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19(19):1–32 Distributed Proximal Gradient Algorithm for Partially Asyn-
chronous Computer Clusters
Yi Zhou, Yingbin Liang, Yaoliang Yu, Wei Dai, Eric P. Xing

19(20):1–32 Refining the Confidence Level for Optimistic Bandit Strategies
Tor Lattimore

19(21):1–5 ThunderSVM: A Fast SVM Library on GPUs and CPUs
Zeyi Wen, Jiashuai Shi, Qinbin Li, Bingsheng He, Jian Chen

19(22):1–51 Robust Synthetic Control
Muhammad Amjad, Devavrat Shah, Dennis Shen

19(23):1–39 Reverse Iterative Volume Sampling for Linear Regression
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m

b
er

o
f

h
id

d
en

layers
a
n
d

arch
itectu

re
size,

train
in

g
d
eep

n
eu

ra
l

n
etw

o
rk

s
also

faces
m

an
y

ch
allen

ges
(van

H
asselt

et
al.,

2016;
G

u
lceh

re
et

al.,
2017).

O
n

th
e

o
th

er
h
an

d
,

th
e

rob
u
stn

ess
of

th
e

train
in

g
eff

ect
can

n
ot

b
e

gu
ara

n
teed

,
ev

en
w

ith
a

p
re-tra

in
in

g
p
ro

cess
(E

rh
an

et
al.,

2009).
R

esearch
ers

are
very

in
terested

in
w

h
a
t

cau
ses

th
e

d
iffi

cu
lties

in
train

in
g

th
e

d
eep

n
eu

ral
n
etw

o
rk

s
an

d
variou

s
an

aly
tical

to
ols

are
u
sed

to
stu

d
y

th
is

p
rob

lem
.

G
o
o
d
fellow

et
al.

(2014
)

p
rov

id
ed

som
e

em
p
irical

ev
id

en
ce

th
at

th
e

lea
rn

in
g

p
ro

cesses
d
id

n
ot

seem
to

en
cou

n
ter

sign
ifi

can
t

o
b
stacles

on
a

stra
igh

t
p
ath

fro
m

in
itia

liza
tion

to
solu

tion
(ob

tain
ed

v
ia

grad
ien

t
d
escen

t
m

eth
o
d
).

H
ow

ever,
th

ey
also

p
u
zzled

w
h
y

th
e

train
in

g
of

large
m

o
d
els

rem
ain

ed
slow

d
esp

ite
th

e
scarcity

of
ob

stacles.
D

a
u
p
h
in

et
a
l.

(2014)
cam

e
to

th
e

con
clu

sion
th

at
th

e
tra

in
in

g
d
iffi

cu
lties

w
ere

origin
ated

fro
m

th
e

p
ro

liferation
of

sad
d
le

p
oin

ts
an

d
lo

cal
m

in
im

a
w

ith
h
igh

error
are

ex
p

on
en

tially
ra

re
in

h
igh

d
im

en
sion

s.
T

h
e

sad
d
le

p
o
in

ts
cau

sed
th

e
lon

g
p
lateau

s
in

th
e

train
in

g
p
ro

cess.
C

h
o
ro

m
a
n
ska

et
al.

(2015)
ob

tain
ed

th
e

resu
lts

th
at

th
e

grad
ien

t
d
escen

t
con

verge
to

th
e

b
a
n
d

of
low

critical
p

oin
ts,

an
d

th
at

all
critical

p
oin

ts
fou

n
d

th
ere

are
lo

cal
m

in
im

a
of

h
igh

q
u
a
lity.

L
ip

to
n

(2016)
th

ou
gh

t
th

at
large

fl
at

b
asin

s
in

th
e

p
aram

eter
sp

ace
w

ere
th

e
b
arrier

to
tra

in
in

g
th

e
n
etw

ork
s.

F
ro

m
th

e
p

oin
t

of
v
iew

of
sin

gu
larities

in
th

e
p
aram

eter
sp

ace,
th

e
ab

ove
resu

lts
h
ave

a
certa

in
ra

tio
n
ality.

F
rom

th
e

th
eoretical

resu
lts

in
p
rev

io
u
s

literatu
re

an
d

sim
u
lation

resu
lts

in
th

is
p
ap

er,
w

e
can

fi
n
d

th
at

th
e

p
oin

ts
in

th
e

elim
in

ation
sin

gu
larity

are
sad

d
les,

th
e

p
o
in

ts
in

th
e

overlap
sin

gu
larity

are
lo

cal
m

in
im

a
(in

th
e

b
atch

m
o
d
e

learn
in

g)
an

d
th

e
g
en

era
liza

tion
error

su
rface

n
ear

th
e

ov
erlap

sin
gu

larity
is

very
fl
at.

It
w

ou
ld

b
e

m
u
ch

clea
rer

if
th

e
a
n
aly

tical
form

of
F

ish
er

in
form

ation
m

atrix
of

su
ch

d
eep

n
eu

ral
n
etw

ork
s

is
o
b
ta

in
ed

.

B
esid

es,
S
a
x
e

et
al.

(2014)
in

vestigated
th

e
d
eep

lin
ear

n
eu

ral
n
etw

ork
s

an
d

fou
n
d

th
at

th
e

erro
r

d
id

n
ot

ch
an

ge
u
n
d
er

a
scalin

g
tran

sform
ation

.
T

h
is

w
ou

ld
cau

se
th

e
train

in
g

d
iffi

cu
lty

w
h
ich

w
as

called
scalin

g
sy

m
m

etries
in

(D
au

p
h
in

et
al.,

2014).
T

h
e

scalin
g

sy
m

-
m

etries
a
re

very
sim

ilar
to

elim
in

ation
sin

gu
larities

w
h
ich

w
ill

b
e

d
iscu

ssed
in

S
ection

3.
T

h
ese

resu
lts

can
b

e
ap

p
lied

to
a

m
ore

gen
eral

case.
F

or
in

stan
ce,

d
eep

b
elief

n
ets

are
b
a
sed

o
n

th
e

restricted
B

oltzm
an

n
m

ach
in

e.
H

ow
ever,

th
e

restricted
B

oltzm
an

n
m

ach
in

e
is

sin
g
u
la

r,
w

h
ich

im
p
lies

th
e

learn
in

g
d
y
n
am

ics
of

d
eep

b
elief

n
ets

m
ay

b
e

seriou
sly

aff
ected

b
y

th
e

sin
g
u
la

rities.
T

h
e

learn
in

g
p
ro

cesses
of

d
eep

con
volu

tion
al

n
eu

ral
n
etw

ork
s

a
n
d

d
eep

m
u
ltilay

er
p

ercep
tron

s
also

face
th

is
p
rob

lem
.

T
h
e

an
aly

tical
resu

lts
of

learn
in

g
d
y
n
am

ics
n
ea

r
sin

g
u
la

rities
in

sh
allow

n
eu

ral
n
etw

ork
s

can
b

e
gen

era
lized

to
th

e
d
eep

n
eu

ral
n
etw

ork
s

a
n
d

im
p
rov

e
th

e
learn

in
g

effi
cien

cy.
D

u
e

to
ov

erfi
ttin

g
issu

es
in

d
eep

learn
in

g
a
n
d

th
e

sin
-

g
u
la

r
stru

ctu
re

of
th

e
learn

in
g

m
ach

in
e,

it
is

w
orth

y
to

an
aly

ze
th

e
in

fl
u
en

ce
of

sin
gu

larities
in

th
e

d
eep

n
eu

ral
n
etw

ork
s

in
th

e
fu

tu
re.
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G
U
O
,
W

E
I,

O
N
G
,
H
E
R
V
A
S
,
Z
H
A
O
,
W
A
N
G

a
n
d

Z
H
A
N
G

C
u
rren

tly,
th

e
eff

ects
of

sin
gu

larities
to

th
e

learn
in

g
d
y
n
am

ics
of

n
eu

ral
n
etw

ork
s

are
still

u
n
k
n
ow

n
an

d
,
th

erefore,
it

is
im

p
ortan

t
to

ex
am

in
e

th
e

learn
in

g
d
y
n
am

ics
n
ear

sin
gu

larities.
A

s
th

ere
are

on
ly

tw
o

ty
p

es
of

sin
gu

larities
(i.e.

ov
erlap

an
d

elim
in

ation
sin

gu
larities)

in
th

e
p
aram

eter
sp

ace
of

R
B

F
n
etw

ork
s

an
d

W
ei

an
d

A
m

ari
(2008)

h
as

ob
tain

ed
th

e
an

aly
tical

form
of

averaged
learn

in
g

eq
u
ation

s,
w

e
ch

o
ose

th
e

R
B

F
n
etw

ork
s

as
th

e
research

ob
jective

in
th

is
p
ap

er.
B

ased
on

th
e

th
eoretical

an
aly

sis
resu

lts,
w

e
n
u
m

erically
an

aly
ze

th
e

learn
in

g
d
y
n
am

ics
n
ear

sin
gu

larities
th

rou
gh

a
large

n
u
m

b
er

of
sim

u
lation

ex
p

erim
en

ts.
F

rom
th

e
resu

lts
in

(W
ei

an
d

A
m

ari,
2008;

P
ark

an
d

O
zek

i,
2009;

G
u
o

et
al.,

2015),
it

can
b

e
seen

th
at

th
e

learn
in

g
d
y
n
am

ics
n
ear

sin
gu

larities
are

sim
ilar

in
R

B
F

n
etw

ork
s,

m
u
ltilayer

p
ercep

tro
n
s

an
d

G
au

ssian
m

ix
tu

res.
T

h
u
s,

th
ou

gh
th

e
an

aly
sis

is
taken

b
ased

on
R

B
F

n
etw

ork
s

in
th

is
p
ap

er,
th

e
statistical

resu
lts

can
also

refl
ect

oth
er

feed
forw

ard
n
eu

ral
n
etw

ork
s.

F
or

ty
p
ical

R
B

F
n
etw

ork
s

w
ith

k
h
id

d
en

u
n
its:

f
(x
,θ

)
=

k
∑i=

1

w
i φ

(x
,J

i ),
(1)

w
h
ere

x
∈
R
n

d
en

otes
th

e
in

p
u
t

v
ector,

J
i ∈
R
n

is
th

e
cen

ter
vector

for
n
eu

ron
i,

an
d
w
i

is
th

e
w

eigh
t

of
n
eu

ron
i

in
th

e
lin

ear
ou

tp
u
t

n
eu

ron
.
φ

(·)
d
en

otes
th

e
G

au
ssian

fu
n
ction

an
d

φ
(x
,J

i )
=

ex
p
(−
‖x
−
J
i ‖

2

2σ
2

),
θ

=
{
J

1 ,···
,J

k ,w
1 ,···

,w
k }

rep
resen

ts
all

th
e

p
aram

eters

of
th

e
m

o
d
el.

N
ex

t
w

e
in

tro
d
u
ce

tw
o

ty
p

es
of

sin
gu

larities.
If

tw
o

h
id

d
en

u
n
its

i
an

d
j

overlap
,

i.e.
J
i

=
J
j ,

th
en

w
i φ

(x
,J

i )
+
w
j φ

(x
,J

j )
=

(w
i
+
w
j )φ

(x
,J

i )
rem

ain
s

th
e

sam
e

valu
e

w
h
en

w
i
+
w
j

takes
a

fi
x
ed

valu
e,

regard
less

of
p
articu

lar
valu

es
of
w
i

an
d
w
j .

T
h
erefore,

w
e

can
id

en
tify

th
eir

su
m
w

=
w
i

+
w
j ,

n
everth

eless,
each

of
w
i

an
d
w
j

rem
ain

s
u
n
id

en
tifi

ab
le.

W
h
en

on
e

ou
tp

u
t

w
eigh

t
w
i

=
0,
w
i φ

(x
,J

i )
=

0,
w

h
atever

valu
e
J
i

takes.
T

h
ese

are
th

e
on

ly
tw

o
ty

p
es

of
sin

gu
larities

ex
isted

in
th

e
p
aram

eter
sp

ace
of

R
B

F
n
etw

ork
s

(F
u
k
u
m

izu
,

1996;
W

ei
an

d
A

m
ari,

2008):
(1)

O
verlap

sin
gu

larity
:

R
1

=
{θ|J

i
=
J
j }
,

(2)
E

lim
in

ation
sin

gu
larity

:

R
2

=
{
θ|w

i
=

0}.

In
th

is
p
ap

er,
w

e
fi
rst

d
erive

th
e

ex
p
licit

ex
p
ression

of
th

e
F

ish
er

in
form

ation
m

atrix
for

R
B

F
n
etw

ork
s.

S
econ

d
ly,

w
e

u
se

th
e

average
learn

in
g

eq
u
ation

s
(A

L
E

s)
to

in
vestigate

th
e

b
atch

m
o
d
e

learn
in

g
d
y
n
am

ics
of

R
B

F
n
etw

ork
s.

A
large

n
u
m

b
er

of
n
u
m

erical
sim

u
lation

s
are

con
d
u
cted

.
B

y
ju

d
gin

g
w

h
eth

er
th

e
F

ish
er

in
form

ation
m

atrix
d
egen

erates
an

d
tracin

g
im

p
ortan

t
variab

les
of

n
u
m

erical
sim

u
la

tion
s,

w
e

evalu
ate

th
e

learn
in

g
p
ro

cesses
w

h
ich

are
seriou

sly
aff

ected
b
y

th
e

tw
o

ty
p

es
of

sin
gu

larities.
W

e
also

ex
am

in
e

th
e

eff
ects

of
th

e
ex

isten
ce

of
sin

gu
larities

to
R

B
F

n
etw

ork
s.

T
h
e

rest
of

th
e

p
ap

er
is

organ
ized

a
s

follow
s.

S
ection

2
sh

ow
s

th
e

an
aly

tical
ex

p
ression

of
F

ish
er

in
form

ation
m

atrix
of

R
B

F
n
etw

ork
s.

S
ection

3
con

tain
s

th
e

n
u
m

erical
an

a
ly

sis
n
ear

sin
gu

larities
for

variou
s

sp
ecifi

c
cases.

F
in

ally,
S
ection

4
p
resen

ts
ou

r
con

clu
sion

s.
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N
u
m
e
r
ic
a
l
A
n
a
ly

si
s
n
e
a
r
S
in
g
u
l
a
r
it
ie
s
in

R
B
F

N
e
t
w
o
r
k
s

2
.
A
n
a
ly
ti
ca

l
E
x
p
re
ss
io
n
o
f
F
is
h
e
r
In

fo
rm

a
ti
o
n
M

a
tr
ix

in
R
B
F

N
e
tw

o
rk

s

A
s

th
e

si
n
gu

la
ri

ti
es

ar
e

th
e

re
gi

on
s

w
h
er

e
th

e
F

is
h
er

in
fo

rm
at

io
n

m
at

ri
x

o
f

sy
st

em
p
ar

am
-

et
er

s
d
eg

en
er

at
es

,
th

e
F

is
h
er

in
fo

rm
at

io
n

m
at

ri
x

ca
n

b
e

se
en

as
an

im
p

or
ta

n
t

in
d
ic

at
or

to
ju

d
ge

w
h
et

h
er

th
e

le
ar

n
in

g
p
ro

ce
ss

h
as

ar
ri

ve
d

to
th

e
si

n
gu

la
ri

ti
es

.
W

e
sh

ow
th

e
ex

p
li
ci

t
ex

p
re

ss
io

n
of

th
e

F
is

h
er

in
fo

rm
at

io
n

m
at

ri
x

in
th

is
se

ct
io

n
.

In
th

e
ca

se
of

re
gr

es
si

on
,

w
e

h
av

e
a

n
u
m

b
er

of
ob

se
rv

ed
d
a
ta

(x
1
,y

1
),
..
.,

(x
t,
y t

),
w

h
ic

h
ar

e
ge

n
er

at
ed

b
y

an
u
n
k
n
ow

n
te

ac
h
er

fu
n
ct

io
n
:

y
=
f 0

(x
)

+
ε,

(2
)

w
h
er

e
ε

is
an

ad
d
it

iv
e

n
oi

se
,

u
su

al
ly

su
b

je
ct

to
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
w

it
h

ze
ro

m
ea

n
.

W
e

al
so

as
su

m
e

th
at

th
e

tr
ai

n
in

g
in

p
u
t

is
su

b
je

ct
to

a
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
w

it
h

ze
ro

m
ea

n
an

d
a

co
va

ri
an

ce
m

at
ri

x
Σ

:

q(
x

)
=

(√
2π

)−
n
|Σ
|−

1 2
ex

p

( −
1 2
x
T
Σ
−

1
x

)
.

(3
)

A
s

th
e

co
va

ri
an

ce
m

at
ri

x
p
la

y
s

a
co

n
st

an
t

te
rm

ro
le

in
th

e
n
u
m

er
ic

al
an

al
y
si

s
p
ro

ce
ss

an
d

d
o
es

n
ot

es
se

n
ti

al
ly

in
fl
u
en

ce
th

e
an

al
y
ti

ca
l
re

su
lt

s,
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y,
w

e
ch

o
os

e
th

e
co

va
ri

an
ce

to
b

e
th

e
id

en
ti

ty
m

at
ri

x
,

n
am

el
y

Σ
=

I.
q(
x

)
ca

n
b

e
ge

n
er

al
iz

ed
as

an
u
n
if

or
m

d
is

tr
ib

u
ti

on
(W

ei
an

d
A

m
ar

i,
20

08
).

F
or

th
e

R
B

F
n
et

w
or

k
s

(1
),

th
e

F
is

h
er

in
fo

rm
at

io
n

m
at

ri
x

is
d
efi

n
ed

as
fo

ll
ow

s
(A

m
ar

i
an

d
N

ag
ao

ka
,

20
00

):

F
(θ

)
=

〈
∂
f

(x
,θ

)

∂
θ

∂
f

(x
,θ

)

∂
θ
T

〉
,

(4
)

w
h
er

e
〈·〉

d
en

ot
es

th
e

ex
p

ec
ta

ti
on

w
it

h
re

sp
ec

t
to

th
e

te
ac

h
er

d
is

tr
ib

u
ti

on
.

T
h
e

te
a
ch

er
d
is

tr
ib

u
ti

on
is

gi
v
en

b
y
: p
0
(y
,x

)
=
q(
x

)
1

√
2π
σ

0

ex
p

( −
(y
−
f 0

(x
))

2

2
σ

2 0

)
.

(5
)

T
h
en

b
y

u
si

n
g

th
e

re
su

lt
s

ob
ta

in
ed

in
(W

ei
an

d
A

m
ar

i,
20

08
)

an
d

ta
k
in

g
fu

rt
h
er

ca
lc

u
-

la
ti

on
s,

w
e

ca
n

ob
ta

in
th

e
fo

ll
ow

in
g

th
eo

re
m

:
T

h
e
o
re

m
1

T
h
e

ex
p
li

ci
t

ex
p
re

ss
io

n
o
f

F
is

h
er

in
fo

rm
a
ti

o
n

m
a
tr

ix
fo

r
R

B
F

n
et

w
o
rk

s
is

:

F
(θ

)
=

〈
∂
f

(x
,θ

)

∂
θ

∂
f

(x
,θ

)

∂
θ
T

〉

=

         

F
1
1

··
·

F
1
k

F
1
(k

+
1
)

··
·

F
1
(2
k
)

. . .
. . .

. . .
. . .

F
k
1

··
·

F
k
k

F
k
(k

+
1
)

··
·

F
k
(2
k
)

F
(k

+
1
)1
··
·

F
(k

+
1
)k

F
(k

+
1
)(
k
+

1
)
··
·

F
(k

+
1
)(

2
k
)

. . .
. . .

. . .
. . .

F
(2
k
)1
··
·

F
(2
k
)k

F
(2
k
)(
k
+

1
)
··
·

F
(2
k
)(

2
k
)

         

,
(6

)

w
h
er

e:

C
(J

i,
J
j
)

=

(
σ

2

σ
2

+
2

)
N 2

ex
p

( −
σ

2
(‖
J
i‖

2
+
‖J

j
‖2

)
+
‖J

i
−
J
j
‖2

2
σ

2
(σ

2
+

2)

)
,

(7
)

5
JM

L
R

 1
9(

1)
:1

-3
9,

 2
01

8

G
U
O
,
W

E
I,

O
N
G
,
H
E
R
V
A
S
,
Z
H
A
O
,
W
A
N
G

a
n
d

Z
H
A
N
G

B
(J

i,
J
j
)

=
−
σ

2
J
j
−

(J
i
−
J
j
)

σ
2
(σ

2
+

2)
,

(8
)

〈
∂
φ

(x
,J

i)

∂
J
i

∂
φ

(x
,J

j
)

∂
J
T j

〉
=

C
(J

i,
J
j
)

σ
2
(σ

2
+

2)

( I n
+

(J
j
−

(σ
2

+
1)
J
i)
B
T

(J
i,
J
j
))
,

(9
)

I n
is

th
e

co
m

pa
ta

bl
e

id
en

ti
ty

m
a
tr

ix
.

(1
0
)

F
o
r

1
≤
i
≤
k
,

1
≤
j
≤
k
,

F
ij

=

〈
∂
f

(x
,θ

)

∂
J
i

∂
f

(x
,θ

)

∂
J
T j

〉
=
w
iw

j

〈
∂
φ

(x
,J

i)

∂
J
i

∂
φ

(x
,J

j
)

∂
J
T j

〉

=
w
iw

j
C

(J
i,
J
j
)

σ
2
(σ

2
+

2)

( I
n

+
(J

j
−

(σ
2

+
1)
J
i)
B
T

(J
i,
J
j
))
.

(1
1
)

F
o
r

1
≤
i
≤
k
,
k

+
1
≤
j
≤

2k
,

F
ij

=

〈
∂
f

(x
,θ

)

∂
J
i

∂
f

(x
,θ

)

∂
w
j−
k

〉
=
w
i

〈
∂
φ

(x
,J

i)

∂
J
i

φ
(x
,J

j−
k
)〉

=
w
iC

(J
i,
J
j−
k
)B

(J
i,
J
j−
k
).

(1
2
)

F
o
r
k

+
1
≤
i
≤

2
k
,

1
≤
j
≤
k
,

F
ij

=

〈
∂
f

(x
,θ

)

∂
w
i−
k

∂
f

(x
,θ

)

∂
J
T j

〉
=
F
T ji
.

(1
3
)

F
o
r
k

+
1
≤
i
≤

2
k
,
k

+
1
≤
j
≤

2
k
,

F
ij

=

〈
∂
f

(x
,θ

)

∂
w
i−
k

∂
f

(x
,θ

)

∂
w
j−
k

〉
=
〈φ

(x
,J

i−
k
)φ

(x
,J

j−
k
)〉

=
C

(J
i−
k
,J

j−
k
).

(1
4
)

R
e
m

a
rk

1:
W

h
en

th
e

F
is

h
er

in
fo

rm
at

io
n

m
at

ri
x

is
n
ea

r
si

n
gu

la
r,

th
e

co
n
d
it

io
n

va
lu

e
of

th
e

m
at

ri
x

b
ec

om
es

v
er

y
la

rg
e,

n
am

el
y,

th
e

in
ve

rs
e

o
f

th
e

co
n
d
it

io
n

va
lu

e
is

n
ea

r
to

0.
T

h
u
s

th
e

in
ve

rs
e

of
th

e
co

n
d
it

io
n

va
lu

e
ca

n
b

e
u
se

d
to

m
ea

su
re

h
ow

cl
o
se

th
e

sy
st

em
p
ar

am
et

er
s

ar
e

to
th

e
si

n
gu

la
ri

ti
es

.
In

th
e

fo
ll
ow

in
g

n
u
m

er
ic

al
an

al
y
si

s,
w

e
re

co
rd

th
e

in
v
er

se
of

co
n
d
it

io
n

va
lu

e
of

th
e

F
is

h
er

in
fo

rm
a
ti

on
m

at
ri

x
to

sh
ow

th
e

in
fl
u
en

ce
of

si
n
g
u
la

ri
ti

es
o
n

th
e

le
ar

n
in

g
p
ro

ce
ss

m
or

e
cl

ea
rl

y.

R
e
m

a
rk

2:
B

y
ad

d
in

g
th

e
in

ve
rs

e
of

F
is

h
er

in
fo

rm
at

io
n

m
at

ri
x

as
an

co
effi

ci
en

t
to

th
e

w
ei

gh
ts

u
p

d
at

e
in

th
e

st
an

d
ar

d
gr

ad
ie

n
t

d
es

ce
n
t

al
go

ri
th

m
,
re

se
ar

ch
er

s
p
ro

p
o
se

d
th

e
n
a
tu

ra
l

gr
ad

ie
n
t

d
es

ce
n
t

m
et

h
o
d

to
ov

er
co

m
e

or
d
ec

re
as

e
th

e
se

ri
ou

s
in

fl
u
en

ce
of

th
e

si
n
g
u
la

ri
ti

es
.

T
h
u
s

th
e

F
is

h
er

in
fo

rm
at

io
n

m
at

ri
x

p
la

y
s

a
ke

y
ro

le
in

n
at

u
ra

l
gr

ad
ie

n
t

d
es

ce
n
t

m
et

h
o
d
.

T
h
is

m
ea

n
s

th
at

b
es

id
es

b
ei

n
g

th
e

fu
n
d
a
m

en
ta

l
in

th
e

fo
ll
ow

in
g

n
u
m

er
ic

al
an

a
ly

si
s,

o
b
ta

in
-

in
g

th
e

an
al

y
ti

ca
l

fo
rm

of
F

is
h
er

in
fo

rm
at

io
n

m
at

ri
x

ca
n

gr
ea

tl
y

h
el

p
u
s

in
d
es

ig
n
in

g
th

e
m

o
d
ifi

ed
n
at

u
ra

l
g
ra

d
ie

n
t

d
es

ce
n
t

al
go

ri
th

m
s

w
it

h
b

et
te

r
p

er
fo

rm
an

ce
in

th
e

fu
tu

re
.
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N
u
m
e
r
ic
a
l
A
n
a
ly

sis
n
e
a
r
S
in
g
u
l
a
r
it
ie
s
in

R
B
F

N
e
t
w
o
r
k
s

3
.
N
u
m
e
rica

l
A
n
a
ly
sis

n
e
a
r
S
in
g
u
la
ritie

s

A
fter

h
av

in
g

o
b
tain

ed
th

e
an

aly
tical

form
of

F
ish

er
in

form
ation

m
atrix

in
T

h
eorem

1,
w

e
n
u
m

erica
lly

a
n
aly

zed
th

e
learn

in
g

d
y
n
am

ics
of

R
B

F
n
etw

ork
s

b
y

tak
in

g
fou

r
ex

p
erim

en
ts

in
th

is
sectio

n
,

w
h
ere

th
e

sp
ecifi

c
learn

in
g

d
y
n
a
m

ics
in

fl
u
en

ced
b
y

d
iff

eren
t

ty
p

es
o
f

sin
-

g
u
la

rities
a
re

sh
ow

n
an

d
th

e
ex

p
erim

en
t

resu
lts

are
statistically

an
aly

zed
.

In
S
ection

3.1
a
n
d

S
ectio

n
3
.2

,
w

e
con

d
u
ct

artifi
cial

ex
p

erim
en

ts
for

low
an

d
m

ed
iu

m
d
im

en
sion

al
cases,

w
h
ere

th
e

in
p
u
t

d
istrib

u
tion

is
k
n
ow

n
.

F
or

th
ese

cases,
th

e
F

ish
er

in
form

ation
m

atrix
can

b
e

o
b
ta

in
ed

b
y

u
sin

g
T

h
eorem

1,
an

d
th

e
relation

b
etw

een
th

e
sta

ge
w

h
ere

th
e

sin
gu

lar
lea

rn
in

g
d
y
n
a
m

ics
o
ccu

r
an

d
th

e
stage

w
h
ere

th
e

F
ish

er
in

form
ation

m
atrix

d
egen

erates
ca

n
b

e
clea

rly
o
b
served

.
In

S
ection

3.3,
th

e
ex

p
erim

en
t

for
h
ig

h
d
im

en
sion

al
case

is
carried

o
u
t

b
y

a
rea

l
d
ata

set
to

in
vestigate

th
e

eff
ects

of
th

e
sin

gu
larities.

3
.1

T
w

o
-h

id
d

e
n

-u
n

it
R

B
F

N
e
tw

o
rk

s

T
h
e

resu
lts

ob
tain

ed
in

(W
ei

an
d

A
m

ari,
20

08)
in

d
icate

th
at

th
e

b
atch

m
o
d
e

learn
in

g
d
y
-

n
a
m

ics
a
re

very
sim

ilar
to

th
e

avera
ged

lea
rn

in
g

d
y
n
am

ics
a
n
d

w
e

can
u
se

th
e

averaged
lea

rn
in

g
eq

u
a
tion

s
(A

L
E

s)
to

in
vestigate

th
e

d
y
n
am

ics
in

b
atch

m
o
d
e

learn
in

g.
M

oreover,
th

e
A

L
E

s
d
o

n
o
t

d
ep

en
d

on
an

y
sp

ecifi
c

sam
p
le

d
ata

set
w

h
ich

can
ov

ercom
e

th
e

d
istu

rb
a
n
ce

ca
u
sed

b
y

ra
n
d
om

n
ess

of
th

e
m

o
d
el

n
oise.

B
esid

es,
as

th
e

A
L

E
s

are
ord

in
ary

d
iff

eren
tial

eq
u
a
tio

n
s

(O
D

E
s),

an
d

for
th

e
giv

en
teach

er
p
aram

eters
an

d
in

itial
valu

es
of

stu
d
en

t
p
aram

-
eters,

th
e

lea
rn

in
g

p
ro

cesses
of

th
e

stu
d
en

t
p
aram

eters
can

b
e

ob
tain

ed
b
y

solv
in

g
O

D
E

s.
T

h
u
s,

in
th

is
section

,
w

e
u
se

th
e

A
L

E
s

to
p

erfo
rm

th
e

ex
p

erim
en

ts,
w

h
ere

th
e

an
aly

tical
fo

rm
o
f

A
L

E
s

in
R

B
F

n
etw

ork
s

h
as

b
een

ob
tain

ed
in

(W
ei

an
d

A
m

a
ri,

2008).

T
h
e

stu
d
en

t
R

B
F

n
etw

ork
is

d
efi

n
ed

in
E

q
.(1).

W
e

also
assu

m
e

th
at

th
e

teach
er

fu
n
ction

is
d
escrib

ed
b
y

a
R

B
F

n
etw

ork
w

ith
s

h
id

d
en

u
n
its:

f
0 (x

)
=
f

(x
,θ

0 )
+
ε

=
s
∑i=

1

v
i φ

(x
,t
i )

+
ε,

(15)

w
h
ere

ε
d
en

o
tes

zero
m

ean
G

au
ssian

ad
d
itive

n
oise

th
at

is
u
n
correlated

w
ith

train
in

g
in

p
u
t

x
.

W
h
en

th
e

tru
e

teach
er

fu
n
ction

f
0 (x

)
can

n
ot

b
e

rep
resen

ted
b
y

a
R

B
F

n
etw

ork
,
f

(x
,θ

0 )
is

a
ssu

m
ed

to
b

e
its

b
est

ap
p
rox

im
ation

b
y

th
e

R
B

F
n
etw

ork
.

T
h
e

an
aly

tical
form

of
A

L
E

s
is

as
follow

s
(W

ei
an

d
A

m
ari,

2008):

J̇
i

=
η
w
i 

s
∑j=

1

v
j C

(t
j ,J

i )B
(t
j ,J

i )−
k
∑j=

1

w
j C

(J
j ,J

i )B
(J

j ,J
i ) 

,
(16)

ẇ
i

=
η 

s
∑j=

1

v
j C

(t
j ,J

i )−
k
∑j=

1

w
j C

(J
j ,J

i ) 
,

(17)

w
h
ere

i
=

1,2,···
,k

.
C

(t,J
)

an
d
B

(t,J
)

h
ave

th
e

sam
e

m
ea

n
in

gs
w

ith
E

q
.(7)

an
d

E
q
.(8),

resp
ectively.

7
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L
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G
U
O
,
W

E
I,

O
N
G
,
H
E
R
V
A
S
,
Z
H
A
O
,
W
A
N
G

a
n
d

Z
H
A
N
G

T
h
e

gen
eralization

error
is:

L
(θ

)
=

〈
12

(f
(x
,θ

0 )−
f

(x
,θ

))
2 〉

=
12

∑i,j

v
i v
j C

(t
i ,t

j )−
∑i,j

v
i w

j C
(t
i ,J

j )
+

12

∑i,j

w
i w

j C
(J

i ,J
j ).

(18)

R
esu

lts
in

(W
ei

an
d

A
m

ari,
2008)

in
d
icate

th
at

in
vestigatin

g
th

e
m

o
d
el

w
ith

tw
o

h
id

d
en

u
n
its

is
en

ou
gh

to
cap

tu
re

th
e

essen
ce

of
th

e
learn

in
g

d
y
n
am

ics
n
ear

sin
gu

larities.
T

h
erefore,

w
e

fi
rst

p
erform

th
e

n
u
m

erical
an

aly
sis

of
th

e
R

B
F

n
etw

ork
s

w
ith

tw
o

h
id

d
en

u
n
its,

an
d

w
e

th
en

an
aly

ze
th

e
R

B
F

n
etw

ork
s

in
a

m
ore

gen
eral

ca
se

in
th

e
follow

in
g

section
s.

T
h
e

learn
in

g
d
y
n
am

ics
of

R
B

F
n
etw

ork
s

are
all

ob
tain

ed
b
y

solv
in

g
A

L
E

s
for

th
e

giv
en

teach
er

p
aram

eters
an

d
in

itial
stu

d
en

t
p
aram

eters.
In

th
is

su
b
section

w
e

an
aly

ze
th

e
case

w
h
ere

th
e

teach
er

an
d

stu
d
en

t
m

o
d
els

b
oth

h
av

e
tw

o
h
id

d
en

u
n
its.

T
h
e

stu
d
en

t
m

o
d
el

h
as

th
e

follow
in

g
form

:

f
(x
,θ

)
=
w

1 φ
(x
,J

1 )
+
w

2 φ
(x
,J

2 ).
(19)

T
h
e

teach
er

m
o
d
el

is
also

d
escrib

ed
b
y

a
R

B
F

n
etw

ork
w

ith
tw

o
h
id

d
en

u
n
its:

f
(x
,θ

0 )
=
v

1 φ
(x
,t

1 )
+
v

2 φ
(x
,t

2 )
+
ε.

(20)

W
e

ch
o
ose

th
e

sp
read

con
stan

t
σ

=
0.5.

In
ord

er
to

in
vestigate

th
e

in
fl
u
en

ce
of

th
e

sin
gu

larities
in

th
e

learn
in

g
p
ro

cess
of

R
B

F
n
etw

ork
s

m
ore

accu
rately,

w
e

m
ain

ly
fo

cu
s

on
in

p
u
t
x

w
ith

d
im

en
sion

1.
F

or
th

is
ty

p
e

of
R

B
F

n
etw

ork
s,

th
e

glob
al

m
in

im
u
m

is
th

e
p

oin
t

w
h
ere

th
e

gen
eralization

erro
r

is
0,

w
h
ich

m
akes

easier
to

an
aly

ze
th

e
sim

u
lation

resu
lts.

3
.1
.1

T
o
y
M
o
d
e
l
o
f
R
B
F

N
e
t
w
o
r
k
s

In
ord

er
to

v
isu

ally
rep

resen
t

th
e

learn
in

g
tra

jectories
of

p
aram

eters
in

th
e

loss
error

su
rface

an
d

given
th

at
a

3D
fi
gu

re
can

on
ly

sh
ow

th
ree

p
aram

eters,
w

e
in

itially
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n
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u
tp

u
t

w
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o
d
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B
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h
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d
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p
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e
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in

g
p
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J

2
an

d
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2
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le.

T
h
e
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n
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d
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p
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1
=
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d
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=
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G
U
O
,
W

E
I,

O
N
G
,
H
E
R
V
A
S
,
Z
H
A
O
,
W
A
N
G

a
n
d

Z
H
A
N
G

th
e

rad
ial

b
asis

fu
n
ction

h
as

little
eff

ect
on

a
region

th
at

far
from

th
e

cen
ter.

W
h
en

th
e

cen
ters

of
th

e
teach

er
an

d
th

e
stu

d
en

t
are

very
far

from
each

oth
er,

th
e

stu
d
en

t
can

n
ot

ex
actly

ap
p
rox

im
ate

th
e

teach
er

an
d

th
e

ou
tp

u
t

w
eigh

t
w

1
w

ill
b

ecom
e

zero
in

ord
er

to
avoid

a
b
igger

error.
In

th
is

ex
am

p
le,

th
e

in
itial

stu
d
en

t
cen

ter
J

1
is

far
aw

ay
from

th
e

teach
er

cen
ter

t1 ,
an

d
w

1
is

close
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0
after

tra
in

in
g.

In
th

is
ca

se,
th

e
stu

d
en

t
m

o
d
el

is
trap

p
ed

in
lo

cal
op

tim
u
m

after
th

e
train

in
g

p
ro

cess.

H
ith

erto,
fou

r
cases
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in

terestin
g

learn
in

g
p
ro

cesses
in

R
B

F
n
etw

ork
s

h
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b
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v
isu

ally
in

tro
d
u
ced

.
In

ad
d
ition

to
th

e
overlap

sin
gu

larity
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th
e

oth
er
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are
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e-

h
id

d
en

-u
n
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R
B

F
n
etw

ork
to

ap
p
rox

im
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e-h
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d
en

-u
n
it

R
B

F
n
etw

ork
.

E
ven

u
n
d
er
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e

h
id

d
en

u
n
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,
th

e
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g

d
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n
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R
B

F
n
etw

ork
s
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a
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b
y
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m
m
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1)
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e
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n
d
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e
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e
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e
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ce
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b
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larity.
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F
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r
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e
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n
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larity
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b
e
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th

e
p
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e
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art

of
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e
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m
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im

u
m

d
irection
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d
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er
p
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e
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u
m
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.
W

h
en

th
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g
p
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cess
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in
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b
y
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u
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e
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w
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e
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th
e
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m
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im
u
m
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,
th

en
th

e
p
aram

eters
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th
e
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m
in

im
u
m

.
D

u
rin

g
th

e
ran

d
om

w
alk
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a

p
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p
h
en

om
en
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b
e

ob
v
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sly
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th

e
p
aram

eters
can

n
ot

w
alk
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th

e
lo

cal
m

ax
im

u
m

d
irection

(m
ain

ly
b

ecau
se

th
e

stu
d
en

t
cen

ter
is

far
from

th
e

teach
er

cen
ter),

th
e

ou
tp

u
t

w
eigh

t
fi
n
ally

n
early

eq
u
als

0.

In
th

e
follow

in
g
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section

,
w

e
in
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te

th
e
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of

tw
o-h

id
d
en

-u
n
it

R
B

F
n
etw

ork
s

ap
p
rox

im
ated

b
y

n
orm
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o-h
id

d
en

-u
n
it

R
B

F
n
etw

ork
s.

3
.1
.2

R
B
F

N
e
t
w
o
r
k
s
w
it
h
T
w
o

H
id
d
e
n
U
n
it
s

In
th

is
su

b
section

,
w

e
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sid
er

th
ree

cases
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v

1
an

d
v

2 :
(1)

v
1

an
d
v

2
are

b
oth

p
ositive;

(2)
v

1
an

d
v

2
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b
oth

n
egative;

an
d

(3)
v

1
an

d
v

2
h
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o
p
p

osite
sign

,
resp

ectiv
ely.

F
or

each
case

of
v

1
an

d
v

2 ,
w

e
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sid
er

th
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cases
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w

1
an

d
w

2 :
(1

)
w

1
an

d
w

2
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b
oth

p
ositive;

(2)
w

1
an

d
w

2
are

b
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n
egativ

e
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d
(3)

w
1

an
d
w

2
h
ave

op
p

osite
sign

.
T

h
erefore,

th
ere
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9

cases
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th
e

teach
er

p
aram
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T
h
e

p
ro
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u
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for
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e
n
u
m
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S
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p

1:
T

h
e

teach
er

p
aram
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u
n
iform
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e
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[−
2
,

2].
T

h
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are
9
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F

or
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w

e
gen

erate
500

grou
p
s
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teach

er
p
aram

eters.
S

te
p
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A
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p

of
teach

er
p
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en
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e

A
L

E
s
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accom

p
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th
e
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g
p
ro
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e
im

p
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ch
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th
e
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eral-
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th

e
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d
en

t
p
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eters
J
i

an
d
w
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an
d
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S

te
p
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F
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g
p
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cess,
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e
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d
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t
p
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m
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h
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b
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,

th
e

F
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er
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form
ation
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can
b
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T
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e
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e
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d
itio

n
n
u
m

b
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th

e
F
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in
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m
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e
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itio
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ation
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e
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,

a
p
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screen

in
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b

e
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d
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w
h
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er
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e
in

verse
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e

con
d
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n
u
m

b
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N
u
m
e
r
ic
a
l
A
n
a
ly

si
s
n
e
a
r
S
in
g
u
l
a
r
it
ie
s
in

R
B
F

N
e
t
w
o
r
k
s

th
e

F
is

h
er

in
fo

rm
at

io
n

m
at

ri
x

of
th

e
le

ar
n
in

g
p
ro

ce
ss

es
h
as

b
ee

n
cl

os
e

to
0.

S
te

p
6:

A
ft

er
th

is
p
ri

m
ar

y
sc

re
en

in
g,

w
e

m
ak

e
a

fu
rt

h
er

an
al

y
si

s.
If

w
ei

g
h
t
w
i

w
as

n
ea

rl
y

eq
u
al

to
0

in
th

e
p
ro

ce
ss

,
th

en
th

e
p
ro

ce
ss

w
as

aff
ec

te
d

b
y

el
im

in
at

io
n

si
n
gu

la
ri

ty
.

If
th

e
tw

o
w

ei
gh

ts
J

1
an

d
J

2
n
ea

rl
y

ov
er

la
p
p

ed
af

te
r

tr
ai

n
in

g,
th

e
le
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n
in

g
p
ro

ce
ss

w
as

a
ff
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te

d
b
y

ov
er

la
p

si
n
gu

la
ri

ty
.

W
e

co
u
n
t

th
e

n
u
m

b
er

s
of

th
e

le
ar

n
in

g
p
ro

ce
ss

es
w

h
ic

h
w

er
e

aff
ec

te
d

b
y

el
im

in
at

io
n

si
n
gu

la
ri

ti
es

an
d

ov
er

la
p

si
n
gu

la
ri

ti
es

,
re

sp
ec

ti
ve

ly
.

In
th

is
ex

p
er

im
en

t,
w

e
to

ta
ll
y
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m
p
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sh

th
e

le
ar

n
in

g
p
ro

ce
ss

es
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00
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×

3
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m
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G
iv

en
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e
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w
h
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h
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e
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te

d
b
y

th
e

si
n
gu

la
ri

ti
es

in
th

is
su

b
se

ct
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n
ar

e
ex
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y
th

e
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m
e

w
it

h
th

os
e

in
S
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ti
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3.
1.

1,
in

or
d
er

to
ke

ep
th

e
p
ap

er
m

or
e
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n
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se
,

w
e

d
o

n
ot

sh
ow

th
e

le
ar

n
in

g
tr

a
je

ct
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ie
s

b
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on
g
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th
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ca
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s
in

th
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b
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e
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n
u
m

b
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of
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n
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g
p
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h
ic

h
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n
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e
of
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e
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d
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cu

s
on

th
e

ra
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o
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le
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n
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p
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es
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u
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d

b
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n
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e
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n
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p
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es
ar

e
b

ot
h
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d

b
y

el
im
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n
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ti
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an
d
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se
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w

e
v
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w
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se
3

an
d

ca
se

4
as

on
e

ca
se

in
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e
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u
n
ti

n
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p
ro

ce
ss

.
T

h
e

st
at

is
ti

ca
l
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lt
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ar
e
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ow

n
in

T
ab

le
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N
u
m

b
er

of
to
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l

ex
p

er
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en
ts

90
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00
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u
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b
er
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ca

se
1

(F
as

t
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2
99

N
u
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b
er
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se
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er

la
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8
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N
u
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b
er
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se
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an
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se
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n
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ri
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N
u
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b
er

of
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se
5

(O
u
tp

u
t

w
ei
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t
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27
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ab

le
1:

S
ta

ti
st

ic
al

re
su

lt
s

of
tw

o
-h

id
d
en

-u
n
it

R
B

F
n
et

w
or

k
s

F
ro

m
th

e
4

ca
se

s
of

ob
se
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ed

b
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io

rs
an

d
th

e
st

at
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ti
ca

l
re

su
lt

s
sh

ow
n

in
T

ab
le

1,
w

e
ca

n
ob

ta
in

so
m

e
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n
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u
si
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s
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fo

ll
ow
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1)
M

an
y

re
se

ar
ch

er
s

h
av

e
n
ot

ic
ed

th
e

p
la

te
au

p
h
en

om
en
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in

th
e

le
ar

n
in

g
d
y
n
a
m

ic
s
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fe
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d
n
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ra
l

n
et

w
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k
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i

et
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S
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d
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.S
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h
l
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S
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w
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u
k
u
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A
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00

).
H
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ev

er
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th
e

re
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on
w

h
y

th
e

p
la

te
au

p
h
e-

n
om

en
on

o
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u
rs

re
m

ai
n
s
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n
tr

ov
er

si
al

.
F

ro
m

th
e

ex
p

er
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en
ta

l
re
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s
in

F
ig

u
re

3
an

d
F

ig
u
re
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w

e
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u
n
d

th
at

th
e

ex
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n
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of
si

n
gu
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ri

ti
es

in
th

e
st

u
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p
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p
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p
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p
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ot
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b
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e
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n
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p
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b
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b
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b
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b
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ri

ti
es

.
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e
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et
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or
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In
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w
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p
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e
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B
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or
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e
in
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en
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t

m
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n
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h
id

d
en

-u
n
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B

F
n
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b
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o
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h
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d
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,
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h
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u
se

s
th

e
ou

tp
u
t

w
ei

gh
t

of
th

e
st

u
d
en

t
m

o
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b
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te
r
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T

h
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se

h
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b
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se
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ed
an

d
m

en
ti
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ed
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et
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.,
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0
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F

ro
m

th
e
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su
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s

in
T

ab
le

1,
n
ea
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p

er
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n
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p
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b

el
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th
is

ca
se

.

3)
F

ro
m

th
e

st
at

is
ti

ca
l

re
su

lt
s

sh
ow

n
in

T
ab

le
1,

it
ca

n
b

e
se

en
th

at
th

e
el

im
in

at
io

n
si

n
-

gu
la

ri
ti

es
h
av

e
m

u
ch

m
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e
in

fl
u
en

ce
in

th
e

le
ar

n
in

g
d
y
n
am
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s

th
an

th
e

ov
er

la
p

si
n
gu

la
ri

ti
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.
H

ow
ev

er
,

b
y

n
ow

,
fe

w
re

su
lt

s
in

an
al

y
zi

n
g

th
e

el
im

in
at

io
n

si
n
gu

la
ri

ti
es

h
av

e
b

ee
n

ob
ta

in
ed

,
w

h
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h
fo

rm
s

a
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ar
p

co
n
tr

as
t

to
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e
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er
la

p
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n
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ri

ti
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.
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,
Z
H
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N
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a
n
d

Z
H
A
N
G

el
im

in
at

io
n

si
n
gu

la
ri

ti
es

on
th

e
le

ar
n
in

g
d
y
n
am

ic
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it
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w
or

th
y

to
ta

ke
a

th
eo

re
ti

ca
l
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n
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ly

si
s
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im
in

at
io
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si
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gu
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3
.2

R
B

F
N

e
tw

o
rk

s
in

a
G

e
n

e
ra

l
C

a
se

In
th

e
p
re

v
io

u
s

su
b
se

ct
io

n
,

w
e

sh
ow

ed
th

e
re

su
lt

s
fo

r
th

e
R

B
F

n
et

w
o
rk

s
w

it
h

tw
o

h
id

d
en

u
n
it

s.
In

th
is

su
b
se

ct
io

n
,

w
e

ge
n
er

al
iz

e
th

es
e

re
su

lt
s

fo
r

th
e

ge
n
er

al
R

B
F

n
et

w
o
rk

s.

W
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y,
w

e
in

tr
o
d
u
ce

th
e

st
u
d
en

t
as

a
te

n
-h

id
d
en

-u
n
it

m
o
d
el

,
n
a
m

el
y
:

f
(x
,θ

)
=

k ∑ i=
1

w
iφ

(x
,J

i)
,

(2
1
)

w
h
er

e
k

=
10

.

W
e

al
so

as
su

m
e

th
at

th
e

te
ac

h
er

m
o
d
el

is
re

p
re

se
n
te

d
b
y

a
R

B
F

n
et

w
o
rk

w
it

h
1
0

u
n
it

s,
n
am

el
y
:

f
(x
,θ

0
)

=
s ∑ i=
1

v i
φ

(x
,t
i)

+
ε,

(2
2
)

w
h
er

e
s

=
10

.

W
e

ch
o
os

e
th

e
sp

re
ad

co
n
st

an
t
σ

=
0.

5
an

d
th

e
in

p
u
t

d
im

en
si

on
n

=
2.

W
h
en

th
e

n
u
m

b
er

of
h
id

d
en

u
n
it

s
in

th
e

st
u
d
en

t
m

o
d
el

is
la

rg
er

th
an

th
a
t

o
f

th
e

te
a
ch

er
,

th
e

re
d
u
n
d
an

t
ca

se
ex

is
ts

.
T

h
is

im
p
li
es

th
at

th
e

te
a
ch

er
p
ar

am
et

er
m

ig
h
t

b
e

o
n

th
e

si
n
-

gu
la

ri
ty

an
d

th
e

le
ar

n
in

g
p
ro

ce
ss

es
ar

e
b
as

ic
al

ly
aff

ec
te

d
b
y

th
e

si
n
gu

la
ri

ty
.

In
o
rd

er
to

ov
er

co
m

e
th

is
p
ro

b
le

m
an

d
av

oi
d

th
e

ov
er

la
p

of
th

e
te

ac
h
er

u
n
it

s,
w

e
ch

o
os

e
th

e
m

in
im

al
d
is

ta
n
ce

b
et

w
ee

n
th

e
te

ac
h
er

u
n
it

s
t i

an
d
t j

to
b

e
b
ig

ge
r

th
an

2
σ

2
.

T
h
e

m
ai

n
re

a
so

n
b

eh
in

d
th

is
ch

oi
ce

ar
e

b
as

ed
on

th
e

re
su

lt
s

ob
ta

in
ed

in
(W

ei
an

d
A

m
a
ri

,
2
00

8)
.

(W
ei

a
n
d

A
m

a
ri

,
20

08
)

ob
ta

in
ed

th
at

th
e

tw
o

te
ac

h
er

u
n
it

s
ar

e
w

el
l

se
p
ar

at
ed

w
h
en

th
e

d
is

ta
n
ce

b
et

w
ee

n
tw

o
h
id

d
en

u
n
it

s
is

b
ig

ge
r

th
an

2
σ

2
.

In
ou

r
ex

p
er

im
en

ts
,
th

e
te

ac
h
er

p
ar

am
et

er
s
t i

,
v i

,
ar

e
u
n
if

or
m

ly
ge

n
er

at
ed

in
th

e
in

te
rv

al
[−

4
,

4]
an

d
w

e
ge

n
er

at
e

50
gr

ou
p
s

of
te

ac
h
er

p
ar

am
et

er
s.

A
ft

er
ea

ch
gr

o
u
p

o
f

te
a
ch

er

p
ar

am
et

er
s

is
ge

n
er

at
ed

,
20

gr
ou

p
s

of
in

it
ia

l
st

u
d
en

t
p
ar

am
et

er
s
J

(0
)

i
,
w

(0
)

i
a
re

g
en

er
a
te

d
u
n
if

or
m

ly
in

th
e

in
te

rv
al

[−
4,

4]
.

W
e

u
se

th
e

A
L

E
s

to
ac

co
m

p
li
sh

th
e

le
ar

n
in

g
p
ro

ce
ss

es
.

T
h
e

ex
p

er
im

en
t

p
ro

ce
d
u
re

is
si

m
il
ar

to
th

at
in

S
ec

ti
on

3.
1.

2.

B
y

an
al

y
zi

n
g

th
e

si
m

u
la

ti
on

re
su

lt
s,

th
e

ca
se

s
w

h
er

e
th

e
le

ar
n
in

g
p
ro

ce
ss

es
p
re

se
n
t

th
e

u
n
d
es

ir
ab

le
b

eh
av

io
rs

ar
e

si
m

il
ar

to
th

os
e

of
R

B
F

n
et

w
or

k
s

w
it

h
tw

o
h
id

d
en

u
n
it

s.
T

o
m

ak
e

th
e

p
ap

er
co

n
ci

se
,

th
e

te
ac

h
er

p
ar

am
et

er
s,

th
e

in
it

ia
l

st
u
d
en

t
p
ar

am
et

er
s

a
n
d

th
e

fi
n
al

st
u
d
en

t
p
ar

am
et

er
s

of
th

e
fo

ll
ow

in
g

ca
se

s
ar

e
li
st

ed
in

A
p
p

en
d
ix

A
.

In
th

e
fo

ll
ow

in
g

fi
gu

re
s,

’◦
’

an
d

’×
’

re
p
re

se
n
t

th
e

in
it

ia
l

st
at

e
an

d
fi
n
al

st
a
te

,
re

sp
ec

ti
ve

ly
.

C
a
se

1
(F

a
st

c
o
n
v
e
rg

e
n

c
e
):

T
h
e

le
ar

n
in

g
p
ro

ce
ss

q
u
ic

k
ly

co
n
ve

rg
es

to
th

e
g
lo

b
a
l
m

in
-

im
u
m

an
d

th
e

si
n
gu

la
ri

ti
es

d
o

n
ot

aff
ec

t
th

e
le

ar
n
in

g
p
ro

ce
ss

.

W
e

p
ro

v
id

e
an

ex
am

p
le

of
th

is
ca

se
.

F
ig

u
re

6
sh

ow
s

th
e

tr
a
je

ct
o
ri

es
of

th
e

in
ve

rs
e

o
f

th
e

co
n
d
it

io
n

n
u
m

b
er

,
ge

n
er

al
iz

at
io

n
er

ro
r,

an
d

w
ei

gh
ts
w
i,

re
sp

ec
ti

ve
ly

.

F
ro

m
F

ig
u
re

6(
a)

,
th

e
F

is
h
er

in
fo

rm
at

io
n

m
at

ri
x

d
id

n
ot

b
ec

om
e

si
n
gu

la
r

d
u
ri

n
g

th
e

le
ar

n
in

g
p
ro

ce
ss

.
M

ea
n
w

h
il
e,

th
e

ge
n
er

al
iz

at
io

n
er

ro
r

d
ro

p
p

ed
fa

st
af

te
r

th
e

b
eg

in
n
in

g
o
f

th
e

le
ar

n
in

g
p
ro

ce
ss

,
an

d
th

e
si

n
gu

la
ri

ty
d
id

n
ot

ob
v
io

u
sl

y
aff

ec
t

th
e

le
ar

n
in

g
p
ro

ce
ss

.
A

ft
er

th
e

tr
ai

n
in

g
p
ro

ce
ss

,
th

e
st

u
d
en

t
m

o
d
el

h
as

co
n
ve

rg
ed

to
th

e
gl

ob
al

m
in

im
u
m

.
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C
a
se

2
(O

v
e
rla

p
sin

g
u

la
rity

):
T

h
e

learn
in

g
p
ro

cess
is

aff
ected

b
y

ov
erlap

sin
gu

larity.

In
th

is
case,

th
e

learn
in

g
p
ro

cesses
are

trap
p

ed
in

overlap
sin

gu
larities

after
train

in
g.

A
n

ex
am

p
le

b
elon

gin
g

to
th

is
case

is
sh

ow
n

in
F

igu
re

7.

B
y

an
aly

zin
g

th
e

sim
u
lation

resu
lts,

it
can

b
e

seen
th

at,
ap

art
from

th
e

case
w

h
ere

tw
o

stu
d
en

t
h
id

d
en

u
n
its

ov
erlap

p
ed

ex
actly

after
train

in
g,

th
e

p
h
en

om
en

on
th

a
t

tw
o

h
id

d
en

u
n
its

d
id

n
ot

ex
actly

ov
erlap

som
etim

es
o
ccu

rs.
F

or
th

e
m

u
ltid

im
en

sio
n
al

p
aram

eters,
w

e
ad

op
t

th
e

variab
le
h

(i,j)
=

12 ‖
J
i −
J
j ‖

2
to

in
d
icate

th
e

d
istan

ce
b

etw
een

J
i

an
d
J
j .

W
h
en

J
i

an
d
J
j

n
early

overlap
,
h

(i,j)
n
early

eq
u
als

0.
F

ig
u
re

7
sh

ow
s

th
e

tra
jectories

of
th

e
in

verse
of

th
e

con
d
ition

n
u
m

b
er,

gen
eralization

error,
h

(4,8),
w

eigh
ts
w
i ,

resp
ectively.

F
rom

F
igu

re
7(a),

th
e

in
verse

of
th

e
con

d
ition

valu
e

red
u
ced

to
n
early

0
at

th
e

early
stage

of
train

in
g

p
ro

cess
w

h
ich

im
p
lies

th
at

th
e

F
ish

er
in

form
ation

m
atrix

n
early

d
egen

erated
,

an
d

th
erefore

th
is

state
rem

ain
s

till
th

e
en

d
.

M
ean

w
h
ile,

h
(4,8)

(sh
ow

n
in

F
igu

re
7
(c))

d
rop

p
ed

to
a

very
sm

all
valu

e
w

h
ich

im
p
lied

J
4

an
d
J

8
n
early

ov
erlap

p
ed

,
an

d
th

e
learn

in
g

p
ro

cess
is

trap
p

ed
in

ov
erlap

sin
gu

larities.
F

rom
th

e
fi
n
al

state
of
J

,
it

can
b

e
seen

th
at

J
4

an
d
J

8
are

close
to

each
oth

er,
b
u
t

d
o

n
ot

ex
actly

overlap
.

H
ow

ev
er,

th
e

grad
ien

t
of

th
e

gen
eralization

error
L

(θ
)

resp
ect

to
th

e
fi
n
a
l

stu
d
en

t
p
aram

eters
is

n
early

0,
w

h
ich

is
to

o
sm

all
to

in
fl
u
en

ce
th

e
learn

in
g

p
ro

cess,
an

d
th

e
stu

d
en

t
p
aram

eters
w

ill
rem

ain
alm

ost
u
n
ch

an
ged

even
th

ou
gh

th
e

learn
in

g
p
ro

cess
lasts

lon
ger.

T
h
is

is
m

ain
ly

b
ecau

se
th

e
error

su
rface

of
R

B
F

n
etw

ork
s

in
a

gen
eral

case
n
ear

overlap
sin

gu
larities

is
very

fl
at.

W
h
en

th
e

learn
in

g
p
ro

cess
arriv

es
at

th
e

n
eigh

b
orh

o
o
d

of
overlap

sin
gu

larities,
alth

ou
gh

th
e

stu
d
en

t
u
n
its

h
ave

n
ot

overlap
p

ed
com

p
letely,

th
e

stu
d
en

t
u
n
its

w
ill

sligh
tly

ch
an

ge
as

th
e

resu
lt

of
th

e
relatively

u
n
ch

an
ged

error
in

th
e

rem
ain

in
g

stage.
T

h
e

tra
jectories

in
F

igu
re

7
(a)

an
d

F
igu

re
7(b

)
are

sim
ilar

to
th

e
corresp

on
d
in

g
tra

jectories
in

F
igu

re
2(a)

an
d

F
igu

re
2(b

),
resp

ectively.

C
a
se

3
(E

lim
in

a
tio

n
sin

g
u

la
rity

):
T

h
e

learn
in

g
p
ro

cess
is

aff
ected

b
y

th
e

elim
in

ation
sin

gu
larity

an
d

a
p
lateau

p
h
en

om
en

on
can

b
e

ob
served

.

In
th

is
case,

th
e

learn
in

g
p
ro

cess
is

sign
ifi

can
tly

aff
ected

b
y

th
e

elim
in

ation
sin

gu
larity.

T
h
is

case
is

sim
ilar

to
cases

3
or

4
in

S
ection

3.1.2
.

A
p
latea

u
p
h
en

om
en

on
can

b
e

ob
served

d
u
rin

g
th

e
learn

in
g

p
ro

cess.
W

e
give

an
ex

am
p
le

of
th

is
case

in
F

igu
re

8,
w

h
ich

sh
ow

s
th

e
tra

jectories
of

th
e

in
verse

of
th

e
con

d
ition

n
u
m

b
er,

gen
eralization

error,
an

d
w

eigh
ts
w
i .

A
s

sh
ow

n
in

F
igu

re
8(a),

th
e

F
ish

er
in

form
ation

m
atrix

b
ecam

e
n
early

sin
gu

lar
at

an
early

stage
of

th
e

learn
in

g
p
ro

cess,
an

d
th

en
b

ecam
e

regu
lar

again
.

F
rom

th
e

tra
jectories

in
F

igu
re

8(b
),

it
can

b
e

ob
served

th
at

w
5

(th
e

w
id

er
lin

e)
sk

ip
p

ed
0

w
h
en

th
e

F
ish

er
in

form
ation

m
atrix

b
ecam

e
sin

gu
lar

an
d

th
en

regu
lar.

T
h
is

m
ean

s
th

at
th

e
learn

in
g

p
ro

cess
w

as
aff

ected
b
y

th
e

elim
in

ation
sin

gu
larity.

A
p
lateau

p
h
en

o
m

en
on

can
b

e
ob

served
in

th
e

tra
jectory

of
th

e
gen

eralization
erro

r
as

sh
ow

n
in

F
igu

re
8(b

).

C
a
se

4
(O

u
tp

u
t

w
e
ig

h
t

0
):

A
fter

train
in

g,
on

e
of

ou
tp

u
t

w
eigh
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L
a
rg

e
S
y
st

e
m

s
o
f

S
tr

u
ct

u
ra

l
E

q
u
a
ti

o
n
s

C
h

e
n

C
h

e
n
∗

c
h
e
n
1
1
6
7
@
st
a
t
.p
u
r
d
u
e
.e
d
u

M
in

R
e
n
∗

r
e
n
8
0
@
st
a
t
.p
u
r
d
u
e
.e
d
u

M
in

Z
h

a
n

g
m
in
z
h
a
n
g
@
st
a
t
.p
u
r
d
u
e
.e
d
u

D
a
b

a
o

Z
h

a
n

g
z
h
a
n
g
d
b
@
st
a
t
.p
u
r
d
u
e
.e
d
u

D
ep

a
rt

m
en

t
o
f

S
ta

ti
st

ic
s

P
u

rd
u

e
U

n
iv

er
si

ty

W
es

t
L

a
fa

ye
tt

e,
IN

4
7
9
0
7
,

U
S

A

E
d

it
o
r:

X
ia

ot
o
n
g

S
h
en

A
b
st

ra
ct

W
e

p
ro

p
os

e
a

tw
o
-s

ta
ge

p
en

al
iz

ed
le

a
st

sq
u
ar

es
m

et
h
o
d

to
b
u
il
d

la
rg

e
sy

st
em

s
of

st
ru

ct
u
ra

l
eq

u
a
ti

on
s

b
as

ed
o
n

th
e

in
st

ru
m

en
ta

l
va

ri
a
b
le

s
v
ie

w
o
f

th
e

cl
as

si
ca

l
tw

o-
st

a
ge

le
as

t
sq

u
ar

es
m

et
h
o
d
.

W
e

sh
ow

th
at

,
w

it
h

la
rg

e
n
u
m

b
er

s
of

en
d
og

en
o
u
s

a
n
d

ex
og

en
ou

s
va

ri
ab

le
s,

th
e

sy
st

em
ca

n
b

e
co

n
st

ru
ct

ed
v
ia

co
n
si

st
en

t
es

ti
m

at
io

n
of

a
se

t
of

co
n
d
it

io
n
a
l

ex
p

ec
ta

ti
on

s
at

th
e

fi
rs

t
st

a
ge

,
an

d
co

n
si

st
en

t
se

le
ct

io
n

of
re

gu
la

to
ry

eff
ec

ts
at

th
e

se
co

n
d

st
ag

e.
W

h
il
e

th
e

co
n
si

st
en

t
es

ti
m

at
io

n
at

th
e

fi
rs

t
st

a
ge

ca
n

b
e

ob
ta

in
ed

v
ia

th
e

ri
d
ge

re
gr

es
si

on
,

th
e

ad
ap

ti
ve

la
ss

o
is

em
p
lo

y
ed

at
th

e
se

co
n
d

st
ag

e
to

a
ch

ie
ve

th
e

co
n
si

st
en

t
se

le
ct

io
n
.

T
h
is

m
et

h
o
d

is
co

m
p
u
ta

ti
o
n
al

ly
fa

st
an

d
al

lo
w

s
fo

r
p
a
ra

ll
el

im
p
le

m
en

ta
ti

o
n
.

W
e

d
em

on
st

ra
te

it
s

eff
ec

ti
ve

n
es

s
v
ia

si
m

u
la

ti
o
n

st
u
d
ie

s
an

d
re

a
l

d
at

a
an

al
y
si

s.

K
e
y
w

o
rd

s:
gr

a
p
h
ic

al
m

o
d
el

,
h
ig

h
-d

im
en

si
o
n
a
l

d
a
ta

,
re

ci
p
ro

ca
l

gr
a
p
h
ic

al
m

o
d
el

,
si

m
u
l-

ta
n
eo

u
s

eq
u
at

io
n

m
o
d
el

,
st

ru
ct

u
ra

l
eq

u
at

io
n

m
o
d
el

1
.

In
tr

o
d
u
ct

io
n

W
e

co
n
si

d
er

a
li
n
ea

r
sy

st
em

w
it

h
p

en
d
og

en
ou

s
an

d
q

ex
og

en
ou

s
va

ri
ab

le
s.

W
it

h
a

sa
m

p
le

of
n

ob
se

rv
at

io
n
s

fr
om

th
is

sy
st

em
,
w

e
d
en

ot
e

th
e

ob
se

rv
ed

va
lu

es
of

en
d
og

en
ou

s
an

d
ex

og
en

ou
s

va
ri

ab
le

s
b
y

Y
n
×
p

=
(Y

1
,·
··
,Y

p
)

an
d

X
n
×
q

=
(X

1
,·
··
,X

q
),

re
sp

ec
ti

ve
ly

.
T

h
e

in
te

ra
ct

io
n
s

am
on

g
en

d
og

en
ou

s
va

ri
ab

le
s

an
d

th
e

d
ir

ec
t

ca
u
sa

l
eff

ec
ts

b
y

ex
og

en
ou

s
va

ri
ab

le
s

ca
n

b
e

d
es

cr
ib

ed
b
y

a
sy

st
em

of
st

ru
ct

u
ra

l
eq

u
at

io
n
s,

Y
=

Y
Γ

+
X

Ψ
+
ε,

(1
)

w
h
er

e
th

e
p
×
p

m
at

ri
x

Γ
h
as

ze
ro

d
ia

go
n
al

el
em

en
ts

an
d

co
n
ta

in
s

re
gu

la
to

ry
eff

ec
ts

,
th

e
q
×
p

m
at

ri
x

Ψ
co

n
ta

in
s

ca
u
sa

l
eff

ec
ts

,
a
n
d
ε

is
an

n
×
p

m
at

ri
x

of
er

ro
r

te
rm

s.
W

e
as

su
m

e
th

at
X

an
d
ε

ar
e

in
d
ep

en
d
en

t
of

ea
ch

ot
h
er

,
an

d
ea

ch
co

m
p

on
en

t
of
ε

is
in

d
ep

en
d
en

tl
y

d
is

tr
ib

u
te

d
as

n
or

m
al

w
it

h
ze

ro
m

ea
n

w
h
il
e

ro
w

s
of
ε

ar
e

id
en

ti
ca

ll
y

d
is

tr
ib

u
te

d
.

W
it

h
ge

n
e

ex
p
re

ss
io

n
le

ve
ls

an
d

ge
n
ot

y
p
ic

va
lu

es
a
s

en
d
o
ge

n
ou

s
an

d
ex

og
en

ou
s

va
ri

ab
le

s,
re

sp
ec

ti
ve

ly
,

th
e

m
o
d
el

(1
)

h
as

b
ee

n
u
se

d
to

re
p
re

se
n
t

a
ge

n
e

re
gu

la
to

ry
n
et

w
or

k
w

it
h

∗.
T

h
e

fi
rs

t
tw

o
a
u

th
o
rs

co
n
tr

ib
u

te
eq

u
a
ll

y.

c ©
2
0
1
8

C
h

en
C

h
en

,
M

in
R

en
,

M
in

Z
h

a
n

g
,

a
n

d
D

a
b

a
o

Z
h

a
n

g
.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
9
/
1
6
-
2
2
5
.
h
t
m
l
.
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L
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01
8

C
h
e
n
,
R
e
n
,
Z
h
a
n
g
,
a
n
d

Z
h
a
n
g

ea
ch

eq
u
at

io
n

m
o
d
el

in
g

th
e

re
gu

la
to

ry
ge

n
et

ic
eff

ec
ts

as
w

el
l

as
th

e
ca

u
sa

l
g
en

o
m

ic
eff

ec
ts

fr
om

ci
s-

eQ
T

L
(i

.e
.,

ex
p
re

ss
io

n
q
u
an

ti
ta

ti
ve

tr
ai

t
lo

ci
lo

ca
te

d
w

it
h
in

th
e

re
g
io

n
s

o
f

th
ei

r
ta

rg
et

ge
n
es

)
on

a
gi

ve
n

ge
n
e,

se
e

X
io

n
g

et
a
l.

(2
00

4)
,

an
d

L
iu

et
a
l.

(2
00

8)
,

a
m

o
n
g

o
th

er
s.

G
en

et
ic

al
ge

n
om

ic
s

ex
p

er
im

en
ts

,
w

h
ic

h
co

ll
ec

t
ge

n
om

e-
w

id
e

ge
n
e

ex
p
re

ss
io

n
s

a
n
d

g
en

o
ty

p
ic

va
lu

es
,

h
av

e
b

ee
n

w
id

el
y

u
n
d
er

ta
k
en

to
co

n
st

ru
ct

ge
n
e

re
gu

la
to

ry
n
et

w
or

k
s

(J
a
n
se

n
a
n
d

N
ap

,
20

01
;

S
ch

ad
t

et
a
l.

,
20

03
).

H
ow

ev
er

,
fi
tt

in
g

a
sy

st
em

of
st

ru
ct

u
ra

l
eq

u
a
ti

o
n
s

in
(1

)
to

ge
n
et

ic
al

ge
n
om

ic
s

d
at

a
fo

r
th

e
p
u
rp

os
e

of
re

ve
al

in
g

a
w

h
ol

e-
ge

n
om

e
g
en

e
re

g
u
la

to
ry

n
et

w
or

k
is

st
il
l

h
in

d
er

ed
b
y

la
ck

of
an

eff
ec

ti
ve

st
at

is
ti

ca
l

m
et

h
o
d

w
h
ic

h
a
d
d
re

ss
es

is
su

es
b
ro

u
gh

t
b
y

la
rg

e
n
u
m

b
er

s
of

en
d
og

en
ou

s
an

d
ex

og
en

ou
s

va
ri

ab
le

s.

S
ev

er
al

eff
or

ts
h
av

e
b

ee
n

m
ad

e
to

co
n
st

ru
ct

th
e

sy
st

em
(1

)
w

it
h

ge
n
et

ic
a
l

g
en

o
m

ic
s

d
at

a.
X

io
n
g

et
a
l.

(2
00

4)
p
ro

p
os

ed
to

u
se

a
ge

n
et

ic
al

go
ri

th
m

to
se

ar
ch

fo
r

ge
n
et

ic
n
et

w
o
rk

s
w

h
ic

h
m

in
im

iz
e

th
e

A
ka

ik
e

In
fo

rm
at

io
n

C
ri

te
ri

on
(A

IC
;
A

ka
ik

e,
19

74
),

an
d

L
iu

et
a
l.

(2
0
08

)
in

st
ea

d
p
ro

p
os

ed
to

m
in

im
iz

e
th

e
B

ay
es

ia
n

In
fo

rm
at

io
n

C
ri

te
ri

on
(B

IC
;

S
ch

w
a
rt

z,
1
9
78

)
an

d
it

s
m

o
d
ifi

ca
ti

on
(B

ro
m

an
an

d
S
p

ee
d
,

20
02

)
fo

r
th

e
op

ti
m

al
ge

n
et

ic
n
et

w
o
rk

s.
B

o
th

A
IC

an
d

B
IC

ar
e

ap
p
li
ca

b
le

to
in

fe
rr

in
g

n
et

w
or

k
s

fo
r

on
ly

a
sm

al
l

n
u
m

b
er

o
f

en
d
o
g
en

o
u
s

va
ri

ab
le

s.
F

or
a

la
rg

e
sy

st
em

w
it

h
m

an
y

en
d
og

en
ou

s
an

d
ex

og
en

ou
s

va
ri

ab
le

s,
C

a
i

et
a
l.

(2
01

3)
p
ro

p
os

ed
to

m
ax

im
iz

e
a

p
en

al
iz

ed
li
ke

li
h
o
o
d

to
co

n
st

ru
ct

a
sp

ar
se

sy
st

em
.

H
ow

ev
er

,
it

is
co

m
p
u
ta

ti
on

al
ly

fo
rm

id
ab

le
to

fi
t

a
la

rg
e

sy
st

em
b
as

ed
on

th
e

li
ke

li
h
o
o
d

fu
n
ct

io
n

o
f

th
e

co
m

p
le

te
m

o
d
el

.
L

og
sd

on
an

d
M

ez
ey

(2
01

0)
in

st
ea

d
p
ro

p
os

ed
to

ap
p
ly

th
e

a
d
a
p
ti

ve
la

ss
o

(Z
ou

,
20

06
)

to
fi
tt

in
g

ea
ch

st
ru

ct
u
ra

l
eq

u
at

io
n

se
p
ar

at
el

y,
an

d
th

en
re

co
ve

r
th

e
n
et

w
o
rk

re
ly

in
g

on
ad

d
it

io
n
al

as
su

m
p
ti

on
on

u
n
iq

u
e

ex
og

en
ou

s
va

ri
ab

le
s.

H
ow

ev
er

,
C

a
i

et
a
l.

(2
0
1
3
)

d
em

on
st

ra
te

d
it

s
in

fe
ri

or
p

er
fo

rm
an

ce
v
ia

si
m

u
la

ti
on

st
u
d
ie

s,
w

h
ic

h
is

co
n
si

st
en

t
w

it
h

o
u
r

co
n
cl

u
si

on
.

In
st

ea
d

of
th

e
fu

ll
in

fo
rm

at
io

n
m

o
d
el

sp
ec

ifi
ed

in
(1

),
w

e
se

ek
to

es
ta

b
li
sh

th
e

la
rg

e
sy

st
em

v
ia

co
n
st

ru
ct

in
g

a
la

rg
e

n
u
m

b
er

of
li
m

it
ed

in
fo

rm
at

io
n

m
o
d
el

s,
ea

ch
fo

r
o
n
e

en
-

d
og

en
ou

s
va

ri
ab

le
(S

ch
m

id
t,

19
76

).
F

or
ex

am
p
le

,
w

h
en

th
e
k
-t

h
en

d
og

en
o
u
s

va
ri

a
b
le

is
co

n
ce

rn
ed

,
w

e
fo

cu
s

on
th

e
k
-t

h
st

ru
ct

u
ra

l
eq

u
a
ti

on
in

(1
)

w
h
ic

h
m

o
d
el

s
th

e
re

g
u
la

to
ry

eff
ec

ts
of

ot
h
er

en
d
og

en
ou

s
va

ri
ab

le
s

an
d

d
ir

ec
t

ca
u
sa

l
eff

ec
ts

of
ex

og
en

ou
s

va
ri

a
b
le

s,
a
n
d

ig
n
or

e
th

e
sy

st
em

st
ru

ct
u
re

s
co

n
ta

in
ed

in
ot

h
er

st
ru

ct
u
ra

l
eq

u
at

io
n
s,

le
ad

in
g

to
th

e
fo

ll
ow

in
g

li
m

it
ed

-i
n
fo

rm
at

io
n

m
o
d
el

,

{
Y
k

=
Y
−
k
γ
k

+
X
ψ
k

+
ε k
,

Y
−
k

=
X
π
−
k

+
ξ
−
k
.

(2
)

H
er

e
Y
−
k

re
fe

rs
to

Y
ex

cl
u
d
in

g
th

e
k
-t

h
co

lu
m

n
,
γ
k

re
fe

rs
to

th
e
k
-t

h
co

lu
m

n
o
f
Γ

ex
cl

u
d
in

g
th

e
d
ia

go
n
al

ze
ro

,
an

d
ψ
k

an
d
ε k

re
fe

r
to

th
e
k
-t

h
co

lu
m

n
s

of
Ψ

an
d
ε

re
sp

ec
ti

ve
ly

.
T

h
e

se
co

n
d

p
ar

t
of

th
e

m
o
d
el

(2
)

is
fr

om
th

e
fo

ll
ow

in
g

re
d
u
ce

d
m

o
d
el

b
y

ex
cl

u
d
in

g
th

e
k
-t

h
re

d
u
ce

d
-f

or
m

eq
u
at

io
n
,

w
it

h
π

=
Ψ

(I
−

Γ
)−

1
an

d
ξ

=
ε(

I
−

Γ
)−

1
,

Y
=

X
π

+
ξ
.

(3
)

In
a

cl
as

si
ca

l
lo

w
-d

im
en

si
on

al
se

tt
in

g,
ap

p
ly

in
g

th
e

or
d
in

ar
y

le
as

t
sq

u
a
re

s
m

et
h
o
d

to
th

e
fi
rs

t
eq

u
at

io
n

in
(2

)
le

ad
s

to
u
n
d
er

es
ti

m
at

ed
γ
k

an
d
ψ
k

d
u
e

to
co

rr
el

at
ed

Y
−
k

a
n
d
ε k

.
In

st
ea

d
,

th
e

re
d
u
ce

d
-f

or
m

eq
u
at

io
n
s

in
(2

)
ar

e
fi
tt

ed
to

ob
ta

in
le

as
t

sq
u
ar

es
es

ti
m

a
to

r
π̂
−
k

of
π
−
k
,

an
d

le
as

t
sq

u
ar

es
es

ti
m

at
or

s
of
γ
k

an
d
ψ
k

ar
e

fu
rt

h
er

ob
ta

in
ed

b
y

re
g
re

ss
in

g
Y
k

ag
ai

n
st

Ŷ
−
k

=
X
π̂
−
k

an
d

X
.

T
h
is

p
ro

ce
d
u
re

is
w

id
el

y
k
n
ow

n
as

th
e

tw
o-

st
ag

e
le

a
st

sq
u
a
re

s
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T
w
o
-S
t
a
g
e
P
e
n
a
l
iz
e
d

L
e
a
st

S
q
u
a
r
e
s

(2
S
L

S
)

m
eth

o
d

w
h
ich

can
p
ro

d
u
ce

con
sisten

t
estim

ates
of

th
e

p
aram

eters
w

h
en

th
e

sy
stem

is
id

en
tifi

a
b
le.

T
h
e

2S
L

S
estim

ator
w

as
origin

ally
p
rop

osed
b
y

T
h
eil

(1953a,b
,

1961)
an

d
,

in
d
ep

en
d
en

tly,
B

asm
an

n
(1957),

an
d

ca
n

b
e

restated
as

th
e

in
stru

m
en

tal
va

ria
b
les

estim
ator

(R
eiersø

l,
1
9
4
1
,

1945).

A
s

in
a

ty
p
ical

gen
etical

gen
om

ics
ex

p
erim

en
t,

w
e

are
in

terested
in

con
stru

ctin
g

a
large

sy
stem

w
ith

th
e

n
u
m

b
er

of
en

d
ogen

ou
s

variab
les

p
p

ossib
ly

larger
th

an
th

e
sam

p
le

size
n

.
S
u
ch

a
h
ig

h
-d

im
en

sion
al

an
d

sm
all

sam
p
le

size
d
ata

set
m

ak
es

it
in

feasib
le

to
d
irectly

ap
p
ly

th
e

2
S
L

S
m

eth
o
d
.

In
d
eed

,
p
≥
n

m
ay

resu
lt

in
p

erfect
fi
ts

of
red

u
ced

-form
eq

u
ation

s
at

th
e

fi
rst

sta
g
e,

w
h
ich

im
p
lies

th
at

w
e

regress
a
gain

st
th

e
o
b
served

valu
es

of
en

d
ogen

ou
s

va
riab

les
a
t

th
e

seco
n
d

stage
an

d
th

erefore
ob

tain
ord

in
ary

least
sq

u
ares

estim
ates

of
th

e
p
aram

eters.
It

is
w

ell
k
n
ow

n
th

at
su

ch
ord

in
ary

least
sq

u
ares

estim
ates

are
in

con
sisten

t.
F

u
rth

erm
ore,

co
n
stru

ctin
g

a
large

sy
stem

d
em

an
d
s,

at
th

e
secon

d
stage,

selectin
g

regu
latory

en
d
ogen

o
u
s

va
ria

b
les

a
m

o
n
g

m
assive

can
d
id

ates,
i.e.,

variab
le

selection
in

fi
ttin

g
h
igh

-d
im

en
sion

al
lin

ear
m

o
d
els.

In
th

e
settin

g
of

selectin
g

in
stru

m
en

tal
variab

les
(IV

s)
am

on
g

a
large

n
u
m

b
er

of
can

d
i-

d
a
tes,

L
1

reg
u
larized

least
sq

u
ares

estim
ators

h
ave

b
een

recen
tly

p
rop

osed
to

rep
lace

th
e

o
rd

in
a
ry

lea
st

sq
u
ares

estim
ator

at
th

e
fi
rst

stage
of

2S
L

S
(B

ellon
i

et
a
l.,

2012;
L

in
et

a
l.,

2
0
1
5
;

Z
h
u
,

2
0
15).

B
ellon

i
et

a
l.

(2012)
ap

p
lied

lasso-b
ased

m
eth

o
d
s

to
select

IV
s

an
d

ob
-

ta
in

con
sisten

t
estim

ation
s

at
th

e
fi
rst

stage
w

h
en

th
e

fi
rst

stage
is

ap
p
rox

im
ately

sp
arse.

F
o
r

sp
a
rse

in
stru

m
en

tal
variab

les
m

o
d
els,

Z
h
u

(2015)
p
rop

osed
to

rep
lace

w
ith

la
sso-b

ased
m

eth
o
d
s

a
t

b
oth

stages
of

2S
L

S
an

d
L

in
et

a
l.

(2015)
con

sid
ered

th
e

rep
resen

tative
L

1

reg
u
la

riza
tio

n
m

eth
o
d
s

an
d

a
class

of
con

cav
e

regu
larization

m
eth

o
d
s

for
b

oth
stages.

A
ll

o
f

th
ese

m
eth

o
d
s

assu
m

e
th

at
each

en
d
ogen

ou
s

variab
le

is
on

ly
asso

cia
ted

to
a

relatively
sm

a
ll

set
o
f

ex
o
gen

ou
s

variab
les,

i.e.,
each

row
of
π

in
(3

)
on

ly
h
as

a
sm

all
set

of
n
on

zero
co

m
p

o
n
en

ts.

H
ere

w
e

co
n
sid

er
to

con
stru

ct
a

gen
era

l
sy

stem
of

stru
ctu

ral
eq

u
ation

s,
w

h
ich

allow
s

u
s

to
m

o
d
el

n
o
n
recu

rsive
or

even
cy

clic
relation

sh
ip

s
b

etw
een

en
d
ogen

ou
s

variab
les.

W
ith

th
e

in
stru

m
en

tal
variab

les
v
iew

of
th

e
tw

o-stage
ap

p
roach

,
w

e
ob

served
th

at
su

ccessfu
l

id
en

tifi
ca

tio
n

a
n
d

con
sisten

t
estim

ation
of

m
o
d
el

p
aram

eters
rely

on
con

sisten
t

estim
ation

o
f

a
set

o
f

co
n
d
ition

al
ex

p
ectation

s
w

h
ich

are
op

tim
al

in
stru

m
en

ts.
T

h
erefore,

estab
lish

in
g

th
e

sy
stem

(1
)

in
a

h
igh

-d
im

en
sion

al
settin

g
is

con
tin

gen
t

on
ob

ta
in

in
g

con
sisten

t
estim

ation
o
f

th
ese

co
n
d
ition

al
ex

p
ectation

s
at

th
e

fi
rst

stage,
an

d
eff

ectively
selectin

g
an

d
estim

atin
g

o
f

reg
u
la

tory
eff

ects
ou

t
of

a
large

n
u
m

b
er

of
can

d
id

ates
at

th
e

secon
d

stage.
A

ccord
in

gly,
w

e
p
ro

p
o
se

a
tw

o-stage
p

en
alized

least
sq

u
ares

(2S
P

L
S
)

m
eth

o
d

to
fi
t

reg
u
larized

lin
ear

m
o
d
els

a
t

ea
ch

stage,
w

ith
L

2
regu

larized
lin

ear
m

o
d
els

at
th

e
fi
rst

stage
an

d
L

1
regu

larized
lin

ea
r

m
o
d
els

a
t

th
e

secon
d

stage.

T
h
e

p
ro

p
o
sed

m
eth

o
d

ad
d
resses

th
ree

ch
allen

gin
g

issu
es

in
con

stru
ctin

g
a

large
sy

stem
o
f

stru
ctu

ra
l

eq
u
ation

s,
i.e.,

m
em

ory
cap

acity,
co

m
p
u
tation

al
tim

e,
an

d
statistical

p
ow

er.
F

irst,
th

e
lim

ited
in

form
ation

m
o
d
els

are
con

sid
ered

to
d
ev

elop
th

e
algorith

m
.

In
th

is
w

ay,
w

e
av

o
id

w
o
rk

in
g

w
ith

fu
ll

in
form

atio
n

m
o
d
els

w
h
ich

m
ay

con
sist

of
m

an
y

su
b
n
etw

ork
s

an
d

in
vo

lv
e

a
m

a
ssive

n
u
m

b
er

of
en

d
ogen

ou
s

variab
les.

S
econ

d
,

allow
in

g
u
s

to
fi
t

on
e

lin
ear

m
o
d
el

for
ea

ch
en

d
ogen

ou
s

variab
le

at
each

stage
m

akes
th

e
algorith

m
co

m
p
u
tation

ally
fa

st.
It

also
m

a
kes

it
feasib

le
to

p
arallelize

th
e

large
n
u
m

b
er

of
m

o
d
el

fi
ttin

gs
at

each
stage.

F
in

a
lly,

th
e

o
ra

cle
p
rop

erties
of

th
e

resu
ltan

t
estim

a
tes

sh
ow

th
at

th
e

p
rop

osed
m

eth
o
d

ca
n

a
ch

iev
e

o
p
tim

al
p

ow
er

in
id

en
tify

in
g

an
d

estim
atin

g
regu

latory
eff

ects.
F

u
rth

erm
ore,
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C
h
e
n
,
R
e
n
,
Z
h
a
n
g
,
a
n
d

Z
h
a
n
g

th
e

effi
cien

t
com

p
u
tation

m
akes

it
feasib

le
to

u
se

th
e

b
o
otstrap

m
eth

o
d

to
evalu

ate
th

e
sign

ifi
can

ce
of

regu
latory

eff
ects.

T
h
e

rest
of

th
is

p
ap

er
is

organ
ized

as
follow

s.
F

irst,
w

e
state

an
id

en
tifi

ab
le

m
o
d
el

in
S
ection

2.
S
ection

3
rev

isits
th

e
in

stru
m

en
tal

variab
les

v
iew

on
th

e
classical

2S
L

S
m

eth
o
d
,

w
h
ich

m
otivates

ou
r

d
evelop

m
en

t
of

th
e

2S
P

L
S

m
eth

o
d

in
S
ection

4.
W

e
sh

ow
in

S
ection

5
th

e
th

eoretical
p
rop

erties
of

th
e

estim
ates

from
2S

P
L

S
,

w
ith

th
e

p
ro

of
in

clu
d
ed

in
th

e
A

p
p

en
d
ix

.
S
im

u
lation

stu
d
ies

are
carried

ou
t

in
S
ection

6
to

evalu
ate

th
e

p
erform

an
ce

of
2S

P
L

S
.

A
n

ap
p
lication

to
a

real
d
ata

set
to

in
fer

a
yeast

gen
e

regu
latory

n
etw

ork
is

p
resen

ted
in

S
ection

7.
W

e
con

clu
d
e

th
is

p
ap

er
w

ith
a

d
iscu

ssion
in

S
ection

8.

2
.

T
h
e

Id
e
n
tifi

a
b
le

M
o
d
e
l

W
e

follow
th

e
p
ractice

of
con

stru
ctin

g
sy

stem
(1)

in
an

aly
zin

g
gen

etical
gen

om
ics

d
ata

(L
ogsd

on
an

d
M

ezey
,

2010;
C

ai
et

a
l.,

2013),
an

d
assu

m
e

th
at

each
en

d
ogen

ou
s

va
riab

le
is

aff
ected

b
y

a
u
n
iq

u
e

set
of

ex
ogen

o
u
s

variab
les,

th
at

is,
th

e
stru

ctu
ral

eq
u
ation

in
(2)

h
as

k
n
ow

n
zero

elem
en

ts
of
ψ
k .

E
x
p
licitly,

w
e

u
seS

k
to

d
en

ote
th

e
set

of
row

in
d
ices

of
k
n
ow

n
n
on

zero
elem

en
ts

in
ψ
k .

T
h
en

w
e

h
ave

k
n
ow

n
setsS

k ,k
=

1,2
,···

,p
,

w
h
ich

d
issect

th
e

set
{1
,2
,···

,q}.
W

e
ex

p
licitly

state
th

is
assu

m
p
tion

in
th

e
b

elow
.

A
ssu

m
p

tio
n

A
.S

k 6=
∅

for
k

=
1,···

,p
,

b
u
tS

j ∩
S
k

=
∅

as
lon

g
as
j6=

k
.

T
h
e

ab
ove

assu
m

p
tion

satisfi
es

th
e

ran
k

con
d
ition

(S
ch

m
id

t,
1976),

w
h
ich

is
a

su
ffi

cien
t

con
d
ition

for
m

o
d
el

id
en

tifi
cation

.
S
in

ce
each

ψ
k

h
a
s

a
set

of
k
n
ow

n
zero

com
p

on
en

ts,
from

th
is

p
oin

t
forw

ard
w

e
ign

ore
th

em
an

d
rew

rite
th

e
stru

ctu
ral

eq
u
ation

in
th

e
m

o
d
el

(2)
as,

Y
k

=
Y
−
k γ

k
+

X
S
k ψ
S
k

+
ε
k ,

ε
k ∼

N
(0
,σ

2k I
n
),

(4)

w
h
ere

X
S
k

refers
to

X
in

clu
d
in

g
on

ly
colu

m
n
s

in
d
icated

b
y
S
k ,

an
d
ψ
S
k

refers
to
ψ
k

in
clu

d
in

g
on

ly
elem

en
ts

in
d
icated

b
y
S
k .

3
.

T
h
e

In
stru

m
e
n
ta

l
V

a
ria

b
le

s
V

ie
w

o
f

th
e

T
w

o
-S

ta
g
e

L
e
a
st

S
q
u
a
re

s
M

e
th

o
d

B
ecau

se
Y
−
k

an
d
ε
k

are
correlated

,
fi
ttin

g
m

erely
th

e
m

o
d
el

(4)
resu

lts
in

b
iased

estim
ates

of
γ
k

an
d
ψ
S
k .

H
ow

ever,
th

e
follow

in
g

tw
o

sets
of

variab
les

are
in

d
ep

en
d
en

t,

{
Z
−
k

=
E

[Y
−
k |X

]
=

X
π
−
k ,

ε
k

=
ε
k

+
ξ−

k γ
k .

C
on

seq
u
en

tly,
con

sisten
t

estim
ates

of
γ
k

an
d
ψ
S
k

can
b

e
ob

tain
ed

b
y

ap
p
ly

in
g

lea
st

sq
u
ares

m
eth

o
d

to
th

e
follow

in
g

m
o
d
el,

Y
k

=
Z
−
k γ

k
+

X
S
k ψ
S
k

+
ε
k .

(5)

O
b
serv

in
g

Y
−
k

in
stead

of
Z
−
k

=
E

[Y
−
k |X

]
n
atu

rally
lead

s
to

ap
p
lication

of
th

e
in

stru
-

m
en

tal
variab

les
m

eth
o
d

(R
eiersøl,

1941,
1945

),
th

at
is,

rep
lacin

g
Z
−
k

=
X
π
−
k

w
ith

its
estim

ate
Ẑ
−
k

=
X
π̂
−
k

in
fi
ttin

g
th

e
lin

ear
m

o
d
el

(5).
W

h
en

a
√
n

-con
sisten

t
least

sq
u
ares
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T
w
o
-S
t
a
g
e
P
e
n
a
l
iz
e
d

L
e
a
st

S
q
u
a
r
e
s

es
ti

m
at

or
of
π
j

is
ob

ta
in

ed
b
y

fi
tt

in
g

ea
ch

eq
u
at

io
n

in
(3

)
fo

r
j

=
1
,·
··
,p

,
th

e
re

su
lt

an
t

es
ti

m
at

or
s

of
γ
k

an
d
ψ
S k

ar
e

ex
ac

tl
y

th
e

2S
L

S
es

ti
m

at
or

s
b
y

T
h
ei

l
(1

9
53

a,
b
,

19
61

)
an

d
B

as
m

an
n

(1
95

7)
.

S
u
p
p

os
e

th
at

th
e

m
at

ri
x

X
sa

ti
sfi

es
th

e
as

su
m

p
ti

on
in

th
e

b
el

ow
.

It
is

ea
sy

to
p
ro

ve
th

at
,

in
a

lo
w

-d
im

en
si

on
al

se
tt

in
g,

w
e

ca
n

ob
ta

in
co

n
si

st
en

t
es

ti
m

at
or

s
fo

r
th

e
m

o
d
el

(5
)

w
it

h
an

y
co

n
si

st
en

t
es

ti
m

at
e

of
π
−
k
.

A
ss

u
m

p
ti

o
n

B
.
n
−

1
X
T
X
→

C
,

w
h
er

e
C

is
a

p
os

it
iv

e
d
efi

n
it

e
m

at
ri

x
.

P
ro

p
o
si

ti
o
n

3
.1

S
u

p
po

se
A

ss
u

m
p
ti

o
n

s
A

a
n

d
B

a
re

sa
ti

sfi
ed

fo
r

th
e

sy
st

em
(1

)
w

it
h

fi
xe

d
p
�

n
a
n

d
q
�

n
.

W
h
en

th
er

e
ex

is
ts

a
co

n
si

st
en

t
es

ti
m

a
to

r
π̂
−
k

o
f
π
−
k
,

th
e

o
rd

in
a
ry

le
a
st

sq
u

a
re

s
es

ti
m

a
to

rs
o
f

(γ
k
,ψ
S k

)
o
bt

a
in

ed
by

re
gr

es
si

n
g

Y
k

a
ga

in
st

(X
π̂
−
k
,X
S k

)
a
re

a
ls

o
co

n
si

st
en

t.

T
h
e

ab
ov

e
in

st
ru

m
en

ta
l

va
ri

ab
le

s
v
ie

w
im

p
li
es

th
at

th
e

co
n
d
it

io
n
al

ex
p

ec
ta

ti
on

Z
−
k

=
E

[Y
−
k
|X

]
se

rv
es

as
th

e
op

ti
m

al
in

st
ru

m
en

t
fo

r
Y
−
k
.

A
lt

h
ou

gh
,
in

a
lo

w
-d

im
en

si
on

al
se

tt
in

g,
an

y
co

n
si

st
en

t
es

ti
m

at
or
π̂
−
k

le
ad

s
to

th
e

in
st

ru
m

en
t

Ẑ
−
k

=
X
π̂
−
k
,

an
effi

ci
en

t
es

ti
m

at
e

of
π
−
k

sh
ou

ld
b

e
u
se

d
to

p
ro

d
u
ce

effi
ci

en
t

es
ti

m
at

es
of
γ
k

an
d
ψ
S k

.
In

th
e

fo
ll
ow

in
g

se
ct

io
n
,

w
e

b
u
il
d

u
p

on
th

is
v
ie

w
an

d
co

n
st

ru
ct

th
e

h
ig

h
-d

im
en

si
on

al
sy

st
em

(1
)

b
y

fi
rs

t
fi
tt

in
g

h
ig

h
-d

im
en

si
on

al
li
n
ea

r
m

o
d
el

s
to

co
n
si

st
en

tl
y

es
ti

m
at

e
th

e
co

n
d
it

io
n
al

ex
p

ec
ta

ti
on

s
of

en
d
og

en
ou

s
va

ri
ab

le
s

gi
ve

n
ex

og
en

ou
s

va
ri

ab
le

s.

4
.

T
h
e

T
w

o
-S

ta
g
e

P
e
n
a
li
ze

d
L

e
a
st

S
q
u
a
re

s
M

e
th

o
d

T
o

co
n
st

ru
ct

th
e

li
m

it
ed

-i
n
fo

rm
at

io
n

m
o
d
el

(2
),

w
e

ca
n

ob
ta

in
co

n
si

st
en

t
es

ti
m

at
es

of
th

e
co

n
d
it

io
n
al

ex
p

ec
ta

ti
on

s
of

en
d
og

en
ou

s
va

ri
ab

le
s

gi
ve

n
ex

o
ge

n
ou

s
va

ri
ab

le
s

b
y

fi
tt

in
g

h
ig

h
-

d
im

en
si

on
al

li
n
ea

r
m

o
d
el

s,
an

d
th

en
co

n
d
u
ct

a
h
ig

h
-d

im
en

si
on

al
va

ri
ab

le
se

le
ct

io
n

fo
ll
ow

in
g

ou
r

v
ie

w
on

th
e

m
o
d
el

(5
).

A
cc

or
d
in

gl
y,

w
e

p
ro

p
os

e
a

tw
o
-s

ta
ge

p
en

al
iz

ed
le

as
t

sq
u
ar

es
(2

S
P

L
S
)

p
ro

ce
d
u
re

to
co

n
st

ru
ct

ea
ch

m
o
d
el

in
(2

)
so

as
to

es
ta

b
li
sh

th
e

la
rg

e
sy

st
em

(1
).

4
.1

T
h

e
M

e
th

o
d

A
t

th
e

fi
rs

t
st

ag
e,

w
e

u
se

th
e

ri
d
ge

re
gr

es
si

on
to

fi
t

ea
ch

re
d
u
ce

d
-f

or
m

eq
u
at

io
n

in
(3

)
to

ob
ta

in
co

n
si

st
en

t
es

ti
m

at
es

of
th

e
co

n
d
it

io
n
al

ex
p

ec
ta

ti
on

s
of

en
d
og

en
o
u
s

va
ri

ab
le

s
gi

ve
n

ex
og

en
ou

s
va

ri
ab

le
s,

th
at

is
,
fo

r
ea

ch
j

=
1,

2
,·
··
,p

,
w

e
ob

ta
in

th
e

ri
d
ge

re
g
re

ss
io

n
es

ti
m

at
or

of
π
j

b
y

m
in

im
iz

in
g

th
e

fo
ll
ow

in
g

p
en

al
iz

ed
su

m
of

sq
u
ar

es
,

‖Y
j
−

X
π
j
‖2 2

+
τ j
‖π

j
‖2 2
,

(6
)

w
h
er

e
‖·
‖ 2

is
th

e
L

2
n
or

m
,

an
d
τ j
>

0
is

a
tu

n
in

g
p
ar

am
et

er
th

at
co

n
tr

ol
s

th
e

st
re

n
gt

h
of

th
e

p
en

al
ty

.
T

h
e

so
lu

ti
on

to
th

e
m

in
im

iz
at

io
n

p
ro

b
le

m
is
π̂
j

=
(X

T
X

+
τ j

I)
−

1
X
T
Y
j
,

w
h
ic

h
le

ad
s

to
a

co
n
si

st
en

t
es

ti
m

at
e

of
Z
j
,

Ẑ
j

=
P
τ j

Y
j
,

w
h
er

e
P
τ j

=
X

(X
T
X

+
τ j

I)
−

1
X
T

.
W

it
h

a
p
ro

p
er

ch
oi

ce
of
τ j

,
th

e
ri

d
g
e

re
gr

es
si

o
n

h
as

a
go

o
d

es
ti

m
at

io
n

p
er

fo
rm

an
ce

as
sh

ow
n

in
th

e
n
ex

t
se

ct
io

n
.
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C
h
e
n
,
R
e
n
,
Z
h
a
n
g
,
a
n
d

Z
h
a
n
g

A
t

th
e

se
co

n
d

st
ag

e,
w

e
re

p
la

ce
Z
−
k

w
it

h
Ẑ
−
k

in
m

o
d
el

(5
)

to
d
er

iv
e

es
ti

m
a
te

s
o
f
γ
k

an
d
ψ
S k

,
sp

ec
ifi

ca
ll
y,

w
e

m
in

im
iz

e
th

e
fo

ll
ow

in
g

p
en

al
iz

ed
er

ro
r

sq
u
ar

es
to

ob
ta

in
es

ti
m

a
te

s
of
γ
k

an
d
ψ
S k

,

1 2
‖Y

k
−

Ẑ
−
k
γ
k
−

X
S k
ψ
S k
‖2 2

+
λ
k
ω
T k
|γ
k
|,

(7
)

w
h
er

e
|γ
k
|d

en
ot

es
co

m
p

on
en

tw
is

e
ab

so
lu

te
va

lu
e

of
γ
k
,
ω
k

is
a

k
n
ow

n
w

ei
g
h
t

ve
ct

o
r,

a
n
d

λ
k
>

0
is

a
tu

n
in

g
p
ar

am
et

er
.

M
in

im
iz

in
g

fo
r
ψ
S k

in
(7

)
le

ad
s

to

ψ̂
S k

=
(X

T S k
X
S k

)−
1
X
T S k

(Y
k
−

Ẑ
−
k
γ
k
),

w
h
er

e
X
S k

is
u
su

al
ly

of
lo

w
d
im

en
si

on
,

an
d

th
e

ab
ov

e
le

as
t

sq
u
a
re

s
es

ti
m

at
or

o
f
ψ
S k

is
ea

sy
to

ob
ta

in
.

P
lu

gg
in

g
ψ̂
S k

in
to

(7
),

w
e

ca
n

so
lv

e
th

e
fo

ll
ow

in
g

m
in

im
iz

at
io

n
p
ro

b
le

m
to

o
b
ta

in
a
n

es
ti

m
at

e
of
γ
k
,

γ̂
k

=
ar

g
m

in
γ
k

{
1 2

(Y
k
−

Ẑ
−
k
γ
k
)T

H
k
(Y

k
−

Ẑ
−
k
γ
k
)

+
λ
k
ω
T k
|γ
k
|}
,

(8
)

w
h
er

e
H
k

=
I
−

X
S k

(X
T S k

X
S k

)−
1
X
T S k

,
th

is
is

eq
u
iv

al
en

t
to

a
va

ri
ab

le
se

le
ct

io
n

p
ro

b
le

m
in

re
gr

es
si

n
g

H
k
Y
k

ag
ai

n
st

h
ig

h
-d

im
en

si
on

al
H
k
Ẑ
−
k
.

W
e

w
il
l
re

so
rt

to
ad

ap
ti

ve
la

ss
o

to
se

le
ct

n
on

ze
ro

co
m

p
on

en
ts

of
γ
k

an
d

es
ti

m
at

e
th

em
.

S
p

ec
ifi

ca
ll
y,

p
ic

k
in

g
u
p

a
δ
>

0
a
n
d

o
b
ta

in
in

g
γ̃
k

as
a
√
n

-c
on

si
st

en
t

es
ti

m
at

e
of
γ
k
,

w
e

ca
lc

u
la

te
th

e
w

ei
gh

t
ve

ct
or
ω
k

w
it

h
co

m
p

o
n
en

ts
in

ve
rs

el
y

p
ro

p
or

ti
on

al
to

co
m

p
on

en
ts

of
|γ̃
k
|δ .

T
h
e

ab
ov

e
m

in
im

iz
at

io
n

p
ro

b
le

m
(8

)
is

a
co

n
ve

x
op

ti
m

iz
at

io
n

p
ro

b
le

m
w

h
ic

h
is

co
m

p
u
ta

ti
on

al
ly

effi
ci

en
t.

4
.2

T
u

n
in

g
P

a
ra

m
e
te

r
S

e
le

c
ti

o
n

In
th

is
m

et
h
o
d
,

w
e

n
ee

d
to

se
le

ct
tu

n
in

g
p
ar

am
et

er
s

at
ea

ch
st

ag
e.

A
t

th
e

fi
rs

t
st

a
g
e,

w
e

p
ro

p
os

e
to

ch
o
os

e
ea

ch
τ j

in
(6

)
b
y

th
e

m
et

h
o
d

of
ge

n
er

al
iz

ed
cr

os
s-

va
li
d
at

io
n

(G
C

V
;

G
o
lu

b
et

a
l.

,
19

79
),

th
at

is
,

τ j
=

ar
g

m
in

τ
>

0
G
j
(τ

)
=

ar
g

m
in

τ
>

0

(Y
j
−

P
τ
Y
j
)T

(Y
j
−

P
τ
Y
j
)

(n
−

tr
{P

τ
})

2
.

It
is

a
ro

ta
ti

on
-i

n
va

ri
an

t
ve

rs
io

n
of

or
d
in

ar
y

cr
os

s-
va

li
d
a
ti

on
,

an
d

le
ad

s
to

an
a
p
p
ro

x
im

a
te

ly
op

ti
m

al
es

ti
m

at
e

of
th

e
co

n
d
it

io
n
al

ex
p

ec
ta

ti
on

Z
j
.

A
t

th
e

se
co

n
d

st
ag

e,
th

e
tu

n
in

g
p
a
ra

m
-

et
er
λ
k

in
(8

)
is

ob
ta

in
ed

v
ia
K

-f
ol

d
cr

os
s

va
li
d
at

io
n
.

5
.

T
h
e
o
re

ti
ca

l
P

ro
p

e
rt

ie
s

5
.1

T
h

e
N

u
m

b
e
r

o
f

E
n

d
o
g
e
n

o
u

s
V

a
ri

a
b

le
s

is
F

ix
e
d

A
s

an
ex

te
n
si

on
of

th
e

cl
as

si
ca

l
2S

L
S

m
et

h
o
d

to
h
ig

h
d
im

en
si

on
s,

th
e

p
ro

p
o
se

d
2
S
P

L
S

m
et

h
o
d

al
so

h
as

so
m

e
go

o
d

th
eo

re
ti

ca
l

p
ro

p
er

ti
es

.
In

th
is

se
ct

io
n
,

w
e

w
il
l

sh
ow

th
a
t

th
e

2S
P

L
S

es
ti

m
at

es
en

jo
y

th
e

or
ac

le
p
ro

p
er

ti
es

.
A

s
th

e
se

co
n
d
-s

ta
ge

es
ti

m
at

io
n

re
li
es

o
n

th
e
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T
w
o
-S
t
a
g
e
P
e
n
a
l
iz
e
d

L
e
a
st

S
q
u
a
r
e
s

rid
g
e

estim
a
tes

Ẑ
−
k

ob
tain

ed
from

th
e

fi
rst

sta
ge,

w
e

start
w

ith
th

e
th

eoretical
p
rop

erties
o
f

Ẑ
−
k .

A
s

m
en

tio
n
ed

p
rev

iou
sly,

each
τ
j

in
(6)

is
ob

tain
ed

b
y

G
C

V
.

In
terestin

g
ly,

as
stated

b
y

G
o
lu

b
et

a
l.

(1
979),

su
ch

a
τ
j

is
closely

related
to

th
e

on
e

m
in

im
izin

g

T
j (τ

)
=

(Z
j −

P
τ Y

j )
T

(Z
j −

P
τ Y

j ).

W
e

h
ave

th
e

fo
llow

in
g

resu
lt

sim
ilar

to
T

h
eorem

2
of

G
olu

b
et

a
l.

(1979).

T
h

e
o
re

m
5
.1

S
u

p
po

se
th

a
t

a
ll

co
m

po
n

en
ts

o
f
π
j

a
re

i.i.d
.

w
ith

m
ea

n
zero

a
n

d
va

ria
n

ce
σ

2π
,

th
en

arg
m

in
τ
>

0
E

[E
[G

j (τ
)|π

j ]]
=

arg
m

in
τ
>

0
E

[E
[T
j (τ

)|π
j ]]

=
σ

2ξ
j /
σ

2π
,

w
h
ere

σ
2ξ
j

is
th

e
va

ria
n

ce
co

m
po

n
en

t
o
f
ξ
j

in
m

od
el

(2
).

T
h
is

th
eo

rem
im

p
lies

th
at

th
e

G
C

V
estim

ate
Ẑ
j

=
P
τ
j Y

j
is

ap
p
rox

im
ately

th
e

op
tim

al
estim

a
te

o
f

th
e

con
d
ition

al
ex

p
ectation

Z
j ;

fu
rth

erm
ore,

as
th

e
op

tim
a
l

tu
n
in

g
p
aram

e-
ter

a
p
p
rox

im
a
tes

a
con

stan
t

d
eterm

in
ed

b
y

th
e

varian
ce

com
p

on
en

ts
ratio,

w
e

m
a
k
e

th
e

fo
llow

in
g

a
ssu

m
p
tion

on
τ
j .

A
ssu

m
p

tio
n

C
.
τ
j / √

n
→

0
as
n
→
∞

,
for

j
=

1,···
,p

.

W
e

th
en

h
ave

th
e

follow
in

g
p
rop

erties
on

Ẑ
−
k .

T
h

e
o
re

m
5
.2

F
o
r
k

=
1,...,p

,
let

M
k

=
π
T−
k (C
−

C
•S

k C
−

1
S
k
,S

k C
S
k • )π

−
k

w
h
ere

ea
ch

C
S
r S

c

is
a

su
bm

a
trix

o
f
C

id
en

tifi
ed

w
ith

ro
w

in
d
ices

in
S
r

a
n

d
co

lu
m

n
in

d
ices

in
S
c

(th
e

d
o
t

im
p
lies

a
ll

ro
w

s
o
r

co
lu

m
n

s).
T

h
en

,
u

n
d
er

A
ssu

m
p
tio

n
s

A
,

B
,

a
n

d
C

,

a
.
n
−

1Ẑ
T−
k H

k Ẑ
−
k →

p
M

k ,
a
s
n
→
∞

;

b.
n
−

1
/
2(Y

k −
Ẑ
−
k γ

k )
T
H
k Ẑ
−
k →

d
N

(0
,σ

2k M
k ),

a
s
n
→
∞

.

S
in

ce
n
−

1Z
T−
k H

k Z
−
k
→

M
k ,

T
h
eorem

5.2.a
states

th
at

Ẑ
T−
k H

k Ẑ
−
k

is
a

go
o
d

ap
p
rox

i-

m
a
tio

n
to

Z
T−
k H

k Z
−
k .

O
n

th
e

oth
er

h
an

d
,
H
k (Y

k −
Ẑ
−
k γ

k )
is

th
e

error
term

in
regressin

g

H
k Y

k
a
g
a
in

st
H
k Ẑ
−
k ,

an
d

T
h
eorem

5.2.b
im

p
lies

th
at
n
−

1(Y
k −

Ẑ
−
k γ

k )
T
H
k Ẑ
−
k
→
d

0.
T

h
u
s

Ẑ
−
k

resu
lts

in
regression

errors
w

ith
go

o
d

p
rop

erties,
i.e.,

th
e

erro
r

eff
ects

on
th

e
2
S
P

L
S

estim
a
tors

w
ill

van
ish

w
h
en

th
e

sam
p
le

size
gets

su
ffi

cien
tly

large.
In

su
m

m
a
ry,

th
e

ab
ove

th
eorem

in
d
icates

th
a
t

Ẑ
−
k

b
eh

aves
th

e
sam

e
w

ay
as

Z
−
k

asy
m

p
-

to
tica

lly,
w

h
ich

m
akes

it
reason

ab
le

to
rep

lace
Z
−
k

w
ith

Ẑ
−
k

at
th

e
secon

d
stage.

D
en

ote
th

e
j-th

elem
en

ts
of
γ
k

an
d
γ̂
k

as
γ
k
j

an
d
γ̂
k
j ,

resp
ectively.

T
h
en

,
th

e
p
rop

erties
of

Ẑ
−
k

in
T

h
eo

rem
5
.2

,
togeth

er
w

ith
th

e
oracle

p
rop

erties
of

th
e

a
d
ap

tiv
e

lasso
,

w
ill

lead
to

th
e

fo
llow

in
g

o
ra

cle
p
rop

erties
of

ou
r

p
ro

p
osed

estim
ates.

T
h

e
o
re

m
5
.3

(O
ra

cle
P

ro
perties)

L
etA

k
=
{
j

:
γ
k
j 6=

0,j6=
k}

a
n

dÂ
k

=
{
j

:
γ̂
k
j 6=

0,j6=
k}.

F
u

rth
er

in
d
ex

bo
th

ro
w

s
a
n

d
co

lu
m

n
s

o
f

M
k

w
ith

1,···
,k
−

1,k
+

1,···
,p

,
a
n

d
let

M
k
,A

k

be
th

e
su

bm
a
trix

o
f

M
k

id
en

tifi
ed

w
ith

bo
th

ro
w

a
n

d
co

lu
m

n
in

d
ices

in
A
k .

S
u

p
po

se
th

a
t

λ
k / √

n
→

0
a
n

d
λ
k n

(δ−
1
)/

2
→
∞

.
T

h
en

,
u

n
d
er

A
ssu

m
p
tio

n
s

A
,

B
,

a
n

d
C

,
th

e
estim

a
tes

fro
m

th
e

p
ro

po
sed

2
S

P
L

S
m

eth
od

sa
tisfy

th
e

fo
llo

w
in

g
p
ro

perties,
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C
h
e
n
,
R
e
n
,
Z
h
a
n
g
,
a
n
d

Z
h
a
n
g

a
.
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∞
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∞
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.
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p
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h
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secon
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p
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b
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b
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p
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e
th

e
sam

e
o
rd

er.
T

h
e

th
eoretical

p
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=
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−
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=
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p
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φ
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−
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=
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−
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−
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d
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e
o
f

th
e

cl
u
st

er
s

ar
e

re
la

te
d

to
el

ec
tr

on
,

on
e

cl
u
st

er
in

cl
u
d
es

h
al

f
of

th
e

g
en

es
fr

o
m

th
e

se
co

n
d

su
b
n
et

w
or

k
an

d
is

re
la

te
d

to
ox

id
at

io
n

re
d
u
ct

io
n
.

T
h
e

th
ir

d
su

b
n
et

w
or

k
is

a
ls

o
en

ri
ch

ed
in

n
in

e
d
iff

er
en

t
ge

n
e

cl
u
st

er
s,

w
it

h
se

ve
n

cl
u
st

er
s

re
la

te
d

to
p
ro

te
as

om
e.

A
to

ta
l

of
18

re
gu

la
ti

on
s

w
er

e
co

n
st

ru
ct

ed
fr

om
ea

ch
of

th
e

10
,0

00
b

o
ot

st
ra

p
d
a
ta

se
ts

,
an

d
ar

e
sh

ow
n

in
F

ig
u
re

5.
T

h
er

e
ar

e
se

v
en

p
ai

rs
of

ge
n
es

w
h
ic

h
re

gu
la

te
ea

ch
o
th

er
.

It
is

in
te

re
st

in
g

to
o
b
se

rv
e

th
at

al
l

re
gu

la
to

ry
g
en

es
u
p
-r

eg
u
la

te
th

e
ta

rg
et

ge
n
es

ex
ce

p
t

tw
o

ge
n
es

,
n
am

el
y,

Y
C

L
01

8W
an

d
Y

E
L

02
1W

.
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w
o
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t
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g
e
P
e
n
a
l
iz
e
d

L
e
a
st

S
q
u
a
r
e
s

a
.b
.

c.

F
ig

u
re

4:
T

h
ree

gen
e

regu
latory

su
b
n
etw

ork
s

in
yeast

(th
e

d
otted

,
d
ash

ed
,

an
d

solid
arrow

s
im

p
lied

th
at

th
e

corresp
on

d
in

g
regu

lation
s

w
ere

con
stru

cted
resp

ectively
from

over
80%

,
90%

,
an

d
95%

of
th

e
b

o
otstrap

d
ata

sets).

F
ig

u
re

5:
T

h
e

y
east

gen
e

regu
latory

su
b
n
etw

ork
s

con
stru

cted
in

each
of

10,000
b

o
o
tstrap

d
a
ta

sets
(w

ith
arrow

-
an

d
b
ar-h

ead
ed

lin
es

im
p
ly

in
g

u
p

an
d

d
ow

n
regu

lation
s,

resp
ectively
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C
h
e
n
,
R
e
n
,
Z
h
a
n
g
,
a
n
d

Z
h
a
n
g

8
.

D
iscu

ssio
n

In
a

classical
settin

g
w

ith
sm

all
n
u
m

b
ers

of
en

d
ogen

ou
s/ex

ogen
ou

s
variab

les,
con

stru
ctin

g
a

sy
stem

of
stru

ctu
ral

eq
u
ation

s
h
as

b
een

w
ell

stu
d
ied

sin
ce

H
aavelm

o
(1943,

1944).
A

n
d
erson

an
d

R
u
b
in

(1949)
fi
rst

p
rop

osed
to

estim
ate

th
e

p
aram

eters
of

a
sin

gle
stru

ctu
ral

eq
u
ation

w
ith

th
e

lim
ited

in
form

ation
m

ax
im

u
m

lik
elih

o
o
d

estim
ator.

L
ater,

T
h
eil

(1953a,b
,

1961)
an

d
B

asm
an

n
(1957)

in
d
ep

en
d
en

tly
d
evelop

ed
th

e
2S

L
S

estim
ator,

w
h
ich

is
th

e
sim

p
lest

an
d

m
ost

com
m

on
estim

ation
m

eth
o
d

for
fi
ttin

g
a

sy
stem

of
stru

ctu
ral

eq
u
ation

s.
H

ow
ever,

gen
etical

gen
om

ics
ex

p
erim

en
ts

u
su

ally
collect

d
ata

in
w

h
ich

b
oth

th
e

n
u
m

b
er

of
en

d
ogen

ou
s

variab
les

an
d

th
e

n
u
m

b
er

of
ex

ogen
ou

s
variab

les
can

b
e

very
large,

in
valid

atin
g

th
e

clas-
sical

m
eth

o
d
s

for
b
u
ild

in
g

gen
e

regu
latory

n
etw

ork
s.

It
is

n
otew

orth
y

th
at,

alth
ou

gh
each

stru
ctu

ral
eq

u
ation

m
o
d
elin

g
gen

e
reg

u
lation

h
as

few
ex

ogen
ou

s
variab

les,
th

e
gen

om
e-w

id
e

gen
e

regu
latory

n
etw

ork
con

sists
of

a
large

n
u
m

b
er

of
stru

ctu
ral

eq
u
ation

s
an

d
th

erefore
h
as

a
large

n
u
m

b
er

of
ex

ogen
ou

s
variab

les.

T
h
e

in
stru

m
en

tal
variab

les
v
iew

of
2S

L
S

sh
ed

s
ligh

t
on

th
e

con
sisten

cy
of

2S
L

S
estim

a-
tors

w
h
ich

is
gu

aran
teed

b
y

go
o
d

estim
ation

of
th

e
con

d
ition

al
ex

p
ectation

s
of

en
d
o
gen

ou
s

variab
les

given
ex

ogen
ou

s
variab

les.
F

or
large

sy
stem

s,
w

e
p
rop

osed
to

estim
ate

th
ese

con
-

d
ition

al
ex

p
ectation

s
v
ia

rid
ge

regression
cou

p
led

w
ith

G
C

V
so

as
to

ad
d
ress

p
ossib

le
over-

fi
ttin

g
issu

es
b
rou

gh
t

b
y

a
large

n
u
m

b
er

of
ex

ogen
ou

s
variab

les.
W

e
ob

tain
ed

ap
p
rox

im
ately

op
tim

al
estim

ation
of

th
ese

con
d
ition

al
ex

p
ectation

s
at

th
e

fi
rst

stage.
A

t
th

e
secon

d
stage,

w
e

cou
ld

ad
op

t
resu

lts
from

h
igh

-d
im

en
sion

al
variab

le
selection

,
e.g.,

F
an

a
n
d

L
i

(2001),
Z

ou
(2006),

Z
h
an

g
(2010),

an
d

H
u
an

g
et

a
l.

(2011),
to

con
sisten

tly
id

en
tify

an
d

fu
rth

er
estim

ate
th

e
regu

latory
eff

ects
of

th
e

en
d
ogen

ou
s

variab
les.

A
s

a
h
igh

-d
im

en
sion

al
ex

ten
-

sion
of

th
e

classical
2S

L
S

m
eth

o
d
,

th
e

2S
P

L
S

m
eth

o
d

is
also

com
p
u
tation

ally
fast

an
d

easy
to

im
p
lem

en
t.

A
s

sh
ow

n
in

con
stru

ctin
g

a
gen

om
e-w

id
e

gen
e

regu
latory

n
etw

ork
of

yeast,
th

e
h
igh

com
p
u
tation

al
effi

cien
cy

of
2S

P
L

S
allow

s
u
s

to
em

p
loy

th
e

b
o
otstrap

m
eth

o
d

to
calcu

late
th

e
p
-valu

es
of

th
e

regu
latory

eff
ects.

O
u
r

sim
u
lation

stu
d
ies

sh
ow

a
seem

in
gly

cou
n
terin

tu
itive

resu
lt

th
at

ou
r

m
om

en
t-b

ased
m

eth
o
d

2S
P

L
S

p
rov

id
es

h
igh

er
p

ow
er

th
an

th
e

likelih
o
o
d
-b

ased
m

eth
o
d

S
M

L
,

b
ecau

se
th

e
m

ax
im

u
m

likelih
o
o
d

m
eth

o
d

is
u
su

ally
th

e
m

ost
effi

cien
t

m
eth

o
d
,

a
n
d

d
om

in
ates

m
om

en
t

m
eth

o
d
s.

H
ow

ev
er,

as
ev

id
en

ced
in

B
ollen

(1996)
an

d
K

en
n
ed

y
(1985)

(p
.134),

2S
L

S
can

p
erform

b
etter

th
an

th
e

m
ax

im
u
m

lik
elih

o
o
d

m
eth

o
d

in
sm

all
sam

p
les.

F
u
rth

erm
ore,

S
M

L
is

n
ot

a
p
u
re

likelih
o
o
d

m
eth

o
d

b
u
t

rath
er

a
p

en
alized

likelih
o
o
d

m
eth

o
d
,

an
d

2S
P

L
S

is
n
ot

a
p
u
re

m
om

en
t

m
eth

o
d

b
u
t

rath
er

a
p

en
alized

m
om

en
t

m
eth

o
d
.

T
h
erefore,

th
e

th
eoretical

ad
van

tage
of

likelih
o
o
d

m
eth

o
d
s

over
m

om
en

t
m

eth
o
d
s

m
ay

n
ot

carry
over

to
co

m
p
arin

g
p

en
alized

likelih
o
o
d

m
eth

o
d
s

v
ersu

s
p

en
a
lized

m
om

en
t

m
eth

o
d
s.

In
fact,

S
M

L
u
ses

an
L

1

p
en

alty
to

p
en

alize
n
on

zero
regu

latory
eff

ects,
b
u
t

2S
P

L
S

em
p
loy

s
an

L
2

p
en

alty
on

th
e

regression
co

effi
cien

ts
of

th
e

red
u
ced

m
o
d
els

at
th

e
fi
rst

stage
an

d
an

L
1

p
en

alty
on

th
e

regu
latory

eff
ects

at
th

e
secon

d
sta

ge.
W

e
con

jectu
re

th
at

th
e

d
iff

eren
t

ch
oice

of
p

en
alty

term
s

m
ay

also
d
istin

gu
ish

th
e

tw
o

d
iff

eren
t

m
eth

o
d
s

as
sh

ow
n

in
th

e
ad

va
n
tage

o
f

th
e

elastic
n
et

(Z
ou

an
d

H
astie,

2005)
over

lasso
(T

ib
sh

iran
i,

1996).

A
lth

ou
gh

ap
p
licab

le
to

d
iverse

fi
eld

s,
ou

r
d
ev

elop
m

en
t

of
2S

P
L

S
is

m
otivated

b
y

con
-

stru
ctin

g
gen

e
regu

latory
n
etw

ork
s

u
sin

g
gen

etical
gen

om
ics

d
ata.

T
h
e

a
lgorith

m
is

ap
p
lica-

b
le

to
an

y
p

op
u
lation

-b
ased

stu
d
ies

w
ith

eith
er

ex
p

erim
en

tal
crosses

or
n
atu

ral
p

o
p
u
lation

s.
A

ssu
m

p
tion

A
m

ean
s

th
at

each
gen

e
u
n
d
er

in
v
estigation

h
as

at
least

on
e

u
n
iq

u
e

p
o
ly

m
or-
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T
w
o
-S
t
a
g
e
P
e
n
a
l
iz
e
d

L
e
a
st

S
q
u
a
r
e
s

p
h
is

m
fr

om
it

s
ci

s-
eQ

T
L

,
w

h
ic

h
ca

n
b

e
d
et

ec
te

d
w

it
h

cl
as

si
ca

l
eQ

T
L

m
ap

p
in

g
m

et
h
o
d
s,

e.
g.

,
K

en
d
zi

or
sk

i
et

a
l.

(2
00

6)
,

G
el

fo
n
d

et
a
l.

(2
00

7)
,

an
d

J
ia

an
d

X
u

(2
00

7)
.

T
ra

n
s-

eQ
T

L
(i

.e
.,

eQ
T

L
ou

ts
id

e
th

e
re

gi
on

s
of

th
ei

r
ta

rg
et

g
en

es
)

h
ol

d
th

e
ke

y
to

ou
r

u
n
d
er

st
an

d
in

g
of

ge
n
e

re
gu

la
ti

on
b

ec
au

se
th

ei
r

in
d
ir

ec
t

re
gu

la
ti

on
s

ar
e

li
k
el

y
ca

u
se

d
b
y

in
te

ra
ct

io
n
s

am
on

g
ge

n
es

.
W

h
en

th
e

ge
n
e

re
gu

la
to

ry
n
et

w
or

k
is

m
o
d
el

ed
w

it
h

a
sy

st
em

of
st

ru
ct

u
ra

l
eq

u
at

io
n
s,

cl
as

-
si

ca
l

eQ
T

L
m

ap
p
in

g
m

et
h
o
d
s

es
se

n
ti

al
ly

id
en

ti
fy

b
ot

h
ci

s-
eQ

T
L

an
d

tr
an

s-
eQ

T
L

in
vo

lv
ed

in
ea

ch
re

d
u
ce

d
-f

or
m

eq
u
at

io
n

in
th

e
re

d
u
ce

d
m

o
d
el

(3
).

N
on

et
h
el

es
s,

it
is

ch
al

le
n
gi

n
g,

if
n
ot

im
p

os
si

b
le

,
to

re
co

ve
r

a
la

rg
e

sy
st

em
fr

om
th

e
re

d
u
ce

d
m

o
d
el

.
A

n
al

te
rn

at
iv

e
st

ra
te

gy
to

co
n
st

ru
ct

th
e

w
h
ol

e
sy

st
em

is
to

b
u
il
d

u
n
d
ir

ec
te

d
gr

ap
h
s

fi
rs

t
(S

p
ir

te
s

et
a
l.

,
20

01
;
S
h
ip

le
y
,
20

02
;
d
e

la
F

u
en

te
et

a
l.

,
20

04
)

an
d

th
en

lo
ca

ll
y

or
ie

n
t

th
e

ed
g
es

in
th

e
gr

ap
h
s

(A
te

n
et

a
l.

,
20

08
;

N
et

o
et

a
l.

,
20

08
).

W
h
il
e

co
n
st

ru
ct

in
g

a
sm

al
l

n
et

w
or

k
is

m
u
ch

ea
si

er
an

d
m

or
e

ro
b
u
st

th
an

co
n
st

ru
ct

in
g

a
la

rg
e

sy
st

em
,

w
e

h
er

e
in

te
n
d

to
co

n
st

ru
ct

la
rg

e
n
et

w
or

k
s,

su
ch

as
w

h
ol

e-
ge

n
om

e
ge

n
e

re
gu

la
to

ry
n
et

w
or

k
s

fr
om

ge
n
et

ic
al

ge
n
om

ic
s

d
at

a.
F

u
rt

h
er

m
or

e,
ap

p
li
ca

ti
on

of
th

e
al

te
rn

a
ti

ve
st

ra
te

gy
is

co
n
ti

n
ge

n
t

on
w

h
et

h
er

th
e

u
n
d
er

ly
in

g
sy

st
em

is
co

m
p

os
ed

of
u
n
co

n
n
ec

te
d

su
b
sy

st
em

s,
b

ec
au

se
ig

n
or

in
g

th
e

re
gu

la
to

ry
eff

ec
ts

fr
om

ot
h
er

ge
n
es

ou
ts

id
e

a
su

b
se

t
of

ge
n
es

m
ay

le
ad

to
fa

ls
e

re
gu

la
to

ry
in

te
ra

ct
io

n
(N

et
o

et
a
l.

,
20

08
;

d
e

la
F

u
en

te
et

a
l.

,
20

04
).

In
st

ea
d
,

2S
P

L
S

al
lo

w
s

to
co

n
st

ru
ct

a
su

b
se

t
of

st
ru

ct
u
ra

l
eq

u
at

io
n
s

in
si

d
e

th
e

w
h
ol

e
sy

st
em

,
ig

n
or

in
g

m
an

y
ot

h
er

st
ru

ct
u
ra

l
eq

u
at

io
n
s.

T
h
er

ef
or

e,
w

e
ca

n
ap

p
ly

2S
P

L
S

to
in

ve
st

ig
at

e
th

e
in

te
ra

ct
iv

e
re

gu
la

ti
on

a
m

on
g

a
su

b
se

t
of

ge
n
es

as
w

el
l

as
h
ow

th
es

e
ge

n
es

ar
e

re
g
u
la

te
d

b
y

ot
h
er

s.
It

is
ev

id
en

ce
d

in
d
iff

er
en

t
sp

ec
ie

s
th

at
eff

ec
ts

of
tr

an
s-

eQ
T

L
ar

e
w

ea
ke

r
th

an
th

os
e

of
ci

s-
eQ

T
L

an
d

tr
an

s-
eQ

T
L

ar
e

m
or

e
d
iffi

cu
lt

to
id

en
ti

fy
th

an
ci

s-
eQ

T
L

(S
ch

ad
t

et
a
l.

,
20

03
;

D
ix

on
et

a
l.

,
20

07
).

O
n

th
e

ot
h
er

h
an

d
,

a
sy

st
em

of
st

ru
ct

u
ra

l
eq

u
at

io
n
s

m
o
d
el

in
g

ge
n
om

e-
w

id
e

ge
n
e

re
gu

la
ti

on
m

ay
in

d
u
ce

a
la

rg
e

n
u
m

b
er

of
tr

an
s-

eQ
T

L
to

ea
ch

re
d
u
ce

d
-

fo
rm

eq
u
at

io
n

in
(3

).
W

h
il
e

co
n
st

ru
ct

in
g

th
e

sy
st

em
is

co
n
ti

n
ge

n
t

on
th

e
ac

cu
ra

cy
of

p
re

d
ic

ti
n
g

ea
ch

en
d
og

en
ou

s
va

ri
ab

le
on

th
e

b
as

is
of

th
e

co
rr

es
p

on
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b
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T
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e
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se

of
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d
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si
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at
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e

fi
rs
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st

ag
e
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L
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n
st
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in
g
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n
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re
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n
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w
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(F
ra

n
k
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p
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2S
P
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S

w
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h
2S

A
L
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ou
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si

m
u
la

ti
on

st
u
d
ie

s
d
em

on
st

ra
te

d
th

e
su

p
er

io
ri

ty
of

u
si

n
g

ri
d
ge

re
gr

es
si

on
ov

er
th

e
ad

ap
ti

ve
la

ss
o

at
th

e
fi
rs

t
st

a
ge

.
In

fa
ct

,
w

h
en

so
m

e
ge

n
es

h
av

e
a

re
la

ti
ve

ly
la

rg
e

n
u
m

b
er

of
tr

an
s-

eQ
T

L
,

se
le

ct
in

g
va

ri
ab

le
s

at
th

e
fi
rs

t
st

ag
e

m
ay

co
m

p
ro

m
is

e
th

e
id

en
ti

fi
ca

ti
on

of
re

gu
la

to
ry

eff
ec

ts
at

th
e

se
co

n
d

st
ag

e.

A
ck

n
o
w

le
d
g
m

e
n
ts

W
e

th
an

k
th

e
ac

ti
on

ed
it

or
an

d
fo

u
r

an
on

y
m

ou
s

re
v
ie

w
er

s
fo

r
th

ei
r

h
el

p
fu

l
co

m
m

en
ts

.
T

h
is

w
or

k
is

p
ar

ti
al

ly
su

p
p

or
te

d
b
y

N
S
F

C
A

R
E

E
R

aw
ar

d
II

S
-0

84
49

45
,

N
IH

R
0
3C

A
21

18
31

,
a
n
d

th
e

C
an

ce
r

C
ar

e
E

n
gi

n
ee

ri
n
g

p
ro

je
ct

at
th

e
O

n
co

lo
gi

ca
l
S
ci

en
ce

C
en

te
r

of
P

u
rd

u
e

U
n
iv

er
si

ty
.

A
p
p

e
n
d
ix

A
:

P
ro

o
f

o
f

T
h
e
o
re

m
5
.2

a.
S
in

ce
τ j
/√

n
→

0
fo

r
an

y
1
≤
j
≤
p
,

th
e

d
iff

er
en

t
ch

oi
ce

of
τ j

fo
r

ea
ch

j
d
o
es

n
ot

aff
ec

t
th

e
fo

ll
ow

in
g

as
y
m

p
to

ti
c

p
ro

p
er

ty
in

v
ol

v
in

g
τ j

,

n
(X

T
X

+
τ j

I)
−

1
→

C
.
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)
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C
h
e
n
,
R
e
n
,
Z
h
a
n
g
,
a
n
d

Z
h
a
n
g

W
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y,
w

e
as

su
m

e
τ 1

=
τ 2

=
··
·=

τ p
=
τ
.

T
h
en

Ẑ
−
k

=
P
τ
Y
−
k
.

n
−

1
Ẑ
T −
k
H
k
Ẑ
−
k

=
n
−

1
(X
π
−
k

+
ξ
−
k
)T

P
T τ
H
k
P
τ
(X
π
−
k

+
ξ
−
k
)

=
n
−

1
π
T −
k
X
T
P
τ
H
k
P
τ
X
π
−
k

+
n
−

1
ξ
T −
k
P
τ
H
k
P
τ
X
π
−
k

+
n
−

1
π
T −
k
X
T
P
τ
H
k
P
τ
ξ
−
k

+
n
−

1
ξ
T −
k
P
τ
H
k
P
τ
ξ
−
k

W
e

w
il
l

co
n
si

d
er

th
e

as
y
m

p
to

ti
c

p
ro

p
er

ty
of

ea
ch

of
th

e
ab

ov
e

fo
u
r

te
rm

s.
F

ir
st

,
n
−

1
X
T
X
→

C
im

p
li
es

th
at

n
−

1
X
T
H
k
X

=
n
−

1
X
T
{I
−

X
S k

(X
T S k

X
S k

)−
1
X
T S k
}X
→

C
−

C
•S

k
C
−

1
S k
,S

k
C
S k
•.

(1
0
)

T
h
e

ab
ov

e
re

su
lt

an
d

(9
)

ea
si

ly
le

ad
to

th
e

fo
ll
ow

in
g

re
su

lt
,

n
−

1
π
T −
k
X
T
P
τ
H
k
P
τ
X
π
−
k

=
n
−

1
π
T −
k
X
T
X

(X
T
X

+
τ
I)
−

1
X
T
H
k
X

(X
T
X

+
τ
I)
−

1
X
T
X
π
−
k

→
π
T −
k
(C
−

C
•S

k
C
−

1
S k
,S

k
C
S k
•)
π
−
k

=
M

k
.

(1
1
)

T
h
e

ot
h
er

th
re

e
te

rm
s

ap
p
ro

ac
h
in

g
to

ze
ro

d
ir

ec
tl

y
fo

ll
ow

s
th

at
n
−

1
ξ
T −
k
X
→
p

0
.

T
h
u
s,

1 n
Ẑ
T −
k
H
k
Ẑ
−
k
→
p

M
k
.

b
.

S
in

ce
H
k
(Y

k
−

Y
−
k
γ
k
)

=
H
k
ε k

,
w

e
h
av

e

n
−

1
/
2
(Y

k
−

Ẑ
−
k
γ
k
)T

H
k
Ẑ
−
k

=
n
−

1
/
2
{(

Y
k
−

Y
−
k
γ
k
)

+
(I
−

P
τ
)Y
−
k
γ
k
}T

H
k
Ẑ
−
k

=
n
−

1
/
2
εT k

H
k
P
τ
Y
−
k

+
n
−

1
/
2
γ
T k
{(

I
−

P
τ
)Y
−
k
}T

H
k
P
τ
Y
−
k
.

In
th

e
fo

ll
ow

in
g,

w
e

w
il
l

p
ro

ve
th

at
th

e
se

co
n
d

te
rm

ap
p
ro

ac
h
es

to
ze

ro
,

a
n
d

th
e

fi
rs

t
te

rm
as

y
m

p
to

ti
ca

ll
y

ap
p
ro

ac
h
es

to
th

e
re

q
u
ir

ed
d
is

tr
ib

u
ti

o
n
,

i.
e.

,

n
−

1
/
2
εT k

H
k
P
τ
Y
−
k
→
d
N

(0
,σ

2 k
M

k
).

(1
2
)

W
e

n
ot

ic
e

th
at n
−

1
/
2
εT k

H
k
P
τ
X
π
−
k
∼
N

(0
,n
−

1
σ

2 k
π
T −
k
X
T
P
τ
H
k
P
τ
X
π
−
k
).

F
ol

lo
w

in
g

(1
1)

,
w

e
h
av

e

n
−

1
/
2
εT k

H
k
P
τ
X
π
−
k
→
d
N

(0
,σ

2 k
M

k
).

(1
3
)

B
ec

au
se

of
(1

0)
an

d

n
−

1
/
2
εT k

H
k
X
∼
N

(0
,n
−

1
σ

2 k
X
T
H
k
X

),

w
e

h
av

e
n
−

1
/
2
εT k

H
k
X
→
d
N

(0
,σ

2 k
(C
−

C
•S

k
C
−

1
S k
,S

k
C
S k
•)

).

S
in

ce
n
−

1
ξ
T −
k
X
→
p

0
,

w
e

ca
n

ap
p
ly

S
lu

ts
k
y
’s

th
eo

re
m

an
d

ob
ta

in
th

at

n
−

1
/
2
εT k

H
k
P
τ
ξ
−
k

=
n
−

1
/
2
εT k

H
k
X

(X
T
X

+
τ
I)
−

1
X
T
ξ
−
k
→
p

0
.
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T
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g
e
P
e
n
a
l
iz
e
d

L
e
a
st

S
q
u
a
r
e
s

P
o
o
lin

g
th

e
a
b

ov
e

resu
lt

an
d

(13)
lead

s
to

th
e

asy
m

p
totic

d
istrib

u
tion

in
(12).

T
o

p
rove

th
at

th
e

secon
d

term
asy

m
p
totically

ap
p
roach

es
to

zero,
w

e
fu

rth
er

p
artition

it
a
s

fo
llow

s,

n
−

1
/
2γ

Tk {
(I−

P
τ )Y

−
k }
T
H
k P

τ Y
−
k

=
n
−

1
/
2γ

Tk
π
T−
k X

T
(I−

P
τ )H

k P
τ X
π
−
k

+
n
−

1
/
2γ

Tk
ξ
T−
k (I−

P
τ )H

k P
τ X
π
−
k

+
n
−

1
/
2γ

Tk
π
T−
k X

T
(I−

P
τ )H

k P
τ ξ−

k
+
n
−

1
/
2γ

Tk
ξ
T−
k (I−

P
τ )H

k P
τ ξ−

k .

It
su

ffi
ces

to
p
rov

e
each

of
th

ese
fou

r
p
arts

asy
m

p
totically

ap
p
roach

es
to

zero
.

F
irst,

n
o
tice

th
at

X
T

(I−
P
τ )

=
τ
(X

T
X

+
τ
I) −

1X
T
,

w
e

h
ave

n
−

1
/
2γ

Tk
π
T−
k X

T
(I−

P
τ )H

k P
τ X
π
−
k

=
n
−

1
/
2τ
γ
Tk
π
T−
k (X

T
X

+
τ
I) −

1X
T
H
k X

(X
T
X

+
τ
I) −

1X
T
X
π
−
k →

0
,

(14)

w
h
ich

fo
llow

s
(10)

an
d

th
at
τ
/ √

n
→

0
a
s
n
→
∞

.

B
ecau

se
C
S
k • C

−
1C
•S

k
=

C
S
k S

k ,
w

e
h
ave

(C
−

C
•S

k C
−

1
S
k
,S

k C
S
k • )C

−
1(C
−

C
•S

k C
−

1
S
k
,S

k C
S
k • )

=
C
−

C
•S

k C
−

1
S
k
,S

k C
S
k • ,

w
h
ich

im
p
lies

th
at

n
−

1
/
2X

T
P
Tτ
H
Tk

(I−
P
τ )
T

(I−
P
τ )H

k P
τ X

=
n
−

1X
T
P
τ H

k P
τ X
−

2n
−

1X
T
P
τ H

k P
τ H

k P
τ X

+
n
−

1X
T
P
τ H

k P
2τ H

k P
τ X
→

0
.

S
in

ce
V

a
r(ξ−

k γ
k )

is
p
rop

ortion
al

to
an

id
en

tity
m

atrix
,

th
e

ab
ov

e
resu

lt
lead

s
to

th
at

V
ar (

n
−

1
/
2γ

Tk
ξ
T−
k (I−

P
τ )H

k P
τ X
π
−
k )
→

0
,

w
h
ich

im
p
lies

th
at

n
−

1
/
2γ

Tk
ξ
T−
k (I−

P
τ )H

k P
τ X
π
−
k →

p
0
.

(15)

S
im

ilarly,
w

e
can

p
rove

th
at,

for
each

ξ
j ,

V
ar (

n
−

1
/
2γ

Tk
π
T−
k X

T
(I−

P
τ )H

k P
τ ξ
j )
→

0
,

w
h
ich

im
p
lies

th
at

n
−

1
/
2γ

Tk
π
T−
k X

T
(I−

P
τ )H

k P
τ ξ−

k →
p

0
.

(16)

N
o
te

th
a
t

n
−

1
/
2γ

Tk
ξ
T−
k (I−

P
τ )H

k P
τ ξ−

k
=
{
n
−

1
/
2γ

Tk
ξ
T−
k (I−

P
τ )H

k X
}
{

(X
T
X

+
τ
I) −

1X
T
ξ−

k }
.
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C
h
e
n
,
R
e
n
,
Z
h
a
n
g
,
a
n
d

Z
h
a
n
g

S
in

ce

n
−

1X
T
H
k (I−

P
τ )(I−

P
τ )H

k X
→

0
,

w
e

h
ave

V
ar (

n
−

1
/
2γ

Tk
ξ
T−
k (I−

P
τ )H

k X
)
→

0
.

T
h
erefore,

n
−

1
/
2γ

Tk
ξ
T−
k (I−

P
τ )H

k X
→
p

0
,

w
h
ich

,
togeth

er
w

ith
(X

T
X

+
τ
I) −

1X
T
ξ−

k →
p

0
,

lead
s

to
th

at

n
−

1
/
2γ

Tk
ξ
T−
k (I−

P
τ )H

k P
τ ξ−

k →
p

0
.

(17)

P
o
olin

g
(14),

(15),
(16)

an
d

(17),
w

e
h
ave

p
roved

th
at
n
−

1
/
2γ

Tk {
(I−

P
τ )Y

−
k }
T
H
k P

τ Y
−
k →

p

0
,

w
h
ich

con
clu

d
es

th
e

p
ro

of.

A
p
p

e
n
d
ix

B
:

P
ro

o
f

o
f

T
h
e
o
re

m
5
.3

L
et
ψ
n
(µ

)
=
‖
H
k Y

k −
H
k Ẑ
−
k (γ

k
+
µ
/ √

n
)‖

22
+
λ
k ω

Tk |γ
k
+
µ
/ √

n|.
L

et
µ̂

=
a
rg

m
in

µ
ψ
n
(µ

),
th

en
γ̂
k

=
γ
k

+
µ̂
/ √

n
or
µ̂

=
√
n

(γ̂
k −

γ
k ).

N
ote

th
at
ψ
n
(µ

)−
ψ
n
(0

)
=
V
n
(µ

),
w

h
ere

V
n
(µ

)
=

µ
T

(n
−

1Ẑ
T−
k H

k Ẑ
−
k )µ
−

2
n
−

1
/
2(Y

k −
Ẑ
−
k γ

k )
T
H
k Ẑ
−
k µ

+
n
−

1
/
2λ

k ω
Tk
×
√
n

(|γ
k

+
n
−

1
/
2µ|−

|γ
k |).

D
en

ote
th

e
j-th

elem
en

ts
of
ω
k

an
d
µ

as
ω
k
j

an
d
µ
j ,

resp
ectively.

If
γ
k
j
6=

0,
th

en
ω
k
j
→
p
|γ
k
j | −

δ
an

d
√
n

(|γ
k
j

+
µ
j / √

n|−
|γ
k
j |)
→
p
µ
j sign

(γ
k
j ).

B
y

S
lu

tsk
y
’s

th
eorem

,
w

e
h
av

e
(λ
k / √

n
)ω
k
j √
n

(|γ
k
j

+
µ
j / √

n|−
|γ
k
j |)
→
p

0.
If
γ
k
j

=
0,

th
en
√
n

(|γ
k
j

+
µ
j / √

n|−
|γ
k
j |)

=
|µ
j |

an
d

(λ
k / √

n
)ω
k
j

=
(λ
k / √

n
)n
δ
/
2(| √

n
γ̃
k
j |) −

δ,
w

h
ere

√
n
γ̃
k
j

=
O
p (1).

T
h
u
s,

n
−

1
/
2λ

k ω
Tk
×
n

1
/
2(|γ

k
+
n
−

1
/
2µ|−

|γ
k |)→

p {
0,

if‖
µ
A

ck ‖
2

=
0;

∞
,

oth
erw

ise.

H
en

ce,
follow

in
g

T
h
eorem

5.2
an

d
S
lu

tsk
y
’s

th
eorem

,
w

e
see

th
at
V
n
(µ

)→
d
V

(µ
)

for
ev

ery
µ

,
w

h
ere

V
(µ

)
=

{
µ
TA

k M
k
,A

k µ
A

k −
2µ

TA
k W

k
,A

k ,
if‖µ

A
ck ‖

2
=

0;

∞
,

oth
erw

ise.

V
n
(µ

)
is

con
vex

,
an

d
th

e
u
n
iq

u
e

m
in

im
izer

of
V

(µ
)

is
(M
−

1
k
,A

k W
k
,A

k ,0
)
T

.
F

ollow
in

g
th

e
ep

i-con
vergen

ce
resu

lts
of

G
eyer

(1994)
an

d
F

u
an

d
K

n
igh

t
(2000),

w
e

h
av

e
{
µ̂
A

k →
d

M
−

1
k
,A

k W
k
,A

k ,

µ̂
A

ck →
d

0
.

S
in

ce
W

k
,A

k ∼
N

(0
,σ

2k M
k
,A

k ),
w

e
in

d
eed

h
av

e
p
roved

th
e

asy
m

p
totic

n
orm

ality.
N

ow
w

e
sh

ow
th

e
con

sisten
cy

in
variab

le
selection

.∀
j∈
A
k ,

th
e

asy
m

p
totic

n
orm

ality
in

d
icates

th
at
γ̂
k
j
→
p
γ
k
j ,

th
u
s
P

(j
∈
Â
k )
→

1.
T

h
en

it
su

ffi
ces

to
sh

ow
th

at
∀
j
/∈
A
k ,

P
(j∈

Â
k )→

0.
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W
h
en

j
∈
Â
k
,

b
y

th
e

K
K

T
n
or

m
al

it
y

co
n
d
it

io
n
s,

w
e

k
n
ow

th
at

Ẑ
T j
H
k
(Y

k
−

Ẑ
−
k
γ̂
k
)

=

λ
k
ω
k
j
.

N
ot

e
th

at
λ
k
ω
k
j
/√

n
→
p
∞

,
w

h
er

ea
s

Ẑ
T j
H
k
(Y

k
−

Ẑ
−
k
γ̂
k
)/
√
n

=
(Ẑ

T j
H
k
Ẑ
−
k
/n

)
×

√
n

(γ
k
−
γ̂
k
)

+
Ẑ
T j
H
k
(Y

k
−

Ẑ
−
k
γ
k
)/
√
n

.
F

ol
lo

w
in

g
T

h
eo

re
m

5.
2

a
n
d

th
e

as
y
m

p
to

ti
c

n
or

m
al

it
y,

Ẑ
T j
H
k
(Y

k
−

Ẑ
−
k
γ̂
k
)/
√
n

as
y
m

p
to

ti
ca

ll
y

fo
ll
ow

s
a

n
or

m
al

d
is

tr
ib

u
ti

on
.

T
h
u
s,

P
(j
∈
Â
k
)
≤
P

(Ẑ
T j
H
k
(Y

k
−

Ẑ
−
k
γ̂
k
)

=
λ
k
ω
k
j
)
→

0.
T

h
en

w
e

h
av

e
p
ro

ve
d

th
e

co
n
si

st
en

cy
in

va
ri

ab
le

se
le

ct
io

n
.

A
p
p

e
n
d
ix

C
:

P
ro

o
f

o
f

T
h
e
o
re

m
5
.4

D
en

ot
e
λ
m
in

(M
)

an
d
λ
m
a
x
(M

)
th

e
m

in
im

u
m

an
d

m
ax

im
u
m

ei
ge

n
va

lu
es

of
m

at
ri

x
M

,
re

sp
ec

ti
ve

ly
.

F
ol

lo
w

A
ss

u
m

p
ti

on
B
′

to
as

su
m

e
th

at
th

e
si

n
gu

la
r

va
lu

es
of

m
at

ri
x

I
−

Γ
ar

e
p

os
it

iv
el

y
b

ou
n
d
ed

fr
om

b
el

ow
b
y

a
co

n
st

an
t
c.

F
u
rt

h
er

d
en

ot
e
σ̃

2 k
=

va
r(
ξ
k
),

an
d

σ
2 p

m
a
x

=
m

ax
1
≤
k
≤
p
(σ

2 k
).

N
ot

in
g

th
at
ξ

=
ε(

I
−

Γ
)−

1
,

w
e

h
av

e
σ̃

2 k
≤
σ

2 p
m

a
x
/c

.

(a
)

F
ro

m
th

e
ri

d
ge

re
gr

es
si

on
,

w
e

h
av

e
th

e
fo

ll
ow

in
g

cl
os

ed
fo

rm
so

lu
ti

on
,

π̂
k

=
(X

T
X

+
τ k
I q

)−
1
X
T
Y
k

=
(X

T
X

+
τ k
I q

)−
1
X
T
X
π
k

+
(X

T
X

+
τ k
I q

)−
1
X
T
ξ
k
.

N
ot

e
th

at

π̂
k
−
π
k

=
−
τ k

(X
T
X

+
τ k
I q

)−
1
π
k

+
(X

T
X

+
τ k
I q

)−
1
X
T
ξ
k

=
µ

+
A
T k
ξ
k
,

w
h
er

e
µ

=
−
τ k

(X
T
X

+
τ k
I q

)−
1

an
d
A
k

=
X

(X
T
X

+
τ k
I q

)−
1
.

T
h
en

w
e

h
av

e

‖π̂
k
−
π
k
‖2 2

=
µ
T
µ

︸︷
︷︸
T
1

+
2µ

T
A
T k
ξ
k

︸
︷︷

︸
T
2

+
ξ
T k
A
k
A
T k
ξ
k

︸
︷︷

︸
T
3

.
(1

8)

V
ia

th
e

si
n
gu

la
r

va
lu

e
d
ec

om
p

os
it

io
n

of
X

,
w

e
ca

n
h
av

e
th

e
d
ec

om
p

os
it

io
n

X
T
X

=
P
T
U

P
,

w
h
er

e
P

is
a

u
n
it

ar
y

m
at

ri
x

an
d

m
at

ri
x

U
is

a
d
ia

go
n
al

m
at

ri
x

w
it

h
n
on

-n
eg

at
iv

e
d
ia

go
n
al

el
em

en
ts
u
i.

T
h
er

ef
or

e,

(X
T
X

+
τ k
I q

)−
2

=
P
T

(U
+
τ k
I q

)−
2
P
.

F
ol

lo
w

in
g

A
ss

u
m

p
ti

on
B
′ ,

w
e

h
av

e
λ
m
in

(X
T
X

)
>
c2 2
n

an
d
λ
m
a
x
(X

T
X

)
<
c2 1
n

,
w

h
ic

h
im

p
li
es

th
at
u
i
�
n

fo
r

al
l
i.

T
h
er

ef
or

e,

T
1

=
τ

2 k
π
T k
P
T

(U
+
τ k
I q

)−
2
P
π
k

=

q ∑ i=
1

τ
2 k
a

2 ik

(u
i
+
τ k

)2
=
O

(τ
2 k
‖π

k
‖2 2
/n

2
)

=
O

(r
n
k
/n

),
(1

9)

w
h
er

e
a
ik

is
th

e
i-

th
el

em
en

t
of

a
k

=
P
π
k

w
it

h
‖a

k
‖ 2

=
‖π

k
‖ 2

.

F
or

th
e

te
rm

T
2
,

w
e

h
av

e
th

at

E
[T

2
]

=
0,

V
ar

(T
2
)

=
4
σ̃

2 k
µ
T
A
T k
A
k
µ
.

B
y

th
e

cl
as

si
ca

l
G

au
ss

ia
n

ta
il

p
ro

b
ab

il
it

y,
w

e
h
av

e

P
(T

2
≤
t)
≥

1
−

ex
p
{ −

t2
/(

8
σ̃

2 k
µ
T
A
T k
A
k
µ
)}
.
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C
h
e
n
,
R
e
n
,
Z
h
a
n
g
,
a
n
d

Z
h
a
n
g

N
ot

e
th

at
,

µ
T
A
T k
A
k
µ

=
τ

2 k
π
T k
P
T

(U
+
τ k
I q

)−
2
U

(U
+
τ k
I q

)−
2
P
π
k

=

q ∑ i=
1

τ
2 k
u
ia

2 ik

(u
i
+
τ k

)4
=
O

(τ
2 k
‖π

k
‖2 2

/ n
3
).

L
et

ti
n
g
t

=
√

8
σ̃

2 k
µ
T
A
T k
A
k
µ

(f
n

+
lo

g
2)

,
w

e
h
av

e,
w

it
h

p
ro

b
a
b
il
it

y
at

le
as

t
1
−
e−

f
n
/
2
,

T
2

=
O

(√
r n
k
f n
/n

).
(2

0
)

F
or

th
e

te
rm

T
3
,

w
e

ca
n

in
vo

k
e

th
e

H
an

so
n
-W

ri
gh

t
in

eq
u
al

it
y

(R
u
d
el

so
n

a
n
d

V
er

sh
y
n
in

,
20

13
)

to
h
av

e,
fo

r
so

m
e

co
n
st

an
t
t 1
>

0,

P
(T

3
≤
E

[T
3
]+

t)
≥

1
−

ex
p

{
−
t 1

m
in

(
t2

σ̃
4 k

∥ ∥ A
k
A
T k

∥ ∥2 F

,
t

σ̃
2 k

∥ ∥ A
k
A
T k

∥ ∥ o
p

)
}
,

w
h
er

e
‖·
‖ o
p

=
m

ax
x
6=

0
‖·
x
‖ 2
/
‖x
‖ 2

is
th

e
op

er
at

or
n
or

m
an

d
‖·
‖ F

is
th

e
F

ro
b

en
iu

s
n
o
rm

.

S
in

ce

A
k
A
T k

=
X

(X
T
X

+
τ k
I q

)−
2
X
T

=
X

P
T

(U
+
τ k
I q

)−
2
P

X
T
,

w
e

h
av

e

E
[T

3
]

=
σ̃

2 k
tr

ac
e(
A
k
A
T k

)
=
σ̃

2 k
tr

ac
e(

X
T
X

(X
T
X

+
τ k
I q

)−
2
)

=
σ̃

2 k
tr

ac
e(

U
(U

+
τ k
I q

)−
2
)

=

q ∑ i=
1

σ̃
2 k
u
i

(u
i
+
τ k

)2
=
O

(σ̃
2 k
q/
n

),

∥ ∥ A
k
A
T k

∥ ∥2 F
=

tr
ac

e(
A
k
A
T k
A
k
A
T k

)
=

tr
ac

e(
A
T k
A
k
A
T k
A
k
)

=
tr

ac
e(
P
T
U

(U
+
τ k
I q

)−
2
U

(U
+
τ k
I q

)−
2
)

=

q ∑ i=
1

u
2 i

(u
i
+
τ k

)4
=
O

(q
/ n

2
),

∥ ∥ A
k
A
T k

∥ ∥ o
p

=
O

(λ
m
a
x

( X
X
T
)/
n

2
)

=
O

(n
−

1
).

L
et

ti
n
g
t

=
m

ax

( √
σ̃

4 k

∥ ∥ A
k
A
T k

∥ ∥2 F
(f
n

+
lo

g
2)
/t

1
,σ̃

2 k

∥ ∥ A
k
A
T k

∥ ∥ o
p

(f
n

+
lo

g
2)
/t

1

) ,
w

e
o
b
ta

in

th
at

,
w

it
h

p
ro

b
ab

li
ty

at
le

as
t

1
−
e−

f
n
/
2,

T
3

=
O

(q
/n

)
+
O

(√
f n
q/
n

)
+
O

(f
n
/n

).
(2

1
)

C
ol

le
ct

in
g

th
e

b
ou

n
d
s

in
(1

9)
,

(2
0)

,
a
n
d

(2
1)

,
w

e
co

n
cl

u
d
e

th
at

th
er

e
ex

is
t

a
p

o
si

ti
v
e

co
n
st

an
t
C

1
su

ch
th

at
,

w
it

h
p
ro

b
ab

il
it

y
a
t

le
as

t
1
−
e−

f
n
,

‖π̂
k
−
π
k
‖2 2
≤
C

1
(r
n
k
∨
q
∨
f n

)/
n
.

(b
)

S
im

il
ar

to
(1

8)
,

w
e

h
av

e

‖X
(π̂

k
−
π
k
)‖

2 2
=
µ
T
X
T
X
µ

︸
︷︷

︸
T
4

+
2µ

T
X
T
X
A
T k
ξ
k

︸
︷︷

︸
T
5

+
ξ
T k
A
k
X
T
X
A
T k
ξ
k

︸
︷︷

︸
T
6

.
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T
w
o
-S
t
a
g
e
P
e
n
a
l
iz
e
d

L
e
a
st

S
q
u
a
r
e
s

F
o
r

th
e

term
T

4 ,
w

e
h
ave

T
4

=
τ

2k a
Tk
U

(U
+
τ
k I
q ) −

1U
(U

+
τ
k I
q ) −

1a
k

=
τ

2k

q
∑i=

1

u
i a

2ik

(u
i
+
τ
k )

2
=
O

(τ
2k ‖π

k ‖
22 /
n

)
=
O

(r
n
k ).

(22)

F
o
r

th
e

term
T

5 ,
b
y

th
e

classical
G

au
ssian

tail
in

eq
u
ality,

w
e

h
ave

P
(T

5 ≤
t)≥

1−
ex

p {−
t 2 /

(2V
ar(T

5 )) }
,

w
h
ereV

a
r(T

5 )
=

4σ̃
2k µ

T
X
T
X
A
Tk
A
k X

T
X
µ

=
4σ̃

2k τ
2k a
Tk

(U
+
τ
k I
q ) −

1U
(U

+
τ
k I
q ) −

1U
(U

+
τ
k I
q ) −

1U
(U

+
τ
k I
q ) −

1a
k

=
4σ̃

2k τ
2k

q
∑i=

1

u
3i a

2ik

(u
i
+
τ
k )

4
=
O

(σ̃
2k τ

2k ‖π
k ‖

22
/n

).

T
a
k
in

g
t

=
√

2
V

ar(T
5 )(f

n
+

log
2),

w
e

can
o
b
tain

th
at,

w
ith

p
rob

ab
ility

at
least

1−
e −

f
n
/2,

T
5

=
O

( √
r
n
k f
n
).

(23)

F
o
r

th
e

term
T

6 ,
b
y

th
e

H
an

son
-W

righ
t

in
eq

u
ality,

w
e

h
ave,

for
som

e
con

stan
t
t2
>

0,

P
(T

6 ≤
E

(T
6 )

+
t)≥

1−
ex

p {
−
t2

m
in (

t 2

σ̃
4k ∥∥
A
k X

T
X
A
Tk ∥∥

2F

,
t

σ̃
2k ∥∥
A
k X

T
X
A
Tk ∥∥

o
p )
}
.

S
im

ila
r

to
m

an
agin

g
th

e
term

T
3

in
(a),

w
e

h
av

e

E
[T

6 ]
=
σ̃

2k trace(A
k X

T
X
A
Tk

)
=
σ̃

2k trace(U
(U

+
τ
k I
q ) −

1U
(U

+
τ
k I
q ) −

1)

=
σ̃

2k

q
∑i=

1

u
2i

(u
i
+
τ
k )

2
=
O

(σ̃
2k q),

∥∥
A
k X

T
X
A
Tk ∥∥

2F
=

trace(A
k X

T
X
A
Tk
A
k X

T
X
A
Tk

)
=

trace(X
T
X
A
Tk
A
k X

T
X
A
Tk
A
k )

=
trace(U

(U
+
τ
k I
q ) −

1U
(U

+
τ
k I
q ) −

1U
(U

+
τ
k I
q ) −

1U
(U

+
τ
k I
q ) −

1)

=

q
∑i=

1

u
4i

(u
i
+
τ
k )

4
=
O

(q),

∥∥
A
k X

T
X
A
Tk ∥∥

o
p

=
∥∥
X

(X
T
X

+
τ
k I
q ) −

1X
T
X

(X
T
X

+
τ
k I
q ) −

1X
T ∥∥

o
p

=
O

(λ
m

a
x (X

X
T
X

X
T )/

n
2)

=
O

(1).

L
ettin

g
t

=
m

a
x (√

σ̃
4k ∥∥
A
k X

T
X
A
Tk ∥∥

2F
(f
n

+
log

2)/t2 ,σ̃
2k ∥∥
A
k X

T
X
A
Tk ∥∥

o
p

(f
n

+
log

2)/t2 )
,

w
e

h
ave

th
a
t,

w
ith

p
rob

ab
ility

at
least

1−
e −

f
n
/2,

T
6

=
O

(q)
+
O

( √
q
f
n
)

+
O

(f
n
).

(24)

C
o
llectin

g
th

e
b

ou
n
d
s

in
(22),

(23),
an

d
(24),

w
e

con
clu

d
e

th
at

th
ere

ex
ists

a
p

ositive
co

n
sta

n
t
C

2
su

ch
th

at,
w

ith
p
rob

ab
ility

at
least

1−
e −

f
n
,

n
−

1‖X
(π̂

k −
π
k )‖

22 ≤
C

2 (r
n
k ∨

q∨
f
n
)/n

.

2
3
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L
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C
h
e
n
,
R
e
n
,
Z
h
a
n
g
,
a
n
d

Z
h
a
n
g

A
p
p

e
n
d
ix

D
:

P
ro

o
f

o
f

T
h
e
o
re

m
5
.5

L
et

g
n

=
C

2
(r

m
a
x ∨

q∨
f
n
)
/n

+
2
c

1 C
2 ‖π‖

1 √
(r

m
a
x ∨

q∨
f
n
)
/n
.

W
e

w
ill

fi
rst

p
rove

som
e

lem
m

as,
an

d
th

en
p
ro

ceed
to

p
rov

e
T

h
eorem

5.5.

L
e
m

m
a

1
S

u
p
po

se
th

a
t

th
ere

exists
a

po
sitive

co
n

sta
n

t
φ

0
su

ch
th

a
t
φ
k (H

k X
π
−
k )
≥
φ

0

fo
r

a
ll
k

.
If

√
(r

m
a
x ∨

q∨
f
n
) /
n

+
c

1 ‖
π‖

1 ≤
√
c

21 ‖π‖
21

+
φ

20 /
(64

C
2 |A

k |)
(25)

th
en

,
w

ith
p
ro

ba
bility

a
t

lea
st

1−
e −

(f
n −

lo
g
p
),

w
e

h
a
ve
φ
k (H

k X
π̂
−
k )≥

φ
0 /

2
.

P
ro

o
f

N
ote

th
at

th
e

in
eq

u
ality

(25)
im

p
lies

th
at
g
n
≤

φ
20

6
4|A

k | .
T

h
en

,
for

an
y

in
d
ex
i

an
d
j,

w
e

fi
rst

in
vestigate

th
e

b
ou

n
d

of

(H
k X
π̂
i )
T

(H
k X
π̂
j )−

(H
k X
π
i )
T

(H
k X
π
j )

=
(π̂

i −
π
i )
T
X
T
H
k X

(π̂
j −

π
j )

︸
︷︷

︸
T
7

+
(π̂

i −
π
i )
T
X
T
H
k X
π
j

︸
︷︷

︸
T
8

+
(X
π
i )
T
H
k X

(π̂
j −

π
j )

︸
︷︷

︸
T
9

.

N
ote

th
at
λ
m
a
x (H

k )
=

1.
B

y
T

h
eorem

5.4,
w

e
h
ave,

w
ith

p
rob

ab
ility

at
least

1−
e −

f
n
,

|T
7 |≤

‖H
k X

(π̂
i −

π
i )‖

2 ×
‖
H
k X

(π̂
j −

π
j )‖

2

≤
λ
m
a
x (H

k )×
‖
X

(π̂
i −

π
i )‖

2 ×
‖
X

(π̂
j −

π
j )‖

2 ≤
C

2
(r

m
a
x ∨

q∨
f
n
)
.

(26)

F
ollow

in
g

th
at‖

X
π
j ‖

2 ≤
c

1 √
n‖π

j ‖
2 ,

w
e

h
ave,

|T
8 |≤

‖
X
π
j ‖

2 ×
‖
H
k X

(π̂
i −

π
i )‖

2 ≤
c

1 √
n‖π

j ‖
2 ×
‖
X

(π̂
i −

π
i )‖

2

≤
c

1 C
2 ‖
π‖

1 √
n

(r
m

a
x ∨

q∨
f
n
).

(27)

S
im

ilarly,
w

e
h
ave,

|T
9 |≤

c
1 √
n‖
π
i ‖

2 ‖X
(π̂

j −
π
j )‖

2 ≤
c

1 C
2 ‖
π‖

1 √
n

(r
m

a
x ∨

q∨
f
n
).

(28)

P
u
ttin

g
togeth

er
th

e
b

ou
n
d
s

in
(26),

(27),
an

d
(28),

w
e

h
ave,

w
ith

p
rob

ab
ility

at
least

1−
e −

f
n
,

|(H
k X
π̂
i )
T

(H
k X
π̂
j )−

(H
k X
π
i )
T

(H
k X
π
j )|≤

n
g
n
.

(29)

B
y

d
efi

n
ition

,
for

an
y

setA
k

an
d

an
y
β

,
w

e
h
ave

‖
β‖

21 ≤
( ∥∥
βA

ck ∥∥
1

+
‖βA

k ‖
1 )

2≤
(3 √
|A

k |‖βA
k ‖

2
+
√
|A

k |‖βA
k ‖

2 )
2

=
16|A

k |‖βA
k ‖

22
.

W
e

th
en

h
av

e,
w

ith
p
rob

ab
ility

at
least

1−
p
e −

f
n
,

|β
T

((H
k X
π̂
−
k )
T

(H
k X
π̂
−
k )−

(H
k X
π
−
k )
T

(H
k X
π
−
k ))β| /

(n‖βA
k ‖

22 )

≤
‖β‖

21 ‖βA
k ‖ −

2
2

m
ax
i,j
|(H

k X
π̂
i )
T

(H
k X
π̂
j )−

(H
k X
π
i )
T

(H
k X
π
j )|/n

≤
16|A

k |×
g
n
≤

16|A
k |×

φ
20 /

(64|A
k |)

=
φ

20 /
4
,

w
h
ich

im
p
lies

th
at
φ
k (H

k X
π̂
−
k )≥

φ
0 /2.
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e
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d
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S
q
u
a
r
e
s

L
e
m

m
a

2
(B

a
si

c
In

eq
u

a
li

ty
)

L
et

ra
n

d
o
m

ve
ct

o
r
J
k

=
2n
−

1
Ẑ
T −
k
H
k
ε k
−

2
n
−

1
Ẑ
T −
k
H
k
(Ẑ
−
k
−

Y
−
k
)γ

k
a
n

d
W
−

1
k

=
d
ia
g
(w
−

1
k

),
th

en
,

fo
r

th
e

ev
en

t

J k
(λ
k
)

=
{∥ ∥
W
−

1
k
J
k

∥ ∥ ∞
≤
λ
k
/n
} ,

th
er

e
ex

is
ts

a
co

n
st

a
n

t
C

3
>

0
su

ch
th

a
t

P
(J

k
(λ
k
))
≥

1
−
e−

C
3
h
n

+
lo

g
(4
p
q
)
−
e−

f
n

+
lo

g
(p

) .

F
u

rt
h
er

m
o
re

,
co

n
cu

rr
in

g
w

it
h

th
e

ra
n

d
o
m

ve
ct

o
r
J
k
,

w
e

h
a
ve

th
e

fo
ll

o
w

in
g

ba
si

c
in

eq
u

a
li

ty
,

n
−

1
∥ ∥ ∥H

k
Ẑ
−
k
(γ̂

k
−
γ
k
)∥ ∥ ∥2 2

+
2
n
−

1
λ
k
ω
T k
|γ̂
k
|≤

2n
−

1
λ
k
ω
T k
|γ
k
|+
J
T k
|γ̂
k
−
γ
k
|.

(3
0)

P
ro

o
f

W
it

h
Y
−
k

=
X
π
−
k

+
ξ
−
k

an
d

Ẑ
−
k

=
X
π̂
−
k
,

w
e

h
av

e

J
k

=
2
n
−

1
Ẑ
T −
k
H
k
ε k
−

2n
−

1
Ẑ
T −
k
H
k
(Ẑ
−
k
−

Y
−
k
)γ

k

=
2
n
−

1
π̂
T −
k
X
T
H
k
ε k
−

2 n
π̂
T −
k
X
T
H
k
(X
π̂
−
k
−

X
π
−
k
−
ξ
−
k
)γ

k

=
2
n
−

1
(π̂
−
k
−
π
−
k
)T

X
T
H
k
ε k

︸
︷︷

︸
T
1
0

+
2n
−

1
π
T −
k
X
T
H
k
ε k

︸
︷︷

︸
T
1
1

+
2n
−

1
(π̂
−
k
−
π
−
k
)T

X
T
H
k
ξ
−
k
γ
k

︸
︷︷

︸
T
1
2

+
2n
−

1
π
T −
k
X
T
H
k
ξ
−
k
γ
k

︸
︷︷

︸
T
1
3

−
2n
−

1
(π̂
−
k
−
π
−
k
)T

X
T
H
k
X

(π̂
−
k
−
π
−
k
)γ

k
︸

︷︷
︸

T
1
4

−
2n
−

1
π
T −
k
X
T
H
k
X

(π̂
−
k
−
π
−
k
)γ

k
︸

︷︷
︸

T
1
5

.

D
en

ot
e

X
=

(X
·1
,X
·2
,.
..
,X
·q

),
th

en
X
T ·j
X
·j

=
n

d
u
e

to
st

an
d
ar

d
iz

at
io

n
.

W
it

h
σ

2 p
m
a
x

=

m
ax

1
≤
k
≤
p
σ

2 k
,

w
e

h
av

e
V

ar
(X

T ·j
H
k
ε k

)
=
X
T ·j
H
k
X
·j
σ

2 k
≤
n
σ

2 k
≤
n
σ

2 p
m
a
x
.

F
u
rt

h
er

le
t,

fo
r

so
m

e

co
n
st

an
t
t λ
>

0,

λ
k

=
t λ
‖ω

k
‖−

1
−
∞
‖Γ
‖ 1
‖π
‖ 1
√
n

(r
m

a
x
∨
q
∨
f n

)
lo

g
p
.

B
y

th
e

G
au

ss
ia

n
ta

il
in

eq
u
al

it
y,

w
e

h
av

e

P
(∥ ∥
W
−

1
k
T

1
0

∥ ∥ ∞
≥
λ
k
/
(6
n

))
≤
P

(‖
T

1
0
‖ ∞
≥
λ
k
‖ω

k
‖ −
∞
/
(6
n

))

=
P
(∥ ∥

2n
−

1
(π̂
−
k
−
π
−
k
)T

X
T
H
k
ε k
∥ ∥ ∞
≥
λ
k
‖ω

k
‖ −
∞
/
(6
n

))

≤
P
(∥ ∥

(π̂
−
k
−
π
−
k
)T
∥ ∥ ∞
×
∥ ∥ 2
n
−

1
X
T
H
k
ε k
∥ ∥ ∞
≥
λ
k
‖ω

k
‖ −
∞
/
(6
n

))

≤
P
(∥ ∥

2n
−

1
X
T
H
k
ε k
∥ ∥ ∞
≥
λ
k
‖ω

k
‖ −
∞
/ (6

n
δ π

))

≤
q

ex
p
{ −

λ
2 k
‖ω

k
‖2 −
∞
/ (2

88
n
σ

2 p
m
a
x
δ2 π

)}
=
q
·p
−

n q
t 3
‖Γ
‖2 1
‖π
‖2 1
,

w
h
er

e
t 3

=
t2 λ
/(

28
8
C

1
σ

2 p
m
a
x

)
an

d

δ π
=

m
ax k
‖π̂

k
−
π
k
‖ 1
≤

m
ax k

√
q
‖π̂

k
−
π
k
‖ 2

=
√
C

1
q(
r m

a
x
∨
q
∨
f n

)/
n
.
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e
h
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e
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(∥ ∥
W
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1
k
T
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1

∥ ∥ ∞
≥
λ
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/ (6
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≤
P
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T
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‖ ∞
≥
λ
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‖ω
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‖ −
∞
/ (6
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=
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(∥ ∥
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1
π
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∞
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))

≤
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T −
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−
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∥ ∥−
1

∞
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≤
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ex
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λ
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∥ ∥ π

T −
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∞
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88
n
σ

2 p
m
a
x
)}

=
q
·p
−
t 4
‖Γ
‖2 1

(r
m
a
x
∨q
∨f

n
) .

L
et
σ̃

2 p
m
a
x

=
m

ax k
V

ar
(ξ
k
)

an
d
t 5

=
t λ
/(

28
8C

1
σ̃

2 p
m
a
x

) .
F

or
th

e
te

rm
T

1
2
,

w
e

h
av

e

P
(∥ ∥
W
−

1
k
T

1
2

∥ ∥ ∞
≥
λ
k

/ (6
n

))
≤
P
( ‖
T

1
2
‖ ∞
≥
λ
k
‖ω

k
‖ −
∞
/ (6

n
))

≤
P
(∥ ∥

(π̂
−
k
−
π
−
k
)T
∥ ∥ ∞
∥ ∥ 2
n
−

1
X
T
H
k
ξ
−
k
γ
k

∥ ∥ 1
≥
λ
k
‖ω

k
‖ −
∞
/ (6

n
))

≤
P

( δ π
m

ax i,j

∣ ∣ 2
n
−

1
x
T i
H
k
ξ
j

∣ ∣ ‖
γ
k
‖ 1
≥
λ
k
‖ω

k
‖ −
∞
/ (6

n
))

≤
P

( m
ax i,j

∣ ∣ 2
n
−

1
x
T i
H
k
ξ
j

∣ ∣ ≥
λ
k
‖ω

k
‖ −
∞
‖γ

k
‖−

1
1

/ (6
n
δ π

))

≤
qp

ex
p
{ −

λ
2 k
‖ω

k
‖2 −
∞
σ̃
−

2
p
m
a
x
δ−

2
π
‖γ

k
‖−

2
1

/ (2
88
n

)}
=
qp

1
−
t 5
‖π
‖2 1
n
/
q
.

L
et

ti
n
g
t 6

=
t λ
/(

28
8
σ̃

2 p
m
a
x

) ,
w

e
si

m
il
ar

ly
h
av

e

P
(∥ ∥
W
−

1
k
T

1
3

∥ ∥ ∞
≥
λ
k

/ (6
n

))

≤
qp

ex
p
{ −

λ
2 k
σ̃
−

2
p
m
a
x

∥ ∥ π
T −
k

∥ ∥−
2

∞
‖γ

k
‖−

2
1

/ (2
88
n

)}
=
qp

1
−
t 6

(r
m

a
x
∨q
∨f

n
) .

W
h
en

t λ
is

su
ffi

ci
en

tl
y

la
rg

e,
sa

y
t λ
≥

6
C

2
‖π
‖−

1
1

√
(r
m
a
x
∨
q
∨
f n

)/
(n

lo
g
p
),

w
e

h
av

e

∥ ∥ W
−

1
k
T

1
4

∥ ∥ ∞
≤
n
−

1
‖ω

k
‖−

1
−
∞
‖γ

k
‖ 1

m
ax i,j
|(π̂

i
−
π
i)
T
X
T
H
k
X

(π̂
j
−
π
j
)|

≤
n
−

1
‖ω

k
‖−

1
−
∞
‖γ

k
‖ 1

m
ax i,j
‖H

k
X

(π̂
i
−
π
i)
‖ 2
‖H

k
X

(π̂
j
−
π
j
)‖

2

≤
n
−

1
‖ω

k
‖−

1
−
∞
‖γ

k
‖ 1

m
ax i,j
λ

m
a
x
(H

k
)
‖X

(π̂
i
−
π
i)
‖ 2
‖X

(π̂
j
−
π
j
)‖

2

≤
n
−

1
‖ω

k
‖−

1
−
∞
‖γ

k
‖ 1

m
ax i,j
‖X

(π̂
i
−
π
i)
‖ 2
‖X

(π̂
j
−
π
j
)‖

2

≤
C

2
‖ω

k
‖−

1
−
∞
‖γ

k
‖ 1
n
−

1
(r

m
a
x
∨
q
∨
f n

)

≤
{ λ

k

/ (6
n

)}
×
{ 6
C

2
t−

1
λ
‖π
‖−

1
1

√
n
−

1
(l

og
p
)−

1
(r
m
a
x
∨
q
∨
f n

)}
≤
λ
k

/ (6
n
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T
w
o
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a
g
e
P
e
n
a
l
iz
e
d

L
e
a
st

S
q
u
a
r
e
s

S
im

ila
rly,

w
h
en

tλ
≥

12 √
C

2 /
log

p
,

∥∥
W
−

1
k
T

1
5 ∥∥∞

≤
2
n
−

1‖γ
k ‖

1 ∥∥
π
T−
k ∥∥∞

‖
ω
k ‖ −

1
−
∞

m
ax
i,j
|X

T·i H
k X

(π̂
j −

π
j )|

≤
2n
−

1
/
2‖γ

k ‖
1 ∥∥
π
T−
k ∥∥∞

‖
ω
k ‖ −

1
−
∞

m
ax
j
‖H

k X
(π̂

j −
π
j )‖

2

≤
2n
−

1
/
2‖
γ
k ‖

1 ∥∥
π
T−
k ∥∥∞

‖
ω
k ‖ −

1
−
∞

m
ax
j
‖X

(π̂
j −

π
j )‖

2

≤
{
λ
k /

(6n
) }
×
{

12t −
1

λ

√
C

2 /
log

p }
≤
λ
k /

(6n
).

P
u
ttin

g
to

g
eth

er
all

th
e

ab
ove

resu
lts,

w
e

h
ave,

for
som

e
con

stan
t
C

3
>

0,

P
(J

k (λ
k ))≥

1−
e −

C
3
h
n

+
lo

g
(4
p
q
)−

e −
f
n

+
lo

g
(p

).

C
o
n
cu

rrin
g

w
ith

th
e

ran
d
om

vector
J
k ,

w
e

h
ave

th
e

follow
in

g
in

eq
u
ality

b
ased

on
th

e
o
p
tim

a
lity

o
f
γ̂
k ,

∥∥∥
H
k Y

k −
H
k Ẑ
−
k γ̂

k ∥∥∥
2

+
2
λ
k ω

Tk |γ̂
k |≤

∥∥∥
H
k Y

k −
H
k Ẑ
−
k γ

k ∥∥∥
2

+
2
λ
k ω

Tk |γ
k |.

(31)

W
ith

H
k Y

k
=

H
k Y
−
k γ

k
+

H
k ε
k ,

w
e

also
h
av

e

∥∥∥
H
k Y

k −
H
k Ẑ
−
k γ̂

k ∥∥∥
22

=
∥∥∥
H
k Y
−
k γ

k
+

H
k ε
k −

H
k Ẑ
−
k γ̂

k ∥∥∥
22

=
‖
H
k ε
k ‖

22 −
2
ε
Tk
H
k (Ẑ

−
k γ̂

k −
Y
−
k γ

k )
+
∥∥∥
H
k Ẑ
−
k γ̂

k −
H
k Y
−
k γ

k ∥∥∥
22

=
‖
H
k ε
k ‖

22 −
2
ε
Tk
H
k (Ẑ

−
k γ̂

k −
Y
−
k γ

k )
+
∥∥∥
H
k Ẑ
−
k (γ̂

k −
γ
k ) ∥∥∥

22

+
∥∥∥
H
k (Ẑ

−
k −

Y
−
k )γ

k ∥∥∥
22

+
2
γ
Tk

(Ẑ
−
k −

Y
−
k )
T
H
k Ẑ
−
k (γ̂

k −
γ
k ),

(32)
∥∥∥
H
k Y

k −
H
k Ẑ
−
k γ

k ∥∥∥
22

=
∥∥∥
H
k Y
−
k γ

k
+

H
k ε
k −

H
k Ẑ
−
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k ∥∥∥
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=
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k ‖
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H
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−
k −

Y
−
k )γ

k ∥∥∥
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ε
Tk
H
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−
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Y
−
k )γ

k .
(33)

C
o
m

b
in

in
g

th
e

eq
u
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s
(31),

(32),
an

d
(33),

w
e

ob
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th
at

n
−

1 ∥∥∥
H
k Ẑ
−
k (γ̂

k −
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k ) ∥∥∥

22
+
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−
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≤
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−
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−
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(γ̂
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k )

=
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−
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k ω
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+
J
Tk

(γ̂
k −

γ
k ),

w
h
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co
n
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d
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e
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∞
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∞
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∞
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p
red

iction
an

d
estim

ation
b

ou
n
d
s

h
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at
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m
o
d
el

o
f

ch
oi

ce
is

li
n
ea

r
re

g
re

ss
io

n
,

an
d

th
e

go
al

is
to

ob
ta

in
a

li
n
ea

r
m

o
d
el

u
si

n
g

a
sm

al
l

su
b
se

t
of

va
ri

a
b
le

s,
to

m
in

im
iz

e
th

e
m

ea
n

sq
u
ar

e
p
re

d
ic

ti
on

er
ro

r
or

,
eq

u
iv

al
en

tl
y,

m
ax

im
iz

e
th

e
sq

u
ar

ed
m

u
lt

ip
le

co
rr

el
a
ti

o
n

R
2

(J
oh

n
so

n
an

d
W

ic
h
er

n
,

20
02

;
M

il
le

r,
20

02
).

T
h
u
s,

w
e

fo
rm

u
la

te
th

e
S
u
b
se

t
S
el

ec
ti

on
p
ro

b
le

m
fo

r
R

eg
re

ss
io

n
as

fo
ll
ow

s:
G

iv
en

th
e

(n
or

m
al

iz
ed

)
co

va
ri

an
ce

s
b

et
w

ee
n
n

va
ri

ab
le

s
X
i

(w
h
ic

h
ca

n
in

p
ri

n
ci

p
le

b
e

o
b
se

rv
ed

)
a
n
d

a
va

ri
ab

le
Z

(w
h
ic

h
is

to
b

e
p
re

d
ic

te
d
),

se
le

ct
a

su
b
se

t
of
k
�
n

of
th

e
va

ri
a
b
le

s
X
i

a
n
d

a
li
n
ea

r
p
re

d
ic

ti
on

fu
n
ct

io
n

of
Z

fr
om

th
e

se
le

ct
ed

X
i

th
at

m
ax

im
iz

es
th

e
R

2
fi
t.

(A
fo

rm
al

d
efi

n
it

io
n

is
gi

ve
n

in
S
ec

ti
on

3.
)

T
h
e

co
va

ri
an

ce
s

ar
e

u
su

al
ly

ob
ta

in
ed

em
p
ir

ic
a
ll
y

fr
om

d
et

ai
le

d
p
as

t
ob

se
rv

at
io

n
s

of
th

e
va

ri
ab

le
va

lu
es

.

T
h
e

ab
ov

e
fo

rm
u
la

ti
on

is
k
n
ow

n
(s

ee
,

e.
g.

,
(D

as
an

d
K

em
p

e,
20

08
))

to
b

e
eq

u
iv

a
le

n
t

to
th

e
p
ro

b
le

m
o
f

sp
a
rs

e
a
p
p
ro

xi
m

a
ti

o
n

ov
er

d
ic

ti
on

ar
y

ve
ct

or
s:

th
e

in
p
u
t

co
n
si

st
s

o
f

a
d
ic

ti
on

ar
y

of
n

fe
at

u
re

ve
ct

or
s

x
i
∈

R
m

,
al

on
g

w
it

h
a

ta
rg

et
ve

ct
or

z
∈

R
m

,
a
n
d

th
e

g
o
a
l

is
to

se
le

ct
at

m
os

t
k

ve
ct

or
s

w
h
os

e
li
n
ea

r
co

m
b
in

at
io

n
b

es
t

ap
p
ro

x
im

at
es

z
.

T
h
e

p
a
ir

w
is

e

2
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A
p
p
r
o
x
im

a
t
e
S
u
b
m
o
d
u
l
a
r
it
y
a
n
d

it
s
A
p
p
l
ic
a
t
io
n
s

cova
ria

n
ces

o
f

th
e

p
rev

iou
s

form
u
lation

are
th

en
ex

actly
th

e
in

n
er

p
ro

d
u
cts

of
th

e
d
iction

ary
vecto

rs. 1

T
h
is

p
ro

b
lem

is
N

P
-h

ard
(N

atara
jan

,
1995),

so
n
o

p
oly

n
om

ial-tim
e

algorith
m

s
a
re

k
n
ow

n
to

so
lv

e
it

op
tim

ally
for

all
in

p
u
ts.

T
w

o
ap

p
roach

es
are

freq
u
en

tly
u
sed

for
ap

-
p
rox

im
a
tin

g
su

ch
p
rob

lem
s:

greed
y

algorith
m

s
(M

iller,
2002;

T
rop

p
,

2004;
G

ilb
ert

et
al.,

2
0
0
3
;

Z
h
a
n
g
,

2
008)

an
d

con
vex

relax
ation

sch
em

es
(T

ib
sh

iran
i,

1996;
C

an
d
ès

et
al.,

2005;
T

ro
p
p
,
2
0
0
6
;
D

on
oh

o,
2005).

F
or

ou
r

fo
rm

u
lation

,
a

d
isad

va
n
tage

of
con

vex
rela

x
ation

tech
-

n
iq

u
es

is
th

a
t

th
ey

d
o

n
ot

p
rov

id
e

ex
p
licit

con
trol

ov
er

th
e

target
sp

arsity
level

k
of

th
e

so
lu

tio
n
;

a
d
d
ition

al
eff

ort
is

n
eed

ed
to

tu
n
e

th
e

regu
larization

p
a
ram

eter.

G
reed

y
a
lg

o
rith

m
s

are
w

id
ely

u
sed

in
p
ractice

for
su

b
set

selection
p
rob

lem
s;

fo
r

ex
am

p
le,

th
ey

a
re

im
p
lem

en
ted

in
all

com
m

ercial
sta

tistics
p
ackages.

T
h
ey

iteratively
ad

d
or

rem
ove

varia
b
les

b
a
sed

on
sim

p
le

m
easu

res
of

fi
t

w
ith

Z
.

T
w

o
of

th
e

m
ost

w
ell-k

n
ow

n
an

d
w

id
ely

u
sed

g
reed

y
a
lg

orith
m

s
are

th
e

su
b

ject
of

ou
r

an
aly

sis:
F

orw
ard

R
egression

(M
iller,

2002)
a
n
d

O
rth

o
go

n
a
l

M
atch

in
g

P
u
rsu

it
(T

rop
p
,

200
4).

(T
h
ese

alg
orith

m
s

are
d
efi

n
ed

form
ally

in
S
ectio

n
3).

O
u
r

m
a
in

resu
lt

is
th

at
u
sin

g
th

e
a
p
p
rox

im
ate

su
b
m

o
d
u
larity

fram
ew

ork
,
a
p
p
rox

im
ation

g
u
a
ra

n
tees

m
u
ch

stron
ger

th
an

all
p
rev

iou
sly

k
n
ow

n
b

ou
n
d
s

can
b

e
ob

tain
ed

q
u
ite

im
m

e-
d
ia

tely.
S
p

ecifi
cally,

w
e

sh
ow

th
at

th
e

relevan
t

su
b
m

o
d
u
larity

ratio
for

th
e
R

2
o
b

jectiv
e

is
low

er-b
ou

n
d
ed

b
y

th
e

sm
allest

(2k
)-sp

arse
eigen

valu
e
λ

m
in (C

,2k
)

of
th

e
cova

rian
ce

m
atrix

C
o
f

th
e

o
b
servation

variab
les.

C
om

b
in

ed
w

ith
ou

r
gen

eral
b

ou
n
d
s

for
a
p
p
rox

im
ately

su
b
-

m
o
d
u
la

r
fu

n
ction

s,
th

is
im

m
ed

iately
im

p
lies

a
(1−

e −
λ
m
in

(C
,2
k
))-a

p
p
rox

im
ation

gu
ara

n
tee

fo
r

F
o
rw

a
rd

R
egression

.
F

or
O

rth
ogon

al
M

atch
in

g
P

u
rsu

it,
a

sim
ilar

an
aly

sis
lead

s
to

a
so

m
ew

h
a
t

w
ea

ker
gu

aran
tee

of
essen

tially
(1−

e −
λ
m
in

(C
,2
k
)
2).

In
a

p
recise

sen
se,

ou
r

an
aly

-
sis

th
u
s

sh
ow

s
th

at
th

e
less

sin
gu

lar
C

(or
its

sm
all

p
rin

cip
a
l

su
b
m

a
trices)

are,
th

e
“
closer

to
”

su
b
m

o
d
u
la

r
th

e
R

2
ob

jective.
P

rev
iou

sly,
D

as
an

d
K

em
p

e
(2008)

h
ad

sh
ow

n
th

at
R

2
is

tru
ly

su
b
m

o
d
u
lar

w
h
en

th
ere

are
n
o

“con
d
ition

al
su

p
p
ressor”

variab
les;

h
ow

ever,
th

e
latter

is
a

m
u
ch

stro
n
ger

con
d
ition

.

M
o
st

p
rev

io
u
s

resu
lts

for
greed

y
su

b
set

selection
algorith

m
s

(e.g.,
(G

ilb
ert

et
al.,

2003;
T

ro
p
p
,

2
0
0
4
;

D
as

an
d

K
em

p
e,

2008))
h
ad

b
een

b
ased

on
coh

eren
ce

o
f

th
e

in
p
u
t

d
ata,

i.e.,
th

e
m

a
x
im

u
m

correlation
µ

b
etw

een
an

y
p
air

of
variab

les.
S
m

all
coh

eren
ce

is
an

ex
trem

ely
stro

n
g

co
n
d
itio

n
,

an
d

th
e

b
ou

n
d
s

u
su

ally
b
reak

d
ow

n
w

h
en

th
e

coh
eren

ce
is
ω

(1/k
).

O
n

th
e

o
th

er
h
a
n
d
,

m
o
st

b
ou

n
d
s

for
greed

y
a
n
d

con
v
ex

relax
ation

algorith
m

s
for

sp
arse

recov
ery

a
re

b
a
sed

o
n

a
w

eaker
sp

arse-eigen
va

lu
e

or
R

estricted
Isom

etry
P

rop
erty

(R
IP

)
con

d
ition

(Z
h
a
n
g
,

2
00

9
,

2008;
L

ozan
o

et
al.,

2009;
Z

h
ou

,
2009;

C
an

d
ès

et
al.,

2005).
H

ow
ever,

th
ese

resu
lts

a
p
p
ly

to
a

d
iff

eren
t

ob
jectiv

e:
m

in
im

izin
g

th
e

d
iff

eren
ce

b
etw

een
th

e
actu

al
an

d
estim

a
ted

co
effi

cien
ts

of
a

sp
arse

vector.
S
im

p
ly

ex
ten

d
in

g
th

ese
resu

lts
to

th
e

su
b
set

selectio
n

p
ro

b
lem

ad
d
s

a
d
ep

en
d
en

ce
on

th
e

largest
k
-sp

arse
eigen

valu
e

an
d

o
n
ly

lead
s

to
w

ea
k

a
d
d
itiv

e
b

ou
n
d
s.

D
ic

tio
n

a
ry

S
e
le

c
tio

n
.

A
s

a
secon

d
illu

stration
of

th
e

ap
p
rox

im
ate

su
b
m

o
d
u
larity

fram
e-

w
o
rk

,
w

e
o
b
ta

in
m

u
ch

tigh
ter

th
eoretical

p
erform

an
ce

gu
aran

tees
for

greed
y

algorith
m

s
for

d
ictio

n
a
ry

selection
(K

rau
se

an
d

C
ev

h
er,

2010).
In

th
e

D
ictio

n
a
ry

S
electio

n
p
ro

blem
,

w
e

are
g
iven

s
ta

rg
et

vectors,
an

d
a

can
d
id

ate
set

V
of

featu
re

v
ectors.

T
h
e

goa
l

is
to

select
a

set

1
.

F
o
r

th
is

rea
so

n
,

th
e

d
im

en
sio

n
m

o
f

th
e

fea
tu

re
v
ecto

rs
o
n

ly
a
ff

ects
th

e
p

ro
b

lem
in

d
irectly,

v
ia

th
e

a
ccu

ra
cy

o
f

th
e

estim
a
ted

cova
ria

n
ce

m
a
trix

.
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D
a
s
a
n
d

K
e
m
p
e

D
⊂
V

of
at

m
ost

d
featu

re
v
ectors,

w
h
ich

w
ill

serve
as

a
d
ictio

n
a
ry

in
th

e
follow

in
g

sen
se.

F
or

each
of

th
e

target
vectors,

th
e

b
est

k
<
d

vecto
rs

from
D

w
ill

b
e

selected
an

d
u
sed

to
ach

ieve
a

go
o
d
R

2
fi
t;

th
e

goal
is

to
m

ax
im

ize
th

e
av

erage
R

2
fi
t

for
all

of
th

ese
vectors.

(A
form

al
d
efi

n
ition

is
given

in
S
ection

4.)
T

h
e

p
rob

lem
of

fi
n
d
in

g
a

d
iction

ary
of

b
asis

fu
n
c-

tion
s

for
sp

arse
rep

resen
tation

of
sign

a
ls

h
as

several
ap

p
lication

s
in

m
ach

in
e

learn
in

g
an

d
sign

al
p
ro

cessin
g.

K
rau

se
an

d
C

ev
h
er

(2010)
sh

ow
ed

th
at

greed
y

algo
rith

m
s

for
d
iction

ary
selection

can
p

erform
w

ell
in

m
an

y
in

stan
ces,

an
d

p
roved

ad
d
itive

ap
p
rox

im
ation

b
ou

n
d
s

for
tw

o
sp

ecifi
c

algorith
m

s,
S
D

S
M

A
an

d
S
D

S
O

M
P

(d
efi

n
ed

in
S
ection

4).
O

u
r

ap
p
rox

im
ate

su
b
m

o
d
u
larity

fram
ew

ork
d
irectly

y
ield

s
stron

ger
m

u
ltip

licative
ap

p
rox

im
ation

gu
aran

tees.

O
u
r

th
eoretical

an
aly

sis
is

com
p
lem

en
ted

b
y

ex
p

erim
en

ts
com

p
arin

g
th

e
p

erfo
rm

an
ce

of
th

e
greed

y
algorith

m
s

an
d

a
b
aselin

e
con

vex
-relax

ation
algorith

m
for

su
b
set

selection
on

tw
o

real-w
orld

d
ata

sets
an

d
a

sy
n
th

etic
d
ata

set.
W

e
also

evalu
a
te

th
e

su
b
m

o
d
u
larity

ratio
of

th
ese

d
ata

sets
an

d
com

p
are

it
w

ith
oth

er
sp

ectral
p
aram

eters:
w

h
ile

th
e

in
p
u
t

covarian
ce

m
atrices

are
close

to
sin

gu
lar,

th
e

su
b
m

o
d
u
larity

ratio
actu

ally
tu

rn
s

ou
t

to
b

e
sign

ifi
can

tly
larger.

W
h
ile

th
e

su
b
m

o
d
u
larity

ratio
is

alw
ay

s
lo

w
er-bo

u
n

d
ed

b
y

th
e

sm
allest

(sp
arse)

eigen
-

valu
e,

ou
r

ex
p

erim
en

ts
reveal

th
at

th
is

low
er

b
ou

n
d

can
b

e
lo

ose.
T

h
is

h
ap

p
en

s
w

h
en

th
ere

are
sm

all
(sp

arse)
eigen

valu
es,

b
u
t

th
e

p
red

ictor
va

riab
le

is
n
ot

b
ad

ly
align

ed
w

ith
th

eir
eigen

sp
ace.

H
en

ce,
com

p
u
tin

g
th

e
su

b
m

o
d
u
larity

ratio
ex

p
licitly

(alth
ou

gh
it

ap
p

ears
com

-
p
u
tation

ally
in

ten
sive

to
d
o

so)
can

lead
to

stron
ger

p
ost

h
o
c

ap
p
rox

im
ation

gu
aran

tees.
In

th
is

con
tex

t,
w

e
also

d
iscu

ss
w

ay
s

in
w

h
ich

a
m

ore
carefu

l
an

aly
sis

of
th

e
greed

y
algorith

m
s

allow
s

sign
ifi

can
tly

stron
ger

p
ost

h
o
c

ap
p
rox

im
ation

gu
aran

tees.

O
u
r

m
ain

con
trib

u
tion

s
can

b
e

su
m

m
arized

as
fo

llow
s:

1.
W

e
in

tro
d
u
ce

(in
S
ection

2)
th

e
n
otion

of
th

e
su

b
m

o
d
u
larity

ratio
as

a
p
red

ictor
o
f

th
e

p
erform

an
ce

of
greed

y
algorith

m
s.

W
e

sh
ow

th
at

a
su

b
m

o
d
u
larity

ra
tio

of
γ

lead
s

to
a

(1−
e −

γ)-ap
p
rox

im
ation

gu
aran

tee
for

th
e

greed
y

algorith
m

for
m

ax
im

u
m

coverage.
F

or
th

e
m

in
im

u
m

cover
p
rob

em
,

w
e

sh
ow

essen
tially

a
lo

g
n

γ
ap

p
rox

im
ation

gu
aran

tee
for

th
e

greed
y

algorith
m

.

2.
U

sin
g

th
e

ap
p
rox

im
ate

su
b
m

o
d
u
larity

fram
ew

ork
,
in

S
ection

3,
w

e
ob

tain
th

e
stron

gest
k
n
ow

n
th

eoretical
p

erform
an

ce
gu

aran
tees

for
greed

y
algorith

m
s

for
su

b
set

selection
.

In
p
articu

lar,
w

e
sh

ow
th

at
th

e
F

orw
ard

R
egression

an
d

O
M

P
algorith

m
s

are
w

ith
in

a
1−

e −
γ

factor
an

d
1−

e −
(γ·λ

m
in

)
factor

of
th

e
op

tim
al

solu
tion

,
resp

ectively
(w

h
ere

th
e
γ

an
d
λ

term
s

are
ap

p
rop

riate
su

b
m

o
d
u
larity

a
n
d

sp
arse-eigen

valu
e

p
aram

eters).

3.
A

gain
u
sin

g
th

e
ap

p
rox

im
ate

su
b
m

o
d
u
larity

fram
ew

ork
,

in
S
ection

4,
w

e
ob

tain
th

e
stron

gest
k
n
ow

n
th

eoretical
gu

aran
tees

for
algorith

m
s
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m

o
d
u
la

r
m

ax
im

iz
at

io
n

in
te

rm
s

of
th

e
c

p
ar

am
et

er
,
an

d
sh

ow
ed

a
1 c
(1
−
e−

c
)

ap
p
ro

x
im

at
io

n
fo

r
a

u
n
if

or
m

m
at

ro
id

.
T

h
e

re
su

lt
w

as
ex

te
n
d
ed

to
an

ar
b
it

ra
ry

m
a
tr

o
id

b
y

V
on

d
rá

k
(2

01
0)

,
an

d
an

im
p
ro

ve
d

gu
ar

an
te

e
of

(1
−
c/
e)

w
as

ob
ta

in
ed

re
ce

n
tl

y
b
y

S
v
ir

id
en

ko
et

al
.

(2
01

5)
.

C
u
rv

at
u
re

w
as

al
so

u
se

d
b
y

Iy
er

et
al

.
(2

01
3)

to
ob

ta
in

im
p
ro

ve
d

b
o
u
n
d
s

fo
r

su
b
m

o
d
u
la

r
fu

n
ct

io
n

ap
p
ro

x
im

at
io

n
,

P
M

A
C

-l
ea

rn
in

g
a
n
d

su
b
m

o
d
u
la

r
m

in
im

iz
a
ti

o
n
.

A
n
ot

h
er

n
ot

io
n

of
ap

p
ro

x
im

at
e

m
o
d
u
la

ri
ty

w
as

re
ce

n
tl

y
p
ro

p
os

ed
b
y

C
h
ie

ri
ch

et
ti

et
al

.
(2

01
5)

,
w

h
o

d
efi

n
ed

a
fu

n
ct

io
n

to
b

e
ε-

ap
p
ro

x
im

at
el

y
m

o
d
u
la

r
if

it
sa

ti
sfi

es
al

l
th

e
m

o
d
u
la

ri
ty

re
q
u
ir

em
en

ts
to

w
it

h
in

an
ε

ad
d
it

iv
e

er
ro

r.
C

h
ie

ri
ch

et
ti

et
al

.
(2

01
5)

an
al

y
ze

d
h
ow

cl
o
se

(i
n

th
e
l ∞

d
is

ta
n
ce

)
an

y
ap

p
ro

x
im

at
el

y
m

o
d
u
la

r
fu

n
ct

io
n

ca
n

b
e

to
a

m
o
d
u
la

r
fu

n
ct

io
n
.

N
ot

e
th

at
b

ot
h

th
e

n
ot

io
n
s

of
to

ta
l

cu
rv

at
u
re

an
d

ap
p
ro

x
im

at
e

m
o
d
u
la

ri
ty

a
re

d
iff

er
en

t
fr

om
th

e
su

b
m

o
d
u
la

ri
ty

ra
ti

o
p
ro

p
os

ed
in

th
is

p
ap

er
,

w
h
ic

h
m

ea
su

re
s

h
ow

fa
r

a
se

t
fu

n
ct

io
n

is
fr

om
b

ei
n
g

su
b
m

o
d
u
la

r.

1
.1
.3

S
u
b
se

q
u
e
n
t
W

o
r
k

S
u
b
se

q
u
en

t
to

ou
r

w
or

k
in

tr
o
d
u
ci

n
g

th
e

su
b
m

o
d
u
la

ri
ty

ra
ti

o,
se

v
er

al
p
ap

er
s

h
av

e
u
se

d
th

is
n
ot

io
n

fo
r

an
al

y
zi

n
g

gr
ee

d
y

al
go

ri
th

m
s

fo
r

m
ac

h
in

e
le

ar
n
in

g
ap

p
li
ca

ti
on

s.
D

a
s

et
a
l.

(2
0
12

)
p
ro

p
os

ed
d
iv

er
si

ty
-p

ro
m

ot
in

g
sp

ec
tr

al
re

gu
la

ri
ze

rs
fo

r
fe

at
u
re

se
le

ct
io

n
,

an
d

u
se

d
th

e
su

b
-

m
o
d
u
la

ri
ty

ra
ti

o
to

an
al

y
ze

a
h
y
b
ri

d
gr

ee
d
y

an
d

lo
ca

l
se

ar
ch

al
go

ri
th

m
fo

r
th

e
d
iv

er
se

fe
a
tu

re
se

le
ct

io
n

p
ro

b
le

m
.

G
ru

b
b

an
d

B
ag

n
el

l
(2

01
2)

an
al

y
ze

d
gr

ee
d
y

al
go

ri
th

m
s

fo
r

le
a
rn

in
g

a
n
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A
p
p
r
o
x
im

a
t
e
S
u
b
m
o
d
u
l
a
r
it
y
a
n
d

it
s
A
p
p
l
ic
a
t
io
n
s

en
sem

b
le

o
f

a
n

ytim
e

p
red

icto
rs

th
a
t

au
tom

atically
trad

e
com

p
u
ta

tion
tim

e
w

ith
p
red

ictive
a
ccu

ra
cy.

U
sin

g
th

e
su

b
m

o
d
u
larity

ratio,
th

e
au

th
ors

p
rov

id
e

a
n

ap
p
rox

im
ation

gu
ara

n
tee

fo
r

th
e

p
erfo

rm
an

ce
of

th
eir

en
sem

b
le

algorith
m

.
K

u
sn

er
et

al.
(201

4)
an

aly
zed

greed
y

m
eth

o
d
s

fo
r

tra
in

in
g

a
tree

of
classifi

ers
for

featu
re-co

st
sen

sitive
learn

in
g,

a
n
d

sh
ow

th
at

th
e

o
b

jectiv
e

fu
n
ction

for
ob

tain
in

g
a

cost-sen
sitiv

e
tree

of
classifi

ers
is

ap
p
rox

im
a
tely

su
b
-

m
o
d
u
lar.

Q
ia

n
et

al.
(2015)

p
rop

osed
a

P
areto

op
tim

izatio
n

ap
p
roach

for
su

b
set

selection
in

sp
a
rse

reg
ressio

n
an

d
an

aly
zed

th
e

p
erform

an
ce

of
th

eir
algorith

m
u
sin

g
th

e
su

b
m

o
d
u
larity

ra
tio

.
M

o
st

d
irectly

follow
in

g
u
p

on
ou

r
in

itial
w

ork
is

a
recen

t
resu

lt
of

E
len

b
erg

et
al.

(20
18)

th
a
t

ex
ten

d
s

o
u
r

an
aly

sis
of

greed
y

algorith
m

s
for

su
b
set

selection
from

th
e

lin
ear

regression
settin

g
to

arb
itrary

G
en

eralized
L

in
ear

M
o
d
els.

T
h
e

m
ain

resu
lt

is
a

low
er

b
ou

n
d

on
an

y
fu

n
ctio

n
’s

su
b
m

o
d
u
larity

ratio
in

term
s

of
its

restricted
stron

g
con

vex
ity

an
d

sm
o
o
th

n
ess

p
a
ra

m
eters,

w
h
ich

can
th

en
b

e
u
sed

to
ob

tain
ap

p
rox

im
ation

gu
aran

tees
for

greed
y

fea
tu

re
selectio

n
a
lg

orith
m

s.

2
.
A
p
p
ro
x
im

a
te

S
u
b
m
o
d
u
la
rity

W
e

b
eg

in
b
y

d
efi

n
in

g
ou

r
n
otion

of
ap

p
rox

im
ate

su
b
m

o
d
u
larity,

an
d

ex
p
lain

in
g

its
rela-

tio
n
sh

ip
w

ith
th

e
trad

ition
al

n
otion

of
su

b
m

o
d
u
larity.

T
h
en

,
w

e
sh

ow
th

at
ap

p
rox

im
ation

resu
lts

fo
r

g
reed

y
algorith

m
s

d
egrad

e
gracefu

lly
as

th
e

fu
n
ction

b
ecom

es
less

an
d

less
su

b
-

m
o
d
u
lar.

2
.1

S
u

b
m

o
d

u
la

rity
R

a
tio

W
e

in
tro

d
u
ce

th
e

n
otion

of
su

b
m

o
d
u
larity

ratio
for

a
gen

eral
set

fu
n
ction

,
w

h
ich

cap
tu

res
“
h
ow

clo
se”

to
su

b
m

o
d
u
lar

th
e

fu
n
ction

is.
L

et
X

b
e

a
u
n
iverse

o
f

elem
en

ts,
an

d
L

et
f

:
2 X
→

R
+

b
e

a
n
on

-n
egativ

e
set

fu
n
ction

.

D
e
fi

n
itio

n
1

(M
o
n

o
to

n
ic

ity
,

S
u

b
m

o
d

u
la

rity
)

1
.
f

is
m

on
o
ton

e
iff

f
(S

)
≤

f
(T

)
w

h
en

ever
S
⊆
T

.

2
.
f

is
su

b
m

o
d
u
lar

iff
f

(S
∪
{
x})−

f
(S

)≥
f

(T
∪
{
x})−

f
(T

)
w

h
en

ever
S
⊆
T

.

O
u
r

d
efi

n
ition

of
th

e
su

b
m

o
d
u
larity

ratio
sm

o
oth

ly
in

terp
olates

b
etw

een
fu

n
ctio

n
s

th
at

a
re

su
b
m

o
d
u
la

r
an

d
th

ose
th

at
are

far
fro

m
so.

D
e
fi

n
itio

n
2

(S
u

b
m

o
d

u
la

rity
R

a
tio

)
T

h
e

su
b
m

o
d
u
larity

ratio
o
f

a
m

o
n

o
to

n
e

fu
n

ctio
n

f
w

ith
respect

to
a

set
U

a
n

d
a

pa
ra

m
eter

k
≥

1
is

γ
U
,k (f

)
=

m
in

L⊆
U
,S

:|S|≤
k
,S∩

L
=
∅ ∑

x∈
S
f

(L
∪
{
x}

)−
f

(L
)

f
(L
∪
S

)−
f

(L
)

,
(1)

w
h
ere

w
e

d
efi

n
e

0
/0

:=
1.

T
h
u
s,

th
e

su
b
m

o
d
u
larity

ra
tio

cap
tu

res
h
ow

m
u
ch

m
ore

f
can

in
crea

se
b
y

a
d
d
in

g
an

y
su

b
set

S
of

size
k

to
L

,
com

p
ared

to
th

e
com

b
in

ed
b

en
efi

ts
of

ad
d
in

g
its

in
d
iv

id
u
a
l

elem
en

ts
to
L

.
T

h
at

D
efi

n
ition

2
gen

eralizes
su

b
m

o
d
u
larity

is
cap

tu
red

b
y

th
e

fo
llow

in
g

p
rop

osition
.

P
ro

p
o
sitio

n
3
f

is
su

bm
od

u
la

r
if

a
n

d
o
n

ly
if
γ
U
,k ≥

1
fo

r
a
ll
U

a
n

d
k

.
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D
a
s
a
n
d

K
e
m
p
e

P
ro

o
f.

F
irst,

assu
m

e
th

at
γ
U
,k ≥

1
fo

r
all

U
an

d
k
.

B
y

ch
o
osin

g
k

=
2

an
d
S

=
{x
,y}

in
E

q
u
ation

(1),
w

e
ob

tain
th

at
f

(L
∪
{
x}

)
+
f

(L
∪
{
y})≥

f
(L
∪
{
x
,y})

+
f

(L
),

or,
rearran

ged
,

f
(L
∪
{x}

)−
f

(L
)
≥
f

(L
∪
{
x
,y}

)−
f

(L
∪
{
y}

).
N

ow
,

w
h
en

w
e

h
ave

tw
o

sets
S

an
d

T
=
S
∪
{x

1 ,x
2 ,...,x

k }
,

d
efi

n
e
S
i

:=
S
∪
{x

1 ,...,x
i }

for
0
≤
i≤

k
.

S
ettin

g
L

=
S
i

n
ow

gives
u
s

th
at
f

(S
i ∪
{
x}

)−
f

(S
i )≥

f
(S
i+

1 ∪
{
x})−

f
(S
i+

1 ).
In

d
u
ction

on
i

n
ow

com
p
letes

th
e

p
ro

of.
C

on
versely,

assu
m

e
th

at
f

is
su

b
m

o
d
u
lar.

In
E

q
u
ation

(1),
let

S
=
{x

1 ,...,x
k }

an
d
S
i

=
{x

1 ,...,x
i }

,
an

d
w

rite
a

telescop
in

g
series

f
(L
∪
S

)−
f

(L
)

=
∑

k−
1

i=
0
f

(L
∪
S
i+

1 )−
f

(L
∪
S
i ).

B
y

su
b
m

o
d
u
larity

of
f

,
w

e
can

b
ou

n
d

f
(L
∪
S
i+

1 )−
f

(L
∪
S
i )

=
f

(L
∪
S
i ∪
{
x
i+

1 }
)−

f
(L
∪
S
i )
≤

f
(L
∪
{
x
i+

1 })−
f

(L
),

w
h
ich

giv
es

u
s

a
low

er
b

ou
n
d

of
1

on
th

e
ratio.

R
e
m

a
rk

4
T

h
e

su
bm

od
u

la
rity

ra
tio

is
d
efi

n
ed

a
s

a
m

in
im

u
m

o
ver

expo
n

en
tia

lly
m

a
n

y
va

l-
u

es,
a
n

d
in

gen
era

l,
it

is
N

P
-h

a
rd

to
co

m
p
u

te
exa

ctly
(m

o
re

recen
tly,

B
a
i

a
n

d
B

ilm
es

(2
0
1
8
)

sh
o
w

ed
th

a
t

it
ca

n
n

o
t

be
co

m
p
u

ted
in

po
lyn

o
m

ia
l

tim
e

in
th

e
va

lu
e

o
ra

cle
m

od
el).

T
h
is

is
a

p
ro

perty
it

sh
a
res

w
ith

th
e

w
ell-kn

o
w

n
R

estricted
Iso

m
etry

P
ro

perty
(R

IP
)

(C
a
n

d
ès

a
n

d
T

a
o
,

2
0
0
5
):

co
m

p
u

tin
g

th
e

R
IP

o
f

a
m

a
trix

is
essen

tia
lly

equ
iva

len
t

to
co

m
p
u

tin
g

th
e

ex-
pa

n
sio

n
o
f

a
gra

p
h
,

yet
th

e
gu

a
ra

n
tees

fo
r

spa
rse

a
p
p
ro

xim
a
tio

n
a
lgo

rith
m

s
a
re

frequ
en

tly
exp

ressed
in

term
s

o
f

th
e

R
IP

.
W

h
eth

er
o
n

e
ca

n
effi

cien
tly

a
p
p
ro

xim
a
te

th
e

su
bm

od
u

la
rity

ra
tio

to
w

ith
in

n
o
n

-trivia
l

fa
cto

rs
is

a
n

in
terestin

g
o
pen

qu
estio

n
.

A
p
p
ro

xim
a
tin

g
it

w
o
u

ld
a
llo

w
o
n

e
to

a
t

lea
st

d
erive

po
st

h
oc

a
p
p
ro

xim
a
tio

n
gu

a
ra

n
tees,

i.e.,
to

give
th

e
u

ser
gu

a
ra

n
tees

o
n

th
e

a
p
p
ro

xim
a
tio

n
qu

a
lity

fo
r

th
e

specifi
c

in
sta

n
ce

th
a
t

w
a
s

so
lved

.
In

th
e

a
p
pen

d
ix,

w
e

d
iscu

ss
so

m
e

(fa
irly

stro
n

g)
a
ssu

m
p
tio

n
s

u
n

d
er

w
h
ich

o
n

e
ca

n
d
erive

n
o
n

-trivia
l

lo
w

er
bo

u
n

d
s

o
n

th
e

su
bm

od
u

-
la

rity
ra

tio
.

T
yp

ica
lly,

ra
th

er
th

a
n

co
m

p
u

tin
g

th
e

su
bm

od
u

la
rity

ra
tio

o
n

a
given

in
sta

n
ce,

o
n

e
w

o
u

ld
u

se
p
ro

blem
-specifi

c
in

sigh
ts

to
d
erive

a
p
rio

ri
lo

w
er

bo
u

n
d
s

o
n

th
e

su
bm

od
u

la
rity

ra
tio

in
term

s
o
f

qu
a
n

tities
th

a
t

a
re

ea
sier

to
co

m
p
u

te
exa

ctly
o
r

a
p
p
ro

xim
a
tely.

F
o
r

exa
m

p
le,

in
th

e
p
rim

a
ry

a
p
p
lica

tio
n

stu
d
ied

h
ere

(lin
ea

r
regressio

n
),

th
e

su
bm

od
u

la
rity

ra
tio

is
lo

w
er-

bo
u

n
d
ed

by
th

e
(ea

sy
to

co
m

p
u

te)
sm

a
llest

eigen
va

lu
e

o
f

th
e

co
va

ria
n

ce
m

a
trix,

a
n

d
m

o
re

tigh
tly

bo
u

n
d
ed

by
th

e
(n

o
t

so
ea

sy
to

co
m

p
u

te)
sm

a
llest

2
k

-spa
rse

eigen
va

lu
e

o
f

th
e

co
va

ri-
a
n

ce
m

a
trix.

R
ecen

tly,
E

len
berg

et
a
l.

(2
0
1
8
)

sh
o
w

ed
h
o
w

to
d
erive

sim
ila

r
lo

w
er

bo
u

n
d
s

fo
r

a
m

o
re

gen
era

l
cla

ss
o
f

lin
ea

r
o
bjective

fu
n

ctio
n

s.
W

e
a
n

ticipa
te

th
a
t

sim
ila

r
types

o
f

bo
u

n
d
s

ca
n

be
o
bta

in
ed

fo
r

o
th

er
cla

sses
o
f

o
bjectives.

2
.2

T
h

e
G

re
e
d

y
A

lg
o
rith

m
fo

r
M

a
x
im

u
m

C
o
v
e
ra

g
e

P
rob

ab
ly

th
e

m
ost

w
id

ely
u
sed

fact
ab

ou
t

(m
on

oton
e)

su
b
m

o
d
u
lar

fu
n
ctio

n
s

is
th

at
a

sim
p
le

greed
y

algorith
m

ap
p
rox

im
ately

op
tim

izes
th

e
fu

n
ction

su
b

ject
to

a
card

in
ality

con
strain

t. 2

T
h
is

is
a

celeb
rated

resu
lt

b
y

N
em

h
au

ser
et

al.
(1978).

S
p

ecifi
cally,

N
em

h
au

ser
et

al.
(1978)

an
aly

zed
th

e
follow

in
g

algorith
m

.
L

et
S

N
G

b
e

th
e

fi
n
al

set
S
k

retu
rn

ed
b
y

th
e

algorith
m

.
T

h
e

follow
in

g
th

eorem
of

N
em

h
au

ser
et

al.
(1978)

is
w

id
ely

u
sed

in
th

e
M

a
ch

in
e

L
earn

in
g

an
d

related
com

m
u
n
ities:

2
.

M
a
n
y

o
th

er
a
lg

o
rith

m
ic

o
p

tim
iza

tio
n

p
ro

b
lem

s
a
re

ea
sier

fo
r

su
b

m
o
d

u
la

r
fu

n
ctio

n
.

S
o
m

e
o
f

th
em

a
re

d
iscu

ssed
in

S
ectio

n
6
.
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A
p
p
r
o
x
im

a
t
e
S
u
b
m
o
d
u
l
a
r
it
y
a
n
d

it
s
A
p
p
l
ic
a
t
io
n
s

A
lg

o
ri

th
m

1
T

h
e

N
em

h
au

se
r

G
re

ed
y

A
lg

or
it

h
m

fo
r

a
n
on

-n
eg

at
iv

e,
m

on
ot

on
e,

an
d

su
b
-

m
o
d
u
la

r
se

t
fu

n
ct

io
n
f

on
a

u
n
iv

er
se
X

.

1
:

In
it

ia
li
ze
S

0
=
∅.

2
:

fo
r

ea
ch

it
er

at
io

n
i

+
1

=
1,

2
,.
..

d
o

3
:

L
et
x
i+

1
∈
X

b
e

an
el

em
en

t
m

ax
im

iz
in

g
f

(S
i
∪
{x

i+
1
})

,
an

d
se

t
S
i+

1
=
S
i
∪
{x

i+
1
}.

4
:

O
u
tp

u
t
S
k
.

T
h

e
o
re

m
5

(N
e
m

h
a
u

se
r

e
t

a
l.

(1
9
7
8
))

T
h
e

se
t
S
N
G

re
tu

rn
ed

by
th

e
N

em
h
a
u

se
r

G
re

ed
y

A
lg

o
ri

th
m

gu
a
ra

n
te

es
th

a
t
f

(S
N
G

)
≥

(1
−

1 e
)
·f

(S
∗ k)

,
w

h
er

e
S
∗ k

is
th

e
se

t
m

a
xi

m
iz

in
g
f

(S
)

a
m

o
n

g
a
ll

si
ze

-k
se

ts
S

.

T
h
e

ce
n
te

rp
ie

ce
of

ou
r

al
go

ri
th

m
ic

an
al

y
si

s
is

a
ge

n
er

al
iz

at
io

n
of

T
h
eo

re
m

5
to

ap
p
ro

x
-

im
at

el
y

su
b
m

o
d
u
la

r
fu

n
ct

io
n
s.

T
h

e
o
re

m
6

L
et
f

be
a

n
o
n

n
eg

a
ti

ve
,

m
o
n

o
to

n
e

se
t

fu
n

ct
io

n
,

a
n

d
O

P
T

be
th

e
m

a
xi

m
u

m
va

lu
e

o
f
f

o
bt

a
in

ed
by

a
n

y
se

t
o
f

si
ze

k
.

T
h
en

,
th

e
se

t
S
N
G

se
le

ct
ed

by
th

e
N

em
h
a
u

se
r

G
re

ed
y

A
lg

o
ri

th
m

h
a
s

th
e

fo
ll

o
w

in
g

a
p
p
ro

xi
m

a
ti

o
n

gu
a
ra

n
te

e:

f
(S

N
G

)
≥
( 1
−

e−
γ
S
N
G
,k

(f
))
·O

P
T
.

N
ot

ic
e

th
at

fo
r

su
b
m

o
d
u
la

r
fu

n
ct

io
n
s,

b
ec

au
se
γ
S
N
G
,k

(f
)
≥

1,
ou

r
th

eo
re

m
re

co
v
er

s
th

e
re

su
lt

of
N

em
h
au

se
r

et
al

.
(1

97
8)

as
a

sp
ec

ia
l

ca
se

.

P
ro

o
f.

W
e

ca
rr

y
ou

t
th

e
an

al
y
si

s
in

so
m

ew
h
at

m
or

e
ge

n
er

al
it

y
th

an
n
ee

d
ed

h
er

e,
si

n
ce

m
os

t
of

it
w

il
l

b
e

u
se

fu
l

in
S
ec

ti
on

2.
3.

L
et
k

b
e

th
e

n
u
m

b
er

of
it

er
at

io
n
s

th
at

A
lg

or
it

h
m

1
w

as
ru

n
,

an
d
S

N
G

i
th

e
se

t
of

el
em

en
ts

gr
ee

d
il
y

ch
os

en
in

th
e

fi
rs

t
i

it
er

at
io

n
s.

L
et
S

N
G

i
b

e
th

e
se

t
of

va
ri

ab
le

s
ch

os
en

b
y

th
e

N
em

h
au

se
r

G
re

ed
y

A
lg

or
it

h
m

(A
lg

or
it

h
m

1)
in

th
e

fi
rs

t
i

it
er

at
io

n
s.

D
efi

n
e
A

(i
)

=
f

(S
N

G
i

)
−
f

(S
N

G
i−

1
)

to
b

e
th

e
ga

in
ob

ta
in

ed
fr

om
th

e
va

ri
ab

le

ch
os

en
b
y

th
e

al
go

ri
th

m
in

it
er

at
io

n
i.

T
h
en

f
(S

N
G

)
=
∑

k i=
1
A

(j
).

F
or

si
m

p
li
ci

ty
of

n
ot

at
io

n
,

w
e

w
ri

te
f

(x
/S

)
to

d
en

ot
e
f

({
x
}∪

S
)
−
f

(S
),

an
d
f

(T
/S

)
to

d
en

ot
e
f

(T
∪
S

)
−
f

(S
),

fo
r

an
y

el
em

en
t
x
∈
X

an
d

se
ts
S

an
d
T

.
W

e
w

il
l

a
ls

o
w

ri
te

γ
S
N
G
,k

to
d
en

ot
e
γ
S
N
G
,k

(f
).

L
et
S
∗

b
e

so
m

e
(o

p
ti

m
u
m

)
se

t
of
k
∗

va
ri

ab
le

s,
ac

h
ie

v
in

g
a

va
lu

e
of

(a
t

le
as

t)
C

.
L

et
S
i

=
S
∗
\
S

N
G

i
.

B
y

m
on

ot
on

ic
it

y
o
f
f

an
d

th
e

fa
ct

th
at

S
i
∪
S

N
G

i
⊇
S
∗ ,

w
e

h
av

e
th

at
f

(S
i
∪
S

N
G

i
)
≥
C

.
W

e
w

il
l

sh
ow

th
at

at
le

as
t

on
e

of
th

e
x
∈
S
i

is
a

go
o
d

ca
n
d
id

at
e

in
it

er
at

io
n
i

+
1

of
th

e
al

go
ri

th
m

.
F

ir
st

,
th

e
jo

in
t

co
n
tr

ib
u
ti

on
of
S
i,

co
n
d
it

io
n
ed

on
th

e
se

t
S

N
G

i
,

m
u
st

b
e

fa
ir

ly
la

rg
e:

f
(S
i/
S

N
G

i
)

=
f

(S
i
∪
S

N
G

i
)
−
f

(S
N

G
i

)
≥
C
−
f

(S
N

G
i

).
U

si
n
g

D
efi

n
it

io
n

2,
as

w
el

l
as
S

N
G

i
⊆
S

N
G

an
d
|S
i|
≤
k
∗ ,

∑ x
∈S

i

f
(x
/S

N
G

i
)
≥
γ
S
N
G

i
,|S

i
|·
f

(S
i/
S

N
G

i
)
≥

γ
S
N
G
,k
∗
·f

(S
i/
S

N
G

i
).

L
et
x̂
∈

ar
gm

ax
x
∈S

i
f

(x
/S

N
G

i
)

m
ax

im
iz

e
f

(x̂
/S

N
G

i
).

T
h
en

w
e

ge
t

th
at

f
(x̂
/S

N
G

i
)
≥
γ
S
N
G
,k
∗

|S
i|
·f

(S
i/
S

N
G

i
)
≥

γ
S
N
G
,k
∗

k
∗
·f

(S
i/
S

N
G

i
).
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D
a
s
a
n
d

K
e
m
p
e

S
in

ce
th

e
x̂

ab
ov

e
w

as
a

ca
n
d
id

a
te

to
b

e
ch

os
en

in
it

er
at

io
n
i

+
1,

an
d

th
e

a
lg

o
ri

th
m

ch
os

e
a

va
ri

ab
le
x
i+

1
su

ch
th

at
f

(x
i+

1
/S

N
G

i
)
≥
f

(x
/S

N
G

i
)

fo
r

al
l
x
/∈
S

N
G

i
,

w
e

o
b
ta

in
th

a
t

A
(i

+
1)
≥
γ
S
N
G
,k
∗

k
∗
·f

(S
i/
S

N
G

i
)
≥

γ
S
N
G
,k
∗

k
∗
·(
C
−
f

(S
N

G
i

))
≥

γ
S
N
G
,k
∗

k
∗
·(
C
−

i ∑ j=
1

A
(j

))
.

W
e

w
il
l

u
se

th
e

ab
ov

e
in

eq
u
al

it
y

to
p
ro

v
e

b
y

in
d
u
ct

io
n

on
t

th
at

C
−

t ∑ i=
1

A
(i

)
≤
C
·(

1
−
γ
S
N
G
,k
∗

k
∗

)t
≤

C
·e
−
γ
S
N
G
,k
∗
·
t k
∗
.

(2
)

T
h
e

b
as

e
ca

se
is

cl
ea

rl
y

tr
u
e

fo
r
t

=
0.

S
u
p
p

os
e

th
at

th
e

in
eq

u
al

it
y

is
tr

u
e

a
ft

er
t

it
er

at
io

n
s.

T
h
en

,
at

it
er

at
io

n
t

+
1,

w
e

h
av

e

C
−

t+
1

∑ i=
1

A
(i

)
=
C
−

t ∑ i=
1

A
(i

)
−
A

(t
+

1)

≤
C
−

t ∑ i=
1

A
(i

)
−
γ
S
N
G
,k
∗

k
∗
·(
C
−

t ∑ i=
1

A
(i

))

=
(C
−

t+
1

∑ i=
1

A
(i

))
·(

1
−
γ
S
N
G
,k
∗

k
∗

)

≤
C
·(

1
−
γ
S
N
G
,k
∗

k
∗

) t
+

1
,

th
u
s

co
m

p
le

ti
n
g

th
e

in
d
u
ct

iv
e

p
ro

of
.

U
si

n
g

In
eq

u
al

it
y
(2

)
w

it
h
k

=
k
∗ ,
t

=
k
−

1
a
n
d

C
=

O
P

T
,

w
e

ob
ta

in
th

at

f
(S

N
G

)
=

k ∑ i=
1

A
(i

)
≥

O
P

T
·(

1
−

e−
γ
S
N
G
,k

) .

T
h
is

co
m

p
le

te
s

th
e

p
ro

of
of

th
e

ap
p
ro

x
im

at
io

n
gu

ar
an

te
e.

R
e
m

a
rk

7
A

s
th

e
su

bm
od

u
la

ri
ty

ra
ti

o
go

es
to

0
,

th
e

a
p
p
ro

xi
m

a
ti

o
n

gu
a
ra

n
te

e
o
f

T
h
eo

re
m

6
d
et

er
io

ra
te

s
a
n

d
be

co
m

es
0

in
th

e
li

m
it

.
T

h
is

is
n

o
t

su
rp

ri
si

n
g:

in
th

e
li

m
it

,
th

e
d
efi

n
it

io
n

d
oe

s
n

o
t

p
la

ce
a
n

y
re

st
ri

ct
io

n
s

o
n

th
e

fu
n

ct
io

n
f

.
W

it
h
o
u

t
a
n

y
re

st
ri

ct
io

n
s

o
n
f

,
n

o
t

o
n

ly
ca

n
th

e
gr

ee
d
y

a
lg

o
ri

th
m

pe
rf

o
rm

a
rb

it
ra

ri
ly

po
o
rl

y,
bu

t
th

e
sa

m
e

m
a
y

be
tr

u
e

fo
r

a
n
y

effi
ci

en
t

a
lg

o
ri

th
m

,
si

n
ce

f
m

ig
h
t

be
a

fu
n

ct
io

n
th

a
t

is
p
ro

va
bl

y
h
a
rd

to
a
p
p
ro

xi
m

a
te

to
w

it
h
in

a
n

y
n

o
n

-t
ri

vi
a
l

fa
ct

o
r.

In
d
ee

d
,

th
e

go
a
l

o
f

T
h
eo

re
m

6
is

n
o
t

to
p
ro

vi
d
e

a
u

n
iv

er
sa

l
a
p
p
ro

xi
m

a
ti

o
n

gu
a

ra
n

te
e,

bu
t

ra
th

er
to

o
u

tl
in

e
co

n
d
it

io
n

s
u

n
d
er

w
h
ic

h
ru

n
n

in
g

th
e

gr
ee

d
y

a
lg

o
ri

th
m

co
m

es
w

it
h

p
ro

va
bl

e
a
p
p
ro

xi
m

a
ti

o
n

gu
a
ra

n
te

es
.

P
ra

ct
it

io
n

er
s

ru
n

gr
ee

d
y

a
lg

o
ri

th
m

s
ro

u
ti

n
el

y
w

it
h
o
u

t
a
n

y
gu

a
r-

a
n

te
es

,
a
n

d
th

e
su

bm
od

u
la

ri
ty

ra
ti

o
m

a
y

p
ro

vi
d
e

gu
id

a
n

ce
u

n
d
er

w
h
a
t

co
n

d
it

io
n

s
d
o
in

g
so

h
a
s

th
eo

re
ti

ca
l

ju
st

ifi
ca

ti
o
n

,
ev

en
w

h
en

th
e

o
bj

ec
ti

ve
fu

n
ct

io
n
f

is
n

o
t

su
bm

od
u

la
r.
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A
p
p
r
o
x
im

a
t
e
S
u
b
m
o
d
u
l
a
r
it
y
a
n
d

it
s
A
p
p
l
ic
a
t
io
n
s

2
.3

T
h

e
G

re
e
d

y
A

lg
o
rith

m
fo

r
M

in
im

u
m

S
u

b
m

o
d

u
la

r
C

o
v
e
r

T
h
e

“
co

m
p
lem

en
tary

”
p
rob

lem
to

su
b
m

o
d
u
lar

fu
n
ction

m
ax

im
ization

is
m

in
im

u
m

su
b
m

o
d
-

u
la

r
cover,

w
h
ere

th
e

goal
is

to
fi
n
d

a
sm

allest
set

S
w

ith
f

(S
)≥

C
,

a
given

target
valu

e.
T

h
e

n
a
m

e
d
eriv

es
from

on
e

of
th

e
m

ost
com

m
on

in
stan

ce
of

su
b
m

o
d
u
la

r
fu

n
ction

s:
coverag

e
fu

n
ctio

n
s. 3

H
ere,

th
e

elem
en

ts
x

corresp
on

d
to

sets,
an

d
th

e
fu

n
ction

valu
e
f

is
th

e
size

of
th

e
u
n
io

n
of

th
e

selected
sets.

In
th

e
M

ax
im

u
m

C
overage

P
rob

lem
,

th
e

go
al

is
to

m
ax

im
ize

th
e

size
o
f

th
e

u
n
ion

b
y

selectin
g
k

sets,
an

d
in

th
e

M
in

im
u
m

S
et

C
over

P
rob

lem
,

th
e

goal
is

to
cover

a
ll

elem
en

ts
selectin

g
as

few
sets

as
p

ossib
le.

F
or

b
oth

p
rob

lem
s,

th
e

greed
y

algorith
m

(A
lgorith

m
1)

p
rov

id
es

essen
tially

b
est

p
ossib

le
g
u
a
ran

tees.
T

h
e

on
ly

d
iff

eren
ce

is
th

e
term

in
ation

con
d
ition

:
for

m
ax

im
u
m

cov
erage,

th
e

a
lg

o
rith

m
is

term
in

ated
w

h
en

k
sets

are
selected

,
w

h
ile

for
m

in
im

u
m

cover,
th

e
alg

orith
m

is
term

in
ated

w
h
en

all
elem

en
ts

(or
a

given
n
u
m

b
er)

h
ave

b
een

cov
ered

.
F

or
th

e
M

in
im

u
m
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u
se
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d

C
ev

h
er

fo
r

d
ic

ti
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ar
y

se
le
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io

n
.

O
u
r

b
ou

n
d
s

fo
r

S
D

S
O

M
P

a
re

m
u
ch

st
ro

n
ge

r
th

an
th

e
ad

d
it

iv
e

b
ou

n
d
s

ob
ta

in
ed

b
y

K
ra

u
se

an
d

C
ev

h
er

.
H

ow
ev

er
,

fo
r

b
ot

h
ou

r
re

su
lt

s
an

d
th

ei
rs

,
th

e
p

er
fo

rm
an

ce
gu

ar
an

te
es

fo
r

S
D

S
O

M
P

a
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m
u
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w
ea
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r
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a
n
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e
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r
S
D

S
M

A
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h
e
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P
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m
ge
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er
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u
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u
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m
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r
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b
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t

se
le
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n
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e

p
ro

b
le

m
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d
ic

ti
on

ar
y

se
le

ct
io

n
.

In
ea

ch
it

er
at

io
n
,

it
ad

d
s

a
n
ew

el
em

en
t

to
th

e
cu

rr
en

tl
y

se
le

ct
ed

d
ic

ti
on

ar
y

b
y

u
si

n
g

O
rt

h
og
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al

M
at

ch
in

g
P

u
rs

u
it

to
a
p
p
ro

x
im

a
te

th
e

es
ti

m
at

io
n
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m

ax
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|=
k
R

2 Z
j
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.

W
e

n
ow
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ow

h
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ob

ta
in

a
m

u
lt

ip
li
ca

ti
ve

ap
p
ro

x
im

at
io

n
gu
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te
e

fo
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S
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M
P

.
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h
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d
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n
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n
s

ar
e
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an
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e
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t
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D
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n
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io
n

2
2

a
n
d

22
JM

L
R

 1
9(

3)
:1

-3
4,

 2
01

8



A
p
p
r
o
x
im

a
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e
S
u
b
m
o
d
u
l
a
r
it
y
a
n
d

it
s
A
p
p
l
ic
a
t
io
n
s

A
lg

o
rith

m
6

T
h
e

S
D

S
O
M
P

algorith
m

for
d
iction

ary
selection

.

1
:

In
itia

lize
D

0
=
∅
.

2
:

fo
r

ea
ch

iteration
i

+
1

=
1,2

,...
d

o
3
:

L
et

X
i+

1
b

e
a

variab
le

m
ax

im
izin

g
∑

sj=
1
R

2Z
j ,S

O
M

P
(D

i ∪{
X
i+

1 }
,Z
j ,k

)
w

h
ere

S
O

M
P

(D
,Z
,k

)
d
en

otes
th

e
set

selected
b
y

O
rth

ogon
al

M
atch

in
g

P
u
rsu

it
for

p
red

ictin
g
Z

u
sin

g
k

variab
les

from
D

.
4
:

S
et
S
i+

1
=
S
i ∪
{
X
i+

1 }
.

5
:

O
u
tp

u
t
D
d .

T
h
eo

rem
2
3
.

F
(D

)
=

s
∑j=

1

m
ax

S⊂
D
,|S|=

k
R

2Z
j ,S
,

F̂
(D

)
=

s
∑j=

1

m
ax

S⊂
D
,|S|=

k
f

(Z
j ,S

),

F̃
(D

)
=

s
∑j=

1

R
2Z
j ,S

O
M

P
(D
,Z
j ,k

) .

W
e

fi
rst

p
rove

th
e

follow
in

g
lem

m
a

ab
ou

t
ap

p
rox

im
atin

g
th

e
fu

n
ction

F̂
(D

)
b
y
F̃

(D
):

L
e
m

m
a

2
4

F
o
r

a
n

y
set

D
,

w
e

h
a
ve

th
a
t

(1−
e −

λ
m
in

(C
,2
k
)
2)

λ
m

a
x (C

,k
)

·
F̂

(D
)≤

F̃
(D

)
≤

F̂
(D

)

γ∅
,k
.

P
ro

o
f.

U
sin

g
T

h
eorem

20
an

d
L

em
m

a
17

an
d

su
m

m
in

g
u
p

over
all

th
e
Z
j

term
s,

w
e

o
b
ta

in
th

a
t

F̃
(D

)≥
(1−

e −
λ
m
in

(C
,2
k
)
2)·

F
(D

)
≥

(1−
e −

λ
m
in

(C
,2
k
)
2)

F̂
(D

)

λ
m

a
x (C

,k
) .

S
im

ila
rly,

u
sin

g
L

em
m

a
17

an
d

th
e

fact
th

at
m

ax
S⊂

D
,|S|=

k
R

2Z
j ,S
≥
R

2Z
j ,S

O
M
P

(D
,Z
j ,k

) ,
w

e

h
ave

F̂
(D

)≥
γ∅
,k ·F

(D
)
≥

γ∅
,k ·

F̃
(D

).

U
sin

g
th

e
a
b

ove
lem

m
a,

w
e

n
ow

p
rove

th
e

follow
in

g
b

ou
n
d

for
S
D

S
O

M
P

:

T
h

e
o
re

m
2
5

L
et
D

O
M
P

be
th

e
d
ictio

n
a
ry

selected
by

th
e

S
D

S
O
M
P

a
lgo

rith
m

,
a
n

d
D
∗

th
e

o
p
tim

u
m

d
ictio

n
a
ry

o
f

size
|D
|≤

d
,

w
ith

respect
to

th
e

o
bjective

F
(D

)
fro

m
D

efi
n

itio
n

2
2
.

T
h
en

,

F
(D

O
M
P

)≥
F

(D
∗)·

γ∅
,k

λ
m

a
x (C

,k
) ·

(1−
e −

(p·γ∅
,k

))

d−
d·p·γ∅

,k
+

1
≥

F
(D
∗)·

λ
m

in (C
,k

)

λ
m

a
x (C

,k
) ·

(1−
e −

(p·γ∅
,k

))

d−
d·
p·γ∅

,k
+

1
,

w
h
ere

p
=

1
λ
m
a
x
(C
,k

) ·(1−
e −

λ
m
in

(C
,2
k
)
2).
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D
a
s
a
n
d

K
e
m
p
e

P
ro

o
f.

L
et

D̂
b

e
th

e
d
iction

ary
of

size
d

th
at

m
ax

im
izes

F̂
(D

).
W

e
fi
rst

p
rove

th
at

F̂
(D

O
M

P
)

is
a

go
o
d

ap
p
rox

im
ation

to
F̂

(D̂
).

L
et
S

N
G

i
b

e
th

e
variab

les
ch

osen
b
y

S
D

S
O

M
P

after
i

iteration
s.

D
efi

n
e
S
i

=
D̂
\
S

N
G

i
.

B
y

m
on

oton
icity

of
F̂

,
w

e
h
ave

th
at
F̂

(S
i ∪

S
N

G
i

)≥
F̂

(D̂
).

L
et
X̂
∈
S
i

b
e

th
e

variab
le

m
ax

im
izin

g
F̂

(S
N

G
i
∪
{X̂
}
),

an
d

sim
ila

rly
X̃
∈
S
i

b
e

th
e

variab
le

m
ax

im
izin

g
F̃

(S
N

G
i
∪
{
X̃
}
).

S
in

ce
F̂

is
a

su
b
m

o
d
u
lar

fu
n
ction

,
it

is
ea

sy
to

sh
ow

(u
sin

g
an

argu
m

en
t

sim
ilar

to
th

e

p
ro

of
of

T
h
eorem

16)
th

at
F̂

(S
N

G
i
∪
{
X̂
})−

F̂
(S

N
G

i
)≥

F̂
(D̂

)−
F̂

(S
N
G

i
)

d
.

N
ow

,
u
sin

g
L

em
m

a
24

ab
ove,

an
d

th
e

op
tim

ality
of
X̃

for
F̃

(S
N

G
i
∪
{
X̃
}
),

w
e

ob
tain

th
at

1

γ∅
,k
·
F̂

(S
N

G
i
∪
{
X̃
})≥

F̃
(S

N
G

i
∪
{
X̃
}
)
≥

F̃
(S

N
G

i
∪
{
X̂
})
≥

p·
F̂

(S
N

G
i
∪
{
X̂
}).

T
h
u
s,
F̂

(S
N

G
i
∪
{
X̃
}
)≥

p·
γ∅
,k ·

F̂
(S

N
G

i
∪
{
X̂
}),

or

F̂
(S

N
G

i
∪
{
X̃
}
)−

F̂
(S

N
G

i
)≥

p·
γ∅
,k ·

(F̂
(S

N
G

i
∪
{
X̂
})−

F̂
(S

N
G

i
))−

(1−
p·γ∅

,k )F̂
(S

N
G

i
).

D
efi

n
e
A

(i)
=
F̂

(S
N

G
i

)−
F̂

(S
N

G
i−

1 )
to

b
e

th
e

gain
,

w
ith

resp
ect

to
F̂

,
ob

tain
ed

from

th
e

variab
le

ch
osen

b
y

S
D

S
O

M
P

in
iteration

i.
T

h
en

F̂
(D

O
M

P
)

=
∑

di=
1
A

(i).
F

rom
th

e
p
reced

in
g

p
aragrap

h
s,

w
e

ob
tain

A
(i

+
1)≥

p·γ∅
,k

d
·(F̂

(D̂
)−

(1
+

d

p·γ∅
,k
−
d
)

i
∑j=

1

A
(j)).

S
in

ce
th

e
ab

ove
in

eq
u
ality

h
old

s
for

each
iteration

i
=

1
,2
,...,d

,
a

sim
p
le

in
d
u
ctive

p
ro

of
sh

ow
s

th
at

F̂
(D̂

)−
d
∑i=

1

A
(i)≤

F̂
(D̂

)·
(1−

p
γ∅
,k

d
)
d

+
(d−

d
p
γ∅
,k )·

d
∑i=

1

A
(i).

R
earran

gin
g

th
e

term
s

an
d

sim
p
lify

in
g,

w
e

get
th

at

F̂
(D

O
M

P
)

=
d
∑i=

1

A
(i)
≥

F̂
(D̂

)·
(1−

e −
(p·γ∅

,k
))

d−
d
p
γ∅
,k

+
1
≥

F̂
(D
∗)·

(1−
e −

(p·γ∅
,k

))

d−
d
p
γ∅
,k

+
1
,

w
h
ere

th
e

last
in

eq
u
ality

is
d
u
e

to
th

e
op

tim
ality

of
D̂

for
F̂

.

N
ow

,
u
sin

g
L

em
m

a
17

for
each

Z
j

term
,

it
can

b
e

easily
seen

th
at
F̂

(D
∗)≥

γ∅
,k ·F

(D
∗).

S
im

ilarly,
u
sin

g
L

em
m

a
3.3

on
th

e
set

D
O

M
P

,
w

e
h
ave

F
(D

O
M

P
)≥

1
λ
m
a
x
(C
,k

) ·F̂
(D

O
M

P
).

U
sin

g
th

e
ab

ove
in

eq
u
alities,

w
e

th
erefore

get
th

e
d
esired

b
ou

n
d

F
(D

O
M

P
)≥

F
(D
∗)·

γ∅
,k

λ
m

a
x (C

,k
) ·

(1−
e −

(p·γ∅
,k

))

d−
d·p·γ∅

,k
+

1
.

T
h
e

secon
d

in
eq

u
ality

of
th

e
T

h
eorem

n
ow

follow
s

d
irectly

from
L

em
m

a
13.

24
JM

L
R

 19(3):1-34, 2018



A
p
p
r
o
x
im

a
t
e
S
u
b
m
o
d
u
l
a
r
it
y
a
n
d

it
s
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5
.
E
x
p
e
ri
m
e
n
ts

In
th

is
se

ct
io

n
,

w
e

ev
al

u
at

e
F

or
w

ar
d

R
eg

re
ss

io
n

(F
R

)
an

d
O

M
P

em
p
ir

ic
al

ly
,

on
tw

o
re

al
-

w
or

ld
an

d
on

e
sy

n
th

et
ic

d
at

a
se

t.
W

e
co

m
p
ar

e
th

e
tw

o
a
lg

or
it

h
m

s
ag

ai
n
st

an
op

ti
m

al
so

lu
ti

on
(O

P
T

),
co

m
p
u
te

d
u
si

n
g

ex
h
au

st
iv

e
se

ar
ch

,
th

e
ob

li
v
io

u
s

gr
ee

d
y

al
g
or

it
h
m

(O
B

L
),

an
d

th
e

L
1-

re
gu

la
ri

za
ti

on
/L

as
so

(L
1)

al
go

ri
th

m
(i

n
th

e
im

p
le

m
en

ta
ti

on
of

K
oh

et
al

.
(2

00
8)

).
B

ey
on

d
th

e
al

go
ri

th
m

s’
p

er
fo

rm
an

ce
,

w
e

al
so

co
m

p
u
te

th
e

va
ri

ou
s

sp
ec

tr
al

p
ar

am
et

er
s

fr
om

w
h
ic

h
w

e
ca

n
d
er

iv
e

lo
w

er
b

ou
n
d
s.

S
p

ec
ifi

ca
ll
y,

th
es

e
ar

e

1.
th

e
su

b
m

o
d
u
la

ri
ty

ra
ti

o:
γ
S
F
R
,k

,
w

h
er

e
S

F
R

is
th

e
su

b
se

t
se

le
ct

ed
b
y

fo
rw

ar
d

re
gr

es
-

si
on

.

2.
th

e
sm

al
le

st
sp

ar
se

ei
ge

n
va

lu
es
λ

m
in

(C
,k

)
an

d
λ

m
in

(C
,2
k
).

(I
n

so
m

e
ca

se
s,

co
m

p
u
ti

n
g

λ
m

in
(C
,2
k
)

w
as

n
ot

co
m

p
u
ta

ti
on

al
ly

fe
as

ib
le

d
u
e

to
th

e
p
ro

b
le

m
si

ze
.)

3.
th

e
sp

ar
se

in
ve

rs
e

co
n
d
it

io
n

n
u
m

b
er
κ

(C
,k

)−
1
.

A
s

m
en

ti
on

ed
ea

rl
ie

r,
th

e
sp

ar
se

in
-

ve
rs

e
co

n
d
it

io
n

n
u
m

b
er
κ

(C
,k

)
is

st
ro

n
gl

y
re

la
te

d
to

th
e

R
es

tr
ic

te
d

Is
om

et
ry

P
ro

p
er

ty
in

(C
an

d
ès

et
al

.,
20

05
).

4.
th

e
sm

al
le

st
ei

ge
n
va

lu
e
λ

m
in

(C
)

=
λ

m
in

(C
,n

)
of

th
e

en
ti

re
co

va
ri

an
ce

m
at

ri
x
.

T
h
e

ai
m

of
ou

r
ex

p
er

im
en

ts
is

tw
of

ol
d
:

F
ir

st
,

w
e

w
is

h
to

ev
al

u
a
te

w
h
ic

h
am

on
g

th
e

su
b
m

o
d
u
la

r
an

d
sp

ec
tr

al
p
ar

am
et

er
s

ar
e

go
o
d

p
re

d
ic

to
rs

of
th

e
p

er
fo

rm
an

ce
o
f

gr
ee

d
y

al
-

go
ri

th
m

s
in

p
ra

ct
ic

e.
S
ec

on
d
,

w
e

w
is

h
to

h
ig

h
li
g
h
t

h
ow

th
e

th
eo

re
ti

ca
l

b
ou

n
d
s

fo
r

su
b
se

t
se

le
ct

io
n

al
go

ri
th

m
s

re
fl
ec

t
on

th
ei

r
ac

tu
al

p
er

fo
rm

an
ce

.
O

u
r

an
al

y
ti

ca
l

re
su

lt
s

p
re

d
ic

t
th

at
F

or
w

ar
d

R
eg

re
ss

io
n

sh
ou

ld
ou

tp
er

fo
rm

O
M

P
,

w
h
ic

h
in

tu
rn

ou
tp

er
fo

rm
s

O
b
li
v
io

u
s.

F
or

L
as

so
,

it
is

n
ot

k
n
ow

n
w

h
et

h
er

st
ro

n
g

m
u
lt

ip
li
ca

ti
ve

b
ou

n
d
s,

li
ke

th
e

on
es

w
e

p
ro

ve
d

fo
r

F
or

w
ar

d
R

eg
re

ss
io

n
or

O
M

P
,

ca
n

b
e

ob
ta

in
ed

.

5
.1

D
a
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S
e
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B
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se
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ve
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l
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th

e
sp

ec
tr

al
p
ar

am
et

er
s

(a
s

w
el

l
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th
e

o
p
ti

m
u
m

so
lu

ti
on

)
ar

e
N

P
-h

ar
d

to
co

m
p
u
te

,
w

e
re

st
ri

ct
ou

r
ex

p
er

im
en

ts
to

d
at

a
se

ts
w

it
h
n
≤

30
fe

at
u
re

s,
fr

om
w

h
ic

h
k
≤

8
ar

e
to

b
e

se
le

ct
ed

.
W

e
st

re
ss

th
at

th
e

g
re

ed
y

al
go

ri
th

m
s

th
em

se
lv

es
ar

e
ve

ry
effi

ci
en
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rá

k
,

an
d

R
ic

o
Z

en
k
lu

se
n
.

S
u
b
m

o
d
u
la

r
fu

n
ct

io
n

m
a
x
im

iz
a
ti

o
n

v
ia

th
e

m
u
lt

il
in

ea
r

re
la

x
at

io
n

an
d

co
n
te

n
ti

on
re

so
lu

ti
on

sc
h
em

es
.

In
P

ro
c.

4
3
rd

A
C

M
S

ym
p
.

o
n

T
h
eo

ry
o
f

C
o
m

p
u

ti
n

g,
p
ag

es
78

3–
79

2,
20

1
1.

30
JM

L
R

 1
9(

3)
:1

-3
4,

 2
01

8



A
p
p
r
o
x
im

a
t
e
S
u
b
m
o
d
u
l
a
r
it
y
a
n
d

it
s
A
p
p
l
ic
a
t
io
n
s

F
lav

io
C

h
ierich

etti,
A

b
h
im

an
y
u

D
as,

A
n
irb

an
D

asgu
p
ta,

an
d

R
av

i
K

u
m

ar.
A

p
p
rox

im
ate

m
o
d
u
la

rity.
In

P
roc.

5
6
th

IE
E

E
S

ym
p
.

o
n

F
o
u

n
d
a
tio

n
s

o
f

C
o
m

p
u

ter
S

cien
ce,

p
ages

1143–
1
1
6
2
,

2
0
15

.

M
ich

ele
C

o
n
fo

rti
an

d
G

érard
C

orn
u
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·ŷ
|−
|x̂
·y
||

|x̂
·ŷ
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l
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b
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al
si

gn
al

s
an

d
la

te
n
t

st
at

es
ev

ol
ve

in
co

n
ti

n
u
ou

s
ti

m
e;

h
ow

ev
er

,
th

e
ob

se
rv

ed
p
h
y
si

ol
og

ic
al

m
ea

su
re

m
en

ts
ar

e
ga

th
er

ed
at

d
is

cr
et

e
ti

m
e

st
ep

s
th

at
ca

n
d
iff

er
fr

om
on

e
p
h
y
si

ol
og

ic
al

si
gn

al
to

an
ot

h
er

.
(O

n
e

al
te

rn
at

iv
e

v
ie

w
of

su
ch

a
st

ru
ct

u
re

is
to

th
in

k
o
f

a
ti

m
e

se
ri

es
w

it
h

ir
re

gu
la

rl
y

sa
m

p
le

d
m

u
lt

id
im

en
si

on
al

m
ea

su
re

m
en

ts
an

d
w

it
h

m
is

si
n
g

d
at

a
in

ev
er

y
m

ea
su

re
m

en
t

(L
ip

to
n

et
al

.
(2

01
6)

).
W

e
d
o

n
ot

ad
d
re

ss
d
at

a
th

a
t

is
m

is
si

n
g

n
o
t

at
ra

n
d
om

3
.

A
d

et
a
il

ed
d

es
cr

ip
ti

o
n

fo
r

th
e

d
a
ta

in
v
o
lv

ed
in

th
is

p
a
p

er
is

p
ro

v
id

ed
in

S
ec

ti
o
n

5
.

4
.

W
h

il
e

F
ig

u
re

1
il

lu
st

ra
te

s
a

sh
o
rt

-t
er

m
ep

is
o
d

e
fo

r
a

cr
it

ic
a
l

ca
re

p
a
ti

en
t,

si
m

il
a
r

eff
ec

ts
a
re

ex
p

er
ie

n
ce

d
in

lo
n

g
it

u
d

in
a
l

ep
is

o
d

es
fo

r
p

a
ti

en
ts

w
it

h
ch

ro
n

ic
d

is
ea

se
(s

ee
F

ig
u

re
4

in
(W

a
n

g
et

a
l.

(2
0
1
4
))

).
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A
l
a
a
a
n
d

v
a
n
d
e
r
S
c
h
a
a
r

in
th

is
p
ap

er
.)

T
h
e

in
te

rv
al

s
b

et
w

ee
n

ob
se

rv
ed

m
ea

su
re

m
en

ts
ca

n
va

ry
q
u
it

e
si

g
n
ifi

ca
n
tl

y
;

as
w

e
ca

n
se

e
in

F
ig

u
re

2,
th

e
sy

st
ol

ic
b
lo

o
d

p
re

ss
u
re

fo
r

a
p
at

ie
n
t

w
h
o

st
ay

ed
in

a
w

a
rd

fo
r

14
0

h
ou

rs
ex

h
ib

it
s

an
en

ti
re

d
ay

w
it

h
ou

t
m

ea
su

re
m

en
ts

5
.

T
h
is

m
ea

n
s

th
at

th
e

p
a
ti

en
t

m
ay

en
co

u
n
te

r
m

u
lt

ip
le

h
id

d
en

st
at

e
tr

an
si

ti
o
n
s

w
it

h
ou

t
an

y
as

so
ci

at
ed

ob
se

rv
ed

d
a
ta

.
T

h
es

e
eff

ec
ts

m
ak

e
le

ar
n
in

g
an

d
in

fe
re

n
ce

p
ro

b
le

m
s

m
or

e
co

m
p
li
ca

te
d

si
n
ce

th
e

in
fe

re
n
ce

a
lg

o-
ri

th
m

s
n
ee

d
to

co
n
si

d
er

p
ot

en
ti

al
u
n
ob

se
rv

ed
tr

a
je

ct
or

ie
s

of
st

a
te

ev
ol

u
ti

on
b

et
w

ee
n

ev
er

y
tw

o
ti

m
es

ta
m

p
s.

T
h
is

ch
al

le
n
ge

h
as

b
ee

n
re

ce
n
tl

y
ad

d
re

ss
ed

in
(N

o
d
el

m
an

et
a
l.

(2
0
1
2
);

W
an

g
et

al
.

(2
01

4)
;

L
iu

et
al

.
(2

01
5)

),
b
u
t

on
ly

on
th

e
b
as

is
of

m
em

or
y
le

ss
M

a
rk

ov
ch

a
in

m
o
d
el

s
fo

r
th

e
h
id

d
en

st
at

es
,

fo
r

w
h
ic

h
tr

ac
ta

b
le

in
fe

re
n
ce

s
th

at
re

ly
on

th
e

so
lu

ti
o
n
s

to
C

h
ap

m
an

-K
ol

m
og

or
ov

eq
u
at

io
n
s

ca
n

b
e

ex
ec

u
te

d
.

H
ow

ev
er

,
in

co
rp

or
at

in
g

n
o
n
-s

ta
ti

o
n
a
ri

ty
in

st
at

e
tr

an
si

ti
on

s
(i

.e
.

ad
d
re

ss
in

g
ch

al
le

n
ge

(A
))

w
ou

ld
m

ak
e

th
e

p
ro

b
le

m
o
f

re
a
so

n
in

g
ab

ou
t

a
co

n
ti

n
u
ou

s-
ti

m
e

p
ro

ce
ss

th
ro

u
gh

d
is

cr
et

e
ob

se
rv

at
io

n
s

m
u
ch

m
or

e
co

m
p
li
ca

te
d
.

(D
)

L
a
ck

o
f

su
p

e
rv

is
io

n
:

T
h
e

ep
is

o
d
es

in
th

e
E

H
R

m
ay

b
e

la
b

el
ed

w
it

h
th

e
a
id

o
f

d
om

ai
n

k
n
ow

le
d
ge

(e
.g

.
th

e
st

ag
es

an
d

sy
m

p
to

m
s

of
so

m
e

ch
ro

n
ic

d
is

ea
se

s,
su

ch
a
s

ch
ro

n
ic

k
id

n
ey

d
is

ea
se

(E
d
d
y

an
d

N
ei

ls
on

(2
00

6)
),

ar
e

k
n
ow

n
to

cl
in

ic
ia

n
s

an
d

m
ay

b
e

p
ro

v
id

ed
in

th
e

E
H

R
).

H
ow

ev
er

,
in

m
an

y
ca

se
s,

in
cl

u
d
in

g
th

e
ca

se
of

(p
os

t
or

p
re

-o
p

er
a
ti

ve
)

cr
it

ic
al

ca
re

,
w

e
d
o

n
ot

h
av

e
ac

ce
ss

to
an

y
la

b
el

s
fo

r
th

e
p
at

ie
n
ts

’
st

at
es

.
H

en
ce

,
u
n
su

p
er

v
is

ed
le

a
rn

-
in

g
ap

p
ro

ac
h
es

n
ee

d
to

b
e

u
se

d
fo

r
le

a
rn

in
g

m
o
d
el

p
ar

am
et

er
s

fr
om

E
H

R
ep

is
o
d
es

.
W

h
il
e

u
n
su

p
er

v
is

ed
le

ar
n
in

g
of

d
is

cr
et

e-
ti

m
e

H
M

M
s

h
as

b
ee

n
ex

te
n
si

ve
ly

st
u
d
ie

d
a
n
d

is
w

el
l

u
n
-

d
er

st
o
o
d

(e
.g

.
th

e
B

au
m

-W
el

ch
E

M
al

go
ri

th
m

is
p
re

d
om

in
an

t
in

su
ch

se
tt

in
g
s

(Z
h
a
n
g

et
al

.
(2

00
1)

;
Y

u
(2

01
0)

;
R

ab
in

er
(1

98
9)

))
,

th
e

p
ro

b
le

m
of

u
n
su

p
er

v
is

ed
le

ar
n
in

g
o
f

co
n
ti

n
u
o
u
s-

ti
m

e
m

o
d
el

s
fo

r
w

h
ic

h
b

ot
h

th
e

p
at

ie
n
t’

s
st

at
es

an
d

st
at

e
tr

an
si

ti
on

ti
m

es
ar

e
h
id

d
en

is
fa

r
le

ss
u
n
d
er

st
o
o
d
,

an
d

in
d
ee

d
fa

r
m

or
e

co
m

p
li
ca

te
d
.

(E
)

C
e
n

so
re

d
o
b

se
rv

a
ti

o
n

s:
E

p
is

o
d
es

in
th

e
E

H
R

ar
e

u
su

al
ly

te
rm

in
a
te

d
b
y

a
n

in
-

fo
rm

at
iv

e
in

te
rv

en
ti

on
or

ev
en

t,
su

ch
as

d
ea

th
,

IC
U

ad
m

is
si

on
,

d
is

ch
ar

ge
,

et
c.

T
h
is

is
k
n
ow

n
as

in
fo

rm
a
ti

ve
ce

n
so

ri
n

g
(S

ch
ar

fs
te

in
an

d
R

ob
in

s
(2

00
2)

;
H

u
an

g
an

d
W

o
lf

e
(2

0
0
2)

;
L

in
k

(1
98

9)
).

U
n
li
ke

cl
as

si
ca

l
H

M
M

se
tt

in
gs

w
h
er

e
tr

ai
n
in

g
se

ts
co

m
p
ri

se
fi
x
ed

le
n
g
th

,
or

ar
b
it

ra
ri

ly
-c

en
so

re
d
,

H
M

M
se

q
u
en

ce
in

st
an

ce
s,

a
ty

p
ic

al
E

H
R

d
at

as
et

w
ou

ld
co

m
p
ri

se
a

se
t

of
ep

is
o
d
es

w
it

h
d
iff

er
en

t
d
u
ra

ti
on

s,
an

d
th

e
d
u
ra

ti
on

of
ea

ch
ep

is
o
d
es

is
it

se
lf

in
fo

rm
a
ti

ve
of

th
e

st
at

e
tr

a
je

ct
or

y.
L

ea
rn

in
g

in
su

ch
se

tt
in

gs
re

q
u
ir

es
al

go
ri

th
m

s
th

at
ca

n
effi

ci
en

tl
y

co
m

p
u
te

th
e

li
ke

li
h
o
o
d

of
ob

se
rv

in
g

a
se

t
of

ep
is

o
d
es

co
n
d
it

io
n
ed

on
th

ei
r

d
u
ra

ti
o
n
s

a
n
d

te
rm

in
at

in
g

st
at

es
.

1
.2

S
u

m
m

a
ry

o
f

C
o
n
tr

ib
u

ti
o
n

s

In
or

d
er

to
ad

d
re

ss
th

e
ch

al
le

n
ge

s
ab

ov
e,

w
e

d
ev

el
op

a
n
ew

m
o
d
el

–w
h
ic

h
w

e
ca

ll
th

e
H

id
d
en

A
bs

o
rb

in
g

S
em

i-
M

a
rk

o
v

M
od

el
(H

A
S
M

M
)–

as
a

ve
rs

at
il
e

ge
n
er

at
iv

e
m

o
d
el

fo
r

a
p
a
ti

en
t’

s
(p

h
y
si

ol
og

ic
al

)
ep

is
o
d
e

as
re

co
rd

ed
in

th
e

E
H

R
.
T

h
e

H
A

S
M

M
ca

p
tu

re
s

n
on

-s
ta

ti
o
n
a
ry

tr
a
n
-

si
ti

on
s

fo
r

a
p
at

ie
n
t’

s
cl

in
ic

al
st

at
e

v
ia

a
co

n
ti

n
u
ou

s-
ti

m
e

se
m

i-
M

ar
ko

v
m

o
d
el

w
it

h
ex

p
li
ci

tl
y

sp
ec

ifi
ed

st
at

e
so

jo
u
rn

ti
m

e
d
is

tr
ib

u
ti

on
s.

In
fo

rm
at

iv
e

ce
n
so

ri
n
g

is
ca

p
tu

re
d

v
ia

a
b
so

rb
in

g
st

at
es

th
at

d
es

ig
n
at

e
cl

in
ic

al
en

d
p

oi
n
t

ou
tc

om
es

(e
.g

.
ca

rd
ia

c
ar

re
st

,
m

or
ta

li
ty

,
re

co
ve

ry
,

5
.

T
h

is
m

ay
h
av

e
re

su
lt

ed
d

u
e

to
th

e
p

a
ti

en
t

u
n

d
er

g
o
in

g
a

su
rg

er
y

o
r

a
n

in
te

rv
en

ti
o
n

,
o
r

b
ec

a
u

se
th

e
E

H
R

re
co

rd
in

g
sy

st
em

a
cc

id
en

ta
ll

y
d

id
n

o
t

re
ce

iv
e

th
e

d
a
ta

fr
o
m

th
e

cl
in

ic
ia

n
s

d
u

ri
n

g
th

a
t

d
ay

.
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A
n
H
A
S
M
M

M
o
d
e
l
f
o
r
In

f
o
r
m
a
t
iv
e
ly

C
e
n
so

r
e
d

T
e
m
p
o
r
a
l
D
a
t
a

etc);
en

terin
g

a
n

ab
sorb

in
g

state
of

an
H

A
S
M

M
stim

u
lates

cen
sorin

g
even

ts
(e.g.

clin
ical

d
eterio

ra
tio

n
lead

s
to

an
IC

U
ad

m
ission

w
h
ich

term
in

ates
th

e
p
h
y
siological

ob
servation

s
fo

r
a

m
o
n
ito

red
p
atien

t
in

a
w

ard
,

etc).
O

b
servab

le
variab

les
are

m
o
d
eled

v
ia

a
m

u
lti-task

G
a
u
ssia

n
p
ro

cess
(B

on
illa

et
al.

(2007)),
for

w
h
ich

th
e

ob
servation

tim
es

(i.e.
fo

llow
u
p

v
isits,

v
ita

l
sig

n
gath

erin
g,

lab
tests,

etc)
are

m
o
d
eled

as
a

p
oin

t
p
ro

cess.
U

sin
g

m
u
lti-task

G
a
u
ssia

n
p
ro

cess
w

ith
state-d

ep
en

d
en

t
h
y
p

er-p
aram

eters,
an

H
A

S
M

M
accou

n
ts

for
b

o
th

co
rrela

tio
n
s

a
m

on
g

d
iff

eren
t

p
h
y
siological

variab
les,

in
ad

d
ition

to
th

e
tem

p
oral

correlation
s

a
m

o
n
g

th
e

o
b
servation

variab
les

th
at

are
gen

erated
b
y

th
e

sam
e

h
id

d
en

state
d
u
rin

g
its

so-
jo

u
rn

p
erio

d
.

In
th

at
sen

se,
an

H
A

S
M

M
is

a
segm

en
t

m
o
d
el

(O
sten

d
orf

et
al.

(199
6))

an
d

a
lso

a
sta

te-sw
itch

in
g

m
o
d
el

(F
ox

et
al.

(2011a))).

T
o

a
llow

fo
r

real-tim
e

in
feren

ce
of

a
p
atien

t’s
state,

w
e

d
evelop

a
forw

ard
-fi

lterin
g

H
A

S
M

M
in

feren
ce

algorith
m

th
at

can
estim

ate
a

p
atien

t’s
laten

t
state

u
sin

g
h
er

h
isto

ry
o
f

irreg
u
la

rly
sam

p
led

p
h
y
siological

m
easu

rem
en

ts.
T

h
e

in
feren

ce
algorith

m
op

erates
b
y

co
n
stru

ctin
g

a
v
irtu

al,
d
iscrete-tim

e
em

bed
d
ed

M
a
rko

v
ch

a
in

th
at

fu
lly

d
escrib

es
th

e
p
a-

tien
t’s

sta
te

tran
sition

s
at

ob
servation

tim
es.

T
h
e

em
b

ed
d
ed

M
arkov

ch
ain

is
con

stru
cted

in
a
n

o
ffl

in
e

sta
ge

b
y

solv
in

g
a

sy
stem

of
V

o
lterra

in
tegra

l
equ

a
tio

n
s

o
f

th
e

seco
n

d
kin

d
u
sin

g
th

e
su

ccessive
a
p
p
ro

xim
a
tio

n
m

eth
o
d
;

th
e

solu
tion

to
th

is
sy

stem
of

eq
u
ation

s,
w

h
ich

p
aral-

lels
th

e
C

h
a
p
m

a
n
-K

olm
ogorov

eq
u
ation

s
in

ord
in

ary
M

arkov
ch

a
in

s,
d
escrib

e
th

e
H

A
S
M

M
’s

sem
i-M

a
rkov

ia
n

state
tran

sition
s

as
ob

served
at

arb
itrarily

selected
d
iscrete

tim
estam

p
s.

O
ffl

in
e

lea
rn

in
g

of
th

e
H

A
S
M

M
m

o
d
el

p
aram

eters
from

p
atien

ts’
ep

iso
d
es

in
an

E
H

R
is

a
d
a
u
n
tin

g
task

.
S
in

ce
th

e
H

A
S
M

M
is

a
con

tin
u
ou

s-tim
e

m
o
d
el,

w
e

can
n
ot

d
irectly

u
se

th
e

cla
ssica

l
B

a
u
m

-W
elch

E
M

algorith
m

s
for

learn
in

g
its

p
aram

eters
(R

ab
in

er
(1989)).

M
ore-

over,
th

e
sem

i-M
arkov

ian
ity

of
an

H
A

S
M

M
y
ield

s
an

in
tractab

le
in

tegral
in

th
e

E
-step

of
th

e
E

x
p

ecta
tio

n
-M

ax
im

ization
(E

M
)

form
u
lation

.
S
in
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ḡ
ij (s)

is
th

e
p
rob

ab
ility

m
ass

fu
n
ction

th
at

refl
ects

th
e

p
rob

ab
ility

th
at

a
p
a
tien

t’s
n
ex

t
state

b
ein

g
j

given
th

at
sh

e
w

as
at

state
i

an
d

h
er

so
jou

rn
tim

e
in
i

is
less

th
an

(o
r

eq
u
al

to)
s.

B
ased

on
(3),

w
e

d
efi

n
e

th
e

sem
i-M

a
rko

v
tra

n
sitio

n
kern

el
as

a
m

atrix
-valu

ed
fu

n
ction

Q
:R

+
→

[0,1] N
×
N

th
at

d
escrib

es
th

e
d
y
n
am

ics
of
X

(t)
in

con
tin

u
ou

s
tim

e,
w

ith
en

tries
Q

(s)
=

(Q
ij (s))

i,j∈X
th

at
are

given
b
y

Q
ij (s)

=
ḡ
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=
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.
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p
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p
u
ti

n
g

th
e

jo
in

t
p
ro

b
ab

il
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p
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b
ab

il
it

y
of

th
e

p
at

ie
n
t’

s
cl

in
ic

al
st

at
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p
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b
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a
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=
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d
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d
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=
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∈
T n
′ ,
{y

(t
u
)}
m u

=
1
|T

),
(8

)

fo
r

so
m

e
n
,n
′
∈
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e

fo
rw

ar
d

m
es

sa
ge

α
m

(j
,w
|T

)
is

si
m

-
p
ly

th
e

jo
in

t
p
ro

b
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b
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∈
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=
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=
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p
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=
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=
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=
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=
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︸
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︸
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−
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︸
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1
2 (τ,¯ s,s̄)

p̃
2
2 (τ,¯ s,s̄)

···
p̃
N

2 (τ,¯ s,s̄)
...

...
...

p̃
1
N

(τ,¯ s,s̄)
p̃

2
N

(τ,¯ s,s̄)
···

p̃
N
N

(τ,¯ s,s̄)



︸
︷︷

︸
S
ize

N
×
N

m
atrix

.

In
a
d
d
itio

n
,

w
e

d
efi

n
e

a
tru

n
ca

ted
sem

i-M
a
rko

v
kern

el
as

Q̄
ij (τ,¯ s,s̄)

=

∫
s̄

s=
¯ s (ḡ

ij (τ
+
s)−

ḡ
ij (s))

·
V
i (τ

+
s|λ

i )−
V
i (s|λ

i )

1−
V
i (s|λ

i )
·
d
V
i (s|λ

i ),

a
sca

la
r-va

lu
ed

fu
n
ction

Q̄
i (τ,¯ s,s̄)

=
∑

j∈X
\{
i}
Q̄
ij (τ,¯ s,s̄),

an
d

a
m

atrix
-va

lu
ed

fu
n
ctio

n

Q̄
(τ,¯ s,s̄)

=



0
Q̄

2
1 (τ,¯ s,s̄)

···
Q̄
N

1 (τ,¯ s,s̄)
Q̄

1
2 (τ,¯ s,s̄)

0
···

Q̄
N

2 (τ,¯ s,s̄)
...

...
...

Q̄
1
N

(τ,¯ s,s̄)
Q̄

2
N

(τ,¯ s,s̄)
···

0



︸
︷︷

︸
S
ize

N
×
N

m
a
trix

.

T
h

e
o
re

m
1

(In
te

rv
a
l

tra
n

sitio
n

p
ro

b
a
b

ilitie
s)

L
et

P̃
(τ,¯ s,s̄)

be
th

e
so

lu
tio

n
to

th
e

fo
l-

lo
w

in
g

in
tegra

l
equ

a
tio

n

P̃
(τ,¯ s,s̄)

=
I
N
×
N
−

d
iag (Q̄

1 (τ,¯ s,s̄),...,Q̄
N

(τ,¯ s,s̄) )
+

∫
τ

u
=

0

∂
Q̄

(u
,¯ s,s̄)

∂
u

×
P̃

(τ−
u
,0
,0)

d
u
,

(1
1)

fo
r

th
e

th
ree

in
d
epen

d
en

t
va

ria
bles

(τ,¯ s,s̄)
∈
S

.
T

h
en

,
th

e
in

terva
l

tra
n

sitio
n

p
ro

ba
bility

p
ij

is
given

by
p
ij (tm

−
tm
−
w
,ψ

(m
−
w
,w
′))

=
p̃
ij (τ,¯ s,s̄),∀

i,j
∈
X
,

a
t
τ

=
tm
−
tm
−
w
,

¯ s
=
tm
−
tm
−
w

+
1 ,

a
n

d
s̄

=
tm
−
tm
−
w

+
w
′.

P
ro

o
f

S
ee

A
p
pen

d
ix

B
.

T
h
eo

rem
1

follow
s

from
a

fi
rst-step

a
n

a
lysis

th
at

is
ak

in
to

th
e

d
erivation

of
th

e
con

v
en

tion
al

C
h
a
p
m

a
n
-K

o
lm

ogorov
eq

u
ation

s
in

ord
in

ary
M

ark
ov

ch
a
in

s
(K

u
lkarn

i
(1996)).

T
h
e

in
teg

ral
eq

u
a
tio

n
in

(11
)

is
a

(m
atrix

-valu
ed

)
n
on

-h
om

ogen
eou

s
V

o
lterra

in
tegra

l
equ

a
tio

n
o
f

th
e

seco
n

d
kin

d
(P

o
lyan

in
an

d
M

an
zh

irov
(2008)).

It
can

b
e

easily
d
em

on
stra

ted
th

at
a

clo
sed

-
fo

rm
so

lu
tio

n
th

at
h
in

ges
on

con
ven

tion
al

kern
el

m
eth

o
d
s

can
n
ot

b
e

ob
ta

in
ed

.
H

en
ce,

w
e
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A
l
a
a
a
n
d

v
a
n
d
e
r
S
c
h
a
a
r

resort
to

a
n
u
m

erical
m

eth
o
d

in
ord

er
to

solve
(1

1)
for

P̃
(τ,¯ s,s̄),∀

(τ,¯ s,s̄)
∈
S

.
B

efore
p
resen

tin
g

th
e

n
u
m

erical
m

eth
o
d
,

w
e

reform
u
late

(11)
as

follow
s

P̃
(τ,¯ s,s̄)

=
I
N
×
N
−

d
iag (Q̄

1 (τ,¯ s,s̄),...,Q̄
N

(τ,¯ s,s̄) )
+

(
∂
Q̄

(.,¯ s,s̄)

∂
u

?
P̃

(.,0
,0) )

(τ
),

(12)

w
h
ere

?
is

an
elem

en
t-w

ise
con

v
olu

tion
op

erator.
(12)

follow
s

from
(11)

b
y

th
e

fact
th

at
th

e
in

tegral
in

(11)
is

a
con

volu
tion

in
tegral;

(12)
can

b
e

ex
p
ressed

as
follow

s

P̃
(τ,¯ s,s̄)

=
B{

Q̄
(τ,¯ s,s̄)}

(P̃
(τ,¯ s,s̄)),

(13)

w
h
ere

th
e

(fu
n
ction

al)
op

eratorB{
Q
}
(P̃

)
is

given
b
y

B{
Q̄

(τ,¯ s,s̄)}
(P̃

(τ,¯ s,s̄))
=

I
N
×
N
−

d
iag (Q̄

1 (τ,¯ s,s̄),...,Q̄
N

(τ,¯ s,s̄) )
+

F
−

1 {
F

{
∂
Q̄

(τ,¯ s,s̄)

∂
τ

}
·

F
{

P̃
(τ,0

,0) } }
,

(14)

w
h
ere

F
is

th
e

F
ou

rier
tran

sform
op

erato
r,

an
d

th
e

tran
sform

s
in

(14)
are

all
taken

w
ith

resp
ect

to
τ
.

T
h
e

solu
tion

to
(13)

can
b

e
ob

tain
ed

v
ia

th
e

su
ccessive

a
p
p
ro

xim
a
tio

n
m

eth
o
d

(O
p
ial

(1967))
as

follow
s.

W
e

in
itialize

th
e

fu
n
ction

P̃
(τ,¯ s,s̄)

w
ith

th
e

tru
n
cated

sem
i-M

arkov
kern

el 1
6

Q̄
(τ,¯ s,s̄),

an
d

th
en

iteratively
ap

p
ly

th
e

op
eratorB

(.)
to

ob
tain

a
n
ew

valu
e

for
P̃

(τ,¯ s,s̄)
u
n
til

con
vergen

ce.
T

h
at

is,
th

e
su

ccessive
ap

p
rox

im
ation

p
ro

ced
u
re

go
es

as
follow

s

P̃
o(τ,¯ s,s̄)

=
Q̄

(τ,¯ s,s̄)

W
h
ile
∥∥∥

P̃
z(τ,¯ s,s̄)−

P̃
z−

1(τ,¯ s,s̄) ∥∥∥∞
>
ε

P̃
z(τ,¯ s,s̄)

=
B{

Q̄
(τ,¯ s,s̄)}

(P̃
z−

1(τ,¯ s,s̄)).

(15)

T
h
e

follow
in

g
T

h
eorem

estab
lish

es
th

e
valid

ity
o
f

th
e

p
ro

ced
u
re

in
(15)

as
a

solver
for

(13).
B

efore
p
resen

tin
g

th
e

statem
en

t
of

T
h
eorem

2,
w

e
d
efi

n
e

th
e

fu
n
ction

sp
ace
P

as
follow

s

P
=


P̃

(τ,¯ s,s̄)
:
p̃
ij (τ,¯ s,s̄)∈

[0,1], ∑

j

p̃
ij (τ,¯ s,s̄)

=
1,p̃

ij (0,¯ s,s̄)
=
δ
ij ,(τ,¯ s,s̄)∈

S 
,

w
h
ere

δ
ij

is
th

e
K

ron
ecker

d
elta

fu
n
ction

.

T
h

e
o
re

m
2

(C
o
n
v
e
rg

e
n

c
e

o
f

su
c
c
e
ssiv

e
a
p

p
ro

x
im

a
tio

n
s)

T
h
e

fu
n

ctio
n

a
l
B{

Q̄
}
(P̃

)
h
a
s

a
u

n
iqu

e
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xed
-po

in
t
P̃
∗
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P
,

a
n

d
th

e
su

ccessive
a
p
p
ro

xim
a
tio

n
p
roced

u
re

in
(1

5
)

a
lw

a
ys

co
n

verges
to

th
e

fi
xed

po
in

t,
i.e.

P̃
∞

(τ,¯ s,s̄)
=

P̃
∗(τ,¯ s,s̄),

sta
rtin

g
fro

m
a
n

y
in

itia
l

va
lu

e
P̃
o(τ,¯ s,s̄)∈

P
.

P
ro

o
f

S
ee

A
p
pen

d
ix

C
.

1
6
.
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h
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so
n

a
b

le
in

itia
liza

tio
n

sin
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e

en
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o
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e
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a
rk
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th
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b
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o
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n
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o
n
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e
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m
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te
i
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j.
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C
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r
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1
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1
:

p
ro

c
e
d

u
re

T
r
a
n
s
i
t
i
o
n
L
o
o
k
U
p
(Γ

,
ε)

2
:

In
p

u
t:

H
A

S
M

M
p
ar

am
et

er
s

Γ
an

d
p
re

ci
si

on
ε

3
:

O
u

tp
u

t:
A

lo
ok

-u
p

ta
b
le

[p̃
ij

(a
∆
τ,
b∆

¯s
,c

∆
s̄)

] i
,j
,a
,b
,c

4
:

S
et

th
e

va
lu

es
of
A
,B

an
d
C

(n
u
m

b
er

of
st

ep
s)

,
∆
τ

(s
te

p
si

ze
s)

5
:

fo
r
a

=
1

to
A

,
b

=
1

to
B

,
c

=
1

to
C

d
o

6
:

g
τ ij

(a
∆
τ
)
←
∑

a x
=

1
e(
η
ij

+
β
ij
x
∆
τ
)

∑
N k
=

1
e(
η
ik

+
β
ik
x
∆
τ
)

(
1

Γ
(λ
i,
s
)
λ
λ
i,
s

i,
r

(x
∆
τ
)λ
i,
s
−

1
e−

x
∆
τ

λ
i,
r

)
∆
τ

7
:

g
s ij

(a
∆
s)
←
∑

a x
=

1
e(
η
ij

+
β
ij
x
∆
s
)

∑
N k
=

1
e(
η
ik

+
β
ik
x
∆
s
)

(
1

Γ
(λ
i,
s
)
λ
λ
i,
s

i,
r

(x
∆
s)
λ
i,
s
−

1
e−

x
∆
s

λ
i,
r

)
∆
s

8
:

Q̄
ij

(a
∆
τ,
b∆

¯s
,c

∆
s̄)
←
∑

c x
=
b

(g
τ ij

(a
∆
τ
)−
g
s ij

(x
∆
s)

)
(V
i
(a

∆
τ
|λ
i
)−
V
i
(x

∆
s|
λ
i
))

1
−
V
i
(x

∆
s|
λ
i
)

v i
(x

∆
s|λ

i)
9
:

e
n

d
fo

r
1
0
:

e
=
ε

+
1

1
1
:

z
←

1
1
2
:

p̃
(o

)
ij

(a
∆
τ,
b∆

¯s
,c

∆
s̄)
←
Q̄
ij

(a
∆
τ,
b∆

¯s
,c

∆
s̄)
,
∀a
,b
,c
,i
,j
.

1
3
:

w
h

il
e
e
>
ε

d
o

1
4
:

C
Q
i,
j,
k
(a

∆
τ,
b∆

¯s
,c

∆
s̄)
←

1
5
:

IF
F

T
( F

F
T
( d

iff
( Q̄

ik
(a

∆
τ,
b∆

¯s
,c

∆
s̄)
))
,F

F
T
( p̃

(z
−

1
)

jk
(a

∆
τ,
b∆

¯s
,c

∆
s̄)
))

,

1
6
:

p̃
(z

)
ij

(a
∆
τ,
b∆

¯s
,c

∆
s̄)
←
δ i
j
Q̄
ij

(a
∆
τ,
b∆

¯s
,c

∆
s̄)

+
∑

N k
=

1
C
Q
i,
j,
k
(a

∆
τ,
b∆

¯s
,c

∆
s̄)

1
7
:

P̃
(z

) (a
∆
τ,
b∆

¯s
,c

∆
s̄)

=
[ p̃

(z
)

ij
(a

∆
τ,
b∆

¯s
,c

∆
s̄)

)] i,
j,
a
,b
,c

1
8
:

e
←
∥ ∥ ∥P̃

(z
) (a

∆
τ,
b∆

¯s
,c

∆
s̄)
−

P̃
(z
−

1
) (a

∆
τ,
b∆

¯s
,c

∆
s̄)
∥ ∥ ∥ ∞

1
9
:

z
←
z

+
1

2
0
:

e
n

d
w

h
il
e

2
1
:

re
tu

rn
P̃

(z
) (a

∆
τ,
b∆

¯s
,c

∆
s̄)

2
2
:

e
n

d
p

ro
c
e
d

u
re

It
is

im
p

or
ta

n
t

to
n
ot

e
th

at
w

e
d
o

n
ot

n
ee

d
to

so
lv

e
fo

r
P̃

(τ
, ¯s
,s̄

)
d
u
ri

n
g

re
al

-t
im

e
in

fe
r-

en
ce

.
In

st
ea

d
,

w
e

cr
ea

te
a

lo
ok

-u
p

ta
b
le

co
m

p
ri

si
n
g

a
d
is

cr
et

iz
ed

ve
rs

io
n

of
P̃

(τ
, ¯s
,s̄

)
=

[p̃
ij

(a
∆
τ,
b∆

¯s
,c

∆
s̄)

)]
i,
j,
a
,b
,c

,
an

d
th

en
w

e
q
u
er

y
th

is
ta

b
le

w
h
en

p
er

fo
rm

in
g

re
al

-t
im

e
in

-
fe

re
n
ce

fo
r

m
on

it
or

ed
p
at

ie
n
ts

.
H

en
ce

,
effi

ci
en

t
an

d
fa

st
in

fe
re

n
ce

s
ca

n
b

e
p
ro

v
id

ed
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r
cr

it
ic
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at

ie
n
ts

fo
r

w
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p
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e
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in
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rv
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s.
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h
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1
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ow
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u
d
o
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d
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r

co
n
st

ru
ct

in
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a
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b
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in
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al
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p
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il
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ie
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T
r
a
n
s
i
t
i
o
n
L
o
o
k
U
p
(Γ
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,
w

h
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h
ta

k
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an
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p
u
t
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e

p
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a
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et
er
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t

Γ
an

d
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p
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at
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at
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u
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e
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te
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ti
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s

lo
ok

-u
p

ta
b
le
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, ¯s
,s̄

).
In

A
lg

or
it

h
m

1,
F

F
T

an
d

IF
F

T
re

fe
r
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th

e
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F
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er
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or
m
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er

at
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n
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d
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s
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an
d

“d
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a
n
u
m
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d
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n
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at
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n
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m
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p
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∆
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p
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m
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a
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p
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m
in

g
(b

y
v
ir

tu
e

of
th
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p
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ic

al
st

at
e

in

21
JM

L
R

 1
9(

4)
:1

-6
2,

 2
01

8

A
l
a
a
a
n
d

v
a
n
d
e
r
S
c
h
a
a
r

A
lg

o
ri

th
m

2
F

or
w

ar
d

fi
lt

er
in

g
in

fe
re

n
ce

1
:

p
ro

c
e
d

u
re

F
o
r
w
a
r
d
F
i
l
t
e
r
(Γ

,
{y

(t
w

)}
m w

=
1
,
ε)

2
:

In
p

u
t:

O
b
se

rv
ed

sa
m

p
le

s
{y

(t
w

)}
m w

=
1
,

H
A

S
M

M
p
ar

am
et

er
s

Γ
,

an
d

p
re

ci
si

o
n
ε

3
:

O
u

tp
u

t:
T

h
e

p
os

te
ri

or
st

at
e

d
is

tr
ib

u
ti

on
{P

(X
(t
m

)
=
j
|{
y
(t
w

)}
m w

=
1
)}
N j=

1

4
:

P̃
(a

∆
τ,
b∆

¯s
,c

∆
s̄)
←

T
r
a
n
s
i
t
i
o
n
L
o
o
k
U
p
(Γ

,
ε)

5
:

α
1
(j
,1

)
=
d
P(
y
(t

1
)
|X

(t
1
)

=
j)
∑

N i=
1
p̃
ij

(t
1
,0
,0

)
·p

o i
,
∀j
∈
X

6
:

fo
r
j

=
1

to
N

7
:

fo
r
z

=
2

to
m

d
o

8
:

fo
r
w

=
1

to
z

d
o

9
:

a
∗ (
z
,w

)
=

ar
g

m
in
a
|t z
−
t z
−
w
−
a
∆
τ
|

1
0
:

b∗
(z
,w

)
=

ar
g

m
in
b
|t z
−
t z
−
w

+
1
−
b∆

¯s
|

1
1
:

c∗
(z
,w
,w
′ )

=
ar

g
m

in
c

∣ ∣ t z
−
t z
−
w
−
w
′
−
c∆
s̄∣ ∣

1
2
:

α
z
(j
,w

)
=
d
P(
{y

(t
u
)}
z u

=
z
−
w

+
1
|X

(t
z
)

=
j)
∑

N i=
1

∑
z
−
w

w
′ =

1
α
z
−
w

(i
,w
′ )
×

p̃
ij

(a
∗ (
z
,w

)∆
τ,
b∗

(z
,w

)∆
¯s
,c
∗ (
z
,w
,w
′ )∆

s̄)
×

(V
j
(t
z
−
t z
−
w
|λ
j
)
−
V
j
(t
z
−
t z
−
w

+
1
|λ
j
))

1
3
:

e
n

d
fo

r
1
4
:

e
n

d
fo

r
1
5
:

P(
X

(t
m

)
=
j
|{
y
(t
u
)}
m u

=
1
)

=
∑
m w

=
1
α
m

(j
,w

)
∑
N k
=

1

∑
m w

=
1
α
m

(k
,w

)

1
6
:

re
tu

rn
{P

(X
(t
m

)
=
j
|{
y
(t
w

)}
m w

=
1
)}
N j=

1

1
7
:

e
n

d
p

ro
c
e
d

u
re

te
rm

s
of

th
e

fo
rw

ar
d

m
es

sa
ge

s
ca

n
b

e
w

ri
tt

en
as

P(
X

(t
m

)
=
j
|y

(t
1
),
..
.,
y
(t
m

))
=

∑
m w

=
1
α
m

(j
,w

)
∑

N k
=

1

∑
m w

=
1
α
m

(k
,w

).
(1

6
)

A
lg

or
it

h
m

2,
F
o
r
w
a
r
d
F
i
l
t
e
r
,

im
p
le

m
en

ts
re

al
-t

im
e

in
fe

re
n
ce

of
a

p
at

ie
n
t’

s
cl

in
ic

a
l

st
a
te

gi
ve

n
a

se
q
u
en

ce
of

m
ea

su
re

m
en

ts
{y

(t
1
),
..
.,
y
(t
m

)}
.

In
A

lg
or

it
h
m

2,
w

e
in

vo
ke

T
r
a
n
s
i
t
i
o
n
L
o
o
k
U
p

in
it

ia
ll
y

to
co

n
st

ru
ct

th
e

lo
ok

-u
p

ta
b
le

of
tr

an
si

ti
on

p
ro

b
ab

il
it

ie
s,

b
u
t

in
p
ra

ct
ic

e,
th

e
lo

o
k
-

u
p

ta
b
le

ca
n

b
e

co
n
st

ru
ct

ed
in

an
offl

in
e

st
ag

e
on

ce
th

e
H

A
S
M

M
p
ar

am
et

er
se

t
Γ

is
k
n
ow

n
.

T
h

e
n
u

m
b

e
r

o
f

c
o
m

p
u

ta
ti

o
n

s
c
a
n

b
e

re
d

u
c
e
d

b
y

li
m

it
in

g
th

e
la

g
s
w

fo
r

e
v
e
ry

fo
rw

a
rd

m
e
ss

a
g
e
α
m

(j
,w

)
to

a
m

a
x
im

u
m

o
f
W

la
g
s.

Ig
n

o
ri

n
g

th
e

c
o
m

p
u
ta

ti
o
n

s
in

v
o
lv

e
d

in
e
v
a
lu

a
ti

n
g

th
e

G
P

li
k
e
li

h
o
o
d

s,
th

e
c
o
m

p
le

x
it

y
o
f
F
o
r
w
a
r
d
F
i
l
t
e
r

is
O

(m
W
N

+
m
N

2
).

S
in

c
e

e
v
a
lu

a
ti

n
g

th
e

G
P

li
k
e
li
h

o
o
d

s
is

c
u

b
ic

in
th

e
n
u

m
-

b
e
r

o
f

o
b

se
rv

a
ti

o
n

s,
th

e
w

o
rs

t
c
a
se

t
c
o
m

p
le

x
it

y
o
f
F
o
r
w
a
r
d
F
i
l
t
e
r

is
O

((
m
W
N

+
m
N

2
)W

3
).

(I
n

m
o
st

p
ra

c
ti

c
a
l

c
li
n

ic
a
l

se
tt

in
g
s

o
f

in
te

re
st

,
th

e
n
u

m
b

e
r

o
f

o
b

se
r-

v
a
ti

o
n

s
W

c
a
n

b
e

re
st

ri
c
te

d
to

in
c
lu

d
e

th
e

m
o
st

re
c
e
n
t

fe
w

sa
m

p
le

s.
)

3
.3

P
ro

g
n

o
st

ic
ri

sk
sc

o
ri

n
g

u
si

n
g

a
n

H
A

S
M

M

D
ia

gn
os

ti
c

in
fe

re
n
ce

,
e.

g.
es

ti
m

at
in

g
th

e
p
at

ie
n
t’

s
cu

rr
en

t
st

at
e

af
te

r
a

sc
re

en
in

g
te

st
,
ca

n
b

e
co

n
d
u
ct

ed
b
y

a
d
ir

ec
t

ap
p
li
ca

ti
on

of
th

e
fo

rw
ar

d
fi
lt

er
in

g
al

go
ri

th
m

p
re

se
n
te

d
in

th
e

p
re

v
io

u
s

S
u
b
se

ct
io

n
.

P
ro

gn
os

ti
c

ri
sk

sc
or

in
g

p
la

y
s

an
im

p
or

ta
n
t

ro
le

in
d
es

ig
n
in

g
sc

re
en

in
g

g
u
id

el
in

es
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A
n
H
A
S
M
M

M
o
d
e
l
f
o
r
In

f
o
r
m
a
t
iv
e
ly

C
e
n
so

r
e
d

T
e
m
p
o
r
a
l
D
a
t
a

(G
a
il

a
n
d

M
a
i

(2010)),
acu

te
care

in
terven

tion
s

(K
n
au

s
et

al.
(1985))

an
d

su
rgical

d
ecision

s
(F

o
u
ch

er
et

a
l.

(2007)).
A

risk
score

is
a

m
easu

re
for

th
e

p
atien

t’s
risk

of
en

cou
n
terin

g
an

a
d
verse

even
t

(ab
stracted

as
state

N
in

ou
r

m
o
d
el)

at
an

y
fu

tu
re

tim
e

step
startin

g
from

tim
e
tm

.
T

h
a
t

is,
th

e
p
atien

t’s
risk

score
at

tim
e
tm

can
b

e
fo

rm
u
lated

as

R
(tm

)
=

P
(A

N
|{y

(tu )}
mu

=
1 ,Γ

)

=
1−

P
(X

(∞
)

=
N
|{y

(tu )}
mu

=
1 ,Γ

),
(17)

w
h
ich

ca
n

b
e

com
p
u
ted

u
sin

g
th

e
ou

tp
u
ts

of
T
r
a
n
s
i
t
i
o
n
L
o
o
k
U
p

an
d
F
o
r
w
a
r
d
F
i
l
t
e
r

as
fo

llow
s

R
(tm

)
=

N
∑j=

1

p̃
jN

(A
,0
,0)
·

∑
mw

=
1
α
m

(j,w
)

∑
Nk
=

1 ∑
mw

=
1
α
m

(k
,w

) .
(18)

T
h
erefo

re,
th

e
p
ro

ced
u
res

T
r
a
n
s
i
t
i
o
n
L
o
o
k
U
p

an
d
F
o
r
w
a
r
d
F
i
l
t
e
r

su
ffi

ce
for

ex
ecu

tin
g

b
oth

th
e

d
ia

g
n
o
stic

a
n
d

p
rogn

ostic
in

feren
ce

task
s.

4
.
L
e
a
rn

in
g
H
id
d
e
n
A
b
so

rb
in
g
S
e
m
i-M

a
rk

o
v
M

o
d
e
ls

In
S
ectio

n
3
.1

,
w

e
d
evelop

ed
an

in
feren

ce
algorith

m
th

at
can

h
an

d
le

d
iag

n
ostic

an
d

p
rog-

n
o
stic

ta
sk

s
fo

r
p
atien

ts
in

real-tim
e

assu
m

in
g

th
at

th
e

tru
e

H
A

S
M

M
p
aram

eter
set

Γ
is

k
n
ow

n
.

In
p
ra

ctice,
th

e
p
aram

eter
set

Γ
is

n
ot

k
n
ow

n
,

an
d

h
as

to
b

e
learn

ed
from

an
o
ffl

in
e

E
H

R
d
a
tasetD

th
at

com
p
rises

D
ep

iso
d
es

for
p
rev

iou
sly

h
osp

italized
o
r

m
on

itored
p
a
tien

ts,
i.e.

D
=
{{y

dm
,t dm }

M
d

m
=

1 ,T
dc ,l d }

Dd
=

1
,

w
h
ere{

y
dm
,t dm }

M
d

m
=

1
are

th
e

ob
servab

le
variab

les
an

d
sam

p
lin

g
tim

es
for

th
e
d
th

ep
iso

d
e,
T
dc

is
th

e
ep

iso
d
e’s

cen
sorin

g
tim

e,
an

d
l d∈
{1
,N
}

is
a

lab
el

for
th

e
realized

ab
sorb

in
g

state.

W
e

n
o
te

th
at

u
n
like

th
e

con
v
en

tion
al

H
M

M
learn

in
g

settin
g

(R
ab

in
er

(1989);
Z

h
an

g
et

al.
(2

0
0
1
);

N
o
d
elm

an
et

al.
(2012)),

th
e

ep
iso

d
es

are
n
ot

of
eq

u
al-len

g
th

as
th

e
ob

serva
tion

s
fo

r
ev

ery
ep

iso
d
e

stop
at

a
ran

d
om

,
b
u
t

in
form

ativ
e,

cen
sorin

g
tim

e.
T

h
u
s,

th
e

p
atien

t’s
sta

te
tra

jecto
ry

d
o
es

n
ot

m
an

ifest
on

ly
in

th
e

ob
servab

le
tim

e
series,

i.e.{y
dm
,t dm }

M
d

m
=

1 ,
b
u
t

a
lso

in
th

e
ep

iso
d
e’s

cen
sorin

g
variab

les
{T

dc ,l d}
.

In
th

is
S
ection

,
w

e
d
ev

elop
a
n

effi
cien

t
a
lg

o
rith

m
,

w
h
ich

w
e

call
th

e
fo

rw
a
rd

-fi
lterin

g
ba

ckw
a
rd

-sa
m

p
lin

g
M

o
n

te
C

a
rlo

E
M

(F
F

B
S
-

M
C

E
M

)
alg

o
rith

m
,

th
at

com
p
u
tes

th
e

M
ax

im
u
m

L
ikelih

o
o
d

(M
L

)
estim

ate
of

Γ
given

an
in

fo
rm

a
tively

cen
sored

d
atasetD

,
i.e.

Γ
∗

=
arg

m
ax

Γ
Λ

(D
|Γ

),
w

h
ere

Λ
(D
|Γ

)
=
dP

(D
|Γ

)
is

th
e

likelih
o
o
d

of
th

e
d
ataset

D
given

th
e

p
aram

eter
set

Γ
.

W
e

start
b
y

p
resen

tin
g

th
e

lea
rn

in
g

setu
p

in
S
ection

4.1,
an

d
th

en
w

e
p
resen

t
th

e
F

F
B

S
-M

C
E

M
algorith

m
S
ectio

n
4.3.

4
.1

T
h

e
L

e
a
rn

in
g

S
e
tu

p

W
e

fo
cu

s
o
n

th
e

ch
allen

gin
g

scen
ario

w
h
en

n
o

d
om

ain
k
n
ow

led
ge

or
d
iagn

ostic
assessm

en
ts

fo
r

th
e

p
a
tien

ts’
laten

t
states

are
p
rov

id
ed

in
th

e
d
a
taset

1
7
D

(w
ith

th
e

ex
cep

tion
of

1
7
.

F
o
r

so
m

e
settin

g
s,

su
ch

a
s

ch
ro

n
ic

k
id

n
ey

d
isea

se
p

ro
g
ressio

n
estim

a
tio

n
(E

d
d

y
a
n

d
N

eilso
n

(2
0
0
6
)),

th
e

E
H

R
reco

rd
s

m
ay

in
clu

d
e

so
m

e
a
n

ch
o
rs

o
r

a
ssessm

en
ts

to
th

e
la

ten
t

sta
tes

ov
er

tim
e.

A
sim

p
ler

v
ersio

n
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A
l
a
a
a
n
d

v
a
n
d
e
r
S
c
h
a
a
r

th
e

ab
sorb

in
g

state
w

h
ich

is
d
eclared

b
y

th
e

va
riab

le
l d),

i.e.
th

e
learn

in
g

setu
p

is
an

u
n

su
pervised

on
e.

F
or

su
ch

a
scen

ario,
th

e
m

ain
ch

allen
ge

in
con

stru
ctin

g
th

e
M

L
estim

ator
Γ
∗

resid
es

in
th

e
h
id

d
en

n
ess

of
th

e
p
atien

ts’
state

tra
jectories

in
th

e
train

in
g

d
ata

setD
;

th
e

d
atasetD

con
tain

s
on

ly
th

e
seq

u
en

ce
of

ob
servab

le
variab

les,
th

eir
resp

ective
ob

serva
tion

tim
es,

th
e

ep
iso

d
e’s

cen
sorin

g
tim

e
an

d
th

e
state

in
w

h
ich

th
e

tra
jectory

w
as

ab
sorb

ed
.

If
th

e
p
atien

ts’
laten

t
state

tra
jectories

(X
(t))

t∈
R

+
w

ere
ob

served
in
D

,
th

e
M

L
estim

ation
p
rob

lem
Γ
∗

=
arg

m
ax

Γ
P

(D
|Γ

)
w

ou
ld

h
ave

b
een

straigh
tforw

ard
;

th
e

h
id

d
en

n
ess

of
(X

(t))
t∈

R
+

en
tails

th
e

n
eed

for
m

argin
alizin

g
ov

er
th

e
sp

ace
of

all
p

ossib
le

laten
t

tra
jectories

con
d
ition

ed
on

th
e

ob
served

variab
les,

w
h
ich

is
a

h
ard

task
even

for
con

ven
tion

al
C

T
-H

M
M

m
o
d
els

(L
iu

et
al.

(2015);
N

o
d
elm

an
et

al.
(2012);

L
eiva-M

u
rillo

et
al.

(2011);
M

etzn
er

et
al.

(2007)).
W

e
start

b
y

w
ritin

g
th

e
com

p
lete

likelih
o
o
d
,

i.e.
th

e
likelih

o
o
d

of
an

H
A

S
M

M
w

ith
a

p
aram

eter
set

Γ
to

gen
erate

b
oth

th
e

h
id

d
en

states
tra

jectory{x
dn
,s
dn }

k
d

n
=

1
an

d
th

e
o
b
servab

le

variab
les{

y
dm
,t dm }

M
d

m
=

1
for

th
e
d
th

ep
iso

d
e

in
th

e
d
atasetD

a
s

follow
s

dP
({
x
dn
,s
dn }

k
d

n
=

1 ,{
y
dm
,t dm }

M
d

m
=

1 ∣∣∣
Γ )

=
P

(x
d1 |Γ

)
·
dP

(s
d1 |x

d1 ,Γ
)
·
dP

({
y
dm
,t dm }

t
dm
∈T

d1 |x
d1 ,Γ

)×
k
d
∏n
=

2 P
(x
dn |x

dn−
1 ,s

dn−
1 ,Γ

)
·
dP

(s
dn |x

dn
,Γ

)
·
dP

({y
dm
,t dm }

t
dm
∈T

dn |x
dn
,Γ

),
(19)

w
h
ere

k
d

is
th

e
n
u
m

b
er

of
states

th
at

realized
in

ep
iso

d
e
d

from
t

=
0

u
n
til

ab
sorp

-
tion

.
T

h
e

factorization
in

(19)
follow

s
from
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,Γ̂

z
−

1
)

=
d
P(
{x

d n
,s
d n
}k

d

n
=
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d c
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;Γ̂
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d m
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d c
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d m
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d c
)

=
ld

)
fo

r
on

e
ep

is
o
d
e,

an
d

a
p

ot
en

ti
a
l

la
te

n
t

p
a
th

{x
d n
,s
d n
}k

d

n
=
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;Γ̂
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re
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b
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;Γ̂
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w
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p
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e
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th
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A
n
H
A
S
M
M
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o
d
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l
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r
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r
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a
t
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C
e
n
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r
e
d
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e
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p
o
r
a
l
D
a
t
a
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n
d

u
se
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tra
jectories
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a
M

on
te

C
arlo
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p
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ation

Û
G
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;Γ̂
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e
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l
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g
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;Γ̂
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n
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f
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jecto
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con
d
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o
n
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e
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e
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b
le
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-
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d
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g
th
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sorin
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h
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e
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th
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tra
jectory
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d
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k
d
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n
=

1
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d
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d
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=
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x
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=
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d
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=

1 ,x
d(T
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l d,Γ̂
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∈
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;Γ̂
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Û
G

(Γ
;Γ̂

z−
1)

as
follow

s

Û
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;Γ̂
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=
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=
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p
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p
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;Γ̂
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p
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ra
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b
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b
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d
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p
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=
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p
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p
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p
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=
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b
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h
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h
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b
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d
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p
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=
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re
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in
g

(G
o
d
sill

et
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p
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p
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con
d
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b
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p
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con
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b
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=
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︸
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d
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d
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to
factors

in
w

h
ich

th
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d
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=
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=
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︸
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=
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p
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=
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=
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=
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=
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Table2:Characteristicsofthepatientcohortunderstudy

PhysiologicaldataICD-9codes’distribution

VitalsignsLabtests

DiastolicbloodpressureChloride

786.05 (7%)

401.9 (6%)

38.9 (5%)

995.91 (5%)

789 (5%)

780.6 (5%)

486 (5%)

584.9 (5%)

599 (4%)

780.97 (4%)

285.9 (4%)

786.5 (4%)

585 (3%)

780.79 (3%)

578 (3%)

428 (3%)

427.31 (3%)

787.01 (3%)

Other (22.5%)

EyeopeningGlucose
GlasgowcomascalescoreUreaNitrogen

HeartrateWhitebloodcellcount
RespiratoryrateCreatinine

TemperatureHemoglobin
O2DeviceAssistancePlateletCount

O2SaturationPotassium
BestmotorresponseSaturationSodium
BestverbalresponseTotalCO2

Systolicbloodpressure

ICD-9codes

(786.05)ShortnessofBreath
(401.9)Hypertension
(38.9)Septicemia

(995.91)Sepsis
(789)Abdomenandpelvis

(780.6)Fever
(486)Pneumonia

(584.9)RenalfailureBaselinePatientCharacteristics(with95%CI)

(599)Urethraandurinaryattack•Genderdistribution(Malepercentage)
(780.97)Alteredmentalstatus(Training:50.31%1.4%-Testing:51.16%2.92%)
(285.9)Anemia•Transfersfromotherhospitals
(786.5)Chestpain(Training:11.88%0.94%-Testing:11.08%1.95%)
(585)Chronicrenalfailure•Averageage

(780.79)Malaiseandfatigue(Training:58.90.55years-Testing:59.371.11years)
(578)Gastrointestinalhemorrhage•Patientswithchemotherapy
(428)Heartfailure(Training:0.688%0.272%-Testing:1.558%0.9%)

(427.31)Atrialfibrillation•Patientswithstemcelltransplants
(787.01)Nausea(Training:0.121%0.8%-Testing:0.008%0.004%)
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ep

en
d

h
ea

v
il
y

on
w

h
et

h
er

on
e

m
ak

es
th

e
cl

as
si

ca
l

th
eo

re
ti

ca
l

as
su

m
p
ti

on
th

at
p
/n
→

0
or

in
st

ea
d

as
su

m
es
p
/n
→

κ
∈

(0
,1

)
(s

ee
S
ec

ti
o
n

1
.2

a
n
d

A
p
-

p
en

d
ix

A
an

d
re

fe
re

n
ce

s
th

er
ei

n
).

B
u
t

fr
om

th
e

st
an

d
p

o
in

t
of

p
ra

ct
ic

al
u
sa

ge
o
n

m
o
d
er

a
te

-
si

ze
d

d
at

a
se

ts
(i

.e
.,
n

an
d
p

b
ot

h
m

o
d
er

at
el

y
si

ze
d

w
it

h
p
<
n

),
it

is
n
ot

a
lw

ay
s

o
b
v
io

u
s

w
h
ic

h
as

su
m

p
ti

on
is

ju
st

ifi
ed

.
W

or
k
in

g
in

th
e

h
ig

h
-d

im
en

si
on

al
re

gi
m

e
of
p
/
n
→
κ
∈

(0
,1

)
ca

p
tu

re
s

b
et

te
r

th
e

co
m

p
le

x
it

y
en

co
u
n
te

re
d

ev
en

in
re

as
on

ab
ly

lo
w

-d
im

en
si

o
n
a
l

p
ra

ct
ic

e
th

an
u
si

n
g

th
e

cl
as

si
ca

l
as

su
m

p
ti

on
p
/n
→

0.
In

fa
ct

,
as

y
m

p
to

ti
c

p
re

d
ic

ti
on

s
b
a
se

d
o
n

th
e

2
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L
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C
a
n
W

e
T
r
u
st

t
h
e
B
o
o
t
st

r
a
p
in

H
ig
h
-d

im
e
n
sio

n
s?

h
igh

-d
im

en
sio

n
al

assu
m

p
tion

can
w

ork
su

rp
risin

gly
w

ell
in

very
low

-d
im

en
sion

(see
J
oh

n
-

sto
n
e,

2
0
0
1
).

F
u
rth

erm
ore,

in
th

ese
h
igh

-d
im

en
sion

al
settin

gs,
w

h
ere

m
u
ch

is
still

u
n
k
n
ow

n
th

eo
retica

lly,
th

e
b

o
otstrap

is
a

n
atu

ral
an

d
com

p
ellin

g
altern

ative
to

asy
m

p
totic

a
n
aly

sis.

A
n
o
th

er
m

otivation
for

ou
r

in
vestigatio

n
is

th
at

of
v
ery

large
scale

ap
p
lication

s
(C

h
ap

elle
et

a
l.,

2
0
1
4;

C
riteo,

2017;
L

an
gford

et
al.,

2007),
w

h
ere

on
e

m
igh

t
resort

to
su

b
sa

m
p
lin

g
m

eth
o
d
s

o
r

recen
t

varian
ts

like
th

e
b
ag-o

f-little-b
o
o
tstrap

s
(K

lein
er

et
al.,

2014)
for

u
n
-

certa
in

ty
a
ssessm

en
t.

S
u
b
sam

p
lin

g
is

also
very

com
m

on
ly

u
sed

in
th

is
settin

g
for

sim
p
le

co
m

p
u
ta

tio
n
a
l

sp
eed

-u
p
.

In
su

ch
cases,

even
if

on
e

h
ad

started
w

ith
a

d
ata

set
w

h
ere

p
�

n
,

a
fter

su
b
sam

p
lin

g
on

e
often

en
d
s

u
p

w
ith

p
com

p
arab

le
to

n
on

th
e

su
b
sam

p
les

w
h
ere

b
o
o
tstra

p
-like

com
p
u
tation

s
are

p
erform

ed
.

It
is

th
erefore

im
p

ortan
t

to
k
n
ow

if
th

e
b

o
o
tstrap

a
n
d

oth
er

resam
p
lin

g
p
lan

s
p

erform
w

ell
w

h
en

p
is

co
m

p
arab

le
to
n

.

D
efi

n
in

g
su

ccess:
a
ccu

ra
te

in
feren

ce
o
n
β

1
T

h
e

com
m

on
th

eo
retical

d
efi

n
ition

of
w

h
eth

er
th

e
b

o
o
tstra

p
“
w

ork
s”

is
th

at
th

e
b

o
otstrap

d
istrib

u
tion

of
th

e
en

tire
b

o
otstra

p
estim

ate
β̂
∗ρ

co
n
verges

co
n
d
ition

ally
alm

ost
su

rely
to

th
e

sam
p
lin

g
d
istrib

u
tion

of
th

e
estim

ator
β̂
ρ

(see
e.g

.,
va

n
d
er

V
aart,

1998).
T

h
e

w
ork

of
B

ickel
an

d
F

reed
m

an
(1983

)
on

th
e

resid
u
al

b
o
o
tstra

p
fo

r
least

sq
u
ares

regression
,
w

h
ich

w
e

d
iscu

ss
in

th
e

b
ack

grou
n
d

section
1.2,

sh
ow

s
th

a
t

th
is

th
eo

retical
req

u
irem

en
t

is
n
ot

fu
lfi

lled
even

for
th

e
sim

p
le

p
rob

lem
of

least
sq

u
ares

reg
ressio

n
.

In
th

is
p
a
p

er,
w

e
ch

o
ose

to
fo

cu
s

on
ly

on
accu

rate
in

feren
ce

for
th

e
p
ro

jection
of

ou
r

p
a
ra

m
eter

o
n

a
p
re-sp

ecifi
ed

d
irection

υ
.

M
ore

sp
ecifi

cally,
w

e
con

cen
trate

on
ly

on
w

h
eth

er
th

e
b

o
o
tstra

p
g
ives

accu
rate

con
fi
d
en

ce
in

tervals
for

υ
′β

.
W

e
th

in
k

th
at

th
is

is
th

e
ab

solu
te

m
in

im
a
l

req
u
irem

en
t

w
e

can
ask

of
a

b
o
otstrap

in
feren

tial
m

eth
o
d
,

as
w

ell
as

on
e

th
at

is
m

ea
n
in

g
fu

l
from

th
e

stan
d
p

oin
t

of
ap

p
lied

statistics.
T

h
is

is
of

cou
rse

a
m

u
ch

less
strin

gen
t

req
u
irem

en
t

th
a
n

p
erform

in
g

w
ell

on
com

p
licated

fu
n
ction

als
of

th
e

w
h
ole

p
aram

eter
vector,

w
h
ich

is
th

e
im

p
licit

d
em

an
d

of
stan

d
ard

d
efi

n
ition

s
of

b
o
otstrap

su
ccess.

F
or

th
is

rea
son

,
w

e
fo

cu
s

th
rou

g
h
ou

t
th

e
ex

p
osition

on
in

feren
ce

for
β

1
(th

e
fi
rst

elem
en

t
of
β

)
as

an
ex

am
p
le

o
f

a
p
re-d

efi
n
ed

d
irection

of
in

terest
(w

h
ere

β
1

corresp
o
n
d
s

to
ch

o
o
sin

g
υ

=
e

1 ,
th

e
fi
rst

ca
n
o
n
ica

l
b
a
sis

vector).

W
e

n
o
te

th
a
t

con
sid

erin
g

th
e

asy
m

p
totic

b
eh

av
ior

of
υ
′β

as
p
/n
→
κ
∈

(0,1)
im

p
lies

th
at

υ
=
υ

(p
)

ch
a
n
g
es

w
ith

p
.

B
y

“p
re-d

efi
n
ed

”
w

e
w

ill
m

ean
sim

p
ly

a
d
eterm

in
istic

seq
u
en

ce
o
f

d
irectio

n
s
υ

(p
).

W
e

w
ill

con
tin

u
e

to
su

p
p
ress

th
e

d
ep

en
d
en

ce
on

p
in

w
ritin

g
υ

in
w

h
at

fo
llow

s
fo

r
th

e
sake

of
clarity.

1
.1

O
rg

a
n

iz
a
tio

n
a
n

d
M

a
in

R
e
su

lts
o
f

th
e

P
a
p

e
r

In
S
ectio

n
2

w
e

d
em

on
strate

th
at

in
h
igh

d
im

en
sion

s
resid

u
al-b

o
otstrap

resam
p
lin

g
resu

lts
in

ex
trem

ely
p

o
or

in
feren

ce
on

th
e

co
ord

in
ates

of
β
ρ

w
ith

error
rates

m
u
ch

h
igh

er
th

an
th

e
rep

o
rted

T
y
p

e
I

error.
W

e
sh

ow
th

at
th

e
error

in
in

feren
ce

b
ased

on
resid

u
a
l

b
o
otstrap

resa
m

p
lin

g
is

d
u
e

to
th

e
fact

th
at

th
e

d
istrib

u
tion

of
th

e
resid

u
als

e
i

are
a

p
o
or

estim
ate

o
f

th
e

d
istrib

u
tion

of
ε
i ;

w
e

fu
rth

er
illu

strate
th

at
com

m
on

m
eth

o
d
s

of
stan

d
ard

izin
g

th
e
e
i

d
o

n
o
t

so
lve

th
e

p
rob

lem
for

gen
eral

ρ
.

W
e

p
ro

p
ose

tw
o

n
ew

d
im

en
sion

-ad
ap

tiv
e

m
eth

o
d
s

o
f

resid
u
al

resa
m

p
lin

g
th

at
ap

p
ear

p
rom

isin
g

for
u
se

in
b

o
otstrap

p
in

g
lin

ear
m

o
d
els.

W
e

a
lso

p
rov

id
e

so
m

e
th

eoretical
resu

lts
for

th
e

b
eh

av
ior

of
th

is
m

eth
o
d

as
p
/n
→

1.

In
S
ectio

n
3

w
e

ex
am

in
e

pa
irs-boo

tstra
p

resa
m

p
lin

g
an

d
sh

ow
th

at
con

fi
d
en

ce
in

tervals
b
a
sed

o
n

b
o
o
tstrap

p
in

g
th

e
p
airs

also
p

erform
very

p
o
orly.

U
n
like

in
th

e
resid

u
al-b

o
otstrap

3
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E
l
K
a
r
o
u
i
a
n
d

P
u
r
d
o
m

case
d
iscu

ssed
in

S
ection

2,
th

e
con

fi
d
en

ce
in

terva
ls

ob
tain

ed
from

th
e

p
airs-b

o
otstrap

are
in

stead
con

servative
to

th
e

p
oin

t
of

b
ein

g
n
on

-in
form

a
tive.

T
h
is

resu
lts

in
a

d
ram

atic
loss

of
p

ow
er.

W
e

p
rove

in
th

e
case

of
L

2
loss,

i.e.,
ρ
(x

)
=
x

2,
th

at
th

e
varian

ce
of

th
e

b
o
otstrap

p
ed

v ′β̂
∗

is
greater

th
an

th
at

of
v ′β̂

,
lead

in
g

to
th

e
overly

con
servative

p
erform

an
ce

w
e

see
in

sim
u
lation

s.
W

e
d
em

on
strate

th
at

a
d
iff

eren
t

resam
p
lin

g
sch

em
e

w
e

p
rop

ose
can

p
rov

id
e

accu
rate

con
fi
d
en

ce
in

tervals
in

m
o
d
erately

h
igh

d
im

en
sion

s.

In
S
ection

4,
w

e
d
iscu

ss
an

oth
er

resam
p
lin

g
sch

em
e,

th
e

jack
k
n
ife.

W
e

fo
cu

s
on

th
e

jack
k
n
ife

estim
ate

of
varian

ce
an

d
sh

ow
th

at
it

h
as

sim
ilarly

p
o
o
r

b
eh

av
io

r
in

h
igh

d
im

en
-

sion
s.

In
th

e
case

of
L

2
loss

w
ith

G
au

ssia
n

d
esign

m
atrices,

w
e

fu
rth

er
p
rove

th
at

th
e

jack
k
n
ife

estim
ator

ov
er

estim
ates

th
e

varian
ce

of
ou

r
estim

ator
b
y

a
factor

o
f

1/(1−
p
/n

);
w

e
also

p
rov

id
e

correction
s

for
oth

er
losses

th
at

im
p
rove

th
e

jack
k
n
ife

estim
ate

of
varian

ce
in

m
o
d
erately

h
igh

d
im

en
sion

s.

W
e

rely
on

sim
u
lation

resu
lts

to
d
em

on
strate

th
e

p
ractical

im
p
act

of
th

e
failu

re
of

th
e

b
o
otstrap

.
T

h
e

settin
gs

for
ou

r
sim

u
lation

s
an

d
corresp

on
d
in

g
th

eoretical
an

aly
ses

are
id

e-
alized

,
w

ith
ou

t
m

an
y

of
th

e
com

m
on

settin
gs

of
h
eterosked

asticity,
d
ep

en
d
en

cy,
ou

tliers
an

d
so

forth
th

at
are

k
n
ow

n
to

b
e

a
p
rob

lem
for

b
o
otstrap

p
in

g.
T

h
is

is
in

ten
tion

al,
sin

ce
even

th
ese

id
ealized

settin
gs

are
su

ffi
cien

t
to

d
em

on
strate

th
at

th
e

stan
d
ard

b
o
otstrap

m
eth

o
d
s

h
ave

p
o
or

p
erform

an
ce.

F
or

b
rev

ity,
w

e
give

on
ly

b
rief

d
escrip

tion
s

of
th

e
sim

u
la

tion
s

in
w

h
at

follow
s;

d
etailed

d
escrip

tion
s

can
b

e
fou

n
d

in
A

p
p

en
d
ix

D
.1.

S
im

ilarly,
w

e
fo

cu
s

on
th

e
b
asic

im
p
lem

en
tation

s
o
f

th
e

b
o
otstrap

for
lin

ear
m

o
d
els.

W
h
ile

th
ere

are
m

an
y

p
rop

osed
altern

atives
(often

for
sp

ecifi
c

lo
ss

fu
n
ctio

n
s

or
ty

p
es

of
d
ata),

th
e

stan
d
ard

m
eth

o
d
s

w
e

stu
d
y

are
m

ost
com

m
on

ly
u
sed

an
d

recom
m

en
d
ed

in
p
rac-

tice.
F

u
rth

erm
ore,

to
ou

r
k
n
ow

led
ge

n
on

e
of

th
e

altern
ativ

e
b

o
otstrap

m
eth

o
d
s

w
e

h
av

e
seen

sp
ecifi

cally
ad

d
ress

th
e

u
n
d
erly

in
g

th
eoretical

p
rob

lem
s

th
at

ap
p

ear
in

h
igh

d
im

en
sion

s
w

ith
ou

t
m

ak
in

g
low

-d
im

en
sion

al
assu

m
p
tion

s
ab

ou
t

eith
er

th
e

d
esign

m
atrix

or
th

e
sp

a
rsity

of
β

,
an

d
th

erefore
are

likely
to

su
ff

er
from

th
e

sam
e

fate
as

stan
d
ard

m
eth

o
d
s.

W
e

n
ote

th
at

in
tru

ly
large

scale
ap

p
lication

s,
sp

arsity
assu

m
p
tion

s
are

n
ot

alw
ay

s
m

ad
e

b
y

p
ractition

ers
(C

h
ap

elle
et

al.,
2014;

L
an

gford
et

a
l.,

20
07;

C
riteo

,
201

7)
an

d
it

is
h
en

ce
n
atu

ral
to

stu
d
y

th
e

p
erform

an
ce

of
estim

ators
ou

tsid
e

of
sp

arse
settin

gs.
W

e
h
ave

also
ex

p
erim

en
ted

w
ith

m
ore

com
p
licated

w
ay

s
to

b
u
ild

con
fi
d
en

ce
in

tervals
(e.g.,

b
ias

correction
m

eth
o
d
s),

b
u
t

h
ave

fou
n
d

th
eir

p
erform

an
ce

to
b

e
erratic

in
h
igh

-d
im

en
sion

an
d

off
er

n
o

im
p
rovem

en
t.

W
e

fi
rst

give
som

e
b
ack

grou
n
d

reg
ard

in
g

th
e

b
o
otstrap

an
d

estim
ation

of
lin

ear
m

o
d
els

in
h
igh

d
im

en
sion

s
b

efore
p
resen

tin
g

ou
r

n
ew

resu
lts.

1
.2

B
a
ck

g
ro

u
n

d
:

In
fe

re
n

c
e

U
sin

g
th

e
B

o
o
tstra

p

W
e

con
sid

er
th

e
settin

g
y
i

=
β
′X

i
+
ε
i ,

w
h
ere

E
(ε
i )

=
0

an
d

var
(ε
i )

=
σ

2ε .
T

h
e

vecto
r
β

is
estim

ated
as

m
in

im
izin

g
th

e
average

loss,

β̂
ρ

=
argm

in
b∈

R
p

n
∑i=

1

ρ
(y
i −

X
′i b),

(1)

w
h
ere

ρ
d
efi

n
es

th
e

loss
fu

n
ction

for
a

sin
gle

ob
servation

.
T

h
e

fu
n
ction

ρ
is

assu
m

ed
to

b
e

con
vex

in
all

th
e

p
ap

er.
C

om
m

on
ch

oices
are

ρ
(x

)
=
x

2,
i.e.,

least-sq
u
ares,

ρ
(x

)
=
|x|,

w
h
ich

d
efi

n
es
L

1
regression

,
or

H
u
b

er
k

loss
w

h
ere

ρ
(x

)
=

(x
2/

2)1|x|<
k

+
(k|x|−

k
2/2)1|x|≥

k .
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C
a
n
W

e
T
r
u
st

t
h
e
B
o
o
t
st

r
a
p
in

H
ig
h
-d

im
e
n
si
o
n
s?

B
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m

p
ar

at
iv

el
y

d
iff

u
se

si
gn

al
in
β

,
w

h
er

e
th

er
e

is
n
o

re
d
u
ct

io
n

of
th

e
h
ig

h
-d

im
en

si
o
n
a
l

p
ro

b
le

m
to

a
lo

w
-d

im
en

si
on

al
ap

p
ro

x
im

at
io

n
.

T
h
e

ro
le

o
f

th
e

d
is

tr
ib

u
ti

o
n

o
f
X

A
n

im
p

or
ta

n
t

co
n
si

d
er

at
io

n
in

in
te

rp
re

ti
n
g

th
eo

re
ti

ca
l

w
or

k
on

li
n
ea

r
m

o
d
el

s
in

h
ig

h
d
im

en
si

on
s

is
th

e
ro

le
of

th
e

d
es

ig
n

m
at

ri
x
X

.
In

cl
a
ss

ic
a
l

as
y
m

p
to

ti
c

th
eo

ry
,

th
e

re
su

lt
s

ca
n

b
e

st
at

ed
co

n
d
it

io
n
al

ly
on

X
so

th
at

th
e

a
ss

u
m

p
ti

o
n
s

ca
n

b
e

st
at

ed
in

te
rm

s
of

co
n
d
it

io
n
s

th
at

ca
n

b
e

ev
al

u
at

ed
on

an
y

ob
se

rv
ed

d
es

ig
n

m
a
tr

ix
X

.
In

th
e

h
ig

h
d
im

en
si

on
al

se
tt

in
g,

th
e

av
ai

la
b
le

th
eo

re
ti

ca
l

to
ol

s
d
o

n
ot

ye
t

a
ll
ow

fo
r

an
as

y
m

p
to

ti
c

an
al

y
si

s
co

n
d
it

io
n
al

on
X

;
in

st
ea

d
th

e
re

su
lt

s
m

ak
e

as
su

m
p
ti

o
n
s

a
b

o
u
t

th
e

d
is

tr
ib

u
ti

on
of

th
e

en
tr

ie
s

of
X

.
T

h
eo

re
ti

ca
l

w
or

k
in

th
e

n
as

ce
n
t

li
te

ra
tu

re
fo

r
th

e
h
ig

h
d
im

en
si

on
al

se
tt

in
g

u
su

al
ly

al
lo

w
s

fo
r

a
fa

ir
ly

ge
n
er

al
cl

as
s

of
d
is

tr
ib

u
ti

on
s

fo
r

th
e

in
d
iv

id
u
al

el
em

en
ts

of
X
i

an
d

ca
n

h
an

d
le

co
va

ri
an

ce
b

et
w

ee
n

th
e

p
re

d
ic

to
r

va
ri

ab
le

s.
H

ow
ev

er
,

th
e

X
i’

s
ar

e
ge

n
er

al
ly

co
n
si

d
er

ed
i.
i.
d
.,

w
h
ic

h
li
m

it
s

th
e

ab
il
it

y
of

an
y
X
i

to
b

e
to

o
in

fl
u
en

ti
a
l

in
th

e
fi
t

of
th

e
m

o
d
el

(s
ee

A
p
p

en
d
ix

A
fo

r
m

or
e

d
et

ai
l)

.
F

or
d
is

cu
ss

io
n

of
li
m

it
a
ti

o
n
s

o
f

th
e

co
rr

es
p

on
d
in

g
m

o
d
el

s
fo

r
st

at
is

ti
ca

l
p
u
rp

os
es

,
se

e
D

ia
co

n
is

an
d

F
re

ed
m

a
n

(1
9
8
4
);

H
a
ll

et
al

.
(2

00
5)

;
E

l
K

ar
ou

i
(2

00
9)

.
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C
a
n
W

e
T
r
u
st

t
h
e
B
o
o
t
st

r
a
p
in

H
ig
h
-d

im
e
n
sio

n
s?

1
.4

N
o
ta

tio
n

s
a
n

d
D

e
fa

u
lt

C
o
n
v
e
n
tio

n
s

W
h
en

referrin
g

to
th

e
H

u
b

er
loss

in
a

n
u
m

erical
con

tex
t,

w
e

refer
(u

n
less

oth
erw

ise
n
oted

)
to

th
e

d
efa

u
lt

im
p
lem

en
tation

in
th

e
r
l
m

p
ackage

in
R

,
w

h
ere

th
e

tran
sitio

n
fro

m
q
u
ad

ratic
to

lin
ea

r
b

eh
av

ior
is

at
k

=
1.345.

W
e

call
X

th
e

d
esign

m
atrix

an
d
{
X
i }
ni=

1
its

row
s.

W
e

h
ave

X
i ∈

R
p.
β

d
en

otes
th

e
tru

e
regression

v
ector,

i.e.,
th

e
p

op
u
la

tion
p
aram

eter.
β̂
ρ

refers
to

th
e

estim
a
te

of
β

u
sin

g
loss

ρ
;

from
th

is
p

oin
t

on
,

h
ow

ever,
w

e
w

ill
often

d
rop

th
e
ρ

an
d

refer
to

sim
p
ly
β̂

.
T

h
e
i-th

resid
u
al

is
d
en

oted
as
e
i ,

i.e.,
e
i

=
y
i −

X
′i β̂

.
T

h
rou

g
h
ou

t
th

e
p
a
p

er,
w

e
a
ssu

m
e

th
at

th
e

lin
ear

m
o
d
el

h
old

s,
i.e.,

y
i

=
X
′i β

+
ε
i

for
som

e
fi
x
ed

β
∈
R
p

an
d

th
a
t
ε
i ’s

a
re

i.i.d
.

w
ith

m
ean

0
an

d
var

(ε
i )

=
σ

2ε .
W

e
call

G
th

e
d
istrib

u
tion

of
ε.

W
h
en

w
e

n
eed

to
stress

th
e

im
p
act

of
th

e
error

d
istrib

u
tion

on
th

e
d
istrib

u
tion

of
β̂
ρ ,

w
e

w
ill

w
rite

β̂
ρ (G

)
o
r
β̂
ρ (ε)

to
d
en

ote
ou

r
estim

ate
of
β

ob
tain

ed
assu

m
in

g
th

at
ε
i ’s

are
i.i.d

.
G

.

W
e

d
en

o
te

gen
erically

b
y
κ

=
lim

n→
∞
p
/n

.
W

e
restrict

ou
rselves

to
κ
∈

(0,1).
T

h
e

sta
n
d
a
rd

n
o
ta

tion
β̂

(i)
refers

to
th

e
leave-on

e-ou
t

estim
ate

of
β̂

w
h
ere

th
e
i-th

p
air

(y
i ,X

i )

is
ex

clu
d
ed

fro
m

th
e

regression
,

an
d
ẽ
i(i)
,
y
i −

X
′i β̂

(i)
is

th
e
i-th

p
red

icted
error

(b
ased

o
n

th
e

leave-o
n
e-ou

t
estim

ate
of
β̂

).
W

e
also

u
se

th
e

n
otation

ẽ
j(i) ,

y
j −

X
′j β̂

(i) .
T

h
e

h
at

m
a
trix

is
o
f

cou
rse

H
=
X

(X
′X

) −
1X
′.

o
P

d
en

otes
a

“little-oh
”

in
p
rob

ab
ility,

a
stan

d
ard

n
o
ta

tio
n

(see
van

d
er

V
aart,

1998).
W

h
en

w
e

say
th

at
w

e
w

ork
w

ith
a

G
au

ssian
d
esign

w
ith

cova
ria

n
ce

Σ
,

w
e

m
ean

th
at
X
i
iid
v
N

(0,Σ
).

T
h
rou

gh
ou

t
th

e
p
ap

er,
th

e
lo

ss
fu

n
ction

ρ
is

a
ssu

m
ed

to
b

e
con

vex
,
R
7→

R
+

.
W

e
u
se

th
e

stan
d
ard

n
otation

ψ
=
ρ ′.

W
e

fi
n
ally

a
ssu

m
e

th
a
t
ρ

is
su

ch
th

at
th

ere
is

a
u
n
iq

u
e

solu
tion

to
th

e
rob

u
st

regressio
n

p
rob

lem
—

an
a
ssu

m
p
tio

n
th

a
t

ap
p
lies

to
all

classical
losses

in
th

e
con

tex
t

of
ou

r
p
ap

er.

2
.
R
e
sid

u
a
l
B
o
o
tstra

p

W
e

fi
rst

fo
cu

s
o
n

th
e

m
eth

o
d

of
b

o
otstrap

resam
p
lin

g
w

h
ere

F̂
is

th
e

con
d
ition

al
d
istrib

u
tion

y|β̂
,X
.

In
th

is
case

th
e

d
istrib

u
tion

of
β̂
∗

u
n
d
er
F̂

is
form

ed
b
y

in
d
ep

en
d
en

t
resam

p
lin

g
o
f
ε ∗i

fro
m

a
n

estim
ate

Ĝ
of

th
e

d
istrib

u
tion

G
th

at
gen

erated
ε
i .

T
h
en

n
ew

d
ata

y ∗i
are

fo
rm

ed
a
s
y ∗i

=
X
′i β̂

+
ε ∗i

an
d

th
e

m
o
d
el

is
fi
tted

to
th

is
n
ew

d
ata

to
get

β̂
∗.

G
en

erally
th

e
estim

a
te

o
f

th
e

error
d
istrib

u
tion

,
Ĝ

,
is

taken
to

b
e

em
p
irical

d
istrib

u
tion

of
th

e
ob

served
resid

u
a
ls,

so
th

at
th

e
ε ∗i

are
fou

n
d

b
y

sam
p
lin

g
w

ith
rep

lacem
en

t
from

th
e
e
i .

Y
et,

even
a

cu
rsory

evalu
ation

of
e
i

in
th

e
sim

p
le

case
of

least-sq
u
ares

regression
(ρ

(x
)

=
x

2)
rev

eals
th

a
t

th
e

em
p
irical

d
istrib

u
tion

of
th

e
e
i

m
ay

b
e

a
p

o
or

ap
p
rox

im
ation

to
th

e
erro

r
d
istrib

u
tio

n
of
ε
i .

In
p
articu

lar,
it

is
w

ell
k
n
ow

n
th

at
e
i

h
as

varian
ce

eq
u
al

to
σ

2ε (1−
h
i )

w
h
ere

h
i

is
th

e
ith

d
iagon

al
elem

en
t

of
th

e
h
at

m
atrix

.
T

h
is

p
rob

lem
b

ecom
es

p
articu

larly

p
ro

n
o
u
n
ced

in
h
igh

d
im

en
sion

s.
F

o
r

in
stan

ce,
if
X
i
iid
v
N

(0,Σ
),
h
i

=
p
/n

+
o
P

(1)
so

th
at
e
i

h
a
s

va
ria

n
ce

ap
p
rox

im
ately

σ
2ε (1−

p
/n

),
i.e.,

gen
erally

m
u
ch

sm
aller

th
an

th
e

tru
e

varian
ce

o
f
ε

fo
r

lim
p
/n

>
0.

T
h
is

fact
is

also
tru

e
w

h
en

assu
m

in
g

m
ore

gen
eral

d
istrib

u
tion

s
for

th
e

d
esig

n
m

a
trix

X
(see

e.g.,W
ach

ter,
1978

;
H

aff
,

1979
;

S
ilv

erstein
,

199
5;

P
a

jor
an

d
P

astu
r,

2
0
0
9;

E
l

K
a
ro

u
i

an
d

K
o
esters,

2011,
w

h
ere

th
e

m
ain

resu
lts

of
som

e
of

th
ese

p
ap

ers
req

u
ire

m
in

o
r

a
d
ju

stm
en

ts
to

get
th

e
ap

p
rox

im
ation

of
h
i

w
e

ju
st

m
en

tion
ed

).

In
F

igu
re

1
,

w
e

p
lot

th
e

error
rate

of
95%

b
o
otstrap

con
fi
d
en

ce
in

tervals
b
ased

on
resa

m
-

p
lin

g
fro

m
th

e
resid

u
als

for
d
iff

eren
t

lo
ss

fu
n
ction

s,
b
a
sed

on
a

sim
u
lation

w
h
en

th
e

en
tries

o
f
X

a
re

i.i.d
.
N

(0,1)
an

d
ε
∼
N

(0,1).
E

ven
in

th
is

id
ealized

situ
ation

,
as

th
e

ra
tio

of

7
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E
l
K
a
r
o
u
i
a
n
d

P
u
r
d
o
m

●

●

●

●

0.00 0.05 0.10 0.15 0.20

R
atio (κ)

95% CI Error Rate

0.01
0.30

0.50

(a
)
L

1
lo
ss

●

●

●

●

0.00 0.05 0.10 0.15 0.20

R
atio (κ)

95% CI Error Rate

0.01
0.30

0.50

●

●

●

●

(b
)
H
u
b
er

lo
ss

●

●

●

●

0.00 0.05 0.10 0.15 0.20

R
atio (κ)

95% CI Error Rate

0.01
0.30

0.50

●

●

●

●

●●

R
esidual

Jackknife
P

airs
S

td. R
esiduals

(c)
L

2
lo
ss

F
igu

re
1:

P
e
rfo

rm
a
n

c
e

o
f

9
5
%

c
o
n

fi
d

e
n

c
e

in
te

rv
a
ls

o
f
β

1
:

H
ere

w
e

sh
ow

th
e

cover-
age

error
rates

for
95%

con
fi
d
en

ce
in

tervals
for

n
=

500
b
ased

on
ap

p
ly

in
g

com
-

m
on

resam
p
lin

g-b
ased

m
eth

o
d
s

to
sim

u
lated

d
ata:

p
airs

b
o
otstrap

(red
),

resid
u
al

b
o
otstrap

(b
lu

e),
an

d
jack

k
n
ife

estim
ates

of
varian

ce
(yellow

).
T

h
ese

b
o
otstrap

m
eth

o
d
s

are
ap

p
lied

w
ith

th
ree

d
iff

eren
t

loss
fu

n
ction

s
sh

ow
n

in
th

e
th

ree
p
lots

ab
ove:

(a)
L

1 ,
(b

)
H

u
b

er,
an

d
(c)

L
2 .

F
or

L
2

an
d

H
u
b

er
loss,

w
e

also
sh

ow
th

e
p

erform
an

ce
of

m
eth

o
d
s

for
stan

d
ard

izin
g

th
e

resid
u
als

b
efore

b
o
otstrap

p
in

g
d
escrib

ed
in

th
e

tex
t

(b
lu

e,
d
ash

ed
lin

e).
If

accu
rate,

all
of

th
ese

m
eth

o
d
s

sh
ou

ld
h
ave

an
error

rate
of

0.05
(sh

ow
n

as
a

h
orizon

tal
b
lack

lin
e).

E
rror

rates
ab

ov
e

5%
corresp

on
d

to
an

ti-con
servative

m
eth

o
d
s.

E
rror

rates
b

elow
5%

corresp
on

d
to

con
servative

m
eth

o
d
s.

T
h
e

error
rates

are
b
ased

on
1,000

sim
u
lation

s,
w

ith
N

(0,1)
error,

an
d

en
tries

of
th

e
d
esign

m
atrix

i.i.d
N

(0,1);
see

th
e

d
escrip

tion
in

A
p
p

en
d
ix

D
.1

for
m

ore
d
etails.

T
h
e

ex
act

va
lu

es
p
lotted

h
ere

are
giv

en
in

T
ab

le
A

-1
in

A
p
p

en
d
ix

I.

p
/n

in
creases

th
e

error
rate

of
th

e
co

n
fi
d
en

ce
in

tervals
in

least
sq

u
ares

regression
in

creases
w

ell
b

eyon
d

th
e

ex
p

ected
5%

:
w

e
ob

serve
error

rates
of

10-15%
for

p
/n

=
0.3

an
d

ap
p
rox

i-
m

ately
20%

for
p
/
n

=
0.5.

W
e

see
sim

ilar
error

ra
tes

for
oth

er
rob

u
st-regression

m
eth

o
d
s,

su
ch

as
L

1
an

d
H

u
b

er
loss,

an
d

also
for

d
iff

eren
t

error
d
istrib

u
tion

s
an

d
d
istrib

u
tion

s
of
X

(S
u
p
p
lem

en
tary

F
igu

res
A

-1
an

d
A

-2).
W

e
ex

p
lain

som
e

of
th

e
reason

s
for

th
ese

p
rob

lem
s

in
S
u
b
section

2.2
b

elow
.

2
.1

B
o
o
tstra

p
p

in
g

fro
m

C
o
rre

c
te

d
R

e
sid

u
a
ls

W
h
ile

resam
p
lin

g
d
irectly

from
th

e
u
n
corrected

resid
u
als

is
w

id
esp

read
an

d
often

giv
en

as
a

stan
d
ard

b
o
otstrap

p
ro

ced
u
re

(e.g.,
K

o
en

ker,
2005;

C
h
ern

ick
,

1999),
th

e
d
iscrep

an
cy

b
etw

een
th

e
d
istrib

u
tion

of
ε
i

an
d
e
i

h
as

sp
u
rred

m
o
re

refi
n
ed

recom
m

en
d
ation

s
in

th
e
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C
a
n
W

e
T
r
u
st

t
h
e
B
o
o
t
st

r
a
p
in

H
ig
h
-d

im
e
n
si
o
n
s?

ca
se

of
le

as
t-

sq
u
ar

es
:

fo
rm

co
rr

ec
te

d
re

si
d
u
al

s
r i

=
e i
/√

1
−
h
i

an
d

sa
m

p
le

th
e
ε∗ i

fr
om

th
e

em
p
ir

ic
al

d
is

tr
ib

u
ti

on
of

th
e
r i
−
r̄

(s
ee

e.
g.

,
D

av
is

on
an

d
H

in
k
le

y
,

19
97

).

T
h
is

co
rr

ec
ti

on
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ẽ j

(i
))
X
j
X
′ j.

F
or
p
,n

la
rg

e
th

e
c i

’s

ar
e

ap
p
ro

x
im

at
el

y
eq

u
al

an
d
‖β̂

ρ
(i

)
−
β
‖ 2
'
‖β̂

ρ
−
β
‖ 2
'

E
( ‖
β̂
ρ
−
β
‖ 2
) ;

fu
rt

h
er

m
o
re
c i
λ

2 i

ca
n

b
e

ap
p
ro

x
im

at
ed

b
y
X
′ iS
−

1
i
X
i/
n

.
N

ot
e

th
at

w
h
en

ρ
is

ei
th

er
n
on

-d
iff

er
en

ti
a
b
le

a
t

a
ll

p
oi

n
ts

(L
1
)

or
n
o
t

tw
ic

e
d
iff

er
en

ti
ab

le
(H

u
b

er
),

ar
gu

m
en

ts
ca

n
b

e
m

ad
e

th
a
t

m
a
k
e

th
es

e
ex

p
re

ss
io

n
s

va
li
d
,

u
si

n
g

fo
r

in
st

an
ce

th
e

n
ot

io
n

of
su

b
-d

iff
er

en
ti

al
fo

r
ψ

(H
ir

ia
rt

-U
rr

u
ty

a
n
d

L
em

ar
éc

h
al

,
20

01
).

In
te

rp
re

ta
ti

o
n

o
f

E
qu

a
ti

o
n

s
(3

)
a
n

d
(4

)
E

q
u
at

io
n

(3
)

m
ea

n
s

th
at

th
e

m
ar

gi
n
a
l

d
is

tr
ib

u
ti

on
of

th
e

le
av

e-
i-

th
-o

u
t

p
re

d
ic

te
d

er
ro

r,
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oi
ce

of
lo

ss
fu

n
ct

io
n
.

W
e

n
ow

d
is

cu
ss

so
m

e
of

th
es

e
is

su
es

.

L
ea

st
S

qu
a
re

s
re

gr
es

si
o
n

In
th

e
ca

se
of

le
as

t
sq

u
ar

es
re

gr
es

si
on

,
th

e
re

la
ti

on
sh

ip
s

g
iv

en
in

E
q
u
at

io
n

(3
)

ar
e

ex
ac

t,
i.
e.

,
u
n

=
0.

F
u
rt

h
er

,
ψ

(x
)

=
x

,
an

d
c i

=
h
i/

(1
−
h
i)

,
g
iv

in
g

th
e

w
el

l
k
n
ow

n
li
n
ea

r
re

la
ti

on
sh

ip
e i

=
(1
−
h
i)
ẽ i

(i
)

(s
ee

,
e.

g.
,

th
e

st
a
n
d
ar

d
re

fe
re

n
ce

W
ei

sb
er

g,
20

14
).

T
h
is

li
n
ea

r
re

la
ti

on
sh

ip
is

ex
a
ct

re
ga

rd
le

ss
of

d
im

en
si

on
,

th
ou

gh
th

e
d
im

en
si

o
n
a
li
ty

as
p

ec
ts

ar
e

ca
p
tu

re
d

b
y
h
i.

T
h
is

ex
p
re

ss
io

n
ca

n
b

e
u
se

d
to

sh
ow

th
at

a
sy

m
p
to

ti
ca

ll
y

E
( ∑

n i=
1
e2 i
)

=
σ

2 ε
(n
−
p
),

w
h
en

ε i
’s

h
av

e
th

e
sa

m
e

va
ri

an
ce

.
H

en
ce

,
sa

m
p
li
n
g

a
t

ra
n
d
o
m
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C
a
n
W

e
T
r
u
st

t
h
e
B
o
o
t
st

r
a
p
in

H
ig
h
-d

im
e
n
sio

n
s?

fro
m

th
e

resid
u
als

resu
lts

in
a

d
istrib

u
tion

th
at

u
n
d
erestim

ates
th

e
varian

ce
of

th
e

errors
b
y

a
fa

ctor
1−

p
/n

.
T

h
e

corresp
on

d
in

g
b

o
otstrap

con
fi
d
en

ce
in

tervals
a
re

th
en

n
atu

rally
to

o
sm

a
ll,

an
d

h
en

ce
th

e
error

rate
in

creases
far

from
th

e
n
om

in
al

5%
-

as
w

e
o
b
serv

ed
in

F
ig

u
re

1c.

M
o
re

gen
era

l
ro

bu
st

regressio
n

T
h
e

situ
ation

is
m

u
ch

m
ore

com
p
licated

for
gen

eral
rob

u
st

reg
ressio

n
estim

ators.
O

n
e

clear
im

p
lication

of
E

q
u
ation

s
(3

)
an

d
(4)

is
th

at
sim

p
ly

rescalin
g

th
e

resid
u
als

e
i

sh
ou

ld
n
ot

in
gen

eral
resu

lt
in

an
estim

ated
error

d
istrib

u
tion

Ĝ
th

at
w

ill
h
ave

sim
ila

r
p
ro

p
erties

to
th

ose
of
G

.
T

h
e

relation
sh

ip
b

etw
een

th
e

resid
u
als

an
d

th
e

errors
is

very
n
o
n
-lin

ear
in

h
igh

-d
im

en
sion

s.
T

h
is

is
w

h
y

in
w

h
at

follow
s

w
e

w
ill

p
ro

p
o
se

to
w

ork
w

ith
leave-o

n
e-ou

t
p
red

icted
errors

ẽ
i(i)

in
stead

of
th

e
resid

u
als

e
i .

T
h
e

cla
ssica

l
ca

se
o
f
p
/
n

→
0

:
In

th
is

settin
g,
c
i →

0
an

d
th

erefore
E

q
u
ation

(3
)

sh
ow

s
th

a
t

th
e

resid
u
als

e
i

are
ap

p
rox

im
ately

eq
u
al

in
d
istrib

u
tion

to
th

e
p
red

icted
errors,

ẽ
i(i) .

S
im

ila
rly,

β̂
ρ

is
L

2
con

sisten
t

w
h
en

p
/n
→

0,
so
‖
β̂
ρ
(i) −

β‖
22
→

0
an

d
E

q
u
ation

(4)
gives

ẽ
i(i) '

ε
i .

H
en

ce,
th

e
resid

u
als

sh
ou

ld
b

e
fairly

close
to

th
e

tru
e

errors
in

th
e

m
o
d
el

w
h
en

p
/
n

is
sm

a
ll.

T
h
is

d
im

en
sion

ality
assu

m
p
tion

is
key

to
m

an
y

th
eoretical

an
aly

ses
of

rob
u
st

reg
ressio

n
,

a
n
d

u
n
d
erlies

th
e

d
erivation

of
corrected

resid
u
als

r
i

of
M

cK
ean

et
al.

(1993)
g
iven

in
E

q
u
ation

(2)
ab

ove
for

losses
oth

er
th

an
L

2 .

2
.3

A
lte

rn
a
tiv

e
R

e
sid

u
a
l

B
o
o
tstra

p
P

ro
c
e
d

u
re

s

W
e

p
ro

p
o
se

tw
o

m
eth

o
d
s

for
im

p
rov

in
g

th
e

p
erform

an
ce

of
con

fi
d
en

ce
in

tervals
ob

tain
ed

th
ro

u
g
h

th
e

resid
u
al

b
o
otstrap

.
B

oth
d
o

so
b
y

p
rov

id
in

g
altern

ative
estim

ates
of
Ĝ

from
w

h
ich

b
o
o
tstra

p
errors

ε ∗i
can

b
e

d
raw

n
.

T
h
ey

estim
ate

a
Ĝ

ap
p
rop

riate
for

th
e

settin
g

of
h
ig

h
-d

im
en

sio
n
al

d
ata

b
y

accou
n
tin

g
for

relation
sh

ip
of

th
e

d
istrib

u
tio

n
o
f
ε

an
d
ẽ
i(i) .

M
eth

od
1
:

D
eco

n
vo

lu
tio

n
T

h
e

relation
sh

ip
in

E
q
u
ation

(3)
say

s
th

at
th

e
d
istrib

u
tion

of
ẽ
i(i)

is
a

co
n
vo

lu
tion

of
th

e
correct

G
d
istrib

u
tion

an
d

a
n
o
rm

al
d
istrib

u
tion

.
T

h
is

su
gg

ests
a
p
p
ly

in
g

tech
n
iq

u
es

for
d
econ

volv
in

g
a

sign
al

from
G

au
ssian

n
oise.

S
p

ecifi
cally,

w
e

p
rop

ose
th

e
fo

llow
in

g
b

o
otstrap

p
ro

ced
u
re:

1
)

calcu
late

th
e

p
red

icted
errors,

ẽ
i(i) ;

2
)

estim
ate

th
e

va
ria

n
ce

o
f

th
e

n
orm

al
(i.e.,|λ

i |‖β̂
ρ
(i) −

β‖
22 );

3
)

d
econ

volv
e

in
ẽ
i(i)

th
e

erro
r

term
ε
i

from
th

e

n
o
rm

a
l

term
;
4
)

U
se

th
e

resu
ltin

g
estim

ate
Ĝ

to
d
raw

errors
ε ∗i

for
resid

u
al

b
o
otstrap

p
in

g.

D
eco

n
vo

lu
tion

p
rob

lem
s

are
k
n
ow

n
to

b
e

v
ery

d
iffi

cu
lt

(see
F

an
,

1
991,

T
h
eorem

1
p
.

1
2
6
0
,

th
a
t

g
ives

1/
log

(n
)
α

rates
of

co
n
vergen

ce
w

h
en

con
volv

in
g

w
ith

a
G

au
ssian

d
istrib

u
-

tio
n
).

T
h
e

resu
ltin

g
d
econ

volved
errors

are
likely

to
b

e
q
u
ite

n
oisy

estim
ates

of
ε
i .

H
ow

ever,
it

is
p

o
ssib

le
th

at
w

h
ile

in
d
iv

id
u
al

estim
ates

are
p

o
or,

th
e

d
istrib

u
tion

of
th

e
d
econ

volved
erro

rs
is

estim
a
ted

w
ell-en

ou
gh

to
form

a
reason

ab
le
Ĝ

for
th

e
b

o
otstrap

p
ro

ced
u
re.

W
e

u
sed

th
e

d
econ

volu
tion

algorith
m

in
th

e
d
e
c
o
n

p
ackage

in
R

(W
an

g
an

d
W

an
g,

2011)
to

estim
a
te

th
e

d
istrib

u
tion

of
ε
i .

T
h
e

d
econ

v
olu

tion
algorith

m
req

u
ires

k
n
ow

led
ge

of
th

e
varia

n
ce

o
f

th
e

G
au

ssian
th

at
is

con
volv

ed
w

ith
th

e
ε
i ,

i.e.,
estim

atio
n

of|λ
i |‖β̂

ρ
(i) −

β‖
2

term
.

In
w

h
a
t

follow
s,

w
e

assu
m

e
a

G
au

ssian
d
esign

,
i.e.,

λ
i

=
1,

so
th

at
w

e
n
eed

to
estim

a
te

o
n
ly

th
e

term
‖
β̂
ρ
(i) −

β‖
22 .

A
n

estim
ation

strategy
for

th
e

m
ore

gen
eral

settin
g

of

|λ
i |6=

1
is

p
resen

ted
in

A
p
p

en
d
ix

B
.5.

W
e

u
se

th
e

fact
th

at
‖
β̂
ρ
(i) −

β‖
22
'
‖
β̂
ρ −

β‖
22

for

a
ll
i

a
n
d

estim
a
te
‖
β̂
ρ
(i) −

β‖
2

as
v̂
a
r(ẽ

i(i) )−
σ̂

2ε ,
w

h
ere

v̂
a
r(ẽ

i(i) )
is

th
e

em
p
irical

varian
ce

o
f

th
e
ẽ
i(i)

a
n
d
σ̂

2ε
is

an
estim

ate
of

th
e

varian
ce

of
G
,

w
h
ich

w
e

d
iscu

ss
b

elow
.

W
e

n
ote

1
1
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E
l
K
a
r
o
u
i
a
n
d

P
u
r
d
o
m

th
at

th
e

d
econ

volu
tion

strategy
w

e
em

p
loy

m
akes

assu
m

p
tion

s
of

h
om

osk
ed

astic
errors

ε
i ’s,

w
h
ich

is
tru

e
in

ou
r

sim
u
lation

s
b
u
t

m
ay

n
ot

b
e

tru
e

in
p
ractice.

S
ee

A
p
p

en
d
ix

B
for

d
etails

regard
in

g
th

e
im

p
lem

en
tation

of
M

eth
o
d

1.

M
eth

od
2
:

B
oo

tstra
p
p
in

g
fro

m
sta

n
d
a
rd

ized
ẽ
i(i)

A
sim

p
ler

altern
ative

is
b

o
otstrap

p
in

g
from

th
e

p
red

icted
error

term
s,
ẽ
i(i) ,

w
ith

ou
t

d
econ

volu
tion

.
S
p

ecifi
cally,

w
e

p
rop

ose
to

b
o
otstrap

from
a

scaled
version

of
ẽ
i(i) ,

r̃
i(i)

=
σ̂
ε

√
v̂
a
r(ẽ

i(i) ) ẽ
i(i) ,

w
h
ere

v̂
a
r(ẽ

i(i) )
is

th
e

stan
d
ard

estim
ate

of
th

e
varian

ce
of
ẽ
i(i)

an
d
σ̂
ε

is
an

estim
ate

of
σ
ε .

T
h
is

scalin
g

align
s

th
e

fi
rst

tw
o

m
om

en
ts

of
ẽ
i(i)

w
ith

th
ose

of
ε
i .

O
n

th
e

face
of

it,
resam

p
lin

g
from

r̃
i(i)

seem
s

p
rob

lem
atic,

sin
ce

E
q
u
ation

(3)
d
em

on
strates

th
a
t
ẽ
i(i)

d
o
es

n
ot

h
ave

th
e

sam
e

d
istrib

u
tion

as
ε
i ,

even
if

th
e

fi
rst

tw
o

m
om

en
ts

are
th

e
sam

e.
H

ow
ever,

a
s

w
e

d
em

on
strate

in
sim

u
lation

s,
th

is
d
istrib

u
tion

al
m

ism
atch

ap
p

ears
to

h
ave

lim
ited

p
ractical

eff
ect

on
ou

r
b

o
otstrap

con
fi
d
en

ce
in

tervals.

E
stim

a
tio

n
o
f
σ

2ε
B

oth
m

eth
o
d
s

d
escrib

ed
ab

ove
req

u
ire

an
estim

ator
of
σ
ε

th
at

is
con

sisten
t

regard
less

of
d
im

en
sion

an
d

error
d
istrib

u
tion

.
A

s
w

e
h
ave

ex
p
lain

ed
earlier,

for
gen

eral
ρ

w
e

can
n
ot

rely
on

th
e

ob
served

resid
u
als

e
i

n
or

on
ẽ
i(i)

for
estim

atin
g
σ
ε

(see
E

q
u
ation

s
(3)

an
d

(4)).
T

h
e

ex
cep

tion
is

th
e

stan
d
ard

estim
ate

o
f
σ

2ε
from

least-sq
u
ares

regression
,

i.e.,
ρ
(x

)
=
x

2,

σ̂
2ε,L

S
=

1

n
−
p

∑

i

e
2i,L

2 .

σ̂
2ε,L

S
is

a
con

sisten
t

estim
ator

of
σ

2
for

an
y

error
d
istrib

u
tio

n
G

,
a
ssu

m
in

g
i.i.d

.
errors

an
d

m
ild

m
om

en
t

req
u
irem

en
ts.

In
im

p
lem

en
tin

g
th

e
tw

o
altern

ative
resid

u
al-b

o
otstrap

m
eth

o
d
s

d
escrib

ed
ab

ove,
w

e
u
se
σ̂
ε,L

S
as

ou
r

estim
ate

o
f
σ
ε ,

in
clu

d
in

g
for

b
o
otstrap

p
in

g
rob

u
st

regression
w

h
ere

ρ
(x

)6=
x

2.

P
erfo

rm
a
n

ce
in

boo
tstra

p
in

feren
ce

In
F

igu
re

2
w

e
sh

ow
th

e
error

ra
te

of
con

fi
d
en

ce
in

tervals
b
ased

on
th

e
tw

o
resid

u
al-b

o
otstrap

m
eth

o
d
s

w
e

p
rop

osed
ab

ove.
W

e
see

th
at

b
oth

m
eth

o
d
s

con
trol

th
e

T
y
p

e
I

error,
u
n
like

b
o
otstrap

p
in

g
d
irectly

from
th

e
resid

u
als,

an
d

th
at

b
oth

m
eth

o
d
s

are
con

servative.
T

h
ere

is
little

d
iff

eren
ce

b
etw

een
th

e
tw

o
m

eth
o
d
s

w
ith

th
is

sam
p
le

size
(n

=
500),

th
ou

gh
w

ith
n

=
100,

w
e

ob
serve

th
e

d
econ

v
olu

tion
p

erform
an

ce
to

b
e

w
orse

in
L

1
(d

ata
n
ot

sh
ow

n
).

T
h
e

d
econ

v
olu

tion
strategy,

h
ow

ever,
d
ep

en
d
s

on
th

e
d
istrib

u
tion

of
th

e
d
esign

m
atrix

,
w

h
ich

in
th

ese
sim

u
lation

s
w

e
assu

m
ed

w
as

G
au

ssian
(so

w
e

d
id

n
ot

h
ave

to
estim

ate
λ
i ’s).

F
or

ellip
tical

d
esign

s
(λ
i 6=

1),
th

e
error

rate
of

th
e

d
econ

volu
tion

m
eth

o
d

d
escrib

ed
ab

ove,
w

ith
n
o

ad
ap

tation
for

th
e

d
esign

,
w

as
sim

ilar
to

th
at

of
u
n
corrected

resid
u
als

in
h
igh

d
im

en
sion

s
(i.e.,

>
0
.25

for
p
/n

=
0.5).

In
d
iv

id
u
al

estim
ates

of
λ
i

m
igh

t
im

p
rove

th
e

d
econ

volu
tion

strategy,
b
u
t

th
is

p
rob

lem
p

oin
ts

to
th

e
gen

eral
relian

ce
of

th
e

d
econ

volu
tion

m
eth

o
d

on
p
recise

k
n
ow

led
ge

ab
ou

t
th

e
d
esign

m
atrix

.
T

h
e

b
o
otstrap

u
sin

g
stan

d
ard

ized
p
red

icted
errors,

on
th

e
oth

er
h
an

d
,

h
a
d

a
T

y
p

e
I

error
for

an
ellip

tical
d
esign

on
ly

sligh
tly

h
igh

er
th

an
th

e
target

0.05
(arou

n
d

0
.07,

d
ata

n
o
t

sh
ow

n
),

su
ggestin

g
th

at
it

m
igh

t
b

e
less

sen
sitive

to
th

e
p
rop

erties
of

th
e

d
esign

m
atrix

.

1
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R

es
id

ua
l

S
td

. P
re

d 
E

rr
or

D
ec

on
v

N
(0

, σ̂
ε,

 L
S

2
)

(b
)
H
u
b
er

lo
ss

F
ig

u
re

2:
B

o
o
ts

tr
a
p

b
a
se

d
o
n

p
re

d
ic

te
d

e
rr

o
rs

:
W

e
p
lo

tt
ed

th
e

er
ro

r
ra

te
of

95
%

co
n
-

fi
d
en

ce
in

te
rv

al
s

fo
r

th
e

al
te

rn
at

iv
e

b
o
ot

st
ra

p
m

et
h
o
d
s

d
es

cr
ib

ed
in

S
ec

ti
on

2.
3:

b
o
ot

st
ra

p
p
in

g
fr

om
st

an
d
ar

d
iz

ed
p
re

d
ic

te
d

er
ro

rs
(g

re
en

)
an

d
fr

om
d
ec

on
v
ol

u
ti

on
of

p
re

d
ic

te
d

er
ro

r
(m

ag
en

ta
).

W
e

d
em

on
st

ra
te

it
s

im
p
ro

ve
m

en
t

ov
er

th
e

st
an

d
ar

d
re

si
d
u
al

b
o
ot

st
ra

p
(b

lu
e)

fo
r

(a
)
L

1
lo

ss
an

d
(b

)
H

u
b

er
lo

ss
.

T
h
e

er
ro

r
d
is

tr
ib

u
-

ti
on

is
d
ou

b
le

ex
p

on
en

ti
al

,
b
u
t

ot
h
er

w
is

e
th

e
si

m
u
la

ti
on

s
p
ar

a
m

et
er

s
ar

e
as

in
F

ig
u
re

1.
T

h
e

er
ro

r
ra

te
s

on
co

n
fi
d
en

ce
in

te
rv

al
s

b
as

ed
on

b
o
ot

st
ra

p
p
in

g
fr

om
a

N
(0
,σ̂

2 ε,
L
S

)
(d

as
h
ed

cu
rv

e)
ar

e
as

a
lo

w
er

b
ou

n
d

on
th

e
p
ro

b
le

m
.

F
o
r

th
e

p
re

ci
se

er
ro

r
ra

te
s

se
e

A
p
p

en
d
ix

,
T

ab
le

A
-3

.

G
iv

en
ou

r
p
re

v
io

u
s

d
is

cu
ss

io
n

of
th

e
b

eh
av

io
r

of
ẽ i

(i
),

it
is

so
m

ew
h
at

su
rp

ri
si

n
g

th
at

re
sa

m
p
li
n
g

fr
om

th
e

d
is

tr
ib

u
ti

on
of
r̃ i

(i
)

p
er

fo
rm

ed
w

el
l

in
ou

r
si

m
u
la

ti
o
n
s.

C
le

ar
ly

a
fe

w
ca

se
s

ex
is

t
w

h
er

e
r̃ i

(i
)

sh
ou

ld
w

or
k

w
el

l
as

an
ap

p
ro

x
im

at
io

n
of
ε i

.
W

e
h
av

e
al

re
a
d
y

n
ot

ed

th
at

as
p
/n
→

0,
th

e
eff

ec
t

of
th

e
co

n
vo

lu
ti

on
w

it
h

th
e

G
au

ss
ia

n
d
is

ap
p

ea
rs

si
n
ce
‖β̂

ρ
−
β
‖
→

0;
in

th
is

ca
se

b
ot

h
e i

an
d
r̃ i

(i
)

sh
ou

ld
b

e
g
o
o
d

es
ti

m
at

es
of
ε i

.
S
im

il
ar

ly
,

in
th

e
ca

se
ε i
∼
N

(0
,σ

2
),

E
q
u
at

io
n

(3
)

te
ll
s

u
s

th
at
ẽ i

(i
)

ar
e

al
so

as
y
m

p
to

ti
ca

ll
y

m
ar

gi
n
al

ly
n
or

m
al

ly
d
is

tr
ib

u
te

d
,
so

th
at

co
rr

ec
ti

n
g

th
e

va
ri

an
ce

sh
ou

ld
re

su
lt

in
r̃ i

(i
)

h
av

in
g

th
e

sa
m

e
d
is

tr
ib

u
ti

on
as
ε i

,
at

le
as

t
w

h
en

X
i,
j

ar
e

i.
i.
d
.

S
u
rp

ri
si

n
gl

y,
fo

r
la

rg
er
p
/n

w
e

d
o

n
o
t

se
e

a
d
et

er
io

ra
ti

on
of

th
e

p
er

fo
rm

an
ce

of
b

o
ot

-
st

ra
p
p
in

g
fr

om
r̃ i

(i
).

T
h
is

is
u
n
ex

p
ec

te
d
,

si
n
ce

as
p
/n
→

1
th

e
ri

sk
‖β̂

ρ
−
β
‖2 2

gr
ow

s
to

b
e

m
u
ch

la
rg

er
th

an
σ

2 ε
(a

cl
ai

m
w

e
w

il
l

m
ak

e
m

or
e

p
re

ci
se

in
th

e
n
ex

t
se

ct
io

n
);

to
ge

th
er

w
it

h
E

q
u
at

io
n

(3
),

th
is

im
p
li
es

th
at
r̃ i

(i
)

is
es

se
n
ti

al
ly

d
is

tr
ib

u
te

d
N

(0
,σ̂

2 ε,
L
S

)
as
p
/n
→

1
re

ga
rd

le
ss

of
th

e
or

ig
in

al
d
is

tr
ib

u
ti

on
of
ε i

.
T

h
is

is
co

n
fi
rm

ed
in

F
ig

u
re

2
w

h
er

e
w

e
su

p
er

-
im

p
os

e
th

e
re

su
lt

s
of

b
o
ot

st
ra

p
co

n
fi
d
en

ce
in

te
rv

al
s

fr
om

w
h
en

w
e

si
m

p
ly

es
ti

m
at

e
Ĝ

w
it

h
N

(0
,σ̂

2 ε,
L
S

);
w

e
se

e
th

e
T

y
p

e
I

er
ro

r
ra

te
of

th
e

co
n
fi
d
en

ce
in

te
rv

al
s

b
as

ed
on

b
o
ot

st
ra

p
p
in

g

fr
om

r̃ i
(i

)
d
o

in
d
ee

d
ap

p
ro

ac
h

th
at

of
N

(0
,σ̂

2 ε,
L
S

).
P

u
tt

in
g

th
es

e
tw

o
p
ie

ce
s

of
in

fo
rm

at
io

n
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E
l
K
a
r
o
u
i
a
n
d

P
u
r
d
o
m

to
ge

th
er

le
ad

s
to

th
e

co
n
cl

u
si

on
th

at
as
p
/n
→

1
w

e
ca

n
es

ti
m

at
e
Ĝ

si
m

p
ly

a
s
N

(0
,σ̂

ε,
L
S

)
re

ga
rd

le
ss

of
th

e
ac

tu
al

d
is

tr
ib

u
ti

on
of
ε.

In
th

e
n
ex

t
se

ct
io

n
w

e
gi

ve
so

m
e

th
eo

re
ti

ca
l

re
su

lt
s

th
a
t

se
ek

to
u
n
d
er

st
a
n
d

th
is

p
h
e-

n
om

en
on

.

2
.4

B
e
h

a
v
io

r
o
f

th
e

R
is

k
o
f
β̂

W
h

e
n
κ
→

1

In
th

e
p
re

v
io

u
s

se
ct

io
n

w
e

sa
w

ev
en

if
th

e
d
is

tr
ib

u
ti

on
of

th
e

b
o
ot

st
ra

p
er

ro
rs
ε∗ i

,
g
iv

en
b
y
Ĝ

,
is

n
ot

cl
os

e
to

th
at

of
G

,
w

e
ca

n
so

m
et

im
e

ge
t

ac
cu

ra
te

b
o
ot

st
ra

p
co

n
fi
d
en

ce
in

te
rv

a
ls

.
F

or
ex

am
p
le

,
in

le
as

t
sq

u
ar

es
E

q
u
at

io
n

(3
)

m
ak

es
cl

ea
r

th
at

ev
en

th
e

st
an

d
ar

d
iz

ed
re

si
d
u
a
ls

,
r i

,
d
o

n
ot

h
av

e
th

e
sa

m
e

m
ar

gi
n
al

d
is

tr
ib

u
ti

on
as
ε i

,
ye

t
th

ey
st

il
l

p
ro

v
id

e
ac

cu
ra

te
b

o
o
ts

tr
a
p

co
n
fi
d
en

ce
in

te
rv

al
s

in
ou

r
si

m
u
la

ti
on

s.
W

e
w

ou
ld

li
ke

to
u
n
d
er

st
an

d
fo

r
w

h
a
t

ch
o
ic

e
o
f

d
is

tr
ib

u
ti

on
s
Ĝ

w
il
l

w
e

se
e

th
e

sa
m

e
p

er
fo

rm
an

ce
in

ou
r

b
o
ot

st
ra

p
co

n
fi
d
en

ce
in

te
rv

a
ls

o
f

β̂
1
?

W
h
en

w
or

k
in

g
co

n
d
it

io
n
al

on
X

as
in

re
si

d
u
al

re
sa

m
p
li
n
g,

th
e

st
at

is
ti

ca
l

p
ro

p
er

ti
es

o
f

(β̂
∗
−
β̂

)
d
iff

er
fr

om
th

at
of

(β̂
−
β

)
on

ly
b

ec
au

se
th

e
er

ro
rs

ar
e

d
ra

w
n

fr
o
m

a
d
iff

er
en

t
d
is

tr
ib

u
ti

on
:
Ĝ

ra
th

er
th

an
G

.
T

h
en

to
u
n
d
er

st
an

d
w

h
et

h
er

th
e

d
is

tr
ib

u
ti

on
o
f
β̂
∗ 1

m
a
tc

h
es

th
at

of
β̂

1
w

e
ca

n
as

k
,
w

h
at

ar
e

th
e

d
is

tr
ib

u
ti

on
s

of
er

ro
rs

,
G

,
th

at
y
ie

ld
th

e
sa

m
e

d
is

tr
ib

u
ti

o
n

fo
r

th
e

re
su

lt
in

g
β̂

1
(G

)?
In

th
is

se
ct

io
n
,
w

e
n
ar

ro
w

ou
r

fo
cu

s
on

u
n
d
er

st
an

d
in

g
n
o
t

th
e

en
ti

re
d
is

tr
ib

u
ti

on
of
β̂

1
,

b
u
t

on
ly

it
s

va
ri

an
ce

.
W

e
d
o

so
b

ec
au

se
u
n
d
er

as
su

m
p
ti

on
s

o
n

th
e

d
es

ig
n

m
at

ri
x
X

,
it

is
k
n
ow

n
th

at
β̂

1
is

as
y
m

p
to

ti
ca

ll
y

n
or

m
al

ly
d
is

tr
ib

u
te

d
.

T
h
is

is
tr

u
e

fo
r

b
o
th

th
e

cl
as

si
ca

l
se

tt
in

g
of
κ

=
0

an
d

th
e

h
ig

h
-d

im
en

si
on

al
se

tt
in

g
of
κ
∈

(0
,1

)
(s

ee
A

p
p

en
d
ix

A
fo

r
a

re
v
ie

w
of

th
es

e
re

su
lt

s
an

d
a

m
or

e
te

ch
n
ic

al
d
is

cu
ss

io
n
).

O
u
r

p
re

v
io

u
s

q
u
es

ti
o
n

is
th

en

re
d
u
ce

d
to

u
n
d
er

st
an

d
in

g
w

h
ic

h
d
is

tr
ib

u
ti

on
s
G

gi
ve

th
e

sa
m

e
va

r
( β̂

1
(G

)) .

In
th

e
se

tt
in

g
of

le
as

t
sq

u
ar

es
,

it
is

cl
ea

r
th

at
th

e
on

ly
p
ro

p
er

ty
of
ε i
ii
d v
G

th
a
t

m
a
tt

er
s

fo
r

th
e

va
ri

an
ce

of
β̂

1
,L

2
is
σ

2 ε
,

si
n
ce

va
r
( β̂

1
,L

2

)
=

(X
′ X

)−
1
(1
,1

)σ
2 ε
.

F
o
r

g
en

er
a
l
ρ
,

if

w
e

as
su

m
e
p
/n
→

0,
th

en
va

r
( β̂

1
,ρ

)
w

il
l

d
ep

en
d

on
fe

at
u
re

s
of
G

b
ey

on
d

th
e

fi
rs

t
tw

o

m
om

en
ts

(s
p

ec
ifi

ca
ll
y

th
ro

u
gh

E
( ψ

2
(ε

))
/
[E

(ψ
′ (
ε)

)]
2
,

(H
u
b

er
,
19

73
))

.
If

w
e

a
ss

u
m

e
in

st
ea

d

p
/n
→

κ
∈

(0
,1

),
th

en
it

h
as

b
ee

n
sh

ow
n

(E
l

K
ar

ou
i

et
al

.,
20

13
)

th
at

va
r
( β̂

1
,ρ

(G
))

d
ep

en
d
s

on
G

on
ly

b
y

th
e

eff
ec

t
of
G

on
th

e
sq

u
ar

ed
ri

sk
of

th
e

v
ec

to
r
β̂
ρ
(G

),
i.
e.

,
th

ro
u
g
h

E
( ‖
β̂
ρ
(G

)
−
β
‖2 2

)
(f

or
th

e
co

n
ve

n
ie

n
ce

o
f

th
e

re
ad

er
w

e
gi

ve
a

re
v
ie

w
of

th
es

e
re

su
lt

s,
w

h
ic

h

ar
e

a
b
it

sc
at

te
re

d
in

th
e

li
te

ra
tu

re
,

in
A

p
p

en
d
ix

A
).

F
or

th
is

re
as

on
,

in
th

e
se

tt
in

g
of
p
/n
→
κ
∈

(0
,1

),
w

e
n
ee

d
to

ch
ar

ac
te

ri
ze

th
e

ri
sk

o
f
β̂
ρ

to
u
n
d
er

st
an

d
w

h
en

d
iff

er
en

t
d
is

tr
ib

u
ti

on
s

of
ε

re
su

lt
in

th
e

sa
m

e
va

ri
an

ce
o
f
β̂

1
,ρ

.
In

w
h
a
t

fo
ll
ow

s,
w

e
d
en

ot
e

b
y
r2 ρ

(κ
;G

)
th

e
as

y
m

p
to

ti
c

sq
u
ar

ed
ri

sk
of
β̂
ρ
(G

)
as
p

an
d
n

te
n
d

to
∞

,

r2 ρ
(κ

;G
)

=
li
m

n
,p
→
∞
,p n
→
κ
E
||β̂

ρ
(G

)
−
β
||2
.

T
h
e

d
ep

en
d
en

ce
of
r2 ρ

(κ
;G

)
on

ε
is

ch
ar

a
ct

er
iz

ed
,

u
n
d
er

ap
p
ro

p
ri

at
e

te
ch

n
ic

a
l
co

n
d
it

io
n
s

on
X

,
ρ

an
d
ε i

’s
,

b
y

a
sy

st
em

of
tw

o
n
on

-l
in

ea
r

eq
u
at

io
n
s

(E
l

K
ar

ou
i

et
al

.,
2
0
1
3
).

S
p

ec
ifi

-
ca

ll
y,

if
w

e
d
efi

n
e
ẑ ε

=
ε

+
r ρ

(κ
;G

)Z
,

w
h
er

e
Z
∼
N

(0
,1

)
is

in
d
ep

en
d
en

t
of
ε,

a
n
d
ε

h
a
s

th
e

sa
m

e
d
is

tr
ib

u
ti

on
G

as
th

e
ε i

’s
,

th
en

th
er

e
ex

is
ts

a
co

n
st

an
t
c

su
ch

th
at

th
e

p
a
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o
f
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o
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,
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C
a
n
W

e
T
r
u
st

t
h
e
B
o
o
t
st

r
a
p
in

H
ig
h
-d

im
e
n
sio

n
s?

fi
n
ite,

a
n
d

d
eterm

in
istic

scalars
(c,r

ρ (κ
;G

))
satisfy

th
e

follow
in

g
sy

stem
of

eq
u
ation

s:

E
((p

rox
(cρ

)) ′(ẑ
ε ))

=
1−

κ
,

κ
r

2ρ (κ
;G

)
=

E
([ẑ

ε −
p
rox

(cρ
)(ẑ

ε )] 2 )
.

(5)

In
th

is
sy

stem
,

p
rox

(cρ
)

refers
to

M
oreau

’s
p
rox

im
al

m
ap

p
in

g
of

th
e

con
vex

fu
n
ction

cρ
(see

M
o
rea

u
,

1
9
6
5
;

H
iriart-U

rru
ty

an
d

L
em

aréch
al,

2001).

It
is

th
erefo

re
n
ot

en
tirely

triv
ialto

ch
aracterize

th
ose

d
istrib

u
tion

s
Γ

for
w

h
ich

r
2ρ (κ

;G
)

=
r

2ρ (κ
;Γ

).
In

th
e

follow
in

g
th

eorem
,

h
ow

ever,
w

e
sh

ow
th

at
as
κ
→

1,
r

2ρ (κ
;G

)
con

verges
to

a
co

n
sta

n
t

th
a
t

d
ep

en
d
s

on
ly

on
σ

2ε .
T

h
is

im
p
lies

th
at

w
h
en
κ
→

1,
tw

o
d
iff

eren
t

error
d
istri-

b
u
tio

n
s

th
a
t

h
ave

th
e

sam
e

varian
ces

w
ill

resu
lt

in
estim

ators
β̂

1
,ρ

w
ith

th
e

sam
e

varian
ce.

B
efo

re
sta

tin
g

ou
r

th
eorem

form
ally,

h
ow

ever,
w

e
w

ill
rev

iew
th

e
n
ecessary

assu
m

p
tion

s
for

th
e

sy
stem

o
f

eq
u
ation

s
in

(5)
to

h
o
ld

.
F

or
a

p
recise

statem
en

t
of

th
e

assu
m

p
tion

s,
see

E
l

K
a
ro

u
i

(2
01

7
)

A
ssu

m
p
tio

n
s

fo
r

E
qu

a
tio

n
5
:

T
h
e

p
ro

of
of

(5)
p
rov

id
ed

in
E

l
K

arou
i

(2013
)

assu
m

es
th

a
t

th
e
X
i ’s

h
av

e
m

ean
0,

cov
(X

i )
=

Id
p ,

a
n
d

th
ey

sa
tisfy

su
b
-G

au
ssian

con
cen

tration
a
ssu

m
p
tio

n
s

(w
ith

con
stan

ts
d
ep

en
d
en

t
on

n
).

E
l

K
arou

i
(2013)

fu
rth

er
assu

m
es

th
at

th
e

ε
i

h
ave

a
u
n
im

o
d
al

d
en

sity,
are

in
d
ep

en
d
en

t
from

th
e
X
ij ,

su
p

1≤
i≤
n |ε

i |
=

O
P

(p
oly

L
og(n

)),
a
n
d

th
a
t

sim
iliar

b
ou

n
d
s

also
h
old

for
a

few
m

om
en

ts
of
ε
i

(th
e

n
u
m

b
er

o
f

su
ch

m
om

en
ts

d
ep

en
d
s

o
n

th
e

loss
fu

n
ction

ρ
).

L
og-con

cave
d
en

sities
su

ch
as

th
ose

corresp
on

d
in

g
to

d
o
u
b
le

ex
p

o
n
en

tial
or

G
au

ssian
errors

u
sed

in
th

e
cu

rren
t

p
ap

er
fall

w
ith

in
th

e
scop

e
of

th
is

th
eo

rem
.

T
h
e

read
er

in
terested

in
gen

eralization
s

an
d

tru
ly

h
eav

y
-tailed

situ
ation

is
referred

to
E

l
K

arou
i

(2017)
an

d
referen

ces
th

erein
.

T
h
e

lo
ss

fu
n
ction

ρ
is

assu
m

ed
b
y

E
l

K
arou

i
(2013)

(in
th

e
u
n
p

en
a
lized

case)
to

b
e

n
o
n
-n

eg
a
tive,

tw
ice

d
iff

eren
tiab

le,
stron

gly
con

vex
,

n
on

-lin
ear,

tak
in

g
valu

e
0

at
0,

a
n
d

w
ith

a
d
eriva

tive
th

at
grow

s
at

m
ost

p
oly

n
om

ially
at

in
fi
n
ity

an
d

a
secon

d
d
erivative

th
a
t

is
lo

ca
lly

L
ip

sch
itz,

w
ith

lo
cal

L
ip

sch
itz

con
stan

t
th

at
grow

at
m

ost
p

oly
n
om

ially
at

in
fi
n
ity.

It
sh

o
u
ld

b
e

n
oted

th
at

d
istrib

u
tion

s
w

ith
su

ffi
cien

tly
m

an
y

m
om

en
ts,

th
e

con
d
itio

n
of

stro
n
g

co
n
vex

ity
of
ρ

can
b

e
ob

tain
ed

b
y

ad
d
in

g
δx

2/
2

to
th

e
in

itial
ρ
,

w
ith

δ
“sm

all”,
e.g

.,
δ

=
1
0 −

1
0,

an
d

th
at

m
o
d
ifi

cation
w

ill
ch

an
ge

very
little

or
an

y
th

in
g

to
th

e
estim

ator.
F

u
rth

erm
o
re,

th
e

req
u
irem

en
t

of
stron

g
con

vex
ity

of
ρ
,
th

ou
gh

su
p

erfi
cially

lim
itin

g,
is

likely
a
n

a
rtifa

ct
o
f

th
e

p
ro

of,
w

h
ere

th
e

m
ain

m
otivation

w
as

log-con
cave

d
istrib

u
tion

s
w

ith
an

eye
tow

a
rd

s
o
p
tim

ality
(B

ean
et

al.,
2013).

In
fact,

th
e

th
eoretical

p
red

iction
s

of
(5)

w
ere

verifi
ed

n
u
m

erically
in

E
l

K
arou

i
et

al.
(20

11)
o
u
tsid

e
of

th
e

assu
m

p
tion

s
stated

ab
ove,

a
n
d

th
e

p
red

iction
s

of
E

q
u
ation

(5)
w

ere
fou

n
d

to
b

e
very

accu
rate

in
sim

u
la

tion
s

even
for

n
o
n
-sm

o
o
th

ed
`
1

an
d

H
u
b

er
losses

w
ith

certain
error

d
istrib

u
tion

s.

W
e

n
ow

sta
te

th
e

th
eorem

form
ally

;
see

A
p
p

en
d
ix

E
for

th
e

p
ro

of
of

th
is

statem
en

t.

T
h

e
o
re

m
1

S
u

p
po

se
w

e
a
re

w
o
rkin

g
w

ith
ro

bu
st

regressio
n

estim
a
to

rs
w

ith
lo

ss
ρ

,
a
n

d
p
/
n
→
κ

.
S

u
p
po

se
th

a
t
r

2ρ (κ
;G

)
is

ch
a
ra

cterized
by

th
e

system
o
f

equ
a
tio

n
s

in
(5).

T
h
en

,

lim
κ→

1

1−
κ

σ
2ε

r
2ρ (κ

;G
)

=
1
,

p
ro

vid
ed
ρ

is
a
d
d
itio

n
a
lly

d
iff

eren
tia

ble
n

ea
r

0
a
n

d
ρ ′(x

)∼
x

n
ea

r
0
.

1
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E
l
K
a
r
o
u
i
a
n
d

P
u
r
d
o
m

Im
p
lica

tio
n

s
fo

r
th

e
B

oo
tstra

p
F

or
th

e
p
u
rp

oses
of

th
e

resid
u
al-b

o
otstrap

,
T

h
eorem

1
im

-
p
lies

th
at

d
iff

eren
t

m
eth

o
d
s

of
estim

atin
g

th
e

resid
u
al

d
istrib

u
tion

Ĝ
w

ill
resu

lt
in

sim
ilar

resid
u
al-b

o
otstrap

con
fi
d
en

ce
in

tervals
as
p
/n
→

1,
if
Ĝ

h
as

th
e

sam
e

varian
ce.

T
h
is

agrees
w

ith
ou

r
sim

u
latio

n
s,

w
h
ere

b
oth

of
ou

r
p
rop

osed
b

o
otstrap

strategies
set

th
e

varian
ce

of
Ĝ

eq
u
al

to
σ̂

2ε,L
S

an
d

b
oth

h
ad

sim
ilar

p
erform

a
n
ce

in
ou

r
sim

u
lation

s
for

large
p
/n

.
F

u
rth

er-
m

ore,
as

w
e

n
oted

,
for

p
/n

closer
to

1,
th

ey
b

oth
h
ad

sim
ilar

p
erform

an
ce

to
a

b
o
otstrap

p
ro

ced
u
re

th
at

sim
p
ly

sets
Ĝ

=
N

(0,σ̂
2ε,L

S
)

(F
ig

u
re

2)
(see

also
A

p
p

en
d
ix

A
.3

for
fu

rth
er

d
iscu

ssion
of

resid
u
al

b
o
otstrap

m
eth

o
d
s

w
h
ich

d
raw

fro
m

th
e

“w
ron

g”
d
istrib

u
tio

n
,

i.e.,
form

s
of

w
ild

b
o
otstrap

s
(W

u
,

1986)).

W
e

retu
rn

sp
ecifi

cally
to

th
e

b
o
otstrap

b
ased

on
r̃
i(i) ,

th
e

stan
d
ard

ized
p
red

icted
errors.

E
q
u
ation

(3)
tells

u
s

th
at

th
e

m
argin

al
d
istrib

u
tion

of
ẽ
i(i)

is
a

con
volu

tion
of

th
e

d
istrib

u
tio

n

of
ε
i
an

d
a

n
orm

al,
w

ith
th

e
varian

ce
of

th
e

n
orm

al
govern

ed
b
y

th
e

term
‖
β̂
ρ −
β‖

2 .
T

h
eorem

1
m

akes
rigorou

s
ou

r
p
rev

iou
s

assertion
th

at
as
p
/n
→

1,
th

e
n
orm

al
term

w
ill

d
om

in
ate

an
d

th
e

m
argin

al
d
istrib

u
tion

of
ẽ
i(i)

w
ill

ap
p
roach

n
orm

ality,
regard

less
o
f

th
e

d
istrib

u
tion

of
ε.

H
ow

ev
er,

T
h
eorem

1
also

im
p
lies

th
at

as
p
/n
→

1
,

in
feren

ce
for

th
e

co
ord

in
ates

of
β

w
ill

b
e

in
creasin

gly
less

relian
t

on
featu

res
of

th
e

error
d
istrib

u
tion

b
eyon

d
th

e
varian

ce,
im

p
ly

in
g

th
at

ou
r

stan
d
ard

ized
p
red

ited
errors,

r̃
i(i) ,

w
ill

still
resu

lt
in

an
estim

a
te
Ĝ

th
at

w
ill

give
accu

rate
con

fi
d
en

ce
in

tervals.
C

on
versely,

as
p
/n
→

0
classical

th
eory

tells
u
s

th
at

th
e

in
feren

ce
of
β

relies
h
eav

ily
on

th
e

d
istrib

u
tion

G
b

eyon
d

th
e

fi
rst

tw
o

m
om

en
ts,

b
u
t

in
th

at
case

th
e

d
istrib

u
tion

of
r̃
i(i)

ap
p
roach

es
th

e
correct

d
istrib

u
tion

as
w

e
ex

p
lain

ed
earlier.

S
o

b
o
otstrap

p
in

g
from

th
e

m
argin

al
d
istrib

u
tion

of
r̃
i(i)

also
m

akes
sen

se
w

h
en
p
/n

is
sm

all.

F
or

κ
b

etw
een

th
ese

tw
o

ex
trem

es
it

is
d
iffi

cu
lt

to
th

eoretically
p
red

ict
th

e
risk

of
β̂
ρ (Ĝ

)
w

h
en

th
e

d
istrib

u
tion

Ĝ
is

given
b
y

resa
m

p
lin

g
from

th
e
r̃
i(i) .

W
e

tu
rn

to
n
u
m

erical
sim

u
lation

s
to

evalu
ate

th
is

risk
.

S
p

ecifi
cally,

for
ε
i
∼
G

,
w

e
sim

u
lated

d
ata

th
at

is
a

con
volu

tion
of
G

an
d

a
n
orm

al
w

ith
varian

ce
eq

u
al

to
r

2ρ (κ
;G

);
w

e
th

en
scale

th
is

sim
u
lated

d
ata

to
h
ave

varian
ce
σ

2ε .
T

h
e

scaled
d
ata

are
th

e
ε ∗i

an
d

w
e

refer
to

th
e

d
istrib

u
tion

of
ε ∗i

as
th

e
con

v
olu

tion
d
istrib

u
tion

,
d
en

oted
G
co
n
v .

T
h
en

,
G
co
n
v

is
th

e
asy

m
p
totic

version
of

th
e

m
argin

al
d
istrib

u
tion

of
th

e
stan

d
ard

ized
p
red

icted
errors,

r̃
i(i) ,

u
sed

in
ou

r
b

o
otstrap

m
eth

o
d

p
rop

osed
ab

ove.

In
F

igu
re

3
w

e
p
lot

for
b

oth
H

u
b

er
loss

an
d
L

1
loss

th
e

av
erage

risk
r
ρ (κ

;G
co
n
v )

(i.e.,
errors

given
b
y
G
co
n
v )

relative
to

th
e

av
erage

risk
r
ρ (κ

;G
)

(i.e.,
errors

d
istrib

u
ted

accord
in

g
to
G

),
w

h
ere

G
h
as

a
d
ou

b
le

ex
p

on
en

tial
d
istrib

u
tion

.
W

e
also

p
lot

th
e

relativ
e

av
erage

risk
r
ρ (κ

;G
n
o
r
m

),
w

h
ere

G
n
o
r
m

=
N

(0,σ
2ε ).

A
s

p
red

icted
b
y

T
h
eo

rem
1,

for
κ

close
to

1,
r
ρ (κ

;G
co
n
v )/r

ρ (κ
;G

)
an

d
r
ρ (κ

;G
n
o
r
m

)/r
ρ (κ

;G
)

con
verge

to
1.

C
on

versely,
as

κ
→

0,
r
ρ (κ

;G
n
o
r
m

)/r
ρ (κ

;G
)

d
iv

erges
d
ram

atically
from

1,
w

h
ile

r
ρ (κ

;G
co
n
v )/r

ρ (κ
;G

)
ap

p
roach

es
1,

as
ex

p
ected

.
F

or
H

u
b

er,
th

e
d
ivergen

ce
of
r
ρ (κ

;G
co
n
v )/r

ρ (κ
;G

)
from

1
is

at
m

ost
8%

,
b
u
t

th
e

d
iff

eren
ce

is
larger

for
L

1
(12%

),
p
rob

ab
ly

d
u
e

to
th

e
fact

th
at

th
e

con
v
olu

tion
w

ith
a

n
orm

al
error

h
a
s

a
larger

eff
ect

on
th

e
risk

for
L

1 .

3
.
P
a
irs

B
o
o
tstra

p

A
s

d
escrib

ed
ab

ov
e,

estim
atin

g
th

e
d
istrib

u
tion

F̂
from

th
e

em
p
irical

d
istrib

u
tion

of
(y
i ,X

i )
(pa

irs
boo

tstra
p
p
in

g
)

is
gen

erally
con

sid
ered

th
e

m
ost

gen
eral

an
d

w
id

ely
ap

p
licab

le
m

eth
o
d

of
b

o
otstrap

p
in

g,
allow

in
g

for
th

e
lin

ear
m

o
d
el

to
b

e
in

correctly
sp

ecifi
ed

(i.e.,
E

(y
i )

is
n
ot

a
lin

ear
fu

n
ction

of
X
i ).

It
is

also
con

sid
ered

to
b

e
sligh

tly
m

ore
con

servative
com

p
ared
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u
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H
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L1 C
on
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N

or
m

al

(b
)
R
el
a
ti
v
e
ri
sk

o
f
G
c
o
n
v
a
n
d
G
n
o
r
m

to
G

F
ig

u
re

3:
R

e
la

ti
v
e

R
is

k
o
f
β̂

fo
r

sc
a
le

d
p

re
d

ic
te

d
e
rr

o
rs

v
s

o
ri

g
in

a
l

e
rr

o
rs

-
p

o
p

u
-

la
ti

o
n

v
e
rs

io
n

:
(a

)
P

lo
tt

ed
w

it
h

a
so

li
d

li
n
es

ar
e

th
e

ra
ti

os
of

th
e

av
er

ag
e

ri
sk

of
β̂

(G
co
n
v
)

to
th

e
av

er
ag

e
ri

sk
of
β̂

(G
)

fo
r

H
u
b

er
a
n
d
L

1
lo

ss
.

(b
)

sh
ow

s
th

e
sa

m
e

p
lo

t,
b
u
t

ad
d
ed

to
th

e
p
lo

t
(d

ot
te

d
li
n
es

)
is

th
e

re
la

ti
v
e

ri
sk

of
β̂

(G
)

w
h
en

th
e

er
ro

rs
ar

e
d
is

tr
ib

u
te

d
G
n
o
r
m

=
N

(0
,σ

2 ε
)

.
F

or
b

ot
h

fi
gu

re
s,

th
e

y
-a

x
is

gi
ve

s
th

e
re

la
ti

ve
ri

sk
,

an
d

th
e

x
-a

x
is

is
th

e
ra

ti
o
p
/n

,
w

it
h
n

fi
x
ed

at
50

0.
B

lu
e/

tr
ia

n
gl

e
p
lo

tt
in

g
sy

m
b

ol
s

in
d
ic

at
e
L

1
lo

ss
;

re
d
/
ci

rc
le

p
lo

tt
in

g
sy

m
b

ol
s

in
d
ic

at
e

H
u
b

er
lo

ss
.

T
h
e

av
er

ag
e

ri
sk

is
ca

lc
u
la

te
d

ov
er

50
0

si
m

u
la

ti
on

s,
w

h
er

e
th

e
d
es

ig
n

m
at

ri
x
X

h
as

G
au

ss
ia

n
en

tr
ie

s.
T

h
e

“t
ru

e”
er

ro
r

d
is

tr
ib

u
ti

on
G

is
th

e
st

an
d
ar

d
L

ap
la

ci
an

d
is

tr
ib

u
ti

on
w

it
h
σ

2 ε
=

2.
E

ac
h

si
m

u
la

ti
on

u
se

s
th

e
st

an
d
ar

d
es

ti
m

at
e

of
σ

2 ε
fr

om
th

e
ge

n
er

at
ed

ε i
’s

.
r ρ

(κ
;G

)
w

as
co

m
p
u
te

d
u
si

n
g

a
fi
rs

t
ru

n
of

si
m

u
la

ti
on

s
w

it
h

ε i
ii
d v
G

.
T

h
e

H
u
b

er
lo

ss
in

th
is

p
lo

t
is

H
u
b

er
1

an
d

n
ot

th
e

d
ef

au
lt

H
u
b

er
1
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4
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of
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e
r
l
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fu
n
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to
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o
ot

st
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p
p
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g
fr
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e
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si
d
u
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s.
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th
e
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se
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t-p
red

icted
errors.

A
n

o
n

-a
sym

p
to

tic
a
n

d
exa

ct
stoch

a
stic

rep
resen

ta
tio

n
in

th
e

ellip
tica

l
ca

se
W

h
en
X
i
iid
v
λ
i υ
i ,

w
h
ere

υ
i ∼
N

(0,Σ
)

an
d
λ
i

is
a

ran
d
o
m

variab
le

in
d
ep

en
d
en

t
of
υ
i ,

it
is

sh
ow

n
th

at

β̂
ρ (β

;Σ
)
L=
β

+
‖β̂

ρ (0
;Id

p )‖
2 Σ
−

1
/
2u
,

w
h
ere

u
is

u
n
iform

ly
d
istrib

u
ted

on
th

e
u
n
it

sp
h
ere

in
R
p

an
d
‖
β̂
ρ (0;Id

p )‖
2

is
in

d
ep

en
d
en

t

o
f
u

.
‖β̂

ρ (0
;Id

p )‖
2

is
sim

p
ly

th
e

n
orm

of
β̂
ρ

w
h
en

β
=

0
an

d
cov

(X
i )

=
Id
p .

N
ote

th
at
u

h
a
s

th
e

sto
ch

a
stic

rep
resen

tation
u
L=
Z
p /‖

Z
p ‖

2 ,
w

h
ere

Z
p ∼
N

(0,Id
p ).

C
o
n

sequ
en

ce
o
f

th
e

p
revio

u
s

rep
resen

ta
tio

n
fo

r
la

rge
p

S
in

ce
‖Z

p ‖
2

h
as
χ
p

d
istrib

u
tion

,
it

is
clea

r
th

a
t

a
s
p
→
∞

,
if
v

is
a

d
eterm

in
istic

vector,

√
p
v ′(β̂

ρ (β
;Σ

)−
β

)

‖β̂
ρ (0;Id

p )‖
2

=⇒
N

(0,v ′Σ
−

1v
)
,

w
h
ere

=⇒
d
en

otes
w

eak
con

vergen
ce

of
d
istrib

u
tion

s.
H

en
ce,

p
rov

id
ed
‖
β̂
ρ (0

;Id
p )‖

2
an

d

v ′Σ
−

1v
rem

ain
b

ou
n
d
ed

,
v ′β̂

ρ (β
;Σ

)
is √

p
-con

sisten
t

for
v ′β

.

P
ro

perties
o
f‖β̂

ρ (0;Id
p )‖

2
It

is
sh

ow
n
,

u
n
d
er

variou
s

tech
n
ica

l
assu

m
p
tion

s,
th

at
as
p

an
d
n

ten
d

to
in

fi
n
ity

w
ith

p
/n
→
κ

,
th

e
varian

ce
of

th
e

ran
d
om

variab
le‖

β̂
ρ (0;Id

p )‖
2

go
es

to
zero.

H
en

ce,
for

p
ra

ctical
m

atters,‖β̂
ρ (0;Id

p )‖
2

can
b

e
con

sid
ered

n
on

-ran
d
om

.
In

p
articu

lar,
th

a
t

im
p
lies

th
at√

p
v ′(β̂

ρ (β
;Σ

)−
β

)
is

ap
p
rox

im
ately

N
orm

al
as
p
/n
→
κ
.

O
f

g
rea

t
im

p
o
rtan

ce
is

th
e

ch
aracterization

of‖
β̂
ρ (0;Id

p )‖
2 ,

sin
ce

it
w

ill
aff

ect
th

e
w

id
th

of
co

n
fi
d
en

ce
in

tervals.
It

can
b

e
ch

aracterized
,
in

th
e

case
w

h
ere

λ
i

=
1

(see
th

e
p
ap

ers
for

th
e

ca
se
λ
i 6=

1
)

in
th

e
follow

in
g

w
ay

:‖β̂
ρ (0;Id

p )‖
2 →

r
ρ (κ

).
T

h
e

n
on

-ran
d
om

scalar
r
ρ (κ

)
can

b
e

ch
a
racterized

th
rou

gh
a

sy
stem

of
tw

o
n
on

-lin
ear

eq
u
ation

s,
in

volv
in

g
an

o
th

er
con

stan
t,

c.
T

h
e

p
a
ir

o
f

p
ositiv

e
an

d
d
eterm

in
istic

scalars
(c,r

ρ (κ
))

satisfy
:

if
ẑ
ε

=
ε

+
r
ρ (κ

)Z
,

w
h
ere

Z
∼
N

(0,1
)

is
in

d
ep

en
d
en

t
of
ε,

an
d
ε

h
a
s

th
e

sam
e

d
istrib

u
tion

as
ε
i ’s:

{
E

((p
rox

(cρ
)) ′(ẑ

ε ))
=

1−
κ
,

κ
r

2ρ (κ
)

=
E
([ẑ

ε −
p
rox

(cρ
)(ẑ

ε )] 2 )
.

(9)
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E
l
K
a
r
o
u
i
a
n
d

P
u
r
d
o
m

In
th

is
sy

stem
,

p
rox

(cρ
)

refers
to

M
o
reau

’s
p
rox

im
al

m
ap

p
in

g
of

th
e

con
vex

fu
n
ction

cρ
-

see
M

oreau
(1965)

or
H

iriart-U
rru

ty
an

d
L

em
aréch

a
l

(2001).
(T

h
e

sy
stem

is
rigorou

sly
sh

ow
n

in
E

l
K

arou
i

(2013)
u
n
d
er

th
e

assu
m

p
tion

th
at

th
e
X
i ’s

h
ave

i.i.d
en

tries
w

ith
m

ean
0

an
d

varian
ce

1,
as

w
ell

as
a

few
oth

er
m

in
or

req
u
irem

en
ts;

th
ese

assu
m

p
tio

n
s

a
re

satisfi
ed

w
h
en

X
i,j

h
ave

a
G

au
ssian

d
istrib

u
tion

,
or

are
b

ou
n
d
ed

,
or

d
o

n
ot

h
ave

h
eav

y
tails,

th
e

latter
req

u
irin

g
ap

p
eal

to
variou

s
tru

n
ca

tion
argu

m
en

ts.
A

n
oth

er
p
ro

of
of

th
e

valid
ity

of
th

is
sy

stem
,

w
h
ich

fi
rst

ap
p

eared
in

E
l

K
arou

i
et

al.
(2011),

can
b

e
fou

n
d

in
D

on
oh

o
an

d
M

on
tan

ari
(2013).

T
h
at

p
ro

of
is

lim
ited

to
th

e
case

of
X
i ’s

h
av

in
g

i.i.d
G

au
ssian

en
tries.)

T
h
e

assu
m

p
tion

s
on

ε
i ’s

an
d
ρ

are
relatively

m
ild

.
S
ee

E
l

K
arou

i
(2017)

for
th

e
latest,

h
an

d
lin

g
th

e
situ

ation
w

h
ere

ε
i ’s

h
ave

for
in

stan
ce

a
C

a
u
ch

y
d
istrib

u
tion

.
W

e
n
ote

th
at

som
e

of
th

e
resu

lts
in

E
l

K
arou

i
(2013)

are
stated

w
ith

ρ
stron

gly
con

vex
(an

d
ε
i ’s

h
av

in
g

m
an

y
m

om
en

ts).
W

h
ile

th
e

p
ro

of
in

th
at

p
ap

er
su

ggests
several

w
ay

s
of

rem
ov

in
g

th
is

assu
m

p
tion

,
it

is
also

p
ossib

le
to

ch
an

ge
ρ

in
to
ρ

+
η
x

2/2
w

ith
η

very
sm

all
(e.g

η
=

10 −
1
0
0)

to
satisfy

th
is

tech
n
ical

assu
m

p
tion

an
d

ch
an

ge
essen

tially
n
oth

in
g

to
th

e
statistical

p
rob

lem
at

h
an

d
.

C
o
n

sequ
en

ces
fo

r
th

e
d
istribu

tio
n

o
f
β̂

1
o
r

o
th

er
co

n
tra

sts
o
f

in
terest

In
ou

r
sim

u
lation

setu
p
,

th
e

p
rev

iou
s

resu
lts

im
p
ly

th
at

th
e

d
istrib

u
tion

of
β̂

1
(or

a
n
y

oth
er

co
ord

in
ates

or
con

trasts
v ′β̂

for
v

d
eterm

in
istic)

is
asy

m
p
totically

n
orm

al.
In

th
e

ca
se

w
h
ere

Σ
=

Id
p ,

th
e

varian
ce

of
√
p
(β̂

1 −
β

1 )
is

rou
gh

ly
N

(0,r
2ρ (κ

)).
S
ee

B
ean

et
al.

(2013)
a
n
d

its
su

p
p
lem

en
tary

m
aterial

for
a

lon
ger

d
iscu

ssion
an

d
q
u
estion

s
related

to
b
u
ild

in
g

con
fi
d
en

ce
in

tervals.

A
sym

p
to

tic
n

o
rm

a
lity

qu
estio

n
s

a
n

d
im

pa
ct

o
n

co
n

fi
d
en

ce
in

terva
ls:

p
/
n

→
κ

∈
(0
,1

)
B

ecau
se

w
e

k
n
ow

th
at,

in
th

e
G

au
ssian

d
esign

case,
th

e
co

ord
in

ates
of
β̂
ρ

are
asy

m
p
toti-

cally
n
orm

al,
th

e
w

id
th

of
th

ese
in

tervals
is

com
p
letely

d
eterm

in
ed

b
y

th
e

varian
ce

of
th

e
co

ord
in

ates
of
β̂
ρ .

W
e

ex
p
lain

ab
ov

e
h
ow

th
ese

varian
ces

d
ep

en
d

on
th

e
d
istrib

u
tion

of
ε

an
d

th
e

loss
fu

n
ction

ρ
:

b
asically

th
rou

gh
‖
β̂

(ρ
;Id

)‖
2

an
d

h
en

ce
r
ρ (κ

).
T

h
erefore,

as
w

as
th

e

case
in

th
e

low
-d

im
en

sion
al

situ
ation

,
th

e
varian

ce
of

th
e

co
ord

in
ates

of
β̂
ρ

can
b

e
u
sed

as
a

p
rox

y
for

th
e

w
id

th
of

th
e

con
fi
d
en

ce
in

terval
in

th
e

h
igh

-d
im

en
sion

al
case

w
h
ere

p
/n
→
κ

,
0
<
κ
<

1.
In

(B
ean

et
al.,

2013),
th

ese
asy

m
p
totic

n
orm

ality
resu

lts
are

u
sed

to
create

con
fi
d
en

ce
in

tervals
for

v ′β
in

th
e

G
au

ssian
d
esign

case:
if
z

1−
α
/
2

is
th

e
(1
−
α
/2)-q

u
an

tile
of

th
e

G
au

ssian
d
istrib

u
tion

a
100(1−

α
)%

con
fi
d
en

ce
in

terval
for

v ′β
is

v ′β̂
±
z

1−
α
/
2

√
p

r̂ √
(1−

p
/n

)v ′Σ̂
−

1v
,

w
h
ere

r̂
is

a
con

sisten
t

estim
ator

of‖β̂
ρ (0;Id

p )‖
2 .

In
(B

ean
et

al.,
2013),

it
is

said
w

ith
o
u
t

m
ore

p
recision

th
at

leave-on
e-tech

n
iq

u
es

can
b

e
u
sed

to
com

e
u
p

w
ith

r̂;
w

e
p
rop

ose
in

th
e

cu
rren

t
p
ap

er
estim

ates
r̂

b
ased

on
leave-on

e-ou
t

p
red

icted
errors

th
at

can
th

erefore
b

e
u
sed

for
th

e
p
u
rp

ose
of

b
u
ild

in
g

th
ose

con
fi
d
en

ce
in

terva
ls.

(S
ee

S
ection

2.3
in

th
e

m
ain

p
ap

er)

L
ea

ve-o
n

e-o
u

t
a
p
p
ro

xim
a
tio

n
s

fo
r
β̂

It
is

sh
ow

n
in

th
e

aforem
en

tion
ed

p
ap

ers
th

a
t

β̂
'
β̂

(i)
+

1n
S
−

1
i
X
i ψ

(e
i )
,

w
h
ere'

m
ean

s
th

at
w

e
are

n
eglectin

g
a

q
u
an

tity
th

at
is

n
egligib

le
for

all
ou

r
m

ath
em

atical
an

d
statistical

p
u
rp

oses
(see

th
e

p
ap

ers
for

very
p
recise

b
ou

n
d
s

on
th

e
q
u
an

tity
w

e
are

3
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C
a
n
W

e
T
r
u
st

t
h
e
B
o
o
t
st

r
a
p
in

H
ig
h
-d

im
e
n
si
o
n
s?

n
eg

le
ct

in
g)

.
T

h
is

ap
p
ro

x
im

at
io

n
is

th
e

ke
y

to
th

e
ap

p
ro

x
im

a
ti

on
s

in
E

q
u
at

io
n
s

(3
)

an
d

(4
)

w
h
ic

h
w

e
u
se

in
th

e
m

ai
n

p
ap

er
.

R
ec

al
l

th
at
S
i

=
1 n

∑
j6=
i
ψ
′ (
ẽ j

(i
))
X
j
X
′ j.

A
.3

C
o
n

se
q
u

e
n

c
e
s

fo
r

th
e

re
si

d
u

a
l

b
o
o
ts

tr
a
p

W
e

ca
ll
{ε
∗ i}
n i=

1
th

e
es

ti
m

at
ed

er
ro

rs
u
se

d
in

th
e

re
si

d
u
al

b
o
ot

st
ra

p
.

W
h
en

d
oi

n
g

a
re

si
d
u
al

b
o
ot

st
ra

p
,

w
e

ar
e

eff
ec

ti
ve

ly
sa

m
p
li
n
g

fr
om

a
m

o
d
el

w
it

h
fi
x
ed

d
es

ig
n
X

,
“t

ru
e
β

”
ta

ke
n

to
b

e
eq

u
al

to
β̂
ρ

an
d

i.
i.
d

er
ro

rs
sa

m
p
le

d
ac

co
rd

in
g

to
th

e
em

p
ir

ic
al

d
is

tr
ib

u
ti

on
of

th
e
{ε
∗ i}
n i=

1
.

A
s

a
sh

or
tc

u
t,

w
e

ca
ll

th
is

d
is

tr
ib

u
ti

on
ε∗

in
w

h
at

fo
ll
ow

s.
W

e
ca

ll
β̂
∗ ρ

th
e

b
o
ot

st
ra

p
p

ed

ve
rs

io
n

of
β̂

.

C
a
se
p
/
n

→
0

N
at

u
ra

ll
y,

th
e

cl
as

si
c

re
su

lt
s

m
en

ti
on

ed
ab

ov
e

im
p
ly

th
at

th
e

d
is

tr
ib

u
ti

on
of
v
′ (
β̂
∗ ρ
−
β̂
ρ
)

is
go

in
g

to
b

e
as

y
m

p
to

ti
ca

ll
y

n
or

m
al

(u
n
d
er

m
il
d

co
n
d
it

io
n
s

on
X

th
at

ar
e

sa
ti

sfi
ed

in
ou

r
si

m
u
la

ti
on

s)
;
th

e
va

ri
an

ce
of

th
e

co
or

d
in

at
es

of
β̂
∗ ρ,

on
th

e
ot

h
er

h
an

d
d
ep

en
d
s

on
E

(ψ
2
(ε
∗ )

)
[E

(ψ
′ (
ε∗

))
]2

.
H

en
ce

,
ev

en
if

th
e

d
is

tr
ib

u
ti

on
of

th
e

es
ti

m
at

ed
er

ro
rs
ε∗

is
v
er

y
d
iff

er
en

t

fr
om

th
at

of
th

e
“t

ru
e”

er
ro

rs
,
ε,

th
e

re
si

d
u
al

b
o
ot

st
ra

p
m

ay
w

or
k

ve
ry

w
el

l:
in

d
ee

d
,

if
ε

an
d
ε∗

h
av

e
tw

o
ve

ry
d
iff

er
en

t
d
is

tr
ib

u
ti

on
b
u
t

E
( ψ

2
(ε
∗ )
)

[E
(ψ
′ (
ε∗

))
]2

=
E
( ψ

2
(ε

))

[E
(ψ
′ (
ε)

)]
2
,

u
si

n
g

a
re

si
d
u
al

b
o
ot

st
ra

p
w

it
h

“t
h
e

w
ro

n
g

er
ro

r
d
is

tr
ib

u
ti

on
”,
ε∗

,
w

il
l

gi
v
e

u
s

b
o
ot

st
ra

p
co

n
fi
d
en

ce
in

te
rv

al
s

of
th

e
ri

gh
t

w
id

th
.

A
n

im
p

or
ta

n
t

q
u
es

ti
on

th
en

b
ec

o
m

es
,

w
h
en

p
/n

is

sm
al

l:
w

h
at

cl
as

s
of

d
is

tr
ib

u
ti

on
s
ε∗

is
su

ch
th

at
E

(ψ
2
(ε
∗ )

)
[E

(ψ
′ (
ε∗

))
]2

=
E

(ψ
2
(ε

) )
[E

(ψ
′ (
ε)

)]
2
,

as
th

is
cl

as
s

d
efi

n
es

al
l

ac
ce

p
ta

b
le

er
ro

r
d
is

tr
ib

u
ti

on
s

fr
om

th
e

p
oi

n
t

o
f

v
ie

w
of

ou
r

re
si

d
u
al

b
o
ot

st
ra

p
.

C
a
se
p
/
n

→
κ

∈
(0
,1

)
W

e
n
ot

e
th

at
at

th
is

p
oi

n
t

in
th

e
ca

se
p
/n
→

κ
∈

(0
,1

)
w

e
ar

e
n
ot

aw
ar

e
of

ce
n
tr

al
li
m

it
th

eo
re

m
s

fo
r

th
e

co
or

d
in

at
es

of
β̂

th
at

ar
e

va
li
d

co
n
d
it

io
n
al

on
th

e
d
es

ig
n

m
at

ri
x
X

.
H

ow
ev

er
,

it
is

ex
p

ec
te

d
th

at
su

ch
th

eo
re

m
s

w
il
l

h
ol

d
if

th
e

d
es

ig
n

m
at

ri
x

re
su

lt
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n
,p

)
is

cl
os

e
to
σ

2 ε
,

th
en

b
o
ot

st
ra

p
p
in

g
fr

om
th

e
re

si
d
u
al

s

in
le

as
t-

sq
u
ar

es
w

or
k
s

fo
r

ap
p
ro

x
im

at
in

g
th

e
d
is

tr
ib

u
ti

on
v
′ (
β̂
−
β

).

C
o
n

cl
u

si
o
n

fo
r

th
e

p
u

rp
o

se
s

o
f

th
e

m
a
in

pa
pe

r
In

ou
r

d
is

cu
ss

io
n
s

w
e

u
se
‖β̂

ρ
(0

;I
d
p
;ε
∗ )
‖

an
d

it
s

cl
os

en
es

s
to

it
s

va
lu

e
u
n
d
er

th
e

co
rr

ec
t

er
ro

r
d
is

tr
ib

u
ti

o
n
,
‖β̂

ρ
(0

;I
d
p
;ε

)‖
,

a
s

a
p
ro

x
y

to
u
n
d
er

st
an

d
a

p
ri

or
i

th
e

q
u
al

it
y

of
re

si
d
u
al

b
o
ot

st
ra

p
co

n
fi
d
en

ce
in

te
rv

al
s

w
h
en

u
si

n
g
ε∗

to
sa

m
p
le

th
e

er
ro

rs
in

st
ea

d
of
ε.

T
h
e

p
re

v
io

u
s

d
is

cu
ss

io
n

ex
p
la

in
s

w
h
y

w
e

d
o

so
.

O
u
r

n
u
m

er
ic

al
w

or
k

in
S
ec

ti
on

2.
3

of
th

e
m

ai
n

te
x
t

sh
ow

s
n
u
m

er
ic

al
ly

th
at

th
is

y
ie

ld
s

va
lu

a
b
le

in
si

gh
ts

.
T

h
is

is
w

h
y

ou
r

d
is

cu
ss

io
n

in
S
ec

ti
on

2.
4

is
fo

cu
se

d
on

u
n
d
er

st
an

d
in

g
‖β̂

(0
;I

d
p
;ε

)‖
2

fo
r

va
ri

ou
s

er
ro

r
d
is

tr
ib

u
ti

on
s.

In
p
ar

ti
cu

la
r,

T
h
eo

re
m

1
sh

ow
s

th
at

w
h
en

p
/
n

is
cl

o
se

to
1
,

if
ε∗

h
as

ap
p
ro

x
im

at
el

y
th

e
sa

m
e

tw
o

fi
rs

t
m

om
en

ts
as
ε,
‖β̂

(0
;I

d
p
;ε
∗ )
‖/
‖β̂

(0
;I

d
p
;ε

)‖
'

1
.

T
h
is

ex
p
la

in
s

w
h
y

th
e

sc
al

ed
r̃ i

(i
)

is
p
ro

b
ab

ly
a

go
o
d

er
ro

r
d
is

tr
ib

u
ti

on
ε∗

to
u
se

in
th

e
re

si
d
u
al

b
o
ot

st
ra

p
w

h
en
κ

is
cl

os
e

to
0

or
1.

W
e

n
ot

e
th

at
w

h
en
κ

is
cl

o
se

to
1
,
r̃ i

(i
)

g
iv

es
a
n

er
ro

r
d
is

tr
ib

u
ti

on
th

at
is

in
ge

n
er

al
ve

ry
d
iff

er
en

t
fr

om
th

e
d
is

tr
ib

u
ti

on
of
ε.

O
u
r

n
u
m

er
ic

a
l

w
or

k
of

S
ec

ti
on

2.
3

sh
ow

s
th

at
it

is
n
on

et
h
el

es
s

a
go

o
d

er
ro

r
d
is

tr
ib

u
ti

on
fr

o
m

th
e

p
o
in

t
o
f

v
ie

w
of

th
e

re
si

d
u
al

b
o
ot

st
ra

p
s

w
e

co
n
si

d
er

.

A
p
p
e
n
d
ix

B
.
D
e
co

n
v
o
lu
ti
o
n
B
o
o
ts
tr
a
p

In
th

e
m

ai
n

te
x
t,

w
e

co
n
si

d
er

ed
si

tu
at

io
n
s

w
h
er

e
ou

r
p
re

d
ic

to
rs
X
i

ar
e

i.
i.
d

w
it

h
a
n

el
li
p
ti

ca
l

d
is

tr
ib

u
ti

on
an

d
as

su
m

e
fo

r
in

st
an

ce
th

a
t
X
i

=
λ
iξ
i,

w
h
er

e
ξ i
∼
N

(0
,Σ

)
a
n
d
λ
i

a
re

i.
i.
d

sc
al

ar
ra

n
d
om

va
ri

ab
le

s
w

it
h

E
( λ

2 i

) =
1.

A
s

d
es

cr
ib

ed
in

th
e

m
ai

n
te

x
t,

if
X

is
el

li
p
ti

ca
l,
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Ĝ

W
e

u
sed

th
e

d
econ

volu
tion

algorith
m

in
th

e
d
e
c
o
n

p
ackage

in
R

(W
an

g
an

d
W

an
g,

2011)
to

estim
a
te

th
e

d
istrib

u
tion

of
ε
i .

D
econ

volu
tion

algorith
m

s
req

u
ire

selection
of

a
b
an

d
w

id
th

in
th

e
kern

els
th

at
m

ake
u
p

th
e

fu
n
ction

al
b
asis

of
th

e
estim

ate.
T

h
e

ap
p
ro

p
riate

b
an

d
w

id
th

p
a
ra

m
eter

in
d
econ

volu
tion

p
rob

lem
s

is
tied

in
trin

sically
to

th
e

u
se

of
th

e
estim

ate,
w

ith
o
p
tim

a
l

b
a
n
d
w

id
th

s
d
ep

en
d
in

g
on

w
h
at

fu
n
ction

al
of

th
e

d
istrib

u
tion

is
w

an
ted

(e.g.
th

e
p

d
f

v
ersu

s
th

e
cd

f).
M

oreover,
th

e
op

tim
al

b
an

d
w

id
th

d
ep

en
d
s

on
th

e
d
istrib

u
tion

of
Z̃
i

w
ith

w
h
ich

th
e

sign
al

is
b

ein
g

con
volved

.
U

ltim
ately,

ou
r

p
ro

ced
u
re

resam
p
les

from
th

e
d
istrib

u
tio

n
Ĝ
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e

in
te

rv
al

[0
,1

].
O

u
r

in
it

ia
l

α
w

as
.9

5.
W

e
sp

ec
ifi

ed
a

to
le

ra
n
ce

of
10
−

2
fo

r
th

e
re

su
lt

s
re

p
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te

rm
s

of
or

d
er

1
/
10

0!
or

lo
w

er
on

ly
.

T
h
e

co
n
st

a
n
t
c

w
as

fo
u
n
d

b
y

d
ic

h
ot

om
o
u
s

se
ar

ch
,

w
it

h
to

le
ra

n
ce

10
−

6
fo

r
m

at
ch

in
g

th
e

eq
u
at

io
n

E
(1
/(

1
+
W
c)

)
=

1
−
p
/n

.
O

n
ce
c

w
as

fo
u
n
d
,

w
e

ap
p
ro

x
im

at
ed

th
e

ex
p

ec
ta

ti
on

in
T

h
eo

re
m

2
in

th
e

sa
m

e
fa

sh
io

n
as

w
e

ju
st

d
es

cr
ib

ed
.

O
n
ce

w
e

h
ad

co
m

p
u
te

d
th

e
q
u
an

ti
ty

ap
p

ea
ri

n
g

in
T

h
eo

re
m

2,
w

e
d
iv

id
ed

it
b
y
κ
/(

1
−
κ

).
W

e
re

p
ea

te
d

th
es

e
co

m
p
u
ta

ti
on

s
fo

r
κ

=
.0

5
to
κ

=
.5

b
y

in
cr

em
en

ts
of

10
−

3
to

p
ro

d
u
ce

ou
r

fi
gu

re
.

A
p
p
e
n
d
ix

E
.
P
ro

o
f
o
f
T
h
e
o
re
m

1
(R

e
si
d
u
a
l
b
o
o
ts
tr
a
p
,
p/
n
cl
o
se

to
1
)

P
ro

o
f

R
ec

al
l

th
e

sy
st

em
d
es

cr
ib

in
g

th
e

as
y
m

p
to

ti
c

li
m

it
of
‖β̂

ρ
−
β
‖

w
h
en

p
/n
→

κ
an

d
th

e
d
es

ig
n

m
at

ri
x

h
as

i.
i.
d

m
ea

n
0,

va
ri

an
ce

1
en

tr
ie

s,
is

,
u
n
d
er

so
m

e
co

n
d
it

io
n
s

on
ε i

’s
an

d
so

m
e

m
il
d

fu
rt

h
er

co
n
d
it

io
n
s

on
th

e
d
es

ig
n

(s
ee

S
ec

ti
on

A
ab

ov
e)

:
‖β̂

ρ
−
β
‖
→

r ρ
(κ

)
an

d
th

e
p
ai

r
of

p
os

it
iv

e
an

d
d
et

er
m

in
is

ti
c

sc
al

ar
s

(c
,r
ρ
(κ

))
sa

ti
sf

y
:

if
ẑ ε

=
ε

+
r ρ

(κ
)Z

,
w

h
er

e
Z
∼
N

(0
,1

)
is

in
d
ep

en
d
en

t
of
ε,

an
d
ε

h
as

th
e

sa
m

e
d
is

tr
ib

u
ti

o
n

as
ε i

’s
:

{
E

((
p
ro

x
(c
ρ
))
′ (
ẑ ε

))
=

1
−
κ
,

κ
r2 ρ

(κ
)

=
E
( [ẑ

ε
−

p
ro

x
(c
ρ
)(
ẑ ε

)]
2
)
.

In
th

is
sy

st
em

,
p
ro

x
(c
ρ
)

re
fe

rs
to

M
or

ea
u
’s

p
ro

x
im

al
m

ap
p
in

g
of

th
e

co
n
v
ex

fu
n
ct

io
n
cρ

-
se

e
M

or
ea

u
(1

96
5)

or
H

ir
ia

rt
-U

rr
u
ty

an
d

L
em

ar
éc

h
al

(2
00

1)
.

W
e

fi
rs

t
gi

ve
an

in
fo

rm
al

ar
gu

m
en

t
to

“g
u
es

s”
th

e
co

rr
ec

t
va

lu
es

of
va

ri
ou

s
q
u
an

ti
ti

es
of

in
te

re
st

,
n
am

el
y
c

an
d

of
co

u
rs

e,
r ρ

(κ
).

N
ot

e
th

at
w

h
en
|x
|�

c,
an

d
w

h
en

ψ
(x

)
∼
x

at
0,

p
ro

x
(c
ρ
)(
x

)
'

x
1
+
c
.

H
en

ce
,
x
−

p
ro

x
(c
ρ
)(
x

)
'
x
c/

(1
+
c)

.
(N

ot
e

th
at

as
lo

n
g

as
ψ

(x
)

is
li
n
ea

r
n
ea

r
0
,

w
e

ca
n

a
ss

u
m

e
th

at
ψ

(x
)
∼
x

,
si

n
ce

th
e

sc
al

in
g

of
ρ

b
y

a
co

n
st

an
t

d
o
es

n
ot

aff
ec

t
th

e
p

er
fo

rm
a
n
ce

of
th

e
es

ti
m

at
or

s.
)
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E
l
K
a
r
o
u
i
a
n
d

P
u
r
d
o
m

W
e

se
e

th
at

1
−
κ
'

1/
(1

+
c)

,
so

th
at
c
'
κ
/(

1
−
κ

)
-

as
su

m
in

g
fo

r
a

m
o
m

en
t

th
a
t

w
e

ca
n

ap
p
ly

th
e

p
re

v
io

u
s

ap
p
ro

x
im

at
io

n
s

in
th

e
sy

st
em

.
H

en
ce

,
w

e
h
av

e

κ
r ρ

(κ
)2
'

(c
/(

1
+
c)

)2
[r
ρ
(κ

)2
+
σ

2 ε
]
'
κ

2
[r
ρ
(κ

)2
+
σ

2 ε
]
.

W
e

ca
n

th
er

ef
or

e
co

n
cl

u
d
e

(i
n
fo

rm
al

ly
at

th
is

p
oi

n
t)

th
at

r ρ
(κ

)2
∼

σ
2 ε
κ

1
−
κ
∼

σ
2 ε

1
−
κ
.

O
n
ce

th
es

e
va

lu
es

ar
e

gu
es

se
d
,

it
is

ea
sy

to
ve

ri
fy

th
at

r ρ
(κ

)
�

c
an

d
h
en

ce
a
ll

th
e

m
an

ip
u
la

ti
on

s
ab

ov
e

ar
e

va
li
d

if
w

e
p
lu

g
th

es
e

tw
o

ex
p
re

ss
io

n
s

in
th

e
sy

st
em

d
ri

v
in

g
th

e
p

er
fo

rm
an

ce
of

ro
b
u
st

re
gr

es
si

on
es

ti
m

at
o
rs

d
es

cr
ib

ed
ab

ov
e.

W
e

n
ot

e
th

at
o
u
r

a
rg

u
m

en
t

is
n
ot

ci
rc

u
la

r:
w

e
ju

st
d
es

cr
ib

ed
a

w
ay

to
g
u
es

s
th

e
co

rr
ec

t
re

su
lt

.
O

n
ce

th
is

h
a
s

b
ee

n
d
o
n
e,

w
e

h
av

e
to

m
ak

e
a

ve
ri

fi
ca

ti
on

ar
gu

m
en

t
to

sh
ow

th
at

ou
r

g
u
es

s
w

as
co

rr
ec

t.

In
th

is
p
ar

ti
cu

la
r

ca
se

,
th

e
ve

ri
fi
ca

ti
on

is
d
on

e
as

fo
ll
ow

s:
w

e
ca

n
re

w
ri

te
th

e
ex

p
ec

ta
ti

o
n
s

as
in

te
gr

al
s

an
d

sp
li
t

th
e

d
om

ai
n

of
in

te
gr

a
ti

on
in

to
(−
∞
,−
s κ

),
(−
s κ
,s
κ
),

(s
κ
,∞

),
w

it
h

s κ
=

(1
−
κ

)−
3
/
4
.

U
si

n
g

ou
r

ca
n
d
id

at
e

va
lu

es
fo

r
c

an
d
r ρ

(κ
),

w
e

se
e

th
at

th
e

co
rr

es
p

o
n
d
-

in
g
ẑ ε

h
as

ex
tr

em
el

y
lo

w
p
ro

b
ab

il
it

y
of

fa
ll
in

g
ou

ts
id

e
th

e
in

te
rv

al
(−
s κ
,s
κ
)

-
re

ca
ll

th
a
t

1
−
κ
→

0.
C

oa
rs

e
b

ou
n
d
in

g
of

th
e

in
te

gr
an

d
s

ou
ts

id
e

th
is

in
te

rv
al

sh
ow

s
th

e
co

rr
es

p
o
n
d
in

g
co

n
tr

ib
u
ti

on
s

to
th

e
ex

p
ec

ta
ti

on
s

ar
e

n
eg

li
g
ib

le
at

th
e

sc
al

es
w

e
co

n
si

d
er

.
O

n
th

e
in

te
rv

a
l

(−
s κ
,s
κ
),

w
e

ca
n

on
th

e
ot

h
er

h
an

d
m

ak
e

th
e

ap
p
ro

x
im

at
io

n
s

fo
r

p
ro

x
(c
ρ
)(
x

)
w

e
d
is

cu
ss

ed
ab

ov
e

an
d

in
te

gr
at

e
th

em
.

T
h
at

gi
ve

s
u
s

th
e

ve
ri

fi
ca

ti
on

ar
gu

m
en

t
w

e
n
ee

d
,

a
ft

er
so

m
ew

h
a
t

te
d
io

u
s

b
u
t

si
m

p
le

te
ch

n
ic

al
ar

gu
m

en
ts

.
(N

ot
e

th
at

th
e

m
et

h
o
d

of
p
ro

p
ag

a
ti

o
n

o
f

er
ro

rs
in

an
al

y
si

s
d
es

cr
ib

ed
in

(M
il
le

r,
20

06
)

w
o
rk

s
es

se
n
ti

al
ly

in
a

si
m

il
ar

a-
p

os
te

ri
o
ri

-v
er

ifi
ca

ti
o
n

fa
sh

io
n
.

A
ls

o,
s κ

co
u
ld

b
e

p
ic

ke
d

as
(1
−
κ

)−
(1
/
2
+
δ
)

fo
r

an
y
δ
∈

(0
,1
/2

)
an

d
th

e
a
rg

u
m

en
ts

w
ou

ld
st

il
l

go
th

ro
u
gh

.)

A
p
p
e
n
d
ix

F
.
P
ro

o
f
o
f
T
h
e
o
re
m

2
(E

x
p
e
ct
e
d
V
a
ri
a
n
ce

o
f
th

e
P
a
ir
s

B
o
o
ts
tr
a
p
E
st
im

a
to
r)

In
th

is
se

ct
io

n
,

w
e

co
m

p
u
te

th
e

ex
p

ec
te

d
va

ri
an

ce
of

th
e

b
o
ot

st
ra

p
es

ti
m

at
o
r.

W
e

re
ca

ll
th

at
fo

r
ra

n
d
om

va
ri

ab
le

s
T
,Γ

,
w

e
h
av

e

va
r

(T
)

=
va

r
(E

(T
|Γ

))
+

E
(v

ar
(T
|Γ

))
.

In
ou

r
ca

se
,
T

=
v
′ β̂
w

,
th

e
p
ro

je
ct

io
n

of
th

e
re

gr
es

si
on

es
ti

m
at

o
r
β̂
w

ob
ta

in
ed

u
si

n
g

th
e

ra
n
d
om

w
ei

gh
ts
w

on
th

e
co

n
tr

as
t

ve
ct

or
v
.

Γ
re

p
re

se
n
ts

b
ot

h
th

e
d
es

ig
n

m
a
tr

ix
a
n
d

th
e

er
ro

rs
.

W
e

as
su

m
e

w
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y
th

at
‖v
‖ 2

=
1.

H
en

ce
,

va
r
( v
′ β̂
w

)
=

va
r
( v
′ E
( β̂

w
|Γ
))

+
E
( va

r
( v
′ β̂
w
|Γ
))

.

In
p
la

in
E

n
gl

is
h
,

th
e

va
ri

an
ce

of
v
′ β̂
w

is
eq

u
al

to
th

e
va

ri
an

ce
of

th
e

b
ag

g
ed

es
ti

m
a
to

r
p
lu

s
th

e
ex

p
ec

ta
ti

on
of

th
e

va
ri

an
ce

of
th

e
b

o
ot

st
ra

p
es

ti
m

at
o
r

(w
h
er

e
w

e
ra

n
d
o
m

ly
w

ei
g
h
t

ob
se

rv
at

io
n

(y
i,
X
i)

w
it

h
w

ei
gh

t
w
i)

.
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C
a
n
W

e
T
r
u
st

t
h
e
B
o
o
t
st

r
a
p
in

H
ig
h
-d

im
e
n
sio

n
s?

A
s

ex
p
la

in
ed

in
S
ection

H
,
w

e
can

stu
d
y

w
ith

ou
t

loss
of

gen
era

lity
th

e
case

w
h
ere

Σ
=

Id
p

a
n
d
β

=
0
.

T
h
is

is
w

h
at

w
e

d
o

in
th

is
p
ro

of.
F

u
rth

er
th

e
rotation

al
in

varian
ce

argu
m

en
ts

w
e

g
ive

in
S
ection

H
m

ean
th

at
w

e
can

fo
cu

s
on

th
e

case
v

=
e
p ,th

e
p
-th

can
on

ica
l

b
asis

vecto
r,

w
ith

o
u
t

loss
of

gen
erality.

W
e

co
n
sid

er
th

e
case

w
h
ere

X
i
iid
v
N

(0,Id
p ).

T
h
is

allow
s

u
s

to
w

ork
w

ith
resu

lts
in

E
l

K
a
ro

u
i

et
a
l.

(2011);
E

l
K

arou
i

et
al.

(20
13),

E
l

K
arou

i
(2013).

N
o
ta

tio
n

a
l

sim
p
lifi

ca
tio

n
T

o
m

ake
th

e
n
otation

ligh
ter,

in
w

h
at

follow
s

in
th

is
p
ro

of
w

e
u
se

th
e

n
o
ta

tio
n
β̂

for
β̂
w

.
T

h
ere

are
n
o

am
b
igu

ities
as

w
e

are
alw

ay
s

u
sin

g
a

w
eigh

ted
v
ersion

o
f

th
e

estim
a
tor

an
d

h
en

ce
th

is
sim

p
lifi

cation
sh

o
u
ld

n
ot

create
an

y
con

fu
sion

.
In

p
a
rticu

lar,
w

e
h
ave,

u
sin

g
th

e
d
erivation

of
E

q
u
ation

(9)
in

E
l

K
arou

i
et

al.
(2013)

a
n
d

n
o
tin

g
th

at
in

th
e

least-sq
u
ares

case
all

ap
p
rox

im
a
tion

s
in

th
at

p
ap

er
a
re

actu
ally

ex
act

eq
u
alities,

β̂
p

=
ĉ ∑

ni=
1
w
i X

i (p
)e
i,[p

]

p
.

e
i,[p

]
h
ere

are
th

e
resid

u
als

b
ased

on
th

e
fi
rst

p
−

1
p
red

ictors,
w

h
en

β
=

0.
W

e
n
ote

th
a
t,

u
n
d
er

o
u
r

assu
m

p
tion

s
on

X
i ’s

an
d
w
i ’s,

ĉ
=

1n
tra

ce (S
−

1
w

)
+

o
L
2 (1),

w
h
ere

S
w

=
1n ∑

ni=
1
w
i X

i X
′i .

It
is

k
n
ow

n
from

w
ork

in
ra

n
d
om

m
atrix

th
eory

(see
e.g

E
l

K
arou

i
(2009))

th
a
t

1n
tra

ce (S
−

1
w

)
is

asy
m

p
totically

d
eterm

in
istic

in
th

e
situ

ation
u
n
d
er

in
vestigation

w
ith

o
u
r

a
ssu

m
p
tio

n
s

on
w

an
d
X

,
i.e

1n
trace (S

−
1

w

)
=
c

+
o
L
2 (1),

w
h
ere

c
=

E
(

1n
trace (S

−
1

w

)).
W

e
a
lso

recall
th

e
resid

u
als

rep
resen

tation
from

E
l

K
arou

i
et

al.
(2013),

w
h
ich

are
ex

act
in

th
e

ca
se

o
f

least-sq
u
ares

:
n
am

ely
h
ere,

β̂
−
β̂

(i)
=
w
i

n
S
−

1
i
X
i ψ

(e
i )
,

w
h
ich

im
p
lies

th
at,

w
ith

S
i

=
1n ∑

j6=
i w

j X
j X
′j ,

ẽ
i(i)

=
e
i
+
w
i X
′i S
−

1
i
X
i

n
ψ

(e
i )
.

In
th

e
ca

se
o
f

least-sq
u
ares,

ψ
(x

)
=
x

,
so

th
at

e
i

=
ẽ
i(i)

1
+
w
i c
i
,

w
h
ere

c
i

=
X
′i S
−

1
i
X
i

n
.

T
h
ese

eq
u
a
lities

also
follow

from
sim

p
le

lin
ear

algeb
ra

sin
ce

w
e

are
in

th
e

least-sq
u
ares

ca
se.

W
e

n
ote

th
at
c
i

=
c

+
o
P

(1),
w

h
ere

c
is

d
eterm

in
istic,

as
ex

p
lain

ed
in

e.g
E

l
K

arou
i

(2
01

0
),

E
l

K
a
ro

u
i

(2013).
F

u
rth

erm
ore,

h
ere

th
e

ap
p
rox

im
ation

h
old

s
in
L

2
b

ecau
se

of
ou

r
a
ssu

m
p
tio

n
s

on
w

’s
an

d
ex

isten
ce

of
m

om
en

ts
for

th
e

in
verse

W
ish

art
d
istrib

u
tion

-
see

e.g
H

a
ff

(1
9
7
9
).

A
s

ex
p
lain

ed
in

E
l

K
arou

i
(2013),

th
e

sam
e

is
tru

e
for

c
i,[p

]
w

h
ich

is
th

e
sam

e
q
u
a
n
tity

co
m

p
u
ted

u
sin

g
th

e
fi
rst

(p−
1)

co
ord

in
ates

of
X
i ,

vectors
w

e
d
en

ote
gen

erically
b
y
V
i .

W
e

ca
n

rew
rite

β̂
p

=
ĉ ∑

ni=
1
w
i X

i (p
)

ẽ
i(i),[p

]

1
+
w
i c
i,[p

]

p
.

43
JM

L
R

 19(5):1-66, 2018

E
l
K
a
r
o
u
i
a
n
d

P
u
r
d
o
m

L
et

u
s

call
b̂

th
e

b
agged

estim
ate.

W
e

n
ote

th
at
ẽ
i(i),[p

]
is

in
d
ep

en
d
en

t
of
w
i

a
n
d

so
is
c
i,[p

] .
W

e
h
ave

alread
y

seen
th

at
ĉ

is
close

to
a

con
stan

t,
c.

S
o

tak
in

g
ex

p
ectation

w
ith

resp
ect

to
th

e
w

eigh
ts,

w
e

h
ave,

if
w

(i)
d
en

otes{w
j }
j6=
i ,

an
d

u
sin

g
in

d
ep

en
d
en

ce
of

th
e

w
eigh

ts,

b̂
p

=
1p

n
∑i=

1

E
w
i (

cw
i

1
+
cw

i )
X
i (p

)E
w

(i) (ẽ
i(i),[p

] )
[1

+
o
L
2 (1)]

.

N
ow

th
e

last
term

is
of

cou
rse

th
e

p
red

iction
error

fo
r

th
e

b
agged

p
rob

lem
,

i.e

E
w

(i) (ẽ
i(i),[p

] )
=
ε
i −

V
′i (ĝ

(i) −
γ

)

w
h
ere

ĝ
(i)

is
th

e
b
agged

estim
ate

of
γ̂

an
d
γ̂

is
th

e
regression

vector
ob

tain
ed

b
y

regressin
g

y
i

on
th

e
fi
rst

p−
1

co
ord

in
ates

of
X
i .

(R
ecall

th
at

in
th

ese
th

eoretical
con

sid
eration

s
w

e
are

assu
m

in
g

th
at
β

=
0,

w
ith

ou
t

loss
of

g
en

erality.)
S
o

w
e

h
av

e,
sin

ce
w

e
can

w
ork

in
th

e
n
u
ll

case
w

h
ere

γ
=

0
(w

ith
ou

t
lo

ss
o
f

gen
erality

),

b̂
p

=
1p

n
∑i=

1

E
w
i (

cw
i

1
+
cw

i )
X
i (p

) [ε
i −

V
′i ĝ

(i) ]
(1

+
o
L
2 (1))

.

H
en

ce,

E
(
p
b̂
2p )

=
1p

n
∑i=

1 [
E
w
i (

cw
i

1
+
cw

i )]
2

(σ
2ε

+
E
(‖ĝ

(i) ‖
22 ))(1

+
o(1))

.

N
ow

,
in

ex
p

ectation
,

u
sin

g
e.g

E
l

K
arou

i
(2013),

E
(‖ĝ

(i) ‖
22 )

(1
+

o(1))
=

E
(‖b̂‖

22 )
=

p
E
(
b̂
2p )

.
T

h
e

last
eq

u
ality

com
es

from
th

e
fact

th
at

all
co

ord
in

ates
p
lay

a
sy

m
m

etric
role

in
th

is
p
rob

lem
,

so
th

ey
are

all
eq

u
al

in
law

.
N

ow
,

recall
th

at
accord

in
g

to
e.g

E
l
K

arou
i
et

al.
(2013),

top
-righ

t
eq

u
ation

on
p
.

14562,
or

E
l

K
arou

i
(2010)

1n

n
∑i=

1

1

1
+
cw

i
=

1−
pn

+
o
L
2 (1)

,

sin
ce

th
e

p
rev

iou
s

ex
p
ression

eff
ectiv

ely
relates

trace (D
w
X

(X
′D

w
X

) −
1X
′ )

to
n
−
p
,

th
e

ran
k

of
th

e
corresp

on
d
in

g
“h

at
m

atrix
”.

S
in

ce
cw
i

1
+
cw
i

=
1−

1
1
+
cw
i ,

w
e

see
th

at

E
w
i (

cw
i

1
+
cw

i )
=
pn

+
o(1)

.

H
en

ce,
for

th
e

b
agged

estim
ate,

w
e

h
ave

th
e

eq
u
ation

E
(‖
b̂‖

22 )
=
pn

(
σ

2
+

E
(‖b̂‖

22 ))
(1

+
o
(1))

.

W
e

con
clu

d
e

th
at

E
(‖b̂‖

22 )
=

(1
+

o(1
))

κ

1−
κ
σ

2
.

N
ote

th
at

κ
1−
κ
σ

2
=

E
(‖
β̂
sL
S ‖

22 )
,

w
h
ere

th
e

latter
is

th
e

stan
d
ard

(i.e
n
o
n
-w

eigh
ted

)
least

sq
u
ares

estim
ator.
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W
e
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ot

e
th
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th

e
ro
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ti

on
al

in
va

ri
an

ce
ar

gu
m

en
t

gi
ve

n
in

E
l

K
ar

ou
i

et
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.
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01
1)

;
E

l
K

ar
ou

i
et

al
.

(2
01

3)
st

il
l

ap
p
ly

h
er

e,
so

th
at

w
e

h
av

e
th

e

b̂
−
β
L =
‖b̂
−
β
‖u

,

w
h
er

e
u

is
u
n
if

or
m

on
th

e
sp

h
er

e
an

d
in

d
ep

en
d
en

t
of
‖b̂
−
β
‖

(r
ec

al
l

th
at

th
is

si
m

p
ly

co
m

es
fr

om
th

e
fa

ct
th

at
if
X
i

is
ch

an
ge

d
in

to
O
X
i,

w
h
er

e
O

is
or

th
og

on
al

,
b̂

is
ch

an
ge

d
in

to
O
b̂

-
an

d
w

e
th

en
ap

p
ly

in
va

ri
an

ce
ar

gu
m

en
ts

co
m

in
g

fr
om

ro
ta

ti
on

al
in

va
ri

an
ce

o
f

th
e

d
is

tr
ib

u
ti

on
of
X
i)

.
T

h
er

ef
or

e,

va
r
( v
′ (̂
b
−
β

))
=
‖v
‖2 p

E
( ‖
b̂
−
β
‖2 2

)
.

S
o

w
e

co
n
cl

u
d
e

th
at

p
E
( va

r
( v
′ β̂
w
|Γ
))

=
p
va

r
( v
′ β̂
w

)
−

κ

1
−
κ
σ

2
‖v
‖2 2

+
o(

1)
.

N
ow

,
th

e
q
u
an

ti
ty

va
r
( v
′ β̂
w

)
is

w
el

l
u
n
d
er

st
o
o
d
.

T
h
e

ro
ta

ti
on

al
in

va
ri

an
ce

ar
gu

m
en

ts

w
e

m
en

ti
on

ed
b

ef
or

e
gi

ve
th

at va
r
( v
′ β̂
w

)
=
‖v
‖2 2

p
E
( ‖
β̂
w
−
β
‖2 2

)
.

In
fa

ct
,

u
si

n
g

th
e

n
ot

at
io

n
D
w

fo
r

th
e

d
ia

go
n
al

m
a
tr

ix
w

it
h
D
w

(i
,i

)
=
w
i,

si
n
ce

β̂
w
−
β

=
(X
′ D

w
X

)−
1
X
′ D

w
ε
,

w
e

se
e

th
at

E
( ‖
β̂
w
−
β
‖2 2

)
=
σ

2 ε
E
( tr

ac
e
( (X

′ D
w
X

)−
2
X
′ D

w
2
X
))

.

(N
ot

e
th

at
u
n
d
er

m
il
d

co
n
d
it

io
n
s

on
ε,
X

an
d
w

,
w

e
al

so
h
av

e
‖β̂

w
−
β
‖2 2

=
E
( ‖
β̂
w
−
β
‖2 2

) +

o
L
2
(1

)
-

ow
in

g
to

co
n
ce

n
tr

at
io

n
re

su
lt

s
fo

r
q
u
ad

ra
ti

c
fo

rm
s

of
ve

ct
or

s
w

it
h

in
d
ep

en
d
en

t
en

tr
ie

s;
se

e
L

ed
ou

x
(2

00
1)

.)
W

e
n
ow

n
ee

d
to

si
m

p
li
fy

th
is

q
u
an

ti
ty

.
A

n
a
ly

ti
c
a
l

si
m

p
li
fi

c
a
ti

o
n

o
f

tr
a
c
e
( (X

′ D
w
X

)−
2
X
′ D

w
2
X
)

O
f

co
u
rs

e,

tr
ac

e
( (X

′ D
w
X

)−
2
X
′ D

w
2
X
) =

tr
ac

e
( D

w
X

(X
′ D

w
X

)−
2
X
′ D

w

) =
n ∑ i=

1

w
2 i
X
′ i(
X
′ D

w
X

)−
2
X
i
.

H
en

ce
,

if
Σ̂
w

=
1 n

∑
n i=

1
w
iX

iX
′ i
,

w
i
n
X
iX
′ i+

Σ̂
(i

),
w

e
h
av

e

tr
ac

e
( (X

′ D
w
X

)−
2
X
′ D

w
2
X
) =

1 n

n ∑ i=
1

w
2 i

X
′ iΣ̂
−

2
X
i

n
.

C
al

l
Σ̂

(z
)

=
Σ̂
−
z
Id
p
.

U
si

n
g

th
e

id
en

ti
ty

(Σ̂
−
z
Id
p
)(

Σ̂
−
z
Id
p
)−

1
=

Id
p
,
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E
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o
u
i
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P
u
r
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m

w
e

se
e,

af
te

r
ta

k
in

g
tr

ac
es

,
th

at
(S

il
ve

rs
te

in
(1

99
5)

)

1 n

n ∑ i=
1

w
iX
′ i(

Σ̂
−
z
Id
p
)−

1
X
i
−
z
tr

ac
e
( (Σ̂
−
z
Id
p
)−

1
)

=
p
.

W
e

ca
ll
,

fo
r
z
∈
C

,
c(
z
)

=
1 n
tr

ac
e
( (Σ̂
−
z
Id
p
)−

1
)

an
d
c i

(z
)

=
X
′ i(

Σ̂
(i

)
−
z
Id
p
)−

1
X
i,

p
ro

v
id

ed

z
is

n
ot

an
ei

ge
n
va

lu
e

of
Σ̂

.

D
iff

er
en

ti
at

in
g

w
it

h
re

sp
ec

t
to
z

an
d

ta
k
in

g
z

=
0

(w
e

k
n
ow

h
er

e
th

at
Σ̂

is
n
o
n
-s
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g
u
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r
w

it
h

p
ro

b
ab

il
it

y
1,

so
th

is
d
o
es

n
ot
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te
a

p
ro

b
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m
),

w
e

h
av

e

1 n

n ∑ i=
1

w
iX
′ iΣ̂
−

2
X
i
−

tr
a
ce
( Σ̂
−

1
)

=
0
.

A
ls

o,
si

n
ce

,
b
y

th
e

S
h
er

m
an

-M
or
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so

n
-W

o
o
d
b
u
ry

fo
rm

u
la

(H
or

n
an

d
J
oh

n
so

n
(1

9
9
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,
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)−

1
X
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=
X
′ iΣ̂
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)(
z
)−
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X
i

1
+
w
i

1 n
X
′ iΣ̂
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z
)−
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X
i

,

w
e

h
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te
r

d
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1 n
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′ iΣ̂
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2
X
i

=
c′ i
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+
w
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i(
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]2
,

w
h
er

e
of

co
u
rs

e
c′ i

(0
)

=
X
′ iΣ̂
−

2
(i

)
X
i.

H
en

ce
,

1 n

n ∑ i=
1

w
2 i

1 n
X
′ iΣ̂
−

2
X
i

=
1 n
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1

w
2 i
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)
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w
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i(
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=
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w
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.

(N
ot

e
th

at
th

e
ar

gu
m

en
ts

gi
ve

n
in

e.
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y
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+

o
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n
d
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n
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r
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m

p
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o
n
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o
n
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e
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n
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n
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h
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m
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s
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n
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l-

b
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n
d
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m
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ce
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)

G
oi

n
g

b
ac

k
to

1 n

n ∑ i=
1

w
iX
′ i(

Σ̂
−
z
Id
p
)−

1
X
i
−
z
tr

ac
e
( (Σ̂
−
z
Id
p
)−

1
)

=
p
,

an
d

u
si

n
g

th
e

p
re

v
io

u
sl

y
d
is

cu
ss

ed
id

en
ti

ty

w
i

n
X
′ i(

Σ̂
−
z
Id
p
)−

1
X
i

=
1
−

1

1
+
w
ic
i(
z
)
,

w
e

h
av

e

n
−

n ∑ i=
1

1

1
+
w
ic
i(
z
)
−
z
n
c(
z
)

=
p
.

4
6

JM
L

R
 1

9(
5)

:1
-6

6,
 2

01
8



C
a
n
W

e
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r
u
st

t
h
e
B
o
o
t
st

r
a
p
in

H
ig
h
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im
e
n
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n
s?

In
o
th

er
w

o
rd

s,

1−
κ

=
1n

n
∑i=

1

1

1
+
w
i c
i (z

)
+
z
c(z

)
.

N
ow

,

c(z
)
1n

n
∑i=

1

w
i

1
+
w
i c(z

)
=

1n

n
∑i=

1 (1−
1

1
+
w
i c(z

) )

=
1n

n
∑i=

1 (1−
1

1
+
w
i c
i (z

) )
+
η
(z

)

=
κ

+
z
c(z

)
+
η
(z

)
,

w
h
ere

η
(z

)
is

su
ch

th
at
η
(z

)
=

o
P

(1)
an

d
η ′(z

)
=

o
P

(1
)

(η
h
as

an
ex

p
licit

ex
p
ression

w
h
ich

a
llow

s
u
s

to
verify

th
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s).

T
h
erefore,

b
y

d
iff

eren
tiation

,
an

d
after

sim
p
lifi

ca
tion

s,

1n

∑
[

w
i

1
+
w
i c(0) ]

2

c ′(0)
=
κ
c ′(0)

[c(0)] 2 −
1

+
o
P

(1)
.

H
en

ce,

tra
ce ((X

′D
w
X

) −
2X
′D

w
2 X
)

=


κ

trace (
Σ̂
−

2
w

)
/n

[trace (
Σ̂
−

1
w

)
/n

] 2 −
1 

+
o
P

(1)
.

T
h
e

fa
ct

th
a
t

w
e

can
take

ex
p

ectation
s

on
b

oth
sid

es
of

th
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eq
u
ation

a
n
d

th
at

o
P

(1)
is

in
fa

ct
o
L
2 (1

)
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e
from

ou
r
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m

p
tion

s
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t
w
i ’s

-
esp

ecially
th

e
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a
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d
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en
d
en

t
a
n
d

b
ou

n
d
ed
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from
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-
an

d
p
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erties
of

th
e
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W
ish

art
d
istrib

u
tion

.
C

o
n

c
lu

sio
n

W
e

can
n
ow

con
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d
e

th
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a
con

sisten
t

estim
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of
th

e
ex

p
ected

varian
ce

o
f

th
e

b
o
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p
estim

ator
is

‖v‖
22

p
σ

2ε 
κ

trace (
Σ̂
−

2
w

)
/n

[trace (
Σ̂
−

1
w

)
/n

] 2 −
1

1−
κ 

.

U
sin

g
th

e
fa

ct
th

at

1−
κ

=
1n

n
∑i=

1

1

1
+
w
i c(z

)
+
z
c(z

)
,

w
e

see
th

a
t,

sin
ce

1n
trace (

Σ̂
−

2
w

)
=
c ′(0),

1n
trace (

Σ̂
−

2
w

)
=

c(0
)

1n ∑
ni=

1
w
i /(1

+
w
i c(0))

2
.

W
e

fu
rth

er
n
ote

th
at

asy
m

p
totically,

w
h
en

w
i

are
i.i.d

an
d

satisfy
ou

r
assu

m
p
tion

s,
c(0

)→
c,

w
h
ich

solves:

E
w
i [

1

1
+
w
i c ]

=
1−

κ
.
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i.i.d

an
d

satisfy
ou

r
assu

m
p
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p
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p
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at
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b
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con
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b
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p
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→
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b
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i
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.
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w
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.
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.
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p
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b
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p
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at

ou
r

th
eo

re
ti

ca
l
re

su
lt

s
(i

.e
T

h
eo

re
m

2)
h
ol

d
fo

r
P

o
is

so
n
(1

)
w

ei
gh

ts
in

li
m

it
ed

si
m

u
la

ti
on

s
(n

ot
e

th
at

in
th

is
ca

se
w
i

=
0
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p

os
si

b
le

).
F

or
G

a
u
ss

ia
n

d
es

ig
n

m
at

ri
x
,

d
ou

b
le

ex
p

on
en

ti
al

er
ro

rs
,

an
d

ra
ti

os
κ

=
.1
,.

3,
.5

w
e

fo
u
n
d

th
at

th
e

ra
ti

o
o
f

th
e

ob
se

rv
ed

b
o
ot

st
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p
ex

p
ec

te
d

va
ri

an
ce

of
β̂
∗ 1

to
ou

r
th

eo
re

ti
ca

l
p
re

d
ic

ti
on

u
si

n
g

P
o
is

so
n
(1

)
w

ei
gh

ts
w
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1.

00
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,
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01
48

,
an

d
1.

02
52

,
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ec

ti
ve

ly
(h

er
e
n

=
50

0,
an

d
th

er
e

w
er

e
R

=
1
0
0
0

b
o
ot

st
ra

p
re

sa
m

p
le

s
fo

r
ea

ch
of

10
00

si
m

u
la

ti
on

s)
.

A
p
p
e
n
d
ix

G
.
P
ro

o
f
o
f
T
h
e
o
re
m

3
(J

a
ck

k
n
if
e
V
a
ri
a
n
ce

)

A
s

ex
p
la

in
ed

in
S
ec

ti
on

H
,

w
e

ca
n

st
u
d
y

w
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y
th

e
ca

se
w

h
er

e
Σ

=
Id
p

an
d
β

=
0.

T
h
is

is
w

h
at

w
e

d
o

in
th

is
p
ro

of
.

W
e

st
u
d
y

it
in

d
et
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th

e
le
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t-
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u
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se
,

an
d
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on

e
a

d
et
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le

d
a
n
a
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s

o
f

th
e
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b
u
st
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gr
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re
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s.

5
0

JM
L

R
 1

9(
5)

:1
-6

6,
 2

01
8



C
a
n
W

e
T
r
u
st

t
h
e
B
o
o
t
st

r
a
p
in

H
ig
h
-d

im
e
n
sio

n
s?

A
cco

rd
in

g
to

th
e

ap
p
rox

im
ation

s
in

E
l

K
arou

i
et

al.
(2013),

w
h
ich

are
ex

a
ct

for
least

sq
u
a
res,

or
cla

ssic
resu

lts
W

eisb
erg

(2014)
w

e
h
av

e:

β̂
−
β̂

(i)
=

1n
Σ̂
−

1
(i) X

i e
i
.

R
eca

ll
a
lso

th
a
t

e
i

=
ẽ
i(i)

1
+

1n
X
′i Σ̂
−

1
(i) X

i

.

H
en

ce,

v ′(β̂
−
β̂

(i) )
=

1n
v ′Σ̂
−

1
(i) X

i

ẽ
i(i)

1
+

1n
X
′i Σ̂
−

1
(i) X

i

.

H
en

ce,

n
n
∑i=

1 [v ′(β̂
−
β̂

(i) )] 2
=

1n

n
∑i=

1

[v ′Σ̂
−

1
(i) X

i ẽ
i(i) ] 2

[1
+

1n
X
′i Σ̂
−

1
(i) X

i ] 2
.

N
ote

th
at

a
t

th
e

d
en

om
in

ator,
w

e
h
av

e

1
+

1n
X
′i Σ̂
−

1
(i) X

i
=

1
+

1n
trace (

Σ̂
−

1 )
+

o
P

(1)
,

=
1

+
pn

1

1−
p
/
n

+
o
P

(1)
=

1

1−
p
/n

+
o
P

(1)
.

b
y

a
p
p

ea
lin

g
to

stan
d
ard

resu
lts

ab
o
u
t

con
cen

tration
of

h
igh

-d
im

en
sion

al
G

a
u
ssian

ran
d
om

varia
b
les,

a
n
d

stan
d
ard

resu
lts

in
ran

d
om

m
atrix

th
eo

ry
an

d
classical

m
u
ltiva

riate
statistics

(see
M

a
rd

ia
et

al.
(1979);

H
aff

(1979)).
B

y
th

e
sam

e
argu

m
en

ts,
th

is
ap

p
rox

im
ation

w
ork

s
n
o
t

o
n
ly

for
ea

ch
i

b
u
t

for
all

1
≤
i
≤
n

at
on

ce.
T

h
e

ap
p
rox

im
ation

is
also

valid
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ex
p

ecta
tion

,
u
sin

g
resu

lts
con

cern
in

g
W

ish
art

m
atrices

fou
n
d

for
in

stan
ce

in
M

ard
ia

et
al.

(1
9
7
9
).

F
o
r

th
e

n
u
m

erator,
w

e
see

th
at

T
i

=
v ′Σ̂
−

1
(i) X

i ẽ
i(i)

=
v ′Σ̂
−

1
(i) X

i (ε
i −

X
′i (β̂

(i) −
β

))
.

S
in

ce
ε
i
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d
ep

en
d
en

t
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X
i
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d

Σ̂
(i) ,

w
e
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th

at

E
(T

2i )
=

E
(ε

2i )
E
(

(v ′Σ̂
−

1
(i) X

i )
2 )

+
E
(

[X
′i (β̂

(i) −
β

)] 2[v ′Σ̂
−

1
(i) X

i ] 2 )
.
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α

a
n
d
β

a
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fi
x
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α
′X
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d
β
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i
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G
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ssian
ran

d
om
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w
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ce

α
′β

,
sin

ce
w

e
a
re

w
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g

u
n
d
er
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e
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m

p
tion

th
at
X
i ∼
N

(0,Id
p ).
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to
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eck

th
a
t

if
Z

1
a
n
d
Z

2
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o

G
au

ssian
ran

d
o
m

variab
les

w
ith

covarian
ce

γ
a
n
d

resp
ective

va
ria

n
ces

σ
21

a
n
d
σ

22 ,
w

e
h
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E
((Z

1 Z
2 )

2 )
=
σ

21 σ
22

+
2
γ

2
.

W
e

co
n
clu

d
e

th
at

E
((a ′X

i )
2(b ′X
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2 )

=
‖
a‖

22 ‖
b‖

22
+

2(a ′b)
2
.
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W
e

n
ote
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at

E
(

[v ′Σ̂
−

1
(i) X

i ] 2 )
=

E
(
v ′Σ̂
−

2
(i) v )

.

C
lassic

W
ish

art
com

p
u
tation

s
give

(H
aff

(1979),
p
.536

(iii))
th

at
as
n
,p
→
∞

,

E
(

Σ̂
−

2
(i) )

=

[
1

(1−
p
/n

)
3

+
o(1) ]

Id
p
.

H
en

ce,
in

ou
r

asy
m

p
totics,E

(
(v ′Σ̂

−
1

(i) X
i )

2 )
→

1

(1−
p
/n

)
3 ‖
v‖

22
.

W
e

also
n
ote

th
at

E
ε [(v ′Σ̂

−
1

(i) β̂
(i) )

2 ]
=

1n
v ′Σ̂
−

3
(i) v

.

H
en

ce,

E
(

(v ′Σ̂
−

1
(i) β̂

(i) )
2 )

=
o(1)in

ou
r

asy
m

p
totics

.

T
h
erefore,

E
(T

21 )
=

1

(1−
p
/n

)
3 ‖v‖

22 σ
2ε (1

+
p
/n

1−
p
/n

)
+

o(1)

sin
ce

E
(‖
β̂

(i) −
β‖

22 )
=
σ

2ε
p
/
n

1−
p
/
n

+
o(1

).

W
h
en

v
=
e

1 ,
w

e
th

erefore
h
av

e

E
(T

21 )
=
σ

2ε

1

(1−
p
/n

)
4

+
o(1)

.

T
h
erefore,

in
th

at
situ

ation
,

E

(
n

n
∑i=

1 (v ′(β̂
(i) −

β̂
)
2) )

=
σ

2ε

1

(1−
p
/n

)
2

+
o(1)

.

In
oth

er
w

ord
s,

E

(
n
∑i=

1 (v ′(β̂
(i) −

β̂
)
2) )

=

[
1

1−
p
/n

+
o(1) ]

var (
β̂

1 )

G
.1

D
e
a
lin

g
w

ith
C

e
n
te

rin
g

L
et

u
s

call
β̂

(·)
=

1n ∑
ni=

1
β̂

(i) .
W

e
h
ave

p
rev

iou
sly

stu
d
ied

th
e

p
rop

erties
of ∑

ni=
1 ([v ′(β̂

−
β̂

(i) )] 2)
an

d
n
ow

n
eed

to
sh

ow
th

at
th

e
sam

e
resu

lts
a
p
p
ly

to
∑

ni=
1 ([v ′(β̂

(·) −
β̂

(i) )] 2).

T
o

sh
ow

th
at

rep
lacin

g
β̂

b
y
β̂

(·)
d
o
es

n
ot

aff
ect

th
e

resu
lt,

w
e

con
sid

er
th

e
q
u
an

tity

n
2[v ′(β̂

−
β̂

(·) )] 2
.

S
in

ce
β̂
−
β̂

(i)
=

1n
Σ̂
−

1
(i) X

i e
i ,

w
e

h
ave

β̂
−
β̂

(·)
=

1n
2

n
∑i=

1

Σ̂
−

1
(i) X

i e
i
.
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H
en

ce
,

n
2
[v
′ (
β̂
−
β̂

(·)
)]

2
=

[ 1 n

n ∑ i=
1

v
′ Σ̂
−

1
(i

)
X
i(
ε i
−
X
′ i(
β̂
−
β

))

] 2
.

A
si

m
p
le

va
ri

an
ce

co
m

p
u
ta

ti
on

gi
v
es

th
at

1 n

∑
n i=

1
v
′ Σ̂
−

1
(i

)
X
iε
i
→

0
in
L

2
,

si
n
ce

ea
ch

te
rm

h
as

m
ea

n
0

an
d

th
e

va
ri

an
ce

of
th

e
su

m
go

es
to

0.
R

ec
al

l
n
ow

th
at

Σ̂
−

1
X
i

=
Σ̂
−

1
(i

)
X
i

1
+
c i

,

w
h
er

e
al

l
c i

’s
ar

e
eq

u
al

to
p
/n
/
(1
−
p
/n

)
+

o
P

(1
).

L
et

u
s

ca
ll
c

=
p
/n
/
(1
−
p
/n

).
W

e
co

n
cl

u
d
e

th
at 1 n

n ∑ i=
1

v
′ Σ̂
−

1
(i

)
X
iX
′ i(
β̂
−
β

)
=
v
′ (
β̂
−
β

)(
1

+
c

+
o(

1)
)
.

W
h
en

v
is

gi
ve

n
,

w
e

cl
ea

rl
y

h
av

e
v
′ (
β̂
−
β

)
=

o P
(p
−

1
/
2
),

gi
v
en

th
e

d
is

tr
ib

u
ti

on
of
β̂
−
β

u
n
d
er

ou
r

as
su

m
p
ti

on
s

on
X
i’

s
an

d
ε i

’s
.

S
o

w
e

co
n
cl

u
d
e

th
at

n
2
[v
′ (
β̂
−
β̂

(·)
)]

2
→

0
in

p
ro

b
ab

il
it

y
.

B
ec

au
se

w
e

h
av

e
en

ou
gh

m
om

en
ts

,
th

e
p
re

v
io

u
s

re
su

lt
is

al
so

tr
u
e

in
ex

p
ec

ta
ti

on
.

G
.2

P
u

tt
in

g
E

v
e
ry

th
in

g
T

o
g
e
th

e
r

T
h
e

ja
ck

k
n
if

e
es

ti
m

at
e

of
va

ri
an

ce
of
v
′ β̂

is
u
p

to
a

fa
ct

or
go

in
g

to
1

n

n
−

1
J
A

C
K

(v
ar
( v
′ β̂
) )

=
n ∑ i=

1

[(
v
′ β̂

(i
)
−
β̂

(·)
)]

2

=
n ∑ i=

1

[(
v
′ β̂

(i
)
−
β̂

)]
2

+
n

[v
′ (
β̂
−
β̂

(·)
)]

2
.

O
u
r

p
re

v
io

u
s

an
al

y
se

s
th

er
ef

or
e

im
p
ly

(u
si

n
g
v

=
e 1

)
th

at

n

n
−

1
E
( J

A
C

K
(v

ar
( β̂

1

) ))
=

[
1

1
−
p
/n

+
o(

1)

] va
r
( β̂

1

)
.

T
h
is

co
m

p
le

te
s

th
e

p
ro

of
of

T
h
eo

re
m

3

G
.3

E
x
te

n
si

o
n

:
M

o
re

In
v
o
lv

e
d

D
e
si

g
n

s
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n

d
D

iff
e
re

n
t

L
o
ss
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u

n
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n

s

O
u
r
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u
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b
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si

m
il
ar
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ro

b
le

m
s
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e
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of
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l

d
es

ig
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s.
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ow

ev
er
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in
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ca
se

,
it
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s
th
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e
fa
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r
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o
u
n
t

b
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w
h
ic
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e
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m
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w

il
l

d
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en
d

in
ge

n
er

al
on

th
e

el
li
p
ti

ci
ty

p
ar
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et

er
s.

W
e

re
fe

r
to

E
l

K
ar

ou
i

(2
01

3)
fo

r
co

m
p
u
ta

ti
on

s
of

q
u
an

ti
ti

es
su

ch
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v
′ Σ̂
−

2
v

in
th

at
ca

se
,

w
h
ic

h
ar

e
of

co
u
rs

e
es

se
n
ti

al
to

m
ea

su
ri

n
g

m
is

-e
st

im
at

io
n
.

W
e

ob
ta

in
ed

th
e

p
os
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b
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rr
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o
n

w
e
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en
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p
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r
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m
or

e
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n
er
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e
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d
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p
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e
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at
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n
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P
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r
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l
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g
fu

ll
y

ri
go

ro
u
sl

y
al

l
th

e
ap

p
ro

x
im

at
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p
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.
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ra
n
d
o
m

m
a
tr

ix
te

ch
n
iq

u
es

,
th

at
a

si
m

il
ar

an
al

y
si

s
co

u
ld

b
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d
is

tr
ib

u
ti

on
,

p
ro
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d
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d

K
o
es

te
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r
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tu
al

ly
go

in
g

b
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b
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b
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b
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=
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b
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re
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=
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=
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c
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−
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b
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.
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d
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p
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β̂
ρ
(I

d
p
;0

))
.

S
o

u
n
d
er

st
an

d
in

g
th

e
n
u
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h
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b
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=
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C
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=
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p
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(v ′β̂
ρ
(Id

p
;0

))

v
a
r(
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h
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=
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c
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con
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b
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b
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.
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=
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=
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=
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=
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∗ρ (y

i ;{
X
i }
ni=

1 ;β
)−

b
ρ (y

i ;{
X
i }
ni=

1 ;β
))

=
u
′1 [β̂

∗ρ (y
i ;Σ
−

1
/
2X

i ;ε
i )−

b
ρ (y

i ;Σ
−

1
/
2X

i ;ε
i ) ]

,

=
u
′1 [β̂
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=
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=
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b
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v ′β̂

ρ (Σ
;β

) )
=

E
(

var (
ũ
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ũ
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ũ
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1 /‖u
1 ‖

h
as

u
n
it

n
orm

.

H
.3

R
o
ta

tio
n

a
l

In
v
a
ria

n
c
e

A
rg

u
m

e
n
ts

a
n

d
C

o
n

se
q
u

e
n

c
e
s

M
otivated

b
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con
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=
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p
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p
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h
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d
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h
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w
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p
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n
6

p
resen

ts
p
aram

eter-free
varian

ts
of

R
S
G

.
S
ection

8
p
resen

ts
som

e
ex

p
er-

im
en

ta
l

resu
lts.

F
in

ally,
w

e
con

clu
d
e

in
S
ection

9.

2
.
R
e
la
te
d
W

o
rk

S
m

o
o
th

n
ess

a
n
d

stron
g

con
vex

ity
are

tw
o

key
p
rop

erties
of

a
con

vex
op

tim
ization

p
ro

b
lem

th
a
t

a
ff

ect
th

e
iteration

com
p
lex

ity
of

fi
n
d
in

g
an

ε-op
tim

al
solu

tion
b
y

fi
rst-ord

er
m

eth
o
d
s.

In
g
en

era
l,

a
low

er
iteration

com
p
lex

ity
is

ex
p

ected
w

h
en

th
e

p
rob

lem
is

eith
er

sm
o
oth

or
stro

n
g
ly

co
n
vex

.
R

ecen
tly

th
ere

h
as

em
erged

a
su

rge
of

in
terest

in
fu

rth
er

a
ccelera

tin
g

fi
rst-

o
rd

er
m

eth
o
d
s

for
n
on

-stron
gly

con
v
ex

or
n
on

-sm
o
oth

p
rob

lem
s

th
at

sa
tisfy

som
e

p
articu

lar
co

n
d
itio

n
s

(B
a
ch

an
d

M
ou

lin
es,

2013;
W

an
g

an
d

L
in

,
201

4;
S
o

an
d

Z
h
ou

,
201

7;
H

ou
et

al.,
2
0
1
3
;

Z
h
o
u

et
a
l.,

2015;
G

on
g

an
d

Y
e,

2014;
G

ilp
in

et
al.,

2012
;

F
reu

n
d

an
d

L
u
,

2017).
T

h
e

key
co

n
d
itio

n
fo

r
u
s

to
d
evelop

an
im

p
roved

com
p
lex

ity
is

a
lo

cal
error

b
ou

n
d

co
n
d
ition

(15)
w

h
ich

is
clo

sely
related

to
th

e
error

b
ou

n
d

con
d
ition

s
in

th
e

literatu
re

(P
an

g,
1987,

199
7;

L
u
o

a
n
d

T
sen

g
,

1993;
N

ecoara
et

al.,
2015;

B
olte

et
al.,

2006;
Z

h
a
n
g,

2016).

V
a
rio

u
s

error
b

ou
n
d

con
d
ition

s
h
ave

b
een

ex
p
loited

in
m

an
y

stu
d
ies

to
an

aly
ze

th
e

co
n
verg

en
ce

o
f

op
tim

ization
algorith

m
s.

F
or

ex
am

p
le,

L
u
o

an
d

T
sen

g
(1992a,b

,
1993)

es-
ta

b
lish

ed
th

e
asy

m
p
totic

lin
ear

con
vergen

ce
of

a
class

of
feasib

le
d
escen

t
algorith

m
s

for
sm

o
o
th

o
p
tim

ization
,

in
clu

d
in

g
co

ord
in

ate
d
escen

t
m

eth
o
d

an
d

p
ro

jected
grad

ien
t

m
eth

o
d
,

b
a
sed

o
n

a
lo

ca
l

error
b

ou
n
d

con
d
ition

.
T

h
eir

resu
lts

on
co

ord
in

ate
d
escen

t
m

eth
o
d

w
ere

fu
rth

er
ex

ten
d
ed

to
a

m
ore

gen
eral

class
of

ob
jectiv

e
fu

n
ction

s
an

d
con

strain
ts

b
y

T
sen

g
a
n
d

Y
u
n

(2
0
0
9a,b

).
W

an
g

an
d

L
in

(2014)
sh

ow
ed

th
at

a
glob

al
error

b
ou

n
d

h
old

s
for

a
fa

m
ily

o
f

n
o
n
-stron

gly
con

vex
an

d
sm

o
oth

ob
jective

fu
n
ction

s
for

w
h
ich

fea
sib

le
d
escen

t
m

eth
o
d
s

ca
n

a
ch

ieve
a

glob
al

lin
ear

con
vergen

ce
rate.

R
ecen

tly,
th

ese
error

b
o
u
n
d
s

h
ave

b
een

g
en

eralized
an

d
lev

eraged
to

sh
ow

faster
con

v
ergen

ce
for

stru
ctu

red
con

v
ex

op
tim

iza-
tio

n
th

a
t

co
n
sists

of
a

sm
o
oth

fu
n
ction

a
n
d

a
sim

p
le

n
on

-sm
o
oth

fu
n
ction

(H
ou

et
al.,

2013;

3
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Y
a
n
g

a
n
d

L
in

Z
h
ou

an
d

S
o,

2017;
Z

h
ou

et
al.,

2015).
R

ecen
tly,

N
ecoara

an
d

C
lip

ici
(2016)

con
sid

ered
a

gen
eralized

error
b

ou
n
d

con
d
ition

,
an

d
estab

lish
ed

lin
ear

con
v
ergen

ce
of

a
p
arallel

version
of

a
ran

d
om

ized
(b

lo
ck

)
co

ord
in

ate
d
escen

t
m

eth
o
d

for
m

in
im

izin
g

th
e

su
m

of
a

p
artially

sep
arab

le
sm

o
oth

con
vex

fu
n
ction

an
d

a
fu

lly
sep

arab
le

n
on

-sm
o
oth

con
vex

fu
n
ction

.

W
e

w
ou

ld
like

to
em

p
h
asize

th
at

th
e

aforem
en

tion
ed

error
b

ou
n
d
s

are
d
iff

eren
t

from
th

e
lo

cal
error

b
ou

n
d

ex
p
lored

in
th

is
p
ap

er.
In

p
articu

lar,
th

ey
b

ou
n
d

th
e

d
istan

ce
of

a
p

oin
t

to
th

e
op

tim
al

set
b
y

u
sin

g
th

e
n
orm

of
th

e
p
ro

jected
grad

ien
t

or
p
rox

im
al

grad
ien

t
at

th
e

p
oin

t,
th

u
s

req
u
irin

g
th

e
(p

artial)
sm

o
o
th

n
ess

of
th

e
ob

jective
fu

n
ction

.
In

con
trast,

w
e

b
ou

n
d

th
e

d
istan

ce
of

a
p

oin
t

to
th

e
op

tim
al

set
b
y

its
ob

jective
resid

u
al

w
ith

resp
ect

to
th

e
op

tim
al

valu
e,

coverin
g

a
m

u
ch

b
road

er
fam

ily
o
f

fu
n
ctio

n
s.

M
ore

recen
tly,

th
ere

h
ave

ap
-

p
eared

m
an

y
stu

d
ies

th
at

con
sid

er
sm

o
oth

op
tim

ization
or

com
p

osite
sm

o
oth

op
tim

ization
p
rob

lem
s

w
h
ose

o
b

jective
fu

n
ction

s
satisfy

d
iff

eren
t

error
b

ou
n
d

con
d
ition

s,
grow

th
con

d
i-

tion
s

or
oth

er
n
on

-d
egen

eracy
con

d
ition

s
an

d
estab

lish
ed

th
e

lin
ear

con
v
ergen

ce
rates

of
sev

-
eral

fi
rst-ord

er
m

eth
o
d
s

in
clu

d
in

g
p
rox

im
al-grad

ien
t

m
eth

o
d
,

accelerated
grad

ien
t

m
eth

o
d
,

p
rox

-lin
ear

m
eth

o
d

an
d

so
on

(G
on

g
an

d
Y

e,
2014;

N
ecoara

et
al.,

2015;
Z

h
an

g
an

d
C

h
en

g,
2015;

Z
h
an

g,
2016

;
K

arim
i

et
al.,

2016;
D

ru
sv

yatsk
iy

an
d

L
ew

is,
2018;

D
ru

sv
yatsk

iy
an

d
K

em
p
ton

,
2016;

H
ou

et
al.,

2013;
Z

h
ou

et
al.,

2015).
T

h
e

relativ
e

stren
gth

an
d

relation
-

sh
ip

s
b

etw
een

som
e

of
th

ose
con

d
ition

s
are

stu
d
ied

b
y

N
ecoara

et
al.

(2015)
an

d
Z

h
an

g
(2016).

F
or

ex
am

p
le,

N
ecoara

et
al.

(2015)
sh

ow
ed

th
at

u
n
d
er

th
e

sm
o
oth

n
ess

a
ssu

m
p
tion

th
e

secon
d
-ord

er
grow

th
con

d
ition

(i.e.,
th

e
con

sid
ered

error
b

ou
n
d

con
d
itio

n
in

th
e

p
resen

t
w

ork
w

ith
θ

=
1/

2
)

is
eq

u
ivalen

t
to

th
e

error
b

ou
n
d

con
d
ition

con
sid

ered
b
y

W
an

g
an

d
L

in
(2014).

It
w

as
b
rou

gh
t

to
ou

r
atten

tion
th

a
t

th
e

lo
cal

error
b

ou
n
d

con
d
ition

in
th

e
p
resen

t
p
ap

er
is

closely
related

to
m

etric
su

b
regu

larity
of

su
b

d
iff

eren
tials

(A
rtach

o
an

d
G

eoff
roy

,
2008;

K
ru

ger,
2015;

D
ru

sv
yatsk

iy
et

al.,
2014;

M
ord

u
k
h
ov

ich
an

d
O

u
yan

g,
2015).

G
ilp

in
et

al.
(2012)

estab
lish

ed
a

p
oly

h
ed

ral
error

b
ou

n
d

con
d
ition

for
p
rob

lem
s

w
h
ose

ep
igrap

h
is

p
oly

h
ed

ral
an

d
d
om

ain
is

a
b

ou
n
d
ed

p
oly

top
e.

U
sin

g
th

is
p

oly
h
ed

ral
error

b
ou

n
d

con
d
ition

,
th

ey
stu

d
ied

a
tw

o-p
erson

zero-su
m

gam
e

an
d

p
rop

osed
a

restarted
fi
rst-

ord
er

m
eth

o
d

b
ased

on
N

esterov
’s

sm
o
oth

in
g

tech
n
iq

u
e

(N
esterov

,
200

5)
th

at
can

fi
n
d

th
e

N
ash

eq
u
ilib

riu
m

an
d

h
as

lin
ear

con
vergen

ce
rate.

T
h
e

d
iff

eren
ces

b
etw

een
G

ilp
in

et
al.

(2012)’s
w

ork
an

d
th

is
w

ork
are:

(i)
w

e
stu

d
y

su
b
grad

ien
t

m
eth

o
d
s

in
stead

of
N

esterov
’s

sm
o
oth

in
g

tech
n
iq

u
e,

w
h
ere

th
e

form
er

h
ave

b
road

er
ap

p
licab

ility
th

an
N

esterov
’s

sm
o
oth

-
in

g
tech

n
iq

u
e;

(ii)
ou

r
lin

ear
con

vergen
ce

can
b

e
d
eriv

ed
for

a
sligh

tly
gen

eral
p
rob

lem
w

h
ere

th
e

d
om

ain
is

allow
ed

to
b

e
an

u
n
b

ou
n
d
ed

p
oly

h
ed

ron
as

lon
g

as
th

e
p

oly
h
ed

ral
error

b
ou

n
d

con
d
ition

in
L

em
m

a
8

h
old

s,
w

h
ich

is
th

e
case

for
m

an
y

im
p

ortan
t

ap
p
lication

s;
(iii)

w
e

con
sid

er
a

gen
eral

con
d
ition

th
at

su
b
su

m
es

th
e

p
oly

h
ed

ral
error

b
ou

n
d

con
d
ition

as
a

sp
e-

cial
case

an
d

w
e

try
to

solve
th

e
gen

eral
p
rob

lem
(1)

rath
er

th
an

th
e

b
ilin

ear
sad

d
le-p

oin
t

p
rob

lem
con

sid
ered

b
y

G
ilp

in
et

al.
(2012).

T
h
e

error
b

ou
n
d

con
d
ition

th
at

allow
s

u
s

to
d
erive

a
lin

ear
con

vergen
ce

of
R

S
G

is
th

e
sam

e
to

th
e

w
eak

sh
arp

m
in

im
u
m

con
d
ition

,
w

h
ich

w
as

fi
rst

coin
ed

in
1970s

(P
olyak

,
1979).

H
ow

ever,
it

w
as

u
sed

even
earlier

for
stu

d
y
in

g
th

e
con

v
ergen

ce
o
f

su
b
grad

ien
t

m
eth

o
d

(E
rem

in
,1965;P

oly
ak

,1969).
L

ater,
it

w
as

stu
d
ied

in
m

an
y

su
b
seq

u
en

t
w

ork
s

(P
olyak

,
1987;

B
u
rk

e
an

d
F

erris.,
1993;

S
tu

d
n
iarsk

i
an

d
W

ard
,

1999;
F

erris,
1991;

B
u
rke

an
d

D
en

g,
2002,

2005,
2009).

F
in

ite
or

lin
ear

con
v
ergen

ce
of

several
algorith

m
s

h
as

b
een

estab
lish

ed
u
n
d
er

th
e

w
eak

sh
arp

m
in

im
u
m

con
d
ition

,
in

clu
d
in

g
grad

ien
t

p
ro

jection
m

eth
o
d

(P
oly

ak
,

1987),
th

e
p
rox

im
al

p
oin

t
algorith

m
(P

P
A

)
(F

erris,
1991),

an
d

su
b
grad

ien
t

m
eth

o
d

w
ith

a

4
JM

L
R

 19(6):1-33, 2018



R
S
G
:
B
e
a
t
in
g

S
u
b
g
r
a
d
ie
n
t
M
e
t
h
o
d

w
it
h
o
u
t
S
m
o
o
t
h
n
e
ss

a
n
d

S
t
r
o
n
g

C
o
n
v
e
x
it
y

p
ar

ti
cu

la
r

ch
oi

ce
of

st
ep

si
ze

(s
ee

b
el

ow
)

(P
ol

ya
k
,

19
69

).
W

e
w

ou
ld

li
ke

to
em

p
h
as

iz
e

th
e

d
iff

er
en

ce
s

b
et

w
ee

n
th

e
re

su
lt

s
in

th
es

e
w

or
k
s

a
n
d

th
e

re
su

lt
s

in
th

e
p
re

se
n
t

w
or

k
th

at
m

ak
e

ou
r

re
su

lt
s

n
ov

el
:

(i
)

th
e

gr
ad

ie
n
t

p
ro

je
ct

io
n

m
et

h
o
d

an
d

it
s

fi
n
it

e
co

n
ve

rg
en

ce
es

ta
b
li
sh

ed
in

(P
ol

y
ak

,
19

87
)

re
q
u
ir

es
th

e
gr

ad
ie

n
t

of
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

to
b

e
L

ip
sc

h
it

z
co

n
ti

n
u
ou

s,
i.
e.

,
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

is
sm

o
ot

h
(s

ee
P

ol
ya

k
,

19
87

,
C

h
ap

.
7,

p
p

2
07

,
T

h
eo

re
m

1)
,

in
co

n
tr

as
t

w
e

d
o

n
ot

as
su

m
e

sm
o
ot

h
n
es

s
of

th
e

ob
je

ct
iv

e
fu

n
ct

io
n
;

(i
i)

th
e

P
P

A
st

u
d
ie

d
in

(F
er

ri
s,

19
91

)
re

q
u
ir

es
so

lv
in

g
a

p
ro

x
im

al
su

b
-p

ro
b
le

m
co

n
si

st
in

g
of

th
e

or
ig

in
al

ob
je

ct
iv

e
fu

n
ct

io
n

an
d

a
st

ro
n
gl

y
co

n
ve

x
fu

n
ct

io
n

a
t

ev
er

y
it

er
at

io
n
,

an
d

th
er

ef
or

e
it

s
fi
n
it

e
co

n
ve

r-
ge

n
ce

d
o
es

n
ot

m
ea

n
th

at
on

ly
a

fi
n
it

e
n
u
m

b
er

of
su

b
gr

ad
ie

n
t

ev
al

u
at

io
n
s

is
n
ee

d
ed

.
In

co
n
tr

as
t,

th
e

li
n
ea

r
co

n
v
er

ge
n
ce

in
th

is
p
ap

er
w

as
in

te
rm

s
of

th
e

n
u
m

b
er

of
su

b
gr

ad
ie

n
t

ev
al

u
at

io
n
s;

(i
ii
)

li
n
ea

r
co

n
ve

rg
en

ce
of

a
su

b
gr

ad
ie

n
t

m
et

h
o
d

st
u
d
ie

d
b
y

P
ol

ya
k

(1
96

9)
re

-
q
u
ir

es
k
n
ow

in
g

th
e

op
ti

m
al

ob
je

ct
iv

e
va

lu
e

fo
r

se
tt

in
g

it
s

st
ep

si
ze

,
an

d
it

s
co

n
ve

rg
en

ce
is

in
te

rm
s

of
th

e
d
is

ta
n
ce

of
th

e
it

er
at

es
to

th
e

op
ti

m
al

se
t,

w
h
ic

h
is

w
ea

ke
r

th
an

ou
r

li
n
ea

r
co

n
ve

rg
en

ce
in

te
rm

s
of

ob
je

ct
iv

e
ga

p
.

In
ad

d
it

io
n
,

ou
r

m
et

h
o
d

d
o
es

n
ot

re
q
u
ir

e
k
n
ow

in
g

th
e

op
ti

m
al

ob
je

ct
iv

e
va

lu
e.

In
st

ea
d

th
e

b
as

ic
va

ri
an

t
of

R
S
G

th
at

h
as

a
li
n
ea

r
co

n
v
er

-
ge

n
ce

on
ly

n
ee

d
s

to
k
n
ow

th
e

va
lu

e
of

th
e

m
u
lt

ip
li
ca

ti
ve

co
n
st

an
t

p
ar

am
et

er
in

th
e

lo
ca

l
er

ro
r

b
ou

n
d

co
n
d
it

io
n
.

F
or

p
ro

b
le

m
s

w
it

h
ou

t
k
n
ow

in
g

th
is

p
ar

am
et

er
,

w
e

al
so

d
ev

el
op

a
p
ra

ct
ic

al
va

ri
an

t
of

R
S
G

th
at

ca
n

ac
h
ie

ve
a

co
n
ve

rg
en

ce
ra

te
cl

os
e

to
li
n
ea

r
co

n
ve

rg
en

ce
.

In
h
is

re
ce

n
t

w
or

k
(R

en
eg

ar
,
20

14
,
20

15
,
20

16
),

R
en

eg
ar

p
re

se
n
te

d
a

fr
am

ew
or

k
of

ap
p
ly

-
in

g
fi
rs

t-
or

d
er

m
et

h
o
d
s

to
ge

n
er

al
co

n
ic

op
ti

m
iz

at
io

n
p
ro

b
le

m
s

b
y

tr
an

sf
or

m
in

g
th

e
or

ig
in

al
p
ro

b
le

m
in

to
an

eq
u
iv

al
en

t
co

n
ve

x
op

ti
m

iz
at

io
n

p
ro

b
le

m
w

it
h

on
ly

li
n
ea

r
eq

u
al

it
y

co
n
-

st
ra

in
ts

an
d

a
L

ip
sc

h
it

z-
co

n
ti

n
u
ou

s
ob

je
ct

iv
e

fu
n
ct

io
n
.

T
h
is

fr
am

ew
or

k
gr

ea
tl

y
ex

te
n
d
s

th
e

ap
p
li
ca

b
il
it

y
of

fi
rs

t-
or

d
er

m
et

h
o
d
s

to
th

e
p
ro

b
le

m
s

w
it

h
g
en

er
al

li
n
ea

r
in

eq
u
al

it
y

co
n
st

ra
in

ts
an

d
le

ad
s

to
n
ew

al
go

ri
th

m
s

an
d

n
ew

it
er

at
io

n
co

m
p
le

x
it

y.
O

n
e

of
h
is

re
su

lt
s

re
la

te
d

to
th

is
w

or
k

im
p
li
es

(R
en

eg
ar

,
20

15
,

C
or

ol
la

ry
3.

4)
,

if
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

h
as

a
p

ol
y
h
ed

ra
l

ep
ig

ra
p
h

an
d

th
e

op
ti

m
al

ob
je

ct
iv

e
va

lu
e

is
k
n
ow

n
b

ef
or

eh
an

d
,

a
su

b
gr

ad
ie

n
t

m
et

h
o
d

ca
n

h
av

e
a

li
n
ea

r
co

n
ve

rg
en

ce
ra

te
.

C
om

p
ar

ed
to

th
is

re
su

lt
of

h
is

,
ou

r
m

et
h
o
d

d
o
es

n
ot

n
ee

d
to

k
n
ow

th
e

op
ti

m
al

ob
je

ct
iv

e
va

lu
e.

N
ot

e
th

at
R

en
eg

ar
’s

m
et

h
o
d

ca
n

b
e

ap
p
li
ed

in
a

ge
n
er

al
se

tt
in

g
w

h
er

e
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

is
n
ot

n
ec

es
sa

ri
ly

p
ol

y
h
ed

ra
l

w
h
il
e

ou
r

m
et

h
o
d

ob
ta

in
s

im
p
ro

ve
d

it
er

at
io

n
co

m
p
le

x
it

ie
s

u
n
d
er

th
e

lo
ca

l
er

ro
r

b
ou

n
d

co
n
d
it

io
n
s.

M
or

e
re

ce
n
tl

y,
F

re
u
n
d

an
d

L
u

(2
01

7)
p
ro

p
o
se

d
a

n
ew

S
G

m
et

h
o
d

b
y

as
su

m
in

g
th

at
a

st
ri

ct
lo

w
er

b
ou

n
d

of
f ∗

,
d
en

ot
ed

b
y
f s
lb

,
is

k
n
ow

n
an

d
f

sa
ti

sfi
es

a
gr

ow
th

co
n
d
it

io
n
,

‖w
−

w
∗ ‖

2
≤
G
·(
f

(w
)
−
f s
lb

),
w

h
er

e
w
∗

is
th

e
op

ti
m

al
so

lu
ti

on
cl

o
se

st
to

w
an

d
G

is
a

gr
ow

th
ra

te
co

n
st

an
t

d
ep

en
d
in

g
on

f s
lb

.
U

si
n
g

a
n
ov

el
st

ep
si

ze
th

at
in

co
rp

or
at

es
f s
lb

,
fo

r
n
on

-s
m

o
ot

h
op

ti
m

iz
at

io
n
,

th
ei

r
S
G

m
et

h
o
d

ac
h
ie

ve
s

an
it

er
at

io
n

co
m

p
le

x
it

y
of

O
(G

2
(lo

g
H
ε′

+
1 ε′
2
))

fo
r

fi
n
d
in

g
a

so
lu

ti
on

ŵ
su

ch
th

at
f

(ŵ
)
−
f ∗
≤
ε′

(f
∗
−
f s
lb

),
w

h
er

e

H
=

f
(w

0
)−
f
s
lb

f
∗−
f
s
lb

an
d

w
0

is
th

e
in

it
ia

l
so

lu
ti

on
.

W
e

n
ot

e
th

at
th

er
e

ar
e

se
ve

ra
l

ke
y

d
iff

er
en

ce
s

in
th

e
th

eo
re

ti
ca

l
p
ro

p
er

ti
es

an
d

im
p
le

m
en

ta
ti

on
s

b
et

w
ee

n
ou

r
w

or
k

an
d

th
at

b
y

F
re

u
n
d

an
d

L
u

(2
01

7)
:

(i
)

T
h
ei

r
gr

ow
th

co
n
d
it

io
n

h
as

a
si

m
il
ar

fo
rm

to
th

e
in

eq
u
al

it
y

(7
)

p
ro

v
ed

fo
r

a
ge

n
er

al
fu

n
ct

io
n

b
u
t

th
er

e
ar

e
st

il
l

n
ot

ic
ea

b
le

d
iff

er
en

ce
s

in
th

e
b

ot
h

si
d
es

an
d

th
e

gr
ow

th
co

n
st

an
ts

.
(i

i)
T

h
e

co
n
ve

rg
en

ce
re

su
lt

s
es

ta
b
li
sh

ed
b
y

F
re

u
n
d

an
d

L
u

(2
01

7)
ar

e
b
as

ed
on

fi
n
d
in

g
an

so
lu

ti
on

ŵ
w

it
h

a
re

la
ti

ve
er

ro
r

of
ε′

w
h
il
e

w
e

co
n
si

d
er

ab
so

lu
te

er
ro

r.
(i

ii
)

B
y

re
w

ri
ti

n
g

th
e

co
n
v
er

ge
n
ce

re
su

lt
s

of
F

re
u
n
d

an
d

L
u

(2
01

7)
in

te
rm

s
o
f

a
b
so

lu
te

ac
cu

ra
cy
ε

w
it

h
ε

=
ε′

(f
∗
−
f s
lb

),
th

ei
r

al
go

ri
th

m
’s

co
m

p
le

x
it

y
d
ep

en
d
s

on
f ∗
−
f s
lb

an
d

m
ay

b
e

h
ig

h
er

th
an

ou
rs

if
f ∗
−
f s
lb

is
la

rg
e.

H
ow

ev
er

,
F

re
u
n
d

an
d

L
u
’s

n
ew

S
G

m
et

h
o
d

is
st

il
l
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Y
a
n
g

a
n
d

L
in

at
tr

ac
ti

ve
d
u
e

to
th

at
it

is
a

p
ar

am
et

er
fr

ee
al

go
ri

th
m

w
it

h
ou

t
re

q
u
ir

in
g

th
e

va
lu

e
o
f

th
e

gr
ow

th
co

n
st

an
t
G.

W
e

w
il
l

co
m

p
ar

ed
ou

r
R

S
G

m
et

h
o
d

w
it

h
th

e
m

et
h
o
d

o
f

F
re

u
n
d

a
n
d

L
u

(2
01

7)
w

it
h

m
or

e
d
et

ai
ls

in
S
ec

ti
on

7
.

R
es

ta
rt

in
g

an
d

m
u
lt

i-
st

ag
e

st
ra

te
gi

es
h
av

e
b

ee
n

em
p
lo

ye
d

to
ac

h
ie

ve
th

e
(u

n
if

o
rm

ly
)

op
-

ti
m

al
th

eo
re

ti
ca

l
co

m
p
le

x
it

y
of

(s
to

ch
as

ti
c)

S
G

m
et

h
o
d
s

w
h
en
f

is
st

ro
n
gl

y
co

n
ve

x
(G

h
a
d
im

i
an

d
L

an
,

20
13

;
C

h
en

et
al

.,
20

12
;

H
az

an
an

d
K

al
e,

20
11

)
or

u
n
if

or
m

ly
co

n
ve

x
(J

u
d
it

sk
y

a
n
d

N
es

te
ro

v
,

20
14

).
H

er
e,

w
e

sh
ow

th
at

re
st

ar
ti

n
g

ca
n

b
e

st
il
l

h
el

p
fu

l
ev

en
w

it
h
o
u
t

u
n
if

o
rm

o
r

st
ro

n
g

co
n
ve

x
it

y.
F

u
rt

h
er

m
or

e,
in

al
l

th
e

al
go

ri
th

m
s

p
ro

p
os

ed
in

ex
is

ti
n
g

w
o
rk

s
(G

h
a
d
im

i
an

d
L

an
,

20
13

;
C

h
en

et
al

.,
20

12
;

H
az

an
an

d
K

al
e,

20
11

;
J
u
d
it

sk
y

an
d

N
es

te
ro

v
,

2
0
1
4
),

th
e

n
u
m

b
er

of
it

er
at

io
n
s

p
er

st
ag

e
in

cr
ea

se
s

b
et

w
ee

n
st

ag
es

w
h
il
e

ou
r

al
go

ri
th

m
u
se

s
th

e
sa

m
e

n
u
m

b
er

of
it

er
at

io
n
s

in
al

l
st

ag
es

.
T

h
is

p
ro

v
id

es
a

d
iff

er
en

t
p

os
si

b
il
it

y
of

d
es

ig
n
in

g
re

st
a
rt

ed
al

go
ri

th
m

s
fo

r
a

b
et

te
r

co
m

p
le

x
it

y
on

ly
u
n
d
er

a
lo

ca
l

er
ro

r
b

ou
n
d

co
n
d
it

io
n
.

3
.
P
re
li
m
in
a
ri
e
s

In
th

is
se

ct
io

n
,

w
e

d
efi

n
e

so
m

e
n
ot

at
io

n
s

u
se

d
in

th
is

p
ap

er
an

d
p
re

se
n
t

th
e

m
a
in

a
ss

u
m

p
-

ti
on

s
n
ee

d
ed

to
es

ta
b
li
sh

ou
r

re
su

lt
s.

W
e

u
se
∂
f

(w
)

to
d
en

ot
e

th
e

se
t

of
su

b
g
ra

d
ie

n
ts

(t
h
e

su
b

d
iff

er
en

ti
al

)
of
f

at
w

.
S
in

ce
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

is
n
ot

n
ec

es
sa

ri
ly

st
ro

n
g
ly

co
n
v
ex

,
th

e
op

ti
m

al
so

lu
ti

on
is

n
ot

n
ec

es
sa

ri
ly

u
n
iq

u
e.

W
e

d
en

ot
e

b
y

Ω
∗

th
e

op
ti

m
a
l

so
lu

ti
o
n

se
t

an
d

b
y
f ∗

th
e

u
n
iq

u
e

op
ti

m
al

ob
je

ct
iv

e
va

lu
e.

W
e

d
en

ot
e

b
y
‖·
‖ 2

th
e

E
u
cl

id
ea

n
n
o
rm

in
R
d
. T

h
ro

u
gh

ou
t

th
e

p
ap

er
,

w
e

m
ak

e
th

e
fo

ll
ow

in
g

as
su

m
p
ti

on
.

A
ss

u
m

p
ti

o
n

1
F

o
r

th
e

co
n

ve
x

m
in

im
iz

a
ti

o
n

p
ro

bl
em

(1
),

w
e

a
ss

u
m

e

a
.

F
o
r

a
n

y
w

0
∈

Ω
,

w
e

kn
o
w

a
co

n
st

a
n

t
ε 0
≥

0
su

ch
th

a
t
f

(w
0
)
−
f ∗
≤
ε 0

.

b
.

T
h
er

e
ex

is
ts

a
co

n
st

a
n

t
G

su
ch

th
a
t

m
ax

v
∈∂
f

(w
)
‖v
‖ 2
≤
G

fo
r

a
n

y
w
∈

Ω
.

W
e

m
ak

e
se

ve
ra

l
re

m
ar

k
s

ab
ou

t
th

e
ab

ov
e

as
su

m
p
ti

on
s:

(i
)

A
ss

u
m

p
ti

on
1.

a
is

eq
u
iv

a
le

n
t

to
as

su
m

in
g

w
e

k
n
ow

a
lo

w
er

b
ou

n
d

of
f ∗

w
h
ic

h
is

on
e

of
th

e
as

su
m

p
ti

on
s

m
a
d
e

b
y

F
re

u
n
d

an
d

L
u

(2
01

7)
.

In
m

ac
h
in

e
le

ar
n
in

g
ap

p
li
ca

ti
on

s,
f ∗

is
u
su

al
ly

b
ou

n
d
ed

b
el

ow
b
y

ze
ro

,
i.
e.

,
f ∗
≥

0,
so

th
at
ε 0

=
f

(w
0
)

fo
r

an
y

w
0
∈
R
d

w
il
l

sa
ti

sf
y

th
e

co
n
d
it

io
n
;

(i
i)

A
ss

u
m

p
ti

o
n

1.
b

is
a

st
an

d
ar

d
as

su
m

p
ti

on
al

so
m

ad
e

in
m

an
y

p
re

v
io

u
s

su
b
gr

ad
ie

n
t-

b
a
se

d
m

et
h
o
d
s.

L
et

w
∗

d
en

ot
e

th
e

cl
os

es
t

op
ti

m
al

so
lu

ti
on

in
Ω
∗

to
w

m
ea

su
re

d
in

te
rm

s
o
f

n
o
rm
‖·
‖ 2

,
i.
e.

,
w
∗

:=
ar

g
m

in
u
∈Ω
∗
‖u
−

w
‖2 2
.

N
ot

e
th

at
w
∗

is
u
n
iq

u
el

y
d
efi

n
ed

fo
r

an
y

w
d
u
e

to
th

e
co

n
ve

x
it

y
of

Ω
∗

an
d

th
a
t
‖·
‖2 2

is
st

ro
n
gl

y
co

n
ve

x
.

W
e

d
en

ot
e

b
y
L ε

th
e
ε-

le
ve

l
se

t
of
f

(w
)

an
d

b
y
S ε

th
e
ε-

su
b
le

ve
l

se
t

of
f

(w
),

re
sp

ec
ti

ve
ly

,
i.
e.

,

L ε
:=
{w
∈

Ω
:
f

(w
)

=
f ∗

+
ε}

an
d
S ε

:=
{w
∈

Ω
:
f

(w
)
≤
f ∗

+
ε}
.

(2
)

L
et
B
ε

b
e

th
e

m
ax

im
u
m

d
is

ta
n
ce

b
et

w
ee

n
th

e
p

oi
n
ts

in
th

e
ε-

le
ve

l
se

t
L ε

an
d

th
e

o
p
ti

m
a
l

se
t

Ω
∗,

i.
e.

,
B
ε

:=
m

ax
w
∈L

ε

m
in

u
∈Ω
∗
‖w
−

u
‖ 2

=
m

ax
w
∈L

ε

‖w
−

w
∗ ‖

2
.

(3
)

In
th

e
se

q
u
el

,
w

e
al

so
m

ak
e

th
e

fo
ll
ow

in
g

as
su

m
p
ti

on
.
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R
S
G
:
B
e
a
t
in
g

S
u
b
g
r
a
d
ie
n
t
M
e
t
h
o
d

w
it
h
o
u
t
S
m
o
o
t
h
n
e
ss

a
n
d

S
t
r
o
n
g

C
o
n
v
e
x
it
y

A
ssu

m
p

tio
n

2
F

o
r

th
e

co
n

vex
m

in
im

iza
tio

n
p
ro

blem
(1

),
w

e
a
ssu

m
e

th
a
t
B
ε

is
fi

n
ite.

R
e
m

a
rk

:
B
ε

is
fi
n
ite

w
h
en

th
e

op
tim

al
set

Ω
∗

is
b

ou
n
d
ed

(e.g.,
w

h
en

th
e

o
b

jective
fu

n
ction

is
a

p
ro

p
er

low
er-sem

icon
tin

u
ou

s
co

n
vex

an
d

co
erciv

e
fu

n
ction

).
T

h
is

is
b

ecau
se

th
a
t

th
e

su
b
level

setS
ε

m
u
st

b
e

b
ou

n
d
ed

for
an

y
ε≥

0
(R

o
ckafellar,

1970,
C

orolla
ry

8.7.1
).

N
ev

er-
th

eless,
th

e
b

o
u
n
d
ed

op
tim

al
set

is
n
ot

a
n
ecessa

ry
con

d
ition

for
a

fi
n
ite

B
ε .

F
or

ex
am

p
le,

f
(x

)
=

m
a
x
(0,x

).
A

lth
ou

gh
its

op
tim

al
set

is
n
ot

b
o
u
n
d
ed

,
B
ε

=
ε.

In
S
ection

5,
w

e
w

ill
co

n
sid

er
a

b
ro

a
d

fam
ily

of
p
rob

lem
s

w
ith

a
lo

cal
error

b
ou

n
d

con
d
ition

,
w

h
ich

w
ill

satisfy
th

e
a
b

ove
a
ssu

m
p
tion

.

L
et

w
†ε

d
en

o
te

th
e

closest
p

oin
t

in
th

e
ε-su

b
level

set
to

w
,

i.e.,

w
†ε

:=
arg

m
in

u∈S
ε ‖

u
−

w
‖

22 .
(4)

D
en

o
te

b
y

Ω\S
=
{
w
∈

Ω
:
w
6∈
S}.

It
is

easy
to

sh
ow

th
at

w
†ε ∈
L
ε

w
h
en

w
∈

Ω\S
ε

(u
sin

g
th

e
o
p
tim

ality
con

d
ition

of
4).

G
iven

w
∈

Ω
,

w
e

d
en

ote
th

e
n
orm

al
co

n
e

of
Ω

at
w

b
y
N

Ω
(w

).
F

orm
ally,N

Ω
(w

)
=

{
v
∈
R
d

:
v
>

(u
−

w
)≤

0
,∀

u
∈

Ω}.
D

efi
n
e

d
ist(0,f

(w
)

+
N

Ω
(w

))
as

d
ist(0,f

(w
)

+
N

Ω
(w

))
:=

m
in

g∈
∂
f

(w
),v∈N

Ω
(w

) ‖
g

+
v‖

2 .
(5)

N
o
te

th
a
t

w
∈

Ω
∗

if
an

d
on

ly
if

d
ist(0,f

(w
)+
N

Ω
(w

))
=

0.
T

h
erefore,

w
e

call
d
ist(0,f

(w
)+

N
Ω

(w
))

th
e

fi
rst-o

rd
er

o
p
tim

a
lity

resid
u

a
l

of
(1)

at
w
∈

Ω
.

G
iven

a
n
y
ε
>

0
su

ch
th

at
L
ε 6=
∅
,

w
e

d
efi

n
e

a
con

stan
t
ρ
ε

as

ρ
ε

:=
m

in
w
∈L

ε d
ist(0

,f
(w

)
+
N

Ω
(w

)).
(6)

G
iven

th
e

n
otation

s
ab

ove,
w

e
p
rov

id
e

th
e

fo
llow

in
g

lem
m

a
w

h
ich

is
th

e
k
ey

to
ou

r
a
n
a
ly

sis.

L
e
m

m
a

1
F

o
r

a
n

y
ε
>

0
su

ch
th

a
tL

ε 6=
∅

a
n

d
a
n

y
w
∈

Ω
,

w
e

h
a
ve

‖w
−

w
†ε ‖

2 ≤
1ρ
ε (f

(w
)−

f
(w
†ε )).

(7)

P
ro

o
f

S
in

ce
th

e
con

clu
sion

h
old

s
triv

ially
if

w
∈
S
ε

(so
th

at
w
†ε

=
w

),
w

e
assu

m
e

w
∈

Ω\S
ε .

A
cco

rd
in

g
to

th
e

fi
rst-ord

er
op

tim
ality

con
d
ition

s
of

(4),
th

ere
ex

ist
a

scalar
ζ
≥

0
(th

e

L
a
gra

n
g
ia

n
m

u
ltip

lier
of

th
e

con
strain

t
f

(u
)≤

f∗
+
ε

in
4),

a
su

b
grad

ien
t

g
∈
∂
f

(w
†ε )

an
d

a
v
ecto

r
v
∈
N

Ω
(w
†ε )

su
ch

th
at

w
†ε −

w
+
ζ
g

+
v

=
0.

(8)

T
h
e

d
efi

n
itio

n
of

n
orm

al
con

e
lead

s
to

(w
†ε −

w
) >

v
≥

0.
T

h
is

in
eq

u
ality

a
n
d

th
e

con
v
ex

ity
o
f
f

(·)
im

p
ly

ζ (
f

(w
)−

f
(w
†ε ) )
≥
ζ
(w
−

w
†ε ) >

g
≥

(w
−

w
†ε ) >

(ζ
g

+
v

)
=
‖
w
−

w
†ε ‖

22 ,
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Y
a
n
g

a
n
d

L
in

w
h
ere

th
e

eq
u
ality

is
d
u
e

to
(8).

S
in

ce
w
∈

Ω\S
ε ,

w
e

m
u
st

h
ave
‖
w
−

w
†ε ‖

2
>

0
so

th
at

ζ
>

0.
T

h
erefore,

w
†ε ∈
L
ε

b
y

com
p
lem

en
ta

ry
slack

n
ess.

D
iv

id
in

g
th

e
in

eq
u
ality

ab
ove

b
y

ζ
gives

f
(w

)−
f

(w
†ε )≥

‖
w
−

w
†ε ‖

22

ζ
=
‖
w
−

w
†ε ‖

2 ‖
g

+
v
/ζ‖

2 ≥
ρ
ε ‖w
−

w
†ε ‖

2 ,
(9)

w
h
ere

th
e

eq
u
ality

is
d
u
e

to
(8)

an
d

th
e

last
in

eq
u
ality

is
d
u
e

to
th

e
d
efi

n
ition

of
ρ
ε

in
(6).

T
h
e

lem
m

a
is

th
en

p
roved

.

T
h
e

in
eq

u
ality

in
(7)

is
th

e
key

to
a
ch

ieve
im

p
rov

ed
con

vergen
ce

b
y

R
S
G

,
w

h
ich

h
in

ges
on

th
e

con
d
ition

th
at

th
e

fi
rst-ord

er
o
p
tim

ality
resid

u
al

on
th

e
ε-level

set
is

low
er

b
ou

n
d
ed

.
It

is
im

p
ortan

t
to

n
ote

th
at

(i)
th

e
ab

ove
resu

lt
d
ep

en
d
s

on
f

rath
er

th
an

th
e

op
tim

ization
algorith

m
ap

p
lied

;
an

d
(ii)

th
e

ab
ove

resu
lt

can
b

e
g
en

eralized
to

u
sin

g
oth

er
n
orm

s
su

ch

as
th

e
p
-n

orm
‖w
‖
p

(p
∈

(1,2])
to

m
easu

re
th

e
d
istan

ce
b

etw
een

w
an

d
w
†ε

an
d

u
sin

g
th

e
corresp

on
d
in

g
d
u
al

n
orm

to
d
efi

n
e

th
e

low
er

b
ou

n
d

of
th

e
resid

u
al

in
(5)

an
d

(6).
T

h
is

gen
eralization

allow
s

on
e

to
d
esign

m
irror

d
ecen

t
(N

em
irov

sk
i

et
al.,

2009)
varian

t
of

R
S
G

.
T

o
ou

r
b

est
k
n
ow

led
ge,

th
is

is
th

e
fi
rst

w
o
rk

th
at

leverages
th

e
low

er
b

ou
n
d

of
th

e
op

tim
al

resid
u
al

to
im

p
rove

th
e

con
vergen

ce
for

n
on

-sm
o
oth

con
vex

op
tim

ization
.

In
th

e
n
ex

t
several

section
s,

w
e

w
ill

ex
h
ib

it
th

e
valu

e
of
ρ
ε

for
d
iff

eren
t

classes
of

p
rob

lem
s

an
d

d
iscu

ss
its

im
p
act

on
th

e
con

vergen
ce.

In
th

e
seq

u
el,

w
e

ab
u
se

th
e

B
ig

O
n
otation

T
=

O
(h

(ε))
to

m
ean

th
at

th
ere

ex
ists

a
con

stan
t
C

>
0

in
d
ep

en
d
en

t
of
ε

su
ch

th
at

T
≤
C
h

(ε).

4
.
R
e
sta

rte
d
S
u
b
G
ra

d
ie
n
t
(R

S
G
)
M

e
th

o
d
a
n
d
Its

G
e
n
e
ric

C
o
m
p
le
x
ity

fo
r
G
e
n
e
ra

l
P
ro

b
le
m

In
th

is
section

,
w

e
p
resen

t
a

fram
ew

ork
of

restarted
su

b
grad

ien
t

(R
S
G

)
m

eth
o
d

an
d

p
rove

its
gen

eral
con

v
ergen

ce
resu

lt
u
sin

g
L

em
m

a
1.

It
w

ill
b

e
n
oticed

th
at

th
e

alg
orith

m
ic

resu
lts

d
evelop

ed
in

th
is

section
is

less
in

terestin
g

from
th

e
v
iew

p
oin

t
of

p
ractice.

H
ow

ever,
it

w
ill

ex
h
ib

it
th

e
in

sigh
ts

for
th

e
im

p
rov

em
en

ts
an

d
p
rov

id
e

th
e

tem
p
late

for
th

e
d
evelo

p
m

en
ts

in
n
ex

t
several

section
s,

w
h
ere

w
e

w
ill

p
resen

t
im

p
rov

ed
con

v
ergen

ce
of

R
S
G

for
p
rob

lem
s

of
d
iff

eren
t

classes.
T

h
e

step
s

of
R

S
G

are
p
resen

ted
in

A
lgorith

m
2

w
h
ere

S
G

is
a

su
b
rou

tin
e

of
p
ro

jected
su

b
grad

ien
t

m
eth

o
d

giv
en

in
A

lgorith
m

1
an

d
Π

Ω
[w

]
is

d
efi

n
ed

as

Π
Ω

[w
]

=
a
rg

m
in

u∈
Ω ‖

u
−

w
‖

22 .

T
h
e

valu
es

of
K

an
d
t

in
R

S
G

w
ill

b
e

rev
ealed

la
ter

for
p
rov

in
g

th
e

con
vergen

ce
of

R
S
G

to
an

2ε-op
tim

al
solu

tion
.

T
h
e

n
u
m

b
er

of
itera

tion
s
t

is
th

e
on

ly
vary

in
g

p
ara

m
eter

in
R

S
G

th
at

d
ep

en
d
s

on
th

e
classes

of
p
rob

lem
s.

T
h
e

p
aram

eter
α

cou
ld

b
e

an
y

valu
e

larger
th

an
1

(e.g.,
2)

an
d

it
on

ly
h
as

a
sm

all
in

fl
u
en

ce
on

th
e

itera
tion

com
p
lex

ity.
W

e
em

p
h
asize

th
at

(i)
R

S
G

is
a

g
en

eric
algorith

m
th

at
is

ap
p
licab

le
to

a
b
road

fam
ily

of
n
on

-sm
o
oth

an
d
/or

n
on

-stron
gly

con
vex

p
rob

lem
s

w
ith

ou
t

ch
a
n
gin

g
u
p

d
atin

g
sch

em
es

ex
cep

t
for

on
e

tu
n
in

g
p
aram

eter,
th

e
n
u
m

b
er

of
iteration

s
p

er
stage,

w
h
ose

b
est

valu
e

varies
w

ith
p
rob

lem
s;

(ii)
R

S
G

h
as

d
iff

eren
t

varian
ts

w
ith

d
iff

eren
t

su
b
rou

tin
es

in
stages.

In
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R
S
G
:
B
e
a
t
in
g

S
u
b
g
r
a
d
ie
n
t
M
e
t
h
o
d

w
it
h
o
u
t
S
m
o
o
t
h
n
e
ss

a
n
d

S
t
r
o
n
g

C
o
n
v
e
x
it
y

A
lg

o
ri

th
m

1
S
G

:
ŵ
T

=
S
G

(w
1
,η
,T

)

1
:

In
p

u
t:

a
st

ep
si

ze
η
,

th
e

n
u
m

b
er

of
it

er
at

io
n
s
T

,
an

d
th

e
in

it
ia

l
so

lu
ti

on
w

1
∈

Ω
2
:

fo
r
τ

=
1,
..
.,
T

d
o

3
:

Q
u
er

y
th

e
su

b
gr

ad
ie

n
t

or
ac

le
to

ob
ta

in
G(

w
τ
)
∈
∂
f

(w
τ
)

4
:

U
p

d
at

e
w
τ
+

1
=

Π
Ω

[w
τ
−
η
G(

w
τ
)]

5
:

e
n

d
fo

r
6
:

O
u

tp
u

t:
ŵ
T

=
∑

T τ
=

1
w
τ
T

A
lg

o
ri

th
m

2
R

S
G

:
w
K

=
R

S
G

(w
0
,K

,t
,α

)

1
:

In
p

u
t:

th
e

n
u
m

b
er

of
st

ag
es
K

an
d

th
e

n
u
m

b
er

of
it

er
at

io
n
s
t

p
er

-s
ta

g
e,

w
0
∈

Ω
,

a
n
d

α
>

1.
2
:

S
et
η 1

=
ε 0
/
(α
G

2
),

w
h
er

e
ε 0

is
fr

om
A

ss
u
m

p
ti

on
1.

a
3
:

fo
r
k

=
1,
..
.,
K

d
o

4
:

C
al

l
su

b
ro

u
ti

n
e

S
G

to
ob

ta
in

w
k

=
S
G

(w
k
−

1
,η
k
,t

)
5
:

S
et
η k

+
1

=
η k
/α

6
:

e
n

d
fo

r
7
:

O
u

tp
u

t:
w
K

fa
ct

,
w

e
ca

n
u
se

ot
h
er

op
ti

m
iz

at
io

n
al

go
ri

th
m

s
th

an
S
G

as
th

e
su

b
ro

u
ti

n
e

in
A

lg
or

it
h
m

2,
as

lo
n
g

as
a

si
m

il
ar

co
n
ve

rg
en

ce
re

su
lt

to
L

em
m

a
2

is
gu

ar
an

te
ed

.
E

x
am

p
le

s
in

cl
u
d
e

d
u
al

av
er

ag
in

g
(N

es
te

ro
v
,
20

09
)

an
d

th
e

re
gu

la
ri

ze
d

d
u
al

av
er

ag
in

g
(C

h
en

et
al

.,
20

12
)

in
th

e
n
on

-
E

u
cl

id
ea

n
sp

ac
e.

In
th

e
fo

ll
ow

in
g

d
is

cu
ss

io
n
s,

w
e

w
il
l

fo
cu

s
on

u
si

n
g

S
G

as
th

e
su

b
ro

u
ti

n
e.

N
ex

t,
w

e
es

ta
b
li
sh

th
e

co
n
v
er

ge
n
ce

of
R

S
G

.
It

re
li
es

on
th

e
co

n
ve

rg
en

ce
re

su
lt

o
f

th
e

S
G

su
b
ro

u
ti

n
e

w
h
ic

h
is

gi
ve

n
in

th
e

le
m

m
a

b
el

ow
.

L
e
m

m
a

2
(Z

in
ke

vi
ch

,
2
0
0
3
;

N
es

te
ro

v,
2
0
0
4
)

If
A

lg
o
ri

th
m

1
ru

n
s

fo
r
T

it
er

a
ti

o
n

s,
w

e
h
a
ve

,
fo

r
a
n

y
w
∈

Ω
,

f
(ŵ

T
)
−
f

(w
)
≤
G

2
η

2
+
‖w

1
−

w
‖2 2

2η
T

.

W
e

om
it

th
e

p
ro

of
b

ec
au

se
it

fo
ll
ow

s
a

st
an

d
ar

d
an

al
y
si

s
an

d
ca

n
b

e
fo

u
n
d

in
ci

te
d

p
a
p

er
s.

W
it

h
th

e
ab

ov
e

le
m

m
a,

w
e

ca
n

p
ro

ve
th

e
fo

ll
ow

in
g

co
n
ve

rg
en

ce
of

R
S
G

.

T
h

e
o
re

m
3

S
u

p
po

se
A

ss
u

m
p
ti

o
n

1
a
n

d
2

h
o
ld

s.
If
t
≥

α
2
G

2

ρ
2 ε

a
n

d
K

=
dlo

g
α
(ε

0 ε
)e

in

A
lg

o
ri

th
m

2
,

w
it

h
a
t

m
o
st
K

st
a
ge

s,
A

lg
o
ri

th
m

2
re

tu
rn

s
a

so
lu

ti
o
n

w
K

su
ch

th
a
t
f

(w
K

)
−

f ∗
≤

2ε
.

T
h
e

to
ta

l
n

u
m

be
r

o
f

it
er

a
ti

o
n

s
fo

r
A

lg
o
ri

th
m

2
to

fi
n

d
a
n

2ε
-o

p
ti

m
a
l

so
lu

ti
o
n

is
a
t

m
o
st
T

=
td

lo
g
α
(ε

0 ε
)e

w
h
er

e
t
≥

α
2
G

2

ρ
2 ε

.

R
e
m

a
rk

:
If
t

al
so

sa
ti

sfi
es
t

=
O
( α

2
G

2

ρ
2 ε

) ,
th

en
th

e
it

er
at

io
n

co
m

p
le

x
it

y
of

A
lg

or
it

h
m

2
fo

r

fi
n
d
in

g
an

ε-
op

ti
m

al
so

lu
ti

on
is
O
( α

2
G

2

ρ
2 ε
dlo

g
α
(ε

0 ε
)e
) .

P
ro

o
f

L
et

w
† k,
ε

d
en

ot
e

th
e

cl
os

es
t

p
oi

n
t

to
w
k

in
th

e
ε-

su
b
le

ve
l

se
t.

L
et
ε k

:=
ε 0 α
k

so
th

at

η k
=
ε k
/G

2
b

ec
au

se
η 1

=
ε 0
/
(α
G

2
)

an
d
η k

+
1

=
η k
/α

.
W

e
w

il
l

sh
ow

b
y

in
d
u
ct

io
n

th
at

f
(w

k
)
−
f ∗
≤
ε k

+
ε,

(1
0)
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6)
:1

-3
3,

 2
01

8

Y
a
n
g

a
n
d

L
in

fo
r
k

=
0,

1
,.
..
,K

w
h
ic

h
le

ad
s

to
ou

r
co

n
cl

u
si

on
if

w
e

le
t
k

=
K

.
N

ot
e

th
at

(1
0)

h
ol

d
s

ob
v
io

u
sl

y
fo

r
k

=
0.

S
u
p
p

os
e

it
h
ol

d
s

fo
r
k
−

1,
n
am

el
y,
f

(w
k
−

1
)
−

f ∗
≤
ε k
−

1
+
ε.

W
e

w
an

t
to

p
ro

v
e

(1
0)

fo
r
k
.

W
e

a
p
p
ly

L
em

m
a

2
to

th
e
k
-t

h
st

a
g
e

o
f

A
lg

or
it

h
m

2
an

d
ge

t

f
(w

k
)
−
f

(w
† k−

1
,ε

)
≤
G

2
η k 2

+
‖w

k
−

1
−

w
† k−

1
,ε
‖2 2

2η
k
t

.
(1

1
)

W
e

n
ow

co
n
si

d
er

tw
o

ca
se

s
fo

r
w
k
−

1
.

F
ir

st
,

as
su

m
e
f

(w
k
−

1
)
−
f ∗
≤
ε,

i.
e.

,
w
k
−

1
∈
S ε

.
T

h
en

w
† k−

1
,ε

=
w
k
−

1
an

d
f

(w
k
)
−
f

(w
† k−

1
,ε

)
≤

G
2
η
k

2
=

ε k 2
.

A
s

a
re

su
lt

,

f
(w

k
)
−
f ∗
≤
f

(w
† k−

1
,ε

)
−
f ∗

+
ε k 2
≤
ε

+
ε k
.

N
ex

t,
w

e
co

n
si

d
er

th
e

ca
se

th
at
f

(w
k
−

1
)−
f ∗
>
ε,

i.
e.

,
w
k
−

1
6∈
S ε

.
T

h
en

w
e

h
av

e
f

(w
† k−

1
,ε

)
=

f ∗
+
ε.

B
y

L
em

m
a

1,
w

e
h
av

e

‖w
k
−

1
−

w
† k−

1
,ε
‖ 2
≤

1 ρ
ε
(f

(w
k
−

1
)
−
f

(w
† k−

1
,ε

))
=
f

(w
k
−

1
)
−
f ∗

+
(f
∗
−
f

(w
† k−

1
,ε

))

ρ
ε

≤
ε k
−

1
+
ε
−
ε

ρ
ε

.

(1
2
)

C
om

b
in

in
g

(1
1)

an
d

(1
2)

an
d

u
si

n
g

th
e

fa
ct

s
th

at
η k

=
ε k G

2
an

d
t
≥
α

2
G

2

ρ
2 ε

,
w

e
h
av

e

f
(w

k
)
−
f

(w
† k−

1
,ε

)
≤
ε k 2

+
ε2 k
−

1

2
ε k
α

2
=
ε k
,

w
h
ic

h
,

to
ge

th
er

w
it

h
th

e
fa

ct
th

at
f

(w
† k−

1
,ε

)
=
f ∗

+
ε,

im
p
li
es

(1
0)

fo
r
k
.

T
h
er

ef
o
re

,
b
y

in
d
u
ct

io
n
,

w
e

h
av

e
(1

0)
h
ol

d
s

fo
r
k

=
1,

2
,.
..
,K

so
th

at

f
(w

K
)
−
f ∗
≤
ε K

+
ε

=
ε 0 α
K

+
ε
≤

2
ε,

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

is
d
u
e

to
th

e
d
efi

n
it

io
n

of
K

.

In
T

h
eo

re
m

3,
th

e
it

er
at

io
n

co
m

p
le

x
it

y
of

R
S
G

fo
r

th
e

ge
n
er

al
p
ro

b
le

m
(1

)
is

g
iv

en
in

te
rm

s
of
ρ
ε.

N
ex

t,
w

e
sh

ow
th

a
t
ρ
ε
≥

ε B
ε
,

w
h
ic

h
al

lo
w

s
u
s

to
le

ve
ra

ge
th

e
lo

ca
l

er
ro

r
b

ou
n
d

co
n
d
it

io
n

in
n
ex

t
se

ct
io

n
s

to
u
p
p

er
b

ou
n
d
B
ε

to
ob

ta
in

sp
ec

ia
li
ze

d
an

d
m

o
re

p
ra

ct
ic

a
l

al
go

ri
th

m
s

fo
r

d
iff

er
en

t
cl

as
se

s
of

p
ro

b
le

m
s.

L
e
m

m
a

4
F

o
r

a
n

y
ε
>

0
su

ch
th

a
t
L ε
6=
∅,

w
e

h
a
ve

ρ
ε
≥

ε B
ε
,

w
h
er

e
B
ε

is
d
efi

n
ed

in
(3

),
a
n

d
fo

r
a
n

y
w
∈

Ω

‖w
−

w
† ε‖

2
≤
‖w
† ε
−

w
∗ ε‖

2

ε
(f

(w
)
−
f

(w
† ε)

)
≤
B
ε ε
(f

(w
)
−
f

(w
† ε)

),
(1

3
)

w
h
er

e
w
∗ ε

is
th

e
cl

o
se

st
po

in
t

in
Ω
∗

to
w
† ε.

1
0
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S
u
b
g
r
a
d
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n
t
M
e
t
h
o
d

w
it
h
o
u
t
S
m
o
o
t
h
n
e
ss

a
n
d

S
t
r
o
n
g

C
o
n
v
e
x
it
y

ǫ

w
†ǫ

w

B

B
≤

d
ist(w

†ǫ
,Ω

∗
)

‖
w
−

w
†ǫ ‖

A
≤

f
(w

)−
f
(w

†ǫ
)

w
∗

θ

ǫ

d
ist(w

†ǫ ,Ω
∗ ) ≤

ǫB
=
tan

θ
=

A

‖
w−

w
†ǫ ‖ ≤

f
(w

)−
f
(w
†ǫ )

‖
w−

w
†ǫ ‖

f
(·)

F
ig

u
re

1
:

A
g
eom

etric
illu

stration
of

th
e

in
eq

u
ality

(13),
w

h
ere

d
ist(w

†ε ,Ω
∗ )

=
|w
†ε −

w
∗ε |.

P
ro

o
f

G
iven

an
y

u
∈
L
ε ,

let
g
u

b
e

an
y

su
b
grad

ien
t

in
∂
f

(u
)

an
d

v
u

b
e

an
y

vector
in

N
Ω

(u
).

B
y

th
e

con
v
ex

ity
of
f

(·)
an

d
th

e
d
efi

n
ition

of
n
orm

al
con

e,
w

e
h
ave

f
(u
∗)−

f
(u

)≥
(u
∗−

u
) >

g
u
≥

(u
∗−

u
) >

(g
u

+
v
u
)
,

w
h
ere

u
∗

is
th

e
closest

p
oin

t
in

Ω
∗

to
u

.
T

h
is

in
eq

u
ality

fu
rth

er
im

p
lies

‖u
∗−

u‖
2 ‖

g
u

+
v
u ‖

2 ≥
f

(u
)−

f
(u
∗)

=
ε,
∀
g
u
∈
∂
f

(u
)

an
d

v
u
∈
N

Ω
(u

),
(14)

w
h
ere

th
e

eq
u
a
lity

is
b

ecau
se

u
∈
L
ε .

B
y

(14)
an

d
th

e
d
efi

n
ition

of
B
ε ,

w
e

ob
tain

B
ε ‖g

u
+

v
u ‖

2 ≥
ε

=⇒
‖g

u
+

v
u ‖

2 ≥
ε/B

ε .

S
in

ce
g
u

+
v
u

can
b

e
an

y
elem

en
t

in
∂
f

(u
)
+
N

Ω
(u

),
w

e
h
av

e
ρ
ε ≥

εB
ε

b
y

th
e

d
efi

n
ition

(6).

T
o

p
rov

e
(1

3),
w

e
assu

m
e

w
∈

Ω\S
ε

an
d

th
u
s

w
†ε ∈
L
ε ;

oth
erw

ise
it

is
triv

ial.
In

th
e

p
ro

o
f

o
f

L
em

m
a

1,
w

e
h
ave

sh
ow

n
th

at
(see

(9))
th

ere
ex

ists
g
∈
∂
f

(w
†ε )

an
d

v
∈
N

Ω
(w
†ε )

su
ch

th
a
t
f

(w
)−

f
(w
†ε )≥

‖w
−

w
†ε ‖

2 ‖g
+

v
/ζ‖

2 ,
w

h
ich

,
accord

in
g

to
(1

4)
w

ith
u

=
w
†ε ,

g
u

=
g

a
n
d

v
u

=
v
/ζ

,
lead

s
to

(13).

A
g
eo

m
etric

ex
p
lan

ation
of

th
e

in
eq

u
ality

(13)
in

on
e

d
im

en
sio

n
is

sh
ow

n
in

F
igu

re
1.

W
ith

L
em

m
a

4
,

th
e

iteration
com

p
lex

ity
of

R
S
G

can
b

e
stated

in
term

s
of
B
ε

in
th

e
follow

in
g

co
ro

lla
ry

o
f

T
h
eorem

3.

C
o
ro

lla
ry

5
S

u
p
po

se
A

ssu
m

p
tio

n
1

h
o
ld

s.
T

h
e

itera
tio

n
co

m
p
lexity

o
f

R
S

G
fo

r
o
bta

in
in

g

a
n

2
ε-o

p
tim

a
l

so
lu

tio
n

is
O

(
α

2
G

2
B

2ε
ε
2
dlog

α
(
ε
0ε )e)

p
ro

vid
ed
t

=
α

2
G

2
B

2ε
ε
2

a
n

d
K

=
dlog

α
(
ε
0ε )e.
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Y
a
n
g

a
n
d

L
in

W
e

w
ill

com
p
are

th
is

resu
lt

w
ith

S
G

in
S
ection

7.
C

om
p
ared

to
th

e
stan

d
ard

S
G

,
th

e
ab

ove
im

p
roved

resu
lt

of
R

S
G

d
o
es

req
u
ire

k
n
ow

in
g

stron
g

k
n
olw

ed
ge

ab
ou

t
f

.
In

p
articu

lar,
on

e

issu
e

is
th

at
th

e
ab

ov
e

im
p
roved

com
p
lex

ity
is

ob
tain

ed
b
y

ch
o
osin

g
t

=
α

2
G

2
B

2ε
ε
2

,
w

h
ich

req
u
ires

k
n
ow

in
g

th
e

ord
er

of
m

agn
itu

d
e

of
B
ε ,

if
n
ot

its
ex

act
valu

e.
T

o
a
d
d
ress

th
e

issu
e

of
u
n
k
n
ow

n
B
ε

for
gen

eral
p
rob

lem
s,

in
th

e
n
ex

t
section

,
w

e
con

sid
er

d
iff

eren
t

fam
ilies

of
p
rob

lem
s

th
at

ad
m

it
a

lo
cal

error
b

ou
n
d

con
d
ition

an
d

sh
ow

th
at

th
e

req
u
irem

en
t

of
k
n
ow

in
g
B
ε

is
relax

ed
to

k
n
ow

in
g

som
e

p
articu

lar
p
aram

eters
related

to
th

e
lo

cal
error

b
ou

n
d
.

5
.
R
S
G

fo
r
S
o
m
e
C
la
sse

s
o
f
N
o
n
-sm

o
o
th

N
o
n
-stro

n
g
ly

C
o
n
v
e
x

O
p
tim

iza
tio

n

In
th

is
section

,
w

e
con

sid
er

a
p
articu

lar
fam

ily
of

p
rob

lem
s

th
at

ad
m

it
lo

cal
error

b
ou

n
d
s

an
d

sh
ow

th
e

im
p
rov

ed
iteration

com
p
lex

ities
of

R
S
G

com
p
ared

to
stan

d
ard

S
G

m
eth

o
d
.

5
.1

C
o
m

p
le

x
ity

fo
r

th
e

P
ro

b
le

m
s

w
ith

L
o
c
a
l

E
rro

r
B

o
u

n
d

s

W
e

fi
rst

d
efi

n
e

a
lo

cal
error

b
ou

n
d

con
d
ition

of
th

e
ob

jective
fu

n
ction

.

D
e
fi

n
itio

n
6

W
e

sa
y
f

(·)
a
d
m

its
a
lo
ca

l
e
rro

r
bo

u
n
d

o
n

th
e
ε-su

blevel
setS

ε
if

‖
w
−

w
∗‖

2 ≤
c(f

(w
)−

f∗ )
θ,
∀
w
∈
S
ε ,

(15)

w
h
ere

w
∗

is
th

e
clo

set
po

in
t

in
Ω
∗

to
w

,
θ
∈

(0,1]
a
n

d
0
<
c
<
∞

a
re

co
n

sta
n

ts.

B
ecau

seS
ε
2 ⊂
S
ε
1

for
ε
2 ≤

ε
1 ,

if
(15)

h
old

s
for

som
e
ε,

it
w

ill
alw

ay
s

h
o
ld

w
h
en

ε
d
ecreases

to
zero

w
ith

th
e

sam
e
θ

an
d
c.

In
d
eed

,
a

sm
aller

ε
m

ay
in

d
u
ce

a
sm

aller
valu

e
of
c.

It
is

n
otab

le
th

at
th

e
lo

cal
error

b
ou

n
d

con
d
ition

h
a
s

b
een

ex
ten

siv
ely

stu
d
ied

in
th

e
com

m
u
-

n
ity

of
op

tim
ization

,
m

ath
em

atical
p
rogram

m
in

g
an

d
variation

al
an

aly
sis

(Y
an

g,
2009;

L
i,

2010,
2013;

A
rtach

o
an

d
G

eoff
roy

,
2008;

K
ru

ger,
2015;

D
ru

sv
yatsk

iy
et

al.,
2014;

L
i

an
d

M
ord

u
k
h
ov

ich
,

2012;
H

ou
et

al.,
2013;

Z
h
ou

an
d

S
o
,

2017;
Z

h
ou

et
al.,

2015),
to

n
am

e
ju

st
a

few
of

th
em

.
T

h
e

valu
e

of
θ

h
as

b
een

ex
h
ib

ited
for

m
an

y
p
rob

lem
s.

F
or

certa
in

p
rob

lem
s,

th
e

valu
e

of
c

is
also

com
p
u
tab

le
(see

B
olte

et
al.,

20
17).

If
th

e
p
rob

lem
ad

m
its

a
lo

cal
error

b
ou

n
d

like
(15),

R
S
G

can
ach

ieve
a

b
etter

iteration
com

p
lex

ity
th

an
O

(1/ε
2).

In
p
articu

lar,
th

e
p
ro

p
erty

(15)
im

p
lies

B
ε ≤

cε
θ.

(16)

R
ep

lacin
g
B
ε

in
C

orollary
5

b
y

th
is

u
p
p

er
b

ou
n
d

an
d

ch
o
osin

g
t

=
α

2
G

2
c
2

ε
2
(1−

θ
)

in
R

S
G

if
c

an
d

θ
are

k
n
ow

n
,

w
e

ob
tain

th
e

follow
in

g
com

p
lex

ity
of

R
S
G

.

C
o
ro

lla
ry

7
S

u
p
po

se
A

ssu
m

p
tio

n
1

h
o
ld

s
a
n

d
f

(·)
a
d
m

its
a

loca
l

erro
r

bo
u

n
d

o
n
S
ε .

T
h
e

itera
tio

n
co

m
p
lexity

o
f

R
S

G
fo

r
o
bta

in
in

g
a
n

2
ε-o

p
tim

a
l

so
lu

tio
n

is
O
(
α

2
G

2
c
2

ε
2
(1−

θ
)

log
α (

ε
0ε ) )

p
ro

vid
ed
t

=
α

2
G

2
c
2

ε
2
(1−

θ
)

a
n

d
K

=
dlog

α
(
ε
0ε )e.

R
e
m

a
rk

:
If
t

=
Θ

(
α

2
G

2

ε
2
(1−

θ
) )
>

α
2
G

2
c
2

ε
2
(1−

θ
) ,

th
en

th
e

sam
e

ord
er

of
iteration

co
m

p
lex

ity
rem

ain
s.

If
on

e
aim

s
to

fi
n
d

a
p

oin
t
w

su
ch

th
at‖w

−
w
∗‖

2 ≤
ε,

w
e

can
ap

p
ly

R
S
G

to
fi
n
d

a
solu

tion
w
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:
B
e
a
t
in
g

S
u
b
g
r
a
d
ie
n
t
M
e
t
h
o
d

w
it
h
o
u
t
S
m
o
o
t
h
n
e
ss

a
n
d

S
t
r
o
n
g

C
o
n
v
e
x
it
y

su
ch

th
at
f

(w
)
−
f ∗
≤

(ε
/c

)1
/
θ
≤
ε

(w
h
er

e
th

e
la

st
in

eq
u
al

it
y

is
d
u
e

to
θ
≤

1
a
n
d

as
su

m
in

g
c
≥

1
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y
).

T
h
en

u
n
d
er

th
e

lo
ca

l
er

ro
r

b
ou

n
d

co
n
d
it

io
n
,

w
e

h
av

e
‖w
−

w
∗ ‖

2
≤
c(
f

(w
)−

f ∗
)θ
≤
ε.

F
or

fi
n
d
in

g
a

so
lu

ti
on

w
su

ch
th

at
f

(w
)−

f ∗
≤

(ε
/c

)1
/
θ
≤
ε,

R
S
G

re
q
u
ir

es
an

it
er

at
io

n
co

m
p
le

x
it

y
of
Õ

(
1

ε2
(1
−
θ
)/
θ
).

T
h
er

ef
or

e,
in

or
d
er

to
fi
n
d

a
so

lu
ti

on

w
su

ch
th

at
‖w
−

w
∗ ‖

2
≤
ε,

th
e

it
er

at
io

n
co

m
p
le

x
it

y
of

R
S
G

is
Õ

(
1

ε2
(1
−
θ
)/
θ
).

N
ex

t,
w

e
w

il
l

co
n
si

d
er

d
iff

er
en

t
co

n
ve

x
op

ti
m

iz
at

io
n

p
ro

b
le

m
s

th
at

ad
m

it
a

lo
ca

l
er

ro
r

b
ou

n
d

on
S ε

w
it

h
d
iff

er
en

t
θ

an
d

sh
ow

th
e

fa
st

er
co

n
v
er

ge
n
ce

o
f

R
S
G

w
h
en

ap
p
li
ed

to
th

es
e

p
ro

b
le

m
s.

5
.2

L
in

e
a
r

C
o
n
v
e
rg

e
n

c
e

fo
r

P
o
ly

h
e
d

ra
l

C
o
n
v
e
x

O
p

ti
m

iz
a
ti

o
n

In
th

is
su

b
se

ct
io

n
,

w
e

co
n
si

d
er

a
sp

ec
ia

l
fa

m
il
y

of
n
on

-s
m

o
ot

h
an

d
n
on

-s
tr

on
gl

y
co

n
ve

x
p
ro

b
le

m
s

w
h
er

e
th

e
ep

ig
ra

p
h

of
f

(·)
ov

er
Ω

is
a

p
ol

y
h
ed

ro
n
.

In
th

is
ca

se
,

w
e

ca
ll

(1
)

a
p

o
ly

h
e
d

ra
l

c
o
n
v
e
x

m
in

im
iz

a
ti

o
n

p
ro

b
le

m
.

W
e

sh
ow

th
at

,
in

p
ol

y
h
ed

ra
l

co
n
v
ex

m
in

i-
m

iz
at

io
n

p
ro

b
le

m
,
f

(·)
h
as

a
li
n
ea

r
gr

ow
th

p
ro

p
er

ty
an

d
ad

m
it

s
a

lo
ca

l
er

ro
r

b
ou

n
d

w
it

h
θ

=
1

so
th

at
B
ε
≤
cε

fo
r

a
co

n
st

an
t
c
<
∞

.

L
e
m

m
a

8
(P

o
ly

h
e
d

ra
l

E
rr

o
r

B
o
u

n
d

C
o
n

d
it

io
n

)
S

u
p
po

se
Ω

is
a

po
ly

h
ed

ro
n

a
n

d
th

e
ep

ig
ra

p
h

o
f
f

(·)
is

a
ls

o
po

ly
h
ed

ro
n

.
T

h
er

e
ex

is
ts

a
co

n
st

a
n

t
κ
>

0
su

ch
th

a
t

‖w
−

w
∗ ‖

2
≤
f

(w
)
−
f ∗

κ
,
∀w
∈

Ω
.

T
h
u

s,
f

(·)
a
d
m

it
s

a
lo

ca
l

er
ro

r
bo

u
n

d
o
n
S ε

w
it

h
θ

=
1

a
n

d
c

=
1 κ

3
(s

o
B
ε
≤

ε κ
)

fo
r

a
n

y
ε
>

0
.

R
e
m

a
rk

:
T

h
e

ab
ov

e
in

eq
u
al

it
y

is
al

so
k
n
ow

n
as

w
ea

k
sh

ar
p

m
in

im
u
m

co
n
d
it

io
n

in
li
te

ra
-

tu
re

(B
u
rk

e
an

d
F

er
ri

s.
,

19
93

;
S
tu

d
n
ia

rs
k
i

an
d

W
a
rd

,
19

99
;

F
er

ri
s,

1
99

1;
B

u
rk

e
an

d
D

en
g,

20
02

,
20

05
,

20
09

).
A

p
ro

of
of

L
em

m
a

8
is

gi
ve

n
b
y

B
u
rk

e
an

d
F

er
ri

s.
(1

9
93

).
W

e
al

so
p
ro

-
v
id

e
a

p
ro

of
(s

ee
Y

an
g

an
d

L
in

,
20

16
).

W
e

re
m

ar
k

th
at

th
e

ab
ov

e
re

su
lt

ca
n

b
e

ex
te

n
d
ed

to
an

y
va

li
d

n
or

m
to

m
ea

su
re

th
e

d
is

ta
n
ce

b
et

w
ee

n
w

an
d

w
∗.

L
em

m
a

8
ge

n
er

a
li
ze

s
L

em
m

a
4

of
G

il
p
in

et
al

.
(2

01
2)

,
w

h
ic

h
re

q
u
ir

es
Ω

to
b

e
a

b
ou

n
d
ed

p
ol

y
h
ed

ro
n
,

to
a

si
m

il
ar

re
su

lt
w

h
er

e
Ω

ca
n

b
e

an
u
n
b

ou
n
d
ed

p
ol

y
h
ed

ro
n
.

T
h
is

ge
n
er

al
iz

at
io

n
is

si
m

p
le

b
u
t

u
se

fu
l

b
ec

au
se

it
h
el

p
s

th
e

d
ev

el
op

m
en

t
of

effi
ci

en
t

al
go

ri
th

m
s

b
as

ed
on

th
is

er
ro

r
b

ou
n
d

fo
r

u
n
co

n
st

ra
in

ed
p
ro

b
le

m
s

w
it

h
ou

t
ar

ti
fi
ci

al
ly

in
cl

u
d
in

g
a

b
ox

co
n
st

ra
in

t.

L
em

m
a

8
p
ro

v
id

es
th

e
b
as

is
fo

r
R

S
G

to
ac

h
ie

ve
a

li
n
ea

r
co

n
ve

rg
en

ce
fo

r
th

e
p

ol
y
h
ed

ra
l

co
n
ve

x
m

in
im

iz
at

io
n

p
ro

b
le

m
s.

In
fa

ct
,

th
e

fo
ll
ow

in
g

li
n
ea

r
co

n
v
er

ge
n
ce

of
R

S
G

ca
n

b
e

ob
ta

in
ed

if
w

e
p
lu

gi
n

th
e

va
lu

es
of
θ

=
1

an
d
c

=
1 κ

in
to

C
or

ol
la

ry
7.

C
o
ro

ll
a
ry

9
S

u
p
po

se
A

ss
u

m
p

ti
o
n

1
h
o
ld

s
a
n

d
(1

)
is

a
po

ly
h
ed

ra
l
co

n
ve

x
m

in
im

iz
a
ti

o
n

p
ro

b-

le
m

.
T

h
e

it
er

a
ti

o
n

co
m

p
le

xi
ty

o
f

R
S

G
fo

r
o
bt

a
in

in
g

a
n
ε-

o
p
ti

m
a
l
so

lu
ti

o
n

is
O

(α
2
G

2

κ
2
dlo

g
α
(ε

0 ε
)e

)

p
ro

vi
d
ed
t

=
α

2
G

2

κ
2

a
n

d
K

=
dlo

g
α
(ε

0 ε
)e

.

W
e

w
an

t
to

p
oi

n
t

ou
t

th
at

C
or

ol
la

ry
9

ca
n

b
e

p
ro

ve
d

d
ir

ec
tl

y
b
y

re
p
la

ci
n
g

w
† k−

1
,ε

b
y

w
∗ k−

1

an
d

re
p
la

ci
n
g
ρ
ε

b
y
κ

in
th

e
p
ro

of
of

T
h
eo

re
m

3.
H

er
e,

w
e

d
er

iv
e

it
as

a
co

ro
ll
ar

y
of

a

3
.

In
fa

ct
,

th
is

p
ro

p
er

ty
o
f
f

(·)
is

a
g
lo

b
a
l

er
ro

r
b

o
u

n
d

o
n

Ω
.
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Y
a
n
g

a
n
d

L
in

m
or

e
ge

n
er

al
re

su
lt

.
W

e
al

so
w

an
t

to
m

en
ti

on
th

at
,

as
sh

ow
n

b
y

R
en

eg
ar

(2
0
1
5
),

th
e

li
n
ea

r
co

n
ve

rg
en

ce
ra

te
in

C
or

ol
la

ry
9

ca
n

b
e

a
ls

o
ob

ta
in

ed
b
y

a
S
G

m
et

h
o
d

fo
r

th
e

h
is

to
ri

ca
ll
y

b
es

t
so

lu
ti

on
,

p
ro

v
id

ed
f ∗

is
k
n
ow

n
.

5
.2
.1

E
x
a
m

p
le

s

M
an

y
n
on

-s
m

o
ot

h
an

d
n
on

-s
tr

on
gl

y
co

n
v
ex

m
ac

h
in

e
le

ar
n
in

g
p
ro

b
le

m
s

sa
ti

sf
y

th
e

a
ss

u
m

p
-

ti
on

s
of

C
or

ol
la

ry
9,

fo
r

ex
am

p
le

,
` 1

o
r
` ∞

c
o
n

st
ra

in
e
d

o
r

re
g
u

la
ri

z
e
d

p
ie

c
e
w

is
e

li
n

e
a
r

lo
ss

m
in

im
iz

a
ti

o
n

.
In

m
an

y
m

ac
h
in

e
le

ar
n
in

g
ta

sk
s

(e
.g

.,
cl

as
si

fi
ca

ti
on

a
n
d

re
g
re

ss
io

n
),

th
er

e
ex

is
ts

a
se

t
of

d
at

a
{(

x
i,
y i

)}
i=

1
,2
,.
..
,n

an
d

on
e

of
te

n
n
ee

d
s

to
so

lv
e

th
e

fo
ll
ow

in
g

em
-

p
ir

ic
al

ri
sk

m
in

im
iz

at
io

n
p
ro

b
le

m

m
in

w
∈R

d
f

(w
)
,

1 n

n ∑ i=
1

`(
w
>

x
i,
y i

)
+
R

(w
),

w
h
er

e
R

(w
)

is
a

re
gu

la
ri

za
ti

on
te

rm
an

d
`(
z
,y

)
d
en

ot
es

a
lo

ss
fu

n
ct

io
n
.

W
e

co
n
si

d
er

a
sp

ec
ia

l
ca

se
w

h
er

e
(a

)
R

(w
)

is
a
` 1

re
gu

la
ri

ze
r,
` ∞

re
gu

la
ri

ze
r

or
a
n

in
d
ic

at
o
r

fu
n
ct

io
n

o
f

a
` 1

/`
∞

b
al

l
ce

n
te

re
d

at
ze

ro
;

an
d

(b
)
`(
z
,y

)
is

an
y

p
ie

ce
w

is
e

li
n
ea

r
lo

ss
fu

n
ct

io
n
,

in
cl

u
d
in

g
h
in

ge
lo

ss
`(
z
,y

)
=

m
ax

(0
,1
−
y
z
),

ab
so

lu
te

lo
ss
`(
z
,y

)
=
|z
−
y
|,
ε-

in
se

n
si

ti
ve

lo
ss
`(
z
,y

)
=

m
ax

(|z
−
y
|−

ε,
0)

,
an

d
et

c
(Y

an
g

et
al

.,
20

14
).

It
is

ea
sy

to
sh

ow
th

at
th

e
ep

ig
ra

p
h

o
f
f

(w
)

is
a

p
ol

y
h
ed

ro
n

if
f

(w
)

is
d
efi

n
ed

as
a

su
m

of
an

y
of

th
es

e
re

gu
la

ri
za

ti
o
n

te
rm

s
a
n
d

a
n
y

o
f

th
es

e
lo

ss
fu

n
ct

io
n
s.

In
fa

ct
,

a
p
ie

ce
w

is
e

li
n
ea

r
lo

ss
fu

n
ct

io
n
s

ca
n

b
e

ge
n
er

al
ly

w
ri

tt
en

a
s

`(
w
>

x
,y

)
=

m
ax

1
≤
j≤
m
a
j
w
>

x
+
b j
,

(1
7
)

w
h
er

e
(a
j
,b
j
)

fo
r
j

=
1,

2
,.
..
,m

ar
e

fi
n
it

el
y

m
an

y
p
ai

rs
of

sc
al

ar
s.

T
h
e

fo
rm

u
la

ti
o
n

(1
7)

in
d
ic

at
es

th
at
`(

w
>

x
,y

)
is

a
p
ie

ce
w

is
e

affi
n
e

fu
n
ct

io
n

so
th

at
it

s
ep

ig
ra

p
h

is
a

p
o
ly

h
ed

ro
n
.

In
ad

d
it

io
n
,

th
e
` 1

or
` ∞

n
or

m
is

al
so

a
p

ol
y
h
ed

ra
l

fu
n
ct

io
n

b
ec

au
se

w
e

ca
n

re
p
re

se
n
t

th
em

as

‖w
‖ 1

=
d ∑ i=

1

m
ax

(w
i,
−
w
i)
,
‖w
‖ ∞

=
m

ax
1
≤
i≤
d
|w
i|

=
m

ax
1
≤
i≤
d

m
ax

(w
i,
−
w
i)
.

S
in

ce
th

e
su

m
of

fi
n
it

el
y

m
an

y
p

ol
y
h
ed

ra
l

fu
n
ct

io
n
s

is
al

so
a

p
ol

y
h
ed

ra
l

fu
n
ct

io
n
,

th
e

ep
i-

gr
ap

h
of
f

(w
)

is
a

p
ol

y
h
ed

ro
n
.

A
n
ot

h
er

im
p

or
ta

n
t

fa
m

il
y

of
p
ro

b
le

m
s

w
h
os

e
o
b

je
ct

iv
e

fu
n
ct

io
n

h
as

a
p

o
ly

h
ed

ra
l

ep
i-

gr
ap

h
is

su
b

m
o
d

u
la

r
fu

n
c
ti

o
n

m
in

im
iz

a
ti

o
n

.
L

et
V

=
{1
,.
..
,d
}

b
e

a
se

t
a
n
d

2V

d
en

ot
e

it
s

p
ow

er
se

t.
A

su
b
m

o
d
u
la

r
fu

n
ct

io
n
F

(A
)

:
2
V
→

R
is

a
se

t
fu

n
ct

io
n

su
ch

th
a
t

F
(A

)+
F

(B
)
≥
F

(A
∪
B

)+
F

(A
∩
B

)
fo

r
al

l
su

b
se

ts
A
,B
⊆
V

an
d
F

(∅
)

=
0
.

A
su

b
m

o
d
u
la

r
fu

n
ct

io
n

m
in

im
iz

at
io

n
ca

n
b

e
ca

st
in

to
a

n
on

-s
m

o
ot

h
co

n
ve

x
op

ti
m

iz
at

io
n

u
si

n
g

th
e

L
ov

á
sz

ex
te

n
si

on
(B

ac
h
,

2
01

3)
.

In
p
ar

ti
cu

la
r,

le
t

th
e

b
as

e
p

ol
y
h
ed

ro
n
B

(F
)

b
e

d
efi

n
ed

a
s

B
(F

)
=
{s
∈
R
d
,s

(V
)

=
F

(V
),
∀A
⊆
V
,s

(A
)
≤
F

(A
)}
,

w
h
er

e
s(
A

)
=
∑

i∈
A
s i

.
T

h
en

th
e

L
ov

ás
z

ex
te

n
si

on
of
F

(A
)

is
f

(w
)

=
m

a
x
s∈
B

(F
)
w
>

s,
an

d
m

in
A
⊆
V
F

(A
)

=
m

in
w
∈[

0
,1

]d
f

(w
).

A
s

a
re

su
lt

,
a

su
b
m

o
d
u
la

r
fu

n
ct

io
n

m
in

im
iz

a
ti

o
n

is
es

se
n
ti

al
ly

a
n
on

-s
m

o
ot

h
an

d
n
on

-s
tr

on
gl

y
co

n
ve

x
op

ti
m

iz
at

io
n

w
it

h
a

p
o
ly

h
ed

ra
l

ep
ig

ra
p
h
.
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R
S
G
:
B
e
a
t
in
g

S
u
b
g
r
a
d
ie
n
t
M
e
t
h
o
d

w
it
h
o
u
t
S
m
o
o
t
h
n
e
ss

a
n
d

S
t
r
o
n
g

C
o
n
v
e
x
it
y

5
.3

Im
p

ro
v
e
d

C
o
n
v
e
rg

e
n

c
e

fo
r

L
o
c
a
lly

S
e
m

i-S
tro

n
g
ly

C
o
n
v
e
x

P
ro

b
le

m
s

F
irst,

w
e

give
a

d
efi

n
ition

of
lo

cal
sem

i-stron
g

con
vex

ity.

D
e
fi

n
itio

n
1
0

A
fu

n
ctio

n
f

(w
)

is
sem

i-stro
n

gly
co

n
vex

o
n

th
e
ε-su

blevel
set
S
ε

if
th

ere
exists

λ
>

0
su

ch
th

a
t

λ2 ‖
w
−

w
∗‖

22 ≤
f

(w
)−

f
(w
∗),

∀
w
∈
S
ε ,

(18)

w
h
ere

w
∗

is
th

e
clo

sest
po

in
t

to
w

in
th

e
o
p
tim

a
l

set.

W
e

refer
to

th
e

p
rop

erty
(18)

as
loca

l
sem

i-stron
g

con
vex

ity
w

h
en
S
ε 6=

Ω
.

T
h
e

tw
o

p
a
p

ers
(G

on
g

a
n
d

Y
e,

2014;
N

ecoara
et

al.,
2015)

h
ave

ex
p
lored

th
e

sem
i-stron

g
con

v
ex

ity
on

th
e

w
h
o
le

d
o
m

ain
Ω

to
p
rove

lin
ear

con
vergen

ce
of

sm
o
oth

op
tim

ization
p
rob

lem
s.

In
som

e
literatu

re
(N

eco
ara

et
al.,

2015),
th

e
in

eq
u
ality

(18)
is

also
called

se
c
o
n

d
-o

rd
e
r

g
ro

w
th

p
ro

p
e
rty

.
N

ecoara
et

al.
(2015)

h
ave

a
lso

sh
ow

n
th

at
a

class
of

p
rob

lem
s

satisfy
(18)

(see
ex

a
m

p
les

g
iven

b
elow

).
T

h
e

in
eq

u
ality

(18)
in

d
icates

th
at
f

(·)
ad

m
its

a
lo

ca
l

error
b

ou
n
d

o
n
S
ε

w
ith

θ
=

12
an

d
c

=
√

2λ
,

w
h
ich

lead
s

to
th

e
follow

in
g

th
e

corollary
ab

o
u
t

th
e

iteration

co
m

p
lex

ity
o
f

R
S
G

for
lo

cally
sem

i-stron
gly

con
vex

p
rob

lem
s.

C
o
ro

lla
ry

1
1

S
u

p
po

se
A

ssu
m

p
tio

n
1

h
o
ld

s
a
n

d
f

(w
)

is
sem

i-stro
n

gly
co

n
vex

o
n
S
ε .

T
h
en

B
ε
≤
√

2
ελ

4a
n

d
th

e
itera

tio
n

co
m

p
lexity

o
f

R
S

G
fo

r
o
bta

in
in

g
a

n
2
ε-o

p
tim

a
l

so
lu

tio
n

is

O
(

2
α

2
G

2

λ
ε
dlo

g
α
(
ε
0ε )e)

p
ro

vid
ed
t

=
2
α

2
G

2

λ
ε

a
n

d
K

=
dlog

α
(
ε
0ε )e.

R
e
m

a
rk

:
H

ere,
w

e
ob

tain
an

Õ
(1/ε)

iteration
co

m
p
lex

ity
(Õ

(·)
su

p
p
resses

con
stan

ts
an

d
lo

g
a
rith

m
ic

term
s)

on
ly

w
ith

lo
cal

sem
i-stron

g
con

vex
ity.

It
is

ob
v
iou

s
th

at
stron

g
con

vex
ity

im
p
lies

lo
ca

l
sem

i-stron
g

con
vex

ity
(H

azan
an

d
K

ale,
2011)

b
u
t

n
ot

v
ice

versa
.

F
o
r

ex
a
m

p
les,

let
u
s

con
sid

er
a

fam
ily

of
fu

n
ction

s
in

th
e

form
of
f

(w
)

=
h

(X
w

)+
r(w

),
w

h
ere

X
∈

R
n×

d,
h

(·)
is

stro
n

gly
co

n
vex

on
an

y
co

m
pa

ct
set

an
d
r(·)

h
as

a
p

oly
h
ed

ral
ep

ig
ra

p
h
.

A
ccord

in
g

to
(G

on
g

an
d

Y
e,

2014;
N

ecoara
et

al.,
2015),

su
ch

a
fu

n
ction

f
(w

)
sa

tisfi
es

(1
8
)

fo
r

an
y
ε≤

ε
0

w
ith

a
con

sta
n
t

valu
e

for
λ

.
A

lth
ou

gh
sm

o
oth

n
ess

is
assu

m
ed

fo
r
h

(·)
in

(G
o
n
g

an
d

Y
e,

2014;
N

ecoara
et

al.,
2015),

w
e

fi
n
d

th
a
t

it
is

n
ot

n
ecessary

for
p
rov

in
g

(1
8
).

W
e

state
th

is
resu

lt
as

th
e

lem
m

a
b

elow
.

L
e
m

m
a

1
2

S
u

p
po

se
A

ssu
m

p
tio

n
1

h
o
ld

s,
Ω

=
{
w
∈

R
d|C

w
≤

b}
w

ith
C
∈

R
k×

d
a
n

d
b
∈

R
k,

a
n

d
f

(w
)

=
h

(X
w

)
+
r(w

)
w

h
ere

h
:
R
n
→

R
sa

tisfi
es

d
o
m

(h
)

=
R
k

a
n

d
is

a
stro

n
gly

co
n

vex
fu

n
ctio

n
o
n

a
n

y
co

m
pa

ct
set

in
R
n

,
a
n

d
r(w

)
h
a
s

a
po

lyh
ed

ra
l

ep
igra

p
h
.

T
h
en

,
f

(w
)

sa
tisfi

es
(1

8
)

fo
r

a
n

y
ε≤

ε
0 .

T
h
e

p
ro

o
f

o
f

th
is

lem
m

a
can

b
e

d
u
p
licated

follow
in

g
an

aly
sis

in
som

e
ex

istin
g

w
ork

s
(G

on
g

a
n
d

Y
e,

2
0
1
4;

N
ecoara

et
al.,

2015;
N

ecoara
an

d
C

lip
ici,

2016).
F

or
ex

am
p
le,

it
is

alm
ost

id
en

tica
l

to
th

e
p
ro

of
of

L
em

m
a

1
b
y

G
on

g
an

d
Y

e
(20

14)
w

h
ich

assu
m

es
h

(·)
is

sm
o
oth

.
H

ow
ever,

a
sim

ilar
resu

lt
h
old

s
w

ith
ou

t
th

e
sm

o
o
th

n
ess

of
h

(·).

4
.

R
eca

ll
(1

6
).
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Y
a
n
g

a
n
d

L
in

T
h
e

fu
n
ction

of
th

is
ty

p
e

covers
som

e
com

m
on

ly
u
sed

loss
fu

n
ction

s
an

d
regu

larization
term

s
in

m
ach

in
e

learn
in

g
an

d
statistics.

F
or

ex
am

p
le,

w
e

can
con

sid
er

ro
b

u
st

re
g
re

ssio
n

w
ith

/
w

ith
o
u

t
`
1

re
g
u

la
riz

e
r

(X
u

et
al.,

2010;
B

ertsim
as

an
d

C
op

en
h
aver,

2014
):

m
in

w
∈

Ω

1n

n
∑i=

1 |x
>i

w
−
y
i | p

+
λ‖w
‖

1 ,
(19)

w
h
ere

p
∈

(1,2),
x
i ∈

R
d

d
en

otes
th

e
featu

re
vector

an
d
y
i

is
th

e
target

ou
tp

u
t.

T
h
e

ob
jec-

tive
fu

n
ction

is
in

th
e

form
of
h

(X
w

)
+
r(w

)
w

h
ere

X
is

a
n
×
d

m
atrix

w
ith

x
1 ,x

2 ,...,x
n

b
ein

g
its

row
s

an
d
h

(u
)

:=
∑

ni=
1 |u

i −
y
i | p.

A
ccord

in
g

to
G

o
eb

el
an

d
R

o
ckafellar

(2007),
h

(u
)

is
a

stron
gly

con
vex

fu
n
ction

on
an

y
com

p
act

set
so

th
at

th
e

ob
jective

fu
n
ction

ab
ove

is
sem

i-stron
gly

con
vex

on
S
ε

for
an

y
ε≤

ε
0 .

5
.4

Im
p

ro
v
e
d

C
o
n
v
e
rg

e
n

c
e

fo
r

C
o
n
v
e
x

P
ro

b
le

m
s

w
ith

K
L

p
ro

p
e
rty

L
astly,

w
e

con
sid

er
a

fam
ily

of
n
on

-sm
o
oth

fu
n
ction

s
w

ith
a

lo
cal

K
u
rd

y
ka- L

o
jasiew

icz
(K

L
)

p
rop

erty.
T

h
e

d
efi

n
ition

of
K

L
p
rop

erty
is

given
b

elow
.

D
e
fi

n
itio

n
1
3

T
h
e

fu
n

ctio
n
f

(w
)

h
a
s

th
e

K
u

rd
yka

-
 L

o
ja

siew
icz

(K
L

)
p
ro

perty
a
t

w̄
if

th
ere

exist
η
∈

(0,∞
],

a
n

eigh
bo

rh
ood

U
w̄

o
f

w̄
a
n

d
a

co
n

tin
u

o
u

s
co

n
ca

ve
fu

n
ctio

n
ϕ

:
[0,η

)→
R

+
su

ch
th

a
t

(i)
ϕ

(0)
=

0
;

(ii)
ϕ

is
co

n
tin

u
o
u

s
o
n

(0,η
);

(iii)
fo

r
a
ll
s
∈

(0,η
),

ϕ
′(s)

>
0;

(iv)
a
n

d
fo

r
a
ll

w
∈
U
w̄
∩
{w

:
f

(w̄
)
<
f

(w
)
<
f

(w̄
)

+
η}

,
th

e
K

u
rd

yka
-

 L
o
ja

siew
icz

(K
L

)
in

equ
a
lity

h
o
ld

s

ϕ
′(f

(w
)−

f
(w̄

))‖∂
f

(w
)‖

2 ≥
1
,

(20)

w
h
ere
‖∂
f

(w
)‖

2
:=

m
in

g∈
∂
f

(w
) ‖

g‖
2 .

T
h
e

fu
n
ction

ϕ
is

called
th

e
d

e
sin

g
u

la
riz

in
g

fu
n

c
tio

n
of
f

at
w̄

,
w

h
ich

sh
arp

en
s

th
e

fu
n
ction

f
(w

)
b
y

rep
aram

eterization
.

A
n

im
p

ortan
t

d
esin

gu
larizin

g
fu

n
ction

is
in

th
e

form
of
ϕ

(s)
=
cs

1−
β

for
som

e
c
>

0
an

d
β
∈

[0,1),
b
y

w
h
ich

,
(20)

gives
th

e
K

L
in

eq
u
a
lity

‖
∂
f

(w
)‖

2 ≥
1

c(1−
β

) (f
(w

)−
f

(w̄
))
β
.

N
ote

th
at

all
sem

i-algeb
raic

fu
n
ction

s
satisfy

th
e

K
L

p
rop

erty
at

an
y

p
oin

t
(B

olte
et

al.,
2014).

In
d
eed

,
all

th
e

con
crete

ex
am

p
les

given
b

efo
re

satisfy
th

e
K

u
rd

y
ka

-
 L

o
jasiew

icz
p
rop

erty.
F

or
m

ore
d
iscu

ssion
s

ab
ou

t
th

e
K

L
p
rop

erty,
w

e
refer

read
ers

to
som

e
p
rev

iou
s

w
ork

s
(B

olte
et

al.,
2014,

2007;
S
ch

n
eid

er
an

d
U

sch
m

a
jew

,
2015;

A
ttou

ch
et

al.,
2013;

B
olte

et
al.,

2006).
T

h
e

follow
in

g
corollary

states
th

e
iteration

com
p
lex

ity
of

R
S
G

for
u
n
con

strain
ed

p
rob

lem
s

th
at

h
ave

th
e

K
L

p
rop

erty
at

each
w̄
∈

Ω
∗

.

C
o
ro

lla
ry

1
4

S
u

p
po

se
A

ssu
m

p
tio

n
1

h
o
ld

s,
f

(w
)

sa
tisfi

es
a

(u
n

ifo
rm

)
K

u
rd

yka
-

 L
o
ja

siew
icz

p
ro

perty
a
t

a
n

y
w̄
∈

Ω
∗

w
ith

th
e

sa
m

e
d
esin

gu
la

rizin
g

fu
n

ctio
n
ϕ

a
n

d
co

n
sta

n
t
η

,
a
n

d

S
ε ⊂
∪
w̄
∈

Ω
∗

[U
w̄
∩
{
w

:
f

(w̄
)
<
f

(w
)
<
f

(w̄
)

+
η}

].
(21)

R
S

G
h
a
s

a
n

itera
tio

n
co

m
p
lexity

o
f
O
(
α

2G
2(
ϕ

(ε)
ε

)
2dlog

α
(
ε
0ε )e )

fo
r

o
bta

in
in

g
a
n

2ε-o
p
tim

a
l

so
lu

tio
n

p
ro

vid
ed

t
=
α

2G
2(ϕ

(ε)/ε)
2.

In
a
d
d
itio

n
,

if
ϕ

(s)
=
cs

1−
β

fo
r

so
m

e
c
>

0
a
n

d

β
∈

[0,1),
th

e
itera

tio
n

co
m

p
lexity

o
f

R
S

G
is
O

(
α

2
G

2
c
2
(1−

β
)
2

ε
2
β

dlog
α
(
ε
0ε )e)

p
ro

vid
ed
t

=
α

2
G

2
c
2

ε
2
β

a
n

d
K

=
dlog

α
(
ε
0ε )e.
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R
S
G
:
B
e
a
t
in
g

S
u
b
g
r
a
d
ie
n
t
M
e
t
h
o
d

w
it
h
o
u
t
S
m
o
o
t
h
n
e
ss

a
n
d

S
t
r
o
n
g

C
o
n
v
e
x
it
y

P
ro

o
f

W
e

ca
n

p
ro

ve
th

e
ab

ov
e

co
ro

ll
a
ry

fo
ll
ow

in
g

a
re

su
lt

b
y

B
ol

te
et

al
.
(2

01
7)

as
p
re

se
n
te

d
in

P
ro

p
os

it
io

n
1

in
th

e
A

p
p

en
d
ix

.
A

cc
or

d
in

g
to

P
ro

p
os

it
io

n
1,

if
f

(·)
sa

ti
sfi

es
th

e
K

L
p
ro

p
er

ty
at

w̄
,

th
en

fo
r

al
l

w
∈
U
w̄
∩
{w

:
f

(w̄
)
<
f

(w
)
<
f

(w̄
)

+
η
}

it
h
ol

d
s

th
at

‖w
−

w
∗ ‖

2
≤
ϕ

(f
(w

)
−
f

(w̄
))

.
It

th
en

,
u
n
d
er

th
e

u
n
if

or
m

co
n
d
it

io
n

in
(2

1)
,

im
p
li
es

th
at

,
fo

r
an

y
w
∈
S ε

‖w
−

w
∗ ‖

2
≤
ϕ

(f
(w

)
−
f ∗

)
≤
ϕ

(ε
),

w
h
er

e
w

e
u
se

th
e

m
on

ot
on

ic
p
ro

p
er

ty
of
ϕ

.
T

h
en

th
e

fi
rs

t
co

n
cl

u
si

on
fo

ll
ow

s
si

m
il
ar

ly
as

C
or

ol
la

ry
5

b
y

n
ot

in
g
B
ε
≤
ϕ

(ε
).

T
h
e

se
co

n
d

co
n
cl

u
si

on
im

m
ed

ia
te

ly
fo

ll
ow

s
b
y

se
tt

in
g

ϕ
(s

)
=
cs

1
−
β

in
th

e
fi
rs

t
co

n
cl

u
si

on
.

P
le

as
e

n
ot

e
th

at
th

e
ab

ov
e

in
eq

u
al

it
y

im
p
li
es

th
e

lo
ca

l
er

ro
r

b
ou

n
d

co
n
d
it

io
n

w
it

h
θ

=
1
−
β

fo
r
ϕ

(s
)

=
cs

1
−
β
.

W
h
il
e

th
e

co
n
cl

u
si

on
in

C
or

ol
la

ry
14

h
in

ge
s

on
a

co
n
d
it

io
n

in
(2

1)
fo

r
ce

rt
ai

n
U
w̄

an
d
η
,

in
p
ra

ct
ic

e
m

an
y

co
n
v
ex

fu
n
ct

io
n
s

(e
.g

.,
co

n
ti

n
u
ou

s
se

m
i-

al
ge

b
ra

ic
or

su
b
an

al
y
ti

c
fu

n
ct

io
n
s)

sa
ti

sf
y

th
e

K
L

p
ro

p
er

ty
w

it
h
U

=
R
d

an
d

an
y

fi
n
it

e
η
<
∞

(A
tt

ou
ch

et
al

.,
20

10
;

B
ol

te
et

al
.,

20
17

;
L

i,
20

10
).

It
is

w
or

th
m

en
ti

on
in

g
th

at
to

ou
r

b
es

t
k
n
ow

le
d
ge

,
th

e
p
re

se
n
t

w
or

k
is

th
e

fi
rs

t
to

le
ve

ra
ge

th
e

K
L

p
ro

p
er

ty
fo

r
d
ev

el
op

in
g

im
p
ro

ve
d

su
b
gr

ad
ie

n
t

m
et

h
o
d
s,

th
ou

g
h

it
h
as

b
ee

n
ex

p
lo

re
d

in
n
on

-c
on

ve
x

an
d

co
n
ve

x
op

ti
m

iz
at

io
n

fo
r

d
et

er
m

in
is

ti
c

d
es

ce
n
t

m
et

h
o
d
s

fo
r

sm
o
ot

h
op

ti
m

iz
at

io
n

(B
ol

te
et

al
.,

20
17

,
20

14
;
A

tt
ou

ch
et

al
.,

20
10

;
K

ar
im

i
et

al
.,

20
16

).
F

or
ex

am
p
le

,
B

ol
te

et
al

.
(2

01
7)

st
u
d
ie

d
th

e
co

n
ve

rg
en

ce
of

su
b

g
ra

d
ie

n
t

d
e
sc

e
n
t

se
q
u

e
n

c
e

fo
r

m
in

im
iz

in
g

a
co

n
v
ex

fu
n
ct

io
n

u
n
d
er

an
er

ro
r

b
ou

n
d

co
n
d
it

io
n
.

A
se

q
u
en

ce
{x

k
}

is
ca

ll
ed

a
su

b
gr

ad
ie

n
t

d
es

ce
n
t

se
q
u
en

ce
if

th
er

e
ex

is
t
a
>

0
,b
>

0
it

sa
ti

sfi
es

tw
o

co
n
d
it

io
n
s,

n
am

el
y

su
ffi

ci
en

t
d
ec

re
as

e
co

n
d
it

io
n
f

(x
k
)

+
a
‖x

k
−

x
k
−

1
‖2 2
≤
f

(x
k
−

1
),

a
n
d

re
la

ti
ve

er
ro

r
co

n
d
it

io
n
,

i.
e.

,
th

er
e

ex
is

ts
ω
k
∈
∂
f

(x
k
)

su
ch

th
at
‖ω

k
‖ 2
≤
b‖

x
k
−

x
k
−

1
‖ 2

.
H

ow
ev

er
,

fo
r

a
ge

n
er

al
n
on

-s
m

o
ot

h
fu

n
ct

io
n
f

(x
),

th
e

se
q
u
en

ce
ge

n
er

at
ed

b
y

su
b
gr

ad
ie

n
t

m
et

h
o
d
,

i.
e.

,
x
k

=
x
k
−

1
−
η k
∂
∇
f

(x
k
−

1
)

d
o

n
ot

n
ec

es
sa

ri
ly

sa
ti

sf
y

th
e

ab
ov

e
tw

o
co

n
d
it

io
n
s.

In
st

ea
d
,
B

ol
te

et
al

.
(2

01
7)

co
n
si

d
er

ed
p
ro

x
im

al
gr

ad
ie

n
t

m
et

h
o
d

th
at

on
ly

ap
p
li
es

to
a

sm
al

le
r

fa
m

il
y

of
fu

n
ct

io
n
s

co
n
si

st
in

g
of

a
sm

o
ot

h
co

m
p

on
en

t
an

d
a

n
on

-s
m

o
ot

h
co

m
p

on
en

t
b
y

as
su

m
in

g
th

e
p
ro

x
im

al
m

ap
p
in

g
fo

r
th

e
n
on

-s
m

o
ot

h
co

m
p

on
en

t
ca

n
b

e
effi

ci
en

tl
y

co
m

p
u
te

d
.

In
co

n
tr

a
st

,
ou

r
al

go
ri

th
m

an
d

an
al

y
si

s
ar

e
d
ev

el
op

ed
fo

r
m

u
ch

ge
n
er

al
n
on

-s
m

o
ot

h
fu

n
ct

io
n
s.

6
.
V
a
ri
a
n
ts

o
f
R
S
G

w
it
h
o
u
t
k
n
o
w
in
g
th

e
co

n
st
a
n
t
c
a
n
d
th

e
e
x
p
o
n
e
n
t
θ

in
th

e
lo
ca

l
e
rr
o
r
b
o
u
n
d

In
S
ec

ti
on

5,
w

e
h
av

e
d
is

cu
ss

ed
th

e
lo

ca
l

er
ro

r
b

ou
n
d

an
d

p
re

se
n
te

d
se

ve
ra

l
cl

as
se

s
of

p
ro

b
le

m
s

to
re

ve
al

th
e

m
ag

n
it

u
d
e

of
B
ε,

i.
e.

,
B
ε

=
cε
θ
.

F
or

so
m

e
p
ro

b
le

m
s,

th
e

va
lu

e
of

θ
is

ex
h
ib

it
ed

.
H

ow
ev

er
,

th
e

va
lu

e
of

th
e

co
n
st

an
t
c

co
u
ld

b
e

st
il
l

d
iffi

cu
lt

to
es

ti
m

at
e,

w
h
ic

h
re

n
d
er

s
it

ch
al

le
n
gi

n
g

to
se

t
th

e
ap

p
ro

p
ri

at
e

va
lu

e
t

=
α

2
c2
G

2

ε2
(1
−
θ
)

fo
r

in
n
er

it
er

at
io

n
s

of
R

S
G

.
In

p
ra

ct
ic

e,
on

e
m

ig
h
t

u
se

a
su

ffi
ci

en
tl

y
la

rg
e
c

to
se

t
u
p

th
e

va
lu

e
of
t.

H
ow

ev
er

,
su

ch
an

ap
p
ro

ac
h

m
ig

h
t

b
e

v
u
ln

er
ab

le
to

b
ot

h
ov

er
-e

st
im

at
io

n
an

d
u
n
d
er

-e
st

im
at

io
n

of
t.

O
ve

r-
es

ti
m

at
in

g
th

e
va

lu
e

of
t

le
ad

s
to

a
w

as
te

of
it

er
at

io
n
s

w
h
il
e

u
n
d
er

-e
st

im
at

io
n

le
ad

s
to

an
le

ss
ac

cu
ra

te
so

lu
ti

on
th

at
m

ig
h
t

n
ot

re
a
ch

to
th

e
ta

rg
et

ac
cu

ra
cy

le
ve

l.
In

ad
d
it

io
n
,

fo
r

so
m

e
p
ro

b
le

m
s

th
e

va
lu

e
of
θ

is
st

il
l

an
op

en
p
ro

b
le

m
.

O
n
e

in
te

re
st

in
g

fa
m

il
y

of
ob

je
ct

iv
e

fu
n
ct

io
n
s

in
m

ac
h
in

e
le

ar
n
in

g
is

th
e

su
m

of
p
ie

ce
w

is
e

li
n
ea

r
lo

ss
ov

er
tr

ai
n
in

g
d
at

a
an

d
a
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Y
a
n
g

a
n
d

L
in

n
u
cl

ea
r

n
or

m
re

gu
la

ri
ze

r
or

an
ov

er
la

p
p

ed
or

n
on

-o
ve

rl
ap

p
ed

gr
ou

p
la

ss
o

re
gu

la
ri

ze
r.

In
th

is
se

ct
io

n
,

w
e

p
re

se
n
t

va
ri

an
ts

of
R

S
G

th
at

ca
n

b
e

im
p
le

m
en

te
d

w
it

h
ou

t
k
n
ow

in
g

th
e

va
lu

e
of
c

in
th

e
lo

ca
l

er
ro

r
b

ou
n
d

co
n
d
it

io
n

an
d

ev
en

th
e

va
lu

e
of

ex
p

on
en

t
θ,

a
n
d

p
ro

ve
th

ei
r

im
p
ro

ve
d

co
n
ve

rg
en

ce
ov

er
th

e
S
G

m
et

h
o
d
.

6
.1

R
S

G
w

it
h

o
u

t
k
n

o
w

in
g
c

T
h
e

ke
y

id
ea

is
to

u
se

an
in

cr
ea

si
n
g

se
q
u
en

ce
of
t

an
d

an
ot

h
er

le
ve

l
of

re
st

a
rt

in
g

fo
r

R
S
G

.
T

h
e

d
et

ai
le

d
st

ep
s

ar
e

p
re

se
n
te

d
in

A
lg

or
it

h
m

3,
to

w
h
ic

h
w

e
re

fe
r

as
R

2
S
G

.
W

it
h

la
rg

e
en

ou
gh

t 1
in

R
2
S
G

,
th

e
co

m
p
le

x
it

y
of

R
2
S
G

fo
r

fi
n
d
in

g
an

ε
so

lu
ti

on
is

gi
ve

n
b
y

th
e

th
eo

re
m

b
el

ow
.

T
h

e
o
re

m
1
5

S
u

p
po

se
ε
≤
ε 0
/4

a
n

d
K

=
dlo

g
α
(ε

0
/ε

)e
.

L
et
t 1

in
A

lg
o
ri

th
m

3
be

la
rg

e
en

o
u

gh
so

th
a
t

th
er

e
ex

is
ts
ε̂ 1
∈

(ε
,ε

0
/2

),
w

it
h

w
h
ic

h
f

(·)
sa

ti
sfi

es
a

lo
ca

l
er

ro
r

bo
u

n
d

co
n

d
it

io
n

o
n
S ε̂

1
w

it
h
θ
∈

(0
,1

)
a
n

d
th

e
co

n
st

a
n

t
ĉ,

a
n

d
t 1

=
α

2
ĉ2
G

2

ε̂2
(1
−
θ
)

1

.
T

h
en

,
w

it
h

a
t

m
o
st
S

=
dlo

g
2
(ε̂

1
/ε

)e
+

1
ca

ll
s

o
f

R
S

G
in

A
lg

o
ri

th
m

3
,

w
e

fi
n

d
a

so
lu

ti
o
n

w
S

su
ch

th
a
t

f
(w

S
)
−
f ∗
≤

2
ε.

T
h
e

to
ta

l
n

u
m

be
r

o
f

it
er

a
ti

o
n

s
o
f

R
2
S

G
fo

r
o
bt

a
in

in
g

2
ε-

o
p
ti

m
a
l

so
lu

ti
o
n

is
u

p
pe

r
bo

u
n

d
ed

by
T
S

=
O
(

ĉ2
G

2

ε2
(1
−
θ
)
dlo

g
α
(ε

0 ε
)e
) .

P
ro

o
f

S
in

ce
K

=
dlo

g
α
(ε

0
/ε

)e
≥
dlo

g
α
(ε

0
/ε̂

1
)e

an
d
t 1

=
α

2
ĉ2
G

2

ε̂2
(1
−
θ
)

1

,
w

e
ca

n
ap

p
ly

C
o
ro

ll
a
ry

7

w
it

h
ε

=
ε̂ 1

to
th

e
fi
rs

t
ca

ll
of

R
S
G

in
A

lg
or

it
h
m

3
so

th
at

th
e

o
u
tp

u
t

w
1

sa
ti

sfi
es

f
(w

1
)
−
f ∗
≤

2ε̂
1
.

(2
2
)

T
h
en

,
w

e
co

n
si

d
er

th
e

se
co

n
d

ca
ll

of
R

S
G

w
it

h
th

e
in

it
ia

l
so

lu
ti

on
w

1
sa

ti
sf

y
in

g
(2

2
).

B
y

th
e

se
tu

p
K

=
dlo

g
α
(ε

0
/ε

)e
≥
dlo

g
α
(2
ε̂ 1
/(
ε̂ 1
/
2)

)e
a
n
d
t 2

=
t 1

22
(1
−
θ
)

=
ĉ2
G

2

(ε̂
1
/
2
)2

(1
−
θ
)
,

w
e

ca
n

ap
p
ly

C
or

ol
la

ry
7

w
it

h
ε

=
ε̂ 1
/2

an
d
ε 0

=
2ε̂

1
so

th
at

th
e

ou
tp

u
t

w
2

of
th

e
se

co
n
d

ca
ll

sa
ti

sfi
es
f

(w
2
)
−
f ∗
≤
ε̂ 1

.
B

y
re

p
ea

ti
n
g

th
is

ar
gu

m
en

t
fo

r
al

l
th

e
su

b
se

q
u
en

t
ca

ll
s

o
f

R
S
G

,
w

it
h

at
m

os
t
S

=
dlo

g
2
(ε̂

1
/ε

)e
+

1
ca

ll
s,

A
lg

or
it

h
m

3
en

su
re

s
th

at

f
(w

S
)
−
f ∗
≤

2ε̂
1
/2
S
−

1
≤

2ε
.

T
h
e

to
ta

l
n
u
m

b
er

of
it

er
at

io
n
s

d
u
ri

n
g

th
e
S

ca
ll
s

of
R

S
G

is
b

ou
n
d
ed

b
y

T
S

=
K

S ∑ s=
1

t s
=
K

S ∑ s=
1

t 1
2

2
(s
−

1
)(

1
−
θ
)

=
K
t 1

22
(S
−

1
)(

1
−
θ
)
S ∑ s=

1

(
1

2
2
(1
−
θ
)

) S
−
s

≤
K
t 1

22
(S
−

1
)(

1
−
θ
)

1
−

1/
2

2
(1
−
θ
)
≤
O

(
K
t 1

(
ε̂ 1 ε

) 2
(1
−
θ
))

=
O

(
ĉ2
G

2

ε2
(1
−
θ
)
dlo

g
α
(ε

0 ε
)e
)
.

R
e
m

a
rk

:
W

e
m

ak
e

se
ve

ra
l

re
m

ar
k
s

ab
ou

t
A

lg
or

it
h
m

3
an

d
T

h
eo

re
m

15
:

(i
)

T
h
eo

re
m

1
5

ap
p
li
es

on
ly

w
h
en

θ
∈

(0
,1

).
If
θ

=
1,

in
or

d
er

to
h
av

e
an

in
cr

ea
si

n
g

se
q
u
en

ce
o
f
t s

,
w

e
ca

n
se

t
θ

in
A

lg
or

it
h
m

3
to

a
li
tt

le
sm

al
le

r
va

lu
e

th
an

1
in

p
ra

ct
ic

al
im

p
le

m
en

ta
ti

o
n
,

a
n
d

th
e
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R
S
G
:
B
e
a
t
in
g

S
u
b
g
r
a
d
ie
n
t
M
e
t
h
o
d

w
it
h
o
u
t
S
m
o
o
t
h
n
e
ss

a
n
d

S
t
r
o
n
g

C
o
n
v
e
x
it
y

A
lg

o
rith

m
3

R
S
G

w
ith

restartin
g
:

R
2S

G

1
:

In
p

u
t:

th
e

n
u
m

b
er

of
iteration

s
t1

in
each

stage
o
f

th
e

fi
rst

call
of

R
S
G

a
n
d

th
e

n
u
m

b
er

o
f

sta
g
es
K

in
each

call
of

R
S
G

2
:

In
itia

liz
a
tio

n
:

w
0∈

Ω
;

3
:

fo
r
s

=
1,2

...,S
d

o
4
:

L
et

w
s

=
R

S
G

(w
s−

1,K
,ts ,α

)
5
:

L
et
ts+

1
=
ts 2

2
(1−

θ
)

6
:

e
n

d
fo

r

itera
tio

n
co

m
p
lex

ity
in

T
h
eorem

15
im

p
lies

th
at

R
2S

G
can

en
joy

a
con

vergen
ce

rate
close

to
lin

ea
r

co
n
vergen

ce
for

p
rob

lem
s

satisfy
in

g
th

e
w

eak
sh

arp
m

in
im

u
m

con
d
ition

.
(ii)

th
e
ε
0

in
th

e
im

p
lem

en
tation

of
R

S
G

(A
lgorth

m
2)

can
b

e
re-calib

rated
for

s≥
2

to
im

p
rove

th
e

p
erfo

rm
a
n
ce

(e.g.,
on

e
can

u
se

th
e

relation
sh

ip
f

(w
s−

1 )−
f∗

=
f

(w
s−

2 )−
f∗

+
f

(w
s−

1 )−
f

(w
s−

2 )
to

d
o

re-calib
ration

);
(iii)

a
s

a
trad

eoff
,

th
e

ex
itin

g
criterion

of
R

2S
G

is
n
ot

as
a
u
to

m
a
tic

a
s

R
S
G

.
In

fact,
th

e
total

n
u
m

b
er

of
calls

S
of

R
S
G

for
ob

ta
in

in
g

an
2ε-op

tim
al

so
lu

tio
n

d
ep

en
d
s

on
an

u
n
k
n
ow

n
p
aram

eter
(n

am
ely

ε̂
1 ).

In
p
ra

ctice,
on

e
cou

ld
u
se

oth
er

sto
p
p
in

g
criteria

to
term

in
ate

th
e

algorith
m

.
F

or
ex

am
p
le,

in
m

ach
in

e
learn

in
g

ap
p
lica

tion
s

o
n
e

ca
n

m
o
n
ito

r
th

e
p

erform
an

ce
on

th
e

valid
ation

d
ata

set
to

term
in

ate
th

e
algorith

m
.

(v
i)

T
h
e

q
u
a
n
tities

ε̂
1 ,
S

in
th

e
p
ro

of
a
b

ove
are

im
p
licitly

d
eterm

in
ed

b
y
t1

an
d

on
e

d
o
es

n
o
t

n
eed

to
com

p
u
te
ε̂
1

an
d
S

in
ord

er
to

ap
p
ly

A
lgorith

m
3.

F
in

ally,
w

e
n
ote

th
at

w
h
en

a
lo

ca
l

stro
n
g

con
vex

ity
con

d
ition

h
old

s
on
S
ε̂
1

w
ith

ε̂
1
≥
ε

on
e

m
igh

t
d
erive

an
iteration

co
m

p
lex

ity
o
f
O

(1/ε)
for

S
G

b
y

fi
rst

sh
ow

in
g

th
at

S
G

con
verges

to
S
ε̂
1

w
ith

a
n
u
m

b
er

of
itera

tio
n
s

in
d
ep

en
d
en

t
of
ε,

th
en

sh
ow

in
g

th
at

th
e

iterates
stay

w
ith

in
S
ε̂
1

an
d

con
v
erge

to
a
n
ε-level

set
w

ith
an

iteration
com

p
lex

ity
of
O

(1/ε)
fo

llow
in

g
ex

istin
g

an
aly

sis
of

S
G

for
stro

n
g
ly

co
n
vex

fu
n
ction

s,
e.g.,

(L
acoste-J

u
lien

et
al.,

2012).
H

ow
ever,

it
still

n
eed

s
to

k
n
ow

th
e

va
lu

e
o
f

th
e

lo
cal

stron
g

con
vex

ity
p
aram

eter
u
n
like

ou
r

resu
lt

in
T

h
eorem

15
th

at
d
o
es

n
o
t

n
eed

to
k
n
ow

n
th

e
lo

cal
stron

g
con

v
ex

ity
p
aram

eter.

6
.2

R
S

G
fo

r
u

n
k
n

o
w

n
θ

a
n

d
c

W
ith

o
u
t

k
n
ow

in
g
θ
∈

(0,1]
an

d
c

to
get

a
sh

arp
er

lo
cal

error
b

ou
n
d
,

w
e

can
sim

p
ly

let
θ

=
0

a
n
d
c

=
B
ε ′

w
ith

ε ′≥
ε,

w
h
ich

still
ren

d
er

th
e

in
eq

u
a
ity

(15)
h
old

(c.f.
D

efi
n
ition

6).
T

h
en

w
e

ca
n

em
p
loy

th
e

sam
e

trick
to

in
crease

th
e

valu
es

of
t.

In
p
articu

lar,
w

e
start

w
ith

a
su

ffi
cien

tly
la

rge
valu

e
of
t

an
d

ru
n

R
S
G

w
ith

K
=
dlo

g
α
(ε

0 /ε)e
stages,

an
d

th
en

in
crease

th
e

va
lu

e
o
f
t

b
y

a
factor

of
4

an
d

rep
eat

th
e

p
ro

cess.

T
h

e
o
re

m
1
6

L
et
θ

=
0
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d
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at
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b
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d
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p
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p
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d
it

sk
y

a
n
d

N
es

te
ro

v
(2

01
4)

al
so

p
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b
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ra
te

s
w

it
h
ou

t
k
n
ow

le
d
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p
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b
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p
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p
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ra
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p
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p
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e
B

olte,
A

ris
D

an
iilid

is,
A

d
rian

S
.

L
ew

is,
an

d
M

asah
iro

S
h
iota.

C
larke

su
b
grad

ien
ts

of
stratifi

ab
le

fu
n
ction

s.
S

IA
M

J
o
u

rn
a
l

o
n

O
p
tim

iza
tio

n
,

18:556
–572,

2007.

J
érôm
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y

ad
d
in

g
som

e
lin

ea
r

co
n
stra

in
ts

to
th

e
op

tim
ization

p
rob

lem
s

th
at

in
fer

th
e

lo
cal

G
P

m
o
d
els.

P
ark

et
al.

(2
0
1
1
)

u
sed

a
con

strain
ed

q
u
ad

ratic
op

tim
ization

th
at

con
strain

s
th

e
p
red

ictive
m

ean
s

for
a

fi
n
ite

n
u
m

b
er

of
b

ou
n
d
ary

lo
cation

s,
an

d
P

ark
an

d
H

u
an

g
(2016)

in
tro

d
u
ced

a
fu

n
ction

al
o
p
tim

iza
tio

n
fo

rm
u
lation

to
en

force
th

e
sam

e
con

strain
ts

for
all

b
ou

n
d
ary

lo
cation

s.
T

h
e

o
p
tim

iza
tio

n
-b

a
sed

form
u
lation

s
m

ake
it

in
feasib

le
to

d
erive

th
e

m
argin

al
likelih

o
o
d

a
n
d

th
e

p
red

ictive
va

ria
n
ces

in
closed

form
s,

w
h
ich

w
ere

rou
gh

ly
ap

p
rox

im
ated

.
In

con
trast,

th
is

p
a
p

er
p
resen

ts
a

sim
p
le

an
d

n
atu

ral
w

ay
to

en
force

con
tin

u
ity.

W
e

con
sid

er
a

set
of

G
P

s
th

a
t

a
re

d
efi

n
ed

as
th

e
d
iff

eren
ces

b
etw

een
th

e
resp

o
n
ses

for
th

e
lo

cal
G

P
s

in
n
eigh

b
orin

g
reg

io
n
s.

C
o
n
tin

u
ity

im
p
lies

th
at

th
ese

d
iff

eren
ced

G
P

s
are

id
en

tically
zero

alon
g

th
e

b
ou

n
d
-

a
ry

b
etw

een
n
eigh

b
orin

g
region

s.
H

en
ce,

w
e

im
p

ose
con

tin
u
ity

con
strain

ts
b
y

treatin
g

th
e

valu
es

o
f

th
e

d
iff

eren
ced

G
P

s
at

a
sp

ecifi
ed

set
of

b
ou

n
d
ary

p
oin

ts
as

all
h
av

in
g

b
een

“ob
-

served
to

b
e

zero”,
an

d
w

e
refer

to
th

ese
zero

-valu
ed

d
iff

eren
ces

as
p
seu

d
o-ob

servation
s.

W
e

ca
n

th
en

con
ven

ien
tly

in
corp

orate
co

n
tin

u
ity

con
strain

ts
b
y

sim
p
ly

au
gm

en
tin

g
th

e
actu

al
set

o
f

resp
o
n
se

ob
servation

s
w

ith
th

e
set

of
p
seu

d
o-ob

servation
s,

an
d

th
en

u
sin

g
sta

n
d
ard

G
P

m
o
d
elin

g
to

calcu
late

th
e

p
osterior

p
red

ictive
d
istrib

u
tion

giv
en

th
e

au
gm

en
ted

set
of

o
b
serva

tio
n
s.

W
e

n
ote

th
at

o
bservin

g
th

e
d
iff

eren
ced

G
P

s
to

b
e

zero
at

a
set

o
f

b
o
u
n
d
ary

p
o
in

ts
is

essen
tially

eq
u
ivalen

t
to

a
ssu

m
in

g
con

tin
u
ity

at
th

ese
p

oin
ts

w
ith

ou
t

im
p

osin
g

an
y

fu
rth

er
a
ssu

m
p
tion

s
on

th
e

n
atu

re
of

th
e

G
P

s.

T
h
e

n
ew

m
o
d
elin

g
ap

p
roach

creates
several

m
a

jor
b

en
efi

ts
over

th
e

p
rev

iou
s

d
om

ain
p
a
rtitio

n
in

g
a
p
p
roach

es.
T

h
e

n
ew

m
o
d
elin

g
is

sim
p
ler

th
an

th
e

p
rev

iou
s

ap
p
roach

es,
so

th
e

m
a
rg

in
a
l

likelih
o
o
d

fu
n
ction

can
b

e
ex

p
licitly

d
erived

for
tu

n
in

g
h
y
p

erp
aram

eters,
w

h
ich

w
a
s

n
o
t

p
o
ssib

le
for

th
e

p
rev

iou
s

ap
p
roach

es.
In

th
e

p
rev

iou
s

ap
p
roach

es,
th

e
valu

es
of

th
e

p
red

ictive
m

ean
s

on
th

e
b

ou
n
d
aries

of
lo

cal
region

s
m

u
st

b
e

ex
p
licitly

sp
ecifi

ed
,

w
h
ich

in
vo

lv
es

so
lv

in
g

a
large

lin
ear

sy
stem

of
eq

u
ation

s.
U

n
like

th
e

p
rev

iou
s

ap
p
roach

es,
ob

serv
-

in
g

th
e

p
seu

d
o
-ob

servation
s

of
th

e
d
iff

eren
ced

G
P

s
to

b
e

zero
d
o
es

n
ot

req
u
ire

sp
ecify

in
g

th
e

a
ctu

a
l

va
lu

es
of

th
e

p
red

ictive
m

ean
s

an
d

varian
ces

on
th

e
b

ou
n
d
a
ries.

F
u
rth

erm
ore,

th
e

p
ro

p
o
sed

a
p
p
roach

en
forces

th
at

th
e

lo
cal

m
o
d
els

for
n
eigh

b
orin

g
region

s
p
ro

d
u
ce

th
e

sa
m

e
valu

es
fo

r
b

oth
th

e
p
red

ictive
m

ean
s

an
d

varian
ces

at
th

e
b

ou
n
d
ary

p
oin

ts
b

etw
een

th
e

lo
ca

l
reg

io
n
s,

w
h
ile

b
oth

of
th

e
p
rev

iou
s

ap
p
roach

es
are

on
ly

ab
le

to
en

force
th

e
sam

e
p
red

ictive
m

ea
n
s

b
u
t

n
ot

th
e

sam
e

p
red

ictive
varian

ces.
L

ast,
th

e
p
rev

iou
s

ap
p
roach

es
are
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P
a
r
k

a
n
d

A
p
l
e
y

on
ly

ap
p
licab

le
for

on
e-

or
tw

o-d
im

en
sion

al
p
rob

lem
s,

w
h
ile

ou
r

n
ew

ap
p
ro

ach
is

ap
p
licab

le
for

h
igh

er
d
im

en
sion

al
regression

p
rob

lem
s.

W
e

v
iew

ou
r

ap
p
roach

as
“p

atch
in

g”
togeth

er
a

collection
of

lo
cal

G
P

regression
m

o
d
els

u
sin

g
th

e
b

ou
n
d
ary

p
oin

ts
as

“stitch
es”,

an
d
,

h
en

ce,
w

e
refer

to
it

as
pa

tch
w

o
rk

krigin
g.

T
h
e

rem
ain

d
er

of
th

e
p
ap

er
is

organ
ized

as
follow

s.
S
ection

2
b
riefl

y
rev

iew
s

th
e

gen
eral

G
P

regression
p
rob

lem
an

d
n
otation

al
con

ven
tion

.
S
ection

3
p
resen

ts
th

e
core

m
eth

o
d
ology

of
th

e
p
atch

w
ork

k
rigin

g
ap

p
roach

,
in

clu
d
in

g
th

e
p
rior

m
o
d
el

assu
m

p
tion

s,
th

e
p
seu

d
o-

ob
servation

d
efi

n
ition

,
th

e
resu

ltin
g

p
osterio

r
p
red

ictive
m

ean
an

d
varian

ce
eq

u
ation

s,
an

d
th

e
d
etailed

com
p
u
tation

step
s

alon
g

w
ith

ch
oice

of
tu

n
in

g
p
aram

eters.
S
ection

4
sh

ow
s

h
ow

th
e

p
atch

w
ork

k
rigin

g
p

erform
s

w
ith

a
toy

ex
am

p
le

for
illu

strative
p
u
rp

ose.
S
ection

5
in

vestigates
th

e
n
u
m

erical
p

erform
an

ce
of

th
e

p
rop

osed
m

eth
o
d

for
d
iff

eren
t

sim
u
lated

cases
an

d
com

p
ares

it
w

ith
th

e
ex

act
G

P
regression

(i.e.,
th

e
G

P
regressio

n
w

ith
ou

t
p
artition

s,
u
sin

g
th

e
en

tire
d
ataset

to
p
red

ict
each

p
oin

t)
an

d
a

glob
al

G
P

a
p
p
rox

im
ation

m
eth

o
d
.

S
ection

6
p
resen

ts
th

e
n
u
m

erical
p

erform
an

ce
o
f

th
e

p
rop

osed
ap

p
roach

for
fi
ve

real
d
atasets

an
d

com
p
ares

it
w

ith
P

ark
an

d
H

u
an

g
(2016)

an
d

oth
er

state-of-th
e-art

m
eth

o
d
s.

F
in

ally,
S
ection

7
con

clu
d
es

th
e

p
ap

er
w

ith
a

d
iscu

ssion
.

2
.
G
a
u
ssia

n
P
ro

ce
ss

R
e
g
re
ssio

n

C
on

sid
er

th
e

gen
eral

regression
p
rob

lem
of

estim
atin

g
an

u
n
k
n
ow

n
p
red

ictive
fu

n
ction

f
th

at
relates

a
d

d
im

en
sion

al
p
red

ictor
x
∈
R
d

to
a

rea
l

resp
on

se
y
,

u
sin

g
n
oisy

ob
servatio

n
s

D
=
{(x

i ,y
i ),i

=
1,...,N

},y
i

=
µ

+
f

(x
i )

+
ε
i ,

i
=

1,...,N
,

w
h
ere

ε
i ∼
N

(0,σ
2)

is
w

h
ite

n
oise,

in
d
ep

en
d
en

t
of
f

(x
i ).

W
e

assu
m

e
th

at
µ

=
0.

O
th

erw
ise,

on
e

can
n
orm

alize
y
i

b
y

su
b
tractin

g
th

e
sam

p
le

m
ean

of
th

e
y
i ’s

from
y
i .

N
otice

th
at

w
e

d
o

n
ot

u
se

b
old

fon
t

for
th

e
m

u
ltivariate

p
red

ictor
x
i

an
d

reserv
e

b
o
ld

fon
t

for
th

e
collection

of
ob

served
p
red

ictor
lo

cation
s,

x
=

[x
1 ,x

2 ,...,x
N

] T
.

In
a

G
P

regression
for

th
is

p
rob

lem
,

on
e

assu
m

es
th

at
f

is
a

realization
of

a
zero-m

ean
G

au
ssian

p
ro

cess
h
av

in
g

covarian
ce

fu
n
ction

c(·,·)
an

d
th

en
u
ses

th
e

ob
servation

s
D

to
ob

tain
th

e
p

osterior
p
red

ictive
d
istrib

u
tion

of
f

at
an

arb
itrary

x
∗ ,

d
en

oted
b
y
f∗

=
f

(x
∗ ).

D
en

ote
y

=
[y

1 ,y
2 ,...,y

N
] T

.
T

h
e

join
t

d
istrib

u
tion

of
(f∗ ,y

)
is

P
(f∗ ,y

)
=
N
(

0
, [

c∗∗
c
Tx∗

c
x∗

σ
2I

+
C

x
x

])
,

w
h
ere

c∗∗
=
c(x
∗ ,x
∗ ),
c
x∗

=
(c(x

1 ,x
∗ ),...,c(x

N
,x
∗ ))

T
an

d
C

x
x

is
an

N
×
N

m
atrix

w
ith

(i,j)
th

en
try

c(x
i ,x

j ).
T

h
e

su
b
scrip

ts
on

c∗∗ ,c
x∗ ,

an
d
C

x
x

in
d
icate

th
e

tw
o

sets
of

lo
cation

s
b

etw
een

w
h
ich

th
e

covarian
ce

is
com

p
u
ted

,
an

d
w

e
h
av

e
ab

b
rev

iated
th

e
su

b
scrip

t
x
∗

as∗
.

A
p
p
ly

in
g

th
e

G
au

ssian
con

d
ition

in
g

form
u
la

to
th

e
join

t
d
istrib

u
tion

gives
th

e
p
red

ictive
d
istrib

u
tion

of
f∗

given
y

(R
asm

u
ssen

an
d

W
illiam

s,
2006

),

P
(f∗ |y

)
=
N

(c
Tx∗ (σ

2I
+
C

x
x
) −

1y
,c∗∗ −

c
Tx∗ (σ

2I
+
C

x
x
) −

1c
x∗ ).

