm (including the seminal paper Johnson and
Zhang, 2013). This result allows for easy comparison with Saga and other algorithms
(in contrast, Konečný and Richtárik 2013 is more involved).
• In contrast to the Svrg analysis from Reddi et al. (2015, Thm. 2), our proof technique
handles inconsistent reads and a non-uniform processing speed across fi ’s. While
Theorem 15 is similar to theirs, Corollary 16 and 17 are more precise results. They
enable a finer analysis of the speedup conditions (Corollary 18) – including the possible
speedup without sparsity regime.
• In contrast to the Kromagnon analysis from Mania et al. (2017, Thm. 14), Theorem 15
gives a better dependence on the condition number in the rate (1/κ vs. 1/κ2 for them)
and on the sparsity (they get τ ≤ O(∆−1/3 )), while we remove their gradient bound
assumption. Our results are state-of-the-art for Svrg (contrary to theirs) and so
our speedup comparison is more meaningful. Finally, Theorem 15 gives convergence
guarantees on x̂t during the algorithm, whereas they only bound the error for the “last”
iterate xT .
4.4. Proof of Theorem 15

(41)

We now give a detailed outline of the proof. Its full details can be found in Appendix C.
Our proof technique begins as our Asaga analysis. In particular, Properties 3, 4, 5 are also
verified for Kromagnon21 , and as in our Asaga analysis, we make Assumption 6 (bounded
overlaps). Consequently, the basic recursive contraction inequality (15) and Lemma 10 also
hold. However, when we derive the equivalent of Lemma 13, we get a slightly different form,
which prompts a difference in the rest of the proof technique.

∀k ≥ 0, km ≤ t ≤ (k + 1)m ,

Lemma 19 (Suboptimality bound on Ekgt k2 )
Ekgt k2 ≤ 4Let + 4Lẽk

where ẽk := Ef (x̃k ) − f (x∗ ) and x̃k is the initial iterate for epoch k.

We give the proof in Appendix C.1. To derive both terms, we use the same technique as for
the first term of Lemma 13. Although this is a much simpler result than Lemma 13 in the
case of Asaga, two key differences prevent us from reusing the same Lyapunov function
proof technique. First, the e0 term in Lemma 13 is replaced by ẽk which depends on the
epoch number. Second, this term is not multiplied by a geometrically decreasing quantity,
which means the −2γe0 term is not sufficient to cancel out all of the e0 terms coming from
subsequent inequalities. To solve this issue, we go to more traditional Svrg techniques.
The rest of the proof is as follows:

1. By substituting Lemma 19 into Lemma 10, we get a master contraction inequality (42)
in terms of at+1 , at and eu , u ≤ t.
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21. Note that similarly to Asaga, the Kromagnon algorithm which we analyze reads the parameters first
and then samples. This is necessary in order for Property 3 to be verified at r = t, although not practical
when it comes to actual implementation.

24

u=max(km,t−τ )

t−1
X
2

(42)

eu + (4Lγ C1 + 4Lγ τ C2 )ẽk .

2

t=km

X
et + m(4Lγ 2 C1 + 4Lγ 2 τ C2 )ẽk . (43)

t=(k−1)m

(k+1)m−1

(45)

25
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Replacing C1 and C2 by their values (defined in 17) in (45) directly leads to Theorem 15.



2
2γm − 4Lγ 2 C1 m − 4Lγ 2 τ C2 m ẽk+1 ≤
+ 4Lγ 2 C1 m + 4Lγ 2 τ C2 m ẽk
µ

P(k+1)m−1
We now have: t=km
et = mẽk+1 . Combined with the fact that akm ≤ µ2 ẽk and that we
can remove the positive a(k+1)m term from the left-hand-side of (43), this gives us our final
recursion inequality:

To cancel out the ẽk term, we only have one negative term on the right-hand side of (43):
P(k+1)m−1
P(k+1)m−1
−2γ t=km
et . This means we need to relate t=km
et to ẽk . We can do it using
the same randomization trick as in Johnson and Zhang (2013): instead of choosing the last
iterate of the k th epoch as x̃k , we pick one of the iterates of the epoch uniformly at random.
This means we get:
km−1
X
1
ẽk = Ef (x̃k ) − f (x∗ ) =
et
(44)
m

a(k+1)m ≤ akm + (4Lγ 2 C1 + 4Lγ 2 τ C2 − 2γ)

Contraction inequality. As we previously mentioned, the term in ẽk is not multiplied
by a geometrically decreasing factor, so using the same Lyapunov function as for Asaga
cannot work. Instead, we apply the same method as in the original Svrg paper (Johnson
and Zhang, 2013): we sum the master contraction inequality over a whole epoch. This gives
us (see Appendix C.2):

at+1

γµ
≤ (1 −
)at + (4Lγ 2 C1 − 2γ)et + 4Lγ 2 C2
2

Master inequality. As in our Asaga analysis, we apply (41) to the result of Lemma 10,
which gives us that for all k ≥ 0, km ≤ t ≤ (k + 1)m − 1 (see Appendix C.2):

We list the key points below with their proof sketch, and give the detailed proof in
Appendix C.

4. We then only have to derive the conditions on γ, τ and m under which we contractions
and compare convergence rates to finish the proofs for Corollary 16, Corollary 17 and
Corollary 18.

3. We thus obtain a contraction inequality between ẽk and ẽk−1 , which finishes the proof
for Theorem 15.

2. As in Johnson and Zhang (2013), we sum the master contraction inequality over a whole
epoch, and then use the same randomization trick (44) to relate (et )km≤t≤(k+1)m−1 to
ẽk .
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As Sgd only converges linearly up to a ball around the optimum, to make sure we reach
2
µ
-accuracy, it is necessary that 2γσ
≤ , i.e. γ ≤ 2σ
2 . All told, in order to get linear
µ
 1 µ
convergence to -accuracy, serial Sgd requires γ ≤ min 2L
, 2σ2 . The proof can be found
in Appendix D.3.

Theorem 21 (Convergence guarantee and rate of Sgd) Let a ≤ 12 . Then for any
step size γ = La , Sgd converges in expectation to b-accuracy at a geometric rate of at least:
2
ρ(a) = a/κ, i.e., Ekxt − x∗ k2 ≤ (1 − ρ)t kx0 − x∗ k2 + b, where b = 2 γσµ .

For reference, we start by giving the rate of convergence of serial Sgd (see e.g. Schmidt,
2014).

Definition 20 Let σ 2 = Ekfi0 (x∗ )k2 be the variance of the gradient estimator at the optimum.

We now state the theoretical results of our analysis of Hogwild with inconsistent reads and
writes in the “after read framework”. We give an outline of the proof in Section 5.2 and its
full details in Appendix D. We start with a useful definition.

5.1. Theoretical Results

In order to show that our improved “after read” perturbed iterate framework can be used to
revisit the analysis of other optimization routines with correct proofs that do not assume
homogeneous computation, we now provide the analysis of the Hogwild algorithm (i.e.
asynchronous parallel constant step size Sgd) first introduced in Niu et al. (2011).
We start by describing Hogwild in Algorithm 5, and then give our theoretical convergence
and speedup results and their proofs. Note that our framework allows us to easily remove the
classical bounded gradient assumption, which is used in one form or another in most of the
literature (Niu et al., 2011; De Sa et al., 2015; Mania et al., 2017) – although it is inconsistent
with strong convexity in the unconstrained regime. This allows for better bounds where the
uniform bound on kfi0 (x)k2 is replaced by its variance at the optimum.

5. Hogwild Analysis

Algorithm 5 Hogwild
1: Initialize shared variable x
2: keep doing in parallel
3:
x̂ = inconsistent read of x
4:
Sample i uniformly in {1, ..., n}
5:
Let Si be fi ’s support
6:
[δx]Si := −γfi0 (x̂)
7:
for v in Si do
8:
[x]v ← [x]v + [δx]v
// atomic
9:
end for
10: end parallel loop
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where ξ(κ, ∆, τ ) :=

s

(note that ξ(κ, ∆, τ ) ≈ 1 unless κ < 1/

√
∆

(≤

1
1
1+
min{ √ , τ }
2κ
∆
√
n)).

(46)
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1

√ 
5 1 + 2τ ∆ ξ(κ, ∆, τ )

Theorem 22 (Convergence guarantee and rate of Hogwild) Let

a∗ (τ ) :=

For any step size γ = La with a ≤ min a∗ (τ ), κτ , the inconsistent read iterates of Algorithm 5
converge in expectation to b-accuracy at a geometric rate of at least: ρ(a) = a/κ, i.e.,
Ekx̂t − x∗ k2 ≤ (1 − ρ)t (2kx0 − x∗ k2 ) + b, where b = ( 8γ(C1µ+τ C2 ) + 4γ 2 C1 τ )σ 2 and C1 and
C2 (γ) are defined in (17).
Once again this result is quite close to the one obtained for serial Sgd. Note that we recover
this exact condition (up to a small constant factor) if we set τ = 0, i.e. if we force our
asynchronous algorithm to be serial.
The condition a ≤ κτ is equivalent to γµτ ≤ 1 and should be thought of as a condition on
τ . We will see that it is always verified in the regime we are interested in, that is the linear
speed-up regime (where more stringent conditions are imposed on τ ).
We now investigate the conditions under which Hogwild is linearly faster than Sgd.
Note that to derive these conditions we need not only compare their respective convergence
rates, but also the size of the ball around the optimum to which both algorithms converge.
These quantities are provided in Theorems 21 and 22.

∗

Corollary 23 (Speedup condition) Suppose τ = O(min{ √1∆ , κ}). Then for any step size

γ ≤ a L(τ ) = O( L1 ) (i.e., any allowable step size for Sgd), Hogwild converges geometrically
2
to a ball of radius rh = O( γσµ ) with rate factor ρ = γµ
2 (similar to Sgd), and is thus linearly
faster than its sequential counterpart up to a constant factor.
Moreover, a universal step size of Θ( L1 ) can be used for Hogwild to be adaptive to local
strong convexity with a similar rate to Sgd (i.e., knowledge of κ is not required).

If γ = O(1/L), Hogwild obtains the same convergence rate as Sgd and converges to a ball
of equivalent radius. Since the maximum step size guaranteeing linear convergence for Sgd
is also O(1/L), Hogwild is linearly faster than Sgd for any reasonable step size – under the
condition that τ = O(min{ √1∆ , κ}). We also remark that since γ ≤ 1/L and τ ≤ κ, we have
γµτ ≤ 1, which means the condition a ≤ κτ is superseded by a ≤ a∗ (τ ) in Theorem 22.
We note that the condition on τ is much more restrictive if the condition number is small
than for Asaga and Kromagnon. This can be explained by the fact that both Saga and
Svrg have a composite rate factor which is not directly proportional to the step size. As a
result, in the well-conditioned setting these algorithms enjoy a range of step sizes that all
give the same contraction rate. This allows their asynchronous variants to use smaller step
sizes while maintaining linear speedups. Sgd, on the other hand, has a rate factor that is
directly proportional to its step size, hence the more restrictive condition on τ .
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Function values results. Our results are derived directly on iterates, that is, we bound
the distance between x̂t and x∗ . We can easily obtain results on function values to
27
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bound Ef (x̂t ) − f (x∗ ) by adapting the classical smoothness inequality:22 Ef (xt ) − f (x∗ ) ≤
L
∗ 2
2 Ekxt − x k to the asynchronous parallel setting.

2

Convergence to -accuracy. As noted in Mania et al. (2017), for our algorithm to
converge to -accuracy for some  > 0, we require an additional bound on the step size to
make sure that the radius of the ball to which we converge is small enough. For Sgd, this
means using a step size γ = O( σµ2 ) (see Appendix D.3). We can also prove that under the
conditions that τ = O( √1∆ ) and γµτ ≤ 1, Hogwild requires the same bound on the step
size to converge to -accuracy (see Appendix D.4).
If  is small enough, the active upper bound on the step size is γ = O( σµ2 ) for both
algorithms. In this regime, we obtain a relaxed condition on τ for a linear speedup. The
condition τ ≤ κ which came from comparing maximum allowable step sizes is removed.
σ2
Instead, we enforce γµτ ≤ 1, which gives us the weaker condition τ = O( µ
2 ). Our condition

σ
on the overlap is then: τ = O(min{ √1∆ , µ
2 }). We see that this is similar to the condition
obtained by Mania et al. (2017, Theorem 4) in their Hogwild analysis, although we have
the variance at the optimum σ 2 instead of a squared global bound on the gradient.

Comparison to related work.
•

•
•

•

We give the first convergence analysis for Hogwild with no assumption on a global
bound on the gradient (M ). This allows us to replace the usual dependence in M 2 by
a term in σ 2 which is potentially significantly smaller. This means improved upper
bounds on the step size and the allowed overlap.
We obtain the same condition on the step size for linear convergence to -accuracy
of Hogwild as previous analysis for serial Sgd (e.g. Needell et al., 2014) – given
τ ≤ 1/γµ.
In contrast to the Hogwild analysis from Niu et al. (2011); De Sa et al. (2015), our
proof technique handles inconsistent reads and a non-uniform processing speed across
fi ’s. Further, Corollary 23 gives a better dependence on the sparsity than in Niu et al.
(2011), where τ ≤ O(∆−1/4 ), and does not require various bounds on the gradient
assumptions.
In contrast to the Hogwild analysis from Mania et al. (2017, Thm. 3), removing their
gradient bound assumption enables us to get a (potentially) significantly better upper
bound condition on τ for a linear speedup. We also give our convergence guarantee on
x̂t during the algorithm, whereas they only bound the error for the “last” iterate xT .

5.2. Proof of Theorem 22 and Corollary 23

Here again, our proof technique begins as our Asaga analysis, with Properties 3, 4, 5 also
verified for Hogwild23 . As in our Asaga analysis, we make Assumption 6. Consequently,
the basic recursive contraction inequality (15) and Lemma 10 also hold. As for Kromagnon,
the proof diverges when we derive the equivalent of Lemma 13.
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22. See e.g. Moulines and Bach (2011).
23. Once again, in our analysis the Hogwild algorithms reads the parameters before sampling, so that
Property 3 is verified for r = t.
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(47)

γµ
)at + (4Lγ 2 C1 − 2γ)et + 4Lγ 2 C2
2
u=(t−τ )+

t−1
X

eu + 2γ 2 σ 2 (C1 + τ C2 ) .
(48)

at+1 ≤ (1−

29

u=0

JMLR 19(81):1-68, 2018

X
γµ t+1
γµ
4γσ 2
) a0 +(4Lγ 2 C1 +8Lγ 2 τ C2 −2γ)
(1− )t−u eu +
(C1 +τ C2 ) . (49)
2
2
µ

t

Contraction inequality on xt . As we previously mentioned, the term in σ 2 does not
vanish so we cannot use either our Asaga or our Kromagnon proof technique. Instead, we
unroll Equation (48) all the way to t = 0. This gives us (see Appendix D.2):

at+1 ≤ (1 −

Master inequality. As in our Asaga analysis, we plug (47) in Lemma 10, which gives us
that (see Appendix D.2):

We list the key points below with their proof sketch, and give the detailed proof in
Appendix D.

4. Finally, we only have to derive the conditions on γ and τ under which Hogwild
converges with a similar convergence rate to a ball with a similar radius than serial
Sgd to finish the proof for Corollary 23.

i=1
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Hardware and software. Experiments were run on a 40-core machine with 384GB of
memory. All algorithms were implemented in Scala. We chose this high-level language despite
its typical 20x slowdown compared to C (when using standard libraries, see Appendix F.2)
because our primary concern was that the code may easily be reused and extended for
research purposes (to this end, we have made all our code available at http://www.di.ens.
fr/sierra/research/asaga/).

Data sets. We consider two sparse data sets: RCV1 (Lewis et al., 2004) and URL (Ma
et al., 2009); and a dense one, Covtype (Collobert et al., 2002), with statistics listed in the
table below. As in Le Roux et al. (2012), Covtype is standardized, thus 100% dense. ∆ is
O(1) in all data sets, hence not very insightful when relating it to our theoretical results.
Deriving a less coarse sparsity bound remains an open problem.

where ai ∈ Rd and bi ∈ {−1, +1} are the data samples.

Models. Although Asaga can be applied more broadly, we focus on logistic regression,
a model of particular practical importance. The associated objective function takes the
following form:
n
 µ
1X
log 1 + exp(−bi a|i x) + kxk2 ,
(51)
n
2

6.1. Experimental Setup

We now present the results of our experiments. We first compare our new sequential algorithm,
Sparse Saga, to its existing alternative, Saga with lagged updates and to the original Saga
algorithm as a baseline. We then move on to our main results, the empirical comparison
of Asaga, Kromagnon and Hogwild. Finally, we present additional results, including
convergence and speedup figures with respect to the number of iteration (i.e. “theoretical
speedups”) and measures on the τ constant.

2. We then unroll this master inequality and cleverly regroup terms to obtain a contraction
inequality (49) between at , a0 and σ 2 .

3. By using that kx̂t − x∗ k2 ≤ 2at + 2kx̂t − xt k2 , we obtain a contraction inequality directly
on the “real” iterates (as opposed to the “virtual” iterates as in Mania et al., 2017),
subject to a maximum step size condition on γ. This finishes the proof for Theorem 22.

6. Empirical Results

1. By substituting Lemma 24 into Lemma 10, we get a master contraction inequality (48)
in terms of at+1 , at , (eu , u ≤ t) and σ 2 .

To get our final contraction inequality, we need to safely remove all the eu terms, so we
enforce 16Lγ 2 C1 + 16Lγ 2 τ C2 − 4γ ≤ 0. This leads directly to Theorem 22.

u=0

Contraction inequality on x̂t . We now use that kx̂t − x∗ k2 ≤ 2at + 2kx̂t − xt k2 together
with our previous bound (65). Together with (49), we get (see Appendix D.2):
 8γ(C + τ C )

γµ t+1
1
2
Ekx̂t − x∗ k2 ≤ (1 −
) 2a0 +
+ 4γ 2 C1 τ σ 2
2
µ
t
X
γµ t−u
+ (24Lγ 2 C1 + 16Lγ 2 τ C2 − 4γ)
(1 −
) eu . (50)
2
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Convergence rate and ball-size comparison. To prove Corollary 23, we simply show
that under the condition τ = O(min{ √1∆ , κ}), the biggest allowable step size for Hogwild
to converge linearly is O(1/L), as is also the case for Sgd; and that the size of the ball to
which both algorithms converge is of the same order. The proof is finished by remarking
that for both algorithms, the rates of convergence are directly proportional to the step size.

We give the proof in Appendix D.1. To derive both terms, we use the same technique as
for the first term of Lemma 13. This result is simpler than both Lemma 13 (for Asaga)
and Lemma 19 (for Kromagnon). The second term in this case does not even vanish as t
grows. This reflects the fact that constant step size Sgd does not converge to the optimum
but rather to a ball around it. However, this simpler form allows us to simply unroll the
resulting master inequality to get our convergence result.
The rest of the proof is as follows:

Ekgt k2 ≤ 4Let + 2σ 2 .

Lemma 24 (Suboptimality bound on Ekgt k2 ) For all t ≥ 0,
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697,641
2,396,130
581,012

n
47,236
3,231,961
54

d
0.15%
0.004%
100%

density
0.25
128.4
48428

L

Table 1: Basic data set statistics.

RCV1
URL
Covtype
6.2. Implementation Details

(52)

Regularization. Following Schmidt et al. (2016), the amount of regularization used was set
to µ = 1/n. In each update, we project the gradient of the regularization term (we multiply
it by Di as we also do with the vector ᾱ) to preserve the sparsity pattern while maintaining
an unbiased estimate of the gradient. For squared
the Sparse Saga updates becomes:
`2 ,

x+ = x − γ(fi0 (x) − αi + Di ᾱ + µDi x).

Comparison with the theoretical algorithm. The algorithm we used in the experiments
is fully detailed in Algorithm 2. There are two differences with Algorithm 1. First, in the
implementation we choose it at random before we read the feature vector ait . This enables
us to only read the necessary data for a given iteration (i.e. [x̂t ]Si , [α̂it ], [ᾱt ]Si ). Although this
violates Property 3, it still performs well in practice.
Second, we maintain ᾱt in memory. This saves the cost of recomputing it at every
iteration (which we can no longer do since we only read a subset data). Again, in practice
the implemented algorithm enjoys good performance. But this design choice raises a subtle
point: the update is not guaranteed to be unbiased in this setup (see Appendix F.3 for more
details).
Step sizes. For each algorithm, we picked the best step size among 10 equally spaced
values in a grid, and made sure that the best step size was never at the boundary of this
1
, 10
interval. For Covtype and RCV1, we used the interval [ 10L
L ], whereas for URL we used
the interval [ L1 , 100
L ] as it admitted larger step sizes. It turns out that the best step size
was fairly constant for different number of cores for both Asaga and Kromagnon, and
both algorithms had similar best step sizes (0.7 for RCV1, 0.05 for URL and 5 × 10−5 for
Covtype).
6.3. Comparison of Sequential Algorithms: Sparse Saga vs Lagged updates

JMLR 19(81):1-68, 2018

We compare the Sparse Saga variant proposed in Section 3.1 to two other approaches: the
naive (i.e., dense) update scheme and the lagged updates implementation described in Defazio
et al. (2014). Note that we use different datasets from the parallel experiments, including a
subset of the RCV1 data set and the Realsim data set (see description in Appendix F.1).
Figure 2 reveals that sparse and lagged updates have a lower cost per iteration than their
dense counterpart, resulting in faster convergence for sparse data sets. Furthermore, while
the two approaches had similar convergence in terms of number of iterations, the Sparse
Saga scheme is slightly faster in terms of runtime (and as previously pointed out, sparse
updates are better adapted for the asynchronous setting). For the dense data set (Covtype),
the three approaches exhibit similar performance.
31
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Figure 2: Lagged vs Sparse Saga updates. Suboptimality with respect to time for
different Saga update schemes on various data sets. First row: suboptimality as a function
of time. Second row: suboptimality as a the number of passes over the data set. For sparse
data sets (RCV1 and Real-sim), lagged and sparse updates have a lower cost per iteration
which result in faster convergence.
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(b) Speedup as a function of the number of cores
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24. Although we performed grid search on a large interval, we observed that the best step size was fairly
constant for different number of cores, and similar for Asaga and Kromagnon.