(1)

T
h
e

p
red

ictive
m

ean
c
Tx∗ (σ

2I
+
C

x
x
) −

1y
is

tak
en

to
b

e
th

e
p

oin
t

p
red

iction
of
f

(x
)

at
lo

cation
x
∗ ,

an
d

its
u
n
certain

ty
is

m
easu

red
b
y

th
e

p
red

ictive
varian

ce
c∗∗ −

c
Tx∗ (σ

2I
+

C
x
x
) −

1c
x∗ .

E
ffi

cien
t

calcu
lation

of
th

e
p
red

ictive
m

ean
an

d
varian

ce
for

large
d
atasets

h
as

b
een

th
e

fo
cu

s
of

m
u
ch

research
.

4
JM

L
R

 19(7):1-43, 2018



P
a
t
c
h
w
o
r
k

K
r
ig
in
g

3
.
P
a
tc
h
w
o
rk

K
ri
g
in
g

A
s

m
en

ti
on

ed
in

th
e

in
tr

o
d
u
ct

io
n
,

fo
r

effi
ci

en
t

co
m

p
u
ta

ti
on

w
e

re
p
la

ce
th

e
G

P
re

gr
es

si
on

b
y

a
se

t
of

lo
ca

l
G

P
m

o
d
el

s
on

so
m

e
p
ar

ti
ti

on
of

th
e

in
p
u
t

d
om

ai
n
,

in
a

m
an

n
er

th
at

en
fo

rc
es

a
le

ve
l

of
co

n
ti

n
u
it

y
in

th
e

lo
ca

l
G

P
m

o
d
el

re
sp

on
se

s
ov

er
th

e
b

ou
n
d
ar

ie
s

se
p
ar

at
in

g
th

ei
r

re
sp

ec
ti

ve
re

gi
on

s.
S
ec

ti
on

3.
1

co
n
ve

y
s

th
e

m
ai

n
id

ea
o
f

th
e

p
ro

p
os

ed
ap

p
ro

a
ch

,

3
.1

In
fe

re
n

c
e

w
it

h
B

o
u

n
d

a
ry

C
o
n
ti

n
u

it
y

C
o
n

st
ra

in
ts

T
o

sp
ec

if
y

th
e

id
ea

m
or

e
p
re

ci
se

ly
,

co
n
si

d
er

a
sp

at
ia

l
p
ar

ti
ti

on
of

th
e

in
p
u
t

d
om

ai
n

of
f

(x
)

in
to
K

lo
ca

l
re

gi
on

s
{Ω

k
:
k

=
1
,2
,.
..
,K
},

an
d

d
efi

n
e
f k

(x
)

as
th

e
lo

ca
l

G
P

a
p
p
ro

x
im

at
io

n
of
f

(x
)

at
x
∈

Ω
k
,

w
h
er

e
Ω
k

is
th

e
cl

os
u
re

of
Ω
k
.

T
em

p
or

a
ri

ly
ig

n
or

in
g

th
e

co
n
ti

n
u
it

y
re

q
u
ir

em
en

ts
,

th
e

lo
ca

l
m

o
d
el

s
ar

e
as

su
m

ed
to

fo
ll
ow

in
d
ep

en
d
en

t
G

P
p
ri

or
s:

A
ss

u
m

p
ti

o
n

1
E

a
ch
f k

(x
)

fo
ll

o
w

s
a

G
P

p
ri

o
r

d
is

tr
ib

u
ti

o
n

w
it

h
ze

ro
m

ea
n

a
n

d
co

va
ri

a
n

ce
fu

n
ct

io
n
c k

(·,
·),

a
n

d
th

e
f k

(x
)’

s
a
re

m
u

tu
a
ll

y
in

d
ep

en
d
en

t
a

p
ri

o
ri

(p
ri

o
r

to
en

fo
rc

in
g

th
e

co
n

ti
n

u
it

y
co

n
d
it

io
n

s)
.

T
h
e

ch
o
ic

e
o
f

th
e

lo
ca

l
co

va
ri

a
n

ce
fu

n
ct

io
n

(s
)

ca
n

d
iff

er
d
ep

en
d
in

g
o
n

th
e

sp
ec

ifi
cs

o
f

th
e

p
ro

bl
em

.
If
f

(x
)

is
ex

pe
ct

ed
to

be
a

st
a
ti

o
n

a
ry

p
ro

ce
ss

,
th

en
o
n

e
co

u
ld

u
se

th
e

sa
m

e
c k

(·,
·)

=
c(
·,·

)
fo

r
a
ll
k

.
In

th
is

ca
se

,
th

e
p
u

rp
o
se

o
f

th
is

lo
ca

l
G

P
a
p
p
ro

xi
m

a
ti

o
n

w
o
u

ld
be

to
a
p
p
ro

xi
m

a
te
f

(x
)

co
m

p
u

ta
ti

o
n

a
ll

y
effi

ci
en

tl
y.

O
n

th
e

o
th

er
h
a
n

d
,

if
o
n

e
ex

pe
ct

s
n

o
n

-s
ta

ti
o
n

a
ry

be
h
a
vi

o
r

o
f

th
e

d
a
ta

,
th

en
d
iff

er
en

t
co

va
ri

a
n

ce
fu

n
ct

io
n

s
sh

o
u

ld
be

u
se

d
fo

r
ea

ch
re

gi
o
n

.

It
is

im
p

or
ta

n
t

to
n
ot

e
th

at
th

e
in

d
ep

en
d
en

ce
of

th
e

G
P

s
in

A
ss

u
m

p
ti

on
1

is
p
ri

or
to

en
fo

rc
in

g
th

e
co

n
ti

n
u
it

y
co

n
d
it

io
n
s

v
ia

th
e

p
se

u
d
o-

ob
se

rv
at

io
n
s,

as
d
es

cr
ib

ed
b

el
ow

.
A

ft
er

en
fo

rc
in

g
th

e
co

n
ti

n
u
it

y
co

n
d
it

io
n
s,

th
e

G
P

s
w

il
l

n
o

lo
n
ge

r
b

e
in

d
ep

en
d
en

t
a

p
ri

o
ri

,
si

n
ce

th
e

as
su

m
ed

co
n
ti

n
u
it

y
at

th
e

b
ou

n
d
ar

ie
s

im
p

os
es

a
v
er

y
st

ro
n
g

p
ri

or
d
ep

en
d
en

ce
of

th
e

su
r-

fa
ce

s.
S
in

ce
th

e
p
se

u
d
o-

ob
se

rv
at

io
n
s

sh
ou

ld
al

so
b

e
v
ie

w
ed

as
ad

d
it

io
n
al

p
ri

or
in

fo
rm

at
io

n
,

th
e

in
d
ep

en
d
en

ce
co

n
d
it

io
n

in
A

ss
u
m

p
ti

on
1

m
ig

h
t

b
e

m
o
re

ap
p
ro

p
ri

at
el

y
v
ie

w
ed

as
a

h
y-

pe
rp

ri
o
r

co
n
d
it

io
n
.

In
fa

ct
,

w
e

v
ie

w
th

e
in

co
rp

or
at

io
n

of
th

e
b

ou
n
d
a
ry

p
se

u
d
o-

ob
se

rv
at

io
n
s

as
an

ex
tr

em
el

y
tr

ac
ta

b
le

an
d

st
ra

ig
h
tf

or
w

ar
d

w
ay

of
im

p
os

in
g

so
m

e
re

as
on

ab
le

fo
rm

of
d
ep

en
d
en

cy
of

th
e
f k

(x
)

ac
ro

ss
re

gi
on

s
(w

h
ic

h
is

th
e

u
lt

im
at

e
go

a
l)

,
w

h
il
e

st
il
l

al
lo

w
in

g
u
s

to
b

eg
in

w
it

h
an

in
d
ep

en
d
en

t
G

P
h
yp

er
p
ri

o
r

(w
h
ic

h
re

su
lt

s
in

th
e

tr
ac

ta
b
il
it

y
of

th
e

an
al

y
se

s)
.

N
ow

p
ar

ti
ti

on
th

e
tr

ai
n
in

g
se

t
D

in
to
D k

=
{(
x
i,
y i

)
:
x
i
∈

Ω
k
}

(k
=

1,
2,
..
.,
K

),
an

d
d
en

ot
e

x
k

=
{x

i
:
x
i
∈

Ω
k
}

an
d
y
k

=
{y
i

:
x
i
∈

Ω
k
}.

B
y

th
e

in
d
ep

en
d
en

ce
p
ar

t
of

A
ss

u
m

p
ti

on
1,

th
e

p
re

d
ic

ti
ve

d
is

tr
ib

u
ti

on
of
f k

(x
)

gi
ve

n
D

is
eq

u
iv

al
en

t
to

th
e

p
re

d
ic

ti
ve

d
is

tr
ib

u
ti

on
of
f k

(x
)

gi
ve

n
D k

,
w

h
ic

h
gi

ve
s

th
e

st
an

d
ar

d
lo

ca
l
G

P
so

lu
ti

on
w

it
h

n
o

co
n
ti

n
u
it

y
re

q
u
ir

em
en

ts
.

T
h
e

p
ri

m
ar

y
p
ro

b
le

m
w

it
h

th
is

fo
rm

u
la

ti
on

is
th

at
th

e
p
re

d
ic

ti
ve

d
is

tr
ib

u
ti

on
s

of
f k

(x
)

an
d
f l

(x
)

ar
e

n
ot

eq
u
al

on
th

e
b

ou
n
d
ar

y
of

th
ei

r
n
ei

gh
b

or
in

g
re

gi
on

s
Ω
k

an
d

Ω
l.

O
u
r

ob
je

ct
iv

e
is

to
im

p
ro

ve
th

e
lo

ca
l

k
ri

gi
n
g

p
re

d
ic

ti
on

b
y

en
fo

rc
in

g
f k

(x
)

=
f l

(x
)

on
th

ei
r

sh
ar

ed
b

ou
n
d
ar

y.
T

h
e

ke
y

id
ea

is
il
lu

st
ra

te
d

in
F

ig
u
re

1
an

d
d
es

cr
ib

ed
as

fo
ll
ow

s.
F

or
tw

o
n
ei

gh
b

or
in

g
re

gi
on

s
Ω
k

an
d

Ω
l,

le
t

Γ
k
,l

=
Ω
k
∩

Ω
l

d
en

ot
e

th
ei

r
sh

ar
ed

b
ou

n
d
a
ry

.
F

or
ea

ch
p
ai

r
of

n
ei

gh
b

or
in

g
re

gi
on

s
Ω
k

a
n
d

Ω
l,

w
e

d
efi

n
e

th
e

au
x
il
ia

ry
p
ro

ce
ss
δ k
,l
(x

)
to

b
e

th
e

d
iff

er
en

ce
b

et
w

ee
n

th
e

tw
o

lo
ca

l
G

P
m

o
d
el

s,

δ k
,l
(x

)
=
f k

(x
)
−
f l

(x
)

fo
r
x
∈

Γ
k
,l
,

(2
)
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P
a
r
k

a
n
d

A
p
l
e
y

Ω
𝑘

Ω
𝑙

𝑓 𝑘
𝑥

o
n
𝑥

∈
Ω
𝑘

Γ 𝑘
,𝑙

𝑓 𝑙
𝑥

o
n
𝑥

∈
Ω
𝑙

𝛿
𝑘
,𝑙
𝑥

=
𝑓 𝑘

𝑥
−
𝑓 𝑙

𝑥
=
0
o
n
𝑥
∈
Γ 𝑘

,𝑙

1
st

d
im

en
si

o
n

 o
f 
𝑥

2nd dimension of 𝑥

F
ig

u
re

1:
Il

lu
st

ra
ti

on
of

th
e

n
ot

at
io

n
an

d
co

n
ce

p
ts

fo
r

d
efi

n
in

g
th

e
lo

ca
l

m
o
d
el

s
f k

(x
)

an
d
f l

(x
).

Ω
k

an
d

Ω
l

re
p
re

se
n
t

tw
o

lo
ca

l
re

gi
on

s
re

su
lt

in
g

fr
om

so
m

e
ap

p
ro

p
ri

a
te

sp
a
ti

al
p
ar

ti
ti

on
(d

is
cu

ss
ed

la
te

r)
of

th
e

re
gr

es
si

on
in

p
u
t

d
om

ai
n
.

T
h
e

(p
os

te
ri

o
r

d
is

tr
ib

u
ti

o
n
s

fo
r

th
e)

G
P

fu
n
ct

io
n
s
f k

(x
)

an
d
f l

(x
)

re
p
re

se
n
t

th
e

lo
ca

l
ap

p
ro

x
im

at
io

n
s

of
th

e
re

g
re

ss
io

n
fu

n
ct

io
n

on
Ω
k

an
d

Ω
l,

re
sp

ec
ti

ve
ly

.
T

h
e

su
b
se

t
Γ
k
,l

re
p
re

se
n
ts

th
e

in
te

rf
a
ci

a
l

b
o
u
n
d
a
ry

b
et

w
ee

n
th

e
tw

o
re

gi
on

s
Ω
k

an
d

Ω
l,

an
d
δ k
,l
(x

)
is

d
efi

n
ed

as
th

e
d
iff

er
en

ce
b

et
w

ee
n
f k

(x
)

an
d
f l

(x
),

w
h
ic

h
is

id
en

ti
ca

ll
y

ze
ro

on
Γ
k
,l

b
y

th
e

co
n
ti

n
u
it

y
as

su
m

p
ti

on
.

an
d

it
is

on
ly

d
efi

n
ed

fo
r
k
<
l

to
av

oi
d

an
y

d
u
p
li
ca

te
d

d
efi

n
it

io
n

of
th

e
au

x
il
ia

ry
p
ro

ce
ss

.
B

y
th

e
d
efi

n
it

io
n

an
d

u
n
d
er

A
ss

u
m

p
ti

on
1,
δ k
,l
(x

)
is

a
G

au
ss

ia
n

p
ro

ce
ss

w
it

h
ze

ro
m

ea
n

an
d

co
va

ri
an

ce
fu

n
ct

io
n
c k

(·,
·)

+
c l

(·,
·),

an
d

it
s

co
va

ri
an

ce
w

it
h
f j

(x
)

is

C
ov

(δ
k
,l
(x

1
),
f j

(x
2
))

=
C

ov
(f
k
(x

1
)
−
f l

(x
1
),
f j

(x
2
))

=
C

ov
(f
k
(x

1
),
f j

(x
2
))
−

C
ov

(f
l(
x

1
),
f j

(x
2
))
.

S
in

ce
C

ov
(f
k
(x

1
),
f l

(x
2
))

=
c k

(x
1
,x

2
)

fo
r
k

=
l

an
d

ze
ro

ot
h
er

w
is

e
u
n
d
er

A
ss

u
m

p
ti

o
n

1
,

C
ov

(δ
k
,l
(x

1
),
f j

(x
2
))

=

    

c k
(x

1
,x

2
)

if
k

=
j

−
c l

(x
1
,x

2
)

if
l

=
j

0
ot

h
er

w
is

e.

(3
)

L
ik

ew
is

e,
δ k
,l
(x

)
an

d
δ u
,v

(x
)

ar
e

co
rr

el
at

ed
w

it
h

co
va

ri
a
n
ce

C
ov

(δ
k
,l
(x

1
),
δ u
,v

(x
2
))

=

                    

c k
(x

1
,x

2
)

if
k

=
u
,l
6=
v

c l
(x

1
,x

2
)

if
l

=
v
,k
6=
u

−
c k

(x
1
,x

2
)

if
k

=
v
,l
6=
u

−
c l

(x
1
,x

2
)

if
l

=
u
,k
6=
v

c k
(x

1
,x

2
)

+
c l

(x
1
,x

2
)

if
k

=
u
,l

=
v

0
ot

h
er

w
is

e.

(4
)
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P
a
t
c
h
w
o
r
k

K
r
ig
in
g

B
o
u
n
d
ary

con
tin

u
ity

b
etw

een
f
k (x

)
an

d
f
l (x

)
can

b
e

ach
ieved

b
y

en
forcin

g
th

e
con

d
itio

n
δ
k
,l (x

)
=

0
a
t

Γ
j,k .

W
e

reiterate
th

at
f
k (x

)
an

d
f
l (x

)
are

n
o

lon
ger

in
d
ep

en
d
en

t
after

co
n
d
itio

n
in

g
o
n

th
e

ad
d
ition

al
in

form
ation

δ
k
,l (x

)
=

0.
In

fact,
th

ey
are

stron
gly

d
ep

en
d
en

t,
a
s

th
ey

m
u
st

b
e

in
ord

er
to

ach
iev

e
con

tin
u
ity

a
p
rio

ri.
H

en
ce,

th
e

in
d
ep

en
d
en

ce
con

d
ition

in
A

ssu
m

p
tio

n
1

is
really

a
h
yperp

rio
r

in
d
ep

en
d
en

ce.
D

eriv
in

g
th

e
ex

act
p
rior

d
istrib

u
tion

of
th

e
su

rface
con

d
ition

ed
o
n
δ
k
,l (x

)
=

0
ev

ery
w

h
ere

o
n

th
e

b
o
u
n
d
aries

ap
p

ears
to

b
e

com
p
u
tation

ally
in

tractab
le,

b
ecau

se
th

ere
are

u
n
cou

n
tab

ly
in

fi
n
itely

m
a
n
y
x

’s
in

Γ
j,k .

In
stead

,
w

e
p
rop

ose
a

m
u
ch

sim
p
ler

con
tin

u
ity

correction
th

at
b

eg
in

s
w

ith
th

e
A

ssu
m

p
tion

1
p
rior

(in
clu

d
in

g
th

e
in

d
ep

en
d
en

ce
h
yperp

rio
r
)

an
d

au
gm

en
ts

th
e

o
b
serv

ed
d
a
ta
D

w
ith

th
e

p
seu

d
o

ob
servation

s
δ
k
,l (x

)
=

0
for

a
fi
n
ite

n
u
m

b
er

of
in

p
u
t

lo
ca

tio
n
s
x
∈

Γ
k
,l .

A
s

th
e

n
u
m

b
er

of
b

ou
n
d
ary

p
seu

d
o-ob

servation
s

grow
s,

w
e

can
b

etter
a
p
p
rox

im
a
te

th
e

th
eoretical

id
eal

co
n
d
ition

th
at
δ
k
,l (x

)
=

0
ev

ery
w

h
ere

on
th

e
b

o
u
n
d
ary.

T
h
e

ch
oice

of
th

e
b

ou
n
d
ary

in
p
u
t

lo
cation

s
w

ill
b

e
d
iscu

ssed
later.

N
o
tice

th
a
t

ob
serv

in
g

“δ
k
,l (x

)
=

0”
is

eq
u
ivalen

t
to

ob
serv

in
g

th
at
f
k (x

)
=
f
l (x

)
w

ith
ou

t
o
b
serv

in
g

th
e

a
ctu

al
valu

es
of
f
k (x

)
an

d
f
l (x

).
T

h
u
s,

if
w

e
au

gm
en

t
D

to
in

clu
d
e

th
ese

p
seu

d
o

o
b
servation

s
w

h
en

calcu
latin

g
th

e
p

osterior
p
red

ictive
d
istrib

u
tion

s
of
f
k (x

)
a
n
d

f
l (x

),
it

w
ill

fo
rce

th
e

p
osterior

d
istrib

u
tion

s
of
f
k (x

)
an

d
f
l (x

)
to

b
e

th
e

sam
e

at
each

b
o
u
n
d
a
ry

in
p
u
t

lo
cation

x
,

b
ecau

se
ob

serv
in

g
δ
k
,l (x

)
=

0
m

ean
s

th
at

w
e

h
ave

ob
served

f
k (x

)
a
n
d
f
l (x

)
to

b
e

th
e

sam
e

(see
(19)

a
n
d

(20),
for

a
form

al
p
ro

of).
T

h
is

im
p
lies

th
at

th
eir

p
o
sterio

r
m

ean
s

(w
h
ich

are
th

e
G

P
regression

p
red

ictive
fu

n
ction

s)
a
n
d

th
eir

p
osterior

va
ria

n
ces

(w
h
ich

q
u
an

tify
th

e
u
n
certain

ty
in

th
e

p
red

iction
s)

w
ill

b
oth

b
e

eq
u
al.

S
u
p
p

o
se

th
at

w
e

p
lace

B
p
seu

d
o

ob
servation

s
on

each
Γ
k
,l .

L
et
x
k
,l

d
en

ote
th

e
set

o
f
B

in
p
u
t

b
o
u
n
d
ary

lo
cation

s
ch

osen
in

Γ
k
,l ,

let
δ
k
,l

d
en

ote
a

collection
of

th
e

n
oiseless

o
b
serva

tion
s

of
δ
k
,l (x

)
at

th
e

selected
b

ou
n
d
a
ry

lo
cation

s,
an

d
let
δ

d
en

ote
th

e
collection

of
a
ll
δ
k
,l ’s

in
th

e
follow

in
g

ord
er,

δ
T

=
(δ
T1
,1 ,δ

T1
,2 ,...,δ

T1
,K
,δ
T2
,1 ,...,δ

T2
,K
,...,δ

TK
K

).

N
o
te

th
at

th
e

o
b
served

p
seu

d
o

valu
e

of
δ

w
ill

b
e

a
vector

of
zeros,

b
u
t

its
p
rio

r
d
istrib

u
-

tio
n

(p
rio

r
to

o
b
serv

in
g

th
e

p
seu

d
o

valu
es

or
an

y
resp

on
se

ob
servation

s)
is

rep
resen

ted
b
y

th
e

a
b

ove
covarian

ce
ex

p
ression

s.
A

d
d
ition

ally,
let

f
(k

)
∗

=
f
k (x
∗ )

d
en

ote
th

e
valu

e
of

th
e

resp
o
n
se
f
k (x

)
at

an
y
x
∗ ∈

Ω
k ,

an
d

let
y
T

=
(y

T1
,y

T2
,...,y

TK
).

T
h
e

p
rior

join
t

d
istrib

u
tion

o
f
f

(k
)

∗
,
y

a
n
d
δ

is


f

(k
)

∗yδ


∼
N




000


, 

c∗∗
c

(k
)
∗D

c
(k

)
∗
,δ

c
(k

)
D
∗
C
D
D

C
D
,δ

c
(k

)
δ,∗

C
δ,D

C
δ,δ

 
,

(5)

w
h
ere

th
e

ex
p
ression

s
of

th
e

covarian
ce

b
lo

ck
s

are
giv

en
b
y
c∗∗

=
C

ov
(f

(k
)

∗
,f

(k
)

∗
),

c
(k

)
∗D

=
(C

ov
(f

(k
)

∗
,y

1 ),C
ov

(f
(k

)
∗
,y

2 ),...,C
ov

(f
(k

)
∗
,y

K
)),

c
(k

)
∗
δ

=
(C

ov
(f

(k
)

∗
,δ

1
,1 ),C

ov
(f

(k
)

∗
,δ

1
,2 ),...,C

ov
(f

(k
)
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,δ
K
,K
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cD
D

=
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C
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C
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K

)
C
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(y

2 ,y
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C
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2 ,y

2 )
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C
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2 ,y

K
)
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...
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C
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(y
K
,y

1 )
C
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K
,y
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K
,y

K
)
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P
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r
k
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n
d

A
p
l
e
y

C
D
,δ

=



C
ov

(y
1 ,δ

1
,1 )

C
ov

(y
1 ,δ

1
,2 )

...
C

ov
(y

1 ,δ
K
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)
C

ov
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2 ,δ
1
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ov
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2 ,δ

1
,1 )

...
C

ov
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2 ,δ
K
,K
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...
...

...
C

ov
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K
,δ

1
,1 )

C
ov

(y
K
,δ

1
,2 )

...
C

ov
(y

K
,δ
K
,K

)


,

an
d

C
δ,δ

=



C
ov

(δ
1
,1 ,δ

1
,1 )

C
ov

(δ
1
,1 ,δ

1
,2 )

...
C

ov
(δ

1
,1 ,δ

K
,K

)
C

ov
(δ

1
,2 ,δ

1
,1 )

C
ov

(δ
1
,2 ,δ

1
,1 )

...
C

ov
(δ

1
,2 ,δ

K
,K

)
...

...
...

...
C

ov
(δ
K
,K
,δ

1
,1 )

C
ov

(δ
K
,K
,δ

1
,2 )

...
C

ov
(δ
K
,K
,δ
K
,K

)


.

N
ote

th
at

join
t

covarian
ce

m
atrix

is
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sp
arse,

b
ecau

se
of

th
e

m
an

y
zero

valu
es
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(3)

an
d

(4).F
rom

th
e

stan
d
ard

G
P

m
o
d
elin

g
resu

lts
ap

p
lied

to
th

e
au

gm
en

ted
d
ata,

th
e

p
osterior

p
red

ictive
d
istrib

u
tion

of
f

(k
)

∗
given

y
a
n
d

th
e

p
seu

d
o

ob
servation

s
δ

=
0

is
G

au
ssian

w
ith

m
ean

E
[f

(k
)

∗
|y
,δ

=
0

]
=

(c
(k

)
∗D
−
c

(k
)
∗
δ
C
−

1
δ,δ C

TD
δ )(C

D
D
−
C
D
δ C
−

1
δ,δ C

TD
δ ) −

1y
.

(6)

an
d

varian
ce

V
ar[f

(k
)

∗
|y
,δ

]
=
c∗∗ −

c
(k

)
∗
,δ C

−
1

δ,δ c
(k

)
δ∗

−
(c

(k
)
∗D
−
c

(k
)
∗
δ
C
−

1
δ,δ C

TD
δ )(C

D
D
−
C
D
δ C
−

1
δ,δ C

TD
δ ) −

1(c
(k

)
D
∗ −

C
D
δ C
−

1
δ,δ c

(k
)

δ∗
).

(7)

T
h
e

d
erivation

of
th

e
p
red

ictive
m

ean
an

d
varian

ce
can

b
e

fou
n
d

in
A

p
p

en
d
ix

A
.

O
n
e

im
p
lication

of
th

e
con

tin
u
ity

im
p

osed
b
y

in
clu

d
in

g
th

e
p
seu

d
o

ob
servation

s
δ

=
0

is
th

at
th

e
p

osterior
p
red

ictive
m

ean
s

an
d

varian
ces

of
f

(k
)

∗
an

d
f

(l)
∗

for
tw

o
n
eigh

b
orin

g
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s
Ω
k

an
d

Ω
l

are
eq

u
al

at
th

e
sp

ecifi
ed

in
p
u
t

b
ou

n
d
ary

lo
cation

s
x
k
,l ;

see
A

p
p

en
d
ix

B
for

d
etails.

T
h
e

con
tin

u
ity

im
p

osed
certain

ly
d
o
es

n
ot

gu
aran

tee
th

at
th

e
p

osterior
m

ean
s

an
d

varian
ces

of
f

(k
)

∗
an

d
f

(l)
∗

are
eq

u
al

fo
r

every
x
∗
∈

Γ
k
,l ,

in
clu

d
in

g
th

ose
n
ot

in
th

e
lo

cation
s

of
p
seu

d
o

ob
servation

s
x
k
,l .

O
u
r

n
u
m

erical
ex

p
erim

en
ts

in
S
ection

5
d
em

on
strate

th
at

as
w

e
p
lace

m
ore

p
seu

d
o

in
p
u
ts,

th
e

p
osterior

m
ean

s
an

d
varian

ces
of
f

(k
)

∗
an

d
f

(l)
∗

con
verge

to
each

oth
er.

F
rom

th
e

p
reced

in
g,

ou
r

p
rop

osed
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p
roach

en
forces

th
at

th
e

tw
o

lo
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G
P

m
o
d
els

for
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o
n
eigh

b
orin

g
lo

cal
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s
h
ave

th
e

sam
e

p
osterior

p
red

ictive
m

ean
s

an
d

varian
ces

(an
d

th
ey

satisfy
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even
stron

ger
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d
ition

,
th

at
th

e
resp

on
ses

th
em

selves
are

id
en

tical)
at

th
e

ch
osen

set
of

b
ou

n
d
ary

p
oin

ts
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on
d
in

g
to

th
e

p
seu

d
o

ob
servation

s.
W

e
v
iew

th
is
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p
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g

togeth
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th
e

in
d
ep

en
d
en

t
lo
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m

o
d
els

in
a

n
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n
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u
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s
w

ay.
T

h
e
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osen
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b
ou

n
d
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p
oin

ts
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e
stitch

es
w

h
en

p
atch

in
g

togeth
er

th
e

p
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an
d

th
e

m
ore

b
ou

n
d
ary

p
oin

ts
are

ch
osen

,
th

e
closer

th
e

m
o
d
els

are
to

b
ein

g
con

tin
u
ou

s
over

th
e

en
tire

b
ou

n
d
ary.

In
ligh

t
of

th
is,

w
e

refer
to

th
e

ap
p
roach

as
pa

tch
w

o
rk

krigin
g.

3
.2

H
y
p

e
rp

a
ra

m
e
te

r
L

e
a
rn

in
g

a
n

d
P

re
d

ic
tio

n

T
h
e

h
y
p

erp
aram

eters
of

th
e

covarian
ce

fu
n
ction

(s)
c
k (·,·)

d
eterm

in
e

th
e

correlatio
n

am
on

g
th

e
valu

es
of
f

(x
),

w
h
ich

h
as

sign
ifi

can
t

eff
ect

on
th

e
accu

racy
of

a
G

au
ssian

p
ro

cess
re-

gression
.

W
e

join
tly

estim
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all
correlation

p
aram

eters
(m

u
ltip

le
sets

of
p
aram

eters
if
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P
a
t
c
h
w
o
r
k

K
r
ig
in
g

d
iff

er
en

t
c k

(·,
·)

ar
e

as
su

m
ed

fo
r

ea
ch

re
gi

on
)

u
si

n
g

m
ax

im
u
m

li
ke

li
h
o
o
d

es
ti

m
at

io
n

(M
L

E
)

b
y

m
in

im
iz

in
g

th
e

n
eg

at
iv

e
lo

g
m

ar
gi

n
al

li
ke

li
h
o
o
d
,

N
L

(θ
)

=
−

lo
g
p
(y
,δ

=
0
|θ)

=
N 2

lo
g
(2
π

)
+

1 2
lo

g

∣ ∣ ∣ ∣
C
D
D

C
D
,δ

C
δ,
D

C
δ,
δ

∣ ∣ ∣ ∣+
1 2

[y
T
0
T

][
C
D
D

C
D
,δ

C
δ,
D

C
δ,
δ

] −
1
[
y 0

]
(8

)

N
ot

e
th

at
w

e
h
av

e
au

gm
en

te
d

th
e

d
at

a
to

in
cl

u
d
ed

th
e

p
se

u
d
o

ob
se

rv
at

io
n
s
δ

=
0

in
th

e
li
ke

-
li
h
o
o
d

ex
p
re

ss
io

n
,

w
h
ic

h
re

su
lt

s
in

a
b

et
te

r
b
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av

ed
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ke

li
h
o
o
d

b
y

im
p

os
in

g
so

m
e
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n
ti

n
u
it

y
ac

ro
ss

re
gi
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s.

T
h
is

es
se

n
ti

al
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al
lo

w
s

d
at

a
to

b
e

sh
ar

ed
ac

ro
ss

re
gi

o
n
s

w
h
en

es
ti

m
at

in
g

th
e

co
va

ri
an

ce
p
ar

am
et

er
s.

U
si

n
g

th
e

p
ro

p
er

ti
es

of
a

d
et

er
m

in
an

t
fo

r
a

p
ar

ti
ti

o
n
ed

m
at

ri
x
,

th
e

d
et

er
m

in
an

t
p
ar

t
in

th
e

m
ar

gi
n
al

li
ke

li
h
o
o
d

b
ec

om
es

∣ ∣ ∣ ∣
C
D
D

C
D
,δ

C
δ,
D

C
δ,
δ

∣ ∣ ∣ ∣=
|C
D
D
||C

δ,
δ
−
C
δ,
D
C
−

1
D
D
C
D
,δ
|,

w
h
ic

h
ca

n
b

e
u
se

d
to

co
m

p
u
te

th
e

lo
g

d
et

er
m

in
an

t
te

rm
in
N
L

(θ
)

as
fo

ll
ow

s,

lo
g

∣ ∣ ∣ ∣
C
D
D

C
D
,δ

C
δ,
D

C
δ,
δ

∣ ∣ ∣ ∣=
lo

g
|C
D
D
|+

lo
g
∣ ∣ C

δ,
δ
−
C
δ,
D
C
−

1
D
D
C
D
,δ

∣ ∣ .

N
ot

e
th

at
th

e
lo

g
d
et

er
m

in
an

t
of

th
e

b
lo

ck
d
ia

go
n
al

m
at

ri
x
C
D
D

is
eq

u
a
l

to
th

e
su

m
of

th
e

lo
g

d
et

er
m

in
an

ts
of

it
s

d
ia

go
n
al

b
lo

ck
s,

an
d
C
δ,
δ
−
C
δ,
D
C
−

1
D
D
C
D
,δ

is
ve

ry
sp

ar
se

,
so

th
e

ch
ol

es
k
y

d
ec

om
p

os
it

io
n

of
th

e
sp

ar
se

m
at

ri
x

ca
n

b
e

ta
k
en

to
ev

al
u
at

e
th

ei
r

d
et

er
m

in
an

ts
;

w
e

w
il
l

d
et

ai
l

th
e

sp
ar

si
ty

d
is

cu
ss

io
n

in
th

e
n
ex

t
se

ct
io

n
.

E
va

lu
a
ti

n
g

th
e

q
u
ad

ra
ti

c
te

rm
of

th
e

n
eg

at
iv

e
lo

g
m

ar
gi

n
al

li
ke

li
h
o
o
d

fu
n
ct

io
n

in
vo

lv
es

th
e

in
ve

rs
io

n
of

(C
D
D
−
C
D
δ
C
−

1
δ,
δ
C
T D
δ
).

T
h
e

in
ve

rs
io

n
ca

n
b

e
eff

ec
ti

ve
ly

ev
al

u
at

ed
u
si

n
g

(C
D
D
−
C
D
δ
C
−

1
δ,
δ
C
T D
δ
)−

1
=
C
−

1
D
D

+
C
−

1
D
D
C
D
δ
(C

δ,
δ
−
C
T D
δ
C
−

1
D
D
C
D
δ
)−

1
C
T D
δ
C
−

1
D
D
.

(9
)

A
ft

er
th

e
h
y
p

er
p
ar

am
et

er
s

w
er

e
ch

os
en

b
y

th
e

M
L

E
cr

it
er

io
n
,

ev
al

u
at

in
g

th
e

p
re

d
ic

ti
ve

m
ea

n
an

d
va

ri
an

ce
fo

r
th

e
p
at

ch
w

or
k

k
ri

gi
n
g

m
o
d
el

ca
n

b
e

p
er

fo
rm

ed
as

fo
ll
ow

s.
L

et
Q

d
en

ot
e

th
e

in
v
er

si
on

re
su

lt
of

(9
),

an
d

le
t
L

d
en

ot
e

th
e

ch
ol

es
k
y

d
ec

om
p

os
it

io
n

of
C
δ,
δ

su
ch

th
at
C
δ,
δ

=
L
L
T

.
A

ft
er

th
e

p
re

-c
om

p
u
ta

ti
on

of
th

e
tw

o
m

at
ri

ce
s

a
n
d
v

=
L
−

1
C
T D
δ
,

th
e

p
re

d
ic

ti
ve

m
ea

n
(6

)
an

d
th

e
p
re

d
ic

ti
ve

va
ri

a
n
ce

(7
)

ca
n

b
e

ev
al

u
at

ed
fo

r
ea

ch
x
∗
∈

Ω
k
,

E[
f

(k
)

∗
|y
,δ

=
0

]
=

(c
(k

)
∗D
−
w
T ∗
v

)Q
y

V
ar

[f
(k

)
∗
|y
,δ

=
0

]
=
c ∗
∗
−
w
T ∗
w
∗
−

(c
(k

)
∗D
−
w
T ∗
v

)Q
(c

(k
)
∗D
−
w
T ∗
v

)T
,

(1
0)

w
h
er

e
w
∗

=
L
−

1
(c

(k
)
∗δ

)T
.

T
h
e

co
m

p
u
ta

ti
on

st
ep

s
of

p
at

ch
w

or
k

k
ri

gi
n
g

w
er

e
d
es

cr
ib

ed
in

A
lg

or
it

h
m

1.

3
.3

S
p

a
rs

it
y

a
n

d
C

o
m

p
le

x
it

y
A

n
a
ly

si
s

T
h
e

co
m

p
u
ta

ti
on

al
ex

p
en

se
of

p
at

ch
w

or
k

k
ri

gi
n
g
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m

u
ch

le
ss

th
an

th
a
t
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e
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al

G
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.

T
h
e

co
m

p
u
ta

ti
on

al
ex

p
en

se
of

th
e

p
at

ch
w

or
k

k
ri

gi
n
g

m
o
d
el

is
d
om

in
at

ed
b
y

ev
al

u
at

in
g

th
e

in
ve

rs
io

n
(9

).
T

h
e

in
ve

rs
io

n
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m
es

in
tw

o
p
ar

ts
.
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h
e

fi
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t
p
ar

t
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v
er

t
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P
a
r
k

a
n
d

A
p
l
e
y

A
lg

o
ri

th
m

1
C

om
p
u
ta

ti
on

S
te

p
s

fo
r

P
at

ch
w

or
k

K
ri

gi
n
g

R
e
q
u

ir
e
:

1
:

D
ec

om
p

os
it

io
n

of
d
om

ai
n
{Ω

k
;k

=
1,
..
.,
K
};

se
e

S
ec

ti
on

3.
4

fo
r

a
ch

oi
ce

.
2
:

L
o
ca

ti
on

s
of

p
se

u
d
o

d
at

a
{x

k
,l
;k
,l

=
1,
..
.,
K
};

se
e

S
ec

ti
on

3.
4

fo
r

a
ch

o
ic

e.
3
:

H
y
p

er
p
ar

am
et

er
s

of
co

va
ri

an
ce

fu
n
ct

io
n
c k

(·,
·);

u
se

th
e

M
L

E
cr

it
er

io
n

(8
)

fo
r

a
ch

o
ic

e.
In

p
u

t:
D

at
a
D

an
d

te
st

lo
ca

ti
on

x
∗

O
u

tp
u

t:
E[
f

(k
)

∗
|y
,δ

=
0

]
an

d
V

ar
[f

(k
)

∗
|y
,δ

=
0

]
4
:

E
v
a
lu

a
te

Q
=

(C
D
D
−
C
D
δ
C
−

1
δ,
δ
C
T D
δ
)−

1
u
si

n
g

(9
).

5
:

T
a
k
e

th
e

C
h
ol

es
k
y

D
ec

om
p

os
it

io
n

of
C
δ,
δ

=
L
L
T

.
6
:

E
v
a
lu

a
te
v

=
L
−

1
C
T D
δ
.

7
:

fo
r
x
∗
∈

Ω
k

d
o

8
:

E
v
a
lu

a
te
w
∗

=
L
−

1
(c

(k
)
∗δ

)T
.

9
:

E[
f

(k
)

∗
|y
,δ

=
0

]
=

(c
(k

)
∗D
−
w
T ∗
v

)Q
y

.

1
0
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ar
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)
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c ∗
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T ∗
w
∗
−
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(k

)
∗D
−
w
T ∗
v

)Q
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(k
)
∗D
−
w
T ∗
v

)T
.
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.
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ot
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lo
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n
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ri
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it
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e
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lo

ck
si

ze
eq

u
a
l

to
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.
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re
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p
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3
).

G
iv

en
C
−

1
D
D

,
ev

al
u
at

in
g
C
−

1
D
D
C
D
δ

ad
d
s
O

(K
B
M

2
)

to
th

e
co

m
p
u
ta

ti
on

al
ex

p
en

se
.

T
h
e

se
co

n
d

p
ar

t
of

th
e

in
v
er

si
on

(9
)

is
to

in
ve

rt
C
δ,
δ
−
C
T D
δ
C
−

1
D
D
C
D
δ
.

T
h
e

m
a
tr

ix

is
ve

ry
sp

ar
se

,
b

ec
au

se
C

ov
(δ
k
,l
,δ
u
,v

)
−
∑

K m
=

1
C

ov
(δ
k
,l
,y

m
)
C

ov
(y

m
,y

m
)−

1
C

ov
(y

m
,δ
u
,v

)
is

a
ze

ro
m

at
ri

x
u
n
le

ss
th

e
tu

p
le

(k
,l
,u
,v

)
sa

ti
sfi

es
th

e
n
on

-z
er

o
co

n
d
it

io
n
s

li
st

ed
in

(4
).

T
h
e

sy
m

m
et

ri
c

sp
ar

se
m

at
ri

x
ca

n
b

e
co

n
ve

rt
ed

in
to

a
sy

m
m

et
ri

c
sp

a
rs

e
b
a
n
d
ed

m
a
tr

ix
b
y

th
e

re
ve

rs
e

C
u
th

il
l-

M
cK

ee
al

go
ri

th
m

(C
h
an

an
d

G
eo

rg
e,

19
80

),
an

d
th

e
co

m
p
u
ta

ti
o
n
a
l

co
m

p
le

x
it

y
of

th
e

co
n
ve

rs
io

n
al

go
ri

th
m

is
li
n
ea

rl
y

p
ro

p
or

ti
on

al
to

th
e

n
u
m

b
er

o
f

n
o
n
-z

er
o

el
em

en
ts

in
th

e
or

ig
in

al
sp

ar
se

m
at

ri
x
.

L
et
d
f

d
en

ot
e

th
e

n
u
m

b
er

of
n
ei

g
h
b

o
ri

n
g

lo
ca

l
re

gi
on

s
of

ea
ch

lo
ca

l
re

gi
on

,
an

d
B

d
en

ot
e

th
e

n
u
m

b
er

of
p
se

u
d
o

ob
se

rv
at

io
n
s

p
la

ce
d

p
er

b
ou

n
d
ar

y.
T

h
e

n
u
m

b
er

of
n
on

-z
er

o
el

em
en

ts
in

th
e

sp
ar

se
m

at
ri

x
is
O

(d
f
B
K

),
so

th
e

ti
m

e
co

m
p
le

x
it

y
of

th
e

re
v
er

se
C

u
th

il
l-

M
cK

ee
al

go
ri

th
m

is
O

(d
f
B
K

).
T

h
e

b
a
n
d
w

id
th

of
th

e
re

su
lt

in
g

sp
ar

se
m

at
ri

x
is

li
n
ea

rl
y

p
ro

p
or

ti
on

al
to

d
f
B

,
an

d
th

e
si

ze
o
f

th
e

m
a
tr

ix
is

p
ro

p
or

ti
on

al
to

d
f
B
K

.
T

h
e

co
m

p
le

x
it

y
of

ta
k
in

g
th

e
in

ve
rs

e
of

a
sy

m
m

et
ri

c
b
a
n
d
ed

m
at

ri
x

w
it

h
si

ze
r

an
d

b
an

d
w

id
th
p

th
ro

u
gh

C
h
ol

es
k
y

d
ec

om
p

os
it

io
n

is
O

(r
p

2
)

(G
o
lu

b
a
n
d

V
an

L
oa

n
,

20
12

,
p
p
.

15
4)

.
T

h
er

ef
o
re

,
th

e
co

m
p
le

x
it

y
of

in
ve

rt
in

g
C
δ,
δ
−
C
T D
δ
C
−

1
D
D
C
D
δ

is
O

(d
3 f
B

3
K

).
N

ot
e

th
at
d
f
∝
d

if
d
at

a
ar

e
m

or
e

d
en

se
ly

d
is

tr
ib

u
te

d
ov

er
th

e
en

ti
re

in
p
u
t

d
im

en
si

on
s,

an
d
d
f
∝
d
′

if
d
at

a
ar

e
a
d
′ -

d
im

en
si

on
al

em
b

ed
d
in

g
in
d

d
im

en
si

o
n
a
l

sp
a
ce

.
T

h
e

co
m

p
le

x
it

y
b

ec
om

es
O

(d
3
B

3
K

)
fo

r
th

e
w

o
rs

t
ca

se
sc

en
ar

io
.

T
h
er

ef
or

e,
th

e
to

ta
l

co
m

p
u
ta

ti
on

al
ex

p
en

se
of

th
e

in
ve

rs
io

n
(9

)
is
O

(K
M

3
+
K
B
M

2
+

d
3 f
B

3
K

).
T

y
p
ic

al
ly

,
B
�
M

,
in

w
h
ic

h
ca

se
th

e
co

m
p
le

x
it

y
is
O

(K
M

3
+
d

3 f
B

3
K

).
N

o
te

th
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M
≈
N
/K

,
w

h
er

e
th

e
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p
ro

x
im

at
io

n
er

ro
r

is
d
u
e

to
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u
n
d
in

g
N
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g
er
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e.
T
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ef
or

e,
th

e
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m
p
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x
it
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n
b

e
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ri
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en
a
s
O
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3
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2
+
d

3 f
B

3
K

).
G
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en

a
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x
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d
a
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si
ze

N
,

m
or

e
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li
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e
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n

w
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l
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u
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e
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m

p
u
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ti
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m
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d
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e
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e
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m

p
le
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b
u
t
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o

m
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w
ou

ld
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e
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n
d
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w
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w
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a
t
c
h
w
o
r
k

K
r
ig
in
g

b
e

sh
ow

n
la

ter
in

S
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6.
W

h
en

d
ata

are
d
en

se
in

th
e

in
p
u
t

sp
ace,

d
f
∝
d
,

for
w

h
ich

th
e

com
p
lex

ity
w

ou
ld

in
crease

in
d

3.
F

o
r
d
<

10,
th

e
eff

ect
is

p
retty

ig
n
orab

le
u
n
less

B
is

very
la

rg
e,

b
u
t

it
b

ecom
es

sign
ifi

can
t

w
h
en

d
>

10.
T

h
is

com
p
u
tation

issu
e

related
to

d
ata

d
im

en
sio

n
s

b
asically

su
ggests

to
lim

it
th

e
p
ractical

u
se

of
th

is
m

eth
o
d

to
d

less
th

an
1
0
0
.

W
e

w
ill

la
ter

d
iscu

ss
m

ore
on

th
is

issu
e

an
d

h
ow

to
ch

o
ose

K
a
n
d
B

to
b
alan

ce
off

th
e

co
m

p
u
ta

tion
a
n
d

p
red

iction
accu

racy
in

S
ection

5.2.

In
a
d
d
itio

n
to

th
e

com
p
u
tation

al
ex

p
en

se
of

th
e

b
ig

in
verse,

ad
d
ition

al
in

crem
en

tal
co

m
p
u
ta

tion
s

are
n
eed

ed
p

er
each

test
lo

cation
x
∗ .

T
h
e

fi
rst

p
art

is
to

evalu
ate

for
th

e
p
red

ictive
m

ea
n

an
d

varian
ces,

(c
(k

)
∗D
−
c

(k
)
∗
δ
C
−

1
δ,δ C

TD
δ ).

(11)

N
o
te

th
a
t

th
e

elem
en

ts
in
c

(k
)
∗D

are
m

ostly
zero

ex
cep

t
for

th
e

colu
m

n
s

th
at

corresp
on

d

to
D
k

(size
M

),
an

d
sim

ilarly
m

ost
elem

en
ts

of
c

(k
)
∗
δ

are
zero

ex
cep

t
for

th
e

colu
m

n
s

th
at

co
rresp

o
n
d

to
δ
k
,l ’s

(size
d
f B

).
T

h
e

cost
of

evalu
atin

g
(11)

is
O

(M
+
d
f B

).
T

h
erefore,

th
e

co
st

o
f

th
e

p
red

ictiv
e

m
ean

p
red

iction
p

er
a

test
lo

cation
is
O

(M
+
d
f B

),
an

d
th

e
cost

for
th

e
p
red

ictiv
e

varian
ce

is
O

((M
+
d
f B

)
2).

W
h
en

d
ata

are
d
en

se
in

th
e

in
p
u
t

d
im

en
sion

s,
th

e
co

sts
b

eco
m

e
O

(M
+
d
B

)
an

d
O

((M
+
d
B

)
2).

3
.4

T
u

n
in

g
P

a
ra

m
e
te

r
S

e
le

c
tio

n

T
h
e

p
erfo

rm
a
n
ce

of
th

e
p
rop

osed
p
atch

w
ork

k
rigin

g
m

eth
o
d

d
ep

en
d
s

o
n

th
e

ch
oice

of
tu

n
in

g
p
a
ra

m
eters,

in
clu

d
in

g
th

e
n
u
m

b
er

of
p
artition

s
(K

)
an

d
th

e
n
u
m

b
er

(B
)

an
d

lo
cation

s
(x
k
,l )

o
f

th
e

p
seu

d
o

o
b
servation

s.
T

h
is

section
p
resen

ts
g
u
id

elin
es

for
th

ese
ch

oices.
C

h
o
osin

g
th

e
lo

ca
tio

n
s

o
f

p
seu

d
o

ob
servation

s
is

related
to

th
e

ch
oice

of
d
om

ain
p
artition

in
g.

In
th

is
sectio

n
,

w
e

d
iscu

ss
th

e
ch

oices
of

th
e

lo
cation

s
an

d
p
artition

in
g

togeth
er.

T
h
ere

a
re

m
an

y
ex

istin
g

m
eth

o
d
s

to
p
artition

a
large

set
of

d
ata

in
to

sm
aller

p
ieces.

T
h
e

sim
p
lest

sp
atial

p
artition

in
g

is
a

u
n
iform

grid
p
artition

in
g

th
at

d
iv

id
es

a
d
o
m

a
in

in
to

u
n
ifo

rm
g
rid

s
a
n
d

sp
lits

d
ata

accord
in

gly
(P

ark
et

al.,
2011

;
P

ark
an

d
H

u
an

g,
2016).

T
h
is

is
sim

p
le

a
n
d

eff
ectiv

e
if

th
e

d
ata

are
u
n
iform

ly
d
istrib

u
ted

ov
er

a
low

d
im

en
sion

al
sp

ace.
H

ow
ev

er,
if

th
e

in
p
u
t

d
im

en
sion

is
h
igh

,
it

w
ou

ld
eith

er
gen

erate
to

o
m

an
y

regio
n
s

or
it

w
o
u
ld

p
ro

d
u
ce

m
an

y
sp

arse
region

s
th

a
t

con
tain

very
few

or
n
o

ob
servation

s,
an

d
th

e
la

tter
a
lso

h
a
p
p

en
s

w
h
en

th
e

d
ata

are
n
on

-u
n
iform

ly
d
istrib

u
ted

;
see

ex
am

p
les

in
F

igu
re

2-(c)
a
n
d

F
ig

u
re

2-(e).
S
h
en

et
al.

(2006)
u
sed

a
k
d
-tree

for
sp

atial
p
artition

in
g

of
u
n
even

ly
d
istrib

u
ted

d
ata

p
oin

ts
in

a
h
igh

d
im

en
sion

al
sp

ace.
A

k
d
-tree

is
a

recu
rsive

p
artition

in
g

sch
em

e
th

a
t

recu
rsiv

ely
b
isects

th
e

su
b
sp

aces
alon

g
on

e
ch

osen
d
ata

d
im

en
sion

at
a

tim
e.

L
a
ter,

M
cF

ee
an

d
L

an
ck

riet
(2011)

gen
era

lized
it

to
th

e
sp

atial
tree.

S
ta

rtin
g

w
ith

a
level

0
sp

a
ce

Ω
(0

)
1

eq
u
al

to
th

e
en

tire
regression

d
om

ain
,

th
e

sp
atial

tree
recu

rsively
b
isects

each

o
f

level
s

sp
a
ces

in
to

tw
o

lev
el
s

+
1

sp
aces.

L
et

Ω
(s)
j
∈
R
d

d
en

o
te

th
e
jth

region
in

th
e

level
s

sp
a
ce.

It
is

b
isected

in
to

tw
o

level
s

+
1

sp
aces

as

Ω
(s+

1
)

2
j−

1
=
{x
∈

Ω
(s)
j

:
v
Tj,s x
≤
ν}

an
d

Ω
(s+

1
)

2
j

=
{
x
∈

Ω
(s)
j

:
v
Tj,s x

>
ν}.

(12)

E
a
ch

o
f

Ω
(s+

1
)

2
j−

1
an

d
Ω

(s+
1
)

2
j

w
ill

b
e

fu
rth

er
p
artition

ed
in

th
e

n
ex

t
level

u
sin

g
th

e
sam

e
p
ro

ced
u
re.

T
h
e

ch
oice

of
th

e
lin

ear
p
ro
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v
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v
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d
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d
s

on
th

e
d
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u
tion

of
th

e

1
1
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p
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n
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n
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u
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e
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a
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n
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Ω

(s
)

j
.

F
or

ex
am

p
le

,
it

ca
n

b
e

th
e

fi
rs

t
p
ri

n
ci

p
al

co
m

p
on

en
t

d
ir

ec
ti

on

of
th

e
lo

ca
l

d
at

a.
T

h
e

va
lu

e
fo

r
ν

is
ch

os
en

so
th

at
Ω

(s
+

1
)

2
j−

1
an

d
Ω

(s
+

1
)

2
j

h
av

e
a
n

eq
u
al

n
u
m

b
er

of
ob

se
rv

at
io

n
s.

In
th

is
se

n
se

,
th

e
su

b
re

gi
on

s
at

th
e

sa
m

e
le

ve
l

ar
e

eq
u
al

ly
si

ze
d
,

w
h
ic

h
h
el

p
s

to
le

ve
l

off
th

e
co

m
p
u
ta

ti
on

ti
m

es
of

th
e

lo
ca

l
m

o
d
el

s.
W

h
en

th
e

sp
at

ia
l

tr
ee

is
ap

p
li
ed

on
d
at

a
u
n
if

or
m

ly
d
is

tr
ib

u
te

d
ov

er
a

re
ct

an
gu

la
r

d
om

ai
n
,

it
p
ro

d
u
ce

s
a

u
n
if

or
m

gr
id

p
ar

ti
ti

on
in

g;
se

e
ex

am
p
le

s
in

F
ig

u
re

2-
(b

).
T

h
e

sp
at

ia
l

tr
ee

is
m

or
e

eff
ec

ti
ve

th
a
n

th
e

gr
id

p
ar

ti
ti

on
in

g
w

h
en

d
at

a
is

u
n
ev

en
ly

d
is

tr
ib

u
te

d
;

se
e

ex
am

p
le

s
in

F
ig

u
re

2-
(d

)
an

d
F

ig
u
re

2-
(f

). In
th

is
w

or
k
,

w
e

u
se

a
sp

at
ia

l
tr

ee
w

it
h

th
e

p
ri

n
ci

p
al

co
m

p
on

en
t

(P
C

)
d
ir

ec
ti

on
fo

r
v
j,
s
.

B
is

ec
ti

n
g

a
sp

ac
e

al
on

g
th

e
P

C
d
ir

ec
ti

on
h
a
s

eff
ec

ts
of

m
in

im
iz

in
g

th
e

ar
ea

of
th

e
in

te
rf

ac
ia

l
b

ou
n
d
ar

ie
s

in
b

et
w

ee
n

th
e

tw
o

b
is

ec
te

d
re

gi
on

s,
so

th
e

n
u
m

b
er

of
th

e
p
se

u
d
o

ob
se

rv
at

io
n
s

n
ec

es
sa

ry
fo

r
co

n
n
ec

ti
n
g

th
e

tw
o

re
gi

on
s

ca
n

b
e

m
in

im
iz

ed
.

T
h
e

m
ax

im
u
m

le
ve

l
of

th
e

re
cu

rs
iv

e
p
ar

ti
ti

on
in

g
d
ep

en
d
s

on
th

e
ch

oi
ce

of
K

v
ia
s m

a
x

=
blo

g
2
K
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C

om
p
ar

is
on

of
T

ot
al

C
om

p
u
ta

ti
on

T
im

es
v
s.

M
S
E

fo
r

S
im

u
la

te
d

C
a
se

s;
tr

ia
n
g
le

s,
st

ar
s

an
d

ci
rc

le
s

re
p
re

se
n
t

d
at

a
fo

r
th

e
p
at

ch
w

or
k

k
ri

gi
n
g,

P
IC

an
d

R
B

C
M

re
sp

ec
ti

ve
ly

.
T

h
e

n
u
m

b
er

of
ci

rc
le

s
ar

e
n
ot

al
w

ay
s

sa
m

e
b

ec
au

se
P

IC
co

u
ld

n
ot

p
ro

d
u
ce

ou
tc

o
m

es
fo

r
so

m
e

si
m

u
la

te
d

ca
se

s
d
u
e

to
si

n
gu

la
ri

ty
in

n
u
m

er
ic

al
in

ve
rs

io
n
.

ti
on

s
ar

e
u
n
if

or
m

ly
sp

re
ad

ov
er

th
e

ra
n
ge

of
th

e
tw

o
p
re

d
ic

to
rs

.
T

h
e

m
ai

n
an

a
ly

si
s

o
b

je
ct

iv
e

w
it

h
th

is
d
at

as
et

is
to

p
re

d
ic

t
th

e
to

ta
l

co
lu

m
n

of
o
zo

n
e

at
u
n
ob

se
rv

ed
lo

ca
ti

o
n
s.

T
h
e

se
co

n
d

d
at

as
et

,
I
C
E
T
H
I
C
K
,

co
n
ta

in
s

ic
e

th
ic

k
n
es

s
m

ea
su

re
m

en
ts

at
3
2
,4

8
1

lo
ca

ti
o
n
s

on
th

e
w

es
te

rn
A

n
ta

rc
ti

c
ic

e
sh

ee
t

an
d

is
av

ai
la

b
le

at
h
t
t
p
:
/
/
n
s
i
d
c
.
o
r
g
/
.

It
h
a
s

tw
o

p
re

d
ic

to
rs

th
at

re
p
re

se
n
t

th
e

lo
n
gi

tu
d
e

an
d

la
ti

tu
d
e

of
a

m
ea

su
re

m
en

t
lo

ca
ti

o
n
,

a
n
d

th
e
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P
a
t
c
h
w
o
r
k

K
r
ig
in
g

co
rresp

o
n
d
in

g
in

d
ep

en
d
en

t
variab

le
is

th
e

ice
th

ick
n
ess

m
easu

rem
en

t.
T

h
e

d
a
taset

h
as

m
an

y
sp

a
rse

region
s

w
h
ere

th
ere

are
very

few
ob

servation
s.

R
egression

an
aly

sis
w

ith
th

is
d
a
ta

set
w

o
u
ld

g
ive

th
e

p
red

iction
of

ice
th

ick
n
ess

at
u
n
ob

serv
ed

lo
cation

s.

T
h
e

th
ird

d
ataset,

P
R
O
T
E
I
N
,
h
as

n
in

e
in

p
u
t

variab
les

th
at

d
escrib

e
th

e
tertiary

stru
ctu

re
o
f

p
ro

tein
s

a
n
d

on
e

in
d
ep

en
d
en

t
variab

le
th

at
d
escrib

es
th

e
p
h
y
sio

ch
em

ical
p
rop

erty
of

p
ro-

tein
s.

T
h
ese

d
ata,

w
h
ich

are
availab

le
at

h
t
t
p
s
:
/
/
a
r
c
h
i
v
e
.
i
c
s
.
u
c
i
.
e
d
u
/
m
l
/
d
a
t
a
s
e
t
s
,

co
n
sist

o
f

4
5
,7

3
0

ob
servation

s.
L

ike
ty

p
ical

h
igh

d
im

en
sion

al
d
atasets,

th
e

m
easu

rem
en

ts
a
re

em
b

ed
d
ed

on
a

low
d
im

en
sion

al
su

b
sp

ace
of

th
e

en
tire

d
om

ain
.

T
h
is

d
ataset

can
b

e
stu

d
ied

to
rela

te
th

e
stru

ctu
re

of
a

p
rotein

w
ith

th
e

p
h
y
sio

ch
em

ical
p
rop

erty
of

th
e

p
ro

tein
fo

r
p
red

ictin
g

th
e

p
rop

erty
from

th
e

stru
ctu

re.

T
h
e

fo
u
rth

d
ataset,

S
A
R
C
O
S
,

con
tain

s
m

easu
rem

en
ts

from
a

seven
d
egrees-o

f-freed
om

S
A

R
C

O
S

a
n
th

rop
om

orp
h
ic

rob
ot

arm
.

T
h
ere

are
21

p
red

ictors
th

at
d
escrib

e
th

e
p

osi-
tio

n
s,

m
ov

in
g

velo
cities

an
d

acceleration
s

of
seven

join
ts

of
th

e
rob

ot
arm

,
an

d
th

e
sev

en
resp

o
n
se

varia
b
les

are
th

e
corresp

on
d
in

g
torq

u
es

at
th

e
seven

join
ts.

W
e

o
n
ly

u
se

th
e

fi
rst

resp
o
n
se

va
ria

b
le

for
th

is
n
u
m

erical
stu

d
y.

T
h
e

d
ataset,

w
h
ich

is
availab

le
at

h
t
t
p
:
/
/
w
w
w
.

g
a
u
s
s
i
a
n
p
r
o
c
e
s
s
.
o
r
g
/
g
p
m
l
/
d
a
t
a
/
,

con
tain

s
44,484

train
in

g
ob

servation
s

an
d

4,449
test

o
b
serva

tion
s.

T
h
e

m
ain

ob
jective

of
th

e
regression

an
aly

sis
is

to
p
red

ict
o
n
e

of
th

e
join

t
to

rq
u
es

in
a

ro
b

ot
arm

w
h
en

th
e

valu
es

of
th

e
p
red

ictors
are

availab
le.

T
h
e

la
st

d
a
taset,

F
L
I
G
H
T
,

con
sists

of
800,000

fl
igh

t
record

s
ran

d
om

ly
selected

from
th

e
d
a
ta

b
a
se

availab
le

at
h
t
t
p
:
/
/
s
t
a
t
-
c
o
m
p
u
t
i
n
g
.
o
r
g
/
d
a
t
a
e
x
p
o
/
2
0
0
9
/
.

T
h
e

sam
e

size
su

b
set

o
f

th
e

d
atab

ase
w

as
u
sed

as
a

b
en

ch
m

ark
d
ataset

in
literatu

re
(H

en
sm

an
et

al.,
2
0
1
3
).

F
o
llow

in
g

th
e

u
se

in
th

e
litera

tu
re,

w
e

u
sed

8
p
red

ictors
th

at
in

clu
d
e

th
e

age
of

th
e

a
ircra

ft,
d
ista

n
ce

th
at

n
eed

s
to

b
e

covered
,

airtim
e,

d
ep

artu
re

tim
e,

arriva
l

tim
e,

d
ay

of
th

e
w

eek
,

d
ay

o
f

th
e

m
on

th
an

d
m

on
th

,
an

d
th

e
resp

on
se

variab
le

is
th

e
arriva

l
tim

e
d
elay.

T
h
is

d
a
ta

set
w

a
s

stu
d
ied

to
p
red

ict
th

e
fl
igh

t
d
elay

tim
e

w
h
en

th
e

p
red

ictors
a
re

given
.

U
sin

g
th

e
fi
ve

d
atasets,

w
e

com
p
are

th
e

com
p
u
tation

tim
e

an
d

p
red

iction
accu

racy
of

p
a
tch

w
o
rk

k
rig

in
g

w
ith

oth
er

m
eth

o
d
s.

W
e

ran
d
om

ly
sp

lit
each

d
ataset

in
to

a
train

in
g

set
co

n
ta

in
in

g
9
0
%

of
th

e
total

ob
servation

s
an

d
a

test
set

con
tain

in
g

th
e

rem
ain

in
g

10%
of

th
e

o
b
serva

tio
n
s.

T
o

com
p
are

th
e

com
p
u
tation

al
effi

cien
cy

of
m

eth
o
d
s,

w
e

m
easu

re
total

co
m

p
u
ta

tio
n

tim
es.

F
or

com
p
arison

of
p
red

iction
accu

racy,
w

e
m

ea
su

re
tw

o
p

erform
an

ce
m

etrics
o
n

th
e

test
d
ata,

d
en

oted
b
y
{
(x
t ,y

t )
:
t

=
1,...,T}

,
w

h
ere

T
is

th
e

size
o
f

th
e

test
set.

L
et
µ
t

an
d
σ

2t
d
en

ote
th

e
estim

ated
p

osterior
p
red

ictive
m

ea
n

a
n
d

varian
ce

at
lo

ca
tio

n
x
t ;

w
h
en

th
e

testin
g

lo
cation

x
t

is
in

th
e

d
om

ain
b

ou
n
d
ary

Γ
k
l ,

w
e

m
ay

h
ave

tw
o

p
red

iction
s,

o
n
e

for
f

(k
)(x

t )
an

d
th

e
oth

er
for

f
(l)(x

t ),
for

w
h
ich

w
e

ch
o
ose

on
e

for
f

(k
)(x

t )
if
k
<
l.

P
lea

se
n
ote

th
at

w
h
en

a
test

lo
cation

is
at

a
corn

er
w

h
ere

th
ree

or
m

ore
lo

cal
reg

io
n
s

m
eet,

w
e

d
o

h
ave

m
ore

th
an

tw
o

p
red

iction
s,

w
h
ich

d
id

n
ot

h
ap

p
en

in
all

of
ou

r
testin

g
scen

a
rio

s.
W

e
also

evalu
ated

th
e

sq
u
ared

T
h
e

fi
rst

m
easu

re
is

th
e

m
ean

sq
u
ared

erro
r

(M
S
E

)

M
S
E

=
1T

T
∑t=

1 (y
t −

µ
t )

2,
(15)
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P
a
r
k

a
n
d

A
p
l
e
y

w
h
ich

m
easu

res
th

e
accu

racy
of

th
e

m
ean

p
red

iction
µ
t

at
lo

cation
x
t .

T
h
e

secon
d

m
easu

re
is

th
e

n
egative

log
p
red

ictiv
e

d
en

sity
(N

L
P

D
)

N
L

P
D

=
1T

T
∑t=

1 [
(y
t −

µ
t )

2

2σ
2t

+
12

log
(2π

σ
2t ) ]

.
(16)

T
h
e

N
L

P
D

q
u
an

tifi
es

th
e

d
egree

of
fi
tn

ess
of

th
e

estim
ated

p
red

ictive
d
istrib

u
tion
N

(µ
t ,σ

2t )
for

th
e

test
d
ata.

T
h
ese

tw
o

criteria
a
re

u
sed

b
road

ly
in

th
e

G
P

regressio
n

literatu
re.

A
sm

aller
valu

e
of

M
S
E

or
N

L
P

D
in

d
icates

b
etter

p
erform

an
ce.

A
ll

n
u
m

erical
ex

p
erim

en
ts

w
ere

p
erform

ed
on

a
d
esk

top
com

p
u
ter

w
ith

In
tel

X
eon

P
ro

cessor
W

3520
an

d
6G

B
R

A
M

.
T

h
e

com
p
arison

w
as

m
ad

e
in

b
etw

een
ou

r
m

eth
o
d

an
d

th
e

state-of-th
e-art

p
rev

iou
sly

listed
.

N
ote

th
at

th
e

P
G

P
an

d
th

e
G

M
R

F
ap

p
roach

es
can

n
ot

b
e

ap
p
lied

for
m

ore
th

an
tw

o
in

p
u
t

d
im

en
sion

s,
an

d
so

w
ere

on
ly

com
p
ared

for
th

e
th

ree
sp

atial
d
atasets.

W
e

tried
tw

o
covarian

ce
fu

n
ction

s,
a

sq
u
ared

ex
p

on
en

tial
covarian

ce
fu

n
ction

an
d

an
ex

p
on

en
tial

covari-
an

ce
fu

n
ction

.
N

ote
th

at
th

e
P

IC
m

eth
o
d

d
o
es

n
ot

w
ork

w
ith

an
ex

p
on

en
tial

covarian
ce

fu
n
ction

b
ecau

se
learn

in
g

th
e

p
seu

d
o

in
p
u
ts

for
th

e
P

IC
m

eth
o
d

req
u
ires

th
e

d
erivative

of
a

covarian
ce

fu
n
ction

b
u
t

an
ex

p
on

en
tial

covarian
ce

fu
n
ction

is
n
ot

d
iff

eren
tiab

le.
O

n
th

e
oth

er
h
an

d
,

w
h
en

an
sq

u
ared

ex
p

on
en

tial
covarian

ce
fu

n
ction

is
a
p
p
lied

to
th

e
G

M
R

F
,

th
e

p
recision

m
atrix

con
stru

ction
is

n
ot

straigh
tforw

ard
.

T
h
erefore,

w
e

u
sed

a
sq

u
ared

ex
p

o-
n
en

tial
covarian

ce
fu

n
ction

for
com

p
arin

g
th

e
p
rop

osed
ap

p
roach

w
ith

th
e

P
IC

,
R

B
C

M
,

an
d

P
G

P
,

w
h
ile

u
sin

g
an

ex
p

on
en

tial
covarian

ce
fu

n
ction

for
com

p
arin

g
it

w
ith

th
e

G
M

R
F

.
F

or
b

oth
of

th
e

cases,
w

e
assu

m
ed

th
e

sam
e

h
y
p

erp
aram

eters
for

lo
ca

l
region

s,
an

d
w

e
u
sed

th
e

en
tire

train
in

g
d
ataset

to
estim

ate
th

e
h
y
p

erp
aram

eters.
W

e
ch

ose
an

d
ap

p
lied

d
iff

eren
t

p
artition

in
g

m
eth

o
d
s

for
th

e
co

m
p
ared

m
eth

o
d
s.

T
h
e

ch
oice

of
th

e
p
artition

in
g

sch
em

es
for

th
e

p
atch

w
ork

k
rigin

g
an

d
P

G
P

is
restrictiv

e
b

ecau
se

every
lo

cal
region

n
eed

s
to

b
e

sim
p
ly

con
n
ected

to
m

in
im

ize
th

e
area

of
th

e
b

ou
n
d
aries

b
etw

een
lo

cal
region

s,
so

w
e

u
sed

th
e

sp
atial

tree.
T

h
e

G
M

R
F

com
es

w
ith

a
m

esh
gen

eration
sch

em
e

in
stead

of
a

p
artition

in
g

sch
em

e,
an

d
follow

in
g

th
e

su
ggestion

b
y

th
e

G
M

R
F

’s
au

th
ors,

w
e

u
sed

th
e

voron
oi-tessellation

of
train

in
g

p
oin

ts
for

th
e

m
esh

gen
eration

.
W

e
tested

th
e

k
-m

ean
s

clu
sterin

g
an

d
th

e
sp

atial
tree

for
P

IC
an

d
R

B
C

M
,

b
u
t

th
e

ch
oice

d
id

n
ot

m
ake

m
u
ch

d
iff

eren
ce

in
th

eir
p

erform
an

ce.
T

h
e

resu
lts

rep
orted

in
th

is
p
ap

er
w

ere
th

e
on

es
w

ith
th

e
k
-m

ean
s

clu
sterin

g.
W

e
tried

d
iff

eren
t

n
u
m

b
ers

of
th

e
lo

cal
region

s
th

at
p
artition

a
n

in
p
u
t

d
om

ain
,

an
d

th
e

n
u
m

b
ers

of
th

e
lo

cal
region

s
w

ere
ran

ged
so

th
at

th
e

n
u
m

b
ers

of
ob

servation
s

p
er

lo
cal

region
w

ou
ld

b
e

ap
p
rox

im
ately

in
b

etw
een

8
0

an
d

600
for

th
e

p
rop

osed
ap

p
roach

.
T

h
e

n
u
m

b
ers

w
ere

sim
ilarly

ran
ged

for
th

e
oth

er
com

p
ared

m
eth

o
d
s

w
ith

som
e

variation
s

to
h
ave

th
e

com
p
u
tation

tim
es

of
all

th
e

com
p
ared

m
eth

o
d
s

com
p
arab

le;
n
ote

th
at

w
e

lik
e

to
com

p
are

th
e

p
red

iction
accu

racies
of

th
e

m
eth

o
d
s

w
h
en

th
e

com
p
u
tation

tim
es

sp
en

t
are

com
p
arab

le.
F

or
p
atch

w
ork

k
rigin

g,
th

e
lo

cation
s

of
p
seu

d
o
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is
n
ot

a
n
ew

sam
p
lin

g
algorith

m
b
u
t

a
gen

eral
ap

p
roach

to
ea

sily
ex

ten
d

a
n
y

ex
istin

g
sa

m
p
lin

g
algorith

m
s

for
m

assive
d
ata

ap
p
lication

s.

2
.
P
re
lim

in
a
rie

s

2
.1

W
a
sse

rste
in

S
p

a
c
e
,

W
a
sse

rste
in

D
ista

n
c
e
,

a
n

d
W

a
sse

rste
in

B
a
ry

c
e
n
te

r

W
e

reca
ll

elem
en

tary
p
rop

erties
an

d
d
efi

n
ition

s
related

to
th

e
W

asserstein
sp

ace
of

p
rob

a-
b
ility

m
ea

su
res.

L
et

(Θ
,ρ

)
b

e
a

com
p
lete

sep
arab

le
m

etric
sp

ace
an

d
P

(Θ
)

b
e
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e
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S
r
iv
a
st
a
v
a
,
L
i,
a
n
d

D
u
n
so

n

all
p
rob

ab
ility

m
easu

res
on

Θ
.

T
h
e

W
asserstein

sp
ace

of
ord

er
2

is
d
efi

n
ed

as

P
2 (Θ

)
:=

{
µ
∈
P

(Θ
)

: ∫

Θ
ρ

2(θ
0 ,θ)µ

(d
θ)
<
∞
}
,

(1)

w
h
ere

θ
0 ∈

Θ
is

arb
itrary

an
d
P

2 (Θ
)

d
o
es

n
ot

d
ep

en
d

on
th

e
ch

oice
of
θ

0 .
T

h
e

sp
aceP

2 (Θ
)

is
eq

u
ip

p
ed

w
ith

a
n
atu

ral
d
istan

ce
b

etw
een

its
elem

en
ts.

L
et
µ
,ν
∈
P

2 (Θ
)

an
d

Π
(µ
,ν

)
b

e
th

e
set

of
all

p
rob

ab
ility

m
easu

res
on

Θ
×

Θ
w

ith
m

argin
als

µ
an

d
ν

,
th

en
th

e
W

asserstein
d
istan

ce
of

ord
er

2
b

etw
een

µ
an

d
ν

is
d
efi

n
ed

as

W
2 (µ

,ν
)

=

(
in

f
π∈

Π
(µ
,ν

) ∫

Θ
×

Θ
ρ

2(x
,y

)
d
π

(x
,y

) )
12.

(2)

In
ou

r
ap

p
lication

s
ρ

is
th

e
E

u
clid

ean
m

etric
an

d
w

e
refer

to
P

2 (Θ
)

an
d
W

2
as

th
e

W
asser-

stein
sp

ace
an

d
th

e
W

asserstein
d
istan

ce
w

ith
ou

t
ex

p
licitly

m
en

tion
in

g
th

eir
ord

er.
If

Π
1 ,...,Π

k
are

a
collection

of
p
rob

ab
ility

m
easu

res
in
P

2 (Θ
),

th
en

th
eir

b
ary

cen
ter

in
P

2 (Θ
)

is
d
efi

n
ed

as

Π
=

argm
in

Π
∈P

2
(Θ

)

k
∑j=

1

1k
W

22
(Π
,Π

j ).
(3)

T
h
is

gen
eralizes

th
e

E
u
clid

ean
b
ary

cen
ter,

w
h
ich

is
th

e
sam

p
le

m
ean

,
to
P

2 (Θ
)

(A
gu

eh
an

d
C

arlier,
2011).

T
h
e

b
ary

cen
ter

Π
is

an
aly

tically
in

tracta
b
le,

ex
cep

t
in

few
sp

ecial
cases.

L
et

δ
a (x

)
=

1
if
a

=
x

an
d

0
oth

erw
ise.

If
X
j1 ,...,X

jm
are

sam
p
les

from
Π
j

(j
=

1
,...,k

),

th
en

Π̂
j (·)

=
∑

mi=
1
δ
X
j
i (·)/m

is
an

em
p
irical

m
easu

re
th

at
ap

p
rox

im
ates

Π
j

(j
=

1
,...,k

).

If
Π

is
assu

m
ed

to
b

e
an

em
p
irical

m
easu

re,
th

en
th

e
op

tim
ization

p
rob

lem
in

(3
)

red
u
ces

to
a

lin
ear

p
rogram

;
see

C
u
tu

ri
an

d
D

ou
cet

(2014),
C

arlier
et

al.
(20

15),
an

d
S
rivastava

et
al.

(2015)
for

d
iff

eren
t

algorith
m

s
to

solv
e

th
is

lin
ea

r
p
rogra

m
.

2
.2

S
to

ch
a
stic

A
p

p
ro

x
im

a
tio

n
a
n

d
S

u
b

se
t

P
o
ste

rio
r

D
e
n

sity

C
on

sid
er

a
gen

eral
set-u

p
for

in
id

d
ata.

L
et
Y

(n
)

=
(Y

1 ,...,Y
n
)

b
e
n

o
b
servation

s
an

d
th

e
d
istrib

u
tion

of
Y
i

is
P
θ
,i ,
i

=
1,...,n

,
w

h
ere

θ
lies

in
th

e
p
aram

eter
sp

ace
Θ
⊂

R
p.

A
ssu

m
e

th
at
P
θ
,i

h
as

d
en

sity
p
i (·|θ)

w
ith

resp
ect

to
th

e
L

eb
esgu

e
m

ea
su

re,
so
d
P
θ
,i (y

i )
=
p
i (y

i |θ)d
y
i

an
d

th
e

likelih
o
o
d

given
Y

(n
)

is
l(θ)

=
∏
ni=

1
p
i (y

i |θ).
G

iven
a

p
rior

d
istrib

u
tio

n
Π

on
Θ

th
at

h
as

d
en

sity
π

w
ith

resp
ect

to
th

e
L

eb
esgu

e
m

easu
re,

th
e

p
o
sterior

d
en

sity
of
θ

given
Y

(n
)

u
sin

g
B

ayes
th

eorem
is

π
(θ
|
Y

(n
))

=

∏
ni=

1
p
i (y

i |
θ)π

(θ)
∫

Θ

∏
ni=

1
p
i (y

i |
θ)π

(θ)d
θ

=
l(θ)π

(θ)
∫

Θ
l(θ)π

(θ)d
θ
.

(4)

In
m

ost
cases

π
(θ
|
Y

(n
))

is
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tically

in
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le,
an

d
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rate
ap

p
rox

im
ation

s
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π

(θ
|

Y
(n

))
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ob
tain

ed
u
sin

g
M

on
te

C
arlo

m
eth

o
d
s,
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ch
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s

im
p

ortan
ce

sam
p
lin

g
an

d
M

C
M

C
,

an
d

d
eterm

in
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ap
p
rox

im
ation

s,
su
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L
ap

lace’s
m

eth
o
d

an
d

variation
al

B
ayes.

F
or

ex
am

p
le,

in
th

e
con

tex
t

of
logistic

regression
,
P
θ
,i

is
th

e
B

ern
o
u
lli

d
istrib

u
tion

w
ith

m
ean

1
/ {

1
+

ex
p
(−
x
Ti
θ) }

,
w

h
ere

x
Ti

is
th

e
ith

row
of

th
e

d
esign

m
atrix

X
∈
R
n×

p
an

d
Θ

=
R
p.

T
h
e

p
osterior

d
en

sity
of
θ

is
an

aly
tically

in
tractab

le,
an

d
it

is
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p
ical

to
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G
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b
s
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c
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c
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m

p
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b
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d
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a
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en
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ti

on
(B

is
h
op

,
20

06
).

T
h
es

e
sa

m
p
le

rs
in

tr
o
d
u
ce

la
te

n
t

va
ri

ab
le

s
{z
i,
i

=
1,
..
.,
n
}

an
d

al
te

rn
at

el
y

sa
m

p
le

th
e

la
te

n
t

va
ri

ab
le

s
an

d
th

e
p
ar

am
et

er
s

fr
om

th
ei

r
fu

ll
co

n
d
it

io
n
al

d
is

tr
ib

u
ti

on
s.

R
el

at
ed

al
go

ri
th

m
s

ar
e

ve
ry

co
m

m
o
n

an
d

ar
e

co
m

p
u
ta

ti
on

al
ly

p
ro

h
ib

it
iv

e
fo

r
la

rg
e
n

b
ec

au
se

th
ey

re
q
u
ir

e
re

p
ea

te
d

p
as

se
s

th
ro

u
gh

th
e

w
h
ol

e
d
at

a.
D

iv
id

e-
an

d
-c

on
q
u
er

-t
y
p

e
m

et
h
o
d
s

re
so

lv
e

th
is

p
ro

b
le

m
b
y

p
a
rt

it
io

n
in

g
th

e
d
at

a
in

to
sm

al
le

r
su

b
se

ts
.

L
et
k

b
e

th
e

n
u
m

b
er

of
su

b
se

ts
.

T
h
e

d
ef

au
lt

st
ra

te
gy

is
to

ra
n
d
om

ly
al

lo
ca

te

sa
m

p
le

s
to

su
b
se

ts
.

L
et
Y

[j
]
≡
Y

(m
j
)

j
=

(Y
j1
,.
..
,Y

jm
j
)

d
en

ot
e

d
at

a
on

th
e
jt

h
su

b
se

t,
w

h
er

e

m
j

is
th

e
si

ze
of

th
e
jt

h
su

b
se

t
an

d
∑

k j=
1
m
j

=
n

.
W

e
as

su
m

e
th

at
m
j

=
m

(j
=

1,
..
.,
k
)

fo
r

ea
se

of
p
re

se
n
ta

ti
on

,
so
n

=
k
m

,
th

e
li
ke

li
h
o
o
d

gi
ve

n
Y

[j
]

is
l j

(θ
)

=
∏
m i=

1
p
ji

(y
ji
|θ)

,
an

d

l(
θ)

in
(4

)
eq

u
al

s
∏
k j=

1
l j

(θ
).

D
efi

n
e

su
b
se

t
p

os
te

ri
or

d
en

si
ty
j

gi
ve

n
Y

[j
]

as

π
m

(θ
|Y

[j
])

=
{∏

m i=
1
p
ji

(y
ji
|θ)
}γ
π

(θ
)

∫ Θ
{∏

m i=
1
p
ji

(y
ji
|θ

)}
γ
π

(θ
)d
θ

=
l j

(θ
)γ
π

(θ
)

∫ Θ
l j

(θ
)γ
π

(θ
)d
θ
,

(5
)

w
h
er

e
γ

is
a

p
os

it
iv

e
re

al
n
u
m

b
er

su
ch

th
at
g 1
γ
m
≤
n
≤
g 2
γ
m

fo
r

so
m

e
g 1
,g

2
>

0.
In

th
e

p
re

se
n
t

co
n
te

x
t,

w
e

as
su

m
e

th
at
γ

=
k

w
it

h
g 1

=
g 2

=
1

fo
ll
ow

in
g

M
in

sk
er

et
al

.
(2

0
14

);
m

or
e

ge
n
er

al
co

n
d
it

io
n
s

on
γ

ar
e

d
efi

n
ed

la
te

r
in

S
ec

ti
on

3.
2.

T
h
is

m
o
d
ifi

ed
fo

rm
of

su
b
se

t
p

os
te

ri
or

co
m

p
en

sa
te

s
fo

r
th

e
fa

ct
th

at
jt

h
su

b
se

t
h
as

ac
ce

ss
to

on
ly

(m
/
n

)-
fr

ac
ti

on
of

th
e

fu
ll

d
at

a
an

d
en

su
re

s
th

at
π
m

(θ
|Y

[j
])

an
d
π
n
(θ
|Y

(n
) )

in
(4

)
h
av

e
va

ri
an

ce
s

of
th

e
sa

m
e

or
d
er

.
M

in
sk

er
et

al
.

(2
01

4)
re

fe
r

to
th

is
as

st
oc

h
a
st

ic
a
p
p
ro

xi
m

a
ti

o
n

b
ec

a
u
se

ra
is

in
g
l j

(θ
)

(j
=

1
,.
..
,k

)
to

th
e

p
ow

er
γ

is
eq

u
iv

al
en

t
to

re
p
li
ca

ti
n
g

ev
er

y
X
ji

(i
=

1
,.
..
,m

)
γ

-t
im

es
so

th
at
π
m

(θ
|Y

[j
])

(j
=

1,
..
.,
k
)

ar
e

n
oi

sy
ap

p
ro

x
im

at
io

n
s

of
π

(θ
|Y

(n
) )

.
O

n
e

ad
va

n
ta

ge
of

u
si

n
g

st
o
ch

as
ti

c
ap

p
ro

x
im

at
io

n
to

d
efi

n
e
π
m

(θ
|Y

[j
])

in
(5

)
is

th
at

o
ff

-
th

e-
sh

el
f

sa
m

p
li
n
g

al
go

ri
th

m
s

ca
n

b
e

u
se

d
d
ir

ec
tl

y
ev

en
w

h
en

th
e

p
ri

or
d
en

si
ty

is
th

e
fo

rm
of

a
d
is

cr
et

e
m

ix
tu

re
.

C
on

si
d
er

a
si

m
p
le

ex
am

p
le

of
u
n
iv

ar
ia

te
d
en

si
ty

es
ti

m
at

io
n

u
si

n
g

D
ir

ic
h
le

t
p
ro

ce
ss

(D
P

)
m

ix
tu

re
s

of
G

au
ss

ia
n
s.

L
et
X
i

(i
=

1
,.
..
,n

)
b

e
ii

d
sa

m
p
le

s
fr

om
a

d
is

tr
ib

u
ti

on
P

0
w

it
h

d
en

si
ty
p

0
.

T
h
e

d
at

a
ar

e
ra

n
d
om

ly
sp

li
t

in
to
k

su
b
se

ts
of

eq
u
al

si
ze
m

.
T

h
e

tr
u
n
ca

te
d

st
ic

k
-b

re
ak

in
g

re
p
re

se
n
ta

ti
on

of
D

P
im

p
li
es

th
at

th
e

p
ri

or
d
is

tr
ib

u
ti

on
Π

on
P

h
as

a
fi
n
it

e
m

ix
tu

re
re

p
re

se
n
ta

ti
on

,
w

h
er

e
P

is
th

e
se

t
of

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s

th
at

h
av

e
a

d
en

si
ty

.
W

e
sh

ow
in

th
e

A
p
p

en
d
ix

th
at

m
o
d
ifi

ca
ti

on
of

th
e

li
ke

li
h
o
o
d

u
si

n
g

st
o
ch

as
ti

c
ap

p
ro

x
im

at
io

n
le

ad
s

to
n
ea

rl
y

id
en

ti
ca

l
su

b
se

t
an

d
fu

ll
d
at

a
p

os
te

ri
or

co
m

p
u
ta

ti
on

s.
S
to

ch
as

ti
c

ap
p
ro

x
im

at
io

n
d
o
es

n
ot

ad
d

an
y

ex
tr

a
b
u
rd

en
to

th
e

co
m

p
u
ta

ti
on

s
re

q
u
ir

ed
fo

r
sa

m
p
li
n
g

fr
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th
e

su
b
se

t
p

os
te

ri
or

d
is

tr
ib

u
ti

on
of
θ

co
n
d
it

io
n
ed

on
m

ob
se

rv
a
ti

on
s.

W
e

ra
is

e
th

e
li
ke

li
h
o
o
d

in
ev

er
y

su
b
se

t
to

th
e

p
ow

er
γ

.
T

h
is

is
eq

u
iv

al
en

t
to

re
p
li
ca

ti
n
g

ob
se

rv
at

io
n
s
γ

-t
im

es
,

w
h
ic

h
se

em
s

to
off

se
t

th
e

b
en

efi
ts

of
p
ar

ti
ti

on
in

g.
H

ow
ev

er
,

th
e

re
p
li
-

ca
ti

on
of

ob
se

rv
at

io
n

is
n
ot

re
q
u
ir

ed
in

im
p
le

m
en

ta
ti

on
of

th
e

sa
m

p
le

r;
w

e
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m
p
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o
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y
th

e
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ke
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h
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o
d
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th

e
fu

ll
d
at

a
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m
p
le

r
b
y

ra
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g
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th
e
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ow

er
γ

.
F

or
ex

am
p
le
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st

o
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ti

c
ap

p
ro

x
im

at
io

n
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im

p
le
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te
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u
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e
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c
r
e
m
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n
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o
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p
r
o
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S
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n
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D
ev

el
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en

t
T
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m

,
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W
e

p
ro

v
id

e
m

or
e

ex
am

p
le

s
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r
a
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ri

et
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m

o
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in

S
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ti
on

4.
A

si
m

p
le

lo
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st
ic

re
gr
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on
ex

am
p
le

d
em

on
st

ra
te

s
th

at
π
m

(θ
|Y
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(5

)
is

a
n
oi
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ap
p
ro

x
im

at
io

n
of
π

(θ
|Y

(n
) )

in
(4

).
W

e
si

m
u
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te
d

d
at

a
fo

r
lo
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st

ic
re

g
re
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n
w

it
h
n

=
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5
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p
=
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θ
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1
,1

)T
,

an
d

en
tr
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s

of
X

ra
n
d
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t
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±

1
(F
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ra
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H
e
ll
in

g
e
r

d
is

ta
n

c
e
)

T
h
e

p
se

u
d
o

H
el

li
n

ge
r

d
is

ta
n

ce
be

tw
ee

n

p
ro

ba
bi

li
ty

m
ea

su
re

s
P

(m
)

θ 1
,P

(m
)

θ 2
∈
{⊗

m i=
1
P
θ
,j
,i

:
θ
∈

Θ
,
d
P
θ
,j
,i
(y

)
=

p
ji

(y
|
θ)
d
y
}

is
h

2 m
j
(θ

1
,θ

2
)

=
1 m

∑
m i=

1
h

2
{p
ji

(·
|θ

1
),
p
ji

(·
|θ

2
)}

,
w

h
er

e
h

(p
1
,p

2
)

=
[∫
{√

p
1
(y

)
−

√
p

2
(y

)}
2
d
y
]1
/
2

is
th

e
H

el
li

n
ge

r
d
is

ta
n

ce
be

tw
ee

n
tw

o
ge

n
er

ic
d
en

si
ti

es
p

1
,p

2
.

T
h
is

d
efi

n
it

io
n

ge
n
er

al
iz

es
th

e
u
su

al
H

el
li
n
ge

r
d
is

ta
n
ce

to
ac

co
u
n
t

fo
r

th
e

in
id

d
a
ta

g
en

er
-

at
in

g
m

ec
h
an

is
m

.
T

h
e

sp
ac

e
({
⊗
m i=

1
P
θ
,j
,i

:
θ
∈

Θ
},
h
m
j
)

is
a

m
et

ri
c

sp
ac

e.

D
e
fi

n
it

io
n

3
(G

e
n

e
ra

li
z
e
d

b
ra

ck
e
ti

n
g

e
n
tr

o
p
y
)

L
et

Ξ
be

a
fi

xe
d

su
bs

et
o
f

Θ
.

F
o
r

a
n
m

-d
im

en
si

o
n

a
l

ra
n

d
o
m

ve
ct

o
r
Z

=
(Z

1
,.
..
,Z

m
)T

,
d
en

o
te

it
s
L
q

n
o
rm

a
s
|Z
| q

=
[ 1 m

∑
m i=

1
E

(|Z
i|q

)]
1
/
q

a
n

d
u

se
‖Z
‖

to
re

p
re

se
n

t
|Z
| 2.

F
o
r

a
fi

xe
d
j
∈
{1
,.
..
,k
},

le
t

P j
(Ξ

)
=
{ p

j
(y
|θ

)
=

(p
j1

(y
1
|θ

),
..
.,
p
jm

(y
m
|θ

))
T

:
y

=
(y

1
,.
..
,y
m

)T
∈
⊗
m i=

1
Y j

i,
θ
∈

Ξ
}

be
th

e
cl

a
ss

o
f
m

-d
im

en
si

o
n

a
l

fu
n

ct
io

n
s

in
d
ex

ed
by

θ.
F

o
r

a
gi

ve
n
δ
>

0,
le

t

B
(δ
,P

j
(Ξ

))
=
{ [l

s
,u

s
]

:
l s

(y
)

=
(l
s1

(y
1
),
..
.,
l s
m

(y
m

))
T
,u

s
(y

)
=

(u
s1

(y
1
),
..
.,
u
sm

(y
m

))
T
,

y
=

(y
1
,.
..
,y
m

)T
∈
⊗
m i=

1
Y j

i,
s

=
1,
..
.,
N
}

be
th

e
ge

n
er

a
li

ze
d

br
a
ck

et
in

g
se

t
o
f
P j

(Ξ
)

w
it

h
ca

rd
in

a
li

ty
N

,
su

ch
th

a
t

fo
r

a
n

y
p
j
(y
|θ)
∈

P j
(Ξ

),
th

er
e

ex
is

ts
a

pa
ir

o
f

fu
n

ct
io

n
s

[l
s
,u

s
]
∈
B

(δ
,P

j
(Ξ

))
,

su
ch

th
a

t

l s
i(
y i

)
≤
p
ji

(y
i)
≤
u
si

(y
i)
,

fo
r

a
ll
y
∈
⊗
m i=

1
Y j

i,
a
n

d
a
ll
i

=
1,
..
.,
m

a
n

d
‖√
u
s
−
√
l s
‖
≤
δ.

T
h
e
h
m
j
-b

ra
ck

et
in

g
n

u
m

be
r

o
f
P j

(Ξ
),
N

[]
(δ
,P

j
(Ξ

),
h
m
j
),

is
d
efi

n
ed

a
s

th
e

sm
a

ll
es

t
ca

rd
i-

n
a
li

ty
o
f

th
e

ge
n

er
a
li

ze
d

br
a
ck

et
in

g
se

t
B

(δ
,P

j
(Ξ

))
.

T
h
e
h
m
j
-b

ra
ck

et
in

g
en

tr
o
p
y

o
f
P j

(Ξ
)

is
d
efi

n
ed

a
s
H

[]
(δ
,P

j
(Ξ

),
h
m
j
)

=
lo

g
( 1

+
N

[]
(δ
,P

j
(Ξ

),
h
m
j
))

.

A
ga

in
,

th
is

d
efi

n
it

io
n

ge
n
er

al
iz

es
th

e
u
su

al
b
ra

ck
et

in
g

en
tr

op
y

to
th

e
in

id
ca

se
s.

If
th

e
d
a
ta

ar
e

in
d
ee

d
ii

d
,

th
en

D
efi

n
it

io
n

3
co

in
ci

d
es

w
it

h
th

at
of

th
e

u
su

al
b
ra

ck
et

in
g

en
tr

o
p
y.

O
u
r

th
eo

ry
fo

r
th

e
co

n
v
er

ge
n
ce

ra
te

of
W

A
S
P

is
b
u
il
t

on
th

e
fo

ll
ow

in
g

a
ss

u
m

p
ti

o
n
s.

(A
1)

Θ
is

a
co

m
p
ac

t
sp

ac
e

in
ρ

m
et

ri
c,
θ 0

is
an

in
te

ri
or

p
oi

n
t

of
Θ

,
an

d
g 1
γ
m
≤
n
≤
g 2
γ
m

fo
r

so
m

e
co

n
st

an
ts
g 1
,g

2
>

0.

(A
2)

F
or

an
y
θ,
θ′
∈

Θ
an

d
j

=
1,
..
.,
m

,
th

er
e

ex
is

t
p

os
it

iv
e

co
n
st

an
ts
α

an
d
C
L

su
ch

th
a
t

h
2 m
j
(θ
,θ
′ )
≥
C
L
ρ

2
α
(θ
,θ
′ ),

w
h
er

e
h

2 m
j

is
th

e
p
se

u
d
o

H
el

li
n
g
er

d
is

ta
n
ce

in
D

efi
n
it

io
n

2
.

1
0
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S
c
a
l
a
b
l
e
B
a
y
e
s
v
ia

B
a
r
y
c
e
n
t
e
r
in

W
a
sse

r
st

e
in

S
pa

c
e

(A
3
)

(E
n
tro

p
y

C
on

d
ition

)
T

h
ere

ex
ist

con
stan

ts
D

1
>

0,
0
<
D

2
<
D

21 /2
1
2,

a
fu

n
ction

Ψ
(u
,r)≥

0
th

at
is

n
on

in
creasin

g
in
u
∈
R

+
an

d
n
on

d
ecreasin

g
in
r
∈
R

+
,

su
ch

th
at

fo
r

a
ll
j

=
1,...,k

,
for

an
y
u
,r
>

0
an

d
for

all
su

ffi
cien

tly
large

m
,

H
[] (u

,{
p
j (y|θ)

:
θ
∈

Θ
,h

m
j (θ,θ

0 )≤
r}
,h

m
j )≤

Ψ
(u
,r)

for
all

j
=

1,...,k
;

a
n
d

∫
D

1
r

D
1
r
2
/
2
1
2 √

Ψ
(u
,r)d

u
<
D

2 √
m
r

2,

w
h
ere

p
j (y|θ)

=
{
p
j1 (y

j1
|
θ),...,p

jm
(y
jm
|
θ)}

T
an

d
H

[]
is

th
e
h
m
j -b

ra
cketin

g
en

-
trop

y
o
f

th
e

set{
p
j (y|θ)

:
θ
∈

Θ
,h

m
j (θ,θ

0 )≤
r}

in
D

efi
n
ition

3.

(A
4
)

(P
rio

r
T

h
ick

n
ess)

T
h
ere

ex
ist

p
ositive

con
stan

ts
κ

an
d
c
π
,

su
ch

th
a
t

u
n
iform

ly
over

a
ll
j

=
1,...,k

,

Π

(
θ∈

Θ
:

1m

m
∑i=

1

E
P
θ
0

ex
p (

κ
log

+

p
ji (Y

ji |θ
0 )

p
ji (Y

ji |θ) )
−

1
≤

log
2
m

m

)
≥

ex
p
(−
c
π
k

lo
g

2
m

)

w
h
ere

lo
g

+
x

=
m

ax
(log

x
,0)

for
x
>

0.

(A
5
)

T
h
e

m
etric

ρ
satisfi

es
ρ
( ∑

Ni=
1
w
i θ
i ,θ ′)

≤
∑

Ni=
1
w
i ρ

(θ
i ,θ ′)

for
an

y
N
∈
{1,2,...}

,

θ
1 ,...,θ

N
,θ ′∈

Θ
an

d
n
on

-n
egativ

e
w

eigh
ts ∑

Ni=
1
w
i

=
1.

O
u
r

a
ssu

m
p
tion

s
ab

ove
are

b
ased

on
th

e
stan

d
ard

assu
m

p
tion

s
in

B
ayesian

asy
m

p
to

tic
th

eo
ry.

S
im

ila
r

to
T

h
eorem

10
in

G
h
osal

an
d

van
d
er

V
aart

(2007),
w

e
h
ave

assu
m

ed
a

co
m

p
a
ct

su
p
p

o
rt

in
(A

1)
an

d
low

er
b

ou
n
d
ed

p
seu

d
o

H
ellin

ger
d
istan

ce
in

(A
2).

T
y
p
ically,

α
=

1
for

m
ost

regu
lar

m
o
d
els,

su
ch

as
g
en

eralized
lin

ear
m

o
d
els.

If
th

e
m

o
d
el

is
n
on

-regu
la

r,
th

en
α

ca
n

b
e

less
th

an
1;

for
ex

am
p
le,

th
e

d
en

sities
m

ay
h
ave

d
iscon

tin
u
ities

d
ep

en
d
in

g
o
n

th
e

p
a
ra

m
eter

(Ib
ragim

ov
an

d
H

as’
M

in
sk

ii,
2013,

C
h
a
p
ters

V
,

V
I).

A
ssu

m
p
tio

n
(A

3)
p
a
ra

llels
th

e
en

trop
y

con
d
ition

u
sed

in
T

h
eorem

1
of

W
on

g
an

d
S
h
en

(1995),
w

h
ich

h
as

b
een

a
d
ap

ted
h
ere

fo
r

th
e

in
id

setu
p

u
sin

g
th

e
gen

eralized
b
racketin

g
en

trop
y,

an
d

w
ill

sim
p
lify

to
a

sim
ilar

en
trop

y
con

d
ition

to
th

at
in

T
h
eorem

1
of

W
on

g
an

d
S
h
en

(1995)
if

th
e

d
ata

a
re

iid
.

A
ssu

m
p
tion

(A
4)

is
cru

cial
in

p
rov

id
in

g
a

stron
ger

con
trol

over
th

e
tail

p
rob

ab
ility

a
s

th
e

p
o
sterio

r
p
rob

ab
ility

m
ass

m
ov

es
aw

ay
from

th
e

tru
e

p
aram

eter
θ

0 ,
ty

p
ically

w
ith

an
ex

p
o
n
en

tially
d
ecay

in
g

rate.
T

h
e

con
vex

ity
p
rop

erty
of
ρ

in
(A

5)
is

m
ain

ly
u
sed

to
estab

lish
a
n

av
erag

in
g

in
eq

u
ality

u
n
d
er
W

2
d
istan

ce
a
n
d

is
satisfi

ed
b
y,

for
ex

am
p
le,

th
e

E
u
clid

ean
m

etric
a
n
d
L
q

m
etric

w
ith

q≥
1.

T
h
e

p
o
sterior

risk
s

of
Π
n

an
d

Π
n

in
th

e
ρ

m
etric

is
d
irectly

rela
ted

to
th

e
W

2
d
istan

ce
b
a
sed

o
n

th
e
ρ

m
etric.

If
θ

0
d
en

o
tes

th
e

tru
e

p
aram

eter
valu

e
from

w
h
ich

th
e

d
ata

are
g
en

era
ted

,
th

en
th

e
p

osterior
risk

of
Π
n

in
th

e
estim

ation
of
θ

0
is

∫Y
(n

) ∫

Θ
ρ

2(θ,θ
0 )d

Π
n
(θ
|
Y

(n
))d
P

(n
)

θ
0

(y
1 ,...,y

n
)

=
E
P

(n
)

θ
0

[W
22 {

Π
n
(·|

Y
(n

)),δ
θ
0 (·) }]

.
(11)

T
h
e

cla
ssica

l
resu

lt
say

s
th

at
th

e
p

osterior
risk

(11)
in

regu
lar

p
aram

etric
m

o
d
els

con
verges

to
zero

a
t

th
e
n
−

1
rate

u
n
d
er

assu
m

p
tio

n
s

sim
ilar

to
(A

2
)–(A

4),
w

ith
m

rep
laced

b
y
n

(va
n

d
er

V
a
a
rt,

2000).
T

h
e

n
ex

t
th

eorem
sh

ow
s

th
at

th
e

sam
e

p
osterior

risk
o
f

th
e

W
A

S
P

co
n
verg

es
at

a
sim

ilar
rate

to
th

at
of

th
e

tru
e

p
o
sterior

Π
n
,

w
h
ich

m
a
in

ly
d
ep

en
d
s

on
th

e
size

o
f

su
b
sets

m
,

an
d

can
b

e
m

ad
e

close
to

th
e

stan
d
ard

n
−

1
rate

u
p

to
som

e
logarith

m
ic

fa
cto

rs
fo

r
reg

u
lar

p
aram

etric
m

o
d
els.
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S
r
iv
a
st
a
v
a
,
L
i,
a
n
d

D
u
n
so

n

T
h

e
o
re

m
4

If
A

ssu
m

p
tio

n
s

(A
1
)-(A

4
)

h
o
ld

fo
r

th
e
jth

su
bset

po
sterio

r
Π
m

(·|
Y

[j] )
(j

=
1
,...,k

),
th

en
th

ere
exists

a
co

n
sta

n
ts

u
n

iversa
l
C

1
>

0
in

d
epen

d
en

t
o
f
j,

su
ch

th
a
t

a
s

m
→
∞

,

E
P

(m
)

θ
0

[W
22 {

Π
m

(·|
Y

[j] ),δ
θ
0 (·) }]≤

C
1 (

log
2
m

m

)
1α

,
j

=
1,...,k

.
(12)

A
d
d
itio

n
a
lly,

if
A

ssu
m

p
tio

n
(A

5
)

h
o
ld

s,
th

en
a
s
m
→
∞

,

E
P

(n
)

θ
0

[W
22 {

Π
n
(·|

Y
(n

)),δ
θ
0 (·) }]≤

C
1 (

log
2
m

m

)
1α

.
(13)

T
h
eorem

4
p
roves

p
osterior

con
vergen

ce
in

ex
p

ectation
,

w
h
ich

is
stron

ger
th

an
th

e
com

m
on

ly
stu

d
ied

p
osterior

con
vergen

ce
in

p
rob

ab
ility.

W
e

p
resen

t
ou

r
resu

lts
u
sin

g
th

e
W

2
d
istan

ce
in

ord
er

to
accou

n
t

for
th

e
fact

th
at

th
e
k

su
b
set

p
osteriors

sit
on

a
com

m
on

p
aram

eter
sp

ace.
A

ltern
atively,

from
(11),

th
e

con
vergen

ce
rates

in
(12)

an
d

(13)
are

also
th

e
rates

of
p

osterior
risk

s
for

th
e

su
b
set

p
osterior

d
istrib

u
tion

s
an

d
th

e
W

A
S
P

.
F

or
regu

lar
m

o
d
els

w
ith

α
=

1,
if

th
e

n
u
m

b
er

of
su

b
sets

k
in

creases
slow

ly
w

ith
n

(e.g.,
k

=
O

(log
c
n

)
for

som
e

con
stan

t
c
>

0),
th

en
T

h
eorem

4
im

p
lies

th
at

th
e

W
A

S
P

co
n
verges

in
W

2
d
istan

ce
at

a
n
ear

op
tim

al
con

v
ergen

ce
rate

O
p (n
−

1
/
2

log
c/

2
+

1
n

)
to
δ
θ
0 .

In
th

is
case,

th
e

stan
d
ard

p
aram

etric
con

v
ergen

ce
rate

of
Π
n

is
O
p (n
−

1
/
2),

so
th

e
W

A
S
P

attain
s

th
e

op
tim

al

con
vergen

ce
rate

u
p

to
th

e
log

c/
2
+

1
n

factor.
E

q
u
ivalen

tly,
u
sin

g
(11),

th
e

p
osterior

risk
of

th
e

W
A

S
P

con
verges

to
zero

at
th

e
n
ear

op
tim

al
rate

O
p (n
−

1
log

c+
2
n

),
com

p
ared

to
th

e
O
p (n
−

1)
p

osterior
risk

of
th

e
tru

e
p

osterior
Π
n
.

In
m

ost
ap

p
lication

s,
th

e
in

terest
also

lies
in

fu
n
ction

s
of
θ.

S
u
p
p

ose
f

:
Θ
7→

R
q

is
a

fu
n
ction

th
at

m
ap

s
θ

to
{f

1 (θ),...,f
q (θ)}

,
w

h
ere

q
≥

1
is

a
p

ositive
in

teger.
A

d
irect

ap
p
lication

of
L

em
m

a
8.5

in
B

ickel
an

d
F

reed
m

an
(1981)

g
ives

th
e
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1
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1
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1
/
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d
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−
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b ′1
/
2

m
V
−

1
/
2 (
V

1
/
2Ω
−

1
0
V

1
/
2 )

1
/
2−
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−
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=
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−
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Ω
−
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−
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e

asy
m

p
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−
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−
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−
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−
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−

1)}
+
{n
−

1
tr(Ω

−
1

0
)

+
o(n
−

1)}−
{
2
n
−

1
tr(Ω

−
1

0
)

+
2
o(n
−

1)}
=
o (n

−
1 )
.

(29)

C
om

b
in

in
g

th
e

asy
m

p
totic

ex
p
ression

s
for

th
e

m
ean

an
d

varian
ce

term
s

in
(22)

an
d

(29),
(21)

red
u
ces

to

E
P

(n
)

θ
0

[W
22 {
N

(µ
,V

),N
(µ
,V

) }]
=
o (n

−
1 )
,

w
h
ich

com
p
letes

th
e

p
ro

of.
2

A
.2

P
ro

o
f

o
f

T
h

e
o
re

m
4

L
et
ε
m

=
(

m
lo

g
2
m

)
−

1
/
(2
α

).
F

or
ease

of
n
otation

,
in

all
th

e
follow

in
g

p
ro

ofs,
w

e
w

ill
som

etim
es

w
rite

p
(y
ji |

θ)≡
p
ji (y

ji |
θ).

D
u
e

to
th

e
com

p
actn

ess
of

Θ
in

(A
1),

w
e

assu
m

e
th

at
ρ
(θ,θ

0 )≤
M

0
for

a
large

fi
n
ite

con
stan

t
M

0 .
W

e
start

w
ith

a
d
ecom

p
ositio

n
of

th
e
W

2
d
istan

ce
from

th
e
jth

su
b
set

p
osterior

Π
m

(·|
Y

[j] )
to

th
e

D
irac

m
easu

re
a
t

th
e

tru
e

p
aram

eter
θ

0 :

E
P
θ
0 W

22 (Π
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(
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p
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th

e
p
ro

ofs
of

T
h
eorem

1,
4,

an
d

10
in

G
h
osal

an
d

van
d
er

V
aart

(2007).
T

h
e

m
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∈
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√
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∏
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∏
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Π
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e

ex
p

ec
te

d
lo

n
g

te
rm

u
ti

li
ty

of
ex

p
er

ie
n
ce

s.
E

x
p

er
ie

n
ce

s
n
ee

d
to

b
e

re
ta

in
ed

in
a

w
ay

th
at

p
re

v
en

ts
in

su
ffi

ci
en

t
co

ve
ra

g
e

of
th

e
st

at
e

ac
ti

on
sp

ac
e

in
th

e
fu

tu
re

,
as

ex
p

er
ie

n
ce

s
ca

n
n
ot

b
e

re
co

ve
re

d
on

ce
th

ey
h
av

e
b

ee
n

d
is

ca
rd

ed
.

T
o

k
n
ow

th
e

tr
u
e

u
ti

li
ty

of
an

ex
p

er
ie

n
ce

,
it

w
ou

ld
b

e
n
ec

es
sa

ry
to

fo
re

se
e

th
e

eff
ec

ts
o
f

h
av

in
g

th
e

re
in

fo
rc

em
en

t-
le

ar
n
in

g
ag

en
t

le
ar

n
fr

om
th

e
ex

p
er

ie
n
ce

at
an

y
gi

ve
n

ti
m

e.
S
in

ce
th

is
is

n
ot

p
os

si
b
le

,
w

e
in

st
ea

d
in

ve
st

ig
at

e
p
ro

xi
es

fo
r

th
e

ex
p

er
ie

n
ce

u
ti

li
ty

th
a
t

a
re

ch
ea

p
to

ob
ta

in
.

2
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E
x
p
e
r
ie

n
c
e

S
e
l
e
c
t
io

n
in

D
e
e
p

R
L

f
o
r

C
o
n
t
r
o
l

In
th

is
w

o
rk

,
w

e
in

vestigate
age,

su
rp

rise
(in

th
e

form
of

th
e

tem
p

oral
d
iff

eren
ce

error),
a
n
d

th
e

am
p
litu

d
e

of
th

e
ex

p
loration

n
oise

as
p
rox

ies
for

th
e

u
tility

of
ex

p
erien

ces.
T

o
m

o-
tiva

te
th

e
n
eed

for
m

u
ltip

le
p
rox

ies,
w

e
w

ill
start

b
y

sh
ow

in
g

th
e

p
erform

a
n
ce

of
d
iff

eren
t

ex
p

erien
ce

selection
m

eth
o
d
s

on
con

trol
b

en
ch

m
a
rk

s
th

at,
at

fi
rst

sigh
t,

seem
very

closely
related

.
A

s
a

m
otivatin

g
ex

am
p
le

w
e

sh
ow

h
ow

th
e

cu
rren

t
state-of-th

e-a
rt

ex
p

erien
ce

se-
lectio

n
m

eth
o
d

of
S
ch

au
l

et
al.

(2016),
b
ased

o
n

retain
in

g
a

large
n
u
m

b
er

of
ex

p
erien

ces
a
n
d

sa
m

p
lin

g
th

em
accord

in
g

to
th

eir
tem

p
oral

d
iff

eren
ce

error,
com

p
ares

on
th

ese
b

en
ch

-
m

ark
s

to
sa

m
p
lin

g
u
n
iform

ly
at

ran
d
om

from
th

e
ex

p
erien

ces
of

th
e

m
ost

recen
t

ep
iso

d
es.

W
e

sh
ow

th
a
t

th
e

state-of-th
e-art

m
eth

o
d

sign
ifi

can
tly

ou
tp

erform
s

th
e

stan
d
ard

m
eth

o
d

o
n

o
n
e

b
en

ch
m

ark
w

h
ile

sign
ifi

can
tly

u
n

d
er

-p
erform

in
g

on
th

e
oth

er,
seem

in
gly

sim
ilar

b
en

ch
m

a
rk

.

T
h
e

fo
cu

s
of

th
is

p
ap

er
is

on
th

e
con

trol
of

p
h
y
sical

sy
stem

s
su

ch
as

rob
ots.

T
h
e

h
a
rd

w
a
re

lim
ita

tion
s

of
th

ese
sy

stem
s

can
im

p
ose

con
strain

ts
on

th
e

ex
p
lo

ration
p

olicy
an

d
th

e
n
u
m

b
er

o
f

ex
p

erien
ces

th
at

can
b

e
stored

in
th

e
b
u
ff

er.
T

h
ese

factors
m

ake
th

e
co

rrect
ch

o
ice

o
f
ex

p
erien

ce
sam

p
lin

g
strategy

esp
ecially

im
p

ortan
t.

A
s

w
e

sh
ow

on
ad

d
ition

al,
m

ore
co

m
p
lex

b
en

ch
m

ark
s,

even
w

h
en

su
stain

ed
ex

p
loration

is
p

ossib
le,

it
can

b
e

b
en

efi
cial

to
b

e
selective

a
b

o
u
t

w
h
ich

an
d

h
ow

m
an

y
ex

p
erien

ces
to

reta
in

in
th

e
b
u
ff

er.
T

h
e

costs
in

volved
in

o
p

era
tin

g
a

rob
ot

m
ean

th
at

it
is

g
en

erally
in

feasib
le

to
rely

on
an

ex
ten

sive
h
y
p

er-
p
a
ra

m
eter

sea
rch

to
d
eterm

in
e

w
h
ich

ex
p

erien
ce

selection
strategy

to
u
se.

W
e

th
erefore

w
a
n
t

to
u
n
d
erstan

d
h
ow

th
is

ch
oice

can
b

e
m

ad
e

b
ased

on
p
rior

k
n
ow

led
ge

of
th

e
con

trol
ta

sk
.W

ith
th

is
in

m
in

d
,

th
e

con
trib

u
tion

s
of

th
is

w
ork

are
tw

ofold
:

1
.

W
e

in
v
estigate

h
ow

th
e

u
tility

of
d
iff

eren
t

ex
p

erien
ces

is
in

fl
u
en

ced
b
y

th
e

asp
ects

of
th

e
co

n
trol

p
rob

lem
.

T
h
ese

asp
ects

in
clu

d
e

p
rop

erties
of

th
e

sy
stem

d
y
n
am

ics
su

ch
a
s

th
e

sa
m

p
lin

g
freq

u
en

cy
an

d
n
oise,

as
w

ell
as

con
strain

ts
on

th
e

ex
p
lo

ration
.

2
.

W
e

d
escrib

e
h
ow

to
p

erform
ex

p
erien

ce
reten

tio
n

an
d

ex
p

erien
ce

sa
m

p
lin

g
b
ased

on
ex

p
erien

ce
u
tility

p
rox

ies.
W

e
sh

ow
h
ow

th
ese

tw
o

p
arts

of
ex

p
erien

ce
selection

w
ork

to
g
eth

er
u
n
d
er

a
ran

ge
of

con
d
ition

s.
B

ased
on

th
is

w
e

p
rov

id
e

g
u
id

elin
es

on
h
ow

to
u
se

p
rior

k
n
ow

led
ge

ab
ou

t
th

e
con

trol
p
rob

lem
at

h
an

d
to

ch
o
ose

an
ex

p
erien

ce
selectio

n
strategy.

N
o
te

th
at

for
m

an
y

of
th

e
ex

p
erim

en
ts

in
th

is
w

ork
m

ost
of

th
e

h
y
p

er-p
aram

eters
of

th
e

d
eep

rein
fo

rcem
en

t-learn
in

g
algorith

m
s

are
kep

t
fi
x
ed

.
W

h
ile

it
w

ou
ld

b
e

p
ossib

le
to

im
p
rove

th
e

p
erform

an
ce

th
rou

gh
a

m
ore

ex
ten

siv
e

h
y
p

er-p
ara

m
eter

search
,

ou
r

fo
cu

s
is

o
n

sh
ow

in
g

th
e

relation
sh

ip
s

b
etw

een
th

e
p

erform
an

ce
of

th
e

d
iff

eren
t

m
eth

o
d
s

a
n
d

th
e

p
ro

p
erties

o
f

th
e

con
trol

p
rob

lem
s.

W
h
ile

w
e

d
o

in
tro

d
u
ce

n
ew

m
eth

o
d
s

to
ad

d
ress

sp
ecifi

c
p
ro

b
lem

s,
th

e
in

ten
d
ed

ou
tcom

e
of

th
is

w
ork

is
to

b
e

ab
le

to
m

ake
m

ore
in

form
ed

ch
oices

reg
a
rd

in
g

ex
p

erien
ce

selection
,

rath
er

th
an

to
p
rom

ote
an

y
sin

gle
m

eth
o
d
.

T
h
e

rest
of

th
is

p
ap

er
is

organ
ized

as
follow

s.
S
ection

2
gives

an
overv

iew
of

rela
ted

w
ork

.
In

S
ectio

n
3
,

th
e

b
asics

of
rein

forcem
en

t
learn

in
g,

as
w

ell
as

th
e

d
eep

rein
forcem

en
t

learn
in

g
a
n
d

ex
p

erien
ce

rep
lay

m
eth

o
d
s

u
sed

as
a

startin
g

p
oin

t
are

d
iscu

ssed
.

S
ectio

n
4

gives
a

h
igh

-
level

ov
erv

iew
o
f

th
e

sim
p
le

b
en

ch
m

ark
s

u
sed

in
m

ost
of

th
is

w
ork

,
w

ith
th

e
m

ath
em

atical
d
eta

ils
p
resen

ted
in

A
p
p

en
d
ix

9.3.
T

h
e

n
otation

w
e

u
se

to
d
istin

gu
ish

b
etw

een
d
iff

eren
t

m
eth

o
d
s,

a
s

w
ell

as
th

e
p

erform
an

ce
criteria

th
at

w
e

u
se,

are
d
iscu

ssed
in

S
ection

5.
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d
e

B
r
u
in

,
K

o
b
e
r
,

T
u
y
l
s

a
n
d

B
a
b
u
šk

a

S
ection

6,
w

e
in

vestigate
w

h
at

sp
read

over
th

e
state-action

th
e

ex
p

erien
ces

id
eally

sh
ou

ld
h
ave,

b
ased

on
th

e
ch

aracteristics
of

th
e

con
trol

p
rob

lem
to

b
e

solv
ed

.
T

h
e

p
rop

osed
m

eth
o
d
s

to
select

ex
p

erien
ces

are
d
etailed

in
S
ection

7,
w

ith
th

e
resu

lts
of

ap
p
ly

in
g

th
ese

m
eth

o
d
s

to
th

e
d
iff

eren
t

scen
arios

in
sim

p
le

an
d

m
ore

com
p
lex

b
en

ch
m

ark
s

are
p
resen

ted
in

S
ection

8.
T

h
e

con
clu

sion
s,

as
w

ell
as

ou
r

recom
m

en
d
ed

gu
id

elin
es

for
ch

o
osin

g
th

e
b
u
ff

er
size,

reten
tion

p
rox

y
an

d
sam

p
lin

g
strategy

are
given

in
S
ection

9.

2
.
R
e
la
te
d
W

o
rk

W
h
en

a
learn

in
g

sy
stem

n
eed

s
to

learn
a

task
from

a
set

of
ex

am
p
les,

th
e

ord
er

in
w

h
ich

th
e

ex
am

p
les

are
p
resen

ted
to

th
e

learn
er

can
b

e
very

im
p

ortan
t.

O
n
e

m
eth

o
d

to
im

p
rove

th
e

learn
in

g
p

erform
an

ce
on

com
p
lex

task
s

is
to

grad
u
ally

in
crease

th
e

d
iffi

cu
lty

of
th

e
ex

am
p
les

th
at

are
p
resen

ted
.

T
h
is

con
cep

t
is

k
n
ow

n
as

sh
ap

in
g

(S
k
in

n
er,

1958)
in

a
n
im

al
train

in
g

an
d

cu
rricu

lu
m

learn
in

g
(B

en
gio

et
al.,

2009)
in

m
ach

in
e

learn
in

g.
S
om

etim
es

it
is

p
ossib

le
to

gen
erate

train
in

g
ex

am
p
les

of
ju

st
th

e
righ

t
d
iffi

cu
lty

on
-lin

e.
R

ecen
t

m
ach

in
e

learn
in

g
ex

am
p
les

of
th

is
in

clu
d
e

gen
erativ

e
ad

versarial
n
etw

ork
s

(G
o
o
d
fellow

et
al.,

2014)
an

d
self

p
lay

in
rein

forcem
en

t
learn

in
g

(see
for

ex
am

p
le

th
e

w
ork

b
y

S
ilv

er
et

al.
2017).

W
h
en

th
e

train
in

g
ex

am
p
les

are
fi
x
ed

,
learn

in
g

can
b

e
sp

ed
u
p

b
y

rep
eatin

g
th

ose
ex

a
m

p
les

th
at

th
e

learn
in

g
sy

stem
is

stru
gglin

g
w

ith
m

ore
often

th
a
n

th
ose

th
at

it
fi
n
d
s

easy,
as

w
as

sh
ow

n
for

su
p

erv
ised

learn
in

g
b
y,

am
on

g
oth

ers,
H

in
ton

(2007)
an

d
L

osh
ch

ilov
an

d
H

u
tter

(2015).
A

d
d
ition

ally,
th

e
ev

en
tu

al
p

erform
an

ce
of

su
p

erv
ised

-learn
in

g
m

eth
o
d
s

can
b

e
im

p
roved

b
y

re-sam
p
lin

g
th

e
train

in
g

d
ata

p
rop

ortion
ally

to
th

e
d
iffi

cu
lty

of
th

e
ex

am
p
les,

as
d
on

e
in

th
e

b
o
ostin

g
tech

n
iq

u
e

(V
alian

t,
1984;

F
reu

n
d

et
al.,

1999
)

In
on

-lin
e

rein
forcem

en
t

learn
in

g,
a

set
of

ex
am

p
les

is
gen

erally
n
ot

availab
le

to
start

w
ith

.
In

stead
,

an
agen

t
in

teracts
w

ith
its

en
v
iron

m
en

t
an

d
ob

serves
a

stream
of

ex
p

erien
ces

as
a

resu
lt.

T
h
e

ex
p

erien
ce

rep
lay

tech
n
iq

u
e

w
as

in
tro

d
u
ced

to
save

th
ose

ex
p

erien
ces

in
a

b
u
ff

er
an

d
rep

lay
th

em
from

th
at

b
u
ff

er
to

th
e

learn
in

g
sy

stem
(L

in
,
1992).

T
h
e

in
tro

d
u
ction

of
an

ex
p

erien
ce

b
u
ff

er
m

akes
it

p
ossib

le
to

ch
o
ose

w
h
ich

ex
am

p
les

sh
ou

ld
b

e
p
resen

ted
to

th
e

learn
in

g
sy

stem
again

.
A

s
in

su
p

erv
ised

learn
in

g,
w

e
can

rep
lay

th
ose

ex
p

erien
ces

th
at

in
d
u
ced

th
e

largest
error

(S
ch

au
l

et
al.,

2016).
A

n
oth

er
op

tion
th

at
h
as

b
een

in
vestigated

in
th

e
literatu

re
is

to
rep

lay
m

ore
often

th
ose

ex
p

erien
ces

th
at

are
asso

ciated
w

ith
large

im
m

ed
iate

rew
ard

s
(N

arasim
h
an

et
al.,

2015).

In
off

-p
olicy

rein
forcem

en
t

learn
in

g
th

e
q
u
estion

of
w

h
ich

ex
p

erien
ces

to
learn

from
ex

-
ten

d
s

b
eyon

d
ch

o
osin

g
h
ow

to
sam

p
le

from
a

b
u
ff

er.
It

b
egin

s
w

ith
d
eterm

in
in

g
w

h
ich

ex
p

erien
ces

sh
ou

ld
b

e
in

th
e

b
u
ff

er.
L

ip
ton

et
al.

(2016)
fi
ll

th
e

b
u
ff

er
w

ith
su

ccessfu
l

ex
-

p
erien

ces
from

a
p
re-ex

istin
g

p
olicy

b
efore

learn
in

g
starts.

O
th

er
au

th
ors

h
ave

in
vestigated

criteria
to

d
eterm

in
e

w
h
ich

ex
p

erien
ces

sh
ou

ld
b

e
retain

ed
in

a
b
u
ff

er
of

lim
ited

cap
acity

w
h
en

n
ew

ex
p

erien
ces

are
ob

serv
ed

.
In

th
is

con
tex

t,
P

ieters
an

d
W

ierin
g

(2016)
h
av

e
in

v
es-

tigated
keep

in
g

on
ly

ex
p

erien
ces

w
ith

th
e

h
igh

est
im

m
ed

iate
rew

ard
s

in
th

e
b
u
ff

er,
w

h
ile

ou
r

p
rev

iou
s

w
ork

h
as

fo
cu

sed
on

en
su

rin
g

su
ffi

cien
t

d
iversity

in
th

e
state-action

sp
ace

(d
e

B
ru

in
et

al.,
2016a,b

).

E
x
p

erien
ce

rep
lay

tech
n
iq

u
es,

in
clu

d
in

g
th

ose
in

th
is

w
ork

,
often

take
th

e
stream

of
ex

p
erien

ces
th

at
th

e
agen

t
ob

serves
a
s

given
an

d
attem

p
t

to
learn

from
th

is
stream

in
an

op
tim

al
w

ay.
O

th
er

au
th

ors
h
ave

in
vestigated

w
ay

s
to

in
still

th
e

d
esire

to
seek

o
u
t

in
form

a-
tion

th
at

is
u
sefu

l
for

th
e

learn
in

g
p
ro

cess
d
irectly

in
to

th
e

agen
t’s

b
eh

av
io

r
(S

ch
m

id
h
u
b

er,
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E
x
p
e
r
ie

n
c
e

S
e
l
e
c
t
io

n
in

D
e
e
p

R
L

f
o
r

C
o
n
t
r
o
l

19
91

;
C

h
en

ta
n
ez

et
al

.,
20

04
;

H
ou

th
o
o
ft

et
al

.,
20

16
;

B
el

le
m

ar
e
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p
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p
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d
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p
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p
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b
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d
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al

.,
20

16
;

W
an

g
et

al
.,

20
17

;
G

u
et

al
.,

20
17

).
W

h
en

a
b
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p
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b
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b
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b
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b
le

m
of

ex
p

er
i-

en
ce

re
te

n
ti

on
an

d
sa

m
p
li
n
g.
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d
iff

er
en

t
p
ro

x
ie

s
fo

r
th

e
u
se

fu
ln

es
s

of
ex

p
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d
ge

ab
ou

t
th

e
sp

ec
ifi

c
re

in
fo

rc
em

en
t

le
ar

n
in

g
p
ro

b
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p
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p
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p
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d
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n
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h
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s
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b
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b
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b
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at
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p
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h
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p
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p
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b
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b
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d
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p
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p
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w
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n
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R
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w
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p
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p
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p
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b
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+
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h
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h
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b

e
d
et

er
m

in
is

ti
c:
s′ E

=
f

(s
E,
a
E)

.
H

er
e,

s′ E
is

th
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p
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n
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h
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e
ti

m
e

st
ep

.
A

n
ov

er
v
ie

w
of

th
e

d
iff

er
en

t
re

in
fo

rc
em

en
t

le
ar

n
in

g
si

gn
al

s
an

d
sy

m
b

o
ls

u
se

d
is

gi
v
en

in
F

ig
u
re

1.

T
h
e

go
al

of
th
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d
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h
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c
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ra
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p
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ic

y
:
a

=
π

(s
;θ
π
).

A
se

co
n
d

n
eu

ra
l

n
et

w
or

k
w

it
h

p
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at
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E
x
p
e
r
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n
c
e

S
e
l
e
c
t
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n
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D
e
e
p

R
L

f
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r

C
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n
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on

w
ard

s

Q
π
(s,a

)
=

E
π

[
∞∑k
=

0

γ
kr
k |s

0
=
s,a

0
=
a ]

.
(3)

T
h
e

critic
fu

n
ction

Q
(s,a

;θ
Q

)
is

train
ed

to
a
p
p
rox

im
ate

th
e

tru
e
Q
π
(s,a

)
fu

n
ction

b
y

m
in

im
izin

g
th

e
sq

u
ared

tem
p

oral
d
iff

eren
ce

error
δ

for
ex

p
erien

ce
〈s
i ,a

i ,s ′i ,r
i 〉

δ
i

=
[r
i
+
γ
Q
(
s ′i ,π

(s ′i ;θ −π
);θ −Q )]−

Q
(s
i ,a

i ;θ
Q

)
,

(4)

L
i (θ

Q
)

=
δ

2i ,

∆
iθ
Q
∼
−
O
θ
Q
L
i (θ

Q
).

(5)

T
h
e

in
d
ex

i
is

a
gen

eric
in

d
ex

for
ex

p
erien

ces
th

at
w

e
w

ill
in

th
e

follow
in

g
u
se

to
in

d
icate

th
e

in
d
ex

o
f

a
n

ex
p

erien
ce

in
a

b
u
ff

er.
T

h
e

p
aram

eter
vectors

θ −π
an

d
θ −Q

are
cop

ies
of
θ
π

a
n
d
θ
Q

th
at

a
re

u
p

d
ated

w
ith

a
low

-p
ass

fi
lter

to
slow

ly
track

θ
π

an
d
θ
Q

θ −π
←

(1−
τ
)θ −π

+
τ
θ
π
,

θ −Q
←

(1−
τ
)θ −Q

+
τ
θ
Q
,

w
ith

τ
∈

(0,1
),τ
�

1.
T

h
is

w
as

fou
n
d

to
b

e
im

p
ortan

t
for

en
su

rin
g

stab
ility

w
h
en

u
sin

g
d
eep

n
eu

ra
l

n
etw

ork
s

as
fu

n
ction

ap
p
rox

im
ators

in
rein

forcem
en

t
learn

in
g

(M
n
ih

et
al.,

2
0
1
5
;

L
illicra

p
et

al.,
2016).

T
h
e

p
a
ra

m
eters

θ
π

of
th

e
p

olicy
n
eu

ral
n
etw

ork
π

(s;θ
π
)

are
u
p

d
ated

in
th

e
d
irection

th
a
t

ch
a
n
g
es

th
e

action
a

=
π

(s;θ
π
)

in
th

e
d
irection

for
w

h
ich

th
e

critic
p
red

icts
th

e
steep

est
a
scen

t
in

th
e

ex
p

ected
su

m
of

d
iscou

n
ted

rew
ard

s

∆
θ
π
∼
O
a Q

(s
i ,π

(s
i ;θ

π
);θ

Q
)O

θ
π
π

(s
i ;θ

π
).

(6)

3
.3

E
x
p

e
rie

n
c
e

R
e
p

la
y

T
h
e

a
cto

r
a
n
d

critic
n
eu

ral
n
etw

ork
s

are
train

ed
b
y

u
sin

g
sam

p
le-b

ased
estim

ates
of

th
e

g
ra

d
ien

ts
O
θ
Q

an
d
O
θ
π

in
a

sto
ch

astic
grad

ien
t

op
tim

ization
algorith

m
su

ch
as

A
D

A
M

(K
in

g
m

a
a
n
d

B
a,

2015).
T

h
ese

algorith
m

s
are

b
ased

on
th

e
assu

m
p
tion

of
in

d
ep

en
d
en

t
a
n
d

id
en

tica
lly

d
istrib

u
ted

(i.i.d
.)

d
ata.

T
h
is

assu
m

p
tion

is
v
iolated

w
h
en

th
e

ex
p

erien
ces

〈s
i ,a

i ,s ′i ,r
i 〉

in
(5)

an
d

(6)
are

u
sed

in
th

e
sam

e
ord

er
d
u
rin

g
th

e
op

tim
ization

of
th

e
n
etw

o
rk

s
a
s

th
ey

w
ere

ob
served

b
y

th
e

agen
t.

T
h
is

is
b

ecau
se

th
e

su
b
seq

u
en

t
sam

p
les

a
re

stro
n
g
ly

co
rrela

ted
,

sin
ce

th
e

w
orld

on
ly

ch
an

ges
slow

ly
over

tim
e.

T
o

so
lve

th
is

p
rob

lem
,

a
n

ex
p

erien
ce

rep
lay

(L
in

,
1992)

b
u
ff

erB
w

ith
som

e
fi
n
ite

cap
acity

C
can

b
e

in
tro

d
u
ced

.

M
o
st

co
m

m
on

ly,
ex

p
erien

ces
are

w
ritten

to
th

is
b
u
ff

er
in

a
F

irst
In

F
irst

O
u
t

(F
IF

O
)

m
a
n
n
er.

W
h
en

ex
p

erien
ces

are
n
eed

ed
to

train
th

e
n
eu

ral
n
etw

ork
s,

th
ey

are
sam

p
led

u
n
ifo

rm
ly

a
t

ra
n
d
om

from
th

e
b
u
ff

er.
T

h
is

b
reak

s
th

e
tem

p
oral

correlation
s

of
th

e
u
p

d
ates

a
n
d

resto
res

th
e

i.i.d
.

assu
m

p
tion

of
th

e
op

tim
ization

algorith
m

s,
w

h
ich

im
p
roves

th
eir

p
erfo

rm
a
n
ce

(M
n
ih

et
al.,

2015;
M

on
tavon

et
al.,

2012).
T

h
e

in
creased

stab
ility

com
es

in
a
d
d
itio

n
to

th
e

m
ain

ad
van

tage
of

ex
p

erien
ce

rep
lay,

w
h
ich

is
th

at
ex

p
erien

ces
can

b
e

u
sed

m
u
ltip

le
tim

es
for

u
p

d
ates,

in
creasin

g
th

e
sam

p
le

effi
cien

cy
of

th
e

algorith
m

.
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d
e

B
r
u
in

,
K

o
b
e
r
,

T
u
y
l
s

a
n
d

B
a
b
u
šk

a

3
.3

.1
P

r
io

r
it

iz
e
d

E
x
p
e
r
ie

n
c
e

R
e
p
l
a
y

A
lth

ou
gh

sam
p
lin

g
ex

p
erien

ces
u
n
iform

ly
at

ran
d
om

from
th

e
ex

p
erien

ce
b
u
ff

er
is

an
easy

d
efau

lt,
th

e
p

erform
an

ce
of

rein
forcem

en
t-learn

in
g

algorith
m

s
can

b
e

im
p
roved

b
y

ch
o
osin

g
th

e
ex

p
erien

ce
sam

p
les

u
sed

for
train

in
g

in
a

sm
arter

w
ay.

H
ere,

w
e

su
m

m
arize

on
e

of
th

e
varian

ts
of

P
rioritized

E
x
p

erien
ce

R
ep

lay
(P

E
R

)
th

at
w

as
in

tro
d
u
ced

b
y

S
ch

au
l

et
al.

(2016).
O

u
r

en
h
an

cem
en

ts
to

ex
p

erien
ce

rep
lay

are
given

in
S
ection

7.

T
h
e

P
E

R
tech

n
iq

u
e

is
b
ased

on
th

e
id

ea
th

at
th

e
tem

p
oral

d
iff

eren
ce

error
(4

)
p
rov

id
es

a
go

o
d

p
rox

y
for

th
e

in
stan

tan
eou

s
u
tility

of
an

ex
p

erien
ce.

S
ch

au
l

et
al.

(2016)
argu

e
th

at,
w

h
en

th
e

critic
m

ad
e

a
large

error
on

an
ex

p
erien

ce
th

e
last

tim
e

it
w

as
u
sed

in
an

u
p

d
ate,

th
ere

is
m

ore
to

b
e

learn
ed

from
th

e
ex

p
erien

ce.
T

h
erefore,

its
p
rob

ab
ility

of
b

ein
g

sam
p
led

again
sh

ou
ld

b
e

h
igh

er
th

an
th

at
of

an
ex

p
erien

ce
asso

ciated
w

ith
a

low
tem

p
oral

d
iff

eren
ce

error.

In
th

is
w

ork
w

e
con

sid
er

th
e

ran
k
-b

ased
sto

ch
astic

P
E

R
varian

t.
In

th
is

m
eth

o
d
,

th
e

p
rob

ab
ility

of
sam

p
lin

g
an

ex
p

erien
ce
i

from
th

e
b
u
ff

er
is

ap
p
rox

im
ately

given
b
y
:

P
(i)≈

(
1

ra
n

k
(i) )

α

∑
j (

1
ra

n
k
(j) )

α
.

(7)

H
ere,

ran
k
(i)

is
th

e
ran

k
of

sam
p
le
i

accord
in

g
to

th
e

ab
solu

te
va

lu
e

of
th

e
tem

p
oral

d
if-

feren
ce

error|δ|
accord

in
g

to
(4),

calcu
lated

w
h
en

th
e

ex
p

erien
ce

w
as

last
u
sed

to
train

th
e

critic.
A

ll
ex

p
erien

ces
th

at
h
ave

n
ot

yet
b

een
u
sed

for
train

in
g

h
ave

δ
=
∞

,
resu

ltin
g

in
a

large
p
rob

ab
ility

of
b

ein
g

sam
p
led

.
T

h
e

p
aram

eter
α

d
eterm

in
es

h
ow

stron
gly

th
e

p
rob

a-
b
ility

of
sam

p
lin

g
an

ex
p

erien
ce

d
ep

en
d
s

on
δ.

W
e

u
se
α

=
0.7

as
p
rop

o
sed

b
y

S
ch

au
l

et
al.

(2016)
an

d
h
av

e
in

clu
d
ed

a
sen

sitiv
ity

an
aly

sis
for

d
iff

eren
t

b
u
ff

er
sizes

in
A

p
p

en
d
ix

9.3.
N

ote
th

at
th

e
rela

tion
is

on
ly

ap
p
rox

im
ate

as
sam

p
lin

g
fro

m
th

is
p
rob

ab
ility

d
istrib

u
tion

d
irectly

is
in

effi
cien

t.
F

or
effi

cien
t

sam
p
lin

g,
(7)

is
u
sed

to
d
iv

id
e

th
e

b
u
ff

erB
in

to
S

seg-
m

en
ts

of
eq

u
al

cu
m

u
lative

p
rob

ab
ility,

w
h
ere

S
is

taken
as

th
e

n
u
m

b
er

of
ex

p
erien

ces
p

er
train

in
g

m
in

i
b
atch

.
D

u
rin

g
train

in
g,

on
e

ex
p

erien
ce

is
sam

p
led

u
n
iform

ly
at

ran
d
om

from
each

of
th

e
segm

en
ts.

3
.3

.2
Im

p
o
r
t
a
n
c
e

S
a
m

p
l
in

g

T
h
e

estim
ation

of
an

ex
p

ected
valu

e
w

ith
sto

ch
astic

u
p

d
ates

relies
on

th
ose

u
p

d
ates

cor-
resp

on
d
in

g
to

th
e

sam
e

d
istrib

u
tion

as
its

ex
p

ectation
.

S
ch

au
l

et
al.

(2016)
p
rop

osed
to

com
p

en
sate

for
th

e
fact

th
at

th
e

ch
an

ged
sa

m
p
lin

g
p
ro

ced
u
re

can
aff

ect
th

e
valu

e
of

th
e

ex
p

ectation
in

(3)
b
y

m
u
ltip

ly
in

g
th

e
grad

ien
ts

(5)
w

ith
an

Im
p

ortan
ce

S
am

p
lin

g
(IS

)
w

eigh
t

ω
i

=

(
1C

1

P
(i) )

β

.
(8)

H
ere,

β
allow

s
scalin

g
b

etw
een

n
ot

com
p

en
satin

g
a
t

all
(β

=
0)

to
fu

lly
com

p
en

satin
g

for
th

e
ch

an
ges

in
th

e
sam

p
le

d
istrib

u
tion

cau
sed

b
y

th
e

sa
m

p
lin

g
strategy

(β
=

1).
In

ou
r

ex
p

erim
en

ts,
w

h
en

IS
is

u
sed

,
w

e
follow

S
ch

au
l

et
al.

(2016)
in

scalin
g
β

lin
early

p
er

ep
iso

d
e

from
0
.5

at
th

e
start

of
a

learn
in

g
ru

n
to
β

=
1

at
th

e
en

d
of

th
e

learn
in

g
ru

n
.C

in
d
icates

th
e

cap
acity

of
th

e
b
u
ff

er.
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E
x
p
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c
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R
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f
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r
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o
n
t
r
o
l

N
ot

al
l

ch
an

ge
s

to
th

e
sa

m
p
li
n
g

d
is

tr
ib

u
ti

on
n
ee

d
to

b
e

co
m

p
en

sa
te

d
fo

r.
S
in

ce
w

e
u
se

a
d
et

er
m

in
is

ti
c

p
ol

ic
y

gr
ad

ie
n
t

al
go

ri
th

m
w

it
h

a
Q

-l
ea

rn
in

g
cr

it
ic

,
w

e
d
o

n
ot

n
ee

d
to

co
m

p
en

sa
te

fo
r

th
e

fa
ct

th
at

th
e

sa
m

p
le

s
ar

e
ob

ta
in

ed
b
y

a
d
iff

er
en

t
p

ol
ic

y
th

a
n

th
e

on
e

w
e

ar
e

op
ti

m
iz

in
g

fo
r

(S
il
ve

r
et

al
.,

20
14

).
W

e
ca

n
ch

an
ge

th
e

sa
m

p
li
n
g

d
is

tr
ib

u
ti

on
fr

om
th

e
b
u
ff

er
,

w
it

h
ou

t
co

m
p

en
sa

ti
n
g

fo
r

th
e

ch
an

ge
,

so
lo

n
g

as
th

es
e

sa
m

p
le

s
ac

cu
ra

te
ly

re
p
re

se
n
t

th
e

tr
an

si
ti

on
an

d
re

w
ar

d
fu

n
ct

io
n
s.

S
am

p
li
n
g

b
as

ed
on

th
e

T
D

er
ro

r
ca

n
ca

u
se

is
su

es
h
er

e,
as

in
fr

eq
u
en

tl
y

o
cc

u
rr

in
g

tr
an

-
si

ti
on

s
or

re
w

ar
d
s

w
il
l

te
n
d

to
b

e
su

rp
ri

si
n
g.

R
ep

la
y
in

g
th

es
e

sa
m

p
le

s
m

or
e

o
ft

en
w

il
l

in
tr

o
d
u
ce

a
b
ia

s,
w

h
ic

h
sh

ou
ld

b
e

co
rr

ec
te

d
th

ro
u
gh

im
p

or
ta

n
ce

sa
m

p
li
n
g.

H
ow

ev
er

,
th

e
te

m
p

or
al

d
iff

er
en

ce
er

ro
r

w
il
l

al
so

b
e

p
ar

tl
y

ca
u
se

d
b
y

th
e

fu
n
ct

io
n

ap
-

p
ro

x
im

at
io

n
er

ro
r.

T
h
es

e
er

ro
rs

w
il
l

b
e

p
re

se
n
t

ev
en

fo
r

a
st

at
io

n
ar

y
sa

m
p
le

d
is

tr
ib

u
ti

on
af

te
r

le
ar

n
in

g
h
as

co
n
ve

rg
ed

.
T

h
e

er
ro

rs
w

il
l

va
ry

ov
er

th
e

st
a
te

-a
ct

io
n

sp
a
ce

an
d

th
ei

r
m

ag
n
it

u
d
e

w
il
l

b
e

re
la

te
d

to
th

e
sa

m
p
le

d
en

si
ty

.
S
am

p
li
n
g

b
as

ed
on

th
is

p
ar

t
of

th
e

te
m

p
o-

ra
l

d
iff

er
en

ce
er

ro
r

w
il
l

m
ak

e
th

e
fu

n
ct

io
n

ap
p
ro

x
im

at
io

n
ac

cu
ra

cy
m

o
re

co
n
si

st
en

t
ov

er
th

e
st

at
e-

sp
ac

e.
T

h
is

eff
ec

t
m

ig
h
t

b
e

u
n
w

an
te

d
w

h
en

th
e

le
ar

n
ed

co
n
tr

ol
le

r
w

il
l
b

e
te

st
ed

on
th

e
sa

m
e

in
it

ia
l

st
at

e
d
is

tr
ib

u
ti

on
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it
w

as
tr

ai
n
ed
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.

In
th
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se
,

it
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p
re

fe
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b
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to
h
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e
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e
fu

n
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io
n
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p
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x
im

at
io

n
ac

cu
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cy
b

e
h
ig

h
es

t
w

h
er

e
th

e
sa

m
p
le

d
en

si
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h
ig
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t.
H
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ev

er
,

w
h
en

th
e

ai
m

is
to

tr
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n
a
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n
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le

r
th

at
ge

n
er
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iz
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p
ar

t
of
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w
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ig

h
t

n
o
t

w
an

t
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se
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p
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ta
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p
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n
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to
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t
th

is
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ec
t.

N
ot

e
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im
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or
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n
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m

p
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n
g

b
as

ed
on

th
e

sa
m

p
le

d
is

tr
ib

u
ti

o
n

ov
er

th
e

st
at

e
sp

ac
e

is
h
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ri
st

ic
al

ly
m

ot
iv
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ed

an
d

b
as

ed
on

fu
n
ct

io
n

ap
p
ro

x
im

at
io
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en
tal

to
actor-critic

alg
orith

m
s,

b
u
t

n
ot

to
critic-on

ly
algorith

m
s

w
ith

d
iscrete

action
sp

aces.

S
am

p
lin

g
freq

u
en

cy
H

igh
T

h
e

stab
ility

of
R

L
algorith

m
s

d
ep

en
d
s

h
eav

ily
on

th
e

sam
p
lin

g
freq

u
en

cy.
E

x
p

erien
ce

d
iv

ersity
can

h
elp

learn
in

g
stab

ility.
H

av
in

g
d
iverse

action
s

at
h
igh

er
freq

u
en

cies
m

igh
t

b
e

cru
cial

as
th

e
size

of
th

eir
eff

ect
on

th
e

ob
served

retu
rn

s
d
im

in
ish

es.

B
u
ff

er
size

M
ed

iu
m

S
m

all
b
u
ff

ers
can

lead
to

rap
id

ly
ch

an
gin

g
d
ata

d
istrib

u
tion

s,
w

h
ich

cau
ses

u
n
stab

le
learn

in
g.

L
arge

b
u
ff

ers
h
ave

m
ore

in
h
eren

t
d
iversity.

S
am

p
le

a
g
e

L
ow

A
lth

ou
gh

retain
in

g
old

sam
p
les

cou
ld

th
eoretically

b
e

p
rob

lem
atic,

th
ese

p
rob

lem
s

w
ere

n
ot

clearly
ob

servab
le

in
p
ractice.

N
oise

N
on

e
T

h
e

p
resen

ce
of

n
oise

w
as

n
ot

ob
serv

ed
to

in
fl
u
en

ce
th

e
n
eed

for
ex

p
erien

ce
d
iversity,

alth
ou

gh
it

ca
n

in
fl
u
en

ce
ex

p
erien

ce
selection

strategies,
as

w
ill

b
e

sh
ow

n
in

S
ection

8.3.

T
a
b
le

3
:

T
h
e

d
ep

en
d
en

ce
of

th
e

n
eed

for
d
iverse

ex
p

erien
ces

on
th

e
in

vestigated
en

v
iro

n
-

m
en

t
an

d
rein

forcem
en

t
learn

in
g

p
rop

erties.

b
en

efi
ts

of
d
iversity,

th
e

n
ex

t
section

w
ill

p
rop

ose
strategies

to
ob

tain
d
iverse

ex
p

erien
ces

in
w

ay
s

th
a
t

a
re

feasib
le

on
real

p
rob

lem
s.

7
.
N
e
w

E
x
p
e
rie

n
ce

-S
e
le
ctio

n
S
tra

te
g
ie
s

F
o
r

th
e

reaso
n
s

d
iscu

ssed
in

S
ection

2,
w

e
d
o

n
ot

con
sid

er
ch

an
gin

g
th

e
stream

of
ex

p
eri-

en
ces

th
at

a
n

a
gen

t
ob

serv
es

b
y

eith
er

ch
an

gin
g

th
e

ex
p
loration

or
b
y

gen
eratin

g
sy

n
th

etic
ex

p
erien

ces.
In

stead
,

to
b

e
ab

le
to

rep
lay

ex
p

erien
ces

w
ith

d
esired

p
rop

erties,
valu

ab
le

ex
p

erien
ces

n
eed

to
b

e
id

en
tifi

ed
,

so
th

at
th

ey
can

b
e

retain
ed

in
th

e
b
u
ff

er
an

d
rep

layed
fro

m
it.

In
th

is
section

w
e

lo
ok

at
h
ow

sev
eral

p
rox

ies
for

th
e

u
tility

of
ex

p
erien

ces
can

b
e

u
sed

in
ex

p
erien

ce
selection

m
eth

o
d
s.
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7
.1

E
x
p

e
rie

n
c
e

R
e
te

n
tio

n

A
lth

ou
gh

w
e

sh
ow

ed
in

S
ection

6.4
th

at
h
igh

sam
p
lin

g
rates

m
igh

t
w

arran
t

d
rop

p
in

g
ex

p
e-

rien
ces,

in
gen

eral
w

e
assu

m
e

th
at

each
n
ew

ex
p

erien
ce

h
as

at
least

som
e

u
tility.

T
h
erefore,

u
n
less

stated
oth

erw
ise,

w
e

w
ill

alw
ay

s
w

rite
n
ew

ly
ob

tain
ed

ex
p

erien
ces

to
th

e
b
u
ff

er.
W

h
en

th
e

b
u
ff

er
is

fu
ll,

th
is

m
ean

s
th

at
w

e
n
eed

som
e

m
etric

th
at

can
b

e
u
sed

to
d
ecid

e
w

h
ich

ex
p

erien
ces

sh
ou

ld
b

e
overw

ritten
.

7
.1

.1
E

x
p
e
r
ie

n
c
e

U
t
il

it
y

P
r
o
x
ie

s

A
criterion

u
sed

to
m

an
age

th
e

con
ten

ts
of

an
ex

p
erien

ce
rep

lay
b
u
ff

er
sh

ou
ld

b
e

ch
eap

en
ou

gh
to

calcu
late, 2

sh
ou

ld
b

e
a

go
o
d

p
rox

y
for

th
e

u
sefu

ln
ess

of
th

e
ex

p
erien

ces
an

d
sh

ou
ld

n
ot

d
ep

en
d

on
th

e
learn

in
g

p
ro

cess
in

a
w

ay
th

a
t

w
ou

ld
cau

se
a

feed
b
ack

lo
op

an
d

p
ossib

ly
m

igh
t

d
estab

ilize
th

at
learn

in
g

p
ro

cess.
W

e
con

sid
er

th
ree

criteria
for

overw
ritin

g
ex

p
erien

ces.

A
ge:

T
h
e

d
efau

lt
an

d
sim

p
lest

criterio
n

is
age.

S
in

ce
th

e
p

olicy
is

con
stan

tly
ch

an
gin

g
an

d
w

e
are

try
in

g
to

learn
its

cu
rren

t
eff

ects,
recen

t
ex

p
erien

ces
m

igh
t

b
e

m
ore

relevan
t

th
an

old
er

on
es.

T
h
is

(F
IF

O
)

criterion
is

com
p
u
ta

tion
ally

as
ch

eap
as

it
gets,

sin
ce

d
eterm

in
in

g
w

h
ich

ex
p

erien
ce

to
overw

rite
in

volves
sim

p
ly

in
crem

en
tin

g
a

b
u
ff

er
in

d
ex

.
F

or
sm

aller
b
u
ff

ers,
th

is
d
o
es

h
ow

ever
m

ake
th

e
b
u
ff

er
con

ten
ts

q
u
ite

sen
sitive

to
th

e
learn

in
g

p
ro

cess,
as

a
ch

an
gin

g
p

olicy
can

q
u
ick

ly
ch

an
ge

th
e

d
istrib

u
tion

of
th

e
ex

p
erien

ces
in

th
e

b
u
ff

er.
A

s
seen

in
F

igu
re

4,
th

is
can

lead
to

in
stab

ility.

B
esid

es
F

IF
O

,
w

e
also

con
sid

er
reservoir

sa
m

p
lin

g
(V

itter,
1985).

W
h
en

th
e

b
u
ff

er
is

fu
ll,

n
ew

ex
p

erien
ces

are
ad

d
ed

to
it

w
ith

a
p
rob

ab
ility

C
/i

w
h
ere

i
is

th
e

in
d
ex

of
th

e
cu

rren
t

ex
p

erien
ce.

If
th

e
ex

p
erien

ce
is

w
ritten

to
th

e
b
u
ff

er,
th

e
ex

p
erien

ce
it

rep
laces

is
ch

osen
u
n
iform

ly
at

ran
d
om

.
N

ote
th

at
th

is
is

th
e

on
ly

reten
tion

strategy
w

e
con

sid
er

th
at

d
o
es

n
ot

w
rite

all
n
ew

ex
p

erien
ces

to
th

e
b
u
ff

er.
R

eserv
oir

sam
p
lin

g
en

su
res

th
at

at
ev

ery
stage

of
learn

in
g,

ea
ch

ex
p

erien
ce

ob
served

so
far

h
as

an
eq

u
al

p
rob

ab
ility

of
b

ein
g

in
th

e
b
u
ff

er.
A

s
su

ch
,

in
itial

ex
p
loratory

sam
p
les

are
k
ep

t
in

m
em

ory
an

d
th

e
d
ata

d
istrib

u
tion

con
v
erges

over
tim

e.
T

h
ese

p
rop

erties
are

sh
ared

w
ith

th
e

F
U

L
L

D
B

strategy,
w

ith
ou

t
n
eed

in
g

th
e

sam
e

am
ou

n
t

of
m

em
ory.

T
h
e

m
eth

o
d

m
ig

h
t

in
som

e
cases

even
im

p
rov

e
th

e
learn

in
g

sta
b
ility

com
p
ared

to
u
sin

g
a

fu
ll

b
u
ff

er,
as

th
e

d
ata

d
istrib

u
tion

con
verges

faster.
H

ow
ev

er,
w

h
en

th
e

b
u
ff

er
is

to
o

sm
all

th
is

con
vergen

ce
can

b
e

p
rem

atu
re,

resu
ltin

g
in

a
b
u
ff

er
th

at
d
o
es

n
ot

ad
eq

u
ately

refl
ect

th
e

p
olicy

d
istrib

u
tio

n
.

T
h
is

can
seriou

sly
com

p
rom

ise
th

e
lea

rn
in

g
p

erform
an

ce.

S
u

rp
rise:

A
n
oth

er
p

ossib
le

criterion
is

th
e

u
n
ex

p
ected

n
ess

of
th

e
ex

p
erien

ce,
as

m
ea

su
red

b
y

th
e

tem
p

oral
d
iff

eren
ce

error
δ

from
(4).

T
h
e

su
ccess

of
th

e
P

rioritized
E

x
p

erien
ce

R
ep

lay
(P

E
R

)
m

eth
o
d

of
S
ch

au
l

et
al.

(2016)
sh

ow
s

th
at

th
is

can
b

e
a

go
o
d

p
rox

y
for

th
e

u
tility

of
ex

p
erien

ces.
S
in

ce
th

e
valu

es
h
ave

to
b

e
calcu

lated
to

u
p

d
ate

th
e

critic,
th

e
com

p
u
tation

al
cost

is
very

sm
all

if
w

e
accep

t
th

at
th

e
u
tility

valu
es

m
igh

t
n
ot

b
e

2
.

W
e

h
av

e
d

iscu
ssed

th
e

n
eed

fo
r

ex
p

erien
ce

d
iv

ersity
in

S
ectio

n
6

a
n

d
w

e
h

av
e

p
rev

io
u

sly
p

ro
p

o
sed

ov
erw

ritin
g

a
b

u
ff

er
in

a
w

ay
th

a
t

d
irectly

o
p

tim
ized

fo
r

d
iv

ersity
(d

e
B

ru
in

et
a
l.,

2
0
1
6
a
).

H
ow

ev
er,

ca
lcu

la
tin

g
th

e
ex

p
erien

ce
d

en
sity

in
th

e
sta

te-a
ctio

n
sp

a
ce

is
v
ery

ex
p

en
siv

e
a
n

d
th

erefo
re

p
ro

h
ib

its
u

sin
g

th
e

m
eth

o
d

o
n

a
n
y
th

in
g

b
u

t
sm

a
ll-sca

le
p

ro
b

lem
s.
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E
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p
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c
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S
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R
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n
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u
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d
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ed
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r
ex

p
er

ie
n
ce

s
th

at
ar

e
sa

m
p
le
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.

T
h
e

cr
it

er
io

n
is

h
ow

ev
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st
ro

n
gl

y
li
n
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ed

w
it

h
th

e
le

ar
n
in

g
p
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,
a
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w
e

ar
e

ac
ti

ve
ly
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y
in

g
to

m
in

im
iz

e
δ.

T
h
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m
ea

n
s

th
at

,
w

h
en

th
e

cr
it

ic
is

ab
le

to
ac

cu
ra

te
ly

p
re

d
ic

t
th

e
lo

n
g

te
rm

re
w

ar
d
s

of
th

e
p

ol
ic

y
in

a
ce
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ai

n
re

gi
on

of
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e
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at
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ac
ti
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ac
e,
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e
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m
p
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s
ca

n
b
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w
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If
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e
p
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d
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s
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e

cr
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ic
la
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r

b
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e
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gi
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e
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n
o
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in

g
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s
b
ac
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A
n

a
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d
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io
n
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p
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b
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m
m

ig
h
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b
e

th
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th
e

er
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r
ac
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g
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)
w

il
l
b

e
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u
se

d
p
ar

ti
al

ly
b
y

st
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e
an

d
ac

tu
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or
n
oi
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K
ee

p
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g
ex

p
er
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n
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s
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r
w

h
ic

h
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e
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m
p

or
al

d
iff

er
en
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er

ro
r

is
h
ig

h
m

ig
h
t

th
er

ef
or

e
ca

u
se

th
e

sa
m

p
le

s
sa

ve
d

in
th

e
b
u
ff

er
to

b
e

m
or

e
n
oi

sy
th

an
n
ec

es
sa

ry
.

E
xp

lo
ra

ti
o
n

:
W

e
in

tr
o
d
u
ce

a
n
ew

cr
it

er
io

n
b
as

ed
on

th
e

ob
se

rv
at

io
n

th
at

p
ro

b
le

m
s

ca
n

o
cc

u
r

w
h
en
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e

am
ou

n
t
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ex

p
lo

ra
ti
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is

re
d
u
ce
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O
n

p
h
y
si
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l

sy
st
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s

th
at
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e

su
sc

ep
ti

b
le

to
d
am

ag
e

or
w
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r,

or
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r
ta

sk
s

w
h
er

e
ad

eq
u
at

e
p

er
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rm
an

ce
is

re
q
u
ir

ed
ev

en
d
u
ri

n
g

tr
ai

n
in

g,
ex

p
lo

ra
ti

on
ca

n
b

e
co

st
ly

.
T

h
is

m
ea

n
s

th
at

p
re

v
en

ti
n
g

th
e

p
ro

b
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m
s
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u
se

d
b
y
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y
d
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p
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n
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s
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se
rv

ed
in

S
ec

ti
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b
y
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n
ed
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p
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m
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h
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b
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W

e
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v
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w
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e
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n
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p
lo

ra
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p
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u
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n
g
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p
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n
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p
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x
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u
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fu
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W
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k
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m
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e

d
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th

e
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y
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b

e
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p
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al
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P
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p
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2
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n
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O
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h
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n
b

ec
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n
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p
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e
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u
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e
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or
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T
h
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d
et
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e
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p
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m
en
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e
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ve
n
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p
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e
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p
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en
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in

S
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p
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o
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k
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e
p
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u
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d
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u
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p
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F
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s
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T
h
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in
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u
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ra
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ld

b
e

m
or

e
li
ke

ly
to

re
su

lt
in

st
at

es
th

at
d
iff

er
fr

om
th

e
p

ol
ic

y
d
is

tr
ib

u
ti

on
in

a
m

ea
n
in

g
fu

l
w

ay
.

T
h
es

e
id

ea
s

ar
e

n
ot

te
st

ed
h
er

e,
as

w
e

on
ly

co
n
si

d
er

co
n
ti

n
u
o
u
s

ac
ti

on
s

in
th

e
re

m
ai

n
d
er

of
th

is
w

or
k
.

N
ot

e
th

at
th

e
si

ze
of

th
e

ex
p
lo

ra
ti

on
si

gn
al

is
th

e
d
ev

ia
ti

on
of

th
e

ch
os

en
ac

ti
on

in
a

ce
rt

ai
n

st
at

e
fr

om
th

e
p

ol
ic

y
ac

ti
on

fo
r

th
at

st
at

e.
S
in

ce
th

e
p

ol
ic

y
ev

o
lv

es
ov

er
ti

m
e

w
e

co
u
ld

re
ca

lc
u
la

te
th

is
m

ea
su

re
of

d
ev

ia
ti

on
fr

om
th

e
p

ol
ic

y
ac

ti
on

s
p

er
ex

p
er

ie
n
ce

at
a

la
te

r
ti

m
e.

A
lt

h
ou

gh
w

e
h
av

e
in

v
es

ti
ga

te
d

u
si

n
g

th
is

p
ol

ic
y

d
ev

ia
ti

on
p
ro

x
y

p
re

v
io

u
sl

y
(d

e
B

ru
in

et
al

.,
20

16
b
),

w
e

fo
u
n
d

em
p
ir

ic
al

ly
th

at
u
si

n
g

th
e

st
re

n
gt

h
of

th
e

in
it

ia
l

ex
p
lo

ra
ti

on
y
ie

ld
s

b
et

te
r

re
su

lt
s.

T
h
is

ca
n

p
ar

tl
y

b
e

ex
p
la

in
ed

b
y

th
e

fa
ct

th
at

re
ca

lc
u
la

ti
n
g

th
e

p
ol

ic
y

d
ev

ia
ti

on
m

ak
es

th
e

p
ro

x
y

d
ep

en
d
en

t
on

th
e

le
ar

n
in

g
p
ro

ce
ss

an
d

p
ar

tl
y

b
y

th
e

fa
ct

th
at

se
q
u
en

ce
s

w
it

h
m

or
e

ex
p
lo

ra
ti

on
al

so
re

su
lt

in
d
iff

er
en

t
st

at
es

b
ei

n
g

v
is

it
ed

.

7
.1

.2
S
t
o
c
h
a
st

ic
E

x
p
e
r
ie

n
c
e

R
e
t
e
n
t
io

n
Im

p
l
e
m

e
n
t
a
t
io

n

F
or

th
e

te
m

p
or

al
d
iff

er
en

ce
er

ro
r

an
d

ex
p
lo

ra
ti

on
-b

a
se

d
ex

p
er

ie
n
ce

re
te

n
ti

on
m

et
h
o
d
s,

ke
ep

-
in

g
so

m
e

ex
p

er
ie

n
ce

s
in

th
e

b
u
ff

er
in

d
efi

n
it

el
y

m
ig

h
t

le
ad

to
ov

er
-fi

tt
in

g
to

th
es

e
sa

m
p
le

s.
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d
e

B
r
u
in

,
K

o
b
e
r
,

T
u
y
l
s

a
n
d

B
a
b
u
šk

a

N
ot

at
io

n
P

ro
x
y

E
x
p
la

n
at

io
n

E
x
p
l(
α

)
E

x
p
lo

ra
ti

on
E

x
p

er
ie

n
ce

s
w

it
h

th
e

le
as

t
ex

p
lo

ra
ti

on
ar

e
st

o
ch

a
st

ic
a
ll
y

ov
er

w
ri

tt
en

w
it

h
n
ew

on
es

.

T
D

E
(α

)
S
u
rp

ri
se

E
x
p

er
ie

n
ce

s
w

it
h

th
e

sm
al

le
st

te
m

p
or

a
l

d
iff

er
en

ce
er

ro
r

a
re

st
o
ch

as
ti

ca
ll
y

ov
er

w
ri

tt
en

w
it

h
n
ew

on
es

.

R
es

v
A

ge
T

h
e

b
u
ff

er
is

ov
er

w
ri

tt
en

su
ch

th
at

ea
ch

ex
p

er
ie

n
ce

o
b
se

rv
ed

so
fa

r
h
as

an
eq

u
al

p
ro

b
ab

il
it

y
of

b
ei

n
g

in
th

e
b
u
ff

er
.

T
ab

le
4:

N
ew

an
d

u
n
co

m
m

on
ex

p
er

ie
n
ce

re
te

n
ti

on
st

ra
te

gi
es

co
n
si

d
er

ed
in

th
is

w
o
rk

.

N
ot

at
io

n
P

ro
x
y

E
x
p
la

n
at

io
n

U
n
if

or
m

+
F

IS
-

E
x
p

er
ie

n
ce

s
ar

e
sa

m
p
le

d
u
n
if

or
m

ly
at

ra
n
d
o
m

,
F

IS
(S

ec
ti

on
7.

2
)

is
u
se

d
to

ac
co

u
n
t

fo
r

th
e

d
is

tr
ib

u
ti

o
n

ch
an

ge
s

ca
u
se

d
b
y

th
e

re
te

n
ti

o
n

p
ol

ic
y.

P
E

R
+

F
IS

S
u
rp

ri
se

E
x
p

er
ie

n
ce

s
ar

e
sa

m
p
le

d
u
si

n
g

ra
n
k

b
as

ed
st

o
ch

a
st

ic
p
ri

or
it

iz
ed

ex
p

er
ie

n
ce

re
p
la

y
b
as

ed
on

th
e

te
m

p
o
ra

l
d
iff

er
en

ce
er

ro
r.

F
u
ll

im
p

or
ta

n
ce

sa
m

p
li
n
g

is
u
se

d
to

ac
co

u
n
t

fo
r

th
e

d
is

tr
ib

u
ti

on
ch

an
ge

s
ca

u
se

d
b
y

b
o
th

th
e

re
te

n
ti

on
an

d
sa

m
p
li
n
g

p
ol

ic
ie

s.

T
ab

le
5:

N
ew

ex
p

er
ie

n
ce

sa
m

p
li
n
g

st
ra

te
gi

es
co

n
si

d
er

ed
in

th
is

w
o
rk

.

A
d
d
it

io
n
al

ly
,

al
th

ou
gh

th
e

ov
er

w
ri

te
m

et
ri

c
w

e
ch

o
os

e
m

ig
h
t

p
ro

v
id

e
a

d
ec

en
t

p
ro

x
y

fo
r

th
e

u
se

fu
ln

es
s

of
ex

p
er

ie
n
ce

s,
w

e
m

ig
h
t

st
il
l
w

an
t

to
b

e
ab

le
to

sc
al

e
th

e
ex

te
n
t

to
w

h
ic

h
w

e
b
a
se

th
e

co
n
te

n
ts

of
th

e
b
u
ff

er
on

th
is

p
ro

x
y.

W
e

th
er

ef
or

e
u
se

th
e

sa
m

e
st

o
ch

as
ti

c
ra

n
k
-b

a
se

d
se

le
ct

io
n

cr
it

er
io

n
of

(7
)

su
gg

es
te

d
b
y

S
ch

au
l

et
a
l.

(2
01

6)
,

b
u
t

n
ow

to
d
et

er
m

in
e

w
h
ic

h
ex

p
er

ie
n
ce

in
th

e
b
u
ff

er
is

ov
er

w
ri

tt
en

b
y

a
n
ew

ex
p

er
ie

n
ce

.
W

e
d
en

ot
e

th
is

a
s

T
D

E
(α

)
fo

r
th

e
te

m
p

or
al

d
iff

er
en

ce
-b

as
ed

re
te

n
ti

on
st

ra
te

gy
an

d
E

x
p
l(
α

)
fo

r
th

e
ex

p
lo

ra
ti

o
n
-b

a
se

d
p

ol
ic

y.
H

er
e,
α

is
th

e
p
ar

am
et

er
in

(7
)

w
h
ic

h
d
et

er
m

in
es

h
ow

st
ro

n
gl

y
th

e
b
u
ff

er
co

n
te

n
ts

w
il
l

b
e

b
as

ed
on

th
e

ch
os

en
u
ti

li
ty

p
ro

x
y.

A
se

n
si

ti
v
it

y
an

a
ly

si
s

of
α

fo
r

b
ot

h
E

x
p
l

a
n
d

P
E

R
is

gi
ve

n
in

A
p
p

en
d
ix

9.
3.

T
h
e

n
ot

at
io

n
u
se

d
fo

r
th

e
n
ew

ex
p

er
ie

n
ce

re
te

n
ti

o
n

st
ra

te
g
ie

s
is

gi
ve

n
in

T
ab

le
4.

7
.2

E
x
p

e
ri

e
n

c
e

S
a
m

p
li
n

g

F
or

th
e

ch
oi

ce
of

p
ro

x
y

w
h
en

sa
m

p
li

n
g

ex
p

er
ie

n
ce

s
fr

om
th

e
b
u
ff

er
,
w

e
co

n
si

d
er

th
e

av
a
il
a
b
le

m
et

h
o
d
s

fr
om

th
e

li
te

ra
tu

re
:

sa
m

p
li
n
g

ei
th

er
u
n
if

or
m

ly
at

ra
n
d
om

[U
n
if

or
m

],
u
si

n
g

st
o
ch

a
s-

ti
c

ra
n
k
-b

as
ed

p
ri

or
it

iz
ed

ex
p

er
ie

n
ce

re
p
la

y
[P

E
R

]
an

d
co

m
b
in

in
g

th
is

w
it

h
w

ei
g
h
te

d
im

p
o
r-

ta
n
ce

sa
m

p
li
n
g

[P
E

R
+

IS
].

G
iv

en
a

b
u
ff

er
th

a
t

co
n
ta

in
s

u
se

fu
l

ex
p

er
ie

n
ce

s,
th

es
e

m
et

h
o
d
s

h
av

e
sh

ow
n

to
w

or
k

w
el

l.
W

e
th

er
ef

or
e

fo
cu

s
on

in
v
es

ti
ga

ti
n
g

h
ow

th
e

ex
p

er
ie

n
ce

re
te

n
-
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E
x
p
e
r
ie

n
c
e

S
e
l
e
c
t
io

n
in

D
e
e
p

R
L

f
o
r

C
o
n
t
r
o
l

tio
n

a
n
d

ex
p

erien
ce

sam
p
lin

g
strategies

in
teract.

In
th

is
con

tex
t

w
e

in
tro

d
u
ce

a
w

eigh
ted

im
p

o
rtan

ce
sa

m
p
lin

g
m

eth
o
d

th
at

accou
n
ts

for
th

e
fu

ll
ex

p
erien

ce
selectio

n
strategy.

Im
p

o
rta

n
ce

sam
p
lin

g
accord

in
g

to
(8)

can
b

e
u
sed

w
h
en

p
erform

in
g

p
rioritized

ex
p

eri-
en

ce
rep

lay
fro

m
a

b
u
ff

er
th

at
con

tain
s

sam
p
les

w
ith

a
d
istrib

u
tion

th
at

is
u
n
b
iased

w
ith

resp
ect

to
th

e
en

v
iron

m
en

t
d
y
n
am

ics.
W

h
en

th
is

is
n
ot

th
e

case,
w

e
m

igh
t

n
eed

to
com

-
p

en
sa

te
fo

r
th

e
eff

ects
of

ch
an

gin
g

th
e

con
ten

ts
of

th
e

b
u
ff

er,
p

oten
tia

lly
in

ad
d
ition

to
th

e
cu

rren
t

ch
a
n
ge

in
th

e
sam

p
lin

g
p
rob

ab
ility.

T
h
e

con
ten

ts
of

th
e

b
u
ff

er
m

igh
t

b
e

th
e

resu
lt

o
f

m
a
n
y

su
b
seq

u
en

t
reten

tion
p
rob

ab
ility

d
istrib

u
tion

s.
In

stead
of

k
eep

in
g

track
of

a
ll

o
f

th
ese,

w
e

com
p

en
sate

for
b

oth
th

e
reten

tion
an

d
sam

p
lin

g
p
rob

ab
ilities

b
y

u
sin

g
th

e
n
u
m

b
er

o
f

tim
es

an
ex

p
erien

ce
in

th
e

b
u
ff

er
h
as

actu
ally

b
een

rep
layed

.
W

h
en

rep
lay

in
g

an
ex

p
erien

ce
i

for
th

e
K

-th
tim

e,
w

e
relate

th
e

im
p

o
rtan

ce-w
eigh

t
to

th
e

p
rob

ab
ility

u
n
d
er

u
n
ifo

rm
sa

m
p
lin

g
from

a
F

IF
O

b
u
ff

er
of

sam
p
lin

g
an

ex
p

erien
ce
X

tim
es,

w
h
ere

X
is

at
lea

st
K

:
P

r(X
≥
K
|
F

IF
O

[U
n
ifo

rm
]).

W
e

refer
to

th
is

m
eth

o
d

as
F

u
ll

Im
p

ortan
ce

S
am

p
lin

g
(F

IS
)

a
n
d

ca
lcu

late
th

e
w

eigh
ts

accord
in

g
to

:

ω
F

IS
i

=


P

r(X
≥
K
|
F

IF
O

[U
n
ifo

rm
])

[∑
dn
pe

j=
1

P
r(X
≥
j|

F
IF

O
[U

n
ifo

rm
]) ]
/n
p 

β

.

H
ere,

n
is

th
e

lifetim
e

of
an

ex
p

erien
ce

for
a

F
IF

O
reten

tion
strategy

in
th

e
n
u
m

b
er

of
b
a
tch

u
p

d
ates,

w
h
ich

is
th

e
n
u
m

b
er

of
b
atch

u
p

d
a
tes

p
erform

ed
so

far
w

h
en

th
e

b
u
ff

er
is

n
ot

yet
fu

ll.
T

h
e

p
rob

ab
ility

of
sam

p
lin

g
an

ex
p

erien
ce

d
u
rin

g
a

b
atch

u
p

d
ate

w
h
en

sam
p
lin

g
u
n
ifo

rm
ly

a
t

ra
n
d
om

is
d
en

oted
b
y
p
.

N
ote

th
at
n
p

is
th

e
ex

p
ected

n
u
m

b
er

of
rep

lay
s

p
er

ex
p

erien
ce,

w
h
ich

follow
in

g
S
ch

au
l

et
al.

(2016)
w

e
take

as
8

b
y

ch
o
osin

g
th

e
n
u
m

b
er

of
b
a
tch

u
p

d
a
tes

p
er

ep
iso

d
e

accord
in

gly.
A

s
in

S
ection

3.3.2
w

e
u
se
β

to
scale

b
etw

een
n
ot

co
rrectin

g
fo

r
th

e
ch

an
ges

an
d

correctin
g

fu
lly.

S
in

ce
th

e
p
rob

ab
ility

of
b

ein
g

sam
p
led

at
lea

st
K

tim
es

is
alw

ay
s

sm
aller

th
an

on
e

for
K
>

0,
w

e
scale

th
e

w
eigh

ts
su

ch
th

at
th

e
su

m
o
f

th
e

im
p

o
rta

n
ce

w
eigh

ts
for

th
e

ex
p

ected
n
p

rep
lay

s
u
n
d
er

F
IF

O
[U

n
iform

]
sam

p
lin

g
is

th
e

sa
m

e
a
s

w
h
en

n
ot

u
sin

g
th

e
im

p
ortan

ce
w

eigh
ts

(n
·
p·

1).
T

h
e

p
rob

ab
ility

of
sam

p
lin

g
an

ex
p

erien
ce

a
t

least
K

tim
es

u
n
d
er

F
IF

O
[U

n
iform

]
sam

p
lin

g
is

calcu
lated

u
sin

g
th

e
b
in

om
ial

d
istrib

u
tio

n
:

P
r(X
≥
K
|
F

IF
O

[U
n
ifo

rm
])

=
1−

K
∑k

=
0 (

nk )
p
k(1−

p
)
n−

k.

C
o
rrectin

g
fu

lly
(β

=
1)

for
th

e
ch

an
ged

d
istrib

u
tio

n
s

w
ou

ld
m

ake
th

e
u
p

d
ates

as
u
n
b
i-

a
sed

a
s

th
o
se

from
th

e
u
n
b
iased

F
IF

O
u
n
iform

d
istrib

u
tion

(N
eed

ell
et

al.,
2
016).

H
ow

ev
er,

sin
ce

th
e

im
p

o
rtan

ce
w

eigh
ts

of
ex

p
erien

ces
th

at
a
re

rep
eated

ly
sam

p
led

for
stab

ility
w

ill
q
u
ick

ly
g
o

to
zero,

it
m

igh
t

also
u
n
d
o

th
e

stab
ilizin

g
eff

ects
th

at
w

ere
th

e
in

ten
d
ed

ou
tcom

e
o
f

ch
a
n
gin

g
th

e
d
istrib

u
tion

in
th

e
fi
rst

p
lace.

A
d
d
ition

ally,
as

d
iscu

ssed
in

S
ection

3.3.2,
th

e
F

IF
O

U
n
ifo

rm
d
istrib

u
tion

is
n
ot

th
e

on
ly

valid
d
istrib

u
tion

.
A

s
d
em

on
strated

in
S
ec-

tio
n

8
.4

,
it

is
th

erefore
im

p
ortan

t
to

d
eterm

in
e

w
h
eth

er
com

p
en

satin
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ẋ

]T
.

F
or

th
e

n
or

m
al

iz
at

io
n

of
th

e
ve

lo
ci

ti
es

,
ẋ
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lé

m
en

t
F

ar
ab

et
.

T
or

ch
7:

A
M

at
la

b
-l

ik
e

en
-

v
ir

on
m

en
t

fo
r

m
ac

h
in

e
le

ar
n
in

g.
B

ig
L

ea
rn

W
or

k
sh

op
,

A
d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
at

io
n

P
ro

ce
ss

in
g

S
y
st

em
s

(N
IP

S
-

B
L
W

S
),

20
11

.

T
im

d
e

B
ru

in
,

J
en

s
K

ob
er

,
K

ar
l

T
u
y
ls

,
an

d
R

ob
er

t
B

ab
u
šk
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šk

a

J
ü
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e
S
D

A
R

so
lu

ti
on

s.
In

S
ec

ti
on

4
w

e
d
es

cr
ib

e
th

e
ad

ap
ti

ve
S
D

A
R

,
or

A
S
D

A
R

.
In

S
ec

ti
on

5
w

e
an

al
y
ze

th
e

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
of

S
D

A
R

an
d

A
S
D

A
R

.
In

S
ec

ti
on

6
w

e
co

m
p
ar

e
S
D

A
R

w
it

h
se

ve
ra

l
gr

ee
d
y

m
et

h
o
d
s

an
d

a
sc

re
en

in
g

m
et

h
o
d
.

In
S
ec

ti
o
n

7
w

e
co

n
d
u
ct

si
m

u
la

ti
on

st
u
d
ie

s
to

ev
al

u
at

e
th

e
p

er
fo

rm
an

ce
of

S
D

A
R

/A
S
D

A
R

an
d

co
m

p
ar

e
it

w
it

h
L

as
so

,
M

C
P

,
F

oB
a

an
d

D
es

G
ra

s.
W

e
co

n
cl

u
d
e

in
S
ec

ti
on

8
w

it
h

so
m

e
fi
n
al

re
m

ar
k
s.

T
h
e

p
ro

of
s

ar
e

gi
ve

n
in

th
e

A
p
p

en
d
ix

.

2
.
D
e
ri
v
a
ti
o
n
o
f
S
D
A
R

C
on

si
d
er

th
e

L
ag

ra
n
gi

an
fo

rm
of

th
e
` 0

re
gu

la
ri

ze
d

m
in

im
iz

at
io

n
p
ro

b
le

m
(2

),

m
in

β
∈R

p

1 2n
‖X

β
−
y
‖2 2

+
λ
‖β
‖ 0
.

(3
)

L
e
m

m
a

1
L

et
β
�

be
a

co
o
rd

in
a
te

-w
is

e
m

in
im

iz
er

o
f

(3
).

T
h
en

β
�

sa
ti

sfi
es

:

{
d
�

=
X
′ (
y
−
X
β
� )
/n
,

β
�

=
H
λ
(β
�

+
d
� )
,

(4
)

w
h
er

e
H
λ
(·)

is
th

e
h
a
rd

th
re

sh
o
ld

in
g

o
pe

ra
to

r
d
efi

n
ed

by

(H
λ
(β

))
i

=

{
0
,

if
|β
i|
<
√

2
λ
,

β
i,

if
|β
i|
≥
√

2
λ
.

(5
)

C
o
n

ve
rs

el
y,

if
β
�

a
n

d
d
�

sa
ti

sf
y

(4
),

th
en

β
�

is
a

lo
ca

l
m

in
im

iz
er

o
f

(3
).

R
e
m

a
rk

2
L

em
m

a
1

gi
ve

s
th

e
K

K
T

co
n

d
it

io
n

o
f

th
e
` 0

re
gu

la
ri

ze
d

m
in

im
iz

a
ti

o
n

p
ro

bl
em

(3
),

w
h
ic

h
is

a
ls

o
d
er

iv
ed

in
J

ia
o

et
a
l.

(2
0
1
5
).

S
im

il
a
r

re
su

lt
s

fo
r

S
C

A
D

,
M

C
P

a
n

d
ca

p
pe

d
-

` 1
re

gu
la

ri
ze

d
le

a
st

sq
u

a
re

s
m

od
el

s
ca

n
be

d
er

iv
ed

by
re

p
la

ci
n

g
th

e
h
a
rd

th
re

sh
o
ld

in
g

o
pe

ra
to

r
in

(4
)

w
it

h
th

ei
r

co
rr

es
po

n
d
in

g
th

re
sh

o
ld

in
g

o
pe

ra
to

rs
,

se
e

H
u

a
n

g
et

a
l.

(2
0
1
8
)

fo
r

d
et

a
il

s.
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H
u
a
n
g
,
J
ia
o
,
L
iu

a
n
d

L
u

L
et
A
�

=
su

p
p
(β
� )

an
d
I
�

=
(A
� )
c
.

S
u
p
p

os
e

th
at

th
e

ra
n
k

of
X
A
�

is
|A
� |.

F
ro

m
th

e
d
efi

n
it

io
n

of
H
λ
(·)

an
d

(4
)

it
fo

ll
ow

s
th

at

A
�

=
{ i
∈
S
∣ ∣ |
β
� i

+
d
� i|
≥
√

2
λ
} ,

I
�

=
{ i
∈
S
∣ ∣ |
β
� i

+
d
� i|
<
√

2
λ
} ,

an
d

          

β
� I�

=
0
,

d
� A
�

=
0
,

β
� A
�

=
(X
′ A
�
X
A
�
)−

1
X
′ A
�
y
,

d
� I�

=
X
′ I�

(y
−
X
A
�
β
� A
�
)/
n
.

W
e

so
lv

e
th

is
sy

st
em

of
eq

u
at

io
n
s

it
er

at
iv

el
y.

L
et
{β

k
,d
k
}

b
e

th
e

so
lu

ti
o
n

a
t

th
e
k
th

it
er

at
io

n
.

W
e

ap
p
ro

x
im

at
e
{A
� ,
I
� }

b
y

A
k

=
{ i
∈
S
∣ ∣ |β

k i
+
d
k i
|≥
√

2λ
} ,

I
k

=
(A

k
)c
.

(6
)

T
h
en

w
e

ca
n

ob
ta

in
an

u
p

d
at

ed
ap

p
ro

x
im

at
io

n
p
ai

r
{β

k
+

1
,d
k
+

1
}

b
y

          

β
k
+

1
I
k

=
0
,

d
k
+

1
A
k

=
0
,

β
k
+

1
A
k

=
(X
′ A
k
X
A
k
)−

1
X
′ A
k
y
,

d
k
+

1
I
k

=
X
′ Ik

(y
−
X
A
k
β
k
+

1
A
k

)/
n
.

(7
)

N
ow

su
p
p

os
e

w
e

w
an

t
th

e
su

p
p

or
t

of
th

e
so

lu
ti

o
n
s

to
h
av

e
th

e
si

ze
T

,
w

h
er

e
T
≥

1
is

a
gi

ve
n

in
te

ge
r.

W
e

ca
n

ch
o
os

e

√
2
λ
k
,
‖β

k
+
d
k
‖ T

,∞
(8

)

in
(6

).
W

it
h

th
is

ch
oi

ce
of
λ

,
w

e
h
av

e
|A

k
|=

T
,k
≥

1
.

T
h
en

w
it

h
an

in
it

ia
l
β

0
a
n
d

u
si

n
g

(6
)

an
d

(7
)

w
it

h
th

e
λ
k

in
(8

),
w

e
ob

ta
in

a
se

q
u
en

ce
of

so
lu

ti
on

s
{β

k
,k
≥

1
}.

T
h
er

e
ar

e
tw

o
ke

y
as

p
ec

ts
of

S
D

A
R

.
In

(6
)

w
e

d
et

ec
t

th
e

su
p
p

or
t

of
th

e
so

lu
ti

o
n

b
a
se

d
on

th
e

su
m

of
th

e
p
ri

m
al

(β
k
)

an
d

d
u
al

(d
k
)

ap
p
ro

x
im

at
io

n
s

an
d
,

in
(7

)
w

e
ca

lc
u
la

te
th

e
le

as
t

sq
u
ar

es
so

lu
ti

on
on

th
e

d
et

ec
te

d
su

p
p

or
t.

T
h
er

ef
or

e,
S
D

A
R

ca
n

b
e

co
n
si

d
er

ed
a
n

it
er

at
iv

e
m

et
h
o
d

fo
r

so
lv

in
g

th
e

K
K

T
eq

u
at

io
n
s

(4
)

w
it

h
an

im
p

or
ta

n
t

m
o
d
ifi

ca
ti

o
n
:

a
d
iff

er
en

t
λ

va
lu

e
gi

ve
n

in
(8

)
in

ea
ch

st
ep

of
th

e
it

er
at

io
n

is
u
se

d
.

T
h
u
s

w
e

ca
n

a
ls

o
v
ie

w
S
D

A
R

as
a

m
et

h
o
d

th
at

co
m

b
in

es
ad

ap
ti

ve
th

re
sh

ol
d
in

g
u
si

n
g

p
ri

m
al

an
d

d
u
a
l

in
fo

rm
a
ti

o
n

an
d

le
as

t-
sq

u
ar

es
fi
tt

in
g.

W
e

su
m

m
ar

iz
e

S
D

A
R

in
A

lg
or

it
h
m

1.
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L
0
p
e
n
a
l
iz
e
d

r
e
g
r
e
ssio

n

0
5

10
15

20
25

30
T

-12 -8 -4 0 4 8

Coefficient
S
D
A
R

10
-2

10
-1

10
0

10
1

10
2

λ

-12 -8 -4 0 4 8

Coefficient

M
C
P

10
-3

10
-2

10
-1

10
0

10
1

10
2

λ

-12 -8 -4 0 4 8

Coefficient

L
a
s
s
o

F
ig

u
re

1:
T

h
e

solu
tion

p
ath

s
of

S
D

A
R

,
M

C
P

an
d

L
asso.

W
e

see
th

at
large

com
p

on
en

ts
w

ere
selected

in
b
y

S
D

A
R

grad
u
ally

w
h
en

T
in

creases.
T

h
is

is
sim

ilar
to

L
a
sso

a
n
d

M
C

P
as
λ

d
ecreases.

A
s

a
n

ex
a
m

p
le,

F
igu

re
1

sh
ow

s
th

e
solu

tion
p
ath

of
S
D

A
R

w
ith

T
=

1,2,...,5
K

alon
g

w
ith

th
e

M
C

P
an

d
th

e
L

asso
p
ath

s
on

5
K

d
iff

eren
t
λ

valu
es

for
a

d
ata

set
gen

era
ted

from
a

m
o
d
el

w
ith

(n
=

50
,p

=
100

,K
=

5
,σ

=
0
.3
,ρ

=
0
.5
,R

=
10),

w
h
ich

w
ill

b
e

d
escrib

ed
in

S
ectio

n
7
.

T
h
e

L
asso

p
ath

is
com

p
u
ted

u
sin

g
L

A
R

S
(E

fron
et

al.,
2004).

N
ote

th
at

th
e

S
D

A
R

p
a
th

is
a

fu
n
ction

of
th

e
fi
tted

m
o
d
el

size
T

=
1,...,L

,
w

h
ere

L
is

th
e

size
o
f

th
e

la
rg

est
fi
tted

m
o
d
el.

In
com

p
ariso

n
,

th
e

p
ath

s
of

M
C

P
an

d
L

asso
are

fu
n
ction

s
of

th
e

p
en

alty
p
aram

eter
λ

in
a

p
resp

ecifi
ed

in
terval.

In
th

is
ex

am
p
le,

w
h
en

T
≤
K

,
S
D

A
R

selects
th

e
fi
rst

T
largest

com
p

on
en

ts
of
β
∗

correctly.
W

h
en

T
>
K

,
th

ere
w

ill
b

e
sp

u
riou

s
elem

en
ts

in
clu

d
ed

in
th

e
estim

ated
su

p
p

ort,
th

e
ex

act
n
u
m

b
er

of
su

ch
elem

en
ts

is
T
−
K

.
In

F
ig

u
re

1
,

th
e

estim
ated

co
effi

cien
ts

of
th

e
sp

u
riou

s
elem

en
ts

are
close

to
zero.

A
lg

o
rith

m
1

S
u
p
p

ort
d
etection

an
d

ro
ot

fi
n
d
in

g
(S

D
A

R
)

R
e
q
u

ire
:
β

0,
d

0
=
X
′(y−

X
β

0)/n
,
T

;
set

k
=

0.
1
:

fo
r
k

=
0,1

,2
,···

d
o

2
:

A
k

=
{
i∈

S ∣∣|β
ki

+
d
ki |≥

‖β
k

+
d
k‖
T
,∞
},I

k
=

(A
k)
c

3
:

β
k
+

1
I
k

=
0

4
:

d
k
+

1
A
k

=
0

5
:

β
k
+

1
A
k

=
(X
′A
k X

A
k ) −

1X
′A
k y

6
:

d
k
+

1
I
k

=
X
′I
k (y−

X
A
k β

k
+

1
A
k

)/n

7
:

if
A
k
+

1
=
A
k,

th
e
n

8
:

S
to

p
a
n
d

d
en

ote
th

e
last

iteration
b
y
β
Â
,β
Î ,d

Â
,d
Î

9
:

e
lse

1
0
:

k
=
k

+
1

1
1
:

e
n

d
if

1
2
:

e
n

d
fo

r
E

n
su

re
:
β̂

=
(β
′Â
,β
′Î ) ′

as
th

e
estim

ate
of
β
∗.

R
e
m

a
rk

3
If
A
k
+

1
=
A
k

fo
r

so
m

e
k

w
e

sto
p

S
D

A
R

sin
ce

th
e

sequ
en

ces
gen

era
ted

by
S

D
A

R
w

ill
n

o
t

ch
a
n

ge.
U

n
d
er

certa
in

co
n

d
itio

n
s,

w
e

w
ill

sh
o
w

th
a
t
A
k
+

1
=
A
k

=
su

p
p
(β
∗)

if
k

is
la

rge
en

o
u

gh
,

i.e.,
th

e
sto

p
co

n
d
itio

n
in

S
D

A
R

w
ill

be
a
ctive

a
n

d
th

e
o
u

tp
u

t
is

th
e

o
ra

cle
estim

a
to

r
w

h
en

it
sto

p
s.
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H
u
a
n
g
,
J
ia
o
,
L
iu

a
n
d

L
u

3
.
N
o
n
a
sy

m
p
to
tic

e
rro

r
b
o
u
n
d
s

In
th

is
section

w
e

p
resen

t
th

e
n
on

asy
m

p
totic

`
2

an
d
`∞

error
b

ou
n
d
s

for
th

e
solu

tion
seq

u
en

ce
gen

erated
b
y

S
D

A
R

as
given

in
A

lgorith
m

1.
W

e
say

th
at

X
satisfi

es
th

e
sp

arse
R

ieze
co

n
d
ition

(S
R

C
)

(Z
h
an

g
an

d
H

u
an

g,
2008;

Z
h
an

g,
2010a)

w
ith

ord
er
s

an
d

sp
ectru

m
b

ou
n
d
s{c−

(s),c
+

(s)}
if

0
<
c−

(s)≤
‖X

A
u‖

22

n‖
u‖

22

≤
c

+
(s)

<
∞
,∀

0
6=
u
∈
R
|A
|

w
ith

A
⊂
S

an
d
|A|≤

s.

W
e

d
en

ote
th

is
con

d
ition

b
y
X
∼

S
R

C{
s,c−

(s),c
+

(s)}.
T

h
e

S
R

C
gives

th
e

ran
ge

of
th

e
sp

ectru
m

of
th

e
d
iagon

al
su

b
-m

atrices
of

th
e

G
ram

m
atrix

G
=
X
′X
/n

.
T

h
e

sp
ectru

m
of

th
e

off
d
iagon

al
su

b
-m

atrices
of
G

can
b

e
b

ou
n
d
ed

b
y

th
e

sp
arse

orth
ogon

ality
con

stan
t
θ
a
,b

d
efi

n
ed

as
th

e
sm

allest
n
u
m

b
er

su
ch

th
at

θ
a
,b ≥

‖X
′A
X
B
u‖

2

n‖
u‖

2

,∀
0
6=
u
∈
R
|B
|

w
ith

A
,B
⊂
S
,|A|≤

a
,|B
|≤

b,
an

d
A
∩
B

=
∅.

A
n
oth

er
u
sefu

l
q
u
an

tity
is

th
e

m
u
tu

al
coh

eren
ce
µ

d
efi

n
ed

as
µ

=
m

ax
i6=
j |G

i,j |,
w

h
ich

ch
ar-

acterizes
th

e
m

in
im

u
m

an
gle

b
etw

een
d
iff

eren
t

colu
m

n
s

of
X
/ √

n
.

S
om

e
u
sefu

l
p
rop

erties
of

th
ese

q
u
an

tities
are

su
m

m
arized

in
L

em
m

a
20

in
th

e
A

p
p

en
d
ix

.
In

ad
d
ition

to
th

e
regu

larity
con

d
ition

s
on

th
e

d
esign

m
atrix

,
an

oth
er

key
con

d
ition

is
th

e
sp

arsity
of

th
e

regression
p
aram

eter
β
∗.

T
h
e

u
su

al
sp

arsity
con

d
ition

is
to

assu
m

e
th

at
th

e
regression

p
aram

eter
β
∗i

is
eith

er
n
on

zero
or

zero
an

d
th

at
th

e
n
u
m

b
er

of
n
on

zero
co

effi
cien

ts
is

relativ
ely

sm
all.

T
h
is

strict
sp

arsity
con

d
ition

is
n
ot

rea
listic

in
m

an
y

p
rob

lem
s.

H
ere

w
e

allow
th

at
β
∗

m
ay

n
ot

b
e

strictly
sp

arse
b
u
t

m
ost

o
f

its
elem

en
ts

are
sm

all.
L

et
A
∗J

=
{
i∈

S
:|β
∗i |≥

‖
β
∗‖
J
,∞
}

b
e

th
e

set
of

th
e

in
d
ices
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n
u
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o
f
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ti
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n

s
in
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o
ro
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ry

1
4

d
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en
d
s

o
n

th
e

re
la

ti
ve

m
a
gn

it
u

d
e

R
,

bu
t

n
o
t

th
e

sp
a
rs

it
y

le
ve

l
K

,
se

e
F

ig
u

re
2

fo
r

th
e

n
u

m
er

ic
a
l

re
su

lt
s

su
p
po

rt
in

g
th

is
.

T
h
is

im
p
ro

ve
s

th
e

re
su

lt
in

pa
rt

(i
ii

)
o
f

C
o
ro

ll
a
ry
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.

T
h
is

is
a

su
rp

ri
si

n
g

re
su

lt
si

n
ce

a
s

fa
r

a
s

w
e

kn
o
w

th
e

n
u

m
be

r
o
f

it
er

a
ti

o
n

s
fo

r
th

e
gr

ee
d
y

m
et

h
od

s
to

re
co

ve
r
A
∗

d
ep

en
d
s

o
n
K

,
se

e
fo

r
ex

a
m

p
le

,
G

a
rg

a
n

d
K

h
a
n

d
ek

a
r

(2
0
0
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ig

u
re

2:
T

h
e

av
er

ag
e

n
u
m

b
er

of
it

er
at

io
n
s

of
S
D

A
R

as
K

in
cr

ea
se

s.

F
ig

u
re

2
sh

ow
s

th
e

av
er

ag
e

n
u
m

b
er

of
it

er
at

io
n
s

of
S
D

A
R

w
it

h
T

=
K

b
a
se

d
o
n

1
0
0

in
d
ep

en
d
en

t
re

p
li
ca

ti
on

s
on

d
at

a
se

ts
ge

n
er

at
ed

fr
om

a
m

o
d
el

w
it

h
(n

=
50

0,
p

=
1
0
0
0,
K

=
3

:
2

:
50
,σ

=
0
.0

1,
ρ

=
0
.1
,R

=
1)

,
w

h
ic

h
w

il
l

b
e

d
es

cr
ib

ed
in

S
ec

ti
on

7.
4
.

W
e

ca
n

se
e

th
at

as
th

e
sp

ar
si

ty
le

ve
l

in
cr

ea
se

s
fr

om
3

to
50

th
e

av
er

ag
e

n
u
m

b
er

of
it

er
a
ti

o
n
s

o
f

S
D

A
R

re
m

ai
n
s

st
ab

le
,

ra
n
gi

n
g

fr
om

1
to

3,
w

h
ic

h
su

p
p

or
ts

th
e

as
se

rt
io

n
in

C
or

ol
la

ry
1
4
.

M
or

e
n
u
m

er
ic

al
co

m
p
ar

is
on

on
n
u
m

b
er

of
it

er
at

io
n
s

w
it

h
gr

ee
d
y

m
et

h
o
d
s

ar
e

sh
ow

n
in

S
ec

ti
on

7.
2.

3
.3

A
b

ri
e
f

h
ig

h
-l

e
v
e
l

d
e
sc

ri
p

ti
o
n

o
f

th
e

p
ro

o
fs

T
h
e

d
et

ai
le

d
p
ro

of
s

of
T

h
eo

re
m

s
4

an
d

12
an

d
th

ei
r

co
ro

ll
ar

ie
s

ar
e

gi
ve

n
in

th
e

A
p
p

en
d
ix

.
H

er
e

w
e

d
es

cr
ib

e
th

e
m

ai
n

id
ea

s
b

eh
in

d
th

e
p
ro

of
s

an
d

p
oi

n
t

ou
t

th
e

p
la

ce
s

w
h
er

e
th

e
S
R

C
an

d
th

e
m

u
tu

al
co

h
er

en
ce

co
n
d
it

io
n

ar
e

u
se

d
.

S
D

A
R

it
er

at
iv

el
y

d
et

ec
ts

th
e

su
p
p

or
t

of
th

e
so

lu
ti

on
an

d
th

en
so

lv
es

a
le

a
st

sq
u
a
re

s
p
ro

b
le

m
on

th
e

su
p
p

or
t.

T
h
er

ef
or

e,
to

st
u
d
y

th
e

co
n
ve

rg
en

ce
p
ro

p
er

ti
es

o
f

th
e

se
q
u
en

ce
ge

n
er

at
ed

b
y

S
D

A
R

,
th

e
ke

y
is

to
sh

ow
th

at
th

e
se

q
u
en

ce
of

ac
ti

ve
se

ts
A
k

ca
n

a
p
p
ro

x
im

a
te

A
∗ J

m
or

e
an

d
m

or
e

ac
cu

ra
te

ly
as
k

in
cr

ea
se

s.
L

et

D
(A

k
)

=
‖β̄
∗ | A
∗ J
\A

k
‖,

(3
5
)

w
h
er

e
‖·
‖

ca
n

b
e

ei
th

er
th

e
` 2

n
or

m
or

th
e
` ∞

n
or

m
.

T
h
is

is
a

m
ea

su
re

of
th

e
d
iff

er
en

ce
b

et
w

ee
n
A
∗ J

an
d
A
k

at
th

e
k
th

it
er

at
io

n
in

te
rm

s
of

th
e

n
or

m
of

th
e

co
effi

ci
en

ts
in
A
∗ J

b
u
t

n
ot

in
A
k
.

A
cr

u
ci

al
st

ep
is

to
sh

ow
th

at
D

(A
k
)

d
ec

ay
s

ge
om

et
ri

ca
ll
y

to
a

va
lu

e
b

o
u
n
d
ed

b
y
h

(T
)

u
p

to
a

co
n
st

an
t

fa
ct

or
,

w
h
er

e
h

(T
)

is
h

2
(T

)
d
efi

n
ed

in
(1

2)
or

h
∞

(T
)

in
(2

4)
.

H
er

e
h

(T
)

is
a

m
ea

su
re

of
th

e
in

tr
in

si
c

er
ro

r
d
u
e

to
th

e
n
oi

se
η

an
d

th
e

ap
p
ro

x
im

a
te

er
ro

r
in

(1
0)

.
S
p

ec
ifi

ca
ll
y,

m
u
ch

eff
or

t
is

sp
en

t
on

es
ta

b
li
sh

in
g

th
e

in
eq

u
al

it
y

(L
em

m
a

2
7

in
th

e
A

p
p

en
d
ix

)
D

(A
k
+

1
)
≤
γ
∗ D

(A
k
)

+
c∗
h

(T
),
k

=
0,

1,
2,
..
.,

(3
6)

w
h
er

e
γ
∗

=
γ

fo
r

th
e
` 2

re
su

lt
s

in
T

h
eo

re
m

4
a
n
d
γ
∗

=
γ
µ

fo
r

th
e
` ∞

re
su

lt
s

in
T

h
eo

re
m

12
,

an
d
c∗

>
0

is
a

co
n
st

an
t

d
ep

en
d
in

g
on

th
e

d
es

ig
n

m
at

ri
x
.

T
h
e

S
R

C
(A

2
)

a
n
d
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e

1
4
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L
0
p
e
n
a
l
iz
e
d

r
e
g
r
e
ssio

n

m
u
tu

a
l

coh
eren

ce
con

d
ition

(A
2 ∗)

p
lay

a
critical

role
in

estab
lish

in
g

(36
).

C
learly,

fo
r

th
is

in
eq

u
a
lity

to
b

e
u
sefu

l,
w

e
n
eed

0
<
γ
∗
<

1.

A
n
o
th

er
u
sefu

l
in

eq
u
ality

is

‖β
k
+

1−
β̄
∗‖
≤
c

1 D
(A

k)
+
c

2 h
(T

),
(37)

w
h
ere

c
1

a
n
d
c

2
are

p
ositiv

e
con

stan
ts

d
ep

en
d
in

g
on

th
e

d
esign

m
atrix

,
see

L
em

m
a

23
in

th
e

A
p
p

en
d
ix

.
T

h
e

S
R

C
an

d
th

e
m

u
tu

al
coh

eren
ce

con
d
ition

are
n
eed

ed
to

estab
lish

th
is

in
eq

u
a
lity

fo
r

th
e
`
2

n
orm

an
d

th
e
`∞

n
orm

,
resp

ectively.
T

h
en

com
b
in

in
g

(36)
an

d
(37),

w
e

ca
n

sh
ow

p
a
rt

(i)
of

T
h
eorem

4
an

d
p
art

(i)
of

T
h
eorem

12.

T
h
e

in
eq

u
a
lities

(36)
an

d
(37)

h
old

for
an

y
n
oise

v
ector

η
.

U
n
d
er

th
e

su
b
-G

au
ssian

a
ssu

m
p
tio

n
fo

r
η
,
h

(T
)

can
b

e
con

tro
lled

b
y

th
e

su
m

of
u
n
recoverab

le
ap

p
rox

im
ation

error
R
J

a
n
d

th
e

u
n
iversal

n
oise

level
O

(σ √
2

log
(p

)/n
)

w
ith

h
ig

h
p
rob

ab
ility.

T
h
is

lead
s

to
th

e
resu

lts
in

th
e

rem
ain

in
g

p
arts

of
T

h
eorem

s
4

an
d

12,
as

w
ell

a
s

C
orollaries

8
an

d
14.

4
.
A
d
a
p
tiv

e
S
D
A
R

In
p
ra

ctice,
b

ecau
se

th
e

sp
arsity

level
of

th
e

m
o
d
el

is
u
su

ally
u
n
k
n
ow

n
,

w
e

can
u
se

a
d
ata

d
riven

p
ro

ced
u
re

to
d
eterm

in
e

an
u
p
p

er
b

ou
n
d
,
T

,
fo

r
th

e
n
u
m

b
er

of
im

p
o
rta

n
t

variab
les,

J
,

u
sed

in
S
D

A
R

(A
lgorith

m
1).

T
h
e

id
ea

is
to

take
T

as
a

tu
n
in

g
p
aram

eter,
so
T

p
lay

s
a

ro
le

sim
ila

r
to

th
e

p
en

alty
p
aram

eter
λ

in
a

p
en

alized
m

eth
o
d
.

W
e

can
ru

n
S
D

A
R

fro
m
T

=
1

to
a

large
T

=
L

.
F

or
ex

am
p
le,

w
e

can
take

L
=
O

(n
/

log
(n

))
as

su
g
gested

b
y

F
an

an
d

L
v

(2008),
w

h
ich

is
an

u
p
p

er
b

ou
n
d

of
th

e
largest

p
ossib

le
m

o
d
el

th
at

can
b

e
co

n
sisten

tly
estim

ated
w

ith
sam

p
le

size
n

.
B

y
d
oin

g
so

w
e

ob
tain

a
solu

tion
p
a
th

{
β̂

(T
)

:
T

=
0
,1
,...,L}

,
w

h
ere

β̂
(0)

=
0,

th
at

is,
T

=
0

corresp
on

d
s

to
th

e
n
u
ll

m
o
d
el.

T
h
en

w
e

u
se

a
d
ata

d
riven

criterion
,

su
ch

as
H

B
IC

(W
an

g
et

al.,
2013),

to
select

a
T

=
T̂

a
n
d

u
se
β̂

(T̂
)

a
s

th
e

fi
n
al

estim
ate.

T
h
e

overall
com

p
u
tation

al
com

p
lex

ity
of

th
is

p
ro

cess
is

O
(L
n
p

lo
g
(R

)),
see

S
ection

5.

W
e

ca
n

a
lso

com
p
u
te

th
e

p
ath

b
y

in
creasin

g
T

alo
n
g

a
su

b
seq

u
en

ce
of

th
e

in
tegers

in
[1,L

],
fo

r
ex

a
m

p
le,

b
y

tak
in

g
a

geom
etrically

in
creasin

g
su

b
seq

u
en

ce.
T

h
is

w
ill

red
u
ce

th
e

co
m

p
u
ta

tio
n
a
l

cost,
b
u
t

h
ere

w
e

con
sid

er
th

e
w

orst-case
scen

ario.

W
e

n
o
te

th
a
t

tu
n
in

g
T

is
n
o

m
ore

d
iffi

cu
lt

th
an

tu
n
in

g
a

con
tin

u
ou

s
p

en
alty

p
aram

eter
λ

in
a

p
en

a
lized

m
eth

o
d
.

In
d
eed

,
w

e
can

sim
p
ly

in
crease

T
on

e
b
y

on
e

from
T

=
0

to
T

=
L

(o
r

a
lo

n
g

a
su

b
seq

u
en

ce).
In

com
p
arison

,
in

tu
n
in

g
th

e
valu

e
of
λ

b
ased

on
a

p
ath

w
ise

so
lu

tion
over

an
in

terval
[λ

m
in ,λ

m
a
x ],

w
h
ere

λ
m

a
x

corresp
on

d
s

to
th

e
n
u
ll

m
o
d
el

a
n
d
λ

m
in
>

0
is

a
sm

all
valu

e,
w

e
n
eed

to
d
eterm

in
e

th
e

grid
of
λ

valu
es

on
[λ

m
in ,λ

m
a
x ]

a
s

w
ell

a
s
λ

m
in .

H
ere

λ
m

in
corresp

on
d
s

to
th

e
largest

m
o
d
el

on
th

e
solu

tion
p
ath

.
In

th
e

n
u
m

erica
l

im
p
lem

en
tation

of
th

e
co

ord
in

ate
d
escen

t
algo

rith
m

s
for

th
e

L
asso

(F
ried

m
an

et
a
l.,

2
0
0
7),

M
C

P
an

d
S
C

A
D

(B
reh

en
y

an
d

H
u
an

g,
2011),

λ
m

in
=
α
λ

m
a
x

for
a

sm
all

α
,

for
ex

am
p
le,

α
=

0.0001.
D

eterm
in

in
g

th
e

valu
e

of
L

is
som

ew
h
at

sim
ilar

to
d
eterm

in
in

g
λ

m
in .

H
ow

ever,
L

h
a
s

th
e

m
ean

in
g

of
th

e
m

o
d
el

size,
b
u
t

th
e

m
ean

in
g

of
λ

m
in

is
less

ex
p
licit.

W
e

a
lso

h
av

e
th

e
op

tion
to

stop
th

e
iteration

early
accord

in
g

to
oth

er
criterion

s.
F

or
ex

am
p
le,

w
e

ca
n

ru
n

S
D

A
R

b
y

grad
u
ally

in
creasin

g
T

u
n
til

th
e

ch
an

ge
in

th
e

con
secu

tive
so

lu
tio

n
s

is
sm

a
ller

th
an

a
given

valu
e.

C
an

d
es

et
al.

(2
006)

p
rop

osed
to

recover
β
∗

b
ased

o
n

(2
3
)

b
y

fi
n
d
in

g
th

e
m

ost
sp

arse
solu

tion
w

h
ose

resid
u
al

su
m

of
sq

u
ares

is
sm

aller
th

an
a

1
5

JM
L

R
 19(10):1-37, 2018

H
u
a
n
g
,
J
ia
o
,
L
iu

a
n
d

L
u

p
resp

ecifi
ed

n
oise

level
ε.

In
sp

ired
b
y

th
is,

w
e

can
also

ru
n

S
D

A
R

b
y

in
crea

sin
g
T

grad
u
ally

u
n
til

th
e

resid
u
al

su
m

of
sq

u
ares

is
sm

aller
th

an
a

p
resp

ecifi
ed

valu
e
ε.

W
e

su
m

m
arize

th
ese

id
eas

in
A

lgorith
m

2
b

elow
.

A
lg

o
rith

m
2

A
d
ap

tive
S
D

A
R

(A
S
D

A
R

)

R
e
q
u

ire
:

In
itial

gu
ess

β
0,d

0,
an

in
teger

τ
,

an
in

teger
L

,
an

d
an

ea
rly

stop
p
in

g
criterion

(op
tion

al).
S
et
k

=
1.

1
:

fo
r
k

=
1,2,···

d
o

2
:

R
u
n

A
lgorith

m
1

w
ith

T
=
τ
k

an
d

w
ith

in
itial

valu
e

(β
k−

1,d
k−

1).
D

en
ote

th
e

ou
tp

u
t

b
y

(β
k,d

k).
3
:

if
th

e
early

stop
p
in

g
criterion

is
satisfi

ed
or
T
>
L

th
e
n

4
:

stop
5
:

e
lse

6
:

k
=
k

+
1.

7
:

e
n

d
if

8
:

e
n

d
fo

r
E

n
su

re
:
β̂

(T̂
)

as
estim

ation
s

of
β
∗.

5
.
C
o
m
p
u
ta
tio

n
a
l
co

m
p
le
x
ity

W
e

lo
ok

at
th

e
n
u
m

b
er

of
fl
oatin

g
p

oin
t

op
era

tio
n
s

lin
e

b
y

lin
e

in
A

lgorith
m

1.
C

learly
it

takes
O

(p
)

fl
op

s
to

fi
n
ish

step
2-4.

In
step

5,
w

e
u
se

con
ju

gate
grad

ien
t

(C
G

)
m

eth
o
d

(G
olu

b
an

d
V

an
L

oan
,

2012)
to

solv
e

th
e

lin
ear

eq
u
ation

iteratively.
D

u
rin

g
th

e
C

G
iteration

s
th

e
m

ain
op

eration
in

clu
d
e

tw
o

m
atrix

-vector
m

u
ltip

lication
s,

w
h
ich

cost
2
n|A

k
+

1 |
fl
op

s
(th

e
term

X
′y

on
th

e
righ

t-h
an

d
sid

e
can

b
e

p
recom

p
u
ted

an
d

stored
).

T
h
erefore

th
e

n
u
m

b
er

of
C

G
iteration

s
is

sm
aller

th
an

p
/
(2|A

k
+

1 |),
th

is
en

su
res

th
at

th
e

n
u
m

b
er

of
fl
op

s
in

step
5

is
O

(n
p
).

In
step

6,
calcu

latin
g

th
e

m
atrix

-vector
p
ro

d
u
ct

costs
n
p

fl
op

s.
In

step
7,

ch
eck

in
g

th
e

stop
p
in

g
con

d
ition

n
eed

s
O

(p
)

fl
op

s.
S
o

th
e

th
e

overa
ll

cost
p

er
iteration

o
f

A
lgorith

m
1

is
O

(n
p
).

B
y

C
orollary

14
it

n
eed

s
n
o

m
ore

th
an

O
(log

(R
))

iteration
s

to
get

a
go

o
d

solu
tion

for
A

lgorith
m

1
u
n
d
er

th
e

certain
con

d
ition

s.
T

h
erefore

th
e

overall
cost

of
A

lgo
rith

m
1

is
O

(n
p

log
(R

))
for

ex
actly

sp
arse

an
d

ap
p
rox

im
ately

sp
arse

case
u
n
d
er

p
rop

er
con

d
ition

s.

N
ow

w
e

con
sid

er
th

e
cost

of
A

S
D

A
R

(A
lgorith

m
2).

A
ssu

m
e

A
S
D

A
R

is
stop

p
ed

w
h
en

k
=
L

.
T

h
en

th
e

a
b

ove
d
iscu

ssion
sh

ow
s

th
e

th
e

overall
cost

of
A

lgorith
m

2
is

b
ou

n
d
ed

b
y

O
(L
n
p

log
(R

))
w

h
ich

is
very

effi
cien

t
for

la
rge

scale
h
igh

d
im

en
sion

p
rob

lem
sin

ce
th

e
cost

in
creases

lin
early

in
th

e
am

b
ien

t
d
im

en
sion

p
.

6
.
C
o
m
p
a
riso

n
w
ith

g
re
e
d
y
a
n
d
scre

e
n
in
g
m
e
th

o
d
s

W
e

give
a

h
igh

level
com

p
arison

b
etw

een
S
D

A
R

an
d

several
greed

y
an

d
screen

in
g

m
eth

o
d
s,

in
clu

d
in

g
O

M
P

(M
allat

an
d

Z
h
an

g,
1993;

T
rop

p
,

2004;
D

on
oh

o
et

al.,
2006;

C
ai

an
d

W
an

g,
2011;

Z
h
an

g,
2011b

),
F

oB
a

(Z
h
an

g,
2011a),

IH
T

(B
lu

m
en

sa
th

an
d

D
av

ies,
2009;

J
ain

et
al.,

2014)
or

G
raD

es
(G

arg
an

d
K

h
an

d
ekar,

2009),
an

d
S
IS

(F
an

an
d

L
v
,

2008).
T

h
ese

greed
y

m
eth

o
d
s

iterativ
ely

select/rem
ove

on
e

or
m

ore
variab

les
an

d
p
ro

ject
th

e
resp

on
se

v
ector

on
to

th
e

lin
ear

su
b
sp

ace
sp

an
n
ed

b
y

th
e

variab
les

th
at

h
ave

alread
y

b
een

selected
.

F
rom

16
JM

L
R

 19(10):1-37, 2018



L
0
p
e
n
a
l
iz
e
d

r
e
g
r
e
ss
io
n

th
is

p
oi

n
t

of
v
ie

w
,

th
ey

an
d

S
D

A
R

sh
ar

e
a

si
m

il
ar

ch
ar

ac
te

ri
st

ic
.

H
ow

ev
er

,
O

M
P

an
d

F
oB

a,
se

le
ct

on
e

va
ri

ab
le

p
er

it
er

at
io

n
b
as

ed
on

th
e

cu
rr

en
t

co
rr

el
at

io
n
,

i.
e.

,
th

e
d
u
al

va
ri

ab
le
d
k

in
ou

r
n
ot

at
io

n
,

w
h
il
e

S
D

A
R

se
le

ct
s
T

va
ri

ab
le

s
at

a
ti

m
e

b
as

ed
on

th
e

su
m

of
p
ri

m
al

(β
k
)

an
d

d
u
al

(d
k
)

in
fo

rm
at

io
n
.

T
h
e

fo
ll
ow

in
g

in
te

rp
re

ta
ti

on
in

a
lo

w
-d

im
en

si
on

al
se

tt
in

g
w

it
h

a
sm

al
l

n
oi

se
te

rm
m

ay
cl

ar
if

y
th

e
d
iff

er
en

ce
s

b
et

w
ee

n
th

es
e

tw
o

ap
p
ro

ac
h
es

.
If
X
′ X
/n
≈

I
an

d
η
≈

0,
w

e
h
av

e

d
k

=
X
′ (
y
−
X
β
k
)/
n

=
X
′ (
X
β
∗

+
η
−
X
β
k
)/
n
≈
β
∗
−
β
k

+
X
′ η
/n
≈
β
∗
−
β
k
,

an
d

β
k

+
d
k
≈
β
∗ .

H
en

ce
,

S
D

A
R

ca
n

ap
p
ro

x
im

at
e

th
e

u
n
d
er

ly
in

g
su

p
p

or
t
A
∗

m
o
re

ac
cu

ra
te

ly
th

an
O

M
P

an
d

F
ob

a.
T

h
is

is
su

p
p

or
te

d
b
y

th
e

si
m

u
la

ti
on

re
su

lt
s

gi
v
en

in
S
ec

ti
on

7.

IH
T

(B
lu

m
en

sa
th

an
d

D
av

ie
s,

20
09

;
J
ai

n
et

al
.,

20
14

)
or

G
ra

D
es

(G
ar

g
an

d
K

h
an

d
ek

ar
,

20
09

),
ca

n
b

e
fo

rm
u
la

te
d

as

β
k
+

1
=
H
K

(β
k

+
s k
d
k
),

(3
8)

w
h
er

e
H
K

(·)
is

th
e

h
ar

d
th

re
sh

ol
d
in

g
op

er
at

or
b
y

ke
ep

in
g

th
e

fi
rs

t
K

la
rg

es
t

el
em

en
ts

an
d

se
tt

in
g

ot
h
er

s
to

0.
T

h
e

st
ep

si
ze

s k
is

ch
os

en
as

s k
=

1
an

d
s k

=
1/

(1
+
δ 2
K

)
(w

h
er

e
δ 2
K

is
th

e
R

IP
co

n
st

an
t)

fo
r

IH
T

an
d

G
ra

D
es

,
re

sp
ec

ti
ve

ly
.

IH
T

an
d

G
ra

D
es

u
se

b
ot

h
p
ri

m
al

an
d

d
u
al

in
fo

rm
at

io
n

to
d
et

ec
t

th
e

su
p
p

or
t

of
th

e
so

lu
ti

on
,

w
h
ic

h
is

si
m

il
ar

to
S
D

A
R

.
B

u
t

w
h
en

th
e

ap
p
ro

x
im

at
e

ac
ti

ve
se

t
is

gi
ve

n
,

S
D

A
R

u
se

s
le

as
t

sq
u
ar

es
fi
tt

in
g,

w
h
ic

h
is

m
or

e
ac

cu
ra

te
th

an
ju

st
ke

ep
in

g
th

e
la

rg
es

t
el

em
en

ts
b
y

h
ar

d
th

re
sh

ol
d
in

g.
T

h
is

is
su

p
p

or
te

d
b
y

th
e

si
m

u
la

ti
on

re
su

lt
s

gi
v
en

in
S
ec

ti
on

7.
J
ai

n
et

al
.

(2
01

4)
p
ro

p
os

ed
an

it
er

at
iv

e
h
ar

d
th

re
sh

ol
d
in

g
al

go
ri

th
m

fo
r

ge
n
er

al
h
ig

h
-d

im
en

si
o
n
al

sp
ar

se
re

gr
es

si
on

s.
In

th
e

li
n
ea

r
re

gr
es

si
on

se
tt

in
g,

th
e

al
go

ri
th

m
p
ro

p
os

ed
in

J
ai

n
et

al
.

(2
01

4)
is

th
e

sa
m

e
as

G
ra

D
es

.
J
ai

n
et

al
.

(2
01

4)
al

so
co

n
si

d
er

ed
a

tw
o-

st
ag

e
IH

T
,

w
h
ic

h
in

vo
lv

es
a

re
fi
t

st
ep

on
th

e
d
et

ec
te

d
su

p
p

or
t.

Y
u
an

et
al

.
(2

01
8)

ex
te

n
d
ed

gr
ad

ie
n
t

h
ar

d
th

re
sh

ol
d
in

g
fo

r
le

as
t

sq
u
ar

es
lo

ss
to

a
ge

n
er

al
cl

as
s

of
co

n
ve

x
lo

ss
es

an
d

an
al

y
ze

d
th

e
es

ti
m

at
io

n
a
n
d

sp
ar

si
ty

re
co

ve
ry

p
er

fo
rm

an
ce

of
th

ei
r

p
ro

p
os

ed
m

et
h
o
d
.

U
n
d
er

re
st

ri
ct

ed
st

ro
n
gl

y
co

n
ve

x
it

y
(R

S
S
)

an
d

re
st

ri
ct

ed
st

ro
n
gl

y
sm

o
ot

h
n
es

s
co

n
d
it

io
n
s

(R
S
C

),
J
ai

n
et

al
.

(2
01

4)
d
er

iv
ed

an
er

ro
r

es
ti

m
at

e
b

et
w

ee
n

th
e

ap
p
ro

x
im

at
e

so
lu

ti
on

s
an

d
th

e
or

ac
le

so
lu

ti
on

in
` 2

n
or

m
,

w
h
ic

h
h
as

th
e

sa
m

e
or

d
er

as
ou

r
re

su
lt

in
S
ec

ti
on

3.
1.

T
h
er

e
ar

e
so

m
e

d
iff

er
en

ce
s

b
et

w
ee

n
S
D

A
R

an
d

th
e

tw
o-

st
ag

e
IH

T
p
ro

p
os

ed
in

J
ai

n
et

al
.
(2

01
4)

.
F

ir
st

,
S
D

A
R

so
lv

es
an

n
×
K

le
as

t
sq

u
ar

es
p
ro

b
le

m
at

ea
ch

it
er

at
io

n
w

h
il
e

th
e

tw
o-

st
ag

e
IH

T
in

vo
lv

es
tw

o
le

as
t-

sq
u
ar

es
p
ro

b
le

m
s

w
it

h
la

rg
er

si
ze

s.
T

h
e

re
gu

la
ri

ty
co

n
d
it

io
n
s

on
X

fo
r

S
D

A
R

co
n
ce

rn
s

2K
×

2
K

su
b
m

at
ri

ce
s

of
X

,
w

h
il
e

th
e

re
gu

la
ri

ty
co

n
d
it

io
n
s

fo
r

th
e

tw
o-

st
ag

e
IH

T
in

vo
lv

es
la

rg
er

su
b
m

at
ri

es
of
X

.
S
ec

on
d
,

ou
r

re
su

lt
s

ar
e

ap
p
li
ca

b
le

to
ap

p
ro

x
im

at
el

y
sp

ar
se

m
o
d
el

s.
J
ai

n
et

al
.

(2
01

4)
on

ly
co

n
si

d
er

ed
ex

ac
t

sp
ar

se
ca

se
.

T
h
ir

d
,

w
e

sh
ow

ed
in

(i
ii
)

of
C

o
ro

ll
ar

y
3.

1
th

at
th

e
it

er
at

io
n

co
m

p
le

x
it

y
of

S
D

A
R

is
O

(l
og
K

).
In

co
m

p
ar

is
on

,
th

e
it

er
at

io
n

co
m

p
le

x
it

y
of

th
e

tw
o-

st
ag

e
IH

T
is
O

(K
).

W
e

al
so

es
ta

b
li
sh

ed
an

` ∞
n
or

m
es

ti
m

at
io

n
re

su
lt

an
d

sh
ow

ed
th

at
th

e
n
u
m

b
er

of
it

er
at

io
n
s

of
S
D

A
R

is
in

d
ep

en
d
en

t
of

th
e

sp
ar

si
ty

le
ve

l,
se

e
(i

ii
)

of
C

or
ol

la
ry

3.
2.

L
as

t,
w

e
sh

ow
ed

th
at

th
e

st
op

p
in

g
cr

it
er

io
n

fo
r

S
D

A
R

ca
n

b
e

ar
ch

iv
ed

in
fi
n
it

el
y

m
an

y
st

ep
s

(C
or

ol
la

ry
3.

1
(i

ii
)

an
d

C
or

ol
la

ry
3.

2.
(i

ii
))

.
H

ow
ev

er
,

J
ai

n
et

al
.

(2
01

4)
d
id

n
ot

d
is

cu
ss

th
is

is
su

e.

1
7

JM
L

R
 1

9(
10

):
1-

37
, 2

01
8

H
u
a
n
g
,
J
ia
o
,
L
iu

a
n
d

L
u

F
an

an
d

L
v

(2
00

8)
p
ro

p
os

ed
S
IS

fo
r

d
im

en
si

on
re

d
u
ct

io
n

in
u
lt

ra
h
ig

h
d
im

en
si

o
n
a
l

li
n
er

re
gr

es
si

on
p
ro

b
le

m
s.

T
h
is

m
et

h
o
d

se
le

ct
s

va
ri

ab
le

s
w

it
h

th
e
T

la
rg

es
t

ab
so

lu
te

va
lu

es
of

X
′ y

.
T

o
im

p
ro

ve
th

e
p

er
fo

rm
an

ce
of

S
IS

,
F

an
an

d
L

v
(2

00
8)

al
so

co
n
si

d
er

ed
a
n

it
er

a
ti

ve
S
IS

,
w

h
ic

h
it

er
at

iv
el

y
se

le
ct

s
m

or
e

th
a
n

on
e

fe
at

u
re

at
a

ti
m

e
u
n
ti

l
a

d
es

ir
ed

n
u
m

b
er

o
f

va
ri

ab
le

s
ar

e
se

le
ct

ed
.

T
h
ey

re
p

or
te

d
th

at
th

e
it

er
at

iv
e

S
IS

ou
tp

er
fo

rm
s

S
IS

n
u
m

er
ic

a
ll
y.

H
ow

ev
er

,
th

e
it

er
at

iv
e

S
IS

la
ck

s
a

th
eo

re
ti

ca
l

an
al

y
si

s.
In

te
re

st
in

gl
y,

th
e

fi
rs

t
st

ep
in

S
D

A
R

in
it

ia
li
ze

d
w

it
h

0
is

ex
ac

tl
y

th
e

sa
m

e
as

th
e

S
IS

.
B

u
t

ag
ai

n
th

e
p
ro

ce
ss

of
S
D

A
R

is
d
iff

er
en

t
fr

om
th

e
it

er
at

iv
e

S
IS

in
th

at
th

e
ac

ti
ve

se
t

of
S
D

A
R

is
d
et

er
m

in
ed

b
as

ed
o
n

th
e

su
m

o
f

p
ri

m
al

an
d

d
u
al

ap
p
ro

x
im

at
io

n
s

w
h
il
e

th
e

it
er

at
iv

e
S
IS

u
se

s
d
u
al

on
ly

.

7
.
S
im

u
la
ti
o
n
S
tu

d
ie
s

7
.1

Im
p

le
m

e
n
ta

ti
o
n

W
e

im
p
le

m
en

te
d

S
D

A
R

/A
S
D

A
R

,
F

oB
a,

G
ra

D
es

an
d

M
C

P
in

M
at

L
ab

.
F

o
r

F
o
B

a
,

o
u
r

M
at

L
ab

im
p
le

m
en

ta
ti

on
fo

ll
ow

s
th

e
R

p
ac

ka
ge

d
ev

el
op

ed
b
y

Z
h
an

g
(2

01
1a

).
W

e
o
p
ti

m
iz

e
it

b
y

ke
ep

in
g

tr
ac

k
of

ra
n
k
-o

n
e

u
p

d
at

es
af

te
r

ea
ch

gr
ee

d
y

st
ep

.
O

u
r

im
p
le

m
en

ta
ti

o
n

o
f

M
C

P
u
se

s
th

e
it

er
at

iv
e

th
re

sh
h
ol

d
in

g
al

go
ri

th
m

(S
h
e,

20
0
9)

w
it

h
w

ar
m

st
ar

ts
.

P
u
b
li
cl

y
av

a
il
a
b
le

M
at

la
b

p
ac

ka
ge

s
fo

r
L

A
R

S
(i

n
cl

u
d
ed

in
th

e
S
p
ar

se
L

ab
p
ac

ka
ge

)
ar

e
u
se

d
.

S
in

ce
L

A
R

S
a
n
d

F
oB

a
ad

d
on

e
va

ri
ab

le
at

a
ti

m
e,

w
e

st
o
p

th
em

w
h
en

K
va

ri
ab

le
s

ar
e

se
le

ct
ed

in
a
d
d
it

io
n

to
th

ei
r

d
ef

au
lt

st
op

p
in

g
co

n
d
it

io
n
s.

O
f

co
u
rs

e,
d
oi

n
g

so
w

il
l

re
d
u
ce

th
e

co
m

p
u
ta

ti
o
n

ti
m

e
fo

r
th

es
e

al
go

ri
th

m
s

as
w

el
l

as
im

p
ro

v
e

ac
cu

ra
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b
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h
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m
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p
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e

M
C

P
so

lu
ti

o
n

p
at

h
an

d
se

le
ct

an
op

ti
m

al
so

lu
ti

on
u
si

n
g

th
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/
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p
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at
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c
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p
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d
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w
it

h
L

a
ss

o
(L

A
R

S
),

M
C

P
,

G
ra

D
es

an
d

F
oB

a.

W
e

co
n
si

d
er

a
m

o
d
er

at
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b
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p
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d
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b
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d
b
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ra
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i.
i.
d
.
N

(0
,1

)
an

d
th

en
n
or

m
al

iz
e

it
s

co
lu

m
n
s

to
th

e
√
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=
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.
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√
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b
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d
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b
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b
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secon
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e
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∑
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b
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P
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d
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e
eff

ects
of

each
of

th
e

m
o
d
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p
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d
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=
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=

m
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=
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/
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p
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p
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b
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√
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√
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∈
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∈
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∈
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∞
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≥
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.
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∈
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∈
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∈
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≥
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f
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e
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e
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n
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N

ot
e
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a
t
θ̂ 1
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e
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h
ic

al
el
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ti

c-
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m
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e
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se

d
o
n

d
at

a
X
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)
.
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h
e
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θ̂ 1
,τ
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is
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n
d
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u
n
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u
e)

an
d
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ti
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th
e
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b
ou

n
d
λ
m
in
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1
,τ

)
≥
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1

th
en

fo
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ow
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k
n
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n
re

su
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s
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th
e

gr
ap

h
ic

al
el
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c-
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et
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r
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an
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a
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2
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h
e

se
co

n
d

p
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e
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∈
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∈
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∈
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+ p
(b

1
,B

1
).

H
en

ce
θ(k

)
1
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r.
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P
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h
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d
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,
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t

w
e
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n

w
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θ(k

+
1
)

1
a
s
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+

1
)

1
=

A
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m
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u
∈M
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∇
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,τ
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)

1
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−
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〉
+

1 2
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(
k
)
℘

(u
)] .

T
h
e

op
ti

m
al

it
y

co
n
d
it

io
n
s
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b
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∈
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∇
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+

1
)

1
−
θ(k

)
1

)
+
λ

1
,τ

(
k
)

( α
Z

+
(1
−
α

)θ
(k

+
1
)

1

)
=
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S
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=
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T

(S
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)−
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1),
w

e
re-arran

ge
th

is
op

tim
a
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con
d
itio

n
in

to:

(1
+

(1−
α

)λ
1
,τ

(
k
) γ )

θ
(k

+
1
)

1
=

θ
(k

)
1

+
γ
τ

(k
)

2
T

(
θ

(k
)

1

)
−

1

−
γ (

τ
(k

)

2T
S

1 (τ
(k

))
+
α
λ

1
,τ

(
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) Z )

.

H
en

ce,
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λ
m
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)

1
)≥

b
1 ,

an
d
b
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γ
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)

(w
h
ich

h
o
ld

s
tru

e
if
γ
≤

2b
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an
d

u
sin

g
th

e
fact

th
at
λ
m
in (A

+
B
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λ
m
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)
+
λ
m
in (B

),
w

e
get

λ
m
in (θ

(k
+

1
)

1
)≥

1

1
+

(1−
α

)λ̄
1 γ

(
b

1
+
γ
n

0

2T

1b
1
−
γ
µ

1 )
,

(5)

w
h
ere

µ
1

=
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a
x
τ∈T

[
12 ‖S

1 (τ
)‖

2
+
α
p
λ

1
,τ ],

u
sin

g
th

e
fact

th
at‖

Z‖
2 ≤

p
.

W
e

n
ote

th
a
t

as
ch

osen
,
b

1
satisfi

es

(1−
α

)λ̄
1 b

21
+
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1 −

n
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2T
=

0,

an
d

th
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som
e
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a
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p
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th
at

th
e

rig
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t
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an

d
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e
o
f
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eq
u
al

to
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1 .

H
en

ce
λ
m
in (θ
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+

1
)

1
)≥

b
1 .

S
im

ilarly,
if
λ
m
a
x (θ

(k
)

1
)≤

B
1 ,

th
en

λ
m
a
x (θ

(k
+

1
)

1
)≤

1

1
+

(1−
α
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1 γ

(
B

1
+
γ2

1B
1

+
γ
µ

1 )
=

B
1 ,

w
h
ere

th
e

last
eq

u
ality

fo
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s
fro

m
th

e
fa

ct
th

at
w

e
h
ave

ch
osen

B
1

su
ch

th
at

(1−
α

)λ
1 B

21 −
µ

1 B
1 −
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=

0.

T
h
is

com
p
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th
e

p
ro

of.

R
e
m
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rk

3
T

h
e

fi
rst

sta
tem

en
t

o
f

L
em

m
a

2
im

p
lies

th
a
t

th
e

ch
a
n
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t
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ro
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)
h
a
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a
t

lea
st

o
n

e
so

lu
tio

n
.

T
h
e

seco
n

d
pa
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sh

o
w

s
th

a
t

w
h
en
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e

step
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γ
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sm
a
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en
o
u
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a
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e
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f
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e

a
lgo

rith
m

rem
a
in

s
po

sitive
d
efi

n
ite.

W
e

n
o
te

th
a
t

th
e

fa
ct

th
a
t
α
<

1
is
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l
in

th
e

a
rgu

m
en
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T

h
e

resu
lt

rem
a
in

s
tru

e
w

h
ere

α
=

1,
h
o
w

ever
th

e
a
rgu

m
en

ts
is

sligh
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m
o
re

in
vo

lved
(see

A
tch

a
d
é

et
a
l.,

2
0
1
5

,
L

em
m

a
2
).

F
o
r

sim
p
licity

w
e

focu
s

in
th

is
pa

per
o
n

th
e
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se
α
∈
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W
e

n
ow
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d
ress

th
e
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e

o
f

con
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ce.
C

learly
th

e
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n
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h
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th
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ot

b
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op
-

tim
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A

n
d

in
d
eed
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w

e
w

ill
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b
e
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e
o
u
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u
t
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A

lgorith
m

2
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v
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to
th

e
m

in
im
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.

R
ath

er,
w

e
in
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d
u
ce

a
con

tain
m

en
t
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p
tion

(A
ssu

m
p
-

tion
H

1)
an

d
w

e
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th

a
t

w
h
en

it
h
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th

en
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e
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u
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o
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2
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h
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tru

e
ch
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(th
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o
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th
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n
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t
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p
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p
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n
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H
1

T
h
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>
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0
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∈
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d
τ
? ∈
T

su
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o
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∈
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d
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r
a
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y
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a
t ∥∥∥
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1 −
θ̂
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? ∈
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B
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b
e
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n
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A
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p
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p
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p
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d
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T
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en

o
u
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,
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r
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n

y
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a
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o
t

too
clo
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to
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θ
1 −

θ̂
1
,τ ∥∥∥
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p
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e
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fact
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e
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2
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,τ

(
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,τ
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en

ce,
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H
1

h
old

s
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a
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)
gu
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th
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th
e
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u
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τ

(k
)

rem
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s
close

to
τ
? .

T
h

e
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m
5

S
u

p
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se
th

a
t
γ
∈

(0,b
21 ∧

b
22 ],

a
n

d
θ

(0
)

j
∈
M

+p
(b
j ,B

j ),
fo

r
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1,2.

T
h
en

limk

∥∥∥
θ

(k
)

1
−
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1
,τ
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) ∥∥∥
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∥∥∥
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−
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F
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re,
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1
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ld
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en
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)−
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? ∣∣∣ ≤
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.

P
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o
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ee
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.1

R
e
m

a
rk

6
N

o
te
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a
t

th
e

th
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t
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th
a
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)

co
n
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to
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ra
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co
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-
clu

sio
n
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th

a
t
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r
k
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τ
(k

)
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w
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)

o
f
τ
? .
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e

n
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ress

th
e
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w
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1
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p
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ore
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h
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R
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h
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e
u
n
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som
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u
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d
itio
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u
p
p

ose
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a
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d
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t
ra

n
d
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X
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),...,X
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?
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i.i.d
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∼

N
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1
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,1 ),

an
d

X
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?
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1
),...,X
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i.i.d
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∼

N
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1
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(7)

for
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e
u
n
k
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n
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g
e-p

o
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τ
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a
n
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u
n
k
n
ow

n
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m
m
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o
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d
efi

n
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p
recisio

n
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θ
?
,2 .

W
e

set
Σ
?
,j

d
e
f

=
θ −

1
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,j ,

a
n
d

w
e
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j

d
en
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th

e
n
u
m

b
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n
o
n
-
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en

tries
of
θ
?
,j ,

j
=

1,2.
F

o
r

an
in
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er
ι∈
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w
e

d
efi

n
e
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e
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Σ
?
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d
e
f

=
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?
,j )u
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=
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sid

erab
le

con
n
ection

b
etw

een
In

d
u
stria

ls,
In

fo
rm

a
tio

n
T

ech
n
ology,

C
on

su
m

er
D

iscretio
n
a
ry,

an
d

to
a

lesser
ex

ten
d

H
ealth

ca
re,

an
d

th
e

F
in

a
n
cial

sector.
C

on
su

m
er

S
tap

les,
U

tilities,
an

d
M

a
terials

ap
p

ea
r

to
b

e
m

ore
stab

le
d
u
rin

g
th

ese
p

erio
d
s

an
d

d
o

n
ot

ex
p

erien
ce

as
m

u
ch

correla
tion

w
ith

F
in

an
cials.

T
h
is

m
igh

t
su

ggest
th

at
ou

r
m

eth
o
d

cou
ld

b
e

u
sed

a
s

a
to

ol
to

id
en

tify
in

vestm
en

t
strateg

ies
th

a
t

a
re

likely
to

b
e

resilien
t

to
p

erio
d
s

o
f

crisis
in

th
e

m
ark

et.

4
.
P
ro

o
fs

4
.1

P
ro

o
f

o
f

T
h

e
o
re

m
5

W
e

w
ill

n
eed

th
e

follow
in

g
lem

m
a.

L
e
m

m
a

1
2

S
et

g
(θ)

d
e
f

=
−

log
d
et(θ)

+
T
r(θS

),

a
n

d
φ

(θ)
d
e
f

=
g
(θ)

+
λ [
α‖θ‖

1
+

1−
α

2
‖θ‖

2F ]
,
θ
∈
M

+p
,

fo
r

so
m

e
sym

m
etric

m
a
trix

S
,
α
∈

(0,1
),

a
n

d
λ
>

0.
F

ix
0
<
b
<
B
≤
∞

.

1
.

F
o
r
θ,ϑ
∈
M

+p
(b,B

),
w

e
h
a
ve

g
(θ)

+
〈∇
g
(θ),ϑ

−
θ〉

+
1

2
B

2 ‖ϑ
−
θ‖

2F ≤
g
(ϑ

)

≤
g
(θ)

+
〈∇
g
(θ),ϑ

−
θ〉

+
12
b
2 ‖ϑ

−
θ‖

2F
.
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B
y
b
e
e

a
n
d

A
t
c
h
a
d
é

F
ig

u
re

1
2
:

N
u
m

b
er

of
ed

ges
b

etw
een

th
e

fi
n
an

cial
sector

an
d

th
e

rem
ain

in
g

sectors,
for

each
tim

e
segm

en
t.

B
ased

on
th

e
estim

ated
p
recision

m
atrices

θ̂.

M
o
re

gen
era

lly,
If
θ,ϑ
∈
M

+p
,

th
en

g
(ϑ

)−
g
(θ)−

〈∇
g
(θ),ϑ

−
θ〉≥

‖ϑ
−
θ‖

2F

4‖θ‖
2 (‖

θ‖
2

+
12 ‖ϑ
−
θ‖

F )
.

2
.

L
et
γ
∈

(0
,b

2],
a
n

d
θ,θ̄,θ

0 ∈
M

+p
(b,B

).
S

u
p
po

se
th

a
t

θ̄
=

P
rox

γ
λ (θ−

γ
(S
−
θ −

1) )
,

th
en

2γ (φ
(θ̄)−

φ
(θ

0 ) )
+
∥∥
θ̄−

θ
0 ∥∥

2F ≤
(

1−
γB

2 )‖
θ−

θ
0 ‖

2F
.

P
ro

o
f

T
h
e

fi
rst

p
a
rt

of
(1)

is
L

em
m

a
12

of
A

tch
ad

é
et

a
l.

(201
5
),

a
n
d

P
art

(2
)

is
L

em
m

a
1
4

of
A

tch
ad

é
et

al.
(20

15
).

T
h
e

secon
d

p
art

o
f

(1
)

can
b

e
p
rov

ed
alon

g
sim

ila
r

lin
es.

F
o
r

com
p
leten

ess
w

e
g
ive

th
e

d
etails

b
elow

.

T
ake

θ
0 ,θ

1 ∈
M

+p
.

B
y

T
ay

lor
ex

p
a
n
sion

w
e

h
ave

g
(θ

1 )−
g
(θ

0 )−
〈∇
g
(θ

0 ),θ
1 −

θ
0 〉

=
−
∫

1

0

〈(θ
0

+
tH

) −
1−

θ −
1

0
,H
〉

d
t,

w
h
ere

H
d
e
f

=
θ

1 −
θ

0 .
W

e
h
ave

(θ
0

+
tH

) −
1−

θ −
1

0
=
−
tθ −

1
0
H

(θ
0

+
tH

) −
1,

w
h
ich

lea
d
s

to

g
(θ

1 )−
g
(θ

0 )−
〈∇
g
(θ

0 ),θ
1 −

θ
0 〉

=

∫
1

0

T
r (θ −

1
0
H

(θ
0

+
tH

) −
1H
)
td
t.
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C
h
a
n
g

e
-P

o
in

t
C

o
m

p
u
t
a
t
io

n
f
o
r

L
a
r
g

e
G

r
a
p
h
ic

a
l

M
o
d
e
l
s

If
θ 0

=
∑
p i=

1
ρ
j
u
j
u
′ j

is
th

e
ei

ge
n
d
ec

om
p

o
si

ti
o
n

o
f
θ 0

,
w

e
se

e
th

a
t
T
r
( θ
−

1
0
H

(θ
0

+
tH

)−
1
H
) =

∑
p j
=

1
1 ρ
j
u
′ jH

(θ
0

+
tH

)−
1
H
u
j
.

H
en

ce

g
(θ

1
)
−
g
(θ

0
)
−
〈∇
g
(θ

0
),
θ 1
−
θ 0
〉≥

p ∑ j
=

1

‖H
u
j
‖2 2

∫
1

0

td
t

‖θ
0
‖ 2

(‖
θ 0
‖ 2

+
t‖
H
‖ F

)

≥
∑
p j
=

1
‖H

u
j
‖2 2

4‖
θ 0
‖ 2
( ‖
θ 0
‖ 2

+
1 2
‖H
‖ F
) ,

a
n
d

th
e

re
su

lt
fo

ll
ow

s
b
y

n
ot

in
g

th
a
t
∑
p j
=

1
‖H

u
j
‖2 2

=
‖H
‖2 F

.

S
et

F
(τ
,θ

1
,θ

2
)

=
g 1
,τ

(θ
1
)

+
λ

1
,τ
p
(θ

)
+
g 2
,τ

(θ
2
)

+
λ

2
,τ
p
(θ

2
),

F
=
F

(τ̂
,θ̂

1
,τ̂
,θ̂

1
,τ̂

)
th

e
va

lu
e

o
f

P
ro

b
le

m
(3

),
a
n
d
F k

=
F

(τ
(k

)
,θ

(k
)

1
,θ

(k
)

2
)
−
F

.

L
e
m

m
a

1
3

S
u

p
po

se
th

a
t
γ
∈

(0
,b

2 1
∧b

2 2
],

a
n

d
fo

r
j

=
1,

2,
θ(0

)
j
∈
M

+ p
(b
j
,B

j
).

T
h
en

li
m
k

∥ ∥ ∥θ
(k

)
1
−
θ̂ 1
,τ

(
k
)

∥ ∥ ∥ F
=

0,
li
m
k

∥ ∥ ∥θ
(k

)
2
−
θ̂ 2
,τ

(
k
)

∥ ∥ ∥ F
=

0.
F

u
rt

h
er

m
o
re

th
e

se
qu

en
ce
{F

k
}

is
n

o
n

-i
n

cr
ea

si
n

g,
a
n

d
li
m
k
F k

ex
is

ts
.

P
ro

o
f

W
e

k
n
ow

fr
om

L
em

m
a

2
th

a
t

fo
r
γ
∈

(0
,b

2 1
∧
b

2 2
],

an
d
θ(0

)
j
∈
M

+ p
(b
j
,B

j
),

w
e

h
av

e

θ(k
)

j
∈
M

+ p
(b
j
,B

j
)

fo
r

a
ll
k
≥

0,
fo

r
j

=
1,

2.
W

e
h
av

e,

F k
+

1
−
F k

=
F

(τ
(k

+
1
)
,θ

(k
+

1
)

1
,θ

(k
+

1
)

2
)
−
F

(τ
(k

)
,θ

(k
+

1
)

1
,θ

(k
+

1
)

2
)

+
F

(τ
(k

)
,θ

(k
+

1
)

1
,θ

(k
+

1
)

2
)
−
F

(τ
(k

)
,θ

(k
)

1
,θ

(k
)

2
).

B
y

d
efi

n
it

io
n
,
F

(τ
(k

+
1
)
,θ

(k
+

1
)

1
,θ

(k
+

1
)

2
)
−
F

(τ
(k

)
,θ

(k
+

1
)

1
,θ

(k
+

1
)

2
)
≤

0
,

a
n
d

b
y

L
em

m
a

12
-

P
a
rt

(2
),

F
(τ

(k
)
,θ

(k
+

1
)

1
,θ

(k
+

1
)

2
)
−
F

(τ
(k

)
,θ

(k
)

1
,θ

(k
)

2
)

≤
−

1 2
γ

∥ ∥ ∥θ
(k

+
1
)

1
−
θ(k

)
1

∥ ∥ ∥2 F
−

1 2
γ

∥ ∥ ∥θ
(k

+
1
)

2
−
θ(k

)
2

∥ ∥ ∥2 F

It
fo

ll
ow

s
th

at

F k
+

1
≤
F k
−

1 2γ

∥ ∥ ∥θ
(k

+
1
)

1
−
θ(k

)
1

∥ ∥ ∥2 F
−

1 2γ

∥ ∥ ∥θ
(k

+
1
)

2
−
θ(k

)
2

∥ ∥ ∥2 F
,

w
h
ic

h
im

p
li
es

th
a
t li
m k

∥ ∥ ∥θ
(k

+
1
)

1
−
θ(k

)
1

∥ ∥ ∥ F
=

0,
an

d
li
m k

∥ ∥ ∥θ
(k

+
1
)

2
−
θ(k

)
2

∥ ∥ ∥ F
=

0.
(1

5
)

It
a
ls

o
im

p
li
es

th
at

th
e

se
q
u
en

ce
{F

k
}

is
n
o
n
-i

n
cr

ea
si

n
g

an
d

b
o
u
n
d
ed

fr
o
m

b
el

ow
b
y

0.
H

en
ce

co
n
ve

rg
es

.
A

n
ot

h
er

ap
p
li
ca

ti
o
n

of
L

em
m

a
12

gi
ve

s

2γ
( F

(τ
(k

)
,θ

(k
+

1
)

1
,θ

(k
+

1
)

2
)
−
F

(τ
(k

)
,θ̂

1
,τ

(
k
)
,θ̂

2
,τ

(
k
)
))

+
∥ ∥ ∥θ

(k
+

1
)

1
−
θ̂ 1
,τ

(
k
)

∥ ∥ ∥2 F
+
∥ ∥ ∥θ

(k
+

1
)

2
−
θ̂ 2
,τ

(
k
)

∥ ∥ ∥2 F

≤
( 1
−

γ B
2 1

)
∥ ∥ ∥θ

(k
)

1
−
θ̂ 1
,τ

(
k
)

∥ ∥ ∥2 F
+

( 1
−

γ B
2 2

)
∥ ∥ ∥θ

(k
)

2
−
θ̂ 2
,τ

(
k
)

∥ ∥ ∥2 F
.
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B
y
b
e
e

a
n
d

A
t
c
h
a
d
é

A
n
d

n
ot

ic
e

th
a
t
F

(τ
(k

)
,θ

(k
+

1
)

1
,θ

(k
+

1
)

2
)
−
F

(τ
(k

)
,θ̂

1
,τ

(
k
)
,θ̂

2
,τ

(
k
)
)
≥

0
.

H
en

ce

∥ ∥ ∥θ
(k

+
1
)

1
−
θ̂ 1
,τ

(
k
)

∥ ∥ ∥2 F
+
∥ ∥ ∥θ

(k
+

1
)

2
−
θ̂ 2
,τ

(
k
)

∥ ∥ ∥2 F

≤
( 1
−

γ B
2 1

)
∥ ∥ ∥θ

(k
)

1
−
θ̂ 1
,τ

(
k
)

∥ ∥ ∥2 F
+

( 1
−

γ B
2 2

)
∥ ∥ ∥θ

(k
)

2
−
θ̂ 2
,τ

(
k
)

∥ ∥ ∥2 F
,

w
h
ic

h
ca

n
b

e
w

ri
tt

en
a
s

γ B
2 1

∥ ∥ ∥θ
(k

)
1
−
θ̂ 1
,τ

(
k
)

∥ ∥ ∥2 F
+

γ B
2 2

∥ ∥ ∥θ
(k

)
2
−
θ̂ 2
,τ

(
k
)

∥ ∥ ∥2 F
≤
∥ ∥ ∥θ

(k
+

1
)

1
−
θ(k

)
1

∥ ∥ ∥2 F
+
∥ ∥ ∥θ

(k
+

1
)

2
−
θ(k

)
2

∥ ∥ ∥2 F

−
2
〈 θ(k

+
1
)

1
−
θ(k

)
1
,θ

(k
+

1
)

1
−
θ̂ 1
,τ

(
k
)

〉
−

2
〈 θ(k

+
1
)

2
−
θ(k

)
2
,θ

(k
+

1
)

2
−
θ̂ 2
,τ

(
k
)

〉
.

S
in

ce
{θ

(k
)

1
},
{θ

(k
)

2
}
{θ̂

1
,τ

(
k
)
},

an
d
{θ̂

2
,τ

(
k
)
}

a
re

b
ou

n
d
ed

se
q
u
en

ce
,

a
n
d

gi
ve

n
(1

5)
,

le
tt

in
g

k
→
∞

,
w

e
co

n
cl

u
d
e

th
a
t

li
m k

∥ ∥ ∥θ
(k

)
1
−
θ̂ 1
,τ

(
k
)

∥ ∥ ∥ F
=

0,
an

d
li
m k

∥ ∥ ∥θ
(k

)
2
−
θ̂ 2
,τ

(
k
)

∥ ∥ ∥ F
=

0.

P
ro

o
f

o
f

T
h

e
o
re

m
5

L
et
ε
>

0
a
s

in
H

1
.

B
y

L
em

m
a

13
,

th
er

e
ex

is
t
k

0
≥

1
su

ch
th

at
fo

r

al
l
k
≥
k

0
,
∥ ∥ ∥θ

(k
+

1
)

1
−
θ̂ 1
,τ

(
k
)

∥ ∥ ∥ F
≤
ε,

a
n
d
∥ ∥ ∥θ

(k
+

1
)

2
−
θ̂ 2
,τ

(
k
)

∥ ∥ ∥ F
≤
ε.

S
in

ce

τ
(k

+
1
)

=
A
rg
m
in
t∈
T
H
( t|θ

(k
+

1
)

1
,θ

(k
+

1
)

2

) ,

u
si

n
g

H
1

w
e

co
n
cl

u
d
e

th
at

fo
r

al
l
k
≥
k

0
,

∣ ∣ ∣τ
(k

+
1
)
−
τ ?

∣ ∣ ∣≤
κ
∣ ∣ ∣τ

(k
)
−
τ ?

∣ ∣ ∣+
c
≤
κ
k
−
k

0
+

1
∣ ∣ ∣τ

(k
0
)
−
τ ?

∣ ∣ ∣+
c

1
−
κ
,

w
h
ic

h
im

p
li
es

th
e

st
at

ed
re

su
lt

.

4
.2

P
ro

o
f

o
f

T
h

e
o
re

m
9

W
e

in
tr

o
d
u
ce

so
m

e
m

or
e

n
ot

at
io

n
.

G
iv

en
M
∈

R
p
×
p

th
e

sp
ar

si
ty

st
ru

ct
u
re

of
M

is
th

e
m

at
ri

x
δ
∈
{0
,1
}p
×
p

su
ch

th
at
δ j
k

=
1
{|
M
j
k
|>

0
}.

In
p
ar

ti
cu

la
r

w
e

w
il
l

w
ri

te
δ ?
,j

(j
=

1,
2)

to
d
en

ot
e

th
e

sp
ar

si
ty

st
ru

ct
u
re

o
f
θ ?
,j

.
G

iv
en

m
a
tr

ic
es
A
∈

R
p
×
p
,

an
d
δ
∈
{0
,1
}p
×
p
,

w
e

w
il
l

u
se

th
e

n
ot

a
ti

on
A
δ

(r
es

p
.
A
δ
c
)

to
d
en

o
te

th
e

co
m

p
on

en
t-

w
is

e
p
ro

d
u
ct

o
f
A

an
d
δ

(r
es

p
A

an
d

1
−
δ)

.
G

iv
en

j
∈
{1
,2
},

w
e

d
efi

n
e

C j
d
e
f

=
{ M

∈
M

p
:
‖M

δ
c ?
,j
‖ 1
≤

7
‖M

δ
?
,j
‖ 1
.}
.

(1
6)

W
e

w
il
l

n
ee

d
th

e
fo

ll
ow

in
g

d
ev

ia
ti

o
n

b
o
u
n
d
.

L
e
m

m
a

1
4

S
u

p
po

se
th

a
t
X
i
in
d ∼
N

(0
,θ
−

1
i

),
i

=
1,
..
.,
N

,
w

h
er

e
θ i
∈
M

+ p
.

W
e

se
t

Σ
i

d
e
f

=
θ−

1
i

,
a
n

d
d
efi

n
e

κ
i(

2)
d
e
f

=
in

f
{u
′ Σ
iu
,
‖u
‖ 2

=
1,
‖u
‖ 0
≤

2}
,
κ̄
i(

2)
d
e
f

=
su

p
{u
′ Σ
iu
,
‖u
‖ 2

=
1,
‖u
‖ 0
≤

2}
,
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o
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p
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f
o
r

L
a
r
g

e
G

r
a
p
h
ic

a
l

M
o
d
e
l
s

a
n

d
su

p
po

se
th

a
t
κ
i (2)

>
0

fo
r
i

=
1
,...,N

.
S

et
G
N

d
e
f

=
N
−

1 ∑
Ni=

1 (X
i X
′i −

θ −
1

i
).

T
h
en

fo
r

0
<
δ≤

2 (
m

in
k
κ
k
(2

)
m

a
x
k
κ̄
k
(2

) )
2,

w
e

h
a
ve

P
(‖G

N ‖∞
>

(
m

ax
k

κ̄
k (2) )

δ )
≤

4p
2e −

N
δ
2

4
.

P
ro

o
f

T
h
e

p
ro

of
is

sim
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=
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=
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σ
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+
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σ
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−
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=
σ
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+
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−

2
σ

(k
)

ij
.

F
or

an
y
x
≥

0

a
n
d

a
seq

u
en

ce
a

=
(a

1 ,...,a
N

)
of

p
ositive

n
u
m

b
ers,

w
ith
|a|∞

=
m

ax
i |a

i |,|a|2
=
√
∑
i a

2i ,
w

e
w

rite

2
x

=
2|a|2 (

x

2|a|2 )
+

2|a|∞
(

4|a| 22

2x|a|∞

)
(

x

2|a|2 )
2

.

T
h
erefo

re
if

2
x|a|∞

≤
4|a| 22 ,

w
e

can
ap

p
ly

L
em

m
a

1
of

L
au

ren
t

an
d

M
a
ssart

(2000)
to

co
n
clu

d
e

th
at

P

(
∣∣∣∣∣
N
∑k
=

1

a
k (W

k −
1
) ∣∣∣∣∣ ≥

2x )
≤

2e −
x
2

4|a| 22
.

In
p
articu

lar,
w

e
ca

n
ap

p
ly

th
e

ab
ov

e
b

ou
n
d

w
ith

x
=
|a|∞

N
δ

for
δ
∈

(0
,

2
m

in
j
a

2i

m
a
x
i
a

2i
]

to
get

th
at

P

(
∣∣∣∣∣
N
∑k
=

1

a
k (W

k −
1) ∣∣∣∣∣ ≥

2|a|∞
N
δ )
≤

2e −
N
δ
2

4
.

In
th

e
p
articu

la
r

case
ab

ove,
a

(k
)

ij
=
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m
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m
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)
.

G
iven

th
e

ch
oice

of
λ

1
,τ

in
(8

),
α
λ

1
,τ T

/
2

=
2 √

3κ̄ √
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p
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.
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p
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∈
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℘
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∈
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〈 ∇
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〈 ∇
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∥ ∥ ∥ 1
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∇
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〉∣ ∣ ∣
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d
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d
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b
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p
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p
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d
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p
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d
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p
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b
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R
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iè
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c
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h
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p
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r
iè
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h
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b
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p
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b
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b
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.
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b
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u
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,
th

e
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p
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d
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e
n
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v
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n
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p
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p
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n
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em

en
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d
m
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n
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k
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p
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d
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en
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e
ap
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im

at
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n
of
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n
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u
ou
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u
n
te

rp
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ca

ll
ed

th
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ee

b
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a
p
h
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w
h
ic

h
w
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or

ig
in

al
ly

in
tr

o
d
u
ce

d
in

R
ee

b
(1

94
6)

.

In
p
ra

ct
ic

e,
th

e
M

ap
p

er
h
as

tw
o

m
a

jo
r

ap
p
li
ca

ti
on

s.
T

h
e

fi
rs

t
on

e
is

d
at

a
v
is

u
a
li
za

ti
o
n

an
d

cl
u
st

er
in

g.
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d
ee

d
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w
h
en

th
e

co
ve

r
I
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m

in
im

al
in

te
rm

s
of

ca
rd

in
al

it
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i.
e.

n
o

m
o
re

th
an
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o

co
ve

r
el

em
en
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ca

n
in

te
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ec
t

at
on

ce
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th
e

M
ap

p
er

p
ro

v
id
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a

v
is

u
a
li
za

ti
o
n

o
f

th
e

d
at

a
in

th
e
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rm

of
a
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ap

h
w

h
os

e
to

p
ol

og
y
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e

d
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A

s
su
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b
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n
g
s
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d
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n
al

in
fo
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n
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th

e
u
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u
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er
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g
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h
m

s
b
y
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g
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n
d
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p
s
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e
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m

ar
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b
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b
p
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u
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ti
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e
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u
st
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e.
g
.

Y
ao

et
al

.
(2

00
9)

;
L

u
m

et
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h
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n
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d
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d
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b
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p
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v
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p
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v
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p
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n
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.
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p
u
ted

w
ith

variou
s

p
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d
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h
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p
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n
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e
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e
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p
u
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d
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n
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p
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m
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b
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d

w
o
rk

.
T

h
eoretical

p
rop

erties
of

R
eeb
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d

M
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R
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h
s
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n
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w
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u
n
d
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n
g
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a
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p
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m
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u
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b
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p
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p
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D
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p
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et
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a
n
d

B
a
u
er

et
al.

(2015)
for

a
co

m
p
reh

en
siv

e
list

of
referen

ces.

C
o
n
cern

in
g

th
e

M
ap

p
er,

B
ab

u
(20

13)
ch

aracterized
th

e
M

ap
p

er
w

ith
coarsen

ed
levelset

zig
za

g
p

ersisten
ce

m
o
d
u
les

an
d

sh
ow

ed
th

at,
as

th
e

len
gth

s
of

th
e

in
tervals

in
th

e
coverI

go
to

zero
u
n
iform

ly,
th

e
M

ap
p

er
of

a
real-valu

ed
fu

n
ction

con
verges

to
th

e
R

eeb
grap

h
in

th
e

b
o
ttlen

eck
d
istan

ce
(d

efi
n
ed

in
S
ection

2.2).
S
im

ilarly,
M

u
n
ch

an
d

W
an

g
(2016)

recen
tly

ch
a
ra

cterized
th

e
M

ap
p

er
w

ith
con

stru
ctib

le
cosh

eav
es

an
d

sh
ow

ed
th

e
sam

e
ty

p
e

of
con

-
verg

en
ce

fo
r

th
e

M
ap

p
er

in
th

e
in

terleav
in

g
d
istan

ce.
T

h
eir

resu
lt

h
old

s
in

th
e

gen
eral

case
o
f

vecto
r-valu

ed
fu

n
ction

s.
H

ow
ev

er,
in

b
oth

ap
p
roach

es,
th

e
q
u
an

tifi
ca

tion
of

con
vergen

ce
is

n
o
t

p
recise

en
ou

gh
to

en
ab

le
p
aram

eter
selection

.

S
ta

tistics
in

T
D

A
h
ave

b
een

so
far

fo
cu

sed
on

p
ersisten

ce
d
iagram

s,
w

ith
th

e
com

p
u
ta-

tio
n

o
f

ra
tes

o
f

con
vergen

ce,
con

fi
d
en

ce
reg

ion
s

an
d

b
o
otstrap

—
see

e.g.
C

h
azal

et
al.

(2
013);

F
a
sy

et
a
l.

(2
0
14);

C
h
azal

et
al.

(2015a,b
).

In
th

is
article,

w
e

b
u
ild

on
th

is
lin

e
of

w
ork

to
p
rov

id
e

resu
lts

in
th

e
sam

e
v
ein

for
th

e
M

ap
p

er.
T

h
e

in
tegration

of
th

e
M

ap
p

er
in

th
is

fra
m

ew
o
rk

is
n
ot

straigh
tforw

ard
sin

ce
it

en
co

d
es

a
d
iff

eren
t

ty
p

e
of

in
form

ation
th

an
p

er-
sisten

ce
d
ia

g
ra

m
s.

H
ow

ever,
th

is
is

m
a
d
e

p
ossib

le
b
y

th
e

recen
t

w
ork

(in
a

d
eterm

in
istic

settin
g
)

o
f

C
a
rrière

an
d

O
u
d
ot

(201
7b

)
ab

ou
t

th
e

stru
ctu

re
an

d
th

e
stab

ility
of

th
e

M
ap

-
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C
a
r
r
iè

r
e

a
n
d

M
ic

h
e
l

a
n
d

O
u
d
o
t

p
er.

In
th

is
article,

th
e

au
th

ors
p
rov

id
e

a
w

ay
to

g
o

from
th

e
in

p
u
t

sp
ace

to
th

e
M

ap
p

er
u
sin

g
sm

all
p

ertu
rb

ation
s.

W
e

b
u
ild

o
n

th
is

p
recise

relation
b

etw
een

th
e

in
p
u
t

sp
ace

an
d

its
M

ap
p

er
to

sh
ow

th
at

th
e

M
ap

p
er

is
itself

a
m

easu
rab

le
con

stru
ction

.
In

C
arrière

an
d

O
u
d
ot

(2017b
),

th
e

au
th

ors
also

sh
ow

th
at

th
e

top
o
logical

stru
ctu

re
o
f

th
e

M
ap

p
er

can
actu

ally
b

e
p
red

icted
from

th
e

coverI
b
y

lo
ok

in
g

at
ap

p
rop

riate
sign

a
tu

res
th

at
take

th
e

form
of

exten
d
ed

persisten
ce

d
ia

gra
m

s.
In

th
is

article,
w

e
u
se

th
is

ob
servation

,
togeth

er
w

ith
an

ap
p
rox

im
ation

in
eq

u
ality,

to
sh

ow
th

at
th

e
M

ap
p

er,
com

p
u
ted

w
ith

a
sp

ecifi
c

set
of

p
aram

eters,
is

actu
ally

an
op

tim
al

estim
ato

r
of

its
co

n
tin

u
o
u
s

an
alogu

e,
th

e
so-called

R
eeb

gra
p
h
.

M
oreover,

th
ese

sp
ecifi

c
p
aram

eters
act

as
n
atu

ral
can

d
id

ates
to

ob
tain

a
relia

b
le

M
ap

p
er

w
ith

n
o

artifacts.

P
la

n
o
f

th
e

a
rtic

le
.

S
ection

2
p
resen

ts
th

e
n
ecessary

b
ack

grou
n
d

on
th

e
R

eeb
grap

h
an

d
th

e
M

ap
p

er,
an

d
it

also
gives

an
ap

p
rox

im
ation

in
eq

u
ality

—
T

h
eorem

7—
for

th
e

R
eeb

grap
h

w
ith

th
e

M
ap

p
er.

F
rom

th
is

ap
p
rox

im
ation

resu
lt,

w
e

d
erive

rates
of

con
vergen

ces
as

w
ell

as
can

d
id

ate
p
aram

eters
in

S
ection

3,
an

d
w

e
sh

ow
h
ow

to
get

con
fi
d
en

ce
region

s
in

S
ection

4.
S
ection

5
illu

strates
th

e
valid

ity
of

ou
r

p
aram

eter
tu

n
in

g
an

d
con

fi
d
en

ce
region

s
w

ith
n
u
m

erical
ex

p
erim

en
ts

on
sm

o
oth

an
d

n
oisy

d
ata.

2
.

A
p
p
ro

x
im

a
tio

n
o
f

a
R

e
e
b

g
ra

p
h

w
ith

th
e

M
a
p
p

e
r

2
.1

B
a
ck

g
ro

u
n

d
o
n

th
e

R
e
e
b

g
ra

p
h

a
n

d
th

e
M

a
p

p
e
r

W
e

start
w

ith
som

e
b
ack

grou
n
d

on
th

e
R

eeb
grap

h
an

d
th

e
M

ap
p

er.
In

p
articu

lar,
w

e
p
resen

t
th

e
sp

ecifi
c

M
ap

p
er

algorith
m

th
at

w
e

stu
d
y

in
th

is
article.

R
e
e
b

g
ra

p
h

.
L

etX
b

e
a

top
ological

sp
ace

an
d

let
f

:X
→

R
b

e
a

con
tin

u
ou

s
fu

n
ction

.
S
u
ch

a
fu

n
ction

on
X

is
called

a
fi

lter
fu

n
ctio

n
in

th
e

follow
in

g.
T

h
en

,
w

e
d
efi

n
e

th
e

eq
u
ivalen

ce
relation

∼
f

as
follow

s:
for

all
x

an
d
x
′

in
X

,
x

an
d
x
′

are
in

th
e

sam
e

class
(x
∼
f
x
′)

if
an

d
o
n
ly

if
x

an
d
x
′

b
elon

g
to

th
e

sam
e

co
n
n
ected

com
p

on
en

t
of
f
−

1(y
),

for
som

e
y

in
th

e
im

age
of
f

.

D
e
fi

n
itio

n
1

T
h
e

R
eeb

grap
h

R
f (X

)
o
fX

co
m

p
u

ted
w

ith
th

e
fi

lter
fu

n
ctio

n
f

is
th

e
qu

o
-

tien
t

spa
ce
X
/
∼
f

en
d
o
w

ed
w

ith
th

e
qu

o
tien

t
to

po
logy.

S
ee

F
igu

re
2

for
an

illu
stration

.
N

ote
th

at,
sin

ce
f

is
con

stan
t

on
eq

u
ivalen

ce
classes,

th
ere

is
an

in
d
u
ced

m
ap

f
R

:
R
f (X

)→
R

su
ch

th
at
f

=
f

R
◦
π

,
w

h
ere

π
is

th
e

q
u
otien

t
m

ap
X
→

R
f (X

).
T

h
e

top
ological

stru
ctu

re
of

a
R

eeb
g
rap

h
can

b
e

d
escrib

ed
if

th
e

p
air

(X
,f

)
is

regu
lar

en
ou

gh
.

F
rom

n
ow

on
,

w
e

w
ill

assu
m

e
th

at
th

e
fi
lter

fu
n
ction

f
:X
→

R
is

M
o
rse-type.

M
orse-ty

p
e

fu
n
ction

s
are

gen
eralization

s
of

classical
M

orse
fu

n
ctio

n
s

th
at

sh
are

som
e

of
th

eir
p
rop

erties
w

ith
ou

t
h
av

in
g

to
b

e
d
iff

eren
tiab

le
(n

or
even

d
efi

n
ed

over
a

sm
o
oth

m
an

ifold
).

D
e
fi

n
itio

n
2

L
et
f

be
a

co
n

tin
u

o
u

s
rea

l-va
lu

ed
fu

n
ctio

n
d
efi

n
ed

o
n

a
co

m
pa

ct
spa

ce
X

.
T

h
en

f
is

ca
lled

of
M

orse
ty

p
e

if:

(i)
T

h
ere

is
a

fi
n

ite
set

C
rit(f

)
=
{a

1
<
...

<
a
n },

ca
lled

th
e

set
o
f

critical
valu

es,
su

ch
th

a
t

o
ver

every
o
pen

in
terva

l
(a

0
=
−
∞
,a

1 ),...,(a
i ,a

i+
1 ),...,(a

n
,a
n

+
1

=
+
∞

)
th

ere
is

a
co

m
pa

ct
a
n

d
loca

lly
co

n
n

ected
spa

ce
Y
i

a
n

d
a

h
o
m

eo
m

o
rp

h
ism

µ
i

:Y
i ×
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S
t
a
t
is

t
ic

a
l

A
n
a
ly

si
s

a
n
d

P
a
r
a
m

e
t
e
r

S
e
l
e
c
t
io

n
f
o
r

M
a
p
p
e
r

F
ig

u
re

2:
E

x
am

p
le

of
R

ee
b

gr
ap

h
co

m
p
u
te

d
on

a
d
ou

b
le

to
ru

s
w

it
h

th
e

h
ei

gh
t

fu
n
ct

io
n
.

C
on

n
ec

te
d

co
m

p
on

en
ts

of
th

e
le

ve
l
se

ts
of

th
e

fu
n
ct

io
n

(s
u
ch

as
th

e
th

re
e

d
iff

er
en

t
on

es
d
ra

w
n

on
th

e
d
ou

b
le

to
ru

s)
ar

e
co

n
tr

ac
te

d
in

to
si

n
gl

e
p

oi
n
ts

.

(a
i,
a
i+

1
)
→
f
−

1
((
a
i,
a
i+

1
))

su
ch

th
a
t
∀i

=
0,
..
.,
n
,f
| f−

1
((
a
i
,a
i+

1
))

=
π

2
◦µ
−

1
i

,
w

h
er

e
π

2

is
th

e
p
ro

je
ct

io
n

o
n

to
th

e
se

co
n

d
fa

ct
o
r;

(i
i)
∀i

=
1,
..
.,
n
−

1
,µ

i
ex

te
n

d
s

to
a

co
n

ti
n

u
o
u

s
fu

n
ct

io
n
µ̄
i

:
Y i
×

[a
i,
a
i+

1
]
→
f
−

1
([
a
i,
a
i+

1
])

a
n

d
si

m
il

a
rl

y
µ

0
ex

te
n

d
s

to
µ̄

0
:
Y 0
×

(−
∞
,a

1
]
→

f
−

1
((
−
∞
,a

1
])

a
n

d
µ
n

ex
te

n
d
s

to
µ̄
n

:
Y n
×

[a
n
,+
∞

)
→
f
−

1
([
a
n
,+
∞

))
;

(i
ii
)

E
a
ch

le
ve

ls
et
f
−

1
(t

)
h
a
s

a
fi

n
it

el
y-

ge
n

er
a
te

d
h
o
m

o
lo

gy
.

K
e
y

fa
c
t

1
a
.

(P
ro

p
os

it
io

n
2.

10
in

d
e

S
il
va

et
al

.
(2

01
6)

)
F

or
f

:
X
→

R
a

M
or

se
-t

y
p

e
fu

n
ct

io
n
,

th
e

R
ee

b
gr

ap
h

R
f
(X

)
is

a
m

u
lt

ig
ra

p
h
.

F
or

ou
r

p
u
rp

os
es

,
in

th
e

fo
ll
ow

in
g

w
e

fu
rt

h
er

as
su

m
e

th
at
X

is
a

sm
o
ot

h
an

d
co

m
p
ac

t
su

b
m

an
if

ol
d

of
R
D

.
T

h
e

se
t

of
R

ee
b

gr
ap

h
s

co
m

p
u
te

d
w

it
h

M
or

se
-t

y
p

e
fu

n
ct

io
n
s

ov
er

su
ch

sp
ac

es
is

d
en

ot
ed
R

in
th

is
ar

ti
cl

e.
W

h
en

ev
er

it
is

n
ec

es
sa

ry
,

it
w

il
l

b
e

eq
u
ip

p
ed

w
it

h
ex

tr
a

st
ru

ct
u
re

s
in

th
e

fo
ll
ow

in
g,

su
ch

as
p
se

u
d
om

et
ri

cs
or

to
p

ol
og

ie
s.

M
a
p

p
e
r.

T
h
e

M
ap

p
er

is
in

tr
o
d
u
ce

d
in

S
in

gh
et

al
.

(2
00

7)
as

a
st

a
ti

st
ic

al
ve

rs
io

n
of

th
e

R
ee

b
gr

ap
h

R
f
(X

)
in

th
e

se
n
se

th
at

it
is

a
d
is

cr
et

e
an

d
co

m
p
u
ta

b
le

ap
p
ro

x
im

at
io

n
of

th
e

R
ee

b
gr

ap
h

co
m

p
u
te

d
w

it
h

so
m

e
fi
lt

er
fu

n
ct

io
n
.

A
ss

u
m

e
th

at
w

e
ob

se
rv

e
a

p
oi

n
t

cl
ou

d
X
n

=
{X

1
,.
..
,X

n
}
⊂
X

w
it

h
k
n
ow

n
p
ai

rw
is

e
d
is

ta
n
ce

s.
A

fi
lt

er
fu

n
ct

io
n

is
ch

os
en

an
d

ca
n

b
e

co
m

p
u
te

d
on

ea
ch

p
oi

n
t

of
X
n
.

T
h
e

ge
n
er

ic
ve

rs
io

n
of

th
e

M
ap

p
er

al
go

ri
th

m
on

X
n

co
m

p
u
te

d
w

it
h

th
e

fi
lt

er
fu

n
ct

io
n
f

ca
n

b
e

su
m

m
ar

iz
ed

as
fo

ll
ow

s:

1.
C

ov
er

th
e

ra
n
ge

of
va

lu
es

Y
n

=
f

(X
n
)

w
it

h
a

se
t

of
co

n
se

cu
ti

ve
in

te
rv

al
s
{I
s
} 1
≤
s≤
S

w
h
ic

h
ov

er
la

p
.

2.
A

p
p
ly

a
cl

u
st

er
in

g
al

go
ri

th
m

to
ea

ch
p
re

-i
m

ag
e
f
−

1
(I
s
),
s
∈
{1
,.
..
,S
}.

T
h
is

d
efi

n
es

a
p
u

ll
ba

ck
co

ve
r
C

=
{C

1
,1
,.
..
,C

1
,k

1
,.
..
,C
S
,1
,.
..
,C
S
,k
S
}

of
th

e
p

oi
n
t

cl
ou

d
X
n
,

w
h
er

e
C s
,k

d
en

ot
es

th
e
k
th

cl
u
st

er
of
f
−

1
(I
s
).

3.
T

h
e

M
ap

p
er

is
th

en
th

e
n

er
ve

of
C.

E
ac

h
ve

rt
ex

v s
,k

of
th

e
M

ap
p

er
co

rr
es

p
on

d
s

to
on

e
el

em
en

t
C s
,k

an
d

tw
o

ve
rt

ic
es
v s
,k

an
d
v s
′ ,
k
′

ar
e

co
n
n
ec

te
d

if
an

d
on

ly
if
C s
,k
∩
C s
′ ,
k
′

is
n
ot

em
p
ty

,
i.
e.

th
ey

h
av

e
co

m
m

on
p

oi
n
ts

.
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C
a
r
r
iè

r
e

a
n
d

M
ic

h
e
l

a
n
d

O
u
d
o
t

F
ig

u
re

3:
E

x
am

p
le

of
M

ap
p

er
co

m
p
u
te

d
on

a
sa

m
p
li
n
g

of
th

e
d
ou

b
le

to
ru

s
w

it
h

th
e

h
ei

g
h
t

fu
n
ct

io
n
f

an
d

a
co

v
er
I

of
it

s
ra

n
ge

w
it

h
fo

u
r

o
p

en
in

te
rv

al
s.

C
lu

st
er

s
a
re

g
iv

en
b
y

a
n
ei

gh
b

or
h
o
o
d

gr
ap

h
b
u
il
t

on
th

e
sa

m
p
li
n
g.

N
ot

e
th

at
th

e
ri

g
h
tm

o
st

g
re

en
ve

rt
ex

is
n
ot

co
n
n
ec

te
d

to
th

e
ot

h
er

ve
rt

ic
es

of
th

e
M

ap
p

er
si

n
ce

it
s

co
rr

es
p

o
n
d
in

g
cl

u
st

er
(w

h
ic

h
co

n
ta

in
s

on
ly

on
e

p
oi

n
t)

h
as

n
o

co
m

m
on

p
o
in

ts
w

it
h

th
e

o
th

er
s.

S
ee

F
ig

u
re

3
fo

r
an

il
lu

st
ra

ti
on

.
E

v
en

fo
r

o
n
e

g
iv

en
fi
lt

er
fu

n
ct

io
n
,

m
an

y
ve

rs
io

n
s

o
f

th
e

M
ap

p
er

al
go

ri
th

m
ca

n
b

e
p
ro

p
os

ed
d
ep

en
d
in

g
on

h
ow

o
n
e

ch
o
os

es
th

e
in

te
rv

a
ls

th
a
t

co
ve

r
th

e
im

ag
e

of
f

,
an

d
w

h
ic

h
m

et
h
o
d

is
u
se

d
to

cl
u
st

er
th

e
p
re

-i
m

ag
es

.
M

or
eo

v
er

,
n
o
te

th
a
t

th
e

M
ap

p
er

ca
n

b
e

d
efi

n
ed

as
w

el
l

fo
r

co
n
ti

n
u
ou

s
sp

ac
es

.
T

h
e

d
efi

n
it

io
n

is
st

ri
ct

ly
th

e
sa

m
e

ex
ce

p
t

fo
r

th
e

cl
u
st

er
in

g
st

ep
,

w
h
ic

h
is

re
p
la

ce
d

b
y

ta
k
in

g
th

e
co

n
n
ec

te
d

co
m

p
o
n
en

ts
o
f

ea
ch

p
re

-i
m

ag
e
f
−

1
(I
s
),
s
∈
{1
,.
..
,S
}.

O
u

r
v
e
rs

io
n

o
f

M
a
p

p
e
r.

In
th

is
ar

ti
cl

e,
w

e
fo

cu
s

on
a

M
ap

p
er

al
go

ri
th

m
th

a
t

u
se

s
n
ei

gh
b

or
h
o
o
d

gr
ap

h
s.

O
f

co
u
rs

e,
m

or
e

so
p
h
is

ti
ca

te
d

ve
rs

io
n
s

of
M

ap
p

er
ca

n
b

e
u
se

d
in

p
ra

ct
ic

e
b
u
t

th
en

th
e

st
at

is
ti

ca
l

an
al

y
si

s
is

m
or

e
tr

ic
k
y.

W
e

as
su

m
e

th
at

th
er

e
ex

is
ts

a
d
is

ta
n
ce

on
X
n

an
d

th
at

th
e

m
at

ri
x

of
p
ai

rw
is

e
d
is

ta
n
ce

s
is

av
ai

la
b
le

.
F

ir
st

,
fr

o
m

th
e

d
is

ta
n
ce

m
at

ri
x

w
e

co
m

p
u
te

th
e
δ-

n
ei

gh
b

or
h
o
o
d

gr
ap

h
b
u
il
t

on
to

p
of

X
n
,

i.
e.

w
e

d
ra

w
an

ed
ge

b
et

w
ee

n
tw

o
d
iff

er
en

t
p

oi
n
ts

w
h
en

ev
er

th
ei

r
p
ai

rw
is

e
d
is

ta
n
ce

is
le

ss
th

a
n
δ.

T
h
is

ob
je

ct
p
la

y
s

th
e

ro
le

of
an

ap
p
ro

x
im

at
io

n
of

th
e

u
n
d
er

ly
in

g
an

d
u
n
k
n
ow

n
m

et
ri

c
sp

a
ce
X

on
w

h
ic

h
th

e
d
at

a
ar

e
sa

m
p
le

d
.

S
ec

on
d
,

gi
ve

n
Y
n

=
f

(X
n
)

th
e

se
t

of
fi
lt

er
va

lu
es

,
w

e
ch

o
os

e
a

re
gu

la
r

co
ve

r
of

Y
n

w
it

h
op

en
in

te
rv

al
s,

w
h
er

e
n
o

m
or

e
th

a
n

tw
o

in
te

rv
al

s
ca

n
in

te
rs

ec
t

at
a

ti
m

e.
M

or
e

p
re

ci
se

ly
,

w
e

u
se

op
en

in
te

rv
al

s
w

it
h

sa
m

e
le

n
gt

h
r

(a
p
ar

t
fr

o
m

th
e

fi
rs

t
an

d
th

e
la

st
on

e,
w

h
ic

h
ca

n
h
av

e
an

y
p

os
it

iv
e

le
n
gt

h
):
∀s
∈
{2
,.
..
,S
−

1
},

r
=
`(
I s

)
(1

)

w
h
er

e
`

is
th

e
L

eb
es

gu
e

m
ea

su
re

on
R

.
T

h
e

ov
er

la
p
g

b
et

w
ee

n
tw

o
co

n
se

cu
ti

v
e

in
te

rv
a
ls

is
al

so
a

fi
x
ed

co
n
st

an
t:
∀s
∈
{1
,.
..
,S
−

1
},

0
<
g

=
`(
I s
∩
I s

+
1
)

r
<

1 2
.

(2
)
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S
t
a
t
ist

ic
a
l

A
n
a
ly

sis
a
n
d

P
a
r
a
m

e
t
e
r

S
e
l
e
c
t
io

n
f
o
r

M
a
p
p
e
r

T
h
e

p
a
ra

m
eters

g
an

d
r

are
gen

erally
called

th
e

ga
in

an
d

th
e

reso
lu

tio
n

in
th

e
literatu

re
on

th
e

M
a
p
p

er
a
lg

orith
m

.
F

in
ally,

for
th

e
clu

sterin
g

step
,

w
e

sim
p
ly

con
sid

er
th

e
con

n
ected

co
m

p
o
n
en

ts
of

th
e

p
re-im

ages
f
−

1(I
s )

th
at

are
in

d
u
ced

b
y

th
e
δ-n

eig
h
b

orh
o
o
d

grap
h
.

T
h
e

co
rresp

o
n
d
in

g
M

ap
p

er
is

d
en

oted
M
r,g
,δ (X

n
,Y

n
)

or
M
n

for
sh

ort
in

th
e

follow
in

g.
W

h
en

d
ea

lin
g

w
ith

a
con

tin
u
ou

s
sp

aceX
,

th
ere

is
n
o

n
eed

to
com

p
u
te

a
n
eigh

b
orh

o
o
d

grap
h

sin
ce

th
e

co
n
n
ected

com
p

on
en

ts
are

w
ell-d

efi
n
ed

,
so

w
e

let
M
r,g (X

,f
)

d
en

ote
o
u
r

version
of

th
e

M
a
p
p

er
in

th
is

case.

K
e
y

fa
c
t

1
b

.
T

h
e

M
ap

p
er

M
r,g
,δ (X

n
,Y

n
)

is
a

com
b
in

atorial
grap

h
.

M
o
reover,

fo
llow

in
g

C
arrière

an
d

O
u
d
ot

(2017b
),

w
e

can
d
efi

n
e

a
fu

n
ction

on
th

e
n
o
d
es

o
f

M
n

a
s

fo
llow

s.

D
e
fi

n
itio

n
3

L
et
v

be
a

n
od

e
o
f

M
n

,
i.e.

v
rep

resen
ts

a
co

n
n

ected
co

m
po

n
en

t
o
f
f
−

1(I
s )

fo
r

so
m

e
s∈
{1
,...,S}

.
T

h
en

,
w

e
letfI

(v
)

=
m

id
(Ĩ
s ),

w
h
ere

Ĩ
s

=
I
s \

(I
s−

1 ∪
I
s+

1 )
a
n

d
m

id
(Ĩ
s )

d
en

o
tes

th
e

m
id

po
in

t
o
f

th
e

in
terva

l
Ĩ
s .

F
ilte

r
fu

n
c
tio

n
s.

In
p
ractice,

it
is

com
m

on
to

ch
o
ose

fi
lter

fu
n
ction

s
th

at
are

co
ord

in
ate-

in
d
ep

en
d
en

t,
in

ord
er

to
avoid

d
ep

en
d
in

g
on

solid
tran

sform
ation

s
of

th
e

d
ata

like
rotation

s
o
r

tra
n
sla

tio
n
s.

T
h
e

tw
o

m
ost

com
m

on
fi
lters

th
at

are
u
sed

in
th

e
literatu

re
are:

•
th

e
eccen

tricity:
x
7→

su
p
y∈X

d
(x
,y

),

•
th

e
eig

en
fu

n
ction

s
of

th
e

covarian
ce

m
atrix

as
u
sed

in
P

rin
cip

al
C

o
m

p
o
n
en

t
A

n
aly

sis.

2
.2

E
x
te

n
d

e
d

p
e
rsiste

n
c
e

sig
n

a
tu

re
s

a
n

d
th

e
p

e
rsiste

n
c
e

m
e
tric

In
th

is
section

,
w

e
in

tro
d
u
ce

exten
d
ed

persisten
ce

an
d

its
asso

ciated
m

etric,
th

e
bo

ttlen
eck

d
ista

n
ce,

w
h
ich

w
e

w
ill

u
se

later
to

com
p
are

R
eeb

grap
h
s

an
d

M
ap

p
ers.

W
e

m
erely

p
rov

id
e

a
sh

o
rt

in
tro

d
u
ction

con
tain

in
g

th
e

n
ecessary

d
efi

n
ition

s
sin

ce
th

e
statem

en
t

o
f

ou
r

resu
lts

d
o
es

n
o
t

req
u
ire

a
d
eep

u
n
d
erstan

d
in

g
of

th
ese

n
otion

s.
T

h
e

u
n
d
erstan

d
in

g
of

th
e

p
ro

ofs
of

th
ese

resu
lts

is
m

ore
d
em

an
d
in

g,
so

w
e

refer
th

e
read

er
w

illin
g

to
read

p
ro

ofs
an

d
alread

y
fa

m
ilia

r
w

ith
h
om

ology
to

A
p
p

en
d
ix

C
for

m
ore

d
etails,

an
d

to
E

d
elsb

ru
n
n
er

an
d

H
arer

(2
0
1
0
);

O
u
d
o
t

(2015)
for

a
th

orou
gh

treatm
en

t
of

ex
ten

d
ed

p
ersisten

ce.

E
x
te

n
d

e
d

p
e
rsiste

n
c
e
.

G
iven

an
y

grap
h
G

=
(V
,E

)
an

d
a

fu
n
ction

d
efi

n
ed

o
n

its
n
o
d
es

f
:
V
→

R
,
th

e
so-called

exten
d
ed

persisten
ce

d
ia

gra
m

D
g
(G
,f

),
origin

ally
d
efi

n
ed

in
C

o
h
en

-
S
tein

er
et

a
l.

(2009),
is

a
m

u
ltiset

of
p

oin
ts

in
th

e
E

u
clid

ean
p
lan

e
R

2
th

at
can

b
e

com
p
u
ted

w
ith

exten
d
ed

persisten
ce

th
eo

ry.
E

ach
of

th
e

d
iagram

p
oin

ts
h
as

a
sp

ecifi
c

type,
w

h
ich

is
eith

er
O

rd
0 ,

R
el1 ,

E
x
t
+0

or
E

x
t −1

.
A

rigorou
s

con
n
ection

b
etw

een
th

e
M

a
p
p

er
an

d
th

e
R

eeb
g
ra

p
h

w
a
s

d
raw

n
recen

tly
b
y

C
arrière

an
d

O
u
d
ot

(2017b
),

w
h
o

sh
ow

h
ow

ex
ten

d
ed

p
ersisten

ce
p
rov

id
es

a
relevan

t
an

d
effi

cien
t

fram
ew

ork
to

com
p
are

a
R

eeb
grap

h
w

ith
a

M
a
p
p

er.
W

e
su

m
m

arize
b

elow
th

e
m

ain
p

oin
ts

of
th

is
w

ork
in

th
e

p
ersp

ective
of

th
e

p
resen

t
a
rticle.
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C
a
r
r
iè

r
e

a
n
d

M
ic

h
e
l

a
n
d

O
u
d
o
t

E
x
t
+0

O
rd

0

R
el1

E
x
t −1

F
igu

re
4:

E
x
am

p
le

of
corresp

on
d
en

ces
b

etw
een

top
ological

featu
res

of
a

grap
h

a
n
d

p
oin

ts
in

its
corresp

on
d
in

g
ex

ten
d
ed

p
ersisten

ce
d
iagram

.
N

ote
th

at
ord

in
ary

p
ersisten

ce
is

u
n
ab

le
to

d
etect

th
e

b
lu

e
u
p
w

ard
s

b
ran

ch
.

T
o
p

o
lo

g
ic

a
l

d
ic

tio
n

a
ry

.
G

iven
a

top
ological

sp
ace
X

an
d

a
M

orse-ty
p

e
fu

n
ction

f
:

X
→

R
,

th
ere

is
a

n
ice

in
terp

retation
of

D
g
(R

f (X
),f

R
)

in
term

s
of

th
e

stru
ctu

re
of

R
f (X

).
O

rien
tin

g
th

e
R

eeb
grap

h
vertically

so
f

R
is

th
e

h
eigh

t
fu

n
ction

,
w

e
can

see
each

con
n
ected

com
p

on
en

t
of

th
e

grap
h

as
a

tru
n
k

w
ith

m
u
ltip

le
b
ra

n
ch

es
(som

e
orien

ted
u
p
w

ard
s,

oth
ers

orien
ted

d
ow

n
w

ard
s)

an
d

h
oles.

T
h
en

,
on

e
h
as

th
e

follow
in

g
corresp

on
d
en

ces,
w

h
ere

th
e

vertica
l

spa
n

of
a

featu
re

is
th

e
sp

an
of

its
im

age
b
y
f

R
:

•
T

h
e

v
ertical

sp
an

s
of

th
e

tru
n
k
s

are
giv

en
b
y

th
e

p
oin

ts
in

E
x
t
+0

(R
f (X

),f
R

);

•
T

h
e

vertical
sp

an
s

of
th

e
b
ran

ch
es

th
at

are
orien

ted
d
ow

n
w

ard
s

are
given

b
y

th
e

p
oin

ts
in

O
rd

0 (R
f (X

),f
R

);

•
T

h
e

v
ertical

sp
an

s
of

th
e

b
ran

ch
es

th
at

are
orien

ted
u
p
w

a
rd

s
are

given
b
y

th
e

p
oin

ts
in

R
el1 (R

f (X
),f

R
);

•
T

h
e

v
ertical

sp
an

s
of

th
e

h
oles

are
given

b
y

th
e

p
oin

ts
in

E
x
t −1

(R
f (X

),f
R

).

T
h
ese

corresp
on

d
en

ces
p
rov

id
e

a
d
iction

ary
to

read
off

th
e

stru
ctu

re
of

th
e

R
eeb

g
rap

h
from

th
e

corresp
on

d
in

g
ex

ten
d
ed

p
ersisten

ce
d
iagra

m
.

S
ee

F
igu

re
4

for
an

illu
stration

.

N
ote

th
at

it
is

a
b
ag-of-featu

res
ty

p
e

d
escrip

tor,
tak

in
g

an
in

v
en

tory
of

all
th

e
featu

res
(tru

n
k
s,

b
ran

ch
es,

h
oles)

togeth
er

w
ith

th
eir

vertical
sp

an
s,

b
u
t

leav
in

g
asid

e
th

e
actu

al
layou

t
of

th
e

featu
res.

A
s

a
con

seq
u
en

ce,
it

is
an

in
com

p
lete

d
escrip

tor:
tw

o
R

eeb
grap

h
s

w
ith

th
e

sam
e

p
ersisten

ce
d
iagram

m
ay

n
ot

b
e

isom
orp

h
ic.

B
o
ttle

n
e
ck

d
ista

n
c
e
.

W
e

n
ow

d
efi

n
e

th
e

com
m

on
ly

u
sed

m
etric

b
etw

een
p

ersisten
ce

d
iagram

s.
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S
t
a
t
is

t
ic

a
l

A
n
a
ly

si
s

a
n
d

P
a
r
a
m

e
t
e
r

S
e
l
e
c
t
io

n
f
o
r

M
a
p
p
e
r

D
e
fi

n
it

io
n

4
G

iv
en

tw
o

pe
rs

is
te

n
ce

d
ia

gr
a
m

s
D
,D
′ ,

a
p
ar

ti
al

m
a
tc

h
in

g
be

tw
ee

n
D

a
n

d
D
′

is
a

su
bs

et
Γ

o
f
D
×
D
′

su
ch

th
a
t:

∀p
∈
D
,

th
er

e
is

a
t

m
o
st

o
n

e
p
′ ∈

D
′

su
ch

th
a
t

(p
,p
′ )
∈

Γ
,

∀p
′ ∈

D
′ ,

th
er

e
is

a
t

m
o
st

o
n

e
p
∈
D

su
ch

th
a
t

(p
,p
′ )
∈

Γ
.

F
u

rt
h
er

m
o
re

,
Γ

m
u

st
m

a
tc

h
po

in
ts

o
f

th
e

sa
m

e
ty

pe
(o

rd
in

a
ry

,
re

la
ti

ve
,

ex
te

n
d
ed

)
a
n

d
o
f

th
e

sa
m

e
h
o
m

o
lo

gi
ca

l
d
im

en
si

o
n

o
n

ly
.

L
et

∆
be

th
e

d
ia

go
n

a
l

∆
=
{(
x
,x

)
:
x
∈

R
}.

T
h
e

co
st

o
f

Γ
is

:

co
st

(Γ
)

=
m

ax

{ m
ax

p
∈D

δ D
(p

),
m

ax
p
′ ∈
D
′
δ D
′ (
p
′ )
}
,

w
h
er

e

δ D
(p

)
=
‖p
−
p
′ ‖ ∞

if
∃p
′ ∈

D
′

su
ch

th
a
t

(p
,p
′ )
∈

Γ
,

o
th

er
w

is
e
δ D

(p
)

=
in

f
q
∈∆
‖p
−
q‖
∞
,

δ D
′ (
p
′ )

=
‖p
−
p
′ ‖ ∞

if
∃p
∈
D

su
ch

th
a
t

(p
,p
′ )
∈

Γ
,

o
th

er
w

is
e
δ D
′ (
p
′ )

=
in

f
q
∈∆
‖p
′ −

q‖
∞
.

D
e
fi

n
it

io
n

5
L

et
D
,D
′

be
tw

o
pe

rs
is

te
n

ce
d
ia

gr
a
m

s.
T

h
e

b
ot

tl
en

ec
k

d
is

ta
n
ce

be
tw

ee
n
D

a
n

d
D
′

is
:

d
∆

(D
,D
′ )

=
in

f
Γ

co
st

(Γ
),

w
h
er

e
Γ

ra
n

ge
s

o
ve

r
a
ll

pa
rt

ia
l

m
a
tc

h
in

gs
be

tw
ee

n
D

a
n

d
D
′ .

N
ot

e
th

at
d

∆
is

on
ly

a
p
se

u
d
om

et
ri

c
an

d
n
ot

a
tr

u
e

m
et

ri
c,

b
ec

au
se

d
ia

gr
am

s
w

h
ic

h
on

ly
d
iff

er
at

th
e

d
ia

go
n
al

w
il
l

h
av

e
ze

ro
d
is

ta
n
ce

.

D
e
fi

n
it

io
n

6
L

et
G

1
=

(V
1
,E

1
)

a
n

d
G

2
=

(V
2
,E

2
)

be
tw

o
co

m
bi

n
a
to

ri
a
l

gr
a
p
h
s

w
it

h
re

a
l-

va
lu

ed
fu

n
ct

io
n

s
f 1

:
V

1
→

R
a
n

d
f 2

:
V

2
→

R
a
tt

a
ch

ed
to

th
ei

r
n

od
es

.
T

h
e

p
er

si
st

en
ce

m
et

ri
c
d

∆
be

tw
ee

n
th

e
pa

ir
s

(G
1
,f

1
)

a
n

d
(G

2
,f

2
)

is
:

d
∆

(G
1
,G

2
)

=
d

∆
(D

g
(G

1
,f

1
),

D
g
(G

2
,f

2
))
.

F
or

a
M

or
se

-t
y
p

e
fu

n
ct

io
n
f

d
efi

n
ed

on
X

an
d

fo
r

a
fi
n
it

e
p

oi
n
t

cl
ou

d
X
n
⊂
X

,
w

e
ca

n
th

u
s

co
n
si

d
er

D
g
(R

f
(X

))
=

D
g
(R

f
(X

),
f R

)
an

d
D

g
(M

n
)

=
D

g
(M

n
,f
I)

,
w

it
h
f I

as
in

D
efi

-
n
it

io
n

3.
In

th
is

co
n
te

x
t

th
e

b
ot

tl
en

ec
k

d
is

ta
n
ce
d

∆
(R

f
(X

),
M
n
)

=
d

∆
(D

g
(R

f
(X

))
,D

g
(M

n
))

is
w

el
l

d
efi

n
ed

an
d

w
e

u
se

th
is

q
u
an

ti
ty

to
as

se
ss

if
th

e
M

ap
p

er
M
n

is
a

go
o
d

ap
p
ro

x
im

at
io

n
of

th
e

R
ee

b
gr

ap
h

R
f
(X

).
M

or
eo

ve
r,

n
ot

e
th

a
t,

ev
en

th
ou

gh
d

∆
is

on
ly

a
p
se

u
d
om

et
ri

c,
it

h
as

b
ee

n
sh

ow
n

to
b

e
a

tr
u
e

m
et

ri
c

lo
ca

ll
y

fo
r

R
ee

b
gr

ap
h
s

b
y

C
ar

ri
èr

e
an

d
O

u
d
ot

(2
01

7
a)

.
A

s
n
ot

ed
in

C
ar

ri
èr

e
an

d
O

u
d
ot

(2
01

7b
),

th
e

ch
oi

ce
of
f I

is
in

so
m

e
se

n
se

ar
b
it

ra
ry

si
n
ce

an
y

fu
n
ct

io
n

d
efi

n
ed

on
th

e
n
o
d
es

of
th

e
M

ap
p

er
th

at
re

sp
ec

ts
th

e
or

d
er

in
g

of
th

e
in

te
rv

al
s

of
I

ca
rr

ie
s

th
e

sa
m

e
in

fo
rm

at
io

n
in

it
s

ex
te

n
d
ed

p
er

si
st

en
ce

d
ia

gr
am

.
T

o
av

oi
d

th
is

is
su

e,
C

ar
ri

èr
e

an
d

O
u
d
ot

(2
01

7b
)

d
efi

n
e

a
p
ru

n
ed

ve
rs

io
n

of
D

g
(R

f
(X

),
f R

)
as

a
ca

n
on

ic
al

d
es

cr
ip

to
r

fo
r

th
e

M
ap

p
er

.
T

h
e

p
ro

b
le

m
w

it
h

th
is

ap
p
ro

ac
h

is
th

at
co

m
p
u
ti

n
g

th
is

ca
n
on

ic
al

d
es

cr
ip

to
r

re
q
u
ir

es
to

k
n
ow

th
e

cr
it

ic
al

va
lu

es
of
f R

b
ef

or
eh

a
n
d
.

H
er

e,
b
y

co
n
si

d
er

in
g

D
g
(M

n
,f
I)

in
st

ea
d
,

th
e

d
es

cr
ip

to
r

b
ec

om
es

co
m

p
u
ta

b
le

.
M

or
eo

ve
r,

o
n
e

ca
n

se
e

fr
om

th
e

p
ro

of
s

in
th

e
A

p
p

en
d
ix

th
at

th
e

ca
n
on

ic
al

d
es

cr
ip

to
r

an
d

it
s

ar
b
it

ra
ry

v
er

si
on

ac
tu

al
ly

en
jo

y
th

e
sa

m
e

ra
te

of
co

n
v
er

ge
n
ce

,
u
p

to
so

m
e

co
n
st

an
t.
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C
a
r
r
iè

r
e

a
n
d

M
ic

h
e
l

a
n
d

O
u
d
o
t

2
.3

A
n

a
p

p
ro

x
im

a
ti

o
n

in
e
q
u

a
li
ty

fo
r

M
a
p

p
e
r

W
e

ar
e

n
ow

re
ad

y
to

gi
ve

th
e

ke
y

in
gr

ed
ie

n
t

of
th

is
p
ap

er
to

d
er

iv
e

a
st

a
ti

st
ic

a
l

a
n
a
ly

si
s

of
th

e
M

ap
p

er
.

T
h
e

in
gr

ed
ie

n
t

is
an

u
p
p

er
b

ou
n
d

on
th

e
b

ot
tl

en
ec

k
d
is

ta
n
ce

b
et

w
ee

n
th

e
R

ee
b

gr
ap

h
of

a
p
ai

r
(X
,f

)
an

d
th

e
M

ap
p

er
co

m
p
u
te

d
w

it
h

th
e

sa
m

e
fi
lt

er
fu

n
ct

io
n
f

a
n
d

a
sp

ec
ifi

c
co

ve
r
I

of
a

sa
m

p
le

d
p

oi
n
t

cl
ou

d
X
n
⊂
X

.
F

ro
m

n
ow

on
,

it
is

as
su

m
ed

th
a
t

th
e

u
n
d
er

ly
in

g
sp

ac
e
X

is
a

sm
o
ot

h
an

d
co

m
p
a
ct

su
b
m

an
if

ol
d

em
b

ed
d
ed

in
R
D

,
a
n
d

th
a
t

th
e

fi
lt

er
fu

n
ct

io
n
f

is
M

or
se

-t
y
p

e
on
X

.

R
e
g
u

la
ri

ty
o
f

th
e

fi
lt

e
r

fu
n

c
ti

o
n

.
In

tu
it

iv
el

y,
ap

p
ro

x
im

at
in

g
a

R
ee

b
gr

a
p
h

co
m

p
u
te

d
w

it
h

a
fi
lt

er
fu

n
ct

io
n
f

th
at

h
as

la
rg

e
va

ri
at

io
n
s

is
m

or
e

d
iffi

cu
lt

th
an

fo
r

a
sm

o
o
th

fi
lt

er
fu

n
ct

io
n
,

fo
r

so
m

e
n
ot

io
n

of
re

gu
la

ri
ty

th
at

w
e

n
ow

sp
ec

if
y.

O
u
r

re
su

lt
is

gi
ve

n
in

a
g
en

er
al

se
tt

in
g

b
y

co
n
si

d
er

in
g

th
e

m
o
d
u
lu

s
o
f

co
n
ti

n
u
it

y
of
f

.
In

ou
r

fr
a
m

ew
or

k
,
f

is
a
ss

u
m

ed
to

b
e

M
or

se
-t

y
p

e
an

d
th

u
s

u
n
if

or
m

ly
co

n
ti

n
u
ou

s
on

th
e

co
m

p
ac

t
se

t
X

.
F

ol
lo

w
in

g
fo

r
in

st
a
n
ce

S
ec

ti
on

6
in

D
eV

or
e

an
d

L
or

en
tz

(1
99

3)
,

w
e

d
efi

n
e

th
e

ex
ac

t
m

o
d
u
lu

s
of

co
n
ti

n
u
it

y
o
f
f

a
s:

ω
f
(δ

)
=

su
p

‖x
−
x
′ ‖
≤
δ
|f

(x
)
−
f

(x
′ )
|

fo
r

an
y
δ
>

0,
w

h
er

e
‖·
‖

d
en

ot
es

th
e

E
u
cl

id
ea

n
n
or

m
in

R
D

.
T

h
en

ω
f

sa
ti

sfi
es

:

1.
ω
f
(δ

)
→
ω

(0
)

=
0

w
h
en

δ
→

0
;

2.
ω
f

is
n
on

-n
eg

at
iv

e
an

d
n
on

-d
ec

re
as

in
g

on
R

+
;

3.
ω
f

is
su

b
ad

d
it

iv
e

:
ω
f
(δ

1
+
δ 2

)
≤
ω
f
(δ

1
)

+
ω
f
(δ

2
)

fo
r

an
y
δ 1

,
δ 2
>

0;

4.
ω
f

is
co

n
ti

n
ou

s
on

R
+

.

In
th

is
p
ap

er
w

e
sa

y
th

at
a

fu
n
ct

io
n
ω

d
efi

n
ed

on
R

+
is

a
m

od
u

lu
s

o
f

co
n

ti
n

u
it

y
if

it
sa

ti
sfi

es
th

e
fo

u
r

p
ro

p
er

ti
es

ab
ov

e
an

d
w

e
sa

y
th

at
it

is
a

m
od

u
lu

s
o
f

co
n

ti
n

u
it

y
fo

r
f

if
,

in
a
d
d
it

io
n
,

w
e

h
av

e
|f

(x
)
−
f

(x
′ )
|≤

ω
(‖
x
−
x
′ ‖)
,

fo
r

an
y
x
,x
′ ∈
X

.

T
h

e
o
re

m
7

A
ss

u
m

e
th

a
t
X

h
a
s

po
si

ti
ve

re
a
ch

rc
h

a
n

d
co

n
ve

xi
ty

ra
d
iu

s
ρ

.
L

et
X
n

be
a

po
in

t
cl

o
u

d
o
f
n

po
in

ts
,

a
ll

ly
in

g
in
X

.
A

ss
u

m
e

th
a
t

th
e

fi
lt

er
fu

n
ct

io
n
f

is
M

o
rs

e-
ty

pe
o
n

X
.

L
et
ω

be
a

m
od

u
lu

s
o
f

co
n

ti
n

u
it

y
fo

r
f

.
F

in
a
ll

y,
le

t
r,
g

be
M

a
p
pe

r
pa

ra
m

et
er

s
d
efi

n
ed

a
s

pe
r

E
qu

a
ti

o
n

s
(1

)
a
n

d
(2

).
If

th
e

th
re

e
fo

ll
o
w

in
g

co
n

d
it

io
n

s
h
o
ld

:

δ
≤

1 4
m

in
{r

ch
,ρ
},

(3
)

m
ax
{|
f

(X
)
−
f

(X
′ )
|:

X
,X
′ ∈

X
n

an
d
‖X
−
X
′ ‖
≤
δ}
<
g
r,

(4
)

4d
H

(X
,X

n
)
≤
δ,

(5
)

w
h
er

e
d

H
d
en

o
te

s
th

e
H

a
u

sd
o
rff

d
is

ta
n

ce
,

th
en

th
e

M
a
p
pe

r
M
n

=
M
r,
g
,δ

(X
n
,Y

n
)

w
it

h
pa

-
ra

m
et

er
s
r,
g

a
n

d
δ

is
su

ch
th

a
t: d
∆

(R
f
(X

),
M
n
)
≤
r

+
2
ω

(δ
).

(6
)

R
e
m

a
rk

8
U

si
n

g
th

e
ed

ge
-b

a
se

d
M

u
lt

iN
er

ve
M

a
p
pe

r—
a
s

d
efi

n
ed

in
S

ec
ti

o
n

8
o
f

C
a
rr

iè
re

a
n

d
O

u
d
o
t

(2
0
1
7
b)

—
a
ll

o
w

s
to

w
ea

ke
n

A
ss

u
m

p
ti

o
n

(4
)

si
n

ce
g
r

ca
n

be
re

p
la

ce
d

by
r

in
th

e
co

rr
es

po
n

d
in

g
eq

u
a
ti

o
n

,
a
n

d
r

ca
n

be
re

p
la

ce
d

by
r/

2
in

E
qu

a
ti

o
n

(6
).
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S
t
a
t
ist

ic
a
l

A
n
a
ly

sis
a
n
d

P
a
r
a
m

e
t
e
r

S
e
l
e
c
t
io

n
f
o
r

M
a
p
p
e
r

A
n

a
ly

sis
o
f

th
e

h
y
p

o
th

e
se

s.
O

n
th

e
on

e
h
an

d
,

th
e

scale
p
aram

eter
δ

of
th

e
n
eigh

-
b

o
rh

o
o
d

g
ra

p
h

cou
ld

n
ot

b
e

sm
aller

th
an

th
e

ap
p
rox

im
ation

error
corresp

on
d
in

g
to

th
e

H
a
u
sd

o
rff

d
ista

n
ce

b
etw

een
th

e
sam

p
le

an
d

th
e

u
n
d
erly

in
g

sp
ace
X

(A
ssu

m
p
tion

(5)).
O

n
th

e
o
th

er
h
an

d
,

it
m

u
st

b
e

sm
aller

th
an

th
e

reach
an

d
con

vex
ity

rad
iu

s
to

p
rov

id
e

a
correct

estim
a
tio

n
o
f

th
e

geom
etry

an
d

top
ology

ofX
(A

ssu
m

p
tion

(3)).
T

h
e

q
u
an

tity
g
r

corre-
sp

o
n
d
s

to
th

e
m

in
im

u
m

scale
at

w
h
ich

th
e

fi
lter’s

co
d
om

ain
is

an
aly

zed
.

T
h
is

m
in

im
u
m

reso
lu

tio
n

h
a
s

to
b

e
com

p
ared

w
ith

th
e

regu
larity

of
th

e
fi
lter

at
scale

δ
(A

ssu
m

p
tion

(4)).
In

d
eed

th
e

p
re-im

ages
of

a
fi
lter

w
ith

stron
g

variation
s

w
ill

b
e

m
ore

d
iffi

cu
lt

to
an

aly
ze

th
an

w
h
en

th
e

fi
lter

d
o
es

n
ot

vary
to

o
fast.

A
n

a
ly

sis
o
f

th
e

u
p

p
e
r

b
o
u

n
d

.
T

h
e

u
p
p

er
b

ou
n
d

given
in

(6)
m

akes
sen

se
in

th
at

th
e

a
p
p
rox

im
a
tion

error
is

con
trolled

b
y

th
e

resolu
tion

level
in

th
e

co
d
om

ain
a
n
d

b
y

th
e

reg
u
la

rity
o
f

th
e

fi
lter.

If
on

e
u
ses

a
fi
lter

w
ith

stron
g

variation
s,

or
if

th
e

grid
in

th
e

co
d
o
m

a
in

h
a
s

a
to

o
rou

gh
resolu

tion
,

th
en

th
e

ap
p
rox

im
a
tion

w
ill

b
e

p
o
or.

O
n

th
e

oth
er

h
a
n
d
,

a
su

ffi
cien

tly
d
en

se
sam

p
lin

g
is

req
u
ired

in
ord

er
to

take
r

sm
all,

as
p
rescrib

ed
in

th
e

a
ssu

m
p
tion

s.

L
ip

sch
itz

fi
lte

rs.
A

large
class

of
fi
lters

u
sed

for
th

e
M

ap
p

er
are

actu
ally

L
ip

sch
itz

fu
n
c-

tio
n
s

a
n
d

o
f

co
u
rse,

in
th

is
case,

on
e

can
take

ω
(δ)

=
cδ

for
som

e
p

o
sitiv

e
co

n
stan

t
c.

In
p
a
rticu

la
r,
c

=
1

for
lin

ear
p
ro

jection
s

(P
C

A
,

S
V

D
,

L
ap

lacian
or

co
ord

in
ate

fi
lter

for
in

sta
n
ce).

T
h
e

d
istan

ce
to

a
m

easu
re

(D
T

M
)

is
also

a
1-L

ip
sch

itz
fu

n
ction

,
see

C
h
a
zal

et
a
l.

(2
01

1
).

O
n

th
e

oth
er

h
an

d
,

th
e

m
o
d
u
lu

s
of

con
tin

u
ity

of
fi
lter

fu
n
ction

s
d
efi

n
ed

from
estim

a
to

rs,
e.g

.
d
en

sity
estim

ators,
is

less
ob

v
iou

s
alth

ou
gh

still
w

ell-d
efi

n
ed

.

F
ilte

r
a
p

p
ro

x
im

a
tio

n
.

In
som

e
situ

ation
s,

th
e

fi
lter

fu
n
ction

f̂
u
sed

to
com

p
u
te

th
e

M
a
p
p

er
is

o
n
ly

an
ap

p
rox

im
ation

of
th

e
fi
lter

fu
n
ction

f
w

ith
w

h
ich

th
e

R
eeb

grap
h

is
co

m
p
u
ted

.
In

th
is

con
tex

t,
th

e
p
air

(X
n
,f̂

)
ap

p
ears

as
an

ap
p
rox

im
ation

of
th

e
p
air

(X
,f

).
T

h
e

fo
llow

in
g

resu
lt

is
d
irectly

d
erived

from
T

h
eorem

7
an

d
T

h
eorem

5
.1

in
C

arrière
an

d
O

u
d
o
t

(2
0
1
7
b
)

(th
at

d
erives

stab
ility

for
M

ap
p

ers
b
u
ild

in
g

on
th

e
sta

b
ility

th
eorem

of
ex

ten
d
ed

p
ersisten

ce
d
iagram

s
p
roved

b
y

C
oh

en
-S

tein
er

et
al.

(2009)):

C
o
ro

lla
ry

9
L

et
f̂

:X
→

R
be

a
M

o
rse-type

fi
lter

fu
n

ctio
n

a
p
p
ro

xim
a
tin

g
f

.
A

ssu
m

e
th

a
t

A
ssu

m
p
tio

n
s

(3
)

a
n

d
(5

)
o
f

T
h
eo

rem
7

a
re

sa
tisfi

ed
,

a
n

d
a
ssu

m
e

m
o
reo

ver
th

a
t

m
a
x{m

ax{|f
(X

)−
f

(X
′)|,|f̂

(X
)−

f̂
(X
′)|}

:
X
,X
′∈

X
n
,‖
X
−
X
′‖
≤
δ}
<
g
r.

(7)

T
h
en

,
th

e
M

a
p
per

M̂
n

=
M
r,g
,δ (X

n
,f̂

(X
n
))

bu
ilt

o
n
X
n

w
ith

fi
lter

fu
n

ctio
n
f̂

a
n

d
pa

ra
m

eters
r,g

,δ
sa

tisfi
es:

d
∆

(R
f (X

),M̂
n
)≤

2r
+

2
ω

(δ)
+

m
ax

1≤
i≤
n |f

(X
i )−

f̂
(X

i )|.

3
.

S
ta

tistica
l

A
n
a
ly

sis
o
f

M
a
p
p

e
r

F
ro

m
n
ow

o
n
,

th
e

set
of

ob
servation

sX
n

is
assu

m
ed

to
b

e
com

p
osed

of
n

in
d
ep

en
d
en

t
p

oin
ts

X
1 ,...,X

n
sa

m
p
led

from
a

p
rob

ab
ility

d
istrib

u
tion

P
in

R
D

(en
d
ow

ed
w

ith
its

B
orel

algeb
ra).

W
e

a
ssu

m
e

th
a
t

each
p

oin
t
X
i

com
es

w
ith

a
fi
lter

valu
e

w
h
ich

is
rep

resen
ted

b
y

a
ran

d
om

va
ria

b
le
Y
i .

C
o
n
trarily

to
th

e
X
i ’s,

th
e

fi
lter

valu
es
Y
i ’s

are
n
ot

n
ecessarily

in
d
ep

en
d
en

t.
In

th
e

fo
llow

in
g
,

w
e

con
sid

er
tw

o
d
iff

eren
t

settin
gs:

in
th

e
fi
rst

on
e,
Y
i

=
f

(X
i ),

w
h
ere

th
e

1
1
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C
a
r
r
iè

r
e

a
n
d

M
ic

h
e
l

a
n
d

O
u
d
o
t

fi
lter

f
is

a
d
eterm

in
istic

fu
n
ction

,
in

th
e

secon
d

on
e,
Y
i

=
f̂

(X
i )

w
h
ere

f̂
is

an
estim

ator
of

th
e

fi
lter

fu
n
ction

f
.

In
th

e
latter

case,
th

e
Y
i ’s

are
ob

v
iou

sly
d
ep

en
d
en

t.
W

e
fi
rst

p
rov

id
e

th
e

follow
in

g
p
rop

osition
,

w
h
ose

p
ro

of
is

d
eferred

to
A

p
p

en
d
ix

A
.4,

w
h
ich

states
th

at
com

p
u
tin

g
p
rob

ab
ilities

on
th

e
M

ap
p

er
m

ak
es

sen
se:

P
ro

p
o
sitio

n
1
0

F
o
r

a
n

y
fi

xed
ch

o
ice

o
f

pa
ra

m
eters

r,g
,δ

a
n

d
fo

r
a
n

y
fi

xed
n
∈

N
,

th
e

fu
n

ctio
n

Φ
: {

(R
D

)
n×

R
n
→

R
(X

n
,Y

n
)

7→
M
r,g
,δ (X

n
,Y

n
)

is
m

ea
su

ra
ble,

w
h
ereR

d
en

o
tes

th
e

set
o
f

R
eeb

gra
p
h
s

co
m

p
u

ted
fro

m
M

o
rse-type

fu
n

ctio
n

s.

3
.1

S
ta

tistic
a
l

M
o
d

e
l

fo
r

th
e

M
a
p

p
e
r

In
th

is
section

,
w

e
stu

d
y

th
e

con
vergen

ce
of

th
e

M
ap

p
er

for
a

gen
eral

gen
era

tiv
e

m
o
d
el

an
d

a
class

of
fi
lter

fu
n
ction

s.
W

e
fi
rst

in
tro

d
u
ce

th
e

gen
erative

m
o
d
el

an
d

n
ex

t
w

e
p
resen

t
d
iff

eren
t

settin
gs

d
ep

en
d
in

g
on

th
e

n
atu

re
of

th
e

fi
lter

fu
n
ction

.

G
e
n

e
ra

tiv
e

m
o
d

e
l.

T
h
e

set
of

ob
servation

s
X
n

is
assu

m
ed

to
b

e
com

p
osed

of
n

in
d
ep

en
-

d
en

t
p

oin
ts
X

1 ,...,X
n

sam
p
led

from
a

p
rob

ab
ility

d
istrib

u
tion

P
in

R
D

.
T

h
e

su
p
p

ort
ofP

is
d
en

oted
X
P

an
d

is
assu

m
ed

to
b

e
a

sm
o
oth

an
d

com
p
act

su
b
m

an
ifold

ofR
D

w
ith

p
ositive

reach
an

d
p

ositive
con

v
ex

ity
rad

iu
s,

as
in

th
e

settin
g

of
T

h
eorem

7.
W

e
also

assu
m

e
th

at
0
<

d
iam

(X
P )≤

L
.

N
ex

t,
th

e
p
rob

ab
ility

d
istrib

u
tion

P
is

assu
m

ed
to

b
e

(a
,b)-stan

d
ard

for
som

e
con

stan
ts
a
>

0
an

d
b≥

D
,

th
at

is
for

an
y

E
u
clid

ean
b
all

B
(x
,t)

cen
tered

on
x
∈
X

w
ith

rad
iu

s
t

:

P
(B

(x
,t))≥

m
in

(1,a
t b).

T
h
is

assu
m

p
tion

is
p

op
u
lar

in
th

e
literatu

re
ab

ou
t

set
estim

ation
(see

for
in

stan
ce

C
u
evas,

2009;
C

u
evas

an
d

R
o
d
ŕıgu

ez-C
asal,

2004).
It

is
also

w
id

ely
u
sed

in
th

e
T

D
A

literatu
re

(C
h
azal

et
al.,

2015b
;

F
asy

et
al.,

2014;
C

h
azal

et
al.,

2015a).
F

or
in

stan
ce,

w
h
en

b
=
D

,
th

is
assu

m
p
tion

is
satisfi

ed
w

h
en

th
e

d
istrib

u
tion

is
ab

solu
tely

con
tin

u
ou

s
w

ith
resp

ect
to

th
e

H
au

sd
orff

m
easu

re
on
X
P .

W
e

in
tro

d
u
ce

th
e

setP
a
,b

=
P
a
,b,κ

,ρ
,L

w
h
ich

is
com

p
osed

of
all

th
e

(a
,b)-stan

d
ard

p
rob

ab
ility

d
istrib

u
tion

s
for

w
h
ich

th
e

su
p
p

ortX
P

is
a

sm
o
oth

an
d

com
p
act

su
b
m

an
ifold

of
R
D

w
ith

reach
larger

th
a
n
κ

,
con

vex
ity

ra
d
iu

s
larger

th
an

ρ
an

d
d
iam

eter
less

th
an

L
.

F
ilte

r
fu

n
c
tio

n
s

in
th

e
sta

tistic
a
l

se
ttin

g
.

T
h
e

fi
lter

fu
n
ction

f
:X

P
→

R
for

th
e

R
eeb

grap
h

is
assu

m
ed

as
b

efore
to

b
e

a
M

orse-ty
p

e
fu

n
ction

.
T

w
o

d
iff

eren
t

settin
gs

h
ave

to
b

e
con

sid
ered

regard
in

g
h
ow

th
e

fi
lter

fu
n
ction

is
d
efi

n
ed

.
In

th
e

fi
rst

settin
g,

th
e

sam
e

fi
lter

fu
n
ction

is
u
sed

to
d
efi

n
e

th
e

R
eeb

grap
h

an
d

th
e

M
ap

p
er.

T
h
e

M
ap

p
er

can
b

e
d
efi

n
ed

b
y

tak
in

g
th

e
ex

act
valu

es
of

th
e

fi
lter

fu
n
ction

at
th

e
ob

servation
p

oin
ts

f
(X

1 ),...,f
(X

n
).

N
ote

th
at

th
is

d
o
es

n
ot

m
ean

th
at

th
e

fu
n
ction

f
is

com
p
letely

k
n
ow

n
sin

ce,
in

ou
r

fram
ew

ork
,

k
n
ow

in
g
f

w
ou

ld
im

p
ly

to
k
n
ow

its
d
om

ain
an

d
th

u
s
X
P

w
ou

ld
b

e
k
n
ow

n
w

h
ich

is
of

cou
rse

n
ot

th
e

case
in

p
ractice.

T
h
is

fi
rst

settin
g

is
referred

to
as

th
e

exa
ct

fi
lter

settin
g

in
th

e
follow

in
g.

It
corresp

on
d
s

to
th

e
situ

ation
s

w
h
ere

th
e

M
ap

p
er

algorith
m

is
u
sed

w
ith

co
ord

in
ate

fu
n
ction

s
for

in
stan

ce.
In

th
e

secon
d

settin
g,

th
e

fi
lter

fu
n
ction

u
sed

for
th

e
M

ap
p

er
is

n
ot

availab
le

an
d

an
estim

ation
of

th
is

fi
lter

fu
n
ction

h
as

to
b

e
com

p
u
ted

from
th

e
d
ata.

T
h
is

secon
d

settin
g

is
referred

to
as

th
e

in
ferred

fi
lter

settin
g

in

1
2
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S
t
a
t
is

t
ic

a
l

A
n
a
ly

si
s

a
n
d

P
a
r
a
m

e
t
e
r

S
e
l
e
c
t
io

n
f
o
r

M
a
p
p
e
r

th
e

fo
ll
ow

in
g.

It
co

rr
es

p
on

d
s

to
P

C
A

or
L

ap
la

ci
an

ei
ge

n
fu

n
ct

io
n
s,

d
is

ta
n
ce

fu
n
ct

io
n
s

(s
u
ch

as
th

e
D

T
M

),
or

re
gr

es
si

on
an

d
d
en

si
ty

es
ti

m
at

or
s.

R
is

k
o
f

th
e

M
a
p

p
e
r.

W
e

st
u
d
y,

in
va

ri
ou

s
se

tt
in

gs
,

th
e

p
ro

b
le

m
of

in
fe

rr
in

g
a

R
ee

b
gr

ap
h

u
si

n
g

M
ap

p
er

s
an

d
w

e
u
se

th
e

m
et

ri
c
d

∆
to

as
se

ss
th

e
p

er
fo

rm
an

ce
of

th
e

M
ap

p
er

,
se

en
as

an
es

ti
m

at
or

of
th

e
R

ee
b

gr
ap

h
.

H
en

ce
,

w
e

st
u
d
y

th
e

fo
ll
ow

in
g

q
u
an

ti
ty

:

E
[d

∆
(M

n
,R

f
(X

P
))

],

w
h
er

e
M
n

is
co

m
p
u
te

d
w

it
h

th
e

ex
ac

t
fi
lt

er
f

or
th

e
in

fe
rr

ed
fi
lt

er
f̂

,
d
ep

en
d
in

g
on

th
e

co
n
te

x
t.

3
.2

R
e
e
b

g
ra

p
h

in
fe

re
n

c
e

w
it

h
e
x
a
c
t

fi
lt

e
r

a
n

d
k
n

o
w

n
g
e
n

e
ra

ti
v
e

m
o
d

e
l

W
e

fi
rs

t
co

n
si

d
er

th
e

ex
ac

t
fi
lt

er
se

tt
in

g
in

th
e

si
m

p
le

st
si

tu
at

io
n

w
h
er

e
th

e
p
a
ra

m
et

er
s
a

an
d
b

of
th

e
ge

n
er

at
iv

e
m

o
d
el

ar
e

k
n
ow

n
.

In
th

is
se

tt
in

g,
fo

r
a

gi
v
en

n
ei

gh
b

or
h
o
o
d

gr
ap

h
p
ar

am
et

er
δ,

ga
in
g

an
d

re
so

lu
ti

on
r,

th
e

M
ap

p
er

M
n

=
M
r,
g
,δ

(X
n
,Y

n
)

is
co

m
p
u
te

d
w

it
h

Y
n

=
f

(X
n
).

P
a
ra

m
e
te

r
se

le
c
ti

o
n

.
W

e
n
ow

tu
n
e

th
e

tr
ip

le
of

p
ar

am
et

er
s

(r
,g
,δ

)
d
ep

en
d
in

g
on

th
e

p
ar

am
et

er
s
a

an
d
b.

M
or

e
p
re

ci
se

ly
,

w
e

ta
k
e:

an
ar

b
it

ra
ry
g
∈
(

1 3
,
1 2

)
,

δ n
=

8

(
2l

og
(n

)

a
n

) 1
/
b

,
r n

=
V
n
(δ
n
)+

g
,

(8
)

w
h
er

e
V
n
(δ
n
)

=
m

ax
{|
f

(X
)
−
f

(X
′ )
|:

X
,X
′ ∈

X
n
,‖
X
−
X
′ ‖
≤
δ n
},

an
d
V
n
(δ
n
)+

d
en

ot
es

a
va

lu
e

th
at

is
st

ri
ct

ly
la

rg
er

b
u
t

ar
b
it

ra
ri

ly
cl

os
e

to
V
n
(δ
n
).

U
p

p
e
r

b
o
u

n
d

.
W

e
gi

ve
b

el
ow

a
ge

n
er

al
u
p
p

er
b

ou
n
d

on
th

e
ri

sk
of

M
n

w
it

h
th

es
e

p
ar

am
et

er
s,

w
h
ic

h
d
ep

en
d
s

on
th

e
re

gu
la

ri
ty

of
th

e
fi
lt

er
fu

n
ct

io
n

an
d

on
th

e
p
ar

am
et

er
s

of
th

e
ge

n
er

at
iv

e
m

o
d
el

.
W

e
sh

ow
a

u
n
if

or
m

co
n
v
er

ge
n
ce

ov
er

a
cl

as
s

of
p

os
si

b
le

fi
lt

er
fu

n
ct

io
n
s.

T
h
is

cl
as

s
of

fi
lt

er
s

n
ec

es
sa

ri
ly

d
ep

en
d
s

on
th

e
su

p
p

or
t

of
P,

so
w

e
d
efi

n
e

th
e

cl
as

s
of

fi
lt

er
s

fo
r

ea
ch

p
ro

b
ab

il
it

y
m

ea
su

re
in
P a

,b
.

F
or

an
y
P
∈
P a

,b
,

w
e

le
t
F

(P
,ω

)
d
en

ot
e

th
e

se
t

of
fi
lt

er
fu

n
ct

io
n
s
f

:
X P
→

R
su

ch
th

at
f

is
M

or
se

-t
y
p

e
on
X P

w
it

h
ω
f
≤
ω

.

P
ro

p
o
si

ti
o
n

1
1

L
et
ω

be
a

m
od

u
lu

s
o
f

co
n

ti
n

u
it

y
fo

r
f

su
ch

th
a
t
ω

(x
)/
x

is
a

n
o
n

-i
n

cr
ea

si
n

g
fu

n
ct

io
n

o
n
R

+
.

F
o
r
n

la
rg

e
en

o
u

gh
,

th
e

M
a
p
pe

r
co

m
p
u

te
d

w
it

h
pa

ra
m

et
er

s
(r
n
,g
,δ
n
)

a
s

pe
r

E
qu

a
ti

o
n

(8
)

sa
ti

sfi
es

su
p

P∈
P a

,b

E

[
su

p
f
∈F

(P
,ω

)
d

∆
(R

f
(X

P
),

M
n
)]
≤
C
ω

(
2
·8
b

a

lo
g
(n

)

n

) 1
/
b

w
h
er

e
th

e
co

n
st

a
n

t
C

o
n

ly
d
ep

en
d
s

o
n
a

,
b,

a
n

d
o
n

th
e

ge
o
m

et
ri

c
pa

ra
m

et
er

s
o
f

th
e

m
od

el
.

A
ss

u
m

in
g

th
at
ω

(x
)/
x

is
n
on

-i
n
cr

ea
si

n
g

is
n
ot

a
ve

ry
st

ro
n
g

as
su

m
p
ti

on
.

T
h
is

p
ro

p
er

ty
is

sa
ti

sfi
ed

in
p
ar

ti
cu

la
r

w
h
en

ω
is

co
n
ca

ve
,

as
in

th
e

ca
se

of
co

n
ca

ve
m

a
jo

ra
n
t

(s
ee

fo
r

in
st

an
ce

S
ec

ti
on

6
in

D
eV

or
e

an
d

L
or

en
tz

(1
99

3)
).

A
s

ex
p

ec
te

d
,

w
e

se
e

th
at

th
e

ra
te

of
co

n
ve

rg
en

ce
of

th
e

M
ap

p
er

to
th

e
R

ee
b

gr
ap

h
d
ir

ec
tl

y
d
ep

en
d
s

o
n

th
e

re
gu

la
ri

ty
of

th
e
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C
a
r
r
iè

r
e

a
n
d

M
ic

h
e
l

a
n
d

O
u
d
o
t

fi
lt

er
fu

n
ct

io
n

an
d

on
th

e
p
ar

am
et

er
b

w
h
ic

h
ro

u
gh

ly
re

p
re

se
n
ts

th
e

in
tr

in
si

c
d
im

en
si

o
n

of
th

e
d
at

a.
F

or
L

ip
sc

h
it

z
fi
lt

er
fu

n
ct

io
n
s,

th
e

ra
te

is
si

m
il
ar

to
th

e
on

e
fo

r
p

er
si

st
en

ce
d
ia

gr
am

in
fe

re
n
ce

in
C

h
az

al
et

al
.

(2
01

5b
),

n
am

el
y

it
co

rr
es

p
on

d
s

to
th

e
o
n
e

o
f

su
p
p

o
rt

es
ti

m
at

io
n

fo
r

th
e

H
au

sd
or

ff
m

et
ri

c
(s

ee
fo

r
in

st
an

ce
C

u
ev

as
an

d
R

o
d
ŕı

gu
ez

-C
a
sa

l
(2

0
0
4
))

an
d

G
en

ov
es

e
et

al
.

(2
01

2a
))

.
In

th
e

ot
h
er

ca
se

s
w

h
er

e
th

e
fi
lt

er
s

o
n
ly

ad
m

it
a

co
n
ca

ve
m

o
d
u
lu

s
of

co
n
ti

n
u
it

y,
w

e
se

e
th

at
th

e
“d

is
to

rt
io

n
”

cr
ea

te
d

b
y

th
e

fi
lt

er
fu

n
ct

io
n

sl
ow

s
d
ow

n
th

e
co

n
ve

rg
en

ce
of

th
e

M
ap

p
er

to
th

e
R

ee
b

gr
ap

h
.

W
e

n
ow

gi
ve

a
lo

w
er

b
ou

n
d

th
at

m
at

ch
es

w
it

h
th

e
u
p
p

er
b

ou
n
d

of
P

ro
p

o
si

ti
o
n

1
1
.

P
ro

p
o
si

ti
o
n

1
2

L
et
ω

be
a

m
od

u
lu

s
o
f

co
n

ti
n

u
it

y
fo

r
f

.
T

h
en

,
fo

r
a
n

y
es

ti
m

a
to

r
R̂
n

o
f

R
f
(X

P
),

,
w

e
h
a
ve

su
p

P∈
P a

,b

E

[
su

p
f
∈F

(P
,ω

)
d

∆

( R
f
(X

P
),

R̂
n

)]
≥
C
ω

(
1 a
n

)
1 b

,

w
h
er

e
th

e
co

n
st

a
n

t
C

o
n

ly
d
ep

en
d
s

o
n
a

,
b

a
n

d
o
n

th
e

ge
o
m

et
ri

c
pa

ra
m

et
er

s
o
f

th
e

m
od

el
.

P
ro

p
os

it
io

n
s

11
an

d
12

to
ge

th
er

sh
ow

th
at

,
w

it
h

th
e

ch
oi

ce
of

p
ar

am
et

er
s

g
iv

en
b

ef
o
re

,
M
n

is
m

in
im

ax
op

ti
m

al
u
p

to
a

lo
ga

ri
th

m
ic

fa
ct

or
lo

g
(n

)
in

si
d
e

th
e

m
o
d
u
lu

s
o
f

co
n
ti

n
u
it

y.
N

ot
e

th
at

th
e

lo
w

er
b

ou
n
d

is
al

so
va

li
d

w
h
et

h
er

o
r

n
ot

th
e

co
effi

ci
en

ts
a

an
d
b

a
n
d

th
e

fi
lt

er
fu

n
ct

io
n
f

an
d

it
s

m
o
d
u
lu

s
of

co
n
ti

n
u
it

y
ar

e
gi

ve
n
.

3
.3

R
e
e
b

g
ra

p
h

in
fe

re
n

c
e

w
it

h
e
x
a
c
t

fi
lt

e
r

a
n

d
u

n
k
n

o
w

n
g
e
n

e
ra

ti
v
e

m
o
d

e
l

W
e

st
il
l

as
su

m
e

th
at

th
e

ex
ac

t
va

lu
es

Y
n

=
f

(X
n
)

of
th

e
fi
lt

er
on

th
e

p
oi

n
t

co
u
ld

ca
n

b
e

co
m

p
u
te

d
an

d
th

at
at

le
as

t
a

m
o
d
u
lu

s
of

co
n
ti

n
u
it

y
fo

r
th

e
fi
lt

er
is

k
n
ow

n
.

H
ow

ev
er

,
th

e
p
ar

am
et

er
s
a

an
d
b

ar
e

n
ot

as
su

m
ed

to
b

e
k
n
ow

n
an

y
m

or
e.

W
e

ad
ap

t
a

su
b
sa

m
p
li
n
g

a
p
-

p
ro

ac
h

p
ro

p
os

ed
b
y

F
as

y
et

al
.
(2

01
4)

.
A

s
b

ef
or

e,
fo

r
a

gi
v
en

n
ei

gh
b

or
h
o
o
d

gr
a
p
h

p
a
ra

m
et

er
δ,

ga
in
g

an
d

re
so

lu
ti

on
r,

th
e

M
ap

p
er

M
n

=
M
r,
g
,δ

(X
n
,Y

n
)

is
co

m
p
u
te

d
w

it
h
Y
n

=
f

(X
n
).

P
a
ra

m
e
te

r
se

le
c
ti

o
n

.
W

e
in

tr
o
d
u
ce

th
e

se
q
u
en

ce
s n

=
n

(l
o
g
n

)1
+
β

fo
r

so
m

e
fi
x
ed

va
lu

e

β
>

0.
L

et
X̂
s n n

b
e

an
ar

b
it

ra
ry

su
b
se

t
of

X
n

th
at

co
n
ta

in
s
s n

p
oi

n
ts

.
T

h
en

,
w

e
ta

ke
:

an
a
rb

it
ra

ry
g
∈
(

1 3
,
1 2

)
,

δ n
=
d

H
(X̂

s n n
,X

n
),

r n
=
V
n
(δ
n
)+

g
,

(9
)

w
h
er

e
V

+ n
is

d
efi

n
ed

as
in

E
q
u
at

io
n

(8
).

U
p

p
e
r

b
o
u

n
d

.
U

si
n
g

th
es

e
p
ar

a
m

et
er

s,
w

e
ca

n
th

en
d
er

iv
e

th
e

fo
ll
ow

in
g

u
p
p

er
b

o
u
n
d
:

P
ro

p
o
si

ti
o
n

1
3

L
et
ω

be
a

m
od

u
lu

s
o
f

co
n

ti
n

u
it

y
fo

r
f

su
ch

th
a
t
x
7→

ω
(x

)/
x

is
a

n
o
n

-
in

cr
ea

si
n

g
fu

n
ct

io
n

.
T

h
en

,
u

si
n

g
th

e
sa

m
e

n
o
ta

ti
o
n

s
a
s

in
th

e
p
re

vi
o
u

s
se

ct
io

n
,

th
e

M
a
p
pe

r
M
n

co
m

p
u

te
d

w
it

h
pa

ra
m

et
er

s
(r
n
,g
,δ
n
)

a
s

pe
r

E
qu

a
ti

o
n

(9
)

sa
ti

sfi
es

su
p

P∈
P a

,b

E

[
su

p
f
∈F

(P
,ω

)
d

∆
(R

f
(X

P
),

M
n
)]
≤
C
ω

(
C
′ lo

g
(n

)2
+
β

n

) 1
/
b

,

w
h
er

e
th

e
co

n
st

a
n

ts
C
,C
′

o
n

ly
d
ep

en
d
s

o
n
a

,
b,

a
n

d
o
n

th
e

ge
o
m

et
ri

c
pa

ra
m

et
er

s
o
f

th
e

m
od

el
.
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S
t
a
t
ist

ic
a
l

A
n
a
ly

sis
a
n
d

P
a
r
a
m

e
t
e
r

S
e
l
e
c
t
io

n
f
o
r

M
a
p
p
e
r

U
p

to
lo

g
a
rith

m
ic

factors
in

sid
e

th
e

m
o
d
u
lu

s
of

con
tin

u
ity,

w
e

fi
n
d

th
at

th
is

M
ap

p
er

is
still

m
in

im
a
x

o
p
tim

al
over

th
e

classP
a
,b

b
y

P
rop

osition
12.

3
.4

R
e
e
b

g
ra

p
h

in
fe

re
n

c
e

w
ith

in
fe

rre
d

fi
lte

r
a
n

d
u

n
k
n

o
w

n
g
e
n

e
ra

tiv
e

m
o
d

e
l

O
n
e

o
f

th
e

n
ice

p
rop

erties
of

th
e

M
ap

p
er

is
th

at
it

can
b

e
easily

com
p
u
ted

w
ith

an
y

fi
lter

fu
n
ctio

n
,

in
clu

d
in

g
estim

ated
fi
lter

fu
n
ction

s
su

ch
as

P
C

A
eigen

fu
n
ction

s,
eccen

tricity
fu

n
c-

tio
n
s,

D
T

M
fu

n
ction

s,
L

ap
lacian

eigen
fu

n
ction

s,
d
en

sity
estim

ators,
regression

estim
ators,

a
n
d

m
a
n
y

o
th

er
fi
lters

d
irectly

estim
ated

from
th

e
d
ata.

In
th

is
section

,
w

e
assu

m
e

th
at

th
e

tru
e

fi
lter

f
is

u
n
k
n
ow

n
b
u
t

can
b

e
estim

ated
from

th
e

d
ata

u
sin

g
an

estim
ator

f̂
.

W
ith

ou
t

lo
ss

o
f

g
en

era
lity,

w
e

assu
m

e
th

at
b

oth
f

an
d
f̂

are
d
efi

n
ed

on
R
D

.
A

s
b

efo
re,

p
aram

eters
a

a
n
d
b

a
re

n
o
t

a
ssu

m
ed

to
b

e
k
n
ow

n
an

d
w

e
h
ave

to
tu

n
e

th
e

trip
le

of
p
ara

m
eters

(r
n
,g
,δ
n
).

P
a
ra

m
e
te

r
se

le
c
tio

n
.

In
th

is
con

tex
t,

th
e

q
u
an

tity
V

+n
of

E
q
u
ation

s
(8)

an
d

(9)
can

n
ot

b
e

co
m

p
u
ted

as
b

efore
b

ecau
se

th
ere

is
n
o

d
irect

access
to

th
e

valu
es

of
f

:
w

e
on

ly
k
n
ow

an
estim

a
tio

n
f̂

o
f

it.
H

ow
ev

er,
in

m
an

y
cases,

a
m

o
d
u
lu

s
of

con
tin

u
ity

ω
1

fo
r
f

is
k
n
ow

n
,
w

h
ich

m
akes

p
ossib

le
th

e
tu

n
in

g
of

th
e

p
aram

eters.
F

or
in

stan
ce,

P
C

A
(an

d
k
ern

el)
p
ro

jectors,
eccen

tricity
fu

n
ction

s,
D

T
M

fu
n
ction

s
(see

C
h
azal

et
al.

(2011))
are

all
1-L

ip
sch

itz
fu

n
ction

s,
a
n
d

C
o
ro

lla
ry

1
4

b
elow

can
b

e
ap

p
lied

.
L

et
V̂
n
(δ
n
)

=
m

ax{|f̂
(X

)−
f̂

(X
′)|

:
X
,X
′∈

X
n
,‖X

−
X
′‖
≤
δ
n },

a
n
d

let
ω

1
b

e
a

m
o
d
u
lu

s
o
f

co
n
tin

u
ity

for
f

.
T

h
en

,
w

e
take:

a
n

a
rb

itrary
g
∈
(

13
,
12 )

,
δ
n

=
d

H
(X̂

s
n
n
,X

n
),

r
n

=
m

ax{
ω

1 (δ
n
),V̂

n
(δ
n
)}

+

g
.

(10)

U
p

p
e
r

b
o
u

n
d

.
F

ollow
in

g
th

e
lin

es
of

th
e

p
ro

of
of

P
rop

osition
13

an
d

ap
p
ly

in
g

C
orol-

la
ry

9
,

w
e

o
b
ta

in
:

C
o
ro

lla
ry

1
4

L
et
f

:R
D
→

R
be

a
M

o
rse-type

fi
lter

fu
n

ctio
n

a
n

d
let

f̂
:R

D
→

R
be

a
M

o
rse-type

estim
a
to

r
o
f
f

.
L

et
ω

1
(resp

.
ω

2 )
be

a
m

od
u

lu
s

o
f

co
n

tin
u

ity
fo

r
f

(resp
.
f̂

).
L

et
ω

=
m

a
x{
ω

1 ,ω
2 }

su
ch

th
a
t
x
7→

ω
(x

)/x
is

a
n

o
n

-in
crea

sin
g

fu
n

ctio
n

.
L

et
a
lso

M̂
n

=
M
r
n
,g
,δ
n
(X

n
,f̂

(X
n
))

be
th

e
M

a
p
per

bu
ilt

o
n
X
n

w
ith

fu
n

ctio
n
f̂

a
n

d
pa

ra
m

eters
g
,δ
n
,r
n

a
s

in
E

qu
a
tio

n
(1

0
).

T
h
en

,
M̂
n

sa
tisfi

es

E
[d

∆

(
R
f (X

P ),M̂
n )]≤

C
ω

(
C
′log

(n
)
2
+
β

n

)
1b

+
E
[

m
ax

1≤
i≤
n |f

(X
i )−

f̂
(X

i )| ]
,

w
h
ere

th
e

co
n

sta
n

ts
C
,C
′

o
n

ly
d
epen

d
s

o
n
a

,
b,

a
n

d
o
n

th
e

geo
m

etric
pa

ra
m

eters
o
f

th
e

m
od

el.

N
o
te

th
a
t
ω

1
h
as

to
b

e
k
n
ow

n
to

com
p
u
te

M̂
n

in
C

orollary
14

sin
ce

it
ap

p
ears

in
th

e
d
efi

n
itio

n
o
f
r
n
.

O
n

th
e

con
trary,

ω
2 —

an
d

th
u
s
ω

—
is

n
ot

req
u
ired

to
tu

n
e

th
e

p
aram

eters.

P
C

A
e
ig

e
n

fu
n

c
tio

n
s.

In
th

e
settin

g
of

th
is

article,
th

e
m

easu
re
µ

h
as

a
fi
n
ite

secon
d

m
o-

m
en

t.
F

o
llow

in
g

B
iau

an
d

M
as

(2012),
w

e
d
efi

n
e

th
e

cova
rian

ce
op

erator
Γ

(·)
=

E
(〈X

,·〉X
)

a
n
d

w
e

let
Π
k

d
en

ote
th

e
orth

ogon
al

p
ro

jection
on

to
th

e
sp

ace
sp

an
n
ed

b
y

th
e
k
-th

eigen
-

vecto
r

o
f

Γ
.

In
p
ractice,

w
e

con
sid

er
th

e
em

p
irical

version
of

th
e

covarian
ce

op
era

tor

Γ̂
n
(·)

=
1n

n
∑i=

1 〈X
i ,·〉X

i

15
JM

L
R

 19(12):1-39, 2018

C
a
r
r
iè

r
e

a
n
d

M
ic

h
e
l

a
n
d

O
u
d
o
t

an
d

th
e

em
p
irical

p
ro

jection
Π̂
k

on
to

th
e

sp
ace

sp
an

n
ed

b
y

th
e
k
-th

eig
en

vecto
r

of
Γ̂
n
.

A
ccord

in
g

to
B

iau
an

d
M

as
(2012)(see

also
B

lan
ch

ard
et

al.
(2007);

S
h
aw

e-T
ay

lor
et

al.
(2005)),

w
e

h
ave

E
[‖

Π
k −

Π̂
k ‖∞

]
=
O

(
1√n )

.

T
h
is,

togeth
er

w
ith

C
orollary

14
an

d
th

e
fact

th
at

b
o
th

Π
k

an
d

Π̂
k

are
1-L

ip
sch

itz,
gives

th
at

th
e

rate
of

con
v
ergen

ce
of

th
e

M
ap

p
er

of
Π̂
k (X

n
)

com
p
u
ted

w
ith

p
aram

eters
δ
n
,
g

an
d

r
n

as
in

E
q
u
ation

(10)
(w

h
ich

gives
r
n

=
g −

1δ
+n

)
satisfi

es

E
[d

∆

(
R

Π
k (X

P ),M
r
n
,g
,δ
n
(X

n
,Π̂

k (X
n
)) )]

=
O

(
m

ax {
(

log
(n

)
2
+
β

n

)
1b

,
1√n }

)
.

H
en

ce,
th

e
rate

of
con

vergen
ce
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M

ap
p

er
is

n
ot

d
eteriorated

b
y

u
sin

g
Π̂
k

in
stead

of
Π
k

if
th

e
in

trin
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d
im

en
sion

b
of

th
e

su
p
p

ort
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least
2.

T
h

e
d

ista
n

c
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m

e
a
su
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.

It
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n
th

at
T

D
A

m
eth

o
d
s

m
ay

fail
com

p
letely

in
th

e
p
resen

ce
of

ou
tliers.

T
o

ad
d
ress

th
is

issu
e,

C
h
azal

et
al.

(2011)
in

tro
d
u
ced

an
altern

a-
tive

d
istan

ce
fu

n
ction

w
h
ich

is
rob

u
st

to
n
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th
e

d
ista

n
ce-to

-m
ea

su
re

(D
T

M
).

A
sim
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an

aly
sis
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w

ith
th

e
P

C
A

fi
lter

can
b

e
carried

ou
t

w
ith

th
e

D
T

M
fi
lter

u
sin

g
th

e
rates

of
con

vergen
ce

p
roven

in
C

h
azal

et
al.

(2016
b
).

4
.

C
o
n
fi
d
e
n
ce

se
ts

fo
r

R
e
e
b

sig
n
a
tu

re
s

4
.1

C
o
n

fi
d

e
n

c
e

se
ts

fo
r

e
x
te

n
d

e
d

p
e
rsiste

n
c
e

d
ia

g
ra

m
s

In
p
ractice,

com
p
u
tin

g
a

M
ap

p
er

M
n

an
d
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sign

atu
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D
g
(M

n
,fI

)
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n
ot

su
ffi

cien
t:

w
e

n
eed

to
k
n
ow

h
ow
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rate

th
ese

estim
ation

s
are.

O
n
e

n
atu

ral
w

ay
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an
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er
th
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p
rob
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p
rov

id
e

a
con

fi
d
en

ce
set

for
th

e
M

ap
p

er
u
sin

g
th

e
b

ottlen
eck

d
istan

ce.
F

or
α
∈

(0,1),
w

e
lo
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for

som
e

valu
e
η
n
,α

su
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th
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P
(d

∆
(M

n
,R

f (X
P ))≥

η
n
,α

)≤
α
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least
su
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th

at

lim
su

p
n→
∞

P
(d

∆
(M

n
,R

f (X
P ))≥

η
n
,α

)≤
α
.

L
et

M
α

=
{
R
∈
R

:
d

∆
(M

n
,R

)≤
α}

b
e
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e
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b
all

of
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iu
s
α
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th

e
b

ottlen
eck

d
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d
cen
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e

M
ap

p
er

M
n
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e
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ace
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R
eeb
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h
sR

.
F
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g
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a
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al.

(2014),
w

e
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v
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alize
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e
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atu
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e
p
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b
elon

gin
g
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th

is
b
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s
w

ay
s.

O
n
e

fi
rst

op
tion
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cen
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a
b

ox
of

sid
e

len
gth

2
α

at
each

p
oin

t
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e
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d
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p
ersisten

ce
d
iagram

of
M
n
—
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e
righ

t
colu

m
n
s

of
F

igu
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5
an

d
F

igu
re

6
for

in
stan

ce.
A

n
altern

ative
solu

tion
is

to
v
isu

alize
th

e
con

fi
d
en

ce
set

b
y

ad
d
in

g
a

b
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d
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(vertical)
d
istan
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2α
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e
d
iagon

al
(th

e
b

ottlen
eck

d
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ce
b

ein
g

d
efi

n
ed

for
th

e
`∞

n
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).
T

h
e

p
oin

ts
ou

tsid
e

th
e

b
an

d
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th
en

con
sid

ered
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sign
ifi

can
t

top
ological

featu
res,

see
F

asy
et

al.
(2014)

for
m

ore
d
etails.
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e
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p
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p
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p
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p
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p
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p
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W
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p
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at
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on

fi
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en

ce
se

ts
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ar

e
th

en
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ir
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y
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er
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ed
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fi
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ce
se

ts
in
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e

sa
m

p
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ac

e.
H

er
e,

w
e

fo
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ow
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si

m
il
ar

st
ra

te
gy

u
si

n
g

T
h
eo

re
m
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ex
p
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e
n
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se
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io
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4
.2

C
o
n

fi
d

e
n

c
e

se
ts

d
e
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v
e
d

fr
o
m

T
h

e
o
re

m
7

In
th

is
se

ct
io

n
,
w

e
al

w
ay

s
as
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m

e
th

at
an

u
p
p

er
b

ou
n
d
ω
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th

e
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d
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lu
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n
u
it
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ω
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e
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fu
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ow

n
.

W
e

st
ar

t
w

it
h

th
e

fo
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ow

in
g

re
m

a
rk

:
if

w
e

ca
n
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ke
δ

of
th

e
or

d
er

of
d

H
(X

P
,X

n
)

in
T

h
eo

re
m

7
an

d
if

al
l

th
e

co
n
d
it

io
n
s

of
th

e
th

eo
re

m
ar

e
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th
en

d
∆

(M
n
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f
(X

P
))

ca
n

b
e

b
ou

n
d
ed

in
te

rm
s

of
ω

(d
H

(X
P
,X

n
))

.
T

h
is

m
ea

n
s

th
at

w
e

ca
n

ad
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t
th

e
m

et
h
o
d
s
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F
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et
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.
(2

01
4)

to
M

ap
p

er
s.

K
n

o
w

n
g
e
n

e
ra

ti
v
e

m
o
d

e
l.

L
et

u
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fi
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t
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n
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th
e

si
m

p
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st
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io
n

w
h
er

e
th

e
p
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et
er
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an
b

ar
e

al
so
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ow

n
.

F
ol

lo
w

in
g

S
ec

ti
on

3.
2,

w
e

ch
o
os

e
fo

r
g
,δ
n
,r
n

as
p

er
E

q
u
at

io
n

(8
).

L
et
ε n

=
d

H
(X

P
,X

n
).

A
s

sh
ow

n
in

th
e

p
ro

of
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P
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n
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ee

A
p
p
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A
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fo

r
n
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en
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A

ss
u
m

p
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)
an
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)
a
re

al
w
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s
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sfi
ed

an
d

th
en

P
(d

∆
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n
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f
(X

P
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η
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≤

P
( δ n
≥
ω
−

1

(
η

g
−

1
+

2

))
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C
on

se
q
u
en

tl
y,

P
(d

∆
(M

n
,R

f
(X

P
))
≥
η
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≤

P
(d

∆
(M

n
,R

f
(X

P
))
≥
η
∩
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≤
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δ n
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+

P
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n
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(δ
n

)≥
g

1
+
2
g
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+
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2
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Φ
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e
p
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h
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b
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en
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gi
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n
a

p
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b
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y
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l
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a
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∆
(M

n
,R

f
(X

P
))
≥

Φ
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1
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ra
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d
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p
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d
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d
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b
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b
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ra
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b
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b
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ra
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iè
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h
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I d
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p
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>
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.
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h
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∆
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+

2
g
η

))
+
L
n

(
1 4
ω
−

1

(
g

1
+
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b
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p
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∆
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-
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c
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p
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p
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b
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p
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b
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b
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h
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p
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c
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p
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p
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h
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h
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h
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ra
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p
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b
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p
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p
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d
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p
le

(X
1
,Y

1
),
..
.,

(X
n
,Y

n
).

L
et

(X
∗ 1
,Y
∗ 1
)
..
.,

(X
∗ n,
Y
∗ n
)

b
e

a
sa

m
p
le

fr
om

P n
an

d
le

t
a
ls

o
M
∗ n

b
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p
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d
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p
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∆
(M
∗ n,

M
n
)
>
η̂
∗ n,
α
|X

1
,.
..
,X

n

) =
α
.
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p
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p
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p
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d
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m
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w
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p
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ra
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b
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d
u
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p
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p
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.
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og

ic
al

fe
at

u
re

s
(r

ig
h
t)

ar
e

p
ro

v
id

ed
fo

r
a

n
oi

sy
cr

a
te

r
in

th
e

E
u
cl

id
ea

n
p
la

n
e.

u
se

an
al

te
rn

at
iv

e
fi
lt

ra
ti

on
of

si
m

p
li
ci

al
co

m
p
le

x
es

in
st

ea
d

of
th

e
R

ip
s

fi
lt

ra
ti

o
n
.

A
fi
rs

t
op

ti
on

is
to

co
n
si

d
er

th
e

u
p
p

er
le

v
el

se
ts

of
a

d
en

si
ty

es
ti

m
at

or
ra

th
er

th
a
n

th
e

d
is

ta
n
ce

to
th

e
sa

m
p
le

(s
ee

S
ec

ti
on

4.
4

in
F

as
y

et
al

.
(2

01
4)

).
A

n
ot

h
er

so
lu

ti
on

is
to

co
n
si

d
er

th
e

su
b
le

ve
l

se
ts

of
th

e
D

T
M

an
d

ap
p
ly

p
er

si
st

en
ce

h
om

ol
og

y
in

fe
re

n
ce

in
C

h
az

a
l

et
a
l.

(2
0
1
4
).

C
ra

te
r

d
a
ta

se
t.

T
o

h
an

d
le

n
oi

se
in

ou
r

cr
at

er
d
at

a
se

t,
w

e
si

m
p
ly

sm
o
o
th

ed
th

e
d
at

a
se

t
b
y

co
m

p
u
ti

n
g

th
e

em
p
ir

ic
al

D
T

M
w

it
h

10
n
ei

gh
b

or
s

on
ea

ch
p

oi
n
t

an
d

re
m

ov
in

g
a
ll

p
oi

n
ts

w
it

h
D

T
M

le
ss

th
an

40
p

er
ce

n
t

of
th

e
m

ax
im

u
m

D
T

M
in

th
e

d
at

a
se

t.
T

h
en

w
e

co
m

p
u
te

d
th

e
M

ap
p

er
w

it
h

th
e

h
ei

gh
t

fu
n
ct

io
n
.

O
n
e

ca
n

se
e

th
at

al
l

to
p

ol
o
g
ic

a
l

fe
a
tu

re
s

in
th

e
M

ap
p

er
th

at
ar

e
m

os
t

li
k
el

y
ar

ti
fa

ct
s

d
u
e

to
n
oi

se
(l

ik
e

th
e

sm
al

l
lo

o
p
s

a
n
d

co
n
-

n
ec

te
d

co
m

p
on

en
ts

)
h
av

e
co

rr
es

p
on

d
in

g
co

n
fi
d
en

ce
sq

u
ar

es
th

at
in

te
rs

ec
t

th
e

d
ia

g
o
n
a
l

in
th

e
ex

te
n
d
ed

p
er

si
st

en
ce

d
ia

gr
am

.
S
ee

F
ig

u
re

7.

6
.

C
o
n
cl

u
si

o
n

In
th

is
ar

ti
cl

e,
w

e
p
ro

v
id

ed
a

st
at

is
ti

ca
l

an
al

y
si

s
of

th
e

M
ap

p
er

.
N

am
el

y,
w

e
p
ro

ve
d

th
e

fa
ct

th
at

th
e

M
ap

p
er

is
a

m
ea

su
ra

b
le

co
n
st

ru
ct

io
n

in
P

ro
p

os
it

io
n

10
,

an
d

w
e

u
se

d
th

e
a
p
-

p
ro

x
im

at
io

n
T

h
eo

re
m

7
to

sh
ow

th
at

th
e

M
a
p
p

er
is

a
m

in
im

ax
op

ti
m

al
es

ti
m

a
to

r
o
f

th
e

R
ee

b
gr

ap
h

in
va

ri
ou

s
co

n
te

x
ts

—
se

e
P

ro
p

os
it

io
n
s

11
,

12
an

d
13

—
an

d
th

at
co

rr
es

p
o
n
d
in

g
co

n
fi
d
en

ce
re

gi
on

s
ca

n
b

e
co

m
p
u
te

d
—

se
e

P
ro

p
os

it
io

n
15

an
d

S
ec

ti
on

4.
3.

A
lo

n
g

th
e

w
ay

,
w

e
d
er

iv
ed

ru
le

s
of

th
u
m

b
to

au
to

m
at

ic
al

ly
tu

n
e

th
e

p
ar

a
m

et
er

s
of

th
e

M
ap

p
er

w
it

h
E

q
u
a
-

ti
on

s
(8

),
(9

)
an

d
(1

0)
.

F
in

al
ly

,
w

e
p
ro

v
id

ed
fe

w
ex

am
p
le

s
of

ou
r

m
et

h
o
d
s

o
n

va
ri

o
u
s

d
a
ta

se
ts

in
S
ec

ti
on

5.

F
u

tu
re

d
ir

e
c
ti

o
n

s.
W

e
p
la

n
to

in
ve

st
ig

at
e

se
v
er

al
q
u
es

ti
on

s
fo

r
fu

tu
re

w
o
rk

.

•
W

e
w

il
l

w
or

k
on

ad
ap

ti
n
g

re
su

lt
s

fr
om

C
h
a
za

l
et

al
.

(2
01

4)
to

p
ro

ve
th

e
va

li
d
it

y
of

b
o
ot

st
ra

p
m

et
h
o
d
s

fo
r

co
m

p
u
ti

n
g

co
n
fi
d
en

ce
re

g
io

n
s

on
th

e
M

ap
p

er
,

si
n
ce

w
e

o
n
ly

u
se

d
b

o
ot

st
ra

p
m

et
h
o
d
s

em
p
ir

ic
al

ly
in

th
is

ar
ti

cl
e.
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S
t
a
t
ist

ic
a
l

A
n
a
ly

sis
a
n
d

P
a
r
a
m

e
t
e
r

S
e
l
e
c
t
io

n
f
o
r

M
a
p
p
e
r

•
W

e
b

elieve
th

at
u
sin

g
w

eigh
ted

version
s

of
δ-n

eigh
b

orh
o
o
d

grap
h
s,

as
d
efi

n
ed

in
B

u
ch

et
et

a
l.

(2
0
1
5),

w
ou

ld
im

p
rov

e
th

e
q
u
ality

o
f

th
e

co
n
fi
d
en

ce
region

s
on

th
e

M
ap

p
er

fea-
tu

res,
a
n
d

w
ou

ld
p
rob

ab
ly

b
e

a
b

etter
w

ay
to

d
eal

w
ith

n
oise

th
at

ou
r

cu
rren

t
solu

tion
.

•
W

e
p
la

n
to

ad
ap

t
ou

r
statistical

settin
g

to
th

e
q
u
estion

of
selectin

g
variab

les,
w

h
ich

is
o
n
e

o
f

th
e

m
ain

ap
p
lication

s
of

th
e

M
ap

p
er

in
p
ractice.

A
ck

n
o
w

le
d

g
e
m

e
n
ts.

T
h
is

w
ork

w
as

su
p
p

orted
b
y

E
R

C
gran

t
G

u
d
h
i

(E
R

C
-2013-A

D
G

-
3
3
9
0
2
5
)

a
n
d

b
y

A
N

R
p
ro

ject
T

op
D

ata
(A

N
R

-13-B
S
0
1-0

008).
T

h
e

au
th

ors
w

ou
ld

like
to

th
a
n
k

th
e

a
n
o
n
y
m

ou
s

referees
for

th
eir

con
stru

ctive
criticism

an
d

com
m

en
ts.

T
h
e

th
ird

a
u
th

o
r

a
ck

n
ow

led
ges

th
e

su
p
p

ort
of

IC
E

R
M

an
d

B
row

n
U

n
iversity,

as
p
art

of
th

is
w

ork
w

as
carried

o
u
t

w
h
ile

h
e

w
as

p
articip

atin
g

in
th

e
IC

E
R

M
p
rogram

T
o
po

logy
in

M
o
tio

n
d
u
rin

g
th

e
F

a
ll

o
f

2
01

6
.

A
p
p

e
n
d
ix

A
.

P
ro

o
fs

A
.1

P
re

lim
in

a
ry

re
su

lts

In
o
rd

er
to

p
rove

th
e

resu
lts

of
th

is
article,

w
e

n
eed

to
state

several
p
relim

in
a
ry

d
efi

n
ition

s
a
n
d

th
eo

rem
s.

A
ll

of
th

em
can

b
e

fou
n
d
,

togeth
er

w
ith

th
eir

p
ro

ofs,
in

D
ey

an
d

W
an

g
(2

0
1
3
)

a
n
d

C
a
rrière

an
d

O
u
d
ot

(2017b
).

In
th

is
section

,
w

e
let

X
n
⊂
X

b
e

a
p

oin
t

clou
d

of
n

p
o
in

ts
sa

m
p
led

on
a

sm
o
oth

an
d

com
p
act

su
b
m

an
ifold

X
em

b
ed

d
ed

in
R
D

,
w

ith
p

ositive
rea

ch
rch

a
n
d

con
v
ex

ity
rad

iu
s
ρ
.

S
in

ce
δ-n

eigh
b

orh
o
o
d

grap
h
s

can
b

e
seen

as
1-skeleton

s
o
f

R
ip

s
co

m
p
lex

es
w

ith
p
aram

eter
δ,

as
p

er
D

efi
n
ition

55
in

C
arrière

an
d

O
u
d
ot

(2017b
),

a
n
d

sin
ce

m
a
n
y

resu
lts

are
p
h
rased

w
ith

R
ip

s
com

p
lex

es
in

th
e

literatu
re,

w
e

also
u
se

th
ese

co
m

p
lex

es
to

state
ou

r
resu

lts
in

th
is

section
.

L
et
f

:X
→

R
b

e
a

M
orse-ty

p
e

fi
lter

fu
n
ction

,
I

b
e

a
n

o
p

en
cover

of
th

e
ran

ge
of
f

w
ith

resolu
tio

n
r

an
d

gain
g
<

12
(w

h
ich

en
su

res
th

at
n
o

m
ore

th
a
n

tw
o

cover
elem

en
ts

can
in

tersect
at

on
ce,

i.e.
th

e
cover

is
m

in
im

al),
an

d
|R

ip
s
δ (X

n
)|

d
en

ote
a

geom
etric

realization
of

th
e

R
ip

s
com

p
lex

b
u
ilt

on
to

p
of

X
n

w
ith

p
a
ra

m
eter

δ,
an

d
f

P
L

:|R
ip

s
δ (X

n
)|→

R
b

e
th

e
p
iecew

ise-lin
ear

in
terp

olation
of
f

on
th

e
sim

p
lices

of
R

ip
s
δ (X

n
).

D
e
fi

n
itio

n
1
6

L
et
G

=
(X

n
,E

)
be

a
gra

p
h

bu
ilt

o
n

to
p

o
f
X
n

.
L

et
e

=
(X
,X
′)∈

E
be

a
n

ed
ge

o
f
G

,
a
n

d
let

I
(e)

be
th

e
o
pen

in
terva

l
(m

in{
f

(X
),f

(X
′)}
,m

ax{f
(X

),f
(X
′)}).

T
h
en

e
is

sa
id

to
be

in
tersection

-crossin
g

if
th

ere
is

a
pa

ir
o
f

co
n

secu
tive

in
terva

ls
I
,J
∈
I

su
ch

th
a
t∅
6=
I∩

J
⊆
I
(e).

T
h

e
o
re

m
1
7

(L
em

m
a

61
an

d
62

in
C

arrière
an

d
O

u
d
ot

(2017b
)).

L
et

R
ip

s
1δ (X

n
)

d
e-

n
o
te

th
e

1
-skeleto

n
o
f

R
ip

s
δ (X

n
).

If
R

ip
s
1δ (X

n
)

h
a
s

n
o

in
tersectio

n
-cro

ssin
g

ed
ges,

th
en

M
r,g
,δ (X

n
,f

(X
n
))

a
n

d
M
r,g (|R

ip
s
δ (X

n
)|,f

P
L
)

a
re

iso
m

o
rp

h
ic

a
s

co
m

bin
a
to

ria
l

gra
p
h
s.

T
h

e
o
re

m
1
8

(T
h
eorem

54
in

C
arrière

an
d

O
u
d
ot

(2017b
)).

L
et
f

:X
→

R
be

a
M

o
rse-type

fu
n

ctio
n

.
T

h
en

,
w

e
h
a
ve

th
e

fo
llo

w
in

g
in

equ
a
lity

betw
een

exten
d
ed

persisten
ce

d
ia

gra
m

s:

d
∆

(D
g
(R

f (X
),f

R
),D

g
(M

r,g (X
,f

),fI
))≤

r.
(12)

M
o
reo

ver,
given

a
n

o
th

er
M

o
rse-type

fu
n

ctio
n
f̂

:X
→

R
,

w
e

h
a
ve:

d
∆

(D
g
(M

r,g (X
,f

),fI
),D

g
(M

r,g (X
,f̂

),f̂I
))≤

r
+
‖
f
−
f̂‖∞

.
(13)

2
3
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L
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C
a
r
r
iè

r
e

a
n
d

M
ic

h
e
l

a
n
d

O
u
d
o
t

T
h

e
o
re

m
1
9

(T
h
eorem

4.6,
R

em
ark

2
in

D
ey

an
d

W
an

g
(2013

)
an

d
T

h
eorem

59
in

C
arrière

an
d

O
u
d
ot

(2017b
)).

If
4d

H
(X
,X

n
)≤

δ≤
m

in{rch
/4
,ρ
/4},

th
en

:

d
∆

(D
g
(R

f (X
),f

R
),D

g
(R

f
P
L
(|R

ip
s
δ (X

n
)|),f

P
L

R
))≤

2
ω

(δ).

N
ote

th
at

th
e

origin
al

version
of

th
is

th
eorem

is
on

ly
p
rov

en
for

L
ip

sch
itz

fu
n
ction

s
in

D
ey

an
d

W
an

g
(2013),

b
u
t

it
ex

ten
d
s

at
n
o

cost
to

fu
n
ction

s
w

ith
m

o
d
u
lu

s
of

con
tin

u
ity.

A
.2

P
ro

o
f

o
f

T
h

e
o
re

m
7

L
et
|R

ip
s
δ (X

n
)|

d
en

ote
a

geom
etric

realization
of

th
e

R
ip

s
com

p
lex

b
u
ilt

on
top

of
X
n

w
ith

p
aram

eter
δ.

M
oreover,

let
f

P
L

:|R
ip

s
δ (X

n
)|→

R
b

e
th

e
p
iecew

ise-lin
ear

in
terp

ola-
tion

of
f

on
th

e
sim

p
lices

of
R

ip
s
δ (X

n
),

w
h
ose

1-skeleton
is

d
en

oted
b
y

R
ip

s
1δ (X

n
).

S
in

ce
(|R

ip
s
δ (X

n
)|,f

P
L
)

is
a

m
etric

sp
ace,

w
e

also
con

sid
er

its
R

eeb
grap

h
R
f
P
L
(|R

ip
s
δ (X

n
)|),

w
ith

in
d
u
ced

fu
n
ction

f
P

L
R

,
an

d
its

M
ap

p
er

M
r,g (|R

ip
s
δ (X

n
)|,f

P
L
),

w
ith

in
d
u
ced

fu
n
ction

f
P

L
I

.
S
ee

F
igu

re
8.

T
h
en

,
th

e
follow

in
g

in
eq

u
alities

lead
to

th
e

resu
lt:

d
∆

(R
f (X

),M
n
)

=
d

∆
(D

g
(R

f (X
),f

R
),D

g
(M

n
,fI

))

=
d

∆

(D
g
(R

f (X
),f

R
),D

g
(M

r,g (|R
ip

s
δ (X

n
)|,f

P
L
),f

P
L
I

) )
(14)

≤
d

∆

(D
g
(R

f (X
),f

R
),D

g
(R

f
P
L
(|R

ip
s
δ (X

n
)|),f

P
L

R
) )

+
d

∆

(D
g
(R

f
P
L
(|R

ip
s
δ (X

n
)|),f

P
L

R
),D

g
(M

r,g (|R
ip

s
δ (X

n
)|,f

P
L
),f

P
L
I

) )
(15)

≤
2ω

(δ)
+
r.

(16)

L
et

u
s

p
rove

every
(in

)eq
u
ality

:

E
q
u

a
lity

(1
4
).

L
et
X

1 ,X
2 ∈

X
n

su
ch

th
at

(X
1 ,X

2 )
is

an
ed

ge
of

R
ip

s
1δ (X

n
)

i.e.
‖X

1 −
X

2 ‖
≤
δ.

T
h
en

,
accord

in
g

to
(4):|f

(X
1 )−

f
(X

2 )|
<
g
r.

H
en

ce,
th

ere
is

n
o
s∈
{1
,...,S−

1}
su

ch
th

at
I
s ∩

I
s+

1 ⊆
[m

in{f
(X

1 ),f
(X

2 )}
,m

ax{
f

(X
1 ),f

(X
2 )}].

It
follow

s
th

at
th

ere
are

n
o

in
tersection

-crossin
g

ed
ges

in
R

ip
s
1δ (X

n
).

T
h
en

,
acco

rd
in

g
to

T
h
eorem

17,
th

ere
is

a
grap

h
isom

orp
h
ism

i
:

M
n

=
M
r,g
,δ (X

n
,f

(Y
n
))→

M
r,g (|R

ip
s
δ (X

n
)|,f

P
L
).

S
in

ce
fI

=
f

P
L
I
◦
i

b
y

d
efi

n
ition

of
fI

an
d
f

P
L
I

,
th

e
eq

u
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2ω
(δ),

accord
in

g
to

T
h
eorem

19.
M

oreover,
w

e
h
ave

d
∆

(D
g
(R

f
P
L
(|R

ip
s
δ (X

n
)|),f

P
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P
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P
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p
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p
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P
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b
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P
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b
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p
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P
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P
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P
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P
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p
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p
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e
[n

]
=
{1
,·
··
,n
},

an
d

w
e

im
p
li
ci

tl
y

id
en

ti
fy

2[n
]
w

it
h

th
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b
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p
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×
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e
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d
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b
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p
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b
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m
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∈
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∞
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∞
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j ‖
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.
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∆
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∆
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+

(
1

+
2
g

g

)
ω

(δ
n
)

(21)

w
h
ere

w
e

h
ave

u
sed

(20),
T

h
eorem

7
an

d
th
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b
y
ω

(δ
n
)

(u
p

to
a

con
stan

t)
sin

ce
ω

(δ)/δ
is

n
on

-in
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b
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b
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b
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d
el.

A
.6

P
ro

o
f

o
f

P
ro

p
o
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b
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0 .
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d
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∈
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/
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d
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∆
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−
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∈
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.
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/
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−
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+
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−
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+
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+

1 n

)
a
n
rb
≥
a
rb
.

A
ss

u
m

e
r
>

(a
n

)−
1
/
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=
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/
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=
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/
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≥
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/
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/
b
.

T
h
en

P 1
,n

(B
(x
n
,r

))
=

1
≥

m
in
{a
rb
}.

•
L

et
u
s

st
u
d
y
P 1
,n

(B
(x
,r

))
,

w
h
er

e
x
∈

(x
0
,x

n
).

A
ss

u
m

e
r
≤
x

.
T

h
en

P 1
,n

(B
(x
,r

))
≥
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/
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−
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+
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/
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/
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≥
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−
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+
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/
b
≥
a
rb

(s
ee

p
re

v
io

u
s

ca
se

).

O
th

er
w

is
e,

w
e

h
av

e
P 1
,n

(B
(x
,r

))
=

1
≥
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iè

r
e

a
n
d

M
ic

h
e
l

a
n
d

O
u
d
o
t

G
érard

B
iau

an
d

A
n
d
ré
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érigot.
G

eo
m

etric
In

feren
ce

for
P

rob
-

ab
ility

M
easu

res.
F

o
u

n
d
a
tio

n
s

o
f

C
o
m

p
u

ta
tio

n
a
l

M
a
th

em
a
tics,

11(6):733–751,
2011.

F
réd

éric
C

h
azal,

B
rittan

y
F

asy,
F

ab
rizio

L
ecci,

A
lessan

d
ro

R
in

ald
o,

A
arti

S
in

gh
,

an
d

L
arry

W
asserm

an
.

O
n

th
e

B
o
otstrap

for
P

ersisten
ce

D
iagra

m
s

an
d

L
an

d
scap

es.
M

od
elin

g
a
n

d
A

n
a

lysis
o
f

In
fo

rm
a
tio

n
S

ystem
s,

20(6):111–120,
2013.

F
réd

éric
C

h
azal,

B
rittan

y
F

asy,
F

ab
rizio

L
ecci,

B
ertran

d
M

ich
el,

A
lessa

n
d
ro

R
in

ald
o,

an
d

L
arry

W
asserm

an
.

R
ob

u
st

top
ological

in
feren

ce:
d
istan

ce
to

a
m

easu
re

an
d

kern
el

d
is-

tan
ce.

C
o
R

R
,

ab
s/1412.7197,

2014.
A

ccep
ted

for
p
u
b
lication

in
J
ou

rn
al

of
M

ach
in

e
L

earn
in

g
R

esearch
.

F
réd

éric
C

h
azal,

B
rittan

y
F

asy,
F

ab
rizio

L
ecci,

B
ertran

d
M

ich
el,

A
lessa

n
d
ro

R
in

ald
o,

an
d

L
arry

W
asserm

an
.

S
u
b
sam

p
lin

g
M

eth
o
d
s

for
P

ersisten
t

H
om

ology
.

In
P

roceed
in

gs
o
f

th
e

3
2
n

d
In

tern
a
tio

n
a
l

C
o

n
feren

ce
o
n

M
a
ch

in
e

L
ea

rn
in

g,
p
ag

es
2143–2

151,
2015a.

F
réd

éric
C

h
azal,

M
arc

G
lisse,

C
ath

erin
e

L
ab

ru
ère,

an
d

B
ertran

d
M

ich
el.

C
on

vergen
ce

rates
for

p
ersisten

ce
d
iagram

estim
ation

in
top

ological
d
ata

an
aly

sis.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
16:3603–3635,

2015b
.

F
réd

éric
C

h
azal,

V
in

d
e

S
ilva,

M
arc

G
lisse,

an
d

S
teve

O
u
d
ot.

T
h
e

S
tru

ctu
re

a
n

d
S

ta
bility

o
f

P
ersisten

ce
M

od
u

les.
S
p
rin

ger,
2016a.

F
réd

éric
C

h
azal,

P
ascal

M
assart,

an
d

B
ertran

d
M

ich
el.

R
ates

of
con

vergen
ce

for
rob

u
st

geom
etric

in
feren

ce.
E

lectro
n

ic
J

o
u

rn
a
l

o
f

S
ta

tistics,
10(2):2243–2286,

20
16b

.

X
.

C
h
en

,
A

.
G

olov
in

sk
iy,

an
d

T
.

F
u
n
k
h
ou

ser.
A

B
en

ch
m

ark
for

3D
M

esh
S
egm

en
tation

.
A

C
M

T
ra

n
sa

ctio
n

s
o
n

G
ra

p
h
ics,

28(3):1–12,
2009.

D
av

id
C

oh
en

-S
tein

er,
H

erb
ert

E
d
elsb

ru
n
n
er,

an
d

J
oh

n
H

arer.
S
tab

ility
of

P
ersisten

ce
D

ia-
gram

s.
D

iscrete
a
n

d
C

o
m

p
u

ta
tio

n
a
l

G
eo

m
etry,

37(1):103–1
20,

2007.

36
JM

L
R

 19(12):1-39, 2018



S
t
a
t
is

t
ic

a
l

A
n
a
ly

si
s

a
n
d

P
a
r
a
m

e
t
e
r

S
e
l
e
c
t
io

n
f
o
r

M
a
p
p
e
r

D
av

id
C

oh
en

-S
te

in
er

,
H

er
b

er
t

E
d
el

sb
ru

n
n
er

,
an

d
J
oh

n
H

ar
er

.
E

x
te

n
d
in

g
p

er
si

st
en

ce
u
si

n
g

P
oi

n
ca

ré
an

d
L

ef
sc

h
et

z
d
u
al

it
y
.

F
o
u

n
d
a
ti

o
n

o
f

C
o
m

p
u

ta
ti

o
n

a
l

M
a
th

em
a
ti

cs
,

9(
1)

:7
9–

10
3,

20
09

.

A
n
to

n
io

C
u
ev

as
.

S
et

es
ti

m
at

io
n
:

an
ot

h
er

b
ri

d
ge

b
et

w
ee

n
st

at
is

ti
cs

an
d

ge
om

et
ry

.
B

o
le

t́ı
n

d
e

E
st

a
d́
ıs

ti
ca

e
In

ve
st

ig
a
ci

ó
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istrib

u
tion

in
th

e
sen

se
of

W
asserstein

d
istan

ce.
T

h
e

reason
for

ch
o
o
sin

g
th

e
W

asserstein
m

etric
is

tw
o-fold

.
O

n
on

e
h
an

d
,

th
e

W
asserstein

am
b
igu

ity
set

is
rich

en
ou

g
h

to
con

tain
b

oth
con

tin
u
ou

s
an

d
d
iscrete

relevan
t

d
istrib

u
tion

s,
w

h
ile

oth
er

m
etrics

su
ch

a
s

th
e

K
L

d
ivergen

ce,
ex

clu
d
e

all
con

tin
u
ou

s
d
istrib

u
tion

s
if

th
e

n
om

in
al

d
is-

trib
u
tio

n
is

d
iscrete

(E
sfah

an
i

an
d

K
u
h
n
,

201
5;

G
ao

an
d

K
ley

w
egt,

201
6).

F
u
rth

erm
o
re,

co
n
sid

erin
g

d
istrib

u
tion

s
w

ith
in

a
K

L
d
istan

ce
from

th
e

em
p
irical,

d
o
es

n
ot

allow
for

p
rob

-
a
b
ility

m
a
ss

o
u
tsid

e
th

e
su

p
p

ort
of

th
e

em
p
irical

d
istrib

u
tion

.
O

n
th

e
oth

er
h
an

d
,

m
easu

re
co

n
cen

tra
tio

n
resu

lts
gu

aran
tee

th
at

th
e

W
asserstein

set
con

tain
s

th
e

tru
e

d
ata-gen

eratin
g

d
istrib

u
tio

n
w

ith
h
igh

con
fi
d
en

ce
for

a
su

ffi
cien

tly
large

sam
p
le

size
(F

ou
rn

ier
an

d
G

u
illin

,
2
0
1
5
).

M
o
reover,

th
e

W
asserstein

m
etric

takes
in

to
accou

n
t

th
e

closen
ess

b
etw

een
su

p
-

p
o
rt

p
o
in

ts
w

h
ile

oth
er

m
etrics

su
ch

as
th

e
φ

-d
ivergen

ce
on

ly
con

sid
er

th
e

p
rob

ab
ilities

of
th

ese
p

o
in

ts.
T

h
e

im
age

retrieval
ex

am
p
le

in
G

ao
an

d
K

ley
w

egt
(2016)

su
ggests

th
at

th
e

p
ro

b
a
b
ilistic

a
m

b
igu

ity
set

con
stru

cted
b
ased

on
th

e
K

L
d
ivergen

ce
p
refers

th
e

p
ath

o
logi-

ca
l

d
istrib

u
tio

n
to

th
e

tru
e

d
istrib

u
tion

,
w

h
ereas

th
e

W
asserstein

d
istan

ce
d
o
es

n
ot

ex
h
ib

it
su

ch
a

p
ro

b
lem

.
T

h
e

reason
lies

in
th

at
φ

-d
ivergen

ce
d
o
es

n
ot

in
corp

orate
a

n
otion

of
close-

n
ess

b
etw

een
tw

o
p

oin
ts,

w
h
ich

in
th

e
con

tex
t

of
im

age
retrieva

l
rep

resen
ts

th
e

p
ercep

tu
al

sim
ila

rity
in

color.

O
u
r

D
R

O
p
rob

lem
m

in
im

izes
th

e
w

orst-case
ab

solu
te

resid
u
al

over
a

W
asserstein

b
all

o
f

d
istrib

u
tio

n
s,

an
d

cou
ld

b
e

relax
ed

to
th

e
follow

in
g

form
:

in
fβ

1N

N
∑i=

1 |y
i −

x
′i β|

+
ε‖(−

β
,1)‖∗ ,

(1)

w
h
ere

ε
is

th
e

rad
iu

s
of

th
e

W
asserstein

b
all,

an
d
‖
·‖∗

is
th

e
d
u
al

n
orm

of
th

e
n
orm

sp
a
ce

w
h
ere

th
e

W
asserstein

m
etric

is
d
efi

n
ed

on
.

F
orm

u
lation

(1)
in

corp
orates

a
w

id
e

cla
ss

o
f

m
o
d
els

w
h
ose

sp
ecifi

c
form

d
ep

en
d
s

on
th

e
n
otion

of
tran

sp
ortatio

n
cost

em
b

ed
d
ed

in
th

e
W

asserstein
m

etric
(see

S
ection

2
).

A
lth

ou
gh

th
e

W
asserstein

D
R

O
form

u
lation
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C
h
e
n
a
n
d

P
a
sc

h
a
l
id
is

sim
p
ly

red
u
ces

to
regu

larized
regression

m
o
d
els,

w
e

w
an

t
to

em
p
h
asize

a
few

n
ew

in
sigh

ts
b
rou

gh
t

b
y

th
is

m
eth

o
d
ology.

F
irst,

th
e

regu
larization

term
con

trols
th

e
con

servativen
ess

of
th

e
W

asserstein
set,

or
th

e
am

ou
n
t

of
am

b
igu

ity
in

th
e

d
ata,

w
h
ich

d
iff

eren
tiates

itself
from

th
e

h
eu

ristically
ad

d
ed

regu
larizers

in
trad

ition
al

regression
m

o
d
els

th
at

serve
th

e
p
u
rp

ose
of

p
reven

tin
g

overfi
ttin

g,
error/varian

ce
red

u
ction

,
or

sp
arsity

recov
ery.

S
econ

d
,

th
e

regu
larization

term
is

d
eterm

in
ed

b
y

th
e

d
u
a
l

n
orm

o
f

th
e

regression
co

effi
cien

t,
w

h
ich

con
trols

th
e

gro
w

th
ra

te
of

th
e
`
1 -loss

fu
n
ction

,
an

d
th

e
rad

iu
s

of
th

e
W

asserstein
set.

T
h
is

con
n
ection

p
rov

id
es

gu
id

an
ce

on
th

e
selection

of
th

e
regu

la
rization

co
effi

cien
t

an
d

m
ay

lead
to

sign
ifi

can
t

com
p
u
tation

al
sav

in
gs

com
p
ared

to
cross-valid

ation
.

D
R

O
essen

tially
en

ab
les

n
ew

an
d

m
ore

accu
rate

in
terp

retation
s

of
th

e
regu

larizer,
an

d
estab

lish
es

its
d
ep

en
d
en

ce
on

th
e

gro
w

th
ra

te
of

th
e

loss,
th

e
u
n
d
erly

in
g

m
etric

sp
ace

an
d

th
e

reliab
ility

of
th

e
ob

served
sam

p
les.

T
h
e

con
n
ection

b
etw

een
rob

u
stn

ess
a
n
d

regu
larization

h
as

b
een

estab
lish

ed
in

several
w

ork
s.

T
h
e

earliest
on

e
m

ay
b

e
cred

ited
to

E
l

G
h
aou

i
an

d
L

eb
ret

(1997),
w

h
o

sh
ow

th
at

m
in

im
izin

g
th

e
w

orst-case
sq

u
ared

resid
u
al

w
ith

in
a

F
rob

en
iu

s
n
orm

-b
ased

p
ertu

rb
ation

set
is

eq
u
ivalen

t
to

T
ik

h
on

ov
regu

larization
.

In
m

ore
recen

t
w

ork
s,

u
sin

g
p
rop

erly
selected

u
n
certain

ty
sets,

X
u

et
al.

(2010)
h
av

e
sh

ow
n

th
e

eq
u
ivalen

ce
b

etw
een

ro
b
u
st

lin
ear

regres-
sion

w
ith

featu
re

p
ertu

rb
ation

s
an

d
th

e
L

ea
st

A
bso

lu
te

S
h
rin

ka
ge

a
n

d
S

electio
n

O
pera

to
r

(L
A

S
S

O
).

Y
an

g
an

d
X

u
(2013)

ex
ten

d
th

is
to

m
o
re

gen
eral

L
A

S
S
O

-like
p
ro

ced
u
res,

in
clu

d
-

in
g

version
s

of
th

e
grou

p
ed

L
A

S
S
O

.
B

ertsim
as

an
d

C
op

en
h
aver

(2017)
give

a
com

p
reh

en
sive

ch
aracterization

o
f

th
e

con
d
ition

s
u
n
d
er

w
h
ich

rob
u
stifi

cation
an

d
regu

larizatio
n

are
eq

u
iv

-
alen

t
for

regression
m

o
d
els

w
ith

d
eterm

in
istic

n
orm

-b
ou

n
d
ed

p
ertu

rb
ation

s
on

th
e

featu
res.

F
or

classifi
cation

p
rob

lem
s,

X
u

et
al.

(2009)
sh

ow
th

e
eq

u
ivalen

ce
b

etw
een

th
e

regu
larized

S
u
p
p

ort
V

ector
M

ach
in

es
(S

V
M

s)
an

d
a

rob
u
st

op
tim

ization
form

u
lation

,
b
y

allow
in

g
p

oten
-

tially
correlated

d
istu

rb
an

ces
in

th
e

covariates.
S
h
afi

eezad
eh

-A
b
a
d
eh

et
al.

(2015)
con

sid
er

a
rob

u
st

version
of

logistic
regression

u
n
d
er

th
e

assu
m

p
tion

th
at

th
e

p
rob

ab
ility

d
istrib

u
tion

s
u
n
d
er

con
sid

eration
lie

in
a

W
asserstein

b
all,

an
d

th
ey

sh
ow

th
at

th
e

regu
larized

logistic
regression

is
a

sp
ecial

case
of

th
is

rob
u
st

form
u
lation

.
R

ecen
tly,

S
h
afi

eezad
eh

-A
b
ad

eh
et

al.
(2017);

G
ao

et
al.

(2017)
h
ave

p
rov

id
ed

a
u
n
ifi

ed
fram

ew
ork

for
con

n
ectin

g
th

e
W

asserstein
D

R
O

w
ith

regu
larized

learn
in

g
p
ro

ced
u
res,

for
variou

s
regressio

n
an

d
classifi

cation
m

o
d
els.

O
u
r

w
ork

is
m

otivated
b
y

th
e

p
rob

lem
of

id
en

tify
in

g
p
atien

ts
w

h
o

receive
an

ab
n
orm

ally
h
igh

rad
iation

ex
p

osu
re

in
C

T
ex

am
s,

given
th

e
p
atien

t
ch

aracteristics
an

d
ex

am
-related

variab
les

(C
h
en

et
al.,

2018).
T

h
is

cou
ld

b
e

casted
as

an
ou

tlier
d
etection

p
rob

lem
;

sp
ecifi

-
cally,

estim
atin

g
a

rob
u
stifi

ed
regression

p
lan

e
th

at
is

im
m

u
n
ized

again
st

ou
tliers

an
d

lea
rn

s
th

e
u
n
d
erly

in
g

tru
e

relation
sh

ip
b

etw
een

rad
iation

d
o
se

an
d

th
e

relevan
t

p
red

ictors.
W

e
fo

cu
s

on
rob

u
st

learn
in

g
of

th
e

p
aram

eter
in

regression
m

o
d
els

u
n
d
er

d
istrib

u
tion

al
p

er-
tu

rb
ation

s
resid

in
g

w
ith

in
a

W
asserstein

b
all.

W
h
ile

th
e

ap
p
licab

ility
of

th
e

W
asserstein

D
R

O
m

eth
o
d
olog

y
is

n
ot

restricted
to

regression
an

aly
sis

(S
in

h
a

et
al.,

2017;
G

ao
et

al.,
2017;

S
h
afi

eezad
eh

-A
b
ad

eh
et

al.,
2017),

or
a

p
articu

lar
form

of
th

e
loss

fu
n
ction

(as
lon

g
as

it
satisfi

es
certain

sm
o
oth

n
ess

con
d
ition

s
(G

ao
et

al.,
201

7)),
w

e
fo

cu
s

on
th

e
ab

solu
te

resid
u
al

loss
in

lin
ear

regression
in

ligh
t

of
ou

r
m

otiva
tin

g
ap

p
lication

an
d

for
th

e
p
u
rp

ose
of

en
h
an

cin
g

rob
u
stn

ess.
O

u
r

con
trib

u
tion

s
can

b
e

su
m

m
arized

as
follow

s:

1.
W

e
d
evelop

a
D

R
O

ap
p
roach

to
rob

u
stify

lin
ea

r
reg

ression
u
sin

g
an

`
1

loss
fu

n
c-

tion
an

d
an

am
b
igu

ity
set

arou
n
d

th
e

em
p
irical

d
istrib

u
tion

of
th

e
train

in
g

sam
p
les

d
efi

n
ed

b
ased

on
th

e
W

asserstein
m

etric.
T

h
e

form
u
lation

is
gen

era
l

en
ou

gh
to

in
-

4
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W
a
ss
e
r
st

e
in

B
a
se

d
D
R
O

f
o
r
R
o
b
u
st

L
e
a
r
n
in
g

cl
u
d
e

an
y

n
or

m
-i

n
d
u
ce

d
W

as
se

rs
te

in
m

et
ri

c
an

d
in

co
rp

or
at

e
ad

d
it

io
n
al

re
gu

la
ri

za
ti

on
co

n
st

ra
in

ts
on

th
e

re
gr

es
si

on
co

effi
ci

en
ts

(e
.g

.,
` 1

-n
or

m
co

n
st

ra
in

ts
).

It
p
ro

v
id

es
a
n

in
tu

it
iv

e
co

n
n
ec

ti
on

b
et

w
ee

n
th

e
am

ou
n
t

of
am

b
ig

u
it

y
al

lo
w

ed
an

d
a

re
g
u
la

ri
za

ti
on

p
en

al
ty

te
rm

in
th

e
ro

b
u
st

fo
rm

u
la

ti
on

,
w

h
ic

h
p
ro

v
id

es
a

n
at

u
ra

l
w

ay
to

ad
ju

st
th

e
la

tt
er

.

2.
W

e
es

ta
b
li
sh

n
ov

el
p

er
fo

rm
an

ce
gu

ar
an

te
es

on
b

ot
h

th
e

ou
t-

of
-s

am
p
le

lo
ss

(p
re

d
ic

ti
on

b
ia

s)
an

d
th

e
d
is

cr
ep

an
cy

b
et

w
ee

n
th

e
es

ti
m

at
ed

an
d

th
e

tr
u
e

re
gr

es
si

on
co

effi
ci

en
ts

(e
st

im
at

io
n

b
ia

s)
.

O
u
r

gu
ar

an
te

es
el

u
ci

d
at

e
th

e
ro

le
of

th
e

re
gu

la
ri

ze
r,

w
h
ic

h
is

re
la

te
d

to
th

e
d
u
al

n
or

m
of

th
e

re
gr

es
si

on
co

effi
ci

en
ts

,
in

b
ou

n
d
in

g
th

e
b
ia

se
s

an
d

ar
e

in
co

n
ce

rt
w

it
h

th
e

th
eo

re
ti

ca
l

fo
u
n
d
at

io
n

th
at

le
ad

s
to

th
e

re
gu

la
ri

ze
d

p
ro

b
le

m
.

T
h
e

ge
n
er

al
iz

at
io

n
er

ro
r

b
ou

n
d
,
in

p
ar

ti
cu

la
r,

b
u
il
d
s

a
co

n
n
ec

ti
on

b
et

w
ee

n
th

e
lo

ss
fu

n
ct

io
n

an
d

th
e

fo
rm

of
th

e
re

gu
la

ri
ze

r
v
ia

R
ad

em
ac

h
er

co
m

p
le

x
it

y,
p
ro

v
id

in
g

a
ri

go
ro

u
s

ex
p
la

n
at

io
n

fo
r

th
e

co
m

m
on

ly
ob

se
rv

ed
go

o
d

ou
t-

of
-s

am
p
le

p
er

fo
rm

an
ce

of
re

gu
la

ri
ze

d
re

gr
es

si
on

.
O

n
th

e
ot

h
er

h
an

d
,

th
e

es
ti

m
at

io
n

er
ro

r
b

o
u
n
d

co
rr

ob
or

at
es

th
e

va
li
d
it

y
of

th
e
` 1

-l
os

s
fu

n
ct

io
n
,
w

h
ic

h
te

n
d
s

to
in

cu
r

a
lo

w
er

es
ti

m
at

io
n

b
ia

s
th

an
ot

h
er

ca
n
d
id

at
es

su
ch

as
th

e
` 2

an
d
` ∞

lo
ss

es
.

O
u
r

re
su

lt
s

ar
e

n
ov

el
in

th
e

ro
b
u
st

re
gr

es
si

on
se

tt
in

g
an

d
d
iff

er
en

t
fr

om
ea

rl
ie

r
w

or
k

in
th

e
D

R
O

li
te

ra
tu

re
,

en
ab

li
n
g

n
ew

p
er

sp
ec

ti
ve

s
an

d
in

te
rp

re
ta

ti
on

s
of

th
e

n
or

m
-b

as
ed

re
gu

la
ri

za
ti

on
,

an
d

p
ro

v
id

in
g

ju
st

ifi
ca

ti
on

s
fo

r
th

e
` 1

-l
os

s-
b
as

ed
le

ar
n
in

g
al

go
ri

th
m

s.

3.
W

e
em

p
ir

ic
al

ly
ex

p
lo

re
th

re
e

im
p

or
ta

n
t

as
p

ec
ts

of
th

e
W

as
se

rs
te

in
D

R
O

fo
rm

u
la

ti
on

,
in

cl
u
d
in

g
th

e
ad

va
n
ta

ge
s

of
th

e
` 1

-l
os

s
fu

n
ct

io
n
,

th
e

se
le

ct
io

n
of

a
p
ro

p
er

n
o
rm

fo
r

th
e

W
as

se
rs

te
in

m
et

ri
c,

an
d

th
e

im
p
li
ca

ti
o
n

of
p

en
al

iz
in

g
th

e
ex

te
n

d
ed

re
gr

es
si

o
n

co
effi

-
ci

en
t

(−
β
,1

),
b
y

co
m

p
ar

in
g

w
it

h
a

se
ri

es
of

re
gr

es
si

on
m

o
d
el

s
on

a
n
u
m

b
er

o
f
sy

n
th

et
ic

d
at

as
et

s.
W

e
sh

ow
th

e
su

p
er

io
ri

ty
of

th
e

W
as

se
rs

te
in

D
R

O
ap

p
ro

a
ch

,
p
re

se
n
ti

n
g

a
th

or
ou

gh
an

al
y
si

s
u
n
d
er

fo
u
r

d
iff

er
en

t
ex

p
er

im
en

ta
l

se
tu

p
s.

W
e

al
so

co
n
si

d
er

th
e

ap
-

p
li
ca

ti
on

of
ou

r
m

et
h
o
d
ol

og
y

to
ou

tl
ie

r
d
et

ec
ti

on
an

d
co

m
p
ar

e
w

it
h

M
-e

st
im

at
io

n
in

te
rm

s
of

th
e

ab
il
it

y
of

id
en

ti
fy

in
g

ou
tl

ie
rs

(R
O

C
(R

ec
ei

ve
r

O
pe

ra
ti

n
g

C
h
a
ra

ct
er

is
ti

c)
cu

rv
es

).
T

h
e

W
as

se
rs

te
in

D
R

O
fo

rm
u
la

ti
on

ac
h
ie

v
es

si
gn

ifi
ca

n
tl

y
h
ig

h
er

A
U

C
(A

re
a

U
n

d
er

C
u

rv
e)

va
lu

es
.

T
h
e

re
st

of
th

e
p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s.
In

S
ec

ti
on

2
,

w
e

in
tr

o
d
u
ce

th
e

W
as

se
rs

te
in

m
et

ri
c

an
d

d
er

iv
e

th
e

ge
n
er

al
W

as
se

rs
te

in
D

R
O

fo
rm

u
la

ti
on

in
a

li
n
ea

r
re

gr
es

si
on

fr
a
m

ew
o
rk

.
S
ec

ti
on

3
es

ta
b
li
sh

es
p

er
fo

rm
an

ce
gu

ar
an

te
es

fo
r

b
ot

h
th

e
ge

n
er

al
fo

rm
u
la

ti
on

an
d

th
e

sp
ec

ia
l

ca
se

w
h
er

e
th

e
W

as
se

rs
te

in
m

et
ri

c
is

d
efi

n
ed

on
th

e
` 1

-n
or

m
sp

ac
e.

N
u
m

er
ic

al
ex

p
er

im
en

ta
l

re
su

lt
s

ar
e

p
re

se
n
te

d
in

S
ec

ti
on

4.
W

e
co

n
cl

u
d
e

th
e

p
ap

er
in

S
ec

ti
on

5.

N
o
ta

ti
o
n

a
l

c
o
n
v
e
n
ti

o
n

s:
W

e
u
se

b
ol

d
fa

ce
d

lo
w

er
ca

se
le

tt
er

s
to

d
en

ot
e

ve
ct

or
s,

or
-

d
in

ar
y

lo
w

er
ca

se
le

tt
er

s
to

d
en

ot
e

sc
al

ar
s,

b
ol

d
fa

ce
d

u
p
p

er
ca

se
le

tt
er

s
to

d
en

ot
e

m
at

ri
-

ce
s,

an
d

ca
ll
ig

ra
p
h
ic

ca
p
it

al
le

tt
er

s
to

d
en

ot
e

se
ts

.
E

d
en

ot
es

ex
p

ec
ta

ti
on

an
d
P

p
ro

b
a-

b
il
it

y
of

an
ev

en
t.

A
ll

ve
ct

or
s

ar
e

co
lu

m
n

ve
ct

or
s.

F
or

sp
ac

e
sa

v
in

g
re

as
on

s,
w

e
w

ri
te

x
=

(x
1
,.
..
,x

d
im

(x
))

to
d
en

ot
e

th
e

co
lu

m
n

ve
ct

or
x

,
w

h
er

e
d
im

(x
)

is
th

e
d
im

en
si

on
of

x
.

W
e

u
se

p
ri

m
e

to
d
en

ot
e

th
e

tr
an

sp
os

e
of

a
ve

ct
or

,
‖·
‖

fo
r

th
e

ge
n
er

al
n
or

m
op

er
at

or
,
‖·
‖ 2

fo
r

th
e
` 2

n
or

m
,
‖·
‖ 1

fo
r

th
e
` 1

n
o
rm

,
an

d
‖·
‖ ∞

fo
r

th
e

in
fi
n
it

y
n
or

m
.
P

(Z
)

d
en

ot
es

th
e

se
t

of
p
ro

b
ab

il
it

y
m

ea
su

re
s

su
p
p

or
te

d
on
Z

.
e
i

d
en

ot
es

th
e
i-

th
u
n
it

ve
ct

or
,

e
th

e
ve

ct
or

of
on

es
,
0

a
v
ec

to
r

of
ze

ro
s,

an
d

I
th

e
id

en
ti

ty
m

at
ri

x
.

G
iv

en
a

n
or

m
‖·
‖

on
R
m

,
th

e
d
u
al
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C
h
e
n
a
n
d

P
a
sc

h
a
l
id
is

n
or

m
‖·
‖ ∗

is
d
efi

n
ed

as
:
‖θ
‖ ∗
,

su
p
‖z
‖≤

1
θ
′ z

.
F

or
a

fu
n
ct

io
n
h

(z
),

it
s

co
n
ve

x
co

n
ju

g
at

e

h
∗ (
·)

is
d
efi

n
ed

as
:
h
∗ (
θ

)
,

su
p

z
∈d

o
m
h
{θ
′ z
−
h

(z
)}
,

w
h
er

e
d
om

h
d
en

ot
es

th
e

d
o
m

a
in

o
f

th
e

fu
n
ct

io
n
h

.

2
.

P
ro

b
le

m
S
ta

te
m

e
n
t

a
n
d

J
u
st

ifi
ca

ti
o
n

o
f

O
u
r

F
o
rm

u
la

ti
o
n

C
on

si
d
er

a
li
n
ea

r
re

gr
es

si
on

p
ro

b
le

m
w

h
er

e
w

e
ar

e
gi

ve
n

a
p
re

d
ic

to
r/

fe
at

u
re

ve
ct

o
r

x
∈

R
m
−

1
,

an
d

a
re

sp
on

se
va

ri
ab

le
y
∈

R
.

O
u
r

go
al

is
to

ob
ta

in
an

a
cc

u
ra

te
es

ti
m

a
te

o
f

th
e

re
gr

es
si

on
p
la

n
e

th
at

is
ro

b
u
st

w
it

h
re

sp
ec

t
to

th
e

ad
ve

rs
ar

ia
l

p
er

tu
rb

at
io

n
s

in
th

e
d
a
ta

.
W

e
co

n
si

d
er

an
` 1

-l
os

s
fu

n
ct

io
n
h
β

(x
,y

)
,
|y
−

x
′ β
|,

m
ot

iv
at

ed
b
y

th
e

o
b
se

rv
a
ti

o
n

th
a
t

th
e

ab
so

lu
te

lo
ss

fu
n
ct

io
n

is
m

or
e

ro
b
u
st

to
la

rg
e

re
si

d
u
al

s
th

an
th

e
sq

u
ar

ed
lo

ss
(s

ee
F

ig
.

1
).

M
or

eo
ve

r,
th

e
es

ti
m

at
io

n
er

ro
r

an
al

y
si

s
p
re

se
n
te

d
in

S
ec

ti
on

3.
2

su
gg

es
ts

th
a
t

th
e
` 1

-l
o
ss

fu
n
ct

io
n

le
ad

s
to

a
sm

al
le

r
es

ti
m

at
io

n
b
ia

s
th

an
ot

h
er

s.
O

u
r

W
as

se
rs

te
in

D
R

O
p
ro

b
le

m
u
si

n
g

th
e
` 1

-l
os

s
fu

n
ct

io
n

is
fo

rm
u
la

te
d

as
:

in
f

β
∈B

su
p

Q
∈Ω

EQ
[ |y
−

x
′ β
|] ,

(2
)

w
h
er

e
β

is
th

e
re

gr
es

si
on

co
effi

ci
en

t
v
ec

to
r

th
at

b
el

o
n
gs

to
so

m
e

se
t
B.
B

co
u
ld

b
e
R
m
−

1
,

or
B

=
{β

:
‖β
‖ 1
≤
l}

if
w

e
w

is
h

to
in

d
u
ce

sp
ar

si
ty

,
w

it
h
l

b
ei

n
g

so
m

e
p
re

-s
p

ec
ifi

ed
n
u
m

b
er

.
Q

is
th

e
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
of

(x
,y

),
b

el
o
n
gi

n
g

to
so

m
e

se
t

Ω
w

h
ic

h
is

d
efi

n
ed

a
s:

Ω
,
{Q
∈
P

(Z
)

:
W
p
(Q
,
P̂ N

)
≤
ε}
,

w
h
er

e
Z

is
th

e
se

t
of

p
os

si
b
le

va
lu

es
fo

r
(x
,y

);
P

(Z
)

is
th

e
sp

ac
e

of
al

l
p
ro

b
a
b
il
it

y
d
is

tr
i-

b
u
ti

on
s

su
p
p

or
te

d
on
Z

;
ε

is
a

p
re

-s
p

ec
ifi

ed
ra

d
iu

s
of

th
e

W
as

se
rs

te
in

b
al

l;
a
n
d
W
p
(Q
,
P̂ N

)

is
th

e
or

d
er

-p
W

as
se

rs
te

in
d
is

ta
n
ce

b
et

w
ee

n
Q

an
d
P̂ N

(s
ee

d
efi

n
it

io
n

in
(3

))
,

w
it

h
P̂ N

th
e

u
n
if

or
m

em
p
ir

ic
al

d
is

tr
ib

u
ti

on
ov

er
sa

m
p
le

s.
T

h
e

fo
rm

u
la

ti
on

in
(2

)
is

ro
b
u
st

si
n
ce

it
m

in
i-

m
iz

es
ov

er
th

e
re

gr
es

si
on

co
effi

ci
en

ts
th

e
w

or
st

ca
se

ex
p

ec
te

d
lo

ss
,

th
at

is
,

th
e

ex
p

ec
te

d
lo

ss
m

ax
im

iz
ed

ov
er

al
l

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

o
n
s

in
th

e
a
m

b
ig

u
it

y
se

t
Ω

.
B

ef
or

e
d
er

iv
in

g
a

tr
ac

ta
b
le

re
fo

rm
u
la

ti
on

fo
r

(2
),

le
t

u
s

fi
rs

t
d
efi

n
e

th
e

W
a
ss

er
st

ei
n

m
et

ri
c.

L
et

(Z
,s

)
b

e
a

m
et

ri
c

sp
ac

e
w

h
er

e
Z

is
a

se
t

an
d
s

is
a

m
et

ri
c

on
Z

.
T

h
e

W
a
ss

er
st

ei
n

m
et

ri
c

of
or

d
er
p
≥

1
d
efi

n
es

th
e

d
is

ta
n
ce

b
et

w
ee

n
tw

o
p
ro

b
a
b
il
it

y
d
is

tr
ib

u
ti

o
n
s
Q

1
a
n
d
Q

2

in
th

e
fo

ll
ow

in
g

w
ay

:

W
p
(Q

1
,Q

2
)
,
(

m
in

Π
∈P

(Z
×
Z

){ ∫

Z
×
Z

( s
((

x
1
,y

1
),

(x
2
,y

2
))
) p

Π
( d

(x
1
,y

1
),
d
(x

2
,y

2
))
})

1
/
p

,
(3

)

w
h
er

e
Π

is
th

e
jo

in
t

d
is

tr
ib

u
ti

on
of

(x
1
,y

1
)

a
n
d

(x
2
,y

2
)

w
it

h
m

ar
gi

n
al

s
Q

1
a
n
d
Q

2
,

re
sp

ec
-

ti
ve

ly
.

T
h
e

W
as

se
rs

te
in

d
is

ta
n
ce

b
et

w
ee

n
Q

1
an

d
Q

2
re

p
re

se
n
ts

th
e

co
st

of
an

o
p
ti

m
a
l

m
as

s
tr

an
sp

or
ta

ti
on

p
la

n
,

w
h
er

e
th

e
co

st
is

m
ea

su
re

d
th

ro
u
gh

th
e

m
et

ri
c
s.

T
h
e

o
rd

er
p

sh
o
u
ld

b
e

se
le

ct
ed

in
su

ch
a

w
ay

as
to

en
su

re
th

at
th

e
w

or
st

-c
as

e
ex

p
ec

te
d

lo
ss

is
m

ea
n
in

g
fu

ll
y

d
efi

n
ed

,
i.
e.

,
EQ
[ h

β
(x
,y

)]
<
∞
,
∀Q
∈

Ω
.

(4
)

N
ot

ic
e

th
at

th
e

am
b
ig

u
it

y
se

t
Ω

is
ce

n
te

re
d

at
th

e
em

p
ir

ic
al

d
is

tr
ib

u
ti

on
P̂ N

a
n
d

h
a
s

ra
d
iu

s
ε.

It
m

ay
b

e
d
es

ir
ab

le
to

tr
an

sl
at

e
(4

)
in

to
:

∣ ∣ ∣E
Q
[ h

β
(x
,y

)]
−

EP̂
N
[ h

β
(x
,y

)]
∣ ∣ ∣<
∞
,
∀Q
∈

Ω
.

(5
)
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W
a
sse

r
st

e
in

B
a
se

d
D
R
O

f
o
r
R
o
b
u
st

L
e
a
r
n
in
g

-2
-1
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.5

0
0
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1

1
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T
h

e
 re

s
id

u
a
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0

0
.5 1

1
.5 2

2
.5 3

3
.5 4

The losses

A
b

s
o

lu
te

 lo
s
s

S
q

u
a
re

d
 lo

s
s

F
igu

re
1:

C
om

p
arison

b
etw

een
`
1

an
d
`
2

loss
fu

n
ction

s.

W
e

w
a
n
t

to
relate

(5)
w

ith
th

e
W

asserstein
d
istan

ce
W
p (Q

,
P̂
N

),
w

h
ich

is
n
o

larger
th

an
ε

fo
r

a
llQ
∈

Ω
.

T
h
e

L
H

S
of

(5)
cou

ld
b

e
w

ritten
as:

∣∣∣ E
Q [h

β
(x
,y

) ]−
E
P̂
N [h

β
(x
,y

) ] ∣∣∣

=

∣∣∣∣ ∫Z
h
β

(x
1 ,y

1 )Q
(d

(x
1 ,y

1 ))−
∫Z

h
β

(x
2 ,y

2 )P̂
N

(d
(x

2 ,y
2 )) ∣∣∣∣

=

∣∣∣∣ ∫Z
h
β

(x
1 ,y

1 ) ∫Z
Π

0 (d
(x

1 ,y
1 ),d

(x
2 ,y

2 ))−
∫Z

h
β

(x
2 ,y

2 ) ∫Z
Π

0 (d
(x

1 ,y
1 ),d

(x
2 ,y

2 )) ∣∣∣∣

≤
∫Z
×
Z ∣∣h

β
(x

1 ,y
1 )−

h
β

(x
2 ,y

2 ) ∣∣Π
0 (d

(x
1 ,y

1 ),d
(x

2 ,y
2 )),

(6)

w
h
ere

Π
0

is
th

e
join

t
d
istrib

u
tion

of
(x

1 ,y
1 )

a
n
d

(x
2 ,y

2 )
w

ith
m

argin
als

Q
an

d
P̂
N

,
resp

ec-
tively.

C
o
m

p
a
rin

g
(6)

w
ith

(3),
w

e
see

th
at

for
(5)

to
h
old

,
th

e
follow

in
g

q
u
an

tity
w

h
ich

ch
a
ra

cterizes
th

e
gro

w
th

ra
te

of
th

e
loss

fu
n
ction

n
eed

s
to

b
e

b
ou

n
d
ed

:

G
R
h
β
((x

1 ,y
1 ),(x

2 ,y
2 )),

∣∣h
β

(x
1 ,y

1 )−
h
β

(x
2 ,y

2 ) ∣∣
(s((x

1 ,y
1 ),(x

2 ,y
2 )) )

p
,
∀
(x

1 ,y
1 ),(x

2 ,y
2 )∈

Z
.

(7)

A
fo

rm
a
l

d
efi

n
ition

of
th

e
grow

th
ra

te
is

d
u
e

to
G

ao
an

d
K

ley
w

egt
(2016),

w
h
ich

takes
th

e
lim

it
o
f

(7
)

as
s((x

1 ,y
1 ),(x

2 ,y
2 ))
→
∞

,
to

elim
in

ate
its

d
ep

en
d
en

ce
on

(x
,y

).
O

n
e

im
p

o
rta

n
t

a
sp

ect
th

ey
h
ave

p
oin

ted
ou

t
is

th
at

w
h
en

th
e

grow
th

rate
of

th
e

lo
ss

fu
n
ction

is
in

fi
n
ite,

stro
n
g

d
u
ality

for
th

e
w

orst-case
p
rob

lem
su

p
Q∈

Ω
E
Q [h

β
(x
,y

) ]
fails

to
h
o
ld

,
in

w
h
ich

ca
se

th
e

D
R

O
p
rob

lem
(2)

b
ecom

es
in

tracta
b
le.

A
ssu

m
in

g
th

at
th

e
m

etric
s

is
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C
h
e
n
a
n
d

P
a
sc

h
a
l
id
is

in
d
u
ced

b
y

som
e

n
orm

‖·‖
,

th
e

b
ou

n
d
ed

gro
w

th
ra

te
req

u
irem

en
t

is
ex

p
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p
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si
on

an
d

cl
as

si
fi
ca

ti
on

m
o
d
el

s.
W

e
a
d
o
p
t

th
e

ab
so

lu
te

re
si

d
u
al

lo
ss

in
th

is
p
ap

er
to

en
h
an

ce
th

e
ro

b
u
st

n
es

s
of

th
e

fo
rm

u
la

ti
o
n
,

w
h
ic

h
is

th
e

fo
cu

s
of

ou
r

w
or

k
an

d
se

rv
es

th
e

p
u
rp

os
e

of
es

ti
m

at
in

g
ro

b
u
st

p
a
ra

m
et

er
s

th
a
t

a
re

im
m

u
n
iz

ed
ag

ai
n
st

p
er

tu
rb

at
io

n
s/

ou
tl

ie
rs

.
N

ot
ic

e
th

at
(1

0)
co

in
ci

d
es

w
it

h
th

e
re

g
u
la

ri
ze

d
L

A
D

m
o
d
el

s
(P

ol
la

rd
,

19
91

;
W

an
g

et
al

.,
20

06
),

ex
ce

p
t

th
at

w
e

ar
e

re
gu

la
ri

zi
n
g

a
va

ri
a
n
t

of
th

e
re

gr
es

si
on

co
effi

ci
en

t.
W

e
w

ou
ld

li
ke

to
h
ig

h
li
gh

t
se

ve
ra

l
n
ov

el
v
ie

w
p

o
in

ts
th

a
t

a
re

10
JM

L
R

 1
9(

13
):

1-
48

, 2
01

8



W
a
sse

r
st

e
in

B
a
se

d
D
R
O

f
o
r
R
o
b
u
st

L
e
a
r
n
in
g

b
ro

u
g
h
t

b
y

th
e

W
asserstein

D
R

O
fram

ew
ork

an
d

ju
stify

th
e

valu
e

an
d

n
ov

elty
of

(10
).

F
irst,

(10
)

is
o
b
tain

ed
as

an
ou

tco
m

e
of

a
fu

n
d
am

en
tal

D
R

O
form

u
lation

,
w

h
ich

en
ab

les
n
ew

in
terp

reta
tion

s
of

th
e

regu
larizer

from
th

e
stan

d
p

oin
t

of
d
istrib

u
tion

al
rob

u
stn

ess,
an

d
p
rov

id
es

rig
o
ro

u
s

th
eoretical

fou
n
d
ation

on
w

h
y

th
e
`
2 -regu

larizer
p
rev

en
ts

overfi
ttin

g
to

th
e

tra
in

in
g

d
a
ta.

T
h
e

regu
larizer

cou
ld

b
e

seen
as

a
con

trol
over

th
e

am
ou

n
t

of
am

b
igu

ity
in

th
e

d
a
ta

a
n
d

reveals
th

e
reliab

ility
of

th
e

con
tam

in
ated

sam
p
les.

S
econ

d
,

th
e

geom
etry

of
th

e
W

a
sserstein

b
all

is
em

b
ed

d
ed

in
th

e
regu

larization
term

,
w

h
ich

p
en

alizes
th

e
reg

ression
co

effi
cien

t
o
n

th
e

d
u
al

W
asserstein

sp
ace,

w
ith

th
e

m
agn

itu
d
e

of
p

en
alty

b
ein

g
th

e
rad

iu
s

o
f

th
e

b
a
ll.

T
h
is

off
ers

an
in

tu
itiv

e
in

terp
retation

an
d

p
rov

id
es

gu
id

an
ce

on
h
ow

to
set

th
e

reg
u
la

riza
tio

n
co

effi
cien

t.
M

oreover,
d
iff

eren
t

from
th

e
trad

ition
al

regu
larized

L
A

D
m

o
d
els

th
a
t

d
irectly

p
en

alize
th

e
regression

co
effi

cien
t
β

,
w

e
reg

u
larize

th
e

vecto
r

(−
β
,1),

w
h
ere

th
e

1
ta

kes
in

to
accou

n
t

th
e

tran
sp

ortation
cost

alon
g

th
e
y

d
irection

.
P

en
alizin

g
on

ly
on

β
co

rresp
o
n
d
s

to
an

in
fi
n
ite

tran
sp

ortation
cost

alon
g
y
.

O
u
r

m
o
d
el

is
m

ore
gen

eral
in

th
is

sen
se,

a
n
d

esta
b
lish

es
th

e
con

n
ection

b
etw

een
th

e
m

etric
sp

ace
on

d
ata

an
d

th
e

fo
rm

of
th

e
reg

u
la

rizer.

3
.

P
e
rfo

rm
a
n
ce

G
u
a
ra

n
te

e
s

H
av

in
g

o
b
ta

in
ed

a
tractab

le
reform

u
lation

for
th

e
W

asserstein
D

R
O

p
rob

lem
,

w
e

n
ex

t
es-

ta
b
lish

g
u
a
ra

n
tees

on
th

e
p
red

ictive
p

ow
er

an
d

estim
ation

q
u
ality

for
th

e
so

lu
tion

to
(10).

T
w

o
ty

p
es

o
f

resu
lts

w
ill

b
e

p
resen

ted
in

th
is

section
,

on
e

of
w

h
ich

b
ou

n
d
s

th
e

p
red

iction
b
ia

s
of

th
e

estim
ator

on
n
ew

,
fu

tu
re

d
ata

(given
in

S
ection

3.1).
T

h
e

oth
er

on
e

th
at

b
ou

n
d
s

th
e

d
iscrep

a
n
cy

b
etw

een
th

e
estim

ated
an

d
tru

e
regression

p
lan

es
(estim

ation
b
ias),

is
g
iven

in
S
ectio

n
3
.2

.

3
.1

O
u

t-o
f-S

a
m

p
le

P
e
rfo

rm
a
n

c
e

In
th

is
su

b
section

w
e

in
vestigate

gen
eralization

ch
aracteristics

of
th

e
solu

tion
to

(10),
w

h
ich

in
vo

lv
es

m
ea

su
rin

g
th

e
error

gen
erated

b
y

ou
r

estim
ator

on
a

n
ew

ran
d
om

sam
p
le

(x
,y

).
W

e
w

o
u
ld

lik
e

to
ob

tain
estim

ates
th

at
n
ot

on
ly

ex
p
lain

th
e

ob
served

sam
p
les

w
ell,

b
u
t,

m
o
re

im
p

o
rta

n
tly,

p
ossess

stron
g

gen
eralization

ab
ilities.

T
h
e

d
erivation

is
m

a
in

ly
b
ased

on
R

a
d
em

a
ch

er
co

m
p
lexity

(see
B

artlett
an

d
M

en
d
elson

,
2002),

w
h
ich

is
a

m
easu

rem
en

t
of

th
e

co
m

p
lex

ity
o
f

a
class

of
fu

n
ction

s.
W

e
w

ou
ld

like
to

em
p
h
asize

th
e

ap
p
licab

ility
of

su
ch

a
p
ro

o
f

tech
n
iq

u
e

to
gen

eral
loss

fu
n
ction

s,
as

lon
g

as
th

eir
em

p
irical

R
ad

em
ach

er
co

m
p
lex

ity
co

u
ld

b
e

b
ou

n
d
ed

.
T

h
e

b
ou

n
d

w
e

d
erive

for
th

e
p
red

iction
b
ias

d
ep

en
d
s

on
b

oth
th

e
sa

m
p
le

av
era

g
e

loss
(th

e
train

in
g

error)
an

d
th

e
d
u
a
l

n
orm

of
th

e
regressio

n
co

effi
cien

t
(th

e
reg

u
la

rizer),
w

h
ich

corrob
orates

th
e

valid
ity

an
d

n
ecessity

of
ou

r
regu

larized
form

u
lation

.
M

o
reover,

th
e

g
en

eralization
resu

lt
also

b
u
ild

s
a

con
n
ection

b
etw

een
th

e
loss

fu
n
ction

an
d

th
e

fo
rm

o
f

th
e

regu
larizer

v
ia

R
ad

em
ach

er
com

p
lex

ity,
w

h
ich

en
ab

les
n
ew

in
sigh

ts
in

to
th

e
reg

u
la

riza
tio

n
term

an
d

ex
p
lain

s
th

e
com

m
on

ly
ob

served
go

o
d

ou
t-of-sam

p
le

p
erform

an
ce

o
f

regu
la

rized
regression

in
a

rigorou
s

w
ay.

W
e

fi
rst

m
ak

e
sev

eral
m

ild
assu

m
p
tion

s
th

at
are

n
eed

ed
fo

r
th

e
gen

eralization
resu

lt.

A
ssu

m
p

tio
n

A
T

h
e

n
o
rm

o
f

th
e

u
n

certa
in

ty
pa

ra
m

eter
(x
,y

)
is

bo
u

n
d
ed

a
bo

ve
a
lm

o
st

su
rely,

i.e.,‖(x
,y

)‖
≤
R
.
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C
h
e
n
a
n
d

P
a
sc

h
a
l
id
is

A
ssu

m
p

tio
n

B
T

h
e

d
u

a
l

n
o
rm

o
f

(−
β
,1)

is
bo

u
n

d
ed

a
bo

ve
w

ith
in

th
e

fea
sible

regio
n

,
n

a
m

ely,
su

p
β∈B ‖(−

β
,1)‖∗

=
B̄
.

U
n
d
er

th
ese

tw
o

assu
m

p
tion

s,
th

e
ab

solu
te

loss
cou

ld
b

e
b

ou
n
d
ed

v
ia

th
e

C
au

ch
y
-S

ch
w

arz
in

eq
u
ality.

L
e
m

m
a

3
.1

F
o
r

every
fea

sible
β

,
it

fo
llo

w
s

|y−
x
′β|≤

B̄
R
,

a
lm

o
st

su
rely.

W
ith

th
e

ab
ov

e
resu

lt,
th

e
id

ea
is

to
b

ou
n
d

th
e

gen
eralization

error
u
sin

g
th

e
em

p
irical

R
a
d
em

a
ch

er
co

m
p
lexity

of
th

e
follow

in
g

class
of

loss
fu

n
ction

s:

H
=
{
(x
,y

)7→
h
β

(x
,y

)
:
h
β

(x
,y

)
=
|y−

x
′β|,

β
∈
B}
.

W
e

n
eed

to
sh

ow
th

at
th

e
em

p
irical

R
ad

em
ach

er
com

p
lex

ity
ofH

,
d
en

oted
b
y
R
N

(H
),

is
u
p
p

er
b

ou
n
d
ed

.
T

h
e

follow
in

g
resu

lt,
sim

ilar
to

L
em

m
a

3
in

B
ertsim

as
et

al.
(2

015),
p
rov

id
es

a
b

ou
n
d

th
at

is
in

versely
p
rop

ortion
al

to
th

e
sq

u
are

ro
ot

of
th

e
sam

p
le

size.

L
e
m

m
a

3
.2

R
N

(H
)≤

2
B̄
R

√
N
.

L
et
β̂

b
e

an
op

tim
al

solu
tion

to
(10),

ob
tain

ed
u
sin

g
th

e
sam

p
les

(x
i ,y

i ),
i

=
1
,...,N

.
S
u
p
p

ose
w

e
d
raw

a
n
ew

i.i.d
.

sam
p
le

(x
,y

).
In

T
h
eorem

3.3
w

e
estab

lish
b

ou
n
d
s

on
th

e
error|y−

x
′β̂|.

T
h

e
o
re

m
3
.3

U
n

d
er

A
ssu

m
p
tio

n
s

A
a
n

d
B

,
fo

r
a
n

y
0
<
δ
<

1,
w

ith
p
ro

ba
bility

a
t

lea
st

1−
δ

w
ith

respect
to

th
e

sa
m

p
lin

g,

E
[|y−

x
′β̂|]≤

1N

N
∑i=

1 |y
i −

x
′i β̂|

+
2
B̄
R

√
N

+
B̄
R √

8
log

(2/δ)

N
,

(14)

a
n

d
fo

r
a
n

y
ζ
>

2
B̄
R

√
N

+
B̄
R √

8
lo

g
(2
/
δ
)

N
,

P (|y−
x
′β̂|≥

1N

N
∑i=

1 |y
i −

x
′i β̂|+

ζ )
≤

1N

∑
Ni=

1 |y
i −

x
′i β̂|+

2
B̄
R

√
N

+
B̄
R √

8
lo

g
(2
/
δ
)

N

1N

∑
Ni=

1 |y
i −

x
′i β̂|

+
ζ

.
(15)

T
h
ere

are
tw

o
p
rob

ab
ility

m
easu

res
in

th
e

statem
en

t
of

T
h
eorem

3.3.
O

n
e

is
related

to
th

e
n
ew

d
ata

(x
,y

),
w

h
ile

th
e

oth
er

is
related

to
th

e
sam

p
les

(x
1 ,y

1 ),...,(x
N
,y
N

).
T

h
e

ex
p

ectation
in

(14)
(an

d
th

e
p
rob

ab
ility

in
(15))

is
taken

w
.r.t.

th
e

n
ew

d
ata

(x
,y

).
F

or
a

given
set

of
sam

p
les,

(14)
(an

d
(15))

h
o
ld

s
w

ith
p
rob

ab
ility

at
least

1−
δ

w
.r.t.

th
e

m
easu

re
of

sam
p
les.

T
h
eorem

3.3
essen

tially
say

s
th

at
given

ty
p
ical

sam
p
les,

th
e

ex
p

ected
loss

on
n
ew

d
ata

u
sin

g
ou

r
W

asserstein
D

R
O

estim
ator

cou
ld

b
e

b
ou

n
d
ed

ab
ove

b
y

th
e

average
sam

p
le

loss
p
lu

s
ex

tra
term

s
th

at
d
ep

en
d

on
th

e
su

p
rem

u
m

of‖
(−
β
,1)‖∗

(ou
r

regu
larizer),

an
d
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W
a
ss
e
r
st

e
in

B
a
se

d
D
R
O

f
o
r
R
o
b
u
st

L
e
a
r
n
in
g

ar
e

p
ro

p
or

ti
on

al
to

1/
√
N

.
T

h
is

re
su

lt
va

li
d
at

es
th

e
d
u
al

n
or

m
-b

as
ed

re
gu

la
ri

ze
d

re
gr

es
si

on
fr

om
th

e
p

er
sp

ec
ti

ve
of

ge
n
er

al
iz

at
io

n
ab

il
it

y,
an

d
co

u
ld

b
e

ge
n
er

al
iz

ed
to

an
y

b
ou

n
d
ed

lo
ss

fu
n
ct

io
n
.

It
al

so
p
ro

v
id

es
im

p
li
ca

ti
on

s
o
n

th
e

fo
rm

of
th

e
re

gu
la

ri
ze

r.
F

or
ex

am
p
le

,
if

gi
ve

n
an

` 2
-l

os
s

fu
n
ct

io
n
,

th
e

d
ep

en
d
en

cy
on

B̄
fo

r
th

e
ge

n
er

al
iz

at
io

n
er

ro
r

b
ou

n
d

w
il
l

b
e

of
th

e
fo

rm
B̄

2
,

w
h
ic

h
su

gg
es

ts
u
si

n
g
‖(
−
β
,1

)‖
2 ∗

as
a

re
g
u
la

ri
ze

r,
re

d
u
ci

n
g

to
a

va
ri

an
t

of
ri

d
ge

re
gr

es
si

on
(H

o
er

l
an

d
K

en
n
ar

d
,

19
70

)
fo

r
‖·
‖ 2

in
d
u
ce

d
W

as
se

rs
te

in
m

et
ri

c.
W

e
al

so
n
ot

e
th

at
th

e
u
p
p

er
b

ou
n
d
s

in
(1

4)
an

d
(1

5)
d
o

n
ot

d
ep

en
d

on
th

e
d
im

en
si

on
of

(x
,y

).
T

h
is

d
im

en
si

on
al

it
y
-f

re
e

ch
ar

a
ct

er
is

ti
c

im
p
li
es

d
ir

ec
t

ap
p
li
ca

b
il
it

y
o
f

ou
r

W
as

se
rs

te
in

ap
p
ro

ac
h

to
h
ig

h
-d

im
en

si
on

al
se

tt
in

gs
an

d
is

p
ar

ti
cu

la
rl

y
u
se

fu
l

in
m

an
y

re
al

ap
p
li
ca

ti
on

s
w

h
er

e,
p

ot
en

ti
al

ly
,
h
u
n
d
re

d
s

of
fe

at
u
re

s
m

ay
b

e
p
re

se
n
t.

T
h
eo

re
m

3.
3

al
so

p
ro

v
id

es
gu

id
an

ce
on

th
e

n
u
m

b
er

of
sa

m
p
le

s
th

at
ar

e
n
ee

d
ed

to
ac

h
ie

v
e

sa
ti

sf
ac

to
ry

ou
t-

of
-s

am
p
le

p
er

fo
rm

a
n
ce

.

C
o
ro

ll
a
ry

3
.4

S
u

p
po

se
β̂

is
th

e
o
p
ti

m
a
l

so
lu

ti
o
n

to
(1

0
).

F
o
r

a
fi

xe
d

co
n

fi
d
en

ce
le

ve
l
δ

a
n

d
so

m
e

th
re

sh
o
ld

pa
ra

m
et

er
τ
≥

0,
to

gu
a
ra

n
te

e
th

a
t

th
e

pe
rc

en
ta

ge
d
iff

er
en

ce
be

tw
ee

n
th

e
ex

pe
ct

ed
a
bs

o
lu

te
lo

ss
o
n

n
ew

d
a
ta

a
n

d
th

e
sa

m
p
le

a
ve

ra
ge

lo
ss

is
le

ss
th

a
n
τ

,
th

a
t

is
,

E[
|y
−

x
′ β̂
|]
−

1 N

∑
N i=

1
|y i
−

x
′ iβ̂
|

B̄
R

≤
τ,

th
e

sa
m

p
le

si
ze
N

m
u

st
sa

ti
sf

y N
≥
[ 2(

1
+
√

2
lo

g
(2
/δ

)
)

τ

] 2
.

(1
6)

C
o
ro

ll
a
ry

3
.5

S
u

p
po

se
β̂

is
th

e
o
p
ti

m
a
l

so
lu

ti
o
n

to
(1

0
).

F
o
r

a
fi

xe
d

co
n

fi
d
en

ce
le

ve
l
δ,

so
m

e
τ
∈

(0
,1

)
a
n

d
γ
≥

0
,

to
gu

a
ra

n
te

e
th

a
t

P(
|y
−

x
′ β̂
|−

1 N

∑
N i=

1
|y i
−

x
′ iβ̂
|

B̄
R

≥
γ

)
≤
τ,

th
e

sa
m

p
le

si
ze
N

m
u

st
sa

ti
sf

y N
≥
[ 2(

1
+
√

2
lo

g
(2
/δ

)
)

τ
·γ

+
τ
−

1

] 2
,

(1
7)

p
ro

vi
d
ed

th
a
t
τ
·γ

+
τ
−

1
>

0
.

In
C

or
ol

la
ri

es
3.

4
an

d
3.

5,
th

e
sa

m
p
le

si
ze

is
in

v
er

se
ly

p
ro

p
or

ti
on

al
to

b
ot

h
δ

an
d
τ
,

w
h
ic

h
is

re
as

on
ab

le
si

n
ce

th
e

m
or

e
co

n
fi
d
en

t
w

e
w

an
t

to
b

e,
th

e
m

or
e

sa
m

p
le

s
w

e
n
ee

d
.

M
or

eo
ve

r,
th

e
sm

al
le

r
τ

is
,

th
e

st
ri

ct
er

a
re

q
u
ir

em
en

t
w

e
im

p
os

e
on

th
e

p
er

fo
rm

an
ce

,
an

d
th

u
s

m
or

e
sa

m
p
le

s
ar

e
n
ee

d
ed

.

3
.2

D
is

c
re

p
a
n

c
y

b
e
tw

e
e
n

E
st

im
a
te

d
a
n

d
T

ru
e

R
e
g
re

ss
io

n
P

la
n

e
s

In
ad

d
it

io
n

to
th

e
ge

n
er

al
iz

at
io

n
p

er
fo

rm
an

ce
,

w
e

ar
e

al
so

in
te

re
st

ed
in

th
e

ac
cu

ra
cy

of
th

e
es

ti
m

at
or

.
In

th
is

se
ct

io
n

w
e

se
ek

to
b

ou
n
d

th
e

d
iff

er
en

ce
b

et
w

ee
n

th
e

es
ti

m
at

ed
an

d
tr

u
e

re
gr

es
si

on
co

effi
ci

en
ts

,
u
n
d
er

a
ce

rt
a
in

d
is

tr
ib

u
ti

on
al

as
su

m
p
ti

on
on

(x
,y

).
T

h
ro

u
gh

ou
t

th
e
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C
h
e
n
a
n
d

P
a
sc

h
a
l
id
is

se
ct

io
n

w
e

w
il
l

u
se
β̂

to
d
en

ot
e

th
e

es
ti

m
at

ed
re

gr
es

si
on

co
effi

ci
en

ts
,

ob
ta

in
ed

a
s

a
n

o
p
ti

m
a
l

so
lu

ti
on

to
(1

8)
,

an
d
β
∗

fo
r

th
e

tr
u
e

(u
n
k
n
ow

n
)

re
gr

es
si

on
co

effi
ci

en
ts

.
T

h
e

b
o
u
n
d

w
e

w
il
l

d
er

iv
e

tu
rn

s
o
u
t

to
b

e
re

la
te

d
to

th
e

G
au

ss
ia

n
w

id
th

(s
ee

d
efi

n
it

io
n

in
th

e
A

p
p

en
d
ix

)
of

th
e

u
n
it

b
al

l
in
‖
·‖
∞

,
th

e
su

b
-G

au
ss

ia
n

n
or

m
of

th
e

u
n
ce

rt
ai

n
ty

p
ar

a
m

et
er

(x
,y

),
as

w
el

l
as

th
e

ge
om

et
ri

c
st

ru
ct

u
re

of
th

e
tr

u
e

re
gr

es
si

on
co

effi
ci

en
ts

.
W

e
n
o
te

th
a
t

th
is

p
ro

of
te

ch
n
iq

u
e

m
ay

b
e

ap
p
li
ed

to
se

ve
ra

l
ot

h
er

lo
ss

fu
n
ct

io
n
s,

e.
g.

,
` 2

an
d
` ∞

lo
ss

es
,

w
it

h
sl

ig
h
t

m
o
d
ifi

ca
ti

on
s.

H
ow

ev
er

,
w

e
w

il
l

se
e

th
at

th
e
` 1

-l
os

s
fu

n
ct

io
n

in
cu

rs
a

re
la

ti
v
el

y
lo

w
es

ti
m

at
io

n
b
ia

s
co

m
p
ar

ed
to

ot
h
er

s,
fu

rt
h
er

d
em

on
st

ra
ti

n
g

th
e

su
p

er
io

ri
ty

o
f

o
u
r

a
b
so

lu
te

er
ro

r
m

in
im

iz
at

io
n

fo
rm

u
la

ti
on

.
T

o
fa

ci
li
ta

te
th

e
an

al
y
si

s,
w

e
w

il
l

u
se

th
e

fo
ll
ow

in
g

eq
u
iv

a
le

n
t

fo
rm

of
p
ro

b
le

m
(1

0
):

m
in β
‖(
−
β
,1

)‖
∗

s.
t.
‖(
−
β
,1

)′
Z
‖ 1
≤
γ
N
,

β
∈
B,

(1
8
)

w
h
er

e
Z

=
[(

x
1
,y

1
),
..
.,

(x
N
,y
N

)]
is

th
e

m
at

ri
x

w
it

h
co

lu
m

n
s

(x
i,
y i

),
i

=
1,
..
.,
N

,
a
n
d
γ
N

is
so

m
e

ex
og

en
ou

s
p
ar

am
et

er
re

la
te

d
to
ε.

O
n
e

ca
n

sh
ow

th
at

fo
r

p
ro

p
er

ly
ch

o
se

n
γ
N

,
(1

8
)

p
ro

d
u
ce

s
th

e
sa

m
e

so
lu

ti
on

w
it

h
(1

0)
(B

er
ts

ek
as

,
19

99
).

(1
8)

is
si

m
il
ar

to
(1

1
)

in
C

h
en

an
d

B
an

er
je

e
(2

01
6)

,
w

it
h

th
e

d
iff

er
en

ce
ly

in
g

in
th

at
w

e
im

p
os

e
a

co
n
st

ra
in

t
o
n

th
e

er
ro

r
in

st
ea

d
of

th
e

gr
ad

ie
n
t,

an
d

w
e

co
n
si

d
er

a
m

or
e

ge
n
er

al
n
ot

io
n

of
n
or

m
o
n

th
e

co
effi

ci
en

t.
O

n
th

e
ot

h
er

h
an

d
,

d
u
e

to
th

ei
r

si
m

il
ar

it
y,

w
e

w
il
l

fo
ll
ow

th
e

li
n
e

of
d
ev

el
op

m
en

t
in

C
h
en

an
d

B
an

er
je

e
(2

01
6)

.
S
ti

ll
,

ou
r

an
al

y
si

s
is

se
lf

-c
on

ta
in

ed
an

d
th

e
b

ou
n
d

w
e

o
b
ta

in
is

in
a

d
iff

er
en

t
fo

rm
,

w
h
ic

h
p
ro

v
id

es
m

ea
n
in

gf
u
l

in
si

gh
ts

in
to

ou
r

sp
ec

ifi
c

p
ro

b
le

m
.

W
e

li
st

b
el

ow
th

e
as

su
m

p
ti

on
s

th
at

ar
e

n
ee

d
ed

to
b

ou
n
d

th
e

es
ti

m
at

io
n

er
ro

r.

A
ss

u
m

p
ti

o
n

C
T

h
e
` 2

n
o
rm

o
f

(−
β
,1

)
is

bo
u

n
d
ed

a
bo

ve
w

it
h
in

th
e

fe
a
si

bl
e

re
gi

o
n

,
n

a
m

el
y,

su
p

β
∈B
‖(
−
β
,1

)‖
2

=
B̄

2
.

A
ss

u
m

p
ti

o
n

D
(R

e
st

ri
c
te

d
E

ig
e
n
v
a
lu

e
C

o
n

d
it

io
n

)
F

o
r

so
m

e
se

t
A

(β
∗ )

=
co

n
e{

v
|

‖(
−
β
∗ ,

1)
+

v
‖ ∗
≤
‖(
−
β
∗ ,

1)
‖ ∗
}∩

Sm
a
n

d
so

m
e

po
si

ti
ve

sc
a
la

r
α

,
w

h
er

e
Sm

is
th

e
u

n
it

sp
h
er

e
in

th
e
m

-d
im

en
si

o
n

a
l

E
u

cl
id

ea
n

sp
a
ce

, in
f

v
∈A

(β
∗ )

v
′ Z

Z
′ v
≥
α
,

w
h
er

e
Sm

d
en

o
te

s
th

e
u

n
it

sp
h
er

e
in

th
e
m

-d
im

en
si

o
n

a
l

E
u

cl
id

ea
n

sp
a
ce

.

A
ss

u
m

p
ti

o
n

E
T

h
e

tr
u

e
co

effi
ci

en
t
β
∗

is
a

fe
a
si

bl
e

so
lu

ti
o
n

to
(1

8
),

i.
e.

,

‖Z
′ (
−
β
∗ ,

1
)‖

1
≤
γ
N
,
β
∗
∈
B.

A
ss

u
m

p
ti

o
n

F
(x
,y

)
is

a
ce

n
te

re
d

su
b-

G
a
u

ss
ia

n
ra

n
d
o
m

ve
ct

o
r

(s
ee

d
efi

n
it

io
n

in
th

e
A

p
-

pe
n

d
ix

),
i.

e.
,

it
h
a
s

ze
ro

m
ea

n
a
n

d
sa

ti
sfi

es
th

e
fo

ll
o
w

in
g

co
n

d
it

io
n

:

|||(
x
,y

)|||
ψ
2

=
su

p
u
∈S

m

∣ ∣∣ ∣∣ ∣
(x
,y

)′
u
∣ ∣∣ ∣∣ ∣
ψ
2
≤
µ
.
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W
a
sse

r
st

e
in

B
a
se

d
D
R
O

f
o
r
R
o
b
u
st

L
e
a
r
n
in
g

A
ssu

m
p

tio
n

G
T

h
e

co
va

ria
n

ce
m

a
trix

o
f

(x
,y

)
h
a
s

bo
u

n
d
ed

po
sitive

eigen
va

lu
es.

S
et

Γ
=

E
[(x
,y

)(x
,y

) ′];
th

en
,

0
<
λ
m
in
,
λ
m
in (Γ

)≤
λ
m
a
x (Γ

),
λ
m
a
x
<
∞
.

N
o
tice

th
a
t

b
oth

α
in

A
ssu

m
p
tion

D
an

d
γ
N

in
A

ssu
m

p
tion

E
are

related
to

th
e

ran
d
om

o
b
serva

tio
n

m
a
trix

Z
.

A
p
rob

ab
ilistic

d
escrip

tion
for

th
ese

tw
o

q
u
an

tities
w

ill
b

e
p
rov

id
ed

la
ter.

W
e

n
ex

t
p
resen

t
a

p
relim

in
ary

resu
lt,

sim
ilar

to
L

em
m

a
2

in
C

h
en

an
d

B
an

erjee
(2

0
1
6
),

th
a
t

b
ou

n
d
s

th
e
`
2 -n

orm
of

th
e

estim
ation

b
ias

in
term

s
of

a
q
u
an

tity
th

at
is

rela
ted

to
th

e
g
eom

etric
stru

ctu
re

of
th

e
tru

e
co

effi
cien

ts.
T

h
is

resu
lt

gives
a

rou
g
h

id
ea

on
th

e
fa

cto
rs

th
a
t

aff
ect

th
e

estim
ation

error,
an

d
sh

ow
s

th
e

ad
van

tages
of

u
sin

g
th

e
`
1 -loss

fro
m

th
e

p
ersp

ective
of

its
d
u
al

n
orm

.
T

h
e

b
ou

n
d

d
erived

in
T

h
eorem

3.6
is

cru
d
e

in
th

e
sen

se
th

a
t

it
is

a
fu

n
ction

of
several

ra
n
d
om

p
ara

m
eters

th
at

are
related

to
th

e
ran

d
om

o
b
servatio

n
m

atrix
Z

.
T

h
is

ran
d
om

n
ess

w
ill

b
e

d
escrib

ed
in

a
p
rob

ab
ilistic

w
ay

in
th

e
su

b
seq

u
en

t
a
n
a
ly

sis.

T
h

e
o
re

m
3
.6

S
u

p
po

se
th

e
tru

e
regressio

n
coeffi

cien
t

vecto
r

is
β
∗

a
n

d
th

e
so

lu
tio

n
to

(1
8
)

is
β̂

.
F

o
r

th
e

setA
(β
∗)

=
co

n
e{

v|‖
(−
β
∗,1)+

v‖∗ ≤
‖(−

β
∗,1)‖∗ }∩

S
m

,
u

n
d
er

A
ssu

m
p
tio

n
s

A
,

D
,

a
n

d
E

,
w

e
h
a
ve:

‖β̂
−
β
∗‖

2 ≤
2R
γ
N

α
Ψ

(β
∗),

(19)

w
h
ere

Ψ
(β
∗)

=
su

p
v∈A

(β
∗
) ‖

v‖∗ .

N
o
tice

th
a
t

th
e

b
ou

n
d

in
(19)

d
o
es

n
ot

ex
p
licitly

d
ep

en
d

on
th

e
sam

p
le

size
N

.
If

w
e

ch
a
n
g
e

to
th

e
`
2 -loss

fu
n
ction

,
p
rob

lem
(18)

w
ill

b
ecom

e:

m
in
β

‖(−
β
,1)‖∗

s.t.
‖
(−
β
,1) ′Z‖

2 ≤
γ
N
,

β
∈
B
.

T
h
e

p
ro

o
f

o
f

T
h
eorem

3.6
still

ap
p
lies

w
ith

sligh
t

m
o
d
ifi

cation
.

W
e

w
ill

fi
n
d

ou
t

th
at

in
th

e
ca

se
o
f
`
2 -lo

ss,
th

e
estim

ation
error

b
ou

n
d

takes
th

e
follow

in
g

form
:

‖
β̂
−
β
∗‖

2 ≤
2
R √

N
γ
N

α
Ψ

(β
∗).

S
im

ila
rly,

th
e
`∞

-loss,
w

h
ich

con
sid

ers
on

ly
th

e
m

ax
im

u
m

ab
solu

te
loss

am
on

g
th

e
sam

p
les,

tu
rn

s
(1

8
)

in
to

:
m

in
β

‖
(−
β
,1)‖∗

s.t.
‖
(−
β
,1) ′Z‖∞

≤
γ
N
,

β
∈
B
.

T
h
e

co
rresp

on
d
in

g
b

ou
n
d

b
ecom

es:

‖
β̂
−
β
∗‖

2 ≤
2R
N
γ
N

α
Ψ

(β
∗).
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C
h
e
n
a
n
d

P
a
sc

h
a
l
id
is

W
e

see
th

at
b
y

u
sin

g
eith

er
`
2

or
`∞

-lo
ss,

an
ex

p
licit

d
ep

en
d
en

cy
on

N
is

in
tro

d
u
ced

.
A

s
a

resu
lt,

th
e

estim
ation

error
b

ou
n
d
s

b
ecom

e
w

orse.
T

h
e

reason
is

th
at

for
th

e
`
1 -lo

ss
fu

n
ction

,
its

d
u
al

n
orm

op
erator

on
ly

p
ick

s
ou

t
th

e
m

ax
im

u
m

ab
solu

te
co

ord
in

ate
an

d
th

u
s

avoid
s

th
e

d
ep

en
d
en

ce
on

th
e

d
im

en
sion

,
w

h
ich

in
ou

r
case

is
th

e
sam

p
le

size
(see

E
q
.(28)),

w
h
ereas

oth
er

n
orm

s,
e.g.,

`
2 -n

orm
,

su
m

over
all

th
e

co
o
rd

in
ates

an
d

th
u
s

in
tro

d
u
ce

a
d
ep

en
d
en

ce
on

N
.

A
s

m
en

tion
ed

earlier,
(19)

p
rov

id
es

a
ran

d
om

u
p
p

er
b

ou
n
d
,

revealed
in
α

an
d
γ
N

,
th

at
d
ep

en
d
s

on
th

e
ran

d
om

n
ess

in
Z

.
W

e
th

erefore
w

ou
ld

like
to

rep
lace

th
ese

tw
o

p
aram

eters
b
y

n
on

-ran
d
om

q
u
an

tities.
T

h
e
α

acts
as

th
e

m
in

im
u
m

eigen
valu

e
of

th
e

m
atrix

Z
Z
′
restricted

to
a

su
b
sp

ace
of

R
m

,
an

d
th

u
s

a
p
rop

er
su

b
stitu

te
sh

ou
ld

b
e

related
to

th
e

m
in

im
u
m

eigen
valu

e
of

th
e

covarian
ce

m
atrix

of
(x
,y

),
i.e.,

th
e

Γ
m

atrix
(cf.

A
ssu

m
p
tion

G
),

giv
en

th
at

(x
,y

)
is

zero
m

ean
.

S
ee

L
em

m
as

3.7,
3
.8

an
d

3.9
for
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la

ri
ze

d
L

A
D

(s
ee

p
ro

of
in

th
e

A
p
p

en
d
ix

).
It

fo
ll
ow

s
th

a
t

re
g
u
la

ri
zi

n
g

ov
er
β

im
p
li
es

an
in

fi
n
it

e
tr

an
sp

or
ta

ti
on

co
st

al
on

g
y
.

In
ot

h
er

w
or

d
s,

fo
r

tw
o

d
a
ta

p
o
in

ts
(x

1
,y

1
)

an
d

(x
2
,y

2
),

if
y 1
6=
y 2

,
th

en
th

ey
ar

e
co

n
si

d
er

ed
to

b
e

in
fi
n
it

el
y

fa
r

aw
ay

.
B

y
co

n
tr

as
t,

ou
r

W
as

se
rs

te
in

fo
rm

u
la

ti
on

,
w

h
ic

h
re

gu
la

ri
ze

s
ov

er
th

e
ex

te
n
d
ed

re
g
re

ss
io

n
co

ef
-

fi
ci

en
t

(−
β
,1

),
st

em
s

fr
om

a
fi
n
it

e
co

st
al

on
g
y

th
at

is
eq

u
al

ly
w

ei
gh

te
d

w
it

h
x

.
W

e
w

il
l

se
e

th
e

d
is

ad
va

n
ta

ge
s

of
p

en
al

iz
in

g
on

ly
β

in
th

e
an

al
y
si

s
of

th
e

ex
p

er
im

en
ta

l
re

su
lt

s.

T
o

an
sw

er
Q

u
es

ti
on

3,
w

e
w

il
l

co
m

p
ar

e
ag

ai
n
st

se
ve

ra
l

co
m

m
on

ly
u
se

d
re

g
re

ss
io

n
m

o
d
-

el
s

th
at

em
p
lo

y
th

e
S
R

lo
ss

fu
n
ct

io
n
,

e.
g.

,
ri

d
ge

re
gr

es
si

on
(H

o
er

l
an

d
K

en
n
a
rd

,
1
9
7
0
),

L
A

S
S
O

(T
ib

sh
ir

an
i,

19
96

),
an

d
E

la
st

ic
N

et
(E

N
)

(Z
ou

a
n
d

H
as

ti
e,

20
05

).
W

e
w

il
l

a
ls

o
co

m
p
ar

e
ag

ai
n
st

M
-e

st
im

at
io

n
(H

u
b

er
,

19
64

,
19

73
),

w
h
ic

h
u
se

s
a

va
ri

an
t

of
th

e
S
R

lo
ss

a
n
d

is
eq

u
iv

al
en

t
to

so
lv

in
g

a
w

ei
gh

te
d

le
as

t
sq

u
ar

es
p
ro

b
le

m
,

w
h
er

e
th

e
w

ei
gh

ts
a
re

d
et

er
m

in
ed
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W
a
sse

r
st

e
in

B
a
se

d
D
R
O

f
o
r
R
o
b
u
st

L
e
a
r
n
in
g

b
y

th
e

resid
u
a
ls.

T
h
ese

m
o
d
els

w
ill

b
e

com
p
ared

u
n
d
er

tw
o

d
iff

eren
t

ex
p

erim
en

tal
setu

p
s,

o
n
e

in
vo

lv
in

g
a
d
versarial

p
ertu

rb
ation

s
in

b
o
th

x
an

d
y
,

an
d

th
e

oth
er

w
ith

p
ertu

rb
ation

s
o
n
ly

in
x

.
T

h
e

p
u
rp

ose
is

to
in

vestigate
th

e
b

eh
av

ior
of

th
ese

ap
p
roach

es
w

h
en

th
e

n
o
ise

in
y

is
su

b
sta

n
tially

red
u
ced

.
A

s
sh

ow
n

b
y

F
ig.

1,
com

p
ared

to
th

e
S
R

loss,
th

e
A

D
loss

is
less

v
u
ln

era
b
le

to
large

resid
u
als,

an
d

h
en

ce,
it

is
ad

van
tageou

s
in

th
e

scen
arios

w
h
ere

la
rg

e
p

ertu
rb

a
tion

s
ap

p
ear

in
y
.

W
e

are
in

terested
in

stu
d
y
in

g
w

h
eth

er
its

p
erform

an
ce

is
co

n
sisten

tly
go

o
d

w
h
en

th
e

corru
p
tion

s
ap

p
ear

m
a
in

ly
in

x
.

W
e

n
ex

t
d
escrib

e
th

e
d
ata

gen
eration

p
ro

cess.
E

ach
train

in
g

sam
p
le

h
a
s

a
p
rob

a
b
ility

q
o
f

b
ein

g
d
raw

n
from

th
e

ou
tly

in
g

d
istrib

u
tion

,
an

d
a

p
rob

ab
ility

1−
q

of
b

ein
g

d
raw

n
fro

m
th

e
tru

e
(clean

)
d
istrib

u
tion

.
G

iven
th

e
tru

e
reg

ression
co

effi
cien

t
β
∗,

w
e

g
en

erate
th

e
tra

in
in

g
d
a
ta

as
follow

s:

•
G

en
era

te
a

u
n
iform

ran
d
om

variab
le

on
[0,1].

If
it

is
n
o

larg
er

th
an

1−
q,

gen
erate

a
clea

n
sa

m
p
le

as
follow

s:

1
.

D
raw

th
e

p
red

ictor
x
∈
R
m
−

1
from

th
e

n
orm

al
d
istrib

u
tion

N
m
−

1 (0
,Σ

),
w

h
ere

Σ
is

th
e

covarian
ce

m
atrix

of
x

,
w

h
ich

is
ju

st
th

e
top

left
b
lo

ck
of

th
e

m
atrix

Γ
in

A
ssu

m
p
tion

G
.

S
p

ecifi
cally,

Γ
=

E
[(x
,y

)(x
,y

) ′]
is

eq
u
al

to

Γ
=

(
Σ

Σ
β
∗

(β
∗) ′Σ

(β
∗) ′Σ

β
∗

+
σ

2 )
,

w
ith

σ
2

b
ein

g
th

e
varian

ce
of

th
e

n
oise

term
.

In
ou

r
im

p
lem

en
tation

,
Σ

h
as

d
ia

g
on

al
elem

en
ts

eq
u
al

to
1

(u
n
it

varian
ce)

an
d

off
-d

iagon
al

elem
en

ts
eq

u
al

to
ρ
,

w
ith

ρ
th

e
correlation

b
etw

een
p
red

ictors.

2
.

D
raw

th
e

resp
on

se
variab

le
y

from
N

(x
′β
∗,σ

2).

•
O

th
erw

ise,
d
ep

en
d
in

g
on

th
e

ex
p

erim
en

tal
setu

p
,

gen
erate

an
ou

tlier
th

at
is

eith
er:

–
A

b
n
orm

al
in

b
oth

x
an

d
y
,

w
ith

ou
tly

in
g

d
istrib

u
tio

n
:

1
.

x
∼
N
m
−

1 (0
,Σ

)
+
N
m
−

1 (5e
,I),

or
x
∼
N
m
−

1 (0
,Σ

)
+
N
m
−

1 (0
,0.25I);

2
.
y
∼
N

(x
′β
∗,σ

2)
+

5
σ

.

–
A

b
n
orm

al
on

ly
in

x
:

1
.

x
∼
N
m
−

1 (0
,Σ

)
+
N
m
−

1 (5e
,I);

2
.
y
∼
N

(x
′β
∗,σ

2).

•
R

ep
eat

th
e

ab
ov

e
p
ro

ced
u
re

for
N

tim
es,

w
h
ere

N
is

th
e

size
of

th
e

train
in

g
set.

T
o

test
th

e
gen

eralization
ab

ility
of

variou
s

form
u
lation

s,
w

e
gen

erate
a

test
d
ataset

co
n
tain

in
g
M

sam
p
les

from
th

e
clean

d
istrib

u
tion

.
It

is
w

orth
n
otin

g
th

at
on

ly
clean

sa
m

p
les

a
re

in
clu

d
ed

in
th

e
test

set,
sin

ce
w

e
on

ly
care

ab
ou

t
th

e
p
red

iction
accu

racy
on

clea
n

d
a
ta

p
o
in

ts,
an

d
ou

r
estim

ator
is

su
p
p

osed
to

b
e

co
n
sisten

t
w

ith
th

e
clean

d
istrib

u
tion

an
d

stay
aw

ay
from

th
e

ou
tly

in
g

on
e.

W
e

are
in

terested
in

stu
d
y
in

g
th

e
p

erform
an

ce
of

va
riou

s
m

eth
o
d
s

as
th

e
follow

in
g

factors
are

varied
:

1
9

JM
L

R
 19(13):1-48, 2018

C
h
e
n
a
n
d

P
a
sc

h
a
l
id
is

•
S

ign
a
l

to
N

o
ise

R
a
tio

(S
N

R
),

d
efi

n
ed

as:

S
N

R
=

(β
∗) ′Σ

β
∗

σ
2

,

w
h
ich

is
eq

u
ally

sp
aced

b
etw

een
0
.05

an
d

2
on

a
log

scale.

•
T

h
e

correlation
b

etw
een

p
red

ictors:
ρ
,

w
h
ich

takes
valu

es
in

(0.1
,0
.2,...,0.9).

T
h
e

p
erform

an
ce

m
etrics

w
e

u
se

in
clu

d
e:

•
M

ea
n

S
qu

a
red

E
rro

r
(M

S
E

)
on

th
e

test
d
ataset,

w
h
ich

is
d
efi

n
ed

to
b

e
∑

Mi=
1 (y

i −
x
′i β̂

)
2/M

,
w

ith
β̂

b
ein

g
th

e
estim

ate
of
β
∗

ob
tain

ed
from

th
e

train
in

g
set,

an
d

(x
i ,y

i ),
i

=
1,...,M

,
b

ein
g

th
e

ob
servation

s
from

th
e

test
d
a
taset;

•
R

ela
tive

R
isk

(R
R

)
of
β̂

d
efi

n
ed

as:

R
R

(β̂
),

(β̂
−
β
∗) ′Σ

(β̂
−
β
∗)

(β
∗) ′Σ

β
∗

.

•
R

ela
tive

T
est

E
rro

r
(R

T
E

)
of
β̂

d
efi

n
ed

as:

R
T

E
(β̂

),
(β̂
−
β
∗) ′Σ

(β̂
−
β
∗)

+
σ

2

σ
2

.

•
P

ro
po

rtio
n

o
f

V
a
ria

n
ce

E
xp

la
in

ed
(P

V
E

)
of
β̂

d
efi

n
ed

as:

P
V

E
(β̂

),
1−

(β̂
−
β
∗) ′Σ

(β̂
−
β
∗)

+
σ

2

(β
∗) ′Σ

β
∗

+
σ

2
.

F
or

th
e

m
etrics

th
at

evalu
ate

th
e

accu
racy

of
th

e
estim

ator,
i.e.,

th
e

R
R

,
R

T
E

an
d

P
V

E
,

w
e

list
b

elow
tw

o
ty

p
es

of
scores,

on
e

ach
iev

ed
b
y

th
e

b
est

p
ossib

le
estim

ator
β̂

=
β
∗,

called
th

e
p

erfect
score,

an
d

th
e

oth
er

on
e

ach
ieved

b
y

th
e

n
u
ll

estim
ator

β̂
=

0,
called

th
e

n
u
ll

score.

•
R

R
:

a
p

erfect
score

is
0

an
d

th
e

n
u
ll

score
is

1.

•
R

T
E

:
a

p
erfect

score
is

1
an

d
th

e
n
u
ll

score
is

S
N

R
+

1.

•
P

V
E

:
a

p
erfect

score
is

S
N

R
S

N
R

+
1 ,

an
d

th
e

n
u
ll

score
is

0.

D
u
rin

g
th

e
train

in
g

p
ro

cess,
all

th
e

regu
larization

p
aram

eters
are

tu
n
ed

on
a

sep
arate

valid
ation

d
ataset.

S
p

ecifi
cally,

w
e

d
iv

id
e

all
th

e
N

train
in

g
sam

p
les

in
to

tw
o

sets,
d
a
taset

1
an

d
d
ataset

2
(valid

ation
set).

F
or

a
p
re-sp

ecifi
ed

ran
ge

of
valu

es
for

th
e

p
en

alty
p
aram

eters,
d
ataset

1
is

u
sed

to
train

th
e

m
o
d
els

an
d

d
erive

β̂
,

an
d

th
e

p
erform

an
ce

of
β̂

is
evalu

ated
on

d
ataset

2.
W

e
ch

o
ose

th
e

regu
larization

p
aram

eter
th

a
t

y
ield

s
th

e
m

in
im

u
m

M
ed

ia
n

A
bso

lu
te

D
evia

tio
n

(M
A

D
)

on
th

e
valid

atio
n

set.
U

sin
g

M
A

D
as

a
selection

criterion
serves

to
h
ed

ge
again

st
th

e
p

oten
tially

larg
e

n
oise

in
th

e
valid

ation
sam

p
les.

A
s

to
th

e
ran

ge
of

valu
es

for
th

e
tu

n
ed

p
aram

eters,
w

e
b

orrow
id

eas
from

H
astie

et
al.

(2017),
w

h
ere

th
e

2
0
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W
a
ss
e
r
st

e
in

B
a
se

d
D
R
O

f
o
r
R
o
b
u
st

L
e
a
r
n
in
g

L
A

S
S
O

w
as

tu
n
ed

ov
er

50
va

lu
es

ra
n
gi

n
g

fr
om

λ
m

=
‖X
′ y
‖ ∞

to
a

sm
al

l
fr

ac
ti

on
of
λ
m

on
a

lo
g

sc
al

e,
w

it
h

X
∈
R
N
×

(m
−

1
)

th
e

d
es

ig
n

m
at

ri
x

w
h
os

e
i-

th
ro

w
is

x
′ i,

a
n
d

y
=

(y
1
,.
..
,y
N

)
th

e
re

sp
on

se
ve

ct
or

.
In

ou
r

ex
p

er
im

en
ts

,
th

is
ra

n
ge

is
p
ro

p
er

ly
ad

ju
st

ed
fo

r
p
ro

ce
d
u
re

s
th

at
u
se

th
e

A
D

lo
ss

.
S
p

ec
ifi

ca
ll
y,

fo
r

W
as

se
rs

te
in
` 2

a
n
d
` ∞

,
` 1

-
an

d
` 2

-r
eg

u
la

ri
ze

d
L

A
D

,
th

e
ra

n
ge

of
va

lu
es

fo
r

th
e

re
gu

la
ri

za
ti

on
p
ar

am
et

er
is

:

√
ex

p

( li
n
( lo

g
(0
.0

05
∗‖

X
′ y
‖ ∞

),
lo

g
(‖

X
′ y
‖ ∞

),
50
))

,

w
h
er

e
li
n
(a
,b
,n

)
is

a
fu

n
ct

io
n

th
at

ta
ke

s
in

sc
al

ar
s
a
,
b

a
n
d
n

(i
n
te

ge
r)

an
d

o
u
tp

u
ts

a
se

t
of
n

va
lu

es
eq

u
al

ly
sp

ac
ed

b
et

w
ee

n
a

an
d
b;

th
e

ex
p

fu
n
ct

io
n

is
ap

p
li
ed

el
em

en
tw

is
e

to
a

ve
ct

or
.

T
h
e

sq
u
ar

e
ro

ot
op

er
at

or
is

in
co

n
si

d
er

at
io

n
of

th
e

A
D

lo
ss

th
at

is
th

e
sq

u
ar

e
ro

ot
of

th
e

S
R

lo
ss

if
ev

al
u
at

ed
on

a
si

n
gl

e
sa

m
p
le

.
T

h
e

re
gu

la
ri

za
ti

on
co

effi
ci

en
t
ε

in
fo

rm
u
la

ti
on

(1
0)

,
w

h
ic

h
is

th
e

ra
d
iu

s
of

th
e

W
as

se
rs

te
in

b
al

l,
al

lo
w

s
fo

r
a

m
or

e
effi

ci
en

t
tu

n
in

g
p
ro

ce
d
u
re

.
It

h
as

b
ee

n
n
ot

ed
in

E
sf

ah
a
n
i

an
d

K
u
h
n

(2
01

5)
th

at
fo

r
a

la
rg

e
en

ou
gh

sa
m

p
le

si
ze

,
ε

is
in

ve
rs

el
y

p
ro

p
or

ti
on

al
to

N
1
/
m

.
T

h
is

p
ro

p
or

ti
on

al
it

y
co

u
ld

b
e

u
se

d
as

a
gu

id
an

ce
on

se
tt

in
g
ε,

w
h
er

e
on

ly
th

e
p
ro

p
or

ti
on

al
fa

ct
or

n
ee

d
s

to
b

e
tu

n
ed

(u
si

n
g

cr
os

s-
va

li
d
a
ti

on
or

a
se

p
ar

at
e

va
li
d
at

io
n

d
at

as
et

as
d
es

cr
ib

ed
ea

rl
ie

r)
.

In
ou

r
im

p
le

m
en

ta
ti

on
,

gi
ve

n
th

e
sm

al
l

si
ze

of
th

e
si

m
u
la

te
d

d
at

a
se

ts
,

w
e

w
il
l

st
il
l

ad
op

t
th

e
va

li
d
at

io
n

d
at

as
et

ap
p
ro

ac
h

to
tu

n
e

th
e

re
gu

la
ri

za
ti

on
p
ar

am
et

er
.

4
.1

D
e
n

se
β
∗ ,

o
u

tl
ie

rs
in

b
o
th

x
a
n

d
y

In
th

is
su

b
se

ct
io

n
,

w
e

ch
o
os

e
a

d
en

se
re

gr
es
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.
T

og
et

h
er

w
it

h
A

ss
u
m

p
ti

o
n

D
,

th
is

y
ie

ld
s

(β̃
es

t
−
β̃

tr
u

e
)′

Z
Z
′ (
β̃

es
t
−
β̃

tr
u

e
)
≥
α
‖β̃

es
t
−
β̃

tr
u

e
‖2 2
.

(2
7
)

O
n

th
e

ot
h
er

h
an

d
,

fr
om

th
e

C
au

ch
y
-S

ch
w

ar
z

in
eq

u
al

it
y
:

(β̃
es

t
−
β̃

tr
u

e
)′

Z
Z
′ (
β̃

es
t
−
β̃

tr
u

e
)
≤
‖Z
′ (
β̃

es
t
−
β̃

tr
u

e
)‖

1
‖Z
′ (
β̃

es
t
−
β̃

tr
u

e
)‖
∞

≤
2γ

N
m

ax i
|z
′ i(
β̃

es
t
−
β̃

tr
u

e
)|

≤
2γ

N
m

ax i
‖β̃

es
t
−
β̃

tr
u

e
‖ ∗
‖z
i‖

≤
2R
γ
N
‖β̃

es
t
−
β̃

tr
u

e
‖ ∗
.

(2
8
)
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W
a
sse

r
st

e
in

B
a
se

d
D
R
O

f
o
r
R
o
b
u
st

L
e
a
r
n
in
g

C
o
m

b
in

in
g

(2
7)

an
d

(28),
w

e
h
ave:

‖
β̂
−
β
∗‖

2
=
‖β̃

est −
β̃

tru
e ‖

2

≤
2
R
γ
N

α

‖β̃
est −

β̃
tru

e ‖∗
‖β̃

est −
β̃

tru
e ‖

2

≤
2
R
γ
N

α
Ψ

(β
∗),

w
h
ere

th
e

la
st

step
follow

s
from

th
e

fact
th

at
(β̃

est −
β̃

tru
e )/‖β̃

est −
β̃

tru
e ‖

2 ∈
A

(β
∗).

A
.8

P
ro

o
f

o
f

L
e
m

m
a

3
.7

P
ro

o
f

D
efi

n
e

Γ̂
=

1N

∑
Ni=

1
z
i z ′i .

C
on

sid
er

th
e

set
of

fu
n
ction

sF
=
{
f
w

(z
)

=
z ′Γ
−

1
/
2w
|w
∈

A
Γ }.

T
h
en

,
fo

r
an

y
f
w
∈
F

,

E
[f

2w
]

=
E

[w
′Γ
−

1
/
2z

z ′Γ
−

1
/
2w

]

=
w
′Γ
−

1
/
2E

[z
z ′]Γ

−
1
/
2w

=
w
′w

=
1,

w
h
ere

w
e

u
sed

Γ
=

E
[z

z ′]
an

d
th

e
fact

th
at

w
∈
A

Γ
.

F
o
r

a
n
y
f
w
∈
F

w
e

h
ave

|||f
w |||ψ

2
=
∣∣∣ ∣∣∣ ∣∣∣ z ′Γ

−
1
/
2w
∣∣∣ ∣∣∣ ∣∣∣ψ

2

=
∣∣∣ ∣∣∣ ∣∣∣ z ′Γ

−
1
/
2w
∣∣∣ ∣∣∣ ∣∣∣ψ

2 ‖
Γ
−

1
/
2w
‖

2

‖Γ
−

1
/
2w
‖

2

=

∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣ z ′
Γ
−

1
/
2w

‖Γ
−

1
/
2w
‖

2 ∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣ψ
2 ‖Γ

−
1
/
2w
‖

2

≤
µ √

w
′Γ
−

1w

≤
µ √

1

λ
m

in ‖
w
‖

22

=
µ √

1

λ
m

in
=
µ̄
,

w
h
ere

th
e

fi
rst

in
eq

u
ality

u
sed

A
ssu

m
p
tion

F
an

d
th

e
secon

d
in

eq
u
ality

u
sed

A
ssu

m
p
tion

G
.

A
p
p
ly

in
g

T
h
eorem

D
from

M
en

d
elson

et
al.

(2007),
for

an
y
θ
>

0
an

d
w

h
en

C̃
1 µ̄
γ

2 (F
,|||·|||ψ

2 )≤
θ √

N
,

39
JM

L
R
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C
h
e
n
a
n
d

P
a
sc

h
a
l
id
is

w
ith

p
rob

ab
ility

at
least

1−
ex

p
(−
C̃

2 θ
2N
/µ̄

4)
w

e
h
ave

su
p

f
w
∈F ∣∣∣

1N

N
∑i=

1

f
2w

(z
i )−

E
[f

2w
] ∣∣∣

=
su

p
f
w
∈F ∣∣∣

1N

N
∑i=

1

w
′Γ
−

1
/
2z
i z ′i Γ

−
1
/
2w
−

1 ∣∣∣

=
su

p
w
∈A

Γ ∣∣∣ w
′Γ
−

1
/
2Γ̂

Γ
−

1
/
2w
−

1 ∣∣∣

≤
θ,

(29)

w
h
ere

C̃
1

is
som

e
p

ositive
con

stan
t

an
d
γ

2 (F
,|||·|||ψ

2 )
is

d
efi

n
ed

in
M

en
d
elson

et
al.

(20
07)

as
a

m
easu

re
of

th
e

size
of

th
e

setF
w

ith
resp

ect
to

th
e

m
etric

|||·|||ψ
2 .

U
sin

g
θ

=
1/

2
,

an
d

p
rop

erties
of
γ

2 (F
,|||·|||ψ

2 )
ou

tlin
ed

in
C

h
en

an
d

B
an

erjee
(20

16),
w

e
can

set
N

to
satisfy

C̃
1 µ̄
γ

2 (F
,|||·|||ψ

2 )≤
C̃

1 µ̄
2γ

2 (A
Γ
,‖·‖

2 )

≤
C̃

1 µ̄
2C

0 w
(A

Γ
)

≤
12 √

N
,

for
som

e
p

ositive
con

stan
t
C

0 ,
w

h
ere

w
e

u
sed

E
q
.

(44)
in

C
h
en

an
d

B
an

erjee
(2016).

T
h
is

im
p
lies

N
≥
C

1 µ̄
4(w

(A
Γ

))
2

for
som

e
p

ositive
con

stan
t
C

1 .
T

h
u
s,

for
su

ch
N

an
d

w
ith

p
rob

ab
ility

at
least

1
−

ex
p
(−
C

2 N
/µ̄

4),
for

som
e

p
ositive

con
stan

t
C

2 ,
(29)

h
old

s
w

ith
θ

=
1
/2.

T
h
is

im
p
lies

th
at

for
all

w
∈
A

Γ
,

∣∣∣ w
′Γ
−

1
/
2Γ̂

Γ
−

1
/
2w
−

1 ∣∣∣ ≤
12

or

w
′Γ
−

1
/
2Γ̂

Γ
−

1
/
2w
≥

12
=

12
w
′Γ
−

1
/
2Γ

Γ
−

1
/
2w
.

B
y

th
e

d
efi

n
ition

ofA
Γ

,
for

an
y

v
∈
A

(β
∗),

v
′Γ̂

v
≥

12
v
′Γ

v
.

N
otin

g
th

at
Γ̂

=
(1/N

)Z
Z
′

y
ield

s
th

e
d
esired

resu
lt.

A
.9

P
ro

o
f

o
f

L
e
m

m
a

3
.8

W
e

follow
th

e
p
ro

of
of

L
em

m
a

4
in

C
h
en

an
d

B
an

erjee
(2016),

ad
ap

ted
to

ou
r

settin
g.

W
e

in
clu

d
e

all
key

step
s

for
com

p
leten

ess.

P
ro

o
f

R
ecall

th
e

d
efi

n
ition

of
th

e
G

au
ssian

w
id

th
w

(A
Γ

)
(cf.

(26)):

w
(A

Γ
)

=
E [

su
p

u∈A
Γ

u
′g ],
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W
a
ss
e
r
st

e
in

B
a
se

d
D
R
O

f
o
r
R
o
b
u
st

L
e
a
r
n
in
g

w
h
er

e
g
∼
N

(0
,I

).
W

e
h
av

e:

su
p

w
∈A

Γ

w
′ g

=
su

p
w
∈A

Γ

w
′ Γ
−

1
/
2
Γ

1
/
2
g

=
su

p
w
∈A

Γ

‖Γ
−

1
/
2
w
‖ 2

w
′ Γ
−

1
/
2

‖Γ
−

1
/
2
w
‖ 2

Γ
1
/
2
g

≤
√

1

λ
m

in
su

p
v
∈c

o
n

e(
A

(β
∗ )

)∩
Bm

v
′ Γ

1
/
2
g
,

w
h
er

e
Bm

is
th

e
u
n
it

b
al

l
in

th
e
m

-d
im

en
si

o
n
al

E
u
cl

id
ea

n
sp

ac
e

an
d

th
e

in
eq

u
al

it
y

u
se

d
A

ss
u
m

p
ti

on
G

an
d

th
e

fa
ct

th
at

w
′ Γ
−

1
/
2
/
‖Γ
−

1
/
2
w
‖ 2
∈
Bm

an
d

w
∈
A

Γ
.

D
efi

n
e
T

=
co

n
e(
A

(β
∗ )

)
∩
Bm

,
an

d
co

n
si

d
er

th
e

st
o
ch

as
ti

c
p
ro

ce
ss
{S

v
=

v
′ Γ

1
/
2
g
} v
∈T

.
F

or
an

y
v

1
,v

2
∈
T

,

|||S
v
1
−
S

v
2
||| ψ

2
=
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣(v

1
−

v
2
)′

Γ
1
/
2
g
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ ψ

2

=
‖Γ

1
/
2
(v

1
−

v
2
)‖

2

∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣(v
1
−

v
2
)′

Γ
1
/
2
g

‖Γ
1
/
2
(v

1
−

v
2
)‖

2

∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣ ψ
2

≤
‖Γ

1
/
2
(v

1
−

v
2
)‖

2
su

p
u
∈S

m

∣ ∣∣ ∣∣ ∣
u
′ g
∣ ∣∣ ∣∣ ∣
ψ
2

=
µ

0
‖Γ

1
/
2
(v

1
−

v
2
)‖

2

≤
µ

0

√
λ

m
a
x
‖v

1
−

v
2
‖ 2
,

w
h
er

e
th

e
la

st
st

ep
u
se

d
A

ss
u
m

p
ti

on
G

.
T

h
en

,
b
y

th
e

ta
il

b
eh

av
io

r
of

su
b
-G

au
ss

ia
n

ra
n
d
om

va
ri

ab
le

s
(s

ee
H

o
eff

d
in

g
b

ou
n
d
,

T
h
m

.
2.

6.
2

in
(V

er
sh

y
n
in

,
20

17
))

,
w

e
h
av

e:

P(
|S

v
1
−
S

v
2
|≥

δ)
≤

2
ex

p

( −
C

0
1
δ2

µ
2 0
λ

m
a
x
‖v

1
−

v
2
‖2 2

) ,

fo
r

so
m

e
p

os
it

iv
e

co
n
st

an
t
C

0
1
.

T
o

b
ou

n
d

th
e

su
p
re

m
u
m

of
S

v
,

w
e

d
efi

n
e

th
e

m
et

ri
c
s(

v
1
,v

2
)

=
µ

0

√
λ

m
a
x
‖v

1
−

v
2
‖ 2
.

T
h
en

,
b
y

L
em

m
a

B
in

C
h
en

an
d

B
an

er
je

e
(2

01
6)

,

E[ su
p

v
∈T

v
′ Γ

1
/
2
g

]
≤
C

0
2
γ

2
(T
,s

)

=
C

0
2
µ

0

√
λ

m
a
x
γ

2
(T
,‖
·‖

2
)

≤
C

3
µ

0

√
λ

m
a
x
w

(T
),

fo
r

p
os

it
iv

e
co

n
st

an
ts
C

0
2
,C

3
,

w
h
er

e
γ

2
(T
,s

)
is

th
e
γ

2
-f

u
n
ct

io
n
al

w
e

re
fe

rr
ed

to
in

th
e

p
ro

of
of

L
em

m
a

3.
7.

S
in

ce
T

=
co

n
e(
A

(β
∗ )

)
∩
Bm
⊆

co
n
v
(A

(β
∗ )
∪
{0
})

,
b
y

L
em

m
a

2
in

M
a
u
re

r
et

al
.

(2
01

4)
,

w
(T

)
≤
w

(c
on

v
(A

(β
∗ )
∪
{0
})

)

=
w

(A
(β
∗ )
∪
{0
})

≤
m

ax
{w

(A
(β
∗ )

),
w

({
0
})
}+

2
√

ln
4

≤
w

(A
(β
∗ )

)
+

3
.
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C
h
e
n
a
n
d

P
a
sc

h
a
l
id
is

T
h
u
s,

w
(A

Γ
)

=
E[

su
p

w
∈A

Γ

w
′ g
]

≤
√

1

λ
m

in
E[ su

p
v
∈T

v
′ Γ

1
/
2
g

]

≤
C

3

√
1

λ
m

in
µ

0

√
λ

m
a
x
w

(T
)

≤
C

3
µ

0

√
λ

m
a
x

λ
m

in

( w
(A

(β
∗ )

)
+

3
) .

A
.1

0
P

ro
o
f

o
f

C
o
ro

ll
a
ry

3
.9

P
ro

o
f

C
om

b
in

in
g

L
em

m
as

3.
7

an
d

3.
8,

an
d

u
si

n
g

th
e

fa
ct

th
at

fo
r

an
y

v
∈
A

(β
∗ )

,

N 2
v
′ Γ

v
≥
N
λ

m
in

2
,

w
e

ca
n

d
er

iv
e

th
e

d
es

ir
ed

re
su

lt
.

A
.1

1
P

ro
o
f

o
f

L
e
m

m
a

3
.1

0

P
ro

o
f

B
y

th
e

d
efi

n
it

io
n

of
d
u
al

n
or

m
,

w
e

k
n
ow

th
at

:

‖β̃
′ Z
‖ 1

=
su

p
v
∈B

u

β̃
′ Z

v
=

su
p

v
∈B

u

N ∑ i=
1

v i
β̃
′ z
i.

S
in

ce
v i
β̃
′ z
i,
i

=
1,
..
.,
N

ar
e

in
d
ep

en
d
en

t
ce

n
te

re
d

su
b
-G

au
ss

ia
n

ra
n
d
om

va
ri

a
b
le

s,
a
n
d

∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣v
iβ̃
′ z
i∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ ψ

2

≤
µ
‖v
iβ̃
‖ 2
,

w
e

h
av

e
th

at
∑

N i=
1
v i
β̃
′ z
i

is
al

so
a

ce
n
te

re
d

su
b
-G

au
ss

ia
n

ra
n
d
om

va
ri

ab
le

w
it

h

∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣N ∑ i=
1

v i
β̃
′ z
i∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣2 ψ

2

≤
C

2 0
3

N ∑ i=
1

µ
2
‖v
iβ̃
‖2 2

=
C

2 0
3
µ

2
‖β̃
‖2 2
‖v
‖2 2
,

fo
r

a
p

os
it

iv
e

co
n
st

an
t
C

0
3
.

C
on

si
d
er

th
e

st
o
ch

as
ti

c
p
ro

ce
ss
{S

v
=
β̃
′ Z

v
} v
∈B

u
.

A
s

in
th

e
p
ro

of
of

L
em

m
a

3
.8

,

|||S
v
1
−
S

v
2
||| ψ

2
≤
C

0
3
µ
‖β̃
‖ 2
‖v

1
−

v
2
‖ 2
.
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W
a
sse

r
st

e
in

B
a
se

d
D
R
O

f
o
r
R
o
b
u
st

L
e
a
r
n
in
g

B
y

th
e

ta
il

b
eh

av
ior

of
su

b
-G

au
ssian

ran
d
om

variab
les

(V
ersh

y
n
in

,
2017),

w
e

k
n
ow

:

P
(|S

v
1 −

S
v
2 |≥

δ)≤
2

ex
p (−

C
0
4 δ

2

µ
2‖
β̃‖

22 ‖
v

1 −
v

2 ‖
22 )
,

fo
r

a
p

o
sitiv

e
con

stan
t
C

0
4 .

D
efi

n
e

th
e

m
etric

s(v
1 ,v

2 )
=
µ‖
β̃‖

2 ‖v
1 −

v
2 ‖

2 .
T

h
en

,
b
y

L
em

m
a

B
in

C
h
en

an
d

B
an

erjee
(2

0
1
6
),

P (
su

p
v
1
,v

2 ∈B
u |S

v
1 −

S
v
2 |≥

C
0
5 (γ

2 (B
u ,s)

+
δ·

d
iam

(B
u ,s) ) )

≤
C

4
ex

p
(−
δ

2),

fo
r

p
o
sitive

co
n
stan

ts
C

0
5 ,C

4 .
A

lso,

γ
2 (B

u ,s)
=
µ‖
β̃‖

2 γ
2 (B

u ,‖·‖
2 )≤

C
5 µ‖

β̃‖
2 w

(B
u ),

d
iam

(B
u ,s)

=
su

p
v
1
,v

2 ∈B
u

s(v
1 ,v

2 )

=
µ‖
β̃‖

2
su

p
v
1
,v

2 ∈B
u ‖v

1 −
v

2 ‖
2

≤
2
µ‖β̃‖

2
su

p
v∈B

u ‖
v‖

2
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a
d
a ×

d
s

m
atrix

,
th

e
b
ias

term
k
t

is
a
d
a

d
im

en
sion

al
colu

m
n

v
ector

an
d

th
e

covarian
ce

m
atrix

Σ
t ,

w
h
ich

con
tro

ls
th

e
ex

p
loration

of
th

e
p

olicy,
is

of
d
im

en
sion

d
a ×

d
a ;

y
ield

in
g

a
total

n
u
m

b
er

o
f

p
a
ra

m
eters

a
cross

all
tim

e-step
s

of
d
θ

=
T

(d
a d
s

+
12 d

a (d
a

+
3)).

T
h
e

p
o
licy

a
t

iteration
i

of
th

e
algorith

m
is

d
en

oted
b
y
π
i

an
d

follow
in

g
stan

d
a
rd

d
efi

n
i-

tio
n
s,

th
e

Q
-F

u
n
ction

of
π
i

at
tim

e-step
t

is
giv

en
b
y
Q
it (s
,a

)
=

IE
s
t ,a

t ,... [∑
Tt ′=

t r
t ′(s

t ′,a
t ′) ]

w
ith

(s
t ,a

t )
=

(s
,a

)
an

d
a
t ′
∼

π
it ′ (.|s

t ′),∀
t ′
>

t.
W

h
ile

th
e

V
-F

u
n
ction

is
given

b
y

V
it (s

)
=

IE
a∼

π
t (.|s

)
[Q

πt
(s
,a

)]
an

d
th

e
A

d
van

ta
ge

F
u
n
ction

b
y
A
it (s
,a

)
=
Q
it (s
,a

)−
V
it (s

).
F

u
rth

erm
o
re

th
e

state
d
istrib

u
tion

at
tim

e-step
t,

related
to

p
olicy

π
i,

is
d
en

oted
b
y
ρ
it (s

).
In

o
rd

er
to

keep
th

e
n
otation

s
u
n
clu

ttered
,

th
e

tim
e-step

or
th

e
iteration

n
u
m

b
er

is
o
cca-

sio
n
a
lly

d
ro

p
p

ed
w

h
en

a
d
efi

n
ition

ap
p
lies

sim
ilarly

for
all

tim
e-step

s
or

iteration
n
u
m

b
er.

3
.

M
o
d
e
l-fre

e
P

o
licy

U
p

d
a
te

fo
r

T
ra

je
cto

ry
-b

a
se

d
P

o
licy

O
p
tim

iza
tio

n

M
O

T
O

a
ltern

ates
b

etw
een

p
olicy

evalu
ation

an
d

p
olicy

u
p

d
ate.

A
t

each
iteration

i,
th

e
p

o
licy

eva
lu

a
tio

n
step

gen
erates

a
set

of
M

rollou
ts

1
from

th
e

p
olicy

π
i

in
o
rd

er
to

estim
ate

a
(q

u
a
d
ra

tic)
Q

-F
u
n
ction

Q̃
i

(S
ec.

4.1)
an

d
a

(G
au

ssian
)

state
d
istrib

u
tion

ρ̃
i

(S
ec.

4
.3).

U
sin

g
th

ese
q
u
an

tities,
an

in
form

ation
-th

eoretic
p

o
licy

u
p

d
ate

is
d
erived

a
t

each
tim

e-step
th

a
t

u
ses

a
K

L
-b

ou
n
d

as
a

tru
st

reg
ion

to
ob

tain
th

e
p

olicy
π
i+

1
of

th
e

n
ex

t
iteration

.

3
.1

O
p

tim
iz

a
tio

n
P

ro
b

le
m

T
h
e

g
o
a
l

o
f

th
e

p
olicy

u
p

d
ate

is
to

retu
rn

a
n
ew

p
olicy

π
i+

1
th

at
m

ax
im

izes
th

e
Q

-F
u
n
ction

Q̃
i

in
ex

p
ecta

tion
u
n
d
er

th
e

state
d
istrib

u
tion

p̃
i

of
th

e
p
rev

iou
s

p
olicy

π
i.

In
ord

er
to

lim
it

p
o
licy

o
scilla

tio
n

b
etw

een
iteration

s
(W

agn
er,

2011),
th

e
K

L
w

.r.t.
π
i

is
u
p
p

er
b

ou
n
d
ed

.
T

h
e

u
se

o
f

th
e

K
L

d
ivergen

ce
to

d
efi

n
e

th
e

step
-size

of
th

e
p

olicy
u
p

d
a
te

h
as

alrea
d
y

b
een

su
ccessfu

lly
a
p
p
lied

in
p
rior

w
ork

(P
eters

et
al.,

2010;
L

ev
in

e
an

d
A

b
b

eel,
2
014;

S
ch

u
lm

a
n

et
a
l.,

20
1
5
).

A
d
d
ition

ally,
w

e
low

er
b

ou
n
d

th
e

en
trop

y
of
π
i+

1
in

ord
er

to
b

etter
con

trol

1
.

A
ro

llo
u

t
is

a
M

o
n
te

C
a
rlo

sim
u

la
tio

n
o
f

a
tra

jecto
ry

a
cco

rd
in

g
to
ρ
1 ,
π

a
n

d
p

o
r

th
e

ex
ecu

tio
n

o
f
π

o
n

a
p

h
y
sica

l
sy

stem
.
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A
k
r
o
u
r
,
A
b
d
o
l
m
a
l
e
k
i,
A
b
d
u
l
sa

m
a
d
,
P
e
t
e
r
s,

a
n
d

N
e
u
m
a
n
n

th
e

red
u
ction

of
ex

p
loration

y
ield

in
g

th
e

follow
in

g
n
on

-lin
ear

p
rogram

:

m
ax

im
ize

π

∫
∫
ρ̃
it (s

)π
(a|s

)Q̃
it (s
,a

)d
a
d
s,

(1)

su
b

ject
to

IE
s∼
ρ̃
it (s

) [K
L

(π
(.|s

)‖
π
it (.|s

)) ]≤
ε,

(2)

IE
s∼
ρ̃
it (s

)
[H

(π
(.|s

))]≥
β
.

(3)

T
h
e

K
L

b
etw

een
tw

o
d
istrib

u
tion

s
p

an
d
q

is
giv

en
b
y

K
L

(p
‖
q)

=
∫
p
(x

)
log

p
(x

)
q
(x

) d
x

w
h
ile

th
e

en
trop

y
H

is
given

b
y
H

=
−
∫
p
(x

)
lo

g
p
(x

)d
x

.
T

h
e

step
-size

ε
is

a
h
y
p

er-p
aram

eter
of

th
e

algorith
m

kep
t

con
stan

t
th

rou
gh

ou
t

th
e

iteration
s

w
h
ile
β

is
set

acco
rd

in
g

to
th

e
en

trop
y

of
th

e
cu

rren
t

p
olicy

π
it ,
β

=
IE
s∼
ρ̃
it (s

) [H
(π

it (.|s
) )]−

β
0

an
d
β

0
is

th
e

en
trop

y
red

u
ction

h
y
p

er-p
aram

eter
kep

t
con

stan
t

th
rou

gh
ou

t
th

e
iteration

s.

E
q
.

(1)
in

d
ica

tes
th

at
π
i+

1
t

m
ax

im
izes

Q̃
it

in
ex

p
ectation

u
n
d
er

its
ow

n
action

d
istrib

u
-

tion
an

d
th

e
state

d
istrib

u
tion

of
π
it .

E
q
.

(2)
b

ou
n
d
s

th
e

average
ch

an
ge

in
th

e
p

olicy
to

th
e

step
-size

ε
w

h
ile

E
q
.

(3)
con

trols
th

e
ex

p
loration

-ex
p
loitation

trad
e-o

ff
an

d
en

su
res

th
at

th
e

ex
p
loration

in
th

e
action

sp
ace

(w
h
ich

is
d
irectly

lin
ked

to
th

e
en

trop
y

of
th

e
p

olicy
)

is
n
ot

red
u
ced

to
o

q
u
ick

ly.
A

sim
ilar

con
strain

t
w

as
in

tro
d
u
ced

in
th

e
sto

ch
astic

search
d
o-

m
ain

b
y

(A
b

d
olm

alek
i

et
al.,

2015),
an

d
w

as
sh

ow
n

to
avoid

p
rem

atu
re

con
vergen

ce.
T

h
is

con
strain

t
is

even
m

ore
cru

cial
in

ou
r

settin
g

b
ecau

se
of

th
e

in
h
eren

t
n

o
n

-sta
tio

n
a
rity

of
th

e
ob

jective
fu

n
ction

b
ein

g
op

tim
ized

at
each

itera
tion

.
T

h
e

cau
se

for
th

e
n
o
n
-station

arity
of

th
e

ob
jective

op
tim

ized
at

tim
e-step

t
in

th
e

p
olicy

u
p

d
ate

is
tw

ofold
:

i)
u
p

d
ates

of
p

olicies
π
t ′

w
ith

tim
e-step

t ′
>
t

w
ill

m
o
d
ify

in
th

e
n
ex

t
iteration

of
th

e
algorith

m
Q̃
t

as
a

fu
n
ction

of
s

an
d
a

an
d

h
en

ce
th

e
op

tim
ization

lan
d
scap

e
as

a
fu

n
ction

of
th

e
p

olicy
p
aram

eters,
ii)

u
p

d
ates

of
p

olicies
w

ith
tim

e-step
t ′
<
t

w
ill

in
d
u
ce

a
ch

an
ge

in
th

e
state

d
istrib

u
tion

ρ
t .

If
th

e
p

olicy
h
ad

u
n
lim

ited
ex

p
ressiven

ess,
th

e
op

tim
al

solu
tion

of
E

q
.

(1)
w

ou
ld

b
e

to
ch

o
ose

arg
m

ax
a
Q̃
t

irresp
ective

of
ρ
t .

H
ow

ever,
d
u
e

to
th

e
restricted

class
of

th
e

p
olicy,

an
y

ch
an

ge
in
ρ
t

w
ill

likely
ch

an
ge

th
e

op
tim

ization
la

n
d
scap

e
in

clu
d
in

g
th

e
p

osition
of

th
e

op
tim

al
p

olicy
p
aram

eter.
H

en
ce,

E
q
.

(3)
en

su
res

th
at

ex
p
loration

in
action

sp
ace

is
m

ain
tain

ed
as

th
e

op
tim

ization
lan

d
scap

e
evolves

an
d

avoid
s

p
rem

atu
re

con
vergen

ce.

3
.2

C
lo

se
d

F
o
rm

U
p

d
a
te

U
sin

g
th

e
m

eth
o
d

of
L

agran
ge

m
u
ltip

liers,
th

e
solu

tion
of

th
e

op
tim

ization
p
rob

lem
in

section
3.1

is
given

b
y

π
′t (a|s

)∝
π
t (a|s

)
η ∗
/
(η ∗

+
ω
∗
)
ex

p (
Q̃
t (s
,a

)

η ∗
+
ω
∗ )

,
(4)

w
ith

η ∗
an

d
ω
∗

b
ein

g
th

e
op

tim
al

L
agran

ge
m

u
ltip

liers
related

to
th

e
K

L
an

d
en

trop
y

con
strain

ts
resp

ectiv
ely.

A
ssu

m
in

g
th

at
Q̃
t (s
,a

)
is

of
q
u
ad

ratic
form

in
a

an
d
s

Q̃
t (s
,a

)
=

12
a
T
Q
a
a a

+
a
T
Q
a
s s

+
a
T
q
a

+
q(s

),
(5)
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M
o
d
e
l
-F

r
e
e
T
r
a
je
c
t
o
r
y
-b
a
se

d
P
o
l
ic
y
O
p
t
im

iz
a
t
io
n

w
it

h
q(
s
)

gr
ou

p
in

g
al

l
te

rm
s

of
Q̃
t(
s
,a

)
th

at
d
o

n
ot

d
ep

en
d

2
on

a
,

th
en

π
′ t(
a
|s

)
is

ag
a
in

of
li
n
ea

r-
G

au
ss

ia
n

fo
rm

π
′ t(
a
|s

)
=
N

(a
|F
L
s

+
F
f
,F

(η
∗

+
ω
∗ )

),

su
ch

th
at

th
e

ga
in

m
at

ri
x
,

b
ia

s
an

d
co

va
ri

an
ce

m
at

ri
x

of
π
′ t

ar
e

fu
n
ct

io
n

of
m

a
tr

ic
es
F

an
d

L
an

d
ve

ct
or
f

w
h
er

e

F
=

(η
∗ Σ
−

1
t
−
Q
a
a
)−

1
,

L
=
η
∗ Σ
−

1
t
K
t
+
Q
a
s
,

f
=
η
∗ Σ
−

1
t
k
t
+
q
a
.

N
ot

e
th

at
η
Σ
−

1
t
−
Q
a
a

n
ee

d
s

to
b

e
in

ve
rt

ib
le

an
d

p
os

it
iv

e
se

m
i-

d
efi

n
it

e
as

it
d
efi

n
es

th
e

n
ew

co
va

ri
an

ce
m

at
ri

x
of

th
e

li
n
ea

r-
G

au
ss

ia
n

p
ol

ic
y.

F
or

th
is

to
h
ol

d
,

ei
th

er
Q
t(
s
,.

)
n
ee

d
s

to
b

e
co

n
ca

v
e

in
a

(i
.e

.
Q
a
a

is
n
eg

at
iv

e
se

m
i-

d
efi

n
it

e)
,

or
η

n
ee

d
s

to
b

e
la

rg
e

en
ou

gh
(a

n
d

fo
r

an
y
Q
a
a

su
ch

η
al

w
ay

s
ex

is
ts

).
A

to
o

la
rg

e
η

is
n
ot

d
es

ir
ab

le
as

it
w

ou
ld

b
a
re

ly
y
ie

ld
a

ch
an

ge
to

th
e

cu
rr

en
t

p
ol

ic
y

(t
o
o

sm
al

l
K

L
d
iv

er
ge

n
ce

)
an

d
co

u
ld

n
eg

at
iv

el
y

im
p
ac

t
th

e
co

n
ve

rg
en

ce
sp

ee
d
.

G
ra

d
ie

n
t

b
as

ed
al

go
ri

th
m

s
fo

r
le

ar
n
in

g
m

o
d
el

p
ar

am
et

er
s

w
it

h
a

sp
ec

ifi
c

se
m

i-
d
efi

n
it

e
sh

ap
e

ar
e

av
ai

la
b
le

(B
h
o
ja

n
ap

al
li

et
al

.,
20

15
)

an
d

co
u
ld

b
e

u
se

d
fo

r
le

ar
n
in

g
a

co
n
ca

ve
Q
t.

H
ow

ev
er

,
w

e
fo

u
n
d

in
p
ra

ct
ic

e
th

at
th

e
re

su
lt

in
g
η

w
as

al
w

ay
s

sm
al

l
en

ou
gh

(r
es

u
lt

in
g

in
a

m
ax

im
al

ly
to

le
ra

te
d

K
L

d
iv

er
ge

n
ce

of
ε

b
et

w
ee

n
su

cc
es

si
ve

p
ol

ic
ie

s)
w

h
il
e
F

re
m

ai
n
s

w
el

l
d
efi

n
ed

,
w

it
h
ou

t
re

q
u
ir

in
g

ad
d
it

io
n
al

co
n
st

ra
in

ts
on

th
e

n
at

u
re

of
Q
a
a
.

3
.3

D
u

a
l

M
in

im
iz

a
ti

o
n

T
h
e

L
ag

ra
n
gi

an
m

u
lt

ip
li
er

s
η

an
d
ω

ar
e

ob
ta

in
ed

b
y

m
in

im
iz

in
g

th
e

co
n
ve

x
d
u
al

fu
n
ct

io
n

g t
(η
,ω

)
=
η
ε
−
ω
β

+
(η

+
ω

)

∫
ρ̃
t(
s
)

lo
g

( ∫
π
t(
a
|s

)η
/
(η

+
ω

)
ex

p
( Q̃

t(
s
,a

)/
(η

+
ω

)) d
a

)
d
s
.

E
x
p
lo

it
in

g
th

e
st

ru
ct

u
re

of
th

e
q
u
ad

ra
ti

c
Q

-F
u
n
ct

io
n
Q̃
t

an
d

th
e

li
n
ea

r-
G

au
ss

ia
n

p
ol

ic
y

π
t(
a
|s

),
th

e
in

n
er

in
te

gr
al

ov
er

th
e

ac
ti

on
sp

ac
e

ca
n

b
e

ev
al

u
at

ed
in

cl
o
se

d
fo

rm
an

d
th

e
d
u
al

si
m

p
li
fi
es

to

g
(η
,ω

)
=
η
ε t
−
ω
β
t
+

∫
ρ
t(
s
)(
s
T
M
s

+
s
T
m

+
m

0
)d
s
.

T
h
e

d
u
al

fu
n
ct

io
n

fu
rt

h
er

si
m

p
li
fi
es

,
b
y

ad
d
it

io
n
al

ly
as

su
m

in
g

n
or

m
al

it
y

of
th

e
st

at
e

d
is

tr
i-

b
u
ti

on
ρ̃
t(
s
)

=
N

(s
|µ
s
,Σ

s
),

to
th

e
fu

n
ct

io
n

g t
(η
,ω

)
=
η
ε
−
ω
β

+
µ
T s
M
µ
s

+
tr

(Σ
s
M

)
+
µ
T s
m

+
m

0
,

w
h
ic

h
ca

n
b

e
effi

ci
en

tl
y

op
ti

m
iz

ed
b
y

gr
ad

ie
n
t

d
es

ce
n
t

to
ob

ta
in
η
∗

an
d
ω
∗ .

T
h
e

fu
ll

ex
-

p
re

ss
io

n
of

th
e

d
u
al

fu
n
ct

io
n
,

in
cl

u
d
in

g
th

e
d
efi

n
it

io
n

of
M

,
m

an
d
m

0
in

ad
d
it

io
n

to
th

e
p
ar

ti
al

d
er

iv
at

iv
es

∂
g
t
(η
,ω

)
∂
η

an
d
∂
g
t
(η
,ω

)
∂
ω

ar
e

gi
v
en

in
A

p
p

en
d
ix

A
.

2
.

C
o
n

st
a
n
t

te
rm

s
a
n

d
te

rm
s

d
ep

en
d

in
g

o
n
s

b
u

t
n

o
t
a

w
o
n

’t
a
p

p
ea

r
in

th
e

p
o
li

cy
u

p
d

a
te

.
A

s
su

ch
,

a
n

d
a
l-

b
ei

t
w

e
o
n

ly
re

fe
r

in
th

is
a
rt

ic
le

to
Q
t
(s
,a

),
th

e
A

d
va

n
ta

g
e

F
u

n
ct

io
n
A
t
(s
,a

)
ca

n
b

e
u

se
d

in
te

rc
h

a
n

g
ea

b
ly

in
li

eu
o
f
Q
t
(s
,a

)
fo

r
u

p
d

a
ti

n
g

th
e

p
o
li

cy
.
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A
k
r
o
u
r
,
A
b
d
o
l
m
a
l
e
k
i,
A
b
d
u
l
sa

m
a
d
,
P
e
t
e
r
s,

a
n
d

N
e
u
m
a
n
n

4
.

S
a
m

p
le

E
ffi

ci
e
n
t

P
o
li
cy

E
v
a
lu

a
ti

o
n

T
h
e

K
L

co
n
st

ra
in

t
in

tr
o
d
u
ce

d
in

th
e

p
ol

ic
y

u
p

d
at

e
gi

ve
s

ri
se

to
a

n
on

-l
in

ea
r

o
p
ti

m
iz

a
ti

o
n

p
ro

b
le

m
.

T
h
is

p
ro

b
le

m
ca

n
st

il
l

b
e

so
lv

ed
in

cl
os

ed
fo

rm
fo

r
th

e
cl

as
s

of
li
n
ea

r-
G

a
u
ss

ia
n

p
ol

ic
ie

s,
if

th
e

le
ar

n
ed

fu
n
ct

io
n
Q̃
i t

is
q
u
ad

ra
ti

c
in
s

a
n
d
a

.
T

h
e

fi
rs

t
su

b
se

ct
io

n
in

tr
o
d
u
ce

s
th

e
m

ai
n

su
p

er
v
is

ed
le

ar
n
in

g
p
ro

b
le

m
so

lv
ed

d
u
ri

n
g

th
e

p
ol

ic
y

ev
al

u
at

io
n

fo
r

le
a
rn

in
g
Q̃
i t

w
h
il
e

th
e

re
m

ai
n
in

g
su

b
se

ct
io

n
s

d
is

cu
ss

h
ow

to
im

p
ro

ve
it

s
sa

m
p
le

effi
ci

en
cy

.

4
.1

T
h

e
Q

-F
u
n

c
ti

o
n

S
u

p
e
rv

is
e
d

L
e
a
rn

in
g

P
ro

b
le

m

In
th

e
re

m
ai

n
d
er

of
th

e
se

ct
io

n
,

w
e

w
il
l

b
e

in
te

re
st

ed
in

fi
n
d
in

g
th

e
p
ar

am
et

er
w

o
f

a
li
n
ea

r
m

o
d
el
Q̃
i t

=
〈w
,φ

(s
,a

)〉
,

w
h
er

e
th

e
fe

at
u
re

fu
n
ct

io
n
φ

co
n
ta

in
s

a
b
ia

s
an

d
a
ll

th
e

li
n
ea

r
an

d
q
u
ad

ra
ti

c
te

rm
s

of
s

an
d
a
,

y
ie

ld
in

g
1

+
(d
a

+
d
s
)(
d
a

+
d
s

+
3)
/2

p
ar

am
et

er
s.
Q̃
i t

ca
n

su
b
se

q
u
en

tl
y

b
e

w
ri

tt
en

as
in

E
q
.

(5
)

b
y

ex
tr

ac
ti

n
g
Q
a
a
,
Q
a
s

an
d
q
a

fr
om

w
.

A
t

ea
ch

it
er

at
io

n
i,
M

ro
ll
ou

ts
ar

e
p

er
fo

rm
ed

fo
ll
ow

in
g
π
i .

L
et

u
s

in
it

ia
ll
y

a
ss

u
m

e

th
at

Q̃
i t

is
le

ar
n
ed

on
ly

fr
om

sa
m

p
le

s
D
i t

=
{s

[k
]

t
,a

[k
]

t
,s

[k
]

t+
1
;k

=
1
..
M
}

ga
th

er
ed

fr
o
m

th
e

ex
ec

u
ti

on
of

th
e

M
ro

ll
ou

ts
.

T
h
e

p
ar

am
et

er
w

of
Q̃
i t

is
le

ar
n
ed

b
y

re
gu

la
ri

ze
d

li
n
ea

r
le

a
st

sq
u
ar

e
re

gr
es

si
on w

=
ar

g
m

in
w

1 M

M ∑ k
=

1

( 〈
w
,φ

(s
[k

]
t
,a

[k
]

t
)〉
−
Q̂
i t(
s

[k
]

t
,a

[k
]

t
))

2
+
λ
w
T
w
,

(6
)

w
h
er

e
th

e
ta

rg
et

va
lu

e
Q̂
i t(
s

[k
] ,
a

[k
] )

is
a

n
oi

sy
es

ti
m

at
e

of
th

e
tr

u
e

va
lu

e
Q
i t(
s

[k
]

t
,a

[k
]

t
).

W
e

w
il
l

d
is

ti
n
gu

is
h

tw
o

ca
se

s
fo

r
ob

ta
in

in
g

th
e

es
ti

m
at

e
Q̂
i t(
s

[k
]

t
,a

[k
]

t
).

4
.1
.1

M
o
n
t
e
-C

a
r
l
o

E
st

im
a
t
e

T
h
is

es
ti

m
at

e
is

ob
ta

in
ed

b
y

su
m

m
in

g
th

e
fu

tu
re

re
w

ar
d
s

fo
r

ea
ch

tr
a

je
ct

o
ry

k
,

y
ie

ld
in

g

Q̂
i t(
s

[k
]

t
,a

[k
]

t
)

=
∑

T t′
=
t
r t
′ (
s

[k
]

t′
,a

[k
]

t′
).

T
h
is

es
ti

m
at

or
is

k
n
ow

n
to

h
av

e
n
o

b
ia

s
b
u
t

h
ig

h
va

ri
-

an
ce

.
T

h
e

va
ri

an
ce

ca
n

b
e

re
d
u
ce

d
b
y

av
er

ag
in

g
ov

er
m

u
lt

ip
le

ro
ll
ou

ts
,

as
su

m
in

g
w

e
ca

n

re
se

t
to

st
at

es
s

[k
]

t
.

H
ow

ev
er

,
su

ch
an

as
su

m
p
ti

on
w

ou
ld

se
ve

re
ly

li
m

it
th

e
a
p
p
li
ca

b
il
it

y
o
f

th
e

al
go

ri
th

m
on

p
h
y
si

ca
l

sy
st

em
s.

4
.1
.2

D
y
n
a
m
ic

P
r
o
g
r
a
m
m
in
g

In
or

d
er

to
re

d
u
ce

th
e

va
ri

an
ce

,
th

is
es

ti
m

at
e

ex
p
lo

it
s

th
e

V
-F

u
n
ct

io
n

to
re

d
u
ce

th
e

n
o
is

e
of

th
e

ex
p

ec
te

d
re

w
ar

d
s

of
ti

m
e-

st
ep

s
t′
>
t

th
ro

u
gh

th
e

fo
ll
ow

in
g

id
en

ti
ty

Q̂
i t(
s

[k
]

t
,a

[k
]

t
)

=
r t

(s
[k

]
t
,a

[k
]

t
)

+
V̂
i t+

1
(s

[k
]

t+
1
),

(7
)

w
h
ic

h
is

u
n
b
ia

se
d

if
V̂
i t+

1
is

.
H

ow
ev

er
,

w
e

w
il
l

u
se

fo
r
V̂
i t+

1
an

ap
p
ro

x
im

a
te

V
-F

u
n
ct

io
n

Ṽ
i t+

1
le

ar
n
ed

re
cu

rs
iv

el
y

in
ti

m
e.

T
h
is

a
p
p
ro

x
im

at
io

n
m

ig
h
t

in
tr

o
d
u
ce

a
b
ia

s
w

h
ic

h
w

il
l

ac
cu

m
u
la

te
as

t
go

es
to

1.
F

or
tu

n
at

el
y,
Ṽ

is
n
ot

re
st

ri
ct

ed
b
y

ou
r

al
go

ri
th

m
to

b
e

of
a

p
ar

ti
cu

la
r

cl
as

s
as

it
d
o
es

n
ot

ap
p

ea
r

in
th

e
p

ol
ic

y
u
p

d
at

e.
H

en
ce

,
th

e
b
ia

s
ca

n
b

e
re

d
u
ce

d
b
y

in
cr

ea
si

n
g

th
e

co
m

p
le

x
it

y
of

th
e

fu
n
ct

io
n

a
p
p
ro

x
im

at
or

cl
as

s.
N

o
n
et

h
el

es
s,

in
th

is
ar

ti
cl

e,
a

q
u
ad

ra
ti

c
fu

n
ct

io
n

w
il
l

al
so

b
e

u
se

d
fo

r
th

e
V

-F
u
n
ct

io
n

w
h
ic

h
w

o
rk

ed
w

el
l

in
ou

r
ex

p
er

im
en

ts
.
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M
o
d
e
l
-F

r
e
e
T
r
a
je
c
t
o
r
y
-b
a
se

d
P
o
l
ic
y
O
p
t
im

iz
a
t
io
n

T
h
e

V
-F

u
n
ction

is
learn

ed
b
y

fi
rst

assu
m

in
g

th
at

Ṽ
iT+

1
is

th
e

zero
fu

n
ction

. 3
S
u
b
se-

q
u
en

tly
an

d
recu

rsively
in

tim
e,

th
e

fu
n
ction

Ṽ
it+

1
an

d
th

e
tran

sition
sam

p
les

in
D
it

are
u
sed

to
fi
t

th
e

p
a
ra

m
etric

fu
n
ction

Ṽ
it

b
y

m
in

im
izin

g
th

e
loss ∑

Mk
=

1 (
Q̂
it (s

[k
]

t
,a

[k
]

t
)−

Ṽ
it (s

[k
]

t
) )

2.

In
a
d
d
itio

n
to

red
u
cin

g
th

e
varian

ce
of

th
e

estim
ate

Q̂
it (s

[k
]

t
,a

[k
]

t
),

th
e

ch
oice

of
learn

in
g

a
V

-F
u
n
ctio

n
is

fu
rth

er
ju

stifi
ed

b
y

th
e

in
creased

p
ossib

ility
of

reu
sin

g
sam

p
le

tran
sition

s
fro

m
a
ll

tim
e-step

s
an

d
p
rev

iou
s

iteration
s.

4
.2

S
a
m

p
le

R
e
u

se

In
o
rd

er
to

im
p
rove

th
e

sam
p
le

effi
cien

cy
of

ou
r

ap
p
roach

,
w

e
w

ill
reu

se
sam

p
les

from
d
iff

eren
t

tim
e-step

s
an

d
iteration

s
u
sin

g
im

p
ortan

ce
sam

p
lin

g.
L

et
th

e
ex

p
ected

loss
w

h
ich

Q̃
it

m
in

im
izes

u
n
d
er

th
e

assu
m

p
tion

of
an

in
fi
n
ite

n
u
m

b
er

o
f

sam
p
les

b
e

w
=

arg
m

in
w

IE
[`
it (s
,a
,s ′;w

)],

w
h
ere

th
e

lo
ss
`
it

is
th

e
in

n
er

term
w

ith
in

th
e

su
m

in
E

q
.

(6);
th

e
estim

ate
Q̂
it (s

[k
]

t
,a

[k
]

t
)

is
ta

ken
a
s

in
E

q
.

(7)
an

d
th

e
ex

p
ectation

is
w

ith
resp

ect
to

th
e

cu
rren

t
sta

te
s
∼
ρ
it ,

th
e

a
ctio

n
a
∼
π
it (.|s

)
an

d
th

e
n
ex

t
state

s ′∼
p
(.|s

,a
).

4
.2
.1

R
e
u
sin

g
sa

m
p
l
e
s
f
r
o
m

d
if
f
e
r
e
n
t
t
im

e
-st

e
p
s

T
o

u
se

tra
n
sition

sam
p
les

from
all

tim
e-step

s
w

h
en

learn
in

g
Q̃
it ,

w
e

rely
on

im
p

ortan
ce

sa
m

p
lin

g
,

w
h
ere

th
e

im
p

ortan
ce

w
eigh

t
(IW

)
is

given
b
y

th
e

ratio
b

etw
een

th
e

state-action
p
ro

b
a
b
ility

o
f

th
e

cu
rren

t
tim

e-step
z
it (s
,a

)
=
ρ
it (s

)π
it (a|s

)
d
iv

id
ed

b
y

th
e

tim
e-in

d
ep

en
d
en

t
sta

te-a
ctio

n
p
ro

b
ab

ility
of
π
i

given
b
y
z
i(s
,a

)
=

1T

∑
Tt=

1
z
it (s
,a

).
T

h
e

ex
p

ected
loss

m
in

i-

m
ized

b
y
Q̃
it

b
ecom

esm
in
w

IE

[
z
it (s
,a

)

z
i(s
,a

) `
it (s
,a
,s ′;w

)|
(s
,a

)∼
z
i(s
,a

) ]
.

(8)

S
in

ce
th

e
tra

n
sition

p
rob

ab
ilities

are
n
ot

tim
e-d

ep
en

d
en

t
th

ey
can

cel
ou

t
fro

m
th

e
IW

.
U

p
on

th
e

co
m

p
u
tation

of
th

e
IW

,
w

eigh
ted

least
sq

u
are

regression
is

u
sed

to
m

in
im

ize
an

em
p
irica

l
estim

ate
of

(8)
for

th
e

d
ata

setD
i

=
∪
Tt=

1 D
it .

N
ote

th
at

th
e

(n
u
m

erator
of

th
e)

IW
n
eed

s
to

b
e

recom
p
u
ted

at
every

tim
e-step

fo
r

all
sam

p
les

(s
,a

)∈
D
i.

A
d
d
ition

ally,
if

th
e

rew
a
rd

s
a
re

tim
e-d

ep
en

d
en

t,
th

e
estim

ate
Q̂
it (s

[k
]

t
,a

[k
]

t
)

in
E

q
.

(7)
n
eed

s
to

b
e

recom
p
u
ted

w
ith

th
e

cu
rren

t
tim

e-d
ep

en
d
en

t
rew

ard
,

assu
m

in
g

th
e

rew
ard

fu
n
ction

is
k
n
ow

n
.

4
.2
.2

R
e
u
sin

g
sa

m
p
l
e
s
f
r
o
m

p
r
e
v
io
u
s
it
e
r
a
t
io
n
s

F
o
llow

in
g

a
sim

ilar
reason

in
g,

at
a

given
tim

e-step
t,

sam
p
les

from
p
rev

iou
s

iteration
s

can
b

e
reu

sed
fo

r
learn

in
g
Q̃
it .

In
th

is
ca

se,
w

e
h
ave

access
to

th
e

sam
p
les

of
th

e
state-action

d
istrib

u
tio

n
z

1
:i
t

(s
,a

)∝
∑

ij=
1
z
jt (s

,a
).

T
h
e

com
p
u
tation

o
f
z

1
:i
t

req
u
ires

th
e

storage
of

all
p
rev

io
u
s

p
o
licies

an
d

state
d
istrib

u
tion

s.
T

h
u
s,

w
e

w
ill

in
p
ractice

lim
it

ou
rselves

to
th

e
K

la
st

itera
tio

n
s.

3
.

A
ltern

a
tiv

ely
o
n

e
co

u
ld

a
ssu

m
e

th
e

p
resen

ce
o
f

a
fi

n
a
l

rew
a
rd

R
T
+
1 (s

t+
1 ),

a
s

is
u

su
a
lly

fo
rm

u
la

ted
in

co
n
tro

l
ta

sk
s

(B
ertseka

s,
1
9
9
5
),

to
w

h
ich

V
iT
+
1

co
u

ld
b

e
in

itia
lized

to
.
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A
k
r
o
u
r
,
A
b
d
o
l
m
a
l
e
k
i,
A
b
d
u
l
sa

m
a
d
,
P
e
t
e
r
s,

a
n
d

N
e
u
m
a
n
n

F
in

ally,
b

oth
form

s
of

sam
p
le

reu
se

w
ill

b
e

com
b
in

ed
for

learn
in

g
Q̃
it

u
n
d
er

th
e

com
p
lete

d
ata

set
u
p

to
iteration

i,D
1
:i

=
∪
ij=

1 D
j

u
sin

g
w

eigh
ted

least
sq

u
are

regression
w

h
ere

th
e

IW
are

given
b
y
z
it (s
,a

)/z
1
:i(s

,a
)

w
ith

z
1
:i(s

,a
)∝

∑
Tt=

1
z

1
:i
t

(s
,a

).

4
.3

E
stim

a
tin

g
th

e
S

ta
te

D
istrib

u
tio

n

T
o

com
p
u
te

th
e

IW
,

th
e

state
d
istrib

u
tion

at
every

tim
e-step

ρ
it

n
eed

s
to

b
e

estim
ated

.
S
in

ce
M

rollou
ts

are
sam

p
led

for
every

p
olicy

π
i

on
ly
M

state
sam

p
les

are
availab

le
for

th
e

estim
ation

of
ρ
it ,

n
ecessitatin

g
again

th
e

reu
se

of
p
rev

iou
s

sam
p
les

to
cop

e
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h
is

m
ad

e
ap

p
ar

en
t

in
L

em
m

a
2.

L
e
m

m
a

2
L

et
ε t

=
K

L
(p
t
‖
q t

)
be

th
e

K
L

d
iv

er
ge

n
ce

be
tw

ee
n

st
a
te

d
is

tr
ib

u
ti

o
n

s
p
t(
.)

a
n

d
q t

(.
)

a
n

d
le

t
δ t

=
m

ax
s
|IE
a
∼
p
t
(.
|s

)[
A
q t
(s
,a

)]
|,

th
en

fo
r

a
n

y
tw

o
po

li
ci

es
p

a
n

d
q

w
e

h
a
ve

J
(p

)
−
J

(q
)
≥

T ∑ t=
1

IE
s
∼
q t
,a
∼
p
t
(.
|s

)
[A

q t
(s
,a

)]
−

2
T ∑ t=

1

δ t

√
ε t 2
.

P
ro

o
f

IE
s∼
p
t
,a
∼
p
t
(.
|s

)
[A

q t
(s
t,
a
t)

]
=

∫
p
t(
s
)

∫
p
t(
a
t|s

t)
A
q t
(s
t,
a
t)
,

=

∫
q t

(s
)

∫
p
t(
a
t|s

t)
A
q t
(s
t,
a
t)

+

∫
(p
t(
s
)
−
q t

(s
))

∫
p
t(
a
t|s

t)
A
q t
(s
t,
a
t)
,

≥
IE
s∼
q t
,a
∼
p
t
(.
|s

)
[A

q t
(s
,a

)]
−
δ t

∫
(p
t(
s
)
−
q t

(s
))
,

≥
IE
s∼
q t
,a
∼
p
t
(.
|s

)
[A

q t
(s
,a

)]
−

2
δ t

1 2

∫
|p
t(
s
)
−
q t

(s
)|,

≥
IE
s∼
q t
,a
∼
p
t
(.
|s

)
[A

q t
(s
,a

)]
−

2
δ t

√
1 2

K
L

(p
t
‖
q t

).

(P
in

sk
er

’s
in

eq
u
a
li
ty

)

S
u
m

m
in

g
ov

er
th

e
ti

m
e-

st
ep

s
an

d
u
si

n
g

L
em

m
a

1
co

m
p
le

te
s

th
e

p
ro

of
.

L
em

m
a

2
lo

w
er

-b
ou

n
d
s

th
e

ch
an

ge
in

p
ol

ic
y

re
tu

rn
b
y

th
e

ad
va

n
ta

ge
te

rm
o
p
ti

m
iz

ed
d
u
ri

n
g

th
e

p
ol

ic
y

u
p

d
at

e
an

d
a

n
eg

at
iv

e
ch

an
ge

th
at

q
u
an

ti
fi
es

th
e

ch
an

ge
in

st
a
te

d
is

tr
ib

u
-

ti
on

s
b

et
w

ee
n

su
cc

es
si

ve
p

ol
ic

ie
s.

T
h
e

co
re

o
f

ou
r

co
n
tr

ib
u
ti

on
is

gi
v
en

b
y

L
em

m
a

3
w

h
ic

h
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M
o
d
e
l
-F

r
e
e
T
r
a
je
c
t
o
r
y
-b
a
se

d
P
o
l
ic
y
O
p
t
im

iz
a
t
io
n

rela
tes

th
e

ch
a
n
ge

in
state

d
istrib

u
tion

to
th

e
ex

p
ected

K
L

con
strain

t
b

etw
een

p
olicies

of
o
u
r

p
o
licy

u
p

d
a
te.

L
e
m

m
a

3
If

fo
r

every
tim

e-step
,

th
e

sta
te

d
istribu

tio
n

s
p
t

a
n

d
q
t

a
re

G
a
u

ssia
n

a
n

d
th

e
po

licies
p
t (.|s

t )
a
n

d
q
t (.|s

t )
a
re

lin
ea

r-G
a
u

ssia
n

a
n

d
if

IE
s∼
q
t
[K

L
(p
t (.|s

)‖
q
t (.|s

))]≤
ε

fo
r

every
tim

e-step
th

en
K

L
(p
t ‖

q
t )

=
O

(ε)
a
s
ε→

0
fo

r
every

tim
e-step

.

P
ro

o
f

W
e

w
ill

d
em

on
strate

th
e

lem
m

a
b
y

in
d
u
ction

n
otin

g
th

at
for

t
=

1
th

e
state

d
istrib

u
tio

n
s

a
re

id
en

tical
an

d
h
en

ce
th

eir
K

L
is

zero.
A

ssu
m

in
g
ε
t

=
K

L
(p
t ‖

q
t )

=
O

(ε)
a
s
ε→

0
,

let
u
s

com
p
u
te

th
e

K
L

b
etw

een
state

d
istrib

u
tion

s
for

t
+

1

K
L

(p
t+

1 ‖
q
t+

1 )
=

∫
p
t+

1 (s ′)
log

p
t+

1 (s ′)
q
t+

1 (s ′)
,

≤
∫∫∫

p
t (s
,a

)p
(s ′|a

,s
)

lo
g
p
t (s
,a

)p
(s ′|a

,s
)

q
t (s
,a

)p
(s ′|a

,s
)
,

(log
su

m
in

eq
u
ality

)

=

∫
p
t (s ′) ∫

p
t (a|s ′)

log
p
t (s ′)p

t (a|s ′)
q
t (s ′)q

t (a|s ′)
,

=
ε
t
+

IE
s∼
p
t [K

L
(p
t (.|s

)‖
q
t (.|s

))].
(9)

H
en

ce
w

e
h
av

e
b

ou
n
d
ed

th
e

K
L

b
etw

een
state

d
istrib

u
tion

s
at
t

+
1

b
y

th
e

K
L

b
etw

een
sta

te
d
istrib

u
tion

s
an

d
th

e
ex

p
ected

K
L

b
etw

een
p

olicies
of

th
e

p
rev

iou
s

tim
e-step

t.
N

ow
w

e
w

ill
ex

p
ress

th
e

K
L

b
etw

een
p

olicies
u
n
d
er

th
e

n
ew

state
d
istrib

u
tion

s,
given

b
y

IE
s∼
p
t [K

L
(p
t (.|s

)
‖
q
t (.|s

))],
in

term
s

of
K

L
b

etw
een

p
olicies

u
n
d
er

th
e

p
rev

iou
s

state
d
istrib

u
tion

,
IE
s∼
q
t
[K

L
(p
t (.|s

)‖
q
t (.|s

))]
w

h
ich

is
b

ou
n
d
ed

d
u
rin

g
p

olicy
u
p

d
ate

b
y
ε,

an
d

K
L

(p
t ‖

q
t ).

T
o

d
o

so,
w

e
w

ill
u
se

th
e

assu
m

p
tion

th
at

th
e

state
d
istrib

u
tio

n
an

d
th

e
p

olicy
a
re

G
a
u
ssia

n
a
n
d

lin
ear-G

au
ssian

.
T

h
e

com
p
lete

d
em

on
stration

is
given

in
A

p
p

en
d
ix

B
,

a
n
d

w
e

o
n
ly

rep
ort

th
e

follow
in

g
resu

lt

IE
s∼
p
t [K

L
(p
t (.|s

)‖
q
t (.|s

))]≤
2
ε

(3ε
t
+
d
s

+
1)
.

(10)

It
is

n
ow

ea
sy

to
see

th
at

th
e

com
b
in

ation
o
f

(9)
an

d
(10)

togeth
er

w
ith

th
e

in
d
u
ctio

n
h
y
p

o
th

esis
y
ield

s
K

L
(p
t+

1 ‖
q
t+

1 )
=
O

(ε)
as
ε→

0.

F
in

a
lly,

th
e

com
b
in

ation
of

L
em

m
a

2
an

d
L

em
m

a
3

resu
lts

in
th

e
follow

in
g

th
eorem

,
low

er-b
o
u
n
d
in

g
th

e
ch

an
ge

in
p

olicy
retu

rn
.

T
h

e
o
re

m
4

If
fo

r
every

tim
e-step

th
e

sta
te

d
istribu

tio
n

s
p
t

a
n

d
q
t

a
re

G
a
u

ssia
n

a
n

d
th

e
po

licies
p
t (.|s

t )
a
n

d
q
t (.|s

t )
a
re

lin
ea

r-G
a
u

ssia
n

a
n

d
if

IE
s∼
q
t
[K

L
(p
t (.|s

)‖
q
t (.|s

))]≤
ε

fo
r

every
tim

e-step
th

en

J
(p

)−
J

(q)≥
T
∑t=

1

IE
s∼
q
t ,a∼

p
t (.|s

)
[A

qt (s
,a

)]−
T
∑t=

1

δ
t O

( √
ε).

T
h
eo

rem
4

sh
ow

s
th

at
w

e
are

ab
le

to
ob

tain
sim

ilar
b

ou
n
d
s

th
an

th
ose

d
erived

in
(S

ch
u
lm

a
n

et
a
l.,

2015)
for

ou
r

con
tin

u
ou

s
state-action

tra
jectory

op
tim

ization
settin

g
w

ith
a

b
o
u
n
d
ed

K
L

p
olicy

u
p

d
ate

in
ex

p
ectation

u
n
d
er

th
e

p
rev

iou
s

state
d
istrib

u
tion

.
W

h
ile,

it

1
1
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A
k
r
o
u
r
,
A
b
d
o
l
m
a
l
e
k
i,
A
b
d
u
l
sa

m
a
d
,
P
e
t
e
r
s,

a
n
d

N
e
u
m
a
n
n

is
n
ot

easy
to

ap
p
ly

T
h
eorem

4
in

p
ractice

to
ch

o
ose

an
ap

p
rop

ria
te

step
-size

ε
sin

ce
A
qt (s

,a
)

is
gen

erally
on

ly
k
n
ow

n
ap

p
rox

im
ately,

T
h
eorem

4
still

sh
ow

s
th

at
ou

r
con

strain
ed

p
olicy

u
p

d
ate

w
ill

resu
lt

in
sm

all
ch

an
ges

in
th

e
overall

b
eh

av
ior

of
th

e
p

olicy
b

etw
een

su
ccessive

iteration
s

w
h
ich

is
cru

cial
in

th
e

ap
p
rox

im
ate

R
L

settin
g.

6
.

R
e
la

te
d

W
o
rk

In
th

e
A

p
p
rox

im
ate

P
olicy

Iteration
sch

em
e

(S
zep

esvari,
2010),

p
olicy

u
p

d
ates

can
p

oten
-

tially
d
ecrease

th
e

ex
p

ected
rew

ard
,

lead
in

g
to

p
olicy

o
scillation

s
(W

agn
er,

2011),
u
n
less

th
e

u
p

d
ated

p
olicy

is
’close’

en
ou

gh
to

th
e

p
rev

iou
s

on
e

(K
akad

e
an

d
L

an
gford

,
20

02).
B

ou
n
d
in

g
th

e
ch

an
ge

b
etw

een
π
i

an
d
π
i+

1
d
u
rin

g
th

e
p

olicy
u
p

d
ate

step
is

th
u
s

a
w

ell
stu

d
ied

id
ea

in
th

e
A

p
p
rox

im
ate

P
olicy

Iteration
literatu

re.
A

lread
y

in
2002,

K
akad

e
an

d
L

an
gford

p
rop

osed
th

e
C

on
servative

P
o
licy

Iteration
(C

P
I)

algorith
m

w
h
ere

th
e

n
ew

p
olicy

π
i+

1
is

ob
tain

ed
as

a
m

ix
tu

re
of
π
i

an
d

th
e

greed
y

p
olicy

w
.r.t.

Q
i.

T
h
e

m
ix

tu
re

p
a-

ram
eter

is
ch

osen
su

ch
th

at
a

low
er

b
ou

n
d

of
J

(π
i+

1)−
J

(π
i)

is
p

ositive
an

d
im

p
rovem

en
t

is
gu

aran
teed

.
H

ow
ev

er,
con

vergen
ce

w
a
s

on
ly

asy
m

p
totic

an
d

in
p
ractice

a
sin

gle
p

olicy
u
p

d
ate

w
ou

ld
req

u
ire

as
m

an
y

sam
p
les

as
oth

er
a
lgorith

m
s

w
ou

ld
n
eed

to
fi
n
d

th
e

op
tim

al
solu

tion
(P

irotta
et

al.,
2013b

).
P

irotta
et

al.
(2013b

)
refi

n
ed

th
e

low
er

b
ou

n
d

of
C

P
I

b
y

ad
d
in

g
an

ad
d
ition

al
term

cap
tu

rin
g

th
e

closen
ess

b
etw

een
p

olicies
(d

efi
n
ed

as
th

e
m

atrix
n
orm

of
th

e
d
iff

eren
ce

b
etw

een
th

e
tw

o
p

olicies),
resu

ltin
g

in
a

m
ore

agg
ressive

u
p

d
ates

an
d

b
etter

ex
p

erim
en

tal
resu

lts.
H

ow
ever,

b
oth

ap
p
roach

es
on

ly
con

sid
ered

d
iscrete

action
sp

aces.
P

irotta
et

al.
(2013a)

p
rov

id
e

an
ex

ten
sion

to
con

tin
u
ou

s
d
om

ain
s

b
u
t

on
ly

for
sin

gle
d
im

en
sion

al
action

s.

W
h
en

th
e

action
sp

ace
is

con
tin

u
ou

s,
w

h
ich

is
ty

p
ical

in
e.g.

rob
otic

ap
p
lication

s,
u
sin

g
a

sto
ch

astic
p

olicy
an

d
u
p

d
atin

g
it

u
n
d
er

a
K

L
con

strain
t

to
en

su
re

’closen
ess’

of
su

ccessive
p

olicies
h
as

sh
ow

n
severa

l
em

p
irical

su
ccesses

(D
an

iel
et

al.,
2012;

L
ev

in
e

an
d

K
oltu

n
,

2014;
S
ch

u
lm

an
et

al.,
2015).

H
ow

ever,
on

ly
an

em
p
irical

sam
p
le

estim
ate

of
th

e
ob

jective
fu

n
ction

is
gen

erally
op

tim
ized

(P
eters

et
al.,

2010;
S
ch

u
lm

an
et

al.,
2015),

w
h
ich

ty
p
ically

req
u
ires

a
h
igh

n
u
m

b
er

of
sam

p
les

an
d

p
reclu

d
es

it
from

a
d
irect

ap
p
lication

to
p
h
y
sical

sy
stem

s.
T

h
e

sam
p
le

com
p
lex

ity
can

b
e

red
u
ced

w
h
en

a
m

o
d
el

of
th

e
d
y
n
am

ics
is

availab
le

(L
ev

in
e

an
d

K
oltu

n
,

2014)
or

learn
ed

(L
ev

in
e

an
d

A
b
b

eel,
2014).

In
th

e
la

tter
w

ork
,

em
p
irical

ev
id

en
ce

su
ggests

th
at

go
o
d

p
olicies

can
b

e
learn

ed
on

h
igh

d
im

en
sion

al
con

tin
u
ou

s
state-action

sp
aces

w
ith

on
ly

a
few

h
u
n
d
red

ep
iso

d
es.

T
h
e

cou
n
ter

p
art

b
ein

g
th

at
tim

e-d
ep

en
d
en

t
d
y
n
am

ics
are

assu
m

ed
to

b
e

lin
ear,

w
h
ich

is
a

sim
p
lify

in
g

assu
m

p
tion

in
m

an
y

cases.
L

earn
in

g
m

ore
sop

h
isticated

m
o
d
els

u
sin

g
for

ex
am

p
le

G
au

ssian
P

ro
cesses

w
as

ex
p

erim
en

ted
b
y

D
eisen

roth
an

d
R

asm
u
ssen

(2011)
an

d
P

an
an

d
T

h
eo

d
o
rou

(2014)
in

th
e

P
olicy

S
earch

an
d

T
ra

jectory
O

p
tim

ization
con

tex
t,

b
u
t

it
is

still
con

sid
ered

to
b

e
a

ch
allen

gin
g

task
,

see
D

eisen
roth

et
al.

(2013),
ch

ap
ter

3.

T
h
e

p
olicy

u
p

d
ate

in
E

q
.

(4)
resem

b
les

th
at

of
(P

eters
et

al.,
2010;

D
an

iel
et

al.,
2012)

w
ith

th
ree

m
ain

d
iff

eren
ces.

F
irst,

w
ith

ou
t

th
e

assu
m

p
tion

o
f

a
q
u
a
d
ratic

Q
-F

u
n
ction

,
an

ad
d
ition

al
w

eigh
ted

m
ax

im
u
m

lik
elih

o
o
d

step
is

req
u
ired

for
fi
ttin

g
π
i+

1
to

w
eigh

ted
sam

p
les

as
in

th
e

r.h
.s

of
E

q
.

(4),
sin

ce
th

is
p

olicy
m

igh
t

n
ot

b
e

of
th

e
sam

e
p

olicy
class.

A
s

a
resu

lt,
th

e
K

L
b

etw
een

π
i

an
d
π
i+

1
is

n
o

lon
ger

resp
ected

.
S
econ

d
ly,

w
e

ad
d
ed

an
en

trop
y

con
strain

t
in

ord
er

to
cop

e
w

ith
th

e
in

h
eren

t
n
on

-station
ary

ob
jectiv

e
fu

n
ction

m
ax

im
ized

b
y

th
e

p
olicy

(E
q
.

1)
an

d
to

en
su

re
th

at
ex

p
loration

is
su

stain
ed

,
resu

ltin
g

in
b

etter
q
u
ality
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M
o
d
e
l
-F

r
e
e
T
r
a
je
c
t
o
r
y
-b
a
se

d
P
o
l
ic
y
O
p
t
im

iz
a
t
io
n

p
ol

ic
ie

s.
T

h
ir

d
ly

,
th

ei
r

sa
m

p
le

b
as

ed
op

ti
m

iz
at

io
n

al
go

ri
th

m
re

q
u
ir

es
th

e
in
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it

y
(I

n
d
y
k

an
d

T
h
a
p

er
,

2
0
0
3;

G
ra

u
m

an
an

d
D

ar
re

ll
,

20
04

;
S
h
ir

d
h
on

ka
r

an
d

J
ac

ob
s,

20
08

),
an

d
th

e
n
et

w
o
rk

si
m

p
le

x
ca

n
b

e
m

o
d
ifi

ed
to

ru
n

in
q
u
ad

ra
ti

c
ti

m
e

(G
u
d
m

u
n
d
ss

on
et

al
.,

20
07

;
L

in
g

an
d

O
ka

d
a
,
2
0
0
7
;
P

el
e

an
d

W
er

m
an

,
20

09
).

N
ev

er
th

el
es

s,
th

e
d
is

to
rt

io
n
s

in
h
er

en
t

to
su

ch
em

b
ed

d
in

g
s

(N
a
o
r

a
n
d

S
ch

ec
h
tm

an
,

20
07

),
an

d
th

e
ex

p
on

en
ti

al
in

cr
ea

se
of

co
st

s
in

cu
rr

ed
b
y

su
ch

m
o
d
ifi

ca
ti

o
n
s,

m
ak

e
th

es
e

ap
p
ro

ac
h
es

in
ap

p
li
ca

b
le

fo
r

d
im

en
si

on
s

h
ig

h
er

th
an

fo
u
r.

In
st

ea
d
,

m
u
lt

i-
sc

a
le

st
ra

te
gi

es
(O

b
er

m
an

an
d

R
u
an

,
20

15
)

an
d

sh
or

tc
u
t

p
at

h
s

(S
ch

m
it

ze
r,

20
16

a
)

ca
n

sp
ee

d
u
p

th
e

es
ti

m
at

io
n

of
th

e
ex

ac
t

op
ti

m
al

p
la

n
.

T
h
es

e
ap

p
ro

ac
h
es

ar
e

ye
t

li
m

it
ed

to
p
a
rt

ic
u
la

r
co

n
ve

x
co

st
s

su
ch

as
` 2

,
w

h
il
e

ot
h
er

co
st

s
su

ch
as
` 1

an
d

tr
u
n
ca

te
d

or
co

m
p
re

ss
ed

v
er

si
o
n
s

ar
e

of
te

n
p
re

fe
rr

ed
in

p
ra

ct
ic

e
fo

r
an

in
cr

ea
se

d
ro

b
u
st

n
es

s
to

d
at

a
ou

tl
ie

rs
(P

el
e

a
n
d

W
er

-
m

an
,

20
08

,
20

09
;

R
ab

in
et

al
.,

20
09

).
F

or
ge

n
er

al
ap

p
li
ca

ti
on

s,
a

ga
in

in
p

er
fo

rm
a
n
ce

ca
n

al
so

b
e

ob
ta

in
ed

w
it

h
a

co
st

d
ir

ec
tl

y
le

ar
n
ed

fr
om

la
b

el
ed

d
at

a
(C

u
tu

ri
an

d
A

v
is

,
2
0
1
4
).

T
h
e

af
or

em
en

ti
on

ed
ac

ce
le

ra
te

d
m

et
h
o
d
s

th
at

ar
e

d
ed

ic
at

ed
to
` 2

or
co

n
v
ex

co
st

s
a
re

th
u
s

n
ot

ad
ap

te
d

in
th

is
co

n
te

x
t.

O
n

an
ot

h
er

li
n
e

of
re

se
ar

ch
,

th
e

re
gu

la
ri

za
ti

on
of

th
e

tr
a
n
sp

or
t

p
la

n
,

fo
r

ex
a
m

p
le

v
ia

gr
ap

h
m

o
d
el

in
g

(F
er

ra
d
an

s
et

al
.,

20
14

),
h
as

b
ee

n
co

n
si

d
er

ed
to

d
ea

l
w

it
h

n
o
is

y
d
a
ta

,
th

ou
gh

th
is

la
tt

er
ap

p
ro

ac
h

d
o
es

n
ot

ad
d
re

ss
th

e
co

m
p
u
ta

ti
on

al
is

su
e

of
effi

ci
en

cy
fo

r
h
ig

h
d
im

en
si

on
s.

In
th

is
co

n
ti

n
u
it

y,
an

en
tr

op
ic

re
gu

la
ri

za
ti

on
w

as
sh

ow
n

to
ad

m
it

a
n

effi
ci

en
t

al
go

ri
th

m
w

it
h

q
u
ad

ra
ti

c
co

m
p
le

x
it

y
th

at
sp

ee
d
s

u
p

th
e

co
m

p
u
ta

ti
on

of
so

lu
ti

o
n
s

b
y

se
v
-

er
al

or
d
er

s
of

m
ag

n
it

u
d
e,

an
d

to
im

p
ro

ve
p

er
fo

rm
an

ce
on

ap
p
li
ca

ti
on

s
su

ch
a
s

h
a
n
d
w

ri
tt

en
d
ig

it
re

co
gn

it
io

n
(C

u
tu

ri
,

20
13

).
In

ad
d
it

io
n
,

a
ta

il
or

ed
co

m
p
u
ta

ti
on

ca
n

b
e

o
b
ta

in
ed

v
ia

co
n
vo

lu
ti

on
fo

r
sp

ec
ifi

c
gr

ou
n
d

co
st

s
(S

ol
om

on
et

al
.,

20
15

).
S
in

ce
th

e
in

tr
o
d
u
ct

io
n

o
f

th
e

en
tr

op
ic

re
gu

la
ri

za
ti

on
,
O

T
h
as

b
en

efi
te

d
fr

om
ex

te
n
si

ve
d
ev

el
op

m
en

ts
in

th
e

m
a
ch

in
e

le
a
rn

-
in

g
co

m
m

u
n
it

y,
w

it
h

ap
p
li
ca

ti
on

s
su

ch
as

la
b

el
p
ro

p
ag

a
ti

on
(S

ol
om

on
et

al
.,

2
0
1
4
),

d
o
m

ai
n

ad
ap

ta
ti

on
(C

ou
rt

y
et

al
.,

20
15

),
m

at
ri

x
fa

ct
or

iz
at

io
n

(Z
en

et
al

.,
20

14
),

d
ic

ti
o
n
a
ry

le
a
rn

-
in

g
(R

ol
et

et
al

.,
20

16
;

S
ch

m
it

z
et

al
.,

20
18

),
b
ar

y
ce

n
te

r
co

m
p
u
ta

ti
on

(C
u
tu

ri
a
n
d

P
ey

ré
,

20
16

),
ge

o
d
es

ic
p
ri

n
ci

p
al

co
m

p
on

en
t

an
al

y
si

s
(B

ig
ot

et
al

.,
20

13
;

S
eg

u
y

an
d

C
u
tu

ri
,

2
0
1
5
;

C
az

el
le

s
et

al
.,

20
17

),
d
at

a
fi
tt

in
g

(F
ro

gn
er

et
al

.,
20

15
),

st
at

is
ti

ca
l
in

fe
re

n
ce

(B
er

n
to

n
et

a
l.
,

2
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R
o
t
M
o
v
e
r
’s

D
ist

a
n
c
e

2
0
1
7
),

tra
in

in
g

of
B

oltzm
an

n
m

ach
in

es
(M

on
tavon

et
al.,

2016)
an

d
g
en

erative
ad

versarial
n
etw

o
rk

s
(A

rjov
sk

y
et

al.,
2017;

B
ou

sq
u
et

et
al.,

2017;
G

en
evay

et
al.,

2017).

W
ith

th
e

en
trop

ic
regu

larization
,

th
e

gain
in

com
p
u
tation

al
tim

e
is

o
n
ly

im
p

ortan
t

for
h
ig

h
d
im

en
sio

n
s

or
large

levels
of

regu
larization

.
F

or
low

regu
larization

,
ad

van
ced

op
ti-

m
iza

tio
n

stra
tegies

can
still

b
e

u
sed

to
ob

tain
a

sign
ifi

can
t

sp
eed

-u
p

(T
h
ib

au
lt

et
al.,

2017;
S
ch

m
itz

et
a
l.,

2018).
It

is
also

a
w

ell-k
n
ow

n
eff

ect
th

at
th

e
en

trop
ic

regu
larization

over-
sp

read
s

th
e

tra
n
sp

orted
m

ass,
w

h
ich

m
ay

b
e

u
n
d
esirab

le
for

certain
ap

p
lication

s
as

in
th

e
ca

se
o
f

in
terp

olation
p
u
rp

oses.
A

n
in

terestin
g

p
ersp

ective
of

th
ese

w
ork

s,
h
ow

ever,
is

th
at

m
an

y
m

o
re

reg
u
larizers

are
w

orth
in

vestigatin
g

to
solv

e
O

T
p
rob

lem
s

b
oth

effi
cien

tly
an

d
ro

b
u
stly

(G
a
lich

on
an

d
S
alan

ié,
2015;

M
u
zellec

et
al.,

2018;
B

lon
d
el

et
al.,

2017).
T

h
is

is
th

e
id

ea
w

e
a
d
d
ress

in
th

e
p
resen

t
w

ork
,

fo
cu

sin
g

o
n

sm
o
oth

con
vex

regu
larization

.

1
.1

N
o
ta

tio
n

s

F
o
r

th
e

sa
k
e

o
f

sim
p
licity,

w
e

con
sid

er
d
istrib

u
tion

s
w

ith
sam

e
d
im

en
sion

d
,

an
d

th
u
s

w
ork

w
ith

th
e

E
u
clid

ean
sp

ace
R
d×
d

of
sq

u
are

m
atrices.

It
is

straigh
tforw

ard
,

h
ow

ever,
to

ex
ten

d
a
ll

resu
lts

fo
r

a
d
iff

eren
t

n
u
m

b
er

of
b
in

s
m
,n

b
y

u
sin

g
rectan

gu
lar

m
atrices

in
R
m
×
n

in
stead

.
W

e
d
en

o
te

th
e

n
u
ll

m
atrix

ofR
d×
d

b
y

0
,

a
n
d

th
e

m
atrix

fu
ll

of
on

es
b
y

1
.

T
h
e

F
ro

b
en

iu
s

in
n
er

p
ro

d
u
ct

b
etw

een
tw

o
m

atrices
π
,ξ
∈
R
d×
d

is
d
efi

n
ed

b
y
:

〈π
,ξ〉

=
d
∑i=

1

d
∑j=

1

π
ij ξ

ij
.

(1)

W
h
en

th
e

in
ten

d
ed

m
ean

in
g

is
clear

from
th

e
con

tex
t,

w
e

also
w

rite
0

for
th

e
n
u
ll

vector
of

R
d,

a
n
d

1
fo

r
th

e
v
ector

fu
ll

of
on

es.
T

h
e

n
otation

· >
rep

resen
ts

th
e

tran
sp

osition
op

erator
fo

r
m

a
trices

o
r

vectors.
T

h
e

p
rob

ab
ility

sim
p
lex

ofR
d

is
d
efi

n
ed

as
follow

s:

Σ
d

=
{p
∈
R
d+

:
p
>

1
=

1}
.

(2)

T
h
e

o
p

era
to

r
d
iag

(v
)

tran
sform

s
a

vecto
r

v
∈
R
d

in
to

a
d
iagon

a
l

m
atrix

π
∈
R
d×
d

su
ch

th
at
π
ii

=
v
i ,

fo
r

all
1
≤
i≤

d
.

T
h
e

op
erator

vec(π
)

tran
sform

s
a

m
atrix

π
∈
R
d×
d

in
to

a
vecto

r
x
∈
R
d
2

su
ch

th
at
x
i+

(j−
1
)d

=
π
ij ,

for
all

1
≤
i,j≤

d
.

T
h
e

op
era

tor
sgn

(x
)

fo
r
x
∈
R

retu
rn

s−
1,0,+

1,
if
x

is
n
egative,

n
u
ll,

p
ositive,

resp
ectively.

F
u
n
ction

s
of

a
real

variab
le,

su
ch

as
th

e
a
b
solu

te
valu

e,
sign

,
ex

p
on

en
tial

or
p

ow
er

fu
n
ction

s,
are

con
sid

ered
elem

en
t-

w
ise

w
h
en

a
p
p
lied

to
m

atrices.
T

h
e

m
ax

op
erator

an
d

in
eq

u
alities

b
etw

een
m

atrices
sh

ou
ld

a
lso

b
e

in
terp

reted
elem

en
t-w

ise.
M

atrix
d
iv

ision
s

are
sim

ilarly
con

sid
ered

elem
en

t-w
ise,

w
h
erea

s
elem

en
t-w

ise
m

atrix
m

u
ltip

lication
s,

also
k
n
ow

n
as

H
ad

am
ard

or
S
ch

u
r

p
ro

d
u
cts,

a
re

d
en

oted
b
y
�

to
rem

ov
e

an
y

am
b
igu

ity
w

ith
stan

d
ard

m
atrix

m
u
ltip

lication
s.

L
astly,

a
d
d
itio

n
o
r

su
b
traction

of
a

scalar
an

d
a

m
atrix

sh
ou

ld
b

e
u
n
d
ersto

o
d

elem
en

t-w
ise

b
y

rep
lica

tin
g

th
e

scalar.

1
.2

B
a
ck

g
ro

u
n

d
a
n

d
R

e
la

te
d

W
o
rk

G
iven

tw
o

p
rob

ab
ility

vectors
p
,q
∈

Σ
d ,

a
n
d

a
cost

m
atrix

γ
∈
R
d×
d

+
w

h
ose

co
effi

cien
ts
γ
ij

rep
resen

t
th

e
co

st
of

m
ov

in
g

th
e

m
a
ss

from
b
in
p
i

to
q
j ,

th
e

total
cost

of
a

given
tran

sp
ort

p
la

n
,

o
r

cou
p
lin

g,
π
∈

Π
(p
,q

)
can

b
e

q
u
a
n
tifi

ed
as〈π

,γ〉.
A

n
op

tim
al

cost
is

th
en

ob
tain

ed

3
JM

L
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D
e
sse

in
,
P
a
pa

d
a
k
is

a
n
d

R
o
u
a
s

b
y

solv
in

g
a

lin
ea

r
p
rogram

:

d
γ
(p
,q

)
=

m
in

π∈
Π

(p
,q

) 〈π
,γ〉

,
(3)

w
ith

th
e

tran
sp

ort
p

oly
top

e
of

p
an

d
q

,
also

k
n
ow

n
a
s

th
e

p
oly

top
e

of
cou

p
lin

gs
b

etw
een

p
an

d
q

,
d
efi

n
ed

as
th

e
follow

in
g

p
oly

h
ed

ron
:

Π
(p
,q

)
=
{
π
∈
R
d×
d

+
:
π

1
=

p
,π
>

1
=

q}
.

(4)

T
h
e

E
M

D
asso

cia
ted

to
th

e
cost

m
atrix

γ
is

given
b
y
d
γ

an
d

is
a

tru
e

d
istan

ce
m

etric
on

th
e

p
rob

ab
ility

sim
p
lex

Σ
d

w
h
en

ever
γ

is
itself

a
d
istan

ce
m

atrix
.

In
gen

eral,
th

e
op

tim
al

p
lan

s,
or

earth
m

over’s
p
lan

s,
h
ave

at
m

ost
2
d−

1
n
on

zero
en

tries,
an

d
con

sist
eith

er
of

a
sin

gle
vertex

or
of

a
w

h
ole

facet
of

th
e

tran
sp

ort
p

oly
top

e.
O

n
e

of
th

e
earth

m
over’s

p
lan

s
can

b
e

ob
tain

ed
w

ith
th

e
n
etw

ork
sim

p
lex

(A
h
u
ja

et
al.,

1993)
am

on
g

oth
er

ap
p
roach

es.
F

or
a

gen
eral

cost
m

atrix
γ

,
th

e
com

p
lex

ity
of

solv
in

g
an

O
T

p
rob

lem
scales

at
least

in
O

(d
3

log
d
)

for
th

e
b

est
algorith

m
s

cu
rren

tly
p
rop

osed
,

in
clu

d
in

g
th

e
n
etw

ork
sim

p
lex

,
an

d
tu

rn
s

ou
t

to
b

e
su

p
er-cu

b
ic

in
p
ractice

as
w

ell.
C

u
tu

ri
(2013)

p
rop

osed
a

n
ew

fam
ily

of
O

T
d
istan

ces,
called

S
in

k
h
orn

d
istan

ces,
from

th
e

p
ersp

ective
of

m
ax

im
u
m

en
trop

y.
T

h
e

id
ea

is
to

sm
o
oth

th
e

origin
al

p
rob

lem
w

ith
a

strictly
con

vex
regu

larization
v
ia

th
e

B
oltzm

an
n
-S

h
an

n
on

en
trop

y.
T

h
e

p
rim

al
p
rob

lem
in

volv
es

th
e

en
trop

ic
regu

larization
as

a
n

ad
d
ition

al
con

strain
t:

d ′γ
,α

(p
,q

)
=

m
in

π∈
Π
α

(p
,q

) 〈π
,γ〉

,
(5)

w
ith

th
e

regu
larized

tran
sp

ort
p

oly
top

e
d
efi

n
ed

as
follow

s:

Π
α
(p
,q

)
=
{
π
∈

Π
(p
,q

):
E

(π
)≤

E
(p

q
>

)
+
α}

,
(6)

w
h
ere

α
≥

0
is

a
regu

larization
term

an
d
E

is
m

in
u
s

th
e

B
oltzm

an
n
-S

h
an

n
on

en
trop

y
as

d
efi

n
ed

in
(28).

It
is

also
straigh

tforw
ard

to
p
rove

th
at

w
e

h
ave:

Π
α
(p
,q

)
=
{π
∈

Π
(p
,q

):
K

(π‖1
)≤

K
(p

q
>‖1

)
+
α}

,
(7)

Π
α
(p
,q

)
=
{π
∈

Π
(p
,q

):
K

(π‖p
q
>

)≤
α}

.
(8)

w
h
ere

K
is

th
e

K
u
llb

ack
-L

eib
ler

d
ivergen

ce
as

d
efi

n
ed

in
(27).

T
h
is

en
forces

th
e

solu
tion

to
h
ave

su
ffi

cien
t

en
trop

y,
or

eq
u
ivalen

tly
sm

all
en

ou
gh

m
u
tu

al
in

form
ation

,
b
y

con
strain

in
g

it
to

th
e

K
u
llb

ack
-L

eib
ler

b
all

of
rad

iu
s
K

(p
q
>‖1

)
+
α

,
resp

ectively
α

,
an

d
cen

ter
th

e
m

atrix
1
∈

R
d×
d

+
+

,
resp

ectiv
ely

th
e

tran
sp

ort
p
lan

p
q
>
∈

R
d×
d

+
+

,
w

h
ich

h
av

e
m

ax
im

u
m

en
trop

y.
T

h
e

d
u
al

p
rob

lem
ex

p
loits

a
L

agran
ge

m
u
ltip

lier
to

relax
th

e
en

trop
ic

regu
larization

as
a

p
en

alty
:

d
γ
,λ (p

,q
)

=
〈π

?λ ,γ〉
,

(9)

w
ith

th
e

regu
larized

op
tim

al
p
lan

π
?λ

d
efi

n
ed

as
follow

s:

π
?λ

=
argm

in
π∈

Π
(p
,q

) 〈π
,γ〉

+
λ
E

(π
)
,

(10)

w
h
ere

λ
>

0
is

a
regu

larization
term

.
T

h
e

p
rob

lem
can

th
en

b
e

solved
em

p
irically

in
q
u
ad

ratic
com

p
lex

ity
w

ith
lin

ear
con

vergen
ce

u
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g
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e
S
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k
h
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n
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p
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m
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R
o
t
M
o
v
e
r
’s

D
is
t
a
n
c
e

an
d

K
n
op

p
,

19
67

)
b
as

ed
on

it
er

at
iv

e
m

at
ri

x
sc

al
in

g,
w

h
er

e
ro

w
s

an
d

co
lu

m
n
s

ar
e

re
sc

al
ed

in
tu

rn
so

th
at

th
ey

re
sp

ec
ti

v
el

y
su

m
u
p

to
p

an
d

q
u
n
ti

l
co

n
ve

rg
en

ce
.

F
in

al
ly

,
it

is
ea

sy
to

p
ro

v
e

th
at

w
e

h
av

e:

π
? λ

=
ar

gm
in

π
∈Π

(p
,q

)
〈π
,γ
〉+

λ
K

(π
‖1

)
,

(1
1)

π
? λ

=
ar

gm
in

π
∈Π

(p
,q

)
〈π
,γ
〉+

λ
K

(π
‖p

q
>

)
.

(1
2)

T
h
is

ag
ai

n
sh

ow
s

th
at

th
e

re
gu

la
ri

za
ti

on
en

fo
rc

es
th

e
so

lu
ti

on
to

h
av

e
su

ffi
ci

en
t

en
tr

op
y,

or
eq

u
iv

al
en

tl
y

sm
al

l
en

ou
gh

m
u
tu

al
in

fo
rm

at
io

n
,

b
y

sh
ri

n
k
in

g
it

to
w

ar
d

th
e

m
at

ri
x

1
a
n
d

th
e

jo
in

t
d
is

tr
ib

u
ti

on
p

q
>

w
h
ic

h
h
av

e
m

ax
im

u
m

en
tr

op
y.

B
en

am
ou

et
al

.
(2

01
5)

re
v
is

it
ed

th
e

en
tr

op
ic

re
gu

la
ri

za
ti

on
in

a
ge

om
et

ri
ca

l
fr

am
ew

o
rk

w
it

h
it

er
at

iv
e

in
fo

rm
at

io
n

p
ro

je
ct

io
n
s.

T
h
ey

sh
ow

ed
th

at
co

m
p
u
ti

n
g

a
S
in

k
h
or

n
d
is

ta
n
ce

in
d
u
al

fo
rm

ac
tu

al
ly

am
ou

n
ts

to
th

e
m

in
im

iz
at

io
n

of
a

K
u
ll
b
ac

k
-L

ei
b
le

r
d
iv

er
ge

n
ce

:

π
? λ

=
ar

gm
in

π
∈Π

(p
,q

)
K

(π
‖e

x
p
(−
γ
/λ

))
.

(1
3)

P
re

ci
se

ly
,

th
is

am
ou

n
ts

to
co

m
p
u
ti

n
g

th
e

K
u
ll
b
ac

k
-L

ei
b
le

r
p
ro

je
ct

io
n

of
ex

p
(−
γ
/λ

)
∈
R
d
×
d

+
+

on
to

th
e

tr
an

sp
or

t
p

ol
y
to

p
e

Π
(p
,q

).
In

th
is

co
n
te

x
t,

th
e

S
in

k
h
or

n
-K

n
op

p
al

go
ri

th
m

tu
rn

s
ou

t
to

b
e

a
sp

ec
ia

l
in

st
an

ce
of

B
re

gm
an

p
ro

je
ct

io
n

on
to

th
e

in
te

rs
ec

ti
on

o
f

co
n
ve

x
se

ts
v
ia

al
te

rn
at

e
p
ro

je
ct

io
n
s.

S
p

ec
ifi

ca
ll
y,

w
e

se
e

Π
(p
,q

)
as

th
e

in
te

rs
ec

ti
on

of
th

e
n
o
n
-n

eg
at

iv
e

or
th

an
t

w
it

h
tw

o
affi

n
e

su
b
sp

ac
es

co
n
ta

in
in

g
al

l
m

at
ri

ce
s

w
it

h
ro

w
s

an
d

co
lu

m
n
s

su
m

m
in

g
to

p
an

d
q

re
sp

ec
ti

ve
ly

,
an

d
w

e
al

te
rn

at
e

p
ro

je
ct

io
n

on
th

es
e

tw
o

su
b
sp

ac
es

ac
co

rd
in

g
to

th
e

K
u
ll
b
ac

k
-L

ei
b
le

r
d
iv

er
ge

n
ce

u
n
ti

l
co

n
ve

rg
en

ce
.

K
u
rr

as
(2

01
5)

fu
rt

h
er

st
u
d
ie

d
th

is
eq

u
iv

al
en

ce
in

th
e

w
id

er
co

n
te

x
t

of
it

er
at

iv
e

p
ro

-
p

or
ti

on
al

fi
tt

in
g.

H
e

n
ot

ab
ly

sh
ow

ed
th

at
th

e
S
in

k
h
or

n
-K

n
op

p
an

d
al

te
rn

at
e

B
re

gm
an

p
ro

je
ct

io
n
s

ca
n

b
e

ex
te

n
d
ed

to
ac

co
u
n
t

fo
r

in
fi
n
it

e
en

tr
ie

s
in

th
e

co
st

m
a
tr

ix
γ

,
an

d
th

u
s

n
u
ll

en
tr

ie
s

in
th

e
re

gu
la

ri
ze

d
op

ti
m

al
p
la

n
.

H
en

ce
,

it
is

p
os

si
b
le

to
d
ev

el
op

a
sp

ar
se

ve
r-

si
on

of
th

e
en

tr
op

ic
re

gu
la

ri
za

ti
on

to
O

T
p
ro

b
le

m
s.

T
h
is

b
ec

om
es

in
te

re
st

in
g

to
st

o
re

th
e

d
×
d

m
at

ri
x

va
ri

ab
le

s
an

d
p

er
fo

rm
th

e
re

q
u
ir

ed
co

m
p
u
ta

ti
on

s
w

h
en

th
e

d
at

a
d
im

en
si

on
ge

ts
la

rg
e.

D
h
il
lo

n
an

d
T

ro
p
p

(2
00

7)
h
ad

al
re

ad
y

en
li
gh

te
n
ed

su
ch

a
n

eq
u
iv

al
en

ce
in

th
e

fi
el

d
of

m
at

ri
x

an
al

y
si

s.
T

h
ey

ac
tu

al
ly

co
n
si

d
er

ed
th

e
es

ti
m

at
io

n
of

co
n
ti

n
ge

n
cy

ta
b
le

s
w

it
h

fi
x
ed

m
ar

gi
n
al

s
as

a
m

at
ri

x
n
ea

rn
es

s
p
ro

b
le

m
b
as

ed
on

th
e

K
u
ll
b
ac

k
-L

ei
b
le

r
d
iv

er
ge

n
ce

.
In

m
or

e
d
et

ai
l,

th
ey

u
se

a
ro

u
gh

es
ti

m
at

e
ξ
∈
R
d
×
d

+
+

to
p
ro

d
u
ce

a
co

n
ti

n
ge

n
cy

ta
b
le
π
?

th
at

h
a
s

fi
x
ed

m
ar

gi
n
al

s
p
,q

b
y

K
u
ll
b
ac

k
-L

ei
b
le

r
p
ro

je
ct

io
n

of
ξ

on
to

Π
(p
,q

):

π
?

=
ar

gm
in

π
∈Π

(p
,q

)
K

(π
‖ξ

)
.

(1
4)

T
h
ey

sh
ow

ed
th

at
al

te
rn

at
e

B
re

gm
an

p
ro

je
ct

io
n
s

sp
ec

ia
li
ze

to
th

e
S
in

k
h
or

n
-K

n
op

p
al

go
-

ri
th

m
in

th
is

co
n
te

x
t.

H
ow

ev
er

,
n
o

re
la

ti
on

sh
ip

to
O

T
p
ro

b
le

m
s

w
as

h
ig

h
li
gh

te
d
.

1
.3

C
o
n
tr

ib
u

ti
o
n

s
a
n

d
O

rg
a
n

iz
a
ti

o
n

O
u
r

m
ai

n
co

n
tr

ib
u
ti

on
is

to
fo

rm
u
la

te
a

u
n
ifi

ed
fr

am
ew

or
k

fo
r

d
is

cr
et

e
re

g
u
la

ri
ze

d
op

ti
m

al
tr

an
sp

or
t

(R
O

T
)

b
y

co
n
si

d
er

in
g

a
la

rg
e

cl
as

s
of

sm
o
o
th

co
n
ve

x
re

gu
la

ri
ze

rs
.

W
e

ca
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th
e
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8

D
e
ss
e
in
,
P
a
pa

d
a
k
is

a
n
d

R
o
u
a
s

u
n
d
er

ly
in

g
d
is

ta
n
ce

th
e

ro
t

m
ov

er
’s

d
is

ta
n
ce

(R
M

D
)

an
d

sh
ow

th
at

a
gi

ve
n

R
O

T
p
ro

b
le

m
ac

tu
al

ly
am

ou
n
ts

to
th

e
m

in
im

iz
at

io
n

of
an

as
so

ci
at

ed
B

re
gm

an
d
iv

er
ge

n
ce

.
T

h
is

a
ll
ow

s
th

e
d
er

iv
at

io
n

of
tw

o
sc

h
em

es
th

at
w

e
ca

ll
th

e
al

te
rn

at
e

sc
al

in
g

al
go

ri
th

m
(A

S
A

)
a
n
d

th
e

n
o
n
-

n
eg

at
iv

e
al

te
rn

at
e

sc
al

in
g

al
go

ri
th

m
(N

A
S
A

),
to

co
m

p
u
te

effi
ci

en
tl

y
th

e
re

gu
la

ri
ze

d
o
p
ti

m
a
l

p
la

n
s

d
ep

en
d
in

g
on

w
h
et

h
er

th
e

d
om

ai
n

of
th

e
re

gu
la

ri
ze

r
li
es

w
it

h
in

th
e

n
o
n
-n

eg
a
ti

ve
or

th
an

t
or

n
ot

.
T

h
es

e
sc

h
em

es
ar

e
b
as

ed
on

th
e

ge
n
er

al
fo

rm
of

al
te

rn
at

e
p
ro

je
ct

io
n
s

fo
r

B
re

gm
an

d
iv

er
ge

n
ce

s.
T

h
ey

al
so

ex
p
lo

it
th

e
N

ew
to

n
-R

ap
h
so

n
m

et
h
o
d

to
ap

p
ro

x
im

a
te

th
e

p
ro

je
ct

io
n
s

fo
r

se
p
ar

ab
le

d
iv

er
ge

n
ce

s.
T

h
e

se
p
ar

ab
le

ca
se

is
fu

rt
h
er

en
h
an

ce
d

w
it

h
a

sp
a
rs

e
ex

te
n
si

on
to

d
ea

l
w

it
h

h
ig

h
d
at

a
d
im

en
si

on
s.

W
e

al
so

in
st

an
ti

at
e

ou
r

tw
o

g
en

er
ic

sc
h
em

es
w

it
h

w
id

el
y
-u

se
d

re
gu

la
ri

ze
rs

an
d

st
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is
ti

ca
l

d
iv

er
ge

n
ce

s.

T
h
e

p
ro

p
os

ed
fr

am
ew

or
k

n
at

u
ra

ll
y

ex
te

n
d
s

th
e

S
in
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h
or

n
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n
op

p
a
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or
it

h
m
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r

th
e
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-

u
la

ri
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ti
on

b
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ed
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th
e

B
ol
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an
n
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h
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n
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en
tr

op
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u
tu
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or

eq
u
iv

a
le

n
tl

y
th

e
m

in
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iz
at

io
n
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a

K
u
ll
b
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k
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b
le

r
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iv
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ge

n
ce
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en

am
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et
al
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15
),

an
d

th
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r
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a
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e
ve
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u
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15
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w

h
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h
tu

rn
ou

t
to

b
e

sp
ec

ia
l

in
st

an
ce

s
of

R
O

T
p
ro

b
le

m
s.
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a
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o
re
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s
to

m
at

ri
x

n
ea
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es

s
p
ro

b
le

m
s

v
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m
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im
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n
of

B
re

gm
a
n

d
iv

er
ge

n
ce

s,
an

d
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is
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ra
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h
t-

fo
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m
or

e
ge

n
er
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ti
m

at
or

s
fo

r
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n
ti

n
ge

n
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ta
b
le

s
w

it
h
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x
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m
a
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in
a
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e
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ti
m
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or
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ed
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th
e

K
u
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b
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ei
b
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r
d
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ge

n
ce

(D
h
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n
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n
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T
ro

p
p
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as
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b
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n
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e
n
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in
si

gh
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b
et

w
ee

n
tr

a
n
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ti
on
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n
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a
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d

in
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at

io
n

ge
om

et
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i
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N
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w
h
er

e
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re
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n
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k
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ow

n
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p
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w
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re
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at
io

n
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T
h
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ai
n
d
er

of
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p
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S
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on
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w

e
in
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o
d
u
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so
m

e
n
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p
re

li
m

in
ar

ie
s.

In
S
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ti
on

3,
w

e
p
re

se
n
t

ou
r

th
eo

re
ti

ca
l

re
su

lt
s

fo
r

a
u
n
ifi

ed
fr

a
m

e-
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or
k

of
R

O
T

p
ro

b
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m
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W
e

th
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d
er

iv
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o
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R
O

T
p
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b
le

m
s
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S
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on

4.
W

e
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so
d
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e

in
h
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t
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R

O
T

p
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b
le

m
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r
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a
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a
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g
-

u
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d
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d
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ge

n
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s
in

S
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ti
on

5.
In

S
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ti
on

6,
w

e
p
ro

v
id

e
ex

p
er

im
en

ts
to

il
lu

st
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te
ou

r
m

et
h
o
d
s

on
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n
th
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ic

d
at

a
an

d
re

al
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o
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d
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d
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d
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a
in

a
cl

a
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ifi
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o
n

p
ro

b
le

m
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F
in
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ly

,
in

S
ec
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on

7,
w

e
d
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w
so

m
e
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n
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u
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s
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d

p
er
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s
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r
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w
o
rk
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T
h
e
o
re
ti
ca

l
P
re
li
m
in
a
ri
e
s

In
th
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se
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io

n
,

w
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tr

o
d
u
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e
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q
u
ir

ed
p
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m
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ou

r
fr

am
ew

or
k
.

W
e

b
eg

in
w

it
h

el
em

en
ts

of
co

n
ve

x
an

al
y
si

s
(S

ec
ti

on
2.

1)
an

d
of

B
re

gm
an

ge
om

et
ry

(S
ec

ti
on

2
.2

).
W

e
p
ro

-
ce

ed
w

it
h

th
eo

re
ti

ca
l

re
su

lt
s

fo
r

co
n
ve

rg
en

ce
of

al
te

rn
at

e
B

re
gm

an
p
ro

je
ct

io
n
s

(S
ec

ti
o
n

2
.3

)
an

d
of

th
e

N
ew

to
n
-R

ap
h
so

n
m

et
h
o
d

(S
ec

ti
on

2.
4)

.

2
.1

C
o
n
v
e
x

A
n
a
ly

si
s

L
et
E

b
e

a
E

u
cl

id
ea

n
sp

ac
e

w
it

h
in

n
er

p
ro

d
u
ct
〈·,
·〉

an
d

in
d
u
ce

d
n
or

m
‖·
‖.

T
h
e

b
o
u
n
d
a
ry

,
in

te
ri

or
an

d
re

la
ti

ve
in

te
ri

or
of

a
su

b
se

t
X
⊆
E

ar
e

re
sp

ec
ti

ve
ly

d
en

ot
ed

b
y

b
d
(X

),
in

t(
X

),
an

d
ri

(X
),

w
h
er

e
w

e
re

ca
ll

th
at

fo
r

a
co

n
ve

x
se

t
C,

w
e

h
av

e:

ri
(C

)
=
{x
∈
C:
∀y
∈
C,
∃λ

>
1,
λ
x

+
(1
−
λ

)y
∈
C}

.
(1

5
)

In
co

n
ve

x
an

al
y
si

s,
sc

al
ar

fu
n
ct

io
n
s

ar
e

d
efi

n
ed

ov
er

th
e

w
h
ol

e
sp

ac
e
E

a
n
d

ta
ke

va
lu

es
in

th
e

ex
te

n
d
ed

re
al

n
u
m

b
er

li
n
e
R
∪
{−
∞
,+
∞
}.

T
h
e

eff
ec

ti
ve

d
om

ai
n
,

or
si

m
p
ly

d
o
m

a
in

,
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R
o
t
M
o
v
e
r
’s

D
ist

a
n
c
e

o
f

a
fu

n
ction

f
is

th
en

d
efi

n
ed

as
th

e
set:

d
om

f
=
{x
∈
E

:
f

(x
)
<

+
∞
}
.

(16)

A
co

n
v
ex

fu
n
ction

f
is

p
rop

er
if
f

(x
)
<

+
∞

for
at

least
on

e
x
∈
E

an
d
f

(x
)
>
−
∞

for
a
ll

x
∈
E

,
a
n
d

it
is

closed
if

its
low

er
level

sets{x
∈
E

:
f

(x
)≤

α}
a
re

closed
for

all
α
∈
R

.
If

d
om

f
is

clo
sed

,
th

en
f

is
closed

,
an

d
a

p
rop

er
con

v
ex

fu
n
ction

is
closed

if
an

d
on

ly
if

it
is

low
er

sem
i-co

n
tin

u
ou

s.
M

oreover,
a

closed
fu

n
ction

f
is

co
n
tin

u
ou

s
relative

to
an

y
sim

p
lex

,
p

o
ly

to
p

e
o
r

p
o
ly

h
ed

ral
su

b
set

in
d
om

f
.

It
is

also
w

ell-k
n
ow

n
th

at
a

con
vex

fu
n
ction

f
is

a
lw

ay
s

co
n
tin

u
ou

s
in

th
e

relative
in

terior
ri(d

om
f

)
of

its
d
om

ain
.

A
fu

n
ctio

n
f

is
essen

tially
sm

o
o
th

if
it

is
d
iff

eren
tiab

le
on

in
t(d

om
f

)6=
∅

an
d

verifi
es

lim
k→

+
∞
‖∇

f
(x
k )‖

=
+
∞

for
an

y
seq

u
en

ce
(x
k )
k∈

N
from

in
t(d

om
f

)
th

at
con

verges
to

a
p

o
in

t
x
∈

b
d
(d

om
f

).
A

fu
n
ction

f
is

of
L

egen
d
re

ty
p

e
if

it
is

a
closed

p
rop

er
con

vex
fu

n
ctio

n
th

a
t

is
also

essen
tially

sm
o
oth

an
d

strictly
con

vex
on

in
t(d

om
f

).
T

h
e

F
en

ch
el

con
ju

gate
f
?

of
a

fu
n
ction

f
is

d
efi

n
ed

for
all

y
∈
E

as
fo

llow
s:

f
?(y

)
=

su
p

x∈
in

t(d
o
m
f

) 〈x
,y〉−

f
(x

)
.

(17)

T
h
e

F
en

ch
el

co
n
ju

gate
f
?

is
alw

ay
s

a
closed

con
vex

fu
n
ction

.
M

oreov
er,

if
f

is
a

closed
co

n
vex

fu
n
ctio

n
,

th
en

(f
?)
?

=
f

,
an

d
f

is
of

L
egen

d
re

ty
p

e
if

an
d

on
ly

if
f
?

is
of

L
egen

d
re

ty
p

e.
In

th
is

la
tter

case,
th

e
grad

ien
t

m
ap

p
in

g
∇
f

is
a

h
om

eom
orp

h
ism

b
etw

een
in

t(d
om

f
)

a
n
d

in
t(d

om
f
?),

w
ith

in
verse

m
ap

p
in

g
(∇
f

) −
1

=
∇
f
?,

w
h
ich

gu
aran

tees
th

e
ex

isten
ce

of
d
u
a
l

co
o
rd

in
a
te

sy
stem

s
x

(y
)

=
∇
f
?(y

)
an

d
y

(x
)

=
∇
f

(x
)

on
in

t(d
om

f
)

an
d

in
t(d

om
f
?).

F
in

a
lly,

w
e

say
th

at
a

fu
n
ction

f
is

cofi
n
ite

if
it

verifi
es:

lim
λ→

+
∞
f

(λ
x

)/λ
=

+
∞

,
(18)

fo
r

a
ll

n
o
n
zero

x
∈
E

.
In

tu
itively,

it
m

ean
s

th
at
f

grow
s

su
p

er-lin
early

in
ev

ery
d
irection

.
In

p
a
rticu

la
r,

a
closed

p
rop

er
con

v
ex

fu
n
ction

is
cofi

n
ite

if
an

d
on

ly
if

d
om

f
?

=
E

.

2
.2

B
re

g
m

a
n

G
e
o
m

e
try

L
et
φ

b
e

a
co

n
v
ex

fu
n
ction

on
E

th
at

is
d
iff

eren
tiab

le
on

in
t(d

om
φ

)
6=
∅.

T
h
e

B
regm

an
d
ivergen

ce
g
en

erated
b
y
φ

is
d
efi

n
ed

as
follow

s:

B
φ
(x‖

y
)

=
φ

(x
)−

φ
(y

)−
〈x
−

y
,∇
φ

(y
)〉
,

(19)

fo
r

a
ll

x
∈

d
o
m
φ

an
d

y
∈

in
t(d

om
φ

).
W

e
h
ave

B
φ
(x‖

y
)
≥

0
for

an
y

x
∈

d
om

φ
an

d
y
∈

in
t(d

o
m
φ

).
If

in
ad

d
ition

φ
is

strictly
con

v
ex

on
in

t(d
om

φ
),

th
en

B
φ
(x‖

y
)

=
0

if
an

d
o
n
ly

if
x

=
y

.
B

regm
an

d
ivergen

ces
are

also
alw

ay
s

con
vex

in
th

e
fi
rst

a
rgu

m
en

t,
an

d
are

in
va

ria
n
t

u
n
d
er

ad
d
in

g
an

arb
itrary

affi
n
e

term
to

th
eir

gen
erator.

B
reg

m
a
n

d
ivergen

ces
are

n
ot

sy
m

m
etric

an
d

d
o

n
ot

verify
th

e
trian

g
le

in
eq

u
ality

in
g
en

era
l,

a
n
d

th
u
s

are
n
ot

n
ecessarily

d
istan

ces
in

th
e

strict
sen

se.
H

ow
ever,

th
ey

still
en

joy
so

m
e

n
ice

geom
etrical

p
rop

erties
th

at
som

eh
ow

gen
eralize

th
e

E
u
clid

ean
geom

etry.
In

p
a
rticu

la
r,

th
ey

verify
a

fou
r-p

oin
t

id
en

tity
sim

ilar
to

a
p
arallelog

ram
law

:

B
φ
(x‖

y
)

+
B
φ
(x
′‖

y
′)

=
B
φ
(x
′‖

y
)

+
B
φ
(x‖

y
′)−
〈x
−

x
′,∇

φ
(y

)−
∇
φ

(y
′)〉

,
(20)
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D
e
sse

in
,
P
a
pa

d
a
k
is

a
n
d

R
o
u
a
s

for
all

x
,x
′∈

d
om

φ
an

d
y
,y
′∈

in
t(d

om
φ

).
A

sp
ecial

in
stan

ce
of

th
is

relation
gives

rise
to

a
th

ree-p
oin

t
p
rop

erty
sim

ilar
to

a
trian

gle
law

of
cosin

es:

B
φ
(x‖

y
)

=
B
φ
(x‖

y
′)

+
B
φ
(y
′‖y

)−
〈x
−

y
′,∇

φ
(y

)−
∇
φ

(y
′)〉

,
(21)

for
all

x
∈

d
om

φ
an

d
y
,y
′∈

in
t(d

om
φ

).
S
u
p
p

ose
n
ow

th
at
φ

is
of

L
egen

d
re

ty
p

e,
an

d
letC

⊆
E

b
e

a
closed

con
v
ex

set
su

ch
th

at
C
∩

in
t(d

om
φ

)6=
∅
.

T
h
en

,
for

an
y

p
oin

t
y
∈

in
t(d

om
φ

),
th

e
follow

in
g

p
rob

lem
:

P
C (y

)
=

argm
in

x∈C
B
φ
(x‖

y
)
,

(22)

h
as

a
u
n
iq

u
e

solu
tion

,
th

en
called

th
e

B
regm

an
p
ro

jection
of

y
on

toC
.

T
h
is

solu
tion

actu
ally

b
elon

gs
to
C∩

in
t(d

om
φ

),
an

d
is

also
ch

aracterized
as

th
e

u
n
iq

u
e

p
oin

t
y
′∈
C∩

in
t(d

om
φ

)
th

at
verifi

es
th

e
variation

al
relation

:

〈x
−

y
′,∇

φ
(y

)−
∇
φ

(y
′)〉≤

0
,

(23)

for
all

x
∈
C
∩

d
om

φ
.

T
h
is

ch
aracterizatio

n
is

eq
u
ivalen

t
to

a
w

ell-k
n
ow

n
gen

eralized
P

y
th

agorean
th

eo
rem

for
B

regm
an

d
ivergen

ces,
w

h
ich

states
th

at
th

e
B

regm
an

p
ro

jection
of

y
on

to
C

is
th

e
u
n
iq

u
e

p
oin

t
y
′∈
C
∩

in
t(d

om
φ

)
th

at
verifi

es
th

e
follow

in
g

in
eq

u
ality

:

B
φ
(x‖

y
)≥

B
φ
(x‖

y
′)

+
B
φ
(y
′‖y

)
,

(24)

for
all

x
∈
C
∩

d
om

φ
.

W
h
en
C

is
fu

rth
er

an
affi

n
e

su
b
sp

ace,
or

m
ore

gen
erally

w
h
en

th
e

B
regm

an
p
ro

jection
fu

rth
er

b
elon

gs
to

ri(C
),

th
e

scalar
p
ro

d
u
ct

actu
ally

van
ish

es:

〈x
−

y
′,∇

φ
(y

)−
∇
φ

(y
′)〉

=
0
,

(25)

lead
in

g
to

an
eq

u
ality

in
th

e
gen

eralized
P

y
th

agorean
th

eorem
:

B
φ
(x‖

y
)

=
B
φ
(x‖

y
′)

+
B
φ
(y
′‖

y
)
.

(26)

A
fam

ou
s

ex
am

p
le

of
B

regm
an

d
ivergen

ce
is

th
e

K
u
llb

ack
-L

eib
ler

d
ivergen

ce,
d
efi

n
ed

for
m

atrices
π
∈
R
d×
d

+
an

d
ξ
∈
R
d×
d

+
+

as
follow

s:

K
(π‖

ξ
)

=
d
∑i=

1

d
∑j=

1 (
π
ij

log (
π
ij

ξ
ij )
−
π
ij

+
ξ
ij )

.
(27)

T
h
is

d
ivergen

ce
is

gen
erated

b
y

a
fu

n
ction

of
L

egen
d
re

ty
p

e
for

π
∈
R
d×
d

+
given

b
y

m
in

u
s

th
e

B
oltzm

an
n
-S

h
an

n
on

en
trop

y
:

E
(π

)
=
K

(π‖
1

)
=

d
∑i=

1

d
∑j=

1

(π
ij

log
(π
ij )−

π
ij

+
1)

,
(28)

w
ith

th
e

con
v
en

tion
0

log
(0)

=
0.

A
n
oth

er
w

ell-k
n
ow

n
ex

a
m

p
le

is
th

e
Itak

u
ra-S

aito
d
iv

er-
gen

ce,
d
efi

n
ed

for
m

atrices
π
,ξ
∈
R
d×
d

+
+

as
follow

s:

I
(π‖ξ

)
=

d
∑i=

1

d
∑j=

1 (
π
ij

ξ
ij
−

log (
π
ij

ξ
ij )
−

1 )
.

(29)
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R
o
t
M
o
v
e
r
’s

D
is
t
a
n
c
e

T
h
is

d
iv

er
ge

n
ce

is
ge

n
er

at
ed

b
y

a
fu

n
ct

io
n

of
L

eg
en

d
re

ty
p

e
fo

r
π
∈
R
d
×
d

+
+

gi
ve

n
b
y

m
in

u
s

th
e

B
u
rg

en
tr

op
y
:

F
(π

)
=

d ∑ i=
1

d ∑ j=
1

(π
ij
−

lo
g
π
ij
−

1)
.

(3
0)

O
n

th
e

on
e

h
an

d
,

th
es

e
ex

am
p
le

s
b

el
o
n
g

to
a

p
ar

ti
cu

la
r

ty
p

e
of

so
-c

al
le

d
se

p
ar

ab
le

B
re

gm
an

d
iv

er
ge

n
ce

s
b

et
w

ee
n

m
at

ri
ce

s
on

R
d
×
d
,

th
at

ca
n

b
e

se
en

as
th

e
a
gg

re
g
at

io
n

of
el

em
en

t-
w

is
e

B
re

gm
an

d
iv

er
ge

n
ce

s
b

et
w

ee
n

sc
al

a
rs

on
R

:

B
φ
(π
‖ξ

)
=

d ∑ i=
1

d ∑ j=
1

B
φ
ij

(π
ij
‖ξ
ij

)
,

(3
1)

φ
(π

)
=

d ∑ i=
1

d ∑ j=
1

φ
ij

(π
ij

)
.

(3
2)

O
ft

en
,
al

l
el

em
en

t-
w

is
e

ge
n
er

at
or

s
φ
ij

ar
e

ch
os

en
eq

u
al

,
an

d
ar

e
th

u
s

si
m

p
ly

w
ri

tt
en

as
φ

w
it

h
a

sl
ig

h
t

ab
u
se

of
n
ot

at
io

n
.

O
th

er
ex

am
p
le

s
of

su
ch

d
iv

er
ge

n
ce

s
ar

e
d
is

cu
ss

ed
in

S
ec

ti
on

5,
an

d
in

cl
u
d
e

th
e

lo
gi

st
ic

lo
ss

fu
n
ct

io
n

ge
n
er

at
ed

b
y

m
in

u
s

th
e

F
er

m
i-

D
ir

a
c

en
tr

o
p
y,

or
th

e
sq

u
ar

ed
E

u
cl

id
ea

n
d
is

ta
n
ce

ge
n
er

at
ed

b
y

th
e

E
u
cl

id
ea

n
n
or

m
.

O
n

th
e

ot
h
er

h
an

d
,

a
cl

as
si

ca
l

ex
a
m

p
le

of
n
on

-s
ep

ar
ab

le
B

re
gm

an
d
iv

er
ge

n
ce

is
h
al

f
th

e
sq

u
ar

ed
M

ah
al

an
ob

is
d
is

ta
n
ce

,
d
efi

n
ed

fo
r

m
at

ri
ce

s
π
,ξ
∈
R
d
×
d

as
fo

ll
ow

s:

M
(π
‖ξ

)
=

1 2
ve

c(
π
−
ξ
)>

P
ve

c(
π
−
ξ
)
,

(3
3)

fo
r

a
p

os
it

iv
e-

d
efi

n
it

e
m

at
ri

x
P
∈

R
d
2
×
d
2
.

T
h
is

d
iv

er
ge

n
ce

is
ge

n
er

at
ed

b
y

a
fu

n
ct

io
n

of
L

eg
en

d
re

ty
p

e
fo

r
π
∈
R
d
×
d

gi
ve

n
b
y

a
q
u
ad

ra
ti

c
fo

rm
:

Q
(π

)
=

1 2
ve

c(
π

)>
P

ve
c(
π

)
.

(3
4)

T
h
is

ex
am

p
le

is
al

so
d
is

cu
ss

ed
in

S
ec

ti
on

5.

2
.3

A
lt

e
rn

a
te

B
re

g
m

a
n

P
ro

je
c
ti

o
n

s

L
et
φ

b
e

a
fu

n
ct

io
n

of
L

eg
en

d
re

ty
p

e
w

it
h

F
en

ch
el

co
n
ju

ga
te
φ
?

=
ψ

.
In

ge
n
er

al
,

co
m

p
u
ti

n
g

B
re

gm
an

p
ro

je
ct

io
n
s

on
to

an
ar

b
it

ra
ry

cl
os

ed
co

n
ve

x
se

t
C
⊆
E

su
ch

th
at
C∩

in
t(

d
om

φ
)
6=
∅

is
n
on

tr
iv

ia
l.

S
om

et
im

es
,

it
is

p
os

si
b
le

to
d
ec

om
p

os
e
C

in
to

th
e

in
te

rs
ec

ti
on

of
fi
n
it

el
y

m
an

y
cl

os
ed

co
n
ve

x
se

ts
:

C
=

s ⋂ l=
1

C l
,

(3
5)

w
h
er

e
th

e
in

d
iv

id
u
al

B
re

gm
an

p
ro

je
ct

io
n
s

on
to

th
e

re
sp

ec
ti

ve
se

ts
C 1
,.
..
,C
s

ar
e

ea
si

er
to

co
m

p
u
te

.
It

is
th

en
p

os
si

b
le

to
ob

ta
in

th
e

B
re

gm
an

p
ro

je
ct

io
n

on
to
C

b
y

al
te

rn
at

e
p
ro

je
ct

io
n
s

on
to
C 1
,.
..
,C
s

ac
co

rd
in

g
to

D
y
k
st

ra
’s

al
go

ri
th

m
.

In
m

or
e

d
et

ai
l,

le
t
σ

:
N
→
{1
,.
..
,s
}b

e
a

co
n
tr

ol
m

ap
p
in

g
th

at
d
et

er
m

in
es

th
e

se
q
u
en

ce
of

su
b
se

ts
on

to
w

h
ic

h
w

e
p
ro

je
ct

.
F

or
a

gi
ve

n
p

oi
n
t

x
0
∈
C
∩

in
t(

d
om

φ
),

th
e

B
re

gm
an
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D
e
ss
e
in
,
P
a
pa

d
a
k
is

a
n
d

R
o
u
a
s

p
ro

je
ct

io
n
P
C(

x
0
)

of
x

0
on

to
C

ca
n

b
e

ap
p
ro

x
im

at
ed

w
it

h
D

y
k
st

ra
’s

al
go

ri
th

m
b
y

it
er

a
ti

n
g

th
e

fo
ll
ow

in
g

u
p

d
at

es
:

x
k
+

1
←
P
C σ

(k
)
(∇
ψ

(∇
φ

(x
k
)

+
y
σ

(k
) ))

,
(3

6
)

w
h
er

e
th

e
co

rr
ec

ti
on

te
rm

s
y

1
,.
..
,y

s
fo

r
th

e
re

sp
ec

ti
ve

su
b
se

ts
ar

e
in

it
ia

li
ze

d
w

it
h

th
e

n
u
ll

el
em

en
t

of
E,

an
d

ar
e

u
p

d
at

ed
af

te
r

p
ro

je
ct

io
n

as
fo

ll
ow

s:

y
σ

(k
)
←

y
σ

(k
)

+
∇
φ

(x
k
)
−
∇
φ

(x
k
+

1
)
.

(3
7
)

U
n
d
er

so
m

e
te

ch
n
ic

al
co

n
d
it

io
n
s,

th
e

se
q
u
en

ce
of

u
p

d
at

es
(x
k
) k
∈N

th
en

co
n
ve

rg
es

in
n
o
rm

to
P
C(

x
0
)

w
it

h
a

li
n
ea

r
ra

te
.

S
ev

er
al

se
ts

of
su

ch
co

n
d
it

io
n
s

h
av

e
b

ee
n

st
u
d
ie

d
,

n
o
ta

b
ly

b
y

T
se

n
g

(1
99

3)
,

B
au

sc
h
ke

an
d

L
ew

is
(2

00
0)

,
D

h
il
lo

n
an

d
T

ro
p
p

(2
0
07

).
W

e
h
er

e
u
se

th
e

co
n
d
it

io
n
s

p
ro

p
os

ed
b
y

D
h
il
lo

n
an

d
T

ro
p
p

(2
00

7)
,

w
h
ic

h
re

ve
a
l

to
b

e
th

e
le

ss
re

st
ri

ct
iv

e
on

es
in

ou
r

fr
am

ew
or

k
.

S
p

ec
ifi

ca
ll
y,

th
e

co
n
v
er

ge
n
ce

o
f

D
y
k
st

ra
’s

al
go

ri
th

m
is

gu
ar

an
te

ed
as

so
on

as
th

e
fu

n
ct

io
n
φ

is
co

fi
n
it

e,
th

e
co

n
st

ra
in

t
q
u
a
li
fi
ca

ti
o
n

ri
(C

1
)
∩
··
·∩

ri
(C
s
)
∩

in
t(

d
om

φ
)
6=
∅

h
ol

d
s,

an
d

th
e

co
n
tr

ol
m

ap
p
in

g
σ

is
es

se
n
ti

a
ll
y

cy
cl

ic
,

th
at

is
,

th
er

e
ex

is
ts

a
n
u
m

b
er
t
∈
N

su
ch

th
a
t
σ

ta
ke

s
ea

ch
ou

tp
u
t

va
lu

e
at

le
a
st

o
n
ce

d
u
ri

n
g

an
y
t

co
n
se

cu
ti

ve
in

p
u
t

va
lu

es
.

If
a

gi
ve

n
C l

is
a

p
ol

y
h
ed

ra
l

se
t,

th
en

th
e

re
la

ti
ve

in
te

ri
o
r

ca
n

b
e

d
ro

p
p

ed
fr

om
th

e
co

n
st

ra
in

t
q
u
al

ifi
ca

ti
on

.
H

en
ce

,
w

h
en

al
l
su

b
se

ts
C l

a
re

p
o
ly

h
ed

ra
l,

th
e

co
n
st

ra
in

t
q
u
al

ifi
ca

ti
on

si
m

p
ly

re
d
u
ce

s
to
C∩

in
t(

d
om

φ
)
6=
∅,

w
h
ic

h
is

al
re

a
d
y

en
fo

rc
ed

fo
r

th
e

d
efi

n
it

io
n

of
B

re
gm

an
p
ro

je
ct

io
n
s.

F
in

al
ly

,
if

al
l
su

b
se

ts
C l

ar
e

fu
rt

h
er

affi
n
e,

th
en

w
e

ca
n

re
la

x
ot

h
er

as
su

m
p
ti

o
n
s.

N
o
ta

b
ly

,
w

e
d
o

n
ot

re
q
u
ir

e
φ

to
b

e
co

fi
n
it

e
(1

8)
,

or
eq

u
iv

al
en

tl
y

d
om

ψ
=
E,

b
u
t

on
ly

d
o
m
ψ

to
b

e
op

en
.

T
h
e

co
n
tr

ol
m

ap
p
in

g
n
ee

d
n
ot

b
e

es
se

n
ti

al
ly

cy
cl

ic
an

y
m

or
e,

as
lo

n
g

a
s

it
ta

k
es

ea
ch

ou
tp

u
t

va
lu

e
an

in
fi
n
it

e
n
u
m

b
er

of
ti

m
es

.
M

or
e

im
p

or
ta

n
tl

y,
w

e
ca

n
co

m
p
le

te
ly

d
ro

p
th

e
co

rr
ec

ti
on

te
rm

s
fr

om
th

e
u
p

d
at

es
,

le
ad

in
g

to
a

si
m

p
le

r
te

ch
n
iq

u
e

k
n
ow

n
a
s

p
ro

je
ct

io
n
s

on
to

co
n
ve

x
se

ts
(P

O
C

S
):

x
k
+

1
←
P
C σ

(k
)
(x
k
)
.

(3
8
)

2
.4

N
e
w

to
n

-R
a
p

h
so

n
M

e
th

o
d

L
et
f

b
e

a
co

n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
sc

al
ar

fu
n
ct

io
n

on
an

op
en

in
te

rv
al
I
⊆

R
.

A
ss

u
m

e
f

is
in

cr
ea

si
n
g

on
a

n
on

-e
m

p
ty

cl
os

ed
in

te
rv

al
[x
−
,x

+
]
⊂
I
,

an
d

w
ri

te
y
−

=
f

(x
−

)
a
n
d

y
+

=
f

(x
+

).
T

h
en

,
fo

r
an

y
y
∈

[y
−
,y

+
],

th
e

eq
u
at

io
n
f

(x
)

=
y

h
as

at
le

as
t

o
n
e

so
lu

ti
o
n

x
?
∈

[x
−
,x

+
].

S
u
ch

a
so

lu
ti

on
ca

n
b

e
ap

p
ro

x
im

at
ed

b
y

it
er

at
iv

e
u
p

d
at

es
ac

co
rd

in
g

to
th

e
N

ew
to

n
-R

ap
h
so

n
m

et
h
o
d
:

x
←

m
ax

{ x
−
,m

in

{ x
+
,x
−
f

(x
)
−
y

f
′ (
x

)

}}
,

(3
9
)

w
h
er

e
th

e
fr

ac
ti

on
ta

ke
s

in
fi
n
it

e
va

lu
es

w
h
en

f
′ (
x

)
=

0
an

d
f

(x
)
6=
y
,

an
d

a
n
u
ll

va
lu

e
b
y

co
n
v
en

ti
on

w
h
en

f
′ (
x

)
=

0
an

d
f

(x
)

=
y
.

It
is

w
el

l-
k
n
ow

n
th

at
th

e
N

ew
to

n
-R

a
p
h
so

n
m

et
h
o
d

co
n
ve

rg
es

to
a

so
lu

ti
on

x
?

as
so

on
as
x

is
in

it
ia

li
ze

d
su

ffi
ci

en
tl

y
cl

o
se

to
x
?
.

C
on

-
ve

rg
en

ce
is

th
en

q
u
ad

ra
ti

c
p
ro

v
id

ed
th

at
f
′ (
x
?
)
6=

0.
H

ow
ev

er
,

th
is

lo
ca

l
co

n
ve

rg
en

ce
h
as

li
tt

le
im

p
or

ta
n
ce

in
p
ra

ct
ic

e
b

ec
au

se
it

is
h
ar

d
to

q
u
an

ti
fy

th
e

re
q
u
ir

ed
p
ro

x
im

it
y

to
th

e
so

lu
ti

on
.
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R
o
t
M
o
v
e
r
’s

D
ist

a
n
c
e

(A
)

A
ffi

n
e

con
strain

ts
(B

)
P

oly
h
ed

ral
con

strain
ts

(A
1)
φ

is
of

L
egen

d
re

ty
p

e.
(B

1)
φ

is
of

L
egen

d
re

ty
p

e.

(A
2)

(0
,1)

d×
d⊆

d
om

φ
.

(B
2)

(0
,1)

d×
d⊆

d
om

φ
.

(A
3)

d
om

φ
⊆

R
d×
d

+
.

(B
3)

d
om

φ
*

R
d×
d

+
.

(A
4)

d
om

ψ
is

op
en

.
(B

4)
d
om

ψ
=

R
d×
d.

(A
5)

R
d×
d

−
⊂

d
om

ψ
.

T
ab

le
1:

S
et

of
assu

m
p
tion

s
for

th
e

con
sid

ered
regu

larizers
φ

.

T
h
o
rlu

n
d
-P

etersen
(2004)

elu
cid

ated
resu

lts
on

glob
alcon

vergen
ce

of
th

e
N

ew
ton

-R
a
p
h
son

m
eth

o
d
.

H
e

p
roved

a
n
ecessary

an
d

su
ffi

cien
t

con
d
ition

of
con

vergen
ce

for
an

arb
itrary

valu
e
y
∈

[y −
,y

+
]

an
d

from
an

y
startin

g
p

oin
t
x
∈

[x
−
,x

+
].

T
h
is

co
n
d
ition

is
th

at
for

an
y

a
,b∈

[x
−
,x

+
],
f

(b)
>
f

(a
)

im
p
lies:

f
′(a

)
+
f
′(b)

>
f

(b)−
f

(a
)

b−
a

.
(40)

In
p
a
rticu

la
r,

a
su

ffi
cien

t
con

d
ition

is
th

at
th

e
u
n
d
erly

in
g

fu
n
ction

f
is

a
n

in
creasin

g
con

-
vex

o
r

in
crea

sin
g

con
cave

fu
n
ction

on
[x
−
,x

+
],

or
can

b
e

d
ecom

p
osed

as
th

e
su

m
of

su
ch

fu
n
ctio

n
s.

In
a
d
d
ition

,
if
f

satisfi
es

th
e

n
ecessary

an
d

su
ffi

cien
t

co
n
d
ition

an
d

is
strictly

in
-

crea
sin

g
w

ith
f
′(x

)
>

0
for

all
x
∈

[x
−
,x

+
],

th
en

in
itializin

g
w

ith
a

b
ou

n
d
a
ry

p
o
in

t
x
−
6=
x
?

o
r
x

+
6=
x
?

en
su

res
th

at
th

e
en

tire
seq

u
en

ce
of

u
p

d
ates

is
in

terior
to

(x
−
,x

+
),

so
th

at
w

e
ca

n
a
ctu

a
lly

d
rop

th
e

m
in

an
d

m
ax

tru
n
cation

op
erators

in
th

e
u
p

d
ates:

x
←
x
−
f

(x
)−

y

f
′(x

)
.

(41)

3
.
M

a
th

e
m
a
tica

l
F
o
rm

u
la
tio

n

In
th

is
sectio

n
,

w
e

d
evelop

a
u
n
ifi

ed
fram

ew
o
rk

to
d
efi

n
e

R
O

T
p
rob

lem
s.

W
e

sta
rt

b
y

d
raw

in
g

so
m

e
tech

n
ical

assu
m

p
tion

s
for

ou
r

gen
eralized

fram
ew

ork
to

h
o
ld

(S
ection

3.1).
W

e
th

en
fo

rm
u
late

p
rim

al
R

O
T

p
rob

lem
s

a
n
d

stu
d
y

th
eir

p
rop

erties
(S

ection
3.2).

W
e

a
lso

fo
rm

u
la

te
d
u
al

R
O

T
p
rob

lem
s

a
n
d

d
iscu

ss
th

eir
p
rop

erties
in

relation
to

p
rim

al
on

es
(S

ectio
n

3
.3

).
F

in
ally,

w
e

p
rov

id
e

som
e

geom
etrical

in
sigh

ts
to

su
m

m
arize

ou
r

d
evelop

m
en

ts
in

th
e

lig
h
t

o
f

in
form

ation
geom

etry
(S

ection
3.4

).

3
.1

T
e
ch

n
ic

a
l

A
ssu

m
p

tio
n

s

S
o
m

e
m

ild
tech

n
ical

assu
m

p
tion

s
are

req
u
ired

on
th

e
con

vex
regu

larizer
φ

an
d

its
F

en
ch

el
co

n
ju

g
a
te
ψ

=
φ
∗

for
th

e
p
rop

osed
fram

ew
ork

to
h
old

.
S
om

e
assu

m
p
tion

s
relate

to
req

u
ired

co
n
d
itio

n
s

fo
r

th
e

d
efi

n
ition

of
B

regm
an

p
ro

jection
s

an
d

con
vergen

ce
of

th
e

algo
rith

m
s,

w
h
ile

o
th

ers
are

m
o
re

sp
ecifi

c
to

R
O

T
p
rob

lem
s.

In
ou

r
fram

ew
ork

,
w

e
also

n
eed

to
d
istin

gu
ish

b
etw

een
tw

o
situ

ation
s

w
h
ere

th
e

u
n
d
erly

in
g

closed
con

vex
set

can
b

e
d
escrib

ed
as

th
e

in
tersectio

n
of

eith
er

affi
n
e

su
b
sp

aces
or

p
oly

h
ed

ral
su

b
sets.

T
h
e

tw
o

sets
of

assu
m

p
tio

n
s

(A
)

a
n
d

(B
)

a
re

su
m

m
arized

in
T

ab
le

1.
F

o
r

th
e

fi
rst

assu
m

p
tion

s
(A

1)
an

d
(B

1),
w

e
recall

th
at

a
closed

p
rop

er
con

vex
fu

n
ction

is
o
f

L
egen

d
re

ty
p

e
if

an
d

on
ly

if
it

is
essen

tially
sm

o
oth

an
d

strictly
con

vex
on

th
e

in
terior
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D
e
sse

in
,
P
a
pa

d
a
k
is

a
n
d

R
o
u
a
s

of
its

d
om

ain
(S

ection
2.1).

T
h
is

is
req

u
ired

for
th

e
d
efi

n
itio

n
of

B
regm

an
p
ro

jection
s

(S
ec-

tion
2.2).

In
ad

d
ition

,
it

gu
aran

tees
th

e
ex

isten
ce

of
d
u
al

co
ord

in
ate

sy
stem

s
on

in
t(d

om
φ

)
an

d
in

t(d
om

ψ
)

v
ia

th
e

h
om

eom
orp

h
ism
∇
φ

=
∇
ψ
−

1:

π
(θ

)
=
∇
ψ

(θ
)
,

(42)

θ
(π

)
=
∇
φ

(π
)
.

(43)

W
ith

a
sligh

t
ab

u
se

of
n
otation

,
w

e
om

it
th

e
rep

aram
eterization

to
sim

p
ly

d
en

ote
corre-

sp
on

d
in

g
p
rim

al
an

d
d
u
al

p
aram

eters
b
y
π

an
d
θ

.
T

h
e

secon
d

assu
m

p
tion

s
(A

2)
an

d
(B

2)
im

p
ly

th
at

ri(Π
(p
,q

))⊂
d
om

φ
an

d
en

su
re

th
e

con
strain

t
q
u
alifi

cation
Π

(p
,q

)∩
in

t(d
om

φ
)6=
∅

for
B

reg
m

an
p
ro

jection
on

to
th

e
tran

sp
ort

p
oly

top
e,

in
d
ep

en
d
en

tly
of

th
e

in
p
u
t

d
istrib

u
tion

s
p
,q

as
lon

g
as

th
ey

d
o

n
ot

h
ave

n
u
ll

or
u
n
it

en
tries.

W
e

assu
m

e
h
ereafter

th
at

th
is

im
p
licitly

h
old

s,
an

d
d
iscu

ss
in

th
e

p
ractical

con
sid

eration
s

(S
ection

4.6)
h
ow

ou
r

m
eth

o
d
s

actu
ally

gen
eralize

to
d
eal

ex
p
licitly

w
ith

n
u
ll

or
u
n
it

en
tries

in
th

e
in

p
u
t

d
istrib

u
tion

s.
T

h
e

th
ird

assu
m

p
tion

s
(A

3)
an

d
(B

3)
sep

arate
b

etw
een

tw
o

ca
ses

d
ep

en
d
in

g
on

w
h
eth

er
d
om

φ
lies

w
ith

in
th

e
n
on

-n
egativ

e
orth

an
t

or
n
ot

for
th

e
altern

ate
B

regm
an

p
ro

jection
s

(S
ection

2.3).
In

th
e

form
er

case,
n
on

-n
egativ

ity
is

alread
y

en
su

red
b
y

th
e

d
om

ain
of

th
e

regu
larizer,

so
th

a
t

th
e

u
n
d
erly

in
g

closed
con

vex
set

is
m

ad
e

of
tw

o
affi

n
e

su
b
sp

aces
for

th
e

row
an

d
colu

m
n

su
m

con
strain

ts,
an

d
th

e
P

O
C

S
m

eth
o
d

can
b

e
con

sid
ered

.
T

h
e

fou
rth

assu
m

p
tion

(A
4)

th
u
s

req
u
ires

th
at

d
om

ψ
b

e
op

en
for

con
vergen

ce
of

th
is

algorith
m

.
In

th
e

latter
case,

th
ere

is
on

e
ad

d
ition

al
p

oly
h
ed

ral
su

b
set

for
th

e
n
on

-n
egative

con
strain

ts
an

d
D

y
k
stra’s

algorith
m

sh
ou

ld
b

e
u
sed

.
T

h
e

fou
rth

assu
m

p
tion

(B
4)

h
en

ce
fu

rth
er

req
u
ires

th
at

d
om

ψ
=

R
d×
d,

or
eq

u
ivalen

tly
th

at
φ

b
e

cofi
n
ite

(18),
for

con
vergen

ce.
In

b
oth

cases,
w

e
rem

ark
th

at
w

e
n
ecessarily

h
av

e
d
om

ψ
=

d
om
∇
ψ

.
T

h
e

fi
fth

assu
m

p
tion

(A
5)

in
th

e
affi

n
e

con
strain

ts
en

su
res

th
at−

γ
/λ

b
elon

gs
to

d
om
∇
ψ

for
d
efi

n
ition

of
R

O
T

p
rob

lem
s,

in
d
ep

en
d
en

tly
of

th
e

n
on

-n
eg

ative
cost

m
atrix

γ
an

d
p

osi-
tive

regu
larization

term
λ

.
N

otice
th

at
th

is
is

alread
y

gu
aran

teed
b
y

th
e

fou
rth

assu
m

p
tion

in
th

e
p

oly
h
ed

ral
con

strain
ts.

W
e

also
sh

ow
in

th
e

sp
arse

ex
ten

sion
(S

ection
4.5)

h
ow

to
d
eal

w
ith

in
fi
n
ite

en
tries

in
th

e
cost

m
atrix

γ
for

sep
ara

b
le

regu
larizers,

so
a
s

to
en

force
n
u
ll

en
tries

in
th

e
regu

larized
op

tim
al

p
lan

.
O

n
th

e
on

e
h
an

d
,

som
e

com
m

on
regu

larizers
u
n
d
er

assu
m

p
tion

s
(A

)
are

th
e

B
oltzm

an
n
-

S
h
an

n
on

en
trop

y
asso

ciated
to

th
e

K
u
llb

ack
-L

eib
ler

d
ivergen

ce,
th

e
B

u
rg

en
trop

y
asso

ciated
to

th
e

Itak
u
ra-S

aito
d
ivergen

ce,
an

d
th

e
F

erm
i-D

irac
en

trop
y

asso
ciated

to
th

e
logistic

loss
fu

n
ction

.
T

o
solv

e
th

e
u
n
d
erly

in
g

R
O

T
p
rob

lem
s,

w
e

em
p
loy

ou
r

m
eth

o
d

called
A

S
A

b
ased

on
th

e
P

O
C

S
tech

n
iq

u
e,

w
h
ere

altern
ate

B
regm

an
p
ro

jection
s

on
to

th
e

tw
o

affi
n
e

su
b
sp

aces
for

th
e

row
an

d
colu

m
n

su
m

con
strain

ts
are

con
sid

ered
(S

ection
4.3).

O
n

th
e

oth
er

h
an

d
,

ex
am

p
les

u
n
d
er

assu
m

p
tion

s
(B

)
in

clu
d
e

th
e

E
u
clid

ean
n
orm

asso
ciated

to
th

e
E

u
clid

ean
d
istan

ce,
an

d
th

e
q
u
ad

ratic
form

a
sso

ciated
to

th
e

M
ah

alan
ob

is
d
istan

ce.
F

or
th

ese
R

O
T

p
rob

lem
s,

w
e

u
se

ou
r

secon
d

m
eth

o
d

called
N

A
S
A

b
a
sed

on
D

y
k
stra’s

algorith
m

,
w

h
ere

correction
term

s
an

d
a

fu
rth

er
B

reg
m

an
p
ro

jection
on

to
th

e
p

oly
h
ed

ral
n
on

-n
egative

orth
an

t
are

n
eed

ed
(S

ection
4.4).

3
.2

P
rim

a
l

P
ro

b
le

m

W
e

start
ou

r
p
rim

al
form

u
lation

w
ith

th
e

follow
in

g
lem

m
as

an
d

d
efi

n
ition

for
th

e
R

M
D

.
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R
o
t
M
o
v
e
r
’s

D
is
t
a
n
c
e

L
e
m

m
a

1
T

h
e

re
gu

la
ri

ze
r
φ

a
tt

a
in

s
it

s
gl

o
ba

l
m

in
im

u
m

u
n

iq
u

el
y

a
t
ξ
′ =
∇
ψ

(0
).

P
ro

o
f

U
si

n
g

th
e

as
su

m
p
ti

on
s

(A
4)

an
d

(A
5)

,
re

sp
ec

ti
ve

ly
(B

4)
,

w
e

h
av

e
th

at
0
∈

d
om

ψ
=

in
t(

d
om

ψ
).

T
h
u
s,

th
er

e
ex

is
ts

a
u
n
iq

u
e
ξ
′
∈

in
t(

d
om

φ
)

su
ch

th
at
∇
φ

(ξ
′ )

=
0

,
or

eq
u
iv

-
al

en
tl

y
ξ
′

=
∇
ψ

(0
),

v
ia

th
e

h
om

eo
m

or
p
h
is

m
∇
φ

=
∇
ψ
−

1
en

su
re

d
b
y

as
su

m
p
ti

on
(A

1)
,

re
sp

ec
ti

ve
ly

(B
1)

.
H

en
ce

,
φ

at
ta

in
s

it
s

gl
ob

al
m

in
im

u
m

u
n
iq

u
el

y
at
ξ
′

b
y

st
ri

ct
co

n
ve

x
it

y
on

in
t(

d
om

φ
).

L
e
m

m
a

2
T

h
e

re
st

ri
ct

io
n

o
f

th
e

re
gu

la
ri

ze
r
φ

to
th

e
tr

a
n

sp
o
rt

po
ly

to
pe

Π
(p
,q

)
a
tt

a
in

s
it

s
gl

o
ba

l
m

in
im

u
m

u
n

iq
u

el
y

a
t

th
e

B
re

gm
a
n

p
ro

je
ct

io
n
π
′

o
f
ξ
′

o
n

to
Π

(p
,q

).

P
ro

o
f

U
si

n
g

th
e

as
su

m
p
ti

on
(A

2)
,
re

sp
ec

ti
ve

ly
(B

2)
,
w

e
h
av

e
th

at
Π

(p
,q

)∩
in

t(
d
om

φ
)
6=
∅.

S
in

ce
ξ
′
∈

in
t(

d
om

φ
)

an
d

Π
(p
,q

)
is

a
cl

os
ed

co
n
ve

x
se

t,
th

e
B

re
gm

an
p
ro

je
ct

io
n
π
′

of
ξ
′

on
to

Π
(p
,q

)
ac

co
rd

in
g

to
th

e
fu

n
ct

io
n
φ

o
f

L
eg

en
d
re

ty
p

e
is

w
el

l-
d
efi

n
ed

.
M

or
eo

v
er

,
it

is
ch

ar
ac

te
ri

ze
d

b
y

th
e

va
ri

at
io

n
al

re
la

ti
on

(2
3
)

as
fo

ll
ow

s:

〈π
−
π
′ ,
∇
φ

(π
′ )
〉≥

0
,

(4
4)

fo
r

al
l
π
∈

Π
(p
,q

)
∩

d
om

φ
.

W
e

al
so

h
av

e
B
φ
(π
‖π
′ )
>

0
w

h
en
π
6=
π
′

b
y

st
ri

ct
co

n
ve

x
it

y
of
φ

on
in

t(
d
om

φ
).

A
s

a
re

su
lt

,
w

e
h
av

e:

φ
(π

)
−
φ

(π
′ )
>
〈π
−
π
′ ,
∇
φ

(π
′ )
〉
.

(4
5)

C
om

b
in

in
g

th
e

tw
o

in
eq

u
al

it
ie

s,
w

e
ob

ta
in
φ

(π
)
>
φ

(π
′ )

an
d

th
e

re
st

ri
ct

io
n

of
φ

to
Π

(p
,q

)
at

ta
in

s
it

s
gl

ob
al

m
in

im
u
m

u
n
iq

u
el

y
at
π
′ .

L
e
m

m
a

3
T

h
e

re
st

ri
ct

io
n

o
f

th
e

co
st
〈·,
γ
〉t

o
th

e
re

gu
la

ri
ze

d
tr

a
n

sp
o
rt

po
ly

to
pe

:

Π
α
,φ

(p
,q

)
=
{π
∈

Π
(p
,q

):
φ

(π
)
≤
φ

(π
′ )

+
α
}
,

(4
6)

w
h
er

e
α
≥

0
,

a
tt

a
in

s
it

s
gl

o
ba

l
m

in
im

u
m

.

P
ro

o
f

T
h
e

re
gu

la
ri

ze
d

tr
an

sp
or

t
p

ol
y
to

p
e

is
th

e
in

te
rs

ec
ti

on
of

th
e

co
m

p
ac

t
se

t
Π

(p
,q

)
w

it
h

a
lo

w
er

le
v
el

se
t

of
φ

w
h
ic

h
is

al
so

cl
os

ed
si

n
ce
φ

is
cl

os
ed

.
H

en
ce

,
Π
α
,φ

(p
,q

)
is

co
m

-
p
ac

t
an

d
th

e
re

st
ri

ct
io

n
of
〈·,
γ
〉t

o
Π
α
,φ

(p
,q

)
at

ta
in

s
it

s
gl

ob
a
l

m
in

im
u
m

b
y

co
n
ti

n
u
it

y
on

a
co

m
p
ac

t
se

t.

D
e
fi

n
it

io
n

4
T

h
e

p
ri

m
a
l

ro
t

m
o
ve

r’
s

d
is

ta
n

ce
is

th
e

qu
a
n

ti
ty

d
efi

n
ed

a
s:

d
′ γ
,α
,φ

(p
,q

)
=

m
in

π
∈Π

α
,φ

(p
,q

)〈π
,γ
〉
.

(4
7)

A
m

in
im

iz
er
π
′? α

is
th

en
ca

ll
ed

a
p
ri

m
a
l

ro
t

m
o
ve

r’
s

p
la

n
.
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L
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9(

15
):

1-
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, 2
01

8

D
e
ss
e
in
,
P
a
pa

d
a
k
is

a
n
d

R
o
u
a
s

R
e
m

a
rk

1
F

o
r

th
e

sa
ke

o
f

n
o
ta

ti
o
n

,
w

e
o
m

it
th

e
d
ep

en
d
en

ce
o
n

p
,q
,γ
,φ

in
th

e
in

d
ex

o
f

p
ri

m
a
l

ro
t

m
o
ve

r’
s

p
la

n
s
π
′? α

.

T
h
e

re
gu

la
ri

za
ti

on
en

fo
rc

es
th

e
as

so
ci

at
ed

m
in

im
iz

er
s

to
h
av

e
sm

al
l

en
o
u
g
h

B
re

g
m

a
n

in
fo

rm
at

io
n
φ

(π
′? α

)
≤
φ

(π
′ )

+
α

co
m

p
ar

ed
to

th
e

m
in

im
al

on
e
φ

(π
′ )

fo
r

tr
a
n
sp

o
rt

p
la

n
s.

W
e

al
so

h
av

e
a

ge
om

et
ri

ca
l
in

te
rp

re
ta

ti
on

w
h
er

e
th

e
so

lu
ti

on
s

ar
e

co
n
st

ra
in

ed
to

a
B

re
g
m

a
n

b
al

l
w

h
os

e
ce

n
te

r
ξ
′

is
th

e
m

at
ri

x
w

it
h

m
in

im
al

B
re

gm
an

in
fo

rm
at

io
n
.

P
ro

p
o
si

ti
o
n

5
T

h
e

re
gu

la
ri

ze
d

tr
a
n

sp
o
rt

po
ly

to
pe

is
th

e
in

te
rs

ec
ti

o
n

o
f

th
e

tr
a
n

sp
o
rt

po
ly

-
to

pe
w

it
h

th
e

B
re

gm
a
n

ba
ll

o
f

ra
d
iu

s
B
φ
(π
′ ‖ξ
′ )

+
α

a
n

d
ce

n
te

r
ξ
′ :

Π
α
,φ

(p
,q

)
=
{π
∈

Π
(p
,q

):
B
φ
(π
‖ξ
′ )
≤
B
φ
(π
′ ‖ξ
′ )

+
α
}
.

(4
8
)

P
ro

o
f

E
x
p
an

d
in

g
th

e
B

re
gm

an
d
iv

er
ge

n
ce

s
fr

om
th

ei
r

d
efi

n
it

io
n

(1
9)

,
w

e
o
b
ta

in
:

B
φ
(π
‖ξ
′ )

=
φ

(π
)
−
φ

(ξ
′ )
−
〈π
−
ξ
′ ,
∇
φ

(ξ
′ )
〉
,

(4
9
)

B
φ
(π
′ ‖ξ
′ )

=
φ

(π
′ )
−
φ

(ξ
′ )
−
〈π
′ −
ξ
′ ,
∇
φ

(ξ
′ )
〉
.

(5
0)

S
in

ce
∇
φ

(ξ
′ )

=
0

,
th

e
la

st
te

rm
s

w
it

h
sc

al
ar

p
ro

d
u
ct

s
va

n
is

h
,

le
ad

in
g

to
:

φ
(π

)
−
φ

(π
′ )

=
B
φ
(π
‖ξ
′ )
−
B
φ
(π
′ ‖ξ
′ )
.

(5
1)

T
h
er

ef
or

e,
in

th
e

d
efi

n
it

io
n

(4
6)

of
Π
α
,φ

(p
,q

),
w

e
h
av

e
φ

(π
)
≤
φ

(π
′ )

+
α

if
a
n
d

o
n
ly

if
π

is
in

th
e

B
re

gm
an

b
al

l
of

ra
d
iu

s
B
φ
(π
′ ‖ξ
′ )

+
α

an
d

ce
n
te

r
ξ
′ .

U
n
d
er

so
m

e
ad

d
it

io
n
al

co
n
d
it

io
n
s,

th
is

ge
om

et
ri

ca
l
in

te
rp

re
ta

ti
on

st
il
l
h
ol

d
s

w
it

h
a

B
re

g-
m

an
b
al

l
w

h
os

e
ce

n
te

r
π
′

h
as

m
in

im
al

B
re

gm
an

in
fo

rm
at

io
n

fo
r

tr
an

sp
or

t
p
la

n
s.

P
ro

p
o
si

ti
o
n

6
If
π
′
∈

ri
(Π

(p
,q

))
,

th
en

th
e

re
gu

la
ri

ze
d

tr
a
n

sp
o
rt

po
ly

to
pe

is
th

e
in

te
rs

ec
-

ti
o
n

o
f

th
e

tr
a
n

sp
o
rt

po
ly

to
pe

w
it

h
th

e
B

re
gm

a
n

ba
ll

o
f

ra
d
iu

s
α

a
n

d
ce

n
te

r
π
′ :

Π
α
,φ

(p
,q

)
=
{π
∈

Π
(p
,q

):
B
φ
(π
‖π
′ )
≤
α
}
.

(5
2
)

P
ro

o
f

S
in

ce
π
′ ∈

ri
(Π

(p
,q

))
,
th

er
e

is
eq

u
al

it
y

in
th

e
ge

n
er

al
iz

ed
P

y
th

ag
or

ea
n

th
eo

re
m

(2
6
):

B
φ
(π
‖ξ
′ )

=
B
φ
(π
‖π
′ )

+
B
φ
(π
′ ‖ξ
′ )
.

(5
3
)

T
h
e

re
gu

la
ri

ze
d

tr
an

sp
or

t
p

ol
y
to

p
e

as
se

en
fr

om
(4

8)
is

th
en

th
e

in
te

rs
ec

ti
o
n

o
f

th
e

tr
a
n
s-

p
or

t
p

ol
y
to

p
e

Π
(p
,q

)
w

it
h

th
e

B
re

gm
an

b
al

l
of

ra
d
iu

s
α

an
d

ce
n
te

r
π
′ .

R
e
m

a
rk

2
T

h
e

p
ro

po
si

ti
o
n

a
ls

o
h
o
ld

s
tr

iv
ia

ll
y

w
h
en

th
e

gl
o
ba

l
m

in
im

u
m

is
a
tt

a
in

ed
o
n

th
e

tr
a
n

sp
o
rt

po
ly

to
pe

,
th

a
t

is
,

w
h
en
ξ
′ =

π
′ .

C
o
ro

ll
a
ry

7
U

n
d
er

a
ss

u
m

p
ti

o
n

s
(A

),
th

e
re

gu
la

ri
ze

d
tr

a
n

sp
o
rt

po
ly

to
pe

is
th

e
in

te
rs

ec
ti

o
n

o
f

th
e

tr
a
n

sp
o
rt

po
ly

to
pe

w
it

h
th

e
B

re
gm

a
n

ba
ll

o
f

ra
d
iu

s
α

a
n

d
ce

n
te

r
π
′ :

Π
α
,φ

(p
,q

)
=
{π
∈

Π
(p
,q

):
B
φ
(π
‖π
′ )
≤
α
}
.

(5
4
)

1
4
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R
o
t
M
o
v
e
r
’s

D
ist

a
n
c
e

P
ro

o
f

T
h
is

is
a

resu
lt

of
π
′∈

Π
(p
,q

)∩
in

t(d
om

φ
)

=
ri(Π

(p
,q

))
w

h
en

d
om

φ
⊆

R
d×
d

+
.

In
-

d
eed

,
w

e
th

en
h
ave

ri(Π
(p
,q

))⊂
Π

(p
,q

)
an

d
ri(Π

(p
,q

))⊂
in

t(d
om

φ
),

so
th

at
ri(Π

(p
,q

))⊆
Π

(p
,q

)∩
in

t(d
om

φ
).

C
on

versely,
let
π
∈

Π
(p
,q

)∩
in

t(d
om

φ
)

so
th

at
π
∈

R
d×
d

+
+

.
T

h
en

,
fo

r
a

g
iven

π
∈

Π
(p
,q

),
let

u
s

p
ose

π
λ

=
λ
π

+
(1
−
λ

)π
for

λ
>

1.
W

e
easily

h
av

e
π
λ 1

=
p

a
n
d
π
>λ

1
=

q
.

M
oreover,

sin
ce

all
en

tries
of
π

are
p

ositive
an

d
th

at
of
π

are
n
o
n
-n

eg
a
tive,

w
e

can
alw

ay
s

ch
o
ose

a
given

λ
su

ffi
cien

tly
close

to
1

su
ch

th
at
π
λ
∈

R
d×
d

+
.

W
e

th
en

h
ave

π
λ
∈

Π
(p
,q

)
so

th
at
π
∈

ri(Π
(p
,q

))
as

ch
aracterized

b
y

(15),
an

d
th

u
s

Π
(p
,q

)∩
in

t(d
o
m
φ

)⊆
ri(Π

(p
,q

)).

R
e
m

a
rk

3
U

n
d
er

a
ssu

m
p
tio

n
s

(B
),

th
e

B
regm

a
n

p
ro

jectio
n
π
′

d
oes

n
o
t

n
ecessa

rily
lie

w
ith

in
ri(Π

(p
,q

)).
H

en
ce,

th
e

geo
m

etrica
l

in
terp

reta
tio

n
in

term
s

o
f

a
B

regm
a
n

ba
ll

m
igh

t
brea

k
d
o
w

n
,

a
lth

o
u

gh
th

e
so

lu
tio

n
s

a
re

still
co

n
stra

in
ed

to
h
a
ve

a
sm

a
ll

en
o
u

gh
B

regm
a
n

in
fo

rm
a
tio

n
a
bo

ve
th

a
t

o
f
π
′.

A
lth

o
u
g
h

S
in

k
h
orn

d
istan

ces
verify

th
e

trian
gu

lar
in

eq
u
ality

w
h
en
γ

is
a

d
ista

n
ce

m
a-

trix
,

th
a
n
k
s

to
sp

ecifi
c

ch
ain

ru
les

an
d

in
form

ation
in

eq
u
alities

for
th

e
B

olzm
an

n
-S

h
an

n
on

en
tro

p
y

a
n
d

K
u
llb

ack
-L

eib
ler

d
ivergen

ce,
it

is
n
ot

n
ecessarily

th
e

case
fo

r
th

e
R

M
D

w
ith

o
th

er
reg

u
la

riza
tion

s,
even

for
sep

arab
le

regu
larizers.

H
en

ce,
th

e
R

M
D

d
o
es

n
ot

p
rov

id
e

a
tru

e
d
ista

n
ce

m
etric

on
Σ
d

in
gen

eral
even

if
γ

is
a

d
istan

ce
m

atrix
.

N
on

eth
eless,

th
e

R
M

D
is

sy
m

m
etric

as
so

on
as

φ
is

in
varian

t
b
y

tran
sp

osition
,

w
h
ich

h
old

s
for

sep
a
rab

le
reg

u
la

rizers
φ
ij

=
φ

,
an

d
γ

is
sy

m
m

etric.
W

e
n
ow

stu
d
y

som
e

p
rop

erties
of

th
e

R
M

D
th

at
h
o
ld

fo
r

gen
era

l
regu

larizers.

P
ro

p
e
rty

1
T

h
e

p
rim

a
l

ro
t

m
o
ver’s

d
ista

n
ce
d ′γ

,α
,φ

(p
,q

)
is

a
d
ecrea

sin
g

co
n

vex
a
n

d
co

n
-

tin
u

o
u

s
fu

n
ctio

n
o
f
α

.

P
ro

o
f

T
h
e

fa
ct

th
at

it
is

d
ecreasin

g
is

a
d
irect

con
seq

u
en

ce
of

th
e

regu
larized

tran
sp

ort
p

o
ly

to
p

e
Π
α
,φ

(p
,q

)
grow

in
g

w
ith

α
.

T
h
e

con
vex

ity
can

b
e

p
roved

as
follow

s.
L

et
α

0 ,α
1 ≥

0,
a
n
d

0
<
λ
<

1
.

W
e

p
ose

α
λ

=
(1−

λ
)α

0
+
λ
α

1 ≥
0.

W
e

also
ch

o
ose

arb
itrary

rot
m

over’s
p
la

n
s
π
′?α

0 ,π
′?α

1 ,π
′?α
λ .

W
e

fi
n
ally

p
ose

π
λ

=
(1−

λ
)π
′?α

0
+
λ
π
′?α

1 .
B

y
con

vex
ity

of
φ

,
w

e
h
ave:

φ
(π

λ )≤
(1−

λ
)φ

(π
′?α

0 )
+
λ
φ

(π
′?α

1 )
(55)

≤
(1−

λ
)(α

0
+
φ

(π
′))

+
λ

(α
1

+
φ

(π
′))

(56)

=
α
λ

+
φ

(π
′)
.

(57)

H
en

ce,
π
λ
∈

Π
α
λ
,φ

(p
,q

),
an

d
b
y

con
stru

ction
w

e
h
av

e〈π
′?α
λ ,γ〉≤

〈π
λ ,γ〉,

or
eq

u
ivalen

tly
:

〈π
′?α
λ ,γ〉≤

(1−
λ

)〈π
′?α

0 ,γ〉
+
λ〈π

′?α
1 ,γ〉

.
(58)

T
h
e

co
n
tin

u
ity

for
α
>

0
is

a
d
irect

con
seq

u
en

ce
of

con
vex

ity
for

α
>

0
,

sin
ce

a
con

vex
fu

n
ctio

n
is

a
lw

ay
s

con
tin

u
ou

s
on

th
e

relative
in

terior
of

its
d
om

ain
.

L
astly,

th
e

con
tin

u
ity

at
α

=
0

ca
n

b
e

seen
as

follow
s.

L
et

(α
k )
k∈

N
b

e
a

seq
u
en

ce
of

p
ositive

n
u
m

b
ers

th
at

con
verges

to
0
.

W
e

ch
o
o
se

arb
itrary

rot
m

ov
er’s

p
lan

s
(π
′?α
k )
k∈

N
.

B
y

com
p
actn

ess
of

Π
(p
,q

),
w

e
can

ex
tra

ct
a

su
b
seq

u
en

ce
of

rot
m

over’s
p
lan

s
th

at
con

verges
in

n
orm

to
a

p
o
in

t
π
′?∈

Π
(p
,q

).
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D
e
sse

in
,
P
a
pa

d
a
k
is

a
n
d

R
o
u
a
s

F
or

th
e

sak
e

of
sim

p
licity,

w
e

d
o

n
ot

relab
el

th
is

su
b
seq

u
en

ce.
B

y
co

n
stru

ctio
n
,

w
e

h
ave

φ
(π
′)≤

φ
(π
′?α
k )≤

φ
(π
′)

+
α
k ,

an
d
φ

(π
′?α
k )

con
verges

to
φ

(π
′).

B
y

low
er

sem
i-con

tin
u
ity

of
φ

,
w

e
th

u
s

h
ave

φ
(π
′?)≤

φ
(π
′).

S
in

ce
th

e
glob

al
m

in
im

u
m

of
φ

on
Π

(p
,q

)
is

attain
ed

u
n
iq

u
ely

at
π
′,

w
e

m
u
st

h
ave

π
′?

=
π
′,

an
d

th
e

origin
al

seq
u
en

ce
also

con
verges

in
n
orm

to
π
′.

B
y

con
tin

u
ity

of
th

e
total

cost〈·,γ〉
on

R
d×
d,〈π

′?α
k ,γ〉

con
verges

to
〈π
′,γ〉.

H
en

ce,
th

e
lim

it
of

th
e

R
M

D
w

h
en

α
ten

d
s

to
0

from
ab

ove
is〈π

′,γ〉,
w

h
ich

eq
u
als

th
e

R
M

D
for

α
=

0
as

sh
ow

n
in

th
e

n
ex

t
p
rop

erty.

P
ro

p
e
rty

2
W

h
en

α
=

0,
th

e
p
rim

a
l

ro
t

m
o
ver’s

d
ista

n
ce

red
u

ces
to

:

d ′γ
,0
,φ

(p
,q

)
=
〈π
′,γ〉

,
(59)

a
n

d
th

e
u

n
iqu

e
p
rim

a
l

ro
t

m
o
ver’s

p
la

n
is

th
e

tra
n

spo
rt

p
la

n
w

ith
m

in
im

a
l

B
regm

a
n

in
fo

r-
m

a
tio

n
:

π
′?0

=
π
′
.

(60)

P
ro

o
f

S
in

ce
π
′

is
th

e
u
n
iq

u
e

glob
al

m
in

im
izer

of
φ

on
Π

(p
,q

),
th

e
regu

larized
tran

sp
ort

p
oly

top
e

red
u
ces

to
th

e
sin

gleton
Π

0
,φ

(p
,q

)
=
{
π
∈

Π
(p
,q

):
φ

(π
)≤

φ
(π
′)}

=
{
π
′}

.
T

h
e

p
rop

erty
follow

s
im

m
ed

iately.

P
ro

p
e
rty

3
W

h
en

α
ten

d
s

to
+
∞

,
th

e
p
rim

a
l

ro
t

m
o
ver’s

d
ista

n
ce

co
n

verges
to

th
e

ea
rth

m
o
ver’s

d
ista

n
ce:

lim
α→

+
∞
d ′γ

,α
,φ

(p
,q

)
=
d
γ
(p
,q

)
.

(61)

P
ro

o
f

L
et
π
?∈

Π
(p
,q

)
b

e
an

earth
m

over’s
p
lan

so
th

at
d
γ
(p
,q

)
=
〈π

?,γ〉.
B

y
con

tin
u
ity

of
th

e
total

cost〈·,γ〉
on

R
d×
d,

w
e

h
ave

th
at

for
all

ε
>

0,
th

ere
ex

ists
an

op
en

n
eigh

b
orh

o
o
d

of
π
?

su
ch

th
at〈π

,γ〉≤
〈π

?,γ〉
+
ε

for
an

y
tran

sp
ort

p
lan

π
w

ith
in

th
is

n
eigh

b
orh

o
o
d
.

W
e

can
alw

ay
s

ch
o
ose

a
tran

sp
ort

p
lan

su
ch

th
at
π
∈

ri(Π
(p
,q

)).
S
in

ce
ri(Π

(p
,q

))⊂
d
om

φ
,

φ
(π

)
is

fi
n
ite

an
d

w
e

can
fi
x
α
ε

=
φ

(π
)−

φ
(π
′)≥

0.
H

en
ce,
π
∈

Π
α
,φ

(p
,q

)
for

an
y
α
≥
α
ε ,

an
d

w
e

h
ave

d
γ
(p
,q

)≤
d ′γ

,α
,φ

(p
,q

)≤
〈π
,γ〉≤

d
γ
(p
,q

)
+
ε.

P
ro

p
e
rty

4
If

[0,1)
d×
d
⊆

d
om

φ
,

th
en

th
ere

exists
a

m
in

im
a
l
α
′≥

0
su

ch
th

a
t

fo
r

a
ll

α
≥
α
′,

th
e

p
rim

a
l

ro
t

m
o
ver’s

d
ista

n
ce

red
u

ces
to

th
e

ea
rth

m
o
ver’s

d
ista

n
ce:

d ′γ
,α
,φ

(p
,q

)
=
d
γ
(p
,q

)
.

(62)

P
ro

o
f

T
h
e

ex
tra

con
d
ition

gu
aran

tees
th

at
Π

(p
,q

)⊂
d
om

φ
,

an
d

th
u
s

th
at
φ

is
b

ou
n
d
ed

on
th

e
closed

set
Π

(p
,q

).
T

h
e

p
rop

erty
is

th
en

a
d
irect

con
seq

u
en

ce
of

Π
α
,φ

(p
,q

)
=

Π
(p
,q

)
for

α
large

en
ou

gh
.
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R
o
t
M
o
v
e
r
’s

D
is
t
a
n
c
e

P
ro

p
e
rt

y
5

If
[0
,1

)d
×
d
⊆

d
om

φ
a
n

d
φ

is
st

ri
ct

ly
co

n
ve

x
o
n

[0
,1

)d
×
d
,

th
en

th
e

u
n

iq
u

e
p
ri

m
a
l

ro
t

m
o
ve

r’
s

p
la

n
fo

r
α

=
α
′

is
th

e
ea

rt
h

m
o
ve

r’
s

p
la

n
π
? 0

w
it

h
m

in
im

a
l

B
re

gm
a
n

in
fo

rm
a
ti

o
n

:
π
′? α
′

=
π
? 0
.

(6
3)

P
ro

o
f

F
ir

st
,

w
e

re
ca

ll
th

at
th

e
se

t
of

ea
rt

h
m

ov
er

’s
p
la

n
s
π
?

is
ei

th
er

a
si

n
gl

e
ve

rt
ex

or
a

w
h
ol

e
fa

ce
t

of
Π

(p
,q

).
H

en
ce

,
it

fo
rm

s
a

cl
os

ed
co

n
ve

x
su

b
se

t
in

Π
(p
,q

),
a
n
d

th
er

e
is

a
u
n
iq

u
e

ea
rt

h
m

ov
er

’s
p
la

n
π
? 0

w
it

h
m

in
im

al
B

re
gm

an
in

fo
rm

at
io

n
b
y

st
ri

ct
co

n
ve

x
it

y
of

φ
on

th
is

su
b
se

t.
S
ec

on
d
,

it
is

tr
iv

ia
l

th
at

al
l

p
ri

m
al

ro
t

m
ov

er
’s

p
la

n
π
′? α
′

m
u
st

b
e

ea
rt

h
m

ov
er

’s
p
la

n
s.

If
th

er
e

is
a

si
n
gl

e
v
er

te
x

as
ea

rt
h

m
ov

er
’s

p
la

n
,

th
en

th
e

p
ro

p
er

ty
fo

ll
ow

s
im

m
ed

ia
te

ly
.

O
th

er
w

is
e,

w
e

ca
n

se
e

th
e

p
ro

p
er

ty
ge

om
et

ri
ca

ll
y

as
fo

ll
ow

s.
T

h
e

w
h
ol

e
fa

ce
t

of
ea

rt
h

m
ov

er
’s

p
la

n
s

is
or

th
og

on
al

to
γ

.
N

ev
er

th
el

es
s,

b
y

st
ri

ct
co

n
ve

x
it

y
o
f
φ

on
[0
,1

)d
×
d
,

th
e

fa
ce

t
m

u
st

b
e

ta
n
ge

n
t

to
Π
α
′ ,
φ
(p
,q

)
at

th
e

u
n
iq

u
e

ea
rt

h
m

ov
er

’s
p
la

n
π
? 0

w
it

h
m

in
im

al
B

re
gm

an
in

fo
rm

at
io

n
φ

(π
? 0
)

=
φ

(π
′ )

+
α
′ ,

an
d
π
? 0

is
al

so
th

e
ro

t
m

ov
er

’s
p
la

n
π
′? α
′.

A
n
ot

h
er

w
ay

to
p
ro

ve
th

e
p
ro

p
er

ty
m

or
e

fo
rm

al
ly

is
as

fo
ll
ow

s.
S
u
p
p

os
e

th
at

a
p
ri

m
al

ro
t

m
ov

er
’s

p
la

n
π
?

is
n
ot

th
e

ea
rt

h
m

ov
er

’s
p
la

n
w

it
h

m
in

im
al

B
re

gm
an

in
fo

rm
at

io
n
.

W
e

th
u
s

h
av

e
φ

(π
? 0
)
<
φ

(π
?
)
≤
φ

(π
′ )

+
α
′ .

W
e

ca
n

th
en

ch
o
os

e
a

sm
al

le
r
α
′ s

u
ch

th
at
φ

(π
? 0
)
≤
φ

(π
′ )

+
α
′

an
d

th
e

R
M

D
st

il
l

eq
u
al

s
th

e
E

M
D

fo
r

th
is

sm
al

le
r

va
lu

e,
an

d
ac

tu
al

ly
al

l
va

lu
es

in
b

et
w

ee
n

b
y

m
on

ot
on

ic
it

y.
T

h
is

le
ad

s
to

a
co

n
tr

ad
ic

ti
on

a
n
d
π
? 0

m
u
st

b
e

th
e

ea
rt

h
m

ov
er

’s
p
la

n
w

it
h

m
in

im
al

B
re

gm
an

in
fo

rm
at

io
n
.

R
e
m

a
rk

4
W

h
en

α
>
α
′ ,

th
e

re
gu

la
ri

ze
d

tr
a
n

sp
o
rt

po
ly

to
pe

m
ig

h
t

gr
o
w

to
in

cl
u

d
e

se
ve

ra
l

ea
rt

h
m

o
ve

r’
s

p
la

n
s

w
it

h
d
iff

er
en

t
B

re
gm

a
n

in
fo

rm
a
ti

o
n

,
w

h
ic

h
a
re

th
en

a
ll

m
in

im
iz

er
s

fo
r

th
e

R
M

D
.

W
h
en

w
e

d
o

n
o
t

h
a
ve

st
ri

ct
co

n
ve

xi
ty

o
u

ts
id

e
(0
,1

)d
×
d
,

th
er

e
m

ig
h
t

a
ls

o
be

m
u

lt
ip

le
ea

rt
h

m
o
ve

r’
s

p
la

n
s

w
it

h
m

in
im

a
l

B
re

gm
a
n

in
fo

rm
a
ti

o
n

.

If
[0
,1

)d
×
d
⊆

d
om

φ
,

th
en

it
is

ea
sy

to
ch

ec
k

th
at

th
e

st
ri

ct
co

n
ve

x
it

y
o
f
φ

o
n

[0
,1

)d
×
d

is
al

w
ay

s
ve

ri
fi
ed

w
h
en

φ
is

se
p
ar

ab
le

u
n
d
er

as
su

m
p
ti

on
s

(A
)

or
(B

),
or

w
h
en

[0
,1

)d
×
d
⊂

in
t(

d
om

φ
)

u
n
d
er

as
su

m
p
ti

on
s

(B
).

T
h
is

h
ol

d
s

fo
r

al
m

os
t

al
l

ty
p
ic

al
re

gu
la

ri
ze

rs
,

n
ot

ab
ly

fo
r

al
l

re
gu

la
ri

ze
rs

co
n
si

d
er

ed
in

th
is

p
ap

er
ex

ce
p
t

fr
om

m
in

u
s

th
e

B
u
rg

en
tr

op
y

as
d
efi

n
ed

in
(3

0)
an

d
as

so
ci

at
ed

to
th

e
It

ak
u
ra

-S
ai

to
d
iv

er
ge

n
ce

in
(2

9)
.

F
or

th
is

la
tt

er
re

gu
la

ri
ze

r,
th

e
so

lu
ti

on
s

fo
r

an
in

cr
ea

si
n
g
α

al
l
li
e

w
it

h
in

ri
(Π

(p
,q

))
,
an

d
th

e
R

M
D

n
ev

er
re

ac
h
es

th
e

E
M

D
.

In
su

ch
ca

se
s

w
h
er

e
th

e
m

in
im

al
α
′

d
o
es

n
ot

ex
is

t,
w

e
ca

n
u
se

th
e

co
n
ve

n
ti

on
α
′

=
+
∞

si
n
ce

th
e

R
M

D
al

w
ay

s
co

n
v
er

ge
s

to
th

e
E

M
D

in
th

e
li
m

it
w

h
en

α
te

n
d
s

to
+
∞

.
W

e
ca

n
th

en
p
ro

ve
th

at
th

er
e

is
a

u
n
iq

u
e

ro
t

m
ov

er
’s

p
la

n
π
′? α

as
lo

n
g

as
0
<
α
<
α
′ ,

w
h
ic

h
ca

n
b

e
se

en
in

fo
rm

al
ly

as
fo

ll
ow

s.
T

h
e

so
lu

ti
on

s
ge

om
et

ri
ca

ll
y

li
e

at
th

e
in

te
rs

ec
ti

on
of

Π
α
,φ

(p
,q

)
an

d
of

a
su

p
p

or
ti

n
g

h
y
p

er
p
la

n
e

w
it

h
n
or

m
al
γ

.
B

y
st

ri
ct

co
n
ve

x
it

y
of
φ

on
ri

(Π
(p
,q

))
,

th
is

in
te

rs
ec

ti
on

is
a

si
n
gl

et
on

in
si

d
e

th
e

p
ol

y
to

p
e.

W
h
en

th
e

in
te

rs
ec

ti
on

re
ac

h
es

a
fa

ce
t,

th
e

on
ly

fa
ce

t
th

at
ca

n
co

in
ci

d
e

lo
ca

ll
y

w
it

h
th

e
h
y
p

er
p
la

n
e

is
th

e
on

e
th

at
co

n
ta

in
s

th
e

ea
rt

h
m

ov
er

’s
p
la

n
s.

H
en

ce
,
w

e
al

so
h
av

e
a

si
n
gl

et
on

on
th

e
b

o
u
n
d
ar

y
of

th
e

p
ol

y
to

p
e

b
ef

or
e

re
ac

h
in

g
an

ea
rt

h
m

ov
er

’s
p
la

n
.

W
e

fo
rm

al
ly

p
ro

ve
th

is
u
n
iq

u
en

es
s

re
su

lt
n
ex

t
b
y

ex
p
lo

it
in

g
d
u
al

it
y.

3
.3

D
u

a
l

P
ro

b
le

m

W
e

n
ow

p
re

se
n
t

th
e

fo
ll
ow

in
g

tw
o

le
m

m
as

b
ef

or
e

d
efi

n
in

g
ou

r
d
u
al

fo
rm

u
la

ti
on

fo
r

th
e

R
M

D
.
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D
e
ss
e
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,
P
a
pa

d
a
k
is

a
n
d

R
o
u
a
s

L
e
m

m
a

8
T

h
e

re
gu

la
ri

ze
d

co
st
〈·,
γ
〉+

λ
φ

(·)
,

w
h
er

e
λ
>

0
,

a
tt

a
in

s
it

s
gl

o
ba

l
m

in
im

u
m

u
n

iq
u

el
y

a
t
ξ

=
∇
ψ

(−
γ
/λ

).

P
ro

o
f

T
h
e

re
gu

la
ri

ze
d

co
st

is
co

n
ve

x
w

it
h

sa
m

e
d
om

ai
n

as
φ

,
an

d
is

st
ri

ct
ly

co
n
v
ex

o
n

in
t(

d
om

φ
).

T
h
u
s,

it
at

ta
in

s
it

s
gl

ob
al

m
in

im
u
m

at
a

u
n
iq

u
e

p
o
in

t
ξ
∈

in
t(

d
o
m
φ

)
if

a
n
d

on
ly

if
γ

+
λ
∇
φ

(ξ
)

=
0

,
or

eq
u
iv

al
en

tl
y
∇
φ

(ξ
)

=
−
γ
/λ

.
B

y
as

su
m

p
ti

o
n
s

(A
4
)

a
n
d

(A
5
),

re
sp

ec
ti

ve
ly

(B
4)

,
−
γ
/λ
∈

d
om
∇
ψ

,
so

th
a
t

th
e

gl
ob

al
m

in
im

u
m

is
at

ta
in

ed
u
n
iq

u
el

y
at

ξ
=
∇
ψ

(−
γ
/λ

)
in

v
ir

tu
e

of
th

e
h
om

eo
m

or
p
h
is

m
in

(4
2)

an
d

(4
3)

.

L
e
m

m
a

9
T

h
e

re
st

ri
ct

io
n

o
f

th
e

re
gu

la
ri

ze
d

co
st
〈·,
γ
〉+

λ
φ

(·)
to

th
e

tr
a
n

sp
o
rt

po
ly

to
pe

Π
(p
,q

)
a
tt

a
in

s
it

s
gl

o
ba

l
m

in
im

u
m

u
n

iq
u

el
y.

P
ro

o
f

W
e

n
ot

ic
e

th
at

th
e

re
gu

la
ri

ze
d

co
st

is
eq

u
al

to
a

B
re

gm
an

d
iv

er
ge

n
ce

u
p

to
a

p
o
si

ti
ve

fa
ct

or
an

d
ad

d
it

iv
e

co
n
st

an
t: 〈π
,γ
〉+

λ
φ

(π
)
−
λ
φ

(ξ
)

=
λ
B
φ
(π
‖ξ

)
.

(6
4
)

H
en

ce
,

it
s

m
in

im
iz

at
io

n
ov

er
th

e
cl

os
ed

co
n
ve

x
se

t
Π

(p
,q

)
is

eq
u
iv

al
en

t
to

th
e

B
re

g
m

a
n

p
ro

je
ct

io
n

of
ξ
∈

in
t(

d
om

φ
)

on
to

Π
(p
,q

)
ac

co
rd

in
g

to
th

e
fu

n
ct

io
n
φ

of
L

eg
en

d
re

ty
p

e.
S
in

ce
Π

(p
,q

)
∩

in
t(

d
om

φ
)
6=
∅,

th
is

p
ro

je
ct

io
n

ex
is

ts
an

d
is

u
n
iq

u
e.

D
e
fi

n
it

io
n

1
0

T
h
e

d
u

a
l

ro
t

m
o
ve

r’
s

d
is

ta
n

ce
is

th
e

qu
a
n

ti
ty

d
efi

n
ed

a
s:

d
γ
,λ
,φ

(p
,q

)
=
〈π

? λ
,γ
〉
,

(6
5
)

w
h
er

e
th

e
d
u

a
l

ro
t

m
o
ve

r’
s

p
la

n
π
? λ

is
gi

ve
n

by
:

π
? λ

=
ar

gm
in

π
∈Π

(p
,q

)
〈π
,γ
〉+

λ
φ

(π
)
.

(6
6
)

R
e
m

a
rk

5
F

o
r

th
e

sa
ke

o
f

n
o
ta

ti
o
n

,
w

e
o
m

it
th

e
d
ep

en
d
en

ce
o
n

p
,q
,γ
,φ

in
th

e
in

d
ex

o
f

d
u

a
l

ro
t

m
o
ve

r’
s

p
la

n
s
π
? λ
.

W
e

p
ro

ce
ed

w
it

h
th

e
fo

ll
ow

in
g

p
ro

p
os

it
io

n
th

at
en

li
gh

te
n
s

th
e

re
la

ti
on

b
et

w
ee

n
th

e
R

M
D

an
d

as
so

ci
at

ed
B

re
gm

an
d
iv

er
ge

n
ce

.

P
ro

p
o
si

ti
o
n

1
1

T
h
e

d
u

a
l

ro
t

m
o
ve

r’
s

p
la

n
is

th
e

B
re

gm
a
n

p
ro

je
ct

io
n

o
f
ξ

o
n

to
th

e
tr

a
n

s-
po

rt
po

ly
to

pe
:

π
? λ

=
ar

g
m

in
π
∈Π

(p
,q

)
B
φ
(π
‖ξ

)
.

(6
7
)

P
ro

o
f

T
h
is

is
a

co
n
se

q
u
en

ce
of

th
e

p
ro

of
fo

r
L

em
m

a
9.

In
d
ee

d
,

fr
om

th
e

d
efi

n
it

io
n

in
(6

6
),

w
e

se
e

th
at

th
e

ro
t

m
ov

er
’s

p
la

n
al

so
m

in
im

iz
es

(6
4)

.
T

h
er

ef
or

e,
it

is
th

e
u
n
iq

u
e

B
re

g
m

a
n

p
ro

je
ct

io
n

of
ξ

on
to

th
e

tr
an

sp
or

t
p

ol
y
to

p
e.

W
e

h
av

e
a

ge
om

et
ri

ca
l

in
te

rp
re

ta
ti

on
w

h
er

e
th

e
re

g
u
la

ri
za

ti
on

sh
ri

n
k
s

th
e

so
lu

ti
o
n

to
-

w
ar

d
th

e
m

at
ri

x
ξ
′

th
at

h
as

m
in

im
al

B
re

gm
an

in
fo

rm
at

io
n
.
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R
o
t
M
o
v
e
r
’s

D
ist

a
n
c
e

P
ro

p
o
sitio

n
1
2

T
h
e

d
u

a
l

ro
t

m
o
ver’s

p
la

n
π
?λ

ca
n

be
o
bta

in
ed

a
s:

π
?λ

=
argm

in
π∈

Π
(p
,q

) 〈π
,γ〉

+
λ
B
φ
(π‖

ξ ′)
.

(68)

P
ro

o
f

D
evelo

p
in

g
th

e
B

regm
an

d
ivergen

ce
b
ased

on
its

d
efi

n
ition

(19),
w

e
h
ave:

B
φ
(π‖

ξ ′)
=
φ

(π
)−

φ
(ξ ′)−

〈π
−
ξ ′,∇

φ
(ξ ′)〉

.
(69)

S
in

ce∇
φ

(ξ ′)
=

0
,

th
e

last
term

w
ith

scalar
p
ro

d
u
ct

van
ish

es
an

d
w

e
are

left
ou

t
w

ith
φ

(π
)

p
lu

s
a

co
n
stan

t
term

w
ith

resp
ect

to
π

.
H

en
ce,

w
e

can
rep

lace
φ

(π
)

b
y
B
φ
(π‖ξ ′)

in
th

e
m

in
im

iza
tio

n
(6

6)
th

at
d
efi

n
es
π
?λ .

U
n
d
er

so
m

e
ad

d
ition

al
con

d
ition

s,
th

is
in

terp
retation

can
also

b
e

seen
as

sh
rin

k
in

g
tow

a
rd

th
e

tran
sp

ort
p
lan

π
′

w
ith

m
in

im
al

B
regm

an
in

form
ation

.

P
ro

p
o
sitio

n
1
3

If
π
′∈

ri(Π
(p
,q

)),
th

en
th

e
d
u

a
l

ro
t

m
o
ver’s

p
la

n
π
?λ

ca
n

be
o
bta

in
ed

a
s:

π
?λ

=
argm

in
π∈

Π
(p
,q

) 〈π
,γ〉

+
λ
B
φ
(π‖π

′)
.

(70)

P
ro

o
f

If
π
′∈

ri(Π
(p
,q

)),
th

en
w

e
h
ave

eq
u
ality

in
th

e
gen

eralized
P

y
th

agorean
th

eo-
rem

(2
6
),

lea
d
in

g
to:

B
φ
(π‖ξ ′)

=
B
φ
(π‖π

′)
+
B
φ
(π
′‖
ξ ′)

.
(71)

S
in

ce
th

e
la

st
term

is
con

stan
t

w
ith

resp
ect

to
π

,
w

e
can

rep
lace

B
φ
(π‖ξ ′)

b
y
B
φ
(π‖π

′)
in

th
e

m
in

im
iza

tio
n

(68)
th

at
ch

aracterizes
π
?λ .

R
e
m

a
rk

6
T

h
e

p
ro

po
sitio

n
a
lso

h
o
ld

s
trivia

lly
w

h
en

th
e

glo
ba

l
m

in
im

u
m

is
a
tta

in
ed

o
n

th
e

tra
n

spo
rt

po
lyto

pe,
th

a
t

is,
w

h
en
ξ ′

=
π
′.

C
o
ro

lla
ry

1
4

U
n

d
er

a
ssu

m
p
tio

n
s

(A
),

th
e

d
u

a
l

ro
t

m
o
ver’s

p
la

n
π
?λ

ca
n

be
o
bta

in
ed

a
s:

π
?λ

=
argm

in
π∈

Π
(p
,q

) 〈π
,γ〉

+
λ
B
φ
(π‖π

′)
.

(72)

P
ro

o
f

T
h
is

is
a

resu
lt

of
π
′∈

Π
(p
,q

)∩
in

t(d
om

φ
)

=
ri(Π

(p
,q

))
w

h
en

d
om

φ
⊆

R
d×
d

+
,

as
sh

ow
n

in
th

e
p
ro

of
of

C
orollary

7.

In
th

e
seq

u
el,

w
e

also
ex

ten
d

n
atu

rally
th

e
d
efi

n
itio

n
of

th
e

d
u
al

R
M

D
fo

r
λ

=
0

as
th

e
E

M
D

.
W

e
th

en
d
o

n
ot

n
ecessarily

h
ave

u
n
iq

u
en

ess
of

d
u
al

rot
m

over’s
p
lan

s
for

λ
=

0,
an

d
th

e
g
eo

m
etrica

l
in

terp
retation

in
term

s
of

a
B

regm
an

p
ro

jection
d
o
es

n
ot

h
old

an
y
m

ore
for

λ
=

0
.

H
ow

ev
er,

w
e

h
ave

th
e

follow
in

g
th

eorem
b
ased

on
d
u
ality

th
eory

th
at

sh
ow

s
th

e
eq

u
iva

len
ce

b
etw

een
p
rim

al
an

d
d
u
al

R
O

T
p
rob

lem
s.
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D
e
sse

in
,
P
a
pa

d
a
k
is

a
n
d

R
o
u
a
s

T
h

e
o
re

m
1
5

F
o
r

a
ll
α
>

0
,

th
ere

exists
λ
≥

0
su

ch
th

a
t

th
e

p
rim

a
l

a
n

d
d
u

a
l
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M
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d
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>
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b
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Π
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b
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≤
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Π
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≥
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d
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con
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p
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h
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b
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e
case

sin
ce

w
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at
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=
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b
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b
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w
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>
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d
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n
d
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b
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h
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ob
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<
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〉+
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≥
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b
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〉.
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er
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an
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e
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e
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〉+

λ
φ

(π
′ )

,
an

d
th

u
s
〈π

? λ
,γ
〉
≤

〈π
′ ,
γ
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b
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m
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b
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b
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b
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h
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w
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p
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p
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b
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≥
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∞
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∞
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p
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p
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∞
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p
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b
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w
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→
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=
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P
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h
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p
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p
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w
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m

e
tr

ic
a
l

In
si

g
h
ts

O
u
r

p
ri

m
al

an
d

d
u
al

fo
rm

u
la

ti
on

s
en

li
gh

te
n

so
m

e
in

tr
ic

at
e

re
la

ti
on

s
b

et
w

ee
n

o
p
ti

m
a
l

tr
a
n
s-

p
or

ta
ti

on
th

eo
ry

(V
il
la

n
i,

20
09

)
an

d
in

fo
rm

at
io

n
ge

om
et

ry
(A

m
ar

i
a
n
d

N
a
g
a
o
ka

,
2
0
0
0
),

w
h
er

e
B

re
gm

an
d
iv

er
ge

n
ce

s
ar

e
k
n
ow

n
to

p
os

se
ss

a
d
u
al

ly
fl
at

st
ru

ct
u
re

w
it

h
a

g
en

er
a
l-

iz
ed

P
y
th

ag
or

ea
n

th
eo

re
m

fo
r

in
fo

rm
at

io
n

p
ro

je
ct

io
n
s.

A
sc

h
em

at
ic

v
ie

w
of

th
e

u
n
d
er

ly
in

g
ge

om
et

ry
fo

r
R

O
T

p
ro

b
le

m
s

is
re

p
re

se
n
te

d
in

F
ig

u
re

1,
an

d
ca

n
b

e
d
is

cu
ss

ed
a
s

fo
ll
ow

s.
O

u
r

co
n
st

ru
ct

io
n
s

st
ar

t
fr

om
th

e
gl

ob
al

m
in

im
iz

er
ξ
′

of
th

e
re

gu
la

ri
ze

r
φ

(L
em

m
a

1
).

T
h
e

B
re

gm
an

p
ro

je
ct

io
n
π
′ o

f
ξ
′ o

n
to

th
e

tr
an

sp
or

t
p

o
ly

to
p

e
Π

(p
,q

)
h
a
s

m
in

im
a
l
B

re
g
m

a
n

in
fo

rm
at

io
n

on
Π

(p
,q

)
(L

em
m

a
2)

.
T

h
e

li
n
ea

r
co

st
re

st
ri

ct
ed

to
th

e
re

gu
la

ri
ze

d
tr

a
n
sp

o
rt

p
ol

y
to

p
e

Π
α
,φ

(p
,q

)
al

so
at

ta
in

s
it

s
gl

ob
al

m
in

im
u
m

(L
em

m
a

3)
.

S
u
ch

a
m

in
im

iz
er
π
′? α

is
a

p
ri

m
al

ro
t

m
ov

er
’s

p
la

n
(D

efi
n
it

io
n

4)
.

W
e

ca
n

in
te

rp
re

t
Π
α
,φ

(p
,q

)
as

th
e

in
te

rs
ec

ti
o
n

of
Π

(p
,q

)
w

it
h

th
e

B
re

gm
an

b
al

l
of

ra
d
iu

s
B
φ
(π
′ ‖ξ
′ )

+
α

an
d

ce
n
te

r
ξ
′

(P
ro

p
o
si

ti
o
n

5
).

In
ce

rt
ai

n
ca

se
s,

Π
α
,φ

(p
,q

)
is

al
so

th
e

in
te

rs
ec

ti
on

of
Π

(p
,q

)
w

it
h

th
e

B
re

g
m

a
n

b
a
ll

of
ra

d
iu

s
α

an
d

ce
n
te

r
π
′ ,

as
a

re
su

lt
of

th
e

ge
n
er

al
iz

ed
P

y
th

ag
or

ea
n

th
eo

re
m
B
φ
(π
‖ξ
′ )

=
B
φ
(π
‖π
′ )

+
B
φ
(π
′ ‖ξ
′ )

(P
ro

p
os

it
io

n
6,

C
or

ol
la

ry
7)

.
A

ll
in

al
l,

th
is

en
fo

rc
es

th
e

so
lu

ti
o
n
s

to
h
av

e
sm

al
l

en
ou

gh
B

re
gm

an
in

fo
rm

at
io

n
,

b
y

co
n
st

ra
in

in
g

th
em

to
li
e

cl
os

e
to

th
e

m
a
tr

ix
ξ
′

or
tr

an
sp

or
t

p
la

n
π
′

w
it

h
m

in
im

al
B

re
gm

an
in

fo
rm

at
io

n
.

In
ou

r
d
ev

el
op

m
en

ts
,

w
e

n
ex

t
in

tr
o
d
u
ce

th
e

gl
ob

al
m

in
im

iz
er
ξ

of
th

e
re

g
u
la

ri
ze

d
co

st
(L

em
m

a
8)

.
T

h
e

re
gu

la
ri

ze
d

co
st

re
st

ri
ct

ed
to

Π
(p
,q

)
al

so
at

ta
in

s
it

s
gl

o
b
a
l

m
in

im
u
m

u
n
iq

u
el

y
(L

em
m

a
9)

.
T

h
is

m
in

im
iz

er
d
efi

n
es

th
e

d
u
al

ro
t

m
ov

er
’s

p
la

n
π
? λ

(D
efi

n
it

io
n

1
0)

.
A

ct
u
al

ly
,
π
? λ

ca
n

b
e

se
en

as
th

e
B

re
gm

an
p
ro

je
ct

io
n

of
ξ

on
to

Π
(p
,q

)
(P

ro
p

o
si

ti
o
n

1
1
).

T
h
e

re
gu

la
ri

za
ti

on
b
y

th
e

B
re

gm
an

in
fo

rm
at

io
n

is
al

so
eq

u
iv

al
en

t
to

re
gu

la
ri

zi
n
g

th
e

so
lu

ti
o
n

to
w

ar
d
ξ
′

(P
ro

p
os

it
io

n
12

).
In

so
m

e
ca

se
s,

th
is

ca
n

al
so

b
e

se
en

as
re

gu
la

ri
zi

n
g

to
w

a
rd

π
′ ,

as
a

re
su

lt
of

th
e

ge
n
er

al
iz

ed
P

y
th

ag
or

ea
n

th
eo

re
m
B
φ
(π
‖ξ
′ )

=
B
φ
(π
‖π
′ )

+
B
φ
(π
′ ‖ξ
′ )

(P
ro

p
os

it
io

n
13

,
C

or
ol

la
ry

14
).

A
ga

in
,

th
is

en
fo

rc
es

th
e

so
lu

ti
on

s
to

h
av

e
sm

a
ll

en
o
u
g
h
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R
o
t
M
o
v
e
r
’s

D
ist

a
n
c
e

F
igu

re
1:

G
eom

etry
o
f

regu
larized

op
tim

al
tran

sp
ort.

B
reg

m
a
n

in
fo

rm
ation

,
b
y

sh
rin

k
in

g
th

em
tow

ard
th

e
m

atrix
ξ ′

or
tran

sp
ort

p
la

n
π
′

w
ith

m
in

im
al

B
reg

m
an

in
form

ation
.

W
e

h
ave

d
u
ality

b
etw

een
th

e
p
rim

al
an

d
d
u
al

form
u
lation

s,
so

th
at

p
rim

al
an

d
d
u
al

rot
m

over’s
p
la

n
s

follow
th

e
sam

e
p
ath

on
Π

(p
,q

)
fro

m
n
o

regu
lariza

tion
(α

=
+
∞

,
λ

=
0)

to
fu

ll
reg

u
la

riza
tion

(α
=

0,
λ

=
+
∞

)
(T

h
eorem

15).
In

th
e

lim
it

of
n
o

reg
u
lariza

tion
,

w
e

o
b
v
io

u
sly

retrieve
an

earth
m

over’s
p
lan

π
?

for
th

e
cost

m
atrix

γ
.

B
y

d
u
ality,

it
is

also
in

tu
itive

th
a
t

th
e

ad
d
ition

al
con

strain
t

for
th

e
p
rim

al
form

u
lation

,
seen

in
th

e
eq

u
iva

len
t

fo
rm

s
o
f
φ

(π
),
B
φ
(π‖

ξ ′)
or
B
φ
(π‖

π
′),

lead
s

to
an

an
alog

p
en

alty
for

th
e

d
u
al

form
u
lation

in
th

e
sa

m
e

resp
ective

form
.

S
in

ce
ξ ′

=
1

,
π
′
=

p
q
>

,
ξ

=
ex

p
(−
γ
/λ

),
for

m
in

u
s

th
e

B
oltzm

an
n
-S

h
a
n
n
on

en
tro

p
y

an
d

K
u
llb

a
ck

-L
eib

ler
d
ivergen

ce,
w

e
retrieve

th
e

ex
istin

g
resu

lts
d
iscu

ssed
in

S
ection

1.2
as

a
sp

ecifi
c

ca
se

(C
u
tu

ri,
2013;

B
en

am
ou

et
al.,

2015).
In

ad
d
ition

,
w

e
can

read
ily

gen
eralize

th
e

estim
a
tio

n
o
f
co

n
tin

gen
cy

tab
les

w
ith

fi
x
ed

m
argin

als
to

a
m

atrix
n
earn

ess
p
rob

lem
b
ased

on
o
th

er
d
iverg

en
ces

th
an

th
e

K
u
llb

ack
-L

eib
ler

d
ivergen

ce
(D

h
illon

an
d

T
rop

p
,

2007).
G

iv
en

a
ro

u
g
h

estim
ate

ξ
∈

in
t(d

om
φ

),
a

co
n
tin

gen
cy

ta
b
le

w
ith

fi
x
ed

m
argin

als
p
,q

can
b

e
estim

a
ted

b
y

B
regm

an
p
ro

jection
of
ξ

on
to

Π
(p
,q

):

π
?

=
argm

in
π∈

Π
(p
,q

) B
φ
(π‖

ξ
)
.

(87)

T
h
is

sim
p
ly

a
m

ou
n
ts

to
solv

in
g

a
d
u
al

R
O

T
p
rob

lem
w

ith
an

arb
itrary

p
en

alty
λ
>

0
an

d
a

co
st

m
a
trix

γ
=
−
λ∇

φ
(ξ

).
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D
e
sse

in
,
P
a
pa

d
a
k
is

a
n
d

R
o
u
a
s

F
in

ally,
sin

ce
B

regm
an

d
ivergen

ces
are

in
varian

t
u
n
d
er

ad
d
in

g
an

affi
n
e

term
to

th
eir

gen
erator,

it
is

straigh
tforw

ard
to

gen
eralize

R
O

T
p
ro

b
lem

s
b
y

sh
rin

k
in

g
tow

ard
an

arb
itrary

p
rior

m
atrix

ξ
,ξ ′∈

in
t(d

om
φ

),
or

tran
sp

ort
p
lan

π
′∈

Π
(p
,q

).
T

h
is

is
in

d
eed

eq
u
ivalen

t
to

tran
slatin

g
th

e
regu

larizer
b
y

th
e

ap
p
ro

p
riate

am
ou

n
t
φ

(π
)

+
〈π
,δ〉,

so
th

at
th

e
glob

al
m

in
im

izer
is

n
ow

attain
ed

at
th

e
d
esired

p
oin

t.
E

q
u
ivalen

tly,
th

is
am

ou
n
ts

to
tran

slatin
g

th
e

cost
m

atrix
as
γ

+
λ
δ

in
stead

.

4
.
A
lg
o
rith

m
ic

D
e
riv

a
tio

n
s

In
th

is
section

,
w

e
in

tro
d
u
ce

algorith
m

ic
m

eth
o
d
s

to
solve

R
O

T
p
rob

lem
s.

W
e

fo
cu

s
w

ith
ou

t
lack

of
gen

erality
on

th
e

d
u
al

p
rob

lem
,
w

h
ich

can
b

e
solved

effi
cien

tly
v
ia

altern
ate

B
regm

an
p
ro

jection
s.

T
h
e

p
rim

al
p
rob

lem
can

th
en

easily
b

e
solved

for
0
<
α
<
α
′

b
y

a
b
isection

search
on

λ
>

0.
F

or
α

=
0,

w
e

cou
ld

sim
p
ly

u
se

altern
ate

B
regm

an
p
ro

jection
s

to
p
ro

ject
∇
ψ

(0
)

in
stead

of∇
ψ

(−
γ
/λ

)
in

v
irtu

e
o
f

L
em

m
as

1
an

d
2,

w
h
ich

actu
ally

corresp
on

d
s

to
th

e
sp

ecial
case

γ
=

0
in

ou
r

algorith
m

s,
th

ou
gh

th
is

is
n
ot

really
relevan

t
in

p
ractice

sin
ce

th
is

com
p
letely

rem
oves

th
e

lin
ear

in
fl
u
en

ce
of

th
e

total
cost

from
th

e
R

O
T

p
rob

lem
.

In
th

e
lim

it
α
≥
α
′,

a
classical

O
T

solver
su

ch
as

th
e

n
etw

ork
sim

p
lex

can
d
irectly

b
e

u
sed

.
W

e
fi
rst

stu
d
y

th
e

u
n
d
erly

in
g

B
regm

an
p
ro

jection
s

in
th

eir
gen

eric
form

(S
ection

4.1)
an

d
sp

ecifi
cally

d
evelop

th
e

case
of

sep
arab

le
d
iv

ergen
ces

(S
ection

4.2).
W

e
th

en
d
eriv

e
th

e
tw

o
gen

eric
sch

em
es

of
A

S
A

(S
ection

4.3)
an

d
N

A
S
A

(S
ection

4.4)
to

so
lve

d
u
al

R
O

T
p
rob

lem
s,

d
ep

en
d
in

g
on

w
h
eth

er
th

e
d
om

ain
of

th
e

sm
o
oth

con
v
ex

regu
larizer

lies
w

ith
in

th
e

n
on

-n
egativ

e
orth

an
t

or
n
ot.

W
e

also
en

h
an

ce
b

oth
algorith

m
s

in
th

e
sep

arab
le

case
w

ith
a

sp
arse

ex
ten

sion
(S

ection
4.5),

an
d

fi
n
ally

d
iscu

ss
som

e
p
ractical

con
sid

eration
s

of
ou

r
m

eth
o
d
s

(S
ection

4.6).
T

o
sim

p
lify

n
o
tation

s,
w

e
o
m

it
th

e
p

en
alty

valu
e
λ

in
th

e
in

d
ex

an
d

sim
p
ly

w
rite

π
?

for
th

e
rot

m
over’s

p
lan

.

4
.1

G
e
n

e
ric

P
ro

je
c
tio

n
s

T
h
e

closed
con

v
ex

tran
sp

ort
p

oly
top

e
Π

(p
,q

)
is

th
e

in
tersection

of
th

e
n
on

-n
egativ

e
orth

an
t:

C
0

=
R
d×
d

+
,

(88)

w
h
ich

is
a

p
oly

h
ed

ral
su

b
set,

w
ith

tw
o

affi
n
e

su
b
sp

aces:

C
1

=
{
π
∈
R
d×
d

:
π

1
=

p}
,

(89)

C
2

=
{
π
∈
R
d×
d

:
π
>

1
=

q}
.

(90)

T
h
e

B
regm

an
p
ro

jection
π
?

on
to

Π
(p
,q

)
can

th
en

b
e

ob
tain

ed
b
y

altern
ate

B
regm

an
p
ro-

jection
s

on
to
C

0 ,C
1 ,C

2 ,
w

h
ere

w
e

ex
p

ect
th

at
th

ese
latter

p
ro

jection
s

are
easier

to
com

p
u
te.

O
n

th
e

on
e

h
an

d
,

th
e

K
aru

sh
-K

u
h
n
-T

u
cker

con
d
ition

s
for

B
regm

an
p
ro

jection
π
?0

of
a

given
m

atrix
π
∈

in
t(d

om
φ

)
on

to
C

0
are

n
ecessa

ry
an

d
su

ffi
cien

t,
an

d
w

rite
as

follow
s:

π
?0 ≥

0
,

(91)

∇
φ

(π
?0 )−

∇
φ

( π
)≥

0
,

(92)

(∇
φ

(π
?0 )−

∇
φ

( π
))�

π
?0

=
0
.

(93)
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R
o
t
M
o
v
e
r
’s

D
is
t
a
n
c
e

W
h
il
e

th
es

e
co

n
d
it

io
n
s

ar
e

n
on

tr
iv

ia
l

to
so

lv
e

in
ge

n
er

al
,

w
e

sh
al

l
se

e
th

at
th

ey
ad

m
it

an
el

eg
an

t
so

lv
er

sp
ec

ifi
c

to
th

e
n
on

-s
ep

ar
ab

le
sq

u
ar

ed
M

ah
al

an
ob

is
d
is

ta
n
ce

s
d
efi

n
ed

in
(3

3)
an

d
ge

n
er

at
ed

b
y

th
e

q
u
ad

ra
ti

c
fo

rm
in

(3
4)

.
In

ad
d
it

io
n
,

th
ey

al
so

g
re

at
ly

si
m

p
li
fy

fo
r

se
p
ar

ab
le

d
iv

er
ge

n
ce

s,
w

h
ic

h
en

co
m

p
as

s
al

l
ot

h
er

d
iv

er
ge

n
ce

s
u
se

d
in

th
is

p
ap

er
.

O
n

th
e

ot
h
er

h
an

d
,

th
e

L
ag

ra
n
gi

an
s

w
it

h
L

ag
ra

n
ge

m
u
lt

ip
li
er

s
µ
,ν
∈
R
d

fo
r

th
e

B
re

g-
m

an
p
ro

je
ct

io
n
s
π
? 1

an
d
π
? 2

of
a

gi
ve

n
m

at
ri

x
π
∈

in
t(

d
om

φ
)

on
to
C 1

an
d
C 2

re
sp

ec
ti

ve
ly

w
ri

te
as

fo
ll
ow

s:

L 1
(π
,µ

)
=
φ

(π
)
−
〈π
,∇
φ

(π
)〉

+
µ
>

(π
1
−

p
)
,

(9
4)

L 2
(π
,ν

)
=
φ

(π
)
−
〈π
,∇
φ

(π
)〉

+
ν
>

(π
>

1
−

q
)
.

(9
5)

T
h
ei

r
gr

ad
ie

n
ts

ar
e

gi
ve

n
on

in
t(

d
om

φ
)

b
y
:

∇
L 1

(π
,µ

)
=
∇
φ

(π
)
−
∇
φ

( π
)

+
µ

1
>
,

(9
6)

∇
L 2

(π
,ν

)
=
∇
φ

(π
)
−
∇
φ

(π
)

+
1
ν
>
,

(9
7)

an
d

va
n
is

h
at
π
? 1
,π

? 2
∈

in
t(

d
om

φ
)

if
an

d
on

ly
if

:

π
? 1

=
∇
ψ

(∇
φ

(π
)
−
µ

1
>

)
,

(9
8)

π
? 2

=
∇
ψ

(∇
φ

(π
)
−

1
ν
>

)
.

(9
9)

B
y

d
u
al

it
y,

th
e

B
re

gm
an

p
ro

je
ct

io
n
s

on
to
C 1
,C

2
ar

e
th

u
s

eq
u
iv

al
en

t
to

fi
n
d
in

g
th

e
u
n
iq

u
e

ve
ct

or
s
µ
,ν

,
su

ch
th

at
th

e
ro

w
s

of
π
? 1

su
m

u
p

to
p

,
re

sp
ec

ti
ve

ly
th

e
co

lu
m

n
s

of
π
? 2

su
m

u
p

to
q

:

∇
ψ

(∇
φ

(π
)
−
µ

1
>

)1
=

p
,

(1
00

)

∇
ψ

(∇
φ

(π
)
−

1
ν
>

)>
1

=
q
.

(1
01

)

S
im

il
ar

ly
,

so
lv

in
g

fo
r

th
e

L
ag

ra
n
ge

m
u
lt

ip
li
er

s
is

an
ex

p
en

si
ve

p
ro

b
le

m
in

ge
n
er

al
,

si
n
ce

th
e

se
ar

ch
sp

ac
e

is
of

d
im

en
si

on
d

an
d

w
e

ev
al

u
a
te

m
at

ri
x

fu
n
ct

io
n
s

of
si

ze
d
×
d
.

T
h
is

is
b

ec
au

se
a

gi
v
en

en
tr

y
µ
i,
ν j

ca
n

ac
tu

al
ly

m
o
d
if

y
an

y
en

tr
y

of
th

e
d
×
d

m
at

ri
x

fu
n
ct

io
n
s

b
ei

n
g

ev
al

u
at

ed
.

A
ga

in
,

w
e

sh
al

l
se

e
th

at
th

ey
ca

n
n
ev

er
th

el
es

s
b

e
co

m
p
u
te

d
effi

ci
en

tl
y

fo
r

se
p
ar

ab
le

d
iv

er
ge

n
ce

s
as

w
el

l
as

th
e

n
on

-s
ep

ar
ab

le
M

ah
al

an
ob

is
d
is

ta
n
ce

s.

4
.2

S
e
p

a
ra

b
le

C
a
se

A
ss

u
m

in
g

th
at

th
e

re
gu

la
ri

ze
r
φ

is
se

p
ar

ab
le

,
th

e
u
n
d
er

ly
in

g
B

re
gm

an
p
ro

je
ct

io
n
s

ca
n

b
e

co
m

p
u
te

d
m

or
e

effi
ci

en
tl

y.
T

o
ke

ep
n
ot

at
io

n
s

si
m

p
le

,
w

e
fo

cu
s

o
n

se
p
ar

ab
le

d
iv

er
ge

n
ce

s
w

it
h

sa
m

e
el

em
en

t-
w

is
e

re
gu

la
ri

ze
r,

an
d

th
u
s

ch
ie

fl
y

o
m

it
th

e
in

d
ic

es
φ
ij

=
φ

.
W

e
em

p
h
as

iz
e,

h
ow

ev
er

,
th

at
it

is
st

ra
ig

h
tf

or
w

ar
d

to
ap

p
ly

al
l

ou
r

m
et

h
o
d
s

fo
r

se
p
ar

ab
le

d
iv

er
ge

n
ce

s
w

it
h

d
iff

er
en

t
el

em
en

t-
w

is
e

re
gu

la
ri

ze
rs

,
w

h
ic

h
n
o
ta

b
ly

en
a
b
le

s
w

ei
gh

ti
n
g

a
gi

ve
n

el
em

en
t-

w
is

e
re

gu
la

ri
ze

r.
In

ca
se

of
se

p
ar

ab
il
it

y,
th

e
K

ar
u
sh

-K
u
h
n
-T

u
ck

er
co

n
d
it

io
n
s

fo
r

p
ro

je
ct

io
n

on
to
C 0

si
m

-
p
li
fy

to
p
ro

v
id

e
a

cl
os

ed
-f

or
m

so
lu

ti
on

on
p
ri

m
al

p
ar

am
et

er
s:

π
? 0
,i
j

=
m

a
x
{0
,π

ij
}
.

(1
02

)
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D
e
ss
e
in
,
P
a
pa

d
a
k
is

a
n
d

R
o
u
a
s

S
in

ce
φ
′

is
in

cr
ea

si
n
g,

th
is

is
eq

u
iv

al
en

t
on

d
u
al

p
ar

am
et

er
s

to
:

θ? 0
,i
j

=
m

ax
{φ
′ (

0)
,θ
ij
}
.

(1
0
3)

N
ow

tu
rn

in
g

to
p
ro

je
ct

io
n
s

on
to
C 1
,C

2
fo

r
p
ri

m
a
l

p
ar

am
et

er
s
π
? 1
,i
j
,π

? 2
,i
j
,

w
e

ca
n

d
iv

id
e

th
e

in
it

ia
l

p
ro

b
le

m
s

in
to
d

p
ar

al
le

l
su

b
p
ro

b
le

m
s

in
se

ar
ch

sp
ac

e
of

d
im

en
si

o
n

1
ea

ch
.

T
h
is

is
m

u
ch

m
or

e
effi

ci
en

t
to

so
lv

e
th

an
in

th
e

n
on

-s
ep

ar
ab

le
ca

se
.

T
h
is

ca
n

b
e

su
m

m
a
ri

ze
d

as
lo

ok
in

g
fo

r
d

se
p
ar

at
e

L
ag

ra
n
ge

m
u
lt

ip
li
er

s
µ
i,

re
sp

ec
ti

ve
ly
ν j

,
su

ch
th

at
:

d ∑ j=
1

ψ
′ (
θ i
j
−
µ
i)

=
p
i
,

(1
0
4
)

d ∑ i=
1

ψ
′ (
θ i
j
−
ν j

)
=
q j

.
(1

0
5)

F
in

d
in

g
th

e
op

ti
m

al
va

lu
es

µ
i,
ν j
∈

R
th

ro
u
gh

ψ
′

a
n
d

th
e

su
m

s
ov

er
ro

w
s

o
r

co
lu

m
n
s,

h
ow

ev
er

,
is

st
il
l

n
on

tr
iv

ia
l

in
ge

n
er

al
.

A
n

an
al

y
ti

ca
l

so
lu

ti
on

ca
n

b
e

ob
ta

in
ed

in
sp

ec
ifi

c
ca

se
s.

In
tu

it
iv

el
y,

w
e

n
ee

d
to

fa
ct

o
r

µ
i,
ν j

ou
t

of
ψ
′

as
ad

d
it

iv
e

or
m

u
lt

ip
li
ca

ti
ve

te
rm

s.
T

h
is

is
re

la
te

d
to

P
ex

id
er

’s
fu

n
ct

io
n
a
l

eq
u
at

io
n
s,

w
h
ic

h
h
ol

d
on

ly
fo

r
fu

n
ct

io
n
s

w
it

h
a

li
n
ea

r
fo

rm
ψ
′ (
θ)

=
a
θ

+
b,

o
r

ex
p

o
n
en

ti
a
l

fo
rm

ψ
′ (
θ)

=
a

ex
p
(b
θ)

,
w

it
h
a
,b
∈

R
.

T
h
is

le
ad

s
to

re
gu

la
ri

ze
rs

w
it

h
a

q
u
a
d
ra

ti
c

fo
rm

φ
(π

)
=
a
π

2
+
bπ

+
c,

or
en

tr
op

ic
fo

rm
φ

(π
)

=
a
π

lo
g
π

+
bπ

+
c,

w
it

h
a
,b
,c
∈
R

.
T

h
e

co
n
st

a
n
ts

a
,b

ac
tu

al
ly

on
ly

sc
al

e
an

d
tr

an
sl

at
e

th
e

co
st

m
at

ri
x
,

w
h
er

ea
s

th
e

co
n
st

an
t
c

h
a
s

n
o

eff
ec

t.
R

ef
er

ri
n
g

to
T

ab
le

1,
th

e
q
u
ad

ra
ti

c
ca

se
h
ol

d
s

u
n
d
er

as
su

m
p
ti

on
s

(B
),

an
d

th
u
s

re
q
u
ir

es
D

y
k
st

ra
’s

al
go

ri
th

m
fo

r
al

te
rn

at
e

B
re

gm
an

p
ro

je
ct

io
n
s

w
it

h
co

rr
ec

ti
on

te
rm

s
to

en
su

re
n
on

-
n
eg

at
iv

it
y

b
y

p
ro

je
ct

io
n

on
to

th
e

p
ol

y
h
ed

ra
l

n
on

-n
eg

at
iv

e
or

th
an

t.
T

h
e

en
tr

o
p
ic

ca
se

h
o
ld

s
u
n
d
er

as
su

m
p
ti

on
s

(A
),

u
si

n
g

th
e

P
O

C
S

te
ch

n
iq

u
e

fo
r

al
te

rn
at

e
B

re
g
m

an
p
ro

je
ct

io
n

w
it

h
n
o

co
rr

ec
ti

on
te

rm
s

si
n
ce

th
e

n
on

-n
eg

at
iv

it
y

is
al

re
ad

y
en

su
re

d
b
y

th
e

d
om

ai
n

of
th

e
re

g
u
la

ri
ze

r.
T

h
e

la
tt

er
ca

se
re

d
u
ce

s
to

th
e

re
gu

la
ri

za
ti

on
of

C
u
tu

ri
(2

01
3)

an
d

B
en

am
ou

et
a
l.

(2
0
1
5
),

so
th

at
w

e
ac

tu
a
ll
y

en
d

u
p

w
it

h
th

e
S
in

k
h
or

n
-K

n
op

p
al

go
ri

th
m

.
H

en
ce

,
th

e
E

u
cl

id
ea

n
n
or

m
as

so
ci

at
ed

to
th

e
sq

u
ar

ed
E

u
cl

id
ea

n
d
is

ta
n
ce

,
an

d
th

e
en

tr
op

ic
ca

se
a
ss

o
ci

a
te

d
to

th
e

K
u
ll
b
ac

k
-L

ei
b
le

r
d
iv

er
ge

n
ce

,
ar

e
re

as
on

ab
ly

th
e

on
ly

tw
o

ex
is

ti
n
g

an
a
ly

ti
ca

l
sc

h
em

es
to

fi
n
d

th
e

su
m

co
n
st

ra
in

t
p
ro

je
ct

io
n
s.

F
or

ot
h
er

R
O

T
p
ro

b
le

m
s,

av
ai

la
b
le

so
lv

er
s

fo
r

li
n
e

se
a
rc

h
ca

n
b

e
em

p
lo

ye
d

in
st

ea
d
.

F
or

si
m

p
li
ci

ty
,

w
e

as
su

m
e

h
er

ea
ft

er
th

at
ψ

is
tw

ic
e

co
n
ti

n
u
ou

sl
y

d
iff

er
en

ti
a
b
le

w
it

h
ψ
′′

p
os

it
iv

e
an

d
ψ
′

ve
ri

fy
in

g
th

e
n
ec

es
sa

ry
an

d
su

ffi
ci

en
t

co
n
d
it

io
n

(4
0)

on
it

s
w

h
o
le

d
o
m

a
in

.
T

h
er

ef
or

e,
w

e
ca

n
u
se

th
e

N
ew

to
n
-R

ap
h
so

n
m

et
h
o
d

w
it

h
gu

ar
an

te
es

of
gl

ob
a
l

co
n
ve

rg
en

ce
.

T
h
is

en
co

m
p
as

se
s

m
os

t
of

th
e

co
m

m
on

re
gu

la
ri

ze
rs

,
an

d
n
ot

ab
ly

al
l
re

gu
la

ri
ze

rs
u
se

d
in

th
is

p
ap

er
ex

ce
p
t

fr
om

th
e

F
er

m
i-

D
ir

ac
en

tr
op

y,
` p

n
or

m
s

an
d

H
el

li
n
ge

r
d
is

ta
n
ce

.
W

h
en

th
e

co
n
d
it

io
n

(4
0)

fo
r

gl
ob

al
co

n
ve

rg
en

ce
is

n
ot

m
et

o
n

th
e

w
h
ol

e
d
om

ai
n
,

it
is

st
il
l

p
o
ss

ib
le

to
ap

p
ly

th
e

N
ew

to
n
-R

ap
h
so

n
m

et
h
o
d

af
te

r
ca

re
fu

l
in

it
ia

li
za

ti
on

,
so

as
to

re
st

ri
ct

to
a

sm
a
ll
er

in
te

rv
al

w
h
er

e
th

e
co

n
d
it

io
n

h
ol

d
s.

T
h
is

is
d
is

cu
ss

ed
in

m
or

e
d
et

ai
l

w
it

h
p
ra

ct
ic

a
l

ex
a
m

p
le

s
fo

r
th

e
F

er
m

i-
D

ir
ac

en
tr

op
y,
` p

n
or

m
s

an
d

H
el

li
n
ge

r
d
is

ta
n
ce

in
S
ec

ti
on

5,
w

h
er

e
th

e
fi
rs

t-
or

d
er

d
er

iv
at

iv
es

ar
e

in
cr

ea
si

n
g

co
n
v
ex

on
h
al

f
of

th
e

d
om

ai
n

an
d

in
cr

ea
si

n
g

co
n
ca

ve
o
n

th
e

ot
h
er

h
al

f.
W

h
en

th
e

se
co

n
d
-o

rd
er

d
er

iv
at

iv
es

d
o

n
ot

ex
is

t,
ar

e
n
ot

co
n
ti

n
u
o
u
s

o
r

va
n
is

h
at

so
m

e
p

oi
n
ts

,
a

si
m

il
ar

st
ra

te
gy

ca
n

b
e

ap
p
li
ed

.
T

h
is

is
ag

ai
n

d
is

cu
ss

ed
fo

r
th

e
` p

n
o
rm

s
in
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R
o
t
M
o
v
e
r
’s

D
ist

a
n
c
e

S
ectio

n
5
,

w
h
ere

th
e

secon
d
-ord

er
d
erivative

is
u
n
d
efi

n
ed

or
van

ish
es

at
0

d
ep

en
d
in

g
on

th
e

valu
e

o
f

th
e

p
a
ram

eter.
If

su
ch

an
in

itialization
is

n
o
t

p
ossib

le,
th

en
a

b
isection

search
can

a
lw

ay
s

b
e

a
p
p
lied

in
stead

of
th

e
N

ew
ton

-R
ap

h
son

m
eth

o
d
.

T
o

ap
p
ly

th
e

N
ew

ton
-R

ap
h
son

m
eth

o
d
,

w
e

ex
p
loit

th
e

follow
in

g
fu

n
ction

s:

f
(µ
i )

=
−

d
∑j=

1

ψ
′( θ

ij −
µ
i )
,

(106)

g
(ν
j )

=
−

d
∑i=

1

ψ
′(θ

ij −
ν
j )
,

(107)

d
efi

n
ed

resp
ectively

on
th

e
op

en
in

tervals
(θ̂
i −
θ,+
∞

)
an

d
(θ̌
j −

θ,+
∞

),
w

h
ere

0
<
θ
≤

+
∞

is
su

ch
th

a
t

d
om

ψ
=

(−
∞
,θ),

an
d
θ̂
i

=
m

ax{
θ
ij }

1≤
j≤
d ,
θ̌
j

=
m

ax{
θ
ij }

1≤
i≤
d .

T
h
eir

co
n
tin

u
o
u
s

d
erivatives

are
given

b
y
:

f
′(µ

i )
=

d
∑j=

1

ψ
′′( θ

ij −
µ
i )
,

(108)

g ′(ν
j )

=
d
∑i=

1

ψ
′′( θ

ij −
ν
j )
,

(109)

a
n
d

a
re

p
o
sitive,

so
th

at
f
,g

are
strictly

in
creasin

g
on

th
eir

w
h
ole

d
om

ain
,

an
d

th
u
s

on
an

y
clo

sed
in

terva
l
w

ith
en

d
p

oin
ts

con
sistin

g
o
f

a
feasib

le
p

oin
t

an
d

a
solu

tion
.

B
y

con
stru

ction
,

f
,g

a
lso

verify
th

e
n
ecessary

an
d

su
ffi

cien
t

con
d
ition

(40
)

for
glob

al
con

vergen
ce,

an
d

w
e

k
n
ow

th
a
t

th
ere

are
u
n
iq

u
e

solu
tion

s
to
f

(µ
i )

=
−
p
i

an
d
g
(ν
j )

=
−
q
j .

H
en

ce,
th

e
N

ew
ton

-
R

a
p
h
so

n
u
p

d
ates:

µ
i ←

µ
i
+

∑
dj=

1
ψ
′(θ

ij −
µ
i )−

p
i

∑
dj=

1
ψ
′′(θ

ij −
µ
i )

,
(110)

ν
j ←

ν
j

+

∑
di=

1
ψ
′( θ

ij −
ν
j )−

q
j

∑
di=

1
ψ
′′(θ

ij −
ν
j )

,
(111)

co
n
verg

e
to

th
e

op
tim

al
solu

tion
s

w
ith

a
q
u
ad

ratic
rate

for
an

y
feasib

le
startin

g
p

oin
ts.

B
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egative

altern
ate

scalin
g

algorith
m

in
th

e
sep

arab
le

case.

θ̃
←
−
γ
/λ

θ
?←

m
a
x{
φ
′(0

),θ̃}
re

p
e
a
t

τ
←

0
re

p
e
a
t

τ
←
τ

+
ψ
′(θ

?−
τ
1
>

)1−
p

ψ
′′(θ

?−
τ
1
>

)1

u
n
til

co
n
vergen

ce
θ̃
←
θ̃
−
τ

1
>

θ
?←

m
a
x{
φ
′(0

),θ̃}
σ
←

0
re

p
e
a
t

σ
←
σ

+
1
>
ψ
′(θ

?−
1
σ
>

)−
q
>

1
>
ψ
′′(θ

?−
1
σ
>

)

u
n
til

co
n
vergen

ce
θ̃
←
θ̃
−

1
σ
>

θ
?←

m
a
x{
φ
′(0

),θ̃}
u

n
til

con
verg

en
ce

π
?←

ψ
′(θ

?)

→
ψ
′ (

m
ax{φ

′(0
),−

γ
/λ
−
µ

(k
+

1
)1
>
−

1
ν

(k
+

1
)>} )

→
...

→
π
?
.

A
n

effi
cien

t
a
lg

orith
m

th
en

ex
p
loits

th
e

d
iff

eren
ces

τ
(k

)
=
µ

(k
)−

µ
(k−

1
)

an
d
σ

(k
)

=
ν

(k
)−

ν
(k−

1
)

to
sca

le
th

e
row

s
an

d
colu

m
n
s

(A
lgorith

m
4).

W
e

store
d
×
d

m
atrices

as
w

ell
as

d
iff

eren
ce

vectors
in

stead
of

correction
m

atrices.
T

h
e

algorith
m

can
th

en
b

e
in

terp
reted

as
p
ro

d
u
cin

g
in

terleaved
u
p

d
ates

b
etw

een
th

e
p
ro

jection
s

accord
in

g
to

th
e

m
ax

op
erator

an
d

a
cco

rd
in

g
to

th
e

resp
ectiv

e
scalin

gs.
T

h
e

u
p

d
ates

in
N

A
S
A

n
ow

clearly
h
ave

a
com

p
lex

ity
in
O

(d
2)

w
h
en

u
sin

g
th

e
N

ew
ton

-R
ap

h
son

m
eth

o
d

for
scalin

g
,

w
ith

sim
ilar

m
atrix

an
d

vecto
r

o
p

era
tio

n
s

to
A

S
A

in
th

e
sep

arab
le

ca
se,

an
d

an
ex

p
ected

em
p
irical

com
p
lex

ity
th

at
is

q
u
a
d
ratic.

4
.5

S
p

a
rse

E
x
te

n
sio

n

In
th

e
sep

a
ra

b
le

case,
it

is
p

ossib
le

to
d
evelop

a
sp

arse
ex

ten
sion

of
b

o
th

ou
r

m
eth

o
d
s

A
S
A

an
d

N
A

S
A

.
S
torin

g
an

d
u
p

d
atin

g
fu

ll
d×

d
m

atrices
b

ecom
es

ex
p

en
siv

e
w

ith
th

e
d
ata

d
im

en
sio

n
.

In
stead

,
w

e
allow

for
in

fi
n
ite

en
tries

in
th

e
cost

m
atrix

γ
,

m
ean

in
g

th
at

th
e

tra
n
sp

o
rt

o
f

m
a
ss

b
etw

een
certain

b
in

s
is

p
roscrib

ed
.

A
s

a
resu

lt,
th

e
corresp

on
d
in

g
en

tries
o
f
π
?

m
u
st

b
e

n
u
ll.

E
v
en

tu
ally,

w
e

can
d
rop

all
th

ese
en

tries
so

th
at

w
e

ju
st

n
eed

to
store

a
n
d

u
p

d
a
te

th
e

rem
ain

in
g

on
es.

T
h
e

R
M

D
v
ia

th
e

F
rob

en
iu

s
in

n
er

p
ro

d
u
ct〈π

?,γ〉
is

th
en

co
m

p
u
ted

w
ith

ou
t

accou
n
tin

g
for

d
iscard

ed
en

tries,
or

eq
u
ivalen

tly
b
y

settin
g

in
d
efi

n
ite

elem
en

t-w
ise

p
ro

d
u
cts

0×
∞

=
0

b
y

con
ven

tion
,

so
it

n
atu

rally
costs

n
oth

in
g

to
m

ove
n
o

m
a
ss

o
n

a
p
a
th

th
at

is
forb

id
d
en

.
T

h
is

lead
s

to
an

ex
p

ected
co

m
p
lex

ity
in
O

(r),
w

h
ere

r
is
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D
e
sse

in
,
P
a
pa

d
a
k
is

a
n
d

R
o
u
a
s

th
e

n
u
m

b
er

of
fi
n
ite

en
tries

in
γ

.
T

y
p
ically,

r
can

b
e

ch
osen

in
th

e
ord

er
of

m
ag

n
itu

d
e

of
d
,

so
as

to
ob

tain
a

lin
ear

in
stead

of
q
u
ad

ratic
em

p
irical

com
p
lex

ity.

In
p
ractice,

b
oth

A
S
A

an
d

N
A

S
A

are
com

p
atib

le
w

ith
th

is
strategy.

W
e

alw
ay

s
h
ave

lim
θ→
−
∞
ψ
′(θ)

=
0

u
n
d
er

assu
m

p
tion

s
(A

)
for

A
S
A

.
U

n
d
er

assu
m

p
tion

s
(B

)
for

N
A

S
A

,
th

is
lim

it
m

igh
t

b
e

fi
n
ite

or
in

fi
n
ite

b
u
t

is
n
ecessarily

n
egative,

so
also

lead
s

to
0

after
en

forcin
g

n
on

-n
egativ

ity
b
y

p
ro

jection
on

to
th

e
n
on

-n
egative

orth
an

t.
A

s
a

resu
lt,

th
e

ob
tain

ed
seq

u
en

ce
of

p
ro

jection
s

p
reserves

th
e

d
esired

zeros
in

b
oth

algorith
m

s,
an

d
an

in
fi
n
ite

elem
en

t-w
ise

cost
d
o
es

lead
to

n
o

m
ass

tran
sp

ort
at

all
b

etw
een

th
e

corresp
on

d
in

g
b
in

s.
In

th
eory,

w
e

can
u
n
d
erstan

d
th

is
ex

ten
sion

in
ligh

t
of

th
e

d
u
al

form
u
lation

seen
as

a
B

regm
an

p
ro

jection
in

(67).
U

n
d
er

assu
m

p
tion

s
(B

),
w

e
alw

ay
s

h
ave

0
∈

in
t(d

om
φ

)
an

d
th

u
s
B
φ
(0‖0)

=
0.

H
en

ce,
D

y
k
stra’s

algorith
m

is
read

ily
ap

p
licab

le
in

th
e

sp
arse

version
.

U
n
d
er

assu
m

p
tion

s
(A

),
h
ow

ever,
w

e
h
ave

0
/∈

in
t(d

om
φ

),
an

d
even

som
etim

es
0
/∈

d
om

φ
as

for
th

e
Itak

u
ra-S

aito
d
ivergen

ce.
W

e
can

n
on

eth
eless

ex
ten

d
th

e
d
om

ain
of

th
e

elem
en

t-w
ise

d
ivergen

ce
at

th
e

origin
b
y

con
tin

u
ity

on
th

e
d
ia

gon
al,

th
at

is,
b
y

settin
g

it
n
u
ll

as
B
φ
(0‖

0)
=

0.
T

h
is

is
ak

in
to

con
sid

erin
g

ab
solu

tely
con

tin
u
ou

s
m

easu
res,

also
k
n
ow

n
as

d
om

in
ated

m
easu

res,
an

d
R

ad
on

-N
iko

d
y
m

d
erivatives

to
g
en

eralize
th

e
d
efi

n
ition

of
B

regm
an

d
iv

ergen
ces.

K
u
rras

(20
15)

th
en

sh
ow

ed
th

at
th

e
P

O
C

S
m

eth
o
d

still
h
old

s
w

ith
th

is
con

ven
tion

b
y

in
tro

d
u
cin

g
a

n
otion

of
lo

cally
affi

n
e

sp
aces.

W
ith

su
ch

a
sp

arse
ex

ten
sion

,
h
ow

ever,
w

e
m

u
st

take
care

th
a
t

a
sp

arse
solu

tion
d
o
es

ex
ist,

m
ean

in
g

th
at

th
ere

is
a

tran
sp

ort
p
lan

in
th

e
tran

sp
ort

p
oly

top
e

th
at

h
as

th
e

d
esired

zeros.
F

or
ex

am
p
le,

if
all

en
tries

of
γ

are
in

fi
n
ite,

th
en

th
ere

are
ob

v
iou

sly
n
o

p
ossib

le
sp

arse
solu

tion
s

sin
ce

w
e

en
force

all
en

tries
of

th
e

p
lan

to
b

e
n
u
ll.

A
n
ecessary

co
n
d
ition

for
th

e
ex

isten
ce

of
a

sp
arse

solu
tion

is
th

at
for

an
y

en
try

q
j ,

all
en

tries
p
k

from
w

h
ich

w
e

are
allow

ed
to

tran
sp

ort
m

ass
m

u
st

p
rov

id
e

en
ou

gh
total

m
ass

to
fi
ll
q
j

com
p
letely.

S
im

ilarly,
for

an
y

en
try

p
i ,

all
en

tries
q
k

to
w

h
ich

w
e

are
allow

ed
to

tran
sp

ort
m

ass
m

u
st

req
u
ire

en
ou

gh
total

m
ass

to
em

p
ty
p
i

com
p
letely.

U
n
fortu

n
ately,

su
ffi

cien
t

con
d
itio

n
s

are
n
ot

so
in

tu
itiv

e.
Id

el
(2016,

T
h
eorem

4
.1)

stu
d
ied

su
ch

p
rob

lem
s

th
oro

u
gh

ly
an

d
elu

cid
ated

several
n
ecessary

an
d

su
ffi

cien
t

con
d
ition

s
for

sp
arse

solu
tion

s
to

ex
ist,

b
u
t

th
ese

con
d
ition

s
are

n
on

triv
ial

to
u
se

from
in

p
ractice.

K
u
rras

(2015)
ad

vo
cates

try
in

g
fi
rst

to
com

p
u
te

a
solu

tion
w

ith
th

e
d
esired

sp
arsity,

an
d

if
n
o

solu
tion

can
b

e
fou

n
d
,

th
en

grad
u
ally

red
u
ce

sp
arsity

u
n
til

a
so

lu
tion

is
fou

n
d
.

T
h
is

m
igh

t
still

sp
eed

u
p

com
p
u
tation

d
rastically

b
ecau

se
of

th
e

lin
ear

in
stead

of
q
u
ad

ratic
com

p
lex

ity.
L

astly,
w

e
rem

a
rk

th
a
t

it
is

n
ot

ev
id

en
t

to
p
rop

ose
a

sp
arse

ex
ten

sion
for

th
e

n
on

-sep
arab

le
case

in
gen

era
l,

sin
ce

a
given

en
try

of
γ

m
igh

t
in

fl
u
en

ce
all

en
tries

of
π
?.

4
.6

P
ra

c
tic

a
l

C
o
n

sid
e
ra

tio
n

s

A
s

n
oticed

b
y

C
u
tu

ri
(2013)

an
d

B
en

am
ou

et
al.

(2015),
th

e
S
in

k
h
orn

-K
n
op

p
algorith

m
m

igh
t

fail
to

con
verge

b
ecau

se
of

n
u
m

erical
in

stab
ility

w
h
en

th
e

p
en

alty
λ

gets
sm

all.
In

p
articu

lar,
u
n
less

tak
in

g
sp

ecial
care

of
n
u
m

erical
stab

ilization
(S

ch
m

itzer,
2016b

),
a

d
irect

lim
itation

is
th

e
m

ach
in

e
p
recision

u
n
d
er

w
h
ich

som
e

en
tries

of
ex

p
(−
γ
/λ

)
are

rep
resen

ted
as

zeros
in

m
em

ory.
S
u
ch

issu
es

o
ccu

r
sim

ilarly
for

oth
er

regu
larization

s,
n
otab

ly
v
ia

th
e

rep
resen

tation
∇
ψ

(−
γ
/λ

)
of

th
e

u
n
con

strain
ed

solu
tio

n
to

p
ro

ject.
T

h
erefore,

th
e

p
rop

osed
m

eth
o
d
s

are
actu

ally
com

p
etitive

in
a

ran
ge

w
h
ere

th
e

p
en

alty
λ

is
n
ot

to
o

sm
all,

an
d

for
w

h
ich

th
e

rot
m

over’s
p
lan

π
?

ex
h
ib

its
a

sign
ifi

can
t

a
m

ou
n
t

of
sm

o
o
th

in
g.

H
en

ce,
w

e
d
o
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R
o
t
M
o
v
e
r
’s

D
is
t
a
n
c
e

n
ot

ta
rg

et
th

e
sa

m
e

p
ro

b
le

m
s

as
tr

ad
it

io
n
al

sc
h
em

es
su

ch
as

in
te

ri
or

p
oi

n
t

m
et

h
o
d
s

o
r

th
e

n
et

w
or

k
si

m
p
le

x
.

In
ad

d
it

io
n
,

th
e

d
iff

er
en

t
B

re
gm

an
p
ro

je
ct

io
n
s

in
ou

r
al

go
ri

th
m

s
ar

e
m

os
t

of
th

e
ti

m
e

ap
p
ro

x
im

at
e

u
p

to
a

gi
ve

n
to

le
ra

n
ce

d
ep

en
d
in

g
on

th
e

te
rm

in
at

io
n

cr
it

er
io

n
u
se

d
fo

r
co

n
ve

r-
ge

n
ce

.
E

x
ce

p
ti

on
s

o
cc

u
r

fo
r

th
e

su
m

co
n
st

ra
in

ts
w

it
h

th
e

E
u
cl

id
ea

n
d
is

ta
n
ce

or
K

u
ll
b
ac

k
-

L
ei

b
le

r
d
iv

er
ge

n
ce

,
as

w
el

l
as

th
e

n
on

-n
eg

at
iv

it
y

co
n
st

ra
in

ts
in

th
e

se
p
ar

ab
le

ca
se

,
w

h
ic

h
ar

e
ob

ta
in

ed
an

al
y
ti

ca
ll
y.

A
n
at

u
ra

l
q
u
es

ti
on

to
ra

is
e

is
th

en
w

h
et

h
er

ou
r

al
g
or

it
h
m

s
st

il
l

co
n
ve

rg
e

w
h
en

th
e

p
ro

je
ct

io
n
s

ar
e

ap
p
ro

x
im

at
e

on
ly

.
H

ow
ev

er
,

th
is

is
re

la
ti

ve
ly

h
ar

d
to

an
sw

er
in

th
eo

ry
.

W
e

d
id

n
ot

ob
se

rv
e

in
p
ra

ct
ic

e
an

y
p
ro

b
le

m
o
f

co
n
ve

rg
en

ce
w

h
en

u
si

n
g

su
ffi

ci
en

tl
y

go
o
d

ap
p
ro

x
im

at
io

n
s.

F
u
rt

h
er

m
or

e,
fi
rs

t
ap

p
ro

x
im

at
io

n
s

ca
n

b
e

q
u
it

e
ro

u
gh

w
it

h
ou

t
aff

ec
ti

n
g

co
n
ve

rg
en

ce
as

lo
n
g

as
fi
n
al

ap
p
ro

x
im

at
io

n
s

ar
e

go
o
d

en
ou

gh
.

S
om

et
im

es
,

ev
en

al
te

rn
at

in
g

a
si

n
gl

e
or

tw
o

st
ep

s
of

th
e

N
ew

to
n
-R

ap
h
so

n
m

et
h
o
d

th
ro

u
g
h
ou

t
th

e
m

ai
n

it
er

at
io

n
s

th
e

al
go

ri
th

m
st

il
l

w
or

k
s,

th
ou

gh
th

is
is

n
ot

sy
st

em
at

ic
.

T
h
u
s,

w
e

ad
vo

ca
te

fo
r

sa
fe

ty
to

u
se

a
ti

gh
t

to
le

ra
n
ce

fo
r

th
e

au
x
il
ia

ry
p
ro

je
ct

io
n
s.

W
e

al
so

ob
se

rv
ed

n
u
m

er
ic

al
in

st
ab

il
it

y
of

th
e

N
ew

to
n
-R

ap
h
so

n
u
p

d
at

es
fo

r
se

p
ar

ab
le

d
iv

er
ge

n
ce

s
u
n
d
er

as
su

m
p
ti

on
s

(A
).

T
h
is

is
d
u
e

to
th

e
d
en

om
in

at
or

b
ei

n
g

b
as

ed
on

ψ
′′

w
it

h
li
m

it
li
m
θ
→
−
∞
ψ
′′ (
θ)

=
0,

th
at

is
,

fo
r

en
tr

ie
s
π

cl
os

e
to

ze
ro

.
It

is
p

os
si

b
le

,
h
ow

ev
er

,
to

m
ak

e
th

e
u
p

d
at

es
of
µ
i,
ν j

m
u
ch

m
or

e
st

ab
le

in
p
ra

ct
ic

e
b
y

u
si

n
g

th
e

m
ax

tr
u
n
ca

ti
on

op
er

at
or

,
d
es

p
it

e
th

eo
re

ti
ca

l
gu

ar
an

te
es

of
co

n
ve

rg
en

ce
w

it
h
ou

t
it

.
S
p

ec
ifi

ca
ll
y,

w
e

k
n
ow

th
at

th
e

en
tr

ie
s
π
? 1
,i
j

m
u
st

li
e

b
et

w
ee

n
0

an
d
p
i,

an
d
π
? 2
,i
j

b
et

w
ee

n
0

an
d
q j

.
H

en
ce

,
w

e
ca

n
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rn

at
e

p
ro

je
ct

io
n
s

in
th

e
P

O
C

S
te

ch
n
iq

u
e

ca
n

b
e

w
ri

tt
en

as
fo

ll
ow

s:

θ
?
←
θ
?
−

((
β
−

1)
θ
?

+
1)

1
β
−
1

1
−

p

((
β
−

1)
θ
?

+
1)

1
β
−
1
−

1
1

1
>
,

(1
3
2)

θ
?
←
θ
?
−

1
1
>

((
β
−

1)
θ
?

+
1)

1
β
−
1
−

q
>

1
>

((
β
−

1)
θ
?

+
1)

1
β
−
1
−

1
.

(1
3
3)

E
ac

h
st

ep
ca

n
b

e
op

ti
m

iz
ed

b
y

co
m

p
u
ti

n
g

fi
rs

t
th

e
te

m
p

or
ar

y
m

at
ri

x
(β
−

1
)θ
?
+

1
,

th
en

ap
p
ly

in
g

an
el

em
en

t-
w

is
e

m
at

ri
x

p
ow

er
of

1
/(
β
−

1)
−

1
to

th
is

te
m

p
or

ar
y

m
a
tr

ix
to

o
b
ta

in
a

m
at

ri
x

fo
r

th
e

d
en

om
in

at
or

,
an

d
la

st
ly

p
er

fo
rm

in
g

an
el

em
en

t-
w

is
e

m
at

ri
x

m
u
lt

ip
li
ca

ti
o
n

of
th

es
e

tw
o

m
at

ri
ce

s
to

ob
ta

in
a

m
at

ri
x

fo
r

th
e

n
u
m

er
at

or
an

d
th

u
s

sa
ve

on
e

el
em

en
t-

w
is

e
m

at
ri

x
p

ow
er

.
S
in

ce
ψ
′

is
co

n
ve

x
an

d
st

ri
ct

ly
in

cr
ea

si
n
g

w
it

h
ψ
′′

p
os

it
iv

e,
th

e
co

n
ve

rg
en

ce
of

th
e

u
p

d
at

es
is

gu
ar

an
te

ed
.

In
te

re
st

in
gl

y,
th

e
re

gu
la

ri
ze

r
te

n
d
s

to
m

in
u
s

th
e

B
u
rg

a
n
d

B
ol

tz
m

an
n
-S

h
a
n
n
o
n

en
tr

o
p
ie

s
in

th
e

li
m

it
β

=
0

an
d
β

=
1,

re
sp

ec
ti

ve
ly

.
T

h
er

ef
o
re

,
th

e
β

-d
iv

er
ge

n
ce

s
in

te
rp

o
la

te
b

et
w

ee
n

th
e

It
ak

u
ra

-S
ai

to
an

d
K

u
ll
b
ac

k
-L

ei
b
le

r
d
iv

er
ge

n
ce

s.
W

e
fi
n
al

ly
re

m
ar

k
th

at
th

e
re

g
u
la

ri
ze

r
ca

n
al

so
b

e
d
efi

n
ed

fo
r

ot
h
er

va
lu

es
of

th
e

p
ar

am
et

er
β

u
si

n
g

th
e

sa
m

e
fo

rm
u
la

,
b
u
t

d
o

n
o
t

ve
ri

fy
as

su
m

p
ti

on
s

(A
)

fo
r

th
es

e
va

lu
es

.

5
.5

` p
q
u

a
si

-n
o
rm

s

C
on

si
d
er

in
g

re
gu

la
ri

ze
rs
−
π
p

w
it

h
0
<
p
<

1,
al

l
as

su
m

p
ti

on
s

(A
)

ar
e

ve
ri

fi
ed

ex
ce

p
t

fr
o
m

(A
5)

si
n
ce

R
d
×
d

−
6⊂

d
om

ψ
=

R
d
×
d

−
−

.
H

en
ce

,
ou

r
p
ri

m
al

fo
rm

u
la

ti
on

d
o
es

n
o
t

h
o
ld

h
er

e
b

ec
au

se
0
/∈

d
om
∇
ψ

.
H

ow
ev

er
,

it
is

st
ra

ig
h
tf

or
w

ar
d

to
ch

ec
k

th
at

ou
r

d
u
al

fo
rm

u
la

ti
o
n

fo
r

R
O

T
p
ro

b
le

m
s

w
it

h
th

e
A

S
A

sc
h
em

e
ca

n
st

il
l

b
e

ap
p
li
ed

as
lo

n
g

as
th

e
co

st
m

a
tr

ix
γ

d
o
es

n
ot

h
av

e
n
u
ll

en
tr

ie
s

so
th

at
−
γ
/λ
∈

d
om
∇
ψ

.
E

ve
n
tu

al
ly

,
th

e
N

ew
to

n
-R

a
p
h
so

n
st

ep
s

to
u
p

d
at

e
th

e
al

te
rn

at
e

p
ro

je
ct

io
n
s

in
th

e
P

O
C

S
te

ch
n
iq

u
e

ca
n

b
e

w
ri

tt
en

as
fo

ll
ow

s:

θ
?
←
θ
?

+
(−
θ
?
)

1
p
−
1

1
−
p

1
p
−
1

p

1
p
−

1
(−
θ
?
)

1
p
−
1
−

1
1

1
>
,

(1
3
4)

38
JM

L
R

 1
9(

15
):

1-
53

, 2
01
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R
o
t
M
o
v
e
r
’s

D
ist

a
n
c
e

θ
?←

θ
?

+
1

1
>

(−
θ
?)

1
p−

1−
p

1
p−

1
q
>

1
p−

1
1
>

(−
θ
?)

1
p−

1 −
1

.
(135)

E
a
ch

step
can

b
e

op
tim

ized
b
y

com
p
u
tin

g
fi
rst

th
e

tem
p

orary
m

atrix
−
θ
?,

th
en

ap
p
ly

in
g

a
n

elem
en

t-w
ise

m
atrix

p
ow

er
of

1/(p−
1)−

1
to

ob
tain

a
m

atrix
for

th
e

d
en

om
in

ator,
an

d
la

stly
p

erfo
rm

in
g

an
elem

en
t-w

ise
m

atrix
m

u
ltip

lication
of

th
ese

tw
o

m
atrices

to
ob

tain
a

m
a
trix

fo
r

th
e

n
u
m

erator
an

d
th

u
s

save
on

e
elem

en
t-w

ise
m

atrix
p

ow
er.

S
in

ce
ψ
′

is
co

n
vex

a
n
d

strictly
in

creasin
g

w
ith

ψ
′′

p
ositive

ev
ery

w
h
ere,

th
e

con
vergen

ce
of

th
e

u
p

d
ates

is
g
u
a
ra

n
teed

.

5
.6

`
p

n
o
rm

s

A
ssu

m
p
tion

s
(B

)
h
old

for
th

e
`
p

n
orm

s
|π| p

w
ith

1
<
p
<

+
∞

,
so

th
e

R
O

T
p
rob

lem
can

b
e

so
lv

ed
w

ith
th

e
N

A
S
A

sch
em

e.
F

or
p
6=

2,
th

e
N

ew
ton

-R
ap

h
son

step
s

to
u
p

d
ate

th
e

a
ltern

ate
p
ro

jection
s

in
D

y
k
stra’s

algorith
m

can
b

e
w

ritten
a
s

follow
s:

τ
←
τ

+

{
sgn

(θ
?−

τ
1
>

)�
|θ
?−

τ
1
>|

1
p−

1 }
1
−
p

1
p−

1
p

1
p−

1 |θ
?−

τ
1
>|

1
p−

1 −
1
1

,
(136)

σ
←
σ

+
1
>
{

sgn
(θ
?−

τ
1
>

)�
|θ
?−

τ
1
>|

1
p−

1 }
−
p

1
p−

1
q
>

1
p−

1
1
>
|θ
?−

τ
1
>|

1
p−

1 −
1

.
(137)

D
en

o
tin

g
θ

=
θ
?−

τ
1
>

or
θ

=
θ
?−

1
σ
>

in
th

e
resp

ective
u
p

d
ates,

each
step

ca
n

b
e

o
p
tim

ized
b
y

com
p
u
tin

g
fi
rst

th
e

tem
p

o
rary

m
atrix

|θ|,
th

en
ap

p
ly

in
g

an
elem

en
t-w

ise
m

atrix
p

ow
er

o
f

1
/
(p−

1)−
1

to
ob

tain
a

m
atrix

for
th

e
d
en

om
in

ator,
an

d
la

stly
p

erform
in

g
a
n

elem
en

t-w
ise

m
atrix

m
u
ltip

lication
of

th
ese

tw
o

m
atrices

an
d

of
sgn

θ
to

ob
ta

in
a

m
atrix

fo
r

th
e

n
u
m

era
tor

an
d

th
u
s

save
on

e
elem

en
t-w

ise
m

atrix
p

ow
er

as
w

ell
as

several
vector

rep
lica

tio
n
s

a
n
d

m
atrix

su
b
traction

s.
H

ow
ever,

ev
en

if
ψ
′

is
strictly

in
crea

sin
g

w
ith

ψ
′′
>

0
o
n
R
∗,
ψ
′
is

n
eith

er
con

v
ex

n
or

con
cave

an
d

d
o
es

n
ot

verify
th

e
n
ecessary

an
d

su
ffi

cien
t

con
-

d
itio

n
(4

0
)

fo
r

glob
al

con
v
ergen

ce
of

th
e

N
ew

ton
-R

ap
h
son

m
eth

o
d
.

M
oreover,

ψ
′′

van
ish

es
a
t

0
for

p
<

2
,

an
d
ψ
′

is
n
ot

d
iff

eren
tiab

le
at

0
for

p
>

2
.

N
everth

eless,
ψ
′

is
con

cave
on

R
−

an
d

con
vex

on
R

+
for

p
<

2,
as

w
ell

as
con

vex
on

R
−

a
n
d

co
n
cave

on
R

+
for

p
>

2.
It

th
u
s

d
iv

id
es

for
a

given
1
≤
i≤

d
,

resp
ectively

1
≤
j≤

d
,

th
e

rea
l

lin
e

in
to

at
m

ost
d

+
1

in
tervals

−
∞

<
θ̂

(1
)

i
≤
θ̂

(2
)

i
≤
···≤

θ̂
(d−

1
)

i
≤
θ̂

(d
)

i
<

+
∞

,

resp
ectively

−
∞

<
θ̌

(1
)

j
≤
θ̌

(2
)

j
≤
···≤

θ̌
(d−

1
)

j
≤
θ̌

(d
)

j
<

+
∞

,
w

ith
th

e
va

lu
es

(θ̂
(k

)
i

)
1≤
k≤

d

fro
m

row
i

o
f
θ

,
resp

ectiv
ely

(θ̌
(k

)
j

)
1≤
k≤

d
from

colu
m

n
j

of
θ

,
sorted

in
in

creasin
g

ord
er.

T
h
e

n
ecessa

ry
a
n
d

su
ffi

cien
t

con
d
ition

(40)
is

verifi
ed

on
th

e
in

terior
of

each
of

th
ese

in
tervals

sin
ce

w
e

ca
n

d
ecom

p
ose

f
(µ
i ),

resp
ectively

g
(ν
j ),

as
th

e
su

m
o
f

an
in

creasin
g

con
v
ex

an
d

a
n

in
creasin

g
con

cave
fu

n
ction

.
H

en
ce,

w
e

h
ave

glob
al

con
vergen

ce
on

th
e

in
terior

of
th

e
in

terva
l

th
a
t

co
n
tain

s
th

e
solu

tion
.

In
b

oth
cases,

w
e

m
u
st

rem
ov

e
th

e
fi
n
ite

en
d
p

oin
ts

to
en

su
re

d
iff

eren
tiab

ility
of
ψ
′

an
d

p
ositiv

ity
of
ψ
′′.

It
is

also
fu

rth
er

p
ossib

le
to

p
ru

n
e

th
e

la
st

in
terva

l
from

th
e

search
.

In
d
eed

,
w

e
h
ave

∑
dj=

1
ψ
′(θ

ij −
θ̂

(d
)

i
)
≤
∑

dj=
1
ψ
′(0)

=

0
,

so
th

at
µ
i
<
θ̂
i

=
θ̂

(d
)

i
=

m
ax{

θ
ij }

1≤
j≤
d .

S
im

ilarly,
w

e
h
ave

∑
di=

1
ψ
′(θ

ij −
θ̌

(d
)

j
)
≤

3
9

JM
L
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D
e
sse

in
,
P
a
pa

d
a
k
is

a
n
d

R
o
u
a
s

∑
di=

1
ψ
′(0)

=
0,

so
th

at
ν
j
<
θ̌
j

=
θ̌

(d
)

j
=

m
ax{

θ
ij }

1≤
i≤
d .

L
a
stly,

w
e

can
restrict

th
e

fi
rst

in
terval

w
ith

a
fi
n
ite

low
er

b
ou

n
d

in
stead

.
In

d
eed

,
w

e
h
ave ∑

dj=
1
ψ
′(θ

ij −
θ̂

(1
)

i
+
φ
′(p

i /d
))≥

∑
dj=

1
ψ
′(φ
′(p

i /d
))

=
p
i ,

so
th

at
µ
i
≥
θ̂

(1
)

i
−
φ
′(p

i /d
).

S
im

ilarly,
w

e
h
ave

∑
di=

1
ψ
′( θ

ij −
θ̌

(1
)

j
+
φ
′(q

j /d
))≥

∑
di=

1
ψ
′(φ
′(q

j /d
))

=
q
j ,

so
th

at
ν
j ≥

θ̌
(1

)
j
−
φ
′(q

j /d
).

A
s

a
resu

lt,
w

e
can

p
erform

at
m

ost
d

b
in

ary
search

es
in

p
arallel

to
d
eterm

in
e

w
ith

in
w

h
ich

of
th

e
rem

ain
in

g
b

ou
n
d
ed

in
tervals

th
e

solu
tion

s
µ
i ,

resp
ectively

ν
j ,

lie.
In

itialization
is

th
en

d
on

e
w

ith
th

e
m

id
p

oin
t

to
gu

aran
tee

con
vergen

ce
of

th
e

u
p

d
ates.

A
g
iven

search
th

u
s

req
u
ires

a
w

orst-
case

logarith
m

ic
n
u
m

b
er

of
tests,

each
of

w
h
ich

req
u
ires

a
lin

ear
n
u
m

b
er

of
op

eration
s,

for
a

total
com

p
lex

ity
in
O

(d
2

log
d
)

in
stead

of
O

(d
2)

if
n
o

su
ch

b
in

ary
search

w
ere

n
eed

ed
.

N
ow

for
p

=
2,

th
e

regu
larizer

sp
ecializes

to
th

e
E

u
clid

ean
n
orm

,
lead

in
g

to
th

e
sq

u
ared

E
u
clid

ean
d
istan

ce
as

th
e

asso
ciated

d
ivergen

ce.
In

ad
d
ition

,
th

e
form

u
la

for
ψ
′′

still
h
old

s
w

ith
th

e
con

ven
tio

n
0

0
=

1,
an

d
ψ
′′

is
actu

ally
con

stan
t

eq
u
al

to
1/2.

E
ven

tu
ally,

th
e

p
ro-

jection
s

can
b

e
w

ritten
in

closed
form

,
an

d
w

e
can

resort
to

th
e

an
aly

tical
algorith

m
d
erived

in
th

e
n
ex

t
ex

am
p
le

sp
ecifi

cally
for

th
e

E
u
clid

ean
d
istan

ce,
after

d
ou

b
lin

g
th

e
p

en
alty

λ
to

accou
n
t

for
th

e
regu

larizer
b

ein
g

h
alv

ed
.

5
.7

E
u

c
lid

e
a
n

N
o
rm

a
n

d
E

u
c
lid

e
a
n

D
ista

n
c
e

A
ssu

m
p
tion

s
(B

)
h
old

for
h
alf

th
e

E
u
clid

ean
n
orm

π
2/

2
asso

ciated
to

h
alf

th
e

sq
u
ared

E
u
clid

ean
d
istan

ce.
T

h
erefore,

th
e

R
O

T
p
rob

lem
can

b
e

solved
w

ith
th

e
N

A
S
A

sch
em

e,
w

h
ere

D
y
k
stra’s

algorith
m

can
actu

ally
b

e
w

ritten
in

closed
form

.
S
p

ecifi
cally,

th
e

n
on

-
n
egative

p
ro

jection
red

u
ces

to:

π
?←

m
ax{0

,π̃}
,

(138)

an
d

is
in

terleaved
w

ith
th

e
scalin

g
p
ro

jection
s

w
h
ich

am
ou

n
t

to
off

settin
g

th
e

row
s

an
d

colu
m

n
s

of
π̃

b
y

an
am

ou
n
t

su
ch

th
at

th
e

row
s

an
d

colu
m

n
s

of
π
?

su
m

u
p

to
p

an
d

q
resp

ectively
:

π̃
←
π̃
−

1d
(π

?1
−

p
)
1
>
,

(139)

π̃
←
π̃
−

1d
1

(1
>
π
?−

q
>

)
.

(140)

A
s

a
rem

ark
,

w
e

n
otice

th
at

h
alf

th
e

sq
u
ared

E
u
clid

ean
d
istan

ce
can

b
e

seen
as

a
β

-d
ivergen

ce
u
sin

g
th

e
p
rov

id
ed

form
u
la

for
β

=
2
.

H
ow

ever,
th

e
β

-d
iverg

en
ce

gen
erated

is
n
ot

of
L

egen
d
re

ty
p

e
b

ecau
se

th
e

d
om

ain
is

restricted
to

R
+

,
w

h
ereas

it
cou

ld
actu

ally
b

e
ex

ten
d
ed

to
R

so
th

at
th

e
regu

larizer
w

ou
ld

th
en

b
e

of
L

egen
d
re

ty
p

e.
T

h
is

is
w

h
y

w
e

fall
u
n
d
er

assu
m

p
tion

s
(B

)
rath

er
th

an
assu

m
p
tion

s
(A

)
in

th
is

case.

5
.8

H
e
llin

g
e
r

D
ista
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−
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ä
si

ö
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ä
ä
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ö
et

a
l.

,
2
0
1
7
)

a
n
d

w
a
s

u
se

d
b
y

K
an

ga
sr

ää
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of
sim

u
lation

s
n
eed

ed
.

S
in

ce
likelih

o
o
d
-free

in
feren

ce
often

req
u
ires

a
m

o
d
erate

am
ou

n
t

of
ex

p
erim

en
tation

(e.g.
try

in
g

d
iff

eren
t

su
m

m
ary

statistics)
it

is
im

p
ortan

t
th

at
sp

ecify
in

g
th

e
com

p
on

en
ts

is
m

ad
e

fl
ex

ib
le

an
d

th
at

alread
y

gen
erated

d
ata

can
b

e
reu

sed
.

W
e

fou
n
d

th
e

D
A

G
stru

ctu
re

to
b

e
id

eal
for

th
ese

task
s.

F
irst,

E
L

F
I

allow
s

an
y

p
art

of
th

e
E

L
F

I
grap

h
s

(e.g.
n

o
d

es
an

d
th

eir
d
ep

en
d
en

cies)
to

b
e

red
efi

n
ed

keep
in

g
th

e
rest

of
th

e
stru

ctu
re

in
tact.

S
econ

d
,

E
L

F
I

p
rov

id
es

a
u
to

m
a
tic

sto
rin

g
o
f

th
e

fu
ll

o
u
tp

u
t

o
f

a
n
y

n
o
d
e

(e.g
.

th
e

sim
u
la

to
r).

T
h
ese

d
a
ta

w
ill

b
e

au
tom

atically
reu

sed
w

h
en

for
ex

am
p
le

th
e

su
m

m
aries

are
ch

an
ged

,
p

oten
tially

resu
ltin

g
in

sig
n

ifi
ca

n
t

sav
in

g
s

in
co

m
p

u
te

tim
e.

T
h

ese
fea

tu
res

a
re

d
em

o
n

stra
ted

in
th

e
E

L
F

I
tu

to
ria

l
in

th
e

d
o
cu

m
en

tation
.

A
n
oth

er
im

p
ortan

t
factor

is
th

e
ab

ility
to

u
se

n
on

-P
y
th

on
com

p
on

en
ts

in
th

e
E

L
F

I
grap

h
.

F
or

in
stan

ce,
it

m
ay

n
ot

alw
ay

s
b

e
p
ractical

or
even

p
ossib

le
to

rew
rite

ex
istin

g
sim

u
lators

in
P

y
th

o
n
.

E
L

F
I

p
rov

id
es

b
o
th

to
o
ls

a
n
d

ex
a
m

p
les

in
th

e
d
o
cu

m
en

ta
tio

n
o
n

h
ow

to
u
se

sim
u
la

to
rs

w
ritten

in
oth

er
lan

gu
ages.

O
th

er
p
ra

ctica
l

fea
tu

res
in

clu
d
e

th
e

a
b
ility

to
p
ro

g
ress

th
e

in
feren

ce
itera

tiv
ely

a
n
d

to
sto

p
ea

rly
if

n
ecessa

ry.
T

h
e

p
rov

id
ed

v
isu

a
liza

tio
n

fu
n
ctio

n
s

su
p
p

o
rt

a
ssessin

g
th

e
cu

rren
t

sta
te

o
f

th
e

in
feren

ce.
F

in
a
lly,

th
e

E
L

F
I

g
ra

p
h

ca
n

b
e

sav
ed

to
a

fi
le

a
n
d

sh
a
red

w
ith

3
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L
in
t
u
sa

a
r
i
e
t
a
l
.

o
th

ers.
E

L
F

I
a
lso

g
u
a
ra

n
tees

th
a
t

th
e

resu
lts

w
ill

b
e

id
en

tica
l

fo
r

th
e

sa
m

e
seed

s
m

a
k
in

g
th

e
rep

ro
d
u
ction

of
th

e
resu

lts
easy.

2
.2

F
e
a
tu

re
s

fo
r

M
e
th

o
d

o
lo

g
ists

F
o
r

m
eth

o
d
o
lo

g
ists

E
L

F
I

p
rov

id
es

a
co

n
v
en

ien
t

p
la

tfo
rm

fo
r

testin
g

n
ew

a
lg

o
rith

m
s

w
ith

m
o
d
els

from
th

e
literatu

re
(e.g.

R
icker,

1954;
M

arin
et

al.,
2012;

L
in

tu
saari

et
al.,

2017)
an

d
co

m
p

a
rin

g
th

eir
p

erfo
rm

a
n

ce
a
g
a
in

st
ex

istin
g

a
lg

o
rith

m
s.

T
h
e

fra
m

ew
o
rk

p
rov

id
es

m
ea

n
s

fo
r

p
a
ra

lleliza
tio

n
,

d
a
ta

sto
rin

g
,

seed
in

g
o
f

p
seu

d
o

ra
n
d
o
m

n
u
m

b
er

g
en

era
tio

n
a
n
d

o
th

er
im

p
ortan

t
tech

n
icalities

ou
t

of
th

e
b

ox
.

T
h

e
d

o
cu

m
en

tation
in

clu
d

es
in

stru
ction

s
on

h
ow

to
im

p
lem

en
t

n
ew

a
lg

o
rith

m
s

fo
r

E
L

F
I.

O
n
e

o
f

th
e

m
a
jo

r
b

en
efi

ts
is

th
a
t

a
ll

ex
istin

g
E

L
F

I
grap

h
s

w
ill

b
e

u
sab

le
w

ith
th

e
n
ew

algo
rith

m
s

w
ith

ou
t

m
o
d
ifi

cation
s.

3
.
P
e
rfo

rm
a
n
ce

a
n
d
S
ca

la
b
ility

P
erfo

rm
a
n

ce
is

a
n

im
p

o
rta

n
t

fa
cto

r
in

co
m

p
u
ta

tio
n

a
lly

h
eav

y
in

feren
ce

su
ch

a
s

L
F

I.
E

L
F

I
u
ses

b
a
tch

es
o
f

co
m

p
u
ta

tio
n
s

to
co

n
tro

l
ex

ecu
tio

n
p

erfo
rm

a
n
ce

a
n
d

p
a
ra

lleliza
tio

n
.

A
b
a
tch

co
n
sists

o
f

a
fi
x
ed

n
u
m

b
er

o
f

co
n
secu

tiv
e

eva
lu

a
tio

n
s

o
f

a
n
o
d
e

in
th

e
E

L
F

I
g
ra

p
h

b
efo

re
m

ov
in

g
to

th
e

n
ex

t
(e.g

.
1
0
0

d
raw

s
fro

m
th

e
p
rio

r
a
n
d

th
en

1
0
0

sim
u
la

tio
n
s

u
sin

g
th

o
se

p
a
ra

m
eters).

T
h
e

sta
n
d
a
rd

p
a
ra

lleliza
tio

n
stra

teg
y

is
to

co
m

p
u
te

m
u
ltip

le
b
a
tch

es
in

p
a
ra

llel.
T

h
is

p
rov

id
es

sev
era

l
b

en
efi

ts.
F

irst,
th

e
co

m
p
u
ta

tio
n

o
f

a
sin

g
le

b
a
tch

ca
n

o
ften

b
e

v
ecto

rized
w

ith
,

fo
r

ex
a
m

p
le,

N
u
m

P
y

(va
n

d
er

W
a
lt

et
a
l.,

2
0
1
1
)

fo
r

m
a
n
y

o
f

th
e

b
asic

op
eration

s
(e.g.

com
p
u
tin

g
su

m
m

aries
or

d
istan

ces),
m

ak
in

g
th

em
effi

cien
t

in
P

y
th

on
.

T
h
is

is
esp

ecia
lly

b
en

efi
cia

l
w

h
en

ex
p

erim
en

tin
g

w
ith

d
iff

eren
t

su
m

m
a
ries

a
n
d

d
ista

n
ces

w
ith

p
recom

p
u
ted

sim
u
lation

s.
B

atch
es

are
also

often
relatively

con
stan

t
in

th
eir

tim
e

an
d

m
em

o
ry

co
n
su

m
p
tio

n
,

a
llow

in
g

fl
ex

ib
ility

in
p
la

n
n
in

g
th

e
p
a
ra

llel
ex

ecu
tio

n
o
f

m
u
ltip

le
b
a
tch

es.
T

h
is

h
elp

s
in

av
o
id

in
g

u
n
n
ecessa

ry
m

essa
g
e

p
a
ssin

g
,

p
ro

g
ressin

g
th

e
in

feren
ce

in
m

ean
in

gfu
l

step
s,

an
d

m
akes

it
p

ossib
le

to
k
n
ow

in
ad

van
ce

th
e

size
of

th
e

retu
rn

ed
ou

tp
u
t

d
ata

for
storin

g
p
u
rp

oses.

4
.
C
o
m
p
a
riso

n
to

O
th

e
r
S
im

ila
r
S
o
ftw

a
re

T
h
ere

ex
ist

m
u
ltip

le
L

F
I

lib
raries

for
p
aram

eter
in

feren
ce.

M
an

y
of

th
em

are
eith

er
restricted

to
a

sp
ecifi

c
p
rob

lem
d
om

ain
(L

iep
e

et
al.,

2014;
C

orn
u
et

et
al.,

2014;
L

ou
p
p

e
et

al.,
2016),

or
req

u
ire

ex
istin

g
sim

u
lated

d
ata

(T
h
orn

ton
,

2009;
C

silléry
et

al.,
2012;

N
u
n
es

an
d

P
ran

gle,
2
0
1
5
).

E
d
w

a
rd

(T
ra

n
et

a
l.,

2
0
1
6
)

p
rov

id
es

so
m

e
L

F
I

m
eth

o
d
s

w
ith

a
G

P
U

a
ccelera

tio
n
,

b
u
t

req
u
ires

th
e

sim
u
la

to
r

to
b

e
d
iff

eren
tia

b
le.

E
L

F
I

m
a
k
es

n
o

ex
tra

req
u
irem

en
ts

fo
r

th
e

sim
u
lator

(or
oth

er
com

p
on

en
ts),

an
d

can
also

b
e

u
sed

w
ith

im
p
lem

en
tation

s
tak

in
g

b
en

efi
t

of
h
ard

w
are

acceleration
s

(e.g.
G

P
U

).
G

en
eral-p

u
rp

ose
L

F
I

softw
are

sim
ilar

to
E

L
F

I
are,

to
o
u
r

k
n
ow

led
g
e,

A
B

C
to

o
lb

ox
(W

eg
m

a
n
n

et
a
l.,

2
0
1
0
),

E
a
sy

A
B

C
(J

a
b

o
t

et
a
l.,

2
0
1
3
),

a
n
d

A
B

C
p
y

(D
u
tta

et
a
l.,

2
0
1
7
).

A
rela

tiv
ely

recen
t

ca
teg

o
riza

tio
n

o
f

L
F

I
so

ftw
a
re

is
p
rov

id
ed

b
y

N
u
n
es

an
d

P
ran

gle
(2015).

A
m

o
n
g

th
e

g
en

era
l-p

u
rp

o
se

L
F

I
so

ftw
a
re,

o
n
ly

E
L

F
I

sep
a
ra

tes
th

e
L

F
I

co
m

p
o
n
en

t
sp

ecifi
cation

from
in

feren
ce

(T
ab

le
1).

T
h
e

grap
h
-b

ased
sp

ecifi
cation

p
rov

id
es

con
sid

erab
le

fl
ex

ib
ility

in
b

o
th

d
efi

n
in

g
th

e
co

m
p

o
n

en
ts

a
n

d
ex

p
erim

en
tin

g
w

ith
th

em
.

F
o
r

ex
a
m

p
le,

it
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E
L
F
I

S
o
ft
w
a
re

L
a
n
g
u
a
g
e

L
a
te

st
re

le
a
se

D
a
ta

re
u
se

P
a
ra

ll
e
li
z
a
ti
o
n

G
ra

p
h
-b

a
se

d
It
e
ra

ti
v
e
p
ro

c
e
ss
in

g
A
B
C
to

o
lb

o
x

C
+
+

2
0
0
9

P
a
rt
ia
l

c
lu

st
e
r
(m

a
n
u
a
l)

7
7

E
a
sy

A
B
C

R
2
0
1
5

P
a
rt
ia
l

lo
c
a
l

7
7

A
B
C
p
y

P
y
th

o
n

2
0
1
7

7
lo
c
a
l
a
n
d

c
lu

st
e
r

7
7

E
L
F
I

P
y
th

o
n

2
0
1
7

3
lo
c
a
l
a
n
d

c
lu

st
e
r

3
3

T
ab

le
1:

C
om

p
ar

is
on

of
ge

n
er

al
-p

u
rp

os
e

L
F

I
fr

am
ew

or
k
s

is
p

o
ss

ib
le

to
em

b
ed

m
u
lt

ip
le

si
m

u
la

to
rs

in
to

a
si

n
g
le

E
L

F
I

g
ra

p
h

w
it

h
o
u
t

m
o
d
if

y
in

g
th

ei
r

co
d
es

.
W

e
re

fe
r

th
e

re
ad

er
to

th
e

d
o
cu

m
en

ta
ti

on
fo

r
il
lu

st
ra

ti
on

s.
1

R
eg

ar
d

in
g

p
ar

al
le

li
za

ti
on

,
E

as
y
A

B
C

su
p

p
or

ts
m

u
lt

ip
le

co
re

s
on

a
si

n
gl

e
co

m
p

u
te

r
w

h
il

e
th

e
o
th

er
s

ca
n

a
ls

o
ru

n
in

cl
u
st

er
en

v
ir

o
n
m

en
ts

.
B

y
d
ef

a
u
lt

,
A

B
C

p
y

u
se

s
S
p
a
rk

(Z
a
h
a
ri

a
et

al
.,

20
10

)
an

d
E

L
F

I
ip

y
p

ar
al

le
l

fo
r

p
ar

al
le

li
za

ti
on

b
u

t
b

ot
h

ca
n

b
e

u
se

d
w

it
h

al
te

rn
at

iv
e

b
ac

ke
n
d
s.

2
A

B
C

to
ol

b
ox

d
o
es

n
ot

p
ro

v
id

e
a

p
ar

al
le

l
so

lu
ti

on
ou

t
of

th
e

b
ox

.

A
B

C
to

ol
b

ox
,

E
as

y
A

B
C

an
d

E
L

F
I

su
p
p

or
t

re
u
si

n
g

ge
n
er

at
ed

d
at

a.
E

L
F

I
is

m
or

e
fl
ex

ib
le

in
th

at
it

al
lo

w
s

th
e

ou
tp

u
t

of
an

y
n
o
d
e

of
th

e
E

L
F

I
gr

ap
h

to
b

e
st

or
ed

,
an

d
it

au
to

m
at

ic
al

ly
u
se

s
th

at
d
at

a
to

co
m

p
u
te

th
e

ou
tp

u
t

of
it

s
cu

rr
en

t
or

fu
tu

re
ch

il
d

n
o
d
es

.
T

h
er

e
is

th
u
s

n
o

n
ee

d
to

m
an

u
al

ly
tr

an
sf

or
m

ex
is

ti
n
g

d
at

a.

O
n
ly

E
L

F
I

su
p
p

or
ts

ad
va

n
ci

n
g

th
e

in
fe

re
n
ce

sa
m

p
le

-b
y
-s

am
p
le

,
w

h
ic

h
fa

ci
li
ta

te
s

d
eb

u
g-

gi
n
g

an
d

en
ab

le
s

e.
g.

co
n
ve

rg
en

ce
m

on
it

or
in

g
an

d
ea

rl
y

st
op

p
in

g.
A

ls
o,

E
L

F
I

is
cu

rr
en

tl
y

th
e

o
n
ly

g
en

er
a
l-

p
u
rp

o
se

so
ft

w
a
re

to
im

p
le

m
en

t
th

e
B

O
L

F
I

m
et

h
o
d

(G
u
tm

a
n
n

a
n
d

C
o
ra

n
d
er

,
20

16
),

w
h
ic

h
ca

n
h
an

d
le

ex
p

en
si

ve
-t

o-
ev

al
u
at

e
si

m
u
la

to
rs

ou
ts

id
e

th
e

re
ac

h
of

ot
h
er

m
et

h
o
d
s.

5
.
S
o
u
rc
e
C
o
d
e
a
n
d
D
e
p
e
n
d
e
n
ci
e
s

E
L

F
I

h
a
s

b
ee

n
d
es

ig
n
ed

to
b

e
o
p

en
so

u
rc

e
a
n
d

m
o
d
u
la

r,
a
n
d

ca
n

b
e

ex
te

n
d
ed

th
ro

u
g
h

in
te

rf
ac

es
.

F
or

in
st

an
ce

,
it

is
p

os
si

b
le

to
ad

d
n
ew

ty
p

es
of

co
m

p
on

en
ts

,
d
at

a
st

or
es

or
p
ar

al
le

l
cl

ie
n
ts

.
A

ll
th

e
d
ep

en
d
en

ci
es

of
E

L
F

I
a
re

al
so

op
en

so
u
rc

e.

E
L

F
I

is
w

ri
tt

en
in

P
y
th

o
n

a
n
d

is
o
ffi

ci
a
ll
y

te
st

ed
u
n
d
er

L
in

u
x

a
n
d

M
a
cO

S
b
u
t

a
ls

o
w

or
k
s

in
W

in
d

ow
s.

T
h

e
co

d
e

st
y
le

fo
ll

ow
s

P
E

P
8

an
d

d
o
cu

m
en

ta
ti

on
N

u
m

P
y

fo
rm

at
.

C
o
d

e
d
ev

el
op

m
en

t
u
se

s
th

e
co

n
ti

n
u
ou

s
in

te
gr

at
io

n
p
ra

ct
ic

e
w

it
h

co
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ä
si

ö
a
n

d
S

.
K

a
sk

i.
In

v
er

se
re

in
fo

rc
em

en
t

le
a
rn

in
g

fr
o
m

su
m

m
a
ry

d
a
ta

.
a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

7
0
3
.0

9
7
0
0
,

20
17

.

A
.

K
an

ga
sr

ää
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n

1
(P

re
d

ic
ta

b
ility

)
T

h
e

p
rocess

gen
era

tin
g

th
e

o
bserva

tio
n

s
is

p
red

ictab
le

in
th

e
sen

se
th

a
t

th
ere

is
a

fi
ltra

tio
n
H

=
(H

t )
t∈

N
su

ch
th

a
t
x
t

is
H
t−

1 -m
ea

su
ra

ble
a
n

d
y
t

isH
t -m

ea
su

ra
ble.

S
u

ch
a
n

exa
m

p
le

is
given

by
H
t

=
σ

(x
1 ,...,x

t+
1 ,y

1 ,...,y
t ).

A
ssu

m
p

tio
n

2
(S

u
b

-G
a
u

ssia
n

stre
a
m

in
g

m
o
d

e
l)

In
th

e
su

b-G
a
u

ssia
n

strea
m

in
g

p
re-

d
icta

ble
m

od
el,

fo
r

so
m

e
n

o
n

-n
ega

tive
co

n
sta

n
t
σ

2,
th

e
fo

llo
w

in
g

h
o
ld

s

∀
t∈

N
,∀
γ
∈
R
,

ln
E [

ex
p
(γ
ξ
t ) ∣∣∣ H

t−
1 ]
6
γ

2σ
2

2
.

L
et
k

:X
×
X
→

R
b

e
a

kern
el

fu
n
ction

(th
at

is
con

tin
u
o
u
s,

sy
m

m
etric

p
ositive

d
efi

n
ite)

o
n

a
com

p
a
ct

set
X

eq
u
ip

p
ed

w
ith

a
p

ositive
fi
n
ite

B
o
rel

m
easu

re,
an

d
d
en

ote
K

th
e

co
rresp

o
n
d
in

g
R

K
H

S
.

In
fo

rm
a
tio

n
g
a
in

T
h
is

q
u
an

tity
m

easu
res

th
e

in
form

atio
n

ob
tain

ed
ab

ou
t

fu
n
ction

f
?

b
y

sa
m

p
lin

g
a
t

p
oin

ts
(x

1 ,...,x
t ).

It
is

d
efi

n
ed

(C
ov

er
an

d
T

h
om

as,
1991)

as
th

e
m

u
tu

a
l

in
fo

rm
a
tio

n
b

etw
een

f
?

an
d

th
e

ob
servation

s
(y

1 ,...,y
t ):

I
(y

1 ,...,y
t ;f

? )
=
H

(y
1 ,...,y

t )−
H

(y
1 ,...,y

t |f
? ),

th
a
t

is
th

e
d
iff

eren
ce

b
etw

een
th

e
m

a
rgin

a
l

en
tro

p
y

an
d

th
e

co
n

d
itio

n
a
l

en
tro

p
y

of
th

e
d
istrib

u
tion

s
o
f

ob
servation

s.
T

h
e

in
form

ation
gain

th
u
s

q
u
an

tifi
es

th
e

red
u
ction

o
f

u
n
cer-

ta
in

ty
a
b

o
u
t
f
?

follow
in

g
th

ese
ob

servation
s.

F
or

a
m

u
ltid

im
en

sion
al

G
au

ssian
,

w
e

h
av

e
H

(N
(µ
,Σ

))
=

12
ln|2π

eΣ
|,

su
ch

th
a
t

for
λ

=
σ

2
(S

rin
ivas

et
al.,

2010),

γ
t (σ

2)
=
I
(y

1 ,...,y
t ;f

? )
=

12
ln

d
et(I

t
+
σ
−

2K
t ),

w
h
ere

K
t

=
(k

(s,s ′))
s,s ′6

t .
In

th
e

lin
ear

ca
se

w
h
en

k
(x
,x
′)

=
x
>
x
′

for
x
∈

R
d,

th
e

in
for-

m
a
tio

n
g
ain

ty
p
ically

scales
as
γ
t (σ

2)
=
O

(d
ln
t)

(S
rin

ivas
et

al.,
2010).

T
h
e

in
form

ation
g
a
in

ca
n

b
e

sh
ow

n
to

scale
w

ith
th

e
eff

ective
d
im

en
sio

n
a
lity

(V
alko

et
al.,

2013
)

in
stead

of
th

e
d
im

en
sio

n
,

w
h
ere

eff
ective

d
im

en
sion

s
co

rresp
o
n
d

to
th

e
m

ost
in

form
ative

on
es.

M
ore

eff
ective

d
im

en
sion

s
req

u
ire

m
ore

ob
servation

s
for

a
go

o
d

sp
a
ce

coverage,
w

h
ich

in
creases

th
e

in
fo

rm
a
tio

n
gain

.
W

e
n
ow

ex
ten

d
th

e
in

form
ation

gain
to

an
y

regu
larization

λ
.

D
e
fi

n
itio

n
1

(In
fo

rm
a
tio

n
g
a
in

w
ith

u
n

k
n

o
w

n
v
a
ria

n
c
e
)

W
e

d
efi

n
e

th
e

in
fo

rm
a
tio

n
ga

in
a
t

tim
e
t

fo
r

a
regu

la
riza

tio
n

pa
ra

m
eter

λ
to

be

γ
t (λ

)
=

12

t
∑t ′=

1

ln (
1

+
1λ
k
λ
,t ′−

1 (x
t ′,x

t ′) )
.

T
h
is

g
en

era
liza

tion
is

n
atu

ral
in

v
iew

of
T

h
eorem

1
b

elow
.

T
h
e

in
form

ation
gain

is
in

versely
p
ro

p
o
rtio

n
a
l

to
th

e
regu

larization
λ

.
B

y
con

trollin
g

th
e

fl
ex

ib
ility

of
th

e
regression

m
o
d
el,

th
e

reg
u
la

riza
tion

lim
its

th
e

im
p
act

of
a

n
ew

ob
servation

on
th

e
resu

ltin
g

m
o
d
el,

th
erefore

lim
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g
th

e
in

form
ation

th
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can
b

e
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ed
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t
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it.
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D
u
r
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n
d
,
M
a
il
l
a
r
d
,
a
n
d

P
in
e
a
u

C
o
n

c
e
n
tra

tio
n

W
e

fi
rst

p
rov

id
e

a
resu

lt
b

ou
n
d
in

g
th

e
p
red

ictio
n

error
of

a
stan

d
ard

regu
larized

kern
el

estim
ate,

w
h
ere

th
e

regu
larization

is
giv

en
b
y

a
fi
x
ed

p
aram

eter
λ
>

0.

T
h

e
o
re

m
1

(S
tre

a
m

in
g

k
e
rn

e
l

le
a
st-sq

u
a
re

s
(M

a
illa

rd
,

2
0
1
6
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A
ssu

m
e

w
e

a
re

in
th

e
su

b-G
a
u

ssia
n

strea
m

in
g

p
red

icta
ble

m
od

el.
F

o
r

a
pa

ra
m

eter
λ
∈
R

,
let

u
s

d
efi

n
e

th
e

po
sterio

r
m

ea
n

a
n

d
va

ria
n

ces
a
fter

o
bservin

g
Y
t

=
(y

1 ,...,y
t ) >
∈
R
t×

1
a
s

{
f
λ
,t (x

)
=

k
t (x

) >
(K

t
+
λ
I
t ) −

1Y
t

s
2λ
,t (x

)
=

σ
2λ
k
λ
,t (x

,x
)

w
ith

k
λ
,t (x

,x
)

=
k
(x
,x

)−
k
t (x

) >
(K

t
+
λ
I
t ) −

1k
t (x

)
.

w
h
ere

k
t (x

)
=

(k
(x
,x

t ′))
t ′6

t
is

a
t×

1
(co

lu
m

n
)

vecto
r

a
n

d
K
t

=
(k

(x
s ,x

s ′))
s,s ′6

t .
T

h
en

∀
δ∈

[0,1],
w

ith
p
ro

ba
bility

h
igh

er
th

a
n

1−
δ,

it
h
o
ld

s
sim

u
lta

n
eo

u
sly

o
ver

a
ll
x∈
X

a
n

d
t>

0
,

|f
? (x

)−
f
λ
,t (x

)|6
√
k
λ
,t (x

,x
)

λ

[√
λ‖f

? ‖K
+
σ √

2
ln

(1/δ)
+

2
γ
t (λ

) ]
,

w
h
ere

th
e

qu
a
n

tity
γ
t (λ

)
=

12 ∑
tt ′=

1 ln (1
+

1λ
k
λ
,t ′−

1 (x
t ′,x

t ′) )
is

th
e

in
fo

rm
a
tio

n
ga
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.

R
e
m

a
rk

1
T

h
is

resu
lt

sh
o
u

ld
be

co
n

sid
ered

a
s

a
n

exten
sio

n
o
f

A
bba

si-Y
a
d
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ri
et

a
l.

(2
0
1
1
,

T
h
eo

rem
2
)

fro
m

fi
n

ite-d
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en
sio

n
a
l

to
po
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in

fi
n

ite
d
im

en
sio

n
a
l

fu
n

ctio
n

spa
ce.

M
o
re

specifi
ca

lly,
w

h
en

co
n

sid
erin

g
th

e
lin

ea
r

kern
el,

th
e

resu
lt

o
f

T
h
eo

rem
1

reco
vers

exa
ctly

T
h
eo

rem
2

fro
m

A
bba

si-Y
a
d
ko

ri
et

a
l.

(2
0
1
1
).

T
h
e

gen
era

liza
tio

n
is

n
o
n

trivia
l

a
s

th
e

L
a
p
la

ce
m

eth
od

m
u

st
be

a
m

en
d
ed

in
o
rd

er
to

be
a
p
p
lied

beyo
n

d
th

e
lin

ea
r

ca
se.

R
e
m

a
rk

2
T

h
is

resu
lt

h
o
ld

s
u

n
ifo

rm
ly

o
ver

a
ll
x
∈
X

a
n

d
m

o
st

im
po

rta
n

tly
o
ver

a
ll
t>

0
,

th
a
n

ks
to

a
ra

n
d
o
m

sto
p
p
in

g
tim

e
co

n
stru

ctio
n

(rela
ted

to
th

e
occu

rren
ce

o
f

b
ad

even
ts)

a
n

d
a

self-n
o
rm

a
lized

in
equ

a
lity

h
a
n

d
lin

g
th

is
sto

p
p
in

g
tim

e.
T

h
is

is
in

co
n

tra
st

w
ith

resu
lts

su
ch

a
s

W
a
n

g
a
n

d
d
e

F
reita

s
(2

0
1
4
),

th
a
t

a
re

o
n

ly
sta

ted
sepa

ra
tely

fo
r

ea
ch

t.

T
h
e

case
w

h
en

λ
=
λ
?

d
ef

=
σ

2/‖
f
? ‖

2K
is

of
sp

ecial
in

terest,
sin

ce
w

e
get

on
th

e
on

e
h
an

d

f
λ
?
,t (x

)
=

k
t (x

) >
(K

t
+
λ
? I
t ) −

1Y
t

s
2λ
?
,t (x

)
=
‖
f
? ‖

2K
k
t (x
,x

)
w

ith
k
t (x
,x

)
=
k
(x
,x

)−
k
t (x

) >
(K

t
+
λ
? I
t ) −

1k
t (x

)

an
d

on
th

e
oth

er
h
an

d

|f
? (x

)−
f
λ
?
,t (x

)|6
‖f
? ‖K √

k
t (x
,x

) [1
+
√

2
ln

(1/δ)
+

2
γ
t (λ

? ) ].

In
p
ractice

h
ow

ever,
n
eith

er‖f
? ‖

2K
n
or
σ

2
m

ay
b

e
k
n
ow

n
ex

actly.
In

th
is

p
ap

er,
w

e
m

ake
th

e
follow

in
g

assu
m

p
tion

on
th

e
form

er:

A
ssu

m
p

tio
n

3
(B

o
u

n
d

e
d

n
o
rm

in
R

K
H

S
)

A
n

u
p
per

bo
u

n
d
C

is
given

o
n
‖f
? ‖K

.
T

h
is

essen
tia

lly
m

ea
n

s
th

a
t

th
e

kern
el

is
w

ell
ch

o
sen

fo
r

ca
p
tu

rin
g
f
? .

F
o
r

m
o
re

d
eta

ils,
see

C
a
n

u
et

a
l.

(2
0
0
9

);
L

o
u

sta
u

(2
0
0
9
);

W
a
sserm

a
n

(2
0
1
7
).

T
h
en

,
w

e
w

an
t

to
b
u
ild

an
estim

ate
of
σ

2
at

each
tim

e
t

in
ord

er
to

tu
n
e
λ

.
U

sin
g

a
seq

u
en

ce
of

regu
larization

p
aram

eters
(λ
t )
t>

1
th

at
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n
ed
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ap

tively
b
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on
th

e
p
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servation

s
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u
ires

to
m

o
d
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th
e

p
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s
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lt

(it
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r
a

d
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in
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λ
)
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e
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g
m
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e
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n
k
n
o
w
n
v
a
r
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n
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e

T
h

e
o
re

m
2

(S
tr

e
a
m

in
g

k
e
rn

e
l

le
a
st

-s
q
u

a
re

s
w

it
h

o
n

li
n

e
tu

n
in

g
)

U
n

d
er

th
e

sa
m

e
a
s-

su
m

p
ti

o
n

a
s

T
h
eo

re
m

1
,

le
t
λ

=
(λ
t)
t>

1
be

a
p
re

d
ic

ta
bl

e
po

si
ti

ve
se

qu
en

ce
o
f

pa
ra

m
et

er
s,

th
a
t

is
λ
t

is
H
t−

1
-m

ea
su

ra
bl

e
fo

r
ea

ch
t.

A
ss

u
m

e
th

a
t

fo
r

ea
ch

t,
λ
t
>
λ
?

h
o
ld

s
fo

r
a

po
s-

it
iv

e
co

n
st

a
n

t
λ
?
.

L
et

u
s

d
efi

n
e

th
e

m
od

ifi
ed

po
st

er
io

r
m

ea
n

a
n

d
va

ri
a
n

ce
s

a
ft

er
o
bs

er
vi

n
g

Y
t
∈
R
t

a
s

{
f λ
,t
(x

)
=
k
t(
x

)>
(K

t
+
λ
t+

1
I t

)−
1
Y
t

s2 λ
,t
(x

)
=

σ
2

λ
t+

1
k
λ
t+

1
,t
(x
,x

)
w

it
h
k
λ
,t
(x
,x

)=
k
(x
,x

)−
k
t(
x

)>
(K

t
+
λ
I t

)−
1
k
t(
x

)
,

w
h
er

e
k
t(
x

)=
(k

(x
,x

t′
))
t′
6
t,

a
n

d
K
t
=

(k
(x
s
,x

s′
))
s,
s′
6
t.

T
h
en

fo
r

a
ll
δ
∈

[0
,1

],
w

it
h

p
ro

ba
bi

l-
it

y
h
ig

h
er

th
a
n

1
−
δ,

it
h
o
ld

s
si

m
u

lt
a
n

eo
u

sl
y

o
ve

r
a
ll
x
∈
X

a
n

d
t
>

0

|f ?
(x

)−
f λ
,t
(x

)|
6

√
k
λ
t+

1
,t
(x
,x

)

λ
t+

1

[ √
λ
t+

1
‖f
?
‖ K

+
σ
√

2
ln

(1
/δ

)+
2
γ
t(
λ
?
)] .

T
h
e

p
ro

o
f

is
p
re

se
n

te
d

in
A

p
pe

n
d
ix

A
.

T
h
e

re
gu

la
ri

za
ti

on
p
ar

am
et

er
λ
t+

1
is

th
er

ef
or

e
u
se

d
in

co
n
ju

n
ct

io
n

w
it

h
p
re

v
io

u
s

d
at

a
u
p

to
ti

m
e
t

to
p
ro

v
id

e
th

e
p

os
te

ri
or

re
gr

es
si

on
m

o
d
el

(m
ea

n
an

d
va

ri
a
n
ce

)
th

at
is

u
se

d
in

re
tu

rn
to

ac
q
u
ir

e
th

e
n
ex

t
ob

se
rv

at
io

n
y t

+
1
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p

oi
n
t
x
t+

1
.

R
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a
rk

3
S

in
ce
λ
t

is
a
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o
w

ed
to

be
H
t−

1
-m

ea
su

ra
bl

e,
th

is
gi

ve
s

th
eo

re
ti
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l

gu
a
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n
te

es
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r
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rt
u

a
ll

y
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n

y
a
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a
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ti
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tu

n
in

g
p
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ce
d
u

re
o
f

th
e

re
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ri
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o
n
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m
et

er
.

R
e
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4
T

h
e

a
ss

u
m

p
ti

o
n

th
a
t
λ
t
>
λ
?

w
il

l
be

n
a
tu

ra
ll

y
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ed
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r
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e
ch
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o
f
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-
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n

w
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3
.
V
a
ri
a
n
ce

e
st
im

a
ti
o
n

W
e

n
ow

fo
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s
on

th
e
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ti

m
at

io
n

of
th

e
va

ri
an

ce
p
ar

am
et

er
of
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e

n
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in
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e
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w
h
en
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u
n
k
n
ow

n
,

or
lo

os
el

y
k
n
ow

n
.

T
h
eo

re
m

2
su

gg
es

ts
to

d
efi

n
e

th
e

se
q
u
en

ce
(λ
t)
t>

1
b
y
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e

settin
g

of
lin

ear
fu

n
ction

sp
aces

to
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b
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b
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con
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h
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Ĉ
t,δ (x

)
+
C̃
t,δ (x

)

=

√
k
λ
t ,t−

1 (x
,x

)

λ
t

(
B
λ
t ,t−

1 (δ/4)
+
c
t,δ v

t σ
+
,t−

1 )

=
s
λ
,t−

1 (x
) (

B
λ
t ,t−

1 (δ/4)

σ
+
c
t,δ v

t σ
+
,t−

1

σ
︸

︷︷
︸

g
t (δ

)

)
.

S
a
tu

ra
te

d
a
rm

s
It

is
n
ow

con
v
en

ien
t

to
in

tro
d
u
ce

th
e

set
of

satu
rated

tim
es

a
tim

e
t

S
t,δ

=

{
x
∈
X

:
f
? (x

? )−
f
? (x

)
>
s
λ
,t−

1 (x
)g
t (δ) }

togeth
er

w
ith

x
S
,t

=
argm

in
x
/∈S

t,δ

s
λ
,t−

1 (x
)
.

W
e

rem
ark

th
at

b
y

con
stru

ction
?
/∈
S
t,δ

for
all

t.
N

ow
,

b
y

th
e

strategy
of

th
e

K
ern

el
T

S

algorith
m

,
x
t

=
argm

ax
x∈

X
f̃
t (x

).
T

h
u
s,

w
e

d
ed

u
ce

th
at

on
th

e
even

t
Ê
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Ẽ
c t,
δ
.

T
h
u
s,

w
e

h
av

e
p
ro

ve
d

th
at

P( x
t
/∈
S t
,δ

∣ ∣ ∣ ∣H
t−

1

)
>

P( ∣ ∣
f̃ t

(x
?
)
−
f λ

t
,t
−

1
(x
?
)∣ ∣
>
Ĉ
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Ĉ
t,
δ
(x
?
)∣ ∣ ∣ ∣H

t−
1

) I{
Ê
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Ê
t,
δ
∩
Ẽ
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Ẽ
t,
δ
}

6
E[

m
in
{2
s λ
,t
−

1
(x
t)
g t

(δ
),
R
}|
H
t−

1
]( √

8
π
α
t
ln

(β
t)
β
α
t

t
+
δ

8
π
α
t
ln

(β
t)
β

2
α
t

t

c t
,δ
t(
t

+
1
)

)

+
s λ
,t
−

1
(x
t)
g t

(δ
)
.

P
se

u
d

o
-r

e
g
re

t
S
u
m

m
in

g-
u
p

th
e

p
re

v
io

u
s

te
rm

s
ov

er
t
>

1,
w

e
ob

ta
in

th
a
t

th
e

p
se

u
d
o-

re
gr

et
of

th
e

K
er

n
el

T
S

st
ra

te
gy

sa
ti

sfi
es

,
on

th
e

ev
en

t
⋂
t>

1
Ê
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s
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e
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in
g

In
flu

en
ce

-b
as

ed
D

et
ec

tio
n,

M
ul

tiv
ar

ia
te

Tr
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d
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d
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d
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ad
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ex
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at
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E
ve

n
th

ou
gh

bo
th

of
th

es
e

m
et

ho
ds

ad
m

it
th

eo
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al

gu
ar

an
te

es
an

d
ef

fic
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nt
im
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en
ta

tio
ns
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he

y
ar

e
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pr
in

ci
pl

e
ap
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le
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e
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se
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e
di

m
en
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on

(i
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d
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r
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re
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nt
R

E
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m
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d
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d
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.

In
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e
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m
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A
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e
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w

hi
ch
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w
s
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itl

y
tr
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en
d

th
e

lo
w

re
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tiv
e
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m
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gi
m

e
of

m
od

er
n

m
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ho
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X

u
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)
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So
lta
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lk
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i
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C
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dè

s
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2)

,
an

d
ev

en
be

ab
le

to
ha

nd
le

as
m

an
y

as
70

%
ou

tli
er

s
fo

r
hy

pe
rp

la
ne

s
(s

ub
sp

ac
es

of
m

ax
im

al
re

la
tiv

e
di

m
en

si
on

(D
−

1
)/
D

),
a

re
gi

m
e

w
he

re
ot

he
r

m
od

er
n

(L
er

m
an

et
al

.,
20

15
)

or
cl

as
si

c
(H

ub
er

,
19

81
)

m
et

ho
ds

fa
il.

T
he

ke
y

id
ea

of
ou

r
ap

pr
oa

ch
co

m
es

fr
om

th
e

fa
ct

th
at

,
in

th
e

ab
se

nc
e

of
no

is
e,

th
e

in
lie

rs
X

lie
in

si
de

an
y

hy
pe

rp
la

ne
H

1
=

S
p
an

(b
1
)⊥

th
at

co
nt

ai
ns

th
e

un
de

rl
yi

ng
lin

ea
r

su
bs

pa
ce
S

as
so

ci
at

ed
w

ith
th

e
in

lie
rs

.T
hi

s
su

gg
es

ts
th

at
,i

ns
te

ad
of

at
te

m
pt

in
g

to
fit

di
re

ct
ly

a
lo

w
-d

im
en

si
on
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lin

ea
rs

ub
sp

ac
e

to
th

e
en

tir
e

da
ta

se
tX̃

,a
s

do
ne

e.
g.
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X

u
et

al
.(

20
12
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w

e
ca

n
se
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fo
r

a
m

ax
im
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hy

pe
rp
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ne
H

1

th
at

co
nt

ai
ns
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m
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y

po
in
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th
e

da
ta

se
ta

s
po

ss
ib

le
.

W
he

n
th

e
in

lie
rs

X
ar

e
in

ge
ne

ra
lp

os
iti

on
(t

o
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m
ad

e
pr

ec
is

e
sh

or
tly

)
in
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de
S,

an
d

th
e
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tli
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s
O
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e

in
ge

ne
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l
po

si
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n
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R
D
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a

m
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a
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w
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e
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d
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m
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m
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S
p
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b

2
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m
ax

im
al

hy
pe

rp
la
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g
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D
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D
U

A
L

P
R

IN
C

IPA
L

C
O

M
P

O
N

E
N

T
P

U
R

S
U

IT

such
a

case,the
inliersubspace

is
precisely

equalto ⋂
ci=

1 H
i ,and

a
pointis

an
outlierifand

only
if

itlies
outside

this
intersection.

W
e

form
alize

the
problem

of
searching

for
m

axim
al

hyperplanes
w

ith
respect

to
X̃

as
an
`
0

cosparsity-type
problem

(N
am

et
al.,

2013),
w

hich
w

e
relax

to
a

non-convex
`
1

problem
on

the
sphere,referred

to
as

the
D

ualPrincipalC
om

ponentPursuit(D
PC

P)problem
.W

e
provide

theoreti-
calguarantees

underw
hich

every
globalsolution

ofthe
D

PC
P

problem
is

a
vectororthogonalto

the
linearsubspace

associated
w

ith
the

inliers,i.e.,itis
a

dualprincipalcom
ponent.M

oreover,w
e

relax
the

non-convex
D

PC
P

problem
to

a
recursion

of
linear

program
m

ing
problem

s
and

w
e

show
that,

underm
ild

conditions,theirsolutions
converge

to
a

dualprincipalcom
ponentin

a
finite

num
berof

steps.
In

particular,w
hen

the
inlier

subspace
is

a
hyperplane,then

the
solutions

of
the

linear
pro-

gram
m

ing
recursion

converge
to

the
globalm

inim
um

ofthe
non-convex

problem
in

a
finite

num
ber

of
steps.

Furtherm
ore,

w
e

propose
algorithm

s
based

on
alternating

m
inim

ization
and

IR
L

S
that

are
suitable

for
dealing

w
ith

large-scale
data.

E
xtensive

experim
ents

on
synthetic

data
show

that
the

proposed
m

ethods
are

able
to

handle
m

ore
outliers

and
subspaces

of
higher

relative
dim

ension
d
/
D

than
state-of-the-artm

ethods
(Fischler

and
B

olles,1981;X
u

etal.,2012;Soltanolkotabiand
C

andès,2012;L
erm

an
etal.,2015),w

hile
experim

ents
w

ith
realface

and
objectim

ages
show

that
ourD

PC
P-based

m
ethods

perform
on

parw
ith

state-of-the-artm
ethods.

N
otation

T
he

shorthand
R

H
S

stands
forR

ight-H
and-Side

and
sim

ilarly
forL

H
S.T

he
notation ∼=

standsforisom
orphism

in
w

hatevercategory
the

objectslying
to

the
L

H
S

and
R

H
S

ofthe
sym

bolbe-
long

to.T
he

notation'
denotes

approxim
ation.Forany

positive
integer

n
let

[n
]

:=
{1
,2
,...,n}.

Forany
positive

num
ber

α
letdαe

denote
the

sm
allestintegerthatis

greaterthan
α

.
ForsetsA

,B
,

the
setA

\B
is

the
setofallelem

ents
ofA

thatdo
notbelong

toB
.IfS

is
a

subspace
ofR

D
,then

d
im

(S
)

denotes
the

dim
ension

ofS
and

π
S

:
R
D
→
S

is
the

orthogonal
projection

ofR
D

onto
S

.
Forvectors

b
,b ′∈

R
D

w
e

let∠
b
,b ′be

the
acute

angle
betw

een
b

and
b ′,defined

as
the

unique
angle

θ
∈

[0
9
0 ◦]such

that
cos

θ
=
∣∣b >
b ′ ∣∣.

If
b

is
a

vector
ofR

D
and
S

a
linear

subspace
ofR

D
,

the
principalangle

of
b

from
S

is∠
b
,π
S

(b
).

T
he

sym
bol⊕

denotes
directsum

ofsubspaces.
T

he
orthogonalcom

plem
entofa

subspaceS
in

R
D

isS
⊥

.If
y

1 ,...,y
s

are
elem

ents
ofR

D
,w

e
denote

by
S
p
a
n
(y

1 ,...,y
s )

the
subspace

ofR
D

spanned
by

these
elem

ents.S
D
−

1
denotes

the
unitsphere

ofR
D

.Fora
vector

w
∈
R
D

w
e

define
ŵ

:=
w
/ ∥∥
w
∥∥

2 ,if
w
6=

0,and
ŵ

:=
0

otherw
ise.G

iven
a

square
m

atrix
C

,D
iag

(C
)

denotes
the

vectorofdiagonalelem
ents

of
C

.G
iven

a
square

m
atrix

P
,

the
notation

0
≤
P
≤
I

indicates
that

P
,I
−
P

are
positive

sem
i-definite

m
atrices.

W
ith

a
m

ild
abuse

ofnotation
w

e
w

illbe
treating

on
severaloccasions

m
atrices

as
sets,i.e.,ifX

is
D
×
N

and
x

a
pointofR

D
,the

notation
x
∈
X

signifies
that

x
is

a
colum

n
ofX

.Sim
ilarly,ifO

is
a
D
×
M

m
atrix,the

notationX
∩
O

signifies
the

points
ofR

D
thatare

com
m

on
colum

ns
ofX

andO
.T

he
notation

S
ign

denotes
the

sign
function

S
ign

:R
→
{−

1,0,1}
defined

as

S
ign

(x
)

=

{
x
/|x|

if
x
6=

0,
0

if
x

=
0.

(1)

Finally,w
e

note
thatthe

ith
entry

ofthe
subdifferentialofthe

`
1 -norm

‖z‖
1

=
∑

Di=
1 |z

i |ofa
vector

z
=

(z
1 ,...,z

D
) >

is
a

set-valued
function

on
R
D

defined
as

S
gn

(z
i )

=

{
S
ign

(z
i )

if
z
i 6=

0,

[−
1
,1]

if
z
i

=
0.

(2)
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A

rt

W
e

begin
by

briefly
review

ing
som

e
state-of-the-art

m
ethods

for
learning

a
linear

subspace
from

dataX̃
=

[X
O

]Γ
in

the
presence

ofoutliers.T
he

literature
on

this
subjectis

vastand
ouraccount

is
far

from
exhaustive;w

ith
a

few
exceptions,w

e
m

ainly
focus

on
m

odern
m

ethods
based

on
con-

vex
optim

ization.
For

m
ethods

from
robuststatistics

see
H

uber
(1981);Jolliffe

(2002),for
online

subspace
learning

m
ethods

see
B

alzano
etal.(2010);Feng

etal.(2013),for
regression-type

m
eth-

ods
see

W
ang

etal.(2015),w
hile

for
fastand

other
m

ethods
the

reader
is

referred
to

the
excellent

literature
review

ofL
erm

an
and

Z
hang

(2014)orthe
recentsurvey

by
L

erm
an

and
M

aunu
(2018).

Finally,w
e

note
thatprelim

inary
results

associated
w

ith
the

presentw
ork

have
been

published
in

the
form

of
a

conference
paper 1

(T
sakiris

and
V

idal,
2015).

W
hile

the
present

paper
w

as
under

review
,w

e
extended

our
approach

to
clustering

data
from

m
ultiple

subspaces
(T

sakiris
and

V
idal,

2017),w
hich

can
also

be
thoughtofas

a
robustPC

A
problem

butw
ith

structured
outliers.T

his
is

a
continuation

of
the

presentw
ork,w

hich
certainly

builds
on

the
concepts

and
algorithm

s
presented

here,yetrequires
sufficiently

distinctm
achinery

to
be

fully
established.

R
A

N
SA

C
O

ne
of

the
oldest

and
m

ost
popular

outlier
detection

m
ethods

for
PC

A
is

R
andom

Sam
pling

C
onsensus

(R
A

N
SAC

)(Fischlerand
B

olles,1981).
T

he
idea

behind
R

A
N

SA
C

is
sim

ple:
alternate

betw
een

random
ly

sam
pling

a
subset

of
cardinality

d
from

the
dataset

and
com

puting
a

d-dim
ensionalsubspace

from
this

subset,untila
subspaceŜ

is
found

thatm
axim

izes
the

num
ber

of
points

in
the

entire
datasetthatapproxim

ately
lie

in
Ŝ

w
ithin

som
e

error.
R

A
N

SA
C

is
typically

used
w

hen
the

am
bient

dim
ension

D
is

sm
all

(say
D
≤

20),
yielding

high
quality

subspace
es-

tim
ates

regardless
of

the
subspace

relative
dim

ension
d
/D

.
H

ow
ever,

as
D

increases,
R

A
N

SA
C

becom
es

inefficientfor
large

values
of
d
/D

,exceptw
hen

the
outlier

ratio
is

very
sm

all,as
other-

w
ise

a
prohibitive

num
beroftrials

m
ay

be
required

in
orderto

obtain
outlier-free

sam
ples

and
thus

furnish
reliable

m
odels.

A
dditionally,R

A
N

SA
C

requires
as

inputan
estim

ate
forthe

dim
ension

of
the

subspace
as

w
ellas

a
thresholding

param
eter,w

hich
is

used
to

distinguish
outliers

from
inliers;

naturally
the

perform
ance

ofR
A

N
SA

C
is

very
sensitive

to
these

tw
o

param
eters.

`
2
,1 -R

PC
A

U
nlike

R
A

N
SA

C
,m

odern
m

ethods
for

outlier
detection

in
PC

A
are

prim
arily

based
on

convex
optim

ization.
O

ne
of

the
earliest

and
m

ost
im

portant
such

m
ethods

is
the

`
2
,1 -R

PC
A

m
ethod

of
X

u
etal.(2012),w

hich
is

in
turn

inspired
by

the
R

obustPrincipalC
om

ponentA
nalysis

(R
PC

A
)algorithm

ofC
andès

etal.(2011).
`
2
,1 -R

PC
A

com
putes

a
(`∗

+
`
2
,1 )-norm

decom
position

2

ofthe
data

m
atrix,instead

ofthe
(`∗

+
`
1 )-decom

position
in

C
andès

etal.(2011).M
ore

specifically,
`
2
,1 -R

PC
A

solves
the

optim
ization
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A
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d

R
E

A
PE

R
.O
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no

th
eo

re
tic
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an

te
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se
em

to
be

kn
ow

n
fo

rL
1-

PC
A
∗ ,

as
fa

ra
s

th
e

su
bs

pa
ce

le
ar

ni
ng

pr
ob

le
m

is
co

nc
er

ne
d.

In
ad

di
tio

n,
L

1-
PC

A
∗

re
qu

ir
es

so
lv

in
g
O

(D
2
)

lin
ea

r
pr

og
ra

m
s,

w
he

re
D

is
th

e
am

bi
en

td
im

en
si

on
,w

hi
ch

m
ak

es
it

co
m

pu
ta

tio
na

lly
ex

pe
ns

iv
e.

3.
Pr

ob
le

m
Fo

rm
ul

at
io

n

In
th

is
se

ct
io

n
w

e
fo

rm
ul

at
e

th
e

pr
ob

le
m

ad
dr

es
se

d
in

th
is

pa
pe

r.
W

e
de

sc
ri

be
ou

rd
at

a
m

od
el

(§
3.

1)
,

an
d

m
ot

iv
at

e
th

e
pr

ob
le

m
at

a
co

nc
ep

tu
al

(§
3.

2)
an

d
co

m
pu

ta
tio

na
ll

ev
el

(§
3.

3)
.

3.
1

D
at

a
m

od
el

W
e

em
pl

oy
a

de
te

rm
in

is
tic

no
is

e-
fr

ee
da

ta
m

od
el

,u
nd

er
w

hi
ch

th
e

gi
ve

n
da

ta
is

X̃
=

[X
O

]Γ
=

[x̃
1
,.
..
,x̃

L
]
∈
R
D
×
L
,

(7
)
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D
U

A
L

P
R

IN
C

IPA
L

C
O

M
P

O
N

E
N

T
P

U
R

S
U

IT

w
here

the
N

inliersX
=

[x
1 ,...,x

N
]∈

R
D
×
N

lie
in

the
intersection

ofthe
unitsphereS

D
−

1
w

ith
an

unknow
n

propersubspaceS
ofR

D
ofunknow

n
dim

ension
1
≤
d
≤
D
−

1,and
the

M
outliers

O
=

[o
1 ,...,o

M
]∈

R
D
×
M

lie
on

the
sphereS

D
−

1.T
he

unknow
n

perm
utation

Γ
indicates

thatw
e

do
notknow

w
hich

pointis
an

inlierand
w

hich
pointis

an
outlier.Finally,w

e
assum

e
thatthe

points
X̃

are
in

generalposition,in
the

sense
thatthere

are
no

relations
am

ong
the

colum
ns

ofX̃
except

for
those

im
plied

by
the

inclusionsX
⊂
S

andX̃
⊂

R
D

.
In

particular,every
D

-tuple
of

colum
ns

ofX̃
such

thatatm
ost

d
points

com
e

from
X

is
linearly

independent.N
otice

thatas
a

consequence
every

d-tuple
ofinliers

and
every

D
-tuple

ofoutliers
are

linearly
independent,and

alsoX
∩O

=
∅.

Finally,to
avoid

degenerate
situations

w
e

w
illassum

e
that

N
≥
d

+
1

and
M
≥
D
−
d. 3

3.2
C

onceptualform
ulation

G
iven

X̃
,

w
e

consider
the

problem
of

partitioning
its

colum
ns

into
those

that
lie

in
S

and
those

thatdon’t.
Since

w
e

have
m

ade
no

assum
ption

aboutthe
dim

ension
ofS

,this
problem

is
how

ever
notw

ellposed
becauseS

can
be

anything
from

a
line

to
a

(D
−

1
)-dim

ensionalhyperplane,and
henceX

lies
inside

every
subspace

thatcontainsS
,w

hich
in

turn
m

ay
contain

som
e

elem
ents

of
O

.
Instead,itis

m
eaningfulto

search
for

a
linear

subspace
ofR

D
thatcontains

allof
the

inliers
and

perhaps
a

few
outliers.Since

w
e

do
notknow

the
intrinsic

dim
ension

d
ofthe

inliers,a
natural

choice
is

to
search

fora
hyperplane

ofR
D

thatcontains
allthe

inliers.

Problem
1

G
iven

the
datasetX̃

=
[X

O
]Γ

,find
a

hyperplaneH
thatcontains

allthe
inliersX

.

N
otice

thathyperplanes
thatcontain

allthe
inliers

alw
ays

exist:
any

non-zero
vector

b
in

the
orthogonalcom

plem
entS

⊥
ofthe

linearsubspaceS
associated

w
ith

the
inliers

defines
a

hyperplane
(w

ith
norm

alvector
b)

thatcontains
allinliersX

.
H

aving
such

a
hyperplaneH

1
atour

disposal,
w

e
can

partition
our

datasetasX̃
=

X̃
1 ∪

X̃
2 ,w

hereX̃
1

are
the

points
ofX̃

thatlie
in
H

1
and

X̃
2

are
the

rem
aining

points.
T

hen
by

definition
ofH

1 ,w
e

know
thatX̃

2
w

ill
consist

purely
of

outliers,
in

w
hich

case
w

e
can

safely
replace

our
original

datasetX̃
w

ith
X̃

1
and

reconsider
the

problem
of

robustPC
A

onX̃
1 .

W
e

em
phasize

thatX̃
1

w
illcontain

allthe
inliersX

together
w

ith
atm

ostD
−
d−

1
outliers, 4

a
num

berw
hich

m
ay

be
dram

atically
sm

allerthan
the

originalnum
berof

outliers.T
hen

one
m

ay
apply

existing
m

ethods
such

as
X

u
etal.(2012),Soltanolkotabiand

C
andès

(2012)
or

Fischler
and

B
olles

(1981)
to

finish
the

task
of

identifying
the

rem
aining

outliers,as
the

follow
ing

exam
ple

dem
onstrates.

E
xam

ple
1

Suppose
w

e
have

N
=

1000
inliers

lying
in

generalposition
in

a
linear

subspace
of

R
1
0
0

ofdim
ension

d
=

90.
Suppose

thatthe
datasetis

corrupted
by
M

=
100

0
outliers

lying
in

generalposition
in
R

1
0
0.LetH

be
a

hyperplane
thatcontains

all100
0

inliers.Since
the

dim
ension-

ality
ofthe

inliers
is

90
and

the
dim

ensionality
ofthe

hyperplane
is

99,there
are

only
99−

90
=

9
linearly

independentdirections
leftfor

the
hyperplane

to
fit,i.e.,H

w
illcontain

atm
ost9

outliers
(it

can
notcontain

m
ore

outliers
since

this
w

ould
violate

the
generalposition

hypothesis).Ifw
e

rem
ove

the
points

ofthe
datasetthatdo

notlie
inH

,then
w

e
are

leftw
ith

1000
inliers

and
atm

ost9
outliers.

A
sim

ple
application

ofR
A

N
SAC

is
expected

to
identify

the
rem

aining
outliers

in
only

a
few

trials.

3.Ifthe
num

berofoutliers
is

less
than

D
−
d,then

the
entire

datasetis
degenerate

because
itlies

in
a

properhyperplane
ofthe

am
bientspace,hence

w
e

can
reduce

the
coordinate

representation
ofthe

data
and

eventually
satisfy

the
stated

condition.
4.T

his
com

es
from

the
assum

ption
ofgeneralposition.
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T
S

A
K

IR
IS

A
N

D
V

ID
A

L

A
lternatively,if

the
true

dim
ension

d
is

know
n,one

m
ay

keep
w

orking
w

ith
the

entire
dataset

X̃
(i.e.,no

pointrem
ovaltakes

place)
and

search
for

a
second

hyperplaneH
2

thatcontains
allthe

inliers,
such

that
its

norm
al

vector
b

2
is

linearly
independent

(e.g.,
orthogonal)

from
the

norm
al

vector
b

1
ofH

1 .
T

hen
H

1 ∩
H

2
is

a
linear

subspace
of

dim
ension

D
−

2
that

contains
all

the
inliersX

,and
as

a
consequence

S
p
an

(X
)

=
S
⊂
H

1 ∩
H

2 .
T

hen
a

third
hyperplaneH

3
⊃

X
m

ay
be

soughtfor,such
thatits

norm
alvector

b
3

is
notin

S
p
an

(b
1 ,b

2 ),and
so

on.
R

epeating
this

process
c

=
co

d
im
S

=
D
−
d

tim
es,until

c
linearly

independenthyperplanes 5H
1 ,...,H

c
have

been
found,each

containingX
,w

e
arrive

ata
situation

w
here ⋂

ck
=

1 H
k

is
a

subspace
ofdim

ension
d

=
d
im
S

thatcontainsS
and

thus
itm

ustbe
the

case
that ⋂

ck
=

1 H
k

=
S

.H
ence

w
e

m
ay

declare
a

pointto
be

an
inlierifand

only
ifthe

pointlies
in

the
intersection

ofthese
c

hyperplanes.

3.3
H

yperplane
pursuitby

`
1

m
inim

ization

In
this

section
w

e
propose

an
optim

ization
fram

ew
ork

for
the

com
putation

of
a

hyperplane
that

solves
Problem

1,i.e.,a
hyperplane

thatcontains
allthe

inliers.To
proceed,w

e
need

a
definition.

D
efinition

2
A

hyperplaneH
ofR

D
is

called
m

axim
alw

ith
respectto

the
datasetX̃

,ifitcontains
a

m
axim

al
num

ber
of

data
points

in
X̃

,
i.e.,

if
for

any
other

hyperplane
H
†

ofR
D

w
e

have
that

C
ard

(X̃
∩
H

)≥
C

ard
(X̃
∩
H
†).

In
principle,hyperplanes

thatare
m

axim
alw

ith
respecttoX̃

,alw
ays

solve
Problem

1,as
the

next
proposition

show
s

(see§5.1
forthe

proof).

Proposition
3

Suppose
thatN

≥
d

+
1

and
M
≥
D
−
d,and

letH
be

a
hyperplane

thatis
m

axim
al

w
ith

respectto
the

datasetX̃
.ThenH

contains
allthe

inliersX
.

In
view

of
Proposition

3,w
e

m
ay

restrictour
search

for
hyperplanes

thatcontain
allthe

inliersX
to

the
subsetof

hyperplanes
thatare

m
axim

alw
ith

respectto
the

datasetX̃
.

T
he

advantage
of

this
approach

is
im

m
ediate:

the
setof

hyperplanes
thatare

m
axim

alw
ith

respecttoX̃
is

in
principle

com
putable,since

itis
precisely

the
setofsolutions

ofthe
follow

ing
optim

ization
problem

m
inb

∥∥X̃
>
b ∥∥

0
s.t.

b
6=

0.
(8)

T
he

idea
behind

(8)
is

thata
hyperplaneH

=
S
p
an

(b
) ⊥

contains
a

m
axim

alnum
ber

of
colum

ns
ofX̃

if
and

only
if

its
norm

alvector
b

has
a

m
axim

al
cosparsity

levelw
ith

respectto
the

m
atrix

X̃
>

,i.e.,the
num

berofnon-zero
entries

ofX̃
>
b

is
m

inim
al.

Since
(8)is

a
com

binatorialproblem
adm

itting
no

efficientsolution,w
e

considerits
naturalrelaxation

m
inb

∥∥X̃
>
b ∥∥

1
s.t. ∥∥

b ∥∥
2

=
1,

(9)

w
hich

in
ourcontextw

e
w

illbe
referring

to
as

D
ualP

rincipalC
om

ponentP
ursuit(D

PC
P).A

m
ajor

question
thatarises,to

be
answ

ered
in

T
heorem

11,is
under

w
hatconditions

every
globalsolution

of
(9)

is
orthogonalto

the
inlier

subspace
S
p
an

(X
).

A
second

m
ajor

question,raised
by

the
non-

convexity
ofthe

constraint
b
∈
S
D
−

1,is
how

to
efficiently

solve
(9)w

ith
theoreticalguarantees.

5.B
y

the
hyperplanes

being
linearly

independentw
e

m
ean

thattheirnorm
alvectors

are
linearly

independent.

8
JM

L
R

 19(18):1-50, 2018



D
U

A
L

P
R

IN
C

IP
A

L
C

O
M

P
O

N
E

N
T

P
U

R
S

U
IT

W
e

em
ph

as
iz

e
he

re
th

at
th

e
op

tim
iz

at
io

n
pr

ob
le

m
(9

)
is

fa
r

fr
om

ne
w

;i
nt

er
es

tin
gl

y,
its

ea
rl

ie
st

ap
pe

ar
an

ce
in

th
e

lit
er

at
ur

e
th

at
w

e
ar

e
aw

ar
e

of
is

in
Sp

ät
h

an
d

W
at

so
n

(1
98

7)
,w

he
re

th
e

au
th

or
s

pr
op

os
ed

to
so

lv
e

it
by

m
ea

ns
of

th
e

re
cu

rs
io

n
of

co
nv

ex
pr

ob
le

m
s

gi
ve

n
by

6

n
k
+

1
:=

ar
gm

in
b
>
n̂

k
=

1

∥ ∥ X̃
>
b
∥ ∥ 1
.

(1
0)

N
ot

ic
e

th
at

at
ea

ch
ite

ra
tio

n
of

(1
0)

th
e

pr
ob

le
m

th
at

is
so

lv
ed

is
co

m
pu

ta
tio

na
lly

eq
ui

va
le

nt
to

a
lin

ea
rp

ro
gr

am
;t

hi
s

m
ak

es
th

e
re

cu
rs

io
n

(1
0)

a
ve

ry
ap

pe
al

in
g

ca
nd

id
at

e
fo

rs
ol

vi
ng

th
e

no
n-

co
nv

ex
(9

).
E

ve
n

th
ou

gh
Sp

ät
h

an
d

W
at

so
n

(1
98

7)
pr

ov
ed

th
e

ve
ry

in
te

re
st

in
g

re
su

lt
th

at
(1

0)
co

nv
er

ge
s

to
a

cr
iti

ca
lp

oi
nt

of
(9

)i
n

a
fin

ite
nu

m
be

ro
fs

te
ps

(s
ee

A
pp

en
di

x
A

),
th

er
e

is
no

re
as

on
to

be
lie

ve
th

at
in

ge
ne

ra
l(

10
)c

on
ve

rg
es

to
a

gl
ob

al
m

in
im

um
of

(9
).

O
th

er
w

or
ks

in
w

hi
ch

op
tim

iz
at

io
n

pr
ob

le
m

(9
)

ap
pe

ar
s

ar
e

Sp
ie

lm
an

et
al

.(
20

13
);

Q
u

et
al

.
(2

01
4)

;S
un

et
al

.(
20

15
c,

d,
b,

a)
.

M
or

e
sp

ec
ifi

ca
lly

,S
pi

el
m

an
et

al
.(

20
13

)
pr

op
os

e
to

so
lv

e
(9

)
by

re
pl

ac
in

g
th

e
qu

ad
ra

tic
co

ns
tr

ai
nt
b
>
b

=
1

w
ith

a
lin

ea
r

co
ns

tr
ai

nt
b
>
w

=
1

fo
r

so
m

e
ve

ct
or
w

.
In

Q
u

et
al

.
(2

01
4)

;
Su

n
et

al
.

(2
01

5b
)

(9
)

is
ap

pr
ox

im
at

el
y

so
lv

ed
by

al
te

rn
at

in
g

m
in

im
iz

at
io

n,
w

hi
le

a
R

ie
m

an
ni

an
tr

us
t-

re
gi

on
ap

pr
oa

ch
is

em
pl

oy
ed

in
Su

n
et

al
.(

20
15

a)
.

Fi
na

lly
,w

e
no

te
th

at
pr

ob
le

m
(9

)i
s

cl
os

el
y

re
la

te
d

to
th

e
no

n-
co

nv
ex

pr
ob

le
m

(5
)a

ss
oc

ia
te

d
w

ith
R

E
A

PE
R

.T
o

se
e

th
is

,
su

pp
os

e
th

at
th

e
R

E
A

PE
R

or
th

op
ro

je
ct

or
Π

ap
pe

ar
in

g
in

(5
),

re
pr

es
en

ts
th

e
or

th
og

on
al

pr
oj

ec
tio

n
to

a
hy

pe
rp

la
ne
U

w
ith

un
it-
` 2

no
rm

al
ve

ct
or
b

.I
n

su
ch

a
ca

se
I
D
−

Π
=
b
b
>

an
d

it
re

ad
ily

fo
llo

w
s

th
at

pr
ob

le
m

(5
)b

ec
om

es
id

en
tic

al
to

pr
ob

le
m

(9
).

4.
D

ua
lP

ri
nc

ip
al

C
om

po
ne

nt
Pu

rs
ui

tT
he

or
y

In
th

is
se

ct
io

n
w

e
es

ta
bl

is
h

ou
ra

na
ly

si
s

fr
am

ew
or

k
an

d
di

sc
us

s
ou

rm
ai

n
th

eo
re

tic
al

re
su

lts
re

ga
rd

-
in

g
th

e
gl

ob
al

op
tim

um
of

th
e

no
n-

co
nv

ex
pr

ob
le

m
(9

)a
sw

el
la

st
he

re
cu

rs
io

n
of

co
nv

ex
re

la
xa

tio
ns

in
(1

0)
.W

e
be

gi
n

ou
rt

he
or

et
ic

al
in

ve
st

ig
at

io
n

in
§4

.1
by

es
ta

bl
is

hi
ng

a
co

nn
ec

tio
n

be
tw

ee
n

th
e

di
s-

cr
et

e
pr

ob
le

m
s

(9
)a

nd
(1

0)
an

d
ce

rt
ai

n
un

de
rl

yi
ng

co
nt

in
uo

us
pr

ob
le

m
s.

T
he

co
nt

in
uo

us
pr

ob
le

m
s

do
no

td
ep

en
d

on
a

fin
ite

se
to

fi
nl

ie
rs

an
d

ou
tli

er
s,

ra
th

er
on

un
if

or
m

di
st

ri
bu

tio
ns

on
th

e
re

sp
ec

tiv
e

in
lie

r
an

d
ou

tli
er

sp
ac

es
,a

nd
as

su
ch

,a
re

ea
si

er
to

an
al

yz
e.

T
he

an
al

ys
is

of
T

he
or

em
s

5
an

d
6

re
-

ve
al

s
th

at
th

e
op

tim
al

so
lu

tio
ns

of
th

e
co

nt
in

uo
us

an
al

og
ue

of
(9

)a
re

or
th

og
on

al
to

th
e

in
lie

rs
pa

ce
,

an
d

th
at

th
e

so
lu

tio
ns

of
th

e
co

nt
in

uo
us

re
cu

rs
io

n
co

rr
es

po
nd

in
g

to
(1

0)
co

nv
er

ge
to

a
no

rm
al

ve
ct

or
to

th
e

in
lie

r
sp

ac
e,

re
sp

ec
tiv

el
y.

T
hi

s
su

gg
es

ts
th

at
un

de
r

ce
rt

ai
n

co
nd

iti
on

s
on

th
e

di
st

ri
bu

tio
n

of
th

e
da

ta
,t

he
sa

m
e

m
us

tb
e

tr
ue

fo
r

th
e

di
sc

re
te

pr
ob

le
m

(9
)

an
d

th
e

di
sc

re
te

re
cu

rs
io

n
(1

0)
,w

he
re

th
e

ad
je

ct
iv

e
di

sc
re

te
re

fe
rs

to
th

e
fa

ct
th

at
th

es
e

pr
ob

le
m

s
de

pe
nd

on
a

fin
ite

se
t

of
po

in
ts

.
O

ur
an

al
ys

is
of

th
e

di
sc

re
te

pr
ob

le
m

s
is

in
sp

ir
ed

by
th

e
an

al
ys

is
of

th
ei

rc
on

tin
uo

us
co

un
te

rp
ar

ts
an

d
th

e
lin

k
be

tw
ee

n
th

e
tw

o
is

fo
rm

al
ly

ca
pt

ur
ed

th
ro

ug
h

ce
rt

ai
n

di
sc

re
pa

nc
y

bo
un

ds
th

at
w

e
in

tr
od

uc
e

in
§4

.2
.I

n
tu

rn
,t

he
se

al
lo

w
us

to
pr

ov
e

co
nd

iti
on

s
un

de
rw

hi
ch

w
e

ca
n

ch
ar

ac
te

ri
ze

th
e

gl
ob

al
op

tim
al

of
pr

ob
le

m
(9

)a
s

w
el

la
s

th
e

co
nv

er
ge

nc
e

of
re

cu
rs

io
n

(1
0)

;t
hi

s
is

do
ne

in
§4

.3
an

d
th

e
m

ai
n

re
su

lts
ar

e
T

he
or

em
s

11
an

d
12

,w
hi

ch
ar

e
an

al
og

ue
s

of
T

he
or

em
s

5
an

d
6.

T
he

se
th

eo
re

m
s

su
gg

es
tt

ha
t

bo
th

(9
)

an
d

(1
0)

ar
e

na
tu

ra
l

fo
rm

ul
at

io
ns

fo
r

co
m

pu
tin

g
th

e
or

th
og

on
al

co
m

pl
em

en
t

of
a

lin
ea

r
su

bs
pa

ce
in

th
e

pr
es

en
ce

of
ou

tli
er

s.
T

he
pr

oo
fs

of
al

lt
he

or
em

s
as

w
el

la
s

in
te

rm
ed

ia
te

re
su

lts
ar

e
de

fe
rr

ed
to
§5

.

6.
B

ei
ng

un
aw

ar
e

of
th

e
w

or
k

of
Sp

ät
h

an
d

W
at

so
n

(1
98

7)
,w

e
in

de
pe

nd
en

tly
pr

op
os

ed
th

e
sa

m
e

re
cu

rs
io

n
in

(T
sa

ki
ri

s
an

d
V

id
al

,2
01

5)
.
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4.
1

Fo
rm

ul
at

io
n

an
d

th
eo

re
tic

al
an

al
ys

is
of

th
e

un
de

rl
yi

ng
co

nt
in

uo
us

pr
ob

le
m

s

In
th

is
se

ct
io

n
w

e
sh

ow
th

at
th

e
pr

ob
le

m
s

of
in

te
re

st
(9

)a
nd

(1
0)

ca
n

be
vi

ew
ed

as
di

sc
re

te
ve

rs
io

ns
of

ce
rt

ai
n

co
nt

in
uo

us
pr

ob
le

m
s,

w
hi

ch
ar

e
ea

si
er

to
an

al
yz

e.
To

be
gi

n
w

ith
,c

on
si

de
rg

iv
en

ou
tli

er
s

O
=

[o
1
,.
..
,o

M
]
⊂

SD
−

1
an

d
in

lie
rs

X
=

[x
1
,.
..
,x

N
]
⊂
S
∩
SD
−

1
,a

nd
re

ca
ll

th
e

no
ta

tio
n

X̃
=

[X
O

]Γ
,w

he
re

Γ
is

an
un

kn
ow

n
pe

rm
ut

at
io

n.
N

ex
t,

fo
r

an
y
b
∈

SD
−

1
de

fin
e

th
e

fu
nc

tio
n

f b
:
SD
−

1
→

R
by
f b

(z
)

=
∣ ∣ b
>
z
∣ ∣ .

D
efi

ne
al

so
di

sc
re

te
m

ea
su

re
s
µ
O

an
d
µ
X

on
SD
−

1
as

so
ci

at
ed

w
ith

th
e

ou
tli

er
s

an
d

in
lie

rs
re

sp
ec

tiv
el

y,
as

µ
O

(z
)

=
1 M

M ∑ j=
1

δ(
z
−
o
j
)

an
d
µ
X

(z
)

=
1 N

N ∑ j=
1

δ(
z
−
x
j
),

(1
1)

w
he

re
δ(
·)

is
th

e
D

ir
ac

fu
nc

tio
n

on
SD
−

1
,s

at
is

fy
in

g
∫ z
∈S

D
−
1

g
(z

)δ
(z
−
z

0
)d
µ
SD
−
1

=
g
(z

0
),

(1
2)

fo
re

ve
ry
g

:
SD
−

1
→

R
an

d
ev

er
y
z

0
∈
SD
−

1
;µ

SD
−
1

is
th

e
un

if
or

m
m

ea
su

re
on

SD
−

1
.

W
ith

th
es

e
de

fin
iti

on
s,

w
e

ha
ve

th
at

th
e

ob
je

ct
iv

e
fu

nc
tio

n
∥ ∥ X̃
>
b
∥ ∥ 1

ap
pe

ar
in

g
in

(9
)a

nd
(1

0)
is

th
e

su
m

of
th

e
w

ei
gh

te
d

ex
pe

ct
at

io
ns

of
th

e
fu

nc
tio

n
f b

un
de

rt
he

m
ea

su
re

s
µ
O

an
d
µ
X

,i
.e

.,

∥ ∥ X̃
>
b
∥ ∥ 1

=
∥ ∥ O
>
b
∥ ∥ 1

+
∥ ∥ X
>
b
∥ ∥ 1

=
M ∑ j=

1

∣ ∣ b
>
o
j

∣ ∣ +
N ∑ j=

1

∣ ∣ b
>
x
j

∣ ∣
(1

3)

=
M ∑ j=

1

∫ z
∈S

D
−
1

∣ ∣ b
>
z
∣ ∣ δ

(z
−
o
j
)d
µ
SD
−
1

+
N ∑ j=

1

∫ z
∈S

D
−
1

∣ ∣ b
>
z
∣ ∣ δ

(z
−
x
j
)d
µ
SD
−
1

(1
4)

=

∫ z
∈S

D
−
1

∣ ∣ b
>
z
∣ ∣
M ∑ j=

1

δ(
z
−
o
j
)d
µ
SD
−
1

+

∫ z
∈S

D
−
1

∣ ∣ b
>
z
∣ ∣
N ∑ j=

1

δ(
z
−
x
j
)d
µ
SD
−
1

(1
5)

=
M

E µ
O

(f
b
)

+
N

E µ
X

(f
b
).

(1
6)

H
en

ce
,t

he
op

tim
iz

at
io

n
pr

ob
le

m
(9

),
w

hi
ch

w
e

re
pe

at
he

re
fo

rc
on

ve
ni

en
ce

,

m
in b

∥ ∥ X̃
>
b
∥ ∥ 1

s.
t.
b
>
b

=
1,

(1
7)

is
eq

ui
va

le
nt

to
th

e
pr

ob
le

m m
in b

[M
E µ

O
(f
b
)

+
N

E µ
X

(f
b
)]

s.
t.
b
>
b

=
1.

(1
8)

Si
m

ila
rl

y,
th

e
re

cu
rs

io
n

(1
0)

,r
ep

ea
te

d
he

re
fo

rc
on

ve
ni

en
ce

,

n
k
+

1
=

ar
gm

in
b

∥ ∥ X̃
>
b
∥ ∥ 1

s.
t.
b
>
n̂
k

=
1,

(1
9)

is
eq

ui
va

le
nt

to
th

e
re

cu
rs

io
n

n
k
+

1
=

ar
gm

in
b

[M
E µ

O
(f
b
)

+
N

E µ
X

(f
b
)]

s.
t.
b
>
n̂
k

=
1.

(2
0)
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U

IT

N
ow

,the
discrete

m
easures

µO
,µX

of
(11),are

discretizations
of

the
continuous

m
easures

µ
S
D
−
1 ,

and
µ
S
D
−
1∩S

respectively,w
here

the
latteris

the
uniform

m
easure

on
S
D
−

1∩
S

.H
ence,forthe

pur-
pose

ofunderstanding
the

properties
ofthe

globalm
inim

izerof(18)and
the

lim
iting

pointof(20),
itis

m
eaningfulto

replace
in

(18)
and

(20)
the

discrete
m

easures
µO

and
µX

by
their

continuous
counterparts

µ
S
D
−
1

and
µ
S
D
−
1∩S ,and

study
the

resulting
continuous

problem
s

m
inb

[M
E
µ
S
D
−
1 (f

b )
+
N

E
µ
S
D
−
1∩
S
(f
b ) ]

s.t.
b >
b

=
1,

(21)

n
k
+

1
=

argm
in

b

[M
E
µ
S
D
−
1 (f

b )
+
N

E
µ
S
D
−
1∩
S
(f
b ) ]

s.t.
b >
n̂
k

=
1.

(22)

Itisim
portantto

note
thatifthese

tw
o

continuousproblem
shave

the
geom

etric
propertiesofinterest,

i.e.,if
every

globalsolution
of

(21)
is

a
vector

orthogonalto
the

inlier
subspace,and

sim
ilarly,if

the
sequence

of
vectors{

n
k }

produced
by

(22)
converges

to
a

vector
n
k ∗

orthogonalto
the

inlier
subspace,

then
this

correctness
of

the
continuous

problem
s

can
be

view
ed

as
a

first
theoretical

verification
ofthe

correctness
ofthe

discrete
form

ulations
(9)and

(10).T
he

objective
ofthe

restof
this

section
is

to
establish

thatthis
is

precisely
the

case.
B

efore
discussing

our
m

ain
tw

o
results

in
this

direction,w
e

note
thatthe

continuous
objective

function
appearing

in
(21)

and
(22)

can
be

re-w
ritten

in
a

m
ore

suggestive
form

.
To

see
w

hatthat
is,define

c
D

as
the

average
heightofthe

unithem
isphere

ofR
D

,directly
com

puted
as

c
D

:=

∫

z∈
S
D
−
1 |z

1 |d
µ
S
D
−
1

=
(D
−

2)!!

(D
−

1)!! · {
2π

if
D

even,
1

if
D

odd
,

(23)

w
here

z
1

is
the

firstcoordinate
ofthe

vector
z,and

the
double

factorialis
defined

as

k
!!

:=

{
k
(k−

2)(k−
4)···4·

2
if
k

even,
k
(k−

2)(k−
4)···3·

1
if
k

odd.
(24)

T
hen

w
e

have
the

follow
ing

result,w
hose

proofcan
be

found
in§5.2.

Proposition
4

The
objective

function
ofthe

continuous
problem

(21)can
be

rew
ritten

as:

M
E
µ
S
D
−
1 (f

b )
+
N

E
µ
S
D
−
1∩
S
(f
b )

=
∥∥
b ∥∥

2
(M

c
D

+
N
c
d

cos(φ
))
,

(25)

w
here

φ
is

the
principalangle

betw
een

b
and

the
subspaceS

.

A
s

a
consequence

ofthis
result,w

hen
b
∈
S
D
−

1,the
firstterm

(the
outlierterm

)ofthe
objective

function
becom

esa
constant(M

c
D

)and
hence

the
outliersdo

notaffectthe
optim

alsolution
of(21).

M
oreover,the

second
term

(the
inlierterm

)ofthe
objective

function
depends

only
on

the
cosine

of
the

principalangle
betw

een
b

and
the

subspace,w
hich

is
m

inim
ized

w
hen

b
is

orthogonalto
the

subspace
(φ

=
π
/2).T

his
leads

to
the

follow
ing

resultaboutthe
continuous

problem
,w

hose
proof

can
be

found
in§5.3.

T
heorem

5
A

ny
globalsolution

to
problem

(21)m
ustbe

orthogonaltoS
.

O
bserve

thatthis
resultis

true
irrespective

of
the

w
eight

M
of

the
outlier

term
or

the
w

eight
N

of
the

inlierterm
in

the
continuous

objective
function

(25).Sim
ilarly,the

nextresult,w
hose

proofcan
be

found
in
§5.4,show

s
thatthe

solutions
to

the
continuous

recursion
in

(22)
converge

to
a

vector
orthogonal

to
the

inlier
subspace

in
a

finite
num

ber
of

steps,
regardless

of
the

outlier
and

inlier
w

eights
M
,N

.
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T
heorem

6
C

onsider
the

sequence{
n
k }
k≥

0
generated

by
recursion

(22),w
ith
n̂

0 ∈
S
D
−

1.Let
φ

0

be
the

principalangle
of
n

0
from

S
,and

define
α

:=
N
c
d /M

c
D

.
Then,as

long
as
φ

0
>

0,the
sequence{n

k }
k≥

0
converges

to
a

unit
`
2 -norm

elem
entofS

⊥
in

a
finite

num
ber

k ∗
ofiterations,

w
here

k ∗
=

0
if
φ

0
=
π
/2,

k ∗
=

1
if

tan
(φ

0 )≥
1/α

,and
k ∗≤

⌈
ta

n
−
1
(1
/
α

)−
φ
0

sin
−
1
(α

sin
(φ

0
)) ⌉

+
1

otherw
ise.

N
otice

the
rem

arkable
factthataccording

to
T

heorem
6,the

continuous
recursion

(22)converges
to

a
vectororthogonalto

the
inliersubspaceS

in
a

finite
num

berofsteps.M
oreover,ifthe

relation

tan
(φ

0 )≥
1/α

=
MN

c
Dc
d
,

(26)

holds
true,then

this
convergence

occurs
in

a
single

step.
O

ne
w

ay
to

interpret(26)is
to

notice
that

as
long

as
the

angle
φ

0
of

the
initialestim

ate
n̂

0
from

the
inlier

subspace
is

positive,and
for

any
arbitrary

butfixed
num

ber
of

outliers
M

,there
is

alw
ays

a
sufficiently

large
num

ber
N

of
inliers,

such
that(26)is

satisfied
and

thus
convergence

occurs
in

one
step.L

ikew
ise,condition

(26)can
also

be
satisfied

if
d
/D

is
sufficiently

sm
all(so

that
c
D
/c
d

is
sm

all).
C

onversely,for
any

fixed
num

ber
of

inliers
N

and
outliers

M
,there

is
alw

ays
a

sufficiently
large

angle
φ

0
such

that(26)
is

true,and
thus

(22)
again

converges
in

a
single

step.
M

ore
generally,even

w
hen

(26)
is

nottrue,the
larger

φ
0 ,N

are,the
sm

allerthe
quantity

⌈
tan −

1(1/α
)−

φ
0

sin −
1(α

sin
(φ

0 )) ⌉
(27)

is,and
thus

according
to

T
heorem

5
the

faster(22)converges.

4.2
D

iscrepancy
boundsbetw

een
the

continuousand
discrete

problem
s

T
he

heartofouranalysis
fram

ew
ork

is
to

bound
the

deviation
ofsom

e
underlying

geom
etric

quanti-
ties,w

hich
w

e
callthe

average
outlier

and
the

average
inlierw

ith
respectto

b,from
theircontinuous

counterparts.To
begin

w
ith,recallourdiscrete

objective
function

J
discrete (b

)
=
∥∥X̃
>
b ∥∥

1
=
∥∥O
>
b ∥∥

1
+
∥∥X
>
b ∥∥

1
(28)

and
its

continuous
counterpart

J
continuous (b

)
=
∥∥
b ∥∥

2
(M

c
D

+
N
c
d

cos(φ
))
.

(29)

N
ow

,notice
thatthe

term
ofthe

discrete
objective

thatdepends
on

the
outliersO

can
be

w
ritten

as

∥∥O
>
b ∥∥

1
=

M∑j=
1 |o
>j
b|

=
M∑j=

1

b >
S
ign

(o
>j
b
)o
j

=
M
b >
o
b ,

(30)

w
here

S
ign

(·)
is

the
sign

function
and

o
b

is
the

average
outlier

w
ith

respectto
b,defined

as

o
b

:=
1M

M∑j=
1

S
ign

(b >
o
j )o

j .
(31)
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D
efi

ni
ng

a
ve

ct
or

va
lu

ed
fu

nc
tio

n
f
b

:
SD
−

1
→

R
D

by
z
∈
SD
−

1
f
b
7−→

S
ig

n
(b
>
z

)z
,w

e
no

tic
e

th
at

o
b

=
1 M

M ∑ j=
1

f
b
(o
j
)

=
1 M

M ∑ j=
1

∫ z
∈S

D
−
1

f b
(z

)δ
(z
−
o
j
)d
µ
S
D
−
1

=

∫ z
∈S

D
−
1

f b
(z

)d
µ
O

(z
),

(3
2)

w
he

re
µ
O

(z
)

is
de

fin
ed

in
(1

1)
,a

nd
so
o
b

is
a

di
sc

re
te

ap
pr

ox
im

at
io

n
to

th
e

co
nt

in
uo

us
in

te
gr

al
∫ z
∈S

D
−
1
f
b
(z

)d
µ
SD
−
1
,w

ho
se

va
lu

e
is

gi
ve

n
by

th
e

ne
xt

L
em

m
a

(s
ee
§5

.5
fo

rt
he

pr
oo

f)
.

L
em

m
a

7
R

ec
al

lt
he

de
fin

iti
on

of
c D

in
(2

3)
.F

or
an

y
b
∈
SD
−

1
w

e
ha

ve
∫ z
∈S

D
−
1

f
b
(z

)d
µ
SD
−
1

=

∫ z
∈S

D
−
1

S
ig

n
(b
>
z

)z
d
µ
SD
−
1

=
c D
b
.

(3
3)

In
ot

he
r

w
or

ds
,t

he
co

nt
in

uo
us

av
er

ag
e

ou
tli

er
w

ith
re

sp
ec

tt
o
b

is
c D
b

.
W

e
de

fin
e
ε O

,M
to

be
th

e
m

ax
im

um
er

ro
rb

et
w

ee
n

th
e

di
sc

re
te

an
d

co
nt

in
uo

us
av

er
ag

e
ou

tli
er

s
as
b

va
ri

es
on

SD
−

1
,i

.e
.,

ε O
,M

:=
m

ax
b
∈S

D
−
1

∥ ∥ c
D
b
−
o
b

∥ ∥ 2
,

(3
4)

an
d

w
e

es
ta

bl
is

h
th

at
th

e
m

or
e

un
ifo

rm
ly

di
st

ri
bu

te
d
O

=
[o

1
,.
..
,o

M
]
⊂

SD
−

1
is

th
e

sm
al

le
rε

O
,M

be
co

m
es

.T
he

no
tio

n
of

un
if

or
m

ity
of

O
th

at
w

e
us

e
he

re
is

a
de

te
rm

in
is

tic
on

e
an

d
is

ca
pt

ur
ed

by
th

e
sp

he
ri

ca
l

ca
p

di
sc

re
pa

nc
y

of
th

e
se

tO
,d

efi
ne

d
as

(G
ra

bn
er

et
al

.,
19

97
;G

ra
bn

er
an

d
Ti

ch
y,

19
93

)

S
D
,M

(O
)

:=
su

p C

∣ ∣ ∣1 M

M ∑ j=
1

I C
(o
j
)
−
µ
SD
−
1
(C

)∣ ∣ ∣.
(3

5)

In
(3

5)
th

e
su

pr
em

um
is

ta
ke

n
ov

er
al

ls
ph

er
ic

al
ca

ps
C

of
th

e
sp

he
re

SD
−

1
,w

he
re

a
sp

he
ri

ca
lc

ap
is

th
e

in
te

rs
ec

tio
n

of
SD
−

1
w

ith
a

ha
lf

-s
pa

ce
of

R
D

,a
nd

I C
(·)

is
th

e
in

di
ca

to
rf

un
ct

io
n

of
C,

w
hi

ch
ta

ke
s

th
e

va
lu

e
1

in
si

de
C

an
d

ze
ro

ot
he

rw
is

e.
T

he
sp

he
ri

ca
lc

ap
di

sc
re

pa
nc

y
S
D
,M

(O
)

is
pr

ec
is

el
y

th
e

su
pr

em
um

am
on

g
al

le
rr

or
s

in
ap

pr
ox

im
at

in
g

in
te

gr
al

s
of

in
di

ca
to

r
fu

nc
tio

ns
of

sp
he

ri
ca

lc
ap

s
vi

a
av

er
ag

es
of

su
ch

in
di

ca
to

r
fu

nc
tio

ns
on

th
e

po
in

ts
et

O
.

In
tu

iti
ve

ly
,S

D
,M

(O
)

ca
pt

ur
es

ho
w

cl
os

e
th

e
di

sc
re

te
m

ea
su

re
µ
O

(s
ee

eq
ua

tio
n

(1
1)

)
as

so
ci

at
ed

w
ith

O
is

to
th

e
m

ea
su

re
µ
SD
−
1
.

W
e

w
ill

sa
y

th
at

O
is

un
if

or
m

ly
di

st
ri

bu
te

d
on

SD
−

1
if
S
D
,M

(O
)

is
sm

al
l.

W
e

no
te

he
re

th
at

as
a

fu
nc

tio
n

of
th

e
nu

m
be

ro
fp

oi
nt

s
M

,S
D
,M

(O
)

de
cr

ea
se

s
w

ith
a

ra
te

of
(D

ic
k,

20
14

;B
ec

k,
19

84
)

√
lo

g
(M

)M
−

1 2
−

1
2
(D
−
1
)
.

(3
6)

A
s

a
co

ns
eq

ue
nc

e,
to

sh
ow

th
at

un
if

or
m

ly
di

st
ri

bu
te

d
po

in
ts
O

co
rr

es
po

nd
to

sm
al

lε
O
,M

,i
ts

uf
-

fic
es

to
bo

un
d

th
e

m
ax

im
um

in
te

gr
at

io
n

er
ro

r
ε O

,M
fr

om
ab

ov
e

by
a

qu
an

tit
y

pr
op

or
tio

na
lt

o
th

e
sp

he
ri

ca
lc

ap
di

sc
re

pa
nc

y
S
D
,M

(O
).

In
eq

ua
lit

ie
s

th
at

bo
un

d
fr

om
ab

ov
e

th
e

ap
pr

ox
im

at
io

n
er

ro
r

of
th

e
in

te
gr

al
of

a
fu

nc
tio

n
in

te
rm

s
of

th
e

va
ri

at
io

n
of

th
e

fu
nc

tio
n

an
d

th
e

di
sc

re
pa

nc
y

of
a

fin
ite

se
t

of
po

in
ts

(n
ot

ne
ce

ss
ar

ily
th

e
sp

he
ri

ca
l

ca
p

di
sc

re
pa

nc
y;

th
er

e
ar

e
se

ve
ra

l
ty

pe
s

of
di

sc
re

pa
n-

ci
es

)
ar

e
w

id
el

y
kn

ow
n

as
K

ok
sm

a-
H

la
w

ka
in

eq
ua

lit
es

(K
ui

pe
rs

an
d

N
ie

de
rr

ei
te

r,
20

12
;

H
la

w
ka

,
19

71
).

E
ve

n
th

ou
gh

su
ch

in
eq

ua
lit

ie
s

ex
is

ta
nd

ar
e

w
el

l-
kn

ow
n

fo
r

in
te

gr
at

io
n

of
fu

nc
tio

ns
on

th
e

un
it

hy
pe

rc
ub

e
[0
,1

]D
(K

ui
pe

rs
an

d
N

ie
de

rr
ei

te
r,

20
12

;H
la

w
ka

,1
97

1;
H

ar
m

an
,2

01
0)

,s
im

ila
r

in
-

eq
ua

lit
ie

s
fo

r
in

te
gr

at
io

n
of

fu
nc

tio
ns

on
th

e
un

it
sp

he
re

SD
−

1
se

em
no

t
to

be
kn

ow
n

in
ge

ne
ra

l
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T
S

A
K

IR
IS

A
N

D
V

ID
A

L

(G
ra

bn
er

an
d

Ti
ch

y,
19

93
),

ex
ce

pt
if

on
e

m
ak

es
ad

di
tio

na
la

ss
um

pt
io

ns
on

th
e

di
st

ri
bu

tio
n

of
th

e
fin

ite
se

to
f

po
in

ts
(G

ra
bn

er
et

al
.,

19
97

;B
ra

uc
ha

rt
an

d
G

ra
bn

er
,2

01
5)

.
N

ev
er

th
el

es
s,

th
e

fu
nc

tio
n

f b
:
z
7−→

|b
>
z
|t

ha
t

is
as

so
ci

at
ed

w
ith

ε O
,M

is
si

m
pl

e
en

ou
gh

to
al

lo
w

fo
r

a
K

ok
sm

a-
H

la
w

ka
in

eq
ua

lit
y

of
its

ow
n,

as
de

sc
ri

be
d

in
th

e
ne

xt
le

m
m

a,
w

ho
se

pr
oo

fc
an

be
fo

un
d

in
§5

.6
.7

L
em

m
a

8
Le

tO
=

[o
1
,.
..
,o

M
]

be
a

fin
ite

su
bs

et
of

SD
−

1
.T

he
n

ε O
,M

=
m

ax
b
∈S

D
−
1

∥ ∥ c
D
b
−
o
b

∥ ∥ 2
≤
√

5S
D
,M

(O
),

(3
7)

w
he

re
c D
,o
b

an
d
S
D
,M

(O
)

ar
e

de
fin

ed
in

(2
3)

,(
31

)a
nd

(3
5)

re
sp

ec
tiv

el
y.

W
e

no
w

tu
rn

ou
r

at
te

nt
io

n
to

th
e

in
lie

r
te

rm
∥ ∥ X̃
>
b
∥ ∥ 1

of
th

e
di

sc
re

te
ob

je
ct

iv
e

fu
nc

tio
n

(2
8)

,
w

hi
ch

is
sl

ig
ht

ly
m

or
e

co
m

pl
ic

at
ed

th
an

th
e

ou
tli

er
te

rm
.W

e
ha

ve

∥ ∥ X
>
b
∥ ∥ 1

=
N ∑ j=

1

∣ ∣ x
> j
b
∣ ∣ =

N ∑ j=
1

b
>

S
ig

n
(x
> j
b
)x

j
=
N
b
>
x
b
,

(3
8)

w
he

re

x
b

:=
1 N

N ∑ j=
1

S
ig

n
(b
>
x
j
)x

j
=

1 N

N ∑ j=
1

f
b
(x

j
)

=

∫ x
∈S

D
−
1
∩S
f b

(x
)d
µ
X

(x
)

(3
9)

is
th

e
av

er
ag

e
in

lie
r

w
ith

re
sp

ec
tt

o
b

.T
hu

s,
x
b

is
a

di
sc

re
te

ap
pr

ox
im

at
io

n
of

th
e

in
te

gr
al

∫ x
∈S

D
−
1
∩S
f
b
(x

)d
µ
SD
−
1
,

(4
0)

w
ho

se
va

lu
e

is
gi

ve
n

by
th

e
ne

xt
le

m
m

a
(s

ee
§5

.7
fo

rt
he

pr
oo

f)
.

L
em

m
a

9
Fo

r
an

y
b
∈
SD
−

1
w

e
ha

ve
∫ x
∈S

D
−
1
∩S
f
b
(x

)d
µ
SD
−
1

=

∫ x
∈S

D
−
1
∩S

S
ig

n
(b
>
x

)x
d
µ
SD
−
1

=
c d
v̂
,

(4
1)

w
he

re
c d

is
gi

ve
n

by
(2

3)
af

te
r

re
pl

ac
in

g
D

w
ith

d
,a

nd
v

is
th

e
or

th
og

on
al

pr
oj

ec
tio

n
of
b

on
to
S.

In
ot

he
r

w
or

ds
,t

he
co

nt
in

uo
us

av
er

ag
e

in
lie

r
w

ith
re

sp
ec

tt
o
b

is
c d
v̂

.
W

e
de

fin
e
ε X

to
be

th
e

m
ax

im
um

er
ro

r
be

tw
ee

n
th

e
di

sc
re

te
an

d
co

nt
in

uo
us

av
er

ag
e

in
lie

rs
as
b

va
ri

es
on

SD
−

1
,w

hi
ch

is
th

e
sa

m
e

as
th

e
m

ax
im

um
er

ro
ra

s
b

va
ri

es
on

SD
−

1
∩
S,

i.e
.,

ε X
,N

:=
m

ax
b
∈S

D
−
1

∥ ∥ c
d
π̂
S

(b
)
−
x
b

∥ ∥ 2
=

m
ax

b
∈S

D
−
1
∩S

∥ ∥ c
d
b
−
x
b

∥ ∥ 2
.

(4
2)

T
he

n
an

al
m

os
ti

de
nt

ic
al

ar
gu

m
en

ta
s

th
e

on
e

th
at

es
ta

bl
is

he
d

L
em

m
a

8
gi

ve
s

th
at

ε X
,N
≤
√

5S
d
,N

(X
),

(4
3)

w
he

re
no

w
th

e
di

sc
re

pa
nc

y
S
d
,N

(X
)

of
th

e
in

lie
rs
X

is
de

fin
ed

ex
ac

tly
as

in
(3

5)
ex

ce
pt

th
at
M

is
re

pl
ac

ed
by
N

an
d

th
e

su
pr

em
um

is
ta

ke
n

ov
er

al
ls

ph
er

ic
al

ca
ps

of
SD
−

1
∩
S
∼ =

Sd
−

1
.

7.
T

he
au

th
or

s
ar

e
gr

at
ef

ul
to

Pr
of

.
G

ly
n

H
ar

m
an

fo
r

po
in

tin
g

ou
tt

ha
ts

uc
h

a
re

su
lt

is
po

ss
ib

le
as

w
el

la
s

su
gg

es
tin

g
ho

w
to

pr
ov

e
it.
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4.3
C

onditionsfor
globaloptim

ality
and

convergence
ofthe

discrete
problem

s

In
this

section
w

e
analyze

the
discrete

problem
(9)and

the
associated

discrete
recursion

(10),w
here

the
adjective

discrete
refersto

the
factthat(9)and

(10)depend
on

a
finite

setofpointsX̃
=

[X
O

]Γ
sam

pled
from

the
union

of
the

space
of

outliers
S
D
−

1
and

the
space

of
inliers

S
D
−

1∩
S

.
In
§4.1

w
e

show
ed

thatthese
tw

o
problem

s
are

discrete
versions

ofthe
continuous

problem
s

(21)and
(22),

respectively.
W

e
further

show
ed

that
the

continuous
problem

s
possess

the
geom

etric
property

of
interest,i.e.,every

globalm
inim

izer
of

(21)
m

ustbe
an

elem
entofS

⊥
∩
S
D
−

1
(T

heorem
5)

and
the

recursion
(22)

produces
a

sequence
of

vectors
thatconverges

in
a

finite
num

ber
of

steps
to

an
elem

entofS
⊥
∩
S
D
−

1
(T

heorem
6).In

this
section

w
e

use
the

discrepancy
bounds

of§4.2
to

show
that

under
som

e
conditions

on
the

uniform
ity

ofX
=

[x
1 ,...,x

N
]

and
O

=
[o

1 ,...,o
M

],
a

sim
ilarstatem

entholds
forproblem

s
(9)and

(10).W
e

startw
ith

a
definition.

D
efinition

10
G

iven
a

setY
=

[y
1 ,...,y

L
]⊂

S
D
−

1
and

an
integer

K
≤
L

,defineR
Y
,K

to
be

the
m

axim
um

circum
radius

am
ong

allpolytopes
ofthe

form
{

K
∑i=

1

α
j
i y
j
i

:
α
j
i ∈

[−
1,1] }

,
(44)

w
here

j
1 ,...,j

K
are

distinctintegers
in

[L
],and

the
circum

radius
ofa

bounded
subsetofR

D
is

the
infim

um
over

the
radiiofallE

uclidean
balls

ofR
D

thatcontain
thatsubset.W

ith
that,define

R
O
,X

:=
m

ax
K

1
+
K

2
<
D
,K

2
<
d (R

O
,K

1
+
R

X
,K

2 ).
(45)

T
he

nexttheorem
,proved

in§5.8,statesthatifboth
inliersand

outliersare
sufficiently

uniform
ly

distributed,i.e.,ifthe
uniform

ity
param

eters
εX

,N
and

εO
,M

are
sufficiently

sm
all,then

every
global

solution
of(9)m

ustbe
orthogonalto

the
inliersubspaceS

.M
ore

precisely,

T
heorem

11
Suppose

thatthe
ratio

γ
ofoutliers

to
inliers

satisfies

γ
:=

MN
<

1

2εO
,M

m
in {

c
d −

εX
,N
,2 (

c
d −

εX
,N
−
R

O
,X

N

)
,Γ }

,
w

here
(46)

Γ
:=

c
d −

εX
,N

2(3c
d −

εX
,N

) [√
P

2
+

8(3
c
d −

εX
,N

)(c
d −

εX
,N
−
R

O
,X

N
)−

P

]
,

(47)

P
:=

2 R
O
,X

N
+
εX

,N
+
c
d .

(48)

Then
any

globalsolution
b ∗

to
(9)m

ustbe
orthogonalto

S
p
an

(X
).

Tow
ards

interpreting
T

heorem
11,

consider
first

the
asym

ptotic
case

w
here

w
e

allow
N

and
M

to
go

to
infinity,

w
hile

keeping
the

ratio
γ

constant.
A

ssum
ing

that
both

inliers
and

outliers
are

perfectly
w

ell
distributed

in
the

lim
it,

i.e.,
under

the
hypothesis

that
lim

N
→
∞
S
d
,N

(X
)

=
0

and
lim

M
→
∞
S
D
,M

(O
)

=
0,

L
em

m
a

8
and

inequality
(43)

give
that

lim
N
→
∞
εX

,N
=

0
and

lim
M
→
∞
εO

,M
=

0,
in

w
hich

case
(46)

is
satisfied.

T
his

suggests
the

interesting
fact

that
(9)

can
possibly

give
a

norm
al

to
the

inliers
even

for
arbitrarily

m
any

outliers,
and

irrespectively
of

the
subspace

dim
ension

d.
A

long
the

sam
e

lines,for
a

given
γ

and
under

the
pointsetuniform

ity
hypothesis,w

e
can

alw
ays

increase
the

num
ber

of
inliers

and
outliers

(thus
decreasing

εX
,N

and
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εO
,M

),w
hile

keeping
γ

constant,until(46)
is

satisfied,once
again

indicating
that(9)

can
possibly

yield
a

norm
alto

the
space

ofinliersirrespectively
oftheirintrinsic

dim
ension;thisbecom

esevident
in

the
num

ericalevaluation
of

Figs.
4(a)-4(c).

N
otice

thatthe
intrinsic

dim
ension

d
of

the
inliers

m
anifestsitselfthrough

the
quantity

c
d ,w

hich
w

e
recallisa

decreasing
function

of
d.C

onsequently,
the

sm
aller

d
is

the
largerthe

R
H

S
of(46)becom

es,and
so

the
easieritis

to
satisfy

(46).
M

ore
explicitly

(and
less

form
ally),because

of
(36)

the
quantities

εO
,M
,εX

,N
decay

atan
ap-

proxim
ate

rate
of

1/ √
M
,1/ √

N
respectively.In

turn,this
show

s
thatthe

conditions
(46)are

satis-
fied

ifroughly
M

<
O

(N
2).To

see
this,note,e.g.,thatthe

firstinequality
in

(46)reads

MN
<
c
d −

εX
,N

2
εO

,M
,

(49)

w
hich

roughly
says

that

constant· √
M
≤

constant·
N
−

constant· √
N
,

(50)

w
here

by
constanthere

w
e

m
ean

independentof
M
,N

.
A

sim
ilar

conclusion
can

be
draw

n
from

the
restinequalities

in
(46)

8.
In

contrast,the
analysis

of
the

haystack
m

odelof
R

E
A

PE
R

(L
erm

an
etal.,2015)gives

M
<
O

(N
).

A
sim

ilarphenom
enon

holds
forthe

recursion
ofconvex

relaxations
(10).N

otice
thataccording

to
T

heorem
5,the

continuous
recursion

converges
in

a
finite

num
ber

of
iterations

to
a

vector
that

is
orthogonal

to
S
p
an

(X
)

=
S

,
as

long
as

the
initialization

n̂
0

does
not

lie
in
S

(equivalently
φ

0
>

0).
Intuitively,

one
should

expect
that

in
the

discrete
case,

the
conditions

for
the

discrete
recursion

(10)
to

be
successful,should

be
atleastas

strong
as

the
conditions

of
T

heorem
11,and

strictly
strongerthan

the
condition

φ
0
>

0
ofT

heorem
6.O

urnextresult,w
hose

proofcan
be

found
in§5.9,form

alizes
this

intuition.

T
heorem

12
Suppose

thatcondition
(46)holds

true
and

consider
the

sequence{n
k }
k≥

0
generated

by
the

recursion
(10).Let

φ
0

be
the

principalangle
of
n̂

0
from

S
p
an

(X
)

and
suppose

that

cos(φ
0 )
<

c
d −

εX
,N

2c
d (c

d
+
εX

,N
) [−

Q
+
√

Q
2

+
4
c
d (c

d −
Q

) ]−
2εO

,M

c
d

+
εX

,N

MN
,

(51)

Q
:=
R

O
,X

N
+
εO

,M
MN

+
εX

,N
.

(52)

Then
after

a
finite

num
ber

ofiterations
the

sequence{
n
k }
k≥

0
converges

to
a

unit
`
2 -norm

vector
thatis

orthogonalto
S
p
an

(X
).

Firstnote
thatif(46)is

true,then
the

expression
of(51)alw

ays
defines

an
angle

betw
een

0
and

π
/2.

M
oreover,T

heorem
12

can
be

interpreted
using

the
sam

e
asym

ptotic
argum

ents
as

T
heorem

11;notice
in

particularthatthe
low

erbound
on

the
angle

φ
0

tendsto
zero

as
M
,N

go
to

infinity
w

ith
γ

constant,i.e.,the
m

ore
uniform

ly
distributed

inliers
and

outliers
are,the

closer
n

0
is

allow
ed

to
be

to
S
p
an

(X
).W

e
also

em
phasize

thatT
heorem

12
asserts

the
correctness

ofthe
linearprogram

m
ing

recursions
(10)as

faras
recovering

a
vector

n
k ∗

orthogonaltoS
:=

S
p
an

(X
)

is
concerned.

E
ven

though
this

w
as

ourinitialm
otivation

forposing
problem

(9),T
heorem

12
does

notassertin
general

that
n
k ∗

is
a

global
m

inim
izer

of
problem

(9).
H

ow
ever,

this
is

indeed
the

case,
w

hen
the

inlier
subspaceS

is
a

hyperplane,i.e.,
d

=
D
−

1.
T

his
is

because,up
to

a
sign,there

is
a

unique
vector

b
∈

S
D
−

1
thatis

orthogonalto
S

(the
norm

alvector
to

the
hyperplane),w

hich,under
conditions

(46)and
(51),is

the
unique

globalm
inim

izerof(9),as
w

ellas
the

lim
itpoint

n
k ∗

ofT
heorem

12.

8.Itis
the

subjectofongoing
research

to
arrive

atthis
conclusion

by
m

ore
form

alm
eans.
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5.
Pr

oo
fs

In
th

is
se

ct
io

n
w

e
pr

ov
id

e
th

e
pr

oo
fs

of
al

lc
la

im
s

st
at

ed
in

ea
rl

ie
rs

ec
tio

ns
.

5.
1

Pr
oo

fo
fP

ro
po

si
tio

n
3

B
y

th
e

ge
ne

ra
lp

os
iti

on
hy

po
th

es
is

on
X

an
d
O

,a
ny

hy
pe

rp
la

ne
th

at
do

es
no

tc
on

ta
in
X

ca
n

co
nt

ai
n

at
m

os
tD
−

1
po

in
ts

fr
om

X̃
.W

e
w

ill
sh

ow
th

at
th

er
e

ex
is

ts
a

hy
pe

rp
la

ne
th

at
co

nt
ai

ns
m

or
e

th
an

D
−

1
po

in
ts

of
X̃

.I
nd

ee
d,

ta
ke
d

in
lie

rs
an

d
D
−
d
−

1
ou

tli
er

sa
nd

le
tH

be
th

e
hy

pe
rp

la
ne

ge
ne

ra
te

d
by

th
es

e
D
−

1
po

in
ts

.D
en

ot
e

th
e

no
rm

al
ve

ct
or

to
th

at
hy

pe
rp

la
ne

by
b

.S
in

ce
H

co
nt

ai
ns
d

in
lie

rs
,

b
w

ill
be

or
th

og
on

al
to

th
es

e
in

lie
rs

.
Si

nc
e
X

is
in

ge
ne

ra
l

po
si

tio
n,

ev
er

y
d

-t
up

le
of

in
lie

rs
is

a
ba

si
s

fo
rS

p
an

(X
).

A
s

a
co

ns
eq

ue
nc

e,
b

w
ill

be
or

th
og

on
al

to
S
p
an

(X
),

an
d

in
pa

rt
ic

ul
ar
b
⊥

X
.

T
hi

s
im

pl
ie

s
th

at
X
⊂
H

an
d

so
H

w
ill

co
nt

ai
n
N

+
D
−
d
−

1
≥
d

+
1

+
D
−
d
−

1
>
D
−

1
po

in
ts

of
X̃

.

5.
2

Pr
oo

fo
fP

ro
po

si
tio

n
4

W
ri

tin
g
b

=
∥ ∥ b
∥ ∥ 2
b̂

,a
nd

le
tti

ng
R

be
a

ro
ta

tio
n

th
at

ta
ke

s
b̂

to
th

e
fir

st
st

an
da

rd
ba

si
s

ve
ct

or
e

1
,w

e
se

e
th

at
th

e
fir

st
ex

pe
ct

at
io

n
in

th
e

L
H

S
of

(2
5)

be
co

m
es

eq
ua

lt
o

E µ
SD
−
1
(f
b
)

=

∫ z
∈S

D
−
1

f b
(z

)d
µ
SD
−
1

=

∫ z
∈S

D
−
1

∣ ∣ ∣b
>
z
∣ ∣ ∣d
µ
SD
−
1

(5
3)

=
∥ ∥ b
∥ ∥ 2

∫ z
∈S

D
−
1

∣ ∣ ∣b̂
>
z
∣ ∣ ∣d
µ
SD
−
1

=
∥ ∥ b
∥ ∥ 2

∫ z
∈S

D
−
1

∣ ∣ ∣z
>
R
−

1
R
b̂
∣ ∣ ∣d
µ
SD
−
1

(5
4)

=
∥ ∥ b
∥ ∥ 2

∫ z
∈S

D
−
1

|z
>
e

1
|d
µ
SD
−
1

=
∥ ∥ b
∥ ∥ 2

∫ z
∈S

D
−
1

|z 1
|d
µ
SD
−
1

=
∥ ∥ b
∥ ∥ 2
c D
,

(5
5)

w
he

re
z

=
(z

1
,.
..
,z
D

)>
is

th
e

co
or

di
na

te
re

pr
es

en
ta

tio
n

of
z

.T
o

se
e

w
ha

tt
he

se
co

nd
ex

pe
ct

at
io

n
in

th
e

L
H

S
of

(2
5)

ev
al

ua
te

s
to

,d
ec

om
po

se
b

as
b

=
π
S

(b
)

+
π
S⊥

(b
),

an
d

no
te

th
at

be
ca

us
e

th
e

su
pp

or
to

ft
he

m
ea

su
re
µ
SD
−
1
∩S

is
co

nt
ai

ne
d

in
S,

w
e

m
us

th
av

e
th

at

E µ
SD
−
1
∩
S
(f
b
)

=

∫ z
∈S

D
−
1

∣ ∣ ∣b
>
z
∣ ∣ ∣d
µ
SD
−
1
∩S

=

∫ z
∈S

D
−
1
∩S

∣ ∣ ∣b
>
z
∣ ∣ ∣d
µ
SD
−
1
∩S

(5
6)

=

∫ z
∈S

D
−
1
∩S

∣ ∣ ∣(π
S

(b
))
>
z
∣ ∣ ∣d
µ
SD
−
1
∩S

(5
7)

=
∥ ∥ π
S

(b
)∥ ∥

2

∫ z
∈S

D
−
1
∩S

∣ ∣ ∣ ∣( π̂
S

(b
)) >

z

∣ ∣ ∣ ∣d
µ
SD
−
1
∩S
.

(5
8)

W
ri

tin
g
z
′ a

nd
b
′ f

or
th

e
co

or
di

na
te

re
pr

es
en

ta
tio

n
of
z

an
d
π̂
S

(b
)

w
ith

re
sp

ec
tt

o
a

ba
si

s
of
S,

an
d

no
tin

g
th

at
µ
SD
−
1
∩S
∼ =
µ
Sd
−
1
,w

e
ha

ve
th

at
∫ z
∈S

D
−
1
∩S

∣ ∣ ∣ ∣( π̂
S

(b
)) >

z

∣ ∣ ∣ ∣d
µ
SD
−
1
∩S

=

∫ z
′ ∈

Sd
−
1

∣ ∣ ∣z
′>
b
′∣ ∣ ∣d
µ
Sd
−
1

=
c d
,

(5
9)

w
he

re
no

w
c d

is
th

e
av

er
ag

e
he

ig
ht

of
th

e
un

it
he

m
is

ph
er

e
of

R
d
.F

in
al

ly
,n

ot
in

g
th

at
∥ ∥ π
S

(b
)∥ ∥

2
=
∥ ∥ b
∥ ∥ 2

co
s(
φ

),
(6

0)

w
he

re
φ

is
th

e
pr

in
ci

pa
la

ng
le

of
b

fr
om

th
e

su
bs

pa
ce
S,

w
e

ha
ve

th
at

E µ
SD
−
1
∩
S
(f
b
)

=
∥ ∥ b
∥ ∥ 2
c d

co
s(
φ

).
(6

1)
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S

A
K
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IS

A
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D
V

ID
A

L

5.
3

Pr
oo

fo
fT

he
or

em
5

B
ec

au
se

of
th

e
co

ns
tr

ai
nt
b
>
b

=
1

in
(2

1)
,a

nd
us

in
g

(2
5)

,p
ro

bl
em

(2
1)

ca
n

be
w

ri
tte

n
as

m
in b

[M
c D

+
N
c d

co
s(
φ

)]
s.

t.
b
>
b

=
1.

(6
2)

It
is

th
en

im
m

ed
ia

te
th

at
th

e
gl

ob
al

m
in

im
um

is
eq

ua
l

to
M
c D

an
d

it
is

at
ta

in
ed

if
an

d
on

ly
if

φ
=
π
/2

,w
hi

ch
co

rr
es

po
nd

s
to
b
⊥
S.

5.
4

Pr
oo

fo
fT

he
or

em
6

A
ti

te
ra

tio
n
k

th
e

op
tim

iz
at

io
n

pr
ob

le
m

as
so

ci
at

ed
w

ith
(2

2)
is

m
in

b
∈R

D
J

(b
)

=
∥ ∥ b
∥ ∥ 2

(M
c D

+
N
c d

co
s(
φ

))
s.

t.
b
>
n̂
k

=
1,

(6
3)

w
he

re
φ

is
th

e
pr

in
ci

pa
la

ng
le

of
b

fr
om

th
e

su
bs

pa
ce
S.

L
et
φ
k

be
th

e
pr

in
ci

pa
la

ng
le

of
n̂
k

fr
om
S,

an
d

le
tn

k
+

1
be

a
gl

ob
al

m
in

im
iz

er
of

(6
3)

,w
ith

pr
in

ci
pa

la
ng

le
fr

om
S

eq
ua

lt
o
φ
k
+

1
.W

e
sh

ow
th

at
φ
k
+

1
≥
φ
k
.T

o
se

e
th

is
,n

ot
e

th
at

th
e

de
cr

ea
se

in
th

e
ob

je
ct

iv
e

fu
nc

tio
n

at
ite

ra
tio

n
k

is

J
(n̂

k
)
−
J

(n
k
+

1
)

:=
M
c D
∥ ∥ n̂

k

∥ ∥ 2
+
N
c d
∥ ∥ n̂

k

∥ ∥ 2
co

s(
φ
k
)

−
M
c D
∥ ∥ n

k
+

1

∥ ∥ 2
−
N
c d
∥ ∥ n

k
+

1

∥ ∥ 2
co

s(
φ
k
+

1
).

(6
4)

Si
nc

e
n
> k+

1
n̂
k

=
1

,
w

e
m

us
t

ha
ve

th
at
∥ ∥ n

k
+

1

∥ ∥ 2
≥

1
=
∥ ∥ n̂

k

∥ ∥ 2
.

N
ow

if
φ
k
+

1
<

φ
k
,

th
en

co
s(
φ
k
+

1
)
>

co
s(
φ
k
).

B
ut

th
en

(6
4)

im
pl

ie
s

th
at
J

(n
k
+

1
)
>
J

(n̂
k
),

w
hi

ch
is

a
co

nt
ra

di
ct

io
n

on
th

e
op

tim
al

ity
of
n
k
+

1
.

H
en

ce
it

m
us

tb
e

th
e

ca
se

th
at
φ
k
+

1
≥
φ
k
,a

nd
so

th
e

se
qu

en
ce
{φ

k
} k

is
no

n-
de

cr
ea

si
ng

.
In

pa
rt

ic
ul

ar
,

si
nc

e
φ

0
>

0
by

hy
po

th
es

is
,

w
e

m
us

t
al

so
ha

ve
φ
k
>

0
,

i.e
.,

n̂
k
6∈
S,
∀k
≥

0
.

L
et

tin
g
ψ
k

be
th

e
an

gl
e

of
b

fr
om

n̂
k
,

th
e

co
ns

tr
ai

nt
b
>
n̂
k

=
1

gi
ve

s
0
≤
ψ
k
<
π
/2

an
d

∥ ∥ b
∥ ∥ 2

=
1/

co
s(
ψ
k
),

an
d

so
w

e
ca

n
w

ri
te

th
e

op
tim

iz
at

io
n

pr
ob

le
m

(6
3)

eq
ui

va
le

nt
ly

as

m
in

b
∈R

D

M
c D

+
N
c d

co
s(
φ

)

co
s(
ψ
k
)

s.
t.
b
>
n̂
k

=
1.

(6
5)

If
n̂
k

is
or

th
og

on
al

to
S,

i.e
.,
φ
k

=
π
/2

,t
he

n
J

(n̂
k
)

=
M
c D
≤
J

(b
),
∀b

:
b
>
n̂
k

=
1

,w
ith

eq
ua

lit
y

on
ly

if
b

=
n̂
k
.A

s
a

co
ns

eq
ue

nc
e,
n
k
′

=
n̂
k
,
∀k
′ >

k
,a

nd
in

pa
rt

ic
ul

ar
if
φ

0
=
π
/2

,t
he

n
k
∗

=
0.

So
su

pp
os

e
th

at
φ
k
<
π
/2

an
d

le
tn̂
⊥ k

be
th

e
no

rm
al

iz
ed

or
th

og
on

al
pr

oj
ec

tio
n

of
n̂
k

on
to
S⊥

.
W

e
w

ill
pr

ov
e

th
at

ev
er

y
gl

ob
al

m
in

im
iz

er
of

pr
ob

le
m

(6
5)

m
us

tl
ie

in
th

e
tw

o-
di

m
en

si
on

al
pl

an
e

H
:=

S
p
an

(n̂
k
,n̂
⊥ k

).
To

se
e

th
is

,l
et
b

ha
ve

no
rm

1/
co

s(
ψ
k
)

fo
rs

om
e
ψ
k
<
π
/2

.I
fψ

k
>
π
/2
−

φ
k
,t

he
n

su
ch

a
b

ca
n

no
tb

e
a

gl
ob

al
m

in
im

iz
er

of
(6

5)
,a

s
th

e
fe

as
ib

le
ve

ct
or
n̂
⊥ k
/

si
n
(φ
k
)
∈
H

al
re

ad
y

gi
ve

s
a

sm
al

le
ro

bj
ec

tiv
e,

si
nc

e

J
(n̂
⊥ k
/

si
n
(φ
k
))

=
M
c D

si
n
(φ
k
)

=
M
c D

co
s(
π
/2
−
φ
k
)
<
M
c D

+
N
c d

co
s(
φ

)

co
s(
ψ
k
)

=
J

(b
).

(6
6)

T
hu

s,
w

ith
ou

tl
os

s
of

ge
ne

ra
lit

y,
w

e
m

ay
re

st
ri

ct
to

th
e

ca
se

w
he

re
ψ
k
≤
π
/2
−
φ
k
.

D
en

ot
e

by
ĥ
k

th
e

no
rm

al
iz

ed
pr

oj
ec

tio
n

of
n̂
k

on
to
S

an
d

by
n̂
†

th
e

ve
ct

or
th

at
is

ob
ta

in
ed

fr
om

n̂
k

by
ro

ta
tin

g
it
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IT

tow
ards

n̂
⊥k

by
ψ
k .

N
ote

thatboth
ĥ
k

and
n̂
†k

lie
in
H

.
L

etting
Ψ
k
∈

[0,π
]be

the
sphericalangle

betw
een

the
sphericalarc

form
ed

by
n̂
k ,b̂

and
the

sphericalarc
form

ed
by
n̂
k ,ĥ

k ,the
sphericallaw

ofcosines
gives

cos(∠
b
,ĥ

k )
=

cos(φ
k )

cos(ψ
k )

+
sin

(φ
k )

sin
(ψ

k )
cos(Ψ

k ).
(67)

N
ow

,
Ψ
k

is
equalto

π
ifand

only
if
n̂
k ,ĥ

k ,b
are

coplanar,i.e.,ifand
only

if
b
∈
H

.Suppose
that

b
6∈
H

.T
hen

Ψ
k
<
π

,and
so

cos(Ψ
k )
>
−

1,w
hich

im
plies

that

co
s(∠
b
,ĥ

k )
>

cos(φ
k )

cos(ψ
k )−

sin
(φ
k )

sin
(ψ

k )
=

cos(φ
k

+
ψ
k ).

(68)

T
his

in
turn

im
plies

thatthe
principalangle

φ
of
b

from
S

is
strictly

sm
allerthan

φ
k

+
ψ
k ,and

so

J
(b

)
=
M
c
D

+
N
c
d

cos(φ
)

cos(ψ
k )

>
M
c
D

+
N
c
d

cos(φ
k

+
ψ
k )

cos(ψ
k )

=
J

(n̂
†k /

cos(ψ
k )),

(69)

i.e.,the
feasible

vector
n̂
†k /

cos(ψ
k )∈

H
gives

strictly
sm

allerobjective
than

b.
To

sum
m

arize,for
the

case
w

here
φ
k
<
π
/
2,w

e
have

show
n

thatany
globalm

inim
izer

b
of

(65)m
usti)have

angle
ψ
k

from
n̂
k

less
orequalto

π
/2−

φ
k ,and

ii)itm
ustlie

in
S
p
an

(n̂
k ,n̂

⊥k
).

H
ence,w

e
can

rew
rite

(65)in
the

equivalentform

m
in

ψ∈
[−
π
/
2
+
φ
k
,π
/
2−
φ
k
]
J
k (ψ

)
:=

M
c
D

+
N
c
d

cos(φ
k

+
ψ

)

cos(ψ
k )

,
(70)

w
here

now
ψ
k

takes
positive

values
as
b

approaches
n̂
⊥k

and
negative

values
as

itapproaches
ĥ
k .

T
he

functionJ
k

is
continuous

and
differentiable

in
the

interval
[−
π
/2

+
φ
k ,π

/2−
φ
k ],w

ith
deriva-

tive
given

by

∂J
k

∂
ψ

=
M
c
D

sin
(ψ

)−
N
c
d

sin
(φ
k )

cos
2(ψ

)
.

(71)

Setting
the

derivative
to

zero
gives

sin
(ψ

)
=
α

sin
(φ
k ).

(72)

If
α

sin
(φ
k )
≥

sin
(π
/2
−
φ
k )

=
cos(φ

k ),
or

equivalently
tan

(φ
k )
≥

1
/α

,
then

J
k

is
strictly

decreasing
in

the
interval

[−
π
/2

+
φ
k ,π

/2−
φ
k ],and

so
itm

ustattain
its

m
inim

um
precisely

at
ψ

=
π
/2−

φ
k ,w

hich
corresponds

to
the

choice
n
k
+

1
=
n̂
⊥k
/

sin
(φ
k ).T

hen
by

an
earlierargum

ent
w

e
m

usthave
that

n̂
k ′⊥

S
,∀
k ′≥

k
+

1.If,on
the

otherhand,
tan

(φ
k )
<

1
/α

,then
the

equation
(72)defines

an
angle

ψ
∗k

:=
sin −

1(α
sin

(φ
k ))∈

(0,π
/2−

φ
k ),

(73)

atw
hichJ

k
m

ustattain
its

globalm
inim

um
,since

∂
2J

k

∂
ψ

2
(ψ
∗k )

=
1

cos(ψ
∗k )
>

0.
(74)
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a
consequence,if

tan
(φ
k )
<

1/α
,then

φ
k
+

1
=
φ
k

+
sin −

1(α
sin

(φ
k ))

<
π
/2.

(75)

W
e

then
see

inductively
thataslong

as
tan

(φ
k )
<

1
/α

,φ
k

increasesby
a

quantity
w

hich
isbounded

from
below

by
sin −

1(α
sin

(φ
0 )).

T
hus,

φ
k

w
illkeep

increasing
untilitbecom

es
greater

than
the

solution
to

the
equation

tan
(φ

)
=

1
/α

,
at

w
hich

point
the

global
m

inim
izer

w
ill

be
the

vector
n
k
+

1
=
n̂
⊥k
/

sin
(φ
k ),

and
so
n̂
k ′

=
n̂
k
+

1 ,∀
k ′
≥

k
+

1.
Finally,

under
the

hypothesis
that

φ
k
<

tan −
1(1/α

),w
e

have

φ
k

=
φ

0
+
k−

1
∑j=

0

sin −
1(α

sin
(φ
j ))≥

φ
0

+
k

sin −
1(α

sin
(φ

0 )),
(76)

from
w

here
itfollow

s
thatthe

m
axim

alnum
ber

of
iterations

needed
for

φ
k

to
becom

e
larger

than

tan −
1(1/α

)is ⌈
ta

n
−
1
(1
/
α

)−
φ
0

sin
−
1
(α

sin
(φ

0
)) ⌉,atw

hich
pointatm

ostone
m

ore
iteration

w
illbe

needed
to

achieve

orthogonality
toS

.

5.5
ProofofL

em
m

a
7

L
etting

R
be

a
rotation

thattakes
b

to
the

firstcanonicalvector
e

1 ,i.e.,R
b

=
e

1 ,w
e

have
that

∫

z∈
S
D
−
1

S
ign

(b >
z

)z
d
µ
S
D
−
1

=

∫

z∈
S
D
−
1

S
ign

(b >
R
>
R
z

)z
d
µ
S
D
−
1

(77)

=

∫

z∈
S
D
−
1

S
ign

(e >1
z

)R
>
z
d
µ
S
D
−
1

(78)

=
R
>
∫

z∈
S
D
−
1

S
ign

(z
1 )z

d
µ
S
D
−
1 ,

(79)

w
here

z
1

is
the

firstcartesian
coordinate

of
z.

R
ecalling

the
definition

of
c
D

in
equation

(23),w
e

see
that

∫

z∈
S
D
−
1

S
ign

(z
1 )z

1 d
µ
S
D
−
1

=

∫

z∈
S
D
−
1 |z

1 |d
µ
S
D
−
1

=
c
D
.

(80)

M
oreover,forany

i
>

1,w
e

have∫

z∈
S
D
−
1

S
ign

(z
1 )z

i d
µ
S
D
−
1

=
0.

(81)

C
onsequently,the

integralin
(79)becom

es
∫

z∈
S
D
−
1

S
ign

(b >
z

)z
d
µ
S
D
−
1

=
R
>
∫

z∈
S
D
−
1

S
ign

(z
1 )z

d
µ
S
D
−
1

=
R
>

(c
D
e

1 )
=
c
D
b
.

(82)

5.6
ProofofL

em
m

a
8

Forany
b
∈
S
D
−

1
w

e
can

w
rite

c
D
b−

o
b

=
ρ

1 b
+
ρ

2 ζ
,

(83)
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P
U

R
S

U
IT

fo
rs

om
e

ve
ct

or
ζ
∈
SD
−

1
or

th
og

on
al

to
b

,a
nd

so
it

is
en

ou
gh

to
sh

ow
th

at
√
ρ

2 1
+
ρ

2 2
≤
√

5S
D
,M

(O
).

L
et

us
fir

st
bo

un
d

fr
om

ab
ov

e
|ρ

1
|i

n
te

rm
s

of
S
D
,M

(O
).

To
w

ar
ds

th
at

en
d,

ob
se

rv
e

th
at

ρ
1

=
b
>

(c
D
b
−
o
b
)

=
c D
−

1 M

M ∑ j=
1

∣ ∣ b
>
o
j

∣ ∣ =
∫ z
∈S

D
−
1

f b
(z

)d
µ
SD
−
1
−

1 M

M ∑ j=
1

f b
(o
j
),

(8
4)

w
he

re
th

e
eq

ua
lit

y
fo

llo
w

s
fr

om
th

e
de

fin
iti

on
of
c D

in
(2

3)
an

d
re

ca
lli

ng
th

at
f b

(z
)

=
∣ ∣ b
>
z
∣ ∣ .

In
ot

he
rw

or
ds

,ρ
1

is
th

e
er

ro
ri

n
ap

pr
ox

im
at

in
g

th
e

in
te

gr
al

of
f b

on
SD
−

1
by

th
e

av
er

ag
e

of
f b

on
th

e
po

in
ts

et
O

.
N

ow
,n

ot
ic

e
th

at
ea

ch
su

pe
r-

le
ve

ls
et
{ z
∈
SD
−

1
:
f b

(z
)
≥
α
}

fo
r
α
∈

[0
,1

],
is

th
e

un
io

n
of

tw
o

sp
he

ri
ca

lc
ap

s,
an

d
al

so
th

at

su
p

z
∈S

D
−
1

f b
(z

)
−

in
f

z
∈S

D
−
1
f b

(z
)

=
1
−

0
=

1
.

(8
5)

W
e

th
es

e
in

m
in

d,
re

pe
at

in
g

th
e

en
tir

e
ar

gu
m

en
to

f
th

e
pr

oo
f

of
T

he
or

em
1

in
(H

ar
m

an
,2

01
0)

th
at

le
ad

to
in

eq
ua

lit
y

(9
)

in
(H

ar
m

an
,2

01
0)

,b
ut

no
w

fo
r

a
m

ea
su

ra
bl

e
fu

nc
tio

n
w

ith
re

sp
ec

tt
o
µ
SD
−
1

(t
ha

tw
ou

ld
be
f b

),
le

ad
s

di
re

ct
ly

to

|ρ
1
|≤

S
D
,M

(O
).

(8
6)

Fo
rρ

2
w

e
ha

ve
th

at

ρ
2

=
ζ
>

(c
D
b
)
−
ζ
>
o
b

(8
7)

=

∫ z
∈S

D
−
1

S
ig

n
( b
>
z
) ζ
>
z
d
µ
SD
−
1
−

1 M

M ∑ j=
1

S
ig

n
( b
>
o
j

) ζ
>
o
j

(8
8)

=

∫ z
∈S

D
−
1

g b
,ζ

(z
)d
µ
SD
−
1
−

1 M

M ∑ j=
1

g b
,ζ

(o
j
),

(8
9)

w
he

re
g b
,ζ

:
SD
−

1
→

R
is

de
fin

ed
as
g b
,ζ

(z
)

=
S
ig

n
( b
>
z
) ζ
>
z

.
T

he
n

a
si

m
ila

r
ar

gu
m

en
ta

s
fo

r
ρ

1
,w

ith
th

e
di

ff
er

en
ce

th
at

no
w

su
p

z
∈S

D
−
1

g b
,ζ

(z
)
−

in
f

z
∈S

D
−
1
g b
,ζ

(z
)

=
1
−

(−
1)

=
2,

(9
0)

le
ad

s
to

|ρ
2
|≤

2S
D
,M

(O
).

(9
1)

In
vi

ew
of

(8
6)

,i
ne

qu
al

ity
(9

1)
es

ta
bl

is
he

s
th

at
√
ρ

2 1
+
ρ

2 2
≤
√

5
S
D
,M

(O
),

w
hi

ch
co

nc
lu

de
s

th
e

pr
oo

fo
ft

he
le

m
m

a.

5.
7

Pr
oo

fo
fL

em
m

a
9

Si
nc

e
x

lie
s

in
S,

w
e

ha
ve
f
b
(x

)
=
f
v
(x

)
=
f
v̂
(x

),
so

th
at

∫ x
∈S

D
−
1
∩S

S
ig

n
(b
>
x

)x
d
µ
SD
−
1

=

∫ x
∈S

D
−
1
∩S

S
ig

n
(v̂
>
x

)x
d
µ
SD
−
1
.

(9
2)

N
ow

ex
pr

es
s
x

an
d
v̂

on
a

ba
si

s
of
S,

us
e

L
em

m
a

7
re

pl
ac

in
g
D

w
ith
d

,a
nd

th
en

sw
itc

h
ba

ck
to

th
e

st
an

da
rd

ba
si

s
of

R
D

.
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8

Pr
oo

fo
fT

he
or

em
11

To
pr

ov
e

th
e

th
eo

re
m

w
e

ne
ed

th
e

fo
llo

w
in

g
le

m
m

a.

L
em

m
a

13
Fo

r
an

y
b
∈
SD
−

1
w

e
ha

ve
th

at

M
(c
D

+
ε O

,M
)
≥
∥ ∥ O
>
b
∥ ∥ 1
≥
M

(c
D
−
ε O

,M
)

(9
3)

N
(c
d

+
ε X

,N
)

co
s(
φ

)
≥
∥ ∥ X
>
b
∥ ∥ 1
≥
N

(c
d
−
ε X

,N
)

co
s(
φ

).
(9

4)

Pr
oo

f
W

e
on

ly
pr

ov
e

th
e

se
co

nd
in

eq
ua

lit
y

as
th

e
fir

st
is

ev
en

si
m

pl
er

.L
et
v
6=

0
be

th
e

or
th

og
on

al
pr

oj
ec

tio
n

of
b

on
to
S.

B
y

de
fin

iti
on

of
ε X

,N
,t

he
re

ex
is

ts
a

ve
ct

or
ξ
∈
S

of
` 2

no
rm

le
ss

or
eq

ua
l

to
ε X

,N
,s

uc
h

th
at

x
v

=
x
b

=
1 N

N ∑ j=
1

S
ig

n
(b
>
x
j
)x

j
=
c d
v̂

+
ξ
.

(9
5)

Ta
ki

ng
in

ne
rp

ro
du

ct
of

bo
th

si
de

s
w

ith
b

gi
ve

s

1 N

∥ ∥ X
>
b
∥ ∥ 1

=
c d

co
s(
φ

)
+
b
>
ξ
.

(9
6)

N
ow

,t
he

re
su

lt
fo

llo
w

s
by

no
tin

g
th

at
∣ ∣ b
>
ξ
∣ ∣ ≤

ε X
,N

co
s(
φ

),
si

nc
e

th
e

pr
in

ci
pa

la
ng

le
of
b

fr
om

S
p
an

(ξ
)

ca
n

no
tb

e
le

ss
th

en
φ

.

N
ow

,l
et
b
∗

be
an

op
tim

al
so

lu
tio

n
of

(9
).

T
he

n
b
∗

m
us

ts
at

is
fy

th
e

fir
st

or
de

ro
pt

im
al

ity
re

la
tio

n

0
∈
λ
b
∗

+
X̃

S
gn

(X̃
>
b
∗ )
,

(9
7)

w
he

re
λ

is
a

sc
al

ar
L

ag
ra

ng
e

m
ul

tip
lie

r
pa

ra
m

et
er

,a
nd

S
gn

is
th

e
su

b-
di

ff
er

en
tia

lo
f

th
e
` 1

no
rm

.
Fo

rt
he

sa
ke

of
co

nt
ra

di
ct

io
n,

su
pp

os
e

th
at
b
∗
6⊥
S.

If
b
∗
∈
S,

th
en

us
in

g
L

em
m

a
13

w
e

ha
ve

M
c D

+
M
ε O
≥

m
in

b
⊥
S,
b
>
b
=

1

∥ ∥ O
>
b
∥ ∥ 1
≥
∥ ∥ O
>
b
∗∥ ∥

1
+
∥ ∥ X
>
b
∗∥ ∥

1

≥
M
c D
−
M
ε O

+
N
c d
−
N
ε X
,

(9
8)

w
hi

ch
vi

ol
at

es
th

e
fir

st
in

eq
ua

lit
y

of
hy

po
th

es
is

(4
6)

.H
en

ce
,w

e
ca

n
as

su
m

e
th

at
b
∗
6∈
S.

B
y

th
e

ge
ne

ra
lp

os
iti

on
hy

po
th

es
is

as
w

el
la

s
Pr

op
os

iti
on

14
,b
∗

w
ill

be
or

th
og

on
al

to
pr

ec
is

el
y

D
−

1
po

in
ts

,a
m

on
g

w
hi

ch
K

1
po

in
ts

be
lo

ng
to

O
,s

ay
,w

ith
ou

tl
os

s
of

ge
ne

ra
lit

y,
o

1
,.
..
,o

K
1
,

an
d

0
≤
K

2
≤
d
−

1
po

in
ts

be
lo

ng
to

X
,s

ay
x

1
,.
..
,x

K
2
.

T
he

n
th

er
e

m
us

te
xi

st
re

al
nu

m
be

rs
−

1
≤
α
j
,β
j
≤

1,
su

ch
th

at

λ
b
∗

+

K
1

∑ j
=
1

α
j
o
j

+
M ∑

j
=
K

1
+
1

S
ig

n
(o
> j
b
∗ )
o
j

+

K
2

∑ j
=
1

β
j
x
j

+
N ∑

j
=
K

2
+
1

S
ig

n
(x
> j
b
∗ )
x
j

=
0
.

(9
9)

Si
nc

e
S
ig

n
(o
> j
b
∗ )

=
0
,∀
j
≤
K

1
an

d
si

m
ila

rl
y

S
ig

n
(x
> j
b
∗ )

=
0,
∀j
≤
K

2
,w

e
ca

n
eq

ui
va

le
nt

ly
w

ri
te

λ
b
∗

+

K
1

∑ j=
1

α
j
o
j

+
M ∑ j=

1

S
ig

n
(o
> j
b
∗ )
o
j

+

K
2

∑ j=
1

β
j
x
j

+
N ∑ j=

1

S
ig

n
(x
> j
b
∗ )
x
j

=
0

(1
00

)
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D
U

A
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P
R
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C

IPA
L

C
O

M
P

O
N

E
N

T
P

U
R

S
U

IT

orm
ore

com
pactly

λ
b ∗

+
ξO

+
M
o
b ∗

+
ξX

+
N
x
v̂
∗

=
0
,

(101)

w
here

v̂
∗

is
the

norm
alized

projection
of
b ∗

ontoS
(nonzero

since
b ∗6⊥

S
by

hypothesis),and

o
b ∗

:=
1M

M∑j=
1

S
ign

(o
>j
b ∗)o

j ,
x
v̂
∗

:=
1N

N
∑j=

1

S
ign

(x
>j
v̂
∗)x

j ,
(102)

ξO
:=

K
1

∑j=
1

α
j o
j ,

ξX
:=

K
2

∑j=
1

β
j x

j .
(103)

From
the

definitions
of
εO

,M
and

εX
,N

in
(34)and

(42)respectively,w
e

have
that

o
b ∗

=
c
D
b ∗

+
η
O
,
||η

O ||2 ≤
εO

,M
(104)

x
v̂
∗

=
c
d
v̂
∗

+
η
X
,
||η

X
||2 ≤

εX
,N
,

(105)

and
so

(101)becom
es

λ
b ∗

+
ξO

+
M
c
D
b ∗

+
M
η
O

+
ξX

+
N
c
d
v̂
∗

+
N
η
X

=
0
.

(106)

Since
b ∗
6∈
S

,w
e

have
that

b ∗,v̂
∗

are
linearly

independent.
D

efine
the

tw
o-dim

ensionalsubspace
U

:=
S
p
a
n

(b ∗,v̂
∗)

and
project(106)ontoU

to
get

λ
b ∗

+
π
U

(ξO
)

+
M
c
D
b ∗

+
M
π
U

(η
O

)
+
π
U

(ξX
)

+
N
c
d
v̂
∗

+
N
π
U

(η
X

)
=

0
.

(107)

N
ow

,very
vector

u
in

the
im

age
of
π
U

can
be

w
ritten

as
a

linearcom
bination

of
b ∗

and
v̂
∗:

u
=

[u
]b ∗
b ∗

+
[u

]v̂
∗
v̂
∗,

w
ith

[u
]b ∗
,

[u
]v̂
∗ ∈

R
.

(108)

Taking
innerproductof

u
w

ith
b ∗

and
v̂
∗,w

e
getrespectively

u
>
b ∗

=
[u

]b ∗
+

[u
]v̂
∗

cos(φ
∗)

(109)

u
>
v̂
∗

=
[u

]b ∗
cos(φ

∗)
+

[u
]v̂
∗
,

(110)

w
here

φ
∗

is
the

angle
betw

een
b ∗

and
v̂
∗,i.e.,the

angle
of
b ∗

from
S

.Solving
w

ith
respectto

[u
]v̂
∗ ,

w
e

obtain

[u
]v̂
∗

=
u
>
v̂
∗−

u
>
b ∗

cos(φ
∗)

1−
co

s
2(φ
∗)

,
(111)

w
hich

in
turn

gives
an

upperbound
on

the
m

agnitude
of

[u
]v̂
∗ :

|[u
]v̂
∗ |≤

1
+

cos(φ
∗)

1−
cos

2(φ
∗)
‖
u‖

2
.

(112)

G
oing

back
to

(107)and
w

riting
each

vectoras
a

linearcom
bination

of
b ∗

and
v̂
∗,w

e
obtain

λ
b ∗

+
[π
U

(ξO
)]b

∗
b ∗

+
[π
U

(ξO
)]v̂

∗
v̂
∗

+
M
c
D
b ∗

+
M

[π
U

(η
O

)]b
∗
b ∗

+
M

[π
U

(η
O

)]v̂
∗
v̂
∗+

[π
U

(ξX
)]b

∗
b ∗

+
[π
U

(ξX
)]v̂

∗
v̂
∗

+
N
c
d
v̂
∗

+
N

[π
U

(η
X

)]b
∗
b ∗

+
N

[π
U

(η
X

)]v̂
∗
v̂
∗

=
0
.

(113)
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SinceU
is

a
tw

o-dim
ensional

space,there
exists

a
vector

ζ̂
∈
U

that
is

orthogonal
to
b ∗

but
not

orthogonal
to
v̂
∗.

Projecting
the

above
equation

onto
the

line
spanned

by
ζ̂,

w
e

obtain
the

one-
dim

ensionalequation

([π
U

(ξO
)]v̂

∗
+
M

[π
U

(η
O

)]v̂
∗

+
[π
U

(ξX
)]v̂

∗
+
N
c
d

+
N

[π
U

(η
X

)]v̂
∗ )·

ζ̂
>
v̂
∗

=
0.

(114)

Since
ζ̂

is
notorthogonalto

v̂
∗,the

above
equation

im
plies

that

[π
U

(ξO
)]v̂
∗

+
M

[π
U

(η
O

)]v̂
∗

+
[π
U

(ξX
)]v̂
∗

+
N
c
d

+
N

[π
U

(η
X

)]v̂
∗

=
0,

(115)

w
hich,in

turn,im
plies

that

N
c
d ≤
|[π
U

(ξO
)]v̂
∗ |+

M
|[π
U

(η
O

)]v̂
∗ |

+
|[π
U

(ξX
)]v̂
∗ |+

N
|[π
U

(η
X

)]v̂
∗ |.

(116)

Invoking
the

upperbound
of(112)togetherw

ith
∥∥
ξO
∥∥

2 ≤
R

O
,K

1 , ∥∥
ξX
∥∥

2 ≤
R

X
,K

2 , ∥∥
η
O
∥∥

2 ≤
εO

,M
, ∥∥
η
X
∥∥

2 ≤
εX

,N
,

(117)

and
the

definition
ofR

O
,X

(D
efinition

10),w
e

get

N
c
d ≤

1
+

cos(φ
∗)

1−
cos

2(φ
∗)

(R
O
,X

+
M
εO

,M
+
N
εX

,N
)
,

(118)

orequivalently

N
c
d

cos
2(φ
∗)

+
(R

O
,X

+
M
εO

,M
+
N
εX

,N
)

cos(φ
∗)

+
(R

O
,X

+
M
εO

,M
+
N
εX

,N
−
N
c
d )≥

0.
(119)

T
his

is
a

quadratic
polynom

ialin
cos(φ

∗),w
hose

constantterm
is

negative
by

the
second

inequality
of

hypothesis
(46),and

thus
has

exactly
one

positive
and

one
negative

root.
A

s
consequence,this

polynom
ialbeing

non-negative
together

w
ith

the
factthat

cos(φ
∗)
>

0,im
plies

that
cos(φ

∗)
m

ust
be

greaterthan
the

positive
rootofthe

polynom
ial,i.e.,

cos(φ
∗)≥

−
Q

+
√

Q
2

+
4
c
d (c

d −
Q

)

2
c
d

,
Q

:=
R

O
,X

N
+
εO

,M
MN

+
εX

,N
.

(120)

O
n

the
otherhand,by

L
em

m
a

13
w

e
have

M
(c

D
+
εO

,M
)≥

m
in

b̂⊥
S ∥∥∥ X̃

>
b̂ ∥∥∥

1 ≥
∥∥∥ X̃
>
b ∗ ∥∥∥

1 ≥
M

(c
D
−
εO

,M
)

+
N

(c
d −

εX
,N

)
cos(φ

∗),
(121)

w
hich

im
plies

that

2
M
εO

,M
≥
N

(c
d −

εX
,N

) −
Q

+
√

Q
2

+
4
c
d (c

d −
Q

)

2
c
d

.
(122)

T
his

latterinequality
is

equivalentto
the

inequality

2
ε
2O
,M

(3c
d −

εX
,N

) (
MN

)
2

+
εO

,M
(c
d −

εX
,N

) (
2 R

O
,X

N
+
εX

,N
+
c
d )

MN

−
(c
d −

εX
,N

)
2 (

c
d −

εX
,N
−
R

O
,X

N

)
≥

0,
(123)
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x̂

.H
ow

ev
er

,b
∗

ca
n

no
tb

e
a

gl
ob

al
m

in
im

iz
er

,s
in

ce
sm

al
la

ng
le

s
fr

om
S

yi
el

d
la

rg
e

ob
je

ct
iv

e
va

lu
es

.

W
e

sh
ou

ld
no

te
he

re
th

at
th

e
pi

ct
ur

e
fo

r
th

e
ge

ne
ra

ls
et

tin
g

is
an

al
og

ou
s

to
w

ha
tw

e
de

sc
ri

be
d

ab
ov

e,
al

be
it

ha
rd

er
to

vi
su

al
iz

e:
w

ith
re

fe
re

nc
e

to
eq

ua
tio

n
(1

00
),

th
e

op
tim

al
ity

co
nd

iti
on

sa
ys

th
at

ev
er

y
fe

as
ib

le
po

in
tb
∗
6⊥
S

m
us

th
av

e
th

e
fo

llo
w

in
g

pr
op

er
ty

:
th

er
e

ex
is

t0
≤
K

2
≤
d
−

1
in

lie
rs

x
1
,.
..
,x

K
2

an
d

0
≤
K

1
≤
D
−

1
−
K

2
ou

tli
er

s
o

1
,.
..
,o

K
1

to
w

hi
ch
b
∗

is
or

th
og

on
al

,a
nd

tw
o

po
in

ts
ξ
O
∈

C
on

v
(±
o

1
±
··
·±

o
K

1
)

+
o
b
∗

an
d
ξ
X
∈

C
on

v
(±
x

1
±
··
·±

x
K

2
)

+
x
b
∗

th
at

ar
e

jo
in

ed
by

an
af

fin
e

lin
e

th
at

is
pa

ra
lle

lt
o

th
e

lin
e

sp
an

ne
d

by
b
∗ .

In
fa

ct
in

ou
rp

ro
of

of
T

he
or

em
11

w
e

re
du

ce
d

th
is

ge
ne

ra
lc

as
e

to
th

e
ca

se
d

=
1,
D

=
2

de
sc

ri
be

d
ab

ov
e:

th
is

re
du

ct
io

n
is

pr
ec

is
el

y
ta

ki
ng

pl
ac

e
in

eq
ua

tio
n

(1
07

),
w

he
re

w
e

pr
oj

ec
t

th
e

op
tim

al
ity

eq
ua

tio
n

on
to

th
e

2
-d

im
en

si
on

al
su

bs
pa

ce
U.

T
he

ar
gu

m
en

ts
th

at
fo

llo
w

th
is

pr
oj

ec
tio

n
co

ns
is

t
of

no
th

in
g

m
or

e
th

an
a

te
ch

ni
ca

l
tr

ea
tm

en
to

ft
he

in
tu

iti
on

gi
ve

n
ab

ov
e.

5.
9

Pr
oo

fo
fT

he
or

em
12

Fi
rs

tn
ot

e
th

at
if

(4
6)

is
tr

ue
,t

he
n

th
e

ex
pr

es
si

on
of

(5
1)

al
w

ay
s

de
fin

es
an

an
gl

e
be

tw
ee

n
0

an
d
π
/2

.
W

e
st

ar
t

by
es

ta
bl

is
hi

ng
th

at
n̂
k

do
es

no
t

lie
in

th
e

in
lie

r
sp

ac
e
S.

Fo
r
k

=
0

th
is

is
tr

ue
by

th
e
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U

IT

M
o
b ∗

+
C

on
v
(±
o

1 )
+

S
p
an

(b ∗)

−
N

S
ign

(x̂
>
b ∗)x̂

M
o
b ∗

+
C

on
v
(±
o

1 )

M
o
b ∗

b ∗
o

1

Figure
3:G

eom
etry

ofthe
optim

ality
condition

(97)and
(125)forthe

case
d

=
1,D

=
2,N

<
<
M

.
C

riticalpoints
b ∗6⊥

S
do

existand
m

oreoverthey
can

have
large

angle
from

S
.T

hisisbecause
N

is
sm

alland
so

the
polytope

M
o
b ∗

+
C

on
v
(±
o

1 )
+

S
p
an

(b ∗)
contains

the
point−

N
S
ign

(x̂
>
b ∗)x̂

.
M

oreover,such
criticalpoints

can
be

globalm
inim

izers.
C

ondition
(46)

of
T

heorem
11

prevents
such

cases
from

occuring.

hypothesis
(51).Forthe

sake
ofcontradiction

suppose
that

n̂
k ∈
S

forsom
e
k
>

0.N
ote

that
∥∥X̃
>
n̂

0 ∥∥
1 ≥

∥∥X̃
>
n

1 ∥∥
1 ≥

∥∥X̃
>
n̂

1 ∥∥
1 ≥
···≥

∥∥X̃
>
n̂
k ∥∥

1 .
(127)

Suppose
firstthat

n̂
0 ⊥
S

.T
hen

(127)gives
∥∥O
>
n̂

0 ∥∥
1 ≥

∥∥O
>
n̂
k ∥∥

1
+
∥∥X
>
v̂
k ∥∥

1 ,
(128)

w
here

v̂
k

is
the

norm
alized

projection
of
n̂
k

ontoS
(and

since
n̂
k ∈
S

,these
tw

o
are

equal).U
sing

L
em

m
a

13,w
e

take
an

upperbound
ofthe

L
H

S
and

a
low

erbound
ofthe

R
H

S
of(128),and

obtain

M
c
D

+
M
εO

,M
≥
M
c
D
−
M
εO

,M
+
N
c
d −

N
εX

,N
,

(129)

orequivalently

MN
≥
c
d −

εX
,N

2
εO

,M
,

(130)

w
hich

contradicts
the

firstinequality
of(46).C

onsequently,n̂
0 6⊥
S

.T
hen

(127)im
plies

that
∥∥O
>
n̂

0 ∥∥
1

+
∥∥X
>
n̂

0 ∥∥
1 ≥

∥∥O
>
n̂
k ∥∥

1
+
∥∥X
>
n̂
k ∥∥

1 ,
(131)

orequivalently
∥∥O
>
n̂

0 ∥∥
1

+
cos(φ

0 ) ∥∥X
>
v̂

0 ∥∥
1 ≥

∥∥O
>
n̂
k ∥∥

1
+
∥∥X
>
v̂
k ∥∥

1 ,
(132)

w
here

v̂
0

is
the

norm
alized

projection
of
n̂

0
onto

S
.

O
nce

again,using
L

em
m

a
13

w
e

obtain
the

follow
ing

contradiction
to

(51):

M
c
D

+
M
εO

,M
+

(N
c
d

+
N
εX

,N
)

cos(φ
0 )≥

M
c
D
−
M
εO

,M
+
N
c
d −

N
εX

,N
.

(133)
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T
S

A
K

IR
IS

A
N

D
V

ID
A

L

N
ow

letus
com

plete
the

proofofthe
theorem

.W
e

know
by

Proposition
16

thatthe
sequence{

n
k }

converges
to

a
criticalpoint

n
k ∗

ofproblem
(9)in

a
finite

num
berofsteps

k ∗,and
w

e
have

already
show

n
thatn

k ∗6∈
S

.If
n
k ∗

is
notorthogonaltoS

,an
identicalargum

entas
in

the
proofofT

heorem
11

(w
ith
n
k ∗

in
place

of
b ∗)show

s
thatthe

principalangle
φ
k ∗

of
n
k ∗

from
S

satisfies

cos(φ
k ∗)≥

−
Q

+
√

Q
2

+
4
c
d (c

d −
Q

)

2c
d

,
Q

:=
R

O
,X

N
+
εO

,M
MN

+
εX

,N
.

(134)

H
ow

ever,due
to

(127)and
L

em
m

a
13,w

e
have

that

M
(c
D

+
εO

,M
)

+
N

(c
d

+
εX

,N
)

cos(φ
0 )≥

M
(c
D
−
εO

,M
)

+
N

(c
d −

εX
,N

)
co

s(φ
k ∗),

(135)

w
hich,aftersubstituting

the
low

erbound
(134),contradicts

(51).T
hus

n
k ∗⊥

S
.

6.D
ualPrincipalC

om
ponentPursuitA

lgorithm
s

W
e

presentalgorithm
s

based
on

the
ideas

discussed
so

far,forestim
ating

the
inlierlinearsubspace

in
the

presence
of

outliers.
Specifically,in

§6.1
w

e
describe

the
m

ain
algorithm

ic
contribution

of
this

paper,w
hich

is
based

on
the

im
plem

entation
of

the
recursion

(10)
via

linear
program

m
ing.

In
§6.2

w
e

propose
an

alternative
w

ay
of

com
puting

dual
principal

com
ponents

based
on

Iteratively
R

ew
eighted

L
east-Squares,w

hich,as
w

illbe
seen

in§7
perform

s
alm

ostas
w

ellas
recursion

(6.1),
yetitis

significantly
m

ore
efficient.Finally,in§6.3

w
e

presenta
variation

ofthe
D

PC
P

optim
ization

problem
(9)suitable

fornoisy
data

and
propose

a
heuristic

m
ethod

forsolving
it.

6.1
D

PC
P

via
L

inear
Program

m
ing

(D
PC

P-L
P)

For
the

sake
of

an
argum

ent,suppose
thatthere

is
no

noise
in

the
inliers,i.e.,the

inliersX
span

a
linear

subspace
S

of
dim

ension
d.

T
hen

T
heorem

12
suggests

a
m

echanism
for

obtaining
an

elem
ent

b
1

ofS
⊥

:
run

the
recursion

of
linear

program
s

(10)
untilthe

sequence
n̂
k

converges
and

identify
the

lim
itpointw

ith
b

1 .D
ue

to
com

putationalconstraints,in
practice

one
usually

term
inates

the
recursion

w
hen

the
objective

value
∥∥X̃
>
n̂
k ∥∥

1
converges

w
ithin

som
e

sm
all

ε,
or

a
m

axim
al

num
ber

T
m

a
x

of
iterations

is
reached,and

obtains
a

norm
alvector

b
1 .

H
aving

com
puted

a
vector

b
1 ,there

are
tw

o
possibilities:

eitherS
is

a
hyperplane

of
dim

ension
D
−

1
or

d
im
S
<
D
−

1.
In

the
first

case
w

e
can

identify
our

subspace
m

odel
w

ith
the

hyperplane
defined

by
the

norm
al

b
1 .

If
on

the
other

hand
d
im
S
<
D
−

1,
w

e
can

proceed
to

find
a

second
vector

b
2
⊥
b

1
that

is
approxim

ately
orthogonalto

S
,and

so
on,untilw

e
have

com
puted

an
orthogonalbasis

for
the

orthogonalcom
plem

entofS
;this

process
naturally

leads
to

A
lgorithm

1,in
w

hich
c

is
an

estim
ate

forthe
codim

ension
D
−
d

ofthe
inliersubspace

S
p
an

(X
).

N
otice

how
the

algorithm
initializes

n
0 :

T
his

is
precisely

the
rightsingular

vector
ofX̃

>
that

corresponds
to

the
sm

allestsingular
value,after

projection
ofX̃

onto
S
p
an

(b
1 ,...,b

i−
1 ) ⊥

.
A

s
it

w
illbe

dem
onstrated

in§7,this
is

a
key

choice,since
ithas

the
effectthatthe

angle
of
n

0
from

the
inliersubspace

is
typically

large,a
desirable

property
forthe

successofrecursion
(10)(see

T
heorem

12).
W

e
refer

to
A

lgorithm
1

as
D

PC
P-L

P,to
em

phasize
thatthe

optim
ization

problem
associated

w
ith

each
iteration

of
the

recursion
(10)

is
a

linear
program

.
In

fact,atiteration
k

the
optim

ization
problem

is

m
inb

∥∥X̃
>
b ∥∥

1
s.t.

b >
n̂
k−

1
=

1,
(136)
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A
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C
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A

L
C

O
M

P
O

N
E

N
T

P
U

R
S

U
IT

A
lg

or
ith

m
1

D
ua

lP
ri

nc
ip

al
C

om
po

ne
nt

Pu
rs

ui
tv

ia
L

in
ea

rP
ro

gr
am

m
in

g

1:
pr

oc
ed

ur
e

D
PC

P-
L

P(
X̃
,c
,ε
,T

m
a
x
)

2:
B
←
∅;

3:
fo

r
i

=
1

:
c

do
4:

k
←

0;
J
←

0;
∆
J
←
∞

;
5:

n̂
0
←
w
∈

ar
gm

in
∥ ∥ b
∥ ∥ 2

=
1
,b
⊥
B
∥ ∥ X̃
>
b
∥ ∥ 2

;

6:
w

hi
le
k
<
T

m
a
x

an
d

∆
J
>
εJ

do
7:

J
←
∥ ∥ X̃
>
n̂
k

∥ ∥ 1
;

8:
k
←
k

+
1

;
9:

n
k
←
w
∈

ar
gm

in
b
>
n̂

k
−
1
=

1
,b
⊥
B
∥ ∥ X̃
>
b
∥ ∥ 1

;
10

:
n̂
k
←
n
k
/∥ ∥
n
k

∥ ∥ 2
;

11
:

∆
J
←
( J
−
∥ ∥ X̃
>
n̂
k

∥ ∥ 1

) ;
12

:
en

d
w

hi
le

13
:

b
i
←
n̂
k
;

14
:

B
←
B
∪
{b

i}
;

15
:

en
d

fo
r

16
:

re
tu

rn
B;

17
:

en
d

pr
oc

ed
ur

e

w
hi

ch
ca

n
eq

ui
va

le
nt

ly
be

w
ri

tte
n

as
a

st
an

da
rd

lin
ea

rp
ro

gr
am

,

m
in

b
,u

+
,u
−

[ 1
1
×
N

1
1
×
N

][
u

+

u
−

]
(1

37
)

s.
t.

[
I
N

−
I
N
−
X̃
>

0
1
×
N

0
1
×
N

n̂
> k

] u
+

u
− b

 
=

[ 0
N
×

1

1

] ,
u

+
,u
−
≥

0,
(1

38
)

an
d

ca
n

be
so

lv
ed

ef
fic

ie
nt

ly
w

ith
an

op
tim

iz
ed

ge
ne

ra
lp

ur
po

se
lin

ea
rp

ro
gr

am
m

in
g

so
lv

er
,s

uc
h

as
G

ur
ob

i(
G

ur
ob

iO
pt

im
iz

at
io

n,
20

15
).

6.
2

D
PC

P
vi

a
It

er
at

iv
el

y
R

ew
ei

gh
te

d
L

ea
st

-S
qu

ar
es

(D
PC

P-
IR

L
S)

E
ve

n
th

ou
gh

D
PC

P-
L

P
(A

lg
or

ith
m

1)
co

m
es

w
ith

th
eo

re
tic

al
gu

ar
an

te
es

as
pe

r
T

he
or

em
12

,a
nd

m
or

eo
ve

r
w

ill
be

sh
ow

n
to

ha
ve

a
ra

th
er

re
m

ar
ka

bl
e

pe
rf

or
m

an
ce

(a
t

le
as

t
fo

r
sy

nt
he

tic
da

ta
,s

ee
Fi

g.
6)

,i
th

as
th

e
w

ea
kn

es
s

th
at

th
e

lin
ea

rp
ro

gr
am

s
(w

hi
ch

ar
e

no
n-

sp
ar

se
)m

ay
be

co
m

e
in

ef
fic

ie
nt

to
so

lv
e

in
hi

gh
di

m
en

si
on

s
an

d
fo

r
a

la
rg

e
nu

m
be

r
of

da
ta

po
in

ts
.

M
or

eo
ve

r,
ev

en
th

ou
gh

D
PC

P-
L

P
is

th
eo

re
tic

al
ly

ap
pl

ic
ab

le
re

ga
rd

le
ss

of
th

e
su

bs
pa

ce
re

la
tiv

e
di

m
en

si
on
d
/D

,i
ts

ru
nn

in
g

tim
e

in
cr

ea
se

s
w

ith
th

e
su

bs
pa

ce
co

di
m

en
si

on
c

=
D
−
d

,s
in

ce
th

e
c

ba
si

s
el

em
en

ts
of
S⊥

ar
e

co
m

pu
te

d
se

qu
en

tia
lly

.T
hi

s
m

ot
iv

at
es

us
to

ge
ne

ra
liz

e
th

e
D

PC
P

pr
ob

le
m

(9
)t

o
an

op
tim

iz
at

io
n

pr
ob

le
m

th
at

ta
rg

et
s

th
e

en
tir

e
or

th
og

on
al

ba
si

s
of
S⊥

:

m
in

B
∈R

D
×
c

∥ ∥ X̃
>
B
∥ ∥ 1
,2

s.
t.
B
>
B

=
I
c
.

(1
39

)
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T
S

A
K

IR
IS

A
N

D
V

ID
A

L

A
lg

or
ith

m
2

D
ua

lP
ri

nc
ip

al
C

om
po

ne
nt

Pu
rs

ui
tv

ia
It

er
at

iv
el

y
R

ew
ei

gh
te

d
L

ea
st

Sq
ua

re
s

1:
pr

oc
ed

ur
e

D
PC

P-
IR

L
S(
X̃
,c
,ε
,T

m
a
x
,δ

)
2:

k
←

0;
J
←

0;
∆
J
←
∞

;
3:

B
0
←
W
∈

ar
gm

in
B
∈R

D
×
c
,B
>
B

=
I
c

∥ ∥ X̃
>
B
∥ ∥ F

;
4:

w
hi

le
k
<
T

m
a
x

an
d

∆
J
>
εJ

do
5:

J
←
∥ ∥ X̃
>
B
k

∥ ∥ 1
,2

;
6:

k
←
k

+
1

;
7:

B
k
←

ar
gm

in
B
∈R

D
×
c
,B
>
B

=
I
c

∑
x̃
∈X̃
∥ ∥ B
>
x̃
∥ ∥2 2
/

m
ax
{ δ
,∥ ∥
B
> k−

1
x̃
∥ ∥ 2

} ;

8:
∆
J
←
∥ ∥ X̃
>
B
k
−

1

∥ ∥ 1
,2
−
∥ ∥ X̃
>
B
k

∥ ∥ 1
,2

;
9:

en
d

w
hi

le
10

:
re

tu
rn
B
k
;

11
:

en
d

pr
oc

ed
ur

e

N
ot

ic
e

th
at

in
(1

39
),

th
e
` 1
,2

m
at

ri
x

no
rm
∥ ∥ X̃
>
B
∥ ∥ 1
,2

of
X̃
>
B

is
de

fin
ed

as
th

e
su

m
of

th
e

E
uc

lid
ea

n
no

rm
s

of
th

e
ro

w
s

of
X̃
>
B

,
an

d
as

su
ch

,
fa

vo
rs

a
so

lu
tio

n
B

th
at

re
su

lts
in

a
m

at
ri

x
X̃
>
B

th
at

is
ro

w
-w

is
e

sp
ar

se
(n

ot
ic

e
th

at
fo

r
c

=
1

(1
39

)
re

du
ce

s
pr

ec
is

el
y

to
th

e
D

PC
P

pr
ob

le
m

(9
))

.
In

fa
ct

,L
er

m
an

et
al

.(
20

15
)

co
ns

id
er

ex
ac

tly
th

e
sa

m
e

pr
ob

le
m

(1
39

),
an

d
pr

oc
ee

d
to

re
la

x
it

to
a

se
m

i-
de

fin
ite

co
nv

ex
pr

og
ra

m
,w

hi
ch

th
ey

so
lv

e
vi

a
an

It
er

at
iv

el
y

R
ew

ei
gh

te
d

Le
as

t-
Sq

ua
re

s
(I

R
LS

)
sc

he
m

e
(C

an
dè

s
et

al
.,

20
08

;
D

au
be

ch
ie

s
et

al
.,

20
10

;
C

ha
rt

ra
nd

an
d

Y
in

,
20

08
);

w
hi

le
si

m
ila

rI
R

L
S

sc
he

m
es

ap
pe

ar
in

Z
ha

ng
an

d
L

er
m

an
(2

01
4)

an
d

L
er

m
an

an
d

M
au

nu
(2

01
7)

.I
ns

te
ad

,
w

e
pr

op
os

e
to

so
lv

e
(1

39
)

di
re

ct
ly

vi
a

IR
L

S
(a

nd
no

t
a

co
nv

ex
re

la
xa

tio
n

of
it

as
L

er
m

an
et

al
.

(2
01

5)
):

G
iv

en
a
D
×
c

or
th

on
or

m
al

m
at

ri
x
B
k
−

1
,w

e
de

fin
e

fo
re

ac
h

po
in

tx̃
j

a
w

ei
gh

t

w
j,
k

:=
1

m
ax
{ δ
,∥ ∥
B
> k−

1
x̃
j

∥ ∥ 2

} ,
(1

40
)

w
he

re
δ
>

0
is

a
sm

al
lc

on
st

an
tt

ha
tp

re
ve

nt
s

di
vi

si
on

by
ze

ro
.

T
he

n
w

e
ob

ta
in
B
k

as
th

e
so

lu
tio

n
to

th
e

qu
ad

ra
tic

pr
ob

le
m

m
in

B
∈R

D
×
c

L ∑ j=
1

w
j,
k

∥ ∥ B
>
x̃
j

∥ ∥2 2
s.

t.
B
>
B

=
I
c
,

(1
41

)

w
hi

ch
is

re
ad

ily
se

en
to

be
th

e
c

ri
gh

t
si

ng
ul

ar
ve

ct
or

s
co

rr
es

po
nd

in
g

to
th

e
c

sm
al

le
st

si
ng

ul
ar

va
lu

es
of

th
e

w
ei

gh
te

d
da

ta
m

at
ri

x
W

k
X̃
>

,w
he

re
W

k
is

a
di

ag
on

al
m

at
ri

x
w

ith
√
w
j,
k

at
po

si
tio

n
(j
,j

).
W

e
re

fe
r

to
th

e
re

su
lti

ng
A

lg
or

ith
m

2
as

D
PC

P-
IR

L
S;

a
st

ud
y

of
its

th
eo

re
tic

al
pr

op
er

tie
s

is
de

fe
rr

ed
to

fu
tu

re
w

or
k.

6.
3

D
en

oi
se

d
D

PC
P

(D
PC

P-
d)

C
le

ar
ly

,
pr

ob
le

m
(9

)
(a

nd
(1

39
))

is
ta

ilo
re

d
fo

r
no

is
e-

fr
ee

in
lie

rs
,

si
nc

e,
w

he
n

th
e

in
lie

rs
X

ar
e

co
nt

am
in

at
ed

by
no

is
e,

th
e

ve
ct

or
X̃
>
b

is
no

lo
ng

er
sp

ar
se

,
ev

en
if
b

is
a

tr
ue

no
rm

al
to

th
e

in
-

lie
r

su
bs

pa
ce

.
A

s
a

co
ns

eq
ue

nc
e,

it
is

na
tu

ra
lt

o
pr

op
os

e
th

e
fo

llo
w

in
g

D
P

C
P

-d
en

oi
se

d
(D

PC
P-

d)
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D
U

A
L

P
R

IN
C

IPA
L

C
O

M
P

O
N

E
N

T
P

U
R

S
U

IT

A
lgorithm

3
D

enoised
D

ualPrincipalC
om

ponentPursuit

1:
procedure

D
PC

P-d(X̃
,ε,T

m
a
x ,δ,τ)

2:
C

om
pute

a
C

holesky
factorization

L
L
>

=
X̃
X̃
>

+
δI

D
;

3:
k
←

0
;y

0 ←
0

;J
←

0;∆
J
←
∞

;
4:

b
0 ←

a
rgm

in
b∈

R
D

: ∥∥
b ∥∥

2
=

1

∥∥X̃
>
b ∥∥

2 ;

5:
w

hile
k
<
T

m
a
x

and
∆
J
>
εJ

do
6:

J
←
τ ∥∥
y
k ∥∥

1
+

12 ∥∥
y
k −

X̃
>
b
k ∥∥

22

7:
y
k
+

1 ←
S
τ (X̃

>
b
k );

8:
b
k
+

1 ←
solution

of
L
L
>
ξ

=
X̃
y
k
+

1
by

backw
ard/forw

ard
propagation;

9:
k
←
k

+
1;

10:
b
k ←

b
k / ∥∥

b
k ∥∥

2 ;

11:
∆
J
←
J
−
(
τ ∥∥
y
k ∥∥

1
+

12 ∥∥
y
k −

X̃
>
b
k ∥∥

22 );
12:

end
w

hile
13:

return
(y

k ,b
k );

14:
end

procedure

problem

m
in

b
,y

:||b||2
=

1 [
τ ∥∥
y ∥∥

1
+

12 ∥∥
y
−

X̃
>
b ∥∥

22 ]
,

(142)

w
here

now
the

vector
variable

y
∈

R
N

+
M

is
to

be
interpreted

as
a

denoised
vesion

of
the

vector
X̃
>
b.

Interestingly,both
problem

s
(9)

and
(142)

appear
in

Q
u

etal.(2014),in
the

quite
different

contextof
dictionary

learning,w
here

the
authors

propose
to

solve
(142)

via
alternating

m
inim

iza-
tion,in

orderto
obtain

an
approxim

ate
solution

to
(9).G

iven
b,the

optim
aly

is
given

byS
τ (X̃

>
b ),

w
hereS

τ
is

the
soft-thresholding

operator
applied

elem
ent-w

ise
on

the
vectorX̃

>
b.

G
iven

y
the

optim
al
b

is
a

solution
to

the
quadratically

constrained
least-squares

problem

m
in

b∈
R
D

∥∥
y
−

X̃
>
b ∥∥

22
s.t. ∥∥

b ∥∥
2

=
1.

(143)

In
the

contextof
Q

u
etal.(2014),the

coefficientm
atrix

of
the

least-squares
problem

(X̃
>

in
our

notation)
has

orthonorm
alcolum

ns.
A

s
a

consequence,the
solution

to
(143)

is
obtained

in
closed

form
by

projecting
the

solution
ofthe

unconstrained
least-squares

problem
m

in
b∈

R
D
||y−

X̃
>
b||2

onto
the

unit
sphere.

H
ow

ever,in
our

context
the

assum
ption

thatX̃
>

has
orthonorm

al
colum

ns
is

in
principle

violated,so
that

the
optim

al
b

is
no

longer
available

in
closed

form
.

E
ven

though
using

L
agrange

m
ultipliers

one
ends

up
w

ith
a

polynom
ialequation

for
the

L
agrange

m
ultiplier,it

is
know

n
thatcom

puting
the

optim
alvalue

of
the

m
ultiplier

is
a

num
erically

challenging
problem

(E
lden,2002;G

olub
and

Von
M

att,1991;G
ander,1980).Forthis

reason
w

e
leave

exactapproaches
for

solving
(143)

to
future

investigations,and
w

e
instead

propose
to

obtain
a

suboptim
al
b

as
Q

u
et

al.
(2014)

do,
i.e.,

by
projecting

onto
the

unit
sphere

the
solution

of
the

unconstrained
least-

squares
problem

.
T

he
resulting

A
lgorithm

3
is

very
efficient,since

the
least-squares

problem
s

that
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T
S

A
K

IR
IS

A
N

D
V

ID
A

L

appear
in

the
various

iterations
have

the
sam

e
coefficient

m
atrix

X̃
X̃
>

,
a

factorization
of

w
hich

can
be

precom
puted. 9

M
oreover,A

lgorithm
3

can
trivially

be
extended

to
com

pute
m

ultiple
norm

al
vectors,justas

in
A

lgorithm
1.

7.E
xperim

ents

In
this

section
w

e
evaluate

the
proposed

algorithm
s

experim
entally.

In
§7.1

w
e

investigate
num

er-
ically

the
theoretical

regim
e

of
success

of
recursion

(10)
predicted

by
T

heorem
s

11
and

12.
W

e
also

show
thateven

w
hen

these
sufficientconditions

are
violated,(10)

can
stillconverge

to
a

nor-
m

alvector
to

the
subspace

if
initialized

properly.
Finally,in

§7.2
w

e
com

pare
D

PC
P

variants
w

ith
state-of-the-artrobustPC

A
algorithm

s
forthe

purpose
ofoutlierdetection

using
synthetic

data,and
sim

ilarly
in§7.3

using
realim

ages.

7.1
N

um
ericalevaluation

ofthe
theoreticalconditionsofT

heorem
s11

and
12

W
e

begin
w

ith
a

num
ericalevaluation

ofthe
theoreticalcondition

(46)ofT
heorem

11,underw
hich

every
globalm

inim
izer

of
the

D
PC

P
problem

(9)
is

orthogonalto
the

inlier
subspaceS

.
W

e
also

evaluate
the

initial
m

inim
al

angle
φ
∗0

from
S

given
in

(51)
of

T
heorem

12,
w

hich
together

w
ith

(46)
guarantee

the
convergence

of
the

linear
program

m
ing

recursion
(10)

to
an

elem
ent

ofS
⊥

.
A

s
explained

in
the

discussion
of

T
heorem

s
11

and
12,for

any
fixed

outlier
ratio,condition

(46)
w

ill
eventually

be
satisfied

and
also

the
angle

φ
∗0

w
ill

becom
e

arbitrarily
sm

all
regardless

of
the

subspace
relative

dim
ension

d
/D

,
provided

that
N

is
sufficiently

large
and

that
both

inliers
and

outliers
are

uniform
ly

distributed.H
ence,w

e
check

w
hether(46)is

true
and

also
plot

φ
∗0

as
w

e
vary

N
for

uniform
ly

distributed
inliers

and
outliers.

Tow
ards

thatend,w
e

fix
the

am
bientdim

ension
as
D

=
30

and
random

ly
sam

ple
a

subspaceS
of

varying
dim

ension
d

=
[5

:
5

:
25

29]so
that

the
relative

subspace
dim

ension
d
/D

varies
as

[5/
3
0

:
5
/
30

:
25
/30

29
/
3
0].

W
e

sam
ple

N
inliers

uniform
ly

atrandom
from

S
∩
S
D
−

1
for

differentvalues
N

=
500

,2000,7000.
For

each
value

of
N

w
e

also
sam

ple
M

outliers
uniform

ly
at

random
from

S
D
−

1
so

that
the

percentage
of

outliers
varies

as
R

:=
M
/(N

+
M

)
=

[0.1
:

0.1
:

0.7].
For

each
datasetinstance

as
above,w

e
estim

ate
the

param
eters

εX
,N
,εO

,M
,R

O
,X

appearing
in

(46)and
(51)by

M
onte-C

arlo
sim

ulation.
T

he
top

row
ofFig.4

show
s

w
hethercondition

(46)is
true

(w
hite)ornot(black)as

w
e

vary
N

.
N

otice
thatfor

N
=

500,Fig.
4(a)

show
s

a
poor

success
regim

e.
H

ow
ever,as

w
e

increase
N

to
2000,Fig.4(b)show

s
thatthe

success
regim

e
im

proves
dram

atically.Finally,as
expected

from
our

earlier
theoreticalargum

ents,for
sufficiently

large
N

,in
particular

for
N

=
7000,Fig.

4(c)
show

s
thatthe

sufficientcondition
(46)issatisfied

regardlessofoutlierratio
orsubspace

relative
dim

ension.
Sim

ilarly,notice
how

the
angle

φ
∗0 ,plotted

in
the

bottom
row

ofFig.4
(black

for
0 ◦

w
hite

for
90 ◦),

uniform
ly

decreases
as

w
e

increase
N

across
alloutlierratios

and
relative

dim
ensions.

N
ext,w

e
show

thatthe
recursion

(10),if
initialized

properly,is
in

factable
to

converge
in

just
a

few
iterations

to
a

vector
norm

al
to

the
inlier

subspace,
even

w
hen

the
sufficient

conditions
of

T
heorem

12
are

not
satisfied.

Tow
ards

that
end,

w
e

m
aintain

the
sam

e
experim

ental
setting

as
above

using
N

=
500

and
run

(10)
w

ith
a

m
axim

alnum
ber

of
iterations

setto
T

m
a
x

=
10

and
a

convergence
accuracy

setto
10 −

3.Fig.5(a)is
a

replicate
ofFig.4(a)and

serves
as

a
rem

inderthat
N

=
500

results
in

a
lim

ited
success

regim
e

as
predicted

by
the

theory;in
particular

the
sufficient

9.T
he

param
eter

δ
in

A
lgorithm

3
is

a
sm

all
positive

num
ber,

typically
1
0 −

6,
w

hich
helps

avoiding
solving

ill-
conditioned

linearsystem
s.
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.6

7

0
.8

3

0
.9

7

d/D (a
)

C
he

ck
(4

6)
,N

=
5
0
0

0
.1

0
.2

0
.3

0
.4

0
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Fi
gu

re
4:

Fi
gs

.
4(

a)
-4

(c
)

ch
ec

k
w

he
th

er
th

e
co

nd
iti

on
(4

6)
is

sa
tis

fie
d

(w
hi

te
)

or
no

t(
bl

ac
k)

fo
r

a
fix

ed
nu

m
be

r
N

of
in

lie
rs

w
hi

le
va

ry
in

g
th

e
ou

tli
er

ra
tio

M
/(
N

+
M

)
an

d
th

e
su

bs
pa

ce
re

la
tiv

e
di

m
en

si
on

d
/D

.
Fi

gs
.

4(
d)

-4
(f

)
pl

ot
th

e
m

in
im

um
in

iti
al

an
gl

e
φ
∗ 0

ne
ed

ed
fo

r
co

nv
er

ge
nc

e
of

th
e

re
cu

rs
io

n
of

lin
ea

rp
ro

gr
am

s
(1

0)
as

pe
rT

he
or

em
12

(0
◦

co
rr

es
po

nd
s

to
bl

ac
k

an
d

90
◦

co
rr

es
po

nd
s

to
w

hi
te

).
R

es
ul

ts
ar

e
av

er
ag

ed
ov

er
10

in
de

pe
nd

en
tt

ri
al

s.

co
nd

iti
on

(4
6)

is
sa

tis
fie

d
on

ly
fo

ra
sm

al
lo

ut
lie

rr
at

io
or

sm
al

ls
ub

sp
ac

e
re

la
tiv

e
di

m
en

si
on

s.
E

ve
n

so
,F

ig
.

5(
b)

sh
ow

s
th

at
,w

he
n

th
e

re
cu

rs
io

n
(1

0)
is

in
iti

al
iz

ed
us

in
g
n̂

0
as

th
e

le
ft

si
ng

ul
ar

ve
ct

or
of

X̃
co

rr
es

po
nd

in
g

to
th

e
sm

al
le

st
si

ng
ul

ar
va

lu
e,

th
en

(1
0)

co
nv

er
ge

s
in

at
m

os
t1

0
ite

ra
tio

ns
to

a
ve

ct
or
n̂
∗

w
ho

se
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e
z

=
1

an
d

its
op

tic
al

ce
nt

er
w

ith
th

e
or

ig
in

0
of

th
e

co
or

di
na

te
sy

st
em

.W
e

re
fe

rt
o

th
is

vi
ew

as
ca

no
ni

ca
l

vi
ew
V.

T
he

n
th

e
pr

oj
ec

tio
n
X

of
a

3D
po

in
tΞ

=
(ξ

1
,ξ

2
,ξ

3
)>

on
to
V

is
th

e
in

te
rs

ec
tio

n
po

in
to

f
th

e
pl

an
e
z

=
1

w
ith

th
e

lin
e

th
at

pa
ss

es
th

ro
ug

h
Ξ

an
d

th
e

or
ig

in
,i

.e
.,
X

=
λ

Ξ
w

ith
λ

=
1
/
ξ 3

.
Fo

r
si

m
pl

ic
ity

,w
e

as
su

m
e

th
at

vi
ew

s
2

(V
′ )

an
d

3
(V
′′ )

ar
e

ro
ta

te
d

an
d

tr
an

sl
at

ed
ve

rs
io

ns
of

th
e

ca
no

ni
ca

lv
ie

w
V,

i.e
.,

th
er

e
ex

is
tr

ot
at

io
ns
R
′ ,
R
′′
∈

SO
(3

)
an

d
tr

an
sl

at
io

ns
t′
,t
′′
∈
R

3
,s

uc
h

th
at

12

V
=
R
′ (
V′

)
+
t′

=
R
′′ (
V′
′ )

+
t′
′ .

(1
44

)

T
he

pr
oj

ec
tio

n
X
′ o

ft
he

3D
po

in
tΞ

on
to
V′

is
th

e
in

te
rs

ec
tio

n
of
V′

w
ith

th
e

lin
e

th
at

pa
ss

es
fr

om
Ξ

an
d

th
e

op
tic

al
ce

nt
er
−
t′

of
vi

ew
2.

H
ow

ev
er

,i
n

pr
ac

tic
e
X
′

is
on

ly
kn

ow
n

up
to

lo
ca

l
pi

xe
l

co
or

di
na

te
s

w
ith

re
sp

ec
t

to
vi

ew
2

.
T

ha
t

is
,

w
e

ca
n

on
ly

kn
ow

th
e

re
pr

es
en

ta
tio

n
x
′

of
X
′

w
ith

re
sp

ec
tt

o
a

co
or

di
na

te
sy

st
em

w
he

re
vi

ew
2

is
th

e
ca

no
ni

ca
lv

ie
w

.I
n

su
ch

a
sy

st
em

of
co

or
di

na
te

s
th

e
po

in
tΞ

is
re

pr
es

en
te

d
as
R
′ Ξ

+
t′

an
d

he
nc

e
x
′ =

λ
′ (
R
′ Ξ

+
t′

),
w

he
re
λ
′ i

s
th

e
in

ve
rs

e
of

th
e

th
ir

d
co

or
di

na
te

of
th

e
ve

ct
or
R
′ Ξ

+
t′

.
Su

bs
tit

ut
in

g
Ξ

=
(1
/λ

)x
in

th
is

eq
ua

tio
n

yi
el

ds
a

re
la

tio
n

be
tw

ee
n

th
e

lo
ca

lr
ep

re
se

nt
at

io
ns

13
x
,x
′ o

fX
,X
′ i

n
V

an
d
V′

re
sp

ec
tiv

el
y

as
fo

llo
w

s:

1 λ
′x
′ =

1 λ
R
′ x

+
t′
.

(1
45

)

12
.T

hi
s

ge
om

et
ry

co
rr

es
po

nd
s

to
ca

lib
ra

te
d

ca
m

er
as

,w
he

re
th

e
ca

m
er

a
pr

oj
ec

tio
n

pa
ra

m
et

er
s

ar
e

kn
ow

n.
13

.W
ith

ou
tl

os
s

of
ge

ne
ra

lit
y

w
e

ta
ke

th
e
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ca

ls
ys

te
m

of
co

or
di

na
te

s
of

vi
ew

1
to
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th

e
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m
e
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th

e
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em
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(a)
T

hree
view

s
ofthe

sam
e

scene.

(b)
L

eft:
E

xam
ple

of
points

view
ed

by
all

three
cam

eras.
R

ight:
C

onfiguration
of

cam
eras

and
the

sam
e

points
depicted

in
3D

space.C
olorrepresents

height.

(c)
E

xam
ples

ofcorrect(yellow
)and

incorrect(red)pointcorrespondences
betw

een
the

three
view

s.

Figure
8:

A
n

exam
ple

of
three

view
s

of
a

static
scene

along
w

ith
cam

era
configurations

and
point

correspondences(view
s

2,4,6
ofthe

M
odelH

ouse
dataset,provided

by
the

V
isualG

eom
etry

G
roup,

U
niversity

ofO
xford).

N
ow

,fora
vector

v
=

(α
,β
,γ

) >
∈
R

3,denote
by

[v
]the

skew
-sym

m
etric

m
atrix

[v
]

=


0

γ
−
β

−
γ

0
α

β
−
α

0


,

(146)

and
note

that
[v

]v
=

0.M
ultiplying

equation
(145)from

the
leftby

[x
′]gives

1λ
[x
′]R
′x

+
[x
′]t ′

=
0
.

(147)

In
exactly

the
sam

e
w

ay,
and

letting
x
′′

be
the

representation
ofX

′′
in

the
canonical

coordinate
system

forview
3,w

e
have

a
relationship

1λ
[x
′′]R

′′x
+

[x
′′]t ′′

=
0
.

(148)
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T
S

A
K

IR
IS

A
N

D
V

ID
A

L

D
egenerate

cases
aside,equations

(147)-(148)are
equivalentto

the
condition

R
an

k ([
[x
′]R
′x

[x
′]t ′

[x
′′]R

′′x
[x
′′]t ′′ ])

≤
1
,

(149)

w
hich

in
turn

is
equivalentto

the
m

atrix
equation

14

[x
′]R
′x
t ′′>

[x
′′] >
−

[x
′]t ′x

>
R
′′>

[x
′′] >

=
0

3×
3 ,

(150)

orm
ore

elegantly
w

ritten
as

[x
′] (

3
∑i=

1

x
i T

i )
[x
′′] >

=
0

3×
3 ,
x

=
(x

1 ,x
2 ,x

3 ) >
,
T
i

:=
r ′i t ′′>

−
t ′r ′′>i

,
i

=
1,2

,3
,

(151)

w
here

r ′i ,r ′′i is
the

ith
colum

n
of
R
′,R

′′respectively.
E

quation
(151)

consists
of

9
trilinear

con-
straints

on
the

localrepresentations
x
,x
′,x
′′of

the
im

aged
3D

point
Ξ

,am
ong

w
hich

a
m

axim
al

num
beroffourare

linearly
independent(H

artley
and

Z
isserm

an,2004).T
he

m
atrices

(T
1 ,T

2 ,T
3 )

are
the

slices
ofthe

so-called
trifocaltensor 15T

∈
R

3×
3×

R
3×

3×
R

3×
3,w

hich
is

the
m

athem
atical

objectthatencodes
the

relative
geom

etry
of

the
calibrated

three
view

s:
indeed,up

to
a

change
of

coordinates
there

is
a

1−
1

correspondence
betw

een
trifocaltensors

and
cam

era
view

sV
,V
′,V
′′;

see
Proposition

15
and

T
heorem

16
in

K
ileel(2017).

Trifocaltensor
estim

ation
asa

hyperplane
learning

problem
.N

otice
thatthe

trilinearconstraints
(151)

are
linear

in
the

entries
of

the
tensor

T
=

(T
1 ,T

2 ,T
3 ),w

hich
in

its
unfolded

form
can

be
regarded

as
a

vector
t
∈

R
2
7.

In
fact,the

space
of

(uncalibrated)
trifocal

tensors
is

an
algebraic

variety
ofR

2
7

of
dim

ension
18

(A
lzati

and
Tortora,2010;

A
holt

and
O

eding,2014).
A

s
already

noted,every
pointcorrespondence

(x
,x
′,x
′′)

contributes
fourlinearly

independentequations
in

t;
equivalently,

every
point

correspondence
cuts

the
variety

w
ith

four
hyperplanes.

A
s

it
turns

out
though,only

3
ofthese

hyperplanes
are

algebraically
independentw

ith
respectto

the
variety

16,i.e.,
every

generic
point

correspondence
reduces

the
dim

ension
of

the
variety

by
three

(K
ileel,2017).

A
s

a
result,one

needs
6

correspondences
to

get
a

finite
num

ber
of

candidate
trifocal

tensors
that

agree
w

ith
them

.
A

dding
a

7th
correspondence

allow
s

us
to

uniquely
determ

ine
t

via
solving

a
28×

27
hom

ogeneous
linearsystem

ofequations,w
hile

the
relative

poses
(R
′,t ′)

and
(R
′′,t ′′)

can
be

extracted
from

t
by,e.g.,the

procedure
described

by
H

artley
and

Z
isserm

an
(2004).

T
he

above
discussion

suggests
thatgiven

a
setof

N
′≥

7
generic

and
exactpointcorrespon-

dences{
(x

j ,x
′j ,x
′′j )}

N
′

j=
1 ,the

coefficientvectors

c
(1

)
1
,c

(1
)

2
,c

(1
)

3
,c

(1
)

4
,...,c

(j)
1
,c

(j)
2
,c

(j)
3
,c

(j)
4
...,c

(N
′)

1
,c

(N
′)

2
,c

(N
′)

3
,c

(N
′)

4
∈
R

2
7,

(152)

of
the

resulting
N

=
4N
′

linear
equations

span
a

hyperplane
in

R
2
7

w
ith

norm
al

vector
t.

W
e

w
ill

be
referring

to
the

vectors
(152)

as
the

trilinear
em

beddings
of

the
point

correspondences.

14.H
ere

w
e

have
used

the
factthatforvectors

a
,b
,c
,d
∈
R

n
the

2
n
×
2

m
atrix [

a
b

c
d ]

has
rank

atm
ost

1
ifand

only

if
a
d
>
−
b
c
>
=

0
n×

n ;thanks
to

Tianjiao
D

ing
forthis

observation.
15.In

the
uncalibrated

case,w
hich

is
m

ore
relevantin

com
puter

vision
applications,the

trifocaltensor
has

exactly
the

sam
e

structure
as

in
(151),w

ith
the

only
difference

being
thatthe

m
atrices

R
′,R

′′are
no

longerrotations.
16.A

m
ore

precise
w

ay
to

state
this

in
algebraic-geom

etric
language

is
thatthe

idealgenerated
by

these
four

equations
has

depth
3

in
the

quotientring
ofthe

trifocalvariety.
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.
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=
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at
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C
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D
U

A
L

P
R

IN
C

IPA
L

C
O

M
P

O
N

E
N

T
P

U
R

S
U

IT

a
com

bination
of

insufficient
tim

e
budget

together
w

ith
the

fact
that

the
datasetX̃

also
lies

in
a

union
of

coordinate
hyperplanes

irrelevant
to

the
trifocal

tensor;
this

is
evident

by
inspecting

the
zero

structure
ofthe

trilinearem
beddings,notshow

n
here.A

s
a

result,given
differenttim

e
budgets

H
-R

A
N

SA
C

identifies
differenthyperplanes

thatfita
significantportion

of
the

data,butw
ith

none
coinciding

w
ith

the
trifocaltensor.

T
he

aforem
entioned

issue
is

rem
edied

by
H

-G
-R

A
N

SA
C

,
w

hich
forces

the
estim

ated
hyper-

plane
to

fitgroups
of

trilinear
em

beddings
respecting

the
underlying

point-point-pointcorrespon-
dences.

Indeed,
this

dram
atically

im
proves

its
perform

ance
and

for
the

dataset
M

odel
H

ouse
in

Table
3

itis
the

bestperform
ing

m
ethod

forhigh
tim

e
budget.H

ow
ever,H

-G
-R

A
N

SA
C

is
notable

to
cope

w
ith

50%
outliers

atlow
tim

e
budget:its

highestprecision
in

thatregim
e

is
only

66.5%
for

the
datasetC

orridor
in

Table
2.

O
n

the
other

hand,D
PC

P-d
is

notonly
fast,butalso

very
robust:

in
the

challenging
regim

e
of

5
0%

outliers
itis

the
only

m
ethod

thatgives
100%

precision
for

the
dataset

C
orridor,

95.4%
for

M
odelH

ouse,and
99.2%

for
M

erton
C

ollege
III,w

hile
in

this
low

tim
e

budgetregim
e

the
second

best
m

ethod
is

D
PC

P-IR
L

S
w

ith
precision

97.7%
,

85
.6%

and
79.4%

respectively.
Interestingly,

D
PC

P-d
is

perform
ing

uniform
ly

better
than

D
PC

P-IR
L

S
even

if
the

latter
is

allow
ed

to
run

to
convergence

(high
tim

e
budget);w

e
attribute

this
to

the
factthatD

PC
P-d

is
designed

to
explicitly

handle
noise.O

verall,D
PC

P-d
is

the
bestperform

ing
m

ethod
in

low
tim

e
budgetacross

alldatasets,
and

the
bestperform

ing
m

ethod
in

high
budgetfordatasetsC

orridor
and

M
erton

C
ollege

III.Finally,
R

E
A

PE
R

perform
s

som
ew

here
betw

een
D

PC
P-IR

L
S

and
H

-G
-R

A
N

SA
C

,
outperform

ing
D

PC
P-

IR
L

S
only

on
a

few
occasions.

T
his

is
consistentw

ith
the

experim
entof

Fig.
6

on
synthetic

data,
according

to
w

hich
the

advantage
of

D
PC

P
over

R
E

A
PE

R
is

precisely
the

codim
ension

1
case,

w
here

the
latterfails.

In
conclusion,even

though
R

A
N

SA
C

can
have

a
very

high
precision

given
sufficienttim

e
bud-

get,once
the

latter
is

restricted
its

perform
ance

can
drop

dram
atically.

T
his

is
particularly

the
case

forlarge
outlierratios,a

regim
e

w
here

an
exponentially

large
tim

e
budgetm

ightbe
needed.M

ore-
over,R

A
N

SA
C

is
very

sensitive
to

its
thresholding

param
eter,w

hich
in

the
above

experim
entw

as
setusing

know
ledge

of
the

ground
truth.

C
learly,such

know
ledge

is
notavailable

in
practice

and
differentchoices

for
this

param
eter

are
expected

to
only

lead
to

perform
ance

degradation.
O

n
the

otherhand,D
PC

P-d
w

as
found

to
be

the
bestm

ethod
in

the
above

experim
ent,com

bining
low

run-
ning

tim
e,high

precision
and

robustness
to

its
thresholding

param
eter,suggesting

thatthe
proposed

D
ualPrincipalC

om
ponentPursuitcan

be
a

usefuloreven
superioralternative

to
popularapproaches

such
as

R
A

N
SA

C
,forthree-view

geom
etry

orothercom
putervision

applications.

8.C
onclusions

W
e

presented
and

studied
a

solution
to

the
problem

of
robustprincipalcom

ponentanalysis
in

the
presence

of
outliers,called

D
ualP

rincipalC
om

ponentP
ursuit(D

P
C

P
).T

he
heartofthe

proposed
m

ethod
consisted

ofa
non-convex

`
1

optim
ization

problem
on

the
sphere,forw

hich
a

solution
strat-

egy
based

on
a

recursion
oflinearprogram

s
w

as
analyzed.R

igorous
m

athem
aticalanalysis

revealed
thatD

PC
P

is
a

naturalm
ethod

for
learning

the
inlier

subspace
in

the
presence

of
outliers,even

in
the

challenging
regim

e
oflarge

outlierratios
and

high
subspace

relative
dim

ensions.In
fact,exper-

im
ents

on
synthetic

data
show

ed
thatD

PC
P

w
as

the
only

m
ethod

thatcould
handle

70%
outliers

inside
a

3
0-dim

ensionalam
bientspace,irrespectively

ofthe
subspace

dim
ension.M

oreover,exper-
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T
S

A
K

IR
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A
N

D
V

ID
A

L

im
ents

w
ith

realim
ages

in
the

contextof
three-view

geom
etry

show
ed

thatD
PC

P
can

outperform
popularalternatives

such
as

R
A

N
SA

C
,suggesting

its
potentialin

com
putervision

applications.

A
ppendix

A
.R

eview
ofexisting

resultson
Problem

s
(9)and

(10)

In
this

appendix
w

e
state

three
results

that
are

im
portant

for
our

m
athem

atical
analysis,

already
know

n
in

Späth
and

W
atson

(1987).Forthe
sake

ofclarity
and

convenience,w
e

have
also

taken
the

liberty
of

w
riting

com
plete

proofs
of

the
statem

ents,as
notallof

them
can

be
found

in
Späth

and
W

atson
(1987).

Proposition
14

LetY
=

[y
1 ,...,y

L
]∈

D
×
L

be
fullrank.Then

any
globalsolution

b ∗
to

m
in

b >
b
=

1 ∥∥Y
>
b ∥∥

1 ,
(153)

m
ustbe

orthogonalto
(D
−

1)
linearly

independentcolum
ns

ofY
.

Proof
L

etb ∗
be

an
optim

alsolution
of(153).T

hen
b ∗

m
ustsatisfy

the
firstorderoptim

ality
relation

0
∈
Y

S
gn

(Y
>
b ∗)

+
λ
b ∗,

(154)

w
here

λ
is

a
scalar

L
agrange

m
ultiplier

param
eter,and

S
gn

is
the

sub-differentialof
the

`
1

norm
.

W
ithoutloss

of
generality,let

y
1 ,...,y

K
be

the
colum

ns
ofY

to
w

hich
b ∗

is
orthogonal.

T
hen

equation
(154)im

plies
thatthere

existrealnum
bers

α
1 ,...,α

K
∈

[−
1
,1]such

that

K
∑j=

1

α
j y

j
+

L
∑j=
K

+
1

S
ign

(y
>j
b ∗)y

j
+
λ
b ∗

=
0
.

(155)

N
ow

,suppose
thatthe

span
of
y

1 ,...,y
K

is
ofdim

ension
less

than
D
−

1.T
hen

there
exists

a
unit

norm
vector

ζ
∈
S
D
−

1
thatis

orthogonalto
all
y

1 ,...,y
K
,b ∗,and

m
ultiplication

of(155)from
the

leftby
ζ
>

gives

L
∑j=
K

+
1

S
ign

(y
>j
b ∗)ζ

>
y
j

=
0.

(156)

Furtherm
ore,w

e
can

choose
a

sufficiently
sm

all
ε
>

0,such
that

S
ign

(y
>j
b ∗

+
εy
>j
ζ

)
=

S
ign

(y
>j
b ∗),

∀
j∈

[L
].

(157)

T
he

above
equation

is
trivially

true
for

all
j

such
that

y
>j
b ∗

=
0,because

in
thatcase

y
>j
ζ

=
0

by
the

definition
of
ζ.O

n
the

otherhand,if
y
>j
b ∗6=

0,then
a

sm
allperturbation

ε
w

illnotchange
the

sign
of
y
>j
b ∗.C

onsequently,w
e

can
w

rite
∣∣∣ y
>j

(b ∗
+
εζ

) ∣∣∣
=
∣∣∣ y
>j
b ∗ ∣∣∣

+
ε

S
ign

(y
>j
b ∗)y

>j
ζ
,∀
j∈

[L
]

(158)

and
so

∥∥Y
>

(b ∗
+
εζ

) ∥∥
1

=
∥∥Y
>
b ∗ ∥∥

1
+
ε

L
∑j=
K

+
1

S
ign

(y
>j
b ∗)ζ

>
y
j

=
∥∥Y
>
b ∗ ∥∥

1 .
(159)
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Zh
ou

,
Y

u,
D

ai
,

Li
an

g
an

d
X

in
g

ha
s

dr
aw

n
a

lo
t

of
re

ce
nt

at
te

nt
io

n
du

e
to

its
ub

iq
ui

ty
in

m
ac

hi
ne

le
ar

ni
ng

an
d

st
at

ist
ic

al
ap

pl
ic

at
io

ns
.

Ty
pi

ca
lly

,t
he

fir
st

te
rm f

(x
):

=
1 n

n ∑ i=
1
f i

(x
)

(2
)

is
a

sm
oo

th
lo

ss
fu

nc
tio

n
ov

er
n

tr
ai

ni
ng

sa
m

pl
es

th
at

de
sc

rib
es

th
e

fit
ne

ss
to

da
ta

,a
nd

th
e

se
co

nd
te

rm
g

is
a

no
ns

m
oo

th
re

gu
la

riz
at

io
n

fu
nc

tio
n

th
at

en
co

de
s

a
pr

io
ri

in
fo

rm
at

io
n.

W
e

lis
t

be
lo

w
so

m
e

po
pu

la
r

ex
am

pl
es

un
de

r
th

is
fra

m
ew

or
k.

•
La

ss
o:

le
as

t
sq

ua
re

s
lo

ss
f i

(x
)=

(y
i
−

a> i
x)

2
an

d
` 1

no
rm

re
gu

la
riz

er
g
(x

)=
‖x
‖ 1

;

•
Lo

gi
st

ic
re

gr
es

sio
n:

lo
gi

st
ic

lo
ss
f i

=
lo

g(
1

+
ex

p(
−
y i

a> i
x i

))
;

•
Bo

os
tin

g:
ex

po
ne

nt
ia

ll
os

s
f i

(x
)=

ex
p(
−
y i

a> i
x)

;

•
Su

pp
or

tv
ec

to
rm

ac
hi

ne
s:

hi
ng

e
lo

ss
f i

(x
)=

m
ax
{0
,1
−
y i

a> i
x}

an
d

(s
qu

ar
ed

)`
2

no
rm

re
gu

la
riz

er
g
(x

)=
‖x
‖2 2.
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ve
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he

ye
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re
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so
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at
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al
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al
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at
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ra
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e
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ra
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ca
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ik

lis
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ta
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et
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er
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ek
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an
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Ts
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98
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;L
ow

et
al
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20

12
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an
d

pa
rt

ia
lly

as
yn

ch
ro

no
us

(a
.k

.a
.

st
al

e
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nc
hr

on
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so
rc

ha
ot

ic
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ga
rw

al
an

d
D

uc
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01
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er
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en
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H

ow
ev

er
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re
al

de
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SP
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su
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ra
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th
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at
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d
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P
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e

al
go

rit
hm

st
ha

ta
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A
synchronous

D
istributed

P
roxim

al
G

radient
A

lgorithm

Feyzm
ahdavian

et
al.

(2014);
H

o
et

al.
(2013);

Li
et

al.
(2014);

Liu
and

W
right

(2015);
R

echt
et

al.(2011).

Existing
parallelsystem

scan
also

be
categorized

by
how

com
putation

isdivided
am

ong
workerm

achines:data
paralleland

m
odelparallel.D

ata
parallelsystem

susually
distribute

thecom
putation

involving
each

com
ponentfunction

f
i in

(2)into
differentworkerm

achines,
w

hich
is

suitable
w

hen
n
�

d,
i.e.,

large
data

volum
e

but
m

oderate
m

odelsize.
In

this
setting

the
stochastic

proxim
algradient

algorithm
,along

w
ith

the
PA

P
protocol,has

been
show

n
to

be
quite

effective
in

solving
the

com
posite

problem
(1)A

garwaland
D

uchi(2011);
Feyzm

ahdavian
etal.(2014);H

o
etal.(2013);Lietal.(2014).

Som
eotherworksdeveloped

A
D

M
M

-based
algorithm

s
for

data
parallelism

H
ong

et
al.(2016)

and
stochastic

variance-
reduced

gradient
algorithm

s
under

the
PA

P
protocol

H
uo

and
H

uang
(2017);

Fang
and

Lin
(2017),

and
proved

their
effectiveness

both
theoretically

and
em

pirically.
In

this
work,

we
focus

on
the

“dual”
m

odelparallel
regim

e
w

here
d
�

n,
i.e.,

large
m

odel
size

but
m

oderate
data

volum
e.

In
m

odern
m

achine
learning

and
statistics

applications,it
is

not
uncom

m
on

that
the

dim
ensionality

ofdata
largely

exceeds
its

volum
e,for

exam
ple,in

com
putationalbiology,conducting

an
experim

entalstudy
that

involves
m

any
patients

can
bevery

expensivebutforeach
patient,technology

(e.g.next-generation
genom

esequencing)
hasadvanced

to
a

stagew
heretaking

a
largenum

berofm
easurem

ents(m
odelparam

eters)is
relatively

cheap.D
eep

neuralnetworksareanotherexam
plethatcallsform

odelparallelism
.

N
otsurprisingly,the

design
ofa

m
odelparallelsystem

isfundam
entally

differentfrom
that

ofa
data

parallelsystem
,and

so
is

the
subsequent

analysis.

To
achieve

m
odelparallelism

,the
m

odelx
is

partitioned
into

different
(disjoint)

blocks
and

isdistributed
am

ong
m

any
workerm

achines.In
thissetting,theblock

proxim
algradient

algorithm
has

been
proposed

to
solve

the
com

posite
problem

(1)
Fercoq

and
R

ichtárik
(2015);Lu

and
X

iao
(2015);R

ichtárik
and

Takáč(2014),although
underthem

orerestrictive
BSP

protocol.
O

ther
works

proposed
A

D
M

M
-based

algorithm
for

m
odelparallelism

to
solve

the
sparse

PC
A

problem
H

ajinezhad
and

H
ong

(2015).
U

nder
the

PA
P

protocol,
the

only
work

that
we

are
aware

ofis
Bertsekas

and
Tsitsiklis

(1989)
w

hich
focused

on
a

specialcase
of(1)w

here
g

isan
indicatorfunction

ofa
convex

set,and
Tseng

(1991)w
hich

established
a

periodic
linearrate

ofconvergence
underan

errorbound
condition.

O
urm

ain
goalin

thiswork
isto

provide
a

form
alconvergence

analysisofthe
m

odelparallelproxim
al

gradient
algorithm

under
the

m
ore

flexible
PA

P
com

m
unication

protocol,and
our

results
naturally

extend
those

in
Bertsekasand

Tsitsiklis(1989);Tseng
(1991)to

allow
nonsm

ooth
and

nonconvex
functions.

O
ur

m
ain

contributions
in

this
work

are:
1).

W
e

propose
m

-PAPG,an
extension

ofthe
proxim

algradient
algorithm

to
the

m
odelparalleland

partially
asynchronous

setting.
In

specific,theworkerm
achinesin

thesystem
can

com
m

unicatew
ith

each
otherto

synchronize
them

odelparam
etersw

ith
staleness.

2).W
eprovidea

rigorousanalysisoftheconvergence
properties

of
m

-PAPG,allow
ing

both
nonsm

ooth
and

nonconvex
functions.

In
particular,

we
prove

in
T

heorem
7

that
any

lim
it

point
of

the
sequences

generated
by

m
-PAPG

is
a

criticalpoint.
3)

U
nderan

additionalerrorbound
condition

ofconvex
objective

functions,
we

prove
in

T
heorem

9
that

the
function

values
generated

by
m

-PAPG
decays

periodically
linearly.

4)
Lastly,using

the
K

urdyka- Lojasiew
icz

(K
 L)

inequality
Bolte

et
al.(2014)

and
under

a
suffi

cient
decrease

assum
ption,

we
prove

in
T

heorem
11

that
for

functions
that

3
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Zhou,
Y

u,
D

ai,
Liang

and
X

ing

satisfy
a

proxim
alLipschitz

condition
the

w
hole

sequences
ofm

-PAPG
converge

to
a

single
criticalpoint.

T
hispaperproceedsasfollow

s:W
efirstsetup

thenotationsand
definitionsin

Section
2.

T
he

proposed
algorithm

m
-PAPG

is
presented

in
Section

3,and
convergence

analysis
are

detailed
in

Sections
4

to
6.

T
he

im
plem

entation
of

m
-PAPG

on
a

distributed
system

is
detailed

in
Section

7,
and

num
erical

experim
ents

are
reported

in
Section

8.
Section

9
concludes

our
work.

2.
P

relim
inaries

W
efirstrecallsom

efundam
entaldefinitionsthatw

illbeneeded
in

ouranalysis.T
hroughout,

h
:
R
d
→

(−
∞
,+
∞

]denotes
an

extended
real-valued

function
that

is
proper

and
closed,

i.e.,its
dom

ain
dom

h
:=
{x

:
h(x)

<
+
∞
}

is
nonem

pty
and

its
sublevelset{x

:
h(x)≤

α}
is

closed
for

all
α
∈
R

.
Since

the
function

h
m

ay
not

be
sm

ooth
or

convex,we
need

the
follow

ing
generalized

notion
of“derivative.”

D
efinition

1
(Subdifferentialand

criticalpoint,e.g.
R

ockafellar
and

W
ets

(1997))
T

he
Frechétsubdifferential

∂̂
h

of
h

atx
∈

dom
h

is
the

setofu
such

that

lim
inf

z6=
x
,z→

x

h(z)−
h(x)−

u
>(z−

x)
‖z−

x‖
≥

0
,

(3)

while
the

(lim
iting)

subdifferential
∂
h

atx
∈

dom
h

is
the

“closure”
of
∂̂
h:

{u
:∃x

k→
x
,h(x

k)→
h(x),u

k∈
∂̂
h(x

k),u
k→

u}
.

(4)

T
he

criticalpoints
of
h

are
crit

h
:=
{x

:0
∈
∂
h(x)}.

W
hen

h
is

continuously
differentiable

or
convex,the

subdifferential
∂
h

and
the

set
of

criticalpoints
crit

h
coincide

w
ith

the
usualnotions.

For
a

closed
function

h,its
subdiffer-

entialis
either

nonem
pty

at
any

point
in

its
dom

ain
or

the
subgradient

diverges
to

som
e

“direction”
(R

ockafellar
and

W
ets,1997,C

orollary
8.10).

D
efinition

2
(D

istance
and

projection)
T

he
distance

function
w.r.t.

a
closed

setΩ
⊆

R
d

is
defined

as:

distΩ (x):=
m

in
y∈Ω
‖y
−

x‖
,

(5)

while
the

m
etric

projection
onto

Ω
is

defined
as:

projΩ (x):=
argm

in
y∈Ω

‖y
−

x‖
,

(6)

where
‖·‖

is
the

usualEuclidean
norm

.
N

ote
that

projΩ (x)
is

single-valued
for

allx
∈
R
d

ifand
only

ifΩ
is

convex.

D
efinition

3
(P

roxim
alm

ap,e.g.
R

ockafellar
and

W
ets

(1997))
T

he
proxim

alm
ap

ofa
closed

and
proper

function
h

is
(with

param
eter

η
>

0):

prox
ηh (x):=

argm
in

z∈
R

d

h(z)+
12
η ‖z−

x‖ 2.
(7)

O
ccasionally,we

willwrite
prox

h
instead

ofprox
1h .
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A
sy

nc
hr

on
ou

s
D

is
tr

ib
ut

ed
P

ro
xi

m
al

G
ra

di
en

t
A

lg
or

it
hm

C
le

ar
ly

,f
or

th
e

in
di

ca
to

r
fu

nc
tio

n
h

(x
)=

ι Ω
(x

),
w

hi
ch

ta
ke

s
th

e
va

lu
e

0
fo

r
x
∈

Ω
an

d
∞

ot
he

rw
ise

,i
ts

pr
ox

im
al

m
ap

(w
ith

an
y
η
>

0)
re

du
ce

s
to

th
e

m
et

ric
pr

oj
ec

tio
n

pr
oj

Ω
.

If
h

de
cr

ea
se

s
slo

we
r

th
an

a
qu

ad
ra

tic
fu

nc
tio

n
(in

pa
rt

ic
ul

ar
,w

he
n
h

is
bo

un
de

d
be

lo
w

),
th

en
its

pr
ox

im
al

m
ap

is
we

ll-
de

fin
ed

fo
r

al
l(

sm
al

l)
η

R
oc

ka
fe

lla
r

an
d

W
et

s
(1

99
7)

.
If
h

is
co

nv
ex

,t
he

n
its

pr
ox

im
al

m
ap

is
al

wa
ys

a
sin

gl
et

on
w

hi
le

fo
r

no
nc

on
ve

x
h

,t
he

pr
ox

im
al

m
ap

ca
n

be
se

t-
va

lu
ed

.
In

th
e

la
tt

er
ca

se
we

w
ill

al
so

ab
us

e
th

e
no

ta
tio

n
pr

ox
η h
(x

)
fo

r
an

ar
bi

tr
ar

y
el

em
en

t
fro

m
th

at
se

t.
Fo

r
co

nv
ex

fu
nc

tio
ns

,t
he

pr
ox

im
al

m
ap

is
no

ne
xp

an
siv

e:

∀x
,y
∈
R
d
,
‖p

ro
xη h

(x
)−

pr
ox

η h
(y

)‖
≤
‖x
−

y‖
,

(8
)

w
hi

le
fo

r
no

nc
on

ve
x

fu
nc

tio
ns

th
is

m
ay

no
t

ho
ld

ev
er

yw
he

re
.

T
he

pr
ox

im
al

m
ap

is
th

e
ke

y
co

m
po

ne
nt

of
th

e
pr

ox
im

al
gr

ad
ie

nt
al

go
rit

hm
Fu

ku
sh

im
a

an
d

M
in

e
(1

98
1)

(a
.k

.a
.

fo
rw

ar
d-

ba
ck

wa
rd

sp
lit

tin
g)

:

∀t
=

0,
1,
..
.,

x(
t

+
1)

=
pr

ox
η g

( x(
t)
−
η
∇
f

(x
(t

))
) ,

(9
)

w
he

re
∇
f

is
th

e
(s

ub
)g

ra
di

en
to

ff
,a

nd
η

is
a

su
ita

bl
es

te
p

siz
e(

th
at

m
ay

ch
an

ge
w

ith
t)

.I
t

is
kn

ow
n

th
at

w
he

n
f

is
co

nv
ex

w
ith

L
-L

ip
sc

hi
tz

co
nt

in
uo

us
gr

ad
ie

nt
an

d
0
<
η
<

2/
L

,t
he

n
F
t

:=
f

(x
(t

))
+
g
(x

(t
))

co
nv

er
ge

s
to

th
e

m
in

im
um

at
th

e
ra

te
O

(1
/
t)

an
d

x(
t)

co
nv

er
ge

s
to

so
m

e
m

in
im

iz
er

x∗
.

A
cc

el
er

at
ed

ve
rs

io
ns

Be
ck

an
d

Te
bo

ul
le

(2
00

9)
;N

es
te

ro
v

(2
01

3)
w

he
re

F
t

co
nv

er
ge

s
at

th
e

fa
st

er
ra

te
O

(1
/t

2 )
ar

e
al

so
we

ll-
kn

ow
n.

R
ec

en
tly

,B
ol

te
et

al
.(

20
14

)
pr

ov
ed

th
at

x(
t)

co
nv

er
ge

s
to

a
cr

iti
ca

l
po

in
t

ev
en

fo
r

no
nc

on
ve

x
f

an
d

no
nc

on
ve

x
an

d
no

ns
m

oo
th
g

as
lo

ng
as

to
ge

th
er

th
ey

sa
tis

fy
a

ce
rt

ai
n

K
 L

in
eq

ua
lit

y.

3.
Fo

rm
ul

at
io

n
of

m
-P

A
PG

R
ec

al
lt

he
co

m
po

sit
e

m
in

im
iz

at
io

n
pr

ob
le

m
:

m
in

x∈
R

d
F

(x
),

w
he

re
F

(x
)=

f
(x

)+
g
(x

).
(P

)

W
e

ar
e

in
te

re
st

ed
in

th
e

ca
se

w
he

re
d

is
so

la
rg

e
th

at
im

pl
em

en
tin

g
th

e
pr

ox
im

al
gr

ad
ie

nt
al

go
rit

hm
(9

)
on

a
sin

gl
e

m
ac

hi
ne

is
no

lo
ng

er
fe

as
ib

le
,h

en
ce

di
st

rib
ut

ed
co

m
pu

ta
tio

n
is

ne
ce

ss
ar

y.
W

e
co

ns
id

er
a

m
od

el
pa

ra
lle

ls
ys

te
m

w
ith

p
m

ac
hi

ne
si

n
to

ta
l.

T
he

m
ac

hi
ne

sa
re

fu
lly

co
nn

ec
te

d
an

d
ca

n
co

m
m

un
ic

at
ew

ith
ea

ch
ot

he
r.

D
ec

om
po

se
th

ed
m

od
el

pa
ra

m
et

er
si

nt
o
p

di
sjo

in
tg

ro
up

s.
Fo

rm
al

ly
,c

on
sid

er
th

ed
ec

om
po

sit
io

n
R
d

=
R
d

1
×
R
d

2
×
··
·×
R
d

p
,a

nd
de

no
te

x
i

an
d
∇
if

(x
)

:R
d
→
R
d

i
as

th
e
i-t

h
co

m
po

ne
nt

of
x

an
d
∇
f

(x
),

re
sp

ec
tiv

el
y.

C
le

ar
ly

,
x

=
(x

1,
x

2,
..
.,
x
p
)

an
d
∇
f

=
(∇

1f
,∇

2f
,·
··
,∇

p
f

).
T

he
i-t

h
m

ac
hi

ne
is

re
sp

on
sib

le
fo

r
up

da
tin

g
th

e
co

m
po

ne
nt

x
i
∈
R
d

i
,a

nd
fo

r
th

e
pu

rp
os

e
of

ev
al

ua
tin

g
th

e
pa

rt
ia

lg
ra

di
en

t
∇
if

(x
)w

e
as

su
m

e
th

e
i-t

h
m

ac
hi

ne
al

so
ha

sa
cc

es
st

o
a

lo
ca

l,
fu

ll
m

od
el

pa
ra

m
et

er
xi
∈
R
d
.

T
he

la
st

as
su

m
pt

io
n

is
m

ad
e

on
ly

to
sim

pl
ify

ou
rp

re
se

nt
at

io
n;

it
ca

n
be

re
m

ov
ed

fo
rm

an
y

m
ac

hi
ne

le
ar

ni
ng

pr
ob

le
m

s,
se

e
fo

ri
ns

ta
nc

e
R

ich
tá

rik
an

d
Ta

ká
č

(2
01

4)
;Z

ho
u

et
al

.(
20

16
).

W
e

m
ak

e
th

e
fo

llo
w

in
g

st
an

da
rd

as
su

m
pt

io
ns

re
ga

rd
in

g
pr

ob
le

m
(P

):

A
ss

um
pt

io
n

1
(B

ou
nd

ed
B

el
ow

)
T

he
fu

nc
tio

n
F

=
f

+
g

is
bo

un
de

d
be

lo
w.

A
ss

um
pt

io
n

2
(S

m
oo

th
)

T
he

fu
nc

tio
n
f

is
L

-s
m

oo
th

,i
.e

.,

∀x
,y
∈
R
d
,
‖∇

f
(x

)−
∇
f

(y
)‖
≤
L
‖x
−

y‖
.

(1
0)
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Zh
ou

,
Y

u,
D

ai
,

Li
an

g
an

d
X

in
g

A
ss

um
pt

io
n

3
(S

ep
ar

ab
le

)
T

he
fu

nc
tio

n
g

is
cl

os
ed

an
d

se
pa

ra
bl

e,
i.e

.,
g
(x

)=
∑
p i=

1
g i

(x
i).

A
ss

um
pt

io
n

1
sim

pl
y

al
lo

w
s

us
to

ha
ve

a
fin

ite
m

in
im

um
va

lu
e

an
d

is
us

ua
lly

sa
tis

fie
d

in
pr

ac
tic

e.
T

he
sm

oo
th

ne
ss

as
su

m
pt

io
n

is
cr

iti
ca

l
in

tw
o

as
pe

ct
s:

(1
)

It
al

lo
w

s
us

to
up

pe
r

bo
un

d
f

by
its

qu
ad

ra
tic

ex
pa

ns
io

n
at

th
e

cu
rr

en
t

ite
ra

te
—

a
st

an
da

rd
st

ep
in

th
e

co
nv

er
ge

nc
e

pr
oo

fo
fg

ra
di

en
t

ty
pe

al
go

rit
hm

s:

∀x
,y
∈
R
d
,
f

(x
)≤

f
(y

)+
〈x
−

y,
∇
f

(y
)〉

+
L 2
‖x
−

y‖
2 .

(1
1)

(2
)

It
al

lo
w

s
us

to
bo

un
d

th
e

in
co

ns
ist

en
ci

es
in

di
ffe

re
nt

m
ac

hi
ne

s
du

e
to

as
yn

ch
ro

no
us

up
da

te
s,

se
e

T
he

or
em

4
be

lo
w

.
T

he
se

pa
ra

bl
e

as
su

m
pt

io
n

m
ak

es
m

od
el

pa
ra

lle
lis

m
in

te
r-

es
tin

g
an

d
fe

as
ib

le
,a

nd
is

sa
tis

fie
d

by
m

an
y

po
pu

la
rr

eg
ul

ar
iz

er
s.

Po
pu

la
re

xa
m

pl
es

in
cl

ud
e

ve
ct

or
no

rm
s

su
ch

as
` 0

,`
1,
` 1
,2

(i.
e.

,g
ro

up
no

rm
),
`2 2,

el
as

tic
ne

t,
an

d
m

at
rix

no
rm

s
su

ch
as

Fr
ob

en
io

us
no

rm
,e

tc
.

W
e

re
m

ar
k

th
at

bo
th

A
ss

um
pt

io
n

2
an

d
A

ss
um

pt
io

n
3

ca
n

be
re

la
xe

d
us

in
g

te
ch

ni
qu

es
in

Be
ck

an
d

Te
bo

ul
le

(2
01

2)
an

d
Yu

et
al

.(
20

15
),

re
sp

ec
tiv

el
y.

Fo
r

br
ev

ity
we

do
no

t
pu

rs
ue

th
es

e
ex

te
ns

io
ns

he
re

.
N

ot
e

th
at

we
do

no
t

as
su

m
e

co
nv

ex
ity

on
ei

th
er
f

or
g
,a

nd
g

ne
ed

no
t

ev
en

be
co

nt
in

uo
us

.
W

e
no

w
sp

ec
ify

th
e

m
-P

AP
G

al
go

rit
hm

fo
rs

ol
vi

ng
(P

)u
nd

er
m

od
el

pa
ra

lle
lis

m
an

d
th

e
PA

P
pr

ot
oc

ol
.

T
he

se
pa

ra
bl

e
as

su
m

pt
io

n
on

g
im

pl
ie

s
th

at

pr
ox

η g
(x

)=
( pr

ox
η g

1
(x

1)
,
..
.
,

pr
ox

η g
p
(x
p
))
.

(1
2)

T
he

n,
th

e
up

da
te

on
m

ac
hi

ne
i

is
de

fin
ed

as
:

x
i
←

pr
ox

η g
i
(x
i
−
η
∇
if

(x
i ))
.

(1
3)

T
ha

t
is,

m
ac

hi
ne

i
co

m
pu

te
s

a
pa

rt
ia

lg
ra

di
en

t
m

ap
pi

ng
N

es
te

ro
v

(2
01

3)
w

.r.
t.

th
e
i-t

h
co

m
po

ne
nt

us
in

g
th

e
lo

ca
lc

om
po

ne
nt
x
i

an
d

th
e

lo
ca

lf
ul

lm
od

el
xi

.
To

de
fin

e
th

e
la

tt
er

,
co

ns
id

er
a

gl
ob

al
cl

oc
k

sh
ar

ed
by

al
lm

ac
hi

ne
sa

nd
de

no
te
T
i

as
th

e
se

to
fa

ct
iv

e
cl

oc
ks

w
he

n
m

ac
hi

ne
i

pe
rfo

rm
sa

n
up

da
te

.N
ot

et
ha

tt
he

gl
ob

al
cl

oc
k

is
in

tr
od

uc
ed

so
le

ly
fo

rt
he

pu
rp

os
e

of
ou

r
an

al
ys

is,
an

d
th

e
m

ac
hi

ne
s

ne
ed

no
t

m
ai

nt
ai

n
it

in
a

pr
ac

tic
al

im
pl

em
en

ta
tio

n.
D

en
ot

e
τ
i j
(t

)a
s

th
e

ite
ra

tio
n

of
th

e
bl

oc
k

m
od

el
x
j

th
at

is
ac

ce
ss

ed
by

m
ac

hi
ne

i
at

its
t-t

h
ite

ra
tio

n.
T

he
n,

th
e
t-t

h
ite

ra
tio

n
on

m
ac

hi
ne

i
ca

n
be

fo
rm

al
ly

w
rit

te
n

as
:

            

∀i
,
x
i(t

+
1)

=
{
x
i(t

),
t
6∈
T
i

pr
ox

η g
i
(x
i(t

)−
η
∇
if

(x
i (t

))
),

t
∈
T
i

,

(lo
ca

l)
xi

(t
)=

( x
1(
τ
i 1(
t)

),
..
.
,
x
p
(τ
i p
(t

))
) ,

(g
lo

ba
l)

x(
t)

=
( x

1(
t)
,
..
.
,
x
p
(t

))
.

(m
-P

AP
G)

T
ha

t
is,

m
ac

hi
ne

i
on

ly
pe

rfo
rm

s
its

up
da

te
op

er
at

or
at

its
ac

tiv
e

cl
oc

ks
.

T
he

lo
ca

lf
ul

l
m

od
el

xi
(t

)a
ss

em
bl

es
al

lc
om

po
ne

nt
sf

ro
m

ot
he

rm
ac

hi
ne

s,
an

d
is

po
ss

ib
ly

a
de

la
ye

d
ve

rs
io

n
of

th
e

gl
ob

al
m

od
el

x(
t)

,w
hi

ch
as

se
m

bl
es

th
e

m
os

tu
p-

to
-d

at
e

co
m

po
ne

nt
in

ea
ch

m
ac

hi
ne

.
N

ot
e

th
at

th
e

gl
ob

al
m

od
el

is
in

tr
od

uc
ed

fo
r

ou
r

an
al

ys
is,

an
d

is
no

t
ac

ce
ss

ib
le

in
a

re
al

im
pl

em
en

ta
tio

n.
M

or
e

sp
ec

ifi
ca

lly
,τ

i j
(t

)
≤
t

m
od

el
s

th
e

co
m

m
un

ic
at

io
n

de
la

y
am

on
g

m
a-

ch
in

es
:

w
he

n
m

ac
hi

ne
i

co
nd

uc
ts

its
t-t

h
up

da
te

it
on

ly
ha

s
ac

ce
ss

to
x
j
(τ
i j
(t

))
,

a
de

la
ye

d
ve

rs
io

n
of

th
e

co
m

po
ne

nt
x
j
(t

)t
ha

ti
s

re
ce

iv
ed

by
th

e
i-t

h
m

ac
hi

ne
fro

m
th

e
j-

th
m

ac
hi

ne
.
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A
synchronous

D
istributed

P
roxim

al
G

radient
A

lgorithm

W
e

refer
to

the
above

algorithm
as

m
-PAPG

(for
m

odelparallel,P
artially

A
synchronous,

P
roxim

alG
radient).

In
a

practicaldistributed
system

,com
m

unication
am

ong
m

achines
is

m
uch

slower
than

localcom
putations,and

the
perform

ance
ofa

synchronous
system

is
often

bottlenecked
at

the
slowest

m
achine,

due
to

the
need

of
synchronization

in
every

step.
T

he
delays

τ
ij (t)

and
active

clocks
T
i

that
we

introduced
in

m
-PAPG

aim
to

address
such

issues.
For

our
convergence

proofs,we
need

the
follow

ing
assum

ptions:

A
ssum

ption
4

(B
ounded

D
elay)

∃
s∈

N
,
∀
i,∀

j,∀
t,

0
≤
t−

τ
ij (t)≤

s,
τ
ii (t)≡

t.

A
ssum

ption
5

(Frequent
U

pdate)
∃
s∈

N
,
∀
i,∀

t,T
i ∩
{
t,t+

1
,···

,t+
s}
6=
∅.

Intuitively,A
ssum

ption
4

guaranteestheinform
ation

thatm
achine

igathered
from

other
m

achines
at

the
t-th

iteration
are

not
too

obsolete
(bounded

by
at

m
ost

s
clocks

apart).
T

he
assum

ption
τ
ii (t)≡

tis
naturalsince

the
i-th

worker
m

achine
is

m
aintaining

x
i hence

would
always

have
the

latest
copy.

A
ssum

ption
5

requires
each

m
achine

to
update

at
least

once
in

every
s

+
1

iterations,
for

otherw
ise

som
e

com
ponent

x
i

m
ay

not
be

updated
at

all.
W

e
rem

ark
that

A
ssum

ption
4

and
A

ssum
ption

5
are

very
natural

and
have

been
w

idely
adopted

in
previous

works
Baudet

(1978);Bertsekas
and

Tsitsiklis
(1989);C

hazan
and

M
iranker

(1969);
Feyzm

ahdavian
et

al.
(2014);

Tseng
(1991).

C
learly,

w
hen

s
=

0
(i.e.,no

delay),m
-PAPG

reducesto
the

fully
synchronous,m

odelparallelproxim
algradient

algorithm
.

Before
closing

this
section,

we
provide

a
technical

tool
to

control
the

inconsistency
between

the
localm

odels
x
i(t)

and
the

globalm
odelx(t).

R
ecallthat

(t)+
=

m
ax{t,0}

is
the

positive
part

of
t.

Lem
m

a
4

LetA
ssum

ption
4

hold,then
the

globalm
odelx(t)and

the
localm

odels{x
i(t)}

pi=
1

satisfy:

∀
i=

1,···
,p
,
‖x(t)−

x
i(t)‖

≤
t−

1
∑

k=
(t−

s)+ ‖x(k
+

1)−
x(k)‖

,
(14)

‖x
i(t+

1)−
x
i(t)‖

≤
t
∑

k=
(t−

s)+ ‖x(k
+

1)−
x(k)‖

.
(15)

P
roof

Indeed,by
the

definitions
in

(m
-PAPG):

‖x(t)−
x
i(t)‖ 2

=
p
∑j=

1 ‖x
j (t)−

x
j (τ

ij (t))‖ 2

≤
p
∑j=

1 
t−

1
∑k=
τ

ij (t) ‖x
j (k

+
1)−

x
j (k)‖ 

2

≤
p
∑j=

1 
t−

1
∑

k=
(t−

s)+ ‖x
j (k

+
1)−

x
j (k)‖ 

2
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Zhou,
Y

u,
D

ai,
Liang

and
X

ing

=
p
∑j=

1

t−
1

∑

k=
(t−

s)+

t−
1

∑

k ′=
(t−

s)+ ‖x
j (k

+
1)−

x
j (k)‖‖x

j (k ′+
1)−

x
j (k ′)‖

=
t−

1
∑

k=
(t−

s)+

t−
1

∑

k ′=
(t−

s)+

p
∑j=

1 ‖x
j (k

+
1)−

x
j (k)‖‖x

j (k ′+
1)−

x
j (k ′)‖

≤
t−

1
∑

k=
(t−

s)+

t−
1

∑

k ′=
(t−

s)+ ‖x(k
+

1)−
x(k)‖‖x(k ′+

1)−
x(k ′)‖

=


t−

1
∑

k=
(t−

s)+ ‖x(k
+

1)−
x(k)‖ 

2

,

w
here

the
first

inequality
is

due
to

the
triangle

inequality;the
second

inequality
is

due
to

A
ssum

ption
4;and

the
last

inequality
follow

s
from

the
C

auchy-Schwarz
inequality.

Sim
ilarly,

‖x
i(t)−

x
i(t+

1)‖ 2
=

p
∑j=

1 ‖
x
j (τ

ij (t))−
x
j (τ

ij (t+
1))‖ 2

≤
p
∑j=

1 
τ

ij (t+
1)−

1
∑k=
τ

ij (t)
‖x

j (k
+

1)−
x
j (k)‖ 

2

≤
p
∑j=

1 
t
∑

k=
(t−

s)+ ‖x
j (k

+
1)−

x
j (k)‖ 

2

,

and
the

rest
ofthe

proofis
com

pletely
sim

ilar
to

the
previous

case.

4.
C

haracterizing
the

lim
it

points
In

this
section,

we
characterize

the
convergence

property
of

the
sequences

generated
by

m
-PAPG

under
very

generalconditions.
R

ecallfrom
A

ssum
ption

2
that∇

f
is
L-Lipschitz

continuous.
O

ur
first

result
is

as
follow

s:

T
heorem

5
Let

A
ssum

ptions
1

to
5

hold.
If

the
step

size
η
∈
(0,

1
L

(1+
2 √

p
s) ),

then
the

sequence
generated

by
m

-PAPG
is

square
sum

m
able,i.e.

∞∑t=
0 ‖x(t+

1)−
x(t)‖ 2

<
∞
.

(16)

In
particular,

lim
t→
∞
‖x(t+

1)−
x(t)‖

=
0

and
lim
t→
∞
‖x(t)−

x
i(t)‖

=
0.

R
em

ark
6

O
ur

bound
on

the
step

size
η

is
natural:

If
s

=
0,i.e.,there

is
no

asynchronism
then

we
recover

the
standard

step
size

rule
η
<

1
/L

(we
can

increase
η

by
another

factor
of

2,had
convexity

on
g

been
assum

ed).
Asstaleness

s
increases,we

need
a

sm
aller

step
size

to

8
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A
sy

nc
hr

on
ou

s
D

is
tr

ib
ut

ed
P

ro
xi

m
al

G
ra

di
en

t
A

lg
or

it
hm

“d
am

p”
th

e
sy

st
em

to
st

ill
en

su
re

co
nv

er
ge

nc
e.

T
he

fa
ct

or
√
p

is
an

ot
he

rm
ea

su
re

m
en

to
ft

he
de

gr
ee

of
“d

ep
en

de
nc

y”
am

on
g

wo
rk

er
m

ac
hi

ne
s:

In
de

ed
,w

e
ca

n
re

du
ce
√
p

to
√
∑
i
L

2 i/
L

,
wh

er
e
L
i

is
th

e
Li

ps
ch

itz
co

ns
ta

nt
of
∇
if

(c
f.

(2
1)

).

P
ro

of
T

he
la

st
cl

ai
m

fo
llo

w
s

im
m

ed
ia

te
ly

fro
m

eq
.(

16
)

an
d

eq
.(

14
),

so
we

on
ly

ne
ed

to
pr

ov
e

(1
6)

.
C

on
sid

er
m

ac
hi

ne
i

an
d

an
y
t
∈
T
i.

C
om

bi
ni

ng
eq

.(
13

)
w

ith
eq

.(
m

-P
AP

G)
gi

ve
s

x
i(t

+
1)

=
pr

ox
η g

i

( x
i(t

)−
η
∇
if

(x
i (t

))
) .

(1
7)

T
he

n,
fro

m
D

efi
ni

tio
n

3
of

th
e

pr
ox

im
al

m
ap

we
ha

ve
fo

r
al

lz
∈
R
d

i
:

g i
( x
i(t

+
1)
) +

1 2η
‖x

i(t
+

1)
−
x
i(t

)+
η
∇
if
( xi

(t
))
‖2

(1
8)

≤
g i
( z
) +

1 2η
∥ ∥ ∥z
−
x
i(t

)+
η
∇
if
( xi

(t
))
∥ ∥ ∥2
.

Se
t
z

=
x
i(t

)
an

d
sim

pl
ify

,w
e

ob
ta

in
:

g i
( x
i(t

+
1)
) −
g i
( x
i(t

))
(1

9)

≤
−

1 2η
‖x

i(t
+

1)
−
x
i(t

)‖
2
−
〈 ∇

if
( xi

(t
))
,x

i(t
+

1)
−
x
i(t

)〉
.

N
ot

e
th

at
if
t
/∈
T
i,

th
en

x
i(t

+
1)

=
x
i(t

)
an

d
eq

.(
19

)
st

ill
ho

ld
s.

O
n

th
e

ot
he

r
ha

nd
,

A
ss

um
pt

io
n

2
im

pl
ie

s
th

at
fo

r
al

lt
(c

f.
(1

1)
):

f
( x(

t
+

1)
) −

f
( x(

t)
) ≤
〈x

(t
+

1)
−

x(
t)
,∇
f
( x(

t)
) 〉

+
L 2‖

x(
t

+
1)
−

x(
t)
‖2
.

(2
0)

A
dd

in
g

up
eq

.(
20

)
an

d
eq

.(
19

)
(fo

r
al

li
)

an
d

re
ca

ll
F

=
f

+
∑
i
g i

,w
e

ha
ve

F
( x(

t
+

1)
) −

F
( x(

t)
) −

1 2(
L
−

1/
η
)‖

x(
t

+
1)
−

x(
t)
‖2

≤
p ∑ i=

1

〈 x
i(t

+
1)
−
x
i(t

),
∇
if

(x
(t

))
−
∇
if
( xi

(t
))
〉

≤
p ∑ i=

1
‖x

i(t
+

1)
−
x
i(t

)‖
·‖
∇
if

(x
(t

))
−
∇
if
( xi

(t
))
‖

(i) ≤
p ∑ i=

1
‖x

i(t
+

1)
−
x
i(t

)‖
·L
‖x

(t
)−

xi
(t

)‖
(2

1)

(ii
) ≤
L
·
p ∑ i=

1
‖x

i(t
+

1)
−
x
i(t

)‖
·

t−
1

∑

k
=

(t
−
s)

+

‖x
(k

+
1)
−

x(
k
)‖

(ii
i) ≤
√
p
L
‖x

(t
+

1)
−

x(
t)
‖·

t−
1

∑

k
=

(t
−
s)

+

‖x
(k

+
1)
−

x(
k
)‖

(2
2)

(iv
) ≤
√
p
L 2

t−
1

∑

k
=

(t
−
s)

+

[ ‖
x(
k

+
1)
−

x(
k
)‖

2
+
‖x

(t
+

1)
−

x(
t)
‖2
]
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Zh
ou

,
Y

u,
D

ai
,

Li
an

g
an

d
X

in
g

≤
√
p
L
s

2
‖x

(t
+

1)
−

x(
t)
‖2

+
√
p
L 2

t−
1

∑

k
=

(t
−
s)

+‖x
(k

+
1)
−

x(
k
)‖

2 ,
(2

3)

w
he

re
(i)

is
du

e
to

th
e
L

-L
ip

sc
hi

tz
co

nt
in

ui
ty

of
∇
f

,(
ii)

fo
llo

w
s

fro
m

eq
.(

14
),

(ii
i)

is
th

e
C

au
ch

y-
Sc

hw
ar

z
in

eq
ua

lit
y,

an
d

(iv
)

fo
llo

w
s

fro
m

th
e

el
em

en
ta

ry
in

eq
ua

lit
y
a
b
≤

a
2 +
b2

2
.

Su
m

m
in

g
th

e
ab

ov
e

in
eq

ua
lit

y
ov

er
t

fro
m

0
to
m
−

1
an

d
re

ar
ra

ng
in

g
we

ob
ta

in

F
( x(

m
))
−
F
( x(

0)
) ≤

1 2(L
+
√
p
L
s
−

1/
η
)m
−

1
∑ t=

0
‖x

(t
+

1)
−

x(
t)
‖2

+
L 2

m
−

1
∑ t=

0

t−
1

∑

k
=

(t
−
s)

+

‖x
(k

+
1)
−

x(
k
)‖

2

≤
1 2(L

+
2√

p
L
s
−

1/
η
)m
−

1
∑ t=

0
‖x

(t
+

1)
−

x(
t)
‖2
.

T
he

re
fo

re
,i

fw
e

ch
oo

se
0
<
η
<

1
L

(1
+

2√
p
s)

,t
he

n
le

t
m
→
∞

we
de

du
ce

∞ ∑ t=
0
‖x

(t
+

1)
−

x(
t)
‖2
≤

2
1/
η
−
L
−

2√
p
L
s

[F
( x(

0)
) −

in
f z
F

(z
)].

(2
4)

By
A

ss
um

pt
io

n
1,
F

is
bo

un
de

d
fro

m
be

lo
w

,h
en

ce
th

e
rig

ht
-h

an
d

sid
e

is
fin

ite
.

T
he

fir
st

as
se

rt
io

n
of

th
e

ab
ov

e
th

eo
re

m
st

at
es

th
at

th
e

gl
ob

al
se

qu
en

ce
x(
t)

ha
ss

qu
ar

e
su

m
m

ab
le

su
cc

es
siv

e
di

ffe
re

nc
es

,w
hi

le
th

e
se

co
nd

as
se

rt
io

n
im

pl
ie

st
ha

tb
ot

h
th

e
su

cc
es

siv
e

di
ffe

re
nc

e
of

th
e

gl
ob

al
se

qu
en

ce
an

d
th

e
in

co
ns

ist
en

cy
be

tw
ee

n
th

e
lo

ca
ls

eq
ue

nc
es

an
d

th
e

gl
ob

al
se

qu
en

ce
di

m
in

ish
as

th
e

nu
m

be
r

of
ite

ra
tio

ns
gr

ow
s.

T
he

se
tw

o
co

nc
lu

sio
ns

pr
ov

id
e

a
pr

el
im

en
ar

y
st

ab
ili

ty
gu

ar
an

te
e

fo
r

m
-P

AP
G.

N
ex

t,
we

pr
ov

et
ha

tt
he

lim
it

po
in

ts
(if

ex
ist

)o
ft

he
se

qu
en

ce
sx

(t
)a

nd
xi

(t
),
i

=
1,
..
.,
p

co
in

ci
de

,
an

d
th

ey
ar

e
cr

iti
ca

lp
oi

nt
s

of
F

.
R

ec
al

lt
ha

t
th

e
se

t
of

cr
iti

ca
lp

oi
nt

s
of

th
e

fu
nc

tio
n
F

is
de

no
te

d
as

cr
it
F

.

T
he

or
em

7
C

on
si

de
r

th
e

sa
m

e
se

tti
ng

as
in

T
he

or
em

5.
T

he
n,

th
e

se
qu

en
ce

s
{x

(t
)}

an
d

{x
i (t

)}
,i

=
1,
..
.,
p
,

ge
ne

ra
te

d
by

m
-P

AP
G

sh
ar

e
th

e
sa

m
e

se
t

of
lim

it
po

in
ts

,
wh

ic
h

is
a

su
bs

et
of

cr
it
F

.

P
ro

of
It

is
cl

ea
r

fro
m

T
he

or
em

5
th

at
{x

(t
)}

an
d
{x

i (t
)}
,i

=
1,
..
.,
p
,s

ha
re

th
e

sa
m

e
se

t
of

lim
it

po
in

ts
,a

nd
we

ne
ed

to
sh

ow
th

at
an

y
lim

it
po

in
t

of
{x

(t
)}

is
al

so
a

cr
iti

ca
lp

oi
nt

of
F

. Le
t

x∗
be

a
lim

it
po

in
t

of
{x

(t
)}

.
By

T
he

or
em

1
it

su
ffi

ce
s

to
ex

hi
bi

t
a

se
qu

en
ce

x(
k
)

sa
tis

fy
in

g1

x(
k
)→

x∗
,
F

(x
(k

))
→
F

(x
∗ )
,

0
←

u(
k
)∈

∂
F

(x
(k

))
.

(2
5)

1.
Te

ch
ni

ca
lly

,
fr

om
T

he
or

em
1

w
e

sh
ou

ld
ha

ve
th

e
Fr

ec
hé

t
su

bd
iff

er
en

tia
l

∂̂
F

in
eq

.
(2

5)
,

ho
w

ev
er

,
a

st
an

da
rd

ar
gu

m
en

t
al

lo
w

s
us

to
us

e
th

e
m

or
e

co
nv

en
ie

nt
su

bd
iff

er
en

tia
l

(R
oc

ka
fe

lla
r

an
d

W
et

s,
19

97
,

Pr
op

os
iti

on
8.

7)
.
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A
synchronous

D
istributed

P
roxim

al
G

radient
A

lgorithm

Letusfirstconstructthe
subgradientsequenceu(k).C

onsiderm
achine

iand
any

t̂∈
T
i ,

the
optim

ality
condition

ofeq.(17)
gives

u
i (t̂+

1):=
−

1η [x
i (t̂+

1)−
x
i (t̂)+

η∇
i f (x

i(t̂) ) ]∈
∂
g
i (x

i (t̂+
1)).

(26)

It
then

follow
s

that

‖u
i (t̂+

1)+
∇
i f(x(t̂+

1))‖
≤
‖u

i (t̂+
1)+

∇
i f(x(t̂))‖

+
‖∇

i f(x(t̂+
1))−

∇
i f(x(t̂))‖

(i)≤ ∥∥∥
1η [x

i (t̂+
1)−

x
i (t̂) ]+

∇
i f (x

i(t̂) )−
∇
i f (x(t̂) ) ∥∥∥

+
L‖x(t̂+

1)−
x(t̂)‖

(ii)
≤

1η ‖
x
i (t̂+

1)−
x
i (t̂)‖

+
L‖x

i(t̂)−
x(t̂)‖

+
L‖x(t̂+

1)−
x(t̂)‖

(iii)
≤

1η ‖x
i (t̂+

1)−
x
i (t̂)‖

+
L

t̂
∑

k=
(t̂−

s)+ ‖x(k
+

1)−
x(k)‖,

(27)

w
here(i)and

(ii)are
dueto

the
L-Lipschitz

continuity
of∇

f,and
(iii)follow

sfrom
eq.(14).

N
ext,consider

any
other

t6∈
T
i

and
t≥

s,we
denote

t̂
as

the
largest

elem
ent

in
the

set
{k
≤
t

:
k
∈
T
i }.

By
A

ssum
ption

5
t̂

always
exists

and
t−

t̂
≤
s.

Since
no

update
is

perform
ed

on
m

achine
iat

any
clock

in
[t̂+

1,t],we
have

x
i (t+

1)
=
x
i (t̂+

1).
T

hus,we
can

choose
u
i (t+

1)=
u
i (t̂+

1)∈
∂
g
i (x

i (t̂+
1))=

∂
g
i (x

i (t+
1)),and

obtain

‖
u
i (t+

1)+
∇
i f(x(t+

1))−
u
i (t̂+

1)−
∇
i f(x(t̂+

1))‖
(28)

=
‖∇

i f(x(t+
1))−

∇
i f(x(t̂+

1))‖

≤
t
∑k=
t̂+

1 ‖∇
i f(x(k

+
1))−

∇
i f(x(k))‖

≤
t
∑

k=
(t−

s+
1)+ ‖∇

i f(x(k
+

1))−
∇
i f(x(k))‖

≤
t
∑

k=
(t−

s+
1)+

L‖x(k
+

1)−
x(k)‖.

(29)

C
om

bining
the

two
cases

in
eq.(27)

and
eq.(29),we

have
for

all
tand

all
i:

‖
u
i (t+

1)+
∇
i f(x(t+

1))‖
≤

1η ‖
x
i (t̂+

1)−
x
i (t̂)‖

+
L

t̂
∑

k=
(t̂−

s)+ ‖x(k
+

1)−
x(k)‖

+
L

t
∑

k=
(t−

s+
1)+ ‖x(k

+
1)−

x(k)‖

≤
( 1η

+
2
L)

t
∑

k=
(t−

2
s)+ ‖x(k

+
1)−

x(k)‖
,
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Zhou,
Y

u,
D

ai,
Liang

and
X

ing

w
here

the
lastinequality

usesthe
factthat

t−
s≤

t̂≤
t.O

bserving
thatthe

righthand
side

ofthe
above

inequality
doesnotdepend

on
i,we

can
sum

the
square

ofthe
above

inequality
over

iand
further

conclude
that

‖u(t+
1)+

∇
f(x(t+

1))‖
≤
√
p( 1η

+
2
L)

t
∑

k=
(t−

2
s)+ ‖x(k

+
1)−

x(k)‖
,

(30)

w
here

u(t+
1)

=
(u

1 (t+
1),

...
,
u
p (t+

1) )∈
∂
g(x(t+

1)).
T

herefore,by
eq.(30)

and
T

heorem
5

we
deduce

lim
t→
∞

dist
∂
F

(x(t+
1)) (0)≤

lim
t→
∞
‖u(t+

1)+
∇
f(x(t+

1))‖
=

0.
(31)

R
ecallthat

x
∗

is
a

lim
it

point
of{x(t)},thus

there
exists

a
subsequence

x(tm
)→

x
∗.

N
ext

we
verify

the
function

value
convergence

in
eq.(25).

T
he

challenge
here

is
that

the
com

ponentfunction
g

isonly
closed,hence

m
ay

notbe
continuous.Forany

t∈
T
i ,applying

eq.(18)
w

ith
z

=
x
∗i

and
rearranging

gives

g
i (x

i (t+
1))≤

g
i (x
∗i )+

12
η ‖
x
∗i −

x
i (t)‖ 2−

12
η ‖x

i (t+
1)−

x
i (t)‖ 2

+
〈x
∗i −

x
i (t+

1),∇
i f(x

i(t))〉

=
g
i (x
∗i )+

12
η ‖x

∗i −
x
i (t)‖ 2−

12η ‖x
i (t+

1)−
x
i (t)‖ 2

(32)

+
〈x
∗i −

x
i (t+

1),∇
i f(x

∗)〉+
〈x
∗i −

x
i (t+

1),∇
i f(x

i(t))−
∇
i f(x

∗)〉.

W
e

note
that

the
above

inequality
holds

only
for

the
iterations

t∈
T
i .

N
ext,observe

that
lim

m
→
∞
‖x(tm

)−
x
∗‖

=
0.

Since
lim

t→
∞
‖x(t+

1)−
x(t)‖

=
0,we

further
conclude

that

lim
m
→
∞

m
ax

t∈[t
m
−
s,t

m
+
s]∩

T
i ‖x(t)−

x
∗‖

=
0.

(33)

M
oreover,note

that
lim

t→
∞
‖x(t)−

x
i(t)‖

=
0.

T
hen,the

above
equation

further
im

plies
that

lim
m
→
∞

m
ax

t∈[t
m
−
s,t

m
+
s]∩

T
i ‖∇

i f(x
i(t))−

∇
i f(x

∗)‖

≤
L

lim
m
→
∞

m
ax

t∈[t
m
−
s,t

m
+
s]∩

T
i ‖x

∗−
x
i(t)‖

≤
L

lim
m
→
∞

m
ax

t∈[t
m
−
s,t

m
+
s]∩

T
i [‖x

∗−
x(t)‖

+
‖x(t)−

x
i(t)‖ ]=

0.
(34)

By
A

ssum
ption

5,[tm
−
s,tm

+
s]∩

T
i 6=
∅

for
all

i.
W

e
can

now
take

the
lim

sup
on

both
sides

ofeq.(32)
and

utilize
eqs.(33)

and
(34)

to
obtain

that

lim
sup

m
→
∞

m
ax

t∈[t
m
−
s,t

m
+
s]∩

T
i g
i (x

i (t+
1))≤

g
i (x
∗i ).

(35)

D
enote

t̂m
∈
T
i asthe

largestelem
entsuch

that
t̂m
≤
tm

.
N

ote
that

tm
−
s≤

t̂m
due

to
the

constraint
on

the
m

axim
um

delay.
It

then
follow

s
that

m
ax

t∈[t
m
,t

m
+
s] g

i (x
i (t+

1))=
m

ax
t∈[t̂

m
,t

m
+
s]∩

T
i g
i (x

i (t+
1))≤

m
ax

t∈[t
m
−
s,t

m
+
s]∩

T
i g
i (x

i (t+
1)),
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.
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pr
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>
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er
e

ex
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∈
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A
synchronous

D
istributed

P
roxim

al
G

radient
A

lgorithm

P
roofT

hefirstinequality
isobtained

by
sum

m
ing

theinequality
eq.(23)over

t,t+
1,···

,t+
s.

So
we

need
only

prove
the

second
inequality.

Let
us

introduce
som

e
notations

to
sim

plify
the

proof.
For

each
m

achine
ilet

ti be
the

largest
clock

in
[t,t+

s]∩
T
i ,and

denote

z
=
(x

1 (t1 ),
...

,x
p (tp ) )

(43)
z +

=
(x

1 (t1 +
1),

...
,x

p (tp +
1) )=

(x
1 (t+

s+
1),

...
,x

p (t+
s+

1) ),
(44)

w
here

the
last

equality
is

due
to

the
m

axim
ality

ofeach
ti .

From
the

optim
ality

condition
ofthe

proxim
alm

ap
z +i

=
prox

ηg
i (z

i −
η∇

i f(x
i(ti )))

we
deduce

η −
1(z

i −
z +i )−

∇
i f(x

i(ti ))∈
∂
g
i (z +i ).

(45)

Since
the

gradient
of
f

is
L-Lipschitz

continuous
and

the
function

g
is

convex,we
obtain

f(z +)−
f(z̄)≤

p
∑i=

1 〈z +i
−
z̄
i ,∇

i f(z̄)〉+
L2 ‖z +

−
z̄‖ 2,

g(z +)−
g(z̄)≤

p
∑i=

1 〈z +i
−
z̄
i ,η −

1(z
i −

z +i )−
∇
i f(x

i(ti ))〉,

w
here

we
define

z̄
:=

projcrit
F (z),i.e.,the

projection
ofz

onto
the

set
ofcriticalpoints

of
F

,and
the

last
inequality

follow
s

from
eq.(45).

A
dding

up
the

above
two

inequalities
we

obtainF
(z +)−

F
∗−

L2 ‖z +
−

z̄‖ 2≤
p
∑i=

1 〈z +i
−
z̄
i ,∇

i f(z̄)+
η −

1(z
i −

z +i )−
∇
i f(x

i(ti ))〉

(i)≤
p
∑i=

1 [‖
z +i
−
z
i ‖

+
‖
z
i −

z̄
i ‖][‖∇

i f(x
i(ti ))−

∇
i f(z̄)‖

+
η −

1‖z
i −

z +i ‖]

(ii)
≤

p
∑i=

1 4 [‖
z +i
−
z
i ‖ 2+

‖
z
i −

z̄
i ‖ 2+

η −
2‖
z +i
−
z
i ‖ 2+

‖∇
i f(x

i(ti ))−
∇
i f(z̄)‖ 2 ]

≤
4 [‖z̄−

z‖ 2+
(1

+
η −

2)‖z +
−

z‖ 2+
p
∑i=

1
L

2‖x
i(ti )−

z̄‖ 2 ]
,

w
here

(i)is
due

to
the

C
auchy-Schwarz

inequality
and

the
triangle

inequality,(ii)is
due

to
the

elem
entary

inequality
(a+

b)(c+
d)≤

4(a
2+

b 2+
c 2+

d
2),and

the
lastinequality

isdue
to

the
L-Lipschitz

continuity
of∇

f.
U

sing
again

the
triangle

inequality
we

obtain
from

the
above

inequality
that

F
(z +)−

F
∗≤

(L
+

4)‖z̄−
z‖ 2+

(L
+

4
+

4η
2 )‖z +

−
z‖ 2+

4
L

2
p
∑i=

1 ‖x
i(ti )−

z̄‖ 2

(i)=
(L

+
4)‖z̄−

z‖ 2+
p
∑i=

1 [(L
+

4+
4η
2 )‖

x
i (ti +

1)−
x
i (ti )‖ 2+

4L
2‖x

i(ti )−
z̄‖ 2],

(ii)
≤

(L
+

4)‖z̄−
z‖ 2+

(L
+

4+
4η
2 )B

(t+
s+

1)+
4L

2
p
∑i=

1 ‖x
i(ti )−

z̄‖ 2,
(46)
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Zhou,
Y

u,
D

ai,
Liang

and
X

ing

≤
(L

+
4+

8L
2p)‖z̄−

z‖ 2+
(L

+
4+

4η
2 )B

(t+
s+

1)+
8L

2
p
∑i=

1 ‖x
i(ti )−

z‖ 2,(47)

w
here

(i)
is

due
to

our
definition

ofz
and

z +
in

(43)
and

(44),and
(ii)

is
due

to
the

fact
that

ti ∈
[t,t+

s]for
all

i.
W

e
nextbound

the
term

s‖z̄−
z‖ 2

and
‖x

i(ti )−
z‖ 2.

W
e

recallthatx
i(ti )corresponds

to
the

localm
odelon

m
achine

iat
the

iteration
ti .

Since
ti ∈

T
i ,the

update
rule

for
the

i-th
m

achine
im

plies
that

‖
x
i (ti +

1)−
x
i (ti )‖

=
‖prox

ηg
i (x

i (ti )−
η∇

i f(x
i(ti )))−

x
i (ti )‖

≥
‖prox

ηg
i (x

i (ti )−
η∇

i f(z))−
x
i (ti )‖

−
‖prox

ηg
i (x

i (ti )−
η∇

i f(x
i(ti )))−

prox
ηg

i (x
i (ti )−

η∇
i f(z))‖

(i)≥‖prox
ηg

i (x
i (ti )−

η∇
i f(z))−

x
i (ti )‖−

η
L‖z−

x
i(ti )‖,

w
here

(i)
follow

s
from

the
non-expansiveness

of
prox

ηg
(recall

that
g

is
convex)

and
the

L-Lipschitz
continuity

of∇
f.

R
earranging

the
above

inequality
and

sum
m

ing
overall

i,we
obtain‖prox

ηg (z−
η∇

f(z))−
z‖ 2≤

p
∑i=

1 [‖
x
i (ti +

1)−
x
i (ti )‖

+
η
L‖z−

x
i(ti )‖ ]2

≤
2

p
∑i=

1 [‖x
i (ti +

1)−
x
i (ti )‖| 2+

η
2L

2‖z−
x
i(ti )‖ 2 ]

.
(48)

T
he

last
term

‖z−
x
i(ti )‖ 2

can
be

further
bounded

as
follow

s:

‖z−
x
i(ti )‖ 2

=
p
∑j=

1 ‖
x
j (tj )−

x
j (τ

ij (ti ))‖ 2

=
p
∑j=

1 ∥∥∥
m

ax{
t
j ,τ

ij (t
i )}−

1
∑

k=
m

in{
t
j ,τ

ij (t
i )}
x
j (k

+
1)−

x
j (k) ∥∥∥ 2

≤
p
∑j=

1 [
m

ax{
t
j ,τ

ij (t
i )}−

1
∑

k=
m

in{
t
j ,τ

ij (t
i )} ‖x

j (k
+

1)−
x
j (k)‖ ]2

(i)≤
p
∑j=

1 2
s
t+
s−

1
∑k=
t−
s ‖x

j (k
+

1)−
x
j (k)‖ 2

=
2s

t+
s−

1
∑k=
t−
s ‖x(k

+
1)−

x(k)‖ 2

≤
2
s[B

(t)+
B

(t+
s+

1)],
(49)

w
here

(i)isdue
to

the
factthat

tj ∈
[t,t+

s]and
τ
ij (ti )∈

[t−
s,t+

s].
C

om
bining

(48)and
(49)

we
obtain

‖prox
ηg (z−

η∇
f(z))−

z‖ 2≤
2
B

(t+
s+

1)+
4p
sη

2L
2[B

(t)+
B

(t+
s+

1)].
(50)

16
JM

L
R

 19(19):1-32, 2018



A
sy

nc
hr

on
ou

s
D

is
tr

ib
ut

ed
P

ro
xi

m
al

G
ra

di
en

t
A

lg
or

it
hm

T
ha

nk
s

to
T

he
or

em
5,

we
kn

ow
fo

r
t

su
ffi

ci
en

tly
la

rg
e,
‖p

ro
xη g

(z
−
η
∇
f

(z
))
−

z‖
≤
η
δ.

Si
nc

e
th

e
fu

nc
tio

n
η
7→

1 η
‖p

ro
xη g

(z
−
η
∇
f

(z
))
−

z‖
is

m
on

ot
on

ic
al

ly
de

cr
ea

sin
g

Sr
a

(2
01

2)
,w

e
ca

n
ap

pl
y

th
e

er
ro

r
bo

un
d

co
nd

iti
on

in
A

ss
um

pt
io

n
7

fo
r
η
<

1
an

d
t

su
ffi

ci
en

tly
la

rg
e,

an
d

ob
ta

in

‖z̄
−

z‖
2
≤
κ
‖z
−

pr
ox

g
(z
−
∇
f

(z
))
‖2
≤
κ
η
−

2 ‖
z
−

pr
ox

η g
(z
−
η
∇
f

(z
))
‖2
.

(5
1)

Fi
na

lly
,c

om
bi

ni
ng

(4
6)

,(
49

),
(5

0)
an

d
(5

1)
we

ar
riv

e
at

:

F
(x

(t
+
s
+

1)
)−

F
∗

=
F

(z
+

)−
F
∗

≤
(L

+
4

+
8L

2 p
)‖

z̄−
z‖

2
+

(L
+

4+
4 η
2
)B

(t
+
s
+

1)
+

8L
2

p ∑ i=
1
‖x

i (t
i)
−

z‖
2 ,

≤
a
η
B

(t
+
s

+
1)

+
bB

(t
),

(5
2)

w
he

re
th

e
co

effi
ci

en
ts

ar
e

a
η

=
L

+
4

+
16
p
sL

2
+

4p
sκ
L

2 (L
+

4
+

8L
2 p

)+
2 η
2
(2

+
4κ

+
κ
L

),
(5

3)
b

=
16
p
sL

2
+

4p
sκ
L

2 (L
+

4
+

8L
2 p

).
(5

4)

T
he

or
em

8
im

pr
ov

es
th

e
an

al
ys

is
of

Ts
en

g
(1

99
1)

in
th

re
e

as
pe

ct
s:

(1
)

it
is

sh
or

te
r

an
d

sim
pl

er
;(

2)
it

al
lo

w
s

an
y

co
nv

ex
fu

nc
tio

n
g
;a

nd
(3

)
th

e
le

ad
in

g
co

effi
ci

en
t

fo
r
B

(t
)

is
re

du
ce

d
fro

m
O

(1
/η

)t
o
O

(1
).

T
he

tw
o

re
cu

rs
iv

e
re

la
tio

ns
in

Le
m

m
a

8,
as

sh
ow

n
in

(T
se

ng
,

19
91

,L
em

m
a

4.
5)

,e
as

ily
im

pl
y

th
e

fo
llo

w
in

g
co

nv
er

ge
nc

e
gu

ar
an

te
e.

T
he

or
em

9
Le

tA
ss

um
pt

io
ns

1
to

7
ho

ld
.

T
he

n,
th

er
e

ex
is

ts
so

m
e
η 0
>

0
su

ch
th

at
if

0
<

η
<
η 0

,t
he

n
th

e
se

qu
en

ce
s
{A

(t
),
B

(t
)}

ge
ne

ra
te

d
by

m
-P

AP
G

sa
tis

fy
fo

r
al

lr
=

0,
1,

2,
··
·

A
(r

(s
+

1)
)≤

C
1(

1
−
γ
η
)r
,
B

(r
(s

+
1)

)≤
C

2(
1
−
γ
η
)r
,

(5
5)

wh
er

e
C

1,
C

2,
γ
<

1/
η

ar
e

po
si

tiv
e

co
ns

ta
nt

s.

H
en

ce
,

th
e

ga
ps

A
(t

)
an

d
B

(t
)

th
at

m
ea

su
re

th
e

pr
og

re
ss

of
m

-P
AP

G
de

cr
ea

se
by

a
co

ns
ta

nt
fa

ct
or

(1
−
γ
η
)

fo
r

ev
er

y
s

+
1

st
ep

s,
w

hi
ch

m
ak

es
in

tu
iti

ve
se

ns
e

sin
ce

in
th

e
wo

rs
t

ca
se

ea
ch

wo
rk

er
m

ac
hi

ne
on

ly
pe

rfo
rm

s
on

e
up

da
te

in
ev

er
y
s

+
1

st
ep

s.
In

ot
he

r
wo

rd
s,

(s
+

1)
is

th
e

na
tu

ra
l

tim
e

sc
al

e
fo

r
m

ea
su

rin
g

pr
og

re
ss

he
re

.
N

ot
e

th
at

sin
ce

‖x
(t

+
s

+
1)
−

x(
t)
‖2
≤

(s
+

1)
B

(t
+
s

+
1)

,
it

fo
llo

w
s

ea
sil

y
th

at
th

e
gl

ob
al

se
qu

en
ce

x(
t)

an
d

co
ns

eq
ue

nt
ly

al
so

th
e

lo
ca

ls
eq

ue
nc

es
{x

i (t
)}

al
lc

on
ve

rg
e

to
th

e
sa

m
e

lim
it

po
in

t
in

cr
it
F

at
a

(s
+

1)
-p

er
io

di
ca

lly
lin

ea
r

ra
te

.

6.
C

on
ve

rg
en

ce
w

it
h

K
 L

in
eq

ua
lit

y
T

he
er

ro
rb

ou
nd

co
nd

iti
on

co
ns

id
er

ed
in

th
ep

re
vi

ou
ss

ec
tio

n
is

no
te

as
y

to
ve

rif
y

in
ge

ne
ra

l.
It

ha
sb

ee
n

di
sc

ov
er

ed
re

ce
nt

ly
th

at
th

e
er

ro
rb

ou
nd

co
nd

iti
on

is
eq

ui
va

le
nt

to
ot

he
rn

ot
io

ns
in

op
tim

iz
at

io
n

th
at

ca
n

be
ve

rifi
ed

in
al

te
rn

at
iv

e
wa

ys
D

ru
sv

ya
ts

ki
y

an
d

Le
w

is
(2

01
6)

;

17
JM

L
R

 1
9(

19
):

1-
32

, 2
01

8

Zh
ou

,
Y

u,
D

ai
,

Li
an

g
an

d
X

in
g

Zh
an

g
(2

01
6)

,s
ee

e.
g.

(4
0)

.
H

ow
ev

er
,f

or
no

nc
on

ve
x

fu
nc

tio
ns

,s
om

et
im

es
ev

en
th

e
sim

pl
e

on
es

,i
tr

em
ai

ns
a

ch
al

le
ng

in
g

ta
sk

to
ve

rif
y

if
th

e
er

ro
rb

ou
nd

co
nd

iti
on

ho
ld

s.
T

hi
sf

ai
lu

re
m

ot
iv

at
es

us
to

in
ve

st
ig

at
ea

no
th

er
pr

op
er

ty
,t

he
K

ur
dy

ka
- L

oj
as

ie
w

ic
z(

K
 L)

in
eq

ua
lit

y,
th

at
ha

s
be

en
sh

ow
n

to
be

qu
ite

eff
ec

tiv
e

in
de

al
in

g
w

ith
no

nc
on

ve
x

fu
nc

tio
ns

.

D
efi

ni
ti

on
10

(K
 L

pr
op

er
ty

,(
B

ol
te

et
al

.,
20

14
,L

em
m

a
6)

)
Le

t
Ω
⊂

do
m
h

be
a

co
m

pa
ct

se
to

n
wh

ic
h

th
e

fu
nc

tio
n
h

is
a

co
ns

ta
nt

.
W

e
sa

y
th

at
h

sa
tis

fie
s

th
e

K
 L

pr
op

er
ty

if
th

er
e

ex
is

t
ε,
λ
>

0
su

ch
th

at
fo

r
al

lx̄
∈

Ω
an

d
al

lx
∈
{z
∈
R
d

:d
ist

Ω
(z

)
<
ε}
∩

[z
:

h
(x̄

)<
h

(z
)<

h
(x̄

)+
λ

],
it

ho
ld

s
th

at

ϕ
′ (h

(x
)−

h
(x̄

))
·d

ist
∂
h

(x
)(

0)
≥

1,
(5

6)

wh
er

e
th

e
fu

nc
tio

n
ϕ

:[
0,
λ

)→
R

+
,0
7→

0,
is

co
nt

in
uo

us
,c

on
ca

ve
,a

nd
ha

s
co

nt
in

uo
us

an
d

po
si

tiv
e

de
ri

va
tiv

e
ϕ
′

on
(0
,λ

).

T
he

K
 L

in
eq

ua
lit

y
in

eq
.(

56
)

is
an

im
po

rt
an

t
to

ol
to

bo
un

d
th

e
tr

aj
ec

to
ry

le
ng

th
of

a
dy

na
m

ic
al

sy
st

em
(s

ee
Bo

lte
et

al
.(

20
10

);
K

ur
dy

ka
(1

99
8)

an
d

th
e

re
fe

re
nc

es
th

er
ei

n
fo

r
so

m
e

hi
st

or
ic

de
ve

lo
pm

en
ts

).
It

ha
s

re
ce

nt
ly

be
en

us
ed

to
an

al
yz

e
di

sc
re

te
-t

im
e

al
go

rit
hm

s
in

A
bs

il
et

al
.(

20
05

)
an

d
pr

ox
im

al
al

go
rit

hm
s

in
A

tt
ou

ch
an

d
Bo

lte
(2

00
9)

;A
tt

ou
ch

et
al

.
(2

01
0)

;B
ol

te
et

al
.(

20
14

).
A

sw
es

ha
ll

se
e,

th
ef

un
ct

io
n
ϕ

w
ill

se
rv

ea
sa

Ly
ap

un
ov

po
te

nt
ia

l
fu

nc
tio

n.
Q

ui
te

co
nv

en
ie

nt
ly

,m
os

t
pr

ac
tic

al
fu

nc
tio

ns
,i

n
pa

rt
ic

ul
ar

,t
he

qu
as

i-n
or

m
‖·
‖ p

fo
r

po
sit

iv
e

ra
tio

na
lp

,a
s

we
ll

as
co

nv
ex

fu
nc

tio
ns

w
ith

ce
rt

ai
n

gr
ow

th
co

nd
iti

on
s,

ar
e

K
 L.

Fo
ra

m
or

ed
et

ai
le

d
di

sc
us

sio
n

of
K

 L
fu

nc
tio

ns
,i

nc
lu

di
ng

m
an

y
fa

m
ili

ar
ex

am
pl

es
,s

ee
(B

ol
te

et
al

.,
20

14
,S

ec
tio

n
5)

an
d

(A
tt

ou
ch

et
al

.,
20

10
,S

ec
tio

n
4)

.
Fo

llo
w

in
g

th
er

ec
ip

ei
n

Bo
lte

et
al

.(
20

14
),

we
ne

ed
th

ef
ol

lo
w

in
g

as
su

m
pt

io
n

to
gu

ar
an

te
e

th
e

al
go

rit
hm

is
m

ak
in

g
su

ffi
ci

en
t

pr
og

re
ss

:

A
ss

um
pt

io
n

8
(S

uffi
ci

en
t

de
cr

ea
se

)
T

he
re

ex
is

ts
α
>

0
su

ch
th

at
fo

r
al

ll
ar

ge
t,

F
(x

(t
+

1)
)≤

F
(x

(t
))
−
α
‖x

(t
+

1)
−

x(
t)
‖2
.

(5
7)

T
he

su
ffi

ci
en

t
de

cr
ea

se
as

su
m

pt
io

n
is

au
to

m
at

ic
al

ly
sa

tis
fie

d
in

m
an

y
de

sc
en

t
al

go
rit

hm
s,

e.
g.

,t
he

pr
ox

im
al

gr
ad

ie
nt

al
go

rit
hm

.H
ow

ev
er

,i
n

th
ep

ar
tia

lly
as

yn
ch

ro
no

us
pa

ra
lle

l(
PA

P)
se

tt
in

g,
it

is
hi

gh
ly

no
nt

riv
ia

lt
o

sa
tis

fy
th

e
su

ffi
ci

en
t

de
cr

ea
se

as
su

m
pt

io
n

be
ca

us
e

of
th

e
co

m
pl

ic
at

io
n

du
e

to
co

m
m

un
ic

at
io

n
de

la
ys

an
d

up
da

te
sk

ip
s.

N
ot

e
al

so
th

at
no

ne
of

th
e

wo
rk

er
m

ac
hi

ne
s

ac
tu

al
ly

ha
s

ac
ce

ss
to

th
e

gl
ob

al
se

qu
en

ce
x(
t)

,
so

ev
en

ve
rif

yi
ng

th
e

su
ffi

ci
en

td
ec

re
as

e
pr

op
er

ty
is

no
tt

riv
ia

l.
To

sim
pl

ify
th

e
pr

es
en

ta
tio

n,
we

fir
st

an
al

yz
e

th
e

pe
rfo

rm
an

ce
of

m
-P

AP
G

us
in

g
th

e
K

 L
in

eq
ua

lit
y

an
d

ta
ki

ng
th

e
su

ffi
ci

en
td

ec
re

as
e

pr
op

er
ty

fo
rg

ra
nt

ed
,a

nd
la

te
rw

ew
ew

ill
gi

ve
so

m
ev

er
ifi

ab
le

co
nd

iti
on

st
o

ju
st

ify
th

is
sim

pl
ifi

ca
tio

n.
O

ur
fir

st
re

su
lt

in
th

is
se

ct
io

n
st

re
ng

th
en

s
th

e
co

nv
er

ge
nc

e
pr

op
er

tie
s

in
T

he
or

em
s

5
an

d
7

fo
r

m
-P

AP
G:

T
he

or
em

11
(F

in
it

e
Le

ng
th

)
Le

t
A

ss
um

pt
io

ns
1

to
5

an
d

8
ho

ld
fo

r
m

-P
AP

G,
an

d
le

t
F

sa
tis

fy
th

e
K

 L
pr

op
er

ty
in

T
he

or
em

10
.

T
he

n,
wi

th
st

ep
si

ze
η
∈
( 0,

1
L

(1
+

2√
p
s)

) ,
ev

er
y

bo
un

de
d

se
qu

en
ce
{x

(t
)}

ge
ne

ra
te

d
by

m
-P

AP
G

sa
tis

fie
s

∞ ∑ t=
0
‖x

(t
+

1)
−

x(
t)
‖
<
∞
,

(5
8)
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A
synchronous

D
istributed

P
roxim

al
G

radient
A

lgorithm

∀
i=

1,...,p
,
∞∑t=

0 ‖x
i(t+

1)−
x
i(t)‖

<
∞
.

(59)

Furtherm
ore,{x(t)}

and
{x

i(t)}
pi=

1
converge

to
the

sam
e

criticalpointof
F

.

P
roof

W
e

first
show

that
eq.(58)

im
plies

eq.(59).
Indeed,recallfrom

(15):

‖x
i(t+

1)−
x
i(t)‖

≤
t
∑

k=
(t−

s)+ ‖x(k
+

1)−
x(k)‖

.

T
herefore,sum

m
ing

for
t=

0,1,···
,n

gives
n
∑t=

0 ‖x
i(t+

1)−
x
i(t)‖

≤
n
∑t=

0

t
∑

k=
(t−

s)+ ‖x(k
+

1)−
x(k)‖

≤
(2s+

1)
n
∑t=

0 ‖x(t+
1)−

x(t)‖
.

T
he

claim
then

follow
s

by
letting

n
tend

to
infinity.

By
T

heorem
5,the

lim
itpointsof{x(t)}

and
{x

i(t)}
pi=

1
coincide

and
are

criticalpoints
of
F

.
T

hus,
the

only
thing

left
to

prove
is

the
finite

length
property

in
eq.

(58).
By

A
ssum

ption
8

and
A

ssum
ption

1,
the

objective
value

F
(x(t))

decreases
to

a
finite

lim
it

F
∗.

Since
{x(t)}

is
assum

ed
to

be
bounded,the

set
ofits

lim
it

points
Ω

is
nonem

pty
and

com
pact.

Sum
m

ing
eq.(18)

over
all

iand
set

z
∈

Ω
,we

obtain

g(x(t+
1))≤

g(z)−
12
η ‖x(t+

1)−
x(t)‖ 2−

p
∑i=

1 〈∇
i f(x

i(t)),x(t+
1)−

x(t)〉.

N
ote

that
x(t+

1)−
x(t)

→
0.

A
lso,

since
{x(t)}

is
bounded

and
x(t)−

x
i(t)

→
0

for
all

i,{x
i(t)}

pi=
1

are
allbounded.

we
then

take
lim

sup
on

both
sides

and
obtain

that
lim

sup
t→
∞
g(x(t+

1))
≤
g(z).

Together
w

ith
the

closedness
of
g

we
further

obtain
that

lim
t→
∞
g(x(t+

1))=
g(z).N

otethat
f

iscontinuous,wethusconcludethatlim
t→
∞
F

(x(t+
1))=

F
(z)forallz

∈
Ω

.N
ote

that
F

(x(t))↓
F
∗.T

husforallx
∗∈

Ω
,we

have
F

(x
∗)≡

F
∗.

N
ow

fix
ε
>

0.
Since

Ω
iscom

pact,for
tsuffi

ciently
large

we
have

distΩ (x(t))≤
ε.

W
e

now
have

allingredients
to

apply
the

K
 L

inequality
in

T
heorem

10:
for

allsuffi
ciently

large
t,

ϕ
′ (F

(x(t))−
F
∗ )·dist

∂
F

(x(t)) (0)≥
1
.

(60)

Since
ϕ

is
concave,we

obtain

∆
t,t+

1
:=

ϕ (F
(x(t))−

F
∗ )−

ϕ (F
(x(t+

1))−
F
∗ )

≥
ϕ
′ (F

(x(t))−
F
∗ )(F

(x(t))−
F

(x(t+
1)) )

(i)≥
α‖x(t+

1)−
x(t)‖ 2

dist
∂
F

(x(t)) (0)
,

(61)

w
here

(i)follow
sfrom

A
ssum

ption
8

and
eq.(60).

Itisclearthatthe
function

ϕ
(com

posed
w

ith
F

)
serves

as
a

Lyapunov
function.

U
sing

the
elem

entary
inequality

2 √
a
b≤

a
+
b

we
obtain

from
eq.(61)

that
for

tsuffi
ciently

large,

2‖x(t+
1)−

x(t)‖
≤

δα ∆
t,t+

1 +
1δ dist

∂
F

(x(t)) (0),
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Zhou,
Y

u,
D

ai,
Liang

and
X

ing

w
here

δ
>

0
w

ill
be

specified
later.

R
ecalling

the
bound

for
∂
F

(x(t))
in

eq.
(30),

and
sum

m
ing

over
tfrom

m
(suffi

ciently
large)

to
n

gives:

2
n
∑t=
m ‖x(t+

1)−
x(t)‖

≤
n
∑t=
m

δα
∆
t,t+

1 +
n
∑t=
m

1δ dist
∂
F

(x(t)) (0)

(i)≤
δα
ϕ (F

(x(m
))−

F
∗ )+

n
∑t=
m

√
p(1/η

+
2
L)

δ

t
∑

k=
(t−

2
s)+ ‖x(k

+
1)−

x(k)‖

≤
δα
ϕ (F

(x(m
))−

F
∗ )+

(2s+
1) √

p(1/η
+

2
L)

δ

m
−

1
∑

k=
(m
−

2
s)+ ‖x(k

+
1)−

x(k)‖

+
(2s+

1) √
p(1

/η
+

2
L)

δ

n
∑t=
m

‖x(t+
1)−

x(t)‖
,

w
here

(i)
is

due
to

eq.(30).
Setting

δ
=

(2s+
1) √

p(1/η
+

2
L)

and
rearranging

gives

n
∑t=
m

‖x(t+
1)−

x(t)‖
≤

(2s+
1) √

p(1/η
+

2
L)

α
ϕ (F

(x(m
))−

F
∗ )

+
m
−

1
∑

k=
(m
−

2
s)+ ‖x(k

+
1)−

x(k)‖.

Since
the

right-hand
side

is
finite,let

n
tend

to
infinity

com
pletes

the
prooffor

eq.(58).

C
om

pared
w

ith
(16)

in
T

heorem
5,we

now
have

the
successive

differences
to

be
abso-

lutely
sum

m
able

(instead
ofsquare

sum
m

able).
T

his
is

a
significantly

stronger
result

as
it

im
m

ediately
im

plies
that

the
w

hole
sequence

is
C

auchy
and

hence
convergent,w

hereas
we

cannotgetthe
sam

e
conclusion

from
the

square
sum

m
able

property
in

T
heorem

5.W
e

note
that

localm
axim

a
are

excluded
from

being
the

lim
it

in
T

heorem
11,due

to
A

ssum
ption

8.
A

lso,the
boundedness

assum
ption

on
the

trajectory
{x(t)}

is
easy

to
satisfy,for

instance,
w

hen
F

hasbounded
sublevelsets.

W
e

referto
(A

ttouch
etal.,2010,R

em
ark

3.3)form
ore

conditions
that

im
ply

the
boundedness

condition.
M

oreover,follow
ing

sim
ilar

argum
ents

in
A

ttouch
et

al.(2010)
we

can
also

determ
ine

the
localconvergence

rates
ofthe

sequences
generated

by
m

-PAPG.
In

the
rem

aining
part

of
this

section
we

provide
som

e
justifications

for
the

suffi
cient

decrease
property

in
A

ssum
ption

8.
For

sim
plicity

we
assum

e
allworker

m
achines

perform
updates

in
each

tim
e

step
t:

A
ssum

ption
9
∀
i=

1,···
,p
,∀
t,t∈

T
i .

N
otethatA

ssum
ption

9
iscom

m
only

adopted
in

theanalysisofm
any

recentparallelsystem
s

A
garwaland

D
uchi(2011);Feyzm

ahdavian
et

al.(2014);H
o

et
al.(2013);Liet

al.(2014);
Liu

and
W

right
(2015);R

echt
et

al.(2011).
In

fact,A
ssum

ption
9

is
som

ew
hat

necessary
to

justify
A

ssum
ption

8.
T

his
is

because
A

ssum
ption

8
requires

a
suffi

cient
decrease

ofthe
function

value
atevery

iteration
k,w

hich
m

ay
nothold

underthe
PA

P
asallm

achinescan
be

idle
for

s
iterations

in
the

worst
case.

In
other

words,to
achieve

convergence
of{x

k }
k
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lg
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n.
A

s
we
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ow
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hi

s
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r

A
ss
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9
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d
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W

e
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ci
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8

w
ith

th
e

fo
llo

w
in

g
ke

y
pr

op
er

ty
th

at
tu

rn
s

ou
t

to
be

ea
sie

r
to

ve
rif

y:

A
ss

um
pt

io
n

10
(P

ro
xi

m
al

Li
ps

ch
it

z)
W

e
sa

y
a

pa
ir

of
fu

nc
tio

ns
f

an
d
g

sa
tis

fy
th

e
pr

ox
im

al
Li

ps
ch

itz
pr

op
er

ty
on

a
se

qu
en

ce
{x

(t
)}

if
fo

r
al

lη
su

ffi
ci

en
tly

sm
al

l,
th

er
e

ex
is

ts
L
η
∈
o(

1)
,i

.e
.
L
η
→

0
as
η
→

0,
su

ch
th

at
fo

r
al

ll
ar

ge
t,

‖∆
η
(x

(t
))
−

∆
η
(x

(t
+

1)
)‖
≤
L
η
‖x

(t
)−

x(
t

+
1)
‖,

(6
2)

wh
er

e2
∆
η
(x

)∈
pr

ox
η g
(x
−
η
∇
f

(x
))
−

x.

T
he

pr
ox

im
al

Li
ps

ch
itz

as
su

m
pt

io
n

is
m

ot
iv

at
ed

by
th

e
sp

ec
ia

lc
as

e
w

he
re
g
≡

0
an

d
he

nc
e

∆
η
(x

)=
−
η
∇
f

(x
)i

sη
-L

ip
sc

hi
tz

,t
ha

nk
st

o
A

ss
um

pt
io

n
2.

A
sw

e
ha

ve
se

en
in

pr
ev

i-
ou

s
se

ct
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,L

ip
sc
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tz
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cr
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lty
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g

di
ffe

re
nt

wo
rk

er
m
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hi

ne
sd

ue
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co
m

m
un

ic
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n

de
-

la
ys

.
Si

m
ila

rly
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re
,t

he
pr

ox
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al
Li

ps
ch

itz
pr

op
er

ty
,a

s
we

sh
ow

ne
xt

,a
llo

w
s

us
to

re
m

ov
e

th
e

su
ffi

ci
en

td
ec

re
as

e
pr

op
er

ty
in

A
ss

um
pt

io
n

8—
th

e
se

em
in

gl
y

st
ro

ng
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su
m

pt
io

n
th

at
we

ne
ed

ed
in

pr
ov

in
g

ou
r

m
ai

n
re

su
lt

T
he

or
em

11
.

Le
t

us
fir

st
pr

es
en

t
a

qu
ick

ju
st

ifi
ca

tio
n

fo
r

A
ss

um
pt

io
n

10
.

Le
m

m
a

12
Su

pp
os

e
th

e
fu

nc
tio

ns
f

an
d
g

bo
th

ha
ve

Li
ps

ch
itz

co
nt

in
uo

us
gr

ad
ie

nt
,

th
en

A
ss

um
pt

io
n

10
ho

ld
s

fo
r

an
y

se
qu

en
ce
{x

(t
)}

.

P
ro

of
Le

t
us

de
no

te
L
f

an
d
L
g

as
th

e
Li

ps
ch

itz
co

ns
ta

nt
of

th
e

gr
ad

ie
nt
∇
f

an
d
∇
g
,

re
sp

ec
tiv

el
y.

Si
nc

e
∆
η
(x

)∈
pr

ox
η g
(x
−
η
∇
f

(x
))
−

x,
us

in
g

th
e

op
tim

al
ity

co
nd

iti
on

fo
r

th
e

pr
ox

im
al

m
ap

,s
ee

fo
r

in
st

an
ce

(Y
u

et
al

.,
20

15
,P

ro
po

sit
io

n
7(

iii
))

,w
e

ha
ve

x
+

∆
η
(x

)+
η
∇
g
( x

+
∆
η
(x

))
=

x
−
η
∇
f

(x
),

an
d

sim
ila

rly
z

+
∆
η
(z

)+
η
∇
g
( z

+
∆
η
(z

))
=

z
−
η
∇
f

(z
).

Su
bt

ra
ct

in
g

on
e

in
eq

ua
lit

y
fro

m
an

ot
he

r,
we

ob
ta

in

‖∆
η
(x

)−
∆
η
(z

)‖
=
‖η
∇
g
( z

+
∆
η
(z

))
−
η
∇
g
( x

+
∆
η
(x

))
+
η
∇
f

(z
)−

η
∇
f

(x
)‖

≤
η
L
g
‖z
−

x
+

∆
η
(z

)−
∆
η
(x

)‖
+
η
L
f
‖z
−

x‖
≤
η
L
g
‖∆

η
(z

)−
∆
η
(x

)‖
+
η
(L

f
+
L
g
)‖

z
−

x‖
.

R
ea

rr
an

gi
ng

we
ob

ta
in

‖∆
η
(x

)−
∆
η
(z

)‖
≤
η
(L

f
+
L
g
)

1
−
η
L
g
‖z
−

x‖
,

w
he

n
0
<
η
<

1/
L
g
.C

le
ar

ly
,w

he
n
η

is
m

al
l,

th
e

le
ad

in
g

co
effi

ci
en

t
η
(L

f
+
L

g
)

1−
η
L

g
∈
O

(η
)⊆

o(
1)

,
an

d
ou

r
pr

oo
fi

s
co

m
pl

et
e.

2.
Sh

ou
ld

th
e

pr
ox

im
al

m
ap

be
m

ul
ti-

va
lu

ed
,w

e
co

nt
en

d
w

ith
an

y
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gl
e-

va
lu

ed
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le
ct
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Zh
ou

,
Y

u,
D

ai
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Li
an

g
an

d
X

in
g

It
is
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ea
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ha

tL
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m
a

12
ca

pt
ur

es
th

em
ot

iv
at

in
g

ca
se
g
≡

0,
bu

ta
lso

m
an

y
ot

he
ri

m
po

rt
an

t
fu

nc
tio

ns
,s

uc
h

as
th

e
w

id
el

y-
us

ed
re

gu
la

riz
at

io
n

fu
nc

tio
n
g

=
‖·
‖p p

fo
r

an
y
p
>

1.
W

e
ca

n
no

w
co

nt
in

ue
w

ith
ou

r
ne

xt
re

su
lt

in
th

is
se

ct
io

n.

T
he

or
em

13
Le

t
A

ss
um

pt
io

ns
1

to
4

an
d

9
ho

ld
fo

r
m

-P
AP

G,
an

d
le

t
F

sa
tis

fy
th

e
K

 L
pr

op
er

ty
in

T
he

or
em

10
.

Fi
x

an
y
r
>

1
wi

th
C

=
r

s
+

1 −
1

r
−

1
an

d
st

ep
si

ze
η

su
ch

th
at
η
<

1
L

(1
+

2√
p
C

+
2√

p
s)

.
If

fo
r

ea
ch

lo
ca

ls
eq

ue
nc

e
{x

i (t
)}

ge
ne

ra
te

d
by

m
-P

AP
G,

A
ss

um
pt

io
n

10
ho

ld
s

wi
th
L
η
≤

r
2 −

1
2p
r

2 C
2
,

an
d

th
e

gl
ob

al
se

qu
en

ce
{x

(t
)}

is
bo

un
de

d,
th

en
th

e
fin

ite
le

ng
th

pr
op

er
tie

s
in

(5
8)

an
d

(5
9)

ho
ld

.
T

he
n,

A
ss

um
pt

io
n

8
ho

ld
s,

an
d

co
ns

eq
ue

nt
ly

,{
x(
t)
}

an
d

{x
i (t

)}
p i=

1
co

nv
er

ge
to

th
e

sa
m

e
cr

iti
ca

lp
oi

nt
of
F

ba
se

d
on

T
he

or
em

11
.

T
he

or
em

13
as

su
m

es
th

at
L
η
≤

r
2 −

1
2p
r

2 C
2
.

W
e

no
te

th
at
L
η

im
pl

ic
itl

y
de

pe
nd

so
n

th
e

st
ep

siz
e

η
,i

.e
.,
L
η
→

0
as

η
→

0
(s

ee
A

ss
um

pt
io

n
10

).
T

hu
s,

on
e

ca
n

tu
ne

th
e

st
ep

siz
e
η

to
be

sm
al

le
no

ug
h

su
ch

th
at
L
η

sa
tis

fie
s

th
e

re
qu

ire
m

en
t.

A
s

an
ex

am
pl

e,
if
g

=
‖x
‖2 2,

th
en

on
e

ca
n

ca
lc

ul
at

e
th

at
L
η

=
O

(η
).

In
th

is
ca

se
,w

e
sh

ou
ld

ch
oo

se
th

e
st

ep
siz

e
to

be
ro

ug
hl

y
η
≤

r
2 −

1
2p
r

2 C
2
.

P
ro

of
U

sin
g

th
e

el
em

en
ta

ry
in

eq
ua

lit
y
‖a
‖2
−
‖b
‖2
≤

2‖
a
‖‖
a
−
b‖

,w
e

ha
ve

fo
r

al
lt

:

‖x
(t

+
1)
−

x(
t)
‖2
−
‖x

(t
+

2)
−

x(
t

+
1)
‖2

≤
2‖

x(
t

+
1)
−

x(
t)
‖·
‖(

x(
t

+
1)
−

x(
t)

)−
(x

(t
+

2)
−

x(
t

+
1)

)‖

≤
2‖

x(
t

+
1)
−

x(
t)
‖·

p ∑ i=
1
‖(
x
i(t

+
1)
−
x
i(t

))
−

(x
i(t

+
2)
−
x
i(t

+
1)

)‖

(i) ≤
2‖

x(
t

+
1)
−

x(
t)
‖·

p ∑ i=
1

∥ ∥ ∥∆
η
(x
i (t

))
−

∆
η
(x
i (t

+
1)

)∥ ∥ ∥

(ii
) ≤

2‖
x(
t

+
1)
−

x(
t)
‖(

p ∑ i=
1
L
η
‖x

i (t
)−

xi
(t

+
1)
‖)

(ii
i) ≤

2p
L
η
‖x

(t
+

1)
−

x(
t)
‖·

t ∑

k
=

(t
−
s)

+

‖x
(k

+
1)
−

x(
k
)‖
,

(6
3)

w
he

re
(i)

is
du

e
to

A
ss

um
pt

io
n

9
he

nc
e
t
∈
T
i

fo
r

al
lt

,(
ii)

fo
llo

w
s

fro
m

A
ss

um
pt

io
n

10
,

an
d

(ii
i)

is
du

e
to

(1
5)

.
If

fo
r

so
m

e
r
>

1
th

er
e

ex
ist

s
so

m
e
T

su
ch

th
at

fo
r

al
lt
≥
T

,

t ∑

k
=

(t
−
s)

+

‖x
(k

+
1)
−

x(
k
)‖
≥
C
‖x

(t
+

1)
−

x(
t)
‖,

(6
4)

w
he

re
C

=
r

s
+

1 −
1

r
−

1
>
s

+
1

(s
in

ce
r
>

1
an

d
w

.l.
o.

g.
s
>

0)
.

Su
m

m
in

g
th

e
in

de
x
t

fro
m
T

to
n

yi
el

ds

C
n ∑ t=
T

‖x
(t

+
1)
−

x(
t)
‖
≤

n ∑ t=
T

t ∑

k
=

(t
−
s)

+

‖x
(k

+
1)
−

x(
k
)‖
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A
synchronous

D
istributed

P
roxim

al
G

radient
A

lgorithm

≤
(s+

1)
n
∑

t=
(T−

s)+ ‖x(t+
1)−

x(t)‖
,

w
hich

after
rearranging

term
s

becom
es

(C
−
s−

1)
n
∑t=
T ‖x(t+

1)−
x(t)‖

≤
(s+

1)
T−

1
∑

t=
(T−

s)+ ‖x(t+
1)−

x(t)‖
.

Since
the

right
hand

side
does

not
depend

on
n,letting

n
tend

to
infinity

we
conclude

∞∑t=
0 ‖x(t+

1)−
x(t)‖

<
∞
,

(65)

and
the

proofofthe
finite

length
property

would
be

com
plete.

T
herefore,

in
the

rem
aining

part
of

the
proof,

we
can

assum
e

(64)
fails

for
infinitely

m
any

t.
Take

any
such

t=
t̂,we

have
t
∑

k=
(t−

s)+ ‖x(k
+

1)−
x(k)‖

≤
C
‖x(t+

1)−
x(t)‖

≤
C

2‖x(t+
1)−

x(t)‖,
(66)

since
C
>

1.
C

om
bining

(63)
and

(66)
we

have
for

t=
t̂:

‖x(t+
1)−

x(t)‖ 2−
‖x(t+

2)−
x(t+

1)‖ 2≤
2
p
L
η C

2‖x(t+
1)−

x(t)‖ 2

≤
(1−

1r 2 )
‖x(t+

1)−
x(t)‖ 2

,

if
η

is
sm

allenough
(recallthat

L
η

=
o(1)).

A
fter

rearranging
term

s
we

conclude
that

for
t=

t̂:

‖x(t+
1)−

x(t)‖
≤
r‖x(t+

2)−
x(t+

1)‖
.

(67)

U
sing

induction
we

can
continue

the
sam

e
process

for
any

t≥
t̂.

Indeed,suppose
(67)

is
true

for
any

t≤
m
−

1,then
(63)

holds
(for

any
t),and

(66)
also

holds:
If
m
≤
t̂+

s,then

m∑

k=
(m
−
s)+ ‖x(k+

1)−
x(k)‖

=
t̂
∑

k=
(m
−
s)+ ‖x(k

+
1)−

x(k)‖
+

m∑

k=
t̂+

1 ‖x(k
+

1)−
x(k)‖

(i)≤
t̂
∑

k=
(t̂−

s)+ ‖x(k+
1)−

x(k)‖
+

m∑

k=
t̂+

1 r
m
−
k‖x(m

+
1)−

x(m
)‖

(ii)
≤
C

‖x(t̂+
1)−

x(t̂)‖
+

m∑

k=
t̂+

1
r
m
−
k‖x(m

+
1)−

x(m
)‖ 

(iii)
≤
C

m∑k=
t̂ r
m
−
k‖x(m

+
1)−

x(m
)‖

(iv)
≤
C

2‖x(m
+

1)−
x(m

)‖
,
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Zhou,
Y

u,
D

ai,
Liang

and
X

ing

w
here

(i)
is

due
to

the
induction

hypothesis,(ii)
is

due
to

the
definition

of
t̂

and
the

fact
that

C
>

1,
(iii)

is
due

to
again

the
induction

hypothesis,
and

finally
(iv)

is
due

to
the

definition
of
C

(recall
m
≤
t̂+

s).
If
m
>
t̂+

s,the
sam

e
inequality,w

ith
C

2
replaced

by
C

,
would

stillhold
(essentially

dropping
allthe

firstterm
s

on
the

righthand
side

ofthe
above

inequalities).
T

hus,(63)
and

(66)
would

im
ply

again
(67)

for
t=

m
.

Lastly,we
recallfrom

eq.(22)
that

for
large

t,

F
(x(t+

1) )−
F
(x(t) )≤

12 (L
−

1
/η)‖x(t+

1)−
x(t)‖ 2

+
√
p
L‖x(t+

1)−
x(t)‖

t−
1

∑

k=
(t−

s)+ ‖x(k
+

1)−
x(k)‖

.

≤
12 (L
−

1
/η)‖x(t+

1)−
x(t)‖ 2+

√
p
C
L‖x(t+

1)−
x(t)‖ 2.

≤
−
α‖x(t+

1)−
x(t)‖ 2,

w
here

α
=

12 (1/η−
L
−

2 √
p
C
L)

>
0

if
η

is
sm

all.
H

ence,the
suffi

cient
decrease

property
in

A
ssum

ption
8

is
verified

and
the

finite
length

properties
follow

from
T

heorem
11.

Lastly,we
show

that
A

ssum
ption

10
also

holds
for

the
im

portant
cardinality

function
‖x‖0

(num
ber

ofnonzero
entries).

Lem
m

a
14

C
onsider

the
sam

e
setting

as
in

T
heorem

5,then
A

ssum
ption

10
holds

for
any

function
f

and
g

=
‖·‖0

on
alllocalsequences{x

i(t)}
ofm

-PAPG.
P

roofT
hecrucialobservation

hereisthatforthecardinality
function

g
=
‖·‖0 ,itsproxim

al
m

ap
on

the
j-th

entry
can

be
chosen

as:

prox
ηg

j (z
j )=

{
z
j ,

if|z
j |
>
√

2η
0
,

otherw
ise

.
(68)

H
owever,T

heorem
5

im
pliesthat

lim
t→
∞
‖x

i(t+
1)−

x
i(t)‖

=
0.

T
hus,for

tsuffi
ciently

large,
the

sequence
{x

i(t)}
w

illhave
the

sam
e

support
Ω

(indices
that

have
nonzero

entries),for
otherw

ise
‖x

i(t+
1)−

x
i(t)‖

≥
√

2η
even

ifone
index

in
the

support
changes.

T
herefore,

‖∆
η (x

i(t+
1))−

∆
η (x

i(t))‖
(i)≤ ∑j∈Ω ‖prox

ηg
j (x

ij (t+
1)−

η∇
j f(x

i(t+
1)))−

x
ij (t+

1)

−
prox

ηg
j (x

ij (t)−
η∇

j f(x
i(t)))−

x
ij (t)‖

(ii)
≤
∑j∈Ω ‖

η∇
j f(x

i(t+
1))−

η∇
j f(x

i(t))‖

(iii)
≤
η
p
L‖x

i(t+
1)−

x
i(t)‖

,

w
here

(i)isthe
triangle

inequality,(ii)usesthe
property

ofthe
proxim

alm
ap

(68),and
(iii)

is
due

to
A

ssum
ption

2.

N
ote

that
sim

ilar
results

as
T

heorem
14

can
be

derived
for

the
rank

function,
and

m
ore

generally
for

functions
w

hose
proxim

al
m

ap
is

discontinuous
w

ith
pieces

satisfying
T

heorem
12

(for
instance,the

group
cardinality

norm
‖·‖0

,2 ).
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A
sy

nc
hr

on
ou

s
D

is
tr

ib
ut

ed
P

ro
xi

m
al

G
ra

di
en

t
A

lg
or

it
hm

7.
E

co
no

m
ic

al
Im

pl
em

en
ta

ti
on

fo
r

Li
ne

ar
M

od
el

s
In

th
is

se
ct

io
n,

we
pr

ov
id

e
an

ec
on

om
ic

al
im

pl
em

en
ta

tio
n

of
m

-P
AP

G
on

a
di

st
rib

ut
ed

sy
st

em
fo

r
th

e
w

id
el

y
us

ed
lin

ea
r

m
od

el
s:

m
in

x∈
R

d
f

(A
x)

+
g
(x

),
(6

9)

w
he

re
A
∈
R
n
×
d

co
rr

es
po

nd
s

to
th

e
da

ta
m

at
rix

.
Ty

pi
ca

lly
f

:R
n
→
R

is
th

e
lik

el
ih

oo
d

fu
nc

tio
n

an
d
g

:
R
d
→
R

is
th

e
re

gu
la

riz
er

.
T

he
da

ta
m

at
rix

A
co

ns
ist

s
of
n

sa
m

pl
e

po
in

ts
an

d
we

ha
ve

su
pp

re
ss

ed
th

e
la

be
ls

in
cl

as
sifi

ca
tio

n
or

th
e

re
sp

on
se

s
in

re
gr

es
sio

n.
Su

pp
or

t
ve

ct
or

m
ac

hi
ne

s
(S

V
M

),
La

ss
o,

lo
gi

st
ic

re
gr

es
sio

n,
bo

os
tin

g,
et

c.
,a

ll
fit

un
de

r
th

is
fra

m
ew

or
k.

O
ur

in
te

re
st

he
re

is
w

he
n

th
e

m
od

el
di

m
en

sio
n
d

is
m

uc
h

hi
gh

er
th

an
th

e
nu

m
be

r
of

sa
m

pl
es
n

(d
ca

n
be

up
to

hu
nd

re
ds

of
m

ill
io

ns
an

d
n

ca
n

be
up

to
m

ill
io

ns
).

T
hi

s
is

al
so

th
e

us
ua

ls
et

up
in

m
an

y
co

m
pu

ta
tio

na
lb

io
lo

gy
an

d
he

al
th

ca
re

pr
ob

le
m

s.
A

di
re

ct
im

pl
em

en
ta

tio
n

of
m

-P
AP

G
ca

n
be

in
effi

ci
en

t
in

te
rm

s
of

bo
th

ne
tw

or
k

co
m

-
m

un
ic

at
io

n
an

d
pa

ra
m

et
er

st
or

ag
e.

Fi
rs

t,
ea

ch
m

ac
hi

ne
ne

ed
s

to
co

m
m

un
ic

at
e

w
ith

ev
er

y
ot

he
rm

ac
hi

ne
to

sy
nc

hr
on

iz
e

th
e

m
od

el
bl

oc
ks

.
T

hi
sl

ea
ds

to
a

pe
er

-t
o-

pe
er

ne
tw

or
k

to
po

l-
og

y
an

d
re

su
lt

in
a

de
ns

e
co

nn
ec

tio
n

w
he

n
th

e
sy

st
em

ho
ld

sh
un

dr
ed

so
fm

ac
hi

ne
s.

Se
co

nd
,

ea
ch

m
ac

hi
ne

ne
ed

s
to

ke
ep

a
lo

ca
lc

op
y

of
th

e
fu

ll
m

od
el

(i.
e.

xi
(t

))
,w

hi
ch

in
cu

rs
a

hi
gh

st
or

ag
e

co
st

w
he

n
th

e
di

m
en

sio
n

is
hi

gh
.

N
ot

e
th

at
th

e
lo

ca
lm

od
el

s
xi

(t
)

ar
e

ke
pt

so
le

ly
fo

r
th

e
co

nv
en

ie
nc

e
of

ev
al

ua
tin

g
th

e
pa

rt
ia

lg
ra

di
en

t
∇
if

:R
d
→
R
d

i
.

Fo
r

so
m

e
pr

ob
le

m
s

su
ch

as
th

e
La

ss
o,

a
se

em
in

gl
y

wo
rk

ar
ou

nd
is

to
pr

e-
co

m
pu

te
th

e
H

es
sia

n
H

=
A
>
A

an
d

di
st

rib
ut

e
th

e
co

rr
es

po
nd

in
g

ro
w

bl
oc

ks
of
H

to
ea

ch
wo

rk
er

m
ac

hi
ne

.
T

hi
s

sc
he

m
e,

ho
w

-
ev

er
,i

s
pr

ob
le

m
at

ic
in

th
e

hi
gh

di
m

en
sio

na
ls

et
tin

g:
th

e
pr

e-
co

m
pu

ta
tio

n
of

th
e

H
es

sia
n

ca
n

be
ve

ry
co

st
ly

,a
nd

ea
ch

ro
w

bl
oc

k
of
H

ha
s

a
ve

ry
la

rg
e

siz
e

(d
i
×
d
).

T
he

ab
ov

e
iss

ue
s

ca
n

be
av

oi
de

d
by

ex
pl

oi
tin

g
th

e
st

ru
ct

ur
e

of
th

e
lin

ea
r

m
od

el
in

eq
.(

69
)

an
d

ad
op

tin
g

th
e

pa
ra

m
et

er
se

rv
er

di
st

rib
ut

ed
sy

st
em

H
o

et
al

.(
20

13
);

Li
et

al
.

(2
01

4)
.

T
he

sy
st

em
de

di
ca

te
s

a
ce

nt
ra

ls
er

ve
r

to
st

or
e

th
e

ke
y

pa
ra

m
et

er
s,

an
d

le
t

ea
ch

wo
rk

er
m

ac
hi

ne
to

co
m

m
un

ic
at

e
on

ly
w

ith
th

e
se

rv
er

.
To

be
sp

ec
ifi

c,
we

pa
rt

iti
on

th
e

da
ta

m
at

rix
A

in
to
p

co
lu

m
n

bl
oc

ks
A

=
[A

1,
..
.,
A
p
]a

nd
di

st
rib

ut
e

th
e

bl
oc

k
A
i
∈
R
n
×
d

i
to

m
ac

hi
ne

i
Bo

yd
et

al
.(

20
10

);
R

ich
tá

rik
an

d
Ta

ká
č

(t
o

ap
pe

ar
)

.
N

ot
e

th
e

lo
ca

lu
pd

at
e

co
m

pu
te

d
by

m
ac

hi
ne

i
at

th
e
t-t

h
ite

ra
tio

n
is

U
i(x

i (t
))

=
pr

ox
η g

i

( x
i(t

)−
η
A
> i
f
′ (A

xi
(t

))
) −

x
i(t

).
(7

0)

Si
nc

e
m

ac
hi

ne
i

is
in

ch
ar

ge
of

up
da

tin
g

th
e
i-t

h
bl

oc
k
x
i(t

)
of

th
e

gl
ob

al
m

od
el

,i
t

su
ffi

ce
s

to
ha

ve
th

e
m

at
rix

-v
ec

to
r

pr
od

uc
t
A

xi
(t

)
to

co
m

pu
te

th
e

lo
ca

lu
pd

at
e

in
eq

.(
70

)
.

If
we

in
iti

al
iz

e
∀i
,

xi
(0

)≡
0,

th
en

A
xi

(t
)

ca
n

be
w

rit
te

n
in

a
cu

m
ul

at
iv

e
fo

rm
as

A
xi

(t
)=

p ∑ j=
1
A
j
[x
i (t

)] j
=

p ∑ j=
1

τ
i j
(t

)
∑ k
=

0
A
j
I {
k
∈T

j
}U

j
(x
j
(k

))
︸

︷︷
︸

∆
j
(k

)

,

w
he

re
re

ca
ll

th
at

m
ac

hi
ne

i
on

ly
ha

s
ac

ce
ss

to
a

de
la

ye
d

co
py

x
j
(τ
i j
(t

))
of

th
e

pa
ra

m
et

er
s

in
m

ac
hi

ne
j.

H
en

ce
,t

o
ev

al
ua

te
th

e
m

at
rix

-v
ec

to
r

pr
od

uc
t,

ev
er

y
m

ac
hi

ne
ne

ed
s

to
ac

cu
-

m
ul

at
e

∆
j
(k

)
ov

er
al

lm
ac

hi
ne

s
up

to
a

de
la

ye
d

cl
oc

k.
T

hu
s,

we
ag

gr
eg

at
e

∆
j
(t

)
∈
R
n

on
th

e
pa

ra
m

et
er

se
rv

er
w

he
ne

ve
ri

ti
s

ge
ne

ra
te

d
an

d
se

nt
by

th
e

wo
rk

er
m

ac
hi

ne
s.

In
de

ta
ils

,
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Zh
ou

,
Y

u,
D

ai
,

Li
an

g
an

d
X

in
g

A
lg

or
it

hm
1

Ec
on

om
ic

Im
pl

em
en

ta
tio

n
of

m
-P

AP
G

1:
Fo

r
th

e
se

rv
er

:
2:

w
hi

le
re

ci
ev

es
up

da
te

∆
i

fro
m

m
ac

hi
ne

i
do

3:
N
←
N

+
∆
i

4:
en

d
w

hi
le

5:
w

hi
le

m
ac

hi
ne

i
se

nd
s

a
pu

ll
re

qu
es

t
do

6:
se

nd
N

to
m

ac
hi

ne
i

7:
en

d
w

hi
le

8:
Fo

r
m

ac
hi

ne
i

at
ac

tiv
e

cl
oc

k
t
∈
T
i:

9:
pu

ll
N

fro
m

th
e

se
rv

er
10

:
U
i
←

pr
ox

η g
i

( x
i
−
η
A
> i
f
′ (N

))
−
x
i

11
:

se
nd

∆
i

=
A
iU
i

to
th

e
se

rv
er

12
:

up
da

te
x
i
←
x
i
+
U
i

th
e

wo
rk

er
m

ac
hi

ne
sfi

rs
tp

ul
lt

hi
sm

at
rix

-v
ec

to
rp

ro
du

ct
(d

en
ot

ed
as
N)

fro
m

th
e

se
rv

er
to

co
nd

uc
t

th
e

lo
ca

lc
om

pu
ta

tio
n

in
eq

.(
70

).
T

he
n

m
ac

hi
ne

i
pe

rfo
rm

s
th

e
lo

ca
lu

pd
at

e:

x
i(t

+
1)

=
x
i(t

)+
U
i(x

i (t
))
.

(7
1)

N
ot

e
th

at
m

ac
hi

ne
i

do
es

no
t

m
ai

nt
ai

n
or

up
da

te
ot

he
r

bl
oc

ks
of

pa
ra

m
et

er
s
x
j
(t

),
j
6=
i.

La
st

ly
,m

ac
hi

ne
i

co
m

pu
te

s
an

d
se

nd
s

th
e

ve
ct

or
∆
i(t

)
=
A
iU
i(x

i (t
))
∈

R
n

to
th

e
se

rv
er

,
an

d
th

e
se

rv
er

im
m

ed
ia

te
ly

pe
rfo

rm
s

th
e

ag
gr

eg
at

io
n:

N
←
N

+
∆
i(t

).
(7

2)

W
e

su
m

m
ar

iz
e

th
e

ab
ov

e
ec

on
om

ic
al

im
pl

em
en

ta
tio

n
in

A
lg

or
ith

m
1,

w
he

re
N

de
no

te
s

th
e

ag
gr

eg
at

ed
m

at
rix

-v
ec

to
r

pr
od

uc
t.

T
he

st
or

ag
e

co
st

fo
r

ea
ch

wo
rk

er
m

ac
hi

ne
is
O

(n
d
i)

(fo
r

st
or

in
g
A
i

on
ly

).
Ea

ch
ite

ra
tio

n
re

qu
ire

s
tw

o
m

at
rix

-v
ec

to
r

pr
od

uc
ts

th
at

co
st
O

(n
d
i)

in
th

e
de

ns
e

ca
se

,a
nd

th
e

co
m

m
un

ic
at

io
n

of
a

le
ng

th
n

ve
ct

or
be

tw
ee

n
th

e
se

rv
er

an
d

th
e

wo
rk

er
m

ac
hi

ne
s.

N
ot

e
th

at
th

e
co

st
is

sig
ni

fic
an

tly
lo

we
r

th
an

th
e

di
re

ct
im

pl
em

en
ta

tio
n.

8.
E

xp
er

im
en

ts
In

th
is

se
ct

io
n,

we
em

pi
ric

al
ly

ve
rif

y
th

e
co

nv
er

ge
nc

e
pr

op
er

tie
s

an
d

tim
e

effi
ci

en
cy

of
m

-
PA

PG
.A

ll
da

ta
ar

e
ge

ne
ra

te
d

vi
a

no
rm

al
di

st
rib

ut
io

n
w

ith
th

e
co

lu
m

ns
be

in
g

no
rm

al
iz

ed
to

ha
ve

un
it

no
rm

.
W

e
fir

st
te

st
th

e
co

nv
er

ge
nc

e
pr

op
er

tie
s

of
m

-P
AP

G
vi

a
a

no
n-

co
nv

ex
La

ss
o

pr
ob

le
m

w
ith

th
e

gr
ou

p
re

gu
la

riz
er
‖·
‖ 0
,2

,w
hi

ch
ta

ke
s

th
e

fo
rm

m
in

x∈
R

d
1 2‖
A

x
−

b‖
2

+
λ
‖x
‖ 0
,2
,

(7
3)

w
he

re
we

se
ts

am
pl

es
iz

en
=

10
00

an
d

di
m

en
sio

n
siz

ed
=

20
00

,a
nd

th
eg

ro
up

no
rm

di
vi

de
s

th
e

w
ho

le
m

od
el

in
to

20
gr

ou
ps

w
ith

eq
ua

ld
im

en
sio

n.
W

e
us

e
4

m
ac

hi
ne

s(
co

re
s)

w
ith

ea
ch

ha
nd

lin
g

fiv
e

gr
ou

ps
of

co
or

di
na

te
s,

an
d

co
ns

id
er

m
ax

im
al

st
al

en
es

s
s

=
0,

10
,2

0,
30

,
re

-
sp

ec
tiv

el
y.

To
be

tt
er

de
m

on
st

ra
te

th
e

eff
ec

to
fs

ta
le

ne
ss

,w
e

le
tm

ac
hi

ne
so

nl
y

co
m

m
un

ic
at

e
w

he
n

ex
ce

ed
th

e
m

ax
im

um
st

al
en

es
s.

T
hi

sc
an

be
vi

ew
ed

as
th

e
wo

rs
tc

as
e

co
m

m
un

ic
at

io
n

sc
he

m
e

an
d

a
la

rg
er
s

br
in

gs
m

or
e

st
al

en
es

s
in

to
th

e
sy

st
em

.
W

e
se

t
th

e
le

ar
ni

ng
ra

te
to
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A
synchronous

D
istributed

P
roxim

al
G

radient
A

lgorithm

have
the

form
η(α

s)
=

1/(L
f

+
2
L
α
s),α

>
0,

that
is,

a
linear

dependency
on

staleness
s

as
suggested

by
T

heorem
5.

T
hen

we
run

A
lgorithm

1
w

ith
different

staleness
and

use
η(0),η(10),η ∗(α

s),respectively,w
here

η ∗(α
s)

is
the

largest
step

size
we

tuned
for

each
s

that
achieves

a
stable

convergence.
W

e
track

the
globalm

odelx(t)
and

plot
the

results
in

Figure
1.

N
ote

that
w

ith
the

large
step

size
η(0)

allinstances
(w

ith
nonzero

staleness)
diverge

hence
are

not
presented.

W
ith

η(10)
(Figure

1,left),the
staleness

does
not

sub-
stantially

affectthe
convergence

in
term

softhe
objective

value.
W

e
note

thatthe
objective

curves
converge

to
slightly

different
m

inim
alvalues

due
to

the
non-convexity

of
problem

(73).
W

ith
η ∗(α

s)
(Figure

1,m
iddle),it

can
be

observed
that

adding
a

slight
penalty

α
s

on
the

learning
rate

suffi
ces

to
achieve

a
stable

convergence,
and

the
penalty

grow
s

as
s

increases,w
hich

isintuitive
since

a
largerstalenessrequiresa

sm
allerstep

size
to

cancelthe
inconsistency.

In
particular,for

s
=

10
the

bestconvergence
iscom

parable
to

the
bulk

syn-
chronized

case
s

=
0.

(Figure
1,right)

further
show

s
the

asym
ptotic

convergence
behavior

ofthe
globalm

odelx(t)
under

the
step

size
η ∗(α

s).
It

is
clear

that
a

linear
convergence

is
eventually

attained,w
hich

confirm
s

the
finite

length
property

in
T

heorem
11.
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Figure
1:

C
onvergence

curves
of

m
-PAPG

under
different

staleness
param

eter
s

and
step

size
η.
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s =
 0

s =
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s =
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s =
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s =
 7

Figure
2:

Effi
ciency

ofm
-PAPG

on
a

large
scale

Lasso
problem

.

N
ext,we

verify
the

tim
e

and
com

m
unication

effi
ciency

ofm
-PAPG

via
an

l1
regularized

quadratic
program

m
ing

problem
w

ith
very

high
dim

ensions,taking
the

form

m
in

x
12 x
>
A
>
A

x
+
λ‖x‖1 .

(74)
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Zhou,
Y

u,
D

ai,
Liang

and
X

ing

W
e

generate
sam

ples
ofsize

n
=

1M
illion

and
dim

ension
d

=
100M

illions.
W

e
im

plem
ent

A
lgorithm

1
on

Petuum
H

o
et

al.(2013);D
aiet

al.(2014)
—

a
stale

synchronous
parallel

system
w

hich
updates

the
localparam

eter
caches

via
stale

synchronous
com

m
unications.

T
he

system
contains

100
com

puting
nodes

and
each

is
equipped

w
ith

16
A

M
D

O
pteron

processors
and

16G
B

R
A

M
linked

by
1G

bps
ethernet.

W
e

fix
the

learning
rate

η
=

10 −
3

and
considerm

axim
um

staleness
s

=
0,1,3,5,7,respectively.(Figure2,left)show

sthatper-
iteration

progress
is

virtually
indistinguishable

am
ong

various
staleness

settings,w
hich

is
consistentw

ith
ourpreviousexperim

ent.
(Figure

2,m
iddle)show

sthatsystem
throughput

is
significantly

higher
w

hen
we

introduce
staleness.

T
his

is
due

to
lower

synchronization
overheads,w

hich
offsetsany

potentiallossdueto
stalenessin

progressperiteration.W
ealso

track
the

distributionsofstalenessduring
the

experim
ents,w

here
we

record
in
N

the
clocks

ofthe
freshest

updates
that

accum
ulate

from
allthe

m
achines.

T
hen

w
henever

a
m

achine
pulls

N
from

the
server,it

com
pares

its
localclock

w
ith

these
clocks

and
records

the
clock

differences.
(Figure

2,right)
show

s
the

distributions
ofstaleness

under
different

m
axim

al
staleness

settings.
O

bserve
that

bulk
synchronous

(s
=

0)
peaks

at
staleness

0
by

design,
and

the
distribution

concentrates
in

sm
allstaleness

area
due

to
the

eager
com

m
unication

m
echanism

ofPetuum
.

Itcan
be

seen
thata

sm
allam

ountofstalenessissuffi
cientto

relax
the

com
m

unication
bottlenecks

w
ithout

affecting
the

iterative
convergence

rate
m

uch.

9.
C

onclusion

W
e

have
proposed

m
-PAPG

as
an

extension
of

the
proxim

al
gradient

algorithm
to

the
m

odel
parallel

and
partially

asynchronous
setting.

m
-PAPG

allow
s

worker
m

achines
to

operate
asynchronously

as
long

as
they

are
not

too
far

apart,hence
greatly

im
proves

the
system

throughput.
T

he
convergence

properties
of

m
-PAPG

are
thoroughly

analyzed.
In

particular,
we

proved
that:

1)
every

lim
it

point
of

the
sequences

generated
by

m
-PAPG

is
a

criticalpoint
ofthe

objective
function;2)

under
an

additionalerror
bound

condition,
thefunction

valuesdecay
periodically

linearly;3)undertheadditionalK
urdyka- Lojasiew

icz
inequality,thesequencesgenerated

by
m

-PAPG
convergeto

thesam
ecriticalpoint,provided

that
a

proxim
alLipschitz

condition
is

satisfied.
In

the
future

we
plan

to
further

weaken
the

proxim
alLipschitz

condition
so

that
our

analysis
can

handle
m

any
m

ore
nonsm

ooth
functions.
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th
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∈
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th
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∈
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he
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th
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it
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it
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∈
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he
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ay
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ch
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se
s

an
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∈
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an
d

(o
pt

io
na
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n
in
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nd
en
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ou
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ra
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ss
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ft

er
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ak
in
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he

rc
ho

ic
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th
e

pl
ay

er
ob

se
rv
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pa
yo

ff
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=
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η t
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he
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η 1
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n
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pe
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ra
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∆
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m
ax

j
µ
j
−
µ
i
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th
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h
ar
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he
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er
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is

R
n
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)
=

E

[
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1

∆
A

t
(µ

)]
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ec
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th
e

re
gr

et
de

pe
nd
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th
e

un
kn

ow
n
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yo

ff
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ct
or
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st
ra

te
gy
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ho
pe

to
m

ak
e

th
e

re
gr

et
sm
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lf
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al
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si
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ul

ta
ne

ou
sl

y.
T

he
re

ar
e

a
nu

m
be

ro
fp

er
fo

rm
an

ce
m

et
ri

cs
in

th
e

lit
er

at
ur
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o
of

w
hi

ch
ar

e
de

sc
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ed
be

lo
w

al
on

g
w

ith
a

ne
w

on
e.

To
sp

oi
lt

he
su

rp
ris

e,
th

e
st

ra
te

gy
in

tro
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ce
d

in
th

e
pr

es
en
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rt

ic
le

is
si

m
ul

ta
ne

ou
sl

y
op

tim
al

w
ith

re
sp

ec
tt

o
al
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ft

he
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.

W
or

st
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op
tim

al
ity

T
he

w
or

st
-c
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e

re
gr

et
of
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st

ra
te

gy
is

th
e

va
lu

e
of

th
e

re
gr

et
it

su
ff

er
s

w
he

n
fa

ce
d

w
ith

th
e

w
or

st
po

ss
ib

le
µ

.

R
W

C
n

=
su

p
µ
∈R

k
:∆

(µ
)∈

[0
,1

]k
R
n
(µ

)
.
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e
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st

ric
tio

n
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gr
et

.G
en

er
al

ly
pr

ob
le

m
sw

ith
sm

al
ls

ub
op

tim
al

ity
ga

ps
ar
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at
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w
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de
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an

ds
th

at
st

ra
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n
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ie
r’
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it
in

st
an

ce
s.

A
st

ra
te

gy
is

ca
lle

d
as

ym
pt

ot
ic

al
ly

op
tim

al
if

li
m

n
→
∞
R
n
(µ

)

lo
g
(n

)
=

∑

i:
∆

i
(µ

)>
0

2

∆
i(
µ

)
fo

ra
ll
µ
∈
R
d
.

T
he

na
m

e
is

ju
st

ifi
ed

by
th

e
ex

is
te

nc
e

of
po

lic
ie

s
sa

tis
fy

in
g

th
e

de
fin

iti
on

an
d

lo
w

er
bo

un
ds

by
L

ai
an

d
R

ob
bi

ns
(1

98
5)

an
d

B
ur

ne
ta

s
an

d
K

at
eh

ak
is
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99
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sh

ow
in

g
th

at
co

ns
is

te
nt

po
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ie
s
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ho

se
w

ith
su

b-
po

ly
no

m
ia

lr
eg

re
to

n
al

lµ
)c

an
no
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o

be
tte

r.

Th
e

su
b-

U
C

B
cr

ite
ri

a
W

hi
le

as
ym

pt
ot

ic
an

al
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is
is

qu
ite

in
si

gh
tfu

l,
th

e
ul

tim
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e
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an
tit

y
of

in
te

re
st

is
th

e
fin

ite
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im
e

re
gr

et
.T

o
m

ak
e

a
st

ab
at

qu
an

tif
yi

ng
th

is
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ay
an

al
go

ri
th

m
is

su
b-

U
C

B
if

th
er

e
ex

is
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ni
ve

rs
al
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ta
nt

s
C

1
,C

2
>

0
su

ch
th

at
fo

ra
ll
k

,n
an

d
µ

it
ho

ld
s

th
at

R
n
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C

1
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1

∆
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C

2

∑
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∆
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g
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∆
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r
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g
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n
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c
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ic

op
tim

al
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d
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C
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V
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L
F

O
R

B
A

N
D

IT
S

T
R

A
T

E
G

IE
S

C
ontributions

T
he

m
ain

contribution
is

a
new

strategy
called

A
D

A
-U

C
B

(‘adaptive
U

C
B’)

and
analysis

show
ing

itis
asym

ptotically
optim

al,m
inim

ax
optim

aland
sub-U

C
B

.N
o

otheralgorithm
is

sim
ultaneously

m
inim

ax
optim

aland
sub-U

C
B

(see
Table

2).R
esults

are
specialised

to
the

G
aussian

case
w

ith
unit

variance,
but

upper
bounds

can
be

generalised
to

subgaussian
noise

w
ith

know
n

subgaussian
constantatthe

price
ofincreased

constants
(w

ithoutlosing
asym

ptotic
optim

ality)and
longerproofs.T

he
latterjustifies

the
specialisation

because
itallow

s
foran

elegantconcentration
analysis

via
an

em
bedding

ofG
aussian

random
w

alks
into

B
row

nian
m

otion.A
lso

included:

(a)
Finite-tim

e
low

erbounds
show

ing
the

new
strategy

is
close

to
optim

al.

(b)
A

conjecture
by

B
ubeck

and
C

esa-B
ianchi(2012)is

proven
false.

(c)
A

generic
analysis

fora
large

class
ofstrategies

sim
plifying

the
analysis

forexisting
strategies.

B
eyond

the
concrete

results,the
approach

used
forderiving

A
D

A
-U

C
B

by
exam

ining
low

erbounds
w

illlikely
generalise

to
other

noise
m

odels,and
indeed,other

sequentialoptim
isation

problem
s

w
ith

an
exploration/exploitation

flavour.T
he

contents
ofthis

article
com

bines
the

bestparts
oftw

o
technicalreports

w
ith

im
proved

results,intuition
and

analysis
(L

attim
ore,2015a,2016b).

N
otation

For
naturalnum

ber
n

let
[n

]
=
{1
,2
,...,n}.

B
inary

m
inim

um
s

and
m

axim
um

s
are

abbreviated
by
∧

and
∨

respectively.
T

he
com

plem
entof

event
A

is
A
c.

E
xceptw

here
otherw

ise
stated,itis

assum
ed

w
ithoutloss

of
generality

that
µ

1
≥
µ

2
≥
...≥

µ
k .

N
one

of
the

proposed
strategies

depend
on

the
labelling

of
the

arm
s,so

if
this

is
notthe

case
the

indices
can

sim
ply

be
re-ordered.

T
he

dependence
of

the
suboptim

ality
gap

on
the

m
ean

vector
w

illusually
be

om
itted

w
hen

the
contextis

clear:
∆
i

=
∆
i (µ

)
=

m
ax

j
µ
j −

µ
i .

O
ccasionally

itis
convenientto

define
µ
k
+

1
=
−
∞

and
∆
k
+

1
=
∞

.
L

et
T
i (t)

=
∑

ts=
1
1
{
A

s
=
i}

be
the

num
ber

of
tim

es
arm

i
has

been
chosen

after
round

t
and

µ̂
i (t)

=
∑

ts=
1
1
{
A

s
=
i} X

s /T
i (t)

be
the

corresponding
em

pirical
estim

ate
of

its
return.

L
et
µ̂
i,s

be
the

em
pirical

estim
ate

of
the

m
ean

of
arm

i
after

s
sam

ples
from

that
arm

so
that

µ̂
i,T

i (t)
=
µ̂
i (t).

D
efine

σ
-algebra

F
t

=
σ

(ξ,X
1 ,...,X

t )
to

contain
the

inform
ation

available
to

the
strategy

afterround
t,w

here
ξ

is
an

independentsource
ofrandom

ness
thatallow

s
for

random
ness

in
the

strategy.
T

his
m

eans
thatform

ally
a

strategy
is

a
sequence

of
random

variables
(A

t )
t

such
that

A
t

isF
t−

1 -m
easurable.

It
is

assum
ed

throughout
that

n
≥
k.

Finally,let
lo

g
(x

)
=

log
((x

+
e)

log
1
/
2(x

+
e)).

A
table

of
notation

is
available

in
Table

3
in

the
appendix.

2.T
he

strategy

T
he

A
D

A
-U

C
B

strategy
chooses

each
arm

once
in

arbitrary
order

for
the

first
k

rounds
and

subsequently
A
t

=
arg

m
ax

i∈
[k

] γ
i (t)

w
here

the
index

ofarm
iin

round
t

is:

γ
i (t)

=
µ̂
i (t−

1)
+

√
2

T
i (t−

1)
log (

n

H
i (t−

1) )
,

w
ith

H
i (t)

=
T
i (t)K

i (t)
and

K
i (t)

=
k
∑j=

1

m
in {

1
, √

T
j (t)

T
i (t) }

.

A
t

first
sight

the
new

index
seem

s
overly

com
plicated.

A
fter

the
statem

ent
of

the
m

ain
regret

guarantee
I

show
how

the
strategy

is
derived

in
a

principled
fashion

from
low

er
bounds

obtained
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L
A

T
T

IM
O

R
E

from
inform

ation
theoretic

lim
its

of
the

problem
.

Sim
ilar

approaches
have

been
used

before,for
exam

ple,by
A

graw
aletal.(1989)forreinforcem

entlearning,and
by

G
arivierand

K
aufm

ann
(2016)

forpure
exploration

in
bandits.O

ne
interesting

consequence
ofthis

approach
is

that
A

D
A

-U
C

B
is

nota
true

index
strategy

in
the

sense
that

γ
i (t)

depends
on

random
variables

associated
w

ith
other

arm
s.A

n
intriguing

open
question

is
w

hetherornotthere
exists

an
index

strategy
forw

hich
allthree

perform
ance

criteria
are

m
et.A

m
inorobservation

is
thatitis

notclearw
hetherornota

true
index

strategy
should

be
allow

ed
to

depend
on
t

orjuston
n
−
t

and
the

sam
ples

from
the

given
arm

.

m
ajority

t
L

ai(1987)
n
/T

i

H
onda

and
Takem

ura
(2010)

t/T
i

A
udibertand

B
ubeck

(2009)
n
/
(k
T
i )

D
egenne

and
Perchet(2016)

t/
(k
T
i )

L
attim

ore
(2015a)

n
/t

Table
1:C

onfidence
levels

R
elation

to
other

algorithm
s

T
he

index
is

the
sam

e
as

thatused
by

K
atehakis

and
R

obbins
(1995)

except
that

log
(t)

has
been

replaced
by

log
(n
/H

i (t−
1)).

T
he

change
from

log
(·)

to
log

(·)
is

quite
m

inor.
Such

inflations
of

the
logarithm

ic
term

are
typical

for
algorithm

s
w

ith
finite-tim

e
guarantees.

T
he

m
ain

difference
betw

een
A

D
A

-U
C

B
and

previous
w

ork
is

the
term

inside
the

logarithm
,often

called
the

confidence
level.

T
he

m
ostcom

m
on

choice
is

the
currentround

t,w
hich

is
used

by
various

versions
of

U
C

B,
K

L-U
C

B
and

B
A

Y
E

S-U
C

B
(K

atehakis
and

R
obbins,1995;B

urnetas
and

K
atehakis,1996;A

graw
al,

1995;A
ueretal.,2002;K

aufm
ann

etal.,2012;C
appé

etal.,2013).A
lready

in
the

early
w

ork
by

Lai
(1987)there

appeared
an

unnam
ed

variantof
U

C
B

forw
hich

the
confidence

levelw
as
n
/T

i (t−
1).

D
ue

to
its

sim
ilarity

to
K

L-U
C

B
(C

appé
etal.,2013)this

algorithm
w

illbe
called

K
L-U

C
B*

from
now

on.A
variety

ofotherchoices
have

been
used

as
show

n
in

Table
1.

C
om

putation
A

naive
im

plem
entation

of
A

D
A

-U
C

B
requiresa

com
putation

tim
e

thatisquadratic
in

the
num

berofarm
s

in
each

round.Fortunately
an

increm
entalim

plem
entation

leads
to

an
algorithm

w
ith

linearcom
putation

tim
e

by
noting

that:

(a)
If
T
i (t−

1)≤
T
A

t (t−
1),then

γ
i (t

+
1)

=
γ
i (t).

(b)
Forarm

s
iw

ith
T
i (t−

1)
>
T
A

t (t−
1)

the
value

of
K
i (t−

1)
m

ay
be

com
puted

increm
entally

by
K
i (t)

=
K
i (t−

1)−
√

(T
A

t (t)−
1)/T

i (t)
+
√
T
A

t (t)/T
i (t).

(c)
T

he
index

of
A
t can

be
com

puted
trivially

in
order

k
tim

e.

T
he

algorithm
follow

s
by

m
aintaining

a
list

of
arm

s
sorted

by
T
i (t)

and
applying

the
above

observations
to

increm
entally

update
the

indices.
If

all
details

are
addressed

carefully,
then

the
com

putation
required

in
round

t
is
O

( ∑
ki=

1
1
{
T
i (t−

1)≥
T
A

t (t−
1)}

),w
hich

in
the

w
orstcase

is
O

(k
),butcan

be
m

uch
sm

allerw
hen

a
single

arm
is

played
significantly

m
ore

often
than

any
other.

R
egretbound

T
he

theorem
statem

enthas
a

m
ore

com
plicated

form
than

previous
regretbounds

for
finite-arm

ed
bandits,

m
ainly

because
it

correctly
deals

w
ith

the
case

w
here

there
are

m
any

near-optim
alarm

s
thatcannotbe

statistically
identified

w
ithin

the
tim

e
horizon.D

efine
k
i and

λ
i by

k
i

=
k
∑j=

1

m
in {

1
,

∆
i

∆
j }

and
λ
i

=
1

+
1∆

2i

log (
n

∆
2i

k
i

)
.

T
he

m
ain

theorem
is

below
,w

hich
gives

the
bestknow

n
finite-tim

e
guarantee

for
any

strategy,as
w

ellas
allthree

optim
ality

criteria
defined

in
the

introduction.
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D

IT
S
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T
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G
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S

T
he

or
em

1
A

ss
um

e
th

at
µ

1
≥
µ

2
≥
··
·≥

µ
k
.T

he
n

th
er

e
ex

is
ts

a
un

iv
er

sa
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on
st
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>
0

su
ch

th
at

th
e

re
gr

et
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A
D

A
-U

C
B

is
bo
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by

R
n
(µ

)
≤
C

m
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i∈
[k

]

(
n

∆̄
i
+
∑ m
>
i

∆
m
λ
m

)
,

w
he

re
∆̄
i

=
1 i

i ∑ m
=

1

∆
m
.

(3
)

F
ur

th
er

m
or

e:

(a
)

A
D

A
-U

C
B
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m
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co
ns

ta
nt

fa
ct

or
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R

W
C

n
≤
C
′√
k
n
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(b
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A
D

A
-U

C
B

is
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C
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n
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)
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∑
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:∆

m
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0
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lo

g
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∆
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∞
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la
rm

s
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m
m

et
ri

ca
lly

.

In
tu

iti
on

fo
rb

ou
nd

an
d

st
ra

te
gy

Le
tµ
∈

[0
,1

]k
an

d
i

be
a

su
bo

pt
im

al
ar

m
so

th
at

∆
i

=
∆
i(
µ
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0
.S
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µ
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]k
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ex
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2∆
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by
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Pr
ov
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en
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U
C

B
st
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te
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pl
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if
th
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or
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of

te
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Le
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E′
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d

P
an

d
P′

de
no

te
th

e
m

ea
su

re
s

on
th

e
ou
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es
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1
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1
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..
,A

n
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n
w

he
n

th
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st
ra

te
gy

in
te

ra
ct

s
w

ith
th

e
ba

nd
its

de
te

rm
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ed
by
µ

an
d
µ
′ r

es
pe

ct
iv

el
y.

L
et
δ
∈

(0
,1

]
be

su
ch

th
at

E[
T
i(
n

)]
=

2
lo

g
(1
/δ

)

(2
∆
i)

2
.

(4
)

Si
nc

e
µ

an
d
µ
′

ar
e

on
ly

di
ff

er
en

t
in

th
e
it

h
co

or
di

na
te

,
th

e
pr

ob
le

m
of

m
in

im
is

in
g

th
e

re
gr

et
is

es
se

nt
ia

lly
eq

ui
va

le
nt

to
a

hy
po

th
es

is
te

st
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th
e

m
ea

n
of

th
e
it

h
ar

m
,w

hi
ch

sa
tis

fie
s
|µ
′ i−

µ
i|

=
2∆

i.
U

si
ng

th
is

id
ea

,a
st

an
da

rd
in

fo
rm

at
io

n-
th

eo
re

tic
ar

gu
m

en
t(

se
e

th
e

se
ct

io
n

on
lo

w
er

bo
un

ds
fo

rf
or

m
al

de
ta

ils
)s

ho
w

s
th

at
P′

(T
i(
n

)
≤
n
/
2)
&
δ.

A
bb

re
vi

at
e

∆
′ i

=
∆
i(
µ
′ )

.S
in

ce
∆
′ j

=
µ
′ i−

µ
′ j
≥

∆
i

fo
r

al
lj
6=
i

it
ho

ld
s

th
at

R
n
(µ
′ )
≥
n

∆
i

2
P′

(T
i(
n

)
≤
n
/
2)
&
n

∆
iδ
/2
.

(5
)

A
ss

um
in

g
th

e
st

ra
te

gy
is

su
b-

U
C

B
,t

he
n

th
er

e
ex

is
ts

a
(h

op
ef

ul
ly

sm
al

l)
co

ns
ta

nt
C
>

0
su

ch
th

at

R
n
(µ
′ )
≤
C
∑

j:
∆
′ j>

0

(
∆
′ j

+
lo

g
(n

)

∆
′ j

)
≈
C
∑

j:
∆
′ j>

0

lo
g
(n

)

∆
′ j

,
(6

)

w
he

re
th

e
ap

pr
ox

im
at

io
n

fo
llo

w
s

be
ca

us
e

∆
′ j
∈

[0
,2

]
ha

s
be

en
as

su
m

ed
.B

y
E

qs
.(

5)
an

d
(6

):

δ
.

2
C

lo
g
(n

)

n
∆
i

∑

j:
∆
′ j>

0

1 ∆
′ j

=
2C

lo
g
(n

)

n
∆

2 i

∑ j6=
i

∆
i

∆
j

+
∆
i
≤

2
C
k
i
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g
(n

)

n
∆

2 i

.
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os
t

R
n
(µ

)
≤
n

∆
`

+
2
c 1
b

ε2
∆
`+

1
+
∑ i>
`

 
2∆

i
+

1 ∆
i

 
1

+
1 ε2

+
2

lo
g
( n

∆
2 i

a

)

(1
−

2ε
)2

 
 
.

F
ur

th
er

m
or

e:

(a
)

li
m
n
→
∞
R
n
(µ

)/
lo

g
(n

)
=
∑

i:
∆

i
>

0
2 ∆
i
.

(b
)

If
b
≤
k

,t
he

n
R

W
C

n
≤
C
√
n
k
( 1

+
lo

g
( k a
))

w
he

re
C
>

0
is

a
un

iv
er

sa
lc

on
st

an
t.

B
ef

or
e

th
e

pr
oo

fa
lit

tle
m

or
e

no
ta

tio
n

is
re

qu
ir

ed
.F

or
ea

ch
i

an
d

∆
>

0
le

tζ
i(

∆
)

be
a

ra
nd

om
va

ri
ab

le
gi

ve
n

by

ζ i
(∆

)
=

1
+

m
ax
{s

:
µ̂
i,
s
>
µ
i
+

∆
}
.

(8
)
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R
E

FIN
IN

G
T

H
E

C
O

N
FID

E
N

C
E

L
E

V
E

L
F

O
R

B
A

N
D

IT
S

T
R

A
T

E
G

IE
S

C
learly,

ζ
i (∆

)
is

surely
m

onotone
non-increasing

in
∆

and
m

ay
be

upperbounded
in

expectation
using

L
em

m
a

13
in

the
appendix.

Proof[ofT
heorem

3]L
et

∆
∈
R

be
the

sm
allestvalue

such
that

µ̂
1
,s

+

√
2s

log (
nbs )
≤
µ

1 −
∆

forall
1
≤
s≤

n
,

w
hich

is
chosen

so
that

γ
1 (t)≥

µ
1 −

∆
forall

t.B
y

part(a)ofL
em

m
a

12
w

ith
α

=
n
/b

and
d

=
1

and
λ

1
=
∞

w
e

have
forany

x
>

0
that

P
(∆
≥
x

)≤
c

1 bh
λ (1/x

2)

n
=

c
1 b

n
x

2
.

(9)

D
efine

random
variable

Λ
i

=
1

+
m

ax {
1∆

2i

,
ζ
i (ε∆

i ),
2

(1−
2
ε)

2∆
2i

l og (
n

∆
2i

a

)}
.

The
definitions

ofthe
policy,Λ

i and
∆

ensure
thatif

∆
i
>

∆
/ε,then

T
i (n

)≤
Λ
i and

by
Lem

m
a

13,

E
[Λ
i ]≤

2
+

1∆
2i 

1
+

1ε
2

+
2

log (
n

∆
2i

a

)

(1−
2
ε)

2


.

(10)

H
ence

the
regretofthe

strategy
m

axim
ising

the
index

in
E

q.(7)is

R
n
(µ

)
=

E

[
k
∑i=

1

∆
i T
i (n

) ]

=
E

[∑̀i=
1

∆
i T
i (n

) ]
+

E

[
k
∑i=
`+

1

1

{
∆
i ≤

∆ε }
∆
i T
i (n

) ]
+

E

[
k
∑i=
`+

1

1

{
∆
i
>

∆ε }
∆
i T
i (n

) ]

≤
n

∆
`

+
E
[
n

∆ε
1
{
∆
≥
ε∆

`+
1 } ]

+
∑i>
`

∆
i E

[Λ
i ]
.

(11)

T
he

lastexpectation
in

E
q.(11)is

bounded
using

E
q.(10),

∑i>
`

∆
i E

[Λ
i ]≤

∑i>
` 

2∆
i
+

1∆
i 

1
+

1ε
2

+
2

log (
n

∆
2i

a

)

(1−
2ε)

2



.

(12)

G
iven

an
arbitrary

random
variable

X
and

constant
b∈

R
itholds

that

E
[X

]≤
bP

(X
≥
b)

+

∫
∞b
P

(X
≥
x

)
d
x
.

T
he

firstexpectation
in

E
q.(11)is

bounded
by

com
bining

the
above

display
w

ith
E

q.(9),

nε E
[∆
1
{
∆
≥
ε∆

`+
1 }

]≤
n

∆
`+

1 P
(∆
≥
ε∆

`+
1 )

+
nε

∫
∞ε∆

`
+

1 P
(∆
≥
x

)
d
x

≤
c

1 b

ε
2∆

`+
1

+
c

1 bε

∫
∞ε∆

`
+

1

d
xx
2

=
2
c

1 b

ε
2∆

`+
1
,
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L
A

T
T

IM
O

R
E

w
hich

togetherw
ith

Eq.(12)and
Eq.(11)com

pletes
the

proofofthe
firstpart.The

asym
ptotic

result
follow

s
by

choosing
`

=
m

ax{
i

:
∆
i

=
0}

and
ε

=
log −

1
/
4(n

).T
he

equality
follow

s
by

the
low

er
bound

ofL
aiand

R
obbins

(1985).T
he

w
orst-case

bound
follow

s
by

choosing
ε

=
1/4

and
tuning

the
cut-off

`.

T
he

failure
of

M
O

SS
N

otice
thatif

J
i (t−

1)
=
k,then

a
=
b

=
k

and
exceptfora

sm
allerinflated

logarithm
the

resulting
policy

is
the

sam
e

as
the

variantproposed
by

M
énard

and
G

arivier(2017).
The

troublesom
e

term
in

the
regretis

the
second

term
,w

hich
w

hen
`

=
1

is
approxim

ately
k
/∆

2 .B
y

contrast,form
ore

conservative
strategies

this
term

is
approxim

ately
1
/∆

2 ,w
hich

is
negligible.A

n
especially

challenging
regim

e
is

w
hen

∆
2

=
1/k

and
∆
i

=
1

for
i
>

2.Suppose
now

that
n

=
k

3

and
k

is
large,then

the
regretof

U
C

B
on

this
problem

should
be

R
n

=
O

(k
log

(k
))
.

For
M

O
S

S,how
ever,the

regreton
this

problem
is

Ω
( √
n
k
)

=
Ω

(k
2),w

hich
forlarge

k
is

arbitrarily
w

orse
than

U
C

B.
A

vague
explanation

of
the

poor
perform

ance
is

thatalthough
there

are
k

arm
s,

allbuttw
o

of
them

are
so

suboptim
althateffectively

itis
a

tw
o-arm

ed
bandit.

A
nd

yet
M

O
S

S
is

heavily
tuned

forthe
k-arm

ed
case

and
suffers

as
a

consequence.A
m

ore
precise

argum
entis

that
distinguishing

the
firstand

second
arm

s
requires

T
2 (t)≈

T
1 (t)≈

1
/∆

22
=
k

2.
B

utafter
playing

these
arm

s
roughly

k
2

tim
es

each
the

confidence
level

is
n
/
(k
T
i (t))

≈
1

and
the

likelihood
of

m
isidentification

is
large

enough
that

the
regret

is
Ω

(n
∆

2 )
=

Ω
(k

2)
=

Ω
( √
n
k
).

N
ote

that
for

A
D

A
-U

C
B

w
e

w
ould

expect
K
i (t)≈

2
and

the
confidence

levelis
approxim

ately
n
/k

2
=
k,w

hich
is

exactly
as

large
as

necessary.

R
em

ark
4

A
n

em
piricalstudy

in
this

problem
w

as
given

in
a

previous
technicalreport(Lattim

ore,
2015a).In

practice
the

failure
does

notbecom
e

extrem
e

until
k

is
very

large
(approxim

ately
1000).

4.Finite-tim
e

analysis

In
this

section
the

rem
ainderofT

heorem
1

is
proven.T

he
argum

entis
quite

long,butneverterribly
com

plicated.The
m

ain
novelchallenge

is
to

dealw
ith

the
dependence

ofthe
index

ofone
arm

on
the

num
berofplays

ofotherarm
s.The

usualprogram
foranalysing

strategies
based

on
upperconfidence

bounds
has

tw
o

parts:

(a)
Show

thatw
ith

high
probability

the
index

ofthe
optim

alarm
is

neverm
uch

sm
allerthan

its
m

ean.

(b)
Show

thatthe
index

ofeach
suboptim

alarm
drops

below
the

m
ean

ofthe
optim

alarm
afternot

too
m

any
plays

w
ith

high
probability.

T
he

proofstarts
w

ith
(b),the

m
ain

com
ponentofw

hich
is

show
ing

forsuboptim
alarm

s
ithat

H
i (t)

grow
s

ata
reasonable

rate.A
s

discussed,this
m

eans
show

ing
thatotherarm

s
are

played
sufficiently

often.The
follow

ing
definitions

spelloutw
hich

arm
s

w
illbe

played
reasonably

often.Foreach
arm

i
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R
E

FI
N

IN
G
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H
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C

O
N

FI
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E
N
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L
E

V
E

L
F

O
R

B
A

N
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S

T
R

A
T

E
G

IE
S

de
fin

e
a

de
te

rm
in

is
tic

se
to

fa
rm

s
V
i
⊂

[k
]

an
d

ra
nd

om
su

bs
et
W
i
⊆
V
i

by

V
i

=
{j
∈

[k
]

:
j

is
ev

en
or
j
≥
i}
.

(1
3)

W
i

=
{i
}∪

{
j
∈
V
i

:
m

in
1
≤
s≤

∆
−

2
i

µ̂
j,
s

+

√
2 s

lo
g

(
n

∆
i

k
i√
s

)
−
√

2 s
≥
µ
j

}
.

(1
4)

T
he

se
tW

i
is

a
su

bs
et

of
V
i

th
at

in
cl

ud
es

ar
m
i

an
d

th
os

e
ar

m
s

fo
r

w
hi

ch
th

e
em

pi
ri

ca
lm

ea
n

is
al

w
ay

s
ne

ar
ly

as
la

rg
e

as
th

e
tr

ue
m

ea
n.

W
e’

ll
so

on
se

e
th

at
ar

m
s
j
∈
W
i

w
ill

be
pl

ay
ed

su
ffi

ci
en

tly
of

te
n

to
en

su
re

th
at
H
i(
t)

gr
ow

s
at

th
e

ri
gh

tr
at

e.
T

he
ex

cl
us

io
n

of
od

d
ar

m
s

w
ith

j
<
i

fr
om

V
i

is
fo

r
te

ch
ni

ca
lr

ea
so

ns
.

In
or

de
r

to
sh

ow
th

at
ar

m
i

is
no

tp
la

ye
d

to
o

of
te

n
w

e
ne

ed
to

sh
ow

th
at

its
in

de
x

dr
op

s
su

ffi
ci

en
tly

fa
st

an
d

th
at

th
e

in
de

x
of

so
m

e
ot

he
ra

rm
is

su
ffi

ci
en

tly
la

rg
e.

Th
e

se
pa

ra
tio

n
of

th
e

ar
m

s
al

lo
w

s
us

to
ex

pl
oi

tt
he

in
de

pe
nd

en
ce

be
tw

ee
n

th
e

ar
m

s.
T

ho
se

ar
m

s
no

ti
n
V
i

w
ill

be
us

ed
to

sh
ow

th
at

so
m

e
in

de
x

is
la

rg
e

en
ou

gh
.D

efi
ne

δ i
=
c 2

√
k
i

n
∆

2 i

an
d

`
=

m
ax
{i

:
δ i
>

1/
4}

.
(1

5)

It
is

sh
ow

n
in

L
em

m
a

21
in

th
e

ap
pe

nd
ix

th
at

th
er

e
ex

is
ts

a
un

iv
er

sa
lc

on
st

an
tC

>
0

su
ch

th
at
`

sa
tis

fie
s

n
∆̄
`

+
∑ m
>
`

λ
m

∆
m
≤
C

m
in

i∈
[k

]

(
n

∆̄
i
+
∑ m
>
i

∆
m
λ
m

)
,

(1
6)

an
d

so
th

e
re

st
of

th
e

pr
oo

fi
sd

ev
ot

ed
to

bo
un

di
ng

th
e

re
gr

et
of

A
D

A
-U

C
B

in
te

rm
so

ft
he

le
ft-

ha
nd

-s
id

e
of

E
q.

(1
6)

.D
efi

ne
F
i

to
be

th
e

ev
en

tt
ha

tt
he

‘m
as

s’
of
W
i

is
su

ffi
ci

en
tly

la
rg

e.

F
i

=
1

  
∑

m
∈W

i

m
in
{1
,∆

i/
∆
m
}
≥
k
i/

8

  
.

(1
7)

R
ec

al
lt

ha
tk
i

=
∑

k m
=

1
m

in
{1
,∆

i/
∆
m
} .

So
F
i

ho
ld

si
ft

he
su

m
ov

er
th

e
re

st
ric

te
d

se
tW

i
is

at
m

os
t

a
fa

ct
or

of
8

sm
al

le
r.

T
he

po
in

ti
s

th
at

if
j
∈
V
i,

th
en

L
em

m
a

12
im

pl
ie

s
P

(j
/∈
W
i)
≤
δ i
≤

1/
4.

L
at

er
th

is
w

ill
be

co
m

bi
ne

d
w

ith
H

oe
ff

di
ng

’s
bo

un
d

to
sh

ow
th

at
F
i

oc
cu

rs
w

ith
hi

gh
pr

ob
ab

ili
ty

.
A

nd
no

w
th

e
le

m
m

as
be

gi
n.

Fi
rs

t
up

is
to

sh
ow

th
at

ar
m

s
j
∈
W
i

ar
e

pl
ay

ed
su

ffi
ci

en
tly

of
te

n
re

la
tiv

e
to

ar
m
i.

Th
is

w
ill

th
en

be
us

ed
to

sh
ow

th
at
H
i(
t)

gr
ow

s
at

th
e

rig
ht

ra
te

,w
hi

ch
le

ad
s

to
th

e
co

nc
lu

si
on

of
th

e
pr

oo
fo

fp
ar

t(
b)

in
th

e
ou

tli
ne

in
L

em
m

a
7.

L
em

m
a

5
If
A
t

=
i

an
d
H
i(
t
−

1)
≤
k
i/

∆
2 i

an
d
T
i(
t
−

1)
≥
ζ i

(∆
i)
∨

1/
∆

2 i
,t

he
n

fo
r

al
lj
∈
W
i,

T
j
(t
−

1)
≥

m
in

  
1

2∆
2 j

,
T
i(
t
−

1)

4
lo

g
(

n
H

i
(t
−

1
)

)  
.

Pr
oo

f
If
i

=
j

or
T
j
(t
−

1)
≥
T
i(
t
−

1)
or
T
j
(t
−

1)
≥

1
/(

2∆
2 j
),

th
en

w
e

ar
e

do
ne

,s
o

as
su

m
e

fr
om

no
w

on
th

at
no

ne
of

th
es

e
ar

e
tr

ue
.

k
i

∆
2 i

≥
H
i(
t
−

1)
=
√
T
j
(t
−

1)
k ∑ m
=

1

m
in

{
T
i(
t
−

1)
√
T
j
(t
−

1)
,√

T
i(
t
−

1)
T
m

(t
−

1)

T
j
(t
−

1)

}

≥
√
T
j
(t
−

1)

∆
i

k ∑ m
=

1

m
in

{
1
,√

T
m

(t
−

1)

T
j
(t
−

1)

}
=
√
T
j
(t
−

1)
K
j
(t
−

1)

∆
i

,
(1

8)
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w
he

re
th

e
fir

st
in

eq
ua

lit
y

is
as

su
m

ed
in

th
e

le
m

m
a

st
at

em
en

ta
nd

th
e

se
co

nd
be

ca
us

e
T
i(
t
−

1
)
≥

T
j
(t
−

1)
∨

(1
/
∆

2 i
).

T
he

re
fo

re
if
j
∈
W
i,

th
en

µ
1

+

√
2

T
i(
t
−

1)
lo

g

(
n

H
i(
t
−

1)

)
≥
µ̂
i(
t
−

1)
+

√
2

T
i(
t
−

1)
lo

g

(
n

H
i(
t
−

1
))

=
γ
i(
t)
≥
γ
j
(t

)
=
µ̂
j
(t
−

1)
+

√
2

T
j
(t
−

1)
lo

g

(
n

T
j
(t
−

1)
K
j
(t
−

1
))

≥
µ̂
j
(t
−

1)
+

√ √ √ √
2

T
j
(t
−

1
)

lo
g

(
n

∆
i

k
i√

T
j
(t
−

1)

)

≥
µ
j

+

√
2

T
j
(t
−

1)
≥
µ

1
+

√
1

2
T
j
(t
−

1)
(1

9)

w
he

re
th

e
fir

st
in

eq
ua

lit
y

fo
llo

w
s

fr
om

th
e

as
su

m
pt

io
n

th
at
T
i(
t
−

1)
≥
ζ i

(∆
i)

,w
hi

ch
en

su
re

s
th

at
µ

1
=
µ
i
+

∆
i
≥
µ̂
i(
t
−

1)
.T

he
se

co
nd

fo
llo

w
s

fr
om

Eq
.(

18
).

Th
e

in
eq

ua
lit

ie
s

in
Eq

.(
19

)f
ro

m
th

e
de

fin
iti

on
of
j
∈
W
i

an
d

th
e

as
su

m
pt

io
n

th
at
T
j
(t
−

1)
≥

1/
(2

∆
2 j
).

T
he

re
fo

re

T
j
(t
−

1)
≥

T
i(
t
−

1)

4
lo

g
(

n
H

i
(t
−

1
)

)
.

�

T
he

ne
xt

le
m

m
a

us
es

th
e

pr
ev

io
us

re
su

lt
to

sh
ow

th
at

if
W
i

is
la

rg
e

en
ou

gh
(F
i

ho
ld

s)
,t

he
n

H
i(
t
−

1)
is

re
as

on
ab

ly
la

rg
e

at
th

e
cr

iti
ca

lp
oi

nt
w

he
n
T
i(
t
−

1
)
≈

1/
∆

2 i
.

L
em

m
a

6
If
F
i

ho
ld

s
an

d
T
i(
t
−

1)
≥
ζ i

(∆
i)
∨

12
8
/∆

2 i
an

d
A
t

=
i,

th
en

lo
g

(
n

H
i(
t
−

1)

)
≤

2
lo

g

(
n

∆
2 i

k
i

)
.

Pr
oo

f
If
H
i(
t
−

1)
>
k
i/

∆
2 i
,t

he
n

th
er

e
is

no
th

in
g

m
or

e
to

do
.O

th
er

w
is

e,
by

L
em

m
a

5

H
i(
t
−

1)
=

k ∑ m
=

1

m
in
{ T

i(
t
−

1)
,√

T
i(
t
−

1)
T
m

(t
−

1)
}

≥
∑

m
∈W

i

m
in
{ T

i(
t
−

1)
,√

T
i(
t
−

1)
T
m

(t
−

1)
}

≥
∑

m
∈W

i

m
in

  
T
i(
t
−

1)
,

T
i(
t
−

1)

2
lo

g
1 2

(
n

H
i
(t
−

1
)

) ,
√
T
i(
t
−

1)
/
2

∆
m

  
(2

0)

≥
8
∑

m
∈W

i
m

in
{

1 ∆
2 i
,

1
∆

i
∆

m

}

lo
g

1 2

(
n

H
i
(t
−

1
)

)
≥

k
i

∆
2 i

lo
g

1 2

(
n

H
i
(t
−

1
)

)
,

(2
1)

w
he

re
E

q.
(2

0)
fo

llo
w

s
fr

om
L

em
m

a
5.

T
he

fir
st

in
eq

ua
lit

y
in

E
q.

(2
1)

fo
llo

w
s

be
ca

us
e

lo
g
(x

)
≥

1
an

d
th

e
as

su
m

pt
io

n
T
i(
t
−

1)
≥

12
8/

∆
2 i
,a

nd
th

e
se

co
nd

be
ca

us
e
F
i

ho
ld

s.
T

he
re

su
lt

fo
llo

w
s

vi
a
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R
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FIN
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T
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E
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E
N

C
E

L
E

V
E

L
F

O
R

B
A

N
D

IT
S

T
R

A
T

E
G

IE
S

re-arrangem
entand

som
e

algebraic
trickery

w
ith

the
log

(·)
function

using
Part(v)ofL

em
m

a
20

in
the

appendix.

Foreach
arm

idefine
random

variable
Λ
i thatw

illbe
show

n
to

be
a

high
probability

bound
on

T
i (n

)
and

approxim
ately

equalto
λ
i in

expectation.

Λ
i

=
1

+
m

ax {
128

∆
2i

,
ζ
i (∆

i /3),
36

∆
2i

log (
n

∆
2i

k
i

)
,

18
1
{
F

ci }
∆

2i

log (n
∆

2i ) }
,

w
here

ζ
i (·)

is
defined

in
E

q.(8).T
he

nextlem
m

a
is

a
sim

ple
consequence

ofthe
previous

tw
o

and
show

s
thatif

T
i (t−

1)
+

1
≥

Λ
i ,then

eitherarm
iis

notplayed
orits

index
is

sm
allerthan

the
m

ean
ofthe

optim
alarm

by
a

m
argin

ofatleast
∆
i /

3.

L
em

m
a

7
If
T
i (t−

1)
+

1
≥

Λ
i ,then

either
A
t 6=

ior
γ
i (t)≤

µ
1 −

∆
i /

3.

Proof
If
F
i does

notoccur,then
H
i (t−

1)≥
T
i (t−

1)≥
1/

∆
2i

and
so

γ
i (t)

=
µ̂
i (t−

1)
+

√√√√
2

log (
n

H
i (t−

1
) )

T
i (t−

1)
≤
µ
i
+

∆
i

3
+

√
2

log (n
∆

2i )

T
i (t−

1)
≤
µ

1 −
∆
i

3
,

w
here

the
first

inequality
follow

s
because

T
i (t−

1)
+

1
≥

Λ
i ≥

1
+
ζ
i (∆

i /
3)

and
the

second
because

H
i (t−

1
)

=
T
i (t−

1)K
i (t−

1)≥
T
i (t−

1)≥
1
/∆

2i
and

the
definition

of
Λ
i and

because
µ
i
+

∆
i /3

=
µ

1 −
2∆

i /3.N
extsuppose

that
F
i occurs,then

either
A
t 6=

iand
the

resultis
true,or

A
t

=
iand

so
by

L
em

m
a

6

γ
i (t)

=
µ̂
i (t−

1)
+

√√√√
2

log (
n

H
i (t−

1
) )

T
i (t−

1)
≤
µ
i
+

∆
i

3
+

√√√√
4

log (
n

∆
2i

k
i

)

T
i (t−

1)
≤
µ

1 −
∆
i

3
.

�

T
his

essentially
com

pletes
the

firstpartofthe
proofby

show
ing

thatif
T
i (t−

1)
+

1
≥

Λ
i ,then

arm
iis

eithernotplayed
orits

index
is

nottoo
large.T

he
nextstep

is
to

show
thatw

ith
reasonable

probability
there

is
som

e
near-optim

alarm
forw

hich
the

index
is

big
enough

to
preventarm

ifrom
being

played.T
he

value
of

Λ
i has

been
carefully

chosen
to

bound
the

num
beroftim

es
arm

ican
be

played
provided

the
index

ofsom
e

otherarm
is

alw
ays

largerthan
µ

1 −
∆
i /

3.B
utm

ore
than

this,
Λ
i does

notdepend
on

the
rew

ards
for

odd-index
arm

s
j
<
i

so
is

m
easurable

w
ith

respectto
the

σ
-algebra

σ
(µ̂
j,s

:
j∈

V
i ,1
≤
s≤

n
).D

efine
random

variable
I
∈

[k
]to

be
the

arm
w

ith
the

largest
m

ean
such

thatthere
exists

an
odd

j
<
I

+
1

w
ith

∆
j ≤

∆
I
+

1 /6
and

m
in

1≤
s≤
n
µ̂
j,s

+

√√√√
2s

log (
n

sI
+
∑

m
>
I

m
in {

s, √
sΛ

m } )
>
µ
j −

∆
I
+

1

6
.

(22)

T
he

definition
of
I

im
plies

thatarm
s
i
>
I

w
illnotbe

played
once

their
index

drops
far

enough
below

the
m

ean
ofthe

optim
alarm

.W
e

should
hope

that
I

is
sm

allw
ith

reasonably
high

probability,
w

ith
the

bestcase
being

I
=

1,w
hich

occurs
w

hen
the

optim
alarm

is
alw

ays
optim

istic.N
otice

that
I

is
w

ell-defined
because

ofthe
convention

that
∆
k
+

1
=
∞

.Let
E

1
be

the
eventthat

I
≤
`,w

here
`

is
given

in
E

q.(15).
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The

regretof
A

D
A

-U
C

B
is

bounded
by

R
n
(µ

)≤
E

[∑i>
`

∆
i Λ
i ]

+
nE
[
1
{
E

c1 } ∆
I ]

+
E

[
1
{
E

1 } ∑̀i=
1

∆
i T
i (n

) ]
.

Proof
The

firsttask
is

to
show

that
T
i (n

)
<

Λ
i forall

i
>
I,w

hich
follow

s
by

induction
overrounds

k
+

1
≤
t≤

n.Starting
w

ith
the

base
case,note

thatw
hen

t
=
k

+
1

w
e

have
T
i (t−

1)
=

1
<

Λ
i

forall
i.N

ow
suppose

for
t≥

k
+

1
that

T
i (t−

1)
<

Λ
i forall

i
>
I.B

y
the

definition
of
I

there
m

ustexistan
odd

j
w

ith
∆
j ≤

∆
I
+

1 /
6

thatsatisfies
E

q.(22).Forthis
arm

w
e

have

H
j (t−

1)
=

k
∑m

=
1

m
in {

T
j (t−

1), √
T
j (t−

1)T
m

(t−
1) }

<
T
j (t−

1)I
+
∑m
>
I

m
in {

T
j (t−

1), √
T
j (t−

1)Λ
m }

.

T
herefore

γ
j (t)

=
µ̂
j (t−

1)
+

√
2

T
j (t−

1)
log (

n

H
j (t−

1) )
>
µ
j −

∆
I
+

1 /
6
≥
µ

1 −
∆
I
+

1 /
3
.

Itfollow
s

thatif
i
>
I

and
T
i (t−

1)
+

1
≥

Λ
i ,then

Lem
m

a
7

im
plies

A
t 6=

i.Therefore
T
i (t)

<
Λ
i

forall
i
>
I,w

hich
com

pletes
the

induction.Finally,since ∑
ki=

1
T
i (n

)
=
n

and
using

the
definition

of
E

1
as

the
eventthat

I
≤
`,the

regretm
ay

be
bounded

by

R
n
(µ

)
=

E

[
k
∑i=

1

∆
i T
i (n

) ]
≤

E

[∑i>
`

∆
i Λ
i ]

+
nE

[1
{
E

c1 } ∆
I ]+

E

[
1
{
E

1 } ∑̀i=
1

∆
i T
i (n

) ]
.
�

T
he

laststep
in

the
proofofT

heorem
1

is
to

bound
each

ofthe
expectations

in
L

em
m

a
8.

L
em

m
a

9
There

exists
a

universal
C
>

0
such

that:

(i)
E [∑i>

`

∆
i Λ
i ]
≤
C
∑i>
`

∆
i λ
i

(ii)
E

[1
{
E

c1 } ∆
I ]≤

C

(
n

∆̄
`

+
∑i>
`

∆
i λ
i )

(iii)
E [

1
{
E

1 } ∑̀i=
1

∆
i T
i (n

) ]
≤
C

(
n

∆̄
`

+
∑i>
`

∆
i λ
i )

.

The
proofofpart(i)follow

s
shortly.The

proofofpart(ii)is
deferred

to
A

ppendix
B

.Very
briefly,

itfollow
s

som
ew

hatdirectly
from

part(a)ofL
em

m
a

12
(notice

the
sim

ilarity
betw

een
the

lem
m

a
and

E
q.(22)thatdefines

∆
I ).Part(iii)w

ould
be

trivialifone
assum

ed
thatE

[T
i (n

)]is
m

onotone
non-increasing

in
i.T

his
seem

s
likely,butdespite

significanteffortIw
as

only
able

to
show

thatthis
is

approxim
ately

true
using

a
com

plicated
proof(details

are
in

A
ppendix

C
).

Proof[ofL
em

m
a

9
(i)]T

he
prooffollow

s
by

bounding
E

[Λ
i ]foreach

arm
i
>
`.N

aively
bounding

the
m

ax
in

the
definition

of
Λ
i by

a
sum

show
s

that

E
[Λ
i ]≤

1
+

128

∆
2i

+
36

∆
2i

log (
n

∆
2i

k
i

)
+

E
[
ζ
i (

∆
i

3

)]
+

18P
(F

ci )

∆
2i

log (n
∆

2i )
.

(23)
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T
he

fir
st

th
re

e
te

rm
s

ar
e

no
n-
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nd

om
.

T
he

se
co

nd
la

st
te

rm
is

bo
un

de
d

us
in

g
L

em
m

a
13

by
E[
ζ i

(∆
i/

3)
]
≤

1
+

18
/∆

2 i
.

Fo
r

th
e

la
st

te
rm

w
e

ne
ed

to
up

pe
r

bo
un

d
P

(F
c i
),

w
he

re
F
i

is
th

e
ev

en
td

efi
ne

d
in

E
q.

(1
7)

.I
n

or
de

rt
o

do
th

is
w

e
ne

ed
to

sh
ow

th
at
W
i

is
re

as
on

ab
ly

la
rg

e
w

ith
hi

gh
pr

ob
ab

ili
ty

.L
et
χ
j

=
1
{j

/∈
W
i}

,w
hi

ch
fo

rj
∈
V
i

sa
tis

fie
s
E[
χ
j
]
≤
δ i
≤

1
/4

.T
he

n

P
(F

c i
)

=
P

 
∑ j∈
W

i

m
in

{ 1,
∆
i

∆
j

}
<
k
i 8

 
≤

P

 
∑ j∈
V
i

(χ
j
−

E[
χ
j
])

m
in

{ 1
,

∆
i

∆
j

}
>
k
i 4

 

≤
ex

p

  
−

k
2 i

8
∑

j∈
V
i
m

in
{ 1
,

∆
i

∆
j

} 2

  
≤

ex
p

( −
k
i 8

)
,

w
he

re
th

e
fir

st
in

eq
ua

lit
y

fo
llo

w
sf

ro
m

th
e

fa
ct

st
ha

tE
[χ
j
]
≤

1
/
4

an
d
∑

j∈
V
i
m

in
{1
,∆

i/
∆
j
}
≥
k
i/

2
an

d
th

e
se

co
nd

in
eq

ua
lit

y
fo

llo
w

s
fr

om
H

oe
ff

di
ng

’s
bo

un
d

an
d

th
e

fa
ct

th
at
χ
j

ar
e

in
de

pe
nd

en
tf

or
j
∈
V
i.

T
he

re
fo

re

P
(F

c i
)

lo
g
( n

∆
2 i

) ≤
lo

g
( n

∆
2 i

) ex
p

(−
k
i/

8)
≤

4
lo

g

(
n

∆
2 i

k
i

)
,

w
hi

ch
ho

ld
s

be
ca

us
e
k
i
≥

2
is

gu
ar

an
te

ed
fo

r
al

ls
ub

op
tim

al
ar

m
s
i.

T
he

pr
oo

f
is

co
m

pl
et

ed
by

su
bs

tit
ut

in
g

th
e

ab
ov

e
di

sp
la

y
in

to
E

q.
(2

3)
an

d
us

in
g

th
e

de
fin

iti
on

of
λ
i

=
1

+
1 ∆
2 i

lo
g
( n

∆
2 i

k
i

) .

Pr
oo

f[
of

T
he

or
em

1]
T

he
fin

ite
-t

im
e

bo
un

d
E

q.
(3

)
fo

llo
w

s
by

su
bs

tit
ut

in
g

th
e

bo
un

ds
gi

ve
n

in
L

em
m

a
9

in
to

L
em

m
a

8
an

d
E

q.
(1

6)
.M

in
im

ax
an

d
su

b-
U

C
B

re
su

lts
ar

e
de

riv
ed

as
co

ro
lla

ri
es

of
th

e
fin

ite
-t

im
e

bo
un

d
E

q.
(3

)v
ia

Pa
rt

s
(i

ii)
an

d
(iv

)o
fL

em
m

a
21

in
th

e
ap

pe
nd

ix
.T

he
as

ym
pt

ot
ic

an
al

ys
is

ha
s

be
en

gi
ve

n
al

re
ad

y
in
§3

.

5.
A

lo
w

er
bo

un
d

In
ow

fo
rm

al
is

e
th

e
in

tu
iti

ve
ar

gu
m

en
tf

or
th

e
re

gr
et

gu
ar

an
te

e
gi

ve
n

in
§2

.T
he

re
su

lts
sh

ow
th

at
in

a
ce

rt
ai

n
se

ns
e

th
e

up
pe

r
bo

un
d

in
T

he
or

em
1

is
ve

ry
cl

os
e

to
op

tim
al

.
T

he
fo

llo
w

in
g

lo
w

er
bo

un
d

ho
ld

s
fo

r
al

ls
tr

at
eg

ie
s,

bu
td

oe
s

no
tg

iv
e

a
lo

w
er

bo
un

d
fo

r
al

lµ
si

m
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ta
ne

ou
sl

y.
R

el
at

ed
re

su
lts

ha
ve

be
en

pr
ov

en
by

a
va

ri
et

y
of

au
th

or
s

(K
ul

ka
rn

ia
nd

L
ug

os
i,

20
00

;B
ub

ec
k

et
al

.,
20

13
;S

al
om

on
et

al
.,

20
13

;L
at

tim
or

e,
20

15
b)

,w
ith

th
e

m
os

tr
el

at
ed

by
G

ar
iv

ie
re

ta
l.

(2
01

6b
).

Th
e

m
os

ts
ig

ni
fic

an
t

di
ff

er
en

ce
be

tw
ee

n
th

at
w

or
k

an
d

th
e

pr
es

en
ta

rt
ic

le
is

th
at

th
e

lo
w

er
-o

rd
er

te
rm

s
ar

e
m

or
e

ca
re

fu
lly

co
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id
er

ed
he

re
,a

nd
be

si
de

s
th

is
,t

he
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m
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io

ns
,a

nd
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re
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Fi

x
a

st
ra

te
gy

an
d

le
tµ
∈

R
k

be
su

ch
th

at
n

∆
2 i
≥

2
k
i
lo

g
(n

)
an

d
∆
i
≤

1
fo

r
al

li
w

ith
∆
i
>

0.
Th

en
on

e
of

th
e

fo
llo

w
in

g
ho

ld
s:

(a
)
R
n
(µ

)
≥

1 2

∑

i:
∆

i
>

0

1 ∆
i

lo
g

(
n

∆
2 i

2
k
i
lo

g
(n

)) .

(b
)

Th
er

e
ex

is
ts

a
µ
′ ∈

R
k

an
d
i

w
ith

∆
i
>

0
su

ch
th

at
R
n
(µ
′ )
≥

1 4

∑

i:
∆
′ i>

0

1 ∆
′ i

lo
g
(n

)
,

w
he

re
µ
′ i

=
µ
i
+

2∆
i

an
d
µ
′ j

=
µ
j

fo
r
j
6=
i

an
d

∆
′ i

=
∆
i(
µ
′ )

.
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L
A

T
T

IM
O

R
E

Pr
oo

f
Su

pp
os

e
th

at
(a

)d
oe

s
no

th
ol

d,
th

en
th

er
e

ex
is

ts
a

su
bo

pt
im

al
ar

m
i

su
ch

th
at

E[
T
i(
n

)]
≤

1

2∆
2 i

lo
g

(
n

∆
2 i

2
k
i
lo

g
(n

))
.

(2
4)

Le
tµ
′ b

e
as

de
fin

ed
in

th
e

se
co

nd
pa

rt
of

th
e

le
m

m
a

an
d

w
rit

e
P′

an
d
E′

fo
re

xp
ec

ta
tio

n
w

he
n

re
w

ar
ds

ar
e

sa
m

pl
ed

fr
om

µ
′ .

T
he

n
by

L
em

m
as

18
an

d
19

in
A

pp
en

di
x

D
w

e
ha

ve

P
(T
i(
n

)
≥
n
/
2)

+
P′

(T
i(
n

)
<
n
/2

)
≥
k
i
lo

g
(n

)

n
∆

2 i

,
2
δ
.

B
y

M
ar

ko
v’

s
in

eq
ua

lit
y

an
d

E
q.

(2
4)

an
d

th
e

fa
ct

th
at
k
i
≥

2
,

P
(T
i(
n

)
≥
n
/2

)
≤

2
E[
T
i(
n

)]

n
≤

1

n
∆

2 i

lo
g

(
n

∆
2 i

2
k
i
lo

g
(n

))
≤
k
i
lo

g
(n

)

2
n

∆
2 i

=
δ
.

T
he

re
fo

re
P′

(T
i(
n

)
<
n
/2

)
≥
δ,

w
hi

ch
im

pl
ie

s
th

at

R
n
(µ
′ )
≥
δn

∆
i

2
=

1 4

k ∑ j=
1

m
in

{
1 ∆
i
,

1 ∆
j

}
lo

g
(n

)
≥

1 4

∑

j:
∆
′ j>

0

1 ∆
′ j

lo
g
(n

)
.

�

A
co

nj
ec

tu
re

is
fa

ls
e

It
w

as
co

nj
ec

tu
re

d
by

B
ub

ec
k

an
d

C
es

a-
B

ia
nc

hi
(2

01
2)

th
at

th
e

op
tim

al
re

gr
et

m
ig

ht
ha

ve
ap

pr
ox

im
at

el
y

th
e

fo
llo

w
in

g
fo

rm
.

R
n
(µ

)
≤
C
∑

i:
∆

i
>

0

( ∆
i
+

1 ∆
i

lo
g
(
n H

))
fo

ra
ll
µ

an
d
n

an
d
k
,

(2
5)

w
he

re
C
>

0
is

a
un

iv
er

sa
lc

on
st

an
ta

nd
H

=
∑

i:
∆

i
>

0
∆
−

2
i

is
a

qu
an

tit
y

th
at

ap
pe

ar
s

in
th

e
be

st
-a

rm
id

en
tifi

ca
tio

n
lit

er
at

ur
e

(B
ub

ec
k

et
al

.,
20

09
;A

ud
ib

er
ta

nd
B

ub
ec

k,
20

10
;J

am
ie

so
n

et
al

.,
20

14
).

T
he

or
em

11
Th

er
e

do
es

no
te

xi
st

a
st

ra
te

gy
fo

r
w

hi
ch

E
q.

(2
5)

ho
ld

s.

Pr
oo

f
L

et
k
≥

2
an

d
µ

1
=

0
an

d
µ

2
=
−

1
/k

an
d
µ
i

=
−

1
fo

r
i
>

2
,

w
hi

ch
im

pl
ie

s
th

at
H

=
k

2
+
k
−

2
≥
n

.
Fo

r
th

e
re

st
of

th
e

pr
oo

f
w

e
vi

ew
th

e
ho

ri
zo

n
n

=
k

2
to

be
a

fu
nc

tio
n

of
k

.
Su

pp
os

e
th

at
R
n
(µ

)
=
o(
k

lo
g
k
),

w
hi

ch
m

us
tb

e
tr

ue
fo

r
an

y
st

ra
te

gy
w

itn
es

si
ng

E
q.

(2
5)

.
T

he
n

m
in
i>

2
E

[T
i(
n

)]
=
o(

lo
g
k
).

L
et
i

=
ar

g
m

in
i>

2
E

[T
i(
n

)]
an

d
de

fin
e
µ
′ t

o
be

eq
ua

lt
o
µ

ex
ce

pt
fo

rt
he
it

h
co

or
di

na
te

,w
hi

ch
ha

s
µ
′ i

=
1.

L
et
A

be
th

e
ev

en
tt

ha
tT

i(
n

)
≥
n
/
2

an
d

le
tP

an
d
P′

be
m

ea
su

re
s

on
th

e
sp

ac
e

of
ou

tc
om

es
in

du
ce

d
by

th
e

in
te

ra
ct

io
n

be
tw

ee
n

th
e

fix
ed

st
ra

te
gy

an
d

th
e

ba
nd

its
de

te
rm

in
ed

by
µ

an
d
µ
′ r

es
pe

ct
iv

el
y.

T
he

n
fo

ra
ll
ε
>

0,

R
n
(µ

)
+
R
n
(µ
′ )
≥
n 2

( P
(A

)
+

P′
(A

c
))
≥
n 4

ex
p
( −

K
L

(P
,P
′ )
)

=
k

2 4
ex

p
(−

2
E

[T
i(
n

)]
)

=
ω

(k
2
−
ε
)
,

B
y

th
e

as
su

m
pt

io
n

on
R
n
(µ

)
an

d
fo

r
su

ita
bl

y
sm

al
l
ε

w
e

ha
ve
R
n
(µ
′ )

=
ω

(k
2
−
ε
).

B
ut

as
th

e
nu

m
be

r
of

ar
m

s
k
→
∞

(a
nd

so
al

so
th

e
ho

ri
zo

n)
,t

hi
s

ca
nn

ot
be

tr
ue

fo
r

an
y

po
lic

y
sa

tis
fy

in
g

E
q.

(2
5)

,o
re

ve
n

E
q.

(1
).

T
he

re
fo

re
th

e
co

nj
ec

tu
re

is
no

tt
ru

e.
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R
E

FIN
IN

G
T

H
E

C
O

N
FID

E
N

C
E

L
E

V
E

L
F

O
R

B
A

N
D

IT
S

T
R

A
T

E
G

IE
S

6.E
m

piricalevaluation

A
D

A
-U

C
B

is
com

pared
to

U
C

B
(K

atehakis
and

R
obbins,1995),

M
O

S
S

(M
énard

and
G

arivier,2017),
T

H
O

M
P

S
O

N
S

A
M

P
L

IN
G

(A
graw

aland
G

oyal,2012)and
IM

E
D

(H
onda

and
Takem

ura,2015), 1
w

here
the

reference
indicates

the
source

of
the

algorithm
.

A
ll

algorithm
s

choose
each

arm
once

and
subsequently:

A
IM

E
D

t
=

a
rg

m
in

i∈
[k

]

T
i (t−

1)

2
(µ̂
i (t−

1)−
m

ax
j∈

[k
] µ̂

j (t−
1))

2
+

log
(T
i (t−

1))
.

A
U

C
B

t
=

a
rg

m
ax

i∈
[k

]
µ̂
i (t−

1)
+

√
2

log
(t)

T
i (t−

1)
.

A
M

O
S

S
t

=
a
rg

m
ax

i∈
[k

]
µ̂
i (t−

1)
+

√
2

T
i (t−

1)
log

+

(
n

k
T
i (t−

1)
log

2+

(
1

+
n

k
T
i (t−

1) ))
.

A
T

S
t

=
a
rg

m
ax

i∈
[k

]
θ
i (t)

w
ith

θ
i (t)∼

N
(µ̂
i (t−

1),1/T
i (t−

1))
.

T
he

logarithm
ic

term
used

by
M

énard
and

G
arivier(2017)in

theirversion
of

M
O

S
S

is
largerthan

lo
g
(·)

and
this

negatively
affects

its
perform

ance.Ifthe
variantproposed

in
Section

3
is

used
instead,

then
itbecom

es
com

parable
to

A
D

A
-U

C
B

on
the

experim
ents

described
below

,butstillfails
on

the
com

putationally
expensive

experim
entgiven

in
the

previous
technicalreport(Lattim

ore,2015a).For
allotheralgorithm

s
Ihave

chosen
the

variantforw
hich

(a)guarantees
existand

(b)the
em

pirical
perform

ance
is

best.In
allplots

N
indicates

the
num

berofindependentsam
ples

perdata
pointand

confidence
bands

are
calculated

ata
95%

level.The
firstthree

plots
in

Figure
1

show
the

regretin
the

w
orstcase

regim
e

w
here

allsuboptim
alarm

s
have

the
sam

e
suboptim

ality
gap.U

nsurprisingly
the

relative
advantage

ofpoliciesw
ith

w
ell-tuned

confidence
levelsincreasesw

ith
the

num
berofarm

s.A
t

its
w

orst,
U

C
B

suffers
aboutthree

tim
es

the
regretof

A
D

A
-U

C
B.C

oincidentally, √
log

(10
4)≈

3
.03.

Figure
2

show
s

the
regretas

a
function

of
the

horizon
n

on
a

fixed
banditw

ith
k

=
20

arm
s

(see
caption

offigure
form

eans).T
he

regretof
A

D
A

-U
C

B
is

again
a

little
betterthan

the
alternatives.

7.D
iscussion

A
nytim

e
strategies

T
he

A
D

A
-U

C
B

strategy
depends

on
the

horizon
n,w

hich
m

ay
som

etim
es

be
unknow

n.
T

he
naturalidea

is
to

replace
n

by
t,w

hich
indeed

leads
to

a
reasonable

strategy
that

enjoys
the

sam
e

guarantees
as

A
D

A
-U

C
B

provided
the

log
(·)

function
is

replaced
by

som
ething

fractionally
larger.

T
he

analysis,how
ever,is

significantly
longer

and
is

notincluded.
Interested

readers
m

ay
refer

to
the

technicalreport(L
attim

ore,2016b)
for

the
core

ideas,butm
ore

w
ork

is
required

to
find

a
clean

proof.

M
ultiple

optim
alarm

s
T

he
finite-tim

e
bound

in
T

heorem
1

is
the

first
that

dem
onstrates

an
im

provem
entw

hen
there

are
m

ultiple
(near-)optim

alarm
s.The

gain
in

term
s

ofthe
expected

regretis
notvery

large
because

k
i (w

hich
grow

s
as

optim
alarm

s
are

added)appears
only

in
the

denom
inator

of
the

logarithm
.

T
here

is,how
ever,a

m
ore

significantadvantage
w

hen
there

are
m

any
optim

al
arm

s,w
hich

(up
to

a
point)is

an
exponentialdecrease

in
the

variance
ofm

oststrategies.This
can

be

1.
IM

E
D

is
usually

defined
forbandits

w
here

the
rew

ards
have

(sem
i-)bounded

support,butJunya
H

onda
kindly

provided
unpublished

details
ofthe

adaptation
to

the
G

aussian
case.
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L
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T
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R
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0
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1
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1
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4
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=
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1
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∆

Regret

0
0
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0
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0
.6

0
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1
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1
0
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1
5
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N
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2
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0
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k
=

1
0,n

=
1
0

3

∆

0
0
.2

0
.4

0
.6

0
.8

1
0

1
,0

0
0

2
,0

0
0

3
,0

0
0

N
=

2
0
0

k
=

1
0
0,n

=
1
0

4

∆

A
D

A
-U

C
B

IM
E

D

M
O

S
S

T
S

U
C

B

Figure
1:

T
he

regret
of

various
algorithm

s
as

a
function

of
∆

w
hen

µ
=

(∆
,0
,...,0)

and
the

num
berofarm

s
is

2,10
and

100
respectively.T

he
y-axis

show
s

the
regretaveraged

over
N

independentsam
ples

foreach
data

point.

0
1
0
,0

0
0

0

2
0
0

4
0
0

6
0
0

8
0
0

k
=

2
0,n

=
1
0

4

N
=

2×
1
0

3

n

Regret

A
D

A
-U

C
B

IM
E

D

M
O

S
S

T
S

U
C

B

Figure
2:

T
he

regretofvarious
algorithm

s
as

a
function

ofthe
horizon

forthe
G

aussian
banditw

ith
k

=
20

arm
s

and
payoffvector

µ
=

(0,-0.03,-0.03,-0.07,-0.07,-0.07,-0.15,-0.15,-0.15,
-0.5,-0.5,-0.5,-0.5,-0.5,-0.5,-0.5,-0.5,-0.5,-1,-1).

A
D

A
-U

C
B

is
again

outperform
ing

the
com

petitors.N
ote

that
IM

E
D

and
T

H
O

M
P

S
O

N
S

A
M

P
L

IN
G

are
so

sim
ilarthey

cannotbe
distinguished

in
the

plot.

extracted
from

the
analysis

by
observing

thatthe
high

variance
is

caused
by

the
possibility

thatan
optim

alarm
is

notsufficiently
optim

istic,butthe
probability

ofthis
occurring

drops
exponentially

as
the

num
berofoptim

alarm
s

increases.

A
lternative

noise
m

odels
and

other
extensions

T
he

m
ost

obvious
open

question
is

how
to

generalise
the

results
to

a
broader

class
of

noise
m

odels
and

setups.
I

am
quite

hopefulthatthis
is

possible
fornoise

from
exponentialfam

ilies,though
the

analysis
w

illnecessarily
becom

e
m

ore
com

plicated
because

the
divergences

becom
e

m
ore

cum
bersom

e
to

w
ork

w
ith

than
the

squared
distance

that
is

the
divergence

in
the

G
aussian

case.
A

n
alternative

direction
is

to
consider

the
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probability

that
S
n

evercrosses
above

a
carefully

chosen
concave

boundary.
T

he
follow

ing
lem

m
a

is
an

easy
consequence

of
the

elegant
analysis

ofboundary
crossing

probabilities
forB

row
nian
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otion

by
L

erche
(1986).
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∆
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α
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λ
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] d
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h
λ (t)

=
∑

di=
1

m
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t, √
tλ
i },

then
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existconstants
c

1
=

4
and

c
2

=
12
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that

(a)
P

(
exists

t≥
0

:
S
t ≥

√
2t

log (
α

h
λ (t) )

+
t∆

)
≤
c

1 h
λ (1/∆

2)

α
.

(b)
P
(

exists
t≤

1∆
2
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S
t ≥

√
2
t
log (

αt 1
/
2 )
−
√

2
t )
≤

c
2

√
α

∆
.
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he

second
lem

m
a

is
a

bound
on

the
expected

num
berofsam

ples
required

before
the

em
pirical

m
ean

after
tsam

ples
is

close
to

its
true

value.The
resultis

relatively
standard

in
the

literature,except
thathere

the
proofs

are
sim

plified
by

using
the

properties
ofB

row
nian

m
otion.
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If

∆
>

0
and

ζ
=

1
+

m
ax {

t
:
S
tt ≥

∆
},then

E
[ζ

]≤
1

+
2∆
2 .
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→
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≥
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≥
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d
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→
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≥
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≥
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−
tf
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ng
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≥
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∞
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∞
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∆
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∆
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∆
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∆
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∆
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≤
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∆
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 
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≤
Cn

∑m
>
` ∆

m
Λ
m
.

C
ase

2
(Ψ

i
<

1
/2)

B
y

the
definition

of
Ψ
i and

the
assum

ption
that

Ψ
i
<

1
/2

and
i
>
`,

Ψ
m

i
i

∆
i ≤

36c
1 2

1−
m

i

n


i−

1

∆
i

+
∑m
≥
i √

Λ
m 

×≤
C
`2

1−
m

`
+

1

n
∆
`+

1
+
Cn

∑m
>
` ∆

m
Λ
m
.

T
he

second
term

is
already

in
the

rightform
.Forthe

first,

`2
1−
m

`
+

1

n
∆
`+

1

×≤
C

n
∆
`+

1
+

`

n
∆
`+

1
1
{
m
`+

1
<
`/4}

×≤
Cn

∑m
>
` ∆

m
Λ
m

+
C

∆
`+

1 1
{
m
`+

1
<
`/4}

×≤
C

(
∆̄
`

+
1n

∑m
>
` ∆

m
Λ
m )

,

w
here

the
lastinequality

follow
s

since
if
m
`+

1
<
`/4,then

m
any

arm
s
i≤

`
m

usthave
m

eans
nearly

as
sm

allas
`

+
1.T

he
resultis

com
pleted

by
part(i)ofthe

lem
m

a.

A
ppendix

C
.ProofofL

em
m

a
9

(iii)

T
he

proofrelies
on

anotherconcentration
result.

L
em

m
a

15
There

exists
an
ε
>

0
such

thatfor
any

arm
j

P


exists

s≤
8
n`

:
µ̂
j,s

+

√
2s

log ( √
n2
`s )

≤
µ
j

+
2 √

εs 
≤

12
.
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L
A

T
T

IM
O

R
E

Proof
T

he
resultfollow

s
by

rescaling
the

tim
e

horizon
and

noting
thatif

B
s

is
a

B
row

nian
m

otion,
then

forsufficiently
sm

all
ε

(forexam
ple,

1/
200).

P

(
exists

s≤
8

:
B
s ≥

√
2s

log (
1
√

2s )
−

2 √
εs )

≤
12
.

T
he

above
bound

does
not

depend
on

any
variables

and
can

be
verified

num
erically

(either
by

sim
ulating

B
row

nian
m

otion
ornum

erically
solving

the
heatequation

thatcharacterises
the

density
ofthe

paths
ofB

row
nian

m
otion).A

n
analyticalproofis

also
possible,butrequires

a
m

odestincrease
in

the
definition

log
(·)

ifthe
tangentapproxim

ation
is

to
yield

a
sufficiently

tightbound.

W
e

need
a

little
m

ore
notation.

Firstup
is

another
setof

‘usually
optim

istic’
arm

s,
U
⊂

[k
]

defined
byU

=


j

:
∆
j ≤

4∆̄
`

and
µ̂
j,s

+

√
2s

log √
n2`s
≥
µ
j

+
2 √

εs
forall

s≤
8
n`


.

Let
∆

=
√
ε`/(8n

)
w

ith
ε
>

0
as

given
in

Lem
m

a
15.Finally

w
e

need
tw

o
m

ore
events

E
2

and
E

3

given
by

E
2

=

{
√
n
`

+
∑m
>
` √

Λ
m
≤
√

2n
` }

and
E

3
=

{|U
|≥

`8 }
.

(26)

L
em

m
a

16
If
E

1 ,E
2 ,E

3
and

∆
i
>

4∆̄
` ,then

T
i (n

)≤
⌈
ζ
i (∆

)
+

24n

ε`

⌉.

Proof
Proceeding

by
contradiction.Suppose

the
claim

is
nottrue,then

there
exists

a
round

t−
1
<
n

such
that

A
t

=
iand

T
i (t−

1)
=

⌈
ζ
i (∆

)
+

24n

ε`

⌉
.

(27)

B
y

the
definition

of
j∈

U
,

H
j (t−

1)≤
k
∑m

=
1 √

T
j (t−

1)T
m

(t−
1)≤

√
T
j (t−

1) (
√
`n

+
∑m
>
` √

Λ
m )
≤
√

2
T
j (t−

1)`n
,

(28)

w
here

the
firstinequality

follow
s

from
the

definition
of
H
j (t−

1),the
second

by
splitting

the
sum

and
because

E
1

holds
(so

that
T
m

(n
)≤

Λ
m

for
m
>
`)

and
C

auchy-Schw
arz,the

third
follow

s
because

E
2

holds.T
herefore

arm
s
j∈

U
w

ith
T
j (t−

1)≤
8
n
/`

satisfy

γ
j (t)

=
µ̂
j (t−

1)
+

√√√√
2

log (
n

H
j (t−

1
) )

T
j (t−

1)
≥
µ
j

+
2 √

ε

T
j (t−

1)
.

(29)
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E
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E

L
F

O
R

B
A

N
D

IT
S

T
R

A
T

E
G

IE
S

Fu
rt

he
rm

or
e,

si
nc

e
T
i(
t
−

1)
≥
ζ i

(∆
)

an
d
A
t

=
i

it
ho

ld
s

th
at
γ
i(
t)
≥
γ
j
(t

)
an

d
so

us
in

g
E

q.
(2

9)
an

d
th

e
sa

m
e

ar
gu

m
en

ta
s

in
L

em
m

a
5

le
ad

s
to

µ
i
+

∆
+

√ √ √ √
2

lo
g
(

n
H

i
(t
−

1
)

)

T
i(
t
−

1)
≥
µ̂
i(
t
−

1
)

+

√ √ √ √
2

lo
g
(

n
H

i
(t
−

1
)

)

T
i(
t
−

1)

≥
µ̂
j
(t
−

1)
+

√ √ √ √
2

lo
g
(

n
H

j
(t
−

1
)

)

T
j
(t
−

1)
≥
µ̂
j
(t
−

1)
+

√ √ √ √ √
2

lo
g

( √
n

2
`T

j
(t
−

1
)

)

T
j
(t
−

1
)

≥
µ
j

+
2

√
ε

T
j
(t
−

1)
≥
µ
i
+

∆
+

√
ε

T
j
(t
−

1)
.

A
nd

by
re

ar
ra

ng
in

g
2

T
i(
t
−

1)
lo

g

(
n

H
i(
t
−

1)

)
≥

ε

T
j
(t
−

1)
.T

he
re

fo
re

fo
ra

ll
j
∈
U

w
e

ha
ve

T
j
(t
−

1)
≥

m
in

  
8n `
,

εT
i(
t
−

1)

lo
g
(

n
H

i
(t
−

1
)

)  
.

(3
0)

Si
nc

e
T
i(
t
−

1)
≥

8n
/
(ε
`)

,t
he

de
fin

iti
on

of
H
i(
t
−

1)
im

pl
ie

s
th

at

H
i(
t
−

1)
=

k ∑ j=
1

m
in

{ T
i(
t
−

1)
,
√
T
i(
t
−

1)
T
j
(t
−

1)

}

≥
∑ j∈
U

m
in
{T

i(
t
−

1)
,
T
j
(t
−

1)
}
≥

8|
U
|n

`
lo

g
(

n
H

i
(t
−

1
)

)
≥

n

lo
g
(

n
H

i
(t
−

1
)

)
.

T
he

n
si

nc
e
E

3
ho

ld
s,

by
L

em
m

a
20

(v
ii)

w
e

ha
ve

lo
g
(n
/H

i(
t
−

1)
)
≤

3
.

T
he

re
fo

re
if

T
i(
t
−

1)
≥

24
n
/
(ε
`)

,
th

en
an

ot
he

r
ap

pl
ic

at
io

n
of

E
q.

(3
0)

sh
ow

s
th

at
T
j
(t
−

1)
≥

8
n
/`

an
d

so
n
>
t
−

1
=
∑

k j=
1
T
j
(t
−

1)
≥
∑

j∈
U
T
j
(t
−

1)
≥

8
n
|U
|/
`
≥
n

,w
hi

ch
is

a
co

nt
ra

di
ct

io
n.

Th
er

ef
or

e
th

er
e

do
es

no
te

xi
st

a
ro

un
d
t−

1
w

he
re

Eq
.(

27
)h

ol
ds

an
d
A
t

=
i

an
d

th
e

le
m

m
a

fo
llo

w
s.

L
em

m
a

17
P

(E
c 3
)
≤

3/
`.

Pr
oo

f
B

y
M

ar
ko

v’
s

in
eq

ua
lit

y,
m

=
∑

j≤
`
1
{ ∆

j
≤

4
∆̄
`}
≥

3
` 4
.L

et
χ

1
,.
..
,χ

m
be

a
se

qu
en

ce
of

in
de

pe
nd

en
tB

er
no

ul
li

ev
en

ts
gi

ve
n

by
χ
j

=
1
{j

/∈
U
}.

Th
en

by
Le

m
m

a
15

,P
(χ
j

=
1)
≤

1/
2

an
d

so
C

he
by

sh
ev

’s
in

eq
ua

lit
y

im
pl

ie
s

th
at

P
(E

c 3
)

=
P
( |
U
|<

` 8

)
=

P

 
m ∑ j=

1

(1
−
χ
j
)
<
` 8

 
=

P

 
m ∑ j=

1

χ
j
>
m
−
` 8

 

≤
P

 
m ∑ j=

1

(χ
j
−

E[
χ
j
])
≥
m 2
−
` 8

 
≤

m
/
4

( m 2
−

` 8

) 2
≤

3 `
.

�
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8

L
A

T
T

IM
O

R
E

A
tl

as
ta

ll
th

e
to

ol
s

ar
e

av
ai

la
bl

e
to

pr
ov

e
pa

rt
(i

ii)
of

L
em

m
a

9.
Pr

oo
f[

of
L

em
m

a
9

(i
ii)

]T
he

re
gr

et
du

e
to

ar
m

s
i
≤
`

is
de

co
m

po
se

d

E

  1
{E

1
}
∑ i≤
`

∆
iT
i(
n

) 
≤

E
[ 1
{E

c 2
}n

∆
`] +

E

  1
{E

1
,E

2
}
∑ i≤
`

∆
iT
i(
n

) 
.

(3
1)

T
he

fir
st

te
rm

is
bo

un
de

d
ea

si
ly

us
in

g
th

e
de

fin
iti

on
of
E

2
,L

em
m

a
21

(i
)a

nd
L

em
m

a
9(

i)
.

E
[ 1
{E

c 2
}n

∆
`] ≤

C
∑ m
>
`

E
[ √

Λ
m

] ≤
C
∑ m
>
`

∆
m
λ
m
.

T
he

se
co

nd
te

rm
in

E
q.

(3
1)

is
bo

un
de

d
us

in
g

L
em

m
as

16
an

d
17

.B
y

no
tin

g
th

at
th

e
co

nt
ri

bu
tio

n
to

th
e

re
gr

et
of

ar
m

s
i

w
ith

∆
i
≤

4∆̄
`

is
at

m
os

t4
n

∆̄
`

it
fo

llo
w

s
th

at

E

  1
{E

1
,E

2
}
∑ i≤
`

∆
iT
i(
n

) 
≤

4n
∆̄
`

+
n

∆
`P

(E
c 3
)

+
E

  1
{E

1
,E

2
,E

3
}

∑

i≤
`:

∆
i
>

4
∆̄

`

∆
i

( ζ i
(∆

)
+

⌈ 2
4n ε`

⌉)
 
.

Th
e

pr
oo

fi
s

co
m

pl
et

ed
si

nc
e

Le
m

m
a

17
im

pl
ie

s
th

at
n

∆
`P

(E
c 3
)
≤

3n
∆
`/
`
≤

3
n

∆̄
`

an
d

Le
m

m
a

13
im

pl
ie

s
th

at

E

  1
{E

1
,E

2
,E

3
}

∑

i≤
`:

∆
i
>

4
∆̄

`

∆
i

( ζ i
(∆

)
+

⌈ 24
n

ε`

⌉)
 
≤

E

 ∑

i≤
`

∆
i

( ζ i
(∆

)
+

⌈ 2
4n ε`

⌉)
 

≤
∑ i≤
`

∆
i

( 2
+

40
n

ε`

)
≤
C
n

∆̄
`
.

�

A
pp

en
di

x
D

.T
ec

hn
ic

al
re

su
lts

H
er

e
so

m
e

le
m

m
as

th
at

ar
e

ei
th

er
kn

ow
n

or
fo

llo
w

fr
om

un
in

te
re

st
in

g
ca

lc
ul

at
io

ns
.T

he
fir

st
tw

o
ar

e
us

ed
fo

rt
he

lo
w

er
bo

un
ds

ha
ve

ha
ve

be
en

se
en

be
fo

re
.

L
em

m
a

18
(S

ee
L

em
m

a
2.

6
in

T
sy

ba
ko

v
20

08
)

Le
tP

an
d
P′

be
m

ea
su

re
s

on
th

e
sa

m
e

pr
ob

ab
ili

ty
sp

ac
e

an
d

as
su

m
e
P′

is
ab

so
lu

te
ly

co
nt

in
uo

us
w

ith
re

sp
ec

t
to

P.
Th

en
fo

r
an

y
ev

en
t
A

,
P

(A
)

+
P′

(A
c
)
≥

ex
p
(−

K
L

(P
,P
′ )

)/
2,

w
he

re
K

L
(P
,P
′ )

is
th

e
re

la
tiv

e
en

tr
op

y
be

tw
ee

n
P

an
d
P′

.

T
he

ne
xt

le
m

m
a

ha
s

al
so

be
en

se
en

be
fo

re
.F

or
ex

am
pl

e
in

th
e

ar
tic

le
s

by
A

ue
re

ta
l.

(1
99

5)
or

G
er

ch
in

ov
itz

an
d

L
at

tim
or

e
(2

01
6)

w
he

re
th

e
fo

rm
al

iti
es

ar
e

de
sc

ri
be

d
in

gr
ea

td
et

ai
l.

L
em

m
a

19
Fi

x
a

st
ra

te
gy

.
Le

t1
≤
i
≤
k

an
d
µ
∈
R
k

an
d
µ
′
∈
R
k

be
su

ch
th

at
µ
j

=
µ
′ j

fo
r

al
l

j
6=
i

an
d
µ
i
−
µ
′ i

=
∆

.T
he

n
le

tP
be

th
e

m
ea

su
re

on
A

1
,X

1
,A

2
,X

2
,.
..
,A

n
,X

n
in

du
ce

d
by

th
e

in
te

ra
ct

io
n

of
th

e
st

ra
te

gy
w

ith
re

w
ar

ds
sa

m
pl

ed
us

in
g

m
ea

n
ve

ct
or
µ

an
d
P′

be
th

e
sa

m
e

bu
tw

ith
re

w
ar

ds
sa

m
pl

ed
w

ith
m

ea
ns

fr
om

µ
′ .

Th
en

K
L

(P
,P
′ )

=
E[
T
i(
n

)]
∆

2
/
2,

w
he

re
th

e
ex

pe
ct

at
io

n
is

ta
ke

n
w

ith
re

sp
ec

tt
o
P.
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E

FIN
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G
T

H
E
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N
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E
N

C
E

L
E

V
E

L
F

O
R

B
A

N
D

IT
S

T
R

A
T

E
G

IE
S

R
ecallthatlo

g
(x

)
=

log
((e+

x
)

log
12(e+

x
)).H

ere
are

a
few

sim
ple

factsthatm
ake

m
anipulating

this
unusualfunction

a
little

easier.

L
em

m
a

20
The

follow
ing

hold:

(i)
lo

g
is

concave
and

m
onotone

increasing
on

[0,∞
).

(ii)
lo

g
(0

)≥
1.

(iii)
lim

x→
∞

lo
g
(x

)/
log

(x
)

=
1.

(iv)
(lo

g
(x

))
1
/
2

ex
p
(−

log
(x

))≤
3/

(2x
).

(v)
If
x

lo
g

12(b/x
)≥

a,then
log

(b/x
)≤

2
log

(b/a
)

for
all

a
,b
>

0.

(vi)
√

lo
g
(x

)
ex

p
(−

1−
log

(x
)

+
2 √

log
(x

))≤
5 √

1
/x.

(vii)
If

lo
g
(x

)≥
x,then

log
(x

)≤
2.

Proof
(i)is

proven
by

checking
derivatives:

dd
x

lo
g
(x

)
=

1

2 √
lo

g
(e+

x
)

+
√

log
(e

+
x

)

(e
+
x

) √
log

(e
+
x

)

d
2

d
x

2
log

(x
)

=
−

1
+

log
(e

+
x

)
+

2
log

2(e
+
x

)

2(e
+
x

)
2

lo
g

2(e
+
x

)
.

T
he

form
eris

clearly
positive

and
the

latternegative,w
hich

show
s

that
log

is
m

onotone
increasing

and
concave.Parts

(ii)and
(iii)are

trivial.For(iv),

l o
g

12(x
)

ex
p
(−

log
(x

))
=

log
12(x

)
ex

p
(−

log
((e

+
x

)
log

12(e
+
x

)))

=
lo

g
12(x

)

(e
+
x

)
lo

g
12(e

+
x

)
=

1

e
+
x √

log
(e

+
x

)
+

log
log

12(e
+
x

)

log
(e

+
x

)
≤

1

e
+
x √

1
+

12
e
≤

32x
.

For(v),

lo
g (

bx )
≤

log (
b

log
12(b/x

)

a

)
≤

log (
ba

log
12 (

ba
log

12 (
ba

log
12 (

ba
···

=
z
,

w
here

the
finalequality

serves
as

the
definition

of
z.If

z
≤

2,then
log

(b/x
)≤

z
≤

2
≤

2
log

(b/a
).

Suppose
now

that
z
≥

2.
L

et
u
,v
≥

0,
then

log
(u
v
)
≤

log
(u

)
+

log
(v

)
and

if
u
≥

2,
then

u
2−

lo
g
(u

)≥
u

2/2.T
herefore

z
2/

2
≤
z

2−
log

(z
)≤

log
(z
b/a

)−
log

(z
)≤

log
(b/a

).T
herefore

lo
g
(b/

x
)≤

z
2≤

2
log

(b/a
)

as
required.For(vi),using

a
sim

ilarreasoning
as

(iv),

√
x

lo
g
(x

)
ex

p (−
1−

log
(x

)
+

2
log

12(x
) )

=
log

12(x
) √
x

ex
p (

2
lo

g
12(x

) )

e(e
+
x

)
log

12(e
+
x

)

≤
√

log
(x

)

log
(e

+
x

) (x
+
e) −

12
ex

p (
2

log
12(x

) )
.
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L
A

T
T

IM
O

R
E

Sim
ple

calculusshow
sthatlog

(x
)/

log
(e

+
x

)≤
(1/

2
+
e)/e.Letg

(x
)

=
(x

+
e) −

12
ex

p
(2

log
12(x

)).
T

hen
m

ax
x≥

0
g
(x

)≤
10.34

≤
11

by
num

ericalcalculation,w
hich

is
valid

by
the

follow
ing

argu-
m

ent:First,the
function

g
istw

ice
differentiable,satisfies

g
(0

)
>

0,g ′(0)
>

0
and

lim
x→
∞
g
(x

)
=

0.
B

y
taking

the
firstderivative

itis
easy

to
see

that
g

has
a

unique
m

axim
um

in
x
∗
∈

(0,∞
)

w
ith

g
(x
∗)
>

0.
T

herefore
g

is
m

onotone
increasing

for
x
<
x
∗

and
m

onotone
decreasing

afterw
ards

for
x
>
x
∗.

T
his

m
eans

the
m

axim
iser

m
ay

be
found

by
a

binary
search

w
ith

arbitrary
precision.

T
herefore √

x
log

(x
)

ex
p
(−

1−
log

(x
)

+
2

log
12(x

))≤
1
1e √

(1/
2

+
e)/e≤

5.For(vii),if
x
≥

0,
then

ddx
log

(x
)
≤

3
/(2e)

≤
1.

T
herefore

log
(x

)−
x

is
m

onotone
non-increasing

and
the

result
follow

s
by

checking
that

log
(2)≤

2.

T
he

second
technicallem

m
a

provides
som

e
usefulresults

relating
to

the
optim

isation
problem

appearing
in

E
q.(3)and

the
definition

of
`

in
E

q.(15).

L
em

m
a

21
There

exists
a

universalconstant
C
>

0
such

that:

(i)
∆
` ≤

C

√
`n

or
n

∆
` ≤

C
∑m
>
`

1

∆
m

.

(ii)
n

∆̄
`

+
∑m
>
` ∆

m
λ
m
≤
C

m
in

i∈
[k

] (
n

∆̄
i
+
∑m
>
i ∆

m
λ
m )

.

(iii)
m

in
i∈

[k
] (
n

∆̄
i
+
∑m
>
i ∆

i λ
i )
≤
C
√
k
n

+
k
∑m

=
1

∆
m

.

(iv)
m

in
i∈

[k
] (
n

∆̄
i
+
∑m
>
i ∆

i λ
i )
≤
C

∑

m
:∆

m
>

0 (
∆
m

+
log

(n
)

∆
m

)
.

Proof
Forpart(i),by

the
definition

of
`

w
e

have

∆
`
<

4c
2 √

k
`

n
=

4c
2 √

`n
+

∆
`

n

∑i>
`

1∆
i ≤

4
c

2 √√√√
m

ax {
`n
,

∆
`

n

∑i>
`

1∆
i }

.

T
he

result
follow

s
by

sim
plifying

each
of

the
tw

o
cases

in
the

m
axim

um
.

For
part

(ii),
let

i
=

arg
m

in
j
n

∆̄
j

+
∑

m
>
j

∆
m
λ
m

.

C
ase

1
(`
>
i)

U
sing

the
factthatfor

m
≤
`

w
e

have
∆
m
≤

16c
22 k
m
/
∆
m

leads
to

n
∆̄
`

+
∑m
>
` ∆

m
λ
m
≤
n

∆̄
i
+
n`

∑̀m
=
i+

1

∆
m

+
∑m
>
` ∆

m
λ
m

≤
n

∆̄
i
+

16c
22 n

`

∑̀m
=
i+

1

k
m

∆
m

+
∑m
>
` ∆

m
λ
m
≤

(1
+

32
c

22 ) (
n

∆̄
i
+
∑m
>
i ∆

m
λ
m )

.
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n i
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he
se
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lit
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ng
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k m
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is
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M
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ko
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s
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eq
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he
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2
∆̄
i

it
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∆
m
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`
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λ
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i
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i ∑
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1
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m
λ
m
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∑ m
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i

∆
m
λ
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≤

8

(
n

∆̄
i
+
∑ m
>
i

∆
m
λ
m

)

T
he

la
st

tw
o

pa
rt

s
ar

e
st
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ig

ht
fo

rw
ar

d.
Fo

r
(i

ii)
,l

et
j

=
m

ax
{m

:
∆
m
≤

3
√
k
/n
},

w
hi

ch
m

ea
ns

th
at

fo
rm

>
j

it
ho

ld
s

th
at

lo
g
(n

∆
2 m
/m

)
≤

2
lo

g
(n

∆
2 m
/m

).
T

he
n

m
in

i∈
[k

]

(
n

∆̄
i
+
∑ m
>
i

∆
m
λ
m

)
−

k ∑ m
=

1

∆
m
≤
n

∆̄
j

+
∑ m
>
j

∆
m

(λ
m
−

1)

≤
3
√
k
n

+
∑ m
>
j

1

∆
m

lo
g

(
n

∆
2 m

k
m

)
≤

3
√
k
n

+
∑ m
>
j

2

∆
m

lo
g

(
n

∆
2 m

m

)

≤
3
√
k
n

+
2 3

√
n k

∫
k

1
lo

g

(
9k x

)
d
x

=
3√

k
n

+
2 3

√
n
k

(1
+

lo
g
(9

))
≤

6
√
k
n
.

R
ea

rr
an

gi
ng

co
m

pl
et

es
th

e
pr

oo
fo

f(
iii

).
Fo

rp
ar

t(
iv

),
fir

st
no

te
th

at

λ
m

=
1

+
1

∆
2 m

lo
g

(
n

∆
2 m

k
m

)
≤

1
+

l o
g
(n

)

∆
2 m

+
l o

g
(∆

2 m
)

∆
2 m

≤
5 2

+
3
/2

+
lo

g
(e

+
n

)

∆
2 m

.

T
he
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su
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s
by

ch
oo
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ng
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∆
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T
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E
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N
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E
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E
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E
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B
A

N
D

IT
S

T
R

A
T

E
G

IE
S

D
ate

A
lgorithm

Sub-U
C

B
A

sy.opt.
M

inim
ax

ratio
A

nytim
e

1960
‘explore-then-com

m
it’

Vogel(1960)
1 ∗

no

1985
‘forcing’
L

aiand
R

obbins
(1985)

yes
yes

1987
K

L-U
C

B*
L

ai(1987)
yes

no

1995
U

C
B

K
atehakis

and
R

obbins
(1995),

A
graw

al
(1995)

yes
yes

2002
U

C
B †

A
ueretal.(2002)

yes
no

√
log

(n
)

yes

2002
U

C
B2 †

A
ueretal.(2002)

yes
yes

√
log

(n
)

yes

2007
U

C
B-V

A
udibertetal.(2007)

yes
no

√
log

(n
)

yes

2009
M

O
S

S †
A

udibertand
B

ubeck
(2009)

no
no

1
no

2010
IM

P
R

O
V

E
D

U
C

B †
A

uerand
O

rtner(2010)
yes

no
√

log
(k

)
yes

2010
D

M
E

D
†

H
onda

and
Takem

ura
(2010)

yes
√

log
(n

)
[

yes

2010
D

M
E

D
+
†

H
onda

and
Takem

ura
(2010)

yes
√

log
(k

)
[

yes

2011
K

L-U
C

B
C

appé
etal.(2013)

yes
yes

√
log

(n
)

yes

2011
K

L-U
C

B+ ‡
C

appé
etal.(2013)

yes
yes

√
log

(k
)

yes

2012
B

A
Y

E
S-U

C
B †

K
aufm

ann
etal.(2012)

yes
yes

√
log

(n
)

yes

2012
T

H
O

M
P

S
O

N
S

A
M

P
L

IN
G
\

A
graw

aland
G

oyal(2012)
yes

yes
√

log
(k

)
yes

2015
IM

E
D
†

H
onda

and
Takem

ura
(2015)

yes
yes

√
log

(k
)
[

yes

2016
B

A
Y

E
S-U

C
B+

K
aufm

ann
(2016)

yes
yes

√
log

(k
)
[

yes

2016
F

H
-G

IT
T

IN
S

L
attim

ore
(2016a)

yes
√

log
(n

)
no

2016
M

O
S

S-A
N

Y
T

IM
E

D
egenne

and
Perchet(2016)

no
no

1
yes

2017
K

L-U
C

B++
M

énard
and

G
arivier(2017)

no
yes

1
no

2018
K

L-U
C

B*
yes

yes
√

log
(k

)
no

2018
A

D
A

-U
C

B
yes

yes
1

no
∗R

esults
given

fortw
o-arm

ed
B

ernoullibandits
only.

†R
esults

given
forbounded

and/orB
ernoullirew

ards,butalgorithm
/proofis

easily
adapted.

‡N
o

know
n

reference.
C

an
be

show
n

using
tools

of
this

paper
com

bined
w

ith
those

by
K

aufm
ann

(2016);
L

attim
ore

(2016b).
\R

esults
are

given
forbounded

rew
ards,butthe

sam
e

technique
w

orks
forG

aussian
rew

ards.See
also

the
article

by
K

orda
etal.(2013).
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th
e

p
o
p
u

la
ti

o
n

to
va

ri
o
u

s
ty

p
es

o
f

in
te

rv
en

ti
o
n

s.
U

n
fo

rt
u
n
at

el
y,

a
ra

n
d
om

iz
ed

co
n
tr

ol
tr

ia
l

is
n
ot

ap
p
li
ca

b
le

in
th

is
sc

en
ar

io
si

n
ce

on
ly

on
e

C
al

if
or

n
ia

ex
is

ts
.

In
st

ea
d
,

a
st

at
is

ti
ca

l
co

m
p
ar

at
iv

e
st

u
d
y

co
u
ld

b
e

co
n
d
u
ct

ed
w

h
er

e
th

e
ra

te
s

of
v
io

le
n
t

cr
im

e
in

C
a
li

fo
rn

ia
a
re

co
m

p
a
re

d
to

a
“
co

n
tr

o
l”

st
a
te

a
ft

er
N

ov
em

b
er

2
0
1
6
,

w
h
ic

h
w

e
re

fe
r

to
a
s

th
e

p
os

t-
in

te
rv

en
ti

on
p

er
io

d
.

T
o

re
ac

h
a

st
at

is
ti

ca
ll
y

va
li

d
co

n
cl

u
si

on
,

h
ow

ev
er

,
th

e
co

n
tr

ol
st

at
e

m
u

st
b

e
d
em

on
st

ra
b
ly

si
m

il
ar

to
C

al
if

or
n
ia

sa
n
s

th
e

p
as

sa
ge

of
a

P
ro

p
.

63
st

y
le

le
gi

sl
at

io
n
.

In
ge

n
er

al
,

th
er

e
m

ay
n
ot

ex
is

t
a

n
at

u
ra

l
co

n
tr

ol
st

at
e

fo
r

C
al

if
or

n
ia

,
an

d
su

b
je

ct
-m

at
te

r
ex

p
er

ts
te

n
d

to
d
is

ag
re

e
on

th
e

m
os

t
ap

p
ro

p
ri

at
e

st
at

e
fo

r
co

m
p
a
ri

so
n
.

A
s

a
su

g
g
es

te
d

re
m

ed
y

to
ov

er
co

m
e

th
e

li
m

it
a
ti

o
n
s

o
f

a
cl

a
ss

ic
a
l

co
m

p
a
ra

ti
v
e

st
u

d
y

o
u

tl
in

ed
a
b

ov
e,

A
b
a
d
ie

et
a
l.

p
ro

p
o
se

d
a

p
ow

er
fu

l,
d
a
ta

-d
ri

v
en

a
p
p
ro

a
ch

to
co

n
st

ru
ct

a
“
sy

n
th

et
ic

”
co

n
tr

o
l

u
n

it
a
b

se
n
t

o
f

in
te

rv
en

ti
o
n

A
b

a
d

ie
et

a
l.

(2
0
1
0
);

A
b

a
d

ie
a
n

d
G

a
rd

ea
za

b
a
l

(2
0
0
3
);

A
b

a
d

ie
et

a
l.

(2
0
1
1
).

In
th

e
ex

a
m

p
le

a
b

ov
e,

th
e

sy
n
th

et
ic

co
n
tr

o
l

m
et

h
o
d

w
o
u

ld
co

n
st

ru
ct

a
“
sy

n
th

et
ic

”
st

a
te

o
f

C
a
li

fo
rn

ia
su

ch
th

a
t

th
e

ra
te

s
o
f

v
io

le
n
t

cr
im

e
o
f

th
a
t

h
y
p

o
th

et
ic

a
l

st
a
te

w
o
u

ld
b

es
t

m
a
tc

h
th

e
ra

te
s

in
C

a
li

fo
rn

ia
b

ef
o
re

th
e

p
a
ss

a
g
e

o
f

P
ro

p
.

6
3
.

T
h

is
sy

n
th

et
ic

C
a
li

fo
rn

ia
ca

n
th

en
se

rv
e

a
s

a
d

a
ta

-d
ri

v
en

co
u

n
te

rf
a
ct

u
a
l

fo
r

th
e

p
er

io
d

a
ft

er
th

e
p

a
ss

a
g
e

o
f

P
ro

p
.

6
3
.

A
b

a
d

ie
et

a
l.

p
ro

p
o
se

to
co

n
st

ru
ct

su
ch

a
sy

n
th

et
ic

C
a
li
fo

rn
ia

b
y

ch
o
o
si

n
g

a
co

n
v
ex

co
m

b
in

a
ti

o
n

o
f

o
th

er
st

a
te

s
(d

o
n
o
rs

)
in

th
e

U
n

it
ed

S
ta

te
s.

F
o
r

in
st

a
n

ce
,

sy
n
th

et
ic

C
a
li

fo
rn

ia
m

ig
h
t

b
e

8
0
%

li
k
e

N
ew

Y
o
rk

a
n

d
2
0
%

li
k
e

M
a
ss

a
ch

u
se

tt
s.

T
h
is

a
p

p
ro

a
ch

is
n

ea
rl

y
en

ti
re

ly
d
a
ta

-d
ri

v
en

a
n
d

a
p
p

ea
ls

to
in

tu
it

io
n

.
F

o
r

o
p

ti
m

a
l

re
su

lt
s,

h
ow

ev
er

,
th

e
m

et
h

o
d

st
il

l
re

li
es

o
n

su
b

je
ct

iv
e

co
va

ri
a
te

in
fo

rm
a
ti

o
n

,
su

ch
a
s

em
p

lo
y
m

en
t

ra
te

s,
an

d
th

e
p

re
se

n
ce

of
d

om
ai

n
“e

x
p

er
ts

”
to

h
el

p
id

en
ti

fy
a

u
se

fu
l

su
b

se
t

of
d

on
or

s.
T

h
e

ap
p

ro
ac

h
m

ay
al

so
p

er
fo

rm
p

o
or

ly
in

th
e

p
re

se
n
ce

o
f

n
on

-n
eg

li
g
ib

le
le

v
el

s
of

n
oi

se
an

d
m

is
si

n
g

d
at

a.

1
.1

O
v
e
rv

ie
w

o
f

m
a
in

c
o
n
tr

ib
u

ti
o
n

s.

A
s

th
e

m
a
in

re
su

lt
,

w
e

p
ro

p
o
se

a
si

m
p

le
,

tw
o
-s

te
p

ro
b
u

st
sy

n
th

et
ic

co
n
tr

o
l

a
lg

o
ri

th
m

,
w

h
er

ei
n

th
e

fi
rs

t
st

ep
d

e-
n

o
is

es
th

e
d

a
ta

a
n

d
th

e
se

co
n

d
st

ep
le

a
rn

s
a

li
n

ea
r

re
la

ti
o
n

sh
ip

b
et

w
ee

n
th

e
tr

ea
te

d
u

n
it

a
n

d
th

e
d

o
n

o
r

p
o
o
l

u
n

d
er

th
e

d
e-

n
o
is

ed
se

tt
in

g
.

T
h

e
a
lg

o
ri

th
m

is
ro

b
u

st
in

tw
o

se
n

se
s:

fi
rs

t,
it

is
fu

ll
y

d
a
ta

-d
ri

v
en

in
th

a
t

it
is

a
b

le
to

fi
n

d
a

g
o
o
d

d
o
n

o
r

su
b

se
t

ev
en

in
th

e
a
b

se
n

ce
o
f

h
el

p
fu

l
d

o
m

a
in

k
n

ow
le

d
g
e

o
r

su
p

p
le

m
en

ta
ry

co
va

ri
a
te

in
fo

rm
a
ti

o
n

;
a
n

d
se

co
n

d
,

it
p

ro
v
id

es
th

e
m

ea
n

s
to

ov
er

co
m

e
th

e
ch

a
ll

en
g
es

p
re

se
n
te

d
b
y

m
is

si
n

g
a
n

d
/
o
r

n
o
is

y
o
b

se
rv

a
ti

o
n

s.
A

s
a
n

o
th

er
im

p
o
rt

a
n
t

co
n
tr

ib
u
ti

on
,

w
e

es
ta

b
li
sh

an
al

y
ti

c
gu

ar
an

te
es

(fi
n
it

e
sa

m
p
le

an
al

y
si

s
an

d
as

y
m

p
to

ti
c

co
n
si

st
en

cy
)

–
th

at
ar

e
m

is
si

n
g

fr
om

th
e

li
te

ra
tu

re
–

fo
r

a
b
ro

a
d
er

cl
as

s
of

m
o
d
el

s.

R
o
b
u
st

a
lg
o
ri
th
m
.

A
d
is

ti
n
gu

is
h
in

g
fe

at
u
re

of
ou

r
w

or
k

is
th

at
of

d
e-

n
oi

si
n
g

th
e

ob
se

rv
at

io
n

d
at

a
v
ia

si
n

g
u

la
r

va
lu

e
th

re
sh

o
ld

in
g
.

A
lt

h
o
u
g
h

th
is

sp
ec

tr
a
l

p
ro

ce
d

u
re

is
co

m
m

o
n

p
la

ce
in

th
e

m
a
tr

ix
co

m
p

le
ti

o
n

a
re

n
a
,

it
is

n
ov

el
in

th
e

re
a
lm

o
f

sy
n
th

et
ic

co
n
tr

o
l.

D
es

p
it

e
it

s
si

m
p

li
ci

ty
,

h
ow

ev
er

,
th

re
sh

ol
d

in
g

b
ri

n
gs

a
m

y
ri

ad
of

b
en

efi
ts

an
d

re
so

lv
es

p
oi

n
ts

of
co

n
ce

rn
th

at
h

av
e

n
ot

b
ee

n
p

re
v
io

u
sl

y
ad

d
re

ss
ed

.
F

or
in

st
an

ce
,

w
h
il
e

cl
as

si
ca

l
m

et
h
o
d
s

h
av

e
n
ot

ev
en

ta
ck

le
d

th
e

ob
st

ac
le

of
m

is
si

n
g

d
at

a,
ou

r
ap

p
ro

ac
h

is
w

el
l
eq

u
ip

p
ed

to
im

p
u

te
m

is
si

n
g

va
lu

es
as

a
co

n
se

q
u

en
ce

of
th

e
th

re
sh

ol
d

in
g

p
ro

ce
d

u
re

.
A

d
d
it

io
n
a
ll

y,
th

re
sh

o
ld

in
g

ca
n

h
el

p
p
re

v
en

t
th

e
m

o
d
el

fr
o
m

ov
er

fi
tt

in
g

to
th

e
id

io
sy

n
cr

a
si

es
o
f

th
e

d
at

a,
p

ro
v
id

in
g

a
k
n

ob
fo

r
p

ra
ct

it
io

n
er

s
to

tu
n

e
th

e
“b

ia
s-

va
ri

an
ce

”
tr

ad
e-

off
of

th
ei

r
m

o
d

el
an

d
,

th
u
s,

re
d
u
ce

th
ei

r
m

ea
n
-s

q
u
a
re

d
er

ro
r

(M
S
E

).
F

ro
m

em
p
ir

ic
a
l

st
u
d
ie

s,
w

e
h
y
p

o
th

es
iz

e
th

a
t

th
re

sh
o
ld

in
g

m
ay

p
o
ss

ib
ly

re
n
d
er

a
u
x
il
ia

ry
co

va
ri

a
te

in
fo

rm
a
ti

o
n

(v
it

a
l

to
se

v
er

a
l

ex
is

ti
n
g

m
et

h
o
d
s)

a
lu

x
u
ry

a
s

o
p

p
o
se

d
to

a
n

ec
es

si
ty

.
H

ow
ev

er
,

a
s

o
n

e
w

o
u

ld
ex

p
ec

t,
th

e
a
lg

o
ri

th
m

ca
n

o
n

ly
b

en
efi

t
fr

o
m

u
se

fu
l

co
va

ri
at

e
an

d
/o

r
“e

x
p

er
t”

in
fo

rm
at

io
n

an
d

w
e

d
o

n
ot

ad
vo

ca
te

ig
n
or

in
g

su
ch

h
el

p
fu

l
in

fo
rm

at
io

n
,

if
av

ai
la

b
le

.

In
th

e
sp

ir
it

o
f

co
m

b
a
tt

in
g

ov
er

fi
tt

in
g
,

w
e

ex
te

n
d

o
u

r
a
lg

o
ri

th
m

to
in

cl
u

d
e

re
g
u

la
ri

za
ti

o
n

te
ch

-
n

iq
u

es
su

ch
a
s

ri
d

g
e

re
g
re

ss
io

n
a
n

d
L

A
S

S
O

.
W

e
a
ls

o
m

ov
e

b
ey

o
n
d

p
o
in

t
es

ti
m

a
te

s
in

es
ta

b
li

sh
in

g
a

B
ay

es
ia

n
fr

a
m

ew
o
rk

,
w

h
ic

h
a
ll

ow
s

o
n

e
to

q
u

a
n
ti

ta
ti

v
el

y
co

m
p

u
te

th
e

u
n

ce
rt

a
in

ty
o
f

th
e

re
su

lt
s

2
JM

L
R

 1
9(

22
):

1-
51

, 2
01
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R
o
b
u
st

S
y
n
t
h
e
t
ic

C
o
n
t
r
o
l

th
rou

g
h

p
osterior

p
rob

ab
ilities.

T
h
eo

re
tica

l
p
e
rfo

rm
a
n
ce

.
T

o
th

e
b

est
of

ou
r

k
n
ow

led
ge,

ou
rs

is
th

e
fi
rst

to
p
rov

id
e

fi
n
ite

sam
p
le

a
n
a
ly

sis
o
f

th
e

M
S
E

fo
r

th
e

sy
n
th

etic
co

n
tro

l
m

eth
o
d
,

in
a
d
d
itio

n
to

g
u
a
ra

n
tees

in
th

e
p
resen

ce
o
f

m
issin

g
d

ata.
P

rev
iou

sly,
th

e
m

ain
th

eoretical
resu

lt
from

th
e

sy
n
th

etic
con

trol
literatu

re
(cf.

A
b
ad

ie
et

al.
(2010);

A
b

ad
ie

an
d

G
ard

eazab
al

(2003);
A

b
ad

ie
et

al.
(2011))

p
ertain

ed
to

b
ou

n
d

in
g

th
e

b
ias

of
th

e
sy

n
th

etic
con

trol
estim

ator;
h

ow
ever,

th
e

p
ro

of
of

th
e

resu
lt

assu
m

ed
th

at
th

e
laten

t
p

aram
eters,

w
h
ich

live
in

th
e

sim
p
lex

,
h
ave

a
p

erfect
p
re-treatm

en
t

m
atch

in
th

e
n
oisy

p
red

ictor
variab

les
–

ou
r

an
aly

sis,
on

th
e

oth
er

h
an

d
,

rem
oves

th
is

assu
m

p
tion

.
W

e
b

egin
b
y

d
em

on
stratin

g
th

at
ou

r
d

e-n
oisin

g
p
ro

ced
u
re

p
ro

d
u
ces

a
con

sisten
t

estim
ator

of
th

e
laten

t
sign

al
m

atrix
(T

h
eorem

s
1,

2),
p
rov

in
g

th
at

ou
r

th
resh

old
in

g
m

eth
o
d

accu
rately

im
p
u
tes

an
d

fi
lters

m
issin

g
an

d
n
oisy

ob
servation

s,
resp

ectively.
W

e
th

en
p

rov
id

e
fi

n
ite

sam
p

le
an

aly
sis

th
at

n
ot

on
ly

h
igh

ligh
ts

th
e

valu
e

of
th

resh
old

in
g

in
b

alan
cin

g
th

e
in

h
eren

t
“b

ias-varian
ce”

trad
e-off

of
forecastin

g,
b

u
t

also
p

roves
th

at
th

e
p

red
iction

effi
cacy

of
ou

r
algorith

m
d
egrad

es
gracefu

lly
w

ith
an

in
creasin

g
n
u
m

b
er

of
ran

d
om

ly
m

issin
g

d
ata

(T
h
eorem

s
3,

7,
an

d
C

orollary
4).

F
u

rth
er,

w
e

sh
ow

th
at

a
com

p
u

tation
ally

b
en

efi
cial

p
re-p

ro
cessin

g
d

ata
aggregation

step
a
llow

s
u
s

to
esta

b
lish

th
e

asy
m

p
totic

con
sisten

cy
of

ou
r

estim
ato

r
in

gen
erality

(T
h
eorem

5).

A
d
d
ition

ally,
w

e
p
rove

a
sim

p
le

lin
ear

algeb
raic

fact
th

at
ju

stifi
es

th
e

b
asic

p
rem

ise
of

sy
n
th

etic
con

trol,
w

h
ich

h
as

n
ot

b
een

form
ally

estab
lish

ed
in

literatu
re,

i.e.
th

e
lin

ear
relation

sh
ip

b
etw

een
th

e
treatm

en
t

an
d

d
on

or
u
n
its

th
at

ex
ists

in
th

e
p
re-in

terven
tion

con
tin

u
es

to
h
old

in
p

ost-in
terven

tion
p

erio
d

(T
h

eo
rem

6
).

W
e

in
tro

d
u

ce
a

la
ten

t
va

ria
b

le
m

o
d

el,
w

h
ich

su
b

su
m

es
m

a
n
y

o
f

th
e

m
o
d

els
p

rev
io

u
sly

u
sed

in
litera

tu
re

(e.g
.

eco
n

o
m

etric
fa

cto
r

m
o
d

els).
D

esp
ite

th
is

g
en

era
lity,

a
u

n
ify

in
g

th
em

e
th

at
con

n
ects

th
ese

m
o
d

els
is

th
at

th
ey

all
in

d
u

ce
(ap

p
rox

im
ately

)
low

ran
k

m
atrices,

w
h

ich
is

w
ell

su
ited

fo
r

ou
r

m
eth

o
d
.

E
x
p
e
rim

e
n
ta
l
re
su

lts.
W

e
con

d
u
ct

tw
o

sets
of

ex
p

erim
en

ts:
(a)

on
ex

istin
g

case
stu

d
ies

from
real

w
orld

d
atasets

referen
ced

in
A

b
ad

ie
et

al.
(2010,

2011);
A

b
ad

ie
an

d
G

ard
eazab

al
(2003),

an
d

(b
)

on
sy

n
th

etically
gen

erated
d

ata.
R

em
arkab

ly,
w

h
ile

A
b

ad
ie

et
al.

(2010,
2011);

A
b

ad
ie

an
d

G
ard

eazab
al

(2
0
0
3
)

u
se

n
u

m
ero

u
s

cova
ria

tes
a
n

d
em

p
loy

ex
p

ert
k
n

ow
led

g
e

in
selectin

g
th

eir
d
o
n

o
r

p
o
o
l,

o
u
r

a
lg

o
rith

m
a
ch

iev
es

sim
ila

r
resu

lts
w

ith
o
u

t
a
n
y

su
ch

a
ssista

n
ce;

a
d
d

itio
n

a
lly,

o
u

r
a
lg

o
rith

m
d

etects
su

b
tle

eff
ects

o
f

th
e

in
terv

en
tio

n
th

a
t

w
ere

ov
erlo

o
k
ed

b
y

th
e

o
rig

in
a
l

sy
n
th

etic
co

n
tro

l
a
p

p
ro

a
ch

.
S

in
ce

it
is

im
p

ossib
le

to
sim

u
ltan

eou
sly

ob
serve

th
e

evolu
tion

of
a

treated
u

n
it

an
d

its
cou

n
terfactu

al,
w

e
em

p
loy

sy
n
th

etic
d
a
ta

to
va

lid
a
te

th
e

effi
ca

cy
o
f

o
u
r

m
eth

o
d
.

U
sin

g
th

e
M

S
E

a
s

o
u
r

eva
lu

a
tio

n
m

etric,
w

e
d

em
o
n

stra
te

th
a
t

o
u

r
a
lg

o
rith

m
is

ro
b
u

st
to

va
ry

in
g

lev
els

o
f

n
o
ise

a
n

d
m

issin
g

d
a
ta

,
rein

forcin
g

th
e

im
p

o
rta

n
ce

o
f

d
e-n

oisin
g
.

1
.2

R
e
la

te
d

w
o
rk

.

S
y
n
th

etic
con

trol
h

as
received

w
id

esp
read

atten
tion

sin
ce

its
con

cep
tion

b
y

A
b

ad
ie

an
d

G
ard

eazab
al

in
th

eir
p
ion

eerin
g

w
ork

A
b

ad
ie

an
d

G
ard

eazab
al

(2003);
A

b
ad

ie
et

al.
(2010).

It
h

as
b

een
em

p
loyed

in
n
u

m
ero

u
s

ca
se

stu
d

ies,
ra

n
g
in

g
fro

m
crim

in
o
lo

g
y

S
a
u

n
d

ers
et

a
l.

(2
0
1
4
)

to
h

ea
lth

p
o
licy

K
reif

et
a
l.

(2
0
1
5
)

to
o
n

lin
e

a
d

v
ertisem

en
t

to
reta

il;
o
th

er
n
o
ta

b
le

stu
d

ies
in

clu
d

e
A

b
a
d

ie
et

a
l.

(2
0
1
4
);

B
illm

eier
a
n

d
N

a
n

n
icin

i
(2

0
1
3
);

A
d

h
ika

ri
a
n

d
A

lm
(2

0
1
6
);

A
y
tu

g
et

a
l.

(2
0
1
6
).

In
th

eir
p

a
p

er
o
n

th
e

state
of

ap
p
lied

econ
om

etrics
for

cau
sality

an
d

p
olicy

evalu
ation

,
A

th
ey

an
d

Im
b

en
s

assert
th

at
sy

n
th

etic
co

n
tro

l
is

“
o
n

e
o
f

th
e

m
o
st

im
p

o
rta

n
t

d
ev

elo
p

m
en

t[s]
in

p
ro

g
ra

m
eva

lu
a
tio

n
in

th
e

p
a
st

d
ecad

e”
an

d
“argu

ab
ly

th
e

m
ost

im
p

ortan
t

in
n
ovation

in
th

e
evalu

ation
literatu

re
in

th
e

last
fi
fteen

years”
A

th
ey

an
d

Im
b

en
s

(2016).
In

a
som

ew
h

at
d

iff
eren

t
d

irection
,

H
siao

et
al.

in
tro

d
u

ce
th

e
p

an
el

d
ata

m
eth

o
d

H
siao

(2014);
H

siao
et

al.
(2011),

w
h

ich
seem

s
to

h
ave

a
close

b
earin

g
w

ith
som

e
of

th
e

a
p

p
ro

a
ch

es
o
f

th
is

w
o
rk

.
In

p
a
rticu

la
r,

to
lea

rn
th

e
w

eig
h
ts

o
f

th
e

sy
n
th

etic
co

n
tro

l,
H

sia
o

(2
0
1
4
);

H
sia

o
et

a
l.

(2
0
1
1
)

so
lv

e
a
n

o
rd

in
a
ry

lea
st

sq
u
a
res

p
ro

b
lem

o
f
Y

o
n
X̃

,
w

h
ere

Y
is

th
e

d
a
ta

fo
r

th
e

o
u

tco
m

e
va

ria
b

le
o
f

th
e

trea
tm

en
t

u
n

it
a
n

d
X̃

in
clu

d
es

o
th

er
va

ria
b

les,
e.g

.
cova

ria
tes,

a
n

d
th

e
ou

tcom
e

variab
le

d
ata

from
th

e
d
on

or
u
n
its.

H
ow

ever,
H

siao
(2014);

H
siao

et
al.

(2011)
restrict

th
e

3
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A
m
ja

d
,
S
h
a
h
,
S
h
e
n

su
b

set
o
f

p
o
ssib

le
co

n
tro

ls
to

u
n

its
th

a
t

a
re

w
ith

in
th

e
g
eo

g
ra

p
h

ica
l

o
r

eco
n

o
m

ic
p

rox
im

ity
o
f

th
e

treated
u
n
it.

T
h
erefore,

th
ere

is
still

som
e

d
egree

of
su

b
jectiv

ity
in

th
e

ch
oice

of
th

e
d
on

or
p

o
ol.

In
ad

d
ition

,
H

siao
(2014);

H
siao

et
al.

(2011)
d
o

n
ot

in
clu

d
e

a
“d

e-n
oisin

g”
step

,
w

h
ich

is
a

key
featu

re
of

ou
r

ap
p

roach
.

F
or

an
em

p
irical

com
p

arison
b

etw
een

th
e

sy
n
th

etic
con

trol
an

d
p

an
el

d
ata

m
eth

o
d

s,
see

G
ard

eazab
al

an
d

V
ega-B

ayo
(2016).

It
sh

ou
ld

b
e

n
oted

th
at

G
ard

eazab
al

an
d

V
ega-B

ayo
(2016)

a
lso

a
d

a
p

ts
th

e
p

a
n

el
d

a
ta

m
eth

o
d

to
a
u

to
m

a
te

th
e

d
o
n

o
r

selectio
n

p
ro

cess.
In

th
is

co
m

p
a
riso

n
stu

d
y,

th
e

au
th

ors
con

clu
d
e

th
at

n
eith

er
th

e
sy

n
th

etic
con

trol
m

eth
o
d

n
or

th
e

p
an

el
d
ata

m
eth

o
d

is
va

stly
su

p
erio

r
to

th
e

o
th

er.
T

h
ey

su
g
g
est

th
a
t

th
e

sy
n
th

etic
co

n
tro

l
m

eth
o
d

m
ay

b
e

m
o
re

u
sefu

l
w

h
en

th
ere

a
re

m
o
re

tim
e

p
erio

d
s

a
n

d
cova

ria
tes.

H
ow

ev
er,

w
h

en
th

ere
is

a
p

o
o
r

p
re-trea

tm
en

t
m

atch
,

th
e

sy
n
th

etical
con

trol
m

eth
o
d

is
n
ot

feasib
le

w
h
ile

th
e

p
an

el
d
ata

m
eth

o
d

can
still

b
e

u
sed

,
even

th
ou

gh
it

m
ay

su
ff

er
from

som
e

ex
trap

olation
b
ias.

B
u
t

w
h
en

a
go

o
d

p
re-in

terven
tion

m
atch

is
fou

n
d
,

th
e

au
th

ors
con

clu
d
e

th
at

th
e

sy
n
th

etic
con

trol
m

eth
o
d

ten
d
s

to
p
ro

d
u
ce

low
er

M
S
E

,
M

A
P

E
a
n

d
m

ea
n

-erro
r.

H
ow

ev
er,

in
a
n

o
th

er
co

m
p

a
riso

n
stu

d
y,

W
a
n

et
a
l.

(2
0
1
8
)

co
m

p
a
re

a
n

d
co

n
tra

st
th

e
a
ssu

m
p
tio

n
s

o
f

b
o
th

m
eth

o
d
s

a
n
d

n
o
te

th
a
t

th
e

p
a
n
el

d
a
ta

m
eth

o
d

a
p
p

ea
rs

to
o
u
tp

erfo
rm

th
e

sy
n
th

etic
con

trol
m

eth
o
d

in
a

m
a
jo

rity
of

th
e

sim
u
lation

s
th

ey
con

d
u
cted

.

A
m

o
n

g
o
th

er
n
o
ta

b
le

b
o
d

ies
o
f

w
o
rk

,
D

o
u

d
ch

en
k
o

a
n

d
Im

b
en

s
(2

0
1
6
)

a
llow

s
fo

r
a
n

a
d

d
itiv

e
d

iff
eren

ce
b

etw
een

th
e

trea
ted

u
n

it
a
n

d
d

o
n

o
r

p
o
o
l,

sim
ila

r
to

th
e

d
iff

eren
ce-in

-d
iff

eren
ces

(D
ID

)
m

eth
o
d
.

M
oreover,

sim
ila

r
to

ou
r

ex
p

o
sition

,
D

o
u
d
ch

en
ko

an
d

Im
b

en
s

(20
1
6)

relax
es

th
e

co
n
v
ex

ity
a
sp

ect
o
f

sy
n
th

etic
co

n
tro

l
a
n
d

p
ro

p
o
ses

a
n

a
lg

o
rith

m
th

a
t

a
llow

s
fo

r
u
n
restricted

lin
ea

rity
a
s

w
ell

a
s

reg
u

la
riza

tio
n

.
In

a
n

eff
o
rt

to
in

fer
th

e
ca

u
sa

l
im

p
a
ct

o
f

m
a
rk

et
in

terv
en

tio
n

s,
B

ro
d

ersen
et

a
l.

(2
0
1
5
)

in
tro

d
u

ce
y
et

a
n

o
th

er
eva

lu
a
tio

n
m

eth
o
d

o
lo

g
y

b
a
sed

o
n

a
d

iff
u

sio
n

-reg
ressio

n
sta

te-sp
a
ce

m
o
d
el

th
at

is
fu

lly
B

ayesian
;

sim
ilar

to
A

b
ad

ie
et

al.
(2010);

A
b
ad

ie
an

d
G

ard
eazab

al
(2003);

H
siao

(2014);
H

siao
et

al.
(2011),

th
eir

m
o
d

el
also

gen
eralizes

th
e

D
ID

p
ro

ced
u

re.
D

u
e

to
th

e
su

b
jectiv

ity
in

th
e

ch
oice

of
covariates

an
d

p
red

ictor
variab

les,
F

erm
an

et
al.

(2016)
p
rov

id
es

recom
m

en
d
ation

s
for

sp
ecifi

cation
-search

in
g

op
p

ortu
n
ities

in
sy

n
th

etic
con

trol
ap

p
lication

s.
T

h
e

recen
t

w
ork

of
X

u
(2017)

ex
ten

d
s

th
e

sy
n
th

etic
co

n
tro

l
m

eth
o
d

to
a
llow

fo
r

m
u

ltip
le

trea
ted

u
n

its
a
n
d

va
ria

b
le

trea
tm

en
t

p
erio

d
s

a
s

w
ell

a
s

th
e

trea
tm

en
t

b
ein

g
co

rrela
ted

w
ith

u
n

o
b

serv
ed

u
n

its.
S

im
ila

r
to

o
u

r
w

o
rk

,
X

u
(2017)

com
p
u
tes

u
n
certain

ty
estim

ates;
h
ow

ever,
w

h
ile

X
u

(2017)
ob

tain
s

th
ese

m
easu

rem
en

ts
v
ia

a
p
aram

etric
b

o
otstrap

p
ro

ced
u
re,

w
e

o
b
tain

u
n
certa

in
ty

estim
ates

u
n
d
er

a
B

ayesian
fram

ew
o
rk

.

M
atrix

com
p

letion
an

d
factorization

ap
p

roach
es

are
w

ell-stu
d

ied
p

rob
lem

s
w

ith
b

road
ap

p
lication

s
(e.g

.
reco

m
m

en
d

a
tio

n
sy

stem
s,

g
ra

p
h

o
n

estim
a
tio

n
,

etc.).
A

s
sh

ow
n

p
ro

fu
sely

in
th

e
litera

tu
re,

sp
ectra

l
m

eth
o
d

s,
su

ch
a
s

sin
g
u

la
r

va
lu

e
d

eco
m

p
o
sitio

n
a
n

d
th

resh
o
ld

in
g
,

p
rov

id
e

a
p

ro
ced

u
re

to
estim

a
te

th
e

en
tries

o
f

a
m

a
trix

fro
m

p
a
rtia

l
a
n

d
/
o
r

n
o
isy

o
b

serva
tio

n
s

C
a
n

d
ès

a
n

d
R

ech
t

(2
0
0
8
).

W
ith

ou
r

eyes
set

on
ach

iev
in

g
“rob

u
stn

ess”,
sp

ectral
m

eth
o
d
s

b
ecom

e
p
articu

larly
ap

p
ealin

g
sin

ce
th

ey
d

e-n
oise

ran
d

om
eff

ects
an

d
im

p
u

te
m

issin
g

in
form

ation
w

ith
in

th
e

d
ata

m
atrix

J
h
a

et
al.

(2010).
F

o
r

a
d

eta
iled

d
iscu

ssio
n

o
n

th
e

to
p

ic,
see

C
h

a
tterjee

(2
0
1
5
);

fo
r

a
lg

o
rith

m
ic

im
p
lem

en
ta

tio
n

s,
see

M
azu

m
d

er
et

al.
(2010)

an
d

referen
ces

th
ere

in
.

W
e

n
ote

th
at

ou
r

goal
d

iff
ers

from
trad

ition
al

m
atrix

com
p

letion
ap

p
lication

s
in

th
at

w
e

are
u

sin
g

sp
ectral

m
eth

o
d

s
to

estim
ate

a
low

-ran
k

m
atrix

,
allow

in
g

u
s

to
d
eterm

in
e

a
lin

ear
relation

sh
ip

b
etw

een
th

e
row

s
of

th
e

m
ean

m
atrix

.
T

h
is

relation
sh

ip
is

th
en

p
ro

jected
in

to
th

e
fu

tu
re

to
d
eterm

in
e

th
e

co
u
n
terfa

ctu
a
l

ev
o
lu

tio
n

o
f

a
row

in
th

e
m

a
trix

(trea
ted

u
n

it),
w

h
ich

is
tra

d
itio

n
a
lly

n
o
t

th
e

g
o
a
l

in
m

a
trix

co
m

p
letio

n
a
p
p

lica
tio

n
s.

A
n

o
th

er
lin

e
o
f

w
o
rk

w
ith

in
th

is
aren

a
is

to
im

p
u
te

th
e

m
issin

g
en

tries
v
ia

a
n
earest

n
eigh

b
or

b
ased

estim
ation

algorith
m

u
n
d
er

a
laten

t
variab

le
m

o
d
el

fram
ew

o
rk

L
ee

et
al.

(201
6);

B
org

s
et

al.
(2

0
17).

T
h
ere

h
as

b
een

som
e

recen
t

w
ork

in
u
sin

g
m

atrix
n
orm

m
eth

o
d
s

in
relation

to
cau

sal
in

feren
ce,

in
clu

d
in

g
fo

r
sy

n
th

etic
co

n
tro

l.
In

A
th

ey
et

a
l.

(2
0
1
7
),

th
e

a
u
th

o
rs

u
se

m
a
trix

n
o
rm

reg
u
la

riza
tio

n
tech

n
iq

u
es

to
estim

ate
cou

n
terfactu

als
for

p
an

el
d

ata
u

n
d

er
settin

gs
th

at
rely

on
th

e
availab

ility
of

a
la

rg
e

n
u

m
b

er
o
f

u
n

its
rela

tiv
e

to
th

e
n
u

m
b

er
o
f

fa
cto

rs
o
r

ch
a
ra

cteristics,
a
n

d
u

n
d

er
settin

g
s

th
a
t

in
v
o
lv

e
lim

ited
n
u
m

b
er

o
f

u
n
its

b
u
t

p
len

ty
o
f

h
isto

ry
(sy

n
th

etic
co

n
tro

l).
T

h
is

is
d
iff

eren
t

fro
m

o
u
r

a
p

p
ro

a
ch

,
w

h
ich

in
crea

ses
ro

b
u

stn
ess

b
y

“
d

e-n
o
isin

g
”

u
sin

g
m

a
trix

co
m

p
letio

n
m

eth
o
d

s,
a
n

d
th

en
u
sin

g
lin

ear
regression

on
th

e
d
e-n

oised
m

a
trix

,
in

stea
d

o
f

rely
in

g
on

m
a
trix

n
o
rm

reg
u
la

rization
s.
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R
o
b
u
st

S
y
n
t
h
e
t
ic

C
o
n
t
r
o
l

D
es

p
it

e
it

s
p

o
p

u
la

ri
ty

,
th

er
e

h
a
s

b
ee

n
le

ss
th

eo
re

ti
ca

l
w

o
rk

in
es

ta
b

li
sh

in
g

th
e

co
n

si
st

en
cy

o
f

th
e

sy
n
th

et
ic

co
n
tr

o
l

m
et

h
o
d

o
r

it
s

va
ri

a
n
ts

.
A

b
a
d

ie
et

a
l.

(2
0
1
0
)

d
em

o
n

st
ra

te
s

th
a
t

th
e

b
ia

s
o
f

th
e

sy
n
th

et
ic

co
n
tr

o
l

es
ti

m
a
to

r
ca

n
b

e
b

o
u

n
d

ed
b
y

a
fu

n
ct

io
n

th
a
t

is
cl

o
se

to
ze

ro
w

h
en

th
e

p
re

-i
n
te

rv
en

ti
o
n

p
er

io
d

is
la

rg
e

in
re

la
ti

o
n

to
th

e
sc

a
le

o
f

th
e

tr
a
n

si
to

ry
sh

o
ck

s,
b

u
t

u
n

d
er

th
e

a
d

d
it

io
n

a
l

co
n

d
it

io
n

th
a
t

a
p

er
fe

ct
co

n
v
ex

m
a
tc

h
b

et
w

ee
n

th
e

p
re

-t
re

a
tm

en
t

n
o
is

y
o
u

tc
o
m

e
a
n

d
co

va
ri

a
te

va
ri

a
b

le
s

fo
r

th
e

tr
ea

te
d

u
n

it
a
n

d
d

o
n

o
r

p
o
o
l

ex
is

ts
.

F
er

m
a
n

a
n

d
P

in
to

(2
0
1
6
)

re
la

x
es

th
e

a
ss

u
m

p
ti

o
n

in
A

b
a
d

ie
et

a
l.

(2
0
1
0
),

a
n

d
d

er
iv

es
co

n
d

it
io

n
s

u
n

d
er

w
h

ic
h

th
e

sy
n
th

et
ic

co
n
tr

o
l

es
ti

m
at

or
is

as
y
m

p
to

ti
ca

ll
y

u
n
b
ia

se
d

u
n
d
er

n
on

-s
ta

ti
on

ar
it

y
co

n
d
it

io
n
s.

T
o

ou
r

k
n
ow

le
d
ge

,
h
ow

ev
er

,
n

o
p

ri
o
r

w
o
rk

h
a
s

p
ro

v
id

ed
fi

n
it

e-
sa

m
p

le
a
n

a
ly

si
s,

a
n

a
ly

ze
d

th
e

p
er

fo
rm

a
n

ce
o
f

th
es

e
es

ti
m

a
to

rs
w

it
h

re
sp

ec
t

to
th

e
m

ea
n
-s

q
u
ar

ed
er

ro
r

(M
S
E

),
es

ta
b
li
sh

ed
as

y
m

p
to

ti
c

co
n
si

st
en

cy
,

or
ad

d
re

ss
ed

th
e

p
os

si
b
il
it

y
o
f

m
is

si
n
g

d
at

a,
a

co
m

m
o
n

h
an

d
ic

ap
in

p
ra

ct
ic

e.

2
.
B
a
ck

g
ro

u
n
d

2
.1

N
o
ta

ti
o
n

.

W
e

w
il

l
d

en
o
te

R
a
s

th
e

fi
el

d
o
f

re
a
l

n
u

m
b

er
s.

F
o
r

a
n
y

p
o
si

ti
v
e

in
te

g
er
N

,
le

t
[N

]
=
{1
,.
..
,N
}.

F
o
r

a
n
y

ve
ct

or
v
∈
R
n
,

w
e

d
en

ot
e

it
s

E
u
cl

id
ea

n
(`

2
)

n
or

m
b
y
‖v
‖ 2

,
an

d
d
efi

n
e
‖v
‖2 2

=
∑
n i=

1
v

2 i
.

W
e

d
efi

n
e

it
s

in
fi

n
it

y
n

o
rm

a
s
‖v
‖ ∞

=
m

a
x
i
|v i
|.

In
g
en

er
a
l,

th
e
` p

n
o
rm

fo
r

a
v
ec

to
r
v

is
d

efi
n

ed
a
s

‖v
‖ p

=
( ∑

n i=
1
|v i
|p)

1
/
p

.
S
im

il
ar

ly
,

fo
r

an
m
×
n

re
al

-v
al

u
ed

m
at

ri
x
A

=
[A
ij

],
it

s
sp

ec
tr

al
/o

p
er

at
or

n
o
rm

,
d

en
o
te

d
b
y
‖A
‖ 2

,
is

d
efi

n
ed

a
s
‖A
‖ 2

=
m

a
x

1
≤
i≤
k
|σ
i|,

w
h

er
e
k

=
m

in
{m

,n
}

a
n

d
σ
i

a
re

th
e

si
n
g
u
la

r
va

lu
es

o
f
A

.
T

h
e

M
o
o
re

-P
en

ro
se

p
se

u
d
oi

n
ve

rs
e
A
†

o
f
A

is
d
efi

n
ed

as

A
†

=
k ∑ i=

1

(1
/σ

i)
y i
x
T i
,

w
h
er

e
A

=
k ∑ i=

1

σ
ix
iy
T i
,

(1
)

w
it

h
x
i

a
n

d
y i

b
ei

n
g

th
e

le
ft

a
n

d
ri

g
h
t

si
n

g
u

la
r

v
ec

to
rs

o
f
A

,
re

sp
ec

ti
v
el

y.
W

e
w

il
l

a
d

o
p

t
th

e
sh

or
th

an
d

n
ot

at
io

n
of
‖·
‖
≡
‖·
‖ 2

.
T

o
av

oi
d

an
y

co
n
fu

si
on

s
b

et
w

ee
n

sc
al

ar
s/

ve
ct

or
s

an
d

m
at

ri
ce

s,
w

e
w

il
l

re
p
re

se
n
t

al
l

m
at

ri
ce

s
in

b
ol

d
,

e.
g.
A

.
L

et
f

a
n

d
g

b
e

tw
o

fu
n

ct
io

n
s

d
efi

n
ed

o
n

th
e

sa
m

e
sp

a
ce

.
W

e
sa

y
th

a
t
f

(x
)

=
O

(g
(x

))
a
n

d
f

(x
)

=
Ω

(g
(x

))
if

an
d

on
ly

if
th

er
e

ex
is

ts
a

p
os

it
iv

e
re

al
n
u
m

b
er
M

an
d

a
re

al
n
u
m

b
er
x

0
su

ch
th

at
fo

r
a
ll
x
≥
x

0
,

|f
(x

)|
≤
M
|g

(x
)|

a
n
d
|f

(x
)|
≥
M
|g

(x
)|,

(2
)

re
sp

ec
ti

ve
ly

.

2
.2

M
o
d

e
l.

T
h
e

d
a
ta

a
t

h
a
n
d

is
a

co
ll
ec

ti
o
n

o
f

ti
m

e
se

ri
es

w
it

h
re

sp
ec

t
to

a
n

a
g
g
re

g
a
te

d
m

et
ri

c
o
f

in
te

re
st

(e
.g

.
v
io

le
n
t

cr
im

e
ra

te
s)

co
m

p
ri

se
d

o
f

b
o
th

th
e

tr
ea

te
d

u
n

it
a
n
d

th
e

d
o
n

o
r

p
o
o
l

o
u
tc

o
m

es
.

S
u
p

p
o
se

w
e

o
b

se
rv

e
N
≥

2
u

n
it

s
a
cr

o
ss
T
≥

2
ti

m
e

p
er

io
d

s.
W

e
d

en
o
te
T

0
a
s

th
e

n
u

m
b

er
o
f

p
re

-i
n
te

rv
en

ti
o
n

p
er

io
d

s
w

it
h

1
≤
T

0
<
T

,
re

n
d

er
in

g
T
−
T

0
as

th
e

le
n

gt
h

of
th

e
p

os
t-

in
te

rv
en

ti
on

st
ag

e.
W

it
h

ou
t

lo
ss

of
ge

n
er

al
it

y,
le

t
th

e
fi
rs

t
u
n
it

re
p
re

se
n
t

th
e

tr
ea

tm
en

t
u
n
it

–
ex

p
os

ed
to

th
e

in
te

rv
en

ti
on

of
in

te
re

st
at

ti
m

e
t

=
T

0
+

1.
T

h
e

re
m

ai
n

in
g

d
on

or
u

n
it

s,
2
≤
i
≤
N

,
ar

e
u

n
aff

ec
te

d
b
y

th
e

in
te

rv
en

ti
on

fo
r

th
e

en
ti

re
ti

m
e

p
er

io
d

[T
]

=
{1
,.
..
,T
}.

L
et
X
it

d
en

o
te

th
e

m
ea

su
re

d
va

lu
e

of
m

et
ri

c
fo

r
u
n
it
i

at
ti

m
e
t.

W
e

p
os

it

X
it

=
M
it

+
ε i
t
,

(3
)

w
h
er

e
M
it

is
th

e
d
et

er
m

in
is

ti
c

m
ea

n
w

h
il
e

th
e

ra
n
d
o
m

va
ri

a
b
le

s
ε i
t

re
p
re

se
n
t

ze
ro

-m
ea

n
n
o
is

e
th

a
t

ar
e

in
d

ep
en

d
en

t
ac

ro
ss
i,
t.

F
ol

lo
w

in
g

th
e

p
h

il
os

op
h
y

of
la

te
n
t

va
ri

ab
le

m
o
d

el
s

C
h

at
te

rj
ee

(2
01

5)
;

L
ee

5
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L
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9(

22
):

1-
51

, 2
01

8

A
m
ja

d
,
S
h
a
h
,
S
h
e
n

et
al

.
(2

01
6)

;
A

ld
ou

s
(1

98
1)

;
H

o
ov

er
(1

9
79

,
19

81
),

w
e

fu
rt

h
er

p
os

it
th

a
t

fo
r

a
ll

2
≤
i
≤
N

,
t
∈

[T
]

M
it

=
f

(θ
i,
ρ
t
),

(4
)

w
h
er

e
θ i
∈
R
d
1

an
d
ρ
t
∈
R
d
2

ar
e

la
te

n
t

fe
at

u
re

ve
ct

or
s

ca
p
tu

ri
n
g

u
n
it

an
d

ti
m

e
sp

ec
ifi

c
in

fo
rm

at
io

n
,

re
sp

ec
ti

v
el

y,
fo

r
so

m
e
d

1
,d

2
≥

1
;

th
e

la
te

n
t

fu
n
ct

io
n
f

:
R
d
1
×

R
d
2
→

R
ca

p
tu

re
s

th
e

m
o
d

el
re

la
ti

on
sh

ip
.

W
e

n
ot

e
th

at
th

is
fo

rm
u

la
ti

on
su

b
su

m
es

p
op

u
la

r
ec

on
om

et
ri

c
fa

ct
or

m
o
d

el
s,

su
ch

as
th

e
o
n

e
p

re
se

n
te

d
in

A
b

a
d

ie
et

a
l.

(2
0
1
0
),

a
s

a
sp

ec
ia

l
ca

se
w

it
h

(s
m

a
ll

)
co

n
st

a
n
ts
d

1
=
d

2
a
n

d
f

a
s

a
b
il
in

ea
r

fu
n
ct

io
n
.

T
h
e

tr
ea

tm
en

t
u
n
it

ob
ey

s
th

e
sa

m
e

m
o
d
el

re
la

ti
on

sh
ip

d
u
ri

n
g

th
e

p
re

-i
n
te

rv
en

ti
on

p
er

io
d
.

T
h
at

is
,

fo
r
t
≤
T

0

X
1
t

=
M

1
t

+
ε 1
t
,

(5
)

w
h

er
e
M

1
t

=
f

(θ
1
,ρ
t
)

fo
r

so
m

e
la

te
n
t

p
a
ra

m
et

er
θ 1
∈

R
d
1
.

If
u

n
it

o
n

e
w

a
s

n
ev

er
ex

p
o
se

d
to

th
e

in
te

rv
en

ti
o
n
,

th
en

th
e

sa
m

e
re

la
ti

o
n
sh

ip
a
s

(5
)

w
o
u
ld

co
n
ti

n
u
e

to
h
o
ld

d
u
ri

n
g

th
e

p
o
st

-i
n
te

rv
en

ti
o
n

p
er

io
d

a
s

w
el

l.
In

es
se

n
ce

,
w

e
a
re

a
ss

u
m

in
g

th
a
t

th
e

o
u

tc
o
m

e
ra

n
d

o
m

va
ri

a
b

le
s

fo
r

a
ll

u
n

a
ff

ec
te

d
u
n
it

s
fo

ll
ow

th
e

m
o
d
el

re
la

ti
on

sh
ip

d
efi

n
ed

b
y

(5
)

an
d

(3
).

T
h
er

ef
or

e,
th

e
“s

y
n
th

et
ic

co
n
tr

ol
”

w
ou

ld
id

ea
ll

y
h

el
p

es
ti

m
at

e
th

e
u

n
d

er
ly

in
g

co
u

n
te

rf
ac

tu
al

m
ea

n
s
M

1
t

=
f

(θ
1
,ρ
t
)

fo
r
T

0
<
t
≤
T

b
y

u
si

n
g

an
a
p
p
ro

p
ri

a
te

co
m

b
in

a
ti

o
n

o
f

th
e

p
o
st

-i
n
te

rv
en

ti
o
n

o
b
se

rv
a
ti

o
n
s

fr
o
m

th
e

d
o
n
o
r

p
o
o
l

si
n
ce

th
e

d
o
n
o
r

u
n
it

s
ar

e
im

m
u
n
e

to
th

e
tr

ea
tm

en
t.

T
o

re
n

d
er

th
is

fe
as

ib
le

,
w

e
m

ak
e

th
e

ke
y

op
er

at
in

g
as

su
m

p
ti

on
(a

s
d

on
e

si
m

il
ar

ly
in

li
te

ra
tu

re
cf

.
A

b
a
d
ie

et
a
l.

(2
0
1
0
,

2
0
1
1
);

A
b
a
d
ie

a
n
d

G
a
rd

ea
za

b
a
l

(2
0
0
3
))

th
a
t

th
e

m
ea

n
v
ec

to
r

o
f

th
e

tr
ea

tm
en

t
u

n
it

ov
er

th
e

p
re

-i
n
te

rv
en

ti
o
n

p
er

io
d

,
i.

e.
th

e
v
ec

to
r
M
− 1

=
[M

1
t
] t
≤
T
0
,

li
es

w
it

h
in

th
e

sp
a
n

o
f

th
e

m
ea

n
ve

ct
or

s
w

it
h

in
th

e
d

on
or

p
o
ol

ov
er

th
e

p
re

-i
n
te

rv
en

ti
on

p
er

io
d

,
i.

e.
th

e
sp

an
of

th
e

d
on

or
m

ea
n

ve
ct

or
s
M
− i

=
[M

it
] 2
≤
i≤
N
,t
≤
T
0

1
.

M
or

e
p

re
ci

se
ly

,
w

e
as

su
m

e
th

er
e

ex
is

ts
a

se
t

of
w

ei
gh

ts
β
∗
∈
R
N
−

1

su
ch

th
at

fo
r

al
l
t
≤
T

0
,

M
1
t

=
N ∑ i=

2

β
∗ iM

it
.

(6
)

T
h

is
is

a
re

as
on

ab
le

an
d

in
tu

it
iv

e
as

su
m

p
ti

on
,

u
ti

li
ze

d
in

li
te

ra
tu

re
,

h
y
p

ot
h

es
iz

in
g

th
at

th
e

tr
ea

tm
en

t
u
n
it

ca
n

b
e

m
o
d
el

ed
a
s

so
m

e
co

m
b
in

a
ti

o
n

o
f

th
e

d
o
n
o
r

p
o
o
l.

In
fa

ct
,

th
e

se
t

o
f

w
ei

g
h
ts
β
∗

a
re

th
e

ve
ry

d
efi

n
it

io
n

of
a

sy
n
th

et
ic

co
n
tr

ol
.

N
o
te

,
h
ow

ev
er

,
th

at
in

co
n
tr

a
st

to
A

b
ad

ie
et

al
.

(2
01

0
,

20
1
1
);

A
b
a
d
ie

a
n
d

G
a
rd

ea
za

b
a
l

(2
0
0
3
),

w
e

d
o

n
o
t

co
n
st

ra
in

th
e

w
ei

g
h
ts

to
b

e
n
o
n
-n

eg
a
ti

v
e

a
n
d

su
m

to
1
.

T
h
is

m
ay

re
d
u
ce

th
e

in
te

rp
re

ta
b
il
it

y
of

th
e

sy
n
th

et
ic

co
n
tr

ol
p
ro

d
u
ce

d
.

W
e

d
is

cu
ss

w
ay

s
to

in
cr

ea
se

in
te

rp
re

ta
b
il
it

y
u
si

n
g

o
u
r

m
et

h
o
d

in
S
ec

ti
on

3.
4
.2

.
In

or
d
er

to
d
is

ti
n
gu

is
h

th
e

p
re

-
an

d
p

os
t-

in
te

rv
en

ti
on

p
er

io
d
s,

w
e

u
se

th
e

fo
ll
ow

in
g

n
ot

at
io

n
fo

r
a
ll

(d
o
n

o
r)

m
a
tr

ic
es

:
A

=
[A
−
,A

+
],

w
h

er
e
A
−

=
[A
ij

] 2
≤
i≤
N
,j
∈[
T
0
]

a
n

d
A

+
=

[A
ij

] 2
≤
i≤
N
,T

0
<
j
≤
T

d
en

ot
e

th
e

p
re

-
an

d
p

o
st

-i
n
te

rv
en

ti
on

su
b
m

at
ri

ce
s,

re
sp

ec
ti

ve
ly

;
ve

ct
o
rs

w
il
l

b
e

d
efi

n
ed

in
th

e
sa

m
e

m
a
n

n
er

,
i.

e.
A
i

=
[A
− i
,A

+ i
],

w
h

er
e
A
− i

=
[A
it

] t
∈[
T
0
]

a
n

d
A

+ i
=

[A
it

] T
0
<
t≤
T

d
en

o
te

th
e

p
re

-
a
n

d
p

o
st

-i
n
te

rv
en

ti
o
n

su
b
v
ec

to
rs

,
re

sp
ec

ti
v
el

y,
fo

r
th

e
it

h
d

o
n

o
r.

M
o
re

ov
er

,
w

e
w

il
l

d
en

o
te

a
ll

v
ec

to
rs

re
la

te
d

to
th

e
tr

ea
tm

en
t

u
n
it

w
it

h
th

e
su

b
sc

ri
p
t

“
1”

,
e.

g.
A

1
=

[A
− 1
,A

+ 1
].

In
co

n
tr

as
t

w
it

h
th

e
cl

as
si

ca
l
sy

n
th

et
ic

co
n
tr

ol
w

or
k
,
w

e
al

lo
w

ou
r

m
o
d

el
to

b
e

ro
b

u
st

to
in

co
m

p
le

te
o
b

se
rv

a
ti

o
n

s.
T

o
m

o
d

el
ra

n
d
o
m

ly
m

is
si

n
g

d
a
ta

,
th

e
a
lg

o
ri

th
m

o
b
se

rv
es

ea
ch

d
a
ta

p
o
in

t
X
it

in
th

e
d
on

or
p

o
ol

w
it

h
p
ro

b
ab

il
it

y
p
∈

(0
,1

],
in

d
ep

en
d
en

tl
y

of
al

l
ot

h
er

en
tr

ie
s.

W
h
il
e

th
e

as
su

m
p
ti

on
th

at
p

is
co

n
st

a
n
t

a
cr

o
ss

a
ll

ro
w

s
a
n

d
co

lu
m

n
s

o
f

o
u

r
o
b

se
rv

a
ti

o
n

m
a
tr

ix
is

st
a
n

d
a
rd

in
li

te
ra

tu
re

,
o
u

r
re

su
lt

s
re

m
ai

n
va

li
d

ev
en

in
si

tu
at

io
n
s

w
h
er

e
th

e
p
ro

b
ab

il
it

y
of

ob
se

rv
at

io
n

is
d
ep

en
d
en

t
on

th
e

ro
w

1
.

W
e

n
o
te

th
a
t

th
is

is
a

m
in

o
r

d
ep

a
rt

u
re

fr
o
m

th
e

li
te

ra
tu

re
o
n

sy
n
th

et
ic

co
n
tr

o
l

st
a
rt

in
g

in
A

b
a
d
ie

a
n
d

G
a
rd

ea
za

b
a
l

(2
0
0
3
)

–
in

li
te

ra
tu

re
,

th
e

p
re

-i
n
te

rv
en

ti
o
n
n
o
is
y

o
b
se

rv
a
ti

o
n

(r
a
th

er
th

a
n

th
e

m
ea

n
)

v
ec

to
r

X
1
,

is
a
ss

u
m

ed
to

b
e

a
co
n
ve
x

(r
a
th

er
th

a
n

li
n
ea

r)
co

m
b
in

a
ti

o
n

o
f

th
e

n
o
is

y
d
o
n
o
r

o
b
se

rv
a
ti

o
n
s.

W
e

b
el

ie
v
e

o
u

r
se

tu
p

is
m

o
re

re
a
so

n
a
b

le
si

n
ce

w
e

d
o

n
o
t

w
a
n
t

to
fi

t
n

o
is

e.
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R
o
b
u
st

S
y
n
t
h
e
t
ic

C
o
n
t
r
o
l

an
d

colu
m

n
laten

t
p

aram
eters,

i.e.
p
ij

=
g
(θ
i ,ρ

j )∈
(0,1].

In
su

ch
situ

ation
s,
p
ij

can
b

e
estim

ated
as

p̂
ij

u
sin

g
con

sisten
t

grap
h

on
estim

ation
tech

n
iq

u
es

d
escrib

ed
in

a
grow

in
g

b
o
d

y
of

literatu
re,

e.g.
see

B
orgs

et
al.

(2017);
C

h
atterjee

(2015);
W

olfe
an

d
O

lh
ed

e;
Y

an
g

et
al..

T
h
ese

estim
ates

can
th

en
b

e
u
sed

in
ou

r
a
n
aly

sis
p
resen

ted
in

S
ectio

n
4.

3
.
A
lg
o
rith

m

3
.1

In
tu

itio
n

.

W
e

b
eg

in
b
y

ex
p

lo
rin

g
th

e
in

tu
itio

n
b

eh
in

d
o
u

r
p

ro
p

o
sed

tw
o
-step

a
lg

o
rith

m
:

(1
)

d
e-n

o
isin

g
th

e
d
a
ta

:
sin

ce
th

e
sin

g
u
la

r
va

lu
es

o
f

o
u
r

o
b
serva

tio
n

m
a
trix

,
X

=
[X

it ]2≤
i≤
N
,t∈

[T
] ,

en
co

d
e

b
o
th

sig
n
a
l

a
n

d
n

o
ise,

w
e

a
im

to
d

iscov
er

a
low

ra
n

k
a
p

p
rox

im
a
tio

n
o
f
X

th
a
t

o
n

ly
in

co
rp

o
ra

tes
th

e
sin

g
u

la
r

va
lu

es
a
sso

cia
ted

w
ith

u
sefu

l
in

fo
rm

a
tio

n
;

sim
u
lta

n
eo

u
sly,

th
is

p
ro

ced
u
re

w
ill

n
a
tu

ra
lly

im
p
u
te

a
n
y

m
issin

g
ob

servation
s.

W
e

n
ote

th
at

th
is

p
ro

ced
u

re
is

sim
ilar

to
th

e
algorith

m
p

rop
osed

in
C

h
atterjee

(2015).
(2)

lea
rn

in
g
β
∗:

u
sin

g
th

e
p
re-in

terven
tion

p
ortion

of
th

e
d

e-n
oised

m
atrix

,
w

e
learn

th
e

lin
ear

relation
sh

ip
b

etw
een

th
e

treatm
en

t
u

n
it

an
d

th
e

d
on

or
p

o
ol

p
rior

to
estim

atin
g

th
e

p
ost-in

terven
tion

cou
n
terfactu

al
ou

tcom
es.

S
in

ce
ou

r
ob

jective
is

to
p

ro
d

u
ce

accu
rate

p
red

iction
s,

it
is

n
ot

ob
v
iou

s
w

h
y

th
e

sy
n
th

etic
treatm

en
t

u
n

it
sh

ou
ld

b
e

a
con

vex
com

b
in

ation
of

its
d

on
or

p
o
ol

as
assu

m
ed

in
A

b
ad

ie
et

a
l.

(2
0
1
0
);

A
b

a
d

ie
a
n

d
G

a
rd

ea
za

b
a
l

(2
0
0
3
);

A
b

a
d
ie

et
a
l.

(2
0
1
4
).

In
fa

ct,
o
n

e
ca

n
rea

so
n

a
b

ly
ex

p
ect

th
a
t

th
e

trea
tm

en
t

u
n
it

a
n
d

so
m

e
o
f

th
e

d
o
n
o
r

u
n
its

m
ay

ex
h
ib

it
n
eg

a
tiv

e
co

rrela
tio

n
s

w
ith

o
n

e
a
n

o
th

er.
In

lig
h
t

o
f

th
is

in
tu

itio
n

,
w

e
lea

rn
th

e
o
p

tim
a
l

set
o
f

w
eig

h
ts

v
ia

lin
ea

r
reg

ressio
n

,
a
llow

in
g

for
b

o
th

p
o
sitive

a
n
d

n
eg

ativ
e

elem
en

ts.

3
.2

R
o
b

u
st

a
lg

o
rith

m
(a

lg
o
rith

m
1
).

W
e

p
resen

t
th

e
d

eta
ils

o
f

o
u

r
ro

b
u

st
m

eth
o
d

in
A

lg
o
rith

m
1

b
elow

.
T

h
e

a
lg

o
rith

m
u

tilizes
tw

o
h
y
p

erp
a
ra

m
eters:

(1
)

a
th

resh
o
ld

in
g

h
y
p

erp
a
ra

m
eter

µ
≥

0
,

w
h

ich
serv

es
a
s

a
k
n
o
b

to
eff

ectiv
ely

trad
e-off

b
etw

een
th

e
b

ias
an

d
varian

ce
of

th
e

estim
ator,

an
d

(2)
a

regu
larization

h
y
p

eram
eter

η
≥

0
th

at
con

trols
th

e
m

o
d
el

com
p
lex

ity.
W

e
d
iscu

ss
th

e
p
ro

ced
u
re

for
d
eterm

in
in

g
th

e
h
y
p

erp
aram

eters
in

S
ection

3.4.
T

o
sim

p
lify

th
e

ex
p

osition
,

w
e

assu
m

e
th

e
en

tries
of
X

are
b

ou
n

d
ed

b
y

on
e

in
ab

solu
te

valu
e,

i.e.|X
it |≤

1.

3
.3

B
a
y
e
sia

n
a
lg

o
rith

m
:

m
e
a
su

rin
g

u
n

c
e
rta

in
ty

(a
lg

o
rith

m
2
).

In
o
rd

er
to

q
u
a
n
tita

tiv
ely

a
ssess

th
e

u
n
certa

in
ty

o
f

o
u
r

m
o
d
el,

w
e

w
ill

tra
n
sitio

n
fro

m
a

freq
u
en

tist
p

ersp
ective

to
a

B
ayesian

v
iew

p
oin

t.
A

s
co

m
m

on
ly

a
ssu

m
ed

in
literatu

re,
w

e
co

n
sid

er
a

zero-m
ea

n
,

isotrop
ic

G
au

ssian
n

oise
m

o
d

el
(i.e.

ε∼
N

(0,σ
2I

))
an

d
u

se
th

e
sq

u
are

loss
for

ou
r

cost
fu

n
ction

.
W

e
p

resen
t

th
e

B
ayesian

m
eth

o
d

as
A

lgorith
m

2.
N

ote
th

at
w

e
p

erform
step

on
e

of
ou

r
rob

u
st

algorith
m

ex
a
ctly

a
s

in
A

lg
o
rith

m
1
;

a
s

a
resu

lt,
w

e
o
n

ly
d

eta
il

th
e

a
ltera

tio
n

s
o
f

step
tw

o
in

th
e

B
ay

esia
n

version
(A

lg
orith

m
2).

3
.4

A
lg

o
rith

m
ic

fe
a
tu

re
s:

th
e

fi
n

e
p

rin
t.

3
.4
.1

B
o
u
n
d
e
d

e
n
t
r
ie
s
t
r
a
n
sf
o
r
m
a
t
io
n
.

S
ev

era
l

o
f

o
u

r
resu

lts,
a
s

w
ell

a
s

th
e

a
lg

o
rith

m
w

e
p

ro
p

o
se,

a
ssu

m
e

th
a
t

th
e

o
b

serva
tio

n
m

a
trix

is
b

o
u

n
d

ed
su

ch
th

a
t|X

it |≤
1
.

F
o
r

a
n
y

d
a
ta

m
a
trix

,
w

e
ca

n
a
ch

iev
e

th
is

b
y

u
sin

g
th

e
fo

llow
in

g
p
re-p

ro
cessin

g
tra

n
sfo

rm
a
tio

n
:

su
p
p

o
se

th
e

en
tries

o
f
X

b
elo

n
g

to
a
n

in
terva

l
[a
,b].

T
h
en

,
o
n
e

ca
n

fi
rst

p
re-p

ro
cess

th
e

m
atrix

X
b
y

su
b

tractin
g

(a
+
b)/2

from
each

en
try,

an
d

d
iv

id
in

g
b
y

(b−
a
)/2

to
en

force
th

at
th

e
en

tries
lie

in
th

e
ran

ge
[−

1,1].
T

h
e

reverse
tran

sform
ation

,
w

h
ich

can
b

e
ap

p
lied

at
th

e
en

d
o
f

th
e

a
lg

o
rith

m
d

escrip
tio

n
a
b

ov
e,

retu
rn

s
a

m
a
trix

w
ith

va
lu

es
co

n
ta

in
ed

in
th

e
o
rig

in
a
l
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A
m
ja

d
,
S
h
a
h
,
S
h
e
n

A
lg

o
rith

m
1

R
ob

u
st

sy
n
th

etic
con

trol

S
te

p
1
.

D
e
-n

o
isin

g
th

e
d

a
ta

:
sin

g
u

la
r

v
a
lu

e
th

re
sh

o
ld

in
g

(in
sp

ire
d

b
y

C
h

a
tte

r-
je

e
(2

0
1
5
)).

1.
D

efi
n
e
Y

=
[Y
it ]2≤

i≤
N
,t∈

[T
]

w
ith

Y
it

=

{
X
it

if
X
it

is
ob

serv
ed
,

0
o
th

erw
ise.

(7)

2.
C

om
p
u
te

th
e

sin
gu

lar
valu

e
d
ecom

p
osition

of
Y

:

Y
=

N
−

1
∑i=

1

s
i u
i v
Ti
.

(8)

3.
L

et
S

=
{i

:
s
i ≥

µ}
b

e
th

e
set

of
sin

gu
lar

valu
es

ab
ove

th
e

th
resh

old
µ

.

4.
D

efi
n
e

th
e

estim
ator

of
M

as

M̂
=

1p̂

∑i∈
S

s
i u
i v
Ti
,

(9)

w
h
ere

p̂
is

th
e

m
ax

im
u
m

of
th

e
fraction

of
ob

serv
ed

en
tries

in
X

an
d

1
(N
−

1
)T

.

S
te

p
2
.

L
e
a
rn

in
g

a
n

d
p

ro
je

c
tin

g

1.
F

or
an

y
η
≥

0,
let

β̂
(η

)
=

arg
m

in
v∈

R
N

−
1 ∥∥∥
Y
−1
−

(M̂
−

)
T
v ∥∥∥

2
+
η‖
v‖

2.
(10)

2.
D

efi
n
e

th
e

cou
n
terfactu

al
m

ean
s

for
th

e
treatm

en
t

u
n
it

as

M̂
1

=
M̂

T
β̂

(η
).

(11)
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R
o
b
u
st

S
y
n
t
h
e
t
ic

C
o
n
t
r
o
l

A
lg

o
ri

th
m

2
B

ay
es

ia
n

ro
b
u
st

sy
n
th

et
ic

co
n
tr

ol

S
te

p
2
.

L
e
a
rn

in
g

a
n

d
p

ro
je

c
ti

n
g

1.
E

st
im

at
e

th
e

n
oi

se
va

ri
an

ce
v
ia

(b
ia

s-
co

rr
ec

te
d
)

m
ax

im
u
m

li
ke

li
h
o
o
d
,

i.
e.

σ̂
2

=
1

T
0
−

1

T
0 ∑ t=
1

(Y
1
t
−
Ȳ

)2
,

(1
2)

w
h
er

e
Ȳ

d
en

ot
es

th
e

p
re

-i
n
te

rv
en

ti
on

sa
m

p
le

m
ea

n
.