We compare three different asynchronous variants of stochastic gradient methods on the
aforementioned data sets: Asaga, presented in this work, Kromagnon, the asynchronous
sparse Svrg method described in Mania et al. (2017) and Hogwild (Niu et al., 2011). Each
method had its step size chosen so as to give the fastest convergence (up to a suboptimality
of 10−3 in the special case of Hogwild). The results can be seen in Figure 3a: for each
method we consider its asynchronous version with both one (hence sequential) and ten
processors. This figure reveals that the asynchronous version offers a significant speedup over
its sequential counterpart.
We then examine the speedup relative to the increase in the number of cores. The
speedup is measured as time to achieve a suboptimality of 10−5 (10−3 for Hogwild) with
one core divided by time to achieve the same suboptimality with several cores, averaged over
3 runs. Again, we choose step size leading to fastest convergence24 (see Appendix F.2 for
information about the step sizes). Results are displayed in Figure 3b.
As predicted by our theory, we observe linear “theoretical” speedups (i.e. in terms of
number of iterations, see Section 6.6). However, with respect to running time, the speedups
seem to taper off after 20 cores. This phenomenon can be explained by the fact that our
hardware model is by necessity a simplification of reality. As noted in Duchi et al. (2015), in
a modern machine there is no such thing as shared memory. Each core has its own levels of
cache (L1, L2, L3) in addition to RAM. These faster pools of memory are fully leveraged
when using a single core. Unfortunately, as soon as several cores start writing to common
locations, cache coherency protocols have to be deployed to ensure that the information
is consistent across cores. These protocols come with computational overheads. As more
and more cores are used, the shared information goes lower and lower in the memory stack,
and the overheads get more and more costly. It may be the case that on much bigger data
sets, where the cache memory is unlikely to provide benefits even for a single core (since

6.4. Asaga vs. Kromagnon vs. Hogwild

Figure 3: Convergence and speedup for asynchronous stochastic gradient descent
methods. We display results for RCV1 and URL. Results for Covtype can be found in
Section 6.6.

(a) Suboptimality as a function of time.
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In the previous experimental sections, we have shown experimental speedup results where
suboptimality was a function of the running time. This measure encompasses both theoretical
algorithmic properties and hardware overheads (such as contention of shared memory) which
are not taken into account in our analysis.

6.6. Theoretical Speedups

One thing we notice when computing the ∆ constant for our data sets is that it often
fails to capture the full sparsity distribution, being essentially a maximum: for all three data
sets, we obtain ∆ = O(1). This means that ∆ can be quite big even for very sparse data
sets. Deriving a less coarse bound remains an open problem.

While we still see a significant improvement in speed when increasing the number of cores,
this improvement is smaller than the one we observe for sparser data sets. The speedups we
observe are consequently smaller, and taper off earlier than on our other data sets. However,
since the observed “theoretical” speedup is linear (see Section 6.6), we can attribute this
worse performance to higher hardware overhead. This is expected because each update is
fully dense and thus the shared parameters are much more heavily contended for than in our
sparse datasets.

Sparsity plays an important role in our theoretical results, where we find that while it
is necessary in the “ill-conditioned” regime to get linear speedups, it is not in the “wellconditioned” regime. We confront this to real-life experiments by comparing the convergence
and speedup performance of our three asynchronous algorithms on the Covtype data set,
which is fully dense after standardization. The results appear in Figure 4.

6.5. Effect of Sparsity

sampling items repeatedly becomes rare), the running time speedups actually improve. More
experimentation is needed to quantify these effects and potentially increase performance.

Figure 4: Comparison on the Covtype data set. Left: suboptimality. Right: speedup. The
number of cores in the legend only refers to the left plot.
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Figure 5: Theoretical speedups. Suboptimality with respect to number of iterations for
Asaga, Kromagnon and Hogwild with 1 and 10 cores. Curves almost coincide, which
means the theoretical speedup is almost the number of cores p, hence linear.
In order to isolate these two effects, we now plot our convergence experiments where
suboptimality is a function of the number of iterations; thus, we abstract away any potential
hardware overhead.25 The experimental results can be seen in Figure 5.
For all three algorithms and all three data sets, the curves for 1 and 10 cores almost
coincide, which means that we are indeed in the “theoretical linear speedup” regime. Indeed,
when we plotted the amount of iterations required to converge to a given accuracy as a
function of the number of cores, we obtained straight horizontal lines for our three algorithms.
The fact that the speedups we observe in running time are less than linear can thus
be attributed to various hardware overheads, including shared variable contention – the
compare-and-swap operations are more and more expensive as the number of competing
requests increases – and cache effects as mentioned in Section 6.4.
6.7. A Closer Look at the τ Constant
6.7.1. Theory
In the parallel optimization literature, τ is often referred to as a proxy for the number of
cores. However, intuitively as well as in practice, it appears that there are a number of
other factors that can influence this quantity. We will now attempt to give a few qualitative
arguments as to what these other factors might be and how they relate to τ .
Number of cores. The first of these factors is indeed the number of cores. If we have p
cores, τ ≥ p − 1. Indeed, in the best-case scenario where all cores have exactly the same
execution speed for a single iteration, τ = p − 1.
Length of an iteration. To get more insight into what τ really encompasses, let us now
try to define the worst-case scenario in the preceding example. Consider 2 cores. In the worst

JMLR 19(81):1-68, 2018

25. To do so, we implement a global counter which is sparsely updated (every 100 iterations for example) in
order not to modify the asynchrony of the system. This counter is used only for plotting purposes and is
not needed otherwise.
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case, one core runs while the other is stuck. Then the overlap is t for all t and eventually
grows to +∞. If we assume that one core runs twice as fast as the other, then τ = 2. If both
run at the same speed, τ = 1.
It appears then that a relevant quantity is R, the ratio between the fastest execution
time and the slowest execution time for a single iteration. We have τ ≤ (p − 1)R, which can
be arbitrarily bigger than p.
There are several factors at play in R itself. These include:

• the speed of execution of the cores themselves (i.e. clock time).

• the data matrix itself. Different support sizes for fi means different gradient computation times. If one fi has support of size n while all the others have support of size 1
for example, R may eventually become very big.

• the length of the computation itself. The longer our algorithm runs, the more likely it
is to explore the potential corner cases of the data matrix.

The overlap is then upper bounded by the number of cores multiplied by the ratio of the
maximum iteration time over the minimum iteration time (which is linked to the sparsity
distribution of the data matrix). This is an upper bound, which means that in some cases
it will not really be useful. For example, if one factor has support size 1 and all others
have support size d, the probability of the event which corresponds to the upper bound is
exponentially small in d. We conjecture that a more useful indicator could be ratio of the
maximum iteration time over the expected iteration time.
To sum up this preliminary theoretical exploration, the τ term encompasses much more
complexity than is usually implied in the literature. This is reflected in the experiments we
ran, where the constant was orders of magnitude bigger than the number of cores.
6.7.2. Experimental Results

In order to verify our intuition about the τ variable, we ran several experiments on all three
data sets, whose characteristics are reminded in Table 2. δli is the support size of fi .

697,641
2,396,130
581,012

n

47,236
3,231,961
54

d

0.15%
0.003%
100%

density

1,224
414
12

max(δli )

4
16
8

min(δli )

73.2
115.6
11.88

δ̄l

16.7
3.58
1.01

max(δli )/δ̄l

Table 2: Density measures including minimum, average and maximum support size δli of the
factors.

RCV1
URL
Covtype
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To estimate τ , we compute the average overlap over 100 iterations, i.e. the difference in
labeling between the end of the hundredth iteration and the start of the first iteration on,
divided by 100. This quantity is a lower bound on the actual overlap (which is a maximum,
not an average). We then take its maximum observed value. The reason why we use an
average is that computing the overlap requires using a global counter, which we do not want

36

37

JMLR 19(81):1-68, 2018

Building on the recently proposed “perturbed iterate” framework, we have proposed a novel
perspective to clarify an important technical issue present in a large fraction of the recent
convergence rate proofs for asynchronous parallel optimization algorithms. To resolve it, we
have introduced a novel “after read” framework and demonstrated its usefulness by analyzing
three asynchronous parallel incremental optimization algorithms, including Asaga, a novel
sparse and fully asynchronous variant of the incremental gradient algorithm Saga. Our proof
technique accommodates more realistic settings than is usually the case in the literature (such
as inconsistent reads and writes and an unbounded gradient); we obtain tighter conditions

7. Conclusions and Future Work

to update every iteration since it would make it a heavily contentious quantity susceptible of
artificially changing the asynchrony pattern of our algorithm.
The results we observe are order of magnitude bigger than p, indicating that τ can indeed
not be dismissed as a mere proxy for the number of cores, but has to be more carefully
analyzed.
First, we plot the maximum observed τ as a function of the number of cores (see Figure 6).
We observe that the relationship does indeed seem to be roughly linear with respect to the
number of cores until 30 cores. After 30 cores, we observe what may be a phase transition
where the slope increases significantly.
Second, we measured the maximum observed τ as a function of the number of epochs.
We omit the figure since we did not observe any dependency; that is, τ does not seem to
depend on the number of epochs. We know that it must depend on the number of iterations
(since it cannot be bigger, and is an increasing function with respect to that number for
example), but it appears that a stable value is reached quite quickly (before one full epoch is
done).
If we allowed the computations to run forever, we would eventually observe an event
such that τ would reach the upper bound mentioned in Section 6.7.1, so it may be that τ is
actually a very slowly increasing function of the number of iterations.

Figure 6: Overlap. Overlap as a function of the number of cores for both Asaga and
Hogwild on all three data sets.
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than in previous work. In particular, we show that Asaga is linearly faster than Saga
under mild conditions, and that sparsity is not always necessary to get linear speedups. Our
empirical benchmarks confirm speedups up to 10x.
Schmidt et al. (2016) have shown that Sag enjoys much improved performance when
combined with non-uniform sampling and line-search. We have also noticed that our ∆r
constant (being essentially a maximum) sometimes fails to accurately represent the full
sparsity distribution of our data sets. Finally, while our algorithm can be directly ported
to a distributed master-worker architecture, its communication pattern would have to
be optimized to avoid prohibitive costs. Limiting communications can be interpreted as
artificially increasing the delay, yielding an interesting trade-off between delay influence and
communication costs.
These constitute interesting directions for future analysis, as well as a further exploration
of the τ term, which we have shown encompasses more complexity than previously thought.
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Appendix Outline:
• In Appendix A, we adapt the proof from Hofmann et al. (2015) to prove Theorem 2,
our convergence result for serial Sparse Saga.
• In Appendix B, we give the complete details for the proof of convergence for Asaga
(Theorem 8) as well as its linear speedup regimes (Corollary 9).
• In Appendix C, we give the full details for the proof of convergence for Kromagnon
(Theorem 15) as well as a simpler convergence result for both Svrg (Corollary 16)
and Kromagnon (Corollary 17) and finally the latter’s linear speedup regimes (Corollary 18)
• In Appendix D, we give the full details for the proof of convergence for Hogwild
(Theorem 22) as well as its linear speedup regimes (Corollary 23).
• In Appendix E, we explain why adapting the lagged updates implementation of Saga
to the asynchronous setting is difficult.
• In Appendix F, we give additional details about the data sets and our implementation.

Appendix A. Sparse Saga – Proof of Theorem 2
Proof sketch for Hofmann et al. (2015). As we will heavily reuse the proof technique
from Hofmann et al. (2015), we start by giving its sketch.
First, the authors combine classical strong convexity and Lipschitz inequalities to derive
the following inequality (Hofmann et al., 2015, Lemma 1):

Ekx+ −x∗ k2 ≤(1−γµ)kx−x∗ k2 + 2γ 2 Ekαi − fi0 (x∗ )k2 + (4γ 2 L − 2γ) f (x) − f (x∗ ) . (53)

2
0 ∗ 2
This gives a contraction term, as well as two additional
 terms; 2γ Ekαi − fi (x )k is a
positive variance term, but (4γ 2 L − 2γ) f (x) − f (x∗ ) is a negative suboptimality term
(provided γ is small enough). The suboptimality term can then be used to cancel the variance
one.
Second, the authors use a classical smoothness upper bound to control the variance term
and relate it to the suboptimality. However, since the αi are partial gradients computed at
previous time steps, the upper bounds of the variance involve suboptimality at previous time
steps, which are not directly relatable to the current suboptimality.
Third, to circumvent this issue, a Lyapunov function is defined to encompass both current
and past terms. To finish the proof, Hofmann et al. (2015) show that the Lyapunov function
is a contraction.

Proof outline. Fortunately, we can reuse most of the proof from Hofmann et al. (2015)
to show that Sparse Saga converges at the same rate as regular Saga. In fact, once we
establish that Hofmann et al. (2015, Lemma 1) is still verified we are done.
To prove this, we show that the gradient estimator is unbiased, and then derive close
variants of equations (6) and (9) in their paper, which we remind the reader of here:
Hofmann et al. (2015, Eq. 9)
JMLR 19(81):1-68, 2018

Ekfi0 (x) − ᾱi k2 ≤ 2Ekfi0 (x) − fi0 (x∗ )k2 +2Ekᾱi − fi0 (x∗ )k2 Hofmann et al. (2015, Eq. 6)
Ekᾱi − fi0 (x∗ )k2 ≤ Ekαi − fi0 (x∗ )k2 .
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i=1

EDi ᾱ = Eαi =

n

i=1

1X
αi .
n

i=1 v∈Si

v=1

i | v∈Si



n
n
n
d
X
X
1X
[ᾱ]v ev
1X
1 X X [ᾱ]v ev

=
,
Di ᾱ =
PSi Dᾱ =
1
n
n
n
pv
npv

i=1

(54)

Unbiased gradient estimator. We first show that the update estimator is unbiased. The
estimator is unbiased if:

We have:
EDi ᾱ =

where ev is the vector
P whose only nonzero component is the v component which is equal to 1.
By definition, i|v∈Si 1 = npv , which gives us Equation (54).

(55)

Deriving Hofmann et al. (2015, Equation 6). We define ᾱi := αi − Di ᾱ (contrary
to Hofmann et al. (2015) where the authors define ᾱi := αi − ᾱ since they do not concern
themselves with sparsity). Using the inequality ka + bk2 ≤ 2kak2 + 2kbk2 , we get:

Ekfi0 (x) − ᾱi k2 ≤ 2Ekfi0 (x) − fi0 (x∗ )k2 + 2Ekᾱi − fi0 (x∗ )k2 ,

which is our equivalent to Hofmann et al. (2015, Eq. 6), where only our definition of ᾱi
differs.

Ekᾱi − fi0 (x∗ )k2 ≤ Ekαi − fi0 (x∗ )k2 .

(57)

(56)

Deriving Hofmann et al. (2015, Equation 9). We want to prove Hofmann et al. (2015,
Eq. 9):

We have:

Ekᾱi − fi0 (x∗ )k2 = Ekαi − fi0 (x∗ )k2 − 2Ehαi − fi0 (x∗ ), Di ᾱi + EkDi ᾱk2 .

=
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(59)

(Di ᾱ ⊥ D¬i ᾱ)

(58)

(f 0 (x∗ ) = 0)

(αi − fi0 (x∗ ) ⊥ D¬i ᾱ)

Let D¬i := PSic D; we then have the orthogonal decomposition Dα = Di α + D¬i α with
Di α ⊥ D¬i α, as they have disjoint support. We now use the orthogonality of D¬i α with any
vector with support in Si to simplify the expression (57) as follows:

= hEαi , Dᾱi

= ᾱ| Dᾱ .

2

= EhDi ᾱ, Dᾱi

EhDi ᾱ, Di ᾱi

= Ehαi − fi0 (x∗ ), Dᾱi

= hE αi − fi0 (x∗ ) , Dᾱi

Ehαi − fi0 (x∗ ), Di ᾱi = Ehαi − fi0 (x∗ ), Di ᾱ + D¬i ᾱi

Similarly,
EkDi ᾱk

= hEDi ᾱ, Dᾱi

= ᾱ| Dᾱ .
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(60)

∗ 2

∗ 2

2

2

∗

From (10), we get:

γµ
)at + γ 2 Ekgt k2 + γµEkx̂t − xt k2 + 2γEhx̂t − xt , gt i − 2γet ,
2

41

To prove Lemma 10, we now bound both Ekx̂t − xt
(Ekgu k2 )u≤t .
k2

(62)
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and Ehx̂t − xt , gt i with respect to

B.2. Proof of Lemma 10 (inequality in terms of gt := g(x̂t , α̂t , it ))

where at := Ekxt − x∗ k2 and et := Ef (x̂t ) − f (x∗ ).

at+1 ≤ (1 −

Putting it all together, we get the initial recursive inequality (15), rewritten here explicitly:

 µ
−hx̂t − x∗ , f 0 (x̂t )i ≤ − f (x̂t ) − f (x∗ ) − kx̂t − x∗ k2
(Strong convexity bound)
2
1
−kx̂t − x∗ k2 ≤ kx̂t − xt k2 − kxt − x∗ k2
(ka + bk2 ≤ 2kak2 + 2kbk2 )
2

γµ
(61)
−2γEhx̂t − x∗ , gt i ≤ − Ekxt − x∗ k2 + γµEkx̂t − xt k2 − 2γ Ef (x̂t ) − f (x∗ ) .
2

We can now use a classical strong convexity bound as well as a squared triangle inequality
to get:

Ehx̂t − x∗ , gt i = Ehx̂t − x∗ , Egt i = Ehx̂t − x∗ , f 0 (x̂t )i .

In order to prove Equation (15), we need to bound the −2γhx̂t − x∗ , gt i term. Thanks to
Property 3, we can write:

= kxt − x∗ k2 + γ 2 kgt k2 − 2γhx̂t − x∗ , gt i + 2γhx̂t − xt , gt i.

kxt+1 − x k = kxt − γgt − x k = kxt − x k + γ kgt k − 2γhxt − x , gt i

∗ 2

We start by proving Equation (15). Let gt :=

g(x̂t , α̂t , it ).

B.1. Initial Recursive Inequality Derivation

Appendix B. Asaga – Proof of Theorem 8 and Corollary 9

This is our version of Hofmann et al. (2015, Equation 9), which finishes the proof
of Hofmann et al. (2015, Lemma 1). The rest of the proof from Hofmann et al. (2015) can
then be reused without modification to obtain Theorem 2.

Ekᾱi − fi0 (x∗ )k2 = Ekαi − fi0 (x∗ )k2 − ᾱ| Dᾱ ≤ Ekαi − fi0 (x∗ )k2 .

Putting it all together,
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√
∆
2

u=(t−τ )+

u,v=(t−τ )+

t−1
X

|hGtu gu , Gtv gv i| ≤ γ 2

t−1
X

kgu k2 + γ 2

u,v=(t−τ )+
u6=v

t−1
X

∆τ



t−1
X

u=(t−τ )+

Ekgu k2
Ekgu k2 .

t−1
X

u=(t−τ )+

u=(t−τ )+

t−1
X

∆(τ − 1)+

√
Ekgu k2 + γ 2 ∆(τ − 1)+



(63)

Ekgu k2

(65)

(64)

|hGtu gu , Gtv gv i| .

≤ (1 −

+γ

u=(t−τ )+

Ekgu k2 + γ

√
2

42

t−1
X

t−1
X

Ekgu k2

(66)
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Ekgu k2 .

u=(t−τ )+

u=(t−τ )+

∆τ Ekgt k2
γµ
)at − 2γet + γ 2 C1 Ekgt k2 + γ 2 C2
2

∆

t−1
X

√
γµ
)at − 2γet + γ 2 Ekgt k2 + γ 3 µ(1 + ∆τ )
2
√
2

at+1 ≤ (1 −

We can now rewrite (15) in terms of Ekgt k2 , which finishes the proof for Lemma 10 (by
introducing C1 and C2 as specified by 17 in Lemma 10):

≤ γ2 1 +

√

√

u=(t−τ )+

t−1
X

= γ2 1 +

Ekx̂t − xt k2 ≤ γ 2

Using (18) from Proposition 11, we have that for u 6= v:
√
∆
(Ekgu k2 + Ekgv k2 ) .
E|hGtu gu , Gtv gv i| ≤ E|hgu , gv i| ≤
2
By taking the expectation and using (64), we get:

kx̂t − xt k2 ≤ γ 2

∆τ
Ekgt k2 .
2

(by Proposition 11)

Thanks to the expansion for x̂t − xt (11), we

√

u=(t−τ )+

Ekgu k2 +

(by Equation (11))
(Gtu diagonal matrices with terms in {0, 1})

∆
(Ekgu k2 + Ekgt k2 )
2

√

E|hgu , gt i|

EhGtu gu , gt i

t−1
X

u=(t−τ )+

t−1
X

u=(t−τ )+

t−1
X

u=(t−τ )+

t−1
X

Bounding Ekx̂t − xt k2 with respect to gu
get:

≤

≤

≤

1
Ehx̂t − xt , gt i =
γ

Bounding Ehx̂t − xt , gt i in terms of gu .
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B.3. Proof of Lemma 13 (suboptimality bound on Ekgt k2 )

(68)

(67)

We now derive our bound on gt with respect to suboptimality. From Appendix A, we know
that:
Ekgt k2 ≤ 2Ekfi0t (x̂t ) − fi0t (x∗ )k2 + 2Ekα̂itt − fi0t (x∗ )k2

Ekfi0t (x̂t ) − fi0t (x∗ )k2 ≤ 2L Ef (x̂t ) − f (x∗ ) = 2Let .

iu

−

fi0t (x∗ )k2
=E

Ekα̂itt
−

fi0t (x∗ )k2
=

n

i=1

1X
Ekα̂it − fi0 (x∗ )k2 .
n

i=1
n


1X t
=E
kα̂i − fi0 (x∗ )k2
n

N. B.: In the following, it is a random variable picked uniformly at random in
{1, ..., n}, whereas i is a fixed constant.
We still have to handle the Ekα̂itt − fi0t (x∗ )k2 term and express it in terms of past
suboptimalities. We know from our definition of t that it and x̂u are independent ∀u < t.
Given the “after read” global ordering, E – the expectation on it conditioned on x̂t and all
“past"
and
– is well defined, and we can rewrite our quantity as:
x̂u

Ekα̂itt

d
X
l=1

[α̂it ]l − [fi0 (x∗ )]l

i,l

2

=

i,l =u}

2 i
.