2.
C

om
p
u
te

p
os

te
ri

or
d
is

tr
ib

u
ti

on
p
ar

am
et

er
s

fo
r

an
ap

p
ro

p
ri

at
e

ch
oi

ce
of

th
e

p
ri

or
α

:

Σ
D

=
(

1 σ̂
2
M̂
−

(M̂
−

)T
+
α
I
) −

1
(1

3)

β
D

=
1 σ̂
2
Σ
D
M̂
−
Y
− 1
.

(1
4)

3.
D

efi
n
e

th
e

co
u
n
te

rf
ac

tu
al

m
ea

n
s

fo
r

th
e

tr
ea

tm
en

t
u
n
it

as

M̂
1

=
M̂

T
β
D
.

(1
5)

4.
F

or
ea

ch
ti

m
e

in
st

an
ce
t
∈

[T
],

co
m

p
u
te

th
e

m
o
d
el

u
n
ce

rt
a
in

ty
(v

ar
ia

n
ce

)
as

σ
2 D

(M̂
·,t

)
=
σ̂

2
+
M̂

T ·,t
Σ
D
M̂
·,t
,

(1
6)

w
h
er

e
M̂
·,t

=
[M̂

it
] 2
≤
i≤
N

is
th

e
d
e-

n
o
is

ed
ve

ct
or

of
d
on

or
ou

tc
om

es
at

ti
m

e
t.
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A
m
ja

d
,
S
h
a
h
,
S
h
e
n

ra
n

ge
.

S
p

ec
ifi

ca
ll

y,
th

e
re

ve
rs

e
tr

an
sf
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at
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b
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d
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p
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b
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b
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p
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w
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p
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p
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d
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p
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b
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b
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b
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b
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p
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>
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n
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at
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p
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d
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e
si

n
g
u

la
r

va
lu

es
w

e
w

is
h

to
in

cl
u
d

e
in

th
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p
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is

k
n
ow

n
a

p
ri

o
ri

th
a
t

th
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ra
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.
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p
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b
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p
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p
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p
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p
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−
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p
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at
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p
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p
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p
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p
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p
ro

p
os

e
an

ot
h
er

su
ch

u
n
iv

er
sa

l
th
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p
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p
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p
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p
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d
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d
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ra
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at
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ra
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p
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d
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p
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e
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rw
a
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g
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te
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th
e
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g
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d
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b
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∈
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p
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r
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p
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b
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b
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re
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at
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b
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d
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b
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v
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b
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b
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at
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b
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com
p
u
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r
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g
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an
d

algorith
m
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w
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n
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th
at
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ctu
re,
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e
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p
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on
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e
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h
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b
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l
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d
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ra
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k
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u
n
d
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g
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m
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W
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b
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w
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b
y
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ran
k
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large
cla
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f
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n
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n
s.
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o
r
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n
ce,

if
th

e
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ten
t

p
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ra
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ssu
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ed

va
lu
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fro
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a

b
o
u
n
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,
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p
a
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set,
an
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if
f
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b
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w
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b
y
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C
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w
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b
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b
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b
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ra
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b
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d
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p
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p
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w
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p
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b
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cova
ria

tes
a
n

d
d

o
m

a
in

ex
p

ertise
a
s

lu
x
u

ries
a
s

o
p

p
o
sed

to
n
ecessities

fo
r

m
a
n
y

p
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b
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b
efore

in
corp

oratin
g

ad
d

ition
al

in
form

ation
.

M
oreover,

oth
er

th
an

th
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ob
v
iou

s
b

en
efi

t
of

n
arrow

in
g

th
e

d
on

or
p

o
ol,

d
om

ain
ex

p
ertise

can
also

com
e

in
h

an
d

y
in

variou
s

settin
gs,

su
ch

as
d
eterm

in
in

g
th

e
ap

p
rop

riate
m

eth
o
d

for
im

p
u

tin
g

th
e

m
issin

g
en

tries
in

th
e

d
ata.

F
or

in
stan

ce,
if

it
is

k
n

ow
n

a
p

riori
th

at
th

ere
is

a
tren

d
or

p
erio

d
icity

in
th

e
tim

e
series

ev
o
lu

tio
n

fo
r

th
e

u
n

its,
it

m
ay

b
eh

o
ov

e
th

e
p

ra
ctitio

n
er

to
im

p
u
te

th
e

m
issin

g
en

tries
u
sin

g
“
n
ea

rest-n
eigh

b
o
rs”

o
r

lin
ea

r
in

terp
olatio

n
.

4
.
T
h
e
o
re
tica

l
R
e
su

lts

In
th

is
sectio

n
,

w
e

d
eriv

e
th

e
fi

n
ite

sa
m

p
le

a
n

d
a
sy

m
p

to
tic

p
ro

p
erties

o
f

th
e

estim
a
to

rs
M̂

a
n

d
M̂

1 .
W

e
b

eg
in

b
y

d
efi

n
in

g
n

ecessa
ry

n
o
ta

tio
n

s
a
n

d
reca

llin
g

a
few

o
p

era
tin

g
a
ssu

m
p

tio
n

s
p

rio
r

to
p

resen
tin

g
th

e
resu

lts,
w

ith
th

e
co

rresp
o
n

d
in

g
p

ro
o
fs

releg
a
ted

to
th

e
A

p
p

en
d

ix
.

T
o

th
a
t

en
d

,
w

e
re-w

rite
(3)

in
m

a
trix

fo
rm

a
s
X

=
M

+
E

,
w

h
ere

E
=

[ε
it ]2≤

i≤
N
,t∈

[T
]

d
en

o
tes

th
e

n
o
ise

m
a
trix

.
W

e
sh

a
ll

a
ssu

m
e

th
a
t

th
e

n
o
ise

p
a
ra

m
eters

ε
it

a
re

in
d

ep
en

d
en

t
zero

-m
ea

n
ra

n
d

o
m

va
ria

b
les

w
ith

b
ou

n
d
ed

secon
d

m
om

en
ts.

S
p

ecifi
cally,

for
all

2
≤
i≤

N
,t∈

[T
],

E
[ε
it ]

=
0,

an
d

V
a
r(ε

it )
=
σ

2.
(17)

W
e

sh
a
ll

a
lso

a
ssu

m
e

th
a
t

th
e

trea
tm

en
t

u
n

it
n

o
ise

in
(5)

o
b

ey
s

(1
7).

F
u

rth
er,

w
e

a
ssu

m
e

th
e

rela
tio

n
sh

ip
in

(6)
h

o
ld

s.
T

o
sim

p
lify

th
e

fo
llow

in
g

ex
p

o
sitio

n
,

w
e

a
ssu

m
e

th
a
t
|M

ij |≤
1

a
n

d
|X

ij |≤
1
.

A
s

p
rev

iou
sly

d
iscu

ssed
,

w
e

evalu
ate

th
e

accu
racy

of
ou

r
estim

ated
m

ean
s

for
th

e
treatm

en
t

u
n
it

w
ith

resp
ect

to
th

e
d
ev

ia
tio

n
b

etw
een

M̂
1

a
n
d
M

1
m

ea
su

red
in
`
2 -n

o
rm

,
a
n
d

sim
ila

rly
b

etw
een

M̂
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A
m
ja

d
,
S
h
a
h
,
S
h
e
n

an
d
M

.
A

d
d

ition
ally,

w
e

aim
to

estab
lish

th
e

valid
ity

of
ou

r
p

re-in
terven

tion
lin

ear
m

o
d

el
assu

m
p

tion
(cf.

(6))
an

d
in

vestigate
h

ow
th

e
lin

ear
relation

sh
ip

tran
slates

over
to

th
e

p
ost-in

terven
tion

regim
e,

i.e.
if
M
−1

=
(M

−
)
T
β
∗

fo
r

so
m

e
β
∗,

d
o
es
M

+1
(a

p
p

rox
im

a
tely

)
eq

u
a
l

to
(M

+
)
T
β
∗?

If
so

,
u

n
d

er
w

h
a
t

con
d

ition
s?

W
e

p
resen

t
ou

r
resu

lts
for

th
e

ab
ove

asp
ects

after
a

b
rief

m
otivation

of
`
2

regu
larization

.

C
o
m

b
a
ttin

g
o
v
e
rfi

ttin
g
.

O
n

e
w

eap
on

to
com

b
at

overfi
ttin

g
is

to
con

strain
th

e
learn

in
g

algorith
m

to
lim

it
th

e
eff

ective
m

o
d

el
com

p
lex

ity
b
y

fi
ttin

g
th

e
d

ata
u

n
d

er
a

sim
p

ler
h
y
p

oth
esis.

T
h

is
tech

n
iq

u
e

is
k
n

ow
n

a
s

reg
u

la
riza

tio
n

,
a
n

d
it

h
a
s

b
een

w
id

ely
u

sed
in

p
ra

ctice.
T

o
em

p
loy

reg
u

la
riza

tio
n

,
w

e
in

tro
d
u
ce

a
com

p
lex

ity
p

en
alty

term
in

to
th

e
ob

jective
fu

n
ction

(10).
F

or
a

gen
eral

regu
larizer,

th
e

ob
jective

fu
n
ction

tak
es

th
e

form

β̂
(η

)
=

arg
m

in
v∈

R
N

−
1 ∥∥∥
Y
−1
−

(M̂
−

)
T
v ∥∥∥

2

+
η
N
−

1
∑j
=

1 |v
j | q,

(1
8)

for
som

e
ch

oice
of

p
ositive

con
stan

ts
η

an
d
q.

T
h

e
fi

rst
term

m
easu

res
th

e
em

p
irical

error
of

th
e

m
o
d

el
on

th
e

given
d
ataset,

w
h
ile

th
e

secon
d

term
p

en
alizes

m
o
d
els

th
at

are
to

o
“com

p
lex

”
b
y

con
trollin

g
th

e
“
sm

o
o
th

n
ess”

o
f

th
e

m
o
d

el
in

o
rd

er
to

av
o
id

ov
erfi

ttin
g
.

In
g
en

era
l,

th
e

im
p

a
ct/

tra
d

e-o
ff

o
f

reg
u

la
riza

tio
n

ca
n

b
e

co
n
tro

lled
b
y

th
e

va
lu

e
o
f

th
e

reg
u

la
riza

tio
n

p
a
ra

m
eter

η
.

V
ia

th
e

u
se

o
f

L
a
g
ra

n
g
e

m
u
ltip

liers,
w

e
n
o
te

th
a
t

m
in

im
izin

g
(1

8)
is

eq
u
iva

len
t

to
m

in
im

izin
g

(1
0)

su
b

ject
to

th
e

con
stra

in
t

th
at

N
−

1
∑j
=

1 |v
j | q≤

c,

for
som

e
ap

p
rop

riate
valu

e
of
c.

W
h
en

q
=

2,
(1

8)
corresp

on
d
s

to
th

e
classical

setu
p

k
n
ow

n
as

rid
ge

regressio
n

or
w

eigh
t

d
eca

y.
T

h
e

case
of
q

=
1

is
k
n
ow

n
as

th
e

L
A

S
S
O

in
th

e
statistics

literatu
re;

th
e

`
1 -n

orm
regu

larization
of

L
A

S
S
O

is
a

p
op

u
la

r
h
eu

ristic
fo

r
fi
n
d
in

g
a

sp
arse

solu
tion

.
In

eith
er

case,
in

corp
oratin

g
an

ad
d

ition
al

regu
larization

term
en

cou
rages

th
e

learn
in

g
algorith

m
to

ou
tp

u
t

a
sim

p
ler

m
o
d

el
w

ith
resp

ect
to

som
e

m
easu

re
of

com
p

lex
ity,

w
h

ich
h

elp
s

th
e

algorith
m

avoid
overfi

ttin
g

to
th

e
id

iosy
n
crasies

w
ith

in
th

e
ob

served
d
ataset.

A
lth

ou
gh

th
e

train
in

g
error

m
ay

su
ff

er
from

th
e

sim
p
ler

m
o
d

el,
em

p
irica

l
stu

d
ies

h
av

e
d

em
o
n

stra
ted

th
a
t

th
e

g
en

era
liza

tio
n

erro
r

ca
n

b
e

g
rea

tly
im

p
rov

ed
u

n
d

er
th

is
n

ew
settin

g.
T

h
rou

gh
ou

t
th

is
section

,
w

e
w

ill
p

rim
arily

fo
cu

s
ou

r
atten

tion
on

th
e

case
of

q
=

2,
w

h
ich

m
ain

tain
s

ou
r

learn
in

g
ob

jective
to

b
e

(con
vex

)
q
u

ad
ratic

in
th

e
p

aram
eter

v
so

th
at

its
ex

act
m

in
im

izer
can

b
e

fou
n
d

in
clo

sed
fo

rm
:

β̂
(η

)
=
(
M̂
−

(M̂
−

)
T

+
η
I )
−

1M̂
−
Y
−1
.

(1
9)

4
.1

Im
p

u
ta

tio
n

a
n

a
ly

sis.

In
th

is
sectio

n
,

w
e

h
ig

h
lig

h
t

th
e

im
p

o
rta

n
ce

o
f

o
u

r
d

e-n
o
isin

g
p

ro
ced

u
re

a
n

d
p

rescrib
e

a
u

n
iv

ersa
l

th
resh

o
ld

(sim
ila

r
to

th
a
t

o
f

C
h

a
tterjee

(2
0
1
5
))

th
a
t

d
ex

tero
u

sly
d

istin
g
u

ish
es

sig
n

a
l

fro
m

n
o
ise,

en
a
b

lin
g

th
e

a
lg

o
rith

m
to

ca
p

tu
re

th
e

a
p

p
ro

p
ria

te
a
m

o
u

n
t

o
f

u
sefu

l
in

fo
rm

a
tio

n
(en

co
d

ed
in

th
e

sin
g
u

la
r

va
lu

es
o
f
Y

)
w

h
ile

d
isca

rd
in

g
o
u

t
th

e
ra

n
d

o
m

n
ess.

D
u

e
to

its
u

n
iv

ersa
lity,

th
e

th
resh

o
ld

n
atu

rally
ad

ap
ts

to
th

e
am

ou
n
t

of
stru

ctu
re

w
ith

in
M

in
a

p
u
rely

d
ata-d

riven
m

an
n
er.

S
p

ecifi
cally,

for
an

y
ch

oice
of
ω
∈

(0
.1,1

),
w

e
fi
n
d

th
at

ch
o
osin

g

µ
=

(2
+
ω

) √
T

(σ̂
2p̂

+
p̂
(1−

p̂
)),

(2
0
)

resu
lts

in
a
n

estim
a
to

r
w

ith
stro

n
g

th
eo

retica
l

p
ro

p
erties

fo
r

b
o
th

in
terp

o
la

tio
n

a
n

d
ex

tra
p

o
la

tio
n

(d
iscu

ssed
in

S
ectio

n
4
.2

).
H

ere,
p̂

a
n

d
σ̂

2
d

en
o
te

th
e

u
n
b

ia
sed

m
a
x
im

u
m

lik
elih

o
o
d

estim
a
tes

o
f
p

an
d
σ

2,
resp

ectively,
a
n
d

can
b

e
co

m
p
u
ted

v
ia

(9)
a
n
d

(12
).

1
2
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R
o
b
u
st

S
y
n
t
h
e
t
ic

C
o
n
t
r
o
l

T
h

e
fo

ll
ow

in
g

T
h

eo
re

m
s

(a
d

ap
te

d
fr

om
T

h
eo

re
m

s
2.

1
an

d
2.

7
of

C
h

at
te

rj
ee

(2
01

5)
)

d
em

on
st

ra
te

th
at

S
te

p
1

of
ou

r
al

go
ri

th
m

(d
et

ai
le

d
in

S
ec

ti
on

3.
2)

ac
cu

ra
te

ly
im

p
u
te

s
m

is
si

n
g

en
tr

ie
s

w
it

h
in

ou
r

d
at

a
m

at
ri

x
X

w
h

en
th

e
si

gn
al

m
at

ri
x
M

is
ei

th
er

lo
w

ra
n

k
or

ge
n

er
at

ed
b
y

an
L-

L
ip

sc
h

it
z

fu
n

ct
io

n
.

In
p
ar

ti
cu

la
r,

T
h
eo

re
m

s
1

an
d

2
st

at
e

th
at

S
te

p
1

p
ro

d
u
ce

s
a

co
n
si

st
en

t
es

ti
m

at
or

of
th

e
u
n
d
er

ly
in

g
m

ea
n

m
at

ri
x
M

w
it

h
re

sp
ec

t
to

th
e

(m
at

ri
x
)

m
ea

n
-s

q
u
a
re

d
-e

rr
or

,
w

h
ic

h
is

d
efi

n
ed

as

M
S
E

(M̂
)

=
E[

1

(N
−

1)
T

N ∑ i=
2

T ∑ j
=

1

(M̂
ij
−
M
ij

)2

] .
(2

1
)

W
e

sa
y

th
at
M̂

is
a

co
n
si

st
en

t
es

ti
m

at
or

of
M

if
th

e
ri

gh
t-

h
an

d
si

d
e

of
(2

1)
co

n
ve

rg
es

to
ze

ro
as
N

a
n
d
T

g
ro

w
w

it
h
o
u
t

b
ou

n
d
.

T
h

e
fo

ll
ow

in
g

th
eo

re
m

d
em

o
n

st
ra

te
s

th
a
t
M̂

is
a

g
o
o
d

es
ti

m
a
te

o
f
M

w
h

en
M

is
a

lo
w

ra
n

k
m

at
ri

x
,

p
ar

ti
cu

la
rl

y
w

h
en

th
e

ra
n
k

o
f
M

is
sm

al
l

co
m

p
a
re

d
to

(N
−

1
)p

.

T
h

e
o
re

m
1

(T
h

e
o
re

m
2
.1

o
f

C
h

a
tt

e
rj

e
e

(2
0
1
5
))

S
u

p
po

se
th

a
t
M

is
ra

n
k
k

.
S

u
p
po

se
th

a
t

p
≥

T
−

1
+
ζ

σ
2
+

1
fo

r
so

m
e
ζ
>

0.
T

h
en

u
si

n
g
µ

a
s

d
efi

n
ed

in
(2

0)
,

M
S
E

(M̂
)
≤
C

1

√
k

(N
−

1)
p

+
O
(

1

(N
−

1
)T

) ,
(2

2
)

w
h
er

e
C

1
is

a
u

n
iv

er
sa

l
po

si
ti

ve
co

n
st

a
n

t.

S
u

p
p

o
se

th
a
t

th
e

la
te

n
t

ro
w

a
n

d
co

lu
m

n
fe

a
tu

re
v
ec

to
rs

,
{θ
i}

a
n

d
{ρ
j
},

b
el

o
n

g
to

so
m

e
b

o
u

n
d

ed
,

cl
os

ed
se

ts
K
⊂

R
d
,

w
h

er
e
d

is
so

m
e

ar
b

it
ra

ry
b

u
t

fi
x
ed

d
im

en
si

on
.

If
w

e
as

su
m

e
f

:
K
×
K
→

[−
1,

1]

p
os

se
ss

es
d

es
ir

ab
le

sm
o
ot

h
n

es
s

p
ro

p
er

ti
es

su
ch

as
L

ip
sc

h
it

zn
es

s,
th

en
M̂

is
ag

ai
n

a
go

o
d

es
ti

m
at

e
of

M
.

T
h

e
o
re

m
2

(T
h

e
o
re

m
2
.7

o
f

C
h

a
tt

e
rj

e
e

(2
0
1
5
))

S
u

p
po

se
f

is
a
L-

L
ip

sc
h
it

z
fu

n
ct

io
n

.
S

u
p
po

se

th
a
t
p
≥

T
−

1
+
ζ

σ
2
+

1
fo

r
so

m
e
ζ
>

0.
T

h
en

u
si

n
g
µ

a
s

d
efi

n
ed

in
(2

0)
,

M
S
E

(M̂
)
≤
C

(K
,d
,L

)
(N
−

1)
−

1
d
+

2

√
p

+
O
(

1

(N
−

1)
T

) ,
(2

3
)

w
h
er

e
C

(K
,d
,L

)
is

a
co

n
st

a
n

t
d
ep

en
d
in

g
o
n
K
,d
,

a
n

d
L.

It
is

im
p

or
ta

n
t

to
ob

se
rv

e
th

at
th

e
m

o
d

el
s

u
n

d
er

co
n

si
d

er
at

io
n

fo
r

b
ot

h
T

h
eo

re
m

s
1

an
d

2
en

co
m

p
as

s
th

e
m

ea
n

m
a
tr

ic
es

,
M

,
g
en

er
a
te

d
a
s

p
er

m
a
n
y

o
f

th
e

p
o
p

u
la

r
E

co
n
o
m

et
ri

c
fa

ct
o
r

m
o
d

el
s

o
ft

en
co

n
si

d
er

ed
in

li
te

ra
tu

re
an

d
as

su
m

ed
in

p
ra

ct
ic

e.
T

h
er

ef
or

e,
d

e-
n

oi
si

n
g

th
e

d
at

a
se

rv
es

as
an

im
p

or
ta

n
t

im
p
u
ti

n
g

an
d

fi
lt

er
in

g
p
ro

ce
d
u
re

fo
r

a
w

id
e

ar
ra

y
of

a
p
p
li
ca

ti
on

s.

4
.2

F
o
re

c
a
st

in
g

a
n

a
ly

si
s:

p
re

-i
n
te

rv
e
n
ti

o
n

re
g
im

e
.

S
im

il
ar

to
th

e
se

tt
in

g
fo

r
in

te
rp

ol
at

io
n
,

th
e

p
re

d
ic

ti
on

p
er

fo
rm

an
ce

m
et

ri
c

of
in

te
re

st
is

th
e

av
er

ag
e

m
ea

n
-s

q
u
a
re

d
-e

rr
or

in
es

ti
m

at
in

g
M
− 1

u
si

n
g
M̂
− 1

.
P

re
ci

se
ly

,
w

e
d
efi

n
e

M
S
E

(M̂
− 1

)
=

E[
1 T
0

T
0 ∑ t=
1

(M
1
t
−
M̂

1
t
)2

] .
(2

4
)

If
th

e
ri

g
h
t-

h
a
n
d

si
d
e

o
f

(3
3)

a
p
p
ro

a
ch

es
ze

ro
in

th
e

li
m

it
a
s
T

0
g
ro

w
s

w
it

h
o
u
t

b
o
u
n
d
,

th
en

w
e

sa
y

th
at
M̂
− 1

is
a

co
n
si

st
en

t
es

ti
m

a
to

r
of
M
− 1

(n
ot

e
th

a
t

o
u
r

an
al

y
si

s
h
er

e
as

su
m

es
th

at
on

ly
T

0
→
∞

).

In
w

h
at

fo
ll

ow
s,

w
e

fi
rs

t
st

at
e

th
e

fi
n

it
e

sa
m

p
le

b
ou

n
d

on
th

e
av

er
ag

e
M

S
E

b
et

w
ee

n
M̂
− 1

an
d
M
− 1

fo
r

th
e

m
os

t
ge

n
er

ic
se

tu
p

(T
h
eo

re
m

3)
.

A
s

a
m

ai
n

C
or

ol
la

ry
of

th
e

re
su

lt
,

w
e

sp
ec

ia
li
ze

th
e

b
ou

n
d

in
th

e
ca

se
w

h
er

e
w

e
u

se
o
u

r
p

re
sc

ri
b

ed
u

n
iv

er
sa

l
th

re
sh

o
ld

.
F

in
a
ll

y,
w

e
d

is
cu

ss
a

m
in

o
r

va
ri

a
ti

o
n

o
f

th
e

a
lg

o
ri

th
m

w
h

er
e

th
e

d
a
ta

is
p

re
-p

ro
ce

ss
ed

,
a
n

d
sp

ec
ia

li
ze

th
e

a
b

ov
e

re
su

lt
to

es
ta

b
li

sh
th

e
co

n
si

st
en

cy
of

ou
r

es
ti

m
a
to

r
(T

h
eo

re
m

5)
.
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A
m
ja

d
,
S
h
a
h
,
S
h
e
n

4
.2
.1

G
e
n
e
r
a
l
r
e
su

lt
.

W
e

p
ro

v
id

e
a

fi
n

it
e

sa
m

p
le

er
ro

r
b

o
u
n

d
fo

r
th

e
m

o
st

g
en

er
ic

se
tt

in
g
,

i.
e.

fo
r

a
n
y

ch
o
ic

e
o
f

th
e

th
re

sh
ol

d
,
µ

,
an

d
re

gu
la

ri
za

ti
on

h
y
p

er
p
ar

am
et

er
,
η
.

T
h

e
o
re

m
3

L
et
S

d
en

o
te

th
e

se
t

o
f

si
n

gu
la

r
va

lu
es

in
cl

u
d
ed

in
th

e
im

p
u

ta
ti

o
n

p
ro

ce
d
u

re
,

i.
e.

,
th

e
se

t
o
f

si
n

gu
la

r
va

lu
es

gr
ea

te
r

th
a
n
µ

.
T

h
en

fo
r

a
n

y
η
≥

0
a
n

d
µ
≥

0
,

th
e

p
re

-i
n

te
rv

en
ti

o
n

er
ro

r
o
f

th
e

a
lg

o
ri

th
m

ca
n

be
bo

u
n

d
ed

a
s

M
S
E

(M̂
− 1

)
≤

C
1

p
2
T

0
E(
λ
∗

+
‖Y
−
p
M
‖+

∥ ∥ (
p̂
−
p
)M

−
∥ ∥)

2

+
2σ

2
|S
|

T
0

+
η
‖β
∗ ‖

2

T
0

+
C

2
e−

c
p
(N
−

1
)T
. (2
5)

H
er

e,
λ

1
,.
..
,λ
N
−

1
a
re

th
e

si
n

gu
la

r
va

lu
es

o
f
p
M

in
d
ec

re
a
si

n
g

o
rd

er
a
n

d
re

pe
a
te

d
by

m
u

lt
ip

li
ci

ti
es

,
w

it
h
λ
∗

=
m

ax
i
/∈S
λ
i;
C

1
,C

2
a
n

d
c

a
re

u
n

iv
er

sa
l

po
si

ti
ve

co
n

st
a
n

ts
.

B
ia

s-
v
a
ri

a
n

c
e

tr
a
d

e
o
ff

.
L

et
u
s

in
te

rp
re

t
th

e
re

su
lt

b
y

p
a
rs

in
g

th
e

te
rm

s
in

th
e

er
ro

r
b

o
u
n
d
.

T
h
e

la
st

te
rm

d
ec

ay
s

ex
p

on
en

ti
al

ly
w

it
h

(N
−

1)
T

,
as

lo
n

g
as

th
e

fr
ac

ti
on

of
ob

se
rv

ed
en

tr
ie

s
is

su
ch

th
at

,
on

av
er

ag
e,

w
e

se
e

a
su

p
er

-c
on

st
an

t
n
u

m
b

er
of

en
tr

ie
s,

i.
e.
p
(N
−

1)
T
�

1.
M

or
e

in
te

re
st

in
gl

y,
th

e
fi

rs
t

tw
o

te
rm

s
h
ig

h
li
gh

t
th

e
“b

ia
s-

va
ri

an
ce

tr
ad

eo
ff

”
of

th
e

al
go

ri
th

m
w

it
h

re
sp

ec
t

to
th

e
si

n
gu

la
r

va
lu

e
th

re
sh

ol
d
µ

.
P

re
ci

se
ly

,
th

e
si

ze
of

th
e

se
t
S

in
cr

ea
se

s
w

it
h

a
d
ec

re
as

in
g

va
lu

e
of

th
e

h
y
p

er
p
ar

am
et

er
µ

,
ca

u
si

n
g

th
e

se
co

n
d

er
ro

r
te

rm
to

in
cr

ea
se

.
S

im
u

lt
an

eo
u

sl
y,

h
ow

ev
er

,
th

is
le

ad
s

to
a

d
ec

re
as

e
in
λ
∗ .

N
ot

e
th

at
λ
∗

d
en

ot
es

th
e

as
p

ec
t

of
th

e
“s

ig
n

al
”

w
it

h
in

th
e

m
at

ri
x
M

th
at

is
n

ot
ca

p
tu

re
d

d
u

e
to

th
e

th
re

sh
o
ld

in
g

th
ro

u
g
h
S

.
O

n
th

e
o
th

er
h

a
n

d
,

th
e

se
co

n
d

te
rm

,
|S
|σ

2
/
T

0
,

re
p

re
se

n
ts

th
e

a
m

o
u

n
t

o
f

“
n

o
is

e”
ca

p
tu

re
d

b
y

th
e

a
lg

o
ri

th
m

,
b

u
t

w
ro

n
g
fu

ll
y

in
te

rp
re

te
d

a
s

a
si

g
n

a
l,

d
u

ri
n

g
th

e
th

re
sh

o
ld

in
g

p
ro

ce
ss

.
In

o
th

er
w

o
rd

s,
if

w
e

u
se

a
la

rg
e

th
re

sh
o
ld

,
th

en
o
u

r
m

o
d

el
m

ay
fa

il
to

ca
p

tu
re

p
er

ti
n

en
t

in
fo

rm
at

io
n

en
co

d
ed

in
M

;
if

w
e

u
se

a
sm

al
l

th
re

sh
ol

d
,

th
en

th
e

al
go

ri
th

m
m

ay
ov

er
fi
t

th
e

sp
u
ri

ou
s

p
at

te
rn

s
in

th
e

d
at

a.
T

h
u

s,
th

e
h
y
p

er
p

ar
am

et
er
µ

p
ro

v
id

es
a

w
ay

to
tr

ad
e-

off
“b

ia
s”

(fi
rs

t
te

rm
)

an
d

“v
ar

ia
n
ce

”
(s

ec
on

d
te

rm
).

4
.2
.2

G
o
l
d
il
o
c
k
s
p
r
in
c
ip
l
e
:
a
u
n
iv
e
r
sa

l
t
h
r
e
sh

o
l
d
.

U
si

n
g

th
e

u
n

iv
er

sa
l

th
re

sh
ol

d
d

efi
n

ed
in

(2
0)

,
w

e
n

ow
h

ig
h

li
gh

t
th

e
p
re

d
ic

ti
on

p
ow

er
of

ou
r

es
ti

m
at

or
fo

r
a
n
y

ch
o
ic

e
o
f
η
,

th
e

re
g
u
la

ri
za

ti
o
n

h
y
p

er
p
a
ra

m
et

er
.

A
s

d
es

cr
ib

ed
in

S
ec

ti
o
n

4
.1

,
th

e
p
re

sc
ri

b
ed

th
re

sh
o
ld

a
u
to

m
a
ti

ca
ll
y

ca
p
tu

re
s

th
e

“
co

rr
ec

t”
le

v
el

o
f

in
fo

rm
a
ti

o
n

en
co

d
ed

in
th

e
(n

o
is

y
)

si
n
g
u
la

r
va

lu
es

o
f
Y

in
a

d
a
ta

-d
ri

v
en

m
a
n

n
er

,
d

ep
en

d
en

t
o
n

th
e

st
ru

ct
u

re
o
f
M

.
H

ow
ev

er
,

u
n

li
k
e

th
e

st
at

em
en

ts
in

T
h
eo

re
m

s
1

an
d

2,
th

e
fo

ll
ow

in
g

b
ou

n
d

d
o
es

n
ot

re
q
u
ir

e
M

to
b

e
lo

w
ra

n
k

or
f

to
b

e
L

ip
sc

h
it

z.

C
o
ro

ll
a
ry

4
S

u
p
po

se
p
≥

T
−

1
+
ζ

σ
2
+

1
fo

r
so

m
e
ζ
>

0
.

L
et
T
≤
α
T

0
fo

r
so

m
e

co
n

st
a
n

t
α
>

1
.

T
h
en

fo
r

a
n

y
η
≥

0
a
n

d
u

si
n

g
µ

a
s

d
efi

n
ed

in
(2

0)
,

th
e

p
re

-i
n

te
rv

en
ti

o
n

er
ro

r
is

bo
u

n
d
ed

a
bo

ve
by

M
S
E

(M̂
− 1

)
≤
C

1 p
(σ

2
+

(1
−
p
))

+
O

(1
/√

T
0
),

(2
6)

w
h
er

e
C

1
is

a
u

n
iv

er
sa

l
po

si
ti

ve
co

n
st

a
n

t.

A
s

a
n

im
p
li
ca

ti
o
n
,

if
p

=
(1

+
ϑ

)√
T

0
/(

1
+
√
T

0
)

a
n
d
σ

2
≤
ϑ

,
w

e
h
av

e
th

a
t

M
S
E

(M̂
− 1

)
=
O

(1
/
√
T

0
).

M
o
re

g
en

er
a
ll
y,

C
o
ro

ll
a
ry

4
sh

ow
s

th
a
t

b
y

a
d
ro

it
ly

ca
p
tu

ri
n
g

th
e

si
g
n

a
l,

th
e

re
su

lt
in

g
er

ro
r

b
o
u

n
d

si
m

p
ly

d
ep

en
d
s

on
th

e
va

ri
an

ce
of

th
e

n
oi

se
te

rm
s,
σ

2
,

an
d

th
e

er
ro

r
in

tr
o
d

u
ce

d
d

u
e

to
m

is
si

n
g

d
at

a.
Id

ea
ll
y,

on
e

w
ou

ld
h
op

e
to

ov
er

co
m

e
th

e
er

ro
r

te
rm

w
h
en

T
0

is
su

ffi
ci

en
tl

y
la

rg
e.

T
h
is

m
ot

iv
at

es
th

e
fo

ll
ow

in
g

se
tu

p
.
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R
o
b
u
st

S
y
n
t
h
e
t
ic

C
o
n
t
r
o
l

4
.2
.3

C
o
n
sist

e
n
c
y
.

W
e

p
resen

t
a

straigh
tforw

ard
p

re-p
ro

cessin
g

step
th

at
lead

s
to

th
e

con
sisten

cy
of

ou
r

algorith
m

.
T

h
e

p
re-p

ro
cessin

g
step

sim
p

ly
in

v
o
lv

es
rep

la
cin

g
th

e
co

lu
m

n
s

o
f
X

b
y

th
e

av
era

g
es

o
f

su
b

sets
o
f

its
co

lu
m

n
s.

T
h
is

a
d
m

its
th

e
sa

m
e

setu
p

a
s

b
efo

re,
b
u
t

w
ith

th
e

va
ria

n
ce

fo
r

ea
ch

n
o
ise

term
red

u
ced

.
A

n
im

p
licit

sid
e

b
en

efi
t

o
f

th
is

a
p
p
ro

a
ch

is
th

a
t

req
u
ired

S
V

D
step

in
th

e
a
lg

o
rith

m
is

n
ow

a
p
p
lied

to
a

m
atrix

of
sm

a
ller

d
im

en
sion

s.
T

o
b

eg
in

,
p

a
rtitio

n
th

e
T

0
co

lu
m

n
s

o
f

th
e

p
re-in

terv
en

tio
n

d
a
ta

m
a
trix

X
−

in
to

∆
b

lo
ck

s,
ea

ch
o
f

size
τ

=
bT

0 /∆
c

ex
cep

t
p

o
ten

tia
lly

th
e

la
st

b
lo

ck
,

w
h

ich
w

e
sh

a
ll

ig
n

o
re

fo
r

th
eo

retica
l

p
u

rp
o
ses;

in
p

ra
ctice,

h
ow

ev
er,

th
e

rem
a
in

in
g

co
lu

m
n

s
ca

n
b

e
p

la
ced

in
to

th
e

la
st

b
lo

ck
.

L
et

B
j

=
{
(j−

1)τ
+
`

:
1≤

`≤
τ}

d
en

ote
th

e
colu

m
n

in
d

ices
of
X
−

w
ith

in
p

artition
j∈

[∆
].

N
ex

t,
w

e
rep

la
ce

th
e
τ

co
lu

m
n

s
w

ith
in

ea
ch

p
a
rtitio

n
b
y

th
eir

av
era

g
e,

a
n

d
th

u
s

crea
te

a
n

ew
m

a
trix

,
X̄
−

,
w

ith
∆

co
lu

m
n
s

a
n
d
N
−

1
row

s.
P

recisely,
X̄
−

=
[X̄

ij ]2≤
i≤
N
,j∈

[∆
]

w
ith

X̄
ij

=
1τ

∑t∈
B
j

X
it ·

D
it ,

(27
)

w
h
ere

D
it

=

{
1

if
X
it

is
o
b
serv

ed
,

0
oth

erw
ise.

F
o
r

th
e

treatm
en

t
row

,
let

X̄
1
j

=
p̂τ ∑

t∈
B
j
X

1
t

for
all

j∈
[∆

] 2.
L

et
M̄
−

=
[M̄

ij ]2≤
i≤
N
,j∈

[∆
]

w
ith

M̄
ij

=
E

[X̄
ij ]

=
pτ

∑t∈
B
j

M
it .

(2
8)

W
e

ap
p

ly
th

e
algorith

m
to
X̄
−

to
p

ro
d

u
ce

th
e

estim
ate

ˆ̄M
−

of
M̄
−

,
w

h
ich

is
su

ffi
cien

t
to

p
ro

d
u

ce
β̂

(η
).

T
h
is
β̂

(η
)

can
b

e
u
sed

to
p
ro

d
u
ce

th
e

p
ost-in

terven
tion

sy
n
th

etic
con

trol
m

ean
s
M̂

+1
=

[M̂
1
t ]T

0
<
t≤
T

in
a

sim
ilar

m
an

n
er

as
b

efo
re

3:
fo

r
T

0
<
t≤

T
,

M̂
1
t

=
N
∑i=

2

β̂
i (η

)X
it .

(29
)

F
o
r

th
e

p
re-in

terv
en

tion
p

erio
d
,

w
e

p
ro

d
u
ce

th
e

estim
ato

r
ˆ̄M
−1

=
[

ˆ̄M
1
j ]j∈

[∆
] :

fo
r
j∈

[∆
],

ˆ̄M
1
j

=
N
∑i=

2

β̂
i (η

)
ˆ̄M
ij .

(3
0)

O
u
r

m
easu

re
of

estim
a
tion

error
is

d
efi

n
ed

as

M
S
E

(
ˆ̄M
−1

)
=

E [
1∆

∆
∑j
=

1 (M̄
1
j −

ˆ̄M
1
j )

2 ]
.

(31
)

F
or

sim
p

licity,
w

e
w

ill
an

aly
ze

th
e

case
w

h
ere

each
b

lo
ck

con
tain

s
at

least
on

e
en

try
su

ch
th

at
X̄
−

is
co

m
p
letely

o
b
serv

ed
.

W
e

n
ow

sta
te

th
e

follow
in

g
resu

lt.

2
.

A
lth

o
u
g
h

th
e

sta
tem

en
t

in
T

h
eo

rem
5

a
ssu

m
es

th
a
t

a
n

o
ra

cle
p
rov

id
es

th
e

tru
e
p
,
w

e
p
rescrib

e
p
ra

ctitio
n
ers

to
u

se
p̂

sin
ce
p̂

co
n
v
erg

es
to
p

a
lm

o
st

su
rely

b
y

th
e

S
tro

n
g

L
aw

o
f

L
a
rg

e
N

u
m

b
ers.

3
.

In
p

ra
ctice,

o
n

e
ca

n
fi

rst
d

e-n
o
ise
X

+
v
ia

step
o
n

e
o
f

S
ectio

n
3
,

a
n

d
u

se
th

e
en

tries
o
f
M̂

+
in

(2
9
).
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A
m
ja

d
,
S
h
a
h
,
S
h
e
n

T
h

e
o
re

m
5

F
ix

a
n

y
γ
∈

(0,1/2)
a
n

d
ω
∈

(0.1,1).
L

et
∆

=
T

12
+
γ

0
a
n

d
µ

=
(2+

ω
) √

T
2
γ

0
(σ̂

2p̂
+
p̂
(1−

p̂
)).

S
u

p
po

se
p
≥

T
−

2
γ

0

σ
2
+

1
is

kn
o
w

n
.

T
h
en

fo
r

a
n

y
η
≥

0
,

M
S
E

(
ˆ̄M
−1

)
=
O

(T
−

1
/
2
+
γ

0
).

(3
2
)

W
e

n
ote

th
at

th
e

m
eth

o
d

of
(A

b
ad

ie
an

d
G

ard
eazab

al,
2003,

S
ec

2.3)
learn

s
th

e
w

eigh
ts

(h
ere

β̂
(0))

b
y

p
re-p

ro
cessin

g
th

e
d
a
ta

.
O

n
e

co
m

m
o
n

p
re-p

ro
cessin

g
p
ro

p
o
sa

l
is

to
a
lso

a
g
g
reg

a
te

th
e

co
lu

m
n
s,

b
u

t
th

e
a
g
g
reg

a
tio

n
p

a
ra

m
eters

a
re

ch
o
sen

b
y

so
lv

in
g

a
n

o
p

tim
iza

tio
n

p
ro

b
lem

to
m

in
im

ize
th

e
resu

ltin
g

p
red

ictio
n

erro
r

o
f

th
e

o
b

serva
tio

n
s.

In
th

a
t

sen
se,

th
e

a
b

ov
e

av
era

g
in

g
o
f

co
lu

m
n

is
a

sim
p
le,

d
ata

agn
ostic

a
p
p
roach

to
a
ch

ieve
a

sim
ilar

eff
ect,

a
n
d

p
oten

tially
m

ore
eff

ectively.

4
.3

F
o
re

c
a
stin

g
a
n

a
ly

sis:
p

o
st-in

te
rv

e
n
tio

n
re

g
im

e
.

F
or

th
e

p
ost-in

terven
tion

regim
e,

w
e

con
sid

er
th

e
average

ro
ot-m

ean
-sq

u
ared

-error
in

m
easu

rin
g

th
e

p
erform

an
ce

of
ou

r
algorith

m
.

P
recisely,

w
e

d
efi

n
e

R
M

S
E

(M̂
+1

)
=

E [
1

√
T
−
T

0 (
T
∑t>
T
0 (M

1
t −

M̂
1
t )

2 )
1
/
2 ]
.

(3
3
)

T
h

e
k
ey

a
ssu

m
p

tio
n

o
f

o
u

r
a
n

a
ly

sis
is

th
a
t

th
e

trea
tm

en
t

u
n

it
sig

n
a
l

ca
n

b
e

w
ritten

a
s

a
lin

ea
r

co
m

b
in

a
tio

n
o
f

d
o
n

o
r

p
o
o
l

sig
n

a
ls.

S
p

ecifi
ca

lly,
w

e
a
ssu

m
e

th
a
t

th
is

rela
tio

n
sh

ip
h

o
ld

s
in

th
e

p
re-

in
terv

en
tio

n
reg

im
e,

i.e.
M
−1

=
(M

−
)
T
β
∗

fo
r

so
m

e
β
∗
∈

R
N
−

1
a
s

sta
ted

in
(6).

H
ow

ev
er,

th
e

q
u

estio
n

still
rem

a
in

s:
d

o
es

th
e

sa
m

e
rela

tio
n

sh
ip

h
o
ld

fo
r

th
e

p
o
st-in

terv
en

tio
n

reg
im

e
a
n

d
if

so
,

u
n
d
er

w
h
at

con
d
ition

s
d
o
es

it
h
old

?
W

e
state

a
sim

p
le

lin
ear

algeb
raic

fact
to

th
is

eff
ect,

ju
stify

in
g

th
e

ap
p

roach
of

sy
n
th

etic
con

trol.
It

is
w

orth
n

otin
g

th
at

th
is

im
p

ortan
t

asp
ect

h
as

b
een

am
iss

in
th

e
literatu

re,
p

oten
tially

im
p
licitly

b
elieved

or
assu

m
ed

startin
g

in
th

e
w

ork
b
y

A
b

ad
ie

an
d

G
ard

eazab
al

(2003).

T
h

e
o
re

m
6

L
et

E
qu

a
tio

n
(6

)
h
o
ld

fo
r

so
m

e
β
∗.

L
et

ran
k
(M

−
)

=
ra

n
k
(M

).
T

h
en

M
+1

=
(M

+
)
T
β
∗.

If
w

e
a
ssu

m
e

th
a
t

th
e

lin
ea

r
rela

tio
n
sh

ip
p
reva

ils
in

th
e

p
o
st-in

terv
en

tio
n

p
erio

d
,

th
en

w
e

a
rriv

e
a
t

th
e

follow
in

g
error

b
ou

n
d
.

T
h

e
o
re

m
7

S
u

p
po

se
p
≥

T
−

1
+
ζ

σ
2
+

1
fo

r
so

m
e
ζ
>

0
.

S
u

p
po

se
∥∥∥
β̂

(η
) ∥∥∥
∞
≤
ψ

fo
r

so
m

e
ψ
>

0
.

L
et

α
′T

0 ≤
T
≤
α
T

0
fo

r
so

m
e

co
n

sta
n

ts
α
′,α

>
1
.

T
h
en

fo
r

a
n

y
η
≥

0
a
n

d
u

sin
g
µ

a
s

d
efi

n
ed

in
(2

0),
th

e
po

st-in
terven

tio
n

erro
r

is
bo

u
n

d
ed

a
bo

ve
by

R
M

S
E

(M̂
+1

)≤
C

1
√
p

(σ
2

+
(1−

p
))

1
/
2

+
C

2 ‖M
‖

√
T

0

·E ∥∥∥
β̂

(η
)−

β
∗ ∥∥∥

+
O

(1
/ √

T
0 ),

w
h
ere

C
1

a
n

d
C

2
a
re

u
n

iversa
l

po
sitive

co
n

sta
n

ts.

B
e
n

e
fi

ts
o
f

re
g
u

la
riz

a
tio

n
.

In
o
rd

er
to

m
o
tiva

te
th

e
u

se
o
f

reg
u

la
riza

tio
n

,
w

e
a
n

a
ly

ze
th

e
erro

r
b

ou
n

d
s

of
T

h
eorem

s
3

an
d

7
to

ob
serve

h
ow

th
e

p
re-

an
d

p
ost-in

terven
tion

errors
react

to
regu

larization
.

A
s

seen
from

T
h

eorem
3,

th
e

p
re-in

terven
tion

error
in

crea
ses

lin
early

w
ith

resp
ect

to
th

e
ch

oice
of
η
.

In
tu

itively,
th

is
in

crease
in

p
re-in

terven
tion

error
d

erives
from

th
e

fact
th

at
regu

larization
red

u
ces

th
e

m
o
d

el
com

p
lex

ity,
w

h
ich

b
iases

th
e

m
o
d

el
an

d
h

an
d

icap
s

its
ab

ility
to

fi
t

th
e

d
ata.

A
t

th
e

sam
e

tim
e,

b
y

restrictin
g

th
e

h
y
p

o
th

esis
sp

a
ce

a
n

d
co

n
tro

llin
g

th
e

“
sm

o
o
th

n
ess”

o
f

th
e

m
o
d

el,
reg

u
la

riza
tio

n
p

reven
ts

th
e

m
o
d

el
from

overfi
ttin

g
to

th
e

d
ata,

w
h

ich
b

etter
eq

u
ip

s
th

e
m

o
d

el
to

gen
eralize

to
u

n
seen
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R
o
b
u
st

S
y
n
t
h
e
t
ic

C
o
n
t
r
o
l

d
at

a.
T

h
er

ef
or

e,
a

la
rg

er
va

lu
e

of
η

re
d
u

ce
s

th
e

p
os

t-
in

te
rv

en
ti

on
er

ro
r.

T
h

is
ca

n
b

e
se

en
b
y

ob
se

rv
in

g

th
e

se
co

n
d

er
ro

r
te

rm
o
f

T
h

eo
re

m
7
,

w
h
ic

h
is

co
n
tr

o
ll

ed
b
y

th
e

ex
p

re
ss

io
n
∥ ∥ ∥β̂

(η
)
−
β
∗∥ ∥ ∥

.
In

w
o
rd

s,

th
is

er
ro

r
is

a
fu

n
ct

io
n

o
f

th
e

le
a
rn

in
g

a
lg

o
ri

th
m

u
se

d
to

es
ti

m
a
te
β
∗ .

In
te

re
st

in
g
ly

,
F

a
re

b
ro

th
er

(1
97

6)
d
em

on
st

ra
te

s
th

at
th

er
e

ex
is

ts
a
n
η
>

0
su

ch
th

a
t

M
S
E

(β̂
(η

))
≤

M
S
E

(β̂
(0

))
,

w
it

h
ou

t
an

y
as

su
m

p
ti

on
s

on
th

e
ra

n
k

of
M̂
−

.
In

ot
h

er
w

or
d

s,
F

ar
eb

ro
th

er
(1

97
6)

d
em

on
st

ra
te

s
th

at

re
g
u
la

ri
za

ti
o
n

ca
n

d
ec

re
a
se

th
e

M
S
E

b
et

w
ee

n
β̂

(η
)

a
n
d

th
e

tr
u
e
β
∗ ,

th
u
s

re
d
u
ci

n
g

th
e

ov
er

a
ll

er
ro

r.
U

lt
im

at
el

y,
em

p
lo

y
in

g
ri

d
ge

re
gr

es
si

on
in

tr
o
d
u
ce

s
ex

tr
an

eo
u
s

b
ia

s
in

to
ou

r
m

o
d
el

,
y
ie

ld
in

g
a

h
ig

h
er

p
re

-i
n
te

rv
en

ti
on

er
ro

r.
In

ex
ch

an
ge

,
re

gu
la

ri
za

ti
on

re
d

u
ce

s
th

e
p

os
t-

in
te

rv
en

ti
on

er
ro

r
(d

u
e

to
sm

al
le

r
va

ri
an

ce
).

4
.4

B
a
y
e
si

a
n

a
n

a
ly

si
s.

W
e

n
ow

p
re

se
n
t

a
B

ay
es

ia
n

tr
ea

tm
en

t
of

sy
n
th

et
ic

co
n
tr

ol
.

B
y

op
er

at
in

g
u

n
d

er
a

B
ay

es
ia

n
fr

am
ew

or
k
,

w
e

al
lo

w
p

ra
ct

it
io

n
er

s
to

n
at

u
ra

ll
y

en
co

d
e

d
om

ai
n

k
n

ow
le

d
ge

in
to

p
ri

or
d

is
tr

ib
u

ti
on

s
w

h
il

e
si

m
u

lt
an

e-
o
u
sl

y
av

o
id

in
g

th
e

p
ro

b
le

m
o
f

ov
er

fi
tt

in
g
.

In
a
d
d
it

io
n
,

ra
th

er
th

a
n

m
a
k
in

g
p

o
in

t
es

ti
m

a
te

s,
w

e
ca

n
n
ow

q
u
an

ti
ta

ti
ve

ly
ex

p
re

ss
th

e
u
n
ce

rt
ai

n
ty

in
ou

r
es

ti
m

at
es

w
it

h
p

os
te

ri
or

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s.

W
e

b
eg

in
b
y

tr
ea

ti
n

g
β
∗

a
s

a
ra

n
d

o
m

va
ri

a
b

le
a
s

o
p

p
o
se

d
to

a
n

u
n

k
n

ow
n

co
n

st
a
n
t.

In
th

is
ap

p
ro

ac
h

,
w

e
sp

ec
if

y
a

p
ri

or
d

is
tr

ib
u

ti
on

,
p
(β

),
th

at
ex

p
re

ss
es

ou
r

ap
ri

or
i
b

el
ie

fs
an

d
p
re

fe
re

n
ce

s
ab

ou
t

th
e

u
n
d
er

ly
in

g
p
ar

am
et

er
(s

y
n
th

et
ic

co
n
tr

ol
).

G
iv

en
so

m
e

n
ew

ob
se

rv
at

io
n

fo
r

th
e

d
on

or
u
n
it

s,
ou

r
go

al
is

to
m

ak
e

p
re

d
ic

ti
on

s
fo

r
th

e
co

u
n
te

rf
ac

tu
al

tr
ea

tm
en

t
u

n
it

on
th

e
b

as
is

of
a

se
t

of
p

re
-i

n
te

rv
en

ti
on

(t
ra

in
in

g
)

d
a
ta

.
F

o
r

th
e

m
o
m

en
t,

le
t

u
s

a
ss

u
m

e
th

a
t

th
e

n
o
is

e
p
a
ra

m
et

er
σ

2
is

a
k
n
ow

n
q
u

a
n
ti

ty
an

d
th

at
th

e
n
oi

se
is

d
ra

w
n

fr
om

a
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
w

it
h

ze
ro

-m
ea

n
;

si
m

il
ar

ly
,

w
e

te
m

p
or

ar
il
y

a
ss

u
m

e
M
−

is
a
ls

o
g
iv

en
.

L
et

u
s

d
en

o
te

th
e

v
ec

to
r

o
f

d
o
n

o
r

es
ti

m
a
te

s
a
s
M
·t

=
[M

it
] 2
≤
i≤
N

;
w

e
d
efi

n
e
X
·t

si
m

il
ar

ly
.

D
en

ot
in

g
th

e
p
re

-i
n
te

rv
en

ti
on

d
at

a
as
D

=
{(
Y

1
t
,M
·t

)
:
t
∈

[T
0
]},

th
e

li
ke

li
h
o
o
d

fu
n
ct

io
n
p
(Y
− 1
|β
,M

−
)

is
ex

p
re

ss
ed

as

p
(Y
− 1
|β
,M̂

−
)

=
N

((
M
−

)T
β
,σ

2
I

),
(3

4)

a
n

ex
p

o
n

en
ti

a
l

o
f

a
q
u

a
d

ra
ti

c
fu

n
ct

io
n

o
f
β

.
T

h
e

co
rr

es
p

o
n

d
in

g
co

n
ju

g
a
te

p
ri

o
r,
p
(β

),
is

th
er

ef
o
re

gi
ve

n
b
y

a
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
,

i.
e.
β
∼
N

(β
|β

0
,Σ

0
)

w
it

h
m

ea
n
β

0
an

d
co

va
ri

an
ce

Σ
0
.

B
y

u
si

n
g

a
co

n
ju

g
a
te

G
a
u
ss

ia
n

p
ri

o
r,

th
e

p
o
st

er
io

r
d

is
tr

ib
u

ti
o
n

,
w

h
ic

h
is

p
ro

p
o
rt

io
n
a
l

to
th

e
p
ro

d
u

ct
o
f

th
e

li
ke

li
h

o
o
d

an
d

th
e

p
ri

or
,

w
il

l
al

so
b

e
G

au
ss

ia
n

.
A

p
p

ly
in

g
B

ay
es

’
T

h
eo

re
m

(d
er

iv
at

io
n

u
n
ve

il
ed

b
el

ow
in

S
ec

ti
on

G
in

th
e

A
p

p
en

d
ix

,
w

e
h

av
e

th
at

th
e

p
os

te
ri

or
d

is
tr

ib
u

ti
on

is
p
(β
|D

)
=
N

(β
D
,Σ

D
)

w
h

er
e

Σ
D

=
( Σ
−

1
0

+
1 σ
2
M
−

(M
−

)T
) −

1

(3
5)

β
D

=
Σ
D

(
1 σ
2
M
−
Y
− 1

+
Σ
−

1
0
β

0

)
.

(3
6
)

F
or

th
e

re
m

ai
n

d
er

of
th

is
se

ct
io

n
,

w
e

sh
al

l
co

n
si

d
er

a
p

op
u

la
r

fo
rm

of
th

e
G

au
ss

ia
n

p
ri

or
.

In
p

ar
ti

cu
la

r,
w

e
co

n
si

d
er

a
ze

ro
-m

ea
n

is
ot

ro
p

ic
G

au
ss

ia
n

w
it

h
th

e
fo

ll
ow

in
g

p
ar

am
et

er
s:
β

0
=

0
an

d
Σ

0
=
α
−

1
I

fo
r

so
m

e
ch

oi
ce

of
α
>

0.
S

in
ce
M
−

is
u

n
ob

se
rv

ed
b
y

th
e

al
go

ri
th

m
,

w
e

u
se

th
e

es
ti

m
at

ed
M̂
−

,
co

m
p

u
te

d
as

p
er

st
ep

on
e

of
S

ec
ti

on
3,

as
a

p
ro

x
y
;

th
er

ef
or

e,
w

e
re

d
efi

n
e

ou
r

d
at

a
as
D

=
{(
Y

1
t
,M̂
·t

)
:
t
∈

[T
0
]}.

1
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01
8

A
m
ja

d
,
S
h
a
h
,
S
h
e
n

P
u
tt

in
g

ev
er

y
th

in
g

to
ge

th
er

,
w

e
h
av

e
th

at
p
(β
|D

)
=
N

(β
D
,Σ

D
)

w
h
er

eb
y

Σ
D

=
( α
I

+
1 σ
2
M̂
−

(M̂
−

)T
) −

1

(3
7
)

β
D

=
1 σ
2
Σ
D
M̂
−
Y
− 1

(3
8
)

=
1 σ
2

(
1 σ
2
M̂
−

(M̂
−

)T
+
α
I

)
−

1

M̂
−
Y
− 1
.

(3
9
)

4
.4
.1

M
a
x
im

u
m

a
p
o
st

e
r
io
r
i
(M

A
P
)
e
st

im
a
t
io
n
.

B
y

u
si

n
g

th
e

ze
ro

-m
ea

n
,

is
o
tr

o
p

ic
G

a
u

ss
ia

n
co

n
ju

g
a
te

p
ri

o
r,

w
e

ca
n

d
er

iv
e

a
p

o
in

t
es

ti
m

a
te

o
f
β
∗

b
y

m
a
x
im

iz
in

g
th

e
lo

g
p

o
st

er
io

r
d

is
tr

ib
u

ti
o
n
,

w
h

ic
h

w
e

w
il

l
sh

ow
is

eq
u

iv
a
le

n
t

to
m

in
im

iz
in

g
th

e
re

gu
la

ri
ze

d
ob

je
ct

iv
e

fu
n

ct
io

n
of

(1
0)

fo
r

a
p

ar
ti

cu
la

r
ch

oi
ce

of
η
.

In
es

se
n

ce
,

w
e

ar
e

d
et

er
m

in
in

g
th

e

o
p

ti
m

a
l
β̂

b
y

fi
n

d
in

g
th

e
m

o
st

p
ro

b
a
b

le
va

lu
e

o
f
β
∗

g
iv

en
th

e
d

a
ta

a
n

d
u
n

d
er

th
e

in
fl

u
en

ce
o
f

o
u

r
p
ri

or
b

el
ie

fs
.

T
h
e

re
su

lt
in

g
es

ti
m

a
te

is
k
n
ow

n
as

th
e

m
ax

im
u
m

a
p

os
te

ri
o
ri

(M
A

P
)

es
ti

m
at

e.
W

e
b

eg
in

b
y

ta
k
in

g
th

e
lo

g
of

th
e

p
os

te
ri

o
r

d
is

tr
ib

u
ti

on
,

w
h
ic

h
gi

ve
s

th
e

fo
rm

ln
p
(β
|D

)
=
−

1

2σ
2

∥ ∥ ∥Y
− 1
−

(M̂
−

)T
β
∥ ∥ ∥2

−
α 2
‖β
‖2

+
co

n
st

.

M
ax

im
iz

in
g

th
e

ab
ov

e
lo

g
p

os
te

ri
or

th
en

eq
u
at

es
to

m
in

im
iz

in
g

th
e

q
u
ad

ra
ti

c
re

gu
la

ri
ze

d
er

ro
r

(1
0
)

w
it

h
η

=
α
σ

2
.

W
e

d
efi

n
e

th
e

M
A

P
es

ti
m

at
e,
β̂

M
A

P
,

a
s

β̂
M

A
P

=
ar

g
m

a
x

β
∈R

N
−

1

ln
p
(β
|D

)

=
a
rg

m
in

β
∈R

N
−

1

1 2

∥ ∥ ∥Y
− 1
−

(M̂
−

)T
β
∥ ∥ ∥2

+
α
σ

2

2
‖β
‖2

=
( M̂

−
(M̂

−
)T

+
α
σ

2
I
) −

1

M̂
−
Y
− 1
.

(4
0
)

W
it

h
th

e
M

A
P

es
ti

m
at

e
at

h
an

d
,

w
e

th
en

m
ak

e
p
re

d
ic

ti
on

s
of

th
e

co
u
n
te

rf
ac

tu
al

a
s

M̂
1

=
M̂

T
β̂

M
A

P
.

(4
1
)

T
h

er
ef

or
e,

w
e

h
av

e
se

en
th

at
th

e
M

A
P

es
ti

m
at

io
n

is
eq

u
iv

al
en

t
to

ri
d

ge
re

gr
es

si
on

si
n

ce
th

e
in

tr
o
d

u
c-

ti
on

of
an

ap
p
ro

p
ri

at
e

p
ri

or
n
a
tu

ra
ll
y

in
d
u
ce

s
th

e
ad

d
it

io
n
al

co
m

p
le

x
it

y
p

en
al

ty
te

rm
.

4
.4
.2

F
u
l
ly

B
a
y
e
si
a
n
t
r
e
a
t
m
e
n
t
.

A
lt

h
o
u

g
h

w
e

h
av

e
tr

ea
te

d
β
∗

a
s

a
ra

n
d

o
m

va
ri

a
b

le
a
tt

a
ch

ed
w

it
h

a
p

ri
o
r

d
is

tr
ib

u
ti

o
n

,
w

e
ca

n
v
en

tu
re

b
ey

o
n

d
p

o
in

t
es

ti
m

a
te

s
to

b
e

fu
ll

y
B

ay
es

ia
n
.

In
p

a
rt

ic
u

la
r,

w
e

w
il

l
m

a
k
e

u
se

o
f

th
e

p
os

te
ri

or
d

is
tr

ib
u

ti
on

ov
er
β
∗

to
m

ar
gi

n
al

iz
e

ov
er

al
l

p
os

si
b
le

va
lu

es
of
β
∗

in
ev

al
u

at
in

g
th

e
p

re
d

ic
ti

ve
d

is
tr

ib
u

ti
o
n

ov
er
Y
− 1

.
W

e
w

il
l

d
ec

o
m

p
o
se

th
e

re
g
re

ss
io

n
p

ro
b

le
m

o
f

p
re

d
ic

ti
n
g

th
e

co
u

n
te

rf
a
ct

u
a
l

in
to

tw
o

se
p

a
ra

te
st

a
g
es

:
th

e
in

fe
re

n
ce

st
a
g
e

in
w

h
ic

h
w

e
u

se
th

e
p

re
-i

n
te

rv
en

ti
o
n

d
a
ta

to
le

a
rn

th
e

p
re

d
ic

ti
ve

d
is

tr
ib

u
ti

on
(d

efi
n
ed

sh
or

tl
y
),

an
d

th
e

su
b
se

q
u
en

t
d
ec

is
io

n
st

ag
e

in
w

h
ic

h
w

e
u
se

th
e

p
re

d
ic

ti
v
e

d
is

tr
ib

u
ti

o
n

to
m

a
k
e

es
ti

m
a
te

s.
B

y
se

p
a
ra

ti
n
g

th
e

in
fe

re
n
ce

a
n
d

d
ec

is
io

n
st

a
g
es

,
w

e
ca

n
re

a
d
il
y

d
ev

el
o
p

n
ew

es
ti

m
a
to

rs
fo

r
d
iff

er
en

t
lo

ss
fu

n
ct

io
n
s

w
it

h
o
u
t

h
av

in
g

to
re

le
a
rn

th
e

p
re

d
ic

ti
v
e

d
is

tr
ib

u
ti

on
,

p
ro

v
id

in
g

p
ra

ct
it

io
n
er

s
tr

em
en

d
ou

s
fl
ex

ib
il
it

y
w

it
h

re
sp

ec
t

to
d
ec

is
io

n
m

ak
in

g
.

L
et

u
s

b
eg

in
w

it
h

a
st

u
d

y
o
f

th
e

in
fe

re
n

ce
st

a
g
e.

W
e

ev
a
lu

a
te

th
e

p
re

d
ic

ti
v
e

d
is

tr
ib

u
ti

o
n

ov
er

Y
1
t
,

w
h
ic

h
is

d
efi

n
ed

as

p
(Y

1
t
|M̂
·t
,D

)
=

∫
p
(Y

1
t
|M̂
·t
,β

)
p
(β
|D

)
d
β

=
N

(M̂
T ·t
β
D
,σ

2 D
),

(4
2)
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R
o
b
u
st

S
y
n
t
h
e
t
ic

C
o
n
t
r
o
l

w
h
ere

σ
2D

=
σ

2
+
M̂

T·,t Σ
D
M̂
·,t .

(43)

N
ote

th
at
p
(β
|D

)
is

th
e

p
osterior

d
istrib

u
tion

over
th

e
sy

n
th

etic
con

trol
p
aram

eter
an

d
is

govern
ed

b
y

(37
)

an
d

(3
9).

W
ith

access
to

th
e

p
red

ictive
d
istrib

u
tion

,
w

e
m

ove
on

tow
ard

s
th

e
d
ecision

stage,
w

h
ich

con
sists

of
d
eterm

in
in

g
a

p
articu

lar
estim

ate
M̂

1
t

given
a

n
ew

ob
servation

vector
X
·t

(u
sed

to
d

eterm
in

e
M̂
·t ).

C
on

sid
er

an
arb

itrary
loss

fu
n

ction
L

(Y
1
t ,g

(M̂
·t ))

for
som

e
fu

n
ction

g
.

T
h
e

ex
p

ected
loss

is
th

en
g
iven

b
yE

[L
]

=

∫
∫
L

(Y
1
t ,g

(M̂
·t ))·p

(Y
1
t ,M̂

·t )
d
Y

1
t
d
M̂
·t

=

∫
(
∫
L

(Y
1
t ,g

(M̂
·t ))·p

(Y
1
t |
M̂
·t )
d
Y

1
t )
p
(M̂
·t )
d
M̂
·t ,

(4
4)

a
n
d

w
e

ch
o
o
se

ou
r

estim
ato

r
ĝ
(·)

as
th

e
fu

n
ction

th
at

m
in

im
izes

th
e

avera
ge

cost,
i.e.,

ĝ
(·)

=
a
rg

m
in

g
(·)

E
[L

(Y
1
t ,g

(M̂
·t ))].

(45
)

S
in

ce
p
(M̂
·t )
≥

0
,

w
e

ca
n

m
in

im
ize

(44
)

b
y

selectin
g
ĝ
(M̂
·t )

to
m

in
im

ize
th

e
term

w
ith

in
th

e
p
a
ren

th
esis

fo
r

ea
ch

in
d
iv

id
u
al

valu
e

o
f
Y

1
t ,

i.e.,

M̂
1
t

=
ĝ
(M̂
·t )

=
arg

m
in

g
(·)

∫
L

(Y
1
t ,g

(M̂
·t ))·p

(Y
1
t |M̂

·t )
d
Y

1
t .

(4
6)

A
s

su
g
g
ested

b
y

(4
6),

th
e

o
p

tim
a
l

estim
a
te

M̂
1
t

fo
r

a
p

a
rticu

la
r

lo
ss

fu
n

ctio
n

d
ep

en
d

s
o
n

th
e

m
o
d

el
on

ly
th

rou
gh

th
e

p
red

ictive
d

istrib
u

tion
p
(Y

1
t |
M̂
·t ,D

).
T

h
erefore,

th
e

p
red

ictive
d

istrib
u

tion
su

m
m

arizes
all

of
th

e
n
ecessary

in
form

ation
to

con
stru

ct
th

e
d

esired
B

ayesian
estim

ator
for

an
y

given
loss

fu
n
ction

L
.

4
.4
.3

B
a
y
e
sia

n
l
e
a
st

-sq
u
a
r
e
s
e
st

im
a
t
e
.

W
e

a
n

a
ly

ze
th

e
ca

se
fo

r
th

e
sq

u
a
red

lo
ss

fu
n

ctio
n

(M
S

E
),

a
co

m
m

o
n

co
st

criterio
n

fo
r

reg
ressio

n
p
ro

b
lem

s.
In

th
is

case,
w

e
w

rite
th

e
ex

p
ected

lo
ss

as

E
[L

]
=

∫
(
∫

(Y
1
t −

g
(M̂
·t ))

2·
p
(Y

1
t |M̂

·t )
d
Y

1
t )
p
(M̂
·t )
d
M̂
·t .

U
n
d
er

th
e

M
S
E

co
st

criterio
n
,

th
e

o
p
tim

a
l

estim
a
te

is
th

e
m

ea
n

o
f

th
e

p
red

ictiv
e

d
istrib

u
tio

n
,

a
lso

k
n
ow

n
as

th
e

B
ay

es’
least-sq

u
a
res

(B
L

S
)

estim
ate:

M̂
1
t

=
E

[Y
1
t |M̂

·t ,D
]

=

∫
Y

1
t
p
(Y

1
t |M̂

·t ,D
)d
Y

1
t

=
M̂

T·t
β
D
.

(47
)

R
e
m

a
rk

8
S

in
ce

th
e

n
o
ise

va
ria

n
ce
σ

2
is

u
su

a
lly

u
n

kn
o
w

n
in

p
ra

ctice,
w

e
ca

n
in

trod
u

ce
a
n

o
th

er
co

n
ju

ga
te

p
rio

r
d
istribu

tio
n
p
(β
,1/σ

2)
given

by
th

e
G

a
u

ssia
n

-ga
m

m
a

d
istribu

tio
n

.
T

h
is

p
rio

r
yield

s
a

S
tu

d
en

t’s
t-d

istribu
tio

n
fo

r
th

e
p
red

ictive
p
ro

ba
bility

d
istribu

tio
n

.
A

ltern
a
tively,

o
n

e
ca

n
estim

a
te

σ
2

via
(12

).
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A
m
ja

d
,
S
h
a
h
,
S
h
e
n

5
.
E
x
p
e
rim

e
n
ts

W
e

b
eg

in
b
y

ex
p

lo
rin

g
tw

o
rea

l-w
o
rld

ca
se

stu
d

ies
d

iscu
ssed

in
A

b
a
d

ie
et

a
l.

(2
0
1
0
,

2
0
1
1
);

A
b

a
d

ie
an

d
G

ard
eazab

al
(2003)

th
at

d
em

on
strate

th
e

ab
ility

of
th

e
origin

al
sy

n
th

etic
con

trol’s
algorith

m
to

p
ro

d
u
ce

a
reliab

le
cou

n
terfactu

al
reality.

W
e

u
se

th
e

sam
e

case-stu
d
ies

to
sh

ow
case

th
e

“rob
u
stn

ess”
p

ro
p

erty
o
f

o
u

r
p

ro
p

o
sed

a
lg

o
rith

m
.

S
p

ecifi
ca

lly,
w

e
d

em
o
n

stra
te

th
a
t

o
u

r
a
lg

o
rith

m
rep

ro
d

u
ces

sim
ila

r
resu

lts
ev

en
in

p
resen

ce
o
f

m
issin

g
d

a
ta

,
a
n

d
w

ith
o
u

t
k
n

ow
led

g
e

o
f

th
e

ex
tra

cova
ria

tes
u
tilized

b
y

p
rio

r
w

o
rk

s.
W

e
fi
n
d

th
a
t

o
u
r

a
p
p
ro

a
ch

,
su

rp
risin

g
ly,

a
lso

d
iscov

ers
a

few
su

b
tle

eff
ects

th
at

seem
to

h
ave

b
een

overlo
oked

in
p

rior
stu

d
ies.

In
th

e
follow

in
g

em
p

irical
stu

d
ies,

w
e

w
ill

em
p

loy
th

ree
d
iff

eren
t

learn
in

g
p
ro

ced
u
res

as
d
escrib

ed
in

th
e

rob
u
st

sy
n
th

etic
con

trol
algorith

m
:

(1)
lin

ear
reg

ression
(η

=
0),

(2
)

rid
g
e

reg
ression

(η
>

0),
a
n
d

(3
)

L
A

S
S
O

(ζ
>

0
).

A
s

d
escrib

ed
in

A
b

ad
ie

et
al.

(2010,
2011,

2014),
th

e
sy

n
th

etic
con

trol
m

eth
o
d

allow
s

a
p

ractition
er

to
evalu

ate
th

e
reliab

ility
of

h
is

or
h

er
case

stu
d

y
resu

lts
b
y

ru
n

n
in

g
p

laceb
o

tests.
O

n
e

su
ch

p
laceb

o
test

is
to

a
p

p
ly

th
e

sy
n
th

etic
co

n
tro

l
m

eth
o
d

to
a

d
o
n

o
r

u
n

it.
S

in
ce

th
e

co
n
tro

l
u

n
its

w
ith

in
th

e
d

on
or

p
o
ol

are
assu

m
ed

to
b

e
u

n
aff

ected
b
y

th
e

in
terven

tion
of

in
terest

(or
at

least
m

u
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a
st

il
la

Y
L

eo
n

.

F
ig

u
re

3
:

T
re

n
d
s

in
p

er
-c

ap
it

a
G

D
P

fo
r

p
la

ce
b

o
re

gi
o
n
s.

p
lo

t
h
el

p
s

v
is

u
a
li
ze

th
e

ex
tr

em
e

p
o
st

-i
n
te

rv
en

ti
o
n

d
iv

er
g
en

ce
b

et
w

ee
n

th
e

p
re

d
ic

te
d

m
ea

n
s

a
n
d

th
e

o
b

se
rv

ed
va

lu
es

fo
r

B
a
sq

u
e.

U
p

u
n
ti

l
a
b

o
u

t
1
9
9
0
,

th
e

d
iv

er
g
en

ce
fo

r
B

a
sq

u
e

C
o
u

n
tr

y
is

th
e

m
o
st

ex
tr

em
e

co
m

p
ar

ed
to

al
l

ot
h

er
re

gi
on

s
(p

la
ce

b
o

st
u

d
ie

s)
le

n
d

in
g

cr
ed

en
ce

to
th

e
b

el
ie

f
th

at
th

e
eff

ec
ts

o
f

te
rr

o
ri

sm
o
n

B
a
sq

u
e

C
o
u

n
tr

y
w

er
e

in
d

ee
d

si
g
n

ifi
ca

n
t.

R
ef

er
to

F
ig

u
re

4
b

fo
r

th
e

sa
m

e
te

st
b

u
t

w
it

h
M

a
d

ri
d

a
n

d
B

a
le

a
ri

c
Is

la
n

d
s

ex
cl

u
d

ed
,

a
s

p
er

A
b

a
d

ie
et

a
l.

(2
0
1
1
).

T
h

e
co

n
cl

u
si

o
n
s

d
ra

w
n

sh
ou

ld
re

m
ai

n
th

e
sa

m
e,

p
o
in

ti
n
g

to
th

e
ro

b
u
st

n
es

s
o
f

ou
r

a
p
p
ro

ac
h
.

B
a
y
e
si

a
n

a
p

p
ro

a
ch

.
W

e
p
lo

t
th

e
re

su
lt

in
g

B
ay

es
ia

n
es

ti
m

a
te

s
in

th
e

fi
g
u
re

s
b

el
ow

u
n
d
er

va
ry

in
g

th
re

sh
o
ld

in
g

co
n

d
it

io
n

s.
It

is
in

te
re

st
in

g
to

n
o
te

th
a
t

o
u

r
u

n
ce

rt
a
in

ty
g
ro

w
s

d
ra

m
a
ti

ca
ll

y
o
n

ce
w

e
in

cl
u

d
e

m
or

e
th

an
tw

o
si

n
gu

la
r

va
lu

es
in

th
e

th
re

sh
ol

d
in

g
p

ro
ce

ss
.

T
h

is
co

n
fi

rm
s

w
h

at
ou

r
th

eo
re

ti
ca

l

(a
)

In
cl

u
d

es
a
ll

co
n
tr

o
l

re
g
io

n
s.

(b
)

E
x
cl

u
d

es
2

re
g
io

n
s.

F
ig

u
re

4
:

P
er

-c
a
p
it

a
G

D
P

ga
p
s

fo
r

B
as

q
u
e

C
ou

n
tr

y
an

d
co

n
tr

ol
re

gi
on

s.
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R
o
b
u
st

S
y
n
t
h
e
t
ic

C
o
n
t
r
o
l

(a
)

T
o
p

sin
g
u

la
r

va
lu

e.
(b

)
T

o
p

tw
o

sin
g
u

la
r

va
lu

es.
(c
)

T
o
p

th
ree

sin
g
u

la
r

va
lu

es.

(d
)

T
o
p

fo
u

r
va

lu
es.

(e
)

T
o
p

fi
v
e

sin
g
u

la
r

va
lu

es.
(f)

T
o
p

six
sin

g
u

la
r

va
lu

es.

F
ig

u
re

5
:

T
ren

d
s

in
p

er-cap
ita

G
D

P
b

etw
een

B
a
sq

u
e

C
o
u
n
try

v
s.

sy
n
th

etic
B

asq
u
e

C
ou

n
try.

resu
lts

in
d
icated

earlier:
ch

o
osin

g
a

sm
aller

th
resh

old
,
µ

,
w

ou
ld

lead
to

a
greater

n
u
m

b
er

of
sin

gu
lar

va
lu

es
reta

in
ed

w
h

ich
resu

lts
in

h
ig

h
er

va
ria

n
ce.

O
n

th
e

o
th

er
h

a
n

d
,

n
o
tice

th
a
t

ju
st

selectin
g

1
sin

gu
lar

valu
e

resu
lts

in
an

ap
p
aren

tly
b
iased

estim
ate

w
h
ich

is
overestim

atin
g

th
e

sy
n
th

etic
con

trol.
It

ap
p

ears
th

at
selectin

g
th

e
top

tw
o

sin
gu

lar
valu

es
b
alan

ce
th

e
b
ias-varian

ce
trad

eoff
th

e
b

est
an

d
is

a
lso

a
g
rees

w
ith

o
u
r

ea
rlier

fi
n
d
in

g
th

a
t

th
e

d
a
ta

m
a
trix

a
p
p

ea
rs

to
b

e
o
f

ra
n
k

2
o
r

3
.

N
o
te

th
a
t

in
th

is
settin

g
,

w
e

w
o
u
ld

fi
n
d

it
h
a
rd

to
reject

th
e

n
u
ll-h

y
p

o
th

esis
b

eca
u
se

th
e

o
b
serva

tio
n
s

fo
r

th
e

trea
ted

u
n
it

lie
w

ith
in

th
e

u
n
certain

ty
b
an

d
o
f

th
e

estim
ated

sy
n
th

etic
con

tro
l.

5
.2

C
a
lifo

rn
ia

A
n
ti-to

b
a
c
c
o

L
e
g
isla

tio
n

W
e

stu
d

y
th

e
im

p
a
ct

o
f

C
a
lifo

rn
ia

’s
a
n
ti-to

b
a
cco

leg
isla

tio
n

,
P

ro
p

o
sitio

n
9
9
,

o
n

th
e

p
er-ca

p
ita

cigarette
con

su
m

p
tion

of
C

aliforn
ia.

In
1988,

C
aliforn

ia
in

tro
d
u
ced

th
e

fi
rst

m
o
d
ern

-tim
e

large-scale
an

ti-tob
acco

legislation
in

th
e

U
n

ited
S

tates
A

b
ad

ie
et

al.
(2010).

T
o

an
aly

ze
th

e
eff

ect
of

C
aliforn

ia’s
an

ti-tob
acco

legislation
,

w
e

u
se

th
e

an
n
u
al

p
er-cap

ita
cigarette

con
su

m
p
tion

at
th

e
state-level

for
all

5
0

sta
tes

in
th

e
U

n
ited

S
ta

tes,
a
s

w
ell

a
s

th
e

D
istrict

o
f

C
o
lu

m
b
ia

,
fro

m
1
9
7
0
-2

0
1
5
.

S
im

ila
r

to
th

e
p

rev
iou

s
case

stu
d

y,
A

b
ad

ie
an

d
G

ard
eazab

al
(2003)

u
ses

6
ad

d
ition

al
ob

servab
le

covariates
p

er
state,

e.g
.

reta
il

p
rice,

b
eer

co
n
su

m
p
tio

n
p

er
ca

p
ita

,
a
n
d

p
ercen

ta
g
e

o
f

in
d
iv

id
u
a
ls

b
etw

een
a
g
es

o
f

1
5
-2

4
,

to
p

red
ict

th
eir

sy
n
th

etic
C

a
lifo

rn
ia

.
F

u
rth

erm
o
re,

A
b

a
d

ie
a
n

d
G

a
rd

ea
za

b
a
l

(2
0
0
3
)

d
isca

rd
ed

1
2

states
from

th
e

d
on

or
p

o
ol

sin
ce

som
e

of
th

ese
states

also
ad

op
ted

an
ti-tob

acco
legislation

p
rogram

s
or

raised
th

eir
state

cigarette
tax

es,
an

d
d

iscard
ed

d
ata

after
th

e
year

2000
sin

ce
m

an
y

of
th

e
con

trol
u
n
its

h
ad

im
p
lem

en
ted

a
n
ti-tob

acco
m

easu
res

b
y

th
is

p
o
in

t
in

tim
e.

R
e
su

lts.
A

s
sh

ow
n

in
F

igu
re

6a,
in

th
e

p
re-in

terven
tion

p
erio

d
of

1970-88,
ou

r
con

trol
m

atch
es

th
e

ob
served

tra
jectory.

P
ost

1988,
h

ow
ever,

th
ere

is
a

sign
ifi

can
t

d
ivergen

ce
su

ggestin
g

th
at

th
e

p
assage

o
f

P
ro

p
.

9
9

h
elp

ed
red

u
ce

cig
a
rette

co
n
su

m
p
tio

n
.

S
im

ila
r

to
th

e
B

a
sq

u
e

ca
se-stu

d
y,

o
u
r

estim
a
ted

eff
ect

is
sim

ila
r

to
th

a
t

o
f

A
b

a
d

ie
a
n

d
G

a
rd

ea
za

b
a
l

(2
0
0
3
).

A
s

seen
in

F
ig

u
re

6
b

,
o
u

r
a
lg

o
rith

m
is
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A
m
ja

d
,
S
h
a
h
,
S
h
e
n

(a
)

C
o
m

p
a
riso

n
o
f

m
eth

o
d

s.
(b

)
M

issin
g

d
a
ta

.

F
ig

u
re

6
:

T
ren

d
s

in
p

er-cap
ita

cigarette
sales

b
etw

een
C

aliforn
ia

v
s.

sy
n
th

etic
C

aliforn
ia.

(a
)

C
o
lo

ra
d

o
.

(b
)

Iow
a
.

(c
)

W
y
o
m

in
g
.

F
ig

u
re

7
:

P
laceb

o
S
tu

d
y
:

tren
d
s

in
p

er-ca
p
ita

cigarette
sales

for
C

olora
d
o,

Iow
a,

an
d

W
yom

in
g
.

again
rob

u
st

to
ran

d
om

ly
m

issin
g

d
a
ta.

P
la

c
e
b

o
te

sts.
W

e
n
ow

p
ro

ceed
to

ap
p
ly

th
e

sam
e

p
laceb

o
tests

to
th

e
C

aliforn
ia

P
rop

99
d
ataset.

F
ig

u
res

7
a
,

7
b

,
a
n

d
7
c

a
re

th
ree

ex
a
m

p
les

o
f

th
e

a
p

p
lied

p
la

ceb
o

tests
o
n

th
e

rem
a
in

in
g

sta
tes

(in
clu

d
in

g
D

istrict
o
f

C
olu

m
b
ia)

w
ith

in
th

e
U

n
ited

S
tates.

F
in

ally,
sim

ilar
to

A
b

ad
ie

et
al.

(2010),
w

e
p

lot
th

e
d

iff
eren

ces
b

etw
een

ou
r

estim
ates

an
d

th
e

ac-
tu

al
ob

servation
s

for
C

aliforn
ia

an
d

all
oth

er
states,

in
d

iv
id

u
ally,

as
p

laceb
os.

N
ote

th
at

A
b

ad
ie

et
al.

(2010)
ex

clu
d

ed
tw

elve
states

b
u

t
w

e
keep

all
states.

F
igu

re
8a

sh
ow

s
th

e
resu

ltin
g

p
lot

for
all

states
w

ith
th

e
so

lid
b

la
ck

lin
e

b
ein

g
C

a
lifo

rn
ia

.
T

h
is

p
lo

t
h

elp
s

v
isu

a
lize

th
e

ex
trem

e
p

o
st-in

terv
en

tio
n

d
ivergen

ce
b

etw
een

th
e

p
red

icted
m

ean
s

an
d

th
e

ob
served

valu
es

for
C

aliforn
ia.

U
p

u
n
til

ab
ou

t
1995,

th
e

d
ivergen

ce
for

C
aliforn

ia
w

as
clearly

th
e

m
ost

sign
ifi

can
t

an
d

con
sisten

t
ou

tlier
com

p
ared

to
all

oth
er

region
s

(p
laceb

o
stu

d
ies)

len
d
in

g
cred

en
ce

to
th

e
b

elief
th

at
th

e
eff

ects
of

P
rop

osition
99

w
ere

in
d
eed

sign
ifi

can
t.

R
efer

to
F

igu
re

8b
for

th
e

sam
e

test
b
u
t

w
ith

th
e

sam
e

tw
elve

states
ex

clu
d
es

as
in

A
b
ad

ie
et

al.
(2010).

J
u
st

like
th

e
B

asq
u
e

C
ou

n
try

case
stu

d
y,

th
e

ex
clu

sion
of

states
sh

ou
ld

n
ot

aff
ect

th
e

con
clu

sion
s

d
raw

n
.

B
a
y
e
sia

n
a
p

p
ro

a
ch

.
S

im
ilar

to
th

e
B

asq
u
e

C
ou

n
try

case
stu

d
y,

ou
r

p
red

ictive
u

n
certain

ty
in

creases
as

th
e

n
u

m
b

er
of

sin
gu

lar
valu

es
u

sed
in

th
e

learn
in

g
p

ro
cess

ex
ceed

s
tw

o.
In

ord
er

to
gain

som
e

n
ew

in
sig

h
t,

h
ow

ev
er,

w
e

w
ill

fo
cu

s
o
u

r
a
tten

tio
n

to
th

e
resu

ltin
g

fi
g
u

re
a
sso

cia
ted

w
ith

th
ree

sin
g
u

la
r

va
lu

es,
w

h
ich

is
p

a
rticu

la
rly

in
terestin

g
.

S
p

ecifi
ca

lly,
w

e
o
b
serv

e
th

a
t

o
u

r
p

red
ictiv

e
m

ea
n

s
clo

sely
m

atch
th

e
cou

n
terfactu

al
tra

jectory
p
ro

d
u
ced

b
y

th
e

classical
sy

n
th

etic
con

trol
m

eth
o
d

in
b

oth
th

e
p

re-
a
n
d

p
o
st-in

terv
en

tio
n

p
erio

d
s

(u
p

to
y
ea

r
2
0
0
0
),

a
n

d
y
et

o
u

r
u

n
certa

in
ty

fo
r

th
is

estim
a
te

is
sign

ifi
can

tly
greater

th
an

ou
r

u
n
certain

ty
asso

ciated
w

ith
th

e
estim

ate
p
ro

d
u
ced

u
sin

g
tw

o
sin

gu
lar

valu
es.

A
s

a
resu

lt,
it

m
ay

b
e

p
ossib

le
th

at
th

e
classical

sy
n
th

etic
con

trol
m

eth
o
d

overestim
ated

th
e
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R
o
b
u
st

S
y
n
t
h
e
t
ic

C
o
n
t
r
o
l

(a
)

In
cl

u
d

es
a
ll

d
o
n

o
rs

.
(b

)
E

x
cl

u
d

es
1
2

st
a
te

s.

F
ig

u
re

8
:

P
er

-c
ap

it
a

ci
ga

re
tt

e
sa

le
s

ga
p
s

in
C

a
li
fo

rn
ia

a
n
d

co
n
tr

ol
re

gi
o
n
s.

(a
)

T
o
p

si
n

g
u

la
r

va
lu

e.
(b

)
T

o
p

tw
o

si
n

g
u

la
r

va
lu

es
.

(c
)

T
o
p

th
re

e
si

n
g
u

la
r

va
lu

es
.

F
ig

u
re

9
:

T
re

n
d
s

in
p

er
-c

ap
it

a
ci

g
ar

et
te

sa
le

s
b

et
w

ee
n

C
al

if
or

n
ia

v
s.

sy
n
th

et
ic

C
al

if
or

n
ia

.

eff
ec

t
of

P
ro

p
.

99
,

ev
en

th
ou

gh
th

e
le

gi
sl

at
io

n
d
id

p
ro

b
ab

ly
d

is
co

u
ra

ge
th

e
co

n
su

m
p

ti
on

of
ci

ga
re

tt
es

–
a

co
n
cl

u
si

on
re

ac
h
ed

b
y

b
ot

h
o
u
r

ro
b
u
st

ap
p
ro

a
ch

an
d

th
e

cl
a
ss

ic
a
l

ap
p
ro

ac
h
.

R
e
m

a
rk

9
W

e
n

o
te

th
a
t

in
A

ba
d
ie

et
a
l.

(2
0
1
4
),

th
e

a
u

th
o
rs

ra
n

tw
o

ro
bu

st
n

es
s

te
st

s
to

ex
a
m

in
e

th
e

se
n

si
ti

vi
ty

o
f

th
ei

r
re

su
lt

s
(p

ro
d
u

ce
d

vi
a

th
e

o
ri

gi
n

a
l

sy
n

th
et

ic
co

n
tr

o
l

m
et

h
od

)
to

a
lt

er
a
ti

o
n

s
in

th
e

es
ti

m
a
te

d
co

n
ve

x
w

ei
gh

ts
–

re
ca

ll
th

a
t

th
e

o
ri

gi
n

a
l

sy
n

th
et

ic
co

n
tr

o
l

es
ti

m
a
to

r
p
ro

d
u

ce
s

a
β
∗

th
a
t

li
es

w
it

h
in

th
e

si
m

p
le

x.
In

pa
rt

ic
u

la
r,

th
e

a
u

th
o
rs

fi
rs

t
it

er
a
ti

ve
ly

re
p
ro

d
u

ce
d

a
n

ew
sy

n
th

et
ic

W
es

t
G

er
m

a
n

y
by

re
m

o
vi

n
g

o
n

e
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+
δ)
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∥ ∥ ∥
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∑
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>
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√

2
+
δ.

P
ro

o
f

T
h
e

p
ro

of
ca

n
b

e
fo

u
n
d

in
C

h
at

te
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p
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p
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at
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b
se

rv
ed

su
ch

th
a
t
Y
− 1

=
X
− 1

=
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p
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p
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∈
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=
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=
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=
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−
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=
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−
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+
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−
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∈
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b
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+
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−
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p
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con
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b
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+
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+
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−

1
+
ζ.

C
on

seq
u
en

tly,
assu

m
in

g
th

e
even

t
E

3
o
ccu

rs,
w

e
req

u
ire

th
at
p
≥
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−
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a
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w
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b
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recastin
g

a
n
aly

sis,
o
n
ly
T

0 →
∞
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w
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p
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b
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L
ip

sch
itz

co
n

sta
n

tL
a
n

d
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n
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p
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tation
of

th
e

argu
m

en
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p
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=
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>
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h
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b
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at
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d
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d
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=
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b
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√
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) √
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.
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√
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e

la
ten

t
sp

a
ce,

it
ca

n
b

e
sh

ow
n

th
a
t|P
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n
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h
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‖
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) √
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p̂
))

(2
+
ω
/2

)√
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√
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√
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√
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√
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−

1 5
0
.

L
et
K

(δ
)

b
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∈
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√
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√
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√
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√
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√
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∥ ∥ ∥2 F
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‖ ∗
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‖ ∗
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∥ ∥ ∥2 F
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A
m
ja

d
,
S
h
a
h
,
S
h
e
n

w
h

er
e

th
e

la
st

in
eq

u
a
li

ty
fo

ll
ow

s
fr

o
m

th
e

b
o
u
n

d
ed

n
es

s
a
ss

u
m

p
ti

o
n

o
f
M

.
In

g
en

er
a
l,

si
n

ce
|M

ij
|

an
d
|Y
ij
|≤

1,
∥ ∥ ∥M̂

−
M
∥ ∥ ∥ F
≤
∥ ∥ ∥M̂

∥ ∥ ∥ F
+
‖M
‖ F

≤
√
|S
|∥ ∥ ∥
M̂
∥ ∥ ∥

+
‖M
‖ F

=

√
|S
|

p̂
‖Y
‖+
‖M
‖ F

≤
(N
−

1
)3
/
2
T
‖Y
‖+
‖M
‖ F

≤
(N
−

1)
3
/
2
T
√

(N
−

1
)T

+
√

(N
−

1)
T

≤
2(
N
−

1
)2
T

3
/
2
.

L
et
E

:=
E

1
∩
E

2
∩
E

3
.

A
p
p
ly

in
g

D
eM

or
ga

n
’s

L
aw

a
n
d

th
e

U
n
io

n
B

ou
n
d
,

P(
E
c
)

=
P(
E
c 1
∪
E
c 2
∪
E
c e
)

≤
P(
E
c 1
)

+
P(
E
c 2
)

+
P(
E
c 3
)

≤
C

7
e−

c
8
T

(p
(N
−

1
)+
σ
2
+
q
)

=
C

7
e−

c
8
φ
T
,

(4
8)

w
h

er
e

w
e

d
efi

n
e
φ

:=
p
(N
−

1
)

+
σ

2
+
q

a
n

d
C

7
,c

8
a
re

a
p

p
ro

p
ri

a
te

ly
d

efi
n

ed
.

O
b

se
rv

e
th

a
t

E(
p̂
−
p
)2

=
p
(1
−
p
)

(N
−

1
)T

.
T

h
u

s,
b
y

th
e

la
w

of
to

ta
l
p

ro
b

ab
il

it
y

an
d

n
ot

in
g

th
at

P(
E

)
≤

1
(f

or
ap

p
ro

p
ri

at
el

y

d
efi

n
ed

co
n
st

an
ts

),

E∥ ∥ ∥M̂
−
M
∥ ∥ ∥2 F
≤

E[
∥ ∥ ∥M̂

−
M
∥ ∥ ∥2 F
|E
] +

E[
∥ ∥ ∥M̂

−
M
∥ ∥ ∥2 F
|E

c
] P(

E
c
)

≤
C

6
p
−

1
√
T
q‖
M
‖ ∗

+
C

5
p
−

1
(1
−
p
)

+
C

9
(N
−

1)
4
T

3
e−

c
8
φ
T

=
C

6
p
−

1
/
2
T

1
/
2
(σ

2
+

(1
−
p
))

1
/
2
‖M
‖ ∗

+
C

5
p
−

1
(1
−
p
)

+
C

9
(N
−

1)
4
T

3
e−

c
8
φ
T
.

N
or

m
al

iz
in

g
b
y

(N
−

1)
T

,
w

e
ob

ta
in

M
S
E

(M̂
)
≤

C
1
2
‖M
‖ ∗

(N
−

1)
√
T
p

+
C

5
(1
−
p
)

(N
−

1)
T
p

+
C

1
0
e−

c
1
1
φ
T
.

T
h
e

p
ro

of
is

co
m

p
le

te
as

su
m

in
g

co
n
st

an
ts

a
re

re
-n

am
ed

.

D
.1

P
ro

o
f

o
f

T
h

e
o
re

m
1

T
h

e
o
re

m
1

(T
h

e
o
re

m
2
.1

o
f

C
h

a
tt

e
rj

e
e

(2
0
1
5
))

S
u

p
po

se
th

a
t
M

is
ra

n
k
k

.
S

u
p
po

se
th

a
t

p
≥

T
−

1
+
ζ

σ
2
+

1
fo

r
so

m
e
ζ
>

0.
T

h
en

u
si

n
g
µ

a
s

d
efi

n
ed

in
(2

0)
,

M
S
E

(M̂
)
≤
C

1

√
k

(N
−

1
)p

+
O
(

1

(N
−

1
)T

) ,

w
h
er

e
C

1
is

a
u

n
iv

er
sa

l
po

si
ti

ve
co

n
st

a
n

t.

P
ro

o
f

B
y

th
e

lo
w

ra
n
k

a
ss

u
m

p
ti

on
of
M

,
w

e
h
av

e
th

at

‖M
‖ ∗
≤
√

ra
n
k
(M

)‖
M
‖ F

≤
√
k
(N
−

1)
T
.
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R
o
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u
st

S
y
n
t
h
e
t
ic

C
o
n
t
r
o
l

T
h
e

p
ro

o
f

follow
s

from
a

sim
p
le

ap
p
licatio

n
o
f

L
em

m
a

2
4.

D
.2

P
ro

o
f

o
f

T
h

e
o
re

m
2

T
h

e
o
re

m
2

(T
h

e
o
re

m
2
.7

o
f

C
h

a
tte

rje
e

(2
0
1
5
))

S
u

p
po

se
f

is
a
L

-L
ip

sch
itz

fu
n

ctio
n

.
S

u
p
po

se

th
a
t
p
≥

T
−

1
+
ζ

σ
2
+

1
fo

r
so

m
e
ζ
>

0.
T

h
en

u
sin

g
µ

a
s

d
efi

n
ed

in
(2

0
),

M
S
E

(M̂
)≤

C
(K
,d
,L

)
(N
−

1
) −

1
d
+

2

√
p

+
O
(

1

(N
−

1)T

)
,

w
h
ere

C
(K
,d
,L

)
is

a
co

n
sta

n
t

d
epen

d
in

g
o
n
K
,d
,

a
n

d
L

.

P
ro

o
f

S
in

ce
f

is
L

ip
sch

itz,
w

e
in

v
o
k
e

L
em

m
a
s

2
3

a
n

d
2
4

a
n

d
ch

o
o
se
δ

=
(N
−

1
) −

1
/
(d

+
2
).

T
h

is
co

m
p
letes

th
e

p
ro

of.

A
p
p
e
n
d
ix

E
.
F
o
re
ca

stin
g
A
n
a
ly
sis:

P
re
-In

te
rv

e
n
tio

n
R
e
g
im

e

H
ere,

w
e

w
ill

b
ou

n
d

th
e

p
re-in

terven
tion

`
2

error
of

ou
r

estim
ator

in
ord

er
to

m
easu

re
its

p
red

iction
p

ow
er.

E
.1

L
in

e
a
r

R
e
g
re

ssio
n

In
th

is
section

,
w

e
w

ill
an

aly
ze

th
e

p
erform

an
ce

of
ou

r
algorith

m
w

h
en

learn
in

g
β
∗

v
ia

lin
ear

regression
,

i.e.
η

=
0
.

A
s

a
resu

lt,
w

e
w

ill
tem

p
o
ra

rily
d

ro
p

th
e

d
ep

en
d

en
cy

o
n
η

in
th

is
su

b
sectio

n
su

ch
th

a
t

β̂
=
β̂

(0
).

T
o

ea
se

th
e

n
o
ta

tio
n
a
l

co
m

p
lex

ity
o
f

th
e

fo
llow

in
g

L
em

m
a

2
5

p
ro

o
f,

w
e

w
ill

m
a
k
e

u
se

o
f

th
e

follow
in

g
n
otation

s
fo

r
o
n

ly
in

th
is

su
b
sectio

n
:

Q
:=

(M
−

)
T

(49
)

Q̂
:=

(M̂
−

)
T

(50
)

su
ch

th
at

M
−1

:=
Q
β
∗

(51
)

M̂
−1

:=
Q̂
β̂
.

(52
)

L
e
m

m
a

2
5

S
u

p
po

se
Y
−1

=
M
−1

+
ε −1

w
ith

E
[ε

1
j ]

=
0

a
n

d
V

a
r(ε

1
j )≤

σ
2

fo
r

a
ll
j∈

[T
0 ].

L
et
β
∗

be

d
efi

n
ed

a
s

in
(6)

a
n

d
let

β̂
be

th
e

m
in

im
izer

o
f

(1
0).

T
h
en

fo
r

a
n

y
µ
≥

0
a
n

d
η

=
0,

E ∥∥∥
M
−1
−
M̂
−1

∥∥∥
2≤

E ∥∥∥
(M

−
−
M̂
−

)
T
β
∗ ∥∥∥

2

+
2
σ

2|S|.
(5

3)
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A
m
ja

d
,
S
h
a
h
,
S
h
e
n

P
ro

o
f

R
eca

ll
th

a
t

fo
r

th
e

trea
tm

en
t

row
,
Y
−1

=
M
−1

+
ε −1

w
ith

M
−1

=
Q
β
∗.

S
in

ce
β̂

,
b
y

d
efi

n
itio

n
,

m
in

im
izes ∥∥∥

Y
−1
−
Q̂
v ∥∥∥

fo
r

an
y
v
∈
R
N
−

1,
w

e
su

b
seq

u
en

tly
h
ave

∥∥∥
M
−1
−
M̂
−1

∥∥∥
2

=
∥∥∥
(Y
−1
−
ε −1

)−
Q̂
β̂ ∥∥∥

2

=
∥∥∥
(Y
−1
−
Q̂
β̂

)
+

(−
ε −1

) ∥∥∥
2

=
∥∥∥
Y
−1
−
Q̂
β̂ ∥∥∥

2

+
∥∥
ε −1 ∥∥

2
+

2〈−
ε −1
,Y
−1
−
Q̂
β̂〉

≤
∥∥∥
Y
−1
−
Q̂
β
∗ ∥∥∥

2

+
∥∥
ε −1 ∥∥

2
+

2〈−
ε −1
,Y
−1
−
Q̂
β̂〉

=
∥∥∥
(Q
β
∗

+
ε −1

)−
Q̂
β
∗ ∥∥∥

2

+
∥∥
ε −1 ∥∥

2
+

2〈−
ε −1
,Y
−1
−
Q̂
β̂〉

=
∥∥∥
(Q
−
Q̂

)β
∗

+
ε −1 ∥∥∥

2

+
∥∥
ε −1 ∥∥

2
+

2〈−
ε −1
,Y
−1
−
Q̂
β̂〉

=
∥∥∥
(Q
−
Q̂

)β
∗ ∥∥∥

2

+
2 ∥∥
ε −1 ∥∥

2
+

2〈ε −1
,(Q
−
Q̂

)β
∗〉

+
2〈−

ε −1
,Y
−1
−
Q̂
β̂〉.

T
ak

in
g

ex
p

ectation
s,

w
e

arrive
a
t

th
e

in
eq

u
a
lity

E ∥∥∥
M̂
−1
−
M
−1

∥∥∥
2≤

E ∥∥∥
(Q
−
Q̂

)β
∗ ∥∥∥

2

+
2E ∥∥

ε −1 ∥∥
2

+
2E

[〈ε −1
,(Q
−
Q̂

)β
∗〉]+

2E
[〈−

ε −1
,Y
−1
−
Q̂
β̂〉].(5

4
)

W
e

w
ill

n
ow

d
eal

w
ith

th
e

tw
o

in
n

er
p

ro
d

u
cts

on
th

e
righ

t
h

an
d

sid
e

of
eq

u
ation

(54).
F

irst,
ob

serve
th

at

E
[〈ε −1

,(Q
−
Q̂

)β
∗〉]

=
E

[(ε −1
)
T

]Q
β
∗−

E
[(ε −1

)
T
Q̂

]β
∗

=
−
E

[(ε −1
)
T

]E
[Q̂

]β
∗

=
0,

sin
ce

th
e

ad
d

itive
n

oise
term

s
are

in
d

ep
en

d
en

t
ran

d
om

variab
les

th
at

satisfy
E

[ε
ij ]

=
0

for
all

i
an

d
j

b
y

assu
m

p
tion

,
an

d
Q̂

:=
(M̂

−
)
T

d
ep

en
d

s
on

ly
on

th
e

n
oise

term
s

for
i6=

1;
i.e.,

th
e

con
stru

ction
of

Q̂
:=

(M̂
−

)
T

ex
clu

d
es

th
e

fi
rst

row
(trea

tm
en

t
row

),
an

d
th

u
s

d
ep

en
d
s

solely
on

th
e

d
on

or
p

o
ol.

F
or

th
e

oth
er

in
n

er
p

ro
d

u
ct

term
,

w
e

b
egin

b
y

recogn
izin

g
th

at
(ε −1

)
T
Q̂
Q̂
†ε −1

is
a

scalar
ran

d
om

va
ria

b
le,

w
h

ich
a
llow

s
u

s
to

rep
la

ce
th

e
ra

n
d

o
m

va
ria

b
le

b
y

its
ow

n
tra

ce.
T

h
is

is
u

sefu
l

sin
ce

th
e

trace
op

erator
is

a
lin

ear
m

ap
p

in
g

an
d

is
in

varian
t

u
n

d
er

cy
clic

p
erm

u
tation

s,
i.e.,

tr(A
B

)
=

tr(B
A

).
A

s
a

resu
lt,

E
[(ε −1

)
T
Q̂
Q̂
†ε −1

]
=

E
[tr((ε −1

)
T
Q̂
Q̂
†ε −1

)]

=
E

[tr(Q̂
Q̂
†ε −1

(ε −1
)
T

)]

=
tr (E

[Q̂
Q̂
†ε −1

(ε −1
)
T

] )

=
tr (E

[Q̂
Q̂
†]E

[ε −1
(ε −1

)
T

] )

=
tr (E

[Q̂
Q̂
†]σ

2I )

=
σ

2E
[tr(Q̂

Q̂
†)]

(a
)

=
σ

2E
[ran

k
(Q̂

)]

≤
σ

2|S|,
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o
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t
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l

w
h

er
e

(a
)

fo
ll

ow
s

fr
om

th
e

fa
ct

th
at
Q̂
Q̂
†

is
a

p
ro

je
ct

io
n

m
at

ri
x

b
y

L
em

m
a

18
.

A
s

a
re

su
lt

,
Q̂
Q̂
†

h
as

ra
n

k
( Q̂

)
ei

g
en

va
lu

es
eq

u
a
l

to
1

a
n

d
a
ll

o
th

er
ei

g
en

va
lu

es
eq

u
a
l

to
0

(b
y

L
em

m
a

1
9
),

a
n

d
si

n
ce

th
e

tr
ac

e
of

a
m

at
ri

x
is

eq
u
al

to
th

e
su

m
of

it
s

ei
ge

n
va

lu
es

,
tr

(Q̂
Q̂
† )

=
ra

n
k
(Q̂

).
S
im

u
lt

an
eo

u
sl

y,
b
y

th
e

d
efi

n
it

io
n

o
f
Q̂

:=
( M̂

−
)T

,
w

e
h
av

e
th

a
t

th
e

ra
n
k

o
f
Q̂

:=
( M̂

−
)T

is
a
t

m
o
st
|S
|.

R
et

u
rn

in
g

to
th

e

se
co

n
d

in
n
er

p
ro

d
u
ct

an
d

re
ca

ll
in

g
β̂

=
Q̂
† Y
− 1

,

E[
〈−
ε− 1
,Y
− 1
−
Q̂
β̂
〉]

=
E[

(ε
− 1

)T
Q̂
β̂

]−
E[

(ε
− 1

)T
Y
− 1

]

=
E[

(ε
− 1

)T
Q̂
Q̂
† Y
− 1

]−
E[

(ε
− 1

)T
]M
− 1
−

E[
(ε
− 1

)T
ε− 1

]

=
E[

(ε
− 1

)T
Q̂
Q̂
† ]
M
− 1

+
E[

(ε
− 1

)T
Q̂
Q̂
† ε
− 1

]−
E[

(ε
− 1

)T
ε− 1

]

(a
)

=
E[

(ε
− 1

)T
]E

[Q̂
Q̂
† ]
M
− 1

+
E[

(ε
− 1

)T
Q̂
Q̂
† ε
− 1

]−
E[

(ε
− 1

)T
ε− 1

]

=
E[

(ε
− 1

)T
Q̂
Q̂
† ε
− 1

]−
E∥ ∥
ε− 1

∥ ∥2

≤
σ

2
|S
|−

E∥ ∥
ε− 1

∥ ∥2
,

w
h
er

e
(a

)
fo

ll
ow

s
fr

o
m

th
e

sa
m

e
in

d
ep

en
d
en

ce
a
rg

u
m

en
t

u
se

d
in

ev
a
lu

a
ti

n
g

th
e

fi
rs

t
in

n
er

p
ro

d
u
ct

.
F

in
al

ly
,

w
e

in
co

rp
o
ra

te
th

e
ab

ov
e

re
su

lt
s

to
(5

4)
to

ar
ri

ve
a
t

th
e

in
eq

u
a
li
ty

E∥ ∥ ∥M̂
− 1
−
M
− 1

∥ ∥ ∥2

≤
E∥ ∥ ∥(

Q
−
Q̂

)β
∗∥ ∥ ∥

2

+
2
E∥ ∥
ε− 1

∥ ∥2
+

2(
σ

2
|S
|−

E∥ ∥
ε− 1

∥ ∥2
)

=
E∥ ∥ ∥(

Q
−
Q̂

)β
∗∥ ∥ ∥

2

+
2
σ

2
|S
|.

L
e
m

m
a

2
6

F
o
r
η

=
0

a
n

d
a
n

y
µ
≥

0,
th

e
p
re

-i
n

te
rv

en
ti

o
n

er
ro

r
o
f

th
e

a
lg

o
ri

th
m

ca
n

be
bo

u
n

d
ed

a
s

M
S
E

(M̂
− 1

)
≤

C
1

p
2
T

0
E(
λ
∗

+
‖Y
−
p
M
‖+

∥ ∥ (
p̂
−
p
)M

−
∥ ∥)

2

+
2σ

2
|S
|

T
0

+
C

2
e−

c
p
(N
−

1
)T
.

(5
5)

H
er

e,
λ

1
,.
..
,λ
N
−

1
a
re

th
e

si
n

gu
la

r
va

lu
es

o
f
p
M

in
d
ec

re
a
si

n
g

o
rd

er
a
n

d
re

pe
a
te

d
by

m
u

lt
ip

li
ci

ti
es

,
w

it
h
λ
∗

=
m

ax
i
/∈S
λ
i;
C

1
,C

2
a
n

d
c

a
re

u
n

iv
er

sa
l

po
si

ti
ve

co
n

st
a
n

ts
.

P
ro

o
f

R
ec

al
l

th
at
E

1
:=
{|
p̂
−
p
|≤

ω
p z
}

fo
r

so
m

e
ch

oi
ce

of
ω
∈

(0
.1
,1

).
T

h
u
s,

u
n
d
er

th
e

ev
en

t
E

1
,

p
∥ ∥ ∥M̂

−
−
M
−
∥ ∥ ∥
≤
C

1
p̂
∥ ∥ ∥M̂

−
−
M
−
∥ ∥ ∥

≤
C

1

(∥ ∥ ∥
p̂
M̂
−
−
p
M
−
∥ ∥ ∥

+
∥ ∥ (
p̂
−
p
)M

−
∥ ∥)

(a
) ≤
C

1

(∥ ∥ ∥
p̂
M̂
−
p
M
∥ ∥ ∥

+
∥ ∥ (
p̂
−
p
)M

−
∥ ∥)

(b
) ≤
C

1

( λ
∗

+
2
‖Y
−
p
M
‖+

∥ ∥ (
p̂
−
p
)M

−
∥ ∥)

w
h

er
e

(a
)

fo
ll

ow
s

fr
o
m

L
em

m
a

1
7

a
n

d
(b

)
fo

ll
ow

s
fr

o
m

L
em

m
a

2
0
.

In
g
en

er
a
l,

si
n

ce
|M

ij
|a

n
d

|Y
ij
|≤

1,

∥ ∥ ∥M̂
−
−
M
−
∥ ∥ ∥

(a
) ≤
∥ ∥ ∥M̂

∥ ∥ ∥
+
∥ ∥ M

−
∥ ∥

=
1 p̂
‖Y
‖+

∥ ∥ M
−
∥ ∥

≤
(N
−

1)
T
‖Y
‖+

∥ ∥ M
−
∥ ∥

≤
(N
−

1
)T
√

(N
−

1)
T

+
√

(N
−

1)
T

0

≤
2
((
N
−

1)
T

)3
/
2
.

(5
6)
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A
m
ja

d
,
S
h
a
h
,
S
h
e
n

(a
)

fo
ll

ow
s

fr
om

a
si

m
p

le
ap

p
li

ca
ti

on
of

L
em

m
a

17
an

d
th

e
tr

ia
n

gl
e

in
eq

u
al

it
y

of
op

er
at

or
n

or
m

s.
B

y
th

e
la

w
of

to
ta

l
p
ro

b
a
b
il
it

y
an

d
P(
E

1
)
≤

1,

E∥ ∥ ∥(
M̂
−
−
M
−

)T
β
∗∥ ∥ ∥

2

≤
E[
∥ ∥ ∥(
M̂
−
−
M
−

)T
β
∗∥ ∥ ∥

2

|E
1

] +
E[
∥ ∥ ∥(
M̂
−
−
M
−

)T
β
∗∥ ∥ ∥

2

|E
c 1

] P(
E
c 1
)

(a
) ≤
E[
∥ ∥ ∥M̂

−
−
M
−
∥ ∥ ∥2

|E
1

] ‖
β
∗ ‖

2
+

E[
∥ ∥ ∥M̂

−
−
M
−
∥ ∥ ∥2

|E
c 1

] ‖
β
∗ ‖

2
P(
E
c 1
)

≤
C

2

p
2
E[
( λ
∗

+
2
‖Y
−
p
M
‖+

∥ ∥ (
p̂
−
p
)M

−
∥ ∥)

2

|E
1

] +
C

3
((
N
−

1)
T

)3
/
2
e−

c
p
(N
−

1
)T
,

w
h

er
e

(a
)

fo
ll

ow
s

b
ec

au
se

th
e

sp
ec

tr
al

n
or

m
is

an
in

d
u

ce
d

n
or

m
,

an
d

th
e

la
st

in
eq

u
al

it
y

m
ak

es
u

se
of

th
e

re
su

lt
s

fr
om

ab
ov

e.
N

ot
e

th
at
C

2
an

d
C

3
ar

e
ap

p
ro

p
ri

at
el

y
d
efi

n
ed

to
d
ep

en
d

on
β
∗ .

M
or

eo
ve

r,
fo

r
an

y
n
on

-n
eg

at
iv

e
va

lu
ed

ra
n
d
om

va
ri

a
b
le
X

a
n
d

ev
en

t
E

w
it

h
P(
E

)
≥

1
/2

,

E[
X
|E

]
≤

E[
X

]

P(
E

)
≤

2E
[X

].
(5

7
)

U
si

n
g

th
e

fa
ct

th
a
t
P(
E

1
)
≥

1
/2

fo
r

la
rg

e
en

o
u

g
h
T
,N

,
w

e
a
p

p
ly

L
em

m
a

2
5

to
o
b

ta
in

(w
it

h
ap

p
ro

p
ri

at
el

y
d
efi

n
ed

co
n
st

an
ts
C

4
,C

5
,c

6
)

M
S
E

(M̂
− 1

)
≤

1 T
0
E∥ ∥ ∥(

M
−
−
M̂
−

)T
β
∗∥ ∥ ∥

2

+
2
σ

2
|S
|

T
0

≤
C

4

p
2
T

0
E(
λ
∗

+
‖Y
−
p
M
‖+

∥ ∥ (
p̂
−
p
)M

−
∥ ∥)

2

+
2σ

2
|S
|

T
0

+
C

5
e−

c
6
p
(N
−

1
)T
.

(5
8
)

T
h
e

p
ro

of
is

co
m

p
le

te
d

a
ss

u
m

in
g

w
e

re
-l

ab
el

co
n
st

a
n
ts
C

4
,C

5
,c

6
a
s
C

1
,C

2
,

an
d
c,

re
sp

ec
ti

ve
ly

.

E
.2

R
id

g
e

R
e
g
re

ss
io

n

In
th

is
se

ct
io

n
,

w
e

w
il
l

p
ro

ve
ou

r
re

su
lt

s
fo

r
th

e
ri

d
ge

re
g
re

ss
io

n
se

tt
in

g
,

i.
e.
η
>

0
.

L
et

u
s

b
eg

in
b
y

d
er

iv
in

g
th

e
cl

os
ed

fo
rm

ex
p
re

ss
io

n
o
f
β̂

(η
).

D
e
ri

v
a
ti

o
n

o
f
β̂

(η
).

W
e

d
er

iv
e

th
e

cl
os

ed
fo

rm
so

lu
ti

on
fo

r
β̂

(η
)

u
n
d
er

th
e

n
ew

ob
je

ct
iv

e
fu

n
ct

io
n

w
it

h
th

e
ad

d
it

io
n
al

co
m

p
le

x
it

y
p

en
al

ty
te

rm
:

∥ ∥ ∥Y
− 1
−

(M̂
−

)T
v
∥ ∥ ∥2

+
η
‖v
‖2

=
(Y
− 1

)T
Y
− 1
−

2v
T
M̂
−
Y
− 1

+
v
T
M̂
−

(M̂
−

)T
v

+
η
v
T
v
.

S
et

ti
n
g

th
e

gr
ad

ie
n
t

of
th

e
ab

ov
e

ex
p
re

ss
io

n
to

ze
ro

a
n
d

so
lv

in
g

fo
r
v
,

w
e

o
b
ta

in

∇
v

{
∥ ∥ ∥Y
− 1
−

(M̂
−

)T
v
∥ ∥ ∥2

+
η
‖v
‖2
}

v
=
β̂

(η
)

=
−

2M̂
−
Y
− 1

+
2
M̂
−

(M̂
−

)T
v

+
2
η
v

=
0.

T
h
er

ef
or

e,

β̂
(η

)
=
( M̂

−
(M̂

−
)T

+
η
I
) −

1

M̂
−
Y
− 1
.

R
e
m

a
rk

2
7

T
o

ea
se

th
e

n
o
ta

ti
o
n

a
l

co
m

p
le

xi
ty

o
f

th
e

fo
ll

o
w

in
g

L
em

m
a
s

2
8

a
n

d
3
0

p
ro

o
fs

,
w

e
w

il
l

m
a
ke

u
se

o
f

th
e

fo
ll

o
w

in
g

n
o
ta

ti
o
n

s
fo

r
o
n

ly
th

is
d
er

iv
a
ti

o
n

:
L

et

Q
:=

(M
−

)T
(5

9
)

Q̂
:=

(M̂
−

)T
(6

0
)
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R
o
b
u
st

S
y
n
t
h
e
t
ic

C
o
n
t
r
o
l

su
ch

th
a
t

M
−1

:=
Q
β
∗

(61
)

M̂
−1

:=
Q̂
β̂
.

(62
)

L
e
m

m
a

2
8

L
et
P
η

=
Q̂

(Q̂
T
Q̂

+
η
I

) −
1Q̂

T
d
en

o
te

th
e

“
h
a
t”

m
a
trix

u
n

d
er

th
e

qu
a
d
ra

tic
regu

la
riza

tio
n

settin
g.

T
h
en

,
th

e
n

o
n

-zero
sin

gu
la

r
va

lu
es

o
f
P
η

a
re
s

2i /(s
2i

+
η
)

fo
r

a
ll
i∈

S
.

P
ro

o
f

R
eca

ll
th

a
t

th
e

sin
g
u

la
r

va
lu

es
o
f
Y

a
re
s
i ,

w
h

ile
th

e
sin

g
u

la
r

va
lu

es
o
f
Q̂

a
re

th
o
se
s
i ≥

µ
.

L
et
Q̂

=
U

Σ
V
T

b
e

th
e

sin
gu

la
r

va
lu

e
d
ecom

p
osition

of
Q̂

.
S
in

ce
V
V
T

=
I

,
w

e
h
ave

th
at

P
η

=
Q̂

(Q̂
T
Q̂

+
η
I

) −
1Q̂

T

=
U

Σ
V
T

(V
Σ

2V
T

+
η
I

) −
1V

Σ
U
T

=
U

Σ
V
T

(V
Σ

2V
T

+
η
V
V
T

) −
1V

Σ
U
T

=
U

Σ
V
T
V

(Σ
2

+
η
I

) −
1V

T
V

Σ
U
T

=
U

Σ
(Σ

2
+
η
I

) −
1Σ
U
T

=
U
D
U
T
,

w
h
ere

D
=

d
iag (

s
21

s
21

+
η
,...,

s
2|S|

s
2|S|

+
η
,0
,...,0 )

.

L
e
m

m
a

2
9

S
u

p
po

se
Y
−1

=
M
−1

+
ε −1

w
ith

E
[ε

1
j ]

=
0

a
n

d
V

a
r(ε

1
j )≤

σ
2

fo
r

a
ll
j∈

[T
0 ].

L
et
β
∗

be

d
efi

n
ed

a
s

in
(6

),
i.e.

M
−1

=
(M

−
)
T
β
∗,

a
n

d
let

β̂
(η

)
be

th
e

m
in

im
izer

o
f

(1
0
).

T
h
en

fo
r

a
n

y
µ
≥

0
a
n

d
η
>

0
,

E ∥∥∥
M
−1
−
M̂
−1

∥∥∥
2≤

E ∥∥∥
(M

−
−
M̂
−

)
T
β
∗ ∥∥∥

2

+
η‖β

∗‖
2−

ηE ∥∥∥
β̂

(η
) ∥∥∥

2

+
2
σ

2|S|.
(63

)

P
ro

o
f

T
h

e
follow

in
g

p
ro

of
is

a
sligh

t
m

o
d

ifi
cation

for
th

e
p

ro
of

of
L

em
m

as
25.

In
p
articu

lar,
ob

serve

th
at
β̂

(η
)

m
in

im
izes ∥∥∥

Y
−1
−
Q̂
v ∥∥∥

+
η‖v‖

2
for

an
y
v
∈
R
N
−

1.
A

s
a

resu
lt,

∥∥∥
M
−1
−
M̂
−1

∥∥∥
2

+
η ∥∥∥
β̂

(η
) ∥∥∥

2

=
∥∥∥
(Y
−1
−
ε −1

)−
Q̂
β̂

(η
) ∥∥∥

2

+
η ∥∥∥
β̂

(η
) ∥∥∥

2

=
∥∥∥
(Y
−1
−
Q̂
β̂

(η
))

+
(−
ε −1

) ∥∥∥
2

+
η ∥∥∥
β̂

(η
) ∥∥∥

2

=
∥∥∥
Y
−1
−
Q̂
β̂

(η
) ∥∥∥

2

+
η ∥∥∥
β̂

(η
) ∥∥∥

2

+
∥∥
ε −1 ∥∥

2
+

2〈−
ε −1
,Y
−1
−
Q̂
β̂

(η
)〉

≤
∥∥∥
Y
−1
−
Q̂
β
∗ ∥∥∥

2

+
η‖β

∗‖
2

+
∥∥
ε −1 ∥∥

2
+

2〈−
ε −1
,Y
−1
−
Q̂
β̂

(η
)〉

=
∥∥∥
(Q
β
∗

+
ε −1

)−
Q̂
β
∗ ∥∥∥

2

+
η‖β

∗‖
2

+
∥∥
ε −1 ∥∥

2
+

2〈−
ε −1
,Y
−1
−
Q̂
β̂

(η
)〉

=
∥∥∥
(Q
−
Q̂

)β
∗

+
ε −1 ∥∥∥

2

+
η‖β

∗‖
2

+
∥∥
ε −1 ∥∥

2
+

2〈−
ε −1
,Y
−1
−
Q̂
β̂

(η
)〉

=
∥∥∥
(Q
−
Q̂

)β
∗ ∥∥∥

2

+
η‖β

∗‖
2

+
2 ∥∥
ε −1 ∥∥

2
+

2〈ε −1
,(Q
−
Q̂

)β
∗〉

+
2〈−

ε −1
,Y
−1
−
Q̂
β̂

(η
)〉
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A
m
ja

d
,
S
h
a
h
,
S
h
e
n

T
ak

in
g

ex
p

ectation
s,

w
e

h
ave

E ∥∥∥
M̂
−1
−
M
−1

∥∥∥
2

≤
E ∥∥∥

(Q
−
Q̂

)β
∗ ∥∥∥

2

+
η (‖β

∗‖
2−

E ∥∥∥
β̂

(η
) ∥∥∥

2 )
+

2E ∥∥
ε −1 ∥∥

2
+

2E〈ε −1
,(Q
−
Q̂

)β
∗〉

+
2E〈−

ε −1
,Y
−1
−
Q̂
β̂

(η
)〉.

A
s

b
efo

re,
w

e
h
av

e
th

a
t
E〈ε −1

,(Q
−
Q̂

)β
∗〉

=
0

b
y

th
e

zero
-m

ea
n

a
n
d

in
d
ep

en
d
en

ce
a
ssu

m
p
tio

n
s

o
f

th
e

n
oise

ran
d
om

va
ria

b
les.

S
im

ilarly,
n
o
te

th
at

E
[(ε −1

)
T
Q̂
β̂

(η
)]

=
E

[(ε −1
)
T
Q̂

(Q̂
T
Q̂

+
η
I

) −
1Q̂

T
Y
−1

]

=
E

[(ε −1
)
T
Q̂

(Q̂
T
Q̂

+
η
I

) −
1Q̂

T
]M
−1

+
E

[(ε −1
)
T
Q̂

(Q̂
Q̂
T

+
η
I

) −
1Q̂

T
ε −1

]

=
E

[(ε −1
)
T
Q̂

(Q̂
T
Q̂

+
η
I

) −
1Q̂

T
ε −1

]

=
E

[tr((ε −1
)
T
Q̂

(Q̂
T
Q̂

+
η
I

) −
1Q̂

T
ε −1

)]

=
E

[tr(Q̂
(Q̂

T
Q̂

+
η
I

) −
1Q̂

T
ε −1

(ε −1
)
T

)]

=
tr(E

[Q̂
(Q̂

T
Q̂

+
η
I

) −
1Q̂

T
ε −1

(ε −1
)
T

])

=
tr(E

[Q̂
(Q̂

T
Q̂

+
η
I

) −
1Q̂

T
]E

[ε −1
(ε −1

)
T

])

=
σ

2E
[tr(Q̂

(Q̂
T
Q̂

+
η
I

) −
1Q̂

T
)]

(a
)

≤
σ

2E
[tr(Q̂

Q̂
†)]

(b
)

=
σ

2ra
n
k
(Q̂

)

≤
σ

2|S|,

w
h
ere

(a
)

follow
s

from
L

em
m

a
28,

an
d

as
b

efore,
(b)

follow
s

b
ecau

se
Q̂
Q̂
†

is
a

p
ro

jection
m

atrix
.

L
e
m

m
a

3
0

F
o
r

a
n

y
η
>

0
a
n

d
µ
≥

0,
th

e
p
re-in

terven
tio

n
erro

r
o
f

th
e

regu
la

rized
a
lgo

rith
m

ca
n

be
bo

u
n

d
ed

a
s

M
S
E

(M̂
−1

)≤
C

1

p
2T

0 E (
λ
∗

+
‖Y
−
p
M
‖

+
∥∥
(p̂−

p
)M

− ∥∥ )
2

+
2σ

2|S|
T

0
+
η‖β

∗‖
2

T
0

+
C

2 e −
c
p
(N
−

1
)T
.

H
ere,

λ
1 ,...,λ

N
−

1
a
re

th
e

sin
gu

la
r

va
lu

es
o
f
p
M

in
d
ecrea

sin
g

o
rd

er
a
n

d
repea

ted
by

m
u

ltip
licities,

w
ith

λ
∗

=
m

ax
i
/∈
S
λ
i ;
C

1 ,C
2

a
n

d
c

a
re

u
n

iversa
l

po
sitive

co
n

sta
n

ts.

P
ro

o
f

T
h
e

p
ro

of
fo

llow
s

th
e

sa
m

e
argu

m
en

ts
a
s

th
a
t

of
L

em
m

a
26.

E
.3

C
o
m

b
in

in
g

lin
e
a
r

a
n

d
rid

g
e

re
g
re

ssio
n

.

E
.3
.1

P
r
o
o
f
o
f
T
h
e
o
r
e
m

3

T
h

e
o
re

m
3

F
o
r

a
n

y
η
≥

0
a
n

d
µ
≥

0,
th

e
p
re-in

terven
tio

n
erro

r
o
f

th
e

a
lgo

rith
m

ca
n

be
bo

u
n

d
ed

a
s

M
S
E

(M̂
−1

)≤
C

1

p
2T

0 E (
λ
∗

+
‖Y
−
p
M
‖

+
∥∥
(p̂−

p
)M

− ∥∥ )
2

+
2σ

2|S|
T

0
+
η‖β

∗‖
2

T
0

+
C

2 e −
c
p
(N
−

1
)T
.

H
ere,

λ
1 ,...,λ

N
−

1
a
re

th
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P
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+
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>
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T
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≥
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p
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r
is

bo
u

n
d
ed

a
bo

ve
by

M
S
E

(M̂
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‖
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)√
T
q̂,

w
h

er
e
q̂

=
σ̂

2
p̂
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≥
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d
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p
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∥ ∥ ∥
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√
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∥ ∥ ∥
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p
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d
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∥ ∥ ∥
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∩
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∩
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d
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w
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−
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p
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p
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b
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≥
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P
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h
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+
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+
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∑t∈
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b
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Ȳ
−

=
[Ȳ
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w
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b
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+
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∆
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iń

sk
ia

nd
M

an
fr

ed
K

.W
ar

m
ut

h.

L
ic

en
se

:C
C

-B
Y

4.
0,

se
e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/

.A
ttr

ib
ut

io
n

re
qu

ir
em

en
ts

ar
e

pr
ov

id
ed

at
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
9
/
1
7
-
7
8
1
.
h
t
m
l

.

JM
L

R
 1

9(
23

):
1-

39
, 2

01
8

D
E

R
E

Z
IŃ
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expectation

form
ulas

(forthe
second

equality,X
m

ustbe
in

generalposition):

E
[(I

S
X

)
+

]
=

X
+

and
E

[
(X
>S

X
S

) −
1

︸
︷︷

︸
(I
S
X

)
+

(I
S
X

)
+
>

]
=
n
−
d

+
1

s−
d

+
1

(X
>

X
) −

1

︸
︷︷

︸
X

+
X

+
>

.

N
ote

that
(I
S
X

)
+

has
the

d×
n

shape
of

X
+

w
here

the
s

colum
ns

indexed
by
S

contain
(X

S
)
+

and
the

rem
aining

n
−
s

colum
ns

are
zero.T

he
expectation

ofthis
m

atrix
is

X
+

even
though

(X
S

)
+

is
clearly

nota
subm

atrix
of

X
+.T

his
expectation

form
ula

now
im

plies
thatforany

size
s≥

d,if
S

of
size

s
is

draw
n

by
volum

e
sam

pling,then
w
∗(S

)
is

an
unbiased

estim
ator 1

for
w
∗,i.e.

E
[w
∗(S

)]
=

E
[(X

S
)
+

y
S

]
=

E
[(I

S
X

)
+

y
]

=
E

[(I
S
X

)
+

]y
=

X
+

y
=

w
∗.

The
second

expectation
form

ula
can

be
view

ed
asa

second
m

om
entofthe

pseudoinverse
estim

ator
(I
S
X

)
+,and

itcan
be

used
to

com
pute

a
usefulnotion

ofm
atrix

variance
w

ith
applications

in
random

m
atrix

theory:E
[(I

S
X

)
+

(I
S
X

)
+
>

]−
E

[(I
S
X

)
+

]E
[(I

S
X

)
+

] >
=

n
−
s

s−
d

+
1
X

+
X

+
>.

R
egularized

volum
e

sam
pling.

W
e

also
develop

a
new

regularized
variantofvolum

e
sam

pling,w
hich

extends
reverse

iterative
sam

pling
to

selecting
subsets

ofsize
sm

allerthan
d,and

leads
to

a
useful

extension
ofthe

above
m

atrix
variance

form
ula.N

am
ely,forany

λ
≥

0,our
λ-regularized

procedure
forsam

pling
subsets

S
ofsize

s
satisfies

E [(X
>S

X
S

+
λ
I) −

1 ]�
n
−
d
λ

+
1

s−
d
λ

+
1

(X
>

X
+
λ
I) −

1,

w
here

d
λ

def
=

tr(X
(X
>

X
+
λ
I) −

1X
>

)≤
d

is
a

standard
notion

ofstatisticaldim
ension.C

rucially,
the

above
bound

holds
forsubsetsizes

s≥
d
λ ,w

hich
can

be
m

uch
sm

allerthan
the

dim
ension

d.
U

nderthe
additionalassum

ption
thatresponse

vector
y

is
generated

by
a

lineartransform
ation

distorted
w

ith
bounded

w
hite

noise,the
expected

bound
on

(X
>S

X
S

+
λ
I) −

1
leads

to
strong

variance
bounds

for
the

ridge
regression

estim
ator.

Specifically,w
e

prove
thatw

hen
y

=
X

w̃
+
ξ,w

ith
ξ

having
m

ean
zero

and
bounded

variance
V

ar[ξ
]�

σ
2I,

then
if
S

is
sam

pled
according

to
λ-

regularized
volum

e
sam

pling
w

ith
λ
≤

σ
2

‖
w̃
‖
2 ,

w
e

can
obtain

the
follow

ing
bound

on
the

m
ean

squared
prediction

error(M
SPE

):

E
S E

ξ [
1n ‖X

(w
∗λ (S

)−
w̃

)‖
2 ]
≤

σ
2d
λ

s−
d
λ

+
1
,

1.Forsize
s
=
d

volum
e

sam
pling,the

factthatE
[w
∗(S

)]
=

w
∗

can
be

found
in

an
early

paper(B
en-Taland

Teboulle,
1990).T

hey
give

a
directproofbased

on
C

ram
er’s

rule.3
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L
R

 19(23):1-39, 2018

D
E

R
E

Z
IŃ

S
K

I
A

N
D

W
A

R
M

U
T

H

w
here

w
∗λ (S

)
=

(X
>S

X
S

+
λ
I) −

1X
>S

y
S

is
the

ridge
regression

estim
ator

for
the

subproblem
(X

S
,y

S
).O

urnew
low

erbounds
show

thatthe
above

upperbound
forregularized

volum
e

sam
pling

is
essentially

optim
alw

ith
respectto

the
choice

ofa
subsam

pling
procedure.

A
lgorithm

s
and

experim
ents.

T
he

only
know

n
polynom

ialtim
e

algorithm
for

size
s
>
d

volum
e

sam
pling

w
as

recently
proposed

by
L

ietal.(2017)
w

ith
tim

e
com

plexity
O

(n
4s).

In
this

paper
w

e
give

tw
o

new
algorithm

s
using

our
generalfram

ew
ork

of
reverse

iterative
sam

pling:
one

w
ith

determ
inistic

runtim
e

of
O

((n−
s
+
d
)n
d
),and

a
second

one
thatw

ith
high

probability
finishes

in
tim

e
O

(n
d

2).
T

hus
both

algorithm
s

im
prove

on
the

state-of-the-artby
a

factor
of

atleast
n

2
and

m
ake

volum
e

sam
pling

nearly
as

efficientas
the

com
parable

i.i.d.sam
pling

technique
called

leverage
score

sam
pling.O

urexperim
ents

on
realdatasets

confirm
the

efficiency
ofouralgorithm

s
and

show
thatforsm

allsam
ple

sizes
s,volum

e
sam

pling
is

m
ore

effective
than

leverage
score

sam
pling

forthe
task

ofsubsetselection
forlinearregression.

1.1
R

elated
W

ork

Volum
e

sam
pling

is
a

type
ofdeterm

inantalpointprocess
(D

PP)(K
ulesza

and
Taskar,2012).D

PP’s
have

been
given

a
lot

of
attention

in
the

literature
w

ith
m

any
applications

to
m

achine
learning,

including
recom

m
endation

system
s

(G
artrelletal.,2016)and

clustering
(K

ang,2013).M
any

exact
and

approxim
ate

m
ethodsforefficiently

generating
sam

plesfrom
thisdistribution

have
been

proposed
(D

eshpande
and

R
adem

acher,2010;K
ulesza

and
Taskar,2011),m

aking
ita

usefultoolin
the

design
ofrandom

ized
algorithm

s.M
ostofthose

m
ethods

focus
on

sam
pling

s≤
d

elem
ents.In

this
paper,

w
e

study
volum

e
sam

pling
sets

ofsize
s≥

d,w
hich

w
as

proposed
by

A
vron

and
B

outsidis
(2013)

and
m

otivated
w

ith
applications

in
graph

theory,linearregression,m
atrix

approxim
ation

and
m

ore.
T

he
problem

ofselecting
a

subsetofthe
row

s
ofthe

inputm
atrix

forsolving
a

linearregression
task

has
been

extensively
studied

in
statistics

literature
under

the
term

s
optim

aldesign
(Fedorov,

1972)and
pool-based

active
learning

(Sugiyam
a

and
N

akajim
a,2009).V

arious
criteria

forsubset
selection

have
been

proposed,like
A

-optim
ality

and
D

-optim
ality.Forexam

ple,A
-optim

ality
seeks

to
m

inim
ize

tr((X
>S

X
S

) −
1),w

hich
is

com
binatorially

hard
to

optim
ize

exactly.W
e

show
thatfor

size
s≥

d
volum

e
sam

pling,E
[(X
>S

X
S

) −
1]

=
n−

d
+

1
s−
d
+

1
(X
>

X
) −

1,w
hich

provides
an

approxim
ate

random
ized

solution
ofthe

sam
pled

inverse
covariance

m
atrix

ratherthan
justits

trace.
In

the
field

ofcom
putationalgeom

etry
a

variantofvolum
e

sam
pling

w
as

used
to

obtain
optim

al
bounds

forlow
-rank

m
atrix

approxim
ation.In

this
task,the

goalis
to

selecta
sm

allsubsetofrow
s

of
a

m
atrix

X
∈
R
n×

d
(m

uch
few

erthan
the

rank
of

X
,w

hich
is

bounded
by
d),so

thata
good

low
-rank

approxim
ation

of
X

can
be

constructed
from

those
row

s.D
eshpande

etal.(2006)show
ed

thatvolum
e

sam
pling

ofsize
s
<
d

index
sets

obtains
optim

alm
ultiplicative

bounds
forthis

task
and

polynom
ial

tim
e

algorithm
s

forsize
s
<
d

volum
e

sam
pling

w
ere

given
in

D
eshpande

and
R

adem
acher(2010)

and
G

urusw
am

iand
Sinop

(2012).W
e

show
in

this
paperthatforlinearregression,few

erthan
rank

m
any

row
s

do
notsuffice

to
obtain

m
ultiplicative

bounds.This
is

w
hy

w
e

focus
on

volum
e

sam
pling

sets
ofsize

s≥
d

(recallthat,forsim
plicity,w

e
assum

e
that

X
is

fullrank).
C

om
puting

approxim
ate

solutions
to

linear
regression

has
been

explored
in

the
dom

ain
of

num
ericallinearalgebra

(see
M

ahoney
(2011)foran

overview
).H

ere,m
ultiplicative

bounds
on

the
loss

ofthe
approxim

ate
solution

can
be

achieved
via

tw
o

approaches.T
he

firstapproach
relies

on
sketching

the
inputm

atrix
X

and
the

response
vector

y
by

m
ultiplying

both
by

the
sam

e
suitably

chosen
random

m
atrix.

A
lgorithm

s
w

hich
use

sketching
to

generate
a

sm
aller

inputm
atrix

for
a

given
linearregression

problem
are

com
putationally

efficient(Sarlos,2006;C
larkson

and
W

oodruff,
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ith

th
e

st
at

is
tic

al
gu

ar
an

te
es

it
of

fe
rs

fo
rc

om
pu

tin
g

su
bs

am
pl

ed
ri

dg
e

re
gr

es
si

on
es

tim
at

or
s.

N
ex

t,
w

e
pr

es
en

te
ffi

ci
en

tv
ol

um
e

sa
m

pl
in

g
al

go
ri

th
m

s
in

Se
ct

io
n

5,
ba

se
d

on
th

e
re

ve
rs

e
ite

ra
tiv

e
sa

m
pl

in
g

pa
ra

di
gm

,w
hi

ch
ar

e
th

en
ex

pe
ri

m
en

ta
lly

ev
al

ua
te

d
in

Se
ct

io
n

6.
Fi

na
lly

,S
ec

tio
n

7
co

nc
lu

de
s

th
e

pa
pe

rb
y

su
gg

es
tin

g
a

fu
tu

re
re

se
ar

ch
di

re
ct

io
n.

2.
N

ot
e

th
at

th
os

e
m

et
ho

ds
ty

pi
ca

lly
re

qu
ir

e
ad

di
tio

na
lr

es
ca

lin
g

of
th

e
su

bp
ro

bl
em

,w
he

re
as

th
e

te
ch

ni
qu

es
pr

op
os

ed
in

th
is

pa
pe

rd
o

no
tr

eq
ui

re
an

y
re

sc
al

in
g.
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Z
IŃ

S
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A
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M

U
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H

2.
R

ev
er

se
It

er
at

iv
e

Sa
m

pl
in

g

L
et
n

be
an

in
te

ge
rd

im
en

si
on

.F
or

ea
ch

su
bs

et
S
⊆
{1
..
n
}o

fs
iz

e
s

w
e

ar
e

gi
ve

n
a

m
at

ri
x

fo
rm

ul
a

F
(S

).
O

ur
go

al
is

to
sa

m
pl

e
se

tS
of

si
ze
s

us
in

g
so

m
e

sa
m

pl
in

g
pr

oc
es

s
an

d
th

en
de

ve
lo

p
co

nc
is

e
ex

pr
es

si
on

s
fo

rE
S

:|S
|=
s
[F

(S
)]

.E
xa

m
pl

es
of

fo
rm

ul
a

cl
as

se
s

F
(S

)
w

ill
be

gi
ve

n
be

lo
w

.

{1
..
n
} S S
−
i

P
(S
−
i
|S
)

si
ze

n n
−
1

ss s
−
1

d

Fi
gu

re
3:

R
ev

er
se

ite
ra

tiv
e

sa
m

pl
in

g.

W
e

re
pr

es
en

tt
he

sa
m

pl
in

g
by

a
di

re
ct

ed
ac

yc
lic

gr
ap

h
(D

A
G

),
w

ith
a

si
ng

le
ro

ot
no

de
co

rr
es

po
nd

in
g

to
th

e
fu

ll
se

t
{1
..
n
}.

St
ar

tin
g

fr
om

th
e

ro
ot

,
w

e
pr

oc
ee

d
al

on
g

th
e

ed
ge

s
of

th
e

gr
ap

h,
ite

ra
tiv

el
y

re
m

ov
in

g
el

em
en

ts
fr

om
th

e
se

tS
(s

ee
Fi

gu
re

3)
.C

on
cr

et
el

y,
co

ns
id

er
a

D
A

G
w

ith
le

ve
ls

s
=

n
,n
−

1
,.
..
,d

.
L

ev
el
s

co
nt

ai
ns
( n s

)
no

de
s

fo
r

se
ts

S
⊆
{1
..
n
}

of
si

ze
s.

E
ve

ry
no

de
S

at
le

ve
l
s
>
d

ha
s
s

di
re

ct
ed

ed
ge

s
to

th
e

no
de

s
S
−
{i
}(

al
so

de
no

te
d
S
−
i)

at
th

e
ne

xt
lo

w
er

le
ve

l.
T

he
se

ed
ge

s
ar

e
la

be
le

d
w

ith
a

co
nd

iti
on

al
pr

ob
ab

ili
ty

ve
ct

or
P

(S
−
i|S

),
w

he
re

th
e

ev
en

tS
oc

cu
rs

if
th

e
sa

m
pl

in
g

pr
oc

es
s

vi
si

ts
no

de
S

as
it

tra
ce

s
a

(d
ire

ct
ed

)p
at

h
in

th
e

D
A

G
fr

om
th

e
ro

ot
no

de
{1
..
n
}t

o
a

no
de

at
le

ve
ld

.S
uc

h
pa

th
s

ha
ve
n
−
d

ed
ge

s.
It

is
na

tu
ra

lt
o

as
si

gn
pr

ob
ab

ili
tie

s
to

sh
or

te
rp

at
hs

as
w

el
lg

oi
ng

fr
om

an
y

no
de

to
a

no
de

at
a

lo
w

er
le

ve
l.

T
he

pr
ob

ab
ili

ty
of

su
ch

a
pa

th
is

ag
ai

n
th

e
pr

od
uc

to
fi

ts
ed

ge
pr

ob
ab

ili
tie

s.
It

al
so

fo
llo

w
s

th
at

th
e

pr
ob

ab
ili

ty
P

(S
)

of
vi

si
tin

g
no

de
S

(v
ia

a
pa

th
fr

om
th

e
ro

ot
)i

s
th

e
su

m
of

th
e

pr
ob

ab
ili

tie
s

of
al

lp
at

hs
fr

om
ro

ot
to
S

.F
in

al
ly

,
th

e
pr

ob
ab

ili
ty
P

({
1.
.n
})

of
th

e
ro

ot
no

de
is

1
an

d
m

or
e

ge
ne

ra
lly

,t
he

to
ta

lp
ro

ba
bi

lit
y

of
al

ln
od

es
at

ea
ch

la
ye

ri
s

1.
W

e
as

so
ci

at
e

a
fo

rm
ul

a
F

(S
)

w
ith

ea
ch

se
tn

od
e
S

in
th

e
D

A
G

.T
he

fo
llo

w
in

g
ke

y
eq

ua
lit

y
le

ts
us

co
m

pu
te

ex
pe

ct
at

io
ns

.

L
em

m
a

1
If

fo
r

al
lS
⊆
{1
..
n
}o

fs
iz

e
gr

ea
te

r
th

an
d

w
e

ha
ve

F
(S

)
=
∑ i∈
S

P
(S
−
i|S

)F
(S
−
i)
,

th
en

fo
r

an
y
s
∈
{d
..
n
}:

E S
:|S
|=
s
[F

(S
)]

=
∑

S
:|S
|=
s
P

(S
)F

(S
)

=
F

({
1
..
n
})
.

Pr
oo

f
Su

ffi
ce

s
to

sh
ow

th
at

ex
pe

ct
at

io
ns

at
su

cc
es

si
ve

la
ye

rs
s

an
d
s
−

1
ar

e
eq

ua
lf

or
s
>
d

:
∑

S
:|S
|=
s

P
(S

)
F

(S
)

=
∑

S
:|S
|=
s

P
(S

)∑ i∈
S

P
(S
−
i|S

)
F

(S
−
i)

=
∑

S
:|S
|=
s

∑ i∈
S

P
(S

)P
(S
−
i|S

)F
(S
−
i)

=
∑

T
:|T
|=
s−

1

∑ j
/∈T
P

(T
+
j
)P

(T
|T

+
j
)

︸
︷︷

︸
P

(T
)

F
(T

).

N
ot

e
th

at
th

e
r.h

.s
.o

ft
he

fir
st

lin
e

ha
s

on
e

su
m

m
an

d
pe

re
dg

e
le

av
in

g
le

ve
ls

,a
nd

th
e

r.h
.s

.o
ft

he
se

co
nd

lin
e

ha
s

on
e

su
m

m
an

d
pe

re
dg

e
ar

riv
in

g
at

le
ve

ls
−

1.
N

ow
th

e
la

st
eq

ua
lit

y
ho

ld
s

be
ca

us
e

th
e

ed
ge

s
le

av
in

g
le

ve
ls

ar
e

ex
ac

tly
th

os
e

ar
riv

in
g

at
le

ve
ls
−

1,
an

d
th

e
su

m
m

an
d

fo
re

ac
h

ed
ge

in
bo

th
ex

pr
es

si
on

s
is

eq
ui

va
le

nt
.
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R
E

V
E

R
S

E
IT

E
R

A
T

IV
E

V
O

L
U

M
E

S
A

M
P

L
IN

G
F

O
R

L
IN

E
A

R
R

E
G

R
E

S
S

IO
N

2.1
Volum

e
Sam

pling

G
iven

a
tallfullrank

m
atrix

X
∈
R
n×

d
and

a
sam

ple
size

s
∈
{d
..n},volum

e
sam

pling
chooses

subset
S
⊆
{1
..n}

ofsize
s

w
ith

probability
proportionalto

squared
volum

e
spanned

by
the

colum
ns

of
subm

atrix
3

X
S

and
this

squared
volum

e
equals

d
et(X

>S
X
S

).
T

he
follow

ing
theorem

uses
the

above
D

A
G

setup
to

com
pute

the
norm

alization
constantforthis

distribution.N
ote

thatallsubsets
S

ofvolum
e

0
w

illbe
ignored,since

they
are

unreachable
in

the
proposed

sam
pling

procedure.

T
heorem

2
Let

X
∈

R
n×

d,w
here

d
≤
n

and
d
et(X

>
X

)
>

0.
For

any
set

S
ofsize

s
>
d

for
w

hich
d
et(X

>S
X
S

)
>

0,define
the

probability
ofthe

edge
from

S
to
S
−
i for

i∈
S

as:

P
(S
−
i |S

)
def
=

d
et(X

>S
−
i X

S
−
i )

(s−
d
)

d
et(X

>S
X
S

)
=

1−
x
>i

(X
>S

X
S

) −
1x

i

s−
d

,
(reverse

iterative
volum

e
sam

pling)

w
here

x
>i

is
the

i-th
row

of
X

.
In

this
case

P
(S
−
i |S

)
is

a
proper

probability
distribution.

If
d
et(X

>S
X
S

)
=

0,then
sim

ply
set

P
(S
−
i |S

)
to

1s .W
ith

these
definitions, ∑

S
:|S|=

s
P

(S
)

=
1

for
all

s∈
{d
..n}

and
the

probability
ofallpaths

from
the

rootto
any

subset
S

ofsize
atleast

d
is

P
(S

)
=

d
et(X

>S
X
S

)
(
n−

d
s−
d )

d
et(X

>
X

) .
(volum

e
sam

pling)

T
he

rew
rite

ofthe
ratio

d
et(X

>S−
i X

S−
i )

d
et(X

>S
X
S

)
as

1−
x
>i

(X
>S

X
S

) −
1x

i is
Sylvester’s

T
heorem

fordeterm
i-

nants.Incidentally,this
is

the
only

property
ofdeterm

inants
used

in
this

section.
T

he
theorem

also
im

plies
a

generalization
ofthe

C
auchy-B

inetform
ula

to
size

s≥
d

sets:

∑S
:|S|=

s

d
et(X

>S
X
S

)
=

(
n
−
d

s−
d )

d
et(X

>
X

).
(1)

W
hen

s
=
d,then

the
binom

ialcoefficientis
1

and
the

above
becom

es
the

vanilla
C

auchy-B
inet

form
ula.T

he
below

proofofthe
theorem

thus
results

in
a

m
inim

alistproofofthis
classicalform

ula
as

w
ell.T

he
proofuses

the
reverse

iterative
sam

pling
(Figure

3)and
the

factthatallpaths
from

the
rootto

node
S

have
the

sam
e

probability.Forthe
sake

ofcom
pleteness

w
e

also
give

a
m

ore
direct

inductive
proofofthe

above
generalized

C
auchy-B

inetform
ula

in
A

ppendix
A

.

Proof
First,forany

node
S

s.t.
s
>
d

and
d
et(X

>S
X
S

)
>

0,the
probabilities

outof
S

sum
to

1:

∑i∈
S

P
(S
−
i |S

)
=
∑i∈
S

1−
tr((X

>S
X
S

) −
1x

i x
>i

)

s−
d

=
s−

tr((X
>S

X
S

) −
1X
>S

X
S

)

s−
d

=
s−

d

s−
d

=
1.

It
rem

ains
to

show
the

form
ula

for
the

probability
P

(S
)

of
all

paths
ending

at
node

S
.

If
d
et(X

>S
X
S

)
=

0,then
one

edge
on

any
path

from
the

rootto
S

has
probability

0.T
his

edge
goes

from
a

supersetof
S

w
ith

positive
volum

e
to

a
supersetof

S
thathas

volum
e

0.Since
allpaths

have
probability

0,P
(S

)
=

0
in

this
case.

N
ow

assum
e

d
et(X

>S
X
S

)
>

0
and

consider
any

path
from

the
root{1

..n}
to
S

.
T

here
are

(n
−
s)!such

paths
allgoing

through
sets

w
ith

positive
volum

e.The
fractions

ofdeterm
inants

in
the

3.Forsam
ple

size
s
=
d,the

row
s

and
colum

ns
of

X
S

have
the

sam
e

length
and

d
et(X

>S
X
S
)

is
also

the
squared

volum
e

spanned
by

the
row

s
X
S .
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IŃ

S
K

I
A

N
D

W
A

R
M

U
T

H

probabilities
along

each
path

telescope
and

the
additionalfactors

accum
ulate

to
the

sam
e

product.So
the

probability
ofallpaths

from
the

rootto
S

is
the

sam
e

and
the

totalprobability
into

S
is

(n
−
s)!

(n
−
d
)
...(s−

d
+

1)

d
et(X

>S
X
S

)

d
et(X

>
X

)
=

1
(
n−

d
s−
d )

d
et(X

>S
X
S

)

d
et(X

>
X

)
.

A
n

im
m

ediate
consequence

of
the

above
sam

pling
procedure

is
the

follow
ing

com
position

property
ofvolum

e
sam

pling,w
hich

states
thatthis

distribution
is

closed
undersubsam

pling.W
e

also
give

a
directproofto

highlightthe
com

binatorics
ofvolum

e
sam

pling.

C
orollary

3
For

any
X
∈
R
n×

d
and

n
≥
t
>
s≥

d,the
follow

ing
hierarchicalsam

pling
procedure:

T
t∼

X
(size

t
volum

e
sam

pling
from

X
),

S
s∼

X
T

(size
s

volum
e

sam
pling

from
X
T

)

returns
a

set
S

w
hich

is
distributed

according
to

size
s

volum
e

sam
pling

from
X

.

Proof
W

e
startw

ith
the

L
aw

ofTotalProbability
and

then
use

the
probability

form
ula

forvolum
e

sam
pling

from
the

above
theorem

.H
ere

P
(T
∩
S

)
m

eans
the

probability
ofallpaths

going
through

node
T

atlevel
t

and
ending

up
atthe

finalnode
S

atlevel
s.If

S
6⊆
T

,then
P

(T
∩
S

)
=

0.

P
(S

)
=

∑T
:S⊆

T

P
(T∩

S
)

︷
︸︸

︷
P

(S
|T

)
P

(T
)

=
∑T
:S⊆

T

d
et(X

>S
X
S

)
(
t−
d

s−
d )�
�
�
�
�
�

d
et(X

>T
X
T

)
�
�
�
�
�
�

d
et(X

>T
X
T

)
(
n−

d
t−
d )

d
et(X

>
X

)

=

(
n
−
s

t−
s )

d
et(X

>S
X
S

)
(
t−
d

s−
d )(

n−
d

t−
d )

d
et(X

>
X

)
=

d
et(X

>S
X
S

)
(
n−

d
s−
d )

d
et(X

>
X

) .

N
ote

thatforallsets
T

containing
S

,the
probability

P
(T
∩
S

)
is

the
sam

e,and
there

are (
n−

s
t−
s )

such
sets.T

he
m

ain
com

petitorofvolum
e

sam
pling

is
i.i.d.sam

pling
ofthe

row
s

of
X

w
.r.t.the

statistical
leverage

scores.Foran
inputm

atrix
X
∈
R
n×

d,the
leverage

score
ofthe

i-th
row

x
>i

of
X

is
defined

as

li
def
=

x
>i

(X
>

X
) −

1x
i .

R
ecallthatthis

quantity
appeared

in
the

definition
ofconditionalprobability

P
(S
−
i |S

)
in

T
heorem

2,w
here

the
leverage

score
w

as
com

puted
w

.r.t.
the

subm
atrix

X
S .

In
fact,there

is
a

m
ore

basic
relationship

betw
een

leverage
scores

and
volum

e
sam

pling:
If

set
S

is
sam

pled
according

to
size

s
=
d

volum
e

sam
pling,then

the
leverage

score
li ofrow

iis
the

m
arginalprobability

P
(i∈

S
)

of
selecting

i-th
row

into
S

.A
generalform

ula
forthe

m
arginals

ofsize
s

volum
e

sam
pling

is
given

in
the

follow
ing

proposition:
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Pr
op

os
iti

on
4

Le
t
X
∈

R
n
×
d

be
a

fu
ll

ra
nk

m
at

ri
x

an
d
s
∈
{d
..
n
}.

If
S
⊆
{1
..
n
}

is
sa

m
pl

ed
ac

co
rd

in
g

to
si

ze
s

vo
lu

m
e

sa
m

pl
in

g,
th

en
fo

r
an

y
i
∈
{1
..
n
},

P
(i
∈
S

)
=
s
−
d

n
−
d

+
n
−
s

n
−
d

l i
︷

︸︸
︷

x
> i

(X
>

X
)−

1
x
i
.

Pr
oo

f
In

st
ea

d
of
P

(i
∈
S

)
w

e
w

ill
fir

st
co

m
pu

te
P

(i
/∈
S

):

P
(i
/∈
S

)
=

∑

S
:|S
|=
s,
i/∈
S

d
et

(X
> S

X
S

)
( n
−
d

s−
d

) d
et

(X
>

X
)

=
∑

S
:|S
|=
s,
i/∈
S

∑
T
⊆
S

:|T
|=
d

d
et

(X
> T

X
T

)
( n
−
d

s−
d

) d
et

(X
>

X
)

=

( n
−
d
−

1
s−
d

)
d

et
(X
> −
i
X
−
i
)

︷
︸︸

︷
∑

T
:|T
|=
d
,i
/∈T

d
et

((
X
−
i)
> T

(X
−
i)
T

)

( n
−
d

s−
d

) d
et

(X
>

X
)

=
n
−
s

n
−
d

( 1
−

x
> i

(X
>

X
)−

1
x
i) ,

w
he

re
w

e
us

ed
C

au
ch

y-
B

in
et

tw
ic

e
an

d
th

e
fa

ct
th

at
ev

er
y

se
t
T

:
|T
|=

d
,
i
/∈
T

ap
pe

ar
s

in
( n
−
d
−

1
s−
d

)
se

ts
S

:
|S
|=

s,
i
/∈
S

.
N

ow
,

th
e

m
ar

gi
na

l
pr

ob
ab

ili
ty

fo
llo

w
s

fr
om

th
e

fa
ct

th
at

P
(i
∈
S

)
=

1
−
P

(i
/∈
S

).

2.
2

E
xp

ec
ta

tio
n

Fo
rm

ul
as

fo
r

Vo
lu

m
e

Sa
m

pl
in

g

A
ll

ex
pe

ct
at

io
ns

in
th

e
re

m
ai

nd
er

of
th

e
pa

pe
r

ar
e

w
.r.

t.
vo

lu
m

e
sa

m
pl

in
g.

W
e

us
e

th
e

sh
or

t-
ha

nd
E[

F
(S

)]
fo

re
xp

ec
ta

tio
n

w
ith

vo
lu

m
e

sa
m

pl
in

g
w

he
re

th
e

si
ze

of
th

e
sa

m
pl

ed
se

ti
s

fix
ed

to
s.

T
he

ex
pe

ct
at

io
n

fo
rm

ul
as

fo
r

tw
o

ch
oi

ce
s

of
F

(S
)

ar
e

pr
ov

en
in

T
he

or
em

s
5

an
d

6.
B

y
L

em
m

a
1

it
su

ffi
ce

s
to

sh
ow

F
(S

)
=
∑

i∈
S
P

(S
−
i|S

)F
(S
−
i)

fo
r

vo
lu

m
e

sa
m

pl
in

g.
W

e
al

so
pr

es
en

ta
re

la
te

d
ex

pe
ct

at
io

n
fo

rm
ul

a
(T

he
or

em
7)

,w
hi

ch
is

pr
ov

en
la

te
ru

si
ng

di
ff

er
en

tt
ec

hn
iq

ue
s.

R
ec

al
lt

ha
tX

S
is

th
e

su
bm

at
ri

x
of

ro
w

s
in

de
xe

d
by
S
⊆
{1
..
n
}.

W
e

al
so

us
e

a
ve

rs
io

n
of

X
in

w
hi

ch
al

lb
ut

th
e

ro
w

s
of
S

ar
e

ze
ro

ed
ou

t.
T

hi
s

m
at

ri
x

eq
ua

ls
I S

X
w

he
re

I S
is

an
n

-d
im

en
si

on
al

di
ag

on
al

m
at

ri
x

w
ith

(I
S

) i
i

=
1

if
i
∈
S

an
d

0
ot

he
rw

is
e

(s
ee

Fi
gu

re
2)

.

T
he

or
em

5
Le

tX
∈
R
n
×
d

be
a

ta
ll

fu
ll

ra
nk

m
at

ri
x

(i
.e

.
n
≥
d

).
Fo

r
s
∈
{d
..
n
},

le
tS
⊆
{1
..
n
}

be
a

si
ze
s

vo
lu

m
e

sa
m

pl
ed

se
to

ve
r

X
.T

he
n

E[
(I
S
X

)+
]

=
X

+
.

Fo
r

th
e

sp
ec

ia
l

ca
se

of
s

=
d

,t
hi

s
fa

ct
w

as
kn

ow
n

in
th

e
lin

ea
r

al
ge

br
a

lit
er

at
ur

e
(B

en
-T

al
an

d
Te

bo
ul

le
,1

99
0;

B
en

-I
sr

ae
l,

19
92

).
It

w
as

sh
ow

n
th

er
e

us
in

g
el

em
en

ta
ry

pr
op

er
tie

s
of

th
e

de
te

rm
in

an
t

su
ch

as
C

ra
m

er
’s

ru
le

.4
T

he
pr

oo
fm

et
ho

do
lo

gy
de

ve
lo

pe
d

he
re

ba
se

d
on

re
ve

rs
e

ite
ra

tiv
e

vo
lu

m
e

4.
U

si
ng

th
e

co
m

po
si

tio
n

pr
op

er
ty

of
vo

lu
m

e
sa

m
pl

in
g

(C
or

ol
la

ry
3)

,t
he
s
>
d

ca
se

of
th

e
th

eo
re

m
ca

n
be

re
du

ce
d

to
th

e
s
=
d

ca
se

.H
ow

ev
er

,i
n

th
is

pa
pe

rw
e

gi
ve

a
di

ff
er

en
ts

el
f-

co
nt

ai
ne

d
pr

oo
ff

or
T

he
or

em
5.
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D
E

R
E

Z
IŃ

S
K

I
A

N
D

W
A

R
M

U
T

H

sa
m

pl
in

g
is

ve
ry

di
ff

er
en

t.
W

e
be

lie
ve

th
at

th
is

fu
nd

am
en

ta
lf

or
m

ul
a

lie
s

at
th

e
co

re
of

w
hy

vo
lu

m
e

sa
m

pl
in

g
is

im
po

rt
an

t
in

m
an

y
ap

pl
ic

at
io

ns
.

In
th

is
w

or
k,

w
e

fo
cu

s
on

its
ap

pl
ic

at
io

n
to

lin
ea

r
re

gr
es

si
on

.
H

ow
ev

er
,A

vr
on

an
d

B
ou

ts
id

is
(2

01
3)

di
sc

us
s

m
an

y
pr

ob
le

m
s

w
he

re
co

nt
ro

lli
ng

th
e

ps
eu

do
in

ve
rs

e
of

a
su

bm
at

rix
is

es
se

nt
ia

l.
Fo

rt
ho

se
ap

pl
ic

at
io

ns
,i

ti
s

im
po

rta
nt

to
es

ta
bl

is
h

va
ria

nc
e

bo
un

ds
fo

rt
he

ab
ov

e
ex

pe
ct

at
io

n
an

d
vo

lu
m

e
sa

m
pl

in
g

on
ce

ag
ai

n
of

fe
rs

ve
ry

co
nc

re
te

gu
ar

an
te

es
.

W
e

ob
ta

in
th

em
by

sh
ow

in
g

th
e

fo
llo

w
in

g
fo

rm
ul

a,
w

hi
ch

ca
n

be
vi

ew
ed

as
a

se
co

nd
m

om
en

tf
or

th
is

es
tim

at
or

.

T
he

or
em

6
Le

tX
∈
R
n
×
d

be
a

fu
ll

ra
nk

m
at

ri
x

an
d
s
∈
{d
..
n
}.

If
si

ze
s

vo
lu

m
e

sa
m

pl
in

g
ov

er
X

ha
s

fu
ll

su
pp

or
t,

th
en

E[
(X
> S

X
S

)−
1

︸
︷︷

︸
(I
S
X

)+
(I
S
X

)+
>

]
=
n
−
d

+
1

s
−
d

+
1

(X
>

X
)−

1

︸
︷︷

︸
X

+
X

+
>

.

In
th

e
ca

se
w

he
n

vo
lu

m
e

sa
m

pl
in

g
do

es
no

th
av

e
fu

ll
su

pp
or

t,
th

en
th

e
m

at
ri

x
eq

ua
lit

y
“=

”
ab

ov
e

is
re

pl
ac

ed
by

th
e

po
si

tiv
e-

de
fin

ite
in

eq
ua

lit
y

“�
”.

Th
e

co
nd

iti
on

th
at

si
ze
s

vo
lu

m
e

sa
m

pl
in

g
ov

er
X

ha
s

fu
ll

su
pp

or
ti

s
eq

ui
va

le
nt

to
d
et

(X
> S

X
S

)
>

0
fo

r
al

lS
⊆
{1
..
n
}o

f
si

ze
s.

N
ot

e
th

at
if

si
ze
s

vo
lu

m
e

sa
m

pl
in

g
ha

s
fu

ll
su

pp
or

t,
th

en
si

ze
t
>
s

al
so

ha
s

fu
ll

su
pp

or
t.

So
fu

ll
su

pp
or

tf
or

th
e

sm
al

le
st

si
ze
d

(o
ft

en
ph

ra
se

d
as

X
be

in
g

in
ge

ne
ra

l
po

si
tio

n)
im

pl
ie

s
th

at
vo

lu
m

e
sa

m
pl

in
g

w
.r.

t.
an

y
si

ze
s
≥
d

ha
s

fu
ll

su
pp

or
t.

Th
e

ab
ov

e
th

eo
re

m
im

m
ed

ia
te

ly
gi

ve
sa

n
ex

pe
ct

at
io

n
fo

rm
ul

a
fo

rt
he

Fr
ob

en
iu

sn
or

m
‖(

I S
X

)+
‖ F

of
th

e
es

tim
at

or
: E
[ ‖

(I
S
X

)+
‖2 F
] =

E[
tr

((
I S

X
)+

(I
S
X

)+
>

)]
=
n
−
d

+
1

s
−
d

+
1
‖X

+
‖2 F
.

(2
)

Th
is

no
rm

fo
rm

ul
a

w
as

sh
ow

n
by

A
vr

on
an

d
B

ou
ts

id
is

(2
01

3)
,w

ith
nu

m
er

ou
s

ap
pl

ic
at

io
ns

.T
he

or
em

6
ca

n
be

vi
ew

ed
as

a
m

uc
h

st
ro

ng
er

pr
e-

tr
ac

e
ve

rs
io

n
of

th
e

kn
ow

n
no

rm
fo

rm
ul

a.
A

ls
o

ou
rp

ro
of

te
ch

ni
qu

es
ar

e
qu

ite
di

ff
er

en
ta

nd
m

uc
h

si
m

pl
er

.N
ot

e
th

at
if

si
ze
s

vo
lu

m
e

sa
m

pl
in

g
fo

rX
do

es
no

t
ha

ve
fu

ll
su

pp
or

t,
th

en
(2

)b
ec

om
es

an
in

eq
ua

lit
y.

W
e

no
w

m
en

tio
n

a
se

co
nd

ap
pl

ic
at

io
n

of
th

e
ab

ov
e

th
eo

re
m

in
th

e
co

nt
ex

to
fl

in
ea

rr
eg

re
ss

io
n

fo
r

th
e

ca
se

w
he

n
th

e
re

sp
on

se
ve

ct
or

y
is

m
od

el
ed

as
a

no
is

y
lin

ea
rt

ra
ns

fo
rm

at
io

n,
i.e

.,
y

=
X

w̃
+
ξ

fo
r

so
m

e
w̃
∈

R
d

an
d

a
ra

nd
om

no
is

e
ve

ct
or
ξ
∈

R
n

(d
et

ai
le

d
di

sc
us

si
on

in
Se

ct
io

n
4)

.
In

th
is

ca
se

th
e

m
at

ri
x

(X
> S

X
S

)−
1

ca
n

be
in

te
rp

re
te

d
as

th
e

co
va

ri
an

ce
m

at
ri

x
of

le
as

t-
sq

ua
re

s
es

tim
at

or
w
∗ (
S

)
(f

or
a

fix
ed

se
tS

)a
nd

T
he

or
em

6
gi

ve
s

an
ex

ac
tf

or
m

ul
a

fo
rt

he
co

va
ri

an
ce

m
at

ri
x

of
w
∗ (
S

)

un
de

rv
ol

um
e

sa
m

pl
in

g.
In

Se
ct

io
n

4,
w

e
gi

ve
an

ex
te

nd
ed

ve
rs

io
n

of
th

is
re

su
lt

w
hi

ch
pr

ov
id

es
ev

en
st

ro
ng

er
gu

ar
an

te
es

fo
rr

eg
ul

ar
iz

ed
le

as
t-

sq
ua

re
s

es
tim

at
or

s
un

de
rt

hi
s

m
od

el
(T

he
or

em
16

).
N

ot
e

th
at

ex
ce

pt
fo

r
th

e
ab

ov
e

ap
pl

ic
at

io
n,

al
lr

es
ul

ts
in

th
is

pa
pe

r
ho

ld
fo

r
ar

bi
tr

ar
y

re
sp

on
se

ve
ct

or
s

y
.B

y
co

m
bi

ni
ng

T
he

or
em

s
5

an
d

6,
w

e
ca

n
al

so
ob

ta
in

a
co

va
ri

an
ce

-t
yp

e
fo

rm
ul

a5
fo

rt
he

ps
eu

do
in

ve
rs

e
m

at
ri

x
es

tim
at

or
:

E[
((

I S
X

)+
−

E[
(I
S
X

)+
])

((
I S

X
)+
−

E[
(I
S
X

)+
])
>

]

=
E[

(I
S
X

)+
(I
S
X

)+
>

]
−

E[
(I
S
X

)+
]
E[

(I
S
X

)+
]>

=
n
−
d

+
1

s
−
d

+
1

X
+

X
+
>
−

X
+

X
+
>

=
n
−
s

s
−
d

+
1

X
+

X
+
>
.

(3
)

5.
T

hi
s

no
tio

n
of

“c
ov

ar
ia

nc
e”

is
us

ed
in

ra
nd

om
m

at
ri

x
th

eo
ry

,i
.e

.
fo

r
a

ra
nd

om
m

at
ri

x
M

,w
e

an
al

yz
e
E[
(M
−

E[
M

])
(M
−

E[
M

])
>
].

Se
e

fo
re

xa
m

pl
e

Tr
op

p
(2

01
2)
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R
E

V
E

R
S

E
IT

E
R

A
T

IV
E

V
O

L
U

M
E

S
A

M
P

L
IN

G
F

O
R

L
IN

E
A

R
R

E
G

R
E

S
S

IO
N

W
e

now
give

the
background

for
a

third
m

atrix
expectation

form
ula

for
volum

e
sam

pling.
Pseudoinverses

can
be

used
to

com
pute

the
projection

m
atrix

onto
the

span
ofcolum

ns
ofm

atrix
X

,
w

hich
is

defined
as

follow
s:

P
X

def
=

X

X
+

︷
︸︸

︷
(X
>

X
) −

1X
>
.

A
pplying

T
heorem

5
leads

us
im

m
ediately

to
the

follow
ing

unbiased
m

atrix
estim

ator
for

the
projection

m
atrix:

E
[X

(I
S
X

)
+

]
=

X
E

[(I
S
X

)
+

]
=

X
X

+
=

P
X
.

N
ote

thatthis
m

atrix
estim

ator
X

(I
S
X

)
+

is
closely

connected
to

linearregression:Itcan
be

used
to

transform
the

response
vector

y
into

the
prediction

vector
ŷ

(S
)

ofsubsam
pled

leastsquares
solution

w
∗(S

)
as

follow
s:

ŷ
(S

)
=

X
(I
S
X

)
+

y
︸
︷︷

︸
w
∗
(S

)

.

In
this

case,volum
e

sam
pling

once
again

provides
a

covariance-type
m

atrix
expectation

form
ula.

T
heorem

7
Let

X
∈
R
n×

d
be

a
fullrank

m
atrix.Ifm

atrix
X

is
in

generalposition
and

S
⊆
{1
..n}

is
sam

pled
according

to
size

d
volum

e
sam

pling,then

E
[

(X
(I
S
X

)
+

)
2

︸
︷︷

︸
(I
S
X

)
+
>
X
>
X

(I
S
X

)
+ ]−

P
X

=
d

(I−
P

X
).

If
X

is
notin

generalposition,then
the

m
atrix

equality
“

=
”

is
replaced

by
the

positive-definite
inequality

“�
”.

N
ote

thatthis
third

expectation
form

ula
is

lim
ited

to
sam

ple
size

s
=
d.Itis

a
directconsequence

of
T

heorem
8

given
in

the
nextsection

w
hich

relates
the

expected
loss

ofa
subsam

pled
leastsquares

estim
atorto

the
loss

ofthe
optim

um
leastsquares

estim
ator.U

nlike
the

firsttw
o

form
ulas

given
in

theorem
s

5
and

6,its
proofdoes

notrely
on

the
m

ethodology
ofL

em
m

a
1,i.e.,on

show
ing

thatthe
expectations

atalllevels
ofa

certain
D

A
G

associated
w

ith
the

sam
pling

process
are

the
sam

e.W
e

deferthe
proofofthis

third
expectation

form
ula

to
the

end
ofSection

3.3.N
o

extension
ofthis

third
form

ula
to

sam
ple

size
s
>
d

is
know

n.

Proof
of

T
heorem

5
W

e
apply

L
em

m
a

1
w

ith
F

(S
)

=
(I
S
X

)
+

.
It

suffices
to

show
F

(S
)

=
∑

i∈
S
P

(S
−
i |S

)F
(S
−
i )

for
P

(S
−
i |S

)
=

1−
x
>i

(X
>S
X
S

) −
1
x
i

s−
d

,i.e.:

(I
S
X

)
+

=
∑i∈
S

1−
x
>i

(X
>S

X
S

) −
1x

i

s−
d

(I
S
−
i X

)
+

︸
︷︷

︸
(X
>S−

i X
S−

i ) −
1
(I
S−

i X
) >

.

W
e

first
apply

Sherm
an-M

orrison
to

(X
>S
−
i X

S
−
i ) −

1
=
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∑
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d
+

1 (X
>S

X
S

) −
1.B

y
L

em
m

a
1

itsuffices
to

show
F

(S
)

=
∑

i∈
S
P

(S
−
i |S

)F
(S
−
i )

forvolum
e

sam
pling:

s−
d

+
1

(
(
(
(
(

n
−
d

+
1

(X
>S

X
S

) −
1

=
∑i∈
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−
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∑i∈
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−

y‖
2

on
all
n

row
s.W

e
use

L
(w

)
to

denote
this

loss.T
he

optim
alw

eightvectorm
inim

izes
L

(w
),i.e.

w
∗

def
=

argm
in

w
∈
R
d

L
(w

)
=
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+
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⊆
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R
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the
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∀
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ultiplicative
constant

specialized
for

each
X
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bounds
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X
,s

is
leftforfuture

research.
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n,
th

e
ex

pe
ct

ed
sa

m
pl

in
g

lo
ss

E[
L

(w
∗ (
S

))
]

ha
s

to
ju

m
p

su
ffi

ci
en

tly
to

cl
os

e
th

e
ga

p
in

th
e

in
eq

ua
lit

y.
In

ou
rm

in
im

al
ex

am
pl

e
pr

ob
le

m
,n

=
3

an
d
d

=
2,

an
d

X
=

 
1

1
1

1
1

0

 
,

y
=

 
1 0 0

 
.

W
e

ha
ve

th
re

e
2-

el
em

en
ts

ub
se

ts
to

sa
m

pl
e

fr
om

:
S

1
=
{1
,2
},
S

2
=
{2
,3
},
S

3
=
{1
,3
}.

N
ot

ic
e

th
at

th
e

fir
st

tw
o

ro
w

s
of

X
ar

e
id

en
tic

al
,w

hi
ch

m
ea

ns
th

at
th

e
pr

ob
ab

ili
ty

of
sa

m
pl

in
g

se
tS

1
is

0
in

th
e

vo
lu

m
e

sa
m

pl
in

g
pr

oc
es

s.
T

he
ot

he
r

tw
o

su
bs

et
s,
S

2
an

d
S

3
,f

or
m

id
en

tic
al

su
bm

at
ri

ce
s

X
S
2

=
X
S
3
.

T
he

re
fo

re
th

ey
ar

e
eq

ua
lly

pr
ob

ab
le

.
T

he
op

tim
al

w
ei

gh
tv

ec
to

rs
fo

r
th

es
e

se
ts

ar
e

w
∗ (
S
2
)

=
(0
,0

)>
an

d
w
∗ (
S
3
)

=
(0
,1

)>
.A

ls
o

w
∗

=
(0
,

1 2
)>

an
d

th
e

ex
pe

ct
ed

lo
ss

is
bo

un
de

d
as

:

E[
L

(w
∗ (
S

))
]

=
1 2

1
︷

︸︸
︷

L
(w
∗ (
S
2
))

+
1 2

1
︷

︸︸
︷

L
(w
∗ (
S
3
))

︸
︷︷

︸
1

<

3
︷
︸︸
︷

(d
+

1)

1
/
2

︷
︸︸
︷

L
(w
∗ )

︸
︷︷

︸
3
/
2

.

N
ow

co
ns

id
er

a
sl

ig
ht

ly
pe

rt
ur

be
d

in
pu

tm
at

ri
x

X
ε

=

 
1

1
+
ε

1
1

1
0

 
,

w
he

re
ε
>

0
is

ar
bi

tr
ar

ily
sm

al
l(

W
e

ke
ep

th
e

re
sp

on
se

ve
ct

or
y

th
e

sa
m

e)
.N

ow
,t

he
re

is
no
d
×
d

su
bm

at
ri

x
th

at
is

si
ng

ul
ar

,s
o

th
e

up
pe

r
bo

un
d

fr
om

T
he

or
em

8
m

us
tb

e
tig

ht
.

T
he

re
as

on
is

th
at

ev
en

th
ou

gh
su

bs
et
S

1
st

ill
ha

s
ve

ry
sm

al
l

pr
ob

ab
ili

ty
,

its
lo

ss
is

ve
ry

la
rg

e,
so

th
e

ex
pe

ct
at

io
n

is
si

gn
ifi

ca
nt

ly
af

fe
ct

ed
by

th
is

co
m

po
ne

nt
,n

o
m

at
te

r
ho

w
sm

al
lε

is
.

W
e

se
e

th
is

di
re

ct
ly

in
th

e
ca

lc
ul

at
io

ns
.

L
et

w
∗

an
d

w
∗ (
S
i)

be
th

e
co

rr
es

po
nd

in
g

so
lu

tio
ns

fo
rt

he
pe

rt
ur

be
d

pr
ob

le
m

an
d

its
su

bp
ro

bl
em

s.
T

he
vo

lu
m

es
of

th
e

su
bp

ro
bl

em
s

an
d

th
ei

rl
os

se
s

ar
e:

d
et

(X
> S 1

X
S
1
)

=
ε2

L
(w
∗ (
S
1
))

=
ε−

2

d
et

(X
> S 2

X
S
2
)

=
1

L
(w
∗ (
S
2
))

=
1

d
et

(X
> S 3

X
S
3
)

=
(1

+
ε)

2
L

(w
∗ (
S
3
))

=
(1

+
ε)
−

2
L

(w
∗ )

=
1

2(
1

+
ε

+
ε2

).
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E

V
E

R
S

E
IT

E
R
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IV
E

V
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M
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L
IN

G
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O
R

L
IN

E
A

R
R

E
G

R
E

S
S

IO
N

N
ote

thatforeach
subproblem

,the
productofvolum

e
tim

es
loss

is
equalto

1.N
ow

the
expected

loss
can

be
easily

com
puted,and

w
e

can
see

thatthe
gap

in
the

bound
disappears

(the
denom

inatoris
the

norm
alizing

constantforvolum
e

sam
pling):

E
[L

(w
∗(S

))]
=

1
+

1
+

1

ε
2

+
1

+
(1

+
ε)

2
=

(d
+

1)
L

(w
∗).

3.2
L

ow
er

B
oundsand

the
Im

portance
ofJointSam

pling

T
he

factor
d

+
1

in
T

heorem
8

cannot,in
general,be

im
proved

w
hen

selecting
only

d
responses:

Proposition
9

For
any

d,there
exists

a
leastsquares

problem
(X
,y

)
w

ith
d

+
1

row
s

in
R
d

such
thatfor

every
d-elem

entindex
set

S
⊆
{1
..d

+
1},w

e
have

L
(w
∗(S

))
=

(d
+

1)
L

(w
∗).

Proof
C

hoose
the

inputvectors
x
i (and

row
s
x
>i

)as
the

d
+

1
corners

ofany
sim

plex
in

R
d

centered
atthe

origin
and

choose
all
d

+
1

responses
as

the
sam

e
non-zero

value
α

.Forany
α

,the
optim

al
solution

w
∗

w
illbe

the
all-zeros

vectorw
ith

loss

L
(w
∗)

=
(d

+
1)
α

2.

O
n

the
other

hand,taking
any

size
d

subsetof
indices

S
⊆
{1
..d

+
1},the

subproblem
solution

w
∗(S

)
w

illonly
produce

loss
on

the
leftoutinputvector

x
i ,indexed

w
ith

i6∈
S

.
To

obtain
the

prediction
on
x
i ,w

e
use

a
sim

ple
geom

etric
argum

ent.O
bserve

thatsince
the

sim
plex

is
centered,

w
e

can
w

rite
the

origin
ofR

d
in

term
s

ofthe
corners

ofthe
sim

plex
as

0
=
∑

k

x
k

=
x
i
+
d

x̄
−
i ,

w
here

x̄
−
i

def
=

1d

∑k6=
i

x
k .

T
hus,the

leftoutinputvector
x
i equals−

d
x̄
−
i .T

he
prediction

of
w
∗(S

)
on

this
vectoris

ŷ
i

=
x
>i

w
∗(S

)
=
−
d (

1d

∑k6=
i

x
>k )

w
∗(S

)
=
−
∑k6=

i

x
>k

w
∗(S

)
=
−
d
α
.

Itfollow
s

thatthe
loss

of
w
∗(S

)
equals

L
(w
∗(S

))
=

(ŷ
i −

y
i )

2
=

(−
d
α
−
α

)
2

=
(d

+
1)

2α
2

=
(d

+
1)
L

(w
∗).

M
oreover,itiseasy

to
show

thatno
determ

inistic
algorithm

forselecting
d

row
s(w

ithoutknow
ing

the
responses)can

guarantee
a

m
ultiplicative

loss
bound

w
ith

a
factorless

than
n
/d

(B
outsidis

etal.,
2013).Forthe

sake
ofcom

pleteness,w
e

show
this

here
for

d
=

1:

Proposition
10

For
any

n×
1

inputm
atrix

X
ofall1’s

and
any

determ
inistic

algorithm
thatchooses

som
e

singleton
set

S
=
{i},there

is
a

response
vector

y
for

w
hich

the
loss

ofthe
subproblem

and
the

optim
alloss

are
related

as
follow

s:L
(w
∗(S

))
=
n
L

(w
∗).
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D
E

R
E

Z
IŃ

S
K

I
A

N
D

W
A

R
M

U
T

H

Proof
Ifthe

response
vector

y
is

the
vectorof

n
1’s

exceptfora
single

0
atindex

i,then
w

e
have

L
(

0
︷
︸︸
︷

w
∗({
i})

︸
︷︷

︸
n−

1

)
=
n
L

(

n−
1

n
︷︸︸︷
w
∗

)
︸
︷︷

︸
n−

1
n

.

N
ote

thatfor
the

1-dim
ensionalexam

ple
used

in
the

proof,volum
e

sam
pling

w
ould

pick
the

set
S

uniform
ly.

For
this

distribution,
the

m
ultiplicative

factor
drops

from
n

dow
n

to
2,

that
is

E
[L

(w
∗(S

))]
=

1n
(n
−

1)
+

n−
1

n
1

=
2
L

(w
∗).

The
im

portance
of

joint
sam

pling.
T

hree
properties

of
volum

e
sam

pling
play

a
crucial

role
in

achieving
a

m
ultiplicative

loss
bound:

a)
R

andom
ness.N

o
determ

inistic
algorithm

guarantees
such

a
bound

(see
Proposition

10).

b)
The

chosen
subm

atrices
m

usthave
fullrank.

C
hoosing

any
rank

deficientsubm
atrix

w
ith

positive
probability,does

notallow
fora

m
ultiplicative

bound
(see

Propositions
11

and
12).

c)
Jointness.

N
o

i.i.d.
sam

pling
procedure

can
achieve

a
m

ultiplicative
loss

bound
w

ith
O

(d
)

responses
(see

C
orollary

13).

B
y

jointly
selecting

subset
S

,volum
e

sam
pling

ensures
thatthe

corresponding
inputvectors

x
i

are
w

ellspread
outin

the
inputspace

R
d.In

particular,volum
e

sam
pling

does
notputany

probability
m

ass
on

sets
S

such
thatthe

rank
ofsubm

atrix
X
S

is
less

than
d.Intuitively,selecting

rank
deficient

row
subsets

should
notbe

effective,since
such

a
choice

leads
to

an
under-determ

ined
leastsquares

problem
.W

e
m

ake
this

sim
ple

statem
entm

ore
precise

by
show

ing
thatany

random
ized

algorithm
,

thatw
ith

positive
probability

selects
a

rank
deficientrow

subset,cannotachieve
a

m
ultiplicative

loss
bound.Intuitively

ifthe
algorithm

picks
a

rank
deficientsubsetthen

itis
notclearhow

itshould
select

the
w

eightvector
w

(S
)

given
inputm

atrix
X

,subset
S

and
responses

y
S .W

e
reasoned

before
that

w
(S

)
m

usthave
loss

0
on

the
subproblem

(X
S
,y

S
).

H
ow

ever
if

ra
n
k
(X

S
)
<
d,then

the
choice

ofthe
w

eightvector
w

(S
)

w
ith

loss
0

is
notunique

and
this

causes
positive

loss
forsom

e
response

vector
y

.

Proposition
11

Iffor
any

inputm
atrix

X
,the

algorithm
sam

ples
a

rank
deficientsubset

S
ofrow

s
w

ith
positive

probability,then
the

expected
loss

ofthe
algorithm

cannotbe
bounded

by
a

constant
tim

es
the

optim
um

loss
for

allresponse
vectors

y
.

N
ote

thatthis
m

eans
in

particularthatif
X

has
rank

d,then
sam

pling
d−

1
size

subsets
w

ith
positive

probability
does

notallow
fora

constantfactorapproxim
ation.

Proof
L

et
S

be
a

rank
deficientsubsetchosen

w
ith

probability
P

(S
)
>

0.
Since

in
our

setup
the

bound
has

to
hold

for
allresponse

vectors
y

w
e

can
im

agine
an

adversary
choosing

a
w

orst-case
y

.
T

his
adversary

gives
allrow

s
of

X
S

the
response

value
zero.

L
et

w
(S

)
be

the
plane

produced
by

the
algorithm

w
hen

choosing
S

and
receiving

the
responses

0
for

X
S .

L
et
i
∈
{1..n}

s.t.
x
>i
6∈

row
-span(X

S
)

and
let

w
∗

be
any

w
eightvectorthatgives

response
value

0
to

allrow
s

of
X
S

and
response

value
x
>i

w
(S

)
+
Y

to
x
i .T

he
adversary

chooses
y

as
X

w
∗,i.e.itgives

allpoints
x
j

notindexed
by
S

and
differentfrom

x
i the

response
values

x
>j

w
∗

as
w

ell.N
ow

w
∗

has
totalloss

0
but

w
(S

)
has

loss
Y

2
on

x
i and

the
algorithm

’s
expected

totalloss
is≥

P
(S

)
Y

2.
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R
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W
e

no
w

st
re

ng
th

en
th

e
ab

ov
e

pr
op

os
iti

on
in

th
at

w
he

ne
ve

rt
he

sa
m

pl
e
S

is
ra

nk
de

fic
ie

nt
th

en
th

e
lo

ss
of

th
e

op
tim

um
is

ze
ro

w
hi

le
th

e
lo

ss
of

th
e

al
go

ri
th

m
is

po
si

tiv
e.

H
ow

ev
er

no
te

th
at

th
is

pr
op

os
iti

on
is

w
ea

ke
rt

ha
n

th
e

ab
ov

e
in

th
at

it
on

ly
ho

ld
s

fo
rs

pe
ci

fic
in

pu
tm

at
ri

ce
s.

Pr
op

os
iti

on
12

Le
td
≤
n

an
d

le
tX

be
an

y
in

pu
tm

at
ri

x
of

ra
nk
d

co
ns

is
tin

g
of
n

st
an

da
rd

ba
si

s
ro

w
ve

ct
or

s
in

R
d
.

Th
en

fo
r

an
y

ra
nd

om
iz

ed
le

ar
ni

ng
al

go
ri

th
m

th
at

w
ith

pr
ob

ab
ili

ty
p

se
le

ct
s

a
su

bs
et
S

s.
t.

ra
n
k
(X

S
)
<
d

an
d

an
y

w
ei

gh
tf

un
ct

io
n

w
(·)

,t
he

re
is

a
re

sp
on

se
ve

ct
or

y
,s

at
is

fy
in

g:

L
(w
∗ )

=
0,

an
d

L
(w

(S
))
>

0
w

ith
pr

ob
ab

ili
ty

at
le

as
tp
.

Pr
oo

f
L

et
Q

=
{1
,2
,.
..
,2
n
}.

T
he

ad
ve

rs
ar

ia
l

re
sp

on
se

ve
ct

or
y

is
co

ns
tr

uc
te

d
by

ca
re

fu
lly

se
le

ct
in

g
on

e
of

th
e

w
ei

gh
tv

ec
to

rs
w
∗
∈
Q
d
,a

nd
se

tti
ng

th
e

re
sp

on
se

ve
ct

or
y

to
X

w
∗ .

Th
is

en
su

re
s

th
at
L

(w
∗ )

=
0

an
d

si
nc

e
X

co
ns

is
ts

of
st

an
da

rd
ba

si
s

ro
w

ve
ct

or
s,

th
e

co
m

po
ne

nt
s

of
y

lie
in
Q

as
w

el
l.

N
ot

e
th

at
if

th
e

le
ar

ne
rd

oe
s

no
td

is
co

ve
rw
∗

ex
ac

tly
,i

tw
ill

in
cu

rp
os

iti
ve

lo
ss

.L
et
H

be
th

e
se

to
fa

ll
ra

nk
de

fic
ie

nt
se

ts
in

X
,i

.e
.t

ho
se

th
at

la
ck

at
le

as
to

ne
of

th
e

st
an

da
rd

ba
si

s
ve

ct
or

s:

H
=
{S
⊆
{1
..
n
}

:
ra

n
k
(X

S
)
<
d
}.

Su
pp

os
e

th
at

gi
ve

n
m

at
ri

x
X

,t
he

le
ar

ne
ru

se
s

w
ei

gh
tf

un
ct

io
n

w
(S
,y

S
).

(N
ot

e
th

at
fo

rt
he

sa
ke

of
co

nc
re

te
ne

ss
w

e
st

op
pe

d
us

in
g

th
e

si
ng

le
ar

gu
m

en
ts

ho
rt

ha
nd

fo
r

th
e

w
ei

gh
tf

un
ct

io
n

du
ri

ng
th

is
pr

oo
f.)

W
e

w
ill

co
un

tt
he

nu
m

be
ro

fp
os

si
bl

e
in

pu
ts

to
th

is
fu

nc
tio

n,
w

he
n
S

is
a

ra
nk

de
fic

ie
nt

in
de

x
se

to
f

th
e

ro
w

s
of

X
an

d
th

e
re

sp
on

se
ve

ct
or

y
S

is
co

ns
is

te
nt

w
ith

so
m

e
w
∗
∈
Q
d
.

Fo
r

an
y

fix
ed

ra
nk

de
fic

ie
nt

se
tS

,l
et
t

be
th

e
nu

m
be

ro
fd

is
tin

ct
ba

si
s

ve
ct

or
s

ap
pe

ar
in

g
in

X
S

.C
le

ar
ly
t
≤
d
−

1
.

Fi
x

a
su

bs
et
T
⊆
S

of
si

ze
t

s.
t.

X
T

co
nt

ai
ns

al
lt

ba
si

s
ve

ct
or

s
of

X
S

ex
ac

tly
on

ce
(T

hu
s

th
e

ba
si

s
ve

ct
or

s
in

X
S
\T

ar
e

al
ld

up
lic

at
es

).
Si

nc
e

y
∈
Q
n

,t
he

co
m

po
ne

nt
s

of
y
S

al
so

lie
in
Q

an
d

y
S

is
de

te
rm

in
ed

by
th

e
re

sp
on

se
s

of
y
T

.C
le

ar
ly

th
er

e
ar

e
at

m
os

t|
Q
|d−

1
ch

oi
ce

s
fo

ry
T

.I
tf

ol
lo

w
s

th
at

th
e

nu
m

be
ro

fp
os

si
bl

e
in

pu
tp

ai
rs

(S
,y

S
)

fo
rf

un
ct

io
n

w
(·,
·)

un
de

rt
he

ab
ov

e
re

st
ri

ct
io

ns
ca

n
be

bo
un

de
d

as
∣ ∣ ∣{

(S
,y

S
)

:
[S
∈
H

]
an

d
[y
S

=
X
S
w
∗

fo
rw
∗
∈
Q
d
]}∣ ∣ ∣
≤
|H
|

︸︷
︷︸

<
2
n

m
ax

S
∈H
|{

X
S
w
∗

:
w
∗
∈
Q
d
}|

︸
︷︷

︸
≤
|Q
|d−

1

<
2n
|Q
|d−

1
=
|Q

d
|.

So
fo

re
ve

ry
w

ei
gh

tf
un

ct
io

n
w

(·,
·),

th
er

e
ex

is
ts

w
∗
∈
Q
d

th
at

is
no

tp
re

se
nt

in
th

e
se

t{
w

(S
,y

S
)

:
S
∈
H
}.

Se
le

ct
in

g
y

=
X

w
∗

fo
rt

he
ad

ve
rs

ar
ia

lr
es

po
ns

e
ve

ct
or

,w
e

gu
ar

an
te

e
th

at
th

e
le

ar
ne

rp
ic

ks
th

e
w

ro
ng

so
lu

tio
n

fo
re

ve
ry

ra
nk

de
fic

ie
nt

se
tS

an
d

th
er

ef
or

e
re

ce
iv

es
po

si
tiv

e
lo

ss
w

.p
.a

tl
ea

st
p

.

U
si

ng
Pr

op
os

iti
on

12
,w

e
sh

ow
th

at
an

y
i.i

.d
.r

ow
sa

m
pl

in
g

di
st

rib
ut

io
n

(li
ke

fo
re

xa
m

pl
e

le
ve

ra
ge

sc
or

e
sa

m
pl

in
g)

re
qu

ir
es

Ω
(d

lo
g
d
)

sa
m

pl
es

to
ge

ta
ny

m
ul

tip
lic

at
iv

e
lo

ss
bo

un
d,

ei
th

er
w

ith
hi

gh
pr

ob
ab

ili
ty

or
in

ex
pe

ct
at

io
n.

C
or

ol
la

ry
13

Le
td
≤
n

an
d

le
tX

be
an

y
in

pu
tm

at
ri

x
of

ra
nk
d

co
ns

is
tin

g
of
n

st
an

da
rd

ba
si

s
ro

w
ve

ct
or

s
in

R
d
.

Th
en

fo
r

an
y

ra
nd

om
iz

ed
le

ar
ni

ng
al

go
ri

th
m

w
hi

ch
se

le
ct

s
a

ra
nd

om
m

ul
tis

et
S
⊆
{1
..
n
}o

fs
iz

e
|S
|≤

(d
−

1)
ln

(d
)

vi
a

i.i
.d

.s
am

pl
in

g
fr

om
an

y
di

st
ri

bu
tio

n
an

d
us

es
an

y
w

ei
gh

t
fu

nc
tio

n
w

(S
),

th
er

e
is

a
re

sp
on

se
ve

ct
or

y
sa

tis
fy

in
g:

L
(w
∗ )

=
0
,

an
d

L
(w

(S
))
>

0
w

ith
pr

ob
ab

ili
ty

at
le

as
t1
/2
.
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D
E

R
E

Z
IŃ

S
K

I
A

N
D

W
A

R
M

U
T

H

Pr
oo

f
A

ny
i.i

.d
.s

am
pl

e
of

si
ze

at
m

os
t(
d
−

1)
ln

(d
)

w
ith

pr
ob

ab
ili

ty
at

le
as

t1
/2

do
es

no
tc

on
ta

in
al

lo
ft

he
un

iq
ue

st
an

da
rd

ba
si

s
ve

ct
or

s
(C

ou
po

n
C

ol
le

ct
or

Pr
ob

le
m

7 ).
Th

us
,w

ith
pr

ob
ab

ili
ty

at
le

as
t

1/
2

su
bm

at
ri

x
X
S

ha
s

ra
nk

le
ss

th
an
d

.
N

ow
,f

or
an

y
su

ch
al

go
ri

th
m

w
e

ca
n

us
e

Pr
op

os
iti

on
12

to
se

le
ct

a
co

ns
is

te
nt

ad
ve

rs
ar

ia
lr

es
po

ns
e

ve
ct

or
y

su
ch

th
at

w
ith

pr
ob

ab
ili

ty
at

le
as

t1
/2

th
e

lo
ss

L
(w

(S
))

is
po

si
tiv

e.

N
ot

e
th

at
th

e
co

ro
lla

ry
re

qu
ire

s
X

to
be

of
a

re
st

ric
te

d
fo

rm
th

at
co

nt
ai

ns
a

lo
to

fd
up

lic
at

e
ro

w
s.

It
is

op
en

w
he

th
er

th
is

co
ro

lla
ry

st
ill

ho
ld

s
w

he
n

X
is

an
ar

bi
tr

ar
y

fu
ll

ra
nk

m
at

ri
x.

3.
3

Pr
oo

fo
ft

he
L

os
sE

xp
ec

ta
tio

n
Fo

rm
ul

a

Fi
rs

t,
w

e
di

sc
us

s
se

ve
ra

lk
ey

co
nn

ec
tio

ns
be

tw
ee

n
lin

ea
r

re
gr

es
si

on
an

d
vo

lu
m

e,
w

hi
ch

ar
e

us
ed

in
th

e
pr

oo
f.

N
ot

e
th

at
th

e
lo

ss
L

(w
∗ )

su
ff

er
ed

by
th

e
op

tim
um

w
ei

gh
tv

ec
to

r
ca

n
be

w
ri

tte
n

as
‖ŷ
−

y
‖2

,t
he

sq
ua

re
d

E
uc

lid
ea

n
di

st
an

ce
be

tw
ee

n
pr

ed
ic

tio
n

ve
ct

or
ŷ

=
X

w
∗

an
d

th
e

re
sp

on
se

ve
ct

or
y

.
Si

nc
e

ŷ
is

m
in

im
iz

in
g

th
e

di
st

an
ce

fr
om

y
to

th
e

su
bs

pa
ce

of
R
n

sp
an

ni
ng

th
e

fe
at

ur
e

ve
ct

or
s
{f

1
,.
..
,f
d
}(

co
lu

m
ns

of
X

),
it

ha
s

to
be

th
e

pr
oj

ec
tio

n
of

y
on

to
th

at
su

bs
pa

ce
(s

ee
Fi

gu
re

5)
.W

e
de

no
te

th
is

pr
oj

ec
tio

n
as

P
X

y
,a

s
de

fin
ed

in
Se

ct
io

n
2.

2.
N

ot
e

th
at

P
X

is
a

lin
ea

rm
ap

pi
ng

fr
om

R
n

on
to

th
e

co
lu

m
n

sp
an

of
th

e
m

at
ri

x
X

su
ch

th
at

fo
ru
∈

sp
an

(X
)

u
=

P
X

y
⇔

P
X

(u
−

y
)

=
0
⇔

X
>

(u
−

y
)

=
0
.

(4
)

W
e

ne
xt

gi
ve

a
se

co
nd

ge
om

et
ric

in
te

rp
re

ta
tio

n
of

th
e

le
ng

th
‖ŷ
−

y
‖2

.L
et
P

be
th

e
pa

ra
lle

le
pi

pe
d

fo
rm

ed
by

th
e
d

co
lu

m
n/

fe
at

ur
e

ve
ct

or
s

of
th

e
in

pu
tm

at
ri

x
X

.F
ur

th
er

m
or

e,
co

ns
id

er
th

e
ex

te
nd

ed
in

pu
tm

at
ri

x
pr

od
uc

ed
by

ad
di

ng
th

e
re

sp
on

se
ve

ct
or

y
to

X
as

an
ex

tr
a

co
lu

m
n:

X̃
de

f
=

(X
,y

)
∈
R
n
×

(d
+

1
) .

(5
)

y y
f
1

f
2

L
(w
*)

Fi
gu

re
5:

Pr
ed

ic
tio

n
ve

ct
or

ŷ
is

a
pr

oj
ec

tio
n

of
y

on
to

th
e

sp
an

of
fe

at
ur

e
ve

ct
or

s
f i

.

U
si

ng
th

e
“b

as
e
×

he
ig

ht
”

fo
rm

ul
a

w
e

ca
n

re
la

te
th

e
vo

lu
m

e
of

P
to

th
e

vo
lu

m
e

of
P̃

,t
he

pa
ra

lle
le

pi
pe

d
fo

rm
ed

by
th

e
d

+
1

co
lu

m
ns

of
X̃

.O
bs

er
ve

th
at
P̃

ha
s
P

as
on

e
of

its
fa

ce
s,

w
ith

th
e

re
sp

on
se

ve
ct

or
y

re
pr

es
en

tin
g

th
e

ed
ge

th
at

pr
ot

ru
de

s
fr

om
th

at
fa

ce
.

H
en

ce
th

e
vo

lu
m

e
of

P̃
is

th
e

pr
od

uc
to

ft
he

vo
lu

m
e

of
P

an
d

th
e

di
st

an
ce

be
tw

ee
n

y
an

d
sp

an
(X

).
T

hi
s

di
st

an
ce

eq
ua

ls
‖ŷ
−

y
‖,

si
nc

e
as

di
sc

us
se

d
ab

ov
e,

ŷ
is

th
e

pr
oj

ec
tio

n
of

y
on

to
sp

an
(X

).
T

hu
s

w
e

ha
ve

d
et

(X̃
>

X̃
)

=
d
et

(X
>

X
)
L

(w
∗ )
.

(6
)

N
ex

t,
w

e
pr

es
en

ta
pr

op
os

iti
on

w
ho

se
co

ro
lla

ry
is

ke
y

to
pr

ov
in

g
T

he
or

em
8.

Su
pp

os
e

th
at

w
e

se
le

ct
on

e
te

st
ro

w
fr

om
th

e
in

pu
tm

at
ri

x
an

d
us

e
th

e
re

m
ai

ni
ng

n
−

1
ro

w
re

sp
on

se
pa

ir
s

as
th

e
tr

ai
ni

ng
se

t.
T

he
pr

op
os

iti
on

re
la

te
s

th
e

lo
ss

of
th

e
ob

ta
in

ed
so

lu
tio

n
on

th
e

te
st

ro
w

to
th

e
to

ta
l

le
av

e-
on

e-
ou

tl
os

s
an

al
lr

ow
s.

Pr
op

os
iti

on
14

Fo
r

an
y

in
de

x
i
∈
{1
..
n
},

le
tw
∗ (
−
i)

be
th

e
so

lu
tio

n
to

th
e

re
du

ce
d

lin
ea

r
re

gr
es

si
on

pr
ob

le
m

(X
−
i,

y
−
i)

.T
he

n

7.
T

hi
s

w
as

pr
ov

en
fo

r
un

if
or

m
sa

m
pl

in
g

in
T

he
or

em
1.

24
of

A
ug

er
an

d
D

oe
rr

(2
01

1)
.

It
ca

n
be

sh
ow

n
th

at
un

if
or

m
sa

m
pl

in
g

is
th

e
be

st
ca

se
fo

rC
ou

po
n

C
ol

le
ct

or
Pr

ob
le

m
(H

ol
st

,2
00

1)
,s

o
th

e
bo

un
d

ho
ld

s
fo

ra
ny

i.i
.d

.s
am

pl
in

g.
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R
E

V
E

R
S

E
IT

E
R

A
T

IV
E

V
O

L
U

M
E

S
A

M
P

L
IN

G
F

O
R

L
IN

E
A

R
R

E
G

R
E

S
S

IO
N

L
(w
∗(−

i))−
L

(w
∗)

=

d
e
t(X
>

X
)−

d
e
t(X
>−
i
X
−
i
)

d
e
t(X
>

X
)

︷
︸︸

︷
x
>i

(X
>

X
) −

1x
i

`
i (w
∗(−

i)),

w
here

`
i (w

)
def
=

(x
>i

w
−
y
i )

2
is

the
square

loss
of

w
on

the
i-th

point.

A
n

algebraic
proof

of
this

proposition
essentially

appears
in

the
proof

of
T

heorem
11.7

in
C

esa-
B

ianchiand
L

ugosi(2006).
For

the
sake

of
com

pleteness
w

e
give

a
new

geom
etric

proof
of

this
proposition

in
A

ppendix
C

using
basic

properties
ofvolum

e,thus
stressing

the
connection

to
volum

e
sam

pling.
N

ote
thatifm

atrix
X

has
exactly

n
=
d

+
1

row
s

and
the

training
m

atrix
X
−
i is

fullrank,then
w
∗(−

i)
has

loss
zero

on
alltraining

row
s.

In
this

case
w

e
obtain

a
sim

pler
relationship

than
the

proposition.

C
orollary

15
If

X
has

d
+

1
row

s
and

ran
k
(X
−
i )

=
d,then

defining
X̃

as
in

(5),w
e

have

d
et(X̃

>
X̃

)
=

d
et(X

>−
i X
−
i )
`
i (w
∗(−

i)).

Proof
B

y
Proposition

14
and

the
factthat

L
(w
∗(−

i))
=
`
i (w
∗(−

i)),w
e

have

d
et(X

>
X

)
L

(w
∗)

=
d
et(X

>−
i X
−
i )
`
i (w
∗(−

i)).

T
he

corollary
now

follow
s

from
the

“base×
height”

form
ula

forvolum
e.

W
e

are
now

ready
to

presentthe
proofofT

heorem
8.R

ecallthatourgoalis
to

find
the

expected
lossE

[L
(w
∗(S

))],w
here

S
is

a
size

d
volum

e
sam

pled
set.

ProofofT
heorem

8
First,w

e
rew

rite
the

expectation
as

follow
s:

E
[L

(w
∗(S

))]
=

∑S
,|S|=

d

P
(S

)L
(w
∗(S

))
=

∑S
,|S|=

d

P
(S

)
n
∑j=

1

`
j (w

∗(S
))

=
∑S
,|S|=

d ∑j
/∈
S

P
(S

)
`
j (w

∗(S
))

=
∑

T
,|T|=

d
+

1 ∑j∈
T

P
(T
−
j )
`
j (w

∗(T
−
j )).

(7)

W
e

now
use

C
orollary

15
on

the
m

atrix
X
T

and
testrow

x
>j

(assum
ing

ra
n
k
(X

T
−
j )

=
d):

P
(T
−
j )
`
j (w

∗(T
−
j ))

=
d
et(X

>T
−
j X

T
−
j )

d
et(X

>
X

)
`
j (w

∗(T
−
j ))

=
d
et(X̃

>T
X̃
T

)

d
et(X

>
X

)
.

(8)

Since
the

sum
m

and
does

notdepend
on

the
index

j
∈
T

,the
inner

sum
m

ation
in

(7)
becom

es
a

m
ultiplication

by
d

+
1.T

his
lets

us
w

rite
the

expected
loss

as:

E
[L

(w
∗(S

))]
=

d
+

1

d
et(X

>
X

)

∑

T
,|T|=

d
+

1 d
et(X̃

>T
X̃
T

)
(1

)
=

(d
+

1) d
et(X̃

>
X̃

)

d
et(X

>
X

)

(2
)

=
(d

+
1)
L

(w
∗),

(9)

w
here

(1)follow
s

from
the

C
auchy-B

inetform
ula

and
(2)is

an
application

ofthe
“base×

height”
form

ula.
If

X
is

notin
generalposition,then

for
som

e
sum

m
ands

in
(8),

ran
k
(X

T
−
j )
<
d

and
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D
E

R
E

Z
IŃ

S
K

I
A

N
D

W
A

R
M

U
T

H

P
(T
−
j )

=
0 .

T
hus

the
left-hand

side
of

(8)
is

0,w
hile

the
right-hand

side
is

non-negative,so
(9)

becom
es

an
inequality,com

pleting
the

proofofT
heorem

8.

Lifting
expectations

to
m

atrix
form

.
W

e
can

now
show

the
m

atrix
expectation

form
ula

ofT
heorem

7
as

a
corollary

to
the

loss
expectation

form
ula

ofT
heorem

8.T
he

key
observation

is
thatthe

loss
form

ula
holds

forarbitrary
response

vector
y

,w
hich

allow
s

us
to

“lift”
itto

the
m

atrix
form

.

ProofofT
heorem

7
N

ote,thatthe
loss

of
leastsquares

estim
ator

can
be

w
ritten

in
term

s
of

the
projection

m
atrix

P
X

:

L
(w
∗)

=
‖
y
−

ŷ‖
2

=
‖
(I−

P
X

)y‖
2

=
y
>

(I−
P

X
)
2y

(∗
)

=
y
>

(I−
P

X
)
y
,

w
here

in
(∗

)
w

e
used

the
follow

ing
property

of
a

projection
m

atrix:
P

2X
=

P
X

.
W

riting
the

loss
expectation

ofthe
subsam

pled
estim

atorin
the

sam
e

form
,w

e
obtain:

E
[L

(w
∗(S

))]
=

E
[‖

y
−

ŷ
(S

)‖
2]

=
E

[‖
(I−

X
(I
S
X

)
+

)y‖
2]

=
E

[y
>

(I−
X

(I
S
X

)
+

)
2
y

]
=

y
>E

[(I−
X

(I
S
X

)
+

)
2]y

.

C
rucially,w

e
are

able
to

extractthe
response

vector
y

outofthe
expectation

form
ula,w

hich
allow

s
us

to
w

rite
the

form
ula

from
T

heorem
8

as
follow

s:

y
>
E

[(I−
X

(I
S
X

)
+

)
2]

y
=

y
>

(d
+

1)(I−
P

X
)

y
,
∀

y
∈
R
n
.

W
e

now
use

the
follow

ing
elem

entary
fact:

If
for

tw
o

sym
m

etric
m
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A

and
B

,
w

e
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y
>

A
y

=
y
>

B
y
,∀

y
∈
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A
=

B
. 8

T
his

gives
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m
atrix

expectation
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ula:

E
[(I−

X
(I
S
X

)
+

)
2]

=
(d

+
1)(I−

P
X

).

E
xpanding

square
on

the
l.h.s.ofthe

above
and

applying
T

heorem
5,w

e
obtain

the
covariance-type

equivalentform
stated

in
T

heorem
7:

I−
2
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X

︷
︸︸

︷
E

[X
(I
S
X

)
+

]+
E

[(X
(I
S
X

)
+

)
2]

=
(d

+
1)(I−

P
X

)

⇐
⇒

E
[(X

(I
S
X

)
+

)
2]−

P
X

=
d

(I−
P

X
).

3.4
Averaging

U
nbiased

E
stim

atorsand
the

O
pen

Problem
for

W
orst-case

R
esponses

A
s

discussed
atthe

beginning
ofSection

3,ourgoalis
to

find
a

w
ay

to
sam

ple
a

sm
allindex

set
S

and
constructa

w
eightfunction

w
(S

)
w

hich
uses

responses
y
S

so
thatE

[L
(w

(S
))]≤

(1
+
c)
L

(w
∗),

w
here

the
m

ultiplicative
factor

1
+
c

is
bounded

forallinputm
atrices

X
and

allresponse
vectors

y
.R

ecallthat
L

(·)
denotes

the
square

loss
on

allrow
s

and
w
∗

is
the

optim
alsolution

based
on

all
responses.W

e
show

in
the

previous
subsections

thatthe
sm

allestsize
of
S

forw
hich

this
goalcan

be
achieved

is
d

(T
here

is
no

sam
pling

procedure
forsets

ofsize
less

than
d

and
w

eightfunction
w

(S
)

forw
hich

this
factoris

finite).W
e

also
prove

thatw
hen

sets
S

ofsize
d

are
draw

n
proportionalto

8.Sim
ilarly,if

y
>
A
y
≤

y
>
B
y
,∀

y
∈
R
n,then

the
positive-definite

inequality
A
�

B
holds

forthe
m

atrices.
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ŷ
−

y
‖2

=
E
‖X

w
(S

)
−

ŷ
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17

)a
1
+
ε

fa
ct

or
ap

pr
ox

im
at

io
n

ha
s

be
en

ac
hi

ev
ed

w
ith
O
(d
/
ε)

ex
am

pl
es

(f
or

ε
∈
(0
,1
])

,b
ut

th
e

gu
ar

an
te

e
ho

ld
s

w
ith

hi
gh

pr
ob

ab
ili

ty
(a

nd
no

ti
n

ex
pe

ct
at

io
n)

an
d

th
e

es
tim

at
or

is
no

tu
nb

ia
se

d.
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T
heorem

16
For

any
X
∈
R
n×

d,λ
≥

0,let
S

be
sam

pled
according

to
λ-regularized

size
s

volum
e

sam
pling

from
X

.Then,E [(X
>S

X
S

+
λ
I) −

1 ]�
n
−
d
λ

+
1

s−
d
λ

+
1

(X
>

X
+
λ
I) −

1

for
any

s≥
d
λ

def
=

tr(X
(X
>

X
+
λ
I) −

1X
>

).

C
onstant

d
λ

is
a

com
m

on
notion

ofstatisticaldim
ension

often
referred

to
as

the
effective

degrees
of

freedom
.

If
λ
i are

the
eigenvalues

of
X
>

X
,then

d
λ

=
∑

di=
1

λ
i

λ
i +
λ .

N
ote

that
d
λ

is
decreasing

w
ith
λ

and,w
hen

X
is

fullrank,d
0

=
d.Thus,unlike

Theorem
6,the

above
resultoffers

m
eaningful

bounds
forsam

pling
sets

S
ofsize

sm
allerthan

d.

Proof
To

obtain
T

heorem
16,w

e
use

essentially
the

sam
e

m
ethodology

as
described

in
L

em
m

a
1,exceptin

the
regularized

case
equality

is
replaced

w
ith

inequality.R
ecallthatusing

Sylvester’s
theorem

w
e

can
com

pute
the

unnorm
alized

conditionalprobability
from

(12)as:

h
i

=
d
et(X

>S
−
i X

S
−
i

+
λ
I)

d
et(X

>S
X
S

+
λ
I)

=
1−

x
>i

(X
>S

X
S

+
λ
I) −

1x
i .

From
now

on,
w

e
w

ill
use

Z
λ (S

)
=

X
>S

X
S

+
λ
I

as
a

shorthand
in

the
proofs.

N
ext,

letting
M

=
∑

i∈
S
h
i ,w

e
com

pute
unnorm

alized
expectation

by
applying

the
Sherm

an-M
orrison

form
ula:

M
E [(X

>S
−
i X

S
−
i

+
λ
I) −

1|S ]
=
∑i∈
S

h
i Z
λ (S

−
i ) −

1
=
∑i∈
S

h
i (

Z
λ (S

) −
1

+
Z
λ (S

) −
1x

i x
>i

Z
λ (S

) −
1

1−
x
>i

Z
λ (S

) −
1x

i

)

=
M

Z
λ (S

) −
1

+
Z
λ (S

) −
1 (∑i∈

S

x
i x
>i )

Z
λ (S

) −
1

=
M

Z
λ (S

) −
1

+
Z
λ (S

) −
1(Z

λ (S
)−

λ
I)Z

λ (S
) −

1

=
M

Z
λ (S

) −
1

+
Z
λ (S

) −
1−

λ
Z
λ (S

) −
2

�
(M

+
1)

Z
λ (S

) −
1.

Finally,the
norm

alization
factor

M
(w

hich
w

e
already

com
puted

in
(13))

can
be

low
er-bounded

using
the

λ-statisticaldim
ension

d
λ

ofm
atrix

X
:

M
=
∑i∈
S

(1−
x
>i

Z
λ (S

) −
1x

i )
=
s−

d
+
λ

tr(Z
λ (S

) −
1)≥

s−
(
d−

λ
tr(Z

λ ({1..n}
) −

1)
︸

︷︷
︸

d
λ

).

Putting
the

bounds
together,w

e
obtain

that:

E [(X
>S
−
i X

S
−
i

+
λ
I) −

1|S ]�
s−

d
λ

+
1

s−
d
λ

(X
>S

X
S

+
λ
I) −

1.

To
prove

T
heorem

16
itrem

ains
to

chain
the

conditionalexpectations
along

the
sequence

ofsubsets
obtained

by
λ-regularized

volum
e

sam
pling:

E [Z
λ (S

) −
1 ]�

(
n
∏t=
s+

1

t−
d
λ

+
1

t−
d
λ

)
Z
λ ({

1..n}) −
1

=
n
−
d
λ

+
1

s−
d
λ

+
1

(X
>

X
+
λ
I) −

1.
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D
E

R
E

Z
IŃ

S
K

I
A

N
D

W
A

R
M

U
T

H

4.1
R

idge
R

egression
w

ith
N

oisy
R

esponses

W
e

apply
the

above
resultto

obtain
statisticalguarantees

forsubsam
pling

w
ith

regularized
estim

ators.
G

iven
a

m
atrix

X
∈
R
n×

d,w
e

consider
the

task
of

fitting
a

linear
m

odelto
a

vector
of

responses
y

=
X

w̃
+
ξ,w

here
w̃
∈
R
d

and
the

noise
ξ
∈
R
n

is
a

m
ean

zero
random

vectorw
ith

covariance
m

atrix
V

ar[ξ
]�

σ
2I

forsom
e
σ
>

0.A
classicalsolution

to
this

task
is

the
ridge

estim
ator:

w
∗λ

=
argm

in
w
∈
R
d

‖
X

w
−

y‖
2

+
λ‖w
‖

2
=

(X
>

X
+
λ
I) −

1X
>

y
.

A
s

a
consequence

ofTheorem
16,w

e
show

thatif
S

is
sam

pled
w

ith
λ-regularized

volum
e

sam
pling

from
X

,then
the

ridge
estim

atorforthe
subproblem

(X
S
,y

S
)

w
∗λ (S

)
=

(X
>S

X
S

+
λ
I) −

1X
>S

y
S

has
strong

generalization
properties

w
ith

respectto
the

fullproblem
(X
,y

)
in

term
s

of
the

m
ean

squared
prediction

error(M
SPE

)and
m

ean
squared

error(M
SE

).

T
heorem

17
Let

X
∈

R
n×

d
and

w̃
∈

R
d,and

suppose
that

y
=

X
w̃

+
ξ,w

here
ξ

is
a

m
ean

zero
vector

w
ith

V
ar[ξ

]�
σ

2
I.

Let
S

be
sam

pled
according

to
λ-regularized

size
s≥

d
λ

volum
e

sam
pling

from
X

and
w
∗λ (S

)
be

the
λ-ridge

estim
ator

of
w̃

com
puted

from
subproblem

(X
S
,y

S
).

Then,if
λ
≤

σ
2

‖
w̃
‖
2 ,w

e
have

(m
ean

squared
prediction

error)
E
S E

ξ [
1n ‖X

(w
∗λ (S

)−
w̃

)‖
2 ]≤

σ
2d
λ

s−
d
λ

+
1
,

(m
ean

squared
error)

E
S E

ξ [‖w
∗λ (S

)−
w̃
‖

2 ]≤
σ

2n
tr((X

>
X

+
λ
I) −

1)

s−
d
λ

+
1

.

N
ext,w

e
presenttw

o
low

erbounds
forM

SPE
ofa

subsam
pled

ridge
estim

atorw
hich

show
that

the
statisticalguarantees

achieved
by

regularized
volum

e
sam

pling
are

nearly
optim

alfor
s�

d
λ

and
better

than
standard

approaches
for

s
=
O

(d
λ ).

In
particular,w

e
show

thatnon-i.i.d.nature
of

volum
e

sam
pling

is
essential

if
w

e
w

ant
to

achieve
good

generalization
w

hen
the

num
ber

of
responses

is
close

to
d
λ .N

am
ely

forcertain
data

m
atrices,any

i.i.d.subsam
pling

procedure
(such

as
i.i.d.leverage

score
sam

pling)requires
atleast

d
λ

ln
(d
λ )

responses
to

achieve
M

SPE
below

σ
2.In

contrastvolum
e

sam
pling

obtains
thatbound

forany
m

atrix
w

ith
2
d
λ

responses.

T
heorem

18
For

any
p
≥

1
and

σ
≥

0,there
is
d
≥
p

such
thatfor

any
sufficiently

large
n

divisible
by
d,there

exists
a

m
atrix

X
∈
R
n×

d
such

that

d
λ (X

)≥
p

for
any

0
≤
λ
≤
σ

2,

and
for

each
ofthe

follow
ing

tw
o

statem
ents

there
is

a
vector

w̃
∈
R
d

for
w

hich
the

corresponding
regression

problem
y

=
X

w̃
+
ξ

w
ith

V
ar[ξ

]
=
σ

2I
satisfies

thatstatem
ent:

a)
For

any
subset

S
⊆
{1..n}

ofsize
s,

E
ξ [

1n ‖X
(w
∗λ (S

)−
w̃

)‖
2 ]≥

σ
2d
λ

s
+
d
λ

;
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b)
Fo

r
m

ul
tis

et
S
⊆
{1
..
n
}o

fs
iz

e
s
≤

(d
λ
−

1)
ln

(d
λ
),

sa
m

pl
ed

i.i
.d

.f
ro

m
an

y
di

st
ri

bu
tio

n
ov

er
{1
..
n
},

E S
E ξ
[ 1 n
‖X

(w
∗ λ(
S

)
−

w̃
)‖

2
] ≥

σ
2
.

Pr
oo

fo
fT

he
or

em
17

St
an

da
rd

an
al

ys
is

fo
rt

he
ri

dg
e

re
gr

es
si

on
es

tim
at

or
fo

llo
w

s
by

pe
rf

or
m

in
g

bi
as

-v
ar

ia
nc

e
de

co
m

po
si

tio
n

of
th

e
er

ro
r,

an
d

th
en

se
le

ct
in

g
λ

so
th

at
bi

as
ca

n
be

ap
pr

op
ri

at
el

y
bo

un
de

d.
W

e
w

ill
re

ca
ll

th
is

ca
lc

ul
at

io
n

fo
ra

fix
ed

su
bp

ro
bl

em
(X

S
,y

S
).

Fi
rs

t,
w

e
co

m
pu

te
th

e
bi

as
of

th
e

ri
dg

e
es

tim
at

or
fo

ra
fix

ed
se

tS
(r

ec
al

lt
he

sh
or

th
an

d
Z
λ(
S

)
=

X
> S

X
S

+
λ
I)

:

B
ia

s ξ
[w
∗ λ(
S

)]
=

E[
w
∗ λ(
S

)]
−

w̃
=

E ξ
[Z
λ(
S

)−
1
X
> S

y
S

]
−

w̃

=
Z
λ(
S

)−
1
X
> S

(X
S
w̃

+
�
�
��

E ξ
[ξ
S

])
−

w̃

=
(Z

λ(
S

)−
1
X
> S

X
S
−

I)
w̃

=
−
λ

Z
λ(
S

)−
1
w̃
.

Si
m

ila
rl

y,
th

e
co

va
ri

an
ce

m
at

ri
x

of
w
∗ λ(
S

)
is

gi
ve

n
by

:

V
ar

ξ
[w
∗ λ(
S

)]
=

Z
λ(
S

)−
1
X
> S

V
ar

ξ
[ξ
S

]X
S
Z
λ(
S

)−
1

�
σ

2
Z
λ(
S

)−
1
X
> S

X
S
Z
λ(
S

)−
1

=
σ

2
(Z

λ(
S

)−
1
−
λ

Z
λ(
S

)−
2
).

M
ea

n
sq

ua
re

d
er

ro
ro

ft
he

ri
dg

e
es

tim
at

or
fo

ra
fix

ed
su

bs
et
S

ca
n

no
w

be
bo

un
de

d
by

:

E ξ
[ ‖

w
∗ λ(
S

)
−

w̃
‖2
] =

tr
(V

ar
ξ
[w
∗ λ(
S

)]
)

+
‖B

ia
s ξ

[w
∗ λ(
S

)]
‖2

≤
σ

2
tr

(Z
λ(
S

)−
1 −
λ
Z
λ(
S

)−
2
)

+
λ

2
tr

(Z
λ(
S

)−
2
w̃

w̃
>

)

≤
σ

2
tr

(Z
λ(
S

)−
1
)

+
λ

tr
(Z

λ(
S

)−
2
)(
λ
‖w̃
‖2
−
σ

2
)

(1
4)

≤
σ

2
tr

(Z
λ(
S

)−
1
),

(1
5)

w
he

re
in

(1
4)

w
e

ap
pl

ie
d

C
au

ch
y-

Sc
hw

ar
tz

in
eq

ua
lit

y
fo

r
m

at
ri

x
tr

ac
e,

an
d

in
(1

5)
w

e
us

ed
th

e
as

su
m

pt
io

n
th

at
λ
≤

σ
2

‖w̃
‖2

.T
hu

s,
ta

ki
ng

ex
pe

ct
at

io
n

ov
er

th
e

sa
m

pl
in

g
of

se
tS

,w
e

ge
t

E S
E ξ
[ ‖

w
∗ λ(
S

)
−

w̃
‖2
] ≤

σ
2
E S
[ tr

(Z
λ(
S

)−
1
)]

(T
he

or
em

16
)
≤
σ

2
n
−
d
λ

+
1

s
−
d
λ

+
1

tr
(Z

λ(
{1
..
n
})
−

1
)

(1
6)

≤
σ

2
n

tr
((

X
>

X
+
λ
I)
−

1
)

s
−
d
λ

+
1

.

N
ex

t,
w

e
bo

un
d

th
e

m
ea

n
sq

ua
re

d
pr

ed
ic

tio
n

er
ro

r.
A

sb
ef

or
e,

w
e

st
ar

tw
ith

th
e

st
an

da
rd

bi
as

-v
ar

ia
nc

e
de

co
m

po
si

tio
n

fo
rfi

xe
d

se
tS

:

E ξ
[ ‖

X
(w
∗ λ(
S

)−
w̃

)‖
2
] =

tr
(V

ar
ξ
[X

w
∗ λ(
S

)]
)

+
‖X

(E
ξ
[w
∗ λ(
S

)]
−

w̃
)‖

2

≤
σ

2
tr

(X
(Z

λ(
S

)−
1 −
λ

Z
λ(
S

)−
2
)X
>

)
+
λ

2
tr

(Z
λ(
S

)−
1
X
>

X
Z
λ(
S

)−
1
w̃

w̃
>

)

≤
σ

2
tr

(X
Z
λ(
S

)−
1
X
>

)
+
λ

tr
(X

Z
λ(
S

)−
2
X
>

)(
λ
‖w̃
‖2
−
σ

2
)

≤
σ

2
tr

(X
Z
λ(
S

)−
1
X
>

).
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H

O
nc

e
ag

ai
n,

ta
ki

ng
ex

pe
ct

at
io

n
ov

er
su

bs
et
S

,w
e

ha
ve

E S
E ξ
[ 1 n
‖X

(w
∗ λ(
S

)
−

w̃
)‖

2
] ≤

σ
2 n
E S
[ tr

(X
Z
λ(
S

)−
1
X
>

)]
=
σ

2 n
tr

(X
E S

[Z
λ(
S

)−
1
]X
>

)

(T
he

or
em

16
)
≤
σ

2 n

n
−
d
λ

+
1

s
−
d
λ

+
1

tr
(X

Z
λ(
{1
..
n
})
−

1
X
>

)
≤

σ
2
d
λ

s
−
d
λ

+
1
.

(1
7)

T
he

ke
y

pa
rt

of
pr

ov
in

g
bo

th
bo

un
ds

is
th

e
ap

pl
ic

at
io

n
of

T
he

or
em

16
.F

or
M

SE
,w

e
on

ly
us

ed
th

e
tr

ac
e

ve
rs

io
n

of
th

e
in

eq
ua

lit
y

(s
ee

(1
6)

),
ho

w
ev

er
to

ob
ta

in
th

e
bo

un
d

on
M

SP
E

w
e

us
ed

th
e

m
or

e
ge

ne
ra

lp
os

iti
ve

se
m

i-
de

fin
ite

in
eq

ua
lit

y
in

(1
7)

.

Pr
oo

fo
fT

he
or

em
18

L
et
d

=
dp
e+

1
an

d
n
≥
dσ

2
ed

(d
−

1
)

be
di

vi
si

bl
e

by
d

.W
e

de
fin

e

X
de

f
=

[I
,.
..
,I

]>
∈
R
n
×
d
,

w̃
>

de
f

=
[a
σ
,.
..
,a
σ

]
∈
R
d

fo
rs

om
e
a
>

0
.F

or
an

y
λ
≤
σ

2
,t

he
λ

-s
ta

tis
tic

al
di

m
en

si
on

of
X

is

d
λ

=
tr

(X
Z
λ(
{1
..
n
})
−

1
X
>

)
≥
dσ

2
ed

(d
−

1)

dσ
2
e(
d
−

1)
+
λ
≥

d
(d
−

1)

d
−

1
+

1
≥
p
.

L
et
S
⊆
{1
..
n
}b

e
an

y
se

to
fs

iz
e
s,

an
d

fo
ri
∈
{1
..
d
}l

et
s i

de
f

=
|{
i
∈
S

:
x
i

=
e
i}
|.

T
he

pr
ed

ic
tio

n
va

ri
an

ce
of

es
tim

at
or

w
∗ λ(
S

)
is

eq
ua

lt
o

tr
( V

ar
ξ
[X

w
∗ λ(
S

)]
) =

σ
2
tr

(X
(Z

λ(
S

)−
1
−
λ
Z
λ(
S

)−
2
)X
>

)

=
σ

2
n d

d ∑ i=
1

(
1

s i
+
λ
−

λ

(s
i
+
λ

)2

)
=
σ

2
n d

d ∑ i=
1

s i
(s
i
+
λ

)2
.

T
he

pr
ed

ic
tio

n
bi

as
of

es
tim

at
or

w
∗ λ(
S

)
is

eq
ua

lt
o

‖X
(E

ξ
[w
∗ λ(
S

)]
−

w̃
)‖

2
=
λ

2
w̃
>

Z
λ(
S

)−
1
X
>

X
Z
λ(
S

)−
1
w̃

=
λ

2
a

2
σ

2
n

d
tr
( Z

λ(
S

)−
2
) =

λ
2
a

2
σ

2
n

d

d ∑ i=
1

1

(s
i
+
λ

)2
.

T
hu

s,
M

SP
E

of
es

tim
at

or
w
∗ λ(
S

)
is

gi
ve

n
by

:

E ξ
[ 1 n
‖X

(w
∗ λ(
S

)
−

w̃
)‖

2
] =

1 n
tr
( V

ar
ξ
[X

w
∗ λ(
S

)]
) +

1 n
‖X

(E
ξ
[w
∗ λ(
S

)]
−

w̃
)‖

2

=
σ

2 d

d ∑ i=
1

(
s i

(s
i
+
λ

)2
+

a
2
λ

2

(s
i
+
λ

)2

)
=
σ

2 d

d ∑ i=
1

s i
+
a

2
λ

2

(s
i
+
λ

)2
.

N
ex

t,
w

e
fin

d
th

e
λ

th
at

m
in

im
iz

es
th

is
ex

pr
es

si
on

.T
ak

in
g

th
e

de
riv

at
iv

e
w

ith
re

sp
ec

tt
o
λ

w
e

ge
t:

∂ ∂
λ

(
σ

2 d

d ∑ i=
1

s i
+
a

2
λ

2

(s
i
+
λ

)2

)
=
σ

2 d

d ∑ i=
1

2
s i

(λ
−
a
−

2
)

(s
i
+
λ

)3
.
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L
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G
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O
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L
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E
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R
R

E
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R
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S
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IO
N

T
hus,since

atleastone
s
i has

to
be

greater
than

0,for
any

set
S

the
derivative

is
negative

for
λ
<
a −

2
and

positive
for

λ
>
a −

2,and
the

unique
m

inim
um

of
M

SPE
is

achieved
at
λ

=
a −

2,
regardless

ofw
hich

subset
S

is
chosen.So,as

w
e

are
seeking

a
low

erbound,w
e

can
focus

on
the

case
of
λ

=
a −

2.
P

roofofparta.L
et
a

=
1.A

s
show

n
above,w

e
can

assum
e

that
λ

=
1.In

this
case

the
form

ula
sim

plifies
to:

E
ξ [

1n ‖
X

(w
∗λ (S

)−
w̃

)‖
2 ]

=
σ

2d

d
∑i=

1

s
i
+

1

(s
i
+

1)
2

=
σ

2d

d
∑i=

1

1

s
i
+

1

(∗
)

≥
σ

2

sd
+

1
=

σ
2d

s
+
d
≥

σ
2d
λ

s
+
d
λ
,

w
here

(∗)
follow

s
by

applying
Jensen’s

inequality
to

convex
function

φ
(x

)
=

1
x

+
1 .

P
roofofpartb.L

et
a

=
√

2
d.A

s
show

n
above,w

e
can

assum
e

that
λ

=
1/

(2d
).Suppose

that
m

ultiset
S

is
sam

pled
i.i.d.from

som
e

distribution
overset{

1
..n}.Sim

ilarly
as

in
C

orollary
13,w

e
exploitthe

C
oupon

C
ollector’s

problem
,i.e.thatif|S|≤

(d−
1)

ln
(d

),then
w

ith
probability

atleast
1/

2
there

is
i∈
{
1
..d}

such
that

s
i

=
0

(i.e.,one
of

the
unitvectors

e
i w

as
never

selected).
T

hus,
M

SPE
can

be
low

er-bounded
as

follow
s:

E
S E

ξ [
1n ‖X

(w
∗λ (S

)−
w̃

)‖
2 ]≥

12

σ
2d

s
i
+
a

2λ
2

(s
i
+
λ

)
2

=
σ

2

2
d

2
d
λ

2

λ
2

=
σ

2.

5.E
fficientA

lgorithm
sfor

Volum
e

Sam
pling

In
this

section
w

e
propose

algorithm
s

forefficiently
perform

ing
volum

e
sam

pling.T
his

addresses
the

question
posed

by
A

vron
and

B
outsidis

(2013),
asking

for
a

polynom
ial-tim

e
algorithm

for
the

case
w

hen
the

size
of

set
S

is
s
>
d.

D
eshpande

and
R

adem
acher

(2010)
gave

an
algorithm

for
the

case
w

hen
s

=
d,w

hich
w

as
later

im
proved

by
G

urusw
am

iand
Sinop

(2012),running
in

tim
e
O

(n
d

3).R
ecently,L

ietal.(2017)offered
an

algorithm
forarbitrary

s,w
hich

has
com

plexity
O

(n
4s).W

e
propose

tw
o

new
m

ethods,w
hich

use
ourreverse

iterative
sam

pling
technique

to
achieve

fasterrunning
tim

es
forvolum

e
sam

pling
ofany

size
s.B

oth
algorithm

s
apply

to
the

m
ore

general
setting

of
λ-regularized

volum
e

sam
pling

(described
in

Section
4),and

produce
standard

volum
e

sam
pling

as
a

specialcase
for

λ
=

0
and

s
≥
d.

T
he

firstalgorithm
has

a
determ

inistic
runtim

e
of
O

((n−
s
+
d
)n
d
),w

hereas
the

second
one

is
an

accelerated
version

w
hich

w
ith

high
probability

finishes
in

tim
e
O

(n
d

2).T
hus,w

e
obtain

a
directim

provem
entoverL

ietal.(2017)by
a

factorof
atleast

n
2,and

in
the

specialcase
of
s

=
d,by

a
factorof

d
overthe

algorithm
ofG

urusw
am

iand
Sinop

(2012).
O

ur
algorithm

s
im

plem
entreverse

iterative
sam

pling
from

T
heorem

2.
W

e
startw

ith
the

full
index

set
S

=
{1
..n}.In

one
step

ofthe
algorithm

,w
e

rem
ove

one
row

from
set

S
.A

fterrem
oving

q
row

s,w
e

are
leftw

ith
the

index
setofsize

n
−
q

thatis
distributed

according
to

volum
e

sam
pling

forrow
setsize

n
−
q,and

w
e

proceed
untilourset

S
has

the
desired

size
s.The

prim
ary

costofthe
procedure

is
updating

the
conditionaldistribution

P
(S
−
i |S

)
atevery

step.Itis
convenientto

store
it

using
the

unnorm
alized

w
eights

defined
in

(12)w
hich,via

Sylvester’s
theorem

,can
be

com
puted

as
h
i

=
1−

x
>i

(X
>S

X
S

+
λ
I) −

1x
i (Forthe

sake
ofgenerality

w
e

state
the

m
ethods

for
λ-regularized
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IŃ
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M
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H

volum
e

sam
pling).D

oing
this

naively,w
e

w
ould

firstcom
pute

(X
>S

X
S

+
λ
I) −

1
w

hich
takes

O
(n
d

2)
tim

e
12.A

fterthatforeach
i,w

e
w

ould
m

ultiply
this

m
atrix

by
x
i in

tim
e
O

(d
2)

to
getthe

h
i ’s.T

he
overallruntim

e
ofthis

naive
m

ethod
becom

es:

n−
s

︷
︸︸

︷
#

ofsteps
×

(

O
(n
d
2
)

︷
︸︸

︷
com

pute
(X
>S

X
S

+
λ
I) −

1
+

≤
n

︷
︸︸

︷
#

ofw
eights

×
O

(d
2
)

︷
︸︸

︷
com

pute
h
i )

=
O

((n
−
s)n

d
2).

B
oth

the
com

putation
of

m
atrix

inverse
and

the
w

eights
h
i can

be
m

ade
m

ore
efficient.

First,the
m

atrix
(X
>S

X
S

+
λ
I) −

1
can

be
com

puted
from

the
one

obtained
in

the
previous

step
by

using
the

Sherm
an-M

orrison
form

ula.T
his

lets
us

update
itin

O
(d

2)
tim

e
instead

of
O

(n
d

2).Furtherm
ore,

w
e

propose
tw

o
strategies

fordealing
w

ith
the

costofm
aintaining

the
w

eights:

a)
U

pdate
all
h
i ’s

atevery
step

using
Sherm

an-M
orrison;

b)
U

se
rejection

sam
pling

and
only

com
pute

the
h
i ’s

needed
forthe

rejection
trials

(T
his

avoids
com

puting
all
h
i ’s,butm

akes
the

com
putation

ofeach
needed

h
i m

ore
expensive).

A
s

w
e

can
see,there

is
a

trade-offbetw
een

those
strategies.In

the
follow

ing
lem

m
a,w

e
w

illshow
thatupdating

the
value

of
h
i ,given

its
value

in
the

previous
step

only
costs

O
(d

)
tim

e
as

opposed
to
O

(d
2).H

ow
ever,the

num
berof

h
i ’s

thatneed
to

be
com

puted
forrejection

sam
pling

(explained
shortly)can

be
farsm

aller.

L
em

m
a

19
For

any
m

atrix
X
∈
R
n×

d,set
S
⊆
{1..n}

and
tw

o
distinctindices

i,j∈
S

,w
e

have

1−
x
>j

(X
>S
−
i X

S
−
i +

λ
I) −

1x
j

=
h
j −

(x
>j

v
)
2,

w
here

h
j

=
1−

x
>j

(X
>S

X
S

+
λ
I) −

1x
j

and
v

=
1
√
h
i (X

>S
X
S

+
λ
I) −

1x
i .

Proof
L

etting
Z
λ (S

)
=

X
>S

X
S

+
λ
I,w

e
have

h
j −

(x
>j

v
)
2

=
1−

x
>j

Z
λ (S

) −
1x

j −
(x
>j

Z
λ (S

) −
1x

i )
2

1−
x
>i

Z
λ (S

) −
1x

i

=
1−

x
>j

Z
λ (S

) −
1x

j −
x
>j

Z
λ (S

) −
1x

i x
>i

Z
λ (S

) −
1x

j

1−
x
>i

Z
λ (S

) −
1x

i

=
1−

x
>j

(
Z
λ (S

) −
1

+
Z
λ (S

) −
1x

i x
>i

Z
λ (S

) −
1

1−
x
>i

Z
λ (S

) −
1x

i

)
x
j

(∗
)

=
1−

x
>j

(X
>S
−
i X

S
−
i

+
λ
I) −

1x
j ,

w
here

(∗)
follow

s
from

the
Sherm

an-M
orrison

form
ula.

T
hus

the
overalltim

e
com

plexity
of

reverse
iterative

sam
pling

w
hen

using
the

firststrategy
goes

dow
n

by
a

factorof
d

com
pared

to
the

naive
version

(exceptforan
initialization

costw
hich

stays
at

O
(n
d

2)).

T
heorem

20
A

lgorithm
R

egVolproducesan
index

setS
ofrow

sdistributed
according

to
λ-regularized

size
s

volum
e

sam
pling

over
X

in
tim

e
O

((n−
s
+
d
)n
d
).

12.W
e

are
prim

arily
interested

in
the

case
w

here
n
≥
d

and
w

e
state

ourtim
e

bounds
underthatassum

ption.H
ow

ever,
w

hen
λ
>

0,ourtechniques
can

be
easily

adapted
to

the
case

of
n
<
d.
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19
fo

rh
i

an
d

th
e

Sh
er

m
an

-M
or

ri
so

n
fo

rm
ul

a
fo

rZ
,t

he
fo

llo
w

in
g

in
va

ri
an

ts
ho

ld
at

th
e

be
gi

nn
in

g
of

th
e

w
hi

le
lo

op
:

h
i

=
1
−

x
> i

(X
> S

X
S

+
λ
I)
−

1
x
i

an
d

Z
=

(X
> S

X
S

+
λ
I)
−

1
.

R
un

tim
e:

C
om

pu
tin

g
th

e
in

iti
al

Z
=

(X
>

X
+
λ
I)
−

1
ta

ke
s
O

(n
d

2
),

as
do

es
co

m
pu

tin
g

th
e

in
iti

al
va

lu
es

of
h
j
’s

.I
ns

id
e

th
e

w
hi

le
lo

op
,u

pd
at

in
g
h
j
’s

ta
ke

s
O

(|S
|d

)
=
O

(n
d
)

an
d

up
da

tin
g

Z
ta

ke
s

O
(d

2
).

T
he

ov
er

al
lr

un
tim

e
be

co
m

es
O

(n
d

2
+

(n
−
s)
n
d
)

=
O

((
n
−
s

+
d
)n
d
).

A
lg

or
ith

m
2

R
eg

Vo
l(
X
,s
,λ

)

1:
Z
←

(X
>

X
+
λ
I)
−

1

2:
∀ i
∈{

1
..
n
}

h
i
←

1
−

x
> i

Z
x
i

3:
S
←
{1
..
n
}

4:
w

hi
le
|S
|>

s
5:

Sa
m

pl
e
i
∝
h
i

ou
to

fS
6:

S
←
S
−
{i
}

7:
v
←

Z
x
i/
√
h
i

8:
∀ j
∈S

h
j
←
h
j
−

(x
> j

v
)2

9:
Z
←

Z
+

v
v
>

10
:

en
d

11
:

re
tu

rn
S

A
lg

or
ith

m
3

Fa
st

R
eg

Vo
l(
X
,s
,λ

)

1:
Z
←

(X
>

X
+
λ
I)
−

1

2:
S
←
{1
..
n
}

3:
w

hi
le
|S
|>

m
ax
{s
,2
d
}

4:
re

pe
at

5:
Sa

m
pl

e
i

un
if

or
m

ly
ou

to
fS

6:
h
i
←

1
−

x
> i

Z
x
i

7:
Sa

m
pl

e
A
∼

B
er

no
ul

li(
h
i)

8:
un

til
A

=
1

9:
S
←
S
−
{i
}

10
:

Z
←

Z
+
h
−

1
i

Z
x
ix
> i

Z
11

:
en

d
12

:
if
s
<

2
d

,
S
←

R
eg

Vo
l(
X
S
,s
,λ

)
en

d
13

:
re

tu
rn

S

N
ex

tw
e

pr
es

en
ta

lg
or

ith
m

Fa
st

R
eg

Vo
l,

w
hi

ch
is

ba
se

d
on

th
e

re
je

ct
io

n
sa

m
pl

in
g

st
ra

te
gy

.O
ur

ke
y

ob
se

rv
at

io
n

is
th

at
up

da
tin

g
th

e
fu

ll
co

nd
iti

on
al

di
st

ri
bu

tio
n
P

(S
−
i|S

)
is

w
as

te
fu

l,
si

nc
e

th
e

di
st

ri
bu

tio
n

ch
an

ge
s

ve
ry

sl
ow

ly
th

ro
ug

ho
ut

th
e

pr
oc

ed
ur

e.
M

or
eo

ve
r,

th
e

un
no

rm
al

iz
ed

w
ei

gh
ts
h
i,

w
hi

ch
ar

e
co

m
pu

te
d

in
th

e
pr

oc
es

s
ar

e
al

lb
ou

nd
ed

by
1.

Th
us

,t
o

sa
m

pl
e

fr
om

th
e

co
rr

ec
td

is
tri

bu
tio

n
at

an
y

gi
ve

n
ite

ra
tio

n,
w

e
ca

n
em

pl
oy

re
je

ct
io

n
sa

m
pl

in
g

as
fo

llo
w

s:

1:
Sa

m
pl

e
i

un
if

or
m

ly
fr

om
se

tS
,

2:
C

om
pu

te
h
i,

3:
A

cc
ep

tw
ith

pr
ob

ab
ili

ty
h
i,

4:
O

th
er

w
is

e,
dr

aw
an

ot
he

rs
am

pl
e.

N
ot

e
th

at
th

is
re

je
ct

io
n

sa
m

pl
in

g
ca

n
be

em
pl

oy
ed

lo
ca

lly
,w

ith
in

ea
ch

ite
ra

tio
n

of
th

e
al

go
ri

th
m

.
T

hu
s,

on
e

re
je

ct
io

n
do

es
no

t
re

ve
rt

us
ba

ck
to

th
e

be
gi

nn
in

g
of

th
e

al
go

ri
th

m
.

M
or

eo
ve

r,
if

th
e

pr
ob

ab
ili

ty
of

ac
ce

pt
an

ce
is

hi
gh

,t
he

n
th

is
st

ra
te

gy
re

qu
ir

es
co

m
pu

tin
g

on
ly

a
sm

al
l

nu
m

be
r

of
w

ei
gh

ts
pe

r
ite

ra
tio

n
of

th
e

al
go

ri
th

m
,a

s
op

po
se

d
to

up
da

tin
g

al
l

of
th

em
.

T
hi

s
tu

rn
s

ou
t

to
be

th
e

ca
se

fo
ra

m
aj

or
ity

of
th

e
st

ep
s

of
th

e
al

go
ri

th
m

,e
xc

ep
ta

tt
he

ve
ry

en
d

(f
or
s
≤

2
d

),
w

er
e

th
e

co
nd

iti
on

al
pr

ob
ab

ili
tie

s
st

ar
tc

ha
ng

in
g

m
or

e
dr

as
tic

al
ly

.A
tt

ha
tp

oi
nt

,i
tb

ec
om

es
m

or
e

ef
fic

ie
nt

to
us

e
th

e
fir

st
al

go
ri

th
m

,R
eg

Vo
l.

T
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Fo

r
an

y
λ
,s
≥

0
,

an
d
δ
∈

(0
,1

),
al

go
ri

th
m

Fa
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R
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Vo
l

sa
m

pl
es

ac
co

rd
in

g
to
λ

-
re

gu
la

ri
ze

d
si

ze
s

vo
lu

m
e

sa
m

pl
in

g,
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d
w

ith
pr

ob
ab

ili
ty

at
le

as
t1
−
δ

ru
ns

in
tim

e

O

( (
n

+
lo

g
( n
/d
) lo

g
( 1/

δ)
) d

2
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th
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ef
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ie

nc
y

of
re

je
ct

io
n
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m

pl
in

g
in

Fa
st

R
eg

Vo
l.

L
et
R
t

be
a

ra
nd

om
va

ri
ab

le
co

rr
es

po
nd

in
g

to
th

e
nu

m
be

r
of

tr
ia

ls
ne

ed
ed

in
th

e
re

pe
at

lo
op

fr
om

lin
e

4
in

Fa
st

R
eg

V
ol

at
th

e
po

in
tw

he
n
|S
|=

t.
N

ot
e

th
at

co
nd

iti
on

in
g

on
th

e
al

go
ri

th
m

’s
hi

st
or

y,
R
t

is
di

st
ri

bu
te

d
ac

co
rd

in
g

to
ge

om
et

ri
c

di
st

ri
bu

tio
n

G
e(
q t

)
w

ith
su

cc
es

s
pr

ob
ab

ili
ty

:

q t
=

1 t

∑ i∈
S

( 1
−

x
> i

(X
> S

X
S

+
λ
I)
−

1
x
i)
≥
t
−
d

t
≥

1 2
.

T
hu

s,
ev

en
th

ou
gh

va
ri

ab
le

s
R
t

ar
e

no
tt

he
m

se
lv

es
in

de
pe

nd
en

t,
th

ey
ca

n
be

up
pe

r-
bo

un
de

d
by

a
se

qu
en

ce
of

in
de

pe
nd

en
tv

ar
ia

bl
es
R̂
t
∼

G
e(
t−
d
t

).
T

he
ex

pe
ct

at
io

n
of

th
e

to
ta

ln
um

be
ro

ft
ri

al
s

in
Fa

st
R

eg
Vo

l,
R̄

=
∑

t
R
t,

ca
n

th
us

be
bo

un
de

d
as

fo
llo

w
s:

E[
R̄

]
≤

n ∑ t=
2
d

E[
R̂
t]

=
n ∑ t=
2
d

t

t
−
d
≤

2
n
.

N
ex

t,
w

e
w

ill
ob

ta
in

a
si

m
ila

rb
ou

nd
w

ith
hi

gh
pr

ob
ab

ili
ty

in
st

ea
d

of
in

ex
pe

ct
at

io
n.

H
er

e,
w

e
w

ill
ha

ve
to

us
e

th
e

fa
ct

th
at

th
e

va
ria

bl
es
R̂
t

ar
e

in
de

pe
nd

en
t,

w
hi

ch
m

ea
ns

th
at

w
e

ca
n

up
pe

r-
bo

un
d

th
ei

rs
um

w
ith

hi
gh

pr
ob

ab
ili

ty
us

in
g

st
an

da
rd

co
nc

en
tr

at
io

n
bo

un
ds

fo
rg

eo
m

et
ri

c
di

st
ri

bu
tio

n.
Fo

r
ex

am
pl

e,
us

in
g

C
or

ol
la

ry
2.

2
fr

om
Ja

ns
on

(2
01

8)
on

e
ca

n
im

m
ed

ia
te

ly
sh

ow
th

at
w

ith
pr

ob
ab

ili
ty

at
le

as
t1
−
δ

w
e

ha
ve
R̄

=
O

(n
ln
δ−

1
).

H
ow

ev
er

,m
or

e
ca

re
fu

la
na

ly
si

s
sh

ow
s

an
ev

en
be

tte
r

de
pe

nd
en

ce
on
δ.

L
em

m
a

22
Le

tR̂
t
∼

G
e(
t−
d
t

)
be

in
de

pe
nd

en
tr

an
do

m
va

ri
ab

le
s.

Th
en

,w
.p

.a
tl

ea
st

1
−
δ,

n ∑ t=
2
d

R̂
t

=
O
( n

+
lo

g
( n
/d
) lo

g
( 1
/
δ)
) .

E
ac

h
tr

ia
lo

fr
ej

ec
tio

n
sa

m
pl

in
g

re
qu

ir
es

co
m

pu
tin

g
on

e
w

ei
gh

th
i

in
tim

e
O

(d
2
).

T
he

ov
er

al
lt

im
e

co
m

pl
ex

ity
of

Fa
st

R
eg

V
ol

th
us

in
cl

ud
es

co
m

pu
ta

tio
n

an
d

up
da

tin
g

of
m

at
ri

x
Z

(i
n

tim
e
O

(n
d

2
))

,
re

je
ct

io
n

sa
m

pl
in

g
w

hi
ch

ta
ke

s
O
((
n

+
lo

g
( n d
) lo

g
( 1 δ

))
d

2
)

tim
e,

an
d

(i
f
s
<

2d
)

th
e

R
eg

V
ol

po
rt

io
n,

ta
ki

ng
O

(d
3
).

Pr
oo

fo
fL

em
m

a
22

A
s

ob
se

rv
ed

by
Ja

ns
on

(2
01

8)
,t

ai
l-

bo
un

ds
fo

rt
he

su
m

of
ge

om
et

ri
c

ra
nd

om
va

ri
ab

le
s

de
pe

nd
on

th
e

m
in

im
um

ac
ce

pt
an

ce
pr

ob
ab

ili
ty

am
on

g
th

os
e

va
ri

ab
le

s.
N

ot
e

th
at

fo
rt

he
va

st
m

aj
or

ity
of
R̂
t’

s
th

e
ac

ce
pt

an
ce

pr
ob

ab
ili

ty
is

ve
ry

cl
os

e
to

1,
so

in
tu

iti
ve

ly
w

e
sh

ou
ld

be
ab

le
to

ta
ke

ad
va

nt
ag

e
of

th
is

to
im

pr
ov

e
ou

r
ta

il
bo

un
ds

.
To

th
at

en
d,

w
e

pa
rt

iti
on

th
e

va
ri

ab
le

s
in

to
gr

ou
ps

of
ro

ug
hl

y
si

m
ila

r
ac

ce
pt

an
ce

pr
ob

ab
ili

ty
an

d
th

en
se

pa
ra

te
ly

bo
un

d
th

e
su

m
of

va
ri

ab
le

s
in

ea
ch

gr
ou

p.
L

et
J

=
lo

g
(n
d
)

(w
.l.

o.
g.

as
su

m
e

th
at
J

is
an

in
te

ge
r)

.
Fo

r
1
≤
j
≤
J

,
le

t
I j

=
{d

2
j
,d

2
j

+
1,
..
,d

2
j+

1
}r

ep
re

se
nt

th
e
j-

th
pa

rt
iti

on
.W

e
us

e
th

e
fo

llo
w

in
g

no
ta

tio
n

fo
re

ac
h

pa
rt

iti
on

:

R̄
j

de
f

=
∑ t∈
I j

R
t,

µ
j

de
f

=
E[
R̄
j
],

r j
de

f
=

m
in

t∈
I j

t
−
d

t
,

γ
j

de
f

=
lo

g
(δ
−

1
)

d
2
j−

2
+

3
.
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O
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E
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R
R

E
G

R
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N
ow

,w
e

apply
T

heorem
2.3

ofJanson
(2018)to

R̄
j ,obtaining

P
(R̄

j ≥
γ
j µ
j )≤

γ
−

1
j

(1−
r
j )

(γ
j −

1−
ln
γ
j )µ

j
(1

)

≤
(1−

r
j )
γ
j µ
j /

4
(2

)

≤
2 −

jγ
j d

2
j−

2,

w
here

(1)
follow

s
since

γ
j ≥

3,and
(2)

holds
because

µ
j ≥

d
2
j

and
r
j ≥

1−
2 −

j.M
oreover,for

the
chosen

γ
j

w
e

have

jγ
j d

2
j−

2
=
j

log
(δ −

1)
+

3
jd

2
j−

2≥
log

(δ −
1)

+
j

=
log

(2
jδ −

1).

L
et
A

denote
the

eventthat
R̄
j ≤

γ
j µ
j

forall
j≤

J
.A

pplying
union

bound,w
e

get

P
(A

)≥
1−

J
∑j=

1

P
(R̄

j ≥
γ
j µ
j )≥

1−
J
∑j=

1

2 −
lo

g
(2
jδ −

1
)

=
1−

J
∑j=

1

δ2
j
≥

1−
δ.

If
A

holds,then
w

e
obtain

the
desired

bound:

n
∑t=

2
d

R̂
t ≤

J
∑j=

1

γ
j µ
j ≤

J
∑j=

1 (
log

(δ −
1)

d
2
j−

2
+

3 )
d
2
j+

1
=

8J
log

(δ −
1)

+
6

J
∑j=

1

d
2
j

=
O
(

log (n
/d )

log (1/δ )
+
n )
.

6.E
xperim

ents

In
this

section
w

e
experim

entally
evaluate

the
proposed

volum
e

sam
pling

algorithm
s

in
term

s
of

runtim
e

and
in

the
task

ofsubsam
pling

forlinearregression.W
e

use
regularization

both
forsam

pling
and

forprediction,as
discussed

in
Section

4.T
he

listofim
plem

ented
algorithm

s
is:

a)
R

egularized
volum

e
sam

pling
(algorithm

s
FastR

egVoland
R

egVol),

b)
L

everage
score

sam
pling

13
(L

SS)
–

a
popular

i.i.d.
sam

pling
technique

(M
ahoney,2011),

w
here

exam
ples

are
selected

w
.p.

P
(i)

=
(x
>i

(X
>

X
) −

1x
i )/d

.

D
ataset

n
×
d

R
egVol

FastR
egVol

L
SS

cadata
21k×

8
33.5s

0.9s
0.1s

M
SD

464k×
90

>
24hr

39s
12s

cpusm
all

8k×
12

1.7s
0.4s

0.07s
abalone

4k×
8

0.5s
0.2s

0.03s

Table
1:

L
istofregression

datasets
w

ith
runtim

e
com

parison
betw

een
R

egVoland
FastR

egVol.W
e

also
provide

the
runtim

e
fori.i.d.sam

pling
w

ith
exactleverage

scores
(L

SS).

T
he

experim
ents

w
ere

perform
ed

on
several

benchm
ark

linear
regres-

sion
datasets

from
the

libsvm
repository

(C
hang

and
Lin,2011).Table

1
lists

those
datasets

along
w

ith
running

tim
es

forsam
-

pling
dim

ension
m

any
colum

ns
w

ith
each

m
ethod.

D
ataset

M
SD

w
as

too
big

for
R

egVolto
finish

in
reasonable

tim
e,how

-
ever

FastR
egV

olfinished
in

less
than

40
seconds.In

Figure
6

w
e

plotthe
runtim

e
againstvarying

valuesof
n

(using
portionsofthe

datasets),to
com

pare
how

FastR
egVoland

R
egVolscale

w
ith

respectto
the

data
size.W

e
observe

thatFastR
egVol

exhibits
lineardependence

on
n,thus

itis
m

uch
bettersuited

forrunning
on

large
datasets.

13.R
egularized

variants
ofleverage

scores
have

also
been

considered
in

contextofkernelridge
regression

A
laouiand

M
ahoney

(2015).H
ow

ever,in
ourexperim

ents
regularizing

leverage
scores

did
notprovide

any
im

provem
ents.
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Figure
6:

C
om

parison
ofruntim

e
betw

een
FastR

egVoland
R

egVolon
fourlibsvm

regression
datasets

(C
hang

and
L

in,2011),w
ith

the
m

ethods
ran

on
data

subsets
ofvarying

size
(n).

6.1
SubsetSelection

for
R

idge
R

egression

W
e

applied
volum

e
sam

pling
to

the
task

ofsubsetselection
forlinearregression,by

evaluating
the

subsam
pled

ridge
estim

ator
w
∗λ (S

)
using

the
average

loss
overthe

fulldataset,i.e.,

A
verage

L
oss:

1n ‖X
w
∗λ (S

)−
y‖

2,
w

here
w
∗λ (S

)
=

(X
>S

X
S

+
λ
I) −

1X
>S

y
S
.

W
e

evaluated
the

estim
ators

for
a

range
of

subset
sizes

and
values

of
λ,

w
hen

the
subsets

are
sam

pled
according

to
λ-regularized

volum
e

sam
pling

14
and

leverage
score

sam
pling.

T
he

results
w

ere
averaged

over20
runs

ofeach
experim

ent.Forclarity,Figure
7

show
s

the
results

only
w

ith
one

value
of
λ

foreach
dataset,chosen

so
thatthe

subsam
pled

ridge
estim

atorperform
ed

best(on
average

overallsam
ples

ofpreselected
size

s).N
ote

thatforleverage
scores

w
e

did
the

appropriate
rescaling

of
the

instances
before

solving
for

w
∗λ (S

)
for

the
sam

pled
subproblem

s
(see

M
ahoney

(2011)
for

details).Volum
e

sam
pling

does
notrequire

any
rescaling.The

results
on

alldatasets
show

thatw
hen

only
a

sm
allnum

ber
of

responses
s

is
obtainable,then

regularized
volum

e
sam

pling
offers

better
estim

ators
than

leverage
score

sam
pling

(as
predicted

by
T

heorem
s

17
and

18).T
he

low
erbound

from
T

heorem
18b

can
be

observed
fordatasetcpusm

all,w
here

d
=

12
and

d
log

d
≈

30.

7.C
onclusions

V
olum

e
sam

pling
is

a
joint

sam
pling

procedures
that

produces
m

ore
diverse

sam
ples

than
i.i.d.

sam
pling.

W
e

developed
a

m
ethod

for
proving

exact
m

atrix
expectation

form
ulas

for
volum

e
sam

pling
giving

furthercredence
to

the
factthatthis

is
a

fundam
entalsam

pling
procedure.W

e
also

m
ade

significantprogress
on

finding
an

efficientim
plem

entation
ofthis

sam
pling

procedure:O
ur

14.O
urexperim

ents
suggestthatusing

the
sam

e
λ

forsam
pling

and
forcom

puting
the

ridge
estim

atorw
orks

best.
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d

2
).

N
ot

e
th

at
th
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d
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ly
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ly
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ow
n

to
be

po
ly

no
m

ia
l(

th
at

is
O

(n
4
s)

in
L

ie
ta

l.
(2

01
7)

).
A

fin
al

lo
ng

ra
ng
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g

qu
es

tio
n

is
ho

w
to

ge
ne

ra
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vo
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A
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no
w
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T
ha

nk
s

to
D
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lH
su
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W
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h
K
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sk

if
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va
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di

sc
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T

hi
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or
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by

N
SF
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IS

-1
61

92
71

.

A
pp

en
di

x
A

.I
nd

uc
tiv

e
Pr

oo
fo

fC
au

ch
y-

B
in

et

T
he

m
os

tc
om

m
on

fo
rm

of
th

e
C

au
ch

y-
B

in
et

eq
ua

tio
n

de
al

s
w

ith
tw

o
re

al
n
×
d

m
at

ri
ce

s
A
,B

:
∑

S
:|S
|=
d

d
et

(A
> S

B
S

)
=

d
et

(A
>

B
).

It
is

ea
sy

to
ge

ne
ra

liz
e

vo
lu

m
e

sa
m

pl
in

g
an

d
T

he
or

em
2

to
th

is
“a

sy
m

m
et

ri
c”

ve
rs

io
n.

H
er

e
w

e
gi

ve
an

al
te

rn
at

e
in

du
ct

iv
e

pr
oo

f.
Fo

ri
∈
{1
..
n
},

le
ta

i,
b
i

de
no

te
th

e
i-

th
ro

w
of

A
,B

,r
es

pe
ct

iv
el

y.
Fo

rS
⊆
{1
..
n
},

A
S

co
ns

is
ts

of
al

lr
ow

s
in

de
xe

d
by
S

,a
nd

A
−
i,

al
le

xc
ep

tf
or

th
e
i-

th
ro

w
.

T
he

or
em

23
Fo

r
A
,B
∈
R
n
×
d

an
d
n
−

1
≥
s
≥
d

:

d
et

(A
>

B
)

=
1

( n
−
d

s−
d

)
∑

S
:|S
|=
s

d
et

(A
> S

B
S

).
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Pr
oo

f
S

is
a

si
ze
s

su
bs

et
of

a
se

to
fs

iz
e
n

.W
e

re
w

ri
te

th
e

ra
ng

e
re

st
ri

ct
io

n
n
−

1
≥
s
≥
d

fo
rs

iz
e

s
as

1
≤
n
−
s
≤
n
−
d

an
d

in
du

ct
on
n
−
s.

Fo
rt

he
ba

se
ca

se
,n
−
s

=
1

or
s

=
n
−

1,
w

e
ne

ed
to

sh
ow

th
at

d
et

(A
>

B
)

=
1

n
−
d

n ∑ i=
1

d
et

(A
> −
iB
−
i)
.

T
hi

s
cl

ea
rl

y
ho

ld
s

if
d
et

(A
>

B
)

=
0

.O
th

er
w

is
e,

by
Sy

lv
es

te
r’

s
T

he
or

em

n ∑ i=
1

d
et

(A
>
B
−
a
i
b
> i

︷
︸︸

︷
A
> −
iB
−
i

)

d
et

(A
>

B
)

=
n ∑ i=

1

(1
−

a
> i

(A
>

B
)−

1
b
i)

=
n
−

d
︷

︸︸
︷

tr
((

A
>

B
)−

1
A
>

B
)
.

In
du

ct
io

n:
A

ss
um

e
2
≤
n
−
s
≤
n
−
d

.

d
et

(A
>

B
)

ba
se

ca
se =

1

n
−
d

n ∑ i=
1

d
et

(A
> −
iB
−
i)

in
d.

st
ep =

1

n
−
d

n ∑ i=
1

∑

S
:|S
|=
s,
i/∈
S

1
( n
−

1
−
d

s−
d

)d
et

(A
> S

B
S

)

=
n
−
s

n
−
d

1
( n
−

1
−
d

s−
d

)
︸

︷︷
︸

1

(n
−
d

s
−
d
)

∑

S
:|S
|=
s

d
et

(A
> S

B
S

).

N
ot

e
th

at
fo

rt
he

in
du

ct
io

n
st

ep
,S

is
a

su
bs

et
of

si
ze
s

fr
om

a
se

to
fs

iz
e
n
−

1
an

d
w

e
ha

ve
th

e
ra

ng
e

re
st

ric
tio

n
1
≤
n
−

1
−
s
≤
n
−

1
−
d

.C
le

ar
ly

,n
−

1
−
s

is
on

e
sm

al
le

rt
ha

n
n
−
s.

Fo
rt

he
la

st
eq

ua
lit

y,
no

tic
e

th
at

ea
ch

se
tS

:
|S
|=

s
is

co
un

te
d
n
−
s

tim
es

in
th

e
do

ub
le

su
m

.

A
pp

en
di

x
B

.A
lte

rn
at

e
Pr

oo
fo

fT
he

or
em

5

W
e

m
ak

e
us

e
of

th
e

fo
llo

w
in

g
de

riv
at

iv
e

fo
rd

et
er

m
in

an
ts

by
Pe

te
rs

en
an

d
Pe

de
rs

en
(2

01
2)

:

Fo
rs

ym
m

et
ri

c
C

:
∂

d
et

(X
>

C
X

)

∂
X

=
2

d
et

(X
>

C
X

)C
X

(X
>

C
X

)−
1
.

T
he

pr
oo

fb
eg

in
s

w
ith

ge
ne

ra
liz

ed
C

au
ch

y-
B

in
et

fo
rs

iz
e
s

vo
lu

m
e

sa
m

pl
in

g:
∑ S

d
et

(X
>

I S
X

)
=

( n
−
d

s
−
d

)
d
et

(X
>

X
).

N
ow

,w
e

ta
ke

a
de

riv
at

iv
e

w
.r.

t.
X

on
bo

th
si

de
s

∑ S

2
d
et

(X
>

I S
X

)
(I
S
X

)+
>

=

( n
−
d

s
−
d

)
2

d
et

(X
>

X
)

X
+
>

⇐
⇒

∑ S

d
et

(X
>

I S
X

)
( n
−
d

s−
d

) d
et

(X
>

X
)

(I
S
X

)+
>

︸
︷︷

︸
E[

(I
S
X

)+
>

]

=
X

+
>
.
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A
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C
.ProofofProposition

14

The
m

ain
idea

behind
the

proofis
to

constructvariants
ofthe

inputm
atrix

X
and

relate
theirvolum

es.
W

e
use

the
follow

ing
standard

properties
ofthe

determ
inant:

Proposition
24

For
any

m
atrix

M
,

d
et(M

>
M

)
=

d
et(M̃

>
M̃

)
w

here
M̃

is
produced

from
M

through
the

follow
ing

operations:

a)
M̃

equals
M

exceptthatcolum
n

m
j

is
replaced

by
m
j

+
α

m
i ,w

here
m
i is

another
colum

n
of

M
;

b)
M̃

equals
M

exceptthattw
o

row
s

are
sw

apped.

R
ecallthatourgoalis

to
prove

the
follow

ing
form

ula
forany

X
,y

and
i∈
{1
..n}:

d
et(X

>
X

) (L
(w
∗(−

i))−
L

(w
∗) )

=
(

d
et(X

>
X

)−
d
et(X

>−
i X
−
i ) )`

i (w
∗(−

i)).

B
y

Proposition
24b,w

e
can

assum
e

w
.l.o.g.that

i
=
n,i.e.thatthe

testrow
in

Proposition
14

is
the

lastrow
of

X
.

A
s

discussed
in

Section
3.3,the

colum
ns

of
X

are
the

feature
vectors,denoted

by
f1 ,...,fd .M

oreover,the
optim

alprediction
vectoron

the
fulldataset,

ŷ
=

X
w
∗,is

a
projection

of
y

onto
the

subspace
spanned

by
the

features/colum
ns

of
X

,denoted
as

ŷ
=

P
X

y
.L

etus
define

a
vector

y
as

y
>

def
=

(
ŷ
>−
n

,y
n
),

(18)

w
here

ŷ
−
n

def
=

X
−
n
w
∗(−

n
)

is
the

optim
alprediction

vector
for

the
training

problem
(X
−
n
,y
−
n
).

N
ote,thatif

ran
k
(X
−
n
)
<
d,then

w
∗(−

n
)

m
ay

notbe
unique,butw

e
can

pick
any

w
eightvectoras

long
as

itm
inim

izes
the

loss
on

the
training

set{1
..n−

1}.N
ext,w

e
show

the
follow

ing
lem

m
a:

L
em

m
a

25
The

bestachievable
loss

for
the

problem
(X
,y

)
can

be
decom

posed
as

follow
s:

L
(w
∗)

=
L

(w
∗(−

n
))−

`
n
(w
∗(−

n
))

+
‖
y
−

ŷ‖
2.

(19)

Proof
First,w

e
w

illshow
that

y
is

the
projection

of
y

onto
the

subspace
spanned

by
allfeatures

and
the

unitvector
e
n
∈
R
n

(w
here

n
corresponds

to
the

testrow
).

T
hatis,w

e
w

antto
show

that
y

=
P

(X
,e
n

)
y

.
D

enote
ỹ

as
thatprojection.

O
bserve

that
ỹ
n

=
y
n ,because

if
this

w
as

nottrue,
w

e
could

constructa
vector

ỹ
+

(y
n
−
ỹ
n
)e
n

thatis
closer

to
y

than
ỹ

and
lies

in
sp

a
n
(X
,e
n
).

T
hus,the

projection
does

notincur
any

loss
along

the
n-th

dim
ension

and
can

be
reduced

to
the

rem
aining

n
−

1
dim

ensions,w
hich

corresponds
to

solving
the

training
problem

(X
−
n
,y
−
n
).U

sing
the

definition
of

y
in

(18),this
show

s
that

ỹ
=

P
(X
,e
n

)
y

equals
y

.
N

ext,w
e

w
illshow

that
ŷ

is
the

projection
of

y
onto

sp
an

(X
),i.e.

that
P

X
y

=
ŷ

.
B

y
the

linearity
ofprojection,w

e
have

P
X

y
=

P
X

(y
−

y
+

y
)

=
P

X
(y
−

y
)

+
P

X
y

=
P

X
(y
−

y
)

+
ŷ
.

W
e

already
show

ed
that

y
=

P
(X
,e
n

)
y

.
T

herefore,the
vector

y
−

y
is

orthogonalto
the

colum
n

vectors
of

X
,and

thus
P

X
(y
−

y
)

=
0.T

his
show

s
that

P
X

y
=

ŷ
.

35
JM

L
R

 19(23):1-39, 2018

D
E

R
E

Z
IŃ
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Finally,note
thatsince

y
is

the
projection

of
y

onto
sp

an
(X
,e
n
)

and
ŷ
∈

sp
a
n
(X
,e
n
),vector

y
−

y
is

orthogonalto
vector

y
−

ŷ
and

by
the

Pythagorean
T

heorem
w

e
have

‖
ŷ
−

y‖
2

=
‖
y
−

y‖
2

+
‖y
−

ŷ‖
2.

U
sing

the
definition

of
y

in
(18),w

e
have

‖
y
−

y‖
2

=
‖
ŷ
−
n −

y
−
n ‖

2
=
L

(w
∗(−

n
))−

`
n
(w
∗(−

n
)),

concluding
the

proofofthe
lem

m
a.

ProofofProposition
14

W
e

constructa
m

atrix
X

,adding
vector

y
as

an
extra

colum
n

to
m

atrix
X

:

X
def
=

(X
,
y

)
=


X
−
n

ŷ
−
n

x
>n

y
n


.

(20)

A
pplying

“base×
height”

and
L

em
m

a
25,w

e
com

pute
the

volum
e

spanned
by

X
:

d
et(X

>
X

)
=

d
et(X

>
X

)‖y
−

ŷ‖
2

=
d
et(X

>
X

)
(L

(w
∗)−

L
(w
∗(−

n
))

+
`
n
(w
∗(−

n
))).

(21)

N
ext,w

e
use

the
factthatvolum

e
is

preserved
underelem

entary
colum

n
operations

(Proposition
24a).

N
ote,thatprediction

vector
ŷ
−
n

is
a

linearcom
bination

ofthe
colum

ns
of

X
−
n ,w

ith
the

coefficients
given

by
w
∗(−

n
).

T
herefore,

looking
at

the
block

structure
of

X
(see

(20)),
w

e
observe

that
perform

ing
colum

n
operations

on
the

lastcolum
n

of
X

w
ith

coefficients
given

by
negative

w
∗(−

n
),

w
e

can
zero

outthatcolum
n

exceptforits
lastelem

ent:

y
−

X
w
∗(−

n
)

=
r

e
n
,

w
here

r
def
=
y
n −

x
>n

w
∗(−

n
)

(see
transform

ation
(a)in

(22)).N
ow

,w
e

considertw
o

cases,depending
on

w
hether

or
not

r
equals

zero.
If
r
6=

0,
then

w
e

further
transform

the
m

atrix
by

a
second

transform
ation

(b),w
hich

zeros
outthe

lastrow
(the

testrow
)using

colum
n

operations.T
he

entire
sequence

ofoperations,resulting
in

a
m

atrix
w

e
call

X
0 ,is

show
n

below
:

X
=


X
−
n

ŷ
−
n

x
>n

y
n


(a)
→


X
−
n

0

x
>n

r


(b)
→


X
−
n

0

0
r


=

X
0 .

(22)

N
ote,thatdue

to
the

block-diagonalstructure
of

X
0 ,its

volum
e

can
be

easily
described

by
the

“base
×

height”
form

ula:

d
et(X

>0
X

0 )
=

d
et(X

>−
n
X
−
n
)
r

2
=

d
et(X

>−
n
X
−
n
)
`
n
(w
∗(−

n
)).

(23)

Since
d
et(X

>
X

)
=

d
et(X

>0
X

0 ),w
e

can
com

bine
(21)and

(23)to
obtain

the
desired

result.
Finally,if

r
=

0
w

e
cannotperform

transform
ation

(b).
H

ow
ever,in

this
case

m
atrix

X
has

volum
e

0,and
m

oreover,`
n
(w
∗(−

n
))

=
r

2
=

0,so
once

again
w

e
have

d
et(X

>
X

)
=

0
=

d
et(X

>−
n
X
−
n
)
`
n
(w
∗(−

n
)),

w
hich

concludes
the

proofofProposition
14.
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ič

iu
s

an
d

J
ae

ge
r

(2
00

9)
)

or
a

R
C

sy
st

e
m

is
a

sp
ec

ifi
c

ty
p

e
of

re
cu

rr
en

t
n
eu

ra
l
n
et

w
o
rk

d
et

er
m

in
ed

b
y

tw
o

m
ap

s,
n
am

el
y

a
re

se
rv

o
ir
F

:
R
N
×
R
n
−→

R
N

,
n
,N
∈
N

,
an

d
a

re
a
d
o
u

t
m

ap
h

:
R
N
→

R
th

a
t

u
n
d
er

ce
rt

a
in

h
y
p

ot
h
es

es
tr

a
n
sf

or
m

(o
r

fi
lt

er
)

a
n

in
fi
n
it

e
d
is

cr
et

e-
ti

m
e

in
p
u
t

z
=

(.
..
,z
−

1
,z

0
,z

1
,.
..

)
∈

(R
n
)Z

in
to

an
ou

tp
u
t

si
gn

al
y
∈
R

Z
of

th
e

sa
m

e
ty

p
e

u
si

n
g

th
e

st
at

e-
sp

ac
e

tr
an

sf
or

m
a
ti

o
n

gi
ve

n
b
y
:

{ x
t

=
F

(x
t−

1
,z
t
),

y t
=
h

(x
t
),

(1
.1

)

(1
.2

)

w
h
er

e
t
∈
Z

a
n
d

th
e

d
im

en
si

on
N
∈
N

of
th

e
st

a
te

v
ec

to
rs

x
t
∈
R
N

w
il
l

b
e

re
fe

rr
ed

to
as

th
e

n
u
m

b
er

o
f

v
ir

tu
a
l
n

e
u

ro
n

s
of

th
e

sy
st

em
.

T
h
e

ex
p
re

ss
io

n
s

(1
.1

)-
(1

.2
)

d
et

er
m

in
e

a
n
on

li
n
ea

r
st

at
e-

sp
ac

e
sy

st
em

c ©
2
0
1
8

L
y
u
d
m

il
a

G
ri

g
o
ry

e
v
a

a
n
d

J
u
a
n
-P

a
b
lo

O
rt

e
g
a
.

L
ic

e
n
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b
u
ti

o
n

re
q
u
ir

e
m

e
n
ts

a
re

p
ro

v
id

e
d

a
t

h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
9
/
1
8
-
0
2
0
.
h
t
m
l
.

JM
L

R
 1

9(
24

):
1-

40
, 2

01
8

G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

an
d

m
an

y
of

it
s

d
y
n
am

ic
a
l

p
ro

p
er

ti
es

(s
ta

b
il
it

y,
co

n
tr

o
la

b
il
it

y
)

h
av

e
b

ee
n

st
u
d
ie

d
fo

r
d
ec

ad
es

in
th

e
li
te

ra
tu

re
fr

om
th

at
p

o
in

t
o
f

v
ie

w
.

T
h
is

n
ot

io
n

of
re

se
rv

oi
r

co
m

p
u
te

r
(a

ls
o

k
n
ow

n
as

li
q
u

id
st

a
te

m
a
c
h
in

e
)

is
a

si
gn

ifi
ca

n
t

ge
n
er

a
l-

iz
at

io
n

of
th

e
d
efi

n
it

io
n
s

fo
u
n
d

in
th

e
li
te

ra
tu

re
,

w
h
er

e
th

e
re

a
d
ou

t
m

ap
h

is
co

n
si

st
en

tl
y

ta
k
en

to
b

e
li
n
ea

r.
In

m
an

y
su

p
er

v
is

ed
m

ac
h
in

e
le

ar
n
in

g
a
p
p
li
ca

ti
o
n
s,

th
e

re
se

rv
oi

r
m

ap
is

ra
n
d
om

ly
g
en

er
at

ed
(s

ee
,

fo
r

in
st

an
ce

,
th

e
ec

h
o

st
a
te

n
et

w
or

k
s

in
J
ae

ge
r

(2
01

0)
,

J
a
eg

er
an

d
H

aa
s

(2
00

4)
)

an
d

th
e

m
em

or
y
le

ss
re

ad
ou

t
is

tr
ai

n
ed

so
th

at
th

e
o
u
tp

u
t

m
a
tc

h
es

a
g
iv

en
te

a
c
h
in

g
si

g
n

a
l

th
at

w
e

d
en

ot
e

b
y

d
∈

R
Z .

T
w

o
im

p
or

ta
n
t

ad
va

n
ta

g
es

o
f

th
is

ap
p
ro

ac
h

la
y

on
th

e
fa

ct
th

at
th

ey
re

d
u
ce

th
e

tr
ai

n
in

g
of

a
d
y
n
a
m

ic
ta

sk
to

a
st

at
ic

p
ro

b
le

m
an

d
,

m
o
re

ov
er

,
if

th
e

re
se

rv
oi

r
m

ap
is

ri
ch

en
ou

gh
,

go
o
d

p
er

fo
rm

a
n
ce

s
ca

n
b

e
in

d
ee

d
at

ta
in

ed
w

it
h

ju
st

li
n
ea

r
re

ad
ou

ts
th

at
a
re

tr
ai

n
ed

v
ia

a
(e

ve
n
tu

a
ll
y

re
gu

la
ri

ze
d
)

li
n
ea

r
re

gr
es

si
on

th
at

m
in

im
iz

es
th

e
E

u
cl

id
ea

n
d
is

ta
n
ce

b
et

w
ee

n
th

e
ou

tp
u
t

y
an

d
th

e
te

ac
h
in

g
si

gn
al

d
.

T
h
es

e
fe

at
u
re

s
ci

rc
u
m

ve
n
t

w
el

l-
k
n
ow

n
d
iffi

cu
lt

ie
s

in
th

e
tr

ai
n
in

g
o
f

ge
n
er

ic
re

cu
rr

en
t

n
eu

ra
l

n
et

w
or

k
s

h
av

in
g

to
d
o

w
it

h
b
if

u
rc

at
io

n
p
h
en

om
en

a
(D

oy
a

(1
99

2)
)

an
d

th
at

,
d
es

p
it

e
re

ce
n
t

p
ro

g
re

ss
in

th
e

re
g
u
la

ri
za

ti
on

an
d

tr
ai

n
in

g
of

d
ee

p
R

N
N

st
ru

ct
u
re

s
(s

ee
,

fo
r

in
st

an
ce

G
ra

ve
s

et
a
l.

(2
0
13

),
P

as
ca

n
u

et
a
l.

(2
0
1
3
),

Z
a
re

m
b
a

et
al

.
(2

01
4)

,
an

d
re

fe
re

n
ce

s
th

er
ei

n
),

re
n
d
er

cl
a
ss

ic
a
l

gr
ad

ie
n
t

d
es

ce
n
t

m
et

h
o
d
s

n
on

-c
on

ve
rg

en
t.

T
h
e

in
te

re
st

fo
r

re
se

rv
o
ir

co
m

p
u
ti

n
g

in
b

o
th

th
e

m
a
ch

in
e

le
a
rn

in
g

an
d

th
e

si
g
n
a
l

p
ro

ce
ss

in
g

co
m

-
m

u
n
it

ie
s

h
as

st
ro

n
gl

y
in

cr
ea

se
d

in
th

e
la

st
y
ea

rs
.

O
n
e

o
f

th
e

m
a
in

re
a
so

n
s

fo
r

th
is

fa
ct

is
th

at
so

m
e

R
C

im
p
le

m
en

ta
ti

on
s

ar
e

b
as

ed
o
n

th
e

co
m

p
u
ta

ti
on

al
ca

p
ac

it
ie

s
of

ce
rt

a
in

n
on

-n
eu

ra
l

d
y
n
am

ic
al

sy
s-

te
m

s
(C

ru
tc

h
fi
el

d
et

al
.
(2

01
0)

),
w

h
ic

h
op

en
s

th
e

d
o
or

to
p
h
y
si

ca
l
(o

p
ti

ca
l
or

op
to

el
ec

tr
on

ic
)

re
a
li
za

ti
o
n
s

th
at

h
av

e
al

re
ad

y
b

ee
n

b
u
il
t

u
si

n
g

d
ed

ic
at

ed
h
a
rd

w
ar

e
(s

ee
,

fo
r

in
st

a
n
ce

,
J
a
eg

er
et

a
l.

(2
00

7
),

A
ti

ya
an

d
P

ar
lo

s
(2

00
0)

,
A

p
p

el
ta

n
t

et
al

.
(2

0
11

),
R

o
d
an

an
d

T
in

o
(2

0
11

),
V

an
d
o
or

n
e

et
al

.
(2

01
1
),

L
ar

ge
r

et
a
l.

(2
01

2)
,

P
aq

u
ot

et
al

.
(2

01
2)

,
B

ru
n
n
er

et
al

.
(2

01
3)

,
V

a
n
d
o
or

n
e

et
a
l.

(2
01

4
),

V
in

ck
ie

r
et

al
.

(2
0
15

))
an

d
th

at
h
av

e
sh

ow
n

u
n
p
re

ce
d
en

te
d

in
fo

rm
at

io
n

p
ro

ce
ss

in
g

sp
ee

d
s.

T
h
er

e
ar

e
tw

o
ce

n
tr

al
q
u
es

ti
on

s
th

at
n
ee

d
to

b
e

ad
d
re

ss
ed

w
h
en

d
es

ig
n
in

g
a

m
a
ch

in
e

le
ar

n
in

g
p
ar

ad
ig

m
,

n
am

el
y,

th
e

ca
p
a
c
it

y
an

d
th

e
u

n
iv

e
rs

a
li

ty
p
ro

b
le

m
s.

T
h
e

ca
p
ac

it
y

p
ro

b
le

m
co

n
ce

rn
s

ge
n
er

ic
al

ly
th

e
es

ti
m

at
io

n
o
f

th
e

er
ro

r
th

at
is

go
in

g
to

b
e

co
m

m
it

te
d

in
th

e
ex

ec
u
ti

o
n

o
f

a
sp

ec
ifi

c
ta

sk
.

In
st

at
is

ti
ca

l
le

ar
n
in

g
a
n
d

in
th

e
ap

p
ro

x
im

a
ti

on
th

eo
re

ti
ca

l
tr

ea
tm

en
t

of
st

a
ti

c
n
eu

ra
l

n
et

w
or

k
s,

th
is

es
ti

m
at

io
n

h
as

ta
ke

n
th

e
fo

rm
o
f

ge
n
er

ic
b

ou
n
d
s

th
at

in
co

rp
or

at
e

va
ri

ou
s

ar
ch

it
ec

tu
re

p
a
ra

m
et

er
s

of
th

e
sy

st
em

li
k
e

in
P

is
ie

r
(1

9
81

),
J
on

es
(1

99
2
),

B
ar

ro
n

(1
99

3)
,

K
u
rk

ov
a

an
d

S
an

gu
in

et
i

(2
00

5
).

In
th

e
sp

ec
ifi

c
co

n
te

x
t

of
re

se
rv

oi
r

co
m

p
u
ti

n
g
,

an
d

in
d
y
n
a
m

ic
le

ar
n
in

g
in

ge
n
er

al
,

on
e

is
in

te
re

st
ed

in
va

ri
o
u
s

n
ot

io
n
s

of
m

em
or

y
ca

p
a
ci

ty
th

at
h
av

e
b

ee
n

th
e

su
b

je
ct

o
f

m
u
ch

re
se

a
rc

h
(J

ae
ge

r
(2

00
2
),

W
h
it

e
et

al
.

(2
00

4)
,

G
an

gu
li

et
al

.
(2

0
08

),
H

er
m

an
s

an
d

S
ch

ra
u
w

en
(2

01
0
),

D
am

b
re

et
a
l.

(2
01

2)
,

G
ri

go
ry

ev
a

et
a
l.

(2
01

5)
,

C
ou

il
le

t
et

al
.

(2
01

6)
,

G
ri

go
ry

ev
a

et
a
l.

(2
01

6a
))

.
T

h
e

u
n
iv

er
sa

li
ty

p
ro

b
le

m
co

n
si

st
s

in
sh

ow
in

g
th

at
th

e
se

t
of

in
p
u
t/

o
u
tp

u
t

fu
n
ct

io
n
al

s
th

at
ca

n
b

e
ge

n
er

at
ed

w
it

h
a

sp
ec

ifi
c

a
rc

h
it

ec
tu

re
is

d
en

se
in

a
su

ffi
ci

en
tl

y
ri

ch
cl

a
ss

,
li
ke

th
e

on
e

co
n
ta

in
in

g,
fo

r
ex

am
p
le

,
al

l
co

n
ti

n
u
ou

s
o
r

ev
en

a
ll

m
ea

su
ra

b
le

fu
n
ct

io
n
al

s.
F

o
r

cl
as

si
ca

l
m

ac
h
in

e
le

ar
n
in

g
p
ar

ad
ig

m
s

li
ke

n
eu

ra
l

n
et

w
or

k
s,

th
is

q
u
es

ti
o
n

h
as

gi
ve

n
ri

se
to

w
el

l-
k
n
ow

n
re

su
lt

s
th

a
t

sh
ow

th
at

th
ey

ca
n

b
e

co
n
si

d
er

ed
as

u
n
iv

er
sa

l
ap

p
ro

x
im

at
or

s
in

a
st

a
ti

c
an

d
d
et

er
m

in
is

ti
c

se
tu

p
(s

ee
,

fo
r

in
st

a
n
ce

,
K

ol
m

og
o
ro

v
(1

95
6)

,
A

rn
ol

d
(1

95
7)

,
S
p
re

ch
er

(1
96

5,
19

96
,

1
99

7)
,

C
y
b

en
ko

(1
9
89

),
H

o
rn

ik
et

al
.

(1
98

9
),

R
ü
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relevan
t

in
th

e
p
ro

ofs.
H

ow
ev

er,
w

h
en

it
is

n
ot,

it
can

still
b

e
secu

red
u
sin

g
fu

n
ctio

n
als

th
at

satisfy
a

con
d
itio

n
in

tro
d
u
ced

in
B

oy
d

a
n
d

C
h
u
a

(1985)
k
n
ow

n
as

th
e

fa
d
in

g
m

e
m

o
ry

p
ro

p
e
rty

.
T

h
e

d
istin

ctio
n

b
etw

een
con

tin
u
ou

s
a
n
d

d
iscrete

tim
e

in
p
u
ts

is
ju

stifi
ed

b
y

th
e

ava
ila

b
ility

in
th

e
con

tin
u
ou

s
setu

p
o
f

d
iff

eren
t

to
ols

com
in

g
from

fu
n
ction

al
an

aly
sis

th
at

d
o

n
o
t

ex
ist

for
d
iscrete

tim
e.

R
eservoir

co
m

p
u
tin

g
u
n
iv

ersality
fo

r
com

p
a
ct

tim
e

d
om

ain
s

is
a

co
rolla

ry
of

classical
resu

lts
in

sy
stem

s
th

eory.
In

d
eed

,
in

th
e

con
tin

u
o
u
s

tim
e

setu
p
,

it
ca

n
b

e
estab

lish
ed

for
lin

ear
sy

stem
s

u
sin

g
p

oly
n
o
m

ial
read

ou
ts

a
n
d

fo
r

b
ilin

ear
sy

stem
s

u
sin

g
lin

ea
r

read
o
u
ts

(see
F

liess
(19

7
6),

S
u
ssm

an
n

(1976
)).

In
th

e
d
iscrete-tim

e
setu

p
,

th
e

situ
atio

n
is

m
o
re

con
volu

ted
w

h
en

th
e

read
ou

t
is

lin
ear

an
d

req
u
ired

th
e

in
tro

d
u
ction

in
F

liess
an

d
N

orm
a
n
d
-C

y
rot

(19
80

)
of

th
e

so
-called

(h
om

o
gen

eou
s)

sta
te

-a
ffi

n
e

sy
ste

m
s

(S
A

S
)

(see
also

S
on

tag
(1

97
9a,b

)).
T

h
e

ex
ten

sio
n

o
f

th
ese

resu
lts

to
con

tin
u
ou

s
n
on

-com
p
a
ct

tim
e

in
tervals

w
as

carried
o
u
t

in
B

oy
d

an
d

C
h
u
a

(1
985

)
for

fa
d
in

g
m

em
ory

fi
lters

u
sin

g
ex

p
on

en
tially

stab
le

lin
ear

R
C

s
w

ith
p

oly
n
o
m

ial
read

ou
ts

a
n
d

th
eir

b
ilin

ear
cou

n
terp

arts
w

ith
lin

ear
read

ou
ts

(see
also

M
a
ass

a
n
d

S
on

tag
(200

0)
an

d
M

a
ass

et
a
l.

(20
02,

200
4,

20
07)).

A
n

ex
ten

sion
to

th
e

n
on

-com
p
act

d
iscrete-tim

e
setu

p
b
ased

o
n

th
e

S
ton

e-W
eierstrass

th
eorem

is,
to

o
u
r

k
n
ow

led
ge,

n
ot

availab
le

in
th

e
literatu

re
an

d
it

is
on

e
of

th
e

m
ain

co
n
trib

u
tio

n
s

of
th

is
p
ap

er.
T

h
is

p
rob

lem
h
as

on
ly

b
een

tack
led

from
an

in
tern

al
a
p
p
rox

im
ation

p
oin

t
of

v
iew

,
w

h
ich

con
sists

in
u
n
iform

ly
ap

p
rox

im
atin

g
th

e
reservo

ir
an

d
read

ou
t

m
ap

s
in

(1.1)-(1
.2)

in
ord

er
to

o
b
tain

a
n

a
p
p
rox

im
atio

n
of

th
e

resu
ltin

g
fi
lter;

th
is

strateg
y

h
a
s

b
een

in
tro

d
u
ced

in
M

atth
ew

s
(1

99
2,

1993
)

for
ab

solu
tely

su
m

m
a
b
le

sy
stem

s.
T

h
e

p
ro

ofs
in

th
o
se

w
ork

s
w

ere
u
n
fortu

n
a
tely

b
ased

on
a
n

in
valid

co
m

p
actn

ess
assu

m
p
tion

.
E

ven
th

o
u
gh

correction
s

w
ere

p
ro

p
osed

in
P

erry
m

an
(19

96)
an

d
in

S
tu

b
b

eru
d

an
d

P
erry

m
an

(1
997b

),
th

is
ap

p
ro

ach
y
ield

s,
in

th
e

b
est

of
ca

ses,
u
n
iversality

on
ly

w
ith

in
th

e
reservoir

fi
lter

categ
ory,

w
h
ile

w
e

aim
at

p
rov

in
g

th
at

statem
en

t
in

th
e

m
u
ch

larg
er

ca
teg

ory
of

fa
d
in

g
m

em
o
ry

fi
lters.

T
h
e

p
a
p

er
is

stru
ctu

red
in

th
ree

section
s:

•
A

ll
th

e
n
o
tation

a
n
d

m
a
in

d
efi

n
itio

n
s

w
h
ich

are
u
sed

later
on

in
th

e
p
a
p

er
a
re

p
rov

id
ed

in
S
ectio

n
2
.

Im
p

ortan
t

con
cep

ts
like

fi
lters,

reservo
ir

fi
lters,

a
n
d

th
e

fad
in

g
m

em
ory

p
ro

p
erty

are
d
iscu

ssed
.

•
S
ection

3
con

ta
in

s
tw

o
d
iff

eren
t

u
n
iversa

lity
resu

lts.
T

h
e

fi
rst

o
n
e

in
S
u
b
section

3.1
sh

ow
s

th
at

th
e

en
tire

fam
ily

of
fad

in
g

m
em

ory
R

C
s

itself
is

u
n
iversa

l,
as

w
ell

as
th

e
m

u
ch

sm
aller

on
e

con
tain

in
g

all
th

e
lin

ea
r

reservo
irs

w
ith

p
o
ly

n
om

ia
l

read
ou

ts,
w

h
en

certa
in

sp
ectra

l
restriction

s
are

im
p

o
sed

on
th

e
reservo

ir
m

atrices
(see

b
elow

fo
r

d
eta

ils).
T

h
e

seco
n
d

u
n
iversality

resu
lt

is
con

tain
ed

in
S
u
b
section

3
.2

a
n
d

is
o
n
e

o
f

th
e

m
a
in

con
trib

u
tion

s
of

th
e

p
a
p

er.
H

ere
w

e
restrict

ou
rselves

to
reservoir

com
p
u
ters

w
ith

lin
ear

rea
d
o
u
ts

w
h
ich

are
closer

to
th

e
ty

p
e

o
f

R
C

s
u
sed

in
ap

p
lication

s.
W

e
in

tro
d
u
ce

a
n
on

-h
om

ogen
eou

s
varian

t
of

th
e

sta
te-affi

n
e

sy
stem

s
in

F
liess

an
d

N
orm

an
d
-C

y
rot

(19
8
0)

a
n
d

id
en

tify
su

ffi
cien

t
con

d
ition

s
th

a
t

g
u
ara

n
tee

th
a
t

th
e

asso
ciated

reservoir
com

p
u
ters

w
ith

lin
ea

r
rea

d
o
u
ts

a
re

ca
u
sa

l,
tim

e-in
va

ria
n
t,

a
n
d

sa
tisfy

th
e

ech
o

sta
te

a
n
d

th
e

fad
in

g
m

em
ory

p
ro

p
erties.

F
in

ally,
w

e
state

a
u
n
iversa

lity
resu

lt
fo

r
a

su
b
set

of
th

is
class

w
h
ich

is
sh

ow
n

to
b

e
u
n
iversal

in
th

e
ca

teg
ory

of
fa

d
in

g
m

em
ory

fi
lters

w
ith

u
n
iform

ly
b

ou
n
d
ed

in
p
u
ts.

•
T

h
ese

u
n
iversality

statem
en

ts
a
re

gen
era

lized
to

th
e

sto
ch

astic
setu

p
fo

r
a
lm

ost
su

rely
u
n
iform

ly
b

ou
n
d
ed

in
p
u
ts

in
S
ection

4.
In

p
a
rticu

lar,
it

is
sh

ow
n

th
at

a
n
y

d
iscrete-tim

e
fi
lter

th
at

h
as

th
e

fa
d
in

g
m

em
ory

p
rop

erty
w

ith
a
lm

ost
su

rely
u
n
iform

ly
b

ou
n
d
ed

sto
ch

a
stic

in
p
u
ts

can
b

e
u
n
iform

ly
ap

p
rox

im
ated

b
y

elem
en

ts
in

th
e

n
on

-h
o
m

og
en

eou
s

state-affi
n
e

fa
m

ily.

D
esp

ite
so

m
e

p
reex

istin
g

w
o
rk

o
n

th
e

u
n
iform

ap
p
rox

im
a
tio

n
in

p
rob

ab
ility

of
sto

ch
astic

sy
stem

s
w

ith
fi
n
ite

m
em

ory
(see

P
erry

m
a
n

(1996
),

P
erry

m
an

an
d

S
tu

b
b

eru
d

(1997
),

S
tu

b
b

eru
d

an
d

P
erry

m
a
n

3

JM
L

R
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G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

(1997a)),
th

e
u
n
iversa

lity
resu

lt
in

th
e

sto
ch

astic
setu

p
is,

to
ou

r
k
n
ow

led
ge,

th
e

fi
rst

of
its

ty
p

e
in

th
e

literatu
re

an
d

op
en

s
th

e
d
o
or

to
n
ew

d
evelop

m
en

ts
in

th
e

learn
in

g
of

sto
ch

a
stic

p
ro

cesses
an

d
th

eir
ob

v
iou

s
ap

p
lication

s
to

foreca
stin

g
(see

G
altier

et
al.

(20
14)).

In
th

e
d
eterm

in
istic

setu
p
,

R
C

h
as

b
een

very
su

ccessfu
l

(see,
fo

r
in

stan
ce,

J
aeg

er
an

d
H

aa
s

(200
4),

P
ath

a
k

et
al.

(20
1
7,

2018
))

in
th

e
learn

in
g

of
th

e
attra

ctors
of

variou
s

d
y
n
am

ical
sy

stem
s.

T
h
is

ap
p
roa

ch
is

u
sed

fo
r

forecastin
g

b
y

p
ath

co
n
tin

u
a
tion

of
sy

n
th

etically
learn

t
p
rox

ies,
w

h
ich

h
as

led
to

sev
eral

ord
ers

o
f

m
a
g
n
itu

d
e

accu
ra

cy
im

p
rovem

en
ts

w
ith

resp
ect

to
m

ost
stan

d
ard

d
y
n
am

ica
l

sy
stem

s
forecastin

g
tech

n
iq

u
es

b
ased

o
n

T
aken

s’
T

h
eo

rem
(T

a
ken

s
(1981)).

W
e

ex
p

ect
th

at
th

e
resu

lts
in

th
is

p
a
p

er
sh

ou
ld

lead
to

co
m

p
arab

le
im

p
rovem

en
ts

in
th

e
d
en

sity
foreca

stin
g

of
sto

ch
astic

p
ro

cesses.

2
.

N
o
ta

tio
n
,

d
e
fi
n
itio

n
s,

a
n
d

p
re

lim
in

a
ry

d
iscu

ssio
n
s

V
e
c
to

r
a
n

d
m

a
trix

n
o
ta

tio
n

s.
P

o
ly

n
o
m

ia
ls.

A
colu

m
n

vecto
r

is
d
en

oted
b
y

a
b

old
low

er
case

sy
m

b
ol

like
r

an
d

r >
in

d
icates

its
tran

sp
ose.

G
iven

a
vecto

r
v
∈
R
n
,

w
e

d
en

ote
its

en
tries

b
y
v
i

or
v
i,

d
ep

en
d
in

g
on

th
e

co
n
tex

t,
w

ith
i∈
{1
,...,n};

w
e

also
w

rite
v

=
(v
i )
i∈{

1
,...,n} .

W
e

d
en

ote
b
y
M
n
,m

th
e

sp
ace

of
real

n
×
m

m
atrices

w
ith

m
,n
∈
N

.
W

h
en

n
=
m

,
w

e
u
se

th
e

sy
m

b
o
lM

n
to

refer
to

th
e

sp
a
ce

of
sq

u
are

m
atrices

of
ord

er
n

.
D
n
⊂

M
n

is
th

e
set

of
d
iag

on
a
l

m
atrices

o
f

ord
er
n

an
d
D

d
en

otes
th

e
set

of
d
iagon

al
m

atrices
of

a
n
y

ord
er.

G
iven

a
v
ector

v
∈
R
n
,

w
e

d
en

o
te

b
y

d
iag

(v
)

th
e

d
iag

o
n
a
l

m
atrix

in
M
n

w
ith

th
e

elem
en

ts
of

v
as

d
iag

on
al

en
tries.

N
il kn
⊂

M
n

is
th

e
set

of
n
ilp

oten
t

m
atrices

in
M
n

of
in

d
ex

k
≤
n

,
th

at
is,
A
∈
N

il kn
if

an
d

on
ly

if
A
∈
M
n
,
A
k

=
0,

a
n
d
A
l6=

0
fo

r
an

y
l
<
k
.
N

il
d
en

otes
th

e
set

o
f

n
ilp

oten
t

m
atrices

of
an

y
ord

er
a
n
d

a
n
y

in
d
ex

.
G

iven
a

m
a
trix

A
∈
M
n
,m

,
w

e
d
en

ote
its

com
p

on
en

ts
b
y
A
ij

an
d

w
e

w
rite

A
=

(A
ij ),

w
ith

i∈
{
1,...,n},

j∈
{
1
,...m

}
.

G
iven

a
vector

v
∈
R
n
,

th
e

sy
m

b
o
l

‖
v‖

stan
d
s

for
its

E
u
clid

ean
n
o
rm

.
F

or
a
n
y
A
∈
M
n
,m

,‖A‖
2

d
en

o
tes

its
m

a
trix

n
o
rm

in
d
u
ced

b
y

th
e

E
u
clid

ean
n
orm

s
in

R
m

a
n
d
R
n
,

a
n
d

sa
tisfi

es
th

at‖
A‖

2
=
σ

m
a
x (A

),
w

ith
σ

m
a
x (A

)
th

e
larg

est
sin

g
u
la

r
valu

e
of
A

(E
x
am

p
le

5.6.6
in

H
orn

an
d

J
o
h
n
son

(2
013)).‖A‖

2
is

so
m

etim
es

referred
to

a
s

th
e

sp
ectra

l
n
orm

of
A

(H
orn

an
d

J
o
h
n
son

(20
13

)).
L

et
V

1 ,V
2 ,W

1 ,W
2

b
e

vecto
r

sp
aces.

T
h
e

sy
m

b
ols

V
1 ⊕

V
2

an
d
V

1 ⊗
V

2
d
en

ote
th

e
corresp

on
d
in

g
d
irect

su
m

an
d

ten
sor

p
ro

d
u
ct

v
ector

sp
aces

(H
u
n
g
erford

(1
97

4)),
resp

ectively,
of
V

1
an

d
V

2 .
G

iven
a
n
y

v
1 ∈

V
1

an
d

v
2 ∈

V
2 ,

th
e

v
ecto

rs
v

1 ⊕
v

2 ∈
V

1 ⊕
V

2
an

d
v

1 ⊗
v

2 ∈
V

1 ⊗
V

2
are

th
e

d
irect

su
m

an
d

th
e

(p
u
re)

ten
sor

p
ro

d
u
ct

of
v

1
a
n
d

v
2 ,

resp
ectively.

G
iven

tw
o

lin
ear

m
a
p
s
A

1
:
V

1 −→
W

1
an

d
A

2
:
V

2 −→
W

2 ,
w

e
d
en

ote
b
y
A

1 ⊕
A

2
:
V

1 ⊕
V

2
−→

W
1 ⊕

W
2

an
d
A

1 ⊗
A

2
:
V

1 ⊗
V

2
−→

W
1 ⊗

W
2

th
e

a
sso

cia
ted

d
irect

su
m

an
d

ten
sor

p
ro

d
u
ct

m
ap

s,
resp

ectively,
d
efi

n
ed

b
y
A

1 ⊕
A

2
(v

1 ⊕
v

2 )
:=

A
1

(v
1 )⊕

A
2

(v
2 )

an
d
A

1 ⊗
A

2
(v

1 ⊗
v

2 )
:=

A
1

(v
1 )⊗

A
2

(v
2 ).

T
h
e

m
a
trix

rep
resen

tation
o
f
A

1 ⊕
A

2
is

o
b
tain

ed
b
y

con
caten

atin
g

in
a

b
lo

ck
d
ia

gon
al

m
atrix

th
e

m
atrix

rep
resen

tation
s

of
A

1
a
n
d
A

2 .
A

s
to

th
e

m
atrix

rep
resen

tation
of
A

1 ⊗
A

2
it

is
ob

ta
in

ed
v
ia

th
e

K
ron

ecker
p
ro

d
u
ct

of
th

e
m

atrix
rep

resen
ta

tio
n
s

o
f
A

1

an
d
A

2
(H

orn
an

d
J
oh

n
so

n
(20

13)).
G

iven
a
n

elem
en

t
z
∈
R
n
,

w
e

d
en

ote
b
y
R

[z
]

th
e

real-va
lu

ed
m

u
ltiva

ria
te

p
oly

n
om

ia
ls

on
z

w
ith

rea
l

co
effi

cien
ts.

A
n
alogou

sly,
P

o
l(R

n
,R

)
w

ill
d
en

o
te

th
e

set
o
f

real-valu
ed

p
oly

n
om

ials
on

R
n
.

W
h
en

z
∈
R

an
d
m
,n
∈
N

,
w

e
d
efi

n
e

th
e
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a
t

is
,

K
M

:=
{ z
∈

(R
n
)Z
−
|‖

z
t
‖
≤
M

fo
r

a
ll

t
∈
Z −
}

=
B
n
(0
,M

)Z −
,

(2
.3

)

w
it

h
B
n
(0
,M

)
⊂

R
n

th
e

cl
o
se

d
ba

ll
o
f

ra
d
iu

s
M

a
n

d
ce

n
te

r
0

in
R
n

w
it

h
re

sp
ec

t
to

th
e

E
u

cl
id

ea
n

n
o
rm

.
T

h
en

,
fo

r
a
n

y
w

ei
gh

ti
n

g
se

qu
en

ce
w

a
n

d
z
∈
K
M

,
w

e
h
a
ve

th
a
t
‖z
‖ w

<
∞

.
A

d
d
it

io
n

a
ll

y,
le

t
λ
,ρ
∈

(0
,1

)
a
n

d
le

t
w
,w

ρ
,w

1
−
ρ

be
th

e
w

ei
gh

ti
n

g
se

qu
en

ce
s

gi
ve

n
by

w
t

:=
λ
t
,

w
ρ t

:=
λ
ρ
t
,
w

1
−
ρ

t
:=

λ
(1
−
ρ
)t

,
t
∈
N

.
T

h
en

,
th

e
se

ri
es
∑
∞ t=

0
‖z
−
t
‖w

t
is

a
bs

o
lu

te
ly

co
n

ve
rg

en
t

a
n

d
sa

ti
sfi

es
th

e
in

eq
u

a
li

ti
es

:

∞ ∑ t=
0

‖z
−
t
‖w

t
=

∞ ∑ t=
0

‖z
−
t
‖λ

t
≤
‖z
‖ w

1
−
ρ

1

1
−
λ
ρ
,

(2
.4

)

∞ ∑ t=
0

‖z
−
t
‖w

t
=

∞ ∑ t=
0

‖z
−
t
‖λ

t
≤
‖z
‖ w

ρ

1

1
−
λ

1
−
ρ
.

(2
.5

)

T
h
e

fo
ll
ow

in
g

re
su

lt
is

a
d
is

cr
et

e-
ti

m
e

ve
rs

io
n

o
f

L
em

m
a

1
in

B
oy

d
an

d
C

h
u
a

(1
9
85

)
th

at
is

ea
si

ly
ob

ta
in

ed
b
y

n
ot

ic
in

g
th

a
t

in
th

e
d
is

cr
et

e-
ti

m
e

se
tu

p
al

l
fu

n
ct

io
n
s

ar
e

tr
iv

ia
ll
y

co
n
ti

n
u
ou

s
if

w
e

co
n
si

d
er

th
e

d
is

cr
et

e
to

p
ol

og
y

fo
r

th
ei

r
d
om

ai
n
s

an
d
,

m
o
re

ov
er

,
al

l
fa

m
il
ie

s
of

fu
n
ct

io
n
s

a
re

eq
u
ic

on
ti

n
u
ou

s.
A

p
ro

of
is

gi
v
en

in
th

e
ap

p
en

d
ic

es
fo

r
th

e
sa

ke
o
f

co
m

p
le

te
n
es

s.

L
e
m

m
a

2
L

et
M

>
0

a
n

d
le

t
K
M

be
a
s

in
(2

.3
).

L
et
w

:
N
−→

(0
,1

]
be

a
w

ei
gh

ti
n

g
se

qu
en

ce
.

T
h
en

K
M

is
a

co
m

pa
ct

to
po

lo
gi

ca
l

sp
a
ce

w
h
en

en
d
o
w

ed
w

it
h

th
e

re
la

ti
ve

to
po

lo
gy

in
h
er

it
ed

fr
o
m

th
e

n
o
rm

to
po

lo
gy

in
th

e
B

a
n

a
ch

sp
a
ce

(`
∞ w

(R
n
),
‖·
‖ w

).

D
e
fi

n
it

io
n

3
L

et
D
n
⊂

R
n

a
n

d
le

t
H
U

:
(D

n
)Z
−
−→

R
be

th
e

fu
n

ct
io

n
a
l

a
ss

oc
ia

te
d

to
th

e
ca

u
sa

l
a
n

d
ti

m
e-

in
va

ri
a
n

t
fi

lt
er
U

:
(D

n
)Z
−→

R
Z .

W
e

sa
y

th
a
t
U

h
a
s

th
e

fa
d
in

g
m

e
m

o
ry

p
ro

p
e
rt

y
(F

M
P

)
w

h
en

ev
er

th
er

e
ex

is
ts

a
w

ei
gh

ti
n

g
se

qu
en

ce
w

:
N
−→

(0
,1

]
su

ch
th

a
t

th
e

m
a
p
H
U

:
((
D
n
)Z
−
,‖
·‖
w

)
−→

R
is

co
n

ti
n

u
o
u

s.
T

h
is

m
ea

n
s

th
a
t

fo
r

a
n

y
z
∈

(D
n
)Z
−

a
n

d
a
n

y
ε
>

0
,

th
er

e
ex

is
ts

a
δ(
ε)
>

0
su

ch
th

a
t

fo
r

a
n

y
s
∈

(D
n
)Z
−

th
a
t

sa
ti

sfi
es

th
a
t

‖z
−

s‖
w

=
su

p
t∈

Z −
{‖

(z
t
−

s t
)w
−
t
‖}
<
δ(
ε)
,

th
en

|H
U

(z
)
−
H
U

(s
)|
<
ε.

If
th

e
w

ei
gh

ti
n

g
se

qu
en

ce
w

is
su

ch
th

a
t
w
t

=
λ
t
,

fo
r

so
m

e
λ
∈

(0
,1

)
a
n

d
a
ll
t
∈

N
,

th
en

U
is

sa
id

to
h
a
ve

th
e
λ

-e
x
p
o
n

e
n

ti
a
l

fa
d
in

g
m

e
m

o
ry

p
ro

p
e
rt

y
.
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U
n
iv
e
r
sa

l
r
e
se

r
v
o
ir

c
o
m
p
u
t
e
r
s
w
it
h
l
in
e
a
r
r
e
a
d
o
u
t
s
u
sin

g
n
o
n
-h
o
m
o
g
e
n
e
o
u
s
st
a
t
e
-a
f
f
in
e
sy

st
e
m
s

R
e
m

a
rk

4
T

h
is

form
u
lation

of
th

e
fad

in
g

m
em

ory
p
rop

erty
is

d
u
e

to
B

oy
d

an
d

C
h
u
a

(1985)
an

d
it

is
th

e
key

co
n
cep

t
th

a
t

allow
ed

th
ese

au
th

ors
to

ex
ten

d
to

n
o
n
-co

m
p
act

tim
e

in
tervals

th
e

fi
rst

fi
lter

u
n
iversality

resu
lts

fo
rm

u
lated

in
th

e
cla

ssica
l

w
ork

s
F

réch
et

(1910
),

W
ien

er
(19

58),
B

rillian
t

(19
58

),
an

d
G

eorg
e

(195
9),

alw
ay

s
u
n
d
er

co
m

p
actn

ess
assu

m
p
tion

s
on

th
e

in
p
u
t

sp
ace

an
d

th
e

tim
e

in
terval

in
w

h
ich

in
p
u
ts

are
d
efi

n
ed

.

R
e
m

a
rk

5
In

th
e

con
tex

t
o
f

reservoir
fi
lters,

th
e

fad
in

g
m

em
ory

p
rop

erty
is

in
som

e
o
ccasion

s
rela

ted
to

th
e

L
y
a
p
u

n
o
v

sta
b
ility

of
th

e
a
u
to

n
o
m

ou
s

sy
stem

a
sso

ciated
to

th
e

reservoir
m

ap
b
y

settin
g

th
e

in
p
u
t

seq
u
en

ce
eq

u
a
l

to
zero

.
T

h
is

co
n
n
ection

h
as

b
een

m
a
d
e

ex
p
licit,

for
ex

a
m

p
le,

for
d
iscrete-tim

e
n
on

lin
ear

state-sp
ace

m
o
d
els

th
at

are
affi

n
e

in
th

eir
in

p
u
ts,

a
n
d

h
ave

d
irect

feed
-th

rou
gh

term
in

th
e

ou
tp

u
t

(Z
an

g
an

d
Iglesia

s
(2

004))
or

for
tim

e
d
elay

reservoirs
(G

rig
o
ryeva

et
a
l.

(2016b
)).

R
e
m

a
rk

6
T

im
e-in

varia
n
t

fa
d
in

g
m

em
ory

fi
lters

alw
ay

s
h
ave

th
e

bo
u

n
d
ed

in
p
u

t,
bo

u
n

d
ed

o
u

tp
u

t
(B

IB
O

)
p
rop

erty.
In

d
eed

,
if

for
sim

p
licity

w
e

con
sid

er
fu

n
ctio

n
a
ls
H
U

th
at

m
a
p

th
e

zero
in

p
u
t

to
zero,

th
at

is
H
U

(0
)

=
0,

an
d

w
e

w
a
n
t

b
o
u
n
d
ed

o
u
tp

u
ts

su
ch

th
at|H

U
(z

)|
<
k
,

fo
r

a
given

con
stan

t
k
>

0,
b
y

D
efi

n
ition

3
it

su
ffi

ces
to

con
sid

er
in

p
u
ts

z
∈

(R
N

) Z
−

su
ch

th
a
t
‖z‖∞

:=
su

p
t∈

Z
− {‖z

t ‖}
<
δ(k

).
In

d
eed

,
if
H
U

h
as

th
e

F
M

P
w

ith
resp

ect
to

a
w

eigh
tin

g
seq

u
en

ce
w

,
th

en
‖
z‖
w
≤
‖z‖∞

<
δ(k

)
an

d
h
en

ce
|H

U
(z

)|
<
k
,

a
s

req
u
ired

.
A

n
o
th

er
im

p
o
rta

n
t

d
y
n
a
m

ica
l

im
p
lication

of
th

e
fa

d
in

g
m

em
ory

p
rop

erty
is

th
e

u
n

iq
u

e
n

e
ss

o
f

stea
d
y

sta
te

s
or,

eq
u
iva

len
tly,

th
e

a
sy

m
p
to

tic
in

d
ep

en
d
en

ce
of

th
e

d
y
n
am

ics
on

th
e

in
itial

co
n
d
itio

n
s.

S
ee

T
h
eorem

6
in

B
oy

d
a
n
d

C
h
u
a

(198
5
)

for
d
eta

ils
a
b

o
u
t

th
is

fact.

T
h
e

follow
in

g
lem

m
a
,

w
h
ich

w
ill

b
e

u
sed

la
ter

on
in

th
e

p
a
p

er,
sp

ells
ou

t
h
ow

th
e

F
M

P
d
ep

en
d
s

on
th

e
w

eig
h
tin

g
seq

u
en

ce
u
sed

to
d
efi

n
e

it.

L
e
m

m
a

7
L

et
D
n
⊂

R
n

a
n

d
let

H
U

:
(D

n
) Z
−
−→

R
be

th
e

fu
n

ctio
n

a
l

a
ssocia

ted
to

th
e

ca
u

sa
l

a
n

d
tim

e-in
va

ria
n

t
fi

lter
U

:
(D

n
) Z
−→

(R
) Z

.
If
H
U

h
a
s

th
e

F
M

P
w

ith
respect

to
a

given
w

eigh
tin

g
sequ

en
ce

w
,

th
en

it
a
lso

h
a
s

it
w

ith
respect

to
a
n

y
o
th

er
w

eigh
tin

g
sequ

en
ce
w
′

w
h
ich

sa
tisfi

es

w
t

w
′t
<
λ
,

fo
r

a
fi

xed
λ
>

0
a
n

d
fo

r
a
ll

t∈
N
.

In
pa

rticu
la

r,
th

e
th

esis
o
f

th
e

lem
m

a
h
o
ld

s
w

h
en

w
′

d
o
m

in
a
tes

w
,

th
a
t

is
w

h
en

λ
=

1.

It
ca

n
b

e
sh

ow
n

(see
G

rigoryeva
a
n
d

O
rteg

a
(2018

))
th

at
w

h
en

in
th

is
lem

m
a

th
e

set
(D

n
) Z
−

is
m

ad
e

o
f

u
n
iform

ly
b

o
u
n
d
ed

seq
u
en

ces,
th

at
is,

(D
n
) Z
−

=
K
M

,
w

ith
K
M

as
in

(2
.3

)
th

en
,

if
a

fi
lter

h
as

th
e

F
M

P
w

ith
resp

ect
to

a
given

w
eigh

tin
g

seq
u
en

ce,
it

n
ecessa

rily
h
as

th
e

sam
e

p
ro

p
erty

w
ith

resp
ect

to
a
n
y

oth
er

w
eigh

tin
g

seq
u
en

ce.

3
.

U
n
iv

e
rsa

lity
re

su
lts

in
th

e
d
e
te

rm
in

istic
se

tu
p

T
h
e

go
al

of
th

is
section

is
id

en
tify

in
g

fa
m

ilies
o
f

reservoir
fi
lters

th
at

are
ab

le
to

u
n
iform

ly
ap

p
rox

im
ate

a
n
y

tim
e-in

varian
t,

cau
sa

l,
an

d
fad

in
g

m
em

ory
fi
lter

w
ith

d
eterm

in
istic

in
p
u
ts

w
ith

an
y

d
esired

d
egree

o
f

a
ccu

racy.
S
u
ch

fam
ilies

of
reservoir

co
m

p
u
ters

are
said

to
b

e
u

n
iv

e
rsa

l.
T

h
e

m
ain

m
ath

em
atica

l
to

ol
th

at
w

e
u
se

is
th

e
S
to

n
e-W

eierstrass
th

eo
rem

for
p

oly
n
om

ial
su

b
algeb

ras
o
f

rea
l-valu

ed
fu

n
ction

s
d
efi

n
ed

o
n

com
p
a
ct

m
etric

sp
aces.

T
h
is

ap
p
roach

p
rov

id
es

u
s

w
ith

u
n
iversa

l
fa

m
ilies

of
fi
lters

as
lon

g
as

w
e

can
p
rove

th
a
t,

rou
gh

ly
sp

eak
in

g,
th

eir
elem

en
ts

form
p

oly
n
om

ial
algeb

ra
s

u
sin

g
a

p
ro

d
u
ct

d
efi

n
ed

in
th

e
sp

a
ce

o
f

fu
n
ctio

n
a
ls.

M
o
re

sp
ecifi

ca
lly,

if
D
n
⊂

R
n

an
d
H
U

1 ,H
U

2
:

(D
n
) Z
−
−→

R
a
re

th
e

fu
n
ction

als
asso

ciated
to

th
e

ca
u
sa

l
an

d
tim

e-in
va

ria
n
t

fi
lters

U
1 ,U

2
:

(D
n
) Z
−→

R
Z
,

w
e

read
ily

d
efi

n
e

th
eir

p
ro

d
u
ct
H
U

1 ·
H
U

2
:

(D
n
) Z
−
−→

R
an

d
lin

ear
com

b
in

ation
H
U

1
+
λ
H
U

2
:

(D
n
) Z
−
−→

R
,
λ
∈
R

,
a
s

(H
U

1 ·
H
U

2 )
(z

)
:=

H
U

1
(z

)·H
U

2
(z

)
,

(H
U

1
+
λ
H
U

2 )
(z

)
:=

H
U

1
(z

)
+
λ
H
U

2
(z

)
,

z
∈

(D
n
) Z
−
.

(3
.1)
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G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

T
h
is

section
con

tain
s

tw
o

d
iff

eren
t

u
n
iversa

lity
resu

lts.
T

h
e

fi
rst

o
n
e

sh
ow

s
th

a
t

p
oly

n
om

ial
algeb

ras
of

fi
lters

gen
erated

b
y

reservoir
sy

stem
s

u
sin

g
th

e
o
p

eration
s

in
(3.1)

th
at

h
ave

th
e

fa
d
in

g
m

em
o
ry

p
rop

erty
an

d
th

at
sep

arate
p

oin
ts,

are
ab

le
to

a
p
p
rox

im
a
te

a
n
y

fad
in

g
m

em
ory

fi
lter.

T
w

o
im

p
orta

n
t

con
seq

u
en

ces
of

th
is

resu
lt

a
re

th
at

th
e

en
tire

fam
ily

o
f

fad
in

g
m

em
ory

R
C

s
itself

is
u
n
iversal,

as
w

ell
a
s

th
e

on
e

co
n
tain

in
g

all
th

e
lin

ear
reservo

irs
w

ith
p

oly
n
o
m

ial
read

ou
ts,

w
h
en

certa
in

sp
ectral

restrictio
n
s

are
im

p
osed

on
th

e
reservo

ir
m

atrices
(see

b
elow

for
d
etails).

In
th

e
secon

d
resu

lt,
w

e
restrict

ou
rselves

to
reservoir

com
p
u
ters

w
ith

lin
ear

read
ou

ts
an

d
in

tro
d
u
ce

th
e

n
on

-h
o
m

o
gen

eo
u
s

state-a
ffi

n
e

fam
ily

in
o
rd

er
to

b
e

ab
le

to
ob

tain
a

sim
ilar

u
n
iversality

sta
tem

en
t.

T
h
e

lin
earity

restrictio
n

on
th

e
read

o
u
ts

m
akes

th
is

u
n
iversality

statem
en

t
clo

ser
to

th
e

ty
p

e
o
f

R
C

s
u
sed

in
ap

p
lication

s
an

d
to

th
e

sta
n
d
ard

n
o
tion

o
f

reservoir
sy

stem
th

at
o
n
e

com
m

on
ly

fi
n
d
s

in
th

e
litera

tu
re

(see
L

u
košev

ičiu
s

an
d

J
aeg

er
(200

9
)).

T
h
e

fi
rst

resu
lt

can
b

e
seen

as
a

d
iscrete-tim

e
versio

n
o
f

th
e

o
n
e

in
B

oy
d

an
d

C
h
u
a

(19
85)

fo
r

con
tin

u
ou

s-tim
e

fi
lters,

w
h
ile

th
e

seco
n
d

o
n
e

is
an

ex
ten

sion
to

in
fi
n
ite

tim
e

in
tervals

of
th

e
m

a
in

ap
p
rox

im
ation

resu
lt

in
F

liess
a
n
d

N
orm

an
d
-C

y
rot

(1
980

),
w

h
ich

w
as

origin
a
lly

fo
rm

u
lated

for
com

p
act

tim
e

in
tervals

u
sin

g
h
o
m

o
gen

eo
u
s

sta
te-a

ffi
n
e

sy
stem

s.

3
.1

U
n

iv
e
rsa

lity
fo

r
fa

d
in

g
m

e
m

o
ry

R
C

s
w

ith
n

o
n

-lin
e
a
r

re
a
d

o
u

ts

T
h
e

follow
in

g
statem

en
t

is
a

d
irect

con
seq

u
en

ce
of

th
e

co
m

p
actn

ess
resu

lt
in

L
em

m
a

2.3
an

d
th

e
S
to

n
e-

W
eierstrass,

as
form

u
la

ted
in

T
h
eorem

7.3.1
in

D
ieu

d
on

n
é

(19
69

).
S
ee

A
p
p

en
d
ix

6.4
fo

r
a

d
etailed

p
ro

of.
A

ll
alon

g
th

is
su

b
section

,
w

e
w

ork
w

ith
reservoir

fi
lters

w
ith

u
n
iform

ly
b

ou
n
d
ed

in
p
u
ts

in
a

set
K
M
⊂

(R
n
) Z
−

,
as

d
efi

n
ed

in
(2.3).

T
h
ese

fi
lters

are
gen

era
ted

b
y

reservoir
sy

stem
s
F

:
D
N
×
B
n
(0
,M

)−→
D
N

an
d
h

:
D
N
→

R
,

for
so

m
e
n
,N
∈
N

,
M

>
0,

a
n
d
D
N
⊂

R
N

.

T
h

e
o
re

m
8

L
et
K
M
⊂

(R
n
) Z
−

be
a

su
bset

o
f

th
e

type
d
efi

n
ed

in
(2.3),

I
a
n

in
d
ex

set,
a
n

d
let

R
:=
{H

F
i

h
i

:
K
M
−→

R
|
h
i ∈

C
∞

(D
N
i ),F

i
:
D
N
i ×

B
n
(0
,M

)−→
D
N
i ,i∈

I
,N

i ∈
N}

(3.2
)

be
a

set
o

f
reservo

ir
fi

lters
d
efi

n
ed

o
n
K
M

th
a
t

h
a
ve

th
e

F
M

P
w

ith
respect

to
a

given
w

eigh
ted

n
o
rm

‖·‖
w

.
L

etA
(R

)
be

th
e

po
lyn

o
m

ia
l

a
lgebra

gen
era

ted
by
R

,
th

a
t

is,
th

e
set

fo
rm

ed
by

fi
n

ite
p
rod

u
cts

a
n

d
lin

ea
r

co
m

bin
a
tio

n
s

o
f

elem
en

ts
in
R

a
cco

rd
in

g
to

th
e

o
pera

tio
n

s
d
efi

n
ed

in
(3.1

).
If

th
e

a
lgebra

A
(R

)
co

n
ta

in
s

th
e

co
n

sta
n

t
fu

n
ctio

n
a
ls

a
n

d
sepa

ra
tes

th
e

po
in

ts
in
K
M

,
th

en
a
n

y
ca

u
sa

l,
tim

e-in
va

ria
n

t
fa

d
in

g
m

em
o
ry

fi
lter

H
:
K
M
−→

R
ca

n
be

u
n

ifo
rm

ly
a
p
p
ro

xim
a
ted

by
elem

en
ts

in
A

(R
),

th
a
t

is,
A

(R
)

is
d
en

se
in

th
e

set
(C

0(K
M

),‖·‖
w

)
o
f

rea
l-va

lu
ed

co
n

tin
u

o
u

s
fu

n
ctio

n
s

o
n

(K
M
,‖·‖

w
).

M
o
re

exp
licitly,

th
is

im
p
lies

th
a
t

fo
r

a
n

y
fa

d
in

g
m

em
o
ry

fi
lter

H
a
n

d
a
n

y
ε
>

0,
th

ere
exist

a
fi

n
ite

set
o
f

in
d
ices{

i1 ,...,ir }
⊂
I

a
n

d
a

po
lyn

o
m

ia
l
p

:R
r−→

R
su

ch
th

a
t

‖
H
−
H
Fh ‖∞

:=
su

p
z∈
K
M {|H

(z
)−

H
Fh

(z
)|}

<
ε

w
ith

h
:=

p
(h
i
1 ,...,h

i
r )

a
n

d
F

:=
(F
i
1 ,...,F

i
r ).

A
n

im
p

ortan
t

fact
is

th
a
t

th
e

po
lyn

o
m

ia
l

a
lgebra

A
(R

)
gen

era
ted

by
a

set
fo

rm
ed

by
fa

d
in

g
m

em
o
ry

reservo
ir

fi
lters

is
m

a
d
e

o
f

fa
d
in

g
m

em
o
ry

reservo
ir

fi
lters.

In
d
eed

,
let

h
i
∈
C
∞

(D
N
i ),

F
i

:
D
N
i ×

B
n
(0
,M

)−→
D
N
i ,
i∈
{
1,2}

,
a
n
d
λ
∈

R
.

T
h
en

,
th

e
p
ro

d
u
ct
H
F

1

h
1
·
H
F

2

h
2

a
n
d

th
e

lin
ear

co
m

b
in

a
tio

n

H
F

1

h
1

+
λ
H
F

2

h
2

fi
lters,

as
th

ey
w

ere
d
efi

n
ed

in
(3

.1
),

are
su

ch
th

at

H
F

1

h
1
·H

F
2

h
2

=
H
Fh
,

w
ith

h
:=

h
1 ·h

2 ∈
C
∞

(D
N

1 ×
D
N

2 ),
(3

.3
)

H
F

1

h
1

+
λ
H
F

2

h
2

=
H
Fh ′ ,

w
ith

h
′

:=
h

1
+
λ
h

2 ∈
C
∞

(D
N

1 ×
D
N

2 ),
(3.4

)

an
d

w
h
ere

F
:

(D
N

1 ×
D
N

2 )×
B
n
(0
,M

)−→
(D

N
1 ×

D
N

2 )
is

g
iven

b
y

F
(((x

1 )
t ,(x

2 )
t ),z

t )
:=

(F
1 ((x

1 )
t ,z

t ),F
2 ((x

2 )
t ,z

t ))
,

(3
.5)
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U
n
iv
e
r
sa

l
r
e
se

r
v
o
ir

c
o
m
p
u
t
e
r
s
w
it
h
l
in
e
a
r
r
e
a
d
o
u
t
s
u
si
n
g
n
o
n
-h
o
m
o
g
e
n
e
o
u
s
st
a
t
e
-a
f
f
in
e
sy

st
e
m
s

fo
r

an
y

((
x

1
) t
,(

x
2
) t

)
∈
D
N

1
×
D
N

2
,
z
t
∈
B
n
(0
,M

),
an

d
t
∈
Z −

.
W

e
em

p
h
a
si

ze
th

at
th

e
fu

n
ct

io
n
al

s
H
F h

an
d
H
F h
′

in
(3

.3
)

an
d

(3
.4

)
ar

e
w

el
l

d
efi

n
ed

b
ec

au
se

if
th

e
re

se
rv

oi
r

m
a
p
s
F

1
a
n
d
F

2
sa

ti
sf

y
th

e
ec

h
o

st
at

e

p
ro

p
er

ty
th

en
so

d
o
es
F

.
In

d
ee

d
,

if
x

1
∈

(D
N

1
)Z

an
d

x
2
∈

(D
N

2
)Z

a
re

th
e

so
lu

ti
on

s
of

th
e

re
se

rv
oi

r

eq
u
a
ti

on
(1

.1
)

fo
r
F

1
a
n
d
F

2
as

so
ci

at
ed

to
th

e
in

p
u
t

z
∈
K
M

,
th

en
so

is
(x

1
,x

2
)
∈

(D
N

1
×
D
N

2
)Z

,
d
efi

n
ed

b
y

(x
1
,x

2
) t

:=
((

x
1
) t
,(

x
2
) t

),
fo

r
F

in
(3

.5
).

T
h
is

o
b
se

rv
at

io
n

h
as

as
a

co
n
se

q
u
en

ce
th

a
t

th
e

se
t

fo
rm

ed
b
y

a
ll

th
e

R
C

sy
st

em
s

th
at

h
av

e
th

e
ec

h
o

st
at

e
p
ro

p
er

ty
a
n
d

th
e

F
M

P
w

it
h

re
sp

ec
t

to
a

gi
ve

n
w

ei
gh

te
d

n
or

m
‖·
‖ w

fo
rm

a
p

ol
y
n
om

ia
l

al
ge

b
ra

th
a
t

co
n
ta

in
s

th
e

co
n
st

a
n
t

fu
n
ct

io
n
s

(t
h
ey

ca
n

b
e

ob
ta

in
ed

b
y

u
si

n
g

as
re

ad
ou

ts
co

n
st

an
t

el
em

en
ts

in
C
∞

(D
N
i
))

an
d

se
p
a
ra

te
s

p
o
in

ts
(t

a
ke

th
e

tr
iv

ia
l

re
se

rv
o
ir

m
a
p
F

(x
,z

)
=

z
a
n
d

u
se

th
e

se
p
ar

at
io

n
p
ro

p
er

ty
of
C
∞

(D
N
i
)

to
ge

th
er

w
it

h
ti

m
e-

in
va

ri
a
n
ce

).
T

h
is

re
m

ar
k

a
n
d

T
h
eo

re
m

8
y
ie

ld
th

e
fo

ll
ow

in
g

co
ro

ll
a
ry

.

C
o
ro

ll
a
ry

9
L

et
K
M
⊂

(R
n
)Z
−

be
a

su
bs

et
a
s

d
efi

n
ed

in
(2

.3
)

a
n

d
le

t

R
w

:=
{H

F h
:
K
M
−→

R
|h
∈
C
∞

(D
N

),
F

:
D
N
×
B
n
(0
,M

)
−→

D
N
,N
∈
N
}

(3
.6

)

be
th

e
se

t
o
f

a
ll

re
se

rv
o
ir

fi
lt

er
s

w
it

h
u

n
if

o
rm

ly
bo

u
n

d
ed

in
p
u

ts
in
K
M

a
n

d
th

a
t

h
a
ve

th
e

F
M

P
w

it
h

re
sp

ec
t

to
a

gi
ve

n
w

ei
gh

te
d

n
o
rm
‖·
‖ w

.
T

h
en
R
w

is
u

n
iv

er
sa

l,
th

a
t

is
,

it
is

d
en

se
in

th
e

se
t

(C
0
(K

M
),
‖·
‖ w

)
o
f

re
a
l-

va
lu

ed
co

n
ti

n
u

o
u

s
fu

n
ct

io
n

s
o
n

(K
M
,‖
·‖
w

).

R
e
m

a
rk

1
0

T
h
e

st
a
b
il
it

y
of

re
se

rv
oi

r
fi
lt

er
s

u
n
d
er

p
ro

d
u
ct

s
an

d
li
n
ea

r
co

m
b
in

at
io

n
s

in
(3

.3
)-

(3
.4

)
is

a
fe

at
u
re

th
at

al
lo

w
s

u
s,

in
C

o
ro

ll
ar

y
9

a
n
d

in
so

m
e

of
th

e
re

su
lt

s
th

a
t

fo
ll
ow

la
te

r
on

,
to

id
en

ti
fy

fa
m

il
ie

s
o
f

re
se

rv
oi

r
fi
lt

er
s

th
a
t

a
re

a
b
le

to
ap

p
ro

x
im

at
e

an
y

fa
d
in

g
m

em
o
ry

fi
lt

er
.

T
h
is

fa
ct

is
a

re
q
u
ir

em
en

t
fo

r
th

e
a
p
p
li
ca

ti
on

o
f

th
e

S
to

n
e-

W
ei

er
st

ra
ss

th
eo

re
m

b
u
t

d
o
es

n
ot

m
ea

n
th

at
w

e
h
av

e
to

ca
rr

y
th

os
e

o
p

er
at

io
n
s

ou
t

in
th

e
co

n
st

ru
ct

io
n

of
ap

p
ro

x
im

at
in

g
fi
lt

er
s,

w
h
ic

h
w

ou
ld

in
d
ee

d
b

e
d
iffi

cu
lt

to
im

p
le

m
en

t
in

sp
ec

ifi
c

a
p
p
li
ca

ti
on

s.

A
cc

o
rd

in
g

to
th

e
p
re

v
io

u
s

co
ro

ll
ar

y,
re

se
rv

o
ir

fi
lt

er
s

th
a
t

h
av

e
th

e
F

M
P

ar
e

a
b
le

to
ap

p
ro

x
im

at
e

an
y

ti
m

e-
in

va
ri

a
n
t

fa
d
in

g
m

em
o
ry

fi
lt

er
.

W
e

n
ow

sh
ow

th
at

ac
tu

a
ll
y

a
m

u
ch

sm
a
ll
er

fa
m

il
y

of
re

se
rv

oi
rs

su
ffi

ce
s

to
d
o

th
at

,
n
am

el
y,

ce
rt

a
in

cl
a
ss

es
of

li
n
ea

r
re

se
rv

oi
rs

w
it

h
p

ol
y
n
om

ia
l

re
ad

ou
ts

.
C

on
si

d
er

th
e

R
C

sy
st

em
d
et

er
m

in
ed

b
y

th
e

ex
p
re

ss
io

n
s

{ x
t

=
A

x
t−

1
+

c
z
t
,

A
∈
M
N
,c
∈
M
N
,n
,

y t
=
h

(x
t
),

h
∈
R

[x
].

(3
.7

)

(3
.8

)

If
th

is
sy

st
em

h
as

a
re

se
rv

oi
r

fi
lt

er
a
ss

o
ci

a
te

d
(t

h
e

n
ex

t
re

su
lt

p
ro

v
id

es
a

su
ffi

ci
en

t
co

n
d
it

io
n

fo
r

th
is

to

h
a
p
p

en
)

w
e

d
en

ot
e

b
y
H
A
,c

h
:
K
M
−→

R
th

e
as

so
ci

at
ed

fu
n
ct

io
n
a
l

a
n
d

w
e

re
fe

r
to

it
as

th
e

li
n

ea
r

re
se

rv
o
ir

fu
n

c
ti

o
n

a
l

d
et

er
m

in
ed

b
y
A
,c

,
a
n
d

th
e

p
ol

y
n
om

ia
l
h

.
T

h
es

e
fi
lt

er
s

ex
h
ib

it
th

e
fo

ll
ow

in
g

u
n
iv

er
sa

li
ty

p
ro

p
er

ty
th

at
is

p
ro

ve
d

in
A

p
p

en
d
ix

6
.5

.

C
o
ro

ll
a
ry

1
1

L
et
K
M
⊂

(R
n
)Z
−

be
a

su
bs

et
o
f

th
e

ty
pe

d
efi

n
ed

in
(2

.3
)

a
n

d
le

t
0
<
ε
<

1.
C

o
n

si
d
er

th
e

se
t
L ε

fo
rm

ed
by

a
ll

th
e

li
n

ea
r

re
se

rv
o
ir

sy
st

em
s

a
s

in
(3

.7
)-

(3
.8

)
d
et

er
m

in
ed

by
m

a
tr

ic
es
A
∈
M
N

su
ch

th
a
t
σ

m
a
x
(A

)
<

1
−
ε.

T
h
en

,
th

e
el

em
en

ts
in
L ε

ge
n

er
a
te
λ
ρ
-e

xp
o
n

en
ti

a
l

fa
d
in

g
m

em
o
ry

re
se

rv
o
ir

fu
n

ct
io

n
a
ls

,
w

it
h
λ
ρ

:=
(1
−
ε)
ρ
,

fo
r

a
n

y
ρ
∈

(0
,1

).
E

qu
iv

a
le

n
tl

y,
L ε
⊂
R
w
ρ
,

w
it

h
w
ρ t

:=
λ
t ρ
,

a
n

d
R
w
ρ

a
s

in
(3

.6
).

T
h
es

e
fu

n
ct

io
n

a
ls

ca
n

be
ex

p
li

ci
tl

y
w

ri
tt

en
a
s:

H
A
,c

h
(z

)
=
h

(
∞ ∑ i=

0

A
i c

z
−
i)
,

fo
r

a
n

y
z
∈
K
M
.

(3
.9

)

T
h
is

fa
m

il
y

is
d
en

se
in

(C
0
(K

M
),
‖·
‖ w

ρ
).

T
h
e

sa
m

e
u

n
iv

er
sa

li
ty

re
su

lt
ca

n
be

st
a
te

d
fo

r
th

e
fo

ll
o
w

in
g

tw
o

sm
a
ll

er
su

bf
a
m

il
ie

s
o
f
L ε

:

9
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01
8

G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

(i
)

T
h
e

fa
m

il
y
D
L ε
⊂
L ε

fo
rm

ed
by

th
e

li
n

ea
r

re
se

rv
o
ir

sy
st

em
s

in
L ε

d
et

er
m

in
ed

by
d
ia

go
n

a
l

m
a
tr

ic
es

A
∈
D

su
ch

th
a
t
σ

m
a
x
(A

)
<

1
−
ε.

(i
i)

T
h
e

fa
m

il
y
N
L
⊂
L ε

fo
rm

ed
by

th
e

li
n

ea
r

re
se

rv
o
ir
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b
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b
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p
re

se
n
ta

ti
o
n
,

w
e

re
st

ri
ct

ou
rs

el
ve

s
in
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ra
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∈
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∈
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∈
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d
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d
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=
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=
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n
d
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p
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p
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p
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h
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p
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l
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d
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d
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I ‖
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∈
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d
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i ‖
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‖
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e
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w
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o
n

th
at

if
w

e
a
d
op

t
a

u
n
if

o
rm

ap
p
ro

x
im

a
ti

o
n

cr
it

er
io

n
a
n
d

w
e

as
su

m
e

th
at

th
e

ra
n
d
om

in
p
u
ts

sa
ti

sf
y

a
lm

os
t

su
re

ly
th

e
u
n
if

o
rm

b
ou

n
d
ed

n
es

s
th

at
w

e
u
se

d
as

h
y
p

ot
h
es

is
in

S
ec

ti
o
n

3,
th

en
im

p
o
rt

a
n
t

fe
at

u
re

s
li
ke

th
e

fa
d
in

g
m

em
or

y
p
ro

p
er

ty
o
r

u
n
iv

er
sa

li
ty

ar
e

n
a
tu

ra
ll
y

in
h
er

it
ed

in
th

e
st

o
ch

a
st

ic
se

tu
p

fr
o
m

th
e

d
et

er
m

in
is

ti
c

ca
se

.
T

h
is

fa
ct

is
w

h
at

w
e

ca
ll

th
e

d
e
te

rm
in

is
ti

c
-s

to
c
h
a
st

ic
tr

a
n

sf
e
r

p
ri

n
c
ip

le
an

d
it

is
co

n
ta

in
ed

in
th

e
st

at
em

en
t

of
T

h
eo

re
m

27
b

el
ow

.
In

p
ar

ti
cu

la
r,

th
is

re
su

lt
ca

n
b

e
ea

si
ly

ap
p
li
ed

to
sh

ow
th

at
al

l
th

e
u
n
iv

er
sa

l
fa

m
il
ie

s
w

it
h

d
et

er
m

in
is

ti
c

in
p
u
ts

in
tr

o
d
u
ce

d
in

S
ec

ti
on

3
a
re

a
ls

o
u
n
iv

er
sa

l
in

th
e

st
o
ch

a
st

ic
se

tu
p

w
h
en

th
e

in
p
u
t

p
ro

ce
ss

es
co

n
si

d
er

ed
p
ro

d
u
ce

p
a
th

s
th

at
,

u
p

to
a

se
t

of
m

ea
su

re
ze

ro
,

a
re

u
n
if

or
m

ly
b

ou
n
d
ed

.

T
h

e
st

o
ch

a
st

ic
se

tu
p

.
A

ll
al

on
g

th
is

se
ct

io
n

w
e

w
or

k
on

a
p
ro

b
ab

il
it

y
sp

ac
e

(Ω
,A
,P

).
If

a
co

n
d
it

io
n

d
efi

n
ed

on
th

is
p
ro

b
ab

il
it

y
sp

a
ce

h
ol

d
s

ev
er

y
w

h
er

e
ex

ce
p
t

fo
r

a
se

t
w

it
h

ze
ro

m
ea

su
re

,
w

e
w

il
l

sa
y

th
at

th
e

re
la

ti
on

is
tr

u
e

a
lm

o
st

su
re

ly
.

L
et

X
:

Ω
−→

B
b

e
a

ra
n
d
om

va
ri

ab
le

w
it

h
(B
,‖
·‖
B

)
a

n
o
rm

ed
sp

ac
e

en
d
ow

ed
w

it
h

a
σ

-a
lg

eb
ra

(f
o
r

ex
am

p
le

,
b
u
t

n
o
t

n
ec

es
sa

ri
ly

,
it

s
B

or
el
σ

-a
lg

eb
ra

).
L

et

‖X
‖ L
∞

:=
es

s
su

p
ω
∈Ω
{‖

X
(ω

)‖
B
}

=
in

f
{ ρ
∈
R

+
|‖

X
‖ B
≤
ρ

al
m

o
st

su
re

ly
}
,

(4
.1

)

W
e

d
en

ot
e

b
y
L
∞

(Ω
,B

)
th

e
cl

a
ss

es
of
B

-v
a
lu

ed
al

m
o
st

su
re

ly
eq

u
al

ra
n
d
o
m

va
ri

a
b
le

s
w

h
o
se

n
or

m
s

h
av

e
a

fi
n
it

e
es

se
n
ti

al
su

p
re

m
u
m

or
th

a
t,

eq
u
iv

al
en

tl
y,

h
av

e
a
lm

os
t

su
re

ly
b

o
u
n
d
ed

n
or

m
s,

th
at

is
,

L
∞

(Ω
,B

)
:=

S
B
/
∼
B
,

(4
.2

)

w
h
er

e
S
B

:=
{X

:
Ω
−→

B
ra

n
d
om

va
ri

ab
le
|‖

X
‖ L
∞
<
∞
},

(4
.3

)

an
d
∼
B

is
th

e
eq

u
iv

a
le

n
ce

re
la

ti
o
n

d
efi

n
ed

on
S
B

a
s

fo
ll
ow

s:
tw

o
ra

n
d
o
m

va
ri

a
b
le

s
Y

a
n
d

Z
w

it
h

fi
n
it

e
‖·
‖ L
∞

n
or

m
ar

e
∼
B

-e
q
u
iv

a
le

n
t

if
an

d
on

ly
if
P(
{ω
∈

Ω
:
Y

(ω
)
6=

Z
(ω

)}
=

0.
A

s
it

is
cu

st
om

ar
y

in
th

e
li
te

ra
tu

re
,

w
e

w
il
l

n
ot

m
ak

e
a

d
is

ti
n
ct

io
n

in
w

h
at

fo
ll
ow

s
b

et
w

ee
n

th
e

el
em

en
ts

in
S
B

an
d

th
e

cl
as

se
s

in
th

e
q
u
ot

ie
n
t
L
∞

(Ω
,B

).
U

si
n
g

th
is

id
en

ti
fi
ca

ti
o
n

w
e

re
ca

ll
,

fo
r

ex
am

p
le

,
th

at
L
∞

(Ω
,B

)
is

a
ve

ct
o
r

sp
ac

e
w

it
h

th
e

op
er

at
io

n
s

(X
+
λ
Y

)(
ω

)
:=

X
(ω

)
+
λ
Y

(ω
)

(4
.4

)

fo
r

a
n
y

X
,Y
∈
L
∞

(Ω
,B

),
λ
∈
R

,
ω
∈

Ω
.

M
or

eo
ve

r,
(L
∞

(Ω
,B

),
‖·
‖ L
∞

)
is

a
n
or

m
ed

sp
ac

e.
W

e
em

p
h
a
si

ze
th

at
L
∞

(Ω
,B

)
is

in
ge

n
er

al
n
o
t

a
B

a
n
ac

h
sp

a
ce

(s
ee

p
a
ge

s
42

an
d

4
6

in
L

ed
o
u
x

an
d

T
a
la

gr
an

d
(1

9
91

))
.

It
ca

n
b

e
sh

ow
n

th
at

w
h
en

ev
er
B

is
fi
n
it

e
d
im

en
si

o
n
a
l

or
,

m
o
re

g
en

er
a
ll
y,

a
se

p
ar

ab
le

B
an

ac
h

sp
a
ce

,
th

en
th

e
sp

ac
e
L
∞

(Ω
,B

)
is

al
so

a
B

an
a
ch

sp
ac

e
(P

is
ie

r
(2

01
6)

).
G

iv
en

an
el

em
en

t
X
∈
L
∞

(Ω
,B

),
w

e
d
en

ot
e

b
y

E
[X

]
it

s
ex

p
ec

ta
ti

o
n
.

T
h
e

fo
ll
ow

in
g

le
m

m
a

co
ll
ec

ts
so

m
e

el
em

en
ta

ry
re

su
lt

s
th

at
w

il
l
b

e
n
ee

d
ed

la
te

r
on

a
n
d

sh
ow

s,
in

p
ar

ti
cu

la
r,

th
a
t

th
e

ex
p

ec
ta

ti
on

E
[X

]

as
w

el
l

as
th

at
of

al
l

th
e

p
ow

er
s
‖X
‖k B

o
f

it
s

n
o
rm

a
re

fi
n
it

e
fo

r
al

l
th

e
el

em
en

ts
X
∈
L
∞

(Ω
,B

).

L
e
m

m
a

2
4

L
et

X
∈
L
∞

(Ω
,B

)
a
n

d
le

t
C
∈
R

+
.

T
h
en

:

(i
)
‖X
‖ B
≤
‖X
‖ L
∞

a
lm

o
st

su
re

ly
.

(i
i)
‖X
‖ L
∞
≤
C

if
a
n

d
o
n

ly
if
‖X
‖ B
≤
C

a
lm

o
st

su
re

ly
.

(i
ii
)
‖X
‖ B
≤
C

a
lm

o
st

su
re

ly
if

a
n

d
o
n

ly
if

E
[ ‖

X
‖k B
] ≤

C
k

fo
r

a
n

y
k
∈
N

.
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U
n
iv
e
r
sa

l
r
e
se

r
v
o
ir

c
o
m
p
u
t
e
r
s
w
it
h
l
in
e
a
r
r
e
a
d
o
u
t
s
u
sin

g
n
o
n
-h
o
m
o
g
e
n
e
o
u
s
st
a
t
e
-a
f
f
in
e
sy

st
e
m
s

(iv
)

L
et
B

=
R
n

,
th

en
th

e
co

m
po

n
en

ts
X
i

o
f

X
,
i∈
{1,...,n},

a
re

su
ch

th
a
t

E
[X

i ]≤
‖X
‖
L
∞

.

T
h
e

fi
rst

p
oin

t
in

th
is

lem
m

a
ex

p
lain

s
w

h
y

w
e

w
ill

refer
to

th
e

elem
en

ts
of
L
∞

(Ω
,B

)
as

a
lm

o
st

su
re

ly
bo

u
n

d
ed

ran
d
om

va
ria

b
les.

S
to

ch
a
stic

in
p

u
ts

a
n

d
o
u

tp
u

ts.
T

h
e

fi
lters

th
at

w
e

w
ill

con
sid

er
in

th
is

section
h
ave

a
lm

o
st

su
re

ly
bo

u
n

d
ed

sto
c
h
a
stic

p
ro

ce
sse

s
as

in
p
u
ts

an
d

ou
tp

u
ts.

R
ecall

th
at

a
d
iscrete-tim

e
sto

ch
astic

p
ro

cess
is

a
m

ap
of

th
e

ty
p

e:
z

:
Z
×

Ω
−→

R
n

(t,ω
)
7−→

z
t (ω

),
(4

.5)

su
ch

th
at,

for
ea

ch
t∈

Z
,

th
e

assign
m

en
t

z
t

:
Ω
−→

R
n

is
a

ra
n
d
o
m

variab
le.

F
or

each
ω
∈

Ω
,

w
e

w
ill

d
en

o
te

b
y

z
(ω

)
:=
{
z
t (ω

)∈
R
n
|
t∈

Z}
th

e
rea

liza
tio

n
or

th
e

sa
m

p
le

p
a
th

of
th

e
p
ro

cess
z
.

T
h
e

resu
lts

th
a
t

follow
are

p
resen

ted
for

sto
ch

astic
p
ro

cesses
in

d
ex

ed
b
y
Z

b
u
t

a
re

eq
u
ally

valid
for

Z
+

an
d

Z
−

.R
eca

ll
th

at
a

m
ap

of
th

e
ty

p
e

(4
.5

)
is

a
R
n
-valu

ed
sto

ch
astic

p
ro

cess
if

a
n
d

on
ly

if
th

e
corresp

on
d
in

g

m
a
p

z
:

Ω
−→

(R
n
) Z

in
to

p
ath

sp
a
ce

(d
esign

ated
w

ith
th

e
sa

m
e

sy
m

b
ol)

is
a

ran
d
om

variab
le

w
h
en

in
(R

n
) Z

w
e

co
n
sid

er
th

e
p
ro

d
u
ct

sigm
a

a
lg

eb
ra

gen
erated

b
y

cy
lin

d
er

sets
(C

h
a
p
ter

1
in

C
om

ets
an

d
M

ey
re

(2
00

6)).
T

h
en

,
th

e
sp

a
ce

ofR
n
-va

lu
ed

sto
ch

astic
p
ro

cesses
can

b
e

m
ad

e
in

to
a

vector
sp

ace
w

ith
th

e
sam

e
op

eration
s

as
in

(4
.4)

an
d

w
e

can
d
efi

n
e

in
th

is
sp

a
ce

a
n
orm
‖·‖

L
∞

u
sin

g
th

e
sam

e
p
rescrip

tion

a
s

in
(4

.1
)

b
y

co
n
sid

erin
g

(R
n
) Z

as
a

n
o
rm

ed
sp

ace
w

ith
th

e
su

p
rem

u
m

n
o
rm
‖·‖∞

,
th

at
is,

‖z‖
L
∞

:=
ess

su
p

ω∈
Ω
{‖z

(ω
)‖∞
}

=
ess

su
p

ω∈
Ω

{
su

p
t∈

Z {‖z
t (ω

)‖} }
.

(4
.6)

T
h
e

follow
in

g
lem

m
a

p
rov

id
es

an
altern

ativ
e

ch
aracteriza

tion
of

th
e

n
o
rm
‖·‖

L
∞

th
at

w
ill

b
e

very
u
sefu

l
in

th
e

p
ro

o
fs

o
f

th
e

resu
lts

th
a
t

follow
a
n
d

in
w

h
ich

th
e

su
p
rem

u
m

a
n
d

th
e

essen
tial

su
p
rem

u
m

h
ave

b
een

in
terch

an
g
ed

.
T

h
e

la
st

sta
tem

en
t

co
n
tain

ed
in

it
com

p
lem

en
ts

p
art

(ii)
of

L
em

m
a

24
for

p
ro

cesses.

L
e
m

m
a

2
5

L
et

z
:

Ω
−→

(R
n
) Z

be
a

stoch
a
stic

p
rocess.

T
h
en

,

‖
z‖
L
∞

:=
ess

su
p

ω∈
Ω

{
su

p
t∈

Z {‖
z
t (ω

)‖} }
=

su
p

t∈
Z {

ess
su

p
ω∈

Ω
{‖

z
t (ω

)‖} }
.

(4
.7)

E
qu

iva
len

tly,
u

sin
g

th
e

n
o
ta

tio
n

in
(4

.1
),

‖
z‖
L
∞

:=

∥∥∥∥
su

p
t∈

Z {‖
z
t (ω

)‖} ∥∥∥∥
L
∞

=
su

p
t∈

Z {‖
z
t ‖
L
∞
}.

(4.8
)

T
h
ese

equ
a
lities

im
p
ly

th
a
t

fo
r

a
n

y
n

o
n

-n
ega

tive
rea

l
n

u
m

ber
C
≥

0,
th

e
p
rocess

z
sa

tisfi
es

th
a
t‖z‖

L
∞
≤

C
if

a
n

d
o
n

ly
if‖z

t ‖
L
∞
≤
C

fo
r

a
ll
t∈

Z
o
r,

equ
iva

len
tly,

if
a
n

d
o
n

ly
if

su
p
t∈

Z {‖z
t ‖
L
∞
}
≤
C

.

C
o
n
sid

er
n
ow

th
e

sp
ace

L
∞
(Ω
,(R

n
) Z )

of
p
ro

cesses
w

ith
fi
n
ite
‖·‖

L
∞

n
orm

.
W

e
refer

to
th

e
ele-

m
en

ts
o
f
L
∞
(Ω
,(R

n
) Z )

as
a
lm

o
st

su
re

ly
bo

u
n

d
ed

tim
e

se
rie

s.
A

d
d
ition

ally,
con

sid
er

th
e

sp
ace

L
∞

(Ω
,` ∞

(R
n
))

o
f

p
ro

cesses
w

h
ose

p
a
th

s
are

all
u
n
ifo

rm
ly

b
ou

n
d
ed

,
th

at
is,

th
ey

lay
in

th
e

B
an

a
ch

sp
a
ce

(` ∞
(R

n
),‖·‖∞

).
A

cco
rd

in
g

to
th

e
d
efi

n
ition

in
(4

.2
),

w
e

h
ave

for
b

oth
th

ese
sp

aces
th

at

L
∞
(Ω
,(R

n
) Z )

:=
S

(R
n

) Z/
∼

(R
n

) Z,
L
∞

(Ω
,` ∞

(R
n
))

:=
S
` ∞

(R
n

) /
∼
` ∞

(R
n

)

w
ith

S
(R
n

) Z
:=
{
z

:Z
×

Ω
−→

R
n

sto
ch

astic
p
ro

cess,
z
(ω

)∈
(R

n
) Z
,

fo
r

a
ll
ω
∈

Ω
|‖z‖

L
∞
<
∞
}
,

1
5
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G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

S
` ∞

(R
n

)
:=
{z

:Z
×

Ω
−→

R
n

sto
ch

astic
p
ro

cess,
z
(ω

)∈
` ∞

(R
n
),

for
a
ll
ω
∈

Ω
|‖z‖

L
∞
<
∞
}
,

an
d

w
ith

th
e

alm
ost

su
re

eq
u
ality

eq
u
ivalen

ce
relation

s∼
` ∞

(R
n

)
an

d
∼

(R
n

) Z
b

etw
een

sto
ch

astic
p
ro

cesses

w
ith

p
ath

s
in
` ∞

(R
n
)

an
d

(R
n
) Z

,
resp

ectively.
T

h
e

fo
llow

in
g

resu
lt

sh
ow

s
th

at
th

e
n
o
rm

ed
sp

aces
L
∞
(Ω
,(R

n
) Z )

an
d
L
∞

(Ω
,` ∞

(R
n
))

a
re

isom
o
rp

h
ic.

L
e
m

m
a

2
6

In
th

e
setu

p
th

a
t

w
e

ju
st

in
trod

u
ced

th
e

in
clu

sio
n
ι

:
S
` ∞

(R
n

)
↪→

S
(R
n

) Z
is

equ
iva

ria
n

t
w

ith
respect

to
th

e
equ

iva
len

ce
rela

tio
n

s
∼
` ∞

(R
n

)
a
n

d
∼

(R
n
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a
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d
d
ro

p
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a
n
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h
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o
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o
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ed
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φ
:

(L
∞
(Ω
,(R

n
) Z )

,‖·‖
L
∞

)
−→

(L
∞

(Ω
,` ∞

(R
n
))
,‖·‖

L
∞

).
E

qu
iva

len
tly,

th
e

fo
llo

w
in

g
d
ia

gra
m

co
m

m
u

tes

S
` ∞

(R
n

)
⊂

ι
>
S

(R
n

) Z

L
∞

(Ω
,` ∞

(R
n
))

Π
∼
` ∞

(R
n
)∨

φ
>
L
∞
(Ω
,(R

n
) Z )

,

Π
∼

(R
n
) Z

∨

w
h
ere

Π
∼
` ∞

(R
n
)

a
n

d
Π
∼

(R
n
) Z

a
re

th
e

ca
n

o
n

ica
l

p
ro

jectio
n

s.

L
et

n
ow

w
b

e
a

w
eig

h
tin

g
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u
en
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an

d
let‖·‖

w
b

e
th

e
a
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ted

w
eig

h
ted

n
orm
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(R

n
) Z
−

.
If

w
e

rep
la

ce
in

(4.6)
th

e
` ∞

n
orm

‖·‖∞
b
y

th
e

w
eigh

ted
n
o
rm
‖·‖

w
,

w
e

ob
tain

a
w

eig
h
ted

n
o
rm
‖·‖

L
∞w

in
th

e
sp

ace
of

p
ro

cesses
z

:Z
−
×

Ω
−→

R
n

in
d
ex

ed
b
y
Z
−

a
s:

‖
z‖
L
∞w

:=
ess

su
p

ω∈
Ω
{‖

z
(ω

)‖
w }

=
ess

su
p

ω∈
Ω

{
su

p
t∈

Z
− {‖

z
t (ω

)‖w
−
t } }

.
(4.9

)

W
e

w
ill

d
en

ote
b
y
L
∞w
(Ω
,(R

n
) Z
− )

th
e

sp
ace

of
p
ro

cesses
w

ith
fi
n
ite
‖·‖

L
∞w

n
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.
A
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L
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m
a

26
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s
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e

n
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ed
sp

a
ces

(L
∞w
(Ω
,(R

n
) Z
− )
,‖·‖

L
∞w

)
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d
(L
∞

(Ω
,` ∞w

(R
n
))
,‖·‖

L
∞w

)
a
re
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A
d
d
ition

ally,
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L

em
m

a
25

,
w

e
h
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e
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an
y

z
∈
L
∞w
(Ω
,(R

n
) Z
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‖
z‖
L
∞w

:=
ess
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p

ω∈
Ω

{
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p
t∈

Z
− {‖

z
t (ω

)‖
w
−
t } }

=
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p
t∈

Z
− {

ess
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p
ω∈

Ω
{‖z

t (ω
)‖
w
−
t } }

.
(4.1

0)

D
e
te

rm
in

istic
fi

lte
rs

in
a

sto
ch

a
stic

se
tu

p
.

A
s

w
e
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U
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b
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th
e

d
eterm

in
istic

setu
p

are
u
sed
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d
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z

d
en

otes
th

e
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t

p
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d
th

e
sy

m
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o
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u
t
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L
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⊂
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D
L
∞Z

n
⊂
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)
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e
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b
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h
ose

p
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s
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D
n

a
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u
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w
e

w
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d
e
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fi
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U

:
D
L
∞Z

n
−→

L
∞
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a
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b
y

p
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g

a
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n
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ed
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z
∈
D
L
∞Z

n
⊂
L
∞
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,(R

n
) Z

)
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fi
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U
:

(D
n
) Z
−→

R
Z
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r
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u
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e
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n
,

w
h
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s
w
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e
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e
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b
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.

T
h
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p
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carried
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t
b
y

d
efi

n
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g
th

e
ou

tp
u
t

p
ro

cess
U

(z
)∈

L
∞

(Ω
,R

Z
)

u
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g
th

e
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ven
tion

(U
(z

))(ω
)

:=
U

(z
(ω
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ω
∈

Ω
,

(4.1
1)

w
h
ere

o
n

th
e

righ
t

h
a
n
d

sid
e

it
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th
e

fi
lter

U
:

(D
n
) Z
−→

R
Z

w
h
ich
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a
p
p
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to
th

e
p
ath

s
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(ω

)
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{
z
t (ω

)
∈

R
n
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∈

(D
n
) Z
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e
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ro

cess
z
.

W
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d
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b
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of
(4.11)
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d
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th
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p
ro

cess
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∞
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e
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a
ce

ta
kes

p
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e

d
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ce
z
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)
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e

in
p
u
t.
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n
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e
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e
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m

b
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U
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d
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ote
d
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fi
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U
:
D
L
∞Z

n
−→

L
∞

(Ω
,R

Z
).
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d
raw

atten
tion
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e
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g
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U
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r
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p
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l
in
e
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t
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f
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s
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e

fi
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p
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b
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c
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.

T
h
e
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n
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p
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f

ca
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d
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m
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ri
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n
ce
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efi
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th
e
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c
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b
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p
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s
b
y
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m

o
st

su
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eq
u
al
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e
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rr
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p
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en
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es

.
M

or
e

ex
p
li
ci

tl
y,

w
e

sa
y

th
at

th
e

fi
lt

er
U

:
D
L
∞ Z

n
−→

L
∞

(Ω
,R

Z )
is

ti
m

e-
in

va
ri

a
n
t

w
h
en

fo
r

an
y
τ
∈
Z

an
d

a
n
y

z
∈
D
L
∞ Z

n
,

w
e

h
av

e
th

at

(U
τ
◦U

)(
z
)

=
(U
◦U

τ
)(

z
),
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m

o
st

su
re

ly
.

A
n
al

og
ou

sl
y,

w
e

sa
y

th
at

th
e

fi
lt

er
is

ca
u
sa

l
w

it
h

st
o
ch

as
ti

c
in

p
u
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w
h
en

fo
r

an
y
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o
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em

en
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z
,w
∈
D
L
∞ Z

n

th
a
t
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y

th
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z
τ

=
w
τ

a
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os
t

su
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,
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r
an

y
τ
≤
t

an
d
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r

a
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ve
n
t
∈
Z,

w
e

h
av

e
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at
U

(z
) t

=
U
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,
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m
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t
su

re
ly

.
C

au
sa

l
an

d
ti

m
e-
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va
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t
d
et

er
m

in
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ti
c

fi
lt

er
s

p
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p
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p
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th
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th

is
se

tu
p
,

th
er

e
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al
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a
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p
o
n
d
en
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b

et
w

ee
n
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u
sa

l
an

d
ti

m
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va
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an

t
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lt

er
s
U

:
D
L
∞ Z
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−→

L
∞

(Ω
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a
n
d

fu
n
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n
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s
H
U

:
D
L
∞ Z −

n
−→

L
∞

(Ω
,R

),
w

h
er

e
D
L
∞ Z −

n
:=

P Z
−

( D
L
∞ Z

n

) .

G
iv

en
a

w
ei

gh
ti

n
g

se
q
u
en

ce
w

:
N
−→
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]
a
n
d

a
ti

m
e-

in
va
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t
fi
lt

er
U

:
D
L
∞ Z −
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L
∞

(Ω
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w

it
h
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o
ch
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ti

c
in

p
u
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,
w

e
w

il
l
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a
t
U

h
a
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d
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g
m

e
m

o
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p
ro

p
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y
w

it
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e
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n
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q
u
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w

w
h
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e
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es
p

on
d
in

g
fu

n
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n
a
l
H
U
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( D
L
∞ Z −

n
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L
∞ w

)
−→

L
∞

(Ω
,R

)
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a
co

n
ti

n
u
o
u
s

m
a
p
. L
et
M

>
0
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d

d
efi

n
e,

u
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n
g

L
em

m
a
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,

K
L
∞

M
:=
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∈
L
∞
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,(
R
n
)Z
−

)
|‖

z
‖ L
∞
≤
M
}

=
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∈
L
∞

(Ω
,(
R
n
)Z
−

)
|‖

z
t
‖ L
∞
≤
M
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r
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l
t
∈
Z −
} .

(4
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T

h
e

se
ts
K
L
∞

M
a
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e
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o
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c
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u
n
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K
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∞

M
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a
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n
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u
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p
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A
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a
1

ca
n

b
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te
d

fo
r

th
em

w
it

h
K
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∞
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b
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∞
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d
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te
d

n
or

m
‖·
‖ w

b
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d
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g
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d
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g
m
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n
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ra
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b
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p
u
ts

.
W

e
ca

ll
th

is
fa

ct
th

e
d
e
te

rm
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p
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2
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p
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∞
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d
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p
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h
e
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p
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pe
rt

ie
s

h
o
ld

tr
u

e:

(i
)

L
et
H

:
(K

M
,‖
·‖
w

)
−→

R
be

a
ca

u
sa

l
a
n

d
ti

m
e-

in
va

ri
a
n

t
fi

lt
er

.
T

h
en

H
h
a
s

th
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p
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d
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w
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h
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d
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p
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h
a
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a
lm

o
st

su
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d
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d
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∞
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h
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a
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e

co
n
st

an
t

fu
n
ct

io
n
a
ls

a
n
d

h
as

th
e

se
p
ar

at
io

n
p
ro

p
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p
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01
8

G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

sh
ow

s
th

at
th

is
p
ro

p
er

ty
is

in
h
er

it
ed

b
y

d
et

er
m

in
is

ti
c

fa
d
in

g
m

em
or

y
re

se
rv

oi
r

fi
lt

er
s

w
it

h
a
lm

os
t

su
re

ly
b

ou
n
d
ed

in
p
u
ts

.

L
e
m

m
a

2
8

C
o
n

si
d
er

a
re

se
rv

o
ir

sy
st

em
d
et

er
m

in
ed

by
th

e
re

la
ti

o
n

s
(1

.1
)–

(1
.2

)
a
n

d
th

e
m

a
p
s
F

:
D
N
×
B
n
(0
,M

)
−→

D
N

a
n

d
h

:
D
N
→

R
,

fo
r

so
m

e
n
,N
∈

N
,
M

>
0,

a
n

d
D
N
⊂

R
N

.
If

th
is

re
se

rv
o
ir

sy
st

em
h
a
s

th
e

ec
h
o

st
a
te

a
n

d
th

e
fa

d
in

g
m

em
o
ry

p
ro

pe
rt

ie
s

th
en

so
d
oe

s
th

e
co

rr
es

po
n

d
in

g
sy

st
em

w
it

h
st

oc
h
a
st

ic
in

p
u

ts
in
K
L
∞

M
w

h
ic

h
,

a
d
d
it

io
n

a
ll

y,
h
a
s

a
n

a
ss

oc
ia

te
d

re
se

rv
o
ir

fu
n

ct
io

n
a
l
H
F h

:
(K

L
∞

M
,‖
·‖

L
∞ w

)
−→

L
∞

(Ω
,R

)
w

it
h

a
lm

o
st

su
re

ly
bo

u
n

d
ed

o
u

tp
u

ts
th

a
t

sa
ti

sfi
es

th
e

fa
d
in

g
m

em
o
ry

p
ro

pe
rt

y.

T
h

e
o
re

m
2
9

L
et
M

>
0

a
n

d
le

t
K
L
∞

M
be

th
e

se
t

o
f

a
lm

o
st

su
re

ly
u

n
if

o
rm

ly
bo

u
n

d
ed

p
ro

ce
ss

es
in

tr
od

u
ce

d
in

(4
.1

2)
.

C
o
n

si
d
er

th
e

se
t
R

R
:=
{H

F
i

h
i

:
K
L
∞

M
−→

L
∞

(Ω
,R

)
|h

i
∈

P
o
l(
R
N
i
,R

),
F
i

:
R
N
i
×
R
n
−→

R
N
i
,i
∈
I
,N

i
∈
N
}

(4
.1

3
)

fo
rm

ed
by

d
et

er
m

in
is

ti
c

fa
d
in

g
m

em
o
ry

re
se

rv
o
ir

fi
lt

er
s

w
it

h
re

sp
ec

t
to

a
gi

ve
n

w
ei

gh
te

d
n

o
rm
‖·
‖ w

a
n

d
d
ri

ve
n

by
st

oc
h
a
st

ic
in

p
u

ts
in
K
L
∞

M
.

L
et
A

(R
)

be
th

e
po

ly
n

o
m

ia
l

a
lg

eb
ra

ge
n

er
a
te

d
by
R

.
If

th
e

a
lg

eb
ra

A
(R

)
h
a
s

th
e

se
pa

ra
ti

o
n

p
ro

pe
rt

y
a
n

d
co

n
ta

in
s

a
ll

th
e

co
n

st
a
n

t
fu

n
ct

io
n

a
ls

,
th

en
a
n

y
d
et

er
m

in
is

ti
c,

ca
u

sa
l,

ti
m

e-
in

va
ri

a
n

t
fa

d
in

g
m

em
o
ry

fi
lt

er
H

:
(K

L
∞

M
,‖
·‖
L
∞ w

)
−→

L
∞

(Ω
,R

)
ca

n
be

u
n

if
o
rm

ly
a
p
p
ro

x-
im

a
te

d
by

el
em

en
ts

in
A

(R
),

th
a
t

is
,

fo
r

a
n

y
ε
>

0,
th

er
e

ex
is

t
a

fi
n

it
e

se
t

o
f

in
d
ic

es
{i

1
,.
..
,i
r
}
⊂
I

a
n

d
a

po
ly

n
o
m

ia
l
p

:
R
r
−→

R
su

ch
th

a
t

‖H
−
H
F h
‖ ∞

:=
su

p
z
∈K

L
∞

M

{‖
H

(z
)−
H
F h

(z
)‖
L
∞
}
<
ε

w
it

h
h

:=
p
(h
i 1
,.
..
,h
i r

)
a
n

d
F

:=
(F
i 1
,.
..
,F

i r
).

In
th

e
n
ex

t
p
ar

ag
ra

p
h
s

w
e

id
en

ti
fy

,
as

in
th

e
d
et

er
m

in
is

ti
c

ca
se

,
fa

m
il
ie

s
o
f

re
se

rv
oi

rs
th

a
t

sa
ti

sf
y

th
e

h
y
p

ot
h
es

es
of

th
is

th
eo

re
m

an
d

w
h
er

e
w

e
w

il
l

ev
en

tu
al

ly
im

p
os

e
li
n
ea

ri
ty

co
n
st

ra
in

ts
o
n

th
e

re
a
d
ou

t
fu

n
ct

io
n
.

T
h
e

fo
ll
ow

in
g

co
ro

ll
ar

y
to

T
h
eo

re
m

29
is

th
e

st
o
ch

as
ti

c
an

a
lo

g
of

C
or

ol
la

ry
9.

C
o
ro

ll
a
ry

3
0

L
et
M

>
0

a
n

d
le

t
K
L
∞

M
be

th
e

se
t

o
f

a
lm

o
st

su
re

ly
u

n
if

o
rm

ly
bo

u
n

d
ed

p
ro

ce
ss

es
in

tr
o
-

d
u

ce
d

in
(4

.1
2)

.
L

et

R
w

:=
{H

F h
:
K
L
∞

M
−→

L
∞

(Ω
,R

)
|h
∈

P
ol

(R
N
,R

),
F

:
R
N
×

R
n
−→

R
N
,N
∈
N
}

(4
.1

4)

be
th

e
se

t
o
f

a
ll

th
e

re
se

rv
o
ir

fi
lt

er
s

d
efi

n
ed

o
n
K
L
∞

M
th

a
t

h
a
ve

th
e

F
M

P
w

it
h

re
sp

ec
t

to
a

gi
ve

n
w

ei
gh

te
d

n
o
rm
‖·
‖ L
∞ w

.
T

h
en
R
w

is
u

n
iv

er
sa

l,
th

a
t

is
,

fo
r

a
n

y
ti

m
e-

in
va

ri
a
n

t
fa

d
in

g
m

em
o
ry

fi
lt

er
H

:
(K

L
∞

M
,‖
·

‖ L
∞ w

)
−→

L
∞

(Ω
,R

)
a
n

d
a
n

y
ε
>

0,
th

er
e

ex
is

ts
a

re
se

rv
o
ir

fi
lt

er
H
F h
∈
R
w

su
ch

th
a
t
‖H
−
H
F h
‖ ∞

:=
su

p
z
∈K

L
∞

M
{‖
H

(z
)
−
H
F h

(z
)‖
L
∞
}
<
ε.

L
in

e
a
r

re
se

rv
o
ir

c
o
m

p
u

te
rs

w
it

h
st

o
ch

a
st

ic
in

p
u

ts
a
re

u
n

iv
e
rs

a
l.

A
s

it
w

as
th

e
ca

se
in

th
e

d
et

er
m

in
is

ti
c

se
tu

p
,

w
e

ca
n

p
ro

v
e

in
th

e
st

o
ch

as
ti

c
ca

se
th

a
t

th
e

li
n
ea

r
R

C
fa

m
il
y

in
tr

o
d
u
ce

d
in

(3
.7

)-
(3

.8
)

su
ffi

ce
s

to
ac

h
ie

v
e

u
n
iv

er
sa

li
ty

.
T

h
e

p
ro

o
f

of
th

e
fo

ll
ow

in
g

st
at

em
en

t
is

a
d
ir

ec
t

co
n
se

q
u
en

ce
of

C
or

ol
la

ry
11

an
d

T
h
eo

re
m

2
7.

C
o
ro

ll
a
ry

3
1

L
et
M

>
0

a
n

d
le

t
K
L
∞

M
be

th
e

se
t

o
f

a
lm

o
st

su
re

ly
u

n
if

o
rm

ly
bo

u
n

d
ed

p
ro

ce
ss

es
in

tr
o
-

d
u

ce
d

in
(4

.1
2)

.
L

et
L ε

be
th

e
fa

m
il

y
in

tr
od

u
ce

d
in

C
o
ro

ll
a
ry

1
1

a
n

d
fo

rm
ed

by
a
ll

th
e

li
n

ea
r

re
se

rv
o
ir

fi
lt

er
s
H
A
,c

p
d
et

er
m

in
ed

by
m

a
tr

ic
es

A
∈

M
N

su
ch

th
a
t
σ

m
a
x
(A

)
<

1
−
ε.

T
h
e

el
em

en
ts

in
L ε

m
a
p

K
L
∞

M
in

to
L
∞

(Ω
,R

)
a
n

d
a
re

ti
m

e-
in

va
ri

a
n

t
fa

d
in

g
m

em
o
ry

fi
lt

er
s

w
it

h
re

sp
ec

t
to

th
e

w
ei

gh
te

d
n

o
rm

‖·
‖L
∞

w
ρ

a
ss

oc
ia

te
d

to
w
ρ t

:=
(1
−
ε)
ρ
t
,

fo
r

a
n

y
ρ
∈

(0
,1

).
M

o
re

o
ve

r,
th

ey
a
re

u
n

iv
er

sa
l,

th
a
t

is
,

fo
r

a
n

y
ti

m
e-

in
va

ri
a
n

t
a
n

d
ca

u
sa

l
fa

d
in

g
m

em
o
ry

fi
lt

er
H

:
(K

L
∞

M
,‖
·‖
L
∞ w
ρ
)
−→

L
∞

(Ω
,R

)
a
n

d
a
n

y
ε
>

0,
th

er
e

ex
is

ts
H
A
,c

p
∈
L ε

su
ch

th
a
t
‖H
−
H
A
,c

p
‖ ∞

:=
su

p
z
∈K

L
∞

M
{‖
H

(z
)
−
H
A
,c

p
(z

)‖
L
∞
}
<
ε.

T
h
e

sa
m

e
u

n
iv

er
sa

li
ty

re
su

lt
ca

n
be

st
a
te

d
fo

r
th

e
su

bf
a
m

il
y
D
L ε
⊂
L ε

,
fo

rm
ed

by
th

e
li

n
ea

r
re

se
rv

o
ir

sy
st

em
s

in
L ε

d
et

er
m

in
ed

by
d
ia

go
n

a
l

m
a
tr

ic
es

,
a
n

d
fo

r
N
L
⊂
L ε

,
fo

rm
ed

by
th

e
li

n
ea

r
re

se
rv

o
ir

sy
st

em
s

d
et

er
m

in
ed

by
n

il
po

te
n

t
m

a
tr

ic
es

.
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U
n
iv
e
r
sa

l
r
e
se

r
v
o
ir

c
o
m
p
u
t
e
r
s
w
it
h
l
in
e
a
r
r
e
a
d
o
u
t
s
u
sin

g
n
o
n
-h
o
m
o
g
e
n
e
o
u
s
st
a
t
e
-a
f
f
in
e
sy

st
e
m
s

R
e
m

a
rk

3
2

T
h
e

lin
ea

r
reserv

oir
fi
lters

in
N
L

d
eterm

in
ed

b
y

n
ilp

oten
t

m
a
trices

h
ave

b
een

u
sed

in
G

o
n
o
n

an
d

O
rtega

(2
018)

to
form

u
late

a
L
p

versio
n

o
f

th
ese

u
n
iversality

resu
lts.

R
e
m

a
rk

3
3

T
h
e

p
rev

iou
s

co
rolla

ry
h
as

in
terestin

g
co

n
seq

u
en

ces
in

th
e

realm
of

tim
e

series
an

aly
sis.

In
d
eed

,
m

an
y

w
ell-k

n
ow

n
p
a
ra

m
etric

tim
e

series
m

o
d
els

con
sist

in
a
u
to

regressive
relation

s,
p

ossib
ly

n
on

lin
ea

r,
d
riven

b
y

in
d
ep

en
d
en

t
or

u
n
co

rrela
ted

in
n
ovation

s.
T

h
e

p
aram

eter
con

strain
ts

th
at

a
re

im
p

osed
on

th
em

in
o
rd

er
to

en
su

re
th

at
th

ey
h
ave

(secon
d

ord
er)

statio
n
ary

so
lu

tion
s

im
p
ly,

in
m

ay
situ

atio
n
s,

th
at

th
e

resu
ltin

g
fi
lter

h
a
s

th
e

F
M

P
.

In
th

ose
cases,

C
oro

llary
31

allow
s

u
s

to
con

clu
d
e

th
at

w
h
en

th
ose

m
o
d
els

are
d
riven

b
y

a
lm

ost
su

rely
u
n
ifo

rm
ly

b
ou

n
d
ed

in
n
ovatio

n
s,

th
ey

can
b

e
arb

itrarily
w

ell
ap

p
rox

im
a
ted

b
y

a
p

oly
n
om

ial
fu

n
ction

of
a

vector
a
u
toreg

ressive
m

o
d
el

(V
A

R
)

of
ord

er
1.

T
h
is

statem
en

t
ap

p
lies,

for
ex

am
p
le,

to
an

y
sta

tion
a
ry

A
R

M
A

(see
B

ox
a
n
d

J
en

k
in

s
(1976),

B
ro

ck
w

ell
an

d
D

av
is

(2
00

6))
or

G
A

R
C

H
m

o
d
el

(see
E

n
g
le

(19
82),

B
o
llerslev

(1
98

6),
F

ran
cq

a
n
d

Z
akoian

(2010))
d
riv

en
b
y

alm
o
st

su
rely

u
n
iform

ly
b

ou
n
d
ed

in
n
ova

tio
n
s.

S
ta

te
-a

ffi
n

e
re

se
rv

o
ir

c
o
m

p
u

te
rs

w
ith

a
lm

o
st

su
re

ly
u

n
ifo

rm
ly

b
o
u

n
d

e
d

in
p

u
ts

a
re

u
n

iv
e
r-

sa
l.

A
s

it
w

a
s

th
e

case
in

th
e

d
eterm

in
istic

setu
p
,

n
on

-h
om

ogen
eo

u
s

S
A

S
are

u
n
iversal

tim
e-in

varia
n
t

fad
in

g
m

em
ory

fi
lters

in
th

e
sto

ch
astic

fra
m

ew
o
rk

w
ith

a
lm

ost
su

rely
u
n
iform

ly
b

ou
n
d
ed

in
p
u
ts.

T
h
eir

a
d
van

ta
ge

w
ith

resp
ect

to
th

e
fa

m
ilies

p
ro

p
o
sed

in
th

e
p
rev

iou
s

co
rolla

ry
is

th
at

th
ey

u
se

a
lin

ear
rea

d
-

o
u
t

w
h
ich

is
of

m
a
jo

r
im

p
o
rtan

ce
in

p
ra

ctica
l

im
p
lem

en
tatio

n
s.

M
ore

sp
ecifi

cally,
th

e
follow

in
g

resu
lt

h
old

s
tru

e
as

a
d
irect

co
n
seq

u
en

ce
of

T
h
eorem

19
an

d
th

e
eq

u
iva

len
ce

stated
in

T
h
eorem

27.

T
h

e
o
re

m
3
4

(U
n

iv
e
rsa

lity
o
f
S

A
S

re
se

rv
o
ir

c
o
m

p
u

te
rs

w
ith

a
lm

o
st

su
re

ly
u

n
ifo

rm
ly

b
o
u

n
d

e
d

in
p

u
ts)

L
et
K
L
∞

I
⊂
L
∞

(Ω
,R

Z
−

)
be

th
e

set
o
f

a
lm

o
st

su
rely

a
n

d
u

n
ifo

rm
ly

bo
u

n
d
ed

p
rocesses

in
th

e
in

terva
l
I

=
[−

1,1],
th

a
t

is,

K
L
∞

I
:=
{
z
∈
L
∞

(Ω
,R

Z
−

)|‖z
t ‖
L
∞
≤

1,
fo

r
a
ll

t∈
Z
− }

.

L
etS

ε
be

th
e

fa
m

ily
o
f

fu
n

ctio
n

a
ls
H
p
,q

W
:
K
L
∞

I
−→

L
∞

(Ω
,R

)
in

d
u

ced
by

th
e

sta
te-a

ffi
n

e
system

s
d
efi

n
ed

in
(3

.11)-(3.12)
a
n

d
th

a
t

sa
tisfy

M
p

:=
m

a
x
z∈
I ‖
p
(z

)‖
<

1−
ε

a
n

d
M
q

:=
m

ax
z∈
I ‖q(z

)‖
<

1−
ε.

T
h
e

fa
m

ily
S
ε

fo
rm

s
a

po
lyn

o
m

ia
l

su
ba

lgebra
o
fR

w
ρ

(a
s

d
efi

n
ed

in
(4.14))

w
ith

w
ρt

:=
(1−

ε)
ρ
t,

m
a
d
e

o
f

fa
d
in

g
m

em
o
ry

reservo
ir

fi
lters

th
a
t

m
a
p

in
to
L
∞

(Ω
,R

).
M

o
reo

ver,
fo

r
a
n

y
tim

e-in
va

ria
n

t
a
n

d
ca

u
sa

l
fa

d
in

g
m

em
o
ry

fi
lter

H
:

(K
L
∞

I
,‖·‖

L
∞w
ρ
)−→

L
∞

(Ω
,R

)
a
n

d
a
n

y
ε
>

0
,

th
ere

exist
a

n
a
tu

ra
l

n
u

m
ber

N
∈

N
,

po
lyn

o
m

ia
ls
p
(z

)∈
M
N
,N

[z
],q(z

)∈
M
N
,1 [z

]
w

ith
M
p ,M

q
<

1−
ε,

a
n

d
a

vecto
r

W
∈
R
N

su
ch

th
a
t

‖H
−
H
p
,q

W
‖∞

:=
su

p
z∈
K
L
∞

I

{‖
H

(z
)−

H
p
,q

W
(z

)‖
L
∞
}
<
ε.

T
h
e

sa
m

e
u

n
iversa

lity
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n
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sta
ted
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r

th
e
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a
ller
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m
ily
N
S
ε
⊂
S
ε
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S
A

S
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s
d
eterm
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ed
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h
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p
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p
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s
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e
u
n
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ersa
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p
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b
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in
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e
a
p
p
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fad
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g

m
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ory
fi
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u
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g
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p
u
ter
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C

)
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R
C

s
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a
p
a
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p
e
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recu
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t

n
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n
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ork
s

th
a
t

h
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p
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n
t

a
p
p
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s
b

o
th
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m
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in
e
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g

a
n
d
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p
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cessin
g

w
h
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p
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p
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p
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T
h
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p
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n
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e
p
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ility

o
f

b
u
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g

h
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b
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p
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g
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p
p
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th
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d
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t
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b

e
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r
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d
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e
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m
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d
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h
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G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a
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u
ces

th
e

train
in

g
o
f

a
d
y
n
am

ic
task

to
a

static
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n
p
rob

lem
an

d
allow

s
to
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m

ven
t

w
ell-

k
n
ow

n
d
iffi

cu
lties

in
th

e
train

in
g

of
gen
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recu

rren
t

n
eu

ral
n
etw

o
rk

s.
T

h
e

u
n
iversality

q
u
estion

th
at

w
e

a
d
d
ressed

co
n
sists

in
fi
n
d
in

g
fam

ilies
of

R
C

s
as

sim
p
le

as
p

ossib
le

su
ch

th
at

th
e

set
of

in
p
u
t/o

u
tp

u
t

fu
n
ction

als
th

a
t

ca
n

b
e

gen
erated

w
ith

th
em
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d
en

se
in

a
su

ffi
-

cien
tly

rich
class.

T
h
e

w
ork

p
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ted
h
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e
d
y
n
a
m
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u
n
terp

art
of

a
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tem
en

t
o
f
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ty
p

e
for

n
eu

ral
n
etw

ork
s
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a

static
an

d
d
eterm

in
istic

setu
p
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w

h
ich
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ey

h
ave

b
een

p
roved
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b

e
u
n
iversal

ap
p
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im
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T
h
e

R
C

u
n
iversality
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lts
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in
th

e
p
a
p

er
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rresp
o
n
d

to
tw

o
d
iff

eren
t

situ
ation

s
in

w
h
ich

th
e

in
p
u
ts

are
eith

er
d
eterm

in
istic

an
d

u
n
iform

ly
b

o
u
n
d
ed

or
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ch
a
stic

an
d

alm
ost

su
rely

u
n
iform

ly
b

ou
n
d
ed

.
In

b
oth
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w

e
p
roved
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o

d
iff

eren
t

u
n
iversality

sta
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en
ts.

F
irst,

w
e

sh
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at
th

e
fam

ily
of

fad
in

g
m

em
ory

R
C

s
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u
n
iversa

l
in

th
e

m
u
ch
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fad
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g

m
em

ory
fi
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T

h
e
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e
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p
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e
m

u
ch
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a
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R
C

fam
ily
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n
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g
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w
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o
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o
m
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l
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d
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w

h
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n
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p
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e
reservoir

m
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T

h
e

secon
d
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n
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s
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p
u
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w
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d
ou
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w

h
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a
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e
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p

e
of

R
C

s
u
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p
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n
s
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d

h
ard

w
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p
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M
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w

e
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d
u
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e

fam
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w

h
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o
n
-

h
om
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n
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an
d
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e
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o
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n
d
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e

fad
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g
m
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F

in
a
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w
e
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a
u
n
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a
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b
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class

w
h
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sh
ow

n
to

b
e

u
n
iversa

l
in
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e
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e

fad
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g
m

em
ory

fi
lters
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tego

ry
as
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ove.

T
h
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u
n
iversality

statem
en

ts
are

th
en

g
en

eralized
to

th
e

sto
ch

a
stic

setu
p

for
alm

ost
su

rely
u
n
iform

ly
b

ou
n
d
ed

in
p
u
ts.

In
p
articu

lar,
w

e
sh

ow
ed

th
at

an
y

d
iscrete-tim

e
fi
lter

th
at

h
as

th
e

fad
in

g
m

em
ory

p
rop

erty
w

ith
a
lm

o
st

su
rely

u
n
iform

ly
b

ou
n
d
ed

sto
ch

a
stic

in
p
u
ts

ca
n

b
e

u
n
iform

ly
a
p
p
rox

im
a
ted

b
y

elem
en

ts
in

th
e

n
o
n
-

h
om

ogen
eou

s
state-affi

n
e

fam
ily.

A
ll

th
e

d
en

sity
sta

tem
en

ts
in

th
e

p
ap

er
a
re

form
u
la

ted
w

ith
resp

ect
to

n
atu

ral
u
n
iform

ap
p
rox

im
a
tion

n
orm

s
th

a
t

ap
p

ear
in

each
of

th
e

d
iff

eren
t

cases
con

sid
ered

.
D

esp
ite

p
reex

istin
g

w
ork

,
th

ese
u
n
iversa

lity
resu

lts
are,

to
o
u
r

k
n
ow

led
ge,

th
e

fi
rst

of
th

eir
ty

p
e

in
th

e
sem

i-in
fi
n
ite

d
iscrete-tim

e
in

p
u
ts

setu
p
.

In
th

e
sto

ch
a
stic

case
th

ey
o
p

en
th

e
d
o
or

to
n
ew

d
evelop

m
en

ts
in

th
e

learn
in

g
th

eory
of

sto
ch

a
stic

p
ro

cesses.

6
.

A
p
p

e
n
d
ice

s

6
.1

P
ro

o
f

o
f

L
e
m

m
a

1

L
et
w

:N
−→

(0,1]
b

e
an

arb
itra

ry
w

eigh
tin

g
seq

u
en

ce.
T

h
en

,
fo

r
an

y
z
∈
K
M

:

‖z‖
w

:=
su

p
t∈

Z
− {‖z

t w
−
t ‖}

=
su

p
t∈

Z
− {‖

z
t ‖
w
−
t }
≤
M
·
1

=
M

<
∞
.

R
egard

in
g

th
e

in
eq

u
alities

(2.4)
an

d
(2

.5
),

n
otice

th
at

if
w
t

=
λ
t

th
en

:

∞∑t=
0 ‖

z−
t ‖w

t
=

∞∑t=
0 ‖z−

t ‖
λ
t

=

∞∑t=
0 ‖

z−
t ‖(λ

1−
ρλ
ρ)
t

=

∞∑t=
0 ‖

z−
t ‖λ

(1−
ρ
)tλ

ρ
t

≤
∞∑t=

0

su
p

i∈
N {‖z−

i ‖
λ

(1−
ρ
)i }

λ
ρ
t

=
su

p
i∈

N {‖z−
i ‖λ

(1−
ρ
)i }

∞∑t=
0

λ
ρ
t

=
‖z‖

w
1−
ρ

1

1−
λ
ρ
,

w
h
ich

p
roves

(2.4).
T

h
e

p
ro

of
of

(2.5)
is

sim
ila

r
an

d
follow

s
from

n
o
ticin

g
th

a
t:

∞∑t=
0 ‖

z−
t ‖λ

(1−
ρ
)tλ

ρ
t≤

∞∑t=
0

su
p

i∈
N {‖z−

i ‖λ
ρ
i }
λ

(1−
ρ
)t)

=
su

p
i∈

N {‖
z−

i ‖
λ
ρ
i }
∞∑t=

0

λ
(1−

ρ
)t

=
‖z‖

w
ρ

1

1−
λ

1−
ρ
.
�

2
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6
.2

P
ro

o
f

o
f

L
e
m

m
a

2

W
e

re
ca

ll
fi
rs

t
th

at
b
y

L
em

m
a

1
w

e
h
av

e
th

at
‖z
‖ w

<
∞

,
fo

r
an

y
z
∈
K
M

.
S
ec

o
n
d
,

si
n
ce

(`
∞ w

(R
n
),
‖·
‖ w

)
is

a
B

an
ac

h
sp

ac
e

(G
ri

go
ry

ev
a

an
d

O
rt

eg
a

(2
0
18

))
,

it
is

h
en

ce
m

et
ri

za
b
le

an
d

th
er

ef
or

e
so

is
(K

M
,‖
·‖
w

)
w

h
en

en
d
ow

ed
w

it
h

th
e

re
la

ti
ve

to
p

o
lo

gy
(s

ee
,
fo

r
in

st
a
n
ce

,
E

x
er

ci
se

1,
C

h
ap

te
r

2,
§2

1,
M

u
n
k
re

s
(2

01
4
))

.
W

e
w

il
l
th

en
co

n
cl

u
d
e

th
e

co
m

p
ac

tn
es

s
o
f

(K
M
,‖
·‖
w

)
b
y

sh
ow

in
g

th
a
t

th
is

sp
ac

e
is

se
q
u
en

ti
al

ly
co

m
p
ac

t
(s

ee
,

fo
r

ex
a
m

p
le

,
T

h
eo

re
m

28
.2

in
M

u
n
k
re

s
(2

0
14
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.

W
e

p
ro

ce
ed

b
y

u
si

n
g

th
e

st
ra

te
gy

in
th

e
p
ro

of
of

L
em

m
a

1
in

B
oy

d
an

d
C

h
u
a

(1
98

5)
.

F
o
r

a
n
y
m
∈

N
,

le
t
K
m M

b
e

th
e

se
t

o
b
ta

in
ed

b
y

p
ro

je
ct

in
g

in
to

(R
n
){
−
m
,.
..
,−

1
,0
}

th
e

el
em

en
ts

o
f

K
M
⊂

(R
n
)Z
−

.
G

iv
en

a
n

el
em

en
t

z
∈
K
M

,
w

e
w

il
l

d
en

ot
e

b
y

z
(m

)
:=

(z
−
m
,.
..
,z

0
)

it
s

p
ro

je
ct

io
n

in
to

K
m M

.
A

d
d
it

io
n
al

ly
,

n
ot

ic
e

th
at
K
m M

=
B
n
(0
,M

)m
+

1
is

co
m

p
ac

t
(a

n
d

h
en

ce
se

q
u
en

ti
al

ly
co

m
p
ac

t)
w

it
h

th
e

p
ro

d
u
ct

to
p

o
lo

gy
,

si
n
ce

it
is

a
p
ro

d
u
ct

o
f

cl
os

ed
b
al

ls
B
n
(0
,M

)
⊂

R
n

w
h
ic

h
ar

e
co

m
p
ac

t.
L

et
{z

(n
)}
n
∈N
⊂
K
M

b
e

a
se

q
u
en

ce
o
f

el
em

en
ts

in
K
M

.
T

h
e

a
rg

u
m

en
t

th
at

w
e

ju
st

st
at

ed
p
ro

v
es

th
at

fo
r

a
n
y
k
∈
N

,
th

er
e

is
a

su
b
se

t
N
k
⊂

N
an

d
an

el
em

en
t

z
(k

)
∈
K
k M

su
ch

th
at

m
ax

t∈
{−
k
,.
..
,0
}

∥ ∥ ∥z
t
(n

)
−

z
(k

)
t

∥ ∥ ∥
−→

0
,
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n
→
∞

,
n
∈
N
k
.

M
o
re

ov
er

,
th

e
se

ts
N
k

ca
n

b
e

co
n
st

ru
ct

ed
so

th
a
t
N
⊃

N
1
⊃

N
2
⊃
··
·a

n
d

so
th

a
t

z
(k

)
ex

te
n
d
s

z
(l

)
w

h
en

k
≥
l.

T
h
is

im
p
li
es

th
e

ex
is

te
n
ce

of
a
n

el
em

en
t

z
∈
K
M

su
ch

th
at

,
fo

r
ea

ch
k
∈
N

,

m
a
x

t∈
{−
k
,.
..
,0
}
‖z
t
(n

)
−

z
t
‖
−→

0,
a
s
n
→
∞

,
n
∈
N
k
,

a
n
d

h
en

ce
th

er
e

ex
is

ts
an

in
cr

ea
si

n
g

su
b
se

q
u
en

ce
n
k

su
ch

th
a
t
n
k
∈
N
k

a
n
d

th
at

fo
r

ea
ch

k
0
,

m
ax

t∈
{−
k
0
,.
..
,0
}
‖z
t
(n
k
)
−

z
t
‖
−→

0
,

as
k
−→
∞
.
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W
e

co
n
cl

u
d
e

b
y

sh
ow

in
g

th
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th
e

se
q
u
en

ce
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k
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n
ve
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es

in
(K

M
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·‖
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)
to

th
e

el
em

en
t

z
∈
K
M

.
F

ir
st

,
g
iv

en
th

at
w
t
−→

0
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t
−→
∞

,
th

en
fo

r
an

y
ε
>

0
th

er
e

ex
is

ts
k

0
su

ch
th

a
t
w
k
<
ε/

2
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,
fo

r
an

y
k
≥
k

0
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A
d
d
it

io
n
al

ly
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si
n
ce

z
(n
k
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z
∈
K
M

fo
r

an
y
k
∈
N

,
w

e
h
av

e
th

at

su
p
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k
0

{‖
z
t
(n
k
)
−

z
t
‖w
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≤

2
M
w
k
0
<
ε.
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N
ow
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b
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)
th

er
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ex
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k

1
su

ch
th

at
fo

r
an

y
k
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su
p

t∈
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}{
‖z
t
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)
−

z
t
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−
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<

su
p
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‖z
t
(n
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−

z
t
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.3

)

C
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en
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)
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m
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e
n
ow

sh
ow

th
a
t
H
U

h
a
s

th
e

F
M

P
w

it
h

re
sp

ec
t

to
w
′

v
ia

th
e

ep
si

lo
n
-d

el
ta

re
la

ti
on

gi
ve

n
b
y
δw
′ (ε

)
:=

δw
(ε

)/
λ

.
In

d
ee

d
,

fo
r

a
n
y
ε
>

0
an

d
an

y
z
,s
∈
K

su
ch

th
at
‖z
−

s‖
w
′
<
δw
′ (ε

),
w

e
h
av

e
th

a
t

‖z
−

s‖
w

=
su

p
t∈

Z −
{‖

z
t
−

s t
‖w
−
t
}

=
su

p
t∈

Z −

{ ‖
z
t
−

s t
‖w
−
t

w
′ −
t

w
′ −
t

}
<
λ

su
p

t∈
Z −
{‖

z
t
−

s t
‖w
′ −
t
}
<
λ
‖z
−

s‖
w
′
<
λ
δw
′ (ε

)
=
δw

(ε
),

an
d

co
n
se

q
u
en

tl
y,

si
n
ce
H
U

h
as

th
e

F
M

P
w

it
h

re
sp

ec
t

to
th

e
w

ei
g
h
ti

n
g

se
q
u
en

ce
w

,
w

e
ca

n
co

n
cl

u
d
e

th
at
|H

U
(z

)
−
H
U

(s
)|
<
ε.

T
h
is

sh
ow

s
th

a
t

th
e

im
p
li
ca

ti
on

‖z
−

s‖
w
′
<
δw
′ (ε

)
=
⇒
|H

U
(z

)
−
H
U

(s
)|
<
ε

h
ol

d
s,

a
s

re
q
u
ir

ed
.
�
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G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

6
.4

P
ro

o
f

o
f

T
h

e
o
re

m
8

S
in

ce
th

e
el

em
en

ts
in
R

h
av

e
th

e
F

M
P

w
it

h
re

sp
ec

t
to

a
gi

ve
n

w
ei

gh
te

d
n
o
rm
‖·
‖ w

,
th

en
so

d
o

th
o
se

in
A

(R
)

si
n
ce

p
ol

y
n
om

ia
l

co
m

b
in

at
io

n
s

of
co

n
ti

n
u
ou

s
el

em
en

ts
of

th
e

fo
rm

H
F
i

h
i

:
(K

M
,‖
·‖
w

)
−→

R
ar

e
a
ls

o
co

n
ti

n
u
ou

s.
T

h
er

ef
or

e,
u
n
d
er

th
a
t

h
y
p

o
th

es
is

,
A

(R
)

is
a

p
ol

y
n
o
m

ia
l

su
b
a
lg

eb
ra

o
f

th
e

al
ge

b
ra

(C
0
(K

M
),
‖·
‖ w

)
of

re
al

-v
al

u
ed

co
n
ti

n
u
ou

s
fu

n
ct

io
n
s

o
n

(K
M
,‖
·‖
w

).
S
in

ce
b
y

h
y
p

o
th

es
is
A

(R
)

co
n
ta

in
s

th
e

co
n
st

an
t

fu
n
ct

io
n
al

s
a
n
d

se
p
ar

at
es

th
e

p
oi

n
ts

in
K
M

an
d
,

b
y

L
em

m
a

2,
th

e
se

t
(K

M
,‖
·‖

w
)

is
co

m
p
ac

t,
th

e
S
to

n
e-

W
ei

er
st

ra
ss

th
eo

re
m

(T
h
eo

re
m

7.
3
.1

in
D

ie
u
d
on

n
é

(1
96

9)
)

im
p
li
es

th
a
t
A

(R
)

is
d
en

se
in

(C
0
(K

M
),
‖·
‖ w

),
w

h
ic

h
co

n
cl

u
d
es

th
e

p
ro

of
.
�

6
.5

P
ro

o
f

o
f

C
o
ro

ll
a
ry

1
1

In
or

d
er

to
sh

ow
th

at
th

e
re

se
rv

oi
r

sy
st

em
s

in
L ε

in
d
u
ce

re
se

rv
oi

r
fi
lt

er
s,

w
e

fi
rs

t
sh

ow
th

at
th

ey
h
av

e
th

e
ec

h
o

st
at

e
p
ro

p
er

ty
b
y

u
si

n
g

th
e

fo
ll
ow

in
g

le
m

m
a,

w
h
os

e
p
ro

o
f

ca
n

b
e

fo
u
n
d

in
G

ri
go

ry
ev

a
an

d
O

rt
eg

a
(2

01
8)

.

L
e
m

m
a

3
5

L
et
D
N
⊂

R
N

a
n

d
D
n
⊂

R
n

a
n

d
le

t
F

:
D
N
×
D
n
−→

D
N

be
a

co
n

ti
n

u
o
u

s
re

se
rv

o
ir

m
a
p
.

S
u

p
po

se
th

a
t
F

is
a

co
n

tr
a
ct

io
n

m
a
p

w
it

h
co

n
tr

a
ct

io
n

co
n

st
a
n

t
0
<
r
<

1
,

th
a
t

is
:

‖F
(x
,z

)
−
F

(y
,z

)‖
≤
r
‖x
−

y
‖,

fo
r

a
ll

x
,y
∈
D
N

a
n

d
a
ll

z
∈
D
n
,

th
en

th
e

co
rr

es
po

n
d
in

g
re

se
rv

o
ir

sy
st

em
h
a
s

th
e

ec
h
o

st
a
te

p
ro

pe
rt

y.

W
e

st
ar

t
n
ow

b
y

n
o
ti

n
g

th
at

th
e

co
n
d
it

io
n
σ

m
a
x
(A

)
<

1
−
ε
<

1
im

p
li
es

th
at

th
e

re
se

rv
oi

r
m

a
p

F
(x
,z

)
:=

A
x

+
c
z

as
so

ci
at

ed
to

(3
.7

)
is

a
co

n
tr

ac
ti

n
g

m
ap

w
it

h
co

n
st

an
t
σ

m
a
x
(A

)
w

h
ic

h
,

b
y

h
y
p

ot
h
es

is
,

is
sm

al
le

r
th

an
on

e.
In

d
ee

d
,

‖F
(x
,z

)
−
F

(y
,z

)‖
=
‖A

(x
−

y
)‖
≤
σ

m
a
x
(A

)
‖x
−

y
‖

fo
r

a
ll

x
,y
∈
D
N

an
d

a
ll

z
∈
D
n
.

B
y

L
em

m
a

35
w

e
ca

n
co

n
cl

u
d
e

th
at

th
is

re
se

rv
o
ir

sy
st

em
h
as

a
re

se
rv

oi
r

fi
lt

er
as

so
ci

at
ed

th
a
t

w
e

n
ow

sh
ow

is
ex

p
li
ci

tl
y

gi
ve

n
b
y

(3
.9

).
W

e
st

ar
t

b
y

p
ro

v
in

g
th

at
th

e
co

n
d
it

io
n
s
σ

m
a
x
(A

)
<

1
−
ε
<

1
a
n
d

th
at

th
e

el
em

en
ts

in
K
M

a
re

u
n
if

or
m

ly
b

ou
n
d
ed

b
y

a
co

n
st

a
n
t
M

im
p
ly

th
at

th
e

in
fi
n
it

e
su

m
in

(3
.9

)
is

co
n
ve

rg
en

t.
L

et
n
,m
∈
N

b
e

su
ch

th
a
t
n
<
m

an
d

le
t
S
n

:=
∑
n i=

0
A
i c
z −

i.
N

ow
:

‖S
n
−
S
m
‖

=

∥ ∥ ∥ ∥ ∥ ∥

m ∑

j
=
n

+
1

A
i c

z
−
i∥ ∥ ∥ ∥ ∥ ∥
≤

m ∑

j
=
n

+
1

‖A
‖i 2
‖c
‖ 2
‖z
−
i‖
≤
M
‖c
‖ 2

m ∑

j
=
n

+
1

σ
m

a
x
(A

)i

≤
M
‖c
‖ 2

∞ ∑

j
=
n

+
1

σ
m

a
x
(A

)i
=
M
‖c
‖ 2

σ
m

a
x
(A

)n
+

1

1
−
σ

m
a
x
(A

)
.

T
h
e

co
n
d
it

io
n
σ

m
a
x
(A

)
<

1
−
ε
<

1
im

p
li
es

th
at
M
‖c
‖ 2

σ
m

a
x
(A

)n
+

1

1
−
σ
m

a
x
(A

)
=
M

σ
m

a
x
(c

)σ
m

a
x
(A

)n
+

1

1
−
σ
m

a
x
(A

)
→

0
a
s
n
→
∞

an
d

h
en

ce
{S

n
} n
∈N

is
a

C
a
u
ch

y
se

q
u
en

ce
in

R
N

th
at

co
n
se

q
u
en

tl
y

co
n
ve

rg
es

.
T

h
e

fa
ct

th
at

th
e

fi
lt

er
d
et

er
m

in
ed

b
y

th
e

ex
p
re

ss
io

n
(3

.9
)

is
a

so
lu

ti
on

of
th

e
re

cu
rs

io
n
s

(3
.7

)-
(3

.8
)

is

a
st

ra
ig

h
tf

or
w

ar
d

ve
ri

fi
ca

ti
o
n
.

In
or

d
er

to
ca

rr
y

it
o
u
t,

it
su

ffi
ce

s
to

u
se

th
at

th
e

fi
lt

er
U
A
,c

h
(z

)
a
ss

o
ci

at
ed

to
th

e
fu

n
ct

io
n
al
H
A
,c

h
(z

)
is

gi
ve

n
b
y U

A
,c

h
(z

) t
=
h

(
∞ ∑ i=

0

A
i c

z
t−
i)
,

an
d

th
at

th
e

ti
m

e
se

ri
es

x̃
t

d
efi

n
ed

b
y

x̃
t

:=
∑
∞ i=

0
A
i c

z
t−
i

sa
ti

sfi
es

th
e

re
cu

rs
io

n
re

la
ti

o
n

(3
.7

).
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U
n
iv
e
r
sa

l
r
e
se

r
v
o
ir

c
o
m
p
u
t
e
r
s
w
it
h
l
in
e
a
r
r
e
a
d
o
u
t
s
u
sin

g
n
o
n
-h
o
m
o
g
e
n
e
o
u
s
st
a
t
e
-a
f
f
in
e
sy

st
e
m
s

W
e

n
ow

verify
b
y

h
an

d
th

at
th

e
fi
lters

U
A
,c

h
are

tim
e-in

varian
t.

L
et

z
∈
K
M

an
d
t,τ
∈
N

arb
itrary

an
d

let
U
τ

b
e

th
e

co
rresp

o
n
d
in

g
tim

e
d
elay

o
p

era
tor,

th
en

:

(
U
A
,c

h
◦
U
τ )

(z
)
t

=
(
U
A
,c

h
(U

τ (z
)) )

t
=
h (

∞∑i=
0

A
ic
U
τ (z

)
t−
i )

=
h (

∞∑i=
0

A
ic

z
t−
i−
τ )

(6
.4)

A
t

th
e

sa
m

e
tim

e,

(
U
τ ◦

U
A
,c

h

)
(z

)
t

=
(
U
τ (
U
A
,c

h
(z

) ))
t

=
U
A
,c

h
(z

)
t−
τ

=
h (

∞∑i=
0

A
ic

z
t−
τ−

i )
,

w
h
ich

coin
cid

es
w

ith
(6.4

)
an

d
p
rov

es
th

e
tim

e-in
va

ria
n
ce

of
U
A
,c

h
.

T
h
e

n
ex

t
step

co
n
sists

in
sh

ow
in

g
th

a
t

th
e

elem
en

ts
in
L
ε

are
λ
ρ -ex

p
on

en
tial

fad
in

g
m

em
ory

fi
lters,

w
ith

λ
ρ

:=
(1−

ε)
ρ,

for
an

y
ρ
∈

(0
,1),

th
at

is,L
ε ⊂
R
w
ρ,

w
ith

w
ρ

:N
→

(0
,1]

th
e

seq
u
en

ce
given

b
y

w
ρt

:=
(1−

ε)
ρ
t.

L
et‖·‖

w
ρ

b
e

th
e

a
sso

cia
ted

w
eig

h
ted

n
orm

in
K
M

a
n
d

let
z
∈
K
M

b
e

an
arb

itrary
elem

en
t.

W
e

sta
rt

b
y

n
o
tin

g
th

at
th

e
con

tin
u
ity

of
th

e
rea

d
ou

t
m

ap
h

:
D
N
→

R
im

p
lies

th
at

for
a
n
y

ε
>

0
th

ere
ex

ists
an

elem
en

t
δ(ε)

>
0

su
ch

th
at

fo
r

an
y

v
∈
D
N

th
at

satisfi
es

∥∥∥∥∥
v
−
∞∑i=

0

A
ic

z
t−
i ∥∥∥∥∥
<
δ(ε),

th
en

∣∣∣∣∣ h
(v

)−
h (

∞∑i=
0

A
ic

z
t−
i )
∣∣∣∣∣
<
ε.

(6
.5

)

W
e

n
ow

sh
ow

th
at

fo
r

a
n
y

s∈
K
M

su
ch

th
at

‖s−
z‖
w
ρ
<
δ(ε) (1−

(1−
ε)

1−
ρ )

σ
m

a
x (c

)
,

th
en

∣∣∣ H
A
,c

h
(s)−

H
A
,c

h
(z

) ∣∣∣
<
ε.

(6.6
)

In
d
eed

,

∥∥∥∥∥
∞∑i=

0

A
ic

s
t−
i −

∞∑i=
0

A
ic

z
t−
i ∥∥∥∥∥

=

∥∥∥∥∥
∞∑i=

0

A
ic

(s
t−
i −

z
t−
i ) ∥∥∥∥∥
≤
∞∑i=

0 ∥∥
A
ic

(s
t−
i −

z
t−
i ) ∥∥

≤
∞∑i=

0

σ
m

a
x (A

i)‖c
(s
t−
i −

z
t−
i )‖
≤
∞∑i=

0

σ
m

a
x (A

)
i‖

c
(s
t−
i −

z
t−
i )‖
≤
∞∑i=

0 (1−
ε)
i‖c

(s
t−
i −

z
t−
i )‖

.

If
w

e
n
ow

u
se

(2.5)
in

L
em

m
a

1
an

d
th

e
h
y
p

o
th

esis
in

(6.6
),

w
e

ca
n

con
clu

d
e

th
at

∞∑i=
0 (1−

ε)
i‖

c
(s
t−
i −

z
t−
i )‖
≤
σ

m
a
x (c

)

∞∑i=
0 (1−

ε)
i‖(s

t−
i −

z
t−
i )‖
≤
σ

m
a
x (c

)‖s−
z‖
w
ρ

1−
(1−

ε)
1−
ρ

<
δ(ε),

w
h
ich

p
roves

th
e

con
tin

u
ity

of
th

e
m

a
p
H
A
,c

h
:

(K
M
,‖·‖

w
ρ)
−→

R
an

d
h
en

ce
sh

ow
s

th
at
H
A
,c

h
is

a
λ
ρ -ex

p
o
n
en

tial
fad

in
g

m
em

ory
fi
lter.

In
ord

er
to

estab
lish

th
e

u
n
iversality

sta
tem

en
t

in
th

e
corollary

w
e

w
ill

p
ro

ceed
,

as
in

th
e

p
ro

of
of

T
h
eorem

8,
b
y

sh
ow

in
g

th
a
tL

ε
is

a
p

o
ly

n
om

ial
algeb

ra
th

at
con

tain
s

th
e

con
stan

t
fu

n
ction

als
an

d
sep

arates
th

e
p

oin
ts

in
K
M

an
d

th
en

b
y

in
vo

k
in

g
th

e
S
to

n
e-W

eierstrass
th

eorem
u
sin

g
th

e
com

p
actn

ess
of

(K
M
,‖·‖

w
ρ).

In
ord

er
to

sh
ow

th
a
t

(L
ε ,‖·‖

w
ρ)

is
a

p
oly

n
om

ial
algeb

ra
,

n
o
tice

fi
rst

th
at

if
A

1 ,A
2 ∈

M
N

are
su

ch
th

at
σ

m
a
x (A

1 ),σ
m

a
x (A

2 )
<

1−
ε,

th
en

σ
m

a
x (A

1 ⊕
A

2 )
=

m
ax

(σ
m

a
x (A

1 ),σ
m

a
x (A

2 ))
<

1−
ε.

(6.7
)
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G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

If
w

e
n
ow

tak
e

c
i ∈

M
N
i ,n

,
i∈
{1,2}

a
n
d
h

1 ,h
2

tw
o

real-valu
ed

p
o
ly

n
om

ia
ls

in
N

1
an

d
N

2
variab

les,
resp

ectively,
w

e
h
ave

b
y

th
e

fi
rst

p
a
rt

o
f

th
e

coro
llary

th
at

w
e

ju
st

p
roved

th
at

th
e

fi
lter

fu
n
ctio

n
als

H
A

1
,c

1

h
1

a
n
d
H
A

2
,c

2

h
2

are
w

ell
d
efi

n
ed

.
A

d
d
ition

ally,
b
y

(3
.3

)-(3.4)
so

are
th

e
com

b
in

a
tion

s
H
A

1
,c

1

h
1
·H

A
2
,c

2

h
2

an
d
H
A

1
,c

1

h
1

+
λ
H
A

2
,c

2

h
2

th
at

satisfy
:

H
A

1
,c

1

h
1
·H

A
2
,c

2

h
2

=
H
A

1 ⊕
A

2
,c

1 ⊕
c
2

h
1 ·h

2
,

H
A

1
,c

1

h
1

+
λ
H
A

2
,c

2

h
2

=
H
A

1 ⊕
A

2
,c

1 ⊕
c
2

h
1 ⊕
λ
h
2

,
λ
∈
R
.

(6
.8

)

U
sin

g
th

e
relation

s
(6.8)

an
d

(6.7),
w

e
can

con
clu

d
e

th
a
t

b
oth

H
A

1
,c

1

h
1
·
H
A

2
,c

2

h
2

an
d
H
A

1
,c

1

h
1

+
λ
H
A

2
,c

2

h
2

b
elon

g
to
L
ε ⊂
R
w
ρ.

T
h
is

im
p
lies

th
at

(L
ε ,‖·‖

w
ρ)

is
a

p
oly

n
o
m

ial
su

b
alg

eb
ra

of
(R

w
ρ,‖·‖

w
ρ)

S
in

ceL
ε

con
tain

s
th

e
co

n
stan

t
fu

n
ction

als
(ju

st
take

con
stan

t
read

ou
t

m
ap

s
h

),
in

ord
er

to
con

clu
d
e

th
e

p
ro

o
f,

it
is

en
ou

gh
to

sh
ow

th
at

th
e

elem
en

ts
in
L
ε

sep
a
ra

te
p

o
in

ts
in
K
M

.
In

th
e

p
ro

o
f

of
th

is
statem

en
t

w
e

n
eed

th
e

follow
in

g
elem

en
tary

fact
ab

ou
t

a
n
aly

tic
fu

n
ction

s.

L
e
m

m
a

3
6

L
et
M

>
0

a
n

d
let

z
∈

[−
M
,M

] Z
−

.
D

efi
n

e
th

e
rea

l
va

lu
ed

fu
n

ctio
n
f
z (x

)
:=
∑
∞j
=

0
z−

j x
j.

T
h
is

fu
n

ctio
n

is
rea

l
a
n

a
lytic

in
th

e
in

terva
l

(−
1,1).

M
o
reo

ver,
if

z
6=

0
,

th
en

th
ere

exists
a

po
in

t
x

0 ∈
(−

1,1)
su

ch
th

a
t
f
z (x

0 )6=
0.

P
ro

o
f

o
f

th
e

le
m

m
a
.

W
e

n
o
te

fi
rst

th
a
t

fo
r

an
y
x
∈

(−
1,1)

an
d

a
n
y
s∈

N
w

e
h
ave

th
at

∣∣∣∣∣∣

s
∑j
=

0

z−
j x
j ∣∣∣∣∣∣ ≤

s
∑j
=

0 |z−
j | ∣∣x

j ∣∣≤
M

s
∑j
=

0 |x| j≤
M

1−
|x| .

T
ak

in
g

th
e

lim
it
s→

∞
,

w
e

o
b
ta

in
th

at

|f
z (x

)|≤
M

1−
|x| ,

for
a
ll
x
∈

(−
1
,1),

w
h
ich

p
roves

th
e

fi
rst

claim
in

th
e

lem
m

a.
N

ow
,

b
y

th
e

u
n
iq

u
en

ess
th

eo
rem

for
th

e
rep

resen
tatio

n
of

an
aly

tic
fu

n
ction

s
b
y

p
ow

er
series

(see
B

row
n

a
n
d

C
h
u
rch

ill
(20

09),
p
age

217
),

th
e

series ∑
∞j
=

0
z−

j x
j

is
th

e
T

ay
lor

ex
p
an

sion
aro

u
n
d

0
o
f
f
z (x

).
S
in

ce
z
6=

0
b
y

h
y
p

o
th

esis,
som

e
of

th
e

d
eriva

tives
of
f
z (x

)
are

n
on

-zero
an

d
h
en

ce
th

is
fu

n
ction

can
n
ot

b
e

fl
at,

w
h
ich

im
p
lies

th
at

th
ere

ex
ists

a
p

oin
t
x

0 ∈
(−

1,1)
su

ch
th

at
f
z (x

0 )6=
0.H

W
e

n
ow

sh
ow

th
at

th
e

elem
en

ts
in
L
ε

sep
a
ra

te
p

oin
ts

in
K
M

.
T

ake
z

1 ,z
2 ∈

K
M
⊂

(R
n
) Z
−

su
ch

th
a
t

z
1
6=

z
2

an
d

let
A
∈

M
(n
,n

),
w

ith
σ

m
a
x (A

)
<

1−
ε,

a
n
d

c
:=

I
n
.

L
et
U
A
,c

:
K
M
−→

(R
n
) Z
−

b
e

th
e

lin
ear

fi
lter

asso
ciated

to
A

an
d

c
v
ia

th
e

recu
rsion

(3.7).
U

sin
g

th
e

p
reced

in
g

argu
m

en
ts

w
e

h
ave

th
at

U
A
,c(z

)
t

=
∞∑j
=

0

A
jz
t−
j .

(6.9
)

S
in

ce
z

1 6=
z

2 ,
th

en
th

ere
ex

ists
a
n
d

in
d
ex

i∈
{
1,...,n}

a
n
d
t∈

Z
−

su
ch

th
a
t (z

i1 )
t 6=

(z
i2 )
t .

L
et

n
ow

b∈
(−

1
+
ε,1−

ε)
an

d
let

A
b

:=
d
iag

(0
,...,0,b,0,...,0)∈

D
n

b
e

th
e

m
atrix

th
at

h
as

th
e

elem
en

t
b

in
th

e
i-th

en
try.

It
is

ea
sy

to
see

u
sin

g
(6

.9)
th

at

U
A
b
,c(z

)
t

=


0,...,0,

∞∑j
=

0

b
jz
it−
j ,0

,...,0 
>

,
w

ith
∞∑j
=

0

b
jz
it−
j

in
th

e
i-th

en
try.

(6.1
0
)

L
et

s
:=

z
1 −

z
2 6=

0
.

N
otice

th
at

b
y

(6
.1

0)
w

e
h
ave

th
a
t
U
A
b
,c(s)

0
=
(

0,...,0
, ∑
∞j
=

0
b
js
i−
j ,0,...,0 )

>
.

G
iven

th
at

th
e

v
ector

s
i
∈

R
Z
−

is
n
on

-zero,
L

em
m

a
3
6,

im
p
lies

th
e

ex
isten

ce
of

an
elem

en
t
b
0
∈

2
4
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U
n
iv
e
r
sa

l
r
e
se

r
v
o
ir

c
o
m
p
u
t
e
r
s
w
it
h
l
in
e
a
r
r
e
a
d
o
u
t
s
u
si
n
g
n
o
n
-h
o
m
o
g
e
n
e
o
u
s
st
a
t
e
-a
f
f
in
e
sy

st
e
m
s

(−
1

+
ε,

1
−
ε)

su
ch

th
at
U
A
b
0
,c

(s
) 0
6=

0
,

w
h
ic

h
is

eq
u
iv

al
en

t
to
U
A
b
0
,c

(z
1
) 0
6=
U
A
b
0
,c

(z
2
) 0

.
U

si
n
g

th
e

p
ol

y
n
om

ia
l
h

(x
)

:=
x
i
∈
R

,
th

e
p
re

v
io

u
s

re
la

ti
on

im
p
li
es

th
a
t
U
A
b
0
,c

h
(z

1
) 0
6=
U
A
b
0
,c

h
(z

2
) 0

or
,
eq

u
iv

al
en

tl
y,

H
A
b
0
,c

h
(z

1
)
6=
H
A
b
0
,c

h
(z

2
)
,

a
s

re
q
u
ir

ed
.

W
e

co
n
cl

u
d
e

th
e

p
ro

of
b
y

es
ta

b
li
sh

in
g

th
e

u
n
iv

er
sa

li
ty

th
e

fa
m

il
ie

s
D
L ε

a
n
d
N
L

fo
rm

ed
b
y

th
e

li
n
ea

r
re

se
rv

oi
r

fi
lt

er
s

ge
n
er

a
te

d
b
y

d
ia

go
n
al

a
n
d

n
il
p

o
te

n
t

m
at

ri
ce

s,
re

sp
ec

ti
ve

ly
.

F
ir

st
,

in
th

e
ca

se
of
D
L ε

,
th

e
st

at
em

en
t

is
a

co
n
se

q
u
en

ce
o
f

(6
.8

)
a
n
d

of
th

e
fa

ct
th

at
w

h
en

th
e

m
at

ri
ce

s
A

1
an

d
A

2
ar

e
d
ia

go
n
a
l,

th
en

th
e

m
a
tr

ix
as

so
ci

at
ed

to
th

e
li
n
ea

r
m

ap
A

1
⊕
A

2
is

a
ls

o
d
ia

g
on

al
.

A
d
d
it

io
n
al

ly
,

n
ot

ic
e

th
at

th
e

p
o
in

t
se

p
ar

a
ti

on
p
ro

p
er

ty
fo

r
L ε

h
as

b
ee

n
p
ro

ve
d

u
si

n
g

d
ia

g
on

al
m

a
tr

ic
es

in
(6

.1
0)

an
d

h
en

ce
it

al
so

h
ol

d
s

fo
r
D
L ε

.
T

h
e

cl
a
im

fo
ll
ow

s
fr

om
th

e
S
to

n
e-

W
ei

er
st

ra
ss

th
eo

re
m

.
F

in
al

ly
,

in
th

e
ca

se
of
N
L,

th
e

p
ro

of
al

so
fo

ll
ow

s
fr

o
m

(6
.8

)
si

n
ce

it
is

st
ra

ig
h
tf

or
w

ar
d

to
se

e
th

at
w

h
en

th
e

m
a
tr

ic
es
A

1
a
n
d
A

2
ar

e
n
il
p

o
te

n
t,

th
en

th
e

m
a
tr

ix
as

so
ci

at
ed

to
th

e
li
n
ea

r
m

ap
A

1
⊕
A

2
is

a
ls

o
n
il
p

o
te

n
t.

It
is

o
n
ly

th
e

p
oi

n
t

se
p
a
ra

ti
on

p
ro

p
er

ty
of
N

th
at

re
q
u
ir

es
a

se
p
ar

at
e

ar
gu

m
en

t
th

at
w

e
p
ro

v
id

e
in

th
e

fo
ll
ow

in
g

li
n
es

.
L

et
z

1
,z

2
∈
K
M

su
ch

th
at

z
1
6=

z
2

a
n
d

le
t
t 0
∈

N
b

e
th

e
fi
rs

t
ti

m
e

in
d
ex

fo
r

w
h
ic

h
(z

1
) −
t 0
6=

(z
2
) −
t 0

,
th

at
is

,
(z

1
) −
t

=
(z

2
) −
t
,

fo
r

a
ll
t
∈
{0
,1
,.
..
,t

0
−

1
}.

L
et

n
ow

i 0
∈
{1
,.
..
,n
}

b
e

su
ch

th
a
t
( z
i 0 1

) −
t 0
6=
( z
i 0 2

) −
t 0

.
L

et
n
ow

A
t 0

+
1
∈
N

il
t 0

+
1

t 0
+

1
b

e
th

e
u
p
p

er
sh

if
t

m
at

ri
x

in
d
im

en
si

on
t 0

+
1,

th
a
t

is
,
A
t 0

+
1
∈
M
t 0

+
1

is
b
y

d
efi

n
it

io
n

a
su

p
er

d
ia

go
n
a
l

m
a
tr

ix
w

it
h

a
d
ia

go
n
al

of
on

es
a
b

ov
e

th
e

m
ai

n
d
ia

go
n
al

,
a
n
d

co
n
st

ru
ct

a
n

el
em

en
t

c
∈
M
t 0

+
1
,n

w
h
o
se

la
st

ro
w

is
gi

ve
n

b
y

a
ve

ct
or

o
f

ze
ro

s
w

it
h

th
e

ex
ce

p
ti

on
o
f

a
on

e
in

th
e

en
tr

y
i 0

.
T

h
e

n
il
p

ot
en

cy
o
f
A
t 0

+
1

im
p
li
es

U
A
t
0
+

1
,c

(z
) 0

=

t 0 ∑ j
=

0

A
j t 0

+
1
c
z
−
j
.

W
h
en

w
e

a
p
p
ly

th
is

ex
p
re

ss
io

n
to

z
1

an
d

z
2
,

si
n
ce

(z
1
) −
t

=
(z

2
) −
t
,

fo
r

al
l
t
∈
{0
,1
,.
..
,t

0
−

1}
,

w
e

o
b
ta

in
th

at

U
A
t
0
+

1
,c

(z
1
−

z
2
) 0

=
A
t 0 t 0

+
1
c
(z

1
−

z
2
) −
t 0

=
( 0
,.
..
,0
,(
z
i 0 1

) −
t 0
−
( z
i 0 2

) −
t 0

) >
6=

0
.

U
si

n
g

th
e

p
ol

y
n
om

ia
l
h

(x
)

:=
x
t 0

+
1
,

th
is

re
la

ti
on

im
p
li
es

th
at
U
A
t
0
+

1
,c

h
(z

1
) 0
6=
U
A
t
0
+

1
,c

h
(z

2
) 0

or
,

eq
u
iv

-

al
en

tl
y,
H
A
t
0
+

1
,c

h
(z

1
)
6=
H
A
t
0
+

1
,c

h
(z

2
)
,

as
re

q
u
ir

ed
.
�

6
.6

P
ro

o
f

o
f

P
ro

p
o
si

ti
o
n

1
4

W
e

st
ar

t
b
y

n
ot

in
g,

as
w

e
d
id

in
th

e
p
ro

o
f

of
C

o
ro

ll
a
ry

11
,

th
at

th
e

co
n
d
it

io
n

(3
.1

3)
im

p
li
es

th
at

th
e

re
se

rv
o
ir

m
ap

as
so

ci
at

ed
to

(3
.1

1)
is

a
co

n
tr

ac
ti

on
an

d
h
en

ce
,

b
y

L
em

m
a

3
5,

it
sa

ti
sfi

es
th

e
ec

h
o

st
a
te

p
ro

p
er

ty
a
n
d

h
as

a
w

el
l-

d
efi

n
ed

as
so

ci
at

ed
fi
lt

er
.

W
e

n
ow

p
ro

ve
th

at
th

e
co

n
d
it

io
n

(3
.1

3)
im

p
li
es

th
e

co
n
ve

rg
en

ce
of

th
e

se
ri

es
in

th
e

ex
p
re

ss
io

n
(3

.1
4)

.
L

et
K

1
:=

m
a
x
z
∈I
‖p

(z
)‖

2
=

m
ax
z
∈I
σ

m
a
x
(p

(z
))
<

1
a
n
d
K

2
:=

m
ax
z
∈I
‖q

(z
)‖

2
=

m
ax
z
∈I
σ

m
a
x
(q

(z
))

;
n
ot

ic
e

th
a
t
K

1
a
n
d
K

2
a
re

w
el

l-
d
efi

n
ed

d
u
e

to
th

e
co

m
p
ac

tn
es

s
of
I
.

L
et

n
ow

n
,m
∈

N
b

e
su

ch
th

at

n
<
m

an
d

le
t
S
n

:=
∑
n j
=

0

( ∏
j
−

1
k
=

0
p
(z
t−
k
)) q(

z t
−
j
)
∈
R
N

.
T

h
en

,

‖S
n
−
S
m
‖

=

∥ ∥ ∥ ∥ ∥ ∥

m ∑

j
=
n

+
1

(
j
−

1
∏ k
=

0

p
(z
t−
k
))

q(
z t
−
j
)∥ ∥ ∥ ∥ ∥ ∥
≤

m ∑

j
=
n

+
1

∥ ∥ ∥ ∥ ∥j
−

1
∏ k
=

0

p
(z
t−
k
)∥ ∥ ∥ ∥ ∥ 2

‖q
(z
t−
j
)‖

≤
m ∑

j
=
n

+
1

j
−

1
∏ k
=

0

‖p
(z
t−
k
)‖

2
‖q

(z
t−
j
)‖
≤
K

2

m ∑

j
=
n

+
1

K
j 1
≤
K

2

∞ ∑

j
=
n

+
1

K
j 1

=
K

2
K
n

+
1

1

1
−
K

1
.

2
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01
8

G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

T
h
e

co
n
d
it

io
n
K

1
<

1
im

p
li
es

th
at

K
2
K
n
+

1
1

1
−
K

1
→

0
a
s
n
→
∞

an
d

h
en

ce
{S

n
} n
∈N

is
a

C
au

ch
y

se
q
u
en

ce

in
R
N

th
at

co
n
se

q
u
en

tl
y

co
n
ve

rg
es

.
T

h
is

p
ro

ve
s

th
e

co
n
v
er

ge
n
ce

of
th

e
in

fi
n
it

e
se

ri
es

in
(3

.1
4)

an
d

th
e

ca
u
sa

l
ch

ar
ac

te
r

of
th

e
fi
lt

er
th

a
t

it
d
efi

n
es

.
T

h
e

ti
m

e-
in

va
ri

a
n
ce

ca
n

al
so

b
e

ea
si

ly
es

ta
b
li
sh

ed
b
y

m
im

ic
k
in

g
th

e
ve

ri
fi
ca

ti
on

th
at

w
e

ca
rr

ie
d

o
u
t

in
th

e
p
ro

o
f

o
f

C
or

o
ll
a
ry

11
.

W
e

n
ow

p
ro

ve
th

at
(3

.1
4
)

is
in

d
ee

d
a

so
lu

ti
on

of
(3

.1
1
):

p
(z
t
)x
t−

1
+
q(
z t

)
=
p
(z
t
)

 
∞ ∑ j
=

0

(
j
−

1
∏ k
=

0

p
(z
t−

1
−
k
))

q(
z t
−

1
−
j
) 

+
q(
z t

)
=
q(
z t

)
+
p
(z
t
)q

(z
t−

1
)

+
p
(z
t
)p

(z
t−

1
)q

(z
t−

2
)

+
p
(z
t
)p

(z
t−

1
)p

(z
t−

2
)q

(z
t−

3
)

+
··
·=

∞ ∑ j
=

0

(
j
−

1
∏ k
=

0

p
(z
t−
k
))

q(
z t
−
j
)

=
x
t
.

W
e

co
n
cl

u
d
e

b
y

p
ro

v
in

g
th

e
in

eq
u
al

it
y

in
(3

.1
6)

.
N

o
te

fi
rs

t
th

a
t

fo
r

a
n
y
m
∈
N

,

∥ ∥ ∥ ∥ ∥ ∥

m ∑ j
=

0

(
j
−

1
∏ k
=

0

p
(z
t−
k
))

q(
z t
−
j
)∥ ∥ ∥ ∥ ∥ ∥
≤

m ∑ j
=

0

∥ ∥ ∥ ∥ ∥j
−

1
∏ k
=

0

p
(z
t−
k
)∥ ∥ ∥ ∥ ∥ 2

‖q
(z
t−
j
)‖

≤
m ∑ j
=

0

j
−

1
∏ k
=

0

‖p
(z
t−
k
)‖

2
‖q

(z
t−
j
)‖
≤
K

2

( 1
−
K
m

+
1

1

)

1
−
K

1
,

an
d

h
en

ce
,

b
y

th
e

co
n
ti

n
u
it

y
o
f

th
e

n
o
rm

an
d

fo
r

a
n
y
t
∈
Z:

‖x
t
‖

=
li
m

m
→
∞

∥ ∥ ∥ ∥ ∥ ∥

m ∑ j
=

0

(
j
−

1
∏ k
=

0

p
(z
t−
k
))

q(
z t
−
j
)∥ ∥ ∥ ∥ ∥ ∥
≤

li
m

m
→
∞
K

2

( 1
−
K
m

+
1

1

)

1
−
K

1
=

K
2

1
−
K

1
.
�

6
.7

P
ro

o
f

o
f

L
e
m

m
a

1
5

(i
)

=
⇒

(i
i)

:
‖A

0
‖ 2

+
‖A

1
‖ 2

+
··
·+
‖A

n
1
‖ 2
<
∑
n
1

i=
0
λ

=
λ

(n
1

+
1
)
<

1.
(i

i)
=
⇒

(i
ii
):
‖p

(z
)‖

2
=
‖A

0
+
z
A

1
+
z

2
A

2
+
··
·+

z
n
1
A
n
1
‖ 2
≤
‖A

0
‖ 2

+
|z
|‖
A

1
‖ 2

+
|z

2
|‖
A

2
‖ 2

+
··
·+

|z
n
1
|‖
A
n
1
‖ 2
<
‖A

0
‖ 2

+
‖A

1
‖ 2

+
··
·+
‖A

n
1
‖ 2
<

1.
�

6
.8

P
ro

o
f

o
f

P
ro

p
o
si

ti
o
n

1
6

W
e

st
ar

t
b
y

fo
rm

u
la

ti
n
g

an
d

p
ro

v
in

g
an

el
em

en
ta

ry
re

su
lt

th
a
t

w
il
l

b
e

n
ee

d
ed

la
te

r
on

.

L
e
m

m
a

3
7

L
et

f
:
U
⊂

R
n
−→

M
m

be
a

d
iff

er
en

ti
a
bl

e
fu

n
ct

io
n

d
efi

n
ed

o
n

th
e

co
n

ve
x

se
t
U

.
F

o
r

a
n

y
z
∈
U

d
en

o
te

by
∂
if

(z
)
∈
M
m

th
e

m
a
tr

ix
co

n
ta

in
in

g
th

e
pa

rt
ia

l
d
er

iv
a
ti

ve
s

o
f

th
e

co
m

po
n

en
ts

o
f

f
w

it
h

re
sp

ec
t

to
th

ei
r

it
h
-e

n
tr

y,
i
∈
{1
,.
..
,n
}.

T
h
en

,
fo

r
a
n

y
x
,y
∈
U

w
e

h
a
ve

:

‖f
(y

)
−

f(
x

)‖
2
≤
√
n
m

m
a
x

i∈
{1
,.
..
,n
}

( su
p

z
∈U
{‖
∂
if

(z
)‖

2
})
‖x
−

y
‖.

(6
.1

1)

P
ro

o
f.

G
iv

en
A

=
(A

i,
j
)
∈

M
n
,m

,
le

t
‖A
‖ F

:=
tr
( A
>
A
)

=
∑
n i=

1

∑
m j
=

1
A

2 i,
j

b
e

it
s

F
ro

b
en

iu
s

n
o
rm

.
R

ec
al

l
(s

ee
T

h
eo

re
m

5
.6

.3
4

a
n
d

E
x
er

ci
se

5
.6

.P
24

in
H

or
n

an
d

J
oh

n
so

n
(2

01
3
))

th
at

‖A
‖ 2
≤
‖A
‖ F
≤
√
r
‖A
‖ 2
,

(6
.1

2)
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U
n
iv
e
r
sa

l
r
e
se

r
v
o
ir

c
o
m
p
u
t
e
r
s
w
it
h
l
in
e
a
r
r
e
a
d
o
u
t
s
u
sin

g
n
o
n
-h
o
m
o
g
e
n
e
o
u
s
st
a
t
e
-a
f
f
in
e
sy

st
e
m
s

w
h
ere

r
is

th
e

ra
n
k

o
f
A

.
C

on
sid

er
n
ow

x
,y
∈
U

a
rb

itrary
an

d
let

D
f(z

)
:R

n
−→

M
m

b
e

th
e

d
iff

eren
tial

o
f
f

evalu
a
ted

at
z
∈
U

.
T

h
e

co
n
v
ex

ity
of
U

im
p
lies

th
at

th
e

M
ean

V
alu

e
In

eq
u
a
lity

h
old

s
(see

T
h
eo

rem
2
.4

.8
in

A
b
rah

a
m

et
al.

(19
88))

an
d

h
en

ce:

‖f(y
)−

f(x
)‖
F
≤

su
p

t∈
[0
,1

] {‖
D

f((1−
t)x

+
ty

)‖
2 ‖x
−

y‖}
.

(6.13
)

T
h
e

fi
rst

in
eq

u
ality

in
(6.12

)
a
n
d

(6.13
)

im
p
ly

th
a
t

‖f(y
)−

f(x
)‖

2 ≤
su

p
z∈
U {‖

D
f(z

)‖
2 ‖

x
−

y‖}
.

(6
.14

)

A
t

th
e

sa
m

e
tim

e,
n
otice

th
at

b
y

(6.12)

‖D
f(z

)‖
22 ≤
‖D

f(z
)‖

2F
=

n
∑i=

1

m
∑j
=

1

m
∑k
=

1

∂
i f

2jk (z
)

=
n
∑i=

1 ‖∂
i f(z

)‖
2F

≤
m

n
∑i=

1 ‖
∂
i f(z

)‖
22 ≤

m
n

m
ax

i∈{
1
,...,n} (‖∂

i f(z
)‖

22 )
.

T
h
is

in
eq

u
a
lity,

tog
eth

er
w

ith
(6

.1
4),

im
p
ly

th
e

statem
en

t
(6

.1
1)

sin
ce

th
e

m
a
x
im

u
m

an
d

th
e

su
p
rem

u
m

can
b

e
triv

ia
lly

ex
ch

a
n
ged

.
H

W
e

n
ow

carry
ou

t
th

e
p
ro

of
o
f

th
e

p
ro

p
osition

u
n
d
er

th
e

h
y
p

oth
esis

(iii)
in

L
em

m
a

15
w

h
ich

is
im

p
lied

b
y

th
e

oth
er

tw
o
.

T
h
e

m
o
d
ifi

catio
n
s

n
ecessa

ry
to

esta
b
lish

th
e

resu
lt

u
n
d
er

th
e

oth
er

tw
o

h
y
p

oth
eses

are
straigh

tforw
a
rd

.
C

on
sid

er
tw

o
arb

itrary
elem

en
ts

z
,s
∈
I Z
−

.
T

h
en

,
b
y

th
e

C
au

ch
y
-

S
ch

w
arz

a
n
d

M
in

kow
sk

i
in

eq
u
alities:

|H
p
,q

W
(z

)−
H
p
,q

W
(s)|

=

∣∣∣∣∣∣ W
>


∞∑j
=

0 (
(
j−

1
∏k
=

0

p
(z−

k ) )
q(z−

j )−
(
j−

1
∏k
=

0

p
(s−

k ) )
q(s−

j ) )
 ∣∣∣∣∣∣

≤
‖W
‖
∞∑j
=

0 ∥∥∥
a
j (z−

j
+

1 )q(z−
j )−

a
j (s−

j
+

1 )q(s−
j ) ∥∥∥

,
w

h
ere

a
j (z−

j
+

1 )
:=

j−
1

∏k
=

0

p
(z−

k ).
(6.15

)

W
e

n
ow

b
ou

n
d

th
e

righ
t

h
an

d
sid

e
o
f

(6
.1

5)
as

fo
llow

s:

∞∑j
=

0 ∥∥∥
a
j (z−

j
+

1 )q(z−
j )−

a
j (s−

j
+

1 )q(s−
j ) ∥∥∥

=

∞∑j
=

0 ∥∥∥
a
j (z−

j
+

1 )q(z−
j )

+
a
j (z−

j
+

1 )q(s−
j )−

a
j (z−

j
+

1 )q(s−
j )−

a
j (s−

j
+

1 )q(s−
j ) ∥∥∥

≤
∞∑j
=

0 ∥∥∥
a
j (z−

j
+

1 ) ∥∥∥
2 ‖q(z−

j )−
q(s−

j )‖
+
∥∥∥
a
j (z−

j
+

1 )−
a
j (s−

j
+

1 ) ∥∥∥
2 ‖q(s−

j )‖
(6.16

)

If
L
q

is
a

L
ip

sch
itz

con
stan

t
of
q

:
I
−→

R
N

th
en

∥∥∥
a
j (z−

j
+

1 ) ∥∥∥
2 ‖q(z−

j )−
q(s−

j )‖
≤
M

jp L
q |z−

j −
s−

j |,
(6.1

7)

w
h
ich

in
serted

in
(6.16

)
a
n
d

in
(6.15

)
im

p
lies

th
at

|H
p
,q

W
(z

)−
H
p
,q

W
(s)|≤

‖
W
‖
L
q 

∞∑j
=

0

M
jp |z−

j −
s−

j |+
∞∑j
=

0 ∥∥∥
a
j (z−

j
+

1 )−
a
j (s−

j
+

1 ) ∥∥∥
2 

(6.18
)
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G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

W
e

n
ow

b
ou

n
d

ab
ove

th
e

seco
n
d

su
m

m
a
n
d

in
(6

.18
)

u
sin

g
th

e
in

eq
u
ality

(6
.1

1)
in

th
e

sta
tem

en
t

o
f

L
em

m
a

3
7

as
w

ell
as

th
e

follow
in

g
id

en
tity

:

a
j (z−

j
+

1 )−
a
j (s−

j
+

1 )
=

j−
1

∑l=
0 (p

(s
0 )···p

(s−
(l−

1
) )·

p
(z−

l )·p
(z−

(l+
1
) )···p

(z−
(j−

1
) )

−
p
(s

0 )···p
(s−

(l−
1
) )·p

(s−
l )·

p
(z−

(l+
1
) )···p

(z−
(j−

1
) )).

(6
.19

)

T
h
is

eq
u
ality

sim
p
ly

follow
s

from
w

ritin
g
:

a
j (z−

j
+

1 )−
a
j (s−

j
+

1 )
=

j−
1

∏l=
0

p
(z−

l )−
j−

1
∏l=

0

p
(s−

l )
=
p
(z

0 )p
(z−

1 )···p
(z−

(j−
1
) )−

p
(s

0 )p
(s−

1 )···p
(s−

(j−
1
) )

=
p
(z

0 )p
(z−

1 )···p
(z−

(j−
1
) )−

p
(s

0 )p
(s−

1 )···p
(s−

(j−
1
) )

+

{
p
(s

0 )p
(z−

1 )···p
(z−

(j−
1
) )−

p
(s

0 )p
(z−

1 )···p
(z−

(j−
1
) )

+
p
(s

0 )p
(s−

1 )p
(z−

2 )···p
(z−

(j−
1
) )−

p
(s

0 )p
(s−

1 )p
(z−

2 )···p
(z−

(j−
1
) )

+
···+

p
(s

0 )···p
(s−

(l−
1
) )p

(z−
l )p

(z−
(l+

1
) )···p

(z−
(j−

1
) )−

p
(s

0 )···p
(s−

(l−
1
) )p

(z−
l )p

(z−
(l+

1
) )···p

(z−
(j−

1
) )

+
···

+
p
(s

0 )···p
(s−

(j−
2
) )p

(z−
(j−

1
) )−

p
(s

0 )···p
(s−

(j−
2
) )p

(z−
(j−

1
) ) }

=

j−
1

∑l=
0 (p

(s
0 )···p

(s−
(l−

1
) )·p

(z−
l )·p

(z−
(l+

1
) )···p

(z−
(j−

1
) )

−
p
(s

0 )···p
(s−

(l−
1
) )·

p
(s−

l )·
p
(z−

(l+
1
) )···p

(z−
(j−

1
) )),

w
h
ere

th
e

2(j−
1)

su
m

m
an

d
s

in
sid

e
th

e
b
races

are
ob

tain
ed

b
y

a
d
d
in

g
an

d
su

b
tractin

g
p

oly
n
o
m

ia
ls

recu
rsively

con
stru

cted
ou

t
o
f
a
j (z−

j
+

1 )
b
y

ch
an

gin
g

th
e

variab
les

of
th

e
fi
rst

k
facto

rs,
k
∈
{1,···

,j−
1}.

W
e

th
en

com
b
in

e
all

th
e

(2k−
1)-th

w
ith

th
e

(2k
+

2
)−
th

su
m

m
a
n
d
s

o
f
th

e
resu

ltin
g

ex
p
ression

in
ord

er
to

ob
ta

in
th

e
fi
rst

j−
1

term
s

in
th

e
su

m
in

(6.1
9).

T
h
en

th
e

last
j-th

term
resu

lts
from

com
b
in

in
g

th
e

seco
n
d

w
ith

th
e

on
e

b
efore

last
su

m
m

an
d
s,

th
at

is,
p
(s

0 )p
(s−

1 )···p
(s−

(j−
1
) )

a
n
d
p
(s

0 )···p
(s−

(j−
2
) )p

(z−
(j−

1
) ),

resp
ectively.

U
sin

g
th

e
relation

(6
.1

9)
w

e
ca

n
w

rite:

∥∥∥
a
j (z−

j
+

1 )−
a
j (s−

j
+

1 ) ∥∥∥
2 ≤

j−
1

∑l=
0 ∥∥
p
(s

0 )···p
(s−

(l−
1
) )·(p

(z−
l )−

p
(s−

l ))·p
(z−

(l+
1
) )···p

(z−
(j−

1
) ) ∥∥

2

≤
j−

1
∑l=

0 ‖p
(s

0 )‖
2 ··· ∥∥

p
(s−

(l−
1
) ) ∥∥

2 ·‖
p
(z−

l )−
p
(s−

l )‖
2 · ∥∥

p
(z−

(l+
1
) ) ∥∥

2 ··· ∥∥
p
(z−

(j−
1
) ) ∥∥

2

≤
M

j−
1

p

√
N

su
p

z∈
I {‖

p ′(z
)‖

2 }
j
∑l=

1 |z−
j
+
l −

s−
j
+
l |,

w
h
ere

th
e

last
in

eq
u
ality

is
a

con
seq

u
en

ce
of

(6.11).
L

et
M
p
′

:=
√
N

su
p
z∈
I {‖

p ′(z
)‖

2 }
,

th
en

∥∥∥
a
j (z−

j
+

1 )−
a
j (s−

j
+

1 ) ∥∥∥
2 ≤

M
p
′

M
p
M

jp

j
∑l=

1 |z−
j
+
l −

s−
j
+
l |

=
M
p
′

M
p

j
∑l=

1

M
lp M

j−
l

p

∣∣z−
(j−

l) −
s−

(j−
l) ∣∣
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e
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r
r
e
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d
o
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t
s
u
si
n
g
n
o
n
-h
o
m
o
g
e
n
e
o
u
s
st
a
t
e
-a
f
f
in
e
sy

st
e
m
s

S
in

ce
th

e
la

st
te

rm
in

th
is

in
eq

u
al

it
y

is
on

e
su

m
m

a
n
d

of
th

e
C

a
u
ch

y
p
ro

d
u
ct

o
f

th
e

se
ri

es
w

it
h

ge
n
er

al
te

rm
s
M

j p
an

d
M

j p
|z −

j
−
s −

j
|a

n
d

th
es

e
tw

o
se

ri
es

ar
e

ab
so

lu
te

ly
co

n
ve

rg
en

t
(r

ec
al

l
th

e
st

at
em

en
t

(2
.4

))
,

w
e

ca
n

co
n
cl

u
d
e

(s
ee

,
fo

r
in

st
a
n
ce

,
§8

.2
4

in
A

p
os

to
l

(1
9
74

))
th

a
t

∞ ∑ j
=

0

∥ ∥ ∥a
j
(z
−
j
+

1
)
−
a
j
(s
−
j
+

1
)∥ ∥ ∥ 2
≤
M
p
′

M
p

∞ ∑ j
=

0

j ∑ l=
1

M
l p
M

j
−
l

p

∣ ∣ z
−

(j
−
l)
−
s −

(j
−
l)

∣ ∣

=
M
p
′

M
p

1

1
−
M
p

∞ ∑ j
=

0

M
j p
|z −

j
−
s −

j
|.

If
w

e
n
ow

su
b
st

it
u
te

th
is

re
la

ti
on

in
(6

.1
8
)

an
d

w
e

u
se

L
em

m
a

1
w

it
h

w
ei

g
h
ti

n
g

se
q
u
en

ce
s
w
ρ t

:=
M

ρ
t
p

,
fo

r
a
n
y
ρ
∈

(0
,1

),
w

e
o
b
ta

in
th

at
:

|H
p
,q

W
(z

)
−
H
p
,q

W
(s

)|
≤
‖W
‖L

q

( 1
+
M
p
′

M
p

1

1
−
M
p

)
∞ ∑ j
=

0

M
j p
|z −

j
−
s −

j
|

≤
‖W
‖L

q

( 1
+
M
p
′

M
p

1

1
−
M
p

)
(

1

1
−
M

1
−
ρ

p

)
‖z
−

s‖
w
ρ
,

w
h
ic

h
p
ro

ve
s

th
e

co
n
ti

n
u
it

y
of

th
e

m
ap

H
p
,q

W
:

(I
Z −
,‖
·‖
w
ρ
)
−→

R
,

as
re

q
u
ir

ed
.
�

6
.9

P
ro

o
f

o
f

P
ro

p
o
si

ti
o
n

1
7

W
e

fi
rs

t
re

ca
ll

th
at

si
n
ce

b
y

h
y
p

ot
h
es

is
th

e
re

se
rv

o
ir

fu
n
ct

io
n
al

s
H
p
1
,q

1

W
1
,H

p
2
,q

2

W
2

ar
e

w
el

l-
d
efi

n
ed

th
en

,
b
y

th
e

co
m

m
en

ts
th

at
fo

ll
ow

(3
.5

),
so

ar
e
H
p
1
,q

1

W
1

+
λ
H
p
2
,q

2

W
2

an
d
H
p
1
,q

1

W
1
·H

p
2
,q

2

W
2

.

T
h
e

p
ro

of
o
f

(i
)

is
a

st
ra

ig
h
tf

or
w

ar
d

ve
ri

fi
ca

ti
o
n
.

A
s

to
(i

i)
,

d
en

ot
e

fi
rs

t
b
y
y

1 t
,y

2 t
an

d
x

1 t
,x

2 t
th

e
o
u
tp

u
ts

a
n
d

th
e

st
a
te

va
ri

ab
le

s,
re

sp
ec

ti
ve

ly
,

o
f

th
e

S
A

S
co

rr
es

p
on

d
in

g
to

th
e

tw
o

fu
n
ct

io
n
al

s
th

a
t

w
e

a
re

co
n
si

d
er

in
g
.

W
e

n
ot

e
fi
rs

t
th

a
t

b
y

(3
.1

2
):

y
1 t
·y

2 t
=

W
> 1

x
1 t
·W

> 2
x

2 t
=

(W
1
⊗

W
2
)>

(x
1 t
⊗

x
2 t
).

U
si

n
g

(3
.1

1)
it

ca
n

b
e

re
a
d
il
y

ve
ri

fi
ed

th
at

th
e

ti
m

e
ev

ol
u
ti

on
of

th
e

te
n
so

r
p
ro

d
u
ct

x
1 t
⊗

x
2 t

is
gi

ve
n

b
y

x
1 t
⊗

x
2 t

=
(p

1
(z
t
)
⊗
p

2
(z
t
))

(x
1 t−

1
⊗

x
2 t−

1
)

+
p

1
(z
t
)x

1 t−
1
⊗
q 2

(z
t
)

+
q 1

(z
t
)
⊗
p

2
(z
t
)x

2 t−
1

+
q 1

(z
t
)
⊗
q 2

(z
t
),

=
(p

1
⊗
p

2
)(
z t

)(
x

1 t−
1
⊗

x
2 t−

1
)

+
p

1
(z
t
)x

1 t−
1
⊗
q 2

(z
t
)

+
q 1

(z
t
)
⊗
p

2
(z
t
)x

2 t−
1

+
(q

1
⊗
q 2

)(
z t

),

w
h
ic

h
p
ro

ve
s

(3
.2

3)
a
n
d

h
en

ce
(3

.2
2)

.
In

o
rd

er
to

sh
ow

th
a
t

th
e

re
se

rv
oi

r
fu

n
ct

io
n
al

s
on

th
e

ri
gh

t
h
a
n
d

si
d
e

of
(3

.2
1)

an
d

(3
.2

2)
ar

e
w

el
l-

d
efi

n
ed

w
e

p
ro

v
e

th
e

fo
ll
ow

in
g

le
m

m
a
.

L
e
m

m
a

3
8

L
et
p

1
(z

)
∈
M
N

1
,M

1
[z

]
a
n

d
p

2
(z

)
∈
M
N

2
,M

2
[z

]
be

tw
o

po
ly

n
o
m

ia
ls

w
it

h
m

a
tr

ix
co

effi
ci

en
ts

a
n

d
a
ss

u
m

e
th

a
t

th
ey

sa
ti

sf
y

th
a
t
‖p

1
(z

)‖
2
<

1
−
ε

a
n

d
‖p

2
(z

)‖
2
<

1
−
ε

fo
r

a
ll
z
∈
I

:=
[−

1,
1]

a
n

d
a

gi
ve

n
0
<
ε
>

1.
T

h
en

:

(i
)
‖p

1
⊕
p

2
(z

)‖
2
<

1
−
ε,

(i
i)
‖p

1
⊗
p

2
(z

)‖
2
<

1
−
ε,

fo
r

a
ll
z
∈
I

:=
[−

1
,1

].

2
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R
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G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

P
ro

o
f

o
f

th
e

le
m

m
a
.

L
et

x
=

x
1
⊕

x
2
∈
R
M

1
⊕

R
M

2
.

T
h
en

,
in

o
rd

er
to

p
ro

ve
p
ar

t
(i

)
n
ot

e
th

a
t

‖(
p

1
⊕
p

2
)(
z
)
·x
‖2

=
‖(
p

1
(z

)
·x

1
,p

2
(z

)
·x

2
)‖

2
=
‖p

1
(z

)
·x

1
‖2

+
‖p

2
(z

)
·x

2
‖2

≤
‖p

1
(z

)‖
2 2
‖x

1
‖2

+
‖p

2
(z

)‖
2 2
‖x

2
‖2
≤

(1
−
ε)

2
( ‖

x
1
‖2

+
‖x

2
‖2
) =

(1
−
ε)

2
‖x
‖2
.

T
h
is

in
eq

u
al

it
y

im
p
li
es

th
at

‖p
1
⊕
p

2
(z

)‖
2

=
su

p
x
6=
0

{
‖(
p

1
⊕
p

2
)(
z
)
·x
‖

‖x
‖

}
≤

su
p

x
6=
0

{
(1
−
ε)
‖x
‖

‖x
‖

}
=

1
−
ε,

as
re

q
u
ir

ed
.

A
s

to
th

e
st

at
em

en
t

in
p
ar

t
(i

i)
:

‖p
1
⊗
p

2
(z

)‖
2

=
σ

m
a
x
(p

1
⊗
p

2
(z

))
=
σ

m
a
x
(p

1
(z

))
σ

m
a
x
(p

2
(z

))
=
‖p

1
(z

)‖
2
‖p

2
(z

)‖
2
<

(1
−
ε)

2
<

(1
−
ε)
.
H

N
ow

,
th

e
fi
rs

t
p
a
rt

o
f

th
is

le
m

m
a

a
n
d

P
ro

p
o
si

ti
o
n

14
gu

ar
an

te
e

th
at
H
p
1
⊕
p
2
,q

1
⊕
q
2

W
1
⊕
λ
W

2
is

w
el

l-
d
efi

n
ed

.

T
h
e

sa
m

e
co

n
cl

u
si

on
h
ol

d
s

fo
r
H
p
,q

1
⊕
q
2
⊕

(q
1
⊗
q
2
)

0
⊕
0
⊕

(W
1
⊗
W

2
)

b
ec

a
u
se

d
u
e

to
th

e
b
lo

ck
d
ia

g
on

al
ch

a
ra

ct
er

of
(3

.2
3)

th
en

σ
m

a
x
(p

(z
))

=
σ

m
a
x
((
p

1
(z

)
⊕
p

2
(z

)
⊕

(p
1
⊗
p

2
)

(z
))

=
‖p

1
(z

)
⊕
p

2
(z

)
⊕

(p
1
⊗
p

2
)

(z
)‖

2
.

B
y

p
ar

ts
(i

)
an

d
(i

i)
in

L
em

m
a

38
w

e
ca

n
co

n
cl

u
d
e

th
at
‖p

(z
)‖

2
<

1
−
ε

fo
r

al
l
z
∈

[−
1
,1

]
an

d
,

ag
ai

n
b
y

P
ro

p
os

it
io

n

14
,

th
e

re
se

rv
oi

r
fu

n
ct

io
n
al
H
p
,q

1
⊕
q
2
⊕

(q
1
⊗
q
2
)

0
⊕
0
⊕

(W
1
⊗
W

2
)

is
w

el
l-

d
efi

n
ed

.
�

6
.1

0
P

ro
o
f

o
f

T
h

e
o
re

m
1
9

N
ot

e
fi
rs

t
th

at
th

e
h
y
p

o
th

es
is
M
p
<

1
−
ε
<

1
o
n

th
e

p
o
ly

n
o
m

ia
ls
p

as
so

ci
at

ed
to

th
e

el
em

en
ts

in
S ε

im
p
li
es

,
b
y

P
ro

p
os

it
io

n
s

14
a
n
d

1
6,

th
at

th
is

fa
m

il
y

is
m

a
d
e

of
ti

m
e-

in
va

ri
an

t
re

se
rv

o
ir

fi
lt

er
s

th
at

h
av

e
th

e
F

M
P

w
it

h
re

sp
ec

t
to

w
ei

g
h
ti

n
g

se
q
u
en

ce
s

of
th

e
fo

rm
w
p t

:=
M

ρ
t
p

,
ρ
∈

(0
,1

).
A

d
d
it

io
n
al

ly
,

u
si

n
g

L
em

m
a

7
an

d
th

e
h
y
p

ot
h
es

is
M
p
<

1
−
ε,

fo
r

a
fi
x
ed

gi
ve

n
ε
∈

(0
,1

),
w

e
ca

n
co

n
cl

u
d
e

th
at

a
ll

th
e

re
se

rv
oi

r
fi
lt

er
s

in
S ε

h
av

e
th

e
F

M
P

w
it

h
th

e
co

m
m

on
w

ei
g
h
ti

n
g

se
q
u
en

ce
w
ρ t

:=
(1
−
ε)
ρ
t
,
ρ
∈

(0
,1

).
T

h
e

el
em

en
ts

in
S ε

fo
rm

a
p

ol
y
n
o
m

ia
l

a
lg

eb
ra

as
a

co
n
se

q
u
en

ce
o
f

L
em

m
a

38
an

d
P

ro
p

os
it

io
n

1
7.

M
or

eo
ve

r,
th

e
fa

m
il
y
S ε

h
as

th
e

p
oi

n
t

se
p
ar

at
io

n
p
ro

p
er

ty
a
n
d

co
n
ta

in
s

al
l

th
e

co
n
st

a
n
t

fu
n
ct

io
n
a
ls

.
In

d
ee

d
,

si
n
ce
S ε

in
cl

u
d
es

th
e

li
n
ea

r
fa

m
il
y
L ε

,
w

e
re

ca
ll

th
at

in
A

p
p

en
d
ix

6.
5

w
e

p
ro

ve
d

th
a
t

gi
ve

n
z

1
,z

2
∈
K
M
⊂

(R
n
)Z
−

su
ch

th
at

z
1
6=

z
2
,

th
er

e
ex

is
ts
A
∈
M

(n
,n

),
w

it
h
σ

m
a
x
(A

)
<

1
−
ε

a
n
d

c
:=

I n
su

ch
th

at
U
A
,c

(z
1
) 0
6=
U
A
,c

(z
2
) 0

.
T

h
e

p
oi

n
t

se
p
ar

at
io

n
p
ro

p
er

ty
fo

ll
ow

s
fr

om
ch

o
o
si

n
g

a
n
y

ve
ct

or

W
∈
R
N

su
ch

th
at

W
>

(U
A
,c

(z
1
))

0
6=

W
>

(U
A
,c

(z
2
))

0
,

w
h
ic

h
im

p
li
es

th
at
U
A
,c

W
(z

1
) 0
6=
U
A
,c

W
(z

2
) 0

a
n
d

h
en

ce
H
U
A
,c

W
(z

1
)
6=
H
U
A
,c

W
(z

2
),

a
s

re
q
u
ir

ed
.

A
ll

th
e

co
n
st

an
t

fu
n
ct

io
n
al

s
ca

n
b

e
ob

ta
in

ed
b
y

ta
k
in

g
fo

r
p

th
e

ze
ro

p
o
ly

n
o
m

ia
l

an
d

fo
r
q

th
e

co
n
st

an
t

p
ol

y
n
om

ia
ls

(q
h
as

d
eg

re
e

ze
ro

).
In

th
at

ca
se

,
th

e
st

a
te

va
ri

ab
le

s
ar

e
a

co
n
st

an
t

se
q
u
en

ce
x
t

=
q

an
d

th
e

as
so

ci
a
te

d
fu

n
ct

io
n
al

is
th

e
co

n
st

an
t

m
ap

H
0
,q

W
(z

)
=

W
>
q,

fo
r

al
l
z
∈
K
M

.
T

h
e

u
n
iv

er
sa

li
ty

re
su

lt
fo

ll
ow

s
h
en

ce
fr

o
m

th
e

S
to

n
e-

W
ei

er
st

ra
ss

T
h
eo

re
m

an
d

th
e

co
m

p
ac

tn
es

s
o
f

(I
Z −
,‖
·‖
w
ρ
)

es
ta

b
li
sh

ed
in

L
em

m
a

2.
F

in
al

ly
,

w
e

p
ro

ve
th

e
st

at
em

en
t

re
ga

rd
in

g
th

e
fa

m
il
y
N
S ε

d
et

er
m

in
ed

b
y

n
il
p

ot
en

t
p

o
ly

n
o
m

ia
ls
p
.

F
ir

st
,
b
y

ex
p
re

ss
io

n
s

(3
.2

1)
,
(3

.2
2)

,
an

d
(3

.2
3
),

it
is

ea
sy

to
sh

ow
th

a
t

th
is

fa
m

il
y

is
a

p
o
ly

n
om

ia
l
al

ge
b
ra

.
T

h
e

on
ly

p
oi

n
t

th
at

re
q
u
ir

es
so

m
e

d
et

a
il

is
th

e
fa

ct
th

at
th

e
k
-t

h
p

ow
er

of
th

e
p

ol
y
n
om

ia
l
p

in
(3

.2
3)

th
at

is
ob

ta
in

ed
in

th
e

p
ro

d
u
ct

of
th

e
tw

o
S
A

S
re

se
rv

oi
r

fu
n
ct

io
n
al

s
H
p
1
,q

1

W
1

an
d
H
p
2
,q

2

W
2

is
gi

v
en

b
y

p
k
(z

)
:=

 
p
k 1
(z

)
0

0
0

p
k 2
(z

)
0

p
k 1
⊗
qk
−

1
2

(z
)

qk
−

1
1
⊗
p
k 2
(z

)
p
k 1
⊗
p
k 2
(z

)

 
,

w
h
ic

h
sh

ow
s

th
at

if
p

1
an

d
p

2
ar

e
n
il
p

ot
en

t
th

en
so

is
th

e
a
ss

o
ci

a
te

d
p

o
ly

n
om

ia
l
p
.

T
h
e

p
oi

n
t

se
p
ar

at
io

n
p
ro

p
er

ty
is

,
ag

ai
n
,

in
h
er

it
ed

fr
om

th
e

p
ro

of
of

li
n
ea

r
ca

se
p
ro

v
id

ed
in

th
e

A
p
p

en
d
ix
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U
n
iv
e
r
sa

l
r
e
se

r
v
o
ir

c
o
m
p
u
t
e
r
s
w
it
h
l
in
e
a
r
r
e
a
d
o
u
t
s
u
sin

g
n
o
n
-h
o
m
o
g
e
n
e
o
u
s
st
a
t
e
-a
f
f
in
e
sy

st
e
m
s

6
.1

1
P

ro
o
f

o
f

L
e
m

m
a

2
4

(i)
L

et
A

:=
{
ρ
∈
R

+
|‖X
‖
B
≤
ρ

a
lm

o
st

su
rely }

.
It

su
ffi

ces
to

sh
ow

th
at‖X

‖
L
∞

:=
in

f
A
∈
A

,
w

h
ich

im
p
lies

th
a
t‖X

‖
B
≤
‖X
‖
L
∞

alm
ost

su
rely.

In
d
eed

,
co

n
sid

er
th

e
seq

u
en

ce‖X
‖
L
∞

+
1/j,

j∈
N

.
B

y
th

e
a
p
p
rox

im
a
tion

p
rop

erty
o
f

th
e

in
fi
m

u
m

,
th

ere
ex

ists
a

d
ecreasin

g
seq

u
en

ce
of

n
u
m

b
ers{ρ

j }
j∈

N
⊂
A

in
A

satisfy
in

g
‖X
‖
L
∞
≤
ρ
j
<
‖
X
‖
L
∞

+
1
/j

for
all

j∈
N

.
D

efi
n
e
F

:=
{ω
∈

Ω
|‖X

(ω
)‖
B
>
‖
X
‖
L
∞
}

a
n
d

F
j

:=
{ω
∈

Ω
|‖X

(ω
)‖
B
>
ρ
j }.

It
is

easy
to

see
th

a
t
F
j ⊂

F
j
+

1 ,
j
∈
N

a
n
d

th
at

lim
j→
∞
F
j

=
F

an
d
,

co
n
seq

u
en

tly,
(see

L
em

m
a

5
,

p
age

7
in

G
rim

m
ett

an
d

S
tirzaker

(2001
))

lim
j→
∞

P
(F
j )

=
P

(F
).

S
in

ce
b
y

co
n
stru

ctio
n
P

(F
j )

=
0

for
all

j
∈

N
th

en
P

(F
)

=
0

n
ecessarily,

w
h
ich

sh
ow

s
th

at‖
X
‖
L
∞
∈
A

,
as

req
u
ired

.
(ii)

If‖X
‖
L
∞
≤
C

th
en

b
y

p
art

(i),‖X
‖
B
≤
‖X
‖
L
∞
≤
C

alm
o
st

su
rely.

C
on

versely,
if‖

X
‖
B
≤
C

alm
o
st

su
rely,

th
en

C
∈
A

=
{
ρ
∈
R

+
|‖X
‖
B
≤
ρ

alm
o
st

su
rely }

.
C

on
seq

u
en

tly,‖
X
‖
L
∞

=
in

f
A
≤
C
∈
A

,

a
s

req
u
ired

.
(iii)

S
u
p
p

ose
fi
rst

th
a
t‖X

‖
B
≤
C

alm
o
st

su
rely

an
d

d
efi

n
e
F

:=
{
ω
∈

Ω
|‖X

(ω
)‖
B
>
C
}
.

B
y

h
y
p

oth
-

esis,
w

e
h
ave

th
at

P
(F

)
=

0
an

d
P

(Ω
\
F

)
=

1.
T

h
en

,

E
[‖X
‖
kB ]

=

∫

Ω

‖X
‖
kB
dP

=

∫

Ω
\
F

‖
X
‖
kB
dP

+

∫

F

‖X
‖
kB
dP

=

∫

Ω
\
F

‖X
‖
kB
dP
≤
∫

Ω
\
F

C
kdP

=
C
kP

(Ω
\
F

)
=
C
k,

a
s

req
u
ired

.
C

on
versely,

a
ssu

m
e

th
a
t

E
[‖X
‖
kB ]≤

C
k,

fo
r

a
n
y
k
∈
N

,
an

d
d
efi

n
e

F
n

:=

{
ω
∈

Ω
|‖X

(ω
)‖
B
>
C

+
1n }

,

fo
r

a
ll
n
≥

1.
It

is
easy

to
see

th
at
F
n
⊂
F
n

+
1

an
d

th
a
t

lim
n→
∞
F
n

=
F

a
n
d
,

co
n
seq

u
en

tly,
(see

L
em

m
a

5,
p
ag

e
7

in
G

rim
m

ett
an

d
S
tirza

ker
(2

001
))

lim
n→
∞

P
(F
n
)

=
P

(F
).

N
ow

,

C
k
≥

E
[‖

X
‖
kB ]

=

∫

Ω

‖X
‖
kB
dP

=

∫

Ω
\
F
n ‖X

‖
kB
dP

+

∫

F
n ‖X

‖
kB
dP

≥
∫

F
n ‖X

‖
kB
dP
≥
∫

F
n (

C
+

1n )
k

dP
=

(
C

+
1n )

kP
(F
n
),

w
h
ich

im
p
lies

th
a
t
P

(F
n
)≤

C
k/ (C

+
1n )
k

for
an

y
k
∈

N
an

d
h
en

ce,
b
y

tak
in

g
th

e
lim

it
k
→
∞

,
w

e
ca

n
co

n
clu

d
e

th
a
t
P

(F
n
)

=
0
.

C
o
n
seq

u
en

tly,P
(F

)
=

lim
n→
∞

P
(F
n
)

=
0,

w
h
ich

sh
ow

s
th

at‖X
‖
B
≤
C

alm
ost

su
rely.

(iv
)

L
et||·||

d
en

ote
th

e
E

u
clid

ean
n
o
rm

on
R
n
.

S
in

ce|X
i |≤
‖
X
‖

alw
ay

s
an

d
b
y

p
art

(i)‖X
‖
≤
‖X
‖
L
∞

alm
ost

su
rely,

w
e

can
con

clu
d
e

th
at|X

i |≤
‖X
‖
L
∞

alm
o
st

su
rely.

T
h
is

im
p
lies

th
at
X
i ∈

L
∞

(Ω
,R

)
an

d
h
en

ce
th

e
statem

en
t

follow
s

from
p
art

(iii).
�

6
.1

2
P

ro
o
f

o
f

L
e
m

m
a

2
5

W
e

start
b
y

p
rov

in
g

b
y

con
trad

ictio
n

th
at

ess
su

p
ω∈

Ω

{
su

p
t∈

Z {‖
z
t (ω

)‖} }
≥

su
p

t∈
Z {

ess
su

p
ω∈

Ω
{‖

z
t (ω

)‖} }
.

(6.2
0)

In
d
eed

,
su

p
p

ose
th

a
t

ess
su

p
ω∈

Ω

{
su

p
t∈

Z {‖
z
t (ω

)‖} }
<

su
p

t∈
Z {

ess
su

p
ω∈

Ω
{‖

z
t (ω

)‖} }
.

(6.2
1)

3
1
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G
r
ig
o
r
y
e
v
a
a
n
d

O
r
t
e
g
a

B
y

th
e

ap
p
rox

im
ation

p
rop

erty
of

th
e

su
p
rem

u
m

(see
T

h
eo

rem
1.14

in
A

p
ostol

(19
7
4)),

th
ere

ex
ists

t
0 ∈

Z
su

ch
th

atess
su

p
ω∈

Ω

{
su

p
t∈

Z {‖z
t (ω

)‖} }
<

ess
su

p
ω∈

Ω
{‖

z
t
0 (ω

)‖}
≤

su
p

t∈
Z {

ess
su

p
ω∈

Ω
{‖

z
t (ω

)‖} }
.

(6
.22

)

H
ow

ever,‖z
t
0 (ω

)‖
≤

su
p
t∈

Z {‖
z
t (ω

)‖}
for

all
ω
∈

Ω
a
n
d

h
en

ce
b
y

p
a
rt

(i)
in

L
em

m
a

24

‖z
t
0 (ω

)‖
≤

su
p

t∈
Z {‖z

t (ω
)‖}
≤

ess
su

p
ω∈

Ω

{
su

p
t∈

Z {‖z
t (ω

)‖} }
,

alm
ost

su
rely.

N
ow

,
b
y

p
art

(ii)
in

L
em

m
a

2
4,

th
is

im
p
lies

th
at

ess
su

p
ω∈

Ω
{‖

z
t
0 (ω

)‖}
≤

ess
su

p
ω∈

Ω

{
su

p
t∈

Z {‖z
t (ω

)‖} }
.

H
ow

ever,
th

is
ex

p
ression

is
in

co
n
trad

ictio
n

w
ith

th
e

fi
rst

in
eq

u
a
lity

in
(6

.2
2)

a
n
d

h
en

ce
th

e
assu

m
p
tio

n
(6.21)

can
n
ot

b
e

correct.
T

h
is

arg
u
m

en
t

im
p
lies

th
at

th
e

in
eq

u
ality

(6
.2

0)
h
old

s.
W

e
n
ow

p
rove

th
e

reverse
in

eq
u
ality,

th
at

is,

ess
su

p
ω∈

Ω

{
su

p
t∈

Z {‖
z
t (ω

)‖} }
≤

su
p

t∈
Z {

ess
su

p
ω∈

Ω
{‖

z
t (ω

)‖} }
.

(6
.2

3
)

B
y

p
art

(ii)
of

L
em

m
a

2
4,

th
is

in
eq

u
a
lity

h
o
ld

s
if

an
d

on
ly

if

su
p

t∈
Z {‖

z
t (ω

)‖}
≤

su
p

t∈
Z {

ess
su

p
ω∈

Ω
{‖

z
t (ω

)‖} }
,

a
lm

ost
su

rely.
(6

.24
)

N
ow

,
b
y

p
art

(i)
in

L
em

m
a

24,
w

e
h
ave

th
at
‖z
t (ω

)‖
≤

ess
su

p
ω∈

Ω
{‖

z
t (ω

)‖}
,

alm
o
st

su
rely

an
d

for
each

fi
x
ed

t∈
Z

.
L

et
A
t ⊂

Ω
b

e
th

e
zero-m

easu
re

set
su

ch
th

at‖z
t (ω

)‖
>

ess
su

p
ω∈

Ω
{‖

z
t (ω

)‖}
fo

r
all

ω
∈
A
t .

L
et
A

:=
⋃
t∈

Z
A
t .

N
otice

th
a
t
P

(A
)

=
P
(⋃

t∈
Z
A
t )≤

∑
t∈

Z
P

(A
t )

=
0

an
d

h
en

ce
B

:=
A

c
h
a
s

m
easu

re
on

e
an

d
‖
z
t (ω

)‖
≤

ess
su

p
ω∈

Ω
{‖

z
t (ω

)‖}
,

for
a
ll
ω
∈
B

an
d

a
ll
t∈

Z
.

S
in

ce
B

h
a
s

m
easu

re
on

e,
th

is
in

eq
u
ality

is
eq

u
ivalen

t
to

(6
.2

4),
w

h
ich

g
u
ara

n
tees

th
at

(6.23
)

h
old

s.
T

h
e

in
eq

u
alities

(6.20)
a
n
d

(6.23)
th

a
t

w
e

ju
st

p
roved

im
p
ly

th
at

th
e

eq
u
ality

(4.7)
h
o
ld

s
tru

e.
�

6
.1

3
P

ro
o
f

o
f

L
e
m

m
a

2
6

It
is

ob
v
iou

s
th

at
S
` ∞

(R
n

) ⊂
S

(R
n

) Z
an

d
h
en

ce
th

e
in

clu
sion

m
ap

ι
:
S
` ∞

(R
n

)
↪→

S
(R
n

) Z,
(6.25

)

is
w

ell-d
efi

n
ed

.
T

h
e

eq
u
iva

ria
n
ce

w
ith

resp
ect

to
th

e
eq

u
ivalen

ce
rela

tio
n
s∼

` ∞
(R
n

)
an

d
∼

(R
n

) Z
fo

llow
s

triv
ially

from
n
oticin

g
th

at
if

z
1 ,z

2
∈
S
` ∞

(R
n

)
are

su
ch

th
at

z
1
∼
` ∞

(R
n

)
z

2
o
n
e

o
b
v
iou

sly
h
ave

th
at

ι(z
)
1 ∼

(R
n

) Z
ι(z

2 ).
T

h
is

sh
ow

s
th

e
ex

isten
ce

of
th

e
p
ro

jected
m

a
p
φ

th
at

m
a
k
es

th
e

d
iag

ram

S
` ∞

(R
n

)
⊂

ι
>
S

(R
n

) Z

L
∞

(Ω
,` ∞

(R
n
))

Π
∼
` ∞

(R
n
)∨

φ>
L
∞
(Ω
,(R

n
) Z )

,

Π
∼

(R
n
) Z

∨

3
2
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U
n
iv
e
r
sa

l
r
e
se

r
v
o
ir

c
o
m
p
u
t
e
r
s
w
it
h
l
in
e
a
r
r
e
a
d
o
u
t
s
u
si
n
g
n
o
n
-h
o
m
o
g
e
n
e
o
u
s
st
a
t
e
-a
f
f
in
e
sy

st
e
m
s

co
m

m
u
ta

ti
v
e

w
h
er

e
Π
∼
`
∞

(
Rn

)
an

d
Π
∼

(
Rn

)
Z

m
ap

th
e

el
em

en
ts

in
S
`∞

(R
n

)
an

d
S

(R
n

)Z
on

to
th

ei
r

co
rr

e-

sp
on

d
in

g
eq

u
iv

al
en

ce
cl

a
ss

es
w

it
h

re
sp

ec
t

to
th

e
as

so
ci

at
ed

eq
u
iv

al
en

ce
re

la
ti

on
s.

O
n
e

ca
n

ea
si

ly
p
ro

ve
th

at
th

e
n
or

m
p
re

se
rv

at
io

n
fo

ll
ow

in
g

th
e

d
ia

gr
a
m

.
It

is
a

st
ra

ig
h
tf

o
rw

ar
d

ex
er

ci
se

to
v
er

if
y

th
at
φ

is
in

je
ct

iv
e

a
n
d

p
re

se
rv

es
th

e
n
o
rm
‖·
‖ L
∞

.
In

or
d
er

to
sh

ow
th

at
φ

is
su

rj
ec

ti
ve

,
le

t
z
∈
L
∞
( Ω
,(
R
n
)Z
) .

G
iv

en
th

a
t
‖z
‖ L
∞
<
∞

o
r,

eq
u
iv

al
en

tl
y,

es
s

su
p
ω
∈Ω
{s

u
p
t∈

Z
{‖

z
t
(ω

)‖
}}
<
∞

,
b
y

p
ar

t
(i

)
in

L
em

m
a

24
,

th
is

im
p
li
es

th
a
t

su
p

t∈
Z
{‖

z
t
(ω

)‖
}
<
∞
,

a
lm

o
st

su
re

ly
.

(6
.2

6
)

S
in

ce
th

e
el

em
en

ts
in

th
e

sp
ac

es
in
L
∞

(Ω
,`
∞

(R
n
))

a
n
d
L
∞
( Ω
,(
R
n
)Z
) ar

e
eq

u
iv

a
le

n
ce

cl
as

se
s

co
n
ta

in
in

g
al

m
o
st

su
re

ly
eq

u
al

ra
n
d
om

va
ri

ab
le

s,
w

e
ca

n
ta

ke
an

ot
h
er

re
p
re

se
n
ta

ti
v
e

z
∗

:
Ω
−→

(R
n
)Z

fo
r

th
e

cl
a
ss

co
n
ta

in
in

g
z
∈
L
∞
( Ω
,(
R
n
)Z
)

d
efi

n
ed

a
s

z
∗ (
ω

)
:=

{
z
(ω

),
w

h
en

su
p
t∈

Z{
‖z
t
(ω

)‖
}
<
∞
,

0
,

o
th

er
w

is
e.

S
in

ce
th

e
p
ro

ce
ss

es
z

a
n
d

z
∗

d
iff

er
b
y

(6
.2

6)
on

ly
in

a
se

t
of

ze
ro

m
ea

su
re

,
th

ey
ar

e
eq

u
al

in
L
∞
( Ω
,(
R
n
)Z
)

b
u
t,

th
is

ti
m

e,
z
∗
∈
L
∞

(Ω
,`
∞

(R
n
))

a
n
d
φ

(z
∗ )

=
z
,

a
s

re
q
u
ir

ed
.
�

6
.1

4
P

ro
o
f

o
f

T
h

e
o
re

m
2
7

P
ro

o
f

o
f

p
a
rt

(i
).

A
ll

al
on

g
th

is
p
ro

of
w

e
w

il
l

d
en

ot
e

th
e

el
em

en
ts

in
K
M

w
it

h
a

lo
w

er
b

ol
d

ca
se

(z
∈
K
M

)
an

d
th

os
e

in
K
L
∞

M
w

it
h

an
u
p
p

er
b

o
ld

ca
se

(Z
∈
K
L
∞

M
).

W
e

fi
rs

t
a
ss

u
m

e
th

at
th

e
fu

n
ct

io
n
al
H

:
(K

M
,‖
·‖
w

)
−→

R
h
as

th
e

fa
d
in

g
m

em
or

y
p
ro

p
er

ty
.

T
h
is

m
ea

n
s

th
at
H

is
a

co
n
ti

n
u
ou

s
m

ap
an

d
si

n
ce

b
y

L
em

m
a

2
th

e
sp

a
ce

(K
M
,‖
·‖
w

)
is

co
m

p
ac

t,
th

en
so

is
th

e
im

ag
e
H

(K
M

)
as

a
su

b
se

t
o
f

th
e

re
a
l

li
n
e.

T
h
is

im
p
li
es

th
at

th
er

e
ex

is
ts

a
fi
n
it

e
re

al
n
u
m

b
er
L
>

0
su

ch
th

at
H

(K
M

)
⊂

[−
L
,L

].
L

et
n
ow

Z
∈
K
L
∞

M
;

th
e

co
n
d
it

io
n
‖Z
‖ L
∞
≤
M

is
eq

u
iv

al
en

t
to
‖Z

t
‖
≤
M

,
fo

r
al

l
t
∈

Z −
,

al
m

os
t

su
re

ly
,

a
n
d

h
en

ce
im

p
li
es

th
at
H

(Z
)
∈

[−
L
,L

],
al

m
os

t
su

re
ly

or
,

eq
u
iv

al
en

tl
y,

th
at
‖H

(Z
)‖
L
∞
≤
L

.
T

h
is

,
in

tu
rn

,
im

p
li
es

th
at
H

(Z
)
∈
L
∞

(Ω
,R

)
fo

r
a
n
y

Z
∈
K
L
∞

M
,

as
re

q
u
ir

ed
.

W
e

n
ow

sh
ow

th
a
t
H

:
(K

L
∞

M
,‖
·‖

L
∞ w

)
−→

L
∞

(Ω
,R

)
h
a
s

th
e

F
M

P
.

T
h
e

F
M

P
h
y
p

ot
h
es

is
on

H
:

(K
M
,‖
·‖
w

)
−→

R
im

p
li
es

th
at

fo
r

a
n
y

z
∈
K
M

an
d

an
y
ε
>

0
th

er
e

ex
is

ts
a
δ(
ε)
>

0
su

ch
th

at
fo

r
a
n
y

s
∈
K
M

th
a
t

sa
ti

sfi
es

th
at

‖z
−

s‖
w

=
su

p
t∈
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é.

F
o
u

n
d
a
ti

o
n

s
o
f

M
od

er
n

A
n

a
ly

si
s.

A
ca

d
em

ic
P

re
ss

,
1
96

9.

K
.
D

oy
a.

B
if

u
rc

at
io

n
s

in
th

e
le

ar
n
in

g
of

re
cu

rr
en

t
n
eu

ra
l
n
et

w
o
rk

s.
In

P
ro

ce
ed

in
gs

o
f

IE
E

E
In

te
rn

a
ti

o
n

a
l

S
ym

po
si

u
m

o
n

C
ir

cu
it

s
a
n

d
S

ys
te

m
s,

v
ol

u
m

e
6
,

p
a
ge

s
2
77

7–
27

80
.

IE
E

E
,

19
92

.

R
.

F
.

E
n
g
le

.
A

u
to

re
gr

es
si

ve
co

n
d
it

io
n
a
l

h
et

er
os

ce
d
a
st

ic
it

y
w

it
h

es
ti

m
a
te

s
of

th
e

va
ri

an
ce

of
U

n
it

ed
K

in
g
d
o
m

in
fl
a
ti

o
n
.

E
co

n
o
m

et
ri

ca
,

5
0(

4)
:9

8
7–

10
0
7,

19
82

.

M
.

F
li
es

s.
U

n
ou

ti
l

a
lg

eb
ri

q
u
e

:
le

s
se

ri
es

fo
rm

el
le

s
n
o
n

co
m

m
u
ta

ti
v
es

.
In

G
.

M
ar

ch
es

in
i

an
d

S
.

K
.

M
it

te
r,

ed
it

or
s,

M
a
th

em
a
ti

ca
l

S
ys

te
m

s
T

h
eo

ry
,

p
ag

es
12

2–
14

8.
S
p
ri

n
g
er

V
er

la
g,

19
76

.

M
.

F
li
es

s
an

d
D

.
N

o
rm

an
d
-C

y
ro

t.
V

er
s

u
n
e

ap
p
ro

ch
e

al
gé
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ič

iu
s

an
d

H
.

J
a
eg

er
.

R
es

er
vo

ir
co

m
p
u
ti

n
g

ap
p
ro

a
ch

es
to

re
cu

rr
en

t
n
eu

ra
l

n
et

w
or

k
tr

ai
n
in

g.
C

o
m

p
u

te
r

S
ci

en
ce

R
ev

ie
w

,
3
(3

):
12

7
–1

49
,

20
09

.

W
.

M
aa

ss
.

L
iq

u
id

st
at

e
m

ac
h
in

es
:

m
ot

iv
at

io
n
,

th
eo

ry
,

an
d

a
p
p
li
ca

ti
o
n
s.

In
S
.

S
.

B
ar

ry
C

o
op

er
a
n
d

A
.

S
o
rb

i,
ed

it
or

s,
C

o
m

p
u

ta
bi

li
ty

In
C

o
n

te
xt

:
C

o
m

p
u

ta
ti

o
n

a
n

d
L

og
ic

in
th

e
R

ea
l

W
o
rl

d
,

ch
ap

te
r

8,
p
ag

es
27

5–
29

6.
20

1
1.

W
.
M

aa
ss

an
d

E
.
D

.
S
on

ta
g.

N
eu

ra
l
S
y
st

em
s

as
N

on
li
n
ea

r
F

il
te

rs
.

N
eu

ra
l

C
o
m

p
u

ta
ti

o
n

,
1
2(

8)
:1

7
43

–1
7
7
2,

au
g

20
00

.

W
.

M
aa

ss
,

T
.

N
at

sc
h
lä
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ork
s

(R
aissi

et
al.,

2017c,d
)

to
th

e
u
n
k
n
ow

n
so

lu
tion

u
.

D
erivatives

of
th

e
p
rior

on
u

can
n
ow

b
e

evalu
ated

at
m

ach
in

e
p
re-

cisio
n

u
sin

g
sy

m
b

olic
or

au
tom

atic
d
iff

eren
tiation

(B
ay

d
in

et
al.,

2015).
T

h
is

rem
oves

th
e

req
u
irem

en
t

fo
r

h
av

in
g

or
gen

eratin
g

d
ata

on
d
erivatives

of
th

e
solu

tion
u

.
T

h
is

is
en

ab
lin

g
a
s

it
a
llow

s
u
s

to
w

ork
w

ith
n
oisy

ob
servation

s
of

th
e

solu
tion

u
,

scattered
in

sp
a
ce

an
d

tim
e.

M
o
reover,

th
is

ap
p
roach

req
u
ires

far
few

er
d
ata

p
oin

ts
th

a
n

th
e

m
eth

o
d

p
rop

osed
in

(R
u
d
y

et
a
l.,

2
0
17)

sim
p
ly

b
ecau

se,
as

ex
p
lain

ed
ab

ove,
th

e
n
eed

for
u
sin

g
a

large
n
u
m

b
er

o
f

d
a
ta

p
o
in

ts
w

as
d
u
e

to
th

e
n
u
m

erical
evalu

a
tion

of
d
erivatives.

T
h
e

ch
oice

to
p
lace

a
p
rio

r
o
n

th
e

u
n
k
n
ow

n
solu

tion
u

is
m

otivated
b
y

m
o
d
ern

tech
n
iq

u
es

for
solv

in
g

forw
ard

a
n
d

in
verse

p
ro

b
lem

s
in

volv
in

g
p
artial

d
iff

eren
tial

eq
u
ation

s,
w

h
ere

th
e

u
n
k
n
ow

n
solu

tion
is

a
p
p
rox

im
a
ted

eith
er

b
y

a
n
eu

ral
n
etw

ork
(R

aissi
et

al.,
2017c,d

;
R

aissi,
2
018;

R
aissi

et
al.,

2
0
1
8
a
)

o
r

a
G

a
u
ssian

p
ro

cess
(R

aissi
et

al.,
2018b

;
R

aissi
an

d
K

arn
iad

a
k
is,

2017
;

R
aissi

et
a
l.,

2
01

7
a
,b

;
R

aissi,
2017;

P
erd

ikaris
et

al.,
2017;

R
aissi

an
d

K
arn

iad
ak

is,
2016).

T
h
e

seco
n
d

d
raw

b
ack

can
b

e
ad

d
ressed

in
a

sim
ilar

fash
ion

b
y

ap
p
rox

im
atin

g
th

e
n
on

lin
-

ea
r

fu
n
ctio

n
N

(see
eq

u
ation

1)
w

ith
a

n
eu

ral
n
etw

ork
.

R
ep

resen
tin

g
th

e
n
on

lin
ear

fu
n
ction
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R
a
issi

N
b
y

a
d
eep

n
eu

ral
n
etw

ork
is

th
e

n
ovelty

of
th

e
cu

rren
t

w
ork

.
D

eep
n
eu

ral
n
etw

ork
s

are
a

rich
er

fam
ily

of
fu

n
ction

ap
p
rox

im
ators

an
d

con
seq

u
en

tly
w

e
d
o

n
ot

h
ave

to
com

m
it

to
a

p
articu

lar
class

of
b
asis

fu
n
ction

s
su

ch
as

p
oly

n
om

ials
or

sin
es

an
d

cosin
es.

T
h
is

ex
p
ressive-

n
ess

com
es

at
th

e
cost

of
losin

g
in

terp
retab

ility
of

th
e

learn
ed

d
y
n
am

ics.
H

ow
ever,

th
ere

is
n
oth

in
g

h
in

d
erin

g
th

e
u
se

of
a

p
articu

lar
class

of
b
asis

fu
n
ction

s
in

ord
er

ob
tain

m
ore

in
terp

retab
le

eq
u
ation

s
(R

aissi
et

al.,
2017d

).

2
.

S
o
lu

tio
n

m
e
th

o
d
o
lo

g
y

W
e

p
ro

ceed
b
y

ap
p
rox

im
atin

g
b

oth
th

e
solu

tion
u

an
d

th
e

n
on

lin
ear

fu
n
ction

N
w

ith
tw

o
d
eep

n
eu

ral
n
etw

ork
s
3

an
d

d
efi

n
e

a
d
eep

h
id

d
en

p
h
ysics

m
od

el
f

to
b

e
giv

en
b
y

f
:=

u
t −
N

(t,x
,u
,u

x ,u
x
x ,...).

(2)

W
e

ob
tain

th
e

d
erivatives

of
th

e
n
eu

ral
n
etw

ork
u

w
ith

resp
ect

to
tim

e
t

an
d

sp
ace

x
b
y

ap
p
ly

in
g

th
e

ch
ain

ru
le

for
d
iff

eren
tiatin

g
com

p
osition

s
of

fu
n
ction

s
u
sin

g
au

tom
atic

d
if-

feren
tiation

(B
ay

d
in

et
al.,

2015).
It

is
w

o
rth

em
p
h
asizin

g
th

at
au

tom
atic

d
iff

eren
tiation

is
d
iff

eren
t

from
,

an
d

in
several

asp
ects

su
p

erior
to,

n
u
m

erica
l

or
sy

m
b

olic
d
iff

eren
tiation

;
tw

o
com

m
on

ly
en

cou
n
tered

tech
n
iq

u
es

of
com

p
u
tin

g
d
erivatives.

N
u
m

erical
d
iff

eren
tiation

en
tails

th
e

fi
n
ite

d
iff

eren
ce

ap
p
rox

im
ation

of
d
erivatives

u
sin

g
valu

es
of

th
e

o
rigin

al
fu

n
ction

evalu
ated

at
som

e
sam

p
le

p
oin

ts.
D

u
e

to
th

e
in

tro
d
u
ction

of
tru

n
cation

an
d

rou
n
d
-off

er-
rors

in
fl
icted

b
y

th
e

lim
ited

p
recision

of
com

p
u
tation

s
an

d
th

e
ch

osen
valu

e
of

th
e

step
size

for
fi
n
ite

d
iff

eren
cin

g,
n
u
m

erical
ap

p
rox

im
ation

s
of

d
erivatives

are
in

h
eren

tly
ill-con

d
ition

ed
an

d
u
n
stab

le
(B

ay
d
in

et
al.,

2015).
S
y
m

b
olic

d
iff

eren
tiation

u
ses

ex
p
ression

m
an

ip
u
lation

in
com

p
u
ter

algeb
ra

sy
stem

s
su

ch
as

M
ath

em
atica,

M
ax

im
a,

an
d

M
ap

le.
S
y
m

b
olic

m
eth

-
o
d
s

req
u
ire

m
o
d
els

to
b

e
d
efi

n
ed

as
closed

-form
ex

p
ression

s,
ru

lin
g

ou
t

or
severely

lim
itin

g
algorith

m
ic

con
trol

fl
ow

an
d

ex
p
ressiv

ity
(B

ay
d
in

et
al.,

2015).

W
ith

ou
t

p
rop

er
in

tro
d
u
ction

,
on

e
m

ig
h
t

assu
m

e
th

at
au

tom
atic

d
iff

eren
tiation

is
eith

er
a

ty
p

e
of

n
u
m

erical
or

sy
m

b
olic

d
iff

eren
tiation

(B
ay

d
in

et
al.,

2015).
C

on
fu

sion
can

arise
b

ecau
se

au
tom

atic
d
iff

eren
tiation

d
o
es

in
fact

p
rov

id
e

n
u
m

erical
valu

es
of

d
erivativ

es
(as

op
p

osed
to

d
erivative

ex
p
ression

s)
an

d
it

d
o
es

so
b
y

u
sin

g
sy

m
b

olic
ru

les
of

d
iff

eren
tiation

(b
u
t

keep
in

g
track

of
d
erivative

valu
es

as
op

p
osed

to
th

e
resu

ltin
g

ex
p
ression

s),
giv

in
g

it
a

tw
o-sid

ed
n
atu

re
th

at
is

p
artly

sy
m

b
olic

an
d

p
artly

n
u
m

erical
(B

ay
d
in

et
al.,

2015).
In

its
m

ost
b
asic

d
escrip

tion
(B

ay
d
in

et
al.,

2015),
au

tom
atic

d
iff

eren
tiation

relies
on

th
e

fact
th

at
all

n
u
m

erical
com

p
u
tation

s
are

u
ltim

ately
com

p
osition

s
of

a
fi
n
ite

set
o
f

elem
en

tary
op

eration
s

for
w

h
ich

d
erivatives

are
k
n
ow

n
.

C
om

b
in

in
g

th
e

d
erivatives

of
th

e
con

stitu
en

t
op

eration
s

th
rou

gh
th

e
ch

ain
ru

le
gives

th
e

d
erivative

of
th

e
overall

com
p

osition
.

T
h
is

allow
s

accu
rate

evalu
ation

of
d
erivatives

at
m

ach
in

e
p
recision

w
ith

id
eal

asy
m

p
totic

effi
cien

cy
an

d
on

ly
a

sm
all

con
stan

t
factor

of
overh

ead
.

In
p
articu

lar,
to

com
p
u
te

th
e

d
erivatives

in
v
olved

in
eq

u
ation

(2)
w

e
rely

on
T

en
sorfl

ow
(A

b
ad

i
et

al.,
2016

)
w

h
ich

is
a

p
op

u
lar

an
d

relativ
ely

w
ell

d
o
cu

m
en

ted
op

en
sou

rce
softw

are
lib

rary
for

au
tom

atic
d
iff

eren
tiatio

n
an

d
d
eep

learn
-

in
g

com
p
u
tation

s.
In

T
en

sorF
low

,
b

efore
a

m
o
d
el

is
ru

n
,

its
com

p
u
tation

al
gra

p
h

is
d
efi

n
ed

3
.

R
ep

resen
tin

g
th

e
so

lu
tio

n
u

b
y

a
d

eep
n

eu
ra

l
n

etw
o
rk

is
in

sp
ired

b
y

recen
t

d
ev

elo
p

m
en

ts
in

p
h
ysics-

in
fo
rm

ed
d
eep

lea
rn

in
g

(R
a
issi

et
a
l.,

2
0
1
7
c,d

),
w

h
ile

a
p

p
rox

im
a
tin

g
th

e
n

o
n

lin
ea

r
fu

n
ctio

n
N

b
y

a
n

o
th

er
n

etw
o
rk

is
th

e
n

ov
elty

o
f

th
is

w
o
rk

.
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d
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P
h
y
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c
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M
o
d
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st
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th
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d
y
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an
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P

y
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T
h
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is
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p
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n
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fe
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u
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w
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u
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to
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an
d
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p
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e

th
e

en
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m
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u
ta
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a
d
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p
h
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p
h
ys
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m
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)
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d
k
ee

p
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x
ed
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ro

u
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ou
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th
e

tr
ai

n
in

g
p
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ce
d
u
re

.
T

h
is

le
ad

s
to

si
gn
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n
t

re
d
u
ct

io
n

in
th

e
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m
p
u
ta

ti
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st
of

th
e

p
ro

p
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ed
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ew

or
k
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P
ar

am
et

er
s

of
th

e
n
eu

ra
l

n
et

w
or

k
s
u

an
d
N

ca
n

b
e

le
ar

n
ed

b
y

m
in

im
iz

in
g

th
e

su
m

of
sq

u
ar

ed
er

ro
rs

lo
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fu
n
ct

io
n

S
S
E

:=
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1

( |u
(t
i ,
x
i )
−
u
i |2

+
|f

(t
i ,
x
i )
|2)

,
(3

)

w
h
er

e
{t
i ,
x
i ,
u
i }
N i=

1
d
en

ot
e

th
e

tr
ai

n
in

g
d
at

a
on

u
.

T
h
e

te
rm
|u

(t
i ,
x
i )
−
u
i |2

tr
ie

s
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fi
t

th
e

d
at

a
b
y

ad
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st
in

g
th

e
p
ar

am
et

er
s

of
th

e
n
eu

ra
l

n
et

w
or

k
u

w
h
il
e

th
e

te
rm
|f
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i ,
x
i )
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le
ar

n
s

th
e

p
ar
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et

er
s

of
th

e
n
et

w
or

k
N

b
y

tr
y
in

g
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sa
ti

sf
y

th
e

p
ar

ti
al

d
iff

er
en

ti
al

eq
u
a
ti
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)
at

th
e

co
ll
o
ca
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on

p
oi

n
ts

(t
i ,
x
i )
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T

ra
in

in
g

th
e

p
ar

am
et

er
s

of
th

e
n
eu
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l

n
et

w
or

k
s
u

an
d
N

ca
n

b
e

p
er

fo
rm

ed
si

m
u
lt

an
eo

u
sl

y
b
y

m
in

im
iz

in
g

th
e

su
m

of
sq

u
ar

ed
er

ro
r
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or
in

a
se

q
u
en

ti
al

fa
sh

io
n

b
y

tr
ai

n
in

g
u

fi
rs

t
an

d
N

se
co

n
d
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H
ow

ca
n

w
e

m
ak

e
su

re
th

at
th

e
al

g
or

it
h
m

p
re

se
n
te

d
ab

ov
e

re
su

lt
s

in
an

ac
ce

p
ta

b
le

fu
n
ct

io
n
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?
O

n
e

an
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er
w

ou
ld

b
e

to
so

lv
e

th
e

le
ar

n
ed

eq
u
at

io
n
s

an
d

co
m

p
ar

e
th

e
re

su
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-
in

g
so

lu
ti
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th
e

so
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of
th

e
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ac
t

p
ar

ti
al

d
iff

er
en

ti
al

eq
u
at

io
n
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H
ow

ev
er

,
it

sh
ou

ld
b

e
p

oi
n
te

d
ou

t
th

at
th

e
le

ar
n
ed

fu
n
ct

io
n
N
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a

bl
a
ck

-b
o
x

fu
n
ct

io
n
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i.
e.

,
w

e
d
o

n
ot

k
n
ow

it
s

fu
n
ct

io
n
al

fo
rm

.
C

on
se

q
u
en

tl
y,

n
on

e
of

th
e

cl
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si
ca

l
p
a
rt

ia
l

d
iff

er
en

ti
al

eq
u
at

io
n

so
lv

er
s

su
ch

as
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n
it

e
d
iff

er
en
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fi
n
it

e
el
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en

ts
or

sp
ec

tr
al

m
et

h
o
d
s

a
re

ap
p
li
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b
le

h
er

e.
T

h
er

ef
or
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to

so
lv

e
th

e
le
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n
ed

eq
u
at

io
n
s

w
e

h
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e
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o

ot
h
er
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m
o
d
er

n
b
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ck
-b

ox
so

lv
er

s
su

ch
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p
h
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l
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et
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u
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d
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h
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st
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d
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P
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lv

er
s4

ar
e

si
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il
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n
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w
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h
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e
n
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n
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r
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n
N

b
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n
g

k
n
ow

n
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d
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e
d
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a
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d
in

g
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b
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n
d
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y
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e
fo
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ow
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ke
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e
p
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,
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e
b
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efl
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p
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e
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s
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r

so
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g

n
on
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in
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p
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al

d
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er
en

ti
al

eq
u
at

io
n
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a
s

fe
w

se
n
te

n
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s
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p
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si
b
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T

h
e

P
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N
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go
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m
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ve
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ge
n
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al
an

d
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r
a

m
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d
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p
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w
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e
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et
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H

ow
ev

er
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fo
r

p
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a
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l
p
u
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,
w

e
ex

p
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in
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e
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m

b
y

ap
p
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g
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p
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b
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m
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B
u
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u
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p
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co

m
p
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b
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p
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d
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b
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d
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y
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n
d
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n
s;

i.
e.

,

u
t
+
u
u
x
−

0.
1u

x
x

=
0,

x
∈

[−
8,

8]
,

u
(0
,x

)
=
−

si
n
(π
x
/8

),
u

(t
,−

8)
=
u

(t
,8

),
u
x
(t
,−

8)
=
u
x
(t
,8

).

W
e

ap
p
ro

x
im

at
e

th
e

u
n
k
n
ow

n
so

lu
ti

on
u

(t
,x

)
to

th
e

B
u
rg

er
s’

eq
u
at

io
n

b
y

a
d
ee

p
n
eu

ra
l

n
et

w
or

k
.

C
on

se
q
u
en

tl
y,

th
e

co
rr

es
p

on
d
in

g
p
h
ys

ic
in

fo
rm

ed
n

eu
ra

l
n

et
w

o
rk

(P
IN

N
)

ta
ke

s

4
.

P
IN

N
s

h
av

e
a
ls

o
b

ee
n

u
se

d
in

(R
a
is

si
et

a
l.

,
2
0
1
7
d

)
to

so
lv

e
in

v
er

se
p

ro
b

le
m

s
in

v
o
lv

in
g

n
o
n

li
n

ea
r

p
a
rt

ia
l

d
iff

er
en

ti
a
l

eq
u

a
ti

o
n

s
in

ca
se

s
w

h
er

e
th

e
p

h
y
si

cs
o
f

th
e

p
ro

b
le

m
a
re

w
el

l
u

n
d

er
st

o
o
d

a
n

d
th

e
n

o
n

li
n

ea
r

fu
n

ct
io

n
N

is
k
n

ow
n

u
p

to
a

se
t

o
f

p
a
ra

m
et

er
s.
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R
a
is
si

th
e

fo
rm

f
:=

u
t
+
u
u
x
−

0
.1
u
x
x
.

T
o

b
e

p
re

ci
se

,
fo

r
th

e
ca

se
s

st
u
d
ie

d
in

th
e

cu
rr

en
t

w
or

k
,

th
e

p
h
y
si

c
in

fo
rm

ed
n
eu

ra
l

n
et

w
o
rk

f
(t
,x

)
h
as

a
fo

rm
si

m
il
ar

to
f

:=
N

(u
,u

x
,u

x
x
)

fo
r

so
m

e
p
re

-t
ra

in
ed

(s
ee

eq
u
a
ti

o
n

3
)

n
eu

ra
l

n
et

w
or

k
N

w
it

h
it

s
p
ar

am
et

er
s

b
ei

n
g

ke
p
t

fi
x
ed

.
W

e
ac

q
u
ir

e
th

e
re

q
u
ir

ed
d
er

iv
a
ti

ve
s

to
co

m
p
u
te

th
e

re
si

d
u
al

n
et

w
or

k
f

b
y

a
p
p
ly

in
g

th
e

ch
ai

n
ru

le
fo

r
d
iff

er
en

ti
at

in
g

co
m

p
o
si

ti
o
n
s

of
fu

n
ct

io
n
s

u
si

n
g

au
to

m
at

ic
d
iff

er
en

ti
a
ti

on
(B

ay
d
in

et
al

.,
20

15
).

T
h
e

sh
ar

ed
p
a
ra

m
et

er
s

b
et

w
ee

n
th

e
n
eu

ra
l

n
et

w
or

k
s
u

(t
,x

)
an

d
f

(t
,x

)
ca

n
b

e
le

ar
n
ed

b
y

m
in

im
iz

in
g

th
e

m
ea

n
sq

u
ar

ed
er

ro
rs

lo
ss

fu
n
ct

io
n

M
S
E

=
M
S
E

0
+
M
S
E
b

+
M
S
E
f
,

w
h
er

e

M
S
E

0
=

1 N
0

∑
N

0
i=

1
|u

(0
,x

i 0
)
−
u
i 0
|2 ,

M
S
E
b

=
1 N
b

∑
N

b
i=

1

( |u
(t
i b
,−

8)
−
u

(t
i b
,8

)|2
+
|u
x
(t
i b
,−

8)
−
u
x
(t
i b
,8

)|2
) ,

M
S
E
f

=
1 N
f

∑
N

f

i=
1
|f

(t
i f
,x

i f
)|2
.

H
er

e,
{x

i 0
,h

i 0
}N

0
i=

1
d
en

ot
e

th
e

in
it

ia
l

d
at

a
ge

n
er

at
ed

in
th

is
ex

a
m

p
le

b
y

th
e

in
it

ia
l

fu
n
ct

io
n

−
si

n
(π
x
/8

),
{t
i b
}N

b
i=

1
co

rr
es

p
on

d
to

th
e

co
ll
o
ca

ti
on

p
oi

n
ts

on
th

e
b

ou
n
d
ar

y,
a
n
d
{t
i f
,x

i f
}N

f

i=
1

re
p
re

se
n
ts

th
e

co
ll
o
ca

ti
on

p
oi

n
ts

on
th

e
re

si
d
u
al

n
et

w
or

k
f

(t
,x

).
C

on
se

q
u
en

tl
y,
M
S
E

0
co

r-
re

sp
on

d
s

to
th

e
lo

ss
on

th
e

in
it

ia
l

d
at

a
,
M
S
E
b

en
fo

rc
es

th
e

p
er

io
d
ic

b
ou

n
d
a
ry

co
n
d
it

io
n
s,

an
d
M
S
E
f

p
en

al
iz

es
th

e
B

u
rg

er
s’

eq
u
at

io
n

fo
r

n
ot

b
ei

n
g

sa
ti

sfi
ed

on
th

e
co

ll
o
ca

ti
o
n

p
o
in

ts
.

T
h
is

ex
am

p
le

en
ca

p
su

la
te

s
al

l
of

th
e

im
p

or
ta

n
t

in
gr

ed
ie

n
ts

of
th

e
P

IN
N

s
al

g
o
ri

th
m

(R
a
is

si
et

al
.,

20
17

c)
an

d
ca

n
b

e
st

ra
ig

h
tf

or
w

ar
d
ly

ge
n
er

al
iz

ed
to

ar
b
it

ra
ry

p
ar

ti
al

d
iff

er
en

ti
a
l

eq
u
a
-

ti
on

s
w

h
er

e
th

e
b

ou
n
d
ar

y
co

n
d
it

io
n
s

sh
ou

ld
b

e
tr

ea
te

d
on

a
ca

se
b
y

ca
se

b
a
si

s
(s

ee
R

a
is

si
et

al
.,

20
17

c)
.

3
.

R
e
su

lt
s

T
h
e

p
ro

p
os

ed
fr

am
ew

or
k

p
ro

v
id

es
a

u
n
iv

er
sa

l
tr

ea
tm

en
t

of
n
on

li
n
ea

r
p
ar

ti
a
l

d
iff

er
en

ti
a
l

eq
u
at

io
n
s

of
fu

n
d
am

en
ta

ll
y

d
iff

er
en

t
n
at

u
re

.
T

h
is

ge
n
er

al
it

y
w

il
l

b
e

d
em

on
st

ra
te

d
b
y

a
p
-

p
ly

in
g

th
e

al
go

ri
th

m
to

a
w

id
e

ra
n
ge

of
ca

n
o
n
ic

al
p
ro

b
le

m
s

sp
an

n
in

g
a

n
u
m

b
er

o
f

sc
ie

n
ti

fi
c

d
om

ai
n
s

in
cl

u
d
in

g
th

e
B

u
rg

er
s’

,
K

o
rt

ew
eg

-d
e

V
ri

es
(K

d
V

),
K

u
ra

m
ot

o-
S
iv

a
sh

in
sk

y,
n
o
n
-

li
n
ea

r
S
ch

rö
d
in

ge
r,

an
d

N
av

ie
r-

S
to

k
es

eq
u
at

io
n
s.

T
h
es

e
ex

am
p
le

s
ar

e
m

o
ti

va
te

d
b
y

th
e

p
io

n
ee

ri
n
g

w
or

k
of

R
u
d
y

et
al

.
(2

01
7)

.
A

ll
d
at

a
an

d
co

d
es

u
se

d
in

th
is

m
a
n
u
sc

ri
p
t

a
re

p
u
b
li
cl

y
av

ai
la

b
le

on
G

it
H

u
b

at
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
m
a
z
i
a
r
r
a
i
s
s
i
/
D
e
e
p
H
P
M
s
.

3
.1

B
u

rg
e
rs

’
e
q
u

a
ti

o
n

L
et

u
s

st
ar

t
w

it
h

th
e

B
u
rg

er
s’

eq
u
at

io
n

ar
is

in
g

in
va

ri
ou

s
ar

ea
s

of
en

gi
n
ee

ri
n
g

a
n
d

a
p
p
li
ed

m
at

h
em

at
ic

s,
in

cl
u
d
in

g
fl
u
id

m
ec

h
an

ic
s,

n
on

li
n
ea

r
ac

ou
st

ic
s,

ga
s

d
y
n
am

ic
s,

a
n
d

tr
a
ffi

c
fl
ow

(B
as

d
ev

an
t

et
al

.,
19

86
).

In
on

e
sp

a
ce

d
im

en
si

on
,

th
e

B
u
rg

er
s’

eq
u
at

io
n

re
ad

s
a
s

u
t

=
−
u
u
x

+
0
.1
u
x
x
.

(4
)
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D
e
e
p
H
id
d
e
n
P
h
y
sic

s
M
o
d
e
l
s

T
o

o
b
ta

in
a

set
of

train
in

g
an

d
test

d
ata,

w
e

sim
u
late

th
e

B
u
rger’s

eq
u
ation

(4)
u
sin

g
co

n
ven

tio
n
a
l

sp
ectral

m
eth

o
d
s.

S
p

ecifi
cally,

startin
g

from
an

in
itial

con
d
ition

u
(0,x

)
=

−
sin

(π
x
/
8
),
x
∈

[−
8
,8]

an
d

assu
m

in
g

p
erio

d
ic

b
ou

n
d
ary

con
d
ition

s,
w

e
in

tegrate
eq

u
ation

(4
)

u
p

to
th

e
fi
n
al

tim
e
t

=
10.

W
e

u
se

th
e

C
h
eb

fu
n

p
ackage

(D
riscoll

et
al.,

2014)
w

ith
a

sp
ectral

F
o
u
rier

d
iscretization

w
ith

256
m

o
d
es

an
d

a
fou

rth
-ord

er
ex

p
licit

R
u
n
ge-K

u
tta

tem
p

o
ra

l
in

teg
rator

w
ith

tim
e-step

size
10 −

4.
T

h
e

solu
tion

is
sav

ed
every

∆
t

=
0.05

to
give

u
s

a
to

ta
l

o
f

2
0
1

sn
ap

sh
ots.

O
u
t

o
f

th
is

d
ata-set,

w
e

gen
erate

a
sm

aller
train

in
g

su
b
set,

sca
ttered

in
sp

a
ce

an
d

tim
e,

b
y

ran
d
om

ly
su

b
-sam

p
lin

g
1000

0
d
ata

p
oin

ts
fro

m
tim

e
t

=
0

to
t

=
6.7

.
W

e
call

th
e

p
ortion

of
th

e
d
om

ain
from

tim
e
t

=
0

to
t

=
6.7

th
e

train
in

g
p

ortion
.

T
h
e

rest
o
f

th
e

d
om

ain
from

tim
e
t

=
6.7

to
th

e
fi
n
al

tim
e
t

=
10

w
ill

b
e

referred
to

as
th

e
test

p
o
rtio

n
.

U
sin

g
th

is
term

in
ology,

w
e

are
in

fact
su

b
-sam

p
lin

g
from

th
e

origin
al

d
a
taset

o
n
ly

in
th

e
tra

in
in

g
p

ortion
of

th
e

d
om

ain
.

G
iven

th
e

train
in

g
d
ata,

w
e

are
in

terested
in

lea
rn

in
g
N

a
s

a
fu

n
ction

of
th

e
solu

tion
u

an
d

its
d
erivatives

u
p

to
th

e
2n

d
ord

er
5;

i.e.,

u
t

=
N

(u
,u

x ,u
x
x ).

(5)

W
e

rep
resen

t
th

e
solu

tion
u

b
y

a
5-layer

d
eep

n
eu

ral
n
etw

ork
w

ith
50

n
eu

ron
s

p
er

h
id

d
en

layer.
F

u
rth

erm
ore,

w
e

letN
to

b
e

a
n
eu

ra
l

n
etw

ork
w

ith
2

h
id

d
en

lay
ers

an
d

10
0

n
eu

ron
s

p
er

h
id

d
en

layer.
A

s
for

th
e

activation
fu

n
ction

s,
w

e
u
se

sin
(x

).
In

gen
eral,

th
e

ch
oice

o
f

a
n
eu

ra
l

n
etw

ork
’s

arch
itectu

re
(e.g.,

n
u
m

b
er

of
layers/n

eu
ron

s
an

d
fo

rm
of

activation
fu

n
ctio

n
s)

is
cru

cial
an

d
in

m
an

y
ca

ses
still

rem
ain

s
an

art
th

at
relies

on
on

e’s
a
b
ility

to
b
al-

a
n
ce

th
e

tra
d
e

off
b

etw
een

exp
ressivity

an
d

tra
in

a
bility

of
th

e
n
eu

ral
n
etw

ork
(R

a
gh

u
et

al.,
2
0
1
6
).

O
u
r

em
p
irical

fi
n
d
in

gs
so

far
in

d
icate

th
at

d
eep

er
an

d
w

id
er

n
etw

ork
s

are
u
su

ally
m

o
re

ex
p
ressive

(i.e.,
th

ey
can

cap
tu

re
a

larger
class

of
fu

n
ction

s)
b
u
t

are
often

m
ore

costly
to

tra
in

(i.e.,
a

feed
-forw

ard
evalu

ation
of

th
e

n
eu

ra
l

n
etw

ork
takes

m
ore

tim
e

an
d

th
e

op
ti-

m
izer

req
u
ires

m
ore

iteration
s

to
con

verge).
M

oreover,
th

e
sin

u
so

id
(i.e.,

sin
(x

))
activation

fu
n
ctio

n
seem

s
to

b
e

n
u
m

erically
m

ore
stab

le
th

an
tan

h
(x

),
at

least
w

h
ile

com
p
u
tin

g
th

e
resid

u
a
l

n
eu

ra
l

n
etw

ork
f

(see
eq

u
ation

2).
H

ow
ev

er,
th

ese
ob

servation
s

sh
ou

ld
b

e
in

ter-
p
reted

a
s

con
jectu

res
rath

er
th

an
as

fi
rm

resu
lts

6.
In

th
is

w
ork

,
w

e
h
ave

tried
to

ch
o
ose

th
e

n
eu

ra
l

n
etw

o
rk

s’
arch

itectu
res

in
a

con
sisten

t
fash

ion
th

rou
gh

ou
t

th
e

m
a
n
u
scrip

t.
C

on
se-

q
u
en

tly,
th

ere
m

igh
t

ex
ist

oth
er

arch
itectu

res
th

at
im

p
rov

e
som

e
of

th
e

resu
lts

rep
orted

in
th

e
cu

rren
t

w
o
rk

.

T
h
e

n
eu

ra
l

n
etw

ork
s
u

an
d
N

are
train

ed
b
y

m
in

im
izin

g
th

e
su

m
of

sq
u
ared

errors
loss

o
f

eq
u
a
tio

n
(3

).
T

o
illu

strate
th

e
eff

ectiven
ess

of
ou

r
ap

p
roach

,
w

e
solv

e
th

e
learn

ed
p
artial

d
iff

eren
tial

eq
u
ation

(5),
alon

g
w

ith
p

erio
d
ic

b
ou

n
d
ary

con
d
ition

s
an

d
th

e
sa

m
e

in
itial

con
-

d
itio

n
a
s

th
e

o
n
e

u
sed

to
gen

erate
th

e
origin

al
d
ataset,

u
sin

g
th

e
P

IN
N

s
algorith

m
(R

aissi
et

a
l.,

2
0
1
7c).

T
h
e

origin
al

d
ataset

alon
gsid

e
th

e
resu

ltin
g

solu
tion

of
th

e
learn

ed
p
artial

d
iff

eren
tial

eq
u
ation

are
d
ep

icted
in

fi
gu

re
1.

T
h
is

fi
gu

re
in

d
icates

th
at

ou
r

algorith
m

is
a
b
le

to
a
ccu

ra
tely

id
en

tify
th

e
u
n
d
erly

in
g

p
artial

d
iff

eren
tial

eq
u
ation

w
ith

a
relative

L
2-error

of
4
.7

8
e-0

3
.

It
sh

o
u
ld

b
e

h
igh

ligh
ted

th
at

th
e

train
in

g
d
ata

are
collected

in
ro

u
gh

ly
tw

o-th
ird

s
o
f

th
e

d
o
m

a
in

b
etw

een
tim

es
t

=
0

an
d
t

=
6
.7.

T
h
e

algorith
m

is
th

u
s

ex
trap

olatin
g

from

5
.

A
d

eta
iled

stu
d

y
o
f

th
e

ch
o
ice

o
f

th
e

o
rd

er
w

ill
b

e
p

rov
id

ed
la

ter
in

th
is

sectio
n

.
6
.

W
e

en
co

u
ra

g
e

th
e

in
terested

rea
d

er
to

ch
eck

o
u

t
th

e
co

d
es

co
rresp

o
n

d
in

g
to

th
is

p
a
p

er
o
n

G
itH

u
b

a
t
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
m
a
z
i
a
r
r
a
i
s
s
i
/
D
e
e
p
H
P
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g
d
at

a
an

d
co

n
se

q
u
en

tl
y

h
a
rd

er
fo

r
it

to
ge

n
er

al
iz

e
to

d
at

as
et

s
it

h
as

n
ev

er
se

en
b

ef
or

e.
B

as
ed

on
ou

r
ex

p
er

ie
n
ce

m
o
re

d
a
ta

se
em

s
to

h
el

p
re

so
lv

e
th

is
is

su
e.

A
n
ot

h
er

in
te

re
st

in
g

ob
se

rv
at

io
n

is
th

at
if

w
e

tr
a
in

o
n

th
e

d
at

as
et

p
re

se
n
te

d
in

fi
gu

re
2

an
d

te
st

on
th

e
on

e
d
ep

ic
te

d
in

fi
gu

re
1,

i.
e.

,
sw

a
p

th
e

ro
le

s
o
f

th
es

e
tw

o
d
at

as
et

s,
th

e
al

go
ri

th
m

fa
il
s

to
ge

n
er

al
iz

e
to

th
e

n
ew

te
st

d
a
ta

.
T

o
b

e
p
re

ci
se

,
as

d
ep

ic
te

d
in

fi
gu

re
3,

th
e

re
la

ti
ve
L

2
-e

rr
or

b
et

w
ee

n
th

e
ex

ac
t

an
d

th
e

le
ar

n
ed

so
lu

ti
o
n
s

is
n
ow

eq
u
al

to
2.

99
e-

01
.

T
h
is

ob
se

rv
at

io
n

su
gg

es
ts

th
at

th
e

d
y
n
am

ic
s

(s
ee

fi
gu

re
1
)

g
en

er
a
te

d
b
y

−
si

n
(π
x
/8

)
as

th
e

in
it

ia
l

co
n
d
it

io
n

is
a

ri
ch

er
on

e
co

m
p
ar

ed
to

th
e

d
y
n
am

ic
s

(s
ee

fi
g
u
re

2)
ge

n
er

at
ed

b
y

ex
p
(−

(x
+

2)
2
).

T
h
is

is
al

so
ev

id
en

t
fr

om
a

v
is

u
al

co
m

p
ar

is
on

o
f

th
e

d
a
ta

se
ts

gi
ve

n
in

fi
gu

re
s

1
an

d
2.

L
et

u
s

n
ow

ta
ke

a
cl

os
er

lo
ok

at
eq

u
at

io
n

(5
)

an
d

as
k
:

w
h
a
t

w
ou

ld
h
ap

p
en

if
w

e
in

cl
u
d
ed

d
er

iv
at

iv
es

of
h
ig

h
er

or
d
er

th
an

tw
o

in
ou

r
fo

rm
u
la

ti
on

?
A

s
w

il
l

b
e

d
em

on
st

ra
te

d
in

th
e

fo
ll
ow

in
g,

th
e

al
go

ri
th

m
p
ro

p
os

ed
in

th
e

cu
rr

en
t

w
or

k
is

ca
p
ab

le
of

h
an

d
li
n
g

su
ch

ca
se

s,
h
ow

ev
er

,
th

is
is

a
fu

n
d
am

en
ta

l
q
u
es

ti
on

w
or

th
y

of
a

m
om

en
t

of
re

fl
ec

ti
o
n
.

T
h
e

ch
o
ic

e
o
f

th
e

or
d
er

of
th

e
p
ar

ti
al

d
iff

er
en

ti
al

eq
u
at

io
n

(5
)

d
et

er
m

in
es

th
e

fo
rm

an
d

th
e

n
u
m

b
er

o
f

b
ou

n
d
ar

y
co

n
d
it

io
n
s

n
ee

d
ed

to
en

d
u
p

w
it

h
a

w
el

l-
p

os
ed

p
ro

b
le

m
.

F
or

in
st

a
n
ce

,
in

th
e

o
n
e

d
im

en
si

on
al

se
tt

in
g

of
eq

u
at

io
n

(5
)

in
cl

u
d
in

g
a

th
ir

d
or

d
er

d
er

iv
at

iv
e

re
q
u
ir

es
th

re
e

b
o
u
n
d
-

ar
y

co
n
d
it

io
n
s,

n
am

el
y
u

(t
,−

8)
=
u

(t
,8

),
u
x
(t
,−

8)
=
u
x
(t
,8

),
an

d
u
x
x
(t
,−

8
)

=
u
x
x
(t
,8

),

1
0
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D
e
e
p
H
id
d
e
n
P
h
y
sic

s
M
o
d
e
l
s

1st
ord

er
2n

d
ord

er
3rd

ord
er

4th
ord

er

R
elative

L
2-error

1.14e+
00

1.29
e-02

3.42e-02
5.54e-02

T
a
b
le

2
:

B
u

rgers’
equ

a
tio

n
:

R
elative

L
2-error

b
etw

een
solu

tion
s

of
th

e
B

u
rgers’

eq
u
ation

a
n
d

th
e

learn
ed

p
artial

d
iff

eren
tial

eq
u
ation

a
s

a
fu

n
ction

of
th

e
h
ig

h
est

ord
er

of
sp

a
tia

l
d
erivatives

in
clu

d
ed

in
ou

r
form

u
lation

.
F

or
in

stan
ce,

th
e

case
corresp

on
d
-

in
g

to
th

e
3rd

ord
er

m
ean

s
th

at
w

e
are

lo
ok

in
g

for
a

n
on

lin
ear

fu
n
ctio

n
N

su
ch

th
a
t
u
t

=
N

(u
,u

x ,u
x
x ,u

x
x
x ).

H
ere,

th
e

total
n
u
m

b
er

of
train

in
g

d
ata

as
w

ell
as

th
e

n
eu

ral
n
etw

ork
arch

itectu
res

are
kep

t
fi
x
ed

an
d

th
e

d
ata

are
assu

m
ed

to
b

e
n
o
iseless.

a
ssu

m
in

g
p

erio
d

b
ou

n
d
ary

con
d
ition

s.
C

on
seq

u
en

tly,
in

cases
of

p
ractical

in
terest,

th
e

ava
ila

b
le

in
fo

rm
ation

on
th

e
b

ou
n
d
ary

of
th

e
d
om

ain
cou

ld
h
elp

u
s

d
eterm

in
e

th
e

ord
er

o
f

th
e

p
artia

l
d
iff

eren
tial

eq
u
ation

w
e

are
try

to
id

en
tify.

W
ith

th
is

in
m

in
d
,

let
u
s

stu
d
y

th
e

ro
b
u
stn

ess
of

ou
r

fram
ew

ork
w

ith
resp

ect
to

th
e

h
ig

h
est

ord
er

of
th

e
d
erivatives

in
-

clu
d
ed

in
eq

u
a
tion

(5).
A

s
for

th
e

b
ou

n
d
ary

con
d
ition

s,
w

e
u
se

u
(t,−

8)
=
u

(t,8
)

an
d

u
x (t,−

8
)

=
u
x (t,8)

w
h
en

solv
in

g
th

e
id

en
tifi

ed
p
artial

d
iff

eren
tial

eq
u
ation

regard
less

of
th

e
in

itia
l

ch
o
ice

of
its

ord
er.

T
h
e

resu
lts

are
su

m
m

arized
in

tab
le

2.
T

h
e

fi
rst

colu
m

n
of

ta
b
le

2
d
em

o
n
strates

th
at

a
sin

gle
fi
rst

ord
er

d
erivative

is
clearly

n
ot

en
ou

gh
to

cap
tu

re
th

e
seco

n
d

o
rd

er
d
y
n
am

ics
of

th
e

B
u
rgers’

eq
u
atio

n
.

M
o
reover,

th
e

m
eth

o
d

seem
s

to
b

e
gen

er-
a
lly

ro
b
u
st

w
ith

resp
ect

to
th

e
n
u
m

b
er

an
d

ord
er

of
d
erivatives

in
clu

d
ed

in
th

e
n
on

lin
ear

fu
n
ctio

n
N

.
T

h
erefore,

in
ad

d
ition

to
an

y
in

form
atio

n
resid

in
g

on
th

e
d
om

ain
b

ou
n
d
ary,

stu
d
ies

su
ch

a
s

tab
le

2,
alb

eit
for

train
in

g
or

valid
ation

d
atasets,

cou
ld

h
elp

u
s

ch
o
ose

th
e

b
est

o
rd

er
fo

r
th

e
u
n
d
erly

in
g

p
artial

d
iff

eren
tial

eq
u
ation

.
In

th
is

case,
tab

le
2

su
ggests

th
e

o
rd

er
o
f

th
e

eq
u
ation

to
b

e
tw

o.

In
a
d
d
itio

n
,

it
m

u
st

b
e

stated
th

at
in

clu
d
in

g
h
igh

er
ord

er
d
erivatives

com
es

at
th

e
cost

o
f

red
u
cin

g
th

e
sp

eed
of

th
e

algorith
m

d
u
e

to
th

e
grow

th
in

th
e

com
p
lex

ity
of

th
e

resu
ltin

g
co

m
p
u
ta

tio
n
a
l

grap
h

for
th

e
corresp

on
d
in

g
d
eep

h
id

d
en

p
h
ysics

m
od

el
(see

eq
u
ation

2).
A

lso
,

a
n
o
th

er
d
raw

b
ack

is
th

at
h
igh

er
o
rd

er
d
erivatives

are
u
su

ally
less

a
ccu

rate
sp

ecially
if

o
n
e

u
ses

sin
gle

p
recision

fl
oatin

g-p
oin

t
sy

stem
(fl

oat32)
rath

er
th

an
d
ou

b
le

p
recisio

n
(fl

o
a
t6

4
).

It
is

tru
e

th
at

au
tom

atic
d
iff

eren
tiation

en
ab

les
u
s

to
evalu

ate
d
erivatives

at
m

ach
in

e
p
recision

,
h
ow

ev
er,

for
fl
oat32

th
e

m
ach

in
e

ep
silon

is
ap

p
rox

im
ately

1.19e-07.
F

or
im

p
roved

p
erfo

rm
an

ce
in

term
s

of
sp

eed
of

th
e

algorith
m

an
d

con
strain

ed
b
y

u
su

al
G

P
U

(g
ra

p
h
ics

p
ro

cessin
g

u
n
it)

p
latform

s
w

e
often

en
d

u
p

u
sin

g
fl
oat32

w
h
ich

b
o
ils

d
ow

n
to

co
m

m
ittin

g
a
n

error
of

ap
p
rox

im
ately

1.19e-07
w

h
ile

com
p
u
tin

g
th

e
req

u
ired

d
erivatives.

T
h
e

a
fo

rem
en

tion
ed

issu
es

d
o

n
ot

seem
to

b
e

to
o

seriou
s

sin
ce

com
p
u
ter

in
frastru

ctu
re

(b
oth

h
a
rd

w
a
re

an
d

softw
are)

for
d
eep

learn
in

g
is

con
stan

tly
im

p
rov

in
g.

3
.2

T
h

e
K

d
V

e
q
u

a
tio

n

A
s

a
m

a
th

em
a
ticalm

o
d
elof

w
av

es
on

sh
allow

w
ater

su
rfaces

on
e

cou
ld

con
sid

er
th

e
K

ortew
eg-

d
e

V
ries

(K
d
V

)
eq

u
ation

.
T

h
e

K
d
V

eq
u
atio

n
read

s
as

u
t

=
−
u
u
x −

u
x
x
x .

(6)

1
1
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R
a
issi

0
1
0

2
0

3
0

4
0

t

−
2
0

−
1
0 0

1
0

2
0

x

E
x
a
ct

D
y
n

a
m

ics

−
1
.0

−
0
.5

0
.0

0
.5

1
.0

1
.5

2
.0

0
1
0

2
0

3
0

4
0

t

−
2
0

−
1
0 0

1
0

2
0

x

L
earn

ed
D

y
n

a
m

ics

−
0
.5

0
.0

0
.5

1
.0

1
.5

2
.0

F
igu

re
4:

T
h
e

K
d
V

equ
a
tio

n
:

A
solu

tion
to

th
e

K
d
V

eq
u
ation

(left
p
an

el)
is

com
p
a
red

to
th

e
corresp

on
d
in

g
solu

tion
of

th
e

lea
rn

ed
p
artial

d
iff

eren
tial

eq
u
ation

(righ
t

p
an

el).
T

h
e

id
en

tifi
ed

sy
stem

correctly
cap

tu
res

th
e

form
of

th
e

d
y
n
am

ics
an

d
accu

rately
rep

ro
d
u
ces

th
e

solu
tion

w
ith

a
relativ

e
L

2-error
o
f

6.28e-02.
It

sh
ou

ld
b

e
em

p
h
asized

th
at

th
e

train
in

g
d
ata

are
collected

in
rou

gh
ly

tw
o-th

ird
s

of
th

e
d
om

ain
b

etw
een

tim
es
t

=
0

an
d
t

=
26.8

rep
resen

ted
b
y

th
e

w
h
ite

vertical
lin

es.
T

h
e

algorith
m

is
th

u
s

ex
trap

olatin
g

from
tim

e
t

=
26
.8

on
w

ard
s.

T
h
e

relative
L

2-error
on

th
e

train
in

g
p

ortion
of

th
e

d
o
m

ain
is

3.78e-02.

T
o

ob
tain

a
set

of
train

in
g

d
ata

w
e

sim
u
late

th
e

K
d
V

eq
u
ation

(6)
u
sin

g
con

ven
tion

al
sp

ec-
tral

m
eth

o
d
s.

In
p
articu

lar,
w

e
start

from
an

in
itial

con
d
ition

u
(0,x

)
=
−

sin
(π
x
/20),

x
∈

[−
20,20]

an
d

assu
m

e
p

erio
d
ic

b
ou

n
d
ary

con
d
ition

s.
W

e
in

tegrate
eq

u
ation

(6)
u
p

to
th

e
fi
n
al

tim
e
t

=
40.

W
e

u
se

th
e

C
h
eb

fu
n

p
ackage

(D
riscoll

et
al.,

201
4)

w
ith

a
sp

ectral
F

ou
rier

d
iscretization

w
ith

512
m

o
d
es

an
d

a
fou

rth
-ord

er
ex

p
licit

R
u
n
ge-K

u
tta

tem
p

oral
in

tegrator
w

ith
tim

e-step
size

10 −
4.

T
h
e

solu
tion

is
saved

every
∆
t

=
0.2

to
give

u
s

a
total

of
201

sn
ap

sh
ots.

O
u
t

o
f

th
is

d
ata-set,

w
e

gen
erate

a
sm

aller
train

in
g

su
b
set,

scattered
in

sp
ace

an
d

tim
e,

b
y

ran
d
om

ly
su

b
-sam

p
lin

g
10000

d
ata

p
oin

ts
fro

m
tim

e
t

=
0

to
t

=
26.8.

In
oth

er
w

ord
s,

w
e

are
su

b
-sam

p
lin

g
from

th
e

orig
in

al
d
ataset

on
ly

in
th

e
train

in
g

p
o
rtion

of
th

e
d
om

ain
from

tim
e
t

=
0

to
t

=
26.8.

G
iv

en
th

e
train

in
g

d
ata,

w
e

are
in

terested
in

learn
in

g
N

as
a

fu
n
ction

of
th

e
solu

tion
u

an
d

its
d
erivatives

u
p

to
th

e
3rd

ord
er

7;
i.e.,

u
t

=
N

(u
,u

x ,u
x
x ,u

x
x
x ).

(7)

W
e

rep
resen

t
th

e
solu

tion
u

b
y

a
5-layer

d
eep

n
eu

ral
n
etw

ork
w

ith
50

n
eu

ron
s

p
er

h
id

d
en

layer.
F

u
rth

erm
ore,

w
e

letN
to

b
e

a
n
eu

ral
n
etw

ork
w

ith
2

h
id

d
en

lay
ers

an
d

100
n
eu

ron
s

p
er

h
id

d
en

layer.
A

s
for

th
e

activation
fu

n
ction

s,
w

e
u
se

sin
(x

).
T

h
ese

tw
o

n
etw

ork
s

are
train

ed
b
y

m
in

im
izin

g
th

e
su

m
of

sq
u
ared

errors
loss

of
eq

u
ation

(3).
T

o
illu

strate
th

e
eff

ectiven
ess

of
ou

r
ap

p
roach

,
w

e
solve

th
e

learn
ed

p
artial

d
iff

eren
tial

eq
u
ation

(7)
u
sin

g
th

e
P

IN
N

s
algorith

m
(R

aissi
et

al.,
2017c).

W
e

assu
m

e
p

erio
d
ic

b
ou

n
d
ary

con
d
ition

s
an

d
th

e
sam

e
in

itial
con

d
ition

as
th

e
on

e
u
sed

to
gen

erate
th

e
origin

al
d
ataset.

T
h
e

resu
ltin

g
solu

tion
of

th
e

learn
ed

p
artial

d
iff

eren
tial

eq
u
ation

as
w

ell
as

th
e

ex
a
ct

solu
tio

n
of

th
e

K
d
V

eq
u
ation

are
d
ep

icted
in

fi
gu

re
4.

T
h
is

fi
gu

re
in

d
icates

th
at

ou
r

algorith
m

is
cap

ab
le

of
accu

rately
id

en
tify

in
g

th
e

u
n
d
erly

in
g

p
artial

d
iff

eren
tial

eq
u
ation

w
ith

a
relative

L
2-error

of

7
.

A
d

eta
iled

stu
d

y
o
f

th
e

ch
o
ice

o
f

th
e

o
rd

er
is

p
rov

id
ed

in
sectio

n
3
.1

fo
r

th
e

B
u

rg
ers’

eq
u

a
tio

n
.

1
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5:
T

h
e

K
d
V

eq
u

a
ti

o
n

:
A

so
lu

ti
on

to
th

e
K

d
V

eq
u
at

io
n

(l
ef

t
p
an

el
)

is
co

m
p
a
re

d
to

th
e

co
rr

es
p

on
d
in

g
so

lu
ti

on
of

th
e

le
a
rn

ed
p
ar

ti
al

d
iff

er
en

ti
al

eq
u
at

io
n

(r
ig

h
t

p
an

el
).

T
h
e

id
en

ti
fi
ed

sy
st

em
co

rr
ec

tl
y

ca
p
tu

re
s

th
e

fo
rm

of
th

e
d
y
n
am

ic
s

an
d

ac
cu

ra
te

ly
re

p
ro

d
u
ce

s
th

e
so

lu
ti

on
w

it
h

a
re

la
ti

v
e
L

2
-e

rr
or

o
f

3.
44

e-
02

.
It

sh
ou

ld
b

e
h
ig

h
li
gh

te
d

th
at

th
e

al
go

ri
th

m
is

tr
ai

n
ed

on
a

d
at

as
et

d
iff

er
en

t
fr

om
th

e
on

e
sh

ow
n

in
th

is
fi
gu

re
.

6.
28

e-
02

.
It

sh
ou

ld
b

e
h
ig

h
li
gh

te
d

th
at

th
e

tr
ai

n
in

g
d
at

a
ar

e
co

ll
ec

te
d

in
ro

u
gh

ly
tw

o-
th

ir
d
s

of
th

e
d
om

ai
n

b
et

w
ee

n
ti

m
es
t

=
0

an
d
t

=
26
.8

.
T

h
e

al
go

ri
th

m
is

th
u
s

ex
tr

a
p

ol
at

in
g

fr
om

ti
m

e
t

=
26
.8

on
w

ar
d
s.

T
h
e

co
rr

es
p

on
d
in

g
re

la
ti

ve
L

2
-e

rr
or

on
th

e
tr

ai
n
in

g
p

or
ti

on
of

th
e

d
om

ai
n

is
3.

78
e-

02
.

T
o

te
st

th
e

al
go

ri
th

m
ev

en
fu

rt
h
er

,
le

t
u
s

ch
an

ge
th

e
in

it
ia

l
co

n
d
it

io
n

to
co

s(
−
π
x
/2

0)
an

d
so

lv
e

th
e

K
d
V

eq
u
at

io
n

(6
)

u
si

n
g

th
e

co
n
ve

n
ti

on
al

sp
ec

tr
al

m
et

h
o
d

ou
tl

in
ed

ab
ov

e.
W

e
co

m
p
ar

e
th

e
re

su
lt

in
g

so
lu

ti
on

to
th

e
on

e
o
b
ta

in
ed

b
y

so
lv

in
g

th
e

le
ar

n
ed

p
ar

ti
al

d
iff

er
en

ti
al

eq
u
at

io
n

(5
)

u
si

n
g

th
e

P
IN

N
s

al
go

ri
th

m
(R

ai
ss

i
et

al
.,

20
17

c)
.

It
is

w
or

th
em

p
h
as

iz
in

g
th

at
th

e
al

go
ri

th
m

is
tr

ai
n
ed

on
th

e
d
at

as
et

d
ep

ic
te

d
in

fi
gu

re
4

an
d

is
b

ei
n
g

te
st

ed
on

a
d
iff

er
en

t
d
at

as
et

as
sh

ow
n

in
fi
gu

re
5.

T
h
e

su
rp

ri
si

n
g

re
su

lt
re

p
or

te
d

in
fi
gu

re
5

st
ro

n
gl

y
in

d
ic

at
es

th
at

th
e

al
go

ri
th

m
is

ac
cu

ra
te

ly
le

ar
n
in

g
th

e
u
n
d
er

ly
in

g
p
ar

ti
al

d
iff

er
en

ti
al

eq
u
at

io
n
;

i.
e.

,
th

e
n
on

li
n
ea

r
fu

n
ct

io
n
N

.
T

h
e

al
go

ri
th

m
h
as

n
’t

se
en

th
e

d
at

as
et

sh
ow

n
in

fi
gu

re
5

d
u
ri

n
g

m
o
d
el

tr
ai

n
in

g
an

d
is

ye
t

ca
p
ab

le
of

a
ch

ie
v
in

g
a

re
la

ti
ve

ly
ac

cu
ra

te
ap

p
ro

x
im

at
io

n
of

th
e

tr
u
e

so
lu

ti
on

.
T

o
b

e
p
re

ci
se

,
th

e
id

en
ti

fi
ed

sy
st

em
re

p
ro

d
u
ce

s
th

e
so

lu
ti

on
to

th
e

K
d
V

eq
u
at

io
n

w
it

h
a

re
la

ti
ve
L

2
-e

rr
or

of
3.

44
e-

02
.

3
.3

K
u

ra
m

o
to

-S
iv

a
sh

in
sk

y
e
q
u

a
ti

o
n

A
s

a
ca

n
on

ic
al

m
o
d
el

of
a

p
at

te
rn

fo
rm

in
g

sy
st

em
w

it
h

sp
at

io
-t

em
p

or
al

ch
a
ot

ic
b

eh
av

io
r

w
e

co
n
si

d
er

th
e

K
u
ra

m
ot

o-
S
iv

as
h
in

sk
y

eq
u
at

io
n
.

In
o
n
e

sp
ac

e
d
im

en
si

on
th

e
K

u
ra

m
ot

o-
S
iv

as
h
in

sk
y

eq
u
at

io
n

re
ad

s
as

u
t

=
−
u
u
x
−
u
x
x
−
u
x
x
x
x
.

(8
)

W
e

ge
n
er

at
e

a
d
at

as
et

co
n
ta

in
in

g
a

d
ir

ec
t

n
u
m

er
ic

al
so

lu
ti

on
of

th
e

K
u
ra

m
ot

o-
S
iv

a
sh

in
sk

y
(8

)
eq

u
at

io
n

w
it

h
51

2
sp

at
ia

l
p

oi
n
ts

an
d

25
1

sn
ap

sh
ot

s.
T

o
b

e
p
re

ci
se

,
as

su
m

in
g

p
er

i-
o
d
ic

b
ou

n
d
ar

y
co

n
d
it

io
n
s,

w
e

st
ar

t
fr

om
th

e
in

it
ia

l
co

n
d
it

io
n
u

(0
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)
=
−

si
n
(π
x
/1

0)
,
x
∈
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−
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D
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−
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F
ig

u
re

6:
K

u
ra

m
o
to

-S
iv

a
sh

in
sk

y
eq

u
a
ti

o
n

:
A

so
lu

ti
on

to
th

e
K

u
ra

m
ot

o-
S
iv

a
sh

in
sk

y
eq

u
a-

ti
on

(l
ef

t
p
an

el
)

is
co

m
p
ar

ed
to

th
e

co
rr

es
p

on
d
in

g
so

lu
ti

on
of

th
e

le
a
rn

ed
p
a
rt

ia
l

d
iff

er
en

ti
al

eq
u
at

io
n

(r
ig

h
t

p
an

el
).

T
h
e

id
en

ti
fi
ed

sy
st

em
co

rr
ec

tl
y

ca
p
tu

re
s

th
e

fo
rm

of
th

e
d
y
n
am

ic
s

an
d

re
p
ro

d
u
ce

s
th

e
so

lu
ti

on
w

it
h

a
re

la
ti

ve
L

2
-e

rr
o
r

of
7.

63
e-

02
.

[−
10
,1

0]
an

d
in

te
gr

at
e

eq
u
at

io
n

(8
)

u
p

to
th

e
fi
n
a
l

ti
m

e
t

=
50

.
W

e
em

p
lo

y
th

e
C

h
eb

fu
n

p
ac

ka
ge

(D
ri

sc
ol

l
et

al
.,

20
14

)
w

it
h

a
sp

ec
tr

al
F

ou
ri

er
d
is

cr
et

iz
at

io
n

w
it

h
51

2
m

o
d
es

a
n
d

a
fo

u
rt

h
-o

rd
er

ex
p
li
ci

t
R

u
n
ge

-K
u
tt

a
te

m
p

or
al

in
te

gr
at

or
w

it
h

ti
m

e-
st

ep
si

ze
10

−
5
.

T
h
e

sn
a
p
-

sh
ot

s
ar

e
sa

ve
d

ev
er

y
∆
t

=
0
.2

.
F

ro
m

th
is

d
at

as
et

,
w

e
cr

ea
te

a
sm

al
le

r
tr

a
in

in
g

su
b
se

t,
sc

at
te

re
d

in
sp

ac
e

an
d

ti
m

e,
b
y

ra
n
d
om

ly
su

b
-s

am
p
li
n
g

10
00

0
d
at

a
p

oi
n
ts

fr
o
m

ti
m

e
t

=
0

to
th

e
fi
n
al

ti
m

e
t

=
50
.0

.
G

iv
en

th
e

re
su

lt
in

g
tr

ai
n
in

g
d
at

a,
w

e
ar

e
in

te
re

st
ed

in
le

a
rn

in
g

N
as

a
fu

n
ct

io
n

of
th

e
so

lu
ti

on
u

an
d

it
s

d
er

iv
at

iv
es

u
p

to
th

e
4
rd

or
d
er

8
;

i.
e.

,

u
t

=
N

(u
,u

x
,u

x
x
,u

x
x
x
,u

x
x
x
x
).

(9
)

W
e

le
t

th
e

so
lu

ti
on

u
to

b
e

re
p
re

se
n
te

d
b
y

a
5-

la
ye

r
d
ee

p
n
eu

ra
l
n
et

w
or

k
w

it
h

5
0

n
eu

ro
n
s

p
er

h
id

d
en
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ye

r.
F

u
rt

h
er

m
or

e,
w

e
ap

p
ro

x
im

at
e

th
e

n
on

li
n
ea

r
fu

n
ct

io
n
N

b
y

a
n
eu

ra
l

n
et

w
o
rk

w
it

h
2

h
id

d
en

la
ye

rs
an

d
10

0
n
eu

ro
n
s

p
er

h
id

d
en

la
ye

r.
A

s
fo

r
th

e
ac

ti
va

ti
on

fu
n
ct

io
n
s,

w
e

u
se

si
n
(x

).
T

h
es

e
tw

o
n
et

w
or

k
s

ar
e

tr
ai

n
ed

b
y

m
in

im
iz

in
g

th
e

su
m

of
sq

u
ar

ed
er

ro
rs

lo
ss

of
eq

u
at

io
n

(3
).

T
o

d
em

on
st

ra
te

th
e

eff
ec

ti
ve

n
es

s
of

ou
r

ap
p
ro

ac
h
,

w
e

so
lv

e
th

e
le

a
rn

ed
p
a
rt

ia
l

d
iff

er
en

ti
al

eq
u
at

io
n

(9
)

u
si

n
g

th
e

P
IN

N
s

al
go

ri
th

m
(R

ai
ss

i
et

al
.,

20
17

c)
.

W
e

a
ss

u
m

e
th

e
sa

m
e

in
it

ia
l

an
d

b
ou

n
d
ar

y
co

n
d
it

io
n
s
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th

e
on

es
u
se

d
to

ge
n
er

at
e

th
e

or
ig

in
a
l

d
a
ta

se
t.

T
h
e

re
su

lt
in

g
so

lu
ti

on
of

th
e

le
ar

n
ed

p
ar

ti
al

d
iff

er
en

ti
al

eq
u
at

io
n

al
on

gs
id

e
th

e
ex

a
ct

so
lu

ti
o
n

of
th

e
K

u
ra

m
ot

o-
S
iv

as
h
in

sk
y

eq
u
at

io
n

ar
e

d
ep

ic
te

d
in

fi
g
u
re

6.
T

h
is

fi
gu

re
in

d
ic

a
te

s
th

a
t

ou
r

al
go

ri
th

m
is

ca
p
ab

le
of

id
en

ti
fy

in
g

th
e

u
n
d
er

ly
in

g
p
a
rt

ia
l

d
iff

er
en

ti
al

eq
u
a
ti

o
n

w
it

h
a

re
la

ti
ve

L
2
-e

rr
or

of
7.

63
e-

02
.

H
er

e
an

d
in

th
e

re
st

of
th

e
cu

rr
en

t
m

an
u
sc

ri
p
t,

th
e

te
st

a
n
d

tr
ai

n
in

g
d
at

as
et

s
ap

p
ea

r
to

b
e

th
e

sa
m

e.
H

ow
ev

er
,

it
sh

ou
ld

b
e

em
p
h
a
si

ze
d

th
a
t

d
u
ri

n
g

te
st

ti
m

e
th

e
on

ly
p
ie

ce
s

of
in

fo
rm

at
io

n
gi

ve
n

to
th

e
P

IN
N

s
al

go
ri

th
m

ar
e

th
e

in
it

ia
l

a
n
d

b
ou

n
d
ar

y
d
at

a
in

ad
d
it

io
n

to
th

e
le

ar
n
ed

fu
n
ct

io
n
N

.
T

h
is

m
ea

n
s

th
at

re
su

lt
s

su
ch

a
s

fi
g
u
re

6
ar

e
su

ffi
ci

en
t

to
cl

ea
rl

y
co

m
m

u
n
ic

at
e

th
e

m
es

sa
ge

th
a
t

th
e

al
go

ri
th

m
h
as

a
p
p
ro

x
im

a
te

ly
le

ar
n
ed

th
e

co
rr

ec
t

eq
u
at

io
n
s.

M
or

eo
ve

r,
w

h
et

h
er

a
p
ar

ti
cu

la
r

d
at

as
et

is
ri

ch
en

o
u
g
h

so
th

at

8
.

A
d

et
a
il

ed
st

u
d

y
o
f

th
e

ch
o
ic

e
o
f

th
e

o
rd

er
is

p
ro

v
id

ed
in

se
ct

io
n

3
.1

fo
r

th
e

B
u

rg
er

s’
eq

u
a
ti

o
n

.

14
JM

L
R

 1
9(

25
):

1-
24

, 2
01

8



D
e
e
p
H
id
d
e
n
P
h
y
sic

s
M
o
d
e
l
s

0
2
5

5
0

7
5

1
0
0

t

0

2
5

5
0

7
5

1
0
0

x

E
x
a
ct

D
y
n

a
m

ics

−
3

−
2

−
1

0 1 2 3

0
2
5

5
0

7
5

1
0
0

t

0

2
5

5
0

7
5

1
0
0

x

L
ea

rn
ed

D
y
n

a
m

ics

−
2

−
1

0 1 2

F
ig

u
re

7
:

K
u

ra
m

o
to

-S
iva

sh
in

sky
equ

a
tio

n
:

A
solu

tion
to

th
e

K
u
ram

oto-S
ivash

in
sk

y
eq

u
a-

tion
is

d
ep

icted
in

th
e

left
p
an

el.
T

h
e

corresp
on

d
in

g
solu

tio
n

of
th

e
lea

rn
ed

p
a
rtial

d
iff

eren
tial

eq
u
ation

is
sh

ow
n

in
th

e
righ

t
p
an

el.
T

h
is

p
ro

b
lem

rem
ain

s
stu

b
b

orn
ly

u
n
solved

in
th

e
face

of
th

e
a
lgorith

m
p
ro

p
o
sed

in
th

e
cu

rren
t

w
ork

.
In

fa
ct,

th
e

id
en

tifi
ed

sy
stem

rep
ro

d
u
ces

th
e

solu
tion

w
ith

a
rela

tive
L

2-error
of

4
.1

7
e-01,

w
h
ich

is
u
n
satisfactorily

large.

th
e

a
lgo

rith
m

g
en

eralizes
to

oth
er

d
atasets

gen
erated

b
y

d
iff

eren
t

in
itial

con
d
ition

s
is

a
fu

n
-

d
am

en
ta

lly
d
iff

eren
t

q
u
estion

w
h
ich

h
as

b
een

ex
ten

sively
stu

d
ied

so
far

in
th

e
m

a
n
u
scrip

t
u
sin

g
th

e
B

u
rg

ers’
an

d
K

d
V

ex
am

p
les.

H
ow

ever,
it

m
u
st

b
e

m
en

tion
ed

th
at

w
e

are
avo

id
in

g
th

e
regim

es
w

h
ere

th
e

K
u
ram

oto-
S
iva

sh
in

sk
y

eq
u
ation

b
ecom

es
ch

aotic.
F

or
in

stan
ce,

b
y

ch
an

gin
g

th
e

d
om

ain
to

[0
,32π

]
a
n
d

th
e

in
itia

l
con

d
ition

to
cos(x

/16)(1
+

sin
(x
/
16

))
an

d
b
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e
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oto-
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in
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ation

(8)
u
p

to
th

e
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n
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e
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=
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e
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en
d
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ith
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relatively
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ted
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d
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e
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7.

T
h
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et
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2017c,d

).
In

fact,
th

e
id

en
tifi

ed
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(see

fi
g
u
re

7
)
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ro

d
u
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e
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w
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a
relative

L
2-error

of
4.17e-01,

w
h
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n
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e.
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d
in

gs,
m

ak
in

g
th

e
n
eu

ral
n
etw
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d
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e

left
p
an

el
of

fi
g
u
re

7
.

H
ow

ever,
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e
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p
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e
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in
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g
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(3
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b
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p
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con
verge

to
th

e
righ

t
va

lu
es

for
th

e
p
aram

eters
of

th
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d
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b
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p
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d
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d
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b
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d
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d
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b
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d
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e-d

im
en

sion
al

n
on

lin
ear

S
ch

röd
in

ger
eq

u
ation

is
a

classical
fi
eld

eq
u
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p
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d
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d
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im
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d
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−
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al.,

2014).
W

e
are

in
fact

u
sin

g
a

sp
ectral

F
ou

rier
d
iscretization

w
ith

512
m

o
d
es

an
d

a
fou

rth
-ord

er
ex

p
licit

R
u
n
ge-K

u
tta

tem
p

o
ral

in
tegrator

w
ith

tim
e-step

∆
t

=
π
/2·

10 −
6.

T
h
e

solu
tion

is
saved

ap
p
rox

im
ately

ev
ery

∆
t

=
0.0031

to
give

u
s

a
total

of
501

sn
ap

sh
ots.

O
u
t

of
th

is
d
ata-set,

w
e

gen
erate

a
sm

aller
train

in
g

su
b
set,

scattered
in

sp
ace

an
d

tim
e,

b
y

ran
d
om

ly
su

b
-sam

p
lin

g
10000

d
ata

p
o
in

ts
from

tim
e
t

=
0

u
p

to
th

e
fi
n
al

tim
e
t

=
π
/2.

G
iven

th
e

resu
ltin

g
train

in
g

d
ata,

w
e

are
in

terested
in

learn
in

g
tw

o
n
on

lin
ear

fu
n
ction

sN
1

an
d
N

2
as

fu
n
ction

s
of

th
e

solu
tion

s
u
,v

an
d

th
eir

d
erivatives

u
p

to
th

e
2n

d
ord

er
9;

i.e.,

u
t

=
N

1 (u
,v
,u

x ,v
x ,u

x
x ,v

x
x ),

v
t

=
N

2 (u
,v
,u

x ,v
x ,u
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b
y

tw
o

5-lay
er

d
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p
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p
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b
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d
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con
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d
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a
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b
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p
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t
d
o
m

ai
n

w
it

h
d
im

en
si

o
n
s

9
×

4
at

a
gr

id
re

so
lu

ti
on

of
44

9
×

19
9.

T
h
e

fl
ow

so
lv

er
u
se

s
a

3r
d
-o

rd
er

R
u
n
ge

K
u
tt

a
in

te
g
ra

ti
o
n

sc
h
em

e
w

it
h

a
ti

m
e

st
ep

of
∆
t

=
0
.0

2,
w

h
ic

h
h
as

b
ee

n
v
er

ifi
ed

to
y
ie

ld
w

el
l-

re
so

lv
ed

a
n
d

co
n
ve

rg
ed

fl
ow

fi
el

d
s.

A
ft

er
si

m
u
la

ti
on

co
n
ve

rg
es

to
st

ea
d
y

p
er

io
d
ic

vo
rt

ex
sh

ed
d
in

g
,

1
5
1

fl
ow

sn
ap

sh
ot

s
ar

e
sa

ve
d

ev
er

y
∆
t

=
0.

02
.

W
e

u
se

a
sm

al
l

p
or

ti
on

of
th

e
re

su
lt

in
g

d
a
ta

-s
et

fo
r

m
o
d
el

tr
ai

n
in

g.
In

p
ar

ti
cu

la
r,

w
e

su
b
sa

m
p
le

50
00

0
d
at

a
p

oi
n
ts

,
sc

at
te

re
d

in
sp

a
ce

a
n
d

ti
m

e,
in

th
e

re
ct

an
gu

la
r

re
gi

on
(d

as
h
ed

re
d

b
ox

)
d
ow

n
st

re
am

of
th

e
cy

li
n
d
er

a
s

sh
ow

n
in

fi
gu

re
9.

G
iv

en
th

e
tr

ai
n
in

g
d
at

a,
w

e
ar

e
in

te
re

st
ed

in
le

ar
n
in

g
N

as
a

fu
n
ct

io
n

of
th

e
st

re
a
m

-w
is

e
u

an
d

tr
an

sv
er

se
v

ve
lo

ci
ty

co
m

p
on

en
ts

in
ad

d
it

io
n

to
th

e
vo

rt
ic

it
y
w

an
d

it
s

d
er

iv
a
ti

ve
s

u
p

to
th

e
2n

d
or

d
er

1
1
;

i.
e.

,
w
t

=
N

(u
,v
,w
,w

x
,w

x
x
).

(1
4
)

W
e

re
p
re

se
n
t

th
e

so
lu

ti
on

w
b
y

a
5-

la
ye

r
d
ee

p
n
eu

ra
l

n
et

w
or

k
w

it
h

20
0

n
eu

ro
n
s

p
er

h
id

d
en

la
ye

r.
F

u
rt

h
er

m
or

e,
w

e
le

t
N

to
b

e
a

n
eu

ra
l

n
et

w
or

k
w

it
h

2
h
id

d
en

la
y
er

s
an

d
1
0
0

n
eu

ro
n
s

p
er

h
id

d
en

la
ye

r.
A

s
fo

r
th

e
ac

ti
va

ti
o
n

fu
n
ct

io
n
s,

w
e

u
se

si
n
(x

).
T

h
es

e
tw

o
n
et

w
o
rk

s
a
re

tr
ai

n
ed

b
y

m
in

im
iz

in
g

th
e

su
m

of
sq

u
ar

ed
er

ro
rs

lo
ss

S
S
E

:=
N ∑ i=

1

( |w
(t
i ,
x
i ,
y
i )
−
w
i |2

+
|f

(t
i ,
x
i ,
y
i )
|2)

,

1
1
.

A
d

et
a
il

ed
st

u
d

y
o
f

th
e

ch
o
ic

e
o
f

th
e

o
rd

er
is

p
ro

v
id

ed
in

th
is

se
ct

io
n

4
fo

r
th

e
B

u
rg

er
s’

eq
u

a
ti

o
n

.

18
JM

L
R

 1
9(

25
):

1-
24

, 2
01

8



D
e
e
p
H
id
d
e
n
P
h
y
sic

s
M
o
d
e
l
s

w
h
ere
{
t i,x

i,u
i,v

i,w
i}
Ni=

1
d
en

ote
th

e
train

in
g

d
ata

on
u

an
d
f

(t i,x
i,y

i)
is

given
b
y

f
(t i,x

i,y
i)

:=
w
t (t i,x

i,y
i)−
N

(u
i,v

i,w
(t i,x

i,y
i),w

x (t i,x
i,y

i),w
x
x (t i,x

i,y
i)).

T
o

illu
stra

te
th

e
eff

ectiven
ess

of
ou

r
ap

p
roach

,
w

e
solve

th
e

learn
ed

p
artial

d
iff

eren
tial

eq
u
a
tio

n
(14

),
in

th
e

region
sp

ecifi
ed

in
fi
gu

re
9

b
y

th
e

d
ash

ed
red

b
ox

,
u
sin

g
th

e
P

IN
N

s
a
lg

o
rith

m
(R

a
issi

et
al.,

2017c).
W

e
u
se

th
e

ex
act

solu
tion

to
p
rov

id
e

u
s

w
ith

th
e

req
u
ired

D
irich

let
b

o
u
n
d
ary

con
d
ition

s
as

w
ell

as
th

e
in

itial
con

d
ition

n
eed

ed
to

solve
th

e
learn

ed
p
artia

l
d
iff

eren
tial

eq
u
ation

(14).
A

ran
d
om

ly
p
ick

ed
sn

ap
sh

o
t

of
th

e
vorticity

fi
eld

in
th

e
o
rig

in
a
l

d
a
ta

set
alon

gsid
e

th
e

corresp
on

d
in

g
sn

ap
sh

ot
of

th
e

solu
tion

of
th

e
learn

ed
p
artial

d
iff

eren
tia

l
eq

u
ation

are
d
ep

icted
in

fi
gu

re
10.

T
h
is

fi
gu

re
in

d
icates

th
a
t

ou
r

algorith
m

is
a
b
le

to
a
ccu

rately
id

en
tify

th
e

u
n
d
erly

in
g

p
a
rtial

d
iff

eren
tial

eq
u
atio

n
w

ith
a

relative
L

2-erro
r

o
f

5.7
9
e-03

in
sp

ace
an

d
tim

e.

4
.

S
u
m

m
a
ry

a
n
d

D
iscu

ssio
n

W
e

h
ave

p
resen

ted
a

d
eep

learn
in

g
ap

p
roach

for
ex

tractin
g

n
on

lin
ear

p
artial

d
iff

eren
tial

eq
u
a
tio

n
s

fro
m

sp
atio-tem

p
oral

d
atasets.

T
h
e

p
rop

osed
algorith

m
leverages

recen
t

d
ev

el-
o
p
m

en
ts

in
a
u
tom

atic
d
iff

eren
tiation

to
con

stru
ct

effi
cien

t
algorith

m
s

for
learn

in
g

in
fi
n
ite

d
im

en
sio

n
a
l

d
y
n
am

ical
sy

stem
s

u
sin

g
d
eep

n
eu

ral
n
etw

ork
s.

In
ord

er
to

valid
ate

th
e

p
er-

fo
rm

a
n
ce

o
f

o
u
r

ap
p
roach

w
e

h
ad

n
o

oth
er

ch
oice

th
an

to
rely

on
b
lack

-b
ox

solvers
(see

R
a
issi

et
a
l.,

2
017c).

T
h
is

sign
ifi

es
th

e
im

p
ortan

ce
of

d
evelop

in
g

gen
eral

p
u
rp

o
se

p
a
rtial

d
iff

eren
tia

l
eq

u
a
tion

solv
ers.

D
evelop

in
g

th
ese

ty
p

es
of

solvers
is

still
in

its
in

fan
cy

an
d

m
ore

co
lla

b
o
ra

tive
w

ork
is

n
eed

ed
to

b
rin

g
th

em
to

th
e

m
atu

rity
level

o
f

con
ven

tion
al

m
eth

o
d
s

su
ch

a
s

fi
n
ite

elem
en

ts,
fi
n
ite

d
iff

eren
ces,

an
d

sp
ectral

m
eth

o
d
s

w
h
ich

h
ave

b
een

arou
n
d

for
m

o
re

th
a
n

h
a
lf

a
cen

tu
ry

or
so.

T
h
ere

ex
ist

a
series

of
op

en
q
u
estion

s
m

an
d
atin

g
fu

rth
er

in
vestiga

tion
s.

F
or

in
stan

ce,
m

a
n
y

rea
l-w

o
rld

p
artial

d
iff

eren
tial

eq
u
ation

s
d
ep

en
d

on
p
aram

eters
an

d
,

w
h
en

th
e

p
a-

ra
m

eters
a
re

va
ried

,
th

ey
m

ay
go

th
rou

gh
b
ifu

rcation
s

(e.g.,
th

e
R

ey
n
old

n
u
m

b
er

fo
r

th
e

N
av

ier-S
to

kes
eq

u
ation

s).
H

ere,
th

e
goal

w
ou

ld
b

e
to

collect
d
ata

from
th

e
u
n
d
erly

in
g

d
y
n
a
m

ics
co

rresp
on

d
in

g
to

variou
s

p
aram

eter
valu

es,
an

d
in

fer
th

e
p
aram

eterized
p
artial

d
iff

eren
tia

l
eq

u
a
tion

.
A

n
oth

er
ex

citin
g

av
en

u
e

of
fu

tu
re

research
w

ou
ld

b
e

to
ap

p
ly

co
n
volu

-
tio

n
a
l

a
rch

itectu
res

(G
o
o
d
fellow

et
al.,

2016)
for

m
itigatin

g
th

e
com

p
lex

ity
a
sso

ciated
w

ith
p
artia

l
d
iff

eren
tial

eq
u
ation

s
w

ith
very

h
igh

-d
im

en
sion

a
l

in
p
u
ts.

T
h
ese

ty
p

es
of

eq
u
ation

s
a
p
p

ea
r

ro
u
tin

ely
in

d
y
n
am

ic
p
rogram

m
in

g,
op

tim
al

con
trol,

or
rein

forcem
en

t
learn

in
g.

W
e

en
v
isio

n
th

a
t

th
e

p
rop

osed
fram

ew
ork

,
as

ou
tlin

ed
in

th
e

cu
rren

t
w

ork
,

can
b

e
straigh

tfor-
w

a
rd

ly
ex

ten
d
ed

to
su

ch
h
igh

-d
im

en
sio

n
al

cases.
E

a
rly

ev
id

en
ce

of
th

is
claim

can
b

e
fou

n
d

in
(R

a
issi,

2
01

8
),

w
h
ere

th
e

au
th

or
d
ev

ises
an

algo
rith

m
th

at
is

scalab
le

to
h
igh

-d
im

en
sion

s
a
n
d

is
ca

p
ab

le
of

circu
m

ven
tin

g
th

e
ty

ran
n
y

of
n
u
m

erical
d
iscretization

.
In

ad
d
ition

,
th

e
a
p
p
ro

a
ch

a
d
vo

cated
in

th
e

cu
rren

t
w

ork
is

also
h
igh

ly
scalab

le
to

th
e

b
ig

d
ata

regim
es

en
co

u
n
tered

w
h
ile

stu
d
y
in

g
su

ch
h
igh

-d
im

en
sion

al
cases

sim
p
ly

b
ecau

se
th

e
d
ata

can
b

e
p
ro

cessed
in

m
in

i-b
atch

es.

M
o
reover,

a
q
u
ick

glan
ce

at
th

e
list

of
n
on

lin
ear

p
artial

d
iff

eren
tialeq

u
ation

s
on

W
ik

ip
ed

ia
revea

ls
th

a
t

m
a
n
y

of
th

ese
eq

u
ation

s
take

th
e

form
sp

ecifi
ed

in
eq

u
ation

(1).
H

ow
ev

er,
a

1
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R
a
issi

h
an

d
fu

l
of

th
em

d
o

n
ot

take
th

is
form

,
in

clu
d
in

g
th

e
B

ou
ssin

esq
ty

p
e

eq
u
ation

u
tt −

u
x
x −

2
α

(u
u
x )
x −

β
u
x
x
tt

=
0.

It
w

ou
ld

b
e

in
terestin

g
to

ex
ten

d
th

e
fram

ew
ork

ou
tlin

ed
in

th
e

cu
rren

t
w

ork
to

in
corp

orate
all

su
ch

cases.
In

a
d
d
ition

,
it

w
ou

ld
b

e
a
n

ex
citin

g
con

tin
u
ation

of
th

e
cu

rren
t

w
ork

to
ex

ten
d

th
e

p
rop

osed
m

eth
o
d
olo

gy
to

sto
ch

astic
p
artial

d
iff

eren
tial

eq
u
ation

s.
In

fact,
in

d
ep

en
d
en

t
realization

s
of

th
e

u
n
d
erly

in
g

n
oise

p
ro

cess
(e.g.,

B
row

n
ian

m
otion

)
cou

ld
act

as
train

in
g

d
ata

(R
aissi,

2018).
In

th
e

en
d
,

it
is

n
ot

alw
ay

s
clear

w
h
at

m
easu

rem
en

ts
of

a
d
y
n
am

ical
sy

stem
to

take.
E

v
en

if
w

e
d
id

k
n
ow

,
collectin

g
th

ese
m

ea-
su

rem
en

ts
m

igh
t

b
e

p
roh

ib
itively

ex
p

en
sive.

It
is

w
ell-k

n
ow

n
th

at
tim

e-d
elay

co
ord

in
ates

of
a

sin
gle

variab
le

can
act

as
ad

d
ition

al
variab

les.
It

m
igh

t
b

e
in

terestin
g

to
in

vestigate
th

is
id

ea
for

th
e

in
fi
n
ite

d
im

en
sion

al
settin

g
of

p
artial

d
iff

eren
tial

eq
u
ation

s.
In

term
s

of
ap

p
lication

s,
it

w
ou

ld
b

e
in

trigu
in

g
to

see
h
ow

th
e

p
rop

osed
fram

ew
ork

w
ou

ld
p

erform
on

G
eostation

ary
O

p
eration

al
E

n
v
iron

m
en

tal
S
atellites

(G
O

E
S
)

d
ata

(e.g.,
sea

su
rface

tem
-

p
eratu

re
d
ata)

w
h
ich

cou
ld

b
e

retrieved
from

h
t
t
p
s
:
/
/
p
o
d
a
a
c
.
j
p
l
.
n
a
s
a
.
g
o
v
/
.

A
ck

n
o
w

le
d
g
m

e
n
ts

T
h
is

w
ork

received
su

p
p

ort
b
y

th
e

D
A

R
P

A
E

Q
U

iP
S

gran
t

N
66001-15-2-4055

an
d

th
e

A
F

O
S
R

gran
t

F
A

9550-17-1-0013.
A

ll
d
ata

an
d

co
d
es

u
sed

in
th

is
m

an
u
scrip

t
are

p
u
b
licly

availab
le

on
G

itH
u
b

at
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
m
a
z
i
a
r
r
a
i
s
s
i
/
D
e
e
p
H
P
M
s
.

R
e
fe

re
n
ce

s

M
art́ın

A
b
ad

i,
A

sh
ish

A
garw

al,
P

au
l

B
arh

am
,

E
u
gen

e
B

rev
d
o,

Z
h
ifen

g
C

h
en

,
C

raig
C

itro,
G

reg
S

C
orrad

o,
A

n
d
y

D
av

is,
J
eff

rey
D

ean
,
M

atth
ieu

D
ev

in
,
et

al.
T

en
sorfl

ow
:

L
arge-scale

m
ach

in
e

learn
in

g
on

h
eterogen

eou
s

d
istrib

u
ted

sy
stem

s.
a
rX

iv
p
rep

rin
t

a
rX

iv:1
6
0
3
.0

4
4
6
7
,

2016.

J
S

A
n
d
erson

,
IG

K
ev

rek
id

is,
an

d
R

R
ico-M

artin
ez.

A
com

p
ariso

n
of

recu
rren

t
train

in
g

algorith
m

s
for

tim
e

series
an

aly
sis

an
d

sy
stem

id
en

tifi
cation

.
C

o
m

p
u

ters
&

ch
em

ica
l

en
gin

eerin
g,

20:S
751–S

756,
1996.

Z
h
e

B
ai,

T
h
ak

sh
ila

W
im

ala
jeew

a,
Z

ach
ary

B
erger,

G
u
an

n
an

W
an

g
,

M
ark

G
lau

ser,
an

d
P

ram
o
d

K
V

arsh
n
ey.

L
ow

-d
im

en
sion

al
ap

p
roach

for
reco

n
stru

ction
of

airfoil
d
ata

v
ia

com
p
ressive

sen
sin

g.
A

IA
A

J
o
u

rn
a
l,

2014.

C
ea

B
asd

evan
t,

M
D

ev
ille,

P
H

ald
en

w
an

g,
J
M

L
acroix

,
J

O
u
azzan

i,
R

P
ey

ret,
P

aolo
O

r-
lan

d
i,

an
d

A
T

P
atera.

S
p

ectral
an

d
fi
n
ite

d
iff

eren
ce

solu
tion

s
of

th
e

B
u
rgers

eq
u
ation

.
C

o
m

p
u

ters
&

fl
u

id
s,

14(1):23–41,
1986.

A
tilim

G
u
n
es

B
ay

d
in

,
B

arak
A

P
earlm

u
tter,

A
lex

ey
A

n
d
reyev

ich
R

ad
u
l,

an
d

J
eff

rey
M

ark
S
isk

in
d
.

A
u
tom

atic
d
iff

eren
tiation

in
m

ach
in

e
learn

in
g:

a
su

rvey.
a
rX

iv
p
rep

rin
t

a
rX

iv:1
5
0
2
.0

5
7
6
7
,

2015.

J
osh

B
on

gard
an

d
H

o
d

L
ip

son
.

A
u
tom

ated
reverse

en
gin

eerin
g

of
n
on

lin
ear

d
y
n
am

ical
sy

stem
s.

P
roceed

in
gs

o
f

th
e

N
a
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É

d
ou

ar
d

D
u
ch

es
n
ay

.
S
ci

k
it

-l
ea

rn
:

M
ac

h
in

e
L

ea
rn

in
g

in
P

y
th

o
n
.

J
.

M
a

ch
.

L
ea

rn
.

R
es

.,
12

:2
82

5–
28

30
,

20
12

.

T
om

R
on

an
,

Z
h
ij

ie
Q

i,
an

d
K

ri
st

en
M

.
N

ae
gl

e.
A

vo
id

in
g

co
m

m
on

p
it

fa
ll
s

w
h
en

cl
u
st

er
in

g
b
io

lo
gi

ca
l

d
at

a.
S

ci
.

S
ig

n
a

l,
9(

43
2)

:r
e6

,
20

16
.

K
at

h
er

in
e

E
.

S
ch

ab
er

g,
V

en
k
te

sh
S

S
h
ir

u
re

,
E

li
za

b
et

h
A

W
or

le
y,

S
te

ve
n

C
G

eo
rg

e,
a
n
d

K
ri

st
en

M
N

ae
gl

e.
E

n
se

m
b
le

cl
u
st

er
in

g
of

p
h
os

p
h
op

ro
te

om
ic

d
at

a
id

en
ti

fi
es

d
iff

er
en

ce
s

in
p
ro

te
in

in
te

ra
ct

io
n
s

an
d

ce
ll
-c

el
l

ju
n
ct

io
n

in
te

gr
it

y
of

H
E

R
2-

ov
er

ex
p
re

ss
in

g
ce

ll
s.

In
te

gr
.

B
io

l.
,

9:
53

9–
54

7,
20

17
.

A
le

x
an

d
er

T
op

ch
y,

A
n
il

K
J
ai

n
,

an
d

W
il
li
am

P
u
n
ch

.
C

lu
st

er
in

g
en

se
m

b
le

s:
m

o
d
el

s
o
f

co
n
se

n
su

s
an

d
w

ea
k

p
ar

ti
ti

on
s.

IE
E

E
T

ra
n

s.
P

a
tt

er
n

A
n

a
l.

M
a

ch
.

In
te

ll
.,

2
7
(1

2
):

1
8
6
6–

81
,

D
ec

20
05

.

S
.

V
.

D
.

W
al

t,
S
.

C
.

C
ol

b
er

t,
an

d
G

.
V

ar
o
q
u
au

x
.

T
h
e

N
u
m

P
y

A
rr

ay
:

A
st

ru
ct

u
re

fo
r

effi
ci

en
t

n
u
m

er
ic

al
co

m
p
u
ta

ti
on

.
C

o
m

p
u

t.
S

ci
.

E
n

g.
,

13
(2

):
22

–3
0,

20
11

.

6
JM

L
R

 1
9(

26
):

1-
6,

 2
01

8



 
 



J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

1
9

(2
0
1
8
)

1
-2

1
S

u
b

m
it

te
d

5
/
1
6
;

R
ev

is
ed

1
/
1
8
;

P
u

b
li

sh
ed

8
/
1
8

Im
p
o
rt
a
n
ce

S
a
m
p
li
n
g
fo
r
M

in
ib
a
tc
h
e
s

D
o
m

in
ik

C
si

b
a

c
d
o
m

in
ik

@
g

m
a
il

.c
o
m

S
ch

oo
l

o
f

M
a
th

em
a
ti

cs
U

n
iv

er
si

ty
o
f

E
d
in

bu
rg

h
E

d
in

bu
rg

h
,

U
n

it
ed

K
in

gd
o
m

P
e
te

r
R

ic
h
tá
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tá

ri
k

an
d

T
ak

áč
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);
K

on
eč

n
ý

et
a
l.

(2
0
1
7
);

Z
h
ao

an
d

Z
h
an

g
(2

01
5)

;
Q

u
et

al
.

(2
01

5)
;

N
ee

d
el

l
et

al
.

(2
01

4)
;

C
si

b
a

an
d

R
ic

h
tá

ri
k

(2
0
1
5)

;
C

si
b
a

et
al

.
(2

01
5)

.
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Im
p
o
r
t
a
n
c
e

S
a
m

p
l
in

g
f
o
r

M
in

ib
a
t
c
h
e
s

F
in

a
lly,

a
n
d

m
ost

recen
tly,

th
ere

h
as

b
een

a
con

sid
erab

le
am

ou
n
t

of
research

activ
ity

d
u
e

to
th

e
g
ro

u
n
d
-b

reak
in

g
realization

th
at

o
n
e

can
gain

th
e

b
en

efi
ts

of
S
G

D
(ch

eap
iteration

s)
w

ith
o
u
t

h
av

in
g

to
p
ay

th
rou

gh
th

e
sid

e
eff

ects
m

en
tion

ed
ab

ov
e

(e.g.,
h
alt

in
con

vergen
ce

d
u
e

to
d
ecrea

sin
g

step
sizes

or
in

crease
of

w
ork

loa
d

d
u
e

to
th

e
u
se

o
f

m
in

ib
atch

es)
in

th
e

fi
n
ite

d
a
ta

reg
im

e.
T

h
e

resu
lt,

in
th

eory,
is

th
at

fo
r

stron
gly

con
vex

losses
(for

ex
am

p
le),

on
e

d
o
es

n
o
t

h
ave

to
su

ff
er

su
b
lin

ear
con

vergen
ce

an
y

m
ore,

b
u
t

in
stead

a
fast

lin
ear

rate
“k

ick
s

in
”
.

In
p
ra

ctice,
th

ese
m

eth
o
d
s

d
ram

atically
su

rp
ass

all
p
rev

iou
s

ex
istin

g
a
p
p
roach

es.
T

h
e

m
a
in

a
lgorith

m
ic

id
ea

is
to

ch
an

ge
th

e
search

d
irection

itself,
v
ia

a
p
rop

erly
d
e-

sig
n
ed

a
n
d

ch
eap

ly
m

ain
tain

ab
le

“
va

ria
n

ce-red
u

cin
g

sh
ift”

(con
trol

variate).
M

eth
o
d
s

in
th

is
ca

teg
o
ry

a
re

of
tw

o
ty

p
es:

th
ose

op
eratin

g
in

th
e

p
rim

al
sp

ace
(i.e.,

d
irectly

on
E

R
M

)
a
n
d

th
o
se

o
p

eratin
g

in
a

d
u
al

sp
ace

(i.e.,
w

ith
th

e
d
u
al

of
th

e
E

R
M

p
rob

lem
).

M
eth

o
d
s

of
th

e
p
rim

a
l

va
riety

in
clu

d
e

S
A

G
S
ch

m
id

t
et

al.
(2013),

S
V

R
G

J
oh

n
son

an
d

Z
h
an

g
(2013),

S
2
G

D
K

o
n
ečn

ý
an

d
R

ich
tárik

(2017),
p
rox

S
V

R
G

X
iao

an
d

Z
h
an

g
(2014

),
S
A

G
A

D
efazio

et
a
l.

(2
0
14

),
m

S
2G

D
K

on
ečn

ý
et

al.
(2016)

an
d

M
IS

O
M

airal
(2015).

M
eth

o
d
s

of
th

e
d
u
al

variety
w

o
rk

b
y

u
p

d
atin

g
ran

d
om

ly
selected

d
u
al

variab
les,

w
h
ich

co
rresp

on
d

to
ex

am
p
les.

T
h
ese

m
eth

o
d
s

in
clu

d
e

S
C

D
S
h
alev

-S
h
w

artz
an

d
T

ew
ari

(2011),
R

C
D

M
N

esterov
(20

12);
R

ich
tá

rik
a
n
d

T
ak

áč
(2014),

S
D

C
A

S
h
alev

-S
h
w

artz
an

d
Z

h
an

g
(2013b

),
H

y
d
ra

R
ich

tá
rik

a
n
d

T
a
k
á
č

(2
0
16a);

F
erco

q
et

al.
(2014),

m
S
D

C
A

T
ak

áč
et

al.
(2013),

A
P

C
G

L
in

et
al.

(2
0
1
5
),

A
sy

S
P

D
C

L
iu

an
d

W
righ

t
(2015),

R
C

D
N

ecoara
an

d
P

atrascu
(2014),

A
P

P
R

O
X

F
erco

q
a
n
d

R
ich

tárik
(2015),

S
P

D
C

Z
h
an

g
an

d
X

iao
(2015),

P
rox

S
D

C
A

S
h
alev

-S
h
w

artz
a
n
d

Z
h
an

g
(2

0
12),

A
S
D

C
A

S
h
alev

-S
h
w

artz
an

d
Z

h
an

g
(2013a),

IP
rox

-S
D

C
A

Z
h
ao

an
d

Z
h
a
n
g

(20
1
5
),

a
n
d

Q
U

A
R

T
Z

Q
u

et
al.

(2015).

1
.2

C
o
m

b
in

in
g

stra
te

g
ie

s

W
e

w
ish

to
stress

th
at

th
e

key
strategies,

m
in

i-b
atch

in
g,

im
p

ortan
ce

sam
p
lin

g
an

d
varian

ce-
red

u
cin

g
sh

ift,
sh

ou
ld

b
e

seen
as

orth
ogon

al
trick

s,
an

d
as

su
ch

th
ey

can
b

e
com

b
in

ed
,

a
ch

iev
in

g
a
n

a
m

p
lifi

cation
eff

ect.
F

or
in

stan
ce,

th
e

fi
rst

p
rim

a
l

varian
ce-red

u
ced

m
eth

o
d

a
llow

in
g

fo
r

m
in

i-b
atch

in
g

w
as

K
on

ečn
ý

et
al.

(2016);
w

h
ile

d
u
a
l-b

ased
m

eth
o
d
s

in
th

is
cat-

eg
o
ry

in
clu

d
e

S
h
alev

-S
h
w

artz
an

d
Z

h
an

g
(2

013a);
Q

u
et

al.
(2015);

C
sib

a
an

d
R

ich
tá

rik
(2

0
1
5
).

V
a
ria

n
ce-red

u
ced

m
eth

o
d
s

w
ith

im
p

ortan
ce

sam
p
lin

g
in

clu
d
e

N
esterov

(2012);
R

ich
tá

rik
a
n
d

T
ak

áč
(2014);

R
ich

tárik
an

d
T

ak
áč

(2016b
);

Q
u

an
d

R
ich

tárik
(2016)

for
gen

-
era

l
co

n
v
ex

m
in

im
ization

p
rob

lem
s,

an
d

Z
h
ao

an
d

Z
h
an

g
(2015);

Q
u

et
a
l.

(2015);
N

eed
ell

et
a
l.

(2
0
1
4
);

C
sib

a
an

d
R

ich
tárik

(2015)
for

E
R

M
.

2
.
C
o
n
trib

u
tio

n
s

D
esp

ite
co

n
sid

erab
le

eff
ort

of
th

e
m

ach
in

e
learn

in
g

an
d

op
tim

ization
resea

rch
com

m
u
n
ities,

v
irtu

a
lly

n
o

im
p

ortan
ce

sam
p
lin

g
for

m
in

ib
atch

es
w

as
p
rev

iou
sly

p
rop

osed
,

n
or

an
aly

zed
. 1.

T
h
e

rea
so

n
fo

r
th

is
lies

in
th

e
u
n
d
erly

in
g

th
eoretical

an
d

com
p
u
tation

a
l

d
iffi

cu
lties

asso-
cia

ted
w

ith
th

e
d
esign

an
d

su
ccessfu

l
im

p
lem

en
tation

of
su

ch
a

sam
p
lin

g.
O

n
e

n
eed

s
to

co
m

e
u
p

w
ith

a
w

ay
to

fo
cu

s
on

a
reason

ab
le

set
of

su
b
sets

(m
in

ib
atch

es)
of

th
e

ex
am

p
les

to
b

e
u
sed

in
each

iteration
(issu

e:
th

ere
are

m
an

y
su

b
sets;

w
h
ich

on
es

to
ch

o
o
se?),

as-

1
.

A
b

rief
n

o
te

in
R

ich
tá

rik
a
n

d
T

a
k
á
č

(2
0
1
6
b

)
is

a
n

ex
cep

tio
n

,
b

u
t

th
e

sa
m

p
lin

g
is

d
iff

eren
t

fro
m

o
u

rs,
w

a
s

n
o
t

im
p

lem
en

ted
n

o
r

tested
,

lea
d

s
to

th
e

n
ecessity

to
so

lv
e

a
lin

ea
r

p
ro

g
ra

m
a
n

d
h

en
ce

is
im

p
ra

ctica
l.

A
n

o
th

er
ex

cep
tio

n
is

H
a
rika

n
d

eh
et

a
l.

(2
0
1
5
).
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C
sib

a
a
n
d

R
ic

h
t
á
r
ik

sign
m

ean
in

gfu
l

d
ata-d

ep
en

d
en

t
n
on

-u
n
iform

p
rob

ab
ilities

to
th

em
(issu

e:
h
ow

?),
an

d
th

en
b

e
ab

le
to

sam
p
le

th
ese

su
b
sets

accord
in

g
to

th
e

ch
osen

d
istrib

u
tion

(issu
e:

th
is

cou
ld

b
e

com
p
u
tation

ally
ex

p
en

sive).

T
h
e

to
ols

th
at

w
ou

ld
en

ab
le

on
e

to
con

sid
er

th
ese

q
u
estion

s
d
id

n
ot

ex
ist

u
n
til

recen
tly.

H
ow

ever,
d
u
e

to
a

recen
t

lin
e

of
w

ork
on

an
aly

zin
g

varian
ce-red

u
ced

m
eth

o
d
s

u
tilizin

g
w

h
at

is
k
n
ow

n
as

a
rbitra

ry
sa

m
p
lin

g
R

ich
tárik

an
d

T
ak

áč
(2016b

);
Q

u
et

al.
(2015);

Q
u

an
d

R
ich

tárik
(2016);

Q
u

an
d

R
ich

tárik
(2

016);
C

sib
a

an
d

R
ich

tárik
(2015),

w
e

are
ab

le
to

ask
th

ese
q
u
estion

s
an

d
p
rov

id
e

an
sw

ers.
In

th
is

w
ork

w
e

d
esign

a
n
ov

el
fam

ily
of

sam
p
lin

gs—
bu

cket
sa

m
p
lin

gs—
an

d
a

p
a
rticu

lar
m

em
b

er
of

th
is

fam
ily

—
im

po
rta

n
ce

sa
m

-
p
lin

g
fo

r
m

in
iba

tch
es.

W
e

illu
strate

th
e

p
ow

er
of

th
is

sam
p
lin

g
in

com
b
in

ation
w

ith
th

e
red

u
ced

-varian
ce

d
fS

D
C

A
m

eth
o
d

for
E

R
M

.
T

h
is

m
eth

o
d

is
a

p
rim

al
varian

t
of

S
D

C
A

,
fi
rst

an
aly

zed
b
y

S
h
alev

-S
h
w

artz
(2015),

an
d

ex
ten

d
ed

b
y

C
sib

a
an

d
R

ich
tárik

(2015)
to

th
e

arb
itrary

sam
p
lin

g
settin

g.
H

ow
ever,

ou
r

sam
p
lin

g
can

b
e

com
b
in

ed
w

ith
an

y
sto

ch
as-

tic
m

eth
o
d

for
E

R
M

,
su

ch
as

S
G

D
or

S
2G

D
,

an
d

ex
ten

d
s

b
eyon

d
th

e
realm

of
E

R
M

,
to

con
vex

op
tim

ization
p
rob

lem
s

in
gen

era
l.

H
ow

ever,
for

sim
p
licity,

w
e

d
o

n
ot

d
iscu

ss
th

ese
ex

ten
sion

s
in

th
is

w
ork

.

W
e

an
aly

ze
th

e
p

erform
an

ce
of

th
e

n
ew

sam
p
lin

g
th

eoretically,
a
n
d

b
y

in
sp

ectin
g

th
e

resu
lts

w
e

are
ab

le
to

com
m

en
t

on
w

h
en

can
on

e
ex

p
ect

to
b

e
ab

le
to

b
en

efi
t

from
it.

W
e

il-
lu

strate
on

sy
n
th

etic
d
ata

sets
w

ith
vary

in
g

d
istrib

u
tion

s
of

ex
am

p
le

sizes
th

at
ou

r
ap

p
roach

can
lead

to
d
ra

m
a
tic

speed
u

p
s

w
h
en

com
p
ared

again
st

stan
d
ard

(u
n
iform

)
m

in
ib

atch
in

g,
of

o
n

e
o
r

m
o
re

d
egrees

o
f

m
a
gn

itu
d
e.

W
e

th
en

test
o
u
r

m
eth

o
d

on
real

d
ata

sets
an

d
con

fi
rm

th
at

th
e

u
se

of
im

p
ortan

ce
m

in
ib

atch
in

g
lead

s
to

u
p

to
an

ord
er

of
m

agn
itu

d
e

sp
eed

u
p
.

B
ased

on
ou

r
ex

p
erim

en
ts

an
d

th
eory,

w
e

p
red

ict
th

at
for

real
d
ata

w
ith

p
articu

lar
sh

ap
es

an
d

d
istrib

u
tion

s
of

ex
am

p
le

sizes,
im

p
ortan

ce
sam

p
lin

g
for

m
in

ib
atch

es
w

ill
op

era
te

in
a

favou
rab

le
regim

e,
an

d
can

lead
to

sp
eed

u
p

h
igh

er
th

an
on

e
ord

er
of

m
agn

itu
d
e.

2
.1

R
e
la

te
d

w
o
rk

T
h
e

id
ea

of
u
sin

g
n
on

-u
n
iform

sam
p
lin

g
in

th
e

p
arallel

regim
e

is
b
y

n
o

m
ean

s
n
ew

.
In

th
e

follow
in

g
w

e
h
igh

ligh
t

several
recen

t
ap

p
roach

es
in

a
ch

ron
ological

ord
er

an
d

w
e

d
escrib

e
th

eir
m

ain
d
iff

eren
ces

to
ou

r
m

eth
o
d
.

T
h
e

fi
rst

attem
p
t

for
a

p
oten

tial
sp

eed
-u

p
u
sin

g
a

n
on

-u
n
iform

p
arallel

sam
p
lin

g
w

as
p
rop

osed
in

R
ich

tárik
an

d
T

ak
áč

(2016b
).

H
ow

ever,
to

com
p
u
te

th
e

op
tim

al
p
rob

ab
ility

vector
on

e
h
as

to
solv

e
a

lin
ear

p
rogram

m
in

g
p
rob

lem
,

w
h
ich

can
easily

b
e

m
ore

com
p
lex

th
an

th
e

origin
al

p
rob

lem
.

T
h
e

au
th

ors
d
o

n
ot

p
rop

ose
a

p
ractical

version
,

w
h
ich

w
ou

ld
overcom

e
th

is
issu

e.

T
h
e

ap
p
roach

d
escrib

ed
in

Z
h
ao

an
d

Z
h
an

g
(2014)

u
ses

th
e

id
ea

of
a

stratifi
ed

sam
p
lin

g,
w

h
ich

is
a

w
ell-k

n
ow

n
strategy

in
statistics.

T
h
e

au
th

ors
u
se

clu
sterin

g
to

grou
p

th
e

ex
am

-
p
les

in
to

several
p
artition

s
an

d
sam

p
le

an
ex

am
p
le

from
each

of
th

e
p
artition

s
u
n
iform

ly.
T

h
is

ap
p
roach

is
sim

ilar
to

ou
rs,

w
ith

tw
o

m
ain

d
iff

eren
ces:

i)
w

e
d
o

n
ot

n
eed

clu
sterin

g
for

ou
r

ap
p
roach

(it
can

b
e

com
p
u
tation

ally
very

ex
p

en
sive)

ii)
w

e
allow

n
on

-u
n
iform

sam
p
lin

g
in

sid
e

each
of

th
e

p
artition

s,
w

h
ich

lea
d
s

to
th

e
m

ain
sp

eed
-u

p
in

ou
r

w
ork

.

In
stead

of
d
irectly

im
p
rov

in
g

th
e

con
vergen

ce
rate

of
th

e
m

eth
o
d
s,

th
e

au
th

ors
in

C
sib

a
an

d
R

ich
tárik

(20
15)

p
rop

ose
a

strategy
to

im
p
rove

th
e

sy
n
ch

ron
ized

p
arallel

im
p
lem

en
-

tation
of

a
m

eth
o
d

b
y

a
load

-b
alan

cin
g

sch
em

e.
T

h
e

m
eth

o
d

d
iv

id
es

th
e

ex
am

p
les

in
to
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Im
p
o
r
t
a
n
c
e

S
a
m

p
l
in

g
f
o
r

M
in

ib
a
t
c
h
e
s

gr
ou

p
s,

w
h
ic

h
h
av

e
si

m
il
ar

su
m

of
th

e
am

ou
n
t

of
n
on

ze
ro

en
tr

ie
s.

W
h
en

ea
ch

co
re

p
ro

ce
ss

es
a

si
n
gl

e
gr

ou
p
,

it
sh

ou
ld

ta
ke

th
e

sa
m

e
ti

m
e

to
fi
n
is

h
as

al
l

th
e

ot
h
er

gr
ou

p
s,

w
h
ic

h
le

ad
s

to
sh

or
te

r
w

ai
ti

n
g

ti
m

e
in

sy
n
ch

ro
n
iz

at
io

n
.

A
lt

h
ou

gh
th

is
is

a
n
on

-u
n
if

or
m

p
ar

al
le

l
sa

m
p
li
n
g,

th
is

ap
p
ro

ac
h

ta
k
es

a
co

m
p
le

te
ly

d
iff

er
en

t
d
ir

ec
ti

on
th

an
ou

r
m

et
h
o
d
.

T
h
e

on
ly

sp
ee

d
u
p

of
th

e
m

et
h
o
d

p
ro

p
os

ed
in

th
e

ab
ov

e
w

or
k

is
ac

h
ie

ve
d

d
u
e

to
a

sh
o
rt

er
w

ai
ti

n
g

ti
m

e
d
u
ri

n
g

th
e

sy
n
ch

ro
n
iz

at
io

n
b

et
w

ee
n

p
ar

al
le

l
p
ro

ce
ss

in
g

u
n
it

s,
w

h
il
e

th
e

m
et

h
o
d

p
ro

p
os

ed
in

th
is

w
or

k
d
ir

ec
tl

y
d
ec

re
as

es
th

e
it

er
at

io
n

co
m

p
le

x
it

y.

L
as

tl
y,

in
H

ar
ik

an
d
eh

et
al

.
(2

01
5)

th
e

au
th

or
s

ac
tu

al
ly

p
ro

p
os

e
a

sc
h
em

e
fo

r
im

p
or

ta
n
ce

sa
m

p
li
n
g

w
it

h
m

in
ib

at
ch

es
.

In
th

e
p
ap

er
th

ey
as

su
m

e,
th

at
th

ey
ca

n
sa

m
p
le

a
m

in
ib

at
ch

w
it

h
a

fi
x
ed

si
ze

(w
it

h
ou

t
re

p
et

it
io

n
),

su
ch

th
at

th
e

p
ro

b
ab

il
it

ie
s

of
sa

m
p
li
n
g

in
d
iv

id
u
al

ex
am

p
le

s
w

il
l
b

e
p
ro

p
or

ti
on

al
to

so
m

e
gi

ve
n

va
lu

es
.

H
ow

ev
er

,
th

is
is

ea
si

er
sa

id
th

an
d
on

e—
u
n
ti

l
ou

r
w

or
k

th
er

e
w

as
n
o

sa
m

p
li
n
g

sc
h
em

e,
w

h
ic

h
w

ou
ld

al
lo

w
fo

r
su

ch
m

in
ib

at
ch

es
.

T
h
er

ef
or

e,
th

e
au

th
or

s
th

eo
re

ti
ca

ll
y

d
es

cr
ib

ed
an

id
ea

,
w

h
ic

h
ca

n
b

e
u
se

d
in

p
ra

ct
ic

e
u
si

n
g

ou
r

sc
h
em

e.

3
.
T
h
e
P
ro

b
le
m

L
et

X
∈
R
d
×
n

b
e

a
d
at

a
m

at
ri

x
in

w
h
ic

h
fe

at
u
re

s
ar

e
re

p
re

se
n
te

d
in

ro
w

s
an

d
ex

am
p
le

s
in

co
lu

m
n
s,

an
d

le
t
y
∈
R
n

b
e

a
ve

ct
or

of
la

b
el

s
co

rr
es

p
on

d
in

g
to

th
e

ex
am

p
le

s.
O

u
r

g
oa

l
is

to
fi
n
d

a
li
n
ea

r
p
re

d
ic

to
r
w
∈
R
d

su
ch

th
at
x
> i
w
∼
y i

,
w

h
er

e
th

e
p
ai

r
x
i,
y i
∈
R
d
×
R

is
sa

m
p
le

d
fr

om
th

e
u
n
d
er

ly
in

g
d
is

tr
ib

u
ti

on
ov

er
d
at

a-
la

b
el

p
ai

rs
.

In
th

e
L

2-
re

gu
la

ri
ze

d
E

m
p
ir

ic
al

R
is

k
M

in
im

iz
at

io
n

p
ro

b
le

m
,

w
e

fi
n
d
w

b
y

so
lv

in
g

th
e

o
p
ti

m
iz

at
io

n
p
ro

b
le

m

m
in

w
∈R

d

[ P
(w

)
:=

1 n

n ∑ i=
1

φ
i(

X
> :i
w

)
+
λ 2
‖w
‖2 2

] ,
(1

)

w
h
er

e
φ
i

:
R
→

R
is

a
lo

ss
fu

n
ct

io
n

as
so

ci
at

ed
w

it
h

ex
am

p
le

-l
ab

el
p
ai

r
(X

:i
,y
i)

,
an

d
λ
>

0.
F

or
in

st
an

ce
,

th
e

sq
u
ar

e
lo

ss
fu

n
ct

io
n

is
gi

ve
n

b
y
φ
i(
t)

=
0
.5

(t
−
y i

)2
.

O
u
r

re
su

lt
s

ar
e

n
ot

li
m

it
ed

to
L

2-
re

gu
la

ri
ze

d
p
ro

b
le

m
s

th
ou

gh
:

an
ar

b
it

ra
ry

st
ro

n
gl

y
co

n
ve

x
re

gu
la

ri
ze

r
ca

n
b

e
u
se

d
in

st
ea

d
Q

u
et

al
.

(2
01

5)
.

W
e

sh
al

l
as

su
m

e
th

ro
u
gh

ou
t

th
at

th
e

lo
ss

fu
n
ct

io
n
s

ar
e

co
n
ve

x
an

d
1
/γ

-s
m

o
ot

h
,

w
h
er

e
γ
>

0.
T

h
e

la
tt

er
m

ea
n
s

th
at

fo
r

al
l
x
,y
∈

R
an

d
al

l
i
∈

[n
]

:=
{1
,2
,.
..
,n
},

w
e

h
av

e

|φ
′ i(
x

)
−
φ
′ i(
y
)|
≤

1 γ
|x
−
y
|.

T
h
is

se
tu

p
in

cl
u
d
es

ri
d
ge

an
d

lo
gi

st
ic

re
gr

es
si

on
,

sm
o
ot

h
ed

h
in

ge
lo

ss
,

an
d

m
an

y
ot

h
er

p
ro

b
le

m
s

as
sp

ec
ia

l
ca

se
s

S
h
al

ev
-S

h
w

ar
tz

an
d

Z
h
an

g
(2

01
3b

).
A

ga
in

,
ou

r
sa

m
p
li
n
g

ca
n

b
e

ad
ap

te
d

to
se

tt
in

gs
w

it
h

n
on

-s
m

o
ot

h
lo

ss
es

,
su

ch
as

th
e

h
in

ge
lo

ss
.

4
.
T
h
e
A
lg
o
ri
th

m

In
th

is
p
ap

er
w

e
il
lu

st
ra

te
th

e
p

ow
er

of
ou

r
n
ew

sa
m

p
li
n
g

in
ta

n
d
em

w
it

h
A

lg
or

it
h
m

1
(d

fS
D

C
A

)
fo

r
so

lv
in

g
(1

).

T
h
e

m
et

h
o
d

h
as

tw
o

p
ar

am
et

er
s.

A
“s

am
p
li
n
g”
Ŝ

,
w

h
ic

h
is

a
ra

n
d
om

se
t-

va
lu

ed
m

ap
p
in

g
R

ic
h
tá

ri
k

an
d

T
ak

áč
(2

01
6)

w
it

h
va

lu
es

b
ei

n
g

su
b
se

ts
of

[n
],

th
e

se
t

of
ex

a
m

p
le

s.
N

o

5
JM

L
R

 1
9(

27
):

1-
21

, 2
01

8

C
si

b
a

a
n
d

R
ic

h
t
á
r
ik

A
lg

o
ri

th
m

1
d
fS

D
C

A
C

si
b
a

an
d

R
ic

h
tá

ri
k

(2
01

5)

P
a
ra

m
e
te

rs
:

S
am

p
li
n
g
Ŝ

,
st

ep
si

ze
θ
>

0
In

it
ia

li
z
a
ti

o
n

:
C

h
o
os

e
α

(0
)
∈
R
n
,

se
t
w

(0
)

=
1 λ
n

∑
n i=

1
X

:i
α

(0
)

i
,
p
i

=
P

ro
b

(i
∈
Ŝ

)
fo

r
t
≥

1
d

o
S
am

p
le

a
fr

es
h

ra
n
d
om

se
t
S
t

ac
co

rd
in

g
to
Ŝ

fo
r
i
∈
S
t

d
o

∆
i

=
φ
′ i(

X
> :i
w

(t
−

1
) )

+
α

(t
−

1
)

i

α
(t

)
i

=
α

(t
−

1
)

i
−
θp
−

1
i

∆
i

e
n

d
fo

r
w

(t
)

=
w

(t
−

1
)
−
∑

i∈
S
t
θ(
n
λ
p
i)
−

1
∆
iX

:i

e
n

d
fo

r

as
su

m
p
ti

on
s

ar
e

m
ad

e
on

th
e

d
is

tr
ib

u
ti

on
of
Ŝ

ap
ar

t
fr

om
re

q
u
ir

in
g

th
at
p
i

is
p

o
si

ti
ve

fo
r

ea
ch

i,
w

h
ic

h
si

m
p
ly

m
ea

n
s

th
at

ea
ch

ex
am

p
le

h
as

to
h
av

e
a

ch
an

ce
of

b
ei

n
g

p
ic

ke
d
.