2 i

d
h
X
2 i
E [α̂it ]l − [fi0 (x∗ )]l .
l=1

fi0 (x̂u )l − fi0 (x∗ )l

fi0 (x̂u )l − fi0 (x∗ )l

d
h
X
2 i
E fi0 (x̂ut )l − fi0 (x∗ )l
l=1

u=0

d
t−1
hX
X
E
1{ut

l=1

i,l =u}

t−1 X
d
h
X
E 1{ut

u=0 l=1

(69)

t
Now, with i fixed, let ui,l
be
the
time
of
the
iterate last used to write the [α̂it ]l quantity,
t ≤ t − 1. To use this information, we first
i.e. [α̂it ]l = [fi0 (x̂ut )]l . We know26 that 0 ≤ ui,l
i,l
need to split α̂i along its dimensions to handle the possible inconsistencies among them:

Ekα̂it − fi0 (x∗ )k2 = E
This gives us:
Ekα̂it − fi0 (x∗ )k2 =
=

=

We will now rewrite the indicator so as to obtain independent events from the rest of the
equality. This will enable us to distribute the expectation. Suppose u > 0 (u = 0 is a special
t = u} requires two things:
case which we will handle afterwards). {ui,l
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26. In the case where u = 0, one would have to replace the partial gradient with αi0 . We omit this special
case here for clarity of exposition.
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1. at time u, i was picked uniformly at random,

2. (roughly) i was not picked again between u and t.

(70)

We need to refine both conditions because we have to account for possible collisions due to
asynchrony. We know from our definition of τ that the tth iteration finishes before at t + τ + 1,
but it may still be unfinished by time t + τ . This means that we can only be sure that an
update selecting i at time v has been written to memory at time t if v ≤ t − τ − 1. Later
updates may not have been written yet at time t. Similarly, updates before v = u + τ + 1
may be overwritten by the uth update so we cannot infer that they did not select i. From
t = u implies that i 6= i for all v between u + τ + 1 and
this discussion, we conclude that ui,l
v
t − τ − 1, though it can still happen that iv = i for v outside this range.
Using the fact that iu and iv are independent for v 6= u, we can thus upper bound the
indicator function appearing in (69) as follows:

t =u} ≤ 1{i =i} 1{i 6=i ∀v s.t. u+τ +1≤v≤t−τ −1} .
1{ui,l
u
v

2
1
1
(1 − )(t−2τ −u−1)+ E fi0 (x̂u )l − fi0 (x∗ )l .
n
n

(71)

This gives us:
h
2 i
E 1{ut =u} fi0 (x̂u )l − fi0 (x∗ )l
i,l
h
2 i
≤ E 1{iu =i} 1{iv 6=i ∀v s.t. u+τ +1≤v≤t−τ −1} fi0 (x̂u )l − fi0 (x∗ )l
2
≤ P {iu = i}P {iv 6= i ∀v s.t. u + τ + 1 ≤ v ≤ t − τ − 1}E fi0 (x̂u )l − fi0 (x∗ )l
(iv ⊥⊥ x̂u , ∀v ≥ u)
≤

n

t−1

Note that the third line used the crucial independence assumption iv ⊥⊥ x̂u , ∀v ≥ u arising
from our “After Read” ordering. Summing over all dimensions l, we then get:
h
i
1
1
(72)
E 1{ut =u} kfi0 (x̂u ) − fi0 (x∗ )k2 ≤ (1 − )(t−2τ −u−1)+ Ekfi0 (x̂u ) − fi0 (x∗ )k2 .
i,l
n
n
So now:

u=1

n

i=1

(73)

(by Equation 68)

eu .
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u=max(1,t−2τ )

t−1
X

t−1


X
1
1
(1 − )(t−2τ −u−1)+ E Ekfi0u (x̂u ) − fi0u (x∗ )k2 (iu ⊥⊥ x̂u )
n
n

u=1

X1
1
1X
(1 − )(t−2τ −u−1)+
Ekfi0 (x̂u ) − fi0 (x∗ )k2
n
n
n

i=1 u=1
t−1

1 XX 1
1
Ekα̂itt − fi0t (x∗ )k2 − λẽ0 ≤
(1 − )(t−2τ −u−1)+ Ekfi0 (x̂u ) − fi0 (x∗ )k2
n
n
n
=
=

t−1

1
2L X
(1 − )(t−2τ −u−1)+ eu
n
n

u=1

≤

X

(t−2τ −1)+

u=1

1 t−2τ −u−1
2L
)
eu +
n
n
2L
n

(1 −
=

44

t−1

u=1

4L X
1
1
(1 − )(t−2τ −u−1)+ eu + 4L(1 − )(t−τ )+ ẽ0 ,
n
n
n

−

fi0 (x∗ )k2

(75)

(74)

u=0

t−1
X


Ek1{uti =u} fi0 (x̂u ) − fi0 (x∗ ) k2 .

(76)
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27. We introduce this quantity because the iterations where full gradients are computed do not receive a
time label since they do not correspond to updates to the iterates.
28. Conceivably, another core could start a new iteration, draw B = 1 and try to update s to 1 themselves.
This is not an issue since the operation of updating s to 1 is idempotent. Only one reference gradient
would be computed in this case.

Note that there is no sum over dimensions in this case because the full gradient computations
and writes are synchronized (so the reference gradient is consistent).
As in Section B.3, we can upper bound the indicator 1{uti =u} . Now, {uti,l = u} requires
two things: first, the next B variable sampled after the uth update, B̃u 27 , was 1; second, B
was 0 for every update between u and t (roughly). Since the batch step is fully synchronized,
we do not have to worry about updates from the past overwriting the reference gradient (and
the iterates xu where we compute the gradient contains all past updates because we have
waited for every core to finish its current update).
However, updating the state variable s to 1 once a B = 1 variable is sampled is not
atomic. So it is possible to have iterations with time label bigger than u and that still use an
older reference gradient for their update28 . Fortunately, we can consider the state update as

Ekfi0 (xt0 ) − fi0 (x∗ )k2 =

In the simpler case of Ahsvrg as described in 4.2, we have a slight variation of (69):

B.4. Lemma 13 for Ahsvrg

1
where we have introduced ẽ0 = 2L
Ekαi0 − fi0 (x∗ )k2 . Note that in the original Saga algorithm,
a batch gradient is computed to set the αi0 = fi0 (x0 ). In this setting, we can write Lemma 13
using only ẽ0 ≤ e0 thanks to (68). In the more general setting where we initialize all αi0 to a
fixed quantity, we cannot use (68) to bound Ekαi0 − fi0 (x∗ )k2 which means that we have to
introduce ẽ0 .

Ekgt k2 ≤ 4Let +

Plugging (73) and (74) into (67), we get Lemma 13:

≤ P {iv =
6 i ∀ v s.t. 0 ≤ v ≤ t − τ −
1 (t−τ )+
Ekαi0 − fi0 (x∗ )k2 .
≤ (1 − )
n

1}Ekαi0

to a fixed αi0 , {uti = 0} just means that i has not been picked between 0 and t − τ − 1, i.e.
{iv 6= i ∀ v s.t. 0 ≤ v ≤ t − τ − 1}. This means that the 1{iu =i} term in (70) disappears and
thus we lose a n1 factor compared to the case where u > 1.
Let us now evaluate λ. We have:
h
i
h
i
E 1{uti =0} kαi0 − fi0 (x∗ )k2 ≤ E 1{iv 6=i ∀ v s.t. 0≤v≤t−τ −1} kαi0 − fi0 (x∗ )k2
1
1 (t−τ −u−1)+
1−
Ekfi0 (x̂u ) − fi0 (x∗ )k2 .
n
n

0
∀v s.t. u+1≤v≤t−τ −1} kfi (x̂u )

i

(77)

− fi0 (x∗ )k2

n

u=1

1 (u−τ )+
)
ẽ0
n

which is the master inequality (27).

u=(t−τ )+

t−1
X

46

1 (t−τ )+  4Lγ 2 C1
)
Ht
ẽ0 +
n
n
 4Lγ 2 C2
1
(eu + (1 − )(u−τ )+ ẽ0 +
n
n
+ 4Lγ 2 C1 et + (1 −
+ 4Lγ C2

u=(t−τ )+

(1 −

− n1 )(t−2τ −u−1)+ eu , then we get:
γµ
)at − 2γet
2

u=1 (1

2

t−1
X

u−1
X
1
(1 − )(u−2τ −v−1)+ ev .
n

eu + 4Lγ 2 C2

u=(t−τ )+ v=1

t−1
X

u=(t−τ )+

Pt−1

2

at+1 ≤(1 −

If we define Ht :=

+

4Lγ 2 C

+ 4Lγ 2 C2

t−1
X

Hu ,

(79)

(78)
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u=(t−τ )+

t−1
X

t−1
1
1
4Lγ 2 C1 X
(1 − )(t−2τ −u−1)+ eu + 4Lγ 2 C1 (1 − )(t−τ )+ ẽ0
n
n
n

γµ
)at − 2γet
2

+ 4Lγ 2 C1 et +

at+1 ≤(1 −

Now, if we combine the bound on Ekgt k2 which we just derived (i.e. Lemma 13) with
Lemma 10, we get:

B.5. Master Inequality Derivation

This proves Lemma 13 for Ahsvrg (while we actually have a slightly better exponent,
(t − τ − u − 1)+ , we can upperbound it by the term in Lemma 13). Armed with this result, we
can finish the proof of Theorem 8 for Ahsvrg in exactly the same manner as for Asaga. By
remarking that the cost to get to iteration t (including computing reference batch gradients)
is the same in the sequential and parallel version, we see that our analysis for Corollary 9 for
Asaga also applies for Ahsvrg, so both algorithms obey the same convergence and speedup
results.

≤

h

Ek1{uti =u} fi0 (x̂u ) − fi0 (x∗ ) k2 ≤ E 1{B̃u =1} 1{Bv =0

any regular update to shared parameters. As such, Assumption 6 applies to it. This means
that we can be certain that the reference gradient has been updated for iterations with time
label v ≥ u + τ + 1.
This gives us:

Note that we have excluded ẽ0 from our formula, using a generic λ multiplier. We need
to treat the case u = 0 differently to bound 1{ut =u} . Because all our initial αi are initialized

i,l
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t+1
X
u=1

(1 − ρ)t+1−u au = (1 − ρ)t+1 a0 +
u=0

t
X
(1 − ρ)t−u au+1 .

(80)

B.6. Lyapunov Function and Associated Recursive Inequality
Pt
t−u a for some target contraction rate ρ < 1 to be defined later.
u
u=0 (1 − ρ)

We define Lt :=
We have:
Lt+1 = (1 − ρ)t+1 a0 +
We now use our new bound on at+1 , (79):
Lt+1

t

u=0

+
u−1
X

u−1
X

Hv

1 (v−τ )+ i
)
ẽ0
n

v=(u−τ )+

(ev + (1 −

4Lγ 2 C1
4Lγ 2 C2
Hu +
n
n

+ 4Lγ 2 C2
v=(u−τ )+

(82)

(81)

h
X

1
γµ
≤ (1 − ρ)t+1 a0 +
)au − 2γeu + 4Lγ 2 C1 eu + (1 − )(u−τ )+ ẽ0
(1 − ρ)t−u (1 −
2
n

u=0

u−1
X

v=(u−τ )+

Hv

γµ
≤ (1 − ρ)t+1 a0 + (1 −
)Lt
2
t
h
X

1
(1 − ρ)t−u − 2γeu + 4Lγ 2 C1 eu + (1 − )(u−τ )+ ẽ0
n
+

u−1
X

i
1
(ev + (1 − )(v−τ )+ ẽ0 .
n

4Lγ 2 C1
4Lγ 2 C2
+
Hu +
n
n

+ 4Lγ 2 C2

v=(u−τ )+

t

u=1

X
γµ
)Lt +
rut eu + r0t ẽ0 .
2

We can now rearrange the sums to expose a simple sum of eu multiplied by factors rut :
Lt+1 ≤ (1 − ρ)t+1 a0 + (1 −

B.7. Proof of Lemma 14 (sufficient condition for convergence for Asaga)
We want to make explicit what conditions on ρ and γ are necessary to ensure that rut is
negative for all u ≥ 1. Since each eu is positive, we will then be able to safely drop the sum
term from the inequality. The r0t term is a bit trickier and is handled separately. Indeed,
trying to enforce that r0t is negative results in a significantly worse condition on γ and
eventually a convergence rate smaller by a factor of n than our final result. Instead, we
handle this term directly in the Lyapunov function.
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Computation of rut . Let’s now make the multiplying factor explicit. We assume u ≥ 1.
We split
into five parts coming from (81):
rut

• r1 , the part coming from the −2γeu terms;
47
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2

• r2 , coming from 4Lγ 2 C1 eu ;

v=(u−τ )+

Pu−1

Hv .

v=(u−τ )+ ev ;

• r3 , coming from 4Lγn C1 Hu ;
Pu−1
4Lγ 2 C2
n

• r4 , coming from 4Lγ 2 C2

• r5 , coming from

(84)

r1 is easy to derive. Each of these terms appears only in one inequality. So for u at time t,
the term is:
r1 = −2γ(1 − ρ)t−u .
(83)

r2 = 4Lγ 2 C1 (1 − ρ)t−u .

For much the same reasons, r2 is also easy to derive and is:

t

u−1

ev

t
X

(1 − ρ)t−u (1 −
u=v+1

h min(t,v+2τ
X )
(1 − ρ)t−u +

u=v+1

t
X

u=v+2τ +1

t
X

1
.
n

u=v+2τ +1

1 
,
1−q

with the assumption ρ <

q u−2τ −v−1

i

(86)

(85)

i
1
(1 − ρ)t−u (1 − )u−2τ −v−1
n

1 (u−2τ −v−1)+
)
n

r3 is a bit trickier, because for a given v > 0 there are several Hu which contain ev . The key
insight is that we can rewrite our double sum in the following manner:

v=1
t−1
X

v=1

t−1
X

v=1

t−1
X

v=1

1 − 1/n
,
1−ρ


(1 − ρ)t−v ev (1 − ρ)−2τ −1 2τ +

t−1
h
X
ev 2τ (1 − ρ)t−v−2τ + (1 − ρ)t−v−2τ −1

v=1

ev

X
X
1
(1 − ρ)t−u
(1 − )(u−2τ −v−1)+ ev
n
u=0

=

≤
≤
≤

where we have defined:

q :=

ev =

t−1
X
v=0

t−1
X
v=0

ev

ev

X

v=0

t−1
X

(1 − ρ)t−u

min(t,v+τ )

u=v+1

v+τ
X

(1 − ρ)t−u ≤

u=v+1

(87)

(88)
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ev τ (1 − ρ)t−v−τ .


4Lγ 2 C1
1 
(1 − ρ)t−u (1 − ρ)−2τ −1 2τ +
.
n
1−q

Note that we have bounded the min(t, v + 2τ ) term by v + 2τ in the first sub-sum, effectively
adding more positive terms.
This gives us that at time t, for u:
r3 ≤

u−1
X

v=(u−τ )+

For r4 we use the same trick:
t
X
(1 − ρ)t−u
u=0

≤

48

2

t−u

τ (1 − ρ)

−τ

.

(89)

v−1
X

(1 −

w=1

u−2
X
1 (v−2τ −w−1)+
)
ew =
ew
n

v=max(w+1,u−τ )

u−1
X

(1 −

1 (v−2τ −w−1)+
)
.
n
(90)

Hv ≤

w=1

n

2

1
n



τ (1 − ρ)t−u +

+ (1 − ρ)t−w (1 − ρ)−1−3τ



(91)

29. This is explained in details right before (74).
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Computation of r0t . Recall that we treat the ẽ0 term separately in Section B.3. The
initialization of Saga creates an initial synchronization, which means that the contribution
of ẽ0 in our bound on Ekgt k2 (75) is roughly n times bigger than the contribution of any
eu for 1 < u < t.29 In order to safely handle this term in our Lyapunov inequality, we only
need to prove that it is bounded by a reasonable constant. Here again, we split r0t in five
contributions coming from (81):

By combining the five terms together (83, 84, 87, 89 and 92), we get that ∀u s.t. 1 ≤ u ≤ t:
h
4Lγ 2 C1
1 
(1 − ρ)−2τ −1 2τ +
rut ≤ (1 − ρ)t−u − 2γ + 4Lγ 2 C1 +
n
1−q
(93)
4Lγ 2 C2
1 i
+ 4Lγ 2 C2 τ (1 − ρ)−τ +
τ (1 − ρ)−3τ −1 3τ +
.
n
1−q

(92)

i
1 u−3τ −1−w
)
(1 − ρ)−u+3τ +1+w
n

i
1 u−3τ −1−w
)
(1 − ρ)t−u
n

(1 −

τ (1 −

u=w+3τ +1

t
X

u=w+3τ +1

t
X

1{u−3τ ≤w≤u−2} τ + 1{w≤u−3τ −1} τ (1 − )u−3τ −1−w



τ (1 − ρ)t−w (1 − ρ)−3τ 3τ

h

u=w+2

X

h min(t,w+3τ )

u=0

(1 − ρ)t−u

1 
4Lγ 2 C2
τ (1 − ρ)t−w (1 − ρ)−3τ −1 3τ +
.
≤
n
(1 − q)

≤

4Lγ 2 C2
n

≤

4Lγ 2 C

4Lγ 2 C2
n

r5 ≤

t
X

1
n

1{u−3τ ≤w≤u−2} τ + 1{w≤u−3τ −1} τ (1 − )u−3τ −1−w ew .

u−2
X


This means that for w at time t:

v=(u−τ )+

u−1
X

Now there are at most τ terms for each ew . If w ≤ u − 3τ − 1, then the exponent is positive
in every term and it is always bigger than u − 3τ − 1 − w, which means we can bound the
sum by τ (1 − n1 )u−3τ −1−w . Otherwise we can simply bound the sum by τ . We get:

v=(u−τ )+ w=1

u−1
X

Finally we compute r5 which is the most complicatedPterm. Indeed, to
Pfind the factor of
ew for a given w > 0, one has to compute a triple sum, tu=0 (1 − ρ)t−u u−1
v=(u−τ )+ Hv . We
P
start by computing the factor of ew in the inner double sum, u−1
v=(u−τ )+ Hv .

r4 ≤ 4Lγ C2 (1 − ρ)

This gives us that at time t, for u:
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u=0

X

1 u−τ
)
n
1 u−τ
)
n
(94)

u=0

t
X
(1 − ρ)t−u

1 (v−τ )+
)
n

u=v+1

v=1

t−2τ

2

t−1
X

v=τ +1
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1 
.
1−q

+ τ (1 − ρ)t (1 − ρ)−2τ

+

v=τ +1

u=v+1

X

min(t,v+τ )

(1 −
v=τ +1

t−1
X

1 v−τ
)
n

(96)
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1 v−τ
) τ (1 − ρ)−v+τ
n

(1 − ρ)t−u (1 −
1
(1 − )v−τ τ (1 − ρ)t−v−τ
n

≤ (1 − ρ)t (1 − ρ)−2τ τ 2 + τ

≤ τ (1 − ρ)

t−2τ

2

t−1
X

(1 − ρ)t−u +
u=v+1

min(t−1,τ ) v+τ
X
X

v=1

t−1 min(t,v+τ
X
X )
1
(1 − ρ)t−u (1 − )(v−τ )+
n

(1 −

≤ τ (1 − ρ)

≤

=

v=(u−τ )+

u−1
X

r3 ≤ (1 − ρ)t 4Lγ 2 C1 (1 − ρ)−τ τ + 1 +

1 
.
(95)
1−q
We have already computed r4 for u > 0 and the computation is exactly the same for
τ
u = 0. r4 ≤ (1 − ρ)t 4Lγ 2 C2 1−ρ
.
Finally we compute r5 .

(1 − ρ)τ −u (1 −
u=τ +1

t
X

1 
.
1−q

+ (1 − ρ)t−τ

(1 − ρ)t−u (1 −
u=τ +1

t
X

≤ (1 − ρ)t (1 − ρ)−τ τ + 1 +

t−τ

(1 − ρ)t−u +

min(t,τ )

1 (u−τ )+
)
n

≤ (τ + 1)(1 − ρ)

=

(1 − ρ)t−u (1 −

This gives us:

u=0

t
X

Note that there is no ẽ0 in Ht , which is why we can safely ignore these terms here.
We have r1 = −2γ(1 − ρ)t and r2 = 4Lγ 2 C1 (1 − ρ)t .
Let us compute r3 .

• r3 , coming from 4Lγ 2 C1 (1 − n1 )(u−τ )+ ẽ0 ;
P
• r4 , coming from 4Lγ 2 C2 u−1
v=(u−τ )+ ev ;
P
1 (v−τ )+
• r5 , coming from 4Lγ 2 C2 u−1
ẽ0 .
v=(u−τ )+ (1 − n )

• r2 , coming from 4Lγ 2 C1 eu ;

• r1 , the part coming from the −2γeu terms;
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1 
.
1−q
(97)
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Which means:
r5 ≤ (1 − ρ)t 4Lγ 2 C2 (1 − ρ)−2τ τ 2 + τ
Putting it all together, we get that: ∀t ≥ 0,
h
τ  e0
r0t ≤ (1 − ρ)t − 2γ + 4Lγ 2 C1 + 4Lγ 2 C2
1
−
ρ
ẽ
0
1 
1 i
+ 4Lγ 2 C2 τ (1 − ρ)−2τ τ +
.
1−q
1−q

+ 4Lγ 2 C1 (1 − ρ)−τ τ + 1 +

(98)

Sufficient condition for convergence. We need all rut , u ≥ 1 to be negative so we can
safely drop them from (82). Note that for every u, this is the same condition. We will reduce
that condition to a second-order polynomial sign condition. We also remark that since γ ≥ 0,
we can upper bound our terms in γ and γ 2 in this upcoming polynomial, which will give us
sufficient conditions for convergence.
Now, recall that C2 (γ) (as defined in (17)) depends on γ. We thus need to expand it
once more to find our conditions. We have:
√
√
∆τ ;
C2 = ∆ + γµC1 .
C1 = 1 +

(100)

Dividing the bracket in (93) by γ and rearranging as a second degree polynomial, we get
the condition:
!
√
√
h
1 i h
C1
∆τ
∆τ
1 i
4L C1 +
(1 − ρ)−2τ −1 2τ +
+
+
(1 − ρ)−3τ −1 (3τ +
) γ
n
1−q
(1 − ρ)τ
n
1−q
h
+ 8µC1 Lτ (1 − ρ)−τ
(99)

1
1 i 2
+ (1 − ρ)−3τ −1 (3τ +
) γ + 2 ≤ 0.
n
1−q

for integers kτ ≥ 0 .

The discriminant of this polynomial is always positive, so γ needs to be between its two roots.
The smallest is negative, so the condition is not relevant to our case (where γ > 0). By
solving analytically for the positive root φ, we get an upper bound condition on γ that can
be used for any overlap τ and guarantee convergence. Unfortunately, for large τ , the upper
bound becomes exponentially small because of the presence of τ in the exponent in (99).
More specifically, by using the bound 1/(1 − ρ) ≤ exp(2ρ)30 and thus (1 − ρ)−τ ≤ exp(2τ ρ)
in (99), we would obtain factors of the form exp(τ /n) in the denominator for the root φ
(recall that ρ < 1/n).
Our Lemma 14 is derived instead under the assumption that τ ≤ O(n), with the constants
chosen in order to make the condition (99) more interpretable and to relate our convergence
result with the standard SAGA convergence (see Theorem 2). As explained in Section 6.7,
the assumption that τ ≤ O(n) appears reasonable in practice. First, by using Bernoulli’s
inequality, we have:
(1 − ρ)kτ ≥ 1 − kτ ρ
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30. This bound can be derived from the inequality (1 − x/2) ≥ exp(−x) which is valid for 0 ≤ x ≤ 1.59.
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(101)

(102)

(103)

for 1 ≤ k ≤ 3

(106)

(105)

(104)

for 1 ≤ k ≤ 3 and by using (100).

τ≤

1
ρ≤
4n
n
.
10

To get manageable constants, we make the following slightly more restrictive assumptions on
the target rate ρ31 and overlap τ :32

We then have:
1
4n
≤
1−q
3
4
1
≤
1−ρ
3
3
kτ ρ ≤
40
40
1
≤
1 − kτ ρ
37

(1 − ρ)−kτ ≤

∆τ (1 − ρ)−τ

q
1+

τ
4κC1

.

µτ
4LC1

.

(113)

(112)

(111)

(110)

(109)

(108)

(107)

We can now upper bound loosely the three terms in brackets appearing in (99) as follows:

√


1 
(1 − ρ)−2τ −1 2τ +
≤ 3n
1−q
√
√
∆τ
1
+
(1 − ρ)−3τ −1 (3τ +
) ≤ 4 ∆τ ≤ 4C1
n
1−q
1
1
(1 − ρ)−3τ −1 (3τ +
) ≤ 4.
n
1−q

(1 − ρ)−τ +

− 1)

2µτ

∀x > 0 .

=

−1 + 16LC1 γ + 16LC1 µτ γ 2 ≤ 0 .
q
1+

µτ
4LC1

32LC1 µτ

16LC1 (

1
q
1+

−1

By plugging (107)–(109) into (99), we get the simpler sufficient condition on γ:

The positive root φ is:
φ=

We simplify it further by using the inequality:33

√
x−1
x−1≥ √
2 x

16LC1

Using (112) in (111), and recalling that κ := L/µ, we get:
φ≥
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31. Note that we already expected ρ < 1/n.
32. This bound on τ is reasonable in practice, see Appendix 6.7.
33. This inequality can be derived by using the concavity property f (y) ≤ f (x) + (y − x)f 0 (x) on the
√
differentiable concave function f (x) = x with y = 1.

52

τ
C1

=

τ
√
1+ ∆τ

1
q
γ≤
√
16L(1 + ∆τ ) 1 +
1
4κ

min(τ, √1∆ )

.

(114)

≤ min(τ, √1∆ ), we get that a sufficient condition on our step size is:

γµ
)Lt + r0t ẽ0 .
2
(115)

rtt

(116)

32L(1 +

√

1
q
∆τ ) 1 +
,

(119)

(118)

53
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34. We could use any multiplier from 0 to 2γ, but choose γ for simplicity. For this reason and because our
analysis of the rtt term was loose, we could derive a tighter bound, but it does not change the leading
terms.

This finishes the proof of Lemma 14.

min(τ, √1∆ )

γµ
)Lt + r0t ẽ0 .
2

1
8κ

γet + Lt+1 ≤ (1 − ρ)t+1 a0 + (1 −

and thus under which we get:

γ ≤ γ∗ =

We can easily derive a new stronger condition on γ under which we can drop all the
eu , u > 0 terms in (116):

(117)

≤ 0, which translates to replacing −2γ

u=1

1 
4Lγ 2 C1
(1 − ρ)−2τ −1 2τ +
n
1−q
4Lγ 2 C2
1 i
+ 4Lγ 2 C2 τ (1 − ρ)−τ +
τ (1 − ρ)−3τ 3τ +
.
n
1−q

0 ≥ − γ + 4Lγ 2 C1 +

h

t−1

X
γµ
a0 + (1 −
)Lt +
rut eu + r0t ẽ0 + (rtt + γ)et .
2

We now require the stronger property that γ +
with −γ in (93):

γet + Lt+1 ≤ (1 − ρ)

t+1

Now, we could finish the proof from this inequality, but it would only give us a convergence
result in terms of at = Ekxt − x∗ k2 . A better result would be in terms of the suboptimality
at x̂t (because x̂t is a real quantity in the algorithm whereas xt is virtual). Fortunately, to
get such a result, we can easily adapt (115).
We make et appear on the left side of (115), by adding γ to rtt in (82):34

Lt+1 ≤ (1 − ρ)t+1 a0 + (1 −

Subject to our conditions on γ, ρ and τ , we then have that: rut ≤ 0 for all u s.t. 1 ≤ u ≤ t.
This means we can rewrite (82) as:

Since
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k=0

(120)

k=0
t+1

k=0

t+1

≤ (1 −

1−ρ∗

1
γµ t+1
) L0 + (1 − ρ∗ )t+1
(a0 + Aẽ0 )
2
1−η

1
≤ (1 − ρ∗ )t+1 a0 +
(a0 + Aẽ0 ) ,
1−η

k=0

(121)

X
γµ t+1
≤ (1 −
) L0 + (a0 + Aẽ0 )(1 − ρ∗ )t+1
(1 − ρ∗ )−k (1 − M )k
2


21n 
n
kx0 − x∗ k2 + γ Ekαi0 − fi0 (x∗ )k2 .
γ
2L

(123)

54
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35. In particular, note that e0 does not appear in the definition of A because it turns out that the parenthesis
group multiplying e0 in (98) is negative. Indeed, it contains less positive terms than (93) which we showed
to be negative under the assumptions from Lemma 14.
36. ν is introduced to circumvent the problematic case where ρ and γµ/2 are too close together, which does
1
not prevent the geometric convergence, but makes the constant 1−η
potentially very big (in the case both
terms are equal, the sum even becomes an annoying linear term in t).
37. Note that if m 6= ρ, we can perform the index change t + 1 − k → k to get the sum.

1
1
Since we set ρ = 4n
, ν = 45 , we have νρ = 5n
. Using a step size γ = La as in Theorem 8,
2a
1
2
we get ν γµ
=
.
We
thus
obtain
a
geometric
rate
of ρ∗ = min{ 5n
, a 5κ
}, which we simplified
2
5κ

C̃0 :=

1
where η := 1−M
1−ρ∗ . We have 1−η = M −ρ∗ .
4
1
By taking ν = 5 and setting ρ = 4n
– its maximal value allowed by the assumptions of
1
1
1
Lemma 14 – we get M ≥ 4n
and ρ∗ ≤ 5n
, which means 1−η
≤ 20n. All told, using A ≤ γn,
we get:
et ≤ (1 − ρ∗ )t+1 C̃0 ,
(122)

where:

t+1

X
γµ t+1
) L0 + (a0 + Aẽ0 )
(1 − m)t+1−k (1 − M )k
2

X
γµ t+1
(1 − ρ∗ )t+1−k (1 − M )k
≤ (1 −
) L0 + (a0 + Aẽ0 )
2

γet ≤ γet + Lt+1 ≤ (1 −

We have two linearly contracting terms. The sum contracts linearly with the minimum geometric rate factor between γµ/2 and ρ. If we define m := min(ρ, γµ/2), M := max(ρ, γµ/2)
and ρ∗ := νm with 0 < ν < 1,36 we then get:37

Lt+1 ≤ γet + Lt+1 ≤ (1 −

γµ
)Lt + (1 − ρ)t+1 (a0 + Aẽ0 )
2
t+1
X
γµ t+1
γµ k
≤ (1 −
) L0 + (a0 + Aẽ0 )
) .
(1 − ρ)t+1−k (1 −
2
2

End of Lyapunov convergence. We continue with the assumptions of Lemma 14 which
gave us (119). Thanks to (98), we can also rewrite r0t ≤ (1 − ρ)t+1 A where A is a constant
which depends on n, ∆, γ and L but is finite and crucially does not depend on t. In fact,
by reusing similar arguments as in B.7, we can show the loose bound A ≤ γn under the
assumptions of Lemma 14 (including γ ≤ γ ∗ ).35 We then have:

B.8. Proof of Theorem 8 (convergence guarantee and rate of Asaga)
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60n
γ C0 ,

with
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to 51 min{ n1 , a κ1 } in Theorem 8, finishing the proof. We also observe that C̃0 ≤
C0 defined in Theorem 2.
B.9. Proof of Corollary 9 (speedup regimes for Asaga)
Referring to Hofmann et al. (2015) and our own Theorem 2, the geometric rate factor of
a
Saga is 51 min{ n1 , κa } for a step size of γ = 5L
. We start by proving the first part of the
corollary which considers the step size γ = La with a = a∗ (τ ). We distinguish between two
regimes to study the parallel speedup our algorithm obtains and to derive a condition on τ
for which we have a linear speedup.

1
1

=Ω
√ 
n
κ 1 + τ ∆ ξ(κ, ∆, τ )


 
√
n
1 + τ ∆ ξ(κ, ∆, τ ) = O
.
κ

then ξ(κ, ∆, τ ) < 2 and we can rewrite the sufficient condition (125) as:

√1
∆

(126)

or not. If

(125)

(124)

Well-conditioned regime. In this regime, n > κ and the geometric rate factor of sequential
1
Saga is 5n
. To get a linear speedup (up to a constant factor), we need to enforce ρ∗ = Ω( n1 ).
1
1
We recall that ρ∗ = min{ 5n
,
a
5κ }.
∗ (τ )
1
We already have 5n
= Ω( n1 ). This means that we need τ to verify a 5κ
= Ω( n1 ), where
q
1
a∗ (τ ) = 32 1+τ √∆1 ξ(κ,∆,τ ) according to Theorem 8. Recall that ξ(κ, ∆, τ ) := 1 + 8κ
min{ √1∆ , τ }.
(
)
Up to a constant factor, this means we can give the following sufficient condition:

i.e.

√1 ,
∆

We now consider two alternatives, depending on whether κ is bigger than
κ≥
n
τ = O(1) √ .
κ ∆

(127)

In the alternative case, κ ≤ √1 . Since a∗ (τ ) is decreasing in τ , we can suppose τ ≥ √1∆
∆
q
1
1 + 8κ√
. We can then rewrite the
∆

sufficient condition (125) as:

without loss of generality and thus ξ(κ, ∆, τ ) =

√
τ ∆
n
= O( ) ;
√ √
κ
κ4∆
n
τ = O(1) √ √
.
κ4∆

τ = O(n) .
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(128)

p √
√
We observe that since we have supposed that κ ≤ √1∆ , we have κ ∆ ≤ κ ∆ ≤ 1,
n
which means that our initial assumption that τ < 10
is stronger than condition (127).
We can now combine both cases to get the following sufficient condition for the geometric
rate factor of Asaga to be the same order as sequential Saga when n > κ:
n
τ = O(1) √ ;
κ ∆
55
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1
= Ω(1)
√ 
1 + τ ∆ ξ(κ, ∆, τ )

(129)

Ill-conditioned regime. In this regime, κ > n and the geometric rate factor of sequential
Saga is a κ1 . Here, to obtain a linear speedup, we need ρ∗ = O( κ1 ). Since n1 > κ1 , all we
∗
require is that a κ(τ ) = Ω( κ1 ) where a∗ (τ ) = 32 1+τ √∆1 ξ(κ,∆,τ ) , which reduces to a∗ (τ ) = Ω(1).
(
)
We can give the following sufficient condition:


(130)

Using that n1 ≤ ∆ ≤ 1 and that κ > n, we get that ξ(κ, ∆, τ ) ≤ 2, which means our
sufficient condition becomes:

√
τ ∆ = O(1)
O(1)
τ= √ .
∆

This finishes the proof for the first part of Corollary 9.
√
Universal step size. If τ = O( √1∆ ), then ξ(κ, ∆, τ ) = O(1) and (1 + τ ∆) = O(1), and
thus a∗ (τ ) = Ω(1) (for any n and κ). This means that the universal step size γ = Θ(1/L)
satisfies γ ≤ a∗ (τ ) for any κ, giving the same rate factor Ω(min{ n1 , κ1 }) that sequential Saga
has, completing the proof for the second part of Corollary 9.

Appendix C. Kromagnon – Proof of Theorem 15 and Corollary 18

C.1. Proof of Lemma 19 (suboptimality bound on Ekgt k2 )

(131)

Mania et al. (2017, Lemma 9), tells us that for serial sparse Svrg we have for all km ≤ t ≤
(k + 1)m − 1:

Ekgt k2 ≤ 2Ekfi0t (x̂t ) − fi0t (x∗ )k2 + 2Ekfi0t (x̂k ) − fi0t (x∗ )k2 .

(132)

This remains true in the case of Kromagnon. We can use Hofmann et al. (2015, Equations
7 and 8) to bound both terms in the following manner:

Ekgt k2 ≤ 4L(Ef (x̂t ) − f (x∗ )) + 4L(Ef (x̃k ) − f (x∗ )) ≤ 4Let + 4Lẽk .

C.2. Proof of Theorem 15 (convergence guarantee and rate of Kromagnon)

γµ
)at + γ 2 C1 (4Let + 4Lẽk ) + γ 2 C2
2
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(4Let + 4Lẽk ) − 2γet . (133)

u=max(km,t−τ )

t−1
X

Master inequality derivation. As in our Asaga analysis, we plug Lemma 19 in Lemma 10,
which gives us that for all k ≥ 0, km ≤ t ≤ (k + 1)m − 1:
at+1 ≤ (1 −

56

γµ
)at + (4Lγ 2 C1 − 2γ)et + 4Lγ 2 C2
2

u=max(km,t−τ )

t−1
X

eu + (4Lγ 2 C1 + 4Lγ 2 τ C2 )ẽk .

2

γµ
)
2

t=km

X

u=max(km,t−τ )

t−1
X

km−1
X

2

et
2

eu + m(4Lγ C1 + 4Lγ τ C2 )ẽk .

t=km

X

et

(k+1)m−1

t=(k−1)m

at + (4Lγ 2 C1 − 2γ)

(k+1)m−1

t=km

X

(k+1)m−1

+ 4Lγ C2

at ≤(1 −

1
m

(135)

(134)

u=max(km,t−τ )

t−1
X

eu =

u=km

X

u=km

X

(k+1)m−1

u=km

eu .

eu
(136)

57

(2γm − 4mLγ 2 C1 − 4mLγ 2 τ C2 )ẽk+1 ≤
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2
+ 4mLγ 2 C1 + 4mLγ 2 τ C2 ẽk .
µ

Finally, in order to get a recursive inequality in ẽk , we can remove the positive a(k+1)m term
from the left-hand side of (138) and bound the akm term on the right-hand side by 2ekm/µ
using a standard strong convexity inequality. We get our final contraction inequality (45):

(138)

et + m(4Lγ 2 C1 + 4Lγ 2 τ C2 )ẽk . (137)

≤τ

eu ≤ τ

X

(k+1)m−2

a(k+1)m ≤ akm + (4Lγ 2 C1 + 4Lγ 2 τ C2 − 2γ)mẽk+1 + m(4Lγ 2 C1 + 4Lγ 2 τ C2 )ẽk .

Now we use the randomization trick (134):

t=km

X

(k+1)m−1

t=u+1

X

(k+1)m−2 min((k+1)m−1,u+τ )

a(k+1)m ≤ akm + (4Lγ 2 C1 + 4Lγ 2 τ C2 − 2γ)

All told:

t=km

X

(k+1)m−1

Since 1 − γµ
2 < 1, we can upper bound it by 1, and then remove all the telescoping terms
from (135). We also have:

t=km+1

X

(k+1)m

This gives us:

ẽk = Ef (x̃k ) − f (x∗ ) =

Contraction inequality derivation. We now adopt the same method as in the original
Svrg paper (Johnson and Zhang, 2013); we sum the master inequality over a whole epoch
and then we use the randomization trick:

at+1 ≤ (1 −

By grouping the ẽk and the et terms we get our master inequality (42):
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+ a2
.
1 − a2

4κ
am

.

(140)

(139)

∀k ≥ 0 .

 1 1
 a 1
ρb
1
1
1
≥
≥ min
,
≥ min
,
.
2m + n
2(2m + n)
4
2m n
4
64κ n

(142)

58

rate factor per gradient computation of: ρ
Corollary 17.

proof of

obtain a
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1
32κ
τ
4C3 (1+ 16κ
) and m = a . We also
1
a
1
≥ 4 min{ 64κ , n }. This finishes the

Now, to enforce θ ≤ 1/2, we can choose a ≤

We can once again upper bound θ by removing its denominator at a reasonable worst-case
cost of a factor of 2:
8κ
τ
+ aC3 (1 +
).
(144)
θ≤
am
16κ

A simpler result for Kromagnon. We also define a such that γ = a/4L. Theorem 15
tells us that:
4κ
τ
+ a C3 (1 + 16κ
)
θ = am a2
.
(143)
τ
1 − 2 C3 (1 + 16κ )

This finishes the proof for Corollary 16.

ρ≥

We define ρb := 1 − θ. We want to estimate ρ such that (1 − ρ)2m+n = 1 − ρb . We get that
1
ρ = 1 − (1 − ρb ) 2m+n . Using Bernoulli’s inequality, we get:

Ef (x̃k ) − f (x∗ ) ≤ (1 − ρ)k(2m+n) (Ef (x0 ) − f (x∗ ))

Enforcing θ ≤ 1/2 can be done easily by choosing a ≤ 1/4 and m = 32κ/a. Now, to be able to
compare algorithms easily, we want to frame our result in terms of rate factor per gradient
computation ρ, such that (38) is verified:

Now, since we need θ ≤ 1, we see that we require a ≤ 1. The optimal value of the denominator
is then 1 (when a = 0), whereas the worst case value is 1/2 (a = 1). We can thus upper
bound θ by replacing the denominator with 1/2, while satisfied that we do not lose more than
a factor of 2. This gives us:
8κ
θ≤
+ a.
(141)
am

θ=

+ 2Lγ

1 − 2Lγ

1
µγm

If we define a such that γ = a/4L, we obtain:

θ :=

A simpler result for Svrg. The standard convergence rate for serial Svrg is given by:

C.3. Proof of Corollary 16, Corollary 17 and Corollary 18 (speedup regimes)

Leblond, Pedregosa and Lacoste-Julien
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(147)

(146)

(145)

Speedup conditions. All we have to do now is to compare the rate factors of Svrg and
Kromagnon in different regimes. Note that while our convergence result hold for any
a ≤ 1/4 Svrg (or the slightly more complex expression in the case of Kromagnon), the
best step size (in terms of number of gradient computations) ensuring θ ≤ 12 is the biggest
allowable one – thus this is the one we use for our comparison.
Suppose we are in the “well-conditioned” regime where n ≥ κ. The rate factor of Svrg is
Ω(1/n). To make sure we have a linear speedup, we need the rate factor of Kromagnon to
also be Ω(1/n), which means that:

p
τ = O( n∆−1/2 ) .

1
1
= Ω( )
256κC3 + 16τ C3
n
√
Recalling that C3 = 1 + 2τ ∆, we can rewrite (145) as:
√
√
κτ ∆ = O(n) ; τ = O(n) ; τ 2 ∆ = O(n) .
κ = O(n) ;

We can condense these conditions down to:
n
τ = O( √ ) ;
κ ∆

(149)

(148)

Suppose now we are in the “ill-conditioned” regime, where κ ≥ n. The rate factor of Svrg is
now Ω(1/κ). To make sure we have a linear speedup, we need the rate factor of Kromagnon
to also be Ω(1/κ), which means that:

τ = O(κ) .

1
1
= Ω( )
256κC3 + 16τ C3
κ
We can derive the following sufficient conditions:
1
τ = O( √ ) ;
∆

Since κ ≥ n, we obtain the conditions of Corollary 18 and thus finish its proof.