T
h
e

se
co

n
d

p
ar

am
et

er
is

a
st

ep
si

ze
θ,

w
h
ic

h
sh

ou
ld

b
e

as
la

rg
e

as
p

os
si

b
le

,
b
u
t

n
o
t

la
rg

er
th

a
n

a
ce

rt
ai

n
th

eo
re

ti
ca

ll
y

al
lo

w
ab

le
m

ax
im

u
m

d
ep

en
d
in

g
on

P
an

d
Ŝ

,
b

ey
on

d
w

h
ic

h
th

e
m

et
h
o
d

co
u
ld

d
iv

er
ge

.

A
lg

or
it

h
m

1
m

ai
n
ta

in
s
n

“d
u
al

”
va

ri
ab

le
s,
α

(t
)

1
,.
..
,α

(t
)

n
∈

R
,

w
h
ic

h
ac

t
a
s

va
ri

a
n
ce

-
re

d
u
ct

io
n

sh
if

ts
.

T
h
is

is
m

os
t

ea
si

ly
se

en
in

th
e

ca
se

w
h
en

w
e

as
su

m
e

th
a
t
S
t

=
{i
}

(n
o

m
in

ib
at

ch
in

g)
.

In
d
ee

d
,

in
th

at
ca

se
w

e
h
av

e

w
(t

)
=
w

(t
−

1
)
−

θ

n
λ
p
i
(g

(t
−

1
)

i
+

X
:i
α

(t
−

1
)

i
),

w
h
er

e
g

(t
−

1
)

i
:=

X
:i
∆
i

is
th

e
st

o
ch

as
ti

c
gr

ad
ie

n
t.

If
θ

is
se

t
to

a
p
ro

p
er

va
lu

e,
a
s

w
e

sh
a
ll

se
e

n
ex

t,
th

en
it

tu
rn

s
ou

t
th

at
fo

r
al

l
i
∈

[n
],
α
i

is
co

n
ve

rg
in

g
α
∗ i

:=
−
φ
′ i(

X
> :i
w
∗ )

,
w

h
er

e
w
∗

is
th

e
so

lu
ti

on
to

(1
),

w
h
ic

h
m

ea
n
s

th
at

th
e

sh
if

te
d

st
o
ch

as
ti

c
gr

ad
ie

n
t

co
n
ve

rg
es

to
ze

ro
.

T
h
is

m
ea

n
s

th
at

it
s

va
ri

an
ce

is
p
ro

gr
es

si
ve

ly
va

n
is

h
in

g,
an

d
h
en

ce
n
o

ad
d
it

io
n
al

st
ra

te
g
ie

s,
su

ch
as

d
ec

re
as

in
g

st
ep

si
ze

s
or

m
in

ib
at

ch
in

g
ar

e
n
ec

es
sa

ry
to

re
d
u
ce

th
e

va
ri

an
ce

an
d

st
a
b
il
iz

e
th

e
p
ro

ce
ss

.
In

ge
n
er

al
,

d
fS

D
C

A
in

ea
ch

st
ep

p
ic

k
s

a
ra

n
d
om

su
b
se

t
of

th
e

ex
am

p
le

s,
d
en

o
te

d

as
S
t,

u
p

d
at

es
va

ri
ab

le
s
α

(t
)

i
fo

r
i
∈
S
t,

an
d

th
en

u
se

s
th

es
e

to
u
p

d
at

e
th

e
p
re

d
ic

to
r
w

.

4
.1

C
o
m

p
le

x
it

y
o
f

d
fS

D
C

A

In
or

d
er

to
st

at
e

th
e

th
eo

re
ti

ca
l

p
ro

p
er

ti
es

of
th

e
m

et
h
o
d
,

w
e

d
efi

n
e

E
(t

)
:=

λ 2
‖w

(t
)
−
w
∗ ‖

2 2
+

γ 2
n
‖α

(t
)
−
α
∗ ‖

2 2
.

M
os

t
cr

u
ci

al
ly

to
th

is
p
ap

er
,

w
e

as
su

m
e

th
e

k
n
ow

le
d
ge

of
p
ar

am
et

er
s
v 1
,.
..
,v
n
>

0
fo

r
w

h
ic

h
th

e
fo

ll
ow

in
g

E
S
O

2
in

eq
u
al

it
y

h
o
ld

s

E

 ∥ ∥ ∥ ∥ ∥∑ i∈
S
t

h
iX

:i

∥ ∥ ∥ ∥ ∥2
 
≤

n ∑ i=
1

p
iv
ih

2 i
(2

)

2
.

E
S

O
=

E
x
p

ec
te

d
S

ep
a
ra

b
le

O
v
er

a
p

p
ro

x
im

a
ti

o
n

R
ic

h
tá

ri
k

a
n

d
T

a
k
á
č

(2
0
1
6
);

Q
u

a
n

d
R

ic
h
tá

ri
k

(2
0
1
6
).
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Im
p
o
r
t
a
n
c
e

S
a
m

p
l
in

g
f
o
r

M
in

ib
a
t
c
h
e
s

h
o
ld

s
fo

r
all

h
∈

R
n
.

T
igh

t
an

d
easily

com
p
u
tab

le
form

u
las

for
su

ch
p
a
ram

eters
can

b
e

fo
u
n
d

in
Q

u
a
n
d

R
ich

tárik
(2016).

F
or

in
stan

ce,
w

h
en

ever
P

ro
b

(|S
t |≤

τ
)

=
1,

in
eq

u
ality

(2
)

h
o
ld

s
w

ith
v
i

=
τ‖

X
:i ‖

2.
H

ow
ev

er,
th

is
is

a
con

servative
ch

oice
o
f

th
e

p
a
ram

eters.
C

o
n
verg

en
ce

o
f

d
fS

D
C

A
is

d
escrib

ed
in

th
e

n
ex

t
th

eorem
.

T
h

e
o
re

m
1

(C
sib

a
a
n

d
R

ich
tá

rik
(2

0
1
5
))

A
ssu

m
e

th
a
t

a
ll

lo
ss

fu
n

ctio
n

s{
φ
i }

a
re

co
n

-
vex

a
n

d
1/
γ

sm
oo

th
.

If
w

e
ru

n
A

lgo
rith

m
1

w
ith

pa
ra

m
eter

θ
sa

tisfyin
g

th
e

in
equ

a
lity

θ
≤

m
ini

p
i n
λ
γ

v
i
+
n
λ
γ
,

(3)

w
h
ere
{v
i }

sa
tisfy

(2),
th

en
th

e
po

ten
tia

l
E

(t)
d
eca

ys
expo

n
en

tia
lly

to
zero

a
s

E
[E

(t) ]≤
e −

θ
tE

(0
).

M
o
reo

ver,
if

w
e

set
θ

equ
a
l

to
th

e
u

p
per

bo
u

n
d

in
(3)

so
th

a
t

1θ
=

m
ax
i

(
1p
i

+
v
i

p
i n
λ
γ )

(4)

th
en

t≥
1θ

log (
(1

+
λ
γ

)E
(0

)

λ
γ
ε

)
⇒

E
[P

(w
(t))−

P
(w
∗)]≤

ε.

5
.
B
u
ck

e
t
S
a
m
p
lin

g

W
e

sh
all

fi
rst

ex
p
lain

th
e

con
cep

t
of

“stan
d
ard

”
im

p
orta

n
ce

sam
p
lin

g.

5
.1

S
ta

n
d

a
rd

im
p

o
rta

n
c
e

sa
m

p
lin

g

A
ssu

m
e

th
a
t
Ŝ

alw
ay

s
p
ick

s
a

sin
gle

ex
am

p
le

on
ly.

In
th

is
case,

(2)
h
old

s
for

v
i

=
‖X

:i ‖
2,

in
d
ep

en
d
en

tly
of
p

:=
(p

1 ,...,p
n
)

Q
u

an
d

R
ich

tárik
(2016).

T
h
is

allow
s

u
s

to
ch

o
ose

th
e

sa
m

p
lin

g
p
rob

a
b
ilities

as
p
i
∼
v
i

+
n
λ
γ

,
w

h
ich

en
su

res
th

at
(4)

is
m

in
im

ized
.

T
h
is

is
im

po
rta

n
ce

sa
m

p
lin

g.
T

h
e

n
u
m

b
er

of
iteration

s
of

d
fS

D
C

A
is

in
th

is
case

p
rop

ortion
al

to

1

θ
(im

p
)

:=
n

+

∑
ni=

1
v
i

n
λ
γ

.

If
u
n
ifo

rm
p
ro

b
ab

ilities
are

u
sed

,
th

e
average

in
th

e
ab

ove
form

u
la

gets
rep

laced
b
y

th
e

m
ax

im
u
m

:
1

θ
(u

n
if)

:=
n

+
m

ax
i v
i

λ
γ

.

H
en

ce,
o
n
e

sh
ou

ld
ex

p
ect

th
e

follow
in

g
speed

u
p

w
h
en

com
p
arin

g
th

e
im

p
ortan

ce
an

d
u
n
iform

sa
m

p
lin

g
s:

σ
:=

m
ax

i ‖X
:i ‖

2

1n ∑
ni=

1 ‖X
:i ‖

2
.

(5)

If
σ

=
1
0

fo
r

in
stan

ce,
th

en
d
fS

D
C

A
w

ith
im

p
ortan

ce
sa

m
p
lin

g
is

10×
fa

ster
th

an
d
fS

D
C

A
w

ith
u
n
iform

sa
m

p
lin

g.
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C
sib

a
a
n
d

R
ic

h
t
á
r
ik

5
.2

U
n

ifo
rm

m
in

ib
a
tch

sa
m

p
lin

g

In
m

ach
in

e
learn

in
g,

th
e

term
“m

in
ib

atch
”

is
v
irtu

ally
sy

n
on

y
m

ou
s

w
ith

a
sp

ecial
sam

p
lin

g,
w

h
ich

w
e

sh
all

h
ere

refer
to

b
y

th
e

n
a
m

e
τ
-n

ice
sam

p
lin

g
R

ich
tárik

an
d

T
ak

á
č

(2016).
S
am

p
lin

g
Ŝ

is
τ
-n

ice
if

it
p
ick

s
u
n
iform

ly
at

ran
d
om

from
th

e
collection

of
all

su
b
sets

of
[n

]
of

card
in

ality
τ
.

C
learly,

p
i

=
τ
/n

an
d
,

m
oreover,

it
w

as
sh

ow
b
y

Q
u

a
n
d

R
ich

tárik
(2016)

th
at

(2)
h
old

s
w

ith
{
v
i }

d
efi

n
ed

b
y

v
(τ

-n
ice)

i
=

d
∑j=

1 (
1

+
(|J

j |−
1)(τ−

1)

n
−

1

)
X

2ji ,
(6)

w
h
ere

J
j

:=
{
i∈

[n
]

:
X
ji 6=

0}.
In

th
e

case
of
τ
-n

ice
sam

p
lin

g
w

e
h
ave

th
e

step
size

an
d

com
p
lex

ity
given

b
y

θ
(τ

-n
ice)

=
m

ini

τ
λ
γ

v
(τ

-n
ice)

i
+
n
λ
γ
,

(7)

1

θ
(τ

-n
ice)

=
nτ

+
m

ax
i v

(τ
-n

ice)
i

τ
λ
γ

.
(8)

L
earn

in
g

from
th

e
d
iff

eren
ce

b
etw

een
th

e
u
n
iform

an
d

im
p

ortan
ce

sam
p
lin

g
of

sin
gle

ex
am

p
le

(S
ection

5.1),
on

e
w

ou
ld

id
eally

w
ish

th
e

im
p

ortan
ce

m
in

ib
atch

sam
p
lin

g
,

w
h
ich

w
e

are
yet

to
d
efi

n
e,

to
lead

to
com

p
lex

ity
of

th
e

ty
p

e
(8

),
w

h
ere

th
e

m
ax

im
u
m

is
rep

laced
b
y

an
average.

5
.3

B
u

ck
e
t

sa
m

p
lin

g
:

d
e
fi

n
itio

n

W
e

n
ow

p
rop

ose
a

fam
ily

of
sam

p
lin

gs,
w

h
ich

w
e

call
bu

cket
sa

m
p
lin

gs.
L

et
B

1 ,...,B
τ

b
e

a
p
artition

of
[n

]
=
{
1,2,...,n}

in
to
τ

n
on

em
p
ty

sets
(“b

u
ckets”).

D
e
fi

n
itio

n
2

(B
u

ck
e
t

sa
m

p
lin

g
)

W
e

sa
y

th
a
t
Ŝ

is
a

bu
cket

sa
m

p
lin

g
if

fo
r

a
ll
i∈

[τ
],

|Ŝ
∩
B
i |

=
1

w
ith

p
ro

ba
bility

1
.

In
form

ally,
a

b
u
cket

sam
p
lin

g
p
ick

s
on

e
ex

am
p
le

from
each

of
th

e
τ

b
u
ckets,

form
in

g
a

m
in

ib
atch

.
H

en
ce,|Ŝ|

=
τ

an
d
∑

i∈
B

l p
i

=
1

for
each

l
=

1,2
...,τ

,
w

h
ere,

as
b

efore,

p
i

:=
P

ro
b

(i∈
Ŝ

).
N

otice
th

at
given

th
e

p
artition

,
th

e
vector

p
=

(p
1 ,...,p

n
)

u
n

iqu
ely

d
eterm

in
es

a
b
u
cket

sam
p
lin

g.
H

en
ce,

w
e

h
ave

a
fam

ily
of

sam
p
lin

gs
in

d
ex

ed
b
y

a
sin

g
le

n
-d

im
en

sion
al

vector.
L

etP
B

b
e

th
e

set
of

all
vectors

p
∈
R
n

d
escrib

in
g

b
u
ck

et
sam

p
lin

gs
asso

ciated
w

ith
p
artition

B
=
{
B

1 ,...,B
τ }

.
C

learly,

P
B

=


p
∈
R
n

: ∑i∈
B

l p
i

=
1

for
all

l
&
p
i ≥

0
for

all
i 

.

N
ote,

th
at

th
e

sam
p
lin

g
in

sid
e

each
b
u
cket

B
i

can
b

e
p

erform
ed

in
O

(log|B
i |)

tim
e

u
sin

g
a

b
in

ary
tree,

w
ith

an
in

itial
overh

ead
an

d
m

em
ory

ofO
(|B

i |log|B
i |),

as
ex

p
lain

ed
in

N
esterov

(2012).
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Im
p
o
r
t
a
n
c
e

S
a
m

p
l
in

g
f
o
r

M
in

ib
a
t
c
h
e
s

5
.4

O
p

ti
m

a
l

b
u

ck
e
t

sa
m

p
li
n

g

T
h
e

op
ti

m
al

b
u
ck

et
sa

m
p
li
n
g

is
th

at
fo

r
w

h
ic

h
(4

)
is

m
in

im
iz

ed
,
w

h
ic

h
le

ad
s

to
a

co
m

p
li
ca

te
d

op
ti

m
iz

at
io

n
p
ro

b
le

m
: m
in

p
∈P

B

m
ax i

1 p
i

+
v i

p
in
λ
γ

su
b

je
ct

to
{v
i}

sa
ti

sf
y

(2
).

A
p
ar

ti
cu

la
r

d
iffi

cu
lt

y
h
er

e
is

th
e

fa
ct

th
at

th
e

p
ar

am
et

er
s
{v
i}

d
ep

en
d

on
th

e
ve

ct
or
p

in
a

co
m

p
li
ca

te
d

w
ay

.
In

or
d
er

to
re

so
lv

e
th

is
is

su
e,

w
e

p
ro

ve
th

e
fo

ll
ow

in
g

re
su

lt
.

T
h

e
o
re

m
3

L
et
Ŝ

be
a

bu
ck

et
sa

m
p
li

n
g

d
es

cr
ib

ed
by

pa
rt

it
io

n
B

=
{B

1
,.
..
,B

τ
}

a
n

d
ve

ct
o
r

p
.

T
h
en

th
e

E
S

O
in

eq
u

a
li

ty
(2

)
h
o
ld

s
fo

r
pa

ra
m

et
er

s
{v
i}

se
t

to

v i
=

d ∑ j=
1

( 1
+
( 1
−

1 ω
′ j

) δ j

) X
2 ji
,

(9
)

w
h
er

e
J
j

:=
{i
∈

[n
]

:
X
ji
6=

0}
,
δ j

:=
∑

i∈
J
j
p
i

a
n

d
ω
′ j

:=
|{
l

:
J
j
∩
B
l
6=
∅}
|.

O
b
se

rv
e

th
at
J
j

is
th

e
se

t
of

ex
am

p
le

s
w

h
ic

h
ex

p
re

ss
fe

at
u
re
j,

an
d
ω
′ j

is
th

e
n
u
m

b
er

of
b
u
ck

et
s

in
te

rs
ec

ti
n
g

w
it

h
J
j
.

C
le

ar
ly

,
th

at
1
≤
ω
′ j
≤
τ

(i
f
ω
′ j

=
0,

w
e

si
m

p
ly

d
is

ca
rd

th
is

fe
at

u
re

fr
om

ou
r

d
at

a
as

it
is

n
ot

n
ee

d
ed

).
N

ot
e

th
at

th
e

eff
ec

t
of

th
e

q
u
an

ti
ti

es
{ω
′ j}

on
th

e
va

lu
e

of
v i

is
sm

al
l.

In
d
ee

d
,

u
n
le

ss
w

e
ar

e
in

th
e

ex
tr

em
e

si
tu

at
io

n
w

h
en

ω
′ j

=
1,

w
h
ic

h
h
as

th
e

eff
ec

t
of

n
eu

tr
al

iz
in

g
δ j

,
th

e
q
u
an

ti
ty

1
−

1
/ω
′ j

is
b

et
w

ee
n

1
−

1
/2

an
d

1
−

1
/τ

.
H

en
ce

,
fo

r
si

m
p
li
ci

ty
,

w
e

co
u
ld

in
st

ea
d

u
se

th
e

sl
ig

h
tl

y
m

or
e

co
n
se

rv
a
ti

ve
p
ar

am
et

er
s:

v i
=

d ∑ j=
1

( 1
+

( 1
−

1 τ

)
δ j

)
X

2 ji
.

5
.5

U
n

if
o
rm

b
u

ck
e
t

sa
m

p
li
n

g

A
ss

u
m

e
al

l
b
u
ck

et
s

ar
e

of
th

e
sa

m
e

si
ze

:
|B

l|
=
n
/τ

fo
r

al
l
l.

F
u
rt

h
er

,
as

su
m

e
th

a
t
p
i

=
1
/|
B
l|

=
τ
/n

fo
r

al
l
i.

T
h
en

δ j
=
τ
|J
j
|/
n

,
an

d
h
en

ce
T

h
eo

re
m

3
sa

y
s

th
at

v
(u

n
if

)
i

=
d ∑ j=

1

(
1

+

(
1
−

1 ω
′ j)

τ
|J
j
|

n

)
X

2 ji
,

(1
0)

an
d

in
v
ie

w
of

(4
),

th
e

co
m

p
le

x
it

y
of

d
fS

D
C

A
w

it
h

th
is

sa
m

p
li
n
g

b
ec

om
es

1

θ(
u

n
if

)
=
n τ

+
m

ax
i
v

(u
n

if
)

i

τ
λ
γ

.
(1

1)

F
or

m
u
la

(6
)

is
ve

ry
si

m
il
ar

to
th

e
on

e
fo

r
τ
-n

ic
e

sa
m

p
li
n
g

(1
0)

,
d
es

p
it

e
th

e
fa

ct
th

at
th

e
se

ts
/m

in
ib

at
ch

es
ge

n
er

at
ed

b
y

th
e

u
n
if

or
m

b
u
ck

et
sa

m
p
li
n
g

h
av

e
a

sp
ec

ia
l

st
ru

ct
u
re

w
it

h

re
sp

ec
t

to
th

e
b
u
ck

et
s.

In
d
ee

d
,

it
is

ea
si

ly
se

en
th

at
th

e
d
iff

er
en

ce
b

et
w

ee
n

b
et

w
ee

n
1

+
τ
|J

j
|

n

an
d

1
+

(τ
−

1
)(
|J

j
|−

1
)

(n
−

1
)

is
n
eg

li
gi

b
le

.
M

or
eo

ve
r,

if
ei

th
er
τ

=
1

or
|J
j
|=

1
fo

r
al

l
j,

th
en

ω
′ j

=
1

fo
r

al
l
j

an
d

h
en

ce
v i

=
‖X

:i
‖2

.
T

h
is

is
al

so
w

h
at

w
e

ge
t

fo
r

th
e
τ
-n

ic
e

sa
m

p
li
n
g.
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9(

27
):

1-
21

, 2
01

8

C
si

b
a

a
n
d

R
ic

h
t
á
r
ik

q
u
an

ti
ty
\

it
er

at
io

n
1

2
3

4
5

6

m
ax

i(
|p

n
ew
i
−
p

o
ld
i
|)

7
·1

0
−

5
7
·1

0−
6

7
·1

0−
7

8
·1

0−
8

8
·1

0−
9

9
·1

0−
1
0

‖p
n

ew
−
p

o
ld
‖ 2

1
·1

0
−

3
2
·1

0−
4

2
·1

0−
5

2
·1

0−
6

2
·1

0−
7

2
·1

0
−

8

T
ab

le
1:

E
x
am

p
le

of
th

e
co

n
ve

rg
en

ce
sp

ee
d

of
th

e
al

te
rn

at
in

g
op

ti
m

iz
at

io
n

sc
h
em

e
fo

r
w

8
a

d
at

a
se

t
(s

ee
T

ab
le

5)
w

it
h
τ

=
8.

T
h
e

ta
b
le

d
em

on
st

ra
te

s
th

e
d
iff

er
en

ce
in

p
ro

b
ab

il
it

ie
s

fo
r

tw
o

su
cc

es
si

ve
it

er
at

io
n
s

(p
o
ld

an
d
p

n
ew

).
W

e
o
b
se

rv
ed

a
si

m
il
a
r

b
eh

av
io

u
r

fo
r

al
l

d
at

a
se

ts
an

d
al

l
ch

oi
ce

s
of
τ
.

6
.
Im

p
o
rt
a
n
ce

M
in
ib
a
tc
h
S
a
m
p
li
n
g

In
th

e
li
gh

t
of

T
h
eo

re
m

3,
w

e
ca

n
fo

rm
u
la

te
th

e
p
ro

b
le

m
of

se
ar

ch
in

g
fo

r
th

e
o
p
ti

m
a
l

b
u
ck

et
sa

m
p
li
n
g

as

m
in

p
∈P

B

m
ax i

1 p
i

+
v i

p
in
λ
γ

su
b

je
ct

to
{v
i}

sa
ti

sf
y

(9
).

(1
2
)

S
ti

ll
,

th
is

is
n
ot

an
ea

sy
p
ro

b
le

m
.

Im
po

rt
a
n

ce
m

in
ib

a
tc

h
sa

m
p
li

n
g

ar
is

es
a
s

a
n

a
p
p
ro

x
-

im
at

e
so

lu
ti

on
of

(1
2)

.
N

ot
e

th
at

th
e

u
n
if

or
m

m
in

ib
at

ch
sa

m
p
li
n
g

is
a

fe
as

ib
le

so
lu

ti
o
n

o
f

th
e

ab
ov

e
p
ro

b
le

m
,

an
d

h
en

ce
w

e
sh

ou
ld

b
e

ab
le

to
im

p
ro

v
e

u
p

on
it

s
p

er
fo

rm
a
n
ce

.

6
.1

A
p

p
ro

a
ch

1
:

a
lt

e
rn

a
ti

n
g

o
p

ti
m

iz
a
ti

o
n

G
iv

en
a

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
p
∈
P B

,
w

e
ca

n
ea

si
ly

fi
n
d
v

u
si

n
g

T
h
eo

re
m

3
.

O
n

th
e

ot
h
er

h
an

d
,

fo
r

an
y

fi
x
ed
v
,

w
e

ca
n

m
in

im
iz

e
(1

2)
ov

er
p
∈
P B

b
y

ch
o
os

in
g

th
e

p
ro

b
a
b
il
it

ie
s

in
ea

ch
gr

ou
p
B
l

an
d

fo
r

ea
ch

i
∈
B
l

v
ia

p
i

=
n
λ
γ

+
v i

∑
j∈
B

l
n
λ
γ

+
v j
.

(1
3
)

T
h
is

le
ad

s
to

a
n
at

u
ra

l
al

te
rn

at
in

g
op

ti
m

iz
at

io
n

st
ra

te
gy

.
A

n
ex

am
p
le

o
f

th
e

st
a
n
d
a
rd

co
n
ve

rg
en

ce
b

eh
av

io
u
r

of
th

is
sc

h
em

e
is

sh
ow

ed
in

T
ab

le
6
.1

.
E

m
p
ir

ic
al

ly
,

th
is

st
ra

te
g
y

co
n
ve

rg
es

to
a

p
ai

r
(p
∗ ,
v
∗ )

fo
r

w
h
ic

h
(1

3)
h
ol

d
s.

T
h
er

ef
or

e,
th

e
re

su
lt

in
g

co
m

p
le

x
it

y
w

il
l

b
e

1

θ(
τ
-i

m
p

)
=
n τ

+
m

ax
l∈

[τ
]

τ n

∑
i∈
B

l
v
∗ i

τ
λ
γ

.
(1

4
)

W
e

ca
n

co
m

p
ar

e
th

is
re

su
lt

ag
ai

n
st

th
e

co
m

p
le

x
it

y
of
τ
-n

ic
e

in
(8

).
W

e
ca

n
o
b
se

rv
e

th
at

th
e

te
rm

s
ar

e
ve

ry
si

m
il
ar

,
u
p

to
tw

o
d
iff

er
en

ce
s.

F
ir

st
,

th
e

im
p

or
ta

n
ce

m
in

ib
a
tc

h
sa

m
p
li
n
g

h
as

a
m

ax
im

u
m

ov
er

gr
ou

p
av

er
ag

es
in

st
ea

d
o
f

a
m

ax
im

u
m

ov
er

ev
er

y
th

in
g
,

w
h
ic

h
le

a
d
s

to
sp

ee
d
u
p
,

ot
h
er

th
in

gs
eq

u
al

.
O

n
th

e
ot

h
er

h
an

d
,
v

(τ
-n

ic
e)

an
d
v
∗

ar
e

d
iff

er
en

t
q
u
a
n
ti

ti
es

.
T

h
e

al
te

rn
at

in
g

op
ti

m
iz

at
io

n
p
ro

ce
d
u
re

fo
r

co
m

p
u
ta

ti
on

of
(v
∗ ,
p
∗ )

is
co

st
ly

,
a
s

o
n
e

it
er

a
ti

o
n

ta
ke

s
a

p
as

s
ov

er
al

l
d
at

a.
T

h
er

ef
or

e,
in

th
e

n
ex

t
su

b
se

ct
io

n
w

e
p
ro

p
os

e
a

cl
os

ed
fo

rm
fo

rm
u
la

w
h
ic

h
,

as
w

e
fo

u
n
d

em
p
ir

ic
al

ly
,

off
er

s
n
ea

rl
y

op
ti

m
al

co
n
ve

rg
en

ce
ra

te
.
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l
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6
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A
p

p
ro

a
ch

2
:

p
ra

c
tic

a
l

fo
rm

u
la

F
o
r

ea
ch

g
ro

u
p
B
l ,

let
u
s

ch
o
ose

for
all

i∈
B
l

th
e

p
rob

ab
ilities

as
follow

s:

p ∗i
=

n
λ
γ

+
v

(u
n

if)
i

∑
k∈
B

l n
λ
γ

+
v

(u
n

if)
k

(15)

w
h
ere

v
(u

n
if)

i
is

given
b
y

(10).
N

ote
th

at
co

m
p
u
tin

g
all

v
(u

n
if)

i
ca

n
b

e
d
on

e
b
y

v
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g
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n
o
n
-zero

en
try

of
X
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ce

an
d

an
d
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p
u
tin

g
all

p ∗i
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a
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p
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re-w
eigh

tin
g.

T
h
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is
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e
sa

m
e
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m

p
u
ta

tion
al

cost
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d
ard

serial
im

p
ortan

ce
sam

p
lin

g
.

A
lso,

th
is

p
ro

cess
can

b
e

stra
ig

h
tforw

ard
ly

p
arallelized

,
fu

lly
u
tilizin

g
all

th
e

cores,
w

h
ich

lead
s

to
τ

tim
es

faster
co

m
p
u
ta

tio
n
s.

T
h
e

overh
ead

of
u
sin

g
th

is
sam

p
lin

g
ap

p
roach

is
th

erefore
at

m
ost

on
e

p
ass

over
th

e
d
ata

,
w

h
ich

is
n
egligib

le
in

m
ost

scen
arios

con
sid

ered
.

A
fter

d
o
in

g
som

e
sim

p
lifi

cation
s,

th
e

asso
ciated

com
p
lex

ity
resu

lt
is

1

θ
(τ

-im
p

)
=

m
ax
l

{
(
nτ

+
τn ∑

i∈
B

l v
(u

n
if)

i

τ
λ
γ

)
β
l }
,

(16)

w
h
ere

β
l

:=
m

ax
i∈
B

l

n
λ
γ

+
s
i

n
λ
γ

+
v

(u
n

if)
i

,
s
i

:=
d
∑j=

1 
1

+

(
1−

1ω
′j )
∑k∈
J
j

p ∗k 
X

2ji .

W
e

w
o
u
ld

id
ea

lly
w

an
t

to
h
ave

β
l

=
1

for
all

l
(th

is
is

w
h
at

w
e

get
for

im
p

ortan
ce

sa
m

p
lin

g
w

ith
o
u
t

m
in

ib
a
tch

es).
If
β
l ≈

1
for

all
l,

th
en

th
e

com
p
lex

ity
1
/θ

(τ
-im

p
)
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an

im
p
rovem

en
t

o
n

th
e

com
p
lex

ity
of

th
e

u
n
iform

m
in

ib
atch
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p
lin

g
sin
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th

e
m

ax
im

u
m

o
f

grou
p

averages
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a
lw

ay
s

b
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th
an

th
e

m
ax

im
u
m

of
all
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en
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v

(u
n

i)
i

:

nτ
+

m
ax

l (
τn ∑

i∈
B

l v
(u

n
if)

i

)

τ
λ
γ

≤
nτ

+
m

ax
i v

(u
n

if)
i

τ
λ
γ

.
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d
eed

,
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e
d
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eren
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b

e
v
ery

la
rge.

F
in

a
lly,

w
e

w
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to
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m
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t
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e
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of
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e
p
artition

s
B

1 ,...,B
τ ,
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clea

rly
a
ff
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e
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vergen
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rate.
T

h
e
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tim
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ch

oice
of
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e

p
artition
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b
y

m
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im
iz-

in
g

in
B

1 ,...,B
τ

th
e

m
ax

im
u
m

over
grou

p
su

m
s

in
(16),

w
h
ich
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a
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p
licated
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ization
p
ro

b
lem

.
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stead
,

w
e

u
sed

ran
d
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p
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s
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e
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e
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r
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p

erim
en

ts,
w

h
ich

w
e

b
elieve
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a

g
o
o
d

solu
tion

for
th

e
p
artition
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g

p
rob

lem
.
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h
e
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sim
p
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e
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u
m
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e
m

a
x
im

u
m
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th
e
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p
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m

s
w
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,
w
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all
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e
grou

p
su

m
s

h
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lu
es.
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w

e
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th
e

p
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s
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e
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e

size
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d
w

e
d
istrib

u
te

th
e
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a
m

p
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d
om

ly,
th

ere
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a
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o
d

ch
an

ce
th

at
th

e
grou

p
su

m
s

w
ill

h
ave

sim
ilar

valu
es

(esp
ecially

fo
r

large
a
m

o
u
n
ts

o
f

d
a
ta).

7
.
E
x
p
e
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n
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W
e
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m

m
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th
e
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lts
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r
n
u
m
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p
erim
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w
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b
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n
th
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an

d
real

d
a
ta

sets.
W

e
p
lot

th
e

op
tim

ality
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P
(w

(t))−
P
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an
d
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e
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C
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a
a
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d

R
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h
t
á
r
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e
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error
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ax

is)
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st
th

e
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p
u
tation

al
eff

ort
(h

orizon
tal

ax
is).

W
e

m
easu

re
com

p
u
tation

al
eff

ort
b
y

th
e

n
u
m

b
er

of
eff

ectiv
e

p
asses

th
rou

gh
th

e
d
ata

d
iv

id
ed

b
y
τ
.

W
e

d
iv

id
e

b
y
τ

as
a

n
o
rm

alization
factor;

sin
ce

w
e

sh
a
ll

com
p
are

m
eth

o
d
s

w
ith

a
ra

n
ge

of
valu

es
of
τ
.

T
h
is

is
reason

ab
le
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sim
p
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in
d
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th
at

th
e
τ

u
p

d
ates

are
p

erform
ed

in
p
arallel.

H
en

ce,
w

h
at

w
e

p
lot

is
an

im
p
lem

en
tation

-in
d
ep

en
d
en

t
m

o
d
el

for
tim

e.

W
e

com
p
ared

tw
o

algorith
m

s:

1)
τ
-n

ic
e
:

d
fS

D
C

A
u
sin

g
th

e
τ
-n

ice
sam

p
lin

g
w

ith
step

sizes
given

b
y

(7)
an

d
(6),

2)
τ
-im

p
:

d
fS

D
C

A
u
sin

g
τ
-im

p
ortan

ce
sam

p
lin

g
(i.e.,

im
p

ortan
ce

m
in

ib
atch

sam
p
lin

g)
d
efi

n
ed

in
S
u
b
section

6.2.

A
s

th
e

m
eth

o
d
s

are
ran

d
om

ized
,

w
e

alw
ay

s
p
lot

th
e

average
over

5
ru

n
s.

F
o
r

each
d
ata

set
w

e
p
rov

id
e

tw
o

p
lots.

In
th

e
left

fi
gu

re
w

e
p
lot

th
e

con
vergen

ce
o
f
τ
-n

ice
for

d
iff

eren
t

valu
es

of
τ
,

an
d

in
th

e
righ

t
fi
gu

re
w

e
d
o

th
e

sam
e

for
τ
-im

p
ortan

ce.
T

h
e

h
orizon

tal
ax

is
h
as

th
e

sam
e

ran
ge

in
b

oth
p
lots,

so
th

ey
are

easily
com

p
arab

le.
T

h
e

valu
es

of
τ

w
e

u
sed

to
p
lot

are
τ
∈
{1
,2
,4
,8
,16,32}.

In
all

ex
p

erim
en

ts
w

e
u
sed

th
e

logistic
loss:

φ
i (z

)
=

log
(1

+
e −

y
i z)

an
d

set
th

e
regu

larizer
to
λ

=
m

ax
i ‖

X
:i ‖
/n

.
W

e
w

ill
ob

serve
th

e
th

eoretical
an

d
em

p
irical

ratio
θ

(τ
-im

p
)/θ

(τ
-n

ice).
T

h
e

th
eoretica

l
ratio

is
com

p
u
ted

from
th

e
corresp

on
d
in

g
th

eory.
T

h
e

em
p
irical

ratio
is

th
e

ratio
b

etw
een

th
e

h
orizon

tal
ax

is
valu

es
at

th
e

m
om

en
ts

w
h
en

th
e

algorith
m

s
reach

ed
th

e
p
recision

10 −
1
0.

7
.1

A
rtifi

c
ia

l
d

a
ta

W
e

start
w

ith
ex

p
erim

en
ts

u
sin

g
artifi

cial
d
ata,

w
h
ere

w
e

can
con

trol
th

e
sp

arsity
p
attern

of
X

an
d

th
e

d
istrib

u
tion

of{‖X
:i ‖

2}
.

W
e

fi
x
n

=
50,000

an
d

ch
o
o
se
d

=
10,000

a
n
d

d
=

1,000.
F

or
each

featu
re

w
e

sam
p
led

a
ran

d
om

sp
arsity

co
effi

cien
t
ω
′i ∈

[0,1]
to

h
ave

th
e

average
sp

arsity
ω
′

:=
1d ∑

di
ω
′i

u
n
d
er

con
trol.

W
e

u
sed

tw
o

d
iff

eren
t

regim
es

of
sp

arsity
:

ω
′

=
0.1

(10%
n
on

zeros)
an

d
ω
′

=
0.8

(80%
n
o
n
zero

s).
A

fter
d
ecid

in
g

on
th

e
sp

arsity
p
attern

,
w

e
rescaled

th
e

ex
am

p
les

to
m

atch
a

sp
ecifi

c
d
istrib

u
tion

of
n
orm

s
L
i

=
‖X

:i ‖
2;

see
T

ab
le

2.
T

h
e

co
d
e

colu
m

n
sh

ow
s

th
e

corresp
on

d
in

g
co

d
e

in
J
u
lia

to
create

th
e

v
ector

of
n
orm

s
L

.
T

h
e

d
istrib

u
tion

s
can

b
e

also
ob

served
as

h
istogram

s
in

F
igu

re
1.

lab
el

co
d
e

σ

ex
trem

e
L

=
on

es(n
);L

[1]
=

1000
980.4

ch
isq

1
L

=
ran

d
(ch

isq
(1),n

)
17.1

ch
isq

10
L

=
ran

d
(ch

isq
(10

),n
)

3.9

ch
isq

100
L

=
ran

d
(ch

isq
(10

0),n
)

1.7

u
n
iform

L
=

2*ran
d
(n

)
2.0

T
ab

le
2:

D
istrib

u
tion

s
of‖

X
:i ‖

2
u
sed

in
artifi

cial
ex

p
erim

en
ts.

T
h
e

corresp
on

d
in

g
ex

p
erim

en
ts

can
b

e
fou

n
d

in
F

igu
re

4
an

d
F

igu
re

5.
T

h
e

th
eoretical

an
d

em
p
irical

sp
eed

u
p

are
also

su
m

m
arized

in
T

ab
les

3
an

d
4.
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:
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áč.

F
ast

d
istrib

u
ted

co
o
rd

in
ate

d
escen

t
fo

r
m

in
im

izin
g

n
on

-stron
gly

con
vex

losses.
IE

E
E

In
tern

a
tio

n
a
l

W
o
rksh

o
p

o
n

M
a
ch

in
e

L
ea

rn
in

g
fo

r
S

ign
a
l

P
rocessin

g,
2014.

M
ich

a
el

P
F

ried
lan

d
er

an
d

M
ark

S
ch

m
id

t.
H

y
b
rid

d
eterm

in
istic-sto

ch
astic

m
eth

o
d
s

for
d
ata

fi
ttin

g.
S

IA
M

J
o
u

rn
a
l

o
n

S
cien

tifi
c

C
o
m

p
u

tin
g,

34(3):A
1380–A

1405,
201

2.

R
eza

H
a
rika

n
d
eh

,
M

oh
am

ed
O

sam
a

A
h
m

ed
,

A
lim

V
iran

i,
M

ark
S
ch

m
id

t,
J
ak

u
b

K
on

ečn
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tárik

.
S
2
G

D
:

S
em

i-sto
ch

astic
gra

d
ien

t
d
escen

t
m

eth
o
d
s.

F
ro

n
tiers

in
A

p
p
lied

M
a
th

em
a
tics

a
n

d
S

ta
tistics,

3(9):1–14,
2017.

J
a
k
u
b

K
o
n
ečn
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ý
,

Z
h
en

g
Q

u
,

an
d

P
eter

R
ich
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áč.

D
istrib

u
ted

co
ord

in
a
te

d
escen

t
m

eth
o
d

for
learn

in
g

w
ith

b
ig

d
ata.

J
M

L
R

,
17(75):1–25,

2016a.

P
eter

R
ich
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d
el

is
co

n
si

st
en

t,
a

p
os

et
ca

n
b

e
re

p
re

se
n
te

d
as

a
d
ir

ec
te

d
ac

y
cl

ic
gr

ap
h

(D
A

G
).

L
et
G j

d
en

ot
e

th
e

D
A

G
re

p
re

se
n
ta

ti
on

of
th

e
p

os
et

p
ro

v
id

ed
b
y

th
e

u
se

r
j

ov
er
S
j
⊆

[d
]

ac
co

rd
in

g
to

th
e

P
L

m
o
d
el

w
it

h
w

ei
gh

ts
θ∗

.
T

h
e

ta
sk

is
to

le
ar

n
θ̂,

an
es

ti
m

a
te

of
th

e
tr

u
e

w
ei

g
h
ts
θ∗

.
B

el
ow

is
a
n

ex
am

p
le

of
a

D
A

G
G j

.
W

e
u
se

in
d
ex

i
to

d
en

ot
e

it
em

s
an

d
j

to
d
en

ot
e

u
se

rs
.

P
la

ck
e
tt

-L
u

c
e

m
o
d

e
l.

T
h
e

P
L

m
o
d
el

is
a

p
op

u
la

r
ch

oi
ce

m
o
d
el

fr
o
m

op
er

a
ti

o
n
s

re
se

a
rc

h
a
n
d

p
sy

ch
ol

og
y,

u
se

d
to

m
o
d
el

h
ow

p
eo

p
le

m
ak

e
ch

oi
ce

s
u
n
d
er

u
n
ce

rt
ai

n
ty

.
It

is
a

sp
ec

ia
l
ca

se
o
f

ra
n

d
o
m

u
ti

li
ty

m
od

el
s,

w
h
er

e
ea

ch
it

em
i

is
p
ar

am
et

ri
ze

d
b
y

a
la

te
n
t

tr
u
e

u
ti

li
ty
θ i
∈
R

.
W

h
en

o
ff

er
ed

w
it

h

2
JM

L
R

 1
9(

28
):

1-
42

, 2
01

8



G
e
n
e
r
a
l
iz
e
d

R
a
n
k
-B

r
e
a
k
in
g

i1i2

i3

i4

i5

i6

i1
i2

i3

i4
i5

i6

i1
i2

i3

i4
i5

i6

G
j

e
1

e
2

F
ig

u
re

1
:

A
n

ex
a
m

p
le

of
G
j

for
u
ser

j’s
con

sisten
t

p
oset,

an
d

tw
o

ran
k
-b

reak
in

g
h
y
p

er
ed

ges
ex

tra
cted

from
it:

e
1

=
({
i6 ,i5 ,i4 ,i3 }

≺
{i2 ,i1 }

)
an

d
e

2
=

({
i6 }
≺
{i5 ,i4 ,i3 }).

S
j ,

th
e

u
ser

sa
m

p
les

th
e

p
erceived

u
tility

U
i

for
each

item
in

d
ep

en
d
en

tly
acco

rd
in

g
to
U
i

=
θ
i +

Z
i ,

w
h
ere

Z
i ’s

are
i.i.d

.
n
oise.

In
p
articu

lar,
th

e
P

L
m

o
d
el

assu
m

es
Z
i ’s

follow
th

e
stan

d
ard

G
u
m

b
el

d
istrib

u
tio

n
.

T
h
e

o
b
serv

ed
p

oset
is

a
p
artial

ob
servation

of
th

e
ord

erin
g

accord
in

g
to

th
is

p
erceived

u
tilities.

W
e

d
iscu

ss
p

ossib
le

ex
ten

sion
s

to
gen

eral
class

of
ran

d
om

u
tility

m
o
d
els

in
S
ection

2.1.
T

h
e

p
a
rticu

la
r

ch
oice

of
th

e
G

u
m

b
el

d
istrib

u
tion

h
as

several
m

erits,
largely

stem
m

in
g

from
th

e
fact

th
a
t

th
e

G
u
m

b
el

d
istrib

u
tion

h
as

a
log-con

cave
p

d
f

an
d

is
in

h
eren

tly
m

em
ory

less.
In

ou
r

an
a
ly

ses,
w

e
u
se

th
e

log-con
cav

ity
to

sh
ow

th
at

ou
r

p
rop

osed
algorith

m
is

a
con

cave
m

ax
im

ization
(R

em
a
rk

1
)

a
n
d

th
e

m
em

ory
less

p
rop

erty
form

s
th

e
b
asis

of
ou

r
ran

k
-b

reak
in

g
id

ea
.

P
recisely,

th
e

P
L

m
o
d
el

is
statistically

eq
u
ivalen

t
to

th
e

follow
in

g
p
ro

ced
u
re.

C
on

sid
er

a
ran

k
in

g
as

a
m

ap
p
in

g
fro

m
a

p
o
sition

in
th

e
ran

k
to

an
item

,
i.e.

σ
j

:
[|S

j |]
→

S
j .

It
can

b
e

sh
ow

n
th

at
th

e
P

L
m

o
d
el

is
g
en

era
ted

b
y

fi
rst

in
d
ep

en
d
en

tly
assign

in
g

each
item

i
∈
S
j

an
u
n
ob

served
valu

e
Y
i ,

ex
p

on
en

tia
lly

d
istrib

u
ted

w
ith

m
ean

e −
θ
i,

an
d

th
e

resu
ltin

g
ran

k
in

g
σ
j

is
in

versely
ord

ered
in
Y
i ’s

so
th

a
t
Y
σ
j (1

) ≤
Y
σ
j (2

) ≤
···≤

Y
σ
j (|S

j |) .
T

h
is

in
h
erits

th
e

m
em

ory
less

p
rop

erty
of

ex
p

on
en

tial
variab

les,
su

ch
th

a
t
P

(Y
1
<
Y

2
<
Y

3 )
=

P
(Y

1
<
{Y

2 ,Y
3 }

)P
(Y

2
<
Y

3 ),
lead

in
g

to
a

sim
p
le

in
terp

retation
of

th
e

P
L

m
o
d
el

as
seq

u
en

tial
ch

o
ices:P

θ (i3 ≺
i2 ≺

i1 )
=

P
θ ({i3 ,i2 }

≺
i1 )P

θ (i3 ≺
i2 )

=
e
θ
i1

e
θ
i1

+
e
θ
i2

+
e
θ
i3
×

e
θ
i2

e
θ
i2

+
e
θ
i3
.

In
g
en

era
l,

fo
r

tru
e

u
tility

θ ∗,
w

e
h
ave

P
θ ∗[σ

j ]
=

|S
j |−

1
∏i=

1

e
θ ∗σ
j
(i)

∑
|S
j |

i ′=
i e
θ ∗σ
j
(i ′)

.

W
e

a
ssu

m
e

th
a
t

th
e

tru
e

u
tility

θ ∗∈
Ω
b

w
h
ere

Ω
b

=

{
θ∈

R
d ∣∣∣∣ ∑i∈

[d
] θ
i

=
0,|θ

i |≤
b

for
all

i∈
[d

] }
.

(1)

N
o
tice

th
at

cen
terin

g
of
θ

en
su

res
its

u
n
iq

u
en

ess
as

P
L

m
o
d
el

is
in

varian
t

u
n
d
er

sh
iftin

g
of
θ.

T
h
e

b
o
u
n
d
b

o
n
θ
i

is
w

ritten
ex

p
licitly

to
cap

tu
re

th
e

d
ep

en
d
en

ce
in

ou
r

m
ain

resu
lts.

W
e

in
terch

an
ge-

a
b
ly

refer
θ

a
s

u
tilities

an
d

w
eigh

ts.

M
a
x
im

u
m

L
ik

e
lih

o
o
d

E
stim

a
te

o
f

D
A

G
.

P
rob

ab
ility

of
ob

serv
in

g
a

D
A

G
G
j

is
th

e
su

m
of

p
ro

b
a
b
ilities

o
f

a
ll

p
ossib

le
ran

k
in

gs
th

at
are

con
sisten

t
w

ith
it.

P
recisely,

u
n
d
er

th
e

P
L

m
o
d
el,

for

3
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K
h
e
t
a
n
a
n
d

O
h

a
D

A
G
G
j ,

w
e

h
ave,

P
θ [G

j ]
=

∑σ∈G
j P

θ [σ
],

w
h
ere

w
e

sligh
tly

ab
u
se

th
e

n
otation

G
j

to
d
en

ote
th

e
set

of
all

ran
k
in

gs
σ

th
at

are
con

sisten
t

w
ith

th
e

ob
servation

.
F

or
ex

am
p
le,

ifG
j

con
sists

o
f

on
ly

on
e

h
y
p

er
ed

ge
e

1
=

({i3 }
≺
{i2 ,i1 })

th
en

P
[G
j ]

=
P

(i3
≺
i2
≺
i1 )

+
P

(i3
≺
i1
≺
i2 ).

T
h
e

m
ax

im
u
m

likelih
o
o
d

estim
ate

(M
L

E
)

m
ax

im
izes

log-likelih
o
o
d

of
ob

serv
in

g
G
j

for
each

j:

θ̂
∈

arg
m

ax
θ∈

Ω
b {

n
∑j=

1

log
P
θ [G

j ] }
.

(2)

W
h
en
G
j

h
as

a
tra

d
itio

n
a
l

stru
ctu

re
as

ex
p
lain

ed
earlier

in
th

is
section

,
th

en
th

e
o
p
tim

ization
is

a
sim

p
le

m
u
ltin

om
ial

logit
regression

,
th

at
can

b
e

solved
effi

cien
tly

w
ith

off
-th

e-sh
elf

con
vex

op
tim

ization
to

ols.
H

a
jek

et
al.

(2014)
p
rov

id
es

fu
ll

an
aly

sis
of

th
e

statistical
com

p
lex

ity
of

th
is

M
L

E
u
n
d
er

trad
ition

a
l

stru
ctu

res.
F

or
gen

eral
p

osets,
it

ca
n

b
e

sh
ow

n
th

at
th

e
ab

ov
e

op
tim

ization
is

a
con

cave
m

ax
im

ization
,

u
sin

g
sim

ilar
tech

n
iq

u
es

as
R

em
ark

1.
H

ow
ever,

th
e

su
m

m
ation

over
ran

k
in

gs
in
G
j

can
in

volve
n
u
m

b
er

of
term

s
su

p
er

ex
p

on
en

tial
in

th
e

size
|S
j |,

in
th

e
w

orst
case.

T
h
is

ren
d
ers

M
L

E
in

tractab
le

an
d

im
p
ractical.

P
a
irw

ise
ra

n
k
-b

re
a
k
in

g
.

A
com

m
on

rem
ed

y
to

th
is

com
p
u
tation

al
b
low

-u
p

is
to

u
se

ran
k
-

b
reak

in
g.

R
an

k
-b

rea
k
in

g
trad

ition
ally

refers
to

pa
irw

ise
ra

n
k-brea

kin
g,

w
h
ere

a
b
ag

of
all

th
e

p
airw

ise
com

p
arison

s
is

ex
tracted

from
ob

servation
s{G

j }
j∈

[n
]

an
d

is
ap

p
lied

to
estim

ators
th

at
are

tailored
for

p
airw

ise
com

p
arison

s,
treatin

g
each

p
aired

ou
tcom

e
as

in
d
ep

en
d
en

t.
T

h
is

is
on

e
of

th
e

m
otivation

s
b

eh
in

d
th

e
algorith

m
ic

ad
van

ces
in

th
e

p
op

u
lar

top
ic

of
a
ggregation

fro
m

p
airw

ise
com

p
arison

s
in

(F
ord

J
r.,

1957;
H

u
n
ter,

2004;
N

egah
b
an

et
al.,

2014;
S
h
ah

et
al.,

2015a;
M

ay
stre

an
d

G
rossglau

ser,
2015).

It
is

com
p
u
tation

ally
effi

cien
t

to
ap

p
ly

m
ax

im
u
m

likelih
o
o
d

estim
ator

assu
m

in
g

in
d
ep

en
d
en

t
p
airw

ise
com

p
arison

s,
w

h
ich

takes
O

(d
2)

op
era

tion
s

to
evalu

ate.
H

ow
ever,

th
is

com
p
u
tation

al
gain

com
es

at
th

e
cost

of
statistical

effi
cien

cy.
A

zari
S
ou

fi
a
n
i

et
al.

(2014)
sh

ow
ed

th
at

if
w

e
in

clu
d
e

all
p
aired

com
p
arison

s,
th

en
th

e
resu

ltin
g

estim
ate

can
b

e
statistically

in
con

sisten
t

d
u
e

to
th

e
ign

ored
correlation

s
am

on
g

th
e

p
aired

ord
erin

gs,
ev

en
w

ith
in

fi
n
ite

sam
p
les.

In
th

e
ex

am
p
le

fro
m

F
igu

re
1,

th
ere

are
12

p
aired

relation
s

im
p
lied

b
y

th
e

D
A

G
:

(i6 ≺
i5 ),(i6 ≺

i4 ),(i6 ≺
i3 ),...,(i3 ≺

i1 ),(i4 ≺
i1 ).

In
ord

er
to

get
a

con
sisten

t
estim

ate,
A

zari
S
ou

fi
an

i
et

al.
(2014)

p
rov

id
e

a
ru

le
for

ch
o
osin

g
w

h
ich

p
airs

to
in

clu
d
e,

an
d

K
h
etan

an
d

O
h

(2016)
p
rov

id
e

an
estim

ator
th

at
op

tim
izes

h
ow

to
w

eigh
each

of
th

ose
ch

osen
p
airs

to
get

th
e

b
est

fi
n
ite

sam
p
le

com
p
lex

ity
b

ou
n
d
.

H
ow

ever,
su

ch
a

con
sisten

t
p
airw

ise
ran

k
-b

reak
in

g
resu

lts
in

th
row

in
g

aw
ay

m
an

y
of

th
e

ord
ered

relation
s,

resu
ltin

g
in

sign
ifi

can
t

loss
in

accu
racy.

F
or

ex
am

p
le,

in
clu

d
in

g
a
n
y

p
aired

relation
from

G
j

in
th

e
ex

am
p
le

resu
lts

in
a

b
iased

estim
ator.

N
on

e
of

th
e

p
airw

ise
ord

erin
gs

can
b

e
u
sed

from
G
j ,

w
ith

ou
t

m
ak

in
g

th
e

estim
ator

in
con

sisten
t

as
sh

ow
n

in
A

zari
S
ou

fi
an

i
et

al.
(2013).

W
h
eth

er
w

e
in

clu
d
e

all
p
aired

com
p
arison

s
or

on
ly

a
su

b
set

of
con

sisten
t

on
es,

th
ere

is
a

sign
ifi

can
t

loss
in

accu
ra

cy
as

illu
strated

in
F

igu
re

4.
F

or
th

e
p
recise

con
d
ition

for
con

sisten
t

ran
k
-b

reak
in

g
w

e
refer

to
(A

zari
S
ou

fi
an

i
et

al.,
2013,

2014;
K

h
etan

an
d

O
h
,

2016).
T

h
e

state-of-th
e-art

ap
p
roach

es
op

erate
on

eith
er

on
e

of
th

e
tw

o
ex

trem
e

p
oin

ts
on

th
e

com
-

p
u
tation

al
an

d
statistical

trad
e-off

.
T

h
e

M
L

E
in

(2)
req

u
ires

O
( ∑

j∈
[n

] |S
j |!)

su
m

m
ation

s
to

ju
st
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G
e
n
e
r
a
l
iz
e
d

R
a
n
k
-B

r
e
a
k
in
g

ev
al

u
at

e
th

e
ob

je
ct

iv
e

fu
n
ct

io
n
,

in
th

e
w

or
st

ca
se

.
O

n
th

e
ot

h
er

h
an

d
,

th
e

p
ai

rw
is

e
ra

n
k
-b

re
ak

in
g

re
q
u
ir

es
on

ly
O

(d
2
)

su
m

m
at

io
n
s,

b
u
t

su
ff

er
s

fr
om

si
g
n
ifi

ca
n
t

lo
ss

in
th

e
sa

m
p
le

co
m

p
le

x
it

y.
Id

ea
ll
y,

w
e

w
ou

ld
li
k
e

to
gi

ve
th

e
an

al
y
st

th
e

fl
ex

ib
il
it

y
to

ch
o
os

e
a

ta
rg

et
co

m
p
u
ta

ti
on

al
co

m
p
le

x
it

y
sh

e
is

w
il
li
n
g

to
to

le
ra

te
,

an
d

p
ro

v
id

e
an

al
go

ri
th

m
th

at
ac

h
ie

v
es

th
e

op
ti

m
al

tr
ad

e-
off

a
t

th
e

ch
os

en
op

er
at

in
g

p
oi

n
t.

C
o
n
tr

ib
u

ti
o
n

.
W

e
in

tr
o
d
u
ce

a
n
ov

el
ge

n
er

a
li

ze
d

ra
n

k-
br

ea
ki

n
g

th
at

b
ri

d
ge

s
th

e
ga

p
b

et
w

ee
n

M
L

E
an

d
p
ai

rw
is

e
ra

n
k
-b

re
ak

in
g.

O
u
r

ap
p
ro

a
ch

al
lo

w
s

th
e

u
se

r
th

e
fr

ee
d
om

to
ch

o
o
se

th
e

le
v
el

of
co

m
-

p
u
ta

ti
on

al
re

so
u
rc

es
to

b
e

u
se

d
,

an
d

p
ro

v
id

es
an

es
ti

m
at

or
ta

il
or

ed
fo

r
th

e
d
es

ir
ed

co
m

p
le

x
it

y.
W

e
p
ro

ve
th

at
th

e
p
ro

p
os

ed
es

ti
m

at
or

is
tr

ac
ta

b
le

an
d

co
n
si

st
en

t,
an

d
p
ro

v
id

e
an

u
p
p

er
b

ou
n
d

an
d

a
lo

w
er

b
ou

n
d

on
th

e
er

ro
r

ra
te

in
th

e
fi
n
it

e
sa

m
p
le

re
gi

m
e.

T
h
e

an
al

y
si

s
ex

p
li
ci

tl
y

ch
ar

ac
te

ri
ze

s
th

e
d
ep

en
d
en

ce
on

th
e

to
p

ol
og

y
of

th
e

d
at

a.
T

h
is

in
tu

rn
p
ro

v
id

es
a

gu
id

el
in

e
fo

r
d
es

ig
n
in

g
su

rv
ey

s
an

d
ex

p
er

im
en

ts
in

p
ra

ct
ic

e,
in

or
d
er

to
m

ax
im

iz
e

th
e

sa
m

p
le

effi
ci

en
cy

.
T

h
e

p
ro

p
os

ed
ge

n
er

al
iz

ed
ra

n
k
-

b
re

ak
in

g
m

ec
h
an

is
m

in
vo

lv
es

se
t-

w
is

e
co

m
p
ar

is
on

s
as

op
p

os
ed

to
tr

ad
it

io
n
al

p
ai

rw
is

e
co

m
p
ar

is
on

s.
In

or
d
er

to
co

m
p
u
te

th
e

ra
n
k
-b

re
ak

in
g

es
ti

m
at

e,
w

e
g
en

er
al

iz
e

th
e

ce
le

b
ra

te
d

m
in

or
iz

at
io

n
m

ax
i-

m
iz

at
io

n
al

go
ri

th
m

fo
r

co
m

p
u
ti

n
g

m
ax

im
u
m

li
ke

li
h
o
o
d

es
ti

m
at

e
o
f

p
ai

rw
is

e
co

m
p
ar

is
on

s
(H

u
n
te

r,
20

04
)

to
m

or
e

ge
n
er

al
se

t-
w

is
e

co
m

p
ar

is
on

s
an

d
gi

v
e

gu
ar

an
te

es
on

it
s

co
n
v
er

ge
n
ce

.

2
.1

R
e
la

te
d

w
o
rk

In
cl

as
si

ca
l

st
at

is
ti

cs
,

on
e

is
in

te
re

st
ed

in
th

e
tr

ad
eo

ff
b

et
w

ee
n

th
e

sa
m

p
le

si
ze

an
d

th
e

ac
cu

ra
cy

,
w

it
h

li
tt

le
co

n
si

d
er

at
io

n
s

to
th

e
co

m
p
u
ta

ti
on

al
co

m
p
le

x
it

y
or

ti
m

e.
A

s
m

or
e

co
m

p
u
ta

ti
on

s
ar

e
ty

p
ic

al
ly

re
q
u
ir

ed
w

it
h

in
cr

ea
si

n
g

av
ai

la
b
il
it

y
o
f

d
at

a,
th

e
co

m
p
u
ta

ti
on

al
re

so
u
rc

es
ar

e
of

te
n

th
e

b
ot

tl
en

ec
k
.

R
ec

en
tl

y,
a

n
ov

el
id

ea
k
n
ow

n
as

“a
lg

o
ri

th
m

ic
w

ea
ke

n
in

g”
h
as

b
ee

n
in

ve
st

ig
at

ed
to

ov
er

co
m

e
su

ch
a

b
ot

tl
en

ec
k
,

in
w

h
ic

h
a

h
ie

ra
rc

h
y

of
al

go
ri

th
m

s
is

p
ro

p
os

ed
to

al
lo

w
fo

r
fa

st
er

al
go

ri
th

m
s

at
th

e
ex

p
en

se
of

d
ec

re
as

ed
ac

cu
ra

cy
.

W
h
en

g
u
id

ed
b
y

so
u
n
d

th
eo

re
ti

ca
l

an
al

y
se

s,
th

is
id

ea
al

lo
w

s
th

e
st

at
is

ti
ci

an
to

ac
h
ie

ve
th

e
sa

m
e

le
ve

l
of

ac
cu

ra
cy

an
d

sa
ve

ti
m

e
w

h
en

m
or

e
d
at

a
is

av
ai

la
b
le

.
T

h
is

is
ra

d
ic

al
ly

d
iff

er
en

t
fr

om
cl

as
si

ca
l

se
tt

in
g

w
h
er

e
p
ro

ce
ss

in
g

m
or

e
d
at

a
ty

p
ic

al
ly

re
q
u
ir

es
m

or
e

co
m

p
u
ta

ti
on

al
ti

m
e.

D
ep

en
d
in

g
on

th
e

ap
p
li
ca

ti
on

,
se

ve
ra

l
al

go
ri

th
m

ic
w

ea
ke

n
in

gs
h
av

e
b

ee
n

st
u
d
ie

d
.

In
th

e
ap

p
li
ca

-
ti

on
of

su
p

er
v
is

ed
le

ar
n
in

g,
B

ou
sq

u
et

an
d

B
ot

to
u

(2
00

8)
p
ro

p
os

ed
th

e
id

ea
th

at
w

ea
ke

r
ap

p
ro

x
im

at
e

op
ti

m
iz

at
io

n
al

go
ri

th
m

s
ar

e
su

ffi
ci

en
t

fo
r

le
ar

n
in

g
w

h
en

m
or

e
d
at

a
is

av
ai

la
b
le

.
V

ar
io

u
s

gr
ad

ie
n
t

b
as

ed
al

go
ri

th
m

s
ar

e
an

al
y
ze

d
th

at
sh

ow
th

e
ti

m
e-

ac
cu

ra
cy

-s
am

p
le

tr
ad

eo
ff

.
In

a
si

m
il
a
r

co
n
te

x
t,

S
h
al

ev
-S

h
w

ar
tz

an
d

S
re

b
ro

(2
00

8)
an

al
y
ze

a
p
ar

ti
cu

la
r

im
p
le

m
en

ta
ti

on
of

su
p
p

or
t

ve
ct

or
m

ac
h
in

e
an

d
sh

ow
th

at
th

e
ta

rg
et

ac
cu

ra
cy

ca
n

b
e

ac
h
ie

ve
d

fa
st

er
w

h
en

m
or

e
d
at

a
is

av
ai

la
b
le

,
b
y

ru
n
n
in

g
th

e
it

er
at

iv
e

al
go

ri
th

m
fo

r
sh

or
te

r
am

ou
n
t

of
ti

m
e.

In
th

e
ap

p
li
ca

ti
on

of
d
e-

n
oi

si
n
g,

C
h
an

d
ra

se
ka

ra
n

an
d

J
or

d
an

(2
01

3)
p
ro

v
id

e
a

h
ie

ra
rc

h
y

of
co

n
ve

x
re

la
x
at

io
n
s

w
h
er

e
co

n
st

ra
in

ts
ar

e
d
efi

n
ed

b
y

co
n
-

ve
x

ge
om

et
ry

w
it

h
in

cr
ea

si
n
g

co
m

p
le

x
it

y.
F

or
u
n
su

p
er

v
is

ed
le

ar
n
in

g,
L

u
ci

c
et

al
.

(2
01

5)
in

tr
o
d
u
ce

a
h
ie

ra
rc

h
y

of
d
at

a
re

p
re

se
n
ta

ti
on

s
th

at
p
ro

v
id

e
m

or
e

re
p
re

se
n
ta

ti
ve

el
em

en
ts

w
h
en

m
or

e
d
at

a
is

av
ai

la
b
le

at
n
o

ad
d
it

io
n
al

co
m

p
u
ta

ti
on

.
S
ta

n
d
ar

d
cl

u
st

er
in

g
al

go
ri

th
m

s
ca

n
b

e
ap

p
li
ed

to
th

u
s

ge
n
er

at
ed

su
m

m
ar

y
of

th
e

d
at

a,
re

q
u
ir

in
g

le
ss

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y.
In

th
e

ap
p
li
ca

ti
on

of
ra

n
k

ag
gr

eg
at

io
n
,

w
e

fo
ll
ow

th
e

p
ri

n
ci

p
le

of
al

go
ri

th
m

ic
w

ea
ke

n
in

g
an

d
p
ro

p
os

e
a

n
ov

el
ra

n
k
-b

re
ak

in
g

to
al

lo
w

th
e

p
ra

ct
it

io
n
er

to
n
av

ig
at

e
gr

ac
ef

u
ll
y

th
e

ti
m

e-
sa

m
p
le

tr
ad

e
off

as
sh

ow
n

in
th

e
F

ig
u
re

2.
W

e
p
ro

p
os

e
a

h
ie

ra
rc

h
y

of
es

ti
m

at
or

s
in

d
ex

ed
b
y
M
∈

Z+
in

d
ic

at
in

g
h
ow

co
m

p
le

x
th

e
es

ti
m

at
or

is
(d

efi
n
ed

fo
rm

al
ly

in
S
ec

ti
on

3)
.

F
ig

u
re

2
sh

ow
s

th
e

re
su

lt
of

a
ex

p
er

im
en

t
on

sy
n
th

et
ic

d
at

as
et

s
on

h
ow

m
u
ch

ti
m

e
(i

n
se

co
n
d
s)

an
d

h
ow

m
an

y
sa

m
p
le

s
ar

e

5
JM

L
R

 1
9(

28
):

1-
42

, 2
01

8

K
h
e
t
a
n
a
n
d

O
h

re
q
u
ir

ed
to

ac
h
ie

ve
a

ta
rg

et
ac

cu
ra

cy
.

If
w

e
ar

e
g
iv

en
m

or
e

sa
m

p
le

s,
th

en
it

is
p

o
ss

ib
le

to
a
ch

ie
ve

th
e

ta
rg

et
ac

cu
ra

cy
,

w
h
ic

h
in

th
is

ex
am

p
le

is
M

S
E
≤

0.
3d

2
×

10
−

6
,

w
it

h
fe

w
er

o
p

er
a
ti

o
n
s

b
y

u
si

n
g

a
si

m
p
le

r
es

ti
m

at
or

w
it

h
sm

al
le

r
M

.
T

h
e

d
et

ai
ls

of
th

e
ex

p
er

im
en

t
is

ex
p
la

in
ed

in
F

ig
u
re

4
.

 2
0
0

 6
0
0

 1
0
0

 1
0
0
0

1
0

5
1
0

6

T
im

e
(s

)

sa
m

p
le

si
ze

n

M
=

1
M

=
2

M
=

3

M
=

4

M
=

5

F
ig

u
re

2:
D

ep
en

d
in

g
on

h
ow

m
u
ch

co
m

p
u
ta

ti
on

a
l

re
so

u
rc

es
ar

e
av

ai
la

b
le

,
th

e
va

ri
o
u
s

ch
o
ic

es
o
f
M

ac
h
ie

ve
d
iff

er
en

t
op

er
at

in
g

p
oi

n
ts

on
th

e
ti

m
e-

d
at

a
tr

ad
e-

o
ff

to
ac

h
ie

v
e

so
m

e
fi
x
ed

ta
rg

et
a
cc

u
ra

cy
ε
>

0.
If

m
or

e
sa

m
p
le

s
ar

e
av

ai
la

b
le

,
on

e
ca

n
re

so
rt

to
fa

st
er

m
et

h
o
d
s

w
it

h
sm

a
ll
er
M

w
h
il
e

ac
h
ie

v
in

g
th

e
sa

m
e

le
ve

l
of

ac
cu

ra
cy

.

R
an

k
ag

gr
eg

at
io

n
u
n
d
er

th
e

P
L

m
o
d
el

h
as

b
ee

n
st

u
d
ie

d
ex

te
n
si

ve
ly

u
n
d
er

th
e

tr
a
d
it

io
n

a
l

sc
e-

n
ar

io
d
at

in
g

b
ac

k
to

Z
er

m
el

o
(1

92
9)

w
h
o

fi
rs

t
in

tr
o
d
u
ce

d
th

e
P

L
m

o
d
el

fo
r

p
ai

rw
is

e
co

m
p
a
ri

so
n
s.

V
ar

io
u
s

ap
p
ro

ac
h
es

fo
r

es
ti

m
at

in
g

th
e

P
L

w
ei

gh
ts

fr
om

tr
ad

it
io

n
al

sa
m

p
le

s
h
av

e
b

ee
n

p
ro

p
o
se

d
.

T
h
e

p
ro

b
le

m
ca

n
b

e
fo

rm
u
la

te
d

as
a

co
n
v
ex

op
ti

m
iz

at
io

n
th

at
ca

n
b

e
so

lv
ed

effi
ci

en
tl

y
u
si

n
g

th
e

off
-t

h
e-

sh
el

f
so

lv
er

s.
H

ow
ev

er
,

ta
il
or

ed
al

go
ri

th
m

s
fo

r
fi
n
d
in

g
th

e
op

ti
m

al
so

lu
ti

o
n

h
av

e
b

ee
n

p
ro

-
p

os
ed

in
F

or
d

J
r.

(1
95

7)
an

d
H

u
n
te

r
(2

00
4)

,
w

h
ic

h
it

er
at

iv
el

y
fi
n
d
s

th
e

fi
x
ed

p
o
in

t
o
f

th
e

K
K

T
co

n
d
it

io
n
.

N
eg

ah
b
an

et
al

.
(2

01
4)

in
tr

o
d
u
ce

R
an

k
C

en
tr

al
it

y,
a

n
ov

el
sp

ec
tr

al
ra

n
k
in

g
a
lg

o
ri

th
m

w
h
ic

h
fo

rm
u
la

te
s

a
ra

n
d
om

w
al

k
fr

om
th

e
gi

ve
n

d
at

a,
an

d
sh

ow
th

at
th

e
st

at
io

n
a
ry

d
is

tr
ib

u
ti

on
p
ro

v
id

es
ac

cu
ra

te
es

ti
m

at
es

of
th

e
P

L
w

ei
gh

ts
.

M
ay

st
re

an
d

G
ro

ss
gl

au
se

r
(2

01
5)

p
ro

v
id

e
a

co
n
n
ec

-
ti

on
b

et
w

ee
n

th
os

e
p
re

v
io

u
s

ap
p
ro

ac
h
es

,
an

d
gi

ve
a

u
n
ifi

ed
ra

n
d
om

w
al

k
ap

p
ro

a
ch

th
a
t

fi
n
d
s

th
e

fi
x
ed

p
oi

n
t

of
th

e
K

K
T

co
n
d
it

io
n
s.

O
n

th
e

th
eo

re
ti

ca
l

si
d
e,

w
h
en

sa
m

p
le

s
co

n
si

st
of

p
ai

rw
is

e
co

m
p
ar

is
o
n
s,

S
im

o
n
s

a
n
d

Y
a
o

(1
99

9)
fi
rs

t
es

ta
b
li
sh

ed
co

n
si

st
en

cy
an

d
as

y
m

p
to

ti
c

n
or

m
al

it
y

of
th

e
m

ax
im

u
m

li
ke

li
h
o
o
d

es
ti

m
a
te

w
h
en

al
l

te
am

s
p
la

y
ag

ai
n
st

ea
ch

ot
h
er

.
F

or
a

b
ro

ad
er

cl
as

s
of

sc
en

ar
io

s
w

h
er

e
w

e
al

lo
w

fo
r

sp
a
rs

e
o
b
se

r-
va

ti
on

s,
w

h
er

e
th

e
n
u
m

b
er

of
to

ta
l

co
m

p
ar

is
on

s
gr

ow
li
n
ea

rl
y

in
th

e
n
u
m

b
er

of
te

a
m

s,
N

eg
a
h
b
a
n

et
al

.
(2

01
4)

sh
ow

th
at

R
an

k
C

en
tr

al
it

y
ac

h
ie

ve
s

op
ti

m
a
l

sa
m

p
le

co
m

p
le

x
it

y
b
y

co
m

p
a
ri

n
g

it
to

a
lo

w
er

b
ou

n
d

on
th

e
m

in
im

ax
ra

te
.

F
or

a
m

or
e

ge
n
er

al
cl

as
s

of
tr

ad
it

io
n
al

ob
se

rv
a
ti

o
n
s,

in
cl

u
d
-

in
g

p
ai

rw
is

e
co

m
p
ar

is
on

s,
H

a
je

k
et

al
.

(2
01

4)
p
ro

v
id

e
si

m
il
ar

op
ti

m
al

gu
ar

an
te

e
fo

r
th

e
m

a
x
im

u
m

li
ke

li
h
o
o
d

es
ti

m
at

or
.

C
h
en

an
d

S
u
h

(2
01

5)
in

tr
o
d
u
ce

d
S
p

ec
tr

al
M

L
E

th
at

a
p
p
li
es

R
a
n
k

C
en

tr
a
li
ty

fo
ll
ow

ed
b
y

M
L

E
,

an
d

sh
ow

ed
th

at
th

e
re

su
lt

in
g

es
ti

m
at

e
is

op
ti

m
al

in
L
∞

er
ro

r
a
s

w
el

l
a
s

th
e

p
re

v
io

u
sl

y
an

al
y
ze

d
L

2
er

ro
r.

S
h
ah

et
al

.
(2

01
5a

)
st

u
d
y

a
n
ew

m
ea

su
re

of
th

e
er

ro
r

in
d
u
ce

d
b
y

th
e
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G
e
n
e
r
a
l
iz
e
d

R
a
n
k
-B

r
e
a
k
in
g

L
a
p
la

cia
n

o
f

th
e

co
m

p
arison

s
grap

h
an

d
p
rove

a
sh

arp
er

u
p
p

er
an

d
low

er
b

ou
n
d
s

th
at

m
atch

u
p

to
a

co
n
sta

n
t

fa
ctor.

H
ow

ever,
in

m
o
d
ern

ap
p
lication

s,
th

e
co

m
p
u
tation

al
com

p
lex

ity
of

th
e

ex
istin

g
ap

p
roach

es
b
low

-
u
p

d
u
e

to
th

e
h
eterogen

eity
of

m
o
d
ern

d
atasets.

A
lth

ou
gh

,
statistical

an
d

co
m

p
u
tation

al
trad

eoff
s

h
ave

b
een

in
vestig

a
ted

u
n
d
er

oth
er

p
op

u
lar

ch
oice

m
o
d
els

su
ch

as
th

e
M

allow
s

m
o
d
els

b
y

B
etzler

et
a
l.

(2
0
1
4)

o
r

sto
ch

astically
tran

sitive
m

o
d
els

b
y

S
h
a
h

et
al.

(2015b
),

th
e

algorith
m

ic
solu

tion
s

d
o

n
o
t

a
p
p
ly

to
ra

n
d
o
m

u
tility

m
o
d
els

an
d

th
e

an
aly

sis
tech

n
iq

u
es

d
o

n
ot

ex
ten

d
.

W
e

p
rov

id
e

a
n
ovel

ra
n
k
-b

rea
k
in

g
a
lg

o
rith

m
s

an
d

p
rov

id
e

fi
n
ite

sam
p
le

com
p
lex

ity
an

aly
sis

u
n
d
er

th
e

P
L

m
o
d
el.

T
h
is

a
p
p
ro

a
ch

rea
d
ily

g
en

eralizes
to

som
e

R
U

M
s

su
ch

as
th

e
fl
ip

p
ed

G
u
m

b
el

d
istrib

u
tion

.
H

ow
ever,

it
is

a
lso

k
n
ow

n
from

A
zari

S
ou

fi
an

i
et

al.
(2014),

th
at

for
gen

eral
R

U
M

s
th

ere
is

n
o

con
sisten

t
ra

n
k
-b

rea
k
in

g
,

a
n
d

th
e

p
rop

osed
ap

p
roach

d
o
es

n
ot

gen
eralize.

3
.

G
e
n
e
ra

lize
d

ra
n
k
-b

re
a
k
in

g

G
iven

G
j ’s

rep
resen

tin
g

th
e

u
sers’

p
referen

ces,
gen

era
lized

ra
n

k-brea
kin

g
ex

tracts
a

set
of

ord
ered

rela
tio

n
s

a
n
d

a
p
p
lies

an
estim

ator
treatin

g
each

ord
ered

rela
tion

as
in

d
ep

en
d
en

t.
C

on
cretely,

for
ea

ch
G
j ,

w
e

fi
rst

ex
tract

a
m

ax
im

al
ord

ered
p
artition

P
j

of
S
j

th
at

is
co

n
sisten

t
w

ith
G
j .

A
n

ord
ered

p
a
rtitio

n
is

a
p
a
rtition

w
ith

a
lin

ear
ord

erin
g

am
on

g
th

e
su

b
sets,

e.g.
P
j

=
({
i6 }
≺
{
i5 ,i4 ,i3 }

≺
{
i2 ,i1 }

)
fo

rG
j

fro
m

F
igu

re
1.

T
h
is

is
m

ax
im

al,
sin

ce
w

e
can

n
ot

fu
rth

er
p
artition

an
y

o
f

th
e

su
b
sets

w
ith

o
u
t

crea
tin

g
artifi

cial
ord

ered
relation

s
th

at
are

n
ot

p
resen

t
in

th
e

origin
alG

j .

T
o

p
recisely

d
efi

n
e

m
ax

im
al

ord
ered

p
artition

P
j ,

fi
rst,

let’s
d
efi

n
e

a
n

ord
ered

p
artition

P̃
j

of
S
j

th
a
t

is
co

n
sisten

t
w

ith
G
j .

C
on

sid
er

d
isjoin

t
su

b
setsC

1 ,···
,C
`
j ⊆

S
j

su
ch

th
a
t

th
eir

u
n
io

n
is
S
j

th
a
t

is∪
`
j

a
=

1 C
a

=
S
j .

T
h
e

su
b
setsC

1 ,···
,C
`
j

d
efi

n
e

an
ord

ered
p
artition

P̃
j

=
C

1 ≺
C

2 ≺
···≺

C
`
j
,

if
ea

ch
o
rd

ered
rela

tion
th

at
can

b
e

read
from

th
is

lin
ear

ord
erin

g
of

su
b
sets

is
p
resen

t
in

th
e

D
A

G
G
j .

L
et|P

j |
d
en

o
te

th
e

size
of

th
e

p
artition

,
th

at
is|P

j |
=
`
j .

A
m

ax
im

al
ord

ered
p
artition

P
j

is
th

e
o
n
e

w
h
ich

h
a
s

th
e

largest
size.

P
j

=
arg

m
ax
P̃
j

{|P̃
j | }

.

In
th

e
fo

llow
in

g
w

e
p
rov

id
e

an
algorith

m
to

fi
n
d

a
m

ax
im

al
ord

ered
p
artition

P
j

of
S
j

th
at

is
con

sisten
t

w
ith

a
g
iven

G
j .

F
in

d
in

g
M

a
x
im

a
l

O
rd

e
re

d
P

a
rtitio

n
.

G
iven

a
D

A
G
G
j ,

a
corresp

on
d
in

g
m

ax
im

al
ord

ered
p
a
rtitio

n
P
j

ca
n

b
e

ex
tracted

b
y

recu
rsiv

ely
fi
n
d
in

g
com

m
on

an
cestors

of
th

e
sin

k
-n

o
d
es

of
th

e
vertex

in
d
u
ced

su
b
-grap

h
startin

g
w

ith
th

e
D

A
G
G
j .

A
lgorith

m
1

gives
a

p
seu

d
o
co

d
e

to
fi
n
d
P
j ’s.

C
o
m

m
o
n

an
cesto

rs
of

all
th

e
sin

k
n
o
d
es

of
a

D
A

G
can

b
e

fou
n
d

in
tim

e
O

(d
2
.6)

u
sin

g
fast

algorith
m

s
g
iven

in
(C

zu
m

a
j

et
al.,

2007;
B

en
d
er

et
al.,

2005).
T

h
erefore,

com
p
u
ta

tion
al

com
p
lex

ity
of

th
e

A
lg

o
rith

m
1

is
O

(d
3
.6).

In
lin

e
2,

A
lgorith

m
1,
V

(G
)

d
en

otes
th

e
set

of
vertices

o
f

D
A

G
G

.
In

lin
e

5
,G

(S
)

d
en

ote
th

e
vertex

in
d
u
ced

su
b
grap

h
of

grap
h
G

co
rresp

on
d
in

g
to

v
ertex

set
S

.
N

ote
th

at
A

lg
o
rith

m
1

retu
rn

s
a

u
n
iq

u
e

m
ax

im
al

ord
ered

p
artition

P
j

for
a

given
D

A
G
G
j .

In
g
en

era
l

th
ere

is
n
o

on
e-to-on

e
m

ap
p
in

g
fro

m
a

D
A

G
G
j

to
its

m
ax

im
al

o
rd

ered
p
artition

P
j .

T
h
ere

m
ay

b
e

m
an

y
ord

ered
relation

s
p
resen

t
in
G
j

th
at

are
n
ot

rep
resen

ted
in

th
e

ord
ered

7
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K
h
e
t
a
n
a
n
d

O
h

A
lg

o
rith

m
1

F
in

d
in

g
M

ax
im

al
O

rd
ered

P
artition

R
e
q
u

ire
:

D
A

G
G
j

E
n

su
re

:
m

ax
im

al
ord

ered
p
artition

P
j

1
:G
←
G
j ,P

j
=
{}

2
:

w
h

ile
|V

(G
)|
>

0
d

o
3
:

S
←

C
om

m
on

an
cestors

of
all

sin
k
-n

o
d
es

of
D

A
G
G

(C
zu

m
a

j
et

al.,
2007)

4
:
P
j ←
P
j �
{V

(G
)\

S}
5
:
G
←
G

(S
)

6
:

e
n

d
w

h
ile

p
artition

P
j .

T
h
is

gives
a

m
an

y
-to-on

e
m

ap
p
in

g
from

G
j

to
P
j .

In
ou

r
gen

eralized
ra

n
k
-b

reak
in

g
fram

ew
ork

,
w

e
can

on
ly

u
se

th
ose

ord
ered

relation
s

th
at

can
b

e
rep

resen
ted

in
an

ord
ered

p
artition

.
T

h
is

is
req

u
ired

for
th

e
estim

ator
to

b
e

con
sisten

t.
T

h
is

is
th

e
cost

w
e

p
ay

to
red

u
ce

com
p
u
tation

al
com

p
lex

ity
from

O
(|S

j |!),
com

p
lex

ity
of

M
L

E
o
f

D
A

G
(2),

to
O

(M
!)

for
a

su
itab

ly
d
esired

M
∈
Z

+

as
ex

p
lain

ed
b

elow
.

H
ow

ever,
if

th
e

D
A

G
G
j

rep
resen

ts
a

fu
ll

ran
k
in

g
or

a
trad

ition
al

stru
ctu

re
th

en
its

m
ax

im
al

ord
ered

p
artition

P
j

w
ill

rep
resen

t
all

th
e

ord
ered

relation
s

p
resen

t
in
G
j

an
d

ou
r

ran
k
-b

reak
in

g
w

ill
red

u
ce

to
M

L
E

of
th

e
D

A
G
G
j .

In
su

ch
a

case,
a
ll

th
e

su
b
sets

ofP
j

w
ill

h
ave

card
in

ality
on

e
ex

cep
t

th
e

least
p
referred

set
w

h
ich

can
h
ave

m
ore

th
an

on
e

item
in

case
of

b
est-ou

t-of
κ

com
p
arison

.

R
a
n

k
-B

re
a
k
in

g
G

ra
p

h
.

T
h
e

ex
tracted

m
ax

im
al

ord
ered

p
artition

P
j

is
rep

resen
ted

b
y

a
d
irected

h
y
p

ergrap
h
G
j (S

j ,E
j ),

w
h
ich

w
e

call
a

ra
n

k-brea
kin

g
gra

p
h
.

E
ach

ed
ge

e
=

(B
(e),T

(e))∈
E
j

is
a

d
irected

h
y
p

er
ed

ge
from

a
su

b
set

of
n
o
d
es

B
(e)
⊆

S
j

to
an

oth
er

su
b
set

T
(e)
⊆

S
j .

T
h
e

n
u
m

b
er

of
ed

ges
in
E
j

is
|P
j |−

1.
F

or
each

su
b
set

in
P
j

ex
cep

t
for

th
e

least
p
referred

su
b
set,

th
ere

is
a

corresp
on

d
in

g
ed

ge
w

h
ose

to
p
-set

T
(e)

is
th

e
su

b
set,

an
d

th
e

bo
tto

m
-set

B
(e)

is
th

e
set

of
all

item
s

less
p
referred

th
an

T
(e).

F
or

th
e

ex
am

p
le

in
F

igu
re

1,
w

e
h
ave

E
j

=
{e

1 ,e
2 }

w
h
ere

e
1

=
(B

(e
1 ),T

(e
1 ))

=
({
i6 ,i5 ,i4 ,i3 },{i2 ,i1 }

)
an

d
e

2
=

(B
(e

2 ),T
(e

2 )
=

({i6 },{i5 ,i4 ,i3 }
)

ex
tracted

from
G
j .

A
lgorith

m
2

gives
th

e
p
recise

m
eth

o
d

to
con

stru
ct

a
ran

k
-b

reak
in

g
grap

h
.

A
lg

o
rith

m
2

C
on

stru
ctin

g
R

an
k
-B

reak
in

g
G

rap
h

R
e
q
u

ire
:

m
ax

im
al

ord
ered

p
artition

P
j

=
C

1 ≺
C

2 ≺
···≺

C
`
j

of
set

S
j

E
n

su
re

:
d
irected

h
y
p

ergrap
h
G
j (S

j ,E
j )

1
:

con
stru

ct
d
irected

h
y
p

ergrap
h
G
j (S

j ,E
j

=
{})

2
:

fo
r
a

=
2

to
`
j

d
o

3
:

con
stru

ct
h
y
p

er
ed

ge
e

b
etw

een
top

-set
T

(e)
=
C
a

an
d

b
ottom

-set
B

(e)
=
∪
a−

1
a ′=

1 C
a ′

4
:

E
j ←

E
j ∪

e
5
:

e
n

d
fo

r
6
:

R
etu

rn
G
j (S

j ,E
j )

D
en

ote
th

e
p
rob

ab
ility

th
at
T

(e)
is

p
referred

over
B

(e)
w

h
en

T
(e)∪

B
(e)

is
off

ered
as

P
θ (e)

=
P
θ (B

(e)≺
T

(e) )
=

∑σ∈
Λ
T

(e
)

ex
p (∑

|T
(e)|

c=
1
θ
σ

(c) )

∏
|T

(e)|
u

=
1

(∑
|T

(e)|
c ′=

u
ex

p (θ
σ

(c ′) )
+
∑

i∈
B

(e)
ex

p
(θ
i ) )

,
(3)
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G
e
n
e
r
a
l
iz
e
d

R
a
n
k
-B

r
e
a
k
in
g

w
h
ic

h
fo

ll
ow

s
fr

om
th

e
d
efi

n
it

io
n

of
th

e
P

L
m

o
d
el

,
w

h
er

e
Λ
T

(e
)

is
th

e
se

t
of

al
l

ra
n
k
in

gs
ov

er
T

(e
).

T
h
e

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
of

ev
al

u
at

in
g

th
is

p
ro

b
ab

il
it

y
is

d
et

er
m

in
ed

b
y

th
e

si
ze

of
th

e
to

p
-s

et
|T

(e
)|,

as
it

in
vo

lv
es

(|T
(e

)|!
)

su
m

m
at

io
n
s.

In
th

e
su

b
se

q
u
en

t
re

su
lt

s,
w

e
sh

ow
th

at
b
y

m
ax

im
iz

in
g

li
ke

li
h
o
o
d

of
th

e
h
y
p

er
ed

ge
s

as
su

m
in

g
th

ey
ar

e
in

d
ep

en
d
en

t
w

e
ge

t
a

co
n
si

st
en

t
es

ti
m

at
or

.
T

h
er

ef
or

e,
ou

r
ap

p
ro

ac
h

p
ro

v
id

es
fl
ex

ib
il
it

y
to

ch
o
os

e
w

h
ic

h
h
y
p

er
ed

ge
to

in
cl

u
d
e

in
th

e
li
ke

li
h
o
o
d

m
ax

im
iz

at
io

n
fu

n
ct

io
n
.

W
e

le
t

th
e

an
al

y
st

ch
o
os

e
th

e
or

d
er
M
∈
Z+

d
ep

en
d
in

g
on

h
ow

m
u
ch

co
m

p
u
ta

ti
o
n
al

re
so

u
rc

e
is

av
ai

la
b
le

,
an

d
in

cl
u
d
e

on
ly

th
os

e
ed

ge
s

w
it

h
|T

(e
)|
≤
M

in
th

e
li
ke

li
h
o
o
d

ob
je

ct
iv

e
fu

n
ct

io
n
.

If
in

a
gi

ve
n
G
j

th
er

e
ar

e
n
o

h
y
p

er
ed

ge
s

w
it

h
to

p
se

ts
of

si
ze

le
ss

th
an

M
,

th
en

th
e

an
al

y
st

d
o
es

n
ot

ge
t

an
y

or
d
er

ed
re

la
ti

on
s

fr
om

th
at

ra
n
k
-b

re
ak

in
g

gr
ap

h
u
n
d
er

h
er

co
m

p
u
ta

ti
on

al
co

n
st

ra
in

t
re

fl
ec

te
d

in
th

e
p
ar

ti
cu

la
r

ch
oi

ce
of
M

.
A

rt
ifi

ci
al

ly
re

d
u
ci

n
g

th
e

si
ze

of
th

e
to

p
-s

et
s

so
as

to
ge

t
th

e
h
y
p

er
ed

ge
s

w
it

h
to

p
se

ts
of

si
ze

le
ss

th
an

M
im

p
li
es

w
e

n
ee

d
to

ad
d

n
ew

or
d
er

ed
re

la
ti

on
s

th
at

ar
e

n
ot

p
re

se
n
t

in
th

e
D

A
G

p
ro

v
id

ed
b
y

th
e

u
se

r.
S
u
ch

an
es

ti
m

at
or

co
u
ld

re
su

lt
in

a
n
o
n
-z

er
o

b
ia

s.
A

co
n
cr

et
e

ex
am

p
le

of
su

ch
ca

se
s

h
as

b
ee

n
st

u
d
ie

d
in

A
za

ri
S
ou

fi
an

i
et

al
.

20
13

,
w

h
er

e
th

e
au

th
or

s
sh

ow
ed

th
at

fo
r
M

=
1,

ap
p
ly

in
g

ra
n
k
-b

re
ak

in
g

to
th

os
e

co
m

p
ar

is
on

s
w

it
h

to
p
-s

et
la

rg
er

th
an

on
e

re
su

lt
s

in
n
on

-z
er

o
b
ia

s.
W

e
em

p
h
as

iz
e

th
at

M
is

ch
os

en
b
y

th
e

an
al

y
st

an
d

ou
r

es
ti

m
at

or
w

or
k
s

fo
r

an
y

ch
oi

ce
of

M
∈

Z+
.

G
iv

en
u
n
li
m

it
ed

co
m

p
u
ta

ti
on

al
re

so
u
rc

es
,

an
an

al
y
st

w
ou

ld
ch

os
e
M

=
d
,

an
d

al
l

th
e

h
y
p

er
ed

ge
s

w
ou

ld
b

e
in

cl
u
d
ed

in
th

e
li
ke

li
h
o
o
d

ob
je

ct
iv

e
fu

n
ct

io
n
.

S
a
m

p
li
n

g
.

W
e

as
su

m
e

th
at

fo
r

ea
ch

j
∈

[n
],

th
e

to
p

ol
og

y
of

D
A

G
G j

w
h
ic

h
re

p
re

se
n
t

th
e

p
ar

ti
al

p
re

fe
re

n
ce

or
d
er

p
ro

v
id

ed
b
y

th
e
j-

th
u
se

r
is

fi
x
ed

ap
ri

or
i.

A
ls

o,
th

e
se

t
of

h
y
p

er
ed

ge
s
e
∈
E
j

of
ea

ch
ra

n
k

b
re

ak
in

g
gr

ap
h
G
j
(S
j
,E

j
)

th
at

ar
e

in
cl

u
d
ed

in
th

e
li
ke

li
h
o
o
d

ob
je

ct
iv

e
fu

n
ct

io
n

ar
e

fi
x
ed

ap
ri

or
i.

T
h
e

ra
n
d
om

n
es

s
th

at
w

e
ob

se
rv

e
is

in
th

e
p

o
si

ti
on

of
th

e
S
j

it
em

s
in

th
e

D
A

G
G j

.
F

or
an

h
y
p

er
ed

ge
e
∈
E
j
,

th
e

ra
n
d
om

n
es

s
is

in
w

h
ic

h
it

em
s

of
th

e
se

t
S
j

ap
p

ea
r

in
th

e
b

ot
to

m
|B

(e
)|

p
os

it
io

n
s

an
d

th
e

b
ot

to
m
|T

(e
)|

+
|B

(e
)|

p
os

it
io

n
s

in
th

e
p
re

fe
re

n
ce

or
d
er

of
th

e
u
se

r
j.

N
ot

e
th

at
th

is
p
re

ci
se

ly
ca

p
tu

re
s

th
e

ra
n
d
om

n
es

s
d
u
e

to
th

e
P

L
m

o
d
el

in
th

e
ob

se
rv

ed
D

A
G
G j

.
W

e
d
o

n
ot

im
p

os
e

an
y

re
st

ri
ct

io
n
s

on
th

e
to

p
ol

og
y

of
th

e
D

A
G
G j

’s
an

d
ea

ch
of

th
em

ca
n

b
e

d
iff

er
en

t.
F

u
rt

h
er

,
ou

r
an

al
y
si

s
ca

p
tu

re
s

eff
ec

t
of

th
ei

r
to

p
ol

og
ie

s
on

th
e

st
at

is
ti

ca
l

effi
ci

en
cy

of
th

e
es

ti
m

at
io

n
.

P
se

u
d

o
-M

L
E

o
f

R
a
n

k
-B

re
a
k
in

g
G

ra
p

h
.

W
e

ap
p
ly

th
e

M
L

E
fo

r
co

m
p
ar

is
on

s
ov

er
p
ai

re
d

su
b
se

ts
,
as

su
m

in
g

al
l
h
y
p

er
ed

ge
s

in
th

e
ra

n
k
-b

re
ak

in
g

gr
ap

h
G
j

ar
e

in
d
ep

en
d
en

tl
y

d
ra

w
n
.

P
re

ci
se

ly
,

fo
r

an
y

ch
oi

ce
of
M
∈
Z+

,
w

e
p
ro

p
os

e
o
rd

er
-M

ra
n

k-
br

ea
ki

n
g

es
ti

m
a
te

,
w

h
ic

h
is

th
e

so
lu

ti
on

th
at

m
ax

im
iz

es
th

e
lo

g-
li
ke

li
h
o
o
d

u
n
d
er

th
e

in
d
ep

en
d
en

ce
as

su
m

p
ti

on
:

θ̂
∈

ar
g

m
ax

θ
∈Ω

b

L R
B

(θ
)
,

w
h
er

e

L R
B

(θ
)

=
∑ j∈

[n
]

∑

e∈
E
j
:|T

(e
)|≤

M

ln
P θ

(e
)
.

(4
)

D
u
e

to
in

d
ep

en
d
en

ce
as

su
m

p
ti

on
,

w
e

re
fe

r
to

it
as

p
se

u
d
o-

M
L

E
.

In
a

sp
ec

ia
l

ca
se

w
h
en
M

=
1
,

th
is

ca
n

b
e

tr
an

sf
or

m
ed

in
to

th
e

tr
ad

it
io

n
al

p
ai

rw
is

e
ra

n
k
-b

re
ak

in
g,

w
h
er

e
(i

)
th

is
is

a
co

n
ca

ve
m

ax
i-

m
iz

at
io

n
;

(i
i)

th
e

es
ti

m
at

e
is

(a
sy

m
p
to

ti
ca

ll
y
)

u
n
b
ia

se
d

an
d

co
n
si

st
en

t
as

sh
ow

n
in

A
za

ri
S
ou

fi
an

i
et

al
.

(2
01

3,
20

14
);

an
d

(i
ii

)
th

e
fi
n
it

e
sa

m
p
le

co
m

p
le

x
it

y
h
av

e
b

ee
n

an
al

y
ze

d
in

K
h
et

an
a
n
d

O
h

(2
01

6)
.

A
lt

h
ou

gh
,

th
is

or
d
er

-1
ra

n
k
-b

re
ak

in
g

p
ro

v
id

es
a

si
gn

ifi
ca

n
t

ga
in

in
co

m
p
u
ta

ti
on

al
effi

-
ci

en
cy

,
th

e
in

fo
rm

at
io

n
co

n
ta

in
ed

in
h
ig

h
er

-o
rd

er
ed

ge
s

ar
e

u
n
u
se

d
,

re
su

lt
in

g
in

a
si

gn
ifi

ca
n
t

lo
ss

in
ac

cu
ra

cy
.
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K
h
e
t
a
n
a
n
d

O
h

W
e

p
ro

v
id

e
th

e
an

al
y
st

th
e

fr
ee

d
om

to
ch

o
os

e
th

e
co

m
p
u
ta

ti
on

al
co

m
p
le

x
it

y
h
e/

sh
e

is
w

il
li
n
g

to
to

le
ra

te
.

H
ow

ev
er

,
fo

r
ge

n
er

al
M

,
it

h
as

n
o
t

b
ee

n
k
n
ow

n
if

th
e

op
ti

m
iz

at
io

n
in

(4
)

is
tr

a
ct

ab
le

an
d
/o

r
if

th
e

so
lu

ti
on

is
co

n
si

st
en

t.
S
in

ce
P θ

(B
(e

)
≺
T

(e
))

as
ex

p
li
ci

tl
y

w
ri

tt
en

in
(3

)
is

a
su

m
of

lo
g-

co
n
ca

ve
fu

n
ct

io
n
s,

it
is

n
ot

cl
ea

r
if

th
e

su
m

is
al

so
lo

g-
co

n
ca

v
e.

D
u
e

to
th

e
ig

n
o
re

d
d
ep

en
d
en

cy
in

th
e

fo
rm

u
la

ti
on

(4
),

it
d
o
es

n
ot

fo
ll
ow

im
m

ed
ia

te
ly

th
at

th
e

re
su

lt
in

g
es

ti
m

at
e

is
co

n
si

st
en

t.
W

e
fi
rs

t
es

ta
b
li
sh

th
at

(4
)

is
a

co
n
ca

ve
m

ax
im

iz
at

io
n
,

S
ec

ti
on

3.
1.

T
h
ou

gh
o
n
e

ca
n

u
se

a
n
y

off
-

th
e-

sh
el

f
co

n
v
ex

m
ax

im
iz

at
io

n
to

ol
to

co
m

p
u
te
θ̂,

w
e

p
ro

v
id

e
an

effi
ci

en
t

m
in

or
iz

a
ti

o
n
-m

a
x
im

iz
a
ti

on
(M

M
)

al
go

ri
th

m
fo

r
es

ti
m

at
in

g
θ̂,

S
ec

ti
on

3.
2.

In
S
ec

ti
on

3.
3,

w
e

sh
ow

th
at

th
e

M
M

a
lg

o
ri

th
m

co
n
ve

rg
es

to
th

e
u
n
iq

u
e

gl
ob

al
op

ti
m

al
so

lu
ti

on
θ̂

u
n
d
er

th
e

st
an

d
ar

d
as

su
m

p
ti

on
g
iv

en
b
y

F
o
rd

J
r.

(1
95

7)
fo

r
p
ai

rw
is

e
co

m
p
ar

is
on

s.
U

n
d
er

th
e

sa
m

e
as

su
m

p
ti

on
,

w
e

sh
ow

th
at

th
e

es
ti

m
a
te
θ̂

is
co

n
si

st
en

t,
S
ec

ti
on

3.
4.

In
S
ec

ti
on

3.
5,

w
e

gi
ve

th
e

co
m

p
le

te
al

go
ri

th
m

to
co

m
p
u
te
θ̂

u
si

n
g

th
e

p
ro

p
os

ed
M

M
al

go
ri

th
m

,
gi

ve
n
G j

’s
re

p
re

se
n
ti

n
g

u
se

rs
’

p
re

fe
re

n
ce

s.
In

S
ec

ti
on

4
a
n
d

S
ec

ti
o
n

6
,

w
e

p
ro

v
id

e
a

sh
ar

p
an

al
y
si

s
of

th
e

p
er

fo
rm

a
n
ce

in
th

e
fi
n
it

e
sa

m
p
le

re
gi

m
e,

ch
ar

ac
te

ri
zi

n
g

th
e

tr
a
d
e-

o
ff

b
et

w
ee

n
co

m
p
u
ta

ti
on

an
d

sa
m

p
le

si
ze

,
an

d
ve

ri
fy

th
e

re
su

lt
s

fr
om

th
e

n
u
m

er
ic

a
l

ex
p

er
im

en
ts

.

3
.1

C
o
n

c
a
v
it

y
o
f

li
k
e
li
h

o
o
d

o
f

ra
n

k
-b

re
a
k
in

g
g
ra

p
h

In
th

e
fo

ll
ow

in
g,

w
e

sh
ow

th
at

li
ke

li
h
o
o
d

of
a

h
y
p

er
ed

ge
is

lo
g-

co
n
ca

ve
fo

r
a

fa
m

il
y

o
f

R
a
n
d
o
m

U
ti

li
ty

M
o
d
el

s
in

cl
u
d
in

g
th

e
P

L
m

o
d
el

.

R
e
m

a
rk

1
L R

B
(θ

)
is

co
n

ca
ve

in
θ
∈
R
d
.

P
ro

o
f

R
ec

al
l

th
at

P θ
(B

(e
)
≺
T

(e
))

is
th

e
p
ro

b
ab

il
it

y
th

at
an

ag
en

t
ra

n
k
s

th
e

co
ll
ec

ti
o
n

o
f

it
em

s
T

(e
)

ab
ov

e
B

(e
)

w
h
en

off
er

ed
S

=
B

(e
)
∪
T

(e
).

W
e

w
an

t
to

sh
ow

th
a
t
P θ

(B
(e

)
≺
T

(e
))

is
lo

g
-

co
n
ca

ve
u
n
d
er

th
e

P
L

m
o
d
el

.
W

e
p
ro

ve
a

sl
ig

h
tl

y
ge

n
er

al
re

su
lt

w
h
ic

h
w

or
k
s

fo
r

a
fa

m
il
y

o
f

R
U

M
s

in
th

e
lo

ca
ti

on
fa

m
il
y.

R
U

M
ar

e
d
efi

n
ed

as
a

p
ro

b
ab

il
is

ti
c

m
o
d
el

w
h
er

e
th

er
e

is
a

re
a
l-

va
lu

ed
u
ti

li
ty

p
ar

am
et

er
θ i

as
so

ci
at

ed
w

it
h

ea
ch

it
em

s
i
∈
S

,
an

d
an

ag
en

t
in

d
ep

en
d
en

tl
y

sa
m

p
le

s
ra

n
d
o
m

u
ti

li
ti

es
{U

i}
i∈
S

fo
r

ea
ch

it
em

i
w

it
h

co
n
d
it

io
n
al

d
is

tr
ib

u
ti

on
µ
i(
·|θ

i)
.

T
h
en

th
e

ra
n
k
in

g
is

o
b
ta

in
ed

b
y

so
rt

in
g

th
e

it
em

s
in

d
ec

re
as

in
g

or
d
er

as
p

er
th

e
ob

se
rv

ed
ra

n
d
om

u
ti

li
ti

es
U
i’

s.
L

oc
a
ti

o
n

fa
m

il
y

is
a

su
b
se

t
of

R
U

M
s

w
h
er

e
th

e
sh

ap
es

of
µ
i’

s
ar

e
fi
x
ed

an
d

th
e

on
ly

p
ar

am
et

er
s

a
re

th
e

m
ea

n
s

o
f

th
e

d
is

tr
ib

u
ti

on
s.

F
or

lo
ca

ti
on

fa
m

il
y,

th
e

n
oi

sy
u
ti

li
ti

es
ca

n
b

e
w

ri
tt

en
as
U
i

=
θ i

+
Z
i

fo
r

i.
i.
d
.

ra
n
d
om

va
ri

ab
le
Z
i’

s.
In

p
ar

ti
cu

la
r,

it
is

P
L

m
o
d
el

w
h
en

Z
i’

s
fo

ll
ow

th
e

in
d
ep

en
d
en

t
st

a
n
d
a
rd

G
u
m

b
el

d
is

tr
ib

u
ti

on
.

W
e

w
il
l

sh
ow

th
at

fo
r

th
e

lo
ca

ti
on

fa
m

il
y

if
th

e
p
ro

b
ab

il
it

y
d
en

si
ty

fu
n
ct

io
n

fo
r

ea
ch

Z
i’

s
is

lo
g-

co
n
ca

ve
th

en
lo

g
P θ

(B
(e

)
≺
T

(e
))

is
co

n
ca

ve
.

T
h
e

d
es

ir
ed

cl
a
im

fo
ll
ow

s
as

th
e

p
d
f

of
st

an
d
ar

d
G

u
m

b
el

d
is

tr
ib

u
ti

on
is

lo
g-

co
n
ca

ve
.

W
e

u
se

th
e

fo
ll
ow

in
g

T
h
eo

re
m

fr
o
m

P
ré

ko
p
a

(1
98

0)
.

A
si

m
il
ar

te
ch

n
iq

u
e

w
as

u
se

d
to

p
ro

ve
co

n
ca

v
it

y
w

h
en
|T

(e
)|

=
1

in
A

za
ri

S
o
u
fi
a
n
i

et
a
l.

(2
01

2)
.

L
e
m

m
a

2
(E

x
te

n
si

o
n

o
f

T
h

e
o
re

m
9

in
P

ré
k
o
p

a
(1

9
8
0
))

S
u

p
po

se
g 1

(θ
,Y

),
··
·,
g r

(θ
,Y

)
a
re

co
n

ca
ve

fu
n

ct
io

n
s

in
R

2
q
,

w
h
er

e
θ,
Y
∈
R
q
,

a
n

d
Z

is
a
q−

co
m

po
n

en
t

ra
n

d
o
m

ve
ct

o
r

w
h
o
se

p
ro

ba
bi

li
ty

d
is

tr
ib

u
ti

o
n

is
lo

ga
ri

th
m

ic
co

n
ca

ve
in

R
q
,

th
en

th
e

fu
n

ct
io

n

h
(θ

)
=

P[
g 1

(θ
,Z

)
≥

0,
··
·,
g r

(θ
,Z

)
≥

0]
,

fo
r
θ
∈
R
q

is
lo

ga
ri

th
m

ic
co

n
ca

ve
o
n
R
q
.

M
o
re

o
ve

r,
co

n
ca

vi
ty

is
st

ri
ct

if
th

e
p
ro

ba
bi

li
ty

d
en

si
ty

fu
n

ct
io

n
o
f
Z

is
st

ri
ct

ly
lo

ga
ri

th
m

ic
co

n
ca

ve
a
n

d
θ
6=
θ̃

im
p
li

es
H

(θ
)
6=
H

(θ̃
).

W
h
er

e
H

(θ
)

is

H
(θ

)
≡

{ Y
∣ ∣ g

i(
θ,
Y

)
≥

0
,

i
=

1,
··
·,
r}

.

10
JM

L
R

 1
9(

28
):

1-
42

, 2
01

8



G
e
n
e
r
a
l
iz
e
d

R
a
n
k
-B

r
e
a
k
in
g

P
ro

o
f

T
h
eo

rem
9

in
P

rékop
a

(1980)
p
roves

con
cav

ity.
T

h
e

strict
con

cav
ity

follow
s

from
th

e
fact

th
a
t

fo
r

a
strictly

logarith
m

ic
con

cave
m

easu
re

th
e

follow
in

g
in

eq
u
ality

is
strict

if
H

(θ)6=
H

(θ̃).

P
[Z
∈
λ
H

(θ)
+

(1−
λ

)H
(θ̃)]

≥
P

[Z
∈
λ
H

(θ)] λP
[Z
∈

(1−
λ

)H
(θ̃)] 1−

λ
,

w
h
ere

λ
∈

(0,1
).

F
or

a
d
etailed

p
ro

of,
w

e
refer

th
e

read
er

to
th

e
p
ro

of
of

T
h
eorem

9
in

P
rékop

a
(19

8
0
).

T
o

ap
p
ly

th
e

a
b

ove
lem

m
a

to
get

con
cav

ity,
let

q
=
|S|,

r
=

1,
g

1 (θ,Y
)

=
m

in
i∈
T

(e) {θ
i
+
Y
i }−

m
a
x
i ′∈

B
(e) {

θ
i ′+

Y
i ′}.

O
b
serve

th
at
g

1 (θ,Y
)

is
con

cave
in

R
2
q,

an
d
P
θ (B

(e)≺
T

(e))
=

P
(g

1 (θ,Z
)≥

0
).

W
e

u
se

strict
con

cav
ity

p
art

of
th

e
lem

m
a

in
th

e
su

b
seq

u
en

t
section

.

3
.2

M
in

o
riz

a
tio

n
-m

a
x
im

iz
a
tio

n
a
lg

o
rith

m
fo

r
p

se
u

d
o
-M

L
E

o
f

ra
n

k
-b

re
a
k
in

g
g
ra

p
h

W
e

give
a

m
in

o
riza

tion
-m

ax
im

ization
algorith

m
for

com
p
u
tin

g
θ̂

d
efi

n
ed

in
(4

).
It

is
in

sp
ired

from
th

e
M

M
a
lg

o
rith

m
given

b
y

H
u
n
ter

(2004)
for

th
e

case
of

p
airw

ise
com

p
a
rison

s
an

d
fu

ll-ran
k
in

g.
F

o
r

a
n
y

fi
x
ed

p
a
ra

m
eter

θ
(t)∈

R
d,

an
d

a
h
y
p

er
ed

ge
e

in
a

ran
k

b
reak

in
g

grap
h
G

,
d
efi

n
e
Q

(e,θ;θ
(t))

asQ
(e,θ;θ

(t))
≡

∑σ∈
Λ
T

(e
) 

P
θ
(t) (e,σ

)

P
θ
(t) (e)

|T
(e)|
∑u

=
1


θ
σ

(u
) −

∑
|T

(e)|
c ′=

u
ex

p (θ
σ

(c ′) )
+
∑

i∈
B

(e)
ex

p
(θ
i )

∑
|T

(e)|
c ′=

u
ex

p (
θ

(t)
σ

(c ′) )
+
∑

i∈
B

(e)
ex

p (
θ

(t)
i

) 

,

w
h
ere

P
θ (e,σ

)
is

d
efi

n
ed

su
ch

th
at

P
θ (e)

=
∑

σ∈
Λ
T

(e
) P

θ (e,σ
).

R
ecall

from
E

q
u
ation

(3)
th

at
Λ
T

(e)

is
th

e
set

o
f

a
ll

ra
n
k
in

gs
over

T
(e).

P
θ (e,σ

)
≡

ex
p (∑

|T
(e)|

c=
1
θ
σ

(c) )

∏
|T

(e)|
u

=
1

(∑
|T

(e)|
c ′=

u
ex

p (θ
σ

(c ′) )
+
∑

i∈
B

(e)
ex

p
(θ
i ) )

.

W
e

sh
ow

th
a
t
Q

(e,θ;θ
(t))

m
in

orizes
ln

(P
θ (e))

at
θ

(t).
It

is
eq

u
al

to
ln

(P
θ (e)),

u
p

to
a

con
stan

t,
if

a
n
d

o
n
ly

if
θ

(t)
=
θ.

L
e
m

m
a

3

Q
(e,θ;θ

(t))
+
f

(e,θ
(t))

≤
ln

(P
θ (e))

w
ith

equ
a
lity

if
θ

=
θ

(t)
,

w
h
ere

f
(e,θ

(t))
is

a
fu

n
ctio

n
o
f

th
e

h
yper

ed
ge
e

a
n

d
th

e
pa

ra
m

eter
θ

(t),
it

d
oes

n
o
t

d
epen

d
u

po
n
θ.

W
e

g
ive

a
p
ro

o
f
o
f
th

e
L

em
m

a
in

S
ection

7.1.
It

follow
s

th
at

for
an

y
Q

(e,θ;θ
(t))

satisfy
in

g
m

in
orizin

g
co

n
d
itio

n
in

th
e

a
b

ove
lem

m
a,

Q
(e,θ;θ

(t))
≥

Q
(e,θ

(t);θ
(t))

im
p
lies

ln
(P
θ (e))

≥
ln

(P
θ
(t) (e))

.
(5)

P
ro

p
erty

(5
)

su
g
g
ests

an
iterative

algorith
m

in
w

h
ich

w
e

let
θ

(t)
b

e
th

e
p
aram

eter
vector

b
efore

th
e

t-th
itera

tio
n

a
n
d

d
efi

n
e
θ

(t+
1
)

to
b

e
th

e
m

ax
im

izer
of

th
e
Q

(e,θ;θ
(t)).

S
in

ce
th

is
algorith

m
con

sists
o
f

a
ltern

a
tely

crea
tin

g
a

m
in

orizin
g

fu
n
ction

Q
(e,θ;θ

(t))
an

d
th

en
m

ax
im

izin
g

it,
it

is
called

an
M

M

1
1
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K
h
e
t
a
n
a
n
d

O
h

algorith
m

(H
u
n
ter

an
d

L
an

ge,
2000).

T
o

com
p
u
te
θ̂

in
(4),

startin
g

from
an

arb
itrary

in
itialization

θ
(1

),
w

e
estim

ate
θ

(t+
1
)

b
y

m
ax

im
izin

g

θ
(t+

1
)

=
arg

m
ax

θ∈
R
d 

n
∑j=

1

∑

e∈
E
j :|T

(e)|≤
M

Q
(e,θ;θ

(t)) 
.

S
in

ce
th

e
p
aram

eters
{
θ
i }
i∈

[d
]

are
sep

ara
ted

in
Q

(e,θ;θ
(t)),

its
m

ax
im

ization
can

b
e

ex
p
licitly

accom
p
lish

ed
as,

for
i∈

[d
]

e
θ
(t+

1
)

i
=

N
i

∑
nj=

1 ∑
e∈
E
j :|T

(e)|≤
M

∑
σ∈

Λ
T

(e
)

P
θ
(t) (e,σ

)

P
θ
(t) (e)

∑
|T

(e)|
u

=
1
δ
i,e,σ

,u (∑
|T

(e)|
c ′=

u
ex

p (
θ

(t)
σ

(c ′) )
+
∑

i∈
B

(e)
ex

p (
θ

(t)
i

))
−

1
,

(6)

w
h
ere

N
i

is
th

e
total

n
u
m

b
er

of
h
y
p

er
ed

ges
in

w
h
ich

th
e
i-th

item
is

in
th

e
top

set.

N
i

=
n
∑j=

1

∑

e∈
E
j :|T

(e)|≤
M

I[i∈
T

(e)].

δ
i,e,σ

,u
is

th
e

in
d
icator

variab
le

d
efi

n
ed

as

δ
i,e,σ

,u
=

{
1
,

if
i∈
{T

(e)∪
B

(e)}
an

d
σ
−

1(i)≥
u
,

0
,

oth
erw

ise.

3
.3

C
o
n
v
e
rg

e
n

c
e

p
ro

p
e
rtie

s
o
f

th
e

M
M

a
lg

o
rith

m

In
th

e
follow

in
g

w
e

sh
ow

th
at

lim
t→
∞
θ

(t),
(6),

con
verges

to
th

e
glob

al
op

tim
al

solu
tion

of
th

e
p
seu

d
o-likelih

o
o
d

ob
jectiv

e
given

in
(4)

u
n
d
er

stan
d
ard

assu
m

p
tion

on
th

e
ob

serv
ed

com
p
arison

s.
F

or
p
airw

ise
com

p
arison

s,
F

ord
J
r.

(195
7)

n
oted

th
at

if
it

is
p

ossib
le

to
p
artition

th
e

set
of

item
s

in
to

tw
o

su
b
sets

A
an

d
B

su
ch

th
at

th
ere

are
n
ever

a
n
y

in
ter-set

com
p
arison

s,
th

en
th

ere
is

n
o

b
asis

for
ratin

g
an

y
item

in
set

A
w

ith
resp

ect
to

an
y

item
in

set
B

.
O

n
th

e
oth

er
h
a
n
d
,

if
in

all
th

e
in

ter-set
com

p
arison

s,
item

s
from

set
A

are
p
referred

over
th

e
item

s
in

set
B

,
th

en
if

all
th

e
p
aram

eters
θ
i

b
elon

gin
g

to
set

A
are

d
ou

b
led

an
d

th
e

resu
ltin

g
vecto

r
θ

ren
orm

alized
,

th
e

likelih
o
o
d

m
u
st

in
crease;

th
u
s

th
e

lik
elih

o
o
d

h
as

n
o

m
ax

im
izer.

T
h
e

follow
in

g
assu

m
p
tion

(F
ord

J
r.,

1957)
elim

in
ates

th
ese

p
ossib

ilities.

A
ssu

m
p

tio
n

4
In

every
po

ssible
pa

rtitio
n

o
f

th
e

item
s

in
to

tw
o

n
o
n

em
p
ty

su
bsets,

so
m

e
item

in
th

e
seco

n
d

set
is

p
referred

o
ver

so
m

e
item

in
th

e
fi

rst
set

a
t

lea
st

o
n

ce.

A
ssu

m
p
tion

4
h
as

a
grap

h
-th

eoretic
in

terp
retation

.
S
u
p
p

ose,
item

s
are

d
en

oted
b
y

n
o
d
es

of
a

grap
h
G

an
d

a
d
irected

ed
ge

(i,j)
rep

resen
ts

th
at

th
e

th
ere

is
at

least
on

e
u
ser

w
h
o

p
refers

item
i

over
item

j.
T

h
en

th
e

A
ssu

m
p
tion

4
is

eq
u
ivalen

t
to

th
e

statem
en

t
th

at
th

ere
is

a
p
ath

from
i

to
j

for
all

n
o
d
es
i

an
d
j

of
th

e
grap

h
G

.
T

h
is

assu
m

p
tion

im
p
lies

th
at

th
ere

ex
ists

a
u
n
iq

u
e

m
ax

im
izer

of
th

e
log-likelih

o
o
d

fu
n
ction

of
p
airw

ise
com

p
arison

s.

1
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G
e
n
e
r
a
l
iz
e
d

R
a
n
k
-B

r
e
a
k
in
g

In
ou

r
se

tt
in

g,
A

ss
u
m

p
ti

on
4

m
ak

es
se

n
se

if
w

e
in

te
rp

re
t

it
em

i
b

ei
n
g

p
re

fe
rr

ed
ov

er
it

em
j

to
m

ea
n

th
at

th
er

e
ex

is
ts

a
h
y
p

er
ed

ge
e

su
ch

th
at

th
e

it
em

i
is

in
it

s
to

p
se

t
T

(e
)

an
d

th
e

it
em

j
is

in
it

s
b

ot
to

m
se

t
B

(e
).

In
th

e
fo

ll
ow

in
g

th
eo

re
m

,
w

e
p
ro

v
e

th
e

co
n
v
er

ge
n
ce

p
ro

p
er

ti
es

of
th

e
M

M
al

go
ri

th
m

.

T
h

e
o
re

m
5

U
n

d
er

A
ss

u
m

p
ti

o
n

4
th

e
it

er
a
ti

ve
m

in
o
ri

za
ti

o
n

-m
a
xi

m
iz

a
ti

o
n

a
lg

o
ri

th
m

gi
ve

n
in

E
qu

a
-

ti
o
n

(6
)

p
ro

d
u

ce
s

a
se

qu
en

ce
θ(

1
) ,
θ(

2
) ,
··
·

gu
a
ra

n
te

ed
to

co
n

ve
rg

e
to

th
e

u
n

iq
u

e
es

ti
m

a
te

o
f

th
e

o
p
ti

m
iz

a
ti

o
n

p
ro

bl
em

gi
ve

n
in

E
qu

a
ti

o
n

(4
).

P
ro

o
f

In
ge

n
er

al
,

it
is

al
w

ay
s

n
ot

p
os

si
b
le

to
p
ro

ve
th

at
th

e
se

q
u
en

ce
of

p
ar

am
et

er
s
θ(
t)

d
efi

n
ed

b
y

an
M

M
al

go
ri

th
m

co
n
ve

rg
es

at
al

l.
N

on
et

h
el

es
s,

it
is

of
te

n
p

os
si

b
le

to
o
b
ta

in
co

n
ve

rg
en

ce
re

su
lt

s
in

sp
ec

ifi
c

ca
se

s.
F

or
p
ai

rw
is

e
co

m
p
ar

is
on

s,
u
si

n
g

p
ro

p
er

ty
of

st
at

io
n
ar

y
p

oi
n
t,

F
or

d
J
r.

(1
95

7)
sh

ow
ed

th
at

th
e

M
M

al
go

ri
th

m
co

n
ve

rg
es

to
th

e
u
n
iq

u
e

m
ax

im
u
m

li
ke

li
h
o
o
d

es
ti

m
at

e
u
n
d
er

A
ss

u
m

p
ti

on
4.

H
u
n
te

r
(2

00
4)

es
ta

b
li
sh

ed
st

ri
ct

co
n
ca

v
it

y
of

th
e

li
ke

li
h
o
o
d

fu
n
ct

io
n

u
n
d
er

A
ss

u
m

p
ti

on
4

an
d

p
ro

ve
d

th
e

sa
m

e
re

su
lt

u
si

n
g

th
e

L
ia

p
ou

n
ov

’s
th

eo
re

m
.

W
e

fo
ll
ow

th
e

ap
p
ro

ac
h

u
se

d
b
y

H
u
n
te

r
(2

00
4)

.
T

h
e

fo
ll
ow

in
g

L
ia

p
ou

n
ov

’s
th

eo
re

m
gu

ar
an

te
es

th
at

th
e

M
M

al
go

ri
th

m
co

n
ve

rg
es

to
th

e
st

at
io

n
ar

y
p

oi
n
t

of
th

e
p
se

u
d
o

lo
g-

li
ke

li
h
o
o
d

ob
je

ct
iv

e
(4

).
In

L
em

m
a

7,
w

e
sh

ow
th

at
th

e
li
ke

li
h
o
o
d

fu
n
ct

io
n

(4
)

h
as

a
u
n
iq

u
e

st
at

io
n
ar

y
p

oi
n
t,

n
am

el
y

th
e

gl
ob

al
m

ax
im

iz
er

.
W

h
ic

h
co

n
cl

u
d
es

th
at

th
e

M
M

al
go

ri
th

m
co

n
ve

rg
es

to
th

e
u
n
iq

u
e

g
lo

b
al

op
ti

m
al

so
lu

ti
on

ir
re

sp
ec

ti
v
e

of
it

s
st

ar
ti

n
g

p
oi

n
t.

L
e
m

m
a

6
(L

ia
p

o
u

n
o
v
’s

th
e
o
re

m
)

S
u

p
po

se
M

:
Ω
→

Ω
is

co
n

ti
n

u
o
u

s
a
n

d
L R

B
:

Ω
→

R
is

d
iff

er
en

ti
a
bl

e
a
n

d
fo

r
a
ll
θ
∈

Ω
w

e
h
a
ve
L R

B
(M

(θ
))
≥
L R

B
(θ

),
w

it
h

eq
u

a
li

ty
o
n

ly
if
θ

is
a

st
a
ti

o
n

a
ry

po
in

t
o
f
L R

B
(·)

.
T

h
en

,
fo

r
a
rb

it
ra

ry
θ(

1
)
∈

Ω
,

a
n

y
li

m
it

po
in

t
o
f

th
e

se
qu

en
ce
{θ

(t
+

1
)

=
M

(θ
(t

) )
} t
≥

1

is
a

st
a
ti

o
n

a
ry

po
in

t
o
f
L R

B
(θ

).

L
et

Ω
=
{θ
∈
R
d
|∑

i∈
[d

]
θ i

=
0
}

b
e

th
e

p
ar

am
et

er
sp

ac
e

Ω
b

d
efi

n
ed

in
(1

)
w

it
h
b

=
∞

.
T

ak
in

g
M

to
b

e
th

e
m

ap
im

p
li
ci

tl
y

d
efi

n
ed

b
y

on
e

it
er

at
io

n
of

th
e

M
M

al
go

ri
th

m
,

w
e

h
av

e
L R

B
(M

(θ
))
≥

L R
B

(θ
)

fr
om

(5
).
L R

B
(M

(θ
))

=
L R

B
(θ

)
im

p
li
es

th
at

θ
is

a
st

at
io

n
ar

y
p

oi
n
t

w
h
ic

h
fo

ll
ow

s
fr

om
th

e
fa

ct
th

at
th

e
d
iff

er
en

ti
ab

le
m

in
or

iz
in

g
fu

n
ct

io
n
Q

is
a

ta
n
ge

n
t

to
th

e
lo

g-
li
ke

li
h
o
o
d
L R

B
(θ

)
at

th
e

cu
rr

en
t

it
er

at
e
θ(
t)

.
T

h
er

ef
or

e,
li
m
t→
∞
θ(
t)

,
d
efi

n
ed

b
y

th
e

M
M

al
go

ri
th

m
in

(6
)

co
n
ve

rg
es

to
th

e
st

at
io

n
ar

y
p

oi
n
t

of
th

e
p
se

u
d
o-

li
ke

li
h
o
o
d

ob
je

ct
iv

e
(4

).
It

re
m

ai
n
s

to
p
ro

ve
th

at
L R

B
(θ

)
h
as

a
u
n
iq

u
e

st
at

io
n
ar

y
p

oi
n
t,

th
e

gl
ob

al
m

ax
im

iz
er

.

L
e
m

m
a

7
U

n
d
er

A
ss

u
m

p
ti

o
n

4
L R

B
(θ

)
h
a
s

a
u

n
iq

u
e

st
a
ti

o
n

a
ry

po
in

t.

P
ro

o
f

F
ir

st
,
in

L
em

m
a

8,
w

e
sh

ow
th

at
L R

B
(θ

)
is

an
u
p
p

er
co

m
p
ac

t
fu

n
ct

io
n

u
n
d
er

th
e

A
ss

u
m

p
ti

on
4.
L R

B
(θ

)
is

d
efi

n
ed

to
b

e
u
p
p

er
co

m
p
ac

t
if

,
fo

r
an

y
co

n
st

an
t
c,

th
e

se
t
{θ
∈

Ω
:
L R

B
(θ

)
≥
c}

is
a

co
m

p
ac

t
se

t
of

th
e

p
ar

am
et

er
sp

ac
e

Ω
.

S
ec

on
d
,

in
L

em
m

a
9,

w
e

sh
ow

th
at
L R

B
(θ

)
is

st
ri

ct
ly

co
n
ca

ve
.

S
in

ce
u
p
p

er
co

m
p
ac

tn
es

s
im

p
li
es

th
e

ex
is

te
n
ce

o
f

at
le

as
t

on
e

li
m

it
p

oi
n
t

an
d

st
ri

ct
co

n
ca

v
it

y
im

p
li
es

th
e

ex
is

te
n
ce

of
at

m
os

t
on

e
st

at
io

n
ar

y
p

oi
n
t,

w
e

co
n
cl

u
d
e

th
at
L R

B
(θ

)
h
as

a
u
n
iq

u
e

st
at

io
n
ar

y
p

oi
n
t.

L
e
m

m
a

8
L R

B
(θ

)
d
efi

n
ed

in
E

qu
a
ti

o
n

(4
)

is
a
n

u
p
pe

r
co

m
pa

ct
fu

n
ct

io
n

o
f
θ

u
n

d
er

th
e

A
ss

u
m

p
ti

o
n

4
.
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K
h
e
t
a
n
a
n
d

O
h

P
ro

o
f

W
e

p
ro

ve
u
p
p

er
co

m
p
ac

tn
es

s
fo

ll
ow

in
g

th
e

id
ea

of
H

u
n
te

r
(2

00
4)

.
C

on
si

d
er

w
h
a
t

h
a
p
p

en
s

to
L R

B
(θ

)
w

h
en

θ
ap

p
ro

ac
h
es

th
e

b
ou

n
d
ar

y
o
f

Ω
.

If
θ̃

li
es

on
th

e
b

ou
n
d
ar

y
of

Ω
,

th
en

θ̃ i
→
−
∞

an
d
θ̃ j
→
∞

fo
r

so
m

e
it

em
s
i

an
d
j.

If
it

em
s

ar
e

n
o
d
es

of
a

d
ir

ec
te

d
gr

ap
h

in
w

h
ic

h
ed

g
e

(i
,i
′ )

re
p
re

se
n
t

th
at

th
er

e
is

at
le

as
t

on
e

u
se

r
w

h
o

p
re

fe
rs
i

ov
er
i′

,
th

en
A

ss
u
m

p
ti

o
n

4
im

p
li
es

th
a
t

a
d
ir

ec
te

d
p
at

h
ex

is
ts

fr
om

i
to
j.

T
h
er

ef
or

e,
th

er
e

m
u
st

b
e

so
m

e
it

em
a

w
it

h
θ̃ a
→
−
∞

w
h
ic

h
is

p
re

fe
rr

ed
ov

er
it

em
b

w
it

h
θ̃ b
>
C

,
fo

r
so

m
e

co
n
st

an
t
C

.
T

h
at

is
th

er
e

ex
is

ts
an

h
y
p

er
ed

g
e
e

w
it

h
a
∈
T

(e
)

an
d
b
∈
B

(e
).

W
h
ic

h
m

ea
n
s

th
at

fo
r
θ
∈

Ω
,

ta
k
in

g
li
m

it
s

in

L R
B

(θ
)
≤

ln
P θ

(e
)

=
ln

 
∑

σ
∈Λ

T
(e

)

ex
p
( ∑

|T
(e

)|
c=

1
θ σ

(c
))

∏
|T

(e
)|

u
=

1

( ∑
|T

(e
)|

c′
=
u

ex
p
( θ
σ

(c
′ )
) +

∑
i∈
B

(e
)
ex

p
(θ
i)
) 

gi
ve

s
li
m
θ
→
θ̃
L R

B
(θ

)
=
−
∞

.
T

h
u
s,

fo
r

an
y

gi
ve

n
co

n
st

an
t
c,

th
e

se
t
{θ
∈

Ω
:
L R

B
(θ

)
≥
c}

is
a

cl
os

ed
an

d
b

ou
n
d
ed

se
t,

an
d

h
en

ce
a

co
m

p
ac

t
se

t.

L
e
m

m
a

9
L R

B
(θ

)
d
efi

n
ed

in
E

qu
a
ti

o
n

(4
)

is
st

ri
ct

ly
co

n
ca

ve
in
θ.

P
ro

o
f

T
o

p
ro

ve
st

ri
ct

co
n
ca

v
it

y,
w

e
u
se

L
em

m
a

2.
D

efi
n
e

Ω̃
=
{θ
∈

R
d
|θ 1

=
0}

,
a

re
p
a
ra

m
e-

te
ri

za
ti

on
of

th
e

se
t

Ω
=
{θ
∈

R
d
|∑

i∈
[d

]
θ i

=
0}

.
T

o
ap

p
ly

L
em

m
a

2
to

p
ro

ve
st

ri
ct

co
n
ca

v
it

y
o
f

lo
g-

li
ke

li
h
o
o
d

of
an

h
y
p

er
ed

ge
e,

ta
ke
g i
j
(θ
,Y

)
=

(θ
i
+
Y
i)
−

(θ
j
+
Y
j
),

fo
r

al
l
i
∈
T

(e
)

a
n
d
j
∈
B

(e
).

C
on

si
d
er
θ,
θ̃
∈

Ω̃
.
H

(θ
)

=
H

(θ̃
)

im
p
li
es

th
at
θ i
−
θ j

=
θ̃ i
−
θ̃ j

,
fo

r
al

l
i
∈
T

(e
)

a
n
d
j
∈
B

(e
).

T
h
is

fo
ll
ow

s
fr

om
th

e
fa

ct
th

at
fo

r
a

fi
x
ed

p
ar

am
et

er
θ,

th
e

h
y
p

er
p
la

n
es
{g
ij

(θ
,Y

)
≥

0
} ij

a
re

li
n
ea

rl
y

in
d
ep

en
d
en

t.
T

h
u
s,

A
ss

u
m

p
ti

on
4

co
m

b
in

ed
w

it
h

th
e

fa
ct

th
at
θ 1

=
θ̃ 1

m
ea

n
s

th
a
t
θ

=
θ̃.

S
in

ce
th

e
G

u
m

b
el

d
is

tr
ib

u
ti

on
h
as

st
ri

ct
ly

lo
ga

ri
th

m
ic

co
n
ca

ve
d
en

si
ty

fu
n
ct

io
n
,

w
e

co
n
cl

u
d
e

th
a
t
L R

B
(θ

)
is

st
ri

ct
ly

co
n
ca

ve
.

3
.4

C
o
n

si
st

e
n

c
y

o
f

p
se

u
d

o
-M

L
E

o
f

ra
n

k
-b

re
a
k
in

g
g
ra

p
h

In
or

d
er

to
d
is

cu
ss

co
n
si

st
en

cy
of

th
e

p
ro

p
os

ed
ap

p
ro

ac
h
,

w
e

n
ee

d
to

sp
ec

if
y

h
ow

w
e

sa
m

p
le

th
e

se
t

of
it

em
s

to
b

e
off

er
ed

S
j

an
d

al
so

w
h
ic

h
p
ar

ti
al

or
d
er

in
g

ov
er
S
j

is
to

b
e

o
b
se

rv
ed

.
H

er
e,

w
e

co
n
si

d
er

a
si

m
p
le

b
u
t

ca
n
on

ic
al

sc
en

ar
io

fo
r

sa
m

p
li
n
g

or
d
er

ed
re

la
ti

on
s,

an
d

sh
ow

th
e

p
ro

p
o
se

d
m

et
h
o
d

is
co

n
si

st
en

t
fo

r
al

l
n
on

-d
eg

en
er

at
e

ca
se

s.
L

at
er

,
in

S
ec

ti
on

4,
w

e
st

u
d
y

a
m

o
re

g
en

er
a
l

sa
m

p
li
n
g

sc
en

ar
io

,
w

h
en

w
e

an
al

y
ze

th
e

or
d
er

-M
es

ti
m

at
or

in
th

e
fi
n
it

e
sa

m
p
le

re
g
im

e.
W

e
d
efi

n
e

a
ca

n
on

ic
al

sa
m

p
li
n
g

sc
en

ar
io

in
th

e
fo

ll
ow

in
g.

T
h
er

e
is

a
se

t
of
`

in
te

g
er

s
(m

1
,.
..
,m

`)
w

h
os

e
su

m
is

st
ri

ct
ly

le
ss

th
an

d
.

A
n
ew

ar
ri

v
in

g
u
se

r
is

p
re

se
n
te

d
w

it
h

al
l
d

it
em

s
a
n
d

is
as

ke
d

to
p
ro

v
id

e
h
er

to
p
m

1
it

em
s

as
an

u
n
or

d
er

ed
se

t,
an

d
th

en
th

e
n
ex

t
m

2
it

em
s,

a
n
d

so
o
n
.

T
h
is

is
sa

m
p
li
n
g

fr
om

th
e

P
L

m
o
d
el

an
d

ob
se

rv
in

g
an

or
d
er

ed
p
ar

ti
ti

on
w

it
h

(`
+

1)
su

b
se

ts
o
f

si
ze

s
m
a
’s

,
an

d
th

e
la

st
su

b
se

t
in

cl
u
d
es

al
l

re
m

ai
n
in

g
it

em
s.

W
e

ap
p
ly

th
e

ge
n
er

al
iz

ed
ra

n
k
-b

re
a
k
in

g
to

g
et

ra
n
k
-b

re
ak

in
g

gr
ap

h
s
{G

j
}

w
it

h
`

ed
ge

s
ea

ch
,

an
d

or
d
er

-M
es

ti
m

at
e

is
co

m
p
u
te

d
.

W
e

sh
ow

th
a
t

th
is

is
co

n
si

st
en

t,
i.
e.

as
y
m

p
to

ti
ca

ll
y

u
n
b
ia

se
d

in
th

e
li
m

it
of

th
e

n
u
m

b
er

o
f

u
se

rs
n

.

R
e
m

a
rk

1
0

U
n

d
er

th
e

P
L

m
od

el
a
n

d
th

e
a
bo

ve
sa

m
p
li

n
g

sc
en

a
ri

o
,

th
e

o
rd

er
-M

ra
n

k-
br

ea
ki

n
g

es
ti

m
a
te
θ̂

in
(4

)
is

co
n

si
st

en
t

fo
r

a
ll

ch
o
ic

es
o
f
M
≥

m
in
a
∈`
m
a
.
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G
e
n
e
r
a
l
iz
e
d

R
a
n
k
-B

r
e
a
k
in
g

P
ro

o
f

It
is

su
ffi

cien
t

to
sh

ow
th

at
(a

)
th

e
estim

ate
θ̂,

(4)
is

u
n
iq

u
e

u
n
d
er

th
e

ab
ov

e
sam

p
lin

g
sce-

n
a
rio

,
a
n
d

(b)
ex

p
ectation

of
th

e
grad

ien
t

ofL
R

B
(θ ∗)

is
zero,

i.e,E
θ ∗[∇
L

R
B

(θ ∗)]
=

0
,
(A

zari
S
ou

fi
an

i
et

a
l.,

2
0
1
3
).

F
o
r

th
e

ab
ove

sam
p
lin

g
scen

ario
in

th
e

lim
it

of
th

e
n
u
m

b
er

of
u
sers

n
,

A
ssu

m
p
tion

4
is

sa
tisfi

ed
.

T
h
erefore,

from
L

em
m

a
7,

th
e

estim
ate

θ̂,
(4)

is
u
n
iq

u
e.

In
L

em
m

a
13

,
w

e
sh

ow
th

a
t
E
θ ∗[∇
L

R
B

(θ ∗)]
=

0.
W

e
w

ou
ld

like
to

m
en

tion
th

at
th

e
L

em
m

a
13

cru
cially

relies
on

th
e

m
em

o
ry

less
p
ro

p
erty

of
th

e
P

L
m

o
d
el.

3
.5

A
lg

o
rith

m
to

e
stim

a
te

θ̂
g
iv

e
n

D
A

G
G
j ’s

S
u
m

m
a
rizin

g
th

e
ran

k
-b

reak
in

g
ap

p
roach

ex
p
lain

ed
in

th
e

p
rev

iou
s

section
s,

w
e

give
A

lgorith
m

3,
a
n

a
lg

o
rith

m
to

co
m

p
u
te
θ̂,

(4),
an

estim
a
te

of
θ ∗.

A
lgorith

m
3

takes
as

in
p
u
t

D
A

G
G
j ’s

gen
erated

u
n
d
er

P
L

m
o
d
el

w
ith

p
aram

eter
θ ∗,

ran
k
-b

reak
in

g
ord

er
M
∈
Z

+
,

a
d
esired

error
th

resh
old

ε,
an

d
retu

rn
s
θ̂.

A
lg

o
rith

m
3

E
stim

ate
θ ∗

given
D

A
G
G
j ’s.

R
e
q
u

ire
:

D
A

G
{G

j }
1≤
j≤
n

gen
erated

u
n
d
er

P
L

m
o
d
el

w
ith

p
aram

eter
θ ∗,

ran
k
-b

rea
k
in

g
ord

er
M

,
erro

r
th

resh
o
ld
ε

E
n

su
re

:
θ̂

-
a
n

estim
ate

of
θ ∗

1
:

fi
n
d

m
a
x
im

a
l

o
rd

ered
p
artition

s{P
j }

1≤
j≤
n

con
sisten

t
w

ith
{G

j }
1≤
j≤
n

[A
lg

orith
m

1]
2
:

co
n
stru

ct
ran

k
b
reak

in
g

grap
h
{
G
j (S

j ,E
j )}

1≤
j≤
n

from
{P

j }
1≤
j≤
n

[A
lgorith

m
2]

3
:
θ̂
←

0
d×

1

4
:

re
p

e
a
t

5
:

θ̃←
θ̂

6
:

fo
r
i

=
1

to
d

d
o

7
:

θ̂
i ←

fro
m

m
in

orizin
g

m
ax

im
izin

g
E

q
u
ation

(6)
u
sin

g
θ̃,{

G
j (S

j ,E
j )}

1≤
j≤
n
,
M

8
:

e
n

d
fo

r
9
:

u
n
til
‖
θ̂−

θ̃‖∞
≤
ε

1
0
:

re
tu

rn
θ̂

4
.

A
n
a
ly

sis
o
f

th
e

A
lg

o
rith

m

W
e

fi
rst

su
m

m
arize

th
e

n
otation

s
d
efi

n
ed

so
far

an
d

in
tro

d
u
ce

som
e

n
ew

n
otatio

n
s

th
at

are
u
sed

in
o
u
r

th
eo

retica
l

resu
lts.

W
e

d
efi

n
e

a
co

m
pa

riso
n

gra
p
h

th
at

cap
tu

res
th

e
top

ology
of

th
e

off
er

sets
S
j .

O
u
r

u
p
p

er
a
n
d

low
er

b
ou

n
d
s

b
oth

d
ep

en
d

on
th

e
sp

ectral
p
rop

erties
of

th
e

com
p
a
rison

grap
h
.

T
h
en

,
w

e
p
resen

t
m

ain
th

eoretical
an

aly
ses

an
d

n
u
m

erical
sim

u
lation

s
con

fi
rm

in
g

th
e

th
eoretical

resu
lts.

N
o
ta

tio
n

s.
F

o
llow

in
g

is
a

su
m

m
ary

of
all

th
e

n
otation

s
d
efi

n
ed

ab
ove.

A
lso,

w
e

in
tro

d
u
ce

som
e

n
ew

n
o
ta

tio
n
s

th
a
t

are
u
sed

in
ou

r
th

eoretica
l

resu
lts.

W
e

u
se
n

to
d
en

ote
th

e
n
u
m

b
er

of
u
sers

p
rov

id
in

g
p
a
rtia

l
ran

k
in

gs,
in

d
ex

ed
b
y
j
∈

[n
]

w
h
ere

[n
]

=
{
1,2,...,n}.

W
e

u
se
d

to
d
en

ote
th

e
n
u
m

b
er

o
f

item
s,

in
d
ex

ed
b
y
i∈

[d
].

G
iven

ran
k
-b

rea
k
in

g
grap

h
s{G

j (S
j ,E

j )}
j∈

[n
]

ex
tracted

from

th
e

D
A

G
s{G

j }
,

w
e

fi
rst

d
efi

n
e

th
e

ord
er
M

ran
k
-b

reak
in

g
grap

h
s{G

(M
)

j
(S
j ,E

(M
)

j
)}

,
w

h
ere

E
(M

)
j
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K
h
e
t
a
n
a
n
d

O
h

is
a

su
b
set

of
E
j

th
at

in
clu

d
es

on
ly

th
ose

ed
ges

e
j ∈

E
j

w
ith
|T

(e
j )|≤

M
.

T
h
is

rep
resen

ts
th

ose
ed

ges
th

at
are

in
clu

d
ed

in
th

e
estim

ation
for

a
ch

oice
of
M

.
F

or
fi
n
ite

sam
p
le

an
aly

sis,
th

e
follow

in
g

q
u
an

tities
cap

tu
re

h
ow

th
e

error
d
ep

en
d
s

o
n

th
e

top
ology

of
th

e
d
ata

collected
.

L
et
κ
j ≡
|S
j |

an
d

`
j ≡
|E

(M
)

j
|.

W
e

in
d
ex

each
ed

ge
e
j

in
E

(M
)

j
b
y
a
∈

[`
j ]

an
d

d
efi

n
e
m
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reak
in

g
grap

h
,

an
d
r
j,a ≡

|T
(e
j,a )|+

|B
(e
j,a )|,

su
m

of
size

of
th

e
top

-set
an

d
th

e
b

ottom
-set.

W
e

let
p
j ≡

∑
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j,a )|,

size
of

top
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reak
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an
M

).
(9)

N
otice

th
at

alth
ou

gh
w

e
d
o

n
ot

ex
p
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p
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p
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p
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‖x‖
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∈
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∑
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‖X
‖
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∈
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d
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p
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∑j=

1

p
j

κ
j (κ

j −
1)
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∑
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e

top
ology

:

α
≡
λ

2 (L
)(d−
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.
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≤
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.
If
λ

2
(L

)
=
··
·=

λ
d
(L

)
th

en
α

=
β

=
1
.

W
e

w
il
l

sh
ow

th
at

th
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p
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p
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ra
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p
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p
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p
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d
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−
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m
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.
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p
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b
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ra
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p
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ei
r

w
ei

gh
t
θ∗ i

.
R

ec
al

l
th

at
b

is
th

e
u
p
p

er
b

ou
n
d

on
‖θ
∗ ‖
∞
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p
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d
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p
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e
ra
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d
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en

fo
r
b

=
O

(1
),
γ

1
ca

n
b

e
m

ad
e

ar
b
it

ra
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b
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d
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p
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d
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m
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m
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m
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.
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>
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d
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d
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b
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d
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r
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p
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e

ex
p
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t
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ep

en
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en
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on

th
e
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p

ol
og

y
of

th
e
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er

ed
se

ts
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n

].
R

ec
al

l
fr

o
m

th
e

sa
m

p
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n
g

as
su

m
p
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on
s
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S
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ti
on

3
th

at
w

e
as

su
m

e
th

e
to

p
ol

og
y

of
th

e
ob

se
rv

ed
D

A
G
G j

’s
,

a
n
d

th
e

ra
n
k
-

b
re

ak
in

g
or

d
er
M

is
fi
x
ed

ap
ri

or
i.

T
h
e

ra
n
d
om

n
es

s
th

at
w

e
ob

se
rv

e
is

in
th

e
p

o
si

ti
o
n

o
f
S
j

it
em

s
in

th
e

D
A

G
G j

.
F

or
an

h
y
p

er
ed

ge
e
∈
E
j
,

th
e

ra
n
d
o
m

n
es

s
is

in
w

h
ic

h
it

em
s

of
th

e
se

t
S
j

a
p
p

ea
r

in
th

e
b

ot
to

m
|B

(e
)|

p
os

it
io

n
s

an
d

th
e

b
ot

to
m
|T

(e
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+
|B

(e
)|

p
os

it
io

n
s

in
th

e
p
re

fe
re

n
ce

o
rd

er
o
f

th
e

u
se

r
j.

T
h
is

p
re

ci
se

ly
ca

p
tu

re
s

th
e

ra
n
d
om

n
es

s
d
u
e

to
th

e
P

L
m

o
d
el

in
th

e
o
b
se

rv
ed

D
A

G
G j

.
T

h
e

fo
ll
ow

in
g

th
eo

re
m

p
ro

v
id

es
an

u
p
p

er
b

ou
n
d
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th

e
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h
ie

ve
d

er
ro

r,
an

d
a

p
ro

o
f

is
p
ro

v
id

ed
in

S
ec

ti
on

7.

T
h

e
o
re

m
1
1

S
u

p
po

se
th

er
e

a
re
n

u
se

rs
,
d

it
em

s
pa

ra
m

et
ri

ze
d

by
θ∗
∈

Ω
b
,

a
n

d
ea

ch
u

se
r
j
∈

[n
]

is
p
re

se
n

te
d

w
it

h
a

se
t

o
f

o
ff

er
in

gs
S
j
⊆

[d
]

a
n

d
th

e
u

se
r

p
ro

vi
d
es

a
pa

rt
ia

l
o
rd

er
in

g
u

n
d
er

th
e

P
L

m
od

el
co

n
si

st
en

t
w

it
h

th
e

to
po

lo
gy

o
f

th
e

a
p
ri

o
ri

fi
xe

d
D

A
G
G j

.
F

o
r

a
ch

o
ic

e
o
f
M
∈
Z+

,
if
γ

3
>

0
a
n

d
th

e
eff

ec
ti

ve
sa

m
p
le

si
ze
∑

n j=
1
p
j

is
la

rg
e

en
o
u

gh
su

ch
th

a
t

n ∑ j=
1

p
j
≥

21
4
e2

0
b
ν

2

(α
γ

1
γ

2
γ

3
)2
β

p
m

a
x

κ
m

in
d

lo
g
d
,

(1
4
)

w
h
er

e
b
≡

m
ax

i
|θ
∗ i|

is
th

e
d
yn

a
m

ic
ra

n
ge

,
p

m
a
x

=
m

a
x
j∈

[n
]
p
j
,
κ

m
in

=
m

in
j∈

[n
]
κ
j
,
α

is
th

e
(r

es
ca

le
d
)

sp
ec

tr
a
l

ga
p
,
β

is
th

e
(r

es
ca

le
d
)

sp
ec

tr
a
l

ra
d
iu

s
in

(1
1)

,
a
n

d
γ

1
,
γ

2
,
γ

3
,

a
n

d
ν

a
re

d
efi

n
ed

in
(1

2)
a
n

d
(1

3)
,

th
en

th
e

ge
n

er
a
li

ze
d

ra
n

k-
br

ea
ki

n
g

es
ti

m
a
to

r
in

(4
)

a
ch

ie
ve

s

1 √
d
‖θ̂
−
θ∗
‖ 2
≤

40
e7
b

α
γ

1
γ

3
/
2

2
γ

3

√
d

lo
g
d

∑
n j=

1
p
j
,

(1
5)

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

3
e3
d
−

3
.

M
o
re

o
ve

r,
fo

r
M
≤

3
th

e
a
bo

ve
bo

u
n

d
h
o
ld

s
w

it
h
γ

3
re

p
la

ce
d

by
o
n

e,
gi

vi
n

g
a

ti
gh

te
r

re
su

lt
.

N
ot

e
th

at
th

e
d
ep

en
d
en

ce
on

th
e

ch
oi

ce
of
M

is
n
o
t

ex
p
li
ci

t
in

th
e

b
ou

n
d
,

b
u
t

ra
th

er
is

im
p
li
ci

t
in

th
e

co
n
st

ru
ct

io
n

of
th

e
co

m
p
ar

is
on

gr
ap

h
an

d
th

e
n
u
m

b
er

of
eff

ec
ti

v
e

sa
m

p
le

s.
S
u
p
p

os
e

th
e

n
u
m

b
er

of
it

em
s
d

is
la

rg
e

en
ou

gh
an

d
th

e
si

ze
of

th
e
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ed
su

b
se

ts
κ
j
’s

a
n
d

th
e
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th

e
ra

n
k

b
re

ak
in

g
ed

ge
s
r j
,a

’s
ar

e
in

cr
ea

si
n
g

w
it

h
d
,

th
at

is
th

er
e

ex
is

ts
p

os
it

iv
e

co
n
st

a
n
ts
c 1
,c

2

su
ch

th
at
κ
j
≥
c 1
d
,
an

d
r j
,a
≥
c 2
κ
j
.

T
h
en

fo
r
b

=
O

(1
)

th
er

e
ex

is
ts

a
u
n
iv

er
sa

l
co

n
st

a
n
t
c 3

su
ch

th
a
t

if
to

p
-s

et
si

ze
s
m
j,
a
≤
c 3

(r
j,
a
)1
/
3

th
en

th
er

e
ex

is
ts

co
n
st

an
ts

0
<
c 4
,c

5
,c

6
≤

1
su

ch
th

a
t
c 4
≤
γ

1
<

1,
c 5
≤
γ

2
<

1
an

d
c 6
≤
γ

3
<

1.
F

u
rt

h
er

,
if

th
e

co
m

p
ar

is
on

g
ra

p
h
H

is
w

el
l

co
n
n
ec

te
d

th
en

th
er

e
ex

is
ts

a
co

n
st

an
t

0
<
c 7
,c

8
≤

1
su

ch
th

at
th

e
re

sc
al

ed
sp

ec
tr

al
ga

p
c 7
≤
α
≤

1
a
n
d

re
sc

a
le

d
la

rg
es

t
ei

ge
n
va

lu
e
c 8
≤
β
≤

1.
In

th
is

id
ea

l
ca

se
,

th
e

co
n
d
it

io
n

o
n

th
e

eff
ec

ti
ve

sa
m

p
le

si
ze

is
m

et
w

it
h

∑
j
p
j

=
O

(d
lo

g
d
),

(1
4)

.
T

h
er

ef
or

e
th

e
eff

ec
ti

ve
sa

m
p
le

si
ze
∑

n j=
1
p
j

=
Ω
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g
d
)
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t
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1
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G
e
n
e
r
a
l
iz
e
d

R
a
n
k
-B

r
e
a
k
in
g

en
su

re‖
θ̂−

θ ∗‖
2

=
o( √

d
)

w
h
ich

is
on

ly
a

logarith
m

ic
factor

larger
th

an
th

e
n
u
m

b
er

of
p
aram

eters.
W

e
n
eed

m
j,a ≤

c
3 (r

j,a )
1
/
3

to
satisfy

(ν
2p

m
a
x )/κ

m
in

=
O

(1),
oth

erw
ise

m
j,a ≤

c
3 (r

j,a )
1
/
2

is
su

ffi
cien

t
to

en
su

re
γ

3
>

0
.

W
e

b
elieve

th
at

d
ep

en
d
en

ce
in
γ

3
is

w
eak

n
ess

o
f

ou
r

an
a
ly

sis
an

d
th

ere
is

n
o

d
ep

en
d
en

ce
a
s

lo
n
g

as
m
j,a

<
r
j,a .

F
or,

ran
k
-b

reak
in

g
ord

er
M
≤

3,
w

e
are

ab
le

to
give

tigh
ter

resu
lts

w
h
ere

th
ere

is
n
o

d
ep

en
d
en

ce
on

γ
3 .

A
s

ex
p
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in
ed

a
b

ove,
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th
e

id
eal

case,
for
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en

ou
gh

p
rob

lem
size

d
,

th
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ex
ists

a
p

ositive
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n
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n
t
C

su
ch

th
a
t‖
θ̂−

θ ∗‖
22 ≤

C
d

2
log

d
/( ∑
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1
p
j ).

R
ecall

from
th

e
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o
f
th

e
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o
o
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o
b
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fu

n
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n
,L

R
B

(θ)
=
∑
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e∈
E
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(e)|≤
M

ln
P
θ (e).
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w

e
fi
x
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th

e
p
rob

lem
p
aram

eters

in
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d
in

g
to

p
o
lo

g
y
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th

e
D

A
G
G
j ’s
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d

in
crease

M
th

en
p
j

=
∑
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j ] m
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creases.
T

h
erefore,

b
y
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g
M

w
e

can
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e
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e

n
u
m

b
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o
f

eff
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sam
p
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∑
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p
j

w
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n
u
m

b
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n
k
in

g
s
n

.
H
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ev

er,
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creasin
g
M

in
creases
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p
u
tation

al
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p
lex

ity
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M

!.
T

h
erefore,

to
a
ch

ieve
a

fi
x
ed
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et
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‖
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θ ∗‖
2 ,
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st

can
trad

e-off
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e
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u
ired

n
u
m

b
er

of
ran

k
in

gs
w

ith
th

e
b
u
d
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eted
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p
u
tation
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e
D

A
G
G
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h
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p
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a
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g
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er
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S
j ,

w
e

g
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m
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`
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κ
j −
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an

d
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e
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eff
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p
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p
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=
∑

j∈
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] (κ
j −
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T
h
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re,
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m
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e
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e

th
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, ∑
j∈
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j −
1)

=
Ω

(d
log

d
)

is
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ffi
cien

t
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en
su
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‖
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θ ∗‖
2

=

o( √
d
).
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m

a
tch
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w

ith
th

e
resu

lts
for
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k
in
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given

in
H

a
jek

et
al.

(2014);
K

h
etan

an
d

O
h

(2
0
1
6
).

U
n

o
rd

e
re

d
v
s.

o
rd

e
re

d
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p
-m
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n

k
in

g
.
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th

e
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eal
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a
p

erh
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s
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g
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a
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r

a
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n
k
in

g
j,

sizes
of
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e

top
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{m
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j ]
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p
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on
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v
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p
j

=
∑
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j ] m
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w

h
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m
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p
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r
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m
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e
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-set
size

a
n
d
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e

b
o
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m
-set
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p
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for

estim
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d
o
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n
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m
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w
h
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u
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l

th
eir
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p
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th

e
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w

ay
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{
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�
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{
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{
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th
e

u
n
o
rd
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w
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w
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m
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cien
tly

sm
a
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m
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N
u
m

erica
l

resu
lts
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F
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re

5
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th
is.

P
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o
f

id
e
a
.

T
h
e

an
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of

th
e
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in

(4)
sh

ow
s

th
at,

w
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h
igh

p
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a
b
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R
B

(θ)
is
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n
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w
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λ
2 (H

(θ))≤
−
C
b γ

1 γ
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3 λ
2 (L

)
<

0
for
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θ
∈

Ω
b

(L
em

m
a

15),
an

d
th

e
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ien
t
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a
lso

b
ou

n
d
ed

w
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‖∇
L

R
B

(θ ∗)‖
≤
C
′b γ
−

1
/
2

2
( ∑

j
p
j

log
d
)
1
/
2

(L
em

m
a

14).
T

h
is

lead
s

to
T

h
eorem

1
1
:

‖θ̂−
θ ∗‖

2
≤

2‖∇
L

R
B

(θ ∗)‖
−
λ

2 (H
(θ))

≤
C
′′b √

∑
j
p
j

log
d

γ
1 γ

3
/
2

2
γ
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2 (L

)
,

w
h
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C
b ,C

′b ,
a
n
d
C
′′b

are
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th
at
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d
ep

en
d

on
b,

an
d
λ

2 (H
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is
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e
secon

d
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eig
en

va
lu

e
o
f

a
n
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ativ
e

sem
id

efi
n
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H
essian

m
atrix

H
(θ)
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R
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R
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th
at
θ >

1
=

0
sin
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w

e
restrict

o
u
r

sea
rch

in
Ω
b .

H
en

ce,
th

e
error

d
ep

en
d
s
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λ

2 (H
(θ))
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stead

of
λ

1 (H
(θ))

w
h
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co
rresp

o
n
d
in

g
eig

en
vector

is
th

e
all-on

es
vector.
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L
o
w

e
r

b
o
u

n
d

o
n

c
o
m

p
u

ta
tio

n
a
lly

u
n
b

o
u

n
d

e
d

e
stim

a
to

rs

S
u
p
p

o
se
M

=
d
.

W
e

p
rove

a
fu

n
d
am

en
tal

low
er

b
ou

n
d
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th

e
ach

ievab
le

error
rate

th
at

h
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s
fo

r
a
n
y

u
n
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sed

estim
ator

w
ith

n
o

restriction
s

o
n

th
e

com
p
u
tation

al
com

p
lex

ity.
F
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ch
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K
h
e
t
a
n
a
n
d

O
h

d
efi

n
e
η
j,a

as

η
j,a
≡

m
j
,a −

1
∑u

=
0

(
1

r
j,a −

u
+

u
(m

j,a −
u

)

m
j,a (r

j,a −
u

)
2 )

+
∑

u
<
u
′∈

[m
j
,a −

1
]

2
u

m
j,a (r

j,a −
u

)

m
j,a −

u
′

r
j,a −

u
′

(16)

<

m
j
,a −

1
∑u

=
0

(
1

m
j,a −

u
+

u

m
j,a (m

j,a −
u

) )
+

∑

u
<
u
′∈

[m
j
,a −

1
]

2
u

m
j,a (m

j,a −
u

)
(17)

=

m
j
,a −

1
∑u

=
0

(
1

m
j,a −

u
+

u

m
j,a (m

j,a −
u

)
+

2u
(m

j,a −
1−

u
)

m
j,a (m

j,a −
u

)

)
=
m
j,a
,

w
h
ere

(17)
follow

s
fro

m
th

e
fact

th
at

(16)
is

m
on

oton
ically

strictly
d
ecreasin

g
in
r
j,a

for
r
j,a ≥

m
j,a .

S
in

ce
b
y

d
efi

n
ition

r
j,a
>
m
j,a ,

w
e

su
b
stitu

te
r
j,a

=
m
j,a

to
get

a
strict

u
p
p

er
b

ou
n
d
.

T
h

e
o
re

m
1
2

L
et
U

d
en

o
te

th
e

set
o
f

a
ll

u
n

bia
sed

estim
a
to

rs
o
f
θ ∗

th
a
t

a
re

cen
tered

su
ch

th
a
t

θ̂1
=

0,
a
n

d
let

µ
=

m
ax

j∈
[n

],a∈
[`
j ] {
m
j,a −

η
j,a }

.
F

o
r

a
ll
b
>

0,

in
f

θ̂∈U
su

p
θ ∗∈

Ω
b E

[‖
θ̂−

θ ∗‖
2]
≥

m
ax {

(d−
1)

2

∑
nj=

1 ∑
`
j

a
=

1 (m
j,a −

η
j,a )

,
1µ

d
∑i=

2

1

λ
i (L

) }
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(2012)

w
h
ere

p
eaked

d
istrib

u
tion

s
are

easier
to

learn
,

a
n
d

is
rela

ted
to

th
e

fact
th

at
w

e
are

n
ot

on
ly

in
terested

in
recoverin

g
th

e
(ord

in
al)

ran
k
in

g
b
u
t

a
lso

th
e

(ca
rd

in
a
l)

w
eigh

t.
T

h
e

n
orm

alization
con

stan
t
C

is
n
m
/d

2.

5
.2

R
e
a
l-w

o
rld

d
a
ta

se
ts

O
n

su
sh

i
p
referen

ces
(K

am
ish

im
a,

2003)
an

d
jester

d
ataset

(G
old

b
erg

et
a
l.,

2001),
w

e
im

p
rove

over
p
a
irw

ise
b
rea

k
in

g
an

d
ach

ieve
sam

e
p

erform
an

ce
as

th
e

oracle
M

L
E

.
S

u
sh

i
d

a
ta

se
t.

T
h
ere

are
d

=
100

ty
p

es
of

su
sh

i.
F

u
ll

ran
k
in

gs
over

su
b
sets

S
j

of
size

κ
=

10
a
re

p
rov

id
ed

b
y
n

=
5000

in
d
iv

id
u
als.

T
h
e

off
erin

g
su

b
sets

S
j

are
ch

osen
u
n
iform

ly
at

ran
d
om

from
th

e
en

tire
set

d
.

W
e

set
th

e
grou

n
d

tru
th
θ ∗

to
b

e
th

e
M

L
E

of
th

e
P

L
w

eigh
ts

over
th

e
en

tire
d
ata.

In
th

e
left

p
a
n
el

o
f

F
igu

re
7,

for
each

m
∈
{3
,4
,5
,6},

w
e

rem
ove

th
e

k
n
ow

n
ord

erin
g

am
on

g
th

e
to

p
-m

a
n
d

b
o
tto

m
-(10−

m
)

su
sh

i
in

each
set,

an
d

ru
n

ou
r

estim
ator

w
ith

on
e

ran
k
-b

reak
in

g
h
y
p

er
ed

ge
b

etw
een

to
p
-m

an
d

b
ottom

-(10
−
m

)
item

s.
W

e
com

p
are

ou
r

algorith
m

w
ith

in
con

sisten
t

p
a
irw

ise
b
rea

k
in

g
(u

sin
g

op
tim

al
ch

oice
of

p
ara

m
eters

from
K

h
etan

an
d

O
h

(2016))
an

d
th

e
oracle

M
L

E
.
F

o
r
m
≤

6
,
th

e
p
rop

osed
ran

k
-b

reak
in

g
p

erform
s

a
s

go
o
d

as
th

e
oracle

w
h
o

k
n
ow

s
th

e
relative

23
JM

L
R

 19(28):1-42, 2018

K
h
e
t
a
n
a
n
d

O
h

1

1
0

1
0
0

5
6

8
1
6

3
2

6
4

 1
0

b
=

21

0
.5

0
.2

C
R

 lo
w

e
r b

o
u
n
d

set-size
κ

C
‖θ̂−

θ ∗‖
22

F
igu

re
6:
d

=
512,

n
=

10
5

an
d
θ ∗

is
ch

osen
u
n
iform

ly
sp

aced
over

[−
2,2].

N
u
m

b
er

of
h
y
p

er
ed

ges
`

=
1

w
ith

r
=
κ

an
d
m

=
4.

M
S
E

in
creases

as
th

e
d
y
n
am

ic
ran

ge
b

gets
large.

ord
erin

g
am

on
g

th
e

top
m

item
s.

In
oth

er
w

ord
s,

an
in

d
iv

id
u
al

p
rov

id
in

g
a

set
of

ord
ered

top
-6

su
sh

i
or

a
set

of
u
n
ord

ered
top

-6
su

sh
i

statistically
reveals

th
e

sam
e

in
form

ation
,

for
th

e
p
u
rp

ose
of

estim
atin

g
th

e
grou

n
d

tru
th

p
aram

eters.
A

s
p
red

icted
b
y

ou
r

th
eory,

error
d
ecreases

w
ith

in
crease

in
top

-set
size

m
.

 1
0

 3
 4

 5
 6

in
c
o

n
s
is

te
n

t P
R

B

G
R

B
 o

rd
e
r M

 =
 m

o
ra

c
le

 lo
w

e
r b

o
u

n
d

‖
θ̂−

θ ∗‖
22

size
of

top
-set

m

 0
.0

0
1

 0
.0

1

 0
.1  1

 1
0

 1
0

0

 3
 4

 5
 6

T
im

e
in

sec.

F
igu

re
7:

T
h
e

su
sh

i
d
ataset

h
as
d

=
100,

n
=

5000,
an

d
κ

=
10

.
T

h
e

righ
t

p
an

el
sh

ow
s

com
p
u
tation

tim
e.

G
en

eralized
ran

k
-b

reak
in

g
im

p
roves

over
p
airw

ise
R

B
an

d
p

erform
s

as
go

o
d

as
oracle

M
L

E
on

su
sh

i
d
ataset.

J
e
ste

r
d

a
ta

se
t.

It
con

sists
of

con
tin

u
ou

s
ratin

gs
b

etw
een
−

10
to

+
10

of
100

jokes
on

sets
of

size
κ

,
36
≤
κ
≤

100,
b
y

24
,983

u
sers.

W
e

con
v
ert

card
in

al
ratin

gs
in

to
ord

in
a
l

fu
ll

ran
k
in

gs.
T

h
e

grou
n
d

tru
th
θ ∗

is
set

to
b

e
th

e
M

L
E

of
th

e
P

L
w

eigh
ts

over
th

e
en

tire
d
ata.

F
or
m
∈
{2,3,4,5}

,
w

e
con

vert
each

fu
ll

ran
k
in

g
in

to
a

p
oset

th
at

h
as
`

=
bκ
/m
c

p
artition

s
of

size
m

,
b
y

rem
ov

in
g

k
n
ow

n
relative

ord
erin

g
from

each
p
artition

.
T

h
e

lead
s

to
total

n
u
m

b
er

of
eff

ective
sam

p
les ∑

j
p
j

=
∑

j ∑
a∈

[`
j ] m

j,a
=
∑

j (κ
j −

m
),

w
h
ich

is
a
p
p
rox

im
ately

eq
u
al

for
each

m
∈
{
2
,3
,4
,5}

.
H

ow
ever,

w
ith

in
creasin

g
m

,
th

e
q
u
an

tities
γ

1 ,γ
2 ,γ

3
b

ecom
e

sm
aller

an
d

h
en

ce
th

e
error

in
creases

(th
ird

p
an

el
in

F
igu

re
8).

F
igu

re
8

com
p
ares

th
e

th
ree

algorith
m

s
for

tw
o

d
iff

eren
t

settin
gs.

In
th

e
fi
rst

2
4

JM
L

R
 19(28):1-42, 2018



G
e
n
e
r
a
l
iz
e
d

R
a
n
k
-B

r
e
a
k
in
g

p
an

el
,

w
e

fi
x
m

=
4

an
d

va
ry

th
e

n
u
m

b
er

of
sa

m
p
le

s
n

.
M

ea
n

sq
u
ar

e
er

ro
r

d
ec

re
as

es
w

it
h

in
cr

ea
se

in
th

e
n
u
m

b
er

of
sa

m
p
le

s.
In

th
e

th
ir

d
p
an

el
,

w
e

u
se
n

=
50

00
sa

m
p
le

s,
an

d
va

ry
m
∈
{2
,3
,4
,5
}.

 0
.0

0
1

 0
.0

1

 0
.1  1

0
0

0
 1

0
0

0
0

in
c
o

n
s
is

te
n

t 
P

R
B

G
R

B
 o

rd
e
r 

M
 =

 4

o
ra

c
le

 l
o

w
e
r 

b
o

u
n

d

sa
m

p
le

si
z
e
n

‖θ̂
−
θ
∗
‖2 2

 0
.0

0
1

 0
.0

1

 0
.1 1

 1
0

 1
0

0

 1
0

0
0  1

0
0

0
 1

0
0

0
0

T
im

e
in

se
c
.

 0
.0

1

 0
.1 1

 2
 3

 4
 5

in
c
o

n
s
is

te
n

t 
P

R
B

G
R

B
 o

rd
e
r 

M
 =

 m

o
ra

c
le

 l
o

w
e
r 

b
o

u
n

d

si
z
e

o
f

to
p
-s

e
ts
m

‖θ̂
−
θ
∗
‖2 2

 0
.0

0
1

 0
.0

1

 0
.1 1

 1
0

 1
0

0

 1
0

0
0

 2
 3

 4
 5

T
im

e
in

se
c
.

F
ig

u
re

8:
T

h
e

je
st

er
d
at

as
et

w
h
ic

h
h
as

d
=

10
0,
n

=
24
,9

83
,

an
d

36
≤
κ
j
≤

10
0.

T
h
e

se
co

n
d

an
d

th
e

fo
u
rt

h
p
an

el
sh

ow
th

e
co

m
p
u
ta

ti
on

ti
m

e
fo

r
th

e
fi
rs

t
an

d
th

e
th

ir
d

p
an

el
re

sp
ec

ti
ve

ly
.

G
en

er
al

iz
ed

ra
n
k
-b

re
ak

in
g

im
p
ro

ve
s

ov
er

p
ai

rw
is

e
R

B
an

d
p

er
fo

rm
s

as
go

o
d

as
or

ac
le

M
L

E
on

je
st

er
d
at

as
et

.

6
.

C
o
m

p
u
ta

ti
o
n
a
l

a
n
d

st
a
ti

st
ic

a
l

tr
a
d
e
o
ff

F
or

es
ti

m
at

or
s

w
it

h
li
m

it
ed

co
m

p
u
ta

ti
on

al
p

ow
er

,
h
ow

ev
er

,
th

e
lo

w
er

b
ou

n
d

T
h
eo

re
m

12
fa

il
s

to
ca

p
tu

re
th

e
d
ep

en
d
en

cy
on

th
e

al
lo

w
ed

co
m

p
u
ta

ti
o
n
al

p
ow

er
.

U
n
d
er

st
an

d
in

g
su

ch
fu

n
d
am

en
ta

l
tr

ad
e-

off
s

is
a

ch
al

le
n
gi

n
g

p
ro

b
le

m
,

w
h
ic

h
h
as

b
ee

n
st

u
d
ie

d
on

ly
in

a
fe

w
sp

ec
ia

l
ca

se
s,

e.
g.

p
la

n
te

d
cl

iq
u
e

p
ro

b
le

m
(D

es
h
p
an

d
e

an
d

M
on

ta
n
ar

i,
2
01

5;
M

ek
a

et
al

.,
20

15
).

T
h
is

is
ou

ts
id

e
th

e
sc

op
e

of
th

is
p
ap

er
,

an
d

w
e

in
st

ea
d

in
v
es

ti
ga

te
th

e
tr

ad
e-

off
ac

h
ie

ve
d

b
y

th
e

p
ro

p
os

ed
ra

n
k
-b

re
ak

in
g

ap
p
ro

ac
h
.

W
h
en

w
e

ar
e

li
m

it
ed

on
co

m
p
u
ta

ti
on

al
p

ow
er

,
T

h
eo

re
m

11
im

p
li
ci

tl
y

ca
p
tu

re
s

th
is

d
ep

en
d
en

ce
w

h
en

or
d
er

-M
ra

n
k
-b

re
ak

in
g

is
u
se

d
.

T
h
e

d
ep

en
d
en

ce
is

ca
p
tu

re
d

in
d
ir

ec
tl

y
v
ia

th
e

re
su

lt
in

g
ra

n
k
-b

re
ak

in
g
{G

j,
a
} j
∈[
n

],
a
∈[
` j

]
an

d
th

e
to

p
o
lo

gy
of

it
.

W
e

m
ak

e
th

is
tr

ad
e-

off
ex

p
li
ci

t
b
y

co
n
si

d
er

in
g

a
si

m
p
le

b
u
t

ca
n
on

ic
al

ex
am

p
le

.
S
u
p
p

os
e
θ∗
∈

Ω
b

w
it

h
b

=
O

(1
).

E
ac

h
u
se

r
gi

ve
s

an
i.
i.
d
.

p
ar

ti
al

ra
n
k
in

g,
w

h
er

e
al

l
it

em
s

ar
e

off
er

ed
an

d
th

e
p
ar

ti
al

ra
n
k
in

g
is

b
as

ed
o
n

an
or

d
er

ed
p
ar

ti
ti

on
w

it
h
` j

=
b√

2
cd

1
/
3
c

su
b
se

ts
fo

r
a

co
n
st

an
t
c.

T
h
e

to
p

su
b
se

t
h
as

si
ze
m
j,

1
=

1,
a
n
d

th
e

a
-t

h
su

b
se

t
h
as

si
ze
m
j,
a

=
a
,

u
p

to
a
<
` j

.
T

h
e

ch
oi

ce
of
` j

w
it

h
a

su
ffi

ci
en

tl
y

sm
al

l
co

n
st

an
t
c

en
su

re
s

th
at

al
l

th
e

co
n
d
it

io
n
s

of
th

e
id

ea
l

ca
se

ex
p
la

in
ed

in
th

e
p
re

v
io

u
s

se
ct

io
n

fo
r

h
o
ld

in
g

th
e

T
h
eo

re
m

11
ar

e
sa

ti
sfi

ed
.

C
o
m

p
u

ta
ti

o
n

.
F

or
a

ch
oi

ce
of
M

su
ch

th
at

M
≤
` j
−

1,
w

e
co

n
si

d
er

th
e

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
in

co
m

p
u
ti

n
g
θ(
t)

,
(6

)
in

on
e

it
er

at
io

n
of

th
e

m
in

or
iz

at
io

n
-m

ax
im

iz
at

io
n

al
go

ri
th

m
,

w
h
ic

h
sc

al
es

as
T

(M
,n

)
=
O

(M
!
×
d
n

).
A

d
et

ai
le

d
an

al
y
si

s
of

th
e

co
n
v
er

g
en

ce
ra

te
of

th
e

M
M

al
go

ri
th

m
is

ou
ts

id
e

th
e

sc
op

e
of

th
is

p
ap

er
.

A
c
c
u

ra
c
y
.

U
n
d
er

th
e

ca
n
on

ic
al

se
tt

in
g,

fo
r
M
≤
` j
−

1,
L

ap
la

ci
an

m
at

ri
x
L

of
th

e
co

m
p
ar

is
on

gr
ap

h
H

is
L

=
n
M

(M
+

1)
/
(2
d
(d
−

1)
)(
d
I−

1
1
>
) .

A
ll

th
e

n
on

-z
er

o
ei

g
en

va
lu

es
of

th
is

co
m

p
le

te
gr

ap
h

ar
e

eq
u
al

,
λ

2
(L

)
=
··
·=

λ
d
(L

)
=

T
r(
L

)/
(d
−

1)
.

T
h
er

ef
or

e,
th

e
re

sc
la

ed
sp

ec
tr

al
ga

p
α

=
1,

an
d

th
e

re
sc

al
ed

la
rg

es
t

ei
ge

n
va

lu
e
β

=
1.

S
in

ce
th

e
eff

ec
ti

ve
sa

m
p
le

si
ze

is
∑

j,
a
m
j,
a
I{
m
j,
a
≤

M
}

=
n
M

(M
+

1)
/2

,
it

fo
ll
ow

s
fr

om
T

h
eo

re
m

11
th

at
th

e
(r

es
ca

le
d
)

ro
ot

m
ea

n
sq

u
ar

ed
er

ro
r

is
O

(√
(d

lo
g
d
)/

(n
M

2
))

.
In

or
d
er

to
ac

h
ie

ve
a

sm
al

le
r

ta
rg

et
er

ro
r

ra
te

of
ε

fo
r

a
fi
x
ed

p
ro

b
le

m
si

ze
d
,

an
an

al
y
st

ca
n

in
cr

ea
se

th
e

ra
n
k
-b

re
ak

in
g

or
d
er
M

an
d
/o

r
in

cr
ea

se
n

th
at

is
co

ll
ec

t
m

or
e

i.
i.
d
.

ra
n
k
in

gs
.

F
ix

in
g

th
e

ra
n
k
-b

re
ak

in
g

or
d
er
M

,
w

e
n
ee

d
to

co
ll
ec

t
n

=
Ω

((
d

lo
g
d
)/

(ε
2
M

2
))

25
JM

L
R

 1
9(

28
):

1-
42

, 2
01

8

K
h
e
t
a
n
a
n
d

O
h

i.
i.
d
.

ra
n
k
in

gs
.

T
h
e

re
su

lt
in

g
tr

ad
e-

off
b

et
w

ee
n

ru
n
-t

im
e

an
d

ro
ot

m
ea

n
sq

u
ar

ed
er

ro
r
ε

is
T

(ε
)
∝

(M
!(
d

2
lo

g
d
)/

(ε
2
M

2
).

T
h
e

co
m

p
u
ta

ti
on

a
l

co
m

p
le

x
it

y
is

q
u
ad

ra
ti

c
in

th
e

ta
rg

et
er

ro
r
ε,

w
h
en

w
e

ca
n

co
ll
ec

t
m

or
e

ra
n
k
in

gs
.

O
n

th
e

ot
h
er

h
an

d
,

fi
x
in

g
th

e
n
u
m

b
er

of
ra

n
k
in

gs
n

,
w

e
n
ee

d
to

ch
o
o
se

M
=

Ω
((

1/
ε)
√

(d
lo

g
d
)/
n

).
T

h
e

re
su

lt
in

g
tr

ad
e-

off
b

et
w

ee
n

ru
n
-t

im
e

an
d

ro
ot

m
ea

n
sq

u
a
re

d
er

ro
r

ε
is
T

(ε
)
∝

(d
(1
/ε

)√
(d

lo
g
d
)/
n
e)

!d
n

.
T

h
e

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
is

su
p

er
ex

p
o
n
en

ti
a
l

in
th

e
ta

rg
et

er
ro

r
ε,

fo
r

a
fi
x
ed

p
ro

b
le

m
si

ze
d

an
d

th
e

n
u
m

b
er

of
ra

n
k
in

gs
n

.
S
u
p

er
ex

p
o
n
en

ti
a
l
co

m
p
le

x
it

y
is

u
n
av

oi
d
ab

le
as

co
m

p
u
ti

n
g

li
ke

li
h
o
o
d

is
su

p
er

ex
p

on
en

ti
al

in
M

.
H

ow
ev

er
,

ou
r

a
p
p
ro

a
ch

p
ro

v
id

es
fl
ex

ib
il
it

y
to

th
e

an
al

y
st

to
ch

o
os

e
b

et
w

ee
n

co
ll
ec

ti
n
g

m
or

e
ra

n
k
in

gs
n

or
in

cr
ea

si
n
g

th
e

ra
n
k
-

b
re

ak
in

g
or

d
er
M

to
ac

h
ie

ve
th

e
d
es

ir
ed

ta
rg

et
er

ro
r.

W
e

sh
ow

n
u
m

er
ic

al
ex

p
er

im
en

t
u
n
d
er

th
is

ca
n
on

ic
al

se
tt

in
g

in
F

ig
u
re

4
(l

ef
t)

w
it

h
d

=
25

6
an

d
M
∈
{1
,2
,3
,4
,5
},

il
lu

st
ra

ti
n
g

th
e

tr
a
d
e-

off
in

p
ra

ct
ic

e.

7
.

P
ro

o
fs

W
e

p
ro

v
id

e
th

e
p
ro

of
s

of
th

e
m

ai
n

re
su

lt
s.

7
.1

P
ro

o
f

o
f

L
e
m

m
a

3

In
th

e
fo

ll
ow

in
g,

w
e

sh
ow

th
at
Q

(e
,θ

;θ
(t

) )
m

in
or

iz
es

ln
(P
θ
(e

))
at
θ(
t)

.
U

si
n
g

J
en

se
n
’s

in
eq

u
a
li
ty

ln
(E

[X
])
≥

E[
ln

(X
)]

,
fo

r
an

y
gi

ve
n

p
ar

am
et

er
θ(
t)
∈
R
d
,

w
e

h
av

e,

ln
(P
θ
(e

))

=
ln
( P

θ

( B
(e

)
≺
T

(e
))
)

=
ln

 
∑

σ
∈Λ

T
(e

)

ex
p
( ∑

|T
(e

)|
c=

1
θ σ

(c
))

∏
|T

(e
)|

u
=

1

( ∑
|T

(e
)|

c′
=
u

ex
p
( θ
σ

(c
′ )
) +

∑
i∈
B

(e
)
ex

p
(θ
i)
) 

≥
∑

σ
∈Λ

T
(e

)

P θ
(t

)
(e
,σ

)

P θ
(t

)
(e

)
ln

 
ex

p
( ∑

|T
(e

)|
c=

1
θ σ

(c
))

∏
|T

(e
)|

u
=

1

( ∑
|T

(e
)|

c′
=
u

ex
p
( θ
σ

(c
′ )
) +

∑
i∈
B

(e
)
ex

p
(θ
i)
)

P θ
(t

)
(e

)

P θ
(t

)
(e
,σ

) 
(1

9)

=
∑

σ
∈Λ

T
(e

)

P θ
(t

)
(e
,σ

)

P θ
(t

)
(e

)

|T
(e

)|
∑ u

=
1

 
θ σ

(u
)
−

ln

 
|T

(e
)|

∑ c′
=
u

ex
p
( θ
σ

(c
′ )
) +

∑

i∈
B

(e
)

ex
p

(θ
i)

 
 

+
∑

σ
∈Λ

T
(e

)

P θ
(t

)
(e
,σ

)

P θ
(t

)
(e

)
ln

(
P θ

(t
)
(e

)

P θ
(t

)
(e
,σ

))

≥
∑

σ
∈Λ

T
(e

)

P θ
(t

)
(e
,σ

)

P θ
(t

)
(e

)

|T
(e

)|
∑ u

=
1

 
θ σ

(u
)
−

∑
|T

(e
)|

c′
=
u

ex
p
( θ
σ

(c
′ )
) +

∑
i∈
B

(e
)
ex

p
(θ
i)

∑
|T

(e
)|

c′
=
u

ex
p
( θ(t

)
σ

(c
′ )

)
+
∑

i∈
B

(e
)
ex

p
( θ(t

)
i

) 
+
f

(e
,θ

(t
) )

≡
Q

(e
,θ

;θ
(t

) )
.

N
ot

e
th

at
in

eq
u
al

it
y

in
(1

9)
is

ti
gh

t
if
θ t

=
θ.

T
h
e

la
st

in
eq

u
al

it
y

fo
ll
ow

s
fr

om
th

e
fa

ct
th

a
t

fo
r

an
y

p
os

it
iv

e
x

an
d
y
,

w
e

h
av

e

−
ln
x
≥

1
−

ln
y
−

(x
/y

)
w

it
h

eq
u
al

it
y

if
an

d
on

ly
if
x

=
y
.

T
h
er

ef
or

e,
Q

(e
,θ

;θ
(t

) )
m

in
or

iz
es

ln
(P
θ
(e

))
an

d
is

eq
u
a
l

to
ln

(P
θ
(e

))
if

an
d

on
ly

if
θ(
t)

=
θ.

26
JM

L
R

 1
9(

28
):

1-
42

, 2
01

8



G
e
n
e
r
a
l
iz
e
d

R
a
n
k
-B

r
e
a
k
in
g

7
.2

P
ro

o
f

o
f

T
h

e
o
re

m
1
1

W
e

d
efi

n
e

few
a
d
d
ition

al
n
otation

s.
p
≡

(1/n
) ∑

nj=
1
p
j .
V

(e
j,a )≡

T
(e
j,a )∪

B
(e
j,a )

for
all

j
∈

[n
]

a
n
d
a
∈

[`
j ].

N
o
te

th
at

b
y

d
efi

n
ition

of
ran

k
-b

reak
in

g
ed

ge
e
j,a ,

V
(e
j,a )

is
a

ran
d
om

set
o
f

item
s

th
a
t

a
re

ra
n
ked

in
b

ottom
r
j,a

p
osition

s
in

a
set

of
S
j

item
s

b
y

th
e

u
ser

j.
T

h
e

p
ro

o
f

sketch
is

in
sp

ired
from

K
h
etan

an
d

O
h

(2016).
T

h
e

m
ain

d
iff

eren
ce

an
d

tech
n
ical

ch
a
llen

g
e

is
in

sh
ow

in
g

th
e

strict
con

cav
ity

ofL
R

B
(θ)

w
h
en

restricted
to

Ω
b .

W
e

w
an

t
to

p
rov

e
an

u
p
p

er
b

o
u
n
d

o
n

∆
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∆
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∆
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eorem

,
th

ere
ex

ists
a
θ

=
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∈
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∆
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∆
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2‖∇
L

R
B

(θ ∗)‖
2

λ
2 (−

H
(θ))

,

w
h
ere

w
e

u
sed

th
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H
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>
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ab
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(ra
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b
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ra
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∇
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∑C⊆
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∂
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r
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p
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b
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d
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r
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∂
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e

ch
o
ice

o
f

th
e

ra
n

k-brea
kin

g
a
n

d
a
re

d
efi

n
ed

in
S

ectio
n

4
.1

.

W
e

w
ill

p
rove

in
(26)

th
at

th
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∂
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p
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e
top

-set
T

(e
j,a )

an
d

th
e

b
ottom

-set
B

(e
j,a ),

an
d
P
θ ∗(e
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=
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ab
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θ ∗
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d
ition

al
p
rob

ab
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con
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θ ∗
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con
d
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b
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θ ∗
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con
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b
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θ ∗
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θ ∗
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∑
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∣ ∣ V
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∂ ∂
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∂ ∂
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∂ ∂
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=
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}

=
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.
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=
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d
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≺
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−
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≺
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≺
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ra
n
ke

d
h
ig

h
er

th
an
C i

1
it

em
s

w
h
en

th
e

off
er

se
t

is
{C

i 1
∪
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∇
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∇
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∇
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∇
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∑
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ra
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∇
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∇
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.
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+
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d
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y

fo
ll
ow

s
fr

om
[T

h
eo

re
m

1.
8,

H
ay

es
(2

00
5)

],
w

e
h
av

e

P[
‖∇
L R

B
(θ
∗ )
‖
≥
δ
]
≤

2e
3

ex
p

(
−

δ2
∑

n j=
1

∑
` j a
=

1
m
j,
a
2γ
−

1
2
e2
b

)
,
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28
):

1-
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8

K
h
e
t
a
n
a
n
d

O
h

w
h
er

e
w

e
u
se

d
‖∇
L(e

j
,a

)
R

B
‖2
≤
m
j,
a
2γ
−

1
2
e2
b
.

C
h
o
os

in
g
δ

=
γ
−

1
2
eb
√

6
n
p

lo
g
d

gi
ve

s
th

e
d
es

ir
ed

b
o
u
n
d
.

N
ow

w
e

ar
e

le
ft

to
sh

ow
th

at
‖∇
L(e

j
,a

)
R

B
‖2
≤

2
m
j,
a
γ
−

1
2
e2
b

fo
r

an
y
θ
∈

Ω
b
.

R
ec

a
ll

th
a
t
σ
∈

Λ
T

(e
j
,a

)

is
th

e
se

t
of

al
l

fu
ll

ra
n
k
in

gs
ov

er
T

(e
j,
a
)

it
em

s.
In

re
st

of
th

e
p
ro

o
f,

w
it

h
a

sl
ig

h
t

a
b
u
se

of
n
ot

at
io

n
s,

w
e

ex
te

n
d

ea
ch

of
th

es
e

ra
n
k
in

g
σ

ov
er
T

(e
j,
a
)
∪
B

(e
j,
a
)

it
em

s
in

th
e

fo
ll
ow

in
g

w
ay

.
C

on
si

d
er

an
y

fu
ll

ra
n
k
in

g
σ̃

ov
er
B

(e
j,
a
)

it
em

s.
T

h
en

fo
r

ea
ch

σ
∈

Λ
T

(e
j
,a

),
th

e
ex

te
n
si

o
n

is
su

ch
th

at
σ

(|T
(e
j,
a
)|

+
c)

=
σ̃

(c
)

fo
r

1
≤
c
≤
|B

(e
j,
a
)|.

T
h
e

ch
oi

ce
of

ra
n
k
in

g
σ̃

w
il
l

h
av

e
n
o

im
p
a
ct

o
n

an
y

of
th

e
fo

ll
ow

in
g

m
at

h
em

at
ic

al
ex

p
re

ss
io

n
s.

F
ro

m
th

e
d
efi

n
it

io
n

of
P θ

(e
j,
a
)

(3
),

w
e

h
av

e,
fo

r
a
n
y

i
∈
V

(e
j,
a
),

∂
P θ

(e
j,
a
)

∂
θ i

=
I{
i
∈
T

(e
j,
a
)}
P θ

(e
j,
a
)

−
∑

σ
∈Λ

T
(e
j
,a

)

ex
p
( ∑

m
j
,a

c=
1
θ σ

(c
))

∏
m
j
,a

u
=

1

( ∑
r j
,a

c′
=
u

ex
p
( θ
σ

(c
′ )
))

︸
︷︷

︸
≡
A
σ

(
m
j
,a

∑ u
′ =

1

I{
σ
−

1
(i

)
≥
u
′ }

ex
p
(θ
i)

∑
r j
,a

c′
=
u
′
ex

p
( θ
σ

(c
′ )
)
)

︸
︷︷

︸
≡
B
σ
,i

︸
︷︷

︸
≡
E
i

.
(2

4
)

N
ot

e
th

at
A
σ
,B

σ
,i

an
d
E
i

d
ep

en
d

on
e j
,a

.
O

b
se

rv
e

th
at

fo
r

an
y

1
≤

u
′
≤

m
j,
a

a
n
d

a
n
y

σ
∈

Λ
T

(e
j
,a

),

∑

i∈
V

(e
j
,a

)

I{
σ
−

1
(i

)
≥
u
′ }

ex
p
(θ
i)

=

r j
,a ∑ c′

=
u
′ex

p
( θ
σ

(c
′ )
) .

T
h
er

ef
or

e,
∑

i∈
V

(e
j
,a

)
B
σ
,i

=
m
j,
a
.

It
fo

ll
ow

s
th

at

∑

i∈
V

(e
j
,a

)

E
i

=
∑

σ
∈Λ

T
(e
j
,a

)

A
σ

(
∑

i∈
V

(e
j
,a

)

B
σ
,i

)
=

m
j,
a

∑

σ
∈Λ

T
(e
j
,a

)

A
σ

=
m
j,
a
P θ

(e
j,
a
)
,

(2
5
)

w
h
er

e
th

e
la

st
eq

u
al

it
y

fo
ll
ow

s
fr

om
th

e
d
efi

n
it

io
n

of
P θ

(e
j,
a
)

(4
).

A
ls

o
,

si
n
ce

fo
r

a
n
y
i,
i′

,
e(
θ i
−
θ i
′)
≤

e2
b
;

fo
r

an
y
i,
B
σ
,i
≤
e2
b
∑

r j
,a

k
=
r j
,a
−
m
j
,a

+
1
(1
/k

)
≤
e2
b
(1

+
lo

g
(r
j,
a
/(
r j
,a
−
m
j,
a

+
1)

))
≤
γ
−

1
2
e2
b
,

w
h
er

e

th
e

la
st

in
eq

u
al

it
y

fo
ll
ow

s
fr

om
th

e
d
efi

n
it

io
n

of
γ

2
(1

2)
an

d
th

e
fa

ct
th

at
x
≤
√

1
+

lo
g
x

fo
r

al
l

x
≥

1.
T

h
er

ef
or

e,
E
i
≤
γ
−

1
2
e2
b
∑

σ
∈Λ

T
(e
j
,a

)
A
σ

=
γ
−

1
2
e2
b
P θ

(e
j,
a
).

W
e

h
av

e
∂

lo
g
P θ

(e
j,
a
)/
∂
θ i

=

(1
/
P θ

(e
j,
a
))
∂
P θ

(e
j,
a
)/
∂
θ i

=
I{
i
∈
T

(e
j,
a
)}
−
E
i/
P θ

(e
j,
a
).

S
in

ce
|T

(e
j,
a
)|

=
m
j,
a
,
‖∇
L(e

j
,a

)
R

B
‖2
≤

m
j,
a

+
∑

i∈
V

(e
j
,a

)(
E
i/
P θ

(e
j,
a
))

2
≤

2
m
j,
a
γ
−

1
2
e2
b
,

w
h
er

e
w

e
u
se

d
(2

5)
an

d
th

e
fa

ct
th

a
t
γ
−

1
2
≥

1
.

7
.4
.1

P
r
o
o
f
o
f
L
e
m
m
a
1
5

F
ir

st
,

w
e

p
ro

ve
(2

2)
.

F
or

b
re

v
it

y,
re

m
ov

e
{j
,a
}

fr
om

P θ
(e
j,
a
).

F
ro

m
E

q
u
at

io
n
s

(2
4
)

a
n
d

(2
5
),

an
d

|T
(e
j,
a
)|

=
m
j,
a
,

w
e

h
av

e
∑

i∈
V

(e
j
,a

)
∂ ∂
θ i
P θ

(e
)

=
m
j,
a
P θ

(e
)
−
m
j,
a
P θ

(e
)

=
0.

It
fo

ll
ow

s
th

a
t

∑

i∈
V

(e
j
,a

)

(
∂

2
lo

g
P θ

(e
)

∂
θ i
′ ∂
θ i

)
=

1

P θ
(e

)

∂

∂
θ i
′(

∑

i∈
V

(e
j
,a

)

(
∂
P θ

(e
)

∂
θ i

))
−

1

(P
θ
(e

))
2

∂
P θ

(e
)

∂
θ i
′

(
∑

i∈
V

(e
j
,a

)

(
∂
P θ

(e
)

∂
θ i

))
=

0
.

(2
6)
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G
e
n
e
r
a
l
iz
e
d

R
a
n
k
-B

r
e
a
k
in
g

S
in

ce
b
y

d
efi

n
itio

n
L

R
B

(θ)
=
∑

nj=
1 ∑

`
j

a
=

1
log

P
θ (e

j,a ),
an

d
H
ii ′(θ)

=
∂

2L
R

B
(θ

)
∂
θ
i ∂
θ
i ′

w
h
ich

is
a

sy
m

m
etric

m
a
trix

,
E

q
u
a
tio

n
(26)

im
p
lies

th
at

it
can

b
e

ex
p
ressed

as
giv

en
in

E
q
u
ation

(22).
It

follow
s

th
at

a
ll-o

n
es

is
a
n

eig
en

vector
of
H

(−
θ)

w
ith

th
e

corresp
on

d
in

g
eigen

valu
e

b
ein

g
zero.

T
o

g
et

a
low

er
b

ou
n
d

on
λ

2 (−
H

(θ)),
w

e
ap

p
ly

W
ey

l’s
in

eq
u
a
lity

λ
2 (−

H
(θ))≥

λ
2 (E

[−
H

(θ)])−
‖
H

(θ)−
E

[H
(θ)]‖

.

W
e

w
ill

sh
ow

in
(2

7)
th

at
λ

2 (E
[−
H

(θ)])≥
e −

6
bα
γ

1 γ
2 γ

3 (n
p
/
(4(d−

1)))
an

d
in

(39)
th

at‖H
(θ)−

E
[H

(θ)]‖
≤

16e
4
bν √

p
m

a
x

κ
m

in

n
p

β
(d−

1
)

log
d
.

P
u
ttin

g
th

ese
to

geth
er,

λ
2 (−

H
(θ))

≥
e −

6
bα
γ

1 γ
2 γ

3
n
p

4(d−
1) −

16e
4
bν √

p
m

a
x

κ
m

in

n
p

β
(d−

1)
log

d

≥
e −

6
bα
γ

1 γ
2 γ

3

8

n
p

(d−
1)
,

w
h
ere

th
e

la
st

in
eq

u
ality

follow
s

from
th

e
assu

m
p
tion

on
n
κ

m
in

given
in

(1
4).

T
o

p
rove

a
low

er
b

ou
n
d

on
λ

2 (E
[−
H

(θ)]),
w

e
claim

th
at

for
θ∈

Ω
b ,

E [−
H

(θ) ]
�

e −
6
bγ

1 γ
2 γ

3

n
∑j=

1

p
j

4κ
j (κ

j −
1)

∑i<
i ′∈

S
j (e

i −
e
i ′)(e

i −
e
i ′) >

(27)

=
e −

6
bγ

1 γ
2 γ

3

4
L
,

w
h
ere

L
∈
S
d

is
d
efi

n
ed

in
(10).

U
sin

g
λ

2 (L
)

=
n
p
α
/(d
−

1)
from

(11),
w

e
h
ave

λ
2 (−

H
(θ))

≥
e −

6
bα
γ

1 γ
2 γ

3 (n
p
/
(4

(d−
1))).

T
o

p
rove

(27),
n
otice

th
at

E
[−
H

(θ)
ii ′]

=
E [
∑j∈

[n
] ∑a∈

[`
j ] I {

(i,i ′)⊆
V

(e
j,a ) }

∂
2

log
P
θ (e

j,a )

∂
θ
i ∂
θ
i ′

]
,

(28)

w
h
en

i6=
i ′.

W
e

w
ill

sh
ow

th
at

for
an

y
i6=

i ′∈
V

(e
j,a ),

∂
2

log
P
θ (e

j,a )

∂
θ
i ∂
θ
i ′

≥



e −
2
bm

j
,a

r
2j,a

if
i,i ′∈

B
(e
j,a )

−
e
4
bm

2j
,a

(r
j
,a −

m
j
,a

+
1
)
2

oth
erw

ise
.

(29)

W
e

n
eed

to
b

o
u
n
d

th
e

p
rob

ab
ility

of
tw

o
item

s
ap

p
earin

g
in

th
e

b
ottom

-set
B

(e
j,a )

an
d

in
th

e
to

p
-set

T
(e
j,a ).

L
e
m

m
a

1
6

C
o
n

sid
er

a
ra

n
kin

g
σ

o
ver

a
set

S
⊆

[d
]

su
ch

th
a
t|S|

=
κ

.
F

o
r

a
n

y
tw

o
item

s
i,i ′∈

S
,

θ∈
Ω
b ,

a
n

d
1
≤
`,`

1 ,`
2 ≤

κ
−

1
,

P
θ [σ
−

1(i),σ
−

1(i ′)
>
` ]
≥

e −
4
b(κ
−
`)(κ
−
`−

1)

κ
(κ
−

1)

(
1−

`κ )
2
e
2
b−

2

,
(30)

P
θ [σ
−

1(i)
=
` ]
≤

e
6
b

κ
−
`
,

(31)

P
θ [σ
−

1(i)
=
`
1 ,σ
−

1(i ′)
=
`
2 ]
≤

e
1
0
b

(κ
−
`
1 −

1)(κ
−
`
2 )
.

(32)

w
h
ere

th
e

p
ro

ba
bility

P
θ

is
w

ith
respect

to
th

e
sa

m
p
led

ra
n

kin
g

resu
ltin

g
fro

m
P

L
w

eigh
ts
θ
∈

Ω
b .

3
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K
h
e
t
a
n
a
n
d

O
h

S
u
b
stitu

tin
g
`

=
κ
j −

r
j,a

+
m
j,a

in
(30

),
an

d
`,`

1 ,`
2 ≤

κ
j −

r
j,a

+
m
j,a

in
(31)

an
d

(32),
w

e
h
ave,

P
θ [(i,i ′)⊆

B
(e
j,a ) ]

≥
e −

4
b(r

j,a −
m
j,a )

2

4κ
j (κ

j −
1)

(
r
j,a −

m
j,a

κ
j

)
2
e
2
b−

2
,

(33)

P
θ [i∈

T
(e
j,a ),i ′∈

B
(e
j,a ) ]

≤
m
j,a

m
ax

`∈
[κ
j −
r
j
,a

+
m
j
,a

] P
(σ
−

1(i)
=
`)

≤
e

6
bm

j,a

r
j,a −

m
j,a
,

(34)

P
θ [(i,i ′)⊆

T
(e
j,a ) ]

≤
m

2j,a
m

ax
`
1
,`

2 ∈
[κ
j −
r
j
,a

+
m
j
,a

] P
(σ
−

1(i)
=
`
1 ,σ
−

1(i ′)
=
`
2 )

≤
e

1
0
bm

2j,a

2
(r
j,a −

m
j,a −

1)(r
j,a −

m
j,a )

,
(35)

w
h
ere

(33)
u
ses

r
j,a −

m
j,a −

1
≥

(r
j,a −

m
j,a )/4

,
(34)

u
ses

P
θ [i∈

T
(e
j,a ),i ′∈

B
(e
j,a )]≤

P
θ [i∈

T
(e
j,a )],

an
d

(34)-(35)
u
ses

cou
n
tin

g
on

th
e

p
ossib

le
ch

oices.
T

h
e

b
ou

n
d

in
(35)

is
sm

aller
th

an
th

e
on

e
in

(34)
as

p
er

ou
r

assu
m

p
tion

th
at
γ

3
>

0.

U
sin

g
E

q
u
ation

s
(28)-(29)

an
d

(33)-(35),
an

d
th

e
d
efi

n
ition

s
of
γ

1 ,γ
2 ,γ

3
from

S
ection

4.1,
w

e
getE

[−
H

(θ)
ii ′]≥

∑j∈
[n

] ∑a∈
[`
j ] {
(
r
j,a −

m
j,a

κ
j

)
2
e
2
b−

2

︸
︷︷

︸
≥
γ

1

(
r
j,a −

m
j,a

r
j,a

)
2

︸
︷︷

︸
≥
γ

2

e −
6
bm

j,a

4κ
j (κ

j −
1)
−

e
6
bm

j,a

r
j,a −

m
j,a

e
4
bm

2j,a

(r
j,a −

m
j,a

+
1)

2 }

≥
∑j,a

γ
1 γ

2 e −
6
bm

j,a

4
κ
j (κ

j −
1)

(
1
−

4e
1
6
b

γ
1

m
2j,a r

2j,a κ
2j

(r
j,a −

m
j,a )

5 )

︸
︷︷

︸
≥
γ

3

.

T
h
is

com
b
in

ed
w

ith
(22)

p
roves

th
e

d
esired

claim
(27).

F
u
rth

er,
in

A
p
p

en
d
ix

7.7,
w

e
sh

ow
th

at
if

m
j,a ≤

3
for

all{j,a}
th

en
∂

2
lo

g
P
θ
(e
j
,a

)
∂
θ
i ∂
θ
i ′

is
n
on

-n
egative

even
for

i6=
i ′∈

T
(e
j,a ),

an
d
i∈

T
(e
j,a ),i ′∈

B
(e
j,a )

as
op

p
osed

to
a

n
egative

low
er-b

ou
n
d

given
in

(29
).

T
h
erefore,

b
ou

n
d

on
E

[−
H

(θ)]
in

(27)
can

b
e

tigh
ten

ed
b
y

a
factor

of
γ

3 .

T
o

p
rove

claim
(29),

d
efi

n
e

th
e

follow
in

g
for

σ
∈

Λ
T

(e
j
,a

) ,

A
σ
≡

ex
p (∑

m
j
,a

c=
1
θ
σ

(c) )
∏
m
j
,a

u
=

1 (∑
r
j
,a

c ′=
u

ex
p (θ

σ
(c ′) ))

,B
σ
≡

m
j
,a

∑u
′=

1

1
∑

r
j
,a

c ′=
u
′ ex

p (θ
σ

(c ′) )
,

B
σ
,i ≡

m
j
,a

∑u
′=

1

I{σ
−

1(i)≥
u
′}

∑
r
j
,a

c ′=
u
′ ex

p (θ
σ

(c ′) )
,C

σ
≡

m
j
,a

∑u
′=

1

1
(∑

r
j
,a

c ′=
u
′ ex

p (θ
σ

(c ′) ))
2
,

C
σ
,i ≡

m
j
,a

∑u
′=

1

I{
σ
−

1(i)≥
u
′}

(∑
r
j
,a

c ′=
u
′ ex

p (θ
σ

(c ′) ))
2
,C

σ
,i,i ′≡

m
j
,a

∑u
′=

1 I{σ
−

1(i),σ
−

1(i ′)≥
u
′}

(∑
r
j
,a

c ′=
u
′ ex

p (θ
σ

(c ′) ))
2
.

(36)

F
irst,

a
few

ob
servation

s
ab

ou
t

th
e

ex
p
ression

of
A
σ
.

F
or

an
y
σ
∈

Λ
T

(e
j
,a

)
an

d
an

y
i∈

V
(e
j,a ),

θ
i

is
in

th
e

n
u
m

erator
if

an
d

on
ly

if
i∈

T
(e
j,a ),

sin
ce

in
all

th
e

ran
k
in

gs
th

at
are

con
sisten

t
w

ith
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G
e
n
e
r
a
l
iz
e
d

R
a
n
k
-B

r
e
a
k
in
g

th
e

ob
se

rv
at

io
n
e j
,a

,
T

(e
j,
a
)

it
em

s
ar

e
ra

n
ke

d
in

to
p
m
j,
a

p
os

it
io

n
s.

F
or

an
y
σ
∈

Λ
T

(e
j
,a

)
a
n
d

an
y

i
∈
B

(e
j,
a
),
θ i

is
in

al
l

th
e

p
ro

d
u
ct

te
rm

s
∏
m
j
,a

u
=

1
(·)

of
th

e
d
en

o
m

in
at

or
,

si
n
ce

in
al

l
th

e
co

n
si

st
en

t
ra

n
k
in

gs
th

es
e

it
em

s
ar

e
ra

n
ke

d
b

el
ow

m
j,
a

p
os

it
io

n
.

F
or

an
y
i
∈
T

(e
j,
a
),
θ i

ap
p

ea
rs

in
p
ro

d
u
ct

te
rm

co
rr

es
p

on
d
in

g
to

in
d
ex

u
if

an
d

on
ly

if
it

em
i

is
ra

n
ke

d
at

p
os

it
io

n
u

or
lo

w
er

th
a
n
u

in
th

e
ra

n
k
in

g
σ
∈

Λ
T

(e
j
,a

).
N

ow
,

ob
se

rv
e

th
at
B
σ

is
d
efi

n
ed

su
ch

th
at

th
e

p
ar

ti
al

d
er

iv
at

iv
e

of
A
σ

w
it

h
re

sp
ec

t
to

an
y
i
∈
B

(e
j,
a
)

is
−
A
σ
B
σ
eθ
i
,

an
d
B
σ
,i

is
d
efi

n
ed

su
ch

th
at

th
e

p
ar

ti
al

d
er

iv
at

iv
e

of
A
σ

w
it

h
re

sp
ec

t
to

an
y
i
∈
T

(e
j,
a
)

is
A
σ
−
A
σ
B
σ
eθ
i
.

F
u
rt

h
er

,
ob

se
rv

e
th

a
t
−
C
σ
eθ
i

is
th

e
p
ar

ti
al

d
er

iv
at

iv
e

of
B
σ

w
it

h
re

sp
ec

t
to
i
∈
B

(e
j,
a
),
−
C
σ
,i
eθ
i

is
th

e
p
ar

ti
al

d
er

iv
at

iv
e

o
f
B
σ
,i

w
it

h
re

sp
ec

t
to
i
∈
T

(e
j,
a
),

an
d
−
C
σ
,i
eθ
i′

is
th

e
p
ar

ti
al

d
er

iv
at

iv
e

of
B
σ
,i

w
it

h
re

sp
ec

t
to
i′
∈
B

(e
j,
a
).
−
C
σ
,i
,i
′ e
θ i
′

is
th

e
p
ar

ti
al

d
er

iv
at

iv
e

of
B
σ
,i

w
it

h
re

sp
ec

t
to
i′
6=
i
∈
T

(e
j,
a
).

F
or

ea
se

of
n
ot

at
io

n
,

w
e

om
it

su
b
sc

ri
p
t

(j
,a

)
w

h
en

ev
er

it
is

cl
ea

r
fr

om
th

e
co

n
te

x
t.

A
ls

o,
w

e
u
se

∑
σ

to
d
en

ot
e
∑

σ
∈Λ

T
(e
j
,a

)
.

W
it

h
th

e
ab

ov
e

d
efi

n
ed

n
ot

at
io

n
s,

fr
o
m

(4
),

w
e

h
av

e,
P θ

(e
)

=
∑

σ
A
σ
.

W
it

h
th

e
ab

ov
e

gi
ve

n
ob

se
rv

at
io

n
s

fo
r

th
e

n
ot

at
io

n
s

in
(3

6)
,

fi
rs

t
p
ar

ti
al

d
er

iv
at

iv
e

of
P θ

(e
)

ca
n

b
e

ex
p
re

ss
ed

as
fo

ll
ow

in
g: ∂
P θ

(e
)

∂
θ i

=

{
∑

σ

( A
σ
−
A
σ
B
σ
,i
eθ
i
)

if
i
∈
T

(e
j,
a
)

∑
σ

( −
A
σ
B
σ
eθ
i
)

if
i
∈
B

(e
j,
a
)
.

(3
7)

It
fo

ll
ow

s
th

at
fo

r
i
6=
i′
∈
V

(e
j,
a
),

∂
2
P θ

(e
)

∂
θ i
∂
θ i
′

=

    

∑
σ

( (A
σ
(B

σ
)2

+
A
σ
C
σ
)e

(θ
i
+
θ i
′)
)

if
i,
i′
∈
B

(e
j,
a
)

∑
σ

( A
σ
−
A
σ
B
σ
,i
′ e
θ i
′

+
(A

σ
B
σ
,i
B
σ
,i
′
+
A
σ
C
σ
,i
,i
′ )
e(
θ i

+
θ i
′)
−
A
σ
B
σ
,i
eθ
i
)

if
i,
i′
∈
T

(e
j,
a
)

∑
σ

( (A
σ
B
σ
B
σ
,i

+
A
σ
C
σ
,i
)e

(θ
i
+
θ i
′)
−
A
σ
B
σ
eθ
i′
)

ot
h
er

w
is

e
.

U
si

n
g
∂

2
lo

g
P θ

(e
)

∂
θ i
∂
θ i
′

=
1

P θ
(e

)
∂

2
P θ

(e
)

∂
θ i
∂
θ i
′
−

1
(P
θ
(e

))
2
∂
P θ

(e
)

∂
θ i

∂
P θ

(e
)

∂
θ i
′

,
w

it
h

ab
ov

e
d
er

iv
ed

fi
rs

t
an

d
se

co
n
d

d
er

iv
at

iv
es

,

an
d

af
te

r
fo

ll
ow

in
g

so
m

e
al

ge
b
ra

,
w

e
h
av

e

(P
θ
(e

))
2

e(
θ i

+
θ i
′)

∂
2

lo
g
P θ

(e
)

∂
θ i
∂
θ i
′

=

        

(∑
σ
A
σ
)(
∑

σ
A
σ
(B

σ
)2

)
−

(∑
σ
A
σ
B
σ
)2

+
(∑

σ
A
σ
)(
∑

σ
A
σ
C
σ
)

if
i,
i′
∈
B

(e
j,
a
)

(∑
σ
A
σ
)(
∑

σ
A
σ
B
σ
,i
B
σ
,i
′
+
A
σ
C
σ
,i
,i
′ )
−

(∑
σ
A
σ
B
σ
,i
)(
∑

σ
A
σ
B
σ
,i
′ )

if
i,
i′
∈
T

(e
j,
a
)

(∑
σ
A
σ
)(
∑

σ
A
σ
B
σ
B
σ
,i

+
A
σ
C
σ
,i
)
−

(∑
σ
A
σ
B
σ
)(
∑

σ
A
σ
B
σ
,i
)

ot
h
er

w
is

e
.

(3
8)

O
b
se

rv
e

th
at

fr
om

C
au

ch
y
-S

ch
w

ar
tz

in
eq

u
al

it
y

(∑
σ
A
σ
)(
∑

σ
A
σ
(B

σ
)2

)
−

(∑
σ
A
σ
B
σ
)2
≥

0.
A

ls
o,

w
e

h
av

e
e(
θ i

+
θ i
′)
C
σ
≥
e−

2
b
(m
/r

2
)

an
d
eθ
i
B
σ
,i
≤
eθ
i
B
σ
≤
e2
b
(m
/
(r
−
m

+
1)

)
fo

r
a
n
y
i
∈
V

(e
j,
a
).

T
h
is

p
ro

v
es

th
e

d
es

ir
ed

cl
ai

m
(2

9)
.

N
ex

t
w

e
n
ee

d
to

u
p
p

er
b

ou
n
d

d
ev

ia
ti

on
of
−
H

(θ
)

fr
om

it
s

ex
p

ec
ta

ti
on

.
F

ro
m

(3
8)

,
w

e
h
av

e,
∣ ∣∂

2
lo

g
P θ

(e
j
,a

)
∂
θ i
∂
θ i
′

∣ ∣
≤

3e
4
b
m

2 j,
a
/
(r
j,
a
−
m
j,
a

+
1)

2
≤

3
e4
b
ν
m
j,
a
/
(κ
j
(κ
j
−

1)
),

w
h
er

e
th

e
la

st
in

eq
u
al

it
y
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K
h
e
t
a
n
a
n
d

O
h

fo
ll
ow

s
fr

om
th

e
d
efi

n
it

io
n

of
ν

(1
3)

.
T

h
er

ef
or

e,

−
H

(θ
)
�

3
e4
b
ν

n ∑ j=
1

` j ∑ a
=

1

∑

i<
i′
∈S

j

I{
(i
,i
′ )
⊆
V

(e
j,
a
)}

m
j,
a

κ
j
(κ
j
−

1)
(e
i
−
e i
′ )

(e
i
−
e i
′ )
>

�
3
e4
b
ν

n ∑ j=
1

∑

i<
i′
∈S

j

∑
` j a
=

1
m
j,
a

κ
j
(κ
j
−

1)
(e
i
−
e i
′ )

(e
i
−
e i
′ )
>
≡

n ∑ j=
1

y j
L
j
,

w
h
er

e
y j

=
(3
e4
b
ν
p
j
)/

(κ
j
(κ
j
−

1)
)

an
d
L
j

=
∑

i<
i′
∈S

j
(e
i
−
e i
′ )

(e
i
−
e i
′ )
>

=
κ
j
d
ia

g
(e
S
j
)
−
e S

j
e> S

j

fo
r
e S

j
=
∑

i∈
S
j
e i

.
O

b
se

rv
e

th
at
‖y
j
L
j
‖
≤

(3
e4
b
ν
p

m
a
x
)/
κ

m
in

.
M

or
eo

ve
r,
L

2 j
�
κ
j
L
j
,

a
n
d

it
fo

ll
ow

s
th

at

n ∑ j=
1

y
2 j
L

2 j
�

9e
8
b
ν

2
n ∑ j=

1

p
2 j

κ
2 j
(κ
j
−

1)
2
κ
j
L
j
�

9
e8
b
ν

2
p

m
a
x

κ
m

in
L
,

w
h
er

e
w

e
u
se

d
th

e
fa

ct
th

at
L

=
(p
j
/
(κ
j
(κ
j
−

1)
))
∑

n j=
1
L
j
,

fo
r
L

d
efi

n
ed

in
(1

0
).

U
si

n
g
λ
d
(L

)
=

n
p
/
(β

(d
−

1)
)

fr
om

(1
1)

,
it

fo
ll
ow

s
th

at
‖∑

n j=
1
E θ

[y
2 j
Y

2 j
]‖
≤

9
e8
b
ν

2
p

m
a
x

κ
m

in

n
p

β
(d
−

1
)
.

B
y

th
e

m
a
tr

ix

B
er

n
st

ie
n

in
eq

u
al

it
y,

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
d
−

3
,

‖H
(θ

)
−

E[
H

(θ
)]
‖
≤

12
e4
b
ν

√
p

m
a
x

κ
m

in

n
p

β
(d
−

1)
lo

g
d

+
8e

4
b
ν
p

m
a
x

lo
g
d

κ
m

in

≤
16
e4
b
ν

√
p

m
a
x

κ
m

in

n
p

β
(d
−

1)
lo

g
d
,

(3
9)

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

fo
ll
ow

s
fr

om
th

e
as

su
m

p
ti

on
on

n
κ

m
in

gi
ve

n
in

(1
4)

.

7
.5

P
ro

o
f

o
f

L
e
m

m
a

1
6

C
la

im
(3

0)
:

S
in

ce
p
ro

v
id

in
g

a
lo

w
er

b
ou

n
d

on
P θ
[ σ
−

1
(i

),
σ
−

1
(i
′ )
>
`]

fo
r

ar
b
it

ra
ry
θ

is
ch

a
ll
en

g
in

g
,

w
e

co
n
st

ru
ct

a
n
ew

se
t

of
p
ar

am
et

er
s
{θ̃
j
} j
∈[
d
]

fr
om

th
e

or
ig

in
al
θ.

T
h
es

e
n
ew

p
a
ra

m
et

er
s

ar
e

co
n
st

ru
ct

ed
su

ch
th

at
it

is
b

ot
h

ea
sy

to
co

m
p
u
te

th
e

p
ro

b
ab

il
it

y
an

d
al

so
p
ro

v
id

es
a

lo
w

er
b

o
u
n
d

on
th

e
or

ig
in

al
d
is

tr
ib

u
ti

on
.

D
efi

n
e
α̃
i,
i′
,`
,θ

as

α̃
i,
i′
,`
,θ
≡

m
ax

`′
∈[
`]

m
ax

Ω
⊆
S
\{
i,
i′
}

:|Ω
|=
κ
−
`′

{
ex

p
(θ
i)

+
ex

p
(θ
i′

)
( ∑

j∈
Ω

ex
p
(θ
j
))
/
|Ω
|}

,
(4

0
)

an
d
α
i,
i′
,`
,θ

=
⌈ α̃

i,
i′
,`
,θ

⌉ .
F

or
ea

se
of

n
ot

at
io

n
w

e
re

m
ov

e
th

e
su

b
sc

ri
p
t

fr
om

α
a
n
d
α̃

.
W

e
d
en

o
te

th
e

su
m

of
th

e
w

ei
gh

ts
b
y
W
≡
∑

j∈
S

ex
p
(θ
j
).

W
e

d
efi

n
e

a
n
ew

se
t

of
p
ar

am
et

er
s
{θ̃
j
} j
∈S

:

θ̃ j
=

{
lo

g
(α̃
/2

)
fo

r
j

=
i

or
i′
,

0
ot

h
er

w
is

e
.
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G
e
n
e
r
a
l
iz
e
d

R
a
n
k
-B

r
e
a
k
in
g

S
im

ila
rly

d
efi

n
e
W̃
≡
∑

j∈
S

ex
p
(θ̃
j )

=
κ
−

2
+
α̃

.
W

e
h
ave,

P
θ [σ
−

1(i),σ
−

1(i ′)
>
` ]

=
∑j
1 ∈
S

j
1 6=
i,i ′ (

ex
p
(θ
j
1 )

W

∑j
2 ∈
S

j
2 6=
i,i ′,j

1 (
ex

p
(θ
j
2 )

W
−

ex
p
(θ
j
1 ) ··· (

∑j
` ∈
S

j
` 6=
i,i ′,

j
1
,···,j

`−
1

ex
p
(θ
j
` )

W
−
∑

j
`−

1

k
=
j
1

ex
p
(θ
k ) )
··· )

)

=
∑j
1 ∈
S

j
1 6=
i,i ′ (

ex
p
(θ
j
1 )

W
−

ex
p
(θ
j
1 ) ···

∑j
`−

1 ∈
S

j
`−

1 6=
i,i ′,

j
1
,···,j

`−
2 (

ex
p
(θ
j
`−

1 )

W
−
∑

j
`−

1

k
=
j
1

ex
p
(θ
k )

∑j
` ∈
S

j
` 6=
i,i ′,

j
1
,···,j

`−
1 (

ex
p
(θ
j
` )

W

)
··· )

)

(41)

C
o
n
sid

er
th

e
seco

n
d
-last

su
m

m
ation

term
in

th
e

ab
ove

eq
u
a
tion

an
d

let
Ω
`

=
S
\{i,i ′,j

1 ,...,j
`−

2 }
.

O
b
serve

th
at,|Ω

` |
=
κ
−
`

an
d

from
eq

u
ation

(40),
ex

p
(θ
i )+

ex
p

(θ
i ′ )

∑
j∈

Ω
`

ex
p

(θ
j )
≤

α̃
κ−

` .
W

e
h
ave,

∑j
`−

1 ∈
Ω
`

ex
p
(θ
j
`−

1 )

W
−
∑

j
`−

1

k
=
j
1

ex
p
(θ
k )

=
∑j
`−

1 ∈
Ω
`

ex
p
(θ
j
`−

1 )

W
−
∑

j
`−

2

k
=
j
1

ex
p
(θ
k )−

ex
p
(θ
j
`−

1 )

≥
∑

j
`−

1 ∈
Ω
`
ex

p
(θ
j
`−

1 )

W
−
∑

j
`−

2

k
=
j
1

ex
p
(θ
k )−

(∑
j
`−

1 ∈
Ω
`
ex

p
(θ
j
`−

1 ) )/|Ω
` |

(42)

=

∑
j
`−

1 ∈
Ω
`
ex

p
(θ
j
`−

1 )

ex
p
(θ
i )

+
ex

p
(θ
i ′)

+
∑

j
`−

1 ∈
Ω
`
ex

p
(θ
j
`−

1 )−
(∑

j
`−

1 ∈
Ω
`
ex

p
(θ
j
`−

1 ) )/|Ω
` |

=

(
ex

p
(θ
i )

+
ex

p
(θ
i ′)

∑
j
`−

1 ∈
Ω
`
ex

p
(θ
j
`−

1 )
+

1−
1

κ
−
` )
−

1

≥
(

α̃

κ
−
`

+
1−

1

κ
−
` )
−

1

(43)

=
κ
−
`

α̃
+
κ
−
`−

1
=

∑j
`−

1 ∈
Ω
`
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∑
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e
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d
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>
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a
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O
b
serve

th
a
t

ex
p

(θ
i )+

ex
p

(θ
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∑
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d
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∑
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∑
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secon
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−
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−
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−
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−
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−
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−
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−
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−
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.
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d
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≤
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≥
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∑
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∑
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−
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=
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−
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=
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.
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in
g

E
q
u
at

io
n
s

(4
8)

an
d

(4
9)

.
C

la
im

(3
2)

:
A

ga
in

,
w

e
co

n
st

ru
ct

a
n
ew

se
t

of
p
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=
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∈
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−

1
(i

)
=
` 1
,σ
−
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≤
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=
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−
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−
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+

2
α̃
`,
θ
)(
κ
−
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−
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−
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−
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−
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−
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−
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−
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−
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in
g

E
q
u
at

io
n
s

(5
0)

an
d

(5
1)

.

7
.6

P
ro

o
f

o
f

T
h

e
o
re

m
1
2

L
et
H

(θ
)
∈
Sd

b
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∂
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∈
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ti

fi
ca

ti
on

”.
M

ax
im

u
m

li
ke

li
h
o
o
d

es
ti

m
at

io
n

w
it

h
gr

ad
ie

n
t

d
es

ce
n
t

is
a

p
o
p
u
la

r
h
eu

ri
st

ic
fo

r
d
y
n
am

ic
al

sy
st

em
id

en
ti

fi
ca

ti
on

L
ju

n
g

(1
99

8)
.

In
th

e
co

n
te

x
t

of
m

a
ch

in
e

le
a
rn

-
in

g,
li
n
ea

r
sy

st
em

s
p
la

y
an

im
p

or
ta

n
t

ro
le

in
n
u
m

er
ou

s
ta

sk
s.

F
or

ex
am

p
le

,
th

ei
r

es
ti

m
a
ti

o
n

ar
is

es
as

su
b
ro

u
ti

n
es

of
re

in
fo

rc
em

en
t

le
ar

n
in

g
in

ro
b

ot
ic

s
L

ev
in

e
an

d
K

ol
tu

n
(2

0
1
3
),

lo
-

ca
ti

on
an

d
m

ap
p
in

g
es

ti
m

at
io

n
in

ro
b

ot
ic

sy
st

em
s

D
u
rr

an
t-

W
h
y
te

an
d

B
a
il
ey

(2
0
0
6
),

a
n
d

es
ti

m
at

io
n

of
p

os
e

fr
om

v
id

eo
R

ah
im

i
et

al
.

(2
00

5)
.

In
th

is
w

or
k
,
w

e
sh

ow
th

at
gr

ad
ie

n
t

d
es

ce
n
t

effi
ci

en
tl

y
m

in
im

iz
es

th
e

m
ax

im
u
m

li
ke

li
h
o
o
d

ob
je

ct
iv

e
of

an
u
n
k
n
ow

n
li
n
ea

r
sy

st
em

gi
ve

n
n
oi

sy
ob

se
rv

at
io

n
s

ge
n
er

at
ed

b
y

th
e

sy
st

em
.

M
or

e
fo

rm
al

ly
,
w

e
re

ce
iv

e
n
oi

sy
ob

se
rv

at
io

n
s

ge
n
er

at
ed

b
y

th
e

fo
ll
ow

in
g

ti
m

e-
in

va
ri

a
n

t
li

n
ea

r
sy

st
em

:

h
t+

1
=
A
h
t
+
B
x
t

(1
.1

)

y t
=
C
h
t
+
D
x
t
+
ξ t

H
er

e,
A
,B
,C
,D

a
re

li
n
ea

r
tr

an
sf

or
m

at
io

n
s

w
it

h
co

m
p
at

ib
le

d
im

en
si

on
s

an
d

w
e

d
en

o
te

b
y

Θ
=

(A
,B
,C
,D

)
th

e
p
ar

am
et

er
s

of
th

e
sy

st
em

.
T

h
e

v
ec

to
r
h
t

re
p
re

se
n
ts

th
e

h
id

d
en

st
a
te

of
th

e
m

o
d
el

at
ti

m
e
t.

It
s

d
im

en
si

on
n

is
ca

ll
ed

th
e

o
rd

er
of

th
e

sy
st

em
.

T
h
e

st
o
ch

a
st

ic
n
o
is

e
va

ri
ab

le
s
{ξ
t}

p
er

tu
rb

th
e

ou
tp

u
t

of
th

e
sy

st
em

w
h
ic

h
is

w
h
y

th
e

m
o
d
el

is
ca

ll
ed

a
n

o
u

tp
u

t
er

ro
r

m
od

el
in

co
n
tr

ol
th

eo
ry

.
W

e
as

su
m

e
th

e
va

ri
ab

le
s

ar
e

d
ra

w
n

i.
i.
d
.

fr
om

a
d
is

tr
ib

u
ti

o
n

w
it

h
m

ea
n

0
an

d
va

ri
an

ce
σ

2
.

T
h
ro

u
gh

ou
t

th
e

p
ap

er
w

e
fo

cu
s

on
co

n
tr

o
ll

a
bl

e
a
n
d

ex
te

rn
a
ll

y
st

a
bl

e
sy

st
em

s.
A

li
n
ea

r
sy

st
em

is
ex

te
rn

al
ly

st
ab

le
(o

r
eq

u
iv

a
le

n
tl

y
bo

u
n

d
ed

-i
n

p
u

t
bo

u
n

d
ed

-o
u

tp
u

t
st

a
bl

e
)

if
a
n
d

o
n
ly

if
th

e
sp

ec
tr

al
ra

d
iu

s
of
A

,
d
en

ot
ed

ρ
(A

),
is

st
ri

ct
ly

b
o
u
n
d
ed

b
y

1.
C

on
tr

ol
la

b
il
it

y
is

a
m

il
d

n
on

-d
eg

en
er

ac
y

as
su

m
p
ti

on
th

at
w

e
fo

rm
al

ly
d
efi

n
e

la
te

r.
W

it
h
ou

t
lo

ss
of

g
en

er
a
li
ty

,
w

e
fu

rt
h
er

as
su

m
e

th
at

th
e

tr
an

sf
or

m
at

io
n
s
B

,
C

an
d
D

h
av

e
b

ou
n
d
ed

F
ro

b
en

iu
s

n
o
rm

.
T

h
is

ca
n

b
e

ac
h
ie

ve
d

b
y

a
re

sc
al

in
g

of
th

e
ou

tp
u
t

va
ri

ab
le

s.
W

e
as

su
m

e
w

e
h
av

e
N

p
a
ir

s
o
f

se
q
u
en

ce
s

(x
,y

)
as

tr
ai

n
in

g
ex

am
p
le

s,

S
=
{ (x

(1
) ,
y

(1
) ),
..
.,

(x
(N

) ,
y

(N
) )}

.

E
ac

h
in

p
u
t

se
q
u
en

ce
x
∈

R
T

of
le

n
gt

h
T

is
d
ra

w
n

fr
om

a
d
is

tr
ib

u
ti

on
an

d
y

is
th

e
co

rr
e-

sp
on

d
in

g
ou

tp
u
t

of
th

e
sy

st
em

ab
ov

e
ge

n
er

at
ed

fr
om

an
u
n
k
n
ow

n
in

it
ia

l
st

a
te
h
.

W
e

a
ll
ow

th
e

u
n
k
n
ow

n
in

it
ia

l
st

at
e

to
va

ry
fr

om
on

e
in

p
u
t

se
q
u
en

ce
to

th
e

n
ex

t.
T

h
is

o
n
ly

m
a
k
es

th
e

le
ar

n
in

g
p
ro

b
le

m
m

or
e

ch
al

le
n
gi

n
g.

O
u
r

go
al

is
to

fi
t

a
li
n
ea

r
sy

st
em

to
th

e
ob

se
rv

at
io

n
s.

W
e

p
ar

am
et

er
iz

e
o
u
r

m
o
d
el

in
ex

ac
tl

y
th

e
sa

m
e

w
ay

as
(1

.1
).

T
h
at

is
,

fo
r

li
n
ea

r
m

ap
p
in

gs
(Â
,B̂
,Ĉ
,D̂

),
th

e
tr

a
in

ed
m

o
d
el

2
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L
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G
r
a
d
ie
n
t
D
e
sc

e
n
t
L
e
a
r
n
s
L
in
e
a
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

is
d
efi

n
ed

a
s:

ĥ
t+

1
=
Â
ĥ
t
+
B̂
x
t ,

ŷ
t

=
Ĉ
ĥ
t
+
D̂
x
t

(1.2)

T
h
e

(po
p
u

la
tio

n
)

risk
of

th
e

m
o
d
el

is
ob

tain
ed

b
y

feed
in

g
th

e
learn

ed
sy

stem
w

ith
th

e
co

rrect
in

itia
l

states
an

d
com

p
arin

g
its

p
red

iction
s

w
ith

th
e

grou
n
d

tru
th

in
ex

p
ectation

over
in

p
u
ts

a
n
d

errors.
D

en
otin

g
b
y
ŷ
t

th
e
t-th

p
red

iction
of

th
e

train
ed

m
o
d
el

startin
g

from
th

e
co

rrect
in

itial
state

th
at

gen
erated

y
t ,

an
d

u
sin

g
Θ̂

as
a

sh
ort

h
an

d
for

(Â
,B̂
,Ĉ
,D̂

),
w

e
fo

rm
a
lly

d
efi

n
e

p
op

u
lation

risk
as:

f
(Θ̂

)
=

E
{
x
t }
,{
ξ
t } [

1T

T
∑t=

1 ‖
ŷ
t −

y
t ‖

2 ]
(1.3)

N
o
te

th
a
t

even
th

ou
gh

th
e

p
red

iction
ŷ
t

is
gen

erated
from

th
e

correct
in

itial
state,

th
e

lea
rn

in
g

a
lg

orith
m

d
o
es

n
ot

h
ave

access
to

th
e

correct
in

itial
state

for
its

train
in

g
seq

u
en

ces.

W
h
ile

th
e

sq
u
ared

loss
ob

jective
tu

rn
s

ou
t

to
b

e
n
on

-con
vex

,
it

h
as

m
an

y
ap

p
ealin

g
p
ro

p
erties.

A
ssu

m
in

g
th

e
in

p
u
ts
x
t

an
d

errors
ξ
t

are
d
raw

n
in

d
ep

en
d
en

tly
from

a
G

au
ssian

d
istrib

u
tio

n
,

th
e

corresp
on

d
in

g
p

op
u
lation

ob
jectiv

e
corresp

on
d
s

to
m

ax
im

u
m

likelih
o
o
d

estim
a
tio

n
.

In
th

is
w

ork
,

w
e

m
ake

th
e

w
eaker

assu
m

p
tion

th
at

th
e

in
p
u
ts

an
d

errors
are

d
raw

n
in

d
ep

en
d
en

tly
from

p
ossib

ly
d
iff

eren
t

d
istrib

u
tion

s.
T

h
e

in
d
ep

en
d
en

ce
assu

m
p
tion

is
certa

in
ly

id
ealized

for
som

e
learn

in
g

ap
p
lication

s.
H

ow
ever,

in
con

trol
ap

p
lication

s
th

e
in

p
u
ts

ca
n

o
ften

b
e

ch
osen

b
y

th
e

con
troller

rath
er

th
an

b
y

n
atu

re.
M

oreover,
th

e
o
u
tp

u
ts

o
f

th
e

sy
stem

a
t

variou
s

tim
e

step
s

are
correlated

th
rou

g
h

th
e

u
n
k
n
ow

n
h
id

d
en

state
a
n
d

th
erefore

n
o
t

in
d
ep

en
d
en

t
even

if
th

e
in

p
u
ts

are.

1
.1

O
u

r
re

su
lts

W
e

sh
ow

th
a
t

w
e

can
effi

cien
tly

m
in

im
ize

th
e

p
op

u
lation

risk
u
sin

g
p
ro

jected
sto

ch
astic

g
ra

d
ien

t
d
escen

t.
T

h
e

b
u
lk

of
ou

r
w

ork
ap

p
lies

to
sin

gle-in
p
u
t

sin
gle-ou

tp
u
t

(S
IS

O
)

sy
stem

s
m

ea
n
in

g
th

a
t

in
p
u
ts

an
d

ou
tp

u
ts

are
scalars

x
t ,y

t ∈
R

.
H

ow
ever,

th
e

h
id

d
en

state
can

h
ave

a
rb

itra
ry

d
im

en
sion

n
.

E
very

con
trollab

le
S
IS

O
ad

m
its

a
con

ven
ien

t
can

o
n
ical

form
ca

lled
co

n
tro

lla
ble

ca
n

o
n

ica
l

fo
rm

th
at

w
e

form
ally

in
tro

d
u
ce

la
ter

in
S
ection

1.7.
In

th
is

can
on

ical
fo

rm
,

th
e

tra
n
sition

m
atrix

A
is

govern
ed

b
y
n

p
a
ram

eters
a

1 ,...,a
n

w
h
ich

coin
cid

e
w

ith
th

e
co

effi
cien

ts
of

th
e

ch
aracteristic

p
oly

n
om

ial
of
A
.

T
h
e

m
in

im
al

assu
m

p
tion

u
n
d
er

w
h
ich

w
e

m
ig

h
t

h
o
p

e
to

learn
th

e
sy

stem
is

th
at

th
e

sp
ectra

l
rad

iu
s

of
A

is
sm

aller
th

an
1.

H
ow

ever,
th

e
set

of
su

ch
m

atrices
is

n
on

-con
vex

an
d

d
o
es

n
ot

h
ave

en
o
u
gh

stru
ctu

re
for

o
u
r

a
n
a
ly

sis. 1
W

e
w

ill
th

erefore
m

a
ke

ad
d
ition

al
assu

m
p
tion

s.
T

h
e

assu
m

p
tion

s
w

e
n
eed

d
iff

er
b

etw
een

th
e

case
w

h
ere

w
e

are
try

in
g

to
learn

A
w

ith
n

p
aram

eter
sy

stem
,

an
d

th
e

ca
se

w
h
ere

w
e

allow
ou

rselv
es

to
over-sp

ecify
th

e
train

ed
m

o
d
el

w
ith

n
′
>
n

p
aram

eters.
T

h
e

fo
rm

er
is

som
etim

es
called

p
rop

er
learn

in
g,

w
h
ile

th
e

latter
is

called
im

p
rop

er
learn

in
g.

In
th

e
im

p
ro

p
er

case,
w

e
are

essen
tially

ab
le

to
learn

an
y

sy
stem

w
ith

sp
ectra

l
rad

iu
s

less
th

a
n

1
u
n
d
er

a
m

ild
sep

aration
con

d
ition

on
th

e
ro

ots
of

th
e

ch
aracteristic

p
o
ly

n
om

ia
l.

O
u
r

a
ssu

m
p
tio

n
in

th
e

p
rop

er
case

is
stron

ger
an

d
w

e
in

tro
d
u
ce

it
n
ex

t.

1
.

In
b

o
th

th
e

co
n
tro

lla
b

le
ca

n
o
n

ica
l

fo
rm

a
n

d
th

e
sta

n
d

a
rd

p
a
ra

m
eteriza

tio
n

o
f

th
e

m
a
trix

A
,

th
e

set
o
f

m
a
trices

w
ith

sp
ectra

l
ra

d
iu

s
less

th
a
n

1
is

n
o
t

co
n
v
ex

.
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H
a
r
d
t
,
M
a
,
a
n
d

R
e
c
h
t

1
.2

P
ro

p
e
r

le
a
rn

in
g

S
u
p
p

ose
th

e
state

tran
sition

m
atrix

A
h
as

ch
aracteristic

p
oly

n
om

ial
d
et(z

I
−
A

)
=
z
n

+
a

1 z
n−

1
+
···

+
a
n
,

w
h
ich

tu
rn

s
ou

t
to

b
y

an
d

large
d
ecid

e
th

e
d
iffi

cu
lty

of
th

e
lea

rn
in

g
accord

in
g

to
ou

r
an

aly
sis.

(In
fact,

w
e

w
ill

p
aram

eterize
A

in
a

w
ay

so
th

at
th

e
co

effi
cien

ts
of

th
e

ch
aracteristic

p
oly

n
om

ials
are

th
e

p
aram

eters
of

learn
in

g
p
rob

lem
.

S
ee

S
ection

1.7
for

th
e

d
etailed

setu
p
.)

C
on

sid
er

th
e

corresp
on

d
in

g
p

oly
n
om

ial
q(z

)
=

1
+
a

1 z
+
a

2 z
2+
···+

a
n
z
n

over
th

e
com

p
lex

n
u
m

b
ers

C
.

1
0

1

1 0 1

C
om

plex plane

F
igu

re
1:

A
n

ex
am

p
le

of
p

oly
n
om

ial
q

th
at

satisfi
es

ou
r

assu
m

p
tion

.
T

h
e

u
n
it

circle
is

th
e

collection
of

th
e

in
-

p
u
ts

of
q

an
d

th
e

oth
er

cu
rve

sh
ow

s
th

e
corresp

on
d
in

g
ou

tp
u
ts

(w
ith

th
e

corresp
on

d
in

g
colors.)

W
e

see
th

e
im

age
of

th
e

p
oly

n
o
m

ial
stay

s
in

th
e

w
ed

ge
w

h
ich

con
tain

s
all

th
e

com
-

p
lex

n
u
m

b
er
z

satisfy
in

g
<

(q(z
))
>

|=
(q(z

))|.

W
e

w
ill

req
u
ire

th
e

state
tran

sition
m

atrix
satisfy

th
at

th
e

im
age

of
th

e
u
n
it

circle
on

th
e

com
p
lex

p
lan

e
u
n
d
er

th
e

p
oly

n
om

ial
q

is
con

tain
ed

in
th

e
con

e
of

com
p
lex

n
u
m

b
ers

w
h
ose

real
p
art

is
larger

th
an

th
eir

ab
solu

te
im

agin
ary

p
art.

F
orm

ally,
for

all
z
∈
C

su
ch

th
at
|z|

=
1
,

w
e

req
u
ire

th
at
<

(q(z
))
>
|=

(q(z
))|.

H
ere,<

(z
)

an
d
=

(z
)

d
en

ote
th

e
rea

l
an

d
im

agin
ary

p
art

of
z
,

resp
ectively.

W
e

illu
strate

th
is

con
d
ition

in
F

igu
re

1
on

th
e

righ
t

for
a

d
egree

4
sy

stem
.

O
u
r

assu
m

p
tion

h
as

th
ree

im
p

ortan
t

im
p
lica

-
tion

s.
F

irst,
it

im
p
lies

(v
ia

R
ou

ch
é’s

th
eorem

)
th

at
th

e
sp

ectral
rad

iu
s

of
A

is
sm

aller
th

an
1

an
d

th
ere-
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su

lt
in

g
sy

st
em

m
ay

b
e

q
u
it

e
la

rg
e,

sc
al

in
g

as
th

e
(1
−
ρ
(A

))
−

2
.

A
s

w
e

d
es

cr
ib

e
in

th
is

w
o
rk

,
ve

ry
si

m
p
le

al
go

ri
th

m
s

w
or

k
in

th
e

im
p
ro

p
er

se
tt

in
g

w
h
en

th
e

sy
st

em
d
eg

re
e

is
a
ll
ow

ed
to

b
e

p
ol

y
n
om

ia
l

in
(1
−
ρ
(A

))
−

1
.

M
or

eo
ve

r,
it

is
n
ot

im
m

ed
ia

te
ly

cl
ea

r
h
ow

to
tr

a
n
sl

a
te

th
e

fr
eq

u
en

cy
-d

om
ai

n
re

su
lt

s
to

th
e

ti
m

e-
d
om

a
in

id
en

ti
fi
ca

ti
on

p
ro

b
le

m
d
is

cu
ss

ed
a
b

ov
e.

O
u
r

m
ai

n
as

su
m

p
ti

on
ab

ou
t

th
e

im
ag

e
of

th
e

p
ol

y
n
om

ia
l
q(
z
)

is
an

a
p
p

ea
l

to
th

e
th

eo
ry

of
p
as

si
ve

sy
st

em
s.

A
sy

st
em

is
p
as

si
ve

if
th

e
d
ot

p
ro

d
u
ct

b
et

w
ee

n
th

e
in

p
u
t

se
q
u
en

ce
u
t

an
d

ou
tp

u
t

se
q
u
en

ce
y t

ar
e

st
ri

ct
ly

p
os

it
iv

e.
P

h
y
si

ca
ll
y,

th
is

n
ot

io
n

co
rr

es
p

o
n
d
s

to
sy

st
em

s
th

at
ca

n
n
ot

cr
ea

te
en

er
gy

.
F

or
ex

am
p
le

,
a

ci
rc

u
it

m
ad

e
so

le
ly

of
re

si
st

or
s,

ca
p
a
ci

to
rs

,
a
n
d

in
d
u
ct

or
s

w
ou

ld
b

e
a

p
as

si
ve

el
ec

tr
ic

a
l

sy
st

em
.

If
on

e
ad

d
ed

an
am

p
li
fi
er

to
th

e
in

te
rn

al
s

of
th

e
sy

st
em

,
th

en
it

w
ou

ld
n
o

lo
n
ge

r
b

e
p
as

si
ve

.
T

h
e

se
t

of
p
as

si
ve

sy
st

em
s

is
a

su
b
se

t
o
f

th
e

se
t

of
st

ab
le

sy
st

em
s,

an
d

th
e

su
b

cl
as

s
is

so
m

ew
h
at

ea
si

er
to

w
or

k
w

it
h

m
a
th

em
a
ti

ca
ll
y.

In
d
ee

d
,

M
eg

re
ts

k
i

u
se

d
to

ol
s

fr
om

p
as

si
ve

sy
st

em
s

to
p
ro

v
id

e
a

re
la

x
at

io
n

te
ch

n
iq

u
e

fo
r

a
fa

m
il
y

of
id

en
ti

fi
ca

ti
on

p
ro

b
le

m
s

in
d
y
n
am

ic
al

sy
st

em
s

M
eg

re
ts

k
i

(2
00

8)
.

H
is

a
p
p
ro

a
ch

is
to

lo
w

er
b

ou
n
d

a
n
on

li
n
ea

r
le

as
t-

sq
u
ar

es
co

st
w

it
h

a
co

n
ve

x
fu

n
ct

io
n
al

.
H

ow
ev

er
,

h
e

d
o
es

n
ot

p
ro

ve
th

at
h
is

te
ch

n
iq

u
e

ca
n

id
en

ti
fy

an
y

of
th

e
sy

st
em

s,
ev

en
a
sy

m
p
to

ti
ca

ll
y.

S
to

ic
a

an
d

S
öd

er
st

rö
m

S
öd

er
st

rö
m

an
d

S
to

ic
a

(1
98

2)
;

S
to

ic
a

an
d

S
öd

er
st

rö
m

(1
9
8
2
,

1
9
8
4
)

an
d

la
te

r
B

az
an

el
la

et
a
l.

B
az

an
el

la
et

al
.

(2
00

8
);

E
ck

h
ar

d
an

d
B

az
an

el
la

(2
0
1
1
)

p
ro

ve
th

e
q
u
as

i-
co

n
ve

x
it

y
of

a
co

st
fu

n
ct

io
n

u
n
d
er

a
p
as

si
v
it

y
co

n
d
it

io
n

in
th

e
co

n
te

x
t

o
f

sy
st

em
id

en
ti

fi
ca

ti
on

,
b
u
t

n
o

sa
m

p
le

co
m

p
le

x
it

y
or

gl
ob

al
co

n
ve

rg
en

ce
p
ro

of
s

ar
e

p
ro

v
id

ed
.
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G
r
a
d
ie
n
t
D
e
sc

e
n
t
L
e
a
r
n
s
L
in
e
a
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

1
.6

P
ro

o
f

o
v
e
rv

ie
w

T
h
e

fi
rst

im
p

ortan
t

step
in

ou
r

p
ro

of
is

to
d
ev

elop
p

op
u
lation

risk
in

F
ou

rier
d
om

ain
w

h
ere

it
is

clo
sely

related
to

w
h
at

w
e

call
id

ea
lized

risk.
Id

ealized
risk

essen
tially

cap
tu

res
th

e
`
2 -d

iff
eren

ce
b

etw
een

th
e

tra
n

sfer
fu

n
ctio

n
of

th
e

learn
ed

sy
stem

an
d

th
e

grou
n
d

tru
th

.
T

h
e

tra
n
sfer

fu
n
ction

is
a

fu
n
d
am

en
tal

ob
ject

in
con

trol
th

eory.
A

n
y

lin
ear

sy
stem

is
co

m
p
letely

ch
aracterized

b
y

its
tran

sfer
fu

n
ction

G
(z

)
=
C

(z
I
−
A

) −
1B
.

In
th

e
ca

se
of

a
S
IS

O
,

th
e

tra
n
sfer

fu
n
ction

is
a

ration
al

fu
n
ction

of
d
egree

n
over

th
e

com
p
lex

n
u
m

b
ers

a
n
d

ca
n

b
e

w
ritten

as
G

(z
)

=
s(z

)/p
(z

).
In

th
e

can
on

ical
form

in
tro

d
u
ced

in
S
ection

1.7,
th

e
co

effi
cien

ts
of
p
(z

)
are

p
recisely

th
e

p
aram

eters
th

at
sp

ecify
A
.

M
oreover,

z
n
p
(1/z

)
=

1
+
a

1 z
+
a

2 z
2

+
···+

a
n
z
n

is
th

e
p

oly
n
om

ial
w

e
en

cou
n
tered

in
th

e
in

tro
d
u
ction

.
U

n
d
er

th
e

a
ssu

m
p
tio

n
illu

strated
earlier,

w
e

sh
ow

in
S
ection

3
th

at
th

e
id

ealized
risk

is
w

ea
kly

qu
a
si-

co
n

vex
(L

em
m

a
3.3).

Q
u
asi-con

vex
ity

im
p
lies

th
at

grad
ien

ts
can

n
ot

van
ish

ex
cep

t
at

th
e

o
p
tim

u
m

o
f

th
e

ob
jective

fu
n
ction

;
w

e
rev

iew
th

is
(m

ostly
k
n
ow

n
)

m
ateria

l
in

S
ection

2.
In

p
a
rticu

la
r,

th
is

lem
m

a
im

p
lies

th
at

in
p
rin

cip
le

w
e

can
h
op

e
to

sh
ow

th
at

grad
ien

t
d
escen

t
co

n
verg

es
to

a
glob

al
op

tim
u
m

.
H

ow
ev

er,
th

ere
are

several
im

p
o
rtan

t
issu

es
th

at
w

e
n
eed

to
a
d
d
ress.

F
irst,

th
e

resu
lt

on
ly

ap
p
lies

to
id

ealized
risk

,
n
ot

ou
r

actu
al

p
o
p
u
lation

risk
o
b

jective.
T

h
erefore

it
is

n
ot

clear
h
ow

to
ob

tain
u
n
b
iased

grad
ien

ts
of

th
e

id
ealized

risk
o
b

jective.
S
eco

n
d
,

th
ere

is
a

su
b
tlety

in
ev

en
d
efi

n
in

g
a

su
itab

le
em

p
irical

risk
o
b

jective.
T

h
e

rea
so

n
is

th
at

risk
is

d
efi

n
ed

w
ith

resp
ect

to
th

e
correct

in
itial

sta
te

of
th

e
sy

stem
w

h
ich

w
e

d
o

n
o
t

h
av

e
access

to
d
u
rin

g
train

in
g
.

W
e

ov
ercom

e
b

oth
of

th
ese

p
rob

lem
s.

In
p
a
rticu

la
r,

w
e

d
esign

an
alm

ost
u
n
b
iased

estim
ator

of
th

e
grad

ien
t

of
th

e
id

ealized
risk

in
L

em
m

a
5
.4

a
n
d

give
varian

ce
b

ou
n
d
s

of
th

e
grad

ien
t

estim
ator

(L
em

m
a

5.5).

O
u
r

resu
lts

on
im

p
rop

er
learn

in
g

in
S
ection

6
rely

on
a

su
rp

risin
gly

sim
p
le

b
u
t

p
ow

erfu
l

in
sig

h
t.

W
e

ca
n

ex
ten

d
th

e
d
egree

of
th

e
tran

sfer
fu

n
ction

G
(z

)
b
y

ex
ten

d
in

g
b

oth
n
u
m

erator
a
n
d

d
en

o
m

in
a
tor

w
ith

a
p

oly
n
om

ial
u

(z
)

su
ch

th
at
G

(z
)

=
s(z

)u
(z

)/p
(z

)u
(z

).
W

h
ile

th
is

resu
lts

in
a
n

eq
u
ivalen

t
sy

stem
in

term
s

of
in

p
u
t-ou

tp
u
t

b
eh

av
ior,

it
can

d
ram

atically
ch

an
ge

th
e

g
eo

m
etry

o
f

th
e

op
tim

ization
lan

d
scap

e.
In

p
articu

la
r,

w
e

can
see

th
a
t

o
n
ly
p
(z

)u
(z

)
h
a
s

to
sa

tisfy
th

e
assu

m
p
tion

of
ou

r
p
ro

p
er

learn
in

g
algorith

m
.

T
h
is

allow
s

u
s,

for
ex

am
p
le,

to
p
u
t
u

(z
)
≈
p
(z

) −
1

so
th

at
p
(z

)u
(z

)
≈

1,
h
en

ce
triv

ially
satisfy

in
g

ou
r

assu
m

p
tion

.
A

su
ita

b
le

in
verse

ap
p
rox

im
ation

ex
ists

u
n
d
er

ligh
t

assu
m

p
tion

s
an

d
req

u
ires

d
egree

n
o

m
ore

th
a
n
d

=
O

(n
).

A
lgorith

m
ically,

th
ere

is
alm

ost
n
o

ch
an

ge.
W

e
sim

p
ly

ru
n

sto
ch

astic
g
ra

d
ien

t
d
escen

t
w

ith
n

+
d

m
o
d
el

p
aram

eters
rath

er
th

an
n

m
o
d
el

p
aram

eters.

1
.7

P
re

lim
in

a
rie

s

F
o
r

co
m

p
lex

m
atrix

(or
vector,

n
u
m

b
er)

C
,

w
e

u
se
<

(C
)

to
d
en

ote
th

e
real

p
art

an
d
=

(C
)

th
e

im
a
g
in

a
ry

p
art,

an
d
C̄

th
e

con
ju

ga
te

an
d
C
∗

=
C̄
>

its
con

ju
gate

tran
sp

ose
.

W
e

u
se|·|

to
d
en

o
te

th
e

ab
solu

te
valu

e
of

a
com

p
lex

n
u
m

b
er
c.

F
or

co
m

p
lex

vector
u

an
d
v
,

w
e

u
se

〈u
,v〉

=
u
∗v

to
d
en

ote
th

e
in

n
er

p
ro

d
u
ct

an
d
‖
u‖

=
√
u
∗u

is
th

e
n
orm

of
u

.
F

or
com

p
lex

m
a
trix

A
a
n
d
B

w
ith

sam
e

d
im

en
sion

,〈A
,B
〉

=
tr(A

∗B
)

d
efi

n
es

an
in

n
er

p
ro

d
u
ct,

an
d

‖
A‖

F
=
√

tr(A
∗A

)
is

th
e

F
rob

en
iu

s
n
orm

.
F

or
a

sq
u
are

m
atrix

A
,

w
e

u
se
ρ
(A

)
to

d
en

ote
th

e
sp

ectral
ra

d
iu

s
of
A

,
th

at
is,

th
e

largest
a
b
solu

te
valu

e
o
f

th
e

elem
en

ts
in

th
e

sp
ectru

m
o
f
A

.
W

e
u
se
I
n

to
d
en

ote
th

e
id

en
tity

m
atrix

w
ith

d
im

en
sio

n
n
×
n

,
an

d
w

e
d
rop

th
e

su
b
scrip

t
w

h
en

it’s
clear

from
th

e
con

tex
t.W

e
let

e
i

d
en

ote
th

e
i-th

stan
d
ard

b
asis

vector.
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H
a
r
d
t
,
M
a
,
a
n
d

R
e
c
h
t

A
S
IS

O
of

ord
er
n

is
in

co
n

tro
lla

ble
ca

n
o
n

ica
l

fo
rm

if
A

an
d
B

h
ave

th
e

follow
in

g
form

A
=



0
1

0
···

0
0

0
1

···
0

...
...

...
...

...
0

0
0

···
1

−
a
n
−
a
n−

1
−
a
n−

2
···

−
a

1


B

=



00...01


(1.4)

W
e

w
ill

p
aram

eterize
Â
,B̂
,Ĉ
,D̂

accord
in

gly.
W

e
w

ill
w

rite
A

=
C

C
(a

)
for

b
rev

ity,
w

h
ere

a
is

u
sed

to
d
en

ote
th

e
u
n
k
n
ow

n
last

row
[−
a
n
,...,−

a
1 ]

of
m

atrix
A

.
W

e
w

ill
u
se

â
to

d
en

ote
th

e
corresp

on
d
in

g
train

in
g

variab
les

for
a
.

S
in

ce
h
ere

B
is

k
n
ow

n
,

so
B̂

is
n
o

lon
ger

a
train

ab
le

p
aram

eter,
an

d
is

forced
to

b
e

eq
u
al

to
B

.
M

oreover,
C

is
a

row
v
ector

an
d

w
e

u
se

[c
1 ,···

,c
n
]

to
d
en

ote
its

co
ord

in
ates

(an
d

sim
ilarly

for
Ĉ

).
A

S
IS

O
is

co
n

tro
lla

ble
if

an
d

on
ly

if
th

e
m

atrix
[B
|
A
B
|
A

2B
|···|

A
n−

1B
]

h
as

ran
k
n
.

T
h
is

statem
en

t
corresp

on
d
s

to
th

e
con

d
ition

th
at

all
h
id

d
en

states
sh

ou
ld

b
e

reach
ab

le
from

som
e

in
itial

con
d
ition

an
d

in
p
u
t

tra
jectory.

A
n
y

con
trollab

le
sy

stem
ad

m
its

a
con

tro
llab

le
can

on
ical

form
H

eij
et

al.
(2007).

F
o
r

vector
a

=
[a
n
,...,a

1 ],
let

p
a (z

)
d
en

ote
th

e
p

oly
n
om

ial

p
a (z

)
=
z
n

+
a

1 z
n−

1
+
···

+
a
n
.

(1.5)

W
h
en
a

d
efi

n
es

th
e

m
atrix

A
th

at
ap

p
ears

in
con

trollab
le

can
on

ical
form

,
th

en
p
a

is
p
recisely

th
e

ch
aracteristic

p
oly

n
om

ial
of
A
.

T
h
at

is,
p
a (z

)
=

d
et(z

I−
A

).

2
.

G
ra

d
ie

n
t

d
e
sce

n
t

a
n
d

q
u
a
si-co

n
v
e
x
ity

It
is

k
n
ow

n
th

at
u
n
d
er

certain
m

ild
con

d
ition

s
(sto

ch
astic)

grad
ien

t
d
escen

t
con

verges
even

on
n
on

-con
vex

fu
n
ction

s
to

lo
cal

m
in

im
u
m

G
e

et
al.

(2015);
L

ee
et

al.
(2016).

T
h
ou

gh
u
su

-
ally

for
con

crete
p
rob

lem
s

th
e

ch
allen

ge
is

to
p
rove

th
at

th
ere

is
n
o

sp
u
riou

s
lo

cal
m

in
im

u
m

oth
er

th
an

th
e

target
solu

tion
.

H
ere

w
e

in
tro

d
u
ce

a
con

d
ition

sim
ilar

to
th

e
q
u
asi-con

v
ex

ity
n
otion

in
H

azan
et

al.
(2015),

w
h
ich

en
su

res
th

at
an

y
p

oin
t

w
ith

van
ish

in
g

gra
d
ien

t
is

th
e

op
tim

al
solu

tion
.

R
ou

gh
ly

sp
eak

in
g,

th
e

con
d
ition

say
s

th
at

at
an

y
p

oin
t
θ

th
e

n
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(Â
,Ĉ
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si-c

o
n
v
e
x
ity

o
f

th
e

id
e
a
liz

e
d

risk

N
ow

th
a
t

w
e

h
ave

a
con

ven
ien

t
ex

p
ression

for
risk

in
F

ou
rier

d
om

ain
,

w
e

can
p
rove

th
at

th
e

id
ea

lized
risk

g
(Â
,Ĉ

)
is

w
eak

ly
-q

u
asi-con

vex
w

h
en
â

is
n
ot

so
far

from
th

e
tru

e
a

in
th

e
sen

se
th

a
t
p
a (z

)
an

d
p̂
a (z

)
h
ave

an
an

gle
less

th
an

π
/2

for
every

z
on

th
e

u
n
it

circle.
W

e
w

ill
u
se

th
e

co
n
ven

tion
th

at
a

an
d
â

refer
to

th
e

p
aram

eters
th

at
sp

ecify
A

an
d
Â
,

resp
ectively.

L
e
m

m
a

3
.3

F
o
r
τ
>

0
a
n

d
every

Ĉ
,

th
e

id
ea

lized
risk

g
(Â
,Ĉ

)
is
τ

-w
ea

kly-qu
a
si-co

n
vex

o
ver

th
e

d
o
m

a
inN

τ (a
)

=

{
â
∈
R
n

:<
(
p
a (z

)

p
â (z

) )
≥
τ
/
2,∀

z
∈
C
,

s.t.|z|
=

1 }
.

(3.6)

P
ro

o
f

W
e

fi
rst

an
aly

ze
a

sin
gle

term
h

=
|Ĝ

(z
)−

G
(z

)| 2.
R

ecall
th

at
Ĝ

(z
)

=
ŝ(z

)/p̂
(z

)
w

h
ere

p̂
(z

)
=
p
â (z

)
=
z
n

+
â

1 z
n−

1
+
···

+
â
n
.

N
ote

th
at
z

is
fi
x
ed

an
d
h

is
a

fu
n
ction

of
â

a
n
d
Ĉ

.
T

h
en

it
is

straigh
tforw

ard
to

see
th

at

∂
h

∂
ŝ(z

)
=

2<
{

1

p̂
(z

) (
ŝ(z

)

p̂
(z

) −
s(z

)

p
(z

) )
∗ }

.
(3.7)

a
n
d

∂
h

∂
p̂
(z

)
=
−

2<
{
ŝ(z

)

p̂
(z

)
2 (

ŝ(z
)

p̂
(z

) −
s(z

)

p
(z

) )
∗ }

.
(3.8)

S
in

ce
ŝ(z

)
a
n
d
p̂
(z

)
are

lin
ear

in
Ĉ

an
d
â

resp
ectively,

b
y

ch
a
in

ru
le

w
e

h
ave

th
at

〈 ∂
h

∂
â
,â−

a〉
+
〈
∂
h

∂
Ĉ
,Ĉ
−
C
〉

=
∂
h

∂
p̂
(z

) 〈 ∂
p̂
(z

)

∂
â
,â−

a〉
+

∂
h

∂
ŝ(z

) 〈 ∂
ŝ(z

)

∂
Ĉ

,Ĉ
−
C
〉

=
∂
h

∂
p̂
(z

) (p̂
(z

)−
p
(z

))
+

∂
h

∂
ŝ(z

) (ŝ(z
)−

s(z
))
.

2
.

T
h

e
F

o
u

rier
tra

n
sfo

rm
ex

ists
sin

ce
‖
r
k ‖

2
=
‖
Ĉ
Â
k
B̂
‖
2≤
‖
Ĉ
‖‖
Â
k‖‖

B̂
‖
≤
cρ

(Â
)
k

w
h

ere
c

d
o
esn

’t
d

ep
en

d
o
n
k

a
n

d
ρ
(Â

)
<

1
.
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H
a
r
d
t
,
M
a
,
a
n
d

R
e
c
h
t

P
lu

ggin
g

th
e

form
u
las

(3.7)
an

d
(3.8)

for
∂
h

∂
ŝ(z

)
an

d
∂
h

∂
p̂
(z

)
in

to
th

e
eq

u
ation

ab
ove,

w
e

ob
tain

th
at

〈 ∂
h

∂
â
,â−

a〉
+
〈
∂
h

∂
Ĉ
,Ĉ
−
C
〉

=
2<
{
−
ŝ(z

)(p̂
(z

)−
p
(z

))
+
p̂
(z

)(ŝ(z
)−

s(z
))

p̂
(z

)
2

(
ŝ(z

)

p̂
(z

) −
s(z

)

p
(z

) )
∗ }

=
2<
{
ŝ(z

)p
(z

)−
s(z

)p̂
(z

)

p̂
(z

)
2

(
ŝ(z

)

p̂
(z

) −
s(z

)

p
(z

) )
∗ }

=
2<
{
p
(z

)

p̂
(z

) ∣∣∣∣ ŝ(z
)

p̂
(z

) −
s(z

)

p
(z

) ∣∣∣∣ 2 }

=
2<
{
p
(z

)

p̂
(z

) }
∣∣∣ Ĝ

(z
)−

G
(z

) ∣∣∣ 2
.

H
en

ce
h

=
|Ĝ

(z
)−

G
(z

)| 2
is
τ
-w

eak
ly

-q
u
asi-con

v
ex

w
ith

τ
=

2
m

in|z|=
1 <
{
p
(z

)
p̂
(z

) }
.

T
h
is

im
p
lies

ou
r

claim
,

sin
ce

b
y

P
rop

osition
3.2,

th
e

id
ealized

risk
g

is
con

vex
com

b
in

ation
of

fu
n
ction

s
of

th
e

form
|Ĝ

(z
)−

G
(z

)| 2
for
|z|

=
1.

M
oreover,

P
rop

osition
2
.5

sh
ow

s
th

at
con

vex
com

b
in

ation
p
reserves

w
eak

q
u
a
si-con

vex
ity.

F
or

fu
tu

re
referen

ce,
w

e
also

p
rove

th
at

th
e

id
ealized

risk
is
O

(n
2/τ

41
)-w

eak
ly

sm
o
oth

.

L
e
m

m
a

3
.4

T
h
e

id
ea

lized
risk

g
(Â
,Ĉ

)
is

Γ
-w

ea
kly

sm
oo

th
w

ith
Γ

=
O

(n
2/τ

41
).

P
ro

o
f

B
y

eq
u
ation

(3.8)
an

d
th

e
ch

ain
ru

le
w

e
get

th
at

∂
g

∂
Ĉ

=

∫

T

∂|Ĝ
(z

)−
G

(z
)| 2

∂
p
(z

)
·
∂
p
(z

)

∂
Ĉ

d
z

=

∫

T
2<
{

1

p̂
(z

) (
ŝ(z

)

p̂
(z

) −
s(z

)

p
(z

) )
∗ }
·
[1,...,z

n−
1]d
z
.

th
erefore

w
e

can
b

ou
n
d

th
e

n
orm

of
th

e
g
rad

ien
t

b
y

∥∥∥∥
∂
g

∂
Ĉ

∥∥∥∥
2≤

(
∫

T ∣∣∣∣ ŝ(z
)

p̂
(z

) −
s(z

)

p
(z

) ∣∣∣∣ 2

d
z )
· (∫

T
4‖[1,...,z

n−
1]‖

2·|
1

p
(z

) | 2d
z )
≤
O

(n
/τ

21
)·
g
(Â
,Ĉ

)
.

S
im

ilarly,
w

e
cou

ld
sh

ow
th

at ∥∥∥
∂
g
∂
â ∥∥∥

2≤
O

(n
2/τ

21
)·
g
(Â
,Ĉ

).

3
.2

J
u

stify
in

g
id

e
a
liz

e
d

risk

W
e

n
eed

to
ju

stify
th

e
ap

p
rox

im
ation

w
e

m
ad

e
in

E
q
u
ation

(3.1).

L
e
m

m
a

3
.5

A
ssu

m
e

th
a
t
ξ
t

a
n

d
x
t

a
re

d
ra

w
n

i.i.d
.

fro
m

a
n

a
rbitra

ry
d
istribu

tio
n

w
ith

m
ea

n
0

a
n

d
va

ria
n

ce
1
.

T
h
en

th
e

po
p
u

la
tio

n
risk

f
(Θ̂

)
ca

n
be

w
ritten

a
s,

f
(Θ̂

)
=

(D̂
−
D

)
2

+
T−

1
∑k

=
1 (

1−
kT

)
(
Ĉ
Â
k−

1B
−
C
A
k−

1B
)

2
+
σ

2
.

(3.9)

1
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G
r
a
d
ie
n
t
D
e
sc

e
n
t
L
e
a
r
n
s
L
in
e
a
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

T
h
e

id
ea

li
ze

d
ri

sk
is

u
p
p

er
b

ou
n
d

of
th

e
p

op
u
la

ti
on

ri
sk
f

(Θ̂
)

ac
co

rd
in

g
to

eq
u
at

io
n

(3
.1

)
an

d
(3

.9
).

W
e

d
on

’t
h
av

e
to

q
u
an

ti
fy

th
e

ga
p

b
et

w
ee

n
th

em
b

ec
au

se
la

te
r

in
A

lg
or

it
h
m

1,
w

e
w

il
l

d
ir

ec
tl

y
op

ti
m

iz
e

th
e

id
ea

li
ze

d
ri

sk
b
y

co
n
st

ru
ct

in
g

an
es

ti
m

at
or

of
it

s
gr

ad
ie

n
t,

a
n
d

th
u
s

th
e

op
ti

m
iz

at
io

n
w

il
l
gu

ar
an

te
e

a
b

ou
n
d
ed

id
ea

li
ze

d
ri

sk
w

h
ic

h
tr

an
sl

at
es

to
a

b
ou

n
d
ed

p
op

u
la

ti
on

ri
sk

.
S
ee

S
ec

ti
on

5
fo

r
d
et

ai
ls

.
P

ro
o
f

[P
ro

of
of

L
em

m
a

3.
5]

U
n
d
er

th
e

d
is

tr
ib

u
ti

on
al

as
su

m
p
ti

on
s

on
ξ t

an
d
x
t,

w
e

ca
n

ca
lc

u
la

te
th

e
ob

je
ct

iv
e

fu
n
ct

io
n
s

ab
ov

e
an

al
y
ti

ca
ll
y.

W
e

w
ri

te
ou

t
y t
,ŷ
t

in
te

rm
s

of
th

e
in

p
u
ts

,

y t
=
D
x
t
+

t−
1

∑ k
=

1

C
A
t−
k
−

1
B
x
k

+
C
A
t−

1
h

0
+
ξ t
,

ŷ t
=
D̂
x
t
+

t−
1

∑ k
=

1

Ĉ
Â
t−
k
−

1
B̂
x
k

+
C
A
t−

1
h

0
.

T
h
er

ef
or

e,
u
si

n
g

th
e

fa
ct

th
at
x
t’

s
ar

e
in

d
ep

en
d
en

t
an

d
w

it
h

m
ea

n
0

an
d

co
va

ri
an

ce
I
,

th
e

ex
p

ec
ta

ti
on

of
th

e
er

ro
r

ca
n

b
e

ca
lc

u
la

te
d

(f
or

m
al

ly
b
y

C
la

im
B

.2
),

E
[ ‖
ŷ t
−
y t
‖2
] =
‖D̂
−
D
‖2 F

+
∑

t−
1

k
=

1

∥ ∥ Ĉ
Â
t−
k
−

1
B̂
−
C
A
t−
k
−

1
B
∥ ∥2 F

+
E[
‖ξ
t‖

2
].

(3
.1

0)

U
si

n
g
E[
‖ξ
t‖

2
]

=
σ

2
,

it
fo

ll
ow

s
th

at

f
(Θ̂

)
=
‖D̂
−
D
‖2 F

+
∑

T
−

1
k
=

1

( 1
−

k T

)∥ ∥
Ĉ
Â
k
−

1
B̂
−
C
A
k
−

1
B
∥ ∥2 F

+
σ

2
.

(3
.1

1)

R
ec

al
l

th
at

u
n
d
er

th
e

co
n
tr

ol
la

b
le

ca
n
on

ic
al

fo
rm

(1
.4

),
B

=
e n

is
k
n
ow

n
an

d
th

er
ef

or
e

B̂
=
B

is
n
o

lo
n
ge

r
a

va
ri

ab
le

.
T

h
en

th
e

ex
p

ec
te

d
ob

je
ct

iv
e

fu
n
ct

io
n

(3
.1

1)
si

m
p
li
fi
es

to

f
(Θ̂

)
=

(D̂
−
D

)2
+
∑

T
−

1
k
=

1

( 1
−

k T

)(
Ĉ
Â
k
−

1
B
−
C
A
k
−

1
B
) 2

+
σ

2
.

T
h
e

p
re

v
io

u
s

le
m

m
a

d
o
es

n
ot

ye
t

co
n
tr

ol
h
ig

h
er

or
d
er

co
n
tr

ib
u
ti

on
s

p
re

se
n
t

in
th

e
id

ea
li
ze

d
ri

sk
.

T
h
is

re
q
u
ir

es
ad

d
it

io
n
al

st
ru

ct
u
re

th
at

w
e

in
tr

o
d
u
ce

in
th

e
n
ex

t
se

ct
io

n
.

4
.

E
ff

e
ct

iv
e

re
la

x
a
ti

o
n
s

o
f

sp
e
ct

ra
l

ra
d
iu

s

T
h
e

p
re

v
io

u
s

se
ct

io
n

sh
ow

ed
q
u
as

i-
co

n
v
ex

it
y

of
th

e
id

ea
li
ze

d
ri

sk
.

H
ow

ev
er

,
se

ve
ra

l
st

ep
s

ar
e

m
is

si
n
g

to
w

ar
d
s

sh
ow

in
g

fi
n
it

e
sa

m
p
le

gu
ar

an
te

es
fo

r
st

o
ch

as
ti

c
gr

ad
ie

n
t

d
es

ce
n
t.

In
p
ar

ti
cu

la
r,

w
e

w
il
l
n
ee

d
to

co
n
tr

ol
th

e
va

ri
an

ce
of

th
e

st
o
ch

as
ti

c
gr

ad
ie

n
t

at
an

y
sy

st
em

th
at

w
e

en
co

u
n
te

r
in

th
e

tr
ai

n
in

g.
F

or
th

is
p
u
rp

o
se

w
e

fo
rm

al
ly

in
tr

o
d
u
ce

ou
r

m
ai

n
as

su
m

p
ti

on
n
ow

an
d

sh
ow

th
at

it
se

rv
es

as
an

eff
ec

ti
v
e

re
la

x
at

io
n

of
sp

ec
tr

al
ra

d
iu

s.
T

h
is

re
su

lt
s

b
el

ow
w

il
l

b
e

u
se

d
fo

r
p
ro

v
in

g
co

n
ve

rg
en

ce
o
f

st
o
ch

as
ti

c
gr

ad
ie

n
t

d
es

ce
n
t

in
S
ec

ti
on

5.
C

on
si

d
er

th
e

fo
ll
ow

in
g

co
n
v
ex

re
gi

on
C

in
th

e
co

m
p
le

x
p
la

n
e,

C
=
{z

:
<z
≥

(1
+
τ 0

)|=
z
|}
∩
{z

:
τ 1
<
<z

<
τ 2
}.

(4
.1

)

w
h
er

e
τ 0
,τ

1
,τ

2
>

0
ar

e
co

n
st

an
ts

th
a
t

ar
e

co
n
si

d
er

ed
a
s

fi
x
ed

co
n
st

an
t

th
ro

u
gh

ou
t

th
e

p
ap

er
.

O
u
r

b
ou

n
d
s

w
il
l

h
av

e
p

ol
y
n
om

ia
l

d
ep

en
d
en

cy
on

th
es

e
p
ar

am
et

er
s.

P
ic

to
ri

al
ly

,
th

is
co

n
ve

x
se

t
is

p
re

tt
y

m
u
ch

th
e

d
ar

k
ar

ea
in

F
ig

u
re

1
(w

it
h

th
e

co
rn

er
ch

op
p

ed
).

T
h
is

se
t

in
C

in
d
u
ce

s
a

co
n
ve

x
se

t
in

th
e

p
ar

am
et

er
sp

ac
e

w
h
ic

h
is

a
su

b
se

t
of

th
e

tr
an

si
ti

on
m

at
ri

x
w

it
h

sp
ec

tr
al

ra
d
iu

s
le

ss
th

an
α

.
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H
a
r
d
t
,
M
a
,
a
n
d

R
e
c
h
t

D
e
fi

n
it

io
n

4
.1

W
e

sa
y

a
po

ly
n

o
m

ia
l
p
(z

)
is
α

-a
cq

u
ie

sc
en

t
if
{p

(z
)/
z
n

:
|z
|=

α
}
⊆
C.

A
li

n
ea

r
sy

st
em

w
it

h
tr

a
n

sf
er

fu
n

ct
io

n
G

(z
)

=
s(
z
)/
p
(z

)
is
α

-a
cq

u
ie

sc
en

t
if

th
e

d
en

o
m

in
a
to

r
p
(z

)
is

.

T
h
e

se
t

of
co

effi
ci

en
ts
a
∈
R
n

d
efi

n
in

g
ac

q
u
ie

sc
en

t
sy

st
em

s
fo

rm
a

co
n
ve

x
se

t.
F

o
rm

a
ll
y,

fo
r

a
p

os
it

iv
e
α
>

0,
d
efi

n
e

th
e

co
n
ve

x
se

t
B α
⊆

R
n

a
s

B α
=
{ a
∈
R
n

:
{p
a
(z

)/
z
n

:
|z
|=

α
}
⊆
C}

.
(4

.2
)

W
e

n
ot

e
th

at
d
efi

n
it

io
n

(4
.2

)
is

eq
u
iv

al
en

t
to

th
e

d
efi

n
it

io
n
B α

=
{ a
∈
R
n

:
{z
n
p
(1
/
z
):
|z
|=

1/
α
}
⊆
C}

,
w

h
ic

h
is

th
e

ve
rs

io
n

th
at

w
e

u
se

d
in

in
tr

o
d
u
ct

io
n

fo
r

si
m

p
li
ci

ty
.

In
d
ee

d
,

w
e

ca
n

ve
ri

fy
th

e
co

n
ve

x
it

y
of
B α

b
y

d
efi

n
it

io
n

an
d

th
e

co
n
ve

x
it

y
o
f
C:

a
,b
∈
B
α

im
p
li
es

th
a
t

p
a
(z

)/
z
n
,p
b
(z

)/
z
n
∈
C

an
d

th
er

ef
or

e,
p

(a
+
b)
/
2
(z

)/
z
n

=
1 2
(p
a
(z

)/
z
n

+
p
b
(z

)/
z
n
)
∈
C.

W
e

al
so

n
ot

e
th

at
th

e
p
ar

am
et

er
α

in
th

e
d
efi

n
it

io
n

o
f

ac
q
u
ie

sc
en

ce
co

rr
es

p
on

d
s

to
th

e
sp

ec
tr

a
l

ra
d
iu

s
of

th
e

co
m

p
an

io
n

m
at

ri
x
.

In
p
ar

ti
cu

la
r,

an
ac

q
u
ie

sc
en

t
sy

st
em

is
st

ab
le

fo
r
α
<

1
.

L
e
m

m
a

4
.2

S
u

p
po

se
a
∈
B α

,
th

en
th

e
ro

o
ts

o
f

po
ly

n
o
m

ia
l
p
a
(z

)
h
a
ve

m
a
gn

it
u

d
es

bo
u

n
d
ed

by
α

.
T

h
er

ef
o
re

th
e

co
n

tr
o
ll

a
bl

e
ca

n
o
n

ic
a
l

fo
rm

A
=

C
C

(a
)

d
efi

n
ed

by
a

h
a
s

sp
ec

tr
a
l

ra
d
iu

s
ρ
(A

)
<
α

.

P
ro

o
f

D
efi

n
e

h
ol

om
or

p
h
ic

fu
n
ct

io
n
f

(z
)

=
z
n

an
d
g
(z

)
=
p
a
(z

)
=
z
n

+
a

1
z
n
−

1
+
··
·+

a
n
.

W
e

ap
p
ly

th
e

sy
m

m
et

ri
c

fo
rm

of
R

ou
ch

e’
s

th
eo

re
m

E
st

er
m

an
n

(1
96

2)
on

th
e

ci
rc

le
K

=
{z

:
|z
|=

α
}.

F
or

an
y

p
oi

n
t
z

on
K

,
w

e
h
av

e
th

at
|f

(z
)|

=
α
n
,

an
d

th
at
|f

(z
)
−
g
(z

)|
=

α
n
·|1
−
p
a
(z

)/
z
n
|.

S
in

ce
a
∈
B α

,
w

e
h
av

e
th

at
p
a
(z

)/
z
n
∈
C

fo
r

an
y
z

w
it

h
|z
|=

α
.

O
b
se

rv
e

th
at

fo
r

an
y
c
∈
C

w
e

h
av

e
th

at
|1
−
c|
<

1
+
|c|

,
th

er
ef

or
e

w
e

h
av

e
th

at

|f
(z

)
−
g
(z

)|
=
α
n
|1
−
p
a
(z

)/
z
n
|<

α
n
(1

+
|p
a
(z

)|/
|z
n
|)

=
|f

(z
)|

+
|p
a
(z

)|
=
|f

(z
)|

+
|g

(z
)|
.

H
en

ce
,

u
si

n
g

R
ou

ch
e’

s
T

h
eo

re
m

,
w

e
co

n
cl

u
d
e

th
at
f

an
d
g

h
av

e
sa

m
e

n
u
m

b
er

o
f

ro
o
ts

in
si

d
e

ci
rc

le
K

.
N

ot
e

th
at

fu
n
ct

io
n
f

=
z
n

h
as

ex
ac

tl
y
n

ro
ot

s
in
K

an
d

th
er

ef
o
re
g

h
av

e
a
ll

it
s
n

ro
ot

s
in

si
d
e

ci
rc

le
K

.

T
h
e

fo
ll
ow

in
g

le
m

m
a

es
ta

b
li
sh

es
th

e
fa

ct
th

at
B α

is
a

m
on

ot
on

e
fa

m
il
y

of
se

ts
in
α

.
T

h
e

p
ro

of
fo

ll
ow

s
fr

om
th

e
m

ax
im

u
m

m
o
d
u
lo

p
ri

n
ci

p
le

of
th

e
h
ar

m
on

ic
fu

n
ct

io
n
s
<(
z
n
p
(1
/
z
))

an
d
=(
z
n
p
(1
/z

))
.

W
e

d
ef

er
th

e
sh

or
t

p
ro

of
to

S
ec

ti
on

C
.1

.
W

e
re

m
ar

k
th

a
t

th
er

e
a
re

la
rg

er
co

n
ve

x
se

ts
th

an
B α

th
at

en
su

re
b

ou
n
d
ed

sp
ec

tr
al

ra
d
iu

s.
H

ow
ev

er
,

in
o
rd

er
to

al
so

gu
ar

an
te

e
m

o
n
ot

on
ic

it
y

an
d

th
e

n
o

b
lo

w
-u

p
p
ro

p
er

ty
b

el
ow

,
w

e
h
av

e
to

re
st

ri
ct

o
u
r

at
te

n
ti

on
to
B α
.

L
e
m

m
a

4
.3

(M
o
n

o
to

n
ic

it
y

o
f
B α

)
F

o
r

a
n

y
0
<
α
<
β

,
w

e
h
a
ve

th
a
t
B α
⊂
B β

.

O
u
r

n
ex

t
le

m
m

a
en

ta
il
s

th
at

ac
q
u
ie

sc
en

t
sy

st
em

s
h
av

e
w

el
l

b
eh

av
ed

im
p
u
ls

e
re

sp
o
n
se

s.

L
e
m

m
a

4
.4

(N
o

b
lo

w
-u

p
p

ro
p

e
rt

y
)

S
u

p
po

se
a
∈
B α

fo
r

so
m

e
α
≤

1.
T

h
en

th
e

co
m

-
pa

n
io

n
m

a
tr

ix
A

=
C

C
(a

)
sa

ti
sfi

es

∞ ∑ k
=

0

‖α
−
k
A
k
B
‖2
≤

2
π
n
α
−

2
n
/τ

2 1
.

(4
.3

)

1
4

JM
L

R
 1

9(
29

):
1-

44
, 2
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G
r
a
d
ie
n
t
D
e
sc

e
n
t
L
e
a
r
n
s
L
in
e
a
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

M
o
reo

ver,
it

h
o
ld

s
th

a
t

fo
r

a
n

y
k
≥

0
,

‖A
kB
‖

2≤
m

in{
2π
n
/τ

21
,2
π
n
α

2
k−

2
n
/τ

21 }
.

P
ro

o
f

[P
ro

o
f

o
f

L
em

m
a

4.4]
L

et
f
λ

=
∑
∞k
=

0
e
iλ
kα
−
kA

kB
b

e
th

e
F

ou
rier

tran
sform

of
th

e
series

α
−
kA

kB
.

T
h
en

u
sin

g
P

a
rseva

l’s
T

h
eo

rem
,

w
e

h
ave

∞∑k
=

0 ‖α
−
kA

kB
‖

2
=

∫
2
π

0
|f
λ | 2d

λ
=

∫
2
π

0
|(I−

α
−

1e
iλA

) −
1B
| 2d
λ

=

∫
2
π

0

∑
nj=

1
α

2
j

|p
a (α

e −
iλ)| 2

d
λ
≤
∫

2
π

0

n

|p
a (α

e −
iλ)| 2

d
λ
.

(4.4)

w
h
ere

a
t

th
e

la
st

step
w

e
u
sed

th
e

fact
th

at
(I
−
w
A

) −
1B

=
1

p
a
(w
−
1
) [w
−

1,w
−

2
...,z −

n
] >

(see
L

em
m

a
B

.1),
an

d
th

at
α
≤

1.
S
in

ce
a
∈
B
α
,

w
e

h
ave

th
at
|q
a (α
−

1e
iλ)|≥

τ
1 ,

an
d

th
erefore

p
a (α

e −
iλ)

=
α
n
e −

in
λq(e

iλ/α
)

h
as

m
agn

itu
d
e

at
least

τ
1 α

n
.

P
lu

ggin
g

in
th

is
in

to
eq

u
a
tio

n
(4

.4),
w

e
con

clu
d
e

th
at

∞∑k
=

0 ‖α
−
kA

kB
‖

2≤
∫

2
π

0

n

|p
a (α

e −
iλ)| 2

d
λ
≤

2
π
n
α
−

2
n
/τ

21
.

F
in

a
lly

w
e

esta
b
lish

th
e

b
ou

n
d

for‖
A
kB
‖

2.
B

y
L

em
m

a
4.3,

w
e

h
av

e
B
α
⊂
B

1
for

α
≤

1.
T

h
erefo

re
w

e
can

p
ick

α
=

1
in

eq
u
ation

(4.3)
an

d
it

still
h
old

s.
T

h
at

is,
w

e
h
ave

th
a
t

∞∑k
=

0 ‖
A
kB
‖

2≤
2
π
n
/τ

21
.

T
h
is

a
lso

im
p
lies

th
at‖A

kB
‖

2≤
2
π
n
/τ

21
.

4
.1

E
ffi

c
ie

n
tly

c
o
m

p
u

tin
g

th
e

p
ro

je
c
tio

n

In
o
u
r

a
lg

o
rith

m
,

w
e

req
u
ire

a
p
ro

jection
on

to
B
α
.

H
ow

ever,
th

e
on

ly
req

u
irem

en
t

of
th

e
p
ro

jectio
n

step
is

th
at

it
p
ro

jects
on

to
a

set
con

tain
ed

in
sid

e
B
α

th
at

also
con

tain
s

th
e

tru
e

lin
ea

r
sy

stem
.

S
o

a
variety

of
su

b
rou

tin
es

can
b

e
u
sed

to
com

p
u
te

th
is

p
ro

jection
or

a
n

a
p
p
rox

im
a
tion

.
F

irst,
th

e
ex

p
licit

p
ro

jection
o
n
to
B
α

is
rep

resen
tab

le
b
y

a
sem

id
efi

n
ite

p
ro

g
ra

m
.

T
h
is

is
b

ecau
se

each
of

th
e

th
ree

con
strain

s
can

b
e

ch
eck

ed
b
y

testin
g

if
a

trigon
o-

m
etric

p
o
ly

n
o
m

ial
is

n
on

-n
egativ

e.
A

sim
p
le

in
n
er

ap
p
rox

im
ation

can
b

e
con

stru
cted

b
y

req
u
irin

g
th

e
co

n
strain

ts
to

h
old

on
an

a
fi
n
ite

grid
of

size
O

(n
).

O
n
e

can
ch

eck
th

at
th

is
p
rov

id
es

a
tigh

t,
p

oly
h
ed

ral
ap

p
rox

im
a
tion

to
th

e
set
B
α
,

follow
in

g
an

argu
m

en
t

sim
ilar

to
A

p
p

en
d
ix

C
of

B
h
askar

et
a
l

B
h
askar

et
al.

(2013).
P

ro
jection

to
th

is
p

oly
h
ed

ral
takes

a
t

m
o
st
O

(n
3
.5)

tim
e

b
y

lin
ear

p
rogram

m
in

g
an

d
p

oten
tially

can
b

e
m

ad
e

faster
b
y

u
sin

g
fast

F
o
u
rier

tra
n
sform

.
S
ee

S
ection

F
for

m
ore

d
etailed

d
iscu

ssion
on

w
h
y

p
ro

jection
on

a
p

o
ly

to
p

e
su

ffi
ces.

F
u
rth

erm
ore,

som
etim

es
w

e
can

rep
lace

th
e

con
strain

t
b
y

an
`
1

or
`
2 -

co
n
stra

in
t

if
w

e
k
n
ow

th
at

th
e

sy
stem

satisfi
es

th
e

corresp
on

d
in

g
assu

m
p
tion

.
R

em
ov

in
g

th
e

p
ro

jection
step

en
tirely

is
an

in
terestin

g
op

en
p
rob

lem
.
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H
a
r
d
t
,
M
a
,
a
n
d

R
e
c
h
t

5
.

L
e
a
rn

in
g

a
cq

u
ie

sce
n
t

sy
ste

m
s

N
ex

t
w

e
sh

ow
th

at
w

e
can

learn
acq

u
iescen

t
sy

stem
s.

T
h

e
o
re

m
5
.1

S
u

p
po

se
th

e
tru

e
system

Θ
is
α

-a
cqu

iescen
t

a
n

d
sa

tisfi
es
‖
C
‖
≤

1
.

T
h
en

w
ith

N
sa

m
p
les

o
f

len
gth

T
≥

Ω
(n

+
1
/
(1−

α
)),

stoch
a
stic

gra
d
ien

t
d
escen

t
(A

lgo
rith

m
1
)

w
ith

p
ro

jectio
n

setB
α

retu
rn

s
pa

ra
m

eters
Θ̂

=
(Â
,B̂
,Ĉ
,D̂

)
w

ith
po

p
u

la
tio

n
risk

E
f

(Θ̂
)≤

f
(Θ

)
+
O

(
n

2

N
+

√
n

5
+
σ

2n
3

T
N

)
,

(5.1)

w
h
ere

O
(·)-n

o
ta

tio
n

h
id

es
po

lyn
o
m

ia
l

d
epen

d
en

cies
o
n

1
/(1−

α
),

1
/τ

0 ,1/τ
1 ,τ

2 ,
a
n

d
R

=
‖
a‖

.
T

h
e

expecta
tio

n
is

ta
ken

o
ver

th
e

ra
n

d
o
m

n
ess

o
f

th
e

a
lgo

rith
m

s
a
n

d
th

e
exa

m
p
les.

A
lg

o
rith

m
1

P
ro

jected
sto

ch
astic

grad
ien

t
d
escen

t
w

ith
p
artial

loss

F
o
r
i

=
0

to
N

:

1.
T

ake
a

fresh
sam

p
le

((x
1 ,...,x

T
),(y

1 ,...,y
T

)).
L

et
ỹ
t

b
e

th
e

sim
u
lated

ou
tp

u
ts

3
of

sy
stem

Θ̂
on

in
p
u
ts
x

an
d

in
itial

states
h

0
=

0
.

2.
L

et
T

1
=

T
/
4.

R
u
n

sto
ch

astic
grad

ien
t

d
escen

t
4

on
loss

fu
n
ction

`((x
,y

),Θ̂
)

=
1

T−
T
1 ∑

t>
T
1 ‖
ỹ
t −

y
t ‖

2.
C

on
cretely,

let
G
A

=
∂
`
∂
â
,
G
C

=
∂
`

∂
Ĉ

,
an

d
,
G
D

=
∂
`

∂
D̂

,
w

e
u
p

d
ate

[â
,Ĉ
,D̂

]→
[â
,Ĉ
,D̂

]−
η
[G

A
,G

C
,G

D
].

3.
P

ro
ject

Θ̂
=

(â
,Ĉ
,D̂

)
to

th
e

setB
α ⊗

R
n⊗

R
.

R
ecall

th
at
T

is
th

e
len

gth
of

th
e

seq
u
en

ce
an

d
N

is
th

e
n
u
m

b
er

of
sa

m
p
les.

T
h
e

fi
rst

term
in

th
e

b
ou

n
d

(5.1)
com

es
from

th
e

sm
o
oth

n
ess

of
th

e
p

op
u
lation

risk
an

d
th

e
secon

d
com

es
from

th
e

varian
ce

of
th

e
grad

ien
t

estim
ator

of
p

op
u
lation

risk
(w

h
ich

w
ill

b
e

d
escrib

ed
in

d
etail

b
elow

).
A

n
im

p
ortan

t
(b

u
t

n
ot

su
rp

risin
g)

featu
re

h
ere

is
th

e
varian

ce
scale

in
1
/T

an
d

th
erefore

for
lon

g
seq

u
en

ce
actu

ally
w

e
got

1/N
con

vergen
ce

in
stead

of
1/ √

N
(for

relatively
sm

all
N

).

C
o
m

p
u

ta
tio

n
a
l

co
m

p
lexity:

S
tep

2
in

each
iteration

of
th

e
algorith

m
takes

O
(T
n

)
arith

m
etic

op
eration

s,
an

d
th

e
p
ro

jection
step

takes
O

(n
3
.5)

tim
e

to
solve

an
lin

ear
p
rogram

m
in

g
p
rob

lem
.

T
h
e

p
ro

ject
step

is
u
n
lik

ely
to

b
e

req
u
ired

in
p
ractice

an
d

m
ay

b
e

an
artifact

of
ou

r
an

aly
sis.

W
e

can
fu

rth
er

b
alan

ce
th

e
varian

ce
of

th
e

estim
ator

w
ith

th
e

n
u
m

b
er

of
sam

p
les

b
y

b
reak

in
g

each
lon

g
seq

u
en

ce
of

len
gth

T
in

to
Θ

(T
/n

)
sh

ort
seq

u
en

ces
of

len
gth

Θ
(n

),
an

d
th

en
ru

n
b
ack

-p
rop

agation
(1)

on
th

ese
T
N
/n

sh
orter

seq
u
en

ces.
T

h
is

lead
s

u
s

to
th

e
follow

in
g

b
ou

n
d

w
h
ich

giv
es

th
e

righ
t

d
ep

en
d
en

cy
in
T

an
d
N

as
w

e
ex

p
ected

:
T
N

sh
ou

ld
b

e
cou

n
ted

as
th

e
tru

e
n
u
m

b
er

of
sam

p
les

for
th

e
seq

u
en

ce-to-seq
u
en

ce
m

o
d
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Ĉ

] ±
ex

p
(−

Ω
((

1
−
α

)T
))
.

(5
.2

)

F
in

al
ly

,
w

e
co

n
tr

ol
th

e
va

ri
an

ce
of

th
e

gr
ad

ie
n
t

es
ti

m
at

or
.

L
e
m

m
a

5
.5

T
h
e

(a
lm

o
st

)
u

n
bi

a
se

d
es

ti
m

a
to

r
(G

A
,G

C
)

o
f

th
e

gr
a
d
ie

n
t

o
f
g
(Â
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m

re
p
re

se
n
ta

ti
on

of
G

(z
).

C
on

si
d
er
G

(z
)

=
s(
z
)

p
(z

)
:=

z
n
−

0
.8
−
n

(z
−

0
.1

)(
z
n
−

0
.9
−
n

)
an

d
G
′ (
z
)

=
s′

(z
)

p
′ (
z
)

:=
1

z
−

0
.1

.
C

le
ar

ly
th

es
e

ar
e

th
e

m
in

im
u
m

re
p
re

se
n
ta

ti
on

s
of

th
e
G

(z
)

an
d
G
′ (
z
),

w
h
ic

h
al

so
b

ot
h

sa
ti

sf
y

ac
q
u
ie

sc
en

ce
.

O
n

th
e

on
e

h
an

d
,

th
e

ch
ar

ac
te

ri
st

ic
p

ol
y
n
om

ia
l
p
(z

)
an

d
p
′ (
z
)

ar
e

ve
ry

d
iff

er
en

t.
O

n
th

e
ot

h
er

h
an

d
,
th

e
tr

an
sf

er
fu

n
ct

io
n
s
G

(z
)

an
d
G
′ (
z
)

h
av

e
al

m
os

t
th

e
sa

m
e

va
lu

es
on

u
n
it

ci
rc

le
u
p

to
ex

p
on

en
ti

al
ly

sm
al

l
er

ro
r,

|G
(z

)
−
G
′ (
z
)|
≤

0
.8
−
n
−

0.
9−

n

(z
−

0
.1

)(
z
−

0.
9−

n
)
≤

ex
p
(−

Ω
(n

))
.

M
or

eo
ve

r,
th

e
tr

an
sf

er
fu

n
ct

io
n
s
G

(z
)

an
d
Ĝ

(z
)

ar
e

on
th

e
or

d
er

of
Θ

(1
)

on
u
n
it

ci
rc

le
.

T
h
es

e
su

gg
es

t
th

at
fr

om
an

(i
n
ve

rs
e

p
ol

y
n
om

ia
ll
y

ac
cu

ra
te

)
ap

p
ro

x
im

at
io

n
of

th
e

tr
an

sf
er

fu
n
ct

io
n
G

(z
),

w
e

ca
n
n
ot

h
op

e
to

re
co

ve
r

th
e

m
in

im
u
m

re
p
re

se
n
ta

ti
o
n

in
an

y
se

n
se

,
ev

en
if

th
e

m
in

im
u
m

re
p
re

se
n
ta

ti
on

sa
ti

sfi
es

ac
q
u
ie

sc
en

ce
.

6
.2

P
o
w

e
r

o
f

im
p

ro
p

e
r

le
a
rn

in
g

in
v
a
ri

o
u

s
c
a
se

s

W
e

il
lu

st
ra

te
th

e
u
se

of
im

p
ro

p
er

le
ar

n
in

g
th

ro
u
gh

va
ri

ou
s

ex
am

p
le

s
b

el
ow

.

6
.2
.1

E
x
a
m
p
l
e
:
a
r
t
if
ic
ia
l
c
o
n
st

r
u
c
t
io
n

W
e

co
n
si

d
er

a
si

m
p
le

co
n
tr

iv
ed

ex
am

p
le

w
h
er

e
im

p
ro

p
er

le
ar

n
in

g
ca

n
h
el

p
u
s

le
ar

n
th

e
tr

an
sf

er
fu

n
ct

io
n

d
ra

m
at

ic
al

ly
.

W
e

w
il
l

sh
ow

an
ex

am
p
le

of
ch

ar
ac

te
ri

st
ic

fu
n
ct

io
n

w
h
ic

h
is

n
ot

1-
ac

q
u
ie

sc
en

t
b
u
t

(α
+

1)
/2

-(
α

+
1)
/
2-

ac
q
u
ie

sc
en

t
b
y

ex
te

n
si

on
o
f

d
eg

re
e

3.
L

et
n

b
e

a
la

rg
e

en
ou

gh
in

te
ge

r
an

d
α

b
e

a
co

n
st

an
t.

L
et
J

=
{1
,n
−

1
,n
}a

n
d
ω

=
e2
π
i/
n
,

an
d

th
en

d
efi

n
e
p
(z

)
=
z

3
∏
j∈

[n
],
j
/∈J

(z
−
α
ω
j
).

T
h
er

ef
or

e
w

e
h
av

e
th

at

p
(z

)/
z
n

=
z

3
∏

j∈
[n

],
j∈
J

(1
−
α
ω
j
/z

)
=

1
−
α
n
/z
n

(1
−
ω
/z

)(
1
−
ω
−

1
/z

)(
1
−

1/
z
)

(6
.1
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H
a
r
d
t
,
M
a
,
a
n
d

R
e
c
h
t

T
ak

in
g
z

=
e−

iπ
/
2

w
e

h
av

e
th

at
p
(z

)/
z
n

h
as

ar
gu

m
en

t
(p

h
as

e)
ro

u
gh

ly
−

3
π
/4

,
a
n
d

th
er

ef
or

e
it

’s
n
ot

in
C,

w
h
ic

h
im

p
li
es

th
at
p
(z

)
is

n
o
t

1-
ac

q
u
ie

sc
en

t.
O

n
th

e
o
th

er
h
a
n
d
,

p
ic

k
in

g
u

(z
)

=
(z
−
ω

)(
z
−

1)
(z
−
ω
−

1
)

as
th

e
h
el

p
er

fu
n
ct

io
n
,

fr
om

eq
u
at

io
n

(6
.1

)
w

e
h
av

e
p
(z

)u
(z

)/
z
n

+
3

=
1
−
α
n
/z
n

ta
ke

s
va

lu
es

in
ve

rs
e

ex
p

on
en

ti
al

ly
cl

os
e

to
1

on
th

e
ci

rc
le

w
it

h
ra

d
iu

s
(α

+
1)
/2

.
T

h
er

ef
or

e
p
(z

)u
(z

)
is

(α
+

1)
/
2
-a

cq
u
ie

sc
en

t.

6
.2
.2

E
x
a
m
p
l
e
:
c
h
a
r
a
c
t
e
r
is
t
ic

f
u
n
c
t
io
n
w
it
h
se

pa
r
a
t
e
d

r
o
o
t
s

A
ch

ar
ac

te
ri

st
ic

p
ol

y
n
om

ia
l

w
it

h
w

el
l

se
p
a
ra

te
d

ro
ot

s
w

il
l

b
e

ac
q
u
ie

sc
en

t
b
y

ex
te

n
si

o
n
.

O
u
r

b
ou

n
d

w
il
l

d
ep

en
d

on
th

e
fo

ll
ow

in
g

q
u
an

ti
ty

of
p

th
at

ch
ar

ac
te

ri
ze

s
th

e
se

p
a
ra

te
n
es

s
o
f

th
e

ro
ot

s.

D
e
fi

n
it

io
n

6
.3

F
o
r

a
po

ly
n

o
m

ia
l
h

(z
)

o
f

d
eg

re
e
n

w
it

h
ro

o
ts
λ

1
,.
..
,λ

n
in

si
d
e

u
n

it
ci

rc
le

,
d
efi

n
e

th
e

qu
a
n

ti
ty

Γ
(·)

o
f

th
e

po
ly

n
o
m

ia
l
h

a
s:

Γ
(h

)
:=
∑ j∈

[n
]

∣ ∣ ∣ ∣ ∣
λ
n j

∏
i6=
j
(λ
i
−
λ
j
)∣ ∣ ∣ ∣ ∣.

L
e
m

m
a

6
.4

S
u

p
po

se
p
(z

)
is

a
po

ly
n

o
m

ia
l

o
f

d
eg

re
e
n

w
it

h
d
is

ti
n

ct
ro

o
ts

in
si

d
e

ci
rc

le
w

it
h

ra
d
iu

s
α

.
L

et
Γ

=
Γ

(p
),

th
en

p
(z

)
is
α

-a
cq

u
ie

sc
en

t
by

ex
te

n
si

o
n

o
f

d
eg

re
e
d

=
O

(m
a
x
{(

1
−

α
)−

1
lo

g
(√
n

Γ
·‖
p
‖ H

2
),

0
})

.

O
u
r

m
ai

n
id

ea
to

ex
te

n
d
p
(z

)
b
y

m
u
lt

ip
ly

in
g

so
m

e
p

ol
y
n
om

ia
l
u

th
a
t

a
p
p
ro

x
im

a
te

s
p
−

1
(i

n
a

re
la

ti
ve

ly
w

ea
k

se
n
se

)
an

d
th

er
ef

or
e
p
u

w
il
l

al
w

ay
s

ta
ke

va
lu

es
in

th
e

se
t
C.

W
e

b
el

ie
ve

th
e

fo
ll
ow

in
g

le
m

m
a

sh
ou

ld
b

e
k
n
ow

n
th

ou
gh

fo
r

co
m

p
le

te
n
es

s
w

e
p
ro

v
id

e
th

e
p
ro

o
f

in
S
ec

ti
on

D
.

L
e
m

m
a

6
.5

(A
p

p
ro

x
im

a
ti

o
n

o
f

in
v
e
rs

e
o
f

a
p

o
ly

n
o
m

ia
l)

S
u

p
po

se
p
(z

)
is

a
po

ly
n

o
-

m
ia

l
o
f

d
eg

re
e
n

a
n

d
le

a
d
in

g
co

effi
ci

en
t

1
w

it
h

d
is

ti
n

ct
ro

o
ts

in
si

d
e

ci
rc

le
w

it
h

ra
d
iu

s
α

,
a
n

d
Γ

=
Γ

(p
).

T
h
en

fo
r
d

=
O

(m
ax
{(

1
1
−
α

lo
g

Γ
(1
−
α

)ζ
,0
})

,
th

er
e

ex
is

ts
a

po
ly

n
o
m

ia
l
h

(z
)

o
f

d
eg

re
e
d

a
n

d
le

a
d
in

g
co

effi
ci

en
t

1
su

ch
th

a
t

fo
r

a
ll
z

o
n

u
n

it
ci

rc
le

,
∣ ∣ ∣ ∣z
n

+
d

p
(z

)
−
h

(z
)∣ ∣ ∣ ∣≤

ζ
.

P
ro

o
f

[P
ro

of
of

L
em

m
a

6.
4]

L
et
γ

=
1
−
α

.
U

si
n
g

L
em

m
a

6.
5

w
it

h
ζ

=
0.

5
‖p
‖−

1
H
∞

,
w

e
h
av

e

th
at

th
er

e
ex

is
ts

p
ol

y
n
om

ia
l
u

of
d
eg

re
e
d

=
O

(m
ax
{

1
1
−
α

lo
g
(Γ
‖p
‖ H
∞

),
0}

)
su

ch
th

a
t

∣ ∣ ∣ ∣z
n

+
d

p
(z

)
−
u

(z
)∣ ∣ ∣ ∣≤

ζ
.

T
h
en

w
e

h
av

e
th

at
∣ ∣ ∣p

(z
)u

(z
)/
z
n

+
d
−

1
∣ ∣ ∣≤

ζ
|p

(z
)|
<

0.
5
.

T
h
er

ef
or

e
p
(z

)u
(z

)/
z
n

+
d
∈
C τ

0
,τ

1
,τ

2
fo

r
co

n
st

an
t
τ 0
,τ

1
,τ

2
.

F
in

al
ly

n
ot

in
g

th
a
t

fo
r

d
eg

re
e
n

p
ol

y
n
om

ia
l

w
e

h
av

e
‖h
‖ H
∞
≤
√
n
·‖
h
‖ H

2
,

w
h
ic

h
co

m
p
le

te
s

th
e

p
ro

of
.

2
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G
r
a
d
ie
n
t
D
e
sc

e
n
t
L
e
a
r
n
s
L
in
e
a
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

6
.2
.3

E
x
a
m
p
l
e
:
C
h
a
r
a
c
t
e
r
ist

ic
p
o
ly

n
o
m
ia
l
w
it
h
r
a
n
d
o
m

r
o
o
t
s

W
e

co
n
sid

er
th

e
follow

in
g

gen
erative

m
o
d
el

for
ch

aracteristic
p

oly
n
om

ial
of

d
egree

2
n

.
W

e
g
en

era
te
n

co
m

p
lex

n
u
m

b
ers

λ
1 ,...,λ

n
u
n
iform

ly
ran

d
om

ly
on

circle
w

ith
rad

iu
s
α
<

1,
a
n
d

ta
ke
λ
i ,λ̄

i
for

i
=

1,...,n
as

th
e

ro
ots

of
p
(z

).
T

h
at

is,
p
(z

)
=

(z−
λ

1 )(z−
λ̄

1 )
...(z−

λ
n
)(z−

λ̄
n
).

W
e

sh
ow

th
at

w
ith

go
o
d

p
rob

ab
ility

(over
th

e
ran

d
om

n
ess

of
λ
i ’s),

p
oly

n
om

ial
p
(z

)
w

ill
sa

tisfy
th

e
con

d
ition

in
su

b
section

6.2
.2

so
th

at
it

can
b

e
learn

ed
effi

cien
tly

b
y

o
u
r

im
p
ro

p
er

lea
rn

in
g

algorith
m

.

T
h

e
o
re

m
6
.6

S
u

p
po

se
p
(z

)
w

ith
ra

n
d
o
m

roo
ts

in
sid

e
circle

o
f

ra
d
iu

s
α

is
gen

era
ted

fro
m

th
e

p
rocess

d
escribed

a
bo

ve.
T

h
en

w
ith

h
igh

p
ro

ba
bility

o
ver

th
e

ch
o
ice

o
f
p
,

w
e

h
a
ve

th
a
t

Γ
(p

)
≤

ex
p
(Õ

( √
n

))
a
n

d
‖
p‖H

2
≤

ex
p
(Õ

( √
n

)).
A

s
a

co
ro

lla
ry,

p
(z

)
is
α

-a
cqu

iescen
t

by
exten

sio
n

o
f

d
egree

Õ
((1−

α
) −

1n
).

T
ow

a
rd

s
p
rov

in
g

T
h
eorem

6.6,
w

e
n
eed

th
e

follow
in

g
lem

m
a

ab
ou

t
th

e
ex

p
ected

d
ista

n
ce

o
f

tw
o

ra
n
d
o
m

p
oin

ts
w

ith
rad

iu
s
ρ

an
d
r

in
log-sp

ace.

L
e
m

m
a

6
.7

L
et
x
∈
C

be
a

fi
xed

po
in

t
w

ith
|x|

=
ρ

,
a
n

d
λ

u
n

ifo
rm

ly
d
ra

w
n

o
n

th
e

circle
w

ith
ra

d
iu

s
r.

T
h
en

E
[ln|x

−
λ|]

=
ln

m
ax{

ρ
,r}

.

P
ro

o
f

W
h
en

r6=
ρ
,

let
N

b
e

an
in

teger
an

d
ω

=
e

2
iπ
/N

.
T

h
en

w
e

h
ave

th
at

E
[ln|x

−
λ||

r]
=

lim
N
→
∞

1N

N
∑k

=
1

ln|x
−
rω

k|
(6.2)

T
h
e

rig
h
t

h
a
n
d

of
eq

u
ation

(6.2)
can

b
e

com
p
u
ted

easily
b
y

ob
serv

in
g

th
at

1N

∑
Nk
=

1
ln|x−

rω
k|

=
1N

ln ∣∣∣ ∏
Nk
=

1 (x
−
rω

k) ∣∣∣
=

1N
ln|x

N−
r
N|.

T
h
erefore,

w
h
en
ρ
>
r,

w
e

h
ave

lim
N
→
∞

1N

∑
Nk
=

1
ln|x−

rω
k|

=
lim

N
→
∞
ρ

+
1N

ln|(x
/ρ

)
N
−

(r/ρ
)
N|

=
ln
ρ
.

O
n

th
e

oth
er

h
a
n
d
,

w
h
en

ρ
<
r,

w
e

h
ave

th
a
t

lim
N
→
∞

1N

∑
Nk
=

1
ln|x

−
rω

k|
=

ln
r.

T
h
erefore

w
e

h
ave

th
at

E
[ln|x

−
λ||

r]
=

ln
(m

a
x
ρ
,r).

F
or
ρ

=
r,

sim
ilarly

p
ro

o
f

(w
ith

m
ore

carefu
l

con
cern

of
regu

larity
con

d
ition

)
w

e
ca

n
sh

ow
th

at
E

[ln|x
−
λ||

r]
=

ln
r.

N
ow

w
e

a
re

read
y

to
p
rov

e
T

h
eorem

6.6
.

P
ro

o
f

[P
ro

o
f

o
f

T
h
eorem

6.6]
F

ix
in

g
in

d
ex
i,

a
n
d

th
e

ch
oice

of
λ
i ,

w
e

con
sid

er
th

e
ran

d
om

va
ria

b
le
Y
i

=
ln

(
|λ
i | 2
n

∏
j6=
i |λ

i −
λ
j | ∏

j6=
i |λ

i −
λ̄
j | )n

ln|λ
i |−

∑
j6=
i ln|λ

i −
λ
j |.

B
y

L
em

m
a

6.7,
w

e
h
ave

th
a
t
E

[Y
i ]

=
n

ln|λ
i |−

∑
j6=
i E

[ln|λ
i −

λ
j |]

=
ln

(1
−
δ).

L
et
Z
j

=
ln|λ

i −
λ
j |.

T
h
en

w
e

h
ave

th
a
t
Z
j

are
ran

d
om

variab
le

w
ith

m
ean

0
an

d
ψ

1 -O
rlicz

n
o
rm

b
ou

n
d
ed

b
y

1
sin

ce

E
[e

ln|λ
i −
λ
j |−

1]≤
1.

T
h
erefore

b
y

B
ern

stein
in

eq
u
ality

for
su

b
-ex

p
on

en
tial

tail
ra

n
d
om

va
ria

b
le

(fo
r

ex
am

p
le,

(L
ed

ou
x

an
d

T
alagran

d
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(Â
,Ĉ
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â
(z

))
≥
τ
/
2
,∀

z
∈
C
,

s.
t.
|z
|=

1}
⊗

R
` i
n
×
` o

u
t
×
n
′

F
in

al
ly

,
as

al
lu

d
ed

b
ef

or
e,

w
e

u
se

a
p
ar

ti
cu

la
r

st
at

e
sp

ac
e

re
p
re

se
n
ta

ti
on

fo
r

le
a
rn

in
g

th
e

sy
st

em
in

ti
m

e
d
om

ai
n

w
it

h
ex

am
p
le

se
q
u
en

ce
s.

It
is

k
n
ow

n
th

at
an

y
tr

an
sf

er
fu

n
ct

io
n

of
th

e
fo

rm
(7

.1
)

ca
n

b
e

re
al

iz
ed

u
n
iq

u
el

y
b
y

th
e

st
at

e
sp

ac
e

sy
st

em
of

th
e

fo
ll
ow

in
g

sp
ec

ia
l

ca
se

of
B

ru
n
ov

sk
y

n
or

m
al

fo
rm

B
ru

n
ov

sk
y

(1
97

0)
,

A
=

      

0
I `

in
0

··
·

0
0

0
I `

in
··
·

0
. . .

. . .
. . .

. .
.

. . .
0

0
0

··
·

I `
in

−
a
n
I `

in
−
a
n
−

1
I `

in
−
a
n
−

2
I `

in
··
·
−
a

1
I `

in

      
,

B
=

    

0 . . . 0 I `
in

    
,

(7
.3

)

an
d
,

C
∈
R
` o

u
t
×
n
` i
n
,

D
∈
R
` o

u
t
×
` i
n
.

T
h
e

fo
ll
ow

in
g

T
h
eo

re
m

is
a

st
ra

ig
h
tf

or
w

ar
d

ex
te

n
si

on
o
f

C
or

ol
la

ry
5.

2
an

d
T

h
eo

re
m

6
.2

to
th

e
M

IM
O

ca
se

.

T
h

e
o
re

m
7
.2

S
u

p
po

se
tr

a
n

sf
er

fu
n

ct
io

n
G

(z
)

o
f

a
M

IM
O

sy
st

em
ta

ke
s

fo
rm

(7
.1

),
a
n

d
h
a
s

n
o
rm
‖G
‖ H

2
≤

1.
If

th
e

co
m

m
o
n

d
en

o
m

in
a
to

r
p
(z

)
is
α

-a
cq

u
ie

sc
en

t
by

ex
te

n
si

o
n

o
f

d
eg

re
e
d

th
en

p
ro

je
ct

ed
st

oc
h
a
st

ic
gr

a
d
ie

n
t

d
es

ce
n

t
o
ve

r
th

e
st

a
te

sp
a
ce

re
p
re

se
n

ta
ti

o
n

(7
.3

)
w

il
l

re
tu

rn
Θ̂

w
it

h
ri

sk

f
(Θ̂

)
≤

p
ol

y
(n

+
d
,σ
,τ
,(

1
−
α

)−
1
)

T
N

.

W
e

n
ot

e
th

at
si

n
ce

A
an

d
B

ar
e

si
m

p
ly

th
e

te
n
so

r
p
ro

d
u
ct

of
I `

in
w

it
h

C
C

(a
)

a
n
d

e n
,

th
e

n
o

b
lo

w
-u

p
p
ro

p
er

ty
(L

em
m

a
4.

4)
fo

r
A
k
B

st
il
l

re
m

ai
n
s

tr
u
e.

T
h
er

ef
o
re

to
p
ro

ve
T

h
eo

re
m

7.
2,

w
e

es
se

n
ti

al
ly

on
ly

n
ee

d
to

ru
n

th
e

p
ro

of
of

L
em

m
a

5.
5

w
it

h
m

a
tr

ix
n
o
ta

ti
o
n

an
d

m
at

ri
x

n
or

m
.

W
e

d
ef

er
th

e
p
ro

of
to

th
e

fu
ll

v
er

si
on

.

26
JM

L
R

 1
9(

29
):

1-
44

, 2
01

8



G
r
a
d
ie
n
t
D
e
sc

e
n
t
L
e
a
r
n
s
L
in
e
a
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

8
.

S
im

u
la

tio
n
s

In
th

is
sectio

n
,
w

e
p
rov

id
e

p
ro

of-of-con
cep

ts
ex

p
erim

en
ts

on
sy

n
th

etic
d
ata

.
W

e
w

ill
d
em

on
-

stra
te

th
a
t

1
)

p
la

in
S
G

D
ten

d
s

to
b
low

u
p

even
w

ith
relatively

sm
all

learn
in

g
rate,

esp
ecially

on
h
a
rd

in
sta

n
ces

2
)

S
G

D
w

ith
ou

r
p
ro

jection
step

con
verges

w
ith

reason
ab

ly
large

learn
in

g
rate,

an
d

w
ith

over-p
a
ram

eterization
th

e
fi
n
al

error
is

com
p

etitive

3
)

S
G

D
w

ith
grad

ien
t

clip
p
in

g
h
as

th
e

stron
gest

p
erform

an
ce

in
term

s
b

oth
of

th
e

con
-

verg
en

ce
sp

eed
an

d
th

e
fi
n
al

error

H
ere

g
ra

d
ien

t
clip

p
in

g
refers

to
th

e
tech

n
iq

u
e

of
u
sin

g
a

n
orm

alized
grad

ien
t

in
stead

o
f

th
e

tru
e

g
ra

d
ien

t.
S
p

ecifi
cally,

for
som

e
p

ositive
h
y
p

er
p
a
ram

eter
B

,
w

e
follow

th
e

a
p
p
rox

im
a
te

g
rad

ien
t

g
clip

=

{
g

if‖g‖
≤
B

B
g
/‖g‖

oth
erw

ise

T
h
is

m
eth

o
d

is
com

m
on

ly
ap

p
lied

in
train

in
g

recu
rren

t
n
eu

ral
n
etw

ork
s

P
a
scan

u
et

al.
(2

0
1
3
).

B
u
llet

1
)

su
ggests

th
at

stab
ility

is
in

d
eed

a
real

con
cern

.
B

u
llet

2)
corrob

orates
ou

r
th

eo
retica

l
stu

d
y.

F
in

d
in

g
3)

su
ggests

th
e

in
stab

ility
of

S
G

D
p
artly

arises
from

th
e

n
o
ise

in
th

e
b
a
tch

es,
a
n
d

su
ch

n
oise

is
red

u
ced

b
y

th
e

grad
ien

t
clip

p
in

g.
O

u
r

ex
p

erim
en

ts
su

gg
est

th
a
t

th
e

lan
d
scap

e
of

th
e

ob
jective

fu
n
ction

m
ay

b
e

even
n
icer

th
an

w
h
a
t

is
p
red

icted
b
y

o
u
r

th
eo

retica
l

d
evelop

m
en

t.
It

rem
ain

s
p

ossib
le

th
at

th
e

ob
jectiv

e
h
as

n
o

n
on

-glob
al

lo
cal

m
in

im
a
,

p
o
ssib

ly
ev

en
ou

tsid
e

th
e

con
vex

set
to

w
h
ich

ou
r

algorith
m

p
ro

jects.
W

e
g
en

era
te

th
e

tru
e

sy
stem

w
ith

state
d
im

en
sion

d
=

20
b
y

ran
d
om

ly
p
ick

in
g

th
e

co
n
ju

g
a
te

p
a
irs

of
ro

ots
of

th
e

ch
aracteristic

p
oly

n
om

ial
in

sid
e

th
e

circle
w

ith
rad

iu
s
ρ

=
0.95

a
n
d

ra
n
d
om

ly
g
en

eratin
g

th
e

v
ector

C
from

stan
d
ard

n
orm

al
d
istrib

u
tion

.
T

h
e

d
istrib

u
tion

o
f

th
e

n
orm

o
f

th
e

im
p
u
lse

resp
on

se
r

(d
efi

n
ed

in
S
ection

3)
of

su
ch

sy
stem

s
h
as

a
h
eav

y
-tail.

W
h
en

th
e

n
o
rm

of
r

is
sev

eral
m

agn
itu

d
es

larger
th

an
th

e
m

ed
ian

it’s
d
iffi

cu
lt

to
learn

th
e

sy
stem

.
T

h
u
s

w
e

select
sy

stem
s

w
ith

reason
ab

le
‖
r‖

for
ex

p
erim

en
ts,

an
d

w
e

ob
serve

th
at

th
e

d
iffi

cu
lty

o
f

learn
in

g
in

creases
as
‖r‖

in
creases.

T
h
e

in
p
u
ts

of
th

e
d
y
n
am

ical
m

o
d
el

a
re

gen
era

ted
from

stan
d
ard

n
orm

al
d
istrib

u
tion

w
ith

len
gth

T
=

500.
W

e
n
ote

th
at

w
e

g
en

era
te

n
ew

fresh
in

p
u
ts

an
d

ou
tp

u
ts

at
ev

ery
itera

tion
s

an
d

th
erefore

th
e

train
in

g
lo

ss
is

eq
u
al

to
th

e
test

loss
(in

ex
p

ectation
.)

W
e

u
se

in
itial

learn
in

g
rate

0.01
in

th
e

p
ro

jected
g
ra

d
ien

t
d
escen

t
an

d
S
G

D
w

ith
grad

ien
t

clip
p
in

g.
W

e
u
se

b
atch

size
100

fo
r

all
ex

p
erim

en
ts,

a
n
d

d
ecay

th
e

learn
in

g
rate

at
200K

an
d

250K
iteratio

n
b
y

a
facto

r
of

10
in

all
ex

p
erim

en
ts.

A
ck

n
o
w

le
d
g
m

e
n
ts

W
e

th
a
n
k

A
m

ir
G

lob
erson

,
A

lex
an

d
re

M
egretsk

i,
P

ab
lo

A
.

P
arrilo,

Y
oram

S
in

ger,
P

eter
S
to

ica
,

a
n
d

R
u
ix

ian
g

Z
h
an

g
for

h
elp

fu
l

d
iscu

ssion
s.

W
e

are
in

d
eb

ted
to

M
ark

T
ob

en
k
in

for
p

o
in

ters
to

relevan
t

p
rior

w
ork

.
W

e
also

th
an

k
A

lex
an

d
re

M
egretsk

i
for

h
elp

fu
l

feed
b
ack

,
in

sig
h
ts

in
to

p
a
ssive

sy
stem

s
an

d
su

ggestion
s

on
h
ow

to
organ

ize
S
ection

3.

27
JM

L
R

 19(29):1-44, 2018

H
a
r
d
t
,
M
a
,
a
n
d

R
e
c
h
t

F
igu

re
2:

T
h
e

p
erform

an
ce

of
p
ro

jected
sto

ch
astic

grad
ien

t
d
escen

t
w

ith
ov

er-
p
aram

eterization
,

van
illa

S
G

D
,

an
d

S
G

D
w

ith
grad

ien
t

clip
p
in

g,
on

th
ree

d
iff

eren
t

in
stan

ce
of

d
y
n
am

ical
sy

stem
s

w
ith

tru
e

state
d
im

en
sion

=
20.

T
h
e

solid
lin

es
are

from
ou

r
p
rop

osed
p
ro

jected
S
G

D
w

ith
(over-p

aram
eterized

)
state

d
im

en
sion

=
20,

25,
30,

35.
T

h
e

d
ot

lin
e

corresp
on

d
s

to
S
G

D
w

ith
grad

ien
t

clip
p

ed
to

F
rob

en
iu

s
n
orm

1.
T

h
e

d
ash

ed
lin

es
corre-

sp
on

d
van

illa
S
G

D
an

d
th

e
trian

gle
m

ark
er

m
ean

s
th

e
error

b
low

s
u
p

to
in

fi
n
ity.

T
h
e

p
lot

d
em

on
strates

th
e

eff
ect

of
th

e
over-p

aram
eterization

to
o
u
r

ou
r

algorith
m

.
W

e
n
ote

th
at

th
e

loss
are

d
iff

eren
t

scales
b

ecau
se

th
e

tru
e

sy
stem

s
in

th
ese

th
ree

in
stan

ces
h
ave

d
iff

eren
t

n
orm

s
of

im
p
u
lse

resp
on

ses
(w

h
ich

is
eq

u
al

to
th

e
loss

of
zero

fi
ttin

g).

R
e
fe

re
n
ce

s

A
lex

an
d
re

S
.

B
azan

ella,
M

ich
el

G
evers,

L
ju

b
isa

M
iskov

ic,
an

d
B

rian
D

.O
.

A
n
d
erson

.
Iter-

ative
m

in
im

ization
of
h

2
con

trol
p

erform
an

ce
criteria.

A
u

to
m

a
tica

,
44:254

9–2559,
2008.

B
ad

ri
N

aray
an

B
h
askar,

G
on

ggu
o

T
an

g
,

a
n
d

B
en

jam
in

R
ech

t.
A

tom
ic

n
orm

d
en

oisin
g

w
ith

ap
p
lication

s
to

lin
e

sp
ectral

estim
a
tion

.
IE

E
E

T
ra

n
sa

ctio
n

s
o
n

S
ign

a
l

P
rocessin

g,
61(23):

5987–5999,
2013.

L
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äu

se
r,

B
as

el
,

B
os

to
n
,

B
er

li
n
,

20
07

.
IS

B
N

3-
76

43
-7

54
8-

5.
U

R
L
h
t
t
p
:
/
/
o
p
a
c
.
i
n
r
i
a
.
f
r
/
r
e
c
o
r
d
=
b
1
1
3
0
6
3
6
.

J
oa

o
P

H
es

p
an

h
a.

L
in

ea
r

sy
st

em
s

th
eo

ry
.

P
ri

n
ce

to
n

u
n
iv

er
si

ty
p
re

ss
,

20
09

.

S
ep

p
H

o
ch

re
it

er
an

d
J
ü
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e
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Â
j
B
−
C
A
j
B
‖2
±

ex
p
(−

Ω
((

1
−
α

)T
))

=
‖D̂
−
D
‖2

+
∞ ∑ j=

0

‖Ĉ
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Ĉ
Â
j−
k
B
) 1

k
≥
t+

1
·Â
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b
y

re
ar

ra
n
gi

n
g

eq
u
at

io
n

(C
.7

),

u
st

=
∑

T
≥
k
≥
s

z k
−
t−

1

∑

j≥
m

a
x
{k
,T

1
+

1
}∆

r j
−
s
r̂ j
−
k

+
∑

t<
k
<
s

z k
−
t−

1

∑

j≥
m

a
x
{s
,T

1
+

1
}∆

r j
−
s
r̂ j
−
k

=
∑

`≥
0
,`
≥
T
1
+

1
−
s

∆
r `

∑

s≤
k
≤
l+
s,
k
≤
T

r̂ `
+
s−
k
z k
−
t−

1
+

∑

`≥
0
,`
≥
T
1
+

1
−
s

∆
r `
∑

s>
k
>
t

r̂ `
+
s−
k
z k
−
t−

1
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G
r
a
d
ie
n
t
D
e
sc

e
n
t
L
e
a
r
n
s
L
in
e
a
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

w
h
ere

a
t

th
e

secon
d

lin
e,

w
e

d
id

th
e

ch
an

g
e

of
variab

les
`

=
j−

s.
T

h
en

b
y

C
au

ch
y
-S

ch
artz

in
eq

u
a
lity,

w
e

h
ave,

‖
u
st ‖

2≤
2 

∑

`≥
0
,`≥

T
1
+

1−
s

∆
r

2` 


∑

`≥
0
,`≥

T
1
+

1−
s ∥∥∥∥∥∥

∑

s≤
k≤

l+
s,k≤

T

r̂
`+
s−
k z
k−

t−
1 ∥∥∥∥∥∥

2 

︸
︷︷

︸
T
1

+
2 

∑

`≥
0
,`≥

T
1
+

1−
s

∆
r

2` 


∑

`≥
0
,`≥

T
1
+

1−
s ∥∥∥∥∥
∑s>
k
>
t r̂
`+
s−
k z
k−

t−
1 ∥∥∥∥∥

2 

︸
︷︷

︸
T
2

.
(C

.9)

W
e

co
u
ld

b
ou

n
d

th
e

con
trib

u
tion

from
∆
r

2k
ssin

g
eq

u
ation

(C
.4

),
a
n
d

it
rem

ain
s

to
b

o
u
n
d

term
s
T

1
an

d
T

2 .
U

sin
g

th
e

tail
b

ou
n
d
s

for‖z
k ‖

(eq
u
ation

(C
.3))

an
d

th
e

fact
th

at
|r̂
k |

=
|Ĉ
Â
kB
|≤
‖
Â
kB
‖

=
‖
z
k ‖

,
w

e
h
ave

th
at

T
1

=
∑

`≥
0
,`≥

T
1
+

1−
s ∥∥∥∥∥∥

∑

s≤
k≤

l+
s,k≤

T

r̂
`+
s−
k z
k−

t−
1 ∥∥∥∥∥∥

2≤
∑`≥

0 
∑

s≤
k≤

`+
s |r̂

`+
s−
k |‖z

k−
t−

1 ‖ 
2

.

(C
.10)

W
e

b
o
u
n
d

th
e

in
n
er

su
m

of
R

H
S

of
(C

.10)
u
sin

g
th

e
fact

th
at‖

z
k ‖

2≤
O

(n
α

2
k−

2
n
/
τ

21
)

a
n
d

o
b
ta

in
th

a
t,

∑

s≤
k≤

`+
s |r̂

`+
s−
k |‖z

k−
t−

1 ‖
≤

∑

s≤
k≤

`+
s

O
(n
α

(`+
s−
t−

1
)−

2
n
/τ

21
)

≤
O

(`n
α

(`+
s−
t−

1
)−

2
n
/τ

21
)
.

(C
.11)

N
o
te

th
a
t

eq
u
a
tion

(C
.11)

is
p
articu

lar
eff

ective
w

h
en

`
>

Λ
.

W
h
en

`≤
Λ

,
w

e
can

refi
n
e

th
e

b
o
u
n
d

u
sin

g
eq

u
ation

(C
.3)

an
d

ob
tain

th
at

∑

s≤
k≤

`+
s |r̂

`+
s−
k |‖z

k−
t−

1 ‖
≤


∑

s≤
k≤

`+
s |r̂

`+
s−
k | 2 

1
/
2 

∑

s≤
k≤

`+
s ‖
z
k−

t−
1 ‖

2 
1
/
2

≤
O

( √
n
/τ

1 )·
O

( √
n
/τ

1 )
=
O

(n
/τ

21
)
.

(C
.12)

P
lu

g
g
in

g
eq

u
ation

(C
.12)

an
d

(C
.1

1)
in

to
eq

u
ation

(C
.10),

w
e

h
ave

th
at

∑`≥
0 

∑

s≤
k≤

`+
s |r̂

`+
s−
k |‖z

k−
t−

1 ‖ 
2≤

∑Λ≥
`≥

0

O
(n

2/τ
41
)

+
∑`>

Λ

O
(`

2n
2α

2
(`+

s−
t−

1
)−

4
n
/τ

41
)

≤
O

(n
2Λ
/τ

41
)

+
O

(n
2/τ

41
)

=
O

(n
2Λ
/τ

41
)
.

(C
.13)

F
o
r

th
e

seco
n
d

term
in

eq
u
ation

(C
.9),

w
e

b
o
u
n
d

sim
ilarly,

T
2 ≤

∑

`≥
0
,`≥

T
1
+

1−
s ∥∥∥∥∥
∑s>
k
>
t r̂
`+
s−
k z
k−

t−
1 ∥∥∥∥∥

2≤
O

(n
2Λ
/τ

41
)
.

(C
.14)
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H
a
r
d
t
,
M
a
,
a
n
d

R
e
c
h
t

T
h
erefore

u
sin

g
th

e
b

ou
n
d
s

for
T

1
an

d
T

2
w

e
ob

tain
th

at,

‖
u
st ‖

2≤
O

(n
3Λ
/τ

61
)

(C
.15)

C
a
se

2
:

W
h
en

s−
t
>

Λ
,

w
e

tigh
ten

eq
u
ation

(C
.13)

b
y

ob
serv

in
g

th
at,

T
1 ≤

∑`≥
0 

∑

s≤
k≤

`+
s |r̂

`+
s−
k |‖z

k−
t−

1 ‖ 
2≤

α
2
(s−

t−
1
)−

4
n ∑`≥

0

O
(`

2n
2α

2
`/τ

41
)

≤
α
s−
t−

1·
O

(n
2/(τ

41
(1−

α
)
3))

.
(C

.16)

w
h
ere

w
e

u
sed

eq
u
ation

(C
.11).

S
im

ilarly
w

e
can

p
rove

th
at

T
2 ≤

α
s−
t−

1·O
(n

2/
(τ

41
(1−

α
)
3))

.

T
h
erefore,

w
e

h
ave

w
h
en

s−
t≥

Λ
,

‖
u
st ‖

2≤
O

(n
3/((1−

α
)
3τ

61
))·α

s−
t−

1
.

(C
.17)

C
a
se

3
:

W
h
en
−

Λ
≤
s−

t≤
0,

w
e

can
rew

rite
u
s t

an
d

u
se

th
e

C
au

ch
y
-S

ch
w

artz
in

eq
u
ality

an
d

ob
tain

th
at

u
st

=
∑

T≥
k≥

t+
1

z
k−

t−
1

∑

j≥
m

a
x{
k
,T

1
+

1}
∆
r
j−
s r̂
j−
k

=
∑

`≥
0
,`≥

T
1
+

1−
s

∆
r
`

∑

t+
1≤
k≤

l+
s,k≤

T

r̂
`+
s−
k z
k−

t−
1
.

an
d
,

‖
u
st ‖

2≤


∑

`≥
0
,`≥

T
1
+

1−
s

∆
r

2` 


∑

`≥
0
,`≥

T
1
+

1−
s ∥∥∥∥∥∥

∑

t+
1≤
k≤

l+
s,k≤

T

r̂
`+
s−
k z
k−

t−
1 ∥∥∥∥∥∥

2 
.

U
sin

g
alm

ost
th

e
sam

e
argu

m
en

ts
as

in
eq

u
ation

(C
.11)

an
d

(C
.12),

w
e

th
at

∑

t+
1≤
k≤

`+
s |r̂

`+
s−
k |·‖

z
k−

t−
1 ‖
≤
O

(`n
α

(`+
s−
t−

1
)−

2
n
/τ

21
)

an
d

∑

t+
1≤
k≤

`+
s |r̂

`+
s−
k |·‖

z
k−

t−
1 ‖
≤
O

( √
n
/τ

1 )·O
( √
n
/τ

1 )
=
O

(n
/τ

21
)
.

T
h
en

u
sin

g
a

sam
e

ty
p

e
of

argu
m

en
t

as
eq

u
ation

(C
.13),

w
e

can
h
ave

th
at

∑

`≥
0
,`≥

T
1
+

1−
s ∥∥∥∥∥∥

∑

t+
1≤
k≤

l+
s,k≤

T

r̂ ′`+
s−
k z ′k−

t−
1 ∥∥∥∥∥∥

2≤
O

(n
2Λ
/τ

41
)

+
O

(n
2/τ

41
)

=
O

(n
2Λ
/τ

41
)
.

It
follow

s
th

at
in

th
is

case
‖u

st ‖
can

b
e

b
ou

n
d
ed

w
ith

th
e

sam
e

b
ou

n
d

in
(C

.15).
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G
r
a
d
ie
n
t
D
e
sc

e
n
t
L
e
a
r
n
s
L
in
e
a
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

C
a
se

4
:

W
h
en

s
−
t
≤
−

Λ
,

w
e

u
se

a
d
iff

er
en

t
si

m
p
li
fi
ca

ti
on

of
u
st

fr
om

ab
ov

e.
F

ir
st

of
al

l,
it

fo
ll
ow

s
(C

.7
)

th
at

‖u
st
‖
≤

T ∑ k
=

2

 
∑

j≥
m

a
x
{k
,s
,T

1
+

1
}‖

∆
r j
−
s
r̂′ j
−
k
z k
−
t−

1
‖1

k
≥
t+

1

 

(C
.1

8)

≤
∑

k
≥
t+

1

‖z
′ k−
t−

1
‖

∑

j≥
m

a
x
{k
,T

1
+

1
}|

∆
r j
−
s
r̂′ j
−
k
|.

S
in

ce
j
−
s
≥
k
−
s
>

4
n

an
d

it
fo

ll
ow

s
th

at
∑

j≥
m

a
x
{k
,T

1
+

1
}|

∆
r j
−
s
r̂′ j
−
k
|≤

∑

j≥
m

a
x
{k
,T

1
+

1
}O

(√
n
/τ

1
·α

j−
s−
n
)
·O

(√
n
/τ

1
·α

j−
k
−
n
)

≤
O

(n
/
(τ

2 1
(1
−
α

))
·α

k
−
s−
n
)

T
h
en

w
e

h
av

e
th

at

‖u
st
‖2
≤
∑

k
≥
t+

1

‖z
′ k−
t−

1
‖

∑

j≥
m

a
x
{k
,T

1
+

1
}|

∆
r j
−
s
r̂′ j
−
k
|

≤

 
∑

k
≥
t+

1

‖z
′ k−
t−

1
‖2
 
 
∑

k
≥
t+

1

 
∑

j≥
m

a
x
{k
,T

1
+

1
}|

∆
r j
−
s
r̂′ j
−
k
| 

2
 

≤
O

(n
/τ

2 1
)
·O

(n
2
/
(τ

4 1
(1
−
α

)3
)α

t−
s
)

=
O

(n
3
/
(τ

6 1
δ3

)α
t−
s
)

T
h
er

ef
or

e,
u
si

n
g

th
e

b
ou

n
d

fo
r
‖u

st
‖2

ob
ta

in
ed

in
th

e
fo

u
r

ca
se

s
ab

ov
e,

ta
k
in

g
su

m
ov

er
s,
t,

w
e

ob
ta

in
th

at
∑

1
≤
s,
t≤
T

‖u
st
‖2
≤

∑

s,
t∈

[T
]:
|s
−
t|≤

Λ

O
(n

3
Λ
/τ

6 1
)

+
∑

s,
t:
|s
−
t|≥

Λ

O
(n

3
/(
τ

6 1
(1
−
α

)3
)α
|t−

s|
−

1
)

≤
O

(T
n

3
Λ

2
/τ

6 1
)

+
O

(n
3
/τ

6 1
)

=
O

(T
n

3
Λ

2
/τ

6 1
)
.

(C
.1

9)

W
e

fi
n
is

h
ed

th
e

b
ou

n
d
s

fo
r
‖u

st
‖

an
d

n
ow

w
e

tu
rn

to
b

ou
n
d
‖u
′ st
‖2

.
U

si
n
g

th
e

fo
rm

u
la

fo
r
u
′ st

(e
q
u
at

io
n

C
.8

),
w

e
h
av

e
th

at
fo

r
t
≤
s

+
1
,
u
′ st

=
0.

F
or
s

+
Λ
≥
t
≥
s

+
2,

w
e

h
av

e
th

at
b
y

C
au

ch
y
-S

ch
w

ar
tz

in
eq

u
al

it
y,

‖u
′ st
‖
≤

 
∑

s+
1
≤
k
≤
t

‖z
k
−

1
−
s
‖2
 

1
/
2
 

∑

s+
1
≤
k
≤
t

|r̂′ t
−
k
|2 

1
/
2

≤
O

(n
/τ

2 1
)
≤
O

(n
/τ

2 1
)
.

O
n

th
e

ot
h
er

h
an

d
,

fo
r
t
>
s

+
Λ

,
b
y

th
e

b
ou

n
d

th
at
|r̂′ k
|2
≤
‖z
′ k‖

2
≤
O

(n
α

2
k
−

2
n
/
τ

2 1
),

w
e

h
av

e,

‖u
′ st
‖
≤

T ∑

s+
1
≤
k
≤
t−

1

‖z
k
−

1
−
s
‖·
|r̂′ t
−
k
|≤

T ∑

s+
1
≤
k
≤
t−

1

n
α
t−
s−

1
/τ

2 1

≤
O

(n
(t
−
s)
α
t−
s−

1
/τ

2 1
)
.
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H
a
r
d
t
,
M
a
,
a
n
d

R
e
c
h
t

T
h
er

ef
or

e
ta

k
in

g
su

m
ov

er
s,
t,

si
m

il
ar

ly
to

eq
u
at

io
n

(C
.1

9)
,

∑

s,
t∈

[T
]

‖u
′ st
‖2
≤
O

(T
n

2
Λ
/τ

4 1
)
.

(C
.2

0
)

T
h
en

u
si

n
g

eq
u
at

io
n

(C
.2

)
an

d
eq

u
at

io
n

(C
.1

9)
an

d
(C

.2
0
),

w
e

ob
ta

in
th

at

V
ar

[‖
G
A
‖2

]
≤
O
( T
n

3
Λ

2
/τ

6 1
+
σ

2
T
n

2
Λ
/τ

4 1

) .

H
en

ce
,

it
fo

ll
ow

s
th

at

V
ar

[G
A

]
≤

1

(T
−
T

1
)2

V
ar

[G
A

]
≤
O
( n

3
Λ

2
/
τ

6 1
+
σ

2
n

2
Λ
/τ

4 1

)

T
.

W
e

ca
n

p
ro

ve
th

e
b

ou
n
d

fo
r
G
C

si
m

il
ar

ly
.

L
e
m

m
a

C
.3

L
et
x

1
,.
..
,x

T
be

in
d
ep

en
d
en

t
ra

n
d
o
m

va
ri

a
bl

es
w

it
h

m
ea

n
0

a
n

d
va

ri
a
n

ce
1

a
n

d
4
-t

h
m

o
m

en
t

bo
u

n
d
ed

by
O

(1
),

a
n

d
u
ij

be
ve

ct
o
rs

fo
r
i,
j
∈

[T
].

M
o
re

o
ve

r,
le

t
ξ 1
,.
..
,ξ
T

be
in

d
ep

en
d
en

t
ra

n
d
o
m

va
ri

a
bl

es
w

it
h

m
ea

n
0

a
n

d
va

ri
a
n

ce
σ

2
a
n

d
u
′ ij

be
ve

ct
o
rs

fo
r
i,
j
∈

[T
].

T
h
en

,

V
ar
[ ∑

i,
j
x
ix
j
u
ij

+
∑

i,
j
x
iξ
j
u
′ ij
] ≤

O
(1

)
∑

i,
j
‖u

ij
‖2

+
O

(σ
2
)
∑

i,
j
‖u
′ ij
‖2
.

P
ro

o
f

N
ot

e
th

at
th

e
tw

o
su

m
s

in
th

e
ta

rg
et

ar
e

in
d
ep

en
d
en

t
w

it
h

m
ea

n
0,

th
er

ef
o
re

w
e

o
n
ly

n
ee

d
to

b
ou

n
d

th
e

va
ri

an
ce

of
b

ot
h

su
m

s
in

d
iv

id
u
al

ly
.

T
h
e

p
ro

of
fo

ll
ow

s
th

e
li
n
ea

ri
ty

o
f

ex
p

ec
ta

ti
on

an
d

th
e

in
d
ep

en
d
en

ce
of
x
i’

s:

E
[ ∥ ∥ ∥
∑

i,
j
x
ix
j
u
ij

∥ ∥ ∥2
]

=
∑ i,
j

∑ k
,`

E
[ x

ix
j
x
k
x
`u
> ij
u
k
`]

=
∑ i
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Â
h
k
−

1
+
B̂
x
k
,
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Ĉ
>

∆
y k

+
Â
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p
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s.

T
h
e

u
n
k
n
ow

n
re

gr
es

si
o
n

fu
n
ct

io
n
f

is
re

al
-v

al
u
ed

an
d

b
el

on
gs

to
so

m
e

re
p
ro

d
u
ci

n
g

ke
rn

el
H

il
b

er
t

sp
ac

e
w

it
h

b
o
u
n
d
ed

ke
rn

el
K

.
W

e
p
ar

ti
ti

on
th

e
gi

ve
n

d
at

a
se

t
D

=
{(
X

1
,Y

1
),
..
.,

(X
n
,Y

n
)}
⊂
X
×

R
in

to
m

d
is

jo
in

t
eq

u
al

-s
iz

e
su

b
sa

m
p
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ard

an
d

M
ü
cke

(2017)
in

su
m

m
a-

rized
fo

rm
.

2
.1

K
e
rn

e
l-in

d
u

c
e
d

o
p

e
ra

to
rs

W
e

a
ssu

m
e

th
a
t

th
e

in
p
u
t

sp
ace
X

is
a

stan
d
ard

B
orel

sp
ace

en
d
ow

ed
w

ith
a

p
rob

ab
ility

m
ea

su
re
ν

,
th

e
ou

tp
u
t

sp
ace

is
eq

u
al

to
R

.
W

e
let

K
b

e
a

rea
l-valu

ed
p

o
sitive

sem
id

efi
n
ite

kern
el

o
n
X
×
X

w
h
ich

is
b

ou
n
d
ed

b
y
κ

2.
T

h
e

asso
ciated

rep
ro

d
u
cin

g
kern

el
H

ilb
ert

sp
ace

w
ill

b
e

d
en

oted
b
y
H
K

.
It

is
assu

m
ed

th
at

all
fu

n
ction

s
f
∈
H
K

are
m

ea
su

rab
le

an
d

b
o
u
n
d
ed

in
su

p
rem

u
m

n
orm

,
i.e.

‖
f‖∞

≤
κ‖
f‖H

K
fo

r
all

f
∈
H
K

.
T

h
erefore,H

K
is

a
su

b
set

o
f
L

2(X
,ν

)
,

w
ith

S
:H

K
−→

L
2(X

,ν
)

b
ein

g
th

e
in

clu
sion

op
erator,

satisfy
in

g
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M
ü
c
k
e
a
n
d

B
l
a
n
c
h
a
r
d

‖
S‖
≤
κ

.
T

h
e

ad
join

t
op

erator
S
∗

:
L

2(X
,ν

)−→
H
K

is
id

en
tifi

ed
as

S
∗g

=

∫X
g
(x

)K
x
ν

(d
x

)
,

w
h
ere

K
x

d
en

otes
th

e
elem

en
t

ofH
K

eq
u
al

to
th

e
fu

n
ction

t7→
K

(x
,t).

T
h
e

covarian
ce

op
erator

T
:H

K
−→
H
K

is
giv

en
b
y

T
=

∫X 〈·,K
x 〉H

K
K
x
ν

(d
x

)
,

w
h
ich

can
b

e
sh

ow
n

to
b

e
p

ositive
self-ad

join
t

tra
ce

cla
ss

(an
d

h
en

ce
is

com
p
act).

T
h
e

em
p
irical

v
ersion

s
of

th
ese

op
erators,

corresp
on

d
in

g
form

ally
to

tak
in

g
th

e
em

p
irical

d
istri-

b
u
tion

ν̂
n

=
1n ∑

ni=
1
δ
x
i

in
p
lace

of
ν

in
th

e
ab

ove
form

u
las,

are
given

b
y

S
x

:H
K
−→

R
n
,

(S
x
f

)
j

=
〈f
,K

x
j 〉H

K
,

S
∗x

:R
n
−→
H
K
,

S
∗x
y

=
1n

n
∑j=

1

y
j K

x
j
,

T
x

:=
S
∗x
S
x

:H
K
−→
H
K
,

T
x

=
1n

n
∑j=

1 〈·,K
x
j 〉H

K
K
x
j
.

W
e

in
tro

d
u
ce

th
e

sh
ortcu

t
n
otation

T̄
=
κ
−

2T
an

d
T̄
x

:=
κ
−

2T
x

,
en

su
rin

g
‖T̄‖

≤
1

an
d

‖
T̄
x ‖
≤

1,
for

an
y
x
∈
X

.
S
im

ilarly,
S̄

=
κ
−

1S
an

d
S̄
x
j

:=
κ
−

1S
x
j

,
en

su
rin

g
‖S̄‖

≤
1

an
d
‖
S̄
x ‖
≤

1,
for

an
y
x
∈
X

.
T

h
e

n
u
m

b
ers

µ
j

are
th

e
p

ositiv
e

eigen
valu

es
of
T̄

satisfy
in

g
0
<
µ
j+

1 ≤
µ
j

for
all

j
>

0
an

d
µ
j ↘

0.

2
.2

N
o
ise

a
ssu

m
p

tio
n

a
n

d
p

rio
r

c
la

sse
s

In
ou

r
settin

g
of

kern
el

learn
in

g,
th

e
sam

p
lin

g
is

assu
m

ed
to

b
e

ran
d
om

i.i.d
.,

w
h
ere

each
ob

servation
p

oin
t

(X
i ,Y

i )
follow

s
th

e
m

o
d
el
Y

=
f
ρ (X

)
+
ε
.

F
or

(X
,Y

)
h
av

in
g

d
istrib

u
tio

n
ρ
,

w
e

assu
m

e
th

at
th

e
con

d
ition

al
ex

p
ectation

w
rt.

ρ
of
Y

given
X

ex
ists

an
d

b
elon

gs
to

H
K

,
th

at
is,

it
h
old

s
for

ν
-alm

ost
all

x
∈
X

:

E
ρ [Y
|X

=
x

]
=
S̄
x f
ρ
,

for
som

e
f
ρ ∈
H
K
.

(3)

F
u
rth

erm
ore,

w
e

w
ill

m
ake

th
e

follow
in

g
assu

m
p
tion

on
th

e
ob

servation
n
oise

d
istrib

u
tion

:
T

h
ere

ex
ists

σ
>

0
an

d
M

>
0

su
ch

th
at

for
an

y
l≥

2

E
[ ∣∣Y
−
S̄
X
f
ρ ∣∣ l|

X
]≤

12
l!σ

2M
l−

2
,

ν
−

a
.s.

(4)

T
o

d
erive

n
on

triv
ial

rates
of

con
v
ergen

ce,
w

e
con

cen
trate

ou
r

atten
tion

on
sp

ecifi
c

su
b
sets

(also
called

m
od

els)
of

th
e

class
of

p
rob

ab
ility

m
easu

res.
IfP

d
en

otes
th

e
set

of
all

p
rob

a-
b
ility

d
istrib

u
tion

s
on
X

,
w

e
d
efi

n
e

classes
of

sam
p
lin

g
d
istrib

u
tion

s
b
y

in
tro

d
u
cin

g
a

d
ecay
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P
a
r
a
l
l
e
l
iz
in
g

S
p
e
c
t
r
a
l
A
l
g
o
r
it
h
m
s

co
n
d
it

io
n

on
th

e
eff

ec
ti

ve
d
im

en
si

o
n
N

(λ
),

b
ei

n
g

a
m

ea
su

re
fo

r
th

e
co

m
p
le

x
it

y
of
H
K

w
it

h
re

sp
ec

t
to

th
e

m
ar

gi
n
al

d
is

tr
ib

u
ti

on
ν

:
F

or
λ
∈

(0
,1

]
w

e
se

t

N
(λ

)
=

T
ra

ce
[

(T̄
+
λ

)−
1
T̄

]
.

(5
)

N
ot

e
th

at
N

(λ
)
≤

1.
F

or
an

y
b
>

1
w

e
in

tr
o
d
u
ce

P
<

(b
)

:=
{ν
∈
P

:
N

(λ
)
≤
C
b
(κ

2
λ

)−
1 b
}
.

(6
)

In
D

e
V

it
o

an
d

C
ap

on
n
et

to
,
20

06
,
P

ro
p

os
it

io
n

3,
it

is
sh

ow
n

th
at

su
ch

a
co

n
d
it

io
n

is
im

p
li
ed

b
y

p
ol

y
n
om

ia
ll
y

d
ec

re
as

in
g

ei
ge

n
va

lu
es

of
T̄

.
M

or
e

p
re

ci
se

ly
,

if
th

e
ei

ge
n
va

lu
es
µ
i

sa
ti

sf
y

µ
j
≤
β
/j
b
∀j
≥

1
or
b
>

1
an

d
β
>

0,
th

en

N
(λ

)
≤

β
1 b
b

b
−

1
(κ

2
λ

)−
1 b
.

F
or

a
su

b
se

t
Ω
⊆
H
K

,
w

e
le

t
K

(Ω
)

b
e

th
e

se
t

of
re

gu
la

r
co

n
d
it

io
n
al

p
ro

b
a
b
il
it

y
d
is

tr
ib

u
ti

on
s

ρ
(·|
·)

on
B(

R
)×
X

su
ch

th
at

(3
)

an
d

(4
)

h
ol

d
fo

r
so

m
e
f ρ
∈

Ω
.

W
e

w
il
l
fo

cu
s

on
a

H
ö
ld

er
-t

yp
e

so
u

rc
e

co
n

d
it

io
n

,
i.
e.

gi
ve

n
r
>

0,
R
>

0
an

d
ν
∈
P

,
w

e
d
efi

n
e

Ω
(r
,R

)
:=
{f
∈
H
K

:
f

=
T̄
r
h
,
‖h
‖ H

K
≤
R
}.

(7
)

T
h
en

th
e

cl
as

s
of

m
o
d
el

s
w

h
ic

h
w

e
w

il
l

co
n
si

d
er

w
il
l

b
e

d
efi

n
ed

as

M
(r
,R
,P
′ )

:=
{
ρ
(d
x
,d
y
)

=
ρ
(d
y
|x

)ν
(d
x

)
:
ρ
(·|
·)
∈
K

(Ω
(r
,R

))
,
ν
∈
P
′ }

,
(8

)

w
it

h
P
′ =
P
<

(b
).

A
s

a
co

n
se

q
u
en

ce
,
th

e
cl

as
s

of
m

o
d
el

s
d
ep

en
d
s

n
ot

on
ly

on
th

e
sm

o
ot

h
n
es

s
p
ro

p
er

ti
es

of
th

e
so

lu
ti

on
(r

efl
ec

te
d

in
th

e
p
ar

am
et

er
s
R
>

0,
r
>

0)
,

b
u
t

al
so

es
se

n
ti

al
ly

on
sp

ec
tr

al
p
ro

p
er

ti
es

of
T̄

,
re

fl
ec

te
d

in
N

(λ
).

2
.3

S
p

e
c
tr

a
l

re
g
u

la
ri

z
a
ti

o
n

In
th

is
su

b
se

ct
io

n
,

w
e

in
tr

o
d
u
ce

th
e

cl
as

s
of

li
n
ea

r
re

gu
la

ri
za

ti
on

m
et

h
o
d
s

b
as

ed
on

sp
ec

-
tr

al
th

eo
ry

fo
r

se
lf

-a
d
jo

in
t

li
n
ea

r
op

er
at

or
s.

T
h
es

e
ar

e
st

an
d
ar

d
m

et
h
o
d
s

fo
r

fi
n
d
in

g
st

ab
le

so
lu

ti
on

s
fo

r
il
l-

p
os

ed
in

ve
rs

e
p
ro

b
le

m
s.

O
ri

gi
n
al

ly
,

th
es

e
m

et
h
o
d
s

w
er

e
d
ev

el
op

ed
in

th
e

d
et

er
m

in
is

ti
c

co
n
te

x
t

(s
ee

E
n
gl

et
al

.,
20

00
).

L
at

er
on

,
th

ey
h
av

e
b

ee
n

ap
p
li
ed

to
p
ro

b
a-

b
il
is

ti
c

p
ro

b
le

m
s

in
m

ac
h
in

e
le

ar
n
in

g
(s

ee
,

e.
g.

,
B

au
er

et
al

.,
20

07
;

D
e

V
it

o
an

d
C

ap
on

n
et

to
,

20
06

;
D

ic
ke

r
et

al
.,

20
17

or
B

la
n
ch

ar
d

an
d

M
ü
ck

e,
20

17
).

D
e
fi

n
it

io
n

1
(R

e
g
u

la
ri

z
a
ti

o
n

fu
n

c
ti

o
n

)
L

et
g

:
(0
,1

]
×

[0
,1

]
−→

R
be

a
fu

n
ct

io
n

a
n

d
w

ri
te
g λ

=
g
(λ
,·)

.
T

h
e

fa
m

il
y
{g
λ
} λ

is
ca

ll
ed

re
gu

la
ri

za
ti

o
n

fu
n

ct
io

n
,

if
th

e
fo

ll
o
w

in
g

co
n

-
d
it

io
n

s
h
o
ld

:

(i
)

T
h
er

e
ex

is
ts

a
co

n
st

a
n

t
D
′ <
∞

su
ch

th
a
t

fo
r

a
n

y
0
<
λ
≤

1

su
p

0
≤
t≤

1
|tg

λ
(t

)|
≤
D
′ .

(9
)
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01

8

M
ü
c
k
e
a
n
d

B
l
a
n
c
h
a
r
d

(i
i)

T
h
er

e
ex

is
ts

a
co

n
st

a
n

t
E
<
∞

su
ch

th
a
t

fo
r

a
n

y
0
<
λ
≤

1

su
p

0
≤
t≤

1
|g λ

(t
)|
≤
E λ
.

(1
0
)

(i
ii

)
D

efi
n

in
g

th
e

re
si

d
u
al
r λ

(t
)

:=
1
−
g λ

(t
)t

,
th

er
e

ex
is

ts
a

co
n

st
a
n

t
γ

0
<
∞

su
ch

th
a
t

fo
r

a
n

y
0
<
λ
≤

1

su
p

0
≤
t≤

1
|r λ

(t
)|
≤
γ

0
.

It
h
as

b
ee

n
sh

ow
n

in
e.

g.
G

er
fo

et
al

.
(2

00
8)

,
D

ic
ke

r
et

al
.

(2
01

7)
,

B
la

n
ch

a
rd

a
n
d

M
ü
ck

e
(2

01
7)

th
at

at
ta

in
ab

le
le

ar
n
in

g
ra

te
s

ar
e

es
se

n
ti

al
ly

li
n
ke

d
w

it
h

th
e

q
u
al

ifi
ca

ti
o
n

o
f

th
e

re
gu

la
ri

za
ti

on
{g
λ
} λ

,
b

ei
n
g

th
e

m
ax

im
al
q

su
ch

th
at

fo
r

an
y

0
<
λ
≤

1

su
p

0
≤
t≤

1
|r λ

(t
)|t

q
≤
γ
q
λ
q
.

(1
1
)

fo
r

so
m

e
co

n
st

an
t
γ
q
>

0
.

N
ot

e
th

at
b
y

(i
ii

)
,

u
si

n
g

in
te

rp
ol

at
io

n
,

w
e

h
av

e
va

li
d
it

y
o
f

(1
1)

al
so

fo
r

an
y
q′
∈

[0
,q

]
w

it
h

co
n
st

an
t
γ
q
′

=
γ

1
−
q
′ q

0
γ
q
′ q q
.

T
h
e

m
os

t
p

op
u
la

r
ex

am
p
le

s
in

cl
u
d
e:

E
x
a
m

p
le

1
(T

ik
h
o
n

o
v

R
eg

u
la

ri
za

ti
o
n

,
K

er
n

el
R

id
ge

R
eg

re
ss

io
n

)
T

h
e

ch
o
ic

e
g λ

(t
)

=
1
λ

+
t

co
rr

es
po

n
d
s

to
T

ik
h
o
n

o
v

re
gu

la
ri

za
ti

o
n

.
In

th
is

ca
se

w
e

h
a
ve

D
′

=
E

=
γ

0
=

1.
T

h
e

qu
a
li

fi
ca

ti
o
n

o
f

th
is

m
et

h
od

is
q

=
1

w
it

h
γ
q

=
1.

E
x
a
m

p
le

2
(L

a
n

d
w

eb
er

It
er

a
ti

o
n

,
gr

a
d
ie

n
t

d
es

ce
n

t)
T

h
e

L
a
n

d
w

eb
er

It
er

a
ti

o
n

(g
ra

d
ie

n
t

d
e-

sc
en

t
a
lg

o
ri

th
m

w
it

h
co

n
st

a
n

t
st

ep
si

ze
)

is
d
efi

n
ed

by

g k
(t

)
=

k
−

1
∑ j=

0

(1
−
t)
j

w
it

h
k

=
1/
λ
∈
N
.

W
e

h
a
ve

D
′

=
E

=
γ

0
=

1
.

T
h
e

qu
a
li

fi
ca

ti
o
n
q

o
f

th
is

a
lg

o
ri

th
m

ca
n

be
a
rb

it
ra

ry
w

it
h

γ
q

=
1

if
0
<
q
≤

1
a
n

d
γ
q

=
qq

if
q
>

1.

E
x
a
m

p
le

3
(ν

-
m

e
th

o
d

)
T

h
e
ν
−

m
et

h
od

be
lo

n
gs

to
th

e
cl

a
ss

o
f

so
ca

ll
ed

se
m

i-
it

er
a
ti

ve
re

gu
la

ri
za

ti
o
n

m
et

h
od

s.
T

h
is

m
et

h
od

h
a
s

fi
n

it
e

qu
a
li

fi
ca

ti
o
n
q

=
ν

w
it

h
γ
q

a
po

si
ti

ve
co

n
-

st
a
n

t.
M

o
re

o
ve

r,
D

=
1

a
n

d
E

=
2.

T
h
e

fi
lt

er
is

gi
ve

n
by

g k
(t

)
=
p
k
(t

),
a

po
ly

n
o
m

ia
l

o
f

d
eg

re
e
k
−

1
,

w
it

h
re

gu
la

ri
za

ti
o
n

pa
ra

m
et

er
λ
∼
k
−

2
,

w
h
ic

h
m

a
ke

s
th

is
m

et
h
od

m
u

ch
fa

st
er

a
s

e.
g.

gr
a
d
ie

n
t

d
es

ce
n

t.
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2
.4

D
istrib

u
te

d
le
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⊂
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p
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p
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p
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.
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p
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b
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p
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w
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im
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d
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b
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p
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con
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b
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p
ortan

t
p
aram

eters
(n

am
ely

th
e

n
oise

varian
ce
σ

2
an

d
th

e
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d
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b
elow

).
F

or
th

is
reason

,
w

e
in

tro
d
u
ce

a
n
o
tio

n
o
f

a
fam

ily
of

rates
over

a
fam

ily
of

m
o
d
els.

M
ore

p
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∈
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d
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⊂
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s
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f̃
λ
n

D
a
s

in
(14),

u
sin

g
a

regu
la
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a
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+
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+
b
+
1

.
(17)

W
e

recall
th

at
w

e
sh

all
alw

ay
s

assu
m

e
th

at
n

is
a

m
u
ltip

le
of
m

.
W

ith
th

ese
p
rep

aration
s,

ou
r

m
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p
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p
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∞
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∞
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p
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<
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en

th
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>
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a
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p
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ra
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>
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p
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r
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p
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<
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+
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a
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:
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>
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p
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u
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d
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r
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p
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ra
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a
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o
f

th
e

p
ri

o
rs

sh
o
u

ld
in

cr
ea

se
a
s

th
e

m
od

el
fi

t
d
ec

re
a
se

s.
O

u
r

th
eo

re
ti

ca
l

re
su

lt
s

p
re

ci
se

ly
sh

o
w

th
is

be
h
a
vi

o
r.

4
.
N
u
m
e
ri
ca

l
st
u
d
ie
s

In
th

is
se

ct
io

n
w

e
n
u
m

er
ic

al
ly

st
u
d
y

th
e

er
ro

r
in
H
K

-n
or

m
,

co
rr

es
p

on
d
in

g
to

s
=

0
in

C
or

ol
la

ry
5

(i
n

ex
p

ec
ta

ti
on

w
it

h
p

=
2)

b
ot

h
in

th
e

si
n
gl

e
m

ac
h
in

e
a
n
d

d
is

tr
ib

u
te

d
le

a
rn

in
g

se
tt

in
g.

O
u
r

m
ai

n
in

te
re

st
is

to
st

u
d
y

th
e

u
p
p

er
b

ou
n
d

fo
r

ou
r

th
eo

re
ti

ca
l

ex
p

o
n
en

t
α

,
p
ar

am
et

ri
zi

n
g

th
e

si
ze

of
su

b
sa

m
p
le

s
in

te
rm

s
of

th
e

to
ta

l
sa

m
p
le

si
ze

,
m

=
n
α
,

in
d
iff

er
en

t
sm

o
ot

h
n
es

s
re

gi
m

es
.

In
ad

d
it

io
n

w
e

sh
al

l
d
em

on
st

ra
te

in
w

h
ic

h
w

ay
p
ar

a
ll
el

iz
a
ti

o
n

se
rv

es
as

a
fo

rm
of

re
gu

la
ri

za
ti

on
.

M
or

e
sp

ec
ifi

ca
ll
y,

w
e

le
t
H
K

=
H

1 0
[0
,1

]
b

e
th

e
S
ob

ol
ev

sp
ac

e
co

n
si

st
in

g
of

a
b
so

lu
te

ly
co

n
-

ti
n
u
ou

s
fu

n
ct

io
n
s
f

on
[0
,1

]
w

it
h

w
ea

k
d
er

iv
at

iv
e

of
or

d
er

1
in
L

2
[0
,1

],
w

it
h

b
o
u
n
d
a
ry

co
n
d
it

io
n
f

(0
)

=
f

(1
)

=
0.

T
h
e

re
p
ro

d
u
ci

n
g

k
er

n
el

is
gi

ve
n

b
y
K

(x
,t

)
=
x
∧
t
−
x
t.

F
o
r

al
l

ex
p

er
im

en
ts

in
th

is
se

ct
io

n
,

w
e

si
m

u
la

te
d
at

a
fr

om
th

e
re

gr
es

si
on

m
o
d
el

Y
i

=
f ρ

(X
i)

+
ε i
,

i
=

1,
..
.,
n
,

w
h
er

e
th

e
in

p
u
t

va
ri

ab
le

s
X
i
∼
U
n
if

[0
,1

]
ar

e
u
n
if

or
m

ly
d
is

tr
ib

u
te

d
an

d
th

e
n
o
is

e
va

ri
a
b
le

s
ε i
∼
N

(0
,σ

2
)

ar
e

n
or

m
al

ly
d
is

tr
ib

u
te

d
w

it
h

st
an

d
ar

d
d
ev

ia
ti

o
n
σ

=
0.

0
05

.
W

e
ch

o
o
se

th
e

ta
rg

et
fu

n
ct

io
n
f ρ

ac
co

rd
in

g
to

tw
o

d
iff

er
en

t
ca

se
s,

n
am

el
y
r
<

1
(l

o
w

sm
oo

th
n

es
s

re
gi

m
e)

an
d
r

=
∞

(h
ig

h
sm

oo
th

n
es

s
re

gi
m

e)
.

T
o

ac
cu

ra
te

ly
d
et

er
m

in
e

th
e

d
eg

re
e

o
f

sm
o
o
th

n
es

s
r
>

0,
w

e
ap

p
ly

P
ro

p
os

it
io

n
10

b
el

ow
b
y

ex
p
li
ci

tl
y

ca
lc

u
la

ti
n
g

th
e

F
ou

ri
er

co
effi

ci
en

ts

(〈
f ρ
,e
j
〉 H

K
) j
∈N

,
w

h
er

e
e j

(x
)

=
√

2
π
j

co
s(
π
jx

),
fo

r
j
∈
N
∗ ,

fo
rm

s
an

O
N

B
of
H
K

.
R

ec
a
ll

th
a
t

th
e

ra
te

of
ei

ge
n
va

lu
e

d
ec

ay
is

ex
p
li
ci

tl
y

gi
ve

n
b
y
b

=
2
,

m
ea

n
in

g
th

at
w

e
h
av

e
fu

ll
co

n
tr

o
l

ov
er

al
l

p
ar

am
et

er
s

in
(2

1)
.

W
e

n
ee

d
th

e
fo
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in
g
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:
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P
ro

p
o
sitio

n
1
0

(E
n

g
l

e
t

a
l.,

2
0
0
0
,

P
ro

p
.

3
.1

3
)

L
etH

K
,H

2
be

sepa
ra

ble
H

ilbert
spa

ces
a
n

d
S

:H
K
−→
H

2
be

a
co

m
pa

ct
lin

ea
r

o
pera

to
r

w
ith

sin
gu

la
r

system
2
{σ

j ,ϕ
j ,ψ

j }.
D

e-
n

o
tin

g
by

S
†

th
e

gen
era

lized
in

verse
3

o
f
S

,
o
n

e
h
a
s

fo
r

a
n

y
r
>

0
a
n

d
g
∈
H

2 :

g
is

in
th

e
d
o
m

a
in

o
f
S
†

a
n

d
S
†g
∈

Im
((S
∗S

)
r)

if
a
n

d
o

n
ly

if

∞∑j=
0 |〈g

,ψ
j 〉H

2 | 2

σ
2
+

4
r

j

<
∞
.

In
o
u
r

ca
se,H

K
is

as
ab

ove,H
2

is
L

2([0
,1])

w
ith

L
eb

esgu
e

m
easu

re
an

d
S

:
H

10
[0,1]→

L
2([0,1

])
is

th
e

in
clu

sion
.

S
in

ce
H

10
[0,1]

is
d
en

se
in
L

2([0
,1]),

w
e

k
n
ow

th
at

(Im
(S

)) ⊥
is

triv
ia

l,
g
iv

in
g
S
S
†

=
id

on
Im

(S
).

F
u
rth

erm
ore,

ϕ
j

=
e
j

is
a

n
orm

alized
eigen

b
asis

of

T
=
S
∗S

w
ith

eigen
valu

es
σ

2j
=

(π
j) −

2.
W

ith
ψ
j

=
S
ϕ
j

‖
S
ϕ
j ‖
L
2

w
e

ob
tain

for
f
∈
H

10
[0,1]

〈S
f
,ψ

j 〉
L
2

=
〈
S
f
,
S
e
j

‖
S
e
j ‖ 〉

L
2

=
〈
f
,
S
∗S
e
j

‖S
e
j ‖ 〉

H
10

=
σ
j 〈f

,e
j 〉
H

10 .

T
h
u
s,

a
p
p
ly

in
g

P
rop

osition
10

gives

C
o
ro

lla
ry

1
1

F
o
r
S

a
n

d
T

=
S
∗S

d
efi

n
ed

in
S

ectio
n

2
,

w
e

h
a
ve

fo
r

a
n

y
r
>

0
:
f
∈

Im
(T

r)
if

a
n

d
o
n

ly
if

∞∑j=
1

j
4
r|〈f

,e
j 〉
L
2 | 2

<
∞
.

T
h
u
s,

a
s

ex
p

ected
,
ab

stract
sm

o
oth

n
ess

m
easu

red
b
y

th
e

p
aram

eter
r

in
th

e
sou

rce
con

d
ition

co
rresp

o
n
d
s

in
th

is
sp

ecial
case

to
d
ecay

of
th

e
cla

ssical
F

ou
rier

co
effi

cien
ts

w
h
ich

b
y

th
e

cla
ssica

l
th

eo
ry

of
F

ou
rier

series
m

easu
res

sm
o
oth

n
ess

of
th

e
p

erio
d
ic

con
tin

u
ation

of
f
∈

L
2([0,1

])
to

th
e

real
lin

e.

4
.1

L
o
w

sm
o
o
th

n
e
ss

re
g
im

e

W
e

ch
o
o
se
f
ρ (x

)
=

12 x
(1−

x
)

w
h
ich

clearly
b

elon
gs

to
H
K

.
A

straigh
tforw

ard
calcu

lation
g
ives

th
e

F
ou

rier
co

effi
cien

t〈f
ρ ,e

j 〉
=
−

2(π
j) −

2
for

j
o
d
d

(van
ish

in
g

for
j

even
).

T
h
u
s,

b
y

th
e

a
b

ove
criterion

,
f
ρ

satisfi
es

th
e

sou
rce

con
d
ition

f
ρ
∈
R
a
n

(T̄
r)

p
recisely

for
0
<
r
<

0
.7

5
.

(O
b
serve

th
at

alth
ou

gh
f
ρ

is
sm

o
oth

on
[0,1],

its
p

erio
d
ic

con
tin

u
ation

on
th

e
rea

l
lin

e
is

n
o
t,

h
en

ce
th

e
low

sm
o
oth

n
ess

regim
e.)

A
ccord

in
g

to
T

h
eorem

6,
th

e
w

orst
case

ra
te

in
th

e
sin

g
le

m
a
ch

in
e

p
rob

lem
is

given
b
y
n
−
γ,

w
ith

γ
=

0.25
.

R
egu

larization
is

d
on

e
u
sin

g
th

e
ν−

m
eth

o
d

(see
E

x
am

p
le

3),
w

ith
q
u
a
lifi

cation
q

=
ν

=
1.

R
ecall

th
at

th
e

sto
p
p
in

g
in

d
ex

2
.

i.e.,
th

e
ϕ
j

a
re

th
e

n
o
rm

a
lized

eig
en

fu
n

ctio
n

s
o
f
S
∗S

w
ith

eig
en

va
lu

es
σ
2j

a
n

d
ψ
j

=
S
ϕ
j /‖

S
ϕ
j ‖

;
th

u
s

S
=

∑
σ
j 〈ϕ

j ,·〉ψ
j .

3
.

th
e

u
n

iq
u

e
u

n
b

o
u

n
d

ed
lin

ea
r

o
p

era
to

r
w

ith
d

o
m

a
in

Im
(S

)⊕
(Im

(S
)) ⊥

in
H

2
va

n
ish

in
g

o
n

(Im
(S

)) ⊥
a
n

d
sa

tisfy
in

g
S
S
†

=
1

o
n

Im
(S

),
w

ith
ra

n
g
e

o
rth

o
g
o
n

a
l

to
th

e
n
u

ll
sp

a
ce
N

(S
).
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M
ü
c
k
e
a
n
d

B
l
a
n
c
h
a
r
d

k
sto
p

serves
as

th
e

regu
larization

p
aram

eter
λ

,
w

h
ere

k
sto
p ∼

λ
−

2.
W

e
con

sid
er

sam
p
le

sizes
from

500
,...,9000.

In
th

e
m

o
d
el

selection
step

,
w

e
estim

ate
th

e
p

erform
an

ce
of

d
iff

eren
t

m
o
d
els

an
d

ch
o
ose

th
e

o
ra

cle
sto

p
p
in

g
tim

e
k̂
o
r
a
cle

b
y

m
in

im
izin

g
th

e
recon

stru
ction

error:

k̂
o
r
a
cle

=
arg

m
ink 

1M

M∑j=
1 ∥∥∥
f
ρ −

f̂
kj ∥∥∥

2H
K 

12

over
M

=
30

ru
n
s.

In
th

e
m

o
d
el

assessm
en

t
step

,
w

e
p
artition

th
e

d
ataset

in
to
m
∼
n
α

su
b
sam

p
les,

for
an

y
α
∈
{0,0.05,0

.1
,...,0.85}.

O
n

each
su

b
sam

p
le

w
e

regu
larize

u
sin

g
th

e
oracle

stop
p
in

g
tim

e
k̂
o
r
a
cle

(d
eterm

in
ed

b
y

u
sin

g
th

e
w

h
ole

sam
p
le).

C
orresp

on
d
in

g
to

C
orollary

5,
th

e
accu

racy
sh

ou
ld

b
e

com
p
arab

le
to

th
e

on
e

u
sin

g
th

e
w

h
ole

sam
p
le

as
lon

g
as
α
<

0
.5

.
In

F
igu

re
1

(left
p
an

el)
w

e
p
lot

th
e

recon
stru

ction
error‖

f̄
k̂−

f
ρ ‖H

K
versu

s
th

e
ratio

α
=

log
(m

)/
log

(n
)

for
d
iff

eren
t

sam
p
le

sizes.
W

e
ex

ecu
te

each
sim

u
lation

M
=

30
tim

es.
T

h
e

p
lot

su
p
p

orts
ou

r
th

eoretical
fi
n
d
in

g.
T

h
e

righ
t

p
an

el
sh

ow
s

th
e

recon
stru

ction
error

versu
s

th
e

total
n
u
m

b
er

of
sam

p
les

u
sin

g
d
iff

eren
t

p
artition

s
o
f

th
e

d
ata.

T
h
e

b
la

ck
cu

rve
(α

=
0)

corresp
on

d
s

to
th

e
b
aselin

e
error

(m
=

0,
n
o

p
artition

of
d
ata).

E
rror

cu
rves

b
elow

a
th

resh
old

α
<

0.6
are

rou
gh

ly
com

p
arab

le,
w

h
ereas

cu
rves

ab
ove

th
is

th
resh

old
sh

ow
a

gap
in

p
erform

an
ces.

In
an

oth
er

ex
p

erim
en

t
w

e
stu

d
y

th
e

p
erform

an
ces

in
case

of
(very

)
d
iff

eren
t

regu
larization

:
O

n
ly

p
artition

in
g

th
e

d
ata

(n
o

regu
larization

),
u
n
d
erregu

larizatio
n

(h
igh

er
stop

p
in

g
in

d
ex

)
an

d
ov

erregu
lariza

tion
(low

er
stop

p
in

g
in

d
ex

).
T

h
e

ou
tcom

e
of

th
is

ex
p

erim
en

t
am

p
lifi

es
th

e
regu

larization
eff

ect
of

p
arallelizin

g.
F

igu
re

2
sh

ow
s

th
e

m
ain

p
oin

t:
O

verregu
lariza-

tion
is

alw
ay

s
h
op

eless,
u
n
d
erregu

la
rization

is
b

etter.
In

th
e

ex
trem

e
case

of
(alm

ost)
n
o

regu
larization

,
th

ere
is

a
sh

arp
m

in
im

u
m

in
th

e
recon

stru
ction

error
w

h
ich

is
on

ly
sligh

tly
larger

th
an

th
e

m
in

im
ax

op
tim

al
valu

e
for

th
e

oracle
reg

u
larization

p
aram

eter
an

d
w

h
ich

is
ach

ieved
at

an
attractively

large
d
egree

of
p
ara

llelization
.

Q
u
alitatively,

th
is

agrees
very

w
ell

w
ith

th
e

in
tu

itive
n
otion

th
at

p
arallelizin

g
serves

a
s

regu
larization

.

W
e

em
p
h
asize

th
at

n
u
m

erical
resu

lts
seem

to
in

d
icate

th
at

p
arallelization

is
p

ossib
le

to
a

sligh
tly

larger
d
egree

th
an

in
d
icated

b
y

ou
r

th
eoretical

estim
ate.

A
sim

ilar
resu

lt
w

as
rep

orted
in

th
e

p
ap

er
Z

h
an

g
et

al.
(2013),

w
h
ich

also
treats

th
e

low
sm

o
oth

n
ess

case.

4
.2

H
ig

h
sm

o
o
th

n
e
ss

re
g
im

e

W
e

ch
o
ose

f
ρ (x

)
=

12
π

sin
(2π

x
),

w
h
ich

corresp
on

d
s

to
ju

st
on

e
n
on

-van
ish

in
g

F
ou

rier
co

ef-
fi
cien

t
an

d
b
y

ou
r

criterion
C

orollary
11

h
as
r

=
∞

.
In

v
iew

of
ou

r
m

ain
C

orollary
5

th
is

req
u
ires

a
regu

larization
m

eth
o
d

w
ith

h
igh

er
q
u
alifi

cation
;

w
e

take
th

e
G

ra
d
ien

t
D

escen
t

m
eth

o
d

(see
E

x
am

p
le

2).

T
h
e

ap
p

earan
ce

of
th

e
term

2
b

m
in{

1
,r}

in
ou

r
th

eoretical
resu

lt
5

gives
a

p
red

icted
valu

e
α

=
0

(an
d

w
ou

ld
im

p
ly

th
at

p
arallelization

is
strictly

fo
rb

id
d
en

for
in

fi
n
ite

sm
o
oth

n
ess).

M
ore

sp
ecifi

cally,
th

e
left

p
an

el
in

F
igu

re
3

sh
ow

s
th

e
ab

sen
ce

of
an

y
p
lateau

for
th

e
re-

con
stru

ction
error

as
a

fu
n
ction

of
α

.
T

h
is

corresp
on

d
s

to
th

e
righ

t
p
an

el
sh

ow
in

g
th

at

1
2
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e
oth

er
h
an

d
,

if
k

a
n
d
b

m
ig

h
t

b
e

taken
arb

itrarily
la

rge,
corresp

on
d
in

g
to

alm
ost

b
ou

n
d
ed

eigen
fu

n
ction

s
a
n
d

a
rb

itra
rily

large
p

oly
n
om

ial
d
ecay

of
eigen

valu
es,

m
m

igh
t

b
e

ch
osen

p
rop

ortion
al

to
n

1−
ε,

fo
r

a
n
y
ε
>

0.
A

s
m

igh
t

b
e

ex
p

ected
,

rep
lacin

g
th

e
L

2
k

b
ou

n
d

on
th

e
eigen

fu
n
ction

s
b
y

a
b

o
u
n
d

in
L
∞

,
gives

an
u
p
p

er
b

o
u
n
d

on
m

w
h
ich

sim
p
ly

is
th

e
lim

it
fo

r
k
→
∞

in
th

e
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M
ü
c
k
e
a
n
d

B
l
a
n
c
h
a
r
d

b
ou

n
d

given
ab

ov
e,

n
am

ely

m
.

n
b−

1
b
+
1

ρ
4

log
n
,

w
h
ich

for
large

b
b

eh
aves

as
ab

ove.
G

ran
ted

b
ou

n
d
s

on
th

e
eigen

fu
n
ction

s
in
L

2
k

for
(very

)
large

k
,

th
is

is
a

stron
g

resu
lt.

W
h
ile

th
e

d
ecay

rate
of

th
e

eigen
valu

es
can

b
e

d
eterm

in
ed

b
y

th
e

sm
o
oth

n
ess

of
K

(see,
e.g.,

F
erreira

an
d

M
en

egatto,
2009

an
d

referen
ces

th
erein

),
it

is
a

w
id

ely
op

en
q
u
estion

w
h
ich

gen
eral

p
rop

erties
of

th
e

k
ern

el
im

p
ly

estim
ates

as
in

(22)
an

d
(23)

on
th

e
eigen

fu
n
ction

s.

Z
h
ou

(2002)
even

gives
a

cou
n
terex

am
p
le

an
d

p
resen

ts
a
C
∞

M
ercer

k
ern

el
on

[0
,1]

w
h
ere

th
e

eigen
fu

n
ction

s
of

th
e

corresp
on

d
in

g
in

tegral
op

erator
are

n
o
t

u
n
iform

ly
b

ou
n
d
ed

.
T

h
u
s,

sm
o
oth

n
ess

of
th

e
kern

el
is

n
ot

a
su

ffi
cien

t
con

d
ition

for
(23)

to
h
old

.

M
oreover,

w
e

p
oin

t
ou

t
th

at
th

e
u
p
p

er
b

ou
n
d

(22)
on

th
e

eigen
fu

n
ction

s
(an

d
th

u
s

th
e

u
p
p

er
b

ou
n
d

for
m

in
Z

h
an

g
et

al.,
2013)

d
ep

en
d
s

on
th

e
u
n
k
n
ow

n
m

argin
al

d
istrib

u
tion

ν
.

O
n
ly

th
e

stron
gest

assu
m

p
tion

,
a

b
ou

n
d

in
su

p
-n

o
rm

(23),
d
o
es

n
ot

d
ep

en
d

on
ν

.
C

on
cern

in
g

th
is

p
oin

t,
ou

r
ap

p
roach

is
”agn

ostic”.

A
s

alread
y

m
en

tion
ed

in
th

e
In

tro
d
u
ction

,
th

ese
b

ou
n
d
s

on
th

e
eigen

fu
n
ction

s
h
ave

b
een

elim
in

ated
b
y

L
in

et
al.

(2017),
for

K
R

R
,

im
p

osin
g

p
oly

n
om

ial
d
ecay

of
eigen

valu
es

as
ab

ove.
T

h
is

is
very

sim
ilar

to
ou

r
ap

p
roach

.
A

s
a

gen
eral

ru
le,

ou
r

b
ou

n
d
s

on
m

an
d

th
e

b
ou

n
d
s

ob
tain

ed
b
y

L
in

et
al.

(2017)
are

w
orse

th
an

th
e

b
ou

n
d
s

of
Z

h
an

g
et

al.
(2013)

for
eigen

fu
n
ction

s
in

(or
close

to
)
L
∞

,
b
u
t

in
th

e
com

p
lem

en
tary

case
w

h
ere

n
oth

in
g

is
k
n
ow

n
on

th
e

eigen
fu

n
ction

s
m

still
can

b
e

ch
o
sen

as
an

in
crea

sin
g

fu
n
ction

of
n

,
n
am

ely
m

=
n
α
.

M
ore

p
recisely,

ch
o
osin

g
λ
n

as
in

(16),
L

in
et

al.
(2017)

d
erive

as
an

u
p
p

er
b

ou
n
d

m
.
n
α
,

α
=

2
br

2br
+
b

+
1
,

w
ith

r
b

ein
g

th
e

sm
o
oth

n
ess

p
aram

eter
arisin

g
in

th
e

sou
rce

con
d
ition

.
W

e
recall

h
ere

th
at

d
u
e

to
ou

r
assu

m
p
tion

q
≥
r

+
s,

th
e

sm
o
oth

n
ess

p
aram

eter
r

is
restricted

to
th

e
in

terval
(0,

12 ]
for

K
R

R
(q

=
1)

an
d
L

2-risk
(s

=
12 ).

O
u
r

resu
lts

(w
h
ich

h
old

for
a

gen
eral

cla
ss

of
sp

ectral
regu

larization
m

eth
o
d
s)

are
in

som
e

w
ay

s
com

p
arab

le
to

th
ose

of
L

in
et

al.
(2017).

S
p

ecialized
to

K
R

R
,

ou
r

estim
ates

for
th

e
ex

p
on

en
t
α

in
m

=
O

(n
α
)

coin
cid

e
w

ith
th

e
resu

lt
of

L
in

et
al.

(2017).
F

u
rth

erm
ore,

w
e

em
p
h
asize

th
at

Z
h
an

g
et

al.
(2013)

a
n
d

L
in

et
al.

(2017)
estim

ate
th

e
D

L
-error

on
ly

for
s

=
1
/
2

in
ou

r
n
otation

(corresp
on

d
in

g
to

L
2(ν

)−
n
orm

),
w

h
ile

ou
r

resu
lt

h
old

s
for

all
valu

es
of
s
∈

[0,1
/2]

w
h
ich

sm
o
oth

ly
in

terp
olates

b
etw

een
L

2(ν
)-n

orm
an

d
R

K
H

S
-n

orm
an

d
,

in
ad

d
ition

,
for

all
valu

es
of
p
∈

[1,∞
).

T
h
u
s,

ou
r

resu
lts

also
ap

p
ly

to
th

e
case

of
n
on

-p
aram

etric
in

verse
regression

,
w

h
ere

on
e

is
p
articu

larly
in

terested
in

th
e

recon
stru

ction
error,

i.e.
H
K

-n
orm

(see,
e.g.,

B
lan

ch
ard

an
d

M
ü
ck

e,
2017).

A
d
d
ition

a
lly,

w
e

p
recisely

an
aly

ze
th

e
d
ep

en
d
en

ce
of

th
e

n
oise

va
rian

ce
σ

2
an

d
th

e
com

p
lex

ity
rad

iu
s
R

in
th

e
sou

rce
con

d
ition

.

C
on

cern
in

g
gen

eral
strategy,

w
h
ile

L
in

et
al.

(2017)
u
se

a
n
ovel

secon
d

ord
er

d
ecom

p
osition

in
an

essen
tial

w
ay,

ou
r

ap
p
roach

is
m

ore
classical.

W
e

clearly
d
istin

gu
ish

b
etw

een
estim

at-
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P
a
r
a
l
l
e
l
iz
in
g

S
p
e
c
t
r
a
l
A
l
g
o
r
it
h
m
s

in
g

th
e

ap
p
ro

x
im

at
io

n
er

ro
r

an
d

th
e

sa
m

p
le

er
ro

r.
T

h
e

b
ia

s
u
si

n
g

a
su

b
sa

m
p
le

sh
ou

ld
b

e
of

th
e

sa
m

e
or

d
er

as
w

h
en

u
si

n
g

th
e

w
h
ol

e
sa

m
p
le

,
w

h
er

ea
s

th
e

es
ti

m
at

io
n

er
ro

r
is

h
ig

h
er

on
ea

ch
su

b
sa

m
p
le

,
b
u
t

ge
ts

re
d
u
ce

d
b
y

av
er

ag
in

g
b
y

w
ri

ti
n
g

th
e

va
ri

an
ce

as
a

su
m

of
i.
i.
d
.

ra
n
d
om

va
ri

ab
le

s
(w

h
ic

h
al

lo
w

s
to

u
se

R
os

en
th

al
’s

in
eq

u
al

it
y
).

F
in

al
ly

,
w

e
w

an
t

to
m

en
ti

on
th

e
re

ce
n
t

w
or

k
s

of
L

in
an

d
Z

h
ou

(2
0
18

)
an

d
G

u
o

et
al

.
(2

01
7)

,
w

h
ic

h
w

er
e

w
or

k
ed

ou
t

in
d
ep

en
tl

y
fr

om
ou

r
w

or
k
.

G
u
o

et
al

.
(2

01
7)

al
so

tr
ea

t
ge

n
er

al
sp

ec
tr

al
re

gu
la

ri
za

ti
on

m
et

h
o
d
s

(g
oi

n
g

b
ey

on
d

ke
rn

el
ri

d
ge

)
an

d
ob

ta
in

es
se

n
ti

a
ll
y

th
e

sa
m

e
re

su
lt

s,
b
u
t

w
it

h
er

ro
r

b
ou

n
d
s

on
ly

in
L

2
-n

or
m

,
ex

cl
u
d
in

g
in

ve
rs

e
le

ar
n
in

g
p
ro

b
le

m
s.

L
in

an
d

Z
h
ou

(2
01

8)
in

ve
st

ig
at

e
d
is

tr
ib

u
te

d
le

a
rn

in
g

on
th

e
ex

am
p
le

of
gr

ad
ie

n
t

d
es

ce
n
t

al
go

ri
th

m
s,

w
h
ic

h
h
av

e
in

fi
n
it

e
q
u
al

ifi
ca

ti
on

an
d

al
lo

w
la

rg
er

sm
o
ot

h
n
es

s
of

th
e

re
g
re

ss
io

n
fu

n
ct

io
n
.

T
h
ey

ar
e

ab
le

to
im

p
ro

v
e

th
e

u
p
p

er
b

ou
n
d

fo
r

th
e

n
u
m

b
er

of
lo

ca
l

m
ac

h
in

es
to

m
.

n
α

lo
g

5
(n

)
+

1
,

α
<

br

2b
r

+
b

+
1
,

w
h
ic

h
is

la
rg

er
in

th
e

ca
se
r
>

2.
In

th
e

in
te

rm
ed

ia
te

ca
se

1
<
r
<

2,
ou

r
b

ou
n
d

in
(2

0)
is

st
il
l
b

et
te

r.
A

n
in

te
re

st
in

g
fe

at
u
re

is
th

e
fa

ct
th

at
it

is
p

os
si

b
le

to
al

lo
w

m
or

e
lo

ca
l
m

ac
h
in

es
b
y

u
si

n
g

ad
d
it

io
n
al

u
n
la

b
el

ed
d
at

a.
T

h
is

in
d
ic

at
es

th
at

fi
n
d
in

g
th

e
u
p
p

er
b

ou
n
d

fo
r

th
e

n
u
m

b
er

of
m

ac
h
in

es
in

th
e

h
ig

h
sm

o
ot

h
n
es

s
re

gi
m

e
is

st
il
l

an
op

en
p
ro

b
le

m
.

A
d

a
p

ti
v
it

y
:

It
is

cl
ea

r
fr

om
th

e
th

eo
re

ti
ca

l
re

su
lt

s
th

at
b

ot
h

th
e

re
gu

la
ri

za
ti

on
p
ar

am
et

er
λ

an
d

th
e

al
lo

w
ed

ca
rd

in
al

it
y

of
su

b
sa

m
p
le

s
m

d
ep

en
d

on
th

e
p
ar

am
et

er
s
r

an
d
b,

w
h
ic

h
in

ge
n
er

al
ar

e
u
n
k
n
ow

n
.

T
h
u
s,

an
ad

ap
ti

ve
ap

p
ro

ac
h

to
b

ot
h

p
ar

am
et

er
s
b

an
d
r

fo
r

ch
o
os

in
g

λ
an

d
m

is
of

in
te

re
st

.
T

o
th

e
b

es
t

of
o
u
r

k
n
ow

le
d
ge

,
th

er
e

ar
e

ye
t

n
o

ri
go

ro
u
s

re
su

lt
s

on
ad

ap
ti

v
it

y
in

th
is

m
or

e
ge

n
er

al
se

n
se

.
P

ro
g
re

ss
in

th
is

fi
el

d
m

ay
w

el
l

b
e

cr
u
ci

al
in

fi
-

n
al

ly
as

se
ss

in
g

th
e

re
la

ti
ve

m
er

it
s

of
th

e
d
is

tr
ib

u
te

d
le

a
rn

in
g

a
p
p
ro

ac
h

as
co

m
p
ar

ed
w

it
h

al
te

rn
at

iv
e

st
ra

te
gi

es
to

eff
ec

ti
v
el

y
d
ea

l
w

it
h

la
rg

e
d
at

a
se

ts
.

W
e

sk
et

ch
an

al
te

rn
at

iv
e

n
ai

ve
ap

p
ro

ac
h

to
ad

ap
ti

v
it

y,
b
as

ed
on

h
ol

d
-o

u
t

in
th

e
d
ir

ec
t

ca
se

,
w

h
er

e
w

e
co

n
si

d
er

ea
ch

f
∈
H
K

al
so

a
s

a
fu

n
ct

io
n

in
L

2
(X
,ν

).
W

e
sp

li
t

th
e

d
at

a
z
∈

(X
×
Y)

n
in

to
a

tr
ai

n
in

g
an

d
va

li
d
at

io
n

p
ar

t
z

=
(z
t ,

z
v
)

o
f

ca
rd

in
al

it
y
m
t,
m
v
.

W
e

fu
rt

h
er

su
b

d
iv

id
e

z
t

in
to
m
k

su
b
sa

m
p
le

s,
ro

u
gh

ly
of

si
ze
m
t/
m
k
,

w
h
er

e
m
k
≤
m
t,
k

=
1
,2
,.
..

is
so

m
e

st
ri

ct
ly

d
ec

re
as

in
g

se
q
u
en

ce
.

F
or

ea
ch

k
an

d
ea

ch
su

b
sa

m
p
le

z
j
,

1
≤
j
≤
m
k
,

w
e

d
efi

n
e

th
e

es
ti

m
at

or
s
f̂
λ z
j

as
in

(1
2)

an
d

th
ei

r
av

er
ag

e

f̄
λ k
,z
t

:=
1 m
k

m
k

∑ j=
1

f̂
λ z
j
.

(2
4)

H
er

e,
λ

va
ri

es
in

so
m

e
su

ffi
ci

en
tl

y
fi
n
e

la
tt

ic
e

Λ
.

T
h
en

ev
al

u
at

io
n

on
z
v

gi
ve

s
th

e
as

so
ci

at
ed

em
p
ir

ic
al
L

2
−

er
ro

r

E
rr
λ k
(z
v
)

:=
1 m
v

m
v

∑ i=
1

(y
v i
−
f̄
λ k
,z
t
(x
v i
))

2
,

z
v

=
(y
v
,x

v
)
,

y
v

=
(y
v 1
,.
..
,y
v m
v
)
,

(2
5)

le
ad

in
g

u
s

to
d
efi

n
e λ̂

k
:=

ar
gm

in
λ
∈Λ

E
rr
λ k
(z
v
)
,

E
rr

(k
)

:=
E

rr
λ̂
k
k

(z
v
).

(2
6)

1
7

JM
L

R
 1

9(
30

):
1-

29
, 2

01
8

M
ü
c
k
e
a
n
d

B
l
a
n
c
h
a
r
d

T
h
en

,
an

ap
p
ro

p
ri

at
e

st
op

p
in

g
cr

it
er

io
n

fo
r
k

m
ig

h
t

b
e

to
st

op
at

k
∗

:=
m

in
{k
≥

3
:

∆
(k

)
≤
δ

in
f

2
≤
j<
k

∆
(j

)}
,

∆
(j

)
:=
|E

rr
(j

)
−

E
rr

(j
−

1
)|
,

(2
7
)

fo
r

so
m

e
δ
<

1
(w

h
ic

h
m

ig
h
t

re
q
u
ir

e
tu

n
in

g)
.

T
h
e

co
rr

es
p

on
d
in

g
re

gu
la

ri
za

ti
o
n

p
a
ra

m
et

er
is
λ̂

=
λ̂
k
∗
,

gi
v
en

b
y

(2
6)

.
A

t
le

as
t

in
tu

it
iv

el
y,

it
is

th
en

re
as

on
ab

le
to

d
efi

n
e

a
p
u
re

ly
d
a
ta

d
ri

ve
n

es
ti

m
at

or
as

f̂ n
:=

f̄
λ̂ k
∗ ,
z
t
.

(2
8
)

N
ot

e
th

at
th

e
tr

ai
n
in

g
d
at

a
z
t

en
te

r
th

e
d
efi

n
it

io
n

of
f̂ n

v
ia

th
e

ex
p
li
ci

t
fo

rm
u
la

(2
4
)

en
co

d
in

g
ou

r
k
er

n
el

b
as

ed
ap

p
ro

ac
h
,

w
h
il
e

z
v

se
rv

es
to

d
et

er
m

in
e

(k
∗ ,
λ̂
∗ )

v
ia

m
in

im
iz

a
ti

o
n

o
f

th
e

em
p
ir

ic
al
L

2
-e

rr
or

an
d

a
cr

it
er

io
n
,

w
h
ic

h
te

ll
s

on
e

to
st

op
w

h
er

e
E

rr
(j

)
d
o
es

n
o
t

a
p
p
re

ci
a
b
ly

im
p
ro

ve
an

y
m

or
e.

It
is

op
en

if
su

ch
a

p
ro

ce
d
u
re

ac
h
ie

ve
s

op
ti

m
al

ra
te

s,
an

d
w

e
le

av
e

th
is

fo
r

fu
tu

re
re

se
ar

ch
.

6
.
P
ro

o
fs

F
or

ea
se

of
re

ad
in

g
w

e
m

ak
e

u
se

of
th

e
fo

ll
ow

in
g

co
n
ve

n
ti

on
s:

•
fo

r
a

(b
ou

n
d
ed

)
li
n
ea

r
op

er
at

or
A

,
‖A
‖

d
en

ot
es

th
e

op
er

at
or

n
or

m
;

•
w

e
ar

e
in

te
re

st
ed

in
a

p
re

ci
se

d
ep

en
d
en

ce
of

m
u
lt

ip
li
ca

ti
ve

co
n
st

an
ts

on
th

e
p
a
ra

m
et

er
s

σ
,M

,R
,m

,n
an

d
η
.

(T
o

b
e

cl
ea

r
ab

ou
t

th
e

ro
le

of
th

e
la

tt
er

q
u
an

ti
ty

:
th

e
p
ro

o
fs

re
ly

on
h
ig

h
-p

ro
b
ab

il
it

y
st

at
em

en
ts

on
d
ev

ia
ti

on
s,

ty
p
ic

al
ly

h
ol

d
in

g
w

it
h

h
ig

h
p
ro

b
a
b
il
it

y
1
−
η
.)

•
th

e
d
ep

en
d
en

ce
of

m
u
lt

ip
li
ca

ti
ve

co
n
st

an
ts

on
va

ri
o
u
s

ot
h
er

p
ar

am
et

er
s,

in
cl

u
d
in

g
th

e
ke

rn
el

p
ar

am
et

er
κ

,
th

e
in

te
rp

ol
at

in
g

p
ar

am
et

er
s
∈

[0
,

1 2
],

th
e

p
a
ra

m
et

er
s

a
ri

si
n
g

fr
om

th
e

re
gu

la
ri

za
ti

on
m

et
h
o
d
,
b
>

1,
β
>

0,
r
>

0,
et

c.
w

il
l

(g
en

er
al

ly
)

b
e

o
m

it
te

d
an

d
si

m
p
ly

in
d
ic

at
ed

b
y

th
e

sy
m

b
ol
N.

•
th

e
d
ep

en
d
en

ce
of

th
e

n
or

m
p
ar

am
et

er
p

w
il
l

al
so

b
e

in
d
ic

at
ed

,
b
u
t

w
il
l

n
o
t

b
e

g
iv

en
ex

p
li
ci

tl
y.

•
th

e
va

lu
es

of
C
N

an
d
C
N,
p

m
ig

h
t

ch
an

ge
fr

om
li
n
e

to
li
n
e.

•
th

e
ex

p
re

ss
io

n
“f

or
n

su
ffi

ci
en

tl
y

la
rg

e”
m

ea
n
s

th
at

th
e

st
at

em
en

t
h
ol

d
s

fo
r
n
≥
n

0
,

w
it

h
n

0
p

ot
en

ti
al

ly
d
ep

en
d
in

g
on

a
ll

m
o
d
el

p
ar

am
et

er
s

(i
n
cl

u
d
in

g
σ
,M

a
n
d
R

),
b
u
t

n
ot

on
η

.

6
.1

P
re

li
m

in
a
ri

e
s

P
ro

p
o
si

ti
o
n

1
2

(G
u

o
e
t

a
l.
,

2
0
1
7
,

P
ro

p
o
si

ti
o
n

1
)

D
efi

n
e

B n
(λ

)
:=

  1
+

(
2 n
λ

+

√
N

(λ
)

n
λ

)
2
 
.

(2
9
)
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P
a
r
a
l
l
e
l
iz
in
g

S
p
e
c
t
r
a
l
A
l
g
o
r
it
h
m
s

F
o
r

a
n

y
λ
>

0
,
η
∈

(0,1],
w

ith
p
ro

ba
bility

a
t

lea
st

1−
η

o
n

e
h
a
s

∥∥
(T̄

x
+
λ

) −
1(T̄

+
λ

) ∥∥
≤

8
log

2(2η −
1)B

n
(λ

)
.

(30)

C
o
ro

lla
ry

1
3

L
et
η
∈

(0,1).
F

o
r
n
∈
N

let
λ̃
n

be
im

p
licitly

d
efi

n
ed

a
s

th
e

u
n

iqu
e

so
lu

tio
n

o
fN

(λ̃
n
)

=
n
λ̃
n

.
T

h
en

fo
r

a
n

y
λ
∈

[m
ax

(λ̃
n
,n
−

1),1],
o
n

e
h
a
s

B
n
(λ

)≤
10
.

In
pa

rticu
la

r,
∥∥
(T̄

x
+
λ

) −
1(T̄

+
λ

) ∥∥
≤

80
log

2(2η −
1)

h
o
ld

s
w

ith
p
ro

ba
bility

a
t

lea
st

1−
η

.

W
e

rem
a
rk

th
a
t

th
e

trace
of
T̄

is
b

ou
n
d
ed

b
y

1.
T

h
is

en
su

res
th

at
th

e
in

terval
[λ̃
n
,1]

is
n
o
n
-em

p
ty.

P
ro

o
f

[o
f

C
o
ro

llary
13]

L
et
λ̃
n

b
e

d
efi

n
ed

v
ia
N

(λ̃
n
)

=
n
λ̃
n
.

S
in

ce
N

(λ
)/λ

is
d
ecreasin

g,
w

e
h
ave

fo
r

a
n
y
λ
≥
λ̃
n

√
N

(λ
)

n
λ
≤
√
N

(λ̃
n
)

n
λ̃
n

=
1
.

In
sertin

g
th

is
b

ou
n
d

as
w

ell
as
n
λ
≥

1
in

to
(29)

an
d

(30)
lead

s
to

th
e

con
clu

sion
.

C
o
ro

lla
ry

1
4

A
ssu

m
e

th
e

m
a
rgin

a
l

d
istribu

tio
n
ν

o
fX

belo
n

gs
to
P
<

(b,β
)

w
ith

b
>

1
a
n

d
β
>

0.
If
λ
n

is
d
efi

n
ed

by
(16)

a
n

d
if

m
n
≤
n
α
,

α
<

2br

2
br

+
b

+
1
,

o
n

e
h
a
s

B
n
m
n

(λ
n
)≤

2
,

p
ro

vid
ed
n

is
su

ffi
cien

tly
la

rge.

P
ro

o
f

[o
f
C

o
ro

llary
14]

W
e

can
for

starters
assu

m
e

th
at
n

is
su

ffi
cien

tly
large

so
th

at
λ
n
<

1,

i.e.
λ
n

=
(
σ
2

R
2
n )

b
2
b
r
+
b
+
1

from
(16).

R
ecall

th
at

ν
∈
P
<

(b,β
)

im
p
lies
N

(λ
n
)
≤
C
N
λ
−

1b
n

.

L
o
o
k
in

g
a
t

th
e

term
s

en
terin

g
in
B
nm

(λ
n
),

see
(29),

w
e

h
ave

fi
rst,

u
sin

g
th

e
d
efi

n
ition

of
λ
n

in
(1

6
):

N
(λ
n
)

nm
λ
n
≤
C
N
m
λ
−
b
+
1
b

nn
=
C
N
mn

(
n
R

2

σ
2

)
b
+
1

2
b
r
+
b
+
1

,

19
JM

L
R

 19(30):1-29, 2018

M
ü
c
k
e
a
n
d

B
l
a
n
c
h
a
r
d

w
h
ich

(for
fi
x
ed

R
,σ

an
d

oth
er

p
aram

eters
en

terin
g

in
C
N

)
is
O

(m
n
n
−

2
b
r

2
b
r
+
r
+
1),

an
d

h
en

ce
o(1)

p
rov

id
ed

m
n
≤
n
α
,

α
<

2
br

2br
+
b

+
1
.

F
or

th
e

secon
d

term
en

terin
g

in
B
nm

(λ
n
),

w
e

h
ave

1
nm
λ
n

=
mn

(
n
R

2

σ
2

)
b

2
b
r
+
b
+
1

,

w
h
ich

is
O

(m
n
n
−

2
b
r
+
1

2
b
r
+
b
+
1)

=
o(1),

p
rov

id
ed

m
n
≤
n
α
,

α
<

2
br

+
1

2br
+
b

+
1
,

w
h
ich

is
im

p
lied

b
y

th
e

p
rev

iou
s

stron
g
er

con
d
ition

.

W
e

sh
ortly

illu
strate

h
ow

C
orollary

13
an

d
P

rop
osition

12
w

ill
b

e
u
sed

.
L

et
u
∈

[0,1],
λ̃
n
≤
λ

as
ab

ov
e

an
d
f
∈
H
K

.
W

e
h
ave

for
an

y
b

ou
n
d
ed

op
erator

A

∥∥
T̄
uA ∥∥

=
∥∥
T̄
u(T̄

+
λ

) −
u(T̄

+
λ

)
u(T̄

x
+
λ

) −
u(T̄

x
+
λ

)
uA ∥∥

≤
∥∥
T̄
u(T̄

+
λ

) −
u ∥∥ ∥∥

(T̄
+
λ

)
u(T̄

x
+
λ

) −
u ∥∥ ∥∥

(T̄
x

+
λ

)
uA ∥∥

≤
8

log
2
u(2η −

1)B
n
(λ

)
u ∥∥

(T̄
x

+
λ

)
uA ∥∥

,
(31)

w
ith

p
rob

ab
ility

at
least

1
−
η
,

for
an

y
η
∈

(0,1);
for

th
e

last
in

eq
u
ality

w
e

h
ave

u
sed

th
at

th
e

fi
rst

factor
is

less
th

an
1,

an
d

for
th

e
secon

d
factor

P
rop

osition
12

in
com

b
in

ation
w

ith
th

e
C

ord
es

in
eq

u
ality

(see
P

rop
osition

22
in

th
e

A
p
p

en
d
ix

).
In

p
articu

lar,
for

an
y

m
ax

(λ̃
n
,n
−

1)≤
λ

(w
ith

λ̃
n

as
in

C
orollary

13
)

∥∥
T̄
uA ∥∥

≤
80
u

lo
g

2
u(2η −

1) ∥∥
(T̄

x
+
λ

)
uA ∥∥

,
(32)

w
ith

p
rob

ab
ility

at
least

1−
η
.

In
th

e
follow

in
g,

w
e

con
stan

tly
u
se

(31).
F

u
rth

erm
ore,

to
b

ou
n
d

term
s

in
v
olv

in
g

resid
u
als

w
e

w
ill

freq
u
en

tly
u
se

th
e

follow
in

g
estim

ate:
for

v
≥

0
,u
∈

[0,2],
an

d
p
rov

id
ed

u
+
v
≤
q

(q
b

ein
g

th
e

q
u
alifi

cation
):

su
p

t∈
[0
,1

] |r
λ (t)t v(t

+
λ

)
u|≤

2 (
su

p
t∈

[0
,1

] ∣∣r
λ (t)t v

+
u ∣∣

+
λ
u

su
p

t∈
[0
,1

] |r
λ (t)t v| )

≤
C
N
λ
v
+
u,

(33)

u
sin

g
tw

ice
(11)

sin
ce
q≥

u
+
v
.
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P
a
r
a
l
l
e
l
iz
in
g

S
p
e
c
t
r
a
l
A
l
g
o
r
it
h
m
s

6
.2

A
p

p
ro

x
im

a
ti

o
n

e
rr

o
r

b
o
u

n
d

R
ec

al
l

th
at
ν

d
en

ot
es

th
e
X

-m
ar

gi
n
al

of
th

e
sa

m
p
li
n
g

d
is

tr
ib

u
ti

on
ρ

an
d
P

th
e

se
t

of
al

l
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s

on
th

e
in

p
u
t

sp
ac

e
X

.

L
e
m

m
a

1
5

L
et
ν
∈
P

,
v
∈

R
a
n

d
le

t
x
∈
X

n m
be

a
n

i.
i.

d
.

sa
m

p
le

o
f

si
ze
n
/m

,
d
ra

w
n

a
cc

o
rd

in
g

to
ν

.
A

ss
u

m
e

th
e

re
gu

la
ri

za
ti

o
n

(g
λ
) λ

h
a
s

qu
a
li

fi
ca

ti
o
n
q
≥
v

+
1

+
s.

T
h
en

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
η

:

∥ ∥ T̄
s
r λ

(T̄
x
)T̄

v x
(T̄
−
T̄
x
)∥ ∥
≤
C
N

lo
g

4
(4
η
−

1
)λ
s+
v
+

1
Bs

+
1

n m
(λ

)

(
m n
λ

+

√
m
N

(λ
)

n
λ

)
.

P
ro

o
f

[o
f

L
em

m
a

15
]

F
ro

m
(3

0)
,(

31
)

an
d

fr
om

P
ro

p
os

it
io

n
20

re
ca

ll
ed

in
th

e
A

p
p

en
d
ix

,
on

e
h
as ∥ ∥ T̄

s
r λ

(T̄
x
)T̄

v x
(T̄
−
T̄
x
)∥ ∥
≤
C
N

lo
g

2
(s

+
1
) (4
η
−

1
)B

s+
1

n m
(λ

)
∥ ∥ (
T̄
x

+
λ

)s
r λ

(T̄
x
)T̄

v x
(T̄

x
+
λ

)∥ ∥
∥ ∥ (
T̄

+
λ

)−
1
(T̄
−
T̄
x
)∥ ∥

≤
C
N

lo
g

4
(4
η
−

1
)λ
s+
v
+

1
Bs

+
1

n m
(λ

)

(
m n
λ

+

√
m
N

(λ
)

n
λ

)
,

fo
r

an
y
λ
∈

(0
,1

],
η
∈

(0
,1

],
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t
1
−
η
.

W
e

al
so

u
se

d
th

at
s
≤

1 2
,

an
d

th
e

es
ti

m
at

e
(3

3)
.

L
e
m

m
a

1
6

L
et
ν
∈
P

,
v
∈

R
a
n

d
le

t
x
∈
X

n m
be

a
n

i.
i.

d
.

sa
m

p
le

o
f

si
ze

n
/m

d
ra

w
n

a
cc

o
rd

in
g

to
ν

.
A

ss
u

m
e

th
e

re
gu

la
ri

za
ti

o
n

(g
λ
) λ

h
a
s

qu
a
li

fi
ca

ti
o
n
q
≥
v

+
s.

T
h
en

fo
r

a
n

y
λ
∈

(0
,1

],
η
∈

(0
,1

],
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
η

∥ ∥ T̄
s
r λ

(T̄
x
)T̄

v x

∥ ∥
≤
C
N

lo
g

2
s
(2
η
−

1
)B

s n m
(λ

)λ
s+
v
,

fo
r

so
m

e
C
N
<
∞

.

P
ro

o
f

[o
f

L
em

m
a

16
]

U
si

n
g

(3
1)

,
(3

3)
,

si
n
ce
q
≥
v

+
s,

it
h
o
ld

s
∥ ∥ T̄

s
r λ

(T̄
x
)T̄

v x

∥ ∥
≤
C
N

lo
g

2
s
(2
η
−

1
)B

s n m
(λ

)
∥ ∥ (
T̄
x

+
λ

)s
r λ

(T̄
x
)T̄

v x

∥ ∥

≤
C
N

lo
g

2
s
(2
η
−

1
)B

s n m
(λ

)λ
s+
v
,

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
η
.

P
ro

p
o
si

ti
o
n

1
7

(E
x
p

e
c
ta

ti
o
n

o
f

a
p

p
ro

x
im

a
ti

o
n

e
rr

o
r)

L
et
f ρ
∈

Ω
(r
,R

),
λ
∈

(0
,1

]
a
n

d
le

t
B
n m

(λ
)

be
d
efi

n
ed

in
(2

9)
.

A
ss

u
m

e
th

e
re

gu
la

ri
za

ti
o
n

h
a
s

qu
a
li

fi
ca

ti
o
n
q
≥
r

+
s.

F
o
r

a
n

y
p
≥

1
o
n

e
h
a
s:
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M
ü
c
k
e
a
n
d

B
l
a
n
c
h
a
r
d

1
.

If
r
≤

1
,

th
en

[ E ρ
⊗
n

∥ ∥ T̄
s
(f
ρ
−
f̃
λ D

)∥ ∥
p H
K

]1 p
≤
C
N,
p
R
λ
s+
r
Bs

+
r

n m
(λ

)
.

2
.

If
r
>

1
,

th
en

[ E ρ
⊗
n

∥ ∥ T̄
s
(f
ρ
−
f̃
λ D

)∥ ∥
p H
K

]1 p
≤
C
N,
p
R
λ
s
Bs

+
1

n m
(λ

)

(
λ
r

+
λ

(
m n
λ

+

√
m
N

(λ
)

n
λ

)
)
.

In
1
.

a
n

d
2
.

th
e

co
n

st
a
n

t
C
N,
p

d
oe

s
n

o
t

d
ep

en
d

o
n

(σ
,M

,R
)
∈
R

3 +
.

P
ro

o
f

[o
f

P
ro

p
os

it
io

n
17

]
S
in

ce
f ρ
∈

Ω
(r
,R

),

[ E ρ
⊗
n

∥ ∥ T̄
s
(f
ρ
−
f̃
λ D

)∥ ∥
p H
K

]1 p
=
[ E ρ

⊗
n

∥ ∥
1 m

m ∑ j=
1

T̄
s
r λ

(T̄
x
j
)f
ρ

∥ ∥p H
K

]1 p

≤
1 m

m ∑ j=
1

[ E ρ
⊗
n

∥ ∥ T̄
s
r λ

(T̄
x
j
)f
ρ

∥ ∥p H
K

]1 p

≤
R m

m ∑ j=
1

[ E ρ
⊗
n

∥ ∥ T̄
s
r λ

(T̄
x
j
)T̄

r
∥ ∥p
]1 p

.
(3

4
)

T
h
e

fi
rs

t
in

eq
u
al

it
y

is
ju

st
th

e
tr

ia
n
g
le

in
eq

u
al

it
y

fo
r

th
e
p
-n

or
m
‖f
‖ p

=
E[
‖f
‖p H

K
]1 p

.
W

e
b

ou
n
d

th
e

ex
p

ec
ta

ti
on

fo
r

ea
ch

se
p
ar

at
e

su
b
sa

m
p
le

o
f

si
ze

n m
b
y

fi
rs

t
d
er

iv
in

g
a

p
ro

b
a
b
il
is

ti
c

es
ti

m
at

e
an

d
th

en
w

e
in

te
gr

at
e.

C
on

si
d
er

fi
rs

t
th

e
ca

se
w

h
er

e
r
≤

1.
U

si
n
g

(3
1)

,
th

e
C

or
d
es

in
eq

u
al

it
y

(P
ro

p
o
si

ti
o
n

2
2

in
th

e
A

p
p

en
d
ix

),
an

d
(3

3)
on

e
h
as

fo
r

an
y
j

=
1,
..
.,
m
,

∥ ∥ T̄
s
r λ

(T̄
x
j
)T̄

r
∥ ∥
≤
C
N

lo
g

2
(s

+
r
) (4
η
−

1
)B

s+
r

n m
(λ

)
∥ ∥ (
T̄
x
j

+
λ

)s
r λ

(T̄
x
j
)(
T̄
x
j

+
λ

)r
∥ ∥

≤
C
N

lo
g

3
(4
η
−

1
)λ
s+
r
Bs

+
r

n m
(λ

)
,

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
η

an
d

w
h
er

e
B
n m

(λ
)

is
d
efi

n
ed

in
(2

9)
.

R
ec

al
l

th
a
t

th
e

re
g
u
la

r-
iz

at
io

n
h
as

q
u
al

ifi
ca

ti
on

q
≥
r

+
s.

B
y

in
te

gr
at

io
n

on
e

h
as

[ E ρ
⊗
n

∥ ∥ T̄
s
r λ

(T̄
x
j
)T̄

r
∥ ∥p
]1 p
≤
C
N,
p
λ
s+
r
Bs

+
r

n m
(λ

)
,

fo
r

so
m

e
C
N,
p
<
∞

,
n
ot

d
ep

en
d
in

g
on

σ
,M

,R
.

F
in

al
ly

,
fr

om
(3

4)

[ E ρ
⊗
n

∥ ∥ T̄
s
(f
ρ
−
f̃
λ D

)∥ ∥
p H
K

]1 p
≤
C
N,
p
R
λ
s+
r
Bs

+
r

n m
(λ

)
.

In
th

e
ca

se
w

h
er

e
r
≥

1,
w

e
w

ri
te
r

=
k

+
u

,
w

it
h
k

=
br
ca

n
d
u

=
r
−
k
<

1
.

W
e

sh
a
ll

u
se

th
e

d
ec

om
p

os
it

io
n

T̄
k

=
k
−

1
∑ l=

0

T̄
l x
(T̄
−
T̄
x
)T̄

k
−

(l
+

1
)

+
T̄
k x
.

(3
5
)
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P
a
r
a
l
l
e
l
iz
in
g

S
p
e
c
t
r
a
l
A
l
g
o
r
it
h
m
s

W
e

p
ro

ceed
b
y

b
ou

n
d
in

g
(34)

accord
in

g
to

d
ecom

p
osition

(35)
.

F
or

an
y
j

=
1,...,m

,
on

e
h
a
s

[E
ρ ⊗

n ∥∥
T̄
sr
λ (T̄

x
j )T̄

k
+
u ∥∥

p ]
1p
≤

k−
1

∑l=
0 [E

ρ ⊗
n ∥∥
T̄
sr
λ (T̄

x
j )T̄

lx
j (T̄
−
T̄
x
j )T̄

k−
(l+

1
)+
u ∥∥

p ]
1p

+
[E

ρ ⊗
n ∥∥
T̄
sr
λ (T̄

x
j )T̄

kx
j T̄

u ∥∥
p ]

1p

≤
k−

1
∑l=

0 [E
ρ ⊗

n ∥∥
T̄
sr
λ (T̄

x
j )T̄

lx
j (T̄
−
T̄
x
j ) ∥∥

p ]
1p

+
[E

ρ ⊗
n ∥∥
T̄
sr
λ (T̄

x
j )T̄

kx
j T̄

u ∥∥
p ]

1p
.

(36)

H
ere

w
e

u
se

th
at
∥∥
T̄
k−

(l+
1
)+
u ∥∥

is
b

ou
n
d
ed

b
y

1.
B

y
L

em
m

a
16

an
d

b
y

(31),
(33),

w
ith

p
ro

b
a
b
ility

a
t

least
1−

η

∥∥∥
T̄
sr
λ (T̄

x
j )T̄

kx
j T̄

u ∥∥∥
≤
C
N

log
2
(s+

u
)(2η −

1)B
s+
u

nm
(λ

) ∥∥∥
(T̄

x
j

+
λ

)
sr
λ (T̄

x
j )T̄

kx
j (T̄

x
j

+
λ

)
u ∥∥∥

≤
C
N

log
2
(s+

u
)(2η −

1)B
s+
u

nm
(λ

)λ
s+
r,

a
n
d

th
u
s

in
teg

ration
y
ield

s

[E
ρ ⊗

n ∥∥
T̄
sr
λ (T̄

x
j )T̄

rx
j T̄

u ∥∥
p ]

1p
≤
C
N
,p B

s+
u

nm
(λ

)λ
s+
r
.

(37)

F
o
r

estim
a
tin

g
th

e
fi
rst

term
in

(36)
w

e
m

ay
u
se

L
em

m
a

15.
F

or
an

y
l

=
0
,...,k

−
1,

w
e

h
ave

l
+
s

+
1
≤
k

+
s
≤
r

+
s
≤
q,

h
en

ce
for

a
n
y
j

=
1,...,m

w
ith

p
rob

ab
ility

at
lea

st
1−

η

∥∥∥
T̄
sr
λ
(T̄

x
j )T̄

lx
j (T̄
−
T̄
x
j ) ∥∥∥
≤
C

N
lo

g
4(8

η −
1)λ

s
+
l+

1B
s
+
1

nm
(λ

) (
mn
λ

+

√
m
N

(λ
)

n
λ

)
.

A
g
a
in

b
y

in
teg

ration
,

sin
ce
λ
l≤

1
for

an
y
l

=
0,...,k−

1,
on

e
h
as

k−
1

∑l=
0 [E

ρ
⊗

n ∥∥
T̄
sr
λ
(T̄

x
j )T̄

lx
j (T̄
−
T̄
x
j ) ∥∥

p ]
1p

≤
C

N
,p brcλ

s
+
1B

s
+
1

nm
(λ

) (
mn
λ

+

√
m
N

(λ
)

n
λ

)
.

(38
)

F
in

ally,
co

m
b
in

in
g

(37)
an

d
(38)

in
to

(36
),

th
en

(34),
giv

es
in

th
e

case
w

h
ere

r
>

1

[E
ρ ⊗

n ∥∥
T̄
s(f

ρ −
f̃
λD

) ∥∥
pH
K ]

1p
≤
C
N
,p λ

sB
s+

1
nm

(λ
) (

λ
r

+
λ (

mn
λ

+

√
m
N

(λ
)

n
λ

)
)
.

T
h
e

rest
o
f

th
e

p
ro

of
follow

s
from

(36).
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M
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c
k
e
a
n
d

B
l
a
n
c
h
a
r
d

P
ro

o
f

[of
T

h
eorem

3]
L

et
λ
n

b
e

as
d
efi

n
ed

b
y

(16).
A

ccord
in

g
to

C
orollary

1
4,

w
e

h
ave

B
n
m
n

(λ
n
)≤

2
p
rov

id
ed

α
<

2
br

2
br

+
b+

1 ,
for

n
su

ffi
cien

tly
large.

W
e

can
also

assu
m

e
n

su
ffi

-

cien
tly

large
so

th
at
λ
n
<

1,
i.e.,

R
λ
r
+
s

n
=
a
n

(from
(1

6),
(17)).

U
n
d
er

th
ese

con
d
ition

s,
w

e
im

m
ed

iately
ob

ta
in

from
th

e
fi
rst

p
art

of
P

rop
osition

17
in

th
e

case
w

h
ere

r≤
1

[E
ρ ⊗

n ∥∥
T̄
s(f

ρ −
f̃
λ
n

D
) ∥∥
pH
K ]

1p
≤
C
N
,p R

λ
s+
r

n
=
C
N
,p
a
n
.

W
e

tu
rn

to
th

e
case

w
h
ere

r
>

1.
W

e
ap

p
ly

th
e

secon
d

p
art

of
P

rop
ositio

n
17.

B
y

C
orollary

14
w

e
h
av

e

[E
ρ ⊗

n ∥∥
T̄
s(f

ρ −
f̃
λ
n

D
) ∥∥
pH
K ]

1p
≤
C
N
,p R

λ
sn B

s+
1

n
m
n

(λ
n
) 

λ
rn

+
λ
n 

m
n

n
λ
n

+

√
m
n N

(λ
n
)

n
λ
n




≤
C
N
,p
R
λ
sn

(
λ
rn

+
λ
n (

m
n

n
λ
n

+
√
m
n
Rσ
λ
rn ))

,

w
h
ere

w
e

u
sed

th
at
N

(λ
n
)≤

C
N
λ
−

1
/
b

n
an

d
σ √

λ
−

1b
n
n
λ
n

=
R
λ
rn

com
in

g
from

th
e

d
efi

n
ition

of

λ
n
,

an
d
λ
n
<

1.
F

u
rth

erm
ore,

m
n

n
λ
n

=
o (√

m
n
λ
rn )

,

p
rov

id
ed

m
n
≤
n
α
,

α
<

2(br
+

1
)

2br
+
b

+
1
.

F
in

ally,
for

n
su

ffi
cien

tly
large,

Rσ √
m
n
λ
n
≤

1,
p
rov

id
ed

th
at

α
<

2b

2br
+
b

+
1
.

A
s

a
resu

lt,
for

an
y
p
≥

1:

lim
su

p
n→
∞

su
p

ρ∈M
σ
,M
,R

[E
ρ ⊗

n ∥∥
T̄
s(f

ρ −
f̃
λ
n

D
) ∥∥
pH
K ]

1p

a
n

≤
C
N
,p
,

for
som

e
C
N
,p
<
∞

,
n
ot

d
ep

en
d
in

g
on

σ
,M

,R
.

6
.3

S
a
m

p
le

e
rro

r
b

o
u

n
d

T
h
e

m
ain

id
ea

for
d
eriv

in
g

an
u
p
p

er
b

ou
n
d

for
th

e
sam

p
le

error
is

to
id

en
tify

it
as

a
su

m
of

u
n
b
iased

H
ilb

ert
sp

ace-valu
ed

i.i.d
.

variab
les

an
d

th
en

to
ap

p
ly

a
su

itab
le

version
of

R
osen

th
al’s

in
eq

u
ality.

2
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P
a
r
a
l
l
e
l
iz
in
g

S
p
e
c
t
r
a
l
A
l
g
o
r
it
h
m
s

G
iv

en
λ
∈

(0
,1

],
w

e
d
efi

n
e

th
e

ra
n
d
om

va
ri

ab
le
ξ λ

:
(X
×
R

)
n m
−→
H
K

b
y

ξ λ
(x
,y

)
:=

T̄
s
g λ

(T̄
x
)(
T̄
x
f ρ
−
S̄
∗ x
y

)
.

R
ec

al
l

th
at

ac
co

rd
in

g
to

A
ss

u
m

p
ti

on
(3

),
th

e
co

n
d
it

io
n
al

ex
p

ec
ta

ti
on

w
.r

.t
.
ρ

of
Y

gi
ve

n
X

sa
ti

sfi
es

E ρ
[Y
|X

=
x

]
=
S̄
x
f ρ
,

im
p
ly

in
g

th
at
ξ λ

h
as

ze
ro

ex
p

ec
ta

ti
o
n

(s
in

ce
T̄
x

=
S̄
∗ xS̄

x
).

T
h
u
s,

T̄
s
(f̃
λ D
−
f̄
λ D

)
=

1 m

m ∑ j=
1

ξ λ
(x
j
,y

j
)

(3
9)

is
a

su
m

of
ce

n
te

re
d

i.
i.
d
.

ra
n
d
om

va
ri

ab
le

s.

F
u
rt

h
er

m
or

e,
w

e
n
ee

d
th

e
fo

ll
ow

in
g

re
su

lt
(P

in
el

is
,

19
94

,
T

h
eo

re
m

5.
2)

,
w

h
ic

h
ge

n
er

a
li
ze

s
R

os
en

th
al

’s
(1

97
0)

in
eq

u
al

it
ie

s
(o

ri
gi

n
al

ly
on

ly
fo

rm
u
la

te
d

fo
r

re
al

va
lu

ed
ra

n
d
om

va
ri

ab
le

s)
to

ra
n
d
om

va
ri

ab
le

s
w

it
h

va
lu

es
in

a
B

an
ac

h
sp

ac
e.

F
or

H
il
b

er
t

sp
ac

es
th

is
lo

ok
s

p
ar

ti
cu

la
rl

y
n
ic

e.

P
ro

p
o
si

ti
o
n

1
8

L
et
H

be
a

H
il

be
rt

sp
a
ce

a
n

d
ξ 1
,.
..
,ξ
m

be
a

fi
n

it
e

se
qu

en
ce

o
f

in
d
ep

en
d
en

t,
m

ea
n

ze
ro
H

-
va

lu
ed

ra
n

d
o
m

va
ri

a
bl

es
.

If
2
≤
p
<
∞

,
th

en
th

er
e

ex
is

ts
a

co
n

st
a
n

t
C
p
>

0
,

o
n

ly
d
ep

en
d
in

g
o
n
p
,

su
ch

th
a
t

(
E∥ ∥ ∥

1 m

m ∑ j=
1

ξ j

∥ ∥ ∥p H

)
1 p

≤
C
p

m
m

ax

{
(

m ∑ j=
1

E‖
ξ j
‖p H

)
1 p

,(
m ∑ j=

1

E‖
ξ j
‖2 H

)
1 2
}
.

(4
0)

W
e

re
m

ar
k

in
p
as

si
n
g

th
at

D
ir

k
se

n
(2

01
1)

,
C

or
ol

la
ry

1
.2

2,
es

ta
b
li
sh

es
th

e
in

te
re

st
in

g
re

su
lt

th
at

in
ad

d
it

io
n

to
th

e
u
p
p

er
b

ou
n
d

in
(4

0)
th

er
e

is
al

so
a

co
rr

es
p

on
d
in

g
lo

w
er

b
ou

n
d

w
h
er

e
th

e
co

n
st

an
t
C
p

is
re

p
la

ce
d

b
y

an
ot

h
er

co
n
st

an
t
C
′ p
>

0,
on

ly
d
ep

en
d
in

g
o
n
p
.

P
ro

p
o
si

ti
o
n

1
9

(E
x
p

e
c
ta

ti
o
n

o
f

sa
m

p
le

e
rr

o
r)

L
et
ρ

be
a

so
u

rc
e

d
is

tr
ib

u
ti

o
n

be
lo

n
g-

in
g

to
M

σ
,M
,R

,
s
∈

[0
,

1 2
]

a
n

d
le

t
λ
∈

(0
,1

].
D

efi
n

e
B
n m

(λ
)

a
s

in
(2

9)
.

A
ss

u
m

e
th

e
re

gu
la

r-
iz

a
ti

o
n

h
a
s

qu
a
li

fi
ca

ti
o
n
q
≥
r

+
s.

F
o
r

a
n

y
p
≥

1
o
n

e
h
a
s:

[ E ρ
⊗
n

∥ ∥ T̄
s
(f̃
λ D
−
f̄
λ D

)∥ ∥
p H
K

]1 p
≤
C
N,
p
m
−

1 2
B
n m

(λ
)1 2

+
s
λ
s

(
m
M n
λ

+
σ

√
m
N

(λ
)

n
λ

)
,

w
h
er

e
C
p

d
oe

s
n

o
t

d
ep

en
d

o
n

(σ
,M

,R
)
∈
R

3 +
.

P
ro

o
f

[o
f

P
ro

p
os

it
io

n
19

]
L

et
λ
∈

(0
,1

]
an

d
p
≥

2
.

F
ro

m
P

ro
p

os
it

io
n

18

[ E ρ
⊗
n

∥ ∥ ∥T̄
s
f̃
λ D
−
f̄
λ D

∥ ∥ ∥p H
K

]1 p
=

[ E ρ
⊗
n

∥ ∥ ∥ ∥
1 m

m ∑ j=
1

ξ λ
(x
j
,y

j
)∥ ∥ ∥ ∥p H

K

]1 p

≤
C
p

m
m

ax

{
(

m ∑ j=
1

[ E ρ
⊗
n
‖ξ
λ
(x
j
,y

j
)‖
p H
K

])
1 p

,(
m ∑ j=

1

[ E ρ
⊗
n
‖ξ
λ
(x
j
,y

j
)‖

2 H
K

])
1 2

}
.

(4
1)
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ti
on

-i
n
va

ri
an

t
w

it
h

re
sp

ec
t

to
th

e
co

or
d
in

at
es

.
F

or
ea

sy
re

fe
re

n
ce

,
w

e
sh

al
l

ca
ll

su
b
se

q
u
en

tl
y

th
e

p
ar

am
et

er
s

Ω
,δ
,µ

,
a
n
d
η

in
th

e
B

ay
es

d
is

cr
im

in
an

t
fu

n
ct

io
n

co
ll
ec

ti
ve

ly
as

B
ay

es
co

m
p

on
en

ts
.

1
.1

O
u

r
c
o
n
tr

ib
u

ti
o
n

s

W
e

h
ig

h
li
gh

t
th

e
m

ai
n

co
n
tr

ib
u
ti

on
s

of
th

is
p
ap

er
as

fo
ll
ow

s.

1.
D

A
-Q

D
A

is
th

e
fi
rs

t
d
ir

ec
t

ap
p
ro

ac
h

fo
r

sp
ar

se
Q

D
A

in
a

h
ig

h
d
im

en
si

o
n
a
l

se
tu

p
.

T
h
at

is
,

Ω
,δ
,µ

,
an

d
η

in
th

e
B

ay
es

d
is

cr
im

in
an

t
fu

n
ct

io
n

ar
e

d
ir

ec
tl

y
es

ti
m

a
te

d
w

it
h

on
ly

sp
ar

se
as

su
m

p
ti

on
s

on
Ω

an
d
δ

b
u
t

n
ot

on
ot

h
er

in
te

rm
ed

ia
te

q
u
a
n
ti

ti
es

;

2.
F

or
es

ti
m

at
in

g
Ω

,
an

in
te

rm
ed

ia
te

st
ep

of
D

A
-Q

D
A

an
d

a
p
ro

b
le

m
of

in
te

re
st

in
it

s
ow

n
ri

gh
t,

w
e

d
ev

el
op

a
n
ew

al
go

ri
th

m
w

h
ic

h
is

m
u
ch

m
or

e
co

m
p
u
ta

ti
o
n
a
ll
y

a
n
d

m
em

or
y

effi
ci

en
t

th
an

it
s

co
m

p
et

it
or

.
S
ee

S
ec

ti
on

2.
1;

3.
W

e
d
ev

el
op

n
ew

th
eo

ry
to

sh
ow

th
e

th
eo

re
ti

ca
l

at
tr

ac
ti

ve
n
es

s
of

th
e

D
A

-Q
D

A
.

In
p
ar

ti
cu

la
r,

th
e

th
eo

ry
fo

r
es

ti
m

at
in

g
δ

is
n
ew

.
S
ee

S
ec

ti
on

3;

4.
T

h
e

p
ro

b
le

m
of

fi
n
d
in

g
th

e
ri

gh
t

in
te

rc
ep

t
η

is
of

co
n
si

d
er

ab
le

in
te

re
st

b
u
t

a
g
en

er
a
l

th
eo

ry
on

es
ti

m
at

ed
η

is
la

ck
in

g
(H

as
ti

e
et

al
.,

20
09

).
W

e
p
ro

v
id

e
a

fi
rs

t
th

eo
ry

fo
r

th
e

co
n
ve

rg
en

ce
p
ro

p
er

ty
of

ou
r

es
ti

m
at

ed
η
.

S
ee

S
ec

ti
o
n

3.
4;

2
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D
ir
e
c
t
A
p
p
r
o
a
c
h
f
o
r
S
pa

r
se

Q
D
A

5
.

In
ex

ten
sive

sim
u
lation

stu
d
y

an
d

real
d
ata

an
aly

sis,
th

e
D

A
-Q

D
A

ap
p
roach

ou
tp

er-
fo

rm
s

m
a
n
y

of
its

com
p

etitors,
esp

ecially
w

h
en

variab
les

u
n
d
er

con
sid

erab
le

in
teract.

S
ee

S
ectio

n
4.

1
.2

L
ite

ra
tu

re
re

v
ie

w

A
s

m
o
re

a
n
d

m
ore

m
o
d
ern

d
atasets

are
h
igh

-d
im

en
sion

a
l,

th
e

p
rob

lem
of

classifi
cation

in
th

is
co

n
tex

t
h
as

received
in

creasin
g

atten
tion

as
th

e
u
su

al
p
ractice

o
f

u
sin

g
em

p
irical

estim
a
tes

for
th

e
B

ayes
com

p
on

en
ts

is
n
o

lon
g
er

ap
p
licab

le.
B

ickel
an

d
L

ev
in

a
(2

004)
fi
rst

h
ig

h
lig

h
ted

th
a
t

L
D

A
is

eq
u
ivalen

t
to

ran
d
om

gu
essin

g
in

th
e

w
orst

case
scen

a
rio

w
h
en

th
e

d
im

en
sio

n
a
lity

is
larger

th
an

th
e

sam
p
le

size.
S
cien

tifi
cally

an
d

p
ractica

lly
in

m
an

y
p
ro

b
lem

s,
h
ow

ever,
th

e
com

p
on

en
ts

in
th

e
B

ayes
d
iscrim

in
an

t
fu

n
ction

can
b

e
assu

m
ed

sp
arse.

In
th

e
p
rob

lem
w

e
stu

d
y

in
th

is
p
ap

er,
lo

osely
sp

eak
in

g,
th

e
n
otion

of
sp

arsity
en

terta
in

s
th

a
t

th
e

tw
o-w

ay
in

teraction
rep

resen
ta

tion
of

th
e

m
o
d
el

on
ly

ad
m

its
a

sm
all

n
u
m

b
er

o
f

m
a
in

eff
ects

an
d

in
teraction

s.
In

th
e

p
ast

few
years,

a
p
leth

ora
of

m
eth

o
d
s

b
u
ilt

o
n

su
ita

b
le

sp
a
rsity

assu
m

p
tion

s
h
ave

b
een

p
rop

osed
to

estim
ate

th
e

m
ain

eff
ects

a
s

in
L

D
A

;
see

fo
r

ex
am

p
le

S
h
ao

et
al.

(2011),
C

ai
an

d
L

iu
(2011),

F
an

et
al.

(2012),
M

ai
et

a
l.

(2
0
1
2
),

M
a
i

an
d

Z
ou

(2013),
an

d
J
ian

g
et

al.
(2015).

O
th

er
related

lin
ear

m
eth

o
d
s

for
h
ig

h
-d

im
en

sio
n
al

classifi
cation

can
b

e
fou

n
d

in
L

en
g

(2008),
W

itten
an

d
T

ib
sh

iran
i

(2011),
P

a
n

et
a
l.

(2
0
16),

M
ai

et
al.

(2015),
am

on
g

oth
ers.

A
s

p
o
in

ted
ou

t
b
y

F
an

et
al.

(2015b
)

an
d

S
u
n

an
d

Z
h
ao

(2015),
it

h
as

b
een

in
creasin

gly
reco

g
n
ized

th
a
t

th
e

assu
m

p
tion

of
a

com
m

on
covarian

ce
m

atrix
across

d
iff

eren
t

classes,
n
eed

ed
b
y

L
D

A
,

can
b

e
restrictive

in
m

an
y

p
ractical

p
rob

lem
s.

T
h
e

ex
tra

layer
of

fl
ex

ib
ility

o
ff

ered
b
y

Q
D

A
th

at
d
eals

w
ith

tw
o-w

ay
variab

le
in

teraction
s

m
akes

it
ex

trem
ely

attractive
fo

r
su

ch
p
ro

b
lem

s.
L

i
an

d
S
h
ao

(2015)
stu

d
ied

sp
arse

Q
D

A
b
y

m
ak

in
g

sp
arsity

assu
m

p
tion

s
o
n
µ

2 −
µ

1 ,Σ
1 ,Σ

2
an

d
Σ

1 −
Σ

2
an

d
p
rop

osed
th

eir
sp

arse
estim

ates.
T

h
e

assu
m

p
tion

s
m

ad
e

a
re

n
o
t

d
irectly

on
th

e
key

q
u
an

tities
n
eed

ed
in

th
e

d
iscrim

in
an

t
fu

n
ction

D
(z

).
In

a
d
d
itio

n
,

g
o
o
d

estim
ates

of
th

ese
fou

r
q
u
an

tities
d
o

n
ot

n
ecessarily

tran
slate

to
b

etter
cla

ssifi
ca

tio
n
,

a
p
h
en

om
en

on
sim

ilarly
argu

ed
an

d
ob

served
b
y

C
ai

an
d

L
iu

(2011
)

a
n
d

M
a
i

et
a
l.

(2
0
1
2)

for
L

D
A

.
F

an
et

al.
(2015b

)
p
rop

osed
a

screen
in

g
m

eth
o
d

to
id

en
tify

in
tera

ction
s

w
h
en

Ω
ad

m
its

a
tw

o
b
lo

ck
sp

arse
stru

ctu
re

after
p

erm
u
tation

,
b

efore
ap

p
ly

in
g

p
en

a
lized

lo
g
istic

regression
on

th
e

id
en

tifi
ed

in
teraction

s
an

d
all

th
e

m
ain

eff
ects

to
estim

ate
a

sp
a
rser

m
o
d
el.

T
h
eir

m
eth

o
d

can
n
ot

d
eal

w
ith

p
rob

lem
s

w
h
ere

th
e

su
p
p

ort
of

Ω
is

in
g
en

era
l

p
o
sitio

n
s.

F
u
rth

er,
th

e
u
se

of
a

sep
arate

secon
d
-step

p
en

alized
logistic

regression
to

d
eterm

in
e

im
p

ortan
t

in
teraction

s
an

d
m

ain
eff

ects
is

less
ap

p
ealin

g
from

a
m

eth
o
d
ological

p
ersp

ective.
F

a
n

et
al.

(2015a)
su

ggested
a

R
ay

leigh
q
u
otien

t
b
ased

m
eth

o
d

for
w

h
ich

all
th

e
fo

u
rth

cro
ss-m

om
en

ts
of

th
e

p
red

ictors
h
ave

to
b

e
estim

ated
.

D
esp

ite
all

th
ese

eff
orts,

a
d
irect

yet
sim

p
le

ap
p
roach

for
Q

D
A

w
ith

less
strin

gen
t

assu
m

p
tion

s
th

a
n

in
L

i
an

d
S
h
ao

(2
0
1
5
)

fo
r

h
ig

h
-d

im
en

sion
al

an
aly

sis
is

m
issin

g.

T
h
e

p
ro

p
o
sed

D
A

-Q
D

A
ap

p
roach

in
th

is
p
ap

er
aim

s
to

overcom
e

th
e

d
iffi

cu
lties

m
en

-
tio

n
ed

a
b

ov
e.

In
p
articu

lar,
com

p
ared

w
ith

L
i

an
d

S
h
ao

(2015),
w

e
on

ly
m

ake
sp

arsity
a
ssu

m
p
tio

n
s

on
Ω

an
d
δ

an
d

estim
ate

th
ese

tw
o

q
u
an

tities
d
irectly

in
D

A
-Q

D
A

.
C

om
p
ared

to
F

a
n

et
a
l.

(2
015b

),
w

e
allow

th
e

in
teraction

s
in

Ω
in

gen
eral

p
osition

s,
w

ith
ou

t
reso

rtin
g

to
a

seco
n
d

sta
ge

ap
p
roach

for
in

teraction
s

a
n
d

m
ain

eff
ects

selection
.

C
om

p
ared

w
ith

F
an

3
JM

L
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J
ia
n
g
,
W
a
n
g
,
a
n
d

L
e
n
g

et
al.

(2015a),
w

e
op

erate
d
irectly

on
Q

D
A

for
w

h
ich

on
ly

secon
d

cross-m
om

en
ts

of
th

e
variab

les
are

n
eed

ed
.

D
A

-Q
D

A
can

also
b

e
u
n
d
ersto

o
d

as
a

n
ovel

attem
p
t

to
select

in
teraction

s
in

th
e

d
is-

crim
in

an
t

fu
n
ction

th
at

corresp
on

d
to

th
e

n
on

zero
en

tries
in

Ω
.

T
h
e

p
rob

lem
of

in
teraction

selection
is

a
p
rob

lem
of

its
ow

n
im

p
ortan

ce
an

d
h
as

b
een

stu
d
ied

ex
ten

sively
recen

tly
for

regression
p
rob

lem
s.

S
ee,

for
ex

am
p
le,

H
ao

an
d

Z
h
an

g
(2

014)
an

d
referen

ces
th

erein
.

T
h
e

p
rob

lem
of

estim
atin

g
Ω

alon
e

h
as

also
attracted

atten
tion

lately
in

a
d
iff

eren
t

con
tex

t.
T

o
u
n
d
erstan

d
h
ow

th
e

stru
ctu

re
of

a
n
etw

ork
d
iff

ers
b

etw
een

d
iff

eren
t

con
d
ition

s
an

d
to

fi
n
d

th
e

com
m

on
stru

ctu
res

of
tw

o
d
iff

eren
t

G
au

ssian
grap

h
ical

m
o
d
els,

Z
h
ao

et
al.

(2
014)

p
rop

osed
a

d
irect

ap
p
roach

for
estim

atin
g

Ω
b
y

form
u
latin

g
th

eir
p
ro

ced
u
re

v
ia

th
e

D
an

tzig
selector.

A
severe

lim
itation

is
th

at
th

eir
lin

ear
p
rogram

m
in

g
p
ro

ced
u
re

n
eed

s
to

d
eal

w
ith

O
(p

2)
con

strain
ts,

an
d

th
e

m
em

ory
req

u
irem

en
t

b
y

th
e

large
con

strain
t

m
atrix

is
of

th
e

ord
er
O

(p
4).

A
s

a
resu

lt,
an

iteration
of

th
e

algo
rith

m
in

Z
h
ao

et
al.

(2014)
req

u
ires

O
(sp

4)
com

p
u
tation

s,
w

h
ere

s
is

th
e

card
in

ality
of

th
e

su
p
p

ort
of

Ω
.

A
p
p
aren

tly,
th

eir
m

eth
o
d

d
o
es

n
ot

scale
w

ell
to

h
igh

d
im

en
sion

al
d
ata.

In
Z

h
ao

et
al.

(2014),
p
rob

lem
s

w
ith

m
ax

im
u
m

size
p

=
120

w
ere

attem
p
ted

an
d

it
w

as
rep

orted
th

at
a

lon
g

tim
e

w
as

n
eed

ed
to

ru
n

th
eir

m
eth

o
d
.

In
con

trast,
w

e
u
se

a
lasso

form
u
lation

an
d

d
evelop

a
n
ew

a
lgorith

m
b
ased

on
th

e
altern

atin
g

d
irection

m
eth

o
d
s

of
m

u
ltip

liers
(A

D
M

M
)

for
estim

atin
g

Ω
.

T
h
e

m
em

ory
req

u
irem

en
t

of
ou

r
algorith

m
is

of
th

e
ord

er
O

(p
2)

an
d

its
com

p
u
tation

al
cost

is
of

th
e

ord
er

O
(p

3)
p

er
iteratio

n
,

en
ab

lin
g

D
A

-Q
D

A
to

easily
h
an

d
le

m
u
ch

larger
p
rob

lem
s.

T
h
e

rest
of

th
e

p
ap

er
is

organ
ized

as
follow

s.
S
ection

2
ou

tlin
es

th
e

m
ain

D
A

-Q
D

A
m

eth
o
d
ology

for
estim

atin
g

Ω
an

d
δ.

A
n
ovel

algorith
m

b
ased

on
A

D
M

M
for

estim
atin

g
Ω

is
d
evelop

ed
.

S
ection

3
in

vestigates
th

e
th

eory
of

D
A

-Q
D

A
an

d
p
rov

id
es

variou
s

con
sisten

cy
resu

lts
for

estim
atin

g
Ω

,
δ,

an
d
η
,

as
w

ell
as

estab
lish

in
g

th
e

con
sisten

cy
of

th
e

m
isclassi-

fi
cation

risk
relativ

e
to

th
e

B
ayes

risk
.

S
ection

4
p
resen

ts
ex

ten
siv

e
n
u
m

erical
stu

d
ies

an
d

an
aly

sis
of

fou
r

real
d
atasets.

C
om

p
a
rison

w
ith

oth
er

classifi
cation

m
eth

o
d
s

d
em

on
strates

th
at

D
A

-Q
D

A
is

very
com

p
etitive

in
estim

a
tin

g
th

e
sp

arsity
p
attern

an
d

th
e

p
aram

eters
of

in
terest.

W
e

p
rov

id
e

a
sh

ort
d
iscu

ssion
an

d
ou

tlin
e

fu
tu

re
d
irection

s
of

research
in

S
ection

5.
A

ll
th

e
p
ro

ofs
are

relegated
to

th
e

A
p
p

en
d
ix

.

2
.
D
A
-Q

D
A

M
e
th

o
d
o
lo
g
y

T
o

ob
tain

an
estim

ator
for

th
e

B
ayes

d
iscrim

in
an

t
fu

n
ction

D
(z

),
w

e
p
rop

ose
d
irect

esti-
m

ators
for

th
e

tw
o

of
its

B
ayes

com
p

on
en

ts
Ω

=
Σ
−

1
2
−

Σ
−

1
1

an
d
δ

=
(Σ
−

1
1

+
Σ
−

1
2

)(µ
1 −

µ
2 )

u
n
d
er

ap
p
rop

riate
sp

arsity
assu

m
p
tion

s.
G

iv
en

d
ata

X
j ,

j
=

1
,..,n

1
from

class
1

an
d

Y
k ,
k

=
1,...,n

2
from

class
2,

w
e

can
estim

ate
µ
i

an
d

Σ
i ,
i

=
1,2,

v
ia

th
eir

sam
p
le

version
s

as

µ̂
1

=
1n
1

n
1
∑j=

1

X
j ,
µ̂

2
=

1n
2

n
2
∑j=

1

Y
j ;

Σ̂
1

=
1n
1

n
1
∑j=

1 (X
j −

µ̂
1 )(X

j −
µ̂

1 )
T
,

Σ̂
2

=
1n
2

n
2
∑j=

1 (Y
j −

µ̂
2 )(Y

j −
µ̂

2 )
T
.

W
h
en

p
>
>

m
ax{

n
1 ,n

2 }
,

Σ̂
1

an
d

Σ̂
2

are
d
egen

erate
an

d
can

n
o
t

b
e

d
irectly

u
sed

for
esti-

m
atin

g
Ω

.
D

en
ote

th
e

D
A

-Q
D

A
estim

ates
of

Ω
as

Ω̂
an

d
δ

as
δ̂

w
h
ich

w
ill

b
e

ob
tain

ed
as
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D
ir
e
c
t
A
p
p
r
o
a
c
h
f
o
r
S
pa

r
se

Q
D
A

in
(2

)
an

d
(8

)
re

sp
ec

ti
ve

ly
.

F
or

a
gi

ve
n

sc
al

ar
η
,

ou
r

D
A

-Q
D

A
p
ro

ce
d
u
re

cl
as

si
fi
es

a
n
ew

ob
se

rv
at

io
n
z

in
to

cl
as

s
1

if

[ z
−
µ̂

1
+
µ̂

2

2

] T
Ω̂

[ z
−
µ̂

1
+
µ̂

2

2

] +
δ̂T
[ z
−
µ̂

1
+
µ̂

2

2

] +
η
>

0
,

(1
)

an
d

cl
as

si
fi
es
z

in
to

cl
as

s
2

ot
h
er

w
is

e.
F

ro
m

(1
),

w
e

em
p
h
as

iz
e

ag
ai

n
th

at
th

e
n
on

ze
ro

en
tr

ie
s

in
Ω̂

ar
e

th
e

in
te

ra
ct

io
n
s

of
th

e
va

ri
ab

le
s

th
at

co
n
tr

ib
u
te

to
th

e
cl

as
si

fi
ca

ti
on

ru
le

,
w

h
il
e

th
e

n
on

ze
ro

en
tr

ie
s

in
δ̂

ar
e

th
e

m
ai

n
eff

ec
ts

of
th

e
va

ri
ab

le
s

th
at

ar
e

u
se

d
fo

r
cl

as
si

fi
ca

ti
on

.
In

th
e

li
n
ea

r
d
is

cr
im

in
an

t
an

al
y
si

s
w

h
en

Σ
1

=
Σ

2
,

th
e

ru
le

in
(1

)
b

ec
om

es
th

e
L

D
A

ru
le

w
h
ic

h
is

li
n
ea

r
in

th
e

va
ri

ab
le

s.
A

s
η

=
2

lo
g
(π

1
/π

2
)

+
1 4
(µ

1
−
µ

2
)T

Ω
(µ

1
−
µ

2
)

+
lo

g
|Σ

2
|−

lo
g
|Σ

1
|

is
a

sc
al

ar
,

w
e

ca
n

ch
o
os

e
η

as
η̂

u
si

n
g

a
si

m
p
le

gr
id

se
ar

ch
,

b
y
p
as

si
n
g

th
e

n
ee

d
to

es
ti

m
at

e
th

e
d
et

er
m

in
an

ts
of

Σ
1

an
d

Σ
2
.

T
h
is

is
th

e
st

ra
te

gy
im

p
le

m
en

te
d

in
S
ec

ti
on

4
an

d
it

s
an

al
y
ti

ca
l

ju
st

ifi
ca

ti
on

is
p
ro

v
id

ed
in

S
ec

ti
on

3.
4.

T
h
u
s

in
th

e
fo

ll
ow

in
g,

w
e

sh
al

l
fo

cu
s

on
th

e
es

ti
m

at
io

n
of

Ω
an

d
δ,

u
n
d
er

ce
rt

ai
n

sp
ar

si
ty

as
su

m
p
ti

o
n
s

on
th

es
e

tw
o

q
u
an

ti
ti

es
.

2
.1

E
st

im
a
ti

n
g

Ω

R
ec

al
l

Ω
=

Σ
−

1
2
−

Σ
−

1
1

.
It

m
ay

b
e

at
te

m
p
ti

n
g

to
fi
rs

t
es

ti
m

at
e

Σ
−

1
1

an
d

Σ
−

1
2

as
in

te
rm

ed
ia

te
q
u
an

ti
ti

es
b

ef
or

e
ta

k
in

g
th

ei
r

d
iff

er
en

ce
.

It
is

k
n
ow

n
,

h
ow

ev
er

,
th

at
ac

cu
ra

te
es

ti
m

at
io

n
of

a
co

va
ri

an
ce

m
at

ri
x

or
it

s
in

ve
rs

e
ca

n
b

e
d
iffi

cu
lt

in
ge

n
er

al
in

h
ig

h
d
im

en
si

on
s

u
n
le

ss
ad

d
it

io
n
al

as
su

m
p
ti

on
s

ar
e

im
p

os
ed

(c
f.

B
ic

k
el

an
d

L
ev

in
a

(2
00

8)
).

B
ec

au
se

Ω
is

th
e

q
u
an

ti
ty

of
in

te
re

st
th

at
ap

p
ea

rs
in

th
e

B
ay

es
’

ru
le

,
w

e
p
ro

p
os

e
to

es
ti

m
at

e
it

d
ir

ec
tl

y.
T

o
p
ro

ce
ed

,
w

e
n
ot

e
th

at
Σ

2
Ω

Σ
1

=
Σ

1
Ω

Σ
2

=
Σ

1
−

Σ
2
.

If
w

e
d
efi

n
e

a
lo

ss
fu

n
ct

io
n

as
T
r
( Ω

T
Σ

1
Ω

Σ
2

) /
2
−
T
r

(Ω
(Σ

1
−

Σ
2
))

,
th

e
lo

ss
fu

n
ct

io
n

is
m

in
im

iz
ed

w
h
en

Ω
sa

ti
sfi

es
Σ

2
Ω

Σ
1

=
Σ

1
−

Σ
2

or
Ω

=
Σ
−

1
2
−

Σ
−

1
1

.
T

h
is

si
m

p
le

ob
se

rv
at

io
n

m
ot

iv
at

es
th

e
fo

ll
ow

in
g

p
en

al
iz

ed
lo

ss
fo

rm
u
la

ti
on

fo
r

es
ti

m
at

in
g

Ω
b
y

re
p
la

ci
n
g

Σ
j
,j

=
1
,2

b
y

th
ei

r
em

p
ir

ic
al

es
ti

m
at

es
as

Ω̂
=

ar
g

m
in

Ω
∈R

p
×
p

1 2
T
r
( Ω

T
Σ̂

1
Ω

Σ̂
2

)
−
T
r
( Ω

(Σ̂
1
−

Σ̂
2
))

+
λ
‖Ω
‖ 1
,

(2
)

w
h
er

e
‖Ω
‖ 1

is
th

e
` 1

p
en

al
ty

of
th

e
ve

ct
o
ri

ze
d

Ω
to

en
co

u
ra

ge
sp

ar
si

ty
an

d
λ

is
th

e
tu

n
in

g
p
ar

am
et

er
.

T
o

ob
ta

in
a

sy
m

m
et

ri
c

es
ti

m
at

or
fo

r
Ω

,
w

e
m

ay
si

m
p
ly

u
se

Ω̂
0

=
1 2
(Ω̂

+
Ω̂
T

)

af
te

r
Ω̂

is
ob

ta
in

ed
.

B
ec

au
se

th
e

se
co

n
d

d
er

iv
a
ti

v
e

of
th

e
ab

ov
e

lo
ss

fu
n
ct

io
n

is
Σ̂

2
⊗

Σ̂
1

w
h
ic

h
is

n
on

n
eg

at
iv

e
d
efi

n
it

e,
th

e
fo

rm
u
la

ti
on

in
(2

)
is

a
co

n
ve

x
p
ro

b
le

m
a
n
d

ca
n

b
e

so
lv

ed
b
y

a
co

n
ve

x
op

ti
m

iz
at

io
n

al
go

ri
th

m
.

W
e

n
ow

d
ev

el
op

an
A

D
M

M
al

go
ri

th
m

to
so

lv
e

fo
r

Ω̂
in

(2
)

(B
oy

d
et

al
.,

20
11

;
Z

h
a
n
g

an
d

Z
ou

,
20

14
).

F
ir

st
w

ri
te

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
in

(2
)

as

m
in

Ω
∈R

p
×
p

1 2
T
r
( Ω

T
Σ̂

1
Ω

Σ̂
2

)
−
T
r
( Ω

(Σ̂
1
−

Σ̂
2
))

+
λ
‖Ψ
‖ 1
,
s.
t.

Ψ
=

Ω
.

(3
)

F
ro

m
th

is
,

w
e

ca
n

fo
rm

th
e

au
gm

en
te

d
L

ag
ra

n
gi

an
as

L
(Ω
,Ψ
,Λ

)
=

1 2
T
r
( Ω

T
Σ̂

1
Ω

Σ̂
2

)
−
T
r
( Ω

(Σ̂
1
−

Σ̂
2
))

+
λ
‖Ψ
‖ 1

+
T
r

(Λ
(Ω
−

Ψ
))

+
ρ 2
‖Ω
−

Ψ
‖2 F
,
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J
ia
n
g
,
W
a
n
g
,
a
n
d

L
e
n
g

w
h
er

e
‖·
‖ F

is
th

e
F

ro
b

en
iu

s
n
or

m
of

a
m

at
ri

x
an

d
ρ

is
a

p
ar

am
et

er
in

th
e

A
D

M
M

a
lg

o
ri

th
m

.
S
ee

S
ec

ti
on

4
fo

r
m

or
e

d
et

ai
ls

.
G

iv
en

th
e

cu
rr

en
t

es
ti

m
at

e
Ω
k
,Ψ

k
,Λ

k
,
w

e
u
p

d
a
te

su
cc

es
si

v
el

y

Ω
k
+

1
=

ar
g

m
in

Ω
∈R

p
×
p
L

(Ω
,Ψ

k
,Λ

k
),

(4
)

Ψ
k
+

1
=

ar
g

m
in

Ψ
∈R

p
×
p
L

(Ω
k
+

1
,Ψ
,Λ

k
),

(5
)

Λ
k
+

1
=

Λ
k

+
ρ
(Ω

k
+

1
−

Ψ
k
+

1
).

(6
)

W
ri

te
Σ̂
i

=
U
iD

iU
T i

as
th

e
ei

ge
n
va

lu
e

d
ec

om
p

os
it

io
n

of
Σ̂
i
w

h
er

e
D
i

=
d
ia

g(
d
i1
,·
··
,d
ip

),
i

=
1
,2

.
D

en
ot

e
A
k

=
(Σ̂

1
−

Σ̂
2
)
−

Λ
k

+
ρ
Ψ
k

an
d

or
g
an

iz
e

th
e

d
ia

go
n
al

s
of

(D
2
⊗
D

1
+
ρ
I
)−

1

in
a

m
at

ri
x
B

,
w

h
er

e
B
jk

=
1
/
(d

1
j
d

2
k

+
ρ
).

T
h
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
p
ro

v
id

es
ex

p
li
ci

t
so

lu
ti

on
s

fo
r

(4
)

an
d

(5
)

w
h
ic

h
en

su
re

s
effi

ci
en

t
u
p

d
at

io
n

of
ou

r
al

go
ri

th
m

in
ea

ch
st

ep
.

P
ro

p
o
si

ti
o
n

1
G

iv
en

Ψ
k
,

Λ
k
,ρ

a
n

d
λ

,
th

e
so

lu
ti

o
n

fo
r

(4
)

is
gi

ve
n

a
s:

Ω
k
+

1
=
U

1
[B
◦(
U
T 1
A
k
U

2
)]
U
T 2

;

G
iv

en
Ω
k
+

1
,Λ

k
a
n

d
ρ

,
th

e
so

lu
ti

o
n

fo
r

(5
)

is
gi

ve
n

a
s:

Ψ
k
+

1
=
S

(Ω
k
+

1
+

Λ
k ρ
,
λ ρ

),
(7

)

w
h
er

e
S

is
kn

o
w

n
a
s

th
e

so
ft

-t
h
re

sh
o
ld

in
g

o
pe

ra
to

r
o
n

a
m

a
tr

ix
.

N
a
m

el
y,

th
e

(i
,j

)
en

tr
y

o
f

S
(A
,b

)
fo

r
a

m
a
tr

ix
A

=
(a
ij

)
is

si
gn

(a
ij

)(
|a
ij
|−

b)
+

w
h
er

e
(c

) +
=
c

fo
r
c
>

0
a
n

d
(c

) +
=

0
o
th

er
w

is
e.

N
ot

e
th

at
fo

r
a

gi
v
en
ρ
,

w
h
en

u
p

d
at

in
g

Ω
,

w
e

on
ly

n
ee

d
to

u
p

d
at

e
A
k

w
h
ic

h
in

v
o
lv

es
si

m
p
le

m
at

ri
x

su
b
tr

ac
ti

on
,

an
d

th
en

u
se

m
at

ri
x

m
u
lt

ip
li
ca

ti
on

.
T

h
er

ef
or

e
th

e
u
p

d
a
te

in
(4

)
ca

n
b

e
effi

ci
en

tl
y

im
p
le

m
en

te
d
.

F
ol

lo
w

in
g

is
a

b
ri

ef
d
er

iv
at

io
n

on
h
ow

w
e

ob
ta

in
th

e
ex

p
li
ci

t
so

lu
ti

on
s

gi
ve

n
in

P
ro

p
os

it
io

n
1.

F
or

(4
),

n
o
te

th
at

th
e

d
er

iv
at

iv
e

o
f
L

w
it

h
re

sp
ec

t
to

Ω
is

Σ̂
1
Ω

Σ̂
2
−

(Σ̂
1
−

Σ̂
2
)

+
Λ
k

+
ρ
(Ω
−

Ψ
k
)

=
(Σ̂

1
Ω

Σ̂
2

+
ρ
Ω

)
−

(Σ̂
1
−

Σ̂
2
)

+
Λ
k
−
ρ
Ψ
k
,

w
h
ic

h
ca

n
b

e
w

ri
tt

en
as

(Σ̂
2
⊗

Σ̂
1

+
ρ
I
)v
ec

(Ω
)

=
v
ec
( (Σ̂

1
−

Σ̂
2
)
−

Λ
k

+
ρ
Ψ
k
) ,

w
h
er

e
v
ec

is
th

e
ve

ct
or

op
er

at
or

.
W

e
h
av

e

v
ec

(Ω
)

=
(Σ̂

2
⊗

Σ̂
1

+
ρ
I
)−

1
v
ec
( (Σ̂

1
−

Σ̂
2
)
−

Λ
k

+
ρ
Ψ
k
) .

U
si

n
g

th
e

eq
u
al

it
y
v
ec

(A
X
B

)
=

(B
T
⊗
A

)v
ec

(X
),

an
d

(Σ̂
2
⊗

Σ̂
1

+
ρ
I
)−

1
=

[(
U

2
⊗
U

1
)(
D

2
⊗
D

1
+
ρ
I
)(
U
T 2
⊗
U
T 1

)]
−

1

=
(U

2
⊗
U

1
)(
D

2
⊗
D

1
+
ρ
I
)−

1
(U

T 2
⊗
U
T 1

),
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D
ir
e
c
t
A
p
p
r
o
a
c
h
f
o
r
S
pa

r
se

Q
D
A

w
e

h
ave

(Σ̂
2 ⊗

Σ̂
1

+
ρ
I
) −

1v
ec(A

k)

=
[(U

2 ⊗
U

1 )(D
2 ⊗

D
1

+
ρ
I
)(U

T2
⊗
U
T1

)] −
1v
ec(A

k)

=
(U

2 ⊗
U

1 )(D
2 ⊗

D
1

+
ρ
I
) −

1(U
T2
⊗
U
T1

)v
ec(A

k)

=
(U

2 ⊗
U

1 )(D
2 ⊗

D
1

+
ρ
I
) −

1v
ec(U

T1
A
kU

2 )

=
(U

2 ⊗
U

1 )v
ec (

B
◦

(U
T1
A
kU

2 ) )

=
v
ec (

U
1 [B
◦

(U
T1
A
kU

2 )]U
T2 )

w
h
ere
◦

is
th

e
H

ad
am

ard
p
ro

d
u
ct.

T
h
erefore,

Ω
=
U

1 [B
◦

(U
T1
A
kU

2 )]U
T2
.

N
ex

t
w

e
ex

a
m

in
e

(5).
Ign

orin
g

term
s

th
at

are
in

d
ep

en
d
en

t
of

Ψ
,

w
e

ju
st

n
eed

to
m

in
im

ize

ρ2
T
r(Ψ

T
Ψ

)−
ρ
T
r((Ω

k
+

1)
T

Ψ
)−

T
r((Λ

k)
T

Ψ
)

+
λ‖Ψ
‖

1 ,

a
n
d

th
e

so
lu

tio
n

can
b

e
easily

seen
as

(7).
A

gain
,

th
e

u
p

d
ate

for
Γ

can
b

e
effi

cien
tly

im
p
lem

en
ted

.

O
u
r

a
lg

o
rith

m
can

b
e

n
ow

su
m

m
arized

as
follow

in
g.

1
.

In
itialize

Ω
,

Ψ
an

d
Λ

.
F

ix
ρ
.

C
om

p
u
te

S
V

D
Σ̂

1
=
U

1 D
1 U

T1
an

d
Σ̂

2
=
U

2 D
2 U

T2
,

an
d

co
m

p
u
te
B

w
h
ere

B
jk

=
1/

(d
1
j d

2
k

+
ρ
).

R
ep

eat
step

s
2-4

u
n
til

con
vergen

ce;

2
.

C
o
m

p
u
te
A

=
(Σ̂

1 −
Σ̂

2 )−
Λ

+
ρ
Ψ

.
T

h
en

u
p

d
ate

Ω
as

Ω
=
U

1 [B
◦

(U
T1
A
U

2 )]U
T2

;

3
.

U
p

d
ate

Ψ
b
y

soft-th
resh

old
in

g
Ω

+
Λρ

elem
en

tw
ise

b
y
λρ

;

4
.

U
p

d
a
te

Λ
b
y

Λ
←

Λ
+
ρ
(Ω
−

Ψ
).

N
o
te

th
a
t

th
e

algorith
m

in
v
olves

sin
gu

lar
valu

e
d
ecom

p
osition

of
Σ̂

1
an

d
Σ̂

2
on

ly
on

ce.
T

h
e

rest
o
f

th
e

a
lgo

rith
m

on
ly

in
volves

m
a
trix

ad
d
ition

an
d

m
u
ltip

licatio
n
.

T
h
u
s,

th
e

algorith
m

is
ex

trem
ely

effi
cien

t.
C

om
p
ared

w
ith

Z
h
ao

et
al.

(2014)
w

h
ose

algorith
m

h
as

com
p
u
tation

al
co

m
p
lex

ity
o
f

th
e

ord
er

at
least

O
(p

4)
an

d
a

m
em

ory
req

u
irem

en
t

of
O

(p
4),

ou
r

algo
rith

m
h
a
s

a
m

em
o
ry

req
u
irem

en
t

of
th

e
ord

er
O

(p
2)

an
d

com
p
u
ta

tion
al

com
p
lex

ity
of
O

(p
3).

A
s

a
resu

lt,
o
u
r

m
eth

o
d

can
h
an

d
le

m
u
ch

larger
p
rob

lem
s.

A
s

a
fi
rst

o
rd

er
m

eth
o
d

for
co

n
vex

p
ro

b
lem

s,
th

e
con

v
ergen

ce
of

A
D

M
M

algorith
m

s
is

in
gen

eral
of

ra
te
O

(k −
1),

w
h
ere

k
is

th
e

n
u
m

b
er

of
iteration

s.
C

on
verg

en
ce

an
aly

sis
of

A
D

M
M

algorith
m

s
u
n
d
er

d
iff

eren
t

a
ssu

m
p
tio

n
s

h
a
s

b
een

w
ell

estab
lish

ed
in

som
e

very
recen

t
op

tim
ization

literatu
res;

see
for

ex
a
m

p
le,

N
ish

ih
ara

et
al.

(2015),
H

on
g

an
d

L
u
o

(2017)
an

d
C

h
en

et
al.

(2017).
B

y
verify

in
g

th
e

a
ssu

m
p
tio

n
s

in
H

on
g

an
d

L
u
o

(2017
),

w
e

can
esta

b
lish

ed
sim

ilar
lin

ear
con

vergen
ce

resu
lts

for
o
u
r

algorith
m

;
see

L
em

m
a

1
in

th
e

A
p
p

en
d
ix

for
m

ore
d
etails.
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J
ia
n
g
,
W
a
n
g
,
a
n
d

L
e
n
g

2
.2

T
h

e
lin

e
a
r

in
d

e
x
δ

A
fter

h
av

in
g

estim
ated

Ω
as

Ω̂
,

w
e

d
iscu

ss
th

e
estim

ation
of

th
e

lin
ear

in
d
ex

δ
=

(Σ
−

1
1

+
Σ
−

1
2

)(µ
1 −

µ
2 ).

W
e

d
evelop

a
p
ro

ced
u
re

th
at

avoid
s

estim
atin

g
Σ
−

1
1

an
d

Σ
−

1
2

.
F

irst
n
ote

th
at

Σ
1 δ

=
Σ

1 (Σ
−

1
1

+
Σ
−

1
2

)(µ
1 −

µ
2 )

=
2
(µ

1 −
µ

2 )
+

Σ
1 Ω

(µ
1 −

µ
2 ),

Σ
2 δ

=
Σ

2 (Σ
−

1
1

+
Σ
−

1
2

)(µ
1 −

µ
2 )

=
2(µ

1 −
µ

2 )−
Σ

2 Ω
(µ

1 −
µ

2 ),

an
d

(Σ
1

+
Σ

2 )δ
=

4(µ
1 −

µ
2 )

+
(Σ

1 −
Σ

2 )Ω
(µ

1 −
µ

2 ).

T
h
e

last
eq

u
ation

is
th

e
d
erivative

of
δ
T

(Σ
1
+

Σ
2 )δ/2−

{4(µ
1 −

µ
2 )+

(Σ
1 −

Σ
2 )Ω

(µ
1 −

µ
2 )}

T
δ.

M
otivated

b
y

th
is,

w
e

estim
ate

δ
b
y

a
d
irect

m
eth

o
d

u
sin

g
th

e
lasso

regu
larization

,
sim

ilar
to

th
e

on
e

in
M

ai
et

al.
(2012),

as

δ̂
=

arg
m

in
δ∈
R
p

12
δ
T

(Σ̂
1

+
Σ̂

2 )δ−
γ̂
T
δ

+
λ
δ ‖
δ‖

1 ,
(8)

w
h
ere

γ̂
=

4(µ̂
1 −

µ̂
2 )

+
(Σ̂

1 −
Σ̂

2 )Ω̂
(µ̂

1 −
µ̂

2 ),‖·‖
1

is
th

e
vector

`
1

p
en

alty
an

d
λ
δ

is
a

tu
n
in

g
p
aram

eter.
T

h
e

op
tim

ization
in

(8)
is

a
stan

d
ard

lasso
p
rob

lem
an

d
is

easy
to

solve
u
sin

g
ex

istin
g

lasso
algorith

m
s.

W
e

rem
ark

th
a
t

(8)
is

m
u
ch

m
ore

ch
allen

gin
g

to
an

aly
ze

th
eoretically

th
an

th
e

m
eth

o
d

in
M

ai
et

al.
(2

012),
sin

ce
th

e
accu

racy
of

Ω̂
as

an
estim

ator
of

Ω
h
as

to
b

e
carefu

lly
q
u
an

tifi
ed

in
γ̂

.
W

e
em

p
h
asize

th
at

ou
r

fram
ew

ork
is

ex
trem

ely
fl
ex

ib
le

an
d

ca
n

accom
m

o
d
ate

ad
d
ition

al
con

strain
ts.

A
s

a
con

crete
ex

am
p
le,

let’s
con

sid
er

en
forcin

g
th

e
so-called

stron
g

h
ered

ity
p
rin

cip
le

in
th

at
an

in
teraction

is
p
resen

t
u
n
less

th
e

corresp
on

d
in

g
m

ain
eff

ects
are

b
oth

p
resen

t,
i.e.

if
Ω
jk
6=

0
th

en
δ
j
6=

0
an

d
δ
k
6=

0;
see

for
ex

am
p
le

H
ao

an
d

Z
h
an

g
(2016).

D
en

ote
I
⊂
{
1,...,p}

as
th

e
set

su
ch

th
at

for
an

y
j,k
∈
I

th
ere

ex
ists

som
e

Ω̂
jk 6=

0.
W

e
can

ch
an

ge
th

e
p

en
alty

in
(8)

as‖
δI

C ‖
1

su
ch

th
at

th
e

variab
les

in
I

are
n
ot

p
en

alized
.

D
u
e

to
sp

ace
lim

itation
,

th
is

lin
e

of
research

w
ill

n
ot

b
e

stu
d
ied

in
th

e
cu

rren
t

p
ap

er.

3
.
T
h
e
o
ry

W
e

sh
ow

th
at

ou
r

m
eth

o
d

can
con

sisten
tly

select
th

e
tru

e
n
on

zero
in

teraction
term

s
in

Ω
an

d
th

e
tru

e
n
on

zero
term

s
in
δ.

In
ad

d
ition

,
w

e
p
rov

id
e

ex
p
licit

u
p
p

er
b

ou
n
d
s

for
th

e
estim

ation
error

u
n
d
er
l∞

n
orm

.
F

or
classifi

cation
,

w
e

fu
rth

er
sh

ow
th

at
th

e
m

isclassifi
cation

rate
of

ou
r

D
A

-Q
D

A
ru

le
con

verges
to

th
e

op
tim

al
B

ayes
risk

u
n
d
er

som
e

sp
arsity

assu
m

p
tion

s.
F

or
sim

p
licity

in
th

is
section

w
e

assu
m

e
th

at
n

1 �
n

2
an

d
w

rite
n

=
m

in{
n

1 ,n
2 }−

1.
In

stead
of

assu
m

in
g
µ

2 −
µ

1 ,
Σ

1 ,Σ
2

an
d

Σ
1 −

Σ
2

to
b

e
sp

arse
as

in
L

i
an

d
S
h
ao

(2015),
w

e
on

ly
assu

m
e

th
at

Ω
an

d
δ

are
sp

arse.
F

or
th

e
estim

ation
of

Ω
,

th
e

rate
in

C
oro

llary
1

is
sim

ilar
to

th
e

on
e

in
T

h
eorem

3
of

Z
h
ao

et
al.

(2014).
H

ow
ev

er,
as

w
e

p
oin

ted
ou

t
p
rev

iou
sly,

ou
r

m
eth

o
d

is
com

p
u
tation

ally
m

u
ch

m
ore

effi
cien

t
an

d
scales

b
etter

to
large-d

im
en

sion
al

p
rob

lem
s.

In
ad

d
ition

,
ou

r
w

ork
is

th
e

fi
rst

d
irect

estim
ation

ap
p
roa

ch
for

sp
arse

Q
D

A
.

Im
p

ortan
tly,

th
e

resu
lts

for
estim

atin
g
δ

are
n
ew

.
N

ote
th

at
w

h
en

estim
atin

g
δ

as
in

(8),
w

e
h
av

e
u
sed

Ω̂
as

a
p
lu

g-in
estim

ator
for

Ω
.

C
on

seq
u
en

tly,
from

C
orollaries

1
an

d
2,

th
e

error
rate

of
δ̂

in
estim

atin
g
δ

is
a

factor
tim

es
of

th
at

of
Ω̂

in
estim

atin
g

Ω
.

H
ow

ever,
in

th
e

D
A

-Q
D

A
d
iscrim

in
an

t
fu

n
ction

d
efi

n
ed

as
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D
ir
e
c
t
A
p
p
r
o
a
c
h
f
o
r
S
pa

r
se

Q
D
A

in
(1

),
Ω̂

ap
p

ea
rs

in
th

e
fi
rs

t
te

rm
w

h
ic

h
is

a
p
ro

d
u
ct

of
th

re
e

co
m

p
on

en
ts

w
h
il
e
δ̂

ap
p

ea
rs

in
th

e
se

co
n
d

te
rm

w
h
ic

h
is

a
p
ro

d
u
ct

of
tw

o
co

m
p

on
en

ts
.

A
s

a
co

n
se

q
u
en

ce
,

th
e

ov
er

al
l

es
ti

m
at

io
n

er
ro

r
ra

te
s

of
th

es
e

tw
o

te
rm

s
b

ec
om

e
eq

u
a
l.

T
h
is

im
p
li
es

th
at

ev
en

th
ou

gh
th

e
es

ti
m

at
in

g
er

ro
r

of
Ω̂

m
ig

h
t

ag
gr

eg
at

e
in

th
e

es
ti

m
at

io
n

of
δ,

it
d
o
es

n
ot

a
ff

ec
t

th
e

co
n
ve

rg
en

ce
ra

te
of

th
e

cl
as

si
fi
ca

ti
on

er
ro

r
at

al
l.

B
el

ow
w

e
p
ro

v
id

e
th

eo
ry

fo
r

es
ti

m
at

in
g

Ω
,
δ,

an
d
η
,

as
w

el
l

as
q
u
an

ti
fy

in
g

th
e

ov
er

al
l

m
is

cl
as

si
fi
ca

ti
on

er
ro

r
ra

te
.

3
.1

T
h

e
o
ry

fo
r

e
st

im
a
ti

n
g

Ω

W
e

fi
rs

t
in

tr
o
d
u
ce

so
m

e
n
ot

at
io

n
.

W
e

as
su

m
e

th
at

Ω
=

(Ω
ij

) 1
≤
i,
j≤
p

is
sp

a
rs

e
w

it
h

su
p
p

or
t

S
=
{(
i,
j)

:
Ω
ij
6=

0}
an

d
w

e
u
se

S
c

to
d
en

ot
e

th
e

co
m

p
le

m
en

t
of
S

.
L

et
d

b
e

th
e

m
ax

im
u
m

n
o
d
e

d
eg

re
e

in
Ω

.
F

or
a

ve
ct

or
x

=
(x

1
,.
..
,x

p
)T

,
th

e
l q

n
o
rm

is
d
efi

n
ed

as
|x
| q

=
(∑

p i=
1
|x
i|q

)1
/
q

fo
r

an
y

1
≤
q
<
∞

an
d

th
e
l ∞

n
or

m
is

d
efi

n
ed

as
|x
| ∞

=
m

a
x

1
≤
i≤
p
|x
i|.

F
or

an
y

m
at

ri
x
M

=
(m

ij
) 1
≤
i,
j≤
p
,
it

s
en

tr
y
w

is
e
l 1

n
or

m
is

d
efi

n
ed

as
||M
|| 1

=
∑

1
≤
i,
j≤
p
|m

ij
|

an
d

it
s

en
tr

y
w

is
e
l ∞

n
or

m
is

w
ri

tt
en

as
||M
|| ∞

=
m

ax
1
≤
i,
j≤
p
|m

ij
|.

W
e

u
se
||M
|| 1
,∞

=
m

ax
1
≤
i≤
p
∑

p j=
1
|m

ij
|t

o
d
en

ot
e

th
e
l 1
/l
∞

n
or

m
in

d
u
ce

d
m

a
tr

ix
-o

p
er

at
or

n
or

m
.

W
e

d
en

ot
e

Γ
=

Σ
2
⊗

Σ
1

an
d

Γ̂
=

Σ̂
2
⊗

Σ̂
1
.

W
ri

te
Σ
k

=
(σ
k
ij

) 1
≤
i,
j≤
p
,

Σ̂
k

=
(σ̂
k
ij

) 1
≤
i,
j≤
p

fo
r
k

=
1,

2.
B

y
th

e
d
efi

n
it

io
n

of
K

ro
n
ec

ke
r

p
ro

d
u
ct

,
Γ

is
a
p

2
×
p

2
m

at
ri

x
in

d
ex

ed
b
y

ve
rt

ex
p
ai

rs
in

th
at

Γ
(i
,j

),
(k
,l

)
=
σ

1
ik
σ

2
jl

.
D

en
ot

e
∆
i

=
Σ̂
i
−

Σ
i

fo
r
i

=
1
,2

,
∆

Γ
=

Γ̂
−

Γ
,∆

Γ
T

=
Γ̂
T
−

Γ
T

,
a
n
d

ε i
=
||∆

i||
∞

,
ε

=
m

ax
{ε

1
,ε

2
}.

B
=

m
ax
{|
|Σ

1
|| ∞

,||
Σ

2
|| ∞
},
B

Σ
=

m
ax
{|
|Σ

1
|| 1
,∞
,||

Σ
2
|| 1
,∞
}

an
d
B

Γ
=
||Γ
−

1
S
,S
|| 1
,∞

,
B

Γ
T

=
||(

Γ
T S
,S

)−
1
|| 1
,∞

,
B

Γ
,Γ
T

=
m

ax
{B

Γ
,B

Γ
T
}.

T
o

es
ta

b
li
sh

th
e

m
o
d
el

se
le

ct
io

n
co

n
si

st
en

cy
of

ou
r

es
ti

m
at

or
,

w
e

a
ss

u
m

e
th

e
fo

ll
ow

in
g

ir
re

p
re

se
n
ta

b
il
it

y
co

n
d
it

io
n
:

α
=

1
−

m
ax

e∈
S
c
|Γ
e,
S

Γ
−

1
S
,S
| 1
>

0.

T
h
is

co
n
d
it

io
n

w
as

fi
rs

t
in

tr
o
d
u
ce

d
b
y

Z
h
ao

an
d

Y
u

(2
00

6)
an

d
Z

ou
(2

00
6)

to
es

ta
b
li
sh

th
e

m
o
d
el

se
le

ct
io

n
co

n
si

st
en

cy
of

th
e

la
ss

o.
T

h
e

fo
ll
ow

in
g

th
eo

re
m

gi
ve

s
th

e
m

o
d
el

se
le

ct
io

n
co

n
si

st
en

cy
an

d
th

e
ra

te
of

co
n
ve

rg
en

ce
fo

r
th

e
es

ti
m

at
io

n
o
f

Ω
.

T
h

e
o
re

m
1

A
ss

u
m

e
th

a
t
α
>

0
a
n

d
d

2
B

2
B

2 Σ
B

2 Γ
,Γ
T

√
lo

g
p

n
→

0.
F

o
r

a
n

y
c
>

2,
by

ch
oo

si
n

g

λ
=
κ

1
d

2
B

2
B

2 Σ
B

2 Γ
,Γ
T

√
lo

g
p

n
fo

r
so

m
e

la
rg

e
en

o
u

gh
co

n
st

a
n

t
κ

1
>

0
,

w
e

h
a
ve

w
it

h
p
ro

ba
bi

li
ty

gr
ea

te
r

th
a
n

1
−
p

2
−
c
,

(i
)

Ω̂
S
c

=
0;

(i
i)

th
er

e
ex

is
ts

a
la

rg
e

en
o
u

gh
co

n
st

a
n

t
κ

2
>

0
su

ch
th

a
t

||Ω̂
−

Ω
|| ∞

<
κ

2
d

2
B

2
B

2 Σ
B

2 Γ
,Γ
T

√
lo

g
p

n
.

T
h
eo

re
m

1
st

at
es

th
at

if
th

e
ir

re
p
re

se
n
ta

b
il
it

y
co

n
d
it

io
n

is
sa

ti
sfi

ed
,

th
e

su
p
p

o
rt

of
Ω

is
es

ti
m

at
ed

co
n
si

st
en

tl
y,

an
d

th
e

ra
te

of
co

n
v
er

ge
n
ce

of
es

ti
m

at
in

g
Ω

u
n
d
er
l ∞

n
o
rm

is
of

or
d
er
O

( d
2
B

2
B

2 Σ
B

2 Γ
,Γ
T

√
lo

g
p

n

) ,
w

h
ic

h
d
ep

en
d
s

on
th

e
sp

ar
si

ty
of

Σ
1
,Σ

2
an

d
th

ei
r

K
ro

n
ec

ke
r

p
ro

d
u
ct

.
F

or
ex

am
p
le

,
ou

r
as

su
m

p
ti

on
d

2
B

2
B

2 Σ
B

2 Γ
,Γ
T

√
lo

g
p

n
→

0
im

p
li
es

th
at
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J
ia
n
g
,
W
a
n
g
,
a
n
d

L
e
n
g

B
=

m
ax
{|
|Σ

1
|| ∞

,||
Σ

2
|| ∞
}

ca
n

d
iv

er
ge

in
a

ra
te

of
o(
d
−

1
B
−

1
Σ
B
−

1
Γ
,Γ
T

(
n

lo
g
p
)1
/
4
).

F
ro

m
th

e
p
ro

of
of

T
h
eo

re
m

1,
w

e
h
av

e
th

e
fo

ll
ow

in
g

co
ro

ll
ar

y.

C
o
ro

ll
a
ry

1
A

ss
u

m
e

th
a
t
α
>

0
,
B

Σ
<
∞

a
n

d
B

Γ
,Γ
T
<
∞

.
F

o
r

a
n

y
co

n
st

a
n

t
c
>

2
,

ch
oo

si
n

g
λ

=
C
d

2
√

lo
g
p

n
fo

r
so

m
e

co
n

st
a
n

t
C
>

0,
if
d

2
√

lo
g
p

n
→

0
,

w
e

h
a
ve

w
it

h
p
ro

ba
bi

li
ty

gr
ea

te
r

th
a
n

1
−
p

2
−
c
,

Ω̂
S
c

=
0

a
n

d

||Ω̂
−

Ω
|| ∞

=
O

(
d

2

√
lo

g
p

n

)
.

S
im

il
ar

to
C

on
d
it

io
n

2
in

Z
h
ao

et
al

.
(2

01
4)

,
th

e
as

su
m

p
ti

on
B

Γ
,Γ
T
<
∞

in
C

o
ro

ll
a
ry

1
is

cl
os

el
y

re
la

te
d

to
th

e
m

u
tu

al
in

co
h
er

en
ce

p
ro

p
er

ty
in

tr
o
d
u
ce

d
in

D
o
n
oh

o
an

d
H

u
o

(2
0
0
1
).

In
fa

ct
,

it
h
ol

d
s

w
h
en

im
p

os
in

g
th

e
u
su

al
m

u
tu

a
l

in
co

h
er

en
ce

co
n
d
it

io
n

on
th

e
in

ve
rs

es
of

th
e

su
b
m

at
ri

ce
s

(i
n
d
ex

ed
b
y
S

)
of

Σ
1

an
d

Σ
2
.

S
in

ce
d

is
th

e
m

ax
im

u
m

n
o
d
e

d
eg

re
e

in
Ω

,

th
e

n
u
m

b
er

of
n
on

ze
ro

en
tr

ie
s

in
Ω

is
of

or
d
er
O

(d
p
).

th
e

ra
te
O

( d
2
√

lo
g
p

n

)
w

e
o
b
ta

in
ed

in
C

or
ol

la
ry

1
is

b
et

te
r

th
an

th
e

ra
te

in
T

h
eo

re
m

3
of

Z
h
ao

et
al

.
(2

01
4
).

H
ow

ev
er

,
in

th
e

ca
se

w
h
er

e
on

ly
O

(d
)

co
va

ri
at

es
an

d
so

m
e

of
th

ei
r

in
te

ra
ct

io
n
s

ar
e

im
p

or
ta

n
t,

o
u
r

ra
te

is
th

e
sa

m
e

as
th

e
on

e
in

Z
h
ao

et
al

.
(2

01
4)

.

3
.2

T
h

e
o
ry

fo
r

e
st

im
a
ti

n
g
δ

L
et
D

=
{i

:
δ i
6=

0}
b

e
th

e
su

p
p

or
t

of
δ

an
d

le
t
d
δ

b
e

it
s

ca
rd

in
al

it
y.

D
en

ot
e
A

1
=
||Ω
|| 1
,∞

,
A

2
=
||(

Ω
−

1
) ·
,D
|| 1
,∞

,
ε µ

=
m

ax
{|
µ

1
−
µ̂

1
| ∞
,|µ

2
−
µ̂

2
| ∞
}.

W
e

d
efi

n
e
A

Σ
=
||Σ
−

1
D
,D
|| 1
,∞

w
h
er

e

Σ
=

(Σ
1

+
Σ

2
)/

2
an

d
w

ri
te

Σ̂
=

(Σ̂
1

+
Σ̂

2
)/

2,
γ

=
4(
µ

1
−
µ

2
)

+
(Σ

1
−

Σ
2
)Ω

(µ
1
−
µ

2
),

∆
µ

=
µ

1
−
µ

2
,

∆̂
µ

=
µ̂

1
−
µ̂

2
,
A
γ

=
||γ
|| ∞

an
d
||Ω̂
−

Ω
|| ∞

=
ε Ω

.

T
o

es
ta

b
li
sh

th
e

m
o
d
el

se
le

ct
io

n
co

n
si

st
en

cy
of

o
u
r

es
ti

m
at

or
δ̂,

w
e

as
su

m
e

th
e

fo
ll
ow

in
g

ir
re

p
re

se
n
ta

b
il
it

y
co

n
d
it

io
n
:

α
δ

=
1
−

m
ax

e∈
D
c
|Σ
e,
D

Σ
−

1
D
,D
| 1
>

0.

L
et
d

0
=

m
ax
{d
,d
δ
}.

T
h
e

fo
ll
ow

in
g

th
eo

re
m

gi
ve

s
th

e
m

o
d
el

se
le

ct
io

n
co

n
si

st
en

cy
a
n
d

th
e

ra
te

of
co

n
ve

rg
en

ce
fo

r
th

e
es

ti
m

at
io

n
of
δ.

T
h

e
o
re

m
2

A
ss

u
m

e
th

a
t
α
δ
>

0,
|Ω

(µ
1
−
µ

2
)| 1

=
O

(d
2 0
),
‖Ω
‖ ∞

<
∞

,
A
γ
<
∞

a
n

d

d
3 0
A

2 Σ
B

2
B

3 Σ
B

2 Γ
,Γ
T

√
lo

g
p

n
→

0
.

U
n

d
er

th
e

sa
m

e
a
ss

u
m

p
ti

o
n

s
in

T
h
eo

re
m

1
,

fo
r

a
n

y
c
>

2
,

by
ch

oo
si

n
g
λ
δ

=
κ

3
d

3 0
A

2 Σ
B

2
B

3 Σ
B

2 Γ
,Γ
T

√
lo

g
p

n
,

fo
r

so
m

e
la

rg
e

en
o
u

gh
co

n
st

a
n

t
κ

3
,

w
e

h
a
ve

,

w
it

h
p
ro

ba
bi

li
ty

gr
ea

te
r

th
a
n

1
−
p

2
−
c
,

(i
)
δ̂ D

c
=

0;

(i
i)

th
er

e
ex

is
ts

a
la

rg
e

en
o
u

gh
co

n
st

a
n

t
κ

4
>

0
su

ch
th

a
t,

||δ̂
−
δ||
∞
<
κ

4
d

3 0
A

2 Σ
B

2
B

3 Σ
B

2 Γ
,Γ
T

√
lo

g
p

n
.
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D
ir
e
c
t
A
p
p
r
o
a
c
h
f
o
r
S
pa

r
se

Q
D
A

F
ro

m
T

h
eorem

2
an

d
C

orollary
1

w
e

im
m

ed
iately

h
ave:

C
o
ro

lla
ry

2
S

u
p
po

se
th

e
a
ssu

m
p
tio

n
s

o
f

C
o
ro

lla
ry

1
a
n

d
T

h
eo

rem
2

h
o
ld

a
n

d
a
ssu

m
e

th
a
t

A
Σ
<
∞

.
F

o
r

a
n

y
co

n
sta

n
t
c
>

2
,

by
ch

oo
sin

g
λ
δ

=
C
d

30 √
lo

g
p

n
fo

r
so

m
e

la
rge

en
o
u

gh

co
n

sta
n

t
C
>

0
,

w
e

h
a
ve

w
ith

p
ro

ba
bility

grea
ter

th
a
n

1−
p

2−
c,

||δ̂−
δ||∞

=
O

(
d

30 √
log

p

n

)
.

W
h
en

Σ
1

=
Σ

2 ,
δ

red
u
ces

to
2Σ
−

1
1

(µ
1 −

µ
2 ),

w
h
ich

is
p
rop

ortion
al

to
th

e
d
irect

d
iscrim

in
an

t
va

ria
b
le
β

in
M

ai
et

al.
(2012),

C
ai

an
d

L
iu

(2011
)

an
d

F
an

et
al.

(2012),
an

d
variab

les
in

D
=
{i

:
δ
i 6=

0}
are

lin
ear

d
iscrim

in
ative

featu
res

con
trib

u
tin

g
to

th
e

B
ayes

ru
le.

F
rom

th
e

p
ro

of
of

T
h
eorem

2
an

d
th

e
rate

given
in

T
h
eorem

2,
w

e
can

see
th

at
w

h
en

A
γ
<
∞

,

||δ̂−
δ||∞

is
o
f

ord
er
O

(A
Σ
λ
δ ).

T
h
is

is
con

sisten
t

to
th

e
resu

lt
ob

ta
in

ed
in

T
h
eorem

1
of

M
a
i

et
a
l.

(2
0
1
2
)

for
th

e
Σ

1
=

Σ
2

case.

3
.3

M
isc

la
ssifi

c
a
tio

n
ra

te

In
th

is
su

b
section

,
w

e
stu

d
y

th
e

asy
m

p
totic

b
eh

av
ior

of
th

e
m

isclassifi
cation

rate
for

a
given

η
a
n
d

p
o
stp

on
e

th
e

th
eory

w
h
en

η
is

estim
ated

to
S
ection

3.4.
L

et
R

(i|j)
an

d
R
n
(i|j)

b
e

th
e

p
ro

b
a
b
ilities

th
at

a
n
ew

ob
servation

from
class

j
is

m
isclassifi

ed
to

class
i

b
y

B
ayes’

ru
le

a
n
d

th
e

D
A

-Q
D

A
ru

le
resp

ectively.
S
u
p
p

ose
2

log
(π

1 /π
2 )

=
η−

14 (µ
1 −

µ
2 )
T

Ω
(µ

1 −
µ

2 )−
lo

g|Σ
2 |

+
lo

g|Σ
1 |.

T
h
e

op
tim

al
B

ayes
risk

is
given

as

R
=
π

1 R
(2|1)

+
π

2 R
(1|2),

a
n
d

th
e

m
iscla

ssifi
cation

rate
of

th
e

D
A

-Q
D

A
ru

le
takes

th
e

follow
in

g
form

:

R
n

=
π

1 R
n
(2|1)

+
π

2 R
n
(1|2).

S
u
p
p

o
se
z
i ∼

N
(µ
i ,Σ

i )
for

i
=

1,2.
D

en
ote

th
e

d
en

sity
of

(z
i −

µ
)
T

Ω
(z
i −

µ
)

+
δ
T

(z
i −

µ
)

+
η

a
s
F
i (z

).
F

or
an

y
con

stan
t
c,

d
efi

n
e

u
c

=
m

ax{ess
su

p
z∈

[−
c,c] F

i (z
),i

=
1,2},

w
h
ere

ess
su

p
d
en

otes
th

e
essen

tial
su

p
rem

u
m

w
h
ich

is
d
efi

n
ed

as
su

p
rem

u
m

on
alm

ost
every

w
h
ere

o
f

th
e

su
p
p

ort,
i.e.,

ex
cep

t
on

a
set

of
m

easu
re

zero.
L

et
s

:=
‖S‖

0
b

e
th

e
n
u
m

b
er

o
f

n
o
n
zero

elem
en

ts
in

Ω
.

T
h
e

follow
in

g
th

eorem
esta

b
lish

es
u
p
p

er
b

ou
n
d
s

for
th

e
m

iscla
ssifi

ca
tio

n
rate

d
iff

eren
ce

b
etw

een
R
n

an
d
R

.

T
h

e
o
re

m
3

A
ssu

m
in

g
th

a
t

th
ere

exist
co

n
sta

n
ts
C
µ
>

0
,C

Σ
>

1
su

ch
th

a
t

m
a
x{|µ

1 |∞
,|µ

2 |∞
}

≤
C
µ

,
a
n

d
C
−

1
Σ
≤

m
in{

λ
p (Σ

1 ),λ
p (Σ

2 )}
≤

m
ax{λ

1 (Σ
1 ),λ

1 (Σ
2 )}
≤
C

Σ
w

h
ere

λ
i (Σ

j )
d
en

o
tes

th
e
ith

la
rgest

eigen
va

lu
e

o
f

Σ
j .

U
n

d
er

th
e

a
ssu

m
p
tio

n
s

o
f

T
h
eo

rem
s

1
a
n

d
2
,

w
e

h
a
ve:

(i)
if
sd

20 B
2B

2Σ
B

2Γ
,Γ
T √

lo
g
p

n
+
d

20 A
2Σ
B

2B
3Σ
B

2Γ
,Γ
T √

lo
g
p

n
→

0
a
n

d
th

ere
exist

po
sitive

co
n

-

sta
n

ts
c,U

c
su

ch
th

a
t
u
c ≤

U
c
<
∞

,
th

en

R
n −

R
=
O
p (

sd
20 B

2B
2Σ
B

2Γ
,Γ
T √

log
p

n
+
d

20 A
2Σ
B

2B
3Σ
B

2Γ
,Γ
T √

lo
g
p

n

)
;

1
1

JM
L

R
 19(31):1-37, 2018

J
ia
n
g
,
W
a
n
g
,
a
n
d

L
e
n
g

(ii)
if (

sd
20 B

2B
2Σ
B

2Γ
,Γ
T √

lo
g
p

n
+
d

20 A
2Σ
B

2B
3Σ
B

2Γ
,Γ
T √

lo
g
p

n

)
(1

+
u
c )→

0
fo

r
so

m
e

po
sitive

co
n

sta
n

t
c,

th
en

w
ith

p
ro

ba
bility

grea
ter

th
a
n

1−
3
p

2−
c

fo
r

so
m

e
co

n
sta

n
t
c
>

2,

R
n −

R
=
O

(
(1

+
u
c )×

(
sd

20 B
2B

2Σ
B

2Γ
,Γ
T

log
p √

log
p

n
+
d

20 A
2Σ
B

2B
3Σ
B

2Γ
,Γ
T

log
p

√
n

)
)
.

T
h
eorem

3
(i)

in
d
icates

th
at

u
n
d
er

ap
p
rop

riate
sp

arsity
assu

m
p
tion

s,
ou

r
D

A
-Q

D
A

ru
le

is
op

tim
al

in
th

at
its

m
isclassifi

cation
rate

con
verges

to
th

e
op

tim
al

B
ayes

risk
in

p
rob

ab
ility.

T
h
e

secon
d

statem
en

t
of

T
h
eorem

3
states

th
at

u
n
d
er

stro
n
ger

con
d
ition

s,
R
n

con
verges

to
R

w
ith

ov
erw

h
elm

in
g

p
rob

ab
ility.

F
rom

C
orollary

1
an

d
C

orollary
2

an
d

th
e

ab
ove

th
eorem

,
w

e
im

m
ed

iately
h
ave:

C
o
ro

lla
ry

3
U

n
d
er

th
e

a
ssu

m
p
tio

n
s

o
f

C
o
ro

lla
ry

1
,

C
o
ro

lla
ry

2
a
n

d
T

h
eo

rem
3
,

w
e

h
a
ve,

(i)
if
sd

20 √
lo

g
p

n
→

0
a
n

d
th

ere
exist

po
sitive

co
n

sta
n

ts
c,U

c
su

ch
th

a
t
u
c ≤

U
c
<
∞

,
th

en

R
n −

R
=
O
p (

sd
20 √

log
p

n

)
;

(ii)
if

(1
+
u
c )sd

20 √
lo

g
3
p

n
→

0
fo

r
so

m
e

co
n

sta
n

t
c
>

0,
th

en
w

ith
p
ro

ba
bility

grea
ter

th
a
n

1−
3p

2−
c

fo
r

so
m

e
co

n
sta

n
t
c
>

2
,

R
n −

R
=
O


sd

20 (1
+
u
c ) √

log
3
p

n


.

W
e

rem
ark

th
at

th
e

assu
m

p
tion

u
c
≤
U
c

for
som

e
con

stan
ts
c

an
d
U
c

is
sim

ilar
to

C
on

d
ition

(C
4)

in
L

i
an

d
S
h
ao

(2015),
an

d
ou

r
assu

m
p
tion

is
w

ea
ker

in
th

at
w

e
on

ly
assu

m
e

th
e

d
en

sities
F
i (z

)
is

b
ou

n
d
ed

in
a

n
eigh

b
orh

o
o
d

of
zero

w
h
ile

C
on

d
ition

(C
4)

in
L

i
an

d
S
h
ao

(2015)
states

th
at

th
e

d
en

sities
are

b
ou

n
d
ed

every
w

h
ere.

3
.4

C
h

o
ic

e
o
f
η

T
h
e

q
u
estion

of
ch

o
osin

g
th

e
scalar

η
is

critical
for

classifi
cation

b
u
t

receives
little

atten
tion

in
ex

istin
g

literatu
re;

see
M

ai
et

al.
(2012)

for
a

d
etailed

d
iscu

ssion
for

th
e

L
D

A
case.

In
th

is
section

,
w

e
p
rop

ose
to

ch
o
ose

η
b
y

m
in

im
izin

g
th

e
in

-sam
p
le

m
isclassifi

cation
error

an
d

estab
lish

an
aly

tical
resu

lts
for

th
e

estim
ation

of
η

an
d

th
e

m
isclassifi

cation
rate.

W
ith

som
e

ab
u
se

of
n
otation

,
let

(z
i ,li )

b
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>
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b
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=
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=
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+
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+

4
σ

2)σ
2.

L
e
m

m
a

3
A

ssu
m

e
th

a
t,

B
Γ
,Γ
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p
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>
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<
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+
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−
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=
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∈
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∈
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b
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⊗
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=
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n
in

g
in

te
rs

ec
ti

on
s

of
h
al

fs
p
ac

es
.

A
lt

h
ou

gh
th

at
p
ro

b
le

m
is

k
n
ow

n
to

b
e

h
a
rd

in
th

e
w

or
st

-c
as

e
ov

er
b

ot
h

in
p
u
t

d
is

tr
ib

u
ti

on
s

an
d

ta
rg

et
fu

n
ct

io
n
s,

w
e

es
se

n
ti

a
ll
y

sh
ow

th
at

in
va

ri
an

t
al

go
ri

th
m

s
as

ab
ov

e
d
o

n
ot

“
d
is

ti
n
gu

is
h
”

b
et

w
ee

n
w

o
rs

t-
ca

se
a
n
d

av
er

ag
e-

ca
se

:
If

on
e

ca
n

le
ar

n
a

p
ar

ti
cu

la
r

ta
rg

et
fu

n
ct

io
n

w
it

h
su

ch
a
n

a
lg

o
ri

th
m

,
th

en
th

e
al

go
ri

th
m

ca
n

le
ar

n
n
ea

rl
y

al
l

ta
rg

et
fu

n
ct

io
n
s

in
th

at
cl

as
s.

•
H

a
rd

n
e
ss

fo
r

“
n

a
tu

ra
l”

in
p

u
t

d
is

tr
ib

u
ti

o
n

s.
W

e
sh

ow
th

at
ta

rg
et

fu
n
ct

io
n
s

of
th

e
fo

rm
x
7→

ψ
(w
>

x
)

fo
r

an
y

p
er

io
d
ic
ψ

ar
e

ge
n
er

a
ll
y

d
iffi

cu
lt

to
le

a
rn

u
si

n
g
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D
ist

r
ib
u
t
io
n
-S
p
e
c
if
ic

H
a
r
d
n
e
ss

o
f
L
e
a
r
n
in
g

N
e
u
r
a
l
N
e
t
w
o
r
k
s

g
ra

d
ien

t-b
ased

m
eth

o
d
s,

ev
en

if
th

e
in

p
u
t

d
istrib

u
tion

is
fi
x
ed

an
d

b
elon

gs
to

a
very

b
ro

ad
cla

ss
of

sm
o
oth

in
p
u
t

d
istrib

u
tion

s
(in

clu
d
in

g,
for

in
sta

n
ce,

G
au

ssian
s

an
d

m
ix

tu
res

of
G

au
ssian

s).
N

ote
th

a
t

su
ch

fu
n
ction

s
can

essen
tially

b
e

co
n
stru

cted
b
y

sim
p
le

sh
allow

n
etw

ork
s,

an
d

can
b

e
seen

as
an

ex
ten

sion
of

gen
eralized

lin
ear

m
o
d
els

(see
M

cC
u
llagh

an
d

N
eld

er
1989

for
a

su
rv

ey
).

U
n
lik

e
th

e
p
rev

iou
s

resu
lt,

w
h
ich

relies
o
n

a
com

p
u
tation

al
h
ard

n
ess

assu
m

p
tion

,
th

e
resu

lts
h
ere

are
g
eom

etric
in

n
atu

re,
a
n
d

im
p
ly

th
a
t

th
e

grad
ien

t
of

th
e

ob
jective

fu
n
ction

,
n
early

every
w

h
ere,

con
tain

s
v
irtu

ally
n
o

sig
n
a
l

on
th

e
u
n
d
erly

in
g

target
fu

n
ction

.
T

h
erefore,

an
y

algorith
m

w
h
ich

relies
on

g
ra

d
ien

t
in

form
ation

can
n
ot

learn
su

ch
fu

n
ction

s.
In

terestin
gly,

th
e

d
iffi

cu
lty

h
ere

is
n

o
t

in
h
av

in
g

a
p
leth

ora
of

sp
u
riou

s
lo

cal
m

in
im

a
or

sad
d
le

p
o
in

ts—
th

e
asso

cia
ted

sto
ch

astic
op

tim
ization

p
rob

lem
m

ay
actu

ally
h
ave

n
o

su
ch

critical
p

oin
ts.

In
stead

,
th

e
o
b

jective
fu

n
ction

m
ay

ex
h
ib

it
p
rop

erties
su

ch
as

fl
a
tn

ess
n
early

every
w

h
ere,

u
n
less

o
n
e

is
a
lread

y
very

close
to

th
e

glob
al

op
tim

u
m

.
T

h
is

h
igh

ligh
ts

a
p

oten
tial

p
itfall

in
n
o
n
-co

n
vex

learn
in

g,
w

h
ich

o
ccu

rs
alread

y
for

a
sligh

t
ex

ten
sion

of
g
en

eralized
lin

ear
m

o
d
els,

an
d

ev
en

for
“n

ice”
in

p
u
t

d
istrib

u
tion

s.

T
o
g
eth

er,
th

ese
resu

lts
in

d
icate

th
at

in
ord

er
to

ex
p
lain

th
e

p
ractical

su
ccess

of
n
eu

ral
n
etw

o
rk

lea
rn

in
g

w
ith

grad
ien

t-b
ased

m
eth

o
d
s,

on
e

w
ou

ld
n
eed

to
em

p
loy

a
carefu

l
com

-
b
in

a
tio

n
of

a
ssu

m
p
tion

s
on

b
oth

th
e

in
p
u
t

d
istrib

u
tion

an
d

th
e

target
fu

n
ctio

n
,

an
d

th
at

resu
lts

w
ith

ev
en

a
“p

artially
”

d
istrib

u
tion

-free
fl
avor

(w
h
ich

are
com

m
o
n
,

for
in

stan
ce,

in
co

n
vex

lea
rn

in
g

p
rob

lem
s)

m
ay

b
e

d
iffi

cu
lt

to
attain

h
ere.

T
o

p
rove

o
u
r

resu
lts,

w
e

d
evelop

som
e

to
ols

w
h
ich

m
ay

b
e

of
in

d
ep

en
d
en

t
in

terest.
In

p
a
rticu

la
r,

th
e

tech
n
iq

u
es

u
sed

to
p
rov

e
h
ard

n
ess

of
learn

in
g

fu
n
ction

s
of

th
e

form
x
7→

ψ
(w
>

x
)

are
b
a
sed

on
F

ou
rier

an
aly

sis,
a
n
d

h
ave

som
e

close
con

n
ection

s
to

h
ard

n
ess

resu
lts

o
n

lea
rn

in
g

B
o
olean

fu
n
ction

s
su

ch
as

p
arities

in
th

e
w

ell-k
n
ow

n
fram

ew
ork

of
learn

in
g

fro
m

sta
tistica

l
q
u
eries

(K
earn

s,
1998):

In
b

oth
cases,

on
e

essen
tially

sh
ow

s
th

at
th

e
F

ou
rier

tra
n
sfo

rm
o
f

th
e

target
fu

n
ction

h
as

v
ery

sm
a
ll

su
p
p

ort,
an

d
h
en

ce
d
o
es

n
o
t

“co
rrelate”

w
ith

m
o
st

fu
n
ctio

n
s,

m
ak

in
g

it
d
iffi

cu
lt

to
learn

u
sin

g
certain

m
eth

o
d
s.

H
ow

ever,
w

e
con

sid
er

a
m

o
re

g
en

era
l

a
n
d

argu
ab

ly
m

ore
n
atu

ral
class

of
in

p
u
t

d
istrib

u
tion

s
over

E
u
clid

ean
sp

ace,
ra

th
er

th
a
n

d
istrib

u
tion

s
on

th
e

B
o
o
lean

cu
b

e.
In

a
sen

se,
w

e
sh

ow
th

at
learn

in
g

gen
eral

p
erio

d
ic

fu
n
ctio

n
s

ov
er

E
u
clid

ean
sp

a
ce

is
d
iffi

cu
lt

(at
least

w
ith

grad
ien

t-b
ased

m
eth

o
d
s),

fo
r

th
e

sa
m

e
rea

son
s

th
at

learn
in

g
p
arities

ov
er

th
e

B
o
olean

cu
b

e
is

d
iffi

cu
lt

in
th

e
statistical

q
u
eries

fra
m

ew
o
rk

.
T

h
is

con
n
ection

h
a
s

recen
tly

b
een

form
alized

an
d

ex
ten

d
ed

in
S
on

g
et

al.
(2

0
1
7
)

(see
d
iscu

ssion
b

elow
).

1
.1

R
e
la

te
d

W
o
rk

R
ecen

t
years

h
av

e
seen

q
u
ite

a
few

p
ap

ers
on

th
e

th
eory

of
n
eu

ral
n
etw

ork
lea

rn
in

g.
B

elow
,

w
e

o
n
ly

b
riefl

y
m

en
tion

th
ose

m
ost

relevan
t

to
ou

r
p
ap

er.

In
a

v
ery

elegan
t

w
ork

,
J
an

zam
in

et
al.

(2015)
h
ave

sh
ow

n
th

at
a

certain
m

eth
o
d

b
ased

on
ten

so
r

d
eco

m
p

o
sition

s
allow

s
on

e
to

p
rovab

ly
learn

sim
p
le

n
eu

ral
n
etw

ork
s

b
y

a
com

b
in

ation
o
f

a
ssu

m
p
tio

n
s

on
th

e
in

p
u
t

d
istrib

u
tion

an
d

th
e

target
fu

n
ction

.
H

ow
ever,

a
d
raw

b
a
ck

of
th

eir
m

eth
o
d

is
th

at
it

req
u
ires

rath
er

p
recise

k
n
ow

led
ge

of
th

e
in

p
u
t

d
istrib

u
tio

n
an

d
its

d
eriva

tiv
es,

w
h
ich

is
rarely

availab
le

in
p
ractice.

In
co

n
trast,

ou
r

fo
cu

s
is

on
alg

orith
m

s
w

h
ich

d
o

n
o
t

u
tilize

su
ch

k
n
ow

led
ge.

O
th

er
w

ork
s

w
h
ich

sh
ow

com
p
u
tation

ally
-effi

cien
t

3
JM

L
R

 19(32):1-29, 2018

S
h
a
m
ir

learn
ab

ility
of

certain
n
eu

ral
n
etw

ork
s

u
n
d
er

su
ffi

cien
tly

stron
g

d
istrib

u
tion

al
assu

m
p
tio

n
s

in
clu

d
e

A
rora

et
a
l.

(2014);
L

iv
n
i

et
al.

(2014);
A

n
d
on

i
et

al.
(2014);

Z
h
an

g
et

al.
(2015).

In
th

e
con

tex
t

of
learn

in
g

fu
n
ctio

n
s

over
th

e
B

o
olean

cu
b

e,
it

is
k
n
ow

n
th

at
even

if
w

e
restrict

ou
rself

to
a

p
articu

lar
in

p
u
t

d
istrib

u
tion

(as
lon

g
as

it
satisfi

es
som

e
m

ild
con

d
ition

s),
it

is
d
iffi

cu
lt

to
learn

p
arity

fu
n
ction

s
u
sin

g
statistical

q
u
ery

algorith
m

s
(K

earn
s,

1998;
B

lu
m

et
al.,

1994),
w

h
ich

also
in

clu
d
e

grad
ien

t-b
a
sed

m
eth

o
d
s

(F
eld

m
an

et
al.,

2015).
S
in

ce
p
arities

can
b

e
im

p
lem

en
ted

w
ith

sm
all

real-valu
ed

n
etw

ork
s,

th
is

im
p
lies

th
at

for
“m

ost”
in

p
u
t

d
istrib

u
tion

s
on

th
e

B
o
olean

cu
b

e,
th

ere
are

n
eu

ral
n
etw

ork
s

w
h
ich

are
u
n
lik

ely
to

b
e

learn
ab

le
w

ith
grad

ien
t-b

ased
m

eth
o
d
s.

H
ow

ever,
d
ata

p
rov

id
ed

to
n
eu

ral
n
etw

ork
s

in
p
ractice

are
n
ot

in
th

e
form

of
B

o
olean

v
ectors,

b
u
t

rath
er

vectors
of

fl
oatin

g-p
oin

t
n
u
m

b
ers.

M
oreover,

som
e

assu
m

p
tion

s
on

th
e

in
p
u
t

d
istrib

u
tion

,
su

ch
as

sm
o
oth

n
ess

an
d

G
au

ssian
ity,

on
ly

m
ake

sen
se

on
ce

w
e

con
sid

er
th

e
su

p
p

ort
to

b
e

E
u
clid

ean
sp

ace
rath

er
th

an
th

e
B

o
olean

cu
b

e.
P

erh
ap

s
th

ese
are

en
ou

gh
to

gu
aran

tee
com

p
u
tation

al
tractab

ility
?

A
con

trib
u
tion

of
th

is
p
ap

er
is

to
sh

ow
th

at
th

is
is

n
ot

th
e

case,
an

d
to

form
ally

d
em

on
strate

h
ow

p
h
en

om
en

a
sim

ilar
to

th
e

B
o
olean

case
also

o
ccu

rs
in

E
u
clid

ean
sp

ace,
u
sin

g
ap

p
rop

riate
target

fu
n
ction

s
an

d
d
istrib

u
tion

s.

R
elated

to
th

e
ab

ove,
S
on

g
et

al.
(2017)

recen
tly

sh
ow

ed
th

at
statistical

q
u
ery

algorith
m

s
in

d
eed

can
n
ot

learn
certain

n
eu

ral
n
etw

ork
s,

u
sin

g
target

fu
n
ction

s
sim

ilar
to

th
ose

w
e

con
sid

er
in

S
ec.

4,
an

d
for

log-con
cav

e
in

p
u
t

d
istrib

u
tion

s
1.

In
con

trast,
ou

r
resu

lt
for

su
ch

target
fu

n
ction

s
is

sp
ecifi

c
to

grad
ien

t-b
ased

m
eth

o
d
s,

b
u
t

ap
p
lies

to
a

d
iff

eren
t

large
fam

ily
of

d
istrib

u
tion

s,
n
ot

n
ecessarily

log-con
cav

e.
F

u
rth

erm
ore,

w
e

n
ote

th
at

th
e

ch
a
llen

ges
in

fi
ttin

g
rid

ge
fu

n
ction

s
x
7→

ψ
(w
>

x
)

for
certain

ψ
(w

h
en

x
is

stan
d
ard

G
au

ssian
an

d
on

e
attem

p
ts

to
fi
t

th
e

target
fu

n
ction

u
sin

g
a

fu
n
ction

of
th

e
sam

e
form

)
w

as
also

stu
d
ied

in
D

on
oh

o
an

d
J
oh

n
ston

e
(1989).

F
in

ally,
w

e
n
o
te

th
at

K
livan

s
an

d
K

oth
ari

(2014)
p
rov

id
es

im
p
rop

er-learn
in

g
h
ard

n
ess

resu
lts,

w
h
ich

h
old

ev
en

for
a

stan
d
ard

G
au

ssian
d
istrib

u
tion

on
E

u
clid

ean
sp

ace,
an

d
for

an
y

algorith
m

.
H

ow
ev

er,
u
n
like

ou
r

p
ap

er,
th

eir
fo

cu
s

is
on

h
ard

n
ess

of
agn

ostic
learn

in
g

(w
h
ere

th
e

target
fu

n
ction

is
arb

itrary
an

d
d
o
es

n
ot

h
ave

to
corresp

on
d

to
a

given
class),

th
e

resu
lts

are
sp

ecifi
c

to
th

e
stan

d
ard

G
au

ssian
d
istrib

u
tion

,
an

d
th

e
p
ro

ofs
are

b
ased

on
a

red
u
ction

from
th

e
B

o
olean

case.

T
h
e

p
ap

er
is

stru
ctu

red
as

follow
s:

In
S
ec.

2,
w

e
form

ally
p
resen

t
som

e
n
otation

an
d

con
cep

ts
u
sed

th
rou

gh
ou

t
th

e
p
ap

er.
In

S
ec.

3,
w

e
p
rov

id
e

ou
r

h
ard

n
ess

resu
lts

for
n
atu

ral
target

fu
n
ction

s,
an

d
in

S
ec.

4,
w

e
p
rov

id
e

ou
r

h
ard

n
ess

resu
lts

for
n
atu

ral
in

p
u
t

d
istrib

u
-

tion
s.

A
ll

p
ro

ofs
are

p
resen

ted
in

S
ec.

5.

2
.

P
re

lim
in

a
rie

s

W
e

gen
erally

let
b

old
-faced

letters
d
en

ote
vectors.

G
iven

a
com

p
lex

-valu
ed

n
u
m

b
er
z

=
a

+
ib,

w
e

let
z

=
a
−
ib

d
en

ote
its

com
p
lex

co
n
ju

gate,
an

d
|z|

=
√
a

2
+
b
2

d
en

ote
its

m
o
d
u
lu

s.
G

iven
a

fu
n
ction

f
,

w
e

let
∇
f

d
en

ote
its

grad
ien

t
an

d
∇

2f
d
en

ote
its

H
essian

(assu
m

in
g

th
ey

ex
ist).

N
e
u

ra
l

N
e
tw

o
rk

s.
O

u
r

resu
lts

fo
cu

s
on

learn
in

g
p
red

ictors
w

h
ich

can
b

e
d
escrib

ed
b
y

sim
p
le

an
d

sh
allow

(d
ep

th
2

or
3)

n
eu

ral
n
etw

ork
s.

A
stan

d
ard

feed
forw

ard
n
eu

ral
n
etw

ork

1
.

T
h

e
a
rX

iv
tech

n
ica

l
rep

o
rt

o
n

w
h

ich
o
u
r

p
a
p

er
is

b
a
sed

w
a
s

p
u

b
lish

ed
in

S
ep

tem
b

er
2
0
1
6
,

w
h

erea
s

th
eir

a
rX

iv
tech

n
ica

l
rep

o
rt

w
a
s

p
u

b
lish

ed
in

J
u

ly
2
0
1
7
.4
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D
is
t
r
ib
u
t
io
n
-S
p
e
c
if
ic

H
a
r
d
n
e
ss

o
f
L
e
a
r
n
in
g

N
e
u
r
a
l
N
e
t
w
o
r
k
s

is
co

m
p

os
ed

of
n
eu

ro
n
s,

ea
ch

of
w

h
ic
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,

su
ch

as
L

2
re

gu
la

ri
za

ti
o
n
)

ca
n

b
e

ea
si

ly
sh

ow
n

to
b

e
or

th
og

on
al

ly
-i

n
va

ri
an

t2
.

H
ow

ev
er

,
fo

r
ou

r
re

su
lt

s
w

e
w

il
l

n
ee

d
to

m
a
ke

2
.

E
ss

en
ti

a
ll

y,
th

is
is

b
ec

a
u

se
th

e
g
ra

d
ie

n
t

o
f

a
n
y

fu
n

ct
io

n
g
(W
>
x

)
=
g
(〈
w

1
,x
〉,
..
.,
〈w

k
,x
〉)

w
.r

.t
.

a
n
y
w

i

is
p

ro
p

o
rt

io
n

a
l

to
x

.
T

h
u

s,
if

w
e

m
u

lt
ip

ly
x

b
y

a
n

o
rt

h
o
g
o
n

a
l
M

,
th

e
g
ra

d
ie

n
t

a
ls

o
g
et

s
m

u
lt

ip
li

ed
b
y

M
.

S
in

ce
M
>
M

=
I
,

th
e

in
n

er
p

ro
d

u
ct

s
o
f

in
st

a
n

ce
s
x

a
n

d
g
ra

d
ie

n
ts

re
m

a
in

th
e

sa
m

e.
T

h
er

ef
o
re

,
b
y

in
d

u
ct

io
n

,
it

ca
n

b
e

sh
ow

n
th

a
t

a
n
y

a
lg

o
ri

th
m

w
h

ic
h

o
p

er
a
te

s
b
y

in
cr

em
en

ta
ll

y
u

p
d

a
ti

n
g

so
m

e
it

er
a
te

b
y

li
n

ea
r

co
m

b
in

a
ti

o
n

s
o
f

g
ra

d
ie

n
ts

w
il

l
b

e
ro

ta
ti

o
n

a
ll

y
in

va
ri

a
n
t.
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D
ist

r
ib
u
t
io
n
-S
p
e
c
if
ic

H
a
r
d
n
e
ss

o
f
L
e
a
r
n
in
g

N
e
u
r
a
l
N
e
t
w
o
r
k
s

a
so

m
ew

h
a
t

stron
ger

in
varian

ce
assu

m
p
tion

,
n
am

ely
in

varian
ce

to
gen

eral
in

vertib
le

lin
ear

tra
n
sfo

rm
a
tio

n
s

of
th

e
d
ata

(n
ot

n
ecessarily

ju
st

orth
ogon

al).
T

h
is

is
fo

rm
ally

d
efi

n
ed

as
fo

llow
s:

D
e
fi

n
itio

n
3

A
n

a
lgo

rith
m
A

is
lin

early
-in

varian
t,

if
it

sa
tisfi

es
D

efi
n

itio
n

1
fo

r
a
n

y
in

-
vertible

m
a
trix

M
∈
R
d×
d

(ra
th

er
th

a
n

ju
st

o
rth

ogo
n

a
l

o
n

es).

O
n
e

w
ell-k

n
ow

n
ex

am
p
le

of
su

ch
an

algorith
m

(w
h
ich

is
also

in
varian

t
to

affi
n
e

tran
s-

fo
rm

a
tio

n
s)

is
th

e
N

ew
ton

m
eth

o
d

(B
oy

d
an

d
V

an
d
en

b
ergh

e,
2004).

M
ore

relevan
t

to
ou

r
p
u
rp

o
ses,

lin
ea

r
in

varian
ce

o
ccu

rs
w

h
en

ever
an

o
rth

ogon
ally

-in
varian

t
algorith

m
p
recon

d
i-

tio
n
s

o
r

“
w

h
iten

s”
th

e
d
ata

so
th

at
its

covarian
ce

h
as

a
fi
x
ed

stru
ctu

re
(e.g.

th
e

id
en

tity
m

a
trix

,
p

o
ssib

ly
after

a
d
im

en
sion

ality
red

u
ction

if
th

e
d
ata

is
ra

n
k
-d

efi
cien

t).
F

or
ex

a
m

-
p
le,

ev
en

th
o
u
g
h

grad
ien

t
d
escen

t
m

eth
o
d
s

are
n
ot

lin
early

in
varian

t,
th

ey
b

ecom
e

so
if

w
e

p
reced

e
th

em
b
y

su
ch

a
p
recon

d
ition

in
g

step
.

T
h
is

is
form

alized
in

th
e

follow
in

g
th

eorem
:

T
h

e
o
re

m
4

L
etA

be
a
n

y
a
lgo

rith
m

w
h
ich

given
{x

i ,y
i }
mi=

1 ,
co

m
p
u

tes
th

e
w

h
iten

in
g

m
a
trix

P
=
D
−

1U
>

(w
h
ere

X
=

[x
1

x
2
...

x
m

],
X

=
U
D
V
>

is
a

th
in

3
S

V
D

d
eco

m
po

sitio
n

o
f

X
),

feed
s{
P

x
i ,y

i }
mi=

1
to

a
n

o
rth

ogo
n

a
lly-in

va
ria

n
t

a
lgo

rith
m

,
a
n

d
given

th
e

o
u

tp
u

t
p
red

icto
r

x
7→
f

(W
>

x
),

retu
rn

s
th

e
p
red

icto
r

x
7→
f

((P
>
W

) >
x

).
T

h
en
A

is
lin

ea
rly-in

va
ria

n
t.

It
is

ea
sily

verifi
ed

th
at

th
e

covaria
n
ce

m
atrix

of
th

e
tra

n
sform

ed
in

stan
ces

P
x

1 ,...,P
x
m

is
th

e
r×

r
id

en
tity

m
atrix

(w
h
ere

r
=

R
an

k
(X

)),
so

th
is

is
in

d
eed

a
w

h
iten

in
g

tran
sform

.
W

e
n
o
te

th
a
t

w
h
iten

in
g

is
a

very
com

m
on

p
rep

ro
cessin

g
h
eu

ristic,
an

d
ev

en
w

h
en

n
o
t

d
on

e
ex

p
licitly,

sca
lab

le
ap

p
rox

im
ate

w
h
iten

in
g

an
d

p
recon

d
ition

in
g

m
eth

o
d
s

are
very

co
m

m
o
n

a
n
d

w
id

ely
recogn

ized
as

u
sefu

l
for

tra
in

in
g

n
eu

ral
n
etw

ork
s

(for
ex

am
p
le,

A
d
agrad

an
d

b
a
tch

n
o
rm

a
lization

,
see

D
u
ch

i
et

al.
2011

an
d

Ioff
e

an
d

S
zeged

y
2
015).

T
o

sh
ow

o
u
r

resu
lt,

w
e

rely
on

a
red

u
ctio

n
from

a
P

A
C

-learn
in

g
p
rob

lem
k
n
ow

n
to

b
e

co
m

p
u
ta

tio
n
ally

h
ard

,
n
am

ely
learn

in
g

in
tersection

s
of

h
alfsp

aces.
T

h
ese

are
B

o
olean

p
red

icto
rs

p
a
ra

m
eterized

b
y

w
1 ,...,w

n
∈
R
d

a
n
d
b
1 ,...,b

n
∈
R

,
w

h
ich

co
m

p
u
te

a
m

ap
p
in

g
o
f

th
e

fo
rm

x
→

n∧i=
1

(〈w
i ,x〉≥

b
i )

(w
h
ere

w
e

let
1

corresp
on

d
to

‘tru
e’

an
d

0
to

‘false’).
T

h
e

p
rob

lem
of

P
A

C
-learn

in
g

in
tersec-

tio
n
s

o
f

h
a
lfsp

a
ces

over
th

e
B

o
olean

cu
b

e
(x
∈
{0
,1}

d)
h
as

b
een

w
ell-stu

d
ied

.
In

p
articu

lar,
tw

o
k
n
ow

n
h
ard

n
ess

resu
lts

are
th

e
follow

in
g:

•
K

livan
s

a
n
d

S
h
erstov

(2009)
sh

ow
th

at
u
n
d
er

a
certain

w
ell-stu

d
ied

cry
p
tograp

h
ic

a
ssu

m
p
tio

n
(h

ard
n
ess

of
fi
n
d
in

g
u
n
iq

u
e

sh
ortest

vectors
in

a
h
igh

-d
im

en
sion

al
lattice),

n
o

alg
orith

m
can

P
A

C
-learn

in
tersection

of
n
d

=
d
δ

h
alfsp

aces
(w

h
ere

δ
is

an
y

p
o
sitive

co
n
stan

t),
even

if
th

e
co

ord
in

ates
of

w
i

an
d
b
i

are
all

in
tegers,

an
d

m
ax

i ‖(w
i ,b

i )‖
≤

p
o
ly

(d
).

3
.

T
h

a
t

is,
if
X

is
o
f

size
d×

m
,

th
en

U
is

o
f

size
d×

R
a
n

k
(X

),
D

is
o
f

size
R

a
n

k
(X

)×
R

a
n

k
(X

),
a
n

d
V

is
o
f

size
m
×

R
a
n

k
(X

).
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S
h
a
m
ir

•
D

an
iely

an
d

S
h
alev

-S
h
w

artz
(2016)

sh
ow

th
at

u
n
d
er

an
assu

m
p
tion

related
to

th
e

h
ard

n
ess

of
refu

tin
g

ran
d
om

K
-S

A
T

form
u
las,

n
o

a
lgorith

m
ca

n
P

A
C

-learn
in

tersec-
tion

s
of
n
d

=
ω

(log
(d

))
h
alfsp

aces
(as

d
→
∞

),
even

if
th

e
co

ord
in

ates
of

w
i

an
d
b
i

are
all

in
tegers,

an
d

m
ax

i ‖
(w

i ,b
i )‖

=
O

(d
).

In
th

e
th

eorem
b

elow
,

w
e

w
ill

u
se

th
e

resu
lt

of
D

a
n
iely

a
n
d

S
h
alev

-S
h
w

artz
(2016),

w
h
ich

ap
p
lies

to
an

in
tersection

of
a

sm
aller

n
u
m

b
er

of
h
alfsp

aces,
an

d
w

ith
sm

aller
n
orm

s.
H

ow
-

ever,
sim

ilar
resu

lts
can

b
e

sh
ow

n
u
sin

g
K

livan
s

an
d

S
h
erstov

(200
9),

at
th

e
cost

of
w

orse
p

oly
n
om

ial
d
ep

en
d
en

cies
on

d
.

T
h
e

m
ain

resu
lt

of
th

is
section

is
th

e
follow

in
g:

T
h

e
o
re

m
5

C
o
n

sid
er

a
n

y
n

etw
o
rk
h

(W
>?

x
)

=
[ ∑

n
d
i=

1 [〈w
?i ,x〉]+

][0
,1

]
(w

h
ere

th
e

co
lu

m
n

s
o
f

W
?

a
re

w
?1
...w

?n
),

w
h
ich

sa
tisfi

es
th

e
fo

llo
w

in
g:

•
n
d

=
ω

(log
(d

))
a
s
d
→
∞

•
m

ax
i ‖

w
?i ‖

=
O

(d
)

•
w
?1
...w

?n
a
re

lin
ea

rly
in

d
epen

d
en

t,
so

th
e

sm
a
llest

sin
gu

la
r

va
lu

e
s

m
in (W

? )
o
f
W
?

is
strictly

po
sitive.

T
h
en

u
n

d
er

th
e

a
ssu

m
p
tio

n
sta

ted
in

D
a
n

iely
a
n

d
S

h
a
lev-S

h
w

a
rtz

(2
0
1
6
),

th
ere

is
n

o
lin

ea
rly-

in
va

ria
n

t
a
lgo

rith
m

w
h
ich

fo
r

a
n

y
ε
>

0
a
n

d
a
n

y
d
istribu

tio
n
D

o
ver

vecto
rs

o
f

n
o
rm

O
(d √

d
n
d
)

m
in{

1
,s

m
in

(W
?
)} ,

given
o
n

ly
a
ccess

to
sa

m
p
les

(x
,h

(W
>?

x
))

w
h
ere

x
∼
D

,
ru

n
s

in
tim

e

po
ly(d

,1
/ε)

a
n

d
retu

rn
s

w
ith

h
igh

p
ro

ba
bility

a
p
red

icto
r

x
7→
f

(W
>

x
)

su
ch

th
a
t

E
x∼
D

[(
f

(W
>

x
)−

h
(W
>?

x
) )

2 ]
≤
ε.

N
ote

th
at

th
e

resu
lt

h
old

s
even

if
th

e
retu

rn
ed

p
red

ictor
f

(W
>

x
)

h
as

a
d
iff

eren
t

stru
ctu

re
th

an
h

(W
>?

x
),

an
d
W

is
of

a
larger

size
th

an
W
? .

T
h
u
s,

it
ap

p
lies

even
if

th
e

algorith
m

im
p
lem

en
ts

over-p
aram

etrization
an

d
attem

p
ts

to
train

a
n
etw

ork
larger

th
an

h
(W
>?

x
).

T
h
e

p
ro

of
(w

h
ich

is
p
rov

id
ed

in
S
ec.

5)
ca

n
b

e
sketch

ed
as

follow
s:

F
irst,

th
e

h
ard

n
ess

assu
m

p
tion

for
learn

in
g

in
tersection

of
h
alfsp

aces
is

sh
ow

n
to

im
p
ly

h
ard

n
ess

of
learn

-
in

g
n
etw

ork
s

x
7→

h
(W
>

x
)

as
d
escrib

ed
ab

ove
(an

d
even

if
W

h
as

lin
early

in
d
ep

en
d
en

t
colu

m
n
s—

a
restriction

w
h
ich

w
ill

b
e

im
p

ortan
t

later).
H

ow
ever,

th
is

on
ly

im
p
lies

th
at

n
o

algorith
m

can
learn

x
7→
h

(W
>

x
)

for
a
ll
W

an
d

all
in

p
u
t

d
istrib

u
tion

sD
.

In
con

trast,
w

e
w

an
t

to
sh

ow
th

at
learn

in
g

w
ou

ld
b

e
d
iffi

cu
lt

even
for

so
m

e
fi

xed
W
? .

T
o

d
o

so,
w

e
sh

ow
th

at
if

an
algorith

m
is

lin
early

in
varian

t,
th

en
th

e
ab

ility
to

learn
w

ith
resp

ect
to

som
e
W

an
d

all
d
istrib

u
tion

sD
m

ean
s

th
at

w
e

can
learn

w
ith

resp
ect

to
all

W
an

d
a
llD

.
R

ou
g
h
ly

sp
eak

in
g,

w
e

argu
e

th
at

for
lin

early
-in

varian
t

algorith
m

s,
“average-case”

an
d

“w
orst-case”

h
ard

n
ess

are
th

e
sam

e
h
ere.

In
tu

itiv
ely,

th
is

is
b

ecau
se

giv
en

som
e

arb
itrary

W
,D

,
w

e
can

create
a

d
iff

eren
t

in
p
u
t

d
istrib

u
tion

D̃
,

so
th

at
W
,D̃

“lo
ok

like”
W
? ,D

u
n
d
er

som
e

lin
ear

tran
sform

ation
(see

F
igu

re
1

for
an

illu
stration

).
T

h
erefore,

a
lin

early
-in

varian
t

algorith
m

w
h
ich

su
cceed

s
on

on
e

w
ill

also
su

cceed
on

th
e

oth
er.

A
b
it

m
ore

form
ally,

let
u
s

fi
x

som
e
W
?

(w
ith

lin
early

in
d
ep

en
d
en

t
colu

m
n
s),

an
d

su
p
p

ose
w

e
h
ave

a
lin

early
-in

varian
t

algorith
m

w
h
ich

can
su

ccessfu
lly

learn
x
7→

h
(W
>?

x
)

w
ith
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D
is
t
r
ib
u
t
io
n
-S
p
e
c
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ic

H
a
r
d
n
e
ss

o
f
L
e
a
r
n
in
g

N
e
u
r
a
l
N
e
t
w
o
r
k
s

−
1

−
0.

5
0

0.
5

1

−
1

−
0.

50

0.
51

−
1

−
0.

5
0

0.
5

1

−
1

−
0.

50

0.
51

F
ig

u
re

1:
C

or
re

sp
on

d
en

ce
b

et
w

ee
n
W
?
,D

(l
ef

t
fi
gu

re
)

an
d
W
,D̃

(r
ig

h
t

fi
gu

re
).

A
rr

ow
s

co
r-

re
sp

on
d

to
co

lu
m

n
s

of
W
?

an
d
W

,
an

d
d
ot

s
co

rr
es

p
on

d
to

th
e

su
p
p

or
t

of
D

an
d

D̃
.
D̃

is
co

n
st

ru
ct

ed
so

th
at

th
e

sa
m

e
li
n
ea

r
tr

an
sf

or
m

at
io

n
m

ap
p
in

g
W
?

to
W

al
so

m
ap

s
D

to
D̃

.

re
sp

ec
t

to
an

y
in

p
u
t

d
is

tr
ib

u
ti

on
.

L
et
W
,D

b
e

so
m

e
ot

h
er

m
at

ri
x

an
d

d
is

tr
ib

u
ti

on
w

it
h

re
sp

ec
t

to
w

h
ic

h
w

e
w

is
h

to
le

ar
n

(w
h
er

e
W

h
as

fu
ll

co
lu

m
n

ra
n
k

an
d

is
o
f

th
e

sa
m

e
si

ze
as
W
?
).

T
h
en

it
ca

n
b

e
sh

ow
n

th
at

th
er

e
is

an
in

ve
rt

ib
le

m
at

ri
x
M

su
ch

th
at
W

=
M
>
W
?
.

S
in

ce
th

e
al

go
ri

th
m

su
cc

es
sf

u
ll
y

le
ar

n
s

x
7→
h

(W
> ?

x
)

w
it

h
re

sp
ec

t
to

an
y

in
p
u
t

d
is

tr
ib

u
ti

on
,

it
w

ou
ld

al
so

su
cc

es
sf

u
ll
y

le
ar

n
if

w
e

u
se

th
e

in
p
u
t

d
is

tr
ib

u
ti

on
D̃

d
efi

n
ed

b
y

sa
m

p
li
n
g

x
∼
D

an
d

re
tu

rn
in

g
M

x
.

T
h
is

m
ea

n
s

th
at

th
e

al
go

ri
th

m
w

ou
ld

su
cc

es
fu

ll
y

le
ar

n
fr

om
d
at

a
d
is

tr
ib

u
te

d
as

(x
,h

(W
> ?

x
))
,

x
∼
D̃
⇐
⇒

(M
x
,h

(W
> ?

(M
x

))
)
,

x
∼
D
⇐
⇒

(M
x
,h

(W
>

x
))
,

x
∼
D
.

S
in

ce
th

e
al

go
ri

th
m

is
li
n
ea

rl
y
-i

n
va

ri
an

t,
it

ca
n

b
e

sh
ow

n
th

at
th

is
im

p
li
es

su
cc

es
sf

u
l
le

ar
n
in

g
fr

om
(x
,h

(W
>

x
))

w
h
er

e
x
∼
D

,
as

re
q
u
ir

ed
.

In
th

e
sk

et
ch

ab
ov

e,
w

e
h
av

e
ig

n
or

ed
so

m
e

te
ch

n
ic

al
is

su
es

.
F

or
ex

am
p
le

,
w

e
n
ee

d
to

b
e

ca
re

fu
l

th
at
M

h
as

a
b

ou
n
d
ed

sp
ec

tr
al

n
or

m
,

so
th

at
it

in
d
u
ce

s
a

li
n
ea

r
tr

an
sf

or
m

at
io

n
w

h
ic

h
d
o
es

n
ot

d
is

to
rt

n
or

m
s

b
y

to
o

m
u
ch

(a
s

al
l
ou

r
ar

gu
m

en
ts

ap
p
ly

fo
r

in
p
u
t

d
is

tr
ib

u
ti

on
s

su
p
p

or
te

d
on

a
b

ou
n
d
ed

d
om

ai
n
).

A
se

co
n
d

is
su

e
is

th
at

if
w

e
ap

p
ly

a
li
n
ea

rl
y
-i

n
va

ri
an

t
al

go
ri

th
m

on
a

d
at

a
se

t
tr

an
sf

or
m

ed
b
y
M

,
th

en
th

e
in

va
ri

an
ce

is
on

ly
w

it
h

re
sp

ec
t

to
th

e
d
at

a,
n
ot

n
ec

es
sa

ri
ly

w
it

h
re

sp
ec

t
to

n
ew

in
st

an
ce

s
x

sa
m

p
le

d
fr

o
m

th
e

sa
m

e
d
is

tr
ib

u
ti

on
(a

n
d

th
is

re
st

ri
ct

io
n

is
n
ec

es
sa

ry
fo

r
re

su
lt

s
su

ch
as

T
h
m

.
4

to
h
ol

d
w

it
h
ou

t
fu

rt
h
er

as
su

m
p
-

ti
on

s)
.

H
ow

ev
er

,
it

ca
n

b
e

sh
ow

n
th

at
if

th
e

d
at

a
se

t
is

la
rg

e
en

ou
gh

,
in

va
ri

an
ce

w
il
l

st
il
l

o
cc

u
r

w
it

h
h
ig

h
p
ro

b
ab

il
it

y
ov

er
th

e
sa

m
p
li
n
g

of
x

,
w

h
ic

h
is

su
ffi

ci
en

t
fo

r
ou

r
p
u
rp

os
es

.

4
.

N
a
tu

ra
l

In
p
u
t

D
is

tr
ib

u
ti

o
n
s

In
th

is
se

ct
io

n
,

w
e

co
n
si

d
er

th
e

d
iffi

cu
lt

y
of

gr
ad

ie
n
t-

b
as

ed
m

et
h
o
d
s

to
le

a
rn

ce
rt

ai
n

ta
rg

et
fu

n
ct

io
n
s,

ev
en

w
it

h
re

sp
ec

t
to

sm
o
ot

h
,

w
el

l-
b

eh
av

ed
d
is

tr
ib

u
ti

on
s

ov
er

R
d
.

S
p

ec
ifi

ca
ll
y,

w
e

w
il
l

co
n
si

d
er

fu
n
ct

io
n
s

of
th

e
fo

rm
x
7→

ψ
(w

?
>

x
),

w
h
er

e
w
?

is
a

ve
ct

or
of

b
ou

n
d
ed

n
or

m
an

d
ψ

is
a

p
er

io
d
ic

fu
n
ct

io
n
.

N
ot

e
th

at
if
ψ

is
co

n
ti

n
u
ou

s
an

d
p
ie

ce
w

is
e

li
n
ea

r,
th

en
ψ

(w
?
>

x
)

ca
n

b
e

im
p
le

m
en

te
d

b
y

a
d
ep

th
-2

n
eu

ra
l

R
eL

U
n
et

w
or

k
on

an
y

b
ou

n
d
ed

su
b
se

t
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S
h
a
m
ir

of
th

e
d
om

ai
n
.

M
or

e
ge

n
er

al
ly

,
an

y
co

n
ti

n
u
o
u
s

p
er

io
d
ic

fu
n
ct

io
n

ca
n

b
e

a
p
p
ro

x
im

a
te

d
ar

b
it

ra
ri

ly
w

el
l

b
y

su
ch

n
et

w
or

k
s.

O
u
r

fo
rm

al
re

su
lt

s
re

ly
on

F
ou

ri
er

an
al

y
si

s
an

d
ar

e
a

b
it

te
ch

n
ic

al
.

H
en

ce
,

w
e

p
re

ce
d
e

th
em

w
it

h
an

in
fo

rm
al

d
es

cr
ip

ti
on

,
ou

tl
in

in
g

th
e

m
ai

n
id

ea
s

an
d

te
ch

n
iq

u
es

,
a
n
d

p
re

se
n
ti

n
g

a
sp

ec
ifi

c
ca

se
st

u
d
y

w
h
ic

h
m

ay
b

e
of

in
d
ep

en
d
en

t
in

te
re

st
(S

u
b
se

ct
io

n
4.

1
).

T
h
e

fo
rm

al
re

su
lt

s
ar

e
p
re

se
n
te

d
in

S
u
b
se

ct
io

n
4.

2.

4
.1

In
fo

rm
a
l

D
e
sc

ri
p

ti
o
n

o
f

R
e
su

lt
s

a
n

d
T

e
ch

n
iq

u
e
s

C
on

si
d
er

a
ta

rg
et

fu
n
ct

io
n

of
th

e
fo

rm
x
7→
ψ

(w
?
>

x
),

an
d

an
in

p
u
t

d
is

tr
ib

u
ti

o
n

w
it

h
d
en

si
ty

fu
n
ct

io
n
ϕ

2
(·)

,
w

h
er

e
ϕ

is
so

m
e

n
on

-n
eg

at
iv

e
fu

n
ct

io
n

(w
e

co
n
si

d
er

th
e

d
en

si
ty

a
s

th
e

sq
u
a
re

of
so

m
e

fu
n
ct

io
n

in
or

d
er

to
si

m
p
li
fy

n
ot

at
io

n
la

te
r

o
n
).

S
u
p
p

os
e

w
e

at
te

m
p
t

to
le

a
rn

th
is

ta
rg

et
fu

n
ct

io
n

(w
it

h
re

sp
ec

t
to

th
e

sq
u
ar

ed
lo

ss
)

u
si

n
g

so
m

e
h
y
p

ot
h
es

is
cl

a
ss

,
w

h
ic

h
ca

n
b

e
p
ar

am
et

er
iz

ed
b
y

a
b

ou
n
d
ed

-n
or

m
ve

ct
or

v
in

so
m

e
su

b
se

t
V

of
an

E
u
cl

id
ea

n
sp

a
ce

(n
ot

n
ec

es
sa

ri
ly

of
th

e
sa

m
e

d
im

en
si

on
al

it
y

as
w
?
),

so
ea

ch
p
re

d
ic

to
r

in
th

e
cl

a
ss

ca
n

b
e

w
ri

tt
en

as
x
7→
f

(v
,x

)
fo

r
so

m
e

fi
x
ed

m
ap

p
in

g
f

.
T

h
u
s,

ou
r

go
al

is
es

se
n
ti

a
ll
y

to
so

lv
e

th
e

st
o
ch

as
ti

c
op

ti
m

iz
at

io
n

p
ro

b
le

m

m
in

v
:v
∈V

E x
∼
ϕ
2

[ (
f

(v
,x

)
−
ψ

(w
?
>

x
)) 2
] .

(1
)

In
th

is
se

ct
io

n
,

w
e

st
u
d
y

th
e

ge
om

et
ry

of
th

is
ob

je
ct

iv
e

fu
n
ct

io
n
,

an
d

sh
ow

th
a
t

u
n
d
er

m
il
d

co
n
d
it

io
n
s

on
f

,
an

d
as

su
m

in
g

th
e

n
or

m
of

w
?

is
re

as
on

ab
ly

la
rg

e,
th

e
g
ra

d
ie

n
t

o
f

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

w
it

h
re

sp
ec

t
to

w
is

al
m

os
t

in
d
ep

en
d
en

t
of

w
?
,

in
th

e
fo

ll
ow

in
g

se
n
se

:
If

w
e

fi
x

an
y

w
an

d
ch

o
os

e
w
?

u
n
if

or
m

ly
at

ra
n
d
om

,
th

e
gr

ad
ie

n
t

w
il
l

b
e

ex
tr

em
el

y
co

n
ce

n
tr

at
ed

ar
ou

n
d

a
fi
x
ed

va
lu

e
w

h
ic

h
is

in
d
ep

en
d
en

t
of

w
?

(e
.g

.
ex

p
on

en
ti

a
ll
y

sm
a
ll

in
‖w

?
‖2

fo
r

a
G

au
ss

ia
n

or
a

m
ix

tu
re

of
G

au
ss

ia
n
s)

.
T

h
er

ef
or

e,
as

su
m

in
g
‖w

?
‖

is
re

a
so

n
a
b
ly

la
rg

e,
an

y
st

an
d
ar

d
gr

ad
ie

n
t-

b
as

ed
m

et
h
o
d

w
il
l

fo
ll
ow

a
tr

a
je

ct
or

y
n
ea

rl
y

in
d
ep

en
d
en

t
of

w
?
.

In
fa

ct
,

in
p
ra

ct
ic

e
w

e
d
o

n
ot

ev
en

h
av

e
ac

ce
ss

to
ex

ac
t

gr
ad

ie
n
ts

of
E

q
.

(1
),

b
u
t

o
n
ly

to
n
oi

sy
an

d
b
ia

se
d

v
er

si
on

s
of

it
(e

.g
.

if
w

e
p

er
fo

rm
st

o
ch

as
ti

c
gr

ad
ie

n
t

d
es

ce
n
t,

a
n
d

ce
rt

a
in

ly
if

w
e

u
se

fi
n
it

e-
p
re

ci
si

on
co

m
p
u
ta

ti
on

s)
.

In
th

at
ca

se
,

th
e

n
oi

se
w

il
l

co
m

p
le

te
ly

o
b
li
te

ra
te

th
e

ex
p

on
en

ti
al

ly
sm

al
l

si
gn

al
ab

ou
t

w
?

in
th

e
gr

ad
ie

n
ts

,
an

d
w

il
l

m
ak

e
th

e
tr

a
je

ct
o
ry

es
se

n
ti

al
ly

in
d
ep

en
d
en

t
of

w
?
.

A
s

a
re

su
lt

,
as

su
m

in
g
ψ

an
d

th
e

d
is

tr
ib

u
ti

o
n

is
su

ch
th

a
t

th
e

fu
n
ct

io
n
ψ

(w
?
>

x
)

is
se

n
si

ti
ve

to
th

e
d
ir

ec
ti

on
of

w
?
,

it
fo

ll
ow

s
th

at
th

es
e

m
et

h
o
d
s

w
il
l

fa
il

to
op

ti
m

iz
e

E
q
.

(1
)

su
cc

es
sf

u
ll
y.

F
in

al
ly

,
w

e
n
ot

e
th

at
in

p
ra

ct
ic

e,
it

is
co

m
m

o
n

to
so

lv
e

n
ot

E
q
.

(1
)

d
ir

ec
tl

y,
b
u
t

ra
th

er
it

s
em

p
ir

ic
al

ap
p
ro

x
im

at
io

n
w

it
h

re
sp

ec
t

to
so

m
e

fi
x
ed

fi
n
it

e
tr

ai
n
in

g
se

t.
S
ti

ll
,

b
y

co
n
ce

n
tr

at
io

n
of

m
ea

su
re

,
th

is
em

p
ir

ic
al

ob
je

ct
iv

e
w

ou
ld

co
n
v
er

g
e

to
th

e
on

e
in

E
q
.

(1
)

gi
v
en

en
ou

gh
d
at

a,
so

th
e

sa
m

e
is

su
es

w
il
l

o
cc

u
r.

A
n

im
p

or
ta

n
t

fe
at

u
re

of
ou

r
re

su
lt

s
is

th
a
t

th
ey

m
ak

e
v
ir

tu
al

ly
n
o

st
ru

ct
u
ra

l
a
ss

u
m

p
ti

o
n
s

on
th

e
p
re

d
ic

to
rs

x
7→
f

(v
,x

).
In

p
ar

ti
cu

la
r,

th
ey

ca
n

re
p
re

se
n
t

ar
b
it

ra
ry

cl
a
ss

es
o
f

n
eu

ra
l

n
et

w
or

k
s

(a
s

w
el

l
as

ot
h
er

p
re

d
ic

to
r

cl
as

se
s)

.
T

h
u
s,

ou
r

re
su

lt
s

im
p
ly

th
at

ta
rg

et
fu

n
ct

io
n
s

o
f

th
e

fo
rm

x
7→
ψ

(w
?
>

x
),

w
h
er

e
ψ

is
p

er
io

d
ic

,
w

ou
ld

b
e

d
iffi

cu
lt

to
le

a
rn

u
si

n
g

g
ra

d
ie

n
t-

b
a
se

d
m

et
h
o
d
s,

ev
en

if
w

e
al

lo
w

im
p
ro

p
er

le
ar

n
in

g
an

d
co

n
si

d
er

p
re

d
ic

to
r

cl
as

se
s

o
f

a
d
iff

er
en

t
st

ru
ct

u
re

.

T
o

ex
p
la

in
h
ow

su
ch

re
su

lt
s

ar
e

at
ta

in
ed

,
le

t
u
s

st
u
d
y

a
co

n
cr

et
e

sp
ec

ia
l

ca
se

(n
o
t

n
ec

es
-

sa
ri

ly
in

th
e

co
n
te

x
t

of
n
eu

ra
l

n
et

w
or

k
s)

.
C

on
si

d
er

th
e

ta
rg

et
fu

n
ct

io
n

x
7→

co
s(

2
π
w
?
>

x
),
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D
ist

r
ib
u
t
io
n
-S
p
e
c
if
ic

H
a
r
d
n
e
ss

o
f
L
e
a
r
n
in
g

N
e
u
r
a
l
N
e
t
w
o
r
k
s

F
ig

u
re

2
:

G
ra

p
h
ical

d
ep

iction
of

th
e

ob
jective

fu
n
ction

in
E

q
.

(2),
in

2
d
im

en
sion

s
an

d
w

h
ere

w
?

=
(2,2).

a
n
d

th
e

h
y
p

o
th

esis
class

(p
aram

eterized
b
y

w
)

of
fu

n
ction

s
x
7→

cos(2
π
w
>

x
).

T
h
u
s,

E
q
.
(1)

ta
kes

th
e

fo
rm

m
in
w

E
x∼

ϕ
2 [(

cos(2
π
w
>

x
)−

cos(2
π
w
? >

x )
2 ]
.

(2)

F
u
rth

erm
o
re,

su
p
p

ose
th

e
in

p
u
t

d
istrib

u
tion

ϕ
2

is
a

stan
d
ard

G
au

ssian
o
n

R
d.

In
tw

o
d
im

en
sio

n
s

a
n
d

for
w
?

=
(2
,2),

th
e

ob
jective

fu
n
ction

in
E

q
.

(1
)

tu
rn

s
ou

t
to

h
ave

th
e

fo
rm

illu
stra

ted
in

F
igu

re
2.

T
h
is

ob
jective

fu
n
ction

h
as

on
ly

th
ree

critical
p

oin
ts:

A
g
lo

b
a
l

m
ax

im
u
m

at
0

,
an

d
tw

o
glob

al
m

in
im

a
at

w
?

an
d
−

w
?.

N
everth

eless,
it

w
ou

ld
b

e
d
iffi

cu
lt

to
o
p
tim

ize
u
sin

g
grad

ien
t-b

ased
m

eth
o
d
s,

sin
ce

it
is

ex
trem

ely
fl

a
t

every
w

h
ere

ex
cep

t
close

to
th

e
critical

p
oin

ts.
A

s
w

e
w

ill
see

sh
ortly,

th
e

sam
e

p
h
en

om
en

o
n

o
ccu

rs
in

h
ig

h
er

d
im

en
sio

n
s.

In
h
igh

d
im

en
sion

s,
if

th
e

d
irection

of
w
?

is
ch

osen
ran

d
om

ly,
w

e
w

ill
b

e
overw

h
elm

in
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in
itialize

far
from

th
e

glo
b
al

m
in

im
a,

an
d

h
en

ce
w

ill
start

in
a

fl
at

p
la

tea
u

in
w

h
ich

m
ost

grad
ien

t-b
ased

m
eth

o
d
s

w
ill

stall 4.
W

e
n
ow

tu
rn

to
ex

p
lain

w
h
y

E
q
.

(2)
h
as

th
e

form
sh

ow
n

in
F

igu
re

2.
T

h
is

w
ill

also
h
elp

to
illu

stra
te

o
u
r

p
ro

of
tech

n
iq

u
es,

w
h
ich

ap
p
ly

m
u
ch

m
ore

gen
erally.

T
h
e

m
ain

id
ea

is
to

a
n
a
ly

ze
th

e
F

o
u
rier

tran
sform

of
E

q
.
(2).

L
ettin

g
cos

w
d
en

ote
th

e
fu

n
ction

x
7→

cos(2
π
w
>

x
),

w
e

ca
n

w
rite

E
q
.

(2)
as

∫
(

cos(2
π
w
>

x
)−

cos(2
π
w
? >

x )
2
ϕ

2(x
)d

x
=
‖cos

w
·ϕ
−

cos
w

?·ϕ‖
2
,

w
h
ere
‖·‖

is
th

e
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d
ard

n
orm

ov
er

th
e
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L
2(R

d)
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u
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le
fu

n
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s.
B

y
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n
d
a
rd

p
ro

p
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of
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e
F

ou
rier

tran
sform

(as
d
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S
ec.

2),
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sq

u
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n
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4
.

A
lth

o
u

g
h
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a
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tech
n

iq
u

es
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m
e

fl
a
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ess
(e.g

.
b
y

n
o
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a
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g
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e
g
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d
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esterov

1
9
8
4
;

H
a
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et
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l.
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0
1
5
),
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o
u

r
ca
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e
n
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a
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w
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b

e
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w
h
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ssed
ea
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u
n
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h
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S
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n
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of
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e
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tran
sform

,
w

h
ich

eq
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−
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2
.
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)
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ow
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eq
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w
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w
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δ(·)
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w
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=
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∫
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p
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(·−
w

)
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ϕ̂

(·+
w

)−
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(·−
w
?)−

ϕ̂
(·+
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2
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∫

ξ |ϕ̂
(ξ−

w
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+
ϕ̂
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+

w
)−

ϕ̂
(ξ−

w
?)−

ϕ̂
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ξ
,

(3)
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h
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ϕ̂
(·−

w
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e
fu

n
ction
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ϕ

2
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)
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b
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sh
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eq
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‖
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2
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=
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b
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‖
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‖
2

+
a −
‖
ξ
+
w
‖
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‖
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‖
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(4)
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n
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w
(or
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T
h
u
s,

if
w

is
far

from
w
?,
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E
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w
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c
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E
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.
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2

b
y
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h
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p
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E
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S
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e
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e
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n
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b
y
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y

p
erio

d
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fu
n
ction

ψ
.
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y

p
rop

erties
of

th
e

F
ou

rier
tran

sform
of

p
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d
ic

fu
n
ction

s,
w

e
still

get
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calized
fu

n
ction

s
in

th
e

F
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rier
d
om
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(m

ore
p
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th
e

F
ou

rier
tran

sform
w

ill
b

e
lo

calized
arou

n
d

in
teger

m
u
ltip

les
of

w
,

u
p

to
scalin

g).
F

in
ally,

in
stea

d
of

con
sid

erin
g

h
y
p

oth
esis

classes
of

p
red

ic-
tors

x
7→
ψ

(w
>

x
)

sim
ilar

to
th

e
target

fu
n
ction

,
w

e
can

con
sid

er
q
u
ite
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m
a
p
p
in
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f

(w
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E

v
en

th
ou
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n
ction

m
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o
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b
e
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calized

in
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e
F

ou
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ain
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en
ou
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th

at
on
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e
target

fu
n
ction
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x
)

w
ill

b
e

lo
calized

:
T

h
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regard
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h
ow

f
lo
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s
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u
n
d
er

a
ra

n
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om
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of
w
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on
ly

a
m

in
u
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le
p
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of

th
e

L
2

m
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of
f

overlap
s

w
ith

th
e
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n
ction

,
h
en

ce
gettin

g
su

ffi
cien

t
sign

al
on

w
?

w
ill

b
e

d
iffi

cu
lt.

A
s

m
en
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ed

in
th

e
in

tro
d
u
ctio

n
,

th
ese

tech
n
iq

u
es

an
d

ob
servation

s
are

closely
related

to
h
ard

n
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resu
lts

in
th

e
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q
u
eries

literatu
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an
d
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in

d
eed

b
e
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p
lied

to
th

at
fram

ew
ork
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ow
n
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S
on

g
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al.
(2017).

4
.2

F
o
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a
l

R
e
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lts

W
e

n
ow

tu
rn
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e

a
m
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en
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con
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itrary
m
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en
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w
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sq
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h
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M
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p
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w
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g
d
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n
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:
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→
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‖ϕ̂
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p
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d
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d
en

si
ty

fu
n
ct

io
n
ϕ

2
w
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p
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p
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d
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b
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d
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at
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F
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b
e

sh
ow

n
w

h
en

th
e

G
au

ss
ia

n
h
as

so
m

e
ar

b
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(d
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d
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d
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ra
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p
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b
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d
b
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p
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n
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p
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d
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h
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p
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p
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p
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p
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h
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h

e
o
re

m
7

S
u

p
po

se
th

a
t

•
ψ

:
R
→

[−
1
,+

1]
is

a
pe

ri
od

ic
fu

n
ct

io
n

o
f

pe
ri

od
1,

w
h
ic

h
h
a
s

bo
u

n
d
ed

va
ri

a
ti

o
n

o
n

ev
er

y
fi

n
it

e
in

te
rv

a
l.

•
ϕ

2
is

a
d
en

si
ty

fu
n

ct
io

n
o
n
R
d
,

w
h
ic

h
ca

n
be

w
ri

tt
en

a
s

a
(p

o
ss

ib
ly

in
fi

n
it

e)
m

ix
tu

re
ϕ

2
=
∑

i
α
iϕ

2 i
,

w
h
er

e
ea

ch
ϕ

2 i
is
ε(
r)

F
o
u

ri
er

-c
o
n

ce
n

tr
a
te

d
.

•
A

t
so

m
e

fi
xe

d
v

,
E x
∼
ϕ
2

∥ ∥
∂ ∂
v
f

(v
,x

)∥ ∥
2
≤
G

v
fo

r
so

m
e
G

v
.

5
.

M
o
re

g
en

er
a
ll

y,
o
u

r
a
n

a
ly

si
s

is
a
p

p
li

ca
b

le
to

a
n
y

se
p

a
ra

b
le

H
il

b
er

t
sp

a
ce

.

13
JM

L
R

 1
9(

32
):

1-
29

, 2
01

8

S
h
a
m
ir

T
h
en

fo
r

so
m

e
u

n
iv

er
sa

l
po

si
ti

ve
co

n
st

a
n

ts
c 1
,c

2
,c

3
,

if
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∈
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at
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p
ti

on
is

u
se

d
in

a
ra

th
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b
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at
ed

d
en

si
ti

es
,
an

d
th

e
re

su
lt

is
th

en
ex

te
n
d
ed

to
m

ix
tu

re
s

b
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p
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ra
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th
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th
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b
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m
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p
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d
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e
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at
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ie
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n
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d
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h
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im
p
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es

th
at

gr
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ie
n
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b
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ed
m

et
h
o
d
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w
h
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h
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m

p
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m
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F
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ie
n
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a
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u
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.

O
n
e
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rm
al
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e
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t
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y
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ra
n
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p
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n
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at
io

n
t,

th
e

al
go

ri
th

m
ch

o
os

es
a

p
oi

n
t

v
t
∈
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re
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d
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n
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c
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p
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.r
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∈
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fi
xe
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p
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ra
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p
ro

xi
m

a
te

gr
a

d
ie

n
t-

ba
se

d
m

et
h
od

,
if

th
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∈
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ra
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−
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n
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e
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u
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t
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T
∈
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o
f
A
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n
F
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n
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w
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y
a
s

v
t+
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=
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F
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)
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e
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p
p
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m
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te
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a
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n
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o
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F
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.
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r
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e
w

il
l
b

e
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th
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e
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e
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d
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y
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l
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o
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e
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r
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ac
h
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e
p
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d
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ro
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n
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b
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d
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b
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n
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p
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h
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e
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m

p
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m
p
u
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e

g
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d
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n
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ra
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T
h
e

fo
ll
ow

in
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m
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p
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at

if
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e
n
u
m

b
er
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er
at
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n
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n
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el

y
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e
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n

th
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d
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e.
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ex
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it
er

at
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n
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r

G
au

ss
ia

n
m
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tu
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s)

,
th

en
w

it
h

h
ig

h
p
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b
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il
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an
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p
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e
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n
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b
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m
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w
il
l
re

tu
rn
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e
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d
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ow

ev
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e
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e
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n
F
w

?
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ge
n
er
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h
ig

h
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th

e
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w
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,
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m
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n
s

th
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o
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m
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h
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d
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n

tr
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n
a
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p
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d
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n
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c 2

(s
u
p

v
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p
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c
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∈
V

).
T

h
en

th
ere

exist
a

ch
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a
p
p
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t
o
ra

cles
{
O
F
w
∗
,ε

:‖
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e
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s
fo

r
a
n

y
p
∈
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d
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d
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n
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t

w
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s
w
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e
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u
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u
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o
f
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F
w
∗
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fi
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d
epen

d
en

t
o
f
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P
ro

o
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5
.1

P
ro

o
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o
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T
h

m
.

4

L
et
P
M

d
en

o
te

th
e

w
h
iten

in
g

m
atrix

em
p
loyed

if
w

e
tran

sform
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e
in
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X
b
y
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e
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d
m

atrix
M

(th
at
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X

b
ecom
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M
X
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d
P

th
e

w
h
iten

in
g

m
atrix

em
p
loyed

fo
r

th
e

o
rigin

a
l

d
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U
sin

g
th

e
sam

e
n
otation
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in

th
e

th
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,
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easily

verifi
ed

th
at

P
X

=
V
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,
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d
P
M
M
X

=
V
>M

,
w

h
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U
M
D
M
V
>M

is
an

S
V

D
d
ecom

p
osition
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e
m

atrix
M
X

.
S
in
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b

oth
V
>

a
n
d
V
>M

a
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R
an

k
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m
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w
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row
s
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g
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orth
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al

vectors,
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b
y

a
n

o
rth

ogon
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tran
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th
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on
al
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R
M
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th
at

R
M
V
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=
V
>M
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T

h
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R
M
P
X

=
P
M
M
X

.
S
in

ce
th

e
d
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an

orth
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n
ally

-
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n
t

a
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o
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m
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u
t
W
M
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W
>M
P
M
M
X
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W
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P
X
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T

h
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p
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W
>M
R
M
P
X
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W
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P
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en

ce
W
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R
M
V
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=
W
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V
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M

u
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ly
in

g
b
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e
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h
t

b
y
V

a
n
d

tak
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g
a

tran
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w

e
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th
at
R
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W
M
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W

,
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d
h
en

ce
W
M

=
R
M
W

.
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w
o
rd

s,
W

a
n
d
W
M

are
th

e
sam

e
u
p

to
an

orth
ogon

al
tran

sform
ation

R
M

d
ep

en
d
in

g
on

M
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T
h
erefo

re,
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>M
W
M
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M
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=
W
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P
M
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W
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R
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R
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P
X
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W
>
P
X
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w

e
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th
a
t

th
e
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p
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e
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p
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e
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p
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p
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lev-S

h
w

a
rtz

(2
0
1
6
),

th
e

fo
l-

lo
w

in
g

h
o
ld

s
fo

r
a
n

y
n
d

=
ω

(log
(d

))
(a

s
d
→
∞
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[ ∑

n
d
i=

1 [〈w
i ,x〉]+
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i ‖
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p
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S
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In
p
articu

lar,
let

u
s

fo
cu

s
on

d
istrib

u
tion

sD
su

p
p

orted
on
{
0,1}

d−
1×
{
1}.

F
or

th
ese

d
is-

trib
u
tion

s,
w

e
argu

e
th

at
an

y
in
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of

h
alfsp

aces
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R
d−

1
sp

ecifi
ed

b
y

w
1 ,...,w

n
d ∈

R
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1
w

ith
in

teger
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in
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d
in

teger
b
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n
,
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n

b
e
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ecifi

ed
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>
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)

for
som

e
fu

n
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d
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ed
in

th
e

th
eorem
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o
see

th
is,
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th
at

for
an

y
w
i ,b
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th

e
su

p
p

ort
ofD

,
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w
i ,b
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=
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b
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a

n
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egative

in
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∨i=

1 (〈w
i ,x
′ 〉
<
b
i )

=
¬
(
n
d
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p
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of

h
alfsp

aces
x
7→

1
−
h

(W
>

x
)

(w
ith

in
teger-valu

ed
co

ord
in

ates
an

d
b

ou
n
d
ed

n
orm

s),
b
y

feed
in

g
A

w
ith
{x

i ,1−
y
i }
mi=

1 ,
th

e
algorith

m
retu

rn
s

a
fu

n
ction

f
,

su
ch

th
at

w
ith

h
igh

p
rob

ab
ility,

E
x (f

(x
)−

h
(W
>

x
) )

2≤
ε,

an
d

th
erefore

E
x (

(1−
f

(x
))−

(1−
h

(W
>

x
)) )

2≤
ε.

In
p
articu

lar,
if

w
e

con
sid

er
th

e
B

o
olean

fu
n
ction

f̃
(x

)
=

1−
rn

d
(f

(x
)),

w
h
ere

rn
d
(z

)
=

0
if
z
≤

1
/2

an
d

rn
d
(z

)
=

1
if
z
>

1
/2,

w
e

argu
e

th
at

P
r
x
(f̃

(x
)6=

1−
h

(W
>

x
))≤

8
ε.

S
in

ce
ε

is
arb

itrary,
an

d
1−

h
(W
>

x
)

sp
ecifi

es
an

in
tersection

of
h
alfsp

aces,
th

is
w

ou
ld

con
trad

ict
th

e
h
ard

n
ess

resu
lt

of
D

an
iely

an
d

S
h
alev

-S
h
w

artz
(2016),

an
d

th
erefore

p
rove

th
e

th
eorem

.
T

h
is

argu
m

en
t

follow
s

from
th

e
follow

in
g

ch
ain

o
f
in

eq
u
alities,

w
h
ere

1
d
en

otes
th

e
in

d
icator

fu
n
ction

:

P
r (
f̃

(x
))6=

g
(x

) )
=

P
r(f

(x
)
>

1/
2
∧
g
(x

)
=

1)
+

P
r(f

(x
)≤

1
/
2
∧
g
(x

)
=

0)

=
E

[1
(f

(x
)
>

1/
2
∧
g
(x

)
=

1)]+
E

[1
(f

(x
)≤

1/
2
∧
g
(x

)
=

0)]

≤
E
[4

((1−
f

(x
))−

g
(x

))
2 ]

+
E
[4

((1−
f

(x
))−

g
(x

))
2 ]

≤
8·E

[((1−
f

(x
))−

g
(x

))
2 ]
≤

8
ε.

P
ro

p
o
sitio

n
1
2

T
h
m

.
1
1

h
o
ld

s
even

if
w

e
restrict

w
1 ,...,w

n
d

to
be

lin
ea

rly
in

d
epen

d
en

t,
w

ith
s

m
in (W

)≥
1.

P
ro

o
f

S
u
p
p

ose
for

th
e

sake
of

con
trad

iction
th

at
th

ere
ex

ists
an

algorith
m
A

w
h
ich

su
cceed

s
for

an
y
W

as
stated

ab
ove.

W
e

w
ill

d
escrib

e
h
ow

to
u
seA

to
get

an
algorith

m
w

h
ich

su
cceed

s
for

an
y
W

as
d
escrib

ed
in

T
h
m

.
11,

h
en

ce
reach

in
g

a
co

n
trad

iction
.

S
p

ecifi
cally,

su
p
p

ose
w

e
h
ave

access
to

sam
p
les

(x
,h

(W
>

x
)),

w
h
ere

x
is

su
p
p

orted
on

{
0,1}

d,
an

d
w

h
ere

W
is

an
y

m
atrix

as
d
escrib

ed
in

T
h
m

.
11.

W
e

d
o

th
e

follow
in

g:
W

e

1
6
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D
is
t
r
ib
u
t
io
n
-S
p
e
c
if
ic

H
a
r
d
n
e
ss

o
f
L
e
a
r
n
in
g

N
e
u
r
a
l
N
e
t
w
o
r
k
s

m
ap

ev
er

y
x

to
x̃
∈
{0
,1
}d

+
n
d

b
y

x̃
=

(x
,0
,.
..
,0

),
ru

n
A

on
th

e
tr

an
sf

or
m

ed
sa

m
p
le

s
(x̃
,h

(W
>

x
))

to
ge

t
so

m
e

p
re

d
ic

to
r
f̃

:
{0
,1
}d

+
n
d
7→

R
,

an
d

re
tu

rn
th

e
p
re

d
ic

to
r
f

(x
)

=
f̃

((
x
,0
,.
..
,0

))
.

T
o

se
e

w
h
y

th
is

re
d
u
ct

io
n

w
or

k
s,

w
e

n
ot

e
th

at
th

e
m

ap
p
in

g
x
7→

x̃
w

e
h
av

e
d
efi

n
ed

,
w

h
er

e
x

is
d
is

tr
ib

u
te

d
ac

co
rd

in
g

to
x

,
in

d
u
ce

s
a

d
is

tr
ib

u
ti

on
D̃

on
{0
,1
}d

+
n
d
.

L
et
W̃

b
e

th
e

(d
+
n
d
)×
n
d

m
at

ri
x

[W
;I
n
d
]
(t

h
at

is
,
w

e
ad

d
an

ot
h
er
n
d
×
n
d

u
n
it

m
at

ri
x

b
el

ow
W

).
W

e
h
av

e
W̃
>
W̃

=
W
>
W

+
I n

d
,

so
th

e
m

in
im

al
ei

ge
n
va

lu
e

of
W̃
>
W̃

is
at

le
as

t
1,

h
en

ce
s m

in
(W̃

)
≥

1,
so
W̃

sa
ti

sfi
es

th
e

co
n
d
it

io
n
s

in
th

e
p
ro

p
os

it
io

n
.

M
or

eo
ve

r,
th

e
n
or

m
of

ea
ch

co
lu

m
n

of
W̃

is
la

rg
er

th
an

th
e

n
or

m
of

th
e

co
rr

es
p

on
d
in

g
co

lu
m

n
in
W

b
y

at
m

os
t

1
,
so

th
e

n
or

m
co

n
st

ra
in

t
in

T
h
m

.
11

st
il
l

h
ol

d
s.

F
in

al
ly

,
W̃

x̃
=
W

x
fo

r
al

l
x

,
a
n
d

th
er

ef
o
re
h
W̃

(x̃
)

=
h
W

(x
).

T
h
u
s,

th
e

d
is

tr
ib

u
ti

on
of

(x̃
,h

(W
>

x
))

=
(x̃
,h

(W̃
>

x
))

(w
h
ic

h
is

u
se

d
to

fe
ed

th
e

al
go

ri
th

m
A

)
is

a
va

li
d

d
is

tr
ib

u
ti

on
co

rr
es

p
on

d
in

g
to

th
e

co
n
d
it

io
n
s

of
th

e
p
ro

p
os

it
io

n
an

d
T

h
m

.
11

(o
n
ly

in
d
im

en
si

on
d

+
n
d
≤

2
d

in
st

ea
d

of
d
),

so
A

re
tu

rn
s

w
it

h
h
ig

h
p
ro

b
ab

il
it

y
a

p
re

d
ic

to
r
f̃

su
ch

th
at

E x̃
∼
D̃

[ (
f̃

(x̃
)
−
h

(W̃
>

x̃
)) 2
]
≤
ε.

H
ow

ev
er

,
f̃

(x̃
)

=
f

(x
),
h

(W̃
>

x̃
)

=
h

(W
>

x
),

so
th

e
re

tu
rn

ed
p
re

d
ic

to
r
f

sa
ti

sfi
es

E x
∼
D

[ (
f

(x
)
−
h

(W
>

x
)) 2
]
≤
ε.

T
h
is

co
n
tr

ad
ic

ts
T

h
m

.
11

,
w

h
ic

h
st

at
es

th
at

n
o

effi
ci

en
t

al
go

ri
th

m
ca

n
re

tu
rn

su
ch

a
p
re

-
d
ic

to
r

fo
r

a
n

y
su

ffi
ci

en
tl

y
la

rg
e

d
im

en
si

on
d

an
d

n
or

m
b

ou
n
d
O

(d
).

In
th

e
d
efi

n
it

io
n
s

of
or

th
og

on
al

in
va

ri
an

ce
an

d
li
n
ea

r
in

va
ri

an
ce

,
w

e
on

ly
re

q
u
ir

ed
th

e
in

va
ri

an
ce

to
h
ol

d
w

it
h

re
sp

ec
t

to
in

st
an

ce
s

x
i

in
th

e
d
at

a
se

t.
A

st
ro

n
ge

r
co

n
d
it

io
n

is
th

at
th

e
in

va
ri

an
ce

is
sa

ti
sfi

ed
fo

r
an

y
x
∈

R
d
.

H
ow

ev
er

,
th

e
fo

ll
ow

in
g

le
m

m
a

sh
ow

s
th

at
in

va
ri

an
ce

w
.r

.t
.

a
d
at

a
se

t
sa

m
p
le

d
i.
i.
d
.

fr
om

so
m

e
d
is

tr
ib

u
ti

on
is

su
ffi

ci
en

t
to

im
p
ly

in
va

ri
an

ce
w

.r
.t

.
“n

ea
rl

y
al

l”
x

(u
n
d
er

th
e

sa
m

e
d
is

tr
ib

u
ti

on
):

L
e
m

m
a

1
3

S
u

p
po

se
th

e
d
a
ta

se
t
{x

i,
y i
}m i=

1
is

sa
m

p
le

d
i.

i.
d
.

fr
o
m

so
m

e
d
is

tr
ib

u
ti

o
n

(w
h
er

e
x
i
∈
R
d
),

th
en

th
e

fo
ll

o
w

in
g

h
o
ld

s
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

fo
r

a
n

y
δ
∈

(0
,1

):
F

o
r

a
n

y
in

ve
rt

ib
le
M

a
n

d
li

n
ea

rl
y-

in
va

ri
a
n

t
a
lg

o
ri

th
m

(o
r

o
rt

h
og

o
n

a
l
M

a
n

d
o
rt

h
og

o
n

a
ll

y-
in

va
ri

a
n

t
a
lg

o
ri

th
m

),
co

n
d
it

io
n

ed
o
n

th
e

a
lg

o
ri

th
m

’s
in

te
rn

a
l

ra
n

d
o
m

n
es

s,
th

e
re

tu
rn

ed
m

a
tr

ic
es
W

a
n

d
W
M

(w
it

h
re

sp
ec

t
to

th
e

o
ri

gi
n

a
l

d
a
ta

a
n

d
th

e
d
a
ta

tr
a
n

sf
o
rm

ed
by

M
re

sp
ec

ti
ve

ly
)

sa
ti

sf
y

P
r x

(W
> M
M

x
6=
W
>

x
)
≤

d

δ(
m

+
1)
.

P
ro

o
f

It
is

en
ou

gh
to

p
ro

ve
th

at
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t
1
−
δ

ov
er

th
e

sa
m

p
li
n
g

of
x

1
,.
..
,x

m
,

P
r x

(x
/∈

sp
an

(x
1
,.
..
,x

m
))
≤

d

δ(
m

+
1)
.

(5
)

T
h
is

is
b

ec
au

se
th

e
ev

en
t
W
> M
M

x
i

=
W
>

x
i

fo
r

a
ll
i

m
ea

n
s

th
at
W
> M
M

x
=
W
>

x
fo

r
an

y
x

in
th

e
sp

an
of

x
1
,.
..
,x

m
.

17
JM

L
R

 1
9(

32
):

1-
29

, 2
01

8

S
h
a
m
ir

L
et

x
1
,.
..
,x

m
+

1
b

e
sa

m
p
le

d
i.
i.
d
.

ac
co

rd
in

g
to
D

.
C

on
si

d
er

in
g

p
ro

b
ab

il
it

ie
s

ov
er

th
is

sa
m

p
le

,
w

e
h
av

e

m
+

1
∑ j=

1

P
r

(x
j
/∈

sp
an

(x
1
,.
..
,x

j−
1
))

=
E

 m
+

1
∑ j=

1

1
(x
j
/∈

sp
a
n
(x

1
,.
..
,x

j−
1
))

 
≤
d
,

(6
)

w
h
er

e
th

e
la

tt
er

in
eq

u
al

it
y

is
b

ec
au

se
ea

ch
x
j

is
a
d
-d

im
en

si
on

a
l

ve
ct

or
,

h
en

ce
th

e
n
u
m

b
er

of
ti

m
es

w
e

ca
n

ge
t

a
ve

ct
or

n
ot

in
th

e
sp

an
of

th
e

p
re

v
io

u
s

on
es

is
at

m
os

t
d
.

M
o
re

ov
er

,
si

n
ce

th
e

ve
ct

or
s

ar
e

sa
m

p
le

d
i.
i.
d
,

w
e

h
av

e

P
r(

x
j+

1
/∈

sp
an

(x
1
..
.x

j
))
≤

P
r(

x
j+

1
/∈

sp
an

(x
1
..
.x

j−
1
))

=
P

r(
x
j
/∈

sp
an

(x
1
..
.x

j−
1
))
,

so
th

e
p
ro

b
ab

il
it

ie
s

in
E

q
.

(6
)

m
on

ot
on

ic
al

ly
d
ec

re
as

e
w

it
h
j.

T
h
u
s,

E
q
.

(6
)

im
p
li
es

(m
+

1)
P

r
(x
m

+
1
/∈

sp
an

(x
1
,.
..
,x

m
))
≤
d
⇒

P
r

(x
m

+
1
/∈

sp
an

(x
1
,.
..
,x

m
))
≤

d

m
+

1
.

T
h
is

is
eq

u
iv

al
en

t
to

E x
1
,.
..
,x

m
∼
D
[ P

r x
m

+
1

(x
m

+
1
/∈

sp
an

(x
1
,.
..
,x

m
)|x

1
,.
..
,x

m
)]
≤

d

m
+

1
,

so
b
y

M
ar

ko
v
’s

in
eq

u
al

it
y,

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
δ

ov
er

th
e

sa
m

p
li
n
g

o
f

x
1
,.
..
,x

m
,

P
r x

m
+
1

(x
m

+
1
/∈

sp
an

(x
1
,.
..
,x

m
))
≤

d

δ(
m

+
1)
.

S
in

ce
x
m

+
1

is
sa

m
p
le

d
in

d
ep

en
d
en

tl
y,

E
q
.

(5
)

an
d

h
en

ce
th

e
le

m
m

a
fo

ll
ow

s.

W
it

h
th

es
e

re
su

lt
s

in
h
an

d
,

w
e

ca
n

fi
n
a
ll
y

tu
rn

to
p
ro

v
e

T
h
m

.
5.

S
u
p
p

o
se

fo
r

th
e

sa
ke

of
co

n
tr

ad
ic

ti
on

th
at

th
er

e
ex

is
ts

an
effi

ci
en

t
li
n
ea

rl
y
-i

n
va

ri
an

t
al

go
ri

th
m
A

,
w

h
ic

h
fo

r
a
n
y

d
is

tr
ib

u
ti

on
D

su
p
p

or
te

d
on

ve
ct

or
s

o
f

n
or

m
O
( d
√

2
d
n
d

) /
m

in
{1
,s

m
in

(W
?
)}

,
re

tu
rn

s
w

.h
.p

.

a
p
re

d
ic

to
r

x
7→
f

(W̃
>

x
)

su
ch

th
at

E x
∼
D

?

[ (
f

(W̃
>

x
)
−
h

(W
> ?

x
)) 2
]
≤
ε.

W
e

w
il
l

sh
ow

th
at

th
e

v
er

y
sa

m
e

al
go

ri
th

m
,

if
gi

ve
n

p
ol

y
(d
,1
/ε

)
sa

m
p
le

s,
ca

n
su

cc
es

sf
u
ll
y

le
ar

n
w

.r
.t

.
a
n

y
d
×
n
d

m
at

ri
x
W

an
d

an
y

d
is

tr
ib

u
ti

on
D

sa
ti

sf
y
in

g
P

ro
p

o
si

ti
o
n

1
2

a
n
d

T
h
m

.
11

,
co

n
tr

ad
ic

ti
n
g

th
os

e
re

su
lt

s.
In

w
h
at

fo
ll
ow

s,
w

e
as

su
m

e
w

it
h
ou

t
lo

ss
of

g
en

er
al

it
y

th
at
f

m
ap

s
to

[0
,1

]:
If

th
a
t

is
n
o
t

th
e

ca
se

,
w

e
ca

n
si

m
p
ly

co
n
si

d
er

th
e

p
re

d
ic

to
r
f̂

(W
>

x
),

w
h
er

e
f̂

(z
)

=
m

ax
{0
,m

in
{1
,f

(z
)}
},

an
d

n
ot

e
th

at
si

n
ce
h

re
tu

rn
s

va
lu

es
in

[0
,1

],
th

en
fo

r
an

y
in

p
u
t

x
,

((
f̂

(W
>

x
)
−
h

(W
> ?

x
))

2
≤

(f
(W
>

x
)
−
h

(W
> ?

x
))

2
,

h
en

ce
th

e
ex

p
ec

te
d

sq
u
ar

ed
lo

ss
of

x
7→
f̂

(W
>

x
)

is
on

ly
sm

al
le

r
th

an
x
7→
f

(W
>

x
)

In
d
ee

d
,
le

t
W

an
d
D

b
e

an
ar

b
it

ra
ry

m
at

ri
x

an
d

d
is

tr
ib

u
ti

on
w

h
ic

h
sa

ti
sf

y
th

e
co

n
d
it

io
n
s

of
b

ot
h

T
h
m

.
11

an
d

12
(n

am
el

y,
D

is
a

d
is

tr
ib

u
ti

on
on
{0
,1
}d

,
an

d
W

=
[w

1
,.
..
,w

n
d
]
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D
ist

r
ib
u
t
io
n
-S
p
e
c
if
ic

H
a
r
d
n
e
ss

o
f
L
e
a
r
n
in
g

N
e
u
r
a
l
N
e
t
w
o
r
k
s

sa
tisfi

es
m

a
x
i ‖w

i ‖
≤
O

(d
)

as
w

ell
as
s

m
in (W

)≥
1).

W
e

fi
rst

argu
e

th
at

th
ere

ex
ists

a
d×

d
in

vertib
le

m
a
trix

M
su

ch
th

at

W
=
M
>
W
?

,
‖
M
‖

=
O

(d √
2
n
d )

m
in{1

,s
m

in (W
? )}

.
(7)

T
o

see
th

is,
n
o
te

th
at
W

an
d
W
?

are
of

th
e

sam
e

size
an

d
ou

r
con

d
ition

s
im

p
ly

th
at

b
oth

of
th

em
h
ave

fu
ll

colu
m

n
ran

k
.

T
h
u
s,

w
e

can
sim

p
ly

au
gm

en
t

th
em

to
in

vertib
le
d×

d
m

atrices
[W

Ŵ
]

a
n
d

[W
?
Ŵ
? ],

w
h
ere

th
e

colu
m

n
s

of
Ŵ

(resp
ectively

Ŵ
? )

a
re

an
o
rth

o
n
orm

al
b
asis

fo
r

th
e

su
b
sp

ace
orth

ogon
al

to
th

e
colu

m
n

sp
ace

of
W

(resp
ectively

W
? ),

an
d

ch
o
osin

g
M
>

=
[W

Ŵ
][W

?
Ŵ
? ] −

1.
T

h
u
s,

‖M
‖
≤
∥∥∥
[W

Ŵ
] ∥∥∥
· ∥∥∥

[W
?
Ŵ
? ] −

1 ∥∥∥
.

(8)

∥∥∥
[W

Ŵ
] ∥∥∥

ca
n

b
e

u
p
p

er
b

ou
n
d
ed

b
y

th
e

F
rob

en
iu

s
n
orm

,
w

h
ich

b
y

th
e

a
ssu

m
p
tion

on
W

fro
m

T
h
m

.
11

a
n
d

th
e

fact
th

at
Ŵ

h
as

orth
ogon

al
colu

m
n
s,

is √
O

(d
)
2·n

d
+

1·(d−
n
d )

=

O
( √

d
2n

d )
=
O

(d √
n
d ).

A
lso, ∥∥∥

[W
?
Ŵ
? ] −

1 ∥∥∥
can

b
e

u
p
p

er
b

ou
n
d
ed

b
y

th
e

in
verse

sq
u
are

ro
ot

o
f

th
e

sm
a
llest

eigen
valu

e
of

[W
?
Ŵ
? ] >

[W
?
Ŵ
? ]

=

[
W
>?
W
?

0

0
Ŵ
>?
Ŵ
?

]
=

[
W
>?
W
?

0
0

I

]
(9)

(w
h
ere

I
is

th
e

u
n
it

m
atrix

),
w

h
ich

eq
u
a
ls

1/
m

in{1
,s

m
in (W

? )}
.

P
lu

ggin
g

th
ese

b
ou

n
d
s

in
to

E
q
.

(8
),

w
e

g
et

E
q
.

(7).

N
ow

,
co

n
sid

er
th

e
follow

in
g:

S
u
p
p

ose
w

e
ru

n
th

e
algorith

m
A

u
sin

g
th

e
d
a
ta

p
oin

ts
(M

x
i ,h

(W
>?

(M
x
i ))),

i
=

1
,2
,...,m

,
w

h
ere

x
i

is
sam

p
led

from
D

.
S
in

ce
x
i
∈
{
0
,1}

d,
a
n
d
‖
x
i ‖
≤
√
d
,

it
follow

s
from

E
q
.

(7)
th

at
M

x
i

is
alw

ay
s

of
n
orm

at
m

ost‖M
‖‖x

i ‖
≤

‖
M
‖ √

d
=
O

(d √
d
n
d )/

m
in{

1,s
m

in (W
? )},

an
d

th
e

ou
tp

u
ts

corresp
on

d
to

th
e

n
etw

ork
sp

ec-
ifi

ed
b
y
W
? .

T
h
erefore,

b
y

assu
m

p
tion

,
th

e
a
lgorith

m
A

w
ou

ld
retu

rn
w

.h
.p

.
a

m
atrix

W̃
M

su
ch

th
a
t

E
x∼
D

[(
f

(W̃
>M

(M
x

))−
h

(W
>?

(M
x

)) )
2 ]
≤
ε.

B
y

E
q
.

(7
),
W
>?
M

=
(M
>
W
? ) >

=
W
>

,
so

th
is

is
eq

u
ivalen

t
to

E
x∼
D

[(
f

((W̃
>M
M

x
)−

h
(W
>

x
)) )

2 ]
≤
ε.

(10)

L
et
W̃
I

b
e

th
e

m
atrix

retu
rn

ed
b
yA

if
w

e
h
ad

fed
it

w
ith

th
e

sam
p
les{

(x
i ,h

(W
>

x
i ))}

mi=
1

(or
eq

u
iva

len
tly,{(x

i ,h
(W
>?

(M
x
i )))}

mi=
1 )

6.
L

et
E

x
b

e
th

e
even

t
(con

d
ition

ed
on

th
e

sam
p
les

u
sed

b
y

th
e

a
lgorith

m
)

th
at

a
fresh

ly
sam

p
led

x
∼
D

satisfi
es

W̃
>M
M

x
=

W̃
>I

x
.

B
y

L
em

m
a

1
3
,
w

.h
.p

.
over

th
e

sam
p
les

fed
to

th
e

algorith
m

,
P

r
x
(E

x
)

=
1−
O

(d
/m

).
T

h
erefore,

6
.

N
o
te

th
a
t

if
th

e
a
lg

o
rith

m
is

sto
ch

a
stic,

b
o
th
W̃

M
a
n

d
W̃

I
a
re

n
o
t

fi
x
ed

g
iv

en
th

e
d

a
ta

,
b

u
t

a
lso

d
ep

en
d

o
n

th
e

a
lg

o
rith

m
’s

in
tern

a
l

ra
n

d
o
m

n
ess.

H
ow

ev
er,

th
e

p
ro

o
f

w
ill

still
fo

llow
b
y

co
n

d
itio

n
in

g
o
n

a
n
y

p
o
ssib

le
rea

liza
tio

n
o
f

th
is

ra
n

d
o
m

n
ess.
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S
h
a
m
ir

w
.h

.p
.

over
th

e
sam

p
les

x
1 ,...,x

m
,

E
x∼
D

[(
f

(W̃
>I

x
)−

h
(W
>

x
) )

2 ]

=
P

rx
(E

x
)·E

x [(
f

(W̃
>I

x
)−

h
(W
>

x
) )

2 ∣∣∣∣ E
x ]

+
P

rx
(¬
E

x
)·E

x [(
f

(W̃
>I

x
)−

h
(W
>

x
) )

2 ∣∣∣∣ ¬
E

x ]

≤
P

rx
(E

x
)·E

x [(
f

(W̃
>M
M

x
)−

h
(W
>

x
) )

2 ∣∣∣∣ E
x ]

+
P

rx
(¬
E

x
)·1

=
E
x [(

f
(W̃
>M
M

x
)−

h
(W
>

x
) )

2
1

(E
x
) ]

+
O
(
dm

)

≤
E
x [(

f
(W̃
>M
M

x
)−

h
(W
>

x
) )

2 ]
+
O
(
dm

)
≤

ε
+
O
(
dm

)
,

w
h
ere

w
e

u
sed

th
e

facts
th

at
b

oth
f

an
d
h

m
ap

to
[0
,1],

a
u
n
ion

b
ou

n
d

an
d

E
q
.

(10).
N

ow
,

recall
th

at
W̃
I

refers
to

th
e

ou
tp

u
t

of
th

e
algorith

m
,

giv
en

sam
p
les
{(x

i ,h
(W
>

x
i ))}

mi=
1

w
h
ere

m
=

p
oly

(d
,1/ε).

T
h
u
s,

w
e

h
ave

sh
ow

n
th

at
w

.h
.p

.,
as

lon
g

as
th

e
algorith

m
is

fed
w

ith
m
≥
d
/ε

sam
p
les

7,
th

e
algorith

m
retu

rn
s
W̃
I

w
h
ich

satisfi
es

E
x∼
D

[(
f

(W̃
>I

x
)−

h
(W
>

x
) )

2 ]
=
O

(ε).

T
h
is

m
ean

s
th

at
th

e
algorith

m
su

ccesfu
lly

learn
s

th
e

h
y
p

oth
esis

x
7→
h

(W
>

x
)

w
ith

resp
ect

to
th

e
d
istrib

u
tio

n
D

.
S
in

ce
ε

is
arb

itrarily
sm

all
an

d
W
,D

w
ere

ch
osen

arb
itrarily,

th
e

resu
lt

follow
s.

5
.3

P
ro

o
f

o
f

T
h

m
.

7

T
o

p
rove

th
e

th
eorem

,
w

e
w

ill
req

u
ire

som
e

to
ols

from
F

ou
rier

an
aly

sis
on

E
u
clid

ean
sp

ace.
W

e
w

ill
con

sid
er

fu
n
ction

s
from

R
d

to
th

e
reals

R
or

com
p
lex

n
u
m

b
ers

C
,

an
d

v
iew

th
em

as
elem

en
ts

in
th

e
H

ilb
ert

sp
ace

L
2(R

d)
of

sq
u
are

in
tegrab

le
fu

n
ction

s,
eq

u
ip

p
ed

w
ith

th
e

in
n
er

p
ro

d
u
ct

〈f
,g〉

=

∫

x
f

(x
)· g

(x
)d

x

an
d

th
e

n
orm
‖f‖

=
√
〈f
,f〉.

W
e

u
se
f
g

or
f·g

as
sh

orth
an

d
fo

r
th

e
fu

n
ction

x
7→
f

(x
)g

(x
).

A
n
y

fu
n
ction

f
∈
L

2(R
d)

h
as

a
F

ou
rier

tran
sform

f̂
∈
L

2(R
d),

w
h
ich

for
ab

solu
tely

in
te-

grab
le

fu
n
ction

s
can

b
e

d
efi

n
ed

as

f̂
(w

)
=

∫
ex

p (−
2
π
ix
>

w
)
f

(x
)d

x
,

(11)

w
h
ere

ex
p
(iz

)
=

cos(z
)

+
i·

sin
(z

),
i

b
ein

g
th

e
im

agin
ary

u
n
it.

In
th

e
p
ro

ofs,
w

e
w

ill
u
se

th
e

follow
in

g
w

ell-k
n
ow

n
p
rop

erties
of

th
e

F
ou

rier
tran

sform
:

•
L

in
earity

:
F

or
scalars

a
,b

an
d

fu
n
ction

s
f
,g

,
̂af

+
bg

=
a
f̂

+
bĝ

.

7
.

E
v
en

if
th

e
a
lg

o
rith

m
d

o
es

n
o
t

req
u

ire
th

a
t

m
a
n
y

sa
m

p
les,

w
e

ca
n

still
a
rtifi

cia
lly

a
d

d
m

o
re

sa
m

p
les—

th
ese

a
re

m
erely

u
sed

to
en

su
re

th
a
t

its
lin

ea
r

in
va

ria
n

ce
is

w
ith

resp
ect

to
a

su
ffi

cien
tly

la
rg

e
d

a
ta

set.
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D
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H
a
r
d
n
e
ss

o
f
L
e
a
r
n
in
g

N
e
u
r
a
l
N
e
t
w
o
r
k
s

•
Is

om
et

ry
:
〈f
,g
〉=
〈f̂
,ĝ
〉a

n
d
‖f
‖

=
‖f̂
‖.

•
C

on
vo

lu
ti

on
:
f̂
g

=
f̂
∗ĝ

,
w

h
er

e
∗

d
en

ot
es

th
e

co
n
vo

lu
ti

on
op

er
at

io
n
:

(f
∗g

)(
w

)
=

∫
f

(z
)
·g

(w
−

z
)
d
z
.

W
e

n
ow

tu
rn

to
p
ro

v
e

th
e

th
eo

re
m

.
F

ir
st

,
w

e
n
ot

e
th

at
fo

r
an

y
fu

n
ct

io
n
q,

E x
∼
ϕ
2
[q

(x
)]

=
∑

i
α
i·E

x
∼
ϕ
2 i
[q

(x
)]

.
T

h
u
s,

it
is

en
ou

gh
to

p
ro

ve
th

e
b

ou
n
d

in
th

e
th

eo
re

m
w

h
en
ϕ

2
co

n
si

st
s

of

a
si

n
gl

e
el

em
en

t
w

h
os

e
sq

u
ar

e
ro

ot
is

F
ou

ri
er

-c
o
n
ce

n
tr

at
ed

.
F

or
a

m
ix

tu
re
ϕ

2
=
∑

i
α
iϕ

2 i
,
th

e
re

su
lt

fo
ll
ow

s
b
y

ap
p
ly

in
g

th
e

b
ou

n
d

fo
r

ea
ch
ϕ

2 i
in

d
iv

id
u
al

ly
,

an
d

u
si

n
g

J
en

se
n
’s

in
eq

u
al

it
y.

T
o

si
m

p
li
fy

n
ot

at
io

n
a

b
it

,
w

e
le

t
ψ
w

(·)
st

an
d

fo
r

th
e

fu
n
ct

io
n
ψ

(〈
w
,·〉

),
an

d
le

t
h

(·
−

v
)

(w
h
er

e
v

is
so

m
e

ve
ct

or
an

d
h

is
a

fu
n
ct

io
n

on
R
d
)

st
an

d
fo

r
th

e
fu

n
ct

io
n

x
7→

h
(x
−

v
).

A
ls

o,
w

e
w

il
l

u
se

se
ve

ra
l

ti
m

es
th

e
fa

ct
th

at
fo

r
an

y
tw

o
L

2
(R

d
)

fu
n
ct

io
n
s
h

1
,h

2
,

〈h
1
(·
−

v
),
h

2
(·
−

v
)〉

=

∫
h

1
(x
−

v
)h

2
(x
−

v
)d

x
=

∫
h

1
(x

)h
2
(x

)d
x

=
〈h

1
,h

2
〉.

In
ot

h
er

w
or

d
s,

in
n
er

p
ro

d
u
ct

s
(a

n
d

h
en

ce
al

so
n
or

m
s)

in
L

2
(R

d
)

ar
e

in
va

ri
an

t
to

a
sh

if
t

in
co

or
d
in

at
es

.

T
h
e

p
ro

of
is

a
co

m
b
in

at
io

n
of

a
fe

w
le

m
m

as
,

p
re

se
n
te

d
b

el
ow

.

L
e
m

m
a

1
4

F
o
r

a
n

y
w

,
it

h
o
ld

s
th

a
t
ψ
w
ϕ
∈
L

2
(R

d
),

a
n

d
sa

ti
sfi

es

ψ̂
w
ϕ

(x
)

=
∑ z
∈Z
a
z
·ϕ̂

(x
−
z
w

)

fo
r

a
n

y
x

,
w

h
er

e
Z

is
th

e
se

t
o
f

in
te

ge
rs

a
n

d
a
z

a
re

co
m

p
le

x-
va

lu
ed

co
effi

ci
en

ts
(c

o
rr

es
po

n
d
in

g
to

th
e

F
o
u

ri
er

se
ri

es
ex

pa
n

si
o
n

o
f
ψ

,
h
en

ce
d
ep

en
d
in

g
o
n

ly
o
n
ψ

)
w

h
ic

h
sa

ti
sf

y
∑

z
∈Z
|a
z
|2
≤

1. P
ro

o
f

F
ir

st
,

w
e

n
ot

e
th

at
ψ
w
ϕ
∈
L

2
(R

d
),

si
n
ce

b
ot

h
ψ
w

an
d
ϕ

ar
e

lo
ca

ll
y

in
te

gr
ab

le
8

b
y

th
e

th
eo

re
m

’s
co

n
d
it

io
n
s,

an
d

sa
ti

sf
y

‖ψ
w
ϕ
‖2

=

∫
ψ

2 w
(x

)ϕ
2
(x

)d
x

=

∫
ψ

2
(w
>

x
)ϕ

2
(x

)d
x
≤
∫
ϕ

2
(x

)d
x

=
1
<
∞
.

A
s

a
re

su
lt

,
ψ̂
w
ϕ

ex
is

ts
as

a
fu

n
ct

io
n

in
L

2
(R

d
).

S
in

ce
ψ

is
a

fu
n
ct

io
n

of
b

ou
n
d
ed

va
ri

at
io

n
,

it
is

eq
u
al

ev
er

y
w

h
er

e
to

it
s

F
ou

ri
er

se
ri

es
ex

p
an

si
on

:

ψ
(x

)
=
∑ z
∈Z
a
z

ex
p

(2
π
iz
x

)
,

w
h
er

e
i

is
th

e
im

ag
in

ar
y

u
n
it

(n
ot

e
th

at
si

n
ce
ψ

is
re

al
-v

al
u
ed

,
th

e
im

ag
in

ar
y

co
m

p
on

en
ts

ev
en

tu
al

ly
ca

n
ce

l
ou

t,
b
u
t

it
w

il
l

b
e

m
or

e
co

n
ve

n
ie

n
t

fo
r

u
s

to
re

p
re

se
n
t

th
e

F
ou

ri
er

se
ri

es

in
th

is
co

m
p
ac

t
fo

rm
).

B
y

P
ar

se
va

l’
s

id
en

ti
ty

,
∑

z
|a
z
|2

=
∫ 1

/
2

−
1
/
2
ψ

2
(x

)d
x

,
w

h
ic

h
is

at
m

os
t

1
(s

in
ce
ψ

(x
)
∈

[−
1
,+

1]
).

8
.

N
a
m

el
y,

in
te

g
ra

b
le

o
n

a
n
y

co
m

p
a
ct

su
b

se
t

o
f

th
ei

r
d

o
m

a
in

.
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S
h
a
m
ir

B
as

ed
on

th
is

eq
u
at

io
n
,

w
e

h
av

e

ψ
w

(x
)

=
ψ

(w
>

x
)

=
∑ z
∈Z
a
z

ex
p
( 2π

iz
w
>

x
) .

W
e

n
ow

w
is

h
to

co
m

p
u
te

th
e

F
ou

ri
er

tr
an

sf
or

m
of

th
e

a
b

ov
e9

.
F

ir
st

,
w

e
n
o
te

th
a
t

th
e

F
ou

ri
er

tr
an

sf
or

m
of

ex
p
(2
π
i
〈v
,·〉

)
is

gi
ve

n
b
y
δ(
·−

v
),

w
h
er

e
δ

is
th

e
D

ir
ac

d
el

ta
fu

n
ct

io
n

(a
so

-c
al

le
d

ge
n
er

al
iz

ed
fu

n
ct

io
n

w
h
ic

h
sa

ti
sfi

es
δ(

x
)

=
0

fo
r

al
l
x
6=

0
,

an
d
∫
δ(

x
)d

x
=

1
).

B
as

ed
on

th
is

an
d

th
e

li
n
ea

ri
ty

of
th

e
F

ou
ri

er
tr

an
sf

or
m

,
w

e
h
av

e
th

at

ψ̂
w

(x
)

=
∑ z
∈Z
a
z
·δ

(x
−
z
w

)
,

an
d

th
er

ef
or

e,
b
y

th
e

co
n
vo

lu
ti

on
p
ro

p
er

ty
of

th
e

F
ou

ri
er

tr
an

sf
or

m
,

w
e

h
av

e

ψ̂
w
ϕ

(x
)

=
( ψ̂

w
∗ϕ̂
) (x

)
=

∫
ψ̂
w

(z
)
·ϕ̂

(x
−

z
)d

z

=
∑ z
∈Z
a
z
·∫

δ(
z
−
z
w

)
·ϕ̂

(x
−

z
)d

z

=
∑ z
∈Z
a
z
·ϕ̂

(x
−
z
w

)

as
re

q
u
ir

ed
.

L
e
m

m
a

1
5

F
o
r

a
n

y
d
is

ti
n

ct
in

te
ge

rs
z 1
6=
z 2

a
n

d
a
n

y
w

su
ch

th
a
t
‖w
‖

=
2r

,
it

h
o
ld

s
th

a
t

〈
|ϕ̂

(·
−
z 1

w
)|
,
|ϕ̂

(·
−
z 2

w
)|
〉
≤

2
·ε

(|z
1
−
z 2
|r)
.

P
ro

o
f

L
et

∆
=
|z 2
−
z 1
|r,

an
d

v
=

(z
2
−
z 1

)w
,

so
v

is
a

ve
ct

or
of

n
or

m
2∆

.
S
in

ce
th

e
in

n
er

p
ro

d
u
ct

is
in

va
ri

an
t

to
sh

if
ti

n
g

th
e

co
or

d
in

at
es

,
w

e
ca

n
as

su
m

e
w

it
h
ou

t
lo

ss
o
f

g
en

er
a
li
ty

th
at
z 1

=
0,

an
d

ou
r

go
al

is
to

b
ou

n
d
〈|ϕ̂
|,|
ϕ̂

(·
−

v
)|〉

.
U

si
n
g

th
e

co
n
ve

n
ti

on
th

at
1
≤

∆
is

th
e

in
d
ic

at
or

of
{x

:
‖x
‖
≤

∆
},

a
n
d

1
>

∆
is

th
e

in
d
ic

at
or

fo
r

it
s

co
m

p
le

m
en

t,
w

e
h
av

e

〈|ϕ̂
|,
|ϕ̂

(·
−

v
)|〉

=
〈|ϕ̂
|
,
|ϕ̂

(·
−

v
)|

1
≤

∆
〉+
〈|ϕ̂
|
,
|ϕ̂

(·
−

v
)|

1
>

∆
〉

=
〈|ϕ̂
|
,
|ϕ̂

(·
−

v
)|

1
≤

∆
〉+
〈|ϕ̂
|1

>
∆
,
|ϕ̂

(·
−

v
)|〉

≤
‖ϕ̂
‖‖
ϕ̂

(·
−

v
)1
≤

∆
‖

+
‖ϕ̂

1
>

∆
‖‖
ϕ̂

(·
−

v
)‖
,

w
h
er

e
in

th
e

la
st

st
ep

w
e

u
se

d
C

au
ch

y
-S

ch
w

ar
tz

.
U

si
n
g

th
e

fa
ct

th
at

n
o
rm

s
a
n
d

in
n
er

p
ro

d
u
ct

s
ar

e
in

va
ri

an
t

to
co

or
d
in

at
e

sh
if

ti
n
g,

th
e

ab
ov

e
is

at
m

os
t

‖ϕ̂
‖‖
ϕ̂

1
≤

∆
(·

+
v

)‖
+
‖ϕ̂

1
>

∆
‖‖
ϕ̂
‖

=
‖ϕ̂
‖(
√
∫
|ϕ̂

(x
)|2

1
‖x

+
v
‖≤

∆
d
x

+

√
∫
|ϕ̂

(x
)|2

1
>

∆
(x

)d
x

)
.