Appendix D. Hogwild – Proof of Theorem 22 and Corollary 23
D.1. Proof of Lemma 24 (suboptimality bound on Ekgt k2 )

=

(ka + bk2 ≤ 2kak2 + 2kbk2 )

As was the case for proving Lemma 13 and Lemma 19, we simply introduce fi0 (x∗ ) in gt to
derive our bound.
Ekgt k2 =

Ekfi0 (x̂t )k2

≤
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(Hofmann et al. (2015), Eq (7) & (8))

Ekfi0 (x̂t ) − fi0 (x∗ ) + fi0 (x∗ )k2
2Ekfi0 (x̂t ) − fi0 (x∗ )k2 + 2Ekfi0 (x∗ )k2
≤ 4Let + 2σ 2 .
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D.2. Proof of Theorem 22 (convergence guarantee and rate of Hogwild)

γµ
)at + γ 2 C1 (4Let + 2σ 2 ) + γ 2 C2
2

u=(t−τ )+

t−1
X

(4Leu + 2σ 2 ) − 2γet .

u=0

t
X

u=0

t
X

u=0

t−1
X

u=(t−τ )+

eu + 2γ 2 σ 2 (C1 + τ C2 ) .

ev

γµ t−u
) 4Lγ 2 C2
2

u−1
X

(1 −

γµ t−u 2 2
) 2γ σ (C1 + τ C2 ) .
2

γµ t−u
) ev
2

v=(u−τ )+

(1 −

(1 −

γµ t−v
) ev
2

min(t,v+τ )
X
γµ v−u
(1 −
)
2

(1 −

γµ t−v
γµ −τ
) ev τ (1 −
)
2
2

u=v+1

(1 −

u=v+1

t−1 min(t,v+τ
X
X )

v=0

(150)

Master inequality derivation. Once again, we plug Lemma 24 into Lemma 10 which
gives us:
at+1 ≤ (1 −

ev =

t−1
X

v=0

t−1
X

v=0

t

v=0

γµ −τ X
γµ t−v
)
(1 −
) ev .
2
2

(152)

(151)

We now unroll (48) all the way to t = 0 to get:

γµ
)at + (4Lγ 2 C1 − 2γ)et + 4Lγ 2 C2
2

By grouping the et and the σ 2 terms we get our master inequality (48):
at+1 ≤ (1 −

t

(xt ).

+

+

X
γµ t+1
γµ t−u
) a0 +
(1 −
) (4Lγ 2 C1 − 2γ)eu
2
2

Contraction inequality derivation
at+1 ≤ (1 −

u−1
X

v=(u−τ )+

Now we can simplify these terms as follows:
t
X
γµ
(1 −
)t−u
2
u=0

=

≤

≤ τ (1 −

γµ −τ
) ≤ 2.
2

(153)

−τ term is easily bounded, as we did in (107) for Asaga. Using Bernoulli’s
This (1 − γµ
2 )
1 38
:
inequality (100), we get that if we assume τ ≤ γµ

(1 −
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38. While this assumption on τ may appear restrictive, it is in fact weaker than the condition for a linear
speed-up obtained by our analysis in Corollary 23.

60

(1 −

u=0

(155)

u=(t−τ )+

t−1
X

eu + 2γ 2 τ σ 2 .

u=0

2

+ (24Lγ C1 + 16Lγ τ C2 − 4γ)

2

γµ t+1
8γ(C1 + τ C2 )
) 2a0 + (
+ 4γ 2 C1 τ )σ 2
2
µ

u=0

t
X

(157)

γµ t−u
) eu .
(1 −
2

γµ t−1−u
)
eu + 2γ 2 τ σ 2
2

(156)
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Maximum step size condition on γ. To prove Theorem 22, we need an inequality of
the following type: Ekx̂t − xt k2 ≤ (1 − ρ)t a + b. To give this form to Equation (50), we need

Ekx̂t − x∗ k2 ≤ (1 −

(1 −

γµ t−1−u
(1 −
)
eu + 2γ 2 τ σ 2
2

u=(t−τ )+

t−1
X

t−1
X
γµ t−1−u
(1 −
)
eu + 2γ 2 τ σ 2 .
2

u=(t−τ )+

Combining (49) and (157) gives us (50):

≤ 8Lγ 2 C1

≤ 8Lγ C1

2

γµ −τ
)
2

t−1
X

Ekx̂t − xt k2 ≤ 4Lγ 2 C1 (1 −

To make it easier to combine with (49), we rewrite (156) as:

Ekx̂t − xt k2 ≤ 4Lγ 2 C1

We already have a contraction bound on the first term (49). For the second term, we
combine (65) with Lemma 24 to get:

kx̂t − x∗ k2 ≤ 2at + 2kx̂t − xt k2 .

Contraction inequality derivation (x̂t ). We now have an contraction inequality for the
convergence of xt to x∗ . However, since this quantity does not exist (except if we fix the
number of iterations prior to running the algorithm and then wait for all iterations to be
finished – an unwieldy solution), we rather want to prove that x̂t converges to x∗ . In order
to do this, we use the simple following inequality:

at+1

(154)

X
γµ t−u
4γσ 2
γµ t+1
) a0 + (4Lγ 2 C1 + 8Lγ 2 τ C2 − 2γ)
(1 −
) eu +
(C1 + τ C2 ) .
≤ (1 −
2
2
µ

t

γµ t−u 2
2 2
) σ =
σ .
2
γµ

We plug (152)–(154) in (151) to obtain (49):

u=0

t
X

We note that the last term in (151) is a geometric sum:
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(159)

(158)

(160)

16LC3

3
q
1+

τ
2κC3

.
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at+1 ≤ (1 − γµ)t+1 a0 + (4Lγ 2 − 2γ)

We then unroll (164) until t = 0 to get:

u=0

t
X

γσ 2
.
µ

(165)

(164)
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(1 − γµ)t−u eu + 2

at+1 ≤ (1 − γµ)at + (4Lγ 2 − 2γ)et + 2γ 2 σ 2 .

Here, the contraction factor is (1 − γµ) instead of (1 − γµ
2 ) because x̂t = xt so there is no
need for a triangle inequality to get back kxt − x∗ k2 from kx̂t − x∗ k2 after we apply our
strong convexity bound in our initial recursive inequality (see Section B.1). Lemma 24 also
holds for serial Sgd. By plugging it into (163), we get:

(162)

In order to analyze Corollary 23, we need to derive the maximum allowable step size for
serial Sgd. Note that Sgd verifies a simpler contraction inequality than Lemma 10. For all
t ≥ 0:
at+1 ≤ (1 − γµ)at + γ 2 Ekgt k2 − 2γet ,
(163)

D.3. Proof of Theorem 21 (convergence result for serial Sgd)

This finishes the proof for Theorem 22.

φ≥

We simplify it further by using (112):

The discriminant of this polynomial is always positive, so γ needs to be between its two
roots. The smallest is negative, so the condition is not relevant to our case (where γ > 0).
By solving analytically for the positive root φ, we get an upper bound condition on γ that
can be used for any overlap τ and guarantee convergence. This positive root is:
q
µτ
3 1 + 2LC3 − 1)
φ=
.
(161)
4
LC3

4Lµτ C3 γ 2 + 6LC3 γ − 1 ≤ 0 .

As in our Asaga analysis, this reduces to a second-order polynomial sign condition. We
remark again that since γ ≥ 0, we can upper bound our terms in γ and γ 2 in this polynomial,
which will √
still give us sufficient conditions for convergence. This means if we define
C3 := 1 + 2 ∆τ , a sufficient condition is:

Plugging the values of C1 and C2 we get:
√
√
4Lµτ (1 + ∆τ )γ 2 + 6L(1 + 2 ∆τ )γ − 1 ≤ 0 .

24Lγ 2 C1 + 16Lγ 2 τ C2 − 4γ ≤ 0 .

to remove all the (eu , u < t) terms from its right-hand side. To safely do so, we need to
enforce that all these terms are negative, hence that:
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To get linear convergence up to a ball around the optimum, we need to remove the (eu , 0 ≤
u ≤ t) terms from the right-hand side of the equation. To safely do this, we need these terms
to be negative, i.e. 4Lγ 2 − 2γ ≤ 0. We can then trivially derive the condition on γ to achieve
linear convergence: γ ≤ 1 .
2L
We see that if γ = a/L with a ≤ 1/2, Sgd converges at a geometric rate of at least:
2
ρ(a) = a/κ, up to a ball of radius 2 γσµ around the optimum. Now, to make sure we reach
2

-accuracy, we need 2γσ ≤ , i.e. γ ≤ µ . All told, in order to get linear convergence to
µ
2σ
 21 µ
-accuracy, serial Sgd requires γ ≤ min 2L
, 2σ2 .

D.4. Proof of Corollary 23 (speedup regimes for Hogwild)

1+

1
1
min{ √ , τ } = O(1) .
2κ
∆

(166)

The convergence rate of both Sgd and Hogwild is directly proportional to the step size.
Thus, in order to make sure Hogwild is linearly faster than Sgd for any reasonable step
size, we need to show that the maximum allowable step size ensuring linear convergence for
Hogwild – given in Theorem 22 – is of the same order as the one for Sgd, O(1/L). Recalling
that γ = La , we get the following sufficient condition: a∗ (τ ) = O(1).
Given (46), the definition of a∗ (τ ), we require both:
s
√
τ ∆ = O(1) ;

This gives us the final condition on τ for a linear speedup: τ = O(min{ √1∆ , κ}).
To finish the proof of Corollary 23, we only have to show that under this condition, the
size of the ball is of the same order regardless of the algorithm used.

µ
σ2

2
Using γµτ ≤ 1 and τ ≤ √1∆ , we get that ( 8γ(C1µ+τ C2 ) +4γ 2 C1 τ )σ 2 = O( γσµ ), which finishes
the proof of Corollary 23. Note that these two conditions are weaker than τ = O(min{ √1∆ , κ}),
1
which allows us to get better bounds in case we want to reach -accuracy with
 2L
.

Appendix E. On the Difficulty of Parallel Lagged Updates
In the implementation presented in Schmidt et al. (2016), the dense part (ᾱ) of the updates
is deferred. Instead of writing dense updates, counters cd are kept for each coordinate of the
parameter vector – which represent the last time these variables were updated – as well as
the average gradient ᾱ for each coordinate. Then, whenever a component [x̂]d is needed (in
order to compute a new gradient), we subtract γ(t − cd )[ᾱ]d from it and cd is set to t. It
is possible to do this without modifying the algorithm because [ᾱ]d only changes when [x̂]d
also does.
In the sequential setting, this results in the same iterations as performing the updates
in a dense fashion, since the coordinates are only stale when they are not used. Note that
at the end of an execution all counters have to be subtracted at once to get the true final
parameter vector (and to bring every cd counter to the final t).
In the parallel setting, several issues arise:
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• two cores might be attempting to correct the lag at the same time. In which case
since updates are done as additions and not replacements (which is necessary to ensure
63
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that there are no overwrites), the lag might be corrected multiple times, i.e. overly
corrected.

• we would have to read and write atomically to each [x̂d ], cd , [ᾱ]d triplet, which is highly
impractical.

• we would need to have an explicit global counter, which we do not in Asaga (our
global counter t being used solely for the proof).

• in the dense setting, updates happen coordinate by coordinate. So at time t the
number of ᾱ updates a coordinate has received from a fixed past time cd is a random
variable, which may differs from coordinate to coordinate. Whereas in the lagged
implementation, the multiplier is always (t − cd ) which is a constant (conditional to
cd ), which means a potentially different x̂t .

• the trick used in Reddi et al. (2015) for asynchronous parallel Svrg does not apply
here because it relies on the fact that the “reference” gradient term in Svrg is constant
throughout a whole epoch, which is not the case for Saga.

All these points mean both that the implementation of such a scheme in the parallel
setting would be impractical, and that it would actually yields a different algorithm than the
dense version, which would be even harder to analyze. This is confirmed by Pan et al. (2016),
where the authors tried to implement a parallel version of the lagged updates scheme and
had to alter the algorithm to succeed, obtaining an algorithm with suboptimal performance
as a result.

Appendix F. Additional Empirical Details

F.1. Detailed Description of Data Sets

We run our experiments on four data sets. In every case, we run logistic regression for the
purpose of binary classification.

RCV1 (n = 697, 641, d = 47, 236). The first is the Reuters Corpus Volume I (RCV1) data
set (Lewis et al., 2004), an archive of over 800,000 manually categorized newswire stories
made available by Reuters, Ltd. for research purposes. The associated task is a binary text
categorization.
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URL (n = 2, 396, 130, d = 3, 231, 961). Our second data set was first introduced in Ma
et al. (2009). Its associated task is a binary malicious URL detection. This data set contains
more than 2 million URLs obtained at random from Yahoo’s directory listing (for the “benign”
URLs) and from a large Web mail provider (for the “malicious” URLs). The benign to
malicious ratio is 2. Features include lexical information as well as metadata. This data set
was obtained from the libsvmtools project.39

39. http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html
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Efficient storage of the αi . Storing n gradient may seem like an expensive proposition,
but for linear predictor models, one can actually store a single scalar per gradient (as proposed
in Schmidt et al., 2016), which is what we do in our implementation of Asaga.
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In the implementation detailed in Algorithm 2, ᾱ is maintained in memory instead of being
recomputed for every iteration. This saves both the cost of reading every data point for each
iteration and of computing ᾱ for each iteration.
However, this removes the unbiasedness guarantee. The problem here is the definition of
the expectation of α̂i . Since we are sampling uniformly at random, the average of the α̂i is
taken at the precise moment when we read the αit components. Without synchronization,
between two reads to a single coordinate in αi and in ᾱ, new updates might arrive in ᾱ that
are not yet taken into account in αi . Conversely, writes to a component of αi might precede
the corresponding write in ᾱ and induce another source of bias.
In order to alleviate this issue, we can use coordinate-level locks on αi and ᾱ to make
sure they are always synchronized. Such low-level locks are quite inexpensive when d is large,
especially when compared to vector-wide locks.
However, as previously noted, experimental results indicate that this fix is not necessary.

F.3. Biased Update in the Implementation

Figure 7: Compare and swap in the implementation of Asaga. Suboptimality
as a function of time for Asaga, both using compare-and-swap (CAS) operations and
using standard operations. The graph reveals that CAS is indeed needed in a practical
implementation to ensure convergence to a high precision.
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Necessity of compare-and-swap operations. Interestingly, we have found necessary
to use compare-and-swap instructions in the implementation of Asaga. In Figure 7, we
display suboptimality plots using non-thread safe operations and compare-and-swap (CAS)
operations. The non-thread safe version starts faster but then fails to converge beyond a
specific level of suboptimality, while the compare-and-swap version does converges linearly
up to machine precision.
For compare-and-swap instructions we used the AtomicDoubleArray class from the
Google library Guava. This class uses an AtomicLongArray under the hood (from package
java.util.concurrent.atomic in the standard Java library), which does indeed benefit
from lower-level CPU-optimized instructions.

Software. All algorithms were implemented in the Scala language and the software stack
consisted of a Linux operating system running Scala 2.11.7 and Java 1.6.
We chose this expressive, high level language for our experimentation despite its typical
20x slower performance compared to C because our primary concern was that the code may
easily be reused and extended for research purposes (which is harder to achieve with low
level, heavily optimized C code; especially for error prone parallel computing).
As a result our timed experiments exhibit sub-optimal running times, e.g. compared
to Konečný and Richtárik (2013). This is as we expected. The observed slowdown is
both consistent across data sets (roughly 20x) and with other papers that use Scala code
(e.g. Mania et al. 2017, Ma et al. 2015, Fig. 2).
Despite this slowdown, our experiments show state-of-the-art results in convergence
per number of iterations. Furthermore, the speed-up patterns that we observe for our
implementation of Hogwild and Kromagnon are similar to the ones given in Mania et al.
(2017); Niu et al. (2011); Reddi et al. (2015) (in various languages).
The code we used to run all the experiments is available at http://www.di.ens.fr/
sierra/research/asaga/.

Hardware. All experiments were run on a Dell PowerEdge 920 machine with 4 Intel Xeon
E7-4830v2 processors with 10 2.2GHz cores each and 384GB 1600 MHz RAM.

F.2. Implementation Details

Realsim (n = 73, 218, d = 20, 958). We only use our fourth data set for non-parallel
experiments and a specific compare-and-swap test. It constitutes of UseNet articles taken
from four discussion groups (simulated auto racing, simulated aviation, real autos, real
aviation).

Covertype (n = 581, 012, d = 54). On our third data set, the associated task is a binary
classification problem (down from 7 classes originally, following the pre-treatment of Collobert
et al., 2002). The features are cartographic variables. Contrarily to the first two, this is a
dense data set.
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In the quest for an algorithmic theory of biological neural networks, some of the authors have
recently proposed a soft K-means clustering network that may model insect olfactory processing
and other computations (Pehlevan et al., 2017). This network was derived by performing online
optimization on the non-convex K-means objective function. Whereas the network dynamics and
learning rules are biologically plausible, the nonconvexity of the objective makes it difficult to
analyze the solutions and algorithm convergence.
Here, to understand the solutions computed by the clustering neural network, we consider a
convex SDP relaxation of K-means (Kulis et al., 2007; Peng and Wei, 2007; Awasthi et al., 2015).
Given data points {xi }ni=1 we define the Gramian matrix, D, such that (D)ij = xi > xj . Then, we

1. Introduction

In solving hard computational problems, semidefinite program (SDP) relaxations often play an
important role because they come with a guarantee of optimality. Here, we focus on a popular
semidefinite relaxation of K-means clustering which yields the same solution as the non-convex
original formulation for well segregated datasets. We report an unexpected finding: when data
contains (greater than zero-dimensional) manifolds, the SDP solution captures such geometrical
structures. Unlike traditional manifold embedding techniques, our approach does not rely on manually defining a kernel but rather enforces locality via a nonnegativity constraint. We thus call our
approach NOnnegative MAnifold Disentangling, or NOMAD. To build an intuitive understanding
of its manifold learning capabilities, we develop a theoretical analysis of NOMAD on idealized
datasets. While NOMAD is convex and the globally optimal solution can be found by generic SDP
solvers with polynomial time complexity, they are too slow for modern datasets. To address this
problem, we analyze a non-convex heuristic and present a new, convex and yet efficient, algorithm,
based on the conditional gradient method. Our results render NOMAD a versatile, understandable,
and powerful tool for manifold learning.
Keywords: K-means, semidefinite programming, manifolds, conditional gradient method
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1. Notation. (X)ij , (X):j , (X)i: denote the (i, j)-th entry of matrix X, the j-th column of X, and the i-th row of
X, respectively. For vectors, we employ lowercase and we use a similar notation but with a single index. We write
X ≥ 0 if a matrix X is entry-wise nonnegative and X  0 if it is positive semidefinite.

Its link with the original K-means clustering formulation is explained in Appendix A.1
First, we focus on the question: what does NOMAD compute? Until now, theoretical efforts
have concentrated on showing that NOMAD is a good surrogate for K-means. Awasthi et al. (2015)
study its solutions on datasets consisting of linearly separable clusters and demonstrate that they
reproduce hard-clustering assignments of K-means. Moreover, the solution to NOMAD achieves
hard clustering even for some datasets on which Lloyd’s algorithm (Lloyd, 1982) fails (i.e., Iguchi
et al. (2015); Mixon et al. (2016)). Related problems have been studied by Amini and Levina (2014);
Javanmard et al. (2015); Yu et al. (2012).
In this work, we analyze NOMAD in a different regime than previous studies. Instead of focusing on cases and parameter settings where it approximates the original K-means formulation,
we concentrate on alternative settings and discover that NOMAD is not merely a convex K-means
imitator. NOMAD finds the manifold structure in the data, even discriminating different manifolds.
Fig. 1 shows two examples of this unexpected behavior where NOMAD dissects the geometry of

Q∈Rn×n

Q∗ = argmax Tr (DQ)

search for a cluster co-association matrix Q, such that (Q)ij = 1 if points i and j belong to the
same cluster and (Q)ij = 0 if they do not. The optimum Q∗ can be found by solving the following
optimization problem (the acronym will be explained below):

Figure 1: NOMAD, originally introduced as a convex relaxation of K-means clustering, surprisingly learns manifold structures in the data. (a) Learning the manifold of a trefoil knot, which cannot
be “untied” in 3D without cutting it. NOMAD understands that this is a closed manifold, yielding a
circulant matrix Q, which can be “unfolded” in 2D. (b) Learning multiple manifolds with NOMAD.
Although they are linearly non-separable, NOMAD correctly finds two submatrices, one for each
manifold (for visual clarity, we enhance the contrast of Q).

2

Input dataset
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the data. Because of this and of the central role played by the nonnegativity constraint in the SDP
we call it a NOnnegative MAnifold Disentangling (NOMAD).
The next question is: how can we compute these solutions? Despite the theoretical advantages
of convex optimization, in practice, the use of SDPs for clustering has remained limited. This is
mainly due to the lack of efficient algorithms to solve the convex optimization problem. We address
this issue by presenting an efficient convex solver for NOMAD, based on the conditional gradient
method. The new algorithm can handle large datasets, extending the applicability of NOMAD to
more interesting and challenging scenarios.
Organization. We first study the behavior of NOMAD theoretically by analyzing its solution
for a simple synthetic example of a regular manifold with symmetry (Sec. 2). In this context, we
demonstrate how NOMAD departs from standard K-means. Building on this analysis, we suggest
that NOMAD has non-trivial manifold learning capabilities (Sec. 3) and demonstrate numerically
NOMAD’s good performance in non-trivial examples, including synthetic and real datasets. Then,
motivated by the relatively slow performance of standard SDP solvers, we focus on scaling NOMAD
to large modern datasets. In Sec. 4, we study both theoretically and experimentally an heuristic nonconvex Burer-Monteiro-style algorithm (Kulis et al., 2007). Finally, we present a new convex and
yet efficient algorithm for NOMAD. This algorithm allows us, for the first time, to study provable
solutions of NOMAD on large datasets. Our software is publicly available at https://github.
com/simonsfoundation/sdp_kmeans.

2. Theoretical analysis of manifold learning capabilities of NOMAD
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Starting with the appearance of Isomap (Tenenbaum et al., 2000) and locally-linear embedding
(LLE) (Roweis and Saul, 2000), there has been outstanding progress in the area of manifold learning
(e.g., Belkin and Niyogi, 2003; Hadsell et al., 2006; Weinberger and Saul, 2006; Weiss et al., 2008).
n
For a data matrix X = [xi ]i=1
of column-vectors/points xi ∈ Rd , the majority of these modern
methods have three steps:
1. Determine the neighbors of each point. This can be done in two ways: (1) keep all point
within some fixed radius ρ or (2) compute κ nearest neighbors.
2. Construct a weighting matrix W, where (W)ij = 0 if points i and j are not neighbors, and
(W)ij is inversely proportional to the distance between points i and j otherwise.
3. Compute an embedding from W that is locally isometric to X.
For the third step, many different and powerful approaches have been proposed, from computing
shortest paths on a graph (Tenenbaum et al., 2000), to using graph spectral methods (Belkin and
Niyogi, 2003), to using neural networks (Hadsell et al., 2006).
However, the success of these techniques depends critically on the ability to capture the data
structure in the first two steps. Correctly setting either ρ or κ is a non-trivial task that is left to
the user of these techniques. Furthermore, a kernel (most commonly an RBF) is often involved in
the second step, adding an additional parameter (the kernel width/scale) to the user to determine.
Expectedly, the optimal selection of these parameters plays a critical role in the overall success of
the manifold learning process.
NOMAD departs drastically from this setup as no kernel selection nor nearest neighbor search
are involved. Yet, the solution Q∗ is effectively a kernel which is automatically learned from the
data. Because Q∗ is positive semidefinite it can be factorized as Q∗ = Y> Y, defining a feature
map from X to Y.
3
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Figure 2: Correspondence between using a kernel/threshold in distance-space and nonnegativity of
Gramian-based representations. In this toy example,
√ the constraint Q ≥ 0 in NOMAD is equivalent
to setting to zero distances that are greater than 2 (squared distances greater than 2). We use x0
as a reference but rotational symmetry makes this argument valid for all points in the dataset.




Φ(Y) = Tr (I − W)> (I − W) Y> Y ,

(1)

To illustrate intuitively the differences and similarities with prior work on manifold learning we
use LLE (Roweis and Saul, 2000) as an example. LLE optimizes the cost function

X
ij

kxi − xj k22 (Q)ij = −

i

j

X
X
(D)ii
(Q)ij + Tr (DQ) = − Tr (D) + Tr (DQ) .

(2)

where W is the adjacency matrix of a weighted nearest-neighbors graph. The key to finding a
matrix Y that is locally isometric to X, while unwrapping the data manifold, is to remove from W
the connections between distant points (X):i and (X):j . This is done with some technique to find
nearest neighbors.
NOMAD also tries to align the output Gramian, Q, to the input Gramian, D, but discards distant
data points differently. As negative entries in D cannot be matched because Q is nonnegative, the
best option would be to set the corresponding element of Q to zero. This effectively discards pairs
of input data points whose inner product is negative thus enforcing locality in the angular space
(Cho and Saul, 2009), see Fig. 2. In fact, this argument can be taken further by noting that the
constraint Q1 = 1 allows us to replace the Gramian D with the negative squared distance matrix,
− 21
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Finally, the constraint Tr (Q) = K allows further control of the neighborhood size of NOMAD
(modulating the actual width of its kernel function, see Fig. 2). Next, we develop further intuition
about the manifold-learning capabilities of NOMAD by analyzing theoretically the dataset in Fig. 2.
As we mentioned before, the SDP formulation of Peng and Wei (2007) was developed as a
clustering algorithm. Whether this method actually delivers a clustered solution depends on the
geometry of the dataset. When the dataset consists of well-segregated clusters, the resulting Q∗
has block diagonal structure. We empirically observe that, when the dataset is sampled from a
regular manifold, the solution Q∗ does not break down the dataset into artificial clusters and actually
preserves the manifold structure (see Sec. 3). In a simple example, where the manifold exhibits a
high degree of symmetry, we demonstrate analytically that this behavior occurs. The following
sections are devoted to this task.

4

Q∗ = F diag(q)F ,

H

FH

(3)

√1 1
n

and (q)0 = 1.

p=0

n−1
X
(q)p
n

cos 2πp



s.t. (∀τ ) cτ > q ≥ 0,

1> q = K,
q ≥ 0,


≥ 0.

(q)0 = 1,

n

k0 −k

(8)

(7)

(6)

(5)

5

JMLR 19(82):1-30, 2018


where (cτ )p = n1 cos 2πp nτ .
Problem (8) sheds light on the inner workings of NOMAD. First, the constraint 1> q = K
ensures that q does not grow to infinity and acts as a budget constraint. Let us assume for a moment
that we remove the constraint cτ > q ≥ 0 (the equivalent of Q ≥ 0). Then, the program will try to
set to K the entry of q corresponding to the largest eigenvalue of d; this q will violate as K gets
bigger the removed constraint (since (cτ )p is a sinusoid). Then the effect of this constraint is to
spread the allocated budget among several eigenvalues (instead of just the largest). The experiment
in Fig. 3 confirms this: the number of active eigenvalues of Q∗ grows with K. We can interpret this
as increasing the intrinsic dimensionality of the problem in such a way that only local interactions
are considered.
Interpretation of K. The circulant property of Q∗ for the 2D ring sheds further light on the meaning of K. In Fig. 3(c), we observe that the number of significant elements in each of Q∗ is dn/Ke.

q

max d> q

This reformulation allows us to rewrite NOMAD as a linear program

(Q)kk0 = (F)k: diag(q)(FH ):k0 =

Tr (Q) = 1> q = K,

Tr (DQ∗ ) = d> q,

We express the objective function and the constraints of NOMAD in terms of d and q, i.e.,

2.2. A linear program on the data manifold

Hence, and in accord with the constraint Q∗ 1 = 1, we have that (F)0: =

where q, d ≥ 0 respectively are vectors containing the eigenvalues of D and Q∗ ,
is a Hermitian
conjugate of F, and F ∈ Cn×n is the unitary DFT matrix, with entries (p, k = 0, . . . , n − 1)

(F)pk = √1n exp −i2πp nk .
(4)

D = F diag(d)F ,

H

We analyze the case in which the input data to NOMAD possess rotational symmetry, i.e., data are
arranged uniformly on a ring, see Fig. 2. In this case, we can write the SDP as a linear program (LP)
in the circular Fourier basis. This new representation allows to visualize that NOMAD lifts the data
into a high-dimensional space, with K controlling its dimensionality.
In the example in Fig. 2, the entries of D can be described by (D)ij = xi > xj = cos(αi − αj ),
where αi , αj are the angles of points xi , xj , respectively (Fig. 2). Since the points are uniformly
distributed over the ring, D is a circulant matrix, i.e., cos(αi − αj ) = cos(αi+k − αk+k ). The
solution Q∗ to NOMAD is circulant too (Bachoc et al., 2012). Being circulant matrices, D and Q∗
are diagonalized by the discrete Fourier transform (DFT), i.e.,

2.1. Analysis of NOMAD on a 2D ring dataset

C LUSTERING IS SEMIDEFINITELY NOT THAT HARD
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(
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sin 2πp k−1
n

cos 2πp nk



if k is odd.

if k is even,
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(10)

where q̃ = [(q)0 , (q)1 , (q)1 , . . . , (q)n−1 , (q)n−1 ]> and F̃ ∈ Rn×n has entries (p, k = 0, . . . , n−1)

Q∗ = F̃ diag(q̃)F̃> ,

Here, we show that NOMAD effectively embeds the data manifold into a space where its structure,
i.e., rotational symmetry, is preserved. We now make use of the half-wave symmetry in Q∗ , noting
that they can be fully represented with only one half of the Fourier basis. We can then decompose it
with the real Fourier basis

2.3. Lifting the ring to a high-dimensional cone

Thus, we can interpret K as a parameter that effectively sets the size of the local neighborhood on
the manifold. In standard manifold learning methods this size is set by a combination of the number
of nearest neighbors and the shape and scale of the kernel function. In NOMAD, all these variables are incorporated into a single parameter and balanced with the help of the remaining problem
constraints.
In general, for non-symmetric and irregularly sampled manifolds, K is chosen to capture the
manifold underlying the dataset: the neighborhood size needs to be small enough to capture the
desired manifold features, but big enough to avoid capturing unwanted structure (e.g., noise). If
sampling density differs in different areas, the size will adjust locally as needed.

Figure 3: Evolution of the NOMAD solution for the 2D ring dataset (with 100 points, see Fig. 2)
with increasing parameter K. (a) As K increases, the solution, Q∗ , concentrates more and more
towards the diagonal. (b) As K increases, the number of active eigenvalues in the solution, Q∗ ,
grows resulting in the more uniform distribution of eigenvalues and greater mean/median (notice
that the mean being linear comes from the trace constraint). (c) We define the h-diagonal of Q∗
as the entries (i, j) for which i − j = h. As Q∗ is a circulant matrix, each h-diagonal contains
a single repeated value. We plot these values, assigning a different color to each h. The effect of
the scaling constraint Tr (Q) = K becomes evident: when one h-diagonal becomes inactive, all
remaining h0 -diagonals need to be upscaled. (d) The eigenvectors of Q∗ form a high-dimensional
cone (cartoon representation, cone axis in red and eigenvectors in green).
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Figure 4: Solution of NOMAD on the dataset consisting of two 2D rings. (a) Two-ring dataset. (b)
Input Gramian, D, and its two eigenvectors (D has rank 2). Note that the eigenvectors of D do not
segregate the rings. (c) The solution, Q, of NOMAD contains two sets of eigenvectors with disjoint
support: one set describing the points in each ring (we show all eigenvectors and a detail on the first
3 within each set). (d) The eigenvectors of Q form two orthogonal high-dimensional cones: one
cone for each ring (cartoon representation, cone axis in red and eigenvectors in green). Notice how
these cones become linearly-separable.

setting a similarly large K would not help K-means, as it is designed to partition the data, thus
breaking each manifold into several pieces.

An example with two rings is presented in Fig. 4. We can expect that, as the single ring in
Sec. 2 is described by Fourier modes, NOMAD describes two rings with two sets of Fourier modes
with disjoint support; the solution is now arranged as two orthogonal high-dimensional cones, see
Fig. 4(d). In a sense, the manifold learning problem is already solved, as there are two circulant
submatrices, one for each manifold, with no interactions between them. If the user desires a hard
assignment of points to manifolds, we can simply consider Q∗ as the adjacency matrix of a weighted
graph and compute its connected components.

vectors Ỹ:i are the extreme rays of a right circular cone with the eigenvector F̃:0 = √2n [1, 0, . . . , 0]>
as its symmetry axis, see Fig. 3(d). Thus, we can interpret the solution to NOMAD as lifting the
2D ring structure into a cone. As mentioned before, this cone is high-dimensional, with as many
directions as needed to preserve the nonnegativity of Q.
We identify the rank of the solution Q with the number of active eigenvalues. The bigger the
K, the higher the rank. The constraint Q1 = 1 in NOMAD leads to a fanning-out effect in the data
representation. Intuitively, this fan-out effect is key to the disentanglement of datasets with complex
topologies. Spin-model-inspired SDPs for community detection (Javanmard et al., 2015) achieve a
similar fanning-out by dropping the constraint Q1 = 1 and adding the related term −γ1> Q1 to
the objective function.
With the LP framework and the geometric picture in place, we can begin to understand how the
solution evolves as the parameter K increases from 1 to n. At K = 1, only the eigenvalue (q)0 is
active and every vector (Ỹ):i is the same with each entry equal to 1/n. When K slightly above 1,
the eigenvalue (q)1 becomes active (nonzero), introducing the first nontrivial Fourier component.
Geometrically, the vectors {(Ỹ):i } now open up into a narrow cone. As K increases, the cone
widens and, at some point, the angle between two of the vectors reaches π/2 (this activates the
nonnegativity constraint in Eq. (7)). Further increase of K necessitates use of a larger number of
Fourier modes. Finally, at K = n all modes are active and all vectors {(Ỹ):i } become orthogonal
to each other. Fig. 3(b) depicts the progression with K of the number of active modes.
Summary. Previous studies (Kulis et al., 2007; Peng and Wei, 2007; Awasthi et al., 2015), focus
solely on cases where NOMAD exhibits K-means-like solutions (i.e., hard-clustering). Sec. 2 provides a characterization of the NOMAD solutions on a simple example with a high degree of symmetry, showing that they are drastically different from K-means. These solutions connect neighboring points, with the neighborhood size determined by K. These neighborhoods overlap, as they
would in soft-clustering, in a way that preserves global features of the manifold, including its symmetry. This is a feature sought after by manifold learning methods and help place NOMAD among
reliable manifold analysis techniques.

3. Analyzing data manifolds with NOMAD: Experimental results

8
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Discussion of the experimental results. To demonstrate the manifold-learning capabilities of the
NOMAD, we present several examples, both synthetic and real-world. The trefoil knot in Fig. 1(a)
is a 1D manifold in 3D; it is the simplest example of a nontrivial knot, meaning that it is not possible
to “untie” it in three dimensions without cutting it. However, the manifold learning procedure in
Sec. 3 learns a closed 1D manifold. We also present examples using real-world high-dimensional
datasets, recovering in every case structures of interest, see Fig. 6. In figs. 6(a) to 6(c), NOMAD
respectively uncovers the camera rotation, the orientation of the lighting source, and specific handwriting features.

To demonstrate the multi-manifold learning and manifold-disentangling capabilities of NOMAD, we use several standard synthetic datasets, see figs. 1(b), 4 and 5. In all of these examples,
NOMAD is able to disentangle clusters that are not linearly separable. We also present results for
a real-world dataset (Fig. 7) which is similar to the one in Fig. 6(a) but with two objects. NOMAD
JMLR 19(82):1-30, 2018

In the previous section, we showed that NOMAD recovers the data manifold in an idealized 2D
ring dataset. Here, we extend this observation numerically to more complex datasets for which
analytical form of the transformation that diagonalizes Q∗ (nor D) is not known, see figs. 1, 5
and 7. We visualize the solution Q∗ by embedding it in a low-dimensional space. While our goal is
not dimensionality reduction, we learn the data manifold with NOMAD, and use standard spectral
dimensionality reduction to visualize the results.
Recovering multiple manifolds. K-means cannot effectively recover multiple distinct manifolds
(although in some very particular cases, with well separated and linearly separable manifolds, it
may group the points correctly). Interestingly, NOMAD does not inherit this limitation. Of course,
if we set the NOMAD parameter K to the number of manifolds that we want to recover, there is
no hope in the general case to obtain a result substantially better than the one obtained with Lloyd’s
algorithm (Lloyd, 1982). However, setting the NOMAD parameter K to be higher than the number
of manifolds leads to a correct identification and characterization of their structures. Note that
7
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Figure 7: 144 images obtained by viewing a lamp and a horse figurine from different angles in a
plane. The input vectors size is 589824 (384 × 512 pixels, 3 color channels). We plot the input data
using a 2D spectral embedding (the points corresponding to each object are colored differently).
NOMAD correctly finds two submatrices, one for each manifold (for visual clarity, we enhance the
contrast of Q); furthermore, NOMAD recovers closed manifolds.

Input Gramian

Figure 6: Finding two-dimensional embeddings with NOMAD. (a) 100 images obtained by viewing
a teapot from different angles in a plane. The input vectors size is 23028 (76 × 101 pixels, 3
color channels). The manifold uncovers the change in orientation. (b) 256 images from 4 different
subjects (each subject is marked with a different color in the figure), obtained by changing the
position of the illumination source. The input vectors size is 32256 (192×168 pixels). The manifold
uncovers the change in illumination (from frontal, to half-illuminated, to dark faces, and back). (c)
500 images handwritten instances of the same digit. The input vectors size is 784 (28 × 28 pixels).
On the left and on the right, images of the digits 1 and 2, respectively. The manifold of 1s uncovers
their orientation, while the manifold of 2s parameterizes features like size, slant, and line thickness.
Details are better perceived by zooming on the plots.

(a) Teapots (K = 20)

Figure 5: Learning multiple manifolds with NOMAD. The points are arranged in two semicircular manifolds and contaminated with Gaussian noise. Although the manifolds are linearly nonseparable, NOMAD correctly finds two submatrices, one for each manifold (for visual clarity, we
enhance the contrast of Q).
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D1 ← X> X;
for l = 1, 2, . . . do
Choose Kl (for all l > 1 we require Kl ≤ Kl−1 );
Find the solution Ql of NOMAD with input matrix Dl and parameter Kl ;
Dl+1 ← Ql ;

The recursive application of NOMAD, with successively decreasing values of K, enhances its
manifold-disentangling capabilities. The pseudocode is as follows:

3.1. Manifold disentangling with multi-layer NOMAD

Finally, we include an example in which NOMAD captures the structure of a 2D manifold living
in a 10-dimensional space, see Fig. 8. NOMAD assigns a local patch to each data point (non-zero
values for neighboring points, zeros elsewhere). These local patches tile the manifold with overlap
(as in soft-clustering), allowing to recover its grid structure. Such tiling takes place in all of the
examples included in the paper.

recovers two closed manifolds, each of which containing the viewpoints of one object. The structure
of the solution is similar to the one in Fig. 4(d).

Figure 8: Learning a 2D manifold embedded in a 10-dimensional ambient space; the first two
dimensions are regular samples on a 2D grid (shown on the left) and the remaining ones are Gaussian
noise. (a) NOMAD recovers the right 2D structure (of course, some distortion is expected along the
edges). (b) We show a few columns of Q on top of the data itself: the red level indicates the value of
the corresponding entry in Q (red maps to high values, white maps to a zero). NOMAD effectively
tiles the dataset with a collections of overlapping local neighborhoods centered at each data point.
These patches contain all the information necessary to reconstruct the intrinsic manifold geometry.
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Figure 9: Results of recursive NOMAD application (multi-layer NOMAD). For each example, we
show matrices Q∗ computed by the successive application of the algorithm. Multi-layer NOMAD
untangles these linearly non-separable manifolds and, in the final layer, assigns each manifold to
one cluster.
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Figure 10: Comparison of the robustness of geodesic distances to the addition of noise for different
manifold learning methods. The description of the experimental protocol is in Sec. 3.2. The method
termed NO-EMB directly computes distances on the noisy data.
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In Fig. 9, we present the evolution of successive matrices Ql . In all of these examples, multilayer NOMAD is able to correctly identify clusters that are not linearly separable, something
unattainable with single-layer NOMAD or with K-means clustering. Interestingly, we find that
the manifolds are already segregated after one application of NOMAD in the direction of the leading eigenvectors of Q (see Fig. 4). The rest of the NOMAD layers little-by-little sieve out the
(unwanted) smaller eigenvalues in an unsupervised fashion.
To turn this algorithm into a general data-analysis tool, we need an automated selection of the
values {Kl } which is a non-trivial task in general. Additional results, using different sequences
{Kl }, can be found in Appendix C. Further research is needed to develop such algorithm and fully
understand multi-layer NOMAD’s interesting behavior.
3.2. Geodesic-distance preservation: NOMAD versus existing manifold learning techniques
In order to compare different methods for manifold discovery, we need to agree upon appropriate
metrics, which itself is an active area of research (e.g., Zhang et al., 2012). In particular, we want a
metric that allows fair comparison among outputs of methods with very different objectives. Since
our method is not explicitly geared towards dimension reduction, or towards variance maximization,
we prefer metrics that emphasize the preservation of intrinsic structure of the manifold. In particular,
we hope to preserve the ordering of intrinsic distances along the manifold, something that guarantees
that the neighborhood structure remain similar.
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Concretely, (1) we compute N nearest neighbors for each dataset point and build a weighted
graph with these distances as edges; (2) we use this graph to compute geodesic distances using
11

Two half-rings (Fig. 5)

13
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In this new problem, we have forgone convexity in exchange of reducing the number of unknowns
from O(n2 ) to rn. For example, Kulis et al. (2007) set r = K. The problematic constraint Y> Y ≥
0, involving O(n2 ) terms, has been replaced by the much stronger but easier to enforce Y ≥ 0. The
speed gain is shown in Fig. 15. See Appendix E for a description of the algorithm.
However, strictly speaking, the new constraint is equivalent to the old one only if Q is completely positive. An n × n matrix A is called completely positive (CP) if there exists B ≥ 0 such
that A = B> B. The least possible number of rows of B is called the cp-rank of A. Whereas matrix
A is doubly nonnegative (DN), i.e. A ≥ 0 and A  0, not every DN matrix (with n > 4) is CP
(Maxfield and Minc, 1962).
We are thus interested in two questions. First, is the solution Q∗ to NOMAD completely positive? Answering this question in the affirmative would allow for theoretically sound and fast implementations of NOMAD. Whereas the set of CP matrices forms a convex cone, the problems of
determining whether a matrix is inside the set and of projecting a matrix into the set are NP-hard
leading us to the second question: What is the cp-rank of Q∗ ? This issue is critical because it
determines the number of unknowns. For example, if cp-rank(Q∗ ) ≤ K, (11) would be easier to
solve. These questions are difficult only when NOMAD produces a soft-clustering Q∗ , as in all
of the examples in this paper. Indeed, it is not hard to prove that, whenever NOMAD produces a
hard-clustering Q∗ , Q∗ is CP (see Awasthi et al., 2015, for such conditions).
Let us now go back to the example in Sec. 2 (points arranged regularly on a ring). For this
example, we can establish a simple sufficient condition on K, for Q∗ to be CP. Recall that if D is

Y∈Rr×n

Standard SDPs involve O(n2 ) variables and their resulting time complexity is often O(n3 ). Consequently, standard solvers (O’Donoghue et al., 2016a) will struggle with large datasets. NOMAD
lends itself to a fast and big-data-friendly implementation (Kulis et al., 2007). This is done by
posing a related problem




max Tr DY> Y s.t. Tr Y> Y = K, Y> Y1 = 1, Y ≥ 0.
(11)

4. Heuristic non-convex solvers for large-scale NOMAD

Dijkstra’s algorithm; (3) we finally sort the distances in increasing order. We consider this ordering
our ground truth.
We then add noise to the each point in the dataset. Noise was added by creating 5d additional
dimensions that contain Gaussian noise with standard deviation 0.05 and 0.10. Using the noisy
dataset, we run the geodesic-distance-sorting process on the embeddings produced by different
manifold learning algorithms using N nearest neighbors. For NOMAD, instead of resorting to
nearest neighbors, we set K = n/N and use the non-zero entries in Q to determine the graph
connectivity. As NOMAD yields a similarity matrix Q, we derive distances from it with the formula
(Q)ii + (Q)jj − 2(Q)ij . Using this weighted graph, we compute and sort the geodesic distances.
For our distance-preservation measure, we use a bullseye score: for each method, we count the
fraction of points in the top p percentile of distances that are also present in the top p percentile of
ground truth distances.
As seen in Fig. 10, when the data is sampled from a single manifold, NOMAD performs very
well, on par with the best algorithms included in our comparison. However, in the two-manifolds
case, NOMAD clearly outperforms all other methods, nearly matching the performance of direct
distance computations on the noisy data.
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K

s.t. P1 = 0,

Tr (P) = K − 1,

P  0,

P + En ≥ 0.