9
.

S
tr

ic
tl

y
sp

ea
k
in

g
,

th
is

fu
n

ct
io

n
d

o
es

n
o
t

h
av

e
a

F
o
u

ri
er

tr
a
n

sf
o
rm

in
th

e
se

n
se

o
f

E
q
.

(1
1
),

si
n

ce
th

e
a
ss

o
ci

a
te

d
in

te
g
ra

ls
d

o
n

o
t

co
n
v
er

g
e.

H
ow

ev
er

,
th

e
fu

n
ct

io
n

st
il

l
h

a
s

a
w

el
l-

d
efi

n
ed

F
o
u

ri
er

tr
a
n

sf
o
rm

in
th

e
m

o
re

g
en

er
a
l

se
n

se
o
f

a
g
en

er
a
li

ze
d

fu
n

ct
io

n
o
r

d
is

tr
ib

u
ti

o
n

(s
ee

H
u

n
te

r
a
n

d
N

a
ch

te
rg

a
el

e
2
0
0
1

fo
r

a
su

rv
ey

).
In

th
e

d
er

iv
a
ti

o
n

b
el

ow
,

w
e

w
il

l
si

m
p

ly
re

ly
o
n

so
m

e
st

a
n

d
a
rd

fo
rm

u
la

s
fr

o
m

th
e

F
o
u

ri
er

a
n

a
ly

si
s

li
te

ra
tu

re
,

a
n

d
re

fe
r

to
H

u
n
te

r
a
n

d
N

a
ch

te
rg

a
el

e
(2

0
0
1
)

fo
r

th
ei

r
fo

rm
a
l

ju
st

ifi
ca

ti
o
n

s.

22
JM

L
R

 1
9(

32
):

1-
29

, 2
01

8



D
ist

r
ib
u
t
io
n
-S
p
e
c
if
ic

H
a
r
d
n
e
ss

o
f
L
e
a
r
n
in
g

N
e
u
r
a
l
N
e
t
w
o
r
k
s

B
y

th
e

tria
n
g
le

in
eq

u
ality

an
d

th
e

assu
m

p
tion

‖
v‖

=
2∆

,
th

e
even

t‖
x

+
v‖
≤

∆
im

p
lies

‖
x‖
≥

∆
.

T
h
erefore,

th
e

ab
ove

can
b

e
u
p
p

er
b

ou
n
d
ed

b
y

2‖
ϕ̂‖ √

∫
|ϕ̂

(x
)| 21

≥
∆

(x
)d

x
=

2‖ϕ̂‖·‖
ϕ̂
·1
≥

∆ ‖
.

S
in

ce
ϕ

is
F

o
u
rier-con

cen
trated

,
th

is
is

at
m

ost
2
ε(∆

)‖ϕ̂‖
2

=
2ε(∆

)‖ϕ‖
2

=
2ε(∆

),
w

h
ere

w
e

u
se

th
e

iso
m

etry
of

th
e

F
ou

rier
tran

sform
an

d
th

e
assu

m
p
tion

th
at‖ϕ‖

2
=
∫
ϕ

2(x
)d

x
=

1.
P

lu
g
g
in

g
b
a
ck

th
e

d
efi

n
ition

of
∆

,
th

e
resu

lt
fo

llow
s.

L
e
m

m
a

1
6

It
h
o
ld

s
th

a
t∑

z
1 6=
z
2 ∈

Z |a
z
1 |·|a

z
2 |·

ε(r|z
1 −

z
2 |)
≤

2
∞∑n
=

1

ε(n
r)

P
ro

o
f

F
o
r

sim
p
licity,

d
efi

n
e
ε ′(x

)
=
ε(x

)
for

all
x
>

0,
an

d
ε(0)

=
0.

T
h
en

th
e

ex
p
ression

in
th

e
lem

m
a

eq
u
als∑z
1
,z

2 ∈
Z |a

z
1 |·|a

z
2 |·

ε ′(|z
1 −

z
2 |r)

=
∑z
1
,z

2 ∈
Z (|a

z
1 | √

ε ′(|z
1 −

z
2 |r) )(|a

z
2 | √

ε ′(|z
1 −

z
2 |r) )

≤
√

∑z
1
,z

2 ∈
Z |a

z
1 | 2ε ′(|z

1 −
z

2 |r) √
∑z
1
,z

2 ∈
Z |a

z
2 | 2ε ′(|z

1 −
z

2 |r)

=
∑z
1
,z

2 ∈
Z |a

z
1 | 2ε ′(|z

1 −
z

2 |r)

w
h
ere

in
th

e
la

st
step

w
e

u
sed

th
e

fact
th

at
th

e
tw

o
in

n
er

sq
u
are

ro
ots

are
th

e
sam

e
u
p

to
a

d
iff

eren
t

in
d
ex

in
g.

R
ecallin

g
th

e
d
efi

n
ition

of
ε ′

an
d

th
at ∑

z |a
z | 2≤

1,
th

e
ab

ov
e

is
at

m
ost

∑z
1 ∈

Z |a
z
1 | 2 ∑z

2 ∈
Z
ε ′(|z

1 −
z

2 |r)
≤

su
p

z
1 ∈

Z

∑z
2 ∈

Z
ε ′(|z

1 −
z

2 |r)

=

(
ε ′(0)

+
2
∞∑n
=

1

ε ′(n
r) )

=
2
∞∑n
=

1

ε(n
r)
.

L
e
m

m
a

1
7

F
o
r

a
n

y
g
∈
L

2(R
d),

if
d
≥

40
,

a
n

d
w

e
sa

m
p
le

w
u

n
ifo

rm
ly

a
t

ra
n

d
o
m

fro
m

{
w

:‖
w
‖

=
2r},

it
h
o
ld

s
th

a
t

E
[(〈

g
,ψ̂

w
ϕ 〉
−
a

0 〈g
,ϕ̂〉 )

2 ]
≤

10‖
g‖

2 (
ex

p
(−
d
/
20)

+
∞∑n
=

1

ε(n
r) )

w
h
ere

a
0

is
th

e
coeffi

cien
t

fro
m

L
em

m
a

1
4
.

2
3
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S
h
a
m
ir

P
ro

o
f

B
y

sy
m

m
etry,

given
an

y
fu

n
ction

f
of

w
,

th
e

ex
p

ectation
E
w

[f
(w

)]
(w

h
ere

w
is

u
n
iform

on
a

sp
h
ere)

can
b

e
eq

u
ivalen

tly
w

ritten
as

E
w
∈W

E
U

[f
(U

w
)]

=
E
U E

w
∈W

[f
(U

w
)],

w
h
ere

U
is

a
rotation

m
atrix

ch
osen

u
n
iform

ly
at

ran
d
om

(so
th

at
for

an
y

w
,
U

w
is

u
n
iform

ly
d
istrib

u
ted

on
th

e
sp

h
ere

of
rad

iu
s‖

w
‖
),

an
d
E
w
∈W

refers
to

a
u
n
iform

d
istri-

b
u
tion

of
w

over
som

e
fi
n
ite

set
W

of
vectors

of
n
orm

2r.
In

p
articu

lar,
w

e
w

ill
ch

o
ose

W
=
{
w

1 ,...,w
dex

p
(d
/
2
0
)e }

w
h
ich

satisfi
es

th
e

follow
in

g:

∀
i
‖
w
i ‖

=
2r

,
∀
i6=

j
|w
>i

w
j |
<

2r
2.

(12)

T
h
e

ex
isten

ce
of

su
ch

a
set

follow
s

from
stan

d
ard

con
cen

tration
of

m
easu

re
argu

m
en

ts
1
0.

T
h
u
s,

ou
r

goal
is

to
b

ou
n
d
E
U E

w
∈W

E
[(〈

g
,ψ̂

w
ϕ 〉
−
a

0 〈g
,ϕ̂〉 )

2 ]
.

In
fa

ct,
w

e
w

ill
p
rov

e

th
e

b
ou

n
d

stated
in

th
e

lem
m

a
for

an
y
U

,
an

d
w

ill
fo

cu
s

on
U

=
I

w
ith

ou
t

loss
of

gen
erality

(th
e

argu
m

en
t

for
oth

er
U

is
ex

actly
th

e
sam

e).
F

irst,
b
y

ap
p
ly

in
g

L
em

m
a

14,
w

e
h
ave

E
w
∈W

[(〈
g
,ψ̂

w
ϕ 〉
−
a

0 〈g
,ϕ̂〉 )

2 ]
=

E
w
∈W

 (
〈
g
, ∑z∈

Z
a
z ϕ̂

(·−
z
w

) 〉
−
a

0 〈g
,ϕ̂〉 )

2 

=
E
w
∈W

 〈
g
,
∑z∈
Z\{

0}
a
z ϕ̂

(·−
z
w

) 〉
2 
.

(13)

F
or

an
y

w
∈
W

,
let

A
w

=
{
x
∈
R
d

:
∃
z
∈
Z
\{

0}
s.t.
‖x
−
z
w
‖
<
r}
.

In
w

ord
s,

each
A

w
corresp

on
d
s

to
th

e
u
n
ion

of
op

en
b
alls

of
rad

iu
s
r

aro
u
n
d
±

w
,±

2
w
,±

3w
....

A
n

im
p

ortan
t

p
rop

erty
of

th
ese

sets
is

th
at

th
ey

a
re

d
isjoin

t:
A

w
∩
A

w
′

=
∅

for
an

y
d
istin

ct
w
,w
′∈
W

.
T

o
see

w
h
y,

n
ote

th
at

if
th

ere
w

as
som

e
x

in
b

oth
of

th
em

,
it

w
ou

ld
im

p
ly

‖
x
−
z

1 w
‖
<
r

an
d
‖
x
−
z

2 w
′‖
<
r

for
som

e
n
on

-zero
z

1 ,z
2 ∈

Z
,

h
en

ce
‖
z

1 w
−
z

2 w
′‖
<

2r
b
y

th
e

trian
gle

in
eq

u
ality.

S
q
u
arin

g
b

oth
sid

es
an

d
p

erform
in

g
so

m
e

sim
p
le

m
an

ip
u
lation

s
(u

sin
g

th
e

facts
th

at‖
w
‖

=
‖w
′‖

=
2r

an
d
|z

1 |,|z
2 |≥

1),
w

e
w

o
u
ld

get

2|z
1 z

2 |· ∣∣∣ w
>

w
′ ∣∣∣
>

4
r

2(z
21

+
z

22 −
1)≥

2r
2(z

21
+
z

22 )
⇒

∣∣∣ w
>

w
′ ∣∣∣ ≥

r
2 ( ∣∣∣∣ z

1

z
2 ∣∣∣∣

+

∣∣∣∣ z
2

z
1 ∣∣∣∣ )
≥

2
r

2,

w
h
ere

w
e

u
sed

th
e

fact
th

at
x

+
1/x
≥

2
for

a
ll
x
>

0.
T

h
is

con
trad

icts
th

e
assu

m
p
tion

on
W

(see
E

q
.

12),
an

d
estab

lish
es

th
at{A

w }
w
∈W

are
in

d
eed

d
isjoin

t
sets.

W
e

n
ow

con
tin

u
e

b
y

an
aly

zin
g

E
q
.

(13).
L

ettin
g

1
A

w
b

e
th

e
in

d
icator

fu
n
ction

to
th

e
set

A
w

,
an

d
1
A

Cw
b

e
th

e
in

d
icator

of
its

com
p
lem

en
t,

an
d

recallin
g

th
at

(a
+
b)

2≤
2(a

2
+
b
2),

w
e

can
u
p
p

er
b

ou
n
d

E
q
.

(13)
b
y

2·E
w
∈W

 〈
g
,1

A
w

∑z∈
Z\{

0}
a
z ϕ̂

(·−
z
w

) 〉
2 

+
2·E

w
∈W

 〈
g
,1

A
Cw

∑z∈
Z\{

0}
a
z ϕ̂

(·−
z
w

) 〉
2 
.

(14)

1
0
.

F
o
r

a
n
y

tw
o

v
ecto

rs
w
,w
′

p
ick

ed
u

n
ifo

rm
ly

a
t

ra
n

d
o
m

fro
m

a
b

a
ll

o
f

ra
d

iu
s

2
r,

P
r(|w

>
w
′|≥

2
r
2)

=

2
P

r ((
12
r
w
)>

(
12
r
w
′ )
>

12 )
≤

2
ex

p (−
d8 )

(see
B

o
u

ch
ero

n
et

a
l.

2
0
1
3
,

S
ectio

n
7
.2

),
so

b
y

a
u

n
io

n
b

o
u

n
d

,
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e

p
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b
a
b
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a
t

E
q
.
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2
)
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n

o
t
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tisfi
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a
t
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o
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2dex
p
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/
2
0
)e

2
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p
(−
d
/
8
).

T
h
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n
b
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v
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b
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n

1
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d
≥

4
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h
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a
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u

n
d

er
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ar

at
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S
ta

rt
in

g
w

it
h

th
e

fi
rs

t
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w

e
h
av

e

E w
∈W

 〈
g
,1

A
w

∑

z
∈Z
\{

0
}a

z
ϕ̂

(·
−
z
w

)〉
2
 

=
E w
∈W

[ 〈
g
,1

A
w

( ψ̂
w
ϕ
−
a

0
ϕ̂
)〉

2
]

=
E w
∈W

[ 〈
1
A

w
g
,ψ̂

w
ϕ
−
a

0
ϕ̂
〉 2
]
≤

E w
∈W

[ ‖
1
A

w
g
‖2
∥ ∥ ∥ψ̂

w
ϕ
−
a

0
ϕ̂
∥ ∥ ∥2
]

≤
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·E

w
∈W

[ ‖
1
A

w
g
‖2
( ∥ ∥ ∥
ψ̂
w
ϕ
∥ ∥ ∥2

+
‖a

0
ϕ̂
‖2
)]

=
2
·E

w
∈W
[ ‖

1
A

w
g
‖2
( ‖
ψ
w
ϕ
‖2

+
|a

0
|2
·‖
ϕ̂
‖2
)]
.

S
in

ce
w

e
h
av

e
‖ϕ̂
‖

=
‖ϕ
‖

=
1,
|a

0
|2
≤
∑

z
|a
z
|2
≤

1,
an

d
‖ψ

w
ϕ
‖2

=
∫
ψ

2 w
(x

)ϕ
2
(x

)d
x
≤

∫
ϕ

2
(x

)d
x

=
1,

th
e

ab
ov

e
is

at
m

os
t

4
·E

w
∈W
[ ‖

1
A

w
g
‖2
]
≤

4 |W
|
∑ w
∈W

∫
1
A

w
(x

)|g
(x

)|2
d
x

=
4 |W
|∫

(
∑ w
∈W

1
A

w
(x

))
|g

(x
)|2
d
x
.

S
in

ce
A

w
ar

e
d
is
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in

t
se

ts
,
∑

w
∈W

1
A

w
(x

)
≤

1
fo

r
an

y
x

,
so

th
e

ab
ov

e
is

a
t

m
os

t

4 |W
|∫
|g

(x
)|2
d
x
≤

4
ex

p
(−
d
/
20

)
‖g
‖2
.

(1
5)

W
e

n
ow

tu
rn

to
an

al
y
ze

th
e

se
co

n
d

ex
p

ec
ta

ti
on

in
E

q
.
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4)

,
n
a
m

el
y

E w
∈W

 〈
g
,1

A
C w

∑

z
∈Z
\{

0
}a

z
ϕ̂

(·
−
z
w

)〉
2
 
.

W
e

w
il
l

u
p
p

er
b

ou
n
d

th
e

ex
p
re
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n
d
et

er
m
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y

fo
r

an
y

w
,

so
w

e
m
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d
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p
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e
ex

-
p

ec
ta

ti
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.
A

p
p
ly

in
g

C
au

ch
y
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w
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,
it

is
at

m
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t
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A
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0
}a

z
ϕ̂

(·
−
z
w

)∥ ∥ ∥ ∥ ∥ ∥2
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z 1
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2
∈Z
\{

0
}a

z 1
a
z 2
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A

C w
ϕ̂

(·
−
z 1

w
),
ϕ̂

(·
−
z 2

w
)〉 
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W
e

n
ow

d
iv
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e

th
e

te
rm

s
in

th
e
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m
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ov

e
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tw
o

ca
se

s:

•
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z 1

=
z 2

,
th

en
〈 1

A
C w
ϕ̂

(·
−
z 1

w
),
ϕ̂

(·
−
z 2

w
)〉

eq
u
al

s

∫
1
A

C w
(x

)|ϕ̂
(x
−
z 1

w
)|2
d
x
.

=

∫
1
A

C w
(x

+
z 1

w
)|ϕ̂

(x
)|2
d
x
,

an
d

b
y

d
efi

n
it
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n
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A
C w

an
d

th
e
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su

m
p
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w

e
h
av

e
1
A

C w
(x

+
z 1
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)
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1
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‖
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h
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ϕ
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F
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er
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ce

n
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ed

,
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e
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e
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m
o
st

∫ x
:‖
x
‖≥
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|ϕ̂

(x
)|2
d
x
≤

ε2
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)
·‖
ϕ̂
‖2

=
ε2

(r
)
·‖
ϕ
‖2

=
ε2

(r
).
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C w
ϕ̂

(·
−
z 1

w
),
ϕ̂

(·
−
z 2

w
)〉
≤
〈|ϕ̂

(·
−
z 1

w
)|,
|ϕ̂

(·
−
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w
)|〉
≤
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1
−
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.

P
lu

gg
in

g
th
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e

tw
o
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se

s
b
ac

k
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to
E

q
.
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6)

,
w

e
ge

t
th

e
u
p
p

er
b

ou
n
d

‖g
‖2
 

∑

z
∈Z
\{
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}|
a
z
|2 ε
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)
+

2
∑

z 1
6=
z 2
∈Z
|a
z 1
|·
|a
z 2
|·
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−
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.
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in
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∑
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p
ly
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L
em

m
a
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th
e
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ov

e
is

at
m

os
t

‖g
‖2
(
ε2

(r
)

+
4
∞ ∑ n
=

1

ε(
n
r)

)
≤
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‖g
‖2
∞ ∑ n
=

1

ε(
n
r)
,

w
h
er

e
w

e
u
se

d
th

e
fa

ct
th

at
ε2

(r
)
≤
ε(
r)
≤
∑
∞ n=

1
ε(
n
r)

.
R

ec
al

li
n
g

th
is

is
an

u
p
p

er
b

o
u
n
d

on
th

e
se

co
n
d

ex
p

ec
ta

ti
on

in
E

q
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an
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th

at
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e
fi
rs

t
ex

p
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ti
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is

u
p
p

er
b

o
u
n
d
ed

a
s

in
E

q
.
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5)

,
w

e
ge

t
th

at
E

q
.

(1
4)

(a
n
d

h
en

ce
th

e
ex

p
re

ss
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n
in

th
e

le
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m
a

st
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te
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en
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m
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h
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w
e
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n
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tu
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th

e
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e

h
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e
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[∇
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h
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b
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g 2

(x
),
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∂ ∂
v
f

(v
,x

),
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e
ab
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e

eq
u
al

s E w
?

∥ ∥ ∥E
x
∼
ϕ
2

[(
f

(v
,x

)
−
ψ

(w
?
>

x
)) g

(x
)] −

p
∥ ∥ ∥2

=
∑ i

E w
?

( E x
∼
ϕ
2

[ f
(v
,x

)g
i(

x
)
−
ψ

(w
?
>

x
)g
i(

x
)] −

p
i) 2

=
∑ i

E w
?

(〈
ϕ
g i
,ϕ
f

(v
,·)
〉−
〈ϕ
g i
,ϕ
ψ
w

?
〉−

p
i)

2

L
et

u
s

n
ow

ch
o
os

e
p

so
th

at
p
i

=
〈ϕ
g i
,ϕ
f

(v
,·)
〉−
〈ϕ
g i
,a

0
ϕ
〉(

n
ot

e
th
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is
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o
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e
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d
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d
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d
ep
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w
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p
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n
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2
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io
n
ϕ̂
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,

w
e
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t

∑ i

E w
?

(〈
ϕ
g i
,ϕ
ψ
w

?
〉−
〈ϕ
g i
,a

0
ϕ
〉)

2
=
∑ i

E w
?

(〈
ϕ̂
g i
,ϕ̂
ψ
w

?

〉
−
〈ϕ̂
g i
,a

0
ϕ̂
〉)

2

≤
10
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d
/
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∞ ∑ n
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1 ‖ϕ
g
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=

d
∑i=

1 ∫
g

2i (x
)ϕ

2(x
)d

x
=

∫
‖
g

(x
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2
ϕ

2(x
)

=
E
x∼

ϕ
2 ‖

g
(x

)‖
2
≤

G
2v
,

th
e
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eo
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5
.4

P
ro

o
f

o
f

T
h

m
.

1
0

F
o
r

a
n
y

w
∗,

w
e

d
efi

n
e

th
e

oracle
O
F
w
∗
,ε

as
follow

s:

O
F
w
∗
,ε (v

)
=

{
E
w

?[∇
F
w

?(v
)]

if|∇
F
w

?(v
)−

E
w

?[∇
F
w

?(v
)]|≤

ε

∇
F
w

?(v
)

oth
erw

ise
,

w
h
ere

th
e

ex
p

ectation
is

w
ith

resp
ect

to
a

u
n
iform

ch
oice

of
w
∗

over
vectors

of
n
orm

2r.
T

h
is

is
a
n

a
p
p
rox

im
ate

grad
ien

t
oracle

b
y

d
efi

n
ition

.
B

elow
,

w
e

w
ill

p
rove
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e

th
eorem

statem
en

t
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m
in

g
th

at
th

e
algorith

m
A

is
d
eter-

m
in
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N

a
m

ely,
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th

ere
is

som
e

even
t

h
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in
g

w
ith

p
rob

ab
ility

at
least
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p
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th

e
ch

o
ice

o
f

w
∗),

su
ch

th
at

th
e

algorith
m

’s
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u
t
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e
fi
x
ed
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in
d
ep

en
d
en
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o
f

w
∗.

T
h
is

ca
n

b
e

ex
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d
ed

to
ran

d
om
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A

,
b
y

con
sid

erin
g

an
y

p
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le
realization

of
A

’s
ra

n
d
o
m

co
in

fl
ip

s:
F

orm
ally,

let
A
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b
e

th
e

d
eterm
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algorith
m

,
d
erived
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b
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fi
x
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g
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n
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o
m
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ip

s
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som
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fi
x
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en

ce
c.

T
h
e

d
eterm

in
istic

p
ro

of
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p
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th
at

th
ere

is
so

m
e

ev
en

t
E
c

an
d

a
fi
x
ed

v̄
c

(in
d
ep

en
d
en

t
of

w
∗)

su
ch

th
at

P
r
w
∗(E

c )≥
1−

p
an

d
P

r
w
∗(A

C
(F

w
∗)

=
v̄
c |E

c )
=

1
(w

h
ere

w
e

u
se
A
c (F

)
as

sh
o
rth

an
d

for
A
C

g
iven

th
e

fu
n
ction

F
).

B
u
t

n
ow

,
con

sid
er

th
e

join
t

p
rob

a
b
ility

sp
ace

over
w
∗

an
d

ran
d
o
m

coin
fl
ip

s
C

,
an

d
d
efi

n
e

th
e

even
t
E

as
∨

c

(C
=
c
∧
E
c )

(n
a
m

ely,
th

a
t

th
e

even
t
E
c

o
ccu

red
for

th
e

corresp
on

d
in

g
realization

c
o
f

th
e

coin
fl
ip

s).
S
in

ce
th

is
is

a
d
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n
ction

of
d
isjoin

t
even

ts,
w

e
h
ave

th
at

P
r(E

)
=
∑

c

P
r(C

=
c∧

E
c )

=
∑

c

P
r(C

=
c)

P
r(E

c |C
=
c)≥

∑

c

P
r(C

=
c)·(1−

p
)

=
1−

p
,

a
n
d

m
o
reover,

if
E

o
ccu

rs,
th

en
th

e
d
istrib

u
tion

of
A
C

(F
w
∗)

is
id

en
tical

to
v̄
C

(d
ep

en
d
in

g
o
n
ly

o
n

th
e

ran
d
om

coin
fl
ip

s
C

,
b
u
t

n
o
t

on
w
∗),

w
h
ich

is
ex

actly
w

h
at

th
e

th
eorem

states.
W

e
n
ow

retu
rn

to
th

e
p
ro

of,
assu

m
in

g
A

is
d
eterm

in
istic.

It
is

en
ou

gh
to

sh
ow

th
at

w
ith

p
ro

b
a
b
ility

at
least

1−
p
,

th
e

oracle
w

ill
on

ly
retu

rn
resp

on
ses

of
th

e
form

E
w

?[∇
F
w

?(v
)],

w
h
ich

is
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rly
in

d
ep

en
d
en

t
of

w
?.

S
in

ce
th

e
algorith

m
’s

ou
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u
t

can
d
ep

en
d

o
n

w
?

on
ly

th
ro

u
g
h

th
e

oracle
resp

on
ses,

th
is

w
ill

p
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th
e

req
u
ired
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lt.

T
h
e

(d
eterm

in
istic)
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m

’s
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p
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t
v

1
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fi
x
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b
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receiv
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y
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n
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m

th
e

oracle,
an

d
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th
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d
ep
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d
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t
of

w
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B
y

T
h
m

.
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w
e

h
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e
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V

a
r
w

?(∇
F
w

?(v
1 ))≤
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w
h
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b
y

C
h
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y
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’s
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p
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r
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F
w

?(v
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E
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?[∇
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e
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b
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b
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,
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p
ro

b
ab

il
is

ti
c

se
tt

in
g

of
cl

u
st

er
an

al
y
si

s,
th

e
ev

en
t

{X
i

=
j}

m
ea

n
s

th
at

th
e
it

h
it

em
b

el
on

gs
to

th
e
jt

h
cl

u
st

er
,

an
d
p
j

is
th

e
p

op
u
la

ti
on

fr
eq

u
en

cy
of

th
e
jt

h
cl

u
st

er
.

H
er

e,
th

e
cl

u
st

er
la

b
el
j

d
o
es

n
ot

ca
rr

y
a
n
y
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al

m
ea

n
in

g,
an

d
is

p
re

se
n
t

on
ly

fo
r

n
ot

at
io

n
al

co
n
ve

n
ie

n
ce

.
In

a
cl

u
st

er
an

al
y
si

s
se

tt
in

g,
th

e
u
n
d
er

ly
in

g
ob

je
ct

of
in

te
re

st
is

th
e

p
ar

ti
ti

on
of

th
e
n

it
em

s
in

st
ea

d
of

th
e

cl
u
st

er
la

b
el

s.
In

ot
h
er

w
or

d
s,

w
h
at

re
al

ly
m

at
te

rs
to

st
at

is
ti

ci
an

s
is

th
e

va
lu

e
of

I{
X
i

=
X
i′
}

(t
h
e

in
d
ic

at
or

fu
n
ct

io
n

of
th

e
ev

en
t)

fo
r

ev
er

y
p
ai

r
i
6=
i′

.
T

h
er

ef
or

e,
a

cl
u
st

er
in

g
m

o
d
el

w
it

h
p

op
u
la

ti
on

fr
eq

u
en

cy
(p

1
,.
..
,p
k
)

is
eq

u
iv

al
en

t
to

th
at

w
it

h
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π
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..
.,
p
π
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w
it

h
so

m
e

p
er

m
u
ta

ti
on
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.
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2.
W

o
rd

fr
eq

u
en

cy
a
n

a
ly

si
s.

C
on

si
d
er

tw
o

te
x
t

co
rp

or
a

of
tw

o
d
iff

er
en

t
la

n
g
u
a
g
es

.
T

h
e

w
or

d
fr

eq
u
en

ci
es

ar
e

d
en

ot
ed

b
y

(p
1
,.
..
,p
k
)

an
d

(q
1
,.
..
,q
k
),

re
sp

ec
ti

ve
ly

.
A

n
in

te
re

st
-

in
g

p
ro

b
le

m
in

co
m

p
ar

at
iv

e
li
n
gu

is
ti

cs
is

to
st

u
d
y

w
h
et

h
er

th
e

tw
o

la
n
g
u
a
g
es

sh
a
re

co
m

m
on

fe
at

u
re

s
b
y

co
m

p
ar

in
g

(p
1
,.
..
,p
k
)

w
it

h
(q

1
,.
..
,q
k
).

F
or

la
n
gu

ag
es

th
a
t

a
re

n
o
t

n
ec

es
sa

ri
ly

et
y
m

ol
og

ic
al

ly
re

la
te

d
,

th
e

co
rr

es
p

on
d
en

ce
b

et
w

ee
n

w
or

d
s

o
f

th
e

tw
o

la
n
-

gu
ag

es
ar

e
u
su

al
ly

u
n
cl

ea
r

or
u
n
k
n
ow

n
.

T
h
er

ef
or

e,
a

re
as

on
ab

le
co

m
p
a
ri

so
n

o
f

w
o
rd

fr
eq

u
en

ci
es

b
et

w
ee

n
tw

o
la

n
gu

ag
es

ca
n

b
e

co
n
d
u
ct

ed
th

ro
u
gh

co
m

p
ar

in
g

(p
1
,.
..
,p
k
)

w
it

h
a

re
or

d
er

ed
ve

ct
or

(q
π

(1
),
..
.,
q π

(k
))

fo
r

so
m

e
p

er
m

u
ta

ti
on

π
.

3.
S

im
p
le

su
bs

ti
tu

ti
o
n

ci
p
h
er

.
In

cr
y
p
to

gr
ap

h
y,

a
si

m
p
le

su
b
st

it
u
ti

on
cy

p
h
er

ch
a
n
ge

s
ev

er
y

ch
ar

ac
te

r
in

a
m

es
sa

ge
to

a
d
iff

er
en

t
ch

ar
ac

te
r

sy
st

em
at

ic
al

ly
.

L
et
{1
,.
..
,k
}

b
e

a
fi
n
it

e
al

p
h
ab

et
of

ch
ar

ac
te

rs
,

an
d

(Y
1
,.
..
,Y

n
)

d
en

ot
e

a
m

es
sa

g
e

to
b

e
en

cr
y
p
te

d
.

A
si

m
p
le

su
b
st

it
u
ti

on
cy

p
h
er

is
d
efi

n
ed

b
y

a
p

er
m

u
ta

ti
on

σ
on

th
e

al
p
h
a
b

et
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,.
..
,k
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T
h
is

re
su

lt
s

in
th

e
en

cr
y
p
te

d
m

es
sa

ge
(X

1
,.
..
,X

n
)

w
it

h
X
i

=
σ

(Y
i)

fo
r

ea
ch

i
∈

[n
].

S
u
p
p

os
e

ea
ch

Y
i

is
in

d
ep

en
d
en

tl
y

d
is

tr
ib

u
te

d
b
y
P(
Y
i

=
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=
q j

.
T

h
en

,
ea

ch
X
i

in
d
ep

en
d
en

tl
y

fo
ll
ow

s
P(
X
i

=
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=
p
j
,

w
h
er

e
p
j

=
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)

w
it

h
π

=
σ
−

1
.
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o
n
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th
e

en
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y
p
te

d
m

es
sa

ge
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,
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n
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of
th

e
p
ro

b
a
b
il
it

y
ve

ct
o
r
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1
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..
,q
k
)
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o
n
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p
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b
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u
p

to
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u
n
k
n
ow

n
p

er
m

u
ta

ti
on

.

In
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ir
ed

b
y

th
e
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p
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th
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p
ap

er
,

w
e
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n
si

d
er

a
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is
t

of
th

e
tr

a
d
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io
n
a
l

fo
rm

u
la

ti
on

of
th

e
h
y
p

ot
h
es

is
te

st
in

g
p
ro

b
le

m
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W
e

co
n
si

d
er

th
e

fo
ll
ow

in
g

n
u
ll

h
y
p

o
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:
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0

:
p
j

=
q π
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fo
r

so
m

e
π
∈
S
k
,
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)

w
h
er

e
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1
,.
..
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k
)
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a

k
n
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n
v
ec

to
r

an
d
S
k

is
th

e
se

t
of

al
l

p
er

m
u
ta

ti
on

s
of
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T
h
is

n
u
ll

h
y
p

ot
h
es

is
im

p
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th
at

th
e

la
b

el
s

1,
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k

d
o

n
ot

h
av

e
an

y
m

ea
n
in
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F
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p
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,
th

e
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ct
o
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( 1 2
,

1 4
,

1 4

)
an

d
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1 2

)
ar

e
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n
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d
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u
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G
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i.
i.
d
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n
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X

1
,.
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n
,

o
n
e

ca
n

im
m

ed
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d
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n
e
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m

m
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y
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is
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n
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=
∑
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1
I{
X
i

=
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fo
r
j
∈
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w
h
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h
a
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en

t.
S
in
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e
la

b
el

s
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n

1
,.
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,n

k
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e
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re
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va
n
t,
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e
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en
t

st
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is
ti
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in
a
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n
d
om

p
ar
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on
of
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e
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te

ge
r
n

.
T

h
er

e
ar

e
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o
w
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s

to
co

d
e

su
ch

a
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n
d
o
m

p
a
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io

n
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)
b
y
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e
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d
er

st
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n
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)
≥
n
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)
≥
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.
≥
n
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b
y

th
e

n
u
m

b
er

s
of
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s
o
f
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o
u
s
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s
m
l

=
∑
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1
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n
j

=
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r
l
∈
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m
l
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a
n
d
∑
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1
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=
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h
es
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p
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n
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u
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t
b
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e
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n
b

e
d
er
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e

o
th
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.
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fe
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n
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e
p
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b
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il
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y
ve

ct
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1
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k
)

u
p
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a
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b

el
p

er
m

u
ta

ti
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u
si

n
g
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n
d
o
m

p
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ti
ti

on
s
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e
b

ee
n

ex
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n
si

ve
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st
u
d
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d
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B
ay
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at
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.
T

h
e

p
ro

b
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m
se
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s

a
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u
n
d
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n
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r
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n
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p
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m

o
d
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u
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d
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u
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o
n
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d
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.

P
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s

th
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d
u
ce

va
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ou
s
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le

p
ro

p
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h
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e
b

ee
n

d
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el
op
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r
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e
eq

u
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t
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π
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p
π
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:
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∈
S
k
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?
?
?
?
?
?
?
?

an
d

re
fe
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n
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s
th
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n
.

In
th

is
p
a
p

er
,

w
e

ta
ke

a
fr

eq
u
en

ti
st

p
oi

n
t

of
v
ie

w
th

a
t

is
co

m
p
le

m
en

ta
ry

to
th

e
B

ay
es

ia
n

li
te

ra
tu

re
,

a
n
d

w
e

d
o

n
ot

tr
ea

t
th

e
eq

u
iv

al
en

t
cl

as
s
{(
p
π

(1
),
..
.,
p
π

(k
))

:
π
∈
S
k
}
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ra

n
d
om

.
T

h
e

th
eo

ry
of

h
y
p

ot
h
es

is
te

st
in

g
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d
ev

el
op

ed
w

it
h
in

a
fr

eq
u
en

ti
st

d
ec

is
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n
-t

h
eo

re
ti

c
fr

am
ew

o
rk

.
W

it
h

th
e

u
n
k
n
ow

n
p

er
m

u
ta

ti
on

π
in

th
e

n
u
ll

h
y
p

ot
h
es

is
,

th
e

cl
a
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al

ch
i-
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u
a
re

d
te

st
b
y

P
ea
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d
o
es

n
ot

w
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k
an

y
m
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e.

O
u
r
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ea

of
th

e
te

st
is

b
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ed
o
n
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e
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ll
ow
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g
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a
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o
f

st
at

is
ti
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:

  
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G
o
o
d
n
e
ss-o

f
-F

it
T
e
st

s
f
o
r
R
a
n
d
o
m

P
a
r
t
it
io
n
s

w
h
ere
F

is
th

e
class

of
all

m
easu

rab
le

fu
n
ction

s.
F

or
each

f
∈
F

,
th

e
d
istrib

u
tion

of
∑

kj=
1
f

(n
j )

is
id

en
tical

for
p
j

=
q
π

(j)
w

ith
an

y
π
∈
S
k .

T
h
is

is
b

ecau
se

(2)
is

a
class

of
statis-

tics
th

a
t

are
in

varian
t

to
th

e
lab

el
p

erm
u
tation

π
.

T
h
at

is, ∑
kj=

1
f

(n
j )

=
∑

kj=
1
f

(n
π

(j) )
for

a
n
y
π
∈
S
k .

M
o
reover,

it
is

easy
to

see
th

at
th

ese
statistics

are
all

fu
n
ctio

n
s

of
th

e
ran

d
om

p
a
rtitio

n
b

eca
u
se
∑

kj=
1
f

(n
j )

=
∑

kj=
1
f

(n
(j) ).

C
h
o
o
sin

g
a
n

ap
p
rop

riate
class

of
f

’s
is

im
p

ortan
t.

W
e

p
rop

ose
to

u
se

k
fu

n
ction

s
f

1 ,...,f
k

th
a
t

sa
tisfy

th
e

id
en

tifi
a
bility

a
n
d

th
e

o
rth

ogo
n

a
lity

con
d
ition

s.
T

h
e

id
en

tifi
ab

ility
co

n
d
itio

n
req

u
ires

th
at

th
e
k

eq
u
ation

s ∑
kj=

1
f
l (p

j )
=
∑

kj=
1
f
l (q

j )
fo

r
l∈

[k
]
h
old

if
an

d
o
n
ly

if
p
j

=
q
π

(j)
for

som
e
π
∈
S
k .

W
ith

th
is

con
d
ition

,
testin

g
w

h
eth

er
th

e
n
u
ll

h
y
p

oth
esis

h
old

s
is

eq
u
iva

len
t

to
testin

g
w

h
eth

er
th

e
k

eq
u
ation

s
h
old

.
T

h
e

orth
ogon

ality
con

d
ition

req
u
ires

th
a
t

th
e
k

vectors
(f
′l (q

1 ),...,f
′l (q

k ))
T

for
l∈

[k
]

are
orth

ogon
al

to
each

oth
er.

In
tu

itively

sp
ea

k
in

g
,

th
is

con
d
ition

en
su

res
th

at
th

e
in

form
ation

carried
b
y

th
e
k

statistics ∑
kj=

1
f
l (n

j )
fo

r
l∈

[k
]

a
re

m
u
tu

ally
ex

clu
sive,

w
h
ich

is
a

key
in

gred
ien

t
th

at
lead

s
to

op
tim

a
l

p
ow

er
u
n
d
er

a
lo

cal
altern

ative.

In
th

is
p
a
p

er,
w

e
ch

o
ose

f
1 ,...,f

k
to

b
e

in
d
efi

n
ite

in
tegrals

of
L

agran
ge

in
terp

o
lation

p
o
ly

n
o
m

ia
ls.

T
h
e

ch
oice

of
th

ese
p

oly
n
om

ials
satisfi

es
th

e
ab

ove-m
en

tion
ed

id
en

tifi
a
bility

a
n
d

o
rth

ogo
n

a
lity

con
d
ition

s.
W

e
p
rove

th
at

th
e

testin
g

statistic
con

stru
cted

fro
m

th
e
k

fu
n
ctio

n
s

is
a
sy

m
p
totically

d
istrib

u
ted

b
y

a
ch

i-sq
u
ared

d
istrib

u
tion

.
M

oreover,
w

e
sh

ow
th

a
t

th
e

p
ow

er
of

th
e

test
is

n
early

op
tim

a
l

u
n
d
er

a
lo

cal
altern

ative
h
y
p

o
th

esis
w

ith
in

a
d
ecision

-th
eo

retic
fram

ew
ork

.

O
u
r

a
p
p
ro

a
ch

th
at

u
ses

sy
m

m
etric

p
oly

n
om

ials
b
y
p
asses

th
e

p
rob

lem
of

u
n
k
n
ow

n
p

er-
m

u
ta

tio
n
π

.
It

falls
in

to
th

e
gen

eral
u
m

b
rella

of
m

eth
o
d
s

of
m

om
en

ts,
w

h
ich

are
com

m
on

ly
u
sed

fo
r

p
ro

b
lem

s
th

at
im

p
ose

eq
u
ivalen

ce
relation

s
to

th
e

sign
als

th
rou

g
h

th
e

action
of

a
g
ro

u
p

o
f

tra
n
sform

ation
s.

F
or

ex
am

p
le,

variou
s

m
eth

o
d
-of-m

om
en

ts
tech

n
iq

u
es

h
ave

b
een

a
p
p
lied

to
p
ro

b
lem

s
in

clu
d
in

g
G

au
ssian

m
ix

tu
re

m
o
d
els

(?
),

m
ix

ed
m

em
b

ersh
ip

m
o
d
els

(?
),

d
ictio

n
a
ry

lea
rn

in
g

(?
),

top
ic

m
o
d
els

(?
?
)

an
d

m
u
lti-referen

ce
align

m
en

t
(?

).
R

ecen
tly,

th
is

id
ea

w
a
s

a
lso

a
p
p
lied

to
th

e
p
rob

lem
s

o
f

n
etw

ork
testin

g
b
y

?
?
,

w
h
ere

th
e

gro
u
p

action
th

ere
is

row
a
n
d

colu
m

n
p

erm
u
tation

s
of

th
e

ad
jacen

cy
m

atrix
of

a
ran

d
om

n
etw

ork
.

T
h
e

rest
o
f

th
e

p
ap

er
is

organ
ized

as
follow

s.
In

S
ection

2,
w

e
in

tro
d
u
ce

d
efi

n
ition

s
of

so
m

e
u
sefu

l
sy

m
m

etric
p

oly
n
om

ials
an

d
th

e
related

V
an

d
erm

on
d
e

m
atrix

.
B

efore
gettin

g
in

to
th

e
testin

g
p
rob

lem
for

ran
d
om

p
artition

s,
w

e
fi
rst

solve
an

easier
v
ersion

of
th

e
p
rob

lem
w

ith
G

a
u
ssia

n
ob

servation
s

in
S
ection

3
an

d
S
ection

4.
T

h
e

test
u
sin

g
ran

d
om

p
artition

s
is

g
iven

in
S
ection

5.
T

h
e

op
tim

ality
of

ou
r

test
is

d
iscu

ssed
in

S
ection

6.
In

S
ection

8,
w

e
co

n
sid

er
a

tw
o-sam

p
le

version
of

th
e

p
rob

lem
.

N
u
m

erical
ex

p
erim

en
ts

o
f

th
e

p
rop

osed
testin

g
p
ro

ced
u
res

are
given

in
S
ection

7.
F

in
ally,

S
ection

9
is

a
d
iscu

ssion
section

,
w

h
ere

w
e

b
riefl

y
an

aly
ze

th
e

p
rop

erty
of

th
e

test
on

th
e

b
ou

n
d
ary

of
d
egen

eracy
an

d
d
iscu

ss
som

e
o
p

en
p
ro

b
lem

s.
T

h
e

p
ro

ofs
of

all
resu

lts
in

th
e

p
ap

er
are

given
in

S
ection

10
.

W
e

close
th

is
section

b
y

in
tro

d
u
cin

g
th

e
n
otation

u
sed

in
th

e
p
ap

er.
F

or
a
,b
∈

R
,

let
a∨

b
=

m
a
x
(a
,b)

an
d
a∧

b
=

m
in

(a
,b).

F
or

an
in

teger
m

,
[m

]
d
en

otes
th

e
set{

1,2,...,m
}
.

G
iven

a
set

S
,|S|

d
en

otes
its

card
in

ality,
an

d
I
S

is
th

e
asso

ciated
in

d
ica

tor
fu

n
ction

.
W

e
u
se

P
a
n
d
E

to
d
en

ote
gen

eric
p
rob

ab
ility

an
d

ex
p

ectation
w

h
ose

d
istrib

u
tion

is
d
eterm

in
ed

fro
m

th
e

co
n
tex

t.
T

h
e

n
on

cen
tral

ch
i-sq

u
a
red

d
istrib

u
tion

w
ith

d
egrees

of
freed

om
k

an
d

n
o
n
cen

trality
p
aram

eter
δ

2
is

d
en

oted
as

χ
2k
,δ

2 .
W

e
w

ill
also

u
se
χ

2k
,δ

2
for

th
e

asso
ciated

ra
n
d
o
m

va
ria

b
les.
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G
a
o

2
.
S
y
m
m
e
tric

P
o
ly
n
o
m
ia
ls

a
n
d
V
a
n
d
e
rm

o
n
d
e
M

a
trix

D
efi

n
e

a
p

oly
n
om

ial
w

ith
ro

ots
µ

1 ,...,µ
k ∈

R
b
y

f
(t)

=
k
∏j=

1 (t−
µ
j ).

It
can

b
e

organ
ized

as

f
(t)

=
k
∑j=

0 (−
1)
k−

je
k−

j (µ
1 ,...,µ

k )t j.
(3)

T
h
e

co
effi

cien
t

b
efore

t j
is

(−
1)
k−

je
k−

j (µ
1 ,...,µ

k ),
an

d
e
k−

j (µ
1 ,...,µ

k )
is

called
th

e
elem

en
-

tary
sy

m
m

etric
p

oly
n
om

ial.
F

or
l∈
{
1,...,k}

,
th

e
lth

elem
en

tary
sy

m
m

etric
p

oly
n
om

ial
is

e
l (µ

1 ,...,µ
k )

=
∑

1≤
j
1
<
···<

j
l ≤
k

µ
j
1 ···µ

j
l .

W
h
en

l
=

0,
w

e
u
se

th
e

con
ven

tion
e

0 (µ
1 ,...,µ

k )
=

1.

T
h
e

elem
en

tary
sy

m
m

etric
p

oly
n
om

ials
can

b
e

effi
cien

tly
calcu

lated
th

rou
gh

N
ew

ton
’s

id
en

tities.
D

efi
n
e

th
e
lth

p
ow

er
su

mp
l (µ

1 ,...,µ
k )

=
k
∑j=

1

µ
lj .

(4)

N
ew

ton
’s

id
en

tities
can

b
e

su
m

m
arized

th
rou

gh
th

e
form

u
la

e
l (µ

1 ,...,µ
k )

=
1l

l
∑j=

1 (−
1)
j−

1e
l−
j (µ

1 ,...,µ
k )p

j (µ
1 ,...,µ

k ),
(5)

for
l

=
1,...,k

.

F
in

ally,
w

e
in

tro
d
u
ce

an
in

terestin
g

relation
b

etw
een

elem
en

tary
sy

m
m

etric
p

oly
n
om

ials
an

d
V

an
d
erm

on
d
e

m
atrix

(see
C

h
ap

ter
0.9.11

of
?
).

G
iven

µ
1 ,...,µ

k
th

at
take

k
d
istin

ct
valu

es,
d
efi

n
e

a
m

atrix
E

(µ
1 ,...,µ

k )∈
R
k×

k,
w

h
ose

(j,l)th
en

try
is

(−
1)
j−

1
e
k−

j (µ
1 ,...,µ

l−
1 ,µ

l+
1 ,...,µ

k )
∏
j∈

[k
]\{
l} (µ

j −
µ
l )

.
(6)

T
h
e

V
an

d
erm

on
d
e

m
atrix

V
(µ

1 ,...,µ
k )∈

R
k×

k
h
as
µ
l−

1
j

on
its

(j,l)th
en

try.
In

terestin
gly,

w
e

h
ave

E
(µ

1 ,...,µ
k )V

(µ
1 ,...,µ

k )
=
V

(µ
1 ,...,µ

k )E
(µ

1 ,...,µ
k )

=
I
k .

(7)

T
h
is

relation
im

p
lies

a
form

u
la

for
th

e
d
eterm

in
an

t
of
E

(µ
1 ,...,µ

k ):

d
et(E

(µ
1 ,...,µ

k ))
=

1

d
et(V

(µ
1 ,...,µ

k ))
=

1
∏

1≤
j<
l≤
k (µ

l −
µ
j ) .

(8)
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G
o
o
d
n
e
ss
-o

f
-F

it
T
e
st

s
f
o
r
R
a
n
d
o
m

P
a
r
t
it
io
n
s

3
.
T
h
e
G
a
u
ss
ia
n
C
a
se

B
ef

or
e

w
or

k
in

g
w

it
h

ca
te

go
ri

ca
l
d
is

tr
ib

u
ti

on
s,

w
e

fi
rs

t
st

u
d
y

d
at

a
ge

n
er

at
ed

fr
om

a
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
.

T
h
is

al
lo

w
s

u
s

to
gr

as
p

th
e

m
at

h
em

at
ic

al
es

se
n
ce

of
th

e
p
ro

b
le

m
w

it
h
ou

t
d
ea

li
n
g

w
it

h
th

e
d
ep

en
d
en

ce
an

d
h
et

er
os

ke
d
as

ti
ci

ty
of

ca
te

go
ri

ca
l
d
is

tr
ib

u
ti

on
s.

W
e

co
n
si

d
er

a
G

au
ss

ia
n

ra
n
d
om

ve
ct

or
X
∼
N

(θ
,n
−

1
I k

).
T

h
e

m
ea

n
v
ec

to
r
θ
∈
R
k

co
n
si

st
s

of
k

n
u
m

b
er

s
θ 1
,.
..
,θ
k
.

T
h
ro

u
gh

ou
t

th
e

p
ap

er
,

w
e

as
su

m
e
k
≥

2
an

d
it

is
a

co
n
st

an
t

th
at

d
o
es

n
ot

va
ry

w
it

h
n

.
W

e
w

ou
ld

li
ke

to
te

st
w

h
et

h
er

th
e
k

n
u
m

b
er

s
ar

e
id

en
ti

ca
l

to
µ

1
,.
..
,µ

k
af

te
r

so
m

e
p

er
m

u
ta

ti
on

of
la

b
el

s.
T

o
b

e
ri

go
ro

u
s,

in
tr

o
d
u
ce

a
d
is

ta
n
ce

b
et

w
ee

n
tw

o
v
ec

to
rs
θ

an
d
µ

,

`(
θ,
µ

)
=

m
in

π
∈S

k

√ √ √ √
k ∑ j=

1

(θ
j
−
µ
π

(j
))

2
,

w
h
er

e
S
k

is
th

e
se

t
of

al
l

p
er

m
u
ta

ti
on

s
on

[k
].

T
h
en

,
th

e
h
y
p

ot
h
es

is
te

st
in

g
p
ro

b
le

m
is

H
0

:
`(
θ,
µ

)
=

0
,

H
1

:
`(
θ,
µ

)
>

0.

T
h
ro

u
gh

ou
t

th
is

se
ct

io
n
,

w
e

as
su

m
e

m
in
j6=
l
|µ
j
−
µ
l|
>

0.
T

h
e

ca
se

m
in
j6=
l
|µ
j
−
µ
l|

=
0

is
d
eg

en
er

at
e

an
d

w
il
l

b
e

st
u
d
ie

d
in

th
e

n
ex

t
se

ct
io

n
.

W
e

u
se

th
e

n
ot

at
io

n
µ
π

to
d
en

ot
e

a
k
-d

im
en

si
on

al
ve

ct
or

w
h
os

e
jt

h
en

tr
y

is
µ
π

(j
).

T
h
en

,
th

e
n
u
ll

h
y
p

ot
h
es

is
ca

n
al

so
b

e
w

ri
tt

en
as

θ
∈
{µ

π
:
π
∈
S
k
}.

In
ot

h
er

w
or

d
s,

th
er

e
is

an
eq

u
iv

al
en

t
cl

as
s

of
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

o
n
s
{N

(µ
π
,n
−

1
I k

)
:
π
∈

S
k
}.

T
h
u
s,

it
is

n
at

u
ra

l
to

co
n
si

d
er

su
m

m
ar

y
st

at
is

ti
cs

w
h
os

e
d
is

tr
ib

u
ti

on
s

ar
e

in
va

ri
an

t
u
n
d
er

th
is

eq
u
iv

al
en

t
cl

as
s.

T
h
is

le
ad

s
to

th
e

cl
as

s
of

su
m

m
ar

y
st

at
is

ti
cs

  
k ∑ j=

1

f
(X

j
)

:
f
∈
F

  
,

w
h
er

e
F

is
th

e
se

t
of

al
l
m

ea
su

ra
b
le

fu
n
ct

io
n
s.

F
or
X
∼
N

(θ
,n
−

1
I k

),
it

is
ea

sy
to

se
e

th
at

th
e

d
is

tr
ib

u
ti

on
of
∑

k j=
1
f

(X
j
)

on
ly

d
ep

en
d
s

on
th

e
eq

u
iv

al
en

t
cl

as
s
{N

(θ
k
,n
−

1
I k

)
:
π
∈
S
k
}.

T
h
is

fa
ct

h
ol

d
s

fo
r

an
ar

b
it

ra
ry
f
∈
F

.

S
in

ce
th

e
d
eg

re
e

of
fr

ee
d
om

of
th

e
n
u
ll

h
y
p

ot
h
es

is
is
k
,

ou
r

st
ra

te
gy

is
to

co
n
st

ru
ct

a

te
st

in
g

p
ro

ce
d
u
re

b
as

ed
on
{ ∑

k j=
1
f l

(X
j
)

:
l
∈

[k
]} .

In
ot

h
er

w
or

d
s,

w
e

n
ee

d
to

ch
o
os

e
th

e

k
fu

n
ct

io
n
s
f 1

(·)
,.
..
,f
k
(·)

.
T

h
e

fo
ll
ow

in
g

tw
o

co
n
d
it

io
n
s

ar
e

p
ro

p
os

ed
:

1.
Id

e
n
ti

fi
a
b

il
it

y
.

A
ss

u
m

e
m

in
j6=
l
|µ
j
−
µ
l|
>

0.
T

h
en

th
e

eq
u
at

io
n
s

k ∑ j=
1

f l
(θ
j
)

=
k ∑ j=

1

f l
(µ
j
),

l
=

1,
..
.,
k
,

(9
)

h
ol

d
,

if
an

d
on

ly
if
`(
θ,
µ

)
=

0.
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G
a
o

2.
O

rt
h

o
g
o
n

a
li
ty

.
A

ss
u
m

e
m

in
j6=
l
|µ
j
−
µ
l|
>

0.
T

h
en

fo
r

an
y
l,
h
∈

[h
],

k ∑ j=
1

f
′ l(
µ
j
)f
′ h(
µ
j
)

=

{
1,

l
=
h
,

0,
l
6=
h
.

W
e

gi
v
e

a
fe

w
re

m
ar

k
s

re
ga

rd
in

g
th

e
tw

o
co

n
d
it

io
n
s.

T
h
e

fi
rs

t
co

n
d
it

io
n

of
id

en
ti

fi
a
b
il
it

y
is

n
at

u
ra

l.
It

is
re

q
u
ir

ed
b
y

th
e

st
ru

ct
u
re

of
th

e
p
ro

b
le

m
,

an
d

is
n
ec

es
sa

ry
fo

r
th

e
te

st
to

h
av

e
p

ow
er

u
n
d
er

th
e

al
te

rn
at

iv
e

h
y
p

ot
h
es

is
.

T
h
e

se
co

n
d

co
n
d
it

io
n

im
p
li
es

in
fo

rm
a
ti

o
n

in
d
ep

en
d
en

ce
am

on
g

th
e
k

su
m

m
ar

y
st

at
is

ti
cs

.
T

h
e
k

fu
n
ct

io
n
s

w
e

p
ro

p
os

e
to

sa
ti

sf
y

th
e

tw
o

co
n
d
it

io
n
s

ar
e

f l
(t

)
=

∫
∏
j∈

[k
]\
{l
}(
t
−
µ
j
)

∏
j∈

[k
]\
{l
}(
µ
l
−
µ
j
)
,

l
=

1,
..
.,
k
.

(1
0
)

T
h
e

d
er

iv
at

iv
es
f
′ l(
t)

=
∏
j
∈
[k

]\
{l
}(
t−
µ
j
)

∏
j
∈
[k

]\
{l
}(
µ
l−
µ
j
)

ar
e

ca
ll
ed

L
a
gr

an
ge

in
te

rp
ol

at
in

g
p

o
ly

n
o
m

ia
ls

,
a
n
d

it
is

ea
sy

to
ch

ec
k

th
at

th
e

se
co

n
d

co
n
d
it

io
n

of
or

th
og

on
al

it
y

h
ol

d
s.

N
ow

w
e

ch
ec

k
th

e
fi
rs

t
co

n
d
it

io
n

of
id

en
ti

fi
ab

il
it

y.
B

y
(3

),
w

e
h
av

e

∏

j∈
[k

]\
{l
}(t
−
µ
j
)

=
k
−

1
∑ j=

0

(−
1)
k
−

1
−
j
e k
−

1
−
j
(µ

1
,.
..
,µ

l−
1
,µ

l+
1
,.
..
,µ

k
)t
j
.

T
h
is

im
p
li
es

f l
(t

)
=

k ∑ j=
1

(−
1)
k
−
j
e k
−
j
(µ

1
,.
..
,µ

l−
1
,µ

l+
1
,.
..
,µ

k
)

∏
j∈

[k
]\
{l
}(
µ
l
−
µ
j
)

tj j
.

(1
1
)

T
h
er

ef
or

e,
th

e
eq

u
at

io
n
s

(9
)

ca
n

b
e

w
ri

tt
en

a
s

k ∑ j=
1

(−
1)
k
−
j
e k
−
j
(µ

1
,.
..
,µ

l−
1
,µ

l+
1
,.
..
,µ

k
)

∏
j∈

[k
]\
{l
}(
µ
l
−
µ
j
)

∆
j

=
0,

l
=

1,
..
.,
k
.

w
h
er

e
∆
j

=
1 j

∑
k h

=
1
θj h
−

1 j

∑
k h

=
1
µ
j h
.

In
v
ie

w
of

th
e

d
efi

n
it

io
n

of
th

e
m

at
ri

x
E

(µ
1
,.
..
,µ

k
)

in
(6

),
w

e
h
av

e
a

co
m

p
ac

t
or

ga
n
iz

at
io

n
of

th
e

eq
u
at

io
n
s

E
(µ

1
,.
..
,µ

k
)∆

=
0.

W
h
en

th
e

as
su

m
p
ti

on
m

in
j6=
l
|µ
j
−
µ
l|
>

0
h
ol

d
s,

th
e

m
at

ri
x
E

(µ
1
,.
..
,µ

k
)

h
a
s

fu
ll

ra
n
k

a
n
d

is
in

ve
rt

ib
le

ac
co

rd
in

g
to

(7
)

an
d

(8
),

w
h
ic

h
im

m
ed

ia
te

ly
im

p
li
es

∆
=

0.
E

q
u
iv

a
le

n
tl

y,

p
j
(θ

1
,.
..
,θ
k
)

=
p
j
(µ

1
,.
..
,µ

k
),

j
=

1,
..
.,
k
.

T
h
e

d
efi

n
it

io
n

of
th

e
p

ow
er

su
m
p
j
(·
··

)
is

gi
ve

n
in

(4
).

B
y

N
ew

to
n
’s

id
en

ti
ti

es
(5

),
w

e
h
av

e

e j
(θ

1
,.
..
,θ
k
)

=
e j

(µ
1
,.
..
,µ

k
),

j
=

1,
..
.,
k
.

F
in

al
ly

,
th

e
re

la
ti

on
b

et
w

ee
n

el
em

en
ta

ry
sy

m
m

et
ri

c
p

ol
y
n
om

ia
ls

an
d

ro
ot

s
in

(3
)

im
p
li
es

th
at
∏
k j=

1
(t
−
θ j

)
an

d
∏
k j=

1
(t
−
µ
j
)

ar
e

th
e

sa
m

e
p

ol
y
n
om

ia
ls

.
H

en
ce

,
w

e
o
b
ta

in
th

e
co

n
cl

u
si

on
`(
θ,
µ

)
=

0.
T

h
e

ot
h
er

d
ir

ec
ti

on
tr

iv
ia

ll
y

h
o
ld

s.
T

h
is

ve
ri

fi
es

th
e

co
n
d
it

io
n

o
f

id
en

ti
fi
ab

il
it

y
fo

r
th

e
fu

n
ct

io
n
s
f 1
,.
..
,f
k
.
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r
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r
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it
io
n
s

R
e
m

a
rk

1
T

h
e

co
m

p
u

ta
tio

n
o
f

th
e

sta
tistic ∑

kj=
1
f
l (X

j )
fo

r
ea

ch
l∈

[k
]

is
stra

igh
tfo

rw
a
rd

,
th

a
n

ks
to

th
e

fo
rm

u
la

(1
1
).

A
cco

rd
in

g
to

(1
1
),

w
e

ca
n

w
rite

k
∑j=

1

f
l (X

j )
=

k
∑i=

1 (−
1)
k−

i e
k−

i (µ
1 ,...,µ

l−
1 ,µ

l+
1 ,...,µ

k )
∏
i∈

[k
]\{
l} (µ

l −
µ
i )

∑
kj=

1
X
ij

i
.

In
o
th

er
w

o
rd

s, ∑
kj=

1
f
l (X

j )
is

a
lin

ea
r

co
m

bin
a
tio

n
o
f

em
p
irica

l
m

o
m

en
ts{ ∑

kj=
1
X
ij

:
i∈

[k
]}

.
T

o
co

m
p
u

te
th

e
elem

en
ta

ry
sym

m
etric

po
lyn

o
m

ia
l
e
k−

i (µ
1 ,...,µ

l−
1 ,µ

l+
1 ,...,µ

k )
in

th
e

coeffi
cien

t,
o
n

e
ca

n
recu

rsively
a
p
p
ly

N
ew

to
n’s

id
en

tities
(5

).
T

h
e

o
vera

ll
co

m
p
lexity

o
f

co
m

p
u

tin
g
∑

kj=
1
f
l (X

j )
requ

ires
O

(k
2)

p
rod

u
cts.

W
e

p
rop

o
se

th
e

testin
g

statistic

T
=
n

k
∑l=

1 
k
∑j=

1

f
l (X

j )−
k
∑j=

1

f
l (µ

j ) 
2

.
(12)

W
h
en

th
e

va
lu

e
of
T

is
large,

th
e

eq
u
ation

s
(9)

are
u
n
likely

to
h
old

.
T

h
u
s,

th
e

n
u
ll

h
y
p

oth
esis

w
ill

b
e

rejected
w

h
en

T
ex

ceed
s

som
e

th
resh

o
ld

.
T

h
e

asy
m

p
totic

d
istrib

u
tion

of
T

can
b

e
d
erived

u
n
d
er

th
e

n
u
ll

h
y
p

oth
esis.

C
o
n

d
itio

n
A

1
A

ssu
m

e
µ

1 ,...,µ
k

a
re
k

d
iff

eren
t

n
u

m
bers

th
a
t

d
o

n
o
t

va
ry

w
ith

n
.

S
o
m

e
p

o
ssib

le
ex

ten
sion

s
b

eyon
d

C
on

d
ition

A
w

ill
b

e
d
iscu

ssed
in

S
ection

6.

T
h

e
o
re

m
2

U
n

d
er

C
o
n

d
itio

n
A

,
T
 
χ

2k
a
s
n
→
∞

u
n

d
er

th
e

n
u

ll
h
ypo

th
esis.

F
o
r

a
ch

i-sq
u
ared

ran
d
om

variab
le
χ

2k ,
d
efi

n
e

a
n
u
m

b
er
χ

2k (α
)

su
ch

th
at

P
(χ

2k ≤
χ

2k (α
) )

=
1−

α
.

T
h
en

,
a

testin
g

fu
n
ction

is
φ
α

=
I {
T
>
χ

2k (α
) }
.

B
y

T
h
eo

rem
2
,

its
asy

m
p
totic

T
y
p

e-1
error

is
α

.
T

h
e

n
ex

t
resu

lt
ch

aracterizes
th

e
regim

e
w

h
ere

th
e

a
sy

m
p
totic

p
ow

er
of

th
e

test
ten

d
s

to
1.

It
is

a
con

seq
u
en

ce
o
f

th
e

fact
th

at
th

e
fu

n
ctio

n
s
f

1 ,...,f
k

satisfy
th

e
id

en
tifi

ab
ility

con
d
ition

.

T
h

e
o
re

m
3

U
n

d
er

C
o
n

d
itio

n
A

,
th

e
fo

llo
w

in
g

tw
o

sta
tem

en
ts

a
re

equ
iva

len
t

1
.

lim
n→
∞
√
n
`(θ,µ

)
=
∞

;

2
.

lim
n→
∞
P
θ (T

>
χ

2k (α
) )

=
1,

fo
r

a
n

y
co

n
sta

n
t
α
∈

(0,1),

w
h
ere

th
e

p
ro

ba
bility

P
θ

d
en

o
tes

N
(θ,n

−
1I
k ).

T
h
eorem

3
sh

ow
s

th
at

lim
n→
∞
√
n
`(θ,µ

)
=
∞

is
th

e
n
ecessary

an
d

su
ffi

cien
t

con
d
ition

for
th

e
a
sy

m
p
to

tic
p

ow
er

of
th

e
test

to
b

e
on

e.
F

or
a

lo
cal

altern
ative

su
ch

th
a
t √

n
`(θ,µ

)
=

O
(1

),
th

e
test

w
ill

h
av

e
a

n
on

-triv
ial

p
ow

er
b

etw
een

0
an

d
1.

T
h
is

con
tigu

o
u
s

regim
e

w
ill

b
e

stu
d
ied

in
S
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G
a
o

4
.
D
e
g
e
n
e
ra

cy
o
f
th

e
P
ro

b
le
m

In
th

e
last

section
,

w
e

con
stru

ct
a

ch
i-sq

u
ared

test
u
n
d
er

th
e

assu
m

p
tion

th
at

m
in
j6=
l |µ

j −
µ
l |
>

0.
W

h
en

m
in
j6=
l |µ

j −
µ
l |

=
0,

th
e

id
en

tifi
ab

ility
con

d
ition

of
th

e
fu

n
ction

s
f

1 ,...,f
k

d
efi

n
ed

in
(10)

d
o
es

n
ot

h
old

.
W

e
n
eed

to
con

stru
ct

su
m

m
ary

statistics
b
ased

on
n
ew

fu
n
ction

s
in

th
is

d
egen

erate
case.

A
ssu

m
e

th
ere

is
a

p
artition

of
th

e
set

[k
].

T
h
at

is,
for

som
e
d
≤
k
,

w
e

h
ave∪

dh
=

1 C
h

=
[k

],
an

d
for

an
y
g
,h
∈

[d
]

su
ch

th
at
g
6=
h

,C
g ∩
C
h

=
∅

.
W

e
assu

m
e

µ
j

=
ν
h ,

for
all

j∈
C
h .

M
oreover,

w
e

req
u
ire

th
at

m
in
g6=
h |ν

g −
ν
h |
>

0.
T

o
m

otiva
te

th
e

ap
p
rop

riate
fu

n
ction

s
th

at
w

e
w

ill
p
rop

ose,
w

e
con

sid
er

tw
o

ex
trem

e
cases.

T
h
e

fi
rst

ca
se

is
w

h
en

d
=
k
.

T
h
en

,
th

e
con

d
ition

m
in
j6=
l |µ

j −
µ
l |
>

0
still

h
old

s,
an

d
w

e
can

still
u
se

th
e

fu
n
ction

s
f

1 ,...,f
k

d
efi

n
ed

in
(10).

T
h
e

secon
d

case
is

w
h
en

d
=

1.
T

h
is

im
p
lies

µ
1

=
µ

2
=
···

=
µ
k

=
ν

1 .
T

h
en

,
w

e
can

u
se

th
e

fu
n
ction

g
(t)

=
(t−

ν
1 )

2.
(13)

T
h
is

lead
s

to
an

ob
v
iou

s
ch

i-sq
u
ared

statistic
T
g

=
n ∑

kj=
1
g
(X

j ).
F

or
a

gen
eral

d
,

w
e

n
eed

to
b

orrow
id

eas
from

b
oth

ex
trem

e
cases.

W
e

d
efi

n
e

fu
n
ction

s
f

1 ,...,f
d

th
at

are
m

o
d
ifi

cation
s

from
(10).

D
efi

n
e

f
h (t)

=

∫
∏
g∈

[d
]\{
h} (t−

ν
g )

∏
g∈

[d
]\{
h} (ν

h −
ν
g )
,

h
=

1,...,d
.

(14)

W
e

also
n
eed

an
oth

er
fu

n
ction

to
en

su
re

id
en

tifi
ab

ility.
D

efi
n
e

g
(t)

=

∏
dg
=

1 (t−
ν
g )

2

∑
dg
=

1 ∏
h∈

[d
]\{
g} (t−

ν
h )

2
.

(15)

T
h
e

fu
n
ction

g
(t)

is
w

ell
d
efi

n
ed

w
h
en

d
≥

2
.

W
h
en

d
=

1,
w

e
u
se

th
e

d
efi

n
ition

given
b
y

(13).
T

h
e

follow
in

g
p
rop

osition
sh

ow
s

th
at

th
e

fu
n
ction

s
f

1 ,...,f
d ,g

togeth
er

en
su

re
id

en
tifi

ab
ility

v
ia

th
e

eq
u
ation

s

k
∑j=

1

f
h (θ

j )
=

k
∑j=

1

f
h (µ

j ),
h

=
1,...,d

,
(16)

an
d

k
∑j=

1

g
(θ
j )

=
k
∑j=

1

g
(µ
j ).

(17)

P
ro

p
o
sitio

n
4

A
ssu

m
e

m
in
g6=
h |ν

g −
ν
h |
>

0
.

W
e

h
a
ve

th
e

fo
llo

w
in

g
co

n
clu

sio
n

s.

1
.

W
h
en

d
=

1,
th

e
equ

a
tio

n
(1

7
)

h
o
ld

s
if

a
n

d
o
n

ly
if
`(θ,µ

)
=

0.

2
.

W
h
en

2
≤
d
≤
k−

1
,

th
e

equ
a
tio

n
s

(1
6
)

a
n

d
(1

7
)

h
o
ld

if
a
n

d
o
n

ly
if
`(θ,µ

)
=

0.

3
.

W
h
en

d
=
k

,
th

e
equ

a
tio

n
(1

6
)

h
o
ld

s
if

a
n

d
o
n

ly
if
`(θ,µ

)
=

0.
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T
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t
co
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cl
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on
of

th
e

ab
ov

e
p
ro

p
os

it
io

n
is

ob
v
io

u
s.

T
h
e

la
st

co
n
cl

u
si

on
is

p
ro

ve
d

in
S
ec

ti
on

3.
H

er
e

w
e

sh
ow

th
e

se
co

n
d

co
n
cl

u
si

on
.

U
si

n
g

a
si

m
il
ar

ar
gu

m
en

t
th

a
t

w
e

u
se

d
in

S
ec

ti
on

3,
th

e
eq

u
at

io
n
s

(1
6)

ca
n

b
e

w
ri

tt
en

as

E
(ν

1
,.
..
,ν
d
)∆

=
0,

w
h
er

e
∆
∈
R
d

is
a

v
ec

to
r

w
it

h
th

e
h

th
en

tr
y

b
ei

n
g

∆
h

=
1 h

∑
k j=

1
θh j
−

1 h

∑
k j=

1
µ
h j
.

In
ot

h
er

w
or

d
s,

w
e

h
av

e
k ∑ j=

1

θh j
=

k ∑ j=
1

µ
h j
,

fo
r
h

=
1,
..
.,
d
.

T
h
e

eq
u
at

io
n

(1
7)

im
m

ed
ia

te
ly

im
p
li
es

th
at

ea
ch

θ j
on

ly
ta

ke
s

va
lu

e
in

th
e

se
t
{ν

1
,.
..
,ν
d
}.

T
h
er

ef
or

e,
th

er
e

ex
is

ts
a

p
ar

ti
ti

on
[k

]
=
∪d h

=
1
D h

su
ch

th
at
D g
∩
D h

=
∅

fo
r

al
l
g
6=
h

,
an

d
θ j

=
ν g

fo
r

al
l
j
∈
D g

.
T

h
is

le
ad

s
to

k ∑ j=
1

θh j
=

d ∑ g
=

1

|D
g
|ν
h g
.

W
e

al
so

h
av

e
k ∑ j=

1

µ
h j

=
d ∑ g
=

1

|C
g
|ν
h g
.

H
en

ce
,

w
e

ob
ta

in
th

e
eq

u
at

io
n
s

d ∑ g
=

1

|D
g
|ν
h g

=
d ∑ g
=

1

|C
g
|ν
h g
,

fo
r
h

=
0,

1,
..
.,
d
−

1.

T
h
e

eq
u
at

io
n

fo
r
h

=
0

h
ol

d
s

b
ec

au
se
∑

d g
=

1
|D

g
|=

∑
d g
=

1
|C
g
|=

k
.

A
g
ai

n
,

w
it

h
m

at
ri

x
n
ot

at
io

n
,

th
es

e
eq

u
at

io
n
s

ca
n

b
e

w
ri

tt
en

as
V

(ν
1
,.
..
,ν
d
)r

=
0,

w
h
er

e
V

(ν
1
,.
..
,ν
d
)

is
th

e
V

an
d
er

m
on

d
e

m
at

ri
x
,

an
d
r
∈

R
d

is
a

ve
ct

or
w

it
h

it
s
g
th

en
tr

y
b

ei
n
g
r g

=
|D

g
|−
|C
g
|.

W
h
en

m
in
g
6=
h
|ν g
−
ν h
|>

0
h
ol

d
s,
V

(ν
1
,.
..
,ν
d
)

h
as

fu
ll

ra
n
k
,

w
h
ic

h
le

ad
s

to
|D

g
|=
|C
g
|f

or
al

l
g

=
1,
..
.,
d
.

F
in

al
ly

,
w

e
ca

n
co

n
cl

u
d
e

th
at
`(
θ,
µ

)
=

0.
T

h
e

ot
h
er

d
ir

ec
ti

on
is

ob
v
io

u
s.

T
h
e

ab
ov

e
p
ro

of
ac

tu
al

ly
sh

ow
s

th
at

th
e

fu
n
ct

io
n
f d

is
n
ot

n
ee

d
ed

w
h
en

d
≤
k
−

1.
T

h
e

eq
u
at

io
n

w
it

h
h

=
d

in
(1

6)
is

re
d
u
n
d
an

t
fo

r
id

en
ti

fi
ab

il
it

y.
T

h
e

se
co

n
d

co
n
cl

u
si

on
of

P
ro

p
os

it
io

n
4

w
ou

ld
st

il
l

h
ol

d
w

it
h
ou

t
it

.
H

ow
ev

er
,

w
e

st
il
l

k
ee

p
it

fo
r

th
e

co
n
ve

n
ie

n
ce

of
an

al
y
zi

n
g

th
e

p
ro

p
os

ed
te

st
.

W
e

p
ro

p
os

e
tw

o
te

st
in

g
st

at
is

ti
cs

.
D

efi
n
e

T
f

=
n

d ∑ h
=

1

1 |C
h
| 

k ∑ j=
1

f h
(X

j
)
−

k ∑ j=
1

f h
(µ
j
) 

2

,
(1

8)

an
d

T
g

=
n

k ∑ j=
1

g
(X

j
).

(1
9)

W
e

p
re

se
n
t

as
y
m

p
to

ti
c

d
is

tr
ib

u
ti

on
s

of
T
f

an
d
T
g
.

S
in

ce
th

e
ca

se
d

=
1

is
tr

iv
ia

l,
w

e
on

ly
p
re

se
n
t

re
su

lt
s

fo
r
d
≥

2.
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F
ig

u
re

1:
h
is

to
gr

am
s

of
te

st
in

g
st

at
is

ti
cs

w
it

h
µ

=
(1
,3
,3
,3
,5
,5

),
k

=
6,
d

=
3

a
n
d
n

=
2
0
0
.

C
o
n

d
it

io
n

B
1

A
ss

u
m

e
µ

1
,.
..
,µ

k
a
re
k

n
u

m
be

rs
th

a
t

d
o

n
o
t

va
ry

w
it

h
n

.
M

o
re

o
ve

r,
µ
j

=
ν h

fo
r

a
ll
j
∈
C h

,
h
∈

[d
].

T
h

e
o
re

m
5

U
n

d
er

C
o
n

d
it

io
n

B
,
T
f
 
χ

2 d
,
T
g
 
χ

2 k
a
n

d
T
g
−
T
f
 
χ

2 k
−
d

a
s
n
→
∞

u
n

d
er

th
e

n
u

ll
h
yp

o
th

es
is

.

In
te

re
st

in
gl

y,
T

h
eo

re
m

5
ex

h
ib

it
s

an
an

al
y
si

s-
of

-v
ar

ia
n
ce

ty
p

e
of

re
su

lt
.

T
h
e

th
re

e
st

a
ti

s-
ti

cs
al

l
ex

h
ib

it
as

y
m

p
to

ti
c

ch
i-

sq
u
ar

e
d
is

tr
ib

u
ti

on
s

(s
ee

F
ig

u
re

1)
.

T
h
e

st
at

is
ti

c
T
g

d
o
m

in
a
te

s
T
f

in
p
ro

b
ab

il
it

y
u
n
d
er

th
e

n
u
ll

h
y
p

ot
h
es

is
.

A
n

an
al

og
ou

s
an

al
y
si

s-
of

-v
ar

ia
n
ce

ty
p

e
o
f

re
su

lt
co

n
ti

n
u
es

to
h
ol

d
u
n
d
er

a
lo

ca
l
al

te
rn

at
iv

e
(s

ee
T

h
eo

re
m

23
).

W
e

d
efi

n
e

th
e

te
st

in
g

fu
n
ct

io
n

as

φ
α

=
I{
T
f
>
χ

2 d
(α

)}
∨
I{
T
g
>
χ

2 k
(α

)}
,

w
h
er

e
w

e
u
se

th
e

n
ot

at
io

n
a
∨
b

fo
r

m
ax

(a
,b

).
S
in

ce
u
n
d
er

th
e

n
u
ll

h
y
p

ot
h
es

is
,
T
g
≥
T
f

in
p
ro

b
ab

il
it

y,
th

e
as

y
m

p
to

ti
c

T
y
p

e-
1

er
ro

r
is

ju
st

th
e

p
ro

b
ab

il
it

y
of

th
e

ev
en

t
{T

g
>
χ

2 k
(α

)}
,

w
h
ic

h
te

n
d
s

to
α

as
n
→
∞

.
In

fa
ct

,
as

w
e

w
il
l

sh
ow

la
te

r
in

S
ec

ti
on

6,
th

e
b

eh
av

io
r

o
f

th
e

te
st

in
g

fu
n
ct

io
n

m
ai

n
ly

d
ep

en
d
s

on
th

e
st

at
is

ti
c
T
g

in
th

e
co

n
ti

gu
ou

s
n
ei

gh
b

o
rh

o
o
d

o
f

th
e

n
u
ll

h
y
p

ot
h
es

is
.

T
h
e

st
at

is
ti

c
T
f

h
el

p
s

to
en

su
re

th
at

th
e

te
st

in
g

fu
n
ct

io
n

h
a
s

a
sy

m
p
to

ti
c

p
ow

er
1

as
so

on
as
√
n
`(
θ,
µ

)
→
∞

.
W

it
h
ou

t
T
f
,

th
e

id
en

ti
fi
ab

il
it

y
p
ro

p
er

ty
o
f

th
e

te
st

es
ta

b
li
sh

ed
in

P
ro

p
os

it
io

n
4

w
ou

ld
b
re

ak
d
ow

n
,

an
d

th
e

te
st

w
ou

ld
lo

se
p

ow
er

o
u
ts

id
e

o
f

th
e

co
n
ti

gu
ou

s
n
ei

gh
b

or
h
o
o
d

of
th

e
n
u
ll

h
y
p

ot
h
es

is
.

T
h
e

n
ex

t
th

eo
re

m
ri

g
or

ou
sl

y
es

ta
b
li
sh

es
th

is
fa

ct
.

T
h

e
o
re

m
6

U
n

d
er

C
o
n

d
it

io
n

B
,

th
e

fo
ll

o
w

in
g

tw
o

st
a
te

m
en

ts
a
re

eq
u

iv
a
le

n
t

1
.

li
m
n
→
∞
√
n
`(
θ,
µ

)
=
∞

;

2
.

li
m
n
→
∞
P θ
( T

f
>
χ

2 d
(α

)
o
r
T
g
>
χ

2 k
(α

))
=

1,
fo

r
a
n

y
co

n
st

a
n

t
α
∈

(0
,1

),

w
h
er

e
th

e
p
ro

ba
bi

li
ty

P θ
d
en

o
te

s
N

(θ
,n
−

1
I k
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r
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P
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it
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s

5
.
T
h
e
C
a
se

o
f
C
a
te
g
o
rica

l
D
istrib

u
tio

n

N
ow

w
e

a
re

rea
d
y

to
tran

sfer
ou

r
w

isd
om

from
G

au
ssian

d
istrib

u
tion

to
categorical

d
istri-

b
u
tio

n
.

C
o
n
sid

er
i.i.d

.
ob

servation
s
X

1 ,...,X
n

from
a

catego
rical

d
istrib

u
tion

(p
1 ,...,p

k ).
T

o
b

e
sp

ecifi
c,

for
each

i∈
[n

]
an

d
j
∈

[k
],P

(X
i

=
j)

=
p
j .

T
h
rou

gh
ou

t
th

is
section

,
w

e
u
se

P
p

to
d
en

o
te

th
e

p
rob

ab
ility

d
istrib

u
tion

of
X

1 ,...,X
n
.

W
e

w
ou

ld
like

to
test

w
h
eth

er
th

e
k

n
u
m

b
ers

p
1 ,...,p

k
are

id
en

tical
to

som
e

given
q

1 ,...q
k

after
a

p
erm

u
tation

o
f

lab
els.

In
tro

d
u
ce

a
d
istan

ce
b

etw
een

th
e

tw
o

vectors
p

an
d
q,

`(p
,q)

=
m

in
π∈
S
k

2 √√√√
k
∑j=

1 ( √
p
j −

√
q
π

(j) )
2.

(20)

T
h
e

h
y
p

o
th

esis
testin

g
p
rob

lem
is

H
0

:
`(p

,q)
=

0
,

H
1

:
`(p

,q)
>

0
.

F
o
r

ea
ch

j∈
[k

],
d
efi

n
e

p̂
j

=
1n

n
∑i=

1 I{
X
i

=
j}
.

P
ea

rso
n
’s

ch
i-sq

u
ared

test
(?

)
is

d
efi

n
ed

as
χ

2
=
n ∑

kj=
1

(p̂
j −
q
j )

2

q
j

,
w

h
ich

is
asy

m
p
totically

d
istrib

u
ted

a
s
χ

2k−
1

w
h
en

p
=
q.

H
ow

ever,
th

is
test

on
ly

w
ork

s
w

h
en

th
e

n
u
ll

h
y
p

o
th

esis
is

sim
p
le.

H
ere,

o
u
r

n
u
ll

h
y
p

oth
esis

is
com

p
osite,

an
d

th
ere

is
u
n
certain

ty
from

th
e

u
n
d
erly

in
g

p
erm

u
ta

tio
n

o
f

th
e

lab
els.

O
u
r

id
ea

is
to

b
orrow

th
e

solu
tion

for
th

e
G

au
ssian

case
in

S
ection

3.
In

tu
itiv

ely,
th

e
vecto

r
(p̂

1 ,...,p̂
k )

is
asy

m
p
totically

G
au

ssian
after

som
e

n
orm

alization
.

H
ow

ever,
th

e
n
o
rm

a
liza

tion
step

b
rin

gs
ex

tra
d
iffi

cu
lty

fo
r

th
is

p
rob

lem
.

In
th

e
d
efi

n
ition

of
P

earson
’s

ch
i-

sq
u
a
red

test,
ea

ch
p̂
j

is
n
orm

alized
b
y
√
q
j

b
ecau

se
o
f

th
e

h
eterosk

ed
asticity

an
d

d
ep

en
d
en

ce
stru

ctu
re

o
f

th
e

vector
(p̂

1 ,...,p̂
k ).

T
h
is

n
orm

alization
d
o
es

n
ot

w
ork

in
ou

r
settin

g
b

ecau
se

th
e

u
n
d
erly

in
g

lab
el

is
n
ot

given
,

an
d

w
e

d
o

n
ot

k
n
ow

w
h
ich
√
q
j

to
u
se.

T
o

overcom
e

th
is

issu
e,

w
e

a
d
o
p
t

th
e

tech
n
iq

u
e

of
va

rian
ce-sta

b
ilizin

g
tran

sform
a
tion

(?
),

an
d

d
irectly

w
o
rk

w
ith
√
p̂
j .

T
h
is

lea
d
s

to
a

m
o
d
ifi

cation
of

th
e

d
efi

n
ition

of
th

e
fu

n
ction

f
l (·),

an
d

th
e

n
ew

d
efi

n
ition

is
g
iv

en
b
y

f
l (t)

=

∫
∏
j∈

[k
]\{
l} ( √

t−
√
q
j )

∏
j∈

[k
]\{
l} ( √

q
l −
√
q
j )
,

l
=

1,...,k
.

(21)

T
h
e

testin
g

sta
tistic

is

T
=

4n
k
∑l=

1 
k
∑j=

1

f
l (p̂

j )−
k
∑j=

1

f
l (q

j ) 
2

.
(22)

S
im

ila
r

to
th

e
d
iscu

ssion
in

S
ection

3,
w

h
en

th
e

valu
e

of
T

is
large,

th
e

eq
u
ation

s
(9)

are
u
n
likely

to
h
o
ld

.
T

h
u
s,

th
e

n
u
ll

h
y
p

oth
esis

w
ill

b
e

rejected
w

h
en
T

ex
ceed

s
som

e
th

resh
old

.
T

h
e

a
sy

m
p
to

tic
d
istrib

u
tion

of
T

can
b

e
d
eriv

ed
u
n
d
er

th
e

n
u
ll

h
y
p

oth
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11
JM

L
R

 19(33):1-50, 2018

G
a
o

C
o
n

d
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1
A
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m

e
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n
u
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th
a
t

d
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n
o
t

va
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w
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n
.

S
om

e
p
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le

ex
ten
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s

b
eyon

d
C

on
d
ition

C
w

ill
b

e
d
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ssed
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S
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6.

T
h

e
o
re

m
7

U
n

d
er

C
o
n

d
itio

n
C

,
T
 
χ

2k−
1

a
s
n
→
∞

u
n

d
er

th
e

n
u

ll
h
ypo

th
esis.

F
or

a
ch

i-sq
u
ared

ran
d
om

variab
le
χ

2k−
1 ,

d
efi

n
e

a
n
u
m

b
er
χ

2k−
1 (α

)
su

ch
th

at

P
(χ

2k−
1 ≤

χ
2k−

1 (α
) )

=
1−

α
.

T
h
en

,
a

testin
g

fu
n
ction

is
φ
α

=
I {
T
>
χ

2k−
1 (α

) }
.

B
y

T
h
eorem

7,
its

asy
m

p
totic

T
y
p

e-1
error

is
α

.
T

h
e

n
ex

t
resu

lt
ch

aracterizes
th

e
regim

e
w

h
ere

th
e

asy
m

p
totic

p
ow

er
of

th
e

test
ten

d
s

to
1.

It
is

a
con

seq
u
en

ce
of

th
e

fact
th

at
th

e
fu

n
ction

s
f

1 ,...,f
k

satisfy
th

e
id

en
tifi

ab
ility

con
d
ition

,
th

ou
gh

w
ith

sligh
tly

d
iff

eren
t

d
efi

n
ition

s.

T
h

e
o
re

m
8

U
n

d
er

C
o
n

d
itio

n
C

,
th

e
fo

llo
w

in
g

tw
o

sta
tem

en
ts

a
re

equ
iva

len
t

1
.

lim
n→
∞
√
n
`(p

,q)
=
∞

;

2
.

lim
n→
∞
P
p (T

>
χ

2k−
1 (α

) )
=

1,
fo

r
a
n

y
co

n
sta

n
t
α
∈

(0,1),

w
h
ere

th
e

p
ro

ba
bility

P
p

is
d
efi

n
ed

in
th

e
begin

n
in

g
o
f

th
is

sectio
n

.

N
ex

t,
w

e
stu

d
y

th
e

d
egen

erate
case

w
h
ere

th
e
k

n
u
m

b
ers

q
1 ,...,q

k
on

ly
take

d
valu

es.
T

h
ere

is
a

p
artition

[k
]

=
∪
dh

=
1 C
h

su
ch

th
at

for
an

y
g
6=
h

,C
g ∩
C
h

=
∅

.
W

e
assu

m
e

th
e

follow
in

g
con

d
ition

.

C
o
n

d
itio

n
D

1
A

su
m

e
q

1 ,...,q
k

a
re
k

n
u

m
bers

in
(0,1)

th
a
t

d
o

n
o
t

va
ry

w
ith

n
.

M
o
reo

ver,
q
j

=
r
h

fo
r

a
ll
j∈
C
h ,
h
∈

[d
].

T
h
e

ap
p
roach

w
e

take
is

sim
ilar

to
th

at
in

S
ection

4,
assisted

w
ith

th
e

tech
n
iq

u
e

of
varian

ce-
stab

ilizin
g

tran
sform

ation
.

D
efi

n
e

f
h (t)

=

∫
∏
g∈

[d
]\{
h} ( √

t−
√
r
g )

∏
g∈

[d
]\{
h} ( √

r
h −
√
r
g )
,

h
=

1,...,d
,

(23)

an
d

g
(t)

=

∏
dg
=

1 ( √
t−
√
r
g )

2

∑
dg
=

1 ∏
h∈

[d
]\{
g} ( √

t−
√
r
h )

2
.

(24)

T
h
en

,
d
efi

n
e

th
e

testin
g

statistics

T
f

=
4n

d
∑h

=
1

1

|C
h | 

k
∑j=

1

f
h (p̂

j )−
k
∑j=

1

f
h (q

j ) 
2

,
(25)

an
d

T
g

=
4n

k
∑j=

1

g
(p̂
j ).

(26)

T
h
e

p
rop

erties
of
T
f

an
d
T
g

are
giv

en
b
y

th
e

follow
in

g
th

eorem
.

A
gain

,
th

e
case

d
=

1
is

triv
ial,

an
d

w
e

on
ly

p
resen

t
resu

lts
for

d
≥

2.1
2
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U
n

d
er

C
o
n
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it

io
n

D
,
T
g
 

χ
2 k
−

1
,
T
f
 

χ
2 d
−

1
a
n

d
T
g
−
T
f
 

χ
2 k
−
d

a
s
n
→
∞

u
n

d
er

th
e

n
u

ll
h
yp

o
th

es
is

.

W
e

d
efi

n
e

th
e

te
st

in
g

fu
n
ct

io
n

φ
α

=
I{
T
f
>
χ

2 d
−

1
(α

)}
∨
I{
T
g
>
χ

2 k
−

1
(α

)}
.

B
y

T
h
eo

re
m

9,
th

e
T

y
p

e-
1

er
ro

r
of

th
is

te
st

co
n
ve

rg
es

to
α

.
T

h
ou

gh
T
f

is
d
om

in
at

ed
b
y

T
g

u
n
d
er

th
e

n
u
ll

h
y
p

ot
h
es

is
,

b
ot

h
ar

e
n
ee

d
ed

to
en

su
re

th
e

p
ow

er
go

es
to

1
u
n
d
er

th
e

al
te

rn
at

iv
e.

T
h

e
o
re

m
1
0

U
n

d
er

C
o
n

d
it

io
n

D
,

th
e

fo
ll

o
w

in
g

tw
o

st
a
te

m
en

ts
a
re

eq
u

iv
a
le

n
t

1
.

li
m
n
→
∞
√
n
`(
p
,q

)
=
∞

;

2
.

li
m
n
→
∞
P p
( T

f
>
χ

2 d
−

1
(α

)
o
r
T
g
>
χ

2 k
−

1
(α

))
=

1,
fo

r
a
n

y
co

n
st

a
n

t
α
∈

(0
,1

),

w
h
er

e
th

e
p
ro

ba
bi

li
ty

P p
is

d
efi

n
ed

in
th

e
be

gi
n

n
in

g
o
f

th
is

se
ct

io
n

.

6
.
O
p
ti
m
a
li
ty

o
f
th

e
T
e
st

In
th

is
se

ct
io

n
,
w

e
st

u
d
y

th
e

op
ti

m
al

it
y

is
su

e
of

th
e

te
st

in
g

p
ro

b
le

m
fr

om
a

d
ec

is
io

n
-t

h
eo

re
ti

c
p

er
sp

ec
ti

ve
.

T
h
e

go
al

is
to

u
n
d
er

st
an

d
th

e
fu

n
d
am

en
ta

l
li
m

it
of

th
e

p
ro

b
le

m
an

d
es

ta
b
li
sh

op
ti

m
al

it
y

re
su

lt
s

of
th

e
p
ro

p
os

ed
te

st
in

g
p
ro

ce
d
u
re

s.
W

e
p
ro

p
os

e
to

st
u
d
y

th
e

se
tt

in
g

w
h
er

e
a

n
u
ll

h
y
p

ot
h
es

is
is

te
st

ed
ag

ai
n
st

a
lo

ca
l

al
te

rn
at

iv
e.

T
h
is

le
ad

s
to

a
n
on

tr
iv

ia
l

p
ow

er
fu

n
ct

io
n

an
d

a
p
re

ci
se

as
y
m

p
to

ti
c

ch
ar

ac
te

ri
za

ti
on

of
th

e
m

in
im

ax
ri

sk
of

th
e

te
st

.
D

ep
en

d
in

g
on

w
h
et

h
er

th
e

d
at

a
ge

n
er

at
in

g
p
ro

ce
ss

is
G

a
u
ss

ia
n

or
ca

te
go

ri
ca

l,
an

d
w

h
et

h
er

th
e

n
u
ll

h
y
p

ot
h
es

is
is

d
eg

en
er

at
e

or
n
ot

,
th

e
op

ti
m

al
it

y
of

th
e

te
st

w
il
l

b
e

st
u
d
ie

d
in

fo
u
r

d
iff

er
en

t
ca

se
s.

6
.1

G
a
u

ss
ia

n
D

is
tr

ib
u

ti
o
n

:
N

o
n

-D
e
g
e
n

e
ra

te
C

a
se

W
e

fi
rs

t
co

n
si

d
er

th
e

n
on

-d
eg

en
er

at
e

si
tu

at
io

n
.

T
h
at

is
,

w
e

as
su

m
e

th
at

µ
1
,.
..
,µ

k
ar

e
k

d
iff

er
en

t
n
u
m

b
er

s.
In

S
ec

ti
on

3,
w

e
im

p
os

e
th

e
as

su
m

p
ti

on
th

at
th

e
k

n
u
m

b
er

s
µ

1
,.
..
,µ

k

d
o

n
ot

d
ep

en
d

on
n

.
T

h
is

as
su

m
p
ti

on
ca

n
b

e
m

ad
e

si
gn

ifi
ca

n
tl

y
w

ea
ke

r.
F

or
tw

o
in

d
ic

es
j

an
d
l

th
at

ar
e

n
ot

eq
u
al

,
d
efi

n
e η j
l

=
1

µ
j
−
µ
l

∏

h
∈[
k
]\
{j
,l
}

µ
l
−
µ
h

µ
j
−
µ
h
.

It
ch

ar
ac

te
ri

ze
s

th
e

re
la

ti
ve

d
iff

er
en

ce
b

et
w

ee
n
µ
j

an
d
µ
l

in
th

e
b
ac

k
g
ro

u
n
d

of
th

e
se

t
{µ

1
,.
..
,µ

k
}.

C
o
n

d
it

io
n

M
1

1
A

ss
u

m
e

li
m
n
→
∞

m
ax

j6=
l
|η
j
l|

√
n

=
0.

T
o

u
n
d
er

st
an

d
C

on
d
it

io
n

M
1,

w
e

ca
n

in
te

rp
re

t
|η j

l|
+
|η l
j
|a

s
ap

p
ro

x
im

at
el

y
th

e
in

v
er

se
d
is

ta
n
ce

b
et

w
ee

n
µ
j

an
d
µ
l.

T
h
er

ef
or

e,
w

e
al

lo
w

th
e

p
os

si
b
il
it

y
th

at
|µ
j
−
µ
l|

co
n
ve

rg
es

to
0,

b
u
t

n
ot

as
fa

st
as
n
−

1
/
2
.

O
th

er
w

is
e,

th
e

d
at

a
ca

n
n
ot

te
ll

th
e

d
iff

er
en

ce
b

et
w

ee
n
µ
j
6=
µ
l

1
3
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G
a
o

an
d
µ
j

=
µ
l,

w
h
ic

h
is

eq
u
iv

al
en

t
to

th
e

d
eg

en
er

at
e

ca
se

.
R

ec
al

l
th

at
th

e
n
u
m

b
er

k
is

as
su

m
ed

to
b

e
a

co
n
st

an
t

th
at

d
o
es

n
ot

va
ry

w
it

h
n

th
ro

u
gh

ou
t

th
e

p
ap

er
.

C
on

si
d
er

th
e

te
st

in
g

p
ro

b
le

m

H
0

:
θ
∈

Θ
0

=
{θ

:
`(
θ,
µ

)
=

0}
,

H
1

:
θ
∈

Θ
δ

=

{ θ
:
`(
θ,
µ

)
=

δ √
n

}
.

(2
7
)

T
h
at

is
,

w
e

te
st

th
e

n
u
ll

h
y
p

ot
h
es

is
ag

ai
n
st

it
s

co
n
ti

gu
ou

s
al

te
rn

at
iv

e.
T

h
e

ch
o
ic

e
o
f
H

1

en
su

re
s

a
n
on

-t
ri

v
ia

l
as

y
m

p
to

ti
c

p
ow

er
.

W
e

m
ea

su
re

th
e

te
st

in
g

er
ro

r
v
ia

th
e

m
in

im
a
x

ri
sk

fu
n
ct

io
n

R
n
(k
,δ

)
=

in
f

0
≤
φ
≤

1

{
su

p
θ
∈Θ

0

P θ
φ

+
su

p
θ
∈Θ

δ

P θ
(1
−
φ

)}
.

T
h
e

p
ro

b
ab

il
it

y
sy

m
b

ol
P θ

st
an

d
s

fo
r
N

(θ
,n
−

1
I k

).
T

h
ro

u
gh

ou
t

th
e

p
ap

er
,

w
e

a
ss

u
m

e
k

a
n
d

δ
ar

e
fi
x
ed

co
n
st

an
ts

in
d
ep

en
d
en

t
of
n

.

W
e

fi
rs

t
p
re

se
n
t

th
e

lo
w

er
b

ou
n
d
.

T
h

e
o
re

m
1
1

U
n

d
er

C
o
n

d
it

io
n

M
1
,

fo
r

su
ffi

ci
en

tl
y

la
rg

e
n

,
w

e
h
a
ve

R
n
(k
,δ

)
≥

in
f

t>
0

( P
( χ

2 k
>
t)

+
P(
χ

2 k
,δ

2
≤
t)
) .

T
h
eo

re
m

11
gi

ve
s

th
e

b
en

ch
m

ar
k

of
th

e
p
ro

b
le

m
.

U
si

n
g

th
e

p
ro

p
os

ed
te

st
in

g
st

a
ti

st
ic

T
d
efi

n
ed

in
(1

2)
,

w
e

ca
n

ac
h
ie

ve
th

is
b

en
ch

m
ar

k
.

T
h

e
o
re

m
1
2

C
o
n

si
d
er

th
e

te
st

in
g

p
ro

ce
d
u

re
φ

=
I{
T
>
t∗
},

w
h
er

e
T

is
d
efi

n
ed

in
(1

2
),

a
n

d

t∗
=

ar
gm

in
t>

0

( P
( χ

2 k
>
t)

+
P(
χ

2 k
,δ

2
≤
t)
) .

U
n

d
er

C
o
n

d
it

io
n

M
1
,

w
e

h
a
ve

su
p

θ
∈Θ

0

P θ
φ

+
su

p
θ
∈Θ

δ

P θ
(1
−
φ

)
≤

(1
+
o(

1)
)

in
f

t>
0

( P
( χ

2 k
>
t)

+
P(
χ

2 k
,δ

2
≤
t)
) ,

a
s
n
→
∞

.

T
h
eo

re
m

12
ch

ar
ac

te
ri

ze
s

b
ot

h
T

y
p

e-
1

a
n
d

T
y
p

e-
2

er
ro

r
of

th
e

te
st
φ

=
I{
T
>
t∗
}.

T
h
e

co
n
cl

u
si

on
h
ol

d
s

fo
r

an
y

lo
ca

l
al

te
rn

at
iv

e
w

it
h
δ
∈

(0
,∞

).
It

co
m

p
le

m
en

ts
th

e
re

su
lt

of
T

h
eo

re
m

3.
C

om
b
in

in
g

T
h
eo

re
m

11
an

d
T

h
eo

re
m

12
,

w
e

co
n
cl

u
d
e

th
a
t

th
e

m
in

im
a
x

te
st

in
g

er
ro

r
h
as

th
e

fo
ll
ow

in
g

as
y
m

p
to

ti
c

fo
rm

u
la

R
n
(k
,δ

)
=

(1
+
o(

1)
)

in
f

t>
0

( P
( χ

2 k
>
t)

+
P(
χ

2 k
,δ

2
≤
t)
) ,

an
d

th
is

er
ro

r
ca

n
b

e
ac

h
ie

v
ed

b
y

th
e

te
st
φ

=
I{
T
>
t∗
}

w
it

h
so

m
e

ca
re

fu
ll
y

ch
o
se

n
t∗

o
n
ly

d
ep

en
d
in

g
on

k
an

d
δ.

1
4
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G
o
o
d
n
e
ss-o

f
-F

it
T
e
st

s
f
o
r
R
a
n
d
o
m

P
a
r
t
it
io
n
s

6
.2

G
a
u

ssia
n

D
istrib

u
tio

n
:

D
e
g
e
n

e
ra

te
C

a
se

N
ow

w
e

con
sid

er
situ

ation
s

of
d
egen

eracy.
In

S
ection

4,
it

is
assu

m
ed

th
a
t
µ

1 ,...,µ
k

on
ly

ta
ke

d
d
iff

eren
t

valu
es.

T
h
is

assu
m

p
tion

can
b

e
relax

ed
.

H
ere,

w
e

assu
m

e
th

e
k

n
u
m

b
ers

µ
1 ,...,µ

k
ca

n
b

e
ap

p
rox

im
ately

clu
stered

in
to
d

grou
p
s.

G
iv

en
d

d
iff

eren
t

n
u
m

b
ers

ν
1 ,...,ν

d ,
fo

r
a
n
y

p
air

g
6=
h

,
d
efi

n
e

η̄
g
h

=
1

ν
g −

ν
h

∏

l∈
[k

]\{
g
,h}

ν
h −

ν
l

ν
g −

ν
l .

(28)

C
o
n

d
itio

n
M

2
1

A
ssu

m
e

lim
n→
∞

m
ax

g6=
h
|η̄
g
h |
√
n

=
0

a
n

d
th

ere
is

a
pa

rtitio
n
C

1 ,...,C
d

o
f

[k
],

su
ch

th
a
t

lim
su

p
n→
∞

m
ax

1≤
g≤
d

m
ax

j∈C
g √

n|µ
j −

ν
g |

=
0.

T
h
is

con
d
ition

say
s

th
at
µ

1 ,...,µ
k

can
b

e
ap

p
rox

im
ately

clu
stered

in
to
d

grou
p
s.

T
h
e

w
ith

in
-g

ro
u
p

d
istan

ce
is

of
a

sm
aller

ord
er

th
an

n
−

1
/
2,

an
d

th
e

b
etw

een
-grou

p
d
istan

ce
is

o
f

a
la

rg
er

o
rd

er
th

an
n
−

1
/
2.

C
o
n
sid

er
th

e
sam

e
lo

cal
testin

g
p
rob

lem
(27).

T
h
e

low
er

b
ou

n
d

of
th

e
d
egen

erate
settin

g
is

g
iv

en
b
y

th
e

follow
in

g
th

eorem
.

T
h

e
o
re

m
1
3

U
n

d
er

C
o
n

d
itio

n
M

2
,
n
→
∞

,
w

e
h
a
ve

R
n
(k
,δ)≥

(1
+
o(1))

in
f

t>
0 (P

(χ
2k
>
t )

+
P

(χ
2k
,δ

2 ≤
t) )

.

T
h
is

low
er

b
ou

n
d

can
b

e
ach

ieved
asy

m
p
totically

u
sin

g
th

e
testin

g
sta

tistics
T
f

an
d
T
g

d
efi

n
ed

in
(1

8
)

an
d

(19).

T
h

e
o
re

m
1
4

C
o
n

sid
er

th
e

testin
g

p
roced

u
re
φ

=
I{
T
f
>
t ∗}∨

I{
T
g
>
t ∗}

,
w

h
ere

T
f

a
n

d
T
g

a
re

d
efi

n
ed

in
(1

8
)

a
n

d
(1

9
),

a
n

d

t ∗
=

argm
in

t>
0

(P
(χ

2k
>
t )

+
P

(χ
2k
,δ

2 ≤
t) )

.

U
n

d
er

C
o
n

d
itio

n
M

2 ,
w

e
h
a
ve

su
p

θ∈
Θ

0 P
θ φ

+
su

p
θ∈

Θ
δ P

θ (1−
φ

)≤
(1

+
o(1))

in
f

t>
0 (P

(χ
2k
>
t )

+
P

(χ
2k
,δ

2 ≤
t) )

,

a
s
n
→
∞

.

T
h
eo

rem
14

sh
ow

s
th

at
th

e
test

φ
=

I{T
f
>
t ∗}
∨
I{
T
g
>
t ∗}

ach
ieves

th
e

op
tim

al
erro

r
a
sy

m
p
totically

u
n
d
er

a
lo

cal
altern

ative.
A

s
w

e
w

ill
sh

ow
in

T
h
eorem

23,
T
g
≥
T
f

in
p
ro

b
a
b
ility

u
n
d
er

a
lo

cal
altern

ative
th

at
√
n
`(θ,µ

)
=
δ
∈

(0,∞
).

T
h
erefore,

th
e

test
φ

=
I{T

f
>
t ∗}∨

I{T
g
>
t ∗}

is
asy

m
p
totically

eq
u
ivalen

t
to

I{
T
g
>
t ∗}

,
an

d
th

e
latter

on
ly

u
ses

T
g .

T
h
o
u
gh

th
e

role
of

th
e

statistic
T
f

is
n
eg

ligib
le

fo
r

a
lo

ca
l

altern
ative,

w
e

h
av

e
a
lrea

d
y

sh
ow

n
in

T
h
eorem

6
th

at
as

so
on

as √
n
`(θ,µ

)→
∞

,
th

e
eff

ect
o
f

u
sin

g
T
f

starts
to

k
ick

in
a
n
d

it
is

n
ecessary

to
u
se

b
oth

T
f

an
d
T
g

for
th

e
asy

m
p
totic

p
ow

er
to

ap
p
roach

o
n
e.
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G
a
o

6
.3

C
a
te

g
o
ric

a
l

D
istrib

u
tio

n
:

N
o
n

-D
e
g
e
n

e
ra

te
C

a
se

W
e

stu
d
y

th
e

fu
n
d
am

en
tal

lim
it

of
testin

g
for

th
e

categorical
d
istrib

u
tion

.
In

S
ection

5,
w

e
assu

m
e
q

1 ,...,q
k

are
k

d
iff

eren
t

n
u
m

b
ers

th
at

d
o

n
o
t

d
ep

en
d

on
n

.
In

th
is

section
,

w
e

con
sid

er
a

con
d
ition

th
at

is
sign

ifi
can

tly
w

eaker.
D

efi
n
e

ζ
jl

=
1

√
q
j −
√
q
l

∏

h∈
[k

]\{
j,l} √

q
l −
√
q
h

√
q
j −
√
q
h
.

S
im

ilar
to

th
e

d
efi

n
ition

of
η
jl ,
ζ
jl

ch
a
racterizes

th
e

relative
d
iff

eren
ce

b
etw

een
√
q
j

an
d
√
q
l

in
th

e
b
ack

grou
n
d

of
th

e
set{ √

q
1 ,..., √

q
k }

.

C
o
n

d
itio

n
M

3
1

A
ssu

m
e

lim
n→
∞

m
ax

j6=
l |ζ

j
l |
√
n

=
0

a
n

d
m

in
1≤
j≤
k
n
q
j (1−

q
j )→

∞
.

C
om

p
ared

w
ith

C
on

d
ition

M
1,

th
e

ex
tra

req
u
irem

en
t

m
in

1≤
j≤
k
n
q
j (1
−
q
j )
→
∞

in
C

on
d
ition

M
3

en
su

res
th

at
each

q
j

is
b

ou
n
d
ed

aw
ay

from
0

an
d

1
w

ith
a

ga
p

at
least

of
ord

er
n
−

1.
If

th
is

ex
tra

req
u
irem

en
t

d
o
es

n
ot

h
old

,
q
j

w
ou

ld
b

e
asy

m
p
totically

eq
u
ivalen

t
to

0
or

1,
w

h
ich

resu
lts

in
a

d
egen

erate
varian

ce.
C

on
sid

er
th

e
testin

g
p
rob

lem

H
0

:
p
∈
P

0
=
{p

:
`(p

,q)
=

0},
H

1
:
p
∈
P
δ

=

{
p

:
`(p

,q)
=

δ√n }
.

(29)

R
ecall

th
at

th
e

d
istan

ce
`(·,·)

is
d
efi

n
ed

in
(20).

W
e

p
resen
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ar

e
v
er

ifi
ed

b
y

F
ig

u
re

4
an

d
F

ig
u
re

5.
T

h
e

ac
tu

al
T

y
p

e-
1

er
ro

rs
ar

e
al

so
la

rg
er

th
an

th
e

n
om

in
al

on
e,

an
d

ar
e

cl
os

er
to

0
.0

5
w

it
h

la
rg

er
sa

m
p
le

si
ze

s.

F
in

al
ly

in
S
ce

n
ar

io
5,

w
e

co
n
si

d
er

ex
p

er
im

en
ts

of
th

e
tw

o-
sa

m
p
le

te
st

.
A

cc
or

d
in

g
to

th
e

d
efi

n
it

io
n
s

of
th

e
te

st
in

g
st

at
is

ti
cs

in
(3

0)
an

d
(3

1)
,

it
is
√

2
n
m

n
+
m
`(
p
,q

)
th

at
d
et

er
m

in
es

th
e

p
ow

er
fu

n
ct

io
n

as
y
m

p
to

ti
ca

ll
y.

F
ig

u
re

6
sh

ow
s

th
at

d
iff

er
en

t
p

ow
er

cu
rv

es
w

el
l

m
at

ch
ea

ch

ot
h
er

as
fu

n
ct

io
n
s

of
√

2
n
m

n
+
m
`(
p
,q

).
A

s
is

p
re

d
ic

te
d

b
y

T
h
eo

re
m

20
,

th
e

p
ow

er
is

cl
os

e
to

1

at
a

re
as

on
ab

ly
la

rg
e

va
lu

e
of
√

2
n
m

n
+
m
`(
p
,q

).

A
co

m
m

on
th

em
e

in
th

e
ab

ov
e

n
u
m

er
ic

al
re

su
lt

s
is

th
at

th
e

ac
tu

al
T

y
p

e-
1

er
ro

rs
ar

e
al

w
ay

s
la

rg
er

th
an

th
e

n
om

in
al

on
e.

W
e

w
il
l

gi
v
e

an
ex

p
la

n
at

io
n

of
th

is
p
h
en

om
en

on
in

S
ec

ti
on

9.
R

ou
gh

ly
sp

ea
k
in

g,
w

h
en

ev
er

th
e

n
u
ll

ex
h
ib

it
s

an
am

b
ig

u
ou

s
cl

u
st

er
in

g
st

ru
ct

u
re

,
th

e
as

y
m

p
to

ti
c

d
is

tr
ib

u
ti

on
of

th
e

te
st

in
g

st
at

is
ti

c
u
n
d
er

th
e

n
u
ll

is
a

n
on

ce
n
tr

al
ch

i-
sq

u
ar

e
d
is

tr
ib

u
ti

on
.

T
h
ou

gh
a

la
rg

er
sa

m
p
le

si
ze

h
el

p
s

to
m

ak
e

th
e

n
on

ce
n
tr

al
it

y
p
ar

am
et

er
va

n
is

h
(F

ig
u
re

s
2-

6)
,
it

st
il
l
re

su
lt

s
in

an
es

ti
m

at
e

of
T

y
p

e-
1

er
ro

r
th

at
is

to
o

op
ti

m
is

ti
c

w
it

h
a

fi
n
it

e
sa

m
p
le

si
ze

.
T

h
er

e
ar

e
p

ot
en

ti
al

ly
tw

o
w

ay
s

to
ov

er
co

m
e

th
is

d
iffi

cu
lt

y.
O

n
e

is
to

ap
p

ea
l

to
a

se
co

n
d
-o

rd
er

co
rr

ec
ti

on
,

an
d

th
e

ot
h
er

is
to

es
ti

m
at

e
th

e
n
on

ce
n
tr

al
it

y
p
ar

am
et

er
in

th
e

n
u
ll

d
is

tr
ib

u
ti

on
.

W
e

le
av

e
th

is
in

te
re

st
in

g
to

p
ic

as
a

fu
tu

re
p
ro

je
ct

.

8
.
T
w
o
-S
a
m
p
le

T
e
st

C
on

si
d
er

tw
o

ca
te

go
ri

ca
l

d
is

tr
ib

u
ti

on
s

(p
1
,.
..
,p
k
)

an
d

(q
1
,.
..
,q
k
).

S
u
p
p

os
e

w
e

ob
se

rv
e

i.
i.
d
.

ob
se

rv
at

io
n
s
X

1
,.
..
,X

n
fr

om
(p

1
,.
..
,p
k
)

an
d

i.
i.
d
.

ob
se

rv
at

io
n
s
Y

1
,.
..
,Y

m
fr

om
(q

1
,.
..
,q
k
).

W
e

as
su

m
e

th
at
X

1
,.
..
,X

n
ar

e
in

d
ep

en
d
en

t
of
Y

1
,.
..
,Y

m
.

T
h
e

h
y
p

ot
h
es

is
te

st
in

g
p
ro

b
le

m
w

e
st

u
d
y

in
th

is
se

ct
io

n
is

H
0

:
`(
p
,q

)
=

0
,

H
1

:
`(
p
,q

)
>

0
,

w
h
er

e
th

e
d
is

ta
n
ce
`(
·,·

)
is

d
efi

n
ed

in
(2

0)
.

T
h
e

tw
o-

sa
m

p
le

te
st

in
g

p
ro

b
le

m
is

h
ar

d
er

th
an

th
e

on
e-

sa
m

p
le

ve
rs

io
n

th
at

w
e

h
av

e
ju

st
st

u
d
ie

d
.

T
h
e

m
a
jo

r
d
iffi

cu
lt

y
is

th
at

th
e

d
efi

n
it

io
n
s

of
th

e
fu

n
ct

io
n
s

(2
3)

an
d

(2
4)

al
l

d
ep

en
d

on
th

e
va

lu
es

of
(p

1
,.
..
,p
k
)

an
d

(q
1
,.
..
,q
k
)

u
n
d
er

th
e

n
u
ll

h
y
p

ot
h
es

is
,

w
h
ic

h
is

n
ot

av
ai

la
b
le

an
y
m

or
e

in
th

e
tw

o-
sa

m
p
le

sc
en

ar
io

.

O
u
r

id
ea

is
to

es
ti

m
at

e
th

e
u
n
k
n
ow

n
(p

1
,.
..
,p
k
)

an
d

(q
1
,.
..
,q
k
)

fr
om

th
e

d
at

a,
an

d
th

en
co

n
st

ru
ct

d
at

a-
d
ri

ve
n

ve
rs

io
n
s

of
(2

3)
an

d
(2

4)
.

F
or

ea
ch
j
∈

[k
],

d
efi

n
e
p̂
j

=
1 n

∑
n i=

1
I{
X
i

=
j}

.
N

ex
t,

w
e

w
il
l
a
p
p
ly

a
va

ri
ab

le
cl

u
st

er
in

g
p
ro

ce
d
u
re

to
(p̂

1
,.
..
,p̂
k
).

T
h
e

go
al

is
to

fi
n
d

a
p
ar

ti
ti

on
C 1
,.
..
,C

d
of

[k
]

ac
co

rd
in

g
to

j
∼
l

if
√
n
|√
p̂
j
−
√
p̂
l|
≤
λ
n
.

A
lg

or
it

h
m

ic
al

ly
,

on
e

ca
n

fi
rs

t
so

rt
th

e
ve

ct
or

(p̂
1
,.
..
,p̂
k
),

an
d

th
en

fi
n
d

th
e

p
ar

ti
ti

on
se

q
u
en

-
ti

al
ly

.
T

h
er

e
ex

is
ts

a
p

er
m

u
ta

ti
on

σ
∈
S
k
,

su
ch

th
at

w
e

ca
n

ra
n
k

th
e

em
p
ir

ic
al

fr
eq

u
en

ci
es

as
p̂
σ

(1
)
≤
p̂
σ

(2
)
≤
..
.
≤
p̂
σ

(k
).

L
et
ĵ 1

b
e

th
e

la
rg

es
t
j

su
ch

th
at
√
n
|√
p̂
σ

(j
)
−
√
p̂
σ

(1
)|
≤
λ
n
,

w
h
er

e
λ
n

is
so

m
e

th
re

sh
ol

d
to

b
e

sp
ec

ifi
ed

la
te

r.
T

h
en

,
th

e
fi
rs

t
cl

u
st

er
is

d
efi

n
ed

as

C 1
=
{ σ

(1
),
σ

(2
),
..
.,
σ

(ĵ
1
)} .

S
im

il
ar

ly
,

w
e

ca
n

d
efi

n
e

th
e

se
co

n
d

cl
u
st

er
as
C 2

=
{σ

(ĵ
1

+

2
1
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G
a
o

1)
,.
..
,σ

(ĵ
2
)}

,
w

h
er

e
ĵ 2

is
th

e
la

rg
es

t
j

su
ch

th
at
√
n
|√
p̂
σ

(j
)
−
√
p̂
σ

(ĵ
1
)|
≤
λ
n
.

W
e

co
n
ti

n
u
e

th
is

op
er

at
io

n
u
n
ti

l
w

e
ob

ta
in

a
p
ar

ti
ti

on
C 1
,.
..
,C

d
of

[k
].

H
er

e,
d

is
th

e
n
u
m

b
er

o
f

cl
u
s-

te
rs

es
ti

m
at

ed
fr

om
th

e
d
at

a.
N

ow
,

fo
r

ea
ch

g
∈

[d
],

w
e

fi
n
d

th
e

ce
n
te

r
of

th
e

cl
u
st

er
b
y

√
r g

=
1 |C
g
|∑

j∈
C g
√
p̂
j
.

W
it

h
th

e
n
u
m

b
er

s
r 1
,.
..
,r
d
,

w
e

d
efi

n
e

f
h
(t

)
=

∫
∏
g
∈[
d
]\
{h
}(
√
t
−
√
r g

)
∏
g
∈[
d
]\
{h
}(
√
r h
−
√
r g

)
,

h
=

1,
..
.,
d
,

an
d

g
(t

)
=

∏
d g
=

1
(√
t
−
√
r g

)2

∑
d g
=

1

∏
h
∈[
d
]\
{g
}(
√
t
−
√
r h

)2
.

W
e

re
p

ea
t

th
e

ab
ov

e
p
ro

ce
d
u
re

on
th

e
ob

se
rv

at
io

n
s
Y

1
,.
..
,Y

m
.

F
or

ea
ch

j
∈

[k
],

d
efi

n
e

q̂ j
=

1 m

∑
m i=

1
I{
Y
i

=
j}

.
T

h
en

,
ap

p
ly

th
e

sa
m

e
va

ri
ab

le
cl

u
st

er
in

g
p
ro

ce
d
u
re

o
n

(q̂
1
,.
..
,q̂
k
),

an
d

w
e

ob
ta

in
a

p
ar

ti
ti

on
C 1
,.
..
,C

d
of

[k
].

F
or

ea
ch

g
∈

[d
],

d
efi

n
e
√
r g

=
1 |C
g
|∑

j∈
C g
√
q̂ j

.

A
n
al

og
ou

s
d
efi

n
it

io
n
s

of
f
h
’s

an
d
g

ar
e

gi
v
en

b
y

f
h
(t

)
=

∫
∏
g
∈[
d
]\
{h
}(
√
t
−
√
r g

)
∏
g
∈[
d
]\
{h
}(
√
r h
−
√
r g

)
,

h
=

1,
..
.,
d
,

an
d

g
(t

)
=

∏
d g
=

1
(√
t
−
√
r g

)2

∑
d g
=

1

∏
h
∈[
d
]\
{g
}(
√
t
−
√
r h

)2
.

N
ow

w
e

ca
n

d
efi

n
e

te
st

in
g

st
at

is
ti

cs
fo

r
th

is
p
ro

b
le

m
:

T
f

=
2
n
m

n
+
m

d ∑ h
=

1

1 |C
h
| 

k ∑ j=
1

f
h
(p̂
j
)
−

k ∑ j=
1

f
h
(q̂
j
) 

2

(3
0
)

+
2
n
m

n
+
m

d ∑ h
=

1

1 |C
h
| 

k ∑ j=
1

f
h
(p̂
j
)
−

k ∑ j=
1

f
h
(q̂
j
) 

2

,

an
d

T
g

=
2
n
m

n
+
m

 
k ∑ j=

1

g
(q̂
j
)

+
k ∑ j=

1

g
(p̂
j
) 

.
(3

1
)

T
h
e

as
y
m

p
to

ti
c

d
is

tr
ib

u
ti

on
s

of
th

e
te

st
in

g
st

at
is

ti
cs

u
n
d
er

th
e

n
u
ll

d
is

tr
ib

u
ti

o
n

ar
e

gi
ve

n
b

el
ow

.

C
o
n

d
it

io
n

E
1

A
su

m
e
q 1
,.
..
,q
k

a
re
k

n
u

m
be

rs
in

(0
,1

)
th

a
t

d
o

n
o
t

va
ry

w
it

h
n

.
M

o
re

o
ve

r,
th

er
e

ex
is

ts
a
d
≥

2
a
n

d
a

pa
rt

it
io

n
[k

]
=
∪d h

=
1
C h

,
su

ch
th

a
t
q j

=
r h

fo
r

a
ll
j
∈
C h

,
h
∈

[d
].

2
2

JM
L

R
 1

9(
33

):
1-

50
, 2

01
8



G
o
o
d
n
e
ss-o

f
-F

it
T
e
st

s
f
o
r
R
a
n
d
o
m

P
a
r
t
it
io
n
s

T
h

e
o
re

m
1
9

A
ssu

m
e
λ
n

is
a

d
ivergin

g
sequ

en
ce

th
a
t

sa
tisfi

es
λ
n

=
o( √

n
)

a
n

d
w

e
a
lso

a
ssu

m
e

m
n

+
m
→
β
∈

(0,1).
U

n
d
er

C
o
n

d
itio

n
E

,
w

e
h
a
ve

T
g
 

12
βX

1
+

12
(1−

β
)X

2
+
X

3 ,

T
f
 
X

3 ,

T
g −

T
f
 

12
βX

1
+

12
(1−

β
)X

2 ,

a
s
n
→
∞

u
n

d
er

th
e

n
u

ll
h
ypo

th
esis,

w
h
ereX

1 ,X
2

a
n

d
X

3
a
re

in
d
epen

d
en

t
ra

n
d
o
m

va
ria

bles
d
istribu

ted
a
s
χ

2k−
d ,
χ

2k−
d

a
n

d
χ

2d−
1 ,

respectively.

L
et
X

(α
)

b
e

th
e

n
u
m

b
er

th
at

satisfi
es

P
(

12 βX
1

+
12 (1−

β
)X

2
+
X

3
>
X

(α
) )

=
α

.
W

e
d
efi

n
e

th
e

testin
g

fu
n
ction

asφ
α

=
I{
T
f
>
X

(α
)}∨

I{T
g
>
X

(α
)}
.

T
h
eo

rem
1
9

im
p
lies

th
at

th
is

test
h
as

asy
m

p
totic

T
y
p

e-1
error

α
.

T
h
e

n
ex

t
resu

lt
ch

arac-
terizes

th
e

p
ow

er
b

eh
av

ior
of

th
e

test.

T
h

e
o
re

m
2
0

A
ssu

m
e
λ
n

is
a

d
ivergin

g
sequ

en
ce

th
a
t

sa
tisfi

es
λ
n

=
o( √

n
)

a
n

d
w

e
a
lso

a
ssu

m
e

m
n

+
m
→
β
∈

(0,1).
U

n
d
er

C
o
n

d
itio

n
E

,
th

e
fo

llo
w

in
g

tw
o

sta
tem

en
ts

a
re

equ
iva

len
t

1
.

lim
n→
∞
√
n
`(p

,q)
=
∞

;

2
.

lim
n→
∞
P
p
,q

(T
f
>
X

(α
)

o
r
T
g
>
X

(α
))

=
1
,

fo
r

a
n

y
co

n
sta

n
t
α
∈

(0,1),

w
h
ere

th
e

p
ro

ba
bility

P
p
,q

sta
n

d
s

fo
r

th
e

jo
in

t
d
istribu

tio
n

o
f
X

1 ,...,X
n
,Y

1 ,...,Y
m

.

T
h
eo

rem
2
0

assu
m

es
C

on
d
ition

E
.

T
h
at

is,
q

1 ,...,q
k

are
fi
x
ed

n
u
m

b
ers

d
o

th
at

d
ep

en
d

o
n
n

,
a
n
d
p

1 ,...,p
k

are
allow

ed
to

vary
w

ith
n

.
O

n
e

can
also

assu
m

e
an

an
alo

gou
s

con
d
ition

fo
r
p

1 ,...,p
k

a
s

fi
x
ed

n
u
m

b
ers

th
at

satisfy
C

on
d
ition

E
,

an
d

allow
q

1 ,...,q
k

to
vary

w
ith

n
.

9
.
D
iscu

ssio
n
a
n
d
F
u
tu

re
D
ire

ctio
n
s

T
h
e

testin
g

p
ro

ced
u
res

th
at

w
e

p
rop

o
se

an
d

an
aly

ze
in

th
is

p
ap

er
critically

d
ep

en
d

on
th

e
stru

ctu
re

o
f

n
u
ll

h
y
p

oth
esis.

In
S
ection

3,
th

e
m

ean
vector

(µ
1 ,...,µ

k )
T

is
assu

m
ed

to
co

n
sist

o
f
k

d
istin

ct
n
u
m

b
ers,

an
d

th
e

testin
g

statistic
is

con
stru

cted
b
ased

on
th

e
fu

n
ction

s
f

1 ,...,f
k

d
efi

n
ed

in
(10).

In
S
ection

4,
w

e
assu

m
e

(µ
1 ,...,µ

k )
T

con
sists

of
k

n
u
m

b
ers

th
at

ta
ke

va
lu

es
in
{
ν

1 ,...,ν
d }

for
som

e
d
≤
k
.

F
o
r

th
is

d
egen

erate
settin

g,
w

e
u
se

th
e

fu
n
ction

s
f

1 ,...,f
d

a
n
d
g

d
efi

n
ed

in
(14)

an
d

(15)
to

con
stru

ct
th

e
testin

g
statistics.

M
u
ch

w
ea

ker
assu

m
p
tion

s
are

con
sid

ered
in

S
ection

6.
In

S
ection

6.1,
w

e
allow

|µ
j −

µ
l |

to
co

n
verge

to
0
,

b
u
t

req
u
ire

th
e

d
iff

eren
ce

sh
ou

ld
b

e
of

a
larger

ord
er

th
a
n
n
−

1
/
2

for
every

j6=
l.

T
h
is

ex
ten

d
s

th
e

assu
m

p
tion

in
S
ection

3
th

at
µ

1 ,...,µ
k

are
k

d
istin

ct
n
u
m

b
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th
at

d
o

n
o
t
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w

ith
n

.
In

S
ection

6.2,
w

e
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sid
er

th
e

settin
g

w
h
ere|ν

g −
ν
h |

is
of

a
la

rger
ord

er
th

a
n
n
−

1
/
2

for
every

g
6=
h

,
an

d
|µ
j −

ν
h |

is
of

a
sm

aller
ord

er
th

an
n
−

1
/
2

for
every

j∈
C
h .

T
h
is

settin
g

ex
ten

d
s

th
e

assu
m

p
tion

u
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in
S
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4.
It
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rn

s
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t
th

at
th

e
asy

m
p
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d
istrib

u
tio

n
s

o
f

th
e

p
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osed
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g
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(T
h
eorem

2
an

d
T

h
eorem

5)
are

still
valid

u
n
d
er

th
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m
o
re

gen
eral

con
d
ition

s
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T
h
eorem

22
a
n
d

T
h
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S
ection
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G
a
o

H
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ever,
th

e
con

d
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s
in

S
ection

6
.1

an
d

S
ection

6.2
still

d
o

n
ot

cover
all

situ
a-

tion
s.

B
y

req
u
irin

g
th

e
w

ith
in

-clu
ster

d
istan

ce
to

b
e

of
a

sm
aller

ord
er

th
an

n
−

1
/
2

an
d

th
e

b
etw

een
-clu

ster
d
istan

ce
to

b
e

of
a

larger
ord

er
th

an
n
−

1
/
2,

th
e

n
u
m

b
ers

µ
1 ,...,µ

k
en

-
joy

an
ap

p
rox

im
ately

ex
act

clu
sterin

g
stru

ctu
re,

b
ecau

se
for

each
j
6=
l,

w
e

eith
er

h
ave

√
n|µ

j −
µ
l |→

0
or √

n|µ
j −

µ
l |→

∞
,

d
ep

en
d
in

g
on

w
h
eth

er
j

an
d
l

are
in

th
e

sam
e

clu
ster

or
n
ot.

A
p

ossib
le

situ
ation

√
n|µ

j −
µ
l |�

1
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ex
clu

d
ed

.

In
th

is
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,
w

e
d
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ss
a

situ
ation

w
h
ere

th
e

clu
sterin

g
stru

ctu
re

of
th

e
n
u
m

b
ers

µ
1 ,...,µ

k
is

am
b
igu

ou
s.

C
on

sid
er

a
p
artition

C
1 ,...,C

d
of

[k
].

D
efi

n
e
ν
h

=
1
|C
h | ∑

j∈C
g
µ
j .

In
stead

of
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m
in

g
th

e
w

ith
in

-clu
ster

d
istan
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a
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aller

ord
er

th
an

n
−

1
/
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w
e

con
sid

er
th

e
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ation
w

h
ere
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j∈C
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j −
ν
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2
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of
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stan

t
ord

er.
M

oreover,
w

e
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m
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b
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-clu
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d
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ce
|ν
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ν
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is
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a
larger

ord
er

th
an

n
−

1
/
2

for
every

g
6=
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T

h
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w

ith
ou

t
loss
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b
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if
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e
g
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h

,
su

ch
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a
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g −
ν
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(n
−

1
/
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C
g
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d
C
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b

e
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b
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ed
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a
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d
efi
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in
to
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d
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d
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d
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n
ed

a
bo
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∞
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√
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∞
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d
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p
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d
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n
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u
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T
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w
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∞

u
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−
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p
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=
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b
er
χ

2k
,τ

2 (α
)

th
at

satisfi
es

P
(χ

2k
,τ

2 ≤
χ

2k
,τ

2 (α
))

=
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h
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∨
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p
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h
is

m
ean

s
th

e
test

w
ill

h
ave

less
p

ow
er

u
n
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∞
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en
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e
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∼
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−
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erefore,
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τ
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e
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ow
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u
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d
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e
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O
n

th
e

o
th

er
h
an

d
,

ou
tsid

e
of

th
e

con
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o
u
s

regim
e

w
h
ere √

n
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∞

,
w

e
m

u
st

h
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2

=
∞

,
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d
th

en
th

e
test

w
ill

h
av

e
asy

m
p
totic

p
ow

er
1.

F
rom

w
h
at

w
e

h
ave

ju
st

d
iscu

ssed
,

w
e

can
see

th
a
t

th
e

stru
ctu

re
of
µ

1 ,...,µ
k

p
lay

s
a

critical
role

on
th

e
solu

tion
of

th
e

p
rob

lem
.

T
h
e

d
iscu

ssion
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p
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to
th

e
case
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d
istrib

u
tion

s
an

d
w

e
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ilar

con
clu
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s

th
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T
h
eo

rem
21
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th
e
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m

p
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d
istrib

u
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of
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g
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w
h
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µ
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k
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h
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it
an
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b
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u
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s
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g
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t
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th
e

ed
ge

of
d
egen
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T

h
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lts

in
a

n
on

-triv
ial

b
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av
ior
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1.
G

ro
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g
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r
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fi

n
it

e
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p
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si

ze
.

T
h
e

p
ap

er
fo

cu
se

s
on

th
e

ca
se

w
h
er

e
k

is
a

fi
x
ed

in
te

ge
r

th
at

d
o
es

n
ot

d
ep

en
d

on
n

.
T

h
e

ca
se

w
it

h
a

gr
ow
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g
k
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en
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∞

is
of

p
ot

en
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p
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ta
n
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h
ig

h
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im
en

si
on
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d
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a
an

al
y
si

s
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tu
at
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T
h
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re
q
u
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n
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te
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n
iq

u
es

b
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au
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fo
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a
p
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b
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y
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w
it

h
a

gr
ow
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g
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n
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e
k
,

m
an

y
p
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h
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l
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2.
T
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n
g

a
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ra
m
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ri

c
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m
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y
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h

pe
rm

u
ta
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o
n
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va

ri
a
n
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A
n

ex
te

n
si
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to

th
e

n
u
ll

h
y
p

ot
h
es

is
(1

)
is H
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:
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))
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r
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m
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∈

Λ
an

d
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∈
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d
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d
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u
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n
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an

u
n
k
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p
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∈
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h
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e
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∈
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∈
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h
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p
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ra
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p
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m
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b
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=
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d
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p
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u
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h
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p
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.
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T
e
st

in
g

S
ta

ti
st

ic
s

W
e

fi
rs

t
p
re

se
n
t

an
d

p
ro

ve
fo

u
r

th
eo

re
m

s
of

th
e

p
ro

p
os

ed
te

st
in

g
st

at
is

ti
cs

in
va

ri
ou

s
se

tt
in

gs
.
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G
a
o

T
h

e
o
re

m
2
2

In
a
d
d
it

io
n

to
C

o
n

d
it

io
n

M
1
,

a
ss

u
m

e

li
m

n
→
∞
√
n
`(
θ,
µ

)
=
δ
∈

[0
,∞

).

T
h
en

,
a
s
n

te
n

d
s

to
in

fi
n

it
y,
T
 
χ

2 k
,δ

2
.

P
ro

o
f

W
e

fi
rs

t
ca

lc
u
la

te
th

e
d
er

iv
at

iv
es

of
f l

(t
).

T
h
e

fi
rs

t
d
er

iv
at

iv
e

is

f
′ l(
t)

=

∏
j∈

[k
]\
{l
}(
t
−
µ
j
)

∏
j∈

[k
]\
{l
}(
µ
l
−
µ
j
).

T
h
er

ef
or

e,
f
′ l(
µ
l)

=
1.

F
or

an
y
j
6=
l,

w
e

gi
ve

a
b

ou
n
d

fo
r

su
p
|t−

µ
j
|≤
n
−
1
/
2
ε
|f
′ l(
t)
|.

T
h
e

fo
ll
ow

in
g

in
eq

u
al

it
y

is
u
se

fu
l.

|η l
h
|+
|η h

l|
=

1

|µ
l
−
µ
h
| 

∏

j∈
[k

]\
{l
,h
}∣ ∣ ∣ ∣µ

l
−
µ
j

µ
h
−
µ
j

∣ ∣ ∣ ∣+
∏

j∈
[k

]\
{l
,h
}∣ ∣ ∣ ∣µ

h
−
µ
j

µ
l
−
µ
j

∣ ∣ ∣ ∣ 
≥

2

|µ
l
−
µ
h
|.

(3
2
)

N
ot

e
th

at

|f
′ l(
t)
|

=
|t
−
µ
j
|

|µ
l
−
µ
j
|∣ ∣ ∣ ∣ ∣ ∣

∏

h
∈[
k
]\
{l
,j
}

t
−
µ
h

µ
l
−
µ
h

∣ ∣ ∣ ∣ ∣ ∣

=
|t
−
µ
j
|

|µ
l
−
µ
j
|∣ ∣ ∣ ∣ ∣ ∣

∏

h
∈[
k
]\
{l
,j
}(

t
−
µ
j

µ
l
−
µ
h

+
µ
j
−
µ
h

µ
l
−
µ
h

)∣ ∣ ∣ ∣ ∣ ∣

≤
|t
−
µ
j
|

|µ
l
−
µ
j
|2
k
−

2

 
∣ ∣ ∣ ∣ ∣ ∣

∏

h
∈[
k
]\
{l
,j
}(

t
−
µ
j

µ
l
−
µ
h

)∣ ∣ ∣ ∣ ∣ ∣
+

∣ ∣ ∣ ∣ ∣ ∣
∏

h
∈[
k
]\
{l
,j
}(

µ
j
−
µ
h

µ
l
−
µ
h

)∣ ∣ ∣ ∣ ∣ ∣

 

≤
2k
−

2
|t
−
µ
j
|k−

1

(
|η l
j
|+
|η j

l|
2

)
∏

h
∈[
k
]\
{l
,j
}(
|η l
h
|+
|η h

l|
2

)
+

2
k
−

2
|t
−
µ
j
||η

lj
|.

T
h
er

ef
or

e,
w

e
h
av

e
th

e
b

ou
n
d

κ
1
(ε

)
=

m
ax
j6=
l

su
p

|t−
µ
j
|≤
n
−
1
/
2
ε

|f
′ l(
t)
|≤

2k
−

2

[ m
ax
j6=
l

(
ε|η

jl
|

√
n

) k
−

2

+
m

ax
j6=
l

(
ε|η

jl
|

√
n

)]
.

(3
3
)

T
h
e

ab
ov

e
b

ou
n
d

is
u
se

fu
l

fo
r
k
≥

3
.

F
or
k

=
2
,

it
is

ea
sy

to
se

e

κ
1
(ε

)
=

m
ax
j6=
l

su
p

|t−
µ
j
|≤
n
−
1
/
2
ε

|f
′ l(
t)
|≤

m
ax
j6=
l

(
ε|η

jl
|

√
n

)
.

(3
4
)

T
h
e

se
co

n
d

d
er

iv
at

iv
e

of
f l

(t
)

is

f
′′ l
(t

)
=

∑

j∈
[k

]\
{l
}

1

(µ
l
−
µ
j
)

∏

h
∈[
k
]\
{l
,j
}

t
−
µ
h

µ
l
−
µ
h
.
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G
o
o
d
n
e
ss-o

f
-F

it
T
e
st

s
f
o
r
R
a
n
d
o
m

P
a
r
t
it
io
n
s

W
e

g
ive

a
b

o
u
n
d

for
su

p|t−
µ
l |≤

n
−
1
/
2
ε |f
′′l (t)|.

S
im

ilar
calcu

lation
gives

κ
2 (ε)

=
m

ax
1≤
l≤
k

su
p

|t−
µ
l |≤

n
−
1
/
2
ε |f
′′l (t)|≤

k
m

ax
j6=
l |η

jl |m
ax
j6=
l (

1
+
ε|η

jl |
√
n

)
k−

2

.
(35)

N
ow

w
e

a
re

read
y

to
d
erive

th
e

asy
m

p
totic

d
istrib

u
tion

of
T

.
W

e
w

rite
th

e
ob

servation
as

X
j

=
θ
j

+
n
−

1
/
2Z

j ,
w

ith
Z
j ∼

N
(0,1)

in
d
ep

en
d
en

tly.
T

h
e

con
d
ition

lim
n→
∞
√
n
`(θ,µ

)
=
δ

im
p
lies

th
a
t

th
ere

is
som

e
n

0 ,
su

ch
th

at
for

an
y
n
>
n

0 ,
w

e
h
ave

n
`
2(θ,µ

)≤
C
n
δ

2,

w
h
ere

C
n

is
a
n

seq
u
en

ce
th

at
ten

d
s

to
in

fi
n
ity

arb
itrarily

slow
ly.

In
p
articu

lar,
w

e
req

u
ire

th
a
t
C
n

satisfi
es
C
n
→
∞

an
d

C
3
/
2

n
m

a
x
j6=
l |η

j
l |

√
n

→
0.

T
h
e

ex
isten

ce
of

su
ch

seq
u
en

ce
C
n

is
g
u
a
ra

n
teed

b
y

th
e

assu
m

p
tion

m
a
x
j6=
l |η

j
l |

√
n

→
0.

T
h
u
s,

th
ere

ex
ists

a
π
∈
S
k ,

p
ossib

ly

d
ep

en
d
in

g
o
n
n

,
su

ch
th

at

m
ax

1≤
j≤
k (θ

j −
µ
π

(j) )
2≤

C
n
δ

2

n
.

S
in

ce
k

d
o
es

n
ot

d
ep

en
d

on
n

,
m

ax
1≤
j≤
k
Z

2j
≤
C
n

w
ith

p
rob

ab
ility

th
a
t

go
es

to
1.

B
y

tria
n
g
le

in
eq

u
a
lity,

m
ax

1≤
j≤
k |X

j −
µ
π

(j) |≤
√
C
n
(1

+
√
δ

2)
√
n

,
(36)

w
ith

p
ro

b
a
b
ility

th
at

go
es

to
1.

W
e

u
se

T
ay

lor
ex

p
an

sion
.

F
or
j

su
ch

th
at
π

(j)
=
l,

w
e

h
ave

f
l (X

j )−
f
l (µ

π
(j) )

=
(X

j −
µ
π

(j) )
+

12
f
′′l (ξ

jl )(X
j −

µ
π

(j) )
2,

w
h
ere

w
e

h
ave

u
sed

th
e

fact
th

at
f
′l (µ

l )
=

1.
F

or
j

su
ch

th
at
π

(j)6=
l,

w
e

h
ave

f
l (X

j )−
f
l (µ

π
(j) )

=
f
′l (ξ

jl )(X
j −

µ
π

(j) ).

T
h
erefo

re,

∣∣∣∣∣∣

k
∑j=

1

f
l (X

j )−
k
∑j=

1

f
l (µ

j )−
(X

π
−
1
(l) −

µ
l ) ∣∣∣∣∣∣

≤
12 |f
′′l (ξ

π
−
1
(l)l )|(X

π
−
1
(l) −

µ
l )

2
+

∑

j6=
π
−
1
(l) |f

′l (ξ
jl )||X

j −
µ
π

(j) |.

T
h
e

n
u
m

b
er
ξ
jl

is
b

etw
een

X
j

an
d
µ
π

(j) ,
w

h
ich

im
p
lies

m
ax
j,l
|ξ
jl −

µ
π

(j) |≤
m

ax
1≤
j≤
k |X

j −
µ
π

(j) |≤
√
C
n
(1

+
√
δ

2)
√
n

.
(37)
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G
a
o

U
sin

g
th

e
b

ou
n
d
s

(33),
(34),

(35),
(3

6)
an

d
(37),

w
e

h
ave

∣∣∣∣∣∣

k
∑j=

1

f
l (X

j )−
k
∑j=

1

f
l (µ

j )−
(X

π
−
1
(l) −

µ
l ) ∣∣∣∣∣∣

≤
12

C
n
(1

+
√
δ

2)
2

n
κ

2 (√
C
n
(1

+
√
δ

2) )
(38)

+
(k−

1)κ
1 (√

C
n
(1

+
√
δ

2) )
√
C
n
(1

+
√
δ

2)
√
n

.

T
h
erefore,

∣∣∣∣∣ T
−
n

k
∑l=

1 (X
π
−
1
(l) −

µ
l )

2 ∣∣∣∣∣

≤
n

k
∑l=

1 ∣∣∣∣∣∣ 
k
∑j=

1

f
l (X

j )−
k
∑j=

1

f
l (µ

j ) 
2−

(X
π
−
1
(l) −

µ
l )

2 ∣∣∣∣∣∣

≤
2n

k
∑l=

1 |X
π
−
1
(l) −

µ
l | ∣∣∣∣∣∣

k
∑j=

1

f
l (X

j )−
k
∑j=

1

f
l (µ

j )−
(X

π
−
1
(l) −

µ
l ) ∣∣∣∣∣∣

+
n

k
∑l=

1 ∣∣∣∣∣∣

k
∑j=

1

f
l (X

j )−
k
∑j=

1

f
l (µ

j )−
(X

π
−
1
(l) −

µ
l ) ∣∣∣∣∣∣ 2

≤
2
k √

n √
C
n
(1

+
√
δ

2) ∣∣∣∣∣∣

k
∑j=

1

f
l (X

j )−
k
∑j=

1

f
l (µ

j )−
(X

π
−
1
(l) −

µ
l ) ∣∣∣∣∣∣

+
k
n ∣∣∣∣∣∣

k
∑j=

1

f
l (X

j )−
k
∑j=

1

f
l (µ

j )−
(X

π
−
1
(l) −

µ
l ) ∣∣∣∣∣∣ 2

.

B
y

(38),
th

e
b

ou
n
d

for ∣∣∣ T
−
n ∑

kl=
1 (X

π
−
1
(l) −

µ
l )

2 ∣∣∣
is

of
ord

er
C

3
/
2

n
m

a
x
j6=
l |η

j
l |

√
n

→
0.

F
in

ally,

it
is

easy
to

see
th

at

n
k
∑l=

1 (X
π
−
1
(l) −

µ
l )

2∼
χ

2k
,δ

2n ,

w
h
ere

δ
2n

=
n‖θ−

µ
π ‖

2→
δ

2.
T

h
erefore,

T
con

verges
to
χ

2k
,δ

2
in

d
istrib

u
tion

.

T
h

e
o
re

m
2
3

In
a
d
d
itio

n
to

C
o
n

d
itio

n
M

2
,

a
ssu

m
e

lim
n→
∞
√
n
`(θ,µ

)
=
δ∈

[0,∞
).

T
h
en

,
a
s
n

ten
d
s

to
in

fi
n

ity,
T
g
 

χ
2k
,δ

2 ,
a
n

d
T
g ≥

T
f

in
p
ro

ba
bility.

M
o
reo

ver,
if
δ

2
=

0
,

w
e

h
a
ve
T
g  

χ
2k ,
T
f
 
χ

2d
a
n

d
T
g −

T
f
 
χ

2k−
d .

2
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G
o
o
d
n
e
ss
-o

f
-F

it
T
e
st

s
f
o
r
R
a
n
d
o
m

P
a
r
t
it
io
n
s

P
ro

o
f

T
h
e

ca
se
d

=
1

is
ob

v
io

u
s.

W
e

on
ly

p
ro

ve
th

e
ca

se
d
≥

2.
S
im

il
ar

to
th

e
in

eq
u
al

it
y

(3
2)

,
w

e
h
av

e
|η̄ g

h
|+
|η̄ h

g
|≥

2
|ν
g
−
ν
h
|.

B
y

C
on

d
it

io
n

M
2,

w
e

h
av

e

m
ax

1
≤
g
≤
d

m
ax

j∈
C g
|µ
j
−
ν g
|

m
in
g
6=
h
|ν g
−
ν h
|

=
o(

1)
.

T
h
e

ob
se

rv
at

io
n

is
X
j

=
θ j

+
n
−

1
/
2
Z
j

w
it

h
Z
j
∼
N

(0
,1

)
in

d
ep

en
d
en

tl
y.

U
se

th
e

n
o
ta

ti
on

L
=

m
ax

1
≤
g
≤
d

m
ax

j∈
C g
√
n
|µ
j
−
ν g
|=

o(
1
).

U
n
d
er

th
e

as
su

m
p
ti

on
of

th
e

th
eo

re
m

,
th

er
e

ex
is

ts
a

se
q
u
en

ce
C
n

th
at

sa
ti

sfi
es
C
n
→
∞

,
C

2 n
L
→

0
a
n
d

C
3
/
2

n
m

a
x
g
6=
h
|η̄
g
h
|

√
n

→
0,

su
ch

th
at

m
ax

1
≤
j≤
k
Z

2 j
≤
C
n

w
it

h
p
ro

b
ab

il
it

y
te

n
d
in

g
to

1
.

S
im

il
ar

to
th

e
b

ou
n
d

(3
6)

,
th

e
as

su
m

p
ti

on
li
m
n
→
∞
√
n
`(
θ,
µ

)
=
δ
<
∞

im
p
li
es

th
e

ex
is

te
n
ce

of
π
∈
S
k

su
ch

th
at

m
ax

1
≤
j≤
k
|X

j
−
µ
π

(j
)|
≤
√
C
n
(1

+
√
δ2

)
√
n

.

W
e

fi
rs

t
st

u
d
y

th
e

as
y
m

p
to

ti
c

d
is

tr
ib

u
ti

on
of
T
g
.

N
ot

e
th

at

m
ax

1
≤
g
≤
d

m
ax

j∈
C g
|X

π
−
1
(j

)
−
ν g
|≤
√
C
n
(1

+
√
δ2

)
+
L

√
n

.
(3

9)

T
og

et
h
er

w
it

h
C

on
d
it

io
n

M
2

an
d

th
e

ch
oi

ce
of
C
n
,

w
e

ca
n

im
m

ed
ia

te
ly

d
ed

u
ce

m
ax

1
≤
g
≤
d

m
ax

j∈
C g
|X

π
−
1
(j

)
−
ν g
|

m
in
g
6=
h
|ν g
−
ν h
|

≤
m

ax
g
6=
h
|η̄ g

h
|√
C
n
(1

+
√
δ2

)
+
L

√
n

=
o(

1)
.

T
h
e

fu
n
ct

io
n
g
(t

)
ca

n
b

e
w

ri
tt

en
as

1

g
(t

)
=

d ∑ g
=

1

1

(t
−
ν g

)2
.

F
or

ea
ch

j
∈
C g

,
w

e
h
av

e

(X
π
−
1
(j

)
−
ν g

)2

g
(X

π
−
1
(j

))
=

1
+

∑

h
∈[
d
]\
{g
}

(X
π
−
1
(j

)
−
ν g

)2

(X
π
−
1
(j

)
−
ν h

)2
.

T
h
u
s, ∣ ∣ ∣ ∣ ∣

g
(X

π
−
1
(j

))

(X
π
−
1
(j

)
−
ν g

)2
−

1

∣ ∣ ∣ ∣ ∣≤
∑

h
∈[
d
]\
{g
}

(X
π
−
1
(j

)
−
ν
g
)2

(X
π
−
1
(j

)
−
ν
h

)2

1
+
∑

h
∈[
d
]\
{g
}

(X
π
−
1
(j

)
−
ν
g
)2

(X
π
−
1
(j

)
−
ν
h

)2

≤
∑

h
∈[
d
]\
{g
}

(X
π
−
1
(j

)
−
ν g

)2

(X
π
−
1
(j

)
−
ν h

)2
,

(4
0)

w
h
er

e
th

e
b

ou
n
d

on
th

e
ri

gh
t

h
an

d
si

d
e

ab
ov

e
ca

n
b

e
b

ou
n
d
ed

b
y

∑

h
∈[
d
]\
{g
}

2(
X
π
−
1
(j

)
−
ν g

)2

(ν
g
−
ν h

)2
−

2(
X
π
−
1
(j

)
−
ν h

)2
≤

4
d

m
ax

g
6=
h
|η̄ g

h
|√
C
n
(1

+
√
δ2

)
+
L

√
n

.
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G
a
o

T
og

et
h
er

w
it

h
(3

9)
,

w
e

h
av

e

|g
(X

π
−
1
(j

))
−

(X
π
−
1
(j

)
−
ν g

)2
|

=
(X

π
−
1
(j

)
−
ν g

)2

∣ ∣ ∣ ∣ ∣
g
(X

π
−
1
(j

))

(X
π
−
1
(j

)
−
ν g

)2
−

1

∣ ∣ ∣ ∣ ∣
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√
δ2

)
+
L

√
n

)
3

.

T
h
er

ef
or

e
∣ ∣ ∣ ∣ ∣ ∣T
g
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n
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∣ ∣
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√
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√
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∈
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−
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|
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√
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(4

2
)

h
as

a
b

ou
n
d

th
at

te
n
d
s

to
0.

O
b
se

rv
e

th
at

n
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=

m
ax

g
6=
h

su
p

|t−
ν
g
|≤
n
−
1
/
2
ε

|f
′ h(
t)
|≤

2
d
−

2

[ m
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√
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√
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=
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m
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√
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=
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√
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(j) )−

f
g (ν

g )
+
f
g (ν

g )−
f
g (µ

j )

=
f
′g (ν

g )(X
π
−
1
(j) −
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µ
j ).
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y
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f
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j )−
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1

f
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∑j∈C
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1
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µ
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≤
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b
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b
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b
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√
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√
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√
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√
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√
δ

2)
+
L )

+
k
κ

1 (√
C
n
(1

+
√
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√
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√
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χ

2d .
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χ
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F
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ally,
w

e
d
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th
e
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m

p
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d
istrib
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tio
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for

T
g −

T
f .

T
h
e

b
ou

n
d
s

for
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an

d
(46)
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p
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1

1
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T
h
u
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e
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p
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d
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f
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m
e
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1
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1
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−
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−
1
(j) −


µ
j −

1

|C
h | ∑j∈C

h

µ
j 
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2

=
0.
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erefore,
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f
 
χ
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d .
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ith
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t
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e

con
d
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δ
2

=
0,

w
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can
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f
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ab
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h

e
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2
4
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r
π
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k ‖ √
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√
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d
efi

n
e

δ
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p
l −
√
q
π

(l) )
2
,

(47)
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n

d

δ
22
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4n
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1

p
l (√

p
l −
√
q
π

(l) )
2
.

(48)

A
ssu

m
e

lim
su

p
n→
∞
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δ
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∞

.
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n
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−
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√
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√
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p
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√
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√
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w
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√
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d
it
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n
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p
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es
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at

m
ax

1
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Z

2 j
=
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e
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eq
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e
p
ro

of
of
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h
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m

22
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n
b
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p
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d
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y

m
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1
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√
q π

(j
)|
≤
√
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√
δ
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g
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e
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m

e
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u
m

en
t
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e
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e

h
av

e

∣ ∣ ∣ ∣ ∣T
−
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q π
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√
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∆
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√
n

(√
p̂
l−
√
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e
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√
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∆
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√
p
T

)
b
y

L
in

d
eb

er
g’

s
ce

n
tr

al
li
m

it
th
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√
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√
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∆
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√
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∆
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√
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√
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∆
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√
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∆
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√
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√
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√
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∞
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∞
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−
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+
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=
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−
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−

1
a
n

d
T
g
−
T
f
 
χ

2 k
−
d
.

P
ro

o
f

T
h
e

p
ro

of
is

la
rg

el
y

th
e

sa
m

e
as

th
at

of
T

h
eo

re
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√
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u
ti

on
s

of
T
g
,
T
f

an
d
T
g
−
T
f

a
re

th
e

sa
m

e
of

th
os

e
of

k ∑ j=
1

Z
2 j
,

d ∑ h
=

1

1 |C
h
| 
∑ j∈
C h
Z
j

 
2

,
k ∑ j=

1

Z
2 j
−

d ∑ h
=

1

1 |C
h
| 
∑ j∈
C h
Z
j

 
2

,

re
sp

ec
ti

ve
ly

u
n
d
er

th
e

n
u
ll

h
y
p

ot
h
es

is
.

A
cc

or
d
in

g
to

th
e

ar
gu

m
en

t
in

th
e

p
ro

o
f

o
f

T
h
eo

re
m

24
,
Z

=
(I
k
−
√
q√

qT
)W

w
it

h
W
 
N

(0
,I
k
).

T
h
er

ef
or

e,
∑

k j=
1
Z

2 j
 
χ

2 k
−

1
.

D
efi

n
e

a
k
×
d

m
at

ri
x
Q

w
it

h
Q
jh

=
1
√
|C
h
|

if
j
∈
C h

an
d
Q
jh

=
0

if
j
/∈
C h

.
It

is
ea

sy

to
se

e
th

at
Q
Q
T

is
a

p
ro

je
ct

io
n

m
at

ri
x

an
d
Q
T
Q

=
I d

.
D

efi
n
e

a
ve

ct
or
γ
∈
R
d

w
h
o
se
h

th
en

tr
y

is
γ
h

=
√
|C
h
|r h

.
It

is
ea

sy
to

se
e

th
at
γ

is
a

u
n
it

ve
ct

or
.

M
or

eo
v
er

,
w

e
h
av

e
√
q

=
Q
γ

.
W

it
h

th
e

n
ew

n
ot

at
io

n
,

w
e

ge
t d ∑ h
=

1

1 |C
h
| 
∑ j∈
C h
Z
j

 
2

=
‖Q

T
Z
‖2
.

T
h
e

co
va

ri
an

ce
of
Q
T
Z

is

Q
T

(I
k
−
√
q√

qT
)Q

=
I d
−
γ
γ
T
.

T
h
er

ef
or

e,
‖Q

T
Z
‖2
 
χ

2 d
−

1
.

F
in

al
ly

,

k ∑ j=
1

Z
2 j
−

d ∑ h
=

1

1 |C
h
| 
∑ j∈
C h
Z
j

 
2

=
‖Z
‖2
−
‖Q

T
Z
‖2

=
Z
T

(I
k
−
Q
Q
T

)Z
=
W

T
(I
k
−
Q
Q
T

)W
.

T
h
er

ef
or

e,
it

s
as

y
m

p
to

ti
c

d
is

tr
ib

u
ti

on
is
χ

2 k
−
d
.
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n
s

T
h
e

resu
lts

of
T

h
eorem

2,
T

h
eorem

5,
T

h
eorem

7
an

d
T

h
eorem

9
are

sp
ecial

cases
of

T
h
eo

rem
2
2,

T
h
eorem

23,
T

h
eorem

24
an

d
T

h
eorem

25.
N

ex
t,

w
e

give
p
ro

o
fs

of
T

h
eorem

1
9

a
n
d

T
h
eo

rem
21.

P
ro

o
f

[P
ro

of
o
f

T
h
eorem

19]
W

ith
ou

t
loss

of
gen

erality,
w

e
can

assu
m

e
th

a
t
p

1
=
q

1 ≤
p

2
=

q
2 ≤

...≤
p
k

=
q
k .

T
h
is

is
ju

st
to

sim
p
lify

th
e

n
otation

.
In

gen
eral,

su
ch

a
rearran

gem
en

t
ca

n
a
lw

ay
s

b
e

d
on

e
w

ith
ex

tra
n
ota

tion
of

p
erm

u
tation

s.
T

h
en

,C
g

=
{j
g
+

1
,j
g
+

2
,...,j

g
+

1 }
fo

r
g
∈

[d
].

A
ccord

in
g

to
th

e
assu

m
p
tion

,
m

in
g6=
h

m
in
j∈C

g
m

in
l∈C

h √
n| √

p
j −
√
p
l |

=
o(1).

M
o
reover,

it
is

easy
to

see
th

at
m

ax
j∈

[k
] √
n| √

p̂
j −
√
p
j |

=
O
P

(1)
an

d
m

ax
j∈

[k
] √
m
| √
q̂
j −

√
q
j |

=
O
P

(1
).

T
h
is

lead
s

to
th

e
con

clu
sion

P
(C

g
=
C
g

=
C
g

for
all

g
∈

[d
]

an
d
d

=
d

=
d )→

1,

u
n
d
er

C
o
n
d
ition

E
.

F
ro

m
n
ow

o
n
,

th
e

an
aly

sis
is

on
th

e
even

t{C
g

=
C
g

=
C
g

fo
r

all
g
∈

[d
]

an
d
d

=
d

=
d}

.

D
efi

n
e
Z
j

=
2 √

n
( √

p̂
j −
√
p
j )

an
d
Z
j

=
2 √

m
( √

q̂
j −
√
q
j )

for
j∈

[k
].

T
h
e

d
efi

n
ition

im
p
lies

th
a
t

m
a
x
j∈

[k
] |Z

j |
=
O
P

(1)
an

d
m

ax
j∈

[k
] |Z

j |
=
O
P

(1
).

T
h
e

d
efi

n
ition

s
of
r
g

an
d
r
g

give

2 √
n

( √
r
g −
√
r
g )

=
1

|C
g | ∑j∈C

g

Z
j

an
d

2 √
m

( √
r
g −
√
r
g )

=
1

|C
g | ∑j∈C

g

Z
j .

G
iven

th
a
t
p
j

=
q
j

=
r
g

for
all

j
∈
C
g ,

w
e

h
av

e
√
n| √

q̂
j −
√
r
g |

=
O
P

(1
)

a
n
d
√
n| √

p̂
j −

√
r
g |

=
O
P

(1)
for

all
j∈
C
g .

W
e

also
h
ave
| √
q̂
j −
√
r
h | −

1
=
O
P

(1)
an

d
| √
p̂
j −
√
r
h | −

1
=

O
P

(1
)

fo
r

a
ll
j∈
C
g

an
d
h
6=
g
.

W
e

fi
rst

a
n
a
ly

ze
g
(t).

B
y

its
d
efi

n
ition

,

1

g
(t)

=
d
∑h

=
1

1

( √
t−
√
r
h )

2
.

T
h
u
s,

fo
r

a
n
y
j∈
C
g ,

( √
q̂
j −
√
r
g )

2

g
(q̂
j )

=
1

+
∑

h∈
[d

]\{
g}

( √
q̂
j −
√
r
g )

2

( √
q̂
j −
√
r
h )

2
.

S
im

ila
r

to
th

e
argu

m
en

t
in

(40),
w

e
get

∣∣∣∣∣
g
(q̂
j )

( √
q̂
j −
√
r
g )

2 −
1 ∣∣∣∣∣ ≤

∑

h∈
[d

]\{
g}

( √
q̂
j −
√
r
g )

2

( √
q̂
j −
√
r
h )

2
=
O
P

(n
−

1).

W
ith

so
m

e
rea

rragan
gem

en
ts,

w
e

get
∣∣∣∣∣∣

2
n
m

n
+
m

∑j∈
[k

] g
(q̂
j )−

2n
m

n
+
m

d
∑g
=

1 ∑j∈C
g ( √

q̂
j −

√
r
g )

2 ∣∣∣∣∣∣
=
o
P

(1).

A
sim

ila
r

a
rgu

m
en

t
also

giv
es

∣∣∣∣∣∣
2n
m

n
+
m

∑j∈
[k

] g
(p̂
j )−

2n
m

n
+
m

d
∑g
=

1 ∑j∈C
g ( √

p̂
j −

√
r
g )

2 ∣∣∣∣∣∣
=
o
P

(1).
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T
h
erefore,

w
e

ob
tain

th
e

follow
in

g
ap

p
rox

im
ation

∣∣∣∣∣∣ T
g −

2n
m

m
+
n

d
∑g
=

1 ∑j∈C
g 

1

2 √
n
Z
j −

1

2 √
m

1

|C
g | ∑j∈C

g

Z
j 

2

−
2
n
m

m
+
n

d
∑g
=

1 ∑j∈C
g 

1

2 √
m
Z
j −

1

2 √
n

1

|C
g | ∑j∈C

g

Z
j 

2 ∣∣∣∣∣∣
=
o
P

(1).

S
in

ce

∑j∈C
g 

1

2 √
n
Z
j −

1

2 √
m

1

|C
g | ∑j∈C

g

Z
j 

2

=
∑j∈C

g 
1

2 √
n
Z
j −

1

2 √
n

1

|C
g | ∑j∈C

g

Z
j 

2

+
|C
g | 

1

2 √
n

1

|C
g | ∑j∈C

g

Z
j −

1

2 √
m

1

|C
g | ∑j∈C

g

Z
j 

2

,

an
d

∑j∈C
g 

1

2 √
m
Z
j −

1

2 √
n

1

|C
g | ∑j∈C

g

Z
j 

2

=
∑j∈C

g 
1

2 √
m
Z
j −

1

2 √
m

1

|C
g | ∑j∈C

g

Z
j 

2

+
|C
g | 

1

2 √
n

1

|C
g | ∑j∈C

g

Z
j −

1

2 √
m

1

|C
g | ∑j∈C

g

Z
j 

2

,

w
e

h
ave

∣∣∣∣∣∣ T
g −

m

2(n
+
m

)

d
∑g
=

1 ∑j∈C
g 

Z
j −

1

|C
g | ∑j∈C

g

Z
j 

2−
n

2(n
+
m

)

d
∑g
=

1 ∑j∈C
g 

Z
j −

1

|C
g | ∑j∈C

g

Z
j 

2

−
d
∑g
=

1 |C
g | 

1

|C
g | ∑j∈C

g ( √
m

m
+
n
Z
j −

√
n

m
+
n
Z
j ) 

2 ∣∣∣∣∣∣
=
o
P

(1).
(49)

N
ex

t,
w

e
an

aly
ze
f
h (t).

B
y

its
d
efi

n
ition

,

d
f
h (t)

d √
t

=

∏
g∈

[d
]\{
h} ( √

t−
√
r
g )

∏
g∈

[d
]\{
h} ( √

r
h −
√
r
g ) .

T
h
erefore,

w
e

h
ave

m
ax

g∈
[d

]
su

p
√
n| √

t−
√
r
g |≤

λ
n ∣∣∣∣∣ d

f
g (t)

d √
t
−

1 ∣∣∣∣∣
=
o
P

(1
)

an
d

m
ax

g∈
[d

]\{
h}

su
p

√
n| √

t−
√
r
g |≤

λ
n ∣∣∣∣ d

f
h (t)

d √
t

∣∣∣∣
=
o
P

(1).
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P
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r
t
it
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n
s

U
si

n
g

T
ay

lo
r

ex
p
an

si
on

,
w

e
ge

t

k ∑ j=
1

f
h
(p̂
j
)
−

k ∑ j=
1

f
h
(q̂
j
)

=
∑ j∈
C h

(√
p̂
j
−
√
q̂ j

)
+
o P

(1
)

k ∑ j=
1

|√
p̂
j
−
√
q̂ j
|.

T
h
en

,
w

e
h
av

e

∣ ∣ ∣ ∣ ∣ ∣
2
n
m

n
+
m

d ∑ h
=

1

1 |C
h
| 

k ∑ j=
1

f
h
(p̂
j
)
−

k ∑ j=
1

f
h
(q̂
j
) 

2

−
2n
m

n
+
m

d ∑ h
=

1

1 |C
h
| 
∑ j∈
C h

(√
p̂
j
−
√
q̂ j

) 
2
∣ ∣ ∣ ∣ ∣ ∣=

o P
(1

).

T
h
e

sa
m

e
ar

gu
m

en
t

al
so

le
ad

s
to

∣ ∣ ∣ ∣ ∣ ∣
2
n
m

n
+
m

d ∑ h
=

1

1 |C
h
| 

k ∑ j=
1

f
h
(p̂
j
)
−

k ∑ j=
1

f
h
(q̂
j
) 

2

−
2n
m

n
+
m

d ∑ h
=

1

1 |C
h
| 
∑ j∈
C h

(√
p̂
j
−
√
q̂ j

) 
2
∣ ∣ ∣ ∣ ∣ ∣=

o P
(1

).

H
en

ce
,

w
e

h
av

e
th

e
fo

ll
ow

in
g

ap
p
ro

x
im

at
io

n
,

∣ ∣ ∣ ∣ ∣ ∣T
f
−

d ∑ g
=

1

|C
g
| 

1 |C
g
|∑ j∈
C g

(√
m

m
+
n
Z
j
−
√

n

m
+
n
Z
j

) 
2
∣ ∣ ∣ ∣ ∣ ∣=

o P
(1

).
(5

0)

A
cc

or
d
in

g
to

th
e

ar
gu

m
en

t
in

th
e

p
ro

of
of

T
h
eo

re
m

24
,
Z

=
(I
k
−
√
p
√
p
T

)W
w

it
h

W
 

N
(0
,I
k
).

S
im

il
ar

ly
,

w
e

al
so

h
av

e
Z

=
(I
k
−
√
q√

qT
)W

w
it

h
W
 

N
(0
,I
k
).

N
ot

e
th

at
W

is
in

d
ep

en
d
en

t
of
W

.
R

ec
al

l
th

e
d
efi

n
it

io
n

of
th

e
m

at
ri

x
Q

an
d

th
e

ve
ct

or
γ

in
th

e
p
ro

of
of

T
h
eo

re
m

25
.

T
h
en

,

d ∑ g
=

1

∑ j∈
C g

 
Z
j
−

1 |C
g
|∑ j∈
C g
Z
j

 
2

=
Z
T

(I
k
−
Q
Q
T

)Z
,

d ∑ g
=

1

∑ j∈
C g

 
Z
j
−

1 |C
g
|∑ j∈
C g
Z
j

 
2

=
Z
T

(I
k
−
Q
Q
T

)Z
,

d ∑ g
=

1

|C
g
| 

1 |C
g
|∑ j∈
C g

(√
m

m
+
n
Z
j
−
√

n

m
+
n
Z
j

) 
2

=

∥ ∥ ∥ ∥Q
T

(√
m

m
+
n
Z
−
√

n

m
+
n
Z

)∥ ∥ ∥ ∥
2

.

F
u
rt

h
er

m
or

e,
w

e
h
av

e

Z
T

(I
k
−
Q
Q
T

)Z
=

W
T

(I
k
−
Q
Q
T

)W
,

Z
T

(I
k
−
Q
Q
T

)Z
=

W
T

(I
k
−
Q
Q
T

)W
,

∥ ∥ ∥ ∥Q
T

(√
m

m
+
n
Z
−
√

n

m
+
n
Z

)∥ ∥ ∥ ∥
2

=

∥ ∥ ∥ ∥(
I k
−
γ
γ
T

)Q
T

(√
m

m
+
n
W
−
√

n

m
+
n
W

)∥ ∥ ∥ ∥
2

.

T
h
er

ef
or

e,
th

e
th

re
e

te
rm

s
ab

ov
e

ar
e

as
y
m

p
to

ti
ca

ll
y

in
d
ep

en
d
en

t,
an

d
th

ei
r

a
sy

m
p
to

ti
c

d
is

-
tr
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u
ti

on
s

ar
e
χ

2 k
−
d
,
χ

2 k
−
d

an
d
χ

2 d
−

1
u
n
d
er

th
e

n
u
ll
,

re
sp
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ti

ve
ly

.
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of
of

T
h
eo

re
m
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]

W
e

w
il
l
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ro
w

n
ot

at
io

n
an

d
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m

en
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u
se

d
in

th
e

p
ro

o
f

o
f

T
h
eo

re
m

23
.

F
or

ex
am

p
le

,
w

e
ke

ep
u
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n
g

th
e

n
ot

at
io

n
L

=
m

ax
1
≤
g
≤
d

m
ax

j∈
C g
√
n
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j
−
ν g
|.

H
ow

ev
er

,
u
n
d
er

C
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d
it

io
n

M
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,
w

e
h
av

e
L

=
O

(1
)

in
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ea
d
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L
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1)
.

L
et
C
n

b
e

a

d
iv

er
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n
g

se
q
u
en
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at
sa
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sfi
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C
n
→
∞

an
d

C
3
/
2

n
m

a
x
g
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h
|η̄
g
h
|

√
n

→
0.

T
h
en

,
w

e
ca

n
u
se

th
e

sa
m

e
an

al
y
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s
in

th
e

p
ro

of
of

T
h
eo

re
m

23
th

a
t

le
ad

s
to

(4
1)

an
d

(4
6)

.
N

ot
e

th
a
t

th
e

o
n
ly

d
iff

er
en

ce
is
L

=
O

(1
),

an
d

it
w

il
l

n
ot

aff
ec

t
th

e
co

n
cl

u
si

o
n
s

of
(4

1
)

an
d

(4
6)

.
W

e
st

il
l

h
av

e
∣ ∣ ∣ ∣ ∣ ∣T
g
−
n

d ∑ h
=

1

∑ j∈
C h

(X
π
−
1
(j

)
−
ν h

)2

∣ ∣ ∣ ∣ ∣ ∣=
o P

(1
),

an
d

∣ ∣ ∣ ∣ ∣ ∣T
f
−
n

d ∑ h
=

1

1 |C
h
| 
∑ j∈
C h

(X
π
−
1
(j

)
−
µ
j
) 

2
∣ ∣ ∣ ∣ ∣ ∣=

o P
(1

).

B
y

th
e

fa
ct

th
at

n
d ∑ h
=

1

∑ j∈
C h

(X
π
−
1
(j

)
−
ν h

)2
−
n

d ∑ h
=

1

1 |C
h
| 
∑ j∈
C h

(X
π
−
1
(j

)
−
µ
j
) 

2

=
n

d ∑ h
=

1

∑ j∈
C h

(X
π
−
1
(j

)
−
ν h

)2
−
n

d ∑ h
=

1

|C
h
| 

1 |C
h
|∑ j∈
C h

(X
π
−
1
(j

)
−
ν h

) 
2

=
n

d ∑ h
=

1

∑ j∈
C h

 
X
π
−
1
(j

)
−

1 |C
h
|∑ j∈
C h
X
π
−
1
(j

) 
2

,

w
e

al
so

h
av

e
∣ ∣ ∣ ∣ ∣ ∣T
g
−
T
f
−
n

d ∑ h
=

1

∑ j∈
C h

 
X
π
−
1
(j

)
−

1 |C
h
|∑ j∈
C h
X
π
−
1
(j

) 
2
∣ ∣ ∣ ∣ ∣ ∣=

o P
(1

).

T
h
er

ef
or

e,
u
n
d
er

th
e

n
u
ll

h
y
p

ot
h
es

is
X
∼
N

(µ
,n
−

1
I k

),
w

e
h
av

e
T
g
 

χ
2 k
,τ

2
,
T
f
 

χ
2 d

a
n
d

T
g
−
T
f
 
χ

2 k
−
d
,τ

2
.

1
0
.2

P
o
w

e
r

A
n
a
ly

si
s

In
th

is
se

ct
io

n
,

w
e

gi
v
e

p
ro

of
s

of
T

h
eo

re
m

3,
T

h
eo

re
m

6,
T

h
eo

re
m

8,
T

h
eo

re
m

1
0

a
n
d

T
h
eo

re
m

20
.

P
ro

o
f

[P
ro

of
of

T
h
eo

re
m

3]
W

e
fi
rs

t
as

su
m

e
n
`(
θ,
µ

)2
→
∞

an
d

d
er

iv
e
T
→
∞

in
p
ro

b
a-

b
il
it

y.
N

ot
e

th
at

fo
r

ea
ch

π
∈
S
k
,

n
k ∑ j=

1

(θ
j
−
µ
π

(j
))

2
≤

2
n

k ∑ j=
1

(X
j
−
θ j

)2
+

2
n

k ∑ j=
1

(X
j
−
µ
π

(j
))

2
.
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ss-o

f
-F

it
T
e
st

s
f
o
r
R
a
n
d
o
m

P
a
r
t
it
io
n
s

T
h
erefo

re,

n
`(θ,µ

)
2≤

2

k
∑j=

1

Z
2j

+
2
n
`(X

,µ
)
2,

w
h
ere

Z
j ∼

N
(0,1).

T
h
e

fact
th

at
2 ∑

kj=
1
Z

2j
=
O
P

(1)
an

d
th

e
assu

m
p
tion

n
`(θ,µ

)
2→

∞
im

p
lies

th
a
t
n
`(X

,µ
)
2
→
∞

in
p
rob

ab
ility.

S
u
p
p

ose
w

e
can

sh
ow

T
=
O
P

(1)
im

p
lies

n
`(X

,µ
)
2

=
O
P

(1),
th

en
n
`(X

,µ
)
2→
∞

in
p
rob

ab
ility

m
u
st

im
p
lies

T
→
∞

in
p
rob

ab
ility.

N
ow

w
e

su
p
p

ose
a

b
ou

n
d
T
≤

B
=

O
(1),

an
d

it
is

su
ffi

cien
t

to
d
erive

a
b

ou
n
d

fo
r
n
`(X

,µ
)
2.

F
or

each
j

=
1
,...,k

,
w

e
sh

orth
an

d
th

e
p

ow
er

su
m

s
p
j (X

1 ,...,X
k )

an
d

p
j (µ

1 ,...,µ
k )

b
y
p
j (X

)
an

d
p
j (µ

).
S
im

ilarly,
th

e
elem

en
tary

sy
m

m
etric

p
oly

n
om

ials
e
j (X

1 ,...,X
k )

a
n
d
e
j (µ

1 ,...,µ
k )

are
sh

orth
an

d
ed

b
y
e
j (X

)
an

d
e
j (µ

).
D

efi
n
e

a
vector

∆
∈
R
k

w
ith

th
e
jth

en
try

b
ein

g
∆
j

=
1j ∑

kh
=

1
X
jh −

1j ∑
kh

=
1
µ
jh .

R
ecall

th
e

d
efi

n
itio

n
of

th
e

m
atrix

E
(µ

1 ,...,µ
k ).

T
h
en

,

T
=
n‖E

(µ
1 ,...,µ

k )∆
‖

2.

W
e

u
se
λ

m
a
x (·)

an
d
λ

m
in (·)

to
d
en

ote
th

e
largest

an
d

th
e

sm
allest

eigen
valu

es.
B

y
th

e
fact

th
a
t
V

(µ
1 ,...,µ

k )E
(µ

1 ,...,µ
k )

=
I
k ,

w
e

h
ave

T
≥
n
λ

m
in (E

(µ
1 ,...,µ

k )
T
E

(µ
1 ,...,µ

k ))‖∆
‖

2≥
n‖∆
‖

2

λ
m

a
x (V

(µ
1 ,...,µ

k )
T
V

(µ
1 ,...,µ

k )) .

T
h
e

b
ou

n
d
T
≤
B

th
en

lead
s

to

‖∆
‖

2≤
λ

m
a
x (V

(µ
1 ,...,µ

k )
T
V

(µ
1 ,...,µ

k ))B

n
=
O

(
Bn

)
.

(51)

T
h
erefo

re,|p
j (X

)−
p
j (µ

)| 2
=
O

(B
/n

)
for

each
j
∈

[k
].

B
y

N
ew

ton
’s

id
en

tities,
w

e
can

d
ed

u
ce
|e
j (X

)−
e
j (µ

)| 2
=
O

(B
/n

)
for

each
j∈

[k
].

D
efi

n
e

f
(t)

=
k
∏j=

1 (t−
µ
j ),

f̂
(t)

=
k
∏j=

1 (t−
X
j ).

T
h
e

rela
tio

n
b

etw
een

th
e

tw
o

p
oly

n
om

ials
an

d
th

e
elem

en
tary

sy
m

m
etric

p
oly

n
om

ials
is

g
iven

in
(3

).
U

sin
g

(3),
w

e
giv

e
a

b
ou

n
d

for|f
(X

l )|.

|f
(X

l )|
=
|f

(X
l )−

f̂
(X

l )|≤
k
∑j=

0 |e
k−

j (X
)−

e
k−

j (µ
)||X

l | j.

S
in

ce
|X

l | 2≤
p

2 (X
)≤

p
2 (µ

)
+
|p

2 (X
)−

p
2 (µ

)|
=
O

(1),
w

e
h
ave
|f

(X
l )| 2

=
O

(B
/n

).
T

h
e

fo
llow

in
g

p
ro

p
o
sition

is
u
sefu

l
an

d
w

ill
b

e
p
roved

in
th

e
en

d
.

P
ro

p
o
sitio

n
2
6

F
o
r

a
n

y
µ

1 ,...,µ
k ,

w
e

h
a
ve

|f
(t)|≥

m
in

1≤
j≤
k |t−

µ
j |

∏

1≤
j<
l≤
k ∣∣∣∣ µ

j −
µ
l

2

∣∣∣∣ .
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G
a
o

B
y

th
is

in
eq

u
ality,

w
e

h
av

e

m
ax

1≤
l≤
k

m
in

1≤
j≤
k (X

l −
µ
j )

2
=
O

(
Bn

)
.

(52)

T
h
erefore,

th
ere

ex
ists

a
seq

u
en

ce
σ

(1),...,σ
(k

)
su

ch
th

at

m
ax

1≤
j≤
k (X

j −
µ
σ

(j) )
2

=
O

(
Bn

)
.

S
in

ce

k
∏j=

1 |t−
µ
σ

(j) |≤
2
k

k
∏j=

1 |t−
X
j |

+
2
k

k
∏j=

1 |X
j −

µ
σ

(j) |
=

2
k|f̂

(t)|+
O

(
(
Bn

)
k
/
2 )

,

an
d

|f̂
(µ
l )|

=
|f̂

(µ
l )−

f
(µ
l )|≤

k
∑j=

0 |e
k−

j (X
)−

e
k−

j (µ
)||µ

l | j
=
O

(
√
Bn

)
,

w
e

h
ave

k
∏j=

1 |µ
l −

µ
σ

(j) |
=
O

(
√
Bn

)
,

w
h
ich

h
old

s
for

every
l

=
1
,...,k

.
T

h
e

fact
th

at
µ

1 ,...,µ
k

are
k

d
iff

eren
t

fi
x
ed

n
u
m

b
er

im
p
lies

σ
m

u
st

b
e

an
elem

en
t

of
S
k .

H
en

ce,
th

e
b

ou
n
d

(52)
im

p
lies

n
`(X

,µ
)
2

=
O

(B
),

an
d

th
e

p
ro

of
of

on
e

d
irection

is
com

p
lete.

F
or

th
e

oth
er

d
irection

,
it

is
su

ffi
cien

t
to

sh
ow

th
at
n
`(θ,µ

)
=
O

(1)
im

p
lies

T
=
O
P

(1).
T

h
is

can
b

e
sh

ow
n

u
sin

g
th

e
sam

e
argu

m
en

t
in

th
e

p
ro

of
of

T
h
eorem

22.

P
ro

o
f

[P
ro

of
of

P
rop

osition
26]

W
e

fi
rst

con
sid

er
th

e
case

k
=

2,
w

h
ere

f
(t)

=
(t−

µ
1 )(t−

µ
2 ).

S
u
p
p

ose
|t−

µ
1 |≤

|t−
µ

2 |,
th

en
|t−

µ
2 |≥

|µ
1 −
µ
2 |

2
.

T
h
u
s,|f

(t)|≥
|µ

1 −
µ
2 |

2
m

in{|t−
µ

1 |,|t−
µ

2 |}.
T

h
e

sam
e

argu
m

en
t

also
w

ork
s

w
h
en
|t−

µ
1 |
>
|t−

µ
2 |.

W
h
en

k
=

3,

|f
(t)|

≥
|t−

µ
3 | |µ

1 −
µ

2 |
2

m
in{|t−

µ
1 |,|t−

µ
2 |}

=
|µ

1 −
µ

2 |
2

m
in{|t−

µ
1 ||t−

µ
3 |,|t−

µ
2 ||t−

µ
3 |}

.

T
h
e

in
eq

u
ality

for
k

=
2

can
b

e
u
sed

to
low

er
b

ou
n
d

b
oth
|t−

µ
1 ||t−

µ
3 |

an
d
|t−

µ
2 ||t−

µ
3 |.

T
h
is

giv
es

th
e

d
esired

resu
lt

for
k

=
3.

A
stan

d
ard

m
ath

em
atical

in
d
u
ction

argu
m

en
t

lead
s

to
in

eq
u
ality

for
a
ll
k
.

P
ro

o
f

[P
ro

of
of

T
h
eorem

6]
A

ccord
in

g
to

th
e

argu
m

en
t

th
at

w
e

h
ave

u
sed

in
th

e
p
ro

of
of

T
h
eorem

3,
w

e
n
eed

to
sh

ow
T
f

=
O
P

(1)
an

d
T
g

=
O
P

(1)
im

p
ly
n
`(X

,µ
)
2

=
O
P

(1)
for

th
e

p
ro

of
of

th
e

fi
rst

d
irection

.
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G
o
o
d
n
e
ss
-o

f
-F

it
T
e
st

s
f
o
r
R
a
n
d
o
m

P
a
r
t
it
io
n
s

S
u
p
p

os
e
T
f
≤
B

1
=
O

(1
)

an
d
T
g
≤
B

2
=
O

(1
).

It
is

su
ffi

ci
en

t
to

d
er

iv
e

a
b

ou
n
d

fo
r

n
`(
X
,µ

)2
.

W
e

fi
rs

t
d
er

iv
e

an
in

eq
u
a
li
ty

fo
r
g
(t

).
S
in

ce

m
ax

1
≤
g
≤
d

∏

h
∈[
d
]\
{g
}(t
−
ν h

)2
≤

d ∑ g
=

1

∏

h
∈[
d
]\
{g
}(t
−
ν h

)2
≤
d

m
ax

1
≤
g
≤
d

∏

h
∈[
d
]\
{g
}(t
−
ν h

)2
,

w
e

h
av

e
1 d

m
in

1
≤
g
≤
d
(t
−
ν g

)2
≤
g
(t

)
≤

m
in

1
≤
g
≤
d
(t
−
ν g

)2
.

(5
3)

T
h
er

ef
or

e,
T
g
≤
B

2
im

p
li
es

th
at
∑

k j=
1

m
in

1
≤
g
≤
d
(X

j
−
ν g

)2
≤

d
B

2
n

.
T

h
is

im
p
li
es

th
e

ex
is

te
n
ce

of
a

se
q
u
en

ce
σ

(1
),
..
.,
σ

(k
)

su
ch

th
at

m
ax

1
≤
j≤
k
(X

j
−
ν σ

(j
))

2
≤

d
B

2
n

=
O

(B
2
/n

).
It

fu
rt

h
er

im
p
li
es

m
ax

1
≤
h
≤
d

m
ax

1
≤
j≤
k
|X

h j
−
ν
h σ
(j

)|
=
O

(√
B

2
/n

).
D

efi
n
e
Ĉ g

=
{j
∈

[k
]

:
σ

(j
)

=
g
}

fo
r

ea
ch

g
∈

[d
].

T
h
en

d
−

1
∑ h

=
1

 
k ∑ j=

1

X
h j
−

d ∑ g
=

1

|Ĉ
g
|ν
h g

 
2

=
O

(
B

2 n

)
.

U
si

n
g

th
e

sa
m

e
ar

gu
m

en
t

in
d
er

iv
in

g
(5

1)
,

w
e

ca
n

al
so

ge
t

th
e

b
ou

n
d

d
−

1
∑ h

=
1

 
k ∑ j=

1

X
h j
−

d ∑ g
=

1

|C
g
|ν
h g

 
2

=
O

(
B

1 n

)
.

T
h
e

in
eq

u
al

it
ie

s
in

th
e

la
st

tw
o

d
is

p
la

y
s,

to
ge

th
er

w
it

h
th

e
eq

u
al

it
y
∑

d g
=

1
|Ĉ
g
|=

∑
d g
=

1
|C
g
|,

gi
ve

d
−

1
∑ h

=
0

 
d ∑ g
=

1

|Ĉ
g
|ν
h g
−

d ∑ g
=

1

|C
g
|ν
h g

 
2

=
O

(
B

1
+
B

2

n

)
.

D
efi

n
e

a
ve

ct
or
r
∈
R
d
,

w
it

h
it

s
g
th

en
tr

y
b

ei
n
g
|Ĉ
g
|−
|C
g
|.

T
h
en

,

d
−

1
∑ h

=
0

 
d ∑ g
=

1

|Ĉ
g
|ν
h g
−

d ∑ g
=

1

|C
g
|ν
h g

 
2

=
‖V

(ν
1
,.
..
,ν
d
)r
‖2
≥
λ

m
in

(V
(ν

1
,.
..
,ν
d
)T
V

(ν
1
,.
..
,ν
d
))
‖r
‖2
.

W
h
en

ν 1
,.
..
,ν
d

ar
e
d

d
iff

er
en

t
n
u
m

b
er

s,
w

e
h
av

e
λ

m
in

(V
(ν

1
,.
..
,ν
d
)T
V

(ν
1
,.
..
,ν
d
))
>

0,
an

d
th

u
s
‖r
‖2

=
O
( B

1
+
B

2
n

) .
S
in

ce
‖r
‖2

is
an

in
te

ge
r,

w
e

m
u
st

h
av

e
‖r
‖2

=
0,

w
h
ic

h
g
iv

es

|Ĉ
g
|=
|C
g
|f

or
an

y
g
∈

[d
].

F
ro

m
th

is
w

e
ca

n
d
ed

u
ce

th
at
n
`(
X
,µ

)2
=
O

(B
2
).

F
or

th
e

ot
h
er

d
ir

ec
ti

on
,

it
is

su
ffi

ci
en

t
to

sh
ow

th
at
n
`(
θ,
µ

)2
=
O

(1
)

im
p
li
es
T
f

=
O
P

(1
)

an
d
T
g

=
O
P

(1
).

T
h
is

ca
n

b
e

sh
ow

n
u
si

n
g

th
e

sa
m

e
ar

gu
m

en
t

in
th

e
p
ro

of
of

T
h
eo

re
m

2
3.

P
ro

o
f

[P
ro

of
s

of
T

h
eo

re
m

8
an

d
T

h
eo

re
m

10
]

T
h
e

p
ro

of
s

ar
e

th
e

sa
m

e
as

th
os

e
of

T
h
eo

re
m

3
an

d
T

h
eo

re
m
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G
a
o

P
ro

o
f

[P
ro

of
of

T
h
eo

re
m
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√
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∈
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→
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=
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=
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=
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b
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√
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∈
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) 

2

=
2n
m

d
(n

+
m

)‖
E

(√
r 1
,.
..
,√
r d

)∆
‖2
,

w
h
er

e
∆

is
a
d
-d

im
en

si
on

al
v
ec

to
r

w
it

h
∆
h

=
1 h

∑
k j=

1
(√

p̂
j
)h
−

1 h

∑
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∑
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] | √

p̂
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=
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h
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b
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=
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=
O
P

(1
).

1
0
.3

M
in

im
a
x

U
p

p
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b
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b
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∞
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th
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+
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d ∫
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Π
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=

∫
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=

∫
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Π
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Π̄
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∫
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∫
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∫
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∫
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( √
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+
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<
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d
efi

n
it

io
n
s

im
p
ly
L −
≤
L
≤
L +

.
D

efi
n
e

th
e

fu
n
ct

io
n

F
δ
(x

)
=

∫ 1 −
1

ex
p

(δ
x
t)

(1
−
t2

)k
−
3

2
d
t

∫ 1 −
1
(1
−
t2

)k
−
3

2
d
t

.
(5

8)
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=
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2
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δ −
(√
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‖X
−
µ
‖)
,F

δ +
(√
n
‖X
−
µ
‖)
},

L +
=

e−
δ
2 −
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2

m
ax
{F

δ −
(√
n
‖X
−
µ
‖)
,F
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(√
n
‖X
−
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‖)
}.

D
efi

n
e
φ

=
I{
L
>

1}
,
φ
−

=
I{
L −

>
1
}

an
d
φ

+
=

I{
L +

>
1
}.

W
e

h
av

e
th

e
in

eq
u
a
li
ty

φ
−
≤
φ
≤
φ

+
.

F
or
θ

=
EX

=
µ

,
‖√

n
(X
−
µ

)‖
2
∼
χ

2 k
.

T
h
u
s,

le
t
Z
∼
N

(0
,I
k
),

a
n
d

th
en

w
e

h
av

e

P µ
φ
≥

P µ
(L
−
>

1)

=
P
( e−

δ
2 +
/
2

m
in
{F

δ −
(‖
Z
‖)
,F

δ +
(‖
Z
‖)
}
>

1
)

→
P
( e−

δ
2
/
2
F
δ
(‖
Z
‖)
>

1
) .

F
or

th
e

al
te

rn
at

iv
e
θ

=
µ

+
δ v √
n
v
∈

Θ̄
δ
,
‖√

n
(X
−
µ

)‖
2
∼
χ
k
2
,δ

2 v
,

w
h
er

e
δ2 v
∈

[δ
−
,δ

+
].

T
h
en

,

P µ
+
δ
v
√
n
v
(1
−
φ

)
≥

P µ
+
δ
v
√
n
v

(L
+
≤

1)

=
P
( e−

δ
2 −
/
2

m
ax
{F

δ −
(‖
Z

+
δ v
v
‖)
,F

δ +
(‖
Z

+
δ v
v
‖)
}
≤

1
)

≥
P
( e−

δ
2 −
/
2

m
ax
{F

δ −
(‖
Z

+
δ +
v
‖)
,F

δ +
(‖
Z

+
δ +
v
‖)
}
≤

1
)

→
P
( e−

δ
2
/
2
F
δ
(‖
Z

+
δv
‖)
≤

1
)

N
ot

e
th

at
P
( e−

δ
2
/
2
F
δ
(‖
Z

+
δv
‖)
≤

1
)

is
in

d
ep

en
d
en

t
of
v
.

T
h
er

ef
or

e,
b
y

th
e

fa
ct

th
a
t

F
δ
(x

)
is

in
cr

ea
si

n
g

on
x
>

0,
w

e
h
av

e

R
n
(k
,n

)
≥

P µ
(L
−
>

1)
+

in
f

‖v
‖=

1
P µ

+
δ
v
√
n
v

(L
+
≤

1)

≥
(1

+
o(

1)
)

{ P
( e−

δ
2
/
2
F
δ
(‖
Z
‖)
>

1
)

+
in

f
‖v
‖=

1
P
( e−

δ
2
/
2
F
δ
(‖
Z

+
δv
‖)
≤

1
)}

≥
(1

+
o(

1)
)

in
f

t>
0

{ P(
χ

2 k
≥
t)

+
P(
χ

2 k
,δ

2
<
t)
}
.

T
h
e

p
ro

of
is

co
m

p
le

te
.

P
ro

o
f

[P
ro

of
of

T
h
eo

re
m

15
]

N
ot

e
th

at
C

on
d
it

io
n

M
3

im
p
li
es
√
n
|√
q j
−
√
q l
|→
∞

fo
r

a
n
y

j
6=
l.

C
on

si
d
er

th
e

se
t

P̄ δ
=

{ p
:
‖√

p
−
√
q‖

=
δ √
n

}
.

F
or

ea
ch
p
∈
P̄ δ

,
|√
p
j
−
√
q j
|2
≤

δ
2 n
,

w
h
ic

h
im

p
li
es
√
q j

is
th

e
cl

os
es

t
el

em
en

t
to
√
p
j

in
th

e
se

t
{√

q 1
,.
..
,√
q k
}.

T
h
er

ef
or

e,
`(
p
,q

)
=
‖√

p
−
√
q‖

=
δ/
√
n

,
w

h
ic

h
im

p
li
es
P̄ δ
⊂
P δ

.
T

h
is

gi
ve

s
th

e
lo

w
er

b
ou

n
d

R
n
(k
,δ

)
≥

in
f

0
≤
φ
≤

1

{
P q
φ

+
su

p
p
∈P̄

δ

P p
(1
−
φ

)}
.
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s

L
et

Π
b

e
th

e
u
n
iform

d
istrib

u
tion

on
th

e
sp

h
ere
{
v

:‖v−
√
q‖

=
δ/ √

n}
.

T
h
en

,

R
n
(k
,δ)≥

in
f

0≤
φ≤

1 {
P
q φ

+

∫
P
p (1−

φ
)d

Π
( √
p
) }

.

B
y

N
ey

m
a
n
-P

earson
lem

m
a,

th
e

op
tim

al
testin

g
fu

n
ction

φ
is

giv
en

b
y

φ
=

{
d ∫

P
p d

Π
( √
p
)

dP
q

>
1 }

.

B
y

th
e

d
efi

n
itio

n
,

w
e

h
ave

L
=
d ∫

P
p d

Π
( √
p
)

dP
q

=

∫
ex

p 
n

k
∑j=

1

q
j

log
p
j

q
j

+
n

k
∑j=

1 (p̂
j −

q
j )

lo
g
p
j

q
j 

d
Π

( √
p
),

w
h
ere

p̂
j

=
1n ∑

ni=
1 I{X

i
=
j}

.
N

ote
th

at
log √

p
j

q
j

=
log (

1
+
√
p
j −
√
q
j

√
q
j

)
.

B
y

C
on

d
ition

M
3,

m
ax

1≤
j≤
k ∣∣∣ √

p
j −
√
q
j

√
q
j

∣∣∣
=
o(1).

T
h
erefore,

m
ax

1≤
j≤
k ∣∣∣ log √

p
j

q
j −

√
p
j −
√
q
j

√
q
j

∣∣∣
∣∣∣ √

p
j −
√
q
j

√
q
j

∣∣∣ 2
=
O

(1),
(59)

a
n
d

m
ax

1≤
j≤
k ∣∣∣∣ log √

p
j

q
j −

√
p
j −
√
q
j

√
q
j

+
12 (
√
p
j −
√
q
j

√
q
j

)
2 ∣∣∣∣

∣∣∣ √
p
j −
√
q
j

√
q
j

∣∣∣ 3
=
O

(1).
(60)

S
in

ce
k
∑j=

1

q
j [√

p
j −
√
q
j

√
q
j

−
12

(
√
p
j −
√
q
j

√
q
j

)
2 ]

=
−
‖ √

p−
√
q‖

2.

B
y

(6
0
),

w
e

h
av

e
k
∑j=

1

q
j

log
p
j

q
j

=
−

(1
+
o(1))2‖ √

p−
√
q‖

2.

U
n
d
er

C
on

d
itio

n
M

3,
p̂
j /p

j
=

1
+
o
P

(1),
an

d
th

is
im

p
lies

p̂
j /q

j
=

1
+
o
P

(1).
T

h
erefore,

k
∑j=

1 (p̂
j −

q
j ) √

p
j −
√
q
j

√
q
j

=
2(1

+
o
P

(1))
k
∑j=

1 ( √
p̂
j −
√
q
j )( √

p
j −
√
q
j ).

(61)

B
y

(5
9
),

w
e

h
av

ek
∑j=

1 (p̂
j −

q
j )

log
p
j

q
j

=
4(1

+
o
P

(1))
k
∑j=

1 ( √
p̂
j −
√
q
j )( √

p
j −
√
q
j ).

(62)
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p
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δ−

an
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δ

+
th
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δ−

=
(1

+
o(1))δ,

δ
+

=
(1

+
o(1))δ.

M
oreover,

on
an

even
t
E

w
ith

p
rob

ab
ility

1−
o(1)

u
n
d
er

b
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n
u
ll

an
d

altern
ative,

th
e

follow
in

g
in

eq
u
alities

h
old

:

−
2
δ

2+
≤
n

k
∑j=

1

q
j

log
p
j

q
j
≤
−

2δ
2−
,

k
∑j=

1 (p̂
j −
q
j )

log
p
j

q
j
≤

m
ax {

4δ−
√
n

〈√
p̂−
√
q,

√
p−
√
q

‖ √
p−
√
q‖ 〉

,
4δ

+
√
n

〈√
p̂−
√
q,

√
p−
√
q

‖ √
p−
√
q‖ 〉}

,

an
d

k
∑j=

1 (p̂
j −

q
j )

log
p
j

q
j
≥

m
in {

4δ−
√
n

〈√
p̂−
√
q,

√
p−
√
q

‖ √
p−
√
q‖ 〉

,
4δ

+
√
n

〈√
p̂−
√
q,

√
p−
√
q

‖ √
p−
√
q‖ 〉}

.

W
e

in
tro

d
u
ce

th
e

u
p
p

er
an

d
low

er
b
rackets

of
th

e
L

as

L
−

=
m

in {∫
ex

p (−
2
δ

2+
+

4
δ− √

n 〈√
p̂−
√
q,v 〉)

d
Π̄

(v
),

(63)

∫
ex

p (−
2δ

2+
+

4
δ

+ √
n 〈√

p̂−
√
q,v 〉)

d
Π̄

(v
) }

,

L
+

=
m

ax {∫
ex

p (−
2
δ

2−
+

4
δ− √

n 〈√
p̂−
√
q,v 〉)

d
Π̄

(v
),

(64)

∫
ex

p (−
2δ

2−
+

4
δ

+ √
n 〈√

p̂−
√
q,v 〉)

d
Π̄

(v
) }

,

w
h
ere

Π̄
is

th
e

u
n
iform

d
istrib

u
tion

on
th

e
u
n
it

sp
h
ere
{v

:‖
v‖

=
1}.

B
y

(56),
w

e
h
ave

L
−

=
e −

2
δ
2+

m
in{

F
2
δ−

(2 √
n‖ √

p̂−
√
q‖

),F
2
δ
+

(2 √
n‖ √

p̂−
√
q‖

)}
,

L
+

=
e −

2
δ
2−

m
ax{

F
2
δ−

(2 √
n‖ √

p̂−
√
q‖),F

2
δ
+

(2 √
n‖ √

p̂−
√
q‖)}.

w
h
ere

F
δ (x

)
is

d
efi

n
ed

in
(58).

N
ote

th
at

4
n‖ √

p̂
−
√
q‖

2
 

χ
2k−

1
u
n
d
er

th
e

n
u
ll

an
d

4
n‖ √

p̂−
√
q‖

2−
δ

22
 
χ

2k−
1
,δ

21
,

w
ith

δ
21

=
δ

1 (p
)
2

an
d
δ

22
=
δ

2 (p
)
2

d
efi

n
ed

in
(47)

an
d

(48),

u
n
d
er

th
e

altern
ative.

D
efi

n
e
φ

=
I{L

>
1}

,
φ
−

=
I{L

−
>

1}
,
φ

+
=

I{L
+
>

1}
an

d
φ
∗

=
I{L

∗
>

1}
.

T
h
en

,
w

e
h
av

e
th

e
in

eq
u
a
lity

φ
− I

E
≤
φI
E
≤
φ

+ I
E

.
F

or
q

=
p
,

w
e

h
ave

P
q φ

=
P
q φI

E
+

P
q φI

E
c

≥
P
q φ
− I

E

≥
P
q

(L
−
>

1)−
P
q (E

c)

=
P
q (
e −

2
δ
2+

m
in{F

2
δ−

(2 √
n‖ √

p̂−
√
q‖),F

2
δ
+

(2 √
n‖ √

p̂−
√
q‖)}

>
1 )
−

P
q (E

c)

→
P
(
e −

2
δ
2F

2
δ ( √

χ
2k−

1 )
>

1 )
.
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√
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( √
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+
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( √
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−
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+
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=
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+
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√
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∞
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y
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√
r h
|=

o(
n
−

1
/
2
).
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n
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er
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m
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r
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y
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√
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δ √
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∈
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√
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δ √
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√
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( √
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√
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√
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δ √
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b
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√
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√
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δ √
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⊂
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b
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at

is
ti

ca
l

gu
ar

an
te

es
;

se
e

(G
ar

u
d

et
al

.,
2
01

7;
O

w
en

,
20

0
9)

fo
r

a
d
et

ai
le

d
re

v
ie

w
o
f

re
la

te
d

m
et

h
o
d
s.

C
on

ce
p
tu

al
ly

,
m

os
t

ap
p
ro

ac
h
es

ai
m

to
co

v
er

th
e

sa
m

p
li
n
g

d
om

ai
n

a
s

u
n
if

o
rm

ly
as

p
os

si
b
le

,
in

or
d
er

to
ge

n
er

at
e

th
e

so
ca

ll
ed

sp
a
ce

-fi
ll

in
g

ex
p

er
im

en
ta

l
d
es

ig
n
s

(J
o
se

p
h
,

20
16

)1
.

H
ow

ev
er

,
it

is
w

el
l

k
n
ow

th
at

u
n
if

o
rm

it
y

al
on

e
d
o
es

n
ot

n
ec

es
sa

ri
ly

le
a
d

to
h
ig

h
p

er
fo

rm
an

ce
.

F
or

ex
am

p
le

,
op

ti
m

al
sp

h
er

e
p
ac

k
in

gs
le

ad
to

h
ig

h
ly

u
n
if

or
m

d
es

ig
n
s,

ye
t

a
re

w
el

l
k
n
ow

n
to

ca
u
se

st
ro

n
g

al
ia

si
n
g

ar
ti

fa
ct

s
m

os
t

ea
si

ly
p

er
ce

iv
ed

b
y

th
e

h
u
m

a
n

v
is

u
a
l

sy
st

em
in

m
an

y
co

m
p
u
te

r
gr

ap
h
ic

s
ap

p
li
ca

ti
on

s.
In

st
ea

d
,

a
co

m
m

on
as

su
m

p
ti

o
n

is
th

a
t

a
go

o
d

d
es

ig
n

sh
ou

ld
b
al

an
ce

u
n
if

or
m

it
y

an
d

ra
n
d
om

n
es

s2
.

U
n
fo

rt
u
n
at

el
y,

an
ex

a
ct

d
efi

n
it

io
n

fo
r

w
h
at

sh
ou

ld
b

e
co

n
si

d
er

ed
a

go
o
d

sp
ac

e-
fi
ll
in

g
d
es

ig
n

re
m

ai
n
s

el
u
si

v
e.

M
os

t
co

m
m

on
ap

p
ro

ac
h
es

u
se

va
ri

ou
s

sc
al

ar
m

et
ri

cs
to

en
ca

p
su

la
te

d
iff

er
en

t
n
o
ti

o
n
s

o
f

id
ea

l
sa

m
p
li
n
g

p
ro

p
er

ti
es

.
O

n
e

p
op

u
la

r
m

et
ri

c
is

th
e

d
is

cr
ep

an
cy

of
an

ex
p

er
im

en
ta

l
d
es

ig
n
,

d
efi

n
ed

as
an

ap
p
ro

p
ri

at
e
` p

n
or

m
of

th
e

ra
ti

o
of

p
oi

n
ts

w
it

h
in

al
l

(h
y
p

er
-r

ec
ta

n
g
u
la

r)
su

b
-

vo
lu

m
es

of
D

an
d

th
e

co
rr

es
p

on
d
in

g
vo

lu
m

e
ra

ti
o.

In
ot

h
er

w
or

d
s,

d
is

cr
ep

a
n
cy

q
u
a
n
ti

fi
es

th
e

n
on

-u
n
if

or
m

it
y

of
a

sa
m

p
le

d
es

ig
n
.

T
h
e

m
os

t
p
ro

m
in

en
t

ex
am

p
le

s
of

so
ca

ll
ed

d
is

cr
ep

-
a
n

cy
se

qu
en

ce
s

ar
e

Q
u
as

i-
M

on
te

C
ar

lo
(Q

M
C

)
m

et
h
o
d
s

an
d

th
ei

r
va

ri
an

ts
(C

a
fl
is

ch
,

1
9
9
8
).

In
th

ei
r

cl
as

si
ca

l
fo

rm
,

d
is

cr
ep

an
cy

se
q
u
en

ce
s

ar
e

d
et

er
m

in
is

ti
c

th
o
u
gh

ex
te

n
si

o
n
s

to
in

co
r-

p
or

at
e

ra
n
d
om

es
s

h
av

e
b

ee
n

p
ro

p
os

ed
,

fo
r

ex
am

p
le

,
u
si

n
g

d
ig

it
al

sc
ra

m
b
li
n
g

(O
w

en
,

1
9
9
5
).

N
ev

er
th

el
es

s,
b
y

op
ti

m
iz

in
g

fo
r

d
is

cr
ep

an
cy

th
es

e
te

ch
n
iq

u
es

fo
cu

s
al

m
os

t
ex

cl
u
si

ve
ly

o
n

u
n
i-

fo
rm

it
y,

an
d

co
n
se

q
u
en

tl
y

ev
en

op
ti

m
iz

ed
Q

M
C

p
at

te
rn

s
ca

n
b

e
q
u
it

e
st

ru
ct

u
re

d
a
n
d

cr
ea

te

1
.

T
h

e
te

rm
“
sp

a
ce

-fi
ll

in
g
”

is
u

se
d

w
id

el
y

in
th

e
li

te
ra

tu
re

o
n

d
es

ig
n

o
f

ex
p

er
im

en
ts

.
H

ow
ev

er
,

in
m

o
st

ca
se

s,
sp

a
ce

-fi
ll

in
g

is
m

ea
n
t

in
a
n

in
tu

it
iv

e
se

n
se

a
n

d
a
s

a
sy

n
o
n
y
m

fo
r

“
ev

en
ly

o
r

u
n

if
o
rm

ly
sp

re
a
d

”
.

L
a
te

r
in

th
is

p
a
p

er
,

w
e

w
il

l
p

ro
v
id

e
a

te
ch

n
ic

a
l

d
efi

n
it

io
n

o
f

sp
a
ce

-fi
ll

in
g

p
ro

p
er

ty
a
n

d
w

h
a
t

sh
o
u

ld
b

e
co

n
si

d
er

ed
a

g
o
o
d

sa
m

p
le

d
es

ig
n

.
2
.

In
th

is
p

a
p

er
,

b
y

ra
n

d
o
m

n
es

s
w

e
m

ea
n

th
a
t

sa
m

p
le

p
o
in

ts
a
re

u
n

if
o
rm

ly
d

is
tr

ib
u

te
d

ov
er

sp
a
ce

.
H

er
e

“
u

n
if

o
rm

”
is

u
se

d
in

th
e

se
n

se
th

a
t

sa
m

p
le

p
o
in

ts
fo

ll
ow

a
u

n
if

o
rm

p
ro

b
a
b

il
it

y
d

is
tr

ib
u

ti
o
n

ov
er

th
e

sa
m

p
li

n
g

re
g
io

n
a
n

d
th

a
t

ea
ch

lo
ca

ti
o
n

is
eq

u
a
ll

y
li

k
el

y
to

b
e

se
le

ct
ed

a
s

sa
m

p
le

lo
ca

ti
o
n

,
n

o
t

in
th

e
se

n
se

th
a
t

th
ey

a
re

“
ev

en
ly

d
is

p
er

se
d

ov
er

th
e

sa
m

p
li

n
g

re
g
io

n
.
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A
S
p
e
c
t
r
a
l
A
p
p
r
o
a
c
h
f
o
r
t
h
e
D
e
sig

n
o
f
E
x
p
e
r
im

e
n
t
s:

D
e
sig

n
,
A
n
a
ly

sis
a
n
d
A
l
g
o
r
it
h
m
s

a
lia

sin
g

a
rtifacts.

F
u
rth

erm
ore,

even
th

e
fastest

k
n
ow

n
strategies

for
evalu

a
tin

g
p

op
u
la

r
d
is-

crep
a
n
cy

m
easu

res
req

u
ire

O
(N

2d
)

op
eration

s
m

ak
in

g
evalu

ation
,

let
alo

n
e

op
tim

iza
tion

,
fo

r
d
iscrep

a
n
cy

d
iffi

cu
lt

even
for

m
o
d
erate

d
im

en
sion

s.
F

in
ally,

for
m

ost
d
iscrep

an
cy

m
ea-

su
res,

th
e

o
p
tim

al
ach

ievab
le

valu
es

are
n
ot

k
n
ow

n
.

T
h
is

m
akes

it
d
iffi

cu
lt

to
d
eterm

in
e

w
h
eth

er
a

p
o
o
rly

p
erform

in
g

sam
p
le

d
esign

(e.g.,
in

term
s

of
gen

eralization
(or

test
error)

in
a

reg
ressio

n
a
p
p
lication

an
d

recon
stru

ction
error

in
an

im
age

recon
stru

ction
ap

p
lication

)
is

d
u
e

to
th

e
in

su
ffi

cien
cy

of
th

e
ch

osen
d
iscrep

an
cy

m
easu

re
or

d
u
e

to
in

eff
ective

op
tim

ization
.

A
n
o
th

er
cla

ss
of

m
etrics

to
d
escrib

e
sam

p
le

d
esign

s
are

b
ased

on
geom

etric
d
ista

n
ces.

T
h
ese

ca
n

b
e

u
sed

d
irectly

b
y,

for
ex

am
p
le,

op
tim

izin
g

th
e

m
ax

im
in

or
m

in
im

ax
d
istan

ce
o
f

a
sa

m
p
le

d
esign

(S
ch

lom
er

et
al.,

2011)
or

in
d
irectly

b
y

en
forcin

g
em

p
ty

d
isk

co
n
d
ition

s.
T

h
e

la
tter

is
th

e
b
asis

for
th

e
so-called

P
oisson

d
isk

sam
p
les

(L
agae

an
d

D
u
tr,

2008),
w

h
ich

a
im

to
g
en

era
te

ran
d
om

p
oin

ts
su

ch
th

at
n
o

tw
o

sam
p
les

can
b

e
closer

th
an

a
given

m
in

im
al

d
ista

n
ce
r
m
in

,
i.e.

en
forcin

g
an

em
p
ty

d
isc

of
rad

iu
s
r
m
in

arou
n
d

each
sam

p
le.

T
y
p
ically,

P
o
isso

n
-ty

p
e

sa
m

p
les

are
ch

aracterized
b
y

th
e

rela
tive

ra
d
iu

s,
ρ
,

d
efi

n
ed

as
th

e
ratio

of
th

e
m

in
im

u
m

d
isk

rad
iu

s
r
m
in

an
d

th
e

m
ax

im
u
m

p
ossib

le
d
isk

rad
iu

s
r
m
a
x

for
N

sa
m

p
les

to
cover

th
e

sam
p
lin

g
d
om

ain
.

S
im

ilar
to

th
e

d
iscrep

a
n
cy

seq
u
en

ces,
m

ax
im

in
an

d
m

in
im

a
x

d
esig

n
s

ex
clu

siv
ely

con
sid

er
u
n
iform

ity,
are

d
iffi

cu
lt

to
op

tim
ize

for
esp

ecia
lly

in
h
igh

er
d
im

en
sio

n
s,

an
d

often
lead

to
very

regu
lar

p
attern

s.
P

oisson
d
isk

sam
p
les

u
se
ρ

to
trad

e
off

ran
d
om

n
ess

(low
er
ρ

valu
es)

an
d

u
n
iform

ity
(h

igh
er
ρ

valu
es).

A
p

op
u
lar

recom
m

en
d
ation

in
2
-d

is
to

a
im

for
0
.65
≤
ρ
≤

0.85
as

a
go

o
d

com
p
rom

ise.
H

ow
ev

er,
th

ere
d
o
es

n
ot

ex
ist

a
n
y

th
eoretical

gu
id

an
ce

for
ch

o
osin

g
ρ

an
d

h
en

ce,
op

tim
al

valu
es

for
h
igh

er
d
im

en
sion

s
a
re

n
ot

k
n
ow

n
.

A
s

d
iscu

ssed
in

m
ore

d
etail

in
S
ection

2,
th

ere
also

ex
ist

a
w

id
e

variety
of

tech
n
iq

u
es

th
a
t

com
b
in

e
d
iff

eren
t

m
etrics

an
d

h
eu

ristics.
F

or
ex

am
p
le,

L
atin

H
y
p

ercu
b

e
sa

m
p
lin

g
(L

H
S
)

aim
s

to
sp

read
th

e
sam

p
le

p
oin

ts
u
n
ifo

rm
ly

b
y

stratifi
cation

,
an

d
on

e
can

p
o
ten

tia
lly

o
p
tim

ize
th

e
resu

ltin
g

d
esign

u
sin

g
m

ax
im

in
or

m
in

im
ax

tech
n
iq

u
es

(J
in

et
al.,

2
0
0
5
).

In
gen

era
l,

scalar
m

etrics
to

evalu
ate

th
e

q
u
ality

of
a

sam
p
le

d
esign

ten
d

n
o
t

to
b

e
very

d
escrip

tive.
E

sp
ecially

in
h
igh

d
im

en
sion

s
d
iff

eren
t

d
esign

s
w

ith
,

for
ex

a
m

p
le,

th
e

sam
e
ρ

ca
n

ex
h
ib

it
w

id
ely

d
iff

eren
t

p
erform

an
ce

an
d

for
som

e
d
iscrep

an
cy

seq
u
en

ces
th

e
op

tim
al

d
esig

n
s

co
n
verg

e
to

ran
d
om

sam
p
les

in
h
igh

d
im

en
sion

s
(M

orokoff
an

d
C

afl
isch

,
1994;

W
an

g
a
n
d

S
lo

a
n
,
2
0
0
8
).

F
u
rth

erm
ore,

on
e

rarely
k
n
ow

s
th

e
b

est
ach

ievab
le

valu
e

of
th

e
m

etric,
i.e.

th
e

low
est

p
o
ssib

le
d
iscrep

an
cy,

for
a

giv
en

p
rob

lem
w

h
ich

m
akes

evalu
atin

g
an

d
com

p
arin

g
sa

m
p
lin

g
d
esig

n
s

d
iffi

cu
lt.

F
in

ally,
m

ost
m

etrics
are

ex
p

en
sive

to
com

p
u
te

an
d

n
o
t

easily
o
p
tim

ized
.

T
h
is

m
ak

es
it

ch
allen

gin
g

in
p
ractice

to
crea

te
go

o
d

d
esign

s
in

h
ig

h
d
im

en
sion

s
a
n
d

w
ith

la
rg

e
sam

p
le

sizes.

T
o

a
llev

ia
te

th
is

p
rob

lem
,

w
e

p
rop

ose
a

n
ew

tech
n
iq

u
e

to
q
u
an

tify
th

e
sp

ace-fi
llin

g
p
rop

-
erty,

w
h
ich

en
a
b
les

u
s

to
sy

stem
atically

trad
e-off

u
n
iform

ity
an

d
ran

d
om

n
ess,

con
seq

u
en

tly
p
ro

d
u
cin

g
b

etter
q
u
ality

sam
p
lin

g
d
esign

s.
M

ore
sp

ecifi
cally,

w
e

u
se

to
ols

from
statistical

m
ech

a
n
ics

to
con

n
ect

th
e

q
u
alitative

p
erform

an
ce

(in
th

e
sp

ectral
d
om

ain
)

o
f

a
sam

p
lin

g
p
a
ttern

w
ith

its
sp

atial
p
rop

erties
ch

ara
cterized

b
y

th
e

p
air

correlation
fu

n
ction

(P
C

F
).

T
h
e

P
C

F
m

ea
su

res
th

e
d
istrib

u
tion

of
p

oin
t

sam
p
les

as
a

fu
n
ction

of
d
istan

ces,
th

u
s,

p
rov

id
in

g
a

h
o
listic

v
iew

of
th

e
sp

ace-fi
llin

g
p
rop

erty
(S

ee
F

igu
re

1(b
)).

F
u
rth

erm
ore,

w
e

estab
lish

th
e

co
n
n
ectio

n
b

etw
een

th
e

P
C

F
an

d
th

e
p

ow
er

sp
ectral

d
en

sity
(P

S
D

)
v
ia

th
e

1−
D

H
an

-
kel

tra
n
sfo

rm
in

arb
itrary

d
im

en
sion

s,
th

u
s

p
rov

id
in

g
a

relation
b

etw
een

th
e

P
C

F
an

d
th

e
q
u
a
lity

m
etric

of
sam

p
lin

g
q
u
ality

to
h
elp

su
b
seq

u
en

t
d
esign

an
d

an
aly

sis.
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K
a
il
k
h
u
r
a
,
T
h
ia
g
a
r
a
ja

n
,
R
a
st

o
g
i,
V
a
r
sh

n
e
y
,
a
n
d

B
r
e
m
e
r

U
sin

g
in

sigh
ts

from
th

e
an

aly
sis

of
sp

ace-fi
llin

g
d
esig

n
s

in
th

e
sp

ectral
d
om

ain
,

w
e

p
ro-

v
id

e
d
esign

gu
id

elin
es

to
sy

stem
atically

trad
e-off

u
n
iform

ity
an

d
ran

d
om

n
ess

fo
r

a
go

o
d

sam
p
lin

g
p
attern

.
T

h
e

an
aly

tical
tractab

ility
of

th
e

P
C

F
en

ab
les

u
s

to
p

erform
th

eoretical
an

aly
sis

in
th

e
sp

ectral
d
om

ain
to

d
erive

th
e

stru
ctu

re
of

op
tim

al
sp

ace-fi
llin

g
d
esign

s,
re-

ferred
to

as
spa

ce-fi
llin

g
spectra

l
d

esign
in

th
e

rest
of

th
is

p
ap

er.
N

ex
t,

w
e

d
evelop

an
ed

ge
corrected

k
ern

el
d
en

sity
estim

ator
b
ased

tech
n
iq

u
e

to
m

easu
re

th
e

sp
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er
m

in
is

ti
c

n
a
tu

re
o
f

lo
w

-
d
is

cr
ep

an
cy

se
q
u
en

ce
s.

In
or

d
er

to
al

le
v
ia

te
th

is
ch

al
le

n
ge

,
ra

n
d
om

iz
ed

q
u
as

i-
M

o
n
te

C
a
rl

o
(R

Q
M

C
)

sa
m

p
li
n
g

h
as

b
ee

n
p
ro

p
os

ed
(L

E
cu

ye
r

an
d

L
em

ie
u
x
,

20
05

),
an

d
in

m
a
n
y

ca
se

s
sh

ow
n

to
b

e
p
ro

va
b
ly

b
et

te
r

th
an

th
e

cl
a
ss

ic
al

Q
M

C
te

ch
n
iq

u
es

(O
w

en
an

d
T

ri
b
b
le

,
2
0
0
5
).

T
h
is

h
as

m
ot

iv
at

ed
th

e
d
ev

el
op

m
en

t
of

ot
h
er

ra
n
d
om

iz
ed

q
u
as

i-
M

on
te

C
ar

lo
te

ch
n
iq

u
es

,
fo

r
ex

am
p
le

,
m

et
h
o
d
s

b
as

ed
on

d
ig

it
al

sc
ra

m
b
li
n
g

(O
w

en
,

19
95

).

2
.3

P
o
is

so
n

D
is

k
S

a
m

p
li
n

g

W
h
il
e

d
is

cr
ep

an
cy

-b
as

ed
d
es

ig
n
s

h
av

e
b

ee
n

p
op

u
la

r
am

o
n
g

u
n
ce

rt
ai

n
ty

q
u
a
n
ti

fi
ca

ti
o
n

re
-

se
ar

ch
er

s,
th

e
co

m
p
u
te

r
gr

ap
h
ic

s
co

m
m

u
n
it

y
h
as

h
ad

lo
n
g-

st
an

d
in

g
su

cc
es

s
w

it
h

co
ve

ra
ge

-
b
as

ed
d
es

ig
n
s.

In
p
ar

ti
cu

la
r,

P
oi

ss
on

d
is

k
sa

m
p
li
n
g

(P
D

S
)

is
w

id
el

y
u
se

d
in

a
p
p
li
ca

ti
o
n
s

su
ch

as
im

ag
e/

v
ol

u
m

e
re

n
d
er

in
g.

T
h
e

au
th

or
s

in
(D

ip
p

e
an

d
W

ol
d
,

19
85

;
C

o
o
k
,

1
9
8
6
)

w
er

e
th

e
fi
rs

t
to

in
tr

o
d
u
ce

P
D

S
fo

r
tu

rn
in

g
re

gu
la

r
al

ia
si

n
g

p
at

te
rn

s
in

to
fe

at
u
re

le
ss

n
o
is

e,
w

h
ic

h
m

ak
es

th
em

p
er

ce
p
tu

al
ly

le
ss

v
is

ib
le

.
T

h
ei

r
w

or
k

w
as

in
sp

ir
ed

b
y

th
e

se
m

in
a
l

w
o
rk

o
f

Y
el

-
lo

tt
et

.a
l.

(Y
el

lo
tt

,
19

83
),

w
h
o

ob
se

rv
ed

th
at

th
e

p
h
ot

o-
re

ce
p
to

rs
in

th
e

re
ti

n
a

o
f

m
o
n
ke

y
s

an
d

h
u
m

an
s

ar
e

d
is

tr
ib

u
te

d
ac

co
rd

in
g

to
a

P
oi

ss
on

d
is

k
d
is

tr
ib

u
ti

on
,

th
u
s

ex
p
la

in
in

g
it

s
eff

ec
ti

ve
n
es

s
in

im
ag

in
g.

D
u
e

to
th

e
b
ro

ad
in

te
re

st
cr

ea
te

d
b
y

th
e

in
it

ia
l

w
o
rk

on
P

D
S
,

a
la

rg
e

n
u
m

b
er

o
f

a
p
-

p
ro

ac
h
es

to
ge

n
er

at
e

P
oi

ss
on

d
is

k
d
is

tr
ib

u
ti

on
s

h
av

e
b

ee
n

d
ev

el
op

ed
ov

er
th

e
la

st
d
ec

a
d
e

(G
am

it
o

an
d

M
ad

d
o
ck

,
20

09
;

E
b

ei
d
a

et
a
l.
,

20
12

,
20

11
;

Ip
et

al
.,

20
13

;
B

ri
d
so

n
,

2
0
0
7
;

O
zt

ir
el

i
an

d
G

ro
ss

,
20

12
;

H
ec

k
et

a
l.
,

20
1
3;

W
ei

,
20

08
;

D
u
n
b
ar

an
d

H
u
m

p
h
re

y
s,

2
0
0
6
;

W
ei

,
20

10
;
B

al
ze

r
et

al
.,

20
09

;
G

en
g

et
al

.,
20

13
;
Y

an
an

d
W

on
ka

,
20

12
a,

20
13

;
Y

in
g

et
a
l.
,
2
0
1
3b

,
20

14
;

H
ou

et
al

.,
20

13
;

Y
in

g
et

al
.,

20
13

a;
G

u
o

et
al

.,
20

14
;

W
ac

h
te

l
et

al
.,

2
0
1
4
;

X
u

et
a
l.
,

20
14

;
E

b
ei

d
a

et
al

.,
20

14
;

d
e

G
o
es

et
al

.,
20

12
;

Z
h
ou

et
al

.,
20

12
).

M
o
st

P
oi

ss
o
n

d
is

k
sa

m
p
le

ge
n
er

at
io

n
m

et
h
o
d
s

ar
e

b
as

ed
on

d
ar

t
th

ro
w

in
g

(D
ip

p
e

a
n
d

W
ol

d
,
19

85
;
C

o
ok

,
1
9
8
6
),

w
h
ic

h
at

te
m

p
ts

to
ge

n
er

at
e

as
m

an
y

d
ar

ts
as

n
ec

es
sa

ry
to

co
ve

r
th

e
sa

m
p
li
n
g

d
om

a
in

w
h
il
e

n
o
t

v
io

la
ti

n
g

th
e

P
oi

ss
on

d
is

k
cr

it
er

io
n
.

G
iv

en
th

e
d
es

ir
ed

d
is

k
si

ze
r m

in
(o

r
co

ve
ra

g
e
ρ
),

d
a
rt

th
ro

w
in

g
ge

n
er

at
es

ra
n
d
om

sa
m

p
le

s
an

d
re

je
ct

s
or

ac
ce

p
ts

ea
ch

sa
m

p
le

b
as

ed
o
n

it
s

d
is

ta
n
ce
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A
S
p
e
c
t
r
a
l
A
p
p
r
o
a
c
h
f
o
r
t
h
e
D
e
sig

n
o
f
E
x
p
e
r
im

e
n
t
s:

D
e
sig

n
,
A
n
a
ly

sis
a
n
d
A
l
g
o
r
it
h
m
s

to
th

e
p
rev

io
u
sly

accep
ted

sam
p
les.

D
esp

ite
its

eff
ectiven

ess,
its

p
rim

ary
sh

ortco
m

in
g

is
th

e
ch

o
ice

o
f

term
in

ation
con

d
ition

,
sin

ce
th

e
algorith

m
d
o
es

n
ot

k
n
ow

w
h
eth

er
or

n
ot

th
e

d
o-

m
ain

is
fu

lly
covered

.
H

en
ce,

in
p
ractice,

th
e

alg
orith

m
h
as

p
o
or

con
verg

en
ce,

w
h
ich

in
tu

rn
m

akes
it

co
m

p
u
tation

ally
ex

p
en

sive.
O

n
th

e
oth

er
h
an

d
,

d
art

th
row

in
g

is
easy

to
im

p
le-

m
en

t
a
n
d

a
p
p
licab

le
to

an
y

sam
p
lin

g
d
om

ain
,

ev
en

n
on

-E
u
clid

ean
.

F
or

ex
am

p
le,

A
n
iru

d
h

et.a
l.

u
se

a
d
a
rt

th
row

in
g

tech
n
iq

u
e

to
gen

erate
P

oisson
d
isk

sam
p
les

on
th

e
G

rassm
an

n
ian

m
an

ifo
ld

of
low

-d
im

en
sion

al
lin

ear
su

b
sp

aces
(A

n
iru

d
h

et
al.,

2017).

R
ed

u
cin

g
th

e
com

p
u
tation

al
com

p
lex

ity
of

P
D

S
gen

eration
,

p
articu

la
rly

in
low

an
d

m
o
d
era

te
d
im

en
sion

s,
h
as

b
een

th
e

cen
tral

fo
cu

s
of

m
an

y
ex

istin
g

eff
orts.

T
o

th
is

en
d
,

ap
-

p
rox

im
a
te

tech
n
iq

u
es

th
at

p
ro

d
u
ce

sam
p
le

sets
w

ith
ch

aracteristics
sim

ila
r

to
P

o
isso

n
d
isk

h
ave

b
een

d
ev

elop
ed

.
E

arly
ex

am
p
les

(M
cC

o
ol

an
d

F
iu

m
e,

1992)
are

relatively
sim

p
le

an
d

ca
n

b
e

u
sed

fo
r

a
w

id
e

ran
ge

of
sam

p
lin

g
d
om

ain
s,

b
u
t

th
e

gain
in

com
p
u
tation

al
effi

cacy
is

lim
ited

.
O

th
er

m
eth

o
d
s

p
artition

th
e

sp
ace

in
to

g
rid

cells
in

ord
er

to
allow

p
a
rallelization

a
cro

ss
th

e
d
iff

eren
t

cells
an

d
ach

ieve
lin

ear
tim

e
algorith

m
s

(B
rid

son
,

2007).
A

n
oth

er
class

o
f

a
p
p
ro

a
ch

es,
referred

to
as

tile-ba
sed

m
eth

o
d
s,

h
ave

b
een

d
evelop

ed
for

gen
eratin

g
a

large
n
u
m

b
er

o
f

P
o
isson

d
isk

sam
p
les

in
2-D

.
B

road
ly,

th
ese

m
eth

o
d
s

eith
er

start
w

ith
a

sm
aller

set
o
f

sa
m

p
les,

often
ob

tain
ed

u
sin

g
oth

er
P

D
S

tech
n
iq

u
es,

an
d

tile
th

ese
sam

p
les

(W
ach

tel
et

a
l.,

2
0
14

),
o
r

altern
atively

u
se

a
reg

u
lar

tile
stru

ctu
re

for
p
lacin

g
each

sam
p
le

(O
stro-

m
ou

k
h
ov

et
a
l.,

2004).
W

ith
th

e
aid

of
effi

cien
t

d
ata

stru
ctu

res,
th

ese
m

eth
o
d
s

can
gen

erate
a

la
rg

e
n
u
m

b
er

of
sam

p
les

effi
cien

tly.
U

n
fortu

n
ately,

th
ese

ap
p
rox

im
ation

s
can

lead
to

low
sa

m
p
le

q
u
a
lity

d
u
e

to
artifacts

in
d
u
ced

at
tile

b
ou

n
d
aries

an
d

th
e

in
h
eren

t
n
on

-ran
d
om

n
a-

tu
re

o
f

tilin
g
s.

M
ore

recen
tly,

m
an

y
research

ers
h
ave

ex
p
lored

th
e

id
ea

o
f

p
artition

in
g

th
e

sa
m

p
lin

g
sp

a
ce

in
ord

er
to

avoid
gen

eratin
g

n
ew

sam
p
les

th
at

w
ill

b
e

u
ltim

ately
rejected

b
y

d
a
rt

th
row

in
g
.

W
h
ile

som
e

of
th

ese
m

eth
o
d
s

on
ly

w
ork

in
2−

D
(D

u
n
b
ar

an
d

H
u
m

p
h
rey

s,
2
0
0
6
;

E
b

eid
a

et
al.,

2011),
th

e
effi

cien
cy

of
oth

er
m

eth
o
d
s

th
a
t

are
d
esign

ed
for

h
igh

er
d
im

en
sio

n
s

(G
a
m

ito
an

d
M

ad
d
o
ck

,
2009;

E
b

eid
a

et
al.,

2012)
d
rop

s
ex

p
on

en
tially

w
ith

in
-

crea
sin

g
d
im

en
sion

s.
F

in
ally,

relax
ation

m
eth

o
d
s

th
at

iteratively
in

crease
th

e
P

oisson
d
isk

ra
d
iu

s
o
f

a
sa

m
p
le

set
(M

cC
o
ol

an
d

F
iu

m
e,

1992)
b
y

re-p
osition

in
g

th
e

sa
m

p
les

also
ex

ist.
H

ow
ever,

th
ese

m
eth

o
d
s

h
av

e
th

e
risk

of
con

vergin
g

to
a

regu
la

r
p
attern

w
ith

tigh
t

p
ack

in
g

u
n
less

ra
n
d
o
m

n
ess

is
ex

p
licitly

en
forced

(B
alzer

et
al.,

2009;
S
ch

lom
er

et
al.,

2011).

A
p

o
p
u
la

r
varian

t
of

P
D

S
is

th
e

m
ax

im
al

P
D

S
(M

P
D

S
)

d
istrib

u
tion

,
w

h
ere

th
e

m
a
xim

a
l-

ity
co

n
stra

in
t

req
u
ires

th
at

th
e

sam
p
le

d
isk

s
overlap

,
in

th
e

sen
se

th
at

th
ey

cover
th

e
w

h
ole

d
o
m

a
in

leav
in

g
n
o

ro
om

to
in

sert
an

ad
d
ition

al
p

o
in

t.
In

p
ractice,

m
ax

im
al

P
D

S
ten

d
s

to
o
u
tp

erfo
rm

tra
d
ition

al
P

D
S

d
u
e

to
b

etter
coverage.

H
ow

ev
er,

algorith
m

ically
gu

a
ran

teein
g

m
ax

im
a
lity

req
u
ires

ex
p

en
siv

e
ch

eck
s

cau
sin

g
th

e
resu

ltin
g

algorith
m

s
to

b
e

slow
in

m
o
d
er-

a
te

(2
-5

)
a
n
d

p
ractically

u
n
feasib

le
in

h
igh

er
(7

an
d

ab
ove)

d
im

en
sion

s.
T

h
ou

g
h

strategies
to

a
llev

ia
te

th
is

lim
itation

h
ave

b
een

p
rop

osed
in

(E
b

eid
a

et
al.,

2012),
th

e
in

effi
cien

cy
of

M
P

D
S

a
lg

orith
m

s
in

h
igh

er
d
im

en
sion

s
still

p
ersists.

In
terestin

g
ly,

a
com

m
on

lim
itation

of
a
ll

ex
istin

g
M

P
D

S
ap

p
roach

es
is

th
at

th
ere

is
n
o

d
irect

con
trol

over
th

e
n
u
m

b
er

o
f

sam
p
les

p
ro

d
u
ced

b
y

th
e

algorith
m

,
w

h
ich

m
akes

th
e

u
se

of
th

ese
alg

orith
m

s
d
iffi

cu
lt

in
p
ractice,

sin
ce

o
p
tim

izin
g

sam
p
les

for
a

given
sa

m
p
le

b
u
d
get

is
th

e
m

ost
com

m
on

ap
p
roach

.

A
s

d
iscu

ssed
in

S
ection

1,
th

e
m

etrics
u
sed

b
y

th
e

sp
a
ce-fi

llin
g

d
esign

s
d
iscu

ssed
ab

ove
d
o

n
o
t

p
rov

id
e

in
sigh

ts
in

to
h
ow

to
sy

stem
atically

trad
e-off

u
n
iform

ity
an

d
ran

d
om

n
ess.

T
h
ereb

y,
m

a
k
in

g
th

e
d
esign

an
d

op
tim

ization
of

sam
p
lin

g
p
attern

a
cu

m
b

ersom
e

p
ro

cess.
T

o
a
llev

ia
te

th
is

p
rob

lem
,

w
e

p
rop

ose
a

n
ovel

m
etric

for
assessin

g
th

e
sp

ace-fi
llin

g
p
rop

erty
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K
a
il
k
h
u
r
a
,
T
h
ia
g
a
r
a
ja

n
,
R
a
st

o
g
i,
V
a
r
sh

n
e
y
,
a
n
d

B
r
e
m
e
r

an
d

con
n
ect

th
e

p
rop

osed
m

etric
(d

efi
n
ed

in
th

e
sp

atial
d
om

ain
)

to
th

e
q
u
ality

m
etric

of
d
esign

p
erform

an
ce

(d
efi

n
ed

in
th

e
sp

ectral
d
om

ain
).

3
.

A
M

e
tric

fo
r

A
sse

ssin
g

S
p
a
ce

-fi
llin

g
P

ro
p

e
rty

(a
)

R
a
n

d
o
m

(b
)

R
eg

u
la

r
(c)

S
o
b

o
l

(d
)

H
a
lto

n

(e)
L

H
S

(f)
M

P
D

S
(g

)
S

tep
P

C
F

(h
)

S
ta

ir
P

C
F

F
igu

re
2:

V
isu

alization
of

2-d
p

oin
t

d
istrib

u
tion

s
ob

tain
ed

u
sin

g
d
iff

eren
t

sam
p
le

d
esign

tech
n
iq

u
es.

In
all

cases,
th

e
n
u
m

b
er

of
sam

p
les

N
w

a
s

fi
x
ed

at
1000.

(a
)

R
a
n

d
o
m

(b
)

R
eg

u
la

r
(c)

S
o
b

o
l

(d
)

H
a
lto

n

(e)
L

H
S

(f)
M

P
D

S
(g

)
S

tep
P

C
F

(h
)

S
ta

ir
P

C
F

F
igu

re
3:

S
pa

ce-fi
llin

g
M

etric
:

P
air

correlation
fu

n
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d
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p
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f
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e
D
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f
E
x
p
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im

e
n
t
s:

D
e
si
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,
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n
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ly
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s
a
n
d
A
l
g
o
r
it
h
m
s

(a
)

R
a
n

d
o
m

(b
)

R
eg

u
la

r
(c

)
S

o
b

o
l

(d
)

H
a
lt

o
n

(e
)

L
H

S
(f

)
M

P
D

S
(g

)
S

te
p

P
C

F
(h

)
S

ta
ir

P
C

F

F
ig

u
re

4:
P

er
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n
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Q

u
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ty
M

et
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:

P
ow

er
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l

d
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si
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is
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ch
ar
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te

ri
ze
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e
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ti
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p
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e

d
is
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ib

u
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n
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er
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d
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en
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en
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.

3
.1

S
p
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c
e
-fi

ll
in

g
D
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si
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n

s

W
it
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ou

t
an

y
p
ri

or
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ow

le
d
ge

of
th

e
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n
ct

io
n
f

of
in

te
re

st
,
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re
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le

ob
je

ct
iv

e
w
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en
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ea

ti
n
g
X

is
th

at
th

e
sa

m
p
le

s
sh

ou
ld

b
e

ra
n
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om

to
p
ro

v
id

e
an

eq
u
al

ch
an
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fi
n
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in

g
fe

at
u
re

s
of

in
te

re
st

,
e.

g.
,
lo

ca
l
m

in
im

a
in

an
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ti
m

iz
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io
n

p
ro

b
le

m
,
an

y
w

h
er

e
in
D

.
H

ow
ev

er
,

to
av

oi
d

sa
m

p
li
n
g

on
ly

p
ar
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of

th
e

p
ar

am
et

er
sp

ac
e,

a
se

co
n
d

ob
je

ct
iv

e
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to
co

ve
r

th
e

sp
ac

e
in
D

u
n
if

or
m

ly
,
in

or
d
er

to
gu

ar
an

te
e

th
at

al
l
su

ffi
ci

en
tl

y
la

rg
e

fe
at

u
re

s
ar

e
fo

u
n
d
.

T
h
er

ef
or

e,
a

go
o
d

sp
ac

e-
fi
ll
in

g
d
es

ig
n

ca
n

b
e

d
efi

n
ed

a
s

fo
ll
ow

s:

D
e
fi

n
it

io
n

1
A

sp
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ce
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g

d
es

ig
n
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a

se
t
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f
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m
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le
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th
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t
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re

d
is

tr
ib

u
te
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o
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d
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p
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r
th
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n
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n
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d
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o
ve

ra
ge
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N
ex
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w

e
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e
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et
ri
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w

e
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se
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e
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p
er
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m
p
le
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ig
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h
e
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ro
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m

et
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c
is

b
as

ed
on
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e
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at
is

ti
c,

pa
ir
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n
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C
F
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p
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d
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tr

al
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a
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o
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F
u

n
c
ti

o
n

a
s

a
S

p
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c
e
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d
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C
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d
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m
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d
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s
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p
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d
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h
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r
a
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n
,
R
a
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n
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d
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r
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e
in

te
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ty
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an
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p
ro
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en

si
ty
β
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p
ro
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ll
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et
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20
0
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;

O
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ir
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i
a
n
d

G
ro

ss
,

20
12
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D
e
fi

n
it

io
n

2
L

et
u

s
d
en

o
te

th
e

in
te

n
si

ty
o
f

a
po

in
t

p
ro

ce
ss
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w
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e

a
ve

ra
ge
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u
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o
f

po
in
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a
l
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lu
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e
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ro

u
n

d
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F

o
r

is
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tr
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p
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,
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a
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n
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e.

T
o

d
efi
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e

th
e

p
ro

d
u

ct
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en

si
ty
β

,
le

t
{B
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d
en

o
te

th
e

se
t

o
f
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fi

n
it
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im

a
l
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h
er

es
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ro

u
n

d
th

e
po

in
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,
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n

d
{d
V
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in
d
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a
te

th
e
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lu

m
e

m
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re

s
o
f
B
i.

T
h
en

,
w

e
h
a
ve

3

P
r(

X
1

=
x
1
,·
··
,X

N
=

x
N

)
=
β

(x
1
,·
··
,x

N
)d
V

1
··
·d
V
N

w
h
ic

h
re

p
re

se
n

ts
th

e
p
ro

ba
bi

li
ty

o
f
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n
g

po
in
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i
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e
in

fi
n

it
es

im
a
l

sp
h
er

es
{B

i}
.

In
th

e
is

o
tr

o
p
ic

ca
se

,
fo

r
a

pa
ir

o
f

po
in

ts
,
β

d
ep

en
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s

o
n

ly
o
n

th
e

d
is

ta
n

ce
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n
th

e
po

in
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,
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en
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n
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w
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β
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β
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−

x
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d
P
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r)

=
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V
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T
h
e

P
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F
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th
en

d
efi
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=
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p
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p
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ra
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p
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p
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p
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b
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b
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p
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d
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p
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c
ti
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g
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p
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l

P
ro

p
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rt
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S

p
e
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ro

p
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S
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c
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p
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p
ro

p
er
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f
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p
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p
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p
ro

p
er
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g
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e
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ow

er
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it
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F
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p
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ra
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h
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d
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d
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n
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p
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∑
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d
en

o
te

s
th
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d
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p
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ra
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d
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d
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ra
n

d
o
m

va
ri

a
b

le
s
X

1
,·
··
,X

N
b
y
x
1
,·
··
,x
N

.

10
JM

L
R

 1
9(

34
):

1-
46

, 2
01

8



A
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p
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p
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p
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s
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o
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r

a
n

iso
tro

p
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ra
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w
h
ere

V
is

th
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m

p
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H
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d
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er
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P
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te
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le
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=
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∫
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=
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+
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b
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b
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d
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d
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b
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p
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p
le

d
esign

d
em

on
strates

a
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d
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iu

s
r
m
in

(G
(r)

=
0

for
0
≤
r
≤
r
m
in

)
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every
sam

p
le
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at

least
r
m
in

ap
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from
th

e
rest

o
f

th
e

sam
p
les,

w
h
ich

in
tu

rn
im

p
lies

a
b

etter
coverage.

H
ow

ever,
in

p
ractice,

th
ey

p
erform

p
o
orly

(e.g.,
in

term
s

o
f

g
en

eralization
(or

test
error)

in
regression

ap
p
lication

an
d

recon
stru

ction
error
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a
g
e

reco
n
stru

ction
ap

p
lication

)
com

p
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d
o
m
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p
le

d
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n
s

an
d

th
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4
.

N
o
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a
t
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r

n
o
n
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p
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m
p
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d

esig
n
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d
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en

sio
n

a
l

P
C

F
(Illia
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2
0
0
8
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b
e
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K
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k
h
u
r
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,
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h
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g
a
r
a
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n
,
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i,
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r
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r
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m
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b
e
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n
d
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d

b
y

stu
d
y
in

g
th

eir
sp

ectral
p
rop

erties.
In

con
trast,

ran
d
om

sam
p
le

(M
on

te-
C

arlo)
d
esign

s
h
ave

a
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stan
t

P
C

F
w

ith
n
early

n
o

oscillation
s,

sin
ce

p
oin

t
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p
les

are
u
n
correlated

,
th

u
s,
P

(r)
=
λ
d
x
λ
d
y

an
d

th
eoretica

lly
h
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e
G

(r)
=
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∀
r.

F
u
rth

erm
ore,

th
e

L
H

S
d
esign
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P

C
F
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s
w

ith
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e
ex
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.

O
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er
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P
D

S
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M
P

D
S
,
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tep

P
C

F
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d
S
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P
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F
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=
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=
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r
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N

ote
th
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e
S
tep
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e
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P
C
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d
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are
sp
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g
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d
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n
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H
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ev

er,
u
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p
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fact,
ou

r
em

p
irical

stu
d
ies

sh
ow

th
at

th
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s.
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d
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d
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F
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p
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con
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w

e
w

ill
an

aly
ze
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e

eff
ect
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e
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e
p

erform
an

ce
of

a
sam

p
le

d
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d
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b
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atical

con
d
ition

s
5

th
at

a
sam

p
le

d
esign

m
u
st

satisfy
to

b
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liza

ble
th

ro
u
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n
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•
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C
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S
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con
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ace-fi

llin
g

d
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p
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p
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p
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p
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d
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d
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d
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p
le

p
ai

rs
fo

r
im

p
ro

v
in

g
co

ve
ra

ge
.

A
P

oi
ss

on
d
es

ig
n

en
fo

rc
es

th
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d
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b
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b
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⊆
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s
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d
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p
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P
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m
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n
g
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n
p
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d
u
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s
d
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tr
ib

u
ti
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s
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h
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e
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m
p
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to
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u
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s

an
d
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es
h
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b
ly

th
e

re
gi

on
s

of
in

te
re

st
.

In
ot

h
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in
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se
s
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e

ri
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of
m
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n
g
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p
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t

fe
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u
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w

h
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on
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th
e
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m

p
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m
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n
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d
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s
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m

p
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n
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m
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p
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ra
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p
li
ci

tl
y

el
im

in
at

es
th

e
cl

u
st

er
in

g
b

eh
av

io
r

b
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b
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re
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ll
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p
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p
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o
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ig
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n
t
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e
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.
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h
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p
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r
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n
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d
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ra
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p
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p
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d
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at
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p
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ra
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d
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=
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d
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p
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p
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b
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b
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in
)

w
h
er

e
J
d 2
(.

)
is

th
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is
ot

ro
p
ic

fu
n
ct

io
n
s,

i.
e.

,
G

(r
)

w
h
er

e
r

=
||r
||,

th
e

ab
ov

e
re

la
ti

on
sh

ip
si

m
p
li
fi
es

to

P
(k

)
=

1
+
N V

(2
π

)d 2
k

1
−
d 2
H

d 2
−

1

( r
d 2
−

1
(G

(r
)
−

1)
) ,

(7
)

w
h
er

e

H
v
(f

(r
))

(k
)

=

∫
∞

0
rJ

v
(k
r)
f

(r
)d
r

is
th

e
1−

d
H

an
k
el

tr
an

sf
or

m
of

or
d
er
v

w
it

h
J

b
ei

n
g

th
e

B
es

se
l

fu
n
ct

io
n
.

T
o

d
er

iv
e

th
e

P
S
D

of
a

st
ep

fu
n
ct

io
n
,

w
e

fi
rs

t
ev

al
u
at

e
th

e
H

an
ke

l
tr

an
sf

or
m

of
f

(r
)

=
r
d 2
−

1
(G

(r
)
−

1)
w

h
er

e
G

(r
)

is
a

st
ep

fu
n
ct

io
n
.

H
d 2
−

1

( r
d 2
−

1
(G

(r
)
−

1)
)

=

∫
∞

0
r
d 2
J
d 2
−

1
(k
r)

(G
(r

)
−

1)
d
r

=
−
∫
r m

in

0
r
d 2
J
d 2
−

1
(k
r)
d
r

=
−
r
d 2 m
in k
J
d 2
(k
r m

in
)

U
si

n
g

th
is

ex
p
re

ss
io

n
in

(7
),

w
e

ob
ta

in

P
(k

)
=

1
−
N V

(
2
π
r m

in

k

)
d 2

J
d 2
(k
r m

in
).

(8
)

T
h
is

p
ro

p
os

it
io

n
co

n
n
ec

ts
th

e
sp

at
ia

l
p
ro

p
er

ti
es

of
a

sp
ac

e-
fi
ll
in

g
sp

ec
tr

al
d
es

ig
n
,

d
efi

n
ed

v
ia

th
e

P
C

F
,

to
it

s
sp

ec
tr

al
p
ro

p
er

ti
es

.
T

h
e

m
ot

iv
at

io
n

fo
r

th
is

is
th

e
fa

ct
th

a
t

in
se

ve
ra

l
ca

se
s,

it
is

ea
si

er
to

li
n
k

th
e

q
u
al

it
at

iv
e

p
er

fo
rm

an
ce

of
a

sa
m

p
le

d
es

ig
n

to
it

s
sp

ec
tr

a
l

p
ro

p
er

ti
es

.
In

th
e

n
ex

t
se

ct
io

n
,

w
e

w
il
l

d
ev

el
op

th
e

re
la

ti
on

b
et

w
ee

n
sp

ec
tr

a
l

p
ro

p
er

ti
es

an
d

an
q
u
al

it
at

iv
es

m
ea

su
re

of
th

e
p

er
fo

rm
an

ce
,

w
h
ic

h
in

tu
rn

p
ro

v
id

es
u
s

g
u
id

el
in

es
fo

r
d
es

ig
n
in

g
b

et
te

r
sp

ac
e-

fi
ll
in

g
sp

ec
tr

al
sa

m
p
li
n
g

p
at

te
rn

s.
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A
S
p
e
c
t
r
a
l
A
p
p
r
o
a
c
h
f
o
r
t
h
e
D
e
sig

n
o
f
E
x
p
e
r
im

e
n
t
s:

D
e
sig

n
,
A
n
a
ly

sis
a
n
d
A
l
g
o
r
it
h
m
s

5
.

Q
u
a
lita

tiv
e

A
n
a
ly

sis
o
f

S
p
a
ce

-fi
llin

g
S
p

e
ctra

l
D

e
sig

n
s

In
th

is
sectio

n
,

w
e

d
erive

in
sigh

ts
regard

in
g

th
e

q
u
alitative

p
erform

a
n
ce

of
sp

ace-fi
llin

g
sp

ectral
d
esig

n
s.

T
o

th
is

en
d
,

w
e

an
aly

ze
th

e
im

p
act

of
th

e
sh

ap
e

of
th

e
P

C
F

on
th

e
reco

n
stru

ctio
n

p
erform

an
ce.

F
u
rth

er,
for

a
tractab

le
an

aly
sis,

w
e

con
sid

er
th

e
task

of
re-

coverin
g

th
e

cla
ss

of
p

erio
d
ic

fu
n
ction

s
u
sin

g
sp

ace-fi
llin

g
sp

ectral
d
esign

s
an

d
an

aly
ze

th
e

reco
n
stru

ctio
n

error
as

a
fu

n
ction

of
th

eir
sp

ectral
p
rop

erties.
T

h
e

an
aly

sis
p
resen

ted
in

th
is

sectio
n

w
ill

clarify
h
ow

th
e

sh
ap

e
of

th
e

P
C

F
of

a
sam

p
le

d
esign

d
irectly

im
p
acts

its
reco

n
stru

ctio
n

p
erform

an
ce.

5
.1

A
n

a
ly

sis
o
f

R
e
c
o
n

stru
c
tio

n
E

rro
r

fo
r

P
e
rio

d
ic

F
u

n
c
tio

n
s

L
et

u
s

d
en

o
te

th
e

F
ou

rier
tran

sform
of

th
e

sam
p
le

d
esign

X
b
y
S

.
T

h
e

fu
n
ction

to
b

e
sam

-
p
led

a
n
d

its
corresp

on
d
in

g
F

ou
rier

rep
resen

tation
are

d
en

oted
b
y
I

an
d
Î

(k
)

resp
ectively.

N
ow

,
th

e
sp

ectru
m

of
th

e
sam

p
led

fu
n
ction

is
given

b
y
Î
s (k

)
=
S
∗Î

(k
).

N
ote

th
at

a
sam

-
p
lin

g
p
a
ttern

w
ith

a
fi
n
ite

n
u
m

b
er

of
p

oin
ts

is
com

p
rised

of
tw

o
com

p
on

en
ts,

a
D

C
p

ea
k

at
th

e
o
rig

in
a
n
d

a
n
oisy

rem
ain

d
erS̄

.
T

h
u
s,

eq
u
ivalen

tly,
w

e
h
aveÎ

s (k
)

=
{N

δ(k
)+
S̄}∗Î

(k
).

T
h
e

erro
r

in
tro

d
u
ced

in
th

e
p
ro

cess
of

fu
n
ction

recon
stru

ction
is

th
e

d
iff

eren
ce

b
etw

een
th

e
reco

n
stru

cted
an

d
th

e
origin

al
fu

n
ction

s:

E
(k

)
=
|Î
s (k

)/N
−
I

(k
)| 2

=
|S̄
∗Î

(k
)/N
| 2

w
h
ere

w
e

h
ave

d
iv

id
ed

th
e

R
.H

.S
.
b
y
N

to
n
orm

alize
th

e
en

ergy
ofI

s .
F

or
error

an
a
ly

sis,
w

e
fo

cu
s

o
n

th
e

low
freq

u
en

cy
con

ten
t

of
th

e
error

term
,

sin
ce

th
e

h
igh

freq
u
en

cy
co

m
p

o
n
en

ts
a
re

rem
oved

d
u
rin

g
th

e
recon

stru
ction

p
ro

cess.

D
en

o
tin

g
th

e
p

ow
er

sp
ectru

m
w

ith
ou

t
th

e
D

C
com

p
on

en
t

b
y
P̄

(k
),

for
a

con
stan

t
fu

n
c-

tio
n

th
e

erro
r

sim
p
lifi

es
to

E
(k

)∝
|S̄

(k
)| 2∝

P̄
(k

).
(9)

T
h
is,

a
s

sta
ted

ab
ov

e,
allow

s
for

th
e

ch
aracterization

of
th

e
error

in
term

s
of

th
e

sp
ectral

p
ro

p
erties

o
f

th
e

sam
p
lin

g
p
attern

u
sed

.

N
ex

t,
w

e
co

n
sid

er
an

im
p

ortan
t

class
of

fu
n
ction

s,
th

e
fam

ily
of

p
erio

d
ic

fu
n
ction

s,
for

fu
rth

er
a
n
a
ly

sis.
A

ll
p

erio
d
ic

fu
n
ction

s
w

ith
a

fi
n
ite

p
erio

d
can

b
e

ex
p
ressed

as
a

F
ou

rier
series

6,
w

h
ich

is
a

su
m

m
ation

of
sin

e
an

d
cosin

e
term

s

I
(x

)
=
a

0
+

M∑m
=

1

a
m
cos(2π

m
x

)
+

M∑m
=

1

b
m
sin

(2π
m
x

).

T
h
e

F
o
u
rier

tra
n
sform

of
th

is
fu

n
ction

is
eq

u
ivalen

tly
a

su
m

m
ation

of
p
u
lses:

Î
(k

)
=
a

0 δ(k
)

+
M∑m
=

1

a
m

(
12

(δ(k−
m

)
+
δ(k

+
m

) )
+

M∑m
=

1

b
m

(
12

(δ(k
+
m

)−
δ(k−

m
)) )

.

6
.

In
th

e
su

b
seq

u
en

t
a
n

a
ly

sis,
th

e
n
u

m
b

er
o
f

term
s

in
th

e
F

o
u

rier
series,

M
,

is
a
n

a
rb

itra
ry

va
lu

e
w

h
ich

ca
n

b
e

rep
la

ced
b
y

in
fi

n
ity

fo
r

n
o
n

-d
iff

eren
tia

b
le/

d
isco

n
tin

u
o
u

s
fu

n
ctio

n
s.

N
o
te

th
a
t

th
e

F
o
u

rier
series

o
f

p
erio

d
ic

fu
n

ctio
n

s
th

a
t

a
re

sm
o
o
th

(n
o

d
isco

n
tin

u
ity

a
n

d
n

o
sh

a
rp

co
rn

ers)
is

fi
n

ite.
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K
a
il
k
h
u
r
a
,
T
h
ia
g
a
r
a
ja

n
,
R
a
st

o
g
i,
V
a
r
sh

n
e
y
,
a
n
d

B
r
e
m
e
r

M
ak

in
g

su
b
stitu

tion
s,
a
m

+
b
m

=
A
m
,a
m
−
b
m

=
B
m

,
w

e
ob

tain

E
(k

)
=

1

4
N

2 ∣∣∣ 4
a

0 S̄
(k

)
+

M∑m
=

1 (A
m S̄

(k
+
m

)
+
B
m S̄

(k−
m

) ) ∣∣∣ 2.

T
h
e

recon
stru

ction
error

can
th

en
b

e
u
p
p

er
b

ou
n
d
ed

as
follow

s:

E
(k

)≤
14
N

[4
a

20 P̄
(k

)
+

M∑m
=

1 (A
2m P̄

(k
+
m

)
+
B

2m P̄
(k−

m
) ) ].

(10)

In
th

e
case

of
a

sin
gle

sin
u
soid

al
fu

n
ction

,
cos(2π

f
x

),
u
sin

g
trian

g
le

in
eq

u
ality,

th
is

b
e-

com
es

(H
eck

et
al.,

2013)

E
(k

)≤
14N

[P̄
(k

+
f

)
+
P̄

(k−
f

)
+

2 √
P̄

(k
+
f

)P̄
(k−

f
) ].

(11)

E
ven

th
ou

gh
th

is
is

on
ly

an
u
p
p

er
b

ou
n
d

a
n
d

th
e

th
eoretic

an
aly

sis
is

restricted
to

p
erio

d
ic

fu
n
ction

s,
w

e
h
av

e
em

p
irically

fou
n
d

th
at

it
accu

rately
p
red

icts
th

e
ch

aracteristics
of

th
e

sam
p
lin

g
error

for
a

b
road

ran
ge

of
com

p
lex

fu
n
ction

s
an

d
p
rov

id
es

u
sefu

l
gu

id
elin

es
(m

ore
d
etails

are
p
rov

id
ed

in
S
ection

9).
T

h
e

ab
ove

an
aly

sis
im

p
lies

th
at

to
assess

th
e

q
u
ality

of
th

e
sam

p
le

d
esign

s,
on

e
can

an
aly

ze
th

eir
sp

ectral
b

eh
av

ior.
M

ore
sp

ecifi
cally,

th
e

ab
ove

an
aly

sis
su

ggests
th

at
to

m
in

-
im

ize
th

e
recon

stru
ction

error
(E

q
.

(10)
an

d
(11

)):
(a)

th
e

p
ow

er
sp

ectra
of

th
e

sam
p
le

d
esign

sh
ou

ld
b

e
close

to
zero,

an
d

(b
)

for
errors

to
b

e
b
road

b
an

d
w

h
ite

n
oise

(u
n
ifo

rm
over

freq
u
en

cies),
th

e
p

ow
er

sp
ectra

sh
ou

ld
b

e
a

con
stan

t.
N

o
te

th
at

in
several

ap
p
lication

s,
e.g.,

im
age

recon
stru

ction
,

m
ost

relevan
t

in
form

ation
is

p
red

om
in

an
tly

at
low

freq
u
en

cies.
In

su
ch

scen
arios,

th
is

n
atu

rally
lead

s
to

th
e

follow
in

g
criteria

for
sam

p
le

d
esign

s:
(a)

th
e

sp
ectru

m
sh

ou
ld

b
e

close
to

zero
for

low
freq

u
en

cies
w

h
ich

in
d
icates

th
e

ran
g
e

of
freq

u
en

cies
th

at
can

b
e

rep
resen

ted
w

ith
alm

ost
n
o

error,
(b

)
th

e
sp

ectru
m

sh
ou

ld
b

e
a

con
stan

t
for

h
igh

freq
u
en

cies
or

con
tain

m
in

im
al

am
ou

n
t

of
oscillation

s
in

th
e

p
ow

er
sp

ectru
m

.
H

ow
ever,

as
w

e
w

ill
see

n
ex

t,
th

ere
ex

ist
a

trad
e-off

b
etw

een
low

freq
u
en

cy
p

ow
er

an
d

h
igh

freq
u
en

cy
oscillation

s
in

p
ow

er
sp

ectra.

5
.2

E
ff

e
c
t

o
f

P
C

F
C

h
a
ra

c
te

ristic
s

o
n

S
a
m

p
lin

g
P

e
rfo

rm
a
n

c
e

B
ased

on
th

e
tw

o
criteria

d
iscu

ssed
ab

ove,
w

e
assess

th
e

eff
ect

of
th

e
sh

a
p

e
of

th
e

P
C

F
on

th
e

q
u
ality

of
sp

ace-fi
llin

g
d
esign

s
in

th
e

sp
ectral

d
om

ain
.

N
ote

th
at

P
C

F
s

of
th

e
sam

p
les

con
stru

cted
in

p
ractice

(F
ig

u
re

2)
often

d
em

on
strates

th
e

follow
in

g
ch

aracteristics:
(a)

p
resen

ce
of

a
zero-region

ch
ara

cterized
b
y
r
m
in

,
(b

)
a

large
p

eak
arou

n
d
r
m
in

,
an

d
(c)

d
am

p
ed

oscillation
s.

T
o

m
o
d
el

an
d

an
aly

ze
th

ese
ch

aracteristics,
w

e
co

n
sid

er
th

e
follow

in
g

p
aram

etric
P

C
F

fam
ily

7

G
(r;r

m
in ,δ,a

,c)
=
G

(r−
r

m
in )

+
(a−

1)
(G

(r−
r

m
in )−

G
(r−

r
m

in −
δ))

(12)

+
a−

1

4r
ex

p
(−
r/2)

sin
(c×

r−
c)G

(r−
r

m
in )

7
.

N
o
te

th
a
t

th
ere

ex
ist

a
b

ro
a
d

ra
n

g
e

o
f

p
a
ra

m
etric

sp
a
ce-fi

llin
g

sp
ectra

l
d
esig

n
s.

H
ow

ev
er,

fi
n

d
in

g
P

C
F

s
th

a
t

a
re

rea
liza

b
le

is
a

n
o
n
triv

ia
l

p
ro

b
lem

b
eca

u
se

th
e

sp
a
ce

o
f

fu
n

ctio
n

s
th

a
t

o
b

ey
th

e
rea

liza
b

ility
co

n
d

itio
n

s
is

n
o
t

ea
sy

to
p

a
ra

m
etrize.

1
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A
S
p
e
c
t
r
a
l
A
p
p
r
o
a
c
h
f
o
r
t
h
e
D
e
si
g
n
o
f
E
x
p
e
r
im

e
n
t
s:

D
e
si
g
n
,
A
n
a
ly

si
s
a
n
d
A
l
g
o
r
it
h
m
s

w
h
er

e
G

(r
−
r m

in
)

is
th

e
S
te

p
fu

n
ct

io
n
,

p
ea

k
w

id
th
δ
≥

0
an

d
th

e
p

ea
k

h
ei

gh
t
a
≥

1
an

d
la

st
te

rm
in

(1
2)

co
rr

es
p

on
d
s

to
d
am

p
ed

os
ci

ll
at

io
n
s.

T
h
is

fa
m

il
y

is
a

ge
n
er

al
iz

at
io

n
of

S
te

p
P

C
F

,
w

it
h

ad
d
it

io
n
al

p
ar

am
et

er
iz

at
io

n
of

p
ea

k
h
ei

gh
t

an
d

os
ci

ll
at

io
n
s

in
th

e
P

C
F

.

5
.2
.1

E
f
f
e
c
t
o
f
P
e
a
k

H
e
ig
h
t
o
n
S
p
e
c
t
r
a
l
P
r
o
p
e
r
t
ie
s

In
or

d
er

to
st

u
d
y

th
e

im
p
ac

t
of

in
cr

ea
si

n
g

p
ea

k
h
ei

gh
t

in
th

e
P

C
F

on
th

e
P

S
D

ch
ar

ac
te

ri
st

ic
s,

w
e

co
n
d
u
ct

an
em

p
ir

ic
al

st
u
d
y.

W
e

co
m

p
u
te

th
e

P
S
D

of
a

sa
m

p
le

d
es

ig
n

w
it

h
th

e
fo

ll
ow

in
g

p
ar

am
et

er
s:
N

=
19

5
,r

m
in

=
0
.0

2,
δ

=
0
.0

05
.

N
o
te

th
at

w
e

va
ry

th
e

P
C

F
p

ea
k

h
ei

gh
t
a
,

w
h
ic

h
ac

tu
al

ly
re

fl
ec

ts
th

e
b

eh
av

io
r

of
ex

is
ti

n
g

co
ve

ra
ge

b
as

ed
P

D
S

al
go

ri
th

m
s.

A
s

sh
ow

n
in

F
ig

u
re

5(
a)

,
in

cr
ea

si
n
g
a

re
su

lt
s

in
b

ot
h

si
gn

ifi
ca

n
tl

y
h
ig

h
er

lo
w

fr
eq

u
en

cy
p

ow
er

an
d

la
rg

er
h
ig

h
fr

eq
u
en

cy
os

ci
ll
at

io
n
s.

A
s

ex
p

ec
te

d
,

th
e

P
S
D

of
th

e
S
te

p
P

C
F

(o
r
a

=
1)

p
er

fo
rm

s
th

e
b

es
t,

i.
e.

,
th

e
sp

ec
tr

u
m

is
cl

os
e

to
ze

ro
fo

r
lo

w
fr

eq
u
en

ci
es

an
d

co
n
st

a
n
t

fo
r

h
ig

h
fr

eq
u
en

ci
es

.

5
.2
.2

E
f
f
e
c
t
o
f
D
is
k

R
a
d
iu
s
o
n
S
p
e
c
t
r
a
l
P
r
o
p
e
r
t
ie
s

N
ex

t,
w

e
st

u
d
y

th
e

im
p

or
ta

n
ce

of
ch

o
os

in
g

an
ap

p
ro

p
ri

at
e
r m

in
(o

r
co

v
er

ag
e
ρ
)

w
h
il
e

ge
n
er

-
at

in
g

sa
m

p
le

d
is

tr
ib

u
ti

on
s.

In
F

ig
u
re

5(
b
),

w
e

sh
ow

th
e

P
S
D

fo
r
N

=
19

5
an

d
a

=
1,

w
it

h
va

ry
in

g
d
is

k
ra

d
iu

s
va

lu
es
r m

in
.

F
or

a
fi
x
ed

sa
m

p
le

b
u
d
ge

t,
as

w
e

in
cr

ea
se

th
e

ra
d
iu

s,
w

e
ob

se
rv

e
tw

o
co

n
tr

as
ti

n
g

ch
an

ge
s

in
th

e
P

S
D

:
(i

)
th

e
sp

ec
tr

u
m

te
n
d
s

to
b

e
cl

os
e

to
ze

ro
at

lo
w

fr
eq

u
en

ci
es

an
d

(i
i)

an
in

cr
ea

se
in

os
ci

ll
at

io
n
s

fo
r

h
ig

h
fr

eq
u
en

ci
es

.
C

on
se

q
u
en

tl
y,

th
er

e
is

a
tr

ad
e-

off
b

et
w

ee
n

lo
w

fr
eq

u
en

cy
p

ow
er

an
d

h
ig

h
fr

eq
u
en

cy
os

ci
ll
at

io
n
s

in
p

ow
er

sp
ec

tr
a

w
h
ic

h
ca

n
b

e
co

n
tr

ol
le

d
b
y

va
ry

in
g
r m

in
.

H
ow

ev
er

,
th

e
in

cr
ea

se
in

os
ci

ll
at

io
n
s

ar
e

le
ss

si
g-

n
ifi

ca
n
t

co
m

p
ar

ed
to

th
e

ga
in

in
th

e
ze

ro
-r

eg
io

n
.

F
u
rt

h
er

m
or

e,
in

se
ve

ra
l

ap
p
li
ca

ti
on

s,
lo

w
fr

eq
u
en

cy
co

n
te

n
t

is
m

or
e

in
fo

rm
at

iv
e,

an
d

h
en

ce
on

e
m

ay
st

il
l

at
te

m
p
t

to
m

ax
im

iz
e
r m

in

or
co

ve
ra

ge
.

5
.2
.3

E
f
f
e
c
t
o
f
O
sc

il
l
a
t
io
n
s
o
n
S
p
e
c
t
r
a
l
P
r
o
p
e
r
t
ie
s

F
in

al
ly

,
w

e
st

u
d
y

th
e

eff
ec

t
of

os
ci

ll
at

io
n
s

in
th

e
P

C
F

on
th

e
p

ow
er

d
is

tr
ib

u
ti

on
in

th
e

sp
ec

tr
al

d
om

ai
n
.

In
F

ig
u
re

5(
c)

,
w

e
p
lo

t
th

e
P

S
D

fo
r
a

=
1

w
it

h
va

ry
in

g
am

ou
n
ts

of
os

ci
ll
at

io
n
s

co
n
tr

ol
le

d
v
ia

th
e

p
ar

am
et

er
c.

It
ca

n
b

e
se

en
th

at
in

tr
o
d
u
ci

n
g

os
ci

ll
at

io
n
s

in
th

e
P

C
F

re
su

lt
s

in
si

gn
ifi

ca
n
tl

y
h
ig

h
er

lo
w

fr
eq

u
en

cy
p

ow
er

an
d

la
rg

er
h
ig

h
fr

eq
u
en

cy
os

ci
ll
at

io
n
s.

A
s

ex
p

ec
te

d
,

th
e

P
S
D

of
th

e
S
te

p
P

C
F

(o
r
c

=
0)

b
eh

av
es

th
e

b
es

t.

In
su

m
m

ar
y,

th
e

d
is

cu
ss

io
n

in
th

is
se

ct
io

n
su

gg
es

ts
th

at
th

e
P

C
F

of
an

id
ea

l
sp

ac
e-

fi
ll
in

g
sp

ec
tr

al
d
es

ig
n

sh
ou

ld
h
av

e
th

e
fo

ll
ow

in
g

th
re

e
p
ro

p
er

ti
es

:
(a

)
la

rg
e
r m

in
,

(b
)

sm
al

l
p

ea
k

h
ei

gh
t,

an
d

(c
)

lo
w

os
ci

ll
at

io
n
s.

S
in

ce
,

th
e

S
te

p
P

C
F

sa
ti

sfi
es

th
es

e
th

re
e

p
ro

p
er

ti
es

,
it

is
ex

p
ec

te
d

to
b

e
a

go
o
d

sp
ac

e-
fi
ll
in

g
sp

ec
tr

al
d
es

ig
n
.

N
ex

t,
w

e
co

n
si

d
er

th
e

p
ro

b
le

m
of

op
ti

m
iz

in
g

th
e

p
ar

am
et

er
of

th
e

S
te

p
P

C
F

d
es

ig
n
,

i.
e.
r m

in
.

6
.

O
p
ti

m
iz

a
ti

o
n

o
f

S
te

p
P

C
F

b
a
se

d
S
p
a
ce

-fi
ll
in

g
S
p

e
ct

ra
l

D
e
si

g
n
s

T
h
e

p
ro

p
os

ed
sp

ac
e-

fi
ll
in

g
m

et
ri

c
en

jo
y
s

m
at

h
em

at
ic

al
tr

ac
ta

b
il
it

y
an

d
is

su
p
p

or
te

d
b
y

th
eo

re
ti

ca
l

re
su

lt
s

as
d
efi

n
ed

in
S
ec

ti
on

4.
T

h
is

en
ab

le
s

u
s

to
ob

ta
in

n
ew

in
si

g
h
ts

fo
r

op
ti

m
iz

in
g

S
te

p
P

C
F

b
as

ed
sp

ac
e-

fi
ll
in

g
sp

ec
tr

al
d
es

ig
n
s.

In
p
ar

ti
cu

la
r,

(a
)

F
or

a
fi
x
ed
r m

in
,

w
e

ob
ta

in
th

e
m

ax
im

u
m

n
u
m

b
er

of
p

oi
n
t

sa
m

p
le

s
in

an
y

ar
b
it

ra
ry

d
im

en
si

on
d
,

(b
)

F
or

a
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K
a
il
k
h
u
r
a
,
T
h
ia
g
a
r
a
ja

n
,
R
a
st

o
g
i,
V
a
r
sh

n
e
y
,
a
n
d

B
r
e
m
e
r

(a
)

(b
)

(c
)

F
ig

u
re

5:
(a

)
E

ff
ec

t
of

p
ea

k
h
ei

gh
t

in
th

e
P

C
F

on
p

ow
er

sp
ec

tr
a,

(b
)

E
ff

ec
t

o
f

d
is

k
ra

d
iu

s
in

th
e

P
C

F
on

p
ow

er
sp

ec
tr

a,
(c

)
E

ff
ec

t
of

os
ci

ll
a
ti

on
s

in
th

e
P

C
F

on
p

ow
er

sp
ec

tr
a.

fi
x
ed

sa
m

p
li
n
g

b
u
d
ge

t
N

,
w

e
d
er

iv
e

th
e

m
ax

im
u
m

a
ch

ie
va

b
le
r m

in
in

ar
b
it

ra
ry

d
im

en
si

o
n

d
.

6
.1

C
a
se

1
:

F
ix

e
d
r m

in

T
h
e

p
ro

b
le

m
of

fi
n
d
in

g
th

e
m

ax
im

u
m

n
u
m

b
er

of
p

oi
n
t

sa
m

p
le

s
in

a
S
te

p
P

C
F

b
a
se

d
sp

a
ce

-
fi
ll
in

g
sp

ec
tr

al
d
es

ig
n

w
it

h
a

gi
ve

n
d
is

k
ra

d
iu

s
r m

in
ca

n
b

e
fo

rm
al

iz
ed

as
fo

ll
ow

s:

m
ax

im
iz

e
N

su
b

je
ct

to
P

(k
)
≥

0,
∀k

G
(r
−
r m

in
)
≥

0
,
∀r
,

(1
3
)

w
h
er

e
P

(k
)

=
1
−

N V

(
2π
r m

in

k

)
d 2

J
d 2
(k
r m

in
).

N
ot

e
th

a
t

a
sp

ac
e-

fi
ll
in

g
sp

ec
tr

a
l

d
es

ig
n

h
a
s

to

sa
ti

sf
y

re
al

iz
ab

il
it

y
co

n
st

ra
in

ts
as

d
efi

n
ed

in
D

efi
n
it

io
n

5.

P
ro

p
o
si

ti
o
n

9
(K

a
il

kh
u

ra
et

a
l.

,
2
0
1
6
a
)

F
o
r

a
fi

xe
d

d
is

k
ra

d
iu

s
r m

in
,

th
e

m
a
xi

m
u

m
n

u
m

be
r

o
f

po
in

t
sa

m
p
le

s
po

ss
ib

le
fo

r
a

re
a
li

za
bl

e
S

te
p

P
C

F
ba

se
d

sp
a
ce

-fi
ll

in
g

sp
ec

tr
a
l

d
es

ig
n

in
th

e
sa

m
p
li

n
g

re
gi

o
n

w
it

h
vo

lu
m

e
V

ca
n

be
a
p
p
ro

xi
m

a
te

d
a
s

N
≈
V

Γ
( d 2

+
1
)

π
d 2
rd m

in

.

P
ro

o
f

U
si

n
g

th
e

d
efi

n
it

io
n

of
th

e
S
te

p
P

C
F

fu
n
ct

io
n
,

th
e

co
n
st

ra
in

t
G

(r
−
r m

in
)

is
tr

iv
ia

ll
y

sa
ti

sfi
ed

.
N

ot
e

th
at

th
e

co
n
st

ra
in

t
P

(k
)
≥

0,
∀k

is
eq

u
iv

al
en

t
to

m
in k
P

(k
)
≥

0
.
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o
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er

18
JM

L
R

 1
9(

34
):

1-
46

, 2
01

8



A
S
p
e
c
t
r
a
l
A
p
p
r
o
a
c
h
f
o
r
t
h
e
D
e
sig

n
o
f
E
x
p
e
r
im

e
n
t
s:

D
e
sig

n
,
A
n
a
ly

sis
a
n
d
A
l
g
o
r
it
h
m
s

w
o
rd

s,

m
ink

1−
ρ (

2
π
r

m
in

k

)
d2

J
d2 (k

r
m

in )≥
0

⇔
m

ax
k

ρ (
2π
r

m
in

k

)
d2

J
d2 (k

r
m

in )≤
1

⇔
ρ

(2π
)
d2
r
dm

in
m

ax
k

(
J
d2 (k

r
m

in )

(k
r

m
in )

d2

)
≤

1

⇔
ρ

(2π
)
d2
r
dm

in

1

2
d2Γ
(
d2

+
1 )
.

1
(14)

⇔
N
.
V

Γ
(
d2

+
1 )

(π
)
d2
r
dm

in

w
h
ere,

in
(1

4
)

w
e

h
ave

u
sed

th
e

fact
th

at
J
v (x

)≈
(x
/
2)
v/

Γ
(v

+
1
)

an
d
ρ

=
N
/V

.

N
o
te

th
a
t

fo
r

th
e

2-d
im

en
sion

al
case,

w
e

h
ave

J
1
(k
r
m
in

)
k
r
m
in

=
jin

c(k
r

m
in )

w
h
ere

jin
c(.)

is
th

e
so

m
b
rero

fu
n
ction

(som
etim

es
called

b
esin

c
fu

n
ction

or
jin

c
fu

n
ction

).
N

ow
u
sin

g
th

e
fact

th
a
t

jin
c(x

)
h
a
s

th
e

m
ax

im
u
m

valu
e

eq
u
al

to
1
/2,

for
a

fi
x
ed

d
isk

rad
iu

s
r

m
in ,

th
e

m
a
x
im

u
m

n
u
m

b
er

o
f

p
o
in

t
sam

p
les

p
ossib

le
in

a
2-d

S
tep

P
C

F
b
ased

sp
ace-fi

llin
g

sp
ectral

d
esign

is
g
iven

b
y

N
=
V
/π

(r
m

in )
2,

w
h
ich

a
g
a
in

co
rrob

orates
ou

r
b

ou
n
d

in
P

rop
osition

9.

6
.2

C
a
se

2
:

F
ix

e
d
N

A
ltern

a
tely,

w
e

can
also

d
erive

th
e

b
ou

n
d

for
th

e
d
isk

rad
iu

s
of

S
tep

P
C

F
w

ith
a

fi
x
ed

sa
m

p
lin

g
b
u
d
g
et
N

as
follow

s:m
ax

im
ize

r
m

in

su
b

ject
to

P
(k

)≥
0,∀

k

G
(r−

r
m

in )≥
0
,∀
r

(15)

P
ro

p
o
sitio

n
1
0

(K
a
ilkh

u
ra

et
a
l.,

2
0
1
6
a
)

F
o
r

a
fi

xed
sa

m
p
lin

g
bu

d
get

N
,

th
e

m
a
xim

u
m

po
ssible

d
isk

ra
d
iu

s
r
m
in

fo
r

a
rea

liza
ble

S
tep

P
C

F
ba

sed
spa

ce-fi
llin

g
spectra

l
d
esign

in
th

e
sa

m
p
lin

g
regio

n
w

ith
vo

lu
m

e
V

ca
n

be
a
p
p
ro

xim
a
ted

a
s

r
m
in ≈

d √
V

Γ
(
d2

+
1 )

π
d2N

.

P
ro

o
f

T
h
e

p
ro

of
is

sim
ilar

to
th

e
on

e
in

P
rop

osition
9.
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K
a
il
k
h
u
r
a
,
T
h
ia
g
a
r
a
ja

n
,
R
a
st

o
g
i,
V
a
r
sh

n
e
y
,
a
n
d

B
r
e
m
e
r

6
.3

R
e
la

tiv
e

R
a
d

iu
s

o
f

S
te

p
P

C
F

A
s

m
en

tion
ed

b
efore,

th
e

cu
rren

t
literatu

re
ch

aracterizes
coverage

b
y

th
e

fraction
ρ

of
th

e
m

ax
im

u
m

p
ossib

le
rad

iu
s
r
m
a
x

for
N

sam
p
les

to
cov

er
th

e
sam

p
lin

g
d
om

ain
,

su
ch

th
at

r
m
in

=
ρ
r
m
a
x .

T
h
e

m
ax

im
u
m

p
ossib

le
d
isk

rad
iu

s
is

ach
iev

ed
b
y

th
e

d
eterm

in
istic

h
ex

agon
al

lattice
(S

ch
reib

er,
1943)

an
d

can
b

e
ap

p
rox

im
ated

in
a
d

d
im

en
sion

al
sam

p
lin

g
region

as

r
m
a
x ≈

d
√

A
d

C
d
N

.
H

ere,
A
d

is
th

e
h
y
p

erv
o
lu

m
e

of
th

e
sam

p
lin

g
d
om

ain
an

d
C
d

=
V
d /r

d
w

ith

V
d

b
ein

g
th

e
h
y
p

ervolu
m

e
of

a
h
y
p

ersp
h
ere

w
ith

rad
iu

s
r.

N
ote

th
at

a
u
n
iform

ly
d
istrib

u
ted

p
oin

t
set

can
h
ave

a
relativ

e
rad

iu
s

of
0,

an
d

th
e

relativ
e

rad
iu

s
of

a
h
ex

agon
al

lattice
eq

u
als

1
(in

2-d
).

N
ex

t,
w

e
d
erive

a
closed

-form
ex

p
ressio

n
for

th
e

relative
rad

iu
s

of
S
tep

P
C

F
b
ased

d
esign

.

P
ro

p
o
sitio

n
1
1

F
o
r

a
fi

xed
sa

m
p
lin

g
bu

d
get

N
,

th
e

m
a
xim

u
m

rela
tive

ra
d
iu

s
ρ

fo
r

S
tep

P
C

F
ba

sed
spa

ce-fi
llin

g
spectra

l
d
esign

in
th

e
sa

m
p
lin

g
regio

n
w

ith
vo

lu
m

e
V

is
given

by

ρ
=

1

2
d √
η
d

w
h
ere

η
d

is
m

a
xim

a
l

d
en

sity
o
f

a
sp

h
ere

pa
ckin

g
in
d

-d
im

en
sio

n
s.

P
ro

o
f

L
et

u
s

d
en

ote
b
y
r
m
a
x

=
arg

m
in

r
η
d ,

th
en

,
th

e
m

ax
im

al
d
en

sity
of

a
sp

h
ere

p
ack

in
g

w
ith

N
sam

p
les

in
d
-d

im
en

sion
s

is
given

b
y

η
d

=
N
π
d
/
2

Γ
(1

+
d2
)

r
dm
a
x

V
(16)

⇔
η
d

=

(
r
m
a
x

r
m
in )

d

(17)

⇔
ρ

=
1

2
d √
η
d

(18)

w
h
ere

eq
u
ality

in
(17)

u
ses

P
rop

osition
(10).

F
or
d

=
2

an
d

3,
th

e
relative

rad
iu

s
sim

p
lifi

es
to:

ρ
=

0.5
2 √
π √

3

6
,

fo
r
d

=
2,

an
d

ρ
=

0.5
3 √
π √

2

6
,

fo
r
d

=
3.

N
ote

th
at

fi
n
d
in

g
th

e
m

ax
im

al
d
en

sity
of

a
sp

h
ere

p
ack

in
g

for
an

arb
itrary

h
igh

d
im

en
-

sion
(ex

cep
t

in
d

=
2,3

an
d

recen
tly

in
8
,24

(v
iazov

ska,
2017;

C
oh

n
et

al.,
2017))

is
an

op
en

p
rob

lem
.

N
ote

th
at

b
est

k
n
ow

n
p
ack

in
gs

are
often

lattices,
th

u
s,

w
e

u
se

th
e

b
est

k
n
ow

n
lattices

to
b

e
an

ap
p
rox

im
ation

of
r
m
a
x

in
ou

r
an

a
ly

sis
8.

In
F

igu
re

6,
w

e
p
lot

th
e

relative
rad

iu
s
ρ

=
r
m
in
/r
m
a
x

of
S
tep

P
C

F
for

d
iff

eren
t

d
i-

m
en

sion
s
d
.

It
is

in
terestin

g
to

n
otice

th
at

th
e

relative
rad

iu
s

of
S
tep

P
C

F
b
ased

d
esign

s

8
.

W
e

u
se

rela
tiv

e
ra

d
iu

s
a
s

a
m

etric
o
n

ly
fo

r
a
n

a
ly

sis
a
n

d
n

o
t

fo
r

d
esig

n
o
p

tim
iza

tio
n

.
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p
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p
r
o
a
c
h
f
o
r
t
h
e
D
e
si
g
n
o
f
E
x
p
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r
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F
ig
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6:
R
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e

ra
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iu

s
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r m
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/r
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te
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P

C
F
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ed
sp

ac
e-

fi
ll
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g
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tr

al
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ig
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r

d
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er
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im

en
si
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d
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in
cr
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se
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e
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im

en
si

on
d

in
cr

ea
se

s,
i.
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,
S
te

p
P

C
F

b
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ed
d
es

ig
n
s

ap
p
ro

ac
h

a
m

or
e

re
gu

-
la

r
p
at

te
rn

.
F

u
rt

h
er

,
n
ot

e
th

at
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r
a

fi
x
ed
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m

p
li
n
g

b
u
d
ge

t
b

ot
h
r m

in
an

d
r m

a
x

in
cr

ea
se

as
th

e
n
u
m

b
er

of
d
im

en
si

on
s

in
cr

ea
se

s.
T

h
e

S
te

p
P

C
F

b
as

ed
d
es

ig
n
s

m
ai

n
ta

in
ra

n
d
om

n
es

s
b
y

ke
ep

in
g

th
e

P
C

F
fl
at

,
b
u
t

th
is

co
m

es
at

a
co

st
:

th
e

d
is

k
ra

d
iu

s
r m

in
of

th
es

e
p
at

te
rn

s
is

ve
ry

sm
al

l
(a

s
ca

n
b

e
se

en
fr

om
F

ig
u
re

6)
.

F
or

se
ve

ra
l

ap
p
li
ca

ti
on

s,
co

v
er

in
g

th
e

sp
ac

e
b

et
te

r
(b

y
tr

ad
in

g-
off

ra
n
d
om

n
es

s)
is

m
or

e
im

p
or

ta
n
t.

In
th

e
n
ex

t
se

ct
io

n
,

w
e

w
il
l

p
ro

p
os

e
a

n
ew

cl
as

s
of

sp
ac

e-
fi
ll
in

g
sp

ec
tr

al
d
es

ig
n
s

th
at

ca
n

ac
h
ie

ve
a

m
u
ch

h
ig

h
er
r m

in
at

th
e

sm
al

l
co

st
of

co
m

p
ro

m
is

in
g

ra
n
d
om

n
es

s
b
y

in
tr

o
d
u
ci

n
g

a
si

n
gl

e
p

ea
k

in
to

an
ot

h
er

w
is

e
fl
at

P
C

F
.

7
.

S
p
a
ce

-fi
ll
in

g
S
p

e
ct

ra
l

D
e
si

g
n
s

w
it

h
Im

p
ro

v
e
d

C
o
v
e
ra

g
e

T
o

im
p
ro

ve
th

e
co

v
er

ag
e

of
S
te

p
P

C
F

b
as

e
sp

ac
e-

fi
ll
in

g
sp

ec
tr

al
d
es

ig
n
,

in
th

is
se

ct
io

n
,

w
e

p
ro

p
os

e
a

n
ov

el
sp

ac
e-

fi
ll
in

g
sp

ec
tr

al
d
es

ig
n

w
h
ic

h
sy

st
em

at
ic

al
ly

tr
ad

es
-o

ff
ra

n
d
om

n
es

s
w

it
h

co
ve

ra
ge

of
th

e
re

su
lt

in
g

sa
m

p
le

s.
N

ot
e

th
at

th
e

ra
n
d
om

n
es

s
p
ro

p
er

ty
ca

n
b

e
re

la
x
ed

ei
th

er
b
y

in
cr

ea
si

n
g

th
e

p
ea

k
h
ei

gh
t

of
th

e
P

C
F

,
or

b
y

in
cr

ea
si

n
g

th
e

am
ou

n
ts

os
ci

ll
at

io
n
s

in
th

e
P

C
F

(a
s

d
is

cu
ss

ed
in

S
ec

ti
on

5.
2)

.
F

or
si

m
p
li
ci

ty
9
,

w
e

ad
op

t
th

e
fo

rm
er

st
ra

te
gy

an
d

u
se

on
ly

th
e

p
ea

k
h
ei

gh
t

p
ar

am
et

er
.

M
or

e
sp

ec
ifi

ca
ll
y,

as
an

al
te

rn
at

iv
e

to
S
te

p
P

C
F

,
w

e
d
es

ig
n

th
e

fo
ll
ow

in
g

ge
n
er

al
iz

at
io

n
w

h
ic

h
w

e
re

fe
r

as
th

e
S
ta

ir
P

C
F

d
es

ig
n
.

7
.1

S
ta

ir
P

C
F

b
a
se

d
S

p
a
c
e
-fi

ll
in

g
S

p
e
c
tr

a
l

D
e
si

g
n

N
ow

,
w

e
d
efi

n
e

th
e

p
ro

p
os

ed
S

ta
ir

P
C

F
b
as

ed
sp

ac
e-

fi
ll
in

g
d
es

ig
n

an
d

q
u
an

ti
fy

th
e

ga
in

s
ac

h
ie

ve
d

in
th

e
co

ve
ra

ge
ch

ar
ac

te
ri

st
ic

s
(i

.e
.
r m

in
).

S
ta

ir
P

C
F

in
th

e
S

p
a
ti

a
l

D
o
m

a
in

:
T

h
e

S
ta

ir
P

C
F

co
n
st

ru
ct

io
n

is
d
efi

n
ed

as
fo

ll
ow

s:

9
.

In
o
u

r
in

it
ia

l
ex

p
er

im
en

ts
,

w
e

fo
u

n
d

th
a
t

in
cr

ea
si

n
g

th
e

p
ea

k
h

ei
g
h
t

a
lo

n
e

is
su

ffi
ci

en
t

fo
r

tr
a
d

in
g
-

o
ff

ra
n

d
o
m

n
es

s
to

m
a
x
im

iz
e

co
v
er

a
g
e,

a
n

d
p

er
fo

rm
s

b
et

te
r

th
a
n

tr
a
d

in
g
-o

ff
ra

n
d

o
m

n
es

s
b
y

in
cr

ea
si

n
g

o
sc

il
la

ti
o
n

s
in

th
e

P
C

F
.
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K
a
il
k
h
u
r
a
,
T
h
ia
g
a
r
a
ja

n
,
R
a
st

o
g
i,
V
a
r
sh

n
e
y
,
a
n
d

B
r
e
m
e
r

G
(r

;r
0
,r

1
,P

0
)

=
f

(r
−
r 1

)
+
P

0
(f

(r
−
r 0

)
−
f

(r
−
r 1

))
,

(1
9
)

w
it

h
f

(r
−
r 0

)
=

{
0

if
r
≤
r 0

1
if
r
>
r 0

}
,

w
h
er

e
r 0
≤
r 1

an
d
P

0
≥

1.

T
h
is

fa
m

il
y

of
sp

ac
e-

fi
ll
in

g
sp

ec
tr

al
d
es

ig
n
s

h
as

th
re

e
in

te
re

st
in

g
p
ro

p
er

ti
es

:

•
ex

ce
p
t

fo
r

a
si

n
gl

e
p

ea
k

in
th

e
re

gi
on

r 0
≤
r
≤
r 1

,
th

e
P

C
F

is
fl
at

,
th

u
s,

d
o
es

n
ot

co
m

p
ro

m
is

e
ra

n
d
om

n
es

s
en

ti
re

ly
,

•
b

ot
h

th
e

h
ei

gh
t

an
d

w
id

th
of

th
e

p
ea

k
ca

n
b

e
op

ti
m

iz
ed

to
m

ax
im

iz
e

co
ve

ra
g
e,

•
th

e
S
te

p
P

C
F

b
as

ed
sp

ec
tr

al
d
es

ig
n

ca
n

b
e

d
er

iv
ed

as
as

a
sp

ec
ia

l
ca

se
o
f

th
is

co
n
-

st
ru

ct
io

n
.

N
ow

,
th

e
p
ro

b
le

m
b

oi
ls

d
ow

n
to

fi
n
d
in

g
th

e
co

m
b
in

at
io

n
s

of
th

e
th

re
e

p
ar

am
et

er
s

(r
0
,r

1
,P

0
)

th
at

ar
e

re
al

iz
ab

le
an

d
y
ie

ld
a

go
o
d

sa
m

p
le

d
es

ig
n

(d
is

cu
ss

ed
in

S
ec

ti
on

7.
2
).

A
re

p
re

se
n
-

ta
ti

ve
ex

am
p
le

of
S
ta

ir
P

C
F

is
sh

ow
n

in
F

ig
u
re

(7
(a

))
.

S
ta

ir
P

C
F

in
th

e
S

p
e
c
tr

a
l

D
o
m

a
in

:
F

ol
lo

w
in

g
th

e
an

al
y
si

s
in

th
e

ea
rl

ie
r

se
ct

io
n
s,

w
e

d
er

iv
e

th
e

p
ow

er
sp

ec
tr

al
d
en

si
ty

of
S
ta

ir
P

C
F

b
as

ed
sp

ac
e-

fi
ll
in

g
sp

ec
tr

al
d
es

ig
n
s.

P
ro

p
o
si

ti
o
n

1
2

T
h
e

po
w

er
sp

ec
tr

a
l

d
en

si
ty

o
f

a
S

ta
ir

P
C

F
ba

se
d

sp
a
ce

-fi
ll

in
g

sp
ec

tr
a
l

d
e-

si
gn

s,
G

(r
;r

0
,r

1
,P

0
),

w
it

h
N

sa
m

p
le

s
in

th
e

sa
m

p
li

n
g

re
gi

o
n

w
it

h
vo

lu
m

e
V

is
gi

ve
n

by

P
(k

)
=

1
−
N V
P

0

(
2
π
r 0 k

)
d 2

J
d 2
(k
r 0

)
−
N V

(1
−
P

0
)

(
2
π
r 1 k

)
d 2

J
d 2
(k
r 1

).

P
ro

o
f

U
si

n
g

re
su

lt
s

fr
om

S
ec

ti
on

4.
2,

w
e

h
av

e

P
(k

)
=

1
+
N V

(2
π

)d 2
k

1
−
d 2
H

d 2
−

1

( r
d 2
−

1
(G

(r
)
−

1)
) .

(2
0
)

T
o

d
er

iv
e

th
e

P
S
D

of
a

S
ta

ir
fu

n
ct

io
n
,

w
e

fi
rs

t
ev

al
u
at

e
th

e
H

an
ke

l
tr

an
sf

o
rm

o
f
f

(r
)

=
(G

(r
)
−

1)
w

h
er

e
G

(r
)

is
a

S
ta

ir
fu

n
ct

io
n
.

H
d 2
−

1

( r
d 2
−

1
(G

(r
)
−

1)
)

=

∫
∞

0
r
d 2
J
d 2
−

1
(k
r)

(G
(r

)
−

1)
d
r

=
−
P

0

∫
r 0

0
r
d 2
J
d 2
−

1
(k
r)
d
r
−

(1
−
P

0
)

∫
r 1

0
r
d 2
J
d 2
−

1
(k
r)
d
r

=
−
P

0

r
d 2 0 k
J
d 2
(k
r 0

)
−

(1
−
P

0
)r

d 2 1 k
J
d 2
(k
r 1

)

U
si

n
g

th
is

ex
p
re

ss
io

n
in

(2
0)

,

P
(k

)
=

1
−
N V
P

0

(
2
π
r 0 k

)
d 2

J
d 2
(k
r 0

)
−
N V

(1
−
P

0
)

(
2
π
r 1 k

)
d 2

J
d 2
(k
r 1

).
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1
)
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A
S
p
e
c
t
r
a
l
A
p
p
r
o
a
c
h
f
o
r
t
h
e
D
e
sig

n
o
f
E
x
p
e
r
im

e
n
t
s:

D
e
sig

n
,
A
n
a
ly

sis
a
n
d
A
l
g
o
r
it
h
m
s

Radius	(r)

PCF	

(a
)

(b
)
d

=
2

(c)
d

=
3

(d
)
d

=
4

(e)
d

=
5

(f)
d

=
6

F
ig

u
re

7
:

(a
)

P
air

correlation
fu

n
ction

of
S
tair

P
C

F
b
ased

d
esign

s,
(b

)-(f)
M

ax
im

u
m

D
isk

R
a
d
iu

s
F

or
S
tep

an
d

S
tair

P
C

F
for

d
im

en
sion

s
2

to
6.

N
ex

t,
w

e
em

p
irically

evalu
ate

th
e

gain
in

coverage
ach

ieved
b
y

S
tair

P
C

F
b
ased

d
esign

s
co

m
p
ared

to
th

e
S
tep

P
C

F
b
ased

d
esign

s.

7
.2

C
o
v
e
ra

g
e

G
a
in

w
ith

S
ta

ir
P

C
F

Id
ea

lly,
th

e
o
p
tim

al
S
tair

P
C

F
sh

ou
ld

b
e

ob
tain

ed
b
y

sim
u
ltan

eou
sly

m
ax

im
izin

g
r

0
(:=

r
m
in

)
a
n
d

m
in

im
izin

g
P

0 .
F

u
rth

erm
ore,

n
ot

all
P

C
F

s
in

th
e

S
tair

P
C

F
fam

ily
a
re

realizab
le.

D
u
e

to
th

e
rea

lizab
ility

con
d
ition

s,
th

e
p
aram

eters
ca

n
n
ot

b
e

ad
ju

sted
in

d
ep

en
d
en

tly.
T

h
e

m
a
in

ch
a
llen

g
e,

th
erefore,

is
to

fi
n
d

th
e

com
b
in

ation
s

of
th

e
th

ree
p
aram

eters
(r

0 ,r
1 ,P

0 )
th

at
is

rea
liza

b
le

a
n
d

y
ield

a
go

o
d

sam
p
le

d
esign

.
U

n
like

S
tep

P
C

F
,

th
e

closed
form

ex
p
ression

fo
r

th
e

o
p
tim

a
l

p
aram

eters
(r

0 ,r
1 ,P

0 )
are

d
iffi

cu
lt

to
ob

tain
,

an
d
,

th
erefore,

w
e

ex
p
lore

th
is

fa
m

ily
o
f

P
C

F
p
attern

s
em

p
irically

b
y

search
in

g
con

fi
gu
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u
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u
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p
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d
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d
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ate

ed
ge

correction
fa

cto
r,

(b
)-(f)

E
ff

ectiven
ess

o
f

th
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ob
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p
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Ĝ
∗(r)

=

{
(cr)

b
if
r
<
r

m
in

1
if
r≥

r
m

in .

w
h
ere

c
is

som
e

p
re-sp

ecifi
ed

con
stan

t
an

d
b
>

1
is

th
e

sm
o
oth

in
g

con
stan

t
ob

tain
ed

v
ia

cross-valid
ation

.
M

ore
sp

ecifi
cally,

w
e

ad
d

p
oly

n
om

ial
n
oise

in
th

e
low

rad
iu

s
region

of
th

e
P

C
F

.
T

h
is

can
also

b
e

in
terp

reted
as

p
oly

n
om

ial
ap

p
rox

im
ation

of
th

e
P

C
F

in
th

e
low

rad
ii

regim
e.

W
e

h
ave

n
oticed

th
at

som
etim

es
ad

d
in

g
a

con
trolled

am
ou

n
t

of
G

au
ssian

n
oise

in
stead

of
p

oly
n
om

ial
n
oise

also
im

p
rov

es
th

e
p

erform
an

ce.

8
.2
.2

E
d
g
e
C
o
r
r
e
c
t
e
d

G
r
a
d
ie
n
t
D
e
sc

e
n
t

T
h
e

n
on

-lin
ear

least
sq

u
ares

p
rob

lem
is

solved
itera

tively
u
sin

g
grad

ien
t

d
escen

t.
S
tartin

g
w

ith
a

ran
d
om

p
oin

t
set

X
=
{x

i }
Ni=

1 ,
w

e
iteratively

u
p

d
ate

x
i

in
th

e
n
egativ

e
grad

ien
t

d
irection

of
th

e
ob

jectiv
e

fu
n
ction

.
A

t
each

iteration
k
,

th
is

ca
n

b
e

form
ally

stated
as

x
k
+

1
i

=
x
ki −

λ
∆
i

|∆
i | ,

w
h
ere

λ
is

th
e

step
size

an
d

∆
i

=
{
∆
ki }
dk
=

1
in

th
e

n
orm

alized
ed

ge
corrected

grad
ien

t
is

given
b
y

∆
pi

=
∑i6=

l

(x
pl −

x
pi )

|x
l −

x
i |

m
∑j=

1

G
(r
j )
k−

G
∗(r

j )

w
j (1−

a
1 r
j

+
a

2 r
2j )r

d−
1

j

(|x
l −
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el
y,

ke
rn

el
d
en

si
ty

es
ti

m
a
to

r,
w

h
ic

h
is

a
ls

o
te

rm
ed

as
P

a
rz

en
-R

o
se

n
bl

a
tt

es
ti

m
a
to

r
(P

ar
ze

n
,

19
62

;
R

os
en

b
la

tt
,

19
56

)
an

d
ta

ke
s

th
e

fo
ll
ow

in
g

fo
rm

f n
(x

)
=

1

n
h
d

n ∑ i=
1

K

(
x
−
x
i

h

)
.

(1
)

H
er

e,
h

:=
h
n
>

0
is

a
b
an

d
w

id
th

p
a
ra

m
et

er
an

d
K

is
a

sm
o
ot

h
in

g
ke

rn
el

.
In

th
e

li
t-

er
at

u
re

,
p

oi
n
t-

w
is

e
an

d
u
n
if

or
m

co
n
si

st
en

cy
an

d
co

n
ve

rg
en

ce
ra

te
s

of
th

e
es

ti
m

a
to

r
f n

to
th

e
u
n
k
n
ow

n
tr

u
th

d
en

si
ty
f

u
n
d
er

va
ri

ou
s

d
is

ta
n
ce

m
ea

su
re

m
en

ts
,

e.
g.

,
L

1
,L

2
,

a
n
d
L
∞

,
h
av

e
b

ee
n

es
ta

b
li
sh

ed
b
y

re
so

rt
in

g
to

th
e

re
gu

la
ri

ty
as

su
m

p
ti

on
s

on
th

e
sm

o
o
th

in
g

ke
rn

el
K

,
th

e
d
en

si
ty
f

,
an

d
th

e
d
ec

ay
of

th
e

b
an

d
w

id
th

se
q
u
en

ce
{h

n
}.

B
es

id
es

th
e

th
eo

re
ti

ca
l

co
n
ce

rn
s

on
th

e
co

n
si

st
en

cy
an

d
co

n
ve

rg
en

ce
ra

te
s,

an
ot

h
er

p
ra

ct
ic

al
is

su
e

on
e

u
su

a
ll
y

n
ee

d
s

to
ad

d
re

ss
is

th
e

ch
oi

ce
of

th
e

b
an

d
w

id
th

p
ar

am
et

er
h
n
,

w
h
ic

h
is

al
so

ca
ll
ed

th
e

sm
oo

th
in

g
pa

ra
m

et
er

.
It

p
la

y
s

a
cr

u
ci

al
ro

le
in

th
e

b
ia

s-
va

ri
an

ce
tr

ad
e-

off
in

ke
rn

el
d
en

si
ty

es
ti

m
a
ti

o
n
.

In
th

e
li
te

ra
tu

re
,

ap
p
ro

ac
h
es

to
ch

o
os

in
g

th
e

sm
o
ot

h
in

g
p
ar

am
et

er
in

cl
u
d
e

le
a
st

-s
q
u
a
re

s
cr

os
s-

va
li
d
at

io
n

(B
ow

m
an

,
19

84
;

R
u
d
em

o,
19

82
),

b
ia

se
d

cr
os

s-
va

li
d
at

io
n

(S
co

tt
a
n
d

T
er

re
ll
,

19
87

),
p
lu

g-
in

m
et

h
o
d

(P
ar

k
an

d
M

ar
ro

n
,

19
90

;
S
h
ea

th
er

an
d

J
on

es
,

19
9
1
),

th
e

d
o
u
b
le

ke
rn

el
m

et
h
o
d

(D
ev

ro
ye

,
19

89
),

an
d

al
so

th
e

m
et

h
o
d

b
as

ed
on

a
d
is

cr
ep

an
cy

p
ri

n
ci

p
le

(E
g
-

ge
rm

on
t

an
d

L
aR

ic
ci

a,
20

01
).

W
e

re
fe

r
th

e
re

ad
er

to
J
o
n
es

et
al

.
(1

99
6a

)
fo

r
a

g
en

er
a
l

ov
er

v
ie

w
an

d
to

W
an

d
an

d
J
on

es
(1

99
4)

;
C

ao
et

al
.

(1
99

4)
;

J
on

es
et

al
.

(1
9
9
6
b
);

D
ev

ro
y
e

(1
99

7)
fo

r
m

or
e

d
et

ai
le

d
re

v
ie

w
s.

N
ot

e
th

at
st

u
d
ie

s
on

th
e

ke
rn

el
d
en

si
ty

es
ti

m
at

or
(1

)
m

en
ti

on
ed

ab
ov

e
h
ea

v
il
y

re
ly

o
n

th
e

as
su

m
p
ti

on
th

at
th

e
ob

se
rv

at
io

n
s

ar
e

d
ra

w
n

in
an

i.
i.
d

fa
sh

io
n
.

In
th

e
li
te

ra
tu

re
o
f

st
at

is
ti

cs
an

d
m

ac
h
in

e
le

ar
n
in

g,
it

is
co

m
m

on
ly

ac
ce

p
te

d
th

at
th

e
i.
i.
d

as
su

m
p
ti

o
n

o
n

th
e

2
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K
e
r
n
e
l
D
e
n
sit

y
E
st

im
a
t
io
n
f
o
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

g
iven

d
a
ta

ca
n

b
e

very
m

u
ch

restrictive
in

real-w
orld

ap
p
lication

s.
H

av
in

g
realized

th
is,

resea
rch

ers
tu

rn
to

w
eaken

th
is

i.i.d
assu

m
p
tion

b
y

assu
m

in
g

th
at

th
e

ob
servation

s
are

w
ea

k
ly

d
ep

en
d
en

t
u
n
d
er

variou
s

n
otion

s
of

w
eak

ly
d
ep

en
d
en

ce
w

h
ich

in
clu

d
e
α

-m
ix

in
g,

β
-m

ix
in

g
,

a
n
d
φ

-m
ix

in
g

(B
rad

ley
,

2005).
T

h
ere

h
as

b
een

a
fl
u
rry

of
w

ork
to

attack
th

is
p
ro

b
lem

w
ith

th
eoretical

an
d

p
ractical

con
cern

s,
see

e.g.,
G

y
ö
rfi

(1981);
M

asry
(1983,

19
86);

R
o
b
in

so
n

(1
98

3
);

M
asry

an
d

G
y
örfi

(19
87);

T
ran

(1989
b
);

G
y
örfi

an
d

M
asry

(1990);
T

ran
(1

9
8
9
a
);

H
a
rt

an
d

V
ieu

(1990);
Y

u
(1993)

an
d

H
all

et
al.

(19
95),

u
n
d
er

th
e

ab
ov

e
n
otion

s
of

d
ep

en
d
en

ce.
T

h
ese

stu
d
ies

w
ere

con
d
u
cted

u
n
d
er

variou
s

n
otion

s
of

sam
p
le

d
ep

en
d
en

ce.
In

fa
ct,

a
s

G
y
ö
rfi

an
d

L
u
gosi

(1992)
p

oin
ted

ou
t,

fo
r

sam
p
les

th
at

are
ergo

d
ic,

kern
el

d
en

sity
estim

a
tio

n
is

n
o
t

u
n
iversally

con
sisten

t
u
n
d
er

th
e

u
su

al
con

d
ition

s.
A

cou
n
ter

ex
am

p
le

w
as

d
ev

ised
th

ere
sh

ow
in

g
th

e
ex

isten
ce

of
an

ergo
d
ic

seq
u
en

ce
of

u
n
iform

ly
d
istrib

u
ted

ran
d
om

va
ria

b
les

b
a
sed

on
w

h
ich

th
e

kern
el

d
en

sity
estim

ation
alm

ost
su

rely
d
o
es

n
ot

ten
d

to
zero

in
th

e
L

1
sen

se.
O

n
th

e
oth

er
h
an

d
,

th
e

assu
m

ed
correlation

am
on

g
th

e
o
b
servation

s
co

m
p
lica

tes
th

e
kern

el
d
en

sity
estim

ation
p
rob

lem
from

a
tech

n
ical

as
w

ell
a
s

p
ractical

v
iew

a
n
d

a
lso

b
rin

gs
in

h
eren

t
b
arriers.

T
h
is

is
b

ecau
se,

m
ore

freq
u
en

tly,
th

e
an

aly
sis

on
th

e
co

n
sisten

cy
an

d
con

vergen
ce

rates
of

th
e

k
ern

el
d
en

sity
estim

ator
(1

)
is

p
ro

ceed
ed

b
y

d
eco

m
p

o
sin

g
th

e
error

term
in

to
b
ias

an
d

varian
ce

term
s,

w
h
ich

corresp
on

d
to

d
ata-free

an
d

d
a
ta

-d
ep

en
d
en

t
error

term
s,

resp
ectively.

T
h
e

d
ata-free

error
term

can
b

e
ta

ck
led

b
y

u
sin

g
tech

n
iq

u
es

fro
m

th
e

ap
p
rox

im
ation

th
eory

w
h
ile

th
e

d
ata-d

ep
en

d
en

t
erro

r
term

is
u
su

ally
d
ea

lt
w

ith
b
y

ex
p
loitin

g
argu

m
en

ts
from

th
e

em
p
irical

p
ro

cess
th

eory
su

ch
a
s

con
cen

tration
in

eq
u
a
lities.

A
s

a
resu

lt,
d
u
e

to
th

e
ex

isten
ce

of
d
ep

en
d
en

ce
am

on
g

ob
serva

tion
s

an
d

variou
s

n
o
tio

n
s

of
th

e
d
ep

en
d
en

ce
m

easu
rem

en
t,

th
e

tech
n
iq

u
es,

an
d

resu
lts

con
cern

in
g

th
e

d
ata-

d
ep

en
d
en

t
erro

r
term

are
in

gen
eral

n
ot

u
n
iv

ersally
ap

p
licab

le.
O

n
th

e
oth

er
h
an

d
,

it
h
a
s

b
een

a
lso

p
oin

ted
ou

t
th

at
th

e
b
an

d
w

id
th

selection
in

kern
el

d
en

sity
estim

atio
n

u
n
d
er

d
ep

en
d
en

ce
a
lso

d
ep

artu
res

from
th

e
in

d
ep

en
d
en

t
case,

see
e.g.,

H
art

an
d

V
ieu

(1990);
H

all
et

a
l.

(19
9
5
).

In
fa

ct,
w

h
en

th
e

ob
servation

s
x

1 ,x
2 ,...,x

n
∈

R
d

are
gen

erated
b
y

certain
ergo

d
ic

m
ea

su
re-p

reserv
in

g
d
y
n
am

ical
sy

stem
s,

th
e

p
rob

lem
o
f

kern
el

d
en

sity
estim

ation
can

b
e

even
m

o
re

in
vo

lved
.

T
o

ex
p
lain

,
let

u
s

con
sid

er
a

d
iscrete-tim

e
ergo

d
ic

m
easu

re-p
reserv

in
g

d
y
n
a
m

ica
l

sy
stem

d
escrib

ed
b
y

th
e

seq
u
en

ce
(T

n
)
n≥

1
of

iterates
of

an
u
n
k
n
ow

n
m

ap
T

:
Ω
→

Ω
w

ith
Ω
⊂

R
d

an
d

a
u
n
iq

u
e

in
varian

t
m

easu
re
P

w
h
ich

p
ossesses

a
d
en

sity
f

w
ith

resp
ect

to
th

e
L

eb
esgu

e
m

easu
re

(rigorou
s

d
efi

n
ition

s
w

ill
b

e
g
iven

in
th

e
seq

u
el).

T
h
at

is,
w

e
h
ave

x
i

=
T
i(x

0 ),
i

=
1,2

,...,n
,

(2)

w
h
ere

x
0

is
th

e
in

itial
state.

It
is

n
oticed

th
at

in
th

is
case

th
e

u
su

al
m

ix
in

g
con

cep
ts

are
n
o
t

g
en

era
l

en
o
u
gh

to
ch

aracterize
th

e
d
ep

en
d
en

ce
am

o
n
g

ob
servation

s
gen

erated
b
y

(2)
(M

a
u
m

e-D
esch

am
p
s,

2006;
S
tein

w
art

an
d

A
n
gh

el,
2009;

H
an

g
an

d
S
tein

w
a
rt,

2017).
O

n
th

e
o
th

er
h
an

d
,

ex
istin

g
th

eoretical
stu

d
ies

on
th

e
con

sisten
cy

or
con

verg
en

ce
rates

of
th

e
kern

el
d
en

sity
estim

ator
for

i.i.d
.

o
b
servation

s
freq

u
en

tly
assu

m
e

th
at

th
e

d
en

sity
fu

n
ction

f
is

su
ffi

cien
tly

sm
o
oth

,
e.g.,

fi
rst-ord

er
or

ev
en

secon
d
-o

rd
er

sm
o
oth

n
ess.

H
ow

ever,
m

ore
o
ften

th
a
n

n
o
t,

th
is

req
u
irem

en
t

can
b

e
strin

gen
t

in
th

e
d
y
n
am

ical
sy

stem
con

tex
t.

It
is

w
ell-k

n
ow

n
th

a
t

(see
e.g.,

L
iveran

i
(1995);

B
alad

i
(2000))

p
iecew

ise
ex

p
an

d
in

g
m

ap
s

(or
L

a
so

ta-Y
o
rke

m
ap

s)
ad

m
it

a
d
en

sity
f

w
h
ich

on
ly

b
elon

gs
to

th
e

sp
ace

B
V

,
i.e.,

fu
n
ction

s

3
JM

L
R
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H
a
n
g
,
S
t
e
in
w
a
r
t
,
F
e
n
g
,
S
u
y
k
e
n
s

of
b

ou
n
d
ed

variation
.

T
y
p
ical

ex
am

p
les

are
th

e
G

au
ss

m
ap

in
E

x
am

p
le

3
an

d
th

e
β

-m
a
p
s

in
E

x
am

p
le

1
(see

S
u
b
section

2.2).

In
th

is
stu

d
y,

th
e

kern
el

d
en

sity
estim

ation
p
rob

lem
w

ith
ob

servation
s

gen
erated

b
y

d
y
n
am

ical
sy

stem
s

(2)
is

ap
p
roach

ed
b
y

m
ak

in
g

u
se

of
a

m
ore

gen
eral

con
cep

t
for

m
ea

su
rin

g
th

e
d
ep

en
d
en

ce
of

ob
servation

s,
n
am

ely,
th

e
so-called

C
-m

ix
in

g
p
ro

cess
(refer

to
S
ection

2
for

th
e

d
efi

n
ition

).
P

rop
osed

in
M

au
m

e-D
esch

am
p
s

(2
006)

an
d

recen
tly

in
vestigated

in
H

an
g

an
d

S
tein

w
a
rt

(2017),
th

eC
-m

ix
in

g
con

cep
t

is
sh

ow
n

to
b

e
m

ore
gen

eral
an

d
p

ow
erfu

l
in

m
easu

rin
g

d
ep

en
d
en

ce
am

on
g

ob
servation

s
gen

erated
b
y

d
y
n
am

ical
sy

stem
s

an
d

can
accom

m
o
d
ate

a
large

class
of

d
y
n
am

ical
sy

stem
s.

T
h
ere,

a
B

ern
stein

-ty
p

e
ex

p
on

en
tial

in
eq

u
ality

for
C

-m
ix

in
g

p
ro

cesses
w

as
estab

lish
ed

an
d

its
ap

p
lication

s
to

som
e

learn
in

g
sch

em
es

w
ere

ex
p
lored

.

O
u
r

m
ain

p
u
rp

ose
in

th
is

p
ap

er
is

to
con

d
u
ct

som
e

th
eoretica

l
an

aly
sis

an
d

p
ractical

im
-

p
lem

en
tation

s
on

th
e

kern
el

d
en

sity
estim

ator
for

d
y
n
am

ical
sy

stem
s.

T
h
e

p
rim

ary
con

cern
is

th
e

con
sisten

cy
an

d
con

vergen
ce

rates
o
f
th

e
k
ern

el
d
en

sity
estim

ator
(1)

w
ith

ob
servation

s
gen

erated
b
y

d
y
n
am

ical
sy

stem
s

(2).
T

h
e

con
sisten

cy
an

d
con

vergen
ce

an
aly

sis
is

co
n
d
u
cted

u
n
d
er
L

1 -n
orm

,
an

d
L
∞

-n
orm

,
resp

ectively.
W

e
sh

ow
th

at
u
n
d
er

m
ild

assu
m

p
tion

s
on

th
e

sm
o
oth

in
g

k
ern

el,
w

ith
p
rop

erly
ch

osen
b
an

d
w

id
th

,
th

e
estim

ator
is

u
n
iversally

con
sisten

t
u
n
d
er
L

1 -n
orm

.
W

h
en

th
e

p
rob

ab
ility

d
istrib

u
tion

P
p

ossesses
a

p
oly

n
om

ial
or

ex
p

on
en

tial
d
ecay

ou
tsid

e
of

a
rad

iu
s-r

b
all

in
its

su
p
p

ort,
u
n
d
er

th
e

H
öld

er
con

tin
u
ity

assu
m

p
tion

s
on

th
e

k
ern

el
fu

n
ction

an
d

th
e

d
en

sity,
w

e
ob

tain
alm

ost
op

tim
al

con
vergen

ce
rates

u
n
d
er

L
1 -n

orm
.

M
oreover,

w
h
en

th
e

p
rob

ab
ility

d
istrib

u
tion

P
is

com
p
actly

su
p
p

orted
,

w
h
ich

is
a

freq
u
en

tly
en

cou
n
tered

settin
g

in
th

e
d
y
n
am

ical
sy

stem
con

tex
t,

w
e

p
rove

th
at

stron
ger

con
vergen

ce
resu

lts
of

th
e

estim
ator

can
b

e
d
evelop

ed
,

i.e.,
con

v
ergen

ce
resu

lts
u
n
d
er
L
∞

-
n
orm

w
h
ich

are
sh

ow
n

to
b

e
of

th
e

sam
e

ord
er

w
ith

its
L

1 -n
orm

con
vergen

ce
rates.

F
in

ally,
w

ith
regard

to
th

e
p
ractical

im
p
lem

en
tation

of
th

e
estim

ator,
w

e
also

d
iscu

ss
th

e
b
an

d
w

id
th

selection
p
rob

lem
b
y

p
erform

in
g

n
u
m

erica
l
com

p
arison

s
am

on
g

sev
eral

ty
p
ical

ex
istin

g
selec-

tors
th

at
in

clu
d
e

least
sq

u
ares

cross-valid
ation

an
d

its
varian

ts
for

d
ep

en
d
en

t
ob

servation
s,

an
d

th
e

d
ou

b
le

k
ern

el
m

eth
o
d
.

W
e

sh
ow

th
at

th
e

d
ou

b
le

kern
el

b
an

d
w

id
th

selector
p
ro-

p
osed

in
D

ev
roye

(1989)
can

in
gen

eral
w

ork
w

ell.
M

o
reover,

accord
in

g
to

ou
r

n
u
m

erical
ex

p
erim

en
ts,

w
e

fi
n
d

th
at

b
an

d
w

id
th

selection
for

kern
el

d
en

sity
estim

a
tor

of
d
y
n
am

ical
sy

stem
s

is
u
su

ally
ad

-h
o
c

in
th

e
sen

se
th

at
its

p
erform

an
ce

m
ay

d
ep

en
d

o
n

th
e

con
sid

ered
d
y
n
am

ical
sy

stem
.

T
h
e

rest
of

th
is

p
ap

er
is

organ
ized

as
follow

s.
S
ection

2
is

a
w

a
rm

-u
p

section
for

th
e

in
tro

d
u
ction

of
som

e
n
otation

s,
d
efi

n
ition

s
an

d
assu

m
p
tion

s
th

at
are

related
to

th
e

kern
el

d
en

sity
estim

ation
p
rob

lem
an

d
d
y
n
am

ical
sy

stem
s.

W
e

p
rov

id
e

ou
r

m
ain

resu
lts

on
th

e
con

sisten
cy

an
d

con
v
ergen

ce
rates

of
th

e
k
ern

el
d
en

sity
estim

ator
in

S
ection

3
.

S
om

e
com

m
en

ts
an

d
d
iscu

ssion
s

con
cern

in
g

th
e

m
ain

resu
lts

w
ill

b
e

also
p
rov

id
ed

in
th

is
section

.
T

h
e

m
ain

an
aly

sis
on

b
ou

n
d
in

g
error

term
s

is
p
resen

ted
in

S
ection

4.
W

e
d
iscu

ss
th

e
b
an

d
w

id
th

selection
p
rob

lem
in

S
ection

5
an

d
p
rov

id
e

so
m

e
n
u
m

erica
l

sim
u
lation

s.
A

ll
th

e
p
ro

ofs
of

S
ection

3
an

d
S
ection

4
can

b
e

fou
n
d

in
S
ection

6.
W

e
en

d
th

is
p
ap

er
in

S
ection

7.
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K
e
r
n
e
l
D
e
n
si
t
y
E
st

im
a
t
io
n
f
o
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

2
.
P
re
li
m
in
a
ri
e
s

2
.1

N
o
ta

ti
o
n

s

T
h
ro

u
gh

ou
t

th
is

p
ap

er
,
λ
d

is
d
en

ot
ed

as
th

e
L

eb
es

gu
e

m
ea

su
re

on
R
d

an
d
‖·
‖i

s
an

ar
b
it

ra
ry

n
or

m
on

R
d
.

W
e

d
en

ot
e
B
r

as
th

e
ce

n
te

re
d

b
al

l
o
f
R
d

w
it

h
ra

d
iu

s
r,

th
a
t

is
,

B
r

:=
{x

=
(x

1
,.
..
,x

d
)
∈
R
d

:
‖x
‖
≤
r}
.

R
ec

al
l

th
at

fo
r

1
≤
p
<
∞

,
th

e
`d p

-n
or

m
is

d
efi

n
ed

as
‖x
‖ `
d p

:=
(x
p 1

+
··
·+

x
p d
)1
/
p
,

an
d

th
e

`d ∞
-n

or
m

is
d
efi

n
ed

as
‖x
‖ `
d ∞

:=
m

ax
i=

1
,.
..
,d
|x
i|.

L
et

(Ω
,A
,µ

)
b

e
a

p
ro

b
ab

il
it

y
sp

ac
e.

W
e

d
en

ot
e
L
p
(µ

)
as

th
e

sp
ac

e
of

(e
q
u
iv

al
en

ce
cl

as
se

s
of

)
m

ea
su

ra
b
le

fu
n
ct

io
n
s
g

:
Ω
→

R
w

it
h

fi
n
it

e
L
p
-n

or
m
‖g
‖ p

.
T

h
en

L
p
(µ

)
to

ge
th

er
w

it
h
‖g
‖ p

fo
rm

s
a

B
an

ac
h

sp
ac

e.
M

or
eo

ve
r,

if
A
′ ⊂
A

is
a

su
b
-σ

-a
lg

eb
ra

,
th

en
L
p
(A
′ ,
µ

)
d
en

ot
es

th
e

sp
ac

e
of

al
l
A
′ -

m
ea

su
ra

b
le

fu
n
ct

io
n
s

g
∈
L
p
(µ

).
F

in
al

ly
,

fo
r

a
B

an
ac

h
sp

a
ce
E

,
w

e
w

ri
te
B
E

fo
r

it
s

cl
os

ed
u
n
it

b
al

l.
In

w
h
at

fo
ll
ow

s,
th

e
n
ot

at
io

n
a
n
.
b n

m
ea

n
s

th
at

th
er

e
ex

is
ts

a
p

os
it

iv
e

co
n
st

an
t
c

su
ch

th
at
a
n
≤
c
b n

,
fo

r
al

l
n
∈

N
.

W
it

h
a

sl
ig

h
t

ab
u
se

of
n
ot

at
io

n
,

in
th

is
p
ap

er
,
c,
c′

an
d
C

ar
e

u
se

d
in

te
rc

h
an

ge
ab

ly
fo

r
p

os
it

iv
e

co
n
st

an
ts

w
h
il
e

th
ei

r
va

lu
es

m
ay

va
ry

ac
ro

ss
d
iff

er
en

t
le

m
m

as
,

p
ro

p
os

it
io

n
s,

th
eo

re
m

s,
an

d
co

ro
ll
ar

ie
s.

2
.2

D
y
n

a
m

ic
a
l

S
y
st

e
m

s
a
n

d
C-

m
ix

in
g

P
ro

c
e
ss

e
s

In
th

is
su

b
se

ct
io

n
,

w
e

fi
rs

t
in

tr
o
d
u
ce

th
e

d
y
n
am

ic
al

sy
st

em
s

of
in

te
re

st
,

n
a
m

el
y,

er
go

d
ic

m
ea

su
re

-p
re

se
rv

in
g

d
y
n
am

ic
al

sy
st

em
s.

M
at

h
em

at
ic

al
ly

,
an

er
go

d
ic

m
ea

su
re

-p
re

se
rv

in
g

d
y-

n
a
m

ic
a
l

sy
st

em
is

a
sy

st
em

(Ω
,A
,µ
,T

)
w

it
h

a
m

ap
p
in

g
T

:
Ω
→

Ω
th

at
is

m
ea

su
re

-
p
re

se
rv

in
g,

i.
e.

,
µ

(A
)

=
µ

(T
−

1
A

)
fo

r
al

l
A
∈
A

,
an

d
er

go
d
ic

,
i.
e.

,
T
−

1
A

=
A

im
p
li
es

µ
(A

)
=

0
or

1.
In

th
is

st
u
d
y,

w
e

ar
e

co
n
fi
n
ed

to
th

e
d
y
n
am

ic
al

sy
st

em
s

in
w

h
ic

h
Ω

is
a

su
b
se

t
of

R
d
,
µ

is
a

p
ro

b
ab

il
it

y
m

ea
su

re
th

at
is

ab
so

lu
te

ly
co

n
ti

n
u
ou

s
w

it
h

re
sp

ec
t

to
th

e
L

eb
es

gu
e

m
ea

su
re
λ
d

an
d

ad
m

it
s

a
u
n
iq

u
e

in
va

ri
an

t
L

eb
es

gu
e

d
en

si
ty
f

.
In

or
d
er

to
in

cl
u
d
e

a
la

rg
er

va
ri

et
y

of
d
en

si
ty

fu
n
ct

io
n
s

th
at

co
m

m
on

ly
ap

p
ea

r
in

d
y
n
am

ic
al

sy
st

em
s,

w
e

in
tr

o-
d
u
ce

a
n
ew

m
ea

su
re

m
en

t
of

co
n
ti

n
u
it

y
th

at
is

a
ge

n
er

al
iz

at
io

n
of

th
e
α

-H
öl

d
er

co
n
ti

n
u
it

y,
w

h
ic

h
is

d
efi

n
ed

as
fo

ll
ow

s:

D
e
fi

n
it

io
n

1
(P

o
in

tw
is

e
α

-H
ö
ld

e
r

C
o
n
tr

o
ll
a
b

le
)

A
d
en

si
ty

fu
n

ct
io

n
f

:
R
d
→

[0
,∞

)
is

ca
ll

ed
po

in
tw

is
e
α

-H
ö
ld

er
co

n
tr

o
ll

a
bl

e,
if

fo
r
λ
d
-a

lm
o
st

a
ll
x
∈
R
d

th
er

e
ex

is
ts

a
co

n
st

a
n

t
c(
x

)
≥

0
a
n

d
a

ra
d
iu

s
r(
x

)
>

0
su

ch
th

a
t

fo
r

a
ll
x
′ ∈

R
d

w
it

h
‖x
′ ‖
<
r(
x

)
w

e
h
a
ve

|f
(x

+
x
′ )
−
f

(x
)|
≤
c(
x

)‖
x
′ ‖α

.

M
o
re

o
ve

r,
f

is
ca

ll
ed

u
n

if
o
rm

ly
po

in
tw

is
e
α

-H
ö
ld

er
co

n
tr

o
ll

a
bl

e,
if

r 0
:=

es
s

in
f

x
∈Ω
r(
x

)
>

0
.

N
ot

e
th

at
th

e
an

α
-H

öl
d
er

co
n
ti

n
u
ou

s
fu

n
ct

io
n

ca
n

b
e

re
co

gn
iz

ed
as

a
sp

ec
ia

l
ca

se
of

th
e
α

-H
öl

d
er

co
n
tr

ol
la

b
le

fu
n
ct

io
n
s

w
it

h
c(
x

)
an

d
r(
x

)
b

ei
n
g

so
m

e
u
n
iv

er
sa

l
co

n
st

an
t
c
>

0
an

d
r
>

0.
In

ou
r

st
u
d
y,

it
is

as
su

m
ed

th
at

th
e

ob
se

rv
at

io
n
s
x

1
,x

2
,·
··
,x

n
ar

e
ge

n
er

at
ed

b
y

th
e

d
is

cr
et

e-
ti

m
e

d
y
n
am

ic
al

sy
st

em
(2

).
B

el
ow

w
e

li
st

se
ve

ra
l

ty
p
ic

al
ex

am
p
le

s
of

d
is

cr
et

e-
ti

m
e

d
y
n
am

ic
al

sy
st

em
s

th
at

sa
ti

sf
y

th
e

ab
ov

e
as

su
m

p
ti

on
s

(L
as

ot
a

an
d

M
ac

k
ey

,
19

85
):

5
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L
R
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8

H
a
n
g
,
S
t
e
in
w
a
r
t
,
F
e
n
g
,
S
u
y
k
e
n
s

E
x
a
m

p
le

1
(β

-M
a
p

)
F

o
r
β
>

1
,

th
e
β

-m
a
p

is
d
efi

n
ed

a
s

T
(x

)
=
β
x

m
o
d

1,
x
∈

(0
,1

),

w
it

h
a

u
n

iq
u

e
in

va
ri

a
n

t
L

eb
es

gu
e

d
en

si
ty

gi
ve

n
by

f
(x

)
=
c β
∑ i≥

0

β
−

(i
+

1
) 1

[0
,T
i
(1

)]
(x

),

w
h
er

e
c β

is
a

co
n

st
a
n

t
ch

o
se

n
su

ch
th

a
t
f

h
a
s

in
te

gr
a
l

1.

E
x
a
m

p
le

2
(L

o
g
is

ti
c

M
a
p

)
T

h
e

L
og

is
ti

c
m

a
p

d
efi

n
ed

by

T
(x

)
=

4x
(1
−
x

),
x
∈

(0
,1

)

a
d
m

it
s

th
e

u
n

iq
u

e
in

va
ri

a
n

t
L

eb
es

gu
e

d
en

si
ty

f
(x

)
=

1

π
√
x

(1
−
x

)
·1

(0
,1

)(
x

),
x
∈
R
.

M
o
re

o
ve

r,
fo

r
a
ll
α
∈

(0
,1
/
2)

,
th

e
d
en

si
ty
f

is
α

-H
ö
ld

er
co

n
tr

o
ll

a
bl

e
w

it
h

c(
x

)
:=

              

0
if
x
<

0

x
−

1
/
2
−
α

if
0
<
x
<

1/
4

4
if

1/
4
≤
x
≤

3
/4

(1
−
x

)−
1
/
2
−
α

if
3/

4
≤
x
<

1

0
if
x
>

1
.

a
n

d

r(
x

)
:=

              

−
x

if
x
<

0

x
/2

if
0
<
x
<

1/
4

1/
4

if
1/

4
≤
x
≤

3
/4

1
−
x
/2

if
3/

4
≤
x
<

1

x
−

1
if
x
>

1
.

(3
)

E
x
a
m

p
le

3
(G

a
u

ss
M

a
p

)
T

h
e

G
a
u

ss
m

a
p

is
d
efi

n
ed

by

T
(x

)
=

1 x
m

o
d

1,
x
∈

(0
,1

),

w
it

h
a

u
n

iq
u

e
in

va
ri

a
n

t
L

eb
es

gu
e

d
en

si
ty

f
(x

)
=

1

lo
g

2
·

1

1
+
x
·1

[0
,1

](
x

),
x
∈
R
.

M
o
re

o
ve

r,
si

n
ce

th
e

re
st

ri
ct

io
n
f |

[0
,1

]
is

L
ip

sc
h
it

z
co

n
ti

n
u

o
u

s
w

it
h

L
ip

sc
h
it

z
co

n
st

a
n

t
1

lo
g

2
,

it
is

ea
sy

to
ch

ec
k

th
a
t
f

is
po

in
tw

is
e

1
-H

ö
ld

er
co

n
tr

o
ll

a
bl

e
w

it
h
r(
x

)
gi

ve
n

by
(3

)
a
n

d
c(
x

)
:=

1
lo

g
2
·1

(0
,1

)(
x

).
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K
e
r
n
e
l
D
e
n
sit

y
E
st

im
a
t
io
n
f
o
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

W
e

n
ow

in
tro

d
u
ce

th
e

n
otion

for
m

easu
rin

g
th

e
d
ep

en
d
en

ce
am

on
g

o
b
servation

s
from

d
y
n
a
m

ica
l

sy
stem

s,
n
am

ely,C
-m

ix
in

g
p
ro

cess.
T

o
th

is
en

d
,

let
u
s

assu
m

e
th

at
(X
,B

)
is

a
m

easu
ra

b
le

sp
ace

w
ith

X
⊂

R
d.

L
etX

:=
(X

n
)
n≥

1
b

e
an

X
-valu

ed
sto

ch
astic

p
ro

cess
on

(Ω
,A
,µ

),
a
n
d

for
1
≤
i≤

j
≤
∞

,
d
en

ote
b
y
A
ji

th
e
σ

-algeb
ra

gen
erated

b
y

(X
i ,...,X

j ).
L

et
Γ

:
Ω
→

X
b

e
a

m
easu

rab
le

m
ap

.
µ
Γ

is
d
en

oted
as

th
e
Γ

-im
age

m
easu

re
of
µ

,
w

h
ich

is
d
efi

n
ed

a
s
µ
Γ
(B

)
:=

µ
(Γ
−

1(B
)),

B
⊂
X

m
easu

rab
le.

T
h
e

p
ro

cessX
is

called
sta

tio
n

a
ry

if
µ

(X
i1

+
j ,...,X

in
+
j )

=
µ

(X
i1
,...,X

in
)

for
all

n
,j,i1 ,...,in

≥
1
.

D
en

ote
P

:=
µ
X

1 .
M

oreover,
for

ψ
,ϕ
∈
L

1 (µ
)

sa
tisfy

in
g
ψ
ϕ
∈
L

1 (µ
),

w
e

d
en

ote
th

e
correlation

of
ψ

an
d
ϕ

b
y

cor(ψ
,ϕ

)
:=

∫

Ω
ψ
ϕ

d
µ
−
∫

Ω
ψ

d
µ
· ∫

Ω
ϕ

d
µ
.

It
is

sh
ow

n
th

a
t

several
d
ep

en
d
en

cy
co

effi
cien

ts
for
X

can
b

e
ex

p
ressed

in
term

s
of

su
ch

co
rrela

tio
n
s

fo
r

restricted
sets

of
fu

n
ction

s
ψ

an
d
ϕ

.
In

ord
er

to
in

tro
d
u
ce

th
e

n
otion

,
w

e
a
lso

n
eed

to
d
efi

n
e

a
n
ew

n
orm

w
h
ich

in
tro

d
u
ces

restriction
s

on
ψ

a
n
d
ϕ

con
sid

ered
h
ere.

T
h
ro

u
g
h
o
u
t

th
is

p
ap

er,C
(X

)
is

d
en

oted
as

a
su

b
sp

ace
o
f

b
ou

n
d
ed

m
ea

su
rab

le
fu

n
ction

s
g

:
X
→

R
an

d
th

at
w

e
h
ave

a
sem

i-n
orm

|||·|||
on
C

(X
).

F
or

g
∈
C

(X
),

w
e

d
efi

n
e

th
e

C
-n

o
rm
‖·‖C

b
y

‖
g‖C

:=
‖
g‖∞

+
|||g|||.

(4)

A
d
d
itio

n
a
lly,

w
e

n
eed

to
in

tro
d
u
ce

th
e

follow
in

g
restriction

s
on

th
e

sem
i-n

orm
|||·|||.

A
ssu

m
p

tio
n

A
W

e
a
ssu

m
e

th
a
t

th
e

fo
llo

w
in

g
tw

o
restrictio

n
s

o
n

th
e

sem
i-n

o
rm
|||·|||

h
o
ld

:

(i)
|||g|||

=
0

fo
r

a
ll

co
n

sta
n

t
fu

n
ctio

n
s
g
∈
C

(X
);

(ii)
|||e

g|||≤
∥∥
e
g ∥∥∞
|||g|||,

g
∈
C

(X
).

N
o
te

th
at

th
e

fi
rst

con
strain

t
on

th
e

sem
i-n

o
rm

in
A

ssu
m

p
tion

A
im

p
lies

its
sh

ift
in

varian
ce

o
n
R

w
h
ile

th
e

in
eq

u
ality

con
strain

t
can

b
e

v
iew

ed
as

an
ab

stract
ch

a
in

ru
le

if
on

e
v
iew

s
th

e
sem

i-n
o
rm

a
s

a
n
orm

d
escrib

in
g

asp
ects

of
th

e
sm

o
oth

n
ess

of
g
.

In
fact,

it
is

easy
to

sh
ow

th
a
t

th
e

fo
llow

in
g

fu
n
ction

classes,
w

h
ich

are
p
rob

ab
ly

also
th

e
m

ost
freq

u
en

tly
con

sid
ered

in
th

e
d
y
n
a
m

ical
sy

stem
con

tex
t,

satisfy
C

on
d
ition

(i)
in

A
ssu

m
p
tion

A
.

M
oreover,

th
ey

a
lso

sa
tisfy

C
o
n
d
ition

(ii)
in

A
ssu

m
p
tio

n
A

,
as

sh
ow

n
in

H
an

g
an

d
S
tein

w
art

(2017):

•
L
∞

(X
):

T
h
e

class
of

b
ou

n
d
ed

fu
n
ction

s
o
n
X

;

•
B
V

(X
):

T
h
e

class
of

b
ou

n
d
ed

variation
fu

n
ction

s
on

X
;

•
C
b,α

(X
):

T
h
e

class
of

b
ou

n
d
ed

an
d
α

-H
öld

er
con

tin
u
ou

s
fu

n
ction

s
on

X
;

•
L

ip
(X

):
T

h
e

class
of

L
ip

sch
itz

con
tin

u
ou

s
fu

n
ction

s
on

X
;

•
C

1(X
):

T
h
e

class
of

con
tin

u
ou

sly
d
iff

eren
tiab

le
fu

n
ction

s
on

X
.
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H
a
n
g
,
S
t
e
in
w
a
r
t
,
F
e
n
g
,
S
u
y
k
e
n
s

T
h
e

corresp
on

d
in

g
sem

i-n
orm

s
are

|||g|||L
∞

(X
)

:=
0,

|||g|||B
V

(X
)

:=
‖
g‖
B
V

(X
) ,

|||g|||C
b
,α

(X
)

:=
|g|α

:=
su

p
x6=

x
′ |g

(x
)−

g
(x
′)|

|x
−
x
′| α

,

|||g|||L
ip

(X
)

:=
|g|1 ,

|||g|||C
1
(X

)
:=

d
∑i=

1 ∥∥∥∥
∂
g

∂
x
i ∥∥∥∥∞

.

T
h
rou

gh
ou

t
th

is
p
ap

er,
w

e
assu

m
e

th
at

for
all

r
≥

1,
th

ere
ex

ists
a

fu
n
ction

g
∈
C

an
d

a
con

stan
t
K

su
ch

th
at

1
B
cr
/
2
≤
g
≤

1
an

d
|||g|||≤

K
.

It
is

easily
to

see
th

at
th

is
h
old

s
for

fu
n
ction

setsC
=

L
ip

,
C
b,α

,
C

1
etc.

D
e
fi

n
itio

n
2

(C
-m

ix
in

g
P

ro
c
e
ss)

L
et

(Ω
,A
,µ

)
be

a
p
ro

ba
bility

spa
ce,

(X
,B

)
be

a
m

ea
-

su
ra

ble
spa

ce,X
:=

(X
i )
i≥

1
be

a
n
X

-va
lu

ed
,

sta
tio

n
a
ry

p
rocess

o
n

Ω
,

a
n

d
‖·‖C

be
d
efi

n
ed

by
(4)

fo
r

so
m

e
sem

i-n
o
rm
|||·|||.

T
h
en

,
fo

r
n
≥

1
,

w
e

d
efi

n
e

th
e
C

-m
ixin

g
coeffi

cien
ts

by

φ
C (X

,n
)

:=
su

p {
cor(ψ

,g
(X

k
+
n
))

:
k
≥

1,ψ
∈
B
L
1
(A

k1
,µ

) ,g
∈
B
C

(X
) }
,

a
n

d
th

e
tim

e-reversed
C

-m
ixin

g
coeffi

cien
ts

by

φ
C
,rev (X

,n
)

:=
su

p {
cor(g

(X
k ),ϕ

)
:
k
≥

1
,g
∈
B
C

(X
) ,ϕ
∈
B
L
1
(A
∞k
+
n
,µ

) }
.

L
et

(d
n
)
n≥

1
be

a
strictly

po
sitive

sequ
en

ce
co

n
vergin

g
to

0
.

W
e

sa
y

th
a
t
X

is
(tim

e
-

re
v
e
rse

d
)
C
-m

ix
in

g
w

ith
ra

te
(d
n
)
n≥

1 ,
if

w
e

h
a
ve
φ
C
,rev (X

,n
)≤

d
n

fo
r

a
ll
n
≥

1
.

M
o
re-

o
ver,

if
(d
n
)
n≥

1
is

o
f

th
e

fo
rm

d
n

:=
c

0
ex

p (−
bn

γ ),
n
≥

1
,

fo
r

so
m

e
co

n
sta

n
ts
c

0
>

0,
b
>

0,
a
n

d
γ
>

0
,

th
en
X

is
ca

lled
g
e
o
m

e
tric

a
lly

(tim
e
-

re
v
e
rsed

)
C
-m

ix
in

g
.

R
e
m

a
rk

3
In

D
efi

n
itio

n
2
,

if|||·|||
=

0
,

w
e

o
bta

in
th

e
cla

ssica
l
φ

-m
ixin

g
coeffi

cien
ts.

If
|||·|||6=

0,
th

e
resu

ltin
g
C

-n
o
rm

sa
tisfi

es‖·‖C ≥
‖·‖∞

a
n

d
th

erefo
re,

th
e

m
ixin

g
coeffi

cien
ts

a
d
m

it
few

er
fu

n
ctio

n
s.

T
h
u

s,
th

e
co

n
sid

ered
fu

n
ctio

n
s

m
u

st
be

“
sm

oo
th

er”
th

a
n

th
e

o
n

es
in

th
e
φ

-m
ixin

g
ca

se
a
n

d
th

erefo
re

sta
tistica

l
ch

a
n

ges
o
f

sm
a
ll

spa
tia

l
n

a
tu

re
in
x

d
o

n
o
t

h
a
ve

su
ch

a
la

rge
im

pa
ct

o
n
h

,
if
h

is
sm

oo
th

.
In

o
th

er
w

o
rd

s,
even

if
th

e
tra

jecto
ry
x

1 ,...,x
n

sta
ys

in
a

certa
in

regio
n

fo
r

a
w

h
ile,

th
is

d
oes

n
o
t

im
pa

ct
th

e
em

p
irica

l
a
vera

ge
1n ∑

i=
1
h

(x
i )

a
s

m
u

ch
a
s

it
w

o
u

ld
fo

r
n

o
n

-sm
oo

th
h

.
A

s
a

resu
lt,

th
e

co
n

cen
tra

tio
n

p
ro

perties
in

th
is

ca
se

h
o
ld

sim
ila

rly
a
s

in
th

e
i.i.d

.
ca

se.

F
rom

th
e

ab
ove

d
efi

n
ition

,
w

e
see

th
at

a
C

-m
ix

in
g

p
ro

cess
is

d
efi

n
ed

in
asso

ciation
w

ith
an

u
n
d
erly

in
g

fu
n
ction

sp
ace.

F
or

th
e

ab
ove

listed
fu

n
ction

sp
aces,

i.e.,
L
∞

(X
),
B
V

(X
),

C
b,α

(X
),

L
ip

(X
),

an
d
C

1(X
),

th
e

in
crease

of
th

e
sm

o
oth

n
ess

en
larges

th
e

cla
ss

of
th

e
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K
e
r
n
e
l
D
e
n
si
t
y
E
st

im
a
t
io
n
f
o
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

as
so

ci
at

ed
st

o
ch

as
ti

c
p
ro

ce
ss

es
,

as
il
lu

st
ra

te
d

in
H

an
g

an
d

S
te

in
w

ar
t

(2
01

7)
.

N
ot

e
th

at
th

e
cl

as
si

ca
l
φ

-m
ix

in
g

p
ro

ce
ss

is
es

se
n
ti

al
ly

a
C-

m
ix

in
g

p
ro

ce
ss

as
so

ci
at

ed
w

it
h

th
e

fu
n
ct

io
n

sp
ac

e
L
∞

(X
).

N
ot

e
al

so
th

at
n
ot

al
l
α

-m
ix

in
g

p
ro

ce
ss

es
ar

e
C-

m
ix

in
g,

an
d

v
ic

e
v
er

sa
.

W
e

re
fe

r
th

e
re

ad
er

to
H

an
g

an
d

S
te

in
w

ar
t

(2
01

7)
fo

r
th

e
re

la
ti

on
s

am
on

g
α

-,
φ

-
an

d
C-

m
ix

in
g

p
ro

ce
ss

es
.

O
n

th
e

ot
h
er

h
an

d
,

u
n
d
er

th
e

ab
ov

e
n
ot

at
io

n
s

an
d

d
efi

n
it

io
n
s,

fr
om

T
h
eo

re
m

4
.7

in
M

au
m

e-
D

es
ch

am
p
s

(2
00

6)
,

w
e

k
n
ow

th
at

L
og

is
ti

c
m

ap
in

E
x
am

p
le

2
is

ge
o
m

et
ri

ca
ll
y

ti
m

e-
re

ve
rs

ed
C-

m
ix

in
g

w
it

h
C

=
L

ip
(0
,1

)
w

h
il
e

T
h
eo

re
m

4
.4

in
M

au
m

e-
D

es
ch

am
p
s

(2
00

6)
(s

ee
al

so
C

h
ap

te
r

3
in

B
al

ad
i

(2
00

0)
)

in
d
ic

at
es

th
at

G
au

ss
m

ap
in

E
x
am

p
le

3
is

ge
om

et
ri

ca
ll
y

ti
m

e-
re

ve
rs

ed
C-

m
ix

in
g

w
it

h
C

=
B
V

(0
,1

).
E

x
am

p
le

1
is

al
so

ge
om

et
ri

ca
ll
y

ti
m

e-
re

ve
rs

ed
C-

m
ix

in
g

w
it

h
C

=
B
V

(0
,1

)
ac

co
rd

in
g

to
M

au
m

e-
D

es
ch

am
p
s

(2
00

6)
.

F
or

m
or

e
ex

am
p
le

s
of

ge
om

et
ri

ca
ll
y

ti
m

e-
re

ve
rs

ed
C-

m
ix

in
g

d
y
n
am

ic
al

sy
st

em
s,

th
e

re
ad

er
is

re
fe

rr
ed

to
S
ec

ti
on

2
in

H
an

g
an

d
S
te

in
w

ar
t

(2
01

7)
.

B
es

id
es

,
th

er
e

al
so

ex
is

t
se

v
er

al
h
ig

h
-d

im
en

si
on

al
ex

a
m

p
le

s.
F

or
in

st
an

ce
,

p
ie

ce
w

is
e

ex
p
an

d
in

g
m

ap
s

(B
al

ad
i,

20
00

,
C

h
ap

te
r

3)
,

h
y
p

er
b

o
li
c

an
d

S
m

al
e’

s
A

x
io

m
A

d
iff

eo
m

or
p
h
is

m
s

(B
al

ad
i,

20
00

,
C

h
ap

te
r

4)
,

an
d

A
n
os

ov
d
iff

eo
m

or
p
h
is

m
s

(B
a
la

d
i,

20
01

;
L

as
ot

a
an

d
M

ac
ke

y
,

19
85

).

2
.3

K
e
rn

e
l

D
e
n

si
ty

E
st

im
a
to

rs
fo

r
D

y
n

a
m

ic
a
l

S
y
st

e
m

s

In
th

is
su

b
se

ct
io

n
,

w
e

fo
rm

u
la

te
ke

rn
el

d
en

si
ty

es
ti

m
at

or
s

fo
r

d
y
n
a
m

ic
al

sy
st

em
s

th
at

ad
-

m
it

a
u
n
iq

u
e

u
n
d
er

ly
in

g
in

va
ri

an
t

L
eb

es
gu

e
d
en

si
ty

.
T

h
e

ex
is

te
n
ce

an
d

u
n
iq

u
en

es
s

of
an

in
va

ri
an

t
m

ea
su

re
(a

n
d

th
e

co
rr

sp
on

d
in

g
in

va
ri

an
t

d
en

si
ty

)
an

d
sm

o
ot

h
in

va
ri

an
t

m
ea

su
re

is
a

cl
as

si
ca

l
p
ro

b
le

m
in

th
e

th
eo

ry
of

d
y
n
am

ic
al

sy
st

em
s

(K
at

ok
an

d
H

as
se

lb
la

tt
,

19
95

;
B

al
ad

i,
20

00
;

L
as

ot
a

an
d

M
ac

ke
y
,

19
85

).
P

er
h
ap

s
th

e
fi
rs

t
ex

is
te

n
ce

th
eo

re
m

fo
r

co
n
ti

n
u
ou

s
m

ap
s

go
es

b
ac

k
to

K
ry

lo
v

an
d

B
og

ol
y
u
b

ov
,

se
e

e.
g.

(K
at

ok
an

d
H

as
se

lb
la

tt
,
19

95
,

T
h
eo

re
m

4.
1.

1)
.

T
h
en

L
as

ot
a

an
d

Y
or

ke
(1

97
3)

p
ro

ve
d

th
e

ex
is

te
n
ce

th
eo

re
m

fo
r

p
ie

ce
w

is
e

ex
p
an

d
in

g
m

ap
s.

S
in

ce
th

en
,

re
su

lt
s

co
n
ce

rn
in

g
th

e
ex

is
te

n
ce

fo
r

m
an

y
ot

h
er

d
y
n
am

ic
al

sy
st

em
s

su
ch

as
u
n
if

or
m

ly
h
y
p

er
b

ol
ic

at
tr

ac
to

rs
an

d
n
on

u
n
if

or
m

ly
h
y
p

er
b

ol
ic

u
n
i-

m
o
d
al

m
ap

s
h
av

e
b

ee
n

es
ta

b
li
sh

ed
,

se
e

e.
g.

B
al

ad
i

(2
00

0)
.

F
ro

m
th

e
d
is

cu
ss

io
n

af
te

r
T

h
eo

re
m

2.
1

in
B

al
ad

i
(2

00
0)

w
e

k
n
ow

th
at

m
ix

in
g

(t
h
u
s

er
go

d
ic

)
im

p
li
es

th
e

u
n
iq

u
en

es
s

am
on

g
a
ll

ab
so

lu
te

ly
co

n
ti

n
u
ou

s
in

va
ri

an
t

m
ea

su
re

s
an

d
sm

o
ot

h
n
es

s
en

su
re

s
th

e
ex

is
te

n
ce

of
th

e
in

va
ri

an
t

m
ea

su
re

.
F

or
th

e
sm

o
ot

h
in

g
k
er

n
el
K

in
th

e
ke

rn
el

d
en

si
ty

es
ti

m
at

or
,

in
th

is
p
ap

er
w

e
co

n
si

d
er

it
s

fo
ll
ow

in
g

ge
n
er

al
fo

rm
,

n
am

el
y,
d
-d

im
en

si
on

al
sm

o
ot

h
in

g
k
er

n
el

:

D
e
fi

n
it

io
n

4
A

bo
u

n
d
ed

,
m

o
n

o
to

n
ic

a
ll

y
d
ec

re
a
si

n
g

fu
n

ct
io

n
K

:
[0
,∞

)
→

[0
,∞

)
is

a
d
-

d
im

e
n
si
o
n
a
l
sm

o
o
th
in

g
k
e
rn

e
l

if
∫ R

d

K
(‖
x
‖)

d
x

=
:
κ
∈

(0
,∞

).
(5

)

T
h
e

ch
oi

ce
of

th
e

n
or

m
in

D
efi

n
it

io
n

4
d
o
es

n
ot

m
at

te
r

si
n
ce

al
l

n
or

m
s

on
R
d

ar
e

eq
u
iv

al
en

t.
T

o
se

e
th

is
,

le
t
‖·
‖′

b
e

an
ot

h
er

n
or

m
on

R
d

sa
ti

sf
y
in

g
κ
∈

(0
,∞

).
F

ro
m

th
e

eq
u
iv

al
en

ce
of

th
e

tw
o

n
or

m
s

on
R
d
,
on

e
ca

n
fi
n
d

a
p

os
it

iv
e

co
n
st

an
t
c

su
ch

th
at
‖x
‖
≤
c‖
x
‖′

h
ol

d
s

fo
r

al
l
x
∈
R

.
T

h
er

ef
or

e,
ea

si
ly

w
e

h
av

e
∫ R

d

K
(‖
x
‖′ )

d
x
≤
∫ R

d

K
(‖
x
‖/
c)

d
x

=
cd
∫ R

d

K
(‖
x
‖)

d
x
<
∞
.
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H
a
n
g
,
S
t
e
in
w
a
r
t
,
F
e
n
g
,
S
u
y
k
e
n
s

In
w

h
at

fo
ll
ow

s,
w

it
h
ou

t
lo

ss
of

ge
n
er

a
li
ty

,
w

e
as

su
m

e
th

at
th

e
co

n
st

an
t
κ

in
D

efi
n
it

io
n

4
eq

u
al

s
to

1.

L
e
m

m
a

5
A

bo
u

n
d
ed

,
m

o
n

o
to

n
ic

a
ll

y
d
ec

re
a
si

n
g

fu
n

ct
io

n
K

:
[0
,∞

)
→

[0
,∞

)
is

a
d

-
d
im

en
si

o
n

a
l

sm
oo

th
in

g
ke

rn
el

if
a
n

d
o
n

ly
if

∫
∞

0
K

(r
)r
d
−

1
d
r
∈

(0
,∞

).

P
ro

o
f

F
ro

m
th

e
ab

ov
e

d
is

cu
ss

io
n
s,

it
su

ffi
ce

s
to

co
n
si

d
er

th
e

in
te

gr
at

io
n

co
n
st

ra
in

t
fo

r
th

e
ke

rn
el

fu
n
ct

io
n
K

w
it

h
re

sp
ec

t
to

th
e

E
u
cl

id
ea

n
n
or

m
‖·
‖ `
d 2
.

W
e

th
u
s

h
av

e

∫ R
d

K
( ‖
x
‖ `
d 2

) d
x

=
d
τ d

∫
∞

0
K

(r
)r
d
−

1
d
r,

w
h
er

e
τ d

=
π
d
/
2
/ Γ
( d 2

+
1
) is

th
e

vo
lu

m
e

of
th

e
u
n
it

b
al

l
B
`d 2

of
th

e
E

u
cl

id
ea

n
sp

a
ce
`d 2

.
T

h
is

co
m

p
le

te
s

th
e

p
ro

of
of

L
em

m
a

5.

L
et
r
∈

[0
,+
∞

)
an

d
d
en

ot
e

1
A

as
th

e
in

d
ic

at
or

fu
n
ct

io
n
.

S
ev

er
al

co
m

m
o
n

ex
a
m

p
le

s
of

d
-d

im
en

si
on

al
sm

o
ot

h
in

g
ke

rn
el

s
K

(r
)

in
cl

u
d
e

th
e

N
ai

ve
ke

rn
el

1
[0
,1

](
r)

,
th

e
T

ri
a
n
g
le

ke
rn

el

(1
−
r)

1
[0
,1

](
r)

,
th

e
E

p
an

ec
h
n
ik

ov
ke

rn
el

(1
−
r2

)1
[0
,1

](
r)

,
an

d
th

e
G

au
ss

ia
n

ke
rn

el
e−

r
2
.

In
th

is
p
ap

er
,

w
e

ar
e

in
te

re
st

ed
in

th
e

ke
rn

el
s

th
at

sa
ti

sf
y

th
e

fo
ll
ow

in
g

re
st

ri
ct

io
n
s

o
n

th
ei

r
sh

ap
e

an
d

re
gu

la
ri

ty
:

A
ss

u
m

p
ti

o
n

B
F

o
r

a
fi

xe
d

fu
n

ct
io

n
sp

a
ce
C(
X

),
w

e
m

a
ke

th
e

fo
ll

o
w

in
g

a
ss

u
m

p
ti

o
n

s
o
n

th
e
d

-d
im

en
si

o
n

a
l

sm
oo

th
in

g
ke

rn
el
K

:

(i
)
K

is
H

ö
ld

er
co

n
ti

n
u

o
u

s
w

it
h

ex
po

n
en

t
β

w
it

h
β
∈

(0
,1

];

(i
i)
κ
υ

:=
∫ ∞ 0

K
(r

)r
υ

+
d
−

1
d
r
<
∞

fo
r

so
m

e
υ
∈

(0
,∞

);

(i
ii

)
F

o
r

so
m

e
R
>

0,
K

sa
ti

sfi
es
K

(r
)

=
0

fo
r

a
ll
r
>
R

;

(i
v)

F
o
r

a
ll
x
∈
R
d
,

w
e

h
a
ve
K

(‖
x
−
·‖
/h

)
∈
C(
X

)
a
n

d
th

er
e

ex
is

ts
a

fu
n

ct
io

n
ϕ

:
(0
,∞

)
→

(0
,∞

)
su

ch
th

a
t

su
p

x
∈R

d

|||K
(‖
x
−
·‖
/
h

)|||
≤
ϕ

(h
).

It
is

ea
sy

to
ve

ri
fy

th
at

fo
r
C

=
L

ip
,

A
ss

u
m

p
ti

on
B

is
m

et
fo

r
th

e
T

ri
a
n
g
le

ke
rn

el
,

th
e

E
p
an

ec
h
n
ik

ov
ke

rn
el

,
an

d
th

e
G

au
ss

ia
n

ke
rn

el
.

P
ar

ti
cu

la
rl

y,
C

o
n
d
it

io
n

(i
v
)

h
o
ld

s
fo

r
a
ll

th
es

e
ke

rn
el

s
w

it
h
|||
·||
|b

ei
n
g

th
e

L
ip

sc
h
it

z
n
or

m
an

d
ϕ

(h
)
≤
O

(h
−

1
).

M
or

eo
v
er

,
a
s

w
e

sh
a
ll

se
e

b
el

ow
,

n
ot

al
l

th
e

co
n
d
it

io
n
s

in
A

ss
u
m

p
ti

on
B

ar
e

re
q
u
ir

ed
fo

r
th

e
an

al
y
si

s
co

n
d
u
ct

ed
in

th
is

st
u
d
y

an
d

co
n
d
it

io
n
s

as
su

m
ed

on
th

e
k
er

n
el

w
il
l

b
e

sp
ec

ifi
ed

ex
p
li
ci

tl
y.

W
e

n
ow

sh
ow

th
at

gi
ve

n
a
d
-d

im
en

si
on

al
sm

o
ot

h
in

g
ke

rn
el
K

as
in

D
efi

n
it

io
n

4
,

o
n
e

ca
n

ea
si

ly
co

n
st

ru
ct

a
p
ro

b
ab

il
it

y
d
en

si
ty

on
R
d
.
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K
e
r
n
e
l
D
e
n
sit

y
E
st

im
a
t
io
n
f
o
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

D
e
fi

n
itio

n
6

(K
-S

m
o
o
th

in
g

o
f

a
M

e
a
su

re
)

L
et
K

be
a
d

-d
im

en
sio

n
a
l

sm
oo

th
in

g
ker-

n
el

a
n

d
Q

be
a

p
ro

ba
bility

m
ea

su
re

o
n
R
d.

T
h
en

,
fo

r
h
>

0
,

f
Q
,h (x

)
:=

f
Q
,K
,h (x

)
:=

h
−
d ∫

R
d

K
(‖
x
−
x
′‖/h )

d
Q

(x
′),

x
∈
R
d,

is
ca

lled
a
K
-sm

o
o
th
in

g
o
f
Q

.

It
is

n
o
t

d
iffi

cu
lt

to
see

th
at

f
Q
,h

d
efi

n
es

a
p
rob

ab
ility

d
en

sity
on

R
d

sin
ce

F
u
b
in

i’s
th

eo
rem

y
ield

s
th

at∫

R
d

f
Q
,h (x

)
d
x

=

∫

R
d ∫

R
d

h
−
dK
(‖
x
−
x
′‖/h )

d
Q

(x
′)

d
x

=

∫

R
d ∫

R
d

K
(‖
x‖

)
d
x

d
Q

(x
′)

=
1.

L
et

u
s

d
en

o
te
K
h

:R
d→

[0,+
∞

)
as

K
h (x

)
:=

h
−
dK

(‖
x‖
/
h

)
,
x
∈
R
d.

(6)

N
o
te

th
a
t
K
h

also
in

d
u
ces

a
d
en

sity
fu

n
ction

on
R
d

sin
ce

th
ere

h
old

s‖K
h ‖

1
=

1.
F

o
r

th
e

sake
of

n
otation

al
sim

p
lifi

cation
,

in
w

h
at

follow
s,

w
e

in
tro

d
u
ce

th
e

con
volu

tion
o
p

era
to

r∗
.

U
n
d
er

th
is

n
otation

,
w

e
th

en
see

th
at
f
Q
,h

is
th

e
d
en

sity
of

th
e

m
ea

su
re

th
at

is
th

e
con

vo
lu

tion
of

th
e

m
easu

re
Q

an
d
ν
h

=
K
h

d
λ
d.

R
ecallin

g
th

at
P

is
a

p
rob

ab
ility

m
ea

su
re

o
n
R
d

w
ith

th
e

corresp
on

d
in

g
d
en

sity
fu

n
ctio

n
f

,
b
y

tak
in

g
Q

:=
P

w
ith

d
P

=
f

d
λ
d,

w
e

h
ave

f
P
,h

=
K
h ∗

f
=
f
∗
K
h

=
K
h ∗

d
P
.

(7)

S
in

ce
K
h ∈

L
∞

(R
d)

an
d
f
∈
L

1 (R
d),

from
P

rop
osition

8.8
in

F
ollan

d
(199

9),
w

e
k
n
ow

th
at

f
P
,h

is
u
n
ifo

rm
ly

con
tin

u
ou

s
an

d
b

ou
n
d
ed

.
S
p

ecifi
cally,

w
h
en

Q
is

th
e

em
p
irical

m
easu

re
D
n

=
1n ∑

ni=
1
δ
x
i ,

th
e

kern
el

d
en

sity
estim

a
to

r
fo

r
d
yn

a
m

ica
l

system
s

in
th

is
stu

d
y

can
b

e
ex

p
ressed

as

f
D
n
,h (x

)
=
K
h ∗

d
D
n
(x

)
=
n
−

1h
−
d

n
∑i=

1

K
(‖
x
−
x
i ‖
/h

)
.

(8)

F
ro

m
n
ow

o
n
,

for
n
otation

al
sim

p
licity,

w
e

w
ill

su
p
p
ress

th
e

su
b
scrip

t
n

o
f
D
n

an
d

d
en

ote
D

:=
D
n
,

e.g
.,
f
D
,h

:=
f
D
n
,h .

3
.
M

a
in

R
e
su

lts
a
n
d
S
ta
te
m
e
n
ts

In
th

is
sectio

n
,

w
e

p
resen

t
m

ain
resu

lts
on

th
e

con
sisten

cy
an

d
con

vergen
ce

rates
of
f
D
,h

to
th

e
tru

e
d
en

sity
f

u
n
d
er
L

1 -n
orm

an
d

also
L
∞

-n
orm

for
som

e
sp

ecial
cases.

W
e

also
p
resen

t
so

m
e

com
m

en
ts

an
d

d
iscu

ssion
s

on
th

e
ob

tain
ed

m
ain

resu
lts.

R
eca

ll
th

a
t
f
D
,h

is
a

n
on

p
aram

etric
d
en

sity
estim

a
tor

an
d

so
th

e
criterion

th
at

m
ea-

su
res

its
g
o
o
d
n
ess-of-fi

t
m

atters,
w

h
ich

,
for

in
stan

ce,
in

clu
d
es
L

1 -d
istan

ce,
L

2 -d
istan

ce,
an

d
L
∞

-d
ista

n
ce.

In
th

e
literatu

re
of

kern
el

d
en

sity
estim

ation
,

p
rob

ab
ly

th
e

m
ost

freq
u
en

tly
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H
a
n
g
,
S
t
e
in
w
a
r
t
,
F
e
n
g
,
S
u
y
k
e
n
s

em
p
loyed

criterion
is

th
e
L

2 -d
istan

ce
of

th
e

d
iff

eren
ce

b
etw

een
f
D
,h

an
d
f

,
sin

ce
it

en
tails

an
ex

act
b
ias-varian

ce
d
ecom

p
osition

an
d

can
b

e
an

aly
zed

relatively
easily

b
y

u
sin

g
T

ay
lor

ex
p
an

sion
in

volved
argu

m
en

ts.
H

ow
ever,

it
is

argu
ed

in
D

ev
roye

an
d

G
y
örfi

(198
5)

(see
also

D
ev

roye
an

d
L

u
gosi

(2001))
th

at
L

1 -d
istan

ce
cou

ld
b

e
a

m
ore

reason
ab

le
ch

oice
sin

ce:
it

is
in

varian
t

u
n
d
er

m
on

oton
e

tran
sform

ation
s;

it
is

alw
ay

s
w

ell-d
efi

n
ed

as
a

m
etric

on
th

e
sp

ace
of

d
en

sity
fu

n
ction

s;
it

is
also

p
rop

ortion
al

to
th

e
total

variation
m

etric
an

d
so

lead
s

to
b

etter
v
isu

alization
of

th
e

closen
ess

to
th

e
tru

e
d
en

sity
fu

n
ction

th
a
n
L

2 -d
istan

ce.
A

s
to

th
e
L
∞

-d
istan

ce,
it

m
easu

res
th

e
w

orst-case
go

o
d
n
ess-of-fi

t
of

th
e

estim
ator.

3
.1

R
e
su

lts
o
n

C
o
n

siste
n

c
y

W
e

fi
rst

p
resen

t
resu

lts
on

th
e

con
sisten

cy
p
rop

erty
of

th
e

kern
el

d
en

sity
estim

ator
f
D
,h

in
th

e
sen

se
of
L

1 -n
orm

.
A

kern
el

d
en

sity
estim

ator
f
D
,h

is
said

to
b

e
co

n
sisten

t
in

th
e

sen
se

of
L

1 -n
orm

if
f
D
,h

con
verges

to
f

alm
ost

su
rely

u
n
d
er
L

1 -n
orm

.

T
h

e
o
re

m
7

L
et
K

be
a
d

-d
im

en
sio

n
a
l

sm
oo

th
in

g
kern

el
th

a
t

sa
tisfi

es
C

o
n

d
itio

n
s

(i)
a
n

d
(iv

)
in

A
ssu

m
p
tio

n
B

.
L

etX
:=

(X
n
)
n≥

1
be

a
n
X

-va
lu

ed
sta

tio
n

a
ry

geo
m

etrica
lly

(tim
e-

reversed
)
C

-m
ixin

g
p
rocess

o
n

(Ω
,A
,µ

)
w

ith
‖·‖C

bein
g

d
efi

n
ed

fo
r

so
m

e
sem

i-n
o
rm
|||·|||

th
a
t

sa
tisfi

es
A

ssu
m

p
tio

n
A

.
If

h
n
→

0
a
n

d
n
h
dn

(log
n

)
(2

+
γ

)/
γ
→
∞
,

a
s

n
→
∞
,

th
en

th
e

kern
el

d
en

sity
estim

a
to

r
f
D
,h
n

is
u

n
iversa

lly
co

n
sisten

t
in

th
e

sen
se

o
f
L

1 -n
o
rm

.

T
h
e

con
sisten

cy
resu

lt
in

T
h
eorem

7
is

in
d
ep

en
d
en

t
of

th
e

p
ro

b
ab

ility
d
istrib

u
tion

P
an

d
is

th
erefore

o
f

th
e

u
n
iversal

ty
p

e.
In

p
articu

lar,
th

ese
resu

lts
ap

p
ly

to
th

e
ex

am
p
les

p
rov

id
ed

in
S
ection

2.2,
i.e.,

β
-m

ap
,

L
ogistic

m
a
p
,

an
d

G
au

ss
m

ap
.

3
.2

R
e
su

lts
o
n

C
o
n
v
e
rg

e
n

c
e

R
a
te

s
u

n
d

e
r
L

1 -N
o
rm

W
e

n
ow

sh
ow

th
at

if
certain

tail
assu

m
p
tion

s
o
n
P

are
im

p
osed

,
con

vergen
ce

rates
ca

n
b

e
ob

tain
ed

u
n
d
er
L

1 -n
orm

.
H

ere,
w

e
con

sid
er

th
ree

d
iff

eren
t

situ
ation

s,
n
am

ely,
th

e
tail

of
th

e
p
rob

ab
ility

d
istrib

u
tion

P
h
as

a
p

oly
n
om

ial
d
ecay,

ex
p

on
en

tial
d
ecay

an
d

d
isap

p
ears,

resp
ectively.

T
h

e
o
re

m
8

L
et
K

be
a
d

-d
im

en
sio

n
a
l

sm
oo

th
in

g
kern

el
th

a
t

sa
tisfi

es
A

ssu
m

p
tio

n
B

.
A

s-
su

m
e

th
a
t

th
e

d
en
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α

-H
ö
ld

er
co

n
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u
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u

s
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α
≤
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.
L

et
X

:=
(X

n
)
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1
be

a
n

X
-va
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ed
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tio

n
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ry
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m
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lly
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ixin
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n
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,A
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)
w
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g
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a
t
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p
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e
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l-
lo

w
in

g
ca

ses:

(i)
P
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d
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r
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m

e
η
>
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d
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r
a
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r≥
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.
e −
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r
η
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r

so
m

e
a
>
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η
>

0
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n

d
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r
a
ll
r≥

1
;

(iii)
P
(B
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=
0
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r

so
m

e
r

0 ≥
1
.
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o
r
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e
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bo

ve
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ses,
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w
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K
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r
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e
l
D
e
n
si
t
y
E
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im
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t
io
n
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o
r
D
y
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m
ic
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l
S
y
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e
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s

(i
)
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n

=
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o
g
n

)(
2
+
γ
)/
γ

n

)
1
+
η

(1
+
η
)(
2
α
+
d
)−
α

;

(i
i)
h
n

=
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o
g
n

)(
2
+
γ
)/
γ

n

)
1

2
α
+
d

(l
og
n

)−
d γ
·

1
2
α
+
d
;
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ii

)
h
n

=
( (l

og
n

)(2
+
γ

)/
γ
/n
)

1
2
α
+
d
;

th
en

w
it

h
p
ro
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li
ty
µ

a
t

le
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−
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,

th
er

e
h
o
ld
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D
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−
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,

w
h
er

e
th

e
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n
ve

rg
en

ce
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te
s
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)
ε n
.
( (l

o
g
n

)(
2
+
γ
)/
γ

n

)
α
η

(1
+
η
)(
2
α
+
d
)−
α

;
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ε n
.
( (l

o
g
n

)(
2
+
γ
)/
γ
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)
α

2
α
+
d
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og
n

)
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·α

+
d

2
α
+
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;
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ii
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.
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og
n

)(2
+
γ

)/
γ
/n
)

α
2
α
+
d
.
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ot
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e
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at

th
e
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e
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ol

d
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w
h
en
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öl

d
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ow
ev
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sh
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in
E

x
am

p
le

s
2

an
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st
ea

d
of

b
ei

n
g
α

-H
öl

d
er

co
n
ti

n
u
ou

s,
d
en

si
ty

fu
n
ct

io
n
s
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co

m
m

on
ly

u
se

d
d
y
n
am

ic
al

sy
st

em
s

of
te

n
on

ly
sa

ti
sf

y
a

w
ea

ke
r

co
n
ti

n
u
it

y
co

n
d
it

io
n

su
ch

a
s

th
e

p
oi

n
tw

is
e
α

-H
öl

d
er

co
n
tr

ol
la

b
le

co
n
d
it

io
n
.

T
h
er

e-
fo

re
,

fo
r

th
is

ca
se

,
w

e
ar

e
en

co
u
ra

ge
d

to
es

ta
b
li
sh

co
n
ve

rg
en

ce
ra

te
s

u
n
d
er

ce
rt

ai
n

ta
il

co
n
d
it

io
n

of
th

e
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
.

U
n
fo

rt
u
n
at

el
y,

as
w

il
l

b
e

sh
ow

n
in

P
ro

p
os

it
io

n
11

la
te

r,
in

ge
n
er

al
,

w
e

ar
e

n
ot

ab
le

to
gi

ve
ex

p
li
ci

t
ex

p
re

ss
io

n
s

of
th

e
co

n
v
er

ge
n
ce

ra
te

s
as

in
T

h
eo

re
m

8.
N

ev
er

th
el

es
s,

fo
r

ce
rt

ai
n

d
y
n
am

ic
a
l

sy
st

em
s

m
en

ti
on

ed
in

th
is

p
ap

er
,

w
e

ar
e

st
il
l

ab
le

to
d
er

iv
e

co
n
ve

rg
en

ce
ra

te
s

ex
p
li
ci

tl
y

as
fo

ll
ow

s:

E
x
a
m

p
le

4
C

o
n

si
d
er

th
e

G
a
u

ss
m

a
p

fr
o
m

E
xa

m
p
le

3
w

it
h

th
e

re
su

lt
in

g
d
en

si
ty

f
(x

)
=

1

lo
g

2
·

1

1
+
x
,
x
∈

(0
,1

)

a
n

d
fu

n
ct

io
n

s
r(
·)

a
n

d
c(
·)

a
s

sp
ec

ifi
ed

in
E

xa
m

p
le

3
.

T
h
en

,
fo

r
Ω

:=
(0
,1

),
if

w
e

p
ic

k
a

sm
oo

th
in

g
ke

rn
el

w
it

h
K

(r
)

=
0

fo
r

a
ll
r
>

1
a
n

d
h
n

=
( (l

og
n

)(2
+
γ

)/
γ
/n
) 1
/
(2

+
d
) ,

th
en

w
e

o
bt

a
in

th
e

co
n

ve
rg

en
ce

ra
te

( (l
og
n

)(2
+
γ

)/
γ
/n
)

1
2
+
d
.

E
x
a
m

p
le

5
C

o
n

si
d
er

th
e

lo
gi

st
ic

m
a
p

o
f

E
xa

m
p
le

2
w

it
h

re
su

lt
in

g
d
en

si
ty

f
(x

)
=

1

π
√
x

(1
−
x

),
x
∈

(0
,1

),

a
n
α
∈

(0
,1
/
2)

a
n

d
th

e
co

rr
es

po
n

d
in

g
fu

n
ct

io
n

s
r(
·)

a
n

d
c(
·)

sp
ec

ifi
ed

in
E

xa
m

p
le

2
.

A
s

in
E

xa
m

p
le

4
,

w
e

ch
oo

se
Ω

:=
(0
,1

),
a
n

d
p
ic

k
a

sm
oo

th
in

g
ke

rn
el

w
it

h
K

(r
)

=
0

fo
r

a
ll
r
>

1
,

th
en

w
e

o
bt

a
in

a
p
p
ro

xi
m

a
te

ly
th

e
co

n
ve

rg
en

ce
ra

te

( (l
og
n

)(2
+
γ

)/
γ
/n
)

1
2
+
2
d
.
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,
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e
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,
F
e
n
g
,
S
u
y
k
e
n
s

B
ot

h
of

th
e

ab
ov

e-
m

en
ti

on
ed

tw
o

d
en

si
ti

es
ar

e
n
ot

co
n
ti

n
u
ou

s
at

th
e

en
d

p
o
in

ts
0

a
n
d

1,
b
u
t
f P
,h

tu
rn

s
ou

t
to

b
e

co
n
ti

n
u
ou

s
ev

er
y
w

h
er

e.
T

h
er

ef
or

e,
u
n
if

or
m

ap
p
ro

x
im

a
ti

o
n

is
n
o
t

b
e

p
os

si
b
le

.
H

ow
ev

er
,

as
sh

ow
n

in
th

e
ab

ov
e

ex
am

p
le

s,
th

e
u
n
if

o
rm

ap
p
ro

x
im

a
ti

o
n

ca
n

b
e

ac
h
ie

ve
d

if
w

e
re

m
ov

e
b

ot
h

of
th

e
n
ei

gh
b

ou
rh

o
o
d

ar
ou

n
d

th
e

cr
it

ic
al

p
oi

n
ts

0
a
n
d

1
.

T
h
is

p
h
en

om
en

on
ca

n
b

e
ap

p
ar

en
tl

y
ob

se
rv

ed
fr

om
F

ig
u
re

s
1

an
d

2
in

S
ec

ti
on

5.

3
.3

R
e
su

lt
s

o
n

C
o
n
v
e
rg

e
n

c
e

R
a
te

s
u

n
d

e
r
L
∞

-N
o
rm

W
e

n
ow

st
at

e
ou

r
m

ai
n

re
su

lt
s

on
th

e
co

n
ve

rg
en

ce
of
f D

,h
to
f

u
n
d
er
L
∞

-n
o
rm

.

T
h

e
o
re

m
9

L
et
X

:=
(X

n
) n
≥

1
be

a
n
X

-v
a
lu

ed
st

a
ti

o
n

a
ry

ge
o
m

et
ri

ca
ll

y
(t

im
e-

re
ve

rs
ed

)
C-

m
ix

in
g

p
ro

ce
ss

o
n

(Ω
,A
,µ

)
w

it
h
‖·
‖ C

be
in

g
d
efi

n
ed

fo
r

so
m

e
se

m
i-

n
o
rm
|||
·||
|t

h
a
t

sa
ti

sfi
es

A
ss

u
m

p
ti

o
n

A
.

(i
)

L
et
K

be
a
d

-d
im

en
si

o
n

a
l

sm
oo

th
in

g
ke

rn
el

th
a
t

sa
ti

sfi
es

C
o
n

d
it

io
n

s
(i

)
a
n

d
(i
v
)

in
A

ss
u

m
p
ti

o
n

B
.

A
ss

u
m

e
th

a
t

th
er

e
ex

is
ts

a
co

n
st

a
n

t
r 0
≥

1
su

ch
th

a
t

Ω
⊂
B
r 0
⊂

R
d

a
n

d
th

e
d
en

si
ty

fu
n

ct
io

n
f

is
α

-H
ö
ld

er
co

n
ti

n
u

o
u

s
w

it
h
α
≤
β

a
n

d
‖f
‖ ∞

<
∞

.

(i
i)

L
et
K

be
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d

-d
im

en
si

o
n

a
l

sm
oo

th
in

g
ke

rn
el

th
a
t

sa
ti

sfi
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C
o
n

d
it

io
n

s
(i
ii

)
a
n

d
(i
v
)

in
A

ss
u

m
p
ti

o
n

B
,

a
n

d
f

is
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e
α

-H
ö
ld

er
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n
tr

o
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a
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e.
F

ix
a
n

Ω
⊂

R
d

w
it

h
{x
∈
R
d

:
f

(x
)
>

0
a
n

d
r(
x

)
ex

is
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}
⊂

Ω
a
n

d
d
efi

n
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Ω
+
h
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∈
R
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M
o
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o
ve

r,
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e
d
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n
e
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∗ h
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∈
R
d

:
r(
x
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>
h
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}

a
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d
a
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u
m

e
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a
t

fu
n
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n
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)
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u

n
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ed

o
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∩

Ω
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h
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T
h
en

,
fo

r
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th
ca

se
s

(i
)

a
n

d
(i
i)

,
a
ll
n
≥
n
∗ 0

w
it

h
n
∗ 0

th
a
t

w
il

l
be

gi
ve

n
in

th
e

p
ro

o
f,

by
ch
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si

n
g

h
n

=
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og
n
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)/
γ
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1
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+
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p
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‖ ∞
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+
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.

(9
)

In
T

h
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n
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d
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b
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n
g

sp
ec
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ed
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te

r.
O

n
e
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al
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n
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e
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u
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e
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em
en

t
of
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e
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rm
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n
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th
e

n
u
m

b
er

s
n

0
an

d
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en
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e
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.

H
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ev
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g
th
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r
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e
T
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an

g
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,

th
e

E
p
an
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h
n
ik
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k
er

n
el

,
an

d
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e
G
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n

ke
rn
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,

w
e

h
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e
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n
)
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−

1
n
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w

h
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h
,

to
g
et

h
er

w
it

h
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e
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ce

s
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h
n
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T

h
eo
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m

s
8

an
d
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p
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n

0
an

d
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∗ 0
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w
el
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m
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ke
d

th
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e
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w

h
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e
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e
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n
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n
f
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m
p
a
ct
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p
p

or
te

d
an

d
b
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n
d
ed

,
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e
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n
ve

rg
en
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te
of
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to
f

is
n
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a
b
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,
b
u
t

a
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o
th

e
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m
e

w
it

h
th

at
d
er
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u
n
d
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L

1
-n
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m

.
T

h
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is
in

d
ee

d
an

in
te

re
st

in
g

ob
se
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a
ti

o
n
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n
ce

co
n
ve

rg
en

ce
u
n
d
er
L
∞
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m
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p
li
es
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n
ve
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en
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u
n
d
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L

1
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m
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T
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p
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eo
re
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K
e
r
n
e
l
D
e
n
sit

y
E
st

im
a
t
io
n
f
o
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

W
e

h
ig

h
lig

h
t

th
at

in
ou

r
an

aly
sis

th
e

d
en

sity
fu

n
ction

f
is

on
ly

assu
m

ed
to

b
e

H
öld

er
co

n
tin

u
o
u
s.

A
s

p
oin

ted
ou

t
in

th
e

in
tro

d
u
ction

,
in

th
e

con
tex

t
of

d
y
n
am

ical
sy

stem
s,

th
is

seem
s

to
b

e
m

o
re

th
an

a
reason

ab
le

a
ssu

m
p
tion

.
O

n
th

e
oth

er
h
an

d
,
th

e
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sisten
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an
d

th
e

co
n
verg

en
ce
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lts
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ed
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r

stu
d
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p

e
“w

ith
h
igh

p
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ab
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”
d
u
e

to
th

e
u
se

o
f
th

e
B
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-ty
p

e
ex

p
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in
eq

u
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th
at
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n
t
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e
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in
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o
f
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e

ra
n
d
o
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F
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r
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d
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e
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tain
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e

can
a
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o
b
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e
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u
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e

d
ep

en
d
en
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g

ob
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F

or
in

stan
ce,
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T

h
eo

rem
7

w
e

see
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at
w

ith
in

creasin
g

d
ep

en
d
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am

on
g

ob
serva
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s
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d
in

g
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sm
a
ller

γ
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in
ord

er
to

en
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re
th

e
u
n
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ersal
con
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f
D
,h
n
,

th
e

d
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h
n
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n
−

1)
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u
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to
b

e
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T
h
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th
e
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w
e
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at
resu

lts
o
n

th
e
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n
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ce

rates
in

T
h
eorem

s
8

an
d

9.
M

oreover,
th

e
in

fl
u
en

ce
of

th
e

d
ep

en
d
en

ce
a
m

o
n
g

o
b
serva

tion
s

is
also

in
d
icated

th
ere.

T
h
at

is,
an

in
crease

of
th

e
d
ep

en
d
en

ce
am

on
g

o
b
serva

tio
n
s

m
ay

slow
d
ow

n
th

e
con

vergen
ce

of
f
D
,h

in
th

e
sen

se
of

b
oth

L
1 -n

orm
an

d
L
∞

-n
o
rm

.
It

is
also

in
terestin

g
to

n
ote

th
at

w
h
en

γ
ten

d
s

to
in

fi
n
ity,

w
h
ich

corresp
on

d
s

to
th

e
ca

se
w

h
ere

ob
servation

s
can

b
e

rou
gh

ly
treated

as
in

d
ep

en
d
en

t
on

es,
m

ean
in

gfu
l

co
n
verg

en
ce

ra
tes

can
b

e
also

d
ed

u
ced

.
It

tu
rn

s
ou

t
th

at,
u
p

to
a

loga
rith

m
ic

factor,
th

e
esta

b
lish

ed
co

n
vergen

ce
rates

(9)
u
n
d
er
L
∞

-n
orm

,
n
am

ely,O
(((log

n
)
(2

+
γ

)/
γ/n

)
α
/
(2
α

+
d
)),

m
a
tch

th
e

o
p
tim

al
rates

in
th

e
i.i.d

.
case,

see,
e.g.,

K
h
as ′m

in
sk

ii
(1979)

a
n
d

S
ton

e
(1983).

A
s

m
en

tio
n
ed

in
th

e
in

tro
d
u
ction

,
th

ere
ex

ist
several

stu
d
ies

in
th

e
literatu

re
th

at
ad

-
d
ress

th
e

k
ern

el
d
en

sity
estim

ation
p
rob

lem
for

d
y
n
am

ical
sy

stem
s.

F
or

ex
am

p
le,

B
osq

an
d

G
u
ég

a
n

(1
9
9
5
)

con
d
u
cted

som
e

fi
rst

stu
d
ies

an
d

sh
ow

ed
th

e
p

oin
t-w

ise
con

sisten
cy

a
n
d

th
e

co
n
v
ergen

ce
(in

ex
p

ectation
)

of
th

e
kern

el
d
en

sity
estim

ator.
T

h
e

con
vergen

ce
rates

o
b
ta

in
ed

in
th

eir
stu

d
y

are
of

th
e

ty
p

e
O

(n
−

4
/
(4

+
2
d
)),

w
h
ich

are
con

d
u
cted

in
term

s
of

th
e

va
ria

n
ce

o
f
f
D
,h .

T
h
e

n
otion

th
ey

u
sed

for
m

ea
su

rin
g

th
e

d
ep

en
d
en

ce
am

on
g

ob
servation

s
is

α
-m

ix
in

g
co

effi
cien

t
(see

A
3

in
B

osq
an

d
G

u
égan

(1995)).
C

on
sid

erin
g

th
e

d
en

sity
estim

a-
tio

n
p
ro

b
lem

for
on

e-d
im

en
sion

al
d
y
n
am

ica
l

sy
stem

s,
P

rieu
r

(20
01)

p
resen

ted
som

e
stu

d
ies

o
n

th
e

kern
el

d
en

sity
estim

ator
f
D
,h

b
y

d
evelop

in
g

a
cen

tral
lim

it
th

eorem
an

d
ap

p
ly

it
to

b
o
u
n
d

th
e

varian
ce

of
th

e
estim

ator.
F

u
rth

er
som

e
stu

d
ies

on
th

e
kern

el
d
en

sity
esti-

m
a
tio

n
o
f

th
e

in
varian

t
L

eb
esgu

e
d
en

sity
for

d
y
n
am

ical
sy

stem
s

w
ere

con
d
u
cted

in
B

lan
k
e

et
a
l.

(2
0
0
3
).

B
y

con
sid

erin
g

b
oth

d
y
n
am

ical
n
oise

an
d

ob
servation

al
n
o
ise,

p
oin

t-w
ise

co
n
verg

en
ce

o
f

th
e

estim
ator

f
D
,h

in
ex

p
ectation

w
as

estab
lish

ed
,

i.e.,
th

e
con

vergen
ce

of
E
f
D
,h (x

)−
f

(x
)

for
an

y
x
∈

R
d.

N
ote

fu
rth

er
th

at
th

ese
resu

lts
rely

on
th

e
secon

d
-ord

er
sm

o
o
th

n
ess

a
n
d

b
ou

n
d
ed

n
ess

of
f

.
T

h
erefore,

th
e

secon
d
-ord

er
sm

o
oth

n
ess

assu
m

p
tio

n
o
n

th
e

d
en

sity
fu

n
ction

togeth
er

w
ith

th
e

p
oin

t-w
ise

con
vergen

ce
in

ex
p

ectation
m

a
k
es

it
d
iff

eren
t

fro
m

o
u
r

w
ork

.
In

p
articu

lar,
u
n
d
er

th
e

ad
d
ition

al
assu

m
p
tion

on
th

e
tail

of
th

e
n
o
ise

d
istrib

u
tion

,
th

e
con

vergen
ce

ofE
(f
D
,h (x

)−
f

(x
))

2
for

an
y

fi
x
ed
x
∈
R
d

is
o
f

th
e

ord
er

O
(n
−

2
/
(2

+
β
d
))

w
ith

β
≥

1.
C

on
cern

in
g

th
e

con
verg

en
ce

of
f
D
,h

in
a

d
y
n
am

ica
l
sy

stem
setu

p
,

M
a
u
m

e-D
esch

a
m

p
s

(2006)
also

p
resen

ted
som

e
in

terestin
g

stu
d
ies

w
h
ich

in
som

e
sen

se
also

m
o
tiva

ted
o
u
r

w
ork

h
ere.

B
y

u
sin

g
also

th
e
C

-m
ix

in
g

con
cep

t
as

ad
op

ted
in

ou
r

stu
d
y

to
m

ea
su

re
th

e
d
ep

en
d
en

ce
am

on
g

ob
servation

s
from

d
y
n
am

ical
sy

stem
s,

sh
e

p
resen

ted
th

e
p

o
in

t-w
ise

co
n
vergen

ce
of
f
D
,h

w
ith

th
e

h
elp

of
H

o
eff

d
in

g-ty
p

e
ex

p
on

en
tial

in
eq

u
ality

(see
P

ro
p

o
sitio

n
3
.1

in
M

au
m

e-D
esch

am
p
s

(2006)).
T

h
e

a
ssu

m
p
tion

ap
p
lied

on
f

is
th

at
it

is
b

o
u
n
d
ed

fro
m

b
elow

an
d

also
α

-H
öld

er
con

tin
u
ou

s
(m

ore
p
recisely,

f
is

assu
m

ed
to

b
e

α
-regu

la
r,

see
A

ssu
m

p
tion

2.3
in

M
au

m
e-D

esch
am

p
s

(2006)).
H

en
ce,

from
th

e
ab

ove
d
is-
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H
a
n
g
,
S
t
e
in
w
a
r
t
,
F
e
n
g
,
S
u
y
k
e
n
s

cu
ssion

s,
w

e
su

ggest
th

at
th

e
w

ork
w

e
p
resen

t
in

th
is

stu
d
y

is
essen

tially
d
iff

eren
t

from
th

at
in

M
au

m
e-D

esch
am

p
s

(2006).

4
.
E
rro

r
A
n
a
ly
sis

W
e

con
d
u
ct

error
an

aly
sis

for
th

e
kern

el
d
en

sity
estim

ator
f
D
,h

in
th

is
section

b
y

esta
b
lish

in
g

its
con

sisten
cy

an
d

con
vergen

ce
rates,

w
h
ich

are
stated

in
th

e
ab

ove
section

in
term

s
of

th
e

L
1 -d

istan
ce

an
d
L
∞

-d
istan

ce.
T

h
e

d
ow

n
sid

e
of

u
sin

g
L

1 -d
istan

ce
is

th
at

it
d
o
es

n
ot

ad
m

it
an

ex
act

b
ias-varian

ce
d
ecom

p
osition

an
d

th
e

u
su

al
T

ay
lor

ex
p
an

sion
in

volved
tech

n
iq

u
es

for
error

estim
atio

n
m

ay
n
ot

ap
p
ly

d
irectly.

N
on

eth
eless,

if
w

e
in

tro
d
u
ce

th
e

in
term

ed
iate

estim
ator

f
P
,h

in
(7),

ob
v
iou

sly
th

e
follow

in
g

in
eq

u
ality

h
old

s

‖
f
D
,h −

f‖
1 ≤
‖f
D
,h −

f
P
,h ‖

1
+
‖
f
P
,h −

f‖
1 .

(10)

T
h
e

con
sisten

cy
an

d
con

vergen
ce

an
aly

sis
in

ou
r

stu
d
y

w
ill

b
e

m
ain

ly
con

d
u
cted

in
th

e
L

1

sen
se

w
ith

th
e

h
elp

of
in

eq
u
ality

(10).
B

esid
es,

for
som

e
sp

ecifi
c

case,
i.e.,

w
h
en

th
e

d
en

sity
f

is
com

p
actly

su
p
p

orted
,

w
e

are
also

con
cern

ed
w

ith
th

e
con

sisten
cy

an
d

con
vergen

ce
of

f
D
,h

to
f

u
n
d
er
L
∞

-n
orm

.
In

th
is

case,
th

ere
also

h
old

s
th

e
follow

in
g

in
eq

u
ality

‖f
D
,h −

f‖∞
≤
‖f
D
,h −

f
P
,h ‖∞

+
‖f
P
,h −

f‖∞
.

(11)

It
is

easy
to

see
th

at
th

e
fi
rst

error
term

o
n

th
e

righ
t-h

an
d

sid
e

of
(10)

or
(11)

is
sto

ch
astic

d
u
e

to
th

e
em

p
irical

m
easu

re
D

w
h
ile

th
e

secon
d

on
e

is
d
eterm

in
istic

b
ecau

se
o
f
its

sam
p
lin

g-free
n
atu

re.
L

o
osely

sp
eak

in
g,

th
e

fi
rst

error
term

corresp
on

d
s

to
th

e
varian

ce
of

th
e

estim
ator

f
D
,h ,

w
h
ile

th
e

secon
d

on
e

can
b

e
treated

a
s

its
b
ias

alth
ou

gh
(10)

or
(11)

is
n
ot

an
ex

act
error

d
ecom

p
osition

.
In

ou
r

stu
d
y,

w
e

p
ro

ceed
w

ith
th

e
con

sisten
cy

an
d

con
v
ergen

ce
an

aly
sis

on
f
D
,h

b
y

b
ou

n
d
in

g
th

e
tw

o
error

term
s,

resp
ectively.

4
.1

B
o
u

n
d

in
g

th
e

D
e
te

rm
in

istic
E

rro
r

T
e
rm

O
u
r

fi
rst

th
eoretical

resu
lt

on
b

ou
n
d
in

g
th

e
d
eterm

in
istic

error
term

sh
ow

s
th

at,
given

a
d
-d

im
en

sion
al

kern
el
K

,
th

e
L

1 -d
ista

n
ce

b
etw

een
its

K
-sm

o
oth

of
th

e
m

easu
re
P

,
i.e.,

f
P
,h ,

an
d
f

can
b

e
arb

itrarily
sm

all
b
y

ch
o
osin

g
th

e
b
an

d
w

id
th

ap
p
rop

riately.
M

oreover,
u
n
d
er

m
ild

assu
m

p
tion

s
on

th
e

regu
larity

of
f

an
d
K

,
th

e
L
∞

-d
istan

ce
b

etw
een

th
e

tw
o

q
u
an

tities
p

ossesses
a

p
oly

n
om

ial
d
ecay

w
ith

resp
ect

to
th

e
b
an

d
w

id
th
h

.

P
ro

p
o
sitio

n
1
0

L
et
K

be
a
d

-d
im

en
sio

n
a
l

sm
oo

th
in

g
kern

el.

(i)
F

o
r

a
n

y
ε
>

0,
th

ere
exists

0
<
h
ε ≤

1
su

ch
th

a
t

fo
r

a
n

y
h
∈

(0,h
ε ]

w
e

h
a
ve

‖
f
P
,h −

f‖
1 ≤

ε.

(ii)
If
K

sa
tisfi

es
C

o
n

d
itio

n
(ii)

in
A

ssu
m

p
tio

n
B

a
n

d
f

is
α

-H
ö
ld

er
co

n
tin

u
o
u

s
w

ith
α
≤
υ

,
th

en
th

ere
exists

a
co

n
sta

n
t
c
>

0
su

ch
th

a
t

fo
r

a
ll
h
>

0
w

e
h
a
ve

‖
f
P
,h −

f‖∞
≤
ch
α
.
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K
e
r
n
e
l
D
e
n
si
t
y
E
st

im
a
t
io
n
f
o
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

(i
ii

)
If
K

sa
ti

sfi
es

C
o
n

d
it

io
n

(i
i)

in
A

ss
u

m
p
ti

o
n

B
a
n

d
f

is
u

n
if

o
rm

ly
po

in
tw

is
e
α

-H
ö
ld

er
co

n
tr

o
ll

a
bl

e
w

it
h
α
≤
υ

,
th

en
th

er
e

ex
is

ts
a

co
n

st
a
n

t
c
>

0
su

ch
th

a
t

fo
r

a
ll
h
>

0
a
n

d
λ
d
-a

lm
o
st

a
ll
x
∈
R
d

w
e

h
a
ve

|f P
,h

(x
)
−
f

(x
)|
≤
c
c(
x

)h
α

+
cf

(x
)h
υ

+

∫ B
c r
0
/
(2
h
)

K
(‖
x
′ ‖)

f
(x

+
h
x
′ )

d
x
′ .

(i
v)

A
ss

u
m

e
th

a
t
K

sa
ti

sfi
es

C
o
n

d
it

io
n

(i
ii

)
in

A
ss

u
m

p
ti

o
n

B
a
n

d
f

is
po

in
tw

is
e
α

-H
ö
ld

er
co

n
tr

o
ll

a
bl

e.
W

e
fi

x
a
n

Ω
⊂

R
d

su
ch

th
a
t

{x
∈
R
d

:
f

(x
)
>

0
a
n

d
r(
x

)
ex

is
ts
}
⊂

Ω
,

a
n

d
w

e
d
efi

n
e

Ω
+
h
R

:=
{x
∈
R
d

:
in

f x
′′
∈Ω
‖x
−
x
′′ ‖
≤
h
R
}.

F
o
r
λ
d
-a

lm
o
st

a
ll
x
6∈

Ω
+
h
R

w
e

th
en

h
a
ve
|f P

,h
(x

)
−
f

(x
)|

=
0
.

M
o
re

o
ve

r,
th

er
e

ex
is

ts
a

co
n

st
a
n

t
c
>

0
su

ch
th

a
t

fo
r

a
ll
x
∈

Ω
+
h
R

fo
r

w
h
ic

h
r(
x

)
ex

is
ts

w
e

h
a
ve

|f P
,h

(x
)
−
f

(x
)|
≤
c
c(
x

)h
α

+
c
·‖
K
‖ ∞

f
(x

)
∣ ∣ ∣R
−
r(
x

)

h

∣ ∣ ∣ +

+
‖K
‖ ∞

h
−
d

∫ r
(x

)≤
‖x
′ ‖
≤
h
R
f

(x
+
x
′ )

d
x
′ .

W
e

n
ow

sh
ow

th
at

th
e
L

1
-d

is
ta

n
ce

b
et

w
ee

n
f P
,h

an
d
f

ca
n

b
e

u
p
p

er
b

ou
n
d
ed

b
y

th
ei

r
d
iff

er
en

ce
(i

n
th

e
se

n
se

of
L
∞

-d
is

ta
n
ce

)
on

a
co

m
p
ac

t
d
om

ai
n

of
R
d

to
ge

th
er

w
it

h
th

ei
r

d
iff

er
en

ce
(i

n
th

e
se

n
se

of
L

1
-d

is
ta

n
ce

)
ou

ts
id

e
th

is
d
om

ai
n
.

A
s

w
e

sh
al

l
se

e
la

te
r,

th
is

ob
se

rv
at

io
n

w
il
l

en
ta

il
u
s

to
co

n
si

d
er

d
iff

er
en

t
cl

as
se

s
of

th
e

tr
u
e

d
en

si
ty
f

.
T

h
e

fo
ll
ow

in
g

re
su

lt
is

cr
u
ci

al
in

ou
r

su
b
se

q
u
en

t
an

al
y
si

s
on

th
e

co
n
si

st
en

cy
an

d
co

n
ve

rg
en

ce
ra

te
s

of
f D

,h
.

P
ro

p
o
si

ti
o
n

1
1

A
ss

u
m

e
th

a
t
K

is
a
d

-d
im

en
si

o
n

a
l

sm
oo

th
in

g
ke

rn
el

th
a
t

sa
ti

sfi
es

C
o
n

d
i-

ti
o
n

(i
i)

in
A

ss
u

m
p
ti

o
n

B
.

(i
)

T
h
er

e
ex

is
ts

a
co

n
st

a
n

t
c 1
>

0
su

ch
th

a
t

fo
r

a
ll
h
≤

1
a
n

d
r
≥

1
,

w
e

h
a
ve

‖f
P
,h
−
f
‖ 1
≤
c 1
rd
‖f
P
,h
−
f
‖ ∞

+
c 1
P

(B
c r
/
2
)

+
c 1

(h
/r

)υ
.

(i
i)

A
ss

u
m

e
th

a
t
f

is
u

n
if

o
rm

ly
po

in
tw

is
e
α

-H
ö
ld

er
co

n
tr

o
ll

a
bl

e
w

it
h
α
≤
υ

.
F

o
r
r
>

0
w

e
d
efi

n
e

H
(r

)
:=

∫ B
r

c(
x

)
d
x
.

T
h
en

th
er

e
ex

is
ts

a
co

n
st

a
n

t
c 2
>

0
su

ch
th

a
t

fo
r

a
ll
h
>

0
a
n

d
r
≥

1
w

e
h
a
ve

‖f
P
,h
−
f
‖ 1
≤
c 2
h
α
H

(r
)

+
c 2
P

(B
c r
/
2
)

+
c 2
h
υ
.

(i
ii

)
A

ss
u

m
e

th
a
t
K

sa
ti

sfi
es

C
o
n

d
it

io
n

(i
ii

)
in

A
ss

u
m

p
ti

o
n

B
a
n

d
f

is
po

in
tw

is
e
α

-H
ö
ld

er
co

n
tr

o
ll

a
bl

e.
F

u
rt

h
er

m
o
re

,
w

e
p
ic

k
a
n

Ω
a
s

in
P

ro
po

si
ti

o
n

1
0
.

T
h
en

th
er

e
ex

is
ts

a
co

n
st

a
n

t
c 3
>

0
su

ch
th

a
t

fo
r

a
ll
h
>

0
a
n

d
r
>

0
w

e
h
a
ve

‖f
P
,h
−
f
‖ 1
≤
c 3
H

(∞
)
h
α

+
c 3
P
( {
x

:
r(
x

)
≤
h
R
})

+
c 3
h
−
d

∫ Ω
+
h
R

∫ r
(x

)≤
‖x
′ ‖
≤
h
R
f

(x
+
x
′ )

d
x
′ d
x
.
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H
a
n
g
,
S
t
e
in
w
a
r
t
,
F
e
n
g
,
S
u
y
k
e
n
s

(i
v)

L
et
K

,
f

,
a
n

d
Ω

sa
ti

sf
y

th
e

co
n

d
it

io
n

s
in

(i
ii

).
W

e
d
efi

n
e
X
∗ h

:=
{x
∈
R
d

:
r(
x

)
>
h
R
}

a
n

d
a
ss

u
m

e
th

a
t

fu
n

ct
io

n
x
7→

c(
x

)
is

bo
u

n
d
ed

o
n
X
∗ h
∩

Ω
h
R

,
th

en
th

er
e

is
a
n

o
th

er
co

n
st

a
n

t
c 4
>

0
su

ch
th

a
t

fo
r

a
ll
h
>

0
w

e
h
a
ve

su
p

x
∈X
∗ h

|f P
,h

(x
)
−
f

(x
)|
≤
c 4

su
p

x
∈X
∗ h
∩Ω

h
R

|c(
x

)|
·h

α
.

4
.2

B
o
u

n
d

in
g

th
e

S
to

ch
a
st

ic
E

rr
o
r

T
e
rm

W
e

n
ow

p
ro

ce
ed

w
it

h
th

e
es

ti
m

at
io

n
of

th
e

st
o
ch

as
ti

c
er

ro
r

te
rm
‖f
D
,h
−
f P
,h
‖ 1

b
y

es
ta

b
li
sh

-
in

g
p
ro

b
ab

il
is

ti
c

or
ac

le
in

eq
u
al

it
ie

s.
F

or
th

e
sa

ke
of

re
ad

ab
il
it

y,
le

t
u
s

st
ar

t
w

it
h

a
n

ov
er

v
ie

w
of

th
e

an
al

y
si

s
co

n
d
u
ct

ed
in

th
is

su
b
se

ct
io

n
fo

r
b

ou
n
d
in

g
th

e
st

o
ch

as
ti

c
er

ro
r

te
rm

.

4
.2
.1

A
n
O
v
e
r
v
ie
w

o
f
t
h
e
A
n
a
ly

si
s

In
th

is
st

u
d
y,

th
e

st
o
ch

as
ti

c
er

ro
r

te
rm

is
ta

ck
le

d
b
y

u
si

n
g

ca
p
ac

it
y
-i

n
vo

lv
ed

a
rg

u
m

en
ts

a
n
d

th
e

B
er

n
st

ei
n
-t

y
p

e
in

eq
u
al

it
y

es
ta

b
li
sh

ed
in

H
an

g
an

d
S
te

in
w

ar
t

(2
01

7)
.

In
th

e
se

q
u
el

,
fo

r
an

y
fi
x
ed

x
∈

Ω
⊂

R
d
,

w
e

w
ri

te

k
x
,h

:=
h
−
d
K

(‖
x
−
·‖
/h

),
(1

2
)

an
d

w
e

fu
rt

h
er

d
en

ot
e

th
e

ce
n
te

re
d

ra
n
d
om

va
ri

ab
le
k̃
x
,h

on
Ω

as

k̃
x
,h

:=
k
x
,h
−

E P
k
x
,h
.

(1
3
)

It
th

u
s

fo
ll
ow

s
th

at

E D
k̃
x
,h

=
E D

k
x
,h
−

E P
k
x
,h

=
f D

,h
(x

)
−
f P
,h

(x
),

an
d

co
n
se

q
u
en

tl
y

w
e

h
av

e

‖f
D
,h
−
f P
,h
‖ 1

=

∫ R
d

|E
D
k̃
x
,h
|d
x
,

an
d

‖f
D
,h
−
f P
,h
‖ ∞

=
su

p
x
∈Ω
|E
D
k̃
x
,h
|.

A
s

a
re

su
lt

,
in

or
d
er

to
b

ou
n
d
‖f
D
,h
−
f P
,h
‖ 1

,
it

su
ffi

ce
s

to
b

ou
n
d

th
e

su
p
re

m
u
m

o
f

th
e

em
p
ir

ic
al

p
ro

ce
ss

E D
k̃
x
,h

in
d
ex

ed
b
y
x
∈
R
d
.

F
or

an
y
r
>

0,
th

er
e

h
ol

d
s

‖f
D
,h
−
f P
,h
‖ 1

=

∫ B
r

|E
D
k̃
x
,h
|d
x

+

∫ B
c r

|E
D
k̃
x
,h
|d
x
.

T
h
e

se
co

n
d

te
rm

of
th

e
ri

gh
t-

h
an

d
si

d
e

of
th

e
ab

ov
e

eq
u
al

it
y

ca
n

b
e

si
m

il
a
rl

y
d
ea

lt
w

it
h

as
in

th
e

p
ro

of
of

P
ro

p
os

it
io

n
11

.
In

or
d
er

to
b

ou
n
d

th
e

fi
rs

t
te

rm
,

w
e

d
efi

n
e
K̃ h

,r
a
s

th
e

fu
n
ct

io
n

se
t

of
k̃
x
,h

th
at

co
rr

es
p

on
d
s

to
x

w
h
ic

h
li
es

o
n

a
ra

d
iu

s-
r

b
al

l
of

R
d
:

K̃ h
,r

:=
{ k̃

x
,h

:
x
∈
B
r

}
⊂
L
∞

(R
d
).

T
h
e

id
ea

h
er

e
is

to
ap

p
ly

ca
p
ac

it
y
-i

n
vo

lv
ed

ar
gu

m
en

ts
an

d
th

e
B

er
n
st

ei
n
-t

y
p

e
ex

p
o
n
en

ti
a
l

in
eq

u
al

it
y

in
H

an
g

an
d

S
te

in
w

ar
t

(2
01

7)
to

th
e

fu
n
ct

io
n

se
t
K̃ h

,r
an

d
th

e
as

so
ci

a
te

d
em

p
ir

ic
al

p
ro

ce
ss

E D
k̃
x
,h

.
T

h
e

d
iff

er
en

ce
b

et
w

ee
n
f D

,h
an

d
f P
,h

u
n
d
er

th
e
L
∞

-n
or

m
ca

n
b

e
b

o
u
n
d
ed

an
al

og
ou

sl
y.

T
h
er

ef
or

e,
to

fu
rt

h
er

ou
r

an
al

y
si

s,
w

e
fi
rs

t
n
ee

d
to

b
ou

n
d

th
e

ca
p
a
ci

ty
o
f
K̃ h

,r

in
te

rm
s

of
co

ve
ri

n
g

n
u
m

b
er

s.
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K
e
r
n
e
l
D
e
n
sit

y
E
st

im
a
t
io
n
f
o
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

4
.2
.2

B
o
u
n
d
in
g

t
h
e
C
a
pa

c
it
y
o
f
t
h
e
F
u
n
c
t
io
n
S
e
t
K̃
h
,r

D
e
fi

n
itio

n
1
2

(C
o
v
e
rin

g
N

u
m

b
e
r)

L
et

(X
,d

)
be

a
m

etric
spa

ce
a
n

d
A
⊂
X

.
F

o
r
ε
>

0,
th

e
ε-co

v
e
rin

g
n
u
m
be

r
o
f
A

is
d
en

o
ted

a
s

N
(A
,d
,ε)

:=
m

in {
n
≥

1
:∃
x

1 ,···
,x

n
∈
X

su
ch

th
a
t
A
⊂

n⋃i=
1

B
d (x

i ,ε) }
,

w
h
ere

B
d (x

,ε)
:=
{x
′∈

X
:
d
(x
,x
′)≤

ε}.

F
o
r

a
n
y

fi
x
ed

r≥
1,

w
e

con
sid

er
th

e
fu

n
ctio

n
set

K
h
,r

:=
{k

x
,h

:
x
∈
B
r }
⊂
L
∞

(R
d).

T
h
e

fo
llow

in
g

p
rop

osition
p
rov

id
es

an
estim

ate
of

th
e

coverin
g

n
u
m

b
er

ofK
h
,r .

P
ro

p
o
sitio

n
1
3

L
et
K

be
a
d

-d
im

en
sio

n
a
l

sm
oo

th
in

g
kern

el
th

a
t

sa
tisfi

es
C

o
n

d
itio

n
(i)

in
A

ssu
m

p
tio

n
B

a
n

d
h
∈

(0,1].
T

h
en

th
ere

exists
a

po
sitive

co
n

sta
n

t
c ′

su
ch

th
a
t

fo
r

a
ll

ε∈
(0,1

],
w

e
h
a
ve

N
(K

h
,r ,‖·‖∞

,ε)≤
c ′r

dh
−
d−

d
2β
ε −

dβ
.

4
.2
.3

O
r
a
c
l
e
In

e
q
u
a
l
it
ie
s
u
n
d
e
r
L

1 -N
o
r
m
,
a
n
d
L
∞
-N

o
r
m

W
e

n
ow

esta
b
lish

oracle
in

eq
u
alities

for
th

e
k
ern

el
d
en

sity
estim

ator
(8)

u
n
d
er
L

1 -n
orm

,
a
n
d
L
∞

-n
o
rm

,
resp

ectively.
T

h
ese

oracle
in

eq
u
alities

w
ill

b
e

cru
cia

l
in

estab
lish

in
g

th
e

co
n
sisten

cy
a
n
d

con
vergen

ce
resu

lts
of

th
e

estim
ato

r.
R

ecall
th

at
th

e
con

sid
ered

kern
el

d
en

sity
estim

a
tion

p
rob

lem
is

b
ased

on
sam

p
les

from
an

X
-valu

ed
C

-m
ix

in
g

p
ro

cess
w

h
ich

is
a
sso

cia
ted

w
ith

an
u
n
d
erly

in
g

fu
n
ction

class
C

(X
).

A
s

sh
ow

n
b

elow
,

th
e

estab
lish

ed
o
ra

cle
in

eq
u
a
lity

h
old

s
w

ith
ou

t
fu

rth
er

restriction
s

o
n

th
e

su
p
p

ort
of

th
e

d
en

sity
fu

n
ction

.

P
ro

p
o
sitio

n
1
4

S
u

p
po

se
th

a
t

A
ssu

m
p
tio

n
B

h
o
ld

s.
L

etX
:=

(X
n
)
n≥

1
be

a
n
X

-va
lu

ed
sta

-
tio

n
a
ry

geo
m

etrica
lly

(tim
e-reversed

)C
-m

ixin
g

p
rocess

o
n

(Ω
,A
,µ

)
w

ith
‖·‖C

bein
g

d
efi

n
ed

fo
r

so
m

e
sem

i-n
o
rm
|||·|||

th
a
t

sa
tisfi

es
A

ssu
m

p
tio

n
A

.
T

h
en

fo
r

a
ll

0
<
h
≤

1
,
r
≥

1
a
n

d
τ
≥

1
,

th
ere

exists
a
n
n

0 ∈
N

su
ch

th
a
t

fo
r

a
ll
n
≥
n

0 ,
w

ith
p
ro

ba
bility

µ
a
t

lea
st

1−
3
e −

τ,
th

ere
h
o
ld

s‖
f
D
,h −

f
P
,h ‖

1 .

√
(log

n
)
2
/
γr
d(τ

+
log

n
rh )

h
dn

+
(log

n
)
2
/
γr
d(τ

+
log

n
rh )

h
dn

+
P

(B
cr/

4 )
+

√
32
τ
(log

n
)
2
/
γ

n
+

(
hr )

β

.

H
ere

n
0

w
ill

be
given

exp
licitly

in
th

e
p
roo

f.

O
u
r

n
ex

t
resu

lt
sh

ow
s

th
at

w
h
en

th
e

d
en

sity
fu

n
ction

f
is

com
p
actly

su
p
p

orted
an

d
b

o
u
n
d
ed

,
a
n

o
racle

in
eq

u
ality

u
n
d
er
L
∞

-n
orm

can
b

e
also

d
erived

.
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H
a
n
g
,
S
t
e
in
w
a
r
t
,
F
e
n
g
,
S
u
y
k
e
n
s

P
ro

p
o
sitio

n
1
5

L
et
K

be
a
d

-d
im

en
sio

n
a
l

kern
el

fu
n

ctio
n

th
a
t

sa
tisfi

es
C

o
n

d
itio

n
s

(i)
a
n

d
(iii)

in
A

ssu
m

p
tio

n
B

.
L

et
X

:=
(X

n
)
n≥

1
be

a
n
X

-va
lu

ed
sta

tio
n

a
ry

geo
m

etrica
lly

(tim
e-reversed

)C
-m

ixin
g

p
rocess

o
n

(Ω
,A
,µ

)
w

ith
‖·‖C

bein
g

d
efi

n
ed

fo
r

so
m

e
sem

i-n
o
rm

|||·|||
th

a
t

sa
tisfi

es
A

ssu
m

p
tio

n
A

.
A

ssu
m

e
th

a
t

th
ere

exists
a

co
n

sta
n

t
r

0
≥

1
su

ch
th

a
t

Ω
⊂
B
r
0 ⊂

R
d

a
n

d
th

e
d
en

sity
fu

n
ctio

n
f

sa
tisfi

es‖
f‖∞

<
∞

.
T

h
en

fo
r

a
ll

0
<
h
≤

1
a
n

d
τ
>

0,
th

ere
exists

a
n
n
∗0 ∈

N
su

ch
th

a
t

fo
r

a
ll
n
≥
n
∗0 ,

w
ith

p
ro

ba
bility

µ
a
t

lea
st

1−
e −

τ,
th

ere
h
o
ld

s

‖
f
D
,h −

f
P
,h ‖∞

.

√
‖
f‖∞

(τ
+

log
(
n
r
0
h

))(log
n

)
2
/
γ

h
dn

+
K

(0)(τ
+

log
(
n
r
0
h

))(log
n

)
2
/
γ

h
dn

.

H
ere

n
∗0

w
ill

be
given

exp
licitly

in
th

e
p
roo

f.

In
P

rop
osition

15,
th

e
kern

el
K

is
on

ly
req

u
ired

to
satisfy

C
on

d
ition

s
(i)

a
n
d

(iii)
in

A
ssu

m
p
tion

B
w

h
ereas

th
e

con
d
ition

th
at
∫
∞0
K

(r)r
β

+
d−

1
d
r
<
∞

for
som

e
β
>

0
is

n
ot

n
eed

ed
.

T
h
is

is
again

d
u
e

to
th

e
com

p
act

su
p
p

ort
a
ssu

m
p
tion

of
th

e
d
en

sity
fu

n
ction

f
as

stated
in

P
rop

osition
15.

5
.
B
a
n
d
w
id
th

S
e
le
ctio

n
a
n
d
S
im

u
la
tio

n
S
tu

d
ie
s

T
h
is

section
d
iscu

sses
th

e
m

o
d
el

selection
p
rob

lem
of

th
e

kern
el

d
en

sity
estim

ator
(8)

b
y

p
erform

in
g

n
u
m

erical
sim

u
lation

stu
d
ies.

In
th

e
con

tex
t

of
kern

el
d
en

sity
estim

a
tion

,
m

o
d
el

selection
is

m
ain

ly
referred

to
th

e
ch

oice
of

th
e

sm
o
oth

in
g

kern
el
K

an
d

th
e

selection
of

th
e

kern
el

b
an

d
w

id
th

h
,

w
h
ich

are
of

cru
cial

im
p

ortan
ce

for
th

e
p
ractical

im
p
lem

en
tation

of
th

e
d
ata-d

riven
d
en

sity
estim

ator.
A

ccord
in

g
to

ou
r

ex
p

erim
en

tal
ex

p
erien

ce
an

d
also

th
e

em
p
irical

ob
servation

s
rep

orted
in

M
au

m
e-D

esch
am

p
s

(2006),
it

seem
s

th
at

th
e

ch
oice

of
th

e
k
ern

el
or

th
e

n
oise

d
o
es

n
ot

h
ave

a
sign

ifi
can

t
in

fl
u
en

ce
on

th
e

p
erform

an
ce

of
th

e
estim

ator.
T

h
erefore,

ou
r

em
p
h
asis

w
ill

b
e

p
laced

on
th

e
b
an

d
w

id
th

selection
p
rob

lem
in

ou
r

sim
u
lation

stu
d
ies.

5
.1

S
e
v
e
ra

l
B

a
n

d
w

id
th

S
e
le

c
to

rs

In
th

e
literatu

re
of

kern
el

d
en

sity
estim

atio
n
,

variou
s

b
an

d
w

id
th

selectors
h
ave

b
een

p
ro-

p
osed

,
sev

eral
ty

p
ical

ex
am

p
les

of
w

h
ich

h
ave

b
een

allu
d
ed

to
in

th
e

in
tro

d
u
ction

.
W

h
en

tu
rn

in
g

to
th

e
case

w
ith

d
ep

en
d
en

t
o
b
servation

s,
th

e
b
a
n
d
w

id
th

selection
p
rob

lem
h
as

b
een

also
d
raw

in
g

m
u
ch

atten
tion

,
see

e.g.,
H

art
an

d
V

ieu
(1990);

C
h
u

an
d

M
arron

(19
91);

H
all

et
al.

(1995);
Y

ao
an

d
T

on
g

(1998).
A

m
on

g
ex

istin
g

b
an

d
w

id
th

selectors,
p
rob

ab
ly

th
e

m
ost

freq
u
en

tly
em

p
loyed

on
es

are
b
ased

on
th

e
cross-valid

ation
id

eas.
F

or
cross-valid

ation
b
an

d
-

w
id

th
selectors,

on
e

tries
to

m
in

im
ize

th
e

in
tegrated

sq
u
ared

error
(IS

E
)

of
th

e
em

p
irical

estim
ator

f
D
,h

w
h
ere

IS
E

(h
)

:=

∫
(f
D
,h −

f
)
2

=

∫
f

2D
,h −

2 ∫
f
D
,h · ∫

f
+

∫
f

2.

N
ote

th
at

on
th

e
righ

t-h
an

d
sid

e
of

th
e

ab
ove

eq
u
ality,

th
e

last
term

∫
f

2
is

in
d
ep

en
d
en

t
of

h
an

d
so

th
e

m
in

im
ization

of
IS

E
(h

)
is

eq
u
ivalen

t
to

m
in

im
ize

∫
f

2D
,h −

2 ∫
f
D
,h · ∫

f
.
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K
e
r
n
e
l
D
e
n
si
t
y
E
st

im
a
t
io
n
f
o
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

It
is

sh
ow

n
th

at
w

it
h

i.
i.
d

ob
se

rv
at

io
n
s,

an
u
n
b
ia

se
d

es
ti

m
at

or
of

th
e

ab
ov

e
q
u
an

ti
ty

,
w

h
ic

h
is

te
rm

ed
as

le
as

t
sq

u
ar

es
cr

os
s-

va
li
d
at

io
n

(L
S
C

V
),

is
gi

ve
n

as
fo

ll
ow

s:

L
S
C

V
(h

)
:=

∫
f

2 D
,h
−

2 n

n ∑ i=
1

f̂ −
i,
h
(x
i)
,

(1
4)

w
h
er

e
th

e
le

av
e-

on
e-

ou
t

d
en

si
ty

es
ti

m
at

or
f̂ −

i,
h

is
d
efi

n
ed

as

f̂ −
i,
h
(x

)
:=

1

n
−

1

n ∑ j6=
i

K
h
(x
−
x
j
).

W
h
en

th
e

ob
se

rv
at

io
n
s

ar
e

d
ep

en
d
en

t,
it

is
sh

ow
n

th
at

cr
os

s-
va

li
d
at

io
n

ca
n

p
ro

d
u
ce

m
u
ch

u
n
d
er

-s
m

o
ot

h
ed

es
ti

m
at

es
,

se
e

e.
g.

,
H

ar
t

an
d

W
eh

rl
y

(1
98

6)
;

H
ar

t
an

d
V

ie
u

(1
99

0
).

O
b
-

se
rv

in
g

th
is

,
H

ar
t

an
d

V
ie

u
(1

99
0)

p
ro

p
os

ed
th

e
m

o
d
ifi

ed
le

as
t

sq
u
ar

es
cr

os
s-

va
li
d
at

io
n

(M
L

S
C

V
),

w
h
ic

h
is

d
efi

n
ed

as
fo

ll
ow

s

M
L

S
C

V
(h

)
:=

∫
f

2 D
,h
−

2 n

n ∑ i=
1

f̂ −
i,
h
,l
n
(x
i)
,

(1
5)

w
h
er

e
l n

is
se

t
to

1
or

2
as

su
gg

es
te

d
in

H
ar

t
an

d
V

ie
u

(1
99

0)
an

d

f̂ −
i,
h
,l
n
(x

)
:=

1

#
{j

:
|j
−
i|
>
l n
}
∑

|j
−
i|>

l n

K
h
(x
−
x
j
).

T
h
e

u
n
d
er

ly
in

g
in

tu
it

io
n

of
p
ro

p
os

in
g

M
L

S
C

V
is

th
at

w
h
en

es
ti

m
at

in
g

th
e

d
en

si
ty

of
a

fi
x
ed

p
oi

n
t,

ig
n
or

in
g

ob
se

rv
at

io
n
s

in
th

e
v
ic

in
it

y
of

th
is

p
oi

n
t

m
ay

b
e

h
el

p
in

re
d
u
ci

n
g

th
e

in
fl
u
en

ce
of

d
ep

en
d
en

ce
am

on
g

ob
se

rv
at

io
n
s.

H
ow

ev
er

,
w

h
en

tu
rn

in
g

to
th

e
L

1
p

oi
n
t

of
v
ie

w
,

th
e

ab
ov

e
b
an

d
w

id
th

se
le

ct
or

s
m

ay
n
ot

w
or

k
w

el
l

d
u
e

to
th

e
u
se

of
th

e
le

as
t

sq
u
ar

es
cr

it
er

io
n
.

A
lt

er
n
at

iv
el

y,
D

ev
ro

y
e

(1
98

9)
p
ro

p
os

ed
th

e
d
ou

b
le

ke
rn

el
b
an

d
w

id
th

se
le

ct
o
r

th
at

m
in

im
iz

es
th

e
fo

ll
ow

in
g

q
u
an

ti
ty

D
K

M
(h

)
:=

∫
|f D

,h
,K
−
f D

,h
,L
|,

(1
6)

w
h
er

e
f D

,h
,K

an
d
f D

,h
,L

ar
e

ke
rn

el
d
en

si
ty

es
ti

m
at

or
s

b
as

ed
on

th
e

ke
rn

el
s
K

an
d
L

,
re

sp
ec

-
ti

ve
ly

.
S
om

e
ri

go
ro

u
s

th
eo

re
ti

ca
l

tr
ea

tm
en

ts
on

th
e

eff
ec

ti
ve

n
es

s
of

th
e

a
b

ov
e

b
an

d
w

id
th

se
le

ct
or

w
er

e
m

ad
e

in
D

ev
ro

ye
(1

98
9)

.
O

u
r

p
u
rp

os
e

in
si

m
u
la

ti
on

st
u
d
ie

s
is

to
co

n
d
u
ct

em
p
ir

ic
al

co
m

p
ar

is
on

s
a
m

o
n
g

th
e

ab
ov

e
b
an

d
w

id
th

se
le

ct
or

s
in

th
e

d
y
n
am

ic
a
l

sy
st

em
co

n
te

x
t

in
st

ea
d

of
p
ro

p
os

in
g

n
ew

ap
p
ro

a
ch

es
.

5
.2

E
x
p

e
ri

m
e
n
ta

l
S

e
tu

p

In
ou

r
ex

p
er

im
en

ts
,

ob
se

rv
at

io
n
s
x

1
,·
··
,x

n
ar

e
ge

n
er

at
ed

fr
om

th
e

fo
ll
ow

in
g

m
o
d
el

1

{
x̃
i

=
T
i (
x

0
),

x
i

=
x̃
i
+
ε i
,

i
=

1,
··
·,
n
,

(1
7)

1
.

N
o
te

th
a
t

h
er

e
th

e
o
b

se
rv

a
ti

o
n

a
l
n

o
is

e
is

a
ss

u
m

ed
fo

r
th

e
co

n
si

d
er

ed
d

y
n

a
m

ic
a
l
sy

st
em

(1
7
),

w
h

ic
h

d
iff

er
s

fr
o
m

(2
)

a
n

d
ca

n
b

e
a

m
o
re

re
a
li
st

ic
se

tu
p

fr
o
m

a
n

em
p

ir
ic

a
l

a
n

d
ex

p
er

im
en

ta
l

v
ie

w
p

o
in

t.
In

fa
ct

,
it

is
o
b

se
rv

ed
a
ls

o
in

M
a
u

m
e-

D
es

ch
a
m

p
s

(2
0
0
6
)

th
a
t

th
e

in
fl

u
en

ce
o
f

lo
w

S
N

R
n

o
is

e
is

n
o
t

o
b
v
io

u
s

in
d

en
si

ty
es

ti
m

a
ti

o
n

.
W

e
th

er
ef

o
re

a
d

o
p

t
th

is
se

tu
p

in
o
u

r
ex

p
er

im
en

ts
.

A
ll

th
e

o
b

se
rv

a
ti

o
n

s
re

p
o
rt

ed
in

th
is

ex
p

er
im

en
ta

l
se

ct
io

n
a
p

p
ly

to
th

e
n

o
is

el
es

s
ca

se
(2

).
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1-
49

, 2
01

8

H
a
n
g
,
S
t
e
in
w
a
r
t
,
F
e
n
g
,
S
u
y
k
e
n
s

w
h
er

e
ε i
∼
N

(0
,σ

2
),
σ

is
se

t
to

0
.0

1
an

d
th

e
in

it
ia

l
st

at
e
x

0
is

ra
n
d
om

ly
ge

n
er

a
te

d
b
a
se

d
on

th
e

d
en

si
ty
f

.
F

or
th

e
m

ap
T

in
(1

7)
,

w
e

ch
o
os

e
L

o
gi

st
ic

m
ap

in
E

x
am

p
le

2
a
n
d

G
a
u
ss

m
ap

in
E

x
am

p
le

3.
W

e
va

ry
th

e
sa

m
p
le

si
ze

am
on

g
{5
×

10
2
,1

03
,5
×

10
3
,1

04
},

im
p
le

m
en

t
b
an

d
w

id
th

se
le

ct
io

n
p
ro

ce
d
u
re

s
ov

er
20

re
p
li
ca

ti
on

s
an

d
se

le
ct

th
e

b
an

d
w

id
th

fr
o
m

a
g
ri

d
of

va
lu

es
in

th
e

in
te

rv
al

[h
L
,h

U
]

w
it

h
1
00

eq
u
is

p
ac

ed
p

oi
n
ts

.
H

er
e,
h
L

is
se

t
as

th
e

m
in

im
u
m

d
is

ta
n
ce

b
et

w
ee

n
co

n
se

cu
ti

ve
p

oi
n
ts
x
i,
i

=
1,
··
·,
n

(D
ev

ro
ye

an
d

L
u
go

si
,

1
9
9
7
),

w
h
il
e

h
U

is
ch

os
en

ac
co

rd
in

g
to

th
e

m
a
xi

m
a
l

sm
oo

th
in

g
p
ri

n
ci

p
le

p
ro

p
o
se

d
in

T
er

re
ll

(1
9
9
0
).

T
h
ro

u
gh

ou
t

ou
r

ex
p

er
im

en
ts

,
w

e
u
se

th
e

G
au

ss
ia

n
k
er

n
el

fo
r

th
e

ke
rn

el
d
en

si
ty

es
ti

m
a
to

rs
.

In
ou

r
ex

p
er

im
en

ts
,

w
e

co
n
d
u
ct

co
m

p
ar

is
on

s
am

on
g

th
e

ab
ov

e-
m

en
ti

on
ed

b
a
n
d
w

id
th

se
le

ct
or

s
w

h
ic

h
ar

e,
re

sp
ec

ti
ve

ly
,

d
en

ot
ed

as
fo

ll
ow

s:

•
L

S
C

V
:

th
e

le
as

t
sq

u
ar

es
cr

os
s-

va
li
d
at

io
n

gi
ve

n
in

(1
4)

;

•
M

L
S
C

V
-1

:
th

e
m

o
d
ifi

ed
le

as
t

sq
u
ar

es
cr

os
s-

va
li
d
at

io
n

in
(1

5)
w

it
h
l n

=
1
;

•
M

L
S
C

V
-2

:
th

e
m

o
d
ifi

ed
le

as
t

sq
u
ar

es
cr

os
s-

va
li
d
at

io
n

in
(1

5)
w

it
h
l n

=
2
;

•
D

K
M

:
th

e
d
ou

b
le

ke
rn

el
m

et
h
o
d

d
efi

n
ed

in
(1

6)
w

h
er

e
th

e
tw

o
ke

rn
el

s
u
se

d
h
er

e
a
re

th
e

E
p
an

ec
h
n
ik

ov
ke

rn
el

an
d

th
e

T
ri

an
gl

e
ke

rn
el

,
re

sp
ec

ti
ve

ly
.

In
th

e
ex

p
er

im
en

ts
,

d
u
e

to
th

e
k
n
ow

n
d
en

si
ty

fu
n
ct

io
n
s

fo
r

L
og

is
ti

c
m

ap
an

d
G

a
u
ss

m
a
p
,

an
d

in
ac

co
rd

an
ce

w
it

h
ou

r
p
re

v
io

u
s

an
al

y
si

s
fr

om
th

e
L

1
p

oi
n
t

of
v
ie

w
,

th
e

cr
it

er
io

n
o
f

co
m

p
ar

in
g

d
iff

er
en

t
se

le
ct

ed
b
an

d
w

id
th

s
is

th
e

fo
ll
ow

in
g

a
b
so

lu
te

m
ea

n
er

ro
r

(A
M

E
):

A
M

E
(h

)
=

1 m

m ∑ i=
1

|f D
,h

(u
i)
−
f

(u
i)
|,

w
h
er

e
u

1
,·
··
,u

m
ar

e
m

eq
u
is

p
ac

ed
p

oi
n
ts

in
th

e
in

te
rv

al
[0
,1

]
an

d
m

is
se

t
to

1
0
0
0
0
.

W
e

al
so

co
m

p
ar

e
th

e
se

le
ct

ed
b
an

d
w

id
th

w
it

h
th

e
on

e
th

at
h
as

th
e

m
in

im
u
m

a
b
so

lu
te

m
ea

n
er

ro
r

w
h
ic

h
se

rv
es

as
a
ba

se
li
n
e

m
et

h
o
d

in
ou

r
ex

p
er

im
en

ts
.

5
.3

S
im

u
la

ti
o
n

R
e
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lt
s

a
n

d
O

b
se

rv
a
ti

o
n

s

T
h
e

A
M

E
s

of
th

e
ab

ov
e

b
an

d
w

id
th

se
le

ct
or

s
fo

r
L

og
is

ti
c

m
ap

in
E

x
am

p
le

2
a
n
d

G
a
u
ss

m
ap

in
E

x
am

p
le

3
ov

er
20

re
p
li
ca

ti
on

s
ar

e
av

er
ag

ed
an

d
re

co
rd

ed
in

T
ab

le
s

1
an

d
2

b
el

ow
.

In
F

ig
s.

1
an

d
2,

w
e

al
so

p
lo

t
th

e
k
er

n
el

d
en

si
ty

es
ti

m
at

or
s

fo
r

L
og

is
ti

c
m

a
p

in
E

x
a
m

p
le

2
an

d
G

au
ss

m
ap

in
E

x
am

p
le

3
w

it
h

d
iff

er
en

t
b
an

d
w

id
th

s
an

d
th

ei
r

tr
u
e

d
en

si
ty

fu
n
ct

io
n
s

w
it

h
d
iff

er
en

t
sa

m
p
le

si
ze

s.
T

h
e

sa
m

p
le

si
ze

of
ea

ch
p
an

el
,

in
F

ig
s.

1
an

d
2
,

fr
o
m

u
p

to
b

ot
to

m
,

is
10

3
,

10
4
,

an
d

10
5
,

re
sp

ec
ti

ve
ly

.
In

ea
ch

p
an

el
,

th
e

d
en

se
ly

d
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h
ed

b
la

ck
cu

rv
e

re
p
re

se
n
ts

th
e

tr
u
e

d
en

si
ty

,
th

e
d
ot
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d

b
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e
cu

rv
e

is
th

e
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m
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ed

d
en

si
ty

fu
n
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n

w
it

h
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e
b
an

d
w

id
th

se
le
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ed

b
y

th
e

b
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el
in

e
m

et
h
o
d

w
h
il
e

th
e

so
li
d

re
d

cu
rv

e
st

a
n
d
s

fo
r

th
e

es
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m
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ed
d
en

si
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w
it

h
th

e
b
an

d
w

id
th

se
le

ct
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b
y

th
e

d
ou

b
le

ke
rn

el
m

et
h
o
d
.
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d
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n
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n
s
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an

d
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w
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h
10

0
eq

u
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p
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ed
p

oi
n
ts

in
th

e
in
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rv

a
l

(0
,1

).
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m

T
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1
an

d
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an
d

F
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s.
1

an
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e
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e
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u
e

d
en
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fu
n
ct

io
n
s

o
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th

at
th

e
fu

n
ct

io
n
t
7→
√
t(

1
−
t)

is
in

cr
ea

si
n
g

on
[0
,1
/2

]
an

d
h
en

ce
w

e
h
av

e
g
(x
,h

)
≥

0
if
h
∈

[−
1/

4,
0]

an
d
g
(x
,h

)
≤

0
if
h
∈

[0
,1
/
4]

.
N

ow
,

ou
r

go
al

is
to

es
ta

b
li
sh

∣ ∣ g
(x
,h

)∣ ∣
≤
|h
|1/

2
,

x
∈

[0
,1
/4

],
h
∈

(−
x
/2
,1
/4

]
(2

0
)

In
th

e
ca

se
h
∈

[0
,1
/4

]
ou

r
p
re

li
m

in
ar

y
co

n
si

d
er

at
io

n
s

on
g

sh
ow

th
at

(2
0)

is
eq

u
iv

a
le

n
t

to

(x
+
h

)(
1
−
x
−
h

)
≤
h

+
x

(1
−
x

)
+

2
√
h
x

(1
−
x

)
.

M
or

eo
ve

r,
si

m
p
le

al
ge

b
ra

ic
tr

an
sf

or
m

at
io

n
s

sh
ow

th
at

th
e

la
tt

er
is

eq
u
iv

al
en

t
to
−

2
x
h
−
h

2
≤

2√
h
x

(1
−
x

),
w

h
ic

h
is

ob
v
io

u
sl

y
tr

u
e.

T
h
is

sh
ow

s
(2

0)
fo

r
h
∈

[0
,1
/4

].
N

ow
,

in
th

e
ca

se
h
∈

(−
x
/2
,0

]
w

e
fi
rs

t
ob

se
rv

e
th

at
w

e
h
av

e

∣ ∣ g
(x
,h

)∣ ∣
=
∣ ∣ g

(x
+
h
,−
h

)∣ ∣
.
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K
e
r
n
e
l
D
e
n
sit

y
E
st

im
a
t
io
n
f
o
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

L
et

u
s

w
rite

x̃
:=

x
+
h

an
d
h̃

:=
−
h

.
T

h
en

w
e

h
ave

h̃
∈

[0,x
/2)
⊂

[0,1
/4]

an
d
x̃
∈

(x
/
2,x

]⊂
(0,1/

4].
U

sin
g

(20)
in

th
e

alread
y

p
roven

case
h̃
∈

[0,1
/4]

w
e

th
en

fi
n
d

∣∣g
(x
,h

) ∣∣
=
∣∣g

(x̃
,h̃

) ∣∣≤
|h̃| 1

/
2

=
|h| 1

/
2
,

w
h
ich

fi
n
ish

es
th

e
p
ro

of
of

(20).
N

ow
co

m
b
in

in
g

(19)
w

ith
(20)

w
e

fi
n
d

π|f
(x

+
h

)−
f

(x
)|≤

√
3215
·

√
|h|

√
x

(x
+
h

) .

L
et

u
s

fi
rst

con
sid

er
th

e
case

h
∈

(−
x
/
2,0].

T
h
en

L
em

m
a

16
ap

p
lied

to
p

:=
2ε

a
n
d
h̃

:=
−
h

g
ives

1
√
x

+
h

=
1

√
x
−
h̃
≤

2
(1−

p
)/

2x
(p−

1
)/

2h̃
−
p
/
2

=
2

1
/
2−
εx
−

1
/
2
+
ε|h| −

ε

In
sertin

g
th

is
in

eq
u
ality

in
th

e
p
rev

iou
s

in
eq

u
ality

th
u
s

sh
ow

s

|f
(x

+
h

)−
f

(x
)|≤

1π
· √

6415
·x
−

1
+
ε|h| 1

/
2−
ε≤

x
−

1
+
ε|h| 1

/
2−
ε
.

(21)

M
o
reover,

fo
r
h
∈

[0,x
/2)

w
e

h
av

e
x

+
h
≥
x−

h
,
an

d
h
en

ce
th

e
p
rev

iou
s

con
sid

eratio
n
s

actu
-

a
lly

g
ive

(2
1
)

fo
r

all
h
∈

(−
x
/
2,x

/2).
S
in

ce
for

ε
:=

1/
2−

α
w

e
h
ave

b
oth
−

1
+
ε

=
−

1
/
2−

α
a
n
d

1
/2−

ε
=
α

,
w

e
th

en
ob

tain
th

e
assertion

.

T
h
e

fo
llow

in
g

lem
m

a,
w

h
ich

w
ill

b
e

u
sed

several
tim

es
in

th
e

seq
u
el,

su
p
p
lies

th
e

key
to

th
e

p
ro

o
f

of
P

rop
osition

s
11

an
d

10.

L
e
m

m
a

1
7

A
ssu

m
e

th
a
t
K

is
a
d

-d
im

en
sio

n
a
l

sm
oo

th
in

g
kern

el
th

a
t

sa
tisfi

es
C

o
n

d
itio

n
(ii)

o
f

A
ssu

m
p
tio

n
B

.
T

h
en

th
ere

exists
a

co
n

sta
n

t
c

1
>

0
su

ch
th

a
t

fo
r

a
ll
r
>

0
w

e
h
a
ve

∫

B
cr

K
(‖
x‖)

d
x
≤
c

1 r −
υ
.

(22)

M
o
reo

ver,
fo

r
a
ll

p
ro

ba
bility

m
ea

su
res

Q
o
n
R
d

a
n

d
a
ll
h
>

0
a
n

d
r
>

0
th

e
fu

n
ctio

n
s
k
x
,h ,

w
h
ich

a
re

d
efi

n
ed

in
(12)

fo
r

a
ll
x
∈
R
d,

sa
tisfy

∫

B
cr E

Q
k
x
,h

d
x
≤
κ
Q

(B
cr/

2 )
+
c

1 2
υ

(h
/r)

υ
.

(23)

P
ro

o
f

[o
f

L
em

m
a

17]
F

or
th

e
p
ro

of
of

(22)
w

e
fi
x

a
con

stan
t
c̃
≥

1
su

ch
th

at
w

e
h
ave

c̃ −
1‖·‖

`
d2 ≤
‖·‖
≤
c̃‖·‖

`
d2 .

S
in

ce
K

is
m

o
n
oton

ically
d
ecreasin

g,
w

e
th

en
fi
n
d

∫

B
cr

K
(‖x‖)

d
x
≤
∫

B
cr

K
(c̃ −

1‖
x‖

`
d2 )

d
x
≤
∫
∞c̃ −
1
r
K

(c̃ −
1t)t d−

1
d
t

=
c̃
d ∫

∞c̃ −
2
r
K

(t)t d−
1

d
t

≤
c̃
d
+

2
υ ∫

∞c̃ −
2
r
K

(t)r −
υt d

+
υ−

1
d
t

≤
c̃
d
+

2
υ
κ
υ
r −

υ
,
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H
a
n
g
,
S
t
e
in
w
a
r
t
,
F
e
n
g
,
S
u
y
k
e
n
s

w
h
ere

in
th

e
last

step
w

e
u
sed

C
on

d
ition

(ii)
of

A
ssu

m
p
tion

B
.

F
or

th
e

p
ro

of
of

(23)
w

e
fi
rst

ob
serve

th
at

for
t0
>

0,
w

e
h
ave

∫

B
cr E

Q
k
x
,h

d
x

=

∫

B
cr ∫

R
d

h
−
dK
(‖
x
−
x
′‖
/
h )

d
Q

(x
′)

d
x

=

∫

R
d ∫

R
d

K
(‖
x‖)1

B
cr (h

x
+
x
′)

d
x

d
Q

(x
′)

=

∫

R
d

K
(‖x‖

) ∫

R
d

1
B
cr (h

x
+
x
′)

d
Q

(x
′)

d
x

≤
∫

B
t0

K
(‖x‖

) ∫

R
d

1
B
cr (h

x
+
x
′)

d
Q

(x
′)d
x

+

∫

B
ct0

K
(‖x‖

)
d
x
.

M
oreover,

it
is

easy
to

see
th

at
1
B
cr (h

x
+
x
′)

=
1

if
an

d
on

ly
if‖

h
x

+
x
′‖
≥
r.

N
ow

w
e

set
t0

:=
r2
h

.
In

th
is

case,
if

w
e

ad
d
ition

ally
h
av

e
x
∈
B
t
0 ,

th
en
‖x
′‖
≥
r−

h‖x‖
≥
r−

h
t0

=
r/2.

U
sin

g
(22)

w
e

th
u
s

fi
n
d

∫

B
cr E

Q
k
x
,h

d
x
≤
∫

B
t0

K
(‖
x‖)Q

(B
cr/

2 )
d
x

+

∫

B
ct0

K
(‖
x‖

)
d
x

≤
κ
Q

(B
cr/

2 )
+
c

1
t −
υ

0
.

(24)

B
y
t0

=
r2
h

w
e

th
en

fi
n
d

th
e

assertion
.

T
h
e

follow
in

g
tech

n
ical

lem
m

a
is

n
eed

ed
in

th
e

p
ro

of
o
f

P
rop

osition
10.

L
e
m

m
a

1
8

F
o
r

a
ll

0
≤
a
≤
b

a
n

d
d
≥

1
w

e
h
a
ve

b
d−

a
d≤

d·
b
d−

1·(b−
a
)
.

(25)

P
ro

o
f

[of
L

em
m

a
18]

In
th

e
case

b
=

0
th

ere
is

n
oth

in
g

to
p
rov

e.
M

oreover,
in

th
e

case
b
>

0,
w

e
fi
rst

ob
serve

b
y

d
ev

id
in

g
b
y
b
d

th
at

(25)
is

eq
u
ivalen

t
to

1−
(
ab )

d≤
d· (

1−
ab )

.

C
on

seq
u
en

tly,
it

su
ffi

ces
to

sh
ow

1−
t d≤

d
(1−

t)
,

t∈
[0,1

].
(26)

T
o

th
is

en
d
,

w
e

d
efi

n
e
h

(t)
=
d

(1−
t)−

1
+
t d

for
t∈

[0,1].
T

h
is

gives
h
′(t)

=
−
d

+
d
t d−

1

an
d

a
sim

p
le

ch
eck

th
en

sh
ow

s
h
′(t)≤

0
fo

r
all

t∈
[0,1].

M
oreover,

w
e

h
ave

h
(1)

=
0

an
d

com
b
in

in
g

b
oth

w
e

th
u
s

fi
n
d
h

(t)≥
0

for
all

t∈
[0,1].

T
h
is

sh
ow

s
(26).

P
ro

o
f

[of
P

rop
osition

10]
(i).

S
in

ce
th

e
sp

ace
of

co
n
tin

u
ou

s
an

d
com

p
actly

su
p
p

orted
fu

n
ction

s
C
c (R

d)
is

d
en

se
in
L

1 (R
d),

w
e

can
fi
n
d
f̄
∈
C
c (R

d)
su

ch
th

at

‖
f
−
f̄‖

1 ≤
ε/3

,
∀
ε
>

0.
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K
e
r
n
e
l
D
e
n
si
t
y
E
st

im
a
t
io
n
f
o
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

T
h
er

ef
or

e,
fo

r
an

y
ε
>

0,
w

e
h
av

e

‖f
P
,h
−
f
‖ 1

=

∫ R
d

|f
∗K

h
−
f
|d
x

≤
∫ R

d

|f
∗K

h
−
f̄
∗K

h
|d
x

+

∫ R
d

|f̄
∗K

h
−
f̄
|d
x

+

∫ R
d

|f
−
f̄
|d
x

≤
2ε 3

+

∫ R
d

|f̄
∗K

h
−
f̄
|d
x
,

(2
7)

w
h
er

e
K
h

is
d
efi

n
ed

in
(6

)
an

d
th

e
la

st
in

eq
u
al

it
y

fo
ll
ow

s
fr

om
th

e
fa

ct
th

at

‖f
∗K

h
−
f̄
∗K

h
‖ 1
≤
‖f
−
f̄
‖ 1
≤
ε/

3
.

T
h
e

ab
ov

e
in

eq
u
al

it
y

is
d
u
e

to
Y

ou
n
g’

s
in

eq
u
al

it
y

(8
.7

)
in

F
ol

la
n
d

(1
99

9
).

M
or

eo
ve

r,
th

er
e

ex
is

t
a

co
n
st

an
t
M

>
0

su
ch

th
at

su
p
p
(f̄

)
⊂
B
M

an
d

a
co

n
st

an
t
r
>

0
su

ch
th

at

∫ B
c r

K
(‖
x
‖)

d
x
≤

ε

9‖
f̄
‖ 1
.

N
ow

w
e

d
efi

n
e
L

:
R
d
→

[0
,∞

)
b
y

L
(x

)
:=

1
[−
r,
r
](
‖x
‖)
K

(‖
x
‖)

an
d
L
h

:
R
d
→

[0
,∞

)
b
y

L
h
(x

)
:=

h
−
d
L

(x
/h

).

T
h
en

w
e

h
av

e
∫ R

d

|f̄
∗K

h
−
f̄
|d
x
≤
∫ R

d

|f̄
∗K

h
−
f̄
∗L

h
|d
x

+

∫ R
d

|f̄
∗L

h
−
f̄
|d
x

≤
‖f̄
‖ 1
‖K

h
−
L
h
‖ 1

+

∫ R
d

∣ ∣ ∣ ∣f̄
∗L

h
−
f̄

∫ R
d

L
h

d
x

∣ ∣ ∣ ∣d
x

+

∫ R
d

∣ ∣ ∣ ∣f̄
∗∫ R

d

(L
h
−
K
h
)

d
x

∣ ∣ ∣ ∣d
x

≤
2‖
f̄
‖ 1
‖K

h
−
L
h
‖ 1

+

∫ R
d

∣ ∣ ∣ ∣f̄
∗L

h
−
f̄

∫ R
d

L
h

d
x

∣ ∣ ∣ ∣d
x
.

M
or

eo
ve

r,
w

e
h
av

e

‖K
h
−
L
h
‖ 1

=

∫ R
d

1 h
d

∣ ∣ ∣ ∣1
[−
r,
r
](
‖x
‖
h

) K

(
‖x
‖
h

)
−
K

(
‖x
‖
h

)∣ ∣ ∣ ∣
d
x

=

∫ R
d

∣ ∣ 1
[−
r,
r
](
‖x
‖)
K

(‖
x
‖)
−
K

(‖
x
‖)
∣ ∣ d
x

=

∫ B
c r

K
(‖
x
‖)

d
x
≤

ε

9
‖f̄
‖ 1
.
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H
a
n
g
,
S
t
e
in
w
a
r
t
,
F
e
n
g
,
S
u
y
k
e
n
s

F
in

al
ly

,
fo

r
h
≤

1,
w

e
h
av

e

∫ R
d

∣ ∣ ∣ ∣f̄
∗L

h
−
f̄

∫ R
d

L
h

d
x

∣ ∣ ∣ ∣d
x

=

∫ R
d

∣ ∣ ∣ ∣∫ R
d

( f̄
(x
−
x
′ )
−
f̄

(x
))
L
h
(x
′ )

d
x
′∣ ∣ ∣ ∣d

x

≤
∫ B

r
+
M

∫ R
d

|f̄
(x
−
x
′ )
−
f̄

(x
)|L

h
(x
′ )

d
x
′ d
x
.

S
in

ce
f̄

is
u
n
if

or
m

ly
co

n
ti

n
u
ou

s,
th

er
e

ex
is

ts
a

co
n
st

an
t
h
ε
>

0
su

ch
th

at
fo

r
a
ll
h
≤
h
ε

a
n
d

‖x
′ ‖
≤
rh

,
w

e
h
av

e

|f̄
(x
−
x
′ )
−
f̄

(x
)|
≤
ε′

:=
ε

9(
r

+
M

)d
λ
d
(B

1
).

C
on

se
q
u
en

tl
y

w
e

ob
ta

in

∫ R
d

|f̄
(x
−
x
′ )
−
f̄

(x
)|L

h
(x
′ )

d
x
′ ≤

ε′
∫ B

r
h

L
h
(x
′ )

d
x
′ ≤

ε′
∫ R

d

K
h

d
x

=
ε′
.

T
h
er

ef
or

e,
w

e
ob

ta
in

∫ R
d

∣ ∣ ∣ ∣f̄
∗L

h
−
f̄

∫ R
d

L
h

d
x

∣ ∣ ∣ ∣d
x
≤
∫ B

r
+
M

ε′
d
x

=
ε 9

(2
8
)

an
d

co
n
se

q
u
en

tl
y

th
e

as
se

rt
io

n
ca

n
b

e
p
ro

ve
d

b
y

co
m

b
in

in
g

es
ti

m
at

es
in

(2
7
)

a
n
d

(2
8
).

(i
i)

.
T

h
e
α

-H
öl

d
er

co
n
ti

n
u
it

y
of
f

te
ll
s

u
s

th
at

fo
r

an
y
x
∈
R
d
,

th
er

e
h
ol

d
s

|f P
,h

(x
)
−
f

(x
)|

=

∣ ∣ ∣ ∣1 h
d

∫ R
d

K

(
‖x
−
x
′ ‖

h

) f
(x
′ )

d
x
′ −

f
(x

)∣ ∣ ∣ ∣

=

∣ ∣ ∣ ∣∫ R
d

K
(‖
x
′ ‖)
f

(x
+
h
x
′ )

d
x
′ −

f
(x

)∣ ∣ ∣ ∣

=

∣ ∣ ∣ ∣∫ R
d

K
(‖
x
′ ‖)
( f

(x
+
h
x
′ )
−
f

(x
))

d
x
′∣ ∣ ∣ ∣

≤
c 1

∫ R
d

K
(‖
x
′ ‖)
( h
‖x
′ ‖)

α
d
x
′

≤
c 2

∫ R
d

K
( ‖
x
′ ‖ `

d 2

) h
α
‖x
′ ‖α `d 2

d
x
′

≤
c 3
h
α

∫
∞

0
K

(r
)r
α

+
d
−

1
d
r

≤
c 3
κ
α
h
α
,

w
h
er

e
c 1
,c

2
,c

3
>

0
ar

e
su

it
ab

le
co

n
st

an
ts

.

(i
ii

).
F

or
fi
x
ed

h
>

0
w

e
d
efi

n
e
r

:=
r 0 2
h

.
A

q
u
ic

k
ca

lc
u
la

ti
on

th
en

y
ie

ld
s
h
r

=
r 0
/
2
<
r 0

.
F

ol
lo

w
in

g
th

e
p
ro

of
of

(i
i)

an
d

u
si

n
g

th
at
f

is
u
n
if

or
m

ly
p

o
in

tw
is

e
α

-H
öl

d
er

co
n
tr

o
ll
a
b
le

,
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K
e
r
n
e
l
D
e
n
sit

y
E
st

im
a
t
io
n
f
o
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

w
e

th
u
s

fi
n
d

fo
r
λ
d-alm

ost
all

x
∈
R
d:

|f
P
,h (x

)−
f

(x
)|

=

∣∣∣∣ ∫

R
d

K
(‖
x
′‖) (f

(x
+
h
x
′)−

f
(x

) )
d
x
′ ∣∣∣∣

≤
∫

B
r

K
(‖
x
′‖) ∣∣f

(x
+
h
x
′)−

f
(x

) ∣∣d
x
′+
∫

B
cr

K
(‖
x
′‖) ∣∣f

(x
+
h
x
′)−

f
(x

) ∣∣d
x
′

≤
c(x

) ∫

B
r

K
(‖
x
′‖

) (h‖x
′‖ )

α
d
x
′+

f
(x

) ∫

B
cr

K
(‖
x
′‖)

d
x
′

+

∫

B
cr

K
(‖x
′‖

)
f

(x
+
h
x
′)

d
x
′

≤
c

2
c(x

)h
α

+
c

1 f
(x

)r −
υ

+

∫

B
cr

K
(‖
x
′‖

)
f

(x
+
h
x
′)

d
x
′

w
h
ere

th
e

fi
rst

term
is

estim
ated

sim
ilarly

to
th

e
fi
rst

p
art

of
th

e
p
ro

of
o
f

(22),
an

d
th

e
seco

n
d

term
is

d
irectly

estim
ated

b
y

(22).
T

h
e

d
efi

n
ition

of
r

th
en

y
ield

s
th

e
resu

lt.

(iv).
L

et
u
s

fi
x

an
h
>

0.
F

ollow
in

g
th

e
p
ro

of
of

(ii)
an

d
u
sin

g
th

at
f

is
p

oin
tw

ise
α

-H
ö
ld

er
co

n
trollab

le,
w

e
th

en
ob

tain
for

x
∈
R
d

w
ith

r(x
)
>
h
R

:

|f
P
,h (x

)−
f

(x
)|

=

∣∣∣∣ ∫

R
d

K
(‖
x
′‖) (f

(x
+
h
x
′)−

f
(x

) )
d
x
′ ∣∣∣∣

≤
∫

B
R

K
(‖
x
′‖) ∣∣f

(x
+
h
x
′)−

f
(x

) ∣∣d
x
′

(29)

≤
c(x

)h
α ∫

B
R

K
(‖x
′‖

)‖
x
′‖
α

d
x
′

≤
c·
c(x

)·h
α
,

(30)

w
h
ere

c
is

a
su

itab
le

con
stan

t
b

ou
n
d
in

g
th

e
in

teg
ral

in
th

e
secon

d
to

last
lin

e.
In

p
articu

lar,
th

is
sh

ow
s

th
e

assertion
for

all
x
∈

Ω
+
h
R

for
w

h
ich

r(x
)

ex
ists

an
d

satisfi
es
r(x

)
>
h
R

.

L
et

u
s

n
ow

con
sid

er
th

e
case

x
∈

Ω
+
h
R

w
ith

r(x
)≤

h
R

.
H

ere,
(29)

an
d

a
rep

etition
of

th
e

estim
a
tes

a
rou

n
d

(30)
giv

e

|f
P
,h (x

)−
f

(x
)|≤

∫

B
R

K
(‖
x
′‖) ∣∣f

(x
+
h
x
′)−

f
(x

) ∣∣d
x
′

=

∫‖
x
′‖
<
r
(x

)
h

K
(‖x
′‖

) ∣∣f
(x

+
h
x
′)−

f
(x

) ∣∣
d
x
′

+

∫
r
(x

)
h
≤
‖
x
′‖≤

R
K

(‖
x
′‖) ∣∣f

(x
+
h
x
′)−

f
(x

) ∣∣d
x
′

≤
c·
c(x

)·
h
α

+

∫
r
(x

)
h
≤
‖
x
′‖≤

R
K

(‖
x
′‖) ∣∣f

(x
+
h
x
′)−

f
(x

) ∣∣d
x
′.

3
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H
a
n
g
,
S
t
e
in
w
a
r
t
,
F
e
n
g
,
S
u
y
k
e
n
s

T
o

b
ou

n
d

th
e

secon
d

in
tegral,

w
e

fi
rst

ob
serve

th
at

∫
r
(x

)
h
≤
‖
x
′‖≤

R
K

(‖
x
′‖) ∣∣f

(x
+
h
x
′)−

f
(x

) ∣∣d
x
′

≤
∫
r
(x

)
h
≤
‖
x
′‖≤

R
K

(‖x
′‖

)
f

(x
+
h
x
′)

d
x
′+
∫
r
(x

)
h
≤
‖
x
′‖≤

R
K

(‖
x
′‖)

f
(x

)
d
x
′

≤
‖K
‖∞

h
−
d

∫

r
(x

)≤
‖
x
′‖≤

h
R
f

(x
+
x
′)

d
x
′+
‖
K
‖∞

f
(x

) ∫
r
(x

)
h
≤
‖
x
′‖≤

R
1

d
x
′.

It
th

u
s

rem
ain

s
to

b
ou

n
d

th
e

secon
d

in
tegral.

T
o

th
is

en
d
,

ob
serve

th
at

for
C

:=
vold (B

‖·‖ )
w

e
h
ave

∫
r
(x

)
h
≤
‖
x
′‖≤

R
1

d
x
′
=
C

(
R
d−

(
r(x

)

h

)
d )
≤
d
C
R
d−

1 (
R
−
r(x

)

h

)
,

w
h
ere

th
e

last
in

eq
u
ality

is
d
u
e

to
L

em
m

a
18.

C
om

b
in

in
g

a
ll

estim
ates

y
ield

s
th

e
assertion

for
all

x
∈

Ω
+
h
R

for
w

h
ich

r(x
)

ex
ists

an
d

satisfi
es
r(x

)≤
h
R

.
L

et
u
s

fi
n
ally

con
sid

er
th

e
case

of
an

x
6∈

Ω
+
h
R

for
w

h
ich

r(x
)

ex
ists.

T
h
en

w
e

ob
v
iou

sly
h
ave

x
6∈

Ω
an

d
sin

ce
r(x

)
ex

ists
w

e
con

clu
d
e

th
at
f

(x
)

=
0.

M
oreover,

th
e

d
efi

n
ition

of
Ω

+
h
R

gives
‖x
−
x
′′‖

>
h
R

for
all

x
′′∈

Ω
.

L
et

u
s

n
ow

fi
x

an
x
′

w
ith
‖
x
′‖
≤
R

.
A

ssu
m

e
w

e
h
ad

x
+
h
x
′∈

Ω
.

F
or
x
′′

:=
x

+
h
x
′

w
e

w
ou

ld
th

en
fi
n
d
h
R
<
‖x
−
x
′′‖

=
‖h
x
′‖
≤
h
R

,
w

h
ich

is
im

p
ossib

le.
C

on
seq

u
en

tly,
w

e
h
ave

x
+
h
x
′6∈

Ω
,

an
d

th
u
s

w
e

ob
tain

f
(x

+
h
x
′)

=
0

for
λ
d-alm

ost
all

x
′

w
ith
‖x
′‖
≤
R

.
C

om
b
in

in
g

o
u
r

con
sid

eration
s

w
ith

(29)
lead

s
to

|f
P
,h (x

)−
f

(x
)|≤

∫‖
x
′‖≤

R
K

(‖
x
′‖) ∣∣f

(x
+
h
x
′)−

f
(x

) ∣∣d
x
′
=

0
,

an
d

h
en

ce
w

e
h
av

e
sh

ow
n

th
e

assertion
.

P
ro

o
f

[of
P

rop
osition

11]
(i).

W
e

d
ecom

p
ose
‖
f
P
,h −

f‖
1

as
follow

s

‖
f
P
,h −

f‖
1

=

∫

B
r |f

P
,h (x

)−
f

(x
)|d

x
+

∫

B
cr |f

P
,h (x

)−
f

(x
)|d

x
(31)

≤
λ
d(B

r )‖f
P
,h −

f‖∞
+

∫

B
cr E

P
k
x
,h

d
x

+

∫

B
cr

f
d
x

≤
λ
d(B

1 )
r
d‖f

P
,h −

f‖∞
+

∫

B
cr E

P
k
x
,h

d
x

+
P

(B
cr )
.

(32)

C
om

b
in

in
g

(32)
an

d
(24),

w
e

ob
tain

th
e

d
esired

assertion
.

(ii).
S
in

ce
f

is
p

oin
tw

ise
α

-H
öld

er
con

trollab
le,

(iii)
of

P
rop

osition
10

tells
u
s

th
at

∫

B
r |f

P
,h (x

)−
f

(x
)|d

x
≤
c
h
α· ∫

B
r

c(x
)

d
x

+
ch
υ

+

∫

B
r ∫

B
cr
0
/
(2
h
)

K
(‖
x
′‖

)
f

(x
+
h
x
′)

d
x
′d
x

=
c
H

(r)
h
α

+
ch
υ

+

∫

B
cr
0
/
(2
h
)

K
(‖
x
′‖) ∫

B
r

f
(x

+
h
x
′)

d
x

d
x
′

≤
c
H

(r)
h
α

+
ch
υ

+

∫

B
cr
0
/
(2
h
)

K
(‖
x
′‖)

d
x
′

≤
c
H

(r)
h
α

+
c̃
h
υ
,
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K
e
r
n
e
l
D
e
n
si
t
y
E
st

im
a
t
io
n
f
o
r
D
y
n
a
m
ic
a
l
S
y
st

e
m
s

w
h
er

e
in

th
e

la
st

st
ep

w
e

u
se

d
(2

2)
.

C
om

b
in

in
g

th
is

es
ti

m
at

e
w

it
h

th
e

d
ec

om
p

os
it

io
n

(3
1)

an
d

th
e

in
eq

u
al

it
y

(2
4)

th
en

y
ie

ld
s

th
e

as
se

rt
io

n
.

(i
ii

).
In

th
is

ca
se

,
(i

v)
of

P
ro

p
os

it
io

n
10

gi
ve

s

∫ R
d

|f P
,h

(x
)
−
f

(x
)|

d
x

=

∫ Ω
+
h
R

|f P
,h

(x
)
−
f

(x
)|

d
x

≤
c
h
α

∫ Ω
+
h
R

c(
x

)
d
x

+
c
·‖
K
‖ ∞

∫ Ω
+
h
R

f
(x

)
∣ ∣ ∣R
−
r(
x

)

h

∣ ∣ ∣ +
d
x

+
‖K
‖ ∞

h
−
d

∫ Ω
+
h
R

∫ r
(x

)≤
‖x
′ ‖
≤
h
R
f

(x
+
x
′ )

d
x
′ d
x
.

M
or

eo
ve

r,
w

e
h
av

e ∫ Ω
+
h
R

f
(x

)
∣ ∣ ∣R
−
r(
x

)

h

∣ ∣ ∣ +
d
x
≤
∫ R

d

f
(x

)
∣ ∣ ∣R
−
r(
x

)

h

∣ ∣ ∣ +
d
x

=

∫ r
(x

)≤
h
R

( R
−
r(
x

)

h

) P
(d
x

)

≤
R
·P

({
x

:
r(
x

)
≤
h
R
})
,

w
h
ic

h
,

to
ge

th
er

w
it

h
ou

r
p
re

v
io

u
s

es
ti

m
at

e
gi

ve
s

th
e

as
se

rt
io

n
.

(i
v)

.
L

et
u
s

co
n
si

d
er

th
e

p
ar

ti
ti

on
X
∗ h

=
( X
∗ h
∩

Ω
+
h
R
) ∪

( X
∗ h
∩

(R
d
\Ω

+
h
R

))
.

F
or
x
∈

X
∗ h
∩(

R
d
\Ω

+
h
R

),
th

e
fi
rs

t
as

se
rt

io
n

of
(i

v)
of

P
ro

p
os

it
io

n
10

th
en

sh
ow

s
|f P

,h
(x

)−
f

(x
)|

=
0,

an
d

h
ec

e
th

e
as

se
rt

io
n

is
tr

u
e

fo
r

th
es

e
x

.
M

or
eo

ve
r,

fo
r
X
∗ h
∩

Ω
+
h
R

,
th

e
se

co
n
d

as
se

rt
io

n
of

(i
v)

of
P

ro
p

os
it

io
n

10
gi

ve
s

|f P
,h

(x
)
−
f

(x
)|
≤
c
c(
x

)h
α

+
c
·‖
K
‖ ∞

f
(x

)
∣ ∣ ∣R
−
r(
x

)

h

∣ ∣ ∣ +

+
‖K
‖ ∞

h
−
d

∫ r
(x

)≤
‖x
′ ‖
≤
h
R
f

(x
+
x
′ )

d
x
′ ,

an
d

si
n
ce

th
e

se
co

n
d

an
d

th
ir

d
te

rm
va

n
is

h
on

X
∗ h

w
e

ob
ta

in
th

e
as

se
rt

io
n
.

T
o

p
ro

ve
P

ro
p

os
it

io
n

13
,

w
e

n
ee

d
th

e
fo

ll
ow

in
g

le
m

m
a
s.

L
e
m

m
a

1
9

L
et

(X
,d

)
a
n

d
(Y
,e

)
be

m
et

ri
c

sp
a
ce

s
a
n

d
T

:
X
→
Y

be
a
n
α

-H
ö
ld

er
co

n
ti

n
-

u
o
u

s
fu

n
ct

io
n

w
it

h
co

n
st

a
n

t
c.

T
h
en

,
fo

r
A
⊂
X

a
n

d
a
ll
ε
>

0
w

e
h
a
ve

N
(T

(A
),
e,
cε
α
)
≤
N

(A
,d
,ε

).

P
ro

o
f

[o
f

L
em

m
a

19
]

L
et
x

1
,.
..
,x

n
b

e
an

ε-
n
et

of
A

,
th

at
is

,
A
⊂
⋃
n i=

1
B
d
(x
i,
ε)

.
F

or
i

=
1
,·
··
,n

,
w

e
se

t
y i

:=
T

(x
i)

.
N

ow
,

it
on

ly
su

ffi
ce

s
to

sh
ow

th
a
t

th
is

g
iv

es
a
cε
α
-n

et
of

T
(A

). In
fa

ct
,

su
p
p

os
in

g
th

at
y
∈
T

(B
d
(x
i,
ε)

),
th

en
th

er
e

ex
is

ts
x
∈
B
d
(x
i,
ε)

su
ch

th
at

T
(x

)
=
y
.

T
h
is

im
p
li
es

e(
T

(x
),
T

(x
i)

)
≤
cd
α
(x
,x

i)
≤
cε
α
.
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H
a
n
g
,
S
t
e
in
w
a
r
t
,
F
e
n
g
,
S
u
y
k
e
n
s

T
h
er

ef
or

e,
w

e
h
av

e
T

(B
d
(x
i,
ε)

)
⊂
B
e
(y
i,
cε
α
).

T
h
at

is
,
y 1
,.
..
,y
n

is
a
cε
α
-n

et
o
f
T

(A
).

T
h
is

co
m

p
le

te
s

th
e

p
ro

of
of

L
em

m
a

19
.

R
e
m

a
rk

2
0

W
e

re
m

a
rk

th
a
t

w
h
en

X
is

a
B

a
n

a
ch

sp
a
ce

w
it

h
th

e
n

o
rm
‖·
‖,

th
en

fo
r

a
n

y
c
>

0
th

er
e

h
o
ld

s

N
(c
A
,‖
·‖
,ε

)
=
N

(A
,‖
·‖
,ε
/c

)
.

L
e
m

m
a

2
1

L
et
‖·
‖′

be
a
n

o
th

er
n

o
rm

o
n
R
d
.

T
h
en

fo
r

a
ll
ε
∈

(0
,1

]
w

e
h
a
ve

N
(B

1
,‖
·‖
′ ,
ε)
.
ε−

d
.

P
ro

o
f

[o
f

L
em

m
a

21
]

It
is

a
st

ra
ig

h
tf

or
w

ar
d

co
n
cl

u
si

on
of

P
ro

p
os

it
io

n
1.

3
.1

in
C

a
rl

a
n
d

S
te

p
h
an

i
(1

99
0)

a
n
d

L
em

m
a

6.
21

in
S
te

in
w

ar
t

an
d

C
h
ri

st
m

an
n

(2
00

8)
.

L
e
m

m
a

2
2

L
et
K

be
a
d

-d
im

en
si

o
n

a
l

sm
oo

th
in

g
ke

rn
el

th
a
t

sa
ti

sfi
es

C
o
n

d
it

io
n

s
(i

)
in

A
ss

u
m

p
ti

o
n

B
.

L
et
h
>

0
be

th
e

ba
n

d
w

id
th

pa
ra

m
et

er
,

a
n

d
k
x
,h

be
d
efi

n
ed

in
(1

2
)

fo
r

a
n

y
x
∈
R
d
.

T
h
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té

s
et

S
ta

ti
st

iq
u

es
,

2
5(

4)
:5

3
3–

58
0,

1
98

9.

L
u
c

D
ev

ro
ye

.
U

n
iv

er
sa

l
sm

o
o
th

in
g

fa
ct

or
se

le
ct

io
n

in
d
en

si
ty

es
ti

m
a
ti

o
n
:

th
eo

ry
a
n
d

p
ra

ct
ic

e.
T

es
t,

6(
2)

:2
23

–3
20

,
19

97
.

L
u
c

D
ev

ro
y
e

an
d

L
á
sz

ló
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ic

h
d
is

tr
ib

u
ti

on
s

m
ay

ch
an

ge
b

et
w

ee
n

tr
ai

n
in

g
an

d
te

st
in

g.
W

e
fo

cu
s

on
tw

o
d
iff

er
en

t
p
ro

b
le

m
s

w
it

h
in

tr
an

sf
er

le
ar

n
in

g:
d
om

ai
n

ge
n
er

a
li
za

ti
on

an
d

m
u
lt

i-
ta

sk
le

ar
n
in

g
.

W
e

b
eg

in
b
y

d
es

cr
ib

in
g

th
es

e
tw

o
p
ro

b
le

m
s,

fo
ll
ow

ed
b
y

a
d
is

cu
ss

io
n

of
ex

is
ti

n
g

as
su

m
p
ti

o
n
s

m
a
d
e

to
ad

d
re

ss
th

e
p
ro

b
le

m
of

k
n
ow

le
d
ge

tr
an

sf
er

,
as

w
el

l
as

th
e

n
ew

as
su

m
p
ti

on
w

e
a
ss

ay
in

th
is

p
ap

er
.

1
.1

D
o
m

a
in

g
e
n

e
ra

li
z
a
ti

o
n

a
n

d
m

u
lt

i-
ta

sk
le

a
rn

in
g

A
ss

u
m

e
th

at
w

e
w

an
t

to
p
re

d
ic

t
a

ta
rg

et
Y
∈

R
fr

om
so

m
e

p
re

d
ic

to
r

va
ri

a
b
le

X
∈

R
p
.

C
on

si
d
er
D

tr
ai

n
in

g
(o

r
so

u
rc

e)
ta

sk
s1

P1
,.
..
,P

D
w

h
er

e
ea

ch
Pk

re
p
re

se
n
ts

a
p
ro

b
a
b
il
-

it
y

d
is

tr
ib

u
ti

on
ge

n
er

at
in

g
d
at

a
(X

k
,Y

k
)
∼

Pk
.

A
t

tr
ai

n
in

g
ti

m
e,

w
e

ob
se

rv
e

a
sa

m
p
le

( X
k i
,Y

k i

) n
k

i=
1

fo
r

ea
ch

so
u
rc

e
ta

sk
k
∈
{1
,.
..
,D
};

at
te

st
ti

m
e,

w
e

w
an

t
to

p
re

d
ic

t
th

e
ta

r-
ge

t
va

lu
es

of
an

u
n
la

b
el

ed
sa

m
p
le

fr
om

th
e

ta
sk

T
of

in
te

re
st

.
W

e
w

is
h

to
le

a
rn

a
m

a
p

f
:
R
p
→

R
w

it
h

sm
al

l
ex

p
ec

te
d

sq
u
ar

ed
lo

ss
E P

T
(f

)
=

E (
X
T
,Y
T

)∼
PT

(Y
T
−
f

(X
T

))
2

o
n

th
e

te
st

ta
sk
T

.

In
d
om

ai
n

ge
n
er

al
iz

at
io

n
(D

G
)

(e
.g

.,
M

u
an

d
et

et
al

.,
20

13
),

w
e

h
av

e
T

=
D

+
1
,

th
a
t

is
,

w
e

ar
e

in
te

re
st

ed
in

u
si

n
g

in
fo

rm
at

io
n

fr
om

th
e

so
u
rc

e
ta

sk
s

in
or

d
er

to
p
re

d
ic

t
Y
D

+
1

fr
om

X
D

+
1

in
a

re
la

te
d

ye
t

u
n
ob

se
rv

ed
te

st
ta

sk
PD

+
1
.

T
o

b
ea

t
si

m
p
le

b
as

el
in

e
te

ch
n
iq

u
es

,
re

gu
la

ri
ty

co
n
d
it

io
n
s

on
th

e
d
iff

er
en

ce
s

of
th

e
ta

sk
s

ar
e

re
q
u
ir

ed
.

In
d
ee

d
,

if
th

e
te

st
ta

sk
d
iff

er
s

si
gn

ifi
ca

n
tl

y
fr

om
th

e
so

u
rc

e
ta

sk
s,

w
e

m
ay

ru
n

in
to

th
e

p
ro

b
le

m
o
f

n
eg

a
ti

ve
tr

a
n
sf

er
(P

an
an

d
Y

an
g,

20
10

)
an

d
D

G
b

ec
om

es
im

p
os

si
b
le

(B
en

-D
av

id
et

al
.,

20
1
0)

.

If
ex

am
p
le

s
fr

o
m

th
e

te
st

ta
sk

ar
e

av
a
il
ab

le
d
u
ri

n
g

tr
ai

n
in

g
(e

.g
.,

P
an

an
d

Y
a
n
g
,

2
0
1
0
;

B
ax

te
r,

20
00

),
w

e
re

fe
r

to
th

e
p
ro

b
le

m
as

as
y
m

m
et

ri
c

m
u
lt

i-
ta

sk
le

ar
n
in

g
(A

M
T

L
).

If
th

e
ob

je
ct

iv
e

is
to

im
p
ro

ve
p

er
fo

rm
an

ce
in

al
l

th
e

tr
ai

n
in

g
ta

sk
s

(e
.g

.,
C

ar
u
an

a,
1
9
9
7
),

w
e

ca
ll

th
e

p
ro

b
le

m
sy

m
m

et
ri

c
m

u
lt

i-
ta

sk
le

ar
n
in

g
(S

M
T

L
),

se
e

T
ab

le
1

fo
r

a
su

m
m

a
ry

o
f

th
es

e
se

tt
in

gs
.

In
m

u
lt

i-
ta

sk
le

ar
n
in

g
(M

T
L

),
w

h
ic

h
in

cl
u
d
es

b
ot

h
A

M
T

L
an

d
S
M

T
L

,
if

in
fi
n
it

el
y

m
an

y
la

b
el

ed
d
at

a
ar

e
av

ai
la

b
le

fr
om

th
e

te
st

ta
sk

,
it

is
im

p
os

si
b
le

to
b

ea
t

a
m

et
h
o
d

th
a
t

le
ar

n
s

on
th

e
te

st
ta

sk
an

d
ig

n
or

es
th

e
tr

ai
n
in

g
ta

sk
s.

1
.2

P
ri

o
r

w
o
rk

A
fi
rs

t
fa

m
il
y

of
m

et
h
o
d
s

as
su

m
es

th
at

c
o
v
a
ri

a
te

sh
if

t
h
ol

d
s

(e
.g

.,
Q

u
io

n
er

o-
C

a
n
d
el

a
et

a
l.
,

20
09

;
S
ch

w
ei

k
er

t
et

al
.,

20
09

).
T

h
is

st
at

es
th

at
fo

r
al

l
k
∈
{1
,.
..
,D
,T
},

th
e

co
n
d
it

io
n
a
l

d
is

tr
ib

u
ti

on
s
Y
k
|X

k
ar

e
in

v
a
ri

a
n
t

b
et

w
ee

n
ta

sk
s.

T
h
er

ef
or

e,
th

e
d
iff

er
en

ce
s

in
th

e
jo

in
t

d
is

tr
ib

u
ti

on
of

X
k

an
d
Y
k

or
ig

in
at

e
fr

om
a

d
iff

er
en

ce
in

th
e

m
ar

gi
n
al

d
is

tr
ib

u
ti

o
n

o
f

X
k
.

U
n
d
er

co
va

ri
at

e
sh

if
t,

fo
r

in
st

an
ce

,
if

a
n

u
n
la

b
el

ed
sa

m
p
le

fr
om

th
e

te
st

ta
sk

is
av

a
il
a
b
le

at
tr

ai
n
in

g
in

th
e

D
G

se
tt

in
g,

th
e

tr
ai

n
in

g
sa

m
p
le

ca
n

b
e

re
-w

ei
gh

te
d

v
ia

im
p

o
rt

a
n
ce

sa
m

-
p
li
n
g

(G
re

tt
on

et
al

.,
20

09
;

S
h
im

o
d
ai

ra
,

20
00

;
S
u
g
iy

am
a

et
al

.,
20

08
)

so
th

a
t

it
b

ec
o
m

es
re

p
re

se
n
ta

ti
ve

of
th

e
te

st
ta

sk
.

1
.

In
th

is
w

o
rk

,
w

e
u

se
th

e
ex

p
re

ss
io

n
“
ta

sk
”

a
n

d
“
d

o
m

a
in

”
in

te
rc

h
a
n

g
ea

b
ly

.
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In
v
a
r
ia
n
t
M
o
d
e
l
s
f
o
r
C
a
u
sa

l
T
r
a
n
sf
e
r
L
e
a
r
n
in
g

m
eth

o
d

train
in

g
d
ata

from
test

d
om

ain

D
om

a
in

G
en

eralizatio
n

(D
G

)
(X

1,Y
1),...,(X

D
,Y

D
)

T
:=

D
+

1
(X

1,Y
1),...,(X

D
,Y

D
),X

D
+
1

A
sy

m
m

.
M

u
lti-T

ask
L

earn
in

g
(A

M
T

L
)

(X
1,Y

1),...,(X
D
,Y

D
)

T
:=

D
(X

1,Y
1),...,(X

D
,Y

D
),X

D

S
y
m

m
.

M
u
lti-T

a
sk

L
earn

in
g

(S
M

T
L

)
(X

1,Y
1),...,(X

D
,Y

D
)

all
(X

1,Y
1),...,(X

D
,Y

D
),X

1,...,X
D

T
a
b
le

1
:

T
ax

o
n
om

y
for

d
om

ain
gen

eralization
(D

G
)

an
d

m
u
lti-task

learn
in

g
(A

M
T

L
an

d
S
M

T
L

).
E

a
ch

p
rob

lem
can

eith
er

b
e

u
sed

w
ith

ou
t

(fi
rst

lin
e)

or
w

ith
(secon

d
lin

e)
ad

d
ition

al
u
n
lab

eled
d
a
ta

.

A
n
o
th

er
lin

e
of

w
ork

fo
cu

ses
on

sh
a
rin

g
p

a
ra

m
e
te

rs
b

etw
een

task
s.

T
h
is

id
ea

orig-
in

a
tes

in
th

e
h
ierarch

ical
B

ayesian
literatu

re
(B

on
illa

et
al.,

2007;
G

ao
et

al.,
20

08).
F

or
in

sta
n
ce,

L
aw

ren
ce

an
d

P
latt

(2004)
in

tro
d
u
ce

a
m

o
d
el

for
M

T
L

in
w

h
ich

th
e

m
ap

p
in

g
f
k

in
ea

ch
ta

sk
k
∈
{
1,...,D

,T}
is

d
raw

n
in

d
ep

en
d
en

tly
from

a
com

m
on

G
au

ssian
P

ro
cess

(G
P

),
a
n
d

th
e

likelih
o
o
d

of
th

e
laten

t
fu

n
ction

s
d
ep

en
d
s

on
a

sh
ared

p
aram

eter
θ.

A
sim

ilar
a
p
p
roa

ch
is

in
tro

d
u
ced

b
y

E
v
gen

iou
an

d
P

on
til

(2004):
th

ey
con

sid
er

an
S
V

M
w

ith
w

eigh
t

vecto
r
w
k

=
w

0
+
v
k,

w
h
ere

w
0

is
sh

ared
across

task
s

an
d
v
k

is
task

sp
ecifi

c.
T

h
is

allow
s

for
ta

sk
s

to
b

e
sim

ilar
(in

w
h
ich

case
v
k

d
o
es

n
ot

h
ave

a
sign

ifi
can

t
co

n
trib

u
tion

to
p
red

iction
s)

o
r

q
u
ite

d
iff

eren
t.

D
au

m
é

III
et

al.
(2010)

u
se

a
related

ap
p
roach

for
M

T
L

w
h
en

th
ere

is
o
n
e

so
u
rce

a
n
d

on
e

target
task

.
T

h
eir

m
eth

o
d

relies
on

th
e

id
ea

of
au

gm
en

ted
featu

re
sp

ace,
w

h
ich

th
ey

o
b
tain

u
sin

g
tw

o
featu

res
m

ap
s

Φ
s(X

s)
=

(X
s,X

s,0)
fo

r
th

e
sou

rce
ex

am
p
les

a
n
d

Φ
t(X

t)
=

(X
t,0,X

t)
for

th
e

target
ex

am
p
les.

T
h
ey

th
en

train
a

classifi
er

u
sin

g
th

ese
a
u
g
m

en
ted

fea
tu

res.
M

oreover,
th

ey
p
rop

ose
a

w
ay

of
u
sin

g
availab

le
u
n
lab

eled
d
a
ta

from
th

e
ta

rg
et

ta
sk

at
train

in
g.

A
n

a
ltern

ativ
e

fam
ily

of
m

eth
o
d
s

is
b
ased

on
learn

in
g

a
set

o
f

c
o
m

m
o
n

fe
a
tu

re
s

fo
r

a
ll

ta
sk

s
(A

rgy
riou

et
al.,

2007a;
R

om
era-P

ared
es

et
al.,

2012;
A

rgy
riou

et
al.,

2007b
;

R
a
in

a
et

a
l.,

2
0
07).

F
or

in
stan

ce,
A

rgy
riou

et
al.

(2007a,b
)

p
rop

ose
to

learn
a

set
of

low
d
im

en
sio

n
a
l

fea
tu

res
sh

ared
b

etw
een

task
s

u
sin

g
L

1
reg

u
larization

,
an

d
th

en
learn

all
task

s
in

d
ep

en
d
en

tly
u
sin

g
th

ese
featu

res.
In

R
ain

a
et

al.
(2007),

th
e

au
th

ors
con

stru
ct

a
sim

ilar
set

o
f

featu
res

u
sin

g
L

1
regu

larization
b
u
t

m
ake

u
se

of
on

ly
u
n
lab

eled
ex

am
p
les.

C
h
en

et
a
l.

(2
0
1
2
)

p
rop

oses
to

b
u
ild

sh
ared

featu
re

m
ap

p
in

g
s

w
h
ich

are
rob

u
st

to
n
oise

b
y

u
sin

g
a
u
to

en
co

d
ers.

F
in

a
lly,

th
e

assu
m

p
tion

in
tro

d
u
ced

in
th

is
p
ap

er
is

b
ased

on
a

c
a
u

sa
l

v
iew

on
d
om

ain
a
d
a
p
tation

a
n
d

tran
sfer.

S
ch

ö
lko

p
f

et
al.

(2012)
relate

m
u
lti-task

learn
in

g
w

ith
th

e
in

d
ep

en
d
en

ce
b

etw
een

cau
se

a
n
d

m
ech

a
n
ism

.
T

h
is

n
otion

is
closely

related
to

ex
ogen

eity
(Z

h
an

g
et

al.,
2015b

),
w

h
ich

ro
u
g
h
ly

sta
tes

th
at

a
cau

sal
m

ech
an

ism
m

ap
p
in

g
a

cau
se
X

to
Y

sh
ou

ld
n
ot

d
ep

en
d

on
th

e
d
istrib

u
tio

n
of
X

.
A

d
d
ition

ally,
Z

h
an

g
et

al.
(2013)

con
sid

er
th

e
p
rob

lem
of

target
an

d
co

n
d
itio

n
a
l

sh
ift

w
h
en

th
e

target
variab

le
is

cau
sal

for
th

e
featu

res.
T

h
ey

assu
m

e
th

at
th

ere
ex

ists
a

lin
ea

r
m

ap
p
in

g
b

etw
een

th
e

covariates
in

d
iff

eren
t

task
s,

an
d

th
e

p
aram

eters
o
f

th
is
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R
o
ja

s-C
a
r
u
l
l
a
a
n
d

S
c
h
ö
l
k
o
p
f
a
n
d

T
u
r
n
e
r
a
n
d

P
e
t
e
r
s

m
ap

p
in

g
on

ly
d
ep

en
d

on
th

e
d
istrib

u
tion

of
th

e
target

variab
le.

M
oreover,

Z
h
an

g
et

al.
(2015a)

argu
e

th
a
t

th
e

availab
ility

of
m

u
ltip

le
d
om

ain
s

is
su

ffi
cien

t
to

d
rop

th
is

p
rev

iou
s

assu
m

p
tion

w
h
en

th
e

d
istrib

u
tion

of
Y
k

an
d

th
e

co
n
d
ition

al
X
k|Y

k
ch

an
ge

in
d
ep

en
d
en

tly.
T

h
e

con
d
ition

al
in

th
e

test
task

can
th

en
b

e
w

ritten
as

a
lin

ear
m

ix
tu

re
of

th
e

con
d
ition

als
in

th
e

sou
rce

d
om

ain
s.

T
h
e

con
cep

t
of

in
varian

t
con

d
ition

als
an

d
ex

ogen
eity

can
also

b
e

u
sed

for
cau

sal
d
iscovery

(P
eters

et
al.,

2016;
Z

h
an

g
et

al.,
2015

b
;

P
eters

et
al.,

2017).

1
.3

C
o
n
trib

u
tio

n

T
ak

in
g

in
to

accou
n
t

cau
sal

k
n
ow

led
ge,

o
u

r
a
p

p
ro

a
ch

to
D

G
an

d
M

T
L

assu
m

es
th

at
covari-

ate
sh

ift
h
old

s
on

ly
for

a
su

b
set

of
th

e
featu

res.
F

rom
th

e
p

oin
t

of
v
iew

of
cau

sal
m

o
d
elin

g
(P

earl,
2009),

assu
m

in
g

in
varian

ce
of

con
d
ition

a
ls

m
akes

sen
se

if
th

e
co

n
d
ition

als
rep

resen
t

cau
sal

m
ech

an
ism

s
(e.g.,

H
o
over,

1990),
see

S
ection

2.3
fo

r
d
etails.

In
tu

itively,
w

e
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rem
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J
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g
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P
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,
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p
u
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d
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∈
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p
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b
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e
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p
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d
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p
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p
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con
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p
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p
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p
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p
le

in
w

h
ich

w
e
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d
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d
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p
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.

S
ection

2.2
p
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a
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th
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W
e

d
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ection

2.3.
O
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set
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p
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S
ection

3
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d
ata.
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p
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n
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d
e
l
s
f
o
r
C
a
u
sa

l
T
r
a
n
sf
e
r
L
e
a
r
n
in
g

2
.
E
x
p
lo
it
in
g
in
v
a
ri
a
n
t
co

n
d
it
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a
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∈
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b
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⊆
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d
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h
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d
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d
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∈
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∈
{1
,.
..
,D
},

[Y
k
|X

k S
∗

=
x

]
d =
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∈
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p
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p
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p
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b
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.
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h
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d
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t,

se
e

F
ig

u
re

1.
W

e
re

ga
rd

th
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p
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p
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d
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b
e

m
ad

e
fo

r
m

et
h
o
d
s

su
ch

as
re

-w
ei

gh
ti

n
g

to
b

e
ex

p
ec

te
d

to
w

or
k

(e
.g

.,
G

re
tt

on
et

al
.,

20
09

).
T

h
e

ai
m

of
ou

r
w

or
k

is
n
o
t

to
so

lv
e

th
e

fu
ll

co
va

ri
at

e
sh

if
t

p
ro

b
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b
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at
e

on
li
n
ea

r
re

la
ti

on
s

(A
2)

,
w

h
ic

h
ci

rc
u
m

ve
n
ts

th
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p
in

g
su

p
p

or
ts

,
fo

r
ex

am
p
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w
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b
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w
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re
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b
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b
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d
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b
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e

M
T

L
ca

se
(S

ec
ti

on
2.

2)
.

H
er

e
an

d
b
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u
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T
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X
T
,Y
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h
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p
t
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b
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b
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p
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b
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∈
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e
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is
w
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ra
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.
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C
a
r
u
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l
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⊆
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p
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p
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re
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ra
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p
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w
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∈R

p
E P

T
(β

),
(3

)

w
h
ic

h
is

n
ot

av
ai

la
b
le

d
u
ri

n
g

tr
ai

n
in

g
ti

m
e.

G
iv

en
an

in
va

ri
an

t
se

t
S
∗

sa
ti

sf
y
in

g
(A

1
),

(A
1’

)
an

d
(A

2)
,

w
e

p
ro

p
os

e
to

u
se

th
e

co
rr

es
p

o
n
d
in

g
co

n
d
it

io
n
al

ex
p

ec
ta

ti
on

as
an

es
ti

m
a
to

r.
In

ot
h
er

w
or

d
s,

le
t
β
S
∗

=
ar

g
m

in
β
∈R
|S
∗ |

(Y
1
−
β
t X

1 S
∗
)2

b
e

th
e

ve
ct

or
ob

ta
in

ed
b
y

m
in

im
iz

in
g

th
e

sq
u
ar

ed
lo

ss
in

th
e

tr
ai

n
in

g
ta

sk
s

u
si

n
g

on
ly

p
re

d
ic

to
rs

in
S
∗ .

W
e

p
ro

p
os

e
a
s

a
p
re

d
ic

to
r

th
e

ve
ct

or
β
C
S

(S
∗ )
∈
R
p

ob
ta

in
ed

b
y

ad
d
in

g
ze

ro
s

to
β
S
∗

in
th

e
d
im

en
si

on
s

co
rr

es
p

o
n
d
in

g
to

co
va

ri
at

es
ou

ts
id

e
of
S
∗ .

M
or

e
fo

rm
al

ly
,

w
e

p
ro

p
os

e
to

u
se

as
a

p
re

d
ic

to
r

R
p
→

R
x
7→

E[
Y

1
|X

1 S
∗

=
x
S
∗
]

an
d

w
ri

te
E[
Y

1
|X

1 S
∗

=
x
S
∗
]

=
( β

C
S

(S
∗ )
) t

x
.

(4
)

B
ec

au
se

of
(A

1)
,

th
e

co
n
d
it

io
n
al

ex
p

ec
ta

ti
on

in
(4

)
is

th
e

sa
m

e
in

al
l

tr
ai

n
in

g
ta

sk
s.

In
th

e
li
m

it
of

in
fi
n
it

el
y

m
an

y
d
at

a,
gi

ve
n

a
su

b
se

t
S

,
β
C
S

(S
)

is
ob

ta
in

ed
b
y

p
o
ol

in
g

th
e

tr
a
in

in
g

ta
sk

s
an

d
re

gr
es

si
n
g

u
si

n
g

on
ly

fe
at

u
re

s
in
S

.
In

p
ar

ti
cu

la
r,
β
C
S

:=
β
C
S

({
1
,.
..
,p
})

is
th

e
es

ti
m

at
or

ob
ta

in
ed

w
h
en

as
su

m
in

g
tr

ad
it

io
n
al

co
va

ri
at

e
sh

if
t.

O
p

ti
m

a
li
ty

in
a
n

a
d

v
e
rs

a
ri

a
l

se
tt

in
g
.

In
an

ad
ve

rs
ar

ia
l

se
tt

in
g
,

p
re

d
ic

to
r

(4
)

sa
ti

s-
fi
es

th
e

fo
ll
ow

in
g

op
ti

m
al

it
y

co
n
d
it

io
n
;

as
fo

r
th

e
ot

h
er

re
su

lt
s,

th
e

p
ro

of
is

p
ro

v
id

ed
in

A
p
p

en
d
ix

A
.

W
e

st
at

e
an

d
p
ro

ve
a

m
or

e
ge

n
er

al
,

n
on

li
n
ea

r
v
er

si
on

of
T

h
eo

re
m

1
in

A
p
-

p
en

d
ix

A
.1

.
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In
v
a
r
ia
n
t
M
o
d
e
l
s
f
o
r
C
a
u
sa

l
T
r
a
n
sf
e
r
L
e
a
r
n
in
g

T
h

e
o
re

m
1

(A
d

v
e
rsa

ria
l)

C
o
n

sid
er

(X
1,Y

1)∼
P

1,...,
(X

D
,Y

D
)∼

P
D

a
n

d
a
n

in
va

ri-
a
n

t
set

S
∗

sa
tisfyin

g
(A

1
)

a
n

d
(A

2
).

T
h
e

p
ro

po
sed

estim
a
to

r
sa

tisfi
es

a
n

o
p
tim

a
lity

sta
te-

m
en

t
o
ver

th
e

set
o
f

d
istribu

tio
n

s
su

ch
th

a
t

(A
1
’)

h
o
ld

s:
w

e
h
a
ve

β
C
S

(S
∗
)∈

arg
m

in
β∈

R
p

su
p

P
T∈P E

P
T

(β
),

w
h
ere

β
C
S

(S
∗
)

is
d
efi

n
ed

in
(4)

a
n

d
P

co
n

ta
in

s
a
ll

d
istribu

tio
n

s
o
ver

(X
T
,Y

T
),
T

=
D

+
1
,

th
a
t

a
re

a
bso

lu
tely

co
n

tin
u

o
u

s
w

ith
respect

to
th

e
sa

m
e

p
rod

u
ct

m
ea

su
re
µ

a
n

d
sa

tisfy

Y
T|X

TS
∗
d=
Y

1|X
1S
∗ .

U
n
like

th
e

o
p
tim

al
p
red

ictor
β
o
p
t,

th
e

p
rop

osed
estim

ator
(4)

can
b

e
learn

ed
from

th
e

d
a
ta

ava
ila

b
le

in
th

e
train

in
g

task
s.

G
iven

a
sam

p
le

(X
k1 ,Y

k1
),...,(X

kn
k ,Y

knk )
from

task
s

k
∈
{1,...,D

}
,

w
e

can
estim

ate
th

e
con

d
ition

al
m

ean
in

(4)
b
y

regressin
g
Y
k

on
X
kS
∗ .

D
u
e

to
(A

1),
w

e
m

ay
also

p
o
ol

th
e

d
ata

over
th

e
d
iff

eren
t

ta
sk

s
an

d
u
se

(X
11 ,Y

11
),...,(X

1n
1 ,Y

1n1 ),(X
21 ,Y

21
),...,(X

Dn
D
,Y

DnD
)

a
s

a
tra

in
in

g
sa

m
p
le

for
th

is
regression

.
O

n
e

m
ay

a
lso

com
p
are

th
e

p
rop

osed
estim

ator
w

ith
p

o
olin

g
th

e
train

in
g

task
s,

a
stan

-
d
a
rd

b
a
selin

e
in

tran
sfer

learn
in

g
w

h
ich

corresp
on

d
s

to
assu

m
in

g
th

at
u
su

al
covariate

sh
ift

h
o
ld

s.
F

o
cu

sin
g

on
a

sp
ecifi

c
ex

am
p
le,

P
rop

osition
2

in
th

e
follow

in
g

p
ara

g
rap

h
sh

ow
s

th
at

w
h
en

th
e

test
task

s
b

ecom
e

d
iverse,

p
red

ictin
g

u
sin

g
(4

)
ou

tp
erform

s
p

o
olin

g
on

average
over

all
ta

sk
s.

C
o
m

p
a
riso

n
a
g
a
in

st
p

o
o
lin

g
th

e
d

a
ta

.
W

e
p
rov

ed
th

at
th

e
p
rop

osed
estim

ator
(4)

d
o
es

w
ell

o
n

a
n

ad
versarial

settin
g,

in
th

e
sen

se
th

at
it

m
in

im
izes

th
e

largest
error

o
n

a
ta

sk
in
P

.
T

h
e

follow
in

g
resu

lt
p
rov

id
es

an
ex

am
p
le

in
w

h
ich

w
e

can
an

aly
tically

com
p
a
re

th
e

p
rop

o
sed

estim
ator

w
ith

th
e

estim
ator

ob
tain

ed
from

p
o
olin

g
th

e
tra

in
in

g
d
ata,

w
h
ich

is
a

b
en

ch
m

a
rk

in
tran

sfer
learn

in
g.

W
e

p
rove

th
at

in
th

is
settin

g,
th

e
p
rop

osed
estim

ator
o
u
tp

erfo
rm

s
p

o
olin

g
th

e
d
ata

on
average

over
test

task
s

w
h
en

th
e

task
s

b
ecom

e
m

ore
d
iverse.

L
et

X
kS
∗

b
e

a
v
ector

of
in

d
ep

en
d
en

t
G

au
ssian

variab
les

in
task

k
.

L
et

th
e

target
Y
k

sa
tisfy

Y
k

=
α
tX

kS
∗

+
ε
k
,

(5)

w
h
ere

fo
r

ea
ch

k
∈
{1
,...,D

},
ε
k

is
G

au
ssian

an
d

in
d
ep

en
d
en

t
of

X
kS
∗ .

W
e

h
ave

X
k

=
(X

kS
∗ ,Z

k),
w

h
ere

Z
k

=
γ
kY

k
+
η
k
,

fo
r

so
m

e
γ
k∈

R
an

d
w

h
ere

η
k

is
G

au
ssian

an
d

in
d
ep

en
d
en

t
of
Y
k. 3

M
oreover,

a
ssu

m
e

th
at

th
e

tra
in

in
g

ta
sk

s
are

b
alan

ced
.

W
e

co
m

p
are

p
ro

p
erties

of
estim

a
tor

β
C
S

(S
∗
)

d
efi

n
ed

in
E

q
u
a
tio

n
(4)

a
gain

st
th

e
least

sq
u
ares

estim
ator

ob
tain

ed
from

p
o
olin

g
th

e
train

in
g

d
ata.

In
th

is
settin

g
,
th

e
task

s
d
iff

er
in

co
effi

cien
ts
γ
k,

w
h
ich

are
ran

d
om

ly
sam

p
led

.
W

e
p
rove

th
at

th
e

sq
u
a
red

lo
ss

averaged
over

u
n
seen

test
task

s
is

alw
ay

s
larger

for
th

e
p

o
oled

ap
p
roach

,
w

h
en

co
effi

cien
ts
γ
k

are
cen

tered
arou

n
d

zero.
In

th
e

ca
se

w
h
ere

th
ey

are
cen

tered
arou

n
d

a
n
o
n
-zero

m
ea

n
,

w
e

p
rove

th
at

w
h
en

th
e

varian
ce

b
etw

een
task

s
(in

th
is

case,
for

co
effi

cien
ts

γ
k)

b
eco

m
es

la
rge

en
ou

gh
,

th
e

in
varian

t
ap

p
roach

a
lso

ou
tp

erform
s

p
o
olin

g
th

e
d
ata.

3
.

U
sin

g
th

e
n

o
ta

tio
n

in
tro

d
u

ced
la

ter
in

S
ectio

n
2
.3

,
th

is
co

rresp
o
n

d
s

to
a

G
a
u

ssia
n

S
E

M
w

ith
D

A
G

sh
ow

n
in

F
ig

.
3
.
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R
o
ja

s-C
a
r
u
l
l
a
a
n
d

S
c
h
ö
l
k
o
p
f
a
n
d

T
u
r
n
e
r
a
n
d

P
e
t
e
r
s

1
2

3
4

5
6

7

Σ
2

0 2 4 6 8

10 12 14

Expected error on test task

Pooled
S

ubsets

F
igu

re
2:

T
h
e

fi
gu

re
sh

ow
s

ex
p

ected
errors

for
th

e
p

o
oled

ap
p
roach

an
d

th
e

p
rop

osed
m

eth
o
d
,

see
E

q
u
ation

(6).
µ

=
0.

W
e

con
sid

er
tw

o
train

in
g

task
s

ov
er

10,000
sim

u
lation

s.
In

each
,

w
e

ran
d
om

ly
sam

p
le

th
e

varian
ce

of
each

covariate
in

X
,

th
e

varia
n
ce

of
η
,

an
d
γ

.
σ

2
is

th
e

sam
e

in
all

task
s.

A
s

p
red

icted
b
y

P
rop

ositio
n

P
rop

osition
2

ob
serv

e
th

at
th

e
error

from
th

e
p

o
oled

ap
p
roach

(red
)

is
sy

stem
atically

h
igh

er
th

an
th

e
error

from
th

e
p
red

iction
u
sin

g
on

ly
th

e
in

varian
t

su
b
set

(b
lu

e),
an

d
b

oth
th

e
error

an
d

its
varian

ce
b

ecom
e

large
as

th
e

varian
ce

Σ
2

of
co

effi
cien

ts
γ
k

in
creases.

P
ro

p
o
sitio

n
2

(A
v
e
ra

g
e

p
e
rfo

rm
a
n

c
e
)

C
o
n

sid
er

th
e

m
od

el
d
escribed

p
revio

u
sly.

M
o
re-

o
ver,

a
ssu

m
e

th
a
t

th
e

ta
sks

d
iff

er
a
s

fo
llo

w
s:

th
e

coeffi
cien

ts
γ

1,...,γ
D
,γ

T
=
γ
D

+
1

a
re

i.i.d
.

w
ith

m
ea

n
zero

a
n

d
va

ria
n

ce
Σ

2
>

0
.

T
h
e

ta
sks

d
o

n
o
t

d
iff

er
elsew

h
ere.

In
pa

rticu
la

r,
th

e
d
istribu

tio
n

o
f
X
kS
∗

is
th

e
sa

m
e

fo
r

a
ll

ta
sks.

T
h
en

th
e

lea
st

squ
a
res

p
red

icto
r

o
bta

in
ed

fro
m

poo
lin

g
th

e
D

tra
in

in
g

ta
sks

β
C
S

=
(β
C
S

S
∗
,β

C
S

Z
)

sa
tisfi

es:

E
γ
T (E

P
T (β

C
S ))≥

E
γ
T (E

P
T (

β
C
S

(S
∗
) ))

=
σ

2.
(6)

In
pa

rticu
la

r,
th

is
im

p
lies

th
e

fo
llo

w
in

g:

E
γ
1
,...,γ

D
,γ
T (E

P
T (β

C
S ))≥

E
γ
1
,...,γ

D
,γ
T (E

P
T (

β
C
S

(S
∗
) ))

=
σ

2.
(7)

M
o
reo

ver,
if

th
e

coeffi
cien

ts
γ

1,...,γ
D
,γ

T
a
re

i.i.d
.

w
ith

n
o
n

-zero
m

ea
n
µ

,
(6)

h
o
ld

s
fo

r
fi

xed
γ

1,...,γ
D

if
Σ

2≥
P

(µ
),

w
h
ere

P
is

a
po

lyn
o
m

ia
l

in
µ

,
see

A
p
pen

d
ix

A
.2

fo
r

d
eta

ils.

T
h
e

p
ro

of
of

P
rop

osition
2

can
b

e
fou

n
d

in
A

p
p

en
d
ix

A
.2.

F
igu

re
2

v
isu

alizes
P

rop
o
sition

2
for

tw
o

train
in

g
task

s,
it

sh
ow

s
th

e
ex

p
ected

errors
for

th
e

p
o
oled

an
d

in
varian

t
ap

p
roach

es,
see

(6),
as

th
e

varian
ce

Σ
2

in
creases.

R
ecall

th
at

Σ
2

corresp
on

d
s

to
th

e
varian

ce
of

co
effi

-
cien

ts
γ
k,

an
d

th
u
s

in
d
icates

h
ow

d
iff

eren
t

th
e

task
s

are.
T

h
e

ex
p

ected
errors

are
co

m
p
u
ted

u
sin

g
th

e
an

aly
tic

ex
p
ression

fou
n
d

in
th

e
p
ro

of
o
f

P
rop

ositio
n

2.
A

s
p
red

icted
b
y

P
rop

o-
sition

2,
th

e
ex

p
ected

error
of

th
e

p
o
oled

ap
p
roa

ch
alw

ay
s

ex
ceed

s
th

e
on

e
of

th
e

p
rop

osed
m

eth
o
d

(th
e

co
effi

cien
ts
γ
k

are
cen

tered
arou

n
d

zero),
see

E
q
u
ation

(6
).

A
s

Σ
2

ten
d
s

to
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In
v
a
r
ia
n
t
M
o
d
e
l
s
f
o
r
C
a
u
sa

l
T
r
a
n
sf
e
r
L
e
a
r
n
in
g

ze
ro

,
γ
k

is
cl

os
e

to
ze

ro
in

al
l

ta
sk

s,
w

h
ic

h
ex

p
la

in
s

th
e

eq
u
al

it
y

of
b

ot
h

th
e

p
o
ol

ed
an

d
in

va
ri

an
t

er
ro

rs
fo

r
th

e
li
m

it
ca

se
Σ

ap
p
ro

ac
h
in

g
0.

F
or

co
effi

ci
en

ts
γ
k

ce
n
te

re
d

ar
ou

n
d

a
n
on

ze
ro

va
lu

e,
E

q
u
at

io
n

(6
)

d
o
es

n
ot

n
ec

es
sa

ri
ly

h
ol

d
fo

r
sm

al
l

Σ
2
.

P
ro

p
os

it
io

n
2

p
re

se
n
ts

a
se

tt
in

g
in

w
h
ic

h
th

e
in

va
ri

an
t

ap
p
ro

ac
h

ou
tp

er
fo

rm
s

p
o
ol

in
g

th
e

d
at

a
w

h
en

th
e

te
st

er
ro

rs
ar

e
av

er
ag

ed
ov

er
γ

,
i.
e.

,
E γ

T

( E
PT
( β

C
S
))
≥

E γ
T

( E
PT
( β

C
S
))

.

It
is

al
so

cl
ea

r
to

se
e

th
at

th
e

eq
u
al

it
y

of
th

e
d
is

tr
ib

u
ti

on
of
εk

in
E

q
u
at

io
n

(5
)

fo
r

al
l

k
∈
{1
,.
..
,D
}

le
ad

s
to

V
ar
γ

( E
PT
( β

C
S

(S
∗ )
))

=
0,

th
u
s

ou
r

in
va

ri
an

t
es

ti
m

at
or

m
in

im
iz

es
th

e
va

ri
an

ce
of

th
e

te
st

er
ro

rs
ac

ro
ss

al
l

re
la

te
d

ta
sk

s.

2
.2

M
u

lt
i-

ta
sk

le
a
rn

in
g

(M
T

L
):

c
o
m

b
in

in
g

in
v
a
ri

a
n

c
e

a
n

d
ta

sk
-s

p
e
c
ifi

c
in

fo
rm

a
ti

o
n

In
M

T
L

,
a

la
b

el
ed

sa
m

p
le
( X

T i
,Y

T i

) n
T

i=
1

is
av

ai
la

b
le

fr
om

th
e

te
st

ta
sk

an
d

th
e

go
a
l

is
to

tr
an

sf
er

k
n
ow

le
d
ge

fr
om

th
e

tr
ai

n
in

g
ta

sk
s.

A
s

b
ef

o
re

,
w

e
ar

e
gi

ve
n

an
in

va
ri

an
t

se
t
S
∗

sa
ti

sf
y
in

g
(A

1)
an

d
(A

2)
.

C
an

w
e

co
m

b
in

e
th

e
in

va
ri

an
ce

as
su

m
p
ti

on
w

it
h

th
e

n
ew

la
b

el
ed

sa
m

p
le

an
d

p
er

fo
rm

b
et

te
r

th
an

a
m

et
h
o
d

th
at

tr
ai

n
s

on
ly

on
th

e
d
at

a
in

th
e

te
st

ta
sk

?
A

cc
or

d
in

g
to

(A
1)

an
d

(A
2)

,
th

e
ta

rg
et

sa
ti

sfi
es
Y
k

=
α
t X

k S
∗

+
εk

,
w

h
er

e
th

e
n
oi

se
εk

h
as

ze
ro

m
ea

n
an

d
fi
n
it

e
va

ri
an

ce
,

is
in

d
ep

en
d
en

t
of

X
k S
∗

an
d

h
as

th
e

sa
m

e
d
is

tr
ib

u
ti

on
in

th
e

d
iff

er
en

t
ta

sk
s
k
∈
{1
,.
..
,D
,T
}.

O
u
r

ob
je

ct
iv

e
is

to
u
se

th
e

k
n
ow

le
d
ge

ga
in

ed
fr

om
th

e
tr

ai
n
in

g
ta

sk
s

to
ge

t
a

b
et

te
r

es
ti

m
at

e
of
β
o
p
t

d
efi

n
ed

in
E

q
u
at

io
n

(3
).

W
e

d
es

cr
ib

e
b

el
ow

a
w

ay
to

ta
ck

le
th

is
u
si

n
g

m
is

si
n
g

d
at

a
m

et
h
o
d
s.

M
is

si
n

g
d

a
ta

a
p

p
ro

a
ch

In
th

is
se

ct
io

n
,

w
e

sp
ec

if
y

h
ow

w
e

p
ro

p
os

e
to

ta
ck

le
M

T
L

b
y

fr
am

in
g

it
as

a
m

is
si

n
g

d
at

a
p
ro

b
le

m
.

W
h
il
e

th
e

id
ea

is
p
re

se
n
te

d
in

th
e

co
n
te

x
t

of
A

M
T

L
,

it
ca

n
b

e
u
se

d
fo

r
S
M

T
L

in
th

e
sa

m
e

w
ay

.
In

or
d
er

to
m

ot
iv

at
e

th
e

m
et

h
o
d
,

as
su

m
e

th
at

fo
r

ea
ch

k
∈
{1
,.
..
,D
,T
},

th
er

e
ex

is
ts

an
ot

h
er

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
Q
k

w
it

h
d
en

si
ty

qk
h
av

in
g

th
e

fo
ll
ow

in
g

p
ro

p
er

ti
es

:
(i

)
w

h
en

re
st

ri
ct

ed
to

(X
k S
∗
,Y

k
),

Q
k

co
in

ci
d
es

w
it

h
Pk

,
(i

i)
th

e
co

n
d
it

io
n
al
qT

(y
|x

S
∗
,x

N
)

co
in

ci
d
es

w
it

h
p
T

(y
|x

S
∗
,x

N
)

on
th

e
te

st
ta

sk
an

d
(i

ii
)

q(
y
|x

S
∗
,x

N
)

:=
qk

(y
|x

S
∗
,x

N
)

is
th

e
sa

m
e

in
al

l
ta

sk
s

(w
h
ic

h
is

n
ot

sa
ti

sfi
ed

b
y
Pk

,
of

co
u
rs

e)
.

T
h
e

go
al

of
le

ar
n
in

g
th

e
re

gr
es

si
on

m
o
d
el

fr
om

Y
on

X
S
∗

an
d

X
N

in
PT

co
in

ci
d
es

w
it

h
th

e
ta

sk
of

le
ar

n
in

g
th

e
sa

m
e

re
gr

es
si

on
m

o
d
el

in
Q
T

.
P

ro
p

er
ty

(i
ii
)

im
p
li
es

th
at

w
e

ca
n

p
o
ol

th
e

d
at

a
fr

om
al

l
ta

sk
s
Q
k
.

T
h
is

is
n
ot

p
os

si
b
le

,
of

co
u
rs

e,
fo

r
th

e
gi

ve
n

d
at

a,
w

h
ic

h
w

e
h
av

e
re

ce
iv

ed
fr

om
th

e
d
is

tr
ib

u
ti

on
s
Pk

.
B

u
t

n
ow

as
su

m
e

th
a
t

in
al

l
tr

ai
n
in

g
ta

sk
s,

w
e

on
ly

h
av

e
ac

ce
ss

to
th

e
m

ar
gi

n
al

(X
k S
∗
,Y

k
)

fr
om

Q
k
.

A
n
y

m
et

h
o
d

th
at

ad
d
re

ss
es

th
e

re
gr

es
si

on
u
n
d
er

th
es

e
co

n
st

ra
in

ts
b

e
u
se

d
w

it
h

th
e

d
at

a
av

ai
la

b
le

b
ec

au
se

of
(i

).
W

e
fi
rs

t
p
ro

v
e

th
e

ex
is

te
n
ce

of
su

ch
d
is

tr
ib

u
ti

on
s
Q
k
:

P
ro

p
o
si

ti
o
n

3
(C

o
rr

e
c
tn

e
ss

o
f

tr
a
n

sf
e
r)

L
et
S
∗

be
a
n

in
va

ri
a
n

t
se

t
ve

ri
fy

in
g

(A
1
)

a
n

d
(A

2
).

F
o
r
k
∈
{1
,.
..
,D
,T
},

d
en

o
te

by
(x
,y

)
7→
p
k
(x
,y

)
th

e
d
en

si
ty

o
f
Pk

.
T

h
en

th
er

e
ex

is
ts

a
fu

n
ct

io
n
q

:
R
p
→

R
+

su
ch

th
a
t

fo
r

ea
ch

k
∈
{1
,.
..
,D
,T
},

th
er

e
ex

is
ts

a
d
is

tr
ib

u
ti

o
n
Q
k

w
it

h
d
en

si
ty
qk

su
ch

th
a
t

fo
r

a
ll

(x
,y

)
∈
R
d
+

1
,

fo
r

a
ll
k
∈
{1
,.
..
,D
,T
},

i)
qk

(x
S
∗
,y

)
=
p
k
(x
S
∗
,y

),
ii

)
qT

(y
|x

S
∗
,x

N
)

=
p
T

(y
|x

S
∗
,x

N
),

ii
i)
qk

(y
|x

S
∗
,x

N
)

=
q(
y
|x

S
∗
,x

N
).

T
h
e

p
ro

of
fo

r
P

ro
p

os
it

io
n

3
ca

n
b

e
fo

u
n
d

in
A

p
p

en
d
ix

A
.3

.
F

ol
lo

w
in

g
th

e
p
re

v
io

u
s

in
tu

it
io

n
,

fo
r

th
e

tr
ai

n
in

g
ta

sk
s
k
∈
{1
,.
..
,D
},

w
e

h
id

e
th

e
d
at

a
of

X
k N

an
d

p
re

te
n
d

th
e

d
at

a
in

ea
ch
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R
o
ja

s-
C
a
r
u
l
l
a
a
n
d

S
c
h
ö
l
k
o
p
f
a
n
d

T
u
r
n
e
r
a
n
d

P
e
t
e
r
s

ta
sk
k
∈
{1
,.
..
,D
,T
}

co
m

e
fr

om
Q
k
.

N
ot

e
th

at
so

m
e

of
th

e
d
at

a
ar

e
on

ly
m

is
si

n
g

fo
r

th
e

tr
ai

n
in

g
ta

sk
s.

M
or

e
p
re

ci
se

ly
,

X
k N

is
m

is
si

n
g

fo
r
k
∈
{1
,.
..
,D
},

w
h
il
e

b
ec

a
u
se

o
f

(i
)

in
P

ro
p

os
it

io
n

3,
(X

k S
∗
,Y

k
)

is
av

ai
la

b
le

fo
r

al
l

ta
sk

s
k
∈
{1
,.
..
,D
,T
}.

W
e

th
u
s

p
o
o
l

th
e

d
a
ta

an
d

le
ar

n
a

re
gr

es
si

on
m

o
d
el

of
Y

ve
rs

u
s

(X
S
∗
,X

N
)

b
y

m
ax

im
iz

in
g

th
e

li
ke

li
h
o
o
d

o
f

th
e

ob
se

rv
ed

d
at

a.
W

e
fo

rm
al

iz
e

th
e

p
ro

b
le

m
as

fo
ll
ow

s.
L

et
(Z

i)
n i=

1
=

(X
S
∗ ,
i,

X
N
,i
,Y

i)
n i=

1
b

e
a

p
o
o
le

d
sa

m
p
le

of
th

e
av

ai
la

b
le

d
at

a
fr

om
th

e
tr

ai
n
in

g
ta

sk
s

an
d

th
e

te
st

ta
sk

,
in

w
h
ic

h
X
N
,i

is

co
n
si

d
er

ed
m

is
si

n
g

if
X
i

is
d
ra

w
n

fr
om

on
e

of
th

e
tr

ai
n
in

g
ta

sk
s.

H
er

e,
n

=
∑

T k
=

1
n
k

is
th

e
to

ta
l
n
u
m

b
er

of
tr

ai
n
in

g
an

d
te

st
ex

am
p
le

s.
D

en
ot

e
b
y

Z
o
bs
,i

th
e

co
m

p
on

en
ts

o
f
Z
i
w

h
ic

h
a
re

n
ot

m
is

si
n
g.

In
p
ar

ti
cu

la
r,

Z
o
bs
,i

=
Z
i

if
i

is
d
ra

w
n

fr
om

th
e

te
st

ta
sk

an
d

Z
o
bs
,i

=
(X

S
∗ ,
i,
Y
i)

ot
h
er

w
is

e.
M

or
eo

ve
r,

le
t

Σ
b

e
a

(p
+

1)
×

(p
+

1)
p

os
it

iv
e

d
efi

n
it

e
m

at
ri

x
,

a
n
d

Σ
i

is
th

e
su

b
m

at
ri

x
of

Σ
w

h
ic

h
co

rr
es

p
on

d
s

to
th

e
o
b
se

rv
ed

fe
at

u
re

s
fo

r
ex

am
p
le
i.

If
ex

a
m

p
le
i

is
d
ra

w
n

fr
om

a
tr

ai
n
in

g
ta

sk
,

Σ
i

is
of

si
ze

(|S
∗ |

+
1)
×

(|S
∗ |

+
1)

,
an

d
(p

+
1)
×

(p
+

1
)

o
th

er
w

is
e.

T
h
e

lo
g-

li
k
el

ih
o
o
d

b
as

ed
on

th
e

ob
se

rv
ed

d
at

a
fo

r
m

at
ri

x
Σ

sa
ti

sfi
es

:

`(
Σ

)
=

co
n
st
−

1 2

n ∑ i=
1

d
et

(Σ
i)
−

1 2
Z
T o
bs
,i
Σ
−

1
i

Z
o
bs
,i
,

(8
)

an
d

ou
r

go
al

is
to

fi
n
d

Σ
w

h
ic

h
m

ax
im

iz
es

(8
).

T
h
is

m
o
d
el

fo
r

th
e

li
k
el

ih
o
o
d

a
ss

u
m

es
th

a
t

th
e

d
at

a
is

m
u
lt

i-
va

ri
at

e
G

au
ss

ia
n

w
it

h
co

va
ri

a
n
ce

m
at

ri
x

Σ
.

W
h
en

al
l

d
at

a
ar

e
ob

se
rv

ed
,

th
e

le
as

t
sq

u
ar

es
es

ti
m

at
or
β
o
p
t

ca
n

b
e

se
en

a
s

th
e

re
su

lt
o
f

a
tw

o
st

ep
p
ro

ce
d
u
re

.
F

ir
st

,
(8

)
is

m
ax

im
iz

ed
fo

r
th

e
sa

m
p
le

co
va

ri
an

ce
m

at
ri

x
.

T
h
en

,
o
n
e

co
m

p
u
te

s
th

e
co

n
d
it

io
n
al

m
ea

n
E[
Y
|X

=
x

]
of

th
e

es
ti

m
at

ed
jo

in
t

d
is

tr
ib

u
ti

o
n

o
f

(X
,Y

).
In

th
e

ca
se

of
m

is
si

n
g

d
at

a,
h
ow

ev
er

,
th

e
sa

m
p
le

co
va

ri
an

ce
m

at
ri

x
d
o
es

n
o

lo
n
ge

r
m

a
x
im

iz
e

(8
),

se
e

p
ar

ag
ra

p
h

‘A
n

a
iv

e
es

ti
m

a
to

r
fo

r
co

m
pa

ri
so

n’
b

el
ow

.
In

st
ea

d
,

w
e

m
ax

im
iz

e
(8

)
u
si

n
g

E
M

. C
h
ap

te
r

11
in

L
it

tl
e

an
d

R
u
b
in

(1
98

6)
p
ro

v
id

es
th

e
u
p

d
at

e
eq

u
at

io
n
s

fo
r

o
p
ti

m
iz

in
g

E
q
u
at

io
n

(8
)

u
si

n
g

E
M

.
M

or
e

p
re

ci
se

ly
,

gi
v
en

an
es

ti
m

at
e

Σ
r

of
th

e
co

va
ri

a
n
ce

m
a
tr

ix
at

st
ep

r,
th

e
al

go
ri

th
m

go
es

as
fo

ll
ow

s.
E

st
e
p

:
F

or
an

ex
am

p
le
i,

w
e

d
efi

n
e

Z
r i

:=

{
Z
i

if
ex

am
p
le
i

is
fr

om
th

e
te

st
ta

sk
,

(X
S
∗ ,
i,
E(

X
r N
|Z

o
bs
,i
),
Y
i)

ot
h
er

w
is

e.

H
er

e,
w

e
ar

e
es

se
n
ti

al
ly

im
p
u
ti

n
g

th
e

d
at

a
fo

r
X
N

in
th

e
tr

ai
n
in

g
ta

sk
s

b
y

th
e

co
n
d
it

io
n
a
l

m
ea

n
gi

v
en

th
e

ob
se

rv
ed

d
at

a,
u
si

n
g

th
e

cu
rr

en
t

es
ti

m
at

e
o
f

th
e

co
va

ri
an

ce
m

a
tr

ix
Σ
r
.

T
h
e

co
n
d
it

io
n
al

ex
p

ec
ta

ti
on

is
co

m
p
u
te

d
u
si

n
g

th
e

cu
rr

en
t

es
ti

m
at

e
Σ
r

an
d

th
e

G
a
u
ss

ia
n

co
n
d
it

io
n
in

g
fo

rm
u
la

:

E(
X
r N
|Z

o
bs
,i
)

=
Σ
r N
Z
o
b
s
(Σ

r Z
o
b
s
)−

1
Z
o
bs
,i
,

w
h
er

e
Σ
r N
Z
o
b
s

is
th

e
su

b
m

at
ri

x
of

Σ
r

co
rr

es
p

on
d
in

g
to

th
e

cr
o
ss

-c
ov

ar
ia

n
ce

b
et

w
ee

n
X
N

an
d

(X
S
∗
,Y

),
an

d
Σ
r Z
o
b
s

is
th

e
su

b
m

at
ri

x
co

rr
es

p
on

d
in

g
to

th
e

co
va

ri
an

ce
of

(X
S
∗
,Y

).
F

o
r

ex
am

p
le

s
fr

om
th

e
te

st
ta

sk
,

w
e

si
m

p
ly

co
p
y

th
e

ex
am

p
le

,
si

n
ce

PT
=

Q
T

.
M

o
re

ov
er

,
d
efi

n
e

C
r N
,i

:=

{
0

if
ex

am
p
le
i

is
fr

om
th

e
te

st
ta

sk
,

C
ov

(X
r N
|Z

o
bs
,i
)

=
Σ
r N
−

Σ
r N
Z
o
b
s
(Σ

r Z
o
b
s
)−

1
Σ
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o
b
s
N
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h
er

w
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e.

1
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In
v
a
r
ia
n
t
M
o
d
e
l
s
f
o
r
C
a
u
sa

l
T
r
a
n
sf
e
r
L
e
a
r
n
in
g

M
ste

p
:

co
m

p
u
te

th
e

sam
p
le

covarian
ce

given
th

e
im

p
u
ted

d
ata:

Σ
r
+

1
=

1n
E

(
n
∑i=

1

Z
ri (Z

ri )
t|Z

o
bs,i ,Σ

r )
=

1n

n
∑i=

1

Z
ri (Z

ri )
t
+
C
ri ,

w
h
ere

C
ri

is
a

(p
+

1)×
(p

+
1)

m
atrix

w
h
ose

su
b
m

atrix
corresp

on
d
in

g
to

featu
res

in
N

is
C
rN
,i ,

a
n
d

th
e

rem
a
in

in
g

elem
en

ts
are

0.
T

h
e

in
tu

ition
for

th
e

M
step

is
sim

p
le:

w
e

com
p
u
te

th
e

sa
m

p
le

cova
ria

n
ce

w
ith

th
e

valu
es

im
p
u
ted

for
X
N

.
S
in

ce
th

ese
valu

es
are

b
ein

g
im

p
u
ted

,
m

a
trix

C
a
d
d
s

u
n
certain

ty
for

th
e

corresp
o
n
d
in

g
valu

es.

O
n
ce

th
e

a
lgorith

m
h
as

con
v
erged

,
w

e
can

rea
d

off
th

e
regression

co
effi

cien
t

from
th

e
jo

in
t

covaria
n
ce

m
atrix

as
E

[Y
|X

S
∗

=
x
S
∗].

T
h
e

w
h
ole

p
ro

ced
u
re

is
in

itialized
w

ith
th

e
sa

m
p
le

cova
ria

n
ce

m
atrix

com
p
u
ted

w
ith

th
e

availab
le

lab
eled

sam
p
le

fro
m
T

.

In
c
o
rp

o
ra

tin
g

u
n

la
b

e
le

d
d

a
ta

T
h
e

p
rev

iou
s

m
eth

o
d

also
allow

s
u
s

to
in

corp
orate

u
n
-

la
b

eled
d
a
ta

fro
m

th
e

test
task

.
In

d
eed

,
assu

m
e

th
at

an
u
n
lab

eled
sam

p
le

X
T

=
(X

TS
∗ ,X

TN
)

fro
m

th
e

test
task

is
also

availab
le

at
train

in
g

tim
e.

T
h
is

can
b

e
in

co
rp

o
rated

in
th

e
p
re-

v
io

u
s

fra
m

ew
o
rk

sin
ce

th
e

lab
el
Y

can
b

e
con

sid
ered

to
b

e
m

issin
g

(as
op

p
o
sed

to
X
TN

p
rev

io
u
sly

).
W

e
can

th
en

w
rite

Z
ri

=
(X

S
∗
,i ,X

N
,i ,E

(Y
ri |Z

o
bs,i ))

for
th

e
u
n
lab

eled
d
ata,

th
u
s

im
p
u
tin

g
th

e
valu

e
of
Y

in
in

th
e

E
-step

b
y

th
e

con
d
ition

al
m

ean
given

(X
S
∗
,i ,X

N
,i ).

T
h
e

a
d
d
ed

covarian
ce

is
th

en
C
rY
,i

=
V

ar(Y
)
r−

Σ
rY
Z
o
b
s (Σ

rZ
o
b
s ) −

1Σ
rZ
o
b
s
Y

.
T

h
e

rest
of

th
e

a
lg

o
rith

m
rem

a
in

s
u
n
ch

an
ged

.

A
n

a
iv

e
e
stim

a
to

r
fo

r
c
o
m

p
a
riso

n
In

th
e

p
op

u
lation

settin
g,

P
rop

osition
5

in
A

p
-

p
en

d
ix

A
.4

p
rov

id
es

an
ex

p
ression

for
β
o
p
t

as
a

fu
n
ction

of
α

an
d
ε

from
A

ssu
m

p
tion

(A
2).

A
s

in
th

e
p
rev

iou
s

p
aragrap

h
,

on
e

cou
ld

try
to

estim
ate

th
e

covarian
ce

m
atrix

of
(X
,Y

)
u
sin

g
th

e
k
n
ow

led
ge

of
α

an
d
ε

from
th

e
train

in
g

task
s,

an
d

th
en

rea
d

off
th

e
regression

co
effi

cien
ts.

In
th

e
p
resen

ce
of

a
fi
n
ite

am
ou

n
t

of
lab

eled
an

d
u
n
lab

eled
d
ata

from
th

e
test

ta
sk

,
a

n
a
ive

a
p
p
roach

w
ou

ld
th

u
s

p
lu

g
in

th
e

k
n
ow

led
ge

of
α

an
d
ε

as
follow

s:
th

e
en

tries
o
f

Σ̂
X
,Y

th
a
t

co
rresp

on
d

to
th

e
covarian

ces
b

etw
een

X
S
∗

an
d
Y

are
rep

laced
w

ith
Σ̂
X
S
∗ ·α

,

a
n
d

th
e

en
try

corresp
on

d
in

g
to

th
e

varian
ce

of
Y

is
rep

laced
b
y
α
tΣ̂

X
S
∗ α

+
V

ar(ε).
T

h
is,

h
ow

ev
er,

o
ften

p
erform

s
w

orse
th

an
forgettin

g
ab

ou
t
α

an
d

u
sin

g
th

e
d
ata

in
th

e
test

d
om

ain
o
n
ly,

see
F

ig
u
re

5
(left).

W
h
y

is
th

is
th

e
case?

T
h
e

n
aiv

e
solu

tion
d
escrib

ed
ab

ove
lead

s
to

a
m

a
trix

Σ
th

at
d
o
es

n
ot

on
ly

n
o
t

m
ax

im
ize

(8)
b
u
t

th
at

often
is

n
ot

even
p

ositive
d
efi

n
ite.

O
n
e

n
eed

s
to

o
p
tim

ize
over

th
e

free
p
aram

eters
of

Σ
,

w
h
ich

corresp
on

d
s

to
th

e
covarian

ce
b

etw
een

X
N

a
n
d
Y

,
giv

en
th

e
con

strain
t

of
p

ositive
d
efi

n
iten

ess.
F

or
com

p
arison

,
w

e
m

o
d
-

ifi
ed

th
e

n
a
ive

ap
p
roach

as
follow

s.
F

irst,
w

e
fi
n
d

a
p

ositive
d
efi

n
ite

m
atrix

satisfy
in

g
th

e
d
esired

co
n
stra

in
ts.

In
ord

er
to

d
o

th
is,

w
e

solv
e

a
sem

i-d
efi

n
ite

P
rogram

(S
D

P
)

w
ith

a
triv

ia
l

o
b

jective
w

h
ich

alw
ay

s
eq

u
als

zero.
T

h
en

,
w

e
m

ax
im

ize
th

e
likelih

o
o
d

(8)
over

th
e

free
p
a
ram

eters
of

Σ
w

ith
a

N
eld

er-M
ead

sim
p
lex

a
lgorith

m
.

T
h
e

con
strain

ed
op

tim
iza-

tio
n

p
ro

b
lem

can
b

e
sh

ow
n

to
b

e
co

n
vex

in
th

e
n
eigh

b
o
rh

o
o
d

of
th

e
op

tim
u
m

(Z
w

iern
ik

et
a
l.,

2
0
1
7
,

S
ec.

3)
if

th
e

n
u
m

b
er

of
d
a
ta

in
th

e
test

d
om

ain
grow

s.
W

h
ile

grad
ien

ts
can

b
e

co
m

p
u
ted

fo
r

th
is

p
rob

lem
,

grad
ien

t-b
ased

m
eth

o
d
s

seem
to

p
erform

p
o
orly

in
p
ractice

(ex
p

erim
en

ts
are

n
ot

sh
ow

n
for

grad
ien

t
b
ased

m
eth

o
d
s).

In
a
n

id
ea

lized
scen

ario,
in

fi
n
ite

am
ou

n
t

of
u
n
lab

eled
d
ata

in
th

e
test

an
d

lab
eled

d
ata

in
th

e
tra

in
in

g
task

s
cou

ld
p
rov

id
e

u
s

w
ith

Σ
X

,
Σ

(X
S
∗
,Y

)
an

d
V

ar(Y
).

W
e

cou
ld

th
en

p
lu

g

in
th

ese
va

lu
es

in
to

Σ
an

d
op

tim
ize

over
th

e
rem

ain
in

g
p
aram

eters,
see

β
C
S

(ca
u

+
,i.d

.)
in
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R
o
ja

s-C
a
r
u
l
l
a
a
n
d

S
c
h
ö
l
k
o
p
f
a
n
d

T
u
r
n
e
r
a
n
d

P
e
t
e
r
s

F
igu

re
5

(left).
In

p
ractice,

w
e

h
ave

to
estim

ate
Σ
X

,
Σ

(X
S
∗
,Y

)
an

d
V

ar(Y
)

from
d
ata.

T
h
u
s,

th
e

E
M

ap
p
roach

m
en

tion
ed

ab
ov

e
con

stitu
tes

th
e

m
ore

p
rin

cip
led

ap
p
roach

.

2
.3

R
e
la

tio
n

to
c
a
u

sa
lity

In
th

is
section

,
w

e
p
rov

id
e

a
b
rief

in
tro

d
u
ction

to
cau

sal
n
otion

s
in

ord
er

to
m

otivate
ou

r
m

eth
o
d
.

M
ore

sp
ecifi

cally,
w

e
sh

ow
th

at
u
n
d
er

som
e

con
d
ition

s,
th

e
set

S
∗

of
cau

sal
p
aren

ts
verifi

es
A

ssu
m

p
tion

s
(A

1)
an

d
(A

1’).
S
tru

ctu
ral

eq
u
ation

m
o
d
els

(S
E

M
s)

(P
earl,

2009)
are

on
e

p
ossib

ility
to

form
alize

cau
sal

statem
en

ts.
W

e
say

th
at

a
d
istrib

u
tion

ov
er

ran
d
om

variab
les

X
=

(X
1 ,...,X

p )
is

in
d
u
ced

b
y

a
stru

ctu
ral

eq
u
ation

m
o
d
el

w
ith

corresp
on

d
in

g
grap

h
G

if
each

variab
le
X
j

can
b

e
w

ritten
as

a
d
eterm

in
istic

fu
n
ction

of
its

p
aren

ts
P

A
Gj

(in
G

)
an

d
som

e
n
oise

variab
le
N
j :

X
j

=
f
j (X

P
A
Gj
,N

j )
,

j
=

1,...,p
.

(9)

H
ere,

th
e

grap
h

is
req

u
ired

to
b

e
acy

clic
an

d
th

e
n
oise

variab
les

are
assu

m
ed

to
b

e
join

tly
in

d
ep

en
d
en

t.
A

n
S
E

M
com

es
w

ith
th

e
ab

ility
to

d
escrib

e
in

terven
tio

n
s.

In
terven

in
g

in
th

e
sy

stem
corresp

on
d
s

to
rep

lacin
g

on
e

of
th

e
stru

ctu
ral

eq
u
ation

s
(9).

T
h
e

resu
ltin

g
join

t
d
istrib

u
tion

is
called

an
in

terven
tion

d
istrib

u
tion

.
C

h
an

gin
g

th
e

eq
u
ation

for
variab

le
X
j

u
su

ally
aff

ects
th

e
d
istrib

u
tion

of
its

ch
ild

ren
for

ex
am

p
le,

b
u
t

n
ever

th
e

d
istrib

u
tion

of
its

p
aren

ts.
C

on
sid

er
n
ow

an
S
E

M
over

variab
les

(X
,Y

).
H

ere,
w

e
d
o

n
ot

sp
ecify

th
e

grap
h
ical

relation
b

etw
een

Y
an

d
th

e
oth

er
n
o
d
es:

Y
m

ay
or

m
ay

n
o
t

h
ave

ch
ild

ren
or

p
aren

ts.
S
u
p
p

ose
fu

rth
er

th
at

th
e

d
iff

eren
t

task
s
P

1,...,P
D

are
in

terven
tio

n
d
istrib

u
tion

s
of

an
u
n
d
erly

in
g

S
E

M
w

ith
grap

h
stru

ctu
reG

.
If

th
e

target
variab

le
h
as

n
ot

b
een

in
terv

en
ed

on
,

th
en

th
e

set
S
∗

:=
P

A
GY

satisfi
es

A
ssu

m
p
tion

s
(A

1)
an

d
(A

1’).
T

h
is

m
ean

s
th

at
as

lon
g

as
th

e
in

terven
tion

s
w

ill
n
ot

tak
e

p
lace

at
th

e
target

variab
le,

th
e

set
S
∗

of
cau

sal
p
aren

ts
w

ill
satisfy

A
ssu

m
p
tion

s
(A

1)
an

d
(A

1’).

R
ecen

tly,
P

eters
et

al.
(2016)

h
av

e
giv

en
several

su
ffi

cien
t

con
d
ition

s
for

th
e

id
en

tifi
ab

ility
of

th
e

cau
sal

p
aren

ts
in

th
e

lin
ear

G
au

ssian
fram

ew
ork

.
E

.g.,
if

th
e

in
terven

tion
s

take
p
lace

at
in

form
ativ

e
lo

cation
s,

or
if

w
e

see
su

ffi
cien

tly
m

an
y

d
iff

eren
t

in
terven

tion
s,

th
e

set
of

cau
sal

p
aren

ts
is

th
e

o
n

ly
set

S
∗

th
at

satisfi
es

A
ssu

m
p
tion

s
(A

1)
an

d
(A

1’).
If

th
ere

ex
ists

m
ore

th
an

on
e

set
lead

in
g

to
in

varian
t

p
red

iction
s,

th
ey

con
sid

er
th

e
in

tersection
o
f

all
su

ch
su

b
sets.

In
th

is
sen

se,
seein

g
m

ore
en

v
iron

m
en

ts
h
elp

s
for

id
en

tify
in

g
th

e
cau

sal
stru

ctu
re.

In
th

is
w

ork
,

w
e

are
in

terested
in

p
red

ictio
n

rath
er

th
an

cau
sal

d
iscovery.

T
h
erefore,

w
e

try
to

fi
n
d

a
trad

e-off
b

etw
een

m
o
d
els

th
at

p
red

ict
w

ell
an

d
in

varian
t

m
o
d
els

th
at

gen
era

lize
w

ell
to

oth
er

d
om

ain
s.

T
h
at

is,
in

th
e

D
G

settin
g
,

w
e

are
in

terested
in

th
e

su
b
set

w
h
ich

lead
s

to
in

varian
t

con
d
ition

als
an

d
m

in
im

izes
th

e
p
red

iction
error

across
train

in
g

task
s.

If
th

e
task

s
P
k

corresp
on

d
to

in
terven

tion
s

in
an

S
E

M
,

w
e

m
ay

con
stru

ct
an

ex
ten

d
ed

S
E

M
w

ith
a

p
aren

t-less
en

v
iron

m
en

t
variab

le
E

th
at

p
oin

ts
in

to
th

e
in

terven
ed

variab
les.

T
h
en

,P
k

eq
u
als

th
e

d
istrib

u
tion

of
(X
,Y

)|E
=
k
,

see
(P

eters
et

al.,
2016,

A
p
p

en
d
ix

C
).

If
th

e
d
istrib

u
tion

of
(X
,Y
,E

)
is

M
arkov

an
d

faith
fu

l
w

.r.t.
th

e
ex

ten
d
ed

grap
h
,

th
e

sm
allest

set
S

th
at

lead
s

to
in

varian
t

con
d
ition

als
an

d
to

b
est

p
red

iction
is

a
su

b
set

of
th

e
M

a
rkov

b
lan

ket
of
Y

:
certain

ly,
it

con
tain

s
all

p
aren

ts
of
Y

;
if

it
in

clu
d
es

a
d
escen

d
a
n
t

of
Y

,
th

is
m

u
st

b
e

a
ch

ild
of
Y

(w
h
ich

y
ield

s
b

etter
p
red

iction
an

d
still

b
lo

ck
s

an
y

p
ath

from
Y

to
E

);
an

alogou
sly,

an
y

con
tain

ed
an

cestor
of

a
ch

ild
of
Y

m
u
st

b
e

a
p
aren

t
of

th
at

ch
ild

.
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In
v
a
r
ia
n
t
M
o
d
e
l
s
f
o
r
C
a
u
sa

l
T
r
a
n
sf
e
r
L
e
a
r
n
in
g

3
.
L
e
a
rn

in
g
in
v
a
ri
a
n
t
co

n
d
it
io
n
a
ls

In
th

e
p
re

v
io

u
s

se
ct

io
n
,

w
e

h
av

e
se

en
h
ow

a
k
n
ow

n
in

va
ri

an
t

su
b
se

t
S
∗
⊆
{1
,.
..
,p
}

of
p
re

d
ic

to
rs

le
ad

in
g

to
in

va
ri

an
t

co
n
d
it

io
n
al

s
Y
k
|X

k S
∗
,

se
e

A
ss

u
m

p
ti

on
s

(A
1)

an
d

(A
1’

),
ca

n
b

e
b

en
efi

ci
al

in
th

e
p
ro

b
le

m
s

of
D

G
an

d
M

T
L

.
In

p
ra

ct
ic

e,
su

ch
a

se
t
S
∗

is
of

te
n

u
n
k
n
ow

n
.

W
e

n
ow

p
re

se
n
t

a
m

et
h
o
d

th
at

ai
m

s
at

in
fe

rr
in

g
an

in
va

ri
an

t
su

b
se

t
fr

om
d
at

a.
T

h
ro

u
g
h
ou

t
th

is
p
ap

er
,

w
e

d
en

ot
e

b
y
S

an
y

su
b
se

t
of

fe
at

u
re

s,
w

h
il
e
S

+
is

an
in

va
ri

an
t

se
t

(w
h
ic

h
is

n
ot

n
ec

es
sa

ri
ly

u
n
iq

u
e)

fo
r

w
h
ic

h
(A

1)
h
ol

d
s.

S
u
ch

a
su

b
se

t
S

+
d
oe

s
n

o
t

n
ec

es
sa

ri
ly

sa
ti

sf
y

bo
th

A
ss

u
m

p
ti

o
n

s
(A

1
)

a
n

d
(A

1
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d
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p
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h
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th
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n
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l
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Ŝ
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b
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p
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ra
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th
en
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b
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p
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u
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/
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u
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f
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.
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u
b
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ch
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p

u
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r
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∈
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d
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E
st
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ed
in
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t
Ŝ
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1

S
et
S
a
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,
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S
E

=
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2

fo
r
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⊆
{1
,.
..
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d
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3
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n
ea
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y
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es
s
Y

on
X
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an
d
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m

p
u
te

th
e

re
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d
u
al
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R
β
C
S
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)
o
n

a
va

li
d
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io
n

se
t.

4
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m
p
u
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=
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S
IC
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β
C
S
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)
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1
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an

d
th

e
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rr
es

p
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d
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g
p
-v

a
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e
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r

th
e

p
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al
u
e

fr
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an
al

te
rn

at
iv

e
te
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L
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6
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m
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Ê P
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C
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(Ê
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Ŝ
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p
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∈
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∈
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p
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b
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.
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+
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u
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b
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u
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P
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b
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∈
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Ŝ
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Ŝ
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p
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p
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p
on

d
in

g
p
-v

a
lu

e
p
∗

(o
r

th
e

p
-v

al
u
e

fr
om

an
al

te
rn

at
iv

e
te

st
,

e.
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p
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C
S
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(Ê
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Ŝ
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d
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b
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d
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b
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d
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S
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t
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d
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als,
w
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w
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o
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u
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a
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h
eth
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e
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u
als

h
ave
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m

e
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all
task
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tercep
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e
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o
d
el.

A
s
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a
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w

e
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D
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test
b
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w
h
eth

er
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e
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u
a
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d
en

t
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task
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d
ex
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h
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test
is

a
d
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ret-
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et
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2
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b
u
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r
k
n
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S
u
p
p
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e
in

d
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e
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b

e
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n
sid
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a
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d
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le
K

.
W

e
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sid
er

th
e

sam
p
le
Z

=
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β
S
,i ,K

i )
ni=

1
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d
raw

n
fro

m
a

join
t

d
istrib

u
tion
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u
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an
d

task
in

d
ices,

w
h
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∑
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1
n
k
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d

K
i ∈
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}
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e
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g
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e
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d
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e
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h
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e
th
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e
d
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u
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an
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d
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p
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o
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u
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kern
el
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is
u
sed
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em

b
ed

d
in

g
th

e
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u
als

a
n
d

a
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ia
l

kern
el
d

su
ch

th
at
d
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=
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is
u
sed
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.
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et
th
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re

H
S
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(R
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S
,K

)
d
en

o
te

th
e
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lu

e
of

th
e
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et
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b

etw
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R
β
S

an
d
K
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an

d
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H
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IC
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)

b
e

th
e

co
rresp
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n
d
in
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su
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set

S
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lead
s

to
accep

tin
g

th
e
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ll

h
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o
th
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d
ep

en
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etw
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o
th
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e
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e
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p ∗
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Ŝ
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a
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b
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u
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w
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en

select
a
ll

featu
res,

w
h
ich

is
eq

u
iva

len
t

to
covariate

sh
ift.

W
h
en

δ
ap

p
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b
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u
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p
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d
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Ŝ

u
si

n
g

fu
ll

su
b
se

t
se

ar
ch

a
n
d

p
er

fo
rm

in
g

li
n
.

re
gr

.
u
si

n
g

p
re

d
ic

to
rs

in
Ŝ
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p
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p
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d
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h
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p
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h
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d
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b
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b
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(Ŝ
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d
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n
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p
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p
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d
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p
ta

n
ce

le
v
el
δ

as
in

p
u
t

fo
r

th
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h
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d
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p
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p
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p
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h
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b
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p
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p
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b
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b
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b
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h
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d
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th
e

tr
a
in
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d
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p
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ection

3.4.

M
o
reover,

in
F

igu
re

7
(left)

w
e

con
sid

er
a

sim
ilar

settin
g,

an
d

w
e

com
p
u
te

th
e

p
erfor-

m
a
n
ce

a
g
a
in

st
β
d
o
m

in
an

S
M

T
L

settin
g

as
th

e
size

of
th

e
in

varian
t

set
in

creases.
W

e
see

th
a
t

a
s

th
e

size
of

th
e

in
varian

t
set

in
creases,

th
e

p
erform

an
ce

of
β
C
S

(ca
u
])

im
p
roves,

sin
ce

m
ore

in
fo

rm
ation

is
b

ein
g

tran
sferred

from
th

e
train

in
g

ta
sk

s.
W

h
en

p
=

6,
trad

ition
al

cova
ria

te
sh

ift
h
old

s,
an

d
β
C
S

(ca
u
])

p
erform

s
on

p
a
r

w
ith

β
p
o
o
l.

4
.4

G
e
n

e
p

e
rtu

rb
a
tio

n
e
x
p

e
rim

e
n
t

W
e

a
p
p
ly

ou
r

m
eth

o
d

to
gen

e
p

ertu
rb

ation
d
ata

p
rov

id
ed

b
y

K
em

m
eren

et
al.

(2014).
T

h
is

d
a
ta

set
con

sists
of

th
e

m
-R

N
A

ex
p
ression

levels
of
p

=
6170

gen
es
X

1 ,...,X
p

o
f

th
e

S
a
cch

a
ro

m
y
ces

cerev
isiae

(y
east).

It
con

tain
s

b
oth

n
o
bs

=
160

ob
servation

al
d
a
ta

p
oin

ts
a
n
d
n
in
t

=
1
4
7
9

d
ata

p
oin

ts
from

in
terv

en
tion

ex
p

erim
en

ts.
In

each
of

th
ese

in
terven

tion
s,

o
n
e

k
n
ow

n
gen

e
(ou

t
of
p

gen
es)

is
d
eleted

.
In

th
e

follow
in

g,
w

e
con

sid
er

tw
o

d
iff

eren
t

task
s.

T
h
e

o
b
serva

tio
n
al

sam
p
le

is
d
raw

n
from

th
e

fi
rst

task
,

an
d

th
e

p
o
oled

n
in
t

in
terven

tion
s

a
re

d
raw

n
fro

m
th

e
secon

d
task

.

M
o
tiv

a
tio

n
In

ord
er

to
gain

an
in

tu
itio

n
ab

ou
t

th
e

ex
p

erim
en

ts
w

e
are

p
resen

tin
g,

con
-

sid
er

F
ig

u
re

9
.

W
e

select
as

a
target

a
gen

e
Y

ou
t

of
th

e
p

gen
es,

an
d

ou
r

goal
is

to
p
red

ict
th

e
activ

ity
o
f
Y

given
th

e
rem

ain
in

g
p−

1
gen

es
as

featu
res.

S
om

e
of

th
ese

p−
1

gen
es

are
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R
o
ja

s-C
a
r
u
l
l
a
a
n
d

S
c
h
ö
l
k
o
p
f
a
n
d

T
u
r
n
e
r
a
n
d

P
e
t
e
r
s

F
igu

re
9:

E
x
am

p
le

of
th

e
ex

p
ression

of
p
airs

of
gen

es,
w

h
ere

A
is

cau
sal

(left)
an

d
B

is
n
on

-cau
sal

(righ
t)

of
target

Y
.

T
h
e

b
lu

e
p

oin
ts

are
from

th
e

ob
servation

al
sam

p
le

(task
1),

th
e

red
d
ots

are
th

e
in

terv
en

tion
al

sam
p
le

(task
2
),

an
d

th
e

green
p

oin
t

corresp
on

d
s

to
th

e
sin

gle
in

terven
tion

s
in

w
h
ich

A
an

d
B

are
in

terven
ed

on
resp

ectively.
O

n
th

e
left,

a
m

o
d
el

learn
ed

on
th

e
d
ata

in
red

an
d

b
lu

e
w

ou
ld

still
p

erform
w

ell
on

th
e

in
terven

tion
p

oin
t,

w
h
ich

is
n
ot

th
e

case
on

th
e

righ
t.

cau
sal

of
th

e
activation

of
Y

.
F

or
ex

am
p
le,

F
igu

re
9

sh
ow

s
on

th
e

x
-ax

is
th

e
a
ctiv

ity
of

tw
o

gen
es

(gen
e
A

on
th

e
left,

gen
e
B

on
th

e
righ

t)
su

ch
th

at:

•
T

h
e

ex
p
ression

s
of
A

an
d
B

are
stron

g
ly

correla
ted

w
ith

th
e

ex
p
ression

of
Y

.
•
A

is
cau

sal
of
Y

(h
ere,

w
e

u
se

th
e

d
efi

n
ition

of
a

ca
u
sal

eff
ect

p
rop

osed
b
y

P
eters

et
al.

(2016)).
•
B

is
n
on

-cau
sal

of
Y

(an
ticau

sal
or

con
fou

n
d
ed

).

In
F

igu
re

9
(left),

th
e

b
lu

e
p

oin
ts

corresp
on

d
to

th
e

160
d
ata

p
oin

ts
from

th
e

ob
servation

al
sam

p
le,

w
h
ich

corresp
on

d
s

to
th

e
fi
rst

task
.

T
h
e

red
d
ots

are
th

e
1
478

d
ata

p
oin

ts
from

th
e

in
terven

tion
al

sam
p
le,

ex
cep

t
for

th
e

sin
gle

d
ata

p
o
in

t
for

w
h
ich

A
is

in
terven

ed
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,
an

d
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stitu
te

th
e

secon
d

task
.

T
h
e

p
lot

on
F

igu
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9
(righ

t)
is

co
n
stru

cted
an

alo
gou

sly
for

B
.

W
e

can
in

d
eed

see
th

at
in

th
e

p
o
oled

sam
p
le

from
task

1
an

d
2,
A

an
d
B

are
b

oth
stron

gly
correlated

w
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target
Y

.

T
h
e

key
d
iff

eren
ce

b
etw

een
b

oth
p
lots

are
th

e
green

p
oin

ts.
O

n
F

igu
re

9
(left),

th
e

green
d
ot

corresp
on

d
s

to
th

e
sin

gle
in

terven
tion

ex
p

erim
en

t
in

w
h
ich

gen
e
A

is
in

terven
ed

on
.

S
im

ilarly,
th

e
green

d
ot

on
F

igu
re

9
(righ

t)
is

th
e

sin
gle

p
oin

t
in

w
h
ich

B
is

in
terven

ed
on

.
O

u
r

goal
is

to
con

sid
er

th
e

D
G

settin
g

in
w

h
ich

th
e

test
task

con
sists

on
th

is
sin

gle
in

terven
tion

p
oin

t.

F
or

th
e

cau
sal

gen
e
A

,
on

e
ex

p
ects

th
at

a
ch

an
ge

in
th

e
activ

ity
of
A

sh
ou

ld
tran

slate
in

to
a

p
rop

ortion
a
l

ch
an

ge
in

th
e

activ
ity

of
Y

.
W

e
ob

serve
th

at,
in

th
e

p
articu

lar
ex

am
p
le

of
th

e
left

p
lot,

a
lin

ear
regression

m
o
d
el

from
A

to
Y

train
ed

on
ly

on
th

e
p

o
oled

d
ata

from
task

s
1

an
d

2
(b

lu
e

an
d

red
in

F
igu

re
9)

w
o
u
ld

lead
to

a
sm

a
ll

p
red

iction
error

on
th

e
in

terven
ed

p
oin

t
(in

green
).

T
h
at

is,
S
∗

=
{A}

m
igh

t
b

e
a

go
o
d

can
d
id

ate
for

a
set

satisfy
in

g
A

ssu
m

p
tion

s
(A

1),
(A

1’)
an

d
(A

2).
F

or
th

e
n
on

-cau
sal

gen
e
B

,
h
ow

ev
er,

in
terven

in
g

on
B

leaves
th

e
activ

ity
of
Y

u
n
ch

an
ged

,
an

d
th

e
lin

ear
m

o
d
el

learn
ed

on
th

e
d
ata

from
task

s
1

an
d

2
p

erform
s

b
ad

ly
on

th
e

test
p

oin
t

in
green

.
In

su
ch

case,
a

can
d
id

ate
set

is
th

e
em

p
ty

set
S
∗

=
{},

lead
in

g
to

p
red

iction
u
sin

g
th

e
m

ea
n

of
th

e
target

in
th

e
train

in
g

d
ata.

A
m

o
d
el

w
h
ich

is
aim

in
g

to
test

in
th

ese
ch

allen
g
in

g
in

terven
tion

p
oin

ts
sh

ou
ld

th
erefore
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n
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d
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b
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p
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d
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∈
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p
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b
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b
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e
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n
u
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b
er
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d
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,
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e
fi
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p
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d
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p
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Ŝ
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e
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ot
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e
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of

th
e

fe
at

u
re

s
se
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ed
u
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n
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L
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b
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1
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1
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h
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p
ro
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d
u
re
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u
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ed
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b
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..
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n
d
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b
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b
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p
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b
le

,

•
w

e
p
u
t

as
id

e
th

e
ex

am
p
le

co
rr

es
p

on
d
in

g
to

th
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at
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Ŝ
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1
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d
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w
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d
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en
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at
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p
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b
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b
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b
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Ŝ
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b
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p
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b
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n
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st
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h
e

n
u
ll

h
y
p

ot
h
es

is
co

rr
es

p
on

d
s

to
n
o

co
rr

el
at

io
n
)

ou
tp

u
ts

a
p
-v

al
u
e

eq
u
al

to
ze

ro
.

R
e
su

lt
s

F
ig

u
re

10
sh

ow
s

b
ox

p
lo

ts
fo

r
th

e
er

ro
rs

of
th

e
d
iff

er
en

t
m

et
h
o
d
s

fo
r

th
e

ca
u
sa

l
p
ro

b
le

m
s

(1
)

on
th

e
to

p
le

ft
an

d
fo

r
th

e
n
on

-c
au

sa
l

p
ro

b
le

m
s

(2
)

in
th

e
to

p
ri

gh
t.

W
e

d
o

n
ot

p
lo

t
ou

tl
ie

rs
in

or
d
er

to
im

p
ro

v
e

p
re

se
n
ta

ti
on

.
F

ig
u
re

10
(t

op
le

ft
)

p
re

se
n
ts

th
e

ca
u
sa

l

25
JM

L
R

 1
9(

36
):

1-
34

, 2
01

8

R
o
ja

s-
C
a
r
u
l
l
a
a
n
d

S
c
h
ö
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P
e
t
e
r
s
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C
S

(c
a
u

) β
C
S

(Ŝ
L
a
ss
o)
β
C
S

β
m
ea
n

β
D
I
C
A

02468101214 Squarederrorontestgenes(causal)

β
C
S

(c
a
u

) β
C
S

(Ŝ
L
a
ss
o)
β
C
S

β
m
ea
n

β
D
I
C
A

0.
0
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6

0.
8

1.
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M
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e
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ct
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02040608010
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0
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Numberoftestgenes(non-causal)

β
C
S

β
C
S

(Ŝ
L
a
ss
o)

F
ig

u
re

10
:

In
th

e
ca

u
sa

l
p
ro

b
le

m
s

(t
op

le
ft

),
in

te
rv

en
ti

on
s

ar
e

p
er

fo
rm

ed
on

ca
u
sa

l
g
en

es
.

A
s

ex
p

ec
te

d
,

th
e

in
p
u
t

ge
n
es

co
n
ti

n
u
e

to
b

e
go

o
d

p
re

d
ic

to
rs

,
an

d
β
C
S

w
o
rk

s
w

el
l.

In
th

e
n
on

-c
au

sa
l

p
ro

b
le

m
s

(t
op

ri
gh

t)
,

on
e

of
th

e
in

p
u
ts

is
in

te
rv

en
ed

u
p

on
an

d
b

ec
o
m

es
a

p
o
or

p
re

d
ic

to
r,

im
p
ai

ri
n
g

th
e

p
er

fo
rm

an
ce

of
β
C
S

.
T

h
e

m
ea

n
p
re

d
ic

to
r
β
m
ea
n

u
se

s
n
o
n
e

o
f

th
e

p
re

d
ic

to
rs

,
an

d
th

er
ef

or
e

w
or

k
s

co
m

p
ar

at
iv

el
y

w
el

l
in

th
is

sc
en

ar
io

.
O

u
r

p
ro

p
o
se

d
es

ti
m

a
to

r

β
C
S

(Ŝ
)

p
ro

v
id

es
re

as
on

ab
le

es
ti

m
at

es
in

b
ot

h
th

e
ca

u
sa

l
an

d
n
o
n
-c

au
sa

l
se

tt
in

g
s,

w
h
il
e

o
th

er
m

et
h
o
d
s

on
ly

p
er

fo
rm

w
el

l
in

on
e

of
th

e
sc

en
ar

io
s.
β
D
I
C
A

p
er

fo
rm

s
si

m
il
ar

ly
to
β
m
ea
n

in
b

ot
h

sc
en

ar
io

s,
an

d
is

th
er

ef
or

e
ou

tp
er

fo
rm

ed
b
y

ot
h
er

m
et

h
o
d
s

in
th

e
ca

u
sa

l
p
ro

b
le

m
s

(n
ot

e
th

at
β
D
I
C
A

u
se

s
al

l
av

ai
la

b
le

fe
at

u
re

s)
.

B
ot

to
m

:
in

th
e

n
on

-c
au

sa
l

sc
en

a
ri

o
(2

),
w

e
p
lo

t
th

e
n
u
m

b
er

of
te

st
ge

n
es

fo
r

w
h
ic

h
th

e
sq

u
ar

ed
er

ro
r

fo
r
β
C
S

is
la

rg
er

th
a
n
τ

ti
m

es
th

e

sq
u
ar

ed
er

ro
r

fo
r
β
C
S

(Ŝ
) ,

an
d

v
ic

e-
ve

rs
a,

w
h
er

e
τ

is
p
lo

tt
ed

on
th

e
x
-a

x
is

.
T

h
is

p
lo

t
sh

ow
s

th
e

n
u
m

b
er

of
ge

n
es

fo
r

w
h
ic

h
on

e
of

th
e

m
et

h
o
d

d
o
es

si
gn

ifi
ca

n
tl

y
w

or
se

th
a
n

th
e

o
th

er
.

B
y

th
is

m
ea

su
re

,
β
C
S

(Ŝ
L
a
ss
o
)

ou
tp

er
fo

rm
s
β
C
S

fo
r

al
l

va
lu

es
of
τ
.

sc
en

ar
io

.
A

s
ex

p
ec

te
d
,

p
o
ol

in
g

d
o
es

w
el

l
in

th
is

se
tt

in
g.

F
ig

u
re

10
(b

ot
to

m
)

sh
ow

s
th

a
t

in
th

e
n
on

-c
au

sa
l

p
ro

b
le

m
s

(2
),

p
re

d
ic

ti
o
n

u
si

n
g

an
in

va
ri

an
t

su
b
se

t
le

ad
s

to
le

ss
se

ve
re

m
is

ta
ke

s
on

te
st

ge
n
es

co
m

p
ar

ed
to

p
o
ol

in
g

th
e

ta
sk

s.

F
or

co
m

p
ar

is
on

,
si

n
ce

w
e

k
n
ow

w
h
ic

h
p
re

d
ic

to
rs

ar
e

b
ei

n
g

in
te

rv
en

ed
o
n

a
t

te
st

ti
m

e,
w

e
in

cl
u
d
ed

a
m

et
h
o
d

th
at

m
ak

es
u
se

of
ca

u
sa

l
k
n
ow

le
d
ge

:
β
C
S

(c
a
u

)
u
se

s
al

l
1
0

p
re

d
ic

to
rs

in
th

e
ca

u
sa

l
p
ro

b
le

m
s

(1
)

an
d

al
l

b
u
t

th
e

in
te

rv
en

ed
ge

n
e

in
th

e
n
on

-c
au

sa
l

p
ro

b
le

m
s

(2
).

In
p
ra

ct
ic

e,
th

is
ca

u
sa

l
k
n
ow

le
d
ge

is
of

te
n

n
ot

av
ai

la
b
le

.
W

e
re

ga
rd

it
as

p
ro

m
is

in
g

th
a
t

th
e

fu
ll
y

au
to

m
at

ed
p
ro

ce
d
u
re
β
C
S

(Ŝ
L
a
ss
o
)

p
er

fo
rm

s
co

m
p
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β
C
S
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a
u

) .
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a
u
sa

l
T
r
a
n
sf
e
r
L
e
a
r
n
in
g

5
.
C
o
n
clu

sio
n
s
a
n
d
fu
rth

e
r
d
ire

ctio
n
s

W
e

p
ro

p
o
se

a
m

eth
o
d

for
tran

sfer
learn

in
g

th
at

is
m

otivated
b
y

ca
u
sal

m
o
d
elin

g
an

d
ex

p
loits

a
set

o
f

in
va

ria
n
t

p
red

ictors.
If

th
e

u
n
d
erly

in
g

cau
sal

stru
ctu

re
is

k
n
ow

n
an

d
th

e
task

s
co

rresp
o
n
d

to
in

terven
tion

s
on

variab
les

oth
er

th
an

th
e

target
variab

le,
th

e
cau

sal
p
aren

ts
o
f

th
e

ta
rg

et
va

riab
le

con
stitu

te
su

ch
a

set
of

in
varian

t
p
red

ictors.
W

e
p
rove

th
at

p
red

ictin
g

u
sin

g
a
n

in
va

ria
n
t

set
is

op
tim

al
in

an
ad

v
ersa

rial
settin

g
in

D
G

.
If

th
e

in
varian

t
stru

ctu
re

is
n
o
t

k
n
ow

n
,

w
e

p
rop

ose
an

algorith
m

th
at

au
tom

atically
d
etects

an
in

varian
t

su
b
set,

w
h
ile

a
lso

fo
cu

sin
g

on
go

o
d

p
red

iction
.

In
p
ractice,

w
e

see
th

at
ou

r
algorith

m
su

ccessfu
lly

fi
n
d
s

a
set

o
f

p
red

ictors
lead

in
g

to
in

varian
t

con
d
ition

als
w

h
en

en
ou

gh
train

in
g

task
s

are
ava

ila
b
le.

O
u
r

m
eth

o
d

can
in

corp
orate

ad
d
ition

a
l
d
ata

from
th

e
test

task
(M

T
L

)
an

d
y
ield

s
g
o
o
d

p
erfo

rm
a
n
ce

on
sy

n
th

etic
d
ata.

A
lth

ou
gh

an
in

va
rian

t
set

m
ay

n
ot

alw
ay

s
ex

ist,
ou

r
ex

p
erim

en
t

o
n

real
d
ata

in
d
icates

th
at

ex
p
loitin

g
in

varian
ce

lead
s

to
m

eth
o
d
s

w
h
ich

a
re

ro
b
u
st

a
g
ain

st
tran

sfer.

A
s

w
e

saw
in

th
e

D
G

an
d

M
T

L
ex

p
erim

en
ts,

β
Ŝ

d
o
es

n
ot

alw
ay

s
p

erform
s

as
w

ell
as
β
ca
u,

w
h
ich

u
ses

th
e

grou
n
d

tru
th

.
W

e
b

elieve
th

at
altern

ative
m

eth
o
d
s

for
estim

atin
g

th
e

set
Ŝ

m
ay

clo
se

th
is

g
ap

.
F

u
rth

erm
ore,

ex
ten

d
in

g
ou

r
fram

ew
ork

to
n
on

lin
earities

seem
s

straigh
t-

fo
rw

a
rd

a
n
d

m
ay

p
rove

to
b

e
u
sefu

l
in

m
an

y
ap

p
lication

s.
F

or
in

stan
ce,

w
e

p
rov

id
e

a
gen

eral,
n
o
n
lin

ea
r

version
of

T
h
eorem

1
in

A
p
p

en
d
ix

A
.
M

oreover,
A

lgorith
m

s
1

an
d

2
are

p
resen

ted
in

a
lin

ea
r

settin
g.

H
ow

ever,
th

e
ex

ten
sio

n
to

a
n
on

lin
ea

r
fram

ew
ork

is
straigh

tforw
ard

.
In

p
a
rticu

la
r,

th
e

lin
ear

regression
can

b
e

rep
laced

b
y

a
n
on

lin
ear

regression
m

eth
o
d
.

W
e

ex
p

ect
th

a
t

th
ere

m
ay

b
e

featu
re

m
ap

s
lead

in
g

to
in

varian
t

con
d
itio

n
als

th
at

a
re

d
iff

eren
t

from
a

su
b
set.

W
e

ex
p

ect
ou

r
m

eth
o
d

to
b

e
fav

orab
le

in
(ad

v
ersarial-like)

situ
ation

s
w

ith
stron

g
d
if-

feren
ces

b
etw

een
th

e
task

s,
su

ch
as

th
e

gen
e

ex
p

erim
en

t
in

S
ection

4.4.
W

e
also

evalu
ated

o
u
r

m
eth

o
d

o
n

th
e

S
ch

o
ol

d
ataset

(B
ak

k
er

an
d

H
esk

es,
2003),

b
u
t

fou
n
d

th
at

w
e

d
o

n
ot

d
o

b
etter

th
a
n

p
o
olin

g
th

e
d
ata

(w
e

also
d
o

n
ot

d
o

w
orse,

th
e

resu
lts

are
n
ot

sh
ow

n
).

W
e

b
elieve

th
is

m
ay

b
e

d
u
e

to
th

e
fact

th
at

th
e

d
iff

eren
ce

b
etw

een
th

e
task

s
in

th
is

d
ataset

are
n
o
t

to
o

la
rg

e.
W

e
b

elieve,
fi
n
ally,

th
at

th
e

lin
k

to
cau

sal
assu

m
p
tion

s
an

d
th

e
ex

p
loitation

of
cau

sal
stru

ctu
re

m
ay

len
d

itself
w

ell
to

p
rov

in
g

ad
d
ition

al
th

eoretical
resu

lts
on

tran
sfer

learn
in

g.
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R
o
ja

s-C
a
r
u
l
l
a
a
n
d

S
c
h
ö
l
k
o
p
f
a
n
d

T
u
r
n
e
r
a
n
d

P
e
t
e
r
s

A
p
p
e
n
d
ix

A
.

In
th

is
A

p
p

en
d
ix

,
w

e
p
rov

id
e

p
ro

ofs
for

th
e

th
eoretical

resu
lts

in
th

e
p
ap

er,
as

w
ell

as
an

ex
ten

sion
of

T
h
eorem

1.

A
.1

A
n

o
n

lin
e
a
r

e
x
te

n
sio

n
o
f

T
h
e
o
re

m
1

T
h
e

ex
ten

sion
of

T
h
eorem

1
to

a
n
on

lin
ear

settin
g

is
straigh

tforw
ard

.
G

iven
a

su
b
set

S
∗

lead
in

g
to

in
varian

t
p
red

iction
s,

th
e

p
rop

osed
p
red

ictor
is

d
efi

n
ed

as
th

e
con

d
ition

al
ex

p
ectation

f
S
∗

:
R
p
→

R
x
7→

=
E

[Y
1|X

1S
∗

=
x
S
∗].

(11)

T
h
e

follow
in

g
th

eorem
states

th
at
f
S
∗

is
op

tim
al

over
th

e
set

of
con

tin
u
ou

s
fu

n
ction

sC
0

in
an

ad
versarial

settin
g.

T
h

e
o
re

m
4

C
o
n

sid
er

D
ta

sks
(X

1,Y
1)
∼

P
1,...,

(X
D
,Y

D
)
∼

P
D

th
a
t

sa
tisfy

A
ssu

m
p
-

tio
n

(A
1
).

T
h
en

th
e

estim
a
to

r
f
S
∗

in
(11)

sa
tisfi

es

f
S
∗∈

arg
m

in
f∈C

0

su
p

P
T∈P

E
(X

T
,Y
T

)∼
P
T (Y

T
−
f

(X
T

) )
2
,

w
h
ereP

co
n

ta
in

s
a
ll

d
istribu

tio
n

s
o
ver

(X
T
,Y

T
)

th
a
t

a
re

a
bso

lu
tely

co
n

tin
u

o
u

s
w

ith
respect

to
th

e
sa

m
e

p
rod

u
ct

m
ea

su
re
µ

a
n

d
sa

tisfy
Y
T|X

TS
∗
d=
Y

1|X
1S
∗ .

P
ro

o
f

C
on

sid
er

a
fu

n
ction

f
th

at
is

p
ossib

ly
d
iff

eren
t

from
f
S
∗,

see
(11).

F
or

each
d
istrib

u
tion

Q
∈
P

,
w

e
w

ill
n
ow

con
stru

ct
a

d
istrib

u
tion

P
∈
P

su
ch

th
at

∫
(y−

f
(x

))
2
dP
≥
∫

(y−
f
S
∗(x

))
2
dQ

.

In
th

is
p
ro

of,
w

e
assu

m
e

th
at

th
e

p
rob

ab
ility

d
istrib

u
tion

s
in
P

are
ab

solu
tely

con
tin

u
ou

s
w

ith
resp

ect
to

L
eb

esgu
e

m
easu

re.
T

h
e

ex
ten

sion
to

th
e

case
w

h
ere

th
ey

are
ab

solu
tely

con
tin

u
ou

s
w

ith
resp

ect
to

a
sam

e
p
ro

d
u
ct

m
easu

re
µ

is
straigh

tforw
ard

.
L

et
u
s

th
erefore

assu
m

e
th

at
Q

h
as

a
d
en

sity
(x
,y

)7→
q(x

,y
).

D
efi

n
e
P

to
b

e
th

e
d
istrib

u
tion

th
at

corre-
sp

on
d
s

to
p
(x
,y

)
:=

q(x
S
∗,y

)·
q(x

N
),

w
h
ere

x
N

con
tain

s
all

com
p

on
en

ts
of

x
th

at
are

n
ot

in
S
∗.

In
th

e
d
istrib

u
tion

P
,

th
e

ra
n
d
om

vector
X
N

is
in

d
ep

en
d
en

t
of

(X
S
∗,Y

).
B

u
t

th
en

∫
(y−

f
(x

))
2
dP

=

∫

x
N

∫

x
S
∗
,y (y−

f
(x
S
∗,x

))
2
p
(x
S
∗,y

)
d
x
S
∗
d
y
p
(x
N

)
d
x
N

≥
∫

x
N

∫

x
S
∗
,y (y−

f
S
∗(x

S
∗))

2
p
(x
S
∗,y

)
d
x
S
∗
d
y
p
(x
N

)
d
x
N

=

∫

x
,y (y−

f
S
∗(x
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)
op

ti
m

is
ed

fo
r

ou
r

sp
ec

ifi
c

p
ro

b
le

m
.

(c
)

W
e

sh
ow

h
ow

an
y

m
et

h
o
d

fo
r

so
lv

in
g

(1
)

ca
n

b
e

u
se

d
to

fi
t

re
gr

es
si

o
n

m
o
d
el

s
w

it
h

in
te

ra
ct

io
n
s

(1
5)

b
y

b
u
il
d
in

g
it

in
to

an
al

go
ri

th
m

fo
r

th
e

L
as

so
(T

ib
sh

ir
a
n
i,

1
9
9
6
).

T
h
e

u
se

of
xy

z
th

u
s

le
ad

s
to

a
p
ro

ce
d
u
re

fo
r

ap
p
ly

in
g

th
e

L
as

so
to

al
l

m
a
in

eff
ec

ts
a
n
d

in
te

ra
ct

io
n
s

w
it

h
co

m
p
u
ta

ti
on

al
co

st
th

at
sc

al
es

su
b

q
u
ad

ra
ti

ca
ll
y

in
p
.

(d
)

W
e

p
ro

v
id

e
im

p
le

m
en

ta
ti

on
s

of
b

ot
h

th
e

co
re

xy
z

al
go

ri
th

m
an

d
it

s
ex

te
n
si

o
n

to
th

e
L

as
so

in
th

e
R

p
ac

ka
ge

x
y
z
,

w
h
ic

h
is

av
ai

la
b
le

on
gi

th
u
b

(T
h
an

ei
,

20
16

)
a
n
d

C
R

A
N

.

O
u
r

w
or

k
h
er

e
is

th
u
s

re
la

te
d

to
“c

lo
se

st
p
a
ir

s
of

p
oi

n
ts

”
al

go
ri

th
m

s
in

co
m

p
u
ta

ti
o
n
a
l

ge
om

et
ry

as
w

el
l

as
an

ex
te

n
si

ve
li
te

ra
tu

re
on

m
o
d
el

li
n
g

in
te

ra
ct

io
n
s

in
st

a
ti

st
ic

s,
b

o
th

of
w

h
ic

h
w

e
n
ow

re
v
ie

w
.
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T
h
e

xyz
a
l
g
o
r
it
h
m

f
o
r
fa

st
in
t
e
r
a
c
t
io
n
se

a
r
c
h
in

h
ig
h
-d

im
e
n
sio

n
a
l
d
a
t
a

1
.1

R
e
la

te
d

w
o
rk

A
co

m
m

o
n

a
p
p
roach

to
avoid

th
e

q
u
ad

ratic
cost

in
p

of
search

in
g

over
a
ll

p
airs

of
vari-

a
b
les

(1
)

is
to

restrict
th

e
search

sp
ace:

on
e

can
fi
rst

seek
a

sm
all

n
u
m

b
er

of
im

p
ortan

t
m

ain
eff

ects,
a
n
d

th
en

on
ly

con
sid

er
in

teraction
s

in
volv

in
g

th
ese

d
iscovered

m
a
in

eff
ects.

M
o
re

sp
ecifi

ca
lly,

on
e

cou
ld

fi
t

a
m

ain
eff

ects
L

asso
(T

ib
sh

ira
n
i,

199
6)

to
th

e
d
ata

fi
rst,

a
d
d

in
tera

ctio
n
s

b
etw

een
selected

m
ain

eff
ects

to
th

e
m

atrix
of

p
red

ictors,
an

d
th

en
ru

n
th

e
L

a
sso

o
n
ce

m
ore

on
th

e
au

gm
en

ted
d
esign

m
atrix

in
ord

er
to

p
ro

d
u
ce

th
e

fi
n
al

m
o
d
el

(see
W

u
et

a
l.

(2010)
for

ex
am

p
le).

T
ree-b

ased
m

eth
o
d
s

su
ch

as
C

A
R

T
(B

reim
an

et
al.,

1
9
8
4
)

w
o
rk

in
a

sim
ilar

fash
ion

b
y

a
im

in
g

to
id

en
tify

an
im

p
ortan

t
m

ain
eff

ect
an

d
th

en
o
n
ly

co
n
sid

erin
g

in
teraction

s
in

volv
in

g
th

is
d
iscovered

eff
ect.

H
ow

ever
it

is
q
u
ite

p
ossib

le
for

th
e

sign
al

to
b

e
su

ch
th

at
m

a
in

eff
ects

corresp
on

d
in

g
to

im
p

o
rta

n
t

in
teraction

s
are

h
ard

to
d
etect.

A
s

a
con

crete
ex

am
p
le

of
th

is
p
h
en

om
en

on
,

co
n
sid

er
th

e
settin

g
w

h
ere

X
is

gen
erated

ran
d
om

ly
w

ith
all

en
tries

in
d
ep

en
d
en

t
an

d
h
av

in
g

th
e

u
n
ifo

rm
d
istrib

u
tion

on
{−

1,1}
.

S
u
p
p

ose
th

e
resp

on
se

is
given

b
y
Y
i

=
X
i1 X

i2 ,
so

th
ere

is
n
o

n
o
ise.

S
in

ce
th

e
d
istrib

u
tion

Y
i |X

ij
is

th
e

sam
e

for
all

k
,

m
ain

eff
ects

regression
s

w
ou

ld
fi
n
d

it
ch

a
llen

g
in

g
to

select
variab

les
1

an
d

2.
N

ote
th

a
t

b
y

rep
aram

etrisin
g

th
e

m
o
d
el

b
y

a
d
d
in

g
o
n
e

to
each

en
try

of
X

for
ex

am
p
le,

w
e

ob
tain

Y
i

=
(X

i1 −
1)(X

i2 −
1
)

=
1−

X
i1 −

X
i2

+
X
i1 X

i2 .
T

h
e

m
o
d
el

n
ow

resp
ects

th
e

so-called
stron

g
h
ierarch

ical
p
rin

cip
le

(B
ien

et
a
l.,

2
0
1
3)

th
at

in
teraction

s
are

on
ly

p
resen

t
w

h
en

th
eir

m
ain

eff
ects

are.
T

h
e

h
ierarch

ical
p
rin

cip
le

is
u
sefu

l
to

im
p

ose
on

an
y

fi
tted

m
o
d
el.

H
ow

ever,
im

p
osin

g
th

e
p
rin

cip
le

on
th

e
m

o
d
el

d
o
es

n
ot

im
p
ly

th
at

th
e

in
teraction

s
w

ill
easily

b
e

fou
n
d

b
y

search
in

g
for

m
ain

eff
ects

fi
rst.

T
h
e

d
iffi

cu
lty

of
th

e
ex

am
p
le

p
rob

lem
is

d
u
e

to
in

teraction
eff

ects
m

ask
in

g
m

a
in

eff
ects:

th
is

is
a

p
rop

erty
of

th
e

sign
alE

(Y
i )

an
d

of
cou

rse
n
o

rep
aram

etrisa
tion

can
m

a
ke

th
e

m
a
in

eff
ects

an
y

easier
to

fi
n
d
.

A
p
p
roach

es
th

at
in

crease
th

e
set

o
f

in
teraction

s
to

b
e

con
sid

ered
iterativ

ely
can

h
elp

to
tack

le
th

is
sort

of
issu

e
in

p
ractice

(B
ick

el
et

al.,
2
0
1
0
;

H
a
o

an
d

Z
h
an

g,
2014;

F
ried

m
an

,
1991;

S
h
ah

,
2016)

as
can

th
ose

th
at

ran
d
o
m

ise
th

e
sea

rch
p
ro

ced
u
re

(B
reim

an
,

2001).
H

ow
ever

th
ey

can
n
ot

elim
in

ate
th

e
p
rob

lem
of

m
issin

g
in

tera
ctio

n
s,

n
o
r

d
o

th
ese

ap
p
roach

es
off

er
gu

aran
tees

of
h
ow

likely
it

is
th

at
th

ey
d
iscover

a
n

in
teractio

n
.

A
s

a
llu

d
ed

to
earlier,

th
e

p
u
re

in
teraction

search
p
rob

lem
(3)

is
related

to
close

p
airs

o
f

p
o
in

ts
p
ro

b
lem

s,
an

d
m

ore
sp

ecifi
cally

th
e

close
b
ich

rom
atic

p
airs

p
rob

lem
in

com
p
u
ta-

tio
n
al

g
eo

m
etry

(A
garw

al
et

al.,
1991).

M
ost

research
in

th
is

area
h
as

fo
cu

sed
on

algorith
m

s
th

a
t

lea
d

to
co

m
p
u
tation

ally
op

tim
al

resu
lts

in
th

e
n
u
m

b
er

of
p

oin
ts
p

w
h
ilst

con
sid

erin
g

th
e

d
im

en
sio

n
n

to
b

e
con

stan
t.

T
h
is

h
as

resu
lted

in
algorith

m
s

w
h
ere

th
e

sca
lin

g
of

th
e

co
m

p
u
ta

tio
n
a
l

com
p
lex

ity
w

ith
n

is
at

least
of

ord
er

2
n

(S
h
am

os
an

d
H

o
ey

,
1975).

S
in

ce
fo

r
m

ea
n
in

g
fu

l
statistical

resu
lts

on
e

w
ou

ld
ty

p
ically

req
u
ire

n
�

log
(p

),
th

ese
ap

p
roach

es
w

o
u
ld

n
o
t

lea
d

to
su

b
q
u
ad

ratic
com

p
lex

ity.
A

n
ex

cep
tion

is
th

e
so-called

ligh
tb

u
lb

algo-
rith

m
(P

a
tu

ri
et

al.,
1989)

w
h
ich

em
p
loy

s
a

sim
ilar

stra
tegy

for
b
in

ary
d
ata;

o
u
r

w
ork

h
ere

sh
ow

s
th

a
t

th
is

is
op

tim
al

am
on

g
ran

d
om

p
ro

jectio
n
-b

ased
m

eth
o
d
s

an
d

also
th

at
it

m
ay

b
e

m
o
d
ifi

ed
to

h
an

d
le

con
tin

u
ou

s
d
ata

an
d

also
d
etect

in
teraction

s
in

h
igh

-d
im

en
sio

n
al

reg
ression

settin
gs.

In
th

e
sp

ecial
case

w
h
ere

n
=
p

a
n
d
Z
ij ,X

ij ∈
{−

1,1}
,

(3)
m

ay
b

e
seen

to
b

e
eq

u
ivalen

t
to

sea
rch

in
g

fo
r

large
m

agn
itu

d
e

en
tries

in
th

e
p
ro

d
u
ct

of
sq

u
are

m
atrices

X
an

d
Z
T

.
T

h
is

la
tter

p
rob

lem
is

am
en

ab
le

to
fast

m
atrix

m
u
ltip

lication
algorith

m
s,

w
h
ich

in
th

eo
ry

can

3
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T
h
a
n
e
i,
M
e
in
sh

a
u
se

n
a
n
d

S
h
a
h

d
eliver

a
su

b
q
u
ad

ratic
com

p
lex

ity
of

rou
gh

ly
O

(p
2
.4)

=
O

(n
p

1
.4)

(W
illiam

s,
2012;

D
av

ie
an

d
S
toth

ers,
2013;

L
e

G
all,

2012).
H

ow
ever

th
e

con
stan

ts
h
id

d
en

in
th

e
ord

er
n
otation

are
ty

p
ically

very
large,

an
d

p
ractical

im
p
lem

en
tation

s
are

u
n
availab

le.
T

h
e

S
trassen

a
lgorith

m
(S

trassen
,

1969)
is

th
e

on
ly

fast
m

atrix
m

u
ltip

lication
algorith

m
u
sed

regu
larly

in
p
ractice

to
th

e
b

est
of

ou
r

k
n
ow

led
ge.

W
ith

a
com

p
lex

ity
of

rou
gh

ly
O

(p
2
.8)

=
O

(n
p

1
.8),

th
e

im
p
rovem

en
t

over
a

b
ru

te
force

close
p
airs

search
is

on
ly

sligh
t.

T
h
e

strategy
w

e
u
se

is
m

ost
clo

sely
related

to
lo

cality
sen

sitive
h
a
sh

in
g

(L
S
H

)
(In

d
y
k

an
d

M
otw

an
i,

1998)
w

h
ich

en
com

p
asses

a
fam

ily
of

h
ash

in
g

p
ro

ced
u
res

su
ch

th
at

sim
ilar

p
oin

ts
are

m
ap

p
ed

to
th

e
sam

e
b
u
ck

et
w

ith
h
igh

p
rob

ab
ility.

A
close

p
air

search
can

th
en

b
e

con
d
u
cted

b
y

search
in

g
am

on
g

p
airs

m
ap

p
ed

to
th

e
sam

e
b
u
cket.

In
fact,

ou
r

ap
p
roach

for
solv

in
g

(3)
can

b
e

th
ou

gh
t

of
as

an
ex

am
p
le

of
L

S
H

o
p
tim

ised
for

ou
r

p
articu

lar
p
rob

lem
settin

g.
T

h
is

con
n
ection

is
d
etailed

in
A

p
p

en
d
ix

B
.

A
seem

in
gly

attractive
altern

ativ
e

to
th

e
su

b
sam

p
lin

g-b
ased

L
S
H

-strategy
w

e
em

p
loy

is
th

e
m

eth
o
d

of
ran

d
om

p
ro

jection
s

w
h
ich

is
m

otivated
b
y

th
e

th
eoretical

gu
aran

tees
off

ered
b
y

th
e

J
oh

n
son

–L
in

d
en

strau
ss

L
em

m
a

(A
ch

liop
tas,

2003).
P

erh
ap

s
su

rp
risin

gly,
w

e
can

sh
ow

th
at

u
sin

g
ran

d
om

p
ro

jection
s

in
stead

of
ou

r
su

b
sam

p
lin

g-b
ased

sch
em

e
lead

s
to

a
q
u
ad

ratic
ru

n
tim

e
for

in
teraction

search
(see

T
h
eorem

1
an

d
section

5.1).

A
n

ap
p
roach

th
at

b
ears

som
e

sim
ilarity

w
ith

ou
r

p
ro

ced
u
re

is
th

at
of

ep
iq

(A
rk

in
et

al.,
2014).

T
h
is

w
ork

s
b
y

p
ro

jectin
g

th
e

d
ata

an
d

th
en

search
es

th
rou

gh
a

low
er

d
im

en
sio

n
al

rep
resen

tation
for

close
p
airs.

T
h
is

ap
p

ears
to

im
p
rove

u
p

on
a

n
aive

b
ru

te
force

em
p
irically

b
u
t

th
ere

are
n
o

p
roven

gu
aran

tees
th

at
th

e
ru

n
tim

e
im

p
roves

on
th

e
O

(n
p

2)
co

m
p
lex

ity
of

a
n
aive

search
.

T
h
e

R
a
n

d
o
m

In
tersectio

n
T

rees
alg

orith
m

of
S
h
ah

an
d

M
ein

sh
au

sen
(2014)

search
es

for
p

oten
tially

d
eep

er
in

teraction
s

in
d
ata

w
ith

b
oth

X
an

d
Y

b
in

ary.
In

certain
cases

w
ith

stron
g

in
teraction

s
a

com
p
lex

ity
close

to
lin

ear
in
p

is
a
ch

ieved
;

h
ow

ever
it

is
n
ot

clear
h
ow

to
gen

eralise
th

e
ap

p
roach

to
con

tin
u
ou

s
d
ata

or
em

b
ed

it
w

ith
in

a
regression

p
ro

ced
u
re.

T
h
e

id
ea

of
K

on
g

et
al.

(2016)
is

to
fi
rst

tran
sform

th
e

d
ata

b
y

fo
rm

in
g

Ỹ
=

Y
◦

Y
an

d
X̃
j

=
X
j ◦

X
j

for
each

p
red

ictor.
N

ex
t

X̃
j

an
d

Ỹ
are

tested
for

in
d
ep

en
d
en

ce
u
sin

g
th

e
d
istan

ce
correlation

test.
In

certain
settin

g
s,

th
is

can
reveal

im
p

ortan
t

in
teraction

s
w

ith
a

com
p
u
tation

al
cost

lin
ear

in
p
.

H
ow

ever,
th

e
p

ow
ers

of
th

ese
tests

d
ep

en
d

on
th

e
d
istrib

u
tion

s
of

th
e

tran
sform

ed
variab

les
X̃
j .

F
or

ex
am

p
le

in
th

e
b
in

ary
case

w
h
en

X
∈

{−
1
,1}

n×
p,

each
tran

sform
ed

variab
le

w
ill

b
e

a
vector

of
1’s

an
d

th
e

in
d
ep

en
d
en

ce
tests

w
ill

b
e

u
n
h
elp

fu
l.

W
e

w
ill

see
th

at
ou

r
p
rop

osed
ap

p
roach

w
ork

s
p
articu

larly
w

ell
in

th
is

settin
g.

1
.2

O
rg

a
n

isa
tio

n
o
f

th
e

p
a
p

e
r

In
S
ection

2
w

e
con

sid
er

th
e

case
w

h
ere

b
oth

th
e

resp
o
n
se

Y
an

d
th

e
p
red

ictors
X

are
b
in

ary.
W

e
fi
rst

d
em

on
strate

h
ow

(15)
m

ay
b

e
con

v
erted

to
a

form
of

closest
p
air

of
p

oin
ts

p
rob

lem
.

W
e

th
en

in
tro

d
u
ce

a
gen

eral
v
ersion

of
th

e
xyz

algorith
m

w
h
ich

solves
th

is
b
ased

on
ran

d
om

p
ro

jection
s.

A
s

w
e

sh
ow

in
S
ection

2.1
th

ere
is

a
p
articu

lar
ran

d
om

p
ro

jection
d
istrib

u
tion

th
at

is
op

tim
al

for
ou

r
p
u
rp

oses.
T

h
is

lead
s

to
ou

r
fi
n
al

version
of

th
e

xyz
algorith
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p
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d
p
rob
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gu
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recovers
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p
o
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t
in
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s.
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3
w

e
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m
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r
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n
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r

h
ig
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im

en
si

on
al
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es
si

on
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ri
ed
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an

et
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10
)
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w
in

g
h
ig

h
-d

im
en

si
on

al
re

gr
es

si
on

m
o
d
el

s
w

it
h

in
te

ra
ct

io
n
s

to
b

e
fi
tt

ed
w

it
h

su
b

q
u
ad

ra
ti

c
co

m
p
le

x
it

y
in
p
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S
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ti
on

5
co

n
ta

in
s

a
va

ri
et

y
of

n
u
m

er
ic

al
ex

p
er

im
en

ts
on

re
al

an
d

si
m

u
la

te
d

d
at

a
th

at
co

m
p
le

m
en

t
ou

r
th

eo
re

ti
ca

l
re

su
lt

s
an

d
d
em

on
st

ra
te

th
e

eff
ec

ti
v
en

es
s

of
ou

r
p
ro

p
os

al
in

p
ra

ct
ic

e.
W

e
co

n
cl

u
d
e

w
it

h
a

b
ri

ef
d
is

cu
ss

io
n

in
S
ec

ti
on

6
an

d
al

l
p
ro

o
fs

ar
e

co
ll
ec

te
d

in
th

e
A

p
p

en
d
ix

.

2
.
T
h
e
x
y
z

a
lg
o
ri
th

m
fo
r
b
in
a
ry

d
a
ta

In
th

is
se

ct
io

n
,
w

e
p
re

se
n
t

a
ve

rs
io

n
of

th
e

xy
z

al
go

ri
th

m
ap

p
li
ca

b
le

in
th

e
sp

ec
ia

l
ca

se
w

h
er

e
b

ot
h

X
an

d
Y

ar
e

b
in

ar
y,

so
X
ij
∈
{−

1
,1
}

an
d
Y
i
∈
{−

1
,1
}.

W
e

b
u
il
d

u
p

to
th

e
al

go
ri

th
m

in
st

ag
es

,
gi

v
in

g
th

e
fi
n
al

v
er

si
on

in
S
ec

ti
on

2.
2.

D
efi

n
e

Z
∈
{−

1,
1}
n
×
p

b
y
Z
ij

=
Y
iX

ij
an

d

γ
jk

=
1 n

n ∑ i=
1

1
{Y
i
=
X
ij
X
ik
}.

(4
)

W
e

ca
ll
γ
jk

th
e

in
te

ra
ct

io
n

st
re

n
gt

h
of

th
e

p
ai

r
(j
,k

).
It

is
ea

sy
to

se
e

th
at

th
e

in
te

ra
ct

io
n

se
ar

ch
p
ro

b
le

m
(1

)
ca

n
b

e
ex

p
re

ss
ed

in
te

rm
s

of
ei

th
er

th
e
γ
jk

or
th

e
n
or

m
a
li
se

d
sq

u
ar

ed
d
is

ta
n
ce

s.
In

d
ee

d

2
γ
jk
−

1
=

Y
T

(X
j
◦X

k
)/
n

=
Z
T j
X
k
/n

=
1
−
‖Z

j
−

X
k
‖2 2
/
(2
n

).
(5

)

T
h
u
s

th
os

e
p
ai

rs
(j
,k

)
w

it
h

Y
T

(X
j
◦

X
k
)/
n

la
rg

e
w

il
l

h
av

e
γ
jk

la
rg

e,
an

d
‖Z

j
−

X
k
‖2 2

sm
al

l.
T

h
is

eq
u
iv

al
en

ce
su

gg
es

ts
th

at
to

so
lv

e
(1

),
w

e
ca

n
se

ar
ch

fo
r

p
ai

rs
(j
,k

)
of

co
lu

m
n
s

Z
j
,X

k
th

at
ar

e
cl

os
e

in
` 2

d
is

ta
n
ce

.
A

t
fi
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si

gh
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th
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n
ew

p
ro

b
le

m
w

ou
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al
so
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p
ai
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an
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w
ou
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th
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r
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p

2
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st
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A

s
m

en
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ed
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e
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io
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e
p
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se
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ra
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b
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b
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ev
er

p
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of
th

e
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en
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co
lu

m
n
s

of
X

an
d

Z
to

a
lo

w
er

d
im

en
-

si
on

al
sp

ac
e

an
d

th
en

p
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os
e

p
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h
e
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so

n
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u
ss

L
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m
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w
h
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h
st
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u
gh
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th
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n
p
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je
ct
p

p
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n
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e
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d
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en
si

o
n
O

(l
og
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ll
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p
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e
d
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ay
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u
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h
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T

h
e
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e
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th
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b
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l
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p
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h
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n
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ev
er
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ve
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so

m
e

en
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u
ra
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m

en
t:
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w

e
h
ad

Y
=

X
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k
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X
j

=
Z
k
,

ev
en

a
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e-
d
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en
si

on
al

p
ro

je
ct

io
n

R
∈
R
n

w
il
l

h
av

e
|R

T
(X

j
−

Z
k
)|

=
0

=
‖X

j
−

Z
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‖ 2

,
w
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h
im

p
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th
a
t

a
p

er
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il
l
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e
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d
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e
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ct
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e.
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e

w
il
l
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te
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se

e
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p
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p
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n
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d
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b
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d
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th
e
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ed
in
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e
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oh

n
so

n
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h
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in
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d
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th
e
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ow

in
g

ge
n
er
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st

ra
te
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F
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st
p
ro

je
ct

th
e
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m
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s

of
X

an
d

Z
to
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d
im

en
si
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al
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ct
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s
x

an
d
z
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n
g
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n
d
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p
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n

R
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x
=

X
T
R

,
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=
Z
T
R

.
N

ex
t

fo
r

so
m

e
th
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sh
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d
τ
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ec

t
al

l
p
a
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s
(j
,k

)
su

ch
th
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j
−
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τ
in
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e
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t
E

.
B

y
fi
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an
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z
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T
h
a
n
e
i,
M
e
in
sh

a
u
se

n
a
n
d

S
h
a
h

fo
r

ex
am

p
le

S
ed

g
ew

ic
k

(1
99

8)
),

th
is

cl
os

e
p
ai

rs
se

ar
ch

ca
n

b
e

sh
ow

n
to

b
e

ve
ry

effi
ci

en
t.

G
iv

en
th

is
se

t
of

ca
n
d
id

at
e

in
te

ra
ct

io
n
s,

w
e

ca
n

ch
ec

k
fo

r
ea

ch
(j
,k

)
∈
E

w
h
et

h
er

w
e

h
av

e
γ
jk
≥
γ

.
T

h
e

p
ro

ce
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ca
n

b
e

re
p
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te

d
L

ti
m
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w

it
h

d
iff

er
en

t
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n
d
om

p
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je
ct

io
n
s,

a
n
d

o
n
e

w
ou

ld
h
op

e
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ve
n

en
ou

gh
re

p
et
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io

n
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y
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ve

n
st

ro
n
g

in
te
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ct

io
n

w
o
u
ld

b
e

p
re

se
n
t

in
on

e
of

th
e

ca
n
d
id

at
e

se
ts
E

1
,.
..
,E

L
w

it
h

h
ig

h
p
ro

b
ab

il
it

y.
T

h
is

ap
p
ro

ac
h

is
su

m
m

a
ri

se
d

in
A

lg
or

it
h
m

1
w

h
ic

h
w

e
te

rm
th

e
ge

n
er

al
fo

rm
of

th
e

xy
z

al
go

ri
th

m
.

A
sc

h
em

a
ti

c
ov

er
v
ie

w
is

gi
v
en

in
F

ig
u
re

1.

A
lg

o
ri

th
m

1
A

ge
n
er

al
fo

rm
of

th
e

xy
z

al
go

ri
th

m
.

In
p

u
t:

X
∈
{−

1,
1
}n
×
p
,
Y
∈
{−

1
,1
}n

P
a
ra

m
e
te

rs
:
ξ

=
(G
,L
,τ
,γ

).
H

er
e
G

is
th

e
jo

in
t

d
is

tr
ib

u
ti

on
fo

r
th

e
p
ro

je
ct

io
n

v
ec

to
r

R
,
L

is
th

e
n
u
m

b
er

of
p
ro

je
ct

io
n
s,

an
d
τ

an
d
γ

ar
e

th
e

th
re

sh
ol

d
s

fo
r

cl
o
se

p
a
ir

s
a
n
d

in
te

ra
ct

io
n
s

st
re

n
gt

h
re

sp
ec

ti
ve

ly
.

O
u

tp
u

t:
I

se
t

of
st

ro
n
g

in
te

ra
ct

io
n
s.

1
:

F
or

m
Z

v
ia
Z
ij

=
Y
iX

ij
an

d
se

t
I

:=
∅.

2
:

fo
r
l
∈
{1
,.
..
,L
}

d
o

3
:

D
ra

w
ra

n
d
om

ve
ct

or
R
∈
R
n

w
it

h
d
is

tr
ib

u
ti

on
G

an
d

p
ro

je
ct

th
e

d
a
ta

u
si

n
g

R
,

to
fo

rm
x

=
X
T
R

an
d

z
=

Z
T
R
.

4
:

C
ol

le
ct

in
E
l

al
l

p
ai

rs
(j
,k

)
su

ch
th

at
|x
j
−
z k
|≤

τ
.

5
:

A
d
d

to
I

th
os

e
(j
,k

)
∈
E
l

fo
r

w
h
ic

h
γ
jk
≥
γ

.
6
:

e
n

d
fo

r

T
h
er

e
ar

e
se

ve
ra

l
p
ar

am
et

er
s

th
at

m
u
st

b
e

se
le

ct
ed

,
an

d
a

ke
y

ch
oi

ce
to

b
e

m
a
d
e

is
th

e
fo

rm
of

th
e

ra
n
d
om

p
ro

je
ct

io
n

R
.

F
or

th
e

jo
in

t
d
is

tr
ib

u
ti

on
G

of
R

w
e

co
n
si

d
er

th
e

fo
ll
ow

in
g

ge
n
er

al
cl
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s

of
d
is

tr
ib

u
ti

on
s,

w
h
ic

h
in

cl
u
d
es

b
ot

h
d
en

se
an

d
sp

ar
se

p
ro

je
ct

io
n
s.

W
e

sa
m

p
le

a
ra

n
d
om

or
d
et

er
m

in
is

ti
c

n
u
m

b
er
M

of
in

d
ic

es
fr

om
th

e
se

t
{1
,.
..
,n
},
i 1
,.
..
,i
M

,
ei

th
er

w
it

h
or

w
it

h
ou

t
re

p
la

ce
m

en
t.

T
h
en

,
gi

ve
n

a
d
is

tr
ib

u
ti

o
n
F
∈
F

w
h
er

e
F

is
a

cl
a
ss

o
f

d
is

tr
ib

u
ti

on
s

to
b

e
sp

ec
ifi

ed
la

te
r,

w
e

fo
rm

a
ve

ct
or

D
∈
R
M

w
it

h
in

d
ep

en
d
en

t
co

m
p

o
n
en

ts
ea

ch
d
is

tr
ib

u
te

d
ac

co
rd

in
g

to
F

.
W

e
th

en
d
efi

n
e

th
e

ra
n
d
om

p
ro

je
ct

io
n

v
ec

to
r

R
b
y

R
i

=
M ∑ m
=

1

D
m
1
{i
m

=
i}
,

i
=

1,
..
.,
n
.

(6
)

E
ac

h
co

n
fi
gu

ra
ti

on
of

th
e

xy
z

al
go

ri
th

m
is

ch
ar

ac
te

ri
se

d
b
y

fi
x
in

g
th

e
fo

ll
ow

in
g

p
a
ra

m
-

et
er

s:

(i
)
G

,
a

d
is
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ib

u
ti

on
fo

r
th

e
p
ro

je
ct

io
n

ve
ct

or
R

w
h
ic

h
is

d
et

er
m

in
ed

th
ro

u
gh

(6
)

b
y
F
∈
F

,
a

d
is

tr
ib

u
ti

on
fo

r
th

e
su

b
sa

m
p
le

si
ze
M

an
d

w
h
et

h
er

sa
m

p
li
n
g

is
w

it
h

re
p
la

ce
m

en
t

or
n
ot

;

(i
i)
L
∈
N

,
th

e
n
u
m

b
er

of
p
ro

je
ct

io
n

st
ep

s;

(i
ii
)
τ
≥

0,
th

e
cl

os
e

p
ai

rs
th

re
sh

ol
d
;

(i
v
)
γ
∈

(0
,1

),
th

e
in

te
ra
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n
st

re
n
gt

h
th
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sh
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d
.
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T
h
e

xyz
a
l
g
o
r
it
h
m

f
o
r
fa

st
in
t
e
r
a
c
t
io
n
se

a
r
c
h
in

h
ig
h
-d

im
e
n
sio

n
a
l
d
a
t
a

W
e

w
ill

d
en

o
te

th
e

collection
of

all
p

ossib
le

p
aram

eter
levels

b
y

Ξ
.

T
h
is

in
clu

d
es

th
e

fo
llow

in
g

su
b

classes
of

in
terest.

F
ix
F
∈
F

.

(a
)

D
e
n

se
p

ro
je

c
tio

n
s.

L
et

R
∈
R
n

h
ave

in
d
ep

en
d
en

t
com

p
on

en
ts

d
istrib

u
ted

accord
in

g
to
F

a
n
d

d
en

ote
th

e
d
istrib

u
tion

of
R

b
y
G

.
T

h
is

falls
w

ith
in

ou
r

gen
eral

fram
ew

o
rk

a
b

ove
w

ith
M

set
to
n

an
d

sam
p
lin

g
w

ith
ou

t
rep

la
cem

en
t.

L
et

Ξ
d

en
se

:=
{ξ∈

Ξ
w

ith
join

t
d
istrib

u
tion

eq
u
al

to
G
}
.

(b
)

S
u

b
sa

m
p

lin
g

.
L

et
G

su
b

sa
m

p
le

b
e

th
e

set
of

d
istrib

u
tion

s
for

R
ob

ta
in

ed
th

rou
gh

(6)
w

h
en

su
b
sa

m
p
lin

g
w

ith
rep

lacem
en

t.
L

et

Ξ
su

b
sa

m
p

le
:=
{
ξ∈

Ξ
:
join

t
d
istrib

u
tion

G
∈
G

su
b

sa
m

p
le }
.

(c)
M

in
im

a
l

su
b

sa
m

p
lin

g
.

L
et

Ξ
m

in
im

a
l

b
e

th
e

set
of

all
p
aram

eters
in

Ξ
su

b
sa

m
p

le
su

ch
th

a
t

th
e

clo
se

p
airs

th
resh

old
is
τ

=
0

an
d
M

takes
ran

d
om

ly
valu

es
in

th
e

set{m
,m

+
1}

fo
r

so
m

e
p

ositiv
e

in
teger

m
.

Ξ
m

in
im

a
l
:=
{
ξ∈

Ξ
su

b
sa

m
p

le
w

ith
τ

=
0

an
d
M
∈
{m

,m
+

1}
for

so
m

e
m
∈
N}
.

N
o
te

th
a
t

w
e

h
ave

su
p
p
ressed

th
e

d
ep

en
d
en

ce
of

th
e

classes
ab

ove
on

th
e

fi
x
ed

d
istrib

u
tion

F
∈
F

fo
r

n
o
tation

al
sim

p
licity.

W
e

d
efi

n
e
F

to
b

e
th

e
set

of
all

u
n
ivariate

ab
solu

tely
co

n
tin

u
ou

s
a
n
d

sy
m

m
etric

d
istrib

u
tion

s
w

ith
b

ou
n
d
ed

d
en

sity
an

d
fi
n
ite

th
ird

m
om

en
t.

T
h
e

restrictio
n

to
con

tin
u
ou

s
d
istrib

u
tion

s
in
F

en
su

res
th

at
Ξ

m
in

im
a
l

is
in

varian
t

to
th

e
ch

o
ice

o
f
F

:
w

h
en

τ
≡

0,
every

F
∈
F

w
ith

L
∈
N

an
d

th
e

d
istrib

u
tion

for
M

fi
x
ed

y
ield

s
th

e
sa

m
e

a
lg

o
rith

m
.