(12)

14

g(P, Γ) = − Tr (DP) + Tr (Γ(P + En )) +

γ
2

2
F

,

(13)
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[P + En ]−

As usual in the optimization literature, we handle this constraint with an augmented Lagrangian
method. The augmented Lagrangian of Problem (12) with respect to the constraint P + En ≥ 0 is

P

max Tr (DP)

First, we redefine the variables in NOMAD by setting P = Q − En , where En = n1 11> . Then,

5.1. Augmented Lagrangian formulation

The Burer-Monteiro solver forgoes convexity in favor of speed. However, as discussed in the previous section, this conversion carries theoretical and practical difficulties that are not easily overcome.
In this section, we propose an algorithm for NOMAD that is fast and yet convex.

5. A fast and convex algorithm for NOMAD

circulant, Q∗ is circulant (Bachoc et al., 2012). In Proposition 2 of Appendix B, we prove that if the
solution Q∗ to NOMAD is a circulant matrix, then it is CP for every K ≤ 3/2 or K ≥ n2 . Naturally,
more theory is needed to shed light onto this problem in general scenarios as it is unclear whether
similar results exist.
Complementarily, we have studied the questions raised in this section from an experimental
viewpoint. We use the symmetric nonnegative matrix factorization (SNMF) of Q∗ , see Appendix D,
as a proxy for checking whether Q∗ is CP. The rationale is that if the approximation with SNMF is
very tight, it is highly likely that Q∗ is CP. These experiments are presented in Fig. 11. We found
that, with a properly chosen rank r, SNMF can indeed accurately approximate Q∗ . However, setting
r = K is in general not enough and leads to a poor reconstruction. These two facts support the idea
that Q∗ is CP, but has a cp-rank much higher than K.
Our experiments with the non-convex algorithm in Appendix E lead to similar conclusions as
those with SNMF, see Fig. 12. Setting r = K, leads to a poor approximation of Q∗ and, as observed
by Kulis et al. (2007), to hard-clustering. Setting r  K leads to much improved reconstructions,
at the expense of speed.

Figure 11: We empirically study the cp-rank of Q∗ . As a proxy of the exact nonnegative decomposition, we compute the rank-r symmetric NMF Q∗ ≈ Y+ > Y+ for different values of r. We show
the mean plus/minus two standard deviations of the relative error Q∗ − Y+ > Y+ F / kQ∗ kF computed from 50 different SNMFs for each r (their differences stem from the random initialization).
Both datasets have 200 points. Clearly, setting r = K is not enough to properly reconstruct Q∗ .
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Q∗

Q∗

31.24%

20.13%

YY > (r = 40)

YY > (r = 16)

9.55%

19.34%

YY > (r = 60)

YY > (r = 32)

3.57%

12.59%

YY > (r = 80)

YY > (r = 64)

5.91%

10.82%

YY > (r = 100)

YY > (r = 128)
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YY > (r = 8)

69.11%

YY > (r = 20)

66.88%

YY > (r = 256)

4.94%

YY > (r = 120)

13.94%

Figure 12: Comparison of the results obtained with a standard SDP solver (first column) and with
a low-rank non-convex approach (remaining columns, r denotes the rank of the obtained solution).
(Top) Dataset in Fig. 4; we set K = 8 in all cases. (Bottom) Dataset in Fig. 6(a); we set K = 20
in all cases. In each case, we also display the relative error between the matrix Y> Y and Q∗ .
Interestingly, setting r = K produces hard clustering solutions (see the block diagonal structure of
the matrices on the second column), while increasing r produces “softer” solutions. This suggests
that the cp-rank of Q∗ is (much) greater than K.

Γ≥0

P  0,

P  0.

Tr (P) = K − 1,

Tr (P) = K − 1,

(17)

(16)

(15b)

(15a)

(14)

where Γ ≥ 0 is the associated Lagrange multiplier, and [·]− = min(·, 0) is the projection operator
onto the negative orthant. We can then pose Problem (12) as
P

min max g(P, Γ) s.t. P1 = 0,
We solve it using the method of multipliers, i.e.,
P

Pt+1 = argmin g(P, Γt ) s.t. P1 = 0,
Γt+1 = [Γt + τ (Pt+1 + En )]− .

5.2. A conditional gradient method for SDPs with an orthogonality constraint

s.t. Z  0, Tr (Z) = s, Zb = 0.

In this section, we introduce a very efficient algorithm to solve
max f (Z)
Z

s.t. Z  0, Tr (Z) = s,

of which Problem (15a) is an instance.
To this end we modify an algorithm to efficiently solve the SDP (Hazan, 2008)
Z

max f (Z)

JMLR 19(82):1-30, 2018

where function f is differentiable and concave. The iterative algorithm consists, at each iteration
t = 0 . . . , of the following steps:
1. Let vt be the largest algebraic eigenvector of ∇f (Zt ).
2. Zt+1 = (1 − α)Zt + αsvt vt > with α = 2/(t + 2).
15
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input : function f to minimize, scale parameter s.
output : solution Zt+1 ∈ Ps to Problem (17).
Initialize Z0 = 0;
for t = 0, . . . , ∞ do
Let v be the largest algebraic eigenvector of ∇f (Z) such that v> b = 0;
α ← 2/(t + 2);
Zt+1 ← (1 − α)Zt + αsvv> ;
if converged then break ;

Algorithm 1: Conditional gradient algorithm for SDPs with an orthogonality constraint

1
2
4

3
5
6

(19)

This algorithm is an instance of the Frank-Wolfe/conditional-gradient algorithm (Frank and Wolfe,
1956). As such it provides a solution without performing any projections. First, Zt+1 is a nonnegative linear combination of two positive semidefinite matrices, and is thus positive semidefinite
itself. Second, the iterations maintain the invariant Tr (Zt ) = s as Tr (Zt+1 ) = (1 − α) Tr (Zt ) +
αs Tr vt vt > = (1 − α) Tr (Zt ) + αs.
We now show how to extend this algorithm to handle an orthogonality constraint. Let Ps be the
convex cone of positive semidefinite matrices with trace s that are orthogonal to a given vector b,
i.e.,
Ps = {Z  0, Tr (Z) = s, Zb = 0} .
(18)

s.t. Z ∈ Ps .

Notice that setting b = 1 yields the constraints of Problem (15a). We seek to solve

Z

max f (Z)

Fortunately, we can push the constraint Zb = 0 into the eigenvector computation. We begin by
noticing that the final solution is a weighted sum of the matrices vt vt > . It then suffices to require
that, for every t, vt vt > b = 0, which reduces to vt > b = 0. This naturally yields a new iterative
method, summarized in Alg. 1. This algorithm has the same performance guarantee as Hazan’s
(2008), given by the following proposition, which we prove in Appendix F.

1
[f (X)
α2

− f (Y) + (Y − X) • ∇f (X)].

(21)

(20)

Proposition 1 Let X, Z ∈ Ps and Y = X + α(Z − X) and α ∈ R. The curvature constant of f is
X,Z,α

Cf := sup

8Cf
t+2 .

Let Z? be the solution to Problem (19). The iterates Zt of Alg. 1 satisfy for all t > 1

f (Z? ) − f (Zt ) ≤

5.3. A conditional gradient algorithm for NOMAD

JMLR 19(82):1-30, 2018

Alg. 2 summarizes the proposed method of multipliers, see iterations (15a) and (15b), to solve
Problem (12). The inner problem (15a) is solved using Alg. 1. A few remarks are in order:
• When using the method of multipliers, it is often not necessary (nor desirable) to solve the
inner problem to a high precision (Goldstein and Osher, 2009). In our implementation we set
Ninner = 10.
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.
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5.4. Experimental analysis
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For the Lanczos algorithm, and our accuracy setting of (t + 1)−1 , we have TEIG = O((t + 1) log n).
In this case, the complexity per iteration is O(n2 log n). As a comparison, standard SDP solvers
have a complexity of O(n3 ) per iteration. These solvers also involve significant memory usage,
while our algorithm has an optimal space complexity of O(n2 ).

O

Complexity. The complexity of Alg. 1 is similar to that of Hazan’s (2008), plus an additional
factor to compute A. From Proposition 1, Alg. 1 yields a solution with accuracy ε, i.e., f (Zt ) ≥
4C
f (Z? ) − ε, in ε f − 1 iterations. Computing ∇g(P, Γ), A, and Ht require n2 operations. Let TEIG
be the number of iterations of the eigensolver, each iteration taking O(n2 ) operations. Additional
operations require O(n) time. Then, the overall complexity of Alg. 1 is

Throughout the iterations of Alg. 2, P ∈ Pk−1 , see Eq. (18). Thus, we only need to keep track of
the constraint Q = P + En ≥ 0 and of the value of the objective Tr (DP).
We illustrate with two typical examples the empirical convergence of these values in Fig. 13.
the convergence the objective value is clearly superlinear, while we observe a linear convergence
for the nonnegativity constraint. Accelerating the latter rate is an interesting line of future research.

• There is no need to need for a highly accurate eigenvector computation (Hazan, 2008). We
use the Lanczos algorithm and set its accuracy to (t + 1)−1 .
• Alg. 1 solves a maximization problem and requires the eigenvector with the largest algebraic
eigenvalue. To solve the minimization problem (15a), we simply compute the eigenvector
with the smallest algebraic eigenvalue (Jaggi, 2013).
• As b = 1, we can enforce the orthogonality constraint vt > 1 = 0 by computing the maximum
eigenvalue of A = (I − n1 11> )∇g(P, Γ)(I − n1 11> ). This operation can be carried out very
efficiently.

Q ← P + En

Γ ← [Γ + τ (P + En )]− ;
if converged then break ;

RMSE

Figure 13: Prototypical examples of the behavior of the proposed conditional gradient NOMAD
solver as its iterations progress. On the left plots, we show the RMSE of [Q]− = [P + En ]− ,
with the average computed over its non-zero entries. After about 10 iterations, the RMSE drops
linearly, as usual for the method of multipliers. On the right plots, we display the objective value
Tr (DP), which usually converges in a few hundred iterations. In each case, as a reference, we
show in orange the values returned by the standard SDP solver. The proposed algorithm enforces
the nonnegativity constraint in NOMAD less accurately (although accurate enough for practical
purposes), while exactly enforcing all the other constraints.

10

10

10

10

Objective value

We can see in Fig. 13 that standard solvers enforce the nonnegativity constraint more accurately.
However, they do not exactly enforce P ∈ Pk−1 . There is a trade-off between what can be enforced
up to which precision, making the solutions sometimes not exactly comparable.
We show the suitability of the proposed NOMAD solver in Fig. 14. In the vast majority of cases
the solutions are the same. While the proposed method enforces the nonnegativity constraint less
accurately than the standard solver, it enforces all the other constraints exactly. This is why in the
teapot example, bottom left of Fig. 14, the solution of the proposed method looks less jagged than
the one of the standard solver: the constraint Q1 = 1 is more accurately enforced, resulting in a
more “circulant” representation.
In Fig. 15, we present the speed comparison of computing NOMAD with three different methods: two state-of-the-art SDP solvers, SCS (O’Donoghue et al., 2016b) and SDPNAL+ (Yang et al.,
2015), the low-rank Burer-Monteiro solver (discussed in Sec. 4), and the proposed conditional gradient method. The Burer-Monteiro method is the fastest. Keep in mind that the latter does not
guarantee convergence to the global optimal solution; this is particularly true specially in its fastest
setting, i.e., by keeping r relatively small, see Sec. 4. Among solvers that solve a convex problem,
for very small problems (up to 250 points), standard SDP solvers are the fastest. For larger problems the proposed solver is significantly faster. It is important to point out that, in theory, the speed
difference grows significantly larger. This is hard to show in practice as standard solvers either run
out of memory very quickly (SCS) or are implemented to time out for big instances (SDPNAL+);
the proposed solver has a much more efficient use of memory.
We highlight the extended computational capabilities of the proposed conditional gradient method
with an example that cannot be handled by standard SDP solvers. We use as input the 9603 × 9603
Gramian formed by all (vectorized) images of the digit zero in MNIST. The proposed algorithm is
able to compute a solution to NOMAD with ease for a problem size about 100 times larger than the
upper size limit for standard solvers. In the 2D embedding of the solution (see Sec. 3 for details
about its computation), shown in Fig. 16, we can clearly see that the images are organized by their
intrinsic characteristics (elongation and rotation).
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input : matrix D, scale parameter k.
output : solution Q to NOMAD.
Initialize P0 = 0; Γ ← 0; γ = 1;
for t = 1, . . . , ∞ do
for tinner = 1, . . . , Ninner do
Let ∇g(P, Γ) = −D + Γ + γ [P + En ]− ;
Let A = (I − n1 11> )∇g(P, Γ)(I − n1 11> );
Let v be the smallest algebraic eigenvector of A, such that v> 1 = 0;
H ← (K − 1)vv> ;
α ← 2/(t + tinner + 2);
P ← (1 − α)P + αH;

Algorithm 2: Conditional gradient algorithm for NOMAD
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Figure 14: Comparison of the standard SDP solver with the proposed conditional gradient solver
(CGM) for NOMAD on different datasets. In most cases, the results are practically indistinguishable
while being delivered much faster.
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Figure 15: Running time comparison (smaller is better) of different NOMAD solvers for K =
16 (SCS (O’Donoghue et al., 2016b) and SDPNAL+ (Yang et al., 2015) are written in a highly
optimized C/C++ code, while we use our non-optimized Python code for the others). The nonconvex solver is much faster than the convex ones. Unfortunately, it may yield different results, see
Fig. 12, and may not converge to the global maximum. The conditional gradient algorithm proposed
in this paper is much faster than SCS and SDPNAL+ (about three times faster for n = 103 ) but
guarantees converging to the global optimum. Additionally, the proposed algorithm handles large
problems seamlessly: in our desktop with 128GB of RAM, SCS (running under CVXPY) runs out
of memory with instances larger than n = 1200) while SDPNAL+ times out before converging for
instances larger than n = 4000.

Time (s)
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Figure 16: We show the 2D embedding of the digit 0 in MNIST, computed in the same fashion as
in Fig. 6. In this case, we use all 9603 images of the digit and obtain a 9603 × 9603 matrix. We
compute the solution of NOMAD with K = 128 using the proposed conditional gradient method
(Alg. 2). In contrast, traditional SDP-solvers can only handle dense matrices approximately 100
times smaller. As in Fig. 6, the data gets organized according to different visual characteristics of
the hand-written digit (e.g., orientation and elongation).

6. Conclusions

In this work, we showed that NOMAD can learn multiple low-dimensional data manifolds in highdimensional spaces. An SDP instance, it is convex and can be solved in polynomial-time. Unlike
most manifold learning algorithms, the user does not need to select/use a kernel and no nearestneighbors searches are involved.
We also studied the computational performance of NOMAD. We first focused on a non-convex
Burer-Monteiro-style algorithm and performed both theoretical and empirical analysis. Finally, we
presented a new algorithm for NOMAD based on the conditional gradient method. The proposed
algorithm is convex and yet efficient. This algorithm allows us, for the first time, to analyze the
behavior of NOMAD on large datasets.

Related and future work. It has not escaped our attention that NOMAD can be considered as
an instance of kernel alignment (Cristianini et al., 2002). In supervised setting, kernel alignment
has been previously formulated as an SDP (e.g., Lanckriet et al., 2004; Cortes et al., 2012). Even
beyond the distinction between the supervised and unsupervised scenarios, this body of work differs significantly from NOMAD. Its goal is to optimally combine pre-computed kernel matrices,
whereas NOMAD learns such a matrix from scratch. Nonetheless, we find this connection with
kernel learning very promising and plan to investigate it further in the future.
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Appendix A. Relationship with K-means

K X
X

k=1

xj ∈Ck

n by computing
K-means seeks to cluster a dataset X = {xi }i=1

CK

min
xi ∈Ck

K
X
1
|Ck |

xi ,xj ∈Ck

X

xi> xj .

(23)

S
K is a partition of X , i.e., C ∩ C 0 = ∅ and
where C K = {Ck }k=1
k
k
k Ck = X . Albeit its popularity,
it is known to be NP-Hard and, in practice, users employ an heuristic (Lloyd, 1982, originally
developed in 1957) to find a solution. The objective function of K-means, henceforth denoted JK ,
can be rewritten (dropping the terms that are constant with respect to Ck ) as
JK = −
k=1

K
X

k=1

X

i,j

xi> xj · (zk> zk )ij
X
(X> X)ij (Y> Y)ij

1
|Ck |

(24c)

(24b)

(24a)

Let X ∈ Rd×n be the matrix formed by horizontally concatenating the vectors in X . Let zk ∈
{0, 1}n be the indicator vector of set Ck . Let Y be the k × n matrix with rows Yk: = |Ck |−1/2 zk .
We have
JK = −
=−

i,j



= − Tr X> XY> Y .

(25)

By construction, the matrix Q = Y> Y exhibits the following properties
Q1 = 1,

(26)
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Tr (Q) = K.
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s.t.

Tr (Q) = K,

Q1 = 1,

(27)

Let D be the Gramian matrix, i.e., D = X> X. We can then re-cast K-means as the optimization
problem

max Tr (DQ)
Y∈V k×n

s.t.

Q1 = 1,

Tr (Q) = K,

rank (Q) = K,

Q  0, Q ≥ 0.

(28)

Y
Q = Y> Y.

K
where VY = {0} ∪ |Ck |−1/2 k=1 . Seeking to apply the desirable properties of SDP to K-means,
we can pose (Kulis et al., 2007; Peng and Wei, 2007)

max Tr (DQ)
Q∈Rn×n

where mixed-integer program is relaxed into the real-valued nonnegative program, directly optimizing over Q. NOMAD is as a relaxation of this problem, simply obtained by removing the rank
constraint.

Appendix B. On the complete positivity of NOMAD solutions on circulant matrices

Proposition 2 If the solution Q∗ to NOMAD is a circulant matrix, then it is CP for every K ≤ 3/2
or K ≥ n2 .

Proof For K ≤ 3/2, plugging the constraint Q∗ 1 = 1 into Corollary 2.6 in (So and Xu, 2013, p. 7)
gives the desired result.
Let us P
address K ≥ n2 . Kaykobad (1987) proved that every diagonally dominant matrix A, i.e.,
|(A)ii | ≥ j6=i |(A)ij | for all i, is a CP matrix. We have to prove then that Q∗ ≥ 0 is diagonally
dominant. We have Tr (Q∗ ) = KP
and, since Q∗ is circulant, all (Q∗ )ii have the same value. Then,
(Q∗ )ii = K/n. From Q∗ 1 = 1, j6=i (Q∗ )ij = 1 − (Q∗ )ii = 1 − K/n. Hence, Q∗ is diagonally
dominant for K ≥ n2 .

Appendix C. Additional results

We include additional results of the multi-layer NOMAD algorithm using different values of k in
each layer.

Appendix D. Symmetric NMF

A − YY>

F

2

s.t. Y ≥ 0.

(SNMF)

In this section, we present the algorithm used to compute the symmetric NMF of a matrix A ∈
Rn×n , defined as
min

Y∈Rn×r
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We use the alternating direction method of multipliers (ADMM) to solve it. In short, ADMM solves
convex optimization problems by breaking them into smaller subproblems, which are individually
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Figure 17: Additional results of multi-layer NOMAD.
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Figure 18: Additional results of multi-layer NOMAD.
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Figure 19: Additional results of multi-layer NOMAD.
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A − YX>

2
F

A − YX>

F

2

+

σ
2



kY − XkF2 − Tr Γ> (Y − X)

s.t. Y = X, Y ≥ 0, X ≥ 0,

(30)

(29)

easier to handle. It has also been extended to handle non-convex problems, e.g., to solve several
flavors of NMF (Févotte and Idier, 2011; Xu et al., 2012; Tepper and Sapiro, 2014, 2016).
Problem (SNMF) can be equivalently re-formulated as
min

Y∈Rn×r

1
2

and we consider its augmented Lagrangian,
L (X, Y, Γ) =

where Γ is a Lagrange multiplier, σ is a penalty parameter.
The ADMM algorithm works in a coordinate descent fashion, successively minimizing L with
respect to X, Y, one at a time while fixing the other at its most recent value and then updating the
multiplier Γ. For the problem at hand, these steps are


X(t+1) = argmin L X, X(t) , Γ(t) ,
(31a)
X≥0


Y(t+1) = argmin L X(t+1) , Y, Γ(t) ,
(31b)
Y≥0


(31c)
Γ(t+1) = Γ(t) − ησ X(t+1) − Y(t+1) .

In our experiments, we fix η and σ to 1. We initialize the algorithm with a random matrix.

Appendix E. Non-convex SDP solver

We follow the algorithm proposed in Kulis et al. (2007); Hou et al. (2015) to solve Problem (11).
Our approach has a small but fundamental difference: instead of setting r = K, we allow for
r ≥ K. We define the augmented Lagrangian of Problem (11) as


2
L (Y, µ, λ) = − Tr DY> Y + σ2 Y> Y1 − 1 − µ> (Y> Y1 − 1)
(32)


 2 
+ ϕ2 (Tr Y> Y − K)2 − λ(Tr Y> Y − K),

(33c)

(33b)

(33a)

where µ, λ are Lagrange multipliers, σ, ϕ are penalty parameters. We obtain Y by running the steps



Y(t+1) = argmin L Y, µ(t) , λ(t) ,
Y≥0


µ(t+1) = µ(t) − ησ Y> Y1 − 1 ,
 


λ(t+1) = λ(t) − ηϕ Tr Y> Y − K .
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This is a non-standard approach since the minimization over Y (the gradient ∂L/∂Y is given in
Hou et al. (2015)) is a non-convex problem. Although there are no guarantees about the convergence of the procedure, theoretical assurances for related problems have been presented in Boumal
et al. (2016). To perform the minimization with respect to Y, we use the L-BFGS-B algorithm
(Byrd et al., 1995) with bound constraints ((Y)ij ∈ [0, 1]). Finally, the initialization to the overall
iterative algorithm is done with symmetric nonnegative matrix factorization, see Appendix D. In
our experiments, we fix η, ϕ, and σ to 1 and prenormalize D (dividing by its Frobenius norm).
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kvk2 =1
v> b=0

φ(Z) = max v> ∇f (Z)v.

w(Z) = s φ(Z) + f (Z) − Tr (Z∇f (Z)) ,

Z

Tr (Z) = k − 1,

min w(Z),

s.t. Zb = 0,

Z

+ ψ(Tr (Z) − s) + y> Zb,

Z0

(38)

(37)

(36)

(35)

(34)

Z

+ ψ(Tr (Z) − s) + cb> Zb

Z

cbb> ,

implying

∀d > c

(43c)

(43b)

(43a)

(42)

(41)

(40)

(39)

29
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The last inequality comes from taking d → +∞, thus shifting the eigenvalue associated with b
(should there be one) away from the maximum. Without loss of generality, we set ψ = φ(Z),
finally obtaining ` = minZ w(Z).

≥ φ(Z).

n
o
ψ ≥ λmax ∇f (Z) − cbb>
n
o
≥ λmax ∇f (Z) − dbb>

From Eq. (39), ψI  ∇f (Z) −

Z
ψ∈R

= max f (Z) − Tr (∇f (Z) Z) − ψs.

ψ∈R

= max min f (Z) − Tr (∇f (Z) Z) + ψs

ψ

Plugging Eq. (39) and y = cb in Eq. (38) we get
 

` = max min f (Z) − Tr ∇f (Z) + ψI + cbb> Z

Ψ = −∇f (Z) + ψI + cbb>  0.

where Ψ  0, ψ ∈ R, and y ∈ Rn are Lagrange multipliers. Differentiating and equating to zero
we get Ψ = −∇f (Z) + ψI + yb> . Note that Ψ  0 implies that y = cb for some c ∈ R, yielding

Ψ,ψ,y

` = − max min − f (Z) − Tr (ΨZ)

Proof The Lagrangian relaxation of Problem (19) is

where

is

Z

max f (Z)

Lemma 3 The dual objective of

This section closely follows the works of Hazan (2008) and Clarkson (2010).

Appendix F. Proofs for the conditional gradient algorithm
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2
t+2

?
1
4Cf [f (Z )

− f (Z)].

≥ f (Zt ) + αt Tr ((Ht − Zt ) ∇f (Zt )) + α2 Cf .

f (Zt+1 ) = f (Zt + αt (Ht − Zt ))

Tr ((Ht − Zt ) ∇f (Zt )) = w(Zt ) − f (Zt ).

vt> ∇f (Zt )vt = φ(Z)

= w(Zt ) − f (Zt ) + Tr (Z ∇f (Zt )) .

w(Z) ≥ w(Z? ) ≥ f (Z? ) ≥ f (Z).

= (1 −

≤ (1 −

α2t
4 .
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α2
αt )h(Zt ) + 2t
2
2
2
t+2 ) t+2 + (t+2)2

α2t
4

≤

2
t+3 .

By

(55c)

(55b)

(55a)

1
4.

(54)

(53c)

(53b)

(53a)

(52b)

(52a)

(51)

(50)

(49)

(48)

(47)

(46)

(45)

(44)
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In the first iteration, α1 = 1 and h(Z2 ) ≤
h(Zt+1 ) ≤ h(Zt ) − αt h(Zt ) +

Finally, we prove inductively that h(Zt ) ≤
2
taking α = t+2
, we have

2
t+2 .

h(Zt+1 ) ≤ h(Zt ) − αt h(Zt ) +

From the definition of h(Zt ), this implies

= f (Zt ) + 4αt Cf h(Zt ) − αt2 Cf .

≥ f (Zt ) + αt (f (Z? ) − f (Zt )) − αt2 Cf

f (Zt+1 ) ≥ f (Zt ) + αt (w(Zt ) − f (Zt )) − αt2 Cf

Putting Eq. (52b) together with eqs. (48) and (51),

Now, using Eq. (20)

Therefore,

h(Z) =

Z  0.

yields the desired result. From Lemma 3, we have

By eqs. (36) and (37), we have

Proving that h(Zt ) ≤

Proof Let

8Cf
t+2 .

Tr (Z) = k − 1,

− f (Y) + (Y − X) • ∇f (X)].

f (Z? ) − f (Zt ) ≤

The iterates Zt of Alg. 1 satisfy for all t > 1

Z

1
[f (X)
α2

max f (Z) s.t. Zb = 0,

Let Z? be the solution to

X,Z,α

Cf := sup

Proposition 4 Let X, Z ∈ Ps and Y = X + α(Z − X) and α ∈ R. The curvature constant of f is
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Sequence data sets have a general formulation (Dietterich, 2002) as sequence pairs {(Xi , yi )}N
i=1 ,
where each Xi is a multivariate sequence with Ti samples hxi,1 , xi,2 , ..., xi,Ti i and each yi
target is a univariate sequence with Ti samples hyi,1 , yi,2 , ..., yi,Ti i. The targets yi can ei-

2. Supported Problem Classes

Many real-world machine learning problems e.g. voice recognition, human activity recognition, power systems fault detection, stock price and temperature prediction, involve data
that is captured as sequences over a period of time (Aha, 2018). Sequential data sets do not
fit the standard supervised learning framework, where each sample (x, y) within the data
set is assumed to be independently and identically distributed (iid) from a joint distribution
P (x, y) (Bishop, 2011). Instead, the data consist sequences of (x, y) pairs, and nearby values of (x, y) within a sequence are likely to be correlated to each other. Sequence learning
exploits the sequential relationships in the data to improve algorithm performance.

1. Introduction

Keywords: Machine-Learning, Time-Series, Sequences, Python

seglearn is an open-source Python package for performing machine learning on time series or sequences. The implementation provides a flexible pipeline for tackling classification, regression, and forecasting problems with multivariate sequence and contextual data.
Sequences and series may be learned directly with deep learning models or via feature
representation with classical machine learning estimators. This package is compatible with
scikit-learn and is listed under scikit-learn ”Related Projects”. The package depends
on numpy, scipy, and scikit-learn. seglearn is distributed under the BSD 3-Clause License. Documentation includes a detailed API description, user guide, and examples. Unit
tests provide a high degree of code coverage. Source code and documentation can be
downloaded from https://github.com/dmbee/seglearn.
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Unit tests can be run from the root directory using pytest.

Alternatively, seglearn can be installed from the sources:
$ git clone https://github.com/dmbee/seglearn
$ cd seglearn
$ pip install .

JMLR 19(83):1-7, 2018

The seglearn source code is available at: https://github.com/dmbee/seglearn. It is
operating system agnostic, and implemented purely in Python. The dependencies are numpy,
scipy, and scikit-learn. The package can be installed using pip:
$ pip install seglearn

3. Installation

seglearn provides a flexible, user-friendly framework for learning time series and sequences in all of the above contexts. Transforms for sequence padding, truncation, and
sliding window segmentation are implemented to fix sample number across all sequences
in the data set. This permits utilization of many classical and modern machine learning
algorithms that require fixed length inputs. Sliding window segmentation transforms the
sequence data into a piecewise representation (segments), which is particularly effective for
learning periodized sequences (Bulling et al., 2014). An interpolation transform is implemented for resampling irregularly sampled time series. The sequence or time series data can
be learned directly with various neural network architectures (Lipton et al., 2015), or via a
feature representation which greatly enhances performance of classical algorithms (Bulling
et al., 2014).

A final important generalization is the case where contextual data associated with each
sequence, but not varying within the sequence, exists to support the machine learning
algorithm performance. Perhaps the algorithm for reading electrocardiograms will be given
access to laboratory data, the patient’s age, or known medical diagnoses to assist with
classifying the sequential data recovered from the leads.

Important sub-classes of the general sequence learning problem are sequence classification
and sequence prediction. In sequence classification problems (eg song genre classification),
the target for each sequence is a fixed class label yi and the data takes the form {(Xi , yi )}N
i=1 .
Sequence prediction involves predicting a future value of the target (yi,t+f ) or future values hyi,t+1 , yi,t+2 , ..., yi,t+f i, given hxi,1 , xi,2 , ..., xi,t i, hyi,1 , yi,2 , ..., yi,t i, and sometimes also
hxi,t+1 , xi,t+2 , ..., xi,t+f i.

ther be sequences of categorical class labels (for classification problems), or sequences of
continuous data (for regression problems). The number of samples Ti varies between the
sequence pairs in the data set. Time series with a regular sampling period may be treated
equivalently to sequences. Irregularly sampled time series are formulated with an additional
sequence variable ti that increases monotonically and indicates the timing of samples in the
data set {(ti , Xi , yi )}N
i=1 .
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Figure 1: Example seglearn pipelines for a) learning segment feature representations, b)
learning segments directly. Xi : time series, yi : time series target, N : number of
time series in the data set, Wi,j : segment (derived from Xi ), fi,j : feature vector
(calculated from Wi,j ), yi,j : segment target, Mi : number of segments derived
from time series Xi , SVC: Support Vector Classifier, CNN: Convolution Neural
Network, RNN: Recurrent Neural Network.

4. Implementation
The seglearn API was implemented for compatibility with scikit-learn and its existing
framework for model evaluation and selection. The seglearn package provides means for
handling sequence data, segmenting it, computing feature representations, calculating traintest splits and cross-validation folds along the temporal axis.1 An iterable, indexable data
structure is implemented to represent sequence data with supporting contextual data.
The seglearn functionality is provided within a scikit-learn pipeline allowing the user
to leverage scikit-learn transformer and estimator classes, which are particularly helpful
in the feature representation approach to segment learning. Direct segment learning with
neural networks is implemented in pipeline using the keras package, and its scikit-learn
API. Examples of both approaches are provided in the documentation and example gallery.
The integrated learning pipeline, from raw data to final estimator, can be optimized within
the scikit-learn model selection framework. This is important because segmentation
parameters (eg window size, segment overlap) can have a significant impact on sequence
learning performance (Burns et al., 2018; Bulling et al., 2014).
Sliding window segmentation transforms sequence data into a piecewise representation
(segments), such that predictions are made and scored for all segments in the data set.
Sliding window segmentation can be performed for data sets with a single target value
per sequence, in which case that target value is mapped to all segments generated from the
parent sequence. If the target for each is sequence is also a sequence, the target is segmented

JMLR 19(83):1-7, 2018

1. Note splitting time series data along the temporal axis violates the assumption of independence between
train and test samples. However, this is useful in some cases, such as the analysis of a single series.

3
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as well and various methods may be used to select a single target value from the target
segment (e.g. mean value, middle value, last value, etc.) or the target segment sequence
can be predicted directly if an estimator implementing sequence to sequence prediction is
utilized.

A human activity recognition data set (Burns et al., 2018) consisting of inertial sensor
data recorded by a smartwatch worn during shoulder rehabilitation exercises is provided
with the source code to demonstrate the features and usage of the seglearn package.

5. Basic Example

0.7805084745762711

This example demonstrates the use of seglearn for performing sequence classification with
our smartwatch human activity recognition data set.
>>> import seglearn as sgl
>>> from sklearn.model selection import train test split
>>> from sklearn.ensemble import RandomForestClassifier
>>> from sklearn.preprocessing import StandardScaler
>>>
>>> data = sgl.load watch()
>>> X train, X test, y train, y test = train test split(data["X"], data["y"])
>>>
>>> clf = sgl.Pype([("seg", sgl.SegmentX(width=100, overlap=0.5)),
...
("features", sgl.FeatureRep()),
...
("scaler", StandardScaler()),
...
("rf", RandomForestClassifier())])
>>>
>>> clf.fit(X train, y train)
>>> score = clf.score(X test, y test)
>>> print("accuracy score:", score)
accuracy score:

6. Comparison to other Software

JMLR 19(83):1-7, 2018

Three other Python packages for performing machine learning on time series and sequences
were identified: tslearn (Tavenard, 2017), cesium-ml (Naul et al., 2016), and tsfresh
(Christ et al., 2018). These were compared to seglearn based on time series learning
capabilities (Table 1), and performance (Table 2).
cesium-ml (v0.9.6) and tsfresh (v0.11.1) support feature representation learning of
multi-variate time series, and currently implement more features than does seglearn. However, the feature representation transformers are implemented as a pre-processing step,
independent to the otherwise sklearn compatible pipeline. This design choice precludes
end-to-end model selection. There are no examples or apparent support for problems where
the target is a sequence/time series or integration with deep learning models.

4
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tslearn (v0.1.18.4) implements time-series specific classical algorithms for clustering,
classification, and barycenter computation for time series with varying lengths. There is no
support for feature representation learning, learning context data, or deep learning.
The performance comparison was conducted using our human activity recognition data
set with 140 multivariate time series with 6 channels sampled uniformly at 50 Hz and 7
activity classes. The series’ were all truncated to 4 seconds (200 samples). Classification accuracy was measured on 35 series’ held out for testing, and 105 used for training. seglearn,
cesium-ml, and tsfresh were tested using the sklearn implementation of the SVM classifier with a radial basis function (RBF) kernel on 5 features (median, minimum, maximum,
standard deviation, and skewness) calculated on each channel (total 30 features). tslearn
was evaluated with its own SVM classifier implementing a global alignment kernel (Cuturi
et al., 2007). The testing was performed using an Intel Core i7-4770 testbed with 16 GB of
installed memory, on Linux Mint 18.3 with Python 2.7.12.
Classification accuracy was identical between cesium-ml, tsfresh, and seglearn (as
they used the same features and classifier in the evaluation) though seglearn significantly
outperformed the other packages in terms of computation time. Classification performance
of the global alignment kernel SVM (GAK-SVM) implemented in tslearn was poor on our
data set, even following hyper-parameter optimization of gamma by grid search over the
log space [10−4 , 104 ]. GAK-SVM is not typically applied to raw inertial data for human
activity recognition in the literature, and better performance has been achieved with this
algorithm in other time series applications (Cuturi and Doucet, 2011; Lorincz et al., 2013).

Table 1: Comparison of time series learning package features for tslearn v0.1.18.4,
cesium-ml v0.9.6, tsfresh v0.11.1 and seglearn v1.0.2.

Active development (2018)
Documentation
Unit Tests
Multivariate time series
Context data
Time series target
Sliding window segmentation
Temporal folds
sklearn compatible model selection
Feature representation learning
Number of implemented features
Deep learning
Classification
Clustering
Regression
Forecasting

cesium-ml

tslearn

Seglearn: Learning Sequences and Time Series

0.057
0.79

0.714
62.9

cesium-ml
0.714
0.40

ts-fresh
0.714
0.088

seglearn
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Predictive modeling has a large number of applications in almost every area of human
activity, starting from medicine, marketing, logistic, banking and many others. Due to the
increasing amount of collected data, models become more sophisticated and complex.
It is believed that there is a trade-off between the interpretability and accuracy of
a model (see Johansson et al., 2011). It comes from the observation that the most elastic
models usually have higher accuracy but in turn they are also more complex. Complexity
here means a large number of model parameters that affect the final prediction. That
number is big enough to make the model ununderstandable for an ordinary human being.
In many areas we cannot sacrifice interpretability, either because of legal requirements
(see right to explanation in GDPR), or because it leads to unfair decisions (see O’Neil, 2016)
or because it is important for users (see Lundberg and Lee, 2017). Interpretability brings
multiple benefits such as: a) helps to extract interpretable patterns from trained models;
b) helps to identify reasons behind poor predictions; c) increases trust in model predictions

1. Introduction

Predictive modeling is invaded by elastic, yet complex methods such as neural networks
or ensembles (model stacking, boosting or bagging). Such methods are usually described
by a large number of parameters or hyper parameters - a price that one needs to pay for
elasticity. The very number of parameters makes models hard to understand.
This paper describes a consistent collection of explainers for predictive models, a.k.a.
black boxes. Each explainer is a technique for exploration of a black box model. Presented
approaches are model-agnostic, what means that they extract useful information from
any predictive method irrespective of its internal structure. Each explainer is linked with
a specific aspect of a model. Some are useful in decomposing predictions, some serve better
in understanding performance, while others are useful in understanding importance and
conditional responses of a particular variable.
Every explainer presented here works for a single model or for a collection of models. In
the latter case, models can be compared against each other. Such comparison helps to find
strengths and weaknesses of different models and gives additional tools for model validation.
Presented explainers are implemented in the DALEX package for R. They are based on
a uniform standardized grammar of model exploration which may be easily extended.
Keywords: interpretable machine learning, explainable artificial intelligence, predictive
modelling, model visualization
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User documentation is available at https://pbiecek.github.io/DALEX_docs.
Development version is available at https://github.com/pbiecek/DALEX.
Technical documentation is available at https://pbiecek.github.io/DALEX.
Access this explainer with archivist::aread(’pbiecek/DALEX arepo/72b47’).

The most known approaches to explanations of a single prediction are LIME method
(Ribeiro et al., 2016), for local variable importance, and Shapley values (Lundberg and
Lee, 2017), for local variable attribution. Break Down Plots are fast approximations of
Shapley values. Comparison of these methods is presented in Staniak and Biecek (2018).
An example for these explainers4 is presented in Figure 1 panels C and D.
Note, that for non additive models, the local model behaviour may be very different
from global model behaviour. Consider f (x1 , x2 ) = x1 ∗ x2 around point (0, 0).

2.1. Prediction Understanding: Explainers for Variable Attribution

Figure 1 presents the general architecture of the DALEX package. This methodology is
model-agnostic and works for predictive models, such as classification or regression models.
Methods for understanding of global structure of a model (a.k.a. model explainers) and
for understanding of a local structure of a model (a.k.a. prediction explainers) are implemented in separate functions. We call these functions explainers since they are designed
to explain a single feature of a model. Every explainer returns numerical summaries in
a tabular format. These tables may be visualized with generic plot function. The plot
function works also for multiple models and overlays model explainers in a single chart. See
examples in Figure 1 panels F, I and J.

2. Architecture

(see Ribeiro et al., 2016); d) reduces the hidden debt in machine learning models (see Sculley
et al., 2015); e) helps to detect bias in machine learning models; f) creates additional safety
catch that may protect from overfitted models.
In this paper we present a consistent general framework for exploration of black-box
models. This framework covers the most known approaches to interpretability and structure exploration, such as Partial Dependence Plots (Greenwell, 2017), Accumulated Local
Effects Plots (Apley, 2017), Merging Path Plots (Sitko and Biecek, 2017), Break Down Plots
(Staniak and Biecek, 2018), Permutational Variable Importance Plots (Fisher et al., 2018)
or Cateris Paribus Plots. An unique feature of DALEX explainers is that they can be natively
used to compare two or more models. Model comparison helps to understand differences in
model responses, gives new insights that may be used to construct new, better features.
Presented framework is available as an open source package DALEX for R. The R language (R Core Team, 2017) is one of the most popular languages for statistical and machine
learning modeling. DALEX works with any predictive model. The extended user documentation1 contains examples for the most popular frameworks, such as caret (Kuhn, 2008), mlr
(Bischl et al., 2016), Random Forest and Gradient Boosting Machines. The DALEX package
is available on at CRAN and GitHub2 along with technical documentation3 .
Example explainers presented in this paper were recorded with the archivist package
(Biecek and Kosinski, 2017). To save space, we present only graphical explainers. Numerical
explainers can be downloaded with R commands listed in footnotes.
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5. Access this explainer with archivist::aread(’pbiecek/DALEX arepo/c8989’).

Ceteris Paribus Profiles show how the model response changes as a function of a single
variable. These plots recollect similarities to more known Partial Dependency Plots. The
difference between them is that Ceteris Paribus Profiles are focused on a single observation.
An example for this explainer5 , is presented in Figure 1 panel E. One can read how
model response will change for an altered value of a single variable.

2.2. Prediction Understanding: Explainers for What-If Scenarios

Figure 1: Architecture of the DALEX package is based on simple unified grammar. A) Any
predictive model M : Rp → R may be used. B) Models are first enriched with
additional metadata with the function explain(). Each explainer returns numerical summaries that can be plotted with generic plot() function. C, D, E)
Explainers for a single prediction. F) Comparison of four models. G, H) Explainers for a single model, I) Comparison of residuals for two models. J, K)
Explainers for a single variable, respectively continuous and categorical.

Prediction: Price

Biecek

2.3. Model Understanding: Explainers for Model Performance

Model performance is often summarized with a single number such as F1 or accuracy. This
makes it easier to construct a ranking of models and choose the best one. However, more
descriptive statistics are better when it comes to understanding of a model. The descriptive
statistics most often used for classification is ROC (Receiver Operating Characteristic) with
various extensions for regression as in Hernndez-Orallo (2013).
The DALEX package offers a selection of tools for exploration of model performance, see
Figure 1 panels F and I6 , and model diagnostic, see Figure 1 panel H. The latter is available
through the auditor package (Gosiewska and Biecek, 2018), closely integrated with DALEX.

2.4. Model Understanding: Explainers for Effect of a Single Variable

The DALEX package offers a selection of tools for better understanding of a conditional
model’s response based on a single variable. For continues variables it supports Partial Dependence Plot (Greenwell, 2017) as implemented in the pdp package and Accumulated Local
Effects Plot (Apley, 2017) as implemented in ALEPlot package, see Figure 1 panel J7 . For
categorical variables it supports Merging Path Plot (Sitko and Biecek, 2017) as implemented
in the factorMerger package. See Figure 1 panel K.

2.5. Model Understanding: Explainers for Variable Importance

The DALEX package offers a model-agnostic procedure to calculate variable importance.
The model-agnostic approach is based on permutational approach introduced initially for
Random Forest (Breiman, 2001) and then extended for other models by Fisher et al. (2018).
An example for these explainers8 is presented in Figure 1 panel G. It’s common in
variable importance charts to hitch bars in 0. Charts in the DALEX package present not only
drop in model performance but also the initial model performance. In that way one can
compare variables between models with different initial performance.

3. Summary

In this article we have introduced consistent methodology and tools for model-agnostic explanations. Global explainers (for model understanding) and local explainers (for prediction
understanding) are based on uniform grammar. Every explainer creates a numerical summary, visual summary and allows for comparison of multiple models. The DALEX package is
tested with CI tools and is easy to extend9 . Here we presented DALEX 0.2.5 with R 3.5.1.
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Access this explainer with archivist::aread(’pbiecek/DALEX arepo/b4eb1’).
Access this explainer with archivist::aread(’pbiecek/DALEX arepo/3b150’).
Access this explainer with archivist::aread(’pbiecek/DALEX arepo/9378c’).
Extended version of this paper is available at https://arxiv.org/pdf/1806.08915v1.pdf.
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