M
oreov

er
th

e
set

o
f

close
p
airs

in
C
l

is
sim

p
ly

th
e

set
of

p
airs

(j,k
)

th
a
t

h
ave

X
im
j

=
Z
im
k

for
all

m
=

1
,...,M

,
th

at
is

th
e

set
of

p
airs

th
at

are
eq

u
al

on
th

e
su

b
sa

m
p
led

row
s.

W
e

n
ote

th
at

th
e

sy
m

m
etry

an
d

b
ou

n
d
ed

n
ess

of
th

e
d
en

sities
in
F

an
d

fi
n
iten

ess
o
f

th
e

th
ird

m
om

en
t

are
m

ain
ly

tech
n
ical

co
n
d
ition

s
n
ecessary

for
th

e
th

eoretical
d
evelo

p
m

en
ts

in
th

e
follow

in
g

section
.

W
e

w
ill

assu
m

e
w

ith
ou

t
loss

of
gen

erality
th

a
t

th
e

seco
n
d

m
o
m

en
t

is
eq

u
al

to
1.

T
h
is

con
d
ition

p
laces

n
o

ad
d
ition

al
restriction

on
Ξ

sin
ce

a
d
iff

eren
t

seco
n
d

m
om

en
t

m
ay

b
e

ab
sorb

ed
in

to
th

e
ch

oice
of
τ
.

M
in

im
a
l

su
b
sam

p
lin

g
rep

resen
ts

a
very

sm
all

su
b
set

of
th

e
m

u
ch

larger
class

of
ran

-
d
o
m

ised
alg

o
rith

m
s

ou
tlin

ed
ab

ove.
H

ow
ever,

T
h
eorem

1
b

elow
sh

ow
s

th
at

m
in

im
al

su
b
-

sa
m

p
lin

g
is

essen
tially

alw
ay

s
at

least
as

go
o
d

as
an

y
algorith

m
from

th
e

w
id

er
class,

w
h
ich

is
p

erh
a
p
s

su
rp

risin
g.

A
b

en
efi

cial
con

seq
u
en

ce
of

th
is

resu
lt

is
th

at
w

e
on

ly
n
eed

to
search

fo
r

th
e

o
p
tim

a
l

w
ay

s
of

selectin
g
M

an
d
L

;
th

e
th

resh
old

τ
is

fi
x
ed

at
τ

=
0

an
d

th
e

ch
oice

o
f

th
e

co
n
tin

u
o
u
s

d
istrib

u
tion

F
is

in
con

seq
u
en

tial
for

m
in

im
al

su
b
sam

p
lin

g.
T

h
e

ch
oices

w
e

g
ive

in
S
ection

2.2
y
ield

a
su

b
q
u
ad

ratic
ru

n
tim

e
th

at
ap

p
roach

es
lin

ear
in
p

w
h
en

th
e

in
tera

ctio
n
s

to
b

e
d
iscovered

are
m

u
ch

stron
ger

th
an

th
e

b
u
lk

of
th

e
rem

ain
in

g
in

tera
ction

s.

2
.1

O
p

tim
a
lity

o
f

m
in

im
a
l

su
b

sa
m

p
lin

g

In
th

is
sectio

n
,

w
e

com
p
are

th
e

ru
n

tim
e

of
th

e
algorith

m
s

in
ξ
∈

Ξ
d

en
se ,Ξ

su
b

sa
m

p
le

an
d

Ξ
m

in
im

a
l

th
at

retu
rn

stron
g

in
teraction

s
w

ith
h
igh

p
rob

ab
ility.

L
et

(j ∗,k ∗)
b

e
th

e
in

d
ices

of
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T
h
a
n
e
i,
M
e
in
sh

a
u
se

n
a
n
d

S
h
a
h

a)
b
)

c)

F
igu

re
1:

Illu
stration

of
th

e
gen

eral
xyz

alg
orith

m
.

T
h
e

stron
gest

in
teraction

is
th

e
p
air

(1,2)
an

d
p

=
4.

P
an

el
a)

illu
strates

th
e

in
tera

ction
search

am
on

g
Y

an
d

X
j ◦

X
k ,

p
an

el
b
)

sh
ow

s
th

e
closest

p
air

p
rob

lem
after

th
e

tran
sform

ation
Z
ij

=
X
ij Y

i
an

d
p
an

el
c)

d
ep

icts
th

e
closest

p
air

p
rob

lem
after

th
e

d
ata

h
as

b
een

p
ro

jected
.

T
h
ese

are
th

e
th

ree
m

ain
step

s
in

th
e

xyz
algorith

m
.

a
stron

gest
in

teraction
p
air,

th
at

is
γ
j ∗
k ∗

=
m

ax
j,k∈{

1
,...,p}

γ
jk .

W
e

w
ill

con
sid

er
algo

rith
m

s
ξ

w
ith

γ
set

to
γ
j ∗
k ∗.

D
efi

n
e

th
e

p
ow

er
of
ξ∈

Ξ
a
s

P
ow

er(ξ)
:=

P
ξ ((j ∗,k ∗)∈

I
).

F
or
η
∈

(0,1),
let

Ξ
d

en
se (η

)
=
{
ξ∈

Ξ
d

en
se

:
P

ow
er(ξ)≥

η},

an
d

d
efi

n
e

Ξ
su

b
sa

m
p

le (η
)

an
d

Ξ
m

in
im

a
l (η

)
an

alogo
u
sly.

N
ote

th
at

th
ese

classes
d
ep

en
d

on
th

e
u
n
d
erly

in
g
F
∈
F

,
w

h
ich

is
con

sid
ered

to
b

e
fi
x
ed

,
an

d
m

oreover
th

at
w

e
are

fi
x
in

g
γ

=
γ
j ∗
k ∗.

W
e

con
sid

er
an

asy
m

p
totic

regim
e

w
h
ere

w
e

h
ave

a
seq

u
en

ce
of

resp
on

se–p
red

ictor
m

atrix

p
airs

(Y
(n

),X
(n

))∈
R
n×

R
n×

p
n
.

W
rite

γ
(n

)
jk

for
th

e
corresp

on
d
in

g
in

teraction
stren

gth
s,

an
d

let
γ

(n
)

1
=

m
ax

j,k
γ

(n
)

jk
.

L
et
f
γ
(n

)
b

e
th

e
p
rob

ab
ility

m
ass

fu
n
ction

corresp
on

d
in

g
to

d
raw

in
g

an
elem

en
t

of
γ

(n
)

u
n
iform

ly
at

ra
n
d
om

.
N

ote
th

at
f
γ
(n

)
h
as

d
o
m

ain
{
0,1/n

,2
/n
,...,1}

.
W

e
m

ak
e

th
e

follow
in

g
assu

m
p
tion

s
ab

ou
t

th
e

seq
u
en

ce
of

in
teraction

stren
gth

m
atrices

γ
(n

).

(A
1)

T
h
ere

ex
ists

c
0

su
ch

th
at|{(j,k

)
:
γ

(n
)

jk
=
γ

(n
)

1
}|≤

c
0 p
n
.

(A
2)

T
h
ere

ex
ists

γ
l
>

0,
γ
u
<

1
su

ch
th

at
γ
u ≥

γ
(n

)
1
≥
γ
l

for
all

n
.

(A
3)

T
h
ere

ex
ists

ρ
<

1
su

ch
th

at
f
γ
(n

)
is

n
on

-in
creasin

g
on

[ρ
γ

(n
)

1
,γ

(n
)

1
)∩
{
0,1/n

,...,1}.

A
ssu

m
p
tion

(A
1)

is
rath

er
w

eak
:

ty
p
ically

on
e

w
ou

ld
ex

p
ect

th
e

m
ax

im
al

stren
gth

in
terac-

tion
to

b
e

essen
tially

u
n
iq

u
e,

w
h
ile

(A
1)

req
u
ires

th
at

at
m

ost
of

ord
er
p
n

in
teraction

s
h
av

e
m

ax
im

al
stren

gth
.

(A
2)

req
u
ires

th
e

m
ax

im
a
l

in
teraction

stren
gth

to
b

e
b

o
u
n
d
ed

aw
ay

from
0

an
d

1,
w

h
ich

is
th

e
region

w
h
ere

co
m

p
lex

ity
resu

lts
for

th
e

search
of

in
teraction

s
are

of
in

terest.
A

s
m

en
tion

ed
earlier,

if
th

e
m

ax
im

al
in

teractio
n

stren
gth

is
1,

it
w

ill
alw

ay
s

b
e

retain
ed

in
th

e
close-p

air
sets

C
l ,

w
h
ilst

if
its

stren
gth

is
to

o
close

to
0,

th
en

it
is

n
ear

im
p

ossib
le

to
d
istin

gu
ish

it
from

th
e

rem
ain

in
g

in
teraction

s.
(A

3)
en

su
res

a
certain

form
of

sep
aration

b
etw

een
m

ax
im

al
stren

gth
in

teraction
s

an
d

th
e

b
u
lk

of
th

e
in

teraction
s.
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T
h
e

xy
z
a
l
g
o
r
it
h
m

f
o
r
fa

st
in
t
e
r
a
c
t
io
n
se

a
r
c
h
in

h
ig
h
-d

im
e
n
si
o
n
a
l
d
a
t
a

T
o

ai
d

re
ad

ab
il
it

y,
in

th
e

fo
ll
ow

in
g

w
e

su
p
p
re

ss
th

e
d
ep

en
d
en

ce
of

q
u
an

ti
ti

es
on

n
in

th
e

n
ot

at
io

n
.

G
iv

en
X

an
d

Y
,

w
e

m
ay

d
efi

n
e
T

(ξ
)

as
th

e
ex

p
ec

te
d

n
u
m

b
er

of
co

m
p
u
ta

ti
on

al
op

er
at

io
n
s

p
er

fo
rm

ed
b
y

th
e

al
go

ri
th

m
co

rr
es

p
on

d
in

g
to
ξ.

W
e

h
av

e
th

e
fo

ll
ow

in
g

re
su

lt
.

T
h

e
o
re

m
1

G
iv

en
F
∈
F

a
n

d
η
∈

(0
,1

),
th

er
e

ex
is

ts
n

0
su

ch
th

a
t

fo
r

a
ll
n
≥
n

0
w

e
h
a
ve

in
f

ξ
∈Ξ

m
in

im
a
l(
η
)
T

(ξ
)

=
in

f
ξ
∈Ξ

su
b
sa

m
p
le

(η
)
T

(ξ
),

(7
)

in
f

ξ
∈Ξ

m
in

im
a
l(
η
)

T
(ξ

)

n
p

2
→

0,
(8

)

a
n

d
th

er
e

ex
is

ts
c
>

0
su

ch
th

a
t

in
f

ξ
∈Ξ

d
e
n
se

(η
)

T
(ξ

)

n
p

2
>
c.

(9
)

T
h
e

th
eo

re
m

sh
ow

s
th

at
th

e
op

ti
m

al
ru

n
ti

m
e

is
ac

h
ie

ve
d

w
h
en

u
si

n
g

m
in

im
al

su
b
sa

m
-

p
li
n
g.

T
h
e

la
st

p
oi

n
t

is
su

rp
ri

si
n
g:

se
tt

in
g

R
∼
N

(0
,I

),
fo

r
ex

am
p
le

,
w

il
l

n
ot

im
p
ro

ve
th

e
co

m
p
u
ta

ti
on

al
co

m
p
le

x
it

y
ov

er
th

e
b
ru

te
-f

or
ce

ap
p
ro

ac
h

an
d

d
en

se
G

au
ss

ia
n

p
ro

je
ct

io
n
s

h
en

ce
d
o

n
ot

re
d
u
ce

th
e

co
m

p
le

x
it

y
of

th
e

se
ar

ch
.

T
h
is

is
n
ot

ca
u
se

d
b
y

th
e

la
rg

er
co

m
-

p
u
ta

ti
on

al
eff

or
t

in
vo

lv
ed

in
co

m
p
u
ti

n
g

th
e

d
en

se
p
ro

je
ct

io
n
s:

in
d
ee

d
ev

en
if

th
es

e
co

u
ld

b
e

co
m

p
u
te

d
fo

r
fr

ee
th

is
re

su
lt

w
ou

ld
re

m
ai

n
.

R
at

h
er

th
e

co
st

st
em

s
fr

om
th

e
fa

ct
th

at
d
en

se
p
ro

je
ct

io
n
s

h
av

e
a

m
u
ch

lo
w

er
p

ow
er

fo
r

d
et

ec
ti

n
g

tr
u
e

cl
os

e
p
ai

rs
in

th
e

p
ro

je
ct

ed
on

e-
d
im

en
si

on
al

sp
ac

e.

2
.2

T
h

e
fi

n
a
l

v
e
rs

io
n

o
f

x
y
z

T
h
e

op
ti

m
al

it
y

p
ro

p
er

ti
es

of
m

in
im

al
su

b
sa

m
p
li
n
g

p
re

se
n
te

d
in

th
e

p
re

v
io

u
s

se
ct

io
n

su
gg

es
t

th
e

ap
p
ro

ac
h

se
t

ou
t

in
A

lg
or

it
h
m

2,
w

h
ic

h
w

e
w

il
l

re
fe

r
to

as
th

e
xy

z
al

g
or

it
h
m

.
H

er
e

w
e

A
lg

o
ri

th
m

2
F

in
al

ve
rs

io
n

of
th

e
xy

z
al

go
ri

th
m

.

In
p

u
t:

X
∈
{−

1
,1
}n
×
p
,

Y
∈
{−

1
,1
}n

,
su

b
sa

m
p
le

si
ze
M

,
n
u
m

b
er

of
p
ro

je
ct

io
n
s
L

,
th

re
sh

ol
d

fo
r

in
te

ra
ct

io
n

st
re

n
gt

h
γ

.
O

u
tp

u
t:
I

se
t

of
st

ro
n
g

in
te

ra
ct

io
n
s.

1
:

F
or

m
Z

v
ia
Z
ij

=
Y
iX

ij
.

2
:

fo
r
l
∈
{1
,.
..
,L
}

d
o

3
:

F
or

m
R
∈
R
n

as
in

(6
)

w
it

h
d
is

tr
ib

u
ti

on
F

=
U

[0
,1

]
an

d
se

t
x

=
X
T
R

,
z

=
Z
T
R

.
4
:

F
in

d
al

l
p
ai

rs
(j
,k

)
su

ch
th

at
x
j

=
z k

an
d

st
or

e
th

es
e

in
E
l.

5
:

A
d
d

to
I

th
os

e
p
ai

rs
in
E
l

fo
r

w
h
ic

h
γ
jk
≥
γ

.
6
:

e
n

d
fo

r

ar
e

u
si

n
g

a
si

m
p
li
fi
ed

ve
rs

io
n

of
th

e
m

in
im

al
su

b
sa

m
p
li
n
g

p
ro

p
os

al
gi

ve
n

in
th

e
p
re

v
io

u
s

se
ct

io
n

w
h
er

e
w

e
ke

ep
M

fi
x
ed

ra
th

er
th

an
al

lo
w

in
g

it
to

b
e

ra
n
d
om

.
T

h
e

re
as

on
is

th
at

th
e

p
ot

en
ti

al
ad

d
it

io
n
al

ga
in

fr
om

al
lo

w
in

g
M

to
b

e
an

y
on

e
of

tw
o

co
n
se

cu
ti

ve
n
u
m

b
er

s
w

it
h

ce
rt

ai
n

p
ro

b
ab

il
it

ie
s

is
m

in
im

al
b
u
t

n
ec

es
sa

ry
fo

r
T

h
eo

re
m

1
an

d
so

th
e

si
m

p
le

r
ap

p
ro

ac
h

is
p
re

fe
ra

b
le

.
W

e
n
ot

e
th

at
th

e
u
n
if

or
m

d
is

tr
ib

u
ti

on
in

li
n
e

3
m

ay
b

e
re

p
la

ce
d

w
it

h
an

y
co

n
ti

n
u
ou

s
d
is

tr
ib

u
ti

on
to

y
ie

ld
id

en
ti

ca
l

re
su

lt
s.
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T
h
a
n
e
i,
M
e
in
sh

a
u
se

n
a
n
d

S
h
a
h

46
7

2
3

5 1
9

8

3
2 4

1
5

7
6

9
8

F
ig

u
re

2:
Il

lu
st

ra
ti

on
of

an
eq

u
al

p
ai

rs
se

ar
ch

am
on

g
co

m
p

on
en

ts
of

x
,z
∈
R
p

w
h
en

p
=

9
.

T
h
e

h
or

iz
on

ta
l

lo
ca

ti
on

s
of

b
lu

e
an

d
gr

ee
n

ci
rc

le
s

n
u
m

b
er

ed
j

gi
ve

x
j

an
d
z j

re
sp

ec
ti

ve
ly

.
S
or

ti
n
g

of
(x
,z

)
al

lo
w

s
tr

av
er

sa
l

of
th

e
u
n
iq

u
e

lo
ca

ti
on

s.
A

t
ea

ch
of

th
es

e
it

is
ch

ec
ke

d
w

h
et

h
er

p
oi

n
ts

of
b

ot
h

co
lo

u
rs

ar
e

p
re

se
n
t,

an
d

if
so

,
th

e
in

d
ic

es
ar

e
re

co
rd

ed
.

H
er

e
th

e
se

t
of

eq
u
al

p
ai

rs
({

3}
×
{4
,6
})
∪

({
5
}×
{2
})
∪

({
7,

9}
×
{1
,5
})

w
ou

ld
b

e
re

tu
rn

ed
.

T
o

p
er

fo
rm

th
e

eq
u
al

p
ai

rs
se

ar
ch

in
li
n
e

4,
w

e
so

rt
th

e
co

n
ca

te
n
at

io
n

(x
,z

)
∈

R
2
p

to
d
et

er
m

in
e

th
e

u
n
iq

u
e

el
em

en
ts

of
{x

1
,.
..
,x

p
,z

1
,.
..
,z
p
}.

A
t

ea
ch

of
th

es
e

lo
ca

ti
o
n
s,

w
e

ca
n

ch
ec

k
if

th
er

e
ar

e
co

m
p

on
en

ts
fr

om
b

ot
h
x

an
d
z

ly
in

g
th

er
e,

an
d

if
so

re
co

rd
th

ei
r

in
d
ic

es
.

T
h
is

p
ro

ce
d
u
re

,
w

h
ic

h
is

il
lu

st
ra

te
d

in
F

ig
u
re

2,
gi

v
es

u
s

th
e

se
t

of
eq

u
a
l

p
a
ir

s
E

in
th

e
fo

rm
of

a
u
n
io

n
of

C
ar

te
si

an
p
ro

d
u
ct

s.
T

h
e

co
m

p
u
ta

ti
on

al
co

st
is
O

(p
lo

g
(p

))
.

T
h
is

co
m

p
le

x
it

y
is

d
ri

v
en

b
y

th
e

co
st

of
so

rt
in

g
w

h
il
st

th
e

re
co

rd
in

g
of

in
d
ic

es
is

li
n
ea

r
in
p
.

W
e

n
ot

e,
h
ow

ev
er

,
th

at
lo

op
in

g
th

ro
u
gh

th
e

se
t

of
eq

u
al

p
ai

rs
in

or
d
er

to
ou

tp
u
t

a
li
st

o
f

cl
o
se

p
ai

rs
of

th
e

fo
rm

(j
1
,k

1
),
..
.,

(j
|E
|,
k
|E
|)

w
ou

ld
in

cu
r

an
ad

d
it

io
n
al

co
st

of
th

e
si

ze
o
f
E

,
th

ou
gh

in
ty

p
ic

al
u
sa

ge
w

e
w

ou
ld

h
av

e
|E
|=

o(
p
).

R
ea

d
er

s
fa

m
il
ia

r
w

it
h

lo
ca

li
ty

se
n
si

ti
ve

h
as

h
in

g
(L

S
H

)
ca

n
fi
n
d

a
sh

or
t

in
te

rp
re

ta
ti

on
o
f

eq
u
al

p
ai

rs
se

ar
ch

as
an

L
S
H

-f
a
m

il
y

in
th

e
ap

p
en

d
ix

.
In

th
e

n
ex

t
se

ct
io

n
,

w
e

d
is

cu
ss

in
d
et

ai
l

th
e

im
p
ac

t
of

m
in

im
al

su
b
sa

m
p
li
n
g

o
n

th
e

co
m

p
le

x
it

y
of

th
e

xy
z

al
go

ri
th

m
an

d
th

e
d
is

co
ve

ry
p
ro

b
ab

il
it

y
it

at
ta

in
s.

2
.3

C
o
m

p
u

ta
ti

o
n

a
l

a
n

d
st

a
ti

st
ic

a
l

p
ro

p
e
rt

ie
s

o
f

x
y
z

W
e

h
av

e
th

e
fo

ll
ow

in
g

u
p
p

er
b

ou
n
d

on
th

e
ex

p
ec

te
d

n
u
m

b
er

of
co

m
p
u
ta

ti
o
n
a
l

o
p

er
a
ti

o
n
s

p
er

fo
rm

ed
b
y

xy
z

(A
lg

or
it

h
m

2)
w

h
en

th
e

su
b
sa

m
p
le

si
ze

an
d

n
u
m

b
er

of
re

p
et

it
io

n
s

a
re
M

an
d
L

:

C
(M

,L
)

:=
n
p

(i
)

+
L
{M

p
(i

i)
+
p

lo
g
(p

)
(i

ii
)

+
n
E ξ

(|E
1
|)

(i
v
)

}.
(1

0
)

T
h
e

te
rm

s
m

ay
b

e
ex

p
la

in
ed

as
fo

ll
ow

s:
(i

)
co

n
st

ru
ct

io
n

of
Z

;
(i

i)
m

u
lt

ip
ly

in
g
M

su
b
sa

m
p
le

d
ro

w
s

of
X

an
d

Z
b
y

R
∈

R
n
;

(i
ii
)

fi
n
d
in

g
th

e
eq

u
al

p
ai

rs
;

(i
v
)

ch
ec

k
in

g
w

h
et

h
er

th
e

in
te

ra
ct

io
n
s

ex
ce

ed
th

e
in

te
ra

ct
io

n
st

re
n
gt

h
th

re
sh

ol
d
γ

.
N

ot
e

w
e

h
av

e
om

it
te

d
a

co
n
st

a
n
t

fa
ct

or
fr

om
th

e
u
p
p

er
b

ou
n
d
C

(M
,L

).
T

h
er

e
is

a
lo

w
er

b
ou

n
d

on
ly

d
iff

er
in

g
fr

o
m

(1
0)

in
th

e
eq

u
al

p
ai

rs
se

ar
ch

te
rm

(i
ii
),

w
h
ic

h
is
p

in
st

ea
d

of
p

lo
g
(p

).
It

w
il
l

b
e

sh
ow

n
th

at
(i

v
)

is
th

e
d
om

in
at

in
g

te
rm

an
d

th
er

ef
or

e
th

e
u
p
p

er
an

d
lo

w
er

b
ou

n
d

ar
e

a
sy

m
p
to

ti
ca

ll
y

eq
u
iv

al
en

t,
im

p
ly

in
g

th
e

b
ou

n
d
s

ar
e

ti
gh

t.

A
n

in
te

ra
ct

io
n

w
it

h
st

re
n
gt

h
γ

is
re

ta
in

ed
in
E

1
w

it
h

p
ro

b
ab

il
it

y
γ
M

.
H

en
ce

it
is

p
re

se
n
t

in
th

e
fi
n
al

se
t

of
in

te
ra

ct
io

n
s
I

w
it

h
p
ro

b
ab

il
it

y

η
(M

,L
)

=
1
−

(1
−
γ
M

)L
.

(1
1
)
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T
h
e

xyz
a
l
g
o
r
it
h
m

f
o
r
fa

st
in
t
e
r
a
c
t
io
n
se

a
r
c
h
in

h
ig
h
-d

im
e
n
sio

n
a
l
d
a
t
a

T
h
e

fo
llow

in
g

resu
lt

d
em

on
strates

h
ow

th
e

xyz
algorith

m
can

b
e

u
sed

to
fi
n
d

in
teraction

s
w

h
ilst

in
cu

rrin
g

on
ly

a
su

b
q
u
ad

ratic
com

p
u
tation

al
cost.

T
h

e
o
re

m
2

L
et
F

Γ
be

th
e

d
istribu

tio
n

fu
n

ctio
n

co
rrespo

n
d
in

g
to

a
ra

n
d
o
m

d
ra

w
fro

m
th

e
set

o
f

in
tera

ctio
n

stren
gth

s
{
γ
jk }

j,k∈{
1
,...,p} .

G
iven

a
n

in
tera

ctio
n

stren
gth

th
resh

o
ld
γ

,
let

1−
F

Γ
(γ

)
=
c

1 /
p
.

D
efi

n
e
γ

0
=
p −

1
/M

a
n

d
let

c
2

be
d
efi

n
ed

by
1−

F
Γ
(γ

0 )
=
c

2 p
lo

g
(γ

)/
lo

g
(γ

0
)−

1.
W

e
a
ssu

m
e

th
a
t
γ

0
<
γ

.
F

in
a
lly

given
a

d
isco

very
th

resh
o
ld
η ′∈

[1/2
,1)

let
L

be
th

e
m

in
im

a
l

L
′

su
ch

th
a
t
η
(M

,L
′)≥

η ′.
Ign

o
rin

g
co

n
sta

n
t

fa
cto

rs
w

e
h
a
ve

C
(M

,L
)≤

log{
1/

(1−
η ′)}(1

+
c

1
+
c

2 )[{1
+

1
/

log
(γ
−

1
0

)}
log

(p
)

+
n

]p
1
+

lo
g
(γ

)/
lo

g
(γ

0
).

If
n
�

lo
g
(p

)
a
n
d
γ

0
is

b
ou

n
d
ed

aw
ay

from
1

w
e

see
th

at
th

e
d
om

in
an

t
term

in
th

e
ab

ove
is

cn
p

1
+

lo
g
(γ

)/
lo

g
(γ

0
),

(12)

w
h
ere

c
=

lo
g{1

/(1
−
η ′)}

(1
+
c

1
+
c

2 ).
T

y
p
ically

w
e

w
ou

ld
ex

p
ect

γ
to

b
e

su
ch

th
at

|{γ
jk

:
γ
jk
>
γ}|∼

p
as

on
ly

th
e

largest
in

teraction
s

w
ou

ld
b

e
of

in
terest:

th
u
s

w
e

m
ay

th
in

k
o
f
c

1
a
s

rela
tively

sm
all.

If
M

is
su

ch
th

at
γ

0
is

also
larger

th
an

th
e

b
u
lk

of
th

e
in

teractio
n
s,

w
e

w
o
u
ld

a
lso

ex
p

ect
c

2
to

b
e

sm
all.

In
d
eed

,
su

p
p

ose
th

at
th

e
p
rop

o
rtion

of
in

teraction
s

w
h
o
se

stren
g
th

s
are

larger
th

an
γ

0
is

1−
F

Γ
(γ

0 )
=
c ′1 /p

.
T

h
en

c
2

=
c ′1 /p

lo
g
(γ

)/
lo

g
(γ

0
)
<
c ′1 .

A
s

a
co

n
crete

ex
am

p
le,

if
γ

=
0
.9

an
d
M

is
su

ch
th

a
t
γ

0
=

0
.55,

th
e

ex
p

on
en

t
in

(12)
is

aro
u
n
d

1
.1

7
,

w
h
ich

is
sign

ifi
can

tly
sm

aller
th

an
th

e
ex

p
on

en
t

of
2

th
at

a
b
ru

te-force
a
p
p
ro

a
ch

w
ou

ld
in

cu
r;

see
also

th
e

ex
am

p
les

in
S
ection

5.
N

ote
also

th
at

w
h
en

γ
=

1,
th

e
ex

p
o
n
en

t
is

1
for

all
γ

0
<

1:
if

w
e

are
on

ly
in

terested
in

in
teractio

n
s

w
h
ose

stren
gth

is
as

la
rg

e
a
s

p
o
ssib

le,
w

e
h
ave

a
ru

n
tim

e
th

at
is

lin
ear

in
p
.

It
is

in
terestin

g
to

com
p
are

ou
r

resu
lts

h
ere

w
ith

th
e

ru
n

tim
es

of
ap

p
ro

ach
es

b
ased

on
fa

st
m

a
trix

m
u
ltip

lication
.

B
y

com
p
u
tin

g
X
T
Z

w
e

m
ay

solve
th

e
in

teraction
search

p
ro

b
lem

(1
).

N
aiv

e
m

atrix
m

u
ltip

lication
w

ou
ld

req
u
ire
O

(n
p

2)
op

eration
s,

b
u
t

th
ere

are
faster

a
ltern

a
tives

w
h
en

n
=
p
.

T
h
e

fastest
k
n
ow

n
algorith

m
(W

illiam
s,

2012)
giv

es
a

th
eo

retical
ru

n
tim

e
ofO

(n
p

1
.3

7)
w

h
en

n
=
p
.

F
o
r

xyz
to

ach
ieve

su
ch

a
ru

n
tim

e
w

h
en

γ
0

=
0.5

5
for

ex
a
m

p
le,

th
e

ta
rget

in
teraction

stren
gth

w
ou

ld
h
ave

to
b

e
γ
≥

0
.81:

a
som

ew
h
a
t

m
o
d
erate

in
tera

ctio
n

stren
gth

.
F

or
γ
>

0
.81,

xyz
is

strictly
b

etter;
w

e
also

n
ote

th
at

fast
m

atrix
m

u
ltip

lica
tion

algorith
m

s
ten

d
to

b
e

u
n
stab

le
or

lack
a

k
n
ow

n
im

p
lem

en
tatio

n
an

d
are

th
erefo

re
ra

rely
u
sed

in
p
ractice.

A
fu

rth
er

ad
van

tage
is

th
at

th
e

xyz
algorith

m
h
as

an
o
p
tim

a
l

m
em

ory
u
sage

ofO
(n
p
).

W
e

a
lso

n
o
te

th
at

w
h
ilst

T
h
eorem

2
con

cern
s

th
e

th
e

d
iscovery

of
an

y
sin

gle
in

teraction
w

ith
stren

g
th

a
t

least
γ

,
th

e
ru

n
tim

e
req

u
ired

to
d
iscover

a
fi
x
ed

n
u
m

b
er

in
teraction

s
w

ith
stren

g
th

a
t

lea
st
γ

w
ou

ld
on

ly
d
iff

er
b
y

a
m

u
ltip

licative
con

stan
t.

If
w

e
h
ow

ev
er

w
an

t
a

g
u
a
ran

tee
o
f

d
iscoverin

g
th

e
p

stron
gest

p
airs

th
e

b
ou

n
d

in
T

h
eorem

2
w

ou
ld

n
o

lon
ger

h
old

.T
o

m
in

im
ise

th
e

ru
n

tim
e

in
(12),

w
e

w
ou

ld
like

γ
0

to
b

e
larger

th
a
n

m
ost

of
th

e
in

tera
ctio

n
s

in
ord

er
th

at
c

2
an

d
h
en

ce
c

b
e

sm
all,

y
et

a
sm

aller
γ

0
y
ield

s
a

m
ore

favou
rab

le
ex

p
o
n
en

t.
T

h
u
s

a
carefu

l
ch

oice
of
M

,
on

w
h
ich

γ
0

d
ep

en
d
s,

is
req

u
ired

for
xyz

to
en

joy
g
o
o
d

p
erfo

rm
an

ce.
In

th
e

follow
in

g
w

e
sh

ow
th

at
an

op
tim

al
ch

oice
of
M

ex
ists,

an
d

w
e

d
iscu

ss
h
ow

th
is
M

m
ay

b
e

estim
ated

b
ased

on
th

e
d
ata.

C
lea

rly
if

fo
r

som
e

p
air

(M
,L

),
w

e
fi
n
d

an
oth

er
p
air

(M
′,L
′)

w
ith

η
(M
′,L
′)
>
η
(M

,L
)

b
u
t
C

(M
′,L
′)≤

C
(M

,L
),

w
e

sh
ou

ld
alw

ay
s

u
se

(M
′,L
′)

rath
er

th
an

(M
,L

).
It

tu
rn

s
o
u
t
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T
h
a
n
e
i,
M
e
in
sh

a
u
se

n
a
n
d

S
h
a
h

th
at

th
ere

is
in

fact
an

op
tim

al
ch

oice
of
M

su
ch

th
at

th
e

p
aram

eter
ch

oice
is

n
ot

d
om

in
ated

b
y

an
y

oth
ers

in
th

is
fash

ion
.

D
efi

n
e

M
∗

=
arg

m
in

M
∈
N

{
−

1

log
(1−

γ
M

) (
M
p

+
p

log
(p

)
+
n ∑j,k

γ
Mjk )}

,
(13)

w
h
ere

it
is

im
p
licitly

assu
m

ed
th

at
th

e
m

in
im

iser
is

u
n
iq

u
e.

T
h
is

w
ill

alw
ay

s
b

e
th

e
case

ex
cep

t
for

p
ecu

liar
valu

es
of
γ

.

P
ro

p
o
sitio

n
3

L
et
L
∈
N

.
If

(M
′,L
′)∈

N
2

h
a
s
η
(M
′,L
′)≥

η
(M
∗,L

),
th

en
a
lso

C
(M
′,L
′)≥

C
(M
∗,L

)
w

ith
th

e
fi

n
a
l

in
equ

a
lity

bein
g

strict
if
M
′6=

M
∗

a
n

d
M
∗

is
a

u
n

iqu
e

m
in

im
iser.

T
h
u
s

th
ere

is
a

u
n
iq

u
e

P
areto

op
tim

al
M

.
A

lth
ou

gh
th

e
d
efi

n
ition

of
M
∗

in
volv

es
th

e
m

om
en

ts
of
F

Γ
,

th
is

can
b

e
estim

ated
b
y

sam
p
lin

g
from

{
γ
jk }

.
W

e
can

th
en

n
u
m

erically
op

tim
ise

a
p
lu

gin
version

of
th

e
ob

jective
to

arriv
e

at
an

ap
p
rox

im
ately

op
tim

al
M

.

3
.
In

te
ra

ctio
n
se
a
rch

o
n
co

n
tin

u
o
u
s
d
a
ta

In
th

e
p
rev

iou
s

section
w

e
d
em

on
strated

h
ow

th
e

xyz
algorith

m
can

b
e

u
sed

to
effi

cien
tly

solve
th

e
sim

p
lest

form
of

in
teraction

search
(1)

w
h
en

b
oth

X
an

d
Y

a
re

b
in

ary.
In

th
is

section
w

e
sh

ow
h
ow

sm
all

m
o
d
ifi

cation
s

to
th

e
b
asic

algorith
m

can
a
llow

it
to

d
o

th
e

sa
m

e
w

h
en

Y
is

con
tin

u
ou

s,
an

d
also

w
h
en

X
is

con
tin

u
ou

s.
W

e
d
iscu

ss
th

e
regression

settin
g

in
S
ection

4.

3
.1

C
o
n
tin

u
o
u

s
Y

a
n

d
b

in
a
ry

X

W
e

b
egin

b
y

con
sid

erin
g

th
e

settin
g

w
h
ere

X
∈
{−

1,1}
n×

p,
b
u
t

w
h
ere

w
e

n
ow

allow
real-

valu
ed

Y
∈

R
n
.

W
ith

ou
t

loss
of

gen
erality,

w
e

w
ill

assu
m

e
‖
Y
‖

1
=

1.
T

h
e

ap
p
roach

w
e

take
is

m
otivated

b
y

th
e

ob
servation

th
at

th
e

in
n
er

p
ro

d
u
ct

Y
T

(X
j ◦

X
k )

can
b

e
in

terp
reted

as
a

w
eigh

ted
in

n
er

p
ro

d
u
ct

of
X
j ◦

X
k

w
ith

th
e

sign
p
attern

of
Y

,
u
sin

g
w

eigh
ts
w
i

=
|Y
i |.

W
ith

th
is

in
m

in
d
,
w

e
m

o
d
ify

xyz
in

th
e

follow
in

g
w

ay.
W

e
set

Z
to

b
e
Z
ij

=
sgn

(Y
i )X

ij .
L

et
i1 ,...,iM

∈
{1
,...,n}

b
e

i.i.d
.

su
ch

th
at

P
(is

=
i)

=
w
i .

F
orm

in
g

th
e

p
ro

jection
vector

R
u
sin

g
(6),

w
e

th
en

fi
n
d

th
e

p
rob

ab
ility

of
(j,k

)
b

ein
g

in
th

e
eq

u
al

p
airs

set
m

ay
b

e
com

p
u
ted

as
follow

s.

{P
(R

T
X
j

=
R
T
Z
k )}

1
/M

=
P

(X
is
j

=
sgn

(Y
is )X

is
k

for
all

s
=

1,...,M
)

=
P

(X
i1
j

=
sgn

(Y
i1 )X

i1
k )

as
th

e
is

are
i.i.d

.

=
n
∑i=

1 P
(X

i1
j

=
sgn

(Y
i1 )X

i1
k |i1

=
i)P

(i1
=
i)

=
n
∑i=

1 |Y
i |1
{
X
ij =

sg
n

(Y
i )X

ik }

=
∑

i:sg
n

(Y
i )=

X
ij X

ik

Y
i X

ij X
ik

=
:
γ̃
jk ,

w
h
ere

P
h
ere

is
w

ith
resp

ect
to

th
e

ran
d
om

n
ess

of
R

(an
d
,

eq
u
ivalen

tly,
th

e
ran

d
om

in
d
ices

i1 ,...,iM
)

w
ith

Y
an

d
X

con
sid

ered
fi
x
ed

.
T

h
e

calcu
lation

ab
ove

sh
ow

s
th

at
th

e
ru

n
tim

e
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T
h
e

xy
z
a
l
g
o
r
it
h
m

f
o
r
fa

st
in
t
e
r
a
c
t
io
n
se

a
r
c
h
in

h
ig
h
-d

im
e
n
si
o
n
a
l
d
a
t
a

b
ou

n
d

of
T

h
eo

re
m

2
co

n
ti

n
u
es

to
h
ol

d
in

th
e

se
tt

in
g

w
it

h
co

n
ti

n
u
ou

s
Y

p
ro

v
id

ed
w

e
re

p
la

ce
th

e
in

te
ra

ct
io

n
st

re
n
gt

h
s
γ
jk

w
it

h
th

ei
r

co
n
ti

n
u
ou

s
an

al
og

u
es
γ̃
jk

.
A

s
a

si
m

p
le

ex
am

p
le

,
co

n
si

d
er

th
e

m
o
d
el

Y
i

=
X
i1
X
i2

+
ε i
,

w
it

h
ε i
∼
N

(0
,σ

2
)

an
d

X
ge

n
er

at
ed

ra
n
d
om

ly
h
av

in
g

ea
ch

en
tr

y
d
ra

w
n

in
d
ep

en
d
en

tl
y

fr
om

{−
1
,1
}

ea
ch

w
it

h
p
ro

b
ab

il
it

y
1
/2

.
T

h
en

fo
r

a
n
on

-i
n
te

ra
ct

in
g

p
ai

r
j
6=

1,
2

or
k
6=

1,
2,

w
e

h
av

e
γ̃
jk
≈

0.
5.

F
or

th
e

p
ai

r
(1
,2

)
w

e
ca

lc
u
la

te
an

in
te

ra
ct

io
n

st
re

n
gt

h
of

γ̃
1
2

=
P(

sg
n
(Y
i 1

)
=
X
i 1

1
X
i 1

2
)

=
P(

sg
n
(X

i 1
1
X
i 1

2
+
ε i

)
=
X
i 1

1
X
i 1

2
)

=
P(
|ε i
|<

1)
+

1 2
P(
|ε i
|>

1)
=

1 2
(1

+
P(
|ε i
|<

1)
).

N
ot

e
th

at
h
er

e
th

at
p
ro

b
ab

il
it

y
is

ov
er

th
e

ra
n
d
om

n
es

s
in

th
e

n
oi

se
ε i

.
A

q
u
ic

k
si

m
u
la

ti
on

gi
ve

s
th

e
fo

ll
ow

in
g

ta
b
le

: σ
2

0
.1

0.
25

0.
5

1
2

5

γ̃
1
2

0.
99

0.
98

0.
9
2

0.
84

0.
76

0.
67

U
si

n
g

T
h
eo

re
m

2
an

d
th

e
ab

ov
e

ta
b
le

w
e

ca
n

es
ti

m
at

e
th

e
co

m
p
u
ta

ti
on

al
co

m
p
le

x
it

y
n
ee

d
ed

to
d
is

co
ve

r
th

e
p
ai

r
(1
,2

)
gi

v
en

a
va

lu
e

of
σ

2
.

3
.2

C
o
n
ti

n
u

o
u

s
Y

a
n

d
c
o
n
ti

n
u

o
u

s
X

T
h
e

p
re

v
io

u
s

se
ct

io
n

d
em

on
st

ra
te

d
h
ow

re
sa

m
p
li
n
g

w
it

h
n
on

-u
n
if

or
m

w
ei

gh
ts

tr
an

sf
or

m
s

a
se

tu
p

w
it

h
co

n
ti

n
u
ou

s
Y

in
to

on
e

w
it

h
b
in

ar
y

re
sp

on
se

.
If

b
ot

h
X

an
d

Y
ar

e
co

n
ti

n
u
ou

s,
w

e
co

n
ti

n
u
e

to
u
se

th
e

p
re

v
io

u
s

st
ra

te
gy

to
d
ea

l
w

it
h

th
e

co
n
ti

n
u
ou

s
re

sp
on

se
.

F
or

th
e

m
a
tr

ix
X

w
it

h
co

n
ti

n
u
ou

s
p
re

d
ic

to
r

va
lu

es
w

e
ca

n
n
ot

u
se

w
ei

gh
te

d
re

sa
m

p
li
n
g

as
th

e
w

ei
gh

ts
w

ou
ld

d
ep

en
d

on
th

e
in

te
ra

ct
io

n
p
ai

r
of

in
te

re
st

.
In

th
e

fo
ll
ow

in
g

w
e

ex
a
m

in
e

th
e

eff
ec

ts
of

tr
an

sf
or

m
at

io
n
s

of
X

to
a

b
in

ar
y

d
at

a
m

at
ri

x
X̃

.
T

o
al

lo
w

fo
r

ra
n
d
om

iz
ed

m
ap

p
in

gs
,

w
e

d
efi

n
e

th
e

tr
an

sf
or

m
at

io
n
s

v
ia

a
fu

n
ct

io
n
g

:
R
7→

[0
,1

]
as

P(
X̃
ij

=
1)

=
g
(X

ij
)

an
d

1
−

P(
X̃
ij

=
−

1)
=

1
−
g
(X

ij
),

w
h
er

e
th

e
tr

an
sf

or
m

at
io

n
is

al
w

ay
s

ap
p
li
ed

in
d
ep

en
d
en

tl
y

fo
r

ea
ch

en
tr

y
of

th
e

p
re

d
ic

to
r

m
at

ri
x

an
d

fo
r

ea
ch

su
b
sa

m
p
le

.
T

h
e

fo
ll
ow

in
g

gi
ve

s
th

e
p
ro

b
ab

il
it

y
of
Y
i

ag
re

ei
n
g

in
si

gn
w

it
h
X̃
ij
X̃
ik

w
h
en
i

is
sa

m
p
le

d
w

it
h

p
ro

b
ab

il
it

y
p
ro

p
or

ti
on

al
to
|Y
i|.

P
ro

p
o
si

ti
o
n

4
G

iv
en

th
e

tr
a
n

sf
o
rm

P(
X̃
ij

=
1)

=
g
(X

ij
)

a
n

d
sa

m
p
li

n
g

a
n

in
d
ex

i s
a
c-

co
rd

in
g

to
P(
i s

=
i)

=
Y
i/
‖Y
‖ 1

,
th

en
th

e
p
ro

ba
bi

li
ty

o
f

a
m

a
tc

h
is

P(
sg

n
(Y
i s

)
=
X̃
i s
j
X̃
i s
k
)

=
1 2

+
1

2
‖Y
‖ 1

n ∑ i=
1

Y
i(

1
−

2g
(X

ij
))

(1
−

2g
(X

ik
))
.

(1
4)

T
h
u
s

w
e

m
ay

d
efi

n
e

a
co

n
ti

n
u
ou

s
an

a
lo

gu
e

of
th

e
in

te
ra

ct
io

n
st

re
n
gt

h
γ
jk

b
as

ed
on

th
e

tr
an

sf
or

m
gi

ve
n

b
y
g

as

γ
g jk

=
1 2

+
1

2‖
Y
‖ 1

n ∑ i=
1

Y
i(

1
−

2
g
(X

ij
))

(1
−

2
g
(X

ik
))
.
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T
h
a
n
e
i,
M
e
in
sh

a
u
se

n
a
n
d

S
h
a
h

T
h
es

e
q
u
an

ti
ti

es
m

ay
b

e
su

b
st

it
u
te

d
in

to
T

h
eo

re
m

2
to

y
ie

ld
th

e
fo

ll
ow

in
g

u
p
p

er
b

o
u
n
d

o
n

ex
p

ec
te

d
ru

n
ti

m
e

w
h
en

u
si

n
g

xy
z

on
tr

an
sf

or
m

ed
d
at

a.

C
o
ro

ll
a
ry

5
L

et
F

Γ
g

be
th

e
d
is

tr
ib

u
ti

o
n

fu
n

ct
io

n
co

rr
es

po
n

d
in

g
to

a
ra

n
d
o
m

d
ra

w
fr

o
m

th
e

se
t

o
f

in
te

ra
ct

io
n

st
re

n
gt

h
s
{γ

g jk
} j
,k
∈{

1
,.
..
,p
}.

G
iv

en
a
n

in
te

ra
ct

io
n

st
re

n
gt

h
th

re
sh

o
ld
γ

,
le

t

1
−
F

Γ
g
(γ

)
=
c 1
/p

.
D

efi
n

e
γ

0
=
p
−

1
/M

a
n

d
le

t
c 2

be
d
efi

n
ed

by
1
−
F

Γ
(γ

0
)

=
c 2
p

lo
g
(γ

)/
lo

g
(γ

0
)−

1
.

W
e

a
ss

u
m

e
th

a
t
γ

0
<
γ

.
F

in
a
ll

y
gi

ve
n

a
d
is

co
ve

ry
th

re
sh

o
ld
η
′ ∈

[1
/2
,1

)
le

t
L

be
th

e
m

in
im

a
l

L
′

su
ch

th
a
t
η
(M

,L
′ )
≥
η
′ .

Ig
n

o
ri

n
g

co
n

st
a
n

t
fa

ct
o
rs

w
e

h
a
ve

C
(M

,L
)
≤

lo
g
{1
/
(1
−
η
′ )
}(

1
+
c 1

+
c 2

)[
{1

+
1
/

lo
g
(γ
−

1
0

)}
lo

g
(p

)
+
n

]p
1
+

lo
g
(γ

)/
lo

g
(γ

0
) .

T
h
e

ex
p

ec
te

d
co

m
p
u
ta

ti
on

al
co

st
s

d
ep

en
d
s

cr
it

ic
al

ly
on

th
e

d
is

tr
ib

u
ti

on
of

th
e

in
te

ra
ct

io
n

st
re

n
gt

h
s
F

Γ
g
.

T
o

ga
in

a
b

et
te

r
u
n
d
er

st
an

d
in

g
of

w
h
at

im
p
ac

t
d
iff

er
en

t
tr

a
n
sf

o
rm

a
ti

o
n
s

h
av

e
on

th
is

d
is

tr
ib

u
ti

on
an

d
su

b
se

q
u
en

tl
y

on
ru

n
ti

m
e

w
e

w
il
l

st
u
d
y

th
e

fo
ll
ow

in
g

si
m

p
le

m
o
d
el

fo
r

(Y
,X

)
∈
R
n
×

R
n
×
p
:

Y
i

=
X
ij
∗
X
ik
∗

+
ε i
,

i
=

1,
..
.,
n
,

(1
5
)

w
h
er

e
th

e
ε i

ar
e

in
d
ep

en
d
en

t
an

d
h
av

e
id

en
ti

ca
l

su
b
-e

x
p

on
en

ti
al

d
is

tr
ib

u
ti

o
n
s

sy
m

m
et

ri
c

ab
ou

t
0

an
d

th
e

ro
w

s
of

X
ar

e
i.
i.
d
.

W
e

n
ow

in
tr

o
d
u
ce

tw
o

p
ra

ct
ic

al
ly

u
se

fu
l

ch
o
ic

es
o
f
g

an
d

st
u
d
y

th
ei

r
p
ro

p
er

ti
es

in
th

e
co

n
te

x
t

o
f

m
o
d
el

(1
5)

.

T
h

e
u

n
b

ia
se

d
tr

a
n

sf
o
rm

A
n
at

u
ra

l
ch

oi
ce

fo
r

th
e

tr
an

sf
or

m
g

is
on

e
th

at
sa

ti
sfi

es
th

e
u
n
b
ia

se
d
n
es

s
re

q
u
ir

em
en

t:

E(
X̃
ij

)
=
X
ij
.

(1
6
)

It
tu

rn
s

ou
t

th
at

th
is

re
q
u
ir

em
en

t
u
n
iq

u
el

y
d
efi

n
es

th
e

tr
an

sf
or

m
,

w
h
ic

h
w

e
re

fe
r

to
a
s

th
e

u
n

bi
a
se

d
tr

a
n

sf
o
rm

.

P
ro

p
o
si

ti
o
n

6
L

et
X
ij
∈

[−
1
,1

].
If

it
s

tr
a
n

sf
o
rm

ed
ve

rs
io

n
X̃
ij

sa
ti

sfi
es

(1
6
),

th
en

g
ta

ke
s

th
e

fo
rm

P(
X̃
ij

=
1)

=
g
(X

ij
)

=
X
ij

+
1

2
.

F
u

rt
h
er

m
o
re

th
e

in
te

ra
ct

io
n

st
re

n
gt

h
in

(1
4)

is
gi

ve
n

by

P(
sg

n
(Y
i s

)
=
X̃
i s
j
X̃
i s
k
)

=
γ
g jk

=
1 2

+
1

2
‖Y
‖ 1

n ∑ i=
1

Y
iX

ij
X
ik
.

P
ro

p
os

it
io

n
6

sh
ow

s
th

at
γ
g jk

is
a

m
on

ot
on

e
fu

n
ct

io
n

of
th

e
in

n
er

p
ro

d
u
ct
∑

n i=
1
Y
iX

ij
X
ik

.
W

e
re

m
ar

k
th

at
if

th
e

en
tr

ie
s

of
X

d
o

n
ot

li
e

in
[−

1
,1

],
w

e
m

ay
d
iv

id
e

ea
ch

en
tr

y
in

th
e
it

h
ro

w
b
y
ν i

:=
m

ax
j
|X

ij
|,

an
d

m
u
lt

ip
ly
Y
i

b
y
ν

2 i
,

fo
r

ea
ch

i.
P

ro
p

o
si

ti
o
n

6
w

il
l

th
en

h
ol

d
fo

r
th

e
sc

al
ed

ve
rs

io
n
s

of
Y

an
d

X
.

In
or

d
er

to
d
es

cr
ib

e
th

e
p

er
fo

rm
a
n
ce

of
th

e
u
n
b
ia

se
d

tr
an

sf
or

m
w

h
en

ap
p
li
ed

to
d
at

a
ge

n
er

at
ed

b
y

th
e

m
o
d
el

(1
5)

,
w

e
d
efi

n
e

th
e

fo
ll
ow

in
g

q
u
an

ti
ti

es
:

E(
|X

ij
∗
X
ik
∗
|)

=
m

1
,
E(
X

2 ij
∗
X

2 ik
∗
)

=
m

2
an

d
E(
|ε i
|)

=
m
ε
.

W
e

co
n
si

d
er

an
as

y
m

p
to

ti
c

re
gi

m
e

w
h
er

e
p

=
p
n

m
ay

d
iv

er
ge

as
n

te
n
d
s

to
in

fi
n
it

y,
th

o
u
g
h

w
e

su
p
p
re

ss
th

is
in

th
e

n
ot

at
io

n
.

W
e

in
tr

o
d
u
ce

th
e

fo
ll
ow

in
g

as
su

m
p
ti

o
n
s.
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T
h
e

xyz
a
l
g
o
r
it
h
m

f
o
r
fa

st
in
t
e
r
a
c
t
io
n
se

a
r
c
h
in

h
ig
h
-d

im
e
n
sio

n
a
l
d
a
t
a

(B
1
)
m

2 (r
u −

1
)≤

E
(X

ij ∗X
ik∗ X

ij X
ik )≤

m
2 (1−

r
u ),

for
r
u ∈

(0,1)
an

d
∀
j,k
∈
{
1
,...,p}

2.

(B
2
)

T
h
e

n
o
ise

level
satisfi

es
th

e
b

ou
n
d

1

1−
r
u
>

1
+
m
ε

m
1
.

(B
3
)

L
et
p

b
e

su
ch

th
at

b
e

su
ch

th
at

log
(n

)
log

(p
)

n

n→
∞
→

0
.

(B
1
)

en
su

res
n
o
n
-in

teraction
s

are
n
ot

to
o

stron
g
ly

correlated
to

th
e

actu
al

in
teraction

p
air

(j ∗,k ∗).
N

o
te

th
at

(B
3)

allow
s

for
h
igh

-d
im

en
sion

al
settin

gs
w

ith
p
�
n

.

T
h

e
o
re

m
7

A
ssu

m
e

a
ll

en
tries

o
f

X
h
a
ve

m
ea

n
zero

a
n

d
lie

in
[−

1
,1]

a
lm

o
st

su
rely.

F
u

rth
er

a
ssu

m
e

(B
1
)–

(B
3
)

h
o
ld

.
W

h
en

M
a
n

d
L

a
re

a
s

in
C

o
ro

lla
ry

5
a
n

d
th

e
u

n
bia

sed
tra

n
sfo

rm
is

u
sed

,
w

e
h
a
ve

C
(M

,L
)

=
oP (

n
p

1
+
δ
+

lo
g
(1
/
2
+
m

2
/
2
(m

1
+
m
ε
))

lo
g
(1
/
2
+
m

2
(1−

r
u
)/

2
m

1
) )

fo
r

a
n

y
δ
>

0.
H

ere
P

is
w

ith
respect

to
th

e
ra

n
d
o
m

n
ess

in
X

a
n

d
ε

.

T
h
o
u
g
h

th
e

ru
n

tim
e

ab
ove

can
often

im
p
rove

sign
ifi

can
tly

on
th

e
w

orst-case
q
u
ad

ratic
ru

n
tim

e,
o
b
serve

th
at

u
n
like

in
th

e
b
in

ary
case,

if
th

ere
is

n
o

n
oise

an
d
Y
i

=
X
ij ∗X

ik ∗,
w

e
d
o

n
ot

n
ecessa

rily
h
ave

a
ru

n
tim

e
close

to
lin

ear
in
p
.

F
or

ex
am

p
le,

w
h
en

X
ij
iid
∼

U
n
iform

(−
1,1),

th
e

in
teractio

n
stren

gth
of

th
e

tru
e

in
teractio

n
can

b
e

sh
ow

n
to

eq
u
al

to

γ
gj ∗
k ∗

=
12

+

∑
ni=

1
Y
i X

ij ∗X
ik ∗

2‖Y
‖

1
=

12
+
‖Y
‖

22

2‖
Y
‖

1

n→
∞

=
1318
.

S
u
b
stitu

tin
g

th
is

in
to

th
e

ru
n

tim
e

given
b
y

T
h
eorem

2,
th

is
w

ou
ld

resu
lt

in
an

ex
p

ected
co

m
p
lex

ity
o
f

ro
u
gh

ly
O

(n
p

1
.4

7);
th

is
is

still
su

b
stan

tially
sm

aller
th

an
a

q
u
ad

ratic
ru

n
tim

e,
b
u
t

ra
ises

th
e

q
u
estion

as
to

w
h
eth

er
su

ch
a

loss
in

sp
eed

is
avoid

ab
le.

A
d
d
itio

n
a
lly,

if
X

h
as

several
ou

tly
in

g
en

tries,
n
orm

alisin
g

th
e

d
esign

m
atrix

b
y

scalin
g

b
y

th
e

row
-w

ise
m

ax
im

u
m

s
can

sh
rin

k
γ
gj ∗
k ∗

tow
ard

s
1
/2.

T
o

lim
it

th
e

im
p
act

of
th

is
n
o
rm

a
lisa

tio
n
,

w
e

can
fi
rst

cap
th

e
en

tries
of

X
so

th
eir

ab
solu

te
valu

e
is

b
ou

n
d
ed

b
y

so
m

e
c
>

0
.

T
h
ou

gh
th

e
resu

ltin
g

in
teraction

stren
gth

w
ill

n
ot

h
ave

th
e

form
g
iven

in
P

ro
p

ositio
n

6
,

it
m

ay
b

etter
d
iscrim

in
ate

b
etw

een
in

teraction
s

of
in

terest
an

d
n
oise.

C
a
p
p
in

g
w

ith
c

=
1

is
closely

related
to

ap
p
ly

in
g

th
e

sign
tran

sform
,

w
h
ich

w
e

stu
d
y

n
ex

t.

T
h

e
sig

n
tra

n
sfo

rm

W
e

n
ow

co
n
sid

er
th

e
sign

tra
n

sfo
rm

given
b
y
X̃
ij

=
sgn

(X
ij );

if
th

ere
are

zero
cases

w
e

u
se

a
co

in
to

ss
to

m
ap

th
em

to
{−

1
,1}.

F
or

th
e

sign
tran

sform
w

e
h
ave

g
(X

ij )
=

2
sgn

(X
ij )−

1
a
n
d

so
th

e
in

teraction
stren

gth
is

given
as:

P
(sg

n
(Y
is )

=
X̃
is
j X̃

is
k )

=
γ
gjk

=
12

+
1

2‖Y
‖

1

n
∑i=

1

Y
i sgn

(X
ij )sgn

(X
ik ).
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T
h
a
n
e
i,
M
e
in
sh

a
u
se

n
a
n
d

S
h
a
h

T
h
e

sign
tran

sform
recov

ers
th

e
close

to
lin

ear
ru

n
tim

e
ach

iev
ed

in
th

e
b
in

ary
case

w
h
en

a
in

teraction
is

p
erfect

as
n
ow

if
Y
i

=
X
ij ∗X

ik ∗,
w

e
h
ave

γ
gj ∗
k ∗

=
1.

A
lso

th
e

sign
tran

sform
is

n
ot

ad
versely

aff
ected

b
y

th
e

p
resen

ce
of

ou
tly

in
g

en
tries

in
X

,
an

d
for

ou
r

th
eory

w
e

can
relax

th
e

assu
m

p
tion

th
at

th
e

en
tries

of
X

are
in

[−
1,1]

to
h
ere

on
ly

req
u
irin

g
th

at
th

ey
h
ave

a
su

b
ex

p
on

en
tial

d
istrib

u
tion

.
T

o
facilitate

com
p
arison

w
ith

th
e

u
n
b
iased

tran
sform

,
w

e
im

p
ose

assu
m

p
tion

s
an

alogou
s

to
(B

1)–(B
3):

(C
1)

r
s /2
≤

P
(X

ij
<

0|X
ik ,X

ij ∗,X
ik ∗)≤

1−
r
s /2,

for
r
s ∈

(0,1)
an

d
∀
j,k
∈
{
1
,...,p}

2.

(C
2)

T
h
e

n
oise

level
satisfi

es
1

1−
r
s
>

1
+
m
ε

m
1
.

(C
3)

L
et
p

b
e

su
ch

th
at

log
(p

)
5

n

n→
∞
→

0.

T
h

e
o
re

m
8

S
u

p
po

se
th

a
t

ea
ch

en
try

o
f

X
h
a
s

a
m

ea
n

-zero
su

bexpo
n

en
tia

l
d
istribu

tio
n

.
F

u
rth

er
a
ssu

m
e

(C
1
)–

(C
3
).

W
h
en

M
a
n

d
L

a
re

a
s

in
C

o
ro

lla
ry

5
a
n

d
th

e
sign

tra
n

sfo
rm

is
u

sed
,

w
e

h
a
ve

C
(M

,L
)

=
oP (

n
p

1
+
δ
+

lo
g
(1
/
2
+
m

1
/
2
(m

1
+
m
ε
))

lo
g
(1−

r
s
)

)

fo
r

a
n

y
δ
>

0.
H

ere
P

is
w

ith
respect

to
th

e
ra

n
d
o
m

n
ess

in
X

a
n

d
ε.

B
oth

tran
sform

s
y
ield

a
ru

n
tim

e
of

th
e

form
oP (n

p
α
).

C
om

p
arin

g
th

e
ex

p
on

en
ts
α

w
e

h
av

e:

u
n
b
iased

tran
sform

:

α
u

=
1

+
log

(1/2
+
m

2 /2(m
1

+
m
ε ))

log
(1/

2
+
m

2 (1−
r
u )/2

m
1 )

sign
tran

sform
:

α
s

=
1

+
log

(1/
2

+
m

1 /
2(m

1
+
m
ε ))

lo
g
(1/2

+
(1−

r
s )/2)

.

F
or

b
ou

n
d
ed

d
ata

X
∈

[−
1,1] n×

p
an

d
w

h
en

m
ε �

m
1 ,

w
e

h
ave

m
1 /

2(m
1

+
m
ε )≈

1/
2

so
th

at
α
s

=
1

w
h
ereas

α
u
>

1.
H

en
ce

in
case

of
a

stron
g

sign
al

th
e

sign
tran

sform
can

give
a

sm
aller

ru
n

tim
e

th
an

th
e

u
n
b
iased

tran
sform

.

4
.
A
p
p
lica

tio
n
to

L
a
sso

re
g
re
ssio

n

T
h
u
s

far
w

e
h
ave

on
ly

con
sid

ered
th

e
sim

p
le

version
of

th
e

in
teraction

search
p
rob

lem
(1)

in
volv

in
g

fi
n
d
in

g
p
airs

of
variab

les
w

h
ose

in
teraction

h
as

a
larg

e
d
ot

p
ro

d
u
ct

w
ith

Y
.

In
th

is
section

w
e

sh
ow

h
ow

an
y

solu
tion

to
th

is,
an

d
in

p
articu

lar
th

e
xyz

algorith
m

,
m

ay
b

e
u
sed

to
fi
t

th
e

L
asso

(T
ib

sh
iran

i,
1996)

to
all

m
ain

eff
ects

an
d

p
airw

ise
in

teraction
s

in
an

effi
cien

t
fash

ion
.

G
iven

a
resp

on
se

Y
∈

R
n

an
d

a
m

atrix
of

p
red

ictors
X
∈

R
n×

p,
let

W
∈

R
n×

p
(p

+
1
)/

2

b
e

th
e

m
atrix

of
in

teraction
s

d
efi

n
ed

b
y

W
=

(X
1 ◦

X
1 ,X

1 ◦
X

2 ,···
,X

1 ◦
X
p ,X

2 ◦
X

2 ,X
2 ◦

X
3 ,···

,X
p ◦

X
p ).
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T
h
e

xy
z
a
l
g
o
r
it
h
m

f
o
r
fa

st
in
t
e
r
a
c
t
io
n
se

a
r
c
h
in

h
ig
h
-d

im
e
n
si
o
n
a
l
d
a
t
a

W
e

w
il
l

as
su

m
e

th
at

Y
an

d
th

e
co

lu
m

n
s

of
X

h
av

e
b

ee
n

ce
n
tr

ed
.

N
ot

e
th

at
th

e
ce

n
tr

in
g

of
X

m
ea

n
s

th
e

W
im

p
li
ci

tl
y

co
n
ta

in
s

m
ai

n
eff

ec
ts

te
rm

s.
L

et
W̃

b
e

a
ve

rs
io

n
of

W
w

it
h

ce
n
tr

ed
co

lu
m

n
s.

C
on

si
d
er

th
e

L
as

so
ob

je
ct

iv
e

fu
n
ct

io
n

(β̂
,θ̂

)
=

ar
gm

in
β
∈R

p
,θ
∈R

p
(p

+
1
)/

2

{
1 2n
‖Y
−

X
β
−

W̃
θ
‖2 2

+
λ

(‖
β
‖ 1

+
‖θ
‖ 1

)} .
(1

7)

N
ot

e
th

at
si

n
ce

th
e

en
ti

re
d
es

ig
n

m
at

ri
x

in
th

e
ab

ov
e

is
co

lu
m

n
-c

en
tr

ed
,

an
y

in
te

rc
ep

t
te

rm
w

ou
ld

al
w

ay
s

b
e

ze
ro

.
In

or
d
er

to
av

oi
d

a
co

st
of
O

(n
p

2
)

it
is

n
ec

es
sa

ry
to

av
oi

d
ex

p
li
ci

tl
y

co
m

p
u
ti

n
g

W
.

T
o

d
es

cr
ib

e
ou

r
ap

p
ro

ac
h
,

w
e

fi
rs

t
re

v
ie

w
in

A
lg

or
it

h
m

3
th

e
ac

ti
ve

se
t

st
ra

te
gy

em
p
lo

ye
d

b
y

se
ve

ra
l

of
th

e
fa

st
es

t
L

as
so

so
lv

er
s

su
ch

as
g
l
m
n
e
t

(F
ri

ed
m

an
et

al
.,

20
1
0)

.
W

e
u
se

th
e

n
ot

at
io

n
th

at
fo

r
a

m
at

ri
x

M
an

d
a

se
t

of
co

lu
m

n
in

d
ic

es
H

,
M

H
is

th
e

su
b
m

at
ri

x
of

M
fo

rm
ed

fr
om

th
os

e
co

lu
m

n
s

in
d
ex

ed
b
y
H

.
S
im

il
ar

ly
fo

r
a

v
ec

to
r

v
an

d
co

m
p

on
en

t
in

d
ic

es
H

,
v
H

is
th

e
su

b
ve

ct
or

of
v

fo
rm

ed
fr

om
th

e
co

m
p

o
n
en

ts
of

v
in

d
ex

ed
b
y
H

.

A
lg

o
ri

th
m

3
A

ct
iv

e
se

t
st

ra
te

gy
fo

r
L

as
so

co
m

p
u
ta

ti
on

In
p

u
t:

X
,
Y

an
d

gr
id

of
λ

va
lu

es
λ

1
>
··
·>

λ
L

.
O

u
tp

u
t:

L
as

so
so

lu
ti

on
s
β̂
λ
l

an
d
θ̂
λ
l

at
ea

ch
λ

on
th

e
gr

id
.

1
:

fo
r
l
∈
{1
,.
..
,L
}

d
o

2
:

If
l

=
1

se
t
A
,B

=
∅;

ot
h
er

w
is

e
se

t
A

=
{k

:
β̂
λ
l−

1
,k
6=

0}
a
n
d
B

=
{k

:
θ̂ λ

l−
1
,k
6=

0}
.

3
:

C
om

p
u
te

th
e

L
as

so
so

lu
ti

on
(β̂
,θ̂

)
w

h
en
λ

=
λ
l

u
n
d
er

th
e

ad
d
it

io
n
al

co
n
st

ra
in

t
th

at
β̂
A
c

=
0

an
d
θ̂
B
c

=
0.

4
:

L
et
U

=
{k

:
|X

T k
(Y
−

X
A
β̂
A
−

W̃
B
θ̂
B

)|/
n
>
λ
l}

an
d
V

=
{k

:
|W̃

T k
(Y
−

X
A
β̂
A
−

W̃
B
θ̂
B

)|/
n
>
λ
l}

b
e

th
e

se
t

of
co

or
d
in

at
es

th
at

v
io

la
te

th
e

K
K

T
co

n
d
it

io
n
s

w
h
en

(β̂
,θ̂

)
is

ta
k
en

as
a

ca
n
d
id

at
e

so
lu

ti
on

.
5
:

If
U

an
d
V

ar
e

em
p
ty

,
w

e
se

t
β̂
λ
l

=
β̂

,
θ̂
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b
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ra
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9
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u
p
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ψ
∈

Ψ
h
a
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d
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u
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n
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r
M

p
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ci
n

g
m

a
ss
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n

d
er

th
e

a
ss

u
m

p
ti

o
n
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o

f
T

h
eo
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m

1
,

α
(ψ

)

γ
M 1

≤
2

1
−
ρ

1

M
+

1
.

P
ro

o
f

W
e

h
av

e

α
(ψ

)

γ
M 1
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1 p
2
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k
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1
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c 0 p

+

n
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−
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(
i
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e
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e
R
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S
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m
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g
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ra
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−
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p
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/
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w
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b
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−
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b
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b
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(
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n
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∫
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≤
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+
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p

e
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d
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.

In
L

em
m

a
11

w
e

ex
te

n
d

th
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ig
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e
m
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1
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0
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e
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f
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∈

Ξ
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ch
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t
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M
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n
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M
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e
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m
p
le
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t

ra
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m

ised
.

T
h
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n
α

0
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d
epen

d
en

t
o
f
n

su
ch

th
a
t

fo
r

a
ll

α
′≤

α
0 ,

w
e

h
a
ve

su
p

ψ∈
Ψ

:α
(ψ

)≤
α
′ β

(ψ
)

=
su

p
ξ∈

Ξ
0
:α

(ξ
)≤
α
′ β

(ξ).

M
o
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ver
th

e
su

p
rem

a
a
re

a
ch

ieved
.

P
ro

o
f

E
a
ch

ξ
∈

Ξ
0
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etrised
b
y

its
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p
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th
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old
τ
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d

su
b
sam

p
le
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M

.
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a
ξ∈

Ξ
0
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p
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τ
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d
M

w
e
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p
u
te
α

(ξ)
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s.

N
ote
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at

b
y

rep
la

cin
g

th
e

th
resh

old
τ

b
y
τ
/
2,

w
e

m
ay
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m

e
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at
X
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d

Z
h
ave

en
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1
/2
,1
/
2}

.
T

h
u
s

X
j −

Z
k

h
as
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p

on
en
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in
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1
,0
,1}.

L
et
J
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b
e

th
e

n
u
m

b
er

of
n
on

-zero
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p
on

en
ts

o
f

(X
im
j −

Z
im
k )
Mm

=
1 .

T
h
en

J
jk ∼

B
in

om
(M

,1−
γ
jk ).

T
h
u
s

P (
∣∣∣∣∣
M∑m
=

1

D
m

(X
im
j −

Z
im
k ) ∣∣∣∣∣ ≤

τ )
=

P
(J
jk

=
0)

+
M∑r
=

1 P (
∣∣∣∣∣
r
∑m

=
1

D
m ∣∣∣∣∣ ≤

τ )
P

(J
jk

=
r),

n
o
tin

g
th

at
D
m

d=
−
D
m

.
B

y
L

em
m

a
14

w
e

k
n
ow

th
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an
a
>

0
su

ch
th

at
for

all
τ
≤
a √

M
th

e
R

H
S
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b
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n
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b
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b
y

γ
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+
M∑r
=
r
0

c
1 τ
√
r (
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)
γ
M
−
r

jk
(1−

γ
jk )

r
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r
M
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tly
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H
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e
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a
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1
>

0
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d
r

0 ∈
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d
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F

.
C
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n
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M
.
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M
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e
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y
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m
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∣∣∣∣∣
r
∑m

=
1

D
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D
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1

D
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P
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=
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c
1 a
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,

so
α
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c

1 a
/2.

N
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w

e
m

u
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h
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α
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γ
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,
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M
≥

log
(α

0 )/
lo
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l ).
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M
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su
ch

th
at

(23)
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for
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).

W
e

h
ave

α
(ξ)≥
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2 ∑j,k

{
γ
Mjk

+
τ

M∑r
=
r
0

c
1
√
r (

Mr

)
γ
M
−
r

jk
(1−

γ
jk )

r }
.

(24)
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im
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w
e

h
ave

β
(ξ)≤

γ
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+
τ

M∑r
=

1

c
2
√
r (
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)
γ
M
−
r

1
(1−

γ
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(25)
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p
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Q
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2 ∑j,k

γ
Mjk )
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Q
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2 ∑
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√
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∑
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γ
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(
α
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(26)

for
all

M
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ow
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en

α
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let
M

0
b
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α
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su
b
sam

p
lin

g
algorith
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0
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+
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=
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M
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M
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0 .

T
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en

w
e
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)
=
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0
1
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b)γ
M

0
+

1
1

.
N
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p
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ξ
∈

Ξ
0

h
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s
α

(ξ)≤
α

0 .
T
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en
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M
≥
M

0
+

1.
W

e
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in
e

th
e

ca
se

w
h
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M
=
M

0
+

1.
T

h
en

1

γ
M

0
1

{β
(ψ

)−
β

(ξ)}
≥
b

+
(1−

b)γ
1 −

γ
1 −

Qγ
M

0
1

(
α

0 −
1p
2 ∑j,k

γ
M

0
+

1
j,k

)

=
b

+
(1−

b)γ
1 −

γ
1 −

a
Q

γ
M

0
1

1p
2 ∑j,k

(γ
M

0
j,k
−
γ
M

0
+

1
j,k

)

≥
b (

(1−
γ
u )−

2
Q

1−
ρ

1

M
0

+
1 )

,

u
sin

g
L

em
m

a
9

in
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e
fi
n
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lin
e.
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ote
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on
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e
for

M
0

su
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W
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M
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M
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2
w

e
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β
(ξ)

β
(ψ

)
≤
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(ξ)

γ
M

0
+

1
1

≤
γ

1
+

2
Q

γ
1 (1−

ρ
)

1

M
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+
1
≤
γ
u
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2
Q

γ
l (1−
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)

1

M
0

+
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<

1

for
M

0
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R
ecall

th
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m
a
k
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α

0
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tly
sm

all,
w

e
can

force
M

0
to

b
e
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s
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e
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.
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c
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e
n
si
o
n
a
l
d
a
t
a

L
e
m

m
a

1
1

T
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w
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∈Ψ
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)≤
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=
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∈Ξ
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α
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).

M
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re
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p
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ro
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W
it

h
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sl
ig

h
t

ab
u
se

of
n
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at
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fo
r

th
e
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em

en
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of
ξ
∈

Ξ
th

at
fi
x
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=
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an
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si

n
g

th
e

n
ot

at
io

n
of
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em
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n
e
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→
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∈Ξ
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).
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∈

Ξ
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b
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r
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In
d
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s
to

sh
ow

th
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e
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r
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h
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,
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p
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in

g
th
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.
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e

al
so

th
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th
e

R
H

S
of
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t
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w
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m
p
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b
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r
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p
ro

ac
h

in
fi
n
it

y
as

th
ey

ge
t

cl
os

er
to

th
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th
e
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( ∂
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∂
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th
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n
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u
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e

th
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r
ξ

w
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h
α

(ξ
)
≤
α

1
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∼
ξ M
f
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]
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f
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M
∼
ξ M
α
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(M
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τ
)}

]
=
f

(α
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≤
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=
m
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∈Ψ
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(ψ

)≤
α
1

β
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).

C
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in
g
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ra
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∈Ψ
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∈

Ψ
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W
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e
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≤
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∈
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−
η
).

2
9

JM
L

R
 1

9(
37

):
1-

42
, 2

01
8

T
h
a
n
e
i,
M
e
in
sh

a
u
se

n
a
n
d

S
h
a
h

L
em

m
a

9
gi

ve
s

an
u
p
p

er
b

ou
n
d

on
ψ
L
E ψ
E

1
.

N
ot

e
th

at
E ψ
V

=
O

(p
lo

g
(p

))
.

T
h
u
s

ig
n
o
ri

n
g

co
n
st

an
t

fa
ct

or
s,

w
e

h
av

e

T
(ψ

)/
(n
p

2
)
≤
M

+
lo

g
(p

)

γ
M 1
n
p

+
1

M
+

1
.

T
ak

in
g
M

=
⌊ lo

g
(1
/
√
p
)/

lo
g
(γ

1
)⌋

th
en

en
su

re
s
T

(ψ
)/

(n
p

2
)
→

0.

L
e
m

m
a

1
3

L
et
ξ
∈

Ξ
d
en

se
.

T
h
er

e
ex

is
ts
c
>

0
a
n

d
n

0
∈
N

su
ch

th
a
t

fo
r

a
ll
n
≥
n

0
,

in
f

ξ
∈Ξ

d
e
n
se

T
(ξ

)/
(n
p

2
)
>
c.

P
ro

o
f

E
ac

h
ξ
∈

Ξ
d

en
se

is
p
ar

am
et

ri
se

d
b
y

it
s

cl
os

e
p
ai

rs
th

re
sh

ol
d
τ
.

G
iv

en
a
ξ
∈

Ξ
d

en
se

(F
)

w
it

h
cl

os
e

p
ai

rs
th

re
sh

ol
d
τ

w
e

co
m

p
u
te
α

(ξ
)

as
fo

ll
ow

s.
S
im

il
ar

ly
to

L
em

m
a

1
0

w
e

m
ay

as
su

m
e

w
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y
th

at
X

a
n
d

Z
h
av

e
en

tr
ie

s
in
{−

1
/2
,1
/
2}

so
X
j
−

Z
k

h
as

co
m

p
on

en
ts

in
{−

1
,0
,1
}.

S
in

ce
R
i
d =
−
R
i

as
F
∈
F

,
w

e
h
av

e

P(
∣ ∣ ∣ ∣ ∣
n ∑ i=

1

R
i(
X
ij
−
Z
ik

)∣ ∣ ∣ ∣ ∣≤
τ

)
=

P(
∣ ∣ ∣ ∣ ∣ ∣n

(1
−
γ
j
k
)

∑ i=
1

R
i∣ ∣ ∣ ∣ ∣ ∣≤

τ

) .

W
e

n
ow

u
se

L
em

m
a

14
.

F
or
n

(1
−
γ
u
)

su
ffi

ci
en

tl
y

la
rg

e,
w

h
en
τ
≤
a
√
n

th
e

R
H

S
is

b
o
u
n
d
ed

b
el

ow
b
y

c 1
τ

√
n

(1
−
γ
jk

).

H
er

e
co

n
st

an
t
a
,c

1
>

0
al

so
d
ep

en
d

on
ly

on
F

.
T

h
u
s

α
(ξ

)
≥

1 p
2

∑ j,
k

c 1
τ

√
n

(1
−
γ
jk

)
≥
c 1
τ
/
√
n
.

(2
9
)

S
im

il
ar

ly
w

e
h
av

e

β
(ξ

)
≤

c 2
τ

√
n

(1
−
γ

1
).

(3
0
)

N
ot

e
th

at
fr

om
(2

9)
,

w
h
en

τ
>
a
√
n

w
e

h
av

e
α

(ξ
)
≥
c 1
a
.

T
h
u
s

fr
om

(2
1)

w
e

k
n
ow

th
er

e
ex

is
ts
n

0
su

ch
th

at
fo

r
al

l
n
≥
n

0
,

w
e

h
av

e

in
f

ξ
∈Ξ

d
e
n
se

(η
):
ξ τ
>
a
√
n
T

(ξ
)/

(n
p

2
)
≥

in
f

ξ
∈Ξ

d
e
n
se

(η
):
ξ τ
>
a
√
n
ξ L
α

(ξ
)
≥
ξ L
c 1
a
>

0
.

(3
1
)

W
e

th
er

ef
or

e
n
ee

d
on

ly
co

n
si

d
er

th
e

ca
se

w
h
er

e
τ
≤
a
√
n

an
d

w
h
er

e
α

(ξ
)
→

0
.

S
u
b
st

it
u
ti

n
g

th
e

u
p
p

er
b

ou
n
d

on
τ

im
p
li
ed

b
y

(2
9)

in
to

(3
0)

,
w

e
ge

t

β
(ξ

)
≤
α

(ξ
)

c 2
c 1
√

1
−
γ
u
.

3
0

JM
L

R
 1

9(
37

):
1-

42
, 2

01
8



T
h
e

xyz
a
l
g
o
r
it
h
m

f
o
r
fa

st
in
t
e
r
a
c
t
io
n
se

a
r
c
h
in

h
ig
h
-d

im
e
n
sio

n
a
l
d
a
t
a

N
o
te

th
a
t

th
en

ξ
L
≥

log
(1−

η
)

log{1−
α

(ξ)c
2 /(c

1 √
1−

γ
u )}
≥
c

3
log (1/

1−
η )

α
(ξ)

fo
r

so
m

e
c

3
>

0
p
rov

id
ed

α
(ξ)

<
1/

2
say.

H
ow

ever
th

is
gives

u
s

in
f

ξ∈
Ξ
d
e
n
se (η

):ξ
τ ≤

a √
n
T

(ξ)/(n
p

2)≥
in

f
ξ∈

Ξ
d
e
n
se (η

):ξ
τ ≤

a √
n
ξ
L
α

(ξ)≥
m

in{1
/2
,c

3
log (1

/1−
η )}

>
0
.

C
o
m

b
in

ed
w

ith
(31)

th
is

giv
e

th
e

resu
lt.

W
ith

th
e

p
rev

iou
s

lem
m

as
in

p
lace,

w
e

are
in

a
p

osition
to

p
rove

(7)
of

T
h
eorem

1.

P
r
o
o
f
o
f
T
h
e
o
r
e
m

1

T
h
e

p
ro

o
fs

o
f

(8)
an

d
(9)

are
con

tain
ed

in
L

em
m

as
12

an
d

13
resp

ectiv
ely.

T
o

sh
ow

(7)
w

e
a
rg

u
e

a
s

fo
llow

s.
G

iven
F

an
d
η
,

su
p
p

ose
for

con
trad

iction
th

at
th

ere
ex

ists
a

seq
u
en

ce
ξ

(1
),ξ

(2
),...

a
n
d
n

1
<
n

2
<
···

su
ch

th
at

(m
ak

in
g

th
e

d
ep

en
d
en

ce
on
n

of
th

e
com

p
u
tation

al
tim

e
ex

p
licit)

in
f

ψ∈
Ψ

(η
) T

(n
k
)(ψ

)
>
T

(n
k
)(ξ

(k
))

fo
r

a
ll
k
.

B
y

L
em

m
a

12,
w

e
m

u
st

h
ave

T
(n
k
)(ξ

(k
))/(n

p
2)→

0
.

T
h
is

im
p
lies

th
at
α

(ξ
(k

))→
0.

B
y

L
em

m
a

1
1
,

w
e

k
n
ow

th
at

for
k

su
ffi

cien
tly

large

su
p

ψ∈
Ψ

:α
(ψ

)=
α

(ξ
(k

)) β
(ψ

)≥
β

(ξ
(k

)).

L
et
ψ

(k
)

b
e

th
e

m
ax

im
iser

of
th

e
L

H
S
.

In
ord

er
for

T
(n
k
)(ψ

(k
))
>
T

(n
k
)(ξ

(k
)),

it
m

u
st

b
e

th
e

ca
se

th
a
t
E
M
∼
ψ
(k

)
M

M
>

E
M
∼
ξ
(k

)
M

M
.

H
ow

ev
er

w
e

claim
th

at
ξ

=
ψ

(k
)

m
in

im
ises

E
M
∼
ξ
M
M

a
m

o
n
g

a
ll
ξ
∈

Ξ
w

ith
α

(ξ)≤
α

(ξ
(k

))
=

:
α

0 ,
w

h
ich

gives
a

con
trad

iction
an

d
com

p
letes

th
e

p
ro

o
f.

L
et
f

b
e

th
e

fu
n
ction

th
at

lin
early

in
terp

olates
th

e
p

oin
ts

(
1p
2 ∑j,k

γ
Mj,k ,

M

)
∞M

=
1 .

N
o
te

th
a
t
f

is
d
ecreasin

g.
B

y
con

sid
erin

g
th

e
in

verse
of
f

it
is

clea
r

th
at
f

is
con

vex
.

W
ith

a
slig

h
t

a
b
u
se

o
f

n
otation

,
w

rite
ξ(M

,τ
)

for
th

e
elem

en
t

of
ξ
∈

Ξ
su

ch
th

at
ξ
M

p
laces

all
m

a
ss

o
n
M

an
d
ξ
τ

=
τ
.

N
ote

th
at

E
M
∼
ξ
M
M

=
E
M
∼
ξ
M
f

[α{
ξ(M

,0)}]≥
E
M
∼
ξ
M
f

[α{
ξ(M

,ξ
τ )}

].

N
ow

su
p
p

o
se
ξ

h
as
α

(ξ)≤
α

0 .
T

h
en

from
th

e
ab

ov
e

an
d

J
en

sen
’s

in
eq

u
ality,

E
M
∼
ξ
M
M
≥
f (E

M
∼
ξ
M
α

(ξ(M
,ξ
τ )) )≥

f
(α

0 )
=

E
M
∼
ψ
(k

)
M

M
.�

3
1

JM
L

R
 19(37):1-42, 2018

T
h
a
n
e
i,
M
e
in
sh

a
u
se

n
a
n
d

S
h
a
h

P
ro

o
f

o
f

T
h

e
o
re

m
2

F
irst

n
ote

th
at

from
(11)

w
e

h
ave

L
≤

lo
g
(1−

η ′)/
log

(1−
γ
M

)+
1.

T
h
en

u
sin

g
th

e
in

eq
u
ality

log
(1−

x
)≤
−
x

for
x
∈

(0,1),
w

e
h
ave

L
≤

log{
1/

(1−
η ′)}

+
1

γ
M

.

N
ote

th
at

from
th

e
d
efi

n
ition

of
γ

0
w

e
h
ave

γ
−
M

=
p

lo
g
(γ

)/
lo

g
(γ

0
).

W
e

th
en

see
th

at

γ
−
M
E

(E
1 )

=
γ
−
M
∑j,k

γ
Mjk

≤
γ
−
M

(
∑

j,k
:γ
j
k
>
γ

γ
Mjk

+
∑

j,k
:γ

0
<
γ
j
k ≤

γ

γ
Mjk

+
∑

j,k
:γ
j
k ≤

γ
0

γ
Mjk )

≤
c

1 p
γ
−
M

+
c

2 p
1
+

lo
g
(γ

)/
lo

g
(γ

0
)

+
p

2γ
M0
γ
−
M

≤
(c

1
+
c

2
+

1)p
1
+

lo
g
(γ

)/
lo

g
(γ

0
).

C
ollectin

g
togeth

er
th

e
term

s
in

(10)
w

e
h
ave

C
(M

,L
)≤

n
p

+
[log{1

/
(1−

η ′)}
+

1][log
(p

){1
+

1
/

log
(γ
−

1
0

)}
+
n

(c
1

+
c

2
+

1)]p
1
+

lo
g
(γ

)/
lo

g
(γ

0
)

from
w

h
ich

th
e

resu
lt

easily
follow

s.

P
ro

o
f

o
f

P
ro

p
o
sitio

n
3

L
et
η ∗

=
η
(M
∗,L

).
N

ote
th

at
in

ord
er

for
η
(M
′,L
′)≥

η ∗
it

m
u
st

b
e

th
e

case
th

at
L
′≥

log
(1−

η ∗)/
log

(1−
γ
M
′).

T
h
erefore

C
(M
′,L
′)−

n
p
≥

log
(1−

η ∗)
log

(1−
γ
M
′) (

M
′p

+
p

log
(p

)
+
n ∑j,k

γ
M
′

jk

)

≥
m

in
M
∈
N

log
(1−

η ∗)
log

(1−
γ
M

) (
M
p

+
p

log
(p

)
+
n ∑j,k

γ
Mjk )

(32)

=
log

(1−
η ∗)

log
(1−

γ
M
∗) (

M
∗p

+
p

log
(p

)
+
n ∑j,k

γ
M
∗

jk

)
=
C

(M
∗,L

).

M
oreover,

th
e

in
eq

u
ality

lead
in

g
to

(32)
is

strict
if
M
∗

is
th

e
u
n
iq

u
e

m
in

im
iser

an
d
M
′6=

M
∗.

T
e
ch

n
ic

a
l

le
m

m
a
s

L
e
m

m
a

1
4

L
et
F
∈
F

a
n

d
su

p
po

se
(R

i ) ∞i=
1

is
a
n

i.i.d
.

sequ
en

ce
w

ith
R
i ∼

F
.

T
h
en

fo
r

a
ll
a
>

0,
th

ere
exists

c
1 ,c

2
>

0
a
n

d
l0
∈

N
su

ch
th

a
t

fo
r

a
ll
l
≥
l0

a
n

d
0
≤
τ
≤
a √

l
w

e
h
a
ve

c
1 τ
√
l
≤

P (∣∣
l
∑i=

1

R
i ∣∣≤

τ )
≤
c

2 τ
√
l
.

32
JM

L
R

 19(37):1-42, 2018



T
h
e

xy
z
a
l
g
o
r
it
h
m

f
o
r
fa

st
in
t
e
r
a
c
t
io
n
se

a
r
c
h
in

h
ig
h
-d

im
e
n
si
o
n
a
l
d
a
t
a

P
ro

o
f

L
et
f l

b
e

th
e

d
en

si
ty

of
∑

l i=
1
R
i/
√
l.

N
ot

e
th

at
as

E(
|R

1
|3 )

<
∞

,
w

e
m

u
st

h
av

e
E(
R

2 1
)
<
∞

,
so

w
e

m
ay

as
su

m
e

w
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y
th

a
t
E(
R

2 1
)

=
1.

T
h
en

b
y

T
h
eo

re
m

3
of

P
et

ro
v

(1
96

4)
w

e
h
av

e
th

at
fo

r
su

ffi
ci

en
tl

y
la

rg
e
l,

|f l
(t

)
−
φ

(t
)|
≤

c
√
l(

1
+
|t|

3
).

(3
3)

H
er

e
c

is
a

co
n
st

an
t

an
d
φ

(t
)

=
e−

t2
/
2
/
√

2
π

is
th

e
st

an
d
ar

d
n
or

m
al

d
en

si
ty

.
N

ow
b
y

th
e

m
ea

n
va

lu
e

th
eo

re
m

,
w

e
h
av

e

2
in

f
0
≤
t≤
τ
/
√
l{f

l(
t)
}
τ √
l
≤

P(
∣ ∣

l ∑ i=
1

R
i∣ ∣ /
√
l
≤
τ
/
√
l)
≤

2
su

p
0
≤
t≤
τ
/
√
l{f

l(
t)
}
τ √
l.

T
h
u
s

fr
om

(3
3)

,
fo

r
l

su
ffi

ci
en

tl
y

la
rg

e
w

e
h
av

e

P(
∣ ∣

l ∑ i=
1

R
i∣ ∣
≤
τ
)
≥

τ √
l(
√

2
√
π

ex
p
{−
τ

2
/
(2
l)
}−

2
c √
l) .

N
ot

e
th

at
fo

r
a
>

0
an

d
l

su
ffi

ci
en

tl
y

la
rg

e
w

e
h
av

e
√

2
/π
e−

a
2
/
2
>

2
c/
√
l,

w
h
en

ce

P(
∣ ∣

l ∑ i=
1

R
i∣ ∣
≤
τ
)
≥
c 1
τ √
l

fo
r

0
≤
τ
≤
a
√
l,

so
m

e
c 1
>

0.
A

si
m

il
ar

ar
gu

m
en

t
y
ie

ld
s

th
e

u
p
p

er
b

o
u
n
d

in
th

e
fi
n
al

re
su

lt
.

L
e
m

m
a

1
5

S
u

p
po

se
γ
∈

[0
,1

).
F

o
r

a
ll
M
∈
N

w
e

h
a
ve

M ∑ r
=

1

1 √
r

( M
r

) (1
−
γ

)r
γ
M
−
r
≤

√
2

√
(1
−
γ

)M
.

(3
4)

G
iv

en
r 0
∈
N

a
n

d
γ
∈

[0
,1

),
th

er
e

ex
is

ts
c
>

0
a
n

d
M

0
∈
N

su
ch

th
a
t

fo
r

a
ll
M
≥
M

0
w

e
h
a
ve

M ∑ r
=
r 0

1 √
r

( M
r

) (1
−
γ

)r
γ
M
−
r
≥

c
√

(1
−
γ

)M
.

(3
5)

P
ro

o
f

F
ir

st
w

e
sh

ow
th

e
u
p
p

er
b

ou
n
d

(3
4)

.
L

et
J
∼

B
in

om
ia

l(
M
,1
−
γ

).

M ∑ r
=

1

1 √
r

( M
r

) (1
−
γ

)r
γ
M
−
r
≤
√

2
M ∑ r
=

1

1
√
r

+
1

( M
r

) (1
−
γ

)r
γ
M
−
r

≤
√

2E
(1
/
√
J

+
1)
.

33
JM

L
R

 1
9(

37
):

1-
42

, 2
01

8

T
h
a
n
e
i,
M
e
in
sh

a
u
se

n
a
n
d

S
h
a
h

N
ex

t,
b
y

J
en

se
n
’s

in
eq

u
al

it
y

w
e

h
av

e
E(

1/
√
J

+
1)
≤
√

E{
1/

(J
+

1)
}.

W
e

n
ow

co
m

p
u
te

E{
1
/(
J

+
1)
}

as
fo

ll
ow

s.

E(
1

J
+

1

)
=

M ∑ r
=

0

1

r
+

1

( M
r

) (1
−
γ

)r
γ
M
−
r

=
1

M
+

1

M ∑ r
=

0

( M
+

1

r
+

1

) (1
−
γ

)r
γ
M
−
r

=
1

(1
−
γ

)(
M

+
1)

M ∑ r
=

0

( M
+

1

r
+

1

) (1
−
γ

)r
+

1
γ
M
−
r

=
1
−
γ
M

+
1

(1
−
γ

)(
M

+
1)
≤

1

(1
−
γ

)(
M

+
1)
.

P
u
tt

in
g

th
in

gs
to

ge
th

er
gi

ve
s

(3
4)

.
T

u
rn

in
g

n
ow

to
(3

5)
,

w
e

se
e

th
at

th
e

L
H

S
eq

u
al

s

E(
1/
√
J
1
{J
≥
r 0
})

=
E(

1/
√
J
|J
≥
r 0

)P
(J
≥
r 0

).

B
y

J
en

se
n
’s

in
eq

u
al

it
y

w
e

h
av

e

E(
1/
√
J
|J
≥
r 0

)
≥

1
√

E(
J
|J
≥
r 0

)
=

√
P(
J
≥
r 0

)
√

E(
J
1
{J
≥
r 0
})
≥
√

P(
J
≥
r 0

)
√

(1
−
γ

)M
.

B
u
t

as
M
→
∞

,
P(
J
≥
r 0

)
→

1,
w

h
ic

h
ea

si
ly

gi
ve

s
th

e
re

su
lt

.

L
e
m

m
a

1
6

L
et
f

:
[0
,∞

)
→

[0
,1

]
be

n
o
n

-d
ec

re
a
si

n
g.

S
u

p
po

se
th

er
e

ex
is

ts
0
<
α

1
<
α

0

su
ch

th
a
t:

(i
)
f

is
co

n
ca

ve
o
n

[0
,α

0
];

(i
i)
−

su
p
( ∂

(−
f

)(
α

1
))
≥
{1
−
f

(α
1
)}
/(
α

0
−
α

1
),

w
h
er

e
∂

(−
f

)(
α

1
)

d
en

o
te

s
th

e
su

bd
iff

er
-

en
ti

a
l

o
f

th
e

fu
n

ct
io

n
−
f

a
t
α

1
.

T
h
en

if
ra

n
d
o
m

va
ri

a
bl

e
X

h
a
s
E(
X

)
≤
α

0
,

th
en

f
(E
X

)
≥

Ef
(X

).

P
ro

o
f

W
ri

te
m

=
−

su
p
( ∂

(−
f

)(
α

1
))

L
et

fu
n
ct

io
n
g

:
[0
,∞

)
→

[0
,∞

)
b

e
d
efi

n
ed

a
s

fo
ll
ow

s.

g
(x

)
=

{
f

(x
)

if
0
≤
x
≤
α

1

f
(α

1
)

+
m

(x
−
α

1
)

if
x
>
α

1
.

N
ot

e
th

at
g

th
u
s

d
efi

n
ed

h
as

g
(α

0
)
≥

1.
W

e
se

e
th

at
g

is
co

n
ve

x
an

d
g
≥
f

.
T

h
u
s

if
E(
X

)
≤
α

1
,

b
y

J
en

se
n
’s

in
eq

u
al

it
y

w
e

h
av

e

f
(E
X

)
=
g
(E
X

)
≥

Eg
(X

)
≥

Ef
(X

).
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con
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S
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ork
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=
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T
X
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e
m
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-
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g
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)
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b
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e
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H
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th

e
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fu
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w
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ich

w
e

sa
m

p
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u
n
iform

ly.
T

h
en
H

is
(γ
,cγ

,p
1 ,p

2 )-sen
sitive,

th
at

is:

•
if
γ
jk ≥

γ
th

en
P

(h
(j)

=
h

(k
))≥

p
1

•
if
γ
jk ≤

cγ
th

en
P

(h
(j)

=
h

(k
))≤

p
2 ,

w
h
ere

0
<
c
<

1
.

In
th

e
case

of
th

e
m

in
im

al
su

b
sam

p
lin

g
w

e
h
ave

p
1

=
γ
M

an
d
p

2
=
γ
M
c
M

.
H

ow
ev

er,
th

e
ty

p
ical

L
S
H

m
ach

in
ery

ca
n
n
ot

b
e

ap
p
lied

d
irectly

to
th

e
eq

u
al

p
airs

p
rob

lem
a
b

ove.
In

ou
r

settin
g,

w
e

are
n
ot

in
terested

in
p
reserv

in
g

close
p
airs

b
u
t

rath
er

th
e

closest
p
a
irs.

T
h
eo

rem
1

estab
lish

es
th

at
th

e
fam

ily
H

lead
s

to
th

e
m

ax
im

al
ratio

p
1 /p

2
am

on
g

all
lin

ea
r

h
a
sh

in
g

fam
ilies.

A
p
p
e
n
d
ix

C

P
ro

o
f

o
f

P
ro

p
o
sitio

n
4

P
ro

o
fP

(sg
n
(Y
i )

=
X̃
ij X̃

ik )
=

sgn
(Y
i )

+
1

2
(g

(X
ij )g

(X
ik )

+
(1−

g
(X

ij ))(1−
g
(X

ik )))

+
1−

sgn
(Y
i )

2
(g

(X
ij )(1−

g
(X

ik ))
+

(1−
g
(X

ij ))g
(X

ik ))

=
12

+
sgn

(Y
i )

2
(1−

2g
(X

ij ))(1−
2g

(X
ik )).

A
p
p
e
n
d
ix

D

T
h

e
u

n
b

ia
se

d
tra

n
sfo

rm
a
n

d
th

e
sig

n
tra

n
sfo

rm

P
ro

p
o
sitio

n
6

P
ro

o
f

T
h
e

eq
u
ation

E
[X̃

ij ]
=

P
(X̃

ij
=

1)−
P

(X̃
ij

=
−

1)
=
X
ij ,

im
p
lies

P
(X̃

ij
=

1)
=
X
ij

+
1

2

T
h
is

u
n
iq

u
ely

d
eterm

in
es

th
e

u
n
b
iased

tran
sfo

rm
.

N
ex

t
w

e
sh

ow
tw

o
L

em
m

as
th

at
w

ill
b

e
u
sefu

l
w

h
en

p
rov

in
g

T
h
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s
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d
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C
o
n

sid
er

th
e

setu
p

o
f

T
h
eo

rem
7
.

T
h
en

th
ere

exists
co

n
sta

n
ts
C
ε1 ,C

ε2
>

0
su

ch
th

a
t

d
efi

n
in

g

α
un
,p

=
α
un
,p (t)

=

(
1

+
t

+
log

(n
C
ε1 )

C
ε2

)√
2{
t

+
log

(4
p
)}/n

,

w
ith

p
ro

ba
bility

a
t

lea
st

1−
2

ex
p
(−
t)

w
e

h
a
ve:

∑
i Y

i X
ij ∗X

ik ∗

‖
Y
‖

1
/∈
[−

m
2 −

α
un
,p

m
1

+
m
ε

+
α
un
,p

,
m

2 −
α
un
,p

m
1

+
m
ε

+
α
un
,p ]

∑
ni=

1
Y
i X

ij X
ik

‖
Y
‖

1
∈
[−

m
2 (1−

r
u )

+
α
un
,p

m
1 −

α
un
,p

,
m

2 (1−
r
u )

+
α
un
,p

m
1 −

α
un
,p

]
∀
(j,k

)6=
(j ∗,k ∗).

P
ro

o
f

F
irst

w
e

con
sid

er
a

cap
p

ed
version

of
ε:

ε ′i
=

{
ε
i

if|ε
i |≤

σ

σ
sgn

(ε
i )

oth
erw

ise,

w
h
ere

σ
is

to
b

e
ch

osen
later.

W
e

m
ay

ap
p
ly

H
o
eff

d
in

g’s
in

eq
u
ality

to
th

ese
b

ou
n
d
ed

variab
les.

W
e

h
ave

to
b

ou
n
d

tw
o

term
s:

∑
ni=

1
Y
i X

ij ∗X
ik ∗

‖
Y
‖

1
from

b
elow

an
d

∑
ni=

1
Y
i X

ij X
ik

‖
Y
‖

1
from

ab
ove,

for
(j,k

)6=
(j ∗,k ∗).

S
ch

em
atically

th
e

fi
rst

term
can

b
e

d
ealt

w
ith

in
th

e
follow

in
g

w
ay

:

P (
A

+
B

C
+
D
≥
a

+
b

c
+
d )
≥

1−
P

(A
≤
a
)−

P
(B
≤
b)−

P
(C
≥
c)−

P
(D
≥
d
)

(36)

w
h
ere

A
+
B

=
n
∑i=

1 (X
ij ∗X

ik ∗)
2

+
ε ′i X

ij ∗X
ik ∗

an
d
C

+
D

=
n
∑i=

1 |X
ij ∗X

ik ∗
+
ε ′i |.

W
e

d
eal

w
ith

each
term

in
d
iv

id
u
ally.

U
sin

g
H

o
eff

d
in

g’s
in

eq
u
ality

w
e

get:

A
:
P (∑

pi=
1 (X

ij ∗X
ik ∗)

2≤
n
m

2 −
δ )
≤

ex
p
(−
δ

2/
2n

))

B
:
P (∑

ni=
1
ε ′i X

ij ∗X
ik ∗≤

−
κ )
≤

ex
p
(−
κ

2/
2n
σ

2)

C
:
P (∑

ni=
1 |X

ij ∗X
ik ∗|≥

n
m

1
+
δ )
≤

ex
p
(−
δ

2/2
n

)

D
:
P (∑

ni=
1 |ε ′i |≥

n
m
ε

+
κ )
≤

ex
p
(−

2
κ

2/n
σ

2).

T
h
is

giv
es

u
s

a
b

o
u
n
d

of
th

e
in

teraction
stren

gth
of

th
e

tru
e

in
teraction

p
air:

P ( ∑
i Y

i X
ij ∗X

ik ∗

‖
Y
‖

1
≥

n
m

2 −
δ−

κ

n
m

1
+
n
m
ε

+
δ

+
κ )

≥
1−

ex
p
(−
δ

2/
2n

)−
ex

p
(−
δ

2/2
n

)

−
ex

p
(−
κ

2/
2n
σ

2)−
ex

p
(−
κ

2/
2n
σ

2)

S
im

ilarly
w

e
can

treat
th

e
in

teractio
n

stren
gth

of
th

e
n
on

in
teractin

g
p
airs:
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p
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m
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−
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≤
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]
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en
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∑
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ik
≥
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+
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δ/
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th
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re
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∑
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−
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−
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−
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−

ex
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h
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e
in
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ra
ct
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l
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s
w

it
h
p
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A
n
ot

h
er

fa
ct

or
of
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is

m
u
lt

ip
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ed

in
fo

r
th

e
n
eg

at
iv

e
si

gn
,
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th

e
fr
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h
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to
b

e
b

ou
n
d
ed

aw
ay

fr
om
−

1.
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to
ta

l
w

e
th

u
s

h
av

e: ∑
n i=

1
Y
iX

ij
∗
X
ik
∗

‖Y
‖ 1

/∈
[ −

n
m

2
−
δ
−
κ

n
m

1
+
n
m
ε

+
δ

+
κ
,

n
m

2
−
δ
−
κ

n
m

1
+
n
m
ε

+
δ

+
κ

]

∑
n i=

1
Y
iX

ij
X
ik

‖Y
‖ 1

∈
[ −

n
m

2
(1
−
r u

)
+
δ

+
κ

n
m

1
−
δ
−
κ

,
n
m

2
(1
−
r u

)
+
δ

+
κ

n
m

1
−
δ
−
κ

]
∀(
m
,o
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w
it

h
p
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b
ab

il
it

y
at

le
as

t
1
−

ex
p
(−
δ2
/2
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)
−

ex
p
(−
δ2
/
2n

)
−

ex
p
(−
κ

2
/2
n
σ

2
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−

ex
p
(−
κ

2
/2
n
σ

2
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F
in

al
ly

,
le

t
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th

en
w

e
h
av

e
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se
t
δ

an
d
κ

so
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at
th

e
p
ro

b
a
b
il
it
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b
ig

ge
r

th
an

1
−

ex
p
(−
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T

h
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gi
ve
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p
(−
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=
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p
(−
δ2
/
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)
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d
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p
(−
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=
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ex
p
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n
σ
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T
h
is
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=
√
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lo
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p
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an
d
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=
√

2
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+
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g
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s
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r
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√
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√
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/∈
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α
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1
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m
ε

+
α
u n
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2
−
α
u n
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1

+
m
ε

+
α
u n
,p

]

∑
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Y
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X
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∈
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−
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−
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−
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−
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−
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w
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E

S
F

O
R

M
T

L

available
observations

pertask,then
the

fastest-converging
errororexcess

risk
bounds

derived
in

these
w

orks
are

ofthe
order

O
(1/ √

n
T

).

M
ore

recently,K
oltchinskii(2006)and

B
artlettetal.(2005)introduced

a
m

ore
nuanced

variant
of

these
com

plexities,term
ed

L
ocalR

adem
acher

C
om

plexity
(L

R
C

),as
opposed

to
the

original
G

lobalR
adem

acher
C

om
plexity

(G
R

C
).

T
his

new
,m

odified
function

class
com

plexity
m

easure
is

attention-w
orthy,since,as

show
n

by
B

artlettetal.(2005),an
L

R
C

-based
analysis

is
capable

of
producing

m
ore

rapidly-converging
excess

risk
bounds

(“fastrates”),w
hen

com
pared

to
the

ones
obtained

via
a

G
R

C
analysis.

T
his

can
be

attributed
to

the
factthat,unlike

L
R

C
s,G

R
C

s
ignore

the
factthatlearning

algorithm
s

typically
choose

w
ell-perform

ing
hypotheses

thatbelong
only

to
a

subsetofthe
entire

hypothesis
space

underconsideration.The
end

resultofthis
distinction

em
pow

ers
a

localanalysis
to

provide
less

conservative
and,hence,sharper

bounds
than

the
standard

global
analysis.

To
date,there

have
been

only
a

few
additionalw

orks
attem

pting
to

reap
the

benefits
of

such
localanalysis

in
various

contexts:active
learning

forbinary
classification

tasks
(K

oltchinskii,
2010),m

ultiple
kernellearning

(K
loftand

B
lanchard,2011;C

ortesetal.,2013),transductive
learning

(Tolstikhin
etal.,2014),sem

i-supervised
learning

(O
neto

etal.,2015)and
bounds

on
the

L
R

C
s

via
covering

num
bers

(L
eietal.,2015).

1.1
O

ur
C

ontributions

T
hrough

a
Talagrand-type

concentration
inequality

adapted
to

the
M

T
L

case,
this

paper’s
m

ain
contribution

is
the

derivation
ofsharp

bounds
on

the
M

T
L

excess
risk

in
term

s
ofthe

distribution-
and

data-dependentL
R

C
.Fora

given
num

beroftasks
T

,these
bounds

adm
itfaster(asym

ptotic)con-
vergence

characteristics
in

the
num

berofobservations
pertask

n,w
hen

com
pared

to
corresponding

bounds
hinging

on
the

G
R

C
.H

ence,these
fasterrates

ensure
us

thatthe
M

T
L

hypothesis
selected

by
a

learning
algorithm

approaches
the

best-in-class
solution

as
n

increases
beyond

a
certain

threshold.
W

e
also

prove
a

new
bound

on
the

L
R

C
,w

hich
generally

holds
forhypothesis

classes
w

ith
any

norm
regularizers.T

his
bound

readily
facilitates

the
bounding

ofthe
L

R
C

fora
range

ofsuch
regularizers

notonly
forM

T
L

,butalso
forthe

standard
Single-Task

L
earning

(ST
L

)setting.A
s

a
m

atteroffact,
w

e
dem

onstrate
such

results,in
Sect.4,forclasses

induced
by

graph-based,Schatten
and

group
norm

regularizers.M
oreover,w

e
prove

m
atching

low
erbounds

and,thus,show
that,aside

from
constants,

the
L

R
C

-based
bounds

are
tightforthe

considered
applications.

O
ur

derived
bounds

reflect
that

one
can

trade
off

a
slow

convergence
speed

w
.r.t.

T
for

an
im

proved
convergence

rate
w

.r.t.
n.

T
he

latter
one

ranges
from

the
typicalG

R
C

-based
O

(1/ √
n

)
bounds,allthe

w
ay

up
to

the
fastestrate

oforder
O

(1/n
)

by
allow

ing
the

bound
to

depend
less

on
T

.
N

evertheless,the
prem

ium
in

question
becom

es
less

relevantto
M

T
L

,since
T

is
typically

considered
fixed

is
such

setting.

Fixing
allother

param
eters

w
hen

the
num

ber
of

sam
ples

per
task

n
approaches

infinity,our
localbounds

yield
faster

rates
com

pared
to

their
globalcounterparts.

A
lso,itis

observed
that,if

the
num

beroftasks
T

and
the

radius
R

ofthe
ball-norm

s
can

grow
w

ith
n,there

are
cases

w
herein

localanalysis
alw

ays
im

proves
overthe

globalone.W
hen

ourlocalbounds
are

com
pared

to
the

ones
in(M

aurerand
Pontil,2013;M

aurer,2006b),w
hich

stem
from

a
globalanalysis,one

observes
that

ourbounds
yield

faster,O
(1/T

)
and

O
(1/n

)
convergence

rates.
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1.2
O

rganization

T
he

paper
is

organized
as

follow
s:

Sect.2
lays

the
foundations

for
our

analysis
by

considering
a

Talagrand-type
concentration

inequality
suitable

for
deriving

our
bounds.

N
ext,in

Sect.3,after
suitably

defining
L

R
C

s
for

M
T

L
hypothesis

spaces,w
e

provide
our

L
R

C
-based

M
T

L
excess

risk
bounds.

B
ased

on
these

bounds,
w

e
follow

up
this

section
w

ith
a

local
analysis

of
linear

M
T

L
fram

ew
orks,in

w
hich

task-relatedness
is

presum
ed

and
enforced

by
im

posing
a

norm
constraint.

M
ore

specifically,leveraging
offH

ölder’s
inequality,Sect.4

presents
generic

upperbounds
forthe

relevantL
R

C
ofany

norm
regularized

hypothesis
class.T

hese
results

are
subsequently

specialized
to

the
case

of
group

norm
,Schatten

norm
and

graph
regularized

linear
M

T
L

.
Sect.5

supplies
the

corresponding
excess

risk
bounds

based
on

the
L

R
C

ofthe
aforem

entioned
hypothesis

classes.T
he

paperconcludes
w

ith
Sect.6,w

hich
investigates

the
convergence

rate
ofourL

R
C

-based
excess

risk
bounds

for
the

previously
m

entioned
hypothesis

spaces.
W

e
also

com
pare

our
localbounds

w
ith

those
obtained

from
a

G
R

C
-based

analysis
provided

in
M

aurerand
Pontil(2013);M

aurer(2006b).

1.3
PreviousR

elated
W

orks

A
n

earlierw
ork

by
M

aurer(2006a),w
hich

considerslinearM
T

L
fram

ew
orksforbinary

classification,
investigates

the
generalization

guarantees
based

on
R

adem
acher

averages.
In

this
fram

ew
ork,all

tasks
are

pre-processed
by

a
com

m
on

bounded
linearoperatorand

operatornorm
constraints

are
used

to
controlthe

com
plexity

ofthe
associated

hypothesis
spaces.T

he
G

R
C

-based
errorbounds

derived
are

of
order

O
(1/ √

n
T

).
A

nother
contem

porary
study

(M
aurer,2006b)

provides
bounds

for
the

em
piricaland

expected
R

adem
achercom

plexities
oflineartransform

ation
classes.B

ased
on

H
ölder’s

inequality,G
R

C
-based

risk
bounds

oforder
O

(1/ √
n
T

)
are

established
forM

T
L

hypothesis
spaces

w
ith

graph-based
and

L
S
q -Schatten

norm
regularizers,w

here
q∈
{2}∪

[4,∞
].

T
he

subjectofM
T

L
generalization

guarantees
benefited

from
renew

ed
attention

in
recentyears.

K
akade

etal.(2012)take
advantage

ofthe
strongly-convex

nature
ofcertain

m
atrix-norm

regularizers
to

easily
obtain

generalization
bounds

fora
variety

ofm
achine

learning
problem

s.Partoftheirw
ork

is
devoted

to
the

realm
ofonline

and
off-line

M
T

L
.In

the
lattercase,w

hich
pertains

to
the

focus
of

ourw
ork,the

paperprovidesa
G

R
C

-based
excessrisk

bound
oforder

O
(1/ √

n
T

).M
oreover,M

aurer
and

Pontil(2013)presenta
globalR

adem
achercom

plexity
analysis

leading
to

excess
risk

bounds
of

order
O

( √
log

(n
T

)/n
T

fora
trace

norm
regularized

M
T

L
m

odel.A
lso,M

aurer(2016)exam
ines

the
bounding

of
(global)

G
aussian

com
plexities

of
function

classes
that

result
from

considering
com

posite
m

aps,as
is

typicalin
severalsettings,including

M
T

L
.

A
n

application
of

the
paper’s

results
yields

M
T

L
risk

bounds
oforder

O
(1/ √

n
T

).M
ore

recently,M
aureretal.(2016)presents

excess
risk

bounds
of

order
O

(1/ √
n
T

)
for

both
M

T
L

and
L

earning-to-L
earn

(LT
L

)
and

reveals
conditions,underw

hich
M

T
L

is
m

ore
beneficialoverlearning

tasks
independently.

Finally,although
loosely

related
to

ourfocus,w
e

m
ention

in
passing

a
few

w
orks

thatpertain
to

generalization
guarantees

in
the

realm
oflife-long

learning
and

dom
ain

adaptation.G
eneralization

perform
ance

analysis
in

life-long
learning

has
been

investigated
by

T
hrun

and
Pratt(2012);B

en-
D

avid
and

Schuller(2003);B
en-D

avid
and

B
orbely

(2008);Pentina
and

Lam
pert(2015)and

Pentina
and

B
en-D

avid
(2015).A

lso,in
the

contextofdom
ain

adaptation,sim
ilarconsiderationsare

exam
ined

by
M

ansouretal.(2009a,b,c);C
ortes

and
M

ohri(2011);Z
hang

etal.(2012);M
ansourand

Schain
(2013)and

C
ortes

and
M

ohri(2014).
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1

liesa
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tion

classF
=
{
f

=
(f

1 ,...,f
T

)},
the

M
ulti-Task

L
ocal

R
adem

acher
C

om
plexity

(M
T-L

R
C

)
R

(F
,r)

is
defined

asR
(F
,r)

:=
E
X
,σ [

su
p

f
=

(f
1
,...,f

T
)∈F

V
(f

)≤
r

1n
T

T
∑t=

1

n
∑i=

1

σ
it f
t (X

it ) ]
,

(4)

w
here

V
(f

)
is

an
upper

bound
on

the
variance

ofthe
functions

inF
.

Forthe
case

T
=

1,itis
clearthatthe

M
T-L

R
C

reduces
to

the
standard

L
R

C
forscalar-valued

function
classes.

A
nalogous

to
single

task
learning,a

challenge
in

using
the

M
T-L

R
C

to
refine

existing
learning

rates
is

to
find

an
optim

al
radius

trading-off
the

variance
and

the
associated

com
plexity,

w
hich,

as
w

e
show

later,
reduces

to
the

calculation
of

the
fixed-point

of
a

sub-root
function.

D
efinition

5
(S

U
B-R

O
O

T
F

U
N

C
T

IO
N)

A
function

ψ
:

[0
,∞

]→
[0,∞

]is
sub-rootifand

only
ifit

is
non-decreasing

and
the

function
r7→

ψ
(r)/ √

r
is

non-increasing
for

r
>

0.

L
em

m
a

6
(L

em
m

a
3.2

B
artlettetal.(2005))

If
ψ

is
a

sub-rootfunction,then
itis

continuous
on

[0,∞
],and

the
equation

ψ
(r)

=
r

has
a

unique
(non-zero)solution

r ∗,w
hich

is
know

n
as

the
fixed

pointof
ψ

.M
oreover,for

any
r
>

0,itholds
that

r
>
ψ

(r)
ifand

only
if
r ∗≤

r.

Intuitively,the
m

odelsoughtforby
learning

algorithm
s

w
ould

hopefully
attain

a
sm

allgeneral-
ization

errorand
enjoy

a
sm

allvariance,w
hen

there
is

a
relationship

betw
een

risks
and

variances.
T

he
conceptoflocalR

adem
achercom

plexity
allow

s
us

to
focus

on
identifying

such
m

odels.

D
efinition

7
(V

E
C

T
O

R-V
A

L
U

E
D

B
E

R
N

ST
E

IN
C

L
A

SS)
Let

0
<
β
≤

1
and

B
>

0.
A

vector-
valued

function
classF

is
said

to
be

a
(β
,B

)-B
ernstein

class
w

ith
respectto

the
probability

m
easure

P
ifthere

exists
a

function
V

:F
→

R
+

such
that

P
f

2≤
V

(f
)≤

B
(P
f

)
β
,
∀
f
∈
F
.

(5)

Itcan
be

show
n

thatthe
B

ernstein
condition

(5)is
nottoo

restrictive
and

itholds,forexam
ple,for

non-negative
bounded

functionsw
ith

respectto
any

probability
distribution

asshow
n

in
(B

artlettetal.,
2004).O

therexam
ples

include
the

class
ofexcess

risk
functionsL

F
:=
{
`
f −

`
f
∗

:
f
∈
F
}—

w
ith

f
∗∈
F

being
the

m
inim

izerof
P
`
f —

w
hen

the
function

classF
is

convex
and

the
loss

function
`

is
strictly

convex.
In

this
section,w

e
show

thatundersom
e

m
ild

assum
ptions

on
a

vector-valued
B

ernstein
class,

L
R

C
-based

excess
risk

bounds
can

be
established

forM
T

L
.W

e
w

illassum
e

thatthe
loss

function
`

and
the

vector-valued
hypothesis

spaceF
satisfy

the
follow

ing
conditions:

7
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Y
O

U
S

E
FI,L

E
I,K

L
O

F
T,M

O
L

L
A

G
H

A
S

E
M

I
A

N
D

A
N

A
G

N
O

S
T

O
P

O
U

L
O

S

A
ssum

ption
8

1.
There

is
a

function
f
∗

=
(f
∗1
,...,f

∗T )∈
F

satisfying
P
`
f
∗

=
in

f
f∈F

P
`
f .

2.
There

is
a

constant
B
′≥

1
and

0
<
β
≤

1,such
thatfor

every
f
∈
F

w
e

have
P

(f
−
f
∗)

2≤
B
′ (P

(`
f
−
`
f
∗) )

β.

3.
There

is
a

constant
L

,such
thatthe

loss
function

`
is
L

-Lipschitz
in

its
firstargum

ent.

A
s

pointed
outin

B
artlettetal.(2005),m

any
regularized

algorithm
s

satisfy
these

conditions.M
ore

specifically,
a

uniform
convexity

condition
on

the
loss

function
`

is
usually

sufficient
to

satisfy
A

ssum
ption

8.2.A
typicalexam

ple
is

the
quadratic

loss
function

`(f
(X

),Y
)

=
(f

(X
)−

Y
)
2.M

ore
specifically,if|f

(X
)−

Y
|≤

1
for

any
f
∈
F
,x
∈
X

and
Y
∈
Y

,then
itcan

be
show

n
thatthe

conditions
ofA

ssum
ption

8
are

m
etw

ith
L

=
1

and
B

=
1.

W
e

now
present

the
m

ain
result

of
this

section
show

ing
that

the
excess

risk
of

M
T

L
can

be
bounded

by
the

fixed-pointofa
sub-rootfunction

dom
inating

the
M

T-L
R

C
.T

he
proofofthe

results
is

provided
in

A
ppendix

B
.

T
heorem

9
(E

xcessrisk
bound

for
M

T
L

)
LetF

:=
{f

:=
(f

1 ,...,f
T

)}
be

a
class

of
vector-

valued
functions

f
satisfying

m
ax

t∈
N
T

su
p
x∈X
|f
t (x

)|≤
b.

A
ssum

e
that

X
:=

(X
it ,Y

it )
(T
,n

)
(t,i)=

(1
,1

)

is
a

vector
of
n
T

independentrandom
variables,w

here
for

each
task

t,the
sam

ples
(X

1t ,Y
1t )
...,

(X
nt
,Y

nt
)

are
identically

distributed.
Suppose

thatA
ssum

ption
8

holds.
D

efineF
∗

:=
{f
−
f
∗},

w
here

f
∗

is
the

function
satisfying

P
`
f
∗

=
in

f
f∈F

P
`
f .

Let
B

:=
m

ax
(B
′L

2,1)
and

ψ
be

a
sub-rootfunction

w
ith

fixed
point

r ∗
such

that
B
L
R

(F
∗,r)≤

ψ
(r),∀

r≥
r ∗,w

here
R

(F
∗,r)

is
the

LR
C

ofthe
functions

classF
∗:

R
(F
∗,r)

:=
E
X
,σ [

su
p

f∈F
,

L
2
P

(f−
f
∗
)
2≤
r

1n
T

T
∑t=

1

n
∑i=

1

σ
it f
t (X

it ) ].
(6)

Then,for
any

f
∈
F

,
K
>

1
and

x
>

0,w
ith

probability
atleast

1−
e −

x,

P
(`
f
−
`
f
∗)≤

K

K
−
β
P
n
(`
f
−
`
f
∗)

+
(2
K

)
β

2−
β

20
2

2−
β

m
ax (

(r ∗)
1

2−
β
,(r ∗)

1β )

+
(

2
β

+
3B

2K
β
x

n
T

)
1

2−
β

+
4
8L
B
bx

(2−
β

)n
T
.

(7)

T
he

follow
ing

corollary
is

directby
noting

that
P
n
(`
f̂
−
`
f
∗)≤

0.

C
orollary

10
Let

f̂
be

any
elem

entoffunction
classF

satisfying
P
n
`
f̂

=
in

f
f∈F

P
n
`
f .

A
ssum

e
thatthe

conditions
ofTheorem

9
hold.Then

for
any

x
>

0
and

r
>
ψ

(r),w
ith

probability
atleast

1−
e −

x,

P
(`
f̂
−
`
f
∗)≤

(2K
)

β
2−
β

20
2

2−
β

m
ax (

(r ∗)
1

2−
β
,(r ∗)

1β )+
(

2
β

+
3B

2K
β
x

n
T

)
1

2−
β

+
4
8L
B
bx

(2−
β

)n
T
.

(8)
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R
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ch
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te
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no
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,a
nd

gr
ap

h
re

gu
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ri
ze

d
M

T
L

m
od

el
s.

4.
1

Pr
el

im
in

ar
ie

s

W
e

co
ns

id
er

lin
ea

rM
T

L
m

od
el

s,
w

he
re

w
e

as
so

ci
at

e
to

ea
ch

ta
sk

a
fu

nc
tio

na
lf
t(
X

)
:=
〈w

t,
φ

(X
)〉

.
H

er
e,
w
t

be
lo

ng
s

to
a

R
ep

ro
du

ci
ng

K
er

ne
lH

ilb
er

tS
pa

ce
(R

K
H

S)
H

,e
qu

ip
pe

d
w

ith
an

in
ne

rp
ro

du
ct

〈.,
.〉

an
d

an
in

du
ce

d
no

rm
‖.
‖

:=
√
〈.,
.〉.

A
ls

o,
φ

:
X
→
H

is
a

fe
at

ur
e

m
ap

as
so

ci
at

ed
to

H
’s

re
pr

od
uc

in
g

ke
rn

el
k

sa
tis

fy
in

g
k
(X
,X̃

)
=
〈φ

(X
),
φ

(X̃
)〉
,∀
X
,X̃
∈
X

.
W

e
as

su
m

e
th

at
th

e
m

ul
ti-

ta
sk

m
od

el
W

=
(w

1
,.
..
,w

T
)
∈
H
×
..
.×
H

is
le

ar
ne

d
us

in
g

th
e

re
gu

la
riz

ed
co

st
fu

nc
tio

n:

m
in
W

Ω
( D

1
/
2
W
)

+
C

T ∑ t=
1

n ∑ i=
1

`(
〈 w

t,
φ

(X
i t
)〉
,Y

i t
),

(9
)

w
he

re
th

e
re

gu
la

ri
ze

rΩ
(·)

m
ay

be
us

ed
to

re
fle

ct
a

pr
io

ri
in

fo
rm

at
io

n.
T

hi
s

re
gu

la
ri

za
tio

n
sc

he
m

e
am

ou
nt

s
to

pe
rf

or
m

in
g

E
m

pi
ri

ca
lR

is
k

M
in

im
iz

at
io

n
(E

R
M

)u
si

ng
th

e
hy

po
th

es
is

sp
ac

e

F
:=
{ X
7→

[〈w
1
,φ

(X
1
)〉
,.
..
,〈
w
T
,φ

(X
T

)〉
]T

:
Ω

(D
1
/
2
W

)
≤
R

2
}
,

(1
0)

w
he

re
D

is
a

gi
ve

n
po

si
tiv

e
op

er
at

or
de

fin
ed

on
H

.N
ot

e
th
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e
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po
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th
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re
co

ve
re
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sp
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M
or

e
sp

ec
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ng

Ω
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‖2 2
,q

,
on

e
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s
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L
2
,q
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up
no

rm
hy

po
th

es
is
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ac

e
in

(1
0)

.
Si

m
ila

rl
y,

th
e

ch
oi

ce
Ω

(W
)

=
1 2
‖W
‖2 S

q
gi

ve
s

an
L
S
q
-S

ch
at

te
n

no
rm

hy
po
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es

is
sp
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e
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.
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rt
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h
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ri
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d
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T
L

(M
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;
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05
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06
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by
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ng
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(W
)
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1
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2
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‖2 F
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s
no

rm
,
D
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η
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L
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L
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d
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>
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.O
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M
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⊗
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⊗
φ

(X
)(
u

)
=
〈φ

(X
),
u
〉φ

(X
).

T
he

or
em

11
(L

R
C

bo
un

ds
fo

r
M

T
L

m
od

el
sw

ith
no

rm
re

gu
la

ri
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‖,

w
ho

se
du

al
is

de
no

te
d

by
‖.
‖ ∗

.
Le

t
th

e
ke

rn
el

s
be

un
ifo

rm
ly

bo
un

de
d,

th
at

is
,
‖k
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φ

(X
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⊗
φ

(X
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)
=
∑
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λ
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⊗
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j t
,w

he
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)∞ j

=
1
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si
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op

er
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T
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r
>

0
an

d
an

y
no
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ne

ga
tiv

e
in

te
ge

rs
h

1
,.
..
,h

T
:

R
(F
,r

)
≤

m
in

0
≤
h
t
≤
∞

  

√
r
∑

T t=
1
h
t

n
T

+

√
2R T

E X
,σ

∥ ∥ ∥D
−

1
/
2
V
∥ ∥ ∥ ∗

  
,

(1
1)

w
he

re
V

:=
( ∑

j>
h
t

〈 1 n

∑
n i=

1
σ
i tφ

(X
i t
),
u
j t

〉
u
j t

) T t=
1

Pr
oo

f
U

si
ng

th
e

L
R

C
’s

de
fin

iti
on

,w
e

ha
ve

R
(F
,r

)
=

1 n
T
E X

,σ

    
su

p
f

=
(f

1
,.
..
,f
T

)∈
F
,

P
f
2
≤
r

n ∑ i=
1

〈 (w
t)
T t=

1
,(
σ
i tφ

(X
i t
))
T t=

1

〉    

=
1 T
E X

,σ

    
su

p
f
∈F

,
P
f
2
≤
r

〈
(w

t)
T t=

1
, 

∞ ∑ j=
1

〈
1 n

n ∑ i=
1

σ
i tφ

(X
i t
),
u
j t

〉
u
j t

 
T t=

1

〉
    

≤
1 T
E X

,σ

    
su

p
P
f
2
≤
r

〈
 

h
t

∑ j=
1

√
λ
j t

〈 w
t,
u
j t

〉
u
j t

 
T t=

1

,

 
h
t

∑ j=
1

√
λ
j t

−
1
〈

1 n

n ∑ i=
1

σ
i tφ

(X
i t
),
u
j t

〉
u
j t

 
T t=

1

〉
    

(1
2)

+
1 T
E X

,σ

    
su

p
f
∈F

〈
(w

t)
T t=

1
, 
∑ j>
h
t

〈
1 n

n ∑ i=
1

σ
i tφ

(X
i t
),
u
j t

〉
u
j t

 
T t=

1

〉
    

(1
3)

=
A

1
+
A

2
,

w
he

re
A

1
an

d
A

2
st

an
d

re
sp

ec
tiv

el
y

fo
rt

he
fir

st
(1

2)
an

d
se

co
nd

(1
3)

te
rm

of
th

e
pr

ev
io

us
bo

un
d.

St
ep

1.
C

on
tr

ol
lin

g
A

1
:B

y
ap

pl
yi

ng
th

e
C

au
ch

y-
Sc

hw
ar

tz
(C

.S
.)

in
eq

ua
lit

y
on
A

1
,o

ne
ge

ts

A
1
≤

1 T
E X

,σ

      
su

p
P
f
2
≤
r

    
T ∑ t=

1

∥ ∥ ∥ ∥ ∥ ∥

h
t

∑ j=
1

√
λ
j t

〈 w
t,
u
j t

〉
u
j t

∥ ∥ ∥ ∥ ∥ ∥2
 

1 2

 
T ∑ t=

1

∥ ∥ ∥ ∥ ∥ ∥

h
t

∑ j=
1

( √
λ
j t

) −
1
〈

1 n

n ∑ i=
1

σ
i tφ

(X
i t
),
u
j t

〉
u
j t

∥ ∥ ∥ ∥ ∥ ∥2
 

1 2

         

=
1 T
E X

,σ

    
su

p
P
f
2
≤
r

   
T ∑ t=

1

h
t

∑ j=
1

λ
j t

〈 w
t,
u
j t

〉 2
 

1 2
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A

N
T

E
E

S
F

O
R

M
T

L


T
∑t=

1

h
t

∑j=
1 (
λ
jt )
−

1 〈
1n

n
∑i=

1

σ
it φ

(X
it ),u

jt 〉
2 

12  
.

W
ith

the
help

ofJensen’sinequality
and

taking
advantage

ofthe
factthatE

X
,σ 〈

1n ∑
ni=

1
σ
it φ

(X
it ),u

jt 〉
2

=

λ
jt
n

and
P
f

2≤
r

togetherim
ply

that
1T

∑
Tt=

1 ∑
∞j=

1
λ
jt 〈
w
t ,u

jt 〉
2≤

r
(see

L
em

m
a

C
.1

in
the

A
p-

pendix
forthe

proof),w
e

can
furtherbound

A
1

as

A
1 ≤

√
r ∑

Tt=
1
h
t

n
T

.
(14)

Step
2.

C
ontrolling

A
2 :

W
e

now
use

H
ölder’s

inequality
to

bound
the

second
term

A
2

as
follow

s:

A
2

=
1T
E
X
,σ 

su
p

f∈F

〈
(w

t )
Tt=

1
, 
∑j>
h
t 〈

1n

n
∑i=

1

σ
it φ

(X
it ),u

jt 〉
u
jt 

Tt=
1 〉


=
1T
E
X
,σ {

su
p

f∈F

〈
D

1
/
2W

,D
−

1
/
2V
〉 }

H
ölder
≤

1T
E
X
,σ {

su
p

f∈F

∥∥∥
D

1
/
2W

∥∥∥
. ∥∥∥
D
−

1
/
2V
∥∥∥∗ }

≤
√

2R

T
E
X
,σ ∥∥∥
D
−

1
/
2V
∥∥∥∗
.

(15)

C
om

bining
(15)and

(14)com
pletes

the
proof.

In
w

hatfollow
s,w

e
dem

onstrate
the

pow
erofT

heorem
11

by
applying

itto
derive

the
L

R
C

bounds
forsom

e
popularM

T
L

m
odels,including

group
norm

,Schatten
norm

and
graph

regularized
m

odels,
w

hich
have

been
extensively

studied
in

the
M

T
L

literature;
for

exam
ple,

see
(M

aurer,
2006b;

A
rgyriou

etal.,2007a,b,2008a;L
ietal.,2015;A

rgyriou
etal.,2014).

4.3
G

roup
N

orm
R

egularized
M

T
L

W
e

firstconsiderthe
M

T
L

schem
e,w

hich
captures

the
inter-task

relationships
by

the
group

norm
regularizer

12 ‖W
‖

22
,q

:=
12 (∑

Tt=
1 ‖
w
t ‖
q2 )

2
/
q

(A
rgyriou

etal.,2007a,2008a;L
ounicietal.,2009;

R
om

era-Paredes
etal.,2012).Its

associated
hypothesis

space
takes

the
form

F
q

:=

{
X
7→

[〈w
1 ,φ

(X
1 )〉

,...,〈w
T
,φ

(X
T

)〉] T
:

12
‖
W
‖

22
,q ≤

R
2m
a
x }

.
(16)

B
efore

presenting
the

resultforthis
case,w

e
pointoutthat

A
1

does
notdepend

on
the

hypothesis
space’s

W
-constraint.T

herefore,the
bound

for
A

1
is

independentofthe
the

choice
ofreqularizers

w
e

consider
in

this
study.

H
ow

ever,
A

2
can

be
further

bounded
in

a
m

anner
thatdepends

on
the

regularization
function.
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Y
O

U
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L
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F
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O
L

L
A

G
H

A
S

E
M

I
A

N
D

A
N

A
G

N
O

S
T

O
P

O
U

L
O

S

W
e

startoffw
ith

a
usefullem

m
a

w
hich

helps
w

ith
bounding

A
2

forthe
group

norm
hypothesis

space
(16).T

he
proofofthis

lem
m

a,w
hich

is
based

on
the

application
ofthe

K
hintchine

(C
.1)and

R
osenthal(C

.2)inequalities,is
presented

in
A

ppendix
C

.

L
em

m
a

12
A

ssum
e

that
the

kernels
in

(9)
are

uniform
ly

bounded,
that

is,‖
k‖∞

≤
K
<
∞

.
Then,for

the
group

norm
regularizer

12 ‖
W
‖

22
,q

in
(16)

and
for

any
1
≤
q
≤

2,the
expectation

E
X
,σ ∥∥∥
D
−

1
/
2V
∥∥∥

2
,q ∗

(for
D

=
I)can

be
upper-bounded

as

E
X
,σ ∥∥∥∥∥∥∥ 

∑j>
h
t 〈

1n

n
∑i=

1

σ
it φ

(X
it ),u

jt 〉
u
jt 

Tt=
1 ∥∥∥∥∥∥∥

2
,q ∗ ≤

√
K
eq ∗T

1q ∗

n
+

√√√√√√
eq ∗

2

n

∥∥∥∥∥∥∥ 
∑j>
h
t λ

jt 
Tt=

1 ∥∥∥∥∥∥∥
q ∗2

.

C
orollary

13
U

sing
Theorem

11,for
any

1
<
q
≤

2,the
LR

C
offunction

classF
q

in
(16)can

be
bounded

as

R
(F

q ,r)≤

√√√√√√
4n
T

∥∥∥∥∥∥∥ 
∞∑j=

1

m
in (

rT
1−

2q ∗
,
2
eq ∗

2R
2m
a
x

T
λ
jt ) 

Tt=
1 ∥∥∥∥∥∥∥

q ∗2

+

√
2K
eR

m
a
x q ∗T

1q ∗

n
T

.
(17)

ProofSketch:
W

e
use

L
em

m
a

12
to

upper-bound
A

2
forthe

group
norm

hypothesis
space

(16)as

A
2 (F

q )≤

√√√√√√
2
eq ∗

2R
2m
a
x

n
T

2

∥∥∥∥∥∥∥ 
∑j>
h
t λ

jt 
Tt=

1 ∥∥∥∥∥∥∥
q ∗2

+

√
2K
eR

m
a
x q ∗T

1q ∗

n
T

.
(18)

N
ow

,com
bining

(14)and
(18)provides

the
follow

ing
bound

on
R

(F
q ,r)

R
(F

q ,r)≤

√
r ∑

Tt=
1
h
t

n
T

+

√√√√√√
2
eq ∗

2R
2m
a
x

n
T

2

∥∥∥∥∥∥∥ 
∑j>
h
t λ

jt 
Tt=

1 ∥∥∥∥∥∥∥
q ∗2

+

√
2K
eR

m
a
x q ∗T

1q ∗

n
T

.
(19)

T
hen,using

the
inequalities

show
n

below
,w

hich
hold

forany
α

1 ,α
2
>

0,any
vectors

a
1 ,a

2 ∈
R
T

w
ith

non-negative
elem

ents,any
0
≤
q≤

p
≤
∞

and
any

s≥
1,

(?
) √
α

1
+
√
α

2 ≤
√

2(α
1

+
α

2 )
(20)

(??)
lq −

to−
lp

:
‖a

1 ‖
q

=
〈1
,a

q1 〉
1q

H
ölder’s
≤

(‖
1‖

(p
/
q
) ∗ ‖a

q1 ‖
(p
/
q
) )

1q
=
T

1q −
1p‖
a

1 ‖
p

(21)

(?
?
?
)
‖
a

1 ‖
s

+
‖a

2 ‖
s ≤

2
1−

1s‖
a

1
+
a

2 ‖
s ≤

2‖
a

1
+
a

2 ‖
s
,

(22)

one
obtains

the
desired

result.See
A

ppendix
C

forthe
detailed

proof.

R
em

ark
14

Since
the

LR
C

bound
above

is
non-m

onotonic
in
q,it

is
m

ore
practical

to
state

the
above

bound
in

term
s

of
κ
≥
q;note

thatchoosing
κ

=
q

is
notalw

ays
the

optim
alchoice.Trivially,
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E
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L

fo
r

th
e

gr
ou

p
no

rm
re

gu
la

ri
ze

r
w

ith
an

y
κ
≥
q,

it
ho

ld
s

th
at
‖W
‖ 2
,κ
≤
‖W
‖ 2
,q

an
d,

th
er

ef
or

e,
R

(F
q
,r

)
≤

R
(F

κ
,r

).
Th

us
,w

e
ha

ve
th

e
fo

llo
w

in
g

bo
un

d
on

R
(F

q
,r

)
fo

r
an

y
κ
∈

[q
,2

],

R
(F

q
,r

)
≤

√ √ √ √ √ √
4 n
T

∥ ∥ ∥ ∥ ∥ ∥ ∥ 
∞ ∑ j=

1

m
in

( rT
1
−

2 κ
∗
,
2e
κ
∗2
R

2 m
a
x

T
λ
j t

) 
T t=

1

∥ ∥ ∥ ∥ ∥ ∥ ∥ κ
∗ 2

+

√
2
K
eR

m
a
x
κ
∗ T

1 κ
∗

n
T

. (2
3)

R
em

ar
k

15
(S

pa
rs

ity
-in

du
ci

ng
gr

ou
p

no
rm

)
Th

e
us

e
of

th
e

gr
ou

p
no

rm
re

gu
la

ri
ze

r
1 2
‖W
‖2 2
,1

en
co

ur
ag

es
a

sp
ar

se
re

pr
es

en
ta

tio
n

th
at

is
sh

ar
ed

ac
ro

ss
m

ul
tip

le
ta

sk
s

(A
rg

yr
io

u
et

al
.,

20
07

b,
20

08
a)

.N
ot

ic
e

th
at

fo
r

an
y
κ
≥

1,
it

ho
ld

s
th

at
R

(F
1
,r

)
≤

R
(F

κ
,r

).
A

ls
o,

as
su

m
in

g
an

id
en

tic
al

ta
il

su
m
∑

j≥
h
λ
j

fo
r

al
lt

as
ks

,t
he

bo
un

d
ge

ts
m

in
im

iz
ed

fo
r
κ
∗

=
lo

g
T

.F
or

th
is

pa
rt

ic
ul

ar
ch

oi
ce

of
κ
∗ ,

it
is

ea
sy

to
sh

ow
th

at

R
(F

1
,r

)
≤

√ √ √ √
4 n
T

∥ ∥ ∥(
∞ ∑ j=

1

m
in
( rT

1
−

2 κ
∗
,
2e
κ
∗2
R

2 m
a
x

T
λ
j t

))
T t=

1

∥ ∥ ∥ κ
∗ 2

+

√
2
K
eR

m
a
x
κ
∗ T

1 κ
∗

n
T

(l
κ
∗ 2
−
to
−
l ∞

)

≤

√ √ √ √
4 n
T

∥ ∥ ∥(
∞ ∑ j=

1

m
in
( rT

,
2e

3
(l

og
T

)2
R

2 m
a
x

T
λ
j t

))
T t=

1

∥ ∥ ∥ ∞
+

√
2
K
R
m
a
x
e

3 2
lo

g
T

n
T

.

R
em

ar
k

16
(L

2
,q

G
ro

up
no

rm
re

gu
la

ri
ze

r
w

ith
q
≥

2)
Fo

r
an

y
q
≥

2,
Th

eo
re

m
11

pr
ov

id
es

an
LR

C
bo

un
d

fo
r

th
e

fu
nc

tio
n

cl
as

s
F q

in
(1

6)
gi

ve
n

as

R
(F

q
,r

)
≤

√ √ √ √ √ √
4 n
T

∥ ∥ ∥ ∥ ∥ ∥ ∥ 
∞ ∑ j=

1

m
in

( rT
1
−

2 q
∗
,
2
R

2 m
a
x

T
λ
j t

) 
T t=

1

∥ ∥ ∥ ∥ ∥ ∥ ∥ q
∗ 2

,
(2

4)

w
he

re
q∗

:=
q
q
−

1
.

Pr
oo

f
U

si
ng
D

=
I

,a
nd
‖.
‖

=
‖.
‖ 2
,q

in
(1

5)
gi

ve
s

A
2
(F

q
)

H
öl

de
r’

s
≤

1 T
E X

,σ

{
su

p
f
∈F

q

‖W
‖ 2
,q
‖V
‖ 2
,q
∗

}

≤
√

2
R
m
a
x

T
E X

,σ

  
T ∑ t=

1

∥ ∥ ∥ ∥ ∥ ∥∑ j>
h
t

〈
1 n

n ∑ i=
1

σ
i tφ

(X
i t
),
u
j t

〉
u
j t

∥ ∥ ∥ ∥ ∥ ∥q
∗
  

1 q
∗

Je
ns

en
’s

≤
√

2
R
m
a
x

T

   
T ∑ t=

1

 
E X

,σ

∥ ∥ ∥ ∥ ∥ ∥∑ j>
h
t

〈
1 n

n ∑ i=
1

σ
i tφ

(X
i t
),
u
j t

〉
u
j t

∥ ∥ ∥ ∥ ∥ ∥2
 

q
∗ 2

   

1 q
∗

=

√
2
R
m
a
x

T

   
T ∑ t=

1

 
∑ j>
h
t

E X
,σ

〈
1 n

n ∑ i=
1

σ
i tφ

(X
i t
),
u
j t

〉
2
 

q
∗ 2

   

1 q
∗
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S
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√
2
R
m
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x

T

   
T ∑ t=

1

 
∑ j>
h
t

λ
j t n

 
q
∗ 2

   

1 q
∗

=

√ √ √ √ √ √
2
R

2 m
a
x

n
T

2

∥ ∥ ∥ ∥ ∥ ∥ ∥ 
∑ j>
h
t

λ
j t

 
T t=

1

∥ ∥ ∥ ∥ ∥ ∥ ∥ q
∗ 2

.

B
y

ap
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ng
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lt.

To
in

ve
st

ig
at

e
th

e
tig

ht
ne

ss
of

th
e

bo
un

d
in

(1
7)

,w
e

de
riv

e
th

e
co

rr
es

po
nd

in
g

lo
w

er
bo

un
d,

w
hi

ch
ho

ld
s

fo
rt

he
L

R
C

of
F q

w
ith

q
≥

1
.T

he
pr

oo
fo

ft
hi

s
re

su
lt

ca
n

be
fo

un
d

in
A

pp
en

di
x

C
.

T
he

or
em

17
(L

ow
er

bo
un

d)
C

on
si

de
r

th
e

hy
po

th
es

is
sp

ac
e

sh
ow

n
in

(1
6)

.
Th

e
fo

llo
w

in
g

lo
w

er
bo

un
d

ho
ld

s
fo

r
th

e
lo

ca
lR

ad
em

ac
he

r
co

m
pl

ex
ity

of
F q

fo
r

an
y
q
≥

1.
Th

er
e

is
an

ab
so

lu
te

co
ns

ta
nt

c
su

ch
th

at
,i

fλ
1 t
≥

1/
(n
R

2 m
a
x
)
∀t

,t
he

n,
fo

r
al

lr
≥

1 n
an

d
q
≥

1
,

R
(F

q
,R
m
a
x
,T
,r

)
≥

√ √ √ √
c

n
T

1
−

2 q
∗

∞ ∑ j=
1

m
in

( rT
1
−

2 q
∗
,
R

2 m
a
x

T
λ
j 1

) .
(2

5)

To
m

ak
e

a
cl

ea
rc

om
pa

ris
on

be
tw

ee
n

th
e

lo
w

er
bo

un
d

in
(2

5)
an

d
th

e
up

pe
rb

ou
nd

in
(1

7)
,w

e
as

su
m

e
id

en
tic

al
ei

ge
nv

al
ue

ta
il

su
m

s
∑

j≥
∞
λ
j t

fo
ra

ll
ta

sk
s.

In
th

is
ca

se
,t

he
up

pe
rb

ou
nd

tr
an

sl
at

es
to

R
(F

q
,R
m
a
x
,T
,r

)
≤

√ √ √ √
4

n
T

1
−

2 q
∗

∞ ∑ j=
1

m
in

( rT
1
−

2 q
∗
,
2
eq
∗2
R

2 m
a
x

T
λ
j t

)
+

√
2
K
eR

m
a
x
q∗
T

1 q
∗

n
T

.

B
y

co
m

pa
ri

ng
th

is
to

(2
5)

,w
e

se
e

th
at

th
e

lo
w

er
bo

un
d

m
at

ch
es

th
e

up
pe

r
bo

un
d

up
to

co
ns

ta
nt

s.
T

he
sa

m
e

an
al

ys
is

fo
rM

T
L

m
od

el
s

w
ith

Sc
ha

tte
n

no
rm

an
d

gr
ap

h
re

gu
la

ri
ze

rs
yi

el
ds

si
m

ila
rr

es
ul

ts
an

d
co

nfi
rm

s
th

at
th

e
L

R
C

up
pe

rb
ou

nd
s

th
at

w
e

ha
ve

ob
ta

in
ed

ar
e

re
as

on
ab

ly
tig

ht
.

R
em

ar
k

18
It

is
w

or
th

po
in

tin
g

ou
tt

ha
ta

m
at

ch
in

g
lo

w
er

bo
un

d
on

th
e

lo
ca

lR
ad

em
ac

he
rc

om
pl

ex
ity

do
es

no
tn

ec
es

sa
ri

ly
im

pl
y

a
tig

ht
bo

un
d

on
th

e
ex

pe
ct

at
io

n
of

an
em

pi
ri

ca
lm

in
im

iz
er
f̂

.A
s

sh
ow

n
in

Se
ct

io
n

4
of

B
ar

tle
tt

et
al

.(
20

04
),

a
di

re
ct

an
al

ys
is

of
th

e
em

pi
ri

ca
lm

in
im

iz
er

ca
n

le
ad

to
sh

ar
pe

r
bo

un
ds

co
m

pa
re

d
to

th
e

LR
C

-b
as

ed
bo

un
ds

.
C

on
se

qu
en

tly
,b

as
ed

on
Th

eo
re

m
8

in
B

ar
tle

tt
et

al
.

(2
00

4)
,t

he
re

m
ig

ht
be

ca
se

s
in

w
hi

ch
th

e
lo

ca
lR

ad
em

ac
he

r
co

m
pl

ex
ity

bo
un

ds
ar

e
co

ns
ta

nt
s,

w
hi

le
P
f̂

is
a

de
cr

ea
si

ng
fu

nc
tio

n
of

th
e

nu
m

be
r

of
sa

m
pl

es
n

.M
or

eo
ve

r,
it

is
sh

ow
n

in
th

e
sa

m
e

pa
pe

r
th

at
,u

nd
er

so
m

e
m

ild
co

nd
iti

on
s

on
th

e
lo

ss
fu

nc
tio

n
`,

a
si

m
ila

r
ar

gu
m

en
ta

ls
o

ho
ld

s
fo

r
th

e
cl

as
s

of
lo

ss
fu

nc
tio

ns
{`
f
−
` f
∗

:
f
∈
F
}.

4.
4

Sc
ha

tt
en

N
or

m
R

eg
ul

ar
iz

ed
M

T
L

A
rg

yr
io

u
et

al
.(

20
07

b)
de

ve
lo

pe
d

a
sp

ec
tr

al
re

gu
la

ri
za

tio
n

fr
am

ew
or

k
fo

rM
T

L
,w

he
re

in
th

e
L
S
q
-

Sc
ha

tte
n

no
rm

1 2
‖W
‖2 S

q
:=

1 2

[ tr
( W

T
W
)q 2
]2 q

is
st

ud
ie

d
as

a
co

nc
re

te
ex

am
pl

e
th

at
co

rr
es

po
nd

s
to

pe
rf

or
m

in
g

E
R

M
in

th
e

fo
llo

w
in

g
hy

po
th

es
is

sp
ac

e:

F S
q

:=

{ X
7→

[〈w
1
,φ

(X
1
)〉
,.
..
,〈
w
T
,φ

(X
T

)〉
]T

:
1 2
‖W
‖2 S

q
≤
R
′2 m
a
x

}
.

(2
6)
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C
orollary

19
For

any
1
<
q≤

2
in

(26),the
LR

C
offunction

classF
S
q

is
bounded

as

R
(F

S
q ,r)≤

√√√√
4n
T

∥∥∥ (
∞∑j=

1

m
in (

r,
2q ∗R

′2m
a
x

T
λ
jt ))

Tt=
1 ∥∥∥

1 .

T
he

proofis
provided

in
A

ppendix
C

.

R
em

ark
20

(Sparsity-inducing
Schatten

norm
(trace

norm
))

Trace
norm

regularized
M

TL,cor-
responding

to
Schatten

norm
regularization

w
ith
q

=
1

(M
aurer

and
Pontil,2013;Pong

etal.,2010),
im

poses
a

low
-rank

structure
on

the
spectrum

of
W

.Itcan
also

be
interpreted

as
low

dim
ensional

subspace
learning

(A
rgyriou

etal.,2008b;K
um

ar
and

D
aum

e
III,2012;K

ang
etal.,2011).N

ote
thatfor

any
q
≥

1,itholds
that

R
(F

S
1 ,r)≤

R
(F

S
q ,r).

Therefore,choosing
the

optim
al
q ∗

=
2,

w
e

get

R
(F

S
1 ,r)≤

√√√√
4n
T

∥∥∥ (
∞∑j=

1

m
in (

r,
4R
′2m
a
x

T
λ
jt ))

Tt=
1 ∥∥∥

1 .

R
em

ark
21

(L
S
q

Schatten
norm

regularizer
w

ith
q≥

2)
For

any
q≥

2,Theorem
11

provides
an

LR
C

bound
for

the
function

classF
S
q

in
(26)as

R
(F

S
q ,r)≤

√√√√√√
4n
T

∥∥∥∥∥∥∥ 
∞∑j=

1

m
in (

rT
1−

2q ∗
,
2
R
′2m
a
x

T
λ
jt ) 

Tt=
1 ∥∥∥∥∥∥∥

q ∗2

,
(27)

w
here

q ∗
:=

q
q−

1 .

Proof
W

e
firstbound

the
expectation

E
X
,σ ‖
V
‖
S
q ∗ .

Take
U
it as

a
m

atrix
w

ith
T

colum
ns

w
here

the
only

non-zero
colum

n
t

of
U
it is

defined
as ∑

j>
h
t 〈

1n
φ

(X
it ),u

jt 〉
u
jt .B

ased
on

the
definition

of

V
=
(∑

j>
h
t 〈

1n ∑
ni=

1
σ
it φ

(X
it ),u

jt 〉
u
jt )
Tt=

1 ,w
e

can
then

provide
a

bound
forthis

expectation
as

follow
s

E
X
,σ ‖
V
‖
S
q ∗

=
E
X
,σ ∥∥∥∥∥

T
∑t=

1

n
∑i=

1

σ
it U

it ∥∥∥∥∥
S
q ∗

Jensen
≤


tr 


T
∑t,s=

1

n
∑i,j=

1 E
X
,σ (

σ
it σ
js U

it T
U
js ) 

q ∗2 



1q ∗

=


tr 

(
T
∑t=

1

n
∑i=

1 E
X

(
U
it T
U
it ) )

q ∗2 



1q ∗
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Y
O

U
S

E
FI,L

E
I,K

L
O

F
T,M

O
L

L
A

G
H

A
S

E
M

I
A

N
D

A
N

A
G

N
O

S
T

O
P

O
U

L
O

S

=


tr  

diag 
E
X

n
∑i=

1 ∑j>
h
1 〈

1n
φ

(X
i1 ),u

j1 〉
2,...,E

X

n
∑i=

1 ∑j>
h
T 〈

1n
φ

(X
iT
),u

jT 〉
2  

q ∗2  

1q ∗

=


tr  

1n
diag 

∑j>
h
1

λ
j1 ,..., ∑j>

h
T

λ
jT 


q ∗2  

1q ∗

=

√
1n


T
∑t=

1 
∑j>
h
t λ

jt 
q ∗2 

1q ∗

=

√√√√√√
1n

∥∥∥∥∥∥∥ 
∑j>
h
t λ

jt 
Tt=

1 ∥∥∥∥∥∥∥
q ∗2

.

O
ne

can
derive

the
finalresultby

replacing
this

lastexpression
into

(11)and
by

utilizing
(20),(21)

and
(22).

4.5
G

raph
R

egularized
M

T
L

The
idea

underlying
graph

regularized
M

T
L

is
to

force
the

m
odels

ofrelated
tasks

to
be

close
to

each
other,by

penalizing
the

squared
distance‖w

t −
w
s ‖

2
w

ith
differentw

eights
ω
ts .H

ere
w

e
consider

the
follow

ing
M

T
L

graph
regularizer(M

aurer,2006b)

Ω
(W

)
=

12

T
∑t=

1

T
∑s=

1

ω
ts ‖w

t −
w
s ‖

2
+
η

T
∑t=

1 ‖
w
t ‖

2
=

T
∑t=

1

T
∑s=

1

(L
+
η
I

)
ts 〈w

t ,w
s 〉
,

w
here

L
is

the
graph-L

aplacian
associated

to
a

m
atrix

of
edge

w
eights

ω
ts ,
I

is
the

identity
operator,

and
η
>

0
is

a
regularization

param
eter.

A
ccording

to
the

identity
∑

Tt=
1 ∑

Ts=
1 (L

+

η
I )

ts 〈w
t ,w

s 〉
=
‖(L

+
η
I

)
1
/
2W
‖

2F
,the

corresponding
hypothesis

space
is:

F
G

:=
{
X
7→

[ 〈
w

1 ,φ
(X

1 ) 〉
,..., 〈

w
T
,φ

(X
T

) 〉
] T

:
12 ‖
D

1
/
2W
‖

2F
≤
R
′′2ma

x }
.

(28)

w
here

w
e

define
D

:=
L

+
η
I.

C
orollary

22
For

any
given

positive
operator

D
in

(28),the
LR

C
ofF

G
is

bounded
by

R
(F

G
,r)≤

√√√√
4n
T

∥∥∥ (
∞∑j=

1

m
in (

r,
2D
−

1
tt
R
′′2ma

x

T
λ
jt ) ))

Tt=
1 ∥∥∥

1 .
(29)

w
here (D

−
1

tt )
Tt=

1
are

the
diagonalelem

ents
of
D
−

1.

See
A

ppendix
C

forthe
proof.
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23
N

ot
e

th
at

if
on

e
co

ns
id

er
s

a
st

ro
ng

ly
co

nv
ex

no
rm

of
W

,a
n

al
te

rn
at

iv
e

pr
oo

fs
tr

at
eg

y
ca

n
be

us
ed

to
bo

un
d

th
e
A

2
te

rm
in

(1
3)

.T
hi

s
st

ra
te

gy
is

ba
se

d
on

th
e

du
al

ity
of

st
ro

ng
co

nv
ex

ity
an

d
st

ro
ng

sm
oo

th
ne

ss
(T

he
or

em
3

in
K

ak
ad

e
et

al
.(

20
12

))
al

on
g

w
ith

th
e

ap
pl

ic
at

io
n

of
th

e
Fe

nc
he

l-

Yo
un

g
in

eq
ua

lit
y.

Th
is

ap
pr

oa
ch

re
su

lts
in
A

2
≤
A
u
b

:=

√
2 µ
E X

,σ

∥ ∥ ∥D
−

1
/
2
V
∥ ∥ ∥2 ∗,w

he
re
µ

is
th

e

st
ro

ng
co

nv
ex

ity
pa

ra
m

et
er

.F
or

th
e

st
ro

ng
ly

co
nv

ex
ca

se
s

co
ns

id
er

ed
in

ou
r

st
ud

y
(e

.g
.1 2
‖W
‖2 2
,q

or
1 2
‖W
‖2 S

q
fo

r
an

y
q
∈

(1
,2

]
),

it
ho

ld
s

th
at
µ
≤

1
(s

ee
Th

eo
re

m
16

an
d

C
or

ol
la

ry
19

in
K

ak
ad

e

et
al

.(
20

09
))

.
N

ow
,c

om
pa

ri
ng
√

2
E X

,σ

∥ ∥ ∥D
−

1
/
2
V
∥ ∥ ∥ ∗

in
(1

5)
w

ith
A
u
b
,o

ne
ca

n
ea

si
ly

ve
ri

fy
th

at

√
2E

X
,σ

∥ ∥ ∥D
−

1
/
2
V
∥ ∥ ∥ ∗

J
en
se
n
′ s

≤
√

2 µ
E X

,σ

∥ ∥ ∥D
−

1
/
2
V
∥ ∥ ∥2 ∗

fo
r

an
y
µ
≤

1.
Th

er
ef

or
e,

fo
r

th
e

st
ro

ng
ly

co
nv

ex
no

rm
s

w
e

co
ns

id
er

ed
he

re
,H

öl
de

r’
s

in
eq

ua
lit

y
yi

el
ds

sl
ig

ht
ly

tig
ht

er
bo

un
ds

fo
r

th
e

M
T-

LR
C

.

5.
E

xc
es

sR
is

k
B

ou
nd

sf
or

N
or

m
R

eg
ul

ar
iz

ed
M

T
L

M
od

el
s

In
th

is
se

ct
io

n
w

e
w

ill
pr

ov
id

e
ex

ce
ss

ri
sk

bo
un

ds
fo

r
th

e
hy

po
th

es
is

sp
ac

es
co

ns
id

er
ed

ea
rl

ie
r.

N
ot

e
th

at
,d

ue
to

sp
ac

e
lim

ita
tio

ns
,t

he
pr

oo
fs

ar
e

pr
ov

id
ed

on
ly

fo
rt

he
hy

po
th

es
is

sp
ac

e
F q

w
ith

q
∈

(1
,2

].
H

ow
ev

er
,f

or
th

e
ca

se
s

in
vo

lv
in

g
th

e
L

2
,q

-g
ro

up
no

rm
w

ith
q

=
1

or
q
≥

2
,a

s
w

el
l

as
th

e
L
S
q
-S

ch
at

te
n

an
d

gr
ap

h
no

rm
s,

th
e

pr
oo

fs
ca

n
be

ob
ta

in
ed

in
a

ve
ry

si
m

ila
r

fa
sh

io
n.

M
or

e
sp

ec
ifi

ca
lly

,b
y

us
in

g
th

e
L

R
C

bo
un

ds
of

R
em

ar
k

16
,C

or
ol

la
ry

19
,R

em
ar

k
21

an
d

C
or

ol
la

ry
22

,o
ne

ca
n

fo
llo

w
th

e
sa

m
e

pr
oo

fs
te

ps
sh

ow
n

in
th

is
se

ct
io

n
to

ar
riv

e
at

th
e

re
su

lts
pe

rta
in

in
g

to
th

es
e

ca
se

s.

T
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or
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24
(E

xc
es

sr
is

k
bo

un
d

fo
r

an
L

2
,q

gr
ou

p
no

rm
re

gu
la

ri
ze

d
M

T
L

)
A

ss
um

e
th

at
F q

in
(1

6)
is

a
co

nv
ex

cl
as

s
of

fu
nc

tio
ns

w
ith

ra
ng

es
in

[−
b,
b]

an
d

le
tt

he
lo

ss
fu

nc
tio

n
`

of
P

ro
bl

em
(9

)
sa

tis
fy

A
ss

um
pt

io
n

8.
Le

tf̂
be

an
y

el
em

en
to

fF
q

fo
r

1
<
q
≤

2
sa

tis
fy

in
g
P
n
` f̂

=
in

f f
∈F

q
P
n
` f

.
A

ss
um

e,
m

or
eo

ve
r,

th
at
k

is
a

po
si

tiv
e

de
fin

ite
ke

rn
el

on
X

su
ch

th
at
‖k
‖ ∞
≤
K
<
∞

.D
en

ot
e

by
r∗

th
e

fix
ed

po
in

to
f2
B
L
R

(F
q
,

r
4
L
2
).

Th
en

,f
or

an
y
K
>

1
an

d
x
>

0
,w

ith
pr

ob
ab

ili
ty

at
le

as
t

1
−
e−

x
,t

he
ex

ce
ss

lo
ss

of
fu

nc
tio

n
cl

as
s
F q

is
bo

un
de

d
as

P
(`
f̂
−
` f
∗
)
≤

(2
K

)
β

2
−
β

20
2

2
−
β

m
ax
( (r
∗ )

1
2
−
β
,(
r∗

)
1 β

)
+
( 2

β
+

3
B

2
K
β
x

n
T

)
1

2
−
β

+
48
L
B
bx

(2
−
β

)n
T
,

w
he

re
th

e
fix

ed
po

in
tr
∗

of
th

e
lo

ca
lR

ad
em

ac
he

r
co

m
pl

ex
ity

2B
L
R

(F
q
,

r
4
L
2
)

sa
tis

fie
s

r∗
≤

m
in

0
≤
h
t
≤
∞
B

2
∑

T t=
1
h
t

n
T

+
4
B
L

√ √ √ √ √ √
2
eq
∗2
R

2 m
a
x

n
T

2

∥ ∥ ∥ ∥ ∥ ∥ ∥ 
∑ j>
h
t

λ
j t

 
T t=

1

∥ ∥ ∥ ∥ ∥ ∥ ∥ q
∗ 2

+
4√

2
K
eR

m
a
x
B
L
q∗
T

1 q
∗

n
T

,

(3
0)

an
d

w
he

re
h

1
,.
..
,h

T
ar

e
ar

bi
tr

ar
y

no
n-

ne
ga

tiv
e

in
te

ge
rs

.

Pr
oo

f
Fi

rs
t,

no
tic

e
th

at
F q

is
co

nv
ex

an
d,

th
er

ef
or

e,
it

is
st

ar
-s

ha
pe

d
ar

ou
nd

an
y

of
its

el
em

en
ts

.
H

en
ce

,a
cc

or
di

ng
to

Le
m

m
a

3.
4

in
B

ar
tle

tt
et

al
.(

20
05

)—
w

hi
ch

in
di

ca
te

s
th

at
th

e
lo

ca
lR

ad
em

ac
he

r
co

m
pl

ex
ity

of
th

e
st

ar
-h

ul
lo

fa
ny

fu
nc

tio
n

cl
as

s
F

is
a

su
b-

ro
ot

fu
nc

tio
n—

R
(F

q
,r

)
is

a
su

b-
ro

ot
fu

nc
tio

n.
M

or
eo

ve
r,

be
ca

us
e

of
th

e
sy

m
m

et
ry

of
th

e
σ
i t’

s
di

st
ri

bu
tio

n
an

d
be

ca
us

e
F q

is
co

nv
ex

an
d

sy
m

m
et

ri
c,

it
ca

n
be

sh
ow

n
th

at
R

(F
∗ q,
r)
≤

2
R

(F
q
,

r
4
L
2
),

w
he

re
R

(F
∗ q,
r)

is
de

fin
ed

in
(6

)f
or

th
e
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Y
O
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FI

,L
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K

L
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F
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M
O

L
L

A
G

H
A

S
E

M
I

A
N

D
A

N
A

G
N

O
S

T
O

P
O

U
L

O
S

cl
as

s
of

fu
nc

tio
ns
F q

.
T

he
re

fo
re

,i
ts

uf
fic

es
to

fin
d

th
e

fix
ed

po
in

to
f

2
B
L
R

(F
q
,

r
4
L
2
)

by
so

lv
in

g
φ

(r
)

=
r.

Fo
rt

hi
s

pu
rp

os
e,

w
e

w
ill

us
e

(1
9)

as
a

bo
un

d
fo

rR
(F

q
,r

),
an

d
so

lv
e
√
α
r

+
γ

=
r

(o
r

eq
ui

va
le

nt
ly
r2
−

(α
+

2
γ

)r
+
γ

2
=

0)
fo

rr
,w

he
re

w
e

de
fin

e

α
:=

B
2
∑

T t=
1
h
t

n
T

,
an

d
γ

:=
2B

L

√ √ √ √ √ √
2
eq
∗2
R

2 m
a
x

n
T

2

∥ ∥ ∥ ∥ ∥ ∥ ∥ 
∑ j>
h
t

λ
j t

 
T t=

1

∥ ∥ ∥ ∥ ∥ ∥ ∥ q
∗ 2

+
2√

2
K
eR

m
a
x
B
L
q∗
T

1 q
∗

n
T

.

(3
1)

It
is

no
th

ar
d

to
ve

rif
y

th
at
r∗
≤
α

+
2γ

.S
ub

st
itu

tin
g

th
e

de
fin

iti
on

of
α

an
d
γ

in
r∗
≤
α

+
2γ

gi
ve

s
th

e
re

su
lt.

N
ow

,
re

ga
rd

in
g

th
e

fa
ct

th
at

th
e
λ
j t
s

ar
e

no
n-

in
cr

ea
si

ng
w

ith
re

sp
ec

t
to
j,

w
e

ca
n

as
su

m
e

∃d
t

:
λ
j t
≤
d
tj
−
α
t

fo
rs

om
e
α
t
>

1
.F

or
ex

am
pl

e,
th

is
as

su
m

pt
io

n
ho

ld
s

fo
rfi

ni
te

ra
nk

ke
rn

el
s,

as
w

el
la

s
fo

rc
on

vo
lu

tio
n

ke
rn

el
s.

T
hu

s,
it

ca
n

be
sh

ow
n

th
at

∑ j>
h
t

λ
j t
≤
d
t

∑ j>
h
t

j−
α
t
≤
d
t

∫
∞

h
t

x
−
α
t
d
x

=
d
t

[
1

1
−
α
t
x

1
−
α
t

] ∞ h
t

=
−

d
t

1
−
α
t
h

1
−
α
t

t
.

(3
2)

N
ot

e
th

at
vi

a
th

e
l q
−
to
−
l p

co
nv

er
si

on
in

eq
ua

lit
y

(2
1)

,f
or
p

=
1

an
d
q

=
q
∗ 2
,w

e
ha

ve

B
2
∑

T t=
1
h
t

T
n

≤
B

√
B

2
T
∑

T t=
1
h

2 t

n
2
T

2

(?
?
)

≤
B

√ √ √ √
B

2
T

2
−

2 q
∗
∥ ∥ ∥(
h

2 t

) T t=
1

∥ ∥ ∥ q
∗ 2

n
2
T

2
.

w
hi

ch
w

ith
th

e
he

lp
of
√
α

1
+
√
α

2
≤
√

2(
α

1
+
α

2
)

fo
r

an
y
α

1
,α

2
>

0
,a

nd
‖a

1
‖ s

+
‖a

2
‖ s
≤

2
‖a

1
+
a

2
‖ s

fo
ra

ny
no

n-
ne

ga
tiv

e
ve

ct
or

s
a

1
,a

2
∈
R
T

an
d
s

=
q
∗ 2

gi
ve

s

r∗
≤

m
in

0
≤
h
t
≤
∞

2
B

√ √ √ √ √

∥ ∥ ∥ ∥ ∥ ∥(
B

2
T

2
−

2 q
∗
h

2 t

n
2
T

2
−

32
d
te
q∗

2
R

2 m
a
x
L

2

n
T

2
(1
−
α
t)

h
1
−
α
t

t

)
T t=

1

∥ ∥ ∥ ∥ ∥ ∥ q
∗ 2

+
4√

2
K
eR

m
a
x
B
L
q∗
T

1 q
∗

n
T

.

(3
3)

Ta
ki

ng
th

e
pa

rt
ia

ld
er

iv
at

iv
e

of
th

e
ab

ov
e

bo
un

d
w

ith
re

sp
ec

tt
o
h
t

an
d

se
tti

ng
it

to
ze

ro
yi

el
ds

th
e

op
tim

al
h
t

as

h
t

=
( 16

d
te
q∗

2
R

2 m
a
x
B
−

2
L

2
T

2 q
∗
−

2
n
)

1
1
+
α
t
.

N
ot

e
th

at
su

bs
tit

ut
in

g
th

e
pr

ev
io

us
ex

pr
es

si
on

fo
rα

:=
m

in
t∈

N
T
α
t

an
d
d

=
m

ax
t∈

N
T
d
t

in
to

(3
3)

,
w

e
ca

n
up

pe
r-

bo
un

d
th

e
fix

ed
po

in
to

fr
∗

as

r∗
≤

14
B

2

n

√
α

+
1

α
−

1

( d
q∗

2
R

2 m
a
x
B
−

2
L

2
T

2 q
∗
−

2
n
)

1
1
+
α

+
10
√
K
R
m
a
x
B
L
q∗
T

1 q
∗

n
T

,
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L
R

C
-B

A
S

E
D

L
E

A
R

N
IN

G
G

U
A

R
A

N
T

E
E

S
F

O
R

M
T

L

w
hich

im
plies

that

r ∗
=
O


d

1
1
+
α (

T
1−

1q ∗

q ∗

)
−
2

1
+
α

n
−
α

1
+
α 

.

Itcan
be

seen
thatthe

convergence
rate

can
be

as
slow

as
O
(
q ∗
T

1
/
q ∗ √

d
T √

n

)
(forsm

all
α

,w
here

at

leastone
α
t ≈

1),and
as

fastas
O

(
1n
)

(w
hen

α
t →
∞

,forall
t).T

he
bound

obtained
forthe

fixed
pointtogetherw

ith
T

heorem
24

provides
a

bound
forthe

excess
risk,w

hich
leads

to
the

follow
ing

rem
ark.N

ote
thatin

the
sequel,w

e
assum

e
thatthe

data
distribution

ofeach
task

is
concentrated

and
uniform

on
the

sam
e
M

-dim
ensionalunitsphere.T

his
im

plies
that(by

sym
m

etry)the
eigenvalues

m
ustallbe

equaland
they

sum
up

to
1.

T
hus,for

each
task

t,
λ
jt

=
1M

.
O

n
the

other
hand,w

e
assum

ed
earlierthat

λ
jt ≤

d
t j −

α
forall

1
≤
j≤

M
.T

herefore,choosing
j

=
M

,w
e

are
forced

to
set

d
=
M

α−
1.

R
em

ark
25

(E
xcessrisk

boundsfor
selected

norm
regularized

M
T

L
problem

s)
A

ssum
e

thatF
is

a
class

offunctions
w

ith
ranges

in
[−
b,b].Letthe

loss
function

`
ofP

roblem
(9)satisfy

A
ssum

p-
tion

8.
A

dditionally,assum
e

that
k

is
a

positive
definite

kernelon
X

,such
that‖

k‖∞
≤
K
<
∞

.
A

lso,denote
α

:=
m

in
t∈

N
T
α
t and

d
:=

m
a
x
t∈

N
T
d
t .Then,for

any
f
∈
F

,K
>

1
and

x
>

0,w
ith

probability
atleast

1−
e −

x,

P
(`
f̂
−
`
f
∗)≤

(2K
)

β
2−
β

20
2

2−
β

m
ax (

(r ∗)
1

2−
β
,(r ∗)

1β )
+
(

2
β

+
3B

2K
β
x

n
T

)
1

2−
β

+
48L

B
bx

(2−
β

)n
T
,(34)

w
here,forF

∈
{F

q ,F
S
q ,F

G },
f̂

is
such

that
P
n
`
f̂

=
in

f
f∈F

P
n
`
f

and
r ∗

is
the

fixed
pointof

the
localR

adem
acher

com
plexity

2
B
L
R

(F
,

r
4
L
2 ).F

urtherm
ore,r ∗

can
be

bounded
for

each
ofthe

three
hypothesis

spaces
as

follow
s:

•
G

roup
norm

:
For

any
1
<
q≤

2,

r ∗≤
m

in
κ∈

[q
,2

] 14 √
α

+
1

α
−

1

(
κ
∗

2R
2m
a
x L

2 )
1

1
+
α
M

α
−
1

1
+
α
B

2
α

α
+
1 (
T

2κ )
−
1

1
+
α
n
−
α

1
+
α

+
10 √
K
R
m
a
x B
L
κ
∗T

1κ ∗

n
T

.
(35)

A
lso,for

any
q≥

2,w
e

have

r ∗≤
8 √

α
+

1

α
−

1

(R
2m
a
x L

2 )
1

1
+
α
M

α
−
1

1
+
α
B

2
α

α
+
1 (
T

2q )
−
1

1
+
α
n
−
α

1
+
α
.

(36)

•
Schatten

norm
:

For
any

1
<
q≤

2,

r ∗≤
8 √

α
+

1

α
−

1

(q ∗R
′2m
a
x L

2 )
1

1
+
α
M

α
−
1

1
+
α
B

2
α

α
+
1T

−
1

1
+
α
n
−
α

1
+
α
.

(37)

N
ote

thatfor
the

trace
norm

,w
e

w
ould

have
q ∗

=
2

in
the

previous
bound

(see
R

em
ark

20).
A

dditionally,for
any

q≥
2,itholds

r ∗≤
8 √

α
+

1

α
−

1

(R
′2m
a
x L

2 )
1

1
+
α
M

α
−
1

1
+
α
B

2
α

α
+
1 (
T

2q )
−
1

1
+
α
n
−
α

1
+
α
.

(38)
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•
G

raph
regularizer:

For
any

positive
operator

D
,

r ∗≤
8 √

α
+

1

α
−

1

(R
′′2ma

x L
2D
−

1
m
a
x )

1
1
+
α
M

α
−
1

1
+
α
B

2
α

α
+
1T

−
1

1
+
α
n
−
α

1
+
α
.

(39)

w
here

D
−

1
m
a
x

:=
m

ax
t∈

N
T
D
−

1
tt

.

6.D
iscussion

In
this

section,w
e

investigate
the

convergence
rate

of
our

L
R

C
-based

excess
risk

bounds,w
hich

w
ere

established
in

the
previous

section.W
e

also
discuss

related
w

orks
and

provide
a

new
excess

risk
bound

by
em

ploying
a

ratherdifferentapproach,w
hich

exhibits
the

benefitofa
M

T
L

regularizer
atthe

expense
ofa

slow
erconvergence

rate
in

term
s

ofthe
num

berofexam
ples

pertask
n.N

ote
that,

forthe
purpose

ofthis
section,w

e
w

illassum
e

that
β

=
1,w

hich
hold

form
any

loss
function

classes,
see

B
artlettetal.(2004)fora

discussion.

6.1
C

onvergence
R

ates

In
order

to
facilitate

a
m

ore
concrete

com
parison

of
convergence

rates,w
e

w
illassum

e
the

sam
e

spherical
M

-dim
ensionaldata

distribution
for

each
task

t;
this

assum
ption

leads
to
λ
jt

=
1M

,or
equivalently

d
=
M

α−
1.Furtherm

ore,w
e

w
illconcentrate

only
on

the
param

eters
R
,n
,T
,q ∗,M

and
α

and
w

e
w

illassum
e

thatallthe
other

param
eters

are
fixed

and,hence,hidden
in

the
big-O

notation.T
hus,forourL

R
C

-based
bounds

w
e

have

G
roup

norm
:

(a)∀
κ
∈

[q,2],
P

(`
f̂
−
`
f
∗)

=
O

(
(R

2m
a
x κ
∗

2)
1

1
+
α
M

α
−
1

1
+
α (

T
2κ )
−

1
1
+
α
n
−
α

1
+
α )

.

(b)∀
q∈

[2,∞
],

P
(`
f̂
−
`
f
∗)

=
O

(
(R

2m
a
x )

1
1
+
α
M

α
−
1

1
+
α (

T
2q )
−

1
1
+
α
n
−
α

1
+
α )

.

Schatten
norm

:
(c)∀

q∈
(1,2],

P
(`
f̂
−
`
f
∗)

=
O
(

(R
′2m
a
x )

1
1
+
α
M

α
−
1

1
+
α
T
−
1

1
+
α
n
−
α

1
+
α )

.

(d)∀
q∈

[2,∞
],

P
(`
f̂
−
`
f
∗)

=
O

(
(R
′2m
a
x )

1
1
+
α
M

α
−
1

1
+
α (

T
2q )
−

1
1
+
α
n
−
α

1
+
α )

.

G
raph:

(e)
P

(`
f̂
−
`
f
∗)

=
O
(

(R
′′2ma

x )
1

1
+
α
M

α
−
1

1
+
α
T
−
1

1
+
α
n
−
α

1
+
α )

.
(40)

A
close

appraisalofthe
results

in
(40)points

to
a

conservation
ofasym

ptotic
rates

betw
een

n
and

T
,w

hen
allotherrem

aining
quantities

are
held

fixed.This
phenom

enon
is

m
ore

apparentforthe
Schatten

norm
and

graph-based
regularization

cases,w
here

the
rates

(exponents)of
n

and
T

sum
up

to−
1.N

ote
thatthe

trade-offis
determ

ined
by

the
value

of
α

,w
hich

can
facilitate

faster
n-rates

and,sim
ultaneously,com

prom
ise

w
ith

slow
er
T

-rates.A
sim

ilartrade-offis
w

itnessed
in

the
case

of
group

norm
regularization,butthis

tim
e

betw
een

n
and

T
2
/
κ,instead

of
T

,due
to

the
specific

characteristics
ofthe

group
norm

.N
ow

,considerthe
follow

ing
tw

o
cases:

•
M

is
large

(high-dim
ensionaldata

distribution):N
ote

thatin
the

case
ofvery

large
M

,α
>

1;
A

lso,large
M

im
plies

sm
all

α
,thatis,

α
→

1.
In

this
case

w
e

getdim
ension-independent

bounds,w
hich

should
be

considered
as

an
advantage

for
the

case
of

high-dim
ensionaldata

distribution.

G
roup

norm
:

(a)∀
κ
∈

[q,2],
P

(`
f̂
−
`
f
∗)

=
O

(
(R

2m
a
x κ
∗

2)
12 (
T

2κ )
−

12n
−

12 )
.
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L
R

C
-B

A
S

E
D

L
E

A
R

N
IN

G
G

U
A

R
A

N
T

E
E

S
F

O
R

M
T

L

(b
)
∀q
∈

[2
,∞

],
P

(`
f̂
−
` f
∗
)

=
O

( (R
2 m
a
x
)1 2

( T
2 q

) −
1 2
n
−

1 2

)
.

Sc
ha

tte
n-

no
rm

:
(c

)
∀q
∈

(1
,2

],
P

(`
f̂
−
` f
∗
)

=
O
( (R

′2 m
a
x
q∗

)1 2
T
−
1 2
n
−

1 2

) .

(d
)
∀q
∈

[2
,∞

],
P

(`
f̂
−
` f
∗
)

=
O

( (R
′2 m
a
x
)1 2

( T
2 q

) −
1 2
n
−

1 2

)
.

G
ra

ph
:

(e
)

P
(`
f̂
−
` f
∗
)

=
O
( (R

′′2 m
a
x
)1 2
T
−
1 2
n
−

1 2

) .

•
M

is
sm

al
l(

lo
w

-d
im

en
si

on
al

da
ta

di
st

ri
bu

tio
n)

:T
hi

s
ca

se
ha

pp
en

s
w

he
n

th
e

de
ca

y
ra

te
α

is
fa

st
(α
→
∞

),
w

hi
ch

gi
ve

s
th

e
fo

llo
w

in
g

ra
te

s

G
ro

up
no

rm
:

(a
)
∀κ
∈

[q
,2

],
P

(`
f̂
−
` f
∗
)

=
O
( M

n
−

1
) .

(b
)
∀q
∈

[2
,∞

],
P

(`
f̂
−
` f
∗
)

=
O
( M

n
−

1
) .

Sc
ha

tte
n-

no
rm

:
(c

)
∀q
∈

(1
,2

],
P

(`
f̂
−
` f
∗
)

=
O
( M

n
−

1
) .

(d
)
∀q
∈

[2
,∞

],
P

(`
f̂
−
` f
∗
)

=
O
( M

n
−

1
) .

G
ra

ph
:

(e
)

P
(`
f̂
−
` f
∗
)

=
O
( M

n
−

1
) .

N
ot

e
th

at
,m

os
tl

ik
el

y,
a

m
or

e
re

al
is

tic
ca

se
lie

s
so

m
ew

he
re

in
be

tw
ee

n
th

es
e

tw
o

ex
tr

em
e

ca
se

s,
w

hi
ch

ca
n

be
in

te
rp

re
te

d
as

fo
llo

w
s:

w
he

n
th

e
da

ta
is

re
la

tiv
el

y
lo

w
-d

im
en

si
on

al
(s

m
al

lM
an

d
fa

st
de

ca
y

of
ei

ge
nv

al
ue

s)
,w

e
w

ill
ha

ve
bo

un
ds

w
ith

fa
st

ra
te

s
in
n

.
H

ow
ev

er
,M

T
L

m
ay

of
fe

r
lit

tle
ad

va
nt

ag
e

in
th

is
ca

se
du

e
to

th
e

co
rr

es
po

nd
in

g
sl

ow
ra

te
s

in
T

.T
hi

s
an

al
ys

is
co

nfi
rm

s
th

e
ge

ne
ra

l
be

lie
ft

ha
tM

T
L

pr
of

fe
rs

a
po

te
nt

ia
la

dv
an

ta
ge

if
th

er
e

ar
e

m
an

y
ta

sk
s

w
ith

lit
tle

da
ta

pe
rt

as
k

an
d

ar
e

sa
m

pl
ed

fr
om

hi
gh

-d
im

en
si

on
al

da
ta

di
st

ri
bu

tio
ns

.

6.
2

C
om

pa
ri

so
ns

to
R

el
at

ed
W

or
ks

It
is

in
te

re
st

in
g

to
co

m
pa

re
ou

rl
oc

al
bo

un
d

fo
rt

he
tra

ce
no

rm
re

gu
la

riz
ed

M
T

L
w

ith
th

e
G

R
C

-b
as

ed
ex

ce
ss

ris
k

bo
un

d
pr

ov
id

ed
in

M
au

re
ra

nd
Po

nt
il

(2
01

3)
,w

he
re

in
th

ey
ap

pl
y

a
tra

ce
no

rm
re

gu
la

riz
er

to
ca

pt
ur

e
th

e
ta

sk
s’

re
la

te
dn

es
s.

It
is

w
or

th
m

en
tio

ni
ng

th
at

th
ey

co
ns

id
er

a
sl

ig
ht

ly
di

ff
er

en
t

hy
po

th
es

is
sp

ac
e

fo
rW

th
an

th
e

on
e

w
e

m
en

tio
ne

d
ea

rl
ie

r;
in

ou
rn

ot
at

io
n,

th
is

sp
ac

e
re

ad
s

as

F
′ S 1

:=

{ W
:

1 2
‖W
‖2 S

1
≤
T
R
′2 m
a
x

}
.

(4
1)

T
he

fo
rm

of
th

is
sp

ac
e

is
ba

se
d

on
th

e
pr

em
is

e
th

at
,a

ss
um

in
g

a
co

m
m

on
ve

ct
or
w

fo
ra

ll
ta

sk
s,

th
e

re
gu

la
ri

ze
r

sh
ou

ld
no

tb
e

a
fu

nc
tio

n
of

th
e

nu
m

be
r

of
ta

sk
s

(M
au

re
r

an
d

Po
nt

il,
20

13
).

G
iv

en
th

e
ta

sk
-a

ve
ra

ge
d

co
va

ri
an

ce
op

er
at

or
C

:=
1/
T
∑

T t=
1
J
t

=
1/
T
∑

T t=
1
E

(φ
(X

t)
⊗
φ

(X
t)

),
th

e
ex

ce
ss

ri
sk

bo
un

d
in

M
au

re
ra

nd
Po

nt
il

(2
01

3)
re

ad
s

as

P
(`
f̂
−
` f
∗
)
≤

2√
2
L
R
′ m
a
x

(
√
‖C
‖ ∞ n

+
5

√
ln

(n
T

)
+

1

n
T

)
+

√
bL
x

n
T
.

U
nd

er
th

e
af

or
em

en
tio

ne
d

M
-d

im
en

si
on

al
da

ta
di

st
ri

bu
tio

ns
an

d
by

us
in

g
th

e
hy

po
th

es
is

sp
ac

e
of

(4
1)

,o
ur

lo
ca

lb
ou

nd
fo

rt
he

tr
ac

e
no

rm
fo

ra
ny
α
>

1
is

gi
ve

n
as

P
(`
f̂
−
` f
∗
)
≤

64
00
K

√
α

+
1

α
−

1

( R
′2 m
a
x
L

2
)

1
1
+
α
M

α
−
1

1
+
α
B

2
α

α
+
1
n
−
α

1
+
α

+
(4

8
L
b

+
16
B
K

)B
x

n
T

.
(4

2)
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L
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9(
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8

Y
O

U
S

E
FI

,L
E

I,
K

L
O

F
T,

M
O

L
L

A
G

H
A

S
E

M
I

A
N

D
A

N
A

G
N

O
S

T
O

P
O

U
L

O
S

N
ow

,
le

t
λ
m
a
x

t
be

th
e

m
ax

im
um

ei
ge

nv
al

ue
of

th
e

tr
ac

e
op

er
at

or
J
t.

A
ls

o,
le

t
λ
m
a
x

:=
m

ax
t∈

N
T
{λ

m
a
x

t
} .

It
is

ea
sy

to
ve

ri
fy

th
at

tr
(J
t)
≤
M
λ
m
a
x

t
an

d
‖C
‖ ∞
≤
λ
m
a
x

=
1
/M

,w
hi

ch
re

nd
er

s
th

e
G

R
C

-b
as

ed
bo

un
d

in
M

au
re

ra
nd

Po
nt

il
(2

01
3)

in
to

th
e

fo
rm

P
(`
f̂
−
` f
∗
)
≤

2√
2
L
R
′ m
a
x

(
√
λ
m
a
x

n
+

5

√
ln

(n
T

)
+

1

n
T

)
+

√
bL
x

n
T
.

(4
3)

O
ne

ob
se

rv
es

th
at

,i
n

bo
th

ca
se

s,
th

e
bo

un
d

va
ni

sh
es

as
n
→
∞

.H
ow

ev
er

,i
td

oe
s

so
at

a
ra

te
of

n
−
α
/
1
+
α

fo
ro

ur
lo

ca
lb

ou
nd

in
(4

2)
an

d
at

a
sl

ow
er

ra
te

of
√

ln
n
/n

fo
rt

he
on

e
in

(4
3)

.A
ls

o,
w

e
re

m
ar

k
th

at
,a

s
T
→
∞

,b
ot

h
bo

un
ds

co
nv

er
ge

to
a

no
n-

ze
ro

lim
it:

ou
rl

oc
al

bo
un

d
in

(4
2)

at
a

fa
st

ra
te

of
1
/T

an
d

at
a

th
e

sl
ow

er
ra

te
of
√

ln
T
/T

fo
rt

he
bo

un
d

in
(4

3)
.M

or
e

sp
ec

ifi
ca

lly
,m

ak
in

g
th

e

be
ne

vo
le

nt
ch

oi
ce

s
B

=
1

an
d
R
′ m
a
x
L

=
1

an
d

ig
no

rin
g

th
e

fa
ct

or
of

64
00
K
√

α
+

1
α
−

1
,t

he
lim

it
of

ou
r

lo
ca

lb
ou

nd
in

(4
2)

as
T
→
∞

be
co

m
es
g
(α

)
:=

M
α
−
1

1
+
α
n
−
α

1
+
α

.O
ne

ca
n

ve
ry

ea
si

ly
ve

ri
fy

th
at
g
(α

)

is
in

cr
ea

si
ng

in
α

(i
.e

.
g
′ (
α

)
>

0
),

if
an

d
on

ly
if

ln
(M

n
−

1 2
)
>

0,
or

,e
qu

iv
al

en
tly

,M
>
√
n

.
In

th
is

ca
se

th
e

op
tim

al
ch

oi
ce

of
α
∈

(1
,∞

)
(i

.e
.
α
≈

1
)m

ak
es

ou
rl

oc
al

bo
un

d
of

th
e

or
de

rO
(

1 √
n

).
In

ot
he

r
w

or
ds

,w
he

n
th

e
da

ta
di

st
ri

bu
tio

n
is

su
ffi

ci
en

tly
hi

gh
-d

im
en

si
on

al
re

la
tiv

e
to
n

,t
he

L
R

C
bo

un
d

fa
ils

in
co

m
pe

tin
g

w
ith

th
e
O

(
1

√
M
n

)
G

R
C

bo
un

d
in

M
au

re
ra

nd
Po

nt
il

(2
01

3)
.O

n
th

e
ot

he
r

ha
nd

,f
or

lo
w

er
di

m
en

si
on

al
di

st
rib

ut
io

ns
or

su
ffi

ci
en

tly
la

rg
e
n

,w
e

ob
ta

in
a

ra
te

of
1/
n

fo
rt

he
L

R
C

bo
un

d
at

th
e

ex
pe

ns
e

of
ex

pl
ic

it
de

pe
nd

en
ce

on
th

e
di

m
en

si
on

.I
n

pa
rti

cu
la

r,
th

e
lo

ca
lb

ou
nd

re
m

ai
ns

la
rg

er
th

an
th

e
G

R
C

bo
un

d
in

(4
3)

un
til
n

=
M

3
an

d
im

pr
ov

es
on

ly
fo

rl
ar

ge
rs

am
pl

e
si

ze
s

pe
rt

as
k.

A
no

th
er

in
te

re
st

in
g

co
m

pa
ris

on
ca

n
be

pe
rf

or
m

ed
be

tw
ee

n
ou

rb
ou

nd
s

an
d

th
e

on
e

in
tro

du
ce

d
in

M
au

re
r(

20
06

b)
fo

ra
gr

ap
h

re
gu

la
riz

ed
M

T
L

.S
im

ila
rt

o
M

au
re

r(
20

06
b)

,w
e

co
ns

id
er

th
e

fo
llo

w
in

g
hy

po
th

es
is

sp
ac

e

F
′ G

=

{ W
:

1 2

∥ ∥ ∥D
1
/
2
W
∥ ∥ ∥2 F
≤
T
R
′′2 m
a
x

}
.

(4
4)

M
au

re
r(

20
06

b)
pr

ov
id

es
a

bo
un

d
on

th
e

em
pi

ric
al

G
R

C
of

th
e

af
or

em
en

tio
ne

d
hy

po
th

es
is

sp
ac

e
th

at
ca

n
be

ea
si

ly
co

nv
er

te
d

to
a

di
st

ri
bu

tio
n

de
pe

nd
en

tG
R

C
bo

un
d

of
th

e
fo

rm

R
( F
′ G
) ≤

√
2R
′′2 m
a
x

n
T

∥ ∥ ∥(
D
−

1
tt

tr
(J
t)
) T t=

1

∥ ∥ ∥ 1
.

N
ow

,w
ith
D

:=
L

+
η
I

(w
he

re
L

is
th

e
gr

ap
h-

L
ap

la
ci

an
,I

is
th

e
id

en
tit

y
op

er
at

or
,a

nd
η
>

0
is

a
re

gu
la

ri
za

tio
n

pa
ra

m
et

er
)a

nd
th

e
sa

m
e
M

-d
im

en
si

on
al

di
st

ri
bu

tio
na

la
ss

um
pt

io
ns

,i
tc

an
be

sh
ow

n
th

at
∥ ∥ ∥(
D
−

1
tt

tr
(J
t)
) T t=

1

∥ ∥ ∥ 1
=

T ∑ t=
1

D
−

1
tt

tr
(J
t)
≤
M
λ
m
a
x

T ∑ t=
1

D
−

1
tt

=
M
λ
m
a
x
tr
( D
−

1
) =

=
M
λ
m
a
x
tr

(L
+
η
I

)−
1

=
M
λ
m
a
x

(
T ∑ t=

1

1

δ t
+
η

+
1 η

)
≤
M
λ
m
a
x

(
T

δ m
in

+
η

+
1 η

)
.

w
he

re
λ
m
a
x

=
1 M

as
ar

gu
ed

ea
rl

ie
r.

Fu
rt

he
rm

or
e,

le
t{
δ 2
,.
..
,δ
T
}b

e
th

e
no

nz
er

o
ei

ge
nv

al
ue

s
of
L

w
ith

δ m
in

:=
m

in
{δ

2
,.
..
,δ
T
}.

T
he

n,
th

e
G

R
C

-b
as

ed
ex

ce
ss

ri
sk

bo
un

d
is

ob
ta

in
ed

as

M
au

re
r(

20
06

b)
:

P
(`
f̂
−
` f
∗
)
≤

2L
R
′′ m
a
x

√
n

√
2M

λ
m
a
x

(
1

δ m
in

+
1 T
η

)
+

√
bL
x

n
T
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L
R

C
-B

A
S

E
D

L
E

A
R

N
IN

G
G

U
A

R
A

N
T

E
E

S
F

O
R

M
T

L

(45)

A
lso,based

on
R

em
ark

25,the
L

R
C

-based
bound

is
given

as

P
(`
f̂
−
`
f
∗)≤

6400K

√
α

+
1

α
−

1

(R
′′2ma

x L
2D
−

1
m
a
x )

1
1
+
α
M

α
−
1

1
+
α
B

2
α

α
+
1n

−
α

1
+
α

+
(48L

b
+

16
B
K

)B
x

n
T

.

(46)

T
he

above
results

show
that,w

hen
n
→
∞

,both
G

R
C

and
L

R
C

bounds
approach

zero,albeitat
differentrates:the

globalbound
ata

rate
of √

1
/n

and
the

localone
ata

fasterrate
of
n
−
α
/
α

+
1,since

α
>

1.
A

dditionally,both
bounds

approach
non-zero

lim
its

as
T
→
∞

.
N

evertheless,the
global

bound
does

so
ata

rate
of √

1/T
and

the
localone

ata
fasterrate

of
1
/T

.Furtherm
ore,sim

ilarto
the

previous
case,itcan

be
show

n
thatatthe

lim
it
T
→
∞

,forhigh-dim
ensionaldata

distribution
(large

M
,sm

all
α
≈

1),both
localand

globalbounds
yield

the
sam

e
convergence

rate
of
O

(
1√n

) .

H
ow

ever,forlow
num

berofdim
ensions

relative
to
n

(in
specific,for

M
<
n

13),ourbound
im

proves
overthe

G
R

C
bound.

6.3
A

D
ifferentTechnique

for
T

he
Trace

N
orm

R
egularized

SpaceF
′S
1

In
w

hat
follow

s,
w

e
show

that,
by

applying
a

rather
different

proof
technique

(departing
from

T
heorem

11),w
e

can
obtain

an
excess

risk
bound

for
the

M
T

L
spaceF

′S
1

in
(41),w

hich
aim

s
at

slow
errates

in
n

and
T

,butexhibits
the

benefits
ofa

m
ulti-task

regularizer.R
ecallthatF

′S
1

is
given

as

F
′S
1

:=

{
X
7→

[〈w
1 ,φ

(X
1 )〉

,...,〈w
T
,φ

(X
T

)〉] T
:

12 ‖
W
‖

2S
1 ≤

T
R
′2m
a
x }

.
(47)

A
lso

recallthat,from
T

heorem
11,itcan

be
show

n
thatthe

L
R

C
ofF

′S
1

can
be

bounded
as

R
(F
′S
1 ,r)≤

m
in

0≤
h
t ≤
∞



√
r ∑

Tt=
1
h
t

n
T

+

√
2R
′2m
a
x

n
2T

E
X
,σ ∥∥
V
′ ∥∥
S
∞ 

,
(48)

w
here

V
′
:=


∑j>
h
t 〈

n
∑i=

1

σ
it φ

(X
it ),u

jt 〉
u
jt 

Tt=
1

.
(49)

N
ow

,follow
ing

an
approach

sim
ilar

to
the

one
applied

in
M

aurer
and

Pontil(2013),w
e

w
ill

bound
E
X
,σ ‖
V
′‖
S
∞

to
yield

the
nexttheorem

.N
ote

that‖.‖
S
∞

stands
forthe

operatornorm
on

the
separable

H
ilbertspaceH

.

T
heorem

26
A

ssum
e

thatthe
conditions

ofTheorem
24

hold
for

the
hypothesis

spaceF
′S
1

in
(47).

A
lso,

denote
by
r ∗

the
fixed

point
of

2B
L
R

(F
′S
1 ,

r
4
L
2 ).

Then,
for

any
K

>
1

and
x
>

0,
w

ith
probability

atleast
1−

e −
x,the

excess
loss

offunction
classF

′S
1

is
bounded

as

P
(`
f̂
−
`
f
∗)≤

(2K
)

β
2−
β

20
2

2−
β

m
ax (

(r ∗)
1

2−
β
,(r ∗)

1β )
+
(

2
β

+
3B

2K
β
x

n
T

)
1

2−
β

+
48L

B
bx

(2−
β

)n
T
,
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Y
O

U
S

E
FI,L

E
I,K

L
O

F
T,M

O
L

L
A

G
H

A
S

E
M

I
A

N
D

A
N

A
G

N
O

S
T

O
P

O
U

L
O

S

for

r ∗≤
m

in
0≤
h
t ≤
∞

{
B

2 ∑
Tt=

1
h
t

n
T

+
4
B
L √

2
R
′2m
a
x λ

h

n
+

24
B
L √

2R
′2m
a
x K

(ln
(n
T

)
+

1)

n
T

}
,

(50)

w
here

λ
h

:=
m

ax
t∈

N
T {λ

h
t
t
}

and
w

here
h

1 ,...,h
T

are
arbitrary

non-negative
integers.

T
he

proofofthe
results

is
provided

in
A

ppendix
D

.
B

y
considering

the
sam

e
M

-dim
ensionaldata

distribution,the
bound

in
(50)becom

es

r ∗≤
6
B
L
R
′m
a
x (
√

1

M
n

+
6 √
K

(ln
(n
T

)
+

1)

n
T

)
.

(51)

Itcan
be

seen
that,w

hen
the

num
beroftasks

T
approaches∞

,the
above

bound
sim

plifies
to

r ∗≤
6
B
L
R
′m
a
x

√
M
n

.

In
the

sequel,w
e

com
pare

the
tw

o
bounds

(37)and
(51)forthe

trace
norm

regularized
M

T
L

m
odels

in
term

s
oftheirconvergence

rates.

R
em

ark
27

U
sing

tw
o

differenttechniques,w
e

proved
the

tw
o

follow
ing

bounds
on

the
fixed

point
r ∗

ofthe
localR

adem
acher

com
plexity

2
B
L
R

(F
′S
1 ,

r
4
L
2 ):

•
O

ur
approach

r ∗≤
12 √

α
+

1

α
−

1

(R
′2m
a
x L

2 )
1

1
+
α
M

α
−
1

1
+
α
B

2
α

α
+
1n

−
α

1
+
α
.

(52)

•
M

P
approach

(M
aurer

and
Pontil,2013)

r ∗≤
6
B
L
R
′m
a
x (
√

1

M
n

+
6 √
K

(ln
(n
T

)
+

1)

n
T

)
.

(53)

A
sa

rem
inder,the

proofofTheorem
11

refersto
tw

o
term

s:
A

1 ,w
hich

em
bodiesa

variance
constraint,

and
A

2 ,w
hich

constitutes
a

M
TL

regularization
constraint.The

aforem
entioned

bounds
w

ere
derived

by
using

tw
o

differentapproaches
to

bound
the

A
2

term
,nam

ely
the

LR
C

-based
approach

for
(52)

and
the

M
P

technique
for

(53).In
the

case
of

(52),due
to

the
LR

C
-based

approach,the
variance

constraint(A
1

term
)plays

a
dom

inantrole
in

the
overallbound

and,thus,yields
faster

rates
in
n

for
any

α
>

1.H
ow

ever,itoffers
no

im
provem

ents
in

the
lim

it
T
→
∞

,since
this

bound
does

not
decrease

w
ith

increasing
T

.In
contrast,using

the
M

P
technique,the

M
TL

regularization
constraint

(A
2

term
)

is
dom

inantin
(53).

W
hile

this
prevents

obtaining
faster

rates
in

term
s

ofthe
num

ber
of

sam
ples,

it
potentially

offers
the

advantages
of

M
TL

for
large

T
and

high-dim
ensional

data
distributions.
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∑
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.r.
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∈
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≤
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+
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ProofofT
heorem

1

B
efore

laying
outthe

details,w
e

firstprovide
a

sketch
ofthe

proof.B
y

defining

Z
:=

su
p

f∈F

[
1T

T
∑t=

1

1N
t

N
t

∑i=
1 [E

f
t (X

it )−
f
t (X

it )] ],
(A

.2)

w
e

firstapply
T

heorem
A

.1
to

controlthe
log-m

om
entgenerating

function
log

E (e
λ

(Z
−
E
Z

) ).From
T

heorem
A

.1,w
e

know
thatthe

m
ain

com
ponentto

control
log

E (e
λ

(Z
−
E
Z

) )
is

the
variance-type

quantity
V

+
=
∑

Ts=
1 ∑

N
s

j=
1 E
′ [(Z

−
Z
′s,j )

2+ ].
In

the
next

step,
w

e
show

that
V

+
can

also
be

bounded
in

term
s

oftw
o

otherquantities
denoted

by
W

and
Υ

.A
pplying

Theorem
A

.1
fora

specific
value

of
θ,then

gives
a

bound
for

log
E (e

λ
(Z
−
E
Z

) )
in

term
s

of
log

E
[e

λb ′ (W
+

Υ
)].

W
e

then
turn

to
controlling

W
and

Υ
respectively.

O
ur

approach
to

tackle
W

is
to

show
thatitis

a
self-bounding

function
and

then
apply

T
heorem

A
.3

to
control

log
E

[e
λ
Wb ′

].
T

he
Υ

term
is

closely
related

to
the

constraintim
posed

on
the

variance
offunctions

inF
and

can
be

easily
upper-bounded

in
term

s
of
r.

W
e

finally
apply

L
em

m
a

A
.4

to
transfer

the
upper

bound
on

the
log-m

om
entgenerating

function
lo

g
E (e

λ
(Z
−
E
Z

) )
to

the
tailprobability

on
Z

.Forclarify,w
e

divide
the

proofinto
fourm

ain
steps.

Step
1.C

ontrolling
the

log-m
om

entgenerating
function

of
Z

w
ith

the
random

variable
W

and
variance

Υ
.L

et
X
′
:=

(X
′it )

(T
,N
t )

(t,i)=
(1
,1

) be
an

independentcopy
of
X

:=
(X

it )
(T
,N
t )

(t,i)=
(1
,1

) .D
efine

the
quantity

Z
′s,j

by
replacing

the
variable

X
js

in
Z

w
ith

X
′js .T

hen,

Z
′s,j

:=
su

p
f∈F

[
1

T
N
s [E

′f
s (X

′js )−
f
s (X

′js ) ]−
1

T
N
s [E

f
s (X

js )−
f
s (X

js ) ]

+
1T

T
∑t=

1

1N
t

N
t

∑i=
1 [E

f
t (X

it )−
f
t (X

it )] ].
(A

.3)

L
et
f̂

:=
(f̂

1 ,...f̂
T

)
be

such
that

Z
=

1T

∑
Tt=

1
1N
t ∑

N
t

i=
1 [E

f̂
t (X

it )−
f̂
t (X

it ) ]
and

introduce

W
:=

su
p

f∈F

[
1T
2

T
∑t=

1

1N
2t

N
t

∑i=
1 [E

f
t (X

it )−
f
t (X

it )] 2 ],

Υ
:=

su
p

f∈F

[
1T
2

T
∑t=

1

1N
2t

N
t

∑i=
1 E

[E
f
t (X

it )−
f
t (X

it )] 2 ].

Itcan
be

show
n

that,forany
j∈

N
n

and
any

s∈
N
T

,

Z
−
Z
′s,j ≤

1

T
N
s [E

f̂
s (X

js )−
f̂
s (X

js ) ]−
1

T
N
s [E

′f̂
s (X

′js )−
f̂
s (X

′js ) ]

and,therefore,(Z
−
Z
′s,j )

2+
≤

1

T
2N

2s ([E
f̂
s (X

js )−
f̂
s (X

js )]−
[E
′f̂
s (X

′js )−
f̂
s (X

′js )] )
2.

T
hen,from

the
identity

E
′[E
′f̂
s (X

′js )−
f̂
s (X

′js )]
=

0,itfollow
s

that

T
∑s=

1

N
s

∑j=
1 E
′ [(Z

−
Z
′s,j )

2+ ]≤
T
∑s=

1

N
s

∑j=
1

1

T
2N

2s E
′ [(

[E
f̂
s (X

js )−
f̂
s (X

js )]−
[E
′f̂
s (X

′js )−
f̂
s (X

′js )] )
2 ]

27
JM

L
R

 19(38):1-47, 2018

Y
O

U
S

E
FI,L

E
I,K

L
O

F
T,M

O
L

L
A

G
H

A
S

E
M

I
A

N
D

A
N

A
G

N
O

S
T

O
P

O
U

L
O

S

=

T
∑s=

1

N
s

∑j=
1

1

T
2N

2s

[E
f̂
s (X

js )−
f̂
s (X

js )] 2
+

T
∑s=

1

N
s
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′js )−
f̂
s (X

′js )] 2

≤
su

p
f∈F

T
∑s=

1

N
s

∑j=
1

1

T
2N

2s

[E
f
s (X

js )−
f
s (X

js )] 2
+

su
p

f∈F

T
∑s=

1

N
s

∑j=
1

1

T
2N

2s E
[E
f
s (X

js )−
f
s (X

js )] 2

=
W

+
Υ
.

Introduce
b ′

:=
2
b

n
T

.A
pplying

T
heorem

A
.1

and
the

above
bound

to ∑
Ts=

1 ∑
N
s

j=
1 E
′ [(Z

−
Z
′s,j )

2+ ]

yields
the

follow
ing

bound
on

the
log-m

om
entgenerating

function
of
Z

log
E [e

λ
(Z
−
E
Z

) ]≤
λ
b ′

1−
λ
b ′

log
E [e

λb ′ (W
+

Υ
) ],

∀
λ
∈

(0,1/b ′).
(A

.4)

Step
2.

C
ontrolling

the
log-m

om
ent

generating
function

of
W

.
W

e
now

upper-bound
the

log-m
om

ent
generating

function
of
W

by
show

ing
that

it
is

a
self-bounding

function.
For

any
s∈

N
T
,j∈

N
N
s ,introduce

W
s,j

:=
su

p
f∈F

[
1T
2

T
∑t=

1

1N
2t

N
t

∑i=
1 [E

f
t (X

it )−
f
t (X

it )] 2−
1

T
2N

2s

[E
f
s (X

js )−
f
s (X

js )] 2 ].

N
ote

that
W
s,j

is
a

function
of{X

it ,t∈
N
T
,i∈

N
N
t }\{

X
js }.

L
etting

f̃
:=

(f̃
1 ,...,f̃

T
)

be
the

function
achieving

the
suprem

um
in

the
definition

of
W

,one
can

verify
that(note

that
b ′

=
2
b

n
T

)

T
2[W

−
W
s,j ]≤

1N
2s

[E
f̃
s (X

js )−
f̃
s (X

js )] 2≤
4b

2

n
2

=
T

2b ′2.
(A

.5)

Sim
ilarly,if

f̃
s,j

:=
(f̃
s,j
1
...,f̃

s,j
T

)
is

the
function

achieving
the

suprem
um

in
the

definition
of
W
s,j ,

then
one

can
derive

the
follow

ing
inequality

T
2[W

−
W
s,j ]≥

1N
2s

[E
f̃
s,j
s

(X
js )−

f̃
s,j
s

(X
js )] 2≥

0.

A
lso,itcan

be
show

n
that

T
∑s=

1

N
s

∑i=
1 [W

−
W
s,j ]≤

1T
2

T
∑s=

1

1N
2s

N
s

∑i=
1 [E

f̃
s (X

js )−
f̃
s (X

js )] 2

=
su

p
f∈F

[
1T
2

T
∑t=

1

1N
2t

N
t

∑i=
1 [E

f
t (X

it )−
f
t (X

it )] 2 ]
=
W
.

(A
.6)

T
herefore,according

to
D

efinition
A

.2,W
/b ′is

a
b ′-selfbounding

function.A
pplying

T
heorem

A
.3

then
gives

the
follow

ing
inequality

forany
λ
∈

(0,1/b ′):

log
E
e
λ

(W
/
b ′)≤

(e
λ
b ′−

1)

b ′2
E
W

=
(e
λ
b ′−

1)

b ′2
Σ

2≤
λ

Σ
2

b ′(1−
λ
b ′) ,

(A
.7)
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w
he

re
w

e
in

tr
od

uc
ed

Σ
2

:=
EW

an
d

w
he

re
th

e
la

st
st

ep
us

es
th

e
in

eq
ua

lit
y

(e
x
−

1)
(1
−
x

)
≤

x
,∀
x
∈

[0
,1

].
B

y
fu

rt
he

r
no

tin
g

th
at

(σ
i t)

is
a

se
qu

en
ce

of
in

de
pe

nd
en

t
R

ad
em

ac
he

r
va

ri
ab

le
s

in
de

pe
nd

en
to

fX
i t
,t

he
Σ

2
te

rm
ca

n
be

co
nt

ro
lle

d
as

fo
llo

w
s

Σ
2
≤

1 T
2
E X

su
p

f
∈F

[
T ∑ t=

1

1 N
2 t

N
t

∑ i=
1

[ E
f t

(X
i t
)
−
f t

(X
i t
)]

2
−

T ∑ t=
1

1 N
2 t

N
t

∑ i=
1

E[
Ef

t(
X
i t
)
−
f t

(X
i t
)]

2
] +

Υ

≤
2
E X

,σ

[ su
p

f
∈F

1 T
2

T ∑ t=
1

1 N
2 t

N
t

∑ i=
1

σ
i t[ E

f t
(X

i t
)
−
f t

(X
i t
)]

2
] +

Υ

≤
8
bE

X
,σ

[ su
p

f
∈F

1 T
2

T ∑ t=
1

1 N
2 t

N
t

∑ i=
1

σ
i t[ E

f t
(X

i t
)
−
f t

(X
i t
)]
] +

Υ

≤
16
bR

(F
)

n
T

+
Υ
,

w
he

re
th

e
fir

st
in

eq
ua

lit
y

fo
llo

w
s

fr
om

th
e

de
fin

iti
on

of
W

an
d

Υ
an

d
th

e
se

co
nd

in
eq

ua
lit

y
fo

llo
w

s
fr

om
th

e
st

an
da

rd
sy

m
m

et
riz

at
io

n
te

ch
ni

qu
e

us
ed

to
re

la
te

th
e

R
ad

em
ac

he
rc

om
pl

ex
ity

to
th

e
un

ifo
rm

de
vi

at
io

n
of

em
pi

ric
al

av
er

ag
es

fr
om

th
ei

re
xp

ec
ta

tio
n;

se
e

B
ar

tle
tt

et
al

.(
20

05
).

Th
e

th
ird

in
eq

ua
lit

y
co

m
es

fr
om

a
di

re
ct

ap
pl

ic
at

io
n

of
L

em
m

a
A

.5
w

ith
φ

(x
)

=
x

2
(w

ith
L

ip
sc

hi
tz

co
ns

ta
nt

4
b

on
[−

2
b,

2
b]

),
an

d
th

e
la

st
in

eq
ua

lit
y

us
es

Je
ns

en
’s

in
eq

ua
lit

y
to

ge
th

er
w

ith
th

e
de

fin
iti

on
of

R
(F

)
an

d
th

e
fa

ct
th

at
1 N
2 t
≤

1
n
N
t
.S

ub
st

itu
tin

g
th

e
pr

ev
io

us
in

eq
ua

lit
y

on
Σ

2
ba

ck
in

to
(A

.7
)g

iv
es

lo
g
Ee

λ
(W

/
b′

)
≤

λ

b′
(1
−
λ
b′

)[ 1
6b
R

(F
)

n
T

+
Υ
] ,
∀λ
∈

(0
,1
/b
′ )
.

(A
.8

)

St
ep

3.
C

on
tr

ol
lin

g
th

e
te

rm
Υ

.N
ot

e
th

at
Υ

ca
n

be
up

pe
r-

bo
un

de
d

as

Υ
:

=
su

p
f
∈F

[
1 T
2

T ∑ s=
1

1 N
2 s

N
s

∑ j=
1

E[
Ef

s
(X

j s
)
−
f s

(X
j s
)]

2
]

≤
1

n
T

2
su

p
f
∈F

[
T ∑ s=

1

E[
Ef

s
(X

1 s
)
−
f s

(X
1 s
)]

2
]

≤
1

n
T

2
su

p
f
∈F

[
T ∑ s=

1

E[
f s

(X
1 s
)]

2
]

≤
r n
T
,

(A
.9

)

w
he

re
th

e
la

st
in

eq
ua

lit
y

fo
llo

w
s

fr
om

th
e

as
su

m
pt

io
n

1 T
su

p
f
∈F
[ ∑

T s=
1
E[
f s

(X
1 s
)]

2
]
≤
r

of
th

e
th

eo
re

m
.

St
ep

4.
Tr

an
sf

er
ri

ng
th

e
bo

un
d

on
lo

g-
m

om
en

tg
en

er
at

in
g

fu
nc

tio
n

of
Z

in
to

ta
il

pr
ob

ab
il-

iti
es

.
Su

bs
tit

ut
in

g
th

e
bo

un
d

on
lo

g
Ee

λ
W
/
b′

in
(A

.8
)a

nd
th

e
bo

un
d

on
Υ

in
(A

.9
)b

ac
k

in
to

(A
.4

)
im

m
ed

ia
te

ly
yi

el
ds

th
e

fo
llo

w
in

g
in

eq
ua

lit
y

on
th

e
lo

g-
m

om
en

tg
en

er
at

in
g

fu
nc

tio
n

of
Z

fo
r

an
y
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L
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A
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H
A

S
E

M
I

A
N

D
A

N
A

G
N

O
S

T
O

P
O

U
L

O
S

λ
∈

(0
,1
/2
b′

)

lo
g
E[
eλ

(Z
−
EZ

) ]
≤

λ
b′

1
−
λ
b′

[
λ

b′
(1
−
λ
b′

)[ 16
(n
T

)−
1
bR

(F
)

+
Υ

]
+
λ

Υ b′

]

≤
λ
b′

1
−
λ
b′

λ

b′
(1
−
λ
b′

)[ 1
6b
R

(F
)

n
T

+
2Υ
]

≤
2λ

2

2(
1
−

2λ
b′

)[ 1
6b
R

(F
)

n
T

+
2
r

n
T

] ,

(A
.1

0)

w
he

re
th

e
la

st
in

eq
ua

lit
y

us
es

(1
−
λ
b′

)2
≥

1
−

2
λ
b′
>

0
si

nc
e
λ
∈

(0
,1
/
2
b′

).
Th

at
is

,t
he

co
nd

iti
on

s
of

L
em

m
a

A
.4

ho
ld

an
d

w
e

ca
n

ap
pl

y
it

(w
ith

A
=

2[
1
6
bR

(F
)

n
T

+
2
r

n
T

] an
d
B

=
2b
′ )

to
ge

t
th

e
fo

llo
w

in
g

in
eq

ua
lit

y
w

ith
pr

ob
ab

ili
ty

at
le

as
t1
−
e−

x
(n

ot
e

th
at
b′

=
2
b

n
T

)

Z
≤

E[
Z

]+

√
4
x
[ 1

6b
R

(F
)

n
T

+
2r n
T

] +
2
b′
x

≤
E[
Z

]+
8

√
bx

R
(F

)

n
T

+

√
8
x
r

n
T

+
4
bx n
T

≤
E[
Z

]+
2
R

(F
)

+
8
bx n
T

+

√
8x
r

n
T

+
4
bx n
T

≤
4
R

(F
)

+

√
8
x
r

n
T

+
12
bx

n
T
,

w
he

re
th

e
th

ird
in

eq
ua

lit
y

fo
llo

w
s

fr
om

2
√
u
v
≤
u

+
v

,a
nd

th
e

la
st

st
ep

us
es

th
e

fo
llo

w
in

g
in

eq
ua

lit
y

du
e

to
th

e
sy

m
m

et
ri

za
tio

n
te

ch
ni

qu
e

(h
er

e,
th

e
“g

ho
st

”
sa

m
pl

e
X
′ i

s
an

i.i
.d

.
co

py
of

th
e

in
iti

al
sa

m
pl

e
X

)

EZ
=

E X
[ su

p
f
∈F

1 T
E X

′[
T ∑ t=

1

1 N
t

N
t

∑ i=
1

( f
t(
X
′i t
) −

f t
( X

i t

))
]]

≤
E X

,X
′[

su
p

f
∈F

1 T

T ∑ t=
1

1 N
t

N
t

∑ i=
1

( f
t(
X
′i t
) −

f t
( X

i t

))
]

=
E X

,X
′ ,
σ

[ su
p

f
∈F

1 T

T ∑ t=
1

1 N
t

N
t

∑ i=
1

σ
i t(
f t
( X
′i t
) −

f t
( X

i t

))
]

≤
2R

(F
).

N
ot

e
th

at
th

e
se

co
nd

id
en

tit
y

ho
ld

s
si

nc
e

fo
ra

ny
σ
i t,

th
e

ra
nd

om
va

ri
ab

le
f t

(X
′i t
)
−
f t

(X
i t
)

ha
s

th
e

sa
m

e
di

st
ri

bu
tio

n
as
σ
i t(
f t

(X
′i t
)
−
f t

(X
i t
))

.

A
pp

en
di

x
B

.P
ro

of
so

ft
he

re
su

lts
in

Se
ct

.3

T
he

or
em

B
.3

is
at

th
e

co
re

of
pr

ov
in

g
T

he
or

em
9

in
Se

ct
.3

.W
e

fir
st

pr
es

en
ts

om
e

us
ef

ul
le

m
m

at
a.

L
em

m
a

B
.1

Le
tc

1
,c

2
>

0
an

d
s
>
q
>

0
.

Th
en

th
e

eq
ua

tio
n
x
s
−
c 1
x
q
−
c 2

=
0

ha
s

a
un

iq
ue

po
si

tiv
e

so
lu

tio
n
x

0
sa

tis
fy

in
g

x
0
≤
[ c

s
s
−
q

1
+

sc
2

s
−
q

]1 s
.
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F
urtherm

ore,for
any

x
≥
x

0 ,w
e

have
x
s≥

c
1 x
q

+
c

2 .

Proof
D

enote
p
(x

)
:=

x
s−

c
1 x
q−

c
2 .

T
he

uniqueness
of

a
positive

solution
for

the
equation

p
(x

)
=

0
is

show
n

in
Lem

m
a

7.2
in

C
uckerand

Zhou
(2007).Let

x
0

be
this

unique
positive

solution.
T

hen,itfollow
s

from
Y

oung’s
inequality

x
y
≤
p −

1x
p

+
q −

1y
q,
∀
x
,y
≥

0,p
,q
>

0
,p −

1
+
q −

1
=

1,
(B

.1)

that

x
s0

=
c

1 x
q0

+
c

2 ≤
x
q·
sq

0sq

+
c

s
s−
q

1s
s−
q

+
c

2
=
qs
x
s0

+
s−

q

s
c

s
s−
q

1
+
c

2 ,

from
w

hich
w

e
have

x
s0
≤
c

s
s−
q

1
+

sc
2

s−
q .

T
he

inequality
p
(x

)
≥

0
for

any
x
≥
x

0
then

follow
s

im
m

ediately
from

the
facts

that
p
(x

0 )
=

0,
lim

x→
∞
p
(x

)
=
∞

and
the

uniqueness
ofroots

forthe
equation

p
(x

)
=

0.

A
lso,w

e
w

illneed
the

follow
ing

lem
m

a
forthe

second
step

ofthe
proofofT

heorem
B

.3.

L
em

m
a

B
.2

Let
K
>

1,r
>

0
,0
<
β
≤

1
and

B
≥

1.A
ssum

e
thatF

=
{f

:=
(f

1 ,...,f
T

)}
is

a
vector-valued

(β
,B

)-B
ernstein

class
offunctions.D

efine
the

re-scaled
version

ofF
as

F
r

:=

{
f
′
=
(f
′1 ,...,f

′T )
:
f
′t
:=

rf
t

m
ax

(r,V
(f

)) ,f
=

(f
t ,...,f

T
)∈
F
}
.

(B
.2)

If
V

+r
:=

su
p
f
′∈F

r [P
f
′−

P
n
f
′]≤

r
1β

B
K

,then

∀
f
∈
F

P
f
≤

K

K
−
β
P
n
f

+
r

1β

K
.

(B
.3)

Proof
W

e
prove

(B
.3)

by
considering

tw
o

cases.
L

et
f

be
any

elem
entin

F
.

If
V

(f
)≤

r,then

f
′
=
f

and
the

inequality
V

+r
≤

r
1β

B
K

leads
to

P
f
≤
P
n
f

+
r

1β

B
K
≤

K

K
−
β
P
n
f

+
r

1β

K
.

(B
.4)

If
V

(f
)≥

r,then
f
′
=
rf
/V

(f
)

and
the

inequality
V

+r
≤

r
1β

B
K

yields

P
f
≤
P
n
f

+
r

1β −
1V

(f
)

B
K

≤
P
n
f

+
r

1β −
1(P

f
)
β

K

(B
.1)
≤

P
n
f

+
1K

[(P
f

)
β
]
1β

1β

+
1K

(r
1β −

1)
1

1−
β

1
1−
β

=
P
n
f

+
βK
P
f

+
(1−

β
)r

1β

K
,
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Y
O
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E
FI,L

E
I,K

L
O

F
T,M
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L
A

G
H

A
S

E
M

I
A

N
D

A
N

A
G

N
O

S
T

O
P

O
U

L
O

S

w
here

w
e

have
used

B
ernstein’s

condition
V

(f
)
≤
B
P

(f
)
β.

T
he

previous
inequality

can
be

equivalently
w

ritten
asP
f
≤

K

K
−
β
P
n
f

+
1−

β

K
−
β
r

1β
≤

K

K
−
β
P
n
f

+
r

1β

K
.

(B
.5)

E
q.(B

.3)follow
s

by
com

bining
(B

.4)and
(B

.5).

T
heorem

B
.3

(L
R

C
-based

boundsfor
M

T
L

)
LetF

=
{f

:=
(f

1 ,...,f
T

)
:∀
t,f

t ∈
R
X}

be
a

classofvector-valued
functionssatisfying

m
ax

t∈
N
T

su
p
x∈X
|f
t (x

)|≤
b.LetX

:=
(X

it ,Y
it )

(T
,n

)
(t,i)=

(1
,1

)

be
a

vector
of
n
T

independentrandom
variables

w
here

(X
1t ,Y

1t ),...,(X
nt
,Y

nt
),∀

t∈
N
T

are
iden-

tically
distributed.A

ssum
e

thatF
is

a
(β
,B

)-B
ernstein

class
ofvector-valued

functions
w

ith
0
<

β
≤

1
and

B
≥

1.Let
ψ

be
a

sub-rootfunction
w

ith
fixed

point
r ∗.If

B
R

(F
,r)≤

ψ
(r),∀

r≥
r ∗,

then,for
any

K
>

1,and
x
>

0,w
ith

probability
atleast

1−
e −

x,every
f
∈
F

satisfies

P
f
≤

K

K
−
β
P
n
f

+
(2
K

)
β

2−
β

20
2

2−
β

m
ax (

(r ∗)
1

2−
β
,(r ∗)

1β )
+
(

2
β

+
3B

2K
β
x

n
T

)
1

2−
β

+
24B

bx

(2−
β

)n
T
.

(B
.6)

Proof
L

et
r
≥
r ∗

be
a

fixed
real

num
ber.

H
ere,w

e
use

the
vector-valued

function
classF

r
as

defined
in

(B
.2).

T
he

proof
is

broken
dow

n
into

tw
o

m
ajor

steps.
T

he
firststep

applies
T

heorem
1

and
the

“peeling”
technique

(V
an

D
e

G
eer,1987;V

an
D

erV
aartand

W
ellner,1996)to

establish
an

inequality
on

the
uniform

deviation
over

the
function

classF
r .

T
he

second
step

then
uses

the
B

ernstein
assum

ption
V

(f
)≤

B
(P
f

)
β

to
convertthisinequality

stated
forF

r
to

a
uniform

deviation
inequality

forF
.

Step
1.C

ontrolling
uniform

deviationsforF
r .To

apply
Theorem

1
toF

r ,w
e

need
to

control
the

variances
and

uniform
bounds

for
elem

ents
in
F
r .

W
e

first
show

that
P
f
′2
≤
r,∀
f
′∈
F
r .

Indeed,for
any

f
∈
F

w
ith

V
(f

)≤
r,the

definition
ofF

r
im

plies
f
′t

=
f
t and,hence,

P
f
′2

=
P
f

2≤
V

(f
)≤

r.O
therw

ise,if
V

(f
)≥

r,then
f
′t
=
rf
t /V

(f
)

and
w

e
get

P
f
′2

=
1T

T
∑t=

1

P
f
′2t

=
r

2

[V
(f

) ]
2 (

1T

T
∑t=

1

P
f

2t )
≤

r
2

[V
(f

) ]
2
V

(f
)≤

r.

T
herefore,

1T
su

p
f
′∈F

r ∑
Tt=

1 E
[f
′t (X

t )] 2≤
r.

A
lso,since

functions
in
F

adm
ita

range
of

[−
b,b]

and
since

0
≤
r/

m
ax

(r,V
(f

))≤
1,itholds

that
m

ax
t∈

N
T

su
p
x∈X
|f
′t (x

)|≤
b

for
any

f
′∈
F
r .

A
pplying

Theorem
1

to
the

function
classF

r
then

yields
the

follow
ing

inequality
w

ith
probability

at
least

1−
e −

x,∀
x
>

0

su
p

f
′∈F

r [P
f
′−

P
n
f
′]≤

4
R

(F
r )

+

√
8
x
r

n
T

+
12bx

n
T
.

(B
.7)

Itrem
ains

to
controlthe

R
adem

achercom
plexity

ofF
r .D

enoteF
(u
,v

)
:=
{
f
∈
F

:
u
≤
V

(f
)≤

v }
,∀

0
≤
u
≤
v,and

introduce

R
n
f
′
:=

1n
T

T
∑t=

1

n
∑i=

1

σ
it f
′t (X

it ),
R
n
(F

r )
:=

su
p

f
′∈F

r [R
n
f
′ ].
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N
ot

e
th

at
R

(F
r
)

=
ER

n
(F

r
).

O
ur

as
su

m
pt

io
n

im
pl

ie
s

th
at
V

(f
)
≤
B

(P
f

)β
≤
B
bβ
,∀
f
∈
F

.F
ix

λ
>

1
an

d
de

fin
e
k

as
th

e
sm

al
le

st
in

te
ge

r
su

ch
th

at
rλ

k
+

1
≥
B
bβ

.
T

he
n,

ac
co

rd
in

g
to

th
e

un
io

n
bo

un
d

in
eq

ua
lit

y

R
(G

1
∪
G 2

)
≤

R
(G

1
)

+
R

(G
2
),

(B
.8

)

w
e

ob
ta

in

R
(F

r
)

=
E[

su
p

f
′ ∈
F r

R
n
f
′]

=
E[

su
p

f
∈F

1 n
T

T ∑ t=
1

n ∑ i=
1

r

m
ax

(r
,V

(f
))
σ
i tf
t(
X
i t
)]

(B
.8

)
≤

E[
su

p
f
∈F

(0
,r

)

1 n
T

T ∑ t=
1

n ∑ i=
1

σ
i tf
t(
X
i t
)] +

E[
su

p
f
∈F

(r
,B
bβ

)

1 n
T

T ∑ t=
1

n ∑ i=
1

r

V
(f

)σ
i tf
t(
X
i t
)]

(B
.8

)
≤

E[
su

p
f
∈F

(0
,r

)

1 n
T

T ∑ t=
1

n ∑ i=
1

σ
i tf
t(
X
i t
)] +

k ∑ j=
0

λ
−
j
E[

su
p

f
∈F

(r
λ
j
,r
λ
j
+
1
)

R
n
f

]

≤
R

(F
,r

)
+

k ∑ j=
0

λ
−
j
R
( F
,r
λ
j+

1
)

≤
ψ

(r
)

B
+

1 B

k ∑ j=
0

λ
−
j
ψ

(r
λ
j+

1
).

T
he

su
b-

ro
ot

pr
op

er
ty

of
ψ

im
pl

ie
s

th
at
ψ

(ξ
r)
≤
ξ

1 2
ψ

(r
)

fo
ra

ny
ξ
≥

1
an

d,
he

nc
e,

R
(F

r
)
≤
ψ

(r
)

B

( 1
+
√
λ

k ∑ j=
0

λ
−
j 2

)
≤
ψ

(r
)

B

( 1
+

λ
√
λ
−

1

) .

C
ho

os
in

g
λ

=
4

in
th

e
ab

ov
e

in
eq

ua
lit

y
im

pl
ie

s
th

at
R

(F
r
)
≤

5ψ
(r

)/
B

,w
hi

ch
,t

og
et

he
rw

ith
th

e
in

eq
ua

lit
y
ψ

(r
)
≤
√
r/
r∗
ψ

(r
∗ )

=
√
rr
∗ ,
∀r
≥
r∗

,g
iv

es

R
(F

r
)
≤

5 B

√
rr
∗ ,
∀r
≥
r∗
.

C
om

bi
ni

ng
(B

.7
)

an
d

th
e

ab
ov

e
in

eq
ua

lit
y,

fo
r

an
y
r
≥
r∗

an
d
x
>

0,
w

e
de

riv
e

th
e

fo
llo

w
in

g
in

eq
ua

lit
y

w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−
e−

x
,

su
p

f
′ ∈
F r

[P
f
′ −

P
n
f
′ ]
≤

20 B

√
rr
∗

+

√
8x
r

n
T

+
12
bx

n
T
.

(B
.9

)

St
ep

2.
Tr

an
sf

er
ri

ng
un

ifo
rm

de
vi

at
io

ns
fo

r
F r

to
un

ifo
rm

de
vi

at
io

ns
fo

r
F

.
le

tti
ng

A
:=

20
√
r∗
/B

+
√

8
x
/n
T

an
d
C

:=
12
bx
/n
T

,t
he

up
pe

rb
ou

nd
of

(B
.9

)c
an

be
w

rit
te

n
as
A
√
r
+
C

,t
ha

t
is

,s
u
p
f
′ ∈
F r

[P
f
′ −
P
n
f
′ ]
≤
A
√
r

+
C

.N
ow

,a
cc

or
di

ng
to

Le
m

m
a

B
.2

,i
fs

u
p
f
′ ∈
F r

[P
f
′ −
P
n
f
′ ]
≤

r
1 β

B
K

,t
he

n
fo

ra
ny
f
∈
F

,

P
f
≤

K

K
−
β
P
n
f

+
r

1 β K
.
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N
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U
L
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ap

pl
y

L
em

m
a

B
.2

,w
e

le
tA
√
r

+
C

=
r

1 β
/
(B
K

).
A

ss
um

e
r 0

is
th

e
un

iq
ue

po
si

tiv
e

so
lu

tio
n

of
th

e
eq

ua
tio

n
A
√
r

+
C

=
r

1 β
/(
B
K

),
w

hi
ch

ca
n

be
w

ri
tte

n
as

r
1 β
−
A
B
K
r

1 2
−
B
K
C

=
0.

L
em

m
a

B
.1

th
en

im
pl

ie
s

r
1 β 0
≤

(A
B
K

)
2

2
−
β

+
2
B
K
C

2
−
β

≤
(B
K

)
2

2
−
β

2
β

2
−
β

[ (2
0
B
−

1
)

2
2
−
β

(r
∗ )

1
2
−
β

+
(

8
x

n
T

)
1

2
−
β
] +

24
B
K
bx

(2
−
β

)n
T
,

(B
.1

0)

w
he

re
w

e
ha

ve
us

ed
th

e
in

eq
ua

lit
y

(x
+
y
)p
≤

2
p
−

1
(x
p

+
y
p
)

fo
ra

ny
x
,y
≥

0
,p
≥

1
.I

fr
∗
≤
r 0

,w
e

ca
n

ta
ke
r

=
r 0

in
(B

.9
)t

o
sh

ow
th

at
V

+ r 0
≤
A
√
r 0

+
C

=
r

1 β 0
/
(B
K

),
w

hi
ch

,c
ou

pl
ed

w
ith

(B
.1

0)
an

d
L

em
m

a
B

.2
,g

iv
es

P
f
≤

K

K
−
β
P
n
f

+
(2
K

)
β

2
−
β

20
2

2
−
β

(r
∗ )

1
2
−
β

+
( 2

β
+

3
B

2
K
β
x

n
T

)
1

2
−
β

+
24
B
bx

(2
−
β

)n
T
.

(B
.1

1)

If
r∗
>
r 0

,L
em

m
a

B
.1

im
pl

ie
s

th
at
A
√
r∗

+
C
≤

(r
∗ )

1 β
/
(B
K

).
W

e
no

w
ta

ke
r

=
r∗

in
(B

.9
)t

o
ge

tV
+ r
∗
≤
A
√
r∗

+
C
≤

(r
∗ )

1 β
/
(B
K

),
fr

om
w

hi
ch

—
vi

a
L

em
m

a
B

.2
—

w
e

ob
ta

in
th

at

P
f
≤

K

K
−
β
P
n
f

+
r

1 β ∗ K
.

(B
.1

2)

N
ot

e
th

at
in

eq
ua

lit
y

(B
.6

)f
ol

lo
w

s
im

m
ed

ia
te

ly
by

co
m

bi
ni

ng
(B

.1
1)

an
d

(B
.1

2)
.

Pr
oo

fo
fT

he
or

em
9

N
ot

e
th

at
th

e
pr

oo
f

of
th

is
th

eo
re

m
re

lie
s

on
th

e
re

su
lts

of
T

he
or

em
B

.3
.

In
tr

od
uc

e
th

e
fo

llo
w

in
g

cl
as

s
of

ex
ce

ss
lo

ss
fu

nc
tio

ns

H
∗ F

:=
{h
f

=
(h
f
1
,.
..
,h

f
T

),
h
f
t

:
(X

t,
Y
t)
7→
`(
f t

(X
t)
,Y

t)
−
`(
f
∗ t(
X
t)
,Y

t)
,f
∈
F
}.

(B
.1

3)

It
ca

n
be

sh
ow

n
th

at

m
ax

t∈
N
T

su
p

x
∈X
|h
f
t
(x
,y

)|
=

m
ax

t∈
N
T

su
p

x
∈X
|`(
f t

(x
),
y
)
−
`(
f
∗ t(
x

),
y
)|
≤
L

m
ax

t∈
N
T

su
p

x
∈X
|f t

(x
)
−
f
∗ t(
x

)|
≤

2L
b.

A
ls

o,
A

ss
um

pt
io

n
8

im
pl

ie
s

th
at

P
(`
f
−
` f
∗
)2
≤
L

2
P

(f
−
f
∗ )

2
≤
B
′ L

2
( P

(`
f
−
` f
∗
))
β
,
∀h
f
∈
H
∗ F
,

B
y

le
tti

ng
B

:=
m

a
x
(B
′ L

2
,1

),
w

e
ha

ve
fo

ra
ll
h
f
∈
H
∗ F

,

P
h

2 f
≤
V

(h
f

)
:=

L
2
P

(f
−
f
∗ )

2
≤
B
( P

(`
f
−
` f
∗
))
β

=
B

(P
h
f

)β
.
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w
hich

im
plies

thatH
∗F

is
a

(β
,B

)-B
ernstein

class
ofvector-valued

functions.In
addition,forany

r≥
r ∗,one

can
verify

that

B
R

(H
∗F
,r)

=
B
E
X
,σ [

su
p

V
(h

f
)≤
r,f∈F

1n
T

T
∑t=

1

n
∑i=

1

σ
it h
f
t (X

it ,Y
it ) ]

=
B
E
X
,σ [

su
p

V
(h

f
)≤
r,f∈F

1n
T

T
∑t=

1

n
∑i=

1

σ
it `
f
t (X

it ,Y
it ) ]

≤
B
L
R

(F
∗,r)≤

ψ
(r),

w
here

the
second

to
lastinequality

is
due

to
L

em
m

a
A

.5.
A

pplying
T

heorem
B

.3
to

the
function

classH
∗F

com
pletes

the
proof.

A
ppendix

C
.Proofsofthe

resultsin
Sect.4:“L

ocalR
adem

acher
C

om
plexity

B
ounds

for
N

orm
R

egularized
M

T
L

M
odels”

L
em

m
a

C
.1

A
ssum

e
thatthe

conditions
ofTheorem

11
hold.Then,for

ever
f
∈
F

,

(a)
P
f

2≤
r

im
plies

1
/T
∑

Tt=
1 ∑

∞j=
1
λ
jt 〈
w
t ,u

jt 〉
2≤

r.

(b)E
X
,σ 〈

1n ∑
ni=

1
σ
it φ

(X
it ),u

jt 〉
2

=
λ
jt
n

.

Proof
W

e
firstprove

part(a).G
iven

the
eigen-decom

position
E

(φ
(X

t )⊗
φ

(X
t ))

=
∑
∞j=

1
λ
jt u

t ⊗
u
jt

foreach
task

t∈
N
T

,w
e

obtain

P
f

2
=

1T

T
∑t=

1 E
(〈w

t ,φ
(X

t )〉)
2

=
1T

T
∑t=

1 E
(〈w

t ⊗
w
t ,φ

(X
t )⊗

φ
(X

t )〉)

=
1T

T
∑t=

1 〈w
t ⊗

w
t ,E

X
(φ

(X
t )⊗

φ
(X

t ))〉
=

1T

T
∑t=

1

∞∑j=
1

λ
jt 〈
w
t ⊗

w
t ,u

jt ⊗
u
jt 〉

=
1T

T
∑t=

1

∞∑j=
1

λ
jt 〈
w
t ,u

jt 〉
〈
w
t ,u

jt 〉
=

1T

T
∑t=

1

∞∑j=
1

λ
jt 〈
w
t ,u

jt 〉
2≤

r.

N
ow

,w
e

turn
to

part(b).From
the

independence
am

ong
the

elem
ents

ofthe
sequence {

σ
it }
i∈

N
n

t∈
N
T ,it

follow
s

that

E
X
,σ 〈

1n

n
∑i=

1

σ
it φ

(X
it ),u

jt 〉
2

=
1n
2 E

X
,σ

n
∑i,k

=
1

σ
it σ
kt 〈
φ

(X
it ),u

jt 〉
〈
φ

(X
kt ),u

jt 〉

σ
t i.i.d.
=

1n
2 E

X

(
n
∑i=

1 〈
φ

(X
it ),u

jt 〉
2 )

=
1n

〈
1n

n
∑i=

1 E
X

(φ
(X

it )⊗
φ

(X
it ) )

,u
jt ⊗

u
jt 〉

=
1n

∞∑l=
1

λ
lt 〈
u
lt ⊗

u
lt ,u

jt ⊗
u
jt 〉

=
λ
jt

n
.
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The
nextlem

m
ata

are
used

in
the

proofofthe
L

R
C

bound
forthe

L
2
,q -group

norm
regularized

M
T

L
in

C
orollary

13.

L
em

m
a

C
.2

(K
hintchine-K

ahane
Inequality

in
(Peshkir

and
Shiryaev,1995))

LetH
be

an
inner-

productspace
w

ith
induced

norm
‖·‖H

,v
1 ,...,v

M
∈
H

and
σ

1 ,...,σ
n

i.i.d.R
adem

acher
random

variables.Then,for
any

p
≥

1,w
e

have
that

E
σ ∥∥∥∥∥

n
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i ∥∥∥∥∥

pH
≤
(
c

n
∑i=

1 ‖
v
i ‖

2H )
p2

.
(C

.1)
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c
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m
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∞
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W
‖

2
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e
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further
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expectation
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=
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follow
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it φ
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2
,q ∗

=
E
X
,σ 
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√
e n

     
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   

=

√
K
eq
∗ T

1 q
∗

n
+

√ √ √ √ √ √
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n
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λ
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1
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R
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a
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r
≥
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R
(F

1
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m
a
x
T
−

1q
,1 ,r)≥

√
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a
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2qλ
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e
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m
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follow

ing
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m
a

is
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in
the
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L

R
C
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L
S
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M
T

L
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C
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m
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a
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T
he

rem
ainderofthe

derivation
is

sim
ilarto

thatofC
orollary

13
and

is
om

itted
forbrevity.

A
ppendix

D
.Proofofthe

resultsin
Sect.6:“D

iscussion”

In
w

hatfollow
s,w

e
provide

som
e

generalresults
thatim

ply
T

heorem
26.

M
ore

specifically,w
e

restate
tw

o
concentration

results
forsum

s
ofnon-negative

operators
w

ith
finite-dim

ensionalranges.
Tow

ards
this

end,w
e

w
illsay

thattw
o

operators
A

and
B

are
related

as
A
�
B

,if
B
−
A

is
a

positive
sem

i-definite
operator.
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ábor

L
ugosi.

M
odelselection

and
error

estim
ation.

M
achine

Learning,48(1-3):85–113,2002.

Peter
L

B
artlett,

Shahar
M

endelson,
and

Petra
Philips.

L
ocal

com
plexities

for
em

pirical
risk

m
inim

ization.
In

InternationalC
onference

on
C

om
putationalLearning

Theory,pages
270–284.

Springer,2004.

PeterL
B

artlett,O
livierB

ousquet,and
ShaharM

endelson.
L

ocalradem
achercom

plexities.
A

nnals
ofStatistics,pages

1497–1537,2005.

Jonathan
B

axter.
A

m
odelofinductive

bias
learning.

JournalofA
rtificialIntelligence

R
esearch,12

(149-198):3,2000.

ShaiB
en-D

avid
and

R
eba

SchullerB
orbely.

A
notion

oftask
relatedness

yielding
provable

m
ultiple-

task
learning

guarantees.
M

achine
learning,73(3):273–287,2008.

Shai
B

en-D
avid

and
R

eba
Schuller.

E
xploiting

task
relatedness

for
m

ultiple
task

learning.
In

Learning
Theory

and
K

ernelM
achines,pages

567–580.Springer,2003.

Steffen
B

ickel,Jasm
ina

B
ogojeska,T

hom
as

L
engauer,and

Tobias
Scheffer.

M
ulti-task

learning
for

hiv
therapy

screening.
In

InternationalC
onference

on
M

achine
learning,pages

56–63.A
C

M
,

2008.
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té
P

a
ri

s-
S

a
cl

a
y

9
1
4
0
5

O
rs

a
y,

F
ra

n
ce

E
d

it
o
r:

A
n
im

a
sh

re
e

A
n
an

d
k
u
m

a
r

A
b
st
ra

ct

In
th

is
p
ap

er
,

w
e

in
tr

o
d
u
ce

a
n
ew

es
ti

m
a
to

r
fo

r
th

e
em

is
si

on
d
en

si
ti

es
of

a
n
on

p
ar

am
et

ri
c

h
id

d
en

M
a
rk

ov
m

o
d
el

.
It

is
ad

ap
ti

ve
an

d
m

in
im

ax
w

it
h

re
sp

ec
t

to
ea

ch
st

at
e’

s
re

gu
la

ri
ty

–
as

op
p

os
ed

to
gl

ob
al

ly
m

in
im

ax
es

ti
m

at
o
rs

,
w

h
ic

h
ad

ap
t

to
th

e
w

o
rs

t
re

gu
la

ri
ty

am
on

g
th

e
em

is
si

on
d
en

si
ti

es
.

O
u
r

m
et

h
o
d

is
b
as

ed
o
n

G
ol

d
en

sh
lu

ge
r

an
d

L
ep

sk
i’
s

m
et

h
o
d
ol

og
y.

It
is

co
m

p
u
ta

ti
on

al
ly

effi
ci

en
t

an
d

on
ly

re
q
u
ir

es
a

fa
m

il
y

of
p
re

li
m

in
a
ry

es
ti

m
at

or
s,

w
it

h
ou

t
an

y
re

st
ri

ct
io

n
o
n

th
e

ty
p

e
of

es
ti

m
a
to

rs
co

n
si

d
er

ed
.

W
e

p
re

se
n
t

tw
o

su
ch

es
ti

m
at

or
s

th
at

al
lo

w
to

re
a
ch

m
in

im
ax

ra
te

s
u
p

to
a

lo
ga

ri
th

m
ic

te
rm

:
a

sp
ec

tr
al

es
ti

m
at

or
an

d
a

le
as

t
sq

u
ar

es
es

ti
m

at
or

.
W

e
sh

ow
h
ow

to
ca

li
b
ra

te
it

in
p
ra

ct
ic

e
an

d
a
ss

es
s

it
s

p
er

fo
rm

an
ce

on
si

m
u
la

ti
on

s
an

d
on

re
a
l

d
a
ta

.

K
e
y
w

o
rd

s:
h
id

d
en

M
ar

ko
v

m
o
d
el

,
m

o
d
el

se
le

ct
io

n
,

n
o
n
p
ar

am
et

ri
c

d
en

si
ty

es
ti

m
at

io
n
,

or
ac

le
in

eq
u
al

it
y,

a
d
a
p
ti

v
e

m
in

im
ax

es
ti

m
at

io
n
,

sp
ec

tr
a
l

m
et

h
o
d
,

le
as

t
sq

u
ar

es
m

et
h
o
d

1
.
In

tr
o
d
u
ct
io
n

F
in

it
e

st
at

e
sp

ac
e

h
id

d
en

M
ar

ko
v

m
o
d
el

s,
o
r

H
M

M
s

in
sh

or
t,

ar
e

p
ow

er
fu

l
to

ol
s

fo
r

st
u
d
y
in

g
d
is

cr
et

e
ti

m
e

se
ri

es
an

d
h
av

e
b

ee
n

u
se

d
in

a
va

ri
et

y
of

ap
p
li
ca

ti
on

s
su

ch
as

ec
on

o
m

ic
s,

si
gn

al
p
ro

ce
ss

in
g

an
d

im
ag

e
an

al
y
si

s,
g
en

om
ic

s,
ec

ol
og

y,
sp

ee
ch

re
co

gn
it

io
n

an
d

ec
ol

og
y

am
on

g
ot

h
er

s.
T

h
e

co
re

id
ea

is
th

at
th

e
b

eh
av

io
u
r

of
th

e
ob

se
rv

at
io

n
s

d
ep

en
d
s

on
a

h
id

d
en

va
ri

ab
le

th
at

ev
ol

ve
s

li
ke

a
M

ar
ko

v
ch

ai
n
.

F
or

m
al

ly
,

a
h
id

d
en

M
ar

ko
v

m
o
d
el

is
a

p
ro

ce
ss

(X
j
,Y

j
) j
≥

1
in

w
h
ic

h
(X

j
) j

is
a

M
ar

ko
v

ch
ai

n
on
X

,
th

e
Y
i’

s
ar

e
in

d
ep

en
d
en

t
co

n
d
it

io
n
al

ly
on

(X
j
) j

an
d

th
e

co
n
d
it

io
n
al

d
is

tr
ib

u
ti

on
of
Y
i

gi
ve

n
(X

j
) j

d
ep

en
d
s

on
ly

on
X
i.

T
h
e

p
ar

am
et

er
s

of
th

e
H

M
M

a
re

th
e

p
ar

a
m

et
er

s
of

th
e

M
ar

ko
v

ch
ai

n
,

th
at

is
it

s
in

it
ia

l
d
is

tr
ib

u
ti

on
a
n
d

tr
an

si
ti

on
m

at
ri

x
,

an
d

th
e

p
ar

am
et

er
s

of
th

e
ob

se
rv

at
io

n
s,

th
at

is
th

e
em

is
si

o
n

d
is

tr
ib

u
ti

o
n

s
(ν
∗ k)
k
∈X

w
h
er

e
ν
∗ k

is
th

e
d
is

tr
ib

u
ti

on
of
Y
j

co
n
d
it

io
n
al

ly
to
X
j

=
k
.

O
n
ly

th
e

ob
se

rv
at

io
n
s

(Y
j
) j

ar
e

av
ai

la
b
le

.

In
th

is
ar

ti
cl

e,
w

e
fo

cu
s

on
es

ti
m

at
in

g
th

e
em

is
si

on
d
is

tr
ib

u
ti

on
s

in
a

n
on

p
ar

am
et

ri
c

se
tt

in
g.

M
or

e
sp

ec
ifi

ca
ll
y,

as
su

m
e

th
at

th
e

em
is

si
on

d
is

tr
ib

u
ti

on
s

h
av

e
a

d
en

si
ty

w
it

h
re

-
sp

ec
t

to
so

m
e

k
n
ow

n
d
om

in
at

in
g

m
ea

su
re
µ

,
an

d
w

ri
te
f
∗ k

th
ei

r
d
en

si
ti

es
–w

h
ic

h
w

e
ca

ll
th

e
em

is
si

o
n

d
en

si
ti

es
.

T
h
e

go
al

of
th

is
p
ap

er
is

to
es

ti
m

at
e

al
l
f
∗ k’

s
w

it
h

th
ei

r
m

in
im

ax
ra

te
of

co
n
ve

rg
en

ce
w

h
en

th
e

em
is

si
on

d
en

si
ti

es
ar

e
n
ot

re
st

ri
ct

ed
to

b
el

on
g

to
a

se
t

of
d
en

si
ti

es
d
es

cr
ib

ed
b
y

fi
n
it

el
y

m
an

y
p
ar

am
et

er
s.

c ©
2
0
1
8

L
u

c
L

eh
ér

ic
y.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
9
/
1
7
-
3
4
5
.
h
t
m
l
.

JM
L

R
 1

9(
39

):
1-

46
, 2

01
8

L
e
h
é
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h
a

sm
al

l
to

ta
l

er
ro

r–
or

al
te

rn
at

iv
el

y,
a

go
o
d

bi
a
s-

va
ri

a
n

ce
tr

a
d
eo

ff
.

In
m

an
y

si
tu

at
io

n
s,

it
is

p
os

si
b
le

to
re

a
ch

th
e

m
in

im
ax

ra
te

of
co

n
ve

rg
en

ce
w

it
h

a
g
o
o
d

b
ia

s-
va

ri
an

ce
tr

ad
eo

ff
.

P
re

v
io

u
s

es
ti

m
at

or
s

of
th

e
em

is
si

on
d
en

si
ti

es
of

a
H

M
M

p
er

fo
rm

su
ch

a
tr

ad
eo

ff
b
as

ed
on

an
er

ro
r

th
at

ta
ke

s
th

e
tr

an
si

ti
on

m
at

ri
x

an
d

al
l

em
is

si
o
n

d
en

si
ti

es
in

to
ac

co
u
n
t.

S
u
ch

an
er

ro
r

le
ad

s
to

a
ra

te
of

co
n
ve

rg
en

ce
th

at
co

rr
es

p
on

d
s

to
th

e
sl

ow
es

t
m

in
im

ax
ra

te
am

on
g

th
e

d
iff

er
en

t
p
ar

am
et

er
s.

In
co

n
tr

as
t,

ou
r

m
et

h
o
d

p
er

fo
rm

s
a

b
ia

s-
va

ri
an

ce
tr

ad
eo

ff
fo

r
ea

ch
em

is
si

on
d
en

si
ty

u
si

n
g

an
er

ro
r

te
rm

th
at

d
ep

en
d
s

o
n
ly

o
n

th
e

d
en

si
ty

in
q
u
es

ti
on

,
w

h
ic

h
m

ak
es

it
p

os
si

b
le

to
re

ac
h

th
e

m
in

im
ax

ra
te

s
fo

r
ea

ch
d
en

si
ty

.

1
.2

P
lu

g
-i

n
P

ro
c
e
d

u
re

T
h
e

m
et

h
o
d

w
e

p
ro

p
os

e
is

b
as

ed
on

th
e

m
et

h
o
d

d
ev

el
op

ed
in

th
e

se
m

in
al

p
a
p

er
s

o
f

G
o
ld

-
en

sh
lu

ge
r

an
d

L
ep

sk
i

(2
01

1,
20

14
)

fo
r

d
en

si
ty

es
ti

m
at

io
n
,

ex
te

n
d
ed

b
y

G
ol

d
en

sh
lu

g
er

a
n
d

L
ep

sk
i

(2
01

3)
to

th
e

w
h
it

e
n
oi

se
an

d
re

gr
es

si
on

m
o
d
el

s.
It

ta
k
es

a
fa

m
il
y

o
f

es
ti

m
a
to

rs
as

in
p
u
t

an
d

ch
o
os

es
th

e
es

ti
m

at
or

th
at

p
er

fo
rm

s
a

go
o
d

b
ia

s-
va

ri
an

ce
tr

ad
eo

ff
se

p
a
ra

te
ly

fo
r

ea
ch

h
id

d
en

st
at

e.
W

e
re

co
m

m
en

d
th

e
ar

ti
cl

e
of

L
ac

ou
r

et
al

.
(2

01
7)

fo
r

a
n

in
si

g
h
tf

u
l

p
re

se
n
ta

ti
on

of
th

is
m

et
h
o
d

in
th

e
ca

se
of

co
n
d
it

io
n
al

d
en

si
ty

es
ti

m
at

io
n
.
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S
t
a
t
e
-b

y
-st

a
t
e

M
in

im
a
x

H
M

M
E

st
im

a
t
io

n

O
u
r

m
eth

o
d

an
d

assu
m

p
tion

s
are

d
etailed

in
S
ection

2.
L

et
u
s

giv
e

a
q
u
ick

ov
erv

iew
of

th
e

m
eth

o
d
.

A
ssu

m
e

th
e

d
en

sities
b

elon
g

to
a

H
ilb

ert
sp

ace
H

.
G

iven
a

fa
m

ily
of

su
b
sets

o
f

fi
n
ite-d

im
en

sion
al

su
b
sp

aces
ofH

(th
e

m
o
d
els)

in
d
ex

ed
b
y
M

an
d

estim
ators

f̂
(M

)
k

of
th

e
em

issio
n

d
en

sities
for

each
h
id

d
en

state
k

an
d

each
m

o
d
el
M

,
on

e
com

p
u
tes

a
su

b
stitu

te
fo

r
th

e
b
ia

s
o
f

th
e

estim
ators

b
y

A
k (M

)
=

su
p

M
′ { ∥∥∥

f̂
(M
′)

k
−
f̂

(M
∧
M
′)

k

∥∥∥
2 −

σ
(M
′) }

.

fo
r

so
m

e
p

en
a
lty

σ
.

T
h
en

,
for

each
state

k
,

on
e

selects
th

e
estim

a
tor

M̂
k

from
th

e
m

o
d
el

M
m

in
im

izin
g

th
e

q
u
an

tity
A
k (M

)
+

2
σ

(M
).

T
h
e

p
en

alty
σ

can
also

b
e

in
terp

reted
as

a
va

ria
n
ce

b
ou

n
d
,

so
th

at
th

is
p

en
aliza

tion
p
ro

ced
u
re

can
b

e
seen

as
p

erform
in

g
a

b
ias-

va
ria

n
ce

trad
eo

ff
.

T
h
e

n
ovelty

of
th

is
m

eth
o
d

is
th

at
it

selects
a

d
iff

eren
t
M̂
k ,

th
at

is
a

d
iff

eren
t

m
o
d
el,

for
each

h
id

d
en

state:
th

is
is

w
h
ere

th
e

state-b
y
-state

ad
ap

tiv
ity

co
m

es
fro

m
.

A
lso

n
ote

th
at

con
trary

to
G

old
en

sh
lu

ger
an

d
L

ep
sk

i
(2013),

w
e

d
o

n
ot

m
ake

an
y

a
ssu

m
p
tio

n
o
n

h
ow

th
e

estim
ators

are
com

p
u
ted

,
p
rov

id
ed

a
varian

ce
b

ou
n
d

h
old

s.

T
h
e

m
a
in

th
eoretical

resu
lt

is
an

oracle
in

eq
u
ality

on
th

e
selected

estim
ato

rs
f̂

(M̂
k
)

k
,

see
T

h
eo

rem
2
.

A
s

a
con

seq
u
en

ce,
w

e
are

ab
le

to
get

a
rate

of
con

vergen
ce

th
at

is
d
iff

eren
t

for
ea

ch
state.

T
h
ese

rates
of

con
vergen

ce
w

ill
even

b
e

ad
ap

tiv
e

m
in

im
ax

u
p

to
a

logarith
m

ic
fa

cto
r

w
h
en

th
e

m
eth

o
d

is
ap

p
lied

to
ou

r
tw

o
fam

ilies
of

estim
ators:

sp
ectral

estim
a
tors

a
n
d

lea
st

sq
u
a
res

estim
ators.

T
o

th
e

b
est

of
o
u
r

k
n
ow

led
ge,

th
is

is
th

e
fi
rst

state-b
y
-state

a
d
ap

tive
a
lgo

rith
m

for
h
id

d
en

M
arkov

m
o
d
els.

N
o
te

th
a
t

fi
n
d
in

g
th

e
righ

t
p

en
alty

term
σ

is
essen

tial
in

ord
er

to
ob

tain
m

in
im

ax
ra

tes
o
f

co
n
verg

en
ce.

T
h
is

req
u
ires

a
fi
n
e

th
eoretical

con
trol

o
f

th
e

varian
ce

of
th

e
au

x
iliary

estim
a
to

rs,
in

th
e

form
of

assu
m

p
tion

[H
(ε)]

(see
S
ection

2.1).
T

o
th

e
b

est
o
f
o
u
r

k
n
ow

led
ge,

th
ere

is
n
o

su
itab

le
resu

lt
in

th
e

literatu
re.

T
h
is

is
th

e
secon

d
th

eoretical
con

trib
u
tion

of
th

is
p
a
p

er:
w

e
con

trol
tw

o
fam

ilies
of

estim
ators

in
a

w
ay

th
at

m
akes

it
p

ossib
le

to
reach

a
d
a
p
tive

m
in

im
ax

rate
w

ith
ou

r
state-b

y
-sta

te
selection

m
eth

o
d
,

u
p

to
a

logarith
m

ic
term

.

O
n

th
e

p
ra

ctical
sid

e,
w

e
ru

n
th

is
m

eth
o
d

a
n
d

several
varian

ts
on

d
ata

sim
u
lated

from
a

H
M

M
w

ith
th

ree
h
id

d
en

states
an

d
on

e
irregu

lar
d
en

sity,
as

illu
strated

in
S
ection

4.
T

h
e

sim
u
la

tion
s

co
n
fi
rm

th
at

it
con

v
erg

es
w

ith
a

d
iff

eren
t

rate
for

each
em

ission
d
en

sity,
an

d
th

a
t

th
e

irreg
u
lar

d
en

sity
d
o
es

n
ot

alter
th

e
rate

of
con

vergen
ce

of
th

e
oth

er
o
n
es,

w
h
ich

is
ex

a
ctly

w
h
a
t

w
e

w
an

ted
to

ach
ieve.

B
etter

still,
th

e
ad

d
ed

com
p
u
tation

tim
e

is
n
eg

ligib
le

com
p
ared

to
th

e
com

p
u
tation

tim
e

o
f

th
e

estim
ato

rs:
ev

en
for

th
e

sp
ectral

estim
ators

of
S
ection

3.2
(w

h
ich

can
b

e
com

p
u
ted

m
u
ch

fa
ster

th
a
n

th
e

least
sq

u
ares

estim
ators

an
d

th
e

m
ax

im
u
m

likelih
o
o
d

estim
ators

u
sin

g
E

M
),

co
m

p
u
tin

g
th

e
estim

ators
on

200
m

o
d
els

for
50,000

ob
servation

s
(th

e
low

er
b

ou
n
d

o
f

o
u
r

sa
m

p
le

sizes)
of

a
3-states

H
M

M
req

u
ires

a
few

m
in

u
tes,

com
p
ared

to
a

cou
p
le

of
seco

n
d
s

fo
r

th
e

state-b
y
-state

selection
step

.
T

h
e

d
iff

eren
ce

b
ecom

es
ev

en
larger

for
m

ore
o
b
serva

tio
n
s,

sin
ce

th
e

com
p
lex

ity
of

th
e

state-b
y
-state

selection
step

is
in

d
ep

en
d
en

t
of

th
e

sa
m

p
le

size:
fo

r
in

stan
ce,

com
p
u
tin

g
th

e
sp

ectral
estim

ators
on

300
m

o
d
els

for
2,2

00,000
o
b
serva

tio
n
s

req
u
ires

a
b
it

less
th

an
tw

o
h
ou

rs,
an

d
a

b
it

m
ore

th
an

ten
h
ou

rs
for

10,000,000
o
b
serva

tio
n
s,

com
p
ared

to
less

th
an

ten
secon

d
s

for
th

e
selectio

n
step

in
b

oth
cases.

W
e

refer
to

S
ectio

n
4.6

for
a

m
ore

d
etailled

d
iscu

ssion
ab

ou
t

th
e

algorith
m

ic
com

p
lex

ity
of

th
e

a
lg

o
rith

m
s.
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L
e
h
é
r
ic

y

1
.3

F
a
m

ilie
s

o
f

E
stim

a
to

rs

W
e

u
se

tw
o

m
eth

o
d
s

to
con

stru
ct

fam
ilies

of
estim

ators
an

d
ap

p
ly

th
e

selection
algorith

m
.

T
h
e

m
otivation

an
d

key
resu

lt
of

th
is

p
art

of
th

e
p
ap

er
is

to
con

trol
th

e
varian

ces
of

th
e

estim
ators

b
y

th
e

righ
t

p
en

alty
σ

.
T

h
is

p
art

is
cru

cial
if

on
e

w
an

ts
to

get
ad

ap
tive

m
in

im
ax

rates,
an

d
h
as

n
o
t

b
een

ad
ressed

in
p
rev

iou
s

p
ap

ers.
F

or
b

oth
m

eth
o
d
s,

w
e

d
evelop

n
ew

th
eoretical

resu
lts

th
at

allow
to

ob
tain

a
p

en
alty

σ
th

at
lead

s
to

ad
ap

tive
m

in
im

ax
rates

of
con

vergen
ce

u
p

to
a

logarith
m

ic
term

.
W

e
p
resen

t
th

e
algorith

m
s

an
d

th
eoretical

gu
aran

tees
in

S
ection

3.

T
h
e

fi
rst

m
eth

o
d

is
a

sp
ectral

m
eth

o
d

an
d

is
d
etailed

in
S
ection

3.2.
S
everal

sp
ectral

al-
gorith

m
s

w
ere

d
evelop

ed
,
see

for
in

stan
ce

A
n
an

d
k
u
m

a
r

et
al.

(2012)
an

d
H

su
et

al.
(2012)

in
th

e
p
aram

etric
settin

g,
an

d
B

on
h
om

m
e

et
al.

(2016b
)

an
d

D
e

C
astro

et
al.

(2017)
in

a
n
on

-
p
aram

etric
fram

ew
ork

.
T

h
e

m
ain

ad
van

tages
of

sp
ectral

m
eth

o
d
s

are
th

eir
com

p
u
tation

al
effi

cien
cy

an
d

th
e

fact
th

at
th

ey
d
o

n
ot

reso
rt

to
op

tim
ization

p
ro

ced
u
re

su
ch

as
th

e
E

M
an

d
m

ore
gen

erally
n
on

con
vex

op
tim

ization
algorith

m
,

th
u
s

avoid
in

g
th

e
w

ell-d
o
cu

m
en

ted
issu

e
of

gettin
g

stu
ck

in
to

lo
cal

su
b
-op

tim
al

m
in

im
a.

O
u
r

sp
ectral

algorith
m

is
b
ased

on
th

e
on

e
stu

d
ied

in
D

e
C

astro
et

al.
(2017).

H
ow

ever,
th

eir
estim

ator
can

n
ot

reach
th

e
m

in
im

ax
rate

of
con

vergen
ce:

th
e

varian
ce

b
ou

n
d
σ

(M
)

d
ed

u
ced

from
th

eir
resu

lts
is

p
rop

ortion
al

to
M

3,
w

h
ile

reach
in

g
th

e
m

in
im

ax
rate

req
u
ires

σ
(M

)
to

b
e

p
rop

ortion
al

to
M

.
T

o
solve

th
is

issu
e,

w
e

in
tro

d
u
ce

a
m

o
d
ifi

ed
version

of
th

eir
algorith

m
an

d
sh

ow
th

at
it

h
as

th
e

righ
t

varian
ce

b
ou

n
d
,

so
th

at
it

is
ab

le
to

reach
th

e
ad

ap
tive

m
in

im
ax

rate
after

ou
r

state-b
y
-state

selection
p
ro

ced
u
re,

u
p

to
a

logarith
m

ic
term

.
O

u
r

algorith
m

also
h
as

an
im

p
roved

co
m

p
lex

ity
:

it
is

at
m

ost
q
u
asi-lin

ea
r

in
th

e
n
u
m

b
er

of
ob

servation
s

an
d

in
th

e
m

o
d
el

d
im

en
sion

,
in

stead
o
f

cu
b
ic

in
th

e
m

o
d
el

d
im

en
sio

n
for

th
e

origin
al

algorith
m

.

T
h
e

secon
d

m
eth

o
d

is
a

least
sq

u
ares

m
eth

o
d

an
d

is
d
etailed

in
S
ection

3.3.
N

on
p
ara-

m
etric

least
sq

u
ares

m
eth

o
d
s

w
ere

fi
rst

in
tro

d
u
ced

b
y

D
e

C
astro

et
al.

(2016)
to

estim
ate

th
e

em
ission

d
en

sities
an

d
ex

ten
d
ed

b
y

L
eh

éricy
(to

ap
p

ear)
to

estim
ate

all
p
aram

eters
at

on
ce.

T
h
ey

rely
on

estim
atin

g
th

e
d
en

sity
of

th
ree

con
secu

tiv
e

ob
serva

tion
s

of
th

e
H

M
M

u
sin

g
a

least
sq

u
ares

criterion
.

S
in

ce
th

e
m

o
d
el

is
id

en
tifi

ab
le

from
th

e
d
istrib

u
tion

of
th

ree
con

sec-
u
tive

ob
servation

s
w

h
en

th
e

em
ission

d
istrib

u
tion

s
are

lin
early

in
d
ep

en
d
en

t,
it

is
p

ossib
le

to
recov

er
th

e
p
aram

eters
from

th
is

d
en

sity.
In

p
ractice,

th
ese

m
eth

o
d
s

are
m

ore
accu

rate
th

an
th

e
sp

ectral
m

eth
o
d
s

an
d

are
m

ore
stab

le
w

h
en

th
e

m
o
d
els

are
close

to
n
ot

satisfy
in

g
th

e
id

en
tifi

ab
ility

con
d
ition

,
see

for
in

stan
ce

D
e

C
astro

et
al.

(2016)
for

th
e

accu
racy

an
d

L
eh

éricy
(to

ap
p

ear)
for

th
e

stab
ility.

H
ow

ever,
sin

ce
th

ey
rely

on
th

e
m

in
im

ization
of

a
n
on

con
vex

criterion
,
th

e
com

p
u
tation

tim
es

of
th

e
corresp

on
d
in

g
algorith

m
s

are
often

lon
ger

th
an

th
e

on
es

from
sp
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ti
o
n

m
at

ri
x

an
d
π
∗

b
e

it
s

in
it

ia
l

d
is

tr
ib

u
ti

on
.

L
et

(Y
j
) j
≥

1
b

e
ra

n
d
om

va
ri

ab
le

s
o
n

a
m

ea
su

re
d

sp
ac

e
(Y
,µ

)
w

it
h
µ
σ

-fi
n
it

e
su

ch
th

at
co

n
d
it

io
n
al

ly
on

(X
j
) j
≥

1
th

e
Y
j
’s

ar
e

in
d
ep

en
d
en

t
w

it
h

a
d
is

tr
ib

u
ti

o
n

d
ep

en
d
in

g
on

ly
on

X
j
.

L
et
ν
∗ k

b
e

th
e

d
is

tr
ib

u
ti

on
of
Y
j

co
n
d
it

io
n
a
ll
y

to
{X

j
=
k
}.

A
ss

u
m

e
th

at
ν
∗ k

h
as

d
en

si
ty
f
∗ k

w
it

h
re

sp
ec

t
to
µ

.
W

e
ca

ll
(ν
∗ k)
k
∈X

th
e

em
is

si
o
n

d
is

tr
ib

u
ti

o
n

s
an

d
f∗

=
(f
∗ k)
k
∈X

th
e

em
is

si
o
n

d
en

si
ti

es
.

T
h
en

(X
j
,Y

j
) j
≥

1
is

a
h
id

d
en

M
a
rk

ov
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S
t
a
t
e
-b

y
-st

a
t
e

M
in

im
a
x

H
M

M
E

st
im

a
t
io

n

m
o
d
el

w
ith

p
a
ram

eters
(π
∗,Q

∗,f ∗).
T

h
e

h
id

d
en

ch
ain

(X
j )
j≥

1
is

assu
m

ed
to

b
e

u
n
ob

served
,

so
th

a
t

th
e

estim
ators

are
b
ased

on
ly

on
th

e
ob

servation
s

(Y
j )
j≥

1 .
L

et
(P

M
)
M
∈
N

b
e

a
n
ested

fam
ily

of
fi
n
ite-d

im
en

sion
al

su
b
sp

aces
su

ch
th

at
th

eir
u
n
ion

is
d
en

se
in

L
2(Y

,µ
).

T
h
e

sp
aces

(P
M

)
M
∈
N

are
ou

r
m

o
d
els;

in
th

e
follow

in
g

w
e

ab
u
siv

ely

ca
ll
M

th
e

m
o
d
el

in
stead

of
P
M

.
F

o
r

each
in

d
ex
M
∈
N

,
w

e
w

rite
f ∗
,(M

)
=

(f
∗
,(M

)
k

)
k∈X

th
e

p
ro

jectio
n

o
f

f ∗
on

(P
M

)
K

.
It

is
th

e
b

est
ap

p
rox

im
ation

of
th

e
tru

e
d
en

sities
w

ith
in

th
e

m
o
d
el
M

.
In

o
rd

er
to

estim
ate

th
e

em
ission

d
en

sities,
w

e
d
o

n
ot

n
eed

to
u
se

ev
ery

m
o
d
els.

T
y
p
ically

th
ere

is
n
o

p
o
in

t
in

tak
in

g
m

o
d
els

w
ith

m
ore

d
im

en
sion

s
th

an
th

e
sam

p
le

size,
sin

ce
th

ey
w

ill
likely

b
e

ov
erfi

ttin
g.

L
et
M

n
⊂

N
b

e
th

e
set

of
in

d
ices

w
h
ich

w
ill

b
e

u
sed

for
th

e
estim

a
tio

n
fro

m
n

ob
servation

s.
F

or
each

M
∈
M

n
,

w
e

assu
m

e
w

e
are

given
an

estim
ator

f̂
(M

)
n

=
(f̂

(M
)

n
,k

)
k∈X
∈

(P
M

)
K

.
W

e
w

ill
n
eed

to
assu

m
e

th
at

for
all

m
o
d
els,

th
e

varian
ce–th

at

is
th

e
d
ista

n
ce

b
etw

een
f̂

(M
)

n
an

d
f ∗
,(M

)–is
sm

a
ll

w
ith

h
igh

p
rob

ab
ility.

In
th

e
follow

in
g,

w
e

d
ro

p
th

e
d
ep

en
d
en

cy
in
n

an
d

sim
p
ly

w
rite
M

an
d

f̂
(M

).
T

h
e

follow
in

g
resu

lt
is

w
h
at

on
e

u
su

ally
ob

tain
s

in
m

o
d
el

selection
.

It
b

o
u
n
d
s

th
e

d
ista

n
ce

b
etw

een
th

e
estim

ators
f̂

(M
)

an
d

th
e

p
ro

jection
s

f ∗
,(M

)
b
y

som
e

p
en

a
lty

fu
n
ction

σ
.

T
h
u
s,
σ
/2

can
b

e
seen

as
a

b
ou

n
d

of
th

e
varian

ce
term

.

[H
(ε)]

W
ith

p
rob

ab
ility

1−
ε,

∀
M
∈
M
,

in
f

τ
n
,M
∈
S

(K
) m

ax
k∈X

∥∥∥
f̂

(M
)

k
−
f
∗
,(M

)
τ
n
,M

(k
) ∥∥∥

2 ≤
σ

(M
,ε,n

)

2

w
h
ere

th
e

u
p
p

er
b

ou
n
d
σ

:
(M

,ε,n
)∈
M
×

[0,1
]×

N
∗7−→

σ
(M

,ε,n
)∈

R
+

is
n
on

d
ecreasin

g
in
M

.
W

e
sh

ow
in

S
ection

s
3.2

an
d

3.3
h
ow

to
ob

ta
in

su
ch

a
resu

lt
for

a
sp

ectral
m

eth
o
d

a
n
d

fo
r

a
lea

st
sq

u
ares

m
eth

o
d

(u
sin

g
an

algorith
m

from
L

eh
éricy

(to
ap

p
ear)).

In
th

e
fo

llow
in

g
,

w
e

om
it

th
e

p
aram

eters
ε

an
d
n

in
th

e
n
otation

s
an

d
on

ly
w

rite
σ

(M
).

W
h
a
t

is
im

p
ortan

t
for

th
e

selection
step

is
th

at
th

e
p

erm
u
tation

τ
n
,M

d
o
es

n
ot

d
ep

en
d

o
n

th
e

m
o
d
el
M

:
on

e
n
eed

s
all

estim
ators

(f̂
(M

)
k

)
M
∈M

to
corresp

on
d

to
th

e
sam

e
em

ission
d
en

sity,
n
a
m

ely
f
∗τn

(k
)

w
h
en

τ
n
,M

=
τ
n

is
th

e
sa

m
e

for
all

m
o
d
els

M
.

T
h
is

can
b

e
d
on

e
in

th
e

fo
llow

in
g

w
ay

:
let

M
0 ∈
M

an
d

let

τ̂
(M

)∈
arg

m
in

τ∈
S

(K
) {

m
ax

k∈X

∥∥∥
f̂

(M
)

τ
(k

) −
f̂

(M
0
)

k

∥∥∥
2 }

fo
r

a
ll
M
∈
M

.
T

h
en

,
con

sid
er

th
e

estim
ators

ob
tain

ed
b
y

sw
ap

p
in

g
th

e
h
id

d
en

states
b
y

th
ese

p
erm

u
ta

tion
s.

In
oth

er
w

ord
s,

for
all

k
∈
X

,
con

sid
er

f̂
(M

)
k
,n

ew
=
f̂

(M
)

τ̂
(M

)(k
) .

N
ow

,
a
ssu

m
e

th
at

th
e

error
on

th
e

estim
ators

is
sm

all
en

ou
gh

.
M

ore
p
recisely,

w
rite

B
M
,M

0
=

m
a
x
k∈X

∥∥∥
f
∗
,(M

)
k

−
f
∗
,(M

0
)

k

∥∥∥
2

th
e

d
istan

ce
b

etw
een

th
e

p
ro

jection
s

of
f ∗

on
th

e

m
o
d
els

M
a
n
d
M

0
an

d
assu

m
e

th
at

2
[σ

(M
)/

2
+
σ

(M
0 )/

2
+
B
M
,M

0 ]
(th

at
is

tw
ice

th
e

u
p
p

er
b

o
u
n
d

o
f

th
e

d
istan

ce
b

etw
een

tw
o

estim
ated

em
ission

d
en

sities
co

rresp
o
n
d
in

g
to

th
e

sam
e

h
id

d
en

sta
tes

in
m

o
d
els

M
an

d
M

0 )
is

sm
aller

th
an
m

(f ∗,M
0 )

:=
m

in
k ′6=

k ∥∥∥
f
∗
,(M

0
)

k
−
f
∗
,(M

0
)

k ′

∥∥∥
2 ,

w
h
ich

is
th

e
sm

allest
d
istan

ce
b

etw
een

tw
o

d
iff

eren
t

d
en

sities
of

th
e

vector
f ∗
,(M

0
).
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L
e
h
é
r
ic

y

T
h
en

[H
(ε)]

en
su

res
th

at
w

ith
p
rob

ab
ility

as
least

1−
ε,

for
a
ll
k
,

th
ere

ex
ists

a
sin

gle

com
p

on
en

t
of

f̂
(M

)
th

at
is

closer
th

an
σ

(M
)/2

+
σ

(M
0 )/

2
of
f
∗
,(M

0
)

k
,

an
d

th
is

com
p

o
n
en

t

w
ill

b
e
f̂

(M
)

τ̂
(M

)(k
)

b
y

d
efi

n
ition

.
T

h
is

is
su

m
m

arized
in

th
e

follow
in

g
lem

m
a.

L
e
m

m
a

1
A

ssu
m

e
[H

(ε)]
h
o
ld

s.
T

h
en

w
ith

p
ro

ba
bility

1−
ε,

th
ere

exists
a

perm
u

ta
tio

n
τ
n
∈
S

(K
)

su
ch

th
a
t

fo
r

a
ll
k
∈
X

a
n

d
fo

r
a
ll
M
∈
M

su
ch

th
a
t

σ
(M

)
+
σ

(M
0 )

+
2
B
M
,M

0
<
m

(f ∗,M
0 ),

o
n

e
h
a
s

m
ax

k∈X

∥∥∥
f̂

(M
)

k
,n
ew
−
f
∗
,(M

)
τ
n

(k
) ∥∥∥

2 ≤
σ

(M
)

2
.

(1)

P
ro

o
f

P
ro

of
in

S
ection

B
.1

T
h
u
s,

th
is

p
rop

erty
h
old

s
asy

m
p
totically

as
so

on
as

in
fM

ten
d
s

to
in

fi
n
ity

an
d

su
p
M
∈M

σ
(M

)
ten

d
s

to
zero.

2
.2

E
stim

a
to

r
a
n

d
O

ra
c
le

In
e
q
u

a
lity

L
et

u
s

n
ow

in
tro

d
u
ce

ou
r

selection
p
ro

ced
u
re.

T
h
is

m
eth

o
d

an
d

th
e

follow
in

g
th

eorem
are

b
ased

on
th

e
ap

p
roach

of
G

old
en

sh
lu

ger
an

d
L

ep
sk

i
(2011),

b
u
t

d
o

n
ot

req
u
ire

an
y

assu
m

p
-

tion
on

th
e

stru
ctu

re
of

th
e

estim
ators,

p
rov

id
ed

a
varian

ce
b

ou
n
d

su
ch

as
E

q
u
ation

(1)
h
old

s.
F

or
each

k
∈
X

an
d
M
∈
M

,
let

A
k (M

)
=

su
p

M
′∈M

{ ∥∥∥
f̂

(M
′)

k
−
f̂

(M
∧
M
′)

k

∥∥∥
2 −

σ
(M
′) }

.

A
k (M

)
serves

as
a

rep
lacem

en
t

for
th

e
b
ias

of
th

e
estim

ator
f̂

(M
)

k
,
as

can
b

e
seen

in
E

q
u
ation

(2).
T

h
is

com
es

from
th

e
fact

th
at

for
large

M
′,

th
e

q
u
an

tity
‖f̂

(M
′)

k
−
f̂

(M
)

k
‖

2
is

u
p
p

er

b
ou

n
d
ed

b
y

th
e

varian
ces‖f̂

(M
′)

k
−
f
∗
,(M

′)
k

‖
2

an
d
‖f̂

(M
)

k
−
f
∗
,(M

)
k

‖
2

(w
h
ich

are
b

ou
n
d
ed

b
y

σ
(M
′)/2)

p
lu

s
th

e
b
ias‖f

∗
,(M

)
k

−
f
∗k ‖

2 .
T

h
u
s,

on
ly

th
e

b
ias

term
rem

a
in

s
after

su
b
stractin

g
th

e
varian

ce
b

ou
n
d
σ

(M
′).

T
h
en

,
for

all
k
∈
X

,
select

a
m

o
d
el

th
rou

gh
th

e
b
ias-varian

ce
trad

eoff

M̂
k ∈

arg
m

in
M
∈M

{A
k (M

)
+

2
σ

(M
)}

an
d

fi
n
ally

tak
e

f̂
k

=
f̂

(M̂
k
)

k
.

T
h
e

follow
in

g
th

eorem
sh

ow
s

an
oracle

in
eq

u
ality

on
th

is
estim

ator.

T
h

e
o
re

m
2

L
et
ε≥

0
a
n

d
a
ssu

m
e

equ
a
tio

n
(1

)
h
o
ld

s
fo

r
a
ll
k
∈
X

w
ith

p
ro

ba
bility

1−
ε.

T
h
en

w
ith

p
ro

ba
bility

1−
ε,

∀
k
∈
X
,
‖
f̂
k −

f
∗τn

(k
) ‖

2 ≤
4

in
f

M
∈M

{‖
f
∗
,(M

)
τ
n

(k
)
−
f
∗τn

(k
) ‖

2
+
σ

(M
,ε) }

.
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S
t
a
t
e
-b

y
-s

t
a
t
e

M
in

im
a
x

H
M

M
E

st
im

a
t
io

n

P
ro

o
f

W
e

re
st

ri
ct

ou
rs

el
ve

s
to

th
e

ev
en

t
of

p
ro

b
ab

il
it

y
at

le
as

t
1
−
ε

w
h
er

e
eq

u
at

io
n

(1
)

h
ol

d
s

fo
r

al
l
k
∈
X

.
T

h
e

fi
rs

t
st

ep
co

n
si

st
s

in
d
ec

om
p

o
si

n
g

th
e

to
ta

l
er

ro
r:

fo
r

al
l
M
∈
M

an
d
k
∈
X

,
∥ ∥ ∥f̂

(M̂
k
)

k
−
f
∗ τ n

(k
)∥ ∥ ∥ 2
≤
∥ ∥ ∥f̂

(M̂
k
)

k
−
f̂

(M̂
k
∧M

)
k

∥ ∥ ∥ 2
+
∥ ∥ ∥f̂

(M̂
k
∧M

)
k

−
f̂

(M
)

k

∥ ∥ ∥ 2

+
∥ ∥ ∥f̂

(M
)

k
−
f
∗,

(M
)

τ n
(k

)

∥ ∥ ∥ 2
+
∥ ∥ ∥f
∗,

(M
)

τ n
(k

)
−
f
∗ τ n

(k
)∥ ∥ ∥ 2

.

F
ro

m
n
ow

on
,

w
e

w
il
l
om

it
th

e
su

b
sc

ri
p
ts
k

an
d
τ n

(k
).

U
si

n
g

eq
u
at

io
n

(1
)

an
d

th
e

d
efi

n
it

io
n

of
A

(M
)

an
d
M̂

,
on

e
ge

ts
∥ ∥ ∥f̂

(M̂
)
−
f
∗∥ ∥ ∥

2
≤

(A
(M

)
+
σ

(M̂
))

+
(A

(M̂
)

+
σ

(M
))

+
σ

(M
)

+
∥ ∥ ∥f
∗,

(M
)
−
f
∗∥ ∥ ∥

2

≤
2
A

(M
)

+
4
σ

(M
)

+
∥ ∥ ∥f
∗,

(M
)
−
f
∗∥ ∥ ∥

2
.

T
h
en

,
n
ot

ic
e

th
at
A

(M
)

ca
n

b
e

b
ou

n
d
ed

b
y

A
(M

)
≤

su
p

M
′

{∥ ∥ ∥
f̂

(M
′ )
−
f
∗,

(M
′ )
∥ ∥ ∥ 2

+
∥ ∥ ∥f̂

(M
∧M

′ )
−
f
∗,

(M
∧M

′ )
∥ ∥ ∥ 2
−
σ

(M
′ )
}

+
su

p
M
′

∥ ∥ ∥f
∗,

(M
′ )
−
f
∗,

(M
∧M

′ )
∥ ∥ ∥ 2
.

S
in

ce
σ

is
n
on

d
ec

re
as

in
g,
σ

(M
∧
M
′ )
≤
σ

(M
′ )

,
so

th
at

th
e

fi
rs

t
te

rm
is

u
p
p

er
b

ou
n
d
ed

b
y

ze
ro

th
an

k
s

to
eq

u
at

io
n

(1
).

T
h
e

se
co

n
d

te
rm

ca
n

b
e

co
n
tr

ol
le

d
si

n
ce

th
e

or
th

og
on

al
p
ro

je
ct

io
n

is
a

co
n
tr

ac
ti

on
.

T
h
is

le
ad

s
to

A
(M

)
≤
∥ ∥ ∥f
∗
−
f
∗,

(M
)∥ ∥ ∥

2
,

(2
)

w
h
ic

h
is

en
ou

gh
to

co
n
cl

u
d
e.

R
e
m

a
rk

3
T

h
e

o
ra

cl
e

in
eq

u
a
li

ty
a
ls

o
h
o
ld

s
w

h
en

ta
ki

n
g

A
k
(M

)
=

su
p

M
′ ≥
M

{∥ ∥ ∥
f̂

(M
′ )

k
−
f̂

(M
)

k

∥ ∥ ∥ 2
−
σ

(M
′ )
} +

.

R
e
m

a
rk

4
N

o
te

th
a
t
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p
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.
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.
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p
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ra
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s
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p
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.
In

S
ec

ti
on

3.
1,

w
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.
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p
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w
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p
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b
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p
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∈
X

an
d
M
∈
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⊂
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p
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b
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b
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d
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b
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d
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at
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p
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b
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d
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p
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d
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p
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p
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h
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h
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ra
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n
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∈
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b
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′ ∈
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m c
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m c
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h
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n
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n
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m
1
:

S
p

ectral
estim

ation
of
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d
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servation

s
(Y

1 ,...,Y
n

+
2 ),

tw
o

d
im

en
sion

s
m
≤
M

,
an

o
rth

on
orm

al
b
asis

(ϕ
1 ,...,ϕ

M
)

an
d

n
u
m

b
er

of
retries

r.

R
e
su

lt:
S
p

ectral
estim

ators
(f̂

(M
,r

)
k

)
k∈X
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b
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b
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p
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=
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P̂
m
,m

Û
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b∈
[M

].

[S
te

p
4
]

C
on

stru
ct

a
m

atrix
Ô
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∈
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∈
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/
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+
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d
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ra
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b
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con
verge
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[∥∥∥
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p
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ra
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H
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≥
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+
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p
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d
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b
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b
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p
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∈
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+
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‖

22 ≤
C
σ
η

23 (m
M
,M

) (1
+
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n
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σ
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√
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≥
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b
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+
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/
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−
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+
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+
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/
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p
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so
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p
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e
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ou
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e
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p
er

m
u
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at
w

it
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p
ro

b
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il
it

y
1
−
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−

(1
+

2
α
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fo

r
al

l
k
∈
X

,

‖f̂
sb

s
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)
−
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4
in

f
M

1
≤
M
≤
M

m
a
x

{‖
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(M
)
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−
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+
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f
M
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m
a
x

{
M
−
s k

+

√
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n
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O
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n

lo
g
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/
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+
2
s k

))
,

w
h
er

e
th

e
tr
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eo

ff
is

re
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h
ed

fo
r
M
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(

n
lo

g
(n

)4
)1
/
(1

+
2
s k

) ,
w

h
ic

h
is
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1
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m
a
x
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r
n
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rg

e
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ou
gh

.
F

in
al
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,

w
ri
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A

th
e

ev
en

t
of

p
ro

b
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il
it

y
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al
le

r
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an
6
n
−

(1
+

2
α

)
w

h
er

e
[H

(6
n
−

(1
+
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d
o
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n
’t

h
ol

d
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th
en

fo
r
n

la
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e
en

ou
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an
d
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r
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l
k
∈
X
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E
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(−
n
α
)
∨

(f̂
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s
τ n

(k
)
∧
n
α
)
−
f
∗ k∥ ∥ ∥2 2
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E
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∥ ∥ ∥f̂
sb
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(k
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A

c
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2
α

+
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2 2
)]

=
O

(
(

n

lo
g
(n
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+
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.
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b
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b
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p
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∈
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p
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n
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re
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b
y
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t
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r
ϕ
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p
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p
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t
F
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∫
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∑
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∑
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∞
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∈
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∈
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∈
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K ∑

k
1
,k

2
,k

3
=
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b
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=
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d
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p
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p
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p
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d
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p
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d
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p
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e
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b
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b
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p
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p
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e

d
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p
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p
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b
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√
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√
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∈
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d
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p
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d
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d
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d
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p
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d
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p
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≤
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r
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+
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b
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e

fi
n
al

es
ti

m
at

or
fo

r
ea

ch
em

is
si

on
d
en

si
ty

.
T

h
e

m
ai

n
re

a
so

n
fo

r
u
si

n
g

sp
ec

tr
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m
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p
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u
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p
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b
le

.

W
e

m
ad

e
30

0
si

m
u
la

ti
on

s,
20

p
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×
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×
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1
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E
m
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d
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In
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follow
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g
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res,
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e
u
n
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d
istrib
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e
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e

B
eta

d
istrib
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e
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lin
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d

th
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B
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d
istrib

u
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to
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b
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e
lin
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P
e
n

a
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C
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lib

ra
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It
is

im
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n
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h
en

con
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erin
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ectral

an
d
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u
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m
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o
d
s,

th
e

p
en

a
lty

σ
in

th
e

state-b
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-state
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p
ro

ced
u
re

d
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en
d
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e
h
id

d
en
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of
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e
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M
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n
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n
k
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n
in
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T

h
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p
en

alty
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p
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b
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w

ell
k
n
ow

n
a
n
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th
e
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th
e

d
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p
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o
d
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for
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B
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et
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)

an
d
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).
In
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e

follow
in

g,
w

e
w

ill
u
se

th
e

d
im

en
sion

ju
m

p
m

eth
o
d

to
calib
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e
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e
state-b
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p
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ced
u
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C
o
n
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er
a

p
en
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p
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a
p

e
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d
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n
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)
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e
m

o
d
el
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e

h
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d
en
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k

b
y

th
e

state-b
y
-state
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estim

ator
u
sin

g
th

e
p

en
alty

ρ
p

en
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a
p
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k (ρ

)∈
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m
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M
∈M

{A
k (M

)
+

2
ρ

p
en

sh
a
p

e (M
)}.

w
h
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A
k (M

)
=
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p

M
′∈M

{ ∥∥∥
f̂

(M
′)

k
−
f̂
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∧
M
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k

∥∥∥
2 −

ρ
p

en
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a
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T
h
e

d
im

en
sion

ju
m

p
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eth
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p
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a
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h
is

m
ean

s
th

at
for

all
ρ
<
C

,
th

e
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)
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b
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ρ
>
C

,
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e
m
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d
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rem
ain
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T
h
is
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m

p
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n
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a
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e
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e
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M̂
k (ρ

).
T
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n
a
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e
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e
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u
s

1
9

JM
L

R
 19(39):1-46, 2018

L
e
h
é
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e
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o
d
el
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(2ρ
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p
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M̂
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F
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2
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e
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g
d
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ju
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p
s

for
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2
20
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E
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b
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b
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p
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lts

d
o

n
ot

su
ggest

th
at

th
e

p
en

alty
con

stan
t

is
d
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p
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e
con

stan
t

for
all

states
togeth

er
u
sin

g
on

ly
th

e
latest

ju
m

p
.

T
h
is

con
sists

in
tak

in
g

th
e

m
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p
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con
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con
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op
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d
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d
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c
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n
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=
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∥∥∥
2 −

σ
(M
′) }

+

follow
ed

b
y

M̂
k ∈

arg
m

in
M
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d
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b
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p
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n
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.
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al.(2017)

sh
ow

th
at

th
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d
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b
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e

an
alog

of
th

e
largest

m
o
d
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h
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b
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p
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e
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b
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b
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rep
eated

m
easu

rem
en

t,
see

for
in

stan
ce

B
on

h
om

m
e

et
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d
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con
d
ition

ally
to

U
,

th
e
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u
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con
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d
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p
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d
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R
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d
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d
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b
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b
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l
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p
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algorith
m

.
I

w
o
u
ld

a
lso

lik
e

to
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éop
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p
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L
e
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A
lg

o
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:

S
p
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estim
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th
e

em
ission

d
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a
H

M
M
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a
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M
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b
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S
p
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)
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k∈X
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d
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e
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p
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estim
ators:

for
an

y
a
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]
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)
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1
ϕ
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•
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m
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1n ∑

ns=
1
ϕ
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2 )

•
N̂
m
,M

(a
,b)

:=
1n ∑

ns=
1
ϕ
a (Y

s )ϕ
b (Y

s+
1 )

•
P̂
m
,m

(a
,c)

:=
1n ∑
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b
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b
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m
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atrices

for
all

b∈
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(b)
:=

(Û
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P̂
m
,m

Û
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.
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r
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)
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Ĉ
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∑
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Ĉ
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Ĉ
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Λ̂
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1
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Ĉ
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)R̂
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Λ̂
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Ô
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M

Θ
i0 Λ̂
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[S
te

p
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C
on
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th
e

em
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d
en
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estim
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(f̂
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k
)
k∈X

d
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n
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b
y
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k
∈
X

,
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)
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∑
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1
Ô
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p
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L
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Ô
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b
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e
m
×
K

m
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g
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e

fi
rst

m
row

s
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Ô
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S
et

π̂
=

Π
∆
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(Û
>m

Ô
m
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1Û
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w
h
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Π
∆
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e
L

2
p
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e
p
rob

ab
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p
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.

[S
te

p
9
]

L
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Q̂
b

e
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e
tran

sition
m

atrix
d
efi

n
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b
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=

Π
T

M
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Ô
m

D
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1Û
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M

(Ô
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M
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w
h
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Π
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M
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e
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set
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tran
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e
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e
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ab
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p
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∥∥∥
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∥∥∥
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∥∥∥
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∥∥∥
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e
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∥ ∥ ∥ ∥f̂
(M

)

τ
−
1

n
,M

(k
′ )
−
f̂

(M
0
)

τ
−
1

n
,M

0
(k

)∥ ∥ ∥ ∥ 2

>

∥ ∥ ∥ ∥f̂
(M

)

τ
−
1

n
,M

(k
)
−
f̂

(M
0
)

τ
−
1

n
,M

0
(k

)∥ ∥ ∥ ∥ 2
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∈
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τ̂
(M

)
=
τ
−

1
n
,M
◦τ

n
,M

0
.

T
h
u
s,

on
e

h
a
s

m
ax

k
∈X

∥ ∥ ∥f̂
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=
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∥ ∥ ∥ ∥f̂
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∥ ∥ ∥f
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)∥ ∥ ∥ ∥ 2
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∥ ∥ ∥f
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−
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σ
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h
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h
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d
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d
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e

le
ft

a
n

d
ri

gh
t

si
n
gu

la
r

ve
ct

or
s

of
N̂
m
,M

in
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e
ri

gh
t

si
n
gu

la
r

v
ec

to
rs

of
P̂
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ra
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d
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ra
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p
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p
ar

at
es

th
e

ei
ge

n
va

lu
es

of
al

l
Ĉ
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b
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b
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d
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a

1
4

F
o
r

a
ll
x
>

0
a
n

d
r
∈
N
∗ ,

P

[ ∀k
,k

1
6=
k

2
,|Λ̂

i 0
(k
,k

1
)
−

Λ̂
i 0

(k
,k

2
)|
≥

2e
−
x
/
r
(1
−
ε2 N

m
,M

)1
/
2

√
eK

5
/
2
(K
−

1)
γ

(O
M

)]
≥

1
−
e−

x

a
n

d

P

[ ‖Λ̂
i 0
‖ ∞
≥

1
+
√

2√
x

+
lo

g
(K

2
r)

√
K

‖O
M
‖ 2
,∞

]
≤
e−

x
,

T
h
e

n
o
ta

ti
o
n

s
ε N

m
,M

(o
r
ε P

M
in

th
e

o
ri

gi
n

a
l

p
ro

o
f)

,
γ

(O
M

)
et
‖O

M
‖ 2
,∞

a
re

in
tr

od
u

ce
d

in
D

e
C

a
st

ro
et

a
l.

(2
0
1
7
).

U
si

n
g

th
is

le
m

m
a,

th
ei

r
p
ro

of
le

ad
s

to
ou

r
re

su
lt

b
y

ta
k
in

g
r

=
x

=
t.
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L
e
h
é
r
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y

B
.3

D
e
fi

n
it

io
n

o
f

th
e

P
o
ly

n
o
m

ia
l
H

B
.3

.1
D

e
f
in

it
io

n

W
e

p
ar

am
et

er
iz

e
th

e
ap

p
li
ca

ti
on

(π
,Q

,f
)
∈

∆
×
Q
×

S
p
an

(f
∗ )
K
7−→
‖g
π
,Q
,f
−
g
π
∗ ,
Q
∗ ,
f∗
‖2 2

(3
)

in
th

e
fo

ll
ow

in
g

w
ay

.
F

or
p
∈
R
K
−

1
,
q
∈
R
K
×

(K
−

1
)

an
d
A
∈
R
K
×

(K
−

1
) ,

d
efi

n
e

th
e

ex
te

n
si

o
n
s

•
p̄
∈
R
K

d
efi

n
ed

b
y
p̄
(k

)
=
p
(k

)
fo

r
al

l
k
∈

[K
−

1]
an

d
p̄
(K

)
=
−
∑

k
∈[
K
−

1
]
p
(k

);

•
q̄
∈
R
K
×
K

b
y
q̄(
k
,K

)
=
−
∑

k
′ ∈

[K
−

1
]
q(
k
,k
′ )

;

•
Ā
∈
R
K
×
K

b
y
Ā

(k
,K

)
=
−
∑

k
′ ∈

[K
−

1
]
A

(k
,k
′ )

.

p̄
co

rr
es

p
on

d
s

to
π
−
π
∗ ,
q̄

to
Q
−

Q
∗

an
d
A

to
th

e
co

m
p

on
en

ts
of

f
−

f∗
o
n

f∗
(w

h
ic

h
is

a
b
as

is
as

so
on

as
[H

id
]

h
ol

d
s)

.
T

h
e

co
n
d
it

io
n

on
th

e
la

st
co

m
p

on
en

t
of
p̄

a
n
d

o
f

ea
ch

li
n
e

of
q̄

an
d
Ā

fo
ll
ow

s
fr

om
th

e
fa

ct
th

at
p̄

co
rr

es
p

on
d
s

to
th

e
d
iff

er
en

ce
of

tw
o

p
ro

b
a
b
il
it

y
ve

ct
or

s,
q̄

co
rr

es
p

on
d
s

to
th

e
d
iff

er
en

ce
of

tw
o

tr
an

si
ti

on
m

at
ri

ce
s

an
d
Ā

co
rr

es
p

o
n
d

to
th

e
d
iff

er
en

ce
of

tw
o

v
ec

to
rs

of
p
ro

b
ab

il
it

y
d
en

si
ti

es
on

a
b
as

is
of

p
ro

b
ab

il
it

y
d
en

si
ti

es
.

T
h
en

,
co

n
si

d
er

th
e

q
u
ad

ra
ti

c
fo

rm
d
er

iv
ed

fr
om

th
e

T
ay

lo
r

ex
p
an

si
on

of

(p
,q
,A

)
∈
R
K
−

1
×

R
K
×

(K
−

1
)
×

R
(K
−

1
)×
K
7−→
‖g
π
∗ +
p̄
,Q
∗ +
q̄
,f

+
Ā
f∗
−
g
π
∗ ,
Q
∗ ,
f∗
‖2 2
.

L
et
M

b
e

th
e

m
at

ri
x

as
so

ci
at

ed
to

th
is

q
u
ad

ra
ti

c
fo

rm
.

W
e

d
efi

n
e
H

as
th

e
d
et

er
m

in
an

t
of
M

.
D

ir
ec

t
co

m
p
u
ta

ti
on

s
sh

ow
th

at
H

is
a

p
ol

y
n
om

ia
l

in
th

e
co

effi
ci

en
ts

o
f
π
∗ ,

Q
∗

a
n
d

G
(f
∗ )

.

B
.3

.2
L

in
k

b
e
t
w

e
e
n
H

a
n
d

t
h
e

Q
u
a
d
r
a
t
ic

F
o
r
m

f
r
o
m

E
q
u
a
t
io

n
(3

)

T
h
e

go
al

of
th

is
se

ct
io

n
is

to
sh

ow
h
ow

H
ca

n
b

e
u
se

d
to

lo
w

er
b

ou
n
d

th
e

q
u
ad

ra
ti

c
fo

rm
fr

o
m

E
q
u
at

io
n

(3
)

b
y

a
p

os
it

iv
e

co
n
st

an
t

ti
m

es
th

e
d
is

ta
n
ce

b
et

w
ee

n
(π
,Q

,f
)

an
d

(π
∗ ,

Q
∗ ,

f∗
).

W
e

w
il
l

n
ot

n
ee

d
th

e
as

su
m

p
ti

on
s

[H
id

],
[H

F
]

or
[H

d
e
t]

u
n
le

ss
sp

ec
ifi

ed
ot

h
er

w
is

e.
L

et
u
s

st
ar

t
b
y

th
e

re
la

ti
on

b
et

w
ee

n
th

e
n
or

m
s

of
(p
,q
,A

)
an

d
(p̄
,q̄
,Ā

).

L
e
m

m
a

1
5

F
o
r

a
ll

(p
,q
,A

)
∈
R
K
−

1
×

R
K
×

(K
−

1
)
×

R
(K
−

1
)×
K

,

‖p
‖2 2
≤
‖p̄
‖2 2
≤
K
‖p
‖2 2
,

‖q
‖2 F
≤
‖q̄
‖2 F
≤
K
‖q
‖2 F
,

‖A
‖2 F
≤
‖Ā
‖2 F
≤
K
‖A
‖2 F
.

P
ro

o
f
‖p
‖2 2
≤
‖p̄
‖2 2

is
im

m
ed

ia
te

.
T

h
en

,

‖p̄
‖2 2

=
‖p
‖2 2

+

 
∑

k
∈[
K
−

1
]

p
(k

) 
2

≤
‖p
‖2 2

+
(K
−

1)
∑

k
∈[
K
−

1
]

p
(k

)2

=
K
‖p
‖2 2
.
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T
h
e

p
ro

o
f

is
th

e
sam

e
for

q
an

d
A

.

T
h
e

n
ex

t
lem

m
a

w
ill

b
e

u
sed

to
lin

k
th

e
n
orm

s
of
A

an
d
A

f.

L
e
m

m
a

1
6

F
o
r

a
ll
Ā
∈
R
K
×
K

a
n

d
f ∗∈

(L
2(Y

,µ
))
K

,

σ
K

(G
(f ∗))‖Ā‖

2F
≤
∑k∈X
‖
(Ā

f ∗)
k ‖

22 ≤
K
‖G

(f ∗)‖∞
‖
Ā‖

2F

P
ro

o
f

F
o
r

th
e

fi
rst

in
eq

u
ality,

w
e

u
se

th
at

for
all

k
∈
X

,

‖
(Ā

f ∗)
k ‖

22
=
Ā

(k
,·)G

(f ∗)Ā
(k
,·) >

≥
σ
K

(G
(f ∗))‖

Ā
(k
,·)‖

22

a
n
d

th
e

in
eq

u
a
lity

follow
s

b
y

su
m

m
in

g
over

k
.

F
o
r

th
e

seco
n
d

in
eq

u
ality,

∑k∈X
‖
(Ā

f ∗)
k ‖

22
=
∑k∈

[K
] ∫

(Ā
f ∗)

k (x
)
2µ

(d
x

)

=
∑k∈

[K
] ∫

∑j∈

[K
] Ā

(k
,j)f

∗j (x
) 

2

µ
(d
x

)

≤
∑k∈

[K
] ∫

K
∑j∈

[K
] Ā

(k
,j)

2(f
∗j )

2(x
)µ

(d
x

)

≤
K


∑k
,j∈

[K
] Ā

(k
,j)

2 
su

p
j∈X

∫
(f
∗j )

2(x
)µ

(d
x

)

=
K
‖
Ā‖

2F ‖G
(f ∗)‖∞

.

F
in

a
lly,

w
e

w
ill

u
se

th
e

follow
in

g
resu

lt
of

L
eh

éricy
(to

ap
p

ear)
(S

ection
B

.2)
in

ord
er

to
u
p
p

er
b

o
u
n
d

th
e

sp
ectru

m
of

th
e

m
atrix

M
.

L
e
m

m
a

1
7

F
o
r

a
ll
π

1 ,π
2 ∈

∆
,

fo
r

a
ll

Q
1 ,Q

2 ∈
Q

a
n

d
fo

r
a
ll

f1 ,f2 ∈
(L

2(Y
,µ

))
K

,

‖
g
π
1
,Q

1
,f1−

g
π
2
,Q

2
,f2‖

2 ≤
√

3
K

(‖G
(f1 )‖

3∞
∨
‖
G

(f2 )‖
3∞

)d
perm

((π
1 ,Q

1 ,f1 ),(π
2 ,Q

2 ,f2 ))

T
o
g
eth

er,
th

ese
resu

lts
im

p
ly

th
at

for
all

(p
,q,A

),

‖g
π
∗
+
p̄
,Q
∗
+
q̄
,f ∗

+
Ā
f ∗−

g
π
∗
,Q
∗
,f ∗‖

22

≤
3
K

(‖G
(f ∗

+
Ā

f ∗)‖
3∞
∨
‖
G

(f ∗)‖
3∞

)(‖
p̄‖

22
+
‖q̄‖

2F
+
∑k∈X
‖(Ā

f)
k ‖

2F
)

≤
3
K
‖
G

(f ∗)‖
3∞

(1
+
K

2‖
A‖

2F
)
3(K
‖
p‖

22
+
K
‖q‖

2F
+
K

2‖G
(f ∗)‖∞

‖
A‖

2F
)

39
JM

L
R

 19(39):1-46, 2018

L
e
h
é
r
ic

y

so
th

at
σ

1 (M
)≤
√

3
K

3(1∨
‖
G

(f)‖
2∞

).
S
in

ce
H

=
∏

(K
−

1
)(2
K

+
1
)

i=
1

σ
i (M

),
on

e
h
as

σ
(K
−

1
)(2
K

+
1
) (M

)≥
H

(3K
3(1∨

‖
G

(f)‖
4∞

))
K

2−
K
/
2
.

N
ow

,
assu

m
e

th
at

[H
id

]
h
old

s,
so

th
at
σ
K

(G
(f ∗))

>
0,

th
en

‖
g
π
∗
+
p̄
,Q
∗
+
q̄
,f ∗

+
Ā
f ∗−

g
π
∗
,Q
∗
,f ∗‖

22 ≥
σ

(K
−

1
)(2
K

+
1
) (M

)(‖
p‖

22
+
‖q‖

2F
+
‖A‖

2F
)

+
o(‖

p‖
22

+
‖q‖

2F
+
‖A‖

2F
)

≥
σ

(K
−

1
)(2
K

+
1
) (M

)

1∧
K
‖
G

(f ∗)‖∞

(
‖
p̄‖

22
+
‖q̄‖

2F
+
∑k∈X
‖(Ā

f ∗)
k ‖

2F )

+
o (

1

1∧
σ
K

(G
(f ∗)) (

‖p̄‖
22

+
‖
q̄‖

2F
+
∑k∈X
‖
(Ā

f ∗)
k ‖

2F )
)

an
d

fi
n
ally

‖g
π
∗
+
p̄
,Q
∗
+
q̄
,f ∗

+
Ā
f ∗−

g
π
∗
,Q
∗
,f ∗‖

22

≥
c

2 (π
∗,Q

∗,f ∗) (
‖p̄‖

22
+
‖q̄‖

2F
+
∑k∈X
‖(Ā

f ∗)
k ‖

2F )

+
o (
‖
p̄‖

22
+
‖q̄‖

2F
+
∑k∈X
‖(Ā

f ∗)
k ‖

2F )
(4)

w
h
ere

c
2 (π
∗,Q

∗,f ∗)
=

H

(1∧
K
‖G

(f ∗)‖∞
)(3
K

3(1∨
‖
G

(f ∗)‖
4∞

))
K

2−
K
/
2

is
p

ositive
as

so
on

as
[H

id
]

an
d

[H
d

e
t]

h
old

.

B
.4

P
ro

o
f

o
f

T
h

e
o
re

m
1
0

L
et

N
f (p
,q,h

)
=
‖
g
π
∗
+
p
,Q
∗
+
q
,f+

h−
g
π
∗
,Q
∗
,f‖

22

an
d

‖(p
,q,h

)‖
2f

=
d

p
erm

((π
∗

+
p
,Q
∗

+
q,f

+
h

),(π
∗,Q

∗,f))
2.

W
e

w
an

t
to

sh
ow

th
at

th
ere

ex
ists

a
con

stan
t
c ∗
>

0
su

ch
th

at
th

ere
ex

ists
a

n
eigh

b
orh

o
o
d

V
of

f ∗
su

ch
th

at
if

on
e

w
rites

c
f

:=
in

f
p∈

(∆
−

∆
),
q∈

(Q
−
Q

),
h∈

(F
−
F

)
K

N
f (p
,q,h

)

‖(p
,q,h

)‖
2f

th
en

in
f
f∈V

c
f ≥

c ∗.
T

h
e

p
ro

of
follow

s
th

e
stru

ctu
re

of
th

e
p
ro

of
of

T
h
eo

rem
6

of
D

e
C

astro
et

al.
(2016

).
It

con
sists

of
th

ree
step

s:
th

e
fi
rst

on
e

con
trols

th
e

com
p

on
en

t
of

h
th

a
t

is
orth

ogon
al

to
f.

T
h
is

m
akes

it
p

ossib
le

to
restrict

h
to

th
e

fi
n
ite-d

im
en

sion
al

sp
ace

sp
an

n
ed

b
y

f
in

th
e

tw
o

oth
er

p
arts.

T
h
e

secon
d

step
con

trols
th

e
case

w
h
en

h
is

sm
all,

so
th

at
th

e
b

eh
av

iou
r

of
N

f

is
given

b
y

its
q
u
ad

ratic
form

,
an

d
th

e
last

step
con

trols
th

e
case

w
h
ere

h
is

far
from

zero.

4
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S
t
a
t
e
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y
-s

t
a
t
e

M
in

im
a
x

H
M

M
E

st
im

a
t
io

n

B
.4

.1
T

h
e

O
r
t
h
o
g

o
n
a
l

P
a
r
t

L
et

u
b

e
th

e
or

th
og

on
al

p
ro

je
ct

io
n

of
h

on
S
p
an

(f
).

T
h
en

N
f
(p
,q
,h

)
=
N

f
(p
,q
,u

)
+
M

f
(p
,q
,u
,h
−

u
)

w
h
er

e

M
f
(p
,q
,u
,a

)
=

∑

i 1
,j
1
,k

1

∑

i 2
,j
2
,k

2

(π
∗

+
p
)(
i 1

)(
Q
∗

+
q)

(i
1
,j

1
)(

Q
∗

+
q)

(j
1
,k

1
)

(π
∗

+
p
)(
i 2

)(
Q
∗

+
q)

(i
2
,j

2
)(

Q
∗

+
q)

(j
2
,k

2
)

( 〈
a
i 1
,a
i 2
〉〈

(f
+
u

) j
1
,(
f

+
u

) j
2
〉〈

(f
+
u

) k
1
,(
f

+
u

) k
2
〉

+
〈(
f

+
u

) i
1
,(
f

+
u

) i
2
〉〈
a
j 1
,a
j 2
〉〈

(f
+
u

) k
1
,(
f

+
u

) k
2
〉

+
〈(
f

+
u

) i
1
,(
f

+
u

) i
2
〉〈

(f
+
u

) j
1
,(
f

+
u

) j
2
〉〈
a
k
1
,a
k
2
〉

+
〈a
i 1
,a
i 2
〉〈
a
j 1
,a
j 2
〉〈

(f
+
u

) k
1
,(
f

+
u

) k
2
〉

+
〈a
i 1
,a
i 2
〉〈

(f
+
u

) j
1
,(
f

+
u

) j
2
〉〈
a
k
1
,a
k
2
〉

+
〈(
f

+
u

) i
1
,(
f

+
u

) i
2
〉〈
a
j 1
,a
j 2
〉〈
a
k
1
,a
k
2
〉

+
〈a
i 1
,a
i 2
〉〈
a
j 1
,a
j 2
〉〈
a
k
1
,a
k
2
〉)
.

L
et

u
s

w
ri

te
Π
′

th
e

m
at

ri
x

w
h
os

e
d
ia

go
n
al

te
rm

s
ar

e
th

e
el

em
en

ts
of
π
∗

+
p

a
n
d

Q
′

th
e

m
at

ri
x

Q
∗

+
q,

th
en

M
f

ca
n

b
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+
p
k
)σ
K

(Q
∗ +
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+
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+
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+
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b
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d
efi

n
ed

in
S
ec

ti
on
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∑
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‖
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‖
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h
old

for
(π
∗,Q

∗,f)
a
n
d

su
ch

th
a
t

‖(p
,q,u

)‖
f ≤

ε(π
∗,Q

∗,f)
⇒

N
f (p
,q,h

)

‖(p
,q,h

)‖
2f

≥
c

0 (Q
∗,π
∗,f).

T
h
u
s,

th
ere

ex
ists

p
ositive

con
stan

ts
ε
0

an
d
c

n
ea

r
d
ep

en
d
in

g
on

Q
∗,
π
∗

an
d

f ∗
su

ch
th

at

∀
(p
,q,h

,f)∈
(∆
−

∆
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∆
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∈

S
pa

n
(f)

K
is

u
n

ifo
rm

ly
co

n
tin

u
o
u

s
fo

r
th

e
n

o
rm
‖·‖
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ré

E
P

u
n
t,

H
en

ri
W

ei
m

er
sk

ir
ch

,
an

d
S
op

h
ie

B
er

tr
an

d
.

M
ov

em
en

t
m

o
d
el

s
p
ro

v
id

e
in

si
gh

ts
in

to
va

ri
at

io
n

in
th

e
fo

ra
gi

n
g

eff
or

t
of

ce
n
tr

al
p
la

ce
fo

ra
ge

rs
.

E
co

lo
gi

ca
l

m
od

el
li

n
g,

28
6:

13
–2

5,
20

14
.

Y
oh

an
n

D
e

C
as

tr
o,

É
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u
z

et
al.

(2011)
an

d
w

o
rd

em
b

ed
d
in

g
M

iko
lov

et
a
l.

(2013b
),

w
h
ose

con
n
ection

s
w

e
m

ake
p
recise

in
S
ection

6.
M

o
tiva

ted
b
y

recen
t

ad
van

ces
in

learn
in

g
low

-ra
n
k

m
o
d
els,

e.g
.

N
egah

b
an

et
al.

(2
009);

D
aven

p
o
rt

et
a
l.

(2014),
w

e
ask

th
e

fu
n
d
am

en
tal

q
u
estion

of
learn

in
g

th
e

M
N

L
m

o
d
el

from
d
a
ta

o
n

com
p
a
rison

s
an

d
ch

oices.
W

e
p
rov

id
e

a
gen

eral
fram

ew
ork

u
sin

g
con

vex
relax

a
tion

s
fo

r
lea

rn
in

g
th

e
m

o
d
el.

A
s

d
ata

is
collected

in
variou

s
form

s
on

m
o
d
ern

so
cial

com
p
u
tin

g
sy

stem
s,

w
e

co
n
sid

er
th

e
follow

in
g

fou
r

can
on

ical
scen

arios:

•
P

a
irw

ise
co

m
pa

riso
n

s.
T

h
e

m
ost

sim
p
le

an
d

can
on

ical
p
iece

of
ord

in
al

d
ata

on
e

ca
n

collect
fro

m
a

u
ser

at
a

tim
e

is
a

p
airw

ise
com

p
arison

;
given

tw
o

op
tion

s,
w

e
ask

th
e

u
ser

w
h
ich

on
e

is
b

etter.
S
u
ch

d
ata

is
p
revalen

t
in

th
e

real
w

orld
an

d
is

th
e

m
ost

p
o
p
u
la

r
scen

ario
stu

d
ied

in
ran

k
in

g
literatu

re,
e.g.

S
h
ah

et
al.

(2014).
H

ow
ev

er,
on

e
sig

n
ifi

ca
n
t

asp
ect

of
th

e
real

d
ata

th
at

h
as

n
ot

b
een

ad
d
ressed

in
th

e
literatu

re
is

irreg
u
la

rities
in

th
e

sam
p
lin

g.
C

on
sid

er
an

on
lin

e
seller

w
ith

variou
s

p
ro

d
u
cts,

say
cars

a
n
d

w
atch

es.
It

d
o
es

n
ot

m
ake

sen
se

to
ask

a
u
ser

to
com

p
are

a
car

an
d

a
w

a
tch

;
o
n
e

can
n
ot

sam
p
le

an
ou

tcom
e

of
a

com
p
arison

b
etw

een
a

w
atch

an
d

a
car.

H
ow

ev
er,

k
n
ow

in
g

a
u
ser’s

p
referen

ce
on

cars
can

h
elp

in
lea

rn
in

g
h
er

p
referen

ce
on

w
a
tch

es.
W

e
w

an
t

to
p
rop

ose
a

m
o
d
el

an
d

d
esign

an
in

feren
ce

algorith
m

th
at

can
ta

ke
in

to
accou

n
t

su
ch

restriction
s

in
sam

p
lin

g.
W

e
fu

rth
er

w
an

t
to

q
u
an

tify
th

e
g
a
in

in
u
sin

g
all

su
ch

d
ata

togeth
er

in
in

feren
ce,

as
op

p
osed

to
ru

n
n
in

g
in

feren
ce

in
each

ca
tegory

sep
arately.

T
o

th
is

en
d
,

w
e

p
rop

ose
a

n
ew

m
o
d
el

for
sam

p
lin

g
th

at
w

e
call

gra
p
h

sa
m

p
lin

g.
T

h
is

m
o
d
el

ex
p
lain

s
su

ch
irregu

larities
in

th
e

real
w

o
rld

d
ata.

W
e

p
ro

p
o
se

a
n
ov

el
in

feren
ce

algorith
m

tailored
for

th
e

given
sam

p
lin

g
p
attern

.
O

u
r

a
n
aly

sis
cap

tu
res

p
recisely

h
ow

th
e

accu
racy

d
ep

en
d
s

on
th

e
d
iff

eren
t

top
ologies

of
th

e
sam

p
lin

g.

•
H

igh
er

o
rd

er
co

m
pa

riso
n

s.
C

on
sid

er
an

on
lin

e
m

arket
th

at
collects

each
of

its
u
ser’s

p
referen

ce
as

a
ran

k
in

g
over

a
su

b
set

of
item

s
th

at
is

‘seen
’

b
y

th
e

u
ser.

S
u
ch

d
ata

ca
n

b
e

o
b
tain

ed
b
y

d
irectly

ask
in

g
to

com
p
are

som
e

item
s,

or
b
y

in
d
irectly

track
in

g
o
n
lin

e
a
ctiv

ities
on

w
h
ich

item
s

a
re

v
iew

ed
,
h
ow

m
u
ch

tim
e

is
sp

en
t

on
th

e
p
a
ge

or
h
ow

th
e

u
ser

rated
th

e
item

s.
H

ow
ever,

collectin
g

su
ch

com
p
arison

s
ov

er
m

u
ltip

le
item

s
m

igh
t

co
m

e
at

a
cost.

W
e,

th
erefore,

w
a
n
t

to
q
u
an

tify
th

e
gain

in
th

e
accu

racy
of

th
e

in
feren

ce
w

h
en

h
igh

er
ord

er
com

p
a
rison

ou
tcom

es
are

collected
.

W
e

ch
aracterize

th
e

o
p
tim

al
trad

e-off
b

etw
een

accu
racy

an
d

th
e

n
u
m

b
er

of
item

s
com

p
ared

,
an

d
sh

ow
th

a
t

ou
r

p
rop

osed
algorith

m
seam

lessly
gen

eralizes
to

th
is

settin
g

an
d

also
ach

ieves
th

e
o
p
tim

al
trad

e-off
.

•
C

u
sto

m
er

ch
o
ices.

O
n
e

of
th

e
m

ost
w

id
ely

ap
p
licab

le
d
ata

collection
scen

arios
is

cu
s-

to
m

er
p
u
rch

ase
h
istory.

O
n
lin

e
an

d
offl

in
e

serv
ice

p
rov

id
ers

can
tra

ck
each

cu
stom

er
o
n

w
h
ich

su
b
set

of
item

s
is

off
ered

an
d

w
h
ich

item
is

ch
osen

.
G

iven
h
istorical

d
ata

on
su

ch
ch

o
ices

on
b

est-ou
t-of-a-su

b
set,

w
e

ex
tract

featu
res

on
th

e
u
sers

an
d

item
s

th
at

b
est

ex
p
la

in
s

th
e

collected
d
ata.

•
B

u
n

d
led

ch
o
ices.

A
n
oth

er
d
ata

collection
scen

ario
th

at
is

gain
in

g
in

terest
recen

tly
is

b
u
n
d
led

ch
oices

C
h
u

et
al.

(2011);
B

en
son

et
al.

(201
8).

T
y
p
ical

ch
oice

m
o
d
els

assu
m

e
th

a
t

th
e

w
illin

gn
ess

to
b
u
y

an
item

is
in

d
ep

en
d
en

t
of

w
h
at

else
th

e
u
ser

b
ou

gh
t.

In
m

a
n
y

ca
ses,

h
ow

ever,
w

e
m

ake
‘b

u
n
d
led

’
p
u
rch

a
ses:

w
e

b
u
y

p
articu

lar
in

gred
ien

ts
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N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

togeth
er

for
on

e
recip

e
or

w
e

b
u
y

tw
o

con
n
ectin

g
fl
igh

ts.
O

n
e

ch
oice

(th
e

fi
rst

fl
igh

t)
h
as

a
sign

ifi
can

t
im

p
act

on
th

e
oth

er
(th

e
con

n
ectin

g
fl
igh

t).
In

ord
er

to
op

tim
ize

th
e

assortm
en

t
(w

h
ich

fl
igh

t
sch

ed
u
les

to
o
ff

er)
for

m
ax

im
u
m

ex
p

ected
reven

u
e,

it
is

cru
cial

to
accu

rately
p
red

ict
th

e
w

illin
gn

ess
of

th
e

co
n
su

m
ers

to
p
u
rch

ase
b
u
n
d
led

item
s,

b
ased

on
p
ast

h
istory.

W
e

p
rop

ose
a

m
o
d
el

th
a
t

can
cap

tu
re

su
ch

in
teractin

g
p
referen

ces
for

b
u
n
d
led

item
s

(e.g.
jea

n
s

an
d

sh
irts),

an
d

u
se

th
is

m
o
d
el

to
ex

tract
th

e
featu

res
of

th
e

item
s

in
each

category
from

h
istorical

b
u
n
d
led

p
u
rch

ase
d
ata.

B
oth

ou
r

in
feren

ce
algorith

m
an

d
th

e
an

aly
ses

ex
ten

d
to

th
is

settin
g,

ach
iev

in
g

th
e

op
tim

al
trad

e-off
b

etw
een

sam
p
le

size
an

d
accu

racy.

C
o
n
trib

u
tio

n
.

W
e

fi
rst

stu
d
y

th
e

can
on

ical
scen

ario
of

p
airw

ise
com

p
arison

s
from

th
e

M
N

L
m

o
d
el

in
S
ection

3.
O

u
r

con
trib

u
tion

in
th

e
m

o
d
elin

g
is

a
n
ew

sam
p
lin

g
scen

ario
w

e
call

gra
p
h

sa
m

p
lin

g
th

at
cap

tu
res

h
ow

d
iff

eren
t

p
airs

of
item

s
h
ave

vary
in

g
likelih

o
o
d

of
b

ein
g

com
p
ared

togeth
er.

O
u
r

algorith
m

ic
con

trib
u
tion

is
a

con
vex

relax
atio

n
w

ith
a

n
ew

regu
larizer

u
sin

g
a

variation
of

th
e

stan
d
a
rd

n
u
clear

n
orm

tailored
for

th
e

grap
h

sam
p
lin

g
top

ology.
O

u
r

th
eoretical

con
trib

u
tion

is
in

th
e

an
aly

sis
of

th
e

p
rop

osed
estim

ator
an

d
a

m
atch

in
g

fu
n
d
am

en
tal

low
er

b
ou

n
d

(u
p

to
a

p
oly

-logarith
m

ic
factor).

T
h
is

(a
)

ch
a
racterizes

th
e

m
in

im
ax

sam
p
le

com
p
lex

ity
o
f

th
e

p
rob

lem
;

(b)
p
rov

es
th

at
th

e
p
rop

osed
estim

ator
can

n
ot

b
e

im
p
roved

u
p

on
;

an
d

(c)
id

en
tifi

es
h
ow

th
e

accu
racy

d
ep

en
d
s

on
th

e
top

ology
of

sam
p
lin

g.
T

h
is

in
tu

rn
p
rov

id
es

a
gu

id
elin

e
for

d
esign

in
g

su
rvey

s
w

h
en

on
e

h
as

a
ch

oice
on

w
h
ich

p
airs

are
to

b
e

com
p
ared

.
T

h
is

is
accom

p
an

ied
b
y

ex
p

erim
en

ts
on

sy
n
th

etic
an

d
real

d
ata

sets
con

fi
rm

in
g

ou
r

th
eoretical

p
red

iction
s.

T
h
is

fram
ew

ork
is

ex
ten

d
ed

to
h
igh

er
ord

er
com

p
arison

s
in

S
ectio

n
4.

W
e

estab
lish

m
in

im
ax

op
tim

ality
(u

p
to

a
p

oly
-logarith

m
ic

factor)
of

ou
r

estim
ator

an
d

id
en

tify
th

e
fu

n
d
am

en
tal

trad
e-off

b
etw

een
accu

racy
an

d
sam

p
le

size.
W

h
en

each
u
ser

p
rov

id
es

a
total

lin
ear

ord
erin

g
am

on
g
k

item
s,

w
e

sh
ow

th
a
t

th
e

req
u
ired

sam
p
le

size
eff

ectively
is

red
u
ced

b
y

a
factor

of
k
.

W
h
en

th
e

u
ser

p
rov

id
es

h
er

b
est

ch
oice

(as
in

p
u
rch

ase
h
isto

ry
)

in
stead

of
th

e
total

lin
ear

ord
erin

g,
w

e
ex

ten
d

ou
r

fram
ew

ork
an

d
estab

lish
m

in
im

ax
op

tim
ality

in
S
ection

5.2.
W

e
also

con
sid

er
a

b
u
n
d
led

p
u
rch

ase
scen

ario
in

S
ection

5,
w

h
ere

cu
stom

ers
b
u
y

p
airs

of
item

s
from

each
of

th
e

tw
o

categories.
W

e
ex

ten
d

ou
r

fra
m

ew
ork

an
d

estab
lish

m
in

im
ax

op
tim

ality
u
n
d
er

th
e

b
u
n
d
led

p
u
rch

ase
settin

g.
W

e
p
resen

t
ex

p
erim

en
tal

resu
lts

on
b

oth
sy

n
th

etic
an

d
real-w

orld
d
ata

sets
con

fi
rm

in
g

ou
r

th
eoretical

p
red

iction
s

an
d

sh
ow

in
g

th
e

im
p
rov

em
en

t
of

th
e

p
rop

osed
a
p
p
roach

in
p
red

ictin
g

u
sers’

ch
oices

1.

T
ech

n
ically,

w
e

b
orrow

an
aly

sis
to

ols
from

1-b
it

m
atrix

com
p
letion

D
aven

p
ort

et
a
l.

(2014),
m

atrix
com

p
letion

N
egah

b
an

an
d

W
ain

w
righ

t
(2012),

an
d

restricted
stron

g
con

-
vex

ity
N

egah
b
an

et
al.

(2009),
an

d
cru

cially
u
tilize

th
e

R
an

d
om

U
tility

M
o
d
el

(R
U

M
)

T
h
u
rston

e
(1927);

M
arsch

ak
(1960);

L
u
ce

(1959)
in

terp
retation

(ou
tlin

ed
in

S
ection

2.1)
of

th
e

M
N

L
m

o
d
el

to
p
rove

b
oth

th
e

u
p
p

er
b

ou
n
d

an
d

th
e

fu
n
d
am

en
tal

lim
it.

T
h
is

cou
ld

b
e

of
in

terest
to

an
aly

zin
g

m
ore

gen
eral

class
of

R
U

M
s.

N
o
ta

tio
n

s.
W

e
u
se
|||A|||F

an
d
|||A|||∞

to
d
en

ote
th

e
F

rob
en

iu
s

n
orm

an
d

th
e
`∞

n
orm

,
|||A|||n

u
c

=
∑

i σ
i (A

)
to

d
en

ote
th

e
n
u
clear

n
orm

w
h
ere

σ
i (A

)
d
en

otes
th

e
i-th

sin
gu

lar
valu

e,
an

d
|||A|||2

=
σ

1 (A
)

for
th

e
sp

ectral
n
orm

.
W

e
u
se
〈〈u
,v〉〉

=
∑

i u
i v
i

an
d
‖
u‖

to

1
.
C
o
d
e
fo
r
o
u
r
ex
p
erim

en
ts

a
re

ava
ila

b
le

a
t
h
ttp

s:/
/
g
ith

u
b
.co

m
/
P
O
L
a
n
e1
6
/
N
u
cn

o
rm

-R
a
n
k
in
g
.
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L
e
a
r
n
in
g

f
r
o
m

C
o
m
pa

r
is
o
n
s
a
n
d

C
h
o
ic
e
s

d
en

ot
e

th
e

in
n
er

p
ro

d
u
ct

an
d

th
e

E
u
cl

id
ea

n
n
or

m
.

A
ll

on
es

v
ec

to
r

is
d
en

ot
ed

b
y
1

,
I

d
en

ot
es

th
e

id
en

ti
ty

m
at

ri
x

an
d
I(
A

)
is

th
e

in
d
ic

at
or

fu
n
ct

io
n

of
th

e
ev

en
t
A

.
T

h
e

se
t

of
th

e
fi
rs

t
N

in
te

ge
rs

ar
e

d
en

ot
ed

b
y

[N
]

=
{1
,.
..
,N
}.

1
.1

R
e
la

te
d

W
o
rk

B
ra

d
le

y
-T

e
rr

y
a
n

d
P

la
ck

e
tt

-L
u

c
e

m
o
d

e
ls

.
T

h
e

si
m

p
le

st
fo

rm
of

th
e

M
N

L
m

o
d
el

is
w

h
en

al
l

u
se

rs
ar

e
sh

ar
in

g
th

e
sa

m
e

fe
at

u
re

ve
ct

or
su

ch
th

at
ea

ch
it

em
is

p
ar

a
m

et
ri

ze
d

b
y

a
sc

al
ar

va
lu

e.
T

h
is

is
k
n
ow

n
as

B
ra

d
le

y
-T

er
ry

(B
T

)
m

o
d
el

w
h
en

p
ai

rw
is

e
co

m
p
a
ri

so
n
s

ar
e

co
n
ce

rn
ed

an
d

P
la

ck
et

t-
L

u
ce

(P
L

)
m

o
d
el

w
h
en

h
ig

h
er

or
d
er

co
m

p
ar

is
on

s
ar

e
co

n
ce

rn
ed

.
T

h
is

h
as

b
ee

n
p
ro

p
os

ed
an

d
re

d
is

co
ve

re
d

se
ve

ra
l

ti
m

es
in

th
e

la
st

ce
n
tu

ry
Z

er
m

el
o

(1
92

9)
;

T
h
u
rs

to
n
e

(1
92

7)
;
B

ra
d
le

y
an

d
T

er
ry

(1
95

5)
;
L

u
ce

(1
95

9)
;
P
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(2

00
5)

an
al

y
se

s
ri

sk
m

in
im

iz
at

io
n

of
U

-s
ta

ti
st

ic
s

an
d

a
m

or
e

fe
as

ib
le

su
rr

o
g
a
te

co
n
-

ve
x

lo
ss

m
in

im
iz

at
io

n
to

es
ti

m
at

e
ra

n
k
in

g.
K

at
z-

S
am

u
el

s
an

d
S
co

tt
(2

01
7)

a
ss

u
m

es
th

a
t

ra
ti

n
g

of
an

it
em

b
y

a
u
se

r
is

a
L

ip
sc

h
it

z
fu

n
ct

io
n

of
th

e
u
se

r-
it

em
p
ai

r
a
n
d

a
n
a
ly

se
s

a
n
on

p
ar

am
et

ri
c

co
ll
ab

or
at

iv
e

ra
n
k
in

g
al

go
ri

th
m

fr
om

p
ar

ti
al

ob
se

rv
at

io
n

of
su

ch
ra

ti
n
g
s.

W
h
il
e

w
e

ar
e

in
te

re
st

ed
in

th
e

(p
ar

am
et

er
s

o
f)

fu
ll

ra
n
k
in

g
ov

er
al

l
it

em
s,

th
er

e
h
av

e
b

ee
n

se
ve

ra
l

re
ce

n
t

w
or

k
s

w
h
ic

h
ai

m
to

on
ly

ap
p
ro

x
im

at
el

y
ra

n
k

th
e

it
em

s,
su

ch
a
s

re
tr

ie
v
in

g
on

ly
th

e
to

p
-m

it
em

s
C

h
en

an
d

S
u
h

(2
01

5)
;

J
an

g
et

al
.

(2
01

6
,

20
17

)
or

p
a
rt

it
io

n
in

g
th

e
it

em
s

in
to

or
d
er

ed
b
u
ck

et
s

of
fi
x
ed

si
ze

K
at

ar
iy

a
et

al
.

(2
01

8)
;

H
ec

ke
l

et
al

.
(2

0
1
8
).
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L
e
a
r
n
in
g

f
r
o
m

C
o
m
pa

r
iso

n
s
a
n
d

C
h
o
ic
e
s

2
.
M

o
d
e
l
a
n
d
A
p
p
ro

a
ch

fo
r
P
a
irw

ise
C
o
m
p
a
riso

n
s

T
h
e

M
u
ltiN

o
m

ial
L

ogit
(M

N
L

)
m

o
d
el

is
on

e
of

th
e

m
ost

p
op

u
lar

m
o
d
els

th
a
t

ex
p
lain

s
h
ow

p
eo

p
le

m
ake

ch
oices

w
h
en

given
m

u
ltip

le
op

tion
s

an
d

is
w

id
ely

u
sed

in
b

eh
av

ioral
p
sy

ch
olo

gy
a
n
d

rev
en

u
e

m
an

agem
en

t.
F

or
b
rev

ity,
w

e
fo

cu
s

ou
r

d
iscu

ssion
on

d
ata

collected
in

th
e

form
o
f

p
a
irw

ise
co

m
p
arison

s
in

S
ection

s
2

an
d

3,
an

d
d
efer

th
e

d
iscu

ssion
of

th
e

M
N

L
m

o
d
el

in
its

fu
ll

g
en

era
lity

to
S
ection

s
4

an
d

5
.

W
e

give
a

p
recise

d
efi

n
ition

of
th

e
m

o
d
el

for
p
a
ired

co
m

p
a
riso

n
s

an
d

p
rov

id
e

a
n
ovel

algorith
m

ic
solu

tion
to

learn
th

is
m

o
d
el

from
sam

p
les.

2
.1

M
u

ltiN
o
m

ia
l

L
o
g
it

(M
N

L
)

M
o
d

e
l

fo
r

P
a
irw

ise
C

o
m

p
a
riso

n
s

L
et

Θ
∗

b
e

a
d

1 ×
d

2
d
im

en
sion

al
m

atrix
cap

tu
rin

g
p
referen

ces
of
d

1
u
sers

on
d

2
item

s.
T

h
e

p
ro

b
a
b
ility

w
ith

w
h
ich

a
u
ser,

i⊆
[d

1 ],
w

h
en

p
resen

ted
w

ith
tw

o
item

s
j
1 ,j

2 ⊆
[d

2 ],
p
refers

item
j
1

over
item

j
2

is,

P
{
j
1
>
j
2 }

=
e

Θ
∗ij

1

e
Θ
∗ij

1
+
e

Θ
∗ij

2

.
(1)

T
h
is

im
p
lies

th
at,

m
ore

p
referred

item
s

(as
p

er
th

e
ord

erin
g

o
f

Θ
∗ij )

a
re

m
ore

likely
to

b
e

ra
n
ked

h
igh

er,
w

ith
th

e
ran

d
om

n
ess

in
ch

oices
cap

tu
red

b
y

th
e

p
rob

ab
ilistic

m
o
d
el.

If
w

e
d
o

n
o
t

im
p

ose
an

y
fu

rth
er

con
strain

ts
on

Θ
∗,

on
e

en
try

of
Θ
∗

is
n
ot

related
in

an
y

w
ay

to
a
n
y

o
th

er
en

tries.
T

h
is

im
p
lies

th
at

on
e

u
ser’s

p
referen

ce
is

com
p
letely

in
d
ep

en
d
en

t
o
f

o
th

ers’
a
n
d

n
o

effi
cien

t
learn

in
g

is
p

ossib
le.

E
ach

u
ser’s

p
referen

ce
h
as

to
b

e
learn

ed
sep

a
ra

tely.
O

n
th

e
oth

er
h
an

d
,

in
real

ap
p
lication

s,
it

is
reason

ab
le

to
say

th
at

p
referen

ces
o
f

u
sers

d
ep

en
d

on
ly

on
a

h
an

d
fu

l
of

factors
for

ex
am

p
le,

q
u
ality,

p
rice,

an
d

aesth
etics.

W
e

d
o

n
o
t

k
n
ow

w
h
ich

featu
res

aff
ect

u
sers’

ch
oices,

b
u
t

w
e

assu
m

e
th

at
th

ere
are

r-d
im

en
sion

al
la

ten
t

fea
tu

res
for

each
of

th
e

u
sers

an
d

item
s

th
at

govern
su

ch
ch

oices,
an

d
th

at
r�

d
1 ,d

2 .
T

h
is

a
ssu

m
p
tio

n
m

ath
em

atically
cap

tu
res

th
e

con
ven

tion
a
l
b

elief
th

at
w

h
en

tw
o

p
eo

p
le

h
ave

sim
ila

r
p
referen

ces
over

a
su

b
set

of
item

s,
th

ey
ten

d
to

h
ave

sim
ilar

tastes
on

oth
er

item
s

a
s

w
ell.

F
o
rm

a
lly,

M
N

L
m

o
d
el

assu
m

es
th

at
Θ
∗

is
a

ran
k
r

m
a
trix

w
ith

r
�

d
1 ,d

2 .
In

th
is

p
a
p

er,
w

e
d
o

n
ot

im
p

ose
a

h
ard

con
strain

t
on

th
e

ran
k

an
d

p
rov

id
e

gen
eral

resu
lts

for
m

a
trices

o
f

an
y

ran
k
.

In
th

is
case,

w
e

id
en

tify
h
ow

th
e

accu
racy

d
ep

en
d
s

on
th

e
rate

of
d
ecay

o
f

th
e

sin
gu

lar
valu

es.
T

h
is

M
N

L
m

o
d
el

h
as

m
an

y
ro

ots.
In

rev
en

u
e

m
an

agem
en

t,
th

is
h
as

b
een

p
rop

osed
as

a
sp

ecial
ca

se
o
f

R
an

d
om

U
tility

M
o
d
el

(R
U

M
).

R
U

M
ex

p
lain

s
ch

oices
th

at
a

p
erson

m
akes

as
th

e
resu

lt
o
f

m
ax

im
izin

g
p

erceiv
ed

ran
d
om

u
tilities

asso
ciated

w
ith

th
e

set
of

altern
atives

p
resen

ted
.

In
th

e
case

of
M

N
L

,
each

d
ecision

m
aker

an
d

each
altern

ative
are

asso
ciated

w
ith

a
n
r-d

im
en

sion
al

v
ector,

u
i

an
d
v
j ,

resu
ltin

g
in

a
low

-ran
k

Θ
∗

if
Θ
∗ij

=
〈〈u

i ,v
j 〉〉.

T
h
e

p
erceived

u
tility

of
th

e
item

j
for

d
ecision

m
aker

i
is,

U
ij

=
〈〈u

i ,v
j 〉〉

+
ξ
ij
,

(2)

w
h
ere

ξ
ij ’s

a
re

i.i.d
.

ran
d
om

variab
les

follow
in

g
th

e
stan

d
ard

G
u
m

b
el

d
istrib

u
tion

.
D

iff
eren

t
ch

o
ices

o
f

d
istrib

u
tion

s
give

d
iff

eren
t

varian
ts

of
R

U
M

s.
In

ou
r

an
aly

ses,
w

e
u
tilize

th
is

R
U

M
in

terp
retation

of
th

e
M

N
L

m
o
d
el

to
p
rov

e
a

p
articu

lar
con

cen
tration

in
S
ection

C
.4,

fo
r

ex
a
m

p
le.

T
h
e

m
o
d
el

in
E

q
u
atio

n
.

(1
)

h
as

also
b

een
re-d

iscoverd
several

tim
es

in
th

e
litera

tu
re

Z
erm

elo
(1929);

T
h
u
rston

e
(1927);

L
u
ce

(1959);
B

rad
ley

a
n
d

T
erry

(1955)
in

severa
l

d
o
m

a
in

s.
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N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

2
.2

L
o
w

-ra
n

k
R

e
g
u

la
riz

a
tio

n
u

sin
g

N
u

c
le

a
r

N
o
rm

M
in

im
iz

a
tio

n

G
iven

th
e

low
-ran

k
stru

ctu
re

of
th

e
m

o
d
el,

a
n
atu

ral
b
u
t

in
effi

cien
t

ap
p
roach

is
to

m
in

im
ize

th
e

n
egative

of
th

e
log

likelih
o
o
d
,L

(·),
regu

larized
b
y

th
e

ran
k
:

Θ̂
∈

arg
m

in
Θ
∈
R
d
1 ×

d
2 −
L

(Θ
)

+
λ

ran
k
(Θ

),
(3)

for
som

e
p
aram

eter
λ
>

0.
A

s
th

is
ran

k
m

in
im

ization
is

a
n
otorio

u
sly

ch
allen

gin
g

p
rob

lem
,

w
e

in
stead

solve
a

con
vex

relax
ation

of
it.

N
ote

th
at

th
e

n
u
clear

n
orm

b
all

is
th

e
con

vex
h
u
ll

of
ran

k
-1

m
atrices

R
ech

t
et

al.
(2010).

A
n
a
logou

s
to
l1 -n

orm
in

th
e

case
of

sp
arse

v
ectors,

n
u
clear

n
orm

is
a

tigh
t

con
v
ex

su
rro

gate
for

low
-ran

k
solu

tion
s.

W
e

p
rop

ose
th

e
follow

in
g

n
u
clear

n
orm

regu
larized

op
tim

ization
p
rob

lem
,

Θ̂
∈

arg
m

in
Θ
∈

Ω
−
L

(Θ
)

+
λ|||Θ

|||n
u

c ,
(4)

w
h
ere

Ω
is

a
con

vex
con

strain
t

w
h
ich

tak
es

care
of

id
en

tifi
ab

ility
an

d
L

ip
sch

itz
sm

o
oth

n
ess

con
d
ition

s.
N

u
clear

n
orm

regu
lariza

tion
h
a
s

b
een

w
id

ely
u
sed

R
ech

t
et

al.
(2010)

for
ran

k
m

in
im

ization
;

h
ow

ever,
p
rovab

le
gu

aran
tees

ex
ist

on
ly

fo
r

q
u
ad

ratic
loss

fu
n
ction

s
L

(Θ
)

C
an

d
ès

an
d

R
ech

t
(2009);

N
egah

b
an

an
d

W
ain

w
righ

t
(2012).

O
u
r

a
n
aly

ses
ex

ten
d

su
ch

resu
lts

to
a

con
vex

loss,
b
y

fi
rst

p
rov

in
g

th
at
−
L

(·)
satisfi

es
restricted

stron
g

con
vex

ity
p
rop

erty
w

ith
h
igh

p
rob

ab
ility.

S
im

ilar
to

h
ow

(n
on

-collab
orative)

ran
k

aggreg
ation

h
as

b
een

gen
eralized

to
an

y
stron

gly
log-con

cave
d
istrib

u
tion

in
S
h
ah

et
al.

(201
4),

ou
r

an
aly

sis
can

n
atu

rally
b

e
ex

ten
d
ed

to
a

gen
era

l
class

of
stron

gly
log-co

n
cave

d
istrib

u
tion

s.
W

e
giv

e
th

e
ex

p
ression

for
th

e
log

likelih
o
o
d

in
E

q
u
ation

.
(8)

for
p
airw

ise
com

p
arison

s.

3
.
L
e
a
rn

in
g
M

N
L

M
o
d
e
l
fro

m
P
a
irw

ise
C
o
m
p
a
riso

n
s
u
n
d
e
r
G
ra

p
h

S
a
m
p
lin

g

P
ro

b
a
b

ilistic
m

o
d

e
l

fo
r

sa
m

p
lin

g
.

In
ord

er
to

p
rov

id
e

p
erform

an
ce

gu
aran

tees
on

th
e

p
rop

osed
ap

p
roach

,
w

e
n
eed

to
sp

ecify
h
ow

w
e

sam
p
le

th
e

p
airs

th
at

are
to

b
e

com
p
ared

.
W

e
p
rov

id
e

a
n
ovel

sam
p
lin

g
m

o
d
el,

w
h
ich

w
e

call
gra

p
h

sa
m

p
lin

g
w

ith
resp

ect
to

a
w

eigh
ted

grap
h
G

.
T

h
is

n
atu

rally
gen

eralizes
B

ern
ou

lli
sam

p
lin

g
ty

p
ically

stu
d
ied

u
n
d
er

m
atrix

com
-

p
letion

literatu
re

C
an

d
ès

an
d

R
ech

t
(2009);

K
esh

avan
et

al.
(2010a);

N
egah

b
an

an
d

W
ain

-
w

righ
t

(2012);
J
ain

et
al.

(2013),
an

d
th

e
resu

ltin
g

an
aly

sis
cap

tu
res

h
ow

th
e

p
erform

an
ce

d
ep

en
d
s

on
th

e
top

ology
of

th
e

sam
p
les.

N
ote

th
a
t

th
e

p
rop

osed
g
rap

h
sam

p
lin

g
is

d
iff

eren
t

from
d
eterm

in
istic

sam
p
lin

g
grap

h
s

stu
d
ied

in
H

a
jek

et
al.

(2014);
S
h
ah

et
al.

(2016a).
T

h
is

is
an

aly
tically

tractab
le

on
ly

in
th

e
sim

p
ler

case
of

estim
atin

g
th

e
w

eigh
t

vector
of

th
e

P
L

m
o
d
el

w
h
ere

th
ere

is
on

ly
on

e
u
ser

an
d

th
e

M
L

estim
ator

is
a

con
vex

p
rogram

.
H

ow
ever,

su
ch

d
eterm

in
istic

sam
p
lin

g
is

n
otoriou

sly
h
ard

to
h
an

d
le

for
m

a
trix

estim
atio

n
,

even
in

th
e

sim
p
ler

case
of

m
atrix

com
p
letion

B
h
o
jan

ap
alli

an
d

J
ain

(2014).
H

en
ce,

w
e

in
tro

d
u
ce

a
p
rob

ab
ilistic

m
o
d
el

th
at

allow
s

en
o
u
gh

fl
ex

ib
ility

to
cap

tu
re

th
e

in
terestin

g
asp

ects
of

sam
p
lin

g
b
iases,

i.e.
grou

p
in

g.

P
recisely,

w
e

h
ave

a
w

eigh
ted

u
n
d
irected

gra
p
h
G

=
([d

2 ],E
,{P

j
1
,j

2 }
(j

1
,j

2
)∈
E

)
w

ith
d

2

n
o
d
es,

w
h
ich

rep
resen

t
item

s,
a

set
of

ed
ges

E
an

d
th

e
ed

ge
w

eigh
t
P
j
1
,j

2
b

etw
een

n
o
d
es
j
1

an
d
j
2 .

T
h
e

w
eigh

ts
can

b
e

w
ritten

in
a

sy
m

m
etric

m
atrix

P
∈
R
d

2 ×
d

2,
an

d
P
j
1
,j

2
+
P
j
2
,j

1
=

2
P
j
1
,j

2
rep

resen
t

th
e

p
rob

ab
ility

w
ith

w
h
ich

th
e

p
air

(j
1 ,j

2 )
is

ch
osen

for
com

p
arison

.
N

ote
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L
e
a
r
n
in
g

f
r
o
m

C
o
m
pa

r
is
o
n
s
a
n
d

C
h
o
ic
e
s

th
at

P
j,
j

=
0
,∀
j
∈

[d
2
],
P
j 1
,j

2
=
P
j 2
,j

1
an

d
∑

j 1
,j

2
∈[
d

2
]
P
j 1
,j

2
=

1
.

W
e

as
su

m
e

w
e

ge
t

i.
i.
d
.

sa
m

p
le

s
fr

om
fi
rs

t
ch

o
os

in
g

a
ra

n
d
om

u
se

r
am

on
g

[d
1
]

u
se

rs
,

an
d

th
en

ch
o
o
si

n
g

a
p
ai

r
(j

1
,j

2
)

of
it

em
s

at
ra

n
d
om

fr
om

P
,

an
d

fi
n
al

ly
ge

tt
in

g
a

ra
n
d
om

co
m

p
ar

is
on

fr
om

th
e

M
N

L
m

o
d
el

,
i.
e.

th
e

p
ro

b
ab

il
it

y
w

it
h

w
h
ic

h
u
se

r
i

p
re

fe
rs

it
em

j 1
ov

er
it

em
j 2

is

ex
p

Θ
∗ ij

1
/
( ex

p
Θ
∗ ij

1
+

ex
p

Θ
∗ ij

2

) .

O
n
e

of
th

e
m

os
t

im
p

or
ta

n
t

as
p

ec
ts

of
re

a
l-

w
or

ld
d
at

a
th

at
is

ca
p
tu

re
d

b
y

th
is

g
ra

p
h

sa
m

p
li
n
g

m
o
d
el

is
gr

ou
p
in

g.
C

on
si

d
er

tw
o

gr
ou

p
s

of
it

em
s,

sa
y,

ca
rs

an
d

p
h
on

es
.

It
d
o
es

n
ot

m
ak

e
se

n
se

to
as

k
an

in
d
iv

id
u
al

to
co

m
p
ar

e
a

p
h
on

e
w

it
h

a
b
ra

n
d

of
a

ca
r

(i
.e

.
d
ir

ec
t

co
m

p
ar

is
on

is
n
ot

fe
as

ib
le

),
b
u
t

k
n
ow

in
g

an
in

d
iv

id
u
al

’s
p
re

fe
re

n
ce

on
ca

rs
ca

n
h
el

p
in

le
ar

n
in

g
h
er

p
re

fe
re

n
ce

on
p
h
on

es
.

In
gr

ap
h

sa
m

p
li
n
g

te
rm

s,
w

e
ar

e
sa

m
p
li
n
g

fr
om

a
gr

ap
h

G
co

n
si

st
in

g
of

tw
o

d
is

jo
in

t
cl

iq
u
es

:
on

e
fo

r
ca

rs
an

d
an

ot
h
er

fo
r

p
h
on

es
.

B
y

a
n
al

y
zi

n
g

su
ch

a
sa

m
p
li
n
g

sc
en

ar
io

,
w

e
w

an
t

to
ch

ar
ac

te
ri

ze
th

e
ga

in
in

u
si

n
g

th
e

d
a
ta

fr
om

b
ot

h
gr

ou
p
s

of
it

em
s

to
ge

th
er

,
al

th
ou

gh
th

er
e

ar
e

n
o

in
te

r-
gr

ou
p

co
m

p
ar

is
on

s.
In

th
e

p
re

fe
re

n
ce

m
at

ri
x

Θ
∗ ,

th
e

va
lu

es
in

th
e

se
t

of
co

lu
m

n
s

co
rr

es
p

on
d
in

g
to

ea
ch

co
n
n
ec

te
d

co
m

p
on

en
t

in
th

e
sa

m
p
li
n
g

gr
ap

h
ca

n
b

e
ar

b
it

ra
ri

ly
sh

if
te

d
to

ge
th

er
,

w
it

h
ou

t
ch

an
gi

n
g

th
e

p
ai

rw
is

e
co

m
p
ar

is
on

s
ou

tc
om

e
d
is

tr
ib

u
ti

on
s.

T
h
is

is
b

ec
au

se
ad

d
in

g
th

e
sa

m
e

co
n
st

an
t

to
th

os
e

it
em

s
th

at
ar

e
co

m
p
ar

ed
d
o
es

n
ot

ch
an

ge
th

e
p
ro

b
ab

il
it

y
(f

or
th

os
e

it
em

s
w

it
h
in

th
e

sa
m

e
gr

ou
p
),

i.
e.

P
{j

1
>
j 2
}

=
eΘ
∗ ij

1

eΘ
∗ ij

1
+
eΘ
∗ ij

2

=
eΘ
∗ ij

1
+
c

eΘ
∗ ij

1
+
c

+
eΘ
∗ ij

2
+
c
,

an
d

ad
d
in

g
d
iff

er
en

t
co

n
st

an
ts

to
th

os
e

it
em

s
th

at
ar

e
n
ot

in
th

e
sa

m
e

gr
ou

p
d
o
es

n
ot

ch
an

ge
th

e
p
ro

b
ab

il
it

y
of

th
e

ou
tc

om
e

as
th

os
e

it
em

s
ar

e
n
ev

er
co

m
p
ar

ed
.

H
en

ce
,

to
h
an

d
le

th
is

u
n
id

en
ti

fi
ab

il
it

y,
w

e
le

t
a

ce
n
te

re
d

ve
rs

io
n

of
Θ
∗

re
p
re

se
n
t

al
l

th
os

e
sh

if
te

d
v
er

si
on

s
d
efi

n
in

g
th

e
sa

m
e

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
.

F
or

m
al

ly
,

le
t

a
ze

ro
-o

n
e

v
ec

to
r
g k
∈
{0
,1
}d

2
d
en

ot
e

th
e

gr
ou

p
m

em
b

er
sh

ip
su

ch
th

at
g i
,k

=
1

if
it

em
j

is
in

gr
ou

p
k
,

el
se
g i
,k

=
0.

N
ot

e
th

at
,

b
y

d
efi

n
it

io
n
,

n
o

it
em

ca
n

b
e

p
re

se
n
t

in
m

or
e

th
an

on
e

gr
ou

p
,

th
at

is
,
∑

G k
=

1
g k

=
1

,
w

h
er

e
G

is
th

e
n
u
m

b
er

of
gr

ou
p
s.

W
e

d
efi

n
e

an
eq

u
iv

al
en

ce
cl

as
s

of
Θ
∗

w
h
ic

h
re

p
re

se
n
t

th
e

sa
m

e
p
ro

b
ab

il
is

ti
c

m
o
d
el

as

[Θ
∗ ]

=
{ Θ
∗

+
G ∑ k
=

1

u
k
g
T k

fo
r

al
l
u
k
∈
R
d

1

}
.

(5
)

T
o

ov
er

co
m

e
th

e
id

en
ti

fi
ab

il
it

y
is

su
e,

w
e

re
p
re

se
n
t

ea
ch

eq
u
iv

al
en

ce
cl

as
s

w
it

h
th

e
ce

n
te

re
d

m
at

ri
x

sa
ti

sf
y
in

g

Θ
∗ g
k

=
0,
∀
k
∈
{1
,2
,.
..
,G
}

(6
)

A
s

m
at

ri
ce

s
w

it
h
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rg

e
“s

p
ik

in
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s”
ar

e
k
n
ow

n
to

b
e

h
ar

d
to
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ti

m
at

e
N

eg
ah

b
an

an
d

W
ai

n
w

ri
gh

t
(2

01
2)

,
w

e
ca

p
tu

re
th

e
d
ep

en
d
en

ce
of

th
e

sa
m

p
le

co
m

p
le

x
it

y
on

th
e
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ik

in
es

s
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m
ea

su
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d
b
y
α

:=
|||Θ
∗ |||
∞

.
T

h
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p
tu
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s

th
e

d
y
n
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n
ge
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e
u
n
d
er

ly
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g
p
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n
ce

m
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x
.

F
or

a
re
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te

d
p
ro

b
le

m
of

m
at

ri
x
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m

p
le

ti
on

,
w

h
er

e
th

e
lo

ss
L(
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q
u
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ra
ti

c,
ei

th
er

a
si

m
il
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n
d
it
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n

on
` ∞

n
or

m
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q
u
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h
er
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n
d
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n
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h
er
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q
u
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p
h

L
a
p
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c
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n
.

T
h
e

p
er
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rm

an
ce
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ou

r
ap

p
ro
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h

d
ep

en
d
s

on
th

e
sa

m
p
li
n
g

g
ra

p
h
P

v
ia

it
s

gr
ap

h
L

ap
la

ci
an

d
efi

n
ed
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L
=

d
ia

g
(P
1

)
−
P

(7
)
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N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

w
h
er

e
d
ia

g
(P
1

)
is

a
d
ia

go
n
al

m
at

ri
x

w
it

h
∑

v
P
u
,v

in
th

e
d
ia

go
n
al

s.
N

o
ti

ce
th

a
t,
L

is
si

n
gu
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r

an
d

th
e

n
u
ll
sp
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e

is
sp

an
n
ed

b
y

ve
ct

or
s
{g
k
}G k

=
1
.

L
et
σ

m
a
x
(L

)
=
‖L
‖ 2

a
n
d
σ

m
in

(L
)

b
e

th
e
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al
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st

ei
ge

n
va

lu
e
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L

d
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u
n
ti

n
g

th
e
G
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-v
al

u
ed
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ge

n
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es

.
S
in
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th

e
g
ra

p
h

h
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G
d
is
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n
n
ec

te
d

m
ax
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m

p
on

en
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an
d
L

is
re
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sy

m
m

et
ri

c,
b
y

sp
ec

tr
a
l

th
eo

re
m

,
L

=
U

Σ
U
T

,
w

h
er

e
U

is
a

m
at

ri
x

of
si

ze
d

2
×

(d
2
−
G

)
an

d
it

s
d

2
−
G
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lu

m
n
s
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rm

a
n

or
th

on
or

m
al

se
t,

an
d

Σ
is

a
d
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n
al

m
a
tr
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s
d
ia
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n
al

el
em

en
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a
re

th
e

si
n
g
u
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r
va
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of
L

.
L

et
L
†

:=
U

Σ
−

1
U
T

an
d
L
x

:=
U

Σ
x
U
T

fo
r

al
l
x
∈

R
.

W
e

a
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o
d
efi

n
e

th
e

L
ap

la
ci

an
in

d
u
ce

d
n
or

m
s

of
m

at
ri

ce
s
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,

|||Θ
||| L

:=
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣Θ

L
1
/
2
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ F

,
an

d
,
|||Θ
||| L

-n
u

c
:=
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣Θ

L
1
/
2
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ n

u
c
.

T
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e
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d
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or
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s
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e
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p
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p
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to
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y
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an
d

q
u
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e

d
is

ta
n
ce

b
et

w
ee

n
th

e
es

ti
m
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ed

m
at

ri
x

Θ̂
an

d
Θ
∗ .

W
h
en

it
em

s
k
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l(
i)

ar
e

ch
os

en
fo

r
co

m
p
ar

is
on

b
y

u
se

r
j(
i)

as
th

e
i-

th
p
a
ir

o
f

it
em

s,
w

e
ca

p
tu

re
th

is
ch

oi
ce

w
it

h
th

e
m

at
ri

x
X

(i
)

=
e j

(i
)(
e k

(i
)
−
e l

(i
))
T

.
T

h
e

o
u
tc

o
m

e
o
f

th
e

co
m

p
ar

is
on

is
re

p
re

se
n
te

d
b
y
y i

,
w

it
h
y i

=
1

w
h
en

it
em

k
(i

)
w

in
s

ov
er

it
em

l(
i)

a
n
d
y i

=
0

if
ot

h
er

w
is

e.
T

h
e

lo
g-

li
ke

li
h
o
o
d

of
th

e
co

m
p
ar

is
on

ou
tc

om
es

w
it

h
re

sp
ec

t
to

a
p
a
ra

m
et

er
m

at
ri

x
Θ

is
,

L(
Θ

)
=

1 n

n ∑ i=
1

[ y i
〈〈Θ

,X
(i

) 〉〉
−

lo
g
( 1

+
ex

p
( 〈
〈Θ
,X

(i
) 〉〉
))
]
.

(8
)

W
e

p
ro

p
os

e
an

d
an

al
y
ze

th
e

fo
ll
ow

in
g

co
n
ve

x
op

ti
m

iz
at

io
n

p
ro

b
le

m
,

Θ̂
∈

ar
gm

in
Θ
∈Ω

α

−
L(

Θ
)

+
λ
|||Θ
||| L

-n
u

c
,

(9
)

w
h
er

e,

Ω
α

=
{

Θ
∈
R
d

1
×
d

2
|||
|Θ
||| ∞
≤
α
,Θ
g k

=
0,
∀k
∈

[G
]}
,

(1
0)

w
it

h
an

ap
p
ro

p
ri

at
el

y
ch

os
en

λ
=

8√
2

m
ax

{ √
σ

lo
g
(2
d
)

n
,
σ

m
in

(L
)−

1
/
2

lo
g
(2
d
)

n

}
w

it
h
σ

=
m

a
x
{

(d
2
−
G

)/
d

1
,1
},

w
h
er

e
d

=
(d

1
+
d

2
)/

2.
In

p
ra

ct
ic

e,
th

e
sa

m
p
li
n
g

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

o
n
P

an
d

th
e

co
rr

es
p

on
d
in

g
L

ap
la

ci
an

L
m

ig
h
t

n
ot

b
e

k
n
ow

n
.

In
th

os
e

ca
se

s,
w

e
p
ro

p
o
se

u
si

n
g

th
e

em
p
ir

ic
al

sa
m

p
li
n
g

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
P̂

an
d
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rr

es
p

on
d
in

g
em

p
ir
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a
l

L
a
p
la

ci
an

L̂
in

st
ea

d
.

W
e

d
es

cr
ib

e
th

is
ve

rs
io

n
of

th
e

al
go

ri
th

m
fo

rm
al

ly
in

S
ec

ti
on

3
.4

.4
,

w
h
er

e
w

e
em

p
ir

ic
al

ly
d
em

on
st

ra
te

th
e

ro
b
u
st

n
es

s
of

th
is

ap
p
ro

ac
h
.

F
u
rt

h
er

,
in

ex
p

er
im

en
ts

w
it

h
re

a
l

d
at

a
se

ts
,

w
e

u
se

th
e

em
p
ir

ic
al

L
ap

la
ci

an
S
ec

ti
on

3.
4.

5.

3
.1

P
e
rf

o
rm

a
n

c
e

G
u

a
ra

n
te

e

W
e

co
n
si

d
er

th
e

gr
ap

h
sa

m
p
li
n
g

sc
en

ar
io

w
h
er

e
ea

ch
sa

m
p
le

is
i.
i.
d
.,

th
e
`-

th
sa

m
p
le

co
n
si

st
s

of
u
se

r
i `

ch
os

en
u
n
if

or
m

ly
at

ra
n
d
om

,
p
ai

r
of

it
em

s
(j

1
,`
,j

2
,`

)
ch

os
en

ac
co

rd
in

g
to

th
e

sa
m

p
li
n
g

gr
ap

h
G

=
([
d

2
],
E
,P

),
a
n
d

th
e

re
su

lt
in

g
ou

tc
om

e
y `

d
is

tr
ib

u
te

d
a
s

th
e

M
N
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L
e
a
r
n
in
g

f
r
o
m

C
o
m
pa

r
iso

n
s
a
n
d

C
h
o
ic
e
s

T
h

e
o
re

m
1

U
n

d
er

th
e

gra
p
h

sa
m

p
lin

g
w

ith
respect

to
G

=
([d

2 ],E
,P

)
w

ith
a

gra
p
h

L
a
p
la

-
cia

n
L

,
a
n

d
u

n
d
er

th
e

M
N

L
p
referen

ce
m

od
el

w
ith

p
referen

ce
m

a
trix

Θ
∗,

so
lvin

g
th

e
o
p
-

tim
iza

tio
n

p
ro

blem
in

(9)
w

ith
n

i.i.d
.

sa
m

p
les

a
ch

ieves,
w

ith
p
ro

ba
bility

grea
ter

th
a
n

1−
1
/4
d

3,

1d
1 ∣∣∣ ∣∣∣ ∣∣∣ (

Θ
∗−

Θ̂
)
L

1
/
2 ∣∣∣ ∣∣∣ ∣∣∣F

2≤
36λ (

α
+

1

ψ
(2α

) )
(√

2r ∣∣∣ ∣∣∣ ∣∣∣ (
Θ
∗−

Θ̂
)
L

1
/
2 ∣∣∣ ∣∣∣ ∣∣∣F

+

m
in{

d
1
,d

2 −
G
}

∑j=
r
+

1

σ
j (Θ

∗L
1
/
2) )

,
(11)

fo
r

a
n

y
r
∈
{
1,2,...,m

in{
d

1 ,d
2 −

G
}},

a
n

y
λ
≥

8 √
2

m
ax {√

σ
lo

g
(2
d
)

n
,
σ

m
in

(L
) −

1
/
2

lo
g
(2
d
)

n

}

w
h
ere

σ
=

m
a
x{

(d
2 −

G
)/d

1 ,1}
a
n

d
d

=
(d

1
+
d

2 )/2
,
ψ

(x
)
,
e
x/

(1
+
e
x)

2,
a
n

d
fo

r
n
≤

m
in{2

6d
21 σ

2,2
2 (d

1 σ
m

in (L
) −

1 )
2
/
3}

log
(2d

).

W
e

p
rov

id
e

a
p
ro

of
in

A
p
p

en
d
ix

A
.

T
h
e

ab
ove

b
ou

n
d

h
old

s
for

a
n
y
r,

w
h
ere

r
a
llow

s
u
s

to
tra

d
e

off
th

e
tw

o
ty

p
es

of
errors:

th
e

estim
atio

n
error

an
d

th
e

ap
p
rox

im
ation

error.
C

o
n
cretely,

th
e

ab
ove

b
ou

n
d

sh
ow

s
a

n
atu

ral
sp

littin
g

of
th

e
error

in
to

tw
o

term
s;

th
e

fi
rst

term
co

rresp
o
n
d
in

g
to

th
e

estim
a
tio

n
erro

r
for

th
e

top
ran

k
-r

com
p

on
en

t
of

Θ
∗

an
d

th
e

seco
n
d

term
co

rresp
on

d
in

g
to

th
e

a
p
p
ro

xim
a
tio

n
erro

r
for

h
ow

w
ell

on
e

can
ap

p
rox

im
ate

Θ
∗

w
ith

a
ra

n
k
-r

m
atrix

.
If

w
e

k
n
ow

th
e

sin
gu

lar
valu

es
of

Θ
∗,

w
e

can
op

tim
ize

ov
er
r

to
g
et

th
e

tig
h
test

b
ou

n
d
.

If
Θ
∗

is
ex

actly
low

-ran
k

th
en

ap
p
ly

in
g

a
m

atch
in

g
ran

k
in

th
e

b
o
u
n
d

g
ives

th
e

follow
in

g
gu

aran
tee.

C
o
ro

lla
ry

2
(E

x
a
c
t

ra
n

k
-r

m
a
trix

)
U

n
d
er

th
e

sa
m

e
h
ypo

th
esis

a
s

in
T

h
eo

rem
1

w
ith

a

ch
o
ice

o
f
λ

=
c

0
m

ax {√
σ

lo
g
(2
d
)

n
,
σ

m
in

(L
) −

1
/
2

lo
g
(2
d
)

n

}
fo

r
so

m
e
c

0
>

0,
if

Θ
∗

is
exa

ctly
ra

n
k

r,
th

ere
exists

a
po

sitive
co

n
sta

n
t
c

1
su

ch
th

a
t

th
e

p
ro

po
sed

estim
a
to

r
a
ch

ieves,

1
√
d

1 ∣∣∣ ∣∣∣ ∣∣∣ (
Θ
∗−

Θ̂
)
L

1
/
2 ∣∣∣ ∣∣∣ ∣∣∣F

≤
c

1 (
α

+
1

ψ
(2α

) )
√
r

m
ax { √

σ
d

1
log

(2d
)

n
,

√
(σ

m
in (L

) −
1d

1 )
lo

g
(2
d
)

n

}
,

(12)

w
ith

p
ro

ba
bility

a
t

lea
st

1−
2/

(d
1

+
d

2 )
3

a
n

d
σ

=
m

ax{
(d

2 −
G

)/d
1 ,1}

.

T
h
e

seco
n
d

term
in

th
e

m
ax

im
ization

is
an

artifact
of

th
e

w
eak

n
ess

of
cu

rren
t

an
aly

sis
tech

n
iq

u
e

an
d

d
o
es

n
ot

refl
ect

th
e

actu
a
l

error.
T

h
is

is
con

fi
rm

ed
in

ou
r

sim
u
lation

resu
lts

o
n

g
ra

p
h
s

w
ith

very
sm

all
sp

ectral
ga

p
in

F
igu

res
1.(b

),
(d

),
an

d
(f),

w
h
ere

th
e

error
in

L
a
p
la

cia
n
-in

d
u
ced

n
orm

error
d
o
es

n
ot

d
ecrease

w
ith

sp
ectral

gap
of
L

as
th

e
lin

e
grap

h
h
a
s

a
m

u
ch

sm
aller

sp
ectral

gap
com

p
ared

to
a

com
p
lete

grap
h
,

for
ex

am
p
le.

In
fact,

for
a

sp
ecia

l
Θ
∗

in
F

igu
re

1.(d
)

it
is

th
e

oth
er

w
ay,

for
w

h
ich

w
e

d
o

n
ot

h
av

e
a

th
eoretical

ex
p
la

n
a
tio

n
.

T
h
e

n
u
m

b
er

of
en

tries
in

Θ
∗

is
d

1 d
2

an
d

w
e

w
an

t
to

rescale
th

e
F

rob
en

iu
s

n
orm

error
a
p
p
rop

ria
tely

b
y

1/ √
d

1 d
2 .

A
s

a
ty

p
ical

scalin
g

o
f
L

1
/
2

is
1/ √

d
2

in
sp

ectral
n
orm

,
w

e
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N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

on
ly

n
eed

to
rescale

th
e

L
ap

lacian
-in

d
u
ced

n
orm

error
b
y

1/ √
d

1
in

th
e

left-h
an

d
sid

e
of

th
e

ab
ove

b
ou

n
d
.

F
or

a
ran

k
-r

Θ
∗,

th
e

n
u
m

b
er

of
d
egrees

of
freed

o
m

in
d
escrib

in
g

it
is

r(d
1

+
d

2 )−
r

2
=
O

(r(d
1

+
d

2 )).
T

h
e

ab
ov

e
th

eorem
sh

ow
s

th
at

th
e

total
n
u
m

b
er

of
sam

p
les

n
n
eed

s
to

scale
as
O

(r(d
1

+
d

2 )
log

d
)

in
ord

er
to

ach
ieve

an
arb

itrarily
sm

all
error.

T
h
is

is
on

ly
a

p
oly

-logarith
m

ic
factor

larger
th

an
th

e
d
eg

rees
of

freed
om

.
In

S
ection

3.2
w

e
m

ake
th

is
com

p
arison

p
recise

b
y

p
rov

id
in

g
a

low
er

b
ou

n
d

th
at

m
atch

es
th

e
u
p
p

er
b

ou
n
d

u
p

to
a

logarith
m

ic
factor.

T
h
e

u
p
p

er-b
ou

n
d

con
strain

t
in

T
h
eorem

1
on

th
e

n
u
m

b
er

of
sam

p
les

n
can

b
e

m
et

for
large

en
ou

gh
d

1
an

d
d

2 .
F

or
sim

p
licity,

assu
m

e
th

at
d

1
=
d

2
=
d

an
d
r

is
a

con
stan

t.
S
in

ce
σ

m
in (L

)
=
O

(1/d
2 ),

th
e

u
p
p

er-b
ou

n
d

on
n

b
ecom

es
O

(m
ax{d

2,d
4
/
3}).

F
or

large
en

ou
gh

d
,

th
e

u
p
p

er
b

ou
n
d

on
th

e
R

H
S

of
E

q
.

(12)
can

b
e

m
a
d
e

a
rb

itrarily
sm

all
w

ith
n

on
ly

scalin
g

as
O

(r
d
).

T
h
is

is
sign

ifi
can

tly
sm

aller
th

an
th

e
u
p
p

er-b
ou

n
d

of
O

(d
2)

on
n

.
F

u
rth

er,
in

th
e

ex
p

erim
en

ts
in

S
ection

3.4,
w

e
sh

ow
th

at
n

h
as

n
o

p
ra

ctical
u
p
p

er-b
ou

n
d

con
strain

t
sin

ce
th

e
error

d
ecreases

at
th

e
sam

e
rate

as
p
red

icted
,

for
a
rb

itrarily
large

valu
es

of
n

.
T

h
is

con
strain

t
m

ay
n
ot

b
e

n
ecessary

an
d

m
igh

t
b

e
a

b
y
-p

ro
d
u
ct

of
th

e
p
ro

of
tech

n
iq

u
es.

T
h
e

d
ep

en
d
en

ce
on

th
e

d
y
n
am

ic
ran

ge
α

,
h
ow

ever,
is

su
b
-op

tim
al.

It
is

ex
p

ected
th

at
th

e
error

in
creases

w
ith

α
,

sin
ce

th
e

Θ
∗

scales
as

α
,

b
u
t

th
e

ex
p

on
en

tial
d
ep

en
d
en

ce
in

th
e

b
ou

n
d

seem
s

to
b

e
a

w
eak

n
ess

of
th

e
an

aly
sis

(for
ex

am
p
le

as
seen

from
n
u
m

erical
ex

p
erim

en
ts

in
th

e
righ

t
p
an

el
of

F
igu

re
6).

A
lth

ou
gh

th
e

error
in

crease
w

ith
α

,
n
u
m

erical
ex

p
erim

en
ts

su
ggest

th
at

it
on

ly
in

creases
at

m
ost

lin
early.

H
ow

ever,
tigh

ten
in

g
th

e
scalin

g
w

ith
resp

ect
to
α

is
a

ch
allen

gin
g

p
rob

lem
,

an
d

su
ch

su
b
-op

tim
al

d
ep

en
d
en

ce
is

also
p
resen

t
in

ex
istin

g
literatu

re
for

learn
in

g
even

sim
p
ler

m
o
d
els,

su
ch

as
th

e
B

rad
ley

-T
erry

m
o
d
el

N
egah

b
an

et
al.

(2012)
or

th
e

P
lackett-L

u
ce

m
o
d
el

H
a

jek
et

al.
(201

4),
w

h
ich

are
sp

ecial
cases

of
th

e
M

N
L

m
o
d
el

stu
d
ied

in
th

is
p
ap

er.
A

n
oth

er
issu

e
is

th
at

th
e

u
n
d
erly

in
g

m
atrix

m
igh

t
n
ot

b
e

ex
actly

low
ran

k
.

It
is

m
ore

realistic
to

assu
m

e
th

at
it

is
ap

p
rox

im
ately

low
ran

k
.

F
ollow

in
g

N
egah

b
an

an
d

W
ain

w
righ

t
(2012)

w
e

form
alize

th
is

n
otion

w
ith

“
`
q -b

all”
of

m
atrices

d
efi

n
ed

as

B
q (ρ

q )
≡
{
Θ
∈
R
d

1 ×
d

2|
∑

j∈
[m

in{
d

1
,d

2 }
] |σ

j (Θ
∗)| q≤

ρ
q }
.

(13)

W
h
en

q
=

0,
th

is
is

a
set

of
ran

k
-ρ

0
m

atrices.
F

or
q
∈

(0,1],
th

is
is

set
of

m
atrices

w
h
ose

sin
gu

lar
valu

es
d
ecay

relatively
fast.

B
y

op
tim

izin
g

th
e

ch
oice

of
r

in
T

h
eorem

1,
w

e
get

th
e

follow
in

g
resu

lt.

C
o
ro

lla
ry

3
(A

p
p

ro
x
im

a
te

ly
lo

w
-ra

n
k

m
a
tric

e
s)

S
u

p
po

se
Θ
∗∈

B
q (ρ

q )
fo

r
so

m
e
q
∈

(0,1]
a
n

d
ρ
q
>

0
.

U
n

d
er

th
e

h
ypo

th
eses

o
f

T
h
eo

rem
1
,

w
ith

a
ch

o
ice

o
f
λ

=
c

0
m

ax {

√
σ

lo
g
(2
d
)

n
,
σ

m
in

(L
) −

1
/
2

lo
g
(2
d
)

n

}
fo

r
so

m
e

co
n

sta
n

t
c

0
>

0
th

ere
exists

a
co

n
sta

n
t
c

1
>

0
su

ch

th
a
t

so
lvin

g
th

e
o
p
tim

iza
tio

n
(9)

a
ch

ieves
w

ith
p
ro

ba
bility

a
t

lea
st

1−
2/

(d
1

+
d

2 )
3,

1
√
d

1 ∣∣∣ ∣∣∣ ∣∣∣ (
Θ
∗−

Θ̂
)
L

1
/
2 ∣∣∣ ∣∣∣ ∣∣∣F

≤
c

1 √
ρ
q

√
d

1

(
(
α

+
1

ψ
(2α

) ) √
d

21
σ

log
(2d

))

n

)
2−
q

2

,
(14)

p
ro

vid
ed
n
≥
σ

log
(2d

)/σ
m

in (L
).
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L
e
a
r
n
in
g

f
r
o
m

C
o
m
pa

r
is
o
n
s
a
n
d

C
h
o
ic
e
s

T
h
is

is
a

st
ri

ct
ge

n
er

al
iz

at
io

n
of

C
or

ol
la

ry
2.

F
o
r
q

=
0

an
d
ρ

0
=
r,

th
is

re
co

ve
rs

th
e

ex
ac

t
lo

w
-r

an
k

es
ti

m
at

io
n

b
ou

n
d

u
p

to
a

fa
ct

or
of

tw
o.

F
or

ap
p
ro

x
im

at
e

lo
w

-r
an

k
m

at
ri

ce
s

in
an

` q
-b

al
l,

w
e

lo
se

in
th

e
er

ro
r

ex
p

on
en

t,
w

h
ic

h
re

d
u
ce

s
fr

om
on

e
to

(2
−
q)
/
2
.

3
.2

In
fo

rm
a
ti

o
n

-t
h

e
o
re

ti
c

L
o
w

e
r

B
o
u

n
d

F
or

a
p

ol
y
n
om

ia
l-

ti
m

e
al

go
ri

th
m

of
co

n
ve

x
re

la
x
at

io
n
,

w
e

g
av

e
in

th
e

p
re

v
io

u
s

se
ct

io
n

a
b

ou
n
d

on
th

e
ac

h
ie

va
b
le

er
ro

r.
W

e
n
ex

t
co

m
p
ar

e
th

is
to

th
e

fu
n
d
am

en
ta

l
li
m

it
of

th
is

p
ro

b
le

m
,

b
y

gi
v
in

g
a

lo
w

er
b

ou
n
d

on
th

e
ac

h
ie

va
b
le

er
ro

r
b
y

an
y

al
go

ri
th

m
(e

ffi
ci

en
t

or
n
ot

).
A

si
m

p
le

p
ar

am
et

er
co

u
n
ti

n
g

ar
gu

m
en

t
in

d
ic

at
es

th
at

it
re

q
u
ir

es
th

e
n
u
m

b
er

of
sa

m
p
le

s
to

sc
al

e
as

th
e

n
u
m

b
er

of
d
eg

re
es

of
fr

ee
d
om

i.
e.

,
n
∝
r(
d

1
+
d

2
),

to
es

ti
m

at
e

a
d

1
×
d

2
d
im

en
si

on
al

m
at

ri
x

of
ra

n
k
r.

W
e

co
n
st

ru
ct

an
ap

p
ro

p
ri

at
e

p
ac

k
in

g
ov

er
th

e
se

t
of

lo
w

-r
an

k
m

at
ri

ce
s

w
it

h
b

ou
n
d
ed

en
tr

ie
s

in
Ω
α

d
efi

n
ed

as
(1

0)
,

an
d

sh
ow

th
at

n
o

al
go

ri
th

m
ca

n
ac

cu
ra

te
ly

es
ti

m
at

e
th

e
tr

u
e

m
at

ri
x

w
it

h
h
ig

h
p
ro

b
ab

il
it

y
u
si

n
g

th
e

ge
n
er

al
iz

ed
F

an
o’

s
in

eq
u
al

it
y.

T
h
is

p
ro

v
id

es
a

co
n
st

ru
ct

iv
e

ar
gu

m
en

t
to

lo
w

er
b

ou
n
d

th
e

m
in

im
ax

er
ro

r
ra

te
,

w
h
ic

h
in

tu
rn

es
ta

b
li
sh

es
th

at
th

e
b

ou
n
d
s

in
T

h
eo

re
m

1
is

sh
ar

p
u
p

to
a

lo
ga

ri
th

m
ic

fa
ct

or
,

an
d

p
ro

v
es

n
o

ot
h
er

al
go

ri
th

m
ca

n
si

gn
ifi

ca
n
tl

y
im

p
ro

ve
ov

er
th

e
n
u
cl

ea
r

n
or

m
m

in
im

iz
at

io
n
.

T
h

e
o
re

m
4

S
u

p
po

se
Θ
∗

h
a
s

a
ra

n
k
r.

U
n

d
er

th
e

p
re

vi
o
u

sl
y

d
es

cr
ib

ed
gr

a
p
h

ba
se

d
sa

m
p
li

n
g

m
od

el
,

th
er

e
ex

is
ts

a
co

n
st

a
n

t
c
>

0
su

ch
th

a
t

in
f

Θ̂
su

p
Θ
∗ ∈

Ω
α

E[
1 √
d

1

∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣(
Θ
∗
−

Θ̂
) L

1
/
2
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ F

] ≥
c

m
in

{ e−
α

√
r
d

1

n
,

α
m

ax

  
√

r

tr
( L
† r)
,

d
2

√
d

1
lo

g
d

  

}
,

(1
5)

w
h
er

e
th

e
in

fi
m

u
m

is
ta

ke
n

o
ve

r
a
ll

m
ea

su
ra

bl
e

fu
n

ct
io

n
s

o
ve

r
th

e
o
bs

er
ve

d
co

m
pa

ri
so

n
re

su
lt

s
a
n

d
L
† r

is
th

e
p
se

u
d
o

in
ve

rs
e

o
f

th
e

ra
n

k
r

a
p
p
ro

xi
m

a
ti

o
n

o
f

th
e

gr
a
p
h

L
a
p
la

ci
a
n

.

A
p
ro

of
of

th
is

th
eo

re
m

is
p
ro

v
id

ed
in

A
p
p

en
d
ix

B
.

T
h
e

te
rm

of
p
ri

m
a
ry

in
te

re
st

in
th

is
b

ou
n
d

is
th

e
fi
rs

t
on

e,
w

h
ic

h
sh

ow
s

th
e

sc
al

in
g

of
th

e
(r

es
ca

le
d
)

m
in

im
ax

ra
te

as
√
rd

1
/n

an
d

m
at

ch
es

th
e

u
p
p

er
b

ou
n
d

in
(1

2)
u
p

to
a

lo
ga

ri
th

m
ic

fa
ct

or
.

It
is

th
e

d
om

in
an

t
te

rm
in

th
e

b
ou

n
d

w
h
en

ev
er

th
e

n
u
m

b
er

of
sa

m
p
le

s
is

la
rg

er
th

an
n
≥
d

1
m

ax
{t

r
( L
† r)

,d
1

lo
g
d
/d

2 2
}.

A
s

su
gg

es
te

d
in

n
u
m

er
ic

al
si

m
u
la

ti
on

s
on

gr
ap

h
s

w
it

h
v
er

y
sm

al
l

sp
ec

tr
al

ga
p

in
F

ig
u
re

s

1.
(b

),
(d

),
an

d
(f

),
th

e
d
ep

en
d
en

ce
in

tr
( L
† r)

is
an

ar
ti

fa
ct

of
th

e
w

ea
k
n
es

s
of

th
e

cu
rr

en
t

an
al

y
si

s
te

ch
n
iq

u
e.

H
er

e
w

e
n
ot

e
th

at
,

w
h
il
e

th
e

lo
w

er
b

ou
n
d

in
T

h
eo

re
m

4
is

in
ex

p
ec

-
ta

ti
on

,
th

e
u
p
p

er
b

ou
n
d

in
T

h
eo

re
m

1
is

a
h
ig

h
-p

ro
b
ab

il
it

y
re

su
lt

.
T

h
e

u
p
p

er
b

ou
n
d

ca
n

im
m

ed
ia

te
ly

b
e

tr
an

sl
at

ed
in

to
a

b
ou

n
d

in
ex

p
ec

te
d

er
ro

r
w

it
h

an
ad

d
it

io
n
al

te
rm

sc
al

in
g

as
α
σ

m
a
x
(L

)1
/
2
√
d

2
d
−

3
,

w
h
ic

h
is

sm
al

le
r

th
an

ot
h
er

te
rm

s
in

th
e

b
ou

n
d
.

3
.3

P
e
rf

o
rm

a
n

c
e

G
u

a
ra

n
te

e
a
n

d
L

o
w

e
r

B
o
u

n
d

fo
r

C
o
m

p
le

te
G

ra
p

h

It
fo

ll
ow

s
fr

om
a

si
m

p
le

re
la

ti
on
|||(

Θ
∗
−

Θ̂
)L

1
/
2
||| F
≥
σ

1
/
2

m
in
|||Θ
∗
−

Θ̂
||| F

,
w

h
ic

h
is

tr
u
e

si
n
ce

Θ
∗ ,

Θ̂
ar

e
in

th
e

ra
n
ge

sp
ac

e
of
L

,
th

at
th

e
ab

ov
e

u
p
p

er
b

ou
n
d
s

au
to

m
at

ic
a
ll
y

gi
ve

th
e

er
ro

r
b

ou
n
d

in
th

e
F

ro
b

en
iu

s
n
or

m
.

W
h
en

th
e

sa
m

p
li
n
g

gr
ap

h
is

u
n
if

or
m

,
i.
e.

a
co

m
p
le

te
gr

ap
h

1
3
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N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

w
it

h
eq

u
al

w
ei

gh
ts
P
j 1
,j

2
=

1
/d

2
(d

2
−

1)
,
∀j

1
6=
j 2

,
F

ro
b

en
iu

s
n
or

m
is

th
e

ri
g
h
t

m
et

ri
c

a
n
d

w
e

sh
ow

m
at

ch
in

g
u
p
p

er
an

d
lo

w
er

b
ou

n
d
s.

C
o
ro

ll
a
ry

5
(C

o
m

p
le

te
g
ra

p
h

u
p

p
e
r-

b
o
u

n
d

)
U

n
d
er

th
e

sa
m

e
h
yp

o
th

es
is

a
s

in
C

o
ro

l-

la
ry

2
,

if
G

is
a

co
m

p
le

te
gr

a
p
h
,

w
it

h
a

ch
o
ic

e
o
f
λ

=
c 0

m
ax

{ √
σ

lo
g
(2
d
)

n
,

√
(d

2
−

1
)

lo
g
(2
d
)

n

}

fo
r

so
m

e
c 0
>

0
,

if
Θ
∗

is
ex

a
ct

ly
ra

n
k
r,

th
er

e
ex

is
ts

a
po

si
ti

ve
co

n
st

a
n

t
c 1

su
ch

th
a
t

th
e

p
ro

po
se

d
es

ti
m

a
to

r
a
ch

ie
ve

s,
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣Θ

∗
−

Θ̂
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ F

√
d

1
(d

2
−

1)
≤
c 1

( α
+

1

ψ
(2
α

))
√
r

m
ax

{
√
σ
d

1
lo

g
(2
d
)

n
,

√
(d

2
−

1)
d

1
lo

g
(2
d
)

n

}
,

(1
6
)

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

2/
(d

1
+
d

2
)3

a
n

d
σ

=
m

ax
{(
d

2
−

1)
/d

1
,1
}.

C
o
ro

ll
a
ry

6
(C

o
m

p
le

te
g
ra

p
h

lo
w

e
r-

b
o
u

n
d

)
S

u
p
po

se
Θ
∗

h
a
s

ra
n

k
r.

U
n

d
er

th
e

p
re

-
vi

o
u

sl
y

d
es

cr
ib

ed
gr

a
p
h

ba
se

d
sa

m
p
li

n
g

m
od

el
w

it
h

gr
a
p
h

be
in

g
a

co
m

p
le

te
gr

a
p
h
,

th
er

e
is

a
u

n
iv

er
sa

l
n

u
m

er
ic

a
l

co
n

st
a
n

t
c
>

0
su

ch
th

a
t

in
f

Θ̂
su

p
Θ
∗ ∈

Ω
α

E[
1

√
d

1
(d

2
−

1)

∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣Θ̂
−

Θ
∗∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ F

] ≥
c

m
in

{ e−
α

√
r
d

1

n
,

α
m

ax

{
1

√
(d

2
−

1)
,

d
2

√
d

1
lo

g
d

}
}
, (1

7
)

w
h
er

e
th

e
in

fi
m

u
m

is
ta

ke
n

o
ve

r
a
ll

m
ea

su
ra

bl
e

fu
n

ct
io

n
s

o
ve

r
th

e
o
bs

er
ve

d
co

m
pa

ri
so

n
re

su
lt

s.

3
.4

E
x
p

e
ri

m
e
n
ts

W
e

p
ro

v
id

e
a

fi
rs

t-
or

d
er

m
et

h
o
d

to
so

lv
e

th
e

p
ro

p
os

ed
co

n
ve

x
op

ti
m

iz
at

io
n
,

a
n
d

p
ro

v
id

e
n
u
m

er
ic

al
ex

p
er

im
en

ts
u
si

n
g

th
is

al
go

ri
th

m
.

W
e

p
re

se
n
t

tw
o

si
m

u
la

ti
on

re
su

lt
s

fo
ll
ow

ed
b
y

an
ex

p
er

im
en

t
on

re
al

d
at

a.
F

or
th

e
sy

n
th

et
ic

ex
p

er
im

en
ts

,
w

e
ge

n
er

at
e

ra
n
d
om

ra
n
k
-r

m
a
tr

ic
es

of
d
im

en
si

o
n
d
×

d
,

of
th

e
fo

rm
Θ
∗

=
U
V
T

w
it

h
U
∈

R
d
×
r

an
d
V
∈

R
d
×
r

en
tr

ie
s

ge
n
er

a
te

d
i.
i.
d

fr
om

u
n
if

or
m

d
is

tr
ib

u
ti

on
ov

er
[0
,1

].
T

h
en

th
e

co
n
n
ec

te
d
-c

om
p

on
en

t-
m

ea
n

is
su

b
tr

a
ct

ed
fo

rm
ea

ch
co

n
n
ec

te
d

co
m

p
on

en
t,

an
d

th
en

th
e

w
h
ol

e
m

at
ri

x
is

sc
al

ed
su

ch
th

at
th

e
la

rg
es

t
en

tr
y

is
α

=
5.

N
ot

e
th

at
th

is
op

er
at

io
n

d
o
es

n
ot

in
cr

ea
se

th
e

ra
n
k

of
th

e
m

at
ri

x
Θ

.
T

h
is

is
b

ec
au

se
th

is
d
e-

m
ea

n
in

g
ca

n
b

e
w

ri
tt

en
as

Θ
−
∑

k
Θ
g
g
T
/(
g
T
1

)
an

d
b

ot
h

te
rm

s
in

th
e

op
er

at
io

n
ar

e
of

th
e

sa
m

e
co

lu
m

n
sp

ac
e

as
Θ

w
h
ic

h
is

of
ra

n
k
r.

3
.4
.1

A
l
g
o
r
it
h
m

L
et

Θ
′
,

Θ
L

1
/
2
.

A
s

th
e

n
u
cl

ea
r

n
or

m
re

gu
la

ri
ze

r
in

(9
)

is
n
on

d
iff

er
en

ti
ab

le
,

w
e

u
se

th
e

p
ro

x
im

al
gr

ad
ie

n
t

d
es

ce
n
t

A
ga

rw
al

et
al

.
(2

01
0)

;
C

ai
et

al
.

(2
01

0)
.

A
t

ea
ch

it
er

a
ti

o
n
,

w
e

ap
p
ly

th
e

fo
ll
ow

in
g

tw
o

op
er

at
io

n
s

on
th

e
cu

rr
en

t
es

ti
m

at
e,

Θ
′ t,

of
Θ
∗ L

1
/
2
,

Θ̃
′ t+

1
=

Θ
′ t−

η t
∇

Θ
L(

Θ
′ tL
−

1
/
2
)L
−

1
/
2

(g
ra

d
ie

n
t

d
es

ce
n
t)

(1
8)

Θ
′ t+

1
=
M
t(

Γ
t
−
η t
λ
I)

+
N
T t

(s
in

g
u
la

r
va

lu
e

sh
ri

n
ka

ge
an

d
th

re
sh

o
ld

in
g
)

(1
9
)
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L
e
a
r
n
in
g

f
r
o
m

C
o
m
pa

r
iso

n
s
a
n
d

C
h
o
ic
e
s

w
h
ere

M
t Γ
t N

Tt
:=

Θ̃
′t

is
th

e
sin

gu
lar

valu
e

d
ecom

p
osition

of
Θ̃
′t ,

su
ch

th
a
t

Γ
t

is
a

d
iagon

al
m

atrix
w

ith
p

o
sitive

en
tries,

(·)
+

is
th

e
en

try
-w

ise
th

resh
old

in
g

op
eration

m
ax

(0
,x

),
a
n
d
η
t

is
a
n

a
p
p
rop

ria
te

step
-size.

C
on

strain
t

of
zero

row
su

m
,

is
taken

care
of

b
y

in
itializin

g
th

e
d
escen

t
a
lg

orith
m

w
ith

Θ
′0

=
0,

sin
ce

row
s

of
grad

ien
ts

su
m

to
zero.

In
p
ractice

w
e

d
o

n
ot

k
n
ow

th
e

valu
e

of
α

,
an

d
h
en

ce
in

ex
p

erim
en

ts
w

e
d
o

n
ot

en
force

th
e‖

Θ
‖∞
≤
α

con
strain

t.

A
n
o
th

er
issu

e
in

th
e

im
p
lem

en
tation

is
th

at
th

e
con

vergen
ce

rate
can

b
e

sign
ifi

can
tly

slow
er

fo
r

so
m

e
grap

h
top

ologies.
W

e
accelerate

th
e

p
rox

im
al

gra
d
ien

t
d
escen

t
w

ith
th

e
fo

llow
in

g
(m

o
d
ifi

ed
)

B
arzilai-B

orw
ein

(B
B

)
ru

le
B

arzilai
an

d
B

orw
ein

(1
988)

for
ch

o
osin

g
th

e
step

-size
η
t ,η

t
=



|||Θ
′t −

Θ
′t−

1 ||| 22

〈〈
Θ
′t −

Θ
′t−

1
,∇

Θ
′ L
′(Θ
′t )−
∇

Θ
′ L
′(Θ
′t−

1
)〉〉 ,

w
h
en

t
is

o
d
d

〈〈
Θ
′t −

Θ
′t−

1
,∇

Θ
′ L
′(Θ
′t )−
∇

Θ
′ L
′(Θ
′t−

1
)〉〉

|||∇
Θ
′ L
′(Θ
′t )−
∇

Θ
′ L
′(Θ
′t−

1
)||| 22

,
w

h
en

t
is

ev
en

,
(20)

w
h
ere
∇

Θ
′L
′(Θ
′)

:=
∇

Θ L
(Θ
′L
−

1
/
2)L
−

1
/
2.

W
e

stop
th

e
d
escen

t
a
lgorith

m
w

h
en

ever
an

u
p
p

er
b

ou
n
d

o
f

th
e

K
K

T
error

is
sm

aller
th

an
10 −

5.

3
.4
.2

T
h
e
R
o
l
e
o
f
t
h
e
T
o
p
o
l
o
g
y
o
f
t
h
e
S
a
m
p
l
in
g

P
a
t
t
e
r
n

In
fi
gu

re
1,

w
e

p
lot

th
e

error
of

ou
r

n
u
clear

n
orm

m
in

im
ization

b
ased

algorith
m

versu
s

n
u
m

b
er

o
f

sa
m

p
les

(in
log-scale),

n
for

d
1

=
d

2
=

300,
r

=
4,
α

=
5.0,

G
=

1.
W

e
con

sid
er

tw
o

erro
rs

h
ere;

ro
ot

m
ean

sq
u
ared

error
(R

M
S
E

)
=
∣∣∣ ∣∣∣ ∣∣∣ Θ
−

Θ̂
∣∣∣ ∣∣∣ ∣∣∣F

/ √
d

1 d
2

an
d

L
a
p
lacian

in
d
u
ced

R
M

S
E

(L
-R

M
S
E

)=
∣∣∣ ∣∣∣ ∣∣∣ (Θ

−
Θ̂

)L
1
/
2 ∣∣∣ ∣∣∣ ∣∣∣F

/ √
d

1 .
W

e
p
lot

th
ese

errors
for

fou
r

top
olo

gies

o
f

va
ry

in
g

sp
ectral

gap
s.

A
s

d
iscu

ssed
S
ection

3.1,
w

e
d
o

n
ot

ex
p

ect
th

e
L

-R
M

S
E

error
to

ch
a
n
g
e

m
u
ch

a
s

w
e

ch
an

ge
th

e
top

olo
gy

of
sam

p
lin

g.
H

ow
ever,

as
seen

from
th

e
sim

p
le

relatio
n
|||(Θ

∗−
Θ̂

)L
1
/
2|||F
≥
σ

1
/
2

m
in |||Θ

∗−
Θ̂
|||F

F
rob

en
iu

s
n
orm

error
is

m
ore

sen
sitive

to
th

e
to

p
o
lo

g
y

of
th

e
sam

p
lin

g
p
attern

,
cap

tu
red

v
ia

th
e

sp
ectral

gap
,

i.e.
σ

m
in (L

).
S
p

ecifi
cally

w
e

u
se

th
e

fo
llow

in
g

grap
h

top
ologies.

•
C

o
m

p
le

te
g
ra

p
h

.
W

e
fi
rst

con
sid

er
a

u
n
ifo

rm
sam

p
lin

g
over

a
com

p
lete

grap
h

w
h
ere

P
j
1
,j

2
=

1/d
2 (d

2 −
1)

for
all

j
1 ,j

2 ∈
[d

2 ].
T

h
e

resu
ltin

g
sp

ectral
gap

is
1/(d

2 −
1),

w
h
ich

is
th

e
m

a
x
im

u
m

p
ossib

le
valu

e.
H

en
ce,

com
p
lete

grap
h
s

are
op

tim
al

for
learn

in
g

M
N

L
m

o
d
els,

com
p
ared

in
th

e
error

m
etric

of
th

e
F

rob
en

iu
s

n
orm

for
fairn

ess.

•
S

ta
r

g
ra

p
h

.
H

ere
w

e
ch

o
ose

on
e

item
to

b
e

th
e

cen
ter,

an
d

every
oth

er
item

s
can

o
n
ly

b
e

com
p
ared

to
th

is
cen

ter
item

u
n
iform

ly
at

ran
d
o
m

.
L

et
item

1
b

e
th

e
cen

ter
o
n
e,

th
en

P
j
1
,1

=
P

1
,j

2
=

1/2(d
2 −

1).
S
tan

d
ard

sp
ectral

an
aly

sis
sh

ow
s

th
at

th
e

sp
ectra

l
g
ap

is
Θ

(1/d
2 ),

an
d

th
u
s

th
e

grap
h

is
n
ear-op

tim
al

for
learn

in
g

M
N

L
m

o
d
els.

•
L

in
e

g
ra

p
h

.
N

ex
t,

w
e

con
sid
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=
P
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d
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p
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p
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i.i.d
.

Θ
∗ij

(c)
R

M
S
E

fo
r

b
arb

ell
b
ia

s
Θ

∗ij
(d

)
L

-R
M

S
E

fo
r

b
arb

ell
b
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b
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r
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p
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p
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p
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m
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d
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d
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d
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e
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p
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p
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d
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r
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b
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b
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b
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h
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b
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al

ga
p

(h
ig

h
m

ix
in

g-
ti

m
e)

,
it

s
eff

ec
t

is
m

in
im

iz
ed

b
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d
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b
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b
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b
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b
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p

e
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p
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fe
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ba
rb

el
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se
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A
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ex
p
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te

d
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th

eo
re

ti
ca

l
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al
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se
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L

-R
M

S
E
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il
ar
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th

e
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i.
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ev
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se
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b
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ou
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.
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b
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s
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,
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e
si

m
u
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te
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n
e
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se

d
p
re
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n
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d
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a
Θ
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em

s
ar

e
or
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er

ed
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n
th

e
or
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th

e
li
n
e
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p
h
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h
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il
ar
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tr
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u
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b
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t

th
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sh
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p
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si
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th

e
or
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er
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A
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ro

b
en

iu
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n
or

m
er

ro
r
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si
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n
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r

li
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an
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ar

b
el
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gr

ap
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tr

al
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p
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ar
e
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al
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3
.4
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T
h
e
G
a
in

in
In

f
e
r
e
n
c
e
o
v
e
r
M
u
lt

ip
l
e
G
r
o
u
p
s
o
f
It
e
m
s

C
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si
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er
G

gr
ou

p
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of
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em
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th
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it
h
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ev
er
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p
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r
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s
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u
n
if
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t
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p
ar

ed
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b
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t

it
em

s
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om
d
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er
en

t
gr

ou
p

a
re

n
ev

er
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m
p
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ed
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h
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ot
h
er

.
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s
a

b
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el
in

e,
on

e
ca

n
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n
in
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n
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gr
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p
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p
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el
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n
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e
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h
er

h
an

d
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w
e
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ro

p
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e
ru

n
n
in

g
in

fe
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n
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l
th

e
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p
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in
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L
et

Θ̂
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e
th

e
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at
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Θ
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w
h
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in
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th
e
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ge

th
er
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d
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b
e

th
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m
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en
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p
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L
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b
e

th
e
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h
L

ap
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s
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w
h
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e
gr
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h
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d
k
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h
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n
n
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d
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p
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u
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v
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p
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p
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t
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2
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d
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e
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p
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u
al
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d
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p
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te
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p
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p
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en
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=
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−
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=
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g k
g
T k
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1)

L
(k
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=
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(d
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−
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d
2 G
×
d
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−
G d

2
1
1
T

)
.
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A
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d
in

g
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T
h
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e
L
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M

S
E
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r
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Θ̂
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1 √
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/
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√
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e
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p
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u
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u
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e
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Õ
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Θ̄
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ra
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p
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b
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p
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p
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=
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p
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f
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p
lin

g
grap

h
s

w
h
en
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L
ap
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k
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)
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h
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e

error
in

creases
w

ith
n
u
m

b
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ra
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p
red

icted
b
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b
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r
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p
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∈
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p
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p
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p
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r
n
e
l
l
.
e
d
u
/
s
e
3
/
p
r
o
j
e
c
t
s
/
c
o
s
t
-
e
f
f
e
c
t
i
v
e
-
h
i
t
s
.

1
9

JM
L

R
 19(40):1-95, 2018

N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
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b
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p
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p
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h
er

e
th

e
ro

w
s

an
d

co
lu

m
n
s

co
rr

es
p

on
d

to
u
se

rs
an

d
it

em
s,

re
sp

ec
ti

ve
ly

.
In

th
is
k
-w

is
e

ra
n
k
in

g
se

tt
in

g,
w

h
en

a
u
se

r
i

is
p
re

se
n
te

d
w

it
h

a
se

t,

2
1

JM
L

R
 1

9(
40

):
1-

95
, 2

01
8

N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

S
i
⊆

[d
2
],

of
k

al
te

rn
at

iv
es

sh
e

re
v
ea

ls
h
er

p
re

fe
re

n
ce

s
as

a
ra

n
ke

d
li
st

ov
er

th
o
se

it
em

s.
T

o
si

m
p
li
fy

th
e

n
ot

at
io

n
s,

w
e

as
su

m
e

th
at

al
l

th
e

u
se

rs
co

m
p
ar

e
th

e
sa

m
e

n
u
m

b
er
k

o
f

it
em

s,
b
u
t

th
e

an
al

y
si

s
n
at

u
ra

ll
y

ge
n
er

al
iz

es
to

th
e

ca
se

w
h
en

th
e

si
ze

m
ig

h
t

d
iff

er
fr

o
m

a
u
se

r
to

a
u
se

r
an

d
w

h
en

ea
ch

u
se

r
p
ro

v
id

es
m

or
e

th
an

on
e
k
-w

is
e

ra
n
k
in

g.
L

et
v i
,`
∈
S
i

d
en

o
te

th
e

(r
an

d
om

)
`-

th
b

es
t

ch
oi

ce
of

u
se

r
i.

E
ac

h
u
se

r
gi

ve
s

a
ra

n
k
in

g,
in

d
ep

en
d
en

t
o
f

o
th

er
u
se

rs
’

ra
n
k
in

gs
,

fr
om

P
{v
i,

1
,.
..
,v
i,
k
|S
i

is
p
re

se
n
te

d
to

u
se

r
i}

=
k ∏ `=

1

eΘ
∗ i,
v
i,
`

∑
j∈
S
i,
`
eΘ
∗ i,
j
,

(2
9
)

w
h
er

e
w

it
h
S
i,
`
≡
S
i
\
{v
i,

1
,.
..
,v
i,
`−

1
}

an
d
S
i,

1
≡
S
i.

F
or

a
u
se

r
i,

th
e
i-

th
ro

w
o
f

Θ
∗

re
p
re

se
n
ts

th
e

u
n
d
er

ly
in

g
p
re

fe
re

n
ce

v
ec

to
r

of
th

e
u
se

r,
an

d
th

e
m

or
e

p
re

fe
rr

ed
it

em
s

a
re

m
or

e
li
k
el

y
to

b
e

ra
n
ke

d
h
ig

h
er

.
S
im

il
ar

to
th

e
p
ai

rw
is

e
co

m
p
ar

is
on

s,
th

e
d
is

tr
ib

u
ti

on
(2

9)
is

in
d
ep

en
d
en

t
o
f

sh
if

ti
n
g

ea
ch

ro
w

of
Θ
∗

b
y

a
co

n
st

an
t.

S
in

ce
w

e
ca

n
on

ly
es

ti
m

at
e

Θ
∗

u
p

to
th

is
eq

u
iv

al
en

t
cl

a
ss

,
w

e
se

a
rc

h
fo

r
th

e
on

e
w

h
os

e
ro

w
s

su
m

to
ze

ro
,

i.
e.
∑

j∈
[d

2
]
Θ
∗ i,j

=
0

fo
r

al
l
i
∈

[d
1
].

F
or

ca
p
tu

ri
n
g

th
e

“s
p
ik

in
es

s”
N

eg
ah

b
an

an
d

W
ai

n
w

ri
gh

t
(2

01
2)

of
Θ
∗ ,

w
e

d
efi

n
e
α
≡

m
ax

i,
j 1
,j

2
|Θ
∗ ij

1
−

Θ
∗ ij

2
|

to
d
en

ot
e

th
e

d
y
n
am

ic
ra

n
ge

of
th

e
u
n
d
er

ly
in

g
Θ
∗ ,

su
ch

th
at

w
h
en

k
it

em
s

a
re

co
m

p
a
re

d
,

w
e

al
w

ay
s

h
av

e

1 k
e−

α
≤

1

1
+

(k
−

1)
eα
≤

P
{v
i,

1
=
j}
≤

1

1
+

(k
−

1)
e−

α
≤

1 k
eα
,

(3
0
)

fo
r

al
l
j
∈
S
i,

al
l
S
i
⊆

[d
2
]

sa
ti

sf
y
in

g
|S
i|

=
k

an
d

a
ll
i
∈

[d
1
].

W
e

d
o

n
o
t

m
a
k
e

a
n
y

as
su

m
p
ti

on
s

on
α

ot
h
er

th
an

th
at
α

=
O

(1
)

w
it

h
re

sp
ec

t
to
d

1
an

d
d

2
.

G
iv

en
th

is
d
efi

n
it

io
n
,

w
e

so
lv

e
th

e
fo

ll
ow

in
g

op
ti

m
iz

at
io

n

Θ̂
∈

ar
g

m
in

Θ
∈Ω

α

−
L(

Θ
)

+
λ
|||Θ
||| n

u
c
,

(3
1
)

w
h
er

e,

L(
Θ

)
=

1

k
d

1

d
1 ∑ i=
1

k ∑ `=
1

 
〈〈Θ

,e
ie
T v
i,
`
〉〉
−

lo
g

 
∑ j∈
S
i,
`

ex
p
( 〈〈

Θ
,e
ie
T j
〉〉)
 
 

,
(3

2
)

ov
er

Ω
α

=
{ A
∈
R
d

1
×
d

2
∣ ∣ ||
|A
||| ∞
≤
α
,

an
d
∀i
∈

[d
1
]

w
e

h
av

e
∑ j∈

[d
2
]

A
ij

=
0}

.
(3

3
)

N
ot

e
th

at
u
n
li
ke

gr
ap

h
sa

m
p
li
n
g

fo
r

p
ai

rw
is

e
co

m
p
ar

is
on

s,
w

e
as

su
m

e
th

a
t

ea
ch

u
se

r
is

p
re

se
n
te

d
a

su
b
se

t
of
k

it
em

s
an

d
p
ro

v
id

es
a

co
m

p
le

te
ra

n
k
in

g
ov

er
th

os
e
k

it
em

s.
T

h
is

ch
oi

ce
of

sa
m

p
li
n
g

sc
en

ar
io

,
to

ge
th

er
w

it
h

in
d
ep

en
d
en

t
ch

oi
ce

s
of

th
e

it
em

s
in

su
b
se

t
S
i’

s,
is

cr
u
ci

al
fo

r
ge

tt
in

g
a

b
ou

n
d

th
at

is
ti

gh
t

in
it

s
sc

al
in

g
w

it
h

re
sp

ec
t

to
n
ot

o
n
ly
d

1
,
d

2
,

a
n
d

r,
b
u
t

al
so
k
,

as
a

ce
rt

ai
n

in
d
ep

en
d
en

ce
is

re
q
u
ir

ed
to

ap
p
ly

th
e

sy
m

m
et

ri
za

ti
o
n

te
ch

n
iq

u
e

(i
n

L
em

m
a

29
)

w
h
ic

h
gi

ve
s

u
s

th
e

d
es

ir
ed

ti
gh

t
b

ou
n
d

o
n

th
e

er
ro

r.
It

tr
iv

ia
ll
y

fo
ll
ow

s
fr

om
ou

r
an

al
y
si

s
th

at
on

e
ca

n
re

la
x

th
e

as
su

m
p
ti

on
s

in
th

e
sa

m
p
li
n
g

sc
en

ar
io

si
g
n
ifi

ca
n
tl

y
(e

.g
.
sa

m
p
li
n
g

w
it

h
ou

t
re

p
la

ce
m

en
t,

h
et

er
og

en
eo

u
s

sa
m

p
li
n
g

p
ro

b
ab

il
it

ie
s

fo
r

ea
ch

it
em

-u
se

r
p
ai

r,
et

c.
),

an
d

th
e

on
ly

ch
an

ge
in

th
e

u
p
p

er
b

ou
n
d

of
E

q
.

(3
4)

w
il
l

b
e

a
w

ea
ke

r
d
ep

en
d
en

ce
k
.

22
JM

L
R

 1
9(

40
):

1-
95

, 2
01

8



L
e
a
r
n
in
g

f
r
o
m

C
o
m
pa

r
iso

n
s
a
n
d

C
h
o
ic
e
s

4
.1

P
e
rfo

rm
a
n

c
e

G
u

a
ra

n
te

e

W
e

p
rov

id
e

an
u
p
p

er
b

ou
n
d

on
th

e
resu

ltin
g

error
of

ou
r

con
vex

relax
ation

,
w

h
en

a
m

u
lti-set

o
f

item
s
S
i

p
resen

ted
to

u
ser

i
is

d
raw

n
u
n
iform

ly
at

ra
n
d
om

w
ith

rep
lacem

en
t.

P
recisely,

fo
r

a
g
iven

k
,
S
i

=
{
j
i,1 ,...,j

i,k }
w

h
ere

j
i,` ’s

are
in

d
ep

en
d
en

tly
d
raw

n
u
n
iform

ly
at

ran
d
om

over
th

e
d

2
item

s.
F

u
rth

er,
if

an
item

is
sam

p
led

m
ore

th
an

on
ce,

i.e.
if

th
ere

ex
ists

j
i,`

1
=
j
i,`

2
fo

r
som

e
i

an
d
`
1 6=

`
2 ,

th
en

w
e

assu
m

e
th

a
t

th
e

u
ser

treats
th

ese
tw

o
item

s
as

if
th

ey
a
re

tw
o

d
istin

ct
item

s
w

ith
th

e
sam

e
M

N
L

w
eigh

ts
Θ
∗i,j
i,`

1
=

Θ
∗i,j
i,`

2 .
T

h
e

resu
ltin

g

p
referen

ce
is

th
erefore

alw
ay

s
over

k
item

s
(w

ith
p

ossib
ly

m
u
ltip

le
cop

ies
o
f

th
e

sam
e

item
),

a
n
d

d
istrib

u
ted

accord
in

g
to

(29).
F

o
r

ex
am

p
le,

if
k

=
3,

it
is

p
ossib

le
to

h
ave

S
i

=
{
j
i,1

=
1,j

i,2
=

1,j
i,3

=
2},

in
w

h
ich

case
th

e
resu

ltin
g

ran
k
in

g
can

b
e

(v
i,1

=
j
i,1 ,v

i,2
=
j
i,3 ,v

i,3
=

j
i,2 )

w
ith

p
ro

b
a
b
ility

(e
Θ
∗i,1)/(2

e
Θ
∗i,1

+
e

Θ
∗i,2)×

(e
Θ
∗i,2)/

(e
Θ
∗i,1

+
e

Θ
∗i,2).

S
u
ch

a
sam

p
lin

g
w

ith
rep

la
cem

en
t

is
n
ecessary

for
th

e
an

aly
sis,

w
h
ere

w
e

req
u
ire

in
d
ep

en
d
en

ce
in

th
e

ch
oice

of
th

e
item

s
in
S
i

in
o
rd

er
to

ap
p
ly

th
e

sy
m

m
etrization

tech
n
iq

u
e

(e.g.
B

ou
ch

eron
et

al.
(2013

))
to

b
ou

n
d

th
e

ex
p

ectation
of

th
e

d
ev

iatio
n

(cf.
A

p
p

en
d
ix

C
.4).

S
im

ilar
sam

p
lin

g
assu

m
p
tion

s
h
ave

b
een

m
a
d
e

in
ex

istin
g

an
aly

ses
on

learn
in

g
low

-ran
k

m
o
d
els

from
n
oisy

ob
servation

s,
e.g

.
N

ega
h
b
a
n

an
d

W
ain

w
righ

t
(2012).

L
et
d
≡

(d
1

+
d

2 )/
2,

a
n
d

let
σ
j (Θ

∗)
d
en

ote
th

e
j-th

sin
g
u
lar

va
lu

e
o
f

th
e

m
atrix

Θ
∗.

D
efi

n
e

λ
0
≡

e
2
α √

d
1

log
d

+
d

2
(log

d
)
2(log

2d
)
4

k
d

21
d

2
.

(34)

T
h

e
o
re

m
7

U
n

d
er

th
e

d
escribed

sa
m

p
lin

g
m

od
el,

a
ssu

m
e

24
≤
k
≤

m
in{d

21
log

d
,(d

21
+

d
22 )/(2d

1 )
lo

g
d
,

(1/e)
d

2 (4
log

d
2

+
2

log
d

1 )}
,

a
n

d
λ
∈

[4
80λ

0 ,c
0 λ

0 ]
w

ith
a
n

y
co

n
sta

n
t
c

0
=

O
(1)

la
rger

th
a
n

4
8
0
.

T
h
en

,
so

lvin
g

th
e

o
p
tim

iza
tio

n
(31)

a
ch

ieves

1

d
1 d

2 ∣∣∣ ∣∣∣ ∣∣∣ Θ̂
−

Θ
∗ ∣∣∣ ∣∣∣ ∣∣∣ 2F

≤
288 √

2
e

4
α
c

0 λ
0 √
r ∣∣∣ ∣∣∣ ∣∣∣ Θ̂

−
Θ
∗ ∣∣∣ ∣∣∣ ∣∣∣F

+
288

e
4
α
c

0 λ
0

m
in{

d
1
,d

2 }
∑j=
r
+

1

σ
j (Θ

∗)
,

(35)

fo
r

a
n

y
r∈
{1
,...,m

in{d
1 ,d

2 }}
w

ith
p
ro

ba
bility

a
t

lea
st

1−
2
d −

3−
d −

3
2

w
h
ere

d
=

(d
1 +
d

2 )/
2
.

A
p
ro

o
f

is
p
rov

id
ed

in
A

p
p

en
d
ix

C
.

T
h
is

b
ou

n
d

h
old

s
for

all
valu

es
o
f
r

an
d

on
e

cou
ld

p
o
ten

tia
lly

o
p
tim

ize
over

r.
W

e
sh

ow
su

ch
resu

lts
in

th
e

follow
in

g
corolla

ries.

C
o
ro

lla
ry

8
(E

x
a
c
t

lo
w

-ra
n

k
m

a
tric

e
s)

S
u

p
po

se
Θ
∗

h
a
s

ra
n

k
a
t

m
o
st
r.

U
n

d
er

th
e

h
ypo

th
eses

o
f

T
h
eo

rem
7
,

so
lvin

g
th

e
o
p
tim

iza
tio

n
(31)

w
ith

th
e

ch
o
ice

o
f

th
e

regu
la

riza
tio

n
pa

ra
m

eter
λ
∈

[480λ
0 ,c

0 λ
0 ]

a
ch

ieves
w

ith
p
ro

ba
bility

a
t

lea
st

1−
2
d −

3−
d −

3
2

,

1
√
d

1 d
2 ∣∣∣ ∣∣∣ ∣∣∣ Θ̂

−
Θ
∗ ∣∣∣ ∣∣∣ ∣∣∣F

≤
288 √

2
e

6
α
c

0 √
r(d

1
log

d
+
d

2
(log

d
)
2(log

2d
)
4)

k
d

1
.

(36)

T
h
e

n
u
m

b
er

o
f

en
tries

is
d

1 d
2

an
d

w
e

rescale
th

e
F

rob
en

iu
s

n
orm

error
ap

p
rop

riately
b
y

1
/ √

d
1 d

2 .
F

o
r

a
ran

k
-r

m
atrix

Θ
∗

w
ith

r(d
1

+
d

2 )−
r

2
=
O

(r(d
1

+
d

2 ))
d
egrees

of
freed

om
,

th
e

a
b

ove
th

eo
rem

sh
ow

s
th

at
th

e
total

n
u
m

b
er

of
sam

p
les,

w
h
ich

is
(k
d

1 ),
n
eed

s
to

scale

2
3

JM
L

R
 19(40):1-95, 2018

N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

as
O

(rd
1 (log

d
)
+
rd

2
(log

d
)
2(log

2
d
)
4)

in
ord

er
to

ach
ieve

an
arb

itrarily
sm

a
ll

error.
T

h
is

is
on

ly
p

oly
-logarith

m
ic

factor
larger

th
an

th
e

d
egrees

of
freed

om
.

In
S
ection

4.2,
w

e
p
rov

id
e

a
low

er
b

ou
n
d

on
th

e
error

d
irectly,

th
at

m
atch

es
th

e
u
p
p

er
b

ou
n
d

u
p

to
a

logarith
m

ic
factor.

T
h
e

d
ep

en
d
en

ce
on

th
e

d
y
n
am

ic
ran

ge
α

is
su

b
-op

tim
al.

T
h
e

ex
p

on
en

tial
d
ep

en
d
en

ce
in

th
e

b
ou

n
d

seem
s

to
b

e
a

w
eak

n
ess

of
th

e
an

aly
sis,

as
seen

from
n
u
m

erical
ex

p
erim

en
ts

in
th

e
righ

t
p
an

el
of

F
igu

re
6.

A
lth

ou
gh

th
e

error
in

crease
w

ith
α

,
n
u
m

erical
ex

p
erim

en
ts

su
ggests

th
at

it
on

ly
in

creases
at

m
ost

lin
early.

A
p
ra

ctical
issu

e
in

ach
iev

in
g

th
e

ab
ove

rate
is

th
e

ch
oice

of
λ

,
sin

ce
th

e
d
y
n
am

ic
ran

ge
α

is
n
ot

k
n
ow

n
in

ad
van

ce.
F

igu
re

6
illu

strates
th

at
th

e
error

is
n
ot

sen
sitive

to
th

e
ch

oice
of
λ

for
a

w
id

e
ran

ge.
F

or
ap

p
rox

im
ately

low
-ran

k
m

atrices
in
`
q -b

all
d
efi

n
ed

in
(13),

op
tim

izin
g

th
e

ch
oice

of
r

in
T

h
eorem

7,
w

e
get

th
e

follow
in

g
resu

lt.
T

h
is

is
a

strict
gen

eralization
of

C
oro

llary
8

an
d

a
p
ro

of
of

th
is

C
orollary

is
p
rov

id
ed

in
A

p
p

en
d
ix

D
.

C
o
ro

lla
ry

9
(A

p
p

ro
x
im

a
te

ly
lo

w
-ra

n
k

m
a
tric

e
s)

S
u

p
po

se
Θ
∗∈

B
q (ρ

q )
fo

r
so

m
e
q
∈

(0,1]
a
n

d
ρ
q
>

0.
U

n
d
er

th
e

h
ypo

th
eses

o
f

T
h
eo

rem
7
,

so
lvin

g
th

e
o
p
tim

iza
tio

n
(31)

w
ith

th
e

ch
o
ice

o
f

th
e

regu
la

riza
tio

n
pa

ra
m

eter
λ
∈

[480λ
0 ,c

0 λ
0 ]

a
ch

ieves
w

ith
p
ro

ba
bility

a
t

lea
st

1−
2d −

3,

1
√
d

1 d
2 ∣∣∣ ∣∣∣ ∣∣∣ Θ̂

−
Θ
∗ ∣∣∣ ∣∣∣ ∣∣∣F

≤
2 √

ρ
q

√
d

1 d
2 

288 √
2c

0 e
6
α √

d
1 d

2 (d
1

log
d

+
d

2
(log

d
)
2(log

2d
)
4)

k
d

1


2−
q

2

.(37)

4
.2

In
fo

rm
a
tio

n
-th

e
o
re

tic
L

o
w

e
r

B
o
u

n
d

fo
r

L
o
w

-ra
n

k
M

a
tric

e
s

A
sim

p
le

p
aram

eter
cou

n
tin

g
argu

m
en

t
in

d
icates

th
at

it
req

u
ires

th
e

n
u
m

b
er

of
sam

p
les

to
scale

as
th

e
d
egrees

of
freed

om
i.e.,

k
d

1
∝
r(d

1
+
d

2 ),
to

estim
ate

a
d

1 ×
d

2
d
im

en
sion

al
m

atrix
of

ran
k
r.

B
y

ap
p
ly

in
g

F
an

o’s
in

eq
u
ality

w
ith

ap
p
rop

riately
ch

osen
h
y
p

oth
eses,

th
e

follow
in

g
low

er
b

ou
n
d

estab
lish

es
th

a
t

th
e

b
ou

n
d

in
T

h
eorem

7
is

sh
arp

u
p

to
a

logarith
m

ic
factor.

T
h

e
o
re

m
1
0

S
u

p
po

se
Θ
∗

h
a
s

ra
n

k
r.

U
n

d
er

th
e

d
escribed

sa
m

p
lin

g
m

od
el,

fo
r

la
rge

en
o
u

gh
d

1
a
n

d
d

2 ≥
d

1 ,
th

ere
is

a
u

n
iversa

l
n

u
m

erica
l

co
n

sta
n

t
c
>

0
su

ch
th

a
t

in
f

Θ̂
su

p
Θ
∗∈

Ω
α E [

1
√
d

1 d
2 ∣∣∣ ∣∣∣ ∣∣∣ Θ̂

−
Θ
∗ ∣∣∣ ∣∣∣ ∣∣∣F ]

≥
c

m
in {

α
e −

α √
r
d

2

k
d

1
,

α
d

2
√
d

1 d
2

log
d }

,
(38)

w
h
ere

th
e

in
fi

m
u

m
is

ta
ken

o
ver

a
ll

m
ea

su
ra

ble
fu

n
ctio

n
s

o
ver

th
e

o
bserved

ra
n

ked
lists

{
(v
i,1 ,...,v

i,k )}
i∈

[d
1
] .

A
p
ro

of
of

th
is

th
eorem

is
p
rov

id
ed

in
A

p
p

en
d
ix

E
.

T
h
e

term
of

p
rim

ary
in

terest
in

th
is

b
ou

n
d

is
th

e
fi
rst

on
e,

w
h
ich

sh
ow

s
th

e
scalin

g
of

th
e

(rescaled
)

m
in

im
ax

rate
as

√
r(d

1
+
d

2 )/(k
d

1 )
(w

h
en

d
2 ≥

d
1 ),

an
d

m
atch

es
th

e
u
p
p

er
b

ou
n
d

in
(35).

It
is

th
e

d
om

-
in

an
t

term
in

th
e

b
ou

n
d

w
h
en

ever
th

e
n
u
m

b
er

of
sam

p
les

is
larger

th
an

th
e

d
egrees

of
freed

om
b
y

a
logarith

m
ic

factor,
i.e.,

k
d

1
>
r(d

1
+
d

2 )
log

d
,

ign
orin

g
th

e
d
ep

en
d
en

ce
o
n

α
.

T
h
is

is
a

ty
p
ical

regim
e

of
in

terest,
w

h
ere

th
e

sam
p
le

size
is

com
p
a
rab

le
to

th
e

laten
t

d
im

en
sion

of
th

e
p
rob

lem
.

In
th

is
regim

e,
T

h
eo

rem
1
0

estab
lish

es
th

at
th

e
u
p
p

er
b

ou
n
d

in
T

h
eorem

7
is

m
in

im
ax

-op
tim

al
u
p

to
a

logarith
m

ic
factor

in
th

e
d
im

en
sion

d
.

2
4

JM
L

R
 19(40):1-95, 2018



L
e
a
r
n
in
g

f
r
o
m

C
o
m
pa

r
is
o
n
s
a
n
d

C
h
o
ic
e
s

4
.3

R
a
n

k
B

re
a
k
in

g
fo

r
H

ig
h

e
r

O
rd

e
r

C
o
m

p
a
ri

so
n

s

A
co

m
m

on
ap

p
ro

ac
h

in
p
ra

ct
ic

e
to

h
an

d
le

h
ig

h
er

or
d
er

co
m

p
ar

is
on

s
is

ra
n

k
br

ea
ki

n
g,

w
h
ic

h
re

fe
rs

to
th

e
p
ra

ct
ic

e
of

b
re

ak
in

g
th

e
h
ig

h
er

or
d
er

co
m

p
ar

is
on

s
in

to
a

se
t

o
f

p
ai

rw
is

e
co

m
-

p
ar

is
on

s
an

d
ap

p
ly

in
g

an
es

ti
m

at
or

ta
il
or

ed
fo

r
p
ai

rw
is

e
co

m
p
ar

is
on

s
tr

ea
ti

n
g

ea
ch

p
ai

r
as

in
d
ep

en
d
en

t
A

za
ri

S
ou

fi
an

i
et

al
.

(2
01

3,
20

14
).

W
h
en

th
e

h
ig

h
er

or
d
er

co
m

p
ar

is
on

is
g
iv

en
as

p
ar

ti
al

ra
n
k
in

gs
(a

s
op

p
os

ed
to

to
ta

l
li
n
ea

r
or

d
er

in
g

as
w

e
as

su
m

e)
th

en
ra

n
k

b
re

ak
in

g
ca

n
b

e
in

co
n
si

st
en

t,
an

d
sp

ec
ia

l
al

go
ri

th
m

s
ar

e
n
ee

d
ed

fo
r

w
ei

gh
te

d
ra

n
k

b
re

ak
in

g
K

h
et

an
an

d
O

h
(2

01
6a

,b
).

H
ow

ev
er

,
w

h
en

k
-w

is
e

ra
n
k
in

gs
(a

ls
o

ca
ll
ed

to
ta

l
li
n
ea

r
or

d
er

in
gs

)
a
re

ob
se

rv
ed

as
w

e
as

su
m

e,
si

m
p
le

an
d

st
an

d
ar

d
ra

n
k

b
re

ak
in

g
ac

h
ie

ve
s

a
si

m
il
ar

p
er

fo
rm

an
ce

as
th

e
h
ig

h
er

or
d
er

es
ti

m
at

or
in

(3
1)

.
A

ss
u
m

e
th

at
u
i,
m

,
i
∈

[d
1
],
m
∈

[k
],

d
en

ot
es

th
e

m
-t

h
el

em
en

t
ob

se
rv

ed
b
y

th
e
i-

th
u
se

r.
C

on
cr

et
el

y,
in

ra
n
k

b
re

ak
in

g,
w

e
co

n
v
er

t
th

e
k
-

w
is

e
ra

n
k
in

g
d
at

a
in

to
p
ai

rw
is

e
ra

n
k
in

g
d
at

a
an

d
th

en
w

e
so

lv
e

th
e

fo
ll
ow

in
g

op
ti

m
iz

at
io

n
p
ro

b
le

m
:

L(
Θ

)
=

1

d
1

( k 2

)
∑ i∈

[d
1
]

∑

(m
1
,m

2
)∈
P 0

( Θ
i,
h
i
(m

1
,m

2
)
−

lo
g
( ex

p
( Θ

i,
u
i,
m

1

)
+

ex
p
( Θ

i,
u
i,
m

2

))
)
,

(3
9)

w
h
er

e
P 0

=
{(
i,
j)

:
1
≤
i
<
j
≤
k
},

an
d
h
i
(m

1
,m

2
)

an
d
l i

(m
1
,m

2
)

is
d
efi

n
ed

a
s

th
e

h
ig

h
er

an
d

lo
w

er
ra

n
ke

d
in

d
ex

am
on

g
u
i,
m

1
a
n
d
u
i,
m

2
re

sp
ec

ti
ve

ly
.

T
h
en

m
o
d
ifi

ed
op

ti
m

iz
at

io
n

p
ro

b
le

m
b

ec
om

es
,

Θ̂
∈

ar
g

m
in

Θ
∈Ω

α

−
L(

Θ
)

+
λ
|||Θ
||| n

u
c

(4
0)

L
et
d
≡

(d
1

+
d

2
)/

2,
an

d
le

t
σ
j
(Θ
∗ )

d
en

ot
e

th
e
j-

th
si

n
gu

la
r

va
lu

e
of

th
e

m
at

ri
x

Θ
∗ .

D
efi

n
e

λ
0
≡

√
d

lo
g
d

k
d

2 1
d

2
.

(4
1)

W
it

h
th

is
ch

oi
ce

of
re

gu
la

ri
za

ti
on

co
effi

ci
en

t,
w

e
ge

t
th

e
fo

ll
ow

in
g

u
p
p

er
b

ou
n
d
s

on
th

e
ra

n
k

b
re

ak
in

g
es

ti
m

at
or

(4
0)

th
at

ar
e

co
m

p
ar

ab
le

to
th

e
u
p
p

er
b

ou
n
d
s

of
k
-w

is
e

ra
n
k
in

g
es

ti
m

at
or

in
T

h
eo

re
m

7
an

d
C

or
ol

la
ry

8.

T
h

e
o
re

m
1
1

U
n

d
er

th
e

d
es

cr
ib

ed
sa

m
p
li

n
g

m
od

el
,

a
ss

u
m

e
2(
c

+
4)

lo
g
d
≤
k
≤

m
ax
{d

1
,d

2 2
/d

1
}l

og
d

,
d

1
≥

4,
a
n

d
λ
∈

[2
√

32
(c

+
4)
λ

0
,c
p
λ

0
]

w
it

h
a
n

y
co

n
st

a
n

t
c

=
O

(1
)

la
rg

er
th

a
n

2
√

32
(c

+
4)

.
T

h
en

,
so

lv
in

g
th

e
o
p
ti

m
iz

a
ti

o
n

(4
0)

a
ch

ie
ve

s

1

d
1
d

2

∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣Θ̂
−

Θ
∗∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣2 F

≤
14

4√
2
e2
α
cλ
√
r
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣Θ̂
−

Θ
∗∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ F

+
14

4
e2
α
cλ

m
in
{d

1
,d

2
}

∑

j=
r
+

1

σ
j
(Θ
∗ )
,

(4
2)

fo
r

a
n

y
r
∈
{1
,.
..
,m

in
{d

1
,d

2
}}

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

2d
−
c
−

2
d
−

2
1
3

w
h
er

e
d

=
(d

1
+
d

2
)/

2
.

A
p
ro

of
of

th
is

th
eo

re
m

is
p
ro

v
id

ed
in

A
p
p

en
d
ix

F
,

an
d

th
e

fo
ll
ow

in
g

co
ro

ll
ar

y
fo

ll
ow

s
fo

r
ra

n
k
-r

m
at

ri
ce

s.
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N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

C
o
ro

ll
a
ry

1
2

(E
x
a
c
t

lo
w

-r
a
n

k
m

a
tr

ic
e
s)

S
u

p
po

se
Θ
∗

h
a
s

ra
n

k
a
t

m
o
st
r.

U
n

d
er

th
e

h
yp

o
th

es
es

o
f

T
h
eo

re
m

1
1
,

th
er

e
ex

is
ts

a
co

n
st

a
n

t
c 1
>

0
su

ch
th

a
t

so
lv

in
g

th
e

o
p
ti

m
iz

a
ti

o
n

(4
0)

w
it

h
th

e
ch

o
ic

e
o
f

th
e

re
gu

la
ri

za
ti

o
n

pa
ra

m
et

er
λ
∈

[2
√

32
(c

+
4)
λ

0
,c
λ

0
]

a
ch

ie
ve

s
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

2d
−
c
−

2
d
−

2
1
3
,

1
√
d

1
d

2

∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣Θ̂
−

Θ
∗∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ F

≤
14

4√
2
e2
α
c 1

√
rd

lo
g
d

k
d

1
.

(4
3
)

4
.4

E
x
p

e
ri

m
e
n
ts

W
e

p
ro

v
id

e
re

su
lt

s
fr

om
n
u
m

er
ic

al
ex

p
er

im
en

ts
on

b
ot

h
sy

n
th

et
ic

an
d

re
al

d
a
ta

se
ts

.

4
.4
.1

A
l
g
o
r
it
h
m

S
im

il
ar

to
th

e
ca

se
of

p
ai

rw
is

e
co

m
p
ar

is
on

s
in

S
ec

ti
on

3.
4.

1,
w

e
u
se

p
ro

x
im

al
g
ra

d
ie

n
t

d
es

ce
n
t

A
ga

rw
al

et
al

.
(2

0
10

);
C

ai
et

al
.

(2
01

0)
al

on
g

w
it

h
m

o
d
ifi

ed
B

ar
zi

la
i-

B
or

w
ei

n
(B

B
)

st
ep

-s
iz

e
se

le
ct

io
n

ru
le

B
ar

zi
la

i
an

d
B

or
w

ei
n

(1
98

8)
w

it
h

th
e

in
it

ia
l

p
oi

n
t

Θ
0

=
0.

E
a
ch

it
er

a
ti

o
n

o
f

th
e

al
go

ri
th

m
ap

p
li
es

th
e

fo
ll
ow

in
g

tw
o

op
er

at
io

n
s

on
th

e
cu

rr
en

t
es

ti
m

at
e,

Θ
t,

o
f

Θ
∗ ,

Θ̃
t+

1
=

Θ
t
−
η t
∇

Θ
L(

Θ
t)

(g
ra

d
ie

n
t

d
es

ce
n
t)

(4
4)

Θ
t+

1
=
M
t(

Γ
t
−
η t
λ
I)

+
N
T t

(s
in

gu
la

r
va

lu
e

sh
ri

n
ka

ge
an

d
th

re
sh

ol
d
in

g
)

(4
5)

w
h
er

e
M
tΓ
tN

T t
:=

Θ̃
t

is
th

e
si

n
gu

la
r

va
lu

e
d
ec

om
p

os
it

io
n

of
Θ̃
t,

su
ch

th
at

Γ
t

is
a

d
ia

g
o
n
a
l

m
at

ri
x

w
it

h
p

os
it

iv
e

en
tr

ie
s,

(·)
+

is
th

e
en

tr
y
-w

is
e

th
re

sh
ol

d
in

g
op

er
at

io
n

m
a
x
(0
,x

),
a
n
d
η t

is
an

B
B

st
ep

-s
iz

e
ca

lc
u
la

te
d

as
,

η t
=

{
|||Θ

t
−

Θ
t−

1
|||2 2
/
〈〈Θ

t
−

Θ
t−

1
,∇

Θ
L(

Θ
t)
−
∇

Θ
L(

Θ
t−

1
)〉〉
,

w
h
en

t
is

o
d
d

〈〈Θ
t
−

Θ
t−

1
,∇

Θ
L(

Θ
t)
−
∇

Θ
L(

Θ
t−

1
)〉〉
/
|||∇

Θ
L(

Θ
t)
−
∇

Θ
L(

Θ
t−

1
)|||

2 2
,

w
h
en

t
is

ev
en

.

(4
6
)

4
.4
.2

S
im

u
l
a
t
io
n
:
H
ig
h
e
r
O
r
d
e
r
C
o
m
pa

r
is
o
n
s

T
h
e

le
ft

p
an

el
of

F
ig

u
re

6
co

n
fi
rm

s
th

e
sc

al
in

g
of

th
e

er
ro

r
ra

te
as

p
re

d
ic

te
d

b
y

C
o
ro

ll
a
ry

8.
T

h
e

li
n
es

m
er

ge
to

a
si

n
gl

e
li
n
e

w
h
en

th
e

sa
m

p
le

si
ze

is
re

sc
al

ed
ap

p
ro

p
ri

at
el

y
(i

n
se

t)
.

W
e

m
ak

e
a

ch
oi

ce
of
λ

=
√

(l
og
d
)/

(k
d

2
).

T
h
is

ch
oi

ce
is

in
d
ep

en
d
en

t
of
α

a
n
d

is
sm

a
ll
er

th
a
n

p
ro

p
os

ed
in

T
h
eo

re
m

7.
W

e
ge

n
er

a
te

th
e

ra
n
d
om

ra
n
k
-r

tr
u
e

M
N

L
p
ar

am
et

er
s

m
a
tr

ic
es

of
d
im

en
si

on
d
×
d

u
si

n
g

th
e

p
ro

ce
ss

m
en

ti
on

ed
in

S
ec

ti
on

3.
4.

1.
T

h
e

ro
ot

m
ea

n
sq

u
a
re

d
er

ro
r

(R
M

S
E

)
is

p
lo

tt
ed

w
h
er

e
R

M
S
E

=
(1
/
√
d

1
d

2
)|||

Θ
∗
−

Θ̂
||| F

.
W

e
im

p
le

m
en

t
a
n
d

so
lv

e
th

e
co

n
ve

x
op

ti
m

iz
at

io
n

(3
1)

u
si

n
g

p
ro

x
im

al
gr

ad
ie

n
t

d
es

ce
n
t

m
et

h
o
d

a
s

an
al

y
ze

d
in

A
g
a
rw

a
l

et
al

.
(2

01
0)

.
T

h
e

ri
gh

t
p
an

el
in

F
ig

u
re

6
il
lu

st
ra

te
s

th
at

th
e

ac
tu

al
er

ro
r

is
in

se
n
si

ti
v
e

to
th

e
ch

oi
ce

of
λ

fo
r

a
b
ro

ad
ra

n
ge

of
λ
∈

[√
(l

og
d
)/

(k
d

2
),

28
√

(l
og
d
)/

(k
d

2
)]

,
a
ft

er
w

h
ic

h
it

in
cr

ea
se

s
w

it
h
λ

.

4
.4
.3

S
im

u
l
a
t
io
n
:
R
a
n
k

B
r
e
a
k
in
g

In
th

is
se

ct
io

n
w

e
co

m
p
ar

e
th

e
h
ig

h
er

or
d
er
k
-w

is
e

co
m

p
ar

is
on

al
go

ri
th

m
(3

1
)

(‘
k
w

is
e’

)
w

it
h

th
e

p
ai

rw
is

e
ra

n
k

b
re

ak
in

g
al

go
ri

th
m

(4
0)

(‘
k
b
re

ak
’)

.
W

e
u
se

th
e

sa
m

e
se

tt
in

g
a
s
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L
e
a
r
n
in
g

f
r
o
m

C
o
m
pa

r
iso

n
s
a
n
d

C
h
o
ic
e
s

100
1000

10000
100000

0.01

0.1 1
d=50, r=3
d=50, r=6
d=50, r=12
d=50, r=24

R
M

S
E

sam
p
le

size
k

 0
.1  1

 1
 1

0
 1

0
0

 1
0

0
0

 1
0

0
0

0
 1

0
0

0
0

0

     

     

     

R
M

S
E

λ
√

(lo
g
d
)/

(k
d
2
)

α
=

1
5

α
=

1
0

α
=

5

F
ig

u
re

6
:

T
h
e

(rescaled
)

R
M

S
E

scales
as √

r(log
d
)/k

a
s

ex
p

ected
from

C
o
rollary

8
for

fi
x
ed

d
=

5
0

(left).
In

th
e

in
set,

th
e

sam
e

d
ata

is
p
lotted

versu
s

rescaled
sam

p
le

size
k
/
(r

lo
g
d
).

T
h
e

(resca
led

)
R

M
S
E

is
stab

le
for

a
b
road

ran
ge

of
λ

an
d
α

for
fi
x
ed

d
=

50
an

d
r

=
3

(rig
h
t).

in
S
ectio

n
4.4

.2
,

w
h
ere

w
e

ob
serve

sam
p
les

from
k
-w

ise
ran

k
in

g
fro

m
an

u
n
d
erly

in
g

tru
e

M
N

L
m

o
d
el

a
n
d

th
e

aim
is

to
recover

th
e

tru
e

p
aram

eter
Θ
∗

of
th

e
m

o
d
el.

W
e

u
se

λ
=

0.4
5 √

(lo
g
d
)/(k

d
2)

an
d
λ

=
0.1 √

(log
d
)/(k

d
2)

for
k
-w

ise
an

d
p
airw

ise
ran

k
b
reak

in
g

a
lgo

rith
m

s
resp

ectively.
In

F
ig.

7
w

e
p
lo

t
th

e
R

M
S
E

for
b

oth
th

e
algorith

m
for

d
=

50
a
n
d
r

=
3
,12

.
W

e
n
ote

th
at

th
e

even
th

ou
gh

th
e

R
M

S
E

d
ecreases

in
th

e
rate

as
p
red

icted
b
y

th
e

th
eorem

,
w

e
see

th
at

p
airw

ise
ran

k
b
reak

in
g

is
w

orser
th

an
th

e
h
igh

er
o
rd

er
k
-w

ise
a
lgo

rith
m

w
h
ich

d
irectly

u
ses

th
e
k
-w

ise
ran

k
in

gs.
T

h
is

is
con

sisten
t

w
ith

th
e

ex
p

erim
en

tal
o
b
serva

tio
n

m
a
d
e

p
rev

iou
sly

in
H

a
jek

et
al.

(2014).
F

u
rth

er
w

e
n
ote

th
at

ran
k

b
reak

in
g

is
m

u
ch

slow
er

th
an

th
e

oth
er

algorith
m

,
sin

ce
grad

ien
t

com
p
u
tation

of
th

e
form

er
takes

O
(k

2)
tim

e
w

h
ereas

for
th

e
latter

it
can

b
e

com
p
u
ted

in
O

(k
)

tim
e.

4
.4
.4

R
e
a
l
d
a
t
a
:
J
e
st

e
r

J
ester

d
a
ta

set
3

G
old

b
erg

et
al.

(2001)
h
as

24
,982

u
sers,

each
ratin

g
a

su
b
set

of
100

jokes
o
n

con
tin

u
ou

s
scale

of
[−

10,10].
A

s
th

e
scale

is
con

tin
u
ou

s,
w

e
d
erive

ord
in

a
l

d
ata

from
th

e
sco

res
(ties

b
roken

u
n
iform

ly
at

ran
d
om

).
W

e
u
se

on
ly

th
e

7200
u
sers

w
h
o

rated
all

th
e

jo
kes

fo
r

o
u
r

ex
p

erim
en

ts.
F

or
each

u
ser,

k
=

100x
jokes

w
ere

ran
d
om

ly
selected

u
n
ifo

rm
ly

a
t

ran
d
om

for
train

in
g,

rest
of

th
e

10
0−

k
=

100(1−
x

)
jokes

w
h
ere

u
sed

for
testin

g
,

w
h
ere

x
is

th
e

fraction
of

jokes
selected

for
train

in
g.

W
e

im
p
lm

en
t

fou
r

algo-
rith

m
s:

n
u
clea

r
n
orm

m
in

im
ization

(‘n
u
cn

orm
’)

(31),
u
n
regu

larized
(λ

=
0)

log
-likelih

o
o
d

m
a
x
im

izatio
n

(‘fu
llran

k
’),

ran
k
-1

P
lackett-L

u
ce

m
o
d
el

estim
ation

(‘p
lack

ett’),
a
n
d

ran
k

b
rea

k
in

g
a
lg

o
rith

m
(‘ran

k
b
reak

’)
(4

0).
W

e
u
se
λ

=
0
.7 √

(0.5
log

(d
1 d

2 ))/(k
d

1 √
d

1 d
2 )

an
d

λ
=

0.16 √
(0.5

log
(d

1 d
2 ))/(k

d
1 √
d

1 d
2 )

for
k
-w

ise
an

d
p
airw

ise
ran

k
b
reak

in
g

algorith
m

s
resp

ectively.
In

F
ig.

8
(a)

w
e

p
lot

th
e

m
u
ltip

licative
b
ias

in
th

e
m

ean
log-likelih

o
o
d

o
n

th
e

testin
g

d
a
ta

versu
s

th
e

fraction
x

of
train

in
g

d
ata

u
sed

.
F

or
each

m
o
d
el

in
{
‘n

u
cn

orm
’,

3
.
D
a
ta

set
is

fro
m

h
t
t
p
:
/
/
e
i
g
e
n
t
a
s
t
e
.
b
e
r
k
e
l
e
y
.
e
d
u
/
d
a
t
a
s
e
t
/
.

27
JM

L
R

 19(40):1-95, 2018

N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

R
M

S
E

sam
p
le

size
k

F
igu

re
7:

R
an

k
B

reak
in

g:
R

M
S
E

error
v
ersu

s
n
u
m

b
er

of
sam

p
les

p
er

u
ser

k
.
k
-w

ise
(‘k

w
ise’)

algorith
m

p
erform

s
b

etter
th

an
th

e
ra

n
k

b
reak

in
g

(‘k
b
reak

’)
ap

p
roach

.

‘fu
llran

k
’,

‘p
lackett’,

‘ran
k
b
reak

’},
w

e
p
lot

in
th

e
y
-ax

is

log
(P

m
o
d

el (test
d
ata))−

lo
g
(P

fu
llra

n
k (test

d
ata))

|log
(P

fu
llra

n
k (test

d
ata))|

,

u
sin

g
fu

llran
k

m
o
d
el

as
a

b
aselin

e
as

it
h
as

th
e

least
test

likelih
o
o
d
.

P
lackett-L

u
ce

m
o
d
el

ach
ieves

th
e

b
est

p
erform

an
ce

w
h
en

sam
p
le

size
is

sm
all,

as
th

is
sim

p
lest

m
o
d
el

avoid
s

overfi
ttin

g.
H

ow
ever,

for
m

ost
regim

es
of

sam
p
le

size,
b

oth
th

e
n
u
clear

n
orm

m
in

im
ization

an
d

ran
k

b
reak

in
g

ach
ieve

sim
ilar

p
erform

an
ce

im
p
rov

in
g

u
p

on
th

e
oth

ers.

T
h
e

sam
e

tren
d

h
old

s
w

h
en

w
e

m
easu

re
th

e
p

erfom
ran

ce
in

th
e

n
orm

alized
S
p

earm
an

’s
fo

otu
le

d
istan

ce
D

iacon
is

an
d

G
rah

am
(1977)

F
(π

1 ,π
2 )∈

[0,1]
b

etw
een

tw
o

ran
k
-lists

π
1 ,

π
2

of
len

gth
k
:

F
(π

1 ,π
2 )

=
2k
2

k
∑i=

1 |π
1 (i)−

π
2 (i)|

In
F

ig.
8

(b
)

w
e

p
lot

th
e

average
n
orm

alized
S
p

earm
an

’s
fo

otru
le

d
istan

ce
b

etw
een

th
e

grou
n
d

tru
th

s
an

d
th

e
m

ost
likely

ran
k
in

g
on

th
e

testin
g

d
ata

u
n
d
er

th
e

estim
ated

m
o
d
el

p
aram

eters.
W

e
see

th
at
k
-w

ise
n
u
clear

n
orm

m
in

im
ization

an
d

ran
k

b
reak

in
g

algorith
m

s
p

erform
th

e
b

est
in

recoverin
g

th
e

tru
e

ran
k
in

g,
ex

cep
t

w
h
en

th
e

fraction
of

train
in

g
d
ata

u
sed

is
very

sm
all

so
th

at
th

e
ran

k
-1

P
lackett-L

u
ce

recovers
b

etter
ran

k
in

g.

4
.4
.5

R
e
a
l
d
a
t
a
:
Ir

ish
E
l
e
c
t
io
n

T
h
e

Irish
E

lection
d
ata

set
4

is
an

op
in

io
n

p
oll

con
d
u
cted

am
o
n
g

1083
p
articip

an
ts

d
u
rin

g
th

e
1997

Irish
p
resid

en
tial

election
cam

p
aign

G
orm

ley
an

d
M

u
rp

h
y

(2009).
E

ach
p
artici-

p
an

t
resp

on
d
ed

w
ith

a
ran

k
in

g
th

e
of

th
eir

top
1,

2,
3,

4,
or

5
ch

oices
from

th
e

5
can

d
id

ates:

4
.
D
a
ta

set
is

fro
m

h
t
t
p
s
:
/
/
p
r
o
j
e
c
t
e
u
c
l
i
d
.
o
r
g
/
e
u
c
l
i
d
.
a
o
a
s
/
1
2
3
1
4
2
4
2
1
8
#
s
u
p
p
l
e
m
e
n
t
a
l
.

2
8

JM
L

R
 19(40):1-95, 2018



L
e
a
r
n
in
g

f
r
o
m

C
o
m
pa

r
is
o
n
s
a
n
d

C
h
o
ic
e
s

(a
)

M
u
lt

ip
li
ca

ti
v
e

b
ia

s
in

th
e

m
ea

n
lo

g-
li
ke

li
h
o
o
d

(b
)

S
p

ea
rm

a
n
’s

fo
o
tr

u
le

d
is

ta
n
ce

F
ig

u
re

8:
J
es

te
r

d
at

a
se

t:
P

er
fo

rm
an

ce
on

te
st

d
at

a
v
s.

fr
ac

ti
on

of
th

e
to

ta
l

d
at

a
u
se

d
fo

r
tr

ai
n
in

g.
T

h
e

p
ro

p
os

ed
n
u
cl

ea
r

n
or

m
re

gu
la

ri
ze

d
al

go
ri

th
m

(‘
n
u
cn

or
m

’)
an

d
ra

n
k

b
re

ak
in

g
(‘

ra
n
k
b
re

ak
’)

im
p
ro

ve
s

u
p

on
b

ot
h

th
e

u
n
re

gu
la

ri
ze

d
al

go
ri

th
m

(‘
fu

ll
ra

n
k
’)

an
d

th
e

P
la

ck
et

t-
L

u
ce

m
o
d
el

es
ti

m
at

io
n

(‘
p
la

ck
et

t’
)

fo
r

m
os

t
re

gi
m

es
of

th
e

sa
m

p
le

si
ze

.

B
an

ot
ti

,
M

cA
le

es
e,

N
al

ly
,

R
o
ch

e,
an

d
S
ca

ll
on

.
F

or
ou

r
ex

p
er

im
en

ts
w

e
u
se

on
ly

th
e

80
7

p
ar

ti
ci

p
an

ts
w

h
o

ga
ve

th
ei

r
to

p
-5

ch
oi

ce
s,

i.
e.

fu
ll
-r

an
k
in

gs
of

al
l

th
e

ca
n
d
id

at
es

.
N

ex
t

w
e

d
iv

id
e

th
es

e
p
ar

ti
ci

p
an

ts
in

to
60

(2
x
3x

5x
2)

gr
ou

p
ac

co
rd

in
g

to
a

C
ar

te
si

an
p
ro

d
u
ct

of
fo

u
r

ca
te

go
ri

za
ti

on
s:

se
x

(m
al

e/
fe

m
al

e)
,

m
a
ri

ta
l

st
at

u
s

(s
in

gl
e/

m
ar

ri
ed

/w
id

ow
ed

+
d
iv

or
ce

d
),

so
-

ci
al

cl
as

s
(F

/A
B

/C
1/

C
2/

D
E

)5
,

lo
ca

ti
on

(r
u
ra

l/
ci

ty
+

to
w

n
).

W
e

as
su

m
e

th
a
t

w
it

h
in

ea
ch

gr
ou

p
th

e
re

sp
on

se
s

of
it

s
m

em
b

er
fo

ll
ow

th
e

sa
m

e
d
is

tr
iu

b
ti

on
an

d
th

es
e

d
is

tr
ib

u
ti

on
s

of
al

l
al

l
th

e
gr

ou
p
s

ar
e

ca
p
tu

re
d

b
y

an
M

N
L

m
o
d
el

w
it

h
p
ar

am
et

er
Θ
∗
∈
R

6
0
×

5
.

W
e

im
p
le

-
m

en
t

th
re

e
al

go
ri

th
m

s:
n
u
cl

ea
r

n
or

m
m

in
im

iz
at

io
n

(‘
n
u
cn

or
m

’)
(3

1)
,

u
n
re

gu
la

ri
ze

d
(λ

=
0)

lo
g-

li
ke

li
h
o
o
d

m
ax

im
iz

at
io

n
(‘

fu
ll
ra

n
k
’)

,
a
n
d

ra
n
k
-1

P
la

ck
et

t-
L

u
ce

m
o
d
el

es
ti

m
at

io
n

(‘
p
la

ck
-

et
t’

).
W

e
u
se
λ

=
0.

8
√

(0
.5

lo
g
(d

1
d

2
))
/(
k
d

1

√
d

1
d

2
).

If
x

ra
n
d
om

ly
sa

m
p
le

d
fr

ac
ti

on
of

th
e

d
at

a
is

u
se

d
fo

r
tr

ai
n
in

g,
th

en
re

st
of

th
e

d
at

a
is

u
se

d
fo

r
te

st
in

g.
In

F
ig

.
9

w
e

p
lo

t
th

e
m

ea
n

lo
g-

li
ke

li
h
o
o
d

(l
og

(P
m

o
d

el
(t

es
t

d
at

a)
))

on
th

e
te

st
in

g
d
at

a
ve

rs
u
s

th
e

fr
ac

ti
on

of
tr

ai
n
-

in
g

d
at

a
u
se

d
.

W
e

se
e

th
at

n
u
cl

ea
r

n
or

m
m

in
im

iz
at

io
n

an
d

P
la

ck
et

t-
L

u
ce

m
o
d
el

es
ti

m
at

io
n

ti
e

fo
r

th
e

fi
rs

t
p
la

ce
an

d
b

ot
h

im
p
ro

ve
s

si
gn

ifi
ca

n
tl

y
u
p

on
th

e
u
n
-r

eg
u
la

ri
ze

d
fu

ll
-r

a
n
k

M
N

L
m

o
d
el

es
ti

m
at

io
n
.

In
F

ig
.
11

w
e

p
lo

t
th

e
t-

S
N

E
M

a
at

en
an

d
H

in
to

n
(2

00
8)

em
b

ed
d
in

g
of

th
e

ro
w

s
of

th
e

es
ti

m
at

ed
p
ar

am
et

er
m

at
ri

x
Θ̂

w
h
en

al
l
th

e
d
at

a
is

u
se

d
fo

r
tr

ai
n
in

g.
In

F
ig

.
11

a
th

e
m

ar
ke

rs
re

p
re

se
n
t

th
e

m
ar

it
al

st
at

u
s

of
th

e
gr

ou
p
:

si
n
gl

e/
m

ar
ri

ed
/d

iv
or

ce
d
+

w
id

ow
ed

.
In

F
ig

.
11

b
th

e
m

ar
ke

rs
re

p
re

se
n
t

th
e

so
ci

al
cl

as
s

of
th

e
gr

ou
p
s.

W
e

se
e

th
at

m
ar

ri
ed

(l
ef

t)
an

d
d
iv

or
ce

d
+

w
id

ow
ed

(r
ig

h
t)

gr
ou

p
s

ar
e

cl
ea

rl
y

se
p
ar

at
ed

in
th

e
em

b
ed

d
in

g,
in

d
ic

at
in

g
th

at
m

ar
it

al
st

at
u
s

in
fl
u
en

ce
s

th
e

p
re

fe
re

n
ce

of
ca

n
d
id

at
es

.
H

ow
ev

er
,

w
e

se
e

th
at

th
e

so
ci

al
cl

as
se

s
ar

e
le

ss
in

fl
u
en

ti
al

.

In
F

ig
.

10
w

e
re

p
re

se
n
t

th
e

vo
ti

n
g

ch
ar

ac
te

ri
st

ic
s

of
th

e
to

p
4

ri
gh

t
si

n
gu

la
r

ve
ct

or
s

{v̂
j
}4 j

=
1

of
Θ̂

,
w

h
ic

h
h
as

a
ra

n
k

of
4

w
h
en

al
l

th
e

d
at

a
is

u
se

d
fo

r
tr

ai
n
in

g
.

T
h
e

ea
ch

st
ac

ke
d

b
ar

co
rr

es
p

on
d
s

to
th

e
si

n
gu

la
r

va
lu

e
σ
j

m
ar

ke
d

on
th

e
x
-a

x
is

.
P

ar
ti

ti
on

of
a

b
ar

re
p
re

se
n
ts

th
e

ch
oi

ce
m

o
d
el

d
is

tr
ib

u
ti

on
of

th
e

co
rr

es
p

on
d
in

g
si

n
gu

la
r

ve
ct

or
:

ex
p
(v
j
)/

(1
T

ex
p
(v
j
))

,

5
.
S
o
ci
a
l
cl
a
ss
es

a
re

F
:
fa
rm

er
,
A
B
:
m
id
d
le

cl
a
ss
.
C
1
:
lo
w
er

m
id
d
le

cl
a
ss
,
C
2
:
sk
il
le
d
w
o
rk
in
g
cl
a
ss
,
a
n
d

D
E
:
o
th
er

w
o
rk
in
g
cl
a
ss
.

29
JM

L
R

 1
9(

40
):

1-
95

, 2
01

8

N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

F
ig

u
re

9:
Ir

is
h

E
le

ct
io

n
:

M
ea

n
lo

g-
li
ke

li
h
o
o
d

on
th

e
te

st
d
at

a
ve

rs
u
s

fr
ac

ti
on

of
th

e
d
at

a
u
se

d
fo

r
tr

ai
n
in

g.
N

u
cl

ea
r

n
or

m
m

in
im

iz
at

io
n

an
d

P
la

ck
et

t-
L

u
ce

m
o
d
el

es
ti

-
m

at
or

ti
e

fo
r

th
e

b
es

t
p

er
fo

rm
an

ce
.

6.
49

1.
2

0.
55

0.
36

Si
ng

ul
ar

 V
al

ue
s

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Rank Distribution

B M N R S

F
ig

u
re

10
:

Ir
is

h
E

le
ct

io
n
:

E
a
ch

b
a
r

co
rr

e-
sp

on
d
s

to
ra

n
k

d
is

tr
ib

u
ti

o
n

o
f

o
n
e

o
f

th
e

si
n
gu

la
r

4
va

lu
es

(x
-a

x
is

)
of

th
e

Θ̂
.

H
ei

g
h
ts

o
f

th
e

p
ar

ti
ti

on
s

re
p
re

se
n
t

th
e

p
ro

b
a
b
il
it

y
w

it
h

w
h
ic

h
th

e
d
is

tr
ib

u
ti

on
ra

n
k
s

th
e

co
rr

e-
sp

on
d
in

g
ca

n
d
id

at
e

as
fi
rs

t
(S

ec
ti

o
n

4
.4

.5
).

w
h
er

e
ex

p
(v
j
)

is
th

e
el

em
en

t-
w

is
e

ex
p

on
en

ti
at

io
n

op
er

at
or

.
W

e
se

e
th

at
th

er
e

a
re

2
m

a
jo

rs
vo

ti
n
g

“b
as

is
”

d
is

tr
ib

u
ti

on
s;

on
e

fa
v
or

in
g

M
cA

le
es

e
an

d
an

ot
h
er

fa
v
o
ri

n
g

R
o
ch

e.
S
im

i-
la

r
vo

ti
n
g

b
lo

cs
h
av

e
b

ee
n

ob
se

rv
ed

ea
rl

ie
r

G
or

m
le

y
an

d
M

u
rp

h
y

(2
00

9)
.

E
ve

n
th

o
u
g
h

P
la

ck
et

-L
u
ce

m
o
d
el

es
ti

m
at

or
ac

h
ie

ve
s

th
e

si
m

il
ar

li
ke

li
h
o
o
d

as
ou

r
n
u
cl

ea
r

n
o
rm

re
g
u
la

r-
iz

ed
al

go
ri

th
m

,
th

e
la

tt
er

h
el

p
s

u
s

in
id

en
ti

fy
in

g
vo

te
r

“b
as

is
”,

so
le

ly
fr

om
ra

n
k

d
a
ta

w
it

h
o
u
t

u
si

n
g

th
e

si
d
e-

in
fo

rm
at

io
n

on
th

e
v
ot

er
s

as
in

G
or

m
le

y
an

d
M

u
rp

h
y

(2
00

9)
.

sin
gl

e
m

ar
rie

d
di

vo
rc

ed

(a
)

M
a
rt

ia
l

st
at

u
s

F AB C1 C2 DE

(b
)

S
o
ci

al
cl

a
ss

F
ig

u
re

11
:

Ir
is

h
E

le
ct

io
n
:

t-
S
N

E
em

b
ed

d
in

g
of

ro
w

s
of

th
e

es
ti

m
at

ed
p
ar

am
et

er
m

a
tr

ix
Θ̂

.
T

h
e

m
ar

ke
rs

co
rr

es
p

on
d

to
th

e
m

ar
it

a
l

or
so

ci
al

st
a
tu

s
(F

:
fa

rm
er

,
A

B
:

m
id

d
le

cl
a
ss

.
C

1:
lo

w
er

m
id

d
le

cl
as

s,
C

2:
sk

il
le

d
w

or
k
in

g
cl

as
s,

D
E

:
ot

h
er

w
or

k
in

g
cl

as
s)

of
th

e
ro

w
s.
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L
e
a
r
n
in
g

f
r
o
m

C
o
m
pa

r
iso

n
s
a
n
d

C
h
o
ic
e
s

5
.
L
e
a
rn

in
g
th

e
M

N
L

M
o
d
e
l
fro

m
C
h
o
ice

s

C
h
o
ice

m
o
d
elin

g
h
as

h
ad

w
id

esp
read

su
ccess

in
n
u
m

erou
s

ap
p
lication

d
om

ain
s

su
ch

as
tra

n
sp

o
rtatio

n
an

d
m

arketin
g

T
rain

(1986);
G

u
ad

agn
i

an
d

L
ittle

(1983).
C

h
oice

m
o
d
els

stem
fro

m
rev

en
u
e

m
an

agem
en

t
to

tack
le

th
e

fu
n
d
am

en
ta

l
p
rob

lem
of

m
a
x
im

izin
g

ex
p

ected
reven

u
e

w
h
ere

th
e

ex
p

ectation
is

taken
ov

er
a

p
rob

ab
ilistic

ch
oice

m
o
d
el

th
at

is
learn

ed
from

h
isto

rica
l

p
u
rch

ase
d
ata.

R
even

u
e

m
an

agem
en

t
h
as

fo
cu

sed
on

d
esign

in
g

effi
cien

t
solv

ers
fo

r
th

e
o
p
tim

ization
p
rob

lem
w

ith
ex

act
or

ap
p
rox

im
a
tion

gu
aran

tees,
an

d
h
as

less
to

d
o

w
ith

lea
rn

in
g

th
e

p
aram

eters
of

p
rob

ab
ilistic

ch
oice

m
o
d
el

of
in

terest.
In

th
is

section
,

w
e

tack
le

th
is

u
n
ex

p
lored

d
om

ain
of

learn
in

g
ch

oice
m

o
d
els

from
sam

p
les

w
ith

p
rova

b
le

g
u
aran

tees
on

th
e

sam
p
le

com
p
lex

ity.
In

p
articu

lar,
w

e
stu

d
y

learn
in

g
th

e
M

N
L

m
o
d
el

from
ch

oices.
W

e
stu

d
y

tw
o

ty
p

es
o
f

ch
oices

u
n
d
er

th
e

M
N

L
m

o
d
el

th
at

to
g
eth

er
in

clu
d
e

all
p
ractical

scen
arios

of
in

terest:
bu

n
d

led
ch

o
ice

an
d

co
n

su
m

er
ch

o
ice.

B
u

n
d

le
d

ch
o
ic

e
.

W
e

con
sid

er
a

n
ov

el
scen

ario
of

sign
ifi

can
t

p
ractical

in
terest:

ch
oice

m
o
d
elin

g
fro

m
b
u
n
d
led

p
u
rch

ase
h
istory.

In
th

is
settin

g,
w

e
assu

m
e

th
at

w
e

h
av

e
b
u
n
d
led

p
u
rch

a
se

h
isto

ry
d
ata

from
n

u
sers.

P
recisely,

th
ere

are
tw

o
categories

o
f

in
terest

w
ith

d
1

a
n
d
d

2
a
ltern

atives
in

each
category

resp
ectively.

F
or

ex
am

p
le,

th
ere

are
d

1
to

oth
p
astes

to
ch

o
o
se

fro
m

a
n
d
d

2
to

oth
b
ru

sh
es

to
ch

o
ose

from
.

F
or

th
e
i-th

u
ser,

a
su

b
set

S
i ⊆

[d
1 ]

of
a
ltern

a
tives

fro
m

th
e

fi
rst

category
is

p
resen

ted
alon

g
w

ith
a

su
b
set

T
i ⊆

[d
2 ]

of
altern

atives
fro

m
th

e
seco

n
d

category.
W

e
u
se
k

1
an

d
k

2
to

d
en

ote
th

e
n
u
m

b
er

of
altern

atives
p
resen

ted
to

a
sin

g
le

u
ser,

i.e.
k

1
=
|S
i |

an
d
k

2
=
|T
i |,

an
d

w
e

assu
m

e
th

at
th

e
n
u
m

b
er

of
altern

atives
p
resen

ted
to

ea
ch

u
ser

is
fi
x
ed

,
to

sim
p
lify

n
otation

s.
H

ow
ever,

th
e

an
aly

sis
n
atu

rally
g
en

era
lizes

if
th

e
n
u
m

b
er

d
iff

ers
from

a
u
ser

to
an

oth
er

u
ser.

G
iven

th
ese

sets
of

altern
atives,

ea
ch

u
ser

m
a
kes

a
‘b

u
n
d
led

’
p
u
rch

ase,
of

an
item

from
S
i

an
d

an
oth

er
item

from
T
i

to
geth

er,
a
n
d

w
e

u
se

(u
i ,v

i )
to

d
en

ote
th

ese
b
u
n
d
led

p
air

of
altern

ativ
es

(e.g.
a

to
oth

b
ru

sh
an

d
a

to
o
th

p
a
ste)

p
u
rch

ased
b
y

th
e
i-th

u
ser.

E
ach

u
ser

m
akes

a
ch

oice
of

th
e

b
est

altern
ative,

in
d
ep

en
d
en

t
o
f

oth
er

u
sers’s

ch
oices,

accord
in

g
to

th
e

M
N

L
m

o
d
el

as

P
{(u

i ,v
i )

=
(j

1 ,j
2 )}

=
e

Θ
∗j
1
,j

2

∑
j ′1 ∈

S
i ,j ′2 ∈

T
i
e

Θ
∗j ′1
,j ′2

,
(47)

fo
r

a
ll
j
1
∈
S
i

an
d
j
2
∈
T
i .

W
e

em
p
h
asize

h
ere

th
at

th
e

p
referen

ce
m

atrix
is

in
d
ex

ed
b
y

item
s

o
f

ty
p

e
o
n
e

(in
th

e
row

s)
an

d
item

s
of

ty
p

e
tw

o
(in

th
e

colu
m

n
s).

W
e

are
tak

in
g

th
e

ex
istin

g
sta

n
d
ard

M
N

L
m

o
d
el

over
u
ser-item

p
airs

to
p
rop

o
se

a
n
ovel

ch
oice

m
o
d
el

for
b
u
n
d
led

p
u
rch

a
ses

over
tw

o
ty

p
es

of
item

s.
O

n
e

cou
ld

go
b

ey
on

d
p
aired

b
u
n
d
led

ch
oices

a
n
d

in
clu

d
e

th
e

u
ser

id
en

tity
as

an
oth

er
d
im

en
sion

,
or

ad
d

oth
er

ty
p

es
of

item
s

an
d

con
sid

er
h
ig

h
er

o
rd

er
b
u
n
d
led

p
u
rch

ases.
T

h
is

w
ou

ld
req

u
ire

M
N

L
m

o
d
el

ov
er

h
igh

er
ord

er
ten

sors,
w

h
ich

is
o
u
tsid

e
th

e
scop

e
of

th
is

p
ap

er,
b
u
t

are
in

terestin
g

gen
eralization

s.
T

h
e

m
ain

ch
a
llen

g
e

in
lea

rn
in

g
su

ch
ten

sor
M

N
L

m
o
d
els

is
th

at
n
u
clear

n
orm

of
a

h
igh

er
ord

er
ten

sor
is

n
o
t

a
co

m
p
u
tab

le
q
u
an

tity
an

d
h
en

ce
m

in
im

izin
g

th
e

n
u
clear

n
orm

is
n
ot

algorith
m

ically
fea

sib
le

Y
u
a
n

a
n
d

Z
h
an

g
(2014).

E
ffi

cien
t

m
eth

o
d
s

ex
ist

b
ased

on
altern

atin
g

m
in

im
ization

s,
b
u
t

ex
istin

g
a
n
aly

sis
to

ols
can

h
an

d
le

on
ly

q
u
ad

ratic
losses

J
ain

an
d

O
h

(2014).
T

h
e

d
istrib

u
tion

(47)
is

in
d
ep

en
d
en

t
of

sh
iftin

g
all

th
e

valu
es

of
Θ
∗

b
y

a
co

n
stan

t.
H

en
ce,

th
ere

is
an

eq
u
ivalen

t
class

of
Θ
∗

th
at

gives
th

e
sam

e
d
istrib

u
tion

for
th

e
ch

oices:
[Θ
∗]≡

{A
∈
R
d

1 ×
d

2|A
=

Θ
∗

+
c1
1
T

for
som

e
c∈

R}
.

S
in

ce
w

e
can

on
ly

estim
ate

Θ
∗

u
p

to
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N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

th
is

eq
u
ivalen

t
class,

w
e

search
for

th
e

on
e

th
at

su
m

s
to

zero,
i.e. ∑

j
1 ∈

[d
1
],j

2 ∈
[d

2
] Θ
∗j
1
,j

2
=

0.
L

et
α

=
m

ax
j
1
,j ′1 ∈

[d
1
],j

2
,j ′2 ∈

[d
2
] |Θ
∗j
1
,j

2 −
Θ
∗j ′1
,j ′2 |,

d
en

ote
th

e
d
y
n
am

ic
ran

ge
of

th
e

u
n
d
erly

in
g

Θ
∗,

su
ch

th
at

w
h
en

k
1 ×

k
2

altern
atives

are
p
resen

ted
,

w
e

alw
ay

s
h
ave

1

k
1 k

2
e −

α
≤

P
{(u

i ,v
i )

=
(j

1 ,j
2 )}
≤

1

k
1 k

2
e
α
,

(48)

for
all

(j
1 ,j

2 )∈
S
i ×

T
i

an
d

for
all

S
i ⊆

[d
1 ]

an
d
T
i ⊆

[d
2 ]

su
ch

th
at|S

i |
=
k

1
an

d
|T
i |

=
k

2 .
W

e
d
o

n
ot

m
ake

an
y

assu
m

p
tion

s
on

α
oth

er
th

an
th

at
α

=
O

(1)
w

ith
resp

ect
to
d

1
an

d
d

2 .
A

ssu
m

in
g

Θ
∗

is
w

ell
ap

p
rox

im
ated

b
y

a
low

-ran
k

m
atrix

,
w

e
solv

e
th

e
follow

in
g

con
vex

relax
ation

,
given

th
e

ob
served

b
u
n
d
led

p
u
rch

ase
h
istory

{
(u
i ,v

i ,S
i ,T

i )}
i∈

[n
] :

Θ̂
∈

arg
m

in
Θ
∈

Ω
α L

(Θ
)

+
λ|||Θ
|||n

u
c
,

(49)

w
h
ere

th
e

n
egative

log
likelih

o
o
d

fu
n
ction

accord
in

g
to

(4
7)

is

L
(Θ

)
=
−

1n

n
∑i=

1 
〈〈Θ

,e
u
i e
Tv
i 〉〉−

log 
∑

j
1 ∈
S
i ,j

2 ∈
T
i ex

p (〈〈Θ
,e
j
1 e
Tj
2 〉〉 ) 


,

an
d

(50)

Ω
α
≡

{
A
∈
R
d

1 ×
d

2 ∣∣|||A|||∞
≤
α

,
an

d
∑

j
1 ∈

[d
1
],j

2 ∈
[d

2
] A

j
1
,j

2
=

0 }
.

(51)

C
om

p
ared

to
collab

orative
ran

k
in

g,
(a

)
row

s
an

d
colu

m
n
s

of
Θ
∗

corresp
on

d
to

an
alter-

n
ative

from
th

e
fi
rst

an
d

secon
d

category,
resp

ectively
;

(b)
each

sam
p
le

corresp
on

d
s

to
th

e
p
u
rch

ase
ch

oice
of

a
u
ser

w
h
ich

follow
th

e
M

N
L

m
o
d
el

w
ith

Θ
∗;

(c)
each

p
erson

is
p
resen

ted
su

b
sets

S
i

an
d
T
i

of
item

s
from

each
category

;
(d

)
each

sam
p
led

d
ata

rep
resen

ts
th

e
m

ost
p
referred

b
u
n
d
led

p
air

of
altern

atives.

C
u

sto
m

e
r

ch
o
ic

e
.

T
h
e

stan
d
ard

cu
stom

er
ch

o
ice

can
b

e
th

ou
gh

t
of

as
eith

er
a

sp
ecial

case
of

bu
n

d
led

ch
o
ice

or
as

a
sp

ecial
case

of
h
igh

er
o
rd

er
co

m
pa

riso
n

s.
W

e
con

sid
er

th
e

stan
d
ard

cu
stom

er
ch

oice
d
ata

from
p
u
rch

ase
h
istory.

In
th

is
settin

g,
w

e
assu

m
e

th
at

w
e

h
ave

p
u
rch

ase
h
istory

d
ata

from
d

1
u
sers

over
d

2
altern

atives.
T

h
e
i-th

sam
p
le

is
i.i.d

.
w

ith
u
ser

u
i

ch
osen

u
n
iform

ly
at

ran
d
om

an
d

a
su

b
set

S
i ⊆

[d
2 ]

of
altern

a
tives

of
size

k
.

W
e

fi
x
k

in
ord

er
to

b
e

effi
cien

t
in

th
e

n
otation

s
an

d
an

y
variab

le
size

off
erin

gs
can

b
e

h
a
n
d
led

seam
lessly.

W
e

assu
m

e
S
i

is
ch

osen
u
n
ifo

rm
ly

at
ran

d
om

w
ith

rep
lacem

en
t,

in
a

sim
ilar

w
ay

as
b
u
n
d
led

ch
oice

an
d

h
igh

er
ord

er
com

p
arison

s.
G

iven
th

ese
sets

of
altern

atives,
th

e
u
ser

u
i

m
akes

a
‘ch

oice’
an

d
w

e
u
se
v
i

to
d
en

ote
th

e
p
u
rch

ased
altern

ative
b
y

th
e
i-th

(sam
p
led

)
u
ser.

E
ach

u
ser

m
ak

es
a

ch
oice

of
th

e
b

est
altern

ative,
in

d
ep

en
d
en

t
of

oth
er

u
sers’s

ch
oices,

accord
in

g
to

th
e

M
N

L
m

o
d
el

as

P
{v
i

=
j
2 |u

i
=
j
1 }

=
e

Θ
∗j
1
,j

2

∑
j ′2 ∈

S
i
e

Θ
∗j
1
,j ′2

,
(52)

for
all

j
2 ∈

S
i .

U
p

to
th

e
fact

th
at

w
e

in
d
ex

row
s

b
y

u
sers

an
d

n
ot

item
s

of
on

e
category,

th
is

is
a

sp
ecial

case
of

th
e

bu
n

d
led

ch
o
ice

m
o
d
el

w
h
ere

w
e

fi
x
k

1
=

1.
M

ath
em

atically,
all

of
ou

r
resu

lts
u
n
d
er

con
su

m
er

ch
oices

are
d
erived

as
corollaries

from
ou

r
resu

lts
u
n
d
er

b
u
n
d
led

ch
oices,

b
u
t

giv
en

th
e

p
revalen

t
in

terest
in

cu
stom

er
ch

oice
m

o
d
els,

w
e

em
p
h
asize

th
e

im
p
lication

s
of

ou
r

fram
ew

ork
u
n
d
er

cu
stom

er
ch

oice
m

o
d
els

in
a

sep
arate

section
(see

S
ection

5.2).
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L
e
a
r
n
in
g

f
r
o
m

C
o
m
pa

r
is
o
n
s
a
n
d

C
h
o
ic
e
s

5
.1

L
e
a
rn

in
g

th
e

M
N

L
M

o
d

e
l

fr
o
m

B
u

n
d

le
d

C
h

o
ic

e
s

W
e

p
ro

v
id

e
an

u
p
p

er
b

ou
n
d

on
th

e
er

ro
r

ac
h
ie

ve
d

b
y

ou
r

co
n
ve

x
re

la
x
at

io
n
,

w
h
en

th
e

m
u

lt
i-

se
t

of
al

te
rn

at
iv

es
S
i

fr
om

th
e

fi
rs

t
ca

te
go

ry
an

d
T
i

fr
om

th
e

se
co

n
d

ca
te

go
ry

ar
e

d
ra

w
n

u
n
if

or
m

ly
at

ra
n
d
om

w
it

h
re

p
la

ce
m

en
t

fr
om

[d
1
]

an
d

[d
2
]

re
sp

ec
ti
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5
.3

E
x
p

e
rim

e
n
ts

W
e

a
p
p
lied

o
u
r

algorith
m

to
a

real
w

orld
ch

oice
d
ata

set.
T

h
e

im
p
lem

en
tation

is
sim

ilar
to

th
a
t

o
f

h
igh

er
o
rd

er
com

p
arison

s
(see

S
ection

4.4.1).

5
.3
.1

R
e
a
l
d
a
t
a
:
E
x
t
e
n
d
e
d

B
a
k
e
r
y

E
x
ten

d
ed

B
a
kery

d
ata

set
6

B
en

son
et

al.
(2018)

con
sists

of
d
etails

of
7
5,000

p
u
rch

ases
at

a
b
a
kery

fro
m

a
selection

of
50

item
s,

sp
ecifi

cally
each

p
u
rch

ase
is

record
ed

b
y

th
e

set
of

item
s

b
o
u
g
h
t

to
g
eth

er.
W

e
u
se

on
ly

th
e

13
,579

p
u
rch

ases
w

h
ere

a
p
a
ir

of
item

s
w

h
ere

b
ou

gh
t.

W
e

d
iv

id
e

th
e

item
s

in
to

fi
ve

categories:
cakes

(1-10),
tarts

(11-21),
co

ok
ies

(22-30),
p
astries

(3
1
-4

0
)

a
n
d

d
rin

k
s

(41-50).
W

e
stu

d
y

fou
r

cases
o
f

b
u
n
d
led

p
airs,

cakes
an

d
d
rin

k
s,

tarts
a
n
d

d
rin

k
s,

co
o
k
ies

an
d

d
rin

k
s,

an
d

p
astries

an
d

d
rin

k
s.

T
h
ese

cases
h
ave

1
503,

910,
500

an
d

1
7
9
1

p
u
rch

a
ses

in
th

em
resp

ectively.
W

e
m

o
d
el

th
e

d
ata

w
ith

an
M

N
L

m
o
d
el

p
ara

m
eterized

b
y

a
m

a
trix

Θ
∗,

su
ch

th
at

row
s

an
d

colu
m

n
s

corresp
on

d
s

to
fi
rst

an
d

seco
n
d

categories
resp

ectively.
F

o
r

every
p
u
rch

ase
w

e
assu

m
e

th
at

th
e

su
b
set

of
a
ltern

atives
p
resen

ted
is

th
e

u
n
iversa

l
ch

oice
set,

th
at

is
k

1
=
d

1
an

d
k

2
=
d

2 ,
so

th
at

th
e

p
u
rch

ase
of

item
j
1

from
ca

teg
o
ry

1
a
n
d
j
1

from
category

2
h
as

a
p
rob

ab
ility

of
ex

p
(Θ
∗j
1
,j

2 )/ ∑
d

1
,d

2

j ′1
,j ′2

=
1

ex
p
(Θ
∗j ′1
,j ′2 ),

w
h
ere

d
1 ,d

2
a
re

n
u
m

b
er

of
item

s
in

categ
ory

1
a
n
d

2
resp

ectively.
W

e
also

fi
t

th
e

sep
arab

le
m

o
d
el

p
ro

p
o
sed

in
B

en
son

et
al.

(2
018),

w
h
ich

is
a

sim
p
ler

m
o
d
el

w
ith

Θ
∗j
, j

2
=
a ∗j

1
+
b ∗j

2 ,

w
h
ere

a
∈
R
d

1,b∈
R
d

2.

In
F

ig
.

1
2

w
e

p
lot

th
e

m
ean

log-likelih
o
o
d

on
th

e
test

d
a
ta

versu
s

th
e

fraction
of

th
e

d
a
ta

u
sed

fo
r

o
u
r

n
u
clear

n
orm

m
in

im
iza

tion
b
ased

algorith
m

(‘n
u
cn

orm
’),

u
n
-regu

larized
lo

g
-likelih

o
o
d

m
ax

im
ization

algorith
m

(‘fu
llran

k
’),

an
d

m
ax

im
u
m

likelih
o
o
d

estim
ator

for
th

e
sep

a
ra

b
le

m
o
d
el

(‘sep
arab

le’)
ov

er
10

trials.
W

e
see

th
at

n
u
clea

r
n
orm

m
in

im
ization

o
u
tp

erfo
rm

s
th

e
‘fu

llran
k
’
an

d
‘sep

arab
le’

algorith
m

s.
T

h
is

is
con

sisten
t

w
ith

th
e

m
arketin

g
p
ra

ctice,
of

p
rov

id
in

g
d
iff

eren
t

p
rices

for
b
u
n
d
led

com
b
in

ation
s

of
p
ro

d
u
cts,

w
h
ich

u
ses

th
e

ra
tio

n
a
le

th
a
t,

w
orth

of
a

b
u
n
d
le

of
p
ro

d
u
cts

m
igh

t
b

e
d
iff

eren
t

from
th

e
su

m
of

th
e

w
orth

s

6
.
D
a
ta

set
is

fro
m

h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
a
r
b
e
n
s
o
n
/
d
i
s
c
r
e
t
e
-
s
u
b
s
e
t
-
c
h
o
i
c
e
/
t
r
e
e
/
m
a
s
t
e
r
/
d
a
t
a
.
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N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

(a)
C

a
k
es

an
d

D
rin

k
s

(b
)

T
arts

a
n
d

D
rin

k
s

(c)
C

o
ok

ies
an

d
D

rin
k
s

(d
)

P
astries

a
n
d

D
rin

k
s

F
igu

re
12:

B
akery

:
M

ean
log-likelih

o
o
d

on
test

d
ata

versu
s

fraction
of

d
ata

u
sed

for
train

in
g.

N
u
clear

n
orm

m
in

im
ization

im
p
roves

u
p

on
th

e
u
n
-regu

larized
likelih

o
o
d

m
ax

im
izatio

n
an

d
sep

arab
le

m
o
d
el,

for
m

ost
of

th
e

regim
es

w
e

con
sid

er.

of
th

e
in

d
iv

id
u
al

p
ro

d
u
cts

con
stitu

tin
g

th
e

b
u
n
d
le.

W
e

also
n
ote

th
at

th
e

u
n
-regu

larized
algorith

m
(‘fu

llran
k
’)

h
as

th
e

w
orst

p
erform

an
ce

an
d

h
igh

varian
ce

an
d

sep
arab

le
m

o
d
el

fi
ts

th
e

sam
p
les

alm
ost

as
go

o
d

as
th

e
n
u
clear

n
orm

m
in

im
ization

in
th

e
case

of
co

ok
ies

an
d

d
rin

k
s

in
th

e
large

train
in

g
d
ata

regim
e.

6
.
C
o
n
clu

sio
n

T
h
e

sam
p
le

com
p
lex

ity
of

learn
in

g
on

e
of

th
e

m
ost

p
op

u
lar

ch
oice

m
o
d
els

k
n
ow

n
as

M
u
lti-

N
om

ial
L

ogit
m

o
d
el

h
as

n
ot

b
een

ad
d
ressed

in
th

e
literatu

re.
T

h
e

m
ain

ch
a
llen

ge
is

in
th

e
in

h
eren

t
low

-ran
k

stru
ctu

re
of

th
e

p
aram

eter
to

b
e

lea
rn

ed
,

w
h
ich

lead
s

to
a

n
on

-con
vex

likelih
o
o
d

m
ax

im
ized

p
rob

lem
.

T
h
an

k
s

to
recen

t
ad

van
ces

in
learn

in
g

low
-ran

k
m

atrices,
in

p
articu

lar
in

1-b
it

m
atrix

com
p
letion

D
aven

p
ort

et
al.

(2014),
m

atrix
com

p
letion

N
egah

b
an

an
d

W
ain

w
righ

t
(2012),

an
d

restricted
stron

g
con

v
ex

ity
N

egah
b
an

et
a
l.

(2009),
w

e
h
ave

a
p

oly
n
om

ial
tim

e
algorith

m
an

d
th

e
tech

n
ical

to
o
ls

to
ch

aracterize
th

e
fu

n
d
am

en
tal

sam
-

p
le

com
p
lex

ity
of

learn
in

g
M

N
L

from
sam

p
les.

T
h
is

p
rov

id
es

a
n
ovel

algorith
m

to
learn

a

3
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L
e
a
r
n
in
g

f
r
o
m

C
o
m
pa

r
is
o
n
s
a
n
d

C
h
o
ic
e
s

lo
w

-d
im

en
si

on
al

re
p
re

se
n
ta

ti
on

of
u
se

rs
an

d
it

em
s

fr
o
m

u
se

rs
’

h
is

to
ri

ca
l

co
m

p
ar

is
on

s
an

d
ch

oi
ce

s.
W

e
st

u
d
y

th
re

e
ty

p
es

of
d
at

a,
p
a
ir

w
is

e
co

m
p
ar

is
on

,
h
ig

h
er

or
d
er

co
m

p
ar

is
o
n
,

an
d

ch
oi

ce
s,

an
d

ta
ke

th
e

fi
rs

t
p
ri

n
ci

p
le

ap
p
ro

ac
h

of
id

en
ti

fy
in

g
th

e
fu

n
d
am

en
ta

l
li
m

it
s

an
d

al
so

d
ev

el
op

in
g

effi
ci

en
t

al
go

ri
th

m
s

m
at

ch
in

g
th

os
e

fu
n
d
am

en
ta

l
tr

ad
e

off
s.

W
e

p
ro

v
id

e
a

u
n
i-

fy
in

g
fr

am
ew

or
k

to
le

ar
n

th
e

la
te

n
t

p
re

fe
re

n
ce

s
b
y

so
lv

in
g

a
co

n
ve

x
p
ro

g
ra

m
.

F
or

ea
ch

of
th

e
d
at

a
ty

p
es

,
ac

co
m

p
an

ie
d

b
y

n
at

u
ra

l
sa

m
p
li
n
g

sc
en

ar
io

s,
w

e
sh

ow
th

a
t

ou
r

fr
am

ew
or

k
ac

h
ie

ve
s

a
m

in
im

ax
op

ti
m

al
p

er
fo

rm
an

ce
,

an
d

h
en

ce
ca

n
n
ot

b
e

im
p
ro

ve
d

u
p

on
ot

h
er

th
an

a
sm

al
l

lo
ga

ri
th

m
ic

fa
ct

or
.

T
h
is

op
en

s
a

n
ew

d
o
or

to
le

ar
n

re
p
re

se
n
ta

ti
on

s
fr

om
co

m
p
a
ri

so
n
s

an
d

ch
oi

ce
s,

an
d

w
e

p
ro

p
os

e
n
ew

re
se

ar
ch

d
ir

ec
ti

on
s

an
d

ch
al

le
n
ge

s
b

el
ow

.
B

ey
on

d
th

e
lo

w
-r

an
k

m
o
d
el

st
u
d
ie

d
in

th
is

p
ap

er
,

re
ce

n
t

ad
va

n
ce

s
in

m
o
d
el

in
g

d
a
ta

in
a

m
at

ri
x

fo
rm

su
ch

as
lo

w
al

ge
b
ra

ic
d
im

en
si

on
b
y

O
n
gi

e
et

al
.

(2
01

8)
an

d
n
on

-p
ar

am
et

ri
c

ap
p
ro

x
im

at
io

n
b
y

B
or

gs
et

al
.

(2
01

7)
ca

n
p
ro

v
id

e
n
ew

re
se

ar
ch

d
ir

ec
ti

on
s

fo
r

m
o
d
el

in
g

ch
oi

ce
.

E
ffi

c
ie

n
t

im
p

le
m

e
n
ta

ti
o
n

s
v
ia

n
o
n

-c
o
n
v
e
x

o
p

ti
m

iz
a
ti

o
n

.
N

u
cl

ea
r

n
or

m
m

in
im

iz
a-

ti
on

,
w

h
il
e

p
ol

y
n
om

ia
l-

ti
m

e,
is

st
il
l

sl
ow

.
W

e
w

an
t

fi
rs

t-
or

d
er

m
et

h
o
d
s

th
at

ar
e

effi
ci

en
t

w
it

h
p
ro

va
b
le

gu
ar

an
te

es
.

T
w

o
m

ai
n

ch
al

le
n
ge

s
ar

e
p
ro

v
id

in
g

a
go

o
d

in
it

ia
li
za

ti
on

to
st

ar
t

su
ch

n
on

-c
on

ve
x

ap
p
ro

ac
h
es

an
d

an
al

y
zi

n
g

gr
ad

ie
n
t

d
es

ce
n
t

on
th

e
li
ke

li
h
o
o
d

m
ax

im
iz

at
io

n
w

h
ic

h
is

n
on

-c
on

ve
x
.

R
ec

en
t

ad
va

n
ce

s
in

n
on

-c
on

ve
x

op
ti

m
iz

at
io

n
w

it
h

ra
n
k
-c

on
st

ra
in

ts
h
av

e
d
ev

el
op

ed
v
ia

a
se

q
u
en

ce
of

in
n
ov

at
io

n
s

th
at

ca
n

b
e

su
m

m
ar

iz
ed

as
fo

ll
ow

s,
in

a
n
u
m

b
er

of
ex

am
p
le

p
ro

b
le

m
s

in
cl

u
d
in

g
m

at
ri

x
co

m
p
le

ti
on

,
ro

b
u
st

P
C

A
,

m
at

ri
x

se
n
si

n
g,

p
h
as

e
re

tr
ie

va
l.

F
ir

st
,

a
co

n
v
ex

re
la

x
at

io
n

of
n
u
cl

ea
r

n
or

m
m

in
im

iz
at

io
n

is
an

al
y
ze

d
,

e.
g.

C
a
n
d
ès

an
d

R
ec

h
t

(2
00

9)
.

T
h
en

,
a

m
or

e
effi

ci
en

t
tw

o-
st

ep
n
on

-c
on

ve
x

op
ti

m
iz

at
io

n
ap

p
ro

ac
h

is
p
ro

p
os

ed
w

it
h

p
ro

va
b
le

gu
ar

an
te

es
w

h
er

e
a

gl
ob

al
in

it
ia

li
za

ti
on

st
ep

is
fo

ll
ow

ed
b
y

a
fi
rs

t-
o
rd

er
m

et
h
o
d

e.
g.

K
es

h
av

an
et

al
.

(2
01

0a
,b

).
N

ex
t,

fi
rs

t-
or

d
er

m
et

h
o
d
s

st
ar

ti
n
g

at
an

y
in

it
ia

li
za

ti
on

p
oi

n
t

is
an

al
y
ze

d
v
ia

u
n
d
er

st
an

d
in

g
th

e
ge

om
et

ry
an

d
ch

ec
k
in

g
th

e
st

at
io

n
ar

y
p

oi
n
ts

o
f

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

e.
g.

G
e

et
al

.
(2

01
6)

.
T

h
is

re
ci

p
e,

sp
u
rr

ed
b
y

th
e

ad
va

n
ce

s
in

th
e

m
at

ri
x

co
m

p
le

ti
on

p
ro

b
le

m
,

h
as

b
ee

n
re

p
ea

te
d

fo
r

se
ve

ra
l

in
te

re
st

in
g

p
ro

b
le

m
s

in
vo

lv
in

g
lo

w
ra

n
k

m
at

ri
ce

s,
ov

er
th

e
la

st
d
ec

ad
e

an
d

ov
er

n
u
m

er
ou

s
p
u
b
li
ca

ti
on

s
b
y

co
ll
ec

ti
ve

eff
or

t
of

th
e

m
ac

h
in

e
le

ar
n
in

g
co

m
m

u
n
it

y.

F
or

th
e

p
ro

b
le

m
of

le
ar

n
in

g
M

N
L

,
w

e
ar

e
at

th
e

fi
rs

t
st

ag
e

of
th

is
p
ro

gr
es

si
on

w
h
er

e
w

e
p
ro

p
os

e
a

co
n
ve

x
re

la
x
at

io
n

an
d

p
ro

v
id

e
m

in
im

ax
op

ti
m

a
l

gu
ar

an
te

es
.

W
e

cu
rr

en
tl

y
d
o

n
ot

h
av

e
th

e
an

al
y
si

s
to

ol
s

to
fo

ll
ow

u
p

in
an

al
y
zi

n
g

an
effi

ci
en

t
n
on

-c
o
n
ve

x
op

ti
m

iz
at

io
n

p
ro

b
le

m
,

al
th

ou
gh

w
ri

ti
n
g

th
e

al
go

ri
th

m
an

d
im

p
le

m
en

ti
n
g

is
st

ra
ig

h
t

fo
rw

ar
d
,

an
d

al
so

h
as

b
ee

n
p
ro

p
os

ed
in

P
ar

k
et

al
.

(2
01

5)
.

It
is

a
p
ro

m
is

in
g

re
se

ar
ch

d
ir

ec
ti

on
to

ov
er

co
m

e
th

e
ch

al
le

n
ge

s
in

an
al

y
zi

n
g

n
on

-c
on

ve
x

op
ti

m
iz

at
io

n
m

et
h
o
d
s

fo
r

th
e

M
N

L
li
ke

li
h
o
o
d

ob
je

ct
iv

e
fu

n
ct

io
n
.

A
ss

u
m

p
ti

o
n

o
n

sa
m

p
li
n

g
w

it
h

re
p

la
c
e
m

e
n
t.

A
s

m
en

ti
on

ed
ea

rl
ie

r,
w

e
as

su
m

e
sa

m
-

p
li
n
g

w
it

h
re

p
la

ce
m

en
t,
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(δ
2
/
(r
d

2
))
∣ ∣∣ ∣∣ ∣

(V
(`

1
)
−
V

(`
2
) )
T
∣ ∣∣ ∣∣ ∣

2 L
≡
f

(V
(`

1
) ,
V

(`
2
) )

w
h
ic

h
is

a
fu

n
ct

io
n

ov
er

2r
d

2
i.
i.
d
.

ra
n
d
o
m

R
ad

em
ac

h
er

va
ri

ab
le

s
V

(`
1
)

an
d
V

(`
2
)

w
h
ic

h
d
efi

n
e

Θ
(`

1
)

an
d

Θ
(`

2
)

re
sp

ec
ti

ve
ly

.
S
in

ce
f

is
L

ip
sc

h
it

z
in

th
e

fo
ll
ow

in
g

se
n
se

,
w

e
ca

n
ap

p
ly

M
cD

ia
rm

id
’s

co
n
ce

n
tr

at
io

n
in

eq
u
a
li
ty

.
F

o
r

al
l

(V
(`

1
) ,
V

(`
2
) )

an
d

(Ṽ
(`

1
) ,
Ṽ

(`
2
) )

th
at

d
iff

er
in

on
ly

on
e

va
ri

ab
le

,
sa

y
Ṽ

(`
1
)

=
V

(`
1
)

+
2
e i
j
,

fo
r

so
m

e
st

an
d
ar

d
b
as

is
m

at
ri

x
e i
j
,

w
e

h
av

e
∣ ∣ f

(V
(`

1
) ,
V

(`
2
) )
−
f

(Ṽ
(`

1
) ,
Ṽ

(`
2
) )∣ ∣

=
∣ ∣ ∣ ∣
δ2 r
d

2

∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣(V
(`

1
)
−
V

(`
2
) )T
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣2 L
−

δ2 r
d

2

∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣(V
(`

1
)
−
V

(`
2
)

+
2
e i
j
)T
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣2 L

∣ ∣ ∣ ∣
(1

1
6)

=
δ2 r
d

2

∣ ∣ ∣2
eT i
L

(V
(`

1
)

j
−
V

(`
2
)

j
)

+
4
eT i
L
e i

∣ ∣ ∣
(1

17
)

=
δ2 r
d

2
(2
|||L

i|||
1

∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣V
(`

1
)

j
−
V

(`
2
)

j

∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ ∞
+

4
P
i)

(1
1
8
)

≤
12
δ2

r
d

2
,

(1
1
9)

w
h
er

e
w

e
u
se

d
th

e
fa

ct
th

at
|||L

i|||
1

=
2P

i
≤

2
an

d
V

(`
1
)
−
V

(`
2
)

is
en

tr
y
-w

is
e

b
o
u
n
d
ed

b
y

2.
T

h
e

ex
p

ec
ta

ti
on

E[
f

(V
(`

1
) ,
V

(`
2
) )

]
is

δ2 r
d

2
E
[ ∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣(V

(`
1
)
−
V

(`
2
) )T
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣2 L

]
=

2
δ2

r
d

2
E
[ ∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣(V

(`
1
) )T
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣2 L

]
≤

2δ
2
,

(1
2
0)

w
h
er

e
w

e
u
se

eq
u
at

io
n

(1
15

).
A

p
p
ly

in
g

M
cD

ia
rm

id
’s

in
eq

u
al

it
y

w
it

h
b

ou
n
d
ed

d
iff

er
en

ce
12
δ2
/(
rd

2
),

w
e

ge
t

th
at

P
{
f

(V
(`

1
) ,
V

(`
2
) )
≤

2
δ2
−
t
}
≤

ex
p
{
−
t2
r
d

2

1
44
δ4

}
,

(1
2
1)
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L
e
a
r
n
in
g

f
r
o
m

C
o
m
pa

r
iso

n
s
a
n
d

C
h
o
ic
e
s

S
in

ce
th

ere
a
re

less
th

an
(M
′)

2
p
airs

of
(`

1 ,`
2 ),

settin
g
t

=
δ

2
a
n
d

ap
p
ly

in
g

th
e

u
n
ion

b
ou

n
d

g
ives

P
{

m
in

`
1
,`

2 ∈
[M
′] ∣∣∣ ∣∣∣ ∣∣∣ Θ

(`
1
)−

Θ
(`

2
) ∣∣∣ ∣∣∣ ∣∣∣ 2F
≥
δ

2 }
≥

1−
ex

p {
−
r
d

2

144
+

2
log

M
′ }
≥

78
,

(122)

w
h
ere

w
e

u
sed

M
′
=

ex
p{
rd

2 /576}
an

d
d

2 ≥
607.

W
e

are
left

to
p
rove

th
at

Θ
(`)’s

are
in

Ω
(8
δ
/
d

2
) √

2
lo

g
d

2
as

d
efi

n
ed

in
(10).

S
in

ce
w

e
rem

oved

th
e

m
ea

n
fo

r
each

con
n
ected

com
p

on
en

t,
su

ch
th

at
Θ

(`)g
i

=
0,∀

i∈
[G

]
b
y

con
stru

ction
,

w
e

o
n
ly

n
eed

to
sh

ow
th

at
th

e
m

ax
im

u
m

en
try

is
b

ou
n
d
ed

b
y

(8δ/d
2 ) √

2
log

d
2 .

W
e

fi
rst

p
rove

a
n

u
p
p

er
b

ou
n
d

in
(124)

for
a

fi
x
ed

`∈
[M
′],

a
n
d

u
se

th
is

to
sh

ow
th

at
th

ere
ex

ists
a

la
rg

e
en

ou
gh

su
b
set

of
m

atrices
satisfy

in
g

th
is

b
ou

n
d
.

F
rom

(114),
con

sid
er

(U
V
T

)
ij

=
〈〈u

i ,v
j 〉〉,

w
h
ere

u
i ∈

R
r

is
th

e
fi
rst

r
en

tries
of

a
ran

d
om

vector
d
raw

n
u
n
iform

ly
from

th
e

d
2 -d

im
en

sio
n
a
l

sp
h
ere,

an
d
v
j
∈

R
r

is
d
raw

n
u
n
iform

ly
at

ran
d
om

from
{−

1,+
1}
r

w
ith

‖
v
j ‖

=
√
r.

U
sin

g
L

ev
y
’s

th
eorem

for
con

cen
tration

on
th

e
sp

h
ere

L
ed

ou
x

(2005),
w

e
h
ave

P
{|〈〈u

i ,v
j 〉〉|≥

t}
≤

2
ex

p {
−
d

2
t 2

8
r

}
.

(123)

N
o
tice

th
a
t

b
y

th
e

d
efi

n
ition

(114),
m

ax
i,j |Θ

(`)
ij |
≤

(2δ/ √
rd

2 )
m

ax
i,j |〈〈u

i ,v
j 〉〉|.

S
ettin

g

t
=
√

(3
2r/

d
2 )

log
d

2
an

d
tak

in
g

th
e

u
n
ion

b
ou

n
d

over
all

d
1 d

2
in

d
ices,

w
e

g
et

P
{

m
ax
i,j
|Θ

(`)
ij |≤

2
δ √

32
log

d
2

d
2

}
≥

1−
2
d

1 d
2

ex
p {
−

4
log

d
2 }
≥

12
,

(124)

fo
r

a
fi
x
ed

`∈
[M
′].

C
on

sid
er

th
e

even
t

th
at

th
ere

ex
ists

a
su

b
set

S
⊂

[M
′]

of
card

in
ality

M
=

(1/
4
)M
′

w
ith

th
e

sam
e

b
ou

n
d

on
m

ax
im

u
m

en
try,

th
en

from
(124)

w
e

get

P
{∃

S
⊂

[M
′]

su
ch

th
at ∣∣∣ ∣∣∣ ∣∣∣ Θ

(`) ∣∣∣ ∣∣∣ ∣∣∣∞
≤

2
δ √

32
log

d
2

d
2

for
all

`∈
S }
≥

M
′

∑m
=
M

(
M
′

m

)(
12 )

m
,

(125)

w
h
ich

is
la

rg
er

th
an

h
alf

for
ou

r
ch

oice
of
M

<
M
′/2.

B
.2

P
ro

o
f

o
f

L
e
m

m
a

2
6

In
sp

ired
fro

m
th

e
con

stru
ction

in
N

egah
b
an

an
d

W
ain

w
righ

t
(2012),

w
e

fu
rn

ish
th

e
follow

in
g

p
ro

b
a
b
ilistic

a
rgu

m
en

t
for

th
e

ex
isten

ce
of

th
e

d
esired

fam
ily.

F
or

th
e

ch
oice

of
M

=
be
r
d

1
/
2
5
6c,

a
n
d

for
each

`∈
[M

],
gen

erate
a

ran
k
-r

m
atrix

Θ
(`)∈

R
d

1 ×
d

2
as

follow
s:

Θ
(`)

=
δ
√
rd

1
V

(`) √
Λ
†r U

Tr
,

(126)

w
h
ere

th
e

co
lu

m
n
s

of
U
r
∈

R
d

2 ×
r

are
th

e
top

r
sin

gu
lar

vectors
of
L

=
U

Λ
U
T

,
Λ
r

is
a

d
ia

go
n
a
l

m
a
trix

in
R
r×
r

an
d

its
d
iag

on
al

elem
en

ts
are

th
e

top
r

sin
gu

lar
valu

es
of
L

co
rresp

o
n
d
in

g
to

colu
m

n
s

of
U
r ,†

rep
resen

ts
th

e
M

o
ore-P

en
rose

p
seu

d
o

in
verse,

an
d
V

(`)

is
a

ra
n
d
o
m

m
a
trix

w
ith

each
en

try
V

(`)
ij
∈
{−

1
,+

1}
ch

osen
in

d
ep

en
d
en

tly
an

d
u
n
iform

ly

a
t

ra
n
d
o
m

.
F

irst
b
y

d
efi

n
ition

, ∣∣ ∣∣ ∣∣Θ
(`) ∣∣ ∣∣ ∣∣L

=
(δ/ √

rd
1 ) ∣∣ ∣∣ ∣∣V

(`) ∣∣ ∣∣ ∣∣F
≤
δ,

sin
ce
∣∣ ∣∣ ∣∣V

(`) ∣∣ ∣∣ ∣∣F
=
√
rd

1 .
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N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

D
efi

n
e
f

as
f

(V
(`

1
),V

(`
2
))≡

∣∣ ∣∣ ∣∣Θ
(`

1
)−

Θ
(`

2
) ∣∣ ∣∣ ∣∣ 2L

=
(δ

2/
(rd

1 )) ∣∣ ∣∣ ∣∣V
(`

1
)−

V
(`

2
) ∣∣ ∣∣ ∣∣ 2F

w
h
ich

is
a

fu
n
ction

of
2rd

1
i.i.d

.
ran

d
om

R
ad

em
ach

er
variab

les.
N

ow
w

e
can

ap
p
ly

M
cD

iarm
id

’s
con

cen
tration

in
eq

u
ality

sin
ce
f

is
L

ip
sch

itz
as

folow
s.

F
or

all
(V

(`
1
),V

(`
2
))

an
d

(Ṽ
(`

1
),Ṽ

(`
2
))

th
at

d
iff

er
in

on
ly

on
e

variab
le,

say
Ṽ

(`
1
)

=
V

(`
1
)
+

2
e
ij ,

for
som

e
stan

d
ard

b
asis

m
atrix

e
ij ,

w
e

h
ave

∣∣f
(V

(`
1
),V

(`
2
))−

f
(Ṽ

(`
1
),Ṽ

(`
2
)) ∣∣

=

∣∣∣∣
δ

2

r
d

2 ∣∣∣ ∣∣∣ ∣∣∣ V
(`

1
)−

V
(`

2
) ∣∣∣ ∣∣∣ ∣∣∣ 2F

−
δ

2

r
d

2 ∣∣∣ ∣∣∣ ∣∣∣ V
(`

1
)−

V
(`

2
)

+
2
e
ij ∣∣∣ ∣∣∣ ∣∣∣ 2F

∣∣∣∣

=

∣∣∣∣
δ

2

r
d

2 |||2
e
ij ||| 2F

+
δ

2

r
d

2 〈〈(V
(`

1
)−

V
(`

2
)),2

e
ij 〉〉 ∣∣∣∣

≤
4
δ

2

r
d

1
+

δ
2

r
d

1 ∣∣∣ ∣∣∣ ∣∣∣ V
(`

1
)−

V
(`

2
) ∣∣∣ ∣∣∣ ∣∣∣∞

|||2
e
ij |||1

≤
8
δ

2

r
d

1
,

(127)

w
h
ere

th
e

p
en

u
ltim

ate
step

is
tru

e
sin

ce
(V

(`
1
)−

V
(`

2
))

is
en

try
-w

ise
b

ou
n
d
ed

b
y

2.
T

h
e

ex
p

ectation
E

[f
(V

(`
1
),V

(`
2
))]

is

δ
2

r
d

1 E
[∣∣∣ ∣∣∣ ∣∣∣ (V

(`
1
)−

V
(`

2
)) ∣∣∣ ∣∣∣ ∣∣∣ 2F ]

=
2
δ

2

r
d

1 E
[∣∣∣ ∣∣∣ ∣∣∣ V

(`
1
) ∣∣∣ ∣∣∣ ∣∣∣ 2F ]

=
2
δ

2
.

(128)

N
ow

ap
p
ly

in
g

M
cD

iarm
id

’s
in

eq
u
ality

o
n

th
e

fu
n
ction

f
,

w
e

get
th

at

P
{
f

(V
(`

1
),V

(`
2
))≤

2
δ

2−
t }

≤
ex

p {
−
t 2
r
d

1

64
δ

4

}
,

(129)

S
ettin

g
t

=
δ

2
an

d
ap

p
ly

in
g

th
e

u
n
ion

b
ou

n
d

gives
u
s,

P
{

m
in

`
1
,`

2 ∈
[M

] ∣∣∣ ∣∣∣ ∣∣∣ Θ
(`

1
)−

Θ
(`

2
) ∣∣∣ ∣∣∣ ∣∣∣ 2F
≥
δ

2 }
≥

1−
ex

p {
−
r
d

1

64
+

2
log

M
}
>

0
.

(130)

In
th

e
last

step
,

w
e

u
sed

M
=
bex

p{
rd

1 /
256}c.

A
t

last
w

e
p
rove

th
at

Θ
(`)’s

are
in

Ω
δ √

tr(
(L
r
) †)

/
r
d

1
as

d
efi

n
ed

in
(10).

S
in

ce
w

e
k
n
ow

th
at
g
i
b

elon
gs

to
th

e
kern

el
of
L

for
all
i∈

[G
],

Θ
(`)g

=
0

b
y

con
stru

ction
(6).

F
rom

(126),
con

sid
er

(V

√
Λ
†r U

Tr
)
ij

=
〈〈v

i , √
Λ
†r (u

r )
j 〉〉,

w
h
ere

(u
r )
j ∈

R
r

is
th

e
vector

of
i-th

en
tries

of
th

e
top

r
sin

gu
lar

v
ectors

of
L

,
an

d
v
i ∈

R
r

is
d
raw

n
u
n
iform

ly
at

ran
d
om

from
{−

1,+
1}
r.

∣∣∣ 〈〈v
i , √

Λ
†r (u

r )
j 〉〉 ∣∣∣ ≤

|||v
i |||∞

∣∣∣∣ ∣∣∣∣ ∣∣∣∣ √
Λ
†r (u

r )
j ∣∣∣∣ ∣∣∣∣ ∣∣∣∣1 ≤

√
tr (

Λ
†r )

=
√

tr
((L

r ) †)
.

(131)

T
h
e

ab
ov

e
in

eq
u
a
lity

p
rov

es
th

at ∣∣ ∣∣ ∣∣Θ
(`) ∣∣ ∣∣ ∣∣∞

is
u
p
p

er
b

ou
n
d
ed

as
d
esired

.
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L
e
a
r
n
in
g

f
r
o
m

C
o
m
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r
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o
n
s
a
n
d

C
h
o
ic
e
s

A
p
p
e
n
d
ix

C
.
P
ro

o
f
o
f
T
h
e
o
re
m

7

W
e

fi
rs

t
in

tr
o
d
u
ce

so
m

e
ad

d
it

io
n
al

n
ot

at
io

n
s

u
se

d
in

th
e

p
ro

of
.

R
ec

al
l

th
at
L(

Θ
)

is
th

e
lo

g

li
ke

li
h
o
o
d

fu
n
ct

io
n
.

L
et
∇
L(

Θ
)
∈

R
d

1
×
d

2
d
en

ot
e

it
s

gr
a
d
ie

n
t

su
ch

th
at
∇
ij
L(

Θ
)

=
∂
L(

Θ
)

∂
Θ
ij

.

L
et
∇

2
L(

Θ
)
∈
R
d

1
d

2
×
d

1
d

2
d
en

ot
e

it
s

H
es

si
an

m
a
tr

ix
su

ch
th

at
∇

2 ij
,i
′ j
′L

(Θ
)

=
∂

2
L(

Θ
)

∂
Θ
ij
∂

Θ
i′
j
′.

B
y

th
e

d
efi

n
it

io
n

of
L(

Θ
)

in
(3

2)
,

w
e

h
av

e

∇
L(

Θ
∗ )

=
−

1

k
d

1

d
1 ∑ i=
1

k ∑ `=
1

e i
(e
v
i,
`
−
p
i,
`)
T
,

(1
32

)

w
h
er

e
p
i,
`

d
en

ot
es

th
e

co
n
d
it

io
n
al

ch
oi

ce
p
ro

b
ab

il
it

y
at

`-
th

p
os

it
io

n
.

P
re

ci
se

ly
,
p
i,
`

=
∑

j∈
S
i,
`
p
j|

(i
,`

)e
j

w
h
er

e
p
j|

(i
,`

)
is

th
e

p
ro

b
ab

il
it

y
th

at
it

em
j

is
ch

os
en

at
`-

th
p

os
it

io
n

fr
om

th
e

to
p

b
y

th
e

u
se

r
i

co
n
d
it

io
n
ed

on
th

e
to

p
`
−

1
ch

oi
ce

s
su

ch
th

at
p
j|

(i
,`

)
≡

P
{v
i,
`

=
j|v

i,
1
,.
..
,v
i,
`−

1
,S

i}
=
eΘ
∗ ij
/(
∑

j′
∈S

i,
`
eΘ

ij
′ )

an
d
S
i,
`
≡
S
i
\{
v i
,1
,.
..
,v
i,
`−

1
},

w
h
er

e
S
i

is
th

e
se

t
of

al
te

rn
at

iv
es

p
re

se
n
te

d
to

th
e
i-

th
u
se

r
an

d
v i
,`

is
th

e
it

em
ra

n
ke

d
at

th
e
`-

th

p
os

it
io

n
b
y

th
e

u
se

r
i.

N
ot

ic
e

th
at

fo
r
i
6=
i′

,
∂

2
L(

Θ
)

∂
Θ
ij
∂

Θ
i′
j
′

=
0

an
d

th
e

H
es

si
an

is

∂
2
L(

Θ
)

∂
Θ
ij
∂

Θ
ij
′

=
1

k
d

1

k ∑ `=
1

I(
j
∈
S
i,
`)
∂
p
j|

(i
,`

)

∂
Θ
ij
′

=
1

k
d

1

k ∑ `=
1

I(
j,
j′
∈
S
i,
`)
( p
j|

(i
,`

)I
(j

=
j′

)
−
p
j|

(i
,`

)p
j′
|(i
,`

))
.

(1
33

)

T
h
is

H
es

si
an

m
at

ri
x

is
a

b
lo

ck
-d

ia
go

n
al

m
at

ri
x
∇

2
L(

Θ
)

=
d
ia

g
(H

(1
) (

Θ
),
..
.,
H

(d
1
) (

Θ
))

w
it

h

H
(i

) (Θ
)

=
1

k
d

1

k ∑ `=
1

( d
ia

g
(p
i,
`)
−
p
i,
`p
T i,
`)
.

(1
3
4)

L
et

∆
=

Θ
∗ −

Θ̂
w

h
er

e
Θ̂

is
th

e
op

ti
m

al
so

lu
ti

on
of

th
e

co
n
ve

x
p
ro

gr
am

in
(3

1)
.

W
e

fi
rs

t
in

tr
o
d
u
ce

th
re

e
ke

y
te

ch
n
ic

al
le

m
m

as
.

T
h
e

fi
rs

t
le

m
m

a
fo

ll
ow

s
fr

om
L

em
m

a
1

of
N

eg
ah

b
an

an
d

W
ai

n
w

ri
gh

t
(2

01
2)

,
an

d
sh

ow
s

th
at

∆
is

ap
p
ro

x
im

at
el

y
lo

w
-r

an
k
.

L
e
m

m
a

2
7

If
λ
≥

2
|||∇
L(

Θ
∗ )
||| 2

,
th

en
w

e
h
a
ve

|||∆
||| n

u
c
≤

4√
2
r||
|∆
||| F

+
4

m
in
{d

1
,d

2
}

∑

j=
r
+

1

σ
j
(Θ
∗ )
,

(1
35

)

fo
r

a
ll
r
∈

[m
in
{d

1
,d

2
}]

.

P
ro

of
of

th
e

ab
ov

e
le

m
m

a
is

om
it

te
d

b
ec

au
se

of
it

s
si

m
il
ar

it
y

to
th

at
of

L
em

m
a

22
.

T
h
e

fo
ll
ow

in
g

le
m

m
a

p
ro

v
id

es
a

b
ou

n
d

on
th

e
gr

ad
ie

n
t

u
si

n
g

th
e

co
n
ce

n
tr

a
ti

on
in

m
ea

su
re

of
su

m
of

in
d
ep

en
d
en

t
ra

n
d
om

m
at

ri
ce

s
T

ro
p
p

(2
01

1)
.
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N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

L
e
m

m
a

2
8

F
o
r

a
n

y
po

si
ti

ve
co

n
st

a
n

t
c
≥

1
a
n

d
k
≤

(1
/
e)

d
2
(4

lo
g
d

2
+

lo
g
d

1
),

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

2d
−
c
−
d
−

3
2

,

|||∇
L(

Θ
∗ )
||| 2

≤
√

4(
1

+
c)

lo
g
d

k
d

2 1

m
ax
{ √

d
1
/d

2
,
e2
α
√

4(
1

+
c)

lo
g
(d

)(
8

lo
g
d

2
+

2
lo

g
d

1
)

lo
g
k
}
.

(1
3
6
)

S
in

ce
w

e
ar

e
ty

p
ic

al
ly

in
te

re
st

ed
in

th
e

re
gi

m
e

w
h
er

e
th

e
n
u
m

b
er

of
sa

m
p
le

s
is

m
u
ch

sm
a
ll
er

th
an

th
e

d
im

en
si

on
d

1
×
d

2
of

th
e

p
ro

b
le

m
,

th
e

H
es

si
an

is
ty

p
ic

al
ly

n
ot

p
o
si

ti
ve

d
efi

n
it

e.
H

ow
ev

er
,

w
h
en

w
e

re
st

ri
ct

ou
r

at
te

n
ti

on
to

th
e

ve
ct

or
iz

ed
∆

w
it

h
re

la
ti

v
el

y
sm

a
ll

n
u
cl

ea
r

n
or

m
,

th
en

w
e

ca
n

p
ro

ve
re

st
ri

ct
ed

st
ro

n
g

co
n
ve

x
it

y,
w

h
ic

h
gi

ve
s

th
e

fo
ll
ow

in
g

b
o
u
n
d
.

L
e
m

m
a

2
9

(R
e
st

ri
c
te

d
S

tr
o
n

g
C

o
n
v
e
x
it

y
fo

r
c
o
ll
a
b

o
ra

ti
v
e

ra
n

k
in

g
)

F
ix

a
n

y
Θ
∈

Ω
α

a
n

d
a
ss

u
m

e
24
≤
k
≤

m
in
{d

2 1
,(
d

2 1
+
d

2 2
)/

(2
d

1
)}

lo
g
d

.
U

n
d
er

th
e

ra
n

d
o
m

sa
m

p
li

n
g

m
od

el
o
f

th
e

a
lt

er
n

a
ti

ve
s
{j
i`
} i∈

[d
1
],
`∈

[k
]

a
n

d
th

e
ra

n
d
o
m

o
u

tc
o
m

e
o
f

th
e

co
m

pa
ri

so
n

s
d
es

cr
ib

ed
in

se
ct

io
n

1
,

w
it

h
p
ro

ba
bi

li
ty

la
rg

er
th

a
n

1
−

2
d
−

2
1
8
,

V
ec

(∆
)T
∇

2
L(

Θ
)

V
ec

(∆
)
≥

e−
4
α

24
d

1
d

2
|||∆
|||2 F

,
(1

3
7)

fo
r

a
ll

∆
in
A

w
h
er

e

A
=
{ ∆
∈
R
d

1
×
d

2
∣ ∣ ||
|∆
||| ∞
≤

2
α
,
∑ j∈

[d
2
]

∆
ij

=
0

fo
r

a
ll
i
∈

[d
1
]

a
n

d
|||∆
|||2 F
≥
µ
|||∆
||| n

u
c

}
.

(1
38

)

w
it

h

µ
≡

2
1
0
e2
α
α
d

2

√
d

1
lo

g
d

k
m

in
{d

1
,d

2
}
.

(1
3
9)

B
u
il
d
in

g
on

th
es

e
le

m
m

as
,

th
e

p
ro

of
of

T
h
eo

re
m

7
is

d
iv

id
ed

in
to

th
e

fo
ll
ow

in
g

tw
o

ca
se

s.
In

b
ot

h
ca

se
s,

w
e

w
il
l

sh
ow

th
at

|||∆
|||2 F
≤

72
e4
α
c 0
λ

0
d

1
d

2
|||∆
||| n

u
c
,

(1
4
0)

w
it

h
h
ig

h
p
ro

b
ab

il
it

y.
A

p
p
ly

in
g

L
em

m
a

27
p
ro

ve
s

th
e

d
es

ir
ed

th
eo

re
m

.
W

e
a
re

le
ft

to
sh

ow
E

q
.

(1
40

)
h
ol

d
s.

C
a
se

1
:

S
u

p
p

o
se
|||∆
|||2 F
≥
µ
|||∆
||| n

u
c
.

W
it

h
∆

=
Θ
∗
−

Θ̂
,

th
e

T
ay

lo
r

ex
p
an

si
o
n

y
ie

ld
s

L(
Θ̂

)
=
L(

Θ
∗ )
−
〈〈∇
L(

Θ
∗ )
,∆
〉〉

+
1 2

V
ec

(∆
)∇

2
L(

Θ
)V

ec
T

(∆
),

(1
41

)

w
h
er

e
Θ

=
a
Θ̂

+
(1
−
a
)Θ
∗

fo
r

so
m

e
a
∈

[0
,1

].
It

fo
ll
ow

s
fr

om
L

em
m

a
29

th
a
t

w
it

h
p
ro

b
a
b
il
it

y
at

le
as

t
1
−

2
d
−

2
1
8
,

L(
Θ̂

)
−
L(

Θ
∗ )
≥
−
〈〈∇
L(

Θ
∗ )
,∆
〉〉

+
e−

4
α

48
d

1
d

2
|||∆
|||2 F

≥
−
|||∇
L(

Θ
∗ )
||| 2
|||∆
||| n

u
c

+
e−

4
α

48
d

1
d

2
|||∆
|||2 F

.
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L
e
a
r
n
in
g

f
r
o
m

C
o
m
pa

r
iso

n
s
a
n
d

C
h
o
ic
e
s

F
ro

m
th

e
d
efi

n
ition

of
Θ̂

as
an

op
tim

al
solu

tion
of

th
e

m
in

im
ization

,
w

e
h
ave

L
(Θ̂

)−
L

(Θ
∗)
≤

λ (|||Θ
∗|||n

u
c −

∣∣∣ ∣∣∣ ∣∣∣ Θ̂
∣∣∣ ∣∣∣ ∣∣∣n

u
c )
≤

λ|||∆
|||n

u
c
.

B
y

th
e

a
ssu

m
p
tion

,
w

e
ch

o
ose

λ
≥

4
80
λ

0 .
In

v
iew

of
L

em
m

a
28,

th
is

im
p
lies

th
at

λ
≥

2|||∇
L

(Θ
∗)|||2

w
ith

p
rob

ab
ility

at
least

1−
2
d −

3.
It

follow
s

th
at

w
ith

p
ro

b
ab

ility
at

least

1−
2d −

3−
2
d −

2
1
8,e −

4
α

48d
1 d

2 |||∆
||| 2F
≤
(λ

+
|||∇
L

(Θ
∗)|||2 )|||∆

|||n
u
c
≤

3λ2
|||∆
|||n

u
c
.

B
y

o
u
r

a
ssu

m
p
tion

on
λ
≤
c

0 λ
0 ,

th
is

p
roves

th
e

d
esired

b
ou

n
d

in
E

q
.

(140)
C

a
se

2
:

S
u

p
p

o
se
|||∆
||| 2F
≤
µ|||∆

|||n
u
c .

B
y

th
e

d
efi

n
ition

of
µ

an
d

th
e

fact
th

at
c

0 ≥
480,

it
fo

llow
s

th
a
t
µ
≤

72
e

4
α
c

0 λ
0
d

1 d
2 ,

an
d

w
e

get
th

e
sam

e
b

ou
n
d

as
in

E
q
.

(140).

C
.1

P
ro

o
f

o
f

L
e
m

m
a

2
8

D
efi

n
e
X
i

=
−
e
i ∑

k`=
1 (e

v
i,` −

p
i,` )

T
su

ch
th

at∇
L

(Θ
∗)

=
1
k
d

1 ∑
d

1
i=

1
X
i ,

w
h
ich

is
a

su
m

of
d

1

in
d
ep

en
d
en

t
ra

n
d
om

m
atrices.

A
lth

o
u
gh
|||X

i |||2
can

b
e

as
large

as
O

(k
),

th
is

o
ccu

rs
w

ith
very

low
p
ro

b
a
b
ility.

W
e

m
ake

th
is

p
recise

in
th

e
follow

in
g

lem
m

a
an

d
fo

cu
s

on
th

e
case

w
h
ere
|||X

i |||2
=
O

( √
k
)

for
all

i∈
[d

1 ].

L
e
m

m
a

3
0

F
o
r

a
fi

xed
i∈

[d
1 ]

a
n

d
j
∈

[d
2 ],

if
k
≤

(1/e)
d

2
(4

log
d

2
+

log
d

1 ),
th

en
th

e
n

u
m

ber
o
f

tim
es

th
e

item
j

is
o
bserved

by
th

e
u

ser
i

is
a
t

m
o

st
8(log

d
2 )

+
2(log

d
1 )

w
ith

p
ro

ba
bility

la
rger

th
a
n

1−
1
/(d

42 d
1 ).

P
ro

o
f

is
g
iven

in
th

e
en

d
of

th
is

S
ection

.
A

p
p
ly

in
g

u
n
ion

b
ou

n
d

over
th

e
d

1
item

s
an

d
d

2
u
sers,

w
e

h
ave

th
e

m
u
ltip

licity
in

sam
p
lin

g
for

an
y

item
for

all
u
sers

is
b

ou
n
d
ed

b
y

8
(lo

g
d

2 )
+

2
(lo

g
d

1 )
w

ith
p
rob

ab
ility

at
least

1−
d −

3
2

.
W

e
d
en

ote
th

is
ev

en
t

b
y
A

an
d

let
I
(A

)
b

e
th

e
in

d
icator

fu
n
ction

th
at

all
th

e
m

u
ltip

licities
in

sam
p
lin

g
are

b
ou

n
d
ed

.
W

e
fi
rst

u
p
p

er
b

o
u
n
d
|||( ∑

i X
i )I

(A
)|||2

u
sin

g
th

e
M

atrix
B

ern
stein

in
eq

u
ality

T
rop

p
(20

11).

|||X
i I

(A
)|||2

=
∥∥∥ I

(A
)

k
∑`=

1 (e
v
i,` −

p
i,` ) ∥∥∥

(a
)

≤
∥∥∥ I

(A
)

k
∑`=

1

e
v
i,l ∥∥∥

+
∥∥∥ I

(A
)

k
∑`=

1

p
i,` ∥∥∥

(b)

≤
(8(log

d
2 )

+
2(log

d
1 )) √

m
in{

k
,d

2 } (
1

+

(
k
∑`=

1

e
2
α`

)
)

(c)

≤
√
k
(8(log

d
2 )

+
2(log

d
1 )) (1

+
2
e

2
α

log
k )

≤
3 √

k
(8(log

d
2 )

+
2(log

d
1 ))e

2
α

log
k
,

(142)

w
h
ere

(a
)

is
b
y

trian
gle

in
eq

u
ality,

(b)
is

b
ecau

se
u
n
d
er

th
e

given
even

t
A

ea
ch

term
in

∑
`
e
v
i,`

a
n
d
∑

l p
i,`

are
u
p
p

er
b

ou
n
d
ed

b
y

log
d

2
an

d
(∑

k`=
1
e
2
α`

)
log

d
2

resp
ectively

an
d

b
eca

u
se

th
ere

can
b

e
at

m
ost

m
in{d

2 ,k}
n
on

-zero
en

tries
in

th
e

tw
o

vectors
∑

`
e
v
i,`

an
d

5
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N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

∑
`
p
i,`

an
d
,

(c)
is

d
u
e

to
th

e
fact

th
at
k
-th

h
arm

on
ic

n
u
m

b
er ∑

k`=
1

1`
is

u
p
p

er
b

ou
n
d
ed

b
y

log
k
.

W
e

also
h
ave,

∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣ ∑

i

E
[X

i X
Ti I

(A
) ] ∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣2 ≤

∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣ ∑

i

E
[X

i X
Ti ] ∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣2

≤

∣∣∣∣∣∣ ∣∣∣∣∣∣ ∣∣∣∣∣∣

d
1
∑i=

1

e
i e
Ti E


k
∑`,` ′=

1 (e
v
i,` −

p
i,` )

T
(
e
v
i,` ′ −

p
i,` ′ )  ∣∣∣∣∣∣ ∣∣∣∣∣∣ ∣∣∣∣∣∣2

=

∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣
d

1
∑i=

1

e
i e
Ti E

[
k
∑`=

1 (e
v
i,` −

p
i,` )

T
(e
v
i,` −

p
i,` ) ] ∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣2

=

∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣
d

1
∑i=

1

e
i e
Ti E

[
k
∑`=

1

e
Tv
i,` e

v
i,` −

p
Ti,` p

i,` ] ∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣2

≤
∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣

d
1
∑i=

1

e
i e
Ti E

[
k
∑`=

1

e
Tv
i,` e

v
i,` ] ∣∣∣∣∣ ∣∣∣∣∣ ∣∣∣∣∣2

=
k|||I

d
1 ×
d

1 |||2
=
k
,
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th

e
fa

ct
th

at
su

m
of

th
e

su
p
re

m
u
m

is
n
o

le
ss

th
a
n

th
e

su
p
re

m
u
m

of
th

e
su

m
,

an
d

th
e

se
co

n
d

in
eq

u
al

it
y

fo
ll
ow

s
fr

om
st

an
d
ar

d
sy

m
m

et
ri

za
-

ti
on

ar
gu

m
en

t
ap

p
li
ed

to
in

d
ep

en
d
en

t
ra

n
d
o
m

va
ri

ab
le

s
{Y

i,
`,
`′
,`
′′
(∆

)}
i∈

[d
1
],

(`
,`
′ ,
`′
′ )
∈T

a
w

it
h

i.
i.
d
.

R
ad

em
ac

h
er

ra
n
d
om

va
ri

ab
le

s
ξ i
,`
,`
′ ,
`′
′ ’

s.
S
in

ce
(∆

i,
j i
,`
−

∆
i,
j i
,`
′)

2
χ
i,
`,
`′
,`
′′
≤

4α
|∆

i,
j i
,`
−

∆
i,
j i
,`
′|χ

i,
`,
`′
,`
′′
,

w
e

h
av

e
b
y

th
e

L
ed

ou
x
-T

a
la

gr
an

d
co

n
tr

a
ct

io
n

in
eq

u
al

it
y

L
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u
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a
n
d

T
a
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L
e
a
r
n
in
g

f
r
o
m

C
o
m
pa

r
iso

n
s
a
n
d

C
h
o
ic
e
s

g
ra

n
d

(2
0
1
3
)

th
at

E [
su

p
∆
∈B

(D
) ∑i∈

[d
1
]

∑

(`,` ′,` ′′)∈
T
a

ξ
i,`,` ′,` ′′(∆

i,j
i,` −

∆
i,j
i,` ′ )

2χ
i,`,` ′,` ′′ ]

≤
8αE [

su
p

∆
∈B

(D
) ∑i∈

[d
1
]

∑

(`,` ′,` ′′)∈
T
a

ξ
i,`,` ′,` ′′χ

i,`,` ′,` ′′〈〈∆
,e
i (e

j
i,` −

e
j
i,` ′ )

T〉〉 ]
(155)

A
p
p
ly

in
g

H
ö
ld

er’s
in

eq
u
ality,

w
e

get
th

at

∣∣∣
∑i∈

[d
1
]

∑

(`,` ′,` ′′)∈
T
a

ξ
i,`,` ′,` ′′χ

i,`,` ′,` ′′〈〈∆
,e
i (e

j
i,` −

e
j
i,` ′ )

T〉〉 ∣∣∣

≤
|||∆
|||n

u
c ∣∣∣∣∣∣ ∣∣∣∣∣∣ ∣∣∣∣∣∣ ∑i∈

[d
1
]

∑

(`,` ′,` ′′)∈
T
a

ξ
i,`,` ′,` ′′χ

i,`,` ′,` ′′ (e
i (e

j
i,` −

e
j
i,` ′ )

T ) ∣∣∣∣∣∣ ∣∣∣∣∣∣ ∣∣∣∣∣∣2

.
(156)

W
e

a
re

left
to

p
rove

th
at

th
e

ex
p

ected
valu

e
of

th
e

righ
t-h

an
d

sid
e

of
th

e
ab

ov
e

in
eq

u
ality

is
b

o
u
n
d
ed

b
y
C
|||∆
|||n

u
c √

k
d

1
log

d
/

m
in{

d
1 ,d

2 }
for

som
e

n
u
m

erical
con

stan
t
C

.
F

or
i∈

[d
1 ]

a
n
d

(`,` ′,` ′′)
∈
T
a ,

let
W
i,`,` ′,` ′′

=
ξ
i,`,` ′,` ′′χ

i,`,` ′,` ′′ (e
i (e

j
i,` −

e
j
i,` ′ )

T )
b

e
in

d
ep

en
d
en

t
zero-

m
ea

n
ran

d
om

m
atrices,

su
ch

th
at

∣∣ ∣∣ ∣∣W
i,`,` ′,` ′′ ∣∣ ∣∣ ∣∣2

=
∣∣∣ ∣∣∣ ∣∣∣ ξ

i,`,` ′,` ′′χ
i,`,` ′,` ′′ (e

i (e
j
i,` −

e
j
i,` ′ )

T ) ∣∣∣ ∣∣∣ ∣∣∣2 ≤
√

2
,

a
lm

o
st

su
rely,

a
n
d

E
[W

i,`,` ′,` ′′W
Ti,`,` ′,` ′′ ]

=
E

[ (e
i (e

j
i,` −

e
j
i,` ′ )

T
(e
j
i,` −

e
j
i,` ′ )e

Ti )χ
i,`,` ′,` ′′]

=
2E
[χ

i,`,` ′,` ′′ ]
e
i e
Ti

�
2e
i e
Ti
,

a
n
d

E
[W

Ti,`,` ′,` ′′ W
i,`,` ′,` ′′]

=
E

[ ((e
j
i,` −

e
j
i,` ′ )e

Ti
e
i (e

j
i,` −

e
j
i,` ′ )

T )χ
i,`,` ′,` ′′]

�
E

[(e
j
i,` −

e
j
i,` ′ )e

Ti
e
i (e

j
i,` −

e
j
i,` ′ )

T
]

=
2d
2
I
d

2 ×
d

2 −
2d
22

1
1
T
.

T
h
is

giv
es

σ
2

=
m

a
x 

∣∣∣∣∣∣∣∣∣ ∣∣∣∣∣∣∣∣∣ ∣∣∣∣∣∣∣∣∣

∑i∈
[d

1
]

(`,` ′,` ′′)∈
T
a E

[W
i,`,` ′,` ′′W

Ti,`,` ′,` ′′ ] ∣∣∣∣∣∣∣∣∣ ∣∣∣∣∣∣∣∣∣ ∣∣∣∣∣∣∣∣∣2 , ∣∣∣∣∣∣∣∣∣ ∣∣∣∣∣∣∣∣∣ ∣∣∣∣∣∣∣∣∣

∑i∈
[d

1
]

(`,` ′,` ′′)∈
T
a E

[W
Ti,`,` ′,` ′′ W

i,`,` ′,` ′′] ∣∣∣∣∣∣∣∣∣ ∣∣∣∣∣∣∣∣∣ ∣∣∣∣∣∣∣∣∣2 

≤
m

a
x {

2|T
a |,

2
d

1 |T
a |

d
2

}
=

2d
1 |T

a |
m

in{
d

1 ,d
2 }
≤

2
d

1 k

3
m

in{
d

1 ,d
2 }

,
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N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

sin
ce

w
e

h
ave

d
esign

ed
T
a ’s

su
ch

th
at
|T
a |≤

k
/
3.

A
p
p
ly

in
g

m
atrix

B
ern

stein
in

eq
u
ality

T
rop

p
(2011)

y
ield

s
th

e
tail

b
ou

n
d

P



∣∣∣∣∣∣ ∣∣∣∣∣∣ ∣∣∣∣∣∣ ∑i∈
[d

1
]

∑

(`,` ′,` ′′)∈
T
a

W
i,`,` ′,` ′′ ∣∣∣∣∣∣ ∣∣∣∣∣∣ ∣∣∣∣∣∣2 ≥

t 
≤

(d
1

+
d

2 )
ex

p (
−
t 2/

2

σ
2

+
√

2t/
3 )

.

C
h
o
osin

g
t

=
m

ax { √
32k

d
1

log
d
/
(3

m
in{d

1 ,d
2 }),(16 √

2
/
3)

log
d }

,
w

e
ob

tain
w

ith
p
rob

a-
b
ility

at
least

1−
2
d −

3,
∣∣∣∣∣∣ ∣∣∣∣∣∣ ∣∣∣∣∣∣ ∑i∈

[d
1
]

∑

(`,` ′,` ′′)∈
T
a

W
i,`,` ′,` ′′ ∣∣∣∣∣∣ ∣∣∣∣∣∣ ∣∣∣∣∣∣2

≤
m

ax {
√

32k
d

1
log

d

3
m

in{
d

1 ,d
2 }
,

16 √
2

lo
g
d

3

}
.

It
follow

s
from

th
e

fact ∣∣∣ ∣∣∣ ∣∣∣ ∑
i∈

[d
1
] ∑

(`,` ′,` ′′)∈
T
a
W
i,`,` ′,` ′′ ∣∣∣ ∣∣∣ ∣∣∣2 ≤

∑
i,(`,` ′,` ′′) ∣∣ ∣∣ ∣∣W

i,`,` ′,` ′′ ∣∣ ∣∣ ∣∣2 ≤
√

2
d

1
k

3

th
atE

 ∣∣∣∣∣∣ ∣∣∣∣∣∣ ∣∣∣∣∣∣ ∑i∈
[d

1
]

∑

(`,` ′,` ′′)∈
T
a

W
i,`,` ′,` ′′ ∣∣∣∣∣∣ ∣∣∣∣∣∣ ∣∣∣∣∣∣2 

≤
m

ax {
√

32k
d

1
log

d

3
m

in{
d

1 ,d
2 }
,
16 √

2
log

d

3

}
+

2 √
2d

1 k

3
d

3

≤
2 √

32k
d

1
log

d

3
m

in{
d

1 ,d
2 }

,

w
h
ere

th
e

last
in

eq
u
ality

follow
s

from
th

e
assu

m
p
tion

th
at

(16
m

in{
d

1 ,d
2 }

log
d
)/

(3d
1 )
≤

k
≤
d

21
log

d
.

S
u
b
stitu

tin
g

th
is

in
th

e
R

H
S

of
E

q
.

(156),
an

d
th

en
togeth

er
w

ith
E

q
s.

(155)
an

d
(154),

th
is

gives
th

e
follow

in
g

d
esired

b
ou

n
d
:

E
[Z

]
≤

∑a∈
[N

]

su
p

∆
∈B

(D
)

16
α
e −

2
α

k
3
d

1

√
32k

d
1

log
d

3
m

in{
d

1 ,d
2 } |||∆

|||n
u

c

≤
∑a∈

[N
]

e −
4
α √

2

16 √
3
k

2
d

1
d

2 (
2

1
0e

2
α
α
d

2 √
d

1
log

d

k
m

in{
d

1 ,d
2 } )

︸
︷︷

︸
=
µ

|||∆
|||n

u
c

≤
9
e −

4
α
D

2

40d
1 d

2
,

w
h
ere

th
e

last
in

eq
u
ality

h
old

s
b

ecau
se
N
≤

4
k

2
an

d
µ|||∆

|||n
u

c ≤
D

2.

C
.5

P
ro

o
f

o
f

L
e
m

m
a

3
3

R
ecall

th
at
Y
i,`,` ′,` ′′(∆

)
=

(∆
i,j
i,` −

∆
i,j
i,` ′ )

2χ
i,`,` ′,` ′′,

as
d
efi

n
ed

in
(153).

F
rom

th
e

ran
d
om

u
tility

m
o
d
el

(R
U

M
)

in
terp

retation
of

th
e

M
N

L
m

o
d
el

p
resen

ted
in

S
ection

1,
it

is
n
ot

d
if-

fi
cu

lt
to

sh
ow

th
at
Y
i,`,` ′,` ′′

an
d
Y
i, ˜̀, ˜̀ ′, ˜̀ ′′

are
m

u
tu

ally
in

d
ep

en
d
en

t
if

th
e

tw
o

trip
les

(`,` ′,` ′′)

an
d

( ˜̀,
˜̀ ′,

˜̀ ′′)
d
o

n
ot

overlap
,

i.e.,
n
o

in
d
ex

is
p
resen

t
in

b
oth

trip
les.

N
ow

,
b

orrow
in

g
th

e
term

in
ologies

from
rou

n
d

ro
b
in

tou
rn

am
en

ts,
w

e
con

stru
ct

a
sch

ed
-

u
le

for
a

tou
rn

am
en

t
w

ith
k

team
s

w
h
ere

each
m

a
tch

in
volve

th
ree

team
s.

L
et
T
a
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d
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L
e
a
r
n
in
g

f
r
o
m

C
o
m
pa

r
is
o
n
s
a
n
d

C
h
o
ic
e
s

a
se

t
of

tr
ip

le
s

p
la

y
in

g
at

th
e

sa
m

e
ro

u
n
d
,

in
d
ex

ed
b
y

tw
o

in
te

ge
rs
a
∈
{3
,.
..
,2
k
−

3
}

an
d

b
∈
{5
,.
..
,2
k
−

1
}.

H
en

ce
,

th
er

e
ar

e
to

ta
l
N

=
(2
k
−

5)
2

ro
u
n
d
s.

E
ac

h
ro

u
n
d

(a
,b

)
co

n
si

st
s

of
d
is

jo
in

t
tr

ip
le

s
an

d
is

d
efi

n
ed

as

T
a
,b
≡

{ (`
,`
′ ,
`′
′ )
∈

[k
]×

[k
]
×

[k
]|
`
<
`′
<
`′
′ ,
`

+
`′

=
a
,

an
d
`′

+
`′
′ =

b}
.

W
e

n
ee

d
to

p
ro

ve
th

at
(a

)
th

er
e

is
n
o

m
is

si
n
g

tr
ip

le
;

an
d

(b
)

n
o

te
am

p
la

y
s

tw
ic

e
in

a
si

n
gl

e
ro

u
n
d
.

F
ir

st
,

fo
r

an
y

or
d
er

ed
tr

ip
le

(`
,`
′ ,
`′
′ )

,
th

er
e

ex
is

ts
a
∈
{3
,.
..
,2
k
−

3}
an

d
b
∈
{5
,.
..
,2
k
−

1}
su

ch
th

at
`

+
`′

=
a

an
d
`′

+
`′
′

=
b.

T
h
is

p
ro

ve
s

th
at

al
l

or
d
er

ed
tr

ip
le

s
ar

e
co

ve
re

d
b
y

th
e

ab
ov

e
co

n
st

ru
ct

io
n
.

N
ex

t,
gi

ve
n

a
p
ai

r
(a
,b

),
n
o

tw
o

tr
ip

le
s

in
T
a
,b

ca
n

sh
ar

e
th

e
sa

m
e

te
am

.
S
u
p
p

os
e

th
er

e
ex

is
ts

tw
o

d
is

ti
n
ct

or
d
er

ed
tr

ip
le

s
(`
,`
′ ,
`′
′ )

an
d

(˜̀
,
˜̀′
,
˜̀′′

)
b

ot
h

in
T
a
,b

,
an

d
on

e
of

th
e

tr
ip

le
s

ar
e

sh
ar

ed
.

T
h
en

,
fr

om
th

e
tw

o
eq

u
at

io
n
s

`
+
`′

=
˜̀

+
˜̀′

=
a

an
d
`′

+
`′
′

=
˜̀′

+
˜̀′′

=
b,

it
fo

ll
ow

s
th

at
al

l
th

re
e

in
d
ic

es
m

u
st

b
e

th
e

sa
m

e,
w

h
ic

h
is

a
co

n
tr

ad
ic

ti
on

.
T

h
is

p
ro

ve
s

th
e

d
es

ir
ed

cl
ai

m
fo

r
or

d
er

ed
tr

ip
le

s.
O

n
e

ca
ve

at
is

th
at

w
e

w
an

te
d

to
co

ve
r

th
e

w
h
ol

e
[k

]×
[k

]×
[k

],
an

d
n
o
t

ju
st

th
e

o
rd

er
ed

tr
ip

le
s.

In
th

e
ab

ov
e

co
n
st

ru
ct

io
n
,

fo
r

ex
am

p
le

,
a

tr
ip

le
(3
,2
,1

)
d
o
es

n
ot

ap
p

ea
r.

T
h
is

ca
n

b
e

re
so

lv
ed

b
y

si
m

p
ly

ta
k
in

g
al

l
T
a
,b

’s
fr

om
th

e
ab

ov
e

co
n
st

ru
ct

io
n
,

an
d

m
ak

e
6

co
p
ie

s
of

ea
ch

ro
u
n
d
,

an
d

p
er

m
u
ti

n
g

al
l

th
e

tr
ip

le
s

in
ea

ch
co

p
y

ac
co

rd
in

g
to

th
e

sa
m

e
p

er
m

u
ta

ti
on

ov
er
{1
,2
,3
}.

T
h
is

in
cr

ea
se

s
th

e
to

ta
l

ro
u
n
d
s

to
N

=
6(

2
k
−

5)
2
≤

24
k

2
.

N
ot

e
th

at
|T
a
,b
|≤
bk
/
3c

si
n
ce

n
o

it
em

ca
n

b
e

in
m

or
e

th
an

on
e

tr
ip

le
.

A
p
p
e
n
d
ix

D
.
P
ro

o
f
o
f
E
st
im

a
ti
n
g
A
p
p
ro
x
im

a
te

L
o
w
-r
a
n
k
M

a
tr
ic
e
s
in

C
o
ro

ll
a
ry

9

W
e

fo
ll
ow

cl
os

el
y

th
e

p
ro

of
of

a
si

m
il
ar

co
ro

ll
ar

y
in

N
eg

ah
b
an

an
d

W
ai

n
w

ri
gh

t
(2

01
2)

.
F

ir
st

fi
x

a
th

re
sh

ol
d
τ
>

0,
an

d
se

t
r

=
m

ax
{j
|σ
j
(Θ
∗ )
>
τ
}.

W
it

h
th

is
ch

oi
ce

o
f
r,

w
e

h
av

e

m
in
{d

1
,d

2
}

∑

j=
r
+

1

σ
j
(Θ
∗ )

=
τ

m
in
{d

1
,d

2
}

∑

j=
r
+

1

σ
j
(Θ
∗ )

τ
≤

τ

m
in
{d

1
,d

2
}

∑

j=
r
+

1

( σ
j
(Θ
∗ )

τ

) q
≤

τ
1
−
q
ρ
q
.

A
ls

o,
si

n
ce
rτ

q
≤
∑

r j=
1
σ
j
(Θ
∗ )
q
≤
ρ
q
,

it
fo

ll
ow

s
th

at
√
r
≤
√
ρ
q
τ
−
q
/
2
.

U
si

n
g

th
es

e
b

ou
n
d
s,

E
q
.

(3
5)

is
n
ow

∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣Θ̂
−

Θ
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣2 F
≤

28
8
√

2c
0
e4
α
d

1
d

2
λ

0
︸

︷︷
︸

=
A

( √
ρ
q
τ
−
q
/
2
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣Θ̂
−

Θ
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ F

+
τ

1
−
q
ρ
q

) .

W
it

h
th

e
ch

oi
ce

of
τ

=
A

an
d

d
u
e

to
th

e
fa

ct
th

at
x

2
≤
bx

+
c

im
p
li
es
x
≤

(b
+
√
b2

+
4
c)
/2

w
e

h
av

e,
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣Θ̂
−

Θ
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ F
≤

2√
ρ
q
A

(2
−
q
)/

2
.

A
p
p
e
n
d
ix

E
.
P
ro

o
f
o
f
th

e
In

fo
rm

a
ti
o
n
-t
h
e
o
re
ti
c
L
o
w
e
r
B
o
u
n
d
in

T
h
e
o
re
m

1
0

T
h
e

p
ro

of
u
se

s
in

fo
rm

at
io

n
-t

h
eo

re
ti

c
m

et
h
o
d
s

w
h
ic

h
re

d
u
ce

s
th

e
es

ti
m

at
io

n
p
ro

b
le

m
to

a
m

u
lt

iw
ay

h
y
p

ot
h
es

is
te

st
in

g
p
ro

b
le

m
.

T
o

p
ro

ve
a

lo
w

er
b

ou
n
d

on
th

e
ex

p
ec

te
d

er
ro

r,
it

65
JM

L
R

 1
9(

40
):

1-
95

, 2
01

8

N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

su
ffi

ce
s

to
p
ro

ve
th

at
,

su
p

Θ
∗ ∈

Ω
α

P
{ ∣ ∣ ∣
∣ ∣ ∣∣ ∣ ∣Θ̂
−

Θ
∗∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣2 F

≥
δ2 4

}
≥

1 2
.

(1
5
7)

T
o

p
ro

ve
th

e
ab

ov
e

cl
ai

m
,

w
e

fo
ll
ow

th
e

st
an

d
ar

d
re

ci
p

e
of

co
n
st

ru
ct

in
g

a
p
a
ck

in
g

in
Ω
α
.

C
on

si
d
er

a
fa

m
il
y
{Θ

(1
) ,
..
.,

Θ
(M

(δ
) }

of
d

1
×
d

2
d
im

en
si

on
al

m
at

ri
ce

s
co

n
ta

in
ed

in
Ω
α

sa
t-

is
fy

in
g
∣ ∣∣ ∣∣ ∣

Θ
(`

1
)
−

Θ
(`

2
)∣ ∣∣ ∣
∣ ∣ F
≥
δ

fo
r

al
l
` 1
,`

2
,∈

[M
(δ

)]
.

W
e

w
il
l

u
se
M

to
re

fe
r

to
M

(δ
)

fo
r

si
m

p
li
fy

th
e

n
ot

at
io

n
.

S
u
p
p

os
e

w
e

d
ra

w
an

in
d
ex
L
∈

[M
(δ

)]
u
n
if

or
m

ly
at

ra
n
d
o
m

,
a
n
d

w
e

ar
e

gi
ve

n
d
ir

ec
t

ob
se

rv
at

io
n
s
σ
i

as
p

er
M

N
L

m
o
d
el

w
it

h
Θ
∗

=
Θ

(L
)

on
a

ra
n
d
o
m

ly
ch

o
se

n
se

t
of
k

it
em

s
S
i

fo
r

ea
ch

u
se

r
i
∈

[d
1
].

It
fo

ll
ow

s
fr

om
tr

ia
n
g
u
la

r
in

eq
u
al

it
y

th
a
t

su
p

Θ
∗ ∈

Ω
α

P
{ ∣ ∣ ∣
∣ ∣ ∣∣ ∣ ∣Θ̂
−

Θ
∗∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣2 F

≥
δ2 4

}
≥

P
{ L̂
6=
L
}
,

(1
5
8
)

w
h
er

e
L̂

is
th

e
re

su
lt

in
g

b
es

t
es

ti
m

at
e

of
th

e
m

u
lt

iw
ay

h
y
p

ot
h
es

is
te

st
in

g
on

L
.

T
h
e

g
en

er
-

al
iz

ed
F

an
o’

s
in

eq
u
al

it
y

gi
ve

s

P
{ L̂
6=
L
|S

(1
),
..
.,
S

(d
1
)}
≥

1
−
I
(L̂

;L
)

+
lo

g
2

lo
g
M

(1
5
9)

≥
1
−
( M 2

) −
1
∑

` 1
,`

2
∈[
M

]
D

K
L
(Θ

(`
1
) ‖

Θ
(`

2
) )

+
lo

g
2

lo
g
M

,(
1
6
0)

w
h
er

e
D

K
L
(Θ

(`
1
) ‖

Θ
(`

2
) )

d
en

ot
es

th
e

K
u
ll
b
ac

k
-L

ei
b
le

r
d
iv

er
ge

n
ce

b
et

w
ee

n
th

e
d
is

tr
ib

u
ti

o
n
s

of
th

e
p
ar

ti
al

ra
n
k
in

gs
P
{ σ

1
,.
..
,σ

d
1
|Θ

(`
1
) ,
S

(1
),
..
.,
S

(d
1
)}

an
d

P
{ σ

1
,.
..
,σ

d
1
|Θ

(`
2
) ,
S

(1
),
..
.,
S

(d
1
)}

.
T

h
e

se
co

n
d

in
eq

u
al

it
y

fo
ll
ow

s
fr

om
a

st
a
n
d
a
rd

te
ch

-
n
iq

u
e,

w
h
ic

h
w

e
re

p
ea

t
h
er

e
fo

r
co

m
p
le

te
n
es

s.
L

et
Σ

=
{σ

1
,.
..
,σ

d
1
}

d
en

ot
e

th
e

o
b
se

rv
ed

ou
tc

om
e

of
co

m
p
ar

is
on

s.
S
in

ce
L

–Θ
(L

) –
Σ

–
L̂

fo
rm

a
M

ar
ko

v
ch

ai
n
,

th
e

d
a
ta

p
ro

ce
ss

in
g

in
eq

u
al

it
y

gi
ve

s
I
(L̂

;L
)
≤
I
(Σ

;L
).

F
or

si
m

p
li
ci

ty
,

w
e

d
ro

p
th

e
co

n
d
it

io
n
in

g
o
n

th
e

se
t

of
al

te
rn

at
iv

es
{S

(1
),
..
.,
S

(d
1
)}

,
an

d
an

d
le

t
p
(·)

d
en

ot
es

jo
in

t,
m

ar
gi

n
al

,
a
n
d

co
n
d
it

io
n
a
l

d
is

tr
ib

u
ti

on
of

re
sp

ec
ti

ve
ra

n
d
om

va
ri

ab
le

s.
It

fo
ll
ow

s
th

at

I
(Σ

;L
)

=
∑

`∈
[M

],
Σ

p
(Σ
|`)

1 M
lo

g
p
(`
,Σ

)

p
(`

)p
(Σ

)

=
1 M

∑ `∈
[M

]

∑ Σ

p
(Σ
|`)

lo
g

p
(Σ
|`)

1 M

∑
`′
p
(Σ
|`′

)

≤
1

M
2

∑

`,
`′
∈[
M

]

∑ Σ

p
(Σ
|`)

lo
g
p
(Σ
|`)

p
(Σ
|`′

)

=
1

M
2

∑

`,
`′
∈[
M

]

D
K

L
(Θ

(`
1
) ‖

Θ
(`

2
) )
,

(1
6
1
)

w
h
er

e
th

e
fi
rs

t
in

eq
u
al

it
y

fo
ll
ow

s
fr

om
J
en

se
n
’s

in
eq

u
al

it
y.

T
o

co
m

p
u
te

th
e

K
L

-d
iv

er
g
en

ce
,

re
ca

ll
th

at
fr

om
th

e
R

U
M

in
te

rp
re

ta
ti

on
of

th
e

M
N

L
m

o
d
el

(s
ee

S
ec

ti
on

1)
,
on

e
ca

n
g
en

er
at

e
sa

m
p
le

ra
n
k
in

gs
Σ

b
y

d
ra

w
in

g
ra

n
d
om

va
ri

ab
le

s
w

it
h

ex
p

on
en

ti
al

d
is

tr
ib

u
ti

o
n
s

w
it

h
m

ea
n
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L
e
a
r
n
in
g

f
r
o
m

C
o
m
pa

r
iso

n
s
a
n
d

C
h
o
ic
e
s

e
Θ
∗ij’s.

P
recisely,

let
X

(`)
=

[X
(`)
ij

]i∈
[d

1
],j∈

S
i

d
en

ote
th

e
set

of
ran

d
om

variab
les,

w
h
ere

X
(`)
ij

is
d
raw

n
fro

m
th

e
ex

p
on

en
tial

d
istrib

u
tion

w
ith

m
ean

e −
Θ

(`
)

ij
.

T
h
e

M
N

L
ran

k
in

g
follow

s

b
y

o
rd

erin
g

th
e

altern
atives

in
each

S
i

accord
in

g
to

th
is{

X
(`)
ij
}
j∈
S
i

b
y

ran
k
in

g
th

e
sm

aller

o
n
es

on
th

e
top

.
T

h
is

form
s

a
M

arkov
ch

ain
L

–X
(L

)–Σ
,

an
d

th
e

stan
d
ard

d
ata

p
ro

cessin
g

in
eq

u
a
lity

g
iv

es

D
K

L
(Θ

(`
1
)‖Θ

(`
2
))
≤

D
K

L
(X

(`
1
)‖X

(`
2
))

(162)

=
∑i∈

[d
1
] ∑j∈

S
i {
e

Θ
(`

1
)

ij
−

Θ
(`

2
)

ij
−

(Θ
(`

1
)

ij
−

Θ
(`

2
)

ij
)−

1 }
(163)

≤
e

2
α

4
α

2

∑i∈
[d

1
] ∑j∈

S
i (Θ

(`
1
)

ij
−

Θ
(`

2
)

ij
)
2
,

(164)

w
h
ere

th
e

last
in

eq
u
ality

follow
s

from
th

e
fact

th
at

e
x−

x
−

1
≤

(e
2
α
/
(4α

2))x
2

for
a
n
y

x
∈

[−
2
α
,2
α

].
T

ak
in

g
ex

p
ectation

over
th

e
ran

d
om

ly
ch

osen
set

of
altern

atives,

E
S

(1
),...,S

(d
1
) [D

K
L
(Θ

(`
1
)‖Θ

(`
2
))]
≤

e
2
α
k

4
α

2
d

2 ∣∣∣ ∣∣∣ ∣∣∣ Θ
(`

1
)−

Θ
(`

2
) ∣∣∣ ∣∣∣ ∣∣∣ 2F

.
(165)

C
o
m

b
in

ed
w

ith
(160),

w
e

get
th

at

P
{
L̂
6=
L }

=
E
S

(1
),...,S

(d
1
) [P
{
L̂
6=
L|S

(1),...,S
(d

1 ) }
]

(166)

≥
1−

(
M2 )−

1 ∑
`
1
,`

2 ∈
[M

] (e
2
α
k
/
(4α

2d
2 )) ∣∣ ∣∣ ∣∣Θ

(`
1
)−

Θ
(`

2
) ∣∣ ∣∣ ∣∣ 2F

+
log

2

log
M

,(167)

T
h
e

rem
a
in

d
er

of
th

e
p
ro

of
relies

on
th

e
follow

in
g

p
rob

ab
ilistic

p
ack

in
g.

L
e
m

m
a

3
4

L
et
d

2 ≥
d

1 ≥
607

be
po

sitive
in

tegers.
T

h
en

fo
r

ea
ch

r∈
{
1,...,d

1 },
a
n

d
fo

r
a
n

y
po

sitive
δ
>

0
th

ere
exists

a
fa

m
ily

o
f
d

1 ×
d

2
d
im

en
sio

n
a
l

m
a
trices{

Θ
(1

),...,Θ
(M

(δ
))}

w
ith

ca
rd

in
a
lity

M
(δ)

=
b(1/

4)
ex

p
(rd

2 /
576)c

su
ch

th
a
t

ea
ch

m
a
trix

is
ra

n
k
r

a
n

d
th

e
fo

llo
w

in
g

bo
u

n
d
s

h
o
ld

:

∣∣∣ ∣∣∣ ∣∣∣ Θ
(`) ∣∣∣ ∣∣∣ ∣∣∣F

≤
δ
,

fo
r

a
ll
`∈

[M
]

(1
68)

∣∣∣ ∣∣∣ ∣∣∣ Θ
(`

1
)−

Θ
(`

2
) ∣∣∣ ∣∣∣ ∣∣∣F

≥
δ
,

fo
r

a
ll
`
1 ,`

2 ∈
[M

]
(169)

Θ
(`)
∈

Ω
α̃
,

fo
r

a
ll
`∈

[M
]
,

(170)

w
ith

α̃
=

(8δ/d
2 ) √

2
log

d
fo

r
d

=
(d

1
+
d

2 )/2
.

W
e

o
m

it
th

e
p
ro

of
of

th
e

ab
ove

lem
m

a
sin

ce
it

is
sim

ilar
to

th
at

o
f

L
em

m
a

25.
S
u
p
p

ose
δ
≤
α
d

2 /(8 √
2

log
d
)

su
ch

th
at

th
e

m
atrices

in
th

e
p
a
ck

in
g

set
are

en
try

-w
ise

b
ou

n
d
ed

b
y

α
,

th
en

th
e

a
b

ove
lem

m
a

im
p
lies

th
at ∣∣ ∣∣ ∣∣Θ

(`
1
)−

Θ
(`

2
) ∣∣ ∣∣ ∣∣ 2F
≤

4δ
2,

w
h
ich

gives

P
{
L̂
6=
L }

≥
1−

e
2
α
k
δ
2

α
2
d

2
+

log
2

r
d

5
7
6 −

2
log

2
≥

12
,
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N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

w
h
ere

th
e

last
in

eq
u
ality

h
old

s
for

δ
2
≤

(α
2d

2 /(e
2
α
k
))((rd

/1152)−
2

log
2).

If
w

e
assu

m
e

rd
≥

3195
for

sim
p
licity,

th
is

b
ou

n
d

on
δ

can
b

e
sim

p
lifi

ed
to
δ
≤
α
e −

α √
r
d

2
d
/
(2304

k
).

T
ogeth

er
w

ith
(157)

an
d

(158),
th

is
p
roves

th
at

for
a
ll
δ≤

m
in{

α
d

2 /
(8 √

2
log

d
),

α
e −

α √
r
d

2
d
/(2304

k
)}

,

in
f

Θ̂
su

p
Θ
∗∈

Ω
α E [ ∣∣∣ ∣∣∣ ∣∣∣ Θ̂

−
Θ
∗ ∣∣∣ ∣∣∣ ∣∣∣F ]

≥
δ4
.

C
h
o
osin

g
δ

ap
p
rop

riately
to

m
ax

im
ize

th
e

righ
t-h

an
d

sid
e

fi
n
ish

es
th

e
p
ro

of
of

th
e

d
esired

claim
.

A
p
p
e
n
d
ix

F
.
P
ro

o
f
o
f
P
a
irw

ise
R
a
n
k
B
re
a
k
in
g
in

T
h
e
o
re
m

1
1

A
n
alogou

s
to

S
ection

C
,

w
e

d
efi

n
e

th
e

grad
ien

t∇
L

(Θ
)

as∇
ij L

=
∂L

(Θ
)

∂
Θ
ij

an
d

∆
≡

Θ̂
−

Θ
∗,

an
d

p
rov

id
e

tw
o

m
ain

tech
n
ical

lem
m

as.

L
e
m

m
a

3
5

If
λ
≥

2|||∇
L

(Θ
∗)|||2 ,

th
en

w
e

h
a
ve,

|||∆
|||n

u
c ≤

4 √
2r|||∆

|||F
+

4

m
in{

d
1
,d

2 }
∑j=
ρ
+

1

σ
j (Θ

∗)
,

(171)

fo
r

a
ll
ρ
∈

[m
in{d

1 ,d
2 }

].

P
ro

o
f

T
h
is

follow
s

from
th

e
p
ro

of
of

L
em

m
a

27,
w

h
ich

on
ly

d
ep

en
d
s

on
th

e
con

vex
ity

of
L

(Θ
).

L
e
m

m
a

3
6

F
o
r

a
n

y
po

sitive
co

n
sta

n
t
c≥

1,
if
k
≤

m
ax{d

1 ,d
22 /d

1 }
log

d
a
n

d
d

1 ≥
4

th
en

w
ith

p
ro

ba
bility

a
t

lea
st

1−
2d −

c,

|||∇
L

(Θ
∗)|||2

≤
√

16(c
+

4)
log

d

k
d

21

m
ax {

√
m

ax {
14
,
d

1

d
2 }

,
23 √

2(c
+

4)
log

d

k

}
.

(172)

T
h
e

p
ro

of
of

th
is

lem
m

a
is

p
rov

id
ed

in
S
ection

F
.1.

W
e

w
ill

sim
p
lify

th
e

ab
ov

e
lem

m
a

b
y

assu
m

in
g,

2(c
+

4)
log

d
≤
k

w
h
ich

im
p
lies

th
e

last
term

in
R

H
S

is
less

th
an

eq
u
al

to
fi
rst

term
,

23 √
2(4

+
c)

log
d

k
≤
√

14
.

(173)

(173)
sim

p
lifi

es
(172)

as,

|||∇
L

(Θ
∗)|||2 ≤

√
16(c

+
4)

log
d

k
d

21

m
ax {

14
,
d

1

d
2 }

≤
√

32d
(c

+
4)

log
d

k
d

21
d

2

(a
)

≤
√

32(c
+

4)λ
,

(174)
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L
e
a
r
n
in
g

f
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,Ũ

(V
(`

) )
T
〉〉1
|≤

8√
2
rd

2
lo

g
(3

2r
)

lo
g
(3

2d
)}

.
T

h
en

,
ag

ai
n

ap
p
ly

in
g

L
ev

y
’s

co
n
ce

n
-

tr
at

io
n
,

w
e

ge
t
P
{H

3
|H

1
,H

2
}
≥

15
/
16

.
C

ol
le

ct
in

g
al

l
th

re
e

co
n
ce

n
tr

at
io

n
in

eq
u
al

it
ie

s,
w

e
ge

t
th

at
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t
13
/1

6,
|1
T
U

(V
(`

) )
T
1
|≤

8√
2
rd

2
lo

g
(3

2r
)

lo
g
(3

2d
),

w
h
ic

h
p
ro

ve
s

E
q
.

(2
59

).
W

e
ar

e
le

ft
to

p
ro

ve
th

at
Θ

(`
) ’

s
ar

e
in

Ω
(8
δ
/
d

2
)√

2
lo

g
d

2
as

d
efi

n
ed

in
(5

1)
.

S
im

il
ar

to
E

q
.

(1
24

),
ap

p
ly

in
g

L
ev

y
’s

co
n
ce

n
tr

at
io

n
gi

ve
s

P
{

m
ax i,j
|Θ

(`
)

ij
|≤

2
δ√

32
lo

g
d

2

d
2

}
≥

1
−

2
ex

p
{
−

2
lo

g
d

2

}
≥

1 2
,

(2
60

)

fo
r

a
fi
x
ed
`
∈

[M
′ ].

T
h
en

u
si

n
g

th
e

si
m

il
ar

te
ch

n
iq

u
e

as
in

(1
25

),
it

fo
ll
ow

s
th

a
t

th
er

e
ex

is
ts

M
=

(1
/
4)
M
′

m
at

ri
ce

s
al

l
sa

ti
sf

y
in

g
th

is
b

ou
n
d

an
d

al
so

th
e

b
ou

n
d

on
B

in
E

q
.

(2
59

).

R
e
fe
re
n
ce

s

A
.

A
ga

rw
al

,
S
.

N
eg

ah
b
an

,
an

d
M

.
W

ai
n
w

ri
gh

t.
F

as
t

gl
ob

al
co

n
ve

rg
en

ce
ra

te
s

of
gr

ad
ie

n
t

m
et

h
o
d
s

fo
r

h
ig

h
-d

im
en

si
on

al
st

at
is

ti
ca

l
re

co
ve

ry
.

In
In

N
IP

S
,

p
ag

es
37

–4
5
,

20
10

.

A
.

A
ga

rw
al

,
P

.
P

at
il
,

an
d

S
.

A
ga

rw
al

.
A

cc
el

er
at

ed
sp

ec
tr

al
ra

n
k
in

g.
In

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
p
ag

es
70

–7
9,

20
18

.

89
JM

L
R

 1
9(

40
):

1-
95

, 2
01

8

N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

H
.

A
za

ri
S
ou

fi
an

i,
D

.
C

.
P

ar
ke

s,
an

d
L

.
X

ia
.

R
an

d
om

u
ti

li
ty

th
eo

ry
fo

r
so

ci
a
l

ch
o
ic

e.
In

N
IP

S
,

p
ag

es
12

6–
13

4,
20

12
.

H
.

A
za

ri
S
ou

fi
an

i,
W

.
C

h
en

,
D

.
C

.
P

ar
ke

s,
an

d
L

.
X

ia
.

G
en

er
al

iz
ed

m
et

h
o
d
-o

f-
m

o
m

en
ts

fo
r

ra
n
k

ag
gr

eg
at

io
n
.

In
A

d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
2
6
,

p
a
g
es

27
06

–2
71

4,
20

13
.

H
.

A
za

ri
S
ou

fi
an

i,
D

.
P

ar
k
es

,
an

d
L

.
X

ia
.

C
om

p
u
ti

n
g

p
ar

am
et

ri
c

ra
n
k
in

g
m

o
d
el

s
v
ia

ra
n
k
-

b
re

ak
in

g.
In

P
ro

ce
ed

in
gs

o
f

T
h
e

3
1
st

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
p
ag

es
36

0–
36

8,
20

14
.

J
.

B
ar

zi
la

i
an

d
J
.

M
.

B
or

w
ei

n
.

T
w

o-
p

o
in

t
st

ep
si

ze
gr

ad
ie

n
t

m
et

h
o
d
s.

IM
A

jo
u

rn
a
l

o
f

n
u

m
er

ic
a
l

a
n

a
ly

si
s,

8(
1)

:1
41

–1
48

,
19

88
.

M
.

E
.

B
en

-A
k
iv

a
an

d
S
.

R
.

L
er

m
an

.
D

is
cr

et
e

ch
o
ic

e
a
n

a
ly

si
s:

th
eo

ry
a
n

d
a
p
p
li

ca
ti

o
n

to
tr

a
ve

l
d
em

a
n

d
,

v
ol

u
m

e
9.

M
IT

p
re

ss
,

19
85

.

A
.

R
.

B
en

so
n
,

R
.

K
u
m

ar
,

an
d

A
.

T
o
m

k
in

s.
A

d
is

cr
et

e
ch

oi
ce

m
o
d
el

fo
r

su
b
se

t
se

le
ct

io
n
.

In
P

ro
ce

ed
in

gs
o
f

th
e

E
le

ve
n

th
A

C
M

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

W
eb

S
ea

rc
h

a
n

d
D

a
ta

M
in

in
g,

p
ag

es
37

–4
5.

A
C

M
,

20
18

.

S
.

B
h
o

ja
n
ap

al
li

an
d

P
.

J
ai

n
.

U
n
iv

er
sa

l
m

at
ri

x
co

m
p
le

ti
on

.
a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

4
0
2
.2

3
2
4
,

20
14

.

J
.

B
la

n
ch

et
,

G
.

G
al

le
go

,
an

d
V

.
G

oy
al

.
A

m
ar

ko
v

ch
a
in

ap
p
ro

x
im

at
io

n
to

ch
o
ic

e
m

o
d
el

in
g.

In
E

C
,

p
ag

es
10

3–
10

4,
20

13
.

C
.

B
or

gs
,

J
.

C
h
ay

es
,

C
.

E
.

L
ee

,
an

d
D

.
S
h
ah

.
It

er
at

iv
e

co
ll
ab

or
at

iv
e

fi
lt

er
in

g
fo

r
sp

a
rs

e
m

at
ri

x
es

ti
m

at
io

n
.

a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

7
1
2
.0

0
7
1
0
,

20
17

.

V
.

S
.

B
or

ka
r,

N
.

K
ar

am
ch

an
d
an

i,
an

d
S
.

M
ir

an
i.

R
an

d
om

iz
ed

K
ac

zm
ar

z
fo

r
ra

n
k

a
g
g
re

g
a
-

ti
on

fr
om

p
ai

rw
is

e
co

m
p
ar

is
on

s.
In

In
fo

rm
a
ti

o
n

T
h
eo

ry
W

o
rk

sh
o
p

(I
T

W
),

2
0
1
6

IE
E

E
,

p
ag

es
38

9–
39

3.
IE

E
E

,
20

16
.

S
.

B
ou

ch
er

on
,

G
.

L
u
go

si
,

an
d

P
.

M
as

sa
rt

.
C

o
n

ce
n

tr
a
ti

o
n

in
eq

u
a
li

ti
es

:
A

n
o
n

a
sy

m
p
to

ti
c

th
eo

ry
o
f

in
d
ep

en
d
en

ce
.

O
x
fo

rd
U

n
iv

er
si

ty
P

re
ss

,
20

13
.

R
.

A
.

B
ra

d
le

y
an

d
M

.
E

.
T

er
ry

.
R

an
k

an
al

y
si

s
of

in
co

m
p
le

te
b
lo

ck
d
es

ig
n
s:

I.
th

e
m

et
h
o
d

of
p
ai

re
d

co
m

p
ar

is
on

s.
B

io
m

et
ri

ka
,

39
(3

/
4)

:3
24

–3
45

,
19

55
.

J
.-

F
.

C
ai

,
E

.
J
.

C
an

d
ès

,
an

d
Z

.
S
h
en

.
A

si
n
gu

la
r

va
lu

e
th

re
sh

ol
d
in

g
al

go
ri

th
m

fo
r

m
a
tr

ix
co

m
p
le

ti
on

.
S

IA
M

J
o
u

rn
a
l

o
n

O
p
ti

m
iz

a
ti

o
n

,
20

(4
):

19
56

–1
98

2,
20

10
.

E
.

J
.

C
an

d
ès

an
d

B
.

R
ec

h
t.

E
x
ac

t
m

at
ri

x
co

m
p
le

ti
on

v
ia

co
n
ve

x
op

ti
m

iz
at

io
n
.

F
o
u

n
d
a
ti

o
n

s
o
f

C
o
m

p
u

ta
ti

o
n

a
l

M
a
th

em
a
ti

cs
,

9(
6)

:7
1
7–

77
2,

20
09

.

X
.
C

h
en

,
P

.
N

.
B

en
n
et

t,
K

.
C

ol
li
n
s-

T
h
om

p
so

n
,
an

d
E

.
H

o
rv

it
z.

P
ai

rw
is

e
ra

n
k
in

g
a
g
g
re

g
a
ti

o
n

in
a

cr
ow

d
so

u
rc

ed
se

tt
in

g.
In

P
ro

ce
ed

in
gs

o
f

th
e

si
xt

h
A

C
M

in
te

rn
a
ti

o
n

a
l

co
n

fe
re

n
ce

o
n

W
eb

se
a
rc

h
a
n

d
d
a
ta

m
in

in
g,

p
ag

es
19

3–
20

2.
A

C
M

,
2
01

3.

90
JM

L
R

 1
9(

40
):

1-
95

, 2
01

8



L
e
a
r
n
in
g

f
r
o
m

C
o
m
pa

r
iso

n
s
a
n
d

C
h
o
ic
e
s

Y
.

C
h
en

an
d

C
.

S
u
h
.

S
p

ectral
m

le:
T

op
-k

ran
k

aggrega
tion

from
p
airw

ise
com

p
arison

s.
In

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
p
ages

371–380,
2015.

Y
.

C
h
en

,
J
.

F
a
n
,

C
.

M
a,

an
d

K
.

W
an

g.
S
p

ectral
m

eth
o
d

an
d

regu
larized

m
le

are
b

oth
o
p
tim

a
l

fo
r

top
-k

ran
k
in

g.
a
rX

iv
p
rep

rin
t

a
rX

iv:1
7
0
7
.0

9
9
7
1
,

2017.

F
.

C
h
ierich

etti,
R

.
K

u
m

ar,
an

d
A

.
T

om
k
in

s.
L

earn
in

g
a

m
ix

tu
re

of
tw

o
m

u
ltin

om
ial

logits.
In

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
p
ages

960–968,
2018.

C
.

C
h
u
,

P
.

L
eslie,

an
d

A
.

S
oren

sen
.

B
u
n
d
le-size

p
ricin

g
as

an
ap

p
rox

im
ation

to
m

ix
ed

b
u
n
d
lin

g.
T

h
e

A
m

erica
n

E
co

n
o
m

ic
R

eview
,

p
ages

263–303,
2011.

S
.

C
lém

en
ço

n
,

G
.

L
u
gosi,

an
d

N
.

V
ayatis.

R
an

k
in

g
an

d
scorin

g
u
sin

g
em

p
irical

risk
m

in
-

im
iza

tio
n
.

In
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

C
o
m

p
u

ta
tio

n
a
l

L
ea

rn
in

g
T

h
eo

ry,
p
ages

1
–15.

S
p
rin

g
er,

2
0
0
5.

M
.

A
.

D
aven

p
o
rt,

Y
.

P
lan

,
E

.
van

d
en

B
erg,

an
d

M
.

W
o
otters.

1-b
it

m
atrix

com
p
letion

.
In

fo
rm

a
tio

n
a
n

d
In

feren
ce,

3(3):189–223,
2014

.

P
.

D
ia

co
n
is

a
n
d

R
.

L
.

G
rah

am
.

S
p

earm
an

’s
fo

otru
le

as
a

m
easu

re
of

d
isarray.

J
o
u

rn
a
l

o
f

th
e

R
o
ya

l
S

ta
tistica

l
S

ociety.
S

eries
B

(M
eth

od
o
logica

l),
p
ages

262–268
,

1977.

M
.

F
a
lah

a
tg

a
r,

A
.

J
ain

,
A

.
O

rlitsk
y,

V
.

P
ich

ap
ati,

an
d

V
.

R
av

in
d
rak

u
m

a
r.

T
h
e

lim
its

o
f

m
a
x
in

g
,

ran
k
in

g,
an

d
p
referen

ce
learn

in
g.

In
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
p
a
g
es

1426–1435,
2018.

V
.

F
.

F
a
ria

s,
S
.

J
agab

ath
u
la,

an
d

D
.

S
h
ah

.
A

d
ata-d

riven
a
p
p
roach

to
m

o
d
elin

g
ch

o
ice.

In
N

IP
S

,
p
a
ges

504–512,
2009.

R
.

G
e,

J
.

D
.

L
ee,

an
d

T
.

M
a.

M
atrix

com
p
letion

h
as

n
o

sp
u
riou

s
lo

cal
m

in
im

u
m

.
In

A
d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s,
p
ages

2
973–2981,

2
016.

D
.
F

.
G

leich
a
n
d

L
.-h

.
L

im
.

R
an

k
aggregation

v
ia

n
u
clear

n
orm

m
in

im
ization

.
In

P
roceed

in
gs

o
f

th
e

1
7
th

A
C

M
S

IG
K

D
D

in
tern

a
tio

n
a
l

co
n

feren
ce

o
n

K
n

o
w

led
ge

d
isco

very
a
n

d
d
a
ta

m
in

in
g,

p
a
g
es

60–68.
A

C
M

,
2011.

K
.

G
o
ld

b
erg,

T
.

R
o
ed

er,
D

.
G

u
p
ta,

an
d

C
.

P
erk

in
s.

E
igen

taste:
A

con
stan

t
tim

e
collab

o-
ra

tive
fi
lterin

g
algorith

m
.

In
fo

rm
a
tio

n
R

etrieva
l,

4(2):133–151,
2001.

I.
C

.
G

o
rm

ley
an

d
T

.
B

.
M

u
rp

h
y.

A
grad

e
of

m
em

b
ersh

ip
m

o
d
el

for
ran

k
d
ata

.
B

a
yesia

n
A

n
a
lysis,

4
(2

):265–295,
2009.

P
.

M
.

G
u
a
d
a
g
n
i

an
d

J
.

D
.

L
ittle.

A
logit

m
o
d
el

of
b
ran

d
ch

oice
calib

rated
on

scan
n
er

d
a
ta.

M
a
rketin

g
scien

ce,
2(3):203–238,

1983.

B
.

H
a

jek
,

S
.

O
h
,

an
d

J
.

X
u
.

M
in

im
ax

-op
tim

al
in

feren
ce

from
p
artial

ran
k
in

gs.
In

A
d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s,
p
ages

1
475–1483,

201
4.

R
.

H
eck

el,
M

.
S
im

ch
ow

itz,
K

.
R

am
ch

an
d
ra

n
,

an
d

M
.

J
.

W
ain

w
righ

t.
A

p
p
rox

im
ate

ran
k
in

g
fro

m
p
a
irw

ise
com

p
arison

s.
a
rX

iv
p
rep

rin
t

a
rX

iv:1
8
0
1
.0

1
2
5
3
,

2018.

9
1

JM
L

R
 19(40):1-95, 2018

N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

D
.

R
.

H
u
n
ter.

M
M

algorith
m

s
for

gen
eralized

B
rad

ley
-T

erry
m

o
d
els.

A
n

n
a
ls

o
f

S
ta

tistics,
p
ages

384–406,
2004.

P
.

J
ain

an
d

S
.

O
h
.

P
rovab

le
ten

sor
factorization

w
ith

m
issin

g
d
ata.

p
rep

rin
t

arX
iv

:1406.2784,
2014.

P
.

J
ain

,
P

.
N

etrap
alli,

an
d

S
.

S
an

gh
av

i.
L

ow
-ran

k
m

atrix
com

p
letion

u
sin

g
altern

atin
g

m
in

im
ization

.
In

S
T

O
C

,
p
ages

665–674,
2013.

M
.

J
an

g,
S
.

K
im

,
C

.
S
u
h
,

an
d

S
.

O
h
.

T
o
p
-k

ran
k
in

g
from

p
a
irw

ise
com

p
arison

s:
W

h
en

sp
ectral

ran
k
in

g
is

op
tim

al.
a
rX

iv
p
rep

rin
t

a
rX

iv:1
6
0
3
.0

4
1
5
3
,

2016.

M
.

J
an

g,
S
.

K
im

,
C

.
S
u
h
,

an
d

S
.

O
h
.

O
p
tim

al
sam

p
le

com
p
lex

ity
of

m
-w

ise
d
ata

for
top

-k
ran

k
in

g.
In

A
d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s,
p
a
ges

1685–1695,
2017.

L
.

R
.

F
.

J
r.

S
olu

tion
of

a
ran

k
in

g
p
rob

lem
from

b
in

a
ry

com
p
arison

s.
T

h
e

A
m

erica
n

M
a
th

-
em

a
tica

l
M

o
n

th
ly,

64(8):28–33,
1957.

S
.

K
atariya,

L
.

J
ain

,
N

.
S
en

gu
p
ta,

J
.

E
van

s,
an

d
R

.
N

ow
a
k
.

A
d
ap

tiv
e

sam
p
lin

g
for

coarse
ran

k
in

g.
a
rX

iv
p
rep

rin
t

a
rX

iv:1
8
0
2
.0

7
1
7
6
,

2018.

J
.

K
atz-S

am
u
els

an
d

C
.

S
cott.

N
on

p
aram

etric
p
referen

ce
com

p
letio

n
.

a
rX

iv
p
rep

rin
t

a
rX

iv:1
7
0
5
.0

8
6
2
1
,

2017.

E
.

K
azem

i,
L

.
C

h
en

,
S
.

D
asgu

p
ta,

an
d

A
.

K
arb

asi.
C

om
p
arison

b
ased

learn
in

g
from

w
eak

oracles.
a
rX

iv
p
rep

rin
t

a
rX

iv:1
8
0
2
.0

6
9
4
2
,

201
8.

R
.

H
.

K
esh

avan
,

A
.

M
on

tan
ari,

an
d

S
.

O
h
.

M
atrix

co
m

p
letion

from
a

few
en

tries.
In

fo
r-

m
a
tio

n
T

h
eo

ry,
IE

E
E

T
ra

n
sa

ctio
n

s
o
n

,
56(6):2980–2998,

20
10a.

R
.

H
.

K
esh

avan
,

A
.

M
on

tan
ari,

an
d

S
.

O
h
.

M
atrix

com
p
letion

from
n
oisy

en
tries.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
11(2057-2078):1,

2010b
.

A
.

K
h
etan

an
d

S
.

O
h
.

D
ata-d

riven
ran

k
b
reak

in
g

for
effi

cien
t

ran
k

aggregation
.

In
P

roceed
-

in
gs

o
f

th
e

3
3
rd

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
volu

m
e

48,
2016a.

A
.

K
h
etan

an
d

S
.

O
h
.

C
om

p
u
tation

a
l

an
d

statistical
trad

eoff
s

in
learn

in
g

to
ran

k
.

In
A

d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
2
9
,

p
ages

739–747,
2016b

.

M
.
L

ed
ou

x
.

T
h
e

co
n

cen
tra

tio
n

o
f

m
ea

su
re

p
h
en

o
m

en
o
n

.
A

m
erican

M
ath

em
atical

S
o
c.,

2005.

M
.

L
ed

ou
x

an
d

M
.

T
alagran

d
.

P
ro

ba
bility

in
B

a
n

a
ch

S
pa

ces:
iso

perim
etry

a
n

d
p
rocesses.

S
p
rin

ger
S
cien

ce
&

B
u
sin

ess
M

ed
ia,

2013.

D
.

R
.

L
u
ce.

In
d
ivid

u
a
l

C
h
o
ice

B
eh

a
vio

r.
W

iley,
N

ew
Y

ork
,

1959.

L
.

v
.

d
.

M
aaten

an
d

G
.

H
in

ton
.

V
isu

alizin
g

d
ata

u
sin

g
t-sn

e.
J

o
u

rn
a
l

o
f

m
a
ch

in
e

lea
rn

in
g

resea
rch

,
9(N

ov
):2579–2605,

2008.

J
.

M
arsch

ak
.

B
in

ary
-ch

oice
con

strain
ts

an
d

ran
d
om

u
tility

in
d
icato

rs.
In

P
roceed

in
gs

o
f

a
sym

po
siu

m
o
n

m
a
th

em
a
tica

l
m

eth
od

s
in

th
e

socia
l

scien
ces,

volu
m

e
7,

p
ages

19–38,
1960.

92
JM

L
R

 19(40):1-95, 2018



L
e
a
r
n
in
g

f
r
o
m

C
o
m
pa

r
is
o
n
s
a
n
d

C
h
o
ic
e
s

A
.
K

.
M

as
si

m
in

o
an

d
M

.
A

.
D

av
en

p
or

t.
A

s
y
o
u

li
ke

it
:

L
o
ca

li
za

ti
on

v
ia

p
ai

re
d

co
m

p
ar

is
on

s.
a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

8
0
2
.1

0
4
8
9
,

20
18

.

L
.

M
ay

st
re

an
d

M
.

G
ro

ss
gl

au
se

r.
F

as
t

a
n
d

ac
cu

ra
te

in
fe

re
n
ce

of
P

la
ck

et
t–

L
u
ce

m
o
d
el

s.
In

A
d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s,
p
ag

es
17

2–
18

0,
20

15
.

D
.

M
cF

ad
d
en

.
C

on
d
it

io
n
al

lo
gi

t
an

al
y
si

s
of

q
u
al

it
at

iv
e

ch
oi

ce
b

eh
av

io
r.

F
ro

n
ti

er
s

in
E

co
n

o
-

m
et

ri
cs

,
p
ag

es
10

5–
14

2,
19

73
.

D
.

M
cF

ad
d
en

.
E

co
n
om

et
ri

c
m

o
d
el

s
fo

r
p
ro

b
ab

il
is

ti
c

ch
oi

ce
am

on
g

p
ro

d
u
ct

s.
J

o
u

rn
a
l

o
f

B
u

si
n

es
s,

53
(3

):
S
13

–S
29

,
19

80
.

D
.

M
cF

ad
d
en

an
d

K
.

T
ra

in
.

M
ix

ed
m

n
l

m
o
d
el

s
fo

r
d
is

cr
et

e
re

sp
on

se
.

J
o
u

rn
a
l

o
f

a
p
p
li

ed
E

co
n

o
m

et
ri

cs
,

15
(5

):
44

7–
47

0,
20

00
.

T
.
M

ik
ol

ov
,

K
.
C

h
en

,
G

.
C

or
ra

d
o,

an
d

J
.
D

ea
n
.

E
ffi

ci
en

t
es

ti
m

at
io

n
o
f

w
or

d
re

p
re

se
n
ta

ti
on

s
in

ve
ct

or
sp

ac
e.

a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

3
0
1
.3

7
8
1
,

20
13

a.

T
.

M
ik

ol
ov

,
I.

S
u
ts

ke
ve

r,
K

.
C

h
en

,
G

.
S
.

C
or

ra
d
o,

an
d

J
.

D
ea

n
.

D
is

tr
ib

u
te

d
re

p
re

se
n
ta

ti
on

s
of

w
or

d
s

an
d

p
h
ra

se
s

an
d

th
ei

r
co

m
p

os
it

io
n
al

it
y.

In
A

d
va

n
ce

s
in

n
eu

ra
l

in
fo

rm
a
ti

o
n

p
ro

ce
ss

in
g

sy
st

em
s,

p
ag

es
31

11
–3

11
9,

20
13

b
.

S
.

N
eg

ah
b
an

an
d

M
.

J
.

W
ai

n
w

ri
gh

t.
R

es
tr

ic
te

d
st

ro
n
g

co
n
ve

x
it

y
an

d
(w

ei
gh

te
d
)

m
at

ri
x

co
m

p
le

ti
on

:
O

p
ti

m
al

b
ou

n
d
s

w
it

h
n
oi

se
.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

20
12

.

S
.

N
eg

ah
b
an

,
B

.
Y

u
,

M
.

J
.

W
ai

n
w

ri
gh

t,
an

d
P

.
K

.
R

av
ik

u
m

ar
.

A
u
n
ifi

ed
fr

am
ew

or
k

fo
r

h
ig

h
-d

im
en

si
on

al
an

al
y
si

s
of
m

-e
st

im
at

o
rs

w
it

h
d
ec

om
p

os
ab

le
re

gu
la

ri
ze

rs
.

In
A

d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s,
p
ag

es
13

48
–1

35
6,

20
09

.

S
.

N
eg

ah
b
an

,
S
.

O
h
,

an
d

D
.

S
h
ah

.
It

er
at

iv
e

ra
n
k
in

g
fr

om
p
ai

r-
w

is
e

co
m

p
ar

is
on

s.
In

N
IP

S
,

p
ag

es
24

83
–2

49
1,

20
12

.

S
.
O

h
an

d
D

.
S
h
ah

.
L

ea
rn

in
g

m
ix

ed
m

u
lt

in
om

ia
l
lo

gi
t

m
o
d
el

fr
om

or
d
in

al
d
at

a.
In

A
d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s,
p
ag

es
59

5–
60

3,
20

14
.

G
.

O
n
gi

e,
L

.
B

al
za

n
o,

D
.

P
im

en
te

l-
A

la
rc

ón
,

R
.

W
il
le

tt
,

an
d

R
.

D
.

N
ow

ak
.

T
en

so
r

m
et

h
o
d
s

fo
r

n
on

li
n
ea

r
m

at
ri

x
co

m
p
le

ti
on

.
a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

8
0
4
.1

0
2
6
6
,

20
18

.

A
.

P
an

an
ja

d
y,

C
.

M
ao

,
V

.
M

u
th

u
k
u
m

ar
,

M
.

J
.

W
ai

n
w

ri
gh

t,
an

d
T

.
A

.
C

ou
rt

ad
e.

W
or

st
-

ca
se

v
s

av
er

ag
e-

ca
se

d
es

ig
n

fo
r

es
ti

m
at

io
n

fr
om

fi
x
ed

p
ai

rw
is

e
co

m
p
ar

is
on

s.
a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

7
0
7
.0

6
2
1
7
,

20
17

.

D
.

P
ar

k
,

J
.

N
ee

m
an

,
J
.

Z
h
an

g,
S
.

S
an

gh
av

i,
an

d
I.

S
.

D
h
il
lo

n
.

P
re

fe
re

n
ce

co
m

p
le

ti
on

:
L

ar
ge

-s
ca

le
co

ll
ab

or
at

iv
e

ra
n
k
in

g
fr

om
p
ai

rw
is

e
co

m
p
ar

is
on

s.
P

ro
ce

ed
in

gs
o
f

T
h
e

3
2
n

d
In

te
rn

a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
20

15
.

R
.

L
.

P
la

ck
et

t.
T

h
e

an
al

y
si

s
of

p
er

m
u
ta

ti
on

s.
A

p
p
li

ed
S

ta
ti

st
ic

s,
p
ag

es
19

3–
20

2,
19

75
.

S
.

R
ag

ai
n

an
d

J
.

U
ga

n
d
er

.
P

ai
rw

is
e

ch
oi

ce
M

ar
ko

v
ch

ai
n
s.

In
A

d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
-

ti
o
n

P
ro

ce
ss

in
g

S
ys

te
m

s,
p
ag

es
31

98
–3

20
6,

20
16

.

93
JM

L
R

 1
9(

40
):

1-
95

, 2
01

8

N
e
g
a
h
b
a
n
,
O
h
,
T
h
e
k
u
m
pa

r
a
m
p
il
,
a
n
d

X
u

A
.

R
a
jk

u
m

ar
an

d
S
.

A
ga

rw
al

.
A

st
at

is
ti

ca
l

co
n
ve

rg
en

ce
p

er
sp

ec
ti

ve
of

al
go

ri
th

m
s

fo
r

ra
n
k

ag
gr

eg
at

io
n

fr
om

p
ai

rw
is

e
d
at

a.
In

P
ro

ce
ed

in
gs

o
f

T
h
e

3
1
st

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
p
ag

es
11

8–
12

6,
20

1
4.

P
.

R
ay

.
In

d
ep

en
d
en

ce
of

ir
re

le
va

n
t

al
te

rn
at

iv
es

.
E

co
n

o
m

et
ri

ca
:

J
o
u

rn
a
l

o
f

th
e

E
co

n
o
m

et
ri

c
S

oc
ie

ty
,

p
ag

es
98

7–
99

1,
19

73
.

B
.

R
ec

h
t,

M
.

F
az

el
,

an
d

P
.

P
ar

ri
lo

.
G

u
ar

an
te

ed
m

in
im

u
m

-r
an

k
so

lu
ti

on
s

o
f

li
n
ea

r
m

a
tr

ix
eq

u
at

io
n
s

v
ia

n
u
cl

ea
r

n
or

m
m

in
im

iz
at

io
n
.

S
IA

M
re

vi
ew

,
52

(3
):

47
1–

50
1,

20
1
0
.

W
.

R
u
i,

J
.

X
u
,

S
.

R
ay

ad
u
rg

am
,

M
.

L
el

ar
ge

,
L

.
M

as
so

u
li
é,
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certa
in

im
p

ortan
t

m
ech

an
ism

s
w

h
ich

d
ictate

th
e

b
eh

av
ior

of
th

e
V

A
E

are
ob

fu
scated

b
y

th
e

req
u
ired

sto
ch

astic
ap

p
rox

im
ation

an
d

th
e

op
aq

u
e

u
n
d
erly

in
g

ob
jective

w
ith

h
igh

-
d
im

en
sio

n
a
l
in

tegrals.
M

oreover,
it

rem
ain

s
u
n
clear

to
w

h
at

ex
ten

t
m

in
im

a
rem

ain
an

ch
ored

a
t

d
esira

b
le

lo
cation

s
in

th
e

n
on

-con
v
ex

en
ergy

lan
d
scap

e.
W

e
ta

ke
a

step
tow

ard
s

b
etter

q
u
an

tify
in

g
su

ch
issu

es
b
y

p
rob

in
g

th
e

b
asic

V
A

E
m

o
d
el

u
n
d
er

a
few

sim
p
lify

in
g

assu
m

p
tion

s
of

in
creasin

g
com

p
lex

ity
w

h
ereb

y
closed

-form
in

te-
g
ra

tio
n
s

a
re

(p
artially

)
p

ossib
le.

T
h
is

p
ro

cess
u
n
veils

a
n
u
m

b
er

of
in

terestin
g

con
n
ectio

n
s

w
ith

m
o
re

tra
n
sp

aren
t,

estab
lish

ed
gen

erative
m

o
d
els,

each
of

w
h
ich

sh
ed

ligh
t

on
h
ow

th
e

V
A

E
m

ay
p

erfo
rm

u
n
d
er

m
ore

ch
allen

gin
g

con
d
ition

s.
T

h
is

m
irrors

th
e

rich
trad

ition
of

a
n
a
ly

zin
g

d
eep

n
etw

ork
s

u
n
d
er

variou
s

sim
p
lifi

cation
s

su
ch

as
lin

ea
r

lay
ers

or
i.i.d

.
ran

d
om

a
ctiva

tion
p
attern

s
(C

h
orom

an
ska

et
al.,

2015a,b
;
G

o
o
d
fellow

et
al.,

2016;
K

aw
agu

ch
i,

2016;
S
a
x
e

et
a
l.,

2
0
1
4),

an
d

resu
lts

in
th

e
follow

in
g

key
con

trib
u
tion

s:

1
.

W
e

d
em

o
n
strate

th
at

th
e

can
on

ical
form

of
th

e
V

A
E

,
in

clu
d
in

g
th

e
G

au
ssian

d
istri-

b
u
tio

n
a
l

a
ssu

m
p
tion

s
d
escrib

ed
ab

ove,
h
arb

ors
an

in
n
ate

agen
cy

for
rob

u
st

ou
tlier

rem
ova

l
in

th
e

con
tex

t
of

learn
in

g
in

lier
p

oin
ts

con
stra

in
ed

to
a

m
an

ifold
of

u
n
k
n
ow

n
d
im

en
sio

n
.

In
fact,

w
h
en

th
e

d
eco

d
er

m
ean

µ
x

is
restricted

to
an

affi
n
e

fu
n
ction

of
z

,
w

e
p
rove

th
at

th
e

V
A

E
m

o
d
el

collap
ses

to
a

fo
rm

of
rob

u
st

P
C

A
(R

P
C

A
)

(C
a
n
d
ès

et
a
l.,

20
1
1
;
C

h
an

d
rasekaran

et
al.,

2011),
a

recen
tly

celeb
rated

tech
n
iq

u
e

for
sep

ara
tin

g
d
a
ta

in
to

low
-ran

k
(low

-d
im

en
sion

al)
in

lier
an

d
sp

arse
ou

tlier
com

p
on

en
ts. 2

2
.

W
e

elu
cid

a
te

tw
o

cen
tral,

alb
eit

u
n
d
erap

p
reciated

roles
of

th
e

V
A

E
en

co
d
er

cova
ri-

a
n
ce

Σ
z .

F
irst,

th
rou

gh
su

b
tle

m
u
lti-task

in
g

eff
orts

in
b

oth
term

s
of

(2),
it

facilitates
lea

rn
in

g
th

e
correct

in
lier

m
an

ifold
d
im

en
sion

.
S
econ

d
ly,

Σ
z

can
h
elp

to
sm

o
oth

ou
t

u
n
d
esira

b
le

m
in

im
a

in
th

e
en

ergy
lan

d
scap

e
of

w
h
at

w
ou

ld
oth

erw
ise

resem
b
le

a
m

ore
tra

d
itio

n
a
l
d
eterm

in
istic

au
to

en
co

d
er

(A
E

)
(B

en
gio,

2009).
T

h
is

is
tru

e
ev

en
in

certain
situ

a
tio

n
s

w
h
ere

it
p
rovab

ly
d
o
es

n
ot

actu
ally

alter
th

e
glob

ally
op

tim
al

solu
tion

itself.
N

o
te

th
a
t

p
rior

to
th

is
w

ork
th

e
A

E
cou

ld
osten

sib
ly

b
e

v
iew

ed
as

th
e

m
ost

n
atu

-
ral

ca
n
d
id

ate
for

in
stan

tiatin
g

ex
ten

sio
n
s

of
R

P
C

A
to

h
an

d
le

ou
tlier-rob

u
st

n
on

lin
ear

m
a
n
ifo

ld
learn

in
g.

H
ow

ever,
ou

r
resu

lts
su

ggest
th

at
th

e
V

A
E

m
ain

tain
s

p
iv

otal
ad

-
va

n
ta

g
es

in
m

itigatin
g

th
e

eff
ects

of
b
ad

lo
cal

solu
tion

s
an

d
over-p

aram
eterized

laten
t

rep
resen

ta
tion

s,
even

in
com

p
letely

d
eterm

in
istic

settin
gs

th
at

req
u
ire

n
o

gen
erative

m
o
d
el

p
er

se.

A
s

w
e

w
ill

so
o
n

see,
th

ese
p

oin
ts

can
h
ave

p
rofou

n
d

p
ractical

rep
ercu

ssion
s

in
term

s
of

h
ow

V
A

E
m

o
d
els

are
in

terp
reted

an
d

d
ep

loyed
.

F
or

ex
am

p
le,

on
e

im
m

ed
ia

te
con

seq
u
en

ce
is

th
a
t

even
if

th
e

d
eco

d
er

cap
acity

is
n
ot

su
ffi

cien
t

to
cap

tu
re

th
e

gen
erative

d
istrib

u
tion

w
ith

in
so

m
e

fi
x
ed

,
u
n
k
n
ow

n
m

an
ifold

,
th

e
V

A
E

ca
n

n
on

eth
eless

still
often

fi
n
d

th
e

correct
m

an
ifo

ld
itself,

w
h
ich

is
su

ffi
cien

t
for

d
eterm

in
istic

recovery
of

u
n
corru

p
ted

in
lier

p
o
in

ts.

2
.

R
P

C
A

rep
resen

ts
a

ra
th

er
d

ra
m

a
tic

d
ep

a
rtu

re
fro

m
va

n
illa

P
C

A
a
n

d
is

ch
a
ra

cterized
b
y

a
ch

a
llen

g
in

g
,

co
m

b
in

a
to

ria
l

o
p

tim
iza

tio
n

p
ro

b
lem

.
A

fo
rm

a
l

d
efi

n
itio

n
w

ill
b

e
p

rov
id

ed
in

S
ectio

n
3
.
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D
a
i,
W
a
n
g
,
A
st

o
n
,
H
u
a
a
n
d

W
ip
f

T
h
is

is
ex

actly
an

alogou
s

to
R

P
C

A
recov

ery
resu

lts,
w

h
ereb

y
it

is
p

ossib
le

to
correctly

estim
ate

an
u
n
k
n
ow

n
low

-d
im

en
sion

al
lin

ear
su

b
sp

ace
h
eav

ily
corru

p
ted

w
ith

ou
tliers

even
if

in
d
oin

g
so

w
e

d
o

n
ot

ob
tain

an
actu

al
gen

erative
m

o
d
el

for
th

e
in

liers
w

ith
in

th
is

su
b
sp

ace.
W

e
em

p
h
asize

th
at

th
is

is
n

o
t

a
job

d
escrip

tion
for

w
h
ich

th
e

V
A

E
w

as
origin

ally
m

otivated
,

b
u
t

a
u
sefu

l
h
id

d
en

talen
t

n
on

eth
eless.

T
h
e

rem
ain

d
er

of
th

is
p
ap

er
is

organ
ized

as
follow

s.
In

S
ection

2
w

e
con

sid
er

tw
o

affi
n
e

d
eco

d
er

m
o
d
els

an
d

con
n
ection

s
w

ith
p
ast

p
rob

ab
ilistic

P
C

A
-like

ap
p
roach

es.
N

ote
th

at
th

e
sem

in
al

w
ork

from
(R

ezen
d
e

et
al.,

2014)
m

en
tion

s
in

p
assin

g
th

at
a

sp
ecial

case
of

th
eir

V
A

E
d
eco

d
er

m
o
d
el

red
u
ces

to
factor

a
n
aly

sis
(B

arth
olom

ew
an

d
K

n
ott,

19
99),

a
cou

sin
of

p
rob

ab
ilistic

P
C

A
;

h
ow

ev
er,

n
o

rigorou
s,

com
p
lem

en
tary

an
aly

sis
is

p
rov

id
ed

,
su

ch
as

h
ow

laten
t-sp

ace
sp

arsity
can

em
erge

as
w

e
w

ill
in

tro
d
u
ce

sh
o
rtly.

N
ex

t
w

e
ex

am
in

e
variou

s
p
artially

affi
n
e

d
eco

d
er

m
o
d
els

in
S
ection

3,
w

h
ereb

y
on

ly
th

e
m

ean
µ
x

is
affi

n
e

w
h
ile

Σ
x

h
as

p
oten

tially
u
n
lim

ited
com

p
lex

ity
;

all
en

co
d
er

q
u
an

tities
are

likew
ise

u
n
con

strain
ed

.
W

e
p
recisely

ch
aracterize

h
ow

m
in

im
izers

of
th

e
V

A
E

cost,
alth

ou
gh

n
ot

availab
le

in
closed

form
,

n
on

eth
eless

are
cap

ab
le

of
op

tim
ally

d
ecom

p
osin

g
d
ata

in
to

low
-ran

k
an

d
sp

arse
factors

ak
in

to
R

P
C

A
w

h
ile

avoid
in

g
b
ad

lo
cal

op
tim

a.
T

h
is

section
also

d
iscu

sses
ex

ten
sion

s
as

w
ell

as
in

terestin
g

b
eh

av
ioral

p
rop

erties
of

th
e

V
A

E
.

S
ection

4
th

en
con

sid
ers

d
egen

eracies
in

th
e

fu
ll

V
A

E
m

o
d
el

th
at

can
arise

even
w

ith
a

triv
ially

sim
p
le

en
co

d
er

an
d

corresp
on

d
in

g
laten

t
rep

resen
tation

.
S
ection

5
con

clu
d
es

w
ith

ex
p

erim
en

ts
th

at
d
irectly

corrob
orate

a
n
u
m

b
er

of
in

terestin
g,

p
ractically

-relevan
t

h
y
p

oth
e-

ses
gen

erated
b
y

ou
r

th
eoretical

an
a
ly

ses,
su

ggestin
g

n
ovel

u
sages

(u
n
related

to
gen

eratin
g

sam
p
les)

as
a

to
ol

for
d
eterm

in
istic

m
an

ifold
learn

in
g

in
th

e
p
resen

ce
of

ou
tliers.

W
e

p
rov

id
e

fi
n
al

con
clu

sion
s

in
S
ection

6.
N

ote
th

at
ou

r
p
rior

con
feren

ce
p
ap

er
h
as

p
resen

ted
th

e
b
asic

d
em

on
stration

th
at

V
A

E
m

o
d
els

can
b

e
a
p
p
lied

to
tack

lin
g

gen
eralized

rob
u
st

P
C

A
p
rob

-
lem

s
(W

an
g

et
al.,

2017).
H

ow
ev

er
th

is
w

ork
p
rim

arily
con

sid
ers

em
p
irical

d
em

on
stration

s
an

d
h
igh

-level
m

otivation
s,

w
ith

m
in

im
al

an
aly

tical
su

p
p

ort.

N
o
ta

tio
n

:
W

e
u
se

a
su

p
erscrip

t
(i)

to
d
en

ote
q
u
a
n
tities

asso
ciated

w
ith

th
e
i-th

sam
p
le,

w
h
ich

at
tim

es
m

ay
corresp

on
d

w
ith

th
e

colu
m

n
s

of
a

m
atrix

,
su

ch
as

th
e

d
ata

X
or

related
.

F
or

a
gen

eral
m

atrix
M

,
w

e
refer

to
th

e
i-th

row
a
s
m

i·
an

d
th

e
j-th

colu
m

n
as
m
·j .

A
lth

ou
gh

tech
n
ically

sp
eak

in
g

p
osterior

m
om

en
ts

are
fu

n
ctio

n
s

of
th

e
p
aram

eters{
θ
,φ}

,
th

e
ran

d
om

variab
les
x

,
an

d
th

e
laten

t
z

,
i.e.,

µ
x ≡

µ
x

(z
;θ

),
Σ
x ≡

Σ
x

(z
;θ

),
µ
z ≡

µ
z

(x
;φ

),
an

d
Σ
z ≡

Σ
z

(x
;φ

),
ex

cep
t

in
cases

w
h
ere

som
e

am
b
igu

ity
ex

ists
regard

in
g

th
e

argu
m

en
ts,

th
ese

d
ep

en
d
en

cies
are

om
itted

to
avoid

u
n
d
u
e

clu
tter;

likew
ise

for
µ

(i)
z
,
µ
z (x

(i);φ
)

an
d

Σ
(i)
z
,

Σ
z (x

(i);φ
).

A
lso,

w
ith

som
e

ab
u
se

of
n
otation

,
w

e
w

ill
u
seL

to
d
en

ote
a

n
u
m

b
er

of
d
iff

eren
t

V
A

E
-related

ob
jectiv

e
fu

n
ction

s
an

d
b

ou
n
d
s,

w
ith

va
ry

in
g

argu
m

en
ts

an
d

con
tex

t
serv

in
g

as
d
iff

eren
tiatin

g
factors.

F
in

ally,
th

e
d
iag[·]

op
erator

con
verts

v
ectors

to
a

d
iagon

al
m

atrix
,

an
d

v
ice

versa
as

in
th

e
M

atlab
com

p
u
tin

g
en

v
iron

m
en

t.

2
.

A
ffi

n
e

D
e
co

d
e
r

a
n
d

P
ro

b
a
b
ilistic

P
C

A

If
w

e
assu

m
e

th
a
t

Σ
x

is
fi
x
ed

at
som

e
λ
I

,
an

d
force

Σ
z

=
0

(w
h
ile

rem
ov

in
g

th
e

n
ow

u
n
d
efi

n
ed

log|Σ
z |

term
),

th
en

it
is

read
ily

ap
p
aren

t
th

at
th

e
resu

ltan
t

V
A

E
m

o
d
el

red
u
ces

to
a

trad
ition

al
A

E
w

ith
sq

u
ared

-error
loss

fu
n
ction

(B
en

gio,
2009),

a
com

m
on

p
ractical

assu
m

p
tion

.
T

o
see

th
is,

n
ote

th
at

if
Σ
z

=
0

,
th

en
q
φ (z|x

(i) )
collap

ses
to

δ(µ
z ),

i.e.,
a
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E
m
e
r
g
e
n
t
S
pa

r
si
t
y
in

V
a
r
ia
t
io
n
a
l
A
u
t
o
e
n
c
o
d
e
r
M
o
d
e
l
s

d
el

ta
fu

n
ct

io
n

at
th

e
p

os
te

ri
or

m
ea

n
,

an
d
E q

φ
(z
|x

(i
)
)
[ lo

g
p
θ

( x
(i

) |z
)]

=
lo

g
p
θ

( x
(i

) |µ
(i

)
z

) ,

w
h
ic

h
is

ju
st

a
st

an
d
ar

d
A

E
w

it
h

q
u
ad

ra
ti

c
lo

ss
an

d
re

p
re

se
n
ta

ti
on
µ
x

(µ
z

[x
])

.
M

or
eo

ve
r,

th
e

on
ly

re
m

ai
n
in

g
(n

on
-c

on
st

an
t)

re
gu

la
ri

za
ti

on
fr

om
th

e
K

L
te

rm
is
∑

i
‖µ

(i
)

z
‖2 2

.
H

ow
ev

er
,

gi
ve

n
sc

al
in

g
am

b
ig

u
it

ie
s

th
at

m
ay

ar
is

e
in

th
e

d
ec

o
d
er

w
h
en

Σ
z

=
0

,
µ

(i
)

z
ca

n
of

te
n

b
e

m
ad

e
ar

b
it

ra
ri

ly
sm

al
l,

an
d

th
er

ef
or

e
th

e
eff

ec
t

of
th

is
q
u
ad

ra
ti

c
p

en
al

ty
is

in
fi
n
it

es
im

a
l.

W
it

h
affi

n
e

en
co

d
er

an
d

d
ec

o
d
er

m
o
d
el

s,
th

e
re

su
lt

in
g

d
et

er
m

in
is

ti
c

n
et

w
o
rk

w
il
l

si
m

p
ly

le
ar

n
p
ri

n
ci

p
al

co
m

p
on

en
ts

li
ke

va
n
il
la

P
C

A
,

a
w

el
l-

k
n
ow

n
sp

ec
ia

l
ca

se
of

th
e

A
E

(B
ou

rl
ar

d
an

d
K

am
p
,

19
88

).

T
h
er

ef
or

e
to

u
n
d
er

st
an

d
th

e
V

A
E

,
it

is
cr

u
ci

al
to

ex
p
lo

re
th

e
ro

le
of

n
on

-t
ri

v
ia

l
se

le
ct

io
n
s

fo
r

th
e

en
co

d
er

an
d

d
ec

o
d
er

co
va

ri
an

ce
s,

th
at

se
rv

e
as

b
ot

h
en

li
gh

te
n
in

g
an

d
d
iff

er
en

ti
at

in
g

fa
ct

or
s.

A
s

a
st

ep
in

th
is

d
ir

ec
ti

on
,

w
e

w
il
l

ex
p
lo

re
se

ve
ra

l
V

A
E

re
d
u
ct

io
n
s

th
at

le
ad

to
m

or
e

m
an

ag
ea

b
le

(y
et

st
il
l

re
p
re

se
n
ta

ti
ve

)
ob

je
ct

iv
e

fu
n
ct

io
n
s

an
d

st
ro

n
g

co
n
n
ec

ti
on

s
to

ex
is

ti
n
g

p
ro

b
ab

il
is

ti
c

m
o
d
el

s.
In

th
is

se
ct

io
n

w
e

b
eg

in
w

it
h

th
e

fo
ll
ow

in
g

si
m

p
li
fi
ca

ti
on

:

L
e
m

m
a

1
S

u
p
po

se
th

a
t

th
e

d
ec

od
er

m
o
m

en
ts

sa
ti

sf
y
µ
x

=
W
z

+
b

a
n

d
Σ
x

=
λ
I

fo
r

so
m

e
pa

ra
m

et
er

s
θ

=
{W

,b
,λ
}

o
f

a
p
p
ro

p
ri

a
te

d
im

en
si

o
n

s.
F

u
rt

h
er

m
o
re

,
w

e
a
ss

u
m

e
fo

r
th

e
en

co
d
er

w
e

h
a
ve
µ
z

=
f

(x
;φ

),
Σ
z

=
S
z
S
> z

,
a
n

d
S
z

=
g
(x

;φ
),

w
h
er

e
f

a
n

d
g

a
re

a
n

y
pa

ra
m

et
er

iz
ed

fu
n

ct
io

n
a
l

fo
rm

s
th

a
t

in
cl

u
d
e

a
rb

it
ra

ry
a
ffi

n
e

tr
a
n

sf
o
rm

a
ti

o
n

s
fo

r
so

m
e

a
r-

ra
n

ge
m

en
t

o
f

pa
ra

m
et

er
s.

U
n

d
er

th
es

e
a
ss

u
m

p
ti

o
n

s,
th

e
o
bj

ec
ti

ve
fr

o
m

(2
)

a
d
m

it
s

o
p
ti

m
a
l,

cl
o
se

d
-f

o
rm

so
lu

ti
o
n

s
fo

r
µ
z

a
n

d
Σ
z

in
te

rm
s

o
f
W

,
b

,
a
n

d
λ

su
ch

th
a
t

th
e

re
su

lt
in

g
V

A
E

co
st

co
ll

a
p
se

s
to

L(
W
,b
,λ

)
=
∑ i

Ω
(i

) (W
,b
,λ
I

)
+
n

lo
g
∣ ∣ ∣λ
I

+
W
W
>
∣ ∣ ∣,

(5
)

w
h
er

e

Ω
(i

) (W
,b
,Ψ

)
,
( x

(i
)
−
b
) >
( Ψ

+
W
W
>
) −

1
( x

(i
)
−
b
) .

(6
)

A
d
d
it

io
n

a
ll

y,
if

w
e

en
fo

rc
e

th
a
t

o
ff

-d
ia

go
n

a
l

el
em

en
ts

o
f

Σ
z

m
u

st
be

eq
u

a
l

to
ze

ro
(i

.e
.,

[Σ
z
] i
j

=
0

fo
r
i
6=
j)

,
th

en
(5

)
fu

rt
h
er

d
ec

o
u

p
le

s/
se

pa
ra

te
s

to

L s
ep

(W
,b
,λ

)
=
∑ i

Ω
(i

) (W
,b
,λ
I

)
+
n

 ∑

j

lo
g
( λ

+
‖w
·j
‖2 2

) +
(d
−
κ

)
lo

g
λ

 
.

(7
)

A
ll

p
ro

of
s

ar
e

d
ef

er
re

d
to

th
e

ap
p

en
d
ic

es
.

T
h
e

ob
je

ct
iv

e
(5

)
is

th
e

sa
m

e
as

th
at

u
se

d
b
y

ce
rt

ai
n

p
ro

b
ab

il
is

ti
c

P
C

A
m

o
d
el

s
(T

ip
p
in

g
a
n
d

B
is

h
op

,
19

99
),

ev
en

th
ou

gh
th

e
la

tt
er

is
or

ig
in

al
ly

d
er

iv
ed

in
a

co
m

p
le

te
ly

d
iff

er
en

t
m

an
n
er

.
M

or
eo

ve
r,

it
ca

n
b

e
sh

ow
n

th
at

an
y

m
in

im
u
m

of
th

is
ob

je
ct

iv
e

re
p
re

se
n
ts

a
g
lo

b
al

ly
op

ti
m

al
so

lu
ti

on
(i

.e
,

n
o

m
in

im
a

w
it

h
su

b
op

ti
m

al
ob

je
ct

iv
e

fu
n
ct

io
n

va
lu

e
ex

is
t)

.
A

n
d

w
it

h
b

an
d
λ

fi
x
ed

,
th

e
op

ti
m

al
W

w
il
l

b
e

su
ch

th
at

sp
an

[W
]

eq
u
al

s
th

e
sp

an
of

th
e

si
n
gu

la
r

ve
ct

or
s

of
X
−
b
1
>

as
so

ci
a
te

d
w

it
h

si
n
gu

la
r

va
lu

es
gr

ea
te

r
th

an
√
λ

.
S
o

th
e

gl
ob

al
op

ti
m

u
m

p
ro

d
u
ce

s
a

p
ri

n
ci

p
al

su
b
sp

ac
e

fo
rm

ed
b
y

so
ft

-t
h
re

sh
ol

d
in

g
th

e
si

n
gu

la
r

va
lu

es
of
X
−
b
1
>

,
w

it
h

th
e

ra
n
k

on
e

off
se

t
of

te
n

u
se

d
to

n
or

m
al

iz
e

sa
m

p
le

s
to

h
av

e
ze

ro
m

ea
n
.3

3
.

W
h

il
e

th
e

d
et

a
il

s
a
re

o
m

it
te

d
h

er
e,

o
p

ti
m

a
l

so
lu

ti
o
n

s
fo

r
b

o
th
b

a
n

d
λ

ca
n

b
e

a
n

a
ly

ze
d

a
s

w
el

l.
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D
a
i,
W
a
n
g
,
A
st

o
n
,
H
u
a
a
n
d

W
ip
f

In
co

n
tr

as
t,

th
e

al
te

rn
at

iv
e

co
st

(7
),

w
h
ic

h
ar

is
es

fr
om

th
e

of
t-

u
se

d
p
ra

ct
ic

a
l

a
ss

u
m

p
ti

o
n

th
at

Σ
z

is
d
ia

go
n
al

,
re

p
re

se
n
ts

a
ri

go
ro

u
s

u
p
p

er
b

ou
n
d

to
(5

),
si

n
ce

∑ j

lo
g
( λ

+
‖w
·j
‖2 2

) +
(d
−
κ

)
lo

g
λ
≥

lo
g
∣ ∣ ∣λ
I

+
W
W
>
∣ ∣ ∣

(8
)

b
y

v
ir

tu
e

of
H

ad
am

ar
d
’s

in
eq

u
al

it
y

(s
ee

p
ro

of
of

T
h
eo

re
m

2
b

el
ow

),
w

it
h

eq
u
a
li
ty

iff
W
>
W

is
d
ia

go
n
al

.
In

te
re

st
in

gl
y,

al
l

m
in

im
a

of
th

e
m

o
d
ifi

ed
co

st
n
on

et
h
el

es
s

re
ta

in
g
lo

b
a
l

o
p
ti

-
m

al
it

y
of

th
e

or
ig

in
al

;
h
ow

ev
er

,
it

ca
n

b
e

sh
ow

n
th

a
t

th
er

e
w

il
l

b
e

a
co

m
b
in

a
to

ri
a
l

in
cr

ea
se

in
th

e
ac

tu
al

n
u
m

b
er

of
d
is

ti
n
ct

(d
is

co
n
n
ec

te
d
)

m
in

im
a
:4

T
h

e
o
re

m
2

L
et
R
∈
R
κ
×
κ

d
en

o
te

a
n

a
rb

it
ra

ry
ro

ta
ti

o
n

m
a
tr

ix
a
n

d
P
∈
R
κ
×
κ

a
n

a
rb

it
ra

ry
pe

rm
u

ta
ti

o
n

m
a

tr
ix

.
F

u
rt

h
er

m
o
re

le
t
W
∗

be
a

m
in

im
u

m
o
f

(5
)

a
n

d
W
∗∗

a
n

y
m

in
im

u
m

o
f

(7
)

w
it

h
b

a
n

d
λ

fi
xe

d
.

T
h
en

th
e

fo
ll

o
w

in
g

th
re

e
p
ro

pe
rt

ie
s

h
o
ld

:

1
.
L(
W
∗ ,
b
,λ

)
=
L(
W
∗ R

,b
,λ

)
=
L s

ep
(W

∗∗
,b
,λ

)

=
L(
W
∗∗
P
,b
,λ

)
=
L s

ep
(W

∗∗
P
,b
,λ

).
(9

)

2
.

F
o
r

a
n

y
W
∗∗

(W
∗∗

)>
w

it
h

d
is

ti
n

ct
n

o
n

ze
ro

ei
ge

n
va

lu
es

,
th

er
e

w
il

l
ex

is
t

a
t

le
a
st

κ
!

(κ
−
r
)!

d
is

ti
n

ct
(d

is
co

n
n

ec
te

d
)

m
in

im
a

o
f

(7
)

lo
ca

te
d

a
t

so
m

e
U

Λ
P

,
w

h
er

e
U

Λ
2
U
>

re
p
re

se
n

ts
th

e
S

V
D

o
f
W
∗∗

(W
∗∗

)>
a
n

d
r

=
ra

n
k

[W
∗∗

].

3
.
W
∗∗

w
il

l
h
a
ve

a
t

m
o
st
r

n
o
n

ze
ro

co
lu

m
n

s,
w

h
il

e
W
∗

ca
n

h
a
ve

a
n

y
n

u
m

be
r

in
{r
,.
..
,κ
}.

A
lt

h
ou

gh
th

is
re

su
lt

ap
p
li
es

to
re

la
ti

v
el

y
si

m
p
li
st

ic
affi

n
e

d
ec

o
d
er

s
(t

h
e

en
co

d
er

n
ee

d
n
o
t

b
e

so
co

n
st

ra
in

ed
h
ow

ev
er

),
it

n
on

et
h
el

es
s

h
ig

h
li
gh

ts
a

co
u
p
le

in
te

re
st

in
g

p
ri

n
ci

p
le

s.
F

ir
st

,
th

e
d
ia

go
n
al

iz
at

io
n

of
Σ
z

co
ll
ap

se
s

th
e

sp
ac

e
of

gl
ob

al
ly

m
in

im
iz

in
g

so
lu

ti
o
n
s

to
a

su
b
se

t
o
f

th
e

or
ig

in
al

.
W

h
il
e

th
e

co
n
se

q
u
en

ce
s

of
th

is
m

ay
b

e
m

in
or

in
th

e
fu

ll
y

affi
n
e

d
ec

o
d
er

m
o
d
el

w
h
er

e
al

l
th

e
so

lu
ti

on
s

ar
e

st
il
l

eq
u
al

ly
go

o
d
,

w
e

su
rm

is
e

th
at

w
it

h
m

or
e

so
p
h
is

ti
ca

te
d

p
a
-

ra
m

et
er

iz
at

io
n
s

th
is

p
ar

ti
ti

on
in

g
of

th
e

en
er

gy
la

n
d
sc

ap
e

in
to

d
is

ti
n
ct

b
as

in
s-

o
f-

a
tt

ra
ct

io
n

co
u
ld

p
ot

en
ti

al
ly

in
tr

o
d
u
ce

su
b

op
ti

m
al

lo
ca

l
ex

tr
em

a.
A

n
d

fr
om

a
b
ro

ad
er

p
er

sp
ec

ti
v
e,

T
h
eo

re
m

2
p
ro

v
id

es
ta

n
gi

b
le

va
li
d
at

io
n

of
p
ri

o
r

co
n
je

ct
u
re

s
th

at
va

ri
at

io
n
a
l

B
ay

es
ia

n
fa

c-
to

ri
za

ti
on

s
of

th
is

so
rt

ca
n

fr
ag

m
en

t
th

e
sp

ac
e

of
lo

ca
l

m
in

im
a

(H
off

m
an

,
20

1
4
).

B
u
t

th
er

e
is

a
se

co
n
d
,

p
ot

en
ti

al
ly

-a
d
va

n
ta

ge
ou

s
co

u
n
te

r-
aff

ec
t

el
u
ci

d
at

ed
b
y

T
h
eo

re
m

2
as

w
el

l.
S
p

ec
ifi

ca
ll
y,

ev
en

if
W

is
ov

er
p
ar

am
et

er
iz

ed
,

m
ea

n
in

g
th

at
κ

is
u
n
n
ec

es
sa

ri
ly

la
rg

e,
th

er
e

ex
is

ts
an

in
h
er

en
t

m
ec

h
an

is
m

to
p
ru

n
e

su
p

er
fl
u
ou

s
co

lu
m

n
s

to
ex

a
ct

ly
ze

ro
,

i.
e.

,
co

lu
m

n
-w

is
e

sp
ar

si
ty

.
A

n
d

on
ce

co
lu

m
n
s

of
W

b
ec

om
e

sp
ar

se
,

th
e

co
rr

es
p

on
d
in

g
el

em
en

ts
of
µ
z

ca
n

n
o

lo
n
ge

r
in

fl
u
en

ce
th

e
d
at

a
fi
t.

C
on

se
q
u
en

tl
y,

th
e
‖µ

z
‖2 2

fa
ct

or
fr

o
m

(3
)

se
rv

es
as

th
e

on
ly

re
le

va
n
t

in
fl
u
en

ce
,

p
u
sh

in
g

th
es

e
va

lu
es

to
b

e
ex

ac
tl

y
ze

ro
ev

en
th

ou
g
h
` 2

n
o
rm

s
in

m
os

t
re

gu
la

ri
za

ti
on

co
n
te

x
ts

te
n
d

to
fa

vo
r

d
iv

er
se

,
n

o
n

-s
pa

rs
e

re
p
re

se
n
ta

ti
o
n
s

(R
a
o

et
a
l.
,

20
03

). S
o

u
lt

im
at

el
y,

sp
ar

si
ty

of
µ
z

is
an

a
rt

if
ac

t
of

th
e

d
ia

go
n
al

Σ
z

as
su

m
p
ti

o
n

a
n
d

th
e

in
te

ra
ct

io
n

of
m

u
lt

ip
le

V
A

E
te

rm
s,

a
su

b
tl

e
in

fl
u
en

ce
w

e
em

p
ir

ic
al

ly
d
em

on
st

ra
te

tr
a
n
sl

a
te

s
to

m
or

e
co

m
p
le

x
re

gi
m

es
in

S
ec

ti
on

5.
In

an
y

ev
en

t,
w

e
h
av

e
sh

ow
n

th
at

b
o
th

va
ri

a
n
ts

o
f

th
e

affi
n
e

d
ec

o
d
er

m
o
d
el

le
ad

to
re

as
on

ab
le

p
ro

b
ab

il
is

ti
c

P
C

A
-l

ik
e

ob
je

ct
iv

es
re

g
a
rd

le
ss

o
f

h
ow

ov
er

p
ar

am
et

er
iz

ed
µ
z

an
d

Σ
z

h
ap

p
en

to
b

e.

4
.

B
y

d
is

co
n

n
ec

te
d

w
e

m
ea

n
th

a
t,

to
tr

av
er

se
fr

o
m

o
n

e
m

in
im

u
m

to
a
n

o
th

er
,

w
e

m
u

st
a
sc

en
d

th
e

o
b

je
ct

iv
e

fu
n

ct
io

n
a
t

so
m

e
p

o
in

t
a
lo

n
g

th
e

w
ay

.
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E
m
e
r
g
e
n
t
S
pa

r
sit

y
in

V
a
r
ia
t
io
n
a
l
A
u
t
o
e
n
c
o
d
e
r
M
o
d
e
l
s

3
.

P
a
rtia

lly
A

ffi
n
e

D
e
co

d
e
r

a
n
d

R
o
b
u
st

P
C

A

T
h
u
s

fa
r

w
e

h
av

e
con

sid
ered

tigh
t

lim
itation

s
on

th
e

co
m

p
lex

ity
allow

ab
le

in
th

e
fu

n
ction

al
fo

rm
s

o
f

b
o
th
µ
x

an
d

Σ
x ,

w
h
ile
µ
z

a
n
d

Σ
z

w
ere

free-ran
ge

variab
les

gran
ted

a
rb

itrary
fl
ex

-
ib

ility.
W

e
n
ow

tu
rn

ou
r

gaze
to

th
e

case
w

h
ere

Σ
x

can
also

b
e

an
y

p
aram

eterized
,

d
iagon

al
m

a
trix

5
w

h
ile
µ
x

rem
ain

s
restricted

.
A

lth
ou

gh
th

is
ad

m
in

isters
co

n
sid

erab
le

cap
acity

to
th

e
m

o
d
el

a
t

th
e

p
oten

tial
risk

of
ov

erfi
ttin

g,
w

e
w

ill
so

on
see

th
at

th
e

V
A

E
is

n
on

eth
eless

a
b
le

to
self-reg

u
larize

in
a

very
p
recise

sen
se:

G
lob

al
m

in
im

izers
of

th
e

V
A

E
ob

jective
w

ill
u
ltim

a
tely

co
rresp

on
d

w
ith

op
tim

al
solu

tion
s

to

m
in

L
,S

n
·
ran

k
[L

]+
‖S‖

0 ,
s.t.

X
=
L

+
S
,

(10)

w
h
ere‖·‖

0
d
en

otes
th

e
`
0

n
orm

,
or

a
cou

n
t

of
th

e
n
u
m

b
er

of
n
on

zero
elem

en
ts

in
a

vector
or

m
a
trix

.
T

h
is

p
rob

lem
rep

resen
ts

th
e

can
on

ical
form

of
rob

u
st

p
rin

cip
al

com
p

o
n
en

t
a
n
aly

sis
(R

P
C

A
)

(C
a
n
d
ès

et
al.,

2011;
C

h
an

d
rasekaran

et
al.,

2011),
d
ecom

p
osin

g
a

d
ata

m
atrix

X
in

to
low

-ra
n
k

p
rin

cip
al

factors
L

=
U
V

,
w

ith
U

an
d
V

low
-ran

k
m

atrices
of

ap
p
rop

riate
d
im

en
sio

n
,

a
n
d

a
sp

arse
ou

tlier
com

p
on

en
t
S

.
H

ow
ever,

w
e

m
u
st

em
p
h
asize

th
at

(10),
u
n
like

tra
d
itio

n
al

P
C

A
,

rep
resen

ts
an

N
P

-h
ard

,
d
iscon

tin
u
ou

s
op

tim
izatio

n
p
rob

lem
w

ith
a

co
m

b
in

a
to

ria
l
n
u
m

b
er

of
p

oten
tially

b
ad

lo
cal

m
in

im
a.

S
till,

it
is

seem
in

gly
q
u
ite

rem
arkab

le
th

a
t

th
e

p
ro

b
a
b
ilistic

V
A

E
m

o
d
el

sh
ares

an
y

k
in

sh
ip

w
ith

(10),
even

m
ore

so
given

th
at

so
m

e
o
f

th
e

d
istractin

g
loca

l
m

in
im

izers
can

b
e

sm
o
oth

ed
aw

ay,
a

key
V

A
E

ad
van

ta
ge

as
w

e
w

ill
la

ter
a
rgu

e.

B
efo

re
elu

cid
atin

g
th

is
relation

sh
ip

,
w

e
req

u
ire

on
e

ad
d
ition

al
tech

n
ical

caveat.
S
p

ecif-
ica

lly,
sin

ce
lo

g
0

an
d

10
are

b
oth

u
n
d
efi

n
ed

,
an

d
yet

w
e

w
ill

so
on

req
u
ire

an
allian

ce
w

ith
d
eg

en
era

te
(o

r
n
early

so)
covarian

ce
m

atrices
th

at
m

im
ic

th
e

b
eh

av
ior

of
sp

arse
an

d
low

-
ra

n
k

fa
cto

rs
th

rou
gh

log-d
et

an
d

in
verse

term
s,

w
e

m
u
st

p
lace

th
e

m
ild

est
o
f

restriction
s

o
n

th
e

m
in

im
a
l

allow
ab

le
sin

gu
lar

valu
es

of
Σ
x

an
d

Σ
z .

F
or

th
is

p
u
rp

ose
w

e
d
efi

n
e
S
mα

a
s

th
e

set
o
f
m
×
m

covarian
ce

m
atrices

w
ith

sin
gu

lar
valu

es
all

greater
th

an
or

eq
u
al

to
α

,
a
n
d

lik
ew

ise
S̄
mα

as
th

e
su

b
set

ofS
mα

con
tain

in
g

on
ly

d
iagon

al
m

atrices.
W

e
also

d
efi

n
e

su
p
p
α
(x

)
=
{
i

:|x
i |
>
α}

,
n
otin

g
th

at
p

er
th

is
d
efi

n
ition

,
su

p
p

0 (x
)

=
su

p
p
(x

),
m

ea
n
in

g
w

e
recover

th
e

stan
d
ard

d
efi

n
ition

of
su

p
p

ort:
th

e
set

of
in

d
ices

asso
ciated

w
ith

n
on

zero
elem

en
ts.

3
.1

M
a
in

R
e
su

lt
a
n

d
In

te
rp

re
ta

tio
n

G
iven

th
e

a
ffi

n
e

assu
m

p
tion

from
ab

ove,
an

d
th

e
m

ild
restriction

Σ
x ∈
S̄
dα

an
d

Σ
z ∈
S
κα

for
so

m
e

sm
a
ll
α
>

0,
th

e
resu

ltin
g

con
strain

ed
V

A
E

m
in

im
ization

p
rob

lem
can

b
e

ex
p
ressed

a
s

m
in

θ
,φ
L
(
W
,b

=
0
,Σ

x ∈
S̄
dα ,µ

z ,Σ
z ∈
S
κα )
,

(11)

w
h
ere

n
ow

θ
in

clu
d
es
W

as
w

ell
as

all
th

e
p
ara

m
eters

em
b

ed
d
ed

in
Σ
x ,

w
h
ile
µ
z

an
d

Σ
z

a
re

p
a
ram

eterized
as

in
L

em
m

a
1.

W
e

h
ave

also
set

b
=

0
m

erely
for

ease
of

p
resen

tation
a
s

its
ro

le
is

m
in

or.
W

e
th

en
h
ave

th
e

follow
in

g:

5
.

A
fu

ll
cova

ria
n

ce
ov

er
x

is
in

fea
sib

le
g
iv

en
th

e
h

ig
h

d
im

en
sio

n
,

a
n

d
ca

n
lea

d
to

u
n

d
esira

b
le

d
eg

en
era

cies
a
n
y
w

ay.
T

h
erefo

re
a

d
ia

g
o
n

a
l

cova
ria

n
ce

is
ty

p
ica

lly,
if

n
o
t

a
lw

ay
s,

u
sed

in
p

ra
ctice.
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D
a
i,
W
a
n
g
,
A
st

o
n
,
H
u
a
a
n
d

W
ip
f

T
h

e
o
re

m
3

S
u

p
po

se
th

a
t
X

=
{x

(i)}
ni=

1
a
d
m

its
a

fea
sible

d
eco

m
po

sitio
n
X

=
U
V

+
S

th
a
t

u
n

iqu
ely

6
o
p
tim

izes
(1

0
).

T
h
en

fo
r

so
m

e
ᾱ

su
ffi

cien
tly

sm
a
ll,

a
n

d
a
ll
α
∈

(0,ᾱ
],

a
n

y
glo

ba
l

m
in

im
u

m
{
Ŵ
,Σ̂

x ,µ̂
z ,Σ̂

z }
o
f

(1
1
)

w
ill

be
su

ch
th

a
t 7

spa
n

[Ŵ
]

=
spa

n
[U

]
a
n

d
su

p
p
α (

d
ia

g [Σ̂
x (
µ̂
z [x

(i) ])])
=

su
p
p
[s

(i)]
(12)

fo
r

a
ll
i

p
ro

vid
ed

th
a
t

th
e

la
ten

t
rep

resen
ta

tio
n

sa
tisfi

es
κ
≥

ra
n

k
[U

].

S
everal

im
p

ortan
t

rem
ark

s
are

w
arran

ted
h
ere

regard
in

g
th

e
co

n
seq

u
en

ces
an

d
in

terp
re-

tation
of

th
is

resu
lt:

•
T

h
e
Ŵ

satisfy
in

g
(12)

form
s

a
lin

ear
b
asis

for
each

in
lier

com
p

on
en

t
l (i),

an
d

lik
ew

ise,
a

sam
p
le-d

ep
en

d
en

t
b
asis

d
en

oted
E

(i)
can

b
e

triv
ially

con
stru

cted
for

each
ou

tlier
com

p
on

en
t
s

(i)
u
sin

g
Σ̂
x ,

an
d
µ̂
z .

S
p

ecifi
cally,

each
u
n
iq

u
e

colu
m

n
of
E

(i)
is

a
vector

of
zeros

w
ith

a
on

e
in

th
e
j-th

p
osition

,
w

ith
j
∈

su
p
p
α (

d
iag [Σ̂

x (µ̂
z [x

(i) ]) ])
.

It

follow
s

th
at

x
(i)

=
l (i)

+
s

(i)
=
[Ŵ

E
(i) ][Ŵ

E
(i) ]†

x
(i),

∀
i

=
1,...,n

.
(13)

T
h
erefore

if
w

e
can

glob
ally

op
tim

ize
th

e
V

A
E

ob
jectiv

e,
w

e
can

recover
th

e
correct

laten
t

rep
resen

tation
,

or
eq

u
ivalen

tly,
th

e
op

tim
al

solu
tion

to
(10).

•
T

h
e

req
u
irem

en
ts

Σ
x
∈
S̄
dα

a
n
d

Σ
z
∈
S
κα

d
o

n
ot

p
orten

d
th

e
n
eed

for
sp

ecialized
tu

n
in

g
or

b
rittlen

ess
of

th
e

resu
lt;

th
ese

are
m

erely
tech

n
ical

con
d
ition

s
for

d
ealin

g
w

ith
d
egen

erate
covarian

ces
th

at
o
ccu

r
n
ear

op
tim

al
solu

tion
s.

W
h
ile

it
m

igh
t

seem
n
atu

ral
th

at
Σ
x

h
as

d
iagon

al
elem

en
ts

p
u
sh

ed
to

zero
in

region
s

w
h
ere

n
ear

p
erfect

d
ata

fi
t

is
p

ossib
le,

less
in

tu
itively,

glob
al

op
tim

a
of

(11)
can

b
e

ach
ieved

w
ith

an
a
rb

itrarily
sm

all
Σ
z ,

e.g.,
Σ
z

=
α
I

,
at

least
alo

n
g

laten
t

d
im

en
sion

s
n
eed

ed
to

rep
resen

t
L

(see
p
ro

of
con

stru
ction

).
A

n
d

in
terestin

gly,
th

is
im

p
lies

th
at

in
areas

su
rrou

n
d
in

g
a

glob
al

op
tim

u
m

,
th

e
V

A
E

ob
jective

can
resem

ble
th

a
t

o
f

a
regu

la
r

A
E

.
A

s
w

e
w

ill
d
iscu

ss
m

ore
b

elow
,

d
esira

b
le

sm
o
oth

in
g

eff
ects

of
in

tegration
over

Σ
z

o
ccu

r
elsew

h
ere

in
th

e
en

ergy
lan

d
scap

e
w

h
ile

p
reserv

in
g

ex
trem

a
an

ch
ored

at
th

e
correct

laten
t

rep
resen

tation
.

•
E

ven
if
κ

is
large,

m
ean

in
g
W

is
p

ossib
ly

ov
ercom

p
lete,

th
e

V
A

E
w

ill
n
o
t

overfi
t

in
th

e
sen

se
th

at
th

ere
ex

ists
an

in
h
eren

t
regu

latory
eff

ect
p
u
sh

in
g

sp
an

[W
]
tow

ard
s

sp
an

[U
].

•
If

th
e

glob
ally

op
tim

al
solu

tion
to

(10)
is

n
ot

u
n
iq

u
e

(th
is

is
d
iff

eren
t

from
u
n
iq

u
en

ess
regard

in
g

th
e

V
A

E
ob

jective),
th

en
a

low
-ran

k
-p

lu
s-sp

arse
m

o
d
el

m
ay

n
ot

b
e

th
e

m
ost

reason
ab

le,
p
arsim

on
iou

s
rep

resen
tation

of
th

e
d
ata

to
b

egin
w

ith
,

an
d

ex
act

recovery
of
L

an
d
S

w
ill

n
ot

b
e

p
ossib

le
b
y

a
n

y
algorith

m
w

ith
ou

t
fu

rth
er

assu
m

p
tion

s.
M

ore
con

cretely,
an

arb
itrary

d
ata

p
oin

t
x

(i)∈
R
d

req
u
ires

d
d
egrees

of
freed

om
to

rep
resen

t;
h
ow

ev
er,

if
th

e
d
ata

su
ccin

ctly
ad

h
eres

to
th

e
R

P
C

A
m

o
d
el,

th
en

for
p
rop

erly
ch

osen
U

,
V

,
an

d
S

,
w

e
can

h
av

e
x

(i)
=
U
v

(i)
+
s

(i),
w

h
ere
‖v

(i)‖
0

+
‖s

(i)‖
0
<
d
.

A
rb

itra
ry

6
.

O
b
v
io

u
sly

o
n

ly
L

a
n

d
S

w
ill

b
e

u
n

iq
u

e;
th

e
a
ctu

a
l

d
eco

m
p

o
sitio

n
o
f
L

in
to
U

a
n

d
V

is
in

d
eterm

in
a
te

u
p

to
a
n

in
co

n
seq

u
en

tia
l

in
v
ertib

le
tra

n
sfo

rm
.

7
.

A
lth

o
u

g
h

so
m

ew
h

a
t

cu
m

b
erso

m
e

in
p

rin
t,

th
e

ex
p

ressio
n
Σ̂
x (
µ̂
z [x

(i) ])
refers

to
Σ̂
x

eva
lu

a
ted

a
t
µ̂
z ,

w
h

ere
th

e
la

tter
is

eva
lu

a
ted

a
t
x

(i),
th

e
i-th

sa
m

p
le.
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E
m
e
r
g
e
n
t
S
pa

r
si
t
y
in

V
a
r
ia
t
io
n
a
l
A
u
t
o
e
n
c
o
d
e
r
M
o
d
e
l
s

d
at

a
in

ge
n
er

al
p

os
it

io
n

w
il
l

n
ev

er
ad

m
it

su
ch

a
u
n
iq

u
e

d
ec

om
p

os
it

io
n
,

an
d

w
e

sh
ou

ld
on

ly
ex

p
ec

t
su

ch
st

ru
ct

u
re

in
d
at

a
w

el
l-

re
p
re

se
n
te

d
b
y

ou
r

V
A

E
m

o
d
el

,
or

th
e

or
ig

in
al

R
P

C
A

p
re

d
ec

es
so

r
fr

om
(1

0)
.

•
A

n
u
m

b
er

of
ce

le
b
ra

te
d

re
su

lt
s

h
av

e
st

ip
u
la

te
d

co
n
d
it

io
n
s

(C
an

d
ès

et
al

.,
20

11
;

C
h
an

-
d
ra

se
ka

ra
n

et
al

.,
20

11
)

w
h
er

eb
y

gl
ob

al
so

lu
ti

on
s

of
th

e
co

n
v
ex

re
la

x
at

io
n

in
to

n
u
cl

ea
r

an
d
` 1

n
or

m
co

m
p

on
en

ts
gi

ve
n

b
y

m
in

L
,S

√
n
·r

an
k
‖L
‖ ∗

+
‖S
‖ 1
,

s.
t.
X

=
L

+
S
,

(1
4)

w
il
l

eq
u
al

gl
ob

al
so

lu
ti

on
s

of
(1

0)
.

W
h
il
e

el
eg

an
t

in
th

eo
ry

,
an

d
p
ra

ct
ic

al
ly

re
le

va
n
t

gi
ve

n
th

at
(1

0)
is

d
is

co
n
ti

n
u
ou

s,
n
on

-c
on

ve
x
,

an
d

d
iffi

cu
lt

to
op

ti
m

iz
e,

th
e

re
q
u
ir

ed
co

n
d
it

io
n
s

fo
r

th
is

eq
u
iv

al
en

ce
to

h
ol

d
p
la

ce
st

ro
n
g

re
st

ri
ct

io
n
s

on
th

e
al

lo
w

ab
le

st
ru

c-
tu

re
in
L

an
d

su
p
p

or
t

p
at

te
rn

in
S

.
In

p
ra

ct
ic

e
th

es
e

co
n
d
it

io
n
s

ca
n

n
ev

er
b

e
ve

ri
fi
ed

an
d

ar
e

u
n
li
ke

ly
to

h
ol

d
,

so
an

al
te

rn
at

iv
e

m
o
d
el

in
g

ap
p
ro

ac
h

su
ch

a
s

th
e

V
A

E
,

w
h
ic

h
ca

n
b

e
v
ie

w
ed

as
a

sm
o
ot

h
ed

v
er

si
on

of
(1

0)
w

h
en

an
affi

n
e

d
ec

o
d
er

m
ea

n
is

u
se

d
(m

or
e

on
th

is
la

te
r)

,
re

m
ai

n
s

at
tr

ac
ti

ve
.

A
d
d
it

io
n
al

ly
,

th
er

e
is

n
o

cl
ea

r
w

ay
to

m
o
d
if

y
(1

4)
to

h
an

d
le

n
on

li
n
ea

r
m

an
if

ol
d
s,

w
h
ic

h
is

ob
v
io

u
sl

y
th

e
b
re

ad
an

d
b
u
tt

er
o
f

th
e

V
A

E
.

W
e

em
p
h
as

iz
e

th
at

th
es

e
co

n
cl

u
si

on
s

ar
e

n
o
t

th
e

p
ro

d
u
ct

of
an

ov
er

ly
co

n
tr

iv
ed

si
tu

at
io

n
,

gi
ve

n
th

at
a

si
gn

ifi
ca

n
t

re
st

ri
ct

io
n

is
on

ly
p
la

ce
d

on
µ
x
;

a
ll

o
th

er
p

os
te

ri
or

q
u
an

ti
ti

es
ar

e
es

se
n
ti

al
ly

u
n
co

n
st

ra
in

ed
p
ro

v
id

ed
a

su
ffi

ci
en

t
lo

w
er

co
m

p
le

x
it

y
b

ou
n
d

is
ex

ce
ed

ed
,
im

p
ly

in
g

th
at

th
e

re
su

lt
w

il
l

h
ol

d
w

h
en

ev
er

a
su

ffi
ci

en
tl

y
co

m
p
le

x
d
ee

p
n
et

w
or

k
is

u
se

d
.

M
or

eo
ve

r,
al

th
ou

gh
w

e
w

il
l

d
ef

er
to

a
fo

rm
al

tr
ea

tm
en

t
to

fu
tu

re
w

or
k

fo
r

p
u
rp

os
es

of
b
re

v
it

y
h
er

e,
w

it
h

so
m

e
m

il
d

ad
d
it

io
n
al

co
n
d
it

io
n
s,

T
h
eo

re
m

3
ca

n
n
at

u
ra

ll
y

b
e

ex
te

n
d
ed

to
th

e
ca

se
w

h
er

e
th

e
d
ec

o
d
er

m
ea

n
fu

n
ct

io
n

is
ge

n
er

al
iz

ed
to

su
b
su

m
e

n
on

-l
in

ea
r,

u
n
io

n
-o

f-
su

b
sp

ac
e

m
o
d
el

s
as

co
m

m
on

ly
as

su
m

ed
in

su
b
sp

ac
e

cl
u
st

er
in

g
p
ro

b
le

m
s

(E
lh

am
if

ar
an

d
V

id
a
l,

20
13

;
R

ao
et

al
.,

20
10

).
T

h
is

th
en

d
ev

ia
te

s
su

b
st

an
ti

al
ly

fr
om

a
n
y

d
ir

ec
t

P
C

A
-k

in
sh

ip
,

an
d

b
u
tt

re
ss

es
th

e
ar

gu
m

en
t

th
at

th
e

an
al

y
si

s
p
re

se
n
te

d
h
er

e
tr

an
si

ti
on

s
to

b
ro

ad
er

sc
en

ar
io

s.
T

h
e

ex
p

er
im

en
ts

fr
om

S
ec

ti
on

5
w

il
l

al
so

p
ro

v
id

e
co

m
p
le

m
en

ta
ry

em
p
ir

ic
al

co
n
fi
rm

at
io

n
.

M
ov

in
g

fo
rw

ar
d
,

as
a

p
oi

n
t

of
fu

rt
h
er

co
m

p
ar

is
on

it
is

al
so

in
te

re
st

in
g

to
ex

am
in

e
h
ow

a
tr

ad
it

io
n
al

A
E

,
w

h
ic

h
em

er
ge

s
w

h
en

Σ
z

is
fo

rc
ed

to
ze

ro
,

b
eh

av
es

u
n
d
er

an
al

og
ou

s
co

n
-

d
it

io
n
s

to
T

h
eo

re
m

3.

C
o
ro

ll
a
ry

4
U

n
d
er

th
e

sa
m

e
co

n
d
it

io
n

s
a
s

T
h
eo

re
m

3
,

if
w

e
re

m
o
ve

th
e

lo
g
|Σ

z
|t

er
m

a
n

d
a
ss

u
m

e
Σ
z

=
0

el
se

w
h
er

e,
th

en
(1

1
)

a
d
m

it
s

a
cl

o
se

d
-f

o
rm

so
lu

ti
o
n

fo
r

Σ
x

in
te

rm
s

o
f
W

a
n

d
µ
z

su
ch

th
a
t

m
in

im
iz

er
s

o
f

th
e

V
A

E
co

st
a
re

m
in

im
iz

er
s

o
f

L
(W

,µ
z
)

=
∑ i

∥ ∥ ∥x
(i

)
−
W
µ
z

( x
(i

))
∥ ∥ ∥ 0

in
th

e
li

m
it
α
→

0.
(1

5)

F
ro

m
th

is
re

su
lt

w
e

im
m

ed
ia

te
ly

ob
se

rv
e

th
at

,
p
ro

v
id

ed
µ
z

en
jo

y
s

a
su

ffi
ci

en
tl

y
ri

ch
p
ar

am
-

et
er

iz
at

io
n
,

m
in

im
iz

at
io

n
of

(1
5)

is
ju

st
a

co
n
st

ra
in

ed
ve

rs
io

n
of

(1
0)

,
ex

ac
tl

y
eq

u
iv

al
en

t
to

so
lv

in
g

m
in

L
,S

‖S
‖ 0
,

s.
t.
X

=
L

+
S
,

ra
n
k

[L
]
≤
κ
.

(1
6)

T
h
is

ex
p
re

ss
io

n
im

m
ed

ia
te

ly
ex

p
os

es
on

e
w

ea
k
n
es

s
of

th
e

A
E

;
n
am

el
y,

if
κ

is
to

o
la

rg
e,

th
er

e
is

n
o

lo
n
ge

r
an

y
op

er
at

io
n

in
p
la

ce
to

p
ru

n
e

aw
ay

u
n
n
ec

es
sa

ry
d
im

en
si

on
s,

an
d

th
e

9
JM

L
R

 1
9(

41
):

1-
42

, 2
01

8

D
a
i,
W
a
n
g
,
A
st

o
n
,
H
u
a
a
n
d

W
ip
f

tr
iv

ia
l

so
lu

ti
on
L

=
X

w
il
l

b
e

p
ro

d
u
ce

d
.

In
th

e
la

rg
e-
κ

re
gi

m
e

th
en

,
gl

o
b
a
l

V
A

E
a
n
d

gl
ob

al
A

E
so

lu
ti

on
s

d
o

in
fa

ct
d
ev

ia
te

,
u
lt

im
at

el
y

b
ec

au
se

of
th

e
re

m
ov

al
of

th
e
−

lo
g
|Σ

z
|

te
rm

in
th

e
la

tt
er

.
S
o

Σ
z

p
la

y
s

a
cr

it
ic

al
ro

le
in

d
et

er
m

in
in

g
th

e
co

rr
ec

t,
lo

w
-d

im
en

si
o
n
a
l

in
li
er

st
ru

ct
u
re

,
an

d
u
lt

im
at

el
y

it
is

th
is

co
va

ri
an

ce
th

at
ch

ap
er

on
s
W

d
u
ri

n
g

th
e

le
a
rn

in
g

p
ro

ce
ss

.

3
.2

A
d

d
it

io
n

a
l

L
o
c
a
l

M
in

im
a

S
m

o
o
th

in
g

E
ff

e
c
ts

T
h
er

e
is

al
so

a
m

or
e

im
p

or
ta

n
t,

ye
t

su
b
tl

e,
ad

va
n
ta

ge
of

th
e

V
A

E
ov

er
b

ot
h

(1
6
)

a
n
d

th
e

or
ig

in
al

u
n
co

n
st

ra
in

ed
R

P
C

A
m

o
d
el

fr
om

(1
0)

.
F

o
r

b
ot

h
R

P
C

A
co

n
st

ru
ct

io
n
s,

a
n
y

fe
a
si

b
le

su
p
p

or
t

p
at

te
rn

,
ev

en
th

e
tr

iv
ia

l
on

es
as

so
ci

at
ed

w
it

h
n
on

-i
n
te

re
st

in
g

d
ec

om
p

o
si

ti
o
n
s

sa
ti

s-
fy

in
g
‖v

(i
) ‖

0
+
‖s

(i
) ‖

0
≥
d

fo
r

so
m

e
i,

w
il
l
n
ec

es
sa

ri
ly

re
p
re

se
n
t

a
lo

ca
l
m

in
im

u
m

,
si

n
ce

th
er

e
is

an
in

fi
n
it

e
gr

ad
ie

n
t

to
ov

er
co

m
e

to
m

ov
e

fr
om

a
ze

ro
-v

al
u
ed

el
em

en
t

of
S

to
a

n
o
n
ze

ro
on

e. U
n
li
ke

th
es

e
d
et

er
m

in
is

ti
c

ap
p
ro

ac
h
es

,
th

e
b

eh
av

io
r

of
th

e
V

A
E

re
fl
ec

ts
a

fo
rm

o
f

d
if

-
fe

re
n
ti

al
sm

o
ot

h
in

g
th

at
ri

d
s

th
e

m
o
d
el

of
m

a
n
y

of
th

es
e

p
it

fa
ll
s

w
h
il
e

re
ta

in
in

g
d
es

ir
a
b
le

m
in

im
a

th
at

sa
ti

sf
y

(1
2)

.8
B

as
ed

on
d
et

ai
ls

of
th

e
p
ro

of
of

T
h
eo

re
m

3,
it

ca
n

b
e

sh
ow

n
th

at
,

ex
cl

u
d
in

g
sm

al
l-

or
d
er

te
rm

s
d
ep

en
d
en

t
on

ot
h
er

va
ri

ab
le

s
an

d
a

co
n
st

a
n
t

sc
a
le

fa
ct

o
r

of
−

lo
g
α

,
th

en
a

re
p
re

se
n
ta

ti
v
e

b
ou

n
d

on
th

e
V

A
E

ob
je

ct
iv

e
as

so
ci

at
ed

w
it

h
ea

ch
sa

m
p
le

in
d
ex

i
b

eh
av

es
li
ke

ra
n
k
[W

]+
su

p
p
α

( d
ia

g
[ Σ

x

( µ
z

[ x
(i

)]
)]
) .

(1
7
)

B
u
t

cr
u
ci

al
ly

,
th

is
be

h
a
vi

o
r

la
st

s
o
n

ly
a
s

lo
n

g
a
s

(1
7
)

is
st

ri
ct

ly
le

ss
th

a
n
d

an
d

Σ
z

is
fo

rc
ed

to
b

e
sm

al
l

or
d
eg

en
er

at
e.

In
co

n
tr

as
t,

w
h
en

th
e

va
lu

e
is

at
or

ab
ov

e
d
,

(1
7
)

n
o

lo
n
g
er

re
fl
ec

ts
th

e
en

er
gy

fu
n
ct

io
n
,

w
h
ic

h
b

ec
om

es
re

la
ti

v
el

y
fl
at

b
ec

au
se

of
sm

o
o
th

in
g

v
ia

Σ
z
,

av
oi

d
in

g
th

e
p
it

fa
ll
s

d
es

cr
ib

ed
ab

ov
e.

T
h
is

p
h
en

om
en

a
th

en
h
as

th
e

p
ot

en
ti

a
l

to
sm

o
o
th

ou
t

a
la

rg
e

co
n
st

el
la

ti
on

of
b
ad

lo
ca

ll
y

op
ti

m
al

so
lu

ti
on

s.

T
o

si
tu

at
e

th
in

gs
in

th
e

n
ar

ra
ti

ve
of

(1
0)

,
w

h
ic

h
is

u
se

fu
l

fo
r

il
lu

st
ra

ti
on

p
u
rp

o
se

s,
th

e
V

A
E

ca
n

b
e

v
ie

w
ed

(a
t

le
as

t
to

fi
rs

t
or

d
er

ap
p
ro

x
im

at
io

n
)

as
m

in
im

iz
in

g
th

e
a
lt

er
n
a
ti

ve
lo

w
er

-b
ou

n
d
in

g
ob

je
ct

iv
e

fu
n
ct

io
n

∑ i

ra
n
k

[ L
L
>

+
d
ia

g
( s

(i
))

2
]
≤

∑ i

ra
n
k
[ L
L
>
] +

∑ i

ra
n
k

[ d
ia

g
( s

(i
))

2
]

=
n
·r

an
k

[L
]+
‖S
‖ 0
,

(1
8
)

or
a

sm
o
ot

h
su

rr
og

at
e

th
er

eo
f,

ov
er

th
e

co
n
st

ra
in

t
se

t
X

=
L

+
S

.
T

h
e

ad
va

n
ta

g
es

o
f

th
is

lo
w

er
b

ou
n
d

ar
e

su
b
st

an
ti

al
:

A
s

lo
n
g

as
a

u
n
iq

u
e

so
lu

ti
on

ex
is

ts
to

th
e

R
P

C
A

p
ro

b
le

m
,

th
e

gl
ob

al
ly

op
ti

m
al

so
lu

ti
on

w
it

h
‖v

(i
) ‖

0
+
‖s

(i
) ‖

0
<
d

fo
r

al
l
i

w
il
l

b
e

u
n
ch

an
g
ed

;
h
ow

ev
er

,
a
n

y
fe

as
ib

le
so

lu
ti

on
w

it
h
‖v

(i
) ‖

0
+
‖s

(i
) ‖

0
≥
d

w
il
l

h
av

e
a

co
n
st

an
t

co
st

v
ia

th
e

ex
p
re

ss
io

n
on

th
e

le
ft

of
th

e
in

eq
u
al

it
y,

tr
u
n
ca

ti
n
g

th
e

m
an

y
er

ra
ti

c
p

ea
k
s

th
at

w
il
l

n
ec

es
sa

ri
ly

o
cc

u
r

w
it

h
th

e
en

er
gy

on
th

e
ri

gh
th

an
d

si
d
e.

8
.

A
m

o
re

ru
d

im
en

ta
ry

fo
rm

o
f

th
is

sm
o
o
th

in
g

h
a
s

b
ee

n
o
b

se
rv

ed
in

m
u

ch
si

m
p
le

r
em

p
ir

ic
a
l

B
ay

es
ia

n
m

o
d
el

s
d

er
iv

ed
u

si
n

g
F

en
ch

el
d

u
a
li

ty
(W

ip
f,

2
0
1
2
). 10

JM
L

R
 1

9(
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):
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E
m
e
r
g
e
n
t
S
pa

r
sit

y
in

V
a
r
ia
t
io
n
a
l
A
u
t
o
e
n
c
o
d
e
r
M
o
d
e
l
s

In
fa

ct,
aw

ay
from

th
e

stron
gly

attractive
b
asin

s
of

op
tim

al
V

A
E

solu
tion

s,
th

e
K

L
term

fro
m

(2
)

is
likely

to
p
u
sh

Σ
z

m
ore

tow
ard

s

a
rg

m
in

Σ
z �

0 K
L

[q
φ

(z|x
)||p

(z
)]
≡

arg
m

in
Σ
z �

0
tr

[Σ
z ]−

lo
g|Σ

z |
=

I
.

(19)

E
x
p

erim
en

ts
p
resen

ted
in

S
ection

5
con

fi
rm

th
at

th
is

is
in

d
eed

th
e

case.
A

n
d

on
ce

Σ
z

m
oves

aw
ay

fro
m

zero
,

it
w

ill
gen

erally
con

trib
u
te

a
stron

g
sm

o
oth

in
g

eff
ect

v
ia

th
e

ex
p

ectation
in

(2
).

H
ow

ev
er,

th
ere

ex
ists

an
im

p
ortan

t
p
rev

iou
sly

u
n
ob

served
caveat

h
ere:

If
th

e
d
eco

d
er

m
ean

fu
n
ction

is
ex

cessively
com

p
lex

,
it

can
p

oten
tially

ou
tw

it
all

regu
latory

p
ersu

asion
s

fro
m

Σ
z ,

lea
d
in

g
to

u
n
d
esirab

le
d
egen

erate
solu

tion
s

w
ith

n
o

rep
resen

tation
al

valu
e

as
d
escrib

ed
n
ex

t.

4
.

D
e
g
e
n
e
ra

cie
s

A
risin

g
fro

m
a

F
le

x
ib

le
D

e
co

d
e
r

M
e
a
n

In
th

is
sectio

n
w

e
con

sid
er

th
e

case
w

h
ere

µ
x

is
fi
n
ally

released
from

its
affi

n
e

cap
tiv

ity
to

jo
in

w
ith

p
o
sterior

colleagu
es

in
th

e
w

ild
.

T
h
at

sim
u
ltan

eou
sly

gran
tin

g
µ
x ,

Σ
x ,
µ
z ,

an
d

Σ
z

u
n
lim

ited
freed

om
lead

s
to

overfi
ttin

g
m

ay
n
ot

com
e

as
a

su
rp

rise;
h
ow

ever,
it

tu
rn

s
ou

t
th

a
t

even
if

th
e

latter
th

ree
are

sev
erely

con
strain

ed
,

overfi
ttin

g
w

ill
n
ot

b
e

avo
id

ed
w

h
en

µ
x

is
over-p

a
ra

m
eterized

in
a

certain
sen

se
ex

ten
d
in

g
b

ey
on

d
a

sin
gle

affi
n
e

layer.
T

h
is

is
b

eca
u
se,

at
lea

st
at

a
h
igh

level,
th

e
on

ce-p
rou

d
reg

u
latory

eff
ects

of
Σ
z

can
b

e
com

p
letely

sq
u
a
sh

ed
in

th
ese

situ
ation

s
lead

in
g

to
th

e
follow

in
g:

T
h

e
o
re

m
5

S
u

p
po

se
κ

=
1

(i.e.,
a

la
ten

t
d
im

en
sio

n
o
f

o
n

ly
o
n

e),
Σ
z
≡
σ

2z
=
λ
z

(a
sca

la
r),

µ
z

=
a
>
x

fo
r

so
m

e
fi

xed
vecto

r
a

,
Σ
x

=
λ
x I

,
a
n

d
µ
x

is
a
n

a
rbitra

ry
p
iecew

ise
lin

ea
r

fu
n

ctio
n

w
ith

n
segm

en
ts.

T
h
en

th
e

V
A

E
o
bjective

is
u

n
bo

u
n

d
ed

fro
m

belo
w

a
t

a
trivia

l
so

lu
tio

n
{
λ̂
z ,â

,λ̂
x ,µ̂

x }
su

ch
th

a
t

th
e

resu
ltin

g
po

sterio
r

m
ea

n
µ̂
x (z

;θ
)

w
ill

sa
tisfy

µ̂
x (z

;θ
)∈
{x

(i)}
ni=

1
w

ith
p
ro

ba
bility

o
n

e
fo

r
a
n

y
z
.

In
th

is
sp

ecia
l

case,
Σ
x ,
σ

2z ,
an

d
µ
z

are
all

sim
p
le

affi
n
e

fu
n
ction

s
an

d
th

e
la

ten
t

d
im

en
sion

is
m

in
im

a
l,

a
n
d

y
et

an
essen

tially
u
seless,

d
egen

erate
solu

tio
n

can
arb

itrarily
op

tim
ize

th
e

V
A

E
o
b

jective.
T

h
is

o
ccu

rs
b

ecau
se

th
e

V
A

E
h
as

lim
ited

p
ow

er
to

corra
l

certain
ty

p
es

of
h
eav

ily
over-p

aram
eterized

d
eco

d
er

m
ean

fu
n
ction

s,
even

w
h
en

all
oth

er
d
egrees

of
freed

om
a
re

co
n
stra

in
ed

,
an

d
in

th
is

regim
e

th
e

V
A

E
essen

tially
h
as

n
o

ad
van

tage
ov

er
a

trad
itio

n
al

a
u
to

en
co

d
er

(its
n
atu

ral
self-regu

latory
agen

cy
m

ay
som

etim
es

b
reak

d
ow

n
).

In
co

n
trast,

as
w

e
saw

in
a

p
rev

iou
s

section
,
th

ere
is

n
o

p
rob

lem
tam

in
g

th
e

in
fl
u
en

ces
of

an
u
n
lim

ited
laten

t
rep

resen
ta

tio
n

(m
ean

in
g
κ

is
large,

e.g.,
even

κ
>
n

)
an

d
its

h
u
ge,

atten
d
an

t
p
aram

eterized
m

ea
n

fu
n
ctio

n
,

p
rov

id
ed

th
e

latter
is

affi
n
e,

as
in
µ
x

=
W
z

+
b
.

In
d
eed

th
en

,
th

e
issu

e
is

clearly
n
ot

th
e

d
egree

of
over-p

aram
eterization

in
µ
x

p
er

se,
b
u
t

th
e

actu
a
l

stru
ctu

res
in

p
lace.

A
n
d

th
e

key
p
rob

lem
is

th
at,

at
least

in
som

e
situ

atio
n
s,

th
e

m
o
d
el

ca
n

circu
m

ven
t

th
e

en
tire

regu
latory

m
ech

an
ism

of
th

e
K

L
term

,
p
u
sh

in
g

th
e

la
ten

t
va

ria
n
ces

tow
ard

s
zero

even
arou

n
d

u
n

d
esira

ble
solu

tion
s.

F
or

ex
am

p
le,

in
th

e
con

tex
t

o
f

T
h
eo

rem
5
,

th
e

p
iecew

ise
lin

ear
stru

ctu
re

of
µ
x

allow
s

th
e

d
eco

d
er

to
act

m
u
ch

lik
e

a
vecto

r
q
u
an

tiza
tion

p
ro

cess,
en

cou
ragin

g
z

tow
ard

s
a

scalar
co

d
e

th
at

selects
for

p
iecew

ise
lin

ea
r

seg
m

en
ts

m
atch

ed
to

train
in

g
sam

p
les

x
(i).

A
n
d

b
ecau

se
th

is
w

ill
lead

to
p

erfect
reco

n
stru

ctio
n

error
if

an
op

tim
al

segm
en

t
is

fou
n
d

for
a

p
articu

lar
z

(i),
Σ
x

=
λ
x I
≈

0
serves

a
s

a
rea

so
n
a
b
le

ch
aracterization

of
p

osterior
u
n
certain

ty,
p
u
sh

in
g
p
(x

(i)|z
(i))
→

δ (x
(i) )

p
rov

id
ed

th
a
t
z

(i)≈
µ
z (x

(i);a )
=
a
>
x

(i),
m

ean
in

g
th

at
σ

2z
=
λ
z

is
n
ot

to
o

large.
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D
a
i,
W
a
n
g
,
A
st

o
n
,
H
u
a
a
n
d

W
ip
f

In
th

is
situ

ation
,

lo
osely

sp
eak

in
g

th
e

d
ata

term
from

(2)
w

ill
b

eh
av

e
like

n
d

log
λ
x ,

b
u
lly

in
g

th
e

ov
er-m

atch
ed

K
L

term
th

at
w

ill
scale

on
ly

as
−
n

log
λ
z .

T
h
is

in
tu

rn
lea

d
s

to
a

u
seless,

d
egen

erate
solu

tion
as

λ
x

=
λ
z
→

0,
eith

er
for

th
e

p
u
rp

o
ses

of
gen

eratin
g

rep
resen

tative
sam

p
les,

or
for

ou
tlier

rem
oval

as
w

e
h
ave

d
escrib

ed
h
erein

.

O
n
e

h
elp

fu
l
caveat

th
ou

gh
,
is

th
at

actu
ally

im
p
lem

en
tin

g
su

ch
a

com
p
lex

p
iecew

ise
lin

ear
fu

n
ction

µ̂
x (z

;θ
)

u
sin

g
ty

p
ical

n
eu

ral
n
etw

ork
com

p
on

en
ts

w
ou

ld
req

u
ire

ex
trem

ely
w

id
e

an
d
/or

d
eep

stru
ctu

re
b

eyon
d

th
e

fi
rst

d
eco

d
er

m
ean

layer.
A

n
d

th
e

d
egrees

of
freed

om
in

su
ch

h
igh

er-layer
stru

ctu
res

w
ou

ld
n
eed

to
scale

p
rop

ortion
ally

w
ith

th
e

size
of

th
e

train
in

g
d
ata,

w
h
ich

is
n
ot

a
p
ractical

V
A

E
op

eration
al

regim
e

to
b

egin
w

ith
.

In
con

trast,
th

e
fi
rst

layer
of

th
e

d
eco

d
er

m
ean

n
etw

ork
m

ore
or

less
self-regu

la
rizes,

at
least

in
th

e
affi

n
e

an
d

related
cases

as
d
escrib

ed
ab

ove.
A

n
d

w
e

con
jectu

re
th

at
th

is
self-regu

larization
p
reserves

in
m

ore
com

p
lex

n
etw

ork
s

of
reason

ab
le

p
ractical

size
as

w
ill

b
e

em
p
irically

d
em

o
n
strated

in
S
ection

5.
S
o

really
it

is
excessive

com
p
lex

ity
in

h
ig

h
er

d
eco

d
er

m
ean

layers,
u
n
related

to
th

e
d
im

en
sion

ality
of

th
e

laten
t
z

b
ottlen

eck
,

w
h
ere

overfi
ttin

g
p
rob

lem
s

are
m

ore
likely

to
arise.

O
f

cou
rse

an
an

alogou
s

issu
e

ex
ists

w
ith

gen
erative

ad
versarial

n
etw

ork
s

(G
A

N
)

as
w

ell,
a

p
op

u
lar

com
p

etin
g

d
eep

gen
erative

m
o
d
el

com
p

osed
of

a
gen

erator
n
etw

ork
a
n
alogou

s
to

th
e

V
A

E
d
eco

d
er,

an
d

a
d
iscrim

in
ator

n
etw

ork
th

at
rep

laces
th

e
V

A
E

en
co

d
er

in
a

lo
ose

sen
se

(G
o
o
d
fellow

et
al.,

2014).
If

th
e

gen
erator

n
etw

ork
m

erely
learn

s
a

segm
en

tation
of
z

-sp
ace

su
ch

th
at

all
p

oin
ts

in
th

e
i-th

p
artitio

n
m

ap
to
x

(i),
th

e
d
iscrim

in
ator

w
ill

b
e

h
elp

less
to

avert
th

is
d
egen

erate
situ

atio
n

even
in

p
rin

cip
le.

B
u
t

th
ere

is
an

asy
m

m
etry

w
h
en

it
com

es
to

th
e

G
A

N
d
iscrim

in
ator

n
etw

ork
an

d
th

e
V

A
E

en
co

d
er:

O
v
er-p

aram
eteriza

tion
of

th
e

form
er

can
b

e
p
rob

lem
atic

(e.g.,
it

can
easily

ou
t-w

it
an

affi
n
e

or
oth

er
p
rop

ortion
ally

sim
p
le

gen
erator),

b
u
t

th
e

latter
n
ot

so,
at

least
in

th
e

sen
se

th
at

a
h
igh

ly
fl
ex

ib
le

V
A

E
en

co
d
er

n
eed

n
ot

b
u
lly

a
sim

p
le

d
eco

d
er

in
to

triv
ial

solu
tion

s
as

w
e

h
ave

sh
ow

n
in

p
rev

iou
s

section
s.

5
.

E
x
p

e
rim

e
n
ts

a
n
d

A
n
a
ly

sis

T
h
eoretical

ex
am

in
ation

of
sim

p
lifi

ed
cases

can
b

e
v
iew

ed
as

a
p

ow
erfu

l
veh

icle
for

gen
erat-

in
g

accessib
le

h
y
p

oth
eses

th
at

d
escrib

e
likely

b
eh

av
ior

in
m

ore
realistic,

p
ractical

situ
ation

s.
In

th
is

section
w

e
em

p
irically

evalu
ate

an
d

a
n
aly

ze
th

ree
con

crete
h
y
p

oth
eses

th
at

d
irectly

em
an

ate
from

ou
r

p
rev

iou
s

tech
n
ical

resu
lts

a
n
d

th
e

tigh
t

con
n
ection

s
b

etw
een

R
P

C
A

an
d

V
A

E
m

o
d
els.

In
aggregate,

th
ese

h
y
p

oth
eses

h
av

e
w

id
e-ran

gin
g

con
seq

u
en

ces
in

term
s

of
h
ow

V
A

E
s

sh
ou

ld
b

e
ap

p
lied

an
d

in
terp

reted
.

B
efore

statin
g

th
ese

h
y
p

oth
eses,

w
e

su
m

m
arize

w
h
at

can
b

e
v
iew

ed
as

tw
o,

th
eo

retically
-

accessib
le

b
ou

n
d
ary

cases
con

sid
ered

th
u
s

far.
F

irst,
b
u
ild

in
g

on
S
ection

2,
S
ection

3
d
em

on
-

strated
th

at
th

e
V

A
E

can
self-regu

larize
an

d
p
ro

d
u
ce

u
sefu

l,
rob

u
st

m
o
d
els

p
rov

id
ed

th
at

restriction
s

are
p
laced

on
on

ly
th

e
d
eco

d
er

m
ean

n
etw

ork
.

C
on

versely,
S
ection

4
d
em

on
-

strated
th

at,
regard

less
of

oth
er

m
o
d
el

com
p

on
en

ts,
if

th
e

d
eco

d
er

m
ean

n
etw

ork
is

u
n
rea-

son
ab

ly
com

p
lex

b
eyon

d
th

e
fi
rst

layer,
th

en
overfi

ttin
g

em
erges

as
a

p
oten

tia
l
con

cern
.

B
u
t

b
etw

een
th

ese
tw

o
ex

trem
es,

th
ere

ex
ists

a
large

op
eration

al
regim

e
w

h
ereb

y
p
ractical

V
A

E
b

eh
av

ior
is

b
oth

w
orth

ex
p
lorin

g
an

d
likely

still
in

form
ed

b
y

th
e

origin
al

an
aly

sis
of

th
ese

b
ou

n
d
ary

cases.
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E
m
e
r
g
e
n
t
S
pa

r
si
t
y
in

V
a
r
ia
t
io
n
a
l
A
u
t
o
e
n
c
o
d
e
r
M
o
d
e
l
s

W
it

h
in

th
is

co
n
te

x
t

th
en

,
w

e
co

n
je

ct
u
re

th
at

th
e

d
es

ir
ab

le
V

A
E

p
ro

p
er

ti
es

ex
p

os
ed

in
S
ec

ti
on

s
2

an
d

3
ar

e
in

h
er

it
ed

b
y

m
o
d
el

s
in

vo
lv

in
g

d
ee

p
er

d
ec

o
d
er

m
ea

n
n
et

w
or

k
s,

b
u
t

at
le

as
t

co
n
st

ra
in

ed
to

p
ra

ct
ic

al
ly

-s
iz

ed
h
id

d
en

-l
ay

er
µ
x

co
m

p
le

x
it

y
su

ch
th

at
th

e
co

n
ce

rn
s

fr
om

S
ec

ti
on

4
ar

e
n
ot

a
si

gn
ifi

ca
n
t

fa
ct

or
(e

.g
.,

n
o

n
et

w
or

k
s

w
h
er

e
th

e
d
eg

re
es

of
fr

ee
d
om

in
h
ig

h
er

d
ec

o
d
er

m
ea

n
la

y
er

s
sc

al
es

as
d
×
n

,
an

ab
su

rd
V

A
E

st
ru

ct
u
re

b
y

an
y

m
ea

su
re

).
M

or
e

sp
ec

ifi
ca

ll
y,

in
th

is
se

ct
io

n
w

il
l

em
p
ir

ic
al

ly
ex

am
in

e
th

e
fo

ll
ow

in
g

th
re

e
h
y
p

ot
h
es

es
:

(i
)

W
h
en

th
e

d
ec

o
d
er

m
ea

n
fu

n
ct

io
n

is
al

lo
w

ed
to

h
av

e
m

u
lt

ip
le

h
id

d
en

la
ye

rs
of

se
n
si

b
le

si
ze

/d
ep

th
,

th
e

V
A

E
sh

ou
ld

b
eh

av
e

li
ke

a
n
on

li
n
ea

r
ex

te
n
si

on
of

R
P

C
A

,
b
u
t

w
it

h
n
at

u
ra

l
re

gu
la

ri
za

ti
on

eff
ec

ts
in

p
la

ce
th

at
h
el

p
to

av
oi

d
lo

ca
l
m

in
im

a
an

d
/o

r
ov

er
fi
tt

in
g

to
ou

tl
ie

rs
.

It
is

th
er

ef
or

e
li
ke

ly
to

ou
tp

er
fo

rm
ei

th
er

R
P

C
A

al
go

ri
th

m
s

or
,

m
or

e
im

p
or

ta
n
tl

y,
an

A
E

on
d
iv

er
se

m
an

if
ol

d
re

co
v
er

y
/o

u
tl

ie
r

d
is

co
v
er

y
p
ro

b
le

m
s

u
n
re

la
te

d
to

th
e

p
ro

b
ab

il
is

ti
c

ge
n
er

at
iv

e
m

o
d
el

in
g

ta
sk

s
th

e
V

A
E

w
as

or
ig

in
al

ly
d
es

ig
n
ed

fo
r.

(i
i)

If
th

e
V

A
E

la
te

n
t

re
p
re

se
n
ta

ti
on
z

is
la

rg
er

th
an

n
ee

d
ed

(m
ea

n
in

g
it

s
d
im

en
si

on
κ

is
h
ig

h
er

th
an

th
e

tr
u
e

d
at

a
m

an
if

ol
d

d
im

en
si

on
),

w
e

h
av

e
p
ro

ve
n

th
at

u
n
n
ec

es
sa

ry
co

lu
m

n
s

of
W

in
a

ce
rt

ai
n

affi
n
e

d
ec

o
d
er

m
ea

n
m

o
d
el
µ
x

=
W
z

+
b

w
il
l

au
to

m
at

ic
al

ly
b

e
p
ru

n
ed

as
d
es

ir
ed

.
A

n
al

og
o
u
sl

y,
in

th
e

ex
te

n
d
ed

n
on

li
n
ea

r
ca

se
w

e
w

o
u
ld

th
en

ex
p

ec
t

th
at

co
lu

m
n
s

of
th

e
w

ei
gh

t
m

at
ri

x
fr

om
th

e
fi
rs

t
la

ye
r

of
th

e
d
ec

o
d
er

m
ea

n
n
et

w
or

k
sh

ou
ld

b
e

p
u
sh

ed
to

ze
ro

,
ag

ai
n

eff
ec

ti
ve

ly
p
ru

n
in

g
aw

ay
th

e
im

p
ac

t
of

an
y

su
p

er
fl
u
ou

s
el

em
en

ts
of
z

.

(i
ii
)

W
h
en

gr
an

te
d

su
ffi

ci
en

t
ca

p
ac

it
y

in
b

o
th
µ
x

(µ
z

[x
])

an
d

Σ
x

to
m

o
d
el

in
li
er

s
an

d
ou

tl
ie

rs
re

sp
ec

ti
ve

ly
,

th
e

V
A

E
sh

ou
ld

h
av

e
a

te
n
d
en

cy
to

p
u
sh

el
em

en
ts

of
th

e
en

co
d
er

co
va

ri
an

ce
Σ
z

to
ar

b
it

ra
ri

ly
n
ea

r
ze

ro
al

on
g

la
te

n
t

d
im

en
si

on
s

n
ee

d
ed

fo
r

re
p
re

se
n
ti

n
g

in
li
er

p
oi

n
ts

,
se

le
ct

iv
el

y
ov

er
ri

d
in

g
th

e
K

L
re

gu
la

ri
ze

r
th

at
w

ou
ld

ot
h
er

w
is

e
p
u
sh

th
es

e
va

lu
es

to
w

ar
d
s

on
e.

T
h
is

co
u
n
te

ri
n
tu

it
iv

e
b

eh
av

io
r

d
ir

ec
tl

y
fa

ci
li
ta

te
s

th
e

V
A

E
’s

u
ti

li
ty

as
a

n
on

li
n
ea

r
ou

tl
ie

r
re

m
ov

al
to

ol
(p

er
H

y
p

ot
h
es

is
(i

))
b
y

p
re

se
rv

in
g

ex
ac

t
ad

h
er

en
ce

to
th

e
m

an
if

ol
d

in
th

e
n
ei

gh
b

o
rh

o
o
d

of
op

ti
m

al
so

lu
ti

on
s.
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H
y
p

o
th

e
si

s
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)
E

v
a
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a
ti

o
n

U
si

n
g

S
p

e
c
ia

ll
y
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e
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g
n

e
d

G
ro

u
n

d
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ru
th

M
a
n

if
o
ld

s

If
ou

r
th

eo
ry

is
ge

n
er

al
ly

ap
p
li
ca

b
le

,
th

en
a

V
A

E
w

it
h

su
it

ab
le

p
ar

am
et

er
iz

at
io

n
sh

ou
ld

b
e

ab
le

to
si

gn
ifi

ca
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is

tr
iv

ia
l

to
ge

n
er

at
e

ap
p
ro

p
ri

at
e

sy
n
th

et
ic

d
at

a

13
JM

L
R

 1
9(

41
):

1-
42

, 2
01

8

D
a
i,
W
a
n
g
,
A
st

o
n
,
H
u
a
a
n
d

W
ip
f

b
y

si
m

p
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p
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p
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at
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p
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ra
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R
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e
va

lu
es

in
si

d
e

p
ar

en
th

es
es

d
en

ot
e

th
e

re
sp

ec
ti

v
e

d
i-

m
en

si
on

al
it

ie
s

(t
h
es

e
ex

p
er

im
en

t-
d
ep

en
d
en

t
va

lu
es

w
il
l
b

e
d
is

cu
ss

ed
la

te
r)

.
N

et
w

o
rk

w
ei

g
h
ts

ar
e

se
t

u
si

n
g

th
e

in
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p
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b
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h
ic

h
fo

rm
a

m
at

ri
x
L

,
w

it
h

co
lu

m
n
s

eff
ec

ti
ve

ly
ly

in
g

on
a
κ

-d
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h
is

n
et

w
or

k
ca

n
b

e
v
ie

w
ed

a
s

a
gr

o
u

n
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p
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p
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d
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h
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e

li
n
ea

r
R

P
C

A
ca

se
w

h
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n
d
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p
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h
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en

co
d
er

.
B

as
ic

al
ly

,
th
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d
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d
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p
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R
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d
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p
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n
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d
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b
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ra
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a
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p
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p
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p
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m
atrix

X
as

gen
erated

ab
ove,

w
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rily

sm
all

w
ith

ou
t

an
y

loss
of

gen
erality,

ren
d
erin

g
an

y
b

en
efi

cial
regu

larization
eff

ect
from

‖
µ
z ‖

22
com

p
letely

m
o
ot

as
d
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ssed
at

th
e

b
egin

n
in

g
of

S
ection

2.
T

h
ere-

fo
re

w
e

a
d
d

a
stan

d
ard

w
eigh

t
d
ecay

term
to

th
e

A
E

-`
2

n
etw

ork
p
aram

eters
{
θ
,φ}

to
a
m

eliorate
th

is
scalin

g
am

b
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ity,
w

h
ich

is
tan

tam
ou

n
t

to
in

clu
d
in

g
an

ad
d
ition

al
p

en
a
lty

fa
ctor

C
1 ‖{θ

,φ}‖
22 .

W
e

also
b
alan

ce
‖µ

z ‖
22

w
ith

a
secon

d
tu

n
in

g
p
aram

eter
C

2 ,
i.e.,

C
2 ‖µ

z ‖
22 .

F
or

th
e

ex
p

erim
en

ts
in

th
is

section
,

w
e

ch
o
ose

C
1

=
0.0005,

a
ty

p
ical

d
efa

u
lt

va
lu

e
for

w
eigh

t
d
ecay,

a
n
d

th
en

tu
n
e
C

2
for

op
tim

al
p

erform
an

ce. 9

N
o
te

a
lso

th
at

on
ce

Σ
z

=
0

,
at

ev
ery

sam
p
le

Σ
x

can
b

e
solved

for
in

closed
form

as
[Σ

(i)
x

]
jj

=
(
x

(i)
j
−
µ

(i)
x
j )

2
for

j
=

1
,...,d

assu
m

in
g

su
ffi

cien
t

cap
acity

p
er

C
orollary

4
.

W
e

th
en

p
lu

g
th

is
valu

e
in

to
th

e
A

E
-`

2
cost,

eff
ectively

op
tim

izin
g

Σ
(i)
x

ou
t

of
th

e
m

o
d
el

alto
geth

er
m

ak
in

g
it

en
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eterm

in
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F
o
r

d
irect
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p
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,
w

e
ap

p
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th
e
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m

e
p
ro
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u
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to
th

e
V

A
E

from
a
b

ove,
w

h
ich

can
b

e
in

terp
reted
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effi

cien
tly

m
o
d
elin

g
th

e
in

fi
n
ite

cap
acity

lim
it

for
Σ
x

(i.e.,
even

w
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in
fi
n
ite

cap
acity

in
Σ
x ,

th
e

V
A

E
m

o
d
el

cou
ld

d
o

n
o

b
etter

th
an

th
is).

3
.

A
E

-`
1 :

T
o

ex
p
licitly
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laten

t
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resen
tation

s,
w

h
ich

co
u
ld

p
oten

tially
b

e
h
elp

fu
l

in
learn

in
g

th
e

correct
m

an
ifold

d
im

en
sion

,
w

e
b

egin
w

ith
th

e
A

E
-`

2
m

o
d
el

9
.

F
o
r

d
irect

co
m

p
a
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n
,

w
e

in
clu

d
e

th
e

sa
m

e
w

eig
h
t

d
ecay

fa
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r
C

1 ‖{
θ
,φ}‖

22
w

ith
th

e
V

A
E
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o
d
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en
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u

g
h

th
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o
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w
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g
a
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b
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fa
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n
b

e
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ed
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s
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n
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d

va
n
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g
e

o
f

th
e

V
A

E
reg

u
la
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tio

n
m

ech
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n
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th

a
t

it
d

irectly
p
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en
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e

d
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d
er

w
eig

h
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m
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p
en
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tin

g
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r
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itra
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lu
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o
f
µ
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u
la

riza
tio
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eff

ects.
T

h
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b
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u
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a

k
ey

d
ep

en
d

en
ce

b
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m
m

o
d
a
te

p
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a
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p
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itiv

e
n

o
ise

co
m

in
g

fro
m

th
e

sto
ch

a
stic

en
co

d
er

m
o
d

el,
n
u

llify
in

g
a
n
y

b
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D
a
i,
W
a
n
g
,
A
st

o
n
,
H
u
a
a
n
d

W
ip
f

from
ab

ov
e

an
d

rep
lace‖µ

z ‖
22

w
ith

th
e
`
1

n
orm
‖
µ
z ‖

1 ,
a

w
ell-k

n
ow

n
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-p

rom
otin

g
p

en
alty
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n
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(D
on

oh
o

an
d

E
lad

,
2003).

T
h
e

corresp
on

d
in

g
p
aram

eter
C

2
is
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in
d
ep

en
d
en

tly
tu

n
ed

for
op

tim
al

p
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an
ce.

4.
R

P
C

A
:

A
s

an
ad

d
ition

alb
aselin

e,
w

e
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ap
p
ly

th
e

co
n
vex

R
P

C
A

form
u
lation

from
(14)

to
th

e
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e
corru

p
ted

d
ata.

T
h
is

m
o
d
el

is
im

p
lem

en
ted

v
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a
n
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en
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L
agran
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m
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o
d

u
sin

g
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d
e
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(L

in
et

al.,
2010).

F
or

th
e

V
A

E
,

A
E

-`
2 ,

an
d

A
E

-`
1

n
etw

ork
s,

all
m

o
d
el

w
eigh
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w

ere
ran

d
om

ly
in

itialized
so

as
n
ot

to
cop

y
an

y
in

form
ation
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e
grou

n
d
-tru

th
tem

p
late.

T
rain
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g

w
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con
d
u
cted

over
200

ep
o
ch

s
u
sin

g
th

e
A

d
am

op
tim

ization
tech

n
iq

u
e

(K
in
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a

a
n
d

B
a,

2014)
w

ith
a

learn
in

g
rate

of
0.0001

an
d

a
b
atch

size
of

1
00.

W
e

ch
o
se
n

=
10

6
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in
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g
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p
les

for
each
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ex
p

erim
en

t,
across

w
h
ich

w
e

varied
th

e
m

an
ifold

d
im

en
sio

n
from

κ
=

2,4
,...,20

w
h
ile

th
e

ou
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ratio
ran
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ν
=

0
.05,0
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.50.

F
or

each
p
air

of
ex

p
erim

en
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con
d
ition

s,
w

e
train

/ru
n

all
fou

r
m

o
d
els

an
d

m
easu

re
p

erform
an

ce
recoverin

g
th

e
tru

e
L

as
q
u
an

tifi
ed

b
y

th
e

n
orm

alized
M

S
E

m
etric

N
M

S
E
,
‖
L
−
L̂‖

2F
/‖L‖

2F
.

(20)

N
ote

th
at

alth
ou

gh
in

p
ractice

w
e

w
ill

n
ot

gen
erally

k
n
ow

th
e

tru
e

m
an

ifold
d
im

en
sion

κ
in

ad
van

ce,
b

ecau
se

w
e

ch
o
ose

d
im

[µ
z ]

=
50

>
κ

w
h
en

con
stru

ctin
g

en
co

d
er

n
etw

ork
s

for
all

ex
p

erim
en

ts,
p

erfect
recon

stru
ction

is
still

th
eoretically

p
ossib

le
b
y

an
y

of
th

e
V

A
E

or
A

E
m

o
d
els

p
rov

id
ed

th
at

ou
tlier
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trib

u
tion

s
can

b
e

su
ccessfu

lly
m

itiga
ted

.

R
e
su

lts:
F

igu
re

1
d
isp

lay
s

th
e

resu
lts

estim
atin

g
L

,
w

h
ere

th
e

V
A

E
ou

tp
erform

s
R

P
C

A
an

d
th

e
A

E
m

o
d
els

b
y

a
w

id
e

m
argin

.
P

erh
ap

s
m

ost
n
otab

ly,
th

e
V

A
E

p
erform

an
ce

d
om

i-
n
ates

b
oth

A
E

-`
1

an
d

A
E

-`
2 ,

su
p
p

ortin
g

ou
r

th
eory

th
at

th
e

sm
o
oth

in
g

eff
ect

of
in

tegratin
g

over
Σ
z

h
as

im
m

en
se

p
ractical

valu
e

in
avoid

in
g

b
ad

m
in

im
izin

g
solu

tion
s

th
rou

g
h

its
u
n
iq

u
e

form
of

d
iff

eren
tial

regu
larization

.
In

fact,
th

e
A

E
-`

2
ob

jective
is

id
en

tical
to

th
e

V
A

E
on

ce
Σ
z

=
0

,
at

least
u
p

to
th

e
con

stan
t
C

2
ap

p
lied

to
‖
µ
z ‖

22
w

h
ich

is
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ly
tu

n
ed

to
b

en
efi

t
th

e
form

er
w

h
ile

rem
ain

in
g

fi
x
ed

for
th

e
latter. 1

0
S
o

th
is

sm
o
oth

in
g

eff
ect

is
essen

tially
th

e
o
n

ly
d
iff

eren
ce

b
etw

een
th

e
V

A
E

an
d

A
E

-`
2

m
o
d
els,

an
d

th
erefore,

F
igu

res
1(a)

an
d

1(b
)

tru
ly

isolate
th

e
b

en
efi

ts
of

th
e

V
A

E
in

th
is

regard
.

T
o

su
m

m
arize

th
en

,
b
y

d
esign

all
V

A
E

an
d

A
E

n
etw

ork
stru

ctu
res

are
eq

u
ivalen

t
in

term
s

of
th

eir
p
red

ictive
cap

acity,
b
u
t

on
ly

th
e

V
A

E
is

ab
le

to
cap

italize
on

th
e

regu
larizin

g
eff

ect
of

Σ
z

to
actu

ally
reach

a
go

o
d

solu
tion

in
ch

allen
gin

g
con

d
ition

s.
M

oreover,
th

is
is

even
p

ossib
le

w
ith

ou
t

th
e

h
assle

of
tu

n
in

g
ted

iou
s

h
y
p

erp
aram

eters
to

b
alan

ce
regu

larization
eff

ects
as

req
u
ired

b
y

A
E

-`
1

an
d

A
E

-`
2

m
o
d
els. 1

1
T

h
is

con
fi
rm

s
H

y
p

oth
esis

(i)
an

d
su

ggests
th

at
V

A
E

s
are

a
v
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le
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d
id
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g
ex

istin
g

R
P

C
A

algo
rith

m
s

(C
an

d
ès

et
al.,

2011;
D

in
g

et
al.,

2011;
K

im
et

al.,
201

3;
W

ip
f,

2012)
in

regim
es

w
h
ere

a
sin

gle
lin

ear

1
0
.

If
C

2
=

1
,

th
e

d
efa

u
lt

va
lu

e
a
s

p
ro

d
u

ced
b
y

th
e

V
A

E
K

L
term

,
th

e
A

E
-`

2
p

erfo
rm

a
n
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is

m
u

ch
w

o
rse

(n
o
t

sh
ow

n
)

th
a
n

w
h

en
u

sin
g

th
e

tu
n

ed
va

lu
e

o
f
C

2
=

1
0
3

a
s

w
a
s

a
d

o
p

ted
in

p
ro

d
u

cin
g

F
ig

u
re

1
.

In
co

n
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st,
th

e
V

A
E

req
u
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n

o
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ch
tu

n
in

g
a
t

a
ll,

w
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th
e

d
efa

u
lt
C

2
=

1
p

ro
d

u
cin

g
th

e
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lts
sh

ow
n

.
1
1
.

O
f

co
u
rse

w
e

a
d

m
itted

ly
h
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e

n
o
t

ex
h

a
u

stiv
ely

ru
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o
u

t
th

e
p

o
ten
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l
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o
f
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m

e
a
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a
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e
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u
la

rizer
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p
a
b
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o
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u
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g
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e
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A
E

w
h

en
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lly

tu
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a
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p
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n
d

itio
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h
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n

eth
eless

im
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a
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E
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n
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a
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ra
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a
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w
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im
en
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m
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d
iff
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ra
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if
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)
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e

A
E
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d

(d
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.
In

al
l
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se
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w

h
it

e
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lo
r

in
d
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a
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s
n
o
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al
iz

ed
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w
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p
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se
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u
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h
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V
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E
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m
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-
p
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r
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te
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p
p
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d
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e
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p
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d
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b
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ra
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d
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b
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d
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p
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p
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p
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d
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d
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p
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p
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p
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al

l
ap

p
ar

en
t

th
at

a
V

A
E

co
u
ld

so
d
ra

m
a
ti

ca
ll
y

ou
tp

er
fo

rm
co

m
p
ar

ab
le

A
E

m
o
d
el

s
on

th
is

ty
p

e
of

d
et

er
m

in
is

ti
c

ou
tl

ie
r

re
m

ov
al

ta
sk

.

N
ot

e
al

so
th

at
p

er
fe

ct
re

co
n
st

ru
ct

io
n
,

as
co

n
si

st
en

tl
y

ex
h
ib

it
ed

b
y

th
e

V
A

E
in

F
ig

u
re

1(
a)

,
d
o
es

n
o
t

ac
tu

al
ly

re
q
u
ir

e
le

ar
n
in

g
th

e
co

rr
ec

t
ge

n
er

at
iv

e
m

o
d
el

w
it

h
in

th
e

es
ti

m
at

ed
m

an
if

ol
d
.

R
at

h
er

it
on

ly
re

q
u
ir

es
th

at
as

Σ
z
→

0
se

le
ct

iv
el

y
al

on
g

ap
p
ro

p
ri

at
e

d
im

en
si

on
s

(c
on

si
st

en
t

w
it

h
H

y
p

ot
h
es

is
(i

ii
)

as
w

il
l
b

e
d
is

cu
ss

ed
in

S
ec

ti
on

5.
3)

,
th

e
en

co
d
er

an
d

d
ec

o
d
er

m
ea

n
n
et

w
or

k
s

p
ro

je
ct

on
to

th
e

co
rr

ec
t

m
an

if
ol

d
w

h
il
e

ig
n
or

in
g

ou
tl

ie
rs

.
H

en
ce

al
th

ou
gh

ra
n
d
om

sa
m

p
le

s
z

w
il
l

li
ke

ly
li
e

on
th

e
tr

u
e

m
an

if
ol

d
w

h
en

p
as

se
d

th
ro

u
gh

th
e

d
ec

o
d
er

n
et

w
or

k
,

th
ey

n
ee

d
n
ot

b
e

p
er

fe
ct

ly
d
is

tr
ib

u
te

d
ac

co
rd

in
g

to
th

e
fu

ll
ge

n
er

at
iv

e
p
ro

ce
ss
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D
a
i,
W
a
n
g
,
A
st

o
n
,
H
u
a
a
n
d

W
ip
f

u
n
le

ss
su

ffi
ci

en
t

ad
d
it

io
n
al

ca
p
ac

it
y

ex
is

ts
b

ey
on

d
th

at
n
ee

d
ed

to
re

p
re

se
n
t

th
e

m
a
n
if

ol
d

it
se

lf
.

W
e

ar
e

n
ot

aw
ar

e
of

th
is

d
is

ti
n
ct

io
n

b
ei

n
g

d
is

cu
ss

ed
in

p
re

v
io

u
s

w
or

k
s,

w
h
er

e
V

A
E

an
d

re
la

te
d

m
o
d
el

s
ar

e
ty

p
ic

al
ly

ev
al

u
at

ed
b
y

ei
th

er
th

e
ov

er
al

l
q
u
al

it
y

of
th

ei
r

g
en

er
a
te

d
sa

m
p
le

s
(D

os
ov

it
sk

iy
an

d
B

ro
x
,

20
16

;
L

ar
se

n
et

al
.,

2
01

5;
O

or
d

et
al

.,
20

16
),

o
r

b
y

th
e

va
lu

e
of

th
e

li
ke

li
h
o
o
d

b
ou

n
d

(K
in

gm
a

an
d

W
el

li
n
g,

20
14

;
K

in
gm

a
et

al
.,

20
16

;
B

u
rd

a
et

a
l.
,

20
15

).
1
2

B
ef

or
e

p
ro

ce
ed

in
g

to
th

e
n
ex

t
se

t
of

ex
p

er
im

en
ts

,
w

e
ad

d
re

ss
a

ta
n
ge

n
ti

a
l

is
su

e
re

la
te

d
to

th
e

R
P

C
A

p
er

fo
rm

an
ce

as
ex

h
ib

it
ed

in
F

ig
u
re

1(
d
).

W
h
en

th
e

ou
tl

ie
r

ra
ti

o
is

ze
ro

,
R

P
C

A
ca

n
re

co
ve

r
th

e
gr

ou
n
d
-t

ru
th

b
y

si
m

p
ly

d
ef

a
u
lt

in
g

to
a

fu
ll
-r

an
k

in
li
er

m
o
d
el

w
it

h
o
u
t

ac
tu

al
ly

le
ar

n
in

g
an

y
th

in
g

ab
ou

t
th

e
tr

u
e

m
an

if
ol

d
it

se
lf

(t
h
e

V
A

E
an

d
A

E
m

o
d
el

s
d
o

n
ot

h
av

e
th

is
lu

x
u
ry

si
n
ce

th
ey

ar
e

fo
rc

ed
to

re
p
re

se
n
t
L

u
si

n
g

at
m

os
t

d
im

[µ
z
]

=
5
0
<

ra
n
k
[L

]
=

10
0

d
im

en
si

on
s

b
y

d
es

ig
n
).

In
co

n
tr

as
t,

as
th

e
o
u
tl

ie
r

ra
ti

o
in

cr
ea

se
s,

it
b

ec
o
m

es
in

cr
ea

si
n
gl

y
d
iffi

cu
lt

fo
r

R
P

C
A

to
fi
n
d

an
y

li
n
ea

r
su

b
sp

ac
e

re
p
re

se
n
ta

ti
on

th
a
t

is
b

o
th

su
ffi

ci
en

tl
y

h
ig

h
d
im

en
si

on
al

to
in

cl
u
d
e

th
e

m
a

jo
ri

ty
of

th
e

in
li
er

va
ri

a
n
ce

al
on

g
th

e
m

a
n
if

o
ld

w
h
il
e

si
m

u
lt

an
eo

u
sl

y
ex

cl
u
d
in

g
th

e
ou

tl
ie

r
co

n
tr

ib
u
ti

on
s.

T
h
is

ex
p
la

in
s

th
e

st
ee

p
d
ro

p
-o

ff
in

p
er

fo
rm

an
ce

m
ov

in
g

fr
om

le
ft

to
ri

gh
t

w
it

h
in

F
ig

u
re

1(
d
).

B
u
t

th
er

e
is

n
o
ti

ce
a
b
ly

n
o

ch
an

ge
in

R
P

C
A

p
er

fo
rm

an
ce

as
w

e
m

ov
e

fr
om

to
p

to
b

ot
to

m
in

th
e

sa
m

e
p
lo

t.
T

h
is

is
b

ec
au

se
th

e
cl

ea
n

d
at

a
L

is
fu

ll
-r

an
k

re
ga

rd
le

ss
of

th
e

m
an

if
ol

d
d
im

en
si

on
κ

,
a
n
d

so
a
n
y

li
n
ea

r
su

b
sp

ac
e

ap
p
ro

x
im

at
io

n
is

m
or

e
or

le
ss

eq
u
al

ly
b
a
d

ac
ro

ss
al

l
κ

.

5
.2

H
y
p

o
th

e
si

s
(i

i)
E

v
a
lu

a
ti

o
n

U
si

n
g

G
ro

u
n

d
-T

ru
th

M
a
n

if
o
ld

s
a
n

d
M

N
IS

T
D

a
ta

S
y
n
th

e
ti

c
D

a
ta

E
x
a
m

p
le

:
T

o
ev

al
u
at

e
H

y
p

ot
h
es

is
(i

i)
,

w
e

tr
ai

n
an

al
og

ou
s

A
E

a
n
d

V
A

E
m

o
d
el

s
as

th
e

n
u
m

b
er

of
d
ec

o
d
er

an
d

en
co

d
er

h
id

d
en

la
ye

rs
va

ry
,

in
ea

ch
ca

se
w

it
h

g
ro

u
n
d
-

tr
u
th

av
ai

la
b
le

p
er

th
e

p
ro

ce
d
u
re

d
es

cr
ib

ed
ab

ov
e.

T
o

ge
n
er

at
e

ea
ch

ob
se

rv
ed

d
a
ta

p
o
in

t
x

(i
) ,

w
e

sa
m

p
le
z

(i
)

fr
om

a
20

-d
im

en
si

on
al

st
an

d
ar

d
G

au
ss

ia
n

d
is

tr
ib

u
ti

o
n

a
n
d

p
a
ss

it
th

ro
u
gh

a
n
eu

ra
l

n
et

w
or

k
st

ru
ct

u
re

d
as
z

(2
0)

-D
1
(2

00
)-
D

2
(2

00
)-
x

(4
00

),
a
ga

in
w

it
h

R
eL

U
ac

ti
va

ti
on

s.
W

e
th

en
tr

ai
n

V
A

E
m

o
d
el

s
of

va
ri

ab
le

d
ep

th
,

w
it

h
co

n
ca

te
n
a
te

d
m

ea
n

n
et

-
w

or
k
s
µ
x

(µ
z

[x
])

d
es

ig
n
ed

as
x

(4
00

)-
E

1
(2

00
)-
..
.-
E
N
e
(2

00
)-
µ
z
(3

0)
-D

1
(2

00
)-
..
.-
D
N
d
(2

0
0
)-

µ
x
(4

00
),

w
h
er

e
N
e

an
d
N
d

re
p
re

se
n
t

th
e

n
u
m

b
er

of
h
id

d
en

la
ye

rs
in

th
e

en
co

d
er

a
n
d

d
ec

o
d
er

re
sp

ec
ti

ve
ly

.
T

h
e

co
rr

es
p

on
d
in

g
co

va
ri

an
ce

s
ar

e
m

o
d
el

ed
as

in
S
ec

ti
on

5.
1,

an
d

li
k
ew

is
e,

th
e

tr
ai

n
in

g
p
ro

to
co

l
is

u
n
ch

an
ge

d
.

N
ot

e
al

so
th

at
d
im

[µ
z
]

=
30

is
co

n
si

d
er

ab
ly

la
rg

er
th

a
n

th
e

gr
ou

n
d
-t

ru
th

d
im

en
si

on
of

20
.

T
h
e

fi
rs

t
la

ye
r

of
th

e
d
ec

o
d
er

m
ea

n
n
et

w
or

k
(b

ef
or

e
th

e
n
on

li
n
ea

ri
ty

)
ca

n
b

e
ex

p
re

ss
ed

as
h

1
=
W

1
z

+
b

1
,

(2
1)

w
h
ic

h
in

is
ol

at
io

n
is

eq
u
iv

al
en

t
to

th
e

affi
n
e

d
ec

o
d
er

m
ea

n
m

o
d
el

.
If

th
e

V
A

E
h
a
s

th
e

a
b
il
it

y
to

fi
n
d

th
e

tr
u
e

u
n
d
er

ly
in

g
m

an
if

ol
d

d
im

en
si

on
,

th
en

th
e

n
u
m

b
er

of
n
on

ze
ro

co
lu

m
n
s

in
W

1
sh

ou
ld

b
e

20
,

in
d
ic

at
in

g
th

at
30
−

20
=

10
d
im

en
si

on
s

of
z

ar
e

ac
tu

a
ll
y

u
se

le
ss

fo
r

1
2
.

L
ea

rn
in

g
th

e
co

rr
ec

t
d

is
tr

ib
u

ti
o
n

w
it

h
in

th
e

m
a
n

if
o
ld

,
a
s

re
q
u

ir
ed

fo
r

fu
ll

re
co

v
er

y
o
f

th
e

en
ti

re
g
en

er
a
ti

v
e

p
ro

ce
ss

a
n

d
th

e
p

ro
d

u
ct

io
n

o
f

re
a
li

st
ic

sa
m

p
le

s,
is

a
to

p
ic

la
rg

el
y

o
rt

h
o
g
o
n

a
l

to
th

e
a
n

a
ly

si
s

p
re

se
n
te

d
h

er
ei

n
.

S
ti

ll
,

to
a
t

le
a
st

p
a
rt

ia
ll

y
a
d

d
re

ss
th

es
e

im
p

o
rt

a
n
t

is
su

es
,

w
e

h
av

e
re

ce
n
tl

y
d

er
iv

ed
re

la
ti

v
el

y
b

ro
a
d

co
n

d
it

io
n

s
w

h
er

eb
y

p
ro

va
b

le
re

co
v
er

y
w

it
h
in

a
m

a
n

if
o
ld

it
se

lf
is

p
o
ss

ib
le

ev
en

in
si

tu
a
ti

o
n

s
w

h
er

e
Σ
z

te
n

d
s

to
w

a
rd

s
ze

ro
.

H
ow

ev
er

,
w

e
d

ef
er

p
re

se
n
ta

ti
o
n

o
f

th
is

to
p

ic
,

w
h

ic
h

in
v
o
lv

es
m

a
n
y

a
d

d
it

io
n

a
l

su
b

tl
et

ie
s,

to
a

fu
tu

re
p

u
b

li
ca

ti
o
n

.
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E
m
e
r
g
e
n
t
S
pa

r
sit

y
in

V
a
r
ia
t
io
n
a
l
A
u
t
o
e
n
c
o
d
e
r
M
o
d
e
l
s

N
d

=
0

N
d

=
1

N
d

=
2

N
d

=
3

N
e

=
0

30.0
21.1

21.0
20.0

N
e

=
1

30.0
21.0

20.0
20.0

N
e

=
2

30.0
21.0

20.0
20.0

N
e

=
3

30.0
20.4

20.0
20.0

T
a
b
le

1
:

N
u
m

b
er

of
n
on

zero
colu

m
n
s

in
th

e
V

A
E

d
eco

d
er

m
ean

fi
rst-layer

w
eigh

ts
W

1

lea
rn

ed
u
sin

g
d
iff

eren
t

en
co

d
er

an
d

d
eco

d
er

d
ep

th
s

ap
p
lied

to
d
ata

w
ith

a
grou

n
d
-

tru
th

laten
t

d
im

en
sion

of
20.

P
rov

id
ed

th
at

th
e

V
A

E
m

o
d
el

is
su

ffi
cien

tly
com

p
lex

,
th

e
co

rrect
estim

ate
is

au
tom

atically
ob

tain
ed

.
W

e
h
ave

n
ot

fou
n
d

an
an

alogo
u
s

A
E

m
o
d
el

w
ith

sim
ilar

cap
ab

ility.

a
n
y

su
b
seq

u
en

t
rep

resen
tation

,
i.e.,

w
e

can
estim

ate
th

e
in

trin
sic

d
im

en
sion

of
th

e
laten

t
co

d
e

b
y

co
u
n
tin

g
th

e
n
u
m

b
er

of
n
on

zero
colu

m
n
s

in
W

1 ,
ex

actly
an

alogou
s

to
th

e
affi

n
e

ca
se.

O
f

co
u
rse

in
p
ractice

it
is

u
n
lik

ely
th

at
a

colu
m

n
of
W

1
con

verges
all

th
e

w
ay

to
ex

a
ctly

0
v
ia

a
n
y

sto
ch

astic
op

tim
ization

m
eth

o
d
.

T
h
erefore

w
e

d
efi

n
e

a
sim

p
le

th
resh

old
a
s

th
r

=
0.0

5×
m

ax
κj=

1 ||w
·j ||2 .

If||w
·j ||2

<
th

r,
w

e
regard

it
as

a
zero

colu
m

n
.

B
u
t

th
is

h
eu

ristic
n
o
tw

ith
stan

d
in

g,
th

e
p
artition

b
etw

een
zero

an
d

n
on

-zero
colu

m
n
s

is
gen

erally
q
u
ite

o
b
v
io

u
s

a
s

w
ill

b
e

illu
strated

later.

T
a
b
le

1
rep

orts
th

e
estim

ated
n
u
m

b
er

of
n
on

-zero
colu

m
n
s

in
W

1
a
s
N
e

an
d
N
d

are
va

ried
,
w

h
ere

w
e

h
ave

ru
n

10
trials

for
every

p
airin

g
an

d
averaged

th
e

resu
lts.

W
h
en

th
ere

is
n
o

h
id

d
en

lay
er

in
th

e
d
eco

d
er

(i.e.,
N
d

=
0),

w
h
ich

im
p
lies

th
at

th
e

d
eco

d
er

m
ean

is
affi

n
e,

a
ll

th
e

co
lu

m
n
s

are
n
on

zero
sin

ce
th

e
n
etw

ork
is

ov
erly

-sim
p
listic

an
d

all
d
egrees

of
freed

om
a
re

b
ein

g
u
tilized

to
com

p
en

sate.
H

ow
ever,

on
ce

w
e

in
crease

th
e

d
ep

th
,

esp
ecially

of
th

e
d
eco

d
er

w
ith

in
w

h
ich

W
1

actu
ally

resid
es,

th
e

n
u
m

b
er

of
n
on

zero
colu

m
n
s

of
W

1
ten

d
s

to
ex

a
ctly

2
0
,

w
h
ich

is
th

e
correct

grou
n
d
-tru

th
m

an
ifold

d
im

en
sio

n
b
y

d
esign

,
d
irectly

su
p
p

o
rtin

g
H

y
p

oth
esis

(ii).
S
im

ilar
con

clu
sion

s
ca

n
b

e
d
raw

n
from

m
o
d
els

of
d
iff

eren
t

sizes
a
n
d

co
n
fi
g
u
ra

tion
s

as
w

ell
(n

ot
sh

ow
n
).

In
con

trast,
w

e
d
id

n
ot

fi
n
d

a
corresp

on
d
in

g
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d
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p
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u
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p
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p
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p
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p
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d
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p
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d
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d
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w
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e
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h
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h
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p
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b
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at
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r
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ra
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p
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b
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p
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at
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b
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d
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≤
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d
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d
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b
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d
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d
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ra
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con
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w
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≤
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b
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b
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p
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p
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b
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)
lo

g
λ

 
,

ot
h
er

w
is

e
W
∗∗

w
ou

ld
n
ot

b
e

a
m

in
im

u
m

of
(7

).
T

h
er

ef
or

e,
W̄

m
u
st

al
so

b
e

a
m

in
im

u
m

of
(7

),
fr

om
w

h
ic

h
th

e
re

m
ai

n
in

g
p
ar

ts
of

(9
)

im
m

ed
ia

te
ly

fo
ll
ow

s.
W

e
n
ex

t
co

n
fr

on
t

th
e

ar
ra

n
ge

m
en

t
of

d
is

co
n
n
ec

te
d

m
in

im
a

fo
r

p
ar

t
2

of
th

e
th

eo
re

m
.

It
is

n
ot

d
iffi

cu
lt

to
sh

ow
th

at
(5

),
an

d
b
y

v
ir

tu
e

of
th

e
an

al
y
si

s
ab

ov
e

(7
),

w
il
l

b
e

u
n
iq

u
el

y
m

in
im

iz
ed

b
y
U

an
d

Λ
ar

is
in

g
fr

om
th

e
S
V

D
of

ei
th

er
W
∗

or
eq

u
iv

a
le

n
tl

y
W
∗∗

.
L

et
W
∗∗

=
U

Λ
V
>

v
ia

su
ch

a
d
ec

om
p

os
it

io
n
.

S
o

an
y

p
ar

ti
ti

on
in

g
in

to
d
is

co
n
n
ec

te
d

m
in

im
iz

er
s

m
u
st

co
m

e
at

th
e

h
an

d
s

of
V

,
w

h
ic

h
on

ly
in

fl
u
en

ce
s

th
e
∑

j
lo

g
( λ

+
‖w
·j
‖2 2

)
te

rm
in

(7
).

A
t

st
at

ed
ab

ov
e,

if
W
∗∗

is
a

m
in

im
u
m

,
th

en
W
∗∗
P

m
u
st

al
so

b
e

a
m

in
im

u
m

.
A

ss
u
m

e
fo

r
th

e
m

om
en

t
th

at
W
∗∗

is
fu

ll
co

lu
m

n
ra

n
k
.

T
h
er

e
w

il
l

ob
v
io

u
sl

y
b

e
r!

u
n
iq

u
e

p
er

m
u
ta

ti
on

s
of

it
s

co
lu

m
n
s,

w
it

h
r

=
ra

n
k
[W
∗∗

].
M

or
eo

ve
r,

an
y

tr
an

si
ti

on
fr

om
so

m
e

p
er

m
u
ta

ti
on
P
′

to
an

ot
h
er
P
′′

w
il
l

n
ec

es
sa

ri
ly

in
vo

lv
e

so
m

e
n
on

-p
er

m
u
ta

ti
on

-m
at

ri
x

ro
ta

ti
on
V

.
G

iv
en

ou
r

as
su

m
p
ti

on
of

d
is

ti
n
ct

ei
ge

n
va

lu
es

,
th

is
w

il
l

en
su

re
th

at

1 λ
(W

∗∗
)>
W
∗∗

+
I

=
1 λ
V

Λ
2
V
>

+
I

(3
3)

is
n
on

-d
ia

go
n
al

.
W

h
il
e

th
is

w
il
l

n
ot

in
cr

ea
se

(5
),

it
m

u
st

in
cr

ea
se

(7
)

w
h
en

d
ia

go
n
a
li
ze

d
b
y

H
ad

am
ar

d
’s

in
eq

u
al

it
y.

T
h
er

ef
or

e
ev

er
y

p
er

m
u
ta

ti
on

w
il
l

re
fl
ec

t
a

d
is

ti
n
ct

,
d
is

co
n
n
ec

te
d

m
in

im
iz

er
.

If
W
∗∗

al
so

h
as
κ
−
r

ze
ro

-v
al

u
ed

co
lu

m
n
s,

th
en

th
e

re
su

lt
in

g
n
u
m

b
er

of
u
n
iq

u
e

p
er

m
u
ta

ti
on

s
in

cr
ea

se
s

to
κ

!
κ
−
r

b
y

st
an

d
ar

d
ru

le
s

o
f

co
m

b
in

at
or

ic
s.

F
in

al
ly

,
p
ar

t
3

of
th

e
th

eo
re

m
fo

ll
ow

s
d
ir

ec
tl

y
fr

om
p
ar

t
2:

G
iv

en
th

at
an

y
m

in
im

iz
er

of
(7

)
m

u
st

b
e

of
th

e
fo

rm
U

Λ
P

,
th

en
th

er
e

ca
n
n
ot

b
e

m
or

e
th

an
r

n
on

ze
ro

co
lu

m
n
s.

In
co

n
tr

as
t,

fo
r

(5
)

w
e

m
ay

ap
p
ly

an
y

ar
b
it

ra
ry

ro
ta

ti
on

to
W
∗ ,

an
d

h
en

ce
al

l
co

lu
m

n
s

ca
n

b
e

n
on

ze
ro

ev
en

if
th

e
ra

n
k

is
sm

al
le

r
th

an
κ

.

A
p
p

e
n
d
ix

D
.

P
ro

o
f

o
f

T
h
e
o
re

m
3

P
ro

o
f

F
or

co
n
ve

n
ie

n
ce

w
e

w
il
l

ad
op

t
th

e
n
ot

at
io

n
f

(α
)

=
O

(h
(α

))
to

in
d
ic

at
e

th
at

th
er

e
ex

is
ts

a
p

os
it

iv
e
ᾱ

an
d

so
m

e
co

n
st

an
t
C

in
d
ep

en
d
en

t
of
α

su
ch

th
at
|f

(α
)|
<
C
h

(α
)

fo
r

al
l
α
∈

(0
,ᾱ

].
S
im

il
ar

ly
,

w
e

u
se
f

(α
)

=
Ω

(h
(α

))
to

co
n
ve

y
th

at
|f

(α
)|
>
C
h

(α
)

u
n
d
er

eq
u
iv

al
en

t
co

n
d
it

io
n
s.

W
e

th
en

sa
y
f

(α
)

=
Θ

(h
(α

))
iff
f

(α
)

=
O

(h
(α

))
an

d
f

(x
)

=
Ω

(h
(α

))
.

A
d
d
it

io
n
al

ly
,

if
th

e
in

p
u
t

ar
gu

m
en

t
to

on
e

of
th

es
e

ex
p
re

ss
io

n
s

is
a

v
ec

to
r,

th
e

re
su

lt
is

u
n
d
er

st
o
o
d

to
ap

p
ly

el
em

en
t-

w
is

e.
T

h
e

b
as

ic
h
ig

h
-l

ev
el

st
ra

te
gy

h
er

e
is

as
fo

ll
ow

s:
W

e
fi
rs

t
p
re

se
n
t

a
ca

n
d
id

a
te

so
lu

ti
on

th
at

sa
ti

sfi
es

(1
2)

an
d

ca
re

fu
ll
y

q
u
an

ti
fy

th
e

ac
h
ie

va
b
le

ob
je

ct
iv

e
fu

n
ct

io
n

va
lu

e
fo

r
α
∈

(0
,ᾱ

],
an

d
ᾱ

sm
al

l.
W

e
th

en
an

al
y
ze

a
lo

w
er

b
ou

n
d

on
th

e
V

A
E

co
st

an
d

d
em

on
st

ra
te

th
at

n
o

so
lu

ti
on

ca
n

d
o

si
gn

ifi
ca

n
tl

y
b

et
te

r,
n
am

el
y,

an
y

so
lu

ti
on

th
at

ca
n

m
at

ch
th

e
p

er
fo

rm
an

ce
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D
a
i,
W
a
n
g
,
A
st

o
n
,
H
u
a
a
n
d

W
ip
f

of
ou

r
or

ig
in

al
p
ro

p
os

al
m

u
st

n
ec

es
sa

ri
ly

al
so

sa
ti

sf
y

(1
2)

.
G

iv
en

th
at

th
is

is
a

lo
w

er
b

o
u
n
d
,

th
is

im
p
li
es

th
at

n
o

ot
h
er

so
lu

ti
on

ca
n

b
ot

h
m

in
im

iz
e

th
e

V
A

E
ob

je
ct

iv
e

a
n
d

n
o
t

sa
ti

sf
y

(1
2)

.
W

e
n
ow

p
ro

ce
ed

to
th

e
d
et

ai
ls

.

D
efi

n
e
µ

(i
)

z
,
µ
z

( x
(i

) ;
φ
) an

d
Σ

(i
)

z
,

Σ
z

( x
(i

) ;
φ
) .

W
e

fi
rs

t
n
ot

e
th

at
if
z

=
µ

(i
)

z
+
S

(i
)

z
ε,

w
it

h
S

(i
)

z
sa

ti
sf

y
in

g
Σ

(i
)

z
=
S

(i
)

z

( S
(i

)
z

) >
,

an
d
ε
∼
p
(ε

)
=
N

(ε
;0
,I

),
th

en
z
∼
q φ
( z
|x

(i
))

.

W
it

h
th

is
re

p
ar

am
et

er
iz

at
io

n
an

d

µ
(i

)
x
,

W
µ

(i
)

z
+
W
S

(i
)

z
ε,

d
ia

g[
Σ

(i
)

x
]
,

ν
( µ

(i
)

z
+
S

(i
)

z
ε;
θ
)

fo
r

so
m

e
fu

n
ct

io
n
ν

µ
(i

)
z
,

f
(x

(i
) ;φ

)
fo

r
so

m
e

fu
n
ct

io
n
f

(3
4
)

S
(i

)
z
,

g
(x

(i
) ;φ

)
fo

r
so

m
e

fu
n
ct

io
n
g
,

th
e

eq
u
iv

al
en

t
V

A
E

ob
je

ct
iv

e
b

ec
om

es

L(
θ
,φ

)
=

∑ i

{ E p
(ε

)

[ (
x

(i
)
−
W
µ

(i
)

z
−
W
S

(i
)

z
ε)
>
( Σ

(i
)

x

) −
1
( x

(i
)
−
W
µ

(i
)

z
−
W
S

(i
)

z
ε)
]

+
E p

(ε
)

[ lo
g
∣ ∣ ∣Σ

(i
)

x

∣ ∣ ∣]
+

tr
[ Σ

(i
)

z

] −
lo

g
∣ ∣ ∣Σ

(i
)

z

∣ ∣ ∣+
‖µ

(i
)

z
‖2 2

}
,

(3
5
)

w
h
en
b

=
0

as
st

ip
u
la

te
d
.1

3
F

or
n
ow

as
su

m
e

th
at
κ

,
th

e
d
im

en
si

on
of

th
e

la
te

n
t
z

,
sa

ti
sfi

es
κ

=
ra

n
k
[U

]
(l

at
er

w
e

w
il
l

re
la

x
th

is
as

su
m

p
ti

on
).

D
.1

A
C

a
n

d
id

a
te

S
o
lu

ti
o
n

H
er

e
w

e
co

n
si

d
er

a
ca

n
d
id

at
e

so
lu

ti
on

th
at

,
b
y

d
es

ig
n
,

sa
ti

sfi
es

(1
2)

.
F

o
r

th
e

en
co

d
er

p
ar

am
et

er
s

w
e

ch
o
os

e

µ̂
(i

)
z

=
π

(i
) ,

Σ̂
(i

)
z

=
α
I
.

(3
6
)

w
h
er

e
α

is
a

n
on

-n
eg

at
iv

e
sc

al
ar

an
d
π

(i
)

is
d
efi

n
ed

in
co

n
ju

n
ct

io
n

w
it

h
a

m
a
tr

ix
Ψ

su
ch

th
at

su
p
p
α

[ x
(i

)
−

Ψ
π

(i
)]

=
su

p
p
[ s

(i
)]

sp
an

[U
]

=
sp

an
[Ψ

].
(3

7
)

A
ll

q
u
an

ti
ti

es
in

(3
6)

ca
n

b
e

re
ad

il
y

co
m

p
u
te

d
v
ia
X

ap
p
li
ed

to
an

en
co

d
er

m
o
d
u
le

p
ro

v
id

ed
th

at
κ

=
d
im

[z
]

=
ra

n
k

[U
]

as
st

ip
u
la

te
d
,

an
d

su
ffi

ci
en

t
re

p
re

se
n
ta

ti
on

al
co

m
p
le

x
it

y
fo

r
µ
z

an
d

Σ
z
.

A
d
d
it

io
n
al

ly
,

fo
r

th
e

en
co

d
er

w
e

o
n
ly

n
ee

d
to

d
efi

n
e

th
e

p
os

te
ri

o
r

m
o
m

en
ts

at
sp

ec
ifi

c
p

oi
n
ts
x

(i
) ,

h
en

ce
th

e
in

d
ex

in
g

v
ia
i

in
(3

6)
.

In
co

n
tr

as
t,

fo
r

th
e

d
ec

o
d
er

w
e

co
n
si

d
er

th
e

so
lu

ti
on

d
efi

n
ed

ov
er

an
y
z

g
iv

en
b
y

Ŵ
=

Ψ

µ̂
x

=
Ŵ
z

d
ia

g
[ Σ̂

x

]
=

Λ
(h
π

(z
))
,

(3
8
)

1
3
.

T
h

e
ex

te
n

si
o
n

to
a
rb

it
ra

ry
b

is
tr

iv
ia

l
b

u
t

cl
u

tt
er

s
th

e
p

re
se

n
ta

ti
o
n

.
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E
m
e
r
g
e
n
t
S
pa

r
sit

y
in

V
a
r
ia
t
io
n
a
l
A
u
t
o
e
n
c
o
d
e
r
M
o
d
e
l
s

w
h
ere

Λ
(i)∈

R
d×
d

is
a

d
iagon

al
m

atrix
w

ith

[Λ
(i) ]

jj
=

{
α
,

if
s

(i)
j

=
0,

1
,

oth
erw

ise,
∀
j.

(39)

a
n
d
h
π

:R
κ→

{1
,...,n}

is
a

fu
n
ction

satisfy
in

g

h
π
(z

),
arg

m
in

i∈{
1
,...,n} ‖

z
−
π

(i)‖
2 .

(40)

A
g
a
in

,
g
iven

su
ffi

cien
t

cap
acity,

th
is

fu
n
ction

can
alw

ay
s

b
e

learn
ed

b
y

th
e

d
eco

d
er

su
ch

th
a
t

(3
8
)

is
co

m
p
u
tab

le
for

an
y
z

.
G

iven
th

ese
d
efi

n
ition

s,
th

en
th

e
in

d
ex

-sp
ecifi

c
m

om
en

ts

µ̂
(i)
x

a
n
d

Σ̂
(i)
x

a
re

of
cou

rse
red

u
ced

to
fu

n
ction

s
of
ε

given
b
y

µ̂
(i)
x

=
µ̂
x (
µ̂

(i)
z

+
Ŝ

(i)
z
ε;θ )

Σ̂
(i)
x

=
Σ̂
x (
µ̂

(i)
z

+
Ŝ

(i)
z
ε;θ )

.
(41)

.

W
e

n
ex

t
a
n
aly

ze
th

e
b

eh
av

ior
of

(35)
at

th
is

sp
ecially

p
aram

eterized
solu

tion
as

ᾱ
b

eco
m

es
sm

a
ll,

in
w

h
ich

case
b
y

d
esign

all
covarian

ces
w

ill
b

e
feasib

le
b
y

d
esign

.
F

or
th

is

p
u
rp

o
se,

w
e

fi
rst

con
sid

er
th

e
in

tegration
across

all
ca

ses
w

h
ere

Σ̂
(i)
x

d
o
es

n
ot

refl
ect

th
e

co
rrect

su
p
p

o
rt,

m
ean

in
g
ε
/∈
S

(i),
w

h
ere

S
(i),

{
ε

:
[Σ

(i)
x

]
jj

=
α

iff
s

(i)
j

=
0,
∀
j }

.
(42)

W
ith

th
is

seg
m

en
tation

in
m

in
d
,

th
e

V
A

E
ob

jection
n
atu

ra
lly

p
artition

s
as

L
(θ
,φ

)
=
∑

i

{L
(i)(θ

,φ
;ε
/∈
S

(i))
+
L

(i)(θ
,φ

;ε∈
S

(i)) }
,

(43)

w
h
ere
L

(i)(θ
,φ

;ε
/∈
S

(i))
d
en

otes
th

e
cost

for
th

e
i-th

sam
p
le

w
h
en

in
tegrated

across
th

ose
sa

m
p
les

n
o
t

in
S

(i),
an

d
L

(i)(θ
,φ

;ε∈
S

(i))
is

th
e

asso
ciated

com
p
lem

en
t.

D
.2

E
v
a
lu

a
tio

n
o
fL

(i)(θ
,φ

;ε
/∈
S

(i))

F
irst

w
e

d
efi

n
e

ρ
=

m
in

i,j∈{
1
,...,n}

,i6=
j

12 ‖
π

(i)−
π

(j)‖
2 ,

(4
4)

w
h
ich

is
ju

st
h
alf

th
e

m
in

im
u
m

d
istan

ce
b

etw
een

an
y

tw
o

d
istin

ct
co

effi
cien

t
ex

p
an

sion
s.

If
a
n
y
z

is
w

ith
in

th
is

d
istan

ce
of
π

(i),
it

w
ill

n
ecessarily

b
e

q
u
an

tized
to

th
is

valu
e

p
er

o
u
r

p
rev

iou
s

d
efi

n
ition

s.
T

h
erefore

if‖Ŝ
(i)
z
ε‖

2
<
ρ
,

w
e

are
gu

aran
teed

th
at

th
e

correct

g
en

era
tin

g
su

p
p

ort
p
attern

w
ill

b
e

m
ap

p
ed

to
Σ̂

(i)
x

,
a
n
d

so
it

follow
s

th
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K
m

atrix
,

a
S
N

K
m

atrix
is

n
ot

p
ositive

sem
i-d

efi
n
ite.

T
h
erefore,

from
a

g
en

era
l

p
ersp

ective,
S
N

K
-A

H
C

can
n
ot

b
e

in
terp

reted
from

a
geom

etrical
p

oin
t

o
f

v
iew

u
n
like

K
-A

H
C

.
N

everth
eless,

w
e

sh
ow

th
at

in
th

e
p
articu

lar
cases

of
grou

p
averag

e,
M

cq
u
itty

an
d

W
ard

,
S
N

K
-A

H
C

still
im

p
licitly

acts
in

an
H

ilb
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sp
ace.

T
h
is
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d
u
e

to
th

e
fact

th
at

th
ese

sch
em

es
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in
varian

t
w

ith
resp

ect
to

a
n
y

tran
sla
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of

th
e

d
ia

g
o
n
al

of
th

e
S
N

K
m

atrix
.

•
B

y
in

terp
retin

g
S
N

K
-A

H
C
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th

e
fram

ew
ork
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grap

h
th

eory,
w

e
d
em

o
n
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te
th

at
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e
b

o
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m
-u

p
p
ro
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u
re

em
u
lates

th
e

sam
e

k
in

d
s

of
op

era
tion

s
em

p
loyed

in
o
rd

er
to

d
eterm

in
e

th
e
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n
ected

com
p

on
en

ts
of

an
u
n
d
irected

grap
h
.

A
s

a
resu

lt,
w

e
sh

ow
th

a
t

S
N

K
-A

H
C

can
au
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atically

d
eterm

in
e

th
e

n
u
m

b
er

of
clu
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w

h
en

th
e
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o
n
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n
ected

com
p

on
en

ts
of

a
sim

ilarity
grap

h
.

•
W

e
illu

strate
th

e
aforem

en
tion

ed
p
rop

erties
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K
-A

H
C

an
d

S
N

K
-A

H
C

o
n

tw
o

artifi
cial

d
a
ta

sets.
In

ad
d
ition

,
w

e
sh

ow
th

e
su

p
eriority
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S
N

K
-A

H
C
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D
-A

H
C
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o
real-

w
o
rld

b
en

ch
m
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s.

O
u
r
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p
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en
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lts
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th
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S
N

K
-A

H
C

is
m

u
ch
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ore
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b
le

th
an
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e
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D

-A
H

C
.

L
ast

b
u
t

n
ot

least,
S
N

K
-A

H
C

can
a
lso

o
u
tp

erform
D

-A
H

C
in

term
s

of
clu

sterin
g

q
u
ality.

In
fact,

in
m

an
y

cases,
ou

r
ap

p
roach

is
b

oth
m

o
re

effi
cien

t
an

d
m

ore
eff

ective
th

an
D

-A
H

C
.

T
h
e

rem
a
in

d
er

of
th

e
p
ap

er
is

organ
ized

as
follow

s.
In

section
2
,

w
e

in
tro

d
u
ce

th
e

n
ota

tio
n
s

a
n
d

som
e

u
sefu

l
d
efi

n
ition

s.
In

section
3,

w
e

rev
iew

th
e

b
asics

of
D

-A
H

C
an

d
o
f

th
e

L
W

fo
rm

u
la.

T
h
en

,
in

section
4,

w
e

in
tro

d
u
ce

ou
r

K
-A

H
C

m
o
d
el

b
y

estab
lish

in
g

a
n

in
n
er-p

ro
d
u
ct

b
ased

ex
p
ression

th
at

em
b

ed
s

th
e

L
W

su
b
-eq

u
ation

w
e

a
re

in
terested

in
.

S
evera

l
fea

tu
res

of
K

-A
H

C
are

ex
am

in
ed

as
w

ell.
A

fterw
ard

,
w

e
p
resen

t
S
N

K
-A

H
C

an
d
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A
h
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e
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d
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section
5.
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d
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w
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p
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F
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con
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n
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d
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p
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n
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trix

)
A

pa
irw

ise
d
issim

ila
rity

m
a
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d
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∀
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∀
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∀
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b
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p
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b
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d
en

oted
|k|.

G
iv

en
k

an
d
l,

th
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b
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b
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at
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d
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d
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en

d
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d
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.
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ted
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in
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n
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n
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i
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n

d
j
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f
D
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∅
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B
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n
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a
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a

n
o
n
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ca
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e

h
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d
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H

(i).

S
in
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an

y
n
o
d
e
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a

d
en

d
rogram
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a

clu
ster,

w
e
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o
p
t
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e

sam
e

n
otation

s
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p
recised
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e:
a
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,e,f
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n
o
d
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at

d
esign

a
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s
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w

h
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d
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b
sets

ofO
.

A
s
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illu

stration
,

w
e
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F
ig

u
re

1
an

ex
am

p
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a

d
en

d
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e
set

O
=

{
a
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D
e
fi

n
itio

n
3

(M
o
n

o
to

n
ic

d
e
n

d
ro

g
ra

m
)

A
d
en

d
rogra

m
D

is
m

o
n

o
to

n
ic

if
a
n

d
o
n

ly
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i⊂
j⇔

H
(i)≤

H
(j),

fo
r

a
n

y
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o
d
istin

ct
n

od
es
i

a
n

d
j.

T
h
e

d
en

d
rogram

rep
resen

ted
in

F
igu

re
1

is
m

on
oto

n
ic.

In
d
eed

,
th

e
h
eigh

t
o
f

larger
n
o
d
es

are
h
igh

er
th

an
sm

aller
on

es
an

d
an

y
p
ath

from
a

leaf
to

th
e

ro
ot

h
as

n
o

reversal.
T

h
e

follow
in

g
d
efi

n
ition

is
u
sed

to
com

p
are

d
en

d
rogram

s.
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o
d
u
ce

th
er

ea
ft

er
,

is
in

sp
ir

ed
fr

o
m

th
is

la
tt

er
ex

p
re

ss
io

n
.

3
.1

T
h

e
L
W

F
o
rm

u
la

a
n

d
th

e
B

o
tt

o
m

-u
p

P
ro

c
e
d

u
re

F
or

t
=

1,
w

e
in

it
ia

li
ze

C
1

to
th

e
se

t
of
n

si
n
gl

et
on

s
w

it
h

n
u
ll

h
ei

gh
t

va
lu

es
a
n
d

w
e

se
t

D
1

=
D

,
th

e
gi

ve
n

d
is

si
m

il
ar

it
y

m
at

ri
x
.

T
h
en

,
at

ea
ch

it
er

at
io

n
t
∈
T,

D
-A

H
C

m
er

g
es

th
e3

co
u
p
le

of
cl

u
st

er
s

(k
,l

)
th

at
sa

ti
sfi

es
:

(1
)

(k
,l

)
=

ar
g

m
in

(i
,j

)∈
C
t
×
C
t
,i
6=
j
D
t ij

C
lu

st
er

s
k

an
d
l

ar
e

fu
se

d
in

to
(k
l)

an
d

th
e

d
en

d
ro

gr
am

D
is

am
en

d
ed

w
it

h
a

n
ew

n
o
d
e

w
h
os

e
h
ei

gh
t

va
lu

e
H

((
k
l)

)
is

se
t

to
D
t k
l.

T
h
e

n
ew

p
ar

ti
ti

on
C
t+

1
is

u
p

d
at

ed
a
s

fo
ll
ow

s:

(2
)

C
t+

1
=

C
t
\{
k
,l
}∪
{(
k
l)
}

N
ex

t,
th

e
d
is

si
m

il
ar

it
y

va
lu

es
b

et
w

ee
n

th
e

n
ew

cl
u
st

er
(k
l)

an
d

th
e

ot
h
er

cl
u
st

er
s
m
∈

C
t+

1
h
av

e
to

b
e

co
m

p
u
te

d
in

or
d
er

to
d
et

er
m

in
e

D
t+

1
.

S
ev

er
al

sc
h
em

es
w

er
e

p
ro

p
os

ed
an

d
am

on
g

th
e

m
os

t
fa

m
ou

s
on

es
w

e
ca

n
ci

te
:

si
n
gl

e
li
n
ka

ge
,

co
m

p
le

te
li
n
ka

ge
,

gr
ou

p
av

er
ag

e
(a

ls
o

n
am

ed
U

P
G

M
A

4
),

M
cq

u
it

ty
(a

ls
o

n
a
m

ed
W

P
G

M
A

5
),

ce
n
tr

oi
d

(a
ls

o
n
am

ed
U

P
G

M
C

6
),

m
ed

ia
n

(a
ls

o
n
am

ed
W

P
G

M
C

7
)

a
n
d

W
a
rd

.
T

h
e

fi
rs

t
fo

u
r

te
ch

n
iq

u
es

ar
e

k
n
ow

n
as

gr
ap

h
m

et
h
o
d
s

w
h
er

ea
s

th
e

th
re

e
la

tt
er

o
n
es

a
re

n
am

ed
ge

om
et

ri
c

m
et

h
o
d
s.

D
es

p
it

e
th

es
e

n
u
m

er
ou

s
d
is

si
m

il
ar

it
y

m
ea

su
re

s,
th

e
L
W

eq
u
at

io
n

in
tr

o
d
u
ce

d
in

(L
a
n
ce

an
d

W
il
li
am

s,
19

67
),

is
a

p
ar

am
et

ri
c

u
p

d
at

in
g

fo
rm

u
la

th
at

ge
n
er

al
iz

es
al

l
a
fo

re
m

en
ti

o
n
ed

ca
se

s.
It

is
d
efi

n
ed

as
fo

ll
ow

s:

(3
)

D
t+

1
(k
l)
m

=
α
′ (
k
,l
,m

)D
t k
m

+
α
′ (
l,
k
,m

)D
t lm

+
β
′ (
k
,l
,m

)D
t k
l
+
γ
′ |D

t k
m
−

D
t lm
|,

∀t
∈
T,
∀m
∈
C
t+

1
,m
6=

(k
l)

w
h
er

e
γ
′

is
a

sc
al

ar
an

d
α
′ ,
β
′

ar
e

fu
n
ct

io
n
s

fr
om

th
e

se
t

of
tr

ip
le

s
of

d
is

jo
in

t
su

b
se

ts
o
f
O

to
R

. In
T

ab
le

1,
w

e
re

v
ie

w
th

e
p
ar

ti
cu

la
r

d
efi

n
it

io
n
s

of
α
′ ,
β
′

an
d
γ
′

fo
r

th
e

m
et

h
o
d
s

ci
te

d
ab

ov
e.

In
th

is
ta

b
le

,
ob

se
rv

e
th

at
:

•
F

or
al

l
sc

h
em

es
,
β
′

is
sy

m
m

et
ri

c
in

it
s

tw
o

fi
rs

t
ar

gu
m

en
ts

u
n
li
ke
α
′ .

3
.

N
o
te

th
a
t

th
er

e
m

ig
h
t

b
e

se
v
er

a
l

co
u

p
le

s
o
f

cl
u

st
er

s
a
s

so
lu

ti
o
n

s
to

(1
)

w
h

ic
h

co
u

ld
re

su
lt

in
d

iff
er

en
t

d
en

d
ro

g
ra

m
s.

4
.

U
n
w

ei
g
h
te

d
P

a
ir

G
ro

u
p

M
et

h
o
d

w
it

h
A

ri
th

m
et

ic
m

ea
n

5
.

W
ei

g
h
te

d
P

a
ir

G
ro

u
p

M
et

h
o
d

w
it

h
A

ri
th

m
et

ic
m

ea
n

6
.

U
n
w

ei
g
h
te

d
P

a
ir

G
ro

u
p

M
et

h
o
d

C
en

tr
o
id

7
.

W
ei

g
h
te

d
P

a
ir

G
ro

u
p

M
et

h
o
d

C
en

tr
o
id
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A
n
E
f
f
ic
ie
n
t
a
n
d

E
f
f
e
c
t
iv
e
G
e
n
e
r
ic

A
H
C

A
p
p
r
o
a
c
h

M
eth

o
d

α
′(k
,l,m

)
β
′(k
,l,m

)
γ
′

S
in

gle
lin

k
.

1/2
0

−
1/2

C
om

p
lete

lin
k
.

1/2
0

1/2

G
rou

p
av

er.
|k|
|k|+
|l|

0
0

M
cq

u
itty

1/2
0

0

C
en

troid
|k|
|k|+
|l|

−
|k||l|

(|k|+
|l|)

2
0

M
ed

ian
1/2

−
1/4

0

W
ard

|k|+
|m
|

|k|+
|l|+
|m
|
−

|m
|

|k|+
|l|+
|m
|

0

T
ab

le
1:

P
articu

lar
settin

gs
of

th
e

L
W

form
u
la

(4).

•
E

x
cep

t
th

e
W

ard
m

eth
o
d
,
α
′

an
d
β
′

d
o

n
ot

d
ep

en
d

on
a

th
ird

argu
m

en
t.

•
W

h
atever

th
e

trip
le

(k
,l,m

),
α
′

is
con

stan
t

for
sin

gle
lin

kage,
com

p
lete

lin
kage,

M
c-

q
u
itty

a
n
d

m
ed

ian
.

•
L

ikew
ise,

β
′

is
con

stan
t

for
sin

gle
lin

kage,
com

p
lete

lin
kage,

grou
p

average,
M

cq
u
itty

a
n
d

m
ed

ian
.

•
C

o
n
cern

in
g
γ
′,

it
is

n
on

-n
u
ll

on
ly

for
sin

gle
lin

kage
an

d
com

p
lete

lin
ka

ge.

In
th

e
rest

o
f

th
e

p
ap

er,
w

e
on

ly
con

sid
er

th
e

su
b
-fam

ily
of

L
W

clu
sterin

gs
th

at
satisfi

es
γ

=
0
.

T
h
is

ru
les

ou
t

th
e

sin
gle

an
d

com
p
lete

lin
kage

tech
n
iq

u
es.

In
fact,

th
ese

tw
o

la
tter

sch
em

es
are

p
ecu

liar
sin

ce
th

ey
red

u
ce

to
th

e
m

in
an

d
m

ax
op

erators
resp

ectively.
D

u
e

to
th

eir
sp

ecifi
c

featu
res,

sin
gle

an
d

com
p
lete

lin
kages

can
b

e
ad

d
ressed

u
sin

g
sp

ecial
a
lg

o
rith

m
s

(G
ow

er
an

d
R

oss,
1969;

S
ib

son
,

1973;
D

efay
s,

1977).
C

o
n
seq

u
en

tly,
w

e
are

in
terested

in
th

e
follow

in
g

L
W

su
b
-form

u
la

in
w

h
at

follow
s:

D
t+

1
(k
l)m

=
α
′(k
,l,m

)D
tk
m

+
α
′(l,k

,m
)D

tlm
+
β
′(k
,l,m

)D
tk
l ,
∀
t∈

T
,∀
m
∈
C
t+

1,m
6=

(k
l)(4)

T
o

w
ra

p
u
p

th
is

su
b
-section

,
w

e
p
rov

id
e

in
A

lgorith
m

1
th

e
p
seu

d
o-co

d
e

of
D

-A
H

C
u
sin

g
th

e
p
rev

iou
s

L
W

su
b
-form

u
la.

3
.2

A
n

E
q
u

iv
a
le

n
t

D
issim

ila
rity

B
a
se

d
L
W

S
u

b
-fo

rm
u

la

H
en

cefo
rth

,
w

e
su

p
p

ose
th

at
an

y
ob

ject
a
∈

O
can

b
e

rep
resen

ted
as

a
vector

x
a

in
an

H
ilb

ert
sp

ace
H

.
M

oreover,
w

e
assu

m
e

th
at

d
issim

ilarities
are

given
b
y

sq
u
ared

E
u
clid

ea
n

d
ista

n
ces.

T
h
u
s,

th
e

gen
eral

term
of

D
is:

(5)
D
a
b

=
‖
x
a−

x
b‖

2,
∀
a
,b∈

O

In
th

is
co

n
tex

t,
w

e
rev

iew
an

oth
er

d
issim

ilarity
b
ased

L
W

su
b
-form

u
la

w
h
ich

is
eq

u
iva-

len
t

to
(4)

a
n
d

T
ab

le
1.

In
d
eed

,
if

ob
jects

are
vectors

in
an

H
ilb

ert
sp

ace
th

en
,

th
e

cen
troid

7
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L
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A
h
-P

in
e

A
lg

o
rith

m
1
:

G
en

eral
p
ro

ced
u
re

of
D

-A
H

C
.

In
p

u
t:

D
a

d
issim

ilarity
m

atrix
,

an
A

H
C

m
eth

o
d

O
u

tp
u

t:
D

a
d
en

d
rogram

1
In

itialize
D

w
ith

n
leaves;

2
S
et

D
1

=
D

;
3

fo
r
t

=
1,...,n

−
1

d
o

4
F

in
d

th
e

p
air

of
clu

sters
(k
,l)

accord
in

g
to

(1);
5

M
erge

(k
,l)

in
to

(k
l)

an
d

u
p

d
ate

D
;

6
C

om
p
u
te

D
t+

1
b
y

ap
p
ly

in
g

(4)
w

ith
th

e
corresp

on
d
in

g
A

H
C

m
eth

o
d

p
aram

eters
valu

es
given

in
T

ab
le

1.
7

e
n

d

an
d

W
ard

u
p

d
ate

eq
u
ation

s
can

b
e

ex
p
ressed

in
term

s
of

clu
ster

rep
resen

tatives
(see

for
e.g.

(M
u
rtagh

an
d

C
o
n
treras,

2012;
M

ü
lln

er,
2011)).

L
et

g
i

b
e

th
e

m
ean

vector
of

clu
ster

i:(6)
g
i

=
1|i| ∑a∈

i

x
a,

i∈
2
O

T
h
en

,
for

tw
o

clu
sters

i,j∈
C
t,

th
e

d
issim

ilarity
u
sed

b
y

th
e

cen
troid

sch
em

e
is:

(7)
D
tij

=
‖
g
i−

g
j‖

2,
∀
t∈

T

R
egard

in
g

th
e

W
ard

ap
p
roach

,
it

is
in

fact,
a

w
eigh

ted
v
ersion

of
cen

troid
sin

ce
w

e
h
ave

for
th

e
form

er
sch

em
e:

(8)
D
tij

=
|i||j|
|i|+
|j| ‖

g
i−

g
j‖

2,
∀
t∈

T
,∀
i,j∈

C
t

T
h
e

follow
in

g
D

-A
H

C
iterativ

e
p
ro

ced
u
re

is
eq

u
ivalen

t
to

A
lgorith

m
1

(see
for

e.g.
(M

u
rtagh

an
d

C
on

treras,
2012)).

F
or
t

=
1,

let
D

1
b

e
th

e
in

p
u
t

d
issim

ilarity
m

atrix
D

of
sq

u
ared

E
u
clid

ean
d
istan

ces
b

etw
een

d
ata

p
oin

ts.
A

t
each

iteration
,

th
e

p
air

(k
,l)

w
h
ich

gives
th

e
m

in
im

u
m

w
eigh

ted
d
issim

ila
rity

is
m

erged
:

(9)
(k
,l)

=
arg

m
in

(i,j)∈
C
t×

C
t,i6=

j
p
(i,j)D

tij

w
h
ere

p
is

a
fu

n
ction

from
{(i,j)∈

2
O
×

2
O
,i∩

j
=
∅},

th
e

set
of

p
airs

of
d
isjoin

t
su

b
sets

ofO
,

to
R

.
T

h
e

d
efi

n
ition

of
p

for
each

d
issim

ilarity
sch

em
e

is
p
rov

id
ed

in
T

ab
le

2.
A

fter
each

m
erge

th
e

d
issim

ilarity
m

atrix
is

u
p

d
a
ted

as
follow

s:

(10)
D
t+

1
(k
l)m

=
α

(k
,l)D

tk
m

+
α

(l,k
)D

tlm
+
β

(k
,l)D

tk
l ,
∀
t∈

T
,∀
m
∈
C
t+

1,m
6=

(k
l)

w
h
ere,

in
th

is
m

o
d
elin

g,
α

an
d
β

are
set

fu
n
ction

s
w

h
ose

d
efi

n
ition

s
are

also
given

in
T

ab
le

2.
It

is
im

p
ortan

t
to

m
en

tion
th

at,
in

th
e

case
of

W
ard

,
th

e
set

fu
n
ction

s
α

an
d
β

d
o

n
ot

d
ep

en
d

on
th

e
th

ird
argu

m
en

t
u
n
like

α
′

an
d
β
′.

C
on

seq
u
en

tly,
w

e
can

glob
ally

con
sid

er
α

an
d
β

as
tw

o-p
lace

set
fu

n
ction

s
w

h
ich

on
ly

d
ep

en
d

on
th

e
tw

o
clu

sters
b

ein
g

fu
sed

at
each

iteration
.

M
ore

fo
rm

ally,
α

an
d
β

are
fu

n
ction

s
from

{(i,j)∈
2
O
×

2
O
,i∩

j
=
∅}

to
R

8
JM

L
R

 19(42):1-43, 2018



A
n
E
f
f
ic
ie
n
t
a
n
d

E
f
f
e
c
t
iv
e
G
e
n
e
r
ic

A
H
C

A
p
p
r
o
a
c
h

M
et

h
o
d

α
(k
,l

)
β

(k
,l

)
p
(i
,j

)

G
ro

u
p

av
er

.
|k
|

|k
|+
|l|

0
1

M
cq

u
it

ty
1/

2
0

1

C
en

tr
oi

d
|k
|

|k
|+
|l|

−
|k
||l
|

(|k
|+
|l|

)2
1

M
ed

ia
n

1/
2

−
1/

4
1

W
ar

d
|k
|

|k
|+
|l|

−
|k
||l
|

(|k
|+
|l|

)2
|i|
|j
|

|i|
+
|j
|

W
-M

ed
ia

n
1/

2
−

1/
4

|i|
|j
|

|i|
+
|j
|

T
ab

le
2:

P
ar

ti
cu

la
r

se
tt

in
gs

of
th

e
L
W

su
b
-f

or
m

u
la

(1
0)

in
th

e
m

o
d
el

d
efi

n
ed

b
y

(9
).

A
s

m
en

ti
on

ed
p
re

v
io

u
sl

y
an

d
b
y

ob
se

rv
in

g
(7

)
a
n
d

(8
),

W
ar

d
ca

n
b

e
in

te
rp

re
te

d
as

a
w

ei
gh

te
d

ve
rs

io
n

of
ce

n
tr

oi
d
.

S
im

il
a
rl

y,
w

e
in

tr
o
d
u
ce

a
w

ei
gh

te
d

ve
rs

io
n

o
f

m
ed

ia
n

(w
-

m
ed

ia
n

).
T

h
e

p
ar

am
et

er
s

of
th

is
n
ew

m
et

h
o
d

ar
e

d
efi

n
ed

in
th

e
la

st
ro

w
of

T
ab

le
2.

W
-

m
ed

ia
n

se
t

fu
n
ct

io
n
s
α

an
d
β

ar
e

th
e

sa
m

e
a
s

m
ed

ia
n
.

It
is

th
e

se
t

fu
n
ct

io
n
p

w
h
ic

h
is

d
iff

er
en

t:
in

st
ea

d
of

a
u
n
if

or
m

w
ei

gh
t,

w
-m

ed
ia

n
u
se

s
th

e
sa

m
e

w
ei

gh
t

fu
n
ct

io
n

as
W

ar
d
.

A
s

w
e

sh
al

l
d
em

on
st

ra
te

la
te

r
on

,
th

e
w

-m
ed

ia
n

m
et

h
o
d

p
ro

v
id

es
m

on
ot

on
ic

d
en

d
ro

gr
am

s
u
n
li
ke

th
e

m
ed

ia
n

te
ch

n
iq

u
e.

4
.

K
-A

H
C

:
K

e
rn

e
l

M
a
tr

ix
b
a
se

d
A

H
C

W
e

h
av

e
su

p
p

os
ed

th
at

th
e

it
em

s
ar

e
re

p
re

se
n
te

d
in

an
H

il
b

er
t

sp
ac

e
H

an
d

so
fa

r,
sq

u
ar

ed
E

u
cl

id
ea

n
d
is

ta
n
ce

s
h
av

e
b

ee
n

u
se

d
to

re
p
re

se
n
t

th
e

p
ro

x
im

it
y

re
la

ti
on

sh
ip

s
b

et
w

ee
n

p
oi

n
ts

.
H

en
ce

fo
rt

h
,

w
e

al
so

u
se

th
e

u
n
d
er

ly
in

g
in

n
er

-p
ro

d
u
ct

of
H

.
In

th
is

se
ct

io
n
,

w
e

st
ar

t
b
y

in
tr

o
d
u
ci

n
g

a
m

o
d
el

th
at

ge
n
er

al
iz

es
th

e
L
W

su
b
-e

q
u
at

io
n

(1
0)

.
O

u
r

fr
am

ew
or

k
re

li
es

on
in

n
er

-p
ro

d
u
ct

s
an

d
it

am
ou

n
ts

to
a

K
er

n
el

m
a
tr

ix
ba

se
d

A
H

C
(K

-A
H

C
).

T
h
er

ea
ft

er
,

w
e

in
tr

o
d
u
ce

se
ve

ra
l

p
ro

p
er

ti
es

of
ou

r
m

o
d
el

.
W

e
p
ro

v
id

e
su

ffi
ci

en
t

co
n
d
it

io
n
s

fo
r

a
te

ch
n
iq

u
e

ex
p
re

ss
ed

in
ou

r
m

o
d
el

in
g

to
p
ro

v
id

e
m

on
ot

on
ic

d
en

d
ro

g
ra

m
s.

F
u
rt

h
er

m
or

e,
w

e
d
es

ig
n

a
st

or
ed

d
at

a
m

at
ri

x
ap

p
ro

ac
h

th
at

ge
n
er

al
iz

es
to

gr
ou

p
av

er
ag

e
an

d
M

cq
u
it

ty
sc

h
em

es
.

4
.1

In
n

e
r-

p
ro

d
u

c
t

B
a
se

d
L
W

S
u

b
-f

o
rm

u
la

L
et
〈.,
.〉

d
en

ot
es

th
e

in
n
er

-p
ro

d
u
ct

of
H

.
T

h
e

ge
om

et
ri

ca
l

d
at

a
re

p
re

se
n
ta

ti
on

w
e

as
su

m
e

in
th

is
w

or
k

is
fo

rm
al

ly
st

at
ed

as
fo

ll
ow

s:

(C
1)

{
S
a
b

=
〈x
a
,x

b
〉

D
a
b

=
S
a
a

+
S
bb
−

2S
a
b

,
∀a
,b
∈
O

T
h
is

im
p
li
es

th
at

th
e

m
at

ri
x

S
is

a
ke

rn
el

(o
r

G
ra

m
)

m
a
tr

ix
a
n
d

sa
ti

sfi
es

:

(1
1)

{
S
a
b

=
S
ba
,
∀a
,b
∈
O

(s
y
m

m
et

ry
)

S
�

0
(p

os
it

iv
e

se
m

i-
d
efi

n
it

e)

T
h
is

d
at

a
re

p
re

se
n
ta

ti
on

en
co

m
p
as

se
s

R
ep

ro
d
u
ci

n
g

K
er

n
el

H
il
b

er
t

S
p
a
ce

s
(R

K
H

S
).

A
c-

co
rd

in
gl

y,
ou

r
ap

p
ro

ac
h

is
a

k
er

n
el

m
et

h
o
d

(s
ee

fo
r

e.
g.

(S
ch

ol
k
op

f
an

d
S
m

ol
a,

20
01

))
w

h
ic

h
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A
h
-P

in
e

ca
n

b
en

efi
t

fr
om

a
la

rg
e

sp
ec

tr
u
m

o
f

ke
rn

el
fu

n
ct

io
n
s

in
or

d
er

to
a
d
d
re

ss
d
iv

er
se

m
a
n
if

o
ld

le
ar

n
in

g
p
ro

b
le

m
s,

th
at

is
K

-A
H

C
is

ab
le

to
d
et

ec
t

gr
ou

p
s

of
it

em
s

w
it

h
ar

b
it

ra
ry

sh
a
p

es
.

In
co

n
tr

as
t

to
th

e
L
W

su
b
-f

or
m

u
la

,
ou

r
m

o
d
el

re
q
u
ir

es
tw

o
eq

u
at

io
n
s

to
u
p

d
a
te

th
e

S
m

at
ri

x
:

on
e

fo
r

th
e

o
ff

-d
ia

go
n

a
l

el
em

en
ts

an
d

on
e

fo
r

th
e

o
n

-d
ia

go
n

a
l

en
tr

ie
s.

S
u
p
p

os
e

th
at

,
fo

r
t

=
1,

S
is

th
e

in
p
u
t

m
at

ri
x

of
ou

r
p
ro

ce
d
u
re

:
S

1
=

S
.

A
ss

u
m

e
th

a
t,

at
it

er
at

io
n
t
∈

T,
cl

u
st

er
s
k

an
d
l

ar
e

m
er

ge
d

to
ge

th
er

.
In

ou
r

m
o
d
el

,
S
t+

1
is

u
p

d
a
te

d
ac

co
rd

in
g

to
th

e
tw

o
fo

ll
ow

in
g

re
cu

rr
en

ce
eq

u
at

io
n
s:

(1
2
a
)

S
t+

1
(k
l)
m

=
a
(k
,l

)S
t k
m

+
a
(l
,k

)S
t lm

,
∀t
∈
T,
∀m
∈
C
t+

1
,m
6=

(k
l)

(1
2
b
)

S
t+

1
(k
l)

(k
l)

=
b
(k
,l

)S
t k
l
+

c(
k
,l

)S
t k
k

+
c(
l,
k
)S

t ll
,
∀t
∈
T

w
h
er

e
a
,
b

an
d
c

ar
e

fu
n
ct

io
n
s

fr
om
{(
i,
j)
∈

2O
×

2O
,i
∩
j

=
∅}

to
R

.
S
im

il
ar

ly
to

D
-A

H
C

,
w

e
as

su
m

e
th

at
th

e
u
p

d
at

ed
m

at
ri

x
is

sy
m

m
et

ri
c

a
ll

a
lo

n
g

th
e

p
ro

ce
d
u
re

an
d

th
u
s,

S
t m

(k
l)

=
S
t (k
l)
m
,∀
t
∈
T,
∀m
∈
C
t+

1
.

F
or

al
l
t
∈
T,

le
t

Λ
t

b
e

th
e

sq
u
ar

e
m

at
ri

x
of

or
d
er
n
−

1
+
t

w
it

h
ge

n
er

al
te

rm
:

(1
3)

Λ
t ij

=
S
t ij
−

1 2
(S

t ii
+

S
t jj

),
∀t
∈
T,
∀i
,j
∈
C
t

Λ
t

co
m

p
ar

es
ea

ch
co

u
p
le

of
cl

u
st

er
s

in
C
t

an
d

p
la

y
s

a
co

re
ro

le
in

ou
r

a
p
p
ro

a
ch

.
T

h
e

fo
ll
ow

in
g

re
su

lt
es

ta
b
li
sh

es
th

e
co

n
n
ec

ti
on

b
et

w
ee

n
th

e
L
W

su
b
-e

q
u
at

io
n

(1
0
)

o
n

th
e

o
n
e

h
an

d
,

an
d

ou
r

ap
p
ro

ac
h

(1
3)

,
(1

2a
),

(1
2b

)
on

th
e

ot
h
er

h
an

d
.

L
e
m

m
a

7
L

et
{D

t }
t∈

T
a
n

d
{Λ

t }
t∈

T
be

th
e

se
qu

en
ce

s
o
f

sq
u

a
re

m
a
tr

ic
es

w
it

h
in

p
u

t
el

em
en

ts
D

a
n

d
S

a
n

d
su

bs
eq

u
en

t
el

em
en

ts
d
efi

n
ed

by
(1

0)
a
n

d
(1

3)
,

(1
2a

),
(1

2b
),

re
sp

ec
ti

ve
ly

.
S

u
p
-

po
se

th
a
t

th
e

re
la

te
d

se
t

fu
n

ct
io

n
s
α

,
β

o
n

th
e

o
n

e
h
a
n

d
a
n

d
a
,
b

,
c

o
n

th
e

o
th

er
h
a
n

d
,

a
re

su
ch

th
a
t:

a
=
α

b
=
−

2
β

c
=
α

+
β

T
h
en

,
u

n
d
er

(C
1)

a
n

d
if
a
(k
,l

)
+

a
(l
,k

)
=

1
,∀
k
,l
∈

2
O

,
it

h
o
ld

s:

Λ
t ij

=
−

1 2
D
t ij

,
∀t
∈
T,
∀i
,j
∈
C
t ,
i
6=
j

P
ro

o
f

U
n
d
er

(C
1)

,
it

is
cl

ea
r

th
at

fo
r
t

=
1:

Λ
1 a
b

=
S

1 a
b
−

1 2
(S

1 a
a

+
S

1 bb
)

=
−

1 2
D

1 a
b
,
∀a
,b
∈
O

W
e

as
su

m
e

th
at

th
e

p
ro

p
er

ty
is

tr
u
e

fo
r
t:

Λ
t ij

=
S
t ij
−

1 2
(S

t ii
+

S
t jj

)
=
−

1 2
D
t ij
,∀
i,
j
∈
C
t ,
i
6=
j.

T
h
en

,
le

t
u
s

p
ro

ve
th

at
it

is
tr

u
e

fo
r
t

+
1

as
w

el
l.

L
et
k

an
d
l

b
e

th
e

tw
o

cl
u
st

er
s

th
a
t

a
re

fu
se

d
at

it
er

at
io

n
t.

W
e

re
p
la

ce
in

(1
2a

)
an

d
(1

2b
)

th
e

se
t

fu
n
ct

io
n
s
a
,
b

a
n
d
c

w
it

h
α

,
−

2
β

an
d
α

+
β

re
sp

ec
ti

ve
ly

.
It

co
m

es
:

S
t (k
l)
m

=
α

(k
,l

)S
t k
m

+
α

(l
,k

)S
t lm

S
t (k
l)

(k
l)

=
−

2β
(k
,l

)S
t k
l
+

(α
(k
,l

)
+
β

(k
,l

))
S
t k
k

+
(α

(l
,k

)
+
β

(l
,k

))
S
t ll
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A
n
E
f
f
ic
ie
n
t
a
n
d

E
f
f
e
c
t
iv
e
G
e
n
e
r
ic

A
H
C

A
p
p
r
o
a
c
h

M
eth

o
d

a
(k
,l)

b
(k
,l)

c(k
,l)

p
(i,j)

G
rou

p
av

erage
|k|
|k|+
|l|

0
|k|
|k|+
|l|

1

M
cq

u
itty

1/2
0

1/
2

1

C
en

troid
|k|
|k|+
|l|

2|k||l|
(|k|+

|l|)
2

|k| 2
(|k|+

|l|)
2

1

M
ed

ian
1/2

1/2
1/4

1

W
ard

|k|
|k|+
|l|

2|k||l|
(|k|+

|l|)
2

|k| 2
(|k|+

|l|)
2

|i||j|
|i|+
|j|

W
-M

ed
ian

1/2
1/2

1/4
|i||j|
|i|+
|j|

T
a
b
le

3
:

P
articu

lar
settin

gs
in

ou
r

m
o
d
el

d
efi

n
ed

b
y

(12a),
(1

2b
)

a
n
d

(14
).

N
ex

t,
a
ssu

m
in

g
α

(k
,l)

+
α

(l,k
)

=
1,∀

k
,l∈

C
t,

w
e

h
ave:

S
tm
m

=
(α

(k
,l)

+
α

(l,k
))S

tm
m

If
w

e
p
u
t

a
ll

th
ese

in
gred

ien
ts

in
to

(13)
for

t
+

1,
i

=
(k
l)

an
d
j

=
m

;
regro

u
p

term
s

w
ith

resp
ect

to
α

a
n
d
β

;
rep

lace
S
tii

+
S
tjj −

2
S
tij

w
ith

D
tij ,

for
all

i,j∈
{k
,l,m

},i6=
j;

th
en

w
e

h
ave,∀

m
∈
C
t+

1:

Λ
t+

1
(k
l)m

=
−

12

(α
(k
,l)D

tk
m

+
α

(l,k
)D

tlm
+
β

(k
,l)D

tk
l )

=
−

12
D
t+

1
(k
l)m

N
ex

t,
w

e
in

tro
d
u
ce

ou
r

ap
p
roach

w
h
ich

also
p
ro

ceed
s

in
a

b
ottom

-u
p

m
an

n
er.

H
ow

ever,
u
n
like

D
-A

H
C

,
K

-A
H

C
p

erform
s

a
m

a
xim

u
m

sea
rch

at
each

iteration
.

In
d
eed

,
after

h
av

in
g

in
itia

lized
a

d
en

d
rogram

D
w

ith
n

leaves,
for

each
t∈

T
,

K
-A

H
C

fu
ses

th
e

p
air

of
clu

sters
(k
,l)

th
a
t

sa
tisfi

es:
(14)

(k
,l)

=
arg

m
ax

(i,j)∈
C
t×

C
t,i6=

j
p
(i,j)Λ

tij

w
h
ere

p
is

a
lso

a
real-valu

ed
fu

n
ction

w
h
ose

d
om

ain
is

th
e

set
of

p
airs

of
d
isjoin

t
su

b
sets

of
O

.
A

t
itera

tion
t,

clu
sters

k
an

d
l

are
m

erged
in

to
(k
l).

T
h
e

latter
su

b
set

is
rep

resen
ted

b
y

a
n
ew

n
o
d
e

in
D

an
d

its
“h

eigh
t”

valu
e

is
H

((k
l))

=
p
(k
,l)Λ

tk
l .

C
t+

1
is

u
p

d
ated

sim
ilarly

to
(2

)
a
n
d

S
t+

1
is

d
eterm

in
ed

from
S
t

b
y

ap
p
ly

in
g

(12a)
an

d
(12b

).
In

o
rd

er
to

clearly
state

in
ou

r
m

o
d
el

th
e

sch
em

es
u
n
d
er

stu
d
y,

w
e

p
rov

id
e

in
T

ab
le

3
th

e
d
efi

n
ition

s
of

th
eir

resp
ectiv

e
set

fu
n
ction

s
a
,
b
,
c

an
d
p
.

F
u
rth

erm
ore,

w
e

su
m

m
arize

in
A

lg
o
rith

m
2

th
e

K
-A

H
C

p
ro

ced
u
re.

F
ro

m
L

em
m

a
7

an
d

assu
m

in
g
p

=
p
,

it
is

clear
th

at
A

lgorith
m

1
an

d
A

lgorith
m

2
m

erge
th

e
sa

m
e

8
co

u
p
le

of
clu

sters
at

each
iteration

.
T

h
erefore,

th
ey

h
ave

eq
u
ivalen

t
d
en

d
rogra

m
s

(see
D

efi
n
itio

n
5).

T
h
e

on
ly

d
iff

eren
ce

is
th

at
th

e
d
en

d
rogram

p
rov

id
ed

b
y

K
-A

H
C

assign
s

8
.

A
ssu

m
in

g
th

a
t

if
th

ere
a
re

sev
era

l
(b

u
t

sa
m

e)
so

lu
tio

n
s

to
(9

)
a
n

d
(1

4
),

b
o
th

a
lg

o
rith

m
s

p
ick

th
e

sa
m

e
p

a
ir.
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A
h
-P

in
e

A
lg

o
rith

m
2
:

G
en

eral
p
ro

ced
u
re

of
K

-A
H

C
.

In
p

u
t:

S
a

k
ern

el
m

atrix
,

an
A

H
C

m
eth

o
d

O
u

tp
u

t:
D

a
d
en

d
rogram

1
In

itialize
D

w
ith

n
leaves;

2
S
et

S
1

=
S

;
3

fo
r
t

=
1,...,n

−
1

d
o

4
F

in
d

th
e

p
air

of
clu

sters
(k
,l)

accord
in

g
to

(14)
w

ith
th

e
corresp

on
d
in

g
A

H
C

m
eth

o
d

p
aram

eters
valu

es
given

in
T

ab
le

3
;

5
M

erge
(k
,l)

in
to

(k
l)

an
d

u
p

d
a
te
D

;
6

C
om

p
u
te

S
t+

1
b
y

ap
p
ly

in
g

(12a)
an
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d
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e

h
eigh

t
valu

e
assign

ed
to

th
e

sam
e

n
o
d
e

of
th

e
d
en

d
rogram

ob
tain

ed
b
y

D
-A

H
C

.
A

s
a

con
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b
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b
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.
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
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0∧
|γ
′|≥

α
′(k
,l,m

),α
′(l,k

,m
))

,
∀
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≥

0
a
(k
,l

)
+

a
(l
,k

)
=

1
b
(k
,l

)
−

b
(l
,k

)
=
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−
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+
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t m
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=
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−
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=
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Λ
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−
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−
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S
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)Λ
t k
l

N
ex

t,
si

n
ce
k

an
d
l

ar
e

th
e

cl
u
st

er
s

th
a
t

h
av

e
b

ee
n

m
er

ge
d

a
t

it
er

at
io

n
t,

ac
co

rd
in

g
to

(1
4)

,
w

e
h
av

e
p
(k
,l

)Λ
t k
l
≥

p
(k
,m

)Λ
t k
m
,p

(l
,m

)Λ
t lm

.
T

h
er

ef
or

e,
it

h
ol

d
s:

Λ
t+

1
(k
l)
m
≤

a
(k
,l

)
p
(k
,l

)

p
(k
,m

)Λ
t k
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≥
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)Λ
t+

1
(k
l)
m
≤

p
((
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p
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p
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p
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h
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p
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p
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|
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+
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−
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b
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b
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b
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−
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−
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≥
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p
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p
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u
ce

th
e

n
or

m
al

iz
at

io
n

p
ro

ce
d
u
re

w
h
ic

h
tr

an
sf

o
rm

a
ke

rn
el

m
at

ri
x

S
so

th
at

it
h
as

a
co

n
st

an
t

d
ia

go
n
a
l

an
d

n
on

-n
eg

at
iv

e
va

lu
es

.
T

h
is

p
re

li
m

in
a
ry

st
ep

m
ak

es
it

p
os

si
b
le

to
in

te
rp

re
t

th
e

in
n
er

-p
ro

d
u
ct

m
at

ri
x

S
in

te
rm

s
of

si
m

il
a
ri

ti
es

(s
ee

D
efi

n
it

io
n

6)
.

N
ex

t,
w

e
p
re

se
n
t

th
e

sp
ar

si
fi
ca

ti
on

p
ro

ce
d
u
re

w
h
ic

h
ai

m
s

at
th

re
sh

o
ld

in
g

S
b
y

se
tt

in
g

to
ze

ro
th

e
lo

w
es

t
va

lu
es

.
A

ft
er

th
is

,
w

e
in

tr
o
d
u
ce

th
e

S
N

K
-A

H
C

a
lg

o
ri

th
m

a
n
d

it
s

p
ro

p
er

ti
es

.
In

p
ar

ti
cu

la
r,

w
e

st
u
d
y

an
in

te
re

st
in

g
fe

at
u
re

of
gr

ou
p

av
er

ag
e,

M
cq

u
it

ty
a
n
d

W
ar

d
m

et
h
o
d
s

an
d

w
e

sh
ow

in
w

h
at

co
n
te

x
t,

S
N

K
-A

H
C

is
a
b
le

to
d
et

er
m

in
e

th
e

n
u
m

b
er

of
cl

u
st

er
s.

5
.1

N
o
rm

a
li
z
e
d

K
e
rn

e
l

M
a
tr

ix

In
ou

r
p

er
sp

ec
ti

ve
,

th
e

te
rm

N
o
rm

a
li

ze
d

K
er

n
el

(N
K

)
m

a
tr

ix
d
es

ig
n
at

es
a

ke
rn

el
m

a
tr

ix
w

it
h

a
co

n
st

an
t

d
ia

go
n
al

an
d

n
on

-n
eg

at
iv

e
te

rm
s.

In
ot

h
er

w
or

d
s,

w
e

as
su

m
e

th
a
t

th
e

p
o
in

ts
b

el
on

g
to

th
e

in
te

rs
ec

ti
on

b
et

w
ee

n
an

h
y
p

er
sp

h
er

e
an

d
th

e
p

os
it

iv
e

q
u
ad

ra
n
t

o
f
H

:

(C
2
)

S
a
a

=
S
bb

,
∀a
,b
∈
O

(C
3
)

S
a
b
≥

0,
∀a
,b
∈
O

If
th

e
ke

rn
el

m
at

ri
x

S
d
o
es

n
ot

h
av

e
a

co
n
st

an
t

d
ia

go
n
al

th
en

,
w

e
ca

n
al

w
ay

s
a
p
p
ly

th
e

co
si

n
e

n
or

m
al

iz
at

io
n

(o
r

an
y

ge
n
er

al
iz

at
io

n
p
ro

p
o
se

d
in

(A
h
-P

in
e,

20
10

))
:

(2
3
)

S
a
b
←

S
a
b

√
S
a
a
S
bb

,
∀a
,b
∈
O

N
ex

t,
le

t
v

b
e

th
e

m
in

im
al

va
lu

e
in

S
.

If
v
<

0
th

en
w

e
p
ro

p
os

e
to

p
er

fo
rm

a
si

m
p
le

tr
an

sl
at

io
n

in
or

d
er

to
ob

ta
in

n
on

-n
eg

at
iv

e
va

lu
es

:

(2
4
)

S
a
b
←

S
a
b

+
|v
|,
∀a
,b
∈
O

It
is

w
or

th
n
ot

in
g

th
at

su
ch

a
tr

an
sl

at
io

n
d
o
es

n
ot

ch
an

ge
th

e
re

su
lt

s
o
f

A
lg

o
ri

th
m

2.
In

fa
ct

,
th

e
p
ro

ce
d
u
re

is
in

va
ri

an
t

u
n
d
er

an
y

p
os

it
iv

e
li
n
ea

r
tr

an
sf

o
rm

at
io

n
o
f

th
e

S
m

a
tr

ix
fo

r
al

l
si

x
sc

h
em

es
w

e
ar

e
in

te
re

st
ed

in
.

1
0
.

N
o
te

th
a
t

w
e

co
u

ld
h

av
e

re
p

la
ce

d
th

es
e

va
lu

es
w

it
h

a
co

n
st

a
n
t

w
h

ic
h

w
o
u

ld
h

av
e

b
ee

n
th

e
m

a
x
im

a
l

d
is

ta
n

ce
va

lu
e

b
u

t
in

th
is

ca
se

,
w

e
w

o
u
ld

h
av

e
lo

st
th

e
sp

a
rs

it
y

p
ro

p
er

ty
.
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A
n
E
f
f
ic
ie
n
t
a
n
d

E
f
f
e
c
t
iv
e
G
e
n
e
r
ic

A
H
C

A
p
p
r
o
a
c
h

P
ro

p
o
sitio

n
1
4

S
u

p
po

se
th

a
t

th
e

set
fu

n
ctio

n
s
a
,b
,c

sa
tisfy:

{
a
(k
,l)

+
a
(l,k

)
=

1
b
(k
,l)

+
c(k

,l)
+

c(l,k
)

=
1

,
∀
k
,l,m

∈
2
O

T
h
en

,
A

lgo
rith

m
2

p
ro

vid
es

equ
iva

len
t

d
en

d
rogra

m
s

fo
r

in
p
u

t
sim

ila
rity

m
a
trices

S
a
n

d
T

=
u
S

+
v
1
n

,
w

ith
u
>

0
,
v
∈
R

a
n

d
1
n

bein
g

th
e

squ
a
re

m
a
trix

o
f

o
rd

er
n

fi
lled

w
ith

1
.

P
ro

o
f

L
et

T
b

e
a

lin
ear

tran
sform

ation
of

S
w

ith
gen

eral
term

T
a
b

=
u
S
a
b

+
v

w
h
ere

u
>

0
.

F
or
t

=
1,

w
e

can
w

rite
T

1a
b

=
u
S

1a
b

+
v
.

A
ssu

m
e

th
at

T
tij

=
u
S
tij

+
v
,∀
i,j∈

C
t

an
d

let
u
s

p
rov

e
th

a
t

T
t+

1
ij

=
u
S
t+

1
ij

+
v
,∀
i,j∈

C
t+

1.
L

et
k

an
d
l

b
e

th
e

clu
sters

th
a
t

are
fu

sed

a
t

itera
tio

n
t.

F
irst,

w
e

n
eed

to
p
rove

th
at

T
t+

1
(k
l)m

=
u
S
t+

1
(k
l)m

+
v
,∀
m
∈
C
t+

1,m
6=

(k
l).

W
e

h
ave:

T
t+

1
(k
l)m

=
a
(k
,l)T

tk
m

+
a
(l,k

)T
tlm

=
a
(k
,l)(u

S
tk
m

+
v
)

+
a
(l,k

)(u
S
tlm

+
v
)

=
u

(a
(k
,l)S

tk
m

+
a
(l,k

)S
tlm

)
+
v
(a

(k
,l)

+
a
(l,k

))

=
u
S
t+

1
(k
l)m

+
v
,

p
rov

id
in

g
th

a
t
a
(k
,l)

+
a
(l,k

)
=

1.
N

ex
t,

w
e

p
rove

th
at

T
t+

1
(k
l)(k

l)
=
u
S
t+

1
(k
l)(k

l)
+
v
.

In
d
eed

,
w

e
h
av

e:

T
t+

1
(k
l)(k

l)
=

b
(k
,l)T

tk
l
+

c(k
,l)T

tk
k

+
c(l,k

)T
tll

=
b
(k
,l)(u

S
tk
l
+
v
)

+
c(k

,l)(u
S
tk
k

+
v
)

+
c(l,k

)(u
S
tll

+
v
)

=
u

(b
(k
,l)S

tk
l
+

c(k
,l)S

tk
k

+
c(l,k

)S
tll )

+
v
(b

(k
,l)

+
c(k

,l)
+

c(l,k
))

=
u
S
t+

1
(k
l)(k

l)
+
v

p
rov

id
in

g
th

a
t
b
(k
,l)

+
c(k

,l)
+

c(l,k
)

=
1.

D
en

ote
resp

ectively
{
Λ
t}
t∈

T
an

d
{
∆
t}
t∈

T
,

th
e

seq
u
en

ces
of

sq
u
are

m
a
trices

d
efi

n
ed

b
y

(1
3),

(1
2
a
)

a
n
d

(12b
),

an
d

ob
tain

ed
w

h
en

S
an

d
T

=
u
S

+
v
1
n

are
th

e
in

p
u
t

kern
el

m
atrices

resp
ectively.

W
e

h
av

e,∀
t∈

T
,∀
i,j∈

C
t:

∆
tij

=
T
tij −

12
(T

tii
+

T
tjj )

=
u
S
tij

+
v−

12
(u

S
tii

+
v

+
u
S
tjj

+
v
)

=
u

(S
tij −

12
(S

tii
+

S
tjj ))

=
u
Λ
tij

S
in

ce
u
>

0
th

en
,

arg
m

ax
(i,j)∈

C
t,i6=

j
p
(i,j)∆

tij
=

arg
m

ax
(i,j)∈

C
t,i6=

j
p
(i,j)Λ

tij ,∀
t∈

T
.

M
o
reover,

let
u
s

rem
in

d
th

at
a

p
ositiv

e
lin

ear
tran

sfo
rm

atio
n

of
th

e
term

s
of

a
p

ositive
sem

i-d
efi

n
ite

m
atrix

p
rov

id
es

a
p

ositive
sem

i-d
efi

n
ite

m
atrix

.
T

h
erefore,

S
rem

ain
s

a
kern

el
m

atrix
a
fter

(2
4)

is
carried

ou
t.

H
en

cefo
rth

,
w

e
assu

m
e

th
at

S
is

a
N

K
m

atrix
.

In
fact,

su
ch

a
m

atrix
en

joy
s

a
d
ou

b
le

in
terp

reta
tion

.
O

n
th

e
on

e
h
an

d
,

it
giv

es
th

e
in

n
er-p

ro
d
u
cts

of
p

oin
ts

rep
resen

ted
(on

an
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A
h
-P

in
e

h
y
p

ersp
h
ere)

in
an

H
ilb

ert
sp

ace.
O

n
th

e
o
th

er
h
an

d
,

it
can

b
e

seen
as

a
sim

ilarity
m

atrix
satisfy

in
g

th
e

con
d
ition

s
1
1

given
in

D
efi

n
ition

6.
A

s
a

con
seq

u
en

ce,
in

th
e

rest
of

th
e

p
ap

er,
N

K
m

atrix
an

d
sim

ilarity
m

atrix
are

term
s

th
at

w
e

u
se

in
terch

an
geab

ly.

5
.2

P
e
n

a
liz

e
d

S
im

ila
ritie

s:
A

g
g
re

g
a
te

d
In

te
r-sim

ila
ritie

s
V
e
rsu

s
A

g
g
re

g
a
te

d
In

tra
-sim

ila
ritie

s

S
u
p
p

osin
g

(C
1),

(C
2)

an
d

(C
3),

w
e

d
iscu

ss
a

n
ew

in
terp

retation
of

K
-A

H
C

b
ased

on
sim

i-
larities.

E
q
u
ation

(14)
is

a
m

ax
im

u
m

search
over

th
e

set
of

co
u
p
les

of
clu

sters
in

C
t.

T
h
e

q
u
ality

of
a

p
air

(i,j)
d
ep

en
d
s

on
Λ
tij

d
efi

n
ed

in
(13)

w
h
ich

is
th

e
d
iff

eren
ce

b
etw

een
S
tij

an
d

th
e

arith
m

etic
m

ean
of

S
tii

an
d

S
tjj .

L
et

u
s

call
S
tij ,

th
e

in
ter-sim

ila
rity

b
etw

een
clu

sters
i

an
d
j,

an
d

S
tii ,

th
e

in
tra

-sim
ila

rity
of

clu
ster

i.
F

or
th

e
cou

p
le

of
clu

sters
(i,j),

Λ
tij

can
b

e
seen

as
th

eir
in

ter-sim
ilarity

valu
e

pen
a
lized

b
y

th
e

arith
m

etic
m

ean
of

th
eir

resp
ectiv

e
in

tra-sim
ilarities.

A
ccord

in
g

to
(13),

Λ
tij

is
great

if
th

e
in

ter-sim
ilarity

is
h
igh

a
n

d
th

e
in

tra-sim
ilarities

are
low

.
C

on
seq

u
en

tly,
i

an
d
j

are
m

ore
likely

to
b

e
m

erged
togeth

er
if

th
eir

in
ter-sim

ilarity
is

h
igh

en
ou

gh
w

ith
resp

ect
to

th
eir

in
tra

-sim
ilarities.

In
th

is
con

tex
t,

it
is

im
p

ortan
t

to
form

ally
state

th
e

p
rop

erties
of

th
e

set
fu

n
ction

s
d
efi

n
in

g
th

e
six

sch
em

es
w

e
d
eal

w
ith

.
F

rom
T

ab
le

3,
w

e
can

ob
serve

th
at

for
all

m
eth

o
d
s:

(25)


a
(k
,l),b

(k
,l),c(k

,l)≥
0

a
(k
,l)

+
a
(l,k

)
=

1
b
(k
,l)

+
c(k

,l)
+

c(l,k
)

=
1

,
∀
k
,l∈

2
O

T
h
erefore,{

a
(k
,l),a

(l,k
)}

an
d
{
b
(k
,l),c(k

,l),c(l,k
)}

can
b

e
seen

as
w

eigh
t

vecto
rs

an
d

w
e

in
terp

ret
(12a)

an
d

(12b
)

as
a
vera

ges
of

in
ter-sim

ilarities
an

d
in

tra-sim
ilarities

resp
ec-

tively.
F

rom
th

is
v
iew

p
oin

t,
th

e
d
iff

eren
ces

b
etw

een
th

e
tech

n
iq

u
es

can
b

e
u
n
d
ersto

o
d

from
th

eir
d
istin

ct
a
vera

gin
g

stra
tegies.

In
ord

er
to

h
ave

a
m

ore
p
recise

v
iew

of
th

e
d
iff

eren
ces

b
etw

een
th

e
six

m
eth

o
d
s,

let
u
s

take
an

ex
am

p
le.

S
u
p
p

ose
O

=
{
a
,b,c,d

,e,f
,g}

an
d

at
iteration

t
=

4,C
4

=
{k
,l,m

}
w

ith
k

=
{a
,b,c},

l
=
{
d
,e},

m
=
{
f
,g}

.
A

ssu
m

e
th

at
(k
,l)

is
th

e
cou

p
le

of
clu

sters
to

b
e

m
erg

ed
.

In
F

igu
re

2,
w

e
illu

strate
th

is
situ

ation
u
sin

g
th

e
in

p
u
t

sim
ilarity

m
atrix

S
.

T
h
e

d
iff

eren
t

elem
en

ts
in

volved
in

(12a)
an

d
(12b

)
a
re

sh
ow

n
.

T
h
ey

corresp
on

d
to

rectan
gu

lar
b
lo

ck
s

for
in

ter-sim
ilarities

(S
4k
l ,S

4lm
,S

4k
l )

an
d

to
sq

u
are

b
lo

ck
s

for
in

tra-sim
ilarities

(S
4k
k ,S

4ll ,S
4m
m

).
T

h
e

in
ter-sim

ilarity
S

5(k
l)m

is
an

av
erage

of
S

4k
m

an
d

S
4lm

rep
resen

ted
b
y

d
ash

ed
lin

e

b
lo

ck
s
k
×
m

an
d
l×

m
.

M
cq

u
itty,

m
ed

ian
an

d
w

-m
ed

ian
assign

th
e

sam
e

w
eigh

t
1/2

to
b

oth
term

s
w

h
ereas

grou
p

average,
cen

troid
an

d
W

ard
,

assign
w

eigh
ts

w
h
ich

d
ep

en
d

on
on

e
of

th
e

b
lo

ck
s

sid
e

len
gth

.
T

h
e

in
tra-sim

ilarity
S

5(k
l)(k

l)
is

an
average

of
S

4k
l ,

S
4k
k

an
d

S
4ll

w
h
ich

are
h
igh

ligh
ted

b
y

a
d
otted

lin
e

b
lo

ck
an

d
tw

o
solid

lin
e

b
lo

ck
s

resp
ectively.

S
in

ce
S

4
is

sy
m

m
etric,

it
is

eq
u
ivalen

t
to

con
sid

er
th

at
S

5(k
l)(k

l)
d
ep

en
d
s

on
S

4k
l ,

S
4lk ,

S
4k
k

an
d

S
4ll .

W
e

can
see

th
at

th
ese

fou
r

elem
en

ts
d
ep

ict
a

p
artition

of
th

e
b
lo

ck
(k∪

l)×
(k∪

l).
F

or
geom

etric
m

eth
o
d
s,

all
fou

r
su

b
-b

lo
ck

s
con

trib
u
te

to
S

5(k
l)(k

l) .
In

th
e

m
ed

ian
an

d
w

-m
ed

ian
sch

em
es,

all
su

b
-b

lo
ck

s
are

assign
ed

a
u
n
iform
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p
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.
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p
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∈
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∈
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ra
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p
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p
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p
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p
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p
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:
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p
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p
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d
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d
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u
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h
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th
e

follow
in

g
statem

en
t.

P
ro

p
o
sitio

n
1
9

L
et

S
be

th
e

spa
rse

sim
ila

rity
m

a
trix

o
bta

in
ed

a
fter

th
e

spa
rsifi

ca
tio

n
step

o
f

A
lgo

rith
m

4
a
n

d
letS

be
th

e
set

o
f

pa
irs

o
f

o
bjects

d
efi

n
ed

by
(28).

L
et
G

=
(O
,S

)
be

th
e

a
ssocia

ted
u

n
d
irected

gra
p
h
.

If
G

is
n

o
t

co
n

n
ected

a
n

d
h
a
s
κ

co
n

n
ected

co
m

po
n

en
ts

th
en

A
lgo

rith
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d
iff

eren
t

p
rop

erties
an

d
ad

van
tages

of
S
N

K
-A

H
C

over
D

-A
H

C
u
sin

g
d
iff

eren
t

b
en

ch
m

ark
d
ata

sets.
W

e
b

oth
u
se

artifi
cial

an
d

rea
l-w
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b
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p
u
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b
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p
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d
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p
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p
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b
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d
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p
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b
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b
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b
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p
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e
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d
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b
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b
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b
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m
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ab
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h
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.
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b
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b
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d
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n
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b
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b
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b
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b
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b
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m
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p
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b
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b
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ra
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(d
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p
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h
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a
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b
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p
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d
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p
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.
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v
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b
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d
so

on
,

d
o

n
ot

n
ec

es
sa

ri
ly

li
e

o
n
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b
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d
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b
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d
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b
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.
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h
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p
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p
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p
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b
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at
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ra
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h
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p
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p
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b
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p
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p
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b
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.
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re
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d
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p
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h
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w
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h
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ter-sim

ila
rities

on
th

e
on

e
h
an

d
an

d
of

in
tra-sim

ilarities
on

th
e

oth
er

h
a
n
d
.

O
u
r

w
ork

can
b

e
v
iew

ed
a
s

a
d
y
n
am

ic
m

o
d
elin

g
of

w
eigh

ted
p

en
alized

sim
ilarities

of
clu

sters.
M

oreover,
b
y

co
n
stra

in
in

g
th

e
b

ottom
-u

p
m

ergin
g

p
ro

ced
u
re

to
on

ly
fu

se
p
a
irs

of
clu

sters
w

h
ose

in
ter-

sim
ila

rity
valu

e
is

n
on

-n
u
ll,

ou
r

m
eth

o
d
,

S
N

K
-A

H
C

,
n
ot

on
ly

is
m

ore
scalab

le
th

an
th

e
u
su

a
l

D
-A

H
C

,
b
u
t

it
is

also
ab

le
to

b
o
ost

th
e

clu
sterin

g
q
u
ality

an
d

to
d
etect

th
e

n
u
m

b
er

o
f

clu
sters.

H
ow

ever,
th

e
p

erform
an

ces
th

at
S
N

K
-A

H
C

can
reach

,
d
ep

en
d

on
th

e
w

ay
th

e
sim

ilarity
m

a
trix

is
sp

a
rsifi

ed
.

N
ote

th
at

th
is

is
also

th
e

case
for

an
y

m
eth

o
d

th
at

relies
on

sp
arse

sim
ila

rity
g
ra

p
h
s

su
ch

as
sp

ectral
clu

sterin
g.

T
h
erefore,

on
e

im
p

ortan
t

fu
tu

re
lin

e
of

research
is

th
e

stu
d
y

a
n
d

d
esign

of
m

ore
ad

van
ced

sp
arsifi

cation
tech

n
iq

u
es.

F
rom

a
clu

sterin
g

q
u
a
lity

sta
n
d
p

o
in

t,
th

e
settin

g
of

th
e

sp
arsifi

cation
m

eth
o
d

is
a
n

im
p

ortan
t

q
u
estio

n
to

a
d
d
ress

in
p
ra

ctice
sin

ce
it

d
eterm

in
es

th
e

con
n
ected

com
p

on
en

ts
of

th
e

S
N

K
m

atrix
an

d
th

u
s

th
e

n
u
m

b
er

of
clu

sters
ou

r
ap

p
ro

ach
w

ill
recover.

In
ord

er
to

in
vestigate

th
is

p
rob

lem
fro

m
a

th
eo

retical
p

oin
t

of
v
iew

,
th

e
clu

ster
tree

fra
m

ew
ork

in
tro

d
u
ced

in
(C

h
au

d
h
u
ri

an
d

D
a
sg

u
p
ta

,
2
0
1
0
)

an
d

(B
alak

rish
n
an

et
al.,

2013)
cou

ld
b

e
o
f

in
terest.

R
ega

rd
in

g
th

e
overall

co
m

p
lex

ity
o
f

A
lgorith

m
4,

tech
n
iq

u
es

th
at

m
ak

e
it

p
ossib

le
to

ex
actly

or
ap

p
rox

im
ately

d
eterm

in
e

n
ea

rest
n
eigh

b
ors

grap
h
s

in
an

effi
cien

t
m

an
n
er

are
im

p
ortan

t
to

lo
ok

at.
In

d
eed

,
even

th
o
u
g
h

th
e

d
en

d
rogram

b
u
ild

in
g

p
ro

ced
u
re

p
erform

ed
b
y

S
N

K
-A

H
C

can
b

e
carried

o
u
t

effi
cien

tly,
th

e
b
asic

com
p
u
tation

al
cost

for
d
eterm

in
in

g
th

e
k

n
earest

n
eigh

b
ors

grap
h

rem
a
in

s
q
u
a
d
ra

tic
an

d
can

b
e

a
b

ottlen
eck

in
p
ractice.

3
9

JM
L

R
 19(42):1-43, 2018

A
h
-P

in
e

S
till,

it
is

in
terestin

g
to

m
en

tion
,

th
at,

as
far

as
th

e
tree

b
u
ild

in
g

p
ro

ced
u
re

is
con

cern
ed

,
th

ere
are

alread
y

p
retty

im
m

ed
iate

w
ay

s
to

fu
rth

er
im

p
rove

th
e

scalab
ility

of
ou

r
ap

p
roach

.
A

s
u
n
d
erlin

ed
in

th
e

p
rev

iou
s

section
,

tw
o

d
irection

s
cou

ld
b

e
con

sid
ered

.
F

irstly,
w

e
can

en
h
an

ce
th

e
com

p
lex

ity
of

S
N

K
-A

H
C

b
y

u
sin

g
p
riority

q
u
eu

es.
S
econ

d
ly,

w
e

can
u
se

th
e

n
earest

n
eigh

b
or

ch
ain

s
ap

p
roach

.
In

th
at

regard
,

n
ote

th
at

th
e

b
est

p
erform

an
ces

w
e

ob
served

in
ou

r
ex

p
erim

en
ts

con
cern

sch
em

es
th

at
satisfy

th
e

red
u
cib

ility
con

d
ition

.
F

in
ally,

ou
r

m
o
d
el

is
gen

eric
b
u
t

w
e

h
ave

d
em

on
strated

th
at

n
ot

all
p
a
ram

eters
settin

gs
are

w
orth

con
sid

erin
g.

F
rom

th
is

stan
d
p

oin
t,

it
is

in
terestin

g
to

ex
am

in
e

h
ow

o
th

er
ad

-
m

issib
ility

con
d
ition

s
are

ex
p
ressed

in
ou

r
fram

ew
ork

.
In

th
at

p
ersp

ective,
a

n
ew

p
rop

erty
w

h
ich

is
p

ecu
liar

to
ou

r
w

ork
is

th
e

d
iagon

al
tran

slation
in

varian
ce.

W
e

p
rov

ed
th

at
grou

p
average,

M
cq

u
itty

an
d

W
ard

satisfy
th

is
con

d
ition

.
T

h
ese

tech
n
iq

u
es

are
am

on
g

th
e

m
ost

eff
ective

on
es

from
th

e
ex

p
erim

en
tal

resu
lts

w
e

rep
orted

.
A

ccord
in

gly,
a

ch
ara

cterization
of

th
is

su
b
-fam

ily
of

clu
sterin

g
tech

n
iq

u
es

w
ou

ld
b

e
b

en
efi

cial.

A
ck

n
o
w

le
d
g
m

e
n
ts

T
h
e

au
th

or
w

ou
ld

like
to

th
an

k
th

e
an

on
y
m

ou
s

rev
iew

ers
for

th
eir

valu
ab

le
com

m
en

ts.

R
e
fe

re
n
ce

s

M
argareta

A
ckerm

an
an

d
S
h
ai

B
en

-D
av

id
.

A
ch

aracterization
of

lin
kage-b

ased
h
ierarch

ical
clu

sterin
g.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
17:1–17,

2016.

J
u
lien

A
h
-P

in
e.

N
orm

alized
kern

els
as

sim
ilarity

in
d
ices.

In
A

d
va

n
ces

in
K

n
o
w

led
ge

D
is-

co
very

a
n

d
D

a
ta

M
in

in
g,

1
4
th

P
a
cifi

c-A
sia

C
o
n

feren
ce,

P
A

K
D

D
2
0
1
0
,

H
yd

era
ba

d
,

In
d
ia

,
J

u
n

e
2
1
-2

4
,

2
0
1
0
.

P
roceed

in
gs.

P
a
rt

II,
p
ages

362–373,
2010.

J
u
lien

A
h
-P

in
e

an
d

X
in

y
u

W
an

g.
S
im

ilarity
b
ased

h
ierarch

ical
clu

sterin
g

w
ith

an
ap

p
lication

to
tex

t
collection

s.
In

In
tern

a
tio

n
a
l

S
ym

po
siu

m
o
n

In
telligen

t
D

a
ta

A
n

a
lysis,

p
ages

320–
331.

S
p
rin

ger,
2016.

M
ich

ael
R

A
n
d
erb

erg.
C

lu
ster

a
n

a
lysis

fo
r

a
p
p
lica

tio
n

s.
A

cad
em

ic
P

ress,
N

ew
Y

ork
,

1973.

S
ivaram

an
B

alak
rish

n
an

,
S
rivatsan

N
arayan

an
,

A
lessan

d
ro

R
in

ald
o,

A
arti

S
in

gh
,

an
d

L
arry

W
asserm

an
.

C
lu

ster
trees

on
m

an
ifold

s.
In

A
d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s,
p
ages

2679–2687,
2013.

M
aria-F

lorin
a

B
alcan

,
Y

in
gy

u
L

ian
g,

an
d

P
ram

o
d

G
u
p
ta.

R
ob

u
st

h
ierarch

ical
clu

sterin
g.

T
h
e

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
15(1):3

831–3871,
2014.

J
ean

-P
au

l
B

en
zécri.

C
on

stru
ction

d
’u

n
e

classifi
catio

n
ascen

d
an

te
h
iérarch

iq
u
e

p
a
r

la
rech

erch
e

en
ch
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v
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k
e
t
a
n
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M
a
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o
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B
o
u
n
d
a
r
y
o
f

M
u
lt
iple

V
a
r
ia
b
le
s

2.1
Prelim

inaries

Suppose
w

e
have

a
jointprobability

distribution
P

overV
≜
{X

1 ,···
,X

p }and
a

directed
acyclic

graph
(D

A
G

)
G

w
ith

the
variables

in
V

as
its

nodes.
W

e
say

(G
,P)

satisfies
the

M
arkov

condition
ifevery

X
∈

V
is

conditionally
independentofits

nondescendants
given

its
parents;Further,(G

,P)
is

called
a

B
ayesian

netw
ork

(B
N

)ifitsatisfies
the

M
arkov

condition;Furtherm
ore,(G

,P)satisfies
the

faithfulness
condition

if,
based

on
the

M
arkov

condition,
G

entails
all

and
only

conditional
independences

(C
Is)in

P
(Pearl,1988;N

eapolitan,2004).
W

e
w

rite
X
y

Y|Z
(X
̸y

Y|Z
),if

X
and

Y
are

conditionally
independent(dependent)

given
Z

w
ith

respectto
P.

T
he

follow
ing

properties
describe

the
relations

am
ong

C
I

statem
ents

(Pearl,
1988;

Peña
et

al.,2007;
Statnikov

et
al.,2013).

For
any

X
,Y
,Z
,W
⊆

V
,w

e
have

(i)
sym

m
etry:

X
y

Y|Z
is

equivalentto
Y
y

X|Z
;

(ii)
decom

position:
X
y

Y
∪

W
|Z

im
plies

X
y

Y|Z
and

X
y

W
|Z

;(iii)w
eak

union:X
y

Y∪
W
|Z

im
plies

X
y

Y|Z∪
W

;(iv)contraction:X
y

Y|Z∪
W

and
X
y

W
|Z

im
ply

X
y

Y
∪

W
|Z

;(v)
self-conditioning:

X
y

Y|Y
∪

Z
.

Further,if
P

is
strictly

positive,then
besides

(i)∼
(v)

w
e

also
have

(vi)
intersection:

X
y

Y|Z
∪

W
and

X
y

W
|Z
∪

Y
im

ply
X
y

Y
∪

W
|Z

.
Furtherm

ore,if
P

is
faithfulto

a
D

A
G
G

,then
besides

(i)∼
(vi)w

e
also

have
(vii)com

position:X
y

Y|Z
and

X
y

W
|Z

im
ply

X
y

Y
∪

W
|Z

.
A

m
ong

these
properties,

intersection
and

com
position

are
tw

o
global

ones.
Statnikov

et
al.

(2013,p.504)provided
a

relaxed
version

forcom
position

called
localcom

position:one
saysT

⊆
V

satisfies
the

localcom
position

property,ifT
y

X|Z
and

T
y

Y|Z
im

ply
T
y

X
∪

Y|Z
for

any
X
,Y
,Z
⊆

V
\

T
.W

e
w

illprovide
a

relaxed
version

forthe
intersection

property.
C

onditionalm
utualinform

ation
(C

M
I)is

one
ofthe

basic
tools

fortesting
C

Is.D
enote

the
C

M
I

betw
een

X
and

Y
conditioned

on
Z

by
I(X

;Y
|Z

).
T

hen
I(X

;Y|Z
)
⩾

0,w
ith

equality
holding

if
and

only
ifX
y

Y|Z
(Z

hang
and

G
uo,2006).Fora

practicalproblem
,w

e
cannotaccess

to
the

true
C

M
I;instead,w

e
use

its
em

piricalestim
ate,denoted

by
ID (X

;Y
|Z

),based
on

the
data

D
(C

heng
etal. ,2002).N

ote
that
ID (X

;Y
|Z

)
⩾

0
also

holds
forany

X
,Y
,Z
⊆

V
.

T
he

chain
rule

for
C

M
I

(C
over

and
T

hom
as,2006)

is
usefulto

prove
the

m
ain

results
of

this
paper:

I( X
; Y

1 ∪
Y

2 |Z
)
=
I( X

; Y
1 |Z

)
+
I( X

; Y
2 |Z ∪

Y
1 )holds

forany
foursets

ofvariables
X

,Y
1 ,

Y
2 ,and

Z
from

V
.

A
nother

notion
closely

related
to

C
I

is
d-separation

(Pearl,1988,p.
117).

For
a

D
A

G
G

over
V

,letting
X
,Y
,Z
⊆

V
be

disjoint,w
e

say
Z

d-separates
X

and
Y

if
itblocks

every
path

betw
een

X
and

Y
,and

if
this

is
the

case
w

e
w

rite
X
⊥

Y|Z
.

H
ere,Z

blocking
a

path
c

m
eans

that
c

has
a

head-to-tailnode
ora

tail-to-tailnode
belonging

to
Z

,orthat
c

has
a

head-to-head
node

C
such

that
C

and
its

alldescendants
are

notin
Z

.
A

s
w

ellknow
n,X

⊥
Y|Z

⇒
X
y

Y|Z
,if

(G
,P)

is
a

B
N

(N
eapolitan,2004,p.74).T

his
im

plication
provides

a
convenientw

ay
ofidentifying

C
Is.

Forexam
ple,considera

B
N

w
ith

the
graph

presented
in

Figure
1

as
its

D
A

G
.Itfollow

s
that:

X
2

and
X

8
are

d-separated
by{X

4 ,X
5 },m

eaning
X

2 ⊥
X

8 |{X
4 ,X

5 }and
thus

X
2
y

X
8 |{X

4 ,X
5 };X

3
and

X
4

are
d-separated

by
Ø

,m
eaning

X
3 ⊥

X
4 ,so

X
3
y

X
4 .

N
ote

thatthese
tw

o
probabilistic

C
Is

can
notbe

directly
derived

from
the

M
arkov

condition.
In

w
hatfollow

s,the
concepts

of
M

b
and

M
B

are
presented.

T
hey

are
a

directextension
of

M
b

and
M

B
for

a
single

targetvariable
(Pearl,1988,p.

97;
N

eapolitan,2004,pp.
108–109):

an
M

b
ofT

is
a

setof
variables

shielding
T

from
allother

variables,so
itcarries

allinform
ation

ofT
that

cannotbe
obtained

from
othervariables,w

hile
an

M
B

is
a

m
inim

alM
b.

D
efinition

1
LetT

⊆
V

and
M
⊆

V\T
.W

e
callM

a
M

arkov
blanket(M

b)ofT
ifT
y

V\M
\T|M

.
F

urther,a
M

arkov
boundary

(M
B

)ofT
is

any
M

b
such

thatnone
ofits

proper
subsets

is
an

M
b.
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L
iu
a
n
d

L
iu

W
hen|T|

=
1,the

follow
ing

results
are

w
ellknow

n
in

the
literature

(Pearl,1988;N
eapolitan,

2004;Statnikov
etal.,2013):(a)if(G

,P)is
a

B
N

,then
forT

∈
V

the
setofits

allparents,children,
and

spouses
is

an
M

b
of

T
(denoted

by
M

T );(b)
if
P

satisfies
the

intersection
property,then

T
has

a
unique

M
B

;(c)if(G
,P)satisfies

the
faithfulness

condition,then
M

T
is

the
unique

M
B

ofT
.

C
onsider

again
the

B
N

w
ith

the
graph

presented
in

Figure
1

as
its

D
A

G
.

In
this

B
N

,itis
seen

that
M

X
4
≜
{X

2 ,X
6 ,X

3 }
is

an
M

b
of

X
4 ;

further,
M

X
4

is
the

unique
M

B
of

X
4

if
the

faithfulness
condition

is
satisfied.

Sim
ilarly,

M
X

2
≜
{X

4 ,X
5 }

is
the

unique
M

B
of

X
2

under
the

faithfulness
condition.

T
he

above
result(b)

points
outthatif

the
uniqueness

of
M

B
is

violated,then
the

intersection
property

m
ustbe

violated.L
em

eire
(2007)provided

a
case

ofviolating
intersection

called
inform

a-
tion

equivalence:
X

and
Y

are
called

inform
ation

equivalentw
ith

respectto
T

if
T
̸y

X
,T
̸y

Y
,

T
y

X|Y
,and

T
y

Y|X
.

A
related

notion
is

conditionalinform
ation

equivalence
(L

em
eire

etal.,
2012;Statnikov

etal.,2013):
X

and
Y

are
called

to
be

conditionally
inform

ation
equivalentw

ith
respectto

T
given

Z
⊆

V
\

X
\

Y
\

T
,ifT

̸y
X|Z

,T
̸y

Y|Z
,T
y

X|Y
∪

Z
,and

T
y

Y|X
∪

Z
.

L
em

eire
etal.(2012,pp.

1309–1311)
show

ed
that(conditional)

inform
ation

equivalence
is

one
of

the
tw

o
m

ajor
cases

in
w

hich
adjacency

faithfulness
is

violated.
H

ere,the
adjacency

faithfulness
condition

(R
am

sey
etal.,2006;L

em
eire

etal.,2012)
is

defined
as:

if
X

and
Y

are
adjacent,then

X
̸y

Y|Z
for

any
Z
⊆

V
\{X
,Y}.

Statnikov
et

al.
(2013,

p.
503)

provided
a

local
version

for
adjacency

faithfulness
by

focusing
on

a
specific

variable.
H

ere,
w

e
em

ploy
the

inform
ation

flow
m

etaphor
(C

heng
et

al.,
2002)

to
intuitively

explain
inform

ation
equivalence:

w
e

can
view

a
B

N
as

a
netw

ork
of

inform
ation

channels,
w

here
each

node
is

a
valve

thatis
either

active
or

inactive;
the

valves
are

connected
by

inform
ation

channels;
inform

ation
can

flow
through

an
active

valve
butnotan

inactive
one;instantiating

a
node

m
eans

this
valve

becom
es

inactive.
W

e
extend

this
m

etaphor
by

view
ing

a
clique

of
one

or
m

ore
nodes

as
a

valve.In
this

sense,a
C

Irelation
X
y

Y|Z
m

eans
allthe

channels
betw

een
X

and
Y

are
cuto
ff

by
Z

and
thusthe

inform
ation

betw
een

X
and

Y
can

notflow
once

Z
becom

esinactive.W
hen

inform
ation

equivalence
occurs,w

e
further

extend
this

inform
ation

flow
m

etaphor
as

follow
s:

if
X

and
Y

are
inform

ation
equivalentw

ith
respectto

T
given

Z
,then

there
exists

an
inform

ation
equivalentvalve,

denoted
by
δ

X
,Y

;T|Z ,w
hich

connects
T

and
X

and
connects

T
and

Y
;
δ

X
,Y

;T|Z
is

active
w

hen
and

only
w

hen
both

X
and

Y
are

active.
T

hen,the
relation

“X
and

Y
are

inform
ation

equivalentw
ith

respectto
T

given
Z

”
can

be
presented

in
Figure

2.
Inform

ation
equivalence

represents
allthe

possible
situations

leading
to

the
nonuniqueness

of
M

B
.In

fact,w
e

can
show

the
follow

ing
result,w

hich
indicates

thatviolating
the

uniqueness
ofM

B
im

plies
the

presence
ofinform

ation
equivalence.T

he
proofis

presented
in

Section
B

.

L
em

m
a

1
The

intersection
property

holds
ifand

only
ifno

inform
ation

equivalence
occurs.

M
a
r
k
o
v

B
l
a
n
k
e
t
a
n
d

M
a
r
k
o
v

B
o
u
n
d
a
r
y
o
f

M
u
lt
ip
l
e

V
a
r
ia
b
l
e
s

T
he

follow
ing

lem
m

a
presents

the
w

ell-know
n

chain
rule

for
C

M
I

(C
over

&
Thom

as,
2006,

114

Theorem
2.5.2),w

hich
is

very
usefulto

prove
the

m
ain

results
ofthis

paper.
115

Lem
m

a
1

(C
hain

R
ule

for
C

M
I)

The
form

ula
I(X

;Y
1 ∪

Y
2 |Z

)
=
I(X

;Y
1 |Z

)
+
I(X

;Y
2 |Z
∪

Y
1 )

holds
116

for
any

four
sets

ofvariables
X
,Y

1 ,Y
2 ,and

Z
from

V
.The

sam
e

form
ula

also
holds

for
I

D (·).
117

i
D

irected
Separation

and
D

irected
C

onnection.T
he

notions
ofdirected

separation
(D

-separation)
118

and
directed

connection
(D

-connection)
provide

a
convenient

w
ay

of
identifying

the
C

Is
in

119

a
BN

:
For

the
D

A
G
G

,
X

and
Y

are
d-separated

by
Z

,
denoted

by
X
⊥

Y|Z
,

if
every

chain
120

betw
een

X
and

Y
,saying

c,is
blocked

by
Z

(Pearl,1988,p.
117;

N
eapolitan,2004,p.

72).
121

H
ere,

Z
blocking

c
m

eans
either

(i)
c

has
a

serial
node

(head-to-tail)
or

a
diverging

node
122

(tail-to-tail)belonging
to

Z
,or

(ii)
c

has
a

converging
node

C
(head-to-head)such

thatC
and

123

its
alldescendants

are
notin

Z
.Further,X

and
Y

are
d-connected

by
Z

,denoted
by

X
6⊥

Y|Z
,if

124

X
and

Y
are

notd-separated
by

Z
.Forexam

ple,considering
the

D
A

G
presented

in
(1):X

2 and
125

X
8

are
d-separated

by{X
4 ,X

5 },m
eaning

X
2 ⊥

X
8 |{X

4 ,X
5 };X

4
and

X
5

are
d-separated

by
X

2 ,
126

m
eaning

X
4 ⊥

X
5 |X

2 ;X
3

and
X

4
are

d-separated
by

Ø
butd-connected

by
X

6
or

X
7 ,m

eaning
127

X
3 ⊥

X
4

butX
3 6⊥

X
4 |X

6
and

X
3 6⊥

X
4 |X

7 .
128

X
1

��

X
2

uu
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X
4
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X
3
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X

5
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X

6
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X

7
X

8
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129

X
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X
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X
4
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X
3
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5
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6
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X
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X
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Figure
1:

For
any

BN
,the

im
plication

“X
⊥

Y|Z
⇒

X
y

Y|Z
”

can
facilitates

the
identification

of
C

Is.
130

Taking
the

BN
w

ith
(1)asitsD

A
G

forexam
ple,w

e
have

X
2
y

X
8 |{X

4 ,X
5 };X

4
y

X
5 |X

2 ;and
X

3
y

X
4 .

131

Further,under
the

faithfulness
condition,D

-separation
coincides

w
ith

conditional
independence

132

w
hile

D
-connection

is
equivalentto

conditionaldependence
(N

eapolitan,2004,Theorem
2.5).T

hat
133

is,X
⊥

Y|Z
⇔

X
y

Y|Z
w

hile
X
6⊥

Y|Z
⇔

X
6y

Y|Z
.

This
conclusion

describes
the

relationship
134

betw
een

the
graphicalside

(G
)and

the
probabilistic

side
(P

)ofa
BN

.
135

In
w

hatfollow
s,the

concepts
ofM

B
and

M
b

for
a

single
variable

are
presented

(see
N

eapolitan,
136

2004,pp.108–109).The
definition

for
m

ultivariate
case

is
sim

ilarly
given

in
D

efinition
3.

137

D
efinition

2
(U

nivariate
M

B
and

M
b)

Let
P

bea
jointprobability

distribution
overV

,and
T
∈

V
.Then

138

a
M

arkov
blanket

(M
B),M

,ofT
is

any
set

ofvariables
from

V
such

that
T
y

V
\

M
\{T}|M

.
A

M
arkov

139

boundary
(M

b)ofT
is

any
M

B
such

thatnone
ofits

proper
subsets

is
an

M
B

ofT
.

140

This
definition

requires
that

an
M

b
is

a
m

inim
alM

B
in

a
sense.

In
other

w
ords,an

M
b

of
T

is
141

a
m

inim
alvariable

setconditioned
on

w
hich

allother
variables

are
independentofT

,so
itcarries

142

all
inform

ation
of

T
that

cannot
be

obtained
from

other
variables.

The
follow

ing
lem

m
a

collects
143

the
m

ain
results

ofM
B

and
M

b
for

the
univariate

case
existing

in
the

literature.
The

proofs
can

be
144

found
in

N
eapolitan

(2004,p.109)and
Pearl(1988,pp.97

and
141).

145

4

Figure
1:A

sim
ple

D
A

G
used

to
illustrate

d-separation.
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at
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f D
ar

e
C

M
I

(C
he

ng
et

al
.,

20
02

;T
sa

m
ar

di
no

s
et

al
.,

20
03

)
an

d
th

e
ne

ga
tiv

e
p-

va
lu

e
(T

sa
m

ar
di

no
s

et
al

.,
20

06
;A

lif
er

is
et

al
.,

20
10

a,
b;

St
at

ni
ko

v
et

al
.,

20
13

).
A

ls
o,

Y
ar

am
ak

al
a

(2
00

4,
p.

41
)

su
gg

es
te

d
an

eq
ui

va
le

nt
ve

rs
io

n
of

th
e

ne
ga

tiv
e

p-
va

lu
e.

Su
bs

ec
tio

n
4.

3
w

ill
m

ak
e

a
di

sc
us

si
on

ab
ou

tt
he

w
ay

s
of

pr
ac

tic
al

ly
do

in
g

C
It

es
ts

an
d

th
e

se
le

ct
io

ns
fo

r
f D
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M
a
r
k
o
v

B
la
n
k
e
t
a
n
d

M
a
r
k
o
v

B
o
u
n
d
a
r
y
o
f

M
u
lt
iple

V
a
r
ia
b
le
s

K
I
A
M
B

is
a

stochastic
extension

of
I
A
M
B.Item

beds
a

random
ization

param
eterK

∈
[0
,1]w

hich
specifiesthe

trade-o
ff

betw
een

greedinessand
random

ness.Iftaking
K
=

1,
K
I
A
M
B

reducesto
I
A
M
B.

Peña
etal.(2007)proved

the
correctness

of
K
I
A
M
B

underthe
com

position
assum

ption.B
y

the
proof,

the
localcom

position
assum

ption
is

su
ffi

cientfor
K
I
A
M
B

to
be

correct.
A

lgorithm
3

describes
the

pseudo
code

for
K
I
A
M
B.

For
the

case
of|T|⩾

2,
I
A
M
B

and
K
I
A
M
B

can
rem

ain
correctif

strengthening
the

precondition.
W

e
presentthe

correctness
ofthem

as
follow

s,w
ithoutpresenting

the
proofsince

itis
sim

ilarto
that

ofthe
original

I
A
M
B

and
K
I
A
M
B

(T
sam

ardinos
etal.,2003;Peña

etal.,2007;Statnikov
etal.,2013).

In
w

hatfollow
s,w

e
say

a
C

I
testfor

a
hypothesis

is
correctif

the
statisticaldecision

is
correctly

m
ade

by
using

a
testing

m
ethod.Subsection

4.3
gives

a
furtherdiscussion

on
this

issue.

T
heorem

1
(C

orrectnessof
I
A
M
B

and
K
I
A
M
B)

A
ssum

e
T

satisfies
the

localcom
position

property,
and

allC
I

tests
are

correct.
Then

(i)
I
A
M
B

outputs
an

M
B

ofT
;

(ii)
K
I
A
M
B

outputs
an

M
B

ofT
for

any
K
∈

[0
,1].

2.3
M

otivations

T
his

subsection
provides

three
m

otivations
ofthis

paper.
L

et
M

be
an

M
B

of
T

.
T

hen
P(T|V

\{T})
=
P(T|M

).
In

other
w

ords,
all

inform
ation

for
predicting

T
is

carried
by

M
.

Further,
M

is
a

solution
to

the
FS

problem
,

if
the

algorithm
that

constructs
the

prediction
m

odelcan
learn

any
probability

distribution,and
the

perform
ance

m
etric

isstrictly
decreasing

w
ith

the
m

ean-squared
loss

w
ith

a
preference

forsm
allersubsets

(T
sam

ardinos
and

A
liferis ,2003,Proposition

3).Forthis
reason,M

B
fora

single
variable

is
su
ffi

cient.
H

ow
ever,there

are
the

situations
w

here
M

B
for

m
ultiple

variables
is

preferred.
T

his
occurs

if
w

e
need

the
probability

distribution
of

m
ore

than
one

variables
given

allthe
others.

L
et

M
i be

an
M

B
ofT

i fori
=

1
,2.D

enoting
T
=
{T

1 ,T
2 },itfollow

s
that

P(T|V
\

T
)
=

{
P(T

1 |M
1 )P(T

2 |M
2 )

ifT
1
<

M
2

orT
2
<

M
1

P(T
1 ,T

2 ,V
\

T
)
/ ∑

t1 ,t2
P(t1 ,t2 ,V

\
T

)
ifT

1 ∈
M

2
and

T
2 ∈

M
1

A
s

seen,in
the

case
of

T
1 ∈

M
2

and
T

2 ∈
M

1 ,the
com

putation
is

intractable,especially
w

hen
the

dim
ension

ishigh.N
evertheless,ifw

e
have

an
M

B
forT

,denoted
by

M
,then

P(T|V\T
)
=
P(T|M

)
follow

s
im

m
ediately,so

the
problem

is
sim

plified
greatly.In

this
sense,itis

m
eaningfulto

consider
the

problem
of M

B
form

ultiple
variables.

T
he

second
m

otivation
is

thatw
e

w
antto

know
w

hether
the

prediction
forT

w
illbe

affected
if

the
observed

values
of

som
e

variables
outside

T
(in

a
new

observation)
are

m
issing.

D
enote

these
m

issing
variables

by
V

m
.

T
his

problem
can

be
considered

as
follow

s:
find

an
approxim

ate
M

B
(denoted

by
M

m
)

ofT
in

V
\

V
m

by
m

eans
of

som
e

m
ethod,then

check
if

M
m

is
an

M
b

in
V

via
som

e
criterion

(e.g.,
a

criterion
based

on
L

em
m

a
2

given
by

Statnikov
et

al.,
2013);

and
finally

assertT
w

illnotbe
affected

if
the

above
checking

resultis
“yes”.

In
this

sense,itis
also

preferred
to

considerM
B

form
ultiple

variables.
Figure

4
represents

the
D

A
G

for
the

A
L

A
R

M
netw

ork
(B

einlich
et

al.,1989),
w

hich
is

w
ell

know
n

in
the

literature.Take
T

1
≜

X
22

and
T

2
≜

X
23 .T

hen,M
T

i is
the

unique
M

B
ofT

i fori
=

1
,2

underthe
faithfulness

condition,w
ith

M
T

1
≜
{X

1 ,X
4 ,X

15 ,X
21 ,X

23 ,X
27 ,X

29 }
and

M
T

2
≜
{X

2 ,X
22 ,X

24 ,X
25 ,X

27 ,X
29 },

(1)
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L
iu
a
n
d

L
iu

24
23

2

25

27
22

26
8

4

9

15
13

75

6
11

34

32

36
35

1
29

21
19

20
14

12
31

37
33

3
30

28
18

17
16

10
A

L
A

R
M

 N
e

tw
o

rk

Figure
4:A

L
A

R
M

netw
ork

(37
nodes

and
46

edges):a
logicalalarm

reduction
m

echanism
.

respectively.
T

his
leads

to
intractable

com
putations

on
the

jointprobability
distribution

of
T

1
and

T
2

given
all

other
variables,

consider
that

T
1
∈

M
T

2
and

T
2
∈

M
T

1 .
Further,

if
the

observed
values

of
som

e
variables

(e.g.,
X

j for
j
=

32
,33
,···
,37)

in
a

new
observation

are
m

issing,
can

this
observation

be
used

any
m

ore
for

predicting
T

1
and

T
2 ?

Furtherm
ore,w

e
have

to
face

sim
ilar

problem
s

ifthree
orm

ore
targetvariables

are
considered.

T
he

third
m

otivation
concernsM

B
discovery

algorithm
s.B

y
T

heorem
1,I
A
M
B

and
K
I
A
M
B

can
be

applied
to

the
problem

ofM
B

form
ultiple

variables
ifsim

ply
regarding

the
targets

as
a

m
ultivariate

vector,
under

the
strengthened

local
com

position
assum

ption.
H

ow
ever,

the
assum

ption
of

local
com

position
im

posed
on

m
ultiple

targets
m

ay
have

m
ore

occasions
to

becom
e

invalid
than

im
posed

on
single

targets,due
to

the
synergy

effectin
the

sense
thatneither

X
norY

carries
inform

ation
ofT

buttogetherthey
contain

som
e

inform
ation

ofT
(R

auh
etal.,2014).

H
ere

is
an

illustration:
considering

the
B

N
w

ith
the

graph
in

Figure
5

as
its

D
A

G
,

by
direct

com
putations

using
the

FullB
N

T
toolbox

( M
urphy,2007),w

e
find

that

A
y

C
,

A
y

D
,

and
A
y
{C
,D};

B
y

C
,

B
y

D
,

and
B
y
{C
,D};

{A
,B}
y

C
,

{A
,B}
y

D
,

but
{A
,B}̸y

{C
,D}.

B
y

this
illustration,the

idea
of

applying
the

existing
M

B
discovery

algorithm
s

to
m

ultiple
targets

seem
s

to
be

practically
im

proper
although

itis
theoretically

feasible,because
synergy

effects
m

ay
lead

to
potential

ineffi
ciency

and
even

incorrectness.
T

his
m

otivates
us

to
build

som
e

algorithm
s

w
hich

are
resistantto

synergy
effects

and,further,are
tim

e
effi

cient.

X
A

D

Y

E
B

W
C

Z

X
A

D

Y

E
B

W
C

Z

X
A

D

Y

E
B

W
C

Z

Figure
5:

A
n

illustration
on

synergy
effects:

each
of{X

,Y,Z
,W
}

takes{1
,2}

equiprobably;each
of

{A
,B
,C
,D}takes

1
w

ith
probabilities

p
1 ,p

2 ,p
3 ,p

4
and

takes
2

w
ith

probabilities
1−

p
1 ,

1−
p

2 ,
1−

p
3 ,

1−
p

4
given

its
parents,

w
ith

p
4
=

p
1 −

p
2
+

p
3 ;

E
has

an
arbitrary

distribution.
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m

s
w

ith
hi

gh
ac

cu
ra

ci
es

an
d

lo
w

co
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3.
1

A
dd
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vi
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un

de
r

L
oc

al
In

te
rs
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tio

n

In
th

is
su
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tio
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w
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e

pr
ob

le
m
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M

b
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d
M

B
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r
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le
s

un
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r
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e
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W
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pr
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e
M

b
an

d
M

B
po

ss
es

s
an

id
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l
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op
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ty
ca

lle
d

ad
di

tiv
ity

.
T

ha
ti

s,
an

M
b

of
m

ul
tip

le
va

ri
ab

le
s

ca
n

be
co

ns
tr

uc
te

d
by

si
m
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y

ta
ki

ng
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e
un
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n

of
th

e
M

bs
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e
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di
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s
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g
th

e
ta

rg
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va
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s
th

em
se

lv
es

(t
he

sa
m

e
fo

r
M

B
).

T
he

re
su

lts
ar

e
pr

es
en

te
d

in
T

he
or

em
2

an
d

T
he

or
em

3,
re

sp
ec

tiv
el

y.
A

pp
en

di
x

B
gi

ve
s

th
ei

rp
ro

of
s.

T
he

or
em

2
(A

dd
iti

vi
ty
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M

b)
Le
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G
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)b
e

a
B

N
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er
V

.T
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w
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g
tw

o
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at
em

en
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ld

:
(i

)
Le

t
M

i
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M

b
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T
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⊆

V
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r
i
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m
e

T
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∪

T
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∪
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M
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∪
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M
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M
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b
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at
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T
2
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3.2
T

heoreticalR
esults

in
the

G
eneralC

ase
308

Let
(G
,P

)
be

a
BN

over
V

,and
assum

e
T

i ⊆
V

w
ith|T|>

1
has

an
M

B
or

M
b,M

i ,for
i

=
1,2.

309

D
enote

T
=

T
1 ∪

T
2 and

N
=

(M
1 ∪

M
2 )\T

.In
the

case
thatM

i is
an

M
b

ofT
i ,Theorem

3
reveals

that
310

N
is

an
M

b
ofT

ifT
satisfies

the
localintersection

assum
ption.H

ow
ever,w

hen
the

localintersection
311

assum
ption

does
not

hold
(m

eaning
inform

ation
equivalence

occurs,as
Lem

m
a

1
show

s),N
m

ay
312

be
no

longer
an

M
b

of
T

,due
to

one
of

the
follow

ing
reasons:

(i)
N

m
ay

be
an

M
B

but
it

m
ay

not
313

possess
m

inim
ality,as

show
n

by
Exam

ple
2;(ii)N

m
ay

be
insu

ffi
cientto

shield
T

1
and

T
2

from
all

314

other
variables,so

itis
no

longer
an

M
B

in
this

case,and
som

e
extra

variables
are

required
to

enter
315

into
N

.Exam
ple

1
provides

an
illustration.

316

9

Figure
7:

A
n

illustration
forthe

case
ofviolating

additivity
ofM

b
and

M
B

,caused
by

inform
ation

equivalence.

A
ssum

e
N

is
no

longeran
M

b
ofT

.T
hen,itis

easily
show

n
that

V
\

N
\

T
̸y

T
1 |N
,

but
V
\

N
\

T
y

T
1 |N

∪
T

2 ,

V
\

N
\

T
̸y

T
2 |N
,

but
V
\

N
\

T
y

T
2 |N

∪
T

1 .

T
hatis,T

1
and

T
2

contain
equivalentinform

ation
aboutV

\
N
\

T
given

N
.

See
Figure

7
for

an
illustration:the

valves
M

1 \T
2

and
M

2 \T
1

can
notcuto

ff
allinform

ation
channels

betw
een

T
and

V
\

N
\

T
,because

som
e

inform
ation

can
flow

through
δT

1 ,T
2 ;V\N\T|N ,an

inform
ation

equivalent
valve

ofT
1

and
T

2
w

ith
respectto

V
\

N
\

T
given

N
.

In
other

w
ords,T

1
and

T
2

m
ay

exchange
inform

ation
directly;

besides,
they

also
share

the
equivalent

inform
ation

aboutV
\

N
\

T
.

T
his

indicates
w

e
should

continue
to

turn
o
ff

som
e

valves,S⊆
V
\

N
\

T
,besides

M
1 \

T
2

and
M

2 \
T

1
such

thatT
1

and
T

2
no

longer
exchange

inform
ation

through
externalvalves

and
thus

such
thatT

has
no

inform
ation

exchange
w

ith
rem

aining
valves.

T
his

analysis
m

otivates
us

to
give

the
follow

ing
definition:

D
efinition

3
W

ith
the

notations
above,w

e
callS

(⊆
V
\

N
\

T
)

a
M

arkov
blanketsupplem

entary
(M

bS)
(ofT

to
N

),ifN
∪

S
is

an
M

b
ofT

.
F

urther,a
M

arkov
boundary

supplem
entary

(M
B

S)
is

any
M

bS
such

thatnone
ofits

proper
subsets

is
an

M
bS.

In
w

hatfollow
s,w

e
give

the
properties

ofM
bS

and
M

B
S.

T
heorem

4
A

ssum
e

S⊆
V
\

N
\

T
.Then,the

follow
ing

statem
ents

are
equivalent:

(i)
S

is
an

M
bS;

(ii)
I(T

1 ;T
2 |N

∪
S)
=

m
in

S ′⊆V\N\T
I(T

1 ;T
2 |N

∪
S ′);

(iii)
I(T

;S|N
)
=

m
ax

S ′⊆V\N\T
I(T

;S ′|N
);

(iv)
N
∪

S
is

an
M

b
ofT

1
in

V
\

T
2

(or
N
∪

S
is

an
M

b
ofT

2
in

V
\

T
1 ).

In
addition,

ifS
is

an
M

bS,
then

it
is

also
an

M
B

S
if

and
only

ifT
1
̸y

Y|N
∪

(S\{Y})
or

T
2 ̸y

Y|N
∪

(S\{Y})holds
for

any
Y
∈

S.

T
he

proofofthis
theorem

is
presented

in
A

ppendix
B

.
A

s
seen,(ii)

and
(iii)

of
T

heorem
4

explain
the

im
plication

of
M

bS
thatthe

inform
ation

flow
m

etaphor
illustrates

in
Figure

7:
finding

an
M

bS
is

equivalentto
turning

o
ff

som
e

valves
such

that
T

1
and

T
2

no
longer

exchange
inform

ation
through

external
valves,

or
equivalent

to
finding

all
rem

aining
equivalentinform

ation
contained

by
T

1
and

T
2 ;(iv)

and
the

property
of

M
B

S
provide

a
practicalw

ay
ofbuilding

M
B

S
discovery

algorithm
s.

H
ere,w

e
use

an
exam

ple
to

dem
onstrate

the
notions

ofM
bS

and
M

B
S

and
theirproperties.
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L
iu
a
n
d

L
iu

E
xam

ple
1

C
onsider

the
B

N
(G
,P)

over
V
=
{A
,B
,C
,D}

presented
in

Figure
8,

in
w

hich
A

,
B

,
and

C
take{1

,2
,3}

w
hile

D
takes{1

,2}.
P

utT
=
{T

1 ,T
2 },N

=
(M

1 ∪
M

2 )\
T
=

Ø
,and

S
=
{C},

S
0
=
{C
,D}w

ith
T

1
=

A
,T

2
=

B
,M

1
=
{B},M

2
=
{A}.U

sing
the

theory
ofinform

ation
equivalence

(Lem
eire,2007),w

e
can

show
the

follow
ing

results
(see

A
ppendix

B
for

the
proofs):

(i)
M

1
is

an
M

B
ofT

1
in

V
:
I(A

;C
,D
|B)
=

0
and
I(A

;C
,D

)
>

0;

(ii)
M

2
is

an
M

B
ofT

2
in

V
:
I(B;C

,D
|A

)
=

0
and
I(B;C

,D
)
>

0;

(iii)
N
∪

S
is

an
M

b
ofT

in
V

,so
S

is
an

M
bS:
I(A
,B;D

|C
)
=

0;

(iv)
I(T

1 ;T
2 |N

∪
S)
=

m
in

S ′⊆V\N\T
I(T

1 ;T
2 |N

∪
S ′),

because
of
I(A

;B|C
)
=
I(A

;B|C
,D

),
I(A

;B|C
)
⩽
I(A

;B|D
),and

I(A
;B|C

)
⩽
I(A

;B);

(v)
I(T

;S|N
)
=

m
ax

S ′⊆V\N\T
I(T

;S ′|N
);

(vi)
N
∪

S
is

an
M

B
ofT

1
in

V
\{T

2 }:
I(A

;C
,D

)
>

0
and
I(A

;D
|C

)
=

0;

(vii)
N
∪

S
is

an
M

B
ofT

2
in

V
\{T

1 }:
I(B;C

,D
)
>

0
and
I(B;D

|C
)
=

0;

(viii)
S

is
an

M
B

S;S
0

is
an

M
bS

(notan
M

B
S):
I(A
,B;C

,D
)
>

0
and
I(A

;B|C
,D

)
=
I(A

;B|C
).

B
y

E
xam

ple
1,A

and
B

share
the

equivalentinform
ation

aboutC
,so

turning
o
ff

the
valve

A
(or

B)m
eans

cutting
o
ff

allthe
channels

from
B

(or
A

)to
C

.T
his

is
w

hy
they

can
screen

o
ff

each
other

from
C

.H
ow

ever,A
and

B
lose

the
shield

ifthey
are

integrated
into

a
w

hole.In
this

case,w
e

have
to

turn
C

o
ff

such
thatA

and
B

no
longerexchange

inform
ation

through
externalvalves.T

his
exam

ple
reveals

thatan
M

B
S

is
a

m
inim

alsetof
variables,S

⊆
V
\

N
\

T
,such

thatT
1

and
T

2
contain

no
equivalentinform

ation
aboutthe

rem
aining

variables
given

N
∪

S.
W

hen
finding

an
M

B
S,

S,
and

letting
the

variables
in

S
supplem

ent
N

,
there

m
ay

be
som

e
variables

in
N

becom
ing

redundant.In
addition,N

m
ay

be
redundanteven

before
supplem

enting
S.

E
xam

ple
2

gives
an

illustration.Forboth
cases,w

e
need

to
rem

ove
the

redundantvariables.

E
xam

ple
2

C
onsider

the
B

N
presented

in
Figure

9,in
w

hich
any

one
variable

from
{A
,B
,C}

and
another

from
{D
,E
,F}

(denoted
by

X
and

Y
,respectively)

contain
context-independentequivalent

inform
ation

aboutG
(see

Statnikov
etal.,2013,E

xam
ple

3).
Then,{X

,Y}
is

an
M

B
ofG

.
P

utnow
T

1
=
{C
,F}

and
T

2
=
{G},and

take
M

1
=
{B
,E}

and
M

2
=
{B
,D}.

N
ote

thatT
1 ⊆

V
\

M
2

(and
also

T
2 ⊆

V
\

M
1 ).Itconcludes

thatN
=
{B
,D
,E}is

notan
M

B
butonly

an
M

b
ofT

1 ∪
T

2 ,since
its

proper
subset{B

,E}is
also

an
M

b
(and

also
an

M
B

)ofT
1 ∪

T
2 .

This
show

s
w

hy
the

process
of

refining
N

is
necessary.

P
(A

=
1)=

0.3
P

(A
=

2)=
0.3

P
(A

=
3)=

0.4
A

      P
(B

=
1|A

=
1)=

0.4; P
(B

=
1|A

=
2)=

0.8; P
(B

=
1|A

=
3)=

0.0
      P

(B
=

2|A
=

1)=
0.6; P

(B
=

2|A
=

2)=
0.2; P

(B
=

2|A
=

3)=
0.0

      P
(B

=
3|A

=
1)=

0.0; P
(B

=
3|A

=
2)=

0.0; P
(B

=
3|A

=
3)=

1.0
B

P
(C

=
1|A

=
1)=

1.0; P
(C

=
1|A

=
2)=

1.0; P
(C

=
1|A

=
3)=

0.0      
P

(C
=

2|A
=

1)=
0.0; P

(C
=

2|A
=

2)=
0.0; P

(C
=

2|A
=

3)=
0.9      

P
(C

=
3|A

=
1)=

0.0; P
(C

=
3|A

=
2)=

0.0; P
(C

=
3|A

=
3)=

0.1      

P
(D

=
1|C

=
1)=

1.0; P
(D

=
1|C

=
2)=

0.0; P
(D

=
1|C

=
3)=

0.7      
P

(D
=

2|C
=

1)=
0.0; P

(D
=

2|C
=

2)=
1.0; P

(D
=

2|C
=

3)=
0.3      

CD

Figure
8:

B
N

(G
,P):
P

is
a

jointprobability
distribution

overV
=
{A
,B
,C
,D}

w
ith

each
variable

taking
values{1

,2
,3}exceptfor

D
taking{1

,2};
G

is
a

D
A

G
overV

.
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M

B
of

T
iff

fo
r

an
y

X
∈

M
th

er
e

is
so

m
e

js
uc

h
th

at
T

(d
)

j
̸y

X
|M
\{

X
}.

Fo
r

w
hy

th
is

tr
an

sf
or

m
at

iv
e

m
et

ho
d

is
effi

ci
en

t,
th

e
fo

ur
th

co
nc

lu
di

ng
re

m
ar

k
in

Se
ct

io
n

7
w

ill
m

ak
e

a
br

ie
fe

xp
la

na
tio

n.

4.
A

lg
or

ith
m

s

T
hi

s
se

ct
io

n
bu

ild
s

M
B

di
sc

ov
er

y
al

go
ri

th
m

s
fo

rm
ul

tip
le

ta
rg

et
s,
{T

1,
···
,T

k}
≜

T
.
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L
iu
a
n
d

L
iu

L
et
A

be
an

M
B

di
sc

ov
er

y
al

go
ri

th
m

,a
ss

um
ed

to
pe

rf
or

m
w

el
lw

he
n

us
ed

to
di

sc
ov

er
an

M
B

fo
ra

si
ng

le
ta

rg
et

.I
n

th
is

pa
pe

r,
w

e
em

pl
oy
I
A
M
B

an
d
K
I
A
M
B

as
A

.C
le

ar
ly

,A
ca

n
be

di
re

ct
ly

us
ed

to
fin

d
an

M
B

fo
rT

if
si

m
pl

y
re

ga
rd

in
g

T
as

th
e

in
pu

to
fA

.U
su

al
ly

,t
hi

s
w

ill
le

ad
to

lo
w

ac
cu

ra
ci

es
an

d
hi

gh
co

m
pl

ex
iti

es
.

B
y

T
he

or
em

4,
th

e
M

B
di

sc
ov

er
y

pr
ob

le
m

fo
r

m
ul

tip
le

ta
rg

et
s

ca
n

be
tr

an
sl

at
ed

eq
ui

va
le

nt
ly

in
to

a
nu

m
be

ro
fM

B
di

sc
ov

er
y

pr
ob

le
m

s
fo

rs
in

gl
e

ta
rg

et
s,

ac
co

rd
in

g
to

th
e

fo
llo

w
in

g
w

ay
:(

i)
us

e
A

to
fin

d
an

M
B

of
T

i
in

V
fo

ri
=

1,
···
,k

,d
en

ot
ed

by
M

i;
(i

i)
fin

d
an

M
b

of
T

2
in

V
\{

T
1}

ba
se

d
on

(M
1
∪

M
2)
\{

T
1,

T 2
},

an
d

th
en

ge
ta

n
M

B
of
{T

1,
T

2},
w

ri
tte

n
as

M
1,

2;
(i

ii)
fin

d
an

M
b

of
T 3

in
V
\{

T
1,

T 2
}b

as
ed

on
(M

1,
2
∪

M
3)
\{

T
1,

T
2,

T
3},

an
d

th
en

ge
ta

n
M

B
of
{T

1,
T

2,
T

3},
w

ri
tte

n
as

M
1,

2,
3;

(iv
)t

he
re

st
ca

n
be

do
ne

in
a

si
m

ila
rm

an
ne

r.
Fo

llo
w

in
g

th
is

w
ay

,t
he

in
pu

to
fA

fo
re

ac
h

us
e

is
a

si
ng

le
va

ri
ab

le
,s

o
th

is
id

ea
su

cc
es

sf
ul

ly
av

oi
ds

as
si

gn
in

g
an

m
ul

tiv
ar

ia
te

in
pu

tt
o
A

.
N

ot
e

th
at

in
th

e
ab

ov
e

pr
oc

es
s

th
e

eq
ui

va
le

nt
in

fo
rm

at
io

n
is

ex
tr

ac
te

d
in

a
st

ep
w

is
e

m
an

ne
r.

4.
1
I
A
M
B
S

an
d
K
I
A
M
B
S

L
et

(G
,P

)b
e

a
B

N
ov

er
V

,a
nd

as
su

m
e

T
i
⊆

V
w

ith
|T i
|⩾

1
ha

s
an

M
B

,M
i,

fo
ri
=

1,
2.

D
en

ot
e

N
=

(M
1
∪

M
2)
\(

T
1
∪

T
2)

.
T

hi
s

su
bs

ec
tio

n
pr

es
en

ts
th

e
al

go
ri

th
m

s
fo

r
di

sc
ov

er
in

g
an

M
B

of
T

1
∪

T
2.

To
de

si
gn

on
e

su
ch

al
go

ri
th

m
,w

e
no

te
th

at
th

er
e

m
ay

be
so

m
e

va
ri

ab
le

s
in

N
be

co
m

in
g

re
du

nd
an

to
nc

e
an

M
B

S,
S,

is
su

pp
le

m
en

te
d.

T
he

re
fo

re
,w

e
ne

ed
to

fir
st

fin
d

S
by

se
tti

ng
N

as
a

w
hi

te
lis

ti
n
A

an
d

th
en

re
fin

e
N

.
A

pp
ly

in
g

th
is

id
ea

to
I
A
M
B

an
d
K
I
A
M
B

,w
e

ob
ta

in
tw

o
al

go
ri

th
m

s
ca

lle
d
I
A
M
B
S

an
d
K
I
A
M
B
S

,
in

w
hi

ch
“S

”
re

fe
rs

to
as

“s
up

pl
em

en
ta

ry
”.

T
he

ir
ps

eu
do

co
de

s
ar

e
pr

es
en

te
d

in
A

lg
or

ith
m

1.
In

or
de

r
to

di
ff

er
en

tia
te

th
es

e
tw

o
al

go
ri

th
m

s,
w

e
se

t
K

in
th

e
K
I
A
M
B
S

al
go

ri
th

m
as

K
∈

[0
,1

).
It

is
m

en
tio

ne
d

he
re

th
at

S 2
is

a
ra

nd
om

su
bs

et
of

S 1
w

ith
si

ze
m

ax
{1,
⌊|S

1|
·K
⌋}

in
L

in
e

5
of
K
I
A
M
B
S

.
A

s
se

en
,t

he
se

tw
o

al
go

ri
th

m
s

fir
st

fin
d

an
M

bS
,S

,i
n

th
e

gr
ow

in
g

ph
as

e
an

d
th

en
re

fin
e

S
an

d
N

in
se

qu
en

ce
in

th
e

sh
ri

nk
in

g
ph

as
e.

Fo
r

ex
am

pl
e,

ba
se

d
on

a
da

ta
se

t
dr

aw
n

fr
om

th
e

B
N

in
E

xa
m

pl
e

1,
th

e
un

iq
ue

M
B

,
{C
},

of
{A
,B
}c

an
be

di
sc

ov
er

ed
by

ca
lli

ng
I
A
M
B
S

or
K
I
A
M
B
S

on
ly

on
ce

.
T

he
or

em
1

pr
es

en
ts

th
e

co
rr

ec
tn

es
s

of
I
A
M
B

an
d
K
I
A
M
B

un
de

r
th

e
as

su
m

pt
io

n
th

at
T

1
∪

T
2

sa
tis

fie
s

th
e

lo
ca

lc
om

po
si

tio
n

pr
op

er
ty

.
T

he
th

eo
re

m
be

lo
w

sh
ow

s
I
A
M
B
S

an
d
K
I
A
M
B
S

ar
e

co
rr

ec
t

if
T

2
(i

ns
te

ad
of

T
1
∪

T
2)

sa
tis

fie
s

th
e

lo
ca

lc
om

po
si

tio
n

pr
op

er
ty

.A
pp

en
di

x
B

gi
ve

s
th

e
pr

oo
f.

T
he

or
em

6
(C

or
re

ct
ne

ss
of
I
A
M
B
S

an
d
K
I
A
M
B
S

)
A

ss
um

e
th

at
T

2
sa

tis
fie

s
th

e
lo

ca
l

co
m

po
si

tio
n

pr
op

er
ty

,a
nd

th
at

al
lC

I
te

st
s

ar
e

co
rr

ec
t.

Th
en

(i
)
I
A
M
B
S

ou
tp

ut
s

an
M

B
of

T
1
∪

T
2;

(i
i)
K
I
A
M
B
S

ou
tp

ut
s

an
M

B
of

T
1
∪

T
2

fo
r

an
y

K
∈[

0,
1)

.

T
he

fo
llo

w
in

g
re

m
ar

k
pr

es
en

ts
a

re
la

tio
n

am
on

g
lo

ca
li

nt
er

se
ct

io
n,

lo
ca

lc
om

po
si

tio
n,

an
d

th
e

ad
ja

ce
nc

y
fa

ith
fu

ln
es

s
co

nd
iti

on
,u

nd
er

th
e

or
ie

nt
at

io
n

fa
ith

fu
ln

es
s

co
nd

iti
on

.T
he

pr
oo

fi
s

gi
ve

n
in

A
pp

en
di

x
B

.H
er

e,
th

e
or

ie
nt

at
io

n
fa

ith
fu

ln
es

s
co

nd
iti

on
(R

am
se

y
et

al
.,

20
06

;L
em

ei
re

et
al

.,
20

12
)

is
de

fin
ed

as
:

fo
r

an
y

X
,Y
,Z
∈V

su
ch

th
at

X
an

d
Z

ar
e

ad
ja

ce
nt

to
Y

bu
tX

is
no

ta
dj

ac
en

tt
o

Z
,(

i)
if

X
→

Y
←

Z
,t

he
n

X
̸y

Z
|W

ho
ld

s
fo

ra
ny

W
⊆

V
\{

X
,Z
}w

ith
Y
∈W

;(
ii)

ot
he

rw
is

e,
X
̸y

Z
|W

ho
ld

s
fo

ra
ny

W
⊆

V
\{

X
,Y
,Z
}.

R
em

ar
k

2
Th

e
fo

llo
w

in
g

tw
o

st
at

em
en

ts
ho

ld
:

(a
)

vi
ol

at
in

g
lo

ca
l

in
te

rs
ec

tio
n

im
pl

ie
s

vi
ol

at
in

g
ad

ja
ce

nc
y

fa
ith

fu
ln

es
s;

(b
)u

nd
er

th
e

or
ie

nt
at

io
n

fa
ith

fu
ln

es
s

co
nd

iti
on

,v
io

la
tin

g
lo

ca
lc

om
po

si
tio

n
at

th
e

en
d

of
th

e
fir

st
ph

as
e

of
I
A
M
B

or
K
I
A
M
B

or
I
A
M
B
S

or
K
I
A
M
B
S

m
ea

ns
vi

ol
at

in
g

ad
ja

ce
nc

y
fa

ith
fu

ln
es

s.
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M
a
r
k
o
v

B
la
n
k
e
t
a
n
d

M
a
r
k
o
v

B
o
u
n
d
a
r
y
o
f

M
u
lt
iple

V
a
r
ia
b
le
s

In
addition,the

lem
m

a
below

is
usefulto

explain
the

succeeding
rem

arks.

L
em

m
a

3
(a)Ifthere

is
P
⊆

M
1 \

T
2

such
thatT

1
y

P|(N
\

P
)∪

T
2 ,then

(N
\

P
)∪

T
2

is
an

M
b

ofT
1 ;(b)Ifthere

isQ
⊆

N
\

P
such

thatT
1
y

Q
|(N
\

P\
Q

)∪
T

2
and

T
2
y

Q
|(N
\

P\
Q

)∪
T

1 ,
then

(N
\

P\
Q

)∪
T

2
is

an
M

b
ofT

1 ,and
(N
\

P\
Q

)∪
T

1
is

an
M

b
ofT

2 .

ForA
lgorithm

1,w
e

have
three

rem
arks

below
:

(i)
In

these
tw

o
algorithm

s,the
tw

o
C

Itests
foradding

m
em

bers
to

S
and

forrefining
S

are
based

on
T

2
instead

ofT
,w

hile
the

C
Itestforrefining

N
isbased

on
T

instead
ofT

2 .(a)Forthe
first

tw
o

C
I

tests,T
2

can
be

replaced
w

ith
T

w
ithoutaffecting

the
correctness

of
the

algorithm
s,

since
T

2
y

X|N
∪

S ′⇔
T
y

X|N
∪

S ′holds
forany

S ′⊆
V\N

\T
and

X
⊆

V\(N
∪

S ′)\T
.

H
ow

ever,ifw
e

replace
T

2
w

ith
T

,the
resulting

algorithm
s

w
illneed

m
uch

longertim
e

to
run.

T
his

is
w

hy
w

e
use

T
2

in
stead

ofT
in

these
tw

o
places.

(b)
For

the
third

C
I

test,T
can

not
be

replaced
w

ith
T

2 ,because
ofT

2
y

X|(N
\

X
)∪

S
⇏

T
y

X|(N
\

X
)∪

S.
(ii)

A
ccording

to
R

em
ark

2,there
m

ay
be

som
e

situations
in

w
hich

both
localintersection

and
local

com
position

are
sim

ultaneously
violated.

In
this

case,
I
A
M
B
S

and
K
I
A
M
B
S

m
ay

not

A
lgorithm

1:
I
A
M
B
S

and
K
I
A
M
B
S

Procedure:
M
←
I
A
M
B
S(D

;T
1 ,T

2 ;M
1 ,M

2 )
Input:

a
data

m
atrix

D
;tw

o
sets

oftargetsT
1

and
T

2 ;an
M

B
M

i ofT
i fori

=
1
,2.

O
utput:

an
M

B
,M

,ofT
≜

T
1 ∪

T
2 .

/
/
F
o
r
w
a
r
d
:
G
r
o
w
i
n
g
P
h
a
s
e

1
S←

Ø
2

w
hile

S
has

changed
do

3
M
←

N
∪

S
4

Y
←

arg
m

ax
X∈V\M

\T
fD (T

2 ;X|M
)

5
ifT

2 ̸y
Y|M

then
6

S←
S∪
{Y}

7
end

8
end

/
/
B
a
c
k
w
a
r
d
:
S
h
r
i
n
k
i
n
g
P
h
a
s
e

9
foreach

X
∈

S
do

10
ifT

2
y

Y|N
∪

(S\{Y})then
11

S←
S\{Y}

12
end

13
end

14
foreach

Y
∈

N
do

15
ifT
y

Y|(N
\{Y})∪

S
then

16
N
←

N
\{Y}

17
end

18
end

19
return

M
←

N
∪

S

Procedure:
M
←
K
I
A
M
B
S(D

;T
1 ,T

2 ;M
1 ,M

2 ;K
)

Input:
B

esides{D
,T

i ,M
i },K

∈
[0
,1)is

a
random

ization
param

eter.
O

utput:
an

M
B

,M
,ofT

≜
T

1 ∪
T

2 .

/
/
F
o
r
w
a
r
d
:
G
r
o
w
i
n
g
P
h
a
s
e

1
S←

Ø
2

w
hile

S
has

changed
do

3
M
←

N
∪

S
4

if
S

1 ←
{X∈

V\M
\T

:T
2 ̸y

X|M
},

Ø
then

5
Y
←

arg
m

ax
X∈S

2
fD (T

2 ;X|M
)

6
S←

S∪
{Y}

7
end

8
end
/
/
B
a
c
k
w
a
r
d
:
S
h
r
i
n
k
i
n
g
P
h
a
s
e

9
foreach

X
∈

S
do

10
ifT

2
y

Y|N
∪

(S\{Y})then
11

S←
S\{Y}

12
end

13
end

14
foreach

Y
∈

N
do

15
ifT
y

Y|(N
\{Y})∪

S
then

16
N
←

N
\{Y}

17
end

18
end

19
return

M
←

N
∪

S
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L
iu
a
n
d

L
iu

correctly
w

ork.
Specifically,

the
violation

of
local

intersection
m

eans
T

1
and

T
2

contain
equivalent

inform
ation

aboutV
\

N
\

T
given

N
;

w
hile

the
violation

of
local

com
position

indicates
not

all
equivalent

inform
ation

are
successfully

extracted
by

N
.

L
et

P
and

Q
be

defined
as

in
L

em
m

a
3,

and
assum

e
P
∪

Q
,

Ø
.

T
hen,

it
can

be
show

n
that

T
1

and
T

2
contain

equivalentinform
ation

aboutP∪
Q

given
N
\

(P∪
Q

).T
his

m
eans

som
e

equivalent
inform

ation
aboutP∪

Q
shared

by
T

1
and

T
2

conditioned
on

N
\

(P∪
Q

)
m

ay
m

ask
som

e
equivalentinform

ation
aboutV

\
N
\

T
contained

by
T

1
and

T
2

conditioned
on

N
.T

his
m

ay
be

w
hy

notallequivalentinform
ation

can
be

extracted
by

N
.

A
ccording

to
this

analysis,a
potentialrem

edy
is

to
run
I
A
M
B
S

or
K
I
A
M
B
S

by
replacing

N
w

ith
a

supersetof
N
\

(P
∪

Q
)

thatis
a

subsetofN
.

(iii)
B

y
R

em
ark

1,ifT
1 ⊆

V\M
2

orT
2 ⊆

V\M
1 ,N

m
ustbe

an
M

b
ofT

,so
L

ines
2∼

14
of
I
A
M
B
S

and
K
I
A
M
B
S

can
be

om
itted.In

this
case,how

ever,itis
stillnecessary

to
refine

N
,because

N
m

ay
notpossess

m
inim

ality.E
xam

ple
2

illustrates
this

necessity.

In
addition,anotherproblem

thatw
e

concern
is

w
hetherw

e
can

refine
N

before
seeking

S
and,

ifthis
is

the
case,w

hich
variables

in
N

can
be

rem
oved

directly.W
e

considerthis
problem

because
any

redundant
variable

in
N

can
lead

to
unnecessary

inaccuracies
w

hen
using

N
as

a
part

of
the

conditional
set

in
practical

com
putations.

L
em

m
a

3
indicates

w
e

can
do

like
this.

H
ow

ever,
to

avoid
the

dangerofm
issing

the
inform

ation
aboutP∪

Q
(this

occurs
ifthe

equivalentinform
ation

involved
in

P∪
Q

given
N\P\Q

isdifferentin
som

e
sense

from
any

partofthe
equivalentinform

ation
involved

in
V
\

N
\

T
given

N
),w

e
recom

m
end

to
firstsearch

the
m

em
bers

ofS
in

V
\

N
\

T
and

then
check

if
som

e
variables

in
P∪

Q
are

necessary
to

enter
into

S
w

hen
im

plem
enting

L
ines

2∼
8

of
I
A
M
B
S

and
K
I
A
M
B
S.N

ote
thatthis

w
illincrease

the
totalrunning

tim
e.

4.2
M
I
A
M
B

and
M
K
I
A
M
B

In
this

subsection,w
e

presenttw
o

m
ultivariate

M
arkov

boundary
discovery

algorithm
s,called

M
I
A
M
B

and
M
K
I
A
M
B,respectively.

L
et{T

1 ,···
,T

k }∈
V

w
ith

M
i as

its
an

M
B

fori
=

1
,···
,k.Ifthe

localintersection
property

is
satisfied, T

heorem
3

show
s ∪

ki=
1

M
i \

T
is

an
M

B
ofT

≜
{T

1 ,···
,T

k }.
O

therw
ise,M

m
ay

be
no

longer
an

M
B

.
In

this
case,w

e
use
M
I
A
M
B

or
M
K
I
A
M
B

to
seek

an
M

B
forT

.
G

iven
an

ordering
of

T
1 ,···

,T
k ,saying

τ
≜
{i1 ,···

,ik },w
hich

determ
inesthe

prioritiesofthe
variablesin

T
entering

into
the

queue
w

hose
an

M
B

w
illbe

soughtin
the

currentstep,w
e

denote
an

M
B

of{T
i1 ,···

,T
iℓ }
≜

T
∗iℓ

by
M
∗ij .

W
ith

these
notations,

M
I
A
M
B

and
M
K
I
A
M
B

are
pseudo-coded

in
A

lgorithm
2.

T
heir

correctness,
show

n
by

T
heorem

7,is
a

direct
consequence

of
T

heorem
1

and
T

heorem
6.

A
s

seen,
M
I
A
M
B

or
M
K
I
A
M
B

uses
the

follow
ing

stepw
ise

idea:itfirstfinds
an

M
B

oftw
o

targets{T
i1 ,T

i2 }
=
{T

i1 }∪{T
i2 },

and
then

finds
an

M
B

of
three

targets{T
i1 ,T

i2 ,T
i3 }
=
{T

i1 ,T
i2 }∪

{T
i3 };

the
rest

can
be

done
in

a
sim

ilarm
anneruntilallthe

k
targetvariables

are
considered.

T
heorem

7
(C

orrectnessof
M
I
A
M
B

and
M
K
I
A
M
B)

A
ssum

e
that

T
i

satisfies
the

local
com

position
property

for
i
=

1
,···
,k,

and
that

all
C

I
tests

are
correct.

D
enote

T
≜
{T

1 ,···
,T

k }.
Then

(i)
M
I
A
M
B

outputs
an

M
B

ofT
;(ii)

M
K
I
A
M
B

outputs
an

M
B

ofT
for

any
K
∈

[0
,1).

A
s

w
e

know
,for

any
realdata,those

preconditions
(such

as
faithfulness

or
localcom

position)
required

by
a

learning
algorithm

are
hard

to
hold

exactly.
H

ow
ever,our

algorithm
s

can
be

seen
as

an
im

provem
entover

earlier
m

ethods.
Specifically,

I
A
M
B
/K
I
A
M
B

algorithm
s

require
faithfulness

or
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ea
ch

va
ri

ab
le

ta
ke

s,
an

d
th

e
nu

m
be

ro
ft

ar
ge

ts
(d

en
ot

ed
by

n,
v,

an
d
|T|

,r
es

pe
ct

iv
el

y)
,i

n
w

hi
ch

a 1
an

d
a 2

ar
e

tw
o

ad
ju

st
in

g
fa

ct
or

s
(a

1
=

0.
5

an
d

a 2
∈(

0.
1,

0.
5)

ar
e

re
co

m
m

en
de

d)
.T

he
as

so
ci

at
io

n
fu

nc
tio

n,
f D

,c
an

be
se

le
ct

ed
as

f D
(X

;Y
|Z

)
=
I D

(X
;Y
|Z

)
≜

f(2
)

D
(X

;Y
|Z

).
(4

)

B
es

id
es

th
is

ex
pe

ri
m

en
ta

lm
et

ho
d,

w
e

ca
n

(i
ii)

im
pr

ov
e

X
2

or
G

2
by

ad
ju

st
in

g
th

e
nu

m
be

r
of

th
e

th
eo

re
tic

al
de

gr
ee

s
of

fr
ee

do
m

.
Fo

r
th

e
ab

ov
e

(i
ii)

,t
o

be
cl

ea
r,

w
e

co
ns

id
er

th
e

G
2

st
at

is
tic

,G
2 (X

;Y
|Z

)
≜

2n
·I

D
(X

;Y
|Z

),
w

hi
ch

ap
pr

ox
im

at
es

to
th

e
ch

i-
sq

ua
re

va
ri

at
e

w
ith

r
≜

(r
X
−1

)(
r Y
−1

)r
Z

de
gr

ee
so

ff
re

ed
om

,n
am

el
y

χ
2 (r

),
w

he
re

r ξ
re

pr
es

en
ts

th
e

nu
m

be
ro

fc
on

fig
ur

at
io

ns
fo

rξ
(d

e
C

am
po

s,
20

06
,p

.
21

58
).

D
en

ot
e

th
e

p-
va

lu
e

by

p(
X

;Y
|Z

)
=
P
{χ

2 (r
)
⩾

G
2 (X

;Y
|Z

)}.

T
he

n,
th

e
G

2
te

st
as

se
rt

s
X
y

Y
|Z

if
p(

X
;Y
|Z

)
>
α

fo
r

a
si

gn
ifi

ca
nc

e
le

ve
l
α

,
an

d
co

nc
lu

de
s

X
̸y

Y
|Z

if
p(

X
;Y
|Z

)
⩽
α

.
In

th
is

pa
pe

r,
α

is
se

tt
o

be
0.

05
.

A
lif

er
is

et
al

.(
20

10
a,

pp
.

20
0–

20
1)

pr
ov

id
ed

a
fu

rt
he

rd
is

cu
ss

io
n

ab
ou

tt
hi

s.
A

cc
or

di
ng

ly
,t

he
ne

ga
tiv

e
p-

va
lu

e
is

us
ed

as
th

e
as

so
ci

at
io

n
fu

nc
tio

n,
f D

,a
s

T
sa

m
ar

di
no

s
et

al
.(

20
06

),
A

lif
er

is
et

al
.(

20
10

a,
b)

,a
nd

St
at

ni
ko

v
et

al
.(

20
13

)d
id

:

f D
(X

;Y
|Z

)
=
−p

(X
;Y
|Z

)
=
−P
{χ

2 (r
)
⩾

G
2 (X

;Y
|Z

)}
≜

f(1
)

D
(X

;Y
|Z

).
(5

)
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M
a
r
k
o
v

B
la
n
k
e
t
a
n
d

M
a
r
k
o
v

B
o
u
n
d
a
r
y
o
f

M
u
lt
iple

V
a
r
ia
b
le
s

R
eplace

the
theoreticalvalue

ofr
in

p(X
;Y|Z

)w
ith

its
a

dam
ped

version
ofthe

form

g
n
,κ (r)
≜

r (1−
e −

nκr )
,

(6)

w
here

κ
>

0
is

a
constant,

based
on

w
hich

nκ
m

easures
the

am
ount

of
valid

cells
that

n
sam

ple
instances

can
support.

For
convenience,w

e
w

illcallthe
resulted

p-value,denoted
by

p
g (X

;Y|Z
)

instead
of

p(X
;Y|Z

),and
the

resulted
testing

m
ethod

to
be

the
dam

ped
p-value

and
the

dam
ped

log-likelihood
ratio

test(ordam
ped

G
2

test).Further,w
e

use
the

the
follow

ing
association

function:

fD (X
;Y|Z

)
=
−

p
g (X

;Y|Z
)
=
−
P{χ

2(g
n
,κ (r))

⩾
G

2(X
;Y|Z

)}
≜

f (3)
D

(X
;Y|Z

).
(7)

In
A

ppendix
C

,w
e

w
illprovide

the
details

for
this

dam
ping

procedure,and
give

som
e

num
erical

illustrations
aboutits

reasonability.C
learly,the

dam
ped

G
2

testapproxim
ately

degenerates
into

the
ordinary

G
2

testw
hen

taking
κ

as
a

very
sm

allpositive
num

ber.

4.4
C

om
plexity

A
nalysis

In
the

follow
ing,

w
e

analyze
the

com
putational

com
plexities

of
the

four
algorithm

s:
I
A
M
B,

K
I
A
M
B,
M
I
A
M
B,

and
M
K
I
A
M
B.

U
sually,

the
num

ber
of

C
I

tests
can

be
em

ployed
to

m
easure

the
com

plexity
of

a
C

I-based
M

B
discovery

algorithm
(T

sam
ardinos

etal.,2003,2006;A
liferis

etal.,
2010a),considering

there
exists

effi
cientim

plem
entations

of
the

C
M

I-based
testor

the
association

com
putation

taking
tim

e
O

(n
log

n)
if

the
conditionalsetis

sm
all.

H
ow

ever, A
liferis

etal.(2010a)
also

m
entioned

that
the

running
tim

e,
denoted

by
tn
,q ,

for
com

puting
per

C
M

I-based
statistic

is
linear

to
the

sam
ple

size,n,and
exponentialto

the
num

ber,q,of
variables

in
the

conditionalset.
T

his
m

eans
w

e
should

take
tn
,q

into
account,notsim

ply
using

O
(n

log
n)to

m
easure

the
com

plexity.
A

ssum
e

w
e

are
seeking

an
M

B
forT

≜
{T

1 ,···
,T

k }
according

to
the

ordering
τ.

W
ithoutloss

of
generality,w

e
assum

e
τ
=
{1
,···
,k}.

C
onsider

the
case

of
k
=

2.
Suppose

M
i is

an
M

B
of

T
i

w
ith|M

i |
=

m
i ⩾

1,and
S

is
an

M
B

S
for

N
≜

M
1 ∪

M
2 \{T

1 ,T
2 }w

ith|S|
=

s
⩾

0.
B

y
R

em
ark

1,
w

e
assum

e
T

1 ∈
M

2
and

T
2 ∈

M
1 .R

ecallthatthe
num

berofallvariables
is

p.Itfollow
s

that:

•
In

view
of|N∪

S|
=

m
1 +

m
2 +

s−
2
≜

m
,I
A
M
B

takestim
e

O
[(m

p
+

m
)tn
,m ]to

finish
an

execution.
T

hus,the
com

plexity
of
I
A
M
B

is
O

(m
ptn
,m ).
K
I
A
M
B

has
alm

ostthe
sam

e
com

plexity.

•
For
M
I
A
M
B,itfirsttakes

tim
e

O
[(m

1 p
+

m
1 )tn
,m

1
+

(m
2 p
+

m
2 )tn
,m

2 ]to
find

M
1

and
M

2 ;then
it

seeksS
and

refines
N

taking
tim

e
O{[s(p−

m
1 −

m
2
+

2)
+

m
]tn
,m }.H

ence,
M
I
A
M
B

needs
tim

e
O{(m

1 p
+

m
1 )tn
,m

1
+

(m
2 p
+

m
2 )tn
,m

2
+

[s(p−
m

1 −
m

2
+

2)
+

m
]tn
,m }to

finish
an

execution,so
its

com
plexity

is
O

(m
1 ptn

,m
1
+

m
2 ptn

,m
2
+

sptn
,m ).
M
K
I
A
M
B

has
alm

ostthe
sam

e
com

plexity.

B
y

this
analysis,the

com
plexity

of
M
I
A
M
B

or
M
K
I
A
M
B

is
low

er
than

thatof
I
A
M
B

or
K
I
A
M
B.

In
fact,noting

tn
,q

is
exponentialto

q
(⩽

m
;

m
eaning

tn
,q ≪

tn
,m

in
m

ostsituations)
for

q
=

m
1 ,m

2 ,
this

im
plies

M
I
A
M
B
/M
K
I
A
M
B

are
expected

to
need

m
uch

less
tim

e
to

run
than
I
A
M
B
/K
I
A
M
B,especially

w
hen

T
contains

m
any

variables.
T

he
evaluation

section
(Figure

15)
confirm

s
this

expectation
in

the
case

ofm
oderately

large
sam

ple
size.

For
the

general
case,

using
the

notations
in

Subsection
4.2

w
ith
|M

i |
=

m
i

(i
=

1
,···
,k),

w
e

assum
e

S
i be

an
M

B
S

for
M
∗i−

1
and

M
i ,w

ith|S
i |
=

si (i
=

2
,···
,k).

D
enote

m
∗i
≜

∑
ij=

1 m
j
+

∑
ij=

2
s

j −
i.N

ote
that,in

general,tn
,m

a ≪
tn
,m
∗a ≪

tn
,m
∗b fora

<
b.T

hen,the
I
A
M
B

or
K
I
A
M
B

algorithm
has

the
com

plexity
O

(m
∗k ptn

,m
∗k ),w

hile
M
I
A
M
B

or
M
K
I
A
M
B

has
a

low
ercom

plexity
O

( ∑
ki=

1 m
i ptn

,m
i +

∑
ki=

2
si ptn

,m
∗i ).
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L
iu
a
n
d

L
iu

A
ccording

to
this

theoreticalresulton
com

plexities,w
e

can
use

the
ordering,

τ
≜
{i1 ···

,ik },in
M
I
A
M
B

or
M
K
I
A
M
B

such
thatm

i1
⩽
···⩽

m
ik .T

his
can

reduce
the

com
plexities

to
som

e
extent.

B
esides,the

additivity
based

M
I
A
M
B
/M
K
I
A
M
B

algorithm
s

have
alm

ostthe
sam

e
com

plexity
as

the
M

B
S

based
M
I
A
M
B
/M
K
I
A
M
B,w

hile
the

dum
m

y
M
I
A
M
B
/M
K
I
A
M
B

have
the

com
plexity

O
( m

rT
p

tn
,m ),

w
here

m
=

∑
kj=

1 m
j ,rT

=
∏

kj=
1 rT

j ,r
ξ

denotes
the

num
ber

of
configurations

for
ξ.

Itw
illbe

seen
from

Section
6

that,although
the

dum
m

y
M
I
A
M
B
/M
K
I
A
M
B

are
ofhigh

com
plexity

theoretically,they
usually

perform
w

ellin
m

ulti-class
prediction

problem
s.

5.B
enchm

arking
Study

T
his

section
m

akes
a

benchm
arking

study
based

on
the

data
sets

of
six

synthetic
B

N
s.

T
hese

data
sets,generated

by
T

sam
ardinos

etal.(2006)and
A

liferis
etal.(2010a),and

the
B

N
s

are
briefly

described
in

Table
1.A

s
T

sam
ardinos

etal.(2006)and
A

liferis
etal.(2010a)stated,these

B
N

s
are

representatives
of

a
w

ide
range

of
problem

dom
ains.

A
lso,these

B
N

s
have

differentcom
plexities

(according
to

the
num

ber
of

nodes,the
num

ber
of

edges,m
axim

alin-degree,m
axim

alout-degree,
and

dom
ain

range).M
ore

details
aboutthe

B
N

s
and

the
used

data
sets

are
provided

by
T

sam
ardinos

etal. (2006)and
A

liferis
etal.(2010a).

T
he

follow
ing

item
s

are
clarified

before
presenting

the
experim

entalresults:

•
M

easurem
ents:T

he
prim

ary
m

easurem
entforthe

perform
ance

ofan
M

B
discovery

algorithm
used

in
ourexperim

entis
the

w
eighted

accuracy
(W

A
),w

hich
is

the
average

ofthe
rate

oftrue
m

em
bers

and
thatof

true
nonm

em
bers

of
an

M
B

w
ith

respectto
the

truth.
W

e
also

com
pute

w
hatw

e
callthe

w
eighted

precision
(W

P)as
the

average
ofthe

rate
oftrue

m
em

bers
and

that
oftrue

nonm
em

bers
ofan

M
B

w
ith

respectto
the

output.
In

addition,w
e

record
the

running
tim

e
(R

T
)forevery

data
setofeach

algorithm
and

foreach
B

N
.H

ere,R
T

refers
to

the
single

C
PU

tim
e

im
plem

ented
on

an
Inteli7-3612Q

M
2.1

G
H

z
and

W
indow

s
7

w
ith

64
bits.

B
N

N
um

.
N

odes
N

um
.

E
dges

M
axim

al
In-degree

M
axim

al
O

ut-degree
D

om
ain

R
ange

Selected
Targets

Sizes
of

D
ata

Sets
TotalR

T
(H

ours)

C
hild10

200
257

2
7

2∼
6

X
131 ,X

132 ,X
98 ,X

194 ,
X

184 ,X
22 ,X

135 ,X
60

5×
500

3.4297
1×

5000
8.2220

A
L

A
R

M
10

370
570

4
7

2∼
4

X
341 ,X

48 ,X
37 ,X

249 ,
X

209 ,X
188 ,X

192 ,X
161

5×
500

4.6547
1×

5000
6.3721

Pigs
441

592
2

39
3∼

3
X

390 ,X
357 ,X

180 ,X
400 ,

X
199 ,X

241 ,X
228 ,X

176

5×
500

11.7651
1×

5000
15.8443

L
ink

724
1125

3
14

2∼
4

X
369 ,X

293 ,X
303 ,X

457 ,
X

399 ,X
512 ,X

183 ,X
501

5×
500

9.7932
1×

5000
16.1046

L
ung

C
ancer

800
1476

4
28

2∼
3

X
1 ,X

416 ,X
345 ,X

641 ,
X

513 ,X
198 ,X

78 ,X
746

5×
500

16.0301
1×

5000
16.3790

G
ene

801
977

4
10

3∼
5

X
801 ,X

301 ,X
569 ,X

317 ,
X

185 ,X
622 ,X

516 ,X
577

5×
500

17.2465
1×

5000
35.6790

Table
1:B

N
s

and
data

sets.
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m

s:
Fo
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=
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M
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e
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Figure
14:A

verage
R

T
ofthe

algorithm
s

versus|T|w
ith

respectto
the

data
sets

ofsize
500

(i)
Perform

ance
on

W
A

:
(a)
M
I
A
M
B

and
M
K
I
A
M
B

have
larger

W
A

s
than

I
A
M
B

and
K
I
A
M
B

for
all

the
six

B
N

s
in

any
case

of|T|;
(b)

w
hen|T|increases,

W
A

declines
quickly

for
I
A
M
B

and
K
I
A
M
B,butitdecreases

gently
for
M
I
A
M
B

and
M
K
I
A
M
B;

and
(c)

the
im

provem
ents

of
M
I
A
M
B

and
M
K
I
A
M
B

over
I
A
M
B

and
K
I
A
M
B

tend
to

be
gradually

noticeable
and

then
reduce

slightly
as

|T|increases.
T

he
perform

ance
degradation

along
w

ith
the

increase
of|T|can

be
attributed

to
tw

o
possible

aspects:
one

is
thatthe

localcom
position

assum
ption

m
ay

be
m

ore
aptto

be
violated

fora
larger|T|because

ofsynergy
effects;and

the
otheris

thatthe
assum

ption
about

23
JM

L
R

 19(43):1-50, 2018

L
iu
a
n
d

L
iu

2
3

4
5

6
7

8
0
.
0
1

1
.
3
5

2
.
6
9

4
.
0
3

N
u
m
b
e
r
 
o
f
 
T
a
r
g
e
t
 
V
a
r
i
a
b
l
e
s

Average Running Time (Minutes)

C
h
i
l
d
1
0
:
 
2
0
0
 
N
o
d
e
s
 
a
n
d
 
2
5
7
 
E
d
g
e
s

 

 

I
A
M
B

K
I
A
M
B

M
I
A
M
B

M
K
I
A
M
B

2
3

4
5

6
7

8
0
.
0
2

0
.
7
4

1
.
4
6

2
.
1
8

N
u
m
b
e
r
 
o
f
 
T
a
r
g
e
t
 
V
a
r
i
a
b
l
e
s

Average Running Time (Minutes)

A
L
A
R
M
1
0
:
 
3
7
0
 
N
o
d
e
s
 
a
n
d
 
5
7
0
 
E
d
g
e
s

 

 

I
A
M
B

K
I
A
M
B

M
I
A
M
B

M
K
I
A
M
B

2
3

4
5

6
7

8
0
.
0
9

3
.
0
8

6
.
0
7

9
.
0
6

N
u
m
b
e
r
 
o
f
 
T
a
r
g
e
t
 
V
a
r
i
a
b
l
e
s

Average Running Time (Minutes)

P
i
g
s
:
 
4
4
1
 
N
o
d
e
s
 
a
n
d
 
5
9
2
 
E
d
g
e
s

 

 

I
A
M
B

K
I
A
M
B

M
I
A
M
B

M
K
I
A
M
B

2
3

4
5

6
7

8
0
.
1
2

1
.
9
7

3
.
8
2

5
.
6
7

N
u
m
b
e
r
 
o
f
 
T
a
r
g
e
t
 
V
a
r
i
a
b
l
e
s

Average Running Time (Minutes)

L
i
n
k
:
 
7
2
4
 
N
o
d
e
s
 
a
n
d
 
1
1
2
5
 
E
d
g
e
s

 

 

I
A
M
B

K
I
A
M
B

M
I
A
M
B

M
K
I
A
M
B

2
3

4
5

6
7

8
0
.
2
3

1
.
6
4

3
.
0
5

4
.
4
6

N
u
m
b
e
r
 
o
f
 
T
a
r
g
e
t
 
V
a
r
i
a
b
l
e
s

Average Running Time (Minutes)

L
u
n
g
 
C
a
n
c
e
r
:
 
8
0
0
 
N
o
d
e
s
 
a
n
d
 
1
4
7
6
 
E
d
g
e
s

 

 

I
A
M
B

K
I
A
M
B

M
I
A
M
B

M
K
I
A
M
B

2
3

4
5

6
7

8
0
.
3
0

6
.
4
0

1
2
.
5

1
8
.
6

N
u
m
b
e
r
 
o
f
 
T
a
r
g
e
t
 
V
a
r
i
a
b
l
e
s

Average Running Time (Minutes)

G
e
n
e
:
 
8
0
1
 
N
o
d
e
s
 
a
n
d
 
9
7
7
 
E
d
g
e
s

 

 

I
A
M
B

K
I
A
M
B

M
I
A
M
B

M
K
I
A
M
B

Figure
15:A

verage
R

T
ofthe

algorithm
s

versus|T|w
ith

respectto
the

data
sets

ofsize
5000

the
correctness

of
C

I
tests

m
ay

also
be

m
ore

apt
to

be
violated

for
a

larger|T|,
due

to
the

accum
ulation

and
propagation

ofthe
cascading

errors
(B

rom
berg

and
M

argaritis,2009).Itis
m

entioned
that(a)(b)(c)

appear
m

ore
evidently

for
the

case
of

n
=

5000
than

for
the

case
of

n
=

500.

(ii)
Perform

ance
on

W
P

:T
he

sim
ilarinterpretations

to
(a)(c)of(i)are

valid.

(iii)
Perform

ance
on

R
T:H

ere,w
e

note
thatthe

realR
T

ofan
M

B
discovery

algorithm
iscom

posed
oftw

o
parts,in

w
hich

the
part(I)is

for
C

Itests,and
the

part(II)is
for

allother
com

putations.
T

he
part(I)is

the
m

ajorpartused
to

m
easure

the
com

plexity
ofthe

M
B

discovery
algorithm

.
N

ote
also

thatthe
R

T
,tn
,q ,ofperC

Itestis
linearto

the
sam

ple
size,n,and

exponentialto
the

num
ber,q,ofvariables

in
the

conditionalset(see
Subsection

4.4
fordetails).

T
his

m
eans

thatthe
part(II)ofthe

realR
T

m
ay

dom
inate

the
part(I)ifn

is
notlarge

(for
exam

ple,n
=

500).

L
etusnow

observe
Figure

14
and

Figure
15.First,both

figuresshow
the

realR
T

thateach
algorithm

needs
is

increasing
along

w
ith

the
increase

of|T|.A
lso,Figure

14
indicates

M
I
A
M
B

and
M
K
I
A
M
B

need
slightly

longertim
e

to
run

than
I
A
M
B

and
K
I
A
M
B,because

the
running

forC
I

tests
is

dom
inated

by
the

running
forallothercom

putations
in

the
case

ofa
sm

allsam
ple

size,
w

hile
Figure

15
reveals

thatthe
realR

T
s

of
I
A
M
B

and
K
I
A
M
B

increase
sharply

as|T|increases
and

thatthe
real R

T
s

of
M
I
A
M
B

and
M
K
I
A
M
B

increase
slow

ly,justlike
the

theoreticalanalyses
aboutthe

com
plexities

ofthe
fouralgorithm

s
show

in
Subsection

4.4.

In
sum

m
ary,

the
existing

M
B

discovery
algorithm

s,
I
A
M
B

and
K
I
A
M
B,

can
be

approxim
ately

applied
to

the
problem

of
M

B
discovery

for
m

ultiple
target

variables
w

hen|T|is
sm

all,
but

they
w

illperform
poorly

if|T|is
m

oderately
large.

In
com

parison,our
M
I
A
M
B

and
M
K
I
A
M
B

have
higher

accuracies
and

low
ercom

plexities
forthis

problem
,especially

w
hen|T|is

large.

24
JM

L
R

 19(43):1-50, 2018



M
a
r
k
o
v

B
la
n
k
e
t
a
n
d

M
a
r
k
o
v

B
o
u
n
d
a
r
y
o
f

M
u
lt
ip
le

Va
r
ia
b
le
s

6.
A

pp
lic

at
io

n
to

FS
in

M
ul

ti-
C

la
ss

Pr
ed

ic
tio

n
Pr

ob
le

m
s

In
th

is
se

ct
io

n,
w

e
ap

pl
y

th
e

M
B

di
sc

ov
er

y
fo

r
m

ul
tip

le
ta

rg
et

s
to

FS
in

m
ul

ti-
cl

as
s

pr
ed

ic
tio

n
pr

ob
le

m
s

ba
se

d
on

a
re

al
da

ta
se

t,
H

IV
A

.T
hi

s
da

ta
se

ti
s

ve
ry

ch
al

le
ng

in
g

in
W

C
C

I2
00

6
(h
t
t
p
:
/
/

w
w
w
.
m
o
d
e
l
s
e
l
e
c
t
.
i
n
f
.
e
t
h
z
.
c
h

)
an

d
IJ

C
N

N
20

07
(h
t
t
p
:
/
/
w
w
w
.
a
g
n
o
s
t
i
c
.
i
n
f
.
e
t
h
z
.
c
h

),
be

ca
us

e
it

co
nt

ai
ns

m
an

y
ve

ry
un

ba
la

nc
ed

va
ri

ab
le

s.
L

et
T
∈V

be
a

ta
rg

et
va

ri
ab

le
ta

ki
ng

va
lu

es
{1,
···
,t
},t
⩾

3.
T

he
m

ul
ti-

cl
as

sp
re

di
ct

io
n

pr
ob

le
m

is
to

se
le

ct
fe

at
ur

es
of

T
fr

om
V
\{

T
}s

uc
h

th
at

T
ca

n
be

pr
ed

ic
te

d
as

ac
cu

ra
te

ly
as

po
ss

ib
le

ba
se

d
on

th
e

ch
os

en
fe

at
ur

es
.

L
et

T
(d

)
≜

( T
(d

)
1
,··
·,

T
(d

)
t

) be
th

e
du

m
m

y
ve

rs
io

n
of

T
.

T
he

or
et

ic
al

ly
,T

(d
)

an
d

T
ha

ve
th

e
sa

m
e

M
B

s.

W
ith

th
es

e
no

ta
tio

ns
,t

he
ex

pe
ri

m
en

ti
s

de
si

gn
ed

as
fo

llo
w

s:

•
D

at
a:

H
IV

A
co

nt
ai

ns
42

29
da

ta
po

in
ts

an
d

16
18

va
ri

ab
le

s.

•
Ta

rg
et

s:
In

vi
ew

of
th

e
fa

ct
th

at
al

m
os

ta
ll

va
ri

ab
le

s
in

H
IV

A
ar

e
bi

na
ry

,w
e

ra
nd

om
ly

ta
ke

k
2-

cl
as

s
va

ri
ab

le
s

(k
=

2,
···
,5

)
to

cr
ea

te
a

m
er

ge
d

2k -c
la

ss
ta

rg
et

,
T

.
A

cc
or

di
ng

ly
,

w
e

re
ar

ra
ng

e
th

e
or

ig
in

al
da

ta
to

ge
t

a
da

ta
se

t
th

at
is

us
ed

on
ly

fo
r

FS
of

T
.

R
ep

ea
t

th
is

st
ep

n
≜

20
0

tim
es

.
D

en
ot

e
th

e
re

su
lti

ng
ta

rg
et

s
an

d
th

ei
r

du
m

m
y

ve
rs

io
ns

by
T 1
,··
·,

T
n

an
d

T
(d

)
1
,··
·,

T
(d

)
n

,r
es

pe
ct

iv
el

y.

•
A

lg
or

ith
m

s:
W

e
us

e
th

e
fo

llo
w

in
g

10
M

B
di

sc
ov

er
y

al
go

ri
th

m
s

to
ge

tt
he

fe
at

ur
es

fo
re

ac
h

T
j

or
T

(d
)

j
≜

( T
(d

)
j1
,··
·,

T
(d

)
jt k

) w
ith

t k
≜

2k ,
j=

1,
···
,n

:

a)
I
A
M
B
/K
I
A
M
B

-I
:t

he
I
A
M
B
/K
I
A
M
B

al
go

ri
th

m
s

w
or

ki
ng

on
T

j
di

re
ct

ly
;

b)
I
A
M
B
/K
I
A
M
B

-I
I:

th
e
I
A
M
B
/K
I
A
M
B

al
go

ri
th

m
s

w
or

ki
ng

on
T

(d
)

j
(t

ha
t

is
,

w
ith

T
(d

)
j

as
its

m
ul

tip
le

ta
rg

et
s)

;

c)
M
I
A
M
B
/M
K
I
A
M
B

-I
:

th
e

ad
di

tiv
ity

ba
se

d
M
I
A
M
B
/M
K
I
A
M
B

al
go

ri
th

m
s,

ta
ki

ng
th

e
un

io
n

of
th

e
ou

tp
ut

s
of
I
A
M
B
/K
I
A
M
B

w
ith

re
sp

ec
tt

o
T

(d
)

ji
(i
=

1,
···
,t

k)
as

its
ou

tp
ut

;

d)
M
I
A
M
B
/M
K
I
A
M
B

-I
I:

th
e

M
B

S
ba

se
d
M
I
A
M
B
/M
K
I
A
M
B

al
go

ri
th

m
s,

w
hi

ch
ar

e
ps

eu
do

-c
od

ed
in

A
lg

or
ith

m
2;

e)
M
I
A
M
B
/M
K
I
A
M
B

-I
II

:t
he

du
m

m
y
M
I
A
M
B
/M
K
I
A
M
B

al
go

ri
th

m
s,

w
hi

ch
ta

ke
th

e
un

io
n

of
th

e
ou

tp
ut

s
of
I
A
M
B
/K
I
A
M
B

w
ith

re
sp

ec
t

to
T

(d
)

ji
(i
=

1,
···
,t

k)
an

d
re

m
ov

in
g

re
du

nd
an

t
va

ri
ab

le
s.

•
C

la
ss

ifi
er

:A
ft

er
m

ak
in

g
a

nu
m

be
ro

fp
re

lim
in

ar
y

ex
pe

ri
m

en
ts

on
th

e
si

x
be

nc
hm

ar
ki

ng
B

N
s,

w
e

fo
un

d
th

at
th

e
su

pp
or

tv
ec

to
rm

ac
hi

ne
s

(S
V

M
s;

im
pl

em
en

te
d

vi
a
L
i
b
S
V
M

v3
.2

2)
pe

rf
or

m
th

e
be

st
in

de
m

on
st

ra
tin

g
th

e
op

tim
al

ity
of

M
B

s
fo

r
FS

.
T

hi
s

co
in

ci
de

s
w

ith
th

e
as

se
rt

io
n

of
St

at
ni

ko
v

et
al

.(
20

13
).

T
he

re
fo

re
,w

e
us

e
SV

M
s

fo
ro

ur
m

ul
ti-

cl
as

s
pr

ed
ic

tio
n

pr
ob

le
m

s.
A

ll
th

e
cl

as
si

fic
at

io
ns

ar
e

pe
rf

or
m

ed
by

10
-f

ol
d

cr
os

s-
va

lid
at

io
n.

•
M

ea
su

re
m

en
to

f
an

al
go

ri
th

m
:

Fo
r

ea
ch

ta
rg

et
,t

he
pr

ed
ic

tiv
e

qu
al

ity
of

an
M

B
is

m
ea

su
re

d
by

th
e

ba
la

nc
ed

ac
cu

ra
cy

de
fin

ed
as
τ
≜

1 t k

∑
t k ℓ=

1

( c ℓ
ℓ

/ ∑
t k i=

1
c i
ℓ

) ,w
he

re
C
≜

( c i
ℓ

) de
no

te
s

th
e

as
so

ci
at

ed
co

nf
us

io
n

m
at

ri
x.

A
ss

ee
n,
τ

is
eq

ua
lt

o
on

e
m

in
us

th
e

ba
la

nc
ed

er
ro

r
ra

te
us

ed
in

W
C

C
I2

00
6

an
d

IJ
C

N
N

20
07

.W
e

ch
oo

se
to

us
e
τ

(i
ns

te
ad

of
or

di
na

ry
ac

cu
ra

cy
)b

ec
au

se
it

tr
ad

es
off

al
l

va
lu

es
of

th
e

ta
rg

et
in

th
e

se
ns

e
th

at
an

y
un

ba
la

nc
ed

va
lu

e
(t

ha
t

th
e

ta
rg

et

25
JM

L
R

 1
9(

43
):

1-
50

, 2
01

8

L
iu
a
n
d

L
iu

Pr
ob

le
m

I
A
M
B

M
I
A
M
B

I
II

I
II

II
I

4-
cl

as
s

0.
92

95
±0
.0

82
00
.9

02
0
±0
.1

13
90
.9

41
4
±0
.0

68
20
.9

36
6
±0
.0

73
50
.9

50
7
±0
.0

57
2

8-
cl

as
s

0.
90

16
±0
.1

02
50
.8

66
6
±0
.1

33
30
.9

23
7
±0
.0

91
30
.9

27
7
±0
.0

87
30
.9

34
8
±0
.0

77
1

16
-c

la
ss

0.
88

78
±0
.1

05
60
.8

46
1
±0
.1

43
80
.9

13
1
±0
.0

87
40
.9

16
7
±0
.0

86
20
.9

25
6
±0
.0

75
0

32
-c

la
ss

0.
86

83
±0
.1

13
20
.8

17
9
±0
.1

57
90
.9

11
8
±0
.0

78
40
.9

13
9
±0
.0

78
10
.9

24
2
±0
.0

67
4

Ta
bl

e
2:

B
al

an
ce

d
ac

cu
ra

cy
of
I
A
M
B
/M
I
A
M
B

al
go

ri
th

m
s

in
th

e
fo

rm
of

“(
m

ea
n
±s

td
)”

.

Pr
ob

le
m

K
I
A
M
B

M
K
I
A
M
B

I
II

I
II

II
I

4-
cl

as
s

0.
92

83
±0
.0

85
20
.8

97
2
±0
.1

24
00
.9

28
1
±0
.0

92
80
.9

44
4
±0
.0

66
80
.9

50
1
±0
.0

58
9

8-
cl

as
s

0.
90

07
±0
.1

05
50
.8

63
1
±0
.1

44
90
.9

24
5
±0
.0

89
00
.9

28
0
±0
.0

82
80
.9

34
0
±0
.0

78
6

16
-c

la
ss

0 .
88

86
±0
.1

06
20
.8

49
4
±0
.1

42
50
.9

15
9
±0
.0

84
80
.9

16
8
±0
.0

86
40
.9

26
3
±0
.0

75
5

32
-c

la
ss

0.
86

87
±0
.1

14
00
.8

24
1
±0
.1

51
20
.9

11
1
±0
.0

81
20
.9

15
1
±0
.0

76
70
.9

23
9
±0
.0

68
8

Ta
bl

e
3:

B
al

an
ce

d
ac

cu
ra

cy
of
K
I
A
M
B
/M
K
I
A
M
B

al
go

ri
th

m
s

in
th

e
fo

rm
of

“(
m

ea
n
±s

td
)”

.

ta
ke

s)
sh

ou
ld

no
ti

m
pa

ct
on

th
e

ac
cu

ra
cy

to
o

m
uc

h.
1

O
n

th
e

ot
he

r
ha

nd
,w

he
n

tw
o

ou
tp

ut
s

of
al

go
ri

th
m

s
ha

ve
th

e
sa

m
e

to
ta

ln
um

be
rs

of
“t

ru
e

po
si

tiv
es
+

tr
ue

ne
ga

tiv
es

”,
th

e
ba

la
nc

ed
ac

cu
ra

cy
ca

n
id

en
tif

y
th

e
ou

tp
ut

th
at

pr
ef

er
s

to
pr

ot
ec

tt
he

sc
ar

ce
cl

as
s

as
th

e
be

tte
ro

ne
,w

hi
le

th
e

or
di

na
ry

ac
cu

ra
cy

ca
nn

ot
.F

in
al

ly
,w

e
co

m
pu

te
th

e
m

ea
n

an
d

st
an

da
rd

de
vi

at
io

n
(s

td
)

of
th

e
n

va
lu

es
of

ba
la

nc
ed

ac
cu

ra
cy

,d
en

ot
in

g
th

em
in

th
e

fo
rm

of
“(

m
ea

n
±s

td
)”

.

T
he

ex
pe

ri
m

en
ti

s
th

en
pe

rf
or

m
ed

fo
llo

w
in

g
th

e
ab

ov
e

pr
oc

ed
ur

es
.

It
s

re
su

lts
ar

e
su

m
m

ar
iz

ed
in

Ta
bl

e
2

an
d

Ta
bl

e
3.

In
th

es
e

tw
o

ta
bl

es
,t

he
ba

ck
co

lo
r

in
di

ca
te

s
th

e
pe

rf
or

m
an

ce
of

al
go

ri
th

m
s

w
ith

bl
ac

k
co

rr
es

po
nd

in
g

to
th

e
be

st
w

hi
le

lig
ht

bl
ue

to
th

e
w

or
st

.B
y

th
e

re
su

lts
,i

tc
an

be
se

en
th

at
M
I
A
M
B
/M
K
I
A
M
B

ou
tp

er
fo

rm
I
A
M
B
/K
I
A
M
B

in
m

os
ts

itu
at

io
ns

.S
pe

ci
fic

al
ly

,w
e

ha
ve

:

•
I
A
M
B
/K
I
A
M
B

al
go

ri
th

m
s:
I
A
M
B
/K
I
A
M
B

-I
ar

e
m

uc
h

m
or

e
pr

ef
er

re
d

th
an
I
A
M
B
/K
I
A
M
B

-I
I.

•
M
I
A
M
B
/M
K
I
A
M
B

al
go

ri
th

m
s:
M
K
I
A
M
B

-I
ha

s
al

m
os

t
eq

ua
l

pe
rf

or
m

an
ce

to
K
I
A
M
B

-I
in

4-
cl

as
s

pr
ob

le
m

s,
an

d
th

ey
pe

rf
or

m
s

sl
ig

ht
ly

be
tte

rt
ha

n
I
A
M
B
/K
I
A
M
B

-I
in

16
-a

nd
32

-c
la

ss
pr

ob
le

m
s;

1.
Fo

r
ex

am
pl

e,
co

ns
id

er
an

un
ba

la
nc

ed
ta

rg
et

T
an

d
its

cl
as

si
fic

at
io

n
w

ith
th
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o
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d
a
r
y
o
f

M
u
lt
iple

V
a
r
ia
b
le
s

N
ullhypothesis

(H
0 )

Problem
4-class

8-class
16-class

32-class
M
I
A
M
B-I
≼
I
A
M
B-I

2
.0349×

10 −
4

1
.3225×

10 −
7

1
.3816×

10 −
10

4
.0634×

10 −
19

M
I
A
M
B-II
≼
I
A
M
B-I

1
.4772×

10 −
2

9
.3393×

10 −
10

4
.0911×

10 −
12

8
.2111×

10 −
21

M
I
A
M
B-III

≼
I
A
M
B-I

2
.1276×

10 −
10

9
.5876×

10 −
16

1
.8800×

10 −
20

9
.1061×

10 −
30

M
K
I
A
M
B-I
≼
K
I
A
M
B-I

0
.6221

4
.9365×

10 −
9

5
.9117×

10 −
12

2
.0651×

10 −
19

M
K
I
A
M
B-I
=
K
I
A
M
B-I

0
.7558

—
—

—
—

—
—

M
K
I
A
M
B-II
≼
K
I
A
M
B-I

2
.2839 ×

10 −
6

5
.9538 ×

10 −
11

5
.4564 ×

10 −
12

2
.7021 ×

10 −
22

M
K
I
A
M
B-III

≼
K
I
A
M
B-I

4
.5857×

10 −
10

1
.1261×

10 −
15

4
.7802×

10 −
20

6
.4206×

10 −
30

Table
4:

p-values
on

paired
t-testfor

com
parison

betw
een
M
I
A
M
B
/M
K
I
A
M
B

and
I
A
M
B
/K
I
A
M
B.

H
ere,

the
notations

are
defined

as
follow

s:
letting

A
1

and
A

2
be

tw
o

algorithm
s

and
P

be
a

problem
,if

A
1

is
better

(in
the

sense
of

possessing
higher

accuracy)
than

A
2

w
hen

used
to

solve
P

,w
e

denote
itby

A
1 ≻

A
2

(w
.r.t.

P
);

otherw
ise,w

e
w

rite
itas

A
1
≼

A
2 .

In
addition,w

e
use

A
1
=

A
2

to
denote

A
1
≼

A
2

and
A

1
≽

A
2 .

M
I
A
M
B
/M
K
I
A
M
B-IIsignificantly

im
prove

I
A
M
B
/K
I
A
M
B

and
even

M
I
A
M
B
/M
K
I
A
M
B-Iin

m
ostcases

(although
M
I
A
M
B
/M
K
I
A
M
B-II

have
larger

std
values

than
M
I
A
M
B
/M
K
I
A
M
B-I

in
som

e
cases,the

differences
are

slight).
M
I
A
M
B
/M
K
I
A
M
B-III

perform
the

bestin
allsituations,w

ith
the

highest
m

ean
values

and
the

sm
alleststd

values.

Further,forany
tw

o
algorithm

s,denote
theirbalanced

accuracy
values

as
n

(=
200)paired

data
points.T

hen,w
e

can
com

pute
the

p-values
of

paired
t-testofassociated

hypotheses
for

one
algorithm

to
be

better
(in

the
sense

of
possessing

higher
accuracy)

than
the

other.
T

he
results

are
presented

in
Table

4.T
his

table
quantificationally

show
s

the
statisticalsignificance

of
how

m
uch
M
I
A
M
B
/M
K
I
A
M
B

im
prove

I
A
M
B
/K
I
A
M
B:

in
m

ostcases,the
im

provem
entis

m
ore

and
m

ore
significantas

the
classification

com
plex

increases.

•
T

he
perform

ance
of

each
algorithm

degrades
w

ith
the

increase
of

classification
com

plexity.
H

ow
ever,the

degenerations
of
M
I
A
M
B
/M
K
I
A
M
B

are
slow

erthan
thatof

I
A
M
B
/K
I
A
M
B.

To
com

pare
I
A
M
B
/K
I
A
M
B

and
M
I
A
M
B
/M
K
I
A
M
B

detailedly,
w

e
take

the
results

of
I
A
M
B
/K
I
A
M
B-I

and
M
I
A
M
B
/M
K
I
A
M
B-III

to
m

ake
a

further
analysis.

For
the

4-class
prediction

problem
,denote

the
results

of
I
A
M
B-I

and
M
I
A
M
B-III

by
τ

( I
A
M
B)

i
and
τ

(M
I
A
M
B)

i
for

i
=

1
,···
,n,

and
draw

them
in

(a)
of

Figure
16.Put

I1
=

{i∈{1
,···
,n}

:
τ

(I
A
M
B)

i
>
τ

(M
I
A
M
B)

i

}
,

I2
=

{i∈{1
,···
,n}

:
τ

(I
A
M
B)

i
=
τ

(M
I
A
M
B)

i

}
,

I3
=

{i∈{1
,···
,n}

:
τ

(I
A
M
B)

i
<
τ

(M
I
A
M
B)

i

}
.

D
raw

the
scatters

of
τ

(I
A
M
B)

i
and
τ

(M
I
A
M
B)

i
for

i∈
I

j in
(a

j )
of

Figure
16.

In
addition,the

inform
ation

about(m
ean±

std)of
I
A
M
B-Ivs

thatof
M
I
A
M
B-IIIis

annotated
in

each
title.Forotherthree

K
-class

prediction
problem

s
(K
=

8
,

16
,

32),repeatthe
above

steps
to

getthe
scatters

draw
n

in
the

other
subplots

ofFigure
16.Sim

ilarly,Figure
17

draw
s

the
results

of
K
I
A
M
B-Iversus

M
K
I
A
M
B-III.
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16:

B
alanced

accuracy
results

on
I
A
M
B
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B

algorithm
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applied
to

200
K

-class
prediction

problem
s

(K
=

4
,8
,16
,32):

the
subplots

in
the

firstcolum
n

forallthe
200

results;the
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the
second

colum
n

forthe
resultsthat

I
A
M
B

perform
sbetterthan

M
I
A
M
B;the

ones
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the
third

colum
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for
the

results
that
I
A
M
B
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M
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perform
equally

w
ell;the

ones
in

the
lastcolum

n
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results
that
M
I
A
M
B

perform
s

betterthan
I
A
M
B.
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at
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Figure
19:T

he
95%

confidence
bands

of
L
i
b
S
V
M

and
R

F.

•
W

ithout
any

FS,
L
i
b
S
V
M

perform
s

undesirably
in

all
situations.

T
his

m
ay

be
because

too
m

any
noisy

variables
can

lead
to

m
asking

effects
upon

those
unbalanced

features
such

that
L
i
b
S
V
M

cannotclassify
targets

expectedly.
T

his
show

s
the

necessity
of

FS.
In

other
w

ords,
L
i
b
S
V
M

m
ay

not
be

suitable
for

som
e

high-dim
ension

problem
s,

especially
w

hen
there

are
m

any
unbalanced

variables.

•
W

ithoutany
FS,R

F
perform

s
quite

w
ellw

hen
the

classification
com

plexity
is

notvery
high.

H
ow

ever,
w

ith
the

increase
of

classification
com

plexity,
the

perform
ance

of
R

F
decreases

gradually
and

then
sharply.

In
other

w
ords,R

F
m

ay
notbe

suitable
for

those
problem

s
w

ith
too

high
com

plexity,especially
w

hen
there

are
m

any
unbalanced

variables.

To
observe

w
hy

this
happens,w

e
check

the
results

and
then

random
ly

take
som

e
targets

(w
ith

extraordinarily
low

accuracy)
to

im
plem

ent
L
i
b
S
V
M

and
R

F
again

by
appropriately

adjusting
the

algorithm
ic

setting
of
L
i
b
S
V
M

and
increasing

the
num

beroftreesofR
F

from
100

to
1000.H

ow
ever,

the
results

change
very

little.

To
m

ake
an

intuitive
com

parison,the
95%

confidence
bands

of
M
I
A
M
B
/M
K
I
A
M
B-based

L
i
b
S
V
M

are
also

draw
n

in
Figure

19.A
s

seen,allm
ethods

degenerate
w

ith
the

increase
ofthe

classification
com

plexity,butour
m

ethods
degenerate

far
slow

er
than

L
i
b
S
V
M
/R

F
based

on
the

w
hole

data.
In

a
w

ord,M
B

discovery
(or

equivalently,FS)
is

im
portantto

m
ake

classification,especially
w

hen
the

problem
is

ofhigh
dim

ension
and

ofhigh
com

plexity.
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7.C
oncluding

R
em

arks

In
thispaper,w

e
considered

the
problem

ofM
b

and
M

B
ofm

ultiple
variables.W

e
firstaddressed

theiradditivity
underthe

localintersection
assum

ption,and
then

studied
this

problem
in

the
general

case.
T

he
tw

o
algorithm

s
thatw

e
proposed

,
M
I
A
M
B

and
M
K
I
A
M
B,w

ere
proven

to
be

correctunder
the

localcom
position

assum
ption

w
ith

respectto
single

targets.
T

he
benchm

arking
study

based
on

six
synthetic

B
N

s
show

ed
that
M
I
A
M
B

and
M
K
I
A
M
B

have
higher

accuracies
and

low
er

com
plexities

than
the

existing
I
A
M
B

and
K
I
A
M
B.

B
efore

ending
this

paper,w
e

presentfourconcluding
rem

arks
as

follow
s:

(i)
T

he
firstrem

ark
concerns

a
m

ethod
of

using
M
I
A
M
B

and
M
K
I
A
M
B

to
find

an
M

B
for

a
single

variable.
Such

an
idea

is
m

otivated
by

the
follow

ing
tw

o
aspects:

(a)
the

localcom
position

assum
ption

m
ay

be
violated

in
practice,and

ifthis
is

the
case,

I
A
M
B

and
K
I
A
M
B

m
ay

perform
notvery

w
ellin

M
B

discovery
even

for
a

single
variable;

(b)
random

ness
of

a
data

setm
ay

resultin
a

violation
to

the
assum

ption
thatallthe

C
Itests

involved
are

correct.N
aturally,itis

usefulto
take

a
rem

edy
forthese

tw
o

situations.O
ne

rem
edialstrategy

is
described

as
follow

s:
letting

T
∈

V
be

the
targetvariable,and

M
1

be
a

potentialM
B

discovered
by
I
A
M
B

or
K
I
A
M
B,

take
T

0
≜

arg
m

ax
X∈M

1
f (ℓ)
D

(T
;X |M

1 \{X })asa
co-targetof T

for
ℓ
=

1
or2

or3;then,em
ploy

M
I
A
M
B

or
M
K
I
A
M
B

to
find

a
potentialM

B
for{T

,T
0 },saying

M
2 .

Finally,refine{T
0 }∪

M
2

to
obtain

M
,by

virtue
of

the
shrinking

phase
of
I
A
M
B

or
K
I
A
M
B,since

this
phase

needs
no

the
localcom

position
precondition.

(ii)
O

ur
M
I
A
M
B

and
M
K
I
A
M
B

contain
an

ordering
τ,w

hich
m

ay
affectthe

R
T

and
even

the
W

A
or

W
P.A

question
arises

here:is
there

an
optim

alselection
of
τ

such
that
M
I
A
M
B

or
M
K
I
A
M
B

has
the

highestaccuracy
and

the
low

estcom
plexity?

(iii)
A

llthe
considered

algorithm
s

(I
A
M
B,
K
I
A
M
B,
M
I
A
M
B,and

M
K
I
A
M
B)need

the
localcom

position
assum

ption
to

theoretically
guarantee

their
correctness.

H
ow

ever,
this

precondition
m

ay
be

violated
in

practice
and

in
this

case
only

an
approxim

ate
M

B
can

be
obtained

by
m

eans
ofone

ofthe
above

algorithm
s.Subsection

4.1
provides

a
potentialrem

edy.W
e

note
that
M
I
A
M
B

and
M
K
I
A
M
B

transform
the

problem
of

M
B

discovery
for

m
ultiple

targets
into

the
ones

for
single

targets.
T

his
idea

provides
a

facilitation
to

use
som

e
stochastic

optim
ization

m
ethods

such
as

the
particle

sw
arm

optim
ization

algorithm
(K

ennedy
and

E
berhart,1995,1997).

(iv)
In

Subsection
3.3,w

e
provided

a
m

ethod
forM

B
discovery

ofa
com

plex
single

variable
based

on
an

M
B

discovery
ofsom

e
sim

ple
m

ultiple
variables.L

etus
now

explain
w

hy
this

transfor-
m

ation
m

ethod
is

effi
cient.W

ith
the

notations
used

in
Subsection

3.3,let

M
B

T
=

M
B

T
(d) ≜

M
.

T
hen,a

variable
X

can
enter

and
stay

in
M

(in
the

sense
of

M
B

T )
if

T
̸y

X
|

M
\{X}.

O
n

the
other

hand,
by

T
heorem

5,
X

can
enter

and
stay

in
M

(in
the

sense
of

M
B

T
(d) )

only
if

T
(d)
j
̸y

X
|

M
\{X}

holds
for

som
e

j.
T

hat
is,

w
e

need
to

test
the

follow
ing

tw
o

pairs
of

hypotheses:

H
(1)
0

:
T
y

X
|M
\{X}

↔
H

(1)
1

:
T
̸y

X
|M
\{X};

H
(2)
0

:
T

(d)
j
y

X
|M
\{X}

↔
H

(2)
1

:
T

(d)
j
̸y

X
|M
\{X}.
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e
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of
T

1.
T

he
re

fo
re

,
T

1
y

V
\M

1
\T

1
|M

1,
an

d
th

us
w

e
ob

ta
in

T
1
y

V
0
∪

[(
N

2
∪

T
2)
\M

1]
|M

1.
B

y
th

e
w

ea
k

un
io

n
pr

op
er

ty
,T

1
y

V
0
|M

1
∪

[(
N

2
∪

T
2)
\M

1]
.

T
hi

s
m

ea
ns

(1
0)

ho
ld

s,
si

nc
e

M
1
∪

[(
N

2
∪

T
2)
\M

1]
=

N
∪

T
2.
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M
a
r
k
o
v

B
la
n
k
e
t
a
n
d

M
a
r
k
o
v

B
o
u
n
d
a
r
y
o
f

M
u
lt
iple

V
a
r
ia
b
le
s

Sim
ilarly,V

0
y

T
2 |N

∪
T

1 ,w
hich

com
bined

w
ith

(10)indicates

V
0
y

T|N

by
the

localintersection
assum

ption.O
requivalently,T

y
V\N\T|N

.T
hatis,(M

1 ∪
M

2 )\T
=

N
is

an
M

b
ofT

.T
he

proofis
com

pleted.

R
em

ark
1

In
the

case
ofeither

T
1 ⊆

V
\

M
2

or
T

2 ⊆
V
\

M
1 ,the

conclusion
of(i)

in
Theorem

2
holds

w
ithoutrequiring

the
localintersection

assum
ption.

Proof
IfT

1 ⊆
V
\

M
2

butT
2
⊈

V
\

M
1 ,M

1 ∪
M

2
is

then
an

M
b

ofT
1

according
to

the
w

eak
union

property
w

hereas
(M

1 \
T

2 )∪
M

2
is

an
M

b
ofT

2 .E
quivalently,w

e
have

T
1
y

V
\

(M
1 ∪

M
2 )\

T
1 |M

1 ∪
M

2 ,

T
2
y

V
\

[(M
1 \

T
2 )∪

M
2 ]\

T
2 |(M

1 \
T

2 )∪
M

2 .

B
y

m
eans

ofthe
contraction

property
and

the
decom

position
property,itis

seen
that

V
\

[(M
1 ∪

M
2 )\

T
2 ]\

T
y

T
1 |[(M

1 ∪
M

2 )\
T

2 ]∪
T

2 ,

V
\

[(M
1 ∪

M
2 )\

T
2 ]\

T
y

T
2 |(M

1 ∪
M

2 )\
T

2 ,

so
T
y

V\[(M
1 ∪

M
2 )\T

2 ]\T|(M
1 ∪

M
2 )\T

2 .T
hatis,(M

1 ∪
M

2 )\(T
1 ∪

T
2 )
=

(M
1 ∪

M
2 )\T

2
is

an
M

b
ofT

.IfT
1
⊈

V
\

M
2

butT
2 ⊆

V
\

M
1 ,w

e
can

sim
ilarly

show

(M
1 ∪

M
2 )\

(T
1 ∪

T
2 )
=

(M
1 ∪

M
2 )\

T
1

is
an

M
b

ofT
.Finally,ifT

1 ⊆
V
\

M
2

and
T

2 ⊆
V
\

M
1 ,im

posing
decom

position
on

T
1
y

V
\

(M
1 ∪

M
2 )\

T
1 |M

1 ∪
M

2

and
w

eak
union

on
T

2
y

V
\

(M
1 ∪

M
2 )\

T
2 |M

1 ∪
M

2 ,w
e

get

V
\

(M
1 ∪

M
2 )\

T
y

T
1 |M

1 ∪
M

2 ,

V
\

(M
1 ∪

M
2 )\

T
y

T
2 |(M

1 ∪
M

2 )∪
T

1 .

B
y

the
contraction

property,T
y

V
\

(M
1 ∪

M
2 )\

T|M
1 ∪

M
2 .T

hatis,

(M
1 ∪

M
2 )\

(T
1 ∪

T
2 )
=

M
1 ∪

M
2

is
an

M
b

ofT
.T

he
conclusion

is
proved.

T
heorem

3
(A

dditivity
ofM

B
)

Let(G
,P)be

a
B

N
overV

.The
follow

ing
tw

o
statem

ents
hold:

(i)
A

ssum
e

T
1 ∪

T
2

satisfies
the

localintersection
assum

ption.
Let

M
i be

the
unique

M
B

ofT
i

for
i
=

1
,2.Then,(M

1 ∪
M

2 )\
(T

1 ∪
T

2 )is
the

unique
M

B
ofT

1 ∪
T

2 .
(ii)

A
ssum

e
T
≜
{T

1 ,···
,T

k }
satisfies

the
local

intersection
assum

ption.
Let

M
i be

the
unique

M
B

ofT
i for

i
=

1
,···
,k.Then, ∪

ki=
1

M
i \

T
is

the
uniqe

M
B

ofT
.
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L
iu
a
n
d

L
iu

Proof
W

e
need

only
to

prove
(i),since

(ii)is
a

directconsequence
of(i).

D
enote

N
1
=

M
1 \

T
2

and
N

2
=

M
2 \

T
1 .

B
y

T
heorem

2,(M
1 ∪

M
2 )\

T
=

N
1 ∪

N
2

is
an

M
b

ofT
.T

herefore,itsu
ffi

ces
to

prove
the

m
inim

ality
ofN

1 ∪
N

2 ,based
on

L
em

m
a

2.In
fact,let

N
0

be
any

M
b

ofT
w

hich
is

a
subsetof

N
1 ∪

N
2 .N

ote
thatT

i ∩
N

0
=

Ø
fori

=
1
,2.D

enote
now

M
=

N
0 ∪

(M
1 \

N
1 )
=

N
0 ∪

(M
1 ∩

T
2 ).Itfollow

s
that

•
M

1
is

the
M

B
ofT

1 :T
his

im
pliesT

1
y

V
\

M
1 \

T
1 |M

1 ,orequivalently,w
e

have

T
1
y

V
\

M
1 \

T
1 |(M

1 ∩
M

)∪
(M

1 \
M

),
(11)

in
view

of
M

1
=

(M
1 ∩

M
)∪

(M
1 \

M
).

•
N

0
is

an
M

b
ofT

:E
quivalently,w

e
have

T
1 ∪

T
2
y

V
\

N
0 \

T
2 \

T
1 |N

0 ,w
hich

gives

T
1
y

V
\

(N
0 ∪

T
2 )\

T
1 |N

0 ∪
T

2 ,

according
to

the
w

eak
union

property,and
thus

T
1
y

V
\

(M
∪

T
2 )\

T
1 |M

∪
T

2
in

view
of

N
0 ∪

T
2
=

M
∪

T
2 ,

or
equivalently

w
e

have
T

1
y

V
\

M
\

T
1 \

T
2 |M

∪
T

2 .
B

y
the

self-conditioning
property,this

leads
to

T
1
y

V
\

(M
1 ∩

M
)\

T
1 |M

∪
T

2 ,T
herefore,

T
1
y

(V
\

M
1 \

T
1 )∪

(M
1 \

M
)|M

∪
T

2 ,

in
term

s
ofV

\
(M

1 ∩
M

)\T
1
=

(V
\

M
1 \T

1 )∪
(M

1 \
M

).B
y

the
w

eak
union

property,this
indicatesT

1
y

M
1 \

M
|(M
∪

T
2 )∪

(V
\

M
1 \

T
1 ).C

onsequently,

T
1
y

M
1 \

M
|(M

1 ∩
M

)∪
(V
\

M
1 \

T
1 ),

(12)

due
to

(M
∪

T
2 )∪

(V
\

M
1 \

T
1 )
=

(M
1 ∩

M
)∪

(V
\

M
1 \

T
1 ).

B
y

the
localintersection

property,(11)(12)indicate
T

1
y

(M
1 \

M
)∪

(V
\

M
1 \

T
1 )|M

1 ∩
M
,

so

T
1
y

V
\

(M
1 ∩

M
)\

T
1 |M

1 ∩
M
,

since
(M

1 \
M

)∪
(V
\

M
1 \T

1 )
=

V
\

(M
1 ∩

M
)\T

1 .H
ence,M

1 ∩
M

(⊆
M

1 )is
an

M
b

ofT
1 .O

n
the

otherhand,M
1

is
the

M
B

ofT
1

and
thereby

M
1 ∩

M
=

M
1 ,orequivalently,

N
1 ∪

(M
1 ∩

T
2 )
=

M
1 ⊆

M
=

N
0 ∪

(M
1 ∩

T
2 ),

w
hich

m
eans

N
1 ⊆

N
0 .In

a
sim

ilarfashion,N
2 ⊆

N
0 .C

om
bined

w
ith

N
0 ⊆

N
1 ∪

N
2 ,the

expected
relationship

N
0
=

N
1 ∪

N
2

follow
s.

T
his

indicates
that

N
1 ∪

N
2

is
an

M
B

of
T

.
T

he
proof

is
com

pleted,since
L

em
m

a
2

show
s

the
uniqueness

ofM
B

underthe
localintersection

assum
ption.

T
heorem

4
A

ssum
e

S⊆
V
\

N
\

T
.Then,the

follow
ing

statem
ents

are
equivalent:

(i)
S

is
an

M
bS;

(ii)
I(T

1 ;T
2 |N

∪
S)
=

m
in

S ′⊆V\N\T
I(T

1 ;T
2 |N

∪
S ′);

(iii)
I(T

;S|N
)
=

m
ax

S ′⊆V\N\T
I(T

;S ′|N
);

(iv)
N
∪

S
is

an
M

b
ofT

1
in

V
\

T
2

(or
N
∪

S
is

an
M

b
ofT

2
in

V
\

T
1 ).

36
JM

L
R

 19(43):1-50, 2018



M
a
r
k
o
v

B
la
n
k
e
t
a
n
d

M
a
r
k
o
v

B
o
u
n
d
a
r
y
o
f

M
u
lt
ip
le

Va
r
ia
b
le
s

In
ad

di
tio

n,
if

S
is

an
M

bS
,

th
en

it
is

al
so

an
M

B
S

if
an

d
on

ly
if

T
1
̸y

Y
|N
∪

(S
\{

Y
})

or
T

2
̸y

Y
|N
∪

(S
\{

Y
})

ho
ld

s
fo

r
an

y
Y
∈S

.

Pr
oo

f
W

e
fir

st
pr

ov
e

(i
)
⇔

(i
i)

.
Pu

tQ
=

V
\(

N
∪

S)
\T

.
Fi

rs
t,

no
te

th
at

T
1
y

V
\M

1
\T

1
|M

1
si

nc
e

M
1

is
an

M
b

of
T

1.
In

ot
he

rw
or

ds
,a
≜
I(

T
1;

Q
∪

(V
\M

1
\T

1
\Q

)|
M

1)
=

0.
B

y
th

e
ch

ai
n

ru
le

fo
rC

M
I(

C
ov

er
an

d
T

ho
m

as
,2

00
6)

,w
e

ha
ve
I(

T
1;

V
\M

1
\T

1
\Q
|M

1)
=

0.
It

fo
llo

w
s

th
at

a
=
I(

T
1;

V
\M

1
\T

1
\Q
|M

1)
+
I(

T
1;

Q
|(V
\M

1
\T

1
\Q

)∪
M

1)

=
I(

T
1;

Q
|(V
\M

1
\T

1
\Q

)∪
M

1)

=
I(

T
1;

Q
|N
∪

S
∪

T
2)

=
I (

T
;Q
|N
∪

S )
− I

( T
2;

Q
| N
∪

S)
(1

3)

≜
b
−c
,

w
hi

ch
co

m
bi

ne
d

w
ith

a
=

0
gi

ve
s

b
=

c.
O

bs
er

vi
ng

T
2
y

V
\M

2
\T

2
|M

2
si

nc
e

M
2

is
an

M
b

of
T

2,
w

e
ob

ta
in

T
2
y

Q
|(V
\M

2
\T

2
\Q

)∪
M

2
by

us
in

g
th

e
w

ea
k

un
io

n
pr

op
er

ty
,o

re
qu

iv
al

en
tly

,
T

2
y

Q
|N
∪

S
∪

T
1,

so
I(

T
2;

Q
|N
∪

S
∪

T
1)
=

0.
T

hi
s

m
ea

ns

0
⩽

c
=
I(

T
2;

Q
|N
∪

S)
=
I(

T
2;

T
1
∪

Q
|N
∪

S)
−I

(T
2;

T
1
|N
∪

S
∪

Q
)

=
I(

T
2;

T
1
|N
∪

S)
+
I(

T
2;

Q
|N
∪

S
∪

T
1)
−I

(T
2;

T
1
|N
∪

S
∪

Q
)

=
I(

T
2;

T
1
|N
∪

S)
−I

(T
2;

T
1
|N
∪

S
∪

Q
).

(1
4)

•
(i

)
⇐

(i
i)

:
If
I(

T
1;

T
2
|N
∪

S)
⩽
I(

T
1;

T
2
|N
∪

S′
)

ho
ld

s
fo

r
an

y
S′
⊆

V
\N
\T

,t
he

n
(1

4)
in

di
ca

te
s

c
=

0
si

nc
e

0
⩽

c
=
I(

T
2;

T
1
|N
∪

S)
−I

(T
2;

T
1
|N
∪

S
∪

Q
)
⩽

0.
T

he
re

fo
re

,

I(
T

;V
\(

N
∪

S)
\T
|N
∪

S)
=
I(

T
;Q
|N
∪

S)
=

b
=

0,

be
ca

us
e

of
b
=

c.
T

ha
ti

s,
T
y

V
\(

N
∪

S)
\T
|N
∪

S,
w

hi
ch

m
ea

ns
N
∪

S
is

an
M

b
of

T
,o

r
eq

ui
va

le
nt

ly
,S

is
an

M
bS

.

•
(i

)
⇒

(i
i)

:
O

bs
er

ve
th

at
I(

T
1;

T
2
|V
\T

)
=

m
in

S′
⊆V
\N
\T
I(

T
1;

T
2
|N
∪

S′
)

ho
ld

s
ac

co
rd

in
g

to
(1

4)
ho

ld
in

g
fo

ra
ny

S
⊆

V
\N
\T

an
d

N
∪

S
∪

Q
=

V
\T

.T
he

n,

I(
T

;Q
|N
∪

S)
=
I(

T
;V
\(

N
∪

S)
\T
|N
∪

S)
=

0

fo
llo

w
s

im
m

ed
ia

te
ly

if
N
∪

S
is

an
M

b
of

T
.B

y
(1

3)
an

d
(1

4)
,w

e
ha

ve

I(
T

1;
T

2
|N
∪

S)
=
I(

T
1;

T
2
|V
\T

)
=

m
in

S′
⊆V
\N
\T
I(

T
1;

T
2
|N
∪

S′
),

(1
5)

no
tin

g
ag

ai
n

N
∪

S
∪

Q
=

V
\T

.T
hi

s
m

ea
ns

N
∪

S
is

an
M

bS
.

To
pr

ov
e

th
e

eq
ui

va
le

nc
e

be
tw

ee
n

(i
i)

an
d

(i
ii)

,w
e

ne
ed

on
ly

to
sh

ow

I(
T

1;
T

2
|N
∪

S)
=
I(

T
1;

M
1)
+
I(

T
2;

M
2)
−I

(T
1;

T
2)
−I

(T
;N
∪

S)
.

(1
6)

In
fa

ct
,u

si
ng
I(

T
;N
∪

S)
=
I(

T
1;

N
∪

S)
+
I(

T
2;

N
∪

S
|T

1)
,w

e
ha

ve

d
≜
I(

T
1;

T
2
|N
∪

S)
+
I(

T
1;

T
2)
+
I(

T
;N
∪

S)
=
I(

T
1;

T
2
|N
∪

S)
+
I(

T
1;

N
∪

S)
+
I(

T
2;

T
1)
+
I(

T
2;

N
∪

S
|T

1)

=
I(

T
1;

T
2
∪

N
∪

S)
+
I(

T
2;

N
∪

S
∪

T
1)

=
I(

T
1;

M
1)
+
I(

T
2;

M
2)
,
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L
iu
a
n
d

L
iu

w
hi

ch
is

eq
ui

va
le

nt
to

(1
6)

.T
hi

s
m

ea
ns

(i
i)
⇔

(i
ii)

.
N

ow
,w

e
sh

ow
th

at
(i

)i
s

eq
ui

va
le

nt
to

(iv
):

•
(i

)
⇒

(iv
):

T
hi

s
im

pl
ic

at
io

n
ho

ld
s

cl
ea

rl
y

du
e

to
th

e
de

co
m

po
si

tio
n

pr
op

er
ty

.

•
(i

)
⇐

(iv
):

A
ss

um
e

N
∪S

is
an

M
b

of
T

1
in

V
\T

2,
th

at
is

,T
1
y

(V
\T

2)
\(

N
∪S

)\
T

1
|N
∪S

,
or

eq
ui

va
le

nt
ly

,
V
\(

N
∪

S)
\T
y

T
1
|N
∪

S.
O

n
th

e
ot

he
r

ha
nd

,
M

2
is

an
M

b
of

T
2

in
V

,
m

ea
ni

ng
T

2
y

V
\M

2
\T

2
|M

2,
w

hi
ch

co
m

bi
ne

d
w

ith
th

e
w

ea
k

un
io

n
pr

op
er

ty
gi

ve
s

V
\(

N
∪

S)
\T
y

T
2
|N
∪

S
∪

T
1.

B
y

th
e

co
nt

ra
ct

io
n

pr
op

er
ty

,T
y

V
\(

N
∪

S)
\T
|N
∪

S.
T

hi
s

m
ea

ns
S

is
an

M
bS

.
Si

m
ila

rl
y,

if
N
∪

S
is

an
M

b
of

T
2

in
V
\T

1,
w

e
ca

n
sh

ow
S

is
an

M
bS

.

Fi
na

lly
,w

e
pr

ov
e

th
at

an
M

bS
,S

,i
s

an
M

B
S

if
an

d
on

ly
if

T
2
̸y

Y
|N
∪

(S
\{

Y
})

ho
ld

s
fo

ra
ny

Y
∈S

.W
e

fir
st

pr
ov

e
th

e
ne

ce
ss

ity
by

re
du

ct
io

ad
ab

su
rd

um
.S

up
po

se
th

er
e

is
so

m
e

va
ri

ab
le

Y
∈S

su
ch

th
at

T
2
y

Y
|N
∪

R
,i

n
w

hi
ch

R
≜

S
\{

Y
}.

R
ec

al
lt

ha
tS

is
an

M
bS

,w
e

ge
t

T
2
y

(V
\T

1)
\(

N
∪

S)
\T

2
|N
∪

S.

E
qu

iv
al

en
tly

,T
2
y

V
\(N
∪R

)\T
\{Y
}|(

N
∪R

)∪
{Y
},w

hi
ch

co
m

bi
ne

d
w

ith
T

2
y

Y
|N
∪R

gi
ve

sT
2
y

V
\(

N
∪R

)\
T
|N
∪R

,i
n

vi
ew

of
th

e
co

nt
ra

ct
io

n
pr

op
er

ty
.T

ha
ti

s,
T

2
y

(V
\T

1)
\(

N
∪R

)\
T

2
|N
∪R

.
T

he
re

fo
re

,N
∪R

is
an

M
b

of
T

2
in

V
\T

1,
an

d
th

us
an

M
bS

of
T

to
N

.T
hi

sc
on

tr
ad

ic
ts

th
e

co
nd

iti
on

th
at

S
is

an
M

B
S

of
T

to
N

,a
nd

th
us

T
2
̸y

Y
|N
∪

(S
\{

Y
})

ho
ld

s
fo

ra
ny

Y
∈S

.
To

pr
ov

e
th

e
su
ffi

ci
en

cy
,w

e
su

pp
os

e
S

is
no

ta
M

B
S

of
T

to
N

,t
ha

ti
s,

th
er

e
is

so
m

e
R
⫋

S
su

ch
th

at
R

is
an

M
bS

of
T

to
N

.
Ta

ke
an

y
gi

ve
n

va
ri

ab
le

,Y
,i

n
S
\R

.
T

he
n,

N
∪

R
is

an
M

b
of

T
2

in
V
\T

1.
T

ha
ti

s,
T

2
y

(V
\T

1)
\(

N
∪

R
)\

T
2
|N
∪

R
.B

y
th

e
w

ea
k

un
io

n
pr

op
er

ty
,w

e
ha

ve

T
2
y

(V
\T

1)
\[

N
∪

(S
\{

Y
})]
\T

2
|N
∪

(S
\{

Y
}).

T
hi

s
co

m
bi

ne
d

w
ith

th
e

de
co

m
po

si
tio

n
pr

op
er

ty
m

ea
ns

T
2
y

Y
|N
∪

(S
\{

Y
}),

si
nc

e

Y
∈(

V
\T

1)
\[

N
∪

(S
\{

Y
})]
\T

2,

an
d

th
us

le
ad

s
to

a
co

nt
ra

di
ct

io
n

to
th

e
co

nd
iti

on
th

at
T

2
̸y

Y
|N
∪

(S
\{

Y
})

ho
ld

s
fo

ra
ny

Y
∈S

.
T

he
pr

oo
fo

fT
he

or
em

4
is

co
m

pl
et

ed
.

E
xa

m
pl

e
1

C
on

si
de

r
th

e
B

N
(G
,P

)o
ve

r
V
=
{A
,B
,C
,D
}p

re
se

nt
ed

in
Fi

gu
re

8,
in

w
hi

ch
A

,B
,a

nd
C

ta
ke
{1,

2,
3}

w
hi

le
D

ta
ke

s
{1,

2}.
P

ut
T
=
{T

1,
T

2},
N
=

(M
1
∪

M
2)
\T
=

Ø
,

an
d

S
=
{C
},

S 0
=
{C
,D
}w

ith
T

1
=

A
,T

2
=

B
,M

1
=
{B
},

M
2
=
{A
}.

B
y

Fi
gu

re
3,

w
e

ca
n

ea
si

ly
co

nc
lu

de
th

at
A

an
d

B
ar

e
in

fo
rm

at
io

n
eq

ui
va

le
nt

w
ith

re
sp

ec
tt

o
C

.T
hi

s
m

ea
ns

I(
C

;A
)
>

0,
I(

C
;B
|A

)
=

0;
an

d
I(

C
;B

)
>

0,
I(

C
;A
|B

)
=

0.
(1

7)

It
fo

llo
w

s
fr

om
th

e
ch

ai
n

ru
le

fo
r

C
M

I(
C

ov
er

an
d

Th
om

as
,2

00
6)

th
at

(i
)

M
1

is
an

M
B

of
T

1
in

V
:

B
y

(1
7)

,w
e

ha
ve

•
I(

A
;C
,D
|B

)
=
I(

A
;C
|B

)+
I(

A
;D
|B
,C

)
=

0,
si

nc
e
{B
,C
}d

-s
ep

ar
at

es
{A
}a

nd
{D
};

•
I(

A
;C
,D

)
⩾
I(

A
;C

)
>

0.

38
JM

L
R

 1
9(

43
):

1-
50

, 2
01

8



M
a
r
k
o
v

B
la
n
k
e
t
a
n
d

M
a
r
k
o
v

B
o
u
n
d
a
r
y
o
f

M
u
lt
iple

V
a
r
ia
b
le
s

(ii)
M

2
is

an
M

B
ofT

2
in

V
:

B
y

(17),w
e

have

•
I(B;C

,D
|A

)
=
I(B;C

|A
)
+
I(B;D

|A
,C

)
=

0,since{A
,C}d-separates{B}and{D};

•
I(B;C

,D
)
⩾
I(B;C

)
>

0.

(iii)
N
∪

S
is

an
M

b
ofT

in
V

,so
S

is
an

M
bS:

B
y

(17),

I(A
,B;D

|C
)
=
I(A

;D
|C

)
+
I(B;D

|A
,C

)
=

0
,

because{C}d-separates{A}and{D},w
hile{A

,C}d-separates{B}and{D}.
(iv)
I(T

1 ;T
2 |N∪

S)
=

m
in

S ′⊆V\N\T
I(T

1 ;T
2 |N∪

S ′):
itsu
ffi

cesto
show

the
follow

ing
inequalities:

•
I(A

;B|C
)
=
I(A

;B|C
,D

).In
fact,

I(A
;B|C

,D
)
=
I(A

;B
,D
|C

)−
I(A

;D
|C

)

=
I(A

;B|C
)
+
I(A

;D
|B
,C

)−
I(A

;D
|C

)
=
I(A

;B|C
),

since
both{B

,C}and{C}d-separate{A}and{D};
•
I(A

;B|C
)
⩽
I(A

;B|D
);In

fact,

I(A
;B|C

)
=
I(A

;B|C
,D

)
=
I(A

;B
,C
|D

)−
I(A

;C
|D

)

=
I(A

;B|D
)
+
I(A

;C
|B
,D

)−
I(A

;C
|D

)

=
I(A

;B|D
)−
I(A

;C
|D

)
⩽
I(A

;B|D
),

due
to
I(A

;C
|B
,D

)
=

0,because
of

0
⩽
I(A

;C
|B
,D

)
=
I(A

;C
,D
|B)−

I(A
;D
|B)

=
I(A

;C
|B)
+
I(A

;D
|B
,C

)−
I(A

;D
|B)
=
−
I(A

;D
|B)
⩽

0
,

since
I(A

;C
|B)
=

0
(see

E
quation

17)and{B
,C}d-separates{A}and{D};

•
I(A

;B|C
)
⩽
I(A

;B).In
fact,by

(17),w
e

have
I(A

;C
|B)
=

0.Thus,

I(A
;B)

=
I(A

;B
,C

)−
I(A

;C
|B)
=
I(A

;C
)
+
I(A

;B|C
)−
I(A

;C
|B)

=
I(A

;C
)
+
I(A

;B|C
)
⩾
I(A

;B|C
).

(v)
I(T

;S|N
)
=

m
ax

S ′⊆V\N\T
I(T

;S ′|N
):

the
proofis

om
itted.

(vi)
N
∪

S
is

an
M

b
ofT

1
in

V
\{T

2 }:
B

y
(17),w

e
have

•
I(A

;C
,D

)
⩾
I(A

;C
)
>

0;
•
I(A

;D
|C

)
=

0,since{C}d-separates{A}and{D}.
(vii)

N
∪

S
is

an
M

b
ofT

2
in

V
\{T

1 }:
B

y
( 17),w

e
have

•
I(B;C

,D
)
⩾
I(B;C

)
>

0;
•
I(B;D

|C
)
=

0,since{C}d-separates{B}and{D}.
(viii)

S
is

an
M

B
S;S

0
is

an
M

bS
(butnotan

M
B

S):
I(A

;B|C
,D

)
=
I(A

;B|C
).In

fact,

I(A
;B|C

,D
)
=
I(A

;B
,D
|C

)−
I(A

;D
|C

)
=
I(A

;B|C
)
+
I(A

;D
|B
,C

)−
0
=
I(A

;B|C
),

since
both{B

,C}and{C}d-separate{A}and{D}.
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L
iu
a
n
d

L
iu

T
heorem

5
LetM

j be
an

M
B

ofT
(d)
j

in
V
\

T
for

j
=

1
,···
,t.Then,M

≜
∪

kj=
1 M

j is
an

M
b

ofT
.

F
urther,M

is
an

M
B

ofT
iff

for
any

X
∈

M
there

is
som

e
jsuch

thatT
(d)
j
̸y

X
|M
\{X}.

Proof
R

ecallthatT
is

the
m

erged
version

ofT
,w

hile
T

(d)is
the

dum
m

y
version

of
T

;allof
them

have
the

sam
e

M
B

s.
First,w

e
have

T
(d)
j
y

(V
\

T
)\

M
j \{T

(d)
j
}|M

j for
j
=

1
,···
,t.

C
onsidering

T
(d)
j
<

V
\

T
,it

follow
s

thatT
(d)
j
y

V
\

T
\

M
j |M

j ,w
hich

com
bined

w
ith

the
w

eak
union

property
gives

T
(d)
j
y

V
\

T
\

M
|M
,

j
=

1
,···
,t,

(18)

since
M

j ⊆
M

.Putting
U
≜

V
\

T
\

M
,the

above
independence

statem
ents

im
ply

P (T
(d)
j
=

1
,U
=

u ∣∣M
)
=
P (T

(d)
j
=

1 ∣∣M
)
P (U

=
u ∣∣M

),
j
=

1
,···
,t,

orequivalently,
P(T
=

j,
U
=

u|M
)
=
P(T
=

j|M
)P(U

=
u|M

),m
eaning

T
y

V
\

T
\

M
|M

,
and

thusT
y

V
\

T
\

M
|M

.T
his

show
s

M
is

an
M

b
ofT

.

In
w

hatfollow
s,w

e
prove

M
is

an
M

B
ofT

if
and

only
if,for

any
X
∈

M
,T

(d)
j
̸y

X
|M
\{X}

holds
forsom

e
j:

“⇒
”

A
ssum

e
M

is
an

M
B

ofT
.

Suppose
there

is
som

e
variable

X
such

thatT
(d)
j
y

X
|

M
\{X}

holds
forany

j.T
hen,by

(18)and
the

contraction
property,w

e
get

T
(d)
j
y

(V
\

T
)\

(M
\{X})|M

\{X},
j
=

1
,···
,t.

(19)

Sim
ilarto

the
proofofthe

firstconclusion,itcan
be

readily
proven

that(19)im
plies

T
y

(V
\

T
)\

(M
\{X})|M

\{X},
m

eaning
that

M
has

a
proper

subset,
M
\{X},

w
hich

is
an

M
b

of
T

.
T

his
contradicts

the
m

inim
ality

of
M

,and
thus

proves
the

necessity.

“⇐
”

Suppose
M

is
notan

M
B

ofT
(orT

).T
hen,there

is
som

e
X
∈

M
such

thatT
y

X
|M
\{X}.

Itfollow
s

that
P(T
=

j,X
=

x|M
\{X})

=
P(T
=

j|M
\{X})P(X

=
x|M

\{X})
holds

for
any

j
=

1
,···
,t.O

requivalently,w
e

have

P (T
(d)
j
=

1
,X
=

x ∣∣M
\{X} )

=
P (T

(d)
j
=

1 ∣∣M
\{X} )

P (X
=

x ∣∣M
\{X} ).

(20)

Futher,(20)indicates

P (T
(d)
j
=

0
,X
=

x ∣∣M
\{X} )

=
P (X
=

x ∣∣M
\{X} )−

P (T
(d)
j
=

1
,X
=

x ∣∣M
\{X} )

=
[1−
P (T

(d)
j
=

1 ∣∣M
\{X} )]P (X

=
x ∣∣M

\{X} )

=
P (T

(d)
j
=

0 ∣∣M
\{X} )P (X

=
x ∣∣M

\{X} ).
(21)

B
y

(20)
and

(21),w
e

getT
(d)
j
y

X
|

M
\{X},w

hich
contradicts

T
(d)
j
̸y

X
|

M
\{X}.

T
his

proves
the

su
ffi

ciency.

T
he

proofis
com

pleted.
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M
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ip
le

Va
r
ia
b
le
s

T
he

or
em

6
(C

or
re

ct
ne

ss
of
I
A
M
B
S

an
d
K
I
A
M
B
S

)
A

ss
um

e
th

at
T

2
sa

tis
fie

s
th

e
lo

ca
l

co
m

po
si

tio
n

pr
op

er
ty

,a
nd

th
at

al
lC

I
te

st
s

ar
e

co
rr

ec
t.

Th
en

(i
)
I
A
M
B
S

ou
tp

ut
s

an
M

B
of

T
1
∪

T
2;

(i
i)
K
I
A
M
B
S

ou
tp

ut
s

an
M

B
of

T
1
∪

T
2

fo
r

an
y

K
∈[

0,
1)

.

Pr
oo

f
C

le
ar

ly
,N
∪

S
is

an
M

b
of

T
2

in
V
\T

1
at

th
e

en
d

of
th

e
gr

ow
in

g
ph

as
e

of
ei

th
er
I
A
M
B
S

or
K
I
A
M
B
S

un
de

rt
he

lo
ca

lc
om

po
si

tio
n

as
su

m
pt

io
n,

as
in
I
A
M
B

an
d
K
I
A
M
B

.T
he

re
fo

re
,S

is
an

M
bS

at
th

e
en

d
of

th
is

st
ag

e.
A

cc
or

di
ng

to
th

e
la

st
co

nc
lu

si
on

of
T

he
or

em
4,

S
is

an
M

B
S

af
te

ri
ti

s
re

fin
ed

.
Fi

na
lly

,
as

a
di

re
ct

co
ns

eq
ue

nc
e

of
L

em
m

a
4

(s
ho

w
n

be
lo

w
),

N
∪

S
is

an
M

B
at

th
e

en
d

of
th

e
al

go
ri

th
m

,c
on

si
de

ri
ng

th
e

pr
oc

es
s

of
re

fin
in

g
N

is
si

m
ila

rt
o

th
at

of
re

fin
in

g
S.

R
em

ar
k

2
Th

e
fo

llo
w

in
g

tw
o

st
at

em
en

ts
ho

ld
:

(a
)

vi
ol

at
in

g
lo

ca
l

in
te

rs
ec

tio
n

im
pl

ie
s

vi
ol

at
in

g
ad

ja
ce

nc
y

fa
ith

fu
ln

es
s;

(b
)u

nd
er

th
e

or
ie

nt
at

io
n

fa
ith

fu
ln

es
s

co
nd

iti
on

,v
io

la
tin

g
lo

ca
lc

om
po

si
tio

n
at

th
e

en
d

of
th

e
fir

st
ph

as
e

of
I
A
M
B

or
K
I
A
M
B

or
I
A
M
B
S

or
K
I
A
M
B
S

m
ea

ns
vi

ol
at

in
g

ad
ja

ce
nc

y
fa

ith
fu

ln
es

s.

Pr
oo

f
B

y
L

em
m

a
1,

th
e

vi
ol

at
io

n
of

th
e

lo
ca

li
nt

er
se

ct
io

n
pr

op
er

ty
m

ea
ns

in
fo

rm
at

io
n

eq
ui

va
le

nc
e

oc
cu

rs
;

fu
rt

he
r,

L
em

ei
re

et
al

.(
20

12
)

sh
ow

ed
th

at
in

fo
rm

at
io

n
eq

ui
va

le
nc

e
is

on
e

of
th

e
ca

se
s

of
vi

ol
at

in
g

ad
ja

ce
nc

y
fa

ith
fu

ln
es

s.
H

en
ce

,t
he

vi
ol

at
io

n
of

lo
ca

li
nt

er
se

ct
io

n
is

on
e

of
th

e
vi

ol
at

io
ns

of
ad

ja
ce

nc
y

fa
ith

fu
ln

es
s.

N
ow

,w
e

sh
ow

th
at

th
e

vi
ol

at
io

n
of

lo
ca

lc
om

po
si

tio
n,

w
hi

ch
is

pr
es

en
ta

tt
he

en
d

of
th

e
fir

st
ph

as
e

of
I
A
M
B

or
K
I
A
M
B

,i
s

al
so

on
e

of
th

e
vi

ol
at

io
ns

of
ad

ja
ce

nc
y

fa
ith

fu
ln

es
s

un
de

rt
he

or
ie

nt
at

io
n

fa
ith

fu
ln

es
s

co
nd

iti
on

.
In

fa
ct

,l
et

M
be

th
e

ou
tp

ut
of

th
e

fir
st

ph
as

e
of
I
A
M
B

or
K
I
A
M
B

,b
ut

no
ta

n
M

b
of

T
.W

ith
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Figure
20:

p-value/dam
ped

p-value
versus

the
num

berofinstances,n:
the

leftsubfigure
illustrates

w
hy

a
very

large
n

m
ay

stillnotbe
“large

enough”
for

m
aking

a
correctdecision

about
the

false
hypothesis

“X
1
y

Y
1 |Z

1 ”
based

on
the

G
2

test:
atleast4

.31×
10

5
instances

are
required;w

hile
the

rightillustrates
w

hy
the

dam
ped

G
2

testis
suitable

fortesting
the

sam
e

false
hypothesis:about8000

instances
are

su
ffi

cient.

decision
can

be
correctly

m
ade

w
ith

the
significance

level
α

(or
equivalently,

p(X
;Y|Z

)
⩽
α).

In
m

any
practical

situations,
how

ever,
n

m
ay

be
far

sm
aller

than
the

required
num

ber
of

sam
ple

instances
w

ith
the

m
agnitude

of
atleastO

(r/
log

2 rX
,Y ),recalling

thatr
is

exponentialw
ith

respect
to

x,y,and
z,especially

w
hen

too
m

any
variables

are
involved.In

this
case,the

statisticaldecision
m

ade
forthe

hypothesis
w

illbe
w

rong.
Taking

the
A

L
A

R
M

netw
ork

presented
in

Figure
4

forexam
ple,w

e
put

X
1
=
{X

36 },
Y

1
=
{X

11 ,X
34 ,X

35 ,X
37 },

and
Z

1
=
{X

4 ,X
14 ,X

15 ,X
16 ,X

18 ,X
21 ,X

22 ,X
31 };

then
w

e
com

pute
the

p-value
versus

the
num

ber
of

instances
from

1000
to

1,000,000.
T

he
results

are
draw

n
in

Figure
20

(averaged
over

10
different

sam
ples

w
ith

the
sam

e
size).

N
ote

that
the

truth
is

X
1 ̸y

Y
1 |Z

1
since

Y
1

is
an

M
b

of
X

1 .
B

y
the

figure,the
C

I
testfor

the
false

hypothesis
“X

1
y

Y
1 |Z

1 ”
is

notcorrectunless
atleastn

m
in ≈

4
.31×

10
5

sam
ple

instances
are

available.
Itis

m
entioned

that,in
this

exam
ple,r/

log
2 rX

1 ,Y
1 ≈

2
.42×

10
5.

In
shortw

ords,the
precondition,“w

hen
n

is
large

enough”,forthe
theoreticalassertion

that“G
2

is
a

reasonable
statistic

for
C

I
testing”

m
ay

be
hard

to
be

guaranteed
in

practice
because

the
above

analysis
and

the
num

ericalexam
ple

indicate
thata

seem
ingly

very
large

n
m

ay
stillnotbe

“large
enough”.T

he
problem

is
then

how
to

im
prove

on
the

G
2

test.
O

bserve
that,forthe

G
2

test,the
m

ajorreason
forfailing

to
m

ake
a

correctstatisticaldecision
on

C
Itesting

is
thatthe

theoreticalvalue
ofr

is
farlargerthan

its
data-driven

value,due
to

the
nullcells

frequently
existing

in
the

m
ulti-contingency

tables
of

X
and

Y
given

Z
(e.g.,Y

aram
akala,2004,p.

34).In
otherw

ords,the
linearincrease

ofn
is

hard
to

exponentially
bring

nullcells
into

valid
cells.

H
ence,a

feasible
w

ay
ofim

proving
the

log-likelihood
ratio

G
2

testis
to

dam
p

the
increase

of
r

such
that

the
unm

atched
behaviours

of
n

and
r

can
get

alleviated
to

a
certain

degree.
M

athem
atically,

w
e

replace
the

theoretical
value

of
r

in
p(X

;Y|Z
)

w
ith

its
a

dam
ped

version,
g

n
,κ (r),

defined
in

( 6),w
here

κ
>

0
is

a
constant,based

on
w

hich
nκ

m
easures

the
am

ountof
valid

cells
thatn

sam
ple
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Figure
21:D

am
ped

p-value
versus

the
num

berofinstances:
κ

is
taken

as
20

and
100,respectively.

instancescan
support.Itiseasily

seen
thatg

n
,κ (·)possessesthe

follow
ing

properties,w
hich

interpret
the

reasonability
ofem

ploying
such

a
dam

ping
procedure

in
the

G
2

test:

•
g

n
,κ (r)is

m
onotonically

increasing
versus

n
forgiven

r,and
lim

n→
+∞

g
n
,κ (r)
=

r.T
his

m
eans

m
ore

instances
m

ay
generate

m
ore

valid
cells

in
the

m
ulti-contingency

tables
of

X
and

Y
given

Z
,and

allthe
theoreticaldegrees

offreedom
are

valid
w

hen
n

is
large

enough.

•
g

n
,κ (r)is

m
onotonically

increasing
versus

r
forgiven

n,and
lim

r→
+∞

g
n
,κ (r)
=

nκ .T
his

m
eans

a
larger

r
should

correspond
to

a
larger

g
n
,κ (r),butnotexceeding

the
supporting

capacity
of

the
data.

•
For

su
ffi

cientdata,the
dam

ping
function

g
n
,κ (·)

only
plays

a
little

role;w
hile

for
insu
ffi

cient
data,ittrades

o
ff

the
theoreticalr

and
the

supporting
capacity

ofthe
data.

For
convenience,w

e
callthe

resulted
p-value,denoted

by
p

g (X
;Y|Z

)
instead

of
p(X

;Y|Z
),and

the
resulted

testing
m

ethod
to

be
the

dam
ped

p-value
and

the
dam

ped
log-likelihood

ratio
test(or

dam
ped

G
2

test).Further,w
e

use
the

negative
dam

ped
p-value,

f (3)
D

defined
in

( 7),as
the

association
function.Itis

m
entioned

here
thatthe

dam
ped

G
2

testapproxim
ately

degenerates
into

the
ordinary

G
2

testw
hen

taking
κ

as
a

very
sm

allpositive
num

ber.
T

he
dam

ped
G

2
testm

ay
be

m
ore

suitable
than

the
ordinary

G
2

testw
hen

too
m

any
variables

are
involved

in
the

conditionalset.
W

e
im

plem
entthis

testing
m

ethod
(by

taking
κ

as
2
,3
,···
,10,

respectively)
on

the
false

hypothesis
“X

1
y

Y
1 |Z

1 ”,
and

find
that

the
correct

decision
“X

1
̸y

Y
1 |Z

1 ”
is

alw
ays

m
ade

for
κ
⩾

3,even
w

hen
the

num
berofinstances

is
sm

allerthan
1000.Forthe

case
of
κ
=

2,w
e

presentthe
results

in
the

rightsubfigure
of

Figure
20,from

w
hich

itis
seen

that,
for

the
dam

ped
G

2
test,

about
8000

sam
ple

instances
are

su
ffi

cient
to

m
ake

the
correct

decision.
N

ote
also

thatthe
ordinary

G
2

testneeds
atleast4

.31×
10

5
instances.

H
ow

ever,the
dam

ped
G

2
test

m
ay

also
face

a
potential

danger:
it

m
ay

excessively
dam

p
the

theoreticalvalue
ofr

ifa
too

large
κ

is
inappropriately

used.H
ere,“excessively

dam
ping

r”
m

eans
thata

too
large

value
of
κ

w
illlead

to
a

too
sm

allg
n
,κ (r)

such
thatthe

dam
ped

G
2

testincorrectly
rejecta

true
hypothesis

“X
y

Y|Z
”.To

illustrate
this

explanation,w
e

put

X
2
=
{X

21 },
Y

2
=
{X

11 ,X
34 ,X

35 ,X
36 ,X

37 },
and

Z
2
=
{X

15 ,X
19 ,X

20 ,X
22 ,X

29 }

from
the

A
L

A
R

M
netw

ork.
T

he
truth

is
X

2
y

Y
2 |Z

2
since

Z
2

is
an

M
b

of
X

2 .
N

ow
,use

dam
ped

G
2

to
testthe

true
hypothesis

“X
2
y

Y
2 |Z

2 ”
by

taking
κ

as
3
,4
,···
,10
,20
,100,respectively.
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e

re
su

lt
s

an
d

gi
ve

th
e

fi
rs

t
co

m
p
le

te
ch

ar
ac

te
ri

za
ti

on
of

th
e

ke
rn

el
s

th
a
t

m
et

ri
ze

w
ea

k
co

n
ve

rg
en

ce
w

h
en

th
e

u
n
d
er

ly
in

g
sp

a
ce

X
is

lo
ca

ll
y

co
m

p
ac

t.

F
in

al
ly

,
w

e
d
ev

el
op

a
fe

w
ca

lc
u
lu

s
ru

le
s

to
w

or
k

w
it

h
K

M
E

s
of

S
ch

w
a
rt

z
d
is

tr
ib

u
ti

o
n
s.

In
p
ar

ti
cu

la
r,

w
e

p
ro

ve
th

e
fo

ll
ow

in
g

fo
rm

u
la

e:

〈 f
,

∫
k
(.
,x

)
d
D

(x
)〉 k

=

∫
〈f
,
k
(.
,x

)〉
k

d
D

(x
)

(D
efi

n
it

io
n

o
f

K
M

E
)

〈 ∫
k
(.
,y

)
d
D

(y
)
,

∫
k
(.
,x

)
d
T

(x
)〉 k

=

∫
k
(x
,y

)
d
D

(y
)

d
T̄

(x
)

(F
u
b
in

i)

∫
k
(.
,x

)
d
(∂
p
S

)(
x

)
=

(−
1)
|p
|∫

∂
(0
,p

) k
(.
,x

)
d
S

(x
).

(D
iff

er
en

ti
a
ti

o
n
)

T
h
e

fi
rs

t
an

d
se

co
n
d

li
n
es

ar
e

st
an

d
ar

d
ca

lc
u
lu

s
ru

le
s

fo
r

K
M

E
s

w
h
en

ap
p
li
ed

w
it

h
tw

o
p
ro

b
ab

il
it

y
m

ea
su

re
s
D

an
d
T

.
W

e
ex

te
n
d

th
em

to
d
is

tr
ib

u
ti

on
s.

T
h
e

th
ir

d
li
n
e

h
ow

ev
er

is
sp

ec
ifi

c
to

d
is

tr
ib

u
ti

on
s.

It
u
se

s
th

e
d
is

tr
ib

u
ti

on
al

d
er

iv
at

iv
e

(‘
∂

’)
w

h
ic

h
ex

te
n
d
s

th
e

u
su

a
l

d
er

iv
at

iv
e

of
fu

n
ct

io
n
s

to
si

gn
ed

m
ea

su
re

s
an

d
d
is

tr
ib

u
ti

on
s.

F
or

a
q
u
ic

k
in

tr
o
d
u
ct

io
n

to
S
ch

w
ar

tz
d
is

tr
ib

u
ti

on
s

an
d

th
ei

r
d
er

iv
at

iv
es

se
e

A
p
p

en
d
ix

B
.

T
h
e

st
ru

ct
u
re

of
th

is
p
ap

er
ro

u
g
h
ly

fo
ll
ow

s
th

is
ex

p
os

it
io

n
.

A
ft

er
fi
x
in

g
o
u
r

n
o
ta

ti
o
n
s,

S
ec

ti
on

2
in

tr
o
d
u
ce

s
K

M
E

s
of

m
ea

su
re

s
an

d
d
is

tr
ib

u
ti

on
s.

In
S
ec

ti
on

3
w

e
d
efi

n
e

th
e

co
n
-

ce
p
ts

of
u
n
iv

er
sa

l,
ch

ar
ac

te
ri

st
ic

an
d

s.
p
.d

.
ke

rn
el

s
an

d
p
ro

ve
th

ei
r

eq
u
iv

al
en

ce
.

S
ec

ti
o
n

4
co

m
p
ar

es
co

n
ve

rg
en

ce
in

M
M

D
w

it
h

ot
h
er

m
o
d
es

of
co

n
v
er

ge
n
ce

fo
r

m
ea

su
re

s
a
n
d

d
is

tr
i-

b
u
ti

on
s.

S
ec

ti
on

5
fo

cu
se

s
sp

ec
ifi

ca
ll
y

on
K

M
E

s
of

S
ch

w
ar

tz
-d

is
tr

ib
u
ti

on
s,

a
n
d

S
ec

ti
o
n

6
gi

ve
s

a
b
ri

ef
ov

er
v
ie

w
of

th
e

re
la

te
d

w
or

k
an

d
co

n
cl

u
d
es

.
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K
e
r
n
e
l
D
ist

r
ib
u
t
io
n
E
m
b
e
d
d
in
g
s

1
.1

.
D

e
fi

n
itio

n
s

a
n

d
N

o
ta

tio
n

s

L
et

N
,R

a
n
d
C

b
e

th
e

sets
of

n
on

-n
egative

in
tegers,

of
reals

an
d

of
com

p
lex

n
u
m

b
ers.

T
h
e

in
p
u
t

set
X

o
f

all
con

sid
ered

kern
els

an
d

fu
n
ction

s
w

ill
b

e
lo

cally
com

p
act

a
n
d

H
au

sd
orff

.
T

h
is

in
clu

d
es

a
n
y

E
u
clid

ian
sp

aces
or

sm
o
oth

m
an

ifold
s,

b
u
t

n
o

in
fi
n
ite-d

im
en

sion
al

B
an

ach
-

sp
ace.

W
h
en

ever
referrin

g
to

d
iff

eren
tiab

le
fu

n
ction

s
or

to
d
istrib

u
tion

s
of

ord
er
≥

1,
w

e
w

ill
im

p
licitly

assu
m

e
th

at
X

is
an

op
en

su
b
set

ofR
d

for
som

e
d
>

0.
A

kern
el

k
:

X
×

X
−→

C
is

a
p

ositiv
e

d
efi

n
ite

fu
n
ction

,
m

ean
in

g
th

at
for

all

n
∈

N\{0},
a
ll
λ

1 ,...,λ
n
∈

C
,

an
d

all
x

1 ,x
2 ,...x

n
∈

X
, ∑

ni,j=
1
λ
i k

(x
i ,x

j ) λ
j
≥

0
.

F
or

p
=

(p
1 ,p

2 ,...,p
d )
∈

N
d

an
d

f
:

X
−→

C
,

w
e

d
efi

n
e
|p|

:=
∑

di=
1
p
i

an
d
∂
pf

:=
∂
|p|f

∂
p
1
x
1
∂
p
2
x
2 ···∂

p
d
x
d
.

F
or

m
∈

N
∪
{∞
},

w
e

say
th

at
f

(resp
.
k
)

is
m

-tim
es

(resp
.

(m
,m

)-

tim
es)

co
n
tin

u
o
u
sly

d
iff

eren
tiab

le
an

d
w

rite
f
∈

C
m

(resp
.
k
∈

C
(m
,m

)),
if

for
an

y
p

w
ith

|p|
=
m

,
∂
pf

(resp
.
∂

(p
,p

)k
)

ex
ists

an
d

is
con

tin
u
ou

s.
C
mb

(resp
.
C
m0

,
C
mc

)
is

th
e

su
b
sets

of
C
m

fo
r

w
h
ich

∂
pf

is
b

ou
n
d
ed

(resp
.

con
verges

to
0

at
in

fi
n
ity,

resp
.

h
as

com
p
act

su
p
p

ort)
w

h
en

ever|p|≤
m

.
W

h
en

ever
m

=
0,

w
e

m
ay

d
rop

th
e

su
p

erscrip
t
m

.
B

y
d
efa

u
lt,

w
e

eq
u
ip

C
m∗

(∗
∈
{∅
,b,0

,c}
)

w
ith

th
eir

n
atu

ral
top

ologies
(see

In
tro

d
u
ction

of
S
im

on
-G

a
b
riel

a
n
d

S
ch

ö
lko

p
f

2
0
1
6

or
T

reves
1967).

W
e

w
rite

k
∈

C
(m
,m

)
0

w
h
en

ever
k

is
b

ou
n
d
ed

,
(m
,m

)-tim
es

co
n
tin

u
ou

sly
d
iff

eren
tiab

le
an

d
for

all|p|≤
m

an
d
x
∈
X

,
∂

(p
,p

)k
(.,x

)∈
C

0 .
W

e
ca

ll
spa

ce
o
f

fu
n

ctio
n

s
an

d
d
en

ote
b
y
F

an
y

lo
cally

con
v
ex

(lo
c.

cv
.)

top
o
logical

vecto
r

sp
ace

(T
V

S
)

of
fu

n
ction

s
(see

A
p
p

en
d
ix

C
a
n
d

T
reves

1967).
L

o
c.

cv
.

T
V

S
s

in
clu

d
e

a
ll

B
a
n
a
ch

-
o
r

F
réch

et-sp
aces

an
d

all
fu

n
ction

sp
aces

d
efi

n
ed

in
th

is
p
ap

er.
T

h
e

d
u
a
l
F
′

of
a

sp
ace

of
fu

n
ction

s
F

is
th

e
sp

ace
of

co
n

tin
u

o
u

s
lin

ear
form

s
ov

er
F

.
W

e
d
en

o
te

M
δ ,

E
m

,
D
mL
1

an
d
D
m

th
e

d
u
als

of
C
X

,
C
m

,
C
m0

an
d

C
mc

resp
ectively.

B
y

id
en

tify
in

g
ea

ch
sign

ed
m

easu
re
µ

w
ith

a
lin

ear
fu

n
ction

al
of

th
e

form
f
7−→

∫
f

d
µ

,
th

e
R

iesz-M
a
rkov

-K
ak

u
tan

i
rep

resen
tation

th
eorem

(see
A

p
p

en
d
ix

C
)

id
en

tifi
es

D
0

(resp
.

D
0L
1 ,

E
0

a
n
d
M

δ )
w

ith
th

e
set

M
r

(resp
.
M
f ,

M
c ,

M
δ )

of
sign

ed
regu

la
r

B
orel

m
ea

su
res

(resp
.

w
ith

fi
n
ite

total
variation

,
w

ith
com

p
act

su
p
p

ort,
w

ith
fi
n
ite

su
p
p

o
rt).

B
y

d
efi

n
i-

tio
n
,
D
∞

is
th

e
set

of
all

S
ch

w
artz-d

istrib
u
tion

s,
b
u
t

all
d
u
als

d
efi

n
ed

ab
ove

can
b

e
seen

as
su

b
sets

o
f
D
∞

an
d

are
th

erefore
sets

of
S
ch

w
artz-d

istrib
u
tion

s.
A

n
y

elem
en

t
µ

of
M

r
w

ill
b

e
ca

lled
a

m
easu

re,
an

y
elem

en
t

of
D
∞

a
d
istrib

u
tion

.
S
ee

A
p
p

en
d
ix

B
for

a
b
rief

in
tro-

d
u
ctio

n
to

d
istrib

u
tion

s
an

d
th

eir
con

n
ection

to
m

easu
res.

W
e

ex
ten

d
th

e
u
su

al
n
ota

tion
µ

(f
)

:=
∫
f

(x
)

d
µ

(x
)

for
m

easu
res

µ
to

d
istrib

u
tion

s
D

:
D

(f
)

=
: ∫

f
(x

)
d
D

(x
).

G
iven

a
K

M
E

Φ
k

a
n
d

tw
o

em
b

ed
d
ab

le
d
istrib

u
tion

s
D
,T

(see
D

efi
n
ition

1),
w

e
d
efi

n
e

〈D
,
T〉

k
:=
〈Φ

k (D
)
,

Φ
k (T

)〉
k

an
d
‖
D
‖
k

:=
‖
Φ
k (D

)‖
k
.

w
h
ere
〈.,

.〉
k

is
th

e
in

n
er

p
ro

d
u
ct

of
th

e
R

K
H

S
H
k

of
k
.

T
o

avoid
in

tro
d
u
cin

g
a

n
ew

n
a
m

e,
w

e
ca

ll‖D
‖
k

th
e

m
ax

im
u
m

m
ean

d
iscrep

an
cy

(M
M

D
)

of
D

,
even

th
ou

gh
th

e
term

“
d
iscrep

a
n
cy

”
u
su

ally
sp

ecifi
cally

d
esign

a
tes

a
d
istan

ce
b

etw
een

tw
o

d
istrib

u
tion

s
rath

er
th

a
n

th
e

n
o
rm

of
a

sin
gle

on
e.

G
iven

tw
o

top
o
logical

sets
S

1 ,S
2 ,

w
e

w
rite

S
1
↪→

S
2

a
n
d

say
th

at
S

1
is

co
n

tin
u

o
u

sly
co

n
ta

in
ed

in
S

2
if

S
1
⊂

S
2

an
d

if
th

e
top

ology
of

S
1

is
stro

n
g
er

th
a
n

th
e

top
ology

in
d
u
ced

b
y
S

2 .
F

or
a

gen
eral

in
tro

d
u
ction

to
top

olo
gy,

T
V

S
s

a
n
d

d
istrib

u
tio

n
s,

w
e

recom
m

en
d

T
reves

(19
67).
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S
im

o
n
-G

a
b
r
ie
l
a
n
d

S
c
h
ö
l
k
o
p
f

2
.
K
e
rn

e
l
M

e
a
n
E
m
b
e
d
d
in
g
s
o
f
D
istrib

u
tio

n
s

In
th

is
section

,
w

e
sh

ow
h
ow

to
em

b
ed

gen
eral

d
istrib

u
tion

sp
aces

in
to

an
R

K
H

S
.

T
o

d
o

so,
w

e
red

efi
n
e

th
e

in
tegral ∫

k
(.,x

)
d
µ

(x
)

so
as

to
b

e
w

ell-d
efi

n
ed

ev
en

if
µ

is
a

d
istrib

u
tio

n
.

It
is

often
d
efi

n
ed

as
a

B
o
ch

n
er-in

tegral;
h
ere

w
e

in
stea

d
u
se

th
e

w
ea

k
-

(or
P

ettis-)
in

tegral:

D
e
fi

n
itio

n
1

(W
e
a
k

In
te

g
ra

l
a
n

d
K

M
E

)
L

et
D

be
a

lin
ea

r
fo

rm
o
ver

a
spa

ce
o
f

fu
n

c-
tio

n
s
F

.
L

et
~ϕ

:
X
−→

H
k

be
a
n

R
K

H
S

-va
lu

ed
fu

n
ctio

n
su

ch
th

a
t

fo
r

a
n

y
f
∈

H
k ,

x
7−→

〈f
,
~ϕ

(x
)〉
k
∈

F
.

T
h
en

~ϕ
:

X
−→

H
k

is
w

ea
kly

in
tegra

ble
w

ith
respect

to
(w

.r.t.)
D

if
th

ere
exists

a
fu

n
ctio

n
in

H
k ,

w
ritten

∫
~ϕ

(x
)

d
D

(x
),

su
ch

th
a
t

∀
f
∈
H
k ,

〈
f
, ∫

~ϕ
(x

)
d
D

(x
) 〉

k

=

∫
〈f
,
~ϕ

(x
)〉
k

d
D̄

(x
)
,

(1)

w
h
ere

th
e

righ
t-h

a
n

d
-sid

e
sta

n
d
s

fo
r
D̄

(x
7→
〈f
,
~ϕ

(x
)〉
k )

a
n

d
D̄

d
en

o
tes

th
e

co
m

p
lex-

co
n

ju
ga

te
o
f
D

.
If

~ϕ
(x

)
=

k
(.,x

),
w

e
ca

ll
∫
k
(.,x

)
d
D

(x
)

th
e

kern
el

m
ea

n
em

-
bed

d
in

g
(K

M
E

)
o
f
D

a
n

d
sa

y
th

a
t
D

em
bed

s
in

to
H
k .

W
e

d
en

o
te

Φ
~ϕ

th
e

m
a
p

Φ
~ϕ

:
D
7−→

∫
~ϕ

(x
)

d
D

(x
)

.

T
h
is

d
efi

n
ition

ex
ten

d
s

th
e

u
su

al
B

o
ch

n
er-in

tegral:
if
~ϕ

is
B

o
ch

n
er-in

tegrab
le

w
.r.t.

a
m

ea-
su

re
µ
∈

M
r ,

th
en

~ϕ
is

w
eak

ly
in

tegrab
le

w
.r.t.

µ
an

d
th

e
in

tegra
ls

coin
cid

e
(S

ch
w

ab
ik

,
2005,

P
rop

.
2.3.1).

In
p
articu

lar,
if

x
7−→

‖
~ϕ

(x
)‖
k

is
L

eb
esgu

e-in
tegrab

le,
th

en
~ϕ

is
B

o
ch

n
er

in
tegrab

le,
th

u
s

w
eak

ly
in

teg
rab

le.
T

h
e

gen
eral

d
efi

n
ition

w
ith

~ϕ
in

stead
of
k
(.,x

)
w

ill
b

e
u
sefu

l
in

S
ection

5.
B

u
t

for
n
ow

,
let

u
s

con
cen

trate
on

K
M

E
s

w
h
ere

~ϕ
(x

)
=
k
(.,x

).
K

ern
els

satisfy
th

e
so-called

rep
rod

u
cin

g
p
ro

perty
:

for
an

y
f
∈

H
k ,
f

(x
)

=
〈f
,
k
(.,x

)〉
k .

T
h
erefore,

th
e

con
d
ition

for
all

f
∈

H
k

x
7−→

〈f
,
~ϕ

(x
)〉
k
∈
F

red
u
ces

to
H
k ⊂

F
,

an
d

E
q
u
ation

(1)
read

s:

∀
f
∈
H
k ,

〈
f
, ∫

k
(.,x

)
d
D

(x
) 〉

k

=
D̄

(f
)
.

(2)

T
h
u
s,

b
y

th
e

R
iesz

rep
resen

tation
th

eorem
(see

A
p
p

en
d
ix

C
),
D

em
b

ed
s

in
to

H
k

iff
it

d
efi

n
es

a
con

tin
u
ou

s
lin

ear
form

ov
er

H
k .

A
n
d

in
th

at
case,

its
K

M
E
∫
k
(.,x

)
d
D

(x
)

is
th

e
R

iesz-rep
resen

ter
of
D̄

restricted
to

H
k .

T
h
u
s,

for
an

em
b

ed
d
ab

le
sp

ace
of

d
istrib

u
tion

s
D

,
th

e
em

b
ed

d
in

g
Φ
k

can
b

e
d
ecom

p
osed

as
follow

s:

Φ
k

: 

D
−→

H
′k

−→
H
k

C
o
n

ju
g
a
te

restrictio
n

R
iesz

rep
resen

ter

D
7−→

D̄
∣∣H

k
7−→

∫
k
(.,x

)
d
D

(x
)
.

(3)

T
o

k
n
ow

if
D

is
con

tin
u
ou

s
over

H
k ,

w
e

u
se

th
e

follow
in

g
lem

m
a,

an
d

its
ap

p
lication

s.

L
e
m

m
a

2
If

H
k
↪→

F
,

th
en

F
′

em
bed

s
in

to
H
k .

P
ro

o
f

S
u
p
p

ose
th

at
H
k
↪→

F
.

L
et
D
∈

F
′

an
d

let
f
,f

1 ,f
2 ,...∈

H
k .

If
f
n
→

f
in

H
k

th
en

f
n
→
f

in
F

,
th

u
s
D

(f
n
)→

D
(f

).
T

h
u
s
D

is
a

con
tin

u
ou

s
lin

ear
form

over
H
k .

In
p
ractice

w
e

ty
p
ically

u
se

on
e

of
th

e
follow

in
g

tw
o

corollaries
(p

ro
ofs

in
A

p
p

en
d
ices

A
.1

an
d

A
.2).

T
h
e

sp
ace

(
C
b )
c

th
at

th
ey

m
en

tion
w

ill
b

e
in

tro
d
u
ced

in
th

e
d
iscu

ssion
s

follow
in

g
T

h
eorem

6.
It

h
as

th
e

sam
e

elem
en

ts
as

C
b ,

b
u
t

carries
a

w
eaker

to
p

ology.
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K
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E
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b
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3
(E

m
b

e
d

d
in

g
o
f

M
e
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su
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s)

H
k
⊂

C
0

(r
es

p
.
H
k
⊂

C
b
,

re
sp

.
H
k
⊂

C
)

iff
th

e
tw

o
fo

ll
o
w

in
g

co
n

d
it

io
n

s
h
o
ld

.

(i
)

F
o
r

a
ll
x
∈
X

,
k
(.
,x

)
∈

C
0

(r
es

p
.
k
(.
,x

)
∈

C
b
,

re
sp

.
k
(.
,x

)
∈

C
).

(i
i)

x
7−→

k
(x
,x

)
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bo
u

n
d
ed

(r
es

p
.

bo
u

n
d
ed

,
re

sp
.

lo
ca

ll
y

bo
u

n
d
ed

,
m
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n

in
g

th
a
t,

fo
r

ea
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y
∈
X

,
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er
e
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is

ts
a

(c
o
m

pa
ct

)
n

ei
gh

bo
rh

oo
d

o
f
y

o
n

w
h
ic

h
x
7−→

k
(x
,x

)
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u

n
d
ed
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.

If
so

,
th

en
H
k
↪→

C
0

(r
es

p
.
H
k
↪→

C
b

,
th

u
s
H
k
↪→

(
C
b
) c

,
re

sp
.
H
k
↪→

C
)

a
n

d
M
f

(r
es

p
.

M
f
,
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.
M

c
)

em
be

d
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H
k
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4
(E

m
b

e
d

d
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g
o
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D
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u
ti
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k
∈

C
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H
k
↪→

C
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,
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u
s
E
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H
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∈

C
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)
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,
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H
k
↪→

C
m 0

,
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u
s
D
m L
1
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d
s
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H
k
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k
∈

C
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)
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,
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H
k
↪→

C
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,
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u
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H
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(
C
m b

) c
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m L
1
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to

H
k
.
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p
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to
C
b
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s
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H
k
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n
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b
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b
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d
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d
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p
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at
el
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n
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n
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s
d
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re
d

b
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tö
(1

95
2)

,
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e
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t
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n
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s
w

h
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h
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e
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n
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n
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s
b
u
t
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K
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H
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C
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b
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e
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q
u
ir

es
H
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⊂
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t
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th
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H
k
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ge
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is
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d
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b
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H
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s
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n
n
ot

h
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p
en

fo
r
C
∗,

b
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se

if
H
k
⊂

C
∗

th
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H
k
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C
∗.

A
lt

h
ou

gh
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is
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so
h
ol
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s

fo
r
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=
∞

(S
im
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-G
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ri

el
an

d
S
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öl
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p
f,

20
16

,
P

ro
p
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&
C

om
m

en
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w

e
d
o

n
ot

k
n
ow

w
h
et

h
er

it
ex

te
n
d
s

to
an

y
m
>

0.

3
.
U
n
iv
e
rs
a
l,
C
h
a
ra

ct
e
ri
st
ic

a
n
d
S
.P
.D

.
K
e
rn

e
ls

T
h
e
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te
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tu
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d
is

ti
n
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h
es

va
ri

ou
s

va
ri
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of
u
n
iv

er
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l,
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te
ri
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n
d

s.
p
.d

.
ke

rn
el
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su
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,
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−
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-u
n
iv

er
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l
ke

rn
el
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s.

p
.d

.
an

d
in

te
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al
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st
ri
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ly

p
os

it
iv

e
d
efi

n
it

e
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s.
p
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.)
ke
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el
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T

h
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e
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l

sp
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ia
l
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s
of

th
e

fo
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in
g

u
n
if

y
in

g
d
efi

n
it

io
n
s.

D
e
fi

n
it

io
n

5
L

et
k

be
a

ke
rn

el
,
F

be
a

sp
a
ce

o
f

fu
n

ct
io

n
s

su
ch

th
a
t
H
k
⊂

F
,

a
n

d
D

be
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n

em
be

d
d
a
bl

e
su
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et

o
f
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′

(e
.g

.
a
n

em
be

d
d
a
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e
se

t
o
f

d
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tr
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u
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o
n
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.

W
e

sa
y

th
a
t
k
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.
u
n
iv

er
sa

l
ov

er
F

if
H
k

is
d
en

se
in

F
.

.
ch

ar
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ri

st
ic

to
D

if
th

e
K

M
E

Φ
k

is
in

je
ct

iv
e

o
ve

r
D

.
.

st
ri

ct
ly

p
os

it
iv

e
d
efi

n
it

e
(s

.p
.d

.)
ov

er
D

if
:
∀D
∈
D
,
‖Φ

k
(D

)‖
2 k

=
0
⇒
D

=
0.

A
u

n
iv

er
sa

l
ke

rn
el

o
ve

r
C
m

(r
es

p
.
C
m 0

)
w

il
l

be
sa
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-
(r

es
p
.
cm 0

-)
u

n
iv

er
sa

l
(w

it
h
o
u

t
th

e
su

pe
rs

cr
ip

t
w

h
en

m
=

0
).

A
ch

a
ra

ct
er

is
ti

c
ke

rn
el

to
th

e
se

t
P

o
f

p
ro

ba
bi

li
ty

m
ea

su
re

s
w

il
l

si
m

p
ly

be
ca

ll
ed

ch
a
ra

ct
er

is
ti

c.

In
ge

n
er

al
,

in
st

ea
d

of
w

ri
ti

n
g
‖Φ

k
(D

)‖
k

an
d
〈Φ

k
(D

)
,

Φ
k
(T

)〉
k
,

w
e

w
il
l

w
ri

te
‖D
‖ k

an
d

〈D
,
T
〉 k

.
T

h
es

e
d
efi

n
it

io
n
s

en
co

m
p
as

s
th

e
u
su

al
s.

p
.d

.
d
efi

n
it

io
n
s.

D
en

ot
in

g
δ x

th
e

D
ir

ac
m

ea
su

re
co

n
ce

n
tr

at
ed

on
x

,
w

h
at

is
u
su

al
ly

ca
ll
ed
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8

S
im

o
n
-G

a
b
r
ie
l
a
n
d

S
c
h
ö
l
k
o
p
f

.
s.

p
.d

.
co

rr
es

p
on

d
s

to
D

=
M

δ
,

i.
e.

:

∀µ
=

n ∑ i=
1

λ
iδ
x
i
∈
M

δ
:
‖µ
‖2 k

=
n ∑ i,
j=

1

λ
ik

(x
i,
x
j
)λ̄
j

=
0
⇒

λ
1

=
..
.

=
λ
n

=
0
.

.
co

n
d
it

io
n
al

ly
s.

p
.d

.
co

rr
es

p
on

d
s

to
D

=
M

0 δ
w

h
er

e
M

0 δ
:=
{µ
∈
M

δ
:µ

(X
)

=
0
},

i.
e.

:

∀µ
=
∑

n i=
1
λ
iδ
x
i
∈
M

δ

s.
t.
∑

n i=
1
λ
i

=
0

  
:
‖µ
‖2 k

=
n ∑ i,
j=

1

λ
ik

(x
i,
x
j
)λ̄
j

=
0
⇒

λ
1

=
..
.

=
λ
n

=
0
.

.
∫ s.

p
.d

.
co

rr
es

p
on

d
s

to
D

=
M
f
,

i.
e.

:

∀µ
∈
M
f

:
‖µ
‖2 k

=

∫∫
k
(x
,y

)
d
µ

(x
)

d
µ̄

(y
)

=
0
⇒

µ
=

0
.

L
et

u
s

n
ow

st
at

e
th

e
ge

n
er

al
li
n
k

b
et

w
ee

n
u
n
iv

er
sa

l,
ch

ar
ac

te
ri

st
ic

an
d

s.
p
.d

.
ke

rn
el

s,
w

h
ic

h
is

th
e

ke
y

th
at

u
n
d
er

li
es

F
ig

u
re

1
of

S
ri

p
er

u
m

b
u
d
u
r

et
al

.
(2

01
1)

.

T
h

e
o
re

m
6

If
H
k
↪→

F
,

th
en

th
e

fo
ll

o
w

in
g

st
a
te

m
en

ts
a
re

eq
u

iv
a
le

n
t.

(i
)
k

is
u

n
iv

er
sa

l
o
ve

r
F

.
(i

i)
k

is
ch

a
ra

ct
er

is
ti

c
to

F
′ .

(i
ii

)
k

is
st

ri
ct

ly
po

si
ti

ve
d
efi

n
it

e
o
ve

r
F
′ .

P
ro

o
f

E
q
u
iv

al
en

ce
of

(i
i)

&
(i

ii
):

S
ay

in
g

th
at
‖Φ

k
(D

)‖
k

=
0

is
eq

u
iv

a
le

n
t

to
sa

y
in

g
Φ
k
(D

)
=

0.
T

h
u
s

Φ
k

is
s.

p
.d

.
ov

er
F
′

iff
th

e
K

er
(Φ

k
)

(m
ea

n
in

g
th

e
ve

ct
o
r

sp
a
ce

th
a
t

is
m

ap
p

ed
to

0
v
ia

Φ
k
)

is
re

d
u
ce

d
to
{0
},

w
h
ic

h
h
ap

p
en

s
iff

Φ
k

is
in

je
ct

iv
e

ov
er

F
′ .

E
q
u
iv

al
en

ce
of

(i
)

&
(i

i)
:

Φ
k

is
th

e
co

n
ju

ga
te

re
st

ri
ct

io
n

op
er
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or
| H
k

:
D
7−→

D̄
| H
k

co
m

p
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ed
w

it
h

th
e

R
ie

sz
re

p
re

se
n
te

r
m

ap
p
in

g
(D

ia
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E

q
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T

h
e

R
ie

sz
re

p
re

se
n
te

r
m

ap
is

in
je

ct
iv

e,
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Φ
k

is
in

je
ct

iv
e
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| H
k

is
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je
ct

iv
e.

N
ow

,
if

H
k

is
d
en

se
in

F
,

th
en

,
b
y

co
n
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n
u
it

y,
an

y
D
∈

F
′

is
u
n
iq

u
el

y
d
efi

n
ed

b
y

it
s
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ke
n

on
H
k
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T
h
u
s
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is
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iv
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R
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ip
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H
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n
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d
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th
en
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b
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H
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h
th
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T
h
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th
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d
iff
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b
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e
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| H
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e.
T

h
u
s
| H
k

is
in

je
ct

iv
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p
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d
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.
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p
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w
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p
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u
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P
is

co
n
ta

in
ed

in
M
f
,

it
sh

ow
s

th
at

a
c 0

-u
n
iv

er
sa

l
ke

rn
el

m
u
st

b
e

ch
a
ra

ct
er

is
ti

c.
B

u
t

to
re

al
ly

ch
ar

ac
te

ri
ze

ch
ar

ac
te

ri
st

ic
ke

rn
el

s
in

te
rm

s
of

u
n
iv

er
sa

li
ty

,
w

e
w

o
u
ld

n
ee

d
to

fi
n
d

a
p
re

d
u
al

of
P

,
m

ea
n
in

g
a

sp
ac

e
F

su
ch

th
at

F
′ =

P
.

T
h
is

is
h
ar

d
ly

p
o
ss

ib
le

,
a
s
P

is
n
ot

ev
en

a
v
ec

to
r

sp
ac

e.
H

ow
ev

er
,

w
e

w
il
l

se
e

in
T

h
eo

re
m

8
th

at
k

is
ch

ar
ac

te
ri

st
ic

iff
k

is
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K
e
r
n
e
l
D
ist

r
ib
u
t
io
n
E
m
b
e
d
d
in
g
s

U
n
iversa

l
C

h
aracteristic

S
.P
.D
.

N
a
m

e
P

ro
of

F
F
′

F
′

/
T

h
m

.
6

C
X

M
δ

M
δ

s.p
.d

.
T

h
m

.
6

C
X
/
1

M
0δ

M
0δ

con
d
ition

ally
s.p

.d
.

P
ro

p
.

7

C
M

c
M

c
c-u

n
iversal

(or
cc-u

n
iversal)

T
h
m

.
6

C
0

M
f

M
f

c
0 -u

n
iversal

T
h
m

.
6

(
C
b )
c

M
f

M
f

∫
sp

d
T

h
m

.
6

((
C
b )
c )/

1
P

(or
M

0f )
M

0f
ch

ara
cteristic

P
rop

.
7

C
m

E
m

E
m

c
m

-u
n
iversal

T
h
m

.
6

C
m0

D
mL
1

D
mL
1

c
m0

-u
n
iversal

T
h
m

.
6

(
C
mb

)
c

D
mL
1

D
mL
1

/
T

h
m

.
6

T
a
b
le

1
:

E
q
u
ivalen

ce
b

etw
een

th
e

n
otion

s
of

u
n
iv

ersal,
ch

a
racteristic

an
d

s.p
.d

.
kern

els.

ch
a
ra

cteristic
to

th
e

vector
sp

ace
M

0f
:=
{
µ
∈
M
f

:
µ

(X
)

=
0}.

S
o

if
w

e
fi
n
d

a
p
red

u
al

of

M
0f ,

th
en

w
e

g
et

an
an

alog
of

T
h
eorem

6
ap

p
lied

to
P

.
L

et
u
s

d
o

so
n
ow

.

A
s
M

0f
is

th
e

h
y
p

erp
lan

e
of

M
f

th
at

is
given

b
y

th
e

eq
u
ation

∫
1

d
µ

=
0,

ou
r

id
ea

is
to

ta
k
e

a
p
red

u
al

F
of

M
f

an
d

con
sid

er
th

e
q
u
otien

t
F
/
1

of
F

d
iv

id
ed

b
y

th
e

con
stan

t
fu

n
ctio

n
1

.
P

ro
p

osition
35.5

of
T

reves
(196

7)
w

ou
ld

th
en

sh
ow

th
at

(F
/
1

) ′
=

M
0f .

B
u
t

if
w

e
ta

k
e

th
e

u
su

al
p
red

u
al

of
M
f ,

F
=

C
0 ,

th
en

1
6∈
F

,
so

th
e

q
u
otien

t
F
/
1

is
u
n
d
efi

n
ed

.
H

ow
ever,

p
red

u
als

are
n
ot

u
n
iq

u
e,

so
let

u
s

try
w

ith
an

oth
er

sp
ace

F
th

at
con

tain
s
1

,
for

ex
a
m

p
le

F
=

C
b .

T
h
is

tim
e
1
∈

F
,

b
u
t

n
ow

th
e

p
rob

lem
is

th
at

F
′

is
in

gen
eral

strictly
b
ig

g
er

th
a
n
M
f

(F
rem

lin
et

al.,
1972,

S
ec.

2,§2)
w

h
ereas

w
e

w
an

t
F
′
=

M
f .

T
h
e

trick
n
ow

is
to

keep
C
b ,

b
u
t

eq
u
ip

it
w

ith
a

w
eaker

top
ology

th
an

th
e

u
su

a
l

on
e,

so
th

at
F
′

b
ecom

es
sm

a
ller.

In
tu

itiv
ely,

th
e

reason
for

th
is

d
ecrease

of
F
′

is
th

at,
b
y

w
ea

ken
in

g
th

e
top

ology
of

F
,

w
e

let
m

o
re

seq
u
en

ces
con

verge
in

F
.

T
h
is

m
akes

it
m

ore
d
iffi

cu
lt

for
a

fu
n
ction

al
over

F
to

b
e

co
n
tin

u
ou

s,
b

ecau
se

for
an

y
con

vergin
g

seq
u
en

ce
in

F
,

its
im

ages
n
eed

to
con

verge.
T

h
u
s

so
m

e
o
f

th
e

lin
ear

fu
n
ction

als
th

at
w

ere
con

tin
u
ou

s
for

th
e

origin
al

top
ology

o
f
F

get
“
k
icked

o
u
t”

o
f
F
′

w
h
en

F
carries

a
w

eaker
top

ology.
N

ow
th

e
on

ly
rem

a
in

in
g

step
is

to
fi
n
d

a
to

p
olo

g
y

su
ch

th
at

F
′

sh
rin

k
s

ex
actly

to
M
f .

T
h
ere

are
at

least
tw

o
su

ch
top

ologies:
o
n
e

d
efi

n
ed

b
y

S
ch

w
artz

(1954,
p
.100-101)

an
d

an
oth

er,
called

th
e

strict
top

olog
y,

w
h
ose

d
efi

n
itio

n
ca

n
b

e
fou

n
d

in
F

rem
lin

et
al.

(1972).
D

en
o
tin

g
τ
c

eith
er

of
th

ese
top

ologies,
an

d
(
C
b )
c

th
e

sp
a
ce

C
b

eq
u
ip

p
ed

w
ith

τ
c ,

w
e

fi
n
ally

get
((
C
b )
c ) ′

=
M
f ,

an
d

th
u
s:

P
ro

p
o
sitio

n
7

((
C
b )
c /
1

) ′
=

M
0f .

T
h
u

s,
if
H
k
↪→

(
C
b )
c ,

th
en

k
is

ch
a
ra

cteristic
to

P
iff
k

is
u

n
iversa

l
o
ver

th
e

qu
o
tien

t
spa

ce
((
C
b )
c /
1

).

P
ro

o
f

T
h
a
t

((
C
b )
c ) ′

=
M
f

is
p
roven

in
F

rem
lin

et
al.

(1
972,

T
h
m

.
1)

or
S
ch

w
artz

(1954,
p
.1

0
0
-1

01
).

P
ro

p
osition

35.5
of

T
rev

es
(1967)

th
en

im
p
lies

((
C
b )
c /
1

) ′
=

M
0f

(b
ecau

se
M

0f

7
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S
im

o
n
-G

a
b
r
ie
l
a
n
d

S
c
h
ö
l
k
o
p
f

is
th

e
so-called

po
la

r
set

of
1

;
see

T
rev

es
1967).

T
h
eorem

6
im

p
lies

th
e

rest.

F
or

ou
r

p
u
rp

oses,
th

e
ex

act
d
efi

n
ition

of
τ
c

d
o
es

n
ot

m
atter.

W
h
at

m
atters

m
ore

is
th

at
τ
c

is
w

eaker
th

an
th

e
u
su

al
top

ology
of

C
b ,

so
th

a
t

if
H
k
↪→

C
b ,

th
en

H
k
↪→

(
C
b )
c .

P
rop

osition
7

th
u
s

ap
p
lies

every
tim

e
th

at
H
k ⊂

C
b

(see
C

orollaries
3

an
d

4).
H

ow
ever,

w
e

d
o

n
ot

k
n
ow

of
an

y
p
ractical

ap
p
lication

of
P

rop
osition

7,
ex

cep
t

th
at

it
com

p
letes

ou
r

ov
erall

p
ictu

re
of

th
e

eq
u
ivalen

ces
b

etw
een

u
n
iversal,

ch
ara

cteristic
an

d
s.p

.d
.

kern
els.

L
et

u
s

a
lso

m
en

tion
th

at,
sim

ilarly
to

P
rop

osition
7,

as
(C

X
) ′

=
M

δ ,
w

e
also

h
ave

(C
X
/
1

) ′
=

M
0δ .

S
o

con
d
ition

n
ally

s.p
.d

.
kern

els
(m

ean
in

g
s.p

.d
.

over
M

0δ )
are

u
n
iversal

to
C
X
/
1

.

W
e

n
ow

p
rove

w
h
at

w
e

an
n
ou

n
ced

an
d

u
sed

earlier:
a

kern
el

is
ch

aracteristic
to

P
iff

it
is

ch
aracteristic

to
M

0f .
W

e
ad

d
a

few
oth

er
ch

ara
cterisation

s
w

h
ich

are
p
rob

ab
ly

m
ore

u
sefu

l
in

p
ractice.

T
h
ey

rely
on

th
e

follow
in

g
ob

servation
:

as
M

0f
is

a
h
y
p

erp
lan

e
of

M
f ,

say
in

g
th

at
k

is
ch

aracteristic
to

P
is

alm
ost

th
e

sam
e

th
an

say
in

g
th

at
it

is
ch

aracteristic
to

M
f ,

i.e. ∫
s.p

.d
.

(T
h
m

.
6):

after
all,

th
ere

is
on

ly
on

e
d
im

en
sion

n
eed

ed
to

go
from

M
0f

to
M
f .

T
h
u
s

th
ere

sh
ou

ld
b

e
a

w
ay

to
con

stru
ct

an
∫

s.p
.d

.
kern

el
ou

t
of

an
y

ch
ara

cteristic
kern

el.
T

h
is

is
w

h
at

is
d
escrib

ed
h
ere

an
d

p
roven

in
A

p
p

en
d
ix

A
.3.

T
h

e
o
re

m
8

(C
h

a
ra

c
te

ristic
K

e
rn

e
ls)

L
et
k

0
be

a
kern

el.
T

h
e

fo
llo

w
in

g
is

equ
iva

len
t.

(i)
k

0
is

ch
a
ra

cteristic
to

P
.

(ii)
k

0
is

ch
a
ra

cteristic
to

M
0f .

(iii)
T

h
ere

exists
ε∈

R
su

ch
th

a
t

th
e

kern
el
k
(x
,y

)
:=

k
0 (x

,y
)

+
ε
2

is ∫
s.p

.d
..

(iv)
F

o
r

a
ll
ε∈

R\{0}
,

th
e

kern
el
k
(x
,y

)
:=

k
0 (x

,y
)

+
ε
2

is ∫
s.p

.d
..

(v)
T

h
ere

exists
a
n

R
K

H
S
H
k

w
ith

kern
el
k

a
n

d
a

m
ea

su
re
ν

0 ∈
M
f \
M

0f
su

ch
th

a
t
k

is
ch

a
ra

cteristic
to

M
f

a
n

d
k

0 (x
,y

)
=
〈δ
x −

ν
0
,
δ
y −

ν
0 〉
k .

U
n

d
er

th
ese

co
n

d
itio

n
s,
k

0
a
n

d
k

in
d
u

ce
th

e
sa

m
e

M
M

D
sem

i-m
etric

in
M

0f
a
n

d
in

P
.

W
e

w
ill

u
se

th
is

th
eorem

to
p
rove

T
h
eorem

12.
In

tu
itiv

ely,
a

ch
aracteristic

kern
el

gu
aran

tees
th

at
an

y
tw

o
d
iff

eren
t

sign
ed

m
easu

res
µ

1 ,µ
2

w
ith

sam
e

total
m

ass
get

m
ap

p
ed

to
tw

o
d
iff

eren
t

fu
n
ction

s
in

th
e

R
K

H
S
.

T
h
is

is
cap

tu
red

b
y

(ii)
w

h
ich

arb
itrarily

fo
cu

ses
on

th
e

sp
ecial

case
w

h
ere

th
e

total
m

ass
is

0.
W

h
en

th
ey

h
ave

d
iff

eren
t

total
m

asses
h
ow

ev
er,

th
ey

m
ay

still
get

m
ap

p
ed

to
a

sam
e

fu
n
ction

f
,

ex
cep

t
if,

like
in

(iii)
an

d
(iv

),
w

e
ad

d
a

p
ositive

con
stan

t
to

th
e

k
ern

el.
In

th
at

case,
µ

1
an

d
µ

2
get

m
ap

p
ed

to
th

e
fu

n
ction

s
f

+
µ

1 (X
)
1

an
d
f

+
µ

2 (X
)
1

w
h
ich

are
n
ow

d
iff

eren
t,

b
ecau

se
µ

1 (X
)6=

µ
2 (X

).
In

tu
ively,

b
y

ad
d
in

g
a

p
ositive

con
stan

t
to

ou
r

kern
el,

w
e

ad
d
ed

on
e

d
im

en
sion

to
th

e
R

K
H

S
(carried

b
y

th
e

fu
n
ction

1
)

th
at

ex
p
licitly

‘ch
eck

s’
if

tw
o

m
easu

res
h
ave

th
e

sam
e

m
ass.

F
in

ally,
(v

)
tells

u
s

th
at,

ou
t

o
f

an
y
∫

s.p
.d

.
kern

el
k
,

w
e

can
con

stru
ct

a
ch

aracteristic
kern

el
k

0
th

at
is

n
ot ∫

s.p
.d

.
an

y
m

o
re

an
d

v
ice-versa.

4
.
T
o
p
o
lo
g
y
In

d
u
ce

d
b
y
k

R
em

em
b

er
th

at
for

an
y

d
istrib

u
tion

D
of

a
set

of
em

b
ed

d
ab

le
d
istrib

u
tion

s
D

w
e

d
efi

n
ed

‖
D
‖
k

:=
‖
Φ
k (D

)‖
k

an
d

called
‖
D
‖
k

th
e

M
ax

im
u
m

M
ean

D
iscrep

an
cy

(M
M

D
)

of
D

.
D

oin
g

th
is

d
efi

n
es

a
n
ew

top
ology

on
D

,
in

w
h
ich

a
n
et
D
α

con
verges

to
D

iff
‖D

α −
D
‖
k

con
verges

to
0.

(A
read

er
u
n
fam

iliar
w

ith
n
ets

m
ay

th
in

k
of

th
em

as
seq

u
en

ces
w

h
ere

th
e

in
d
ex

α
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K
e
r
n
e
l
D
is
t
r
ib
u
t
io
n
E
m
b
e
d
d
in
g
s

ca
n

b
e

co
n
ti

n
u
ou

s;
se

e
B

er
g

et
al

.
19

84
.)

In
th

is
se

ct
io

n
,

w
e

in
ve

st
ig

at
e

h
ow

co
n
ve

rg
en

ce
in

M
M

D
co

m
p
ar

es
w

it
h

ot
h
er

ty
p

es
of

co
n
ve

rg
en

ce
s

d
efi

n
ed

on
D

th
at

w
e

n
ow

sh
or

tl
y

p
re

se
n
t.

W
e

d
efi

n
ed

D
as

a
su

b
se

t
of

a
d
u
al

sp
ac

e
F
′ ,

so
D

w
il
l

ca
rr

y
th

e
to

p
ol

og
y

in
d
u
ce

d
b
y
F
′ .

M
an

y
to

p
ol

og
ie

s
ca

n
b

e
d
efi

n
ed

on
d
u
al

sp
ac

es
,

b
u
t

th
e

tw
o

m
o
st

p
ro

m
in

en
t

on
es

,
w

h
ic

h
w

e
w

il
l

co
n
si

d
er

h
er

e,
ar

e
th

e
w

ea
k-
∗

an
d

th
e

st
ro

n
g

to
p

ol
og

y,
d
en

ot
ed

w
(F
′ ,
F

)
an

d
b(
F
′ ,
F

)
re

sp
ec

ti
ve

ly
,

or
si

m
p
ly
w
∗

an
d
b.

T
h
e

w
ea

k
-∗

to
p

ol
og

y
is

th
e

to
p

ol
og

y
of

p
oi

n
tw

is
e

co
n
ve

rg
en

ce
(w

h
er

e
b
y

‘p
oi

n
t’

,
w

e
m

ea
n

a
fu

n
ct

io
n

in
F

),
w

h
il
e

th
e

st
ro

n
g

to
p

ol
og

y
co

r-
re

sp
on

d
s

to
th

e
u
n
if

or
m

co
n
v
er

ge
n
ce

ov
er

th
e

b
ou

n
d
ed

su
b
se

ts
of

F
(s

ee
E

q
.

4)
.

B
ou

n
d
ed

se
ts

of
a

T
V

S
ar

e
d
efi

n
ed

in
A

p
p

en
d
ix

C
(D

efi
n
it

io
n

24
).

B
y

d
ef

a
u
lt

,
w

e
eq

u
ip

F
′

w
it

h
th

e
st

ro
n
g

to
p

ol
og

y
an

d
so

m
et

im
es

w
ri

te
F
′ b

to
em

p
h
as

iz
e

it
.

W
h
en

F
is

a
B

an
ac

h
sp

a
ce

,
th

e
st

ro
n
g

to
p

ol
og

y
of

F
′

is
th

e
to

p
ol

og
y

of
th

e
op

er
at

or
n
or

m
‖D
‖ F

′
:=

su
p
‖f
‖ F
≤

1
|D

(f
)|.

In

p
ar

ti
cu

la
r,

st
ro

n
g

co
n
ve

rg
en

ce
in

M
f

=
(
C

0
)′

m
ea

n
s

co
n
ve

rg
en

ce
in

to
ta

l
va

ri
a
ti

on
(T

V
)

n
or

m
an

d
w

ea
k
-∗

co
n
ve

rg
en

ce
in

M
f

m
ea

n
s

co
n
ve

rg
en

ce
fo

r
an

y
fu

n
ct

io
n
f
∈

C
0
.

O
n
M
f
,

w
e

w
il
l

al
so

co
n
si

d
er

th
e

to
p

ol
og

y
of

p
oi

n
tw

is
e

co
n
ve

rg
en

ce
ov

er
C
b

(i
n
st

ea
d

o
f
C

0
).

It
is

w
id

el
y

u
se

d
in

p
ro

b
ab

il
it

y
th

eo
ry

w
h
er

e
it

is
k
n
ow

n
as

th
e

w
ea

k
(o

r
n
ar

ro
w

)
co

n
v
er

ge
n
ce

to
p

ol
og

y.
W

e
w

il
l

d
en

ot
e

it
b
y
σ

.
Im

p
or

ta
n
tl

y,
th

e
w

ea
k

an
d

w
ea

k
-∗

to
p

ol
og

ie
s

of
M
f

co
in

ci
d
e

on
P

(b
u
t

n
ot

on
M
f
)

(B
er

g
et

al
.,

19
84

,
C

h
ap

.
2,

C
or

.
4.

3
).

F
in

al
ly

,
w

e
d
efi

n
e

th
e

w
ea

k
R

K
H

S
co

n
ve

rg
en

ce
of

em
b

ed
d
ab

le
d
is

tr
ib

u
ti

on
s,

d
en

ot
ed

b
y
w
−
k
,

a
s

th
e

p
oi

n
tw

is
e

co
n
ve

rg
en

ce
ov

er
H
k
.

N
ot

e
th

at
D
α

co
n
ve

rg
es

in
w
−
k

to
D

iff
th

ei
r

em
b

ed
d
in

gs
co

n
v
er

ge
w

ea
k
ly

(o
r

eq
u
iv

al
en

tl
y

w
ea

k
ly

-∗
)

in
H
k
,

in
th

e
se

n
se

th
at

,
fo

r
an

y
f
∈
H
k
,
〈f
,

Φ
k
(D

α
)〉
k

co
n
ve

rg
es

to
〈f
,

Φ
k
(D

)〉
k
.

T
h
e

fo
ll
ow

in
g

su
m

m
ar

iz
es

th
e

d
iff

er
en

t
co

n
ve

rg
en

ce
ty

p
es

.

D
α

b −→
D

:=
su

p
f
∈B
|D

α
(f

)
−
D

(f
)|
−→

0
∀

b
ou

n
d
ed

B
⊂

F
D
α
∈
F
′

D
α

w
∗
−→

D
:=

|D
α
(f

)
−
D

(f
)|
−→

0
∀f
∈
F

D
α
∈
F
′

µ
α

σ −→
µ

:=
|µ
α
(f

)
−
µ

(f
)|
−→

0
∀f
∈

C
b

µ
α
∈
M
f

D
α
w
−
k

−→
D

:=
|D

α
(f

)
−
D

(f
)|
−→

0
∀f
∈
H
k

D
α

em
b

ed
d
ab

le

D
α
‖.
‖ k −→
D

:=
‖D

α
−
D
‖ k
−→

0
D
α

em
b

ed
d
a
b
le

(4
)

4
.1

.
E

m
b

e
d

d
in

g
s

o
f

D
u

a
l

S
p

a
c
e
s

a
re

C
o
n
ti

n
u

o
u

s

In
th

is
se

ct
io

n
,

w
e

sh
ow

th
at

th
e

M
M

D
to

p
ol

og
y

is
of

te
n

w
ea

ke
r

th
an

o
th

er
to

p
ol

og
ie

s
τ

d
efi

n
ed

on
D

,
m

ea
n
in

g
th

at
if
D
α

co
n
ve

rg
es

to
D

in
τ
,

th
en

it
al

so
co

n
ve

rg
es

to
D

in
M

M
D

.
N

ot
e

th
at

th
is

is
eq

u
iv

al
en

t
to

sa
y
in

g
th

at
th

e
K

M
E

of
D
τ

(r
ea

d
’D

eq
u
ip

p
ed

w
it

h
τ
’)

is
co

n
ti

n
u
ou

s.
W

e
st

ar
t

w
it

h
th

e
fo

ll
ow

in
g

p
re

tt
y

co
ar

se
,

ye
t

ve
ry

ge
n
er

al
re

su
lt

.

P
ro

p
o
si

ti
o
n

9
If

H
k
↪→

F
,

th
en

D
α

b −→
D
⇒

D
α
‖.
‖ k −→
D

a
n

d
D
α

w
∗
−→

D
⇒

D
α
w
−
k

−→
D

.

P
ro

o
f

P
ro

p
os

it
io

n
9

st
at

es
th

at
th

e
K

M
E

is
co

n
ti

n
u
ou

s
w

h
en

b
ot

h
F
′

an
d
H
k

ca
rr

y
th

ei
r

st
ro

n
g

or
th

ei
r

w
ea

k
-∗

to
p

ol
og

y,
w

h
ic

h
w

e
n
ow

sh
ow

.
F

ro
m

D
ia

gr
am

E
q
.(

3)
,

w
e

k
n
ow

th
at

th
e

K
M

E
is

th
e

co
m

p
os

it
io

n
of

th
e

co
n
ju

ga
te

re
st

ri
ct

io
n

op
er

at
or

w
it

h
th

e
R

ie
sz

re
p
re

se
n
te

r
m

ap
.

T
h
e

R
ie

sz
re

p
re

se
n
te

r
m

ap
is

a
to

p
ol

og
ic

al
(a

n
ti

-)
is

om
or

p
h
is

m
b

et
w

ee
n
H
′ k

an
d
H
k
,

th
u
s

co
n
ti

n
u
ou

s
(s

ee
A

p
p

en
d
ix

C
).

A
n
d

th
e

re
st

ri
ct

io
n

m
a
p

is
th

e
ad

jo
in

t
(o

r
tr

an
sp

os
e)

of
th

e
ca

n
on

ic
al

em
b

ed
d
in

g
m

ap
ı

:
H
k
−→

F

f
7−→

f
,

th
u
s

co
n
ti

n
u
ou

s
w

h
en

b
ot

h
F
′

an
d
H
′ k

ca
rr

y
th

ei
r

w
ea

k
-∗

or
st

ro
n
g

to
p

ol
og

ie
s

(T
re

v
es

,
19

6
7,

P
ro

p
.1

9.
5

&
C

o
ro

ll
ar

y
).
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S
im

o
n
-G

a
b
r
ie
l
a
n
d

S
c
h
ö
l
k
o
p
f

L
et

u
s

b
ri

efl
y

co
m

m
en

t
on

th
is

re
su

lt
.

T
h
e

st
at

em
en

t
D
α

w
∗
−→

D
⇒

D
α
w
−
k

−→
D

is
a
ct

u
a
ll
y

ob
v
io

u
s,

b
ec

au
se

H
k
⊂

F
.

C
on

ce
rn

in
g

st
ro

n
g

co
n
ve

rg
en

ce
,

P
ro

p
os

it
io

n
9

im
p
li
es

th
a
t,

if
F

is
a

B
an

ac
h

sp
ac

e,
th

en
an

y
n
et

th
a
t

co
n
ve

rg
es

fo
r

th
e

d
u
al

n
or

m
‖·
‖ F

′
co

n
ve

rg
es

in
M

M
D

.
A

p
p
ly

in
g

th
is

w
it

h
F

=
C

0
an

d
F
′ =

M
f

sh
ow

s
th

at
co

n
ve

rg
en

ce
in

T
V

n
o
rm

im
p
li
es

co
n
ve

rg
en

ce
in

M
M

D
,
or

eq
u
iv

al
en

tl
y,

th
at

th
e

T
V

n
or

m
is

st
ro

n
g
er

th
an

th
e

M
M

D
.
S
im

il
ar

re
as

on
in

g
ca

n
b

e
u
se

d
to

sh
ow

th
at

th
e

M
M

D
is

w
ea

ke
r

th
an

th
e

so
-c

a
ll
ed

K
a
n
to

ro
v
ic

h
(-

W
as

se
rs

te
in

)
an

d
th

e
D

u
d
le

y
n
or

m
s

(s
ee

E
x
am

p
le

1
in

S
im

on
-G

ab
ri

el
an

d
S
ch

ö
lk

o
p
f

2
0
1
6
).

T
h
es

e
re

su
lt

s
ca

n
al

so
b

e
fo

u
n
d

in
S
ri

p
er

u
m

b
u
d
u
r

et
al

.
(2

01
0b

).
H

ow
ev

er
,

th
e

a
u
th

o
rs

th
er

e
d
ir

ec
tl

y
b

ou
n
d
ed

th
e

M
M

D
se

m
i-

n
or

m
b
y

th
e

ta
rg

et
n
or

m
.

T
h
is

h
as

th
e

a
d
va

n
ta

g
e

of
gi

v
in

g
co

n
cr

et
e

b
ou

n
d
s,

b
u
t

is
m

or
e

d
iffi

cu
lt

to
ge

n
er

al
iz

e
if
F

is
n
ot

a
B

a
n
a
ch

sp
a
ce

.
T

h
ou

gh
ve

ry
ge

n
er

al
,

P
ro

p
os

it
io

n
9

is
p
re

tt
y

w
ea

k
,

as
it

on
ly

co
m

p
ar

es
a

st
ro

n
g

w
it

h
a

st
ro

n
g

an
d

a
w

ea
k
-∗

w
it

h
a

w
ea

k
(-
∗)

to
p

ol
og

y.
B

u
t

h
ow

d
o
es

th
e

w
ea

k
-∗

to
p

o
lo

g
y

o
n
F
′

co
m

p
ar

e
w

it
h

th
e

st
ro

n
g

to
p

ol
og

y
of

H
k
:

d
o
es

w
ea

k
-∗

co
n
ve

rg
en

ce
im

p
ly

co
n
ve

rg
en

ce
in

M
M

D
?

T
h
is

q
u
es

ti
on

is
d
is

cu
ss

ed
in

d
et

ai
ls

in
S
im

on
-G

ab
ri

el
an

d
S
ch

öl
ko

p
f

(2
0
1
6
,

S
ec

.7
).

T
h
e

sh
or

t
an

sw
er

is
:

n
ot

al
w

ay
s,

b
u
t

so
m

et
im

es
;

it
d
ep

en
d
s

on
th

e
sp

ac
e
F
′ .

F
o
r

ex
a
m

p
le

,
if
k
∈

C
(m
,m

) ,
th

en
w

ea
k
-∗

co
n
ve

rg
en

ce
in

E
m

im
p
li
es

co
n
ve

rg
en

ce
in

M
M

D
;

b
u
t

w
ea

k
-∗

co
n
ve

rg
en

ce
in

D
m L
1

u
su

al
ly

d
o
es

n
ot

im
p
ly

M
M

D
co

n
ve

rg
en

ce
w

h
en

X
is

n
o
n
-c

o
m

p
a
ct

.
F

or
u
s,

th
e

on
ly

th
in

g
w

e
w

il
l

n
ee

d
la

te
r

is
to

k
n
ow

w
h
at

h
ap

p
en

s
on

M
+

,
th

e
se

t
o
f

fi
n
it

e
p

os
it

iv
e

m
ea

su
re

s.
T

h
e

fo
ll
ow

in
g

le
m

m
a

sh
ow

s
th

at
w

ea
k

co
n
ve

rg
en

ce
in

M
+

u
su

a
ll
y

im
p
li
es

M
M

D
co

n
v
er

ge
n
ce

.

L
e
m

m
a

1
0

A
bo

u
n

d
ed

ke
rn

el
k

is
co

n
ti

n
u

o
u

s
iff

:
∀µ

α
,µ
∈
M

+
,
µ
α

σ −→
µ

=
⇒

µ
α
‖.
‖ k −→
µ

.

P
ro

o
f

W
e

as
su

m
e
k

b
ou

n
d
ed

to
en

su
re

th
at

an
y

p
ro

b
ab

il
it

y
m

ea
su

re
is

em
b

ed
d
a
b
le

.
N

ow
,

su
p
p

os
e

th
at

w
ea

k
co

n
ve

rg
en

ce
im

p
li
es

M
M

D
co

n
ve

rg
en

ce
an

d
ta

k
e
x
,y
,x

0
,y

0
∈

X
su

ch
th

at
x
→

x
0

an
d
y
→

y 0
.

T
h
en

δ x
σ →
δ x

0
a
n
d
δ y

σ →
δ y

0
,

so
Φ
k
(δ
x
)
→

Φ
k
(δ
x
0
)

a
n
d

Φ
k
(δ
y
)
→

Φ
k
(δ
y
0
)

in
H
k
.

A
n
d

b
y

co
n
ti

n
u
it

y
of

th
e

in
n
er

p
ro

d
u
ct

:

k
(x
,y

)
=
〈Φ

k
(δ
y
)
,

Φ
k
(δ
x
)〉
k
→
〈Φ

k
(δ
y
0
)
,

Φ
k
(δ
x
0
)〉
k

=
k
(x

0
,y

0
)
,

so
k

is
co

n
ti

n
u
ou

s.
C

on
v
er

se
ly

,
su

p
p

os
e

th
at
k

is
co

n
ti

n
u
ou

s,
an

d
le

t
µ
α

σ →
µ

in
M

+
.

T
h
e

te
n
so

r-
p
ro

d
u
ct

m
ap

p
in

g
M

+
(X

)
−→

M
+

(X
×

X
)

µ
7−→

µ
⊗
µ

is
w

ea
k
ly

co
n
ti

n
u
ou

s
(B

er
g

et
al

.,

19
84

,
C

h
ap

.2
,

T
h
m

.3
.3

).
S
o

b
y

ap
p
ly

in
g
µ̄
α
⊗
µ
α

to
a

b
ou

n
d
ed

co
n
ti

n
u
ou

s
ke

rn
el
k
,

w
e

g
et

‖Φ
k
(µ
α
)
−

Φ
k
(µ

)‖
2 k

=

∫∫
k
(x
,y

)
d
(µ
α
−
µ

)(
y
)

d
(µ̄
α
−
µ̄

)(
x

)

=
[µ̄
α
⊗
µ
α
](
k
)
−

[µ̄
⊗
µ
α
](
k
)
−

[µ̄
α
⊗
µ

](
k
)

+
[µ̄
⊗
µ

](
k
)
−→

0
.

4
.2

.
W

h
e
n

D
o
e
s
k

M
e
tr

iz
e

th
e

T
o
p

o
lo

g
y

o
f
F
′ ?

S
o

fa
r

w
e

fo
cu

se
d

on
th

e
q
u
es

ti
on

:
w

h
en

d
o
es

co
n
ve

rg
en

ce
in

D
im

p
ly

co
n
v
er

g
en

ce
in

M
M

D
.

W
e

n
ow

se
ek

th
e

op
p

os
it

e:
w

h
en

d
o
es

M
M

D
-c

on
ve

rg
en

ce
im

p
ly

co
n
ve

rg
en

ce
in

D
?

F
ir

st
,

th
e

ke
rn

el
m

u
st

b
e

ch
ar

ac
te

ri
st

ic
to

D
.

O
th

er
w

is
e,

th
e

M
M

D
d
o
es

n
o
t

d
efi

n
e

a
d
is

ta
n
ce

b
u
t

on
ly

a
se

m
i-

d
is

ta
n
ce

,
so

th
at

th
e

in
d
u
ce

d
to

p
ol

og
y

w
ou

ld
n
ot

b
e

H
a
u
sd

o
rff

.
S
ec

on
d
,

w
e

w
il
l

su
p
p

os
e

th
at

F
is

b
ar

re
le

d
.

T
h
is

is
a

te
ch

n
ic

al
,

ye
t

ve
ry

ge
n
er

a
l

a
ss

u
m

p
ti

o
n

1
0
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K
e
r
n
e
l
D
ist

r
ib
u
t
io
n
E
m
b
e
d
d
in
g
s

th
a
t

w
e

u
se

in
th

e
n
ex

t
th

eorem
.

T
h
e

d
efi

n
ition

of
a

b
arreled

sp
ace

is
g
iven

in
A

p
p

en
d
ix

C
fo

r
co

m
p
leten

ess,
b
u
t

all
th

at
th

e
read

er
sh

ou
ld

rem
em

b
er

is
th

at
all

B
an

ach
,

F
réch

et,
L

im
it-F

réch
et

a
n
d

a
ll

fu
n

ctio
n

spa
ces

d
efi

n
ed

in
th

is
pa

per
a
re

ba
rreled

, 1
ex

cep
t

(
C
mb

)
c .

L
e
m

m
a

1
1

S
u

p
po

se
th

a
t
F

is
ba

rreled
,
k

is
u

n
iversa

l
o
ver

F
,
H
k
↪→

F
a
n

d
let

(D
α
)
α

be

a
bo

u
n

d
ed

n
et

in
F
′b .

T
h
en

D
α
w
−
k

−→
D

iff
D
α

w
∗
−→

D
.

H
en

ce
D
α
‖
.‖
k

−→
D
⇒

D
α

w
∗
−→

D
.

P
ro

o
f

P
ro

p
osition

32.5
of

T
reves

(1967)
sh

ow
s

th
at

th
e

w
eak

top
olog

ies
of

F
′

an
d

of
H
′k

co
in

cid
e

o
n

so-called
equ

ico
n

tin
u

o
u

s
sets

of
F
′,

an
d

th
e

B
an

ach
-S

tein
h
au

s
th

eo
rem

(see
A

p
p

en
d
ix

C
)

states
th

at
if

F
is

b
arreled

,
th

en
th

e
eq

u
icon

tin
u
ou

s
sets

of
F
′

are
ex

a
ctly

its
b

o
u
n
d
ed

sets.
T

h
is

p
recisely

m
ean

s
th

at
if

th
e

n
et
D
α

is
b

ou
n
d
ed

in
F
′,

th
en

D
α
(f

)→
D

(f
)

for
all

f
∈
F

iff
it

con
verges

for
all

f
∈
H
k .

N
ow

,
if‖D

α −
D
‖
k →

0,
th

en
,

b
y

co
n
tin

u
ity

o
f

th
e

in
n
er

p
ro

d
u
ct,

D
α
(f

)−
D

(f
)

=
〈f
,
D
α −

D
〉
k →

0
fo

r
a
n
y
f
∈
H
k .

L
em

m
a

1
1

say
s

th
at

th
e

w
eak

-∗
top

ologies
of

F
′

an
d

of
H
k

coin
cid

e
on

su
b
sets

of
F
′

th
a
t

a
re

b
o
u
n
d
ed

in
th

e
stron

g
top

ology.
B

u
t

from
th

e
B

an
ach

-S
tein

h
au

s
th

eorem
(see

A
p
p
.

C
)

w
e

k
n
ow

th
at

on
b
arreled

sp
aces

it
is

eq
u
ivalen

t
to

b
e

b
ou

n
d
ed

in
stron

g
or

in
w

ea
k

to
p

o
lo

g
y.

H
en

ce
th

e
n
et
D
α

of
L

em
m

a
11

is
b

ou
n
d
ed

iff
su

p
α |D

α
(f

)|
<
∞

for
all

f
∈
F

.
N

ev
erth

eless,
it

is
n
ot

en
ou

gh
in

gen
eral

to
sh

ow
th

at
su

p
α ‖D

α ‖
k
<
∞

.
A

b
ou

n
d
ed

set
in

M
f

is
also

a
set

w
h
ose

m
easu

res
h
ave

u
n
iform

ly
b

ou
n
d
ed

total
variation

.
T

h
e

total
va

ria
tio

n
o
f

a
n
y

p
rob

ab
ility

m
easu

re
b

ein
g

1,
P

is
b

ou
n
d
ed

.
S
o

L
em

m
a

11
sh

ow
s

th
at

fo
r

co
n
tin

u
o
u
s
c

0 -u
n
iversal

kern
els,

con
vergen

ce
of

p
rob

ab
ility

m
easu

res
in

M
M

D
d
istan

ce
im

p
lies

w
ea

k
-∗

con
vergen

ce,
w

h
ich

on
P

is
th

e
sam

e
as

w
eak

-con
vergen

ce.
B

u
t

b
y

L
em

m
a

10
th

e
reverse

is
tru

e
as

w
ell.

T
h
u
s,

fo
r

a
co

n
tin

u
o
u

s
c

0 -u
n

iversa
l

kern
el
k

,
p
ro

ba
bility

m
ea

su
res

co
n

verge
w

ea
kly

iff
th

ey
co

n
verge

in
M

M
D

d
ista

n
ce.

S
u
ch

kern
els

are
said

to
m

etrize
th

e
w

ea
k

con
verg

en
ce

on
P

.
H

ow
ever,

th
e

con
d
ition

th
at
k

b
e
c

0 -u
n
iversal

seem
s

sligh
tly

to
o

restrictiv
e.

In
d
eed

,
it

is
n
eed

ed
in

L
em

m
a

11
to

en
su

re
th

at
th

e
K

M
E

b
e

ch
ara

cteristic
to

M
f

(b
y

T
h
m

.
6

ap
p
lied

to
F

=
C

0 )
so

th
at

th
e

M
M

D
b

e
a

m
etric

over
M
f

(n
ot

on
ly

a
sem

i-m
etric).

B
u
t,

to
b

e
a

m
etric

ov
er

P
,

it
w

ou
ld

su
ffi

ce
th

at
k

b
e

ch
aracteristic

to
P

,
w

h
ich

is
a

sligh
tly

coarser
a
ssu

m
p
tio

n
th

a
n
c

0 -u
n
iversality.

Is
th

is
con

d
ition

en
ou

gh
to

g
u
aran

tee
th

e
m

etrization
of

w
ea

k
-co

n
verg

en
ce

in
P

?
T

h
e

follow
in

g
th

eorem
sh

ow
s

th
at

it
is.

T
h

e
o
re

m
1
2

A
bo

u
n

d
ed

kern
el

o
ver

a
loca

lly
co

m
pa

ct
H

a
u

sd
o
rff

spa
ce

X
m

etrizes
th

e
w

ea
k

co
n

vergen
ce

o
f

p
ro

ba
bility

m
ea

su
res

iff
it

is
co

n
tin

u
o
u

s
a
n

d
ch

a
ra

cteristic
(to

P
).

P
ro

o
f

[T
h
eo

rem
12]

If
k

m
etrizes

th
e

w
eak

con
v
ergen

ce
over

P
,

th
en

,
b
y

L
em

m
a

10,
k

is
co

n
tin

u
ou

s,
a
n
d
,

for‖.‖
k

to
b

e
a

n
orm

,
k

n
eed

s
to

b
e

ch
aracteristic.

C
on

versely,
if
k

is
con

-
tin

u
o
u
s,

th
en

b
y

L
em

m
a

10
w

eak
con

vergen
ce

im
p
lies

con
verg

en
ce

in
M

M
D

.
S
o

it
rem

ain
s

to
sh

ow
th

a
t

M
M

D
con

vergen
ce

im
p
lies

w
eak

con
vergen

ce.
T

o
d
o

so,
w

e
u
se

L
em

m
a

20
o
f

th
e

a
p
p

en
d
ix

,
w

h
ich

states
th

at
for

an
∫

s.p
.d

.
kern

el,
M

M
D

con
vergen

ce
of

p
rob

ab
ility

m
ea

su
res

im
p
lies

th
eir

w
eak

con
v
ergen

ce.
N

ow
k

m
igh

t
n
ot

b
e
∫

s.p
.d

.,
b
u
t

u
sin

g
T

h
eo-

rem
8
(iv

),
w

e
can

tran
sform

it
to

a
kern

el
k

1
:=

k
+

1
w

h
ich

in
d
u
ces

th
e

sa
m

e
M

M
D

m
etric

1
.
C

X
is

b
a
rreled

,
b

eca
u

se
it

is
a

to
p

o
lo

g
ica

l
p

ro
d

u
ct ∏

X
C

o
f

b
a
rreled

sp
a
ces.

A
ll

o
th

er
m

en
tio

n
ed

sp
a
ces

a
re

eith
er

B
a
n

a
ch

,
F

réch
et

o
r

L
im

it-F
réch

et
sp

a
ces,

th
u

s
b

a
rreled

(T
rev

es,
1
9
6
7
,

P
ro

p
.

3
3
.2

&
C

o
r.1

-3
).
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S
im

o
n
-G

a
b
r
ie
l
a
n
d

S
c
h
ö
l
k
o
p
f

over
p
rob

ab
ility

m
easu

res
th

an
k
,

b
u
t

w
h
ich

is ∫
s.p

.d
.

T
h
is

con
clu

d
es.

T
o

th
e

b
est

of
ou

r
k
n
ow

led
ge,

th
is

is
th

e
fi
rst

ch
aracterization

of
th

e
class

of
k
ern

els
th

at
m

etrize
th

e
w

eak
-con

v
ergen

ce
of

p
rob

ab
ility

m
easu

res.
F

or
ex

am
p
le

G
au

ssian
,

L
ap

lace,
in

verse-m
u
ltiq

u
ad

ratic
or

M
atérn

k
ern

els
are

con
tin

u
o
u
s

an
d

ch
aracteristic,

so
th

ey
all

m
etrize

th
e

w
eak

con
vergen

ce
over

P
.

In
gen

eral
h
ow

ever,
even

if
a

kern
el

m
etrizes

th
e

w
eak

con
vergen

ce
ov

er
P

,
it

u
su

ally
d
o
es

n
ot

m
etrize

w
eak

con
vergen

ce
ov

er
M

+
or

M
f

(see
S
im

on
-G

ab
riel

an
d

S
ch

ölkop
f

2016).

5
.
K
e
rn

e
l
M

e
a
n
E
m
b
e
d
d
in
g
s
o
f
S
ch

w
a
rtz-D

istrib
u
tio

n
s

W
e

ex
ten

d
ed

K
M

E
s

of
m

easu
res

to
S
ch

w
artz-d

istrib
u
tion

s
an

d
sh

ow
ed

th
at

th
ey

are
con

-
tin

u
ou

s,
b
u
t

w
e

h
ard

ly
said

an
y
th

in
g

ab
ou

t
w

h
at

to
d
o

an
d

h
ow

to
w

ork
w

ith
d
istrib

u
tion

s.
W

e
w

ill
n
ow

catch
u
p

b
y

fo
cu

sin
g

on
d
istrib

u
tion

s
on

ly.
In

S
ection

5.1,
w

e
d
iscu

ss
an

d
p
rove

th
e

F
u
b
in

i
an

d
th

e
D

iff
eren

tiation
form

u
lae

featu
red

in
th

e
in

tro
d
u
ction

.
In

S
ection

5.2
w

e
p
rov

id
e

su
ffi

cien
t

con
d
ition

s
for

a
tran

slation
-in

varian
t

kern
el

to
b

e
c
m∗

-u
n
iversa

l.

5
.1

.
D

istrib
u

tio
n

a
l

C
a
lc

u
lu

s

P
ro

p
o
sitio

n
1
3

(F
u

b
in

i)
L

et
D
,T

be
tw

o
em

bed
d
a
ble

d
istribu

tio
n

s
in

to
H
k .

T
h
en

:

〈D
,
T〉

k
=

∫∫
k
(x
,y

)
d
D

(y
)

d
T̄

(x
)

=

∫∫
k
(x
,y

)
d
T̄

(x
)

d
D

(y
)

(5)

‖
D
‖

2k
=

∫∫
k
(x
,y

)
d
D

(y
)

d
D̄

(x
)

=

∫∫
k
(x
,y

)
d
D̄

(x
)

d
D

(y
)
,

w
h
ere

∫∫
k
(x
,y

)
d
D

(y
)

d
T̄

(x
)

is
to

be
u

n
d
erstood

a
s
T̄

(I
)

w
ith

I
(x

)
=
∫
k
(x
,y

)
d
D

(y
).

P
ro

o
f

D
efi

n
ition

1
of

a
K

M
E

,
togeth

er
w

ith
th

e
p
rop

erty
th

at
k
(y
,x

)
=
k
(x
,y

)
lead

s
to:

〈D
,
T〉

k
=

∫

x 〈∫

y
k
(.,y

)
d
D

(y
)
,
k
(.,x

) 〉

k

d
T̄

(x
)

=

∫

x 〈
k
(.,x

)
, ∫

y
k
(.,y

)
d
D

(y
) 〉

k

d
T̄

(x
)

=

∫

x ∫

y 〈k
(.,x

)
,
k
(.,y

)〉
k

d
D̄

(y
)

d
T̄

(x
)

=

∫∫
k
(x
,y

)
d
D

(y
)

d
T̄

(x
).

T
o

p
rove

th
e

righ
t-m

ost
p
art

of
(5),

u
se
〈D

,
T〉

k
=
〈T
,
D
〉
k .

T
h
ese

form
u
lae

are
w

ell-k
n
ow

n
w

h
en

D
an

d
T

are
p
rob

ab
ility

m
easu

res.
T

h
ey

sh
ow

th
at

if
you

k
n
ow

h
ow

to
in

tegrate
a

fu
n
ction

(th
e

kern
el)

w
.r.t.

a
m

easu
re

or
a

d
istrib

u
tion

,
th

en
you

can
com

p
u
te

its
M

M
D

n
orm

.
H

ow
ev

er,
in

tegratin
g

w
.r.t.

a
d
istrib

u
tion

th
at

is
n
ot

a
m

easu
re

can
b

e
ted

iou
s.

B
u
t

th
e

follow
in

g
p
rop

osition
g
ives

u
s

a
w

ay
to

con
vert

an
in

tegration
w

.r.t.
a

d
istrib

u
tion

in
to

an
in

tegration
w

.r.t.
a

m
easu

re.
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K
e
r
n
e
l
D
is
t
r
ib
u
t
io
n
E
m
b
e
d
d
in
g
s

P
ro

p
o
si

ti
o
n

1
4

(D
iff

e
re

n
ti

a
ti

o
n

)
L

et
k
∈

C
(m
,m

)
a
n

d
p
∈

N
d

su
ch

th
a
t
|p
|≤

m
.

A
d
is

tr
ib

u
ti

o
n
D

em
be

d
s

in
to

H
k

vi
a
∂

(0
,p

) k
iff
∂
p
D

em
be

d
s

in
to

H
k

vi
a
k

.
In

th
a
t

ca
se

,

Φ
k
(∂
p
D

)
=

(−
1)
|p
|∫

[∂
(0
,p

) k
](
.,
x

)
d
D

(x
)

=
(−

1)
|p
| Φ

∂
(0
,p

)
k
(D

)
.

(6
)

If
m

o
re

o
ve

r
k

is
tr

a
n

sl
a
ti

o
n

-i
n

va
ri

a
n

t,
th

en

Φ
k
(∂
p
D

)
=
∂
p
[Φ
k
(D

)]
.

(7
)

P
ro

o
f

T
h
e

p
ro

of
h
ol

d
s

in
th

e
fo

ll
ow

in
g

eq
u
al

it
ie

s.
F

or
an

y
f
∈
H
k
,

〈 f
,

∫
k
(.
,x

)
d
[∂
p
D

](
x

)〉 k

=

∫
〈f
,
k
(.
,x

)〉
k

d
[∂
p
D̄

](
x

)
=

[∂
p
D̄

](
f

)

=
(−

1)
|p
| D̄

(∂
p
f

)

=
(−

1)
|p
| D̄

(〈 f
,
∂

(0
,p

) k
(.
,x

)〉 k
)

=
(−

1)
|p
|∫

〈 f
,
∂

(0
,p

) k
(.
,x

)〉 k
d
D̄

(x
)

=

〈 f
,

(−
1)
|p
|∫

∂
(0
,p

) k
(.
,x

)
d
D

(x
)〉 k

.

T
h
e

fi
rs

t
li
n
e

u
se

s
th

e
d
efi

n
it

io
n

of
K

M
E

s
(1

),
th

e
se

co
n
d

th
e

d
efi

n
it

io
n

of
d
is

tr
ib

u
ti

on
al

d
er

iv
at

iv
es

(s
ee

A
p
p
.
B

),
th

e
th

ir
d

L
em

m
a

19
,

th
e

fo
u
rt

h
li
n
e

re
w

ri
te

s
th

e
p
re

v
io

u
s

li
n
e

w
it

h
ou

r
n
ot

at
io

n
co

n
ve

n
ti

on
,

an
d

th
e

fi
ft

h
on

e
u
se

s
ag

a
in

th
e

d
efi

n
it

io
n

of
a

w
ea

k
in

te
gr

al
(1

).

E
q
u
at

io
n

(7
)

d
es

cr
ib

es
a

co
m

m
u
ta

ti
ve

d
ia

gr
am

p
ic

tu
re

d
in

F
ig

u
re

1:
it

st
at

es
th

at
w

it
h

tr
an

sl
at

io
n
-i

n
va

ri
an

t
ke

rn
el

s,
it

is
eq

u
iv

al
en

t
to

ta
ke

th
e

(d
is

tr
ib

u
ti

on
al

)
d
er

iv
at

iv
e

of
a

d
is

tr
ib

u
ti

on
an

d
em

b
ed

it
,

or
to

em
b

ed
it

an
d

ta
ke

th
e

(u
su

al
)

d
er

iv
at

iv
e

o
f

th
e

em
b

ed
d
in

g.
S
ee

A
p
p

en
d
ix

B
fo

r
an

in
tr

o
d
u
ct

io
n

to
d
is

tr
ib

u
ti

on
al

d
er

iv
at

iv
es

.
N

ot
e

th
at

fo
r

a
si

gn
ed

m
ea

su
re
µ

w
it

h
a
|p
|-t

im
es

d
iff

er
en

ti
ab

le
d
en

si
ty
q,

th
e

d
is

tr
ib

u
ti

on
al

d
er

iv
a
ti

ve
∂
p
µ

is
th

e
si

gn
ed

m
ea

su
re

w
it

h
d
en

si
ty
∂
p u
q,

w
h
er

e
∂
p u

is
th

e
u
su

al
p
ar

ti
al

d
er

iv
at

iv
e

op
er

at
or

.
H

ow
ev

er
,

P
ro

p
os

it
io

n
14

b
ec

om
es

m
os

t
u
se

fu
l

w
h
en
µ

h
as

n
o

d
iff

er
en

ti
a
b
le

d
en

si
ty

,
fo

r
ex

am
p
le

w
h
en

µ
is

an
em

p
ir

ic
al

m
ea

su
re

.
T

h
en

th
er

e
is

n
o

an
al

y
ti

ca
l

fo
rm

u
la

fo
r

th
e

d
er

iv
at

iv
e

of
µ

,
b
u
t

w
e

ca
n

st
il
l

co
m

p
u
te

it
s

K
M

E
an

al
y
ti

ca
ll
y

b
y

u
si

n
g

(6
)

or
(7

).

E
x
a
m

p
le

1
L

et
u

s
il

lu
st

ra
te

P
ro

po
si

ti
o
n

1
4

o
n

K
M

E
s

o
f

G
a
u

ss
ia

n
p
ro

ba
bi

li
ty

m
ea

su
re

s
µ
σ

w
it

h
d
en

si
ty
q σ

(x
)

=
1

√
2
π
σ
2
e−

x
2
/
σ
2

u
si

n
g

a
G

a
u

ss
ia

n
ke

rn
el
k
(x
,y

)
=
e−

(x
−
y
)2

.
W

h
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sa
l

In
fe

re
n
ce

ac
co

rd
ed

to
C

ar
l-

J
oh

an
n

S
im

on
-G

ab
ri

el
.

W
e

th
an

k
B

h
ar

a
th

S
ri

p
er

u
m

-
b
u
d
u
r

fo
r

en
li
gh

te
n
in

g
re

m
ar

k
s,

J
on

as
P

et
er

s
fo

r
h
is

k
in

d
an

d
h
el

p
fu

l
a
d
v
ic

e,
Il

y
a

T
o
ls

ti
k
h
in

fo
r

u
se

fu
l

d
is

cu
ss

io
n
s

an
d

en
co

u
ra

ge
m

en
ts

,
an

d
th

e
tw

o
an

on
y
m

ou
s

re
v
ie

w
er

s
fo

r
th

ei
r

ex
-

te
n
si

ve
,

u
se

fu
l

an
d

co
n
tr

u
ct

iv
e

fe
ed

b
ac

k
.

A
p
p
e
n
d
ix

A
.
P
ro

o
fs

In
th

is
se

ct
io

n
,

w
e

ga
th

er
al

l
th

e
co

m
p
le

m
en

ts
to

n
on

fu
ll
y

p
ro

v
ed

th
eo

re
m

s,
p
ro

p
o
si

ti
o
n
s,

co
ro

ll
ar

ie
s

or
le

m
m

as
ap

p
ea

ri
n
g

in
th

e
m

ai
n

te
x
t.

W
e

st
ar

t
w

it
h

a
le

m
m

a
th

a
t

es
se

n
ti

a
ll
y

fo
ll
ow

s
fr

om
C

or
ol

la
ry

4.
36

of
S
te

in
w

ar
t

an
d

C
h
ri

st
m

a
n
n

(2
00

8)
,

an
d

w
h
ic

h
w

e
w

il
l

n
ee

d
a

fe
w

ti
m

es
fo

r
th

e
p
ro

of
s.

L
e
m

m
a

1
9

L
et
k
∈

C
(m
,m

)
b

a
n

d
le

t
Φ

:
X
−→

H
k

x
7−→

k
(.
,x

)
.

T
h
en

fo
r

a
n

y
p
∈

N
d

w
it

h

|p
|≤

m
,

th
e

pa
rt

ia
l

d
er

iv
a
ti

ve
∂
p
Φ

ex
is

ts
,

be
lo

n
gs

to
H
k
,

is
co

n
ti

n
u

o
u

s
a
n

d
ve

ri
fi

es
∂
p
Φ

(x
)

=
∂

(0
,p

) k
(.
,x

).
M

o
re

o
ve

r,
fo

r
a
n

y
f
∈
H
k
,
∂
p
f

ex
is

ts
,

be
lo

n
gs

to
H
k

a
n

d
ve

ri
fi

es
:

∂
p
f

(x
)

=
〈 f

,
∂

(0
,p

) k
(.
,x

)〉 k
.

(8
)

A
p
p
li

ed
w

it
h
f

=
∂

(0
,q

) k
(.
,y

)
w

h
er

e
|q|
≤
m

a
ls

o
p
ro

ve
s

th
a
t

∂
(p
,q

) k
(x
,y

)
=
〈 ∂

(0
,q

) k
(.
,y

)
,
∂

(0
,p

) k
(.
,x

)〉 k
.

(9
)

P
ro

o
f

T
h
is

L
em

m
a

is
es

se
n
ti

al
ly

p
ro

v
en

in
C

or
ol

la
ry

4.
36

an
d

in
it

s
p
ro

of
of

S
te

in
w

a
rt

a
n
d

C
h
ri

st
m

an
n

(2
00

8)
.

W
e

on
ly

ad
d
ed

E
q
u
at

io
n

(9
),

w
h
ic

h
is

a
st

ra
ig

h
tf

or
w

ar
d

co
n
se

q
u
en

ce
of

(8
),

an
d

th
e

p
ar

t
st

at
in

g
th

at
∂
p
Φ

(x
)

=
∂

(0
,p

) k
(.
,x

).
T

h
is

ca
n

b
e

sh
ow

n
a
s

fo
ll
ow

s.
S
te

in
w

ar
t

an
d

C
h
ri

st
m

an
n

(2
00

8)
p
ro

ve
th

at
∂
p
Φ

ex
is

ts
an

d
b

el
on

gs
to

H
k
.

T
h
u
s

[∂
p
Φ

(x
)]

(y
)

=
〈∂
p
Φ

(x
)
,
k
(.
,y

)〉
k
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K
e
r
n
e
l
D
ist

r
ib
u
t
io
n
E
m
b
e
d
d
in
g
s

=

〈
lim
h→

0 (Φ
(x

+
h
e
i )−

Φ
(x

))/h
,
k
(.,y

) 〉

k

=
lim
h→

0 (k
(y
,x

+
h
e
i )−

k
(y
,x

))/h

=
∂

(0
,p

)k
(y
,x

)
,

w
h
ere

w
e

u
sed

th
e

con
tin

u
ity

of
th

e
in

n
er

p
ro

d
u
ct

to
sw

ap
lim

it
an

d
b
racket

sign
s.

A
.1

.
P

ro
o
f

o
f

C
o
ro

lla
ry

3

P
ro

o
f

S
u
p
p

o
se

th
at

H
k ⊂

C
0 .

(i)
clearly

h
old

s.
S
u
p
p

ose
(ii)

w
as

n
ot

m
et.

T
h
en

let
x
n
∈
X

su
ch

th
a
t
k
(x
n
,x

n
)

=
‖
k
(.,x

n
)‖

2k
→
∞

.
T

h
u
s
k
(.,x

n
)

is
u
n
b

o
u
n
d
ed

.
B

u
t〈f

,
k
(.,x

n
)〉
k

=
f

(x
n
)

is
b

o
u
n
d
ed

for
an

y
f
∈

H
k ,

th
u
s
k
(.,x

n
)

is
b

ou
n
d
ed

(B
an

ach
-S

tein
h
au

s
T

h
eorem

).
C

o
n
tra

d
ictio

n
.

T
h
u
s

(ii)
is

m
et.

C
o
n
versely,

su
p
p

ose
th

at
(i)

an
d

(ii)
h
old

.
L

et
H

p
re

k
:=

sp
an{

k
(.,x

)|x
∈

X
}.

T
h
en

,
H

p
re

k
⊂

C
0 ,

a
n
d

for
an

y
f
,g
∈

H
k ,‖

f
−
g‖∞

≤
‖
f
−
g‖
k ‖k‖∞

.
T

h
u
s
H

p
re

k
con

tin
u
ou

sly
em

b
ed

s
in

to
th

e
clo

sed
C

0 ,
th

u
s

so
d
o
es

its
‖.‖

k -closu
re,

H
k .

T
h
e

p
ro

of
of

th
e

cases
H
k ⊂

C
a
n
d
H
k ⊂

C
b

are
sim

ilar
(see

also
B

erlin
et

an
d

T
h
om

as-A
gn

an
,

20
04,

T
h
m

.
17).

A
.2

.
P

ro
o
f

o
f

C
o
ro

lla
ry

4

P
ro

o
f

S
u
p
p

ose
th

at
k
∈

C
(m
,m

)
b

.
T

h
en

H
p
re

k
⊂

C
mb

(S
tein

w
art

an
d

C
h
ristm

an
n
,

2
0
0
8
,

C
o
ro

lla
ry

4.36)
an

d
for

an
y
x
∈

X
,
f
∈

H
p
re

k
,

an
d
|p|
≤

m
,

w
e

h
ave

‖
∂
pf‖∞

≤
‖f‖

k ∥∥∥ √
∂

(p
,p

)k ∥∥∥∞
.

T
h
u
s
H

p
re

k
con

tin
u
ou

sly
em

b
ed

s
in

to
th

e
clo

sed
sp

ace

C
mb

,
th

u
s

so
d
o
es

its‖.‖
k -closu

re,
H
k .

B
u
t,

b
y

d
efi

n
ition

of
(
C
mb

)
c

is
th

e
sp

ace
C
b

eq
u
ip

p
ed

w
ith

a
w

ea
ker

top
ology

(see
S
ection

3),
th

u
s
C
mb
↪→

(
C
mb

)
c .

T
h
u
s
H
k
↪→

(
C
mb

)
c

,
w

h
ich

co
n
clu

d
es.

T
h
e

p
ro

ofs
w

h
en

k
∈

C
or
k
∈

C
0

are
sim

ilar.

A
.3

.
P

ro
o
f

o
f

T
h

e
o
re

m
8

P
ro

o
f

E
q
u
ivalen

ce
b

etw
een

(i)
&

(ii).
A

s
K

M
E

s
are

lin
ear

over
M
f ,

a
kern

el
k

is
ch

ara
c-

teristic
to

P
iff

it
is

ch
aracteristic

to
P
−
P

:=
{
µ
−
P

:
µ
∈
P
}
,

w
h
ere

P
can

b
e

an
y

fi
x
ed

p
ro

b
ab

ility
m

easu
re.

T
h
is

is
eq

u
ivalen

t
to

b
ein

g
ch

aracteristic
to

th
e

lin
ear

sp
an

of
P
−
P

.
B

u
t

th
e

lin
ea

r
sp

an
of

P
−
P

is
p
recisely

M
0f ,

w
h
ich

con
clu

d
es.

E
q
u
iva

len
ce

of
(ii)

&
(v

):
F

irst
of

all,
n
otice

th
at,

if
(v

),
th

en
k

an
d
k

0
d
efi

n
e

th
e

sam
e

M
M

D
o
n
M

0f ,
b

ecau
se,

for
an

y
µ
∈
M

0f ,
µ

(
1

)
=

0,
th

u
s:

‖µ‖
2k
0

=

∫∫
〈δ
x −

ν
0
,
δ
y −

ν
0 〉
k

d
µ̄

(x
)

d
µ

(y
)

=

∫∫
k
(x
,y

)
d
µ̄

(x
)

d
µ

(y
)−

∫
〈δ
x
,
ν

0 〉
k

d
µ̄

(x
) ∫

d
µ

(y
)

−
∫

d
µ̄

(x
) ∫
〈ν

0
,
δ
y 〉
k

d
µ

(y
)−
‖
ν

0 ‖
2k ∫∫

d
µ̄

(x
)

d
µ

(y
)
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S
im

o
n
-G

a
b
r
ie
l
a
n
d

S
c
h
ö
l
k
o
p
f

=
‖
µ‖

2k
,

T
h
u
s
k

0
is

ch
aracteristic

to
M

0f
iff

k
is

also.
T

h
u
s

(v
)

im
p
lies

(ii).
C

on
versely,

if
k

0
is

ch
aracteristic

to
M

0f ,
th

en
k

0
is

eith
er

ch
aracteristic

to
M
f ,

in
w

h
ich

case
ch

o
osin

g
k

0
=
k

an
d
ν

0
=

0
fu

lfi
lls

th
e

req
u
irem

en
ts

of
(v

);
or

th
ere

ex
ists

a
n
on

zero
m

easu
re
ν

0 ∈
M
f

su
ch

th
at

Φ
k
0 (ν

0 )
=

0.
A

s
Φ
k
0

is
lin

ear,
w

e
can

ch
o
ose

ν
0 (
1

)
=

1
w

ith
ou

t
loss

of
gen

era
lity.

S
u
p
p

osin
g

n
ow

th
at

w
e

are
in

th
e

latter
case,

th
e

p
ro

of
p
ro

ceed
s

as
follow

s.

(a)
S
h
ow

th
at

th
e

con
stan

t
fu

n
ction

1
6∈
H
k
0 .

(b
)

C
on

stru
ct

a
n
ew

H
ilb

ert
sp

ace
of

fu
n
ction

s
of

th
e

form
H
k

=
sp

an
1
⊕

H
k
0 .

(c)
S
h
ow

th
at

it
h
as

a
rep

ro
d
u
cin

g
kern

el
k
.

(d
)

S
h
ow

th
at
k

0
an

d
k

fu
lfi

ll
th

e
req

u
irem

en
ts

of
(v

).

(a)
S
u
p
p

ose
th

at
1
∈

H
k
0 .

T
h
en

1
=

ν̄
0 (
1

)
=

∫
〈
1
,
k

0 (.,x
)〉
k
0

d
ν̄

0 (x
)

(∗
)

=
〈
1
, ∫

k
0 (.,x

)
d
ν

0 (x
) 〉
k
0

=
〈
1
,

Φ
k
0 (ν

0 )〉
k
0

=
0,

w
h
ere

in
(∗

)
w

e
u
se

th
e

d
efi

n
ition

of

K
M

E
s

(1)
.

C
on

trad
iction

.
T

h
u
s
1
6∈
H
k
0 .

(b
)

D
efi

n
e
H

:=
sp

an
1
⊕
H
k
0

an
d

eq
u
ip

it
w

ith
th

e
in

n
er

p
ro

d
u
ct〈.,

.〉
th

at
ex

ten
d
s

th
e

in
n
er

p
ro

d
u
ct

of
H
k
0

so,
th

at

1
⊥

H
k
0

an
d
‖
1‖

=
1
.

(10)

In
oth

er
w

ord
s,

for
an

y
f

=
c
f
1

+
f
⊥
∈
H

an
d

an
y
g

=
c
g
1

+
g ⊥
∈
H

:

〈f
,
g〉

:=
〈
f
⊥
,
g ⊥ 〉

k
0

+
c
f c̄
g .

(11)

O
b
v
iou

sly
H

is
a

H
ilb

ert
sp

ace
of

fu
n
ctio

n
s.

(c)
W

e
n
ow

con
stru

ct
k

b
y

fi
rst

d
efi

n
in

g
an

in
jective

em
b

ed
d
in

g
Φ

an
d

th
en

sh
ow

in
g

th
at

k
(x
,y

)
:=
〈Φ

(δ
x )
,

Φ
(δ
y )〉

is
a

rep
ro

d
u
cin

g
kern

el
w

ith
K

M
E

Φ
.

A
s
M

0f
is

a
h
y
p

erp
lan

e
in

M
f

an
d
ν

0
∈

M
f \
M

0f ,
ea

ch
m

ea
su

re
µ
∈

M
f

can
b

e

d
ecom

p
osed

u
n
iq

u
ely

in
a

su
m

:
µ

=
µ
⊥

+
µ

(
1

)ν
0

w
h
ere

µ
⊥

=
µ
−
µ

(
1

)ν
0 ∈

M
0f .

W
e

m
ay

th
u
s

d
efi

n
e

th
e

follow
in

g
lin

ear
em

b
ed

d
in

g
Φ

:
M
f
−→

H
b
y

Φ
(µ

)
:=

{
Φ
k
0 (µ

)
if
µ
∈
M

0f

1
if
µ

=
ν

0
i.e.

Φ
(µ

)
:=

Φ
k
0 (µ
⊥

)
+
µ

(
1

)
1

=
Φ
k
0 (µ

)
+
µ

(
1

)
1

.
(12)

N
otin

g
th

at
Φ

(µ
) ⊥

=
Φ

(µ
⊥

)
=

Φ
k
0 (µ
⊥

)
=

Φ
k
0 (µ

)
an

d
u
sin

g
(11),

w
e

get

∀
f
∈
H
,∀
x
∈
X
,
〈f
,

Φ
(δ
x )〉

=
〈
f
⊥
,

Φ
(δ
x ) ⊥ 〉

k
0 +
c
f

=
f
⊥

(x
)+
c
f
1

(x
)

=
f

(x
)
.

(13)

S
o

b
y

d
efi

n
in

g
k
(x
,y

)
:=
〈Φ

(δ
y )
,

Φ
(δ
x )〉

an
d

ap
p
ly

in
g

(13)
to
f

=
Φ

(δ
y ),

w
e

see
th

at
Φ

(δ
y )

=
k
(.,y

).
T

h
u
s

(13)
m

ay
b

e
rew

ritten
as

∀
f
∈
H
,∀
x
∈
X
,

〈f
,
k
(.,x

)〉
=
f

(x
).

T
h
u
s
H

is
an

R
K

H
S

w
ith

rep
ro

d
u
cin

g
kern

el
an

d
Φ

is
its

asso
ciated

K
M

E
.

2
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K
e
r
n
e
l
D
is
t
r
ib
u
t
io
n
E
m
b
e
d
d
in
g
s

(d
)

A
s
k

0
is

ch
ar

ac
te

ri
st

ic
to

M
0 f
,

Φ
is

in
je

ct
iv

e
ov

er
M

0 f
.

A
n
d

Φ
(ν

0
)
∈
H
\Φ

(M
0 f
).

T
h
u
s

Φ
is

in
je

ct
iv

e
ov

er
M
f
,

so
k

is
ch

ar
ac

te
ri

st
ic

to
M
f
.

T
o

co
n
cl

u
d
e,

(1
2)

sh
ow

s
th

at

〈δ
y
−
ν 0
,
δ x
−
ν 0
〉=
〈Φ

k
0
(δ
y
)

+
(δ
y
−
ν 0

)(
1

)1
,

Φ
k
0
(δ
x
)

+
(δ
x
−
ν 0

)(
1

)1
〉

=
〈Φ

k
0
(δ
y
)

+
0
,

Φ
k
0
(δ
x
)

+
0
〉

=
k

0
(x
,y

)
.

E
q
u
iv

al
en

ce
of

(v
)

w
it

h
(i

ii
)

&
(i

v
):

F
ir

st
,

n
ot

ic
e

th
at

th
e

ke
rn

el
k

co
n
st

ru
ct

ed
in

th
e

p
ro

of
of

(v
)
⇒

(i
i)

ve
ri

fi
es

:

k
(x
,y

)
=
〈Φ

(δ
x
)
,

Φ
(δ
y
)〉

=
〈Φ

k
0
(δ
x
)

+
δ x

(1
)1
,

Φ
k
0
(δ
y
)

+
δ y

(1
)1
〉

=
〈Φ

k
0
(δ
x
)
,

Φ
k
0
(δ
y
)〉

+
‖1
‖2

=
k

0
(x
,y

)
+

1
,

w
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n
ction

al
th

at
acts

o
n

fu
n
ction

s
ϕ

in
C
c .

D
oin

g
so

eff
ectively

id
en

tifi
es

f
w

ith
th

e
sign

ed
m

easu
re
µ
f

th
at

h
as

d
en

sity
f

,
b

ecau
se

b
o
th

d
efi

n
e

th
e

sam
e

lin
ear

form
ϕ
7−→

∫
ϕ

(x
)f

(x
)

d
x

.
S
o

from
th

is
p

ersp
ective,

a
fu

n
ction

f
b

ecom
es

a
p
articu

lar
k
in

d
o
f

m
easu

re,
a
n
d

a
m

easu
re
µ

a
sort

of
‘gen

eralized
fu

n
ctio

n
’.

M
oreover,

seen
as

lin
ear

form
s

over
C
c ,
f

a
n
d
µ

are
con

tin
u
ou

s
in

th
e

sen
se

th
at

if
ϕ
α

con
verges

to
ϕ

,
th

en
µ

(ϕ
α
)

con
verges

to
µ

(ϕ
).

T
h
u
s,

b
y

d
efi

n
ition

,
w

e
ju

st
id

en
tifi

ed
f

an
d
µ

w
ith

elem
en

ts
of

th
e

d
u
al

of
C
c .

W
e

m
ay

n
ow

ask
w

h
eth

er
th

ere
are

oth
er

co
n
tin

u
ou

s
lin

ear
form

s
over

C
c .

T
h
e

an
sw

er
is

n
eg

a
tive

a
n
d

is
given

b
y

th
e

R
iesz-M

a
rkov

-K
ak

u
tan

i
rep

resen
ter

th
eorem

(see
A

p
p

en
d
ix

C
).

It
sta

tes
th

a
t

th
e

d
u
al

of
C
c

is
ex

actly
th

e
set

of
sign

ed
regu

lar
B

orel
m

easu
res

M
r ,

m
ean

in
g

th
a
t

a
n
y

co
n
tin

u
ou

s
lin

ear
form

ov
er

C
c

can
b

e
w

ritten
as

ϕ
7−→

∫
ϕ

d
µ

(x
)

for
som

e
µ
∈
M

r ,
a
n
d

can
th

u
s

b
e

id
en

tifi
ed

w
ith

a
m

easu
re
µ

.
S
o

it
seem

s
th

at
ou

r
gen

eralization
o
f

fu
n
ctio

n
s

to
m

easu
res

u
sin

g
con

tin
u
ou

s
lin

ear
form

s
is

as
gen

eral
as

it
can

get.
B

u
t

th
is

is
fo

rg
ettin

g
th

e
follow

in
g

d
etail.

T
o

d
istin

gu
ish

a
m

easu
re
µ

from
all

th
e

oth
ers

in
M

r ,
w

e
d
o

n
o
t

n
eed

to
k
n
ow

th
e

valu
es
µ

(ϕ
)

for
a
ll

fu
n
ction

s
ϕ

of
C
c .

A
ctu

ally,
it

su
ffi

ces
to

k
n
ow

th
em

fo
r

a
ll
ϕ

in
C
∞c

.
T

h
is

is
b

ecau
se

C
∞c

is
a

d
en

se
su

b
set

of
C
c .

T
h
u
s

for
an

y
ϕ
∈

C
c ,

even
if
ϕ
6∈

C
∞c

,
w

e
can

recon
stru

ct
th

e
valu

e
µ

(ϕ
)

b
y

tak
in

g
a

seq
u
en

ce
ϕ
α

in
C
∞c

th
at

co
n
verg

es
to
ϕ

an
d

n
oticin

g
th

at,
b
y

con
tin

u
ity,

µ
(ϕ

)
is

th
e

lim
it

of
µ

(ϕ
α
).

S
o

in
stea

d
of
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F
igu

re
2:

L
eft:

th
e

d
iff

eren
ce
f
σ

of
tw

o
G

au
ssian

s
th

at
get

closer
an

d
closer

an
d

m
ore

an
d

m
ore

p
eak

ed
w

ith
d
ecreasin

g
σ

.
R

igh
t:

th
e

K
M

E
s

of
f
σ
.

N
ote

th
e

d
iff

eren
ce

in
th

e
y
-ax

is
scale.

f
σ

con
verges

to
a

d
ipo

le,
w

h
ich

is
n
ot

a
m

easu
re,

b
u
t

a
S
ch

w
artz-

d
istrib

u
tion

.
It

can
n
ot

b
e

rep
resen

ted
as

a
fu

n
ction

,
b
u
t

its
K

M
E

ca
n

(b
lack

solid
lin

e).
N

ote
th

at
th

e
K

M
E

s
of
f
σ

seem
to

con
verge

to
th

e
K

M
E

of
th

e
d
ip

ole.

seein
g

a
fu

n
ction

or
a

m
easu

re
as

an
elem

en
t

of
(
C
c ) ′,

w
e

cou
ld

also
see

it
as

an
elem

en
t

of
(
C
∞c

) ′.

B
u
t

d
o

w
e

gain
an

y
th

in
g

from
it?

Y
es

in
d
eed

,
b

ecau
se

n
ow

,
w

e
can

d
efi

n
e

lin
ear

fu
n
c-

tion
als

over
C
∞c

th
at

w
e

cou
ld

n
ot

d
efi

n
e

over
C
c .

F
or

ex
am

p
le,

su
p
p

ose
th

at
X

=
R

an
d

con
sid

er
th

e
lin

ear
form

d
x

th
at,

to
each

fu
n
ction

ϕ
asso

ciates
its

d
erivative

∂
ϕ

(x
)

evalu
ated

at
x

.
T

h
is

is
a

valid
(con

tin
u
ou

s)
lin

ear
form

over
C
∞c

—
called

a
d
ip

ole
in
x

—
b
u
t

it
can

n
ot

b
e

d
efi

n
ed

over
C
c ,

b
ecau

se
n
ot

all
con

tin
u
ou

s
fu

n
ction

s
are

d
iff

eren
tiab

le.
T

h
is

ex
am

p
le

sh
ow

s
th

at,
alth

ou
gh

each
m

easu
re

in
(
C
c ) ′

can
b

e
seen

as
an

elem
en

t
of

(
C
∞c

) ′,
th

e
latter

sp
ace

con
tain

s
m

an
y

m
ore

lin
ear

form
s

w
h
ich

d
o

n
ot

corresp
on

d
to

a
sign

ed
m

easu
re.

T
h
is

b
igger

set
of

lin
ear

form
s,

w
h
ich

w
e

d
en

ote
D
∞

,
is

called
th

e
set

of
S
ch

w
artz-d

istrib
u
tion

s.

N
ow

,
w

h
y

are
d
istrib

u
tion

s
u
sefu

l?
F

irst
of

all,
b

ecau
se

th
ey

can
all

b
e

seen
as

lim
its

of
fu

n
ction

s
(S

ch
w

artz,
1978)[T

h
eo.

X
V

,
C

h
a
p
.

III].
A

s
an

ex
am

p
le,

con
sid

er
th

e
seq

u
en

ce
of

fu
n
ction

s

f
σ

:
x
7−→

1σ
g
(
x

+
σ

σ
)−

1σ
g
(
x−

σ
σ

)
,

w
h
ere

g
is

a
G

au
ssian

(see
F

igu
re

2).
f
σ

is
th

e
d
iff

eren
ce

o
f

tw
o

G
au

ssian
s

th
at

get
closer

an
d

closer
an

d
m

o
re

an
d

m
ore

p
eaked

w
ith

d
ecrea

sin
g
σ

.
N

ow
,

ap
p
ly

in
g
f
σ

to
a

fu
n
ction

ϕ
∈

C
∞c

,
it

is
n
ot

d
iffi

cu
lt

to
see

th
at
f
σ
(ϕ

)
con

verges
to
∂
ϕ

(0)
=
d

0 (ϕ
)

w
h
en

σ
→

0.
T

h
e

d
ip

ole
d

0
can

th
u
s

b
e

seen
as

a
w

eak
lim

it
of

th
e

fu
n
ction

s
f
σ
,

alth
ou

gh
it

is
itself

n
eith

er
a

fu
n
ction

n
or

even
a

sign
ed

m
easu

re.

A
n
oth

er
reason

to
u
se

d
istrib

u
tion

s
is

th
at

m
an

y
com

m
on

lin
ear

op
eration

s
can

b
e

ex
ten

d
ed

to
th

em
(or

to
b
ig

su
b
sets

of
th

em
),

su
ch

as
d
iff

eren
tiation

,
F

ou
rier

tran
sform

ation
an

d
con

volu
tion

.
L

et
u
s

sh
ow

for
ex

am
p
le

h
ow

to
ex

ten
d

d
iff

eren
tiation

.
If

w
e

w
an

t
th

e
d
istrib

u
tion

al
d
erivative

∂
to

b
e

an
ex

ten
sion

of
th

e
u
su

a
l

d
eriva

tive,
th

en
o
f

co
u
rse

w
e

sh
ou

ld
req

u
ire

th
at

∂
µ
f

=
µ
f
′

w
h
en

ever
f

is
a

con
tin

u
ou

sly
d
iff

eren
tiab

le
fu

n
ction

over
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K
e
r
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e
l
D
is
t
r
ib
u
t
io
n
E
m
b
e
d
d
in
g
s

X
=

R
w

h
os

e
u
su

al
d
er

iv
at

iv
e

is
f
′ .

N
ow

,
b
y

in
te

gr
at

io
n

b
y

p
ar

t,
w

e
ge

t,
fo

r
an

y
ϕ
∈

C
∞ c

:

µ
f
′ (
ϕ

)
=

∫
f
′ ϕ

=
−
∫
f
ϕ
′ =
−
µ
f
(ϕ
′ )
.

T
h
is

su
gg

es
ts

to
d
efi

n
e

th
e

d
er

iv
at

iv
e

of
an

y
D
∈
D
∞

as
∂
p
D

(ϕ
)

:=
(−

1)
|p
| D

(∂
p
ϕ

)
fo

r
an

y
ϕ
∈

C
∞ c

.
D

oi
n
g

so
,

w
e

ju
st

d
efi

n
ed

a
n
ot

io
n

of
d
iff

er
en

ti
at

io
n

th
at

is
co

m
p
at

ib
le

w
it

h
th

e
u
su

al
d
iff

er
en

ti
at

io
n

an
d

m
ak

es
a
n

y
d
is

tr
ib

u
ti

on
in

fi
n
it

el
y

m
an

y
ti

m
es

d
iff

er
en

ti
ab

le
.

In
p
ar

ti
cu

la
r,

an
y

fu
n
ct

io
n

an
d

an
y

m
ea

su
re

is
in

fi
n
it

el
y

d
iff

er
en

ti
ab

le
in

th
is

d
is

tr
ib

u
ti

on
al

se
n
se

.
M

or
eo

ve
r,

if
a

se
q
u
en

ce
of

d
iff

er
en

ti
ab

le
fu

n
ct

io
n
s
f n

co
n
ve

rg
es

to
a

d
is

tr
ib

u
ti

on
D

(i
n

th
e

se
n
se

th
at
f n

(ϕ
)

co
n
ve

rg
es

to
D

(ϕ
)

fo
r

an
y
ϕ

),
th

en
th

ei
r

u
su

al
d
er

iv
at

iv
es
f
′ n

co
n
ve

rg
es

to
∂
D

(i
n

th
e

sa
m

e
d
is

tr
ib

u
ti

o
n

a
l

se
n
se

).
A

ll
th

is
m

ak
es

d
is

tr
ib

u
ti

on
s

ex
tr

em
el

y
u
se

fu
l

fo
r

so
lv

in
g

li
n
ea

r
d
iff

er
en

ti
al

eq
u
at

io
n
s

an
d

m
or

e
ge

n
er

al
ly

fo
r

p
h
y
si

ci
st

s.
L

as
t

b
u
t

n
ot

le
as

t,
n
ot

e
th

at
,

b
y

co
n
st

ru
ct

io
n
,

if
Q

is
a

p
ro

b
ab

il
it

y
m

ea
su

re
w

it
h

sm
o
ot

h
d
en

si
ty
q,

th
en

∂
p
Q

is
th

e
si

gn
ed

m
ea

su
re

w
it

h
d
en

si
ty
∂
p
q.

A
p
p
e
n
d
ix

C
.
O
th

e
r
B
a
ck

g
ro

u
n
d
M

a
te
ri
a
l

F
or

m
al

ly
,

a
to

p
ol

og
ic

al
ve

ct
or

sp
ac

e
(T

V
S
)
E

is
a

ve
ct

or
sp

ac
e

eq
u
ip

p
ed

w
it

h
a

to
p

ol
og

y
th

at
is

co
m

pa
ti

bl
e

w
it

h
it

s
li
n
ea

r
st

ru
ct

u
re

,
in

th
e

se
n
se

th
at

th
e

ad
d
it

io
n

E
×

E
−→

E

an
d

sc
al

ar
m

u
lt

ip
li
ca

ti
on

C
×

E
−→

E
b

ec
om

e
co

n
ti

n
u
ou

s
fo

r
th

is
to

p
ol

og
y

(w
h
en

th
ei

r
d
om

ai
n
s

ar
e

eq
u
ip

p
ed

w
it

h
th

e
p
ro

d
u
ct

to
p

ol
og

y
).

T
h
is

m
ak

es
th

e
to

p
ol

og
y

tr
an

sl
at

io
n
-

in
va

ri
an

t
an

d
h
en

ce
co

m
p
le

te
ly

d
efi

n
ed

b
y

th
e

n
ei

gh
b

or
h
o
o
d
s

of
th

e
or

ig
in

.
A

T
V

S
is

lo
ca

ll
y

co
n
ve

x
(l

o
c.

cv
.)

if
th

er
e

ex
is

ts
a

b
as

is
of

(o
ri

gi
n
-)

n
ei

gh
b

or
h
o
o
d
s

co
n
si

st
in

g
o
f

co
n
ve

x
se

ts
on

ly
.

O
b
v
io

u
sl

y,
th

e
or

ig
in

-c
en

te
re

d
b
al

ls
of

an
y

se
m

i-
n
or

m
ar

e
co

n
ve

x
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B
u
t

in
te
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st

in
gl
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e
ca

n
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T
V

S
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lo
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cv
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b
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ed

b
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fa
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or
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S
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ca
n
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lo
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cv
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V
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lt
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or
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w
h
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e
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n
b
y

a
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il
y
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p
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b
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h
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b
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n
ta

b
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ly
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e
n
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E

is
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or
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ed

sp
ac
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h
e

or
ig

in
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en
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re
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b
al
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of

th
es
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se
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n
o
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s
ar

e
ac
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a
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y

n
ot
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ly

co
n
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ex
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e
ba

rr
el

s.
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e
fi

n
it
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rr

e
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su
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∈
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∈
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b
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a
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y
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λ
f
∈
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∈
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;

(i
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)
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n
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x
;
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.

G
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en
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e
to
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of
lo
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.
T

V
S
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n

b
e

d
efi
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ed

b
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a
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il
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n
or

m
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n
ot

su
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n
g

th
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e
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w
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s
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or
ig
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b

or
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b
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b
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b
ar
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ls
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n
ot
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fi
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a
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c
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v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
9
/
1
6
-
4
7
4
.
h
t
m
l
.
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A
u

to
h
an

d
le

an
ob

se
rv

at
io

n
th

at
h
as

re
ac

h
ed

a
ca

te
go

ri
ca

l
sp

li
t

w
h
ic

h
w

as
d
et

er
m

in
ed

w
h
en

th
e

ob
se

rv
at

io
n

in
q
u
es

ti
on

’s
le

ve
l

w
as

ab
se

n
t

d
u
ri

n
g

tr
ai

n
in

g—
an

is
su

e
th

a
t

ca
n

a
ri

se
in

th
re

e
d
iff

er
en

t
w

ay
s:

1.
T

h
e

le
ve

ls
ar

e
p
re

se
n
t

in
th

e
p

op
u
la

ti
on

b
u
t,

d
u
e

to
sa

m
p
li
n
g

va
ri

ab
il
it

y,
a
re

a
b
se

n
t

in
th

e
tr

ai
n
in

g
se

t.

2.
T

h
e

le
ve

ls
ar

e
p
re

se
n
t

in
th

e
tr

ai
n
in

g
se

t
b
u
t,

d
u
e

to
b
ag

gi
n
g,

ar
e

ab
se

n
t

in
a
n

in
d
i-

v
id

u
al

tr
ee

’s
b

o
ot

st
ra

p
p

ed
sa

m
p
le

of
th

e
tr

ai
n
in

g
se

t.

3.
T

h
e

le
v
el

s
ar

e
p
re

se
n
t

in
an

in
d
iv

id
u
al

tr
ee

’s
tr

ai
n
in

g
se

t
b
u
t,

d
u
e

to
a

se
ri

es
o
f

ea
rl

ie
r

n
o
d
e

sp
li
ts

,
ar

e
ab

se
n
t

in
ce

rt
ai

n
b
ra

n
ch

es
of

th
e

tr
ee

.

T
h
es

e
o
cc

u
rr

en
ce

s
su

b
se

q
u
en

tl
y

re
su

lt
in

si
tu

a
ti

on
s

w
h
er

e
ob

se
rv

at
io

n
s

w
it

h
a
b
se

n
t

le
ve

ls
ar

e
u
n
su

re
of

h
ow

to
p
ro

ce
ed

fu
rt

h
er

d
ow

n
th

e
tr

ee
—

an
in

tr
in

si
c

p
ro

b
le

m
fo

r
d
ec

is
io

n
tr

ee
b
as

ed
m

et
h
o
d
s

th
at

h
as

se
em

in
gl

y
b

ee
n

ov
er

lo
ok

ed
in

b
ot

h
th

e
th

eo
re

ti
ca

l
li
te

ra
tu

re
a
n
d

in
m

u
ch

of
th

e
so

ft
w

ar
e

th
at

im
p
le

m
en

ts
th

es
e

m
et

h
o
d
s.

A
lt

h
ou

gh
th

es
e

in
ci

d
en

ts
m

ay
ap

p
ea

r
to

b
e

in
n
o
cu

ou
s,

b
y

u
si

n
g

L
eo

B
re

im
a
n

a
n
d

A
d
el

e
C

u
tl

er
’s

ra
n
d
om

fo
re

st
s
F
O
R
T
R
A
N

co
d
e

an
d

th
e
r
a
n
d
o
m
F
o
r
e
s
t
R

p
ac

ka
ge

(L
ia

w
a
n
d

W
ie

n
er

,
20

02
)

as
m

ot
iv

at
in

g
ca

se
st

u
d
ie

s,
1

w
e

ex
am

in
e

h
ow

ov
er

lo
ok

in
g

th
e

ab
se

n
t

le
ve

ls
p
ro

b
le

m
ca

n
sy

st
em

at
ic

al
ly

b
ia

s
a

m
o
d
el

.
In

ad
d
it

io
n
,

b
y

u
si

n
g

th
re

e
re

al
d
at

a
ex

a
m

p
le

s,
w

e
il
-

lu
st

ra
te

h
ow

ab
se

n
t

le
ve

ls
ca

n
d
ra

m
at

ic
al

ly
al

te
r

a
m

o
d
el

’s
p

er
fo

rm
an

ce
in

p
ra

ct
ic

e,
a
n
d

w
e

em
p
ir

ic
al

ly
d
em

on
st

ra
te

h
ow

so
m

e
si

m
p
le

h
eu

ri
st

ic
s

ca
n

b
e

u
se

d
to

h
el

p
m

it
ig

a
te

th
ei

r
eff

ec
ts

.
T

h
e

re
st

of
th

is
p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s.
In

S
ec

ti
on

2,
w

e
in

tr
o
d
u
ce

so
m

e
n
o
ta

ti
o
n

an
d

p
ro

v
id

e
an

ov
er

v
ie

w
of

th
e

ra
n
d
om

fo
re

st
s

al
go

ri
th

m
.

T
h
en

,
in

S
ec

ti
o
n

3
,

w
e

u
se

B
re

im
an

an
d

C
u
tl

er
’s

ra
n
d
om

fo
re

st
s
F
O
R
T
R
A
N

co
d
e

a
n
d

th
e
r
a
n
d
o
m
F
o
r
e
s
t
R

p
a
ck

a
g
e

to
m

ot
iv

at
e

ou
r

in
ve

st
ig

at
io

n
s

in
to

th
e

p
ot

en
ti

al
is

su
es

th
at

ca
n

em
er

ge
w

h
en

th
e

a
b
se

n
t

le
ve

ls
p
ro

b
le

m
is

ov
er

lo
ok

ed
.

A
n
d

al
th

ou
gh

a
co

m
p
re

h
en

si
v
e

th
eo

re
ti

ca
l

an
al

y
si

s
o
f

th
e

a
b
se

n
t

le
ve

ls
p
ro

b
le

m
is

b
ey

on
d

th
e

sc
op

e
of

th
is

p
ap

er
,

in
S
ec

ti
on

4,
w

e
co

n
si

d
er

so
m

e
si

m
p
le

h
eu

ri
st

ic
s

w
h
ic

h
m

ay
b

e
ab

le
to

h
el

p
m

it
ig

at
e

it
s

eff
ec

ts
.

A
ft

er
w

ar
d
s,

in
S
ec

ti
o
n

5
,

w
e

p
re

se
n
t

th
re

e
re

al
d
at

a
ex

am
p
le

s
th

at
d
em

on
st

ra
te

h
ow

th
e

tr
ea

tm
en

t
of

ab
se

n
t

le
v
el

s
ca

n
si

gn
ifi

ca
n
tl

y
in

fl
u
en

ce
a

m
o
d
el

’s
p

er
fo

rm
an

ce
in

p
ra

ct
ic

e.
F

in
al

ly
,

w
e

off
er

so
m

e
co

n
cl

u
d
in

g
re

m
ar

k
s

in
S
ec

ti
on

6.

2
.
B
a
ck

g
ro

u
n
d

In
th

is
se

ct
io

n
,

w
e

in
tr

o
d
u
ce

so
m

e
n
ot

at
io

n
an

d
p
ro

v
id

e
an

ov
er

v
ie

w
of

th
e

ra
n
d
o
m

fo
re

st
s

al
go

ri
th

m
.

C
on

se
q
u
en

tl
y,

th
e

m
or

e
k
n
ow

le
d
g
ea

b
le

re
ad

er
m

ay
on

ly
n
ee

d
to

re
v
ie

w
S
ec

-
ti

on
s

2.
1.

1
an

d
2.

1.
2

w
h
ic

h
co

ve
r

h
ow

th
e

al
go

ri
th

m
’s

n
o
d
e

sp
li
ts

ar
e

d
et

er
m

in
ed

.

2
.1

C
la

ss
ifi

c
a
ti

o
n

a
n

d
R

e
g
re

ss
io

n
T

re
e
s

(C
A

R
T

)

W
e

b
eg

in
b
y

d
is

cu
ss

in
g

th
e

C
la

ss
ifi

ca
ti

on
an

d
R

eg
re

ss
io

n
T

re
es

(C
A

R
T

)
m

et
h
o
d
o
lo

g
y

si
n
ce

th
e

ra
n
d
om

fo
re

st
s

al
go

ri
th

m
u
se

s
a

sl
ig

h
tl

y
m

o
d
ifi

ed
ve

rs
io

n
of

C
A

R
T

to
co

n
st

ru
ct

th
e

1
B

re
im

a
n

a
n

d
C

u
tl

er
’s

ra
n

d
o
m

fo
re

st
s

F
O

R
T

R
A

N
co

d
e

is
av

a
il

a
b

le
o
n

li
n

e
a
t:

h
t
t
p
s
:
/
/
w
w
w
.
s
t
a
t
.
b
e
r
k
e
l
e
y
.
e
d
u
/
~
b
r
e
i
m
a
n
/
R
a
n
d
o
m
F
o
r
e
s
t
s
/

2
JM

L
R

 1
9(

45
):

1-
30

, 2
01

8



T
h
e
“
A
b
se

n
t
L
e
v
e
l
s”

P
r
o
b
l
e
m

in
d
iv

id
u
a
l

d
ecision

trees
th

at
are

u
sed

in
its

en
sem

b
le.

F
or

a
m

ore
com

p
lete

overv
iew

of
C

A
R

T
,

w
e

refer
th

e
read

er
to

B
reim

an
et

al.
(1984)

or
H

astie
et

al.
(200

9).

S
u
p
p

o
se

th
a
t

w
e

h
ave

a
train

in
g

set
w

ith
N

in
d
ep

en
d
en

t
ob

servation
s

(x
n
,y
n
)
,

n
=

1,2,...,N
,

w
h
ere

x
n

=
(x
n

1 ,x
n

2 ,...,x
n
P

)
an

d
y
n

d
en

ote,
resp

ectively,
th

e
P

-d
im

en
sion

al
fea

tu
re

vector
a
n
d

resp
o
n
se

fo
r

ob
servation

n
.

G
iven

th
is

in
itial

train
in

g
set,

C
A

R
T

is
a

greed
y

recu
rsive

b
in

ary
p
a
rtitio

n
in

g
algorith

m
th

at
rep

eated
ly

p
artition

s
a

larger
su

b
set

of
th

e
train

in
g

set
N
M
⊆
{1,2,...,N

}
(th

e
“m

oth
er

n
o
d
e”)

in
to

tw
o

sm
a
ller

su
b
setsN

L
an

d
N
R

(th
e

“left”
a
n
d

“
righ

t”
d
a
u
gh

ter
n
o
d
es,

resp
ectively

).
E

ach
iteration

of
th

is
sp

littin
g

p
ro

cess,
w

h
ich

ca
n

b
e

referred
to

as
“grow

in
g

th
e

tree,”
is

accom
p
lish

ed
b
y

d
eterm

in
in

g
a

d
ecisio

n
ru

le
th

at
is

ch
a
ra

cterized
b
y

a
“sp

littin
g

variab
le”

p
∈
{
1,2,...,P

}
an

d
an

accom
p
an

y
in

g
“sp

littin
g

criterio
n
”

setS
p

w
h
ich

d
efi

n
es

th
e

su
b
set

of
p
red

ictor
p
’s

d
om

ain
th

at
gets

sen
t

to
th

e
left

d
a
u
g
h
ter

n
o
d
e
N
L

.
In

p
articu

lar,
an

y
sp

littin
g

variab
le

an
d

sp
littin

g
criterion

p
a
ir

(p
,S

p )
w

ill
p
a
rtitio

n
th

e
m

oth
er

n
o
d
eN
M

in
to

th
e

left
an

d
righ

t
d
au

gh
ter

n
o
d
es

w
h
ich

are
d
efi

n
ed

,
resp

ectively,
a
s

N
L

(p
,S

p )
=
{n
∈
N
M

:
x
n
p ∈
S
p }

an
d
N
R

(p
,S

p )
=
{
n
∈
N
M

:
x
n
p ∈
S
′p }
,

(1)

w
h
ereS

′p
d
en

otes
th

e
com

p
lem

en
t

of
th

e
sp

littin
g

criterion
setS

p
w

ith
resp

ect
to

p
red

ictor
p
’s

d
o
m

ain
.

A
sim

p
le

m
o
d
el

u
sefu

l
for

m
ak

in
g

p
red

ictio
n
s

an
d

in
feren

ces
is

th
en

su
b
se-

q
u
en

tly
fi
t

to
th

e
su

b
set

of
th

e
train

in
g

d
ata

th
at

is
in

each
n
o
d
e.

T
h
is

recu
rsiv

e
b
in

ary
p
artition

in
g

p
ro

ced
u
re

is
con

tin
u
ed

u
n
til

som
e

stop
p
in

g
ru

le
is

rea
ch

ed
—

a
tu

n
in

g
p
aram

eter
th

at
can

b
e

con
trolled

,
for

ex
am

p
le,

b
y

p
lacin

g
a

con
strain

t
o
n

th
e

m
in

im
u
m

n
u
m

b
er

of
train

in
g

ob
servation

s
th

at
a
re

req
u
ired

in
each

n
o
d
e.

A
fterw

ard
s,

to
h
elp

g
u
a
rd

again
st

overfi
ttin

g,
th

e
tree

can
th

en
b

e
“p

ru
n
ed

”—
alth

ou
gh

w
e

w
ill

n
ot

d
iscu

ss
th

is
fu

rth
er

as
p
ru

n
in

g
h
as

n
ot

trad
ition

ally
b

een
d
on

e
in

th
e

trees
th

at
are

g
row

n
in

ra
n
d
o
m

fo
rests

(B
reim

an
,

2001).
P

red
iction

s
an

d
in

feren
ces

can
th

en
b

e
m

ad
e

o
n

an
o
b
serva

tio
n

b
y

fi
rst

sen
d
in

g
it

d
ow

n
th

e
tree

accord
in

g
to

th
e

tree’s
set

of
d
ecision

ru
les,

a
n
d

th
en

b
y

co
n
sid

erin
g

th
e

m
o
d
el

th
at

w
as

fi
t

in
th

e
fu

rth
est

n
o
d
e

of
th

e
tree

th
at

th
e

o
b
serva

tio
n

is
a
b
le

to
reach

.

T
h
e

C
A

R
T

algorith
m

w
ill

grow
a

tree
b
y

selectin
g,

from
am

on
gst

all
p

ossib
le

sp
littin

g
varia

b
le

an
d

sp
littin

g
criterion

p
airs

(p
,S

p ),
th

e
op

tim
al

p
air

(p ∗,S
∗p ∗ )

w
h
ich

m
in

im
izes

so
m

e
m

easu
re

of
“n

o
d
e

im
p
u
rity

”
in

th
e

resu
ltin

g
left

an
d

righ
t

d
au

gh
ter

n
o
d
es

as
d
efi

n
ed

in
(1

).
H

ow
ever,

th
e

sp
ecifi

c
n
o
d
e

im
p
u
rity

m
easu

re
th

at
is

b
ein

g
m

in
im

ized
w

ill
d
ep

en
d

o
n

w
h
eth

er
th

e
tree

is
b

ein
g

u
sed

for
regression

or
classifi

cation
.

In
a

reg
ression

tree,
th

e
resp

on
ses

in
a

n
o
d
e
N

are
m

o
d
eled

u
sin

g
a

con
stan

t
w

h
ich

,
u
n
d
er

a
sq

u
a
red

error
loss,

is
estim

ated
b
y

th
e

m
ean

of
th

e
train

in
g

resp
on

ses
th

at
are

in
th

e
n
o
d
e—

a
q
u
an

tity
w

h
ich

w
e

d
en

ote
as:

ĉ(N
)

=
ave(y

n
|
n
∈
N

)
.

(2)

T
h
erefo

re,
th

e
C

A
R

T
algorith

m
w

ill
grow

a
regression

tree
b
y

p
artition

in
g

a
m

oth
er

n
o
d
e

N
M

o
n

th
e

sp
littin

g
variab

le
an

d
sp

littin
g

criterion
p
air

(p ∗,S
∗p ∗ )

w
h
ich

m
in

im
izes

th
e

sq
u
a
red

erro
r

resu
ltin

g
from

th
e

tw
o

d
au

gh
ter

n
o
d
es

th
at

are
created

w
ith

resp
ect

to
a

3
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A
u

(p
,S

p )
p
air:

(p ∗,S
∗p ∗ )

=
arg

m
in

(p
,S

p
)


∑

n∈N
L
(p
,S

p
) [y

n −
ĉ(N

L
(p
,S

p ))] 2
+

∑

n∈N
R

(p
,S

p
) [y

n −
ĉ(N

R
(p
,S

p ))] 2 
,

(3)

w
h
ere

th
e

n
o
d
esN

L
(p
,S

p )
an

d
N
R

(p
,S

p )
are

as
d
efi

n
ed

in
(1).

M
ean

w
h
ile,

in
a

classifi
cation

tree
w

h
ere

th
e

resp
on

se
is

categorical
w

ith
K

p
ossib

le
resp

on
se

classes
w

h
ich

are
in

d
ex

ed
b
y

th
e

setK
=
{1
,2
,...,K

},
w

e
d
en

ote
th

e
p
rop

ortion
of

train
in

g
ob

servation
s

th
at

are
in

a
n
o
d
e
N

b
elon

gin
g

to
each

resp
on

se
class

k
as:

π̂
k (N

)
=

1

|N
| ∑n∈N

I
(y
n

=
k
),

k
∈
K
,

w
h
ere|·|

is
th

e
set

card
in

ality
fu

n
ction

an
d
I
(·)

is
th

e
in

d
icator

fu
n
ctio

n
.

N
o
d
eN

w
ill

th
en

classify
its

ob
servation

s
to

th
e

m
a

jority
resp

on
se

class

k̂
(N

)
=

arg
m

a
x

k∈K
π̂
k (N

)
,

(4)

w
ith

th
e

G
in

i
in

d
ex

G
(N

)
=

K
∑k

=
1

[π̂
k (N

)·
(1−

π̂
k (N

))]

p
rov

id
in

g
on

e
p

o
p
u
lar

w
ay

of
q
u
an

tify
in

g
th

e
n
o
d
e

im
p
u
rity

in
N

.
C

on
seq

u
en

tly,
th

e
C

A
R

T
algorith

m
w

ill
grow

a
classifi

cation
tree

b
y

p
artition

in
g

a
m

oth
er

n
o
d
e
N
M

on
th

e
sp

littin
g

variab
le

an
d

sp
littin

g
criterion

p
air
(p ∗,S

∗p ∗ )
w

h
ich

m
in

im
izes

th
e

w
eigh

ted
G

in
i

in
d
ex

resu
ltin

g
from

th
e

tw
o

d
au

gh
ter

n
o
d
es

th
at

are
created

w
ith

resp
ect

to
a

(p
,S

p )
p
air:

(p ∗,S
∗p ∗ )

=
arg

m
in

(p
,S

p
)

(
|N
L

(p
,S

p )|·
G

(N
L

(p
,S

p ))
+
|N
R

(p
,S

p )|·
G

(N
R

(p
,S

p ))

|N
L

(p
,S

p )|+
|N
R

(p
,S

p )|

)
,

(5)

w
h
ere

th
e

n
o
d
esN

L
(p
,S

p )
an

d
N
R

(p
,S

p )
are

as
d
efi

n
ed

in
(1).

T
h
erefore,

th
e

C
A

R
T

algorith
m

w
ill

grow
b

oth
regression

an
d

classifi
cation

trees
b
y

p
artition

in
g

a
m

oth
er

n
o
d
eN
M

on
th

e
sp

littin
g

variab
le

an
d

sp
littin

g
criterion

p
air

(p ∗,S
∗p ∗ )

w
h
ich

m
in

im
izes

th
e

req
u
isite

n
o
d
e

im
p
u
rity

m
easu

re
across

a
ll

p
ossib

le
(p
,S

p )
p
airs—

a
task

w
h
ich

can
b

e
accom

p
lish

ed
b
y

fi
rst

d
eterm

in
in

g
th

e
op

tim
al

sp
littin

g
criterion

S
∗p

for
every

p
red

ictor
p
∈
{1,2,...,P

}.
H

ow
ever,

th
e

sp
ecifi

c
m

an
n
er

in
w

h
ich

an
y

p
articu

lar
p
red

ictor
p
’s

op
tim

al
sp

littin
g

criterion
S
∗p

is
d
eterm

in
ed

w
ill

d
ep

en
d

on
w

h
eth

er
p

is
an

ord
ered

or
categorical

p
red

ictor.

2
.1
.1

S
p
l
it
t
in
g

o
n
a
n
O
r
d
e
r
e
d

P
r
e
d
ic
t
o
r

T
h
e

sp
littin

g
criterion

S
p

for
an

ord
ered

p
red

ictor
p

is
ch

aracterized
b
y

a
n
u
m

eric
“sp

lit
p

oin
t”
s
p
∈

R
th

at
d
efi

n
es

th
e

h
alf-lin

e
S
p

=
{
x
∈
R

:
x
≤
s
p }.

T
h
u
s,

as
can

b
e

ob
serv

ed
from

(1),
a

(p
,S

p )
p
air

w
ill

p
artition

a
m

oth
er

n
o
d
e
N
M

in
to

th
e

left
an

d
righ

t
d
au

gh
ter

n
o
d
es

th
at

are
d
efi

n
ed

,
resp

ectively,
b
y

N
L

(p
,S

p )
=
{
n
∈
N
M

:
x
n
p ≤

s
p }

a
n
d
N
R

(p
,S

p )
=
{
n
∈
N
M

:
x
n
p
>
s
p }
.
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T
h
e
“
A
b
se

n
t
L
e
v
e
l
s”

P
r
o
b
l
e
m

T
h
er

ef
or

e,
d
et

er
m

in
in

g
th

e
op

ti
m

al
sp

li
tt

in
g

cr
it

er
io

n
S∗ p

=
{ x
∈
R

:
x
≤
s∗ p
}

fo
r

an
or

d
er

ed
p
re

d
ic

to
r
p

is
st

ra
ig

h
tf

or
w

ar
d
—

it
ca

n
b

e
gr

ee
d
il
y

fo
u
n
d

b
y

se
ar

ch
in

g
th

ro
u
gh

al
l

o
f

th
e

ob
se

rv
ed

tr
ai

n
in

g
va

lu
es

in
th

e
m

ot
h
er

n
o
d
e

in
or

d
er

to
fi
n
d

th
e

op
ti

m
al

n
u
m

er
ic

sp
li
t

p
oi

n
t
s∗ p
∈
{x

n
p
∈
R

:
n
∈
N
M
}

th
at

m
in

im
iz

es
th

e
re

q
u
is

it
e

n
o
d
e

im
p
u
ri

ty
m

ea
su

re
w

h
ic

h
is

gi
v
en

b
y

ei
th

er
(3

)
or

(5
).

2
.1
.2

S
p
l
it
t
in
g

o
n
a
C
a
t
e
g
o
r
ic
a
l
P
r
e
d
ic
t
o
r

F
or

a
ca

te
go

ri
ca

l
p
re

d
ic

to
r
p

w
it

h
Q

p
o
ss

ib
le

u
n
o
rd

er
ed

le
v
el

s
w

h
ic

h
ar

e
in

d
ex

ed
b
y

th
e

se
t

Q
=
{1
,2
,.
..
,Q
},

th
e

sp
li
tt

in
g

cr
it

er
io

n
S p
⊂
Q

is
d
efi

n
ed

b
y

th
e

su
b
se

t
of

le
ve

ls
th

at
ge

ts
se

n
t

to
th

e
le

ft
d
au

gh
te

r
n
o
d
e
N
L

,
w

h
il
e

th
e

co
m

p
le

m
en

t
se

t
S′ p

=
Q
\S

p
d
efi

n
es

th
e

su
b
se

t
of

le
ve

ls
th

at
ge

ts
se

n
t

to
th

e
ri

gh
t

d
au

gh
te

r
n
o
d
e
N
R

.
F

or
n
ot

at
io

n
al

si
m

p
li
ci

ty
an

d
ea

se
of

ex
p

os
it

io
n
,

in
th

e
re

m
ai

n
d
er

of
th

is
se

ct
io

n
w

e
as

su
m

e
th

at
al

l
Q

u
n
or

d
er

ed
le

ve
ls

of
p

ar
e

p
re

se
n
t

in
th

e
m

ot
h
er

n
o
d
e
N
M

d
u
ri

n
g

tr
ai

n
in

g
si

n
ce

it
is

on
ly

th
es

e
p
re

se
n
t

le
ve

ls
w

h
ic

h
co

n
tr

ib
u
te

to
th

e
m

ea
su

re
of

n
o
d
e

im
p
u
ri

ty
w

h
en

d
et

er
m

in
in

g
p
’s

op
ti

m
al

sp
li
tt

in
g

cr
it

er
io

n
S∗ p

.
L

at
er

,
in

S
ec

ti
on

3,
w

e
ex

te
n
d

ou
r

n
ot

at
io

n
to

al
so

ac
co

u
n
t

fo
r

an
y

u
n
or

d
er

ed
le

v
el

s
of

a
ca

te
go

ri
ca

l
p
re

d
ic

to
r
p

w
h
ic

h
ar

e
ab

se
n
t

fr
om

th
e

m
ot

h
er

n
o
d
e
N
M

d
u
ri

n
g

tr
ai

n
in

g.
C

on
se

q
u
en

tl
y,

th
er

e
ar

e
ar

e
2Q
−

1
−

1
n
on

-r
ed

u
n
d
an

t
w

ay
s

of
p
ar

ti
ti

o
n
in

g
th

e
Q

u
n
or

d
er

ed
le

ve
ls

of
p

in
to

th
e

tw
o

d
au

gh
te

r
n
o
d
es

,
m

ak
in

g
it

co
m

p
u
ta

ti
on

al
ly

ex
p

en
si

ve
to

ev
al

u
at

e
th

e
re

su
lt

in
g

m
ea

su
re

of
n
o
d
e

im
p
u
ri

ty
fo

r
ev

er
y

p
os

si
b
le

sp
li
t

w
h
en

Q
is

la
rg

e.
H

ow
ev

er
,

th
is

co
m

p
u
ta

ti
on

si
m

p
li
fi
es

in
ce

rt
ai

n
si

tu
at

io
n
s.

In
th

e
ca

se
of

a
re

gr
es

si
on

tr
ee

w
it

h
a

sq
u
ar

ed
er

ro
r

n
o
d
e

im
p
u
ri

ty
m

ea
su

re
,
a

ca
te

go
ri

ca
l

p
re

d
ic

to
r
p
’s

op
ti

m
al

sp
li
tt

in
g

cr
it

er
io

n
S∗ p

ca
n

b
e

d
et

er
m

in
ed

b
y

u
si

n
g

a
p
ro

ce
d
u
re

d
es

cr
ib

ed
in

F
is

h
er

(1
95

8)
.

S
p

ec
ifi

ca
ll
y,

th
e

tr
ai

n
in

g
ob

se
rv

at
io

n
s

in
th

e
m

ot
h
er

n
o
d
e

ar
e

fi
rs

t
u
se

d
to

ca
lc

u
la

te
th

e
m

ea
n

re
sp

on
se

w
it

h
in

ea
ch

of
p
’s

u
n
or

d
er

ed
le

ve
ls

:

γ
p
(q

)
=

av
e(
y n
|n
∈
N
M

an
d
x
n
p

=
q)
,

q
∈
Q
.

(6
)

T
h
es

e
m

ea
n
s

ar
e

th
en

u
se

d
to

as
si

gn
n
u
m

er
ic

“p
se

u
d
o

va
lu

es
”
x̃
n
p
∈

R
to

ev
er

y
tr

ai
n
in

g
ob

se
rv

at
io

n
th

at
is

in
th

e
m

ot
h
er

n
o
d
e

ac
co

rd
in

g
to

it
s

ob
se

rv
ed

le
ve

l
fo

r
p
re

d
ic

to
r
p
:

x̃
n
p

=
γ
p
(x
n
p
),

n
∈
N
M
.

(7
)

F
in

al
ly

,
th

e
op

ti
m

al
sp

li
tt

in
g

cr
it

er
io

n
S∗ p

fo
r

th
e

ca
te

go
ri

ca
l

p
re

d
ic

to
r
p

is
d
et

er
m

in
ed

b
y

d
oi

n
g

an
or

d
er

ed
sp

li
t

on
th

es
e

n
u
m

er
ic

p
se

u
d
o

va
lu

es
x̃
n
p
—

th
at

is
,

a
co

rr
es

p
on

d
in

g
op

ti
m

al
“p

se
u
d
o

sp
li
tt

in
g

cr
it

er
io

n
”
S̃∗ p

=
{ x̃
∈
R

:
x̃
≤
s̃∗ p
}

is
gr

ee
d
il
y

ch
os

en
b
y

sc
an

n
in

g
th

ro
u
gh

al
l

of
th

e
as

si
gn

ed
n
u
m

er
ic

p
se

u
d
o

va
lu

es
in

th
e

m
ot

h
er

n
o
d
e

in
or

d
er

to
fi
n
d

th
e

op
ti

m
al

n
u
m

er
ic

“p
se

u
d
o

sp
li
t

p
oi

n
t”
s̃∗ p
∈
{x̃

n
p
∈
R

:
n
∈
N
M
}

w
h
ic

h
m

in
im

iz
es

th
e

re
su

lt
in

g
sq

u
ar

ed
er

ro
r

n
o
d
e

im
p
u
ri

ty
m

ea
su

re
gi

ve
n

in
(3

)
w

it
h

re
sp

ec
t

to
th

e
le

ft
an

d
ri

gh
t

d
au

gh
te

r
n
o
d
es

th
at

ar
e

d
efi

n
ed

,
re

sp
ec

ti
ve

ly
,

b
y

N
L

(p
,S̃
∗ p)

=
{ n
∈
N
M

:
x̃
n
p
≤
s̃∗ p
}

an
d
N
R

(p
,S̃
∗ p)

=
{ n
∈
N
M

:
x̃
n
p
>
s̃∗ p
} .

(8
)

M
ea

n
w

h
il
e,

in
th

e
ca

se
of

a
cl

as
si

fi
ca

ti
on

tr
ee

w
it

h
a

w
ei

gh
te

d
G

in
i

in
d
ex

n
o
d
e

im
p
u
ri

ty
m

ea
su

re
,

w
h
et

h
er

th
e

co
m

p
u
ta

ti
on

si
m

p
li
fi
es

or
n
o
t

is
d
ep

en
d
en

t
on

th
e

n
u
m

b
er

of
re

sp
on

se
cl

as
se

s.
F

or
th

e
K
>

2
m

u
lt

ic
la

ss
cl

as
si

fi
ca

ti
on

co
n
te

x
t,

n
o

su
ch

si
m

p
li
fi
ca

ti
on

is
p

os
si

b
le

,
al

th
ou

gh
se

v
er

al
ap

p
ro

x
im

at
io

n
s

h
av

e
b

ee
n

p
ro

p
os

ed
(L

oh
a
n
d

V
an

ic
h
se

ta
k
u
l,

19
88

).
H

ow
-

ev
er

,
fo

r
th

e
K

=
2

b
in

ar
y

cl
as

si
fi
ca

ti
on

si
tu

at
io

n
,

a
si

m
il
ar

p
ro

ce
d
u
re

to
th

e
on

e
th

at
w

as
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01

8

A
u

ju
st

d
es

cr
ib

ed
fo

r
re

gr
es

si
on

tr
ee

s
ca

n
b

e
u
se

d
.

S
p

ec
ifi

ca
ll
y,

th
e

p
ro

p
or

ti
on

o
f

th
e

tr
a
in

in
g

ob
se

rv
at

io
n
s

in
th

e
m

ot
h
er

n
o
d
e

th
at

b
el

on
g

to
th

e
k

=
1

re
sp

on
se

cl
as

s
is

fi
rs

t
ca

lc
u
la

te
d

w
it

h
in

ea
ch

of
ca

te
go

ri
ca

l
p
re

d
ic

to
r
p
’s

u
n
or

d
er

ed
le

ve
ls

:

γ
p
(q

)
=
|{
n
∈
N
M

:
x
n
p

=
q

an
d
y n

=
1}
|

|{
n
∈
N
M

:
x
n
p

=
q}
|

,
q
∈
Q
,

(9
)

an
d

w
h
er

e
w

e
n
ot

e
h
er

e
th

at
γ
p
(q

)
≥

0
fo

r
al

l
q

si
n
ce

th
es

e
p
ro

p
or

ti
o
n
s

ar
e,

b
y

d
efi

n
it

io
n
,

n
on

n
eg

at
iv

e.
A

ft
er

w
ar

d
s,

an
d

ju
st

as
in

eq
u
at

io
n

(7
),

th
es

e
k

=
1

re
sp

on
se

cl
a
ss

p
ro

p
o
rt

io
n
s

ar
e

u
se

d
to

as
si

gn
n
u
m

er
ic

p
se

u
d
o

va
lu

es
x̃
n
p
∈
R

to
ev

er
y

tr
ai

n
in

g
ob

se
rv

at
io

n
th

a
t

is
in

th
e

m
ot

h
er

n
o
d
e
N
M

ac
co

rd
in

g
to

it
s

ob
se

rv
ed

le
ve

l
fo

r
p
re

d
ic

to
r
p
.

A
n
d

on
ce

ag
a
in

,
th

e
o
p
ti

m
a
l

sp
li
tt

in
g

cr
it

er
io

n
S∗ p

fo
r

th
e

ca
te

go
ri

ca
l

p
re

d
ic

to
r
p

is
th

en
d
et

er
m

in
ed

b
y

p
er

fo
rm

in
g

a
n

or
d
er

ed
sp

li
t

on
th

es
e

n
u
m

er
ic

p
se

u
d
o

va
lu

es
x̃
n
p
—

th
at

is
,

a
co

rr
es

p
on

d
in

g
o
p
ti

m
a
l

p
se

u
d
o

sp
li
tt

in
g

cr
it

er
io

n
S̃∗ p

=
{ x
∈
R

:
x
≤
s̃∗ p
}

is
gr

ee
d
il
y

fo
u
n
d

b
y

se
ar

ch
in

g
th

ro
u
g
h

a
ll

o
f

th
e

as
si

gn
ed

n
u
m

er
ic

p
se

u
d
o

va
lu

es
in

th
e

m
ot

h
er

n
o
d
e

in
or

d
er

to
fi
n
d

th
e

op
ti

m
a
l

n
u
m

er
ic

p
se

u
d
o

sp
li
t

p
oi

n
t
s̃∗ p
∈
{x̃

n
p
∈
R

:
n
∈
N
M
}

w
h
ic

h
m

in
im

iz
es

th
e

w
ei

gh
te

d
G

in
i

in
d
ex

n
o
d
e

im
p
u
ri

ty
m

ea
su

re
gi

ve
n

b
y

(5
)

w
it

h
re

sp
ec

t
to

th
e

re
su

lt
in

g
tw

o
d
au

gh
te

r
n
o
d
es

a
s

d
efi

n
ed

in
(8

).
T

h
e

p
ro

of
th

at
th

is
p
ro

ce
d
u
re

gi
ve

s
th

e
o
p
ti

m
al

sp
li
t

in
a

b
in

ar
y

cl
a
ss

ifi
ca

ti
o
n

tr
ee

in
te

rm
s

of
th

e
w

ei
gh

te
d

G
in

i
in

d
ex

am
on

gs
t

al
l

p
os

si
b
le

sp
li
ts

ca
n

b
e

fo
u
n
d

in
B

re
im

a
n

et
al

.
(1

98
4)

an
d

R
ip

le
y

(1
99

6)
.

T
h
er

ef
or

e,
in

b
ot

h
re

gr
es

si
on

an
d

b
in

ar
y

cl
as

si
fi
ca

ti
on

tr
ee

s,
w

e
n
ot

e
th

a
t

th
e

o
p
ti

m
a
l

sp
li
tt

in
g

cr
it

er
io

n
S∗ p

fo
r

a
ca

te
go

ri
ca

l
p
re

d
ic

to
r
p

ca
n

b
e

ex
p
re

ss
ed

in
te

rm
s

of
th

e
cr

it
er

io
n
’s

as
so

ci
at

ed
op

ti
m

al
n
u
m

er
ic

p
se

u
d
o

sp
li
t

p
oi

n
t
s̃∗ p

an
d

th
e

re
q
u
is

it
e

m
ea

n
s

or
k

=
1

re
sp

o
n
se

cl
as

s
p
ro

p
or

ti
on

s
γ
p
(q

)
of

th
e

u
n
or

d
er

ed
le

ve
ls
q
∈
Q

of
p

a
s

fo
ll
ow

s:

•
T

h
e

u
n
or

d
er

ed
le

ve
ls

of
p

th
at

ar
e

b
ei

n
g

se
n
t

le
ft

h
av

e
m

ea
n
s

or
k

=
1

re
sp

o
n
se

cl
as

s
p
ro

p
or

ti
on

s
γ
p
(q

)
th

at
ar

e
le

ss
th

a
n

o
r

eq
u

a
l

to
s̃∗ p

:

S∗ p
=
{ q
∈
Q

:
γ
p
(q

)
≤
s̃∗ p
} .

(1
0
)

•
T

h
e

u
n
or

d
er

ed
le

v
el

s
of
p

th
at

ar
e

b
ei

n
g

se
n
t

ri
gh

t
h
av

e
m

ea
n
s

or
k

=
1

re
sp

o
n
se

cl
as

s
p
ro

p
or

ti
on

s
γ
p
(q

)
th

at
ar

e
gr

ea
te

r
th

a
n
s̃∗ p

:

S∗ p
′ =

{ q
∈
Q

:
γ
p
(q

)
>
s̃∗ p
} .

(1
1
)

A
s

w
e

la
te

r
d
is

cu
ss

in
S
ec

ti
on

3,
eq

u
at

io
n
s

(1
0)

an
d

(1
1)

le
ad

to
in

h
er

en
t

d
iff

er
en

ce
s

in
th

e
le

ft
an

d
ri

gh
t

d
au

gh
te

r
n
o
d
es

w
h
en

sp
li
tt

in
g

a
m

ot
h
er

n
o
d
e

on
a

ca
te

go
ri

ca
l

p
re

d
ic

to
r

in
C

A
R

T
—

d
iff

er
en

ce
s

th
at

ca
n

h
av

e
si

g
n
ifi

ca
n
t

ra
m

ifi
ca

ti
o
n
s

w
h
en

m
ak

in
g

p
re

d
ic

ti
o
n
s

a
n
d

in
fe

re
n
ce

s
fo

r
ob

se
rv

at
io

n
s

w
it

h
ab

se
n
t

le
ve

ls
.

2
.2

R
a
n

d
o
m

F
o
re

st
s

In
tr

o
d
u
ce

d
in

B
re

im
an

(2
00

1)
,

ra
n
d
om

fo
re

st
s

ar
e

an
en

se
m

b
le

le
ar

n
in

g
m

et
h
o
d

th
a
t

co
r-

re
ct

s
fo

r
ea

ch
in

d
iv

id
u
al

tr
ee

’s
p
ro

p
en

si
ty

to
ov

er
fi
t

th
e

tr
ai

n
in

g
se

t.
T

h
is

is
a
cc

o
m

p
li
sh

ed
th

ro
u
gh

th
e

u
se

of
b
ag

gi
n
g

an
d

a
C

A
R

T
-l

ik
e

tr
ee

le
ar

n
in

g
al

go
ri

th
m

in
or

d
er

to
b
u
il
d

a
la

rg
e

co
ll
ec

ti
on

of
“d

e-
co

rr
el

at
ed

”
d
ec

is
io

n
tr

ee
s.
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T
h
e
“
A
b
se

n
t
L
e
v
e
l
s”

P
r
o
b
l
e
m

2
.2
.1

B
a
g
g
in
g

P
ro

p
o
sed

in
B

reim
an

(1996a),
b
aggin

g
is

an
en

sem
b
lin

g
tech

n
iq

u
e

for
im

p
rov

in
g

th
e

accu
-

ra
cy

a
n
d

sta
b
ility

of
m

o
d
els.

S
p

ecifi
cally,

given
a

train
in

g
set

Z
=
{
(x

1 ,y
1 ),(x

2 ,y
2 ),...,(x

N
,y
N

)}
,

th
is

is
a
ch

ieved
b
y

rep
eated

ly
sam

p
lin

g
N
′
ob

serva
tion

s
w

ith
rep

lacem
en

t
from

Z
in

ord
er

to
g
en

era
te
B

b
o
o
tstrap

p
ed

train
in

g
sets

Z
1 ,Z

2 ,...,Z
B

,
w

h
ere

u
su

ally
N
′

=
N

.
A

sep
arate

m
o
d
el

is
th

en
train

ed
on

each
b

o
otstrap

p
ed

train
in

g
set

Z
b ,

w
h
ere

w
e

d
en

ote
m

o
d
el
b’s

p
red

iction
o
n

a
n

ob
servation

x
as
f̂
b (x

).
H

ere,
sh

ow
in

g
each

m
o
d
el

a
d
iff

eren
t

b
o
otstrap

p
ed

sa
m

p
le

h
elp

s
to

d
e-correlate

th
em

,
an

d
th

e
overall

b
agged

estim
ate

f̂
(x

)
for

an
ob

servation
x

ca
n

th
en

b
e

ob
tain

ed
b
y

av
eragin

g
over

a
ll

of
th

e
in

d
iv

id
u
al

p
red

iction
s

in
th

e
case

of
reg

ressio
n

f̂
(x

)
=

1B

B
∑b=

1

f̂
b (x

),

o
r

b
y

ta
k
in

g
th

e
m

a
jority

v
ote

in
th

e
case

of
classifi

cation

f̂
(x

)
=

arg
m

ax
k∈K

(
B
∑b=

1

I (
f̂
b (x

)
=
k ) )

.

O
n
e

im
p

o
rtan

t
asp

ect
of

b
aggin

g
is

th
e

fact
th

at
each

train
in

g
ob

servation
n

w
ill

on
ly

a
p
p

ea
r

“
in

-b
a
g
”

in
a

su
b
set

of
th

e
b

o
otstrap

p
ed

train
in

g
sets

Z
b .

T
h
erefore,

fo
r

each
train

in
g

o
b
serva

tio
n
n

,
an

“ou
t-of-b

ag”
(O

O
B

)
p
red

iction
can

b
e

con
stru

cted
b
y

on
ly

con
sid

erin
g

th
e

su
b
set

o
f

m
o
d
els

in
w

h
ich

n
d
id

n
ot

ap
p

ea
r

in
th

e
b

o
otstrap

p
ed

train
in

g
set.

M
oreover,

a
n

O
O

B
erro

r
for

a
b
agged

m
o
d
el

can
b

e
ob

tain
ed

b
y

evalu
atin

g
th

e
O

O
B

p
red

iction
s

for
a
ll
N

tra
in

in
g

ob
servation

s—
a

p
erform

a
n
ce

m
etric

w
h
ich

h
elp

s
to

allev
iate

th
e

n
eed

for
cro

ss-va
lid

a
tio

n
or

a
sep

arate
test

set
(B

reim
an

,
1996b

).

2
.2
.2

C
A
R
T
-L

ik
e
T
r
e
e
L
e
a
r
n
in
g

A
l
g
o
r
it
h
m

In
th

e
ca

se
o
f

ran
d
om

forests,
th

e
m

o
d
el

th
at

is
b

ein
g

train
ed

on
each

in
d
iv

id
u
al

b
o
ot-

stra
p
p

ed
tra

in
in

g
set

Z
b

is
a

d
ecision

tree
w

h
ich

is
grow

n
u
sin

g
th

e
C

A
R

T
m

eth
o
d
ology,

b
u
t

w
ith

tw
o

k
ey

m
o
d
ifi

cation
s.

F
irst,

a
s

m
en

tion
ed

p
rev

iou
sly

in
S
ection

2,
th

e
trees

th
at

are
grow

n
in

ran
d
om

forests
are

g
en

era
lly

n
o
t

p
ru

n
ed

(B
reim

an
,

2001).
A

n
d

secon
d
,

in
stead

of
con

sid
erin

g
all

P
p
red

ictors
a
t

a
sp

lit,
o
n
ly

a
ran

d
om

ly
selected

su
b
set

of
th

e
P

p
red

ictors
is

allow
ed

to
b

e
u
sed

—
a

restrictio
n

w
h
ich

h
elp

s
to

d
e-correlate

th
e

trees
b
y

p
lacin

g
a

con
strain

t
on

h
ow

sim
ila

rly
th

ey
ca

n
b

e
g
row

n
.

T
h
is

p
ro

cess,
w

h
ich

is
k
n
ow

n
as

th
e

ran
d
om

su
b
sp

ace
m

eth
o
d
,

w
as

d
evelo

p
ed

in
A

m
it

an
d

G
em

an
(1997)

an
d

H
o

(1998).

3
.
T
h
e
A
b
se
n
t
L
e
v
e
ls

P
ro

b
le
m

In
S
ectio

n
1
,
w

e
d
efi

n
ed

th
e

ab
sen

t
levels

p
rob

lem
as

th
e

in
h
eren

t
issu

e
for

d
ecision

tree
b
ased

m
eth

o
d
s

o
ccu

rrin
g

w
h
en

ever
th

ere
is

an
in

d
eterm

in
acy

over
h
ow

to
h
an

d
le

an
ob

servation
th

a
t

h
a
s

rea
ch

ed
a

categorical
sp

lit
w

h
ich

w
as

d
eterm

in
ed

w
h
en

th
e

ob
servation

in
q
u
estion

’s

7
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A
u

level
w

as
ab

sen
t

d
u
rin

g
train

in
g,

an
d

w
e

d
escrib

ed
th

e
th

ree
d
iff

eren
t

w
ay

s
in

w
h
ich

th
e

ab
sen

t
levels

p
rob

lem
can

arise.
T

h
en

,
in

S
ection

2.1.2,
w

e
d
iscu

ssed
h
ow

th
e

levels
of

a
categorical

p
red

ictor
p

w
h
ich

w
ere

p
resen

t
in

th
e

m
oth

er
n
o
d
e
N
M

d
u
rin

g
train

in
g

w
ere

u
sed

to
d
eterm

in
e

its
op

tim
al

sp
littin

g
criterion

S
∗p .

In
th

is
section

,
w

e
in

vestigate
th

e
p

oten
tial

con
seq

u
en

ces
of

overlo
ok

in
g

th
e

ab
sen

t
lev

els
p
rob

lem
w

h
ere,

for
a

ca
tegorical

p
red

ictor
p

w
ith

Q
u
n
ord

ered
lev

els
w

h
ich

are
in

d
ex

ed
b
y

th
e

setQ
=
{1
,2
,...,Q

}
,

w
e

n
ow

also
fu

rth
er

d
en

ote
th

e
su

b
set

of
th

e
levels

of
p

th
at

w
ere

p
resen

t
or

ab
sen

t
in

th
e

m
oth

er
n
o
d
e
N
M

d
u
rin

g
train

in
g,

resp
ectively,

as
follow

s:

Q
P

=
{q∈

Q
:|{n

∈
N
M

:
x
n
p

=
q}|

>
0}
,

Q
A

=
{q∈

Q
:|{n

∈
N
M

:
x
n
p

=
q}|

=
0}
.

(12)

S
p

ecifi
cally,

b
y

d
o
cu

m
en

tin
g

h
ow

ab
sen

t
lev

els
h
ave

b
een

h
an

d
led

b
y

B
reim

an
an

d
C

u
tler’s

ran
d
om

forests
F
O
R
T
R
A
N

co
d
e

an
d

th
e
r
a
n
d
o
m
F
o
r
e
s
t
R

p
a
ckage,

w
e

sh
ow

h
ow

failin
g

to
accou

n
t

for
th

e
ab

sen
t

lev
els

p
rob

lem
can

sy
stem

atically
b
ias

a
m

o
d
el

in
p
ractice.

H
ow

ever,
alth

ou
gh

ou
r

in
vestigation

s
are

m
otivated

b
y

th
ese

tw
o

p
articu

lar
softw

are
im

p
lem

en
tation

s
of

ran
d
om

forests,
w

e
em

p
h
asize

th
at

th
e

ab
sen

t
levels

p
rob

lem
is,

fi
rst

an
d

forem
ost,

an
in

trin
sic

m
eth

o
d
ological

issu
e

for
d
ecision

tree
b
ased

m
eth

o
d
s.

3
.1

R
e
g
re

ssio
n

F
or

regression
trees

u
sin

g
a

sq
u
ared

error
n
o
d
e

im
p
u
rity

m
easu

re,
recall

from
ou

r
d
iscu

ssion
s

in
S
ection

2.1.2
an

d
eq

u
ation

s
(6),

(10),
an

d
(11),

th
at

th
e

sp
lit

of
a

m
oth

er
n
o
d
eN

M
on

a
categorical

p
red

ictor
p

can
b

e
ch

aracterized
in

term
s

o
f

th
e

sp
littin

g
criterion

’s
asso

ciated
op

tim
al

n
u
m

eric
p
seu

d
o

sp
lit

p
oin

t
s̃ ∗p

an
d

th
e

m
ean

s
γ
p (q)

of
th

e
u
n
ord

ered
lev

els
q
∈
Q

of
p

as
follow

s:

•
T

h
e

u
n
ord

ered
levels

of
p

b
ein

g
sen

t
left

h
ave

m
ean

s
γ
p (q)

th
at

are
less

th
a
n

o
r

equ
a
l

to
s̃ ∗p .

•
T

h
e

u
n
ord

ered
levels

of
p

b
ein

g
sen

t
righ

t
h
ave

m
ean

s
γ
p (q)

th
at

are
grea

ter
th

a
n
s̃ ∗p .

F
u
rth

erm
ore,

recall
from

(2),
th

at
a

n
o
d
e’s

p
red

iction
is

given
b
y

th
e

m
ean

of
th

e
tra

in
in

g
resp

on
ses

th
at

are
in

th
e

n
o
d
e.

T
h
erefore,

b
ecau

se
th

e
p
red

iction
of

each
d
au

gh
ter

n
o
d
e

can
b

e
ex

p
ressed

as
a

w
eigh

ted
average

over
th

e
m

ean
s
γ
p (q)

of
th

e
p
resen

t
levels

q∈
Q
P

th
at

are
b

ein
g

sen
t

to
it,

it
follow

s
th

at
th

e
left

d
a
u

gh
ter

n
od

e
N
L

w
ill

a
lw

a
ys

give
a

p
red

ictio
n

th
a
t

is
sm

a
ller

th
a
n

th
e

righ
t

d
a
u

gh
ter

n
od

e
N
R

w
h
en

sp
littin

g
o
n

a
ca

tego
rica

l
p
red

icto
r
p

in
a

regressio
n

tree
th

a
t

u
ses

a
squ

a
red

erro
r

n
od

e
im

p
u

rity
m

ea
su

re.
In

term
s

of
ex

ecu
tion

,
b

oth
th

e
ran

d
om

forests
F
O
R
T
R
A
N

co
d
e

an
d

th
e
r
a
n
d
o
m
F
o
r
e
s
t

R
p
ackage

em
p
loy

th
e

p
seu

d
o

valu
e

p
ro

ced
u
re

for
regression

th
at

w
as

d
escrib

ed
in

S
ection

2.1.2
w

h
en

d
eterm

in
in

g
th

e
op

tim
al

sp
littin

g
criterion

S
∗p

for
a

categorical
p
red

ictor
p
.

H
ow

ever,
th

e
co

d
e

th
at

is
resp

on
sib

le
for

calcu
latin

g
th

e
m

ean
γ
p (q)

w
ith

in
each

u
n
o
rd

ered
level

q∈
Q

as
in

eq
u
ation

(6)
b

eh
aves

as
follow

s:

γ
p (q)

=

{
ave(y

n
|
n
∈
N
M

an
d
x
n
p

=
q)

if
q∈
Q
P

0
if
q∈
Q
A
,

w
h
ere
Q
P

an
d
Q
A

are,
resp

ectively,
th

e
p
resen

t
an

d
ab

sen
t

levels
of
p

as
d
efi

n
ed

in
(12).
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T
h
e
“
A
b
se

n
t
L
e
v
e
l
s”

P
r
o
b
l
e
m

A
lt

h
ou

gh
th

is
“z

er
o

im
p
u
ta

ti
on

”
of

th
e

m
ea

n
s
γ
p
(q

)
fo

r
th

e
ab

se
n
t

le
ve

ls
q
∈
Q
A

is
in

co
n
se

q
u
en

ti
al
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p
ar

ti
cu

la
r,

b
y

(1
0)

an
d

(1
1)

,
th

e
ab

se
n
t

le
ve

ls
q
∈
Q
A

w
il
l

b
e

se
n
t

le
ft

if
s̃∗ p
≥

0,
an

d
th

ey
w

il
l

b
e

se
n
t

ri
gh

t
if
s̃∗ p
<

0.
B

u
t,

d
u
e

to
th

e
sy

st
em

at
ic

d
iff

er
en

ce
s

th
at

ex
is

t
am

on
gs

t
th

e
tw

o
d
au

gh
te

r
n
o
d
es

,
th

is
ar

b
it

ra
ry

d
ec

is
io

n
of

se
n
d
in

g
th

e
ab

se
n
t

le
v
el

s
le

ft
ve

rs
u
s

ri
gh

t
ca

n
si

gn
ifi

ca
n
tl

y
im

p
ac

t
th

e
p
re

d
ic

ti
on

s
th

at
ar

e
m

ad
e

on
o
b
se

rv
at

io
n
s

w
it

h
ab

se
n
t

le
v
el

s—
ev

en
th

ou
gh

th
e

m
o
d
el

’s
fi
n
al

p
re

d
ic

ti
on

s
w

il
l

al
so

d
ep

en
d

on
an

y
en

su
in

g
sp

li
ts

w
h
ic

h
ta

ke
p
la

ce
af

te
r

th
e

ab
se

n
t

le
ve

ls
p
ro

b
le

m
o
cc

u
rs

,
o
b
se

rv
at

io
n
s

w
it

h
ab

se
n
t

le
ve

ls
w

il
l

te
n
d

to
b

e
b
ia

se
d

to
w

a
rd

s
sm

al
le

r
p
re

d
ic

ti
on

s
w

h
en

th
ey

ar
e

se
n
t

to
th

e
le

ft
d
au

gh
te

r
n
o
d
e,

an
d

th
ey

w
il
l

te
n
d

to
b

e
b
ia

se
d

to
w

ar
d
s

la
rg

er
p
re

d
ic

ti
on

s
w

h
en

th
ey

ar
e

se
n
t

to
th

e
ri

gh
t

d
au

gh
te

r
n
o
d
e.

In
ad

d
it

io
n
,

th
is

b
eh

av
io

r
al

so
im

p
li
es

th
at

th
e

ra
n
d
om

fo
re

st
re

gr
es

si
o
n

m
o
d
el

s
w

h
ic

h
ar

e
tr

ai
n
ed

u
si

n
g

ei
th

er
th

e
ra

n
d
om

fo
re

st
s
F
O
R
T
R
A
N

co
d
e

or
th

e
r
a
n
d
o
m
F
o
r
e
s
t
R

p
ac

ka
ge

ar
e

se
n
si

ti
ve

to
th

e
se

t
of

p
os

si
b
le

va
lu

es
th

at
th

e
tr

ai
n
in

g
re

sp
on

se
s

ca
n

ta
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p
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d
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r
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∈
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∈
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∈
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r
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b
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b
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ev
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n
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e
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b
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n
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n
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b
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d
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d
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p
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d
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p
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b
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v
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a
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d
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b
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a
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p
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d
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ra
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b
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b
e

im
p

le
m

en
te

d
in

th
e

co
d

e.

10
JM

L
R

 1
9(

45
):

1-
30

, 2
01

8



T
h
e
“
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b
se

n
t
L
e
v
e
l
s”

P
r
o
b
l
e
m

(th
e

b
its

th
a
t
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“tu

rn
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an
d

w
h
ich

u
n
ord

ered
lev
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righ
t

(th
e

b
its

th
at

are
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tu

rn
ed

o
ff
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o
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con
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er
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e
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ation

w
h
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categorical

p
red

ictor
p

h
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fou
r

u
n
o
rd

ered
levels,

an
d

w
h
ere

th
e

in
teger

en
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d
in

g
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th
e

sp
lit

is
5.

In
th

is
case,

sin
ce
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is

th
e

b
in

a
ry

rep
resen

tation
of

th
e

in
teger

5
(b

ecau
se

5
=

[0]·2
3

+
[1]·2

2
+

[0]·2
1

+
[1]·2

0),
levels

1
a
n
d

3
g
et

sen
t

left
w

h
ile

levels
2

an
d

4
get

sen
t

righ
t.

N
ow

,
w

h
en

ex
ecu

tin
g

an
ex

h
au

stiv
e

search
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n
d

th
e

op
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al
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littin
g
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S
∗p

fo
r

a
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teg
o
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red
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p

w
ith
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u
n
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levels,
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F
O
R
T
R
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N
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d
e
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n
d
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e
r
a
n
d
o
m
F
o
r
e
s
t
R

p
ackage
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b
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e
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ro
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−
1−

1
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r
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n
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n
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u

n
d
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n

t
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n
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o
f
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e

u
n

o
rd

ered
levels

o
f

p
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r

p
a
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eva
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a
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in
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g
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en
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l
o
rd

er
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rtin
g
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m

1
a
n

d
en

d
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g
a
t

2
Q
−
1−

1
,

w
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th
e
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o
ice

o
f

th
e

o
p
tim

a
l
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g
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n
S
∗p

bein
g

u
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a
ted
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a
n

d
o
n

ly
if

th
e

resu
ltin

g
w

eigh
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G
in

i
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d
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n
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e
im

p
u
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m
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strictly

im
p
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B

u
t
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ce

th
e
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sen

t
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∈
Q
A
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n
ot

p
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th
e
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er
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o
d
e
N
M

d
u
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g
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in
in

g
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sen
d
in

g
th
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left

o
r

righ
t

h
a
s

n
o
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o
n

th
e

resu
ltin

g
w

eigh
ted

G
in

i
in

d
ex.

A
n
d

b
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u
se

tu
rn

in
g
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th

e
b
it

for
an

y
p
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lar
level

q
w

h
ile

h
old

in
g

th
e

b
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for
all

of
th

e
o
th

er
lev

els
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n
stan

t
w

ill
alw

ay
s

resu
lt

in
a

larger
in

teger,
it
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s

th
at

th
e

exh
a
u

stive
sea

rch
th

a
t

is
u

sed
by

th
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tw
o

so
ftw

a
re

im
p
lem

en
ta

tio
n

s
w

ill
a
lw

a
ys

p
refer

sp
lits

th
a
t

sen
d

a
ll

o
f

th
e

a
bsen

t
levels

righ
t

sin
ce

th
ey

a
re

a
lw

a
ys

ch
ecked

befo
re

a
n

y
o
f

th
eir

a
n

a
logo

u
s

G
in

i
in

d
ex

equ
iva

len
t

sp
lits

th
a
t

sen
d

so
m

e
o
f

th
e

a
bsen

t
levels

left.
F

u
rth

erm
ore,

in
th

eir
ex

h
au

stive
search

,
th

e
leftm

ost
b
it

corresp
on

d
in

g
to

th
e
Q
th

in
-

d
ex

ed
u
n
o
rd

ered
level
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a

categorical
p
red

ictor
p

is
alw

ay
s

tu
rn

ed
o
ff

sin
ce

ch
eck

in
g

th
e

sp
lits

w
h
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th
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b
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rn
ed

on
w

ou
ld

b
e

red
u
n
d
an

t—
th
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w

ou
ld
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ou

n
t

to
ju

st
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ap
-

p
in

g
th

e
“left”

an
d

“righ
t”

d
au

gh
ter

n
o
d
e

lab
els

for
sp

lits
th
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h
av

e
alread

y
b

een
evalu

ated
.

C
o
n
seq

u
en

tly,
th

e
Q
th

in
d
ex

ed
lev

el
of
p

w
ill

also
alw

ay
s

b
e

sen
t

to
th

e
righ

t
d
au

gh
ter

n
o
d
e

a
n
d
,

a
s

a
resu

lt,
th

e
classifi

cation
s

for
ob

servation
s

w
ith

ab
sen

t
levels

w
ill

ten
d

to
b

e
b
iased

tow
a
rd

s
th

e
resp

on
se

class
d
istrib

u
tion

of
th

e
train

in
g

ob
servation

s
in

th
e

m
oth

er
n
o
d
eN

M
th

a
t

b
elo

n
g

to
th

is
Q
th

in
d
ex

ed
lev

el.
T

h
erefore,

alth
ou

gh
it

m
ay

sou
n
d

con
trad

ictory,
th

is
a
lso

im
p
lies

th
a
t

th
e

ran
d
om

forest
m

u
lticlass

classifi
cation

m
o
d
els

w
h
ich

are
train

ed
u
sin

g
eith

er
th

e
ra

n
d
om

forests
F
O
R
T
R
A
N

co
d
e

or
th

e
r
a
n
d
o
m
F
o
r
e
s
t
R

p
ackage

m
ay

b
e

sen
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to
th

e
a
ctu

a
l

ord
erin

g
of

a
categorical

p
red

ictor’s
u
n
ord

ered
levels—

a
reord

erin
g

of
th

ese
levels

co
u
ld

p
o
ten

tially
in

terch
an

ge
th

e
“left”

an
d

“righ
t”

d
au

g
h
ter

n
o
d
e

la
b

els,
w

h
ich
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ld

th
en

su
b
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u
en

tly
aff

ect
th

e
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cation
s

th
at

are
m
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e

for
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servation
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w
ith
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t
levels

sin
ce

th
ey

w
ill

alw
ay

s
b

e
sen

t
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w
h
ich

ever
n
o
d
e

en
d
s

u
p

b
ein

g
d
esign

ated
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th
e

“righ
t”

d
a
u
g
h
ter

n
o
d
e.

F
in

a
lly,

w
h
en

a
categorical

p
red

ictor
p

h
as

to
o

m
an

y
levels

for
an

ex
h
a
u
stive

search
to

b
e

co
m

p
u
ta

tio
n
ally

effi
cien

t,
b

oth
th

e
ran

d
om

fo
rests

F
O
R
T
R
A
N

co
d
e

an
d

th
e
r
a
n
d
o
m
F
o
r
e
s
t

R
p
a
cka

g
e

w
ill

resort
to

ap
p
rox

im
atin

g
th

e
op

tim
al

sp
littin

g
criterion

S
∗p

w
ith

th
e

b
est

sp
lit

th
a
t

w
a
s

fo
u
n
d
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on

gst
a
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n
u
m

b
er

of
ran

d
om
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gen
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lits. 4
T

h
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is
accom

p
lish

ed
b
y

ra
n
d
o
m

ly
settin

g
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of
th

e
b
its

in
th

e
b
in

ary
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resen
tation

s
o
f

th
e

sp
lits
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eith

er
a

3T
h

e
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n
d

o
m

fo
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F
O
R
T
R
A
N
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d

e
w

ill
u

se
a
n

ex
h

a
u

stiv
e

sea
rch

fo
r

b
o
th

b
in

a
ry

a
n

d
m

u
lticla

ss
cla

ssi-
fi

ca
tio

n
w

h
en

ev
er
Q
<

2
5
.

In
v
ersio

n
4
.6

-1
2

o
f

th
e
r
a
n
d
o
m
F
o
r
e
s
t
R

p
a
cka

g
e,

a
n

ex
h

a
u

stiv
e

sea
rch

w
ill

b
e

u
sed

fo
r

b
o
th

b
in

a
ry

a
n

d
m

u
lticla

ss
cla

ssifi
ca

tio
n

w
h

en
ev

er
Q
<

1
0
.

4T
h

e
ra

n
d

o
m

fo
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F
O
R
T
R
A
N
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d

e
w

ill
u

se
a

ra
n

d
o
m

sea
rch

fo
r

b
o
th

b
in

a
ry

a
n

d
m

u
lticla
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cla

ssifi
ca

tio
n

w
h

en
ev

er
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≥
2
5
.

In
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n
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m
F
o
r
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a
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n
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b
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u
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e
m

u
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cla
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n
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A
u

0
or

a
1—

a
p
ro

ced
u
re

w
h
ich

u
ltim

ately
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lts
in

each
ab

sen
t

lev
el

b
ein

g
ran

d
om

ly
sen

t
to

eith
er

th
e

left
or

righ
t

d
au

gh
ter

n
o
d
e

w
ith

eq
u
al

p
rob

ab
ility.

A
s

a
resu

lt,
alth

ou
gh

th
e

ab
sen

t
levels

p
rob

lem
can

still
o
ccu

r
in

th
ese

situ
a
tion

s,
it

is
d
iffi

cu
lt

to
d
eterm

in
e

w
h
eth

er
it

resu
lts

in
an

y
sy

stem
atic

b
ias.

H
ow

ever,
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still
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n

op
en

q
u
estion
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to

w
h
eth

er
or

n
ot
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ch

a
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en
t
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sen
t
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els
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ffi
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e
u
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r
M

itig
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g
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e
A
b
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n
t
L
e
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ro

b
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m
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ou
gh
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p
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e

ab
sen
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rob
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b
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d
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e
scop

e
of
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p
ap

er,
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w

e
b
riefl

y
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er

several
h
eu

ristics
w

h
ich

m
ay

b
e

ab
le

to
h
elp

m
itigate

th
e

issu
e.

L
ater,

in
S
ection

5,
w

e
em

p
irically

evalu
ate

an
d

com
p
are

h
ow

som
e

of
th

ese
h
eu

ristics
p

erform
in

p
ractice

w
h
en

th
ey

are
ap

p
lied

to
th

ree
real

d
ata

ex
am

p
les.

4
.1

M
issin

g
D

a
ta

H
e
u

ristic
s

E
ven

th
ou

gh
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sen
t

levels
are

fu
lly

ob
served

an
d

k
n
ow

n
,

th
e

m
issin

g
d
ata

literatu
re

for
d
ecision

tree
b
ased

m
eth

o
d
s

is
still

p
erh

ap
s

th
e

area
of

ex
istin

g
research
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ost
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to

th
e

ab
sen

t
levels

p
rob

lem
.
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S
t
o
p

O
n
e
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issin
g
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for
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g
w
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sen
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levels
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b
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to
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p
ly
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an

ob
servation

from
goin

g
fu

rth
er

d
ow

n
th

e
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w
h
en

ever
th

e
issu

e
o
ccu

rs
an

d
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st
u
se

th
e

m
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er
n
o
d
e

for
p
red

iction
—

a
m

issin
g

d
ata

ap
p
ro

ach
w

h
ich

h
as

b
een
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op

ted
b
y

b
oth

th
e
r
p
a
r
t
R

p
ackage

for
C

A
R

T
(T

h
ern

ea
u

et
al.,

2015)
an

d
th

e
g
b
m
R

p
ackage

for
gen

eralized
b

o
osted

regression
m

o
d
els

(R
id

gew
ay

,
2013).

E
v
en

w
ith

th
is

m
issin

g
d
ata

fu
n
ction

ality
alread

y
in

p
lace,

h
ow

ever,
th

e
g
b
m
R

p
ackage

h
as

still
h
ad

its
ow

n
issu

es
in

read
ily

ex
ten

d
in

g
it

to
th

e
case

of
ab

sen
t

levels—
serv

in
g
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an

oth
er

ex
am

p
le

of
a
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are

im
p
lem

en
tation

of
a

d
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tree
b
ased

m
eth

o
d

th
a
t

h
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overlo
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an

d
su

ff
ered

from
th

e
ab

sen
t

levels
p
rob

lem
. 5

4
.1
.2

D
ist

r
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u
t
io
n
-B

a
se

d
Im

p
u
t
a
t
io
n
(D

B
I)

A
n
oth

er
p

oten
tial

m
issin

g
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b
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d
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u
in
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d
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Figure2:PairwisedifferencesintheOOBpredictionsasafunctionoftheOOBabsenceproportionsinthe1985AutoImports
dataset.Eachpanelplotsthemeanandmiddle95%ofthedifferencesacrossall1000experimentalreplicationswhenthe
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(h
1
)

n
r

=
ŷ
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Figure 5: Pairwise Cohen’s kappa coefficients for the seven different heuristics as defined in (14) when the random forests algo-
rithm’s default majority vote discrimination threshold of 0.5 is used in the PROMESA data set. Each panel plots the
histogram of coefficients across all 1000 experimental replications when the OOB classifications of the heuristic that
is labeled at the right of the panel’s row are compared against the OOB classifications of the heuristic that is labeled
at the top of the panel’s column. Cohen’s kappa coefficients were calculated within each of the 1000 experimental
replications to account for the positive correlation between the naive and missing data heuristics.
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t
p
an

el
of

F
ig

u
re

7
.

5
.3
.1

N
a
iv
e
H
e
u
r
is
t
ic
s

A
lt

h
ou

gh
w

e
on

ce
ag

ai
n

st
re

ss
th

e
sy

st
em

at
ic

al
ly

b
ia

se
d

n
at

u
re

of
th

e
L

ef
t

an
d

R
ig

h
t

h
eu

ri
s-

ti
cs

,
w

e
n
ot

e
fr

om
F

ig
u
re

7
th

at
th

e
tw

o
n
ai

ve
h
eu

ri
st

ic
s

ar
e

so
m

et
im

es
ab

le
to

o
u
tp

er
fo

rm
th

e
m

is
si

n
g

d
at

a
h
eu

ri
st

ic
s.

N
ev

er
th

el
es

s,
on

av
er

ag
e,

th
e

L
ef

t
an

d
R

ig
h
t

h
eu

ri
st

ic
s

re
su

lt
ed

in
lo

g
lo

ss
es

th
at

ar
e

0
.7

%
an

d
1
.9

%
w

or
se

th
an

th
e

b
es

t
p

er
fo

rm
in

g
m

is
si

n
g

d
a
ta

h
eu

ri
st

ic
,

re
sp

ec
ti

ve
ly

.

5
.3
.2

M
is
si
n
g

D
a
t
a
H
e
u
r
is
t
ic
s

F
ig

u
re

7
sh

ow
s

th
at

fo
r

th
is

p
ar

ti
cu

la
r

ex
am

p
le

,
th

e
M

a
jo

ri
ty

an
d

R
an

d
om

h
eu

ri
st

ic
s

p
er

-
fo

rm
ro

u
gh

ly
on

p
ar

w
it

h
on

e
an

ot
h
er

,
an

d
th

at
th

ey
b

o
th

al
so

si
gn

ifi
ca

n
tl

y
o
u
tp

er
fo

rm
th

e
S
to

p
an

d
D

B
I

h
eu

ri
st

ic
s—

th
e

sm
al

le
st

lo
g

lo
ss

am
on

gs
t

al
l

of
th

e
m

is
si

n
g

d
a
ta

h
eu

ri
s-

ti
cs

w
as

ac
h
ie

ve
d

b
y

ei
th

er
th

e
M

a
jo

ri
ty

or
th

e
R

an
d
om

h
eu

ri
st

ic
in

99
9

o
u
t

o
f

th
e

1
0
0
0

ex
p

er
im

en
ta

l
re

p
li
ca

ti
on

s.

5
.3
.3

F
e
a
t
u
r
e
E
n
g
in
e
e
r
in
g

H
e
u
r
is
t
ic

It
ca

n
al

so
b

e
ob

se
rv

ed
fr

om
F

ig
u
re

7
th

at
,

al
th

ou
gh

th
e

O
n
e-

H
ot

h
eu

ri
st

ic
ca

n
o
cc

a
si

o
n
a
ll
y

ou
tp

er
fo

rm
th

e
m

is
si

n
g

d
at

a
h
eu

ri
st

ic
s,

on
av

er
ag

e,
it

y
ie

ld
s

a
lo

g
lo

ss
th

at
is

4
.5

%
w

o
rs

e
th

an
th

e
b

es
t

p
er

fo
rm

in
g

m
is

si
n
g

d
a
ta

h
eu

ri
st

ic
.
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:

L
o
g

losses
for

th
e

O
O

B
p
red
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resp

on
se

cla
ss

p
rob

ab
ilities

of
th

e
seven

h
eu

ris-
tics

in
th

e
P

ittsb
u
rgh

B
rid

ges
d
ata.

T
h
e

left
p
an

el
sh

ow
s

b
ox

p
lots

of
each

h
eu

ris-
tic’s

m
argin

al
d
istrib

u
tion
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log

losses
set

across
a
ll

1000
ex

p
erim

en
tal

rep
lica-

tio
n
s,

w
h
ich

ign
ores

th
e

p
ositive

correlation
th

at
ex

ists
b

etw
een

th
e

n
aiv

e
an

d
m

issin
g

d
ata

h
eu

ristics.
T

h
e

righ
t

p
an

el
accou

n
ts

for
th

is
p

ositiv
e

correlation
b
y
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m

p
arin

g
th

e
log

losses
of

th
e

h
eu

ristics
relative

to
th

e
b

est
log

lo
ss

th
at

w
as

o
b
-
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in

ed
am

on
gst

th
e

m
issin

g
d
ata

h
eu

ristics
w

ith
in

each
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th
e

1000
ex

p
erim

en
tal

rep
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s
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in
(16).

6
.
C
o
n
clu

sio
n

In
th

is
p
a
p

er,
w

e
in

tro
d
u
ced

an
d

in
vestigated

th
e

ab
sen

t
levels

p
rob

lem
for

d
ecision

tree
b
a
sed

m
eth

o
d
s.

In
p
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lar,
b
y

u
sin

g
B

reim
an

an
d

C
u
tler’s

ran
d
om
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F
O
R
T
R
A
N

co
d
e

a
n
d

th
e
r
a
n
d
o
m
F
o
r
e
s
t
R

p
ackage
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m
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g
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d
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w
e

sh
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ed
h
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overlo
ok

in
g

th
e

a
b
sen

t
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p
rob

lem
cou

ld
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b
ias

a
m

o
d
el.

F
u
rth
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ore,

w
e

p
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ted
th

ree
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l
d
a
ta

ex
a
m

p
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w
h
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illu
strated

h
ow
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t
levels
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d
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alter

a
m

o
d
el’s

p
erfo
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a
n
ce

in
p
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E
ven

th
o
u
g
h

a
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p
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th
e
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rob
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w
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b
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e
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d
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b
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p
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b
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d
ecision

tree
b
a
sed

m
eth

o
d
s.
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fou

n
d
,

w
e

en
cou

rage
th

e
soft-

w
a
re

im
p
lem

en
tation

s
w
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p
p
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e
n
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d
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o
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d
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h
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a
p
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m
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re
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o
u
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a
m
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e

R
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h
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w
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p

etitive
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of
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p
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o
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b
a
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n
p
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a
l
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p
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w
e

n
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th
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th
e

R
an

d
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h
eu
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w
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o
n
e
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e
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h
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p
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t
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e
r
a
n
d
o
m
F
o
r
e
s
t
R

p
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e.
In

th
e

m
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w
h
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w
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g
for
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m
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s
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m
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w
e
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u
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u
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w
h
o

rely
o
n

d
ecisio

n
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b
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m
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o
d
s

to
fea

tu
re

en
gin

eer
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eir
d
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sets
w

h
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p
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m
ven

t
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e
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sen
t
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p
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—
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gh
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r
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p
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est
th

at
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m

ay
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A
u
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etim
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b

e
d
etrim

en
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a

m
o
d
el’s

p
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w
e

b
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th
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b
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p
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th
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of
h
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in
g

to
rely
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b
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p
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w

h
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d
o

n
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u
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d
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t
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F
in
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alth

ou
gh

th
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p
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p
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fo
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th

e
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sen
t
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p
rob
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for

ran
d
om
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an

d
a

p
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b
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of
th

e
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p
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an
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in
w

h
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d
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h
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b
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u
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,
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p
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t
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th
e
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e
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sen
t

levels
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p
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m
u
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m
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b
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F

or
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p
le,

d
ecision
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b
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m
eth

o
d
s

h
ave
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b
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p
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for
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d
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g
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im

p
u
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g
m

issin
g
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es,

an
d
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g
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le
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p
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m

ea
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(B

reim
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,
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s

w
h
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d
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d
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e
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n
o
d
e

b
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of
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e
o
b
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ad
-

d
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,
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ex
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s

of
d
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tree
b
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m
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o
d
s

h
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b
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b
u
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w

h
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tly
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sen
t
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a
s
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e

q
u
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m
(M
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au
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,
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an

d
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e
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n
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k
n
ife

m
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o
d
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g

th
e
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b
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p
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(W
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al.,
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w
h
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b
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im

p
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en
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of
th

e
r
a
n
d
o
m
F
o
r
e
s
t
R

p
ackage.

In
d
eed

,
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h
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ex
ten
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d
ecision

tree
b
ased

m
eth

o
d
s

h
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b
een

u
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,
a
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n
u
m

b
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of
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m

o
d
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h
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b
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tly

an
d

u
n
-

k
n
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b
y

th
e
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t
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p
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p
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rth

er
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p
h
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g
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e
n
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for
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e
d
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m
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t
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b
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an
d
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th
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a
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n
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e.

A
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n
o
w
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d
g
e
m
e
n
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T
h
e
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th
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is

ex
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ely
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l
to

A
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O
w

en
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n
u
m
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s
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a
b
le

d
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s

an
d

in
-
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l
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m
en
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w

h
ich

su
b
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im

p
roved

th
is

p
ap

er.
T

h
e

au
th

or
w

ou
ld

a
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to

th
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k
D
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C
h
an

,
R

ob
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B
ell,

th
e

action
ed
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an

d
th

e
an

on
y
m

ou
s

rev
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for

th
eir

h
elp

fu
l

feed
b
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.
F

in
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th
e

au
th

or
w

ou
ld

like
to
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a
n
k

J
im

K
o
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T

im
H
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J
osep

h
K
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Iv
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D

ı́az,
J
in

gan
g

M
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an
d

A
iyou

C
h
en

for
m

an
y

in
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g
d
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s.

R
e
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re
n
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Y
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A
m
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d
D
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G
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S
h
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e
q
u
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an

d
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w
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d
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trees.

N
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ra
l

C
o
m

p
u
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,
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G
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B
iau

.
A

n
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of

a
ran

d
om
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m

o
d
el.

J
o
u
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a
l

o
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M
a
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e

L
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g
R
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,
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L

u
c

D
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G

áb
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L
u
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C
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J

o
u
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a
l

o
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M
a
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e

L
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rn
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g
R
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,
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L
eo

B
reim

an
.

B
aggin

g
p
red

ictors.
M

a
ch

in
e

L
ea

rn
in

g,
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1996a.

L
eo

B
reim

an
.

O
u
t-of-b

ag
estim
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T
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n
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D
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en

t
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S
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U
.C

.
B
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U

R
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h
t
t
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/
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w
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a
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b
e
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l
e
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d
u
/
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b
r
e
i
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O
B
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s
t
i
m
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o
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p
d
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L
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B
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R
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M
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e

L
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L
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B
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M
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u
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g

u
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u
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u
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b
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0 d
s
0
|
≥

(
2n d
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4n d
j

+
n

d
s 0

+
1

)
λ
∗2 n
.
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in
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it
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a
y

be
h
elp

fu
l
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loo

k
h
o
w

th
is

n
o
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a
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S
a
y

w
e

ch
oo

se
λ
∗

=
√
n

log
n

.
S

u
p
po

se
m

a
x

1≤
j≤
s
0
+

1
n
/d

j
=
O

(s
0

+
1).

T
h
en

th
e

ju
m

p
s

o
f
f

0
a
re
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ired

to
be

o
f

o
rd

er
a
t

lea
st

(s
0

+
1
) √

log
n
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.
W

e
th

en
o
bta

in
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f
∗−

f
0‖
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=
O
(

(s
0

+
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2
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.

7
.
A

L
o
w
e
r
B
o
u
n
d
in

th
e
N
o
isy

C
a
se

w
ith

F
ix
e
d
D
e
sig

n

W
e

n
ow

tu
rn

to
th

e
L

asso
β̂

in
th

e
n
oisy

case,
giv

en
b
y

β̂
∈

arg
m

in
b∈

R
p

{‖
Y
−
X
b‖

22
+

2
λ‖
b‖

1 }

w
h
ere

Y
=
X
β

0
+
ε.

W
e
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v
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a
te

th
e

case
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fi
x
ed

d
esign

X
.

R
ecall

th
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w
e
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m

e
th

rou
gh

ou
t

i.i.d
.

stan
d
ard

G
a
u
ssia

n
n
o
ise.

7
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.
T

o
w

a
rd

s
B

e
ta

m
in

C
o
n

d
itio

n
s

C
o
n
sid

er
so

m
e

v
ector

v̄
∈
R
p−
s
0

w
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0
<
v̄
j
<

1
for

all
j.

T
h
is

vector
rep

resen
ts

th
e

“n
oise”

th
a
t

is
to

b
e

overru
led

b
y

th
e

p
en

alty.
D

efi
n
e

th
e

collection
of

w
eigh

ts

W
(v̄

)
:=

{
w
∈
R
p−
s
0

:
1−

v̄
j ≤

w
j ≤

1
+
v̄
j ∀

j }
.

L
et
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r
W̄

:=
d
iag

(1
+
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)

b ∗(v̄
)∈

a
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m
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X
b‖

22
:
‖b
S
0 ‖

1 −
‖
W̄
b−

S
0 ‖

1
=

1 }
,
z ∗j (v̄

)
:=

sign
(b ∗j (v̄

)),
j∈

S
0 .

T
h
en

b
y

d
efi

n
ition
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2(1

+
v̄
,S

0 )
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0 ‖X
b ∗(v̄
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22 /n

.
W

e
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a
t

b
y

a
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-
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stm
en

t
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a
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p
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0
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∈
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con
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b‖
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:
z ∗
T
S
0
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S
0 −
‖
W
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S
0 ‖

1 ≥
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.

F
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a
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d
efi

n
e

b
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)
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m
ax

w
∈W

(v̄
) |b

j (w
)|/‖

X
b(w
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j∈

S
0 .
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p
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−
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X
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−
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0 .
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p
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it
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p
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(con
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w

e
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w
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w
e
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y

p
ro

jection
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−
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X
S
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X
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S
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0 X
−
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T
h
e

an
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ro
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X
−
S
0 A
X
S
0

=
X
−
S
0 −

X
−
S
0 P
X
S
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W
e

d
efi

n
e

th
e

m
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V
−
S
0
,−
S
0
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(
X
−
S
0 A
X
S
0 )
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X
−
S
0 A
X
S
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=
X
T−
S
0 (
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X
S
0 (X
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S
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1X
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X
−
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an
d
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S
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e
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e

d
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al
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en
ts
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th
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m

atrix
.

7
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.
A

L
o
w

e
r

B
o
u

n
d

T
h
e

m
ain
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lt
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e
n
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is

p
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e
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ex
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th
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w
e

u
se

th
e

n
otation
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an

d
d
efi

n
ition

s
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e
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o
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s.

T
h

e
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re

m
1
7

T
a
ke

fo
r

so
m

e
t
>

0
,

λ
>
‖v−

S
0 ‖∞

√
2(log

(2p
)

+
t).

(11)

D
efi

n
e

v̄
j

:=
v
j √

2(log
(2p

)
+
t)/λ

,
j
/∈
S

0

a
n

d
ū
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u
j √

2(log
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+
t)/λ
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j∈

S
0 .

w
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{
u
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S
0
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th
e

d
ia
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n
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l

elem
en
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o
f

th
e

m
a
trix

(X
TS
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S
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1.
A
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e
th
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t
κ̂

(1
+
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>
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d
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t
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d
itio

n
h
o
ld

s:

|β
0j |
>
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=
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e
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d
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√
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λ
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√
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√
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.
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S
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estim
ator

of
β

0j
for
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b
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u
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r
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h
e
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a
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e
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e
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is
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d

T
h
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n

st
u
d
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s
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e
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se
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fi
x
ed
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ig
n

an
d
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m

p
ar
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sy
L
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so

β̂
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g

m
in

b∈
R
p

{ ‖
Y
−
X
b‖

2 2
+

2
λ
‖b
‖ 1
}

w
it

h
th

e
n
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le

ss
L
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so

β
∗

:=
ar

g
m

in
b∈

R
p

{ ‖
X
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−
β

0
)‖

2 2
+

2
λ
∗ ‖
b‖

1

}

w
h
er

e
λ
∗
≤
λ

.
W

e
le

t
S
∗

b
e

ac
ti

v
e

se
t

of
β
∗

an
d

it
s
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rd

in
al

it
y
s ∗

:=
|S
∗|.

W
e

in
ve

st
ig
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e

th
e

er
ro

r
‖X

(β̂
−
β
∗ )
‖ 2

in
T

h
eo
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m

1
8.

F
or
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∗

=
0

w
e
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e

th
at
β
∗

=
β

0
an

d
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en
T

h
eo

re
m

18
gi

ve
s

a
b

ou
n
d

fo
r
‖X

(β̂
−
β

0
)‖

2
.

T
h
is
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el
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or

at
ed

u
p

on
in

C
or

ol
la

ry
19

.
T

h
e

ca
se

λ
∗

=
λ
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d
et

ai
le

d
in

C
or

ol
la

ry
20

.
T

h
e

er
ro

r
‖X

(β̂
−
β
∗ )
‖2 2
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n
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en
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s
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n
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an

d
‖X
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∗
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2
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s”
.

8
.1

.
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c
ti

o
n

s

W
e
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at
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d
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n
it

io
n
s
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m
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ar
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in

S
u
b
se
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n
s

7.
2,

n
ow

fo
r

ge
n
er

al
S

in
st

ea
d

of
ju

st
S

=
S

0
.

T
h
e

p
ro

je
ct

io
n

of
X
−
S

o
n

th
e

sp
ac

e
sp

an
n
ed

b
y

th
e

co
lu

m
n
s
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X
S
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en

ot
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P
X
S
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R
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ro
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io
n
s

ar
e

d
efi
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ed

,
al

so
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X
S

d
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ot

h
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e
fu
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m

n
ra

n
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.

T
h
e

an
ti

-p
ro

je
ct

io
n

is

X
−
S

A
X
S

:=
X
−
S
−
X
−
S

P
X
S
.

D
efi

n
e

th
e

m
at

ri
x

V
S −
S
,−
S

:=

( X
−
S

A
X
S

) T
( X

−
S

A
X
S

)

an
d

le
t
{(
v
S j

)2
} j
/∈S

b
e

th
e

d
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n
al
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em

en
ts

of
th
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m

at
ri

x
.

8
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.
U

p
p

e
r

B
o
u

n
d

R
ec

al
l

th
e

K
K

T
co

n
d
it

io
n
s

fo
r
β
∗
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v
en
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(6

),
in
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in
g

th
e
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ct

or
ζ
∗
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th

e
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b
-

d
iff

er
en

ti
al
∂
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∗ ‖

1
.

T
h

e
o
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m
1
8

F
ix

a
se

t
S

w
it

h
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rd
in

a
li

ty
|S
|=

s.
A

ss
u

m
e

th
a
t

th
a
t
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r

so
m

e
t
>

0

λ
>
‖v

S −
S
‖ ∞
√

2(
lo

g
(2
p
)

+
t)

(1
3)

a
n

d
w

ri
te

v̄
S j

:=
v
S j

√
2(

lo
g
(2
p
)

+
t)
/λ
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/∈
S
.

(1
4)

S
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<
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−
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S j
∀
j
/∈
S
.

13
JM

L
R

 1
9(

46
):

1-
48

, 2
01

8

v
a
n
d
e
G
e
e
r

D
efi

n
e

w̄
S j

:=
1
−
v̄
S j
−
λ
∗ |ζ
∗ j|
/λ

1
−
λ
∗ /
λ

,
j
/∈
S
.

W
e

h
a
ve

fo
r

a
ll
x

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

ex
p
[−
t]
−

ex
p
[−
x

]

‖X
(β̂
−
β
∗ )
‖ 2
≤
√

s

κ̂
2
(w̄

S
,S

)√
(λ
−
λ
∗ )

2

n
+
√
s

+
√

2
x
.
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)

C
o
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ll
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1
9
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w

e
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e
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n
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g
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ra
m

et
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∗

o
f
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e
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o
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a
l
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ze

ro
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T
h
eo
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m

1
8
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ve
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e
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ll
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w
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g:

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

ex
p
[−
t]
−

ex
p
[−
x

]

‖X
(β̂
−
β

0
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2
≤
√
s 0
/
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2
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−
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,S

0
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λ
2
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√
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+
√
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.

T
h
is
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lt
is
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pa
ra

bl
e

to
re
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d
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a
la
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l.
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p
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w
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h
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7
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p
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t
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o
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0

W
e
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n
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ta

ke
λ
∗

=
λ
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T

h
eo
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m

1
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.

W
e

th
en
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a
ll

y
p
u

t
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=
∞
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r

a
ll
j
/∈
S

a
n

d
w

e
p
u

t
κ̂

(w̄
)

=
∞

a
s

w
el

l.
L

et
S

w
it

h
|S
|=

s.
A
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u

m
e

th
a
t

|ζ
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<

1
−
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S j
∀
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S
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)
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h
is
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p
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S
⊃
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.
W

e
h
a
ve

w
it

h
p
ro
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bi

li
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a
t
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a
st
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−
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t]
−
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p
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]

‖X
(β̂
−
β
∗ )
‖ 2
≤
√
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√
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s
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n
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e
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r
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0
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2
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.
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ol
la

ry
20
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of

in
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w
h
en
√
s
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l
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h

T
h
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e
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Σ̂
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X
T
X
/
n

h
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a
w

el
l

b
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ed

m
ax
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n
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e

Λ̂
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a
x
.
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d
ee

d
,
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e
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n

sh
ow
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th

e
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m
e

w
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a
s
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L

em
m

a
24
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h
er

e
Σ̂
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p
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ce
d

b
y

Σ
0
)
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s
≤
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Λ̂
2 m

a
x

(1
−
‖v̄

S
‖ ∞

)2

)
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2
‖X
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∗
−
β

0
)‖

2 2
.

T
h
u
s

if
Λ̂

2 m
a
x
/
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Σ̂
‖ ∞

(1
−
‖v̄

S
‖ ∞
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)

=
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g
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p
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,
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en
s

=
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‖X
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∗
−
β

0
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H
ow

ev
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fo

r
th

e
ca

se
of

fi
x
ed

d
es

ig
n
,

on
e

m
ig

h
t

n
ot

w
an

t
to

im
p

os
e

su
ch

ei
ge

n
va

lu
e

co
n
d
it

io
n
s.

A
lt

er
n
at

iv
el

y,
on

e
m

ay
w

an
t

to
re

so
rt

to
ir

re
p
re

se
n
ta

b
le

co
n
d
it

io
n
s.

T
o

th
is

en
d
,

fi
x

a
se

t
S
⊃
S

0
.

L
et

fo
r
j
/∈
S

,
th

e
p
ro

je
ct

io
n

of
th

e
jt

h
co

lu
m

n
X
j

on
X
S

b
e

d
en

ot
ed

b
y

X
j
P
X
S

:=
X
S
γ
S
,j
.

T
h
en

it
is

n
ot

d
iffi

cu
lt

to
se

e
th

at
fo

r
j
/∈
S
|ζ
∗ j|
≤
‖γ

S
,j
‖ 1

.
In

ot
h
er

w
or

d
s,

a
su

ffi
ci

en
t

co
n
d
it

io
n

fo
r

(1
6)

to
h
ol

d
is

th
e

ir
re

p
re

se
n
ta

b
le

co
n
d
it

io
n

‖γ
S
,j
‖ 1
≤

1
−
v̄
S j
,
∀j

/∈
S
.

W
e

co
n
cl

u
d
e

th
at

u
n
d
er

ir
re

p
re

se
n
ta

b
le

co
n
d
it

io
n
s

th
e

sq
u
ar

ed
“b

ia
s”
‖X

(β
∗
−
β

0
)‖

2 2
d
o
m

-
in

at
es

th
e

“v
ar

ia
n
ce

”
‖X

(β̂
−
β
∗ )
‖2 2

.
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B
o
u
n
d
s
f
o
r
t
h
e
L
a
sso

9
.
T
h
e
T
o
ta
l
V
a
ria

tio
n
P
e
n
a
lty

in
th

e
N
o
isy

C
a
se

W
e

co
n
tin

u
e

w
ith

th
e

total
variation

p
en

alty
of

S
ection

6,
b
u
t

n
ow

in
a

n
oisy

settin
g
:

Y
=
f

0
+
ε,

w
h
ere

f
0
∈

R
n

is
an

u
n
k
n
ow

n
vector.

T
h
e

least
sq

u
ares

estim
ator

w
ith

total
variation

p
en

a
lty

is

f̂
∈

arg
m

in
f∈

R
n

{‖
Y
−
f‖

22
+

2
λ

T
V

(f
) }
.

(17)

A
s

h
a
s

b
eco

m
e

clear
from

th
e

p
rev

iou
s

section
s,

to
a
ssess

th
e

p
red

iction
error

in
th

e
n
oisy

ca
se

o
n
e

n
eed

s
to

evalu
ate

th
e

com
p
atib

ility
con

stan
t
κ̂

(w
,S

)
w

ith
w

eigh
ts
w
j 6=

1
fo

r
j
/∈
S

.
F

o
r

th
e

u
p
p

er
b

ou
n
d

on
th

e
p
red

iction
error,

w
e

n
eed

low
er

b
ou

n
d
s

on
κ̂

(w
,S

).
T

h
ese

are
d
erived

in
D

a
la

lyan
et

al.
(2017),

P
rop

osition
2.

W
e

re-d
erive

(a
n
d

sligh
tly

im
p
rove)

th
eir

resu
lt

u
sin

g
a

d
iff

eren
t

p
ro

of
(th

e
p
ro

of
in

D
alalyan

et
al.,

2017
ap

p
lies

a
p
rob

ab
ilistic

a
rg

u
m

en
t).

S
u
p
p

o
se

a
s

in
S
ection

6
th

at
th

e
lo

cation
s

of
th

e
ju

m
p
s

are
S

:=
{
d

1
+

1,d
1
+
d

2
+

1,...,d
1
+

···
+
d
s

+
1}

for
som

e
{
d
j }
sj=

1
⊂
{
2,...,n}

satisfy
in

g
∑

sj=
1
d
j

+
2
<
n

.
L

et
d
s+

1
:=

n
−
∑

sj=
1
d
j .

A
ssu

m
e

again
for

sim
p
licity

th
at
d
j

is
ev

en
for

all
j∈
{2,...,s}

.

L
e
m

m
a

2
1

L
et
w

1 ,...,w
n

be
n

o
n

-n
ega

tive
w

eigh
ts.

W
e

h
a
ve

√
s

+
1

κ̂
(w
,S

)
≤
‖w‖∞

√
s

+
1

κ̂
(S

)
+

√√√√
n

n
∑i=

2 (w
i −

w
i−

1 )
2,

w
h
ere

a
s

in
T

h
eo

rem
1
5

s
+

1

κ̂
2(S

)
=

nd
1

+
s
∑j=

2

4nd
j

+
n

d
s+

1
.

C
o
ro

lla
ry

2
2

U
sin

g
th

e
n

o
ta

tio
n

o
f

S
ectio

n
8

su
p
po

se
th

a
t
λ

sa
tisfi

es
(1

3
)

w
ith

a
n

d
let

v̄
=
v̄
S
0

be
given

in
(1

4
),

bo
th

w
ith

S
:=

S
0 .

D
efi

n
e
v̄
i

=
0

fo
r

a
ll
i∈

S
0 .

W
e

th
en

h
a
ve

w
ith

w
i

:=
1−

v̄
i ,
j
/∈
S

0 ∪
{
1}

,
w

1
=
w

2
a
n

d
w
i

=
1,
i∈

S
0

th
a
t

|w
i −

w
i−

1 |≤
|v
i −

v
i−

1 |/‖
v‖∞

,
i

=
{
2
,...,n}.

In
D

a
la

lya
n

et
a
l.

(2
0
1
7
)

it
is

sh
o
w

n
in

th
eir

P
ro

po
sitio

n
3

th
a
t

n
∑i=

2 (v
i −

v
i−

1 )
2/‖

v‖
2∞
≤

(s
0

+
1)log

n
/n
.

H
en

ce
o
n

e
o
bta

in
s

fro
m

L
em

m
a

2
1

w
ith

S
=
S

0 ,
co

m
bin

ed
w

ith
C

o
ro

lla
ry

1
9
,

√
s

0
+

1

κ̂
(1−

v̄
,S

0 )
≤
√
s

0
+

1

κ̂
(S

0 )
+
√

(s
0

+
1)

log
n

1
5
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v
a
n
d
e
G
e
e
r

w
h
ere

a
s

befo
re

s
0

+
1

κ̂
2(S

0 )
=

nd
1

+

s
0
∑j=

2

4
nd
j

+
n

d
s
0
+

1
.

T
h
u

s,
w

ith
p
ro

ba
bility

a
t

lea
st

1−
ex

p
[−
t]−

ex
p
[−
x

]

‖f̂
−
f

0‖
2 ≤

λ ( √
(s

0
+

1)

n
κ̂

2(S
0 )

+

√
(s

0
+

1)
log

n

n

)
+
√
s

0
+
√

2x
.

T
h
eo

rem
1
5

im
p
lies

th
a
t

κ̂
(1

+
v̄
,S

0 )≤
κ̂

(S
0 ).

R
eca

ll
th

a
t

fo
r

th
e

co
m

bin
ed

co
n

clu
sio

n
o
f

T
h
eo

rem
1
7

a
n

d
C

o
ro

lla
ry

1
9

w
e

d
o

n
o
t

h
a
ve

to
ch

a
n

ge
th

e
co

n
fi

d
en

ce
level

(w
h
ich

is
1−

ex
p
[−
t]−

ex
p
[−
x

]).
W

e
th

erefo
re

o
bta

in
th

a
t

if
th

e
ju

m
p
s

o
f
f

0
a
re

su
ffi

cien
tly

la
rge

in
a
bso

lu
te

va
lu

e,
a
s

given
in

T
h
eo

rem
1
7
,

th
en

w
ith

p
ro

ba
bility

a
t

lea
st

1−
ex

p
[−
t]−

ex
p
[−
x

]

λ √
s

0
+

1

n
κ̂

2(S
0 ) −

√
s

0 −
√

2
x
≤
‖
f̂
−
f

0‖
2 ≤

λ √
s

0
+

1

n
κ̂

2(S
0 )

+
√
s

0
+
√

2x

+
λ √

(s
0

+
1)

lo
g
n

n
.

1
0
.
C
o
n
clu

sio
n

T
h
is

p
ap

er
estab

lish
es

th
at

in
a

sen
se

th
e

sq
u
ared

“b
ias”

of
th

e
L

asso
d
om

in
ates

th
e

“vari-
an

ce”.
M

oreover,
low

er
b

ou
n
d
s

for
th

e
p
red

iction
error

are
given

.
T

h
ese

low
er

b
ou

n
d
s

often
m

atch
u
p

to
con

stan
ts

or
logarith

m
ic

factors
th

e
u
p
p

er
b

ou
n
d
s,

or
are

in
fact

tigh
t

u
p

to
sm

aller
ord

er
term

s.
T

h
e

b
ou

n
d
s

sh
ow

th
at

com
p
atib

ility
co

n
stan

ts
n
ecessarily

en
ter

in
to

th
e

p
ictu

re.
T

h
e

low
er

b
ou

n
d
s

req
u
ire

“
b

eta
m

in
”

con
d
ition

s,
an

d
-

for
th

e
case

of
ran

d
om

d
esign

-
also

certain
sp

arsity
con

d
ition

s.
It

is
as

yet
u
n
clear

w
h
at

can
b

e
said

w
h
en

b
etam

in
con

d
ition

s
fail

to
h
old

.
In

com
b
in

ation
w

ith
th

is,
it

w
ou

ld
also

b
e

of
great

in
terest

to
k
n
ow

w
h
at

h
ap

p
en

s
w

h
en

th
e

regression
co

effi
cien

ts
are

n
ot

(ap
p
rox

im
ately

)
sp

arse.
T

h
e

q
u
estion

to
w

h
at

ex
ten

t
th

e
L

asso
w

ill
h
ave

large
p
red

iction
error

w
h
en

sp
arsen

ess
assu

m
p
tion

s
are

v
iolated

(i.e.
w

h
en

th
e

L
asso

is
u
sed

in
a

scen
ario

n
ot

m
ean

t
for

it)
still

h
as

som
e

op
en

en
d
s.

1
1
.
P
ro

o
fs

1
1
.1

.
P

ro
o
fs

o
f

th
e

L
e
m

m
a
s

in
S

e
c
tio

n
3

P
ro

o
f

o
f

L
e
m

m
a

5
.

W
e

h
ave

to
sh

ow
th

at
κ̂

2(u
,S

)≥
φ̂

2(u
,S

).
W

rite

A
:=

{
b

:
‖
b−

S ‖
1 ≤
‖b
S ‖

1 /u
,
‖b
S ‖

1
>

0 }
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B
o
u
n
d
s
f
o
r
t
h
e
L
a
ss
o

an
d

B
:=

{ b
:
‖b
S
‖ 1
−
u
‖b
−
S
‖ 1
>

0

} .

T
h
en

B
⊂
A
.

T
h
u
s

φ̂
2
(u
,S

)
=

m
in

{
|S
|‖
X
b‖

2 2
/n

‖b
S
‖2 1

:
b
∈
A

}

≤
m

in

{
|S
|‖
X
b‖

2 2
/n

‖b
S
‖2 1

:
b
∈
B

}

=
κ̂

2
(u
,S

).

tu
P

ro
o
f

o
f

L
e
m

m
a

6
.

T
h
is

le
m

m
a

b
ou

n
d
s

th
e
` 1

-n
or

m
of

th
e

m
in

im
iz

er
b∗

if
th

er
e

is
a

li
tt

le
ro

om
to

sp
ar

e.
W

e
h
av

e ‖b
∗ S‖

1
−
u
‖b
∗ −
S
‖ 1
≤

√
|S
|/
n
‖X

b∗
‖ 2
/
κ̂

(u
,S

)

=
κ̂

(S
)/
κ̂

(u
,S

).

O
n

th
e

ot
h
er

h
an

d ‖b
∗ S‖

1
−
u
‖b
∗ −
S
‖ 1

=
‖b
∗ S‖

1
−
‖b
∗ −
S
‖ 1

+
(1
−
u

)‖
b∗ −

S
‖ 1

=
1

+
(1
−
u

)‖
b∗ −

S
‖ 1
.

T
h
u
s

‖b
∗ −
S
‖ 1
≤
κ̂

(S
)
−
κ̂

(u
,S

)

(1
−
u

)κ̂
(u
,S

)
,

y
ie

ld
in

g

‖b
∗ S‖

1
=

1
+
‖b
∗ −
S
‖ 1
≤
κ̂

(S
)
−
u
κ̂

(u
,S

)

(1
−
u

)κ̂
(u
,S

)
.

tu
P

ro
o
f

o
f

L
e
m

m
a

7
.

T
h
is

le
m

m
a

sh
ow

s
th

at
on

e
h
as

a
b

ou
n
d

fo
r

th
e
` 1

-n
or

m
in

th
e

“c
on

e
co

n
d
it

io
n
”

if
th

er
e

is
a

li
tt

le
ro

om
to

sp
ar

e.
C

on
si

d
er

a
ve

ct
or
b
∈
R
p

sa
ti

sf
y
in

g

‖b
S
‖ 1
−
v
‖b
−
S
‖ 1

=
1.

S
in

ce

‖b
S
‖ 1
−
v
‖b
−
S
‖ 1

=
‖b
S
‖ 1
−
u
‖b
−
S
‖ 1
−

(v
−
u

)‖
b −

S
‖ 1

w
e

ob
ta

in

(v
−
u

)‖
b −

S
‖ 1

=
‖b
S
‖ 1
−
u
‖b
−
S
‖ 1
−

1
≤
‖b
S
‖ 1
−
u
‖b
−
S
‖ 1
.

M
or

eo
ve

r,
cl

ea
rl

y

‖b
S
‖ 1
−
u
‖b
−
S
‖ 1

=
(v
−
u

)‖
b −

S
‖ 1

+
1
≥

1
.

17
JM

L
R

 1
9(

46
):

1-
48

, 2
01

8

v
a
n
d
e
G
e
e
r

It
fo

ll
ow

s
th

at

m
in

{ ‖
X
b‖

2
:
‖b
S
‖ 1
−
v
‖b
−
S
‖ 1

=
1}

≥
m

in

{ ‖
X
b‖

2
:

(v
−
u

)‖
b −

S
‖ 1
≤
‖b
S
‖ 1
−
u
‖b
−
S
‖ 1
,
‖b
S
‖ 1
−
u
‖b
−
S
‖ 1
≥

1} .

S
u
p
p

os
e

n
ow

th
at

fo
r

so
m

e
c
>

1

(v
−
u

)‖
b −

S
‖ 1
≤
‖b
S
‖ 1
−
u
‖b
−
S
‖ 1
,
‖b
S
‖ 1
−
u
‖b
−
S
‖ 1

=
c.

D
efi

n
e

b̃
:=

b/
c.

T
h
en

(v
−
u

)‖
b̃ −

S
‖ 1
≤

1
,
‖b̃
S
‖ 1
−
u
‖b̃
−
S
‖ 1

=
1.

M
or

eo
ve

r
‖X

b‖
2

=
c‖
X
b̃‖

2
>
‖X

b̃‖
2
.

T
h
er

ef
or

e

m
in

{ ‖
X
b‖

2
:

(v
−
u

)‖
b −

S
‖ 1
≤
‖b
S
‖ 1
−
u
‖b
−
S
‖ 1
,
‖b
S
‖ 1
−
u
‖b
−
S
‖ 1
≥

1}

=
m

in

{ ‖
X
b‖

2
:

(v
−
u

)‖
b −

S
‖ 1
≤

1
,
‖b
S
‖ 1
−
u
‖b
−
S
‖ 1

=
1} .

B
u
t

if
(v
−
u

)‖
b −

S
‖ 1
≤

1
an

d
‖b
S
‖ 1
−
u
‖b
−
S
‖ 1

=
1

w
e

se
e

th
a
t

‖b
‖ 1
≤
‖b
S
‖ 1

+
‖b
−
S
‖ 1

=
1

+
(1

+
u

)‖
b −

S
‖ 1

≤
1

+
(1

+
u

)/
(v
−
u

).

tu
P

ro
o
f

o
f

L
e
m

m
a

8
.

T
h
is

le
m

m
a

lo
w

er
b

ou
n
d
s

th
e

em
p
ir

ic
al

co
m

p
at

ib
il
it

y
co

n
st

a
n
t

b
y

th
e

th
eo

re
ti

ca
l

on
e.

H
er

e
is

a
p
ro

of
.

If
‖b
S
‖ 1
−
u
‖b
−
S
‖ 1

=
1

w
e

k
n
ow

th
a
t

1
≤
‖Σ

1
/
2

0
b‖

2

√
s/
κ

(u
,S

).

It
th

er
ef

or
e

fo
ll
ow

s
fr

om
L

em
m

a
7

th
at

κ̂
2
(v
,S

)
≥
{ |
S
|‖
X
b‖

2 2
/n

:
‖b
S
‖ 1
−
u
‖b
−
S
‖ 1

=
1,
‖b
‖ 1
≤
M

(u
,v

)‖
Σ

1
/
2

0
b‖

2

}

w
h
er

e

M
(u
,v

)
:=

(1
+

(1
+
u

)/
(v
−
u

))
√
s/
κ

(u
,S

)
=
o(
√
n
/(
‖Σ

0
‖ ∞

lo
g
(2
p
))

).

In
v
ie

w
of

L
em

m
a

45
w

e
k
n
ow

th
at

w
h
en

M
=
o(
√
n
/
(‖

Σ
0
‖ ∞

lo
g
(2
p
))

),
th

en
w

it
h

p
ro

b
a
-

b
il
it

y
te

n
d
in

g
to

o
n
e

in
f

‖b
‖ 1
≤
M
‖Σ

1
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Ŝ
\S

0
.

F
or

j
/∈
Ŝ
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)≤
0}.

T
ake

β
′
=
β̂

0−
λ
b
j (ŵ
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)‖

22
>

0.

If
z ∗j (v̄

)
=
−

1
a
n
d
b
j (ŵ
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n
ot

ap
p
ly

to
th

e
m

atrix
co

m
p
letio

n
settin

g,
d
u
e

to
th

e
p

op
u
larity

of
th

e
p
rob

lem
an

d
for

reason
s

o
f

com
p
arab

ility
w

ith
o
th

er
a
lg

o
rith

m
s,

w
e

con
d
u
ct

n
u
m

erical
ex

p
erim

en
ts

to
ex

p
lore

th
e

em
p
irical

p
erfor-

m
a
n
ce

o
f
H
M
-
I
R
L
S

also
for

th
is

settin
g.

S
u
rp

risin
gly

en
ou

gh
w

e
ob

serve
th

at
th

e
th

eoretical
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K
ü
m
m
e
r
l
e
a
n
d

S
ig
l

resu
lts

com
p
ly

w
ith

ou
r

n
u
m

erical
ex

p
erim

en
ts

also
for

m
atrix

com
p
letion

.
In

p
articu

-
lar,

th
e

th
eoretically

p
red

icted
lo

cal
con

v
ergen

ce
rate

of
ord

er
2´

p
can

b
e

ob
served

very
p
recisely

for
th

is
im

p
ortan

t
m

easu
rem

en
t

m
o
d
el

as
w

ell
(see

F
igu

res
3

to
5).

T
h
is

lo
cal

su
p

erlin
ear

con
vergen

ce
rate

of
H
M
-
I
R
L
S

is
u
n
p
reced

en
ted

b
y

p
rev

iou
s

IR
L

S
varian

ts
su

ch
as

I
R
L
S
-
c
o
l

or
th

ose
th

at
u
se

th
e

arith
m

etic
m

ean
of

th
e

on
e-sid

ed
w

eigh
t

m
atrices:

th
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m
ean

s
th

at
n
eith

er
can

a
su

p
erlin
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b
e
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ed

n
u
m
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p
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b
y
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r

p
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o
f
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n
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er
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con
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L
S
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t
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k
m

atrix
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.
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o
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led
ge,

H
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-
I
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ce
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p
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ts

as
w
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s.
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d
d
ition
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w
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d
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p
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g
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cien
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M
-
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R
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L

S
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I
R
L
S
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n
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n
iq
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d
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,

2013),
altern
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g

m
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ap
p
roach
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d
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an
d
o,

2009;
T

an
n
er

an
d

W
ei,

2016),
algorith

m
s

b
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on
iterative

h
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th
resh

old
in

g
(K

y
rillid

is
an

d
C

ev
h
er,

2014;
B

lan
ch

ard
et

al.,
201

5),
an

d
oth

ers
(P

a
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et
al.,

2016),
in

term
s

o
f
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p
le

com
p
lex

ity,
again

for
th

e
im

p
ortan

t
case

of
m

a
trix
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m

p
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n
.

T
h
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to
th

e
follow

in
g

ob
servation
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-
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R
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k
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al
n
u
m

b
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m
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e
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b
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ab
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b
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d
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en
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of«

10
7
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e.g.pd
1 ˆ

d
2 q-m
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w
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d

1 «
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2 «
3¨

10
3)
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e
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s
few

er
m
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reco
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w

e
in

clu
d
ed

in
o
u

r
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F
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ob
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of
H
M
-
I
R
L
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e
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e
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d
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b
e
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recover
low
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h
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b
y
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r

n
u
m
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p
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en
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even
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e
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b
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W
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ile
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p
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th
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u
n
d
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d
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th
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ot

yet
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w
e

regard
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e
em

p
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en
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of

in
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In
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con
tex
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w

e
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er

a
p
ro
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th
e

glob
al

con
vergen
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H
M
-
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for
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n
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s

u
n
d
er

ap
p
rop
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p
tion
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g

op
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.

1
.2

O
rg

a
n

iz
a
tio

n
o
f

th
e

p
a
p

e
r

W
e

p
ro

ceed
in

th
e

p
ap

er
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In
S
ection

2,
w

e
in

tro
d
u
ce

som
e

n
otation

to
b

e
u
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an
d

p
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e
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e

b
ack

grou
n
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ou

t
d
iff

eren
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u
lation

s
of

th
e

S
ch
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q
u
asi-n

orm
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of
w
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`
2 -n

orm
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T
h
is

lead
s

to
th

e
d
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of
th

e
h
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on
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m
ean

iterativ
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rew
eigh

ted
least

sq
u
ares
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M
-
I
R
L
S
)

algorith
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in
S
ection

3.
W

e
p
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t
ou

r
m
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eoretical
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th

e
con

vergen
ce

gu
aran
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a
n
d

th
e

lo
ca

lly
su

p
erlin

ear
con

vergen
ce

rate
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th
e

algorith
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in
S
ection

4.
N

u
m
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ex

p
erim

en
ts

an
d

com
p
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s
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state-of-th
e-art

m
eth

o
d
s

for
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-ran
k

m
atrix

recovery
are

carried
ou

t
in

S
ection

5.
In

S
ection

6,
w

e
in

terp
ret

th
e

algorith
m

’s
d
iff

eren
t

step
s

as
m

in
im

ization
s

of
an

au
x
ililary

fu
n
ction

al
w

ith
resp

ect
to

its
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p
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ü
m
m
e
r
l
e
a
n
d

S
ig
l

sm
o
oth

ed
w

eigh
t

m
atrices

W
L pX

,εqP
M
d
1 ˆ
d
1

an
d
W
R pX

,εqP
M
d
2 ˆ
d
2

d
efi

n
ed

b
y

W
L pX

,εq
:“
pX
X
˚`

ε
2I
d
1 q

p´
2

2
,

(8)

W
R pX

,εq
:“
pX

˚X
`
ε
2I
d
2 q

p´
2

2
.

(9)

R
e
m

a
rk

1
T

h
e

w
eigh

t
m

a
trices

W
L pX

,εq
a
n

d
W
R pX

,εq
a
re

sym
m

etric
a
n

d
po

sitive
d

efi
-

n
ite.

T
h
e

p
ossib

ility
to

rew
rite

th
e
p
-th

p
ow

er
o
f

th
e

S
ch

atten
-p

of
a

m
atrix

as
a

sq
u
a
red

w
eigh

ted
F

rob
en

iu
s

n
orm

gives
rise

to
th

e
gen

eral
strategy

o
f

IR
L

S
algorith

m
s

for
low

-ran
k

m
atrix

recovery
:

W
eigh

ted
least

sq
u
ares

p
rob

lem
s

of
th

e
ty

p
e

m
in

X
P
M

d
1 ˆ

d
2

ΦpX
q“
Y

}X}
2FpW

L q
or

m
in

X
P
M

d
1 ˆ

d
2

ΦpX
q“
Y

}X
˚}

2FpW
R q

are
solved

an
d

w
eigh

t
m

atrices
W
L

are
u
p

d
ated

altern
atin

gly,
lead

in
g

to
th

e
algorith

m
s

colu
m

n
-rew

eigh
tin

g
I
R
L
S
-
c
o
l

an
d

row
-rew

eigh
tin

g
I
R
L
S
-
r
o
w
,

resp
ectively

(M
oh

an
an

d
F

azel,
2012;

F
orn

a
sier

et
al.,

2011).

2
.3

A
v
e
ra

g
in

g
o
f

w
e
ig

h
t

m
a
tric

e
s

W
h
ile

th
e

algorith
m

s
I
R
L
S
-
c
o
l

an
d
I
R
L
S
-
r
o
w

p
rov

id
e

a
tractab

le
lo

cal
m

in
im

ization
strat-

egy
of

sm
o
oth

ed
S
ch

atten
-p

fu
n
ction

als
u
n
d
er

th
e

lin
ear

con
strain

t,
w

e
a
rgu

e
th

at
it

is
su

b
op

tim
al

to
follow

eith
er

on
e

of
th

e
tw

o
ap

p
roach

es
as

th
ey

d
o

n
ot

ex
p
loit

th
e

sy
m

m
etry

of
th

e
p
rob

lem
in

an
op

tim
al

w
ay

:
T

h
ey

eith
er

u
se

low
-ran

k
in

form
ation

in
th

e
colu

m
n

sp
ace

o
r

in
th

e
row

sp
ace.

A
fi
rst

in
tu

itive
ap

p
roach

tow
ard

s
a

sy
m

m
etric

ex
p
lo

itation
of

th
e

low
-ran

k
stru

ctu
re

is
in

sp
ired

b
y

th
e

follow
in

g
id

en
tity,

b
y

com
b
in

g
th

e
calcu

lation
s

(i)
an

d
(ii)

carried
ou

t
in

S
ection

2.2.

L
e
m

m
a

2
L

et
0ă

pď
2

a
n

d
X
P
M
d
1 ˆ
d
2

w
ith

d“
d

1 “
d

2
be

a
m

a
trix

o
f

fu
ll

ra
n

k.
T

h
en

}X}
pS
p “

12

ˆ}W
12L X}

2F `
}X

W
12R }

2F ˙
“

››››› ˆ
W
L ‘

W
R

2

˙
12

X
v
ec ›››››

2`
2 “

}X
v
ec }

2`
2 pW

pa
r
ithq q ,

w
h
ere

12 pI
d
2 b

W
L `

W
R b

I
d
1 q“

W
L ‘

W
R

2
“

:
W
pa
rithq

is
th

e
a
rith

m
etic

m
ea

n
m

a
trix

o
f

th
e

sym
m

etric
a
n

d
po

sitive
d
efi

n
ite

w
eigh

t
m

a
trices

I
d
2 b
W
L

a
n

d
W
R b

I
d
1 ,
W
L

:“
pX
X
˚q

p´
2

2
,

a
n

d
W
R

:“
pX

˚Xq
p´

2
2

.

U
n
fortu

n
ately,

th
e

in
tro

d
u
ction

of
arith

m
etic

m
ean

w
eigh

t
m

atrices
d
o
es

n
ot

p
rove

to
b

e
p
articu

larly
ad

van
tageou

s
com

p
ared

to
on

e-sid
ed

rew
eigh

tin
g

strateg
ies.

C
on

v
in

cin
g

im
p
rovem

en
ts

cou
ld

b
e

n
oted

n
eith

er
in

n
u
m

erical
ex

p
erim

en
ts

n
or

in
th

e
th

eoretical
in

ves-
tigation

s
for

th
e

con
v
ergen

ce
rate

of
IR

L
S

for
low

-ran
k

m
atrix

recovery,
cf.

a
lso

S
ection

5.2
an

d
R

em
ark

22.

8
JM

L
R

 19(47):1-49, 2018



H
a
r
m
o
n
ic

M
e
a
n
It
e
r
a
t
iv
e
ly

R
e
w
e
ig
h
t
e
d

L
e
a
st

S
q
u
a
r
e
s

In
co

n
tr

as
t,

w
e

w
an

t
to

p
ro

m
ot

e
th

e
u
sa

ge
of

th
e

h
a
rm

o
n

ic
m

ea
n

o
f

th
e

w
ei

gh
t

m
a
tr

ic
es

I d
2
b
W
L

an
d
W
R
b

I d
1
,

i.
e.

,
w

ei
gh

t
m

at
ri

ce
s

of
th

e
ty

p
e

2
` W

´1 R
b

I d
1
`

I d
2
b
W
´1 L

˘ ´
1
“

2
` W

´1 L
‘
W
´1 R

˘ ´
1
“:

W
ph

a
rm
q.

In
th

e
re

m
ai

n
in

g
p
ar

ts
of

th
e

p
ap

er
,
w

e
ex

p
la

in
w

h
y
W
ph

a
rm
q

is
ab

le
to

si
gn

ifi
ca

n
tl

y
ou

tp
er

fo
rm

ot
h
er

w
ei

gh
ti

n
g

va
ri

an
ts

b
ot

h
th

eo
re

ti
ca

ll
y

an
d

p
ra

ct
i-

ca
ll
y. T

h
e

fo
ll
ow

in
g

le
m

m
a

ve
ri

fi
es

th
at

th
e

h
ar

m
on

ic
m

ea
n
W
ph

a
rm
q

of
th

e
w

ei
gh

t
m

at
ri

ce
s

I d
2
b
W
L

an
d
W
R
b

I d
1

le
ad

s
to

a
le

gi
ti

m
at

e
re

fo
rm

u
la

ti
on

of
th

e
S
ch

at
te

n
-p

q
u
as

i-
n
or

m
p

ow
er

,
as

it
w

e
al

re
ad

y
sa

w
fo

r
th

e
ar

it
h
m

et
ic

m
ea

n
W
pa

ri
th
q.

L
e
m

m
a

3
L

et
0
ă
p
ď

2
a
n

d
X
PC

d
1
ˆd

2
w

it
h
d
“
d

1
“
d

2
be

a
fu

ll
ra

n
k

m
a
tr

ix
.

T
h
en

}X
}p S

p
“

2

› › › ›` W
´1 L
‘
W
´1 R

˘ ´
1 2
X

v
ec

› › › ›2 ` 2

“
}X

v
ec
}2 ` 2
pW

ph
a
r
m
qq,

w
h
er

e
2
` W

´1 R
b

I d
1
`

I d
2
b
W
´1 L

˘ ´
1
“

2
` W

´1 L
‘
W
´1 R

˘ ´
1
“:

W
ph
a
rm
q

is
th

e
h
a
rm

o
n

ic
m

ea
n

m
a
tr

ix
o
f

th
e

sy
m

m
et

ri
c

a
n

d
po

si
ti

ve
d
efi

n
it

e
w

ei
gh

t
m

a
tr

ic
es

I d
2
bW

L

a
n

d
W
R
b

I d
2
,
W
L

:“
pX
X
˚ q

p
´2 2

a
n

d
W
R

:“
pX

˚ X
qp
´2 2

.

P
ro

o
f

L
et
X
“
U

Σ
V
˚
“

ř
d i“

1
σ
iu
iv
i̊
PM

d
ˆd

b
e

th
e

si
n
gu

la
r

va
lu

e
d
ec

om
p

os
it

io
n

of
X

.
T

h
er

ef
or

e
fo

r
th

e
ve

ct
or

iz
ed

ve
rs

io
n
,
X

v
ec
“
pV
b
U
qΣ

v
ec

h
ol

d
s

tr
u
e.

B
y

th
e

d
efi

n
it

io
n
s

of
W
L

an
d
W
R

,
w

e
ca

n
w

ri
te
W
´1 L
“

ř
d i“

1
σ

2
´p
i

u
iu
i̊

an
d
W
´1 R
“

ř
d i“

1
σ

2
´p
i

v i
v i̊

.
U

si
n
g

th
e

K
ro

n
ec

ke
r

su
m

in
ve

rs
io

n
fo

rm
u
la

of
L

em
m

a
23

in
A

p
p

en
d
ix

A
,

w
e

ob
ta

in

}X
v
ec
}2 ` 2
pW

ph
a
rm
qq
“
}W

1 2 ph
a
rm
qX

v
ec
}2 ` 2
“

2

› › › ›` W
´1 L
‘
W
´1 R

˘ ´
1 2
X

v
ec

› › › ›2 ` 2

“
2

tr
´´

` W
´1 L
‘
W
´1 R

˘ ´
1
X

v
ec

¯ ˚ m
a
t
X
¯

“
d ÿ i“

1

d ÿ j“
1

d ÿ k
“1

2
σ
k

σ
2
´p
i

`
σ

2
´p
j

v j
v i̊
v k
u
k̊
u
iu
i̊

d ÿ l“
1

σ
lu
lv
l̊

“
2

˜
d ÿ i“

1

σ
2 i

2σ
2
´p
i

¸
“
}X
}p S

p
,

w
h
ic

h
fi
n
is

h
es

th
e

p
ro

of
.

3
.
H
a
rm

o
n
ic

m
e
a
n
it
e
ra

ti
v
e
ly

re
w
e
ig
h
te
d
le
a
st

sq
u
a
re
s
a
lg
o
ri
th

m

In
th

is
se

ct
io

n
,

w
e

u
se

th
is

id
ea

to
fo

rm
u
la

te
a

n
ew

it
er

at
iv

el
y

re
w

ei
gh

te
d

le
as

t
sq

u
ar

es
al

go
ri

th
m

fo
r

lo
w

-r
an

k
m

at
ri

x
re

co
ve

ry
.

T
h
e

so
-c

al
le

d
h
a
rm

o
n

ic
m

ea
n

it
er

a
ti

ve
ly

re
w

ei
gh

te
d

le
a
st

sq
u

a
re

s
al

go
ri

th
m

(H
M
-
I
R
L
S
)

so
lv

es
a

se
q
u
en

ce
of

w
ei

gh
te

d
le

as
t

sq
u
ar

es
p
ro

b
le

m
s

to
re

co
ve

r
a

lo
w

-r
an

k
m

at
ri

x
X

0
PM

d
1
ˆd

2
fr

om
fe

w
li
n
ea

r
m

ea
su

re
m

en
ts

Φ
pX

0
qP

C
m

.
T

h
e

w
ei

gh
t

m
at

ri
ce

s
ap

p
ea

ri
n
g

in
th

e
le

as
t

sq
u
ar

es
p
ro

b
le

m
s

ca
n

b
e

se
en

as
th

e
h
ar

m
on

ic
m

ea
n

of
th

e
w

ei
gh

t
m

at
ri

ce
s

in
(8

)
an

d
(9

),
i.
e.

,
th

e
on

es
u
se

d
b
y
I
R
L
S
-
c
o
l

an
d
I
R
L
S
-
r
o
w
.

9
JM

L
R

 1
9(

47
):

1-
49

, 2
01

8

K
ü
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d
,

th
er

ef
or

e,
co

m
p
ac

t.
V

ia
th

e
d
ir

ec
t

m
et

h
o
d

of
th

e
ca

lc
u
lu

s
of

va
ri

at
io

n
s,

w
e

co
n
cl

u
d
e

fr
o
m

th
e

p
ro

p
er

ti
es

(a
)–

(c
)

th
at
f
p X
,ε
pZ
qh

as
at

le
as

t
on

e
gl

ob
al

m
in

im
iz

er
b

el
on

gi
n
g

to
th

e
se

t
of

cr
it

ic
al

p
oi

n
ts

of
f
p X
,ε
pZ
q(

D
ac

or
og

n
a,

19
89

,
T

h
eo

re
m

1
).

T
o

ch
ar

ac
te

ri
ze

th
e

se
t

of
cr

it
ic

al
p

oi
n
ts

of
f
p X
,ε
pZ
q,

it
s

d
er

iv
at

iv
e

w
it

h
re

sp
ec

t
to

Z
is

ca
lc

u
la

te
d

ex
p
li
ci

tl
y

an
d

eq
u
at

ed
w

it
h

ze
ro

in
S
u
b
se

ct
io

n
B

.2
.

T
h
e

so
lu

ti
on

of
th

e
re

su
lt

in
g

eq
u
at

io
n

re
ve

al
s

th
at
Z

o
p

t
“

ř
d i“

1
pσ

2 i
pX
q`

ε2
qp
´2 2
u
iv
i̊
“:

ř
d i“

1
r σ i
u
iv
i̊

is
th

e
on

ly
cr

it
ic

al
p

oi
n
t

an
d

co
n
se

q
u
en

tl
y

th
e

u
n
iq

u
e

gl
ob

al
m

in
im

iz
er

of
f
p X
,ε
pZ
q.

W
e

d
efi

n
e

th
e

m
a
tr

ic
es

W
L o
p

t
:“

ř
d i“

1
rσ i
u
iu
i̊

an
d
W

R o
p

t
:“

ř
d i“

1
rσ i
v i
v i̊

,
an

d
n
ot

e
th

at
Ă W
pZ

o
p

tq
“

2` pW
R o
p

tq´
1
‘

pW
L o
p

tq´
1
˘ ´

1
w

it
h

D
efi

n
it

io
n

13
.

T
o

ve
ri

fy
th

e
se

co
n
d

p
ar

t
of

th
e

th
eo

re
m

,
w

e
si

m
p
ly

p
lu

g
th

e
op

ti
m

al
so

lu
ti

on
Z

o
p

t
in

to
th

e
fu

n
ct

io
n
al
J p

an
d

co
m

p
u
te

u
si

n
g

(5
6)

th
at

J p
pX
,ε
,Z

o
p

tq
“
p 2
}X

v
ec
}2 ` 2
pĂ W
pZ

o
p
t
qq
`
ε2
p 2

d ÿ i“
1

r σ i
`

2
´
p

2

d ÿ i“
1

r σ
p

p
´2
i

“
p 2

d ÿ i“
1

« σ
2 i
pX
qpu

i̊
b
v i̊
q2

˜
d
2 ÿ k
“1

d
1 ÿ j“
1

u
k
u
k̊
b
v j
v j̊

r σ´
1

k
`
r σ´

1
j

¸
pu
i
b
v i
qff ii

`
ε2
p 2

d ÿ i“
1

rσ i
`

2
´
p

2

d ÿ i“
1

rσ
p

p
´2
i

“
p 2

d ÿ i“
1

pσ
2 i
pX
q`

ε2
qr σ
i
`

2
´
p

2

d ÿ i“
1

rσ
p

p
´2
i

“
p 2

d ÿ i“
1

pσ
2 i
pX
q`

ε2
qpσ

2 i
pX
q`

ε2
qp
´2 2
`

2
´
p

2

d ÿ i“
1

pσ
2 i
pX
q`

ε2
qp 2

“
d ÿ i“

1

pσ
2 i
pX
q`

ε2
qp 2
.

B
.2

P
ro

o
f

o
f

L
e
m

m
a

1
4
:

C
ri

ti
c
a
l

p
o
in

ts
o
f
f
p X
,ε

L
et

u
s

w
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y
co

n
si

d
er

th
e

ca
se
d
“
d

1
“
d

2
an

d
d
efi

n
e

Ω
“
tZ
PM

d
ˆd

s.
t.

ra
n
k
pZ
q“

d
u.

A
s

al
re

ad
y

m
en

ti
on

ed
in

(2
7)

,
th

e
h
ar

m
on

ic
m

ea
n

m
at

ri
x
Ă W
pZ
qc

an
th

en
b

e
re

w
ri

tt
en

as

Ă W
pZ
q“

2
Ă W

1

` Ă W
1
`
Ă W

2

˘ ´
1
Ă W

2
“

2
pĂ W

´1 1
`
Ă W
´1 2
q´

1

fo
r
Z
PΩ

w
it

h
th

e
d
efi

n
it

io
n
s
Ă W

1
:“

I d
b
pZ
Z
˚ q

1 2
an

d
Ă W

2
“
pZ
˚ Z
q1 2
b

I d
.

F
or
Z
PΩ

,
w

e
re

fo
rm

u
la

te
th

e
au

x
il
ia

ry
fu

n
ct

io
n
al

su
ch

th
at

f
p X
,ε
pZ
q“
J
p
pX
,ε
,Z
q“

p 2
}X

v
ec
}2 ` 2
pĂ W
pZ
qq
`
ε2
p 2

d ÿ i“
1

σ
ipZ
q`

2
´
p

2

d ÿ i“
1

σ
ipZ
q

p
pp
´2
q

“
p 2
}X

v
ec
}2 ` 2
pĂ W
pZ
qq
`
ε2
p 2
}pZ

˚ Z
q1{

2
}2 F
`

2
´
p

2
}pZ

˚ Z
q

p
2
pp
´2
q }2 F

.

T
o

id
en

ti
fy

th
e

se
t

of
cr

it
ic

al
p

oi
n
ts

of
f
p X
,ε
pZ
ql

o
ca

te
d

in
Ω

,
w

e
co

m
p
u
te

it
s

d
er

iv
at

iv
e

w
it

h
re

sp
ec

t
to
Z

u
si

n
g

th
e

d
er

iv
at

iv
e

ru
le

s
(7

),
(1

2)
,

(1
3)

,
(1

5)
,

(1
6)

,
(1

8)
,

(2
0)

in
C

h
ap

te
r

8.
2
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K
ü
m
m
e
r
l
e
a
n
d

S
ig
l

an
d

T
h
eo

re
m

3
in

C
h
ap

te
r

8.
4

of
(M

ag
n
u
s

a
n
d

N
eu

d
ec

ke
r,

19
99

)
in

th
e

fo
ll
ow

in
g
.

U
si

n
g

th
e

n
ot

at
io

n
of

M
ag

n
u
s

an
d

N
eu

d
ec

ke
r

(1
99

9)
,

w
e

ca
lc

u
la

te

Bf
p X
,ε
pZ
q“

´p 2
tr
´ X

v̊
ec
Ă W
BĂ W

´1
Ă W
X

v
ec

¯
`
p
ε2 4

´ tr
´ Z
pZ
˚ Z
q´

1 2
BZ

˚¯
`

tr
ppZ

˚ Z
q´

1 2
Z
˚ B
Z
q¯

´p 4

´ tr
´ Z
pZ
˚ Z
q

4
´p

2
pp
´2
q B
Z
˚¯
`

tr
ppZ

˚ Z
q

4
´p

2
pp
´2
q Z
˚ B
Z
q¯

w
h
er

e

BĂ W
´1
“

1 2
B” pZ

Z
˚ q´

1 2
‘
pZ
˚ Z
q´

1 2

ı “
´

1 4

”´
pZ
˚ Z
q´

3 2
Z
˚ B
Z
`
BZ

˚ Z
pZ
˚ Z
q´

3 2

¯
b

I d
1

ı

´
1 4

” I d
2
b
´ BZ

pZ
Z
˚ q´

3 2
Z
˚
`
pZ
Z
˚ q´

3 2
Z
BZ

˚¯
ı .

(5
8
)

W
e

ca
n

re
fo

rm
u
la

te
th

e
fi
rs

t
te

rm
as

fo
ll
ow

s
u
si

n
g

th
e

cy
cl

ic
it

y
of

th
e

tr
ac

e,

´p 2
tr
´ X

v̊
ec
Ă W
BĂ W

´1
Ă W
X

v
ec

¯
“
p 8

” tr
´ pĂ W

X
v
ec
q m̊

a
tpĂ W

X
v
ec
q m

a
tpZ

˚ Z
q´

3 2
Z
˚ B
Z
¯

`
tr
´ Z
pZ
˚ Z
q´

3 2
pĂ W

X
v
ec
q m̊

a
tpĂ W

X
v
ec
q m

a
tBZ

˚¯

`
tr
´ Z

˚ pZ
Z
˚ q´

3 2
pĂ W

X
v
ec
q m

a
tpĂ W

X
v
ec
q m̊

a
tBZ

¯

`
tr
´ pĂ W

X
v
ec
q m

a
tpĂ W

X
v
ec
q m̊

a
tpZ

Z
˚ q´

3 2
Z
BZ

˚¯
ı .

T
o

d
et

er
m

in
e

th
e

cr
it

ic
al

p
oi

n
ts

of
f
p X
,ε
pZ
q,

w
e

su
m

m
ar

iz
e

th
e

ca
lc

u
la

ti
o
n
s

a
b

ov
e,

re
a
r-

ra
n
ge

th
e

te
rm

s
an

d
eq

u
at

e
th

e
d
er

iv
at

iv
e

w
it

h
ze

ro
,

su
ch

th
at

Bf
p X
,ε
pZ
q“

p 8
tr
´”
pĂ W

X
v
ec
q m̊

a
tpĂ W

X
v
ec
q m

a
tpZ

˚ Z
q´

3 2
Z
˚
`
Z
˚ pZ

Z
˚ q´

3 2
pĂ W

X
v
ec
q m

a
tpĂ W

X
v
ec
q m̊

a
t

`2
ε2
pZ
˚ Z
q´

1 2
Z
˚
´

2
pZ
˚ Z
q

4
´p

2
pp
´2
q Z
˚ı
BZ

¯

`p 8
tr
´”
Z
pZ
˚ Z
q´

3 2
pĂ W

X
v
ec
q m̊

a
tpĂ W

X
v
ec
q m

a
t
`
pĂ W

X
v
ec
q m

a
tpĂ W

X
v
ec
q m̊

a
tpZ

Z
˚ q´

3 2
Z

`2
ε2
Z
pZ
˚ Z
q´

1 2
´

2
Z
pZ
˚ Z
q

4
´p

2
pp
´2
qı BZ

˚¯

“:
p 8

tr
pA
BZ
q`

p 8
tr
pA
˚ B
Z
˚ q
“
p 8

tr
ppA

‘
A
qBZ

q“
0
,

w
h
er

e

A
“

” pĂ W
X

v
ec
q m̊

a
tpĂ W

X
v
ec
q m

a
tpZ

˚ Z
q´

3 2
Z
˚
`
Z
˚ pZ

Z
˚ q´

3 2
pĂ W

X
v
ec
q m

a
tpĂ W

X
v
ec
q m̊

a
t

`2
ε2
pZ
˚ Z
q´

1 2
Z
˚
´

2
pZ
˚ Z
q

4
´p

2
pp
´2
q Z
˚ı
.

(5
9
)

an
d

h
en

ce
an

ea
sy

ca
lc

u
la

ti
on

as
in

(D
u
ch

i)
gi

ve
s

Bf
p X
,ε
pZ
q

BZ
“

p 8
tr
ppA

‘
A
qBZ

q
BZ

“
p 8
pA
‘
A
q“

0
.

N
ow

w
e

h
av

e
to

fi
n
d
Z

su
ch

th
at

A
‘
A
“

0.
T

h
is

im
p
li
es

th
at

al
l

ei
g
en

va
lu

es
o
f

A
‘
A
“
A
b

I d
`

I d
b
A

ar
e

eq
u
al

to
ze

ro
.

T
h
e

ei
ge

n
va

lu
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of
th

e
K
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n
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r

su
m

o
f
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o
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H
a
r
m
o
n
ic

M
e
a
n
It
e
r
a
t
iv
e
ly

R
e
w
e
ig
h
t
e
d

L
e
a
st

S
q
u
a
r
e
s

m
atrices

A
1

a
n
d
A

2
w

ith
eigen

valu
es
λ
s

an
d
µ
t

w
ith

s,tPrds
are

th
e

su
m

of
th

e
eigen

valu
es

λ
s `

µ
t .

A
s

in
ou

r
case

A
“
A

1 “
A

2
th

is
m

ean
s

th
at

all
eigen

valu
es

of
A

itself
h
ave

to
b

e
zero

.
T

h
is

is
o
n
ly

p
ossib

le
if
A

is
th

e
zero

m
atrix

.

L
et

Z
“

U
Σ
V
˚
P
M
dˆ
d

w
ith

U
,V

P
U
d

a
n
d

Σ
P
M
dˆ
d ,

w
h
ere

Σ
“

d
iagpσq

is
a

d
ia

g
o
n
a
l

m
a
trix

w
ith

a
scen

d
in

g
en

tries.
W

e
d
efi

n
e

th
e

m
atrix

H
“
H
i,j “

2
σ ´

1
i
`
σ ´

1
j

for

i“
1
,...,d

,j“
1,...,d

corresp
on

d
in

g
to

th
e

resu
lt

of
resh

ap
in

g
th

e
d
iagon

al
of

2pΣ
‘

Σq
in

to
a
dˆ

d
-m

atrix
.

U
sin

g
(57),

w
e

can
ex

p
ressp ĂW

X
v
ec q

m
a
t “

U
`H

˝pU
˚X

Vq ˘V
˚

an
d

d
en

o
te
B

:“
H
˝pU

˚X
Vq.

P
lu

g
g
in

g
th

e
d
ecom

p
osition

Z
“
U

Σ
V
˚

in
to

(59),
w

e
can

th
erefore

ca
lcu

late

A
“

0ô
pU
B
V
˚q ˚pU

B
V
˚qpV

Σ
2V

˚q ´
3{2pU

Σ
V
˚q ˚`

pU
Σ
V
˚q ˚pU

Σ
2U

˚q ˚q ´
3{2pU

B
V
˚qpU

B
V
˚q ˚

`
2ε

2pV
Σ

2V
˚q ´

1{2pU
Σ
V
˚q ˚´

2pV
Σ

2V
˚q

4´
p

2pp´
2qpU

Σ
V
˚q ˚“

0

ô
V
B
˚B

Σ
´

2U
˚`

V
Σ
´

2B
B
˚U

˚`
2
ε
2V

I
d U

˚´
2
V

Σ
2

p´
2U

˚“
0

ô
B
˚B

Σ
´

2`
Σ
´

2B
B
˚`

2
ε
2I
d ´

2Σ
2

p´
2“

0
.

(60)

W
e

n
ow

n
o
te

th
at

2
ε
2I
d ´

2Σ
2

p´
2

is
d
iagon

al
an

d
th

erefore,
B
˚B

Σ
´

2`
Σ
´

2B
B
˚

is
d
ia

gon
al

a
s

w
ell.

M
o
reover,

ob
serve

th
at
B
˚B
`

Σ
´

2B
B
˚Σ

2
is

again
a

d
iagon

al
m

atrix
an

d
h
as

a
sy

m
m

etric
fi
rst

su
m

m
an

d
B
˚B

.
A

s
th

e
su

m
or

d
iff

eren
ce

o
f

sy
m

m
etric

m
a
trices

is
ag

ain
sy

m
m

etric
a
lso

th
e

secon
d

su
m

m
an

d
Σ
´

2B
B
˚Σ

2
h
as

to
b

e
sy

m
m

etric,
i.e.,

Σ
´

2B
B
˚Σ

2“
pΣ
´

2B
B
˚Σ

2q ˚“
Σ

2B
B
˚Σ

´
2.

W
e

con
clu

d
e

th
at

it
h
as

to
h
old

th
at
B
B
˚Σ

4“
Σ

4B
B
˚

an
d

h
en

ce
Σ

4
a
n
d
B
B
˚

com
m

u
te.

T
h
is

is
o
n
ly

p
ossib

le
if

eith
er

Σ
is

a
m

u
ltip

le
o
f

th
e

id
en

tity
or

if
B
B
˚

is
d
iagon

al.
A

ssu
m

in
g

th
e

fi
rst

case,
(60)

w
ou

ld
im

p
ly

th
at

also
B
B
˚

an
d
B
˚B

h
ave

to
b

e
a

m
u
ltip

le
of

th
e

id
en

tity.
T

h
erefore,

th
is

fi
rst

case,
w

h
ere

Σ
is

a
m

u
ltip

le
of

th
e

id
en

tity
is

a
sp

ecial
case

o
f

th
e

secon
d

p
o
ssib

le
scen

ario,
w

h
ere

B
B
˚

is
d
iagon

al.
H

en
ce,

it
su

ffi
ces

to
fu

rth
er

co
n
sid

er
th

e
m

o
re

g
en

eral
secon

d
case.

(C
on

sid
eration

s
for

B
˚B

can
b

e
carried

ou
t

an
alog

ou
sly.)

D
iag

o
n
a
lity

of
B
B
˚

on
ly

o
ccu

rs
if
B

is
eith

er
o
rth

on
orm

al
or

d
iagon

al.
A

ssu
m

in
g

o
rth

o
n
o
rm

a
lity

w
ou

ld
lead

to
con

trad
iction

s
w

ith
th

e
eq

u
ation

s
in

(60).
H

en
ce
B
“
H
˝

pU
˚X

Vq
ca

n
o
n
ly

b
e

d
iagon

al.

L
et

n
ow

b
e
X
“
Ū
S̄
V̄
˚

th
e

sin
gu

lar
valu

e
d
ecom

p
osition

of
X

.
A

s
H

h
as

n
o

zero
en

tries
d
u
e

to
th

e
fu

ll
ran

k
of
W

,
th

is
im

p
lies

th
e

d
iagon

ality
of
U
˚Ū
S̄
V̄
˚V

.
C

on
seq

u
en

tly,
U

an
d

V
ca

n
o
n
ly

b
e

ch
osen

su
ch

th
at

P
“
rU
˚Ūsdˆ

d
an

d
P
˚
“
rV̄
˚Vsdˆ

d
for

a
p

erm
u
tation

m
a
trix

P
P
U
d .

T
h
e

resh
u
ffl

ed
in

d
ex

in
g

corresp
on

d
in

g
to

P
is

d
en

oted
b
y
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Ū

Σ
V̄
˚“
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m
ot

iv
at

ed
b
y

th
e

re
ce

n
tl

y
p
ro

p
os

ed
R

et
ra

ce
al

go
ri

th
m

(M
u
n
o
s

et
a
l.
,

2
0
1
6
)

an
d

A
B

Q
al

go
ri

th
m

(M
ah

m
o
o
d

et
al

.,
2
01

7)
,

an
d

b
y

th
e

T
re

e-
B

ac
k
u
p

al
g
o
ri

th
m

(P
re

cu
p

et
al

.,
20

00
)

th
at

ex
is

te
d

ea
rl

ie
r.

T
h
es

e
al

g
or

it
h
m

s,
as

ex
p
la

in
ed

b
y

M
ah

m
o
o
d

et
a
l.

(2
0
1
7
),

al
l

tr
y

to
u
se

th
e
λ

-p
ar

am
et

er
s

of
T

D
to

cu
rb

th
e

h
ig

h
va

ri
an

ce
is

su
e

in
off

-p
o
li
cy

le
a
rn

in
g
.

In
p
ar

ti
cu

la
r,

th
ey

al
l

ch
o
os

e
th

e
va

lu
es

of
λ

ac
co

rd
in

g
to

th
e

cu
rr

en
t

st
at

e
o
r

st
a
te

-a
ct

io
n

p
ai

r
in

su
ch

a
w

ay
th

at
gu

ar
an

te
es

th
e

b
ou

n
d
ed

n
es

s
of

th
e

el
ig

ib
il
it

y
tr

ac
es

in
T

D
le

a
rn

in
g
,

w
h
ic

h
ca

n
h
el

p
re

d
u
ce

si
gn

ifi
ca

n
tl

y
th

e
va

ri
an

ce
of

th
e

T
D

it
er

at
es

.
A

li
m

it
a
ti

o
n

o
f

th
es

e
al

go
ri

th
m

s,
h
ow

ev
er

,
is

th
at

th
ey

te
n
d

to
b

e
ov

er
-c

on
se

rv
at

iv
e

an
d

re
st

ri
ct
λ

to
sm

a
ll

va
lu

es
,

w
h
er

ea
s

sm
al

l
λ

ca
n

re
su

lt
in

la
rg

e
ap

p
ro

x
im

at
io

n
b
ia

s
in

T
D

so
lu

ti
on

s.

In
th

is
p
ap

er
,

w
e

p
ro

p
os

e
a

n
ew

sc
h
em

e
of

se
tt

in
g

th
e
λ

-p
ar

am
et

er
s

of
T

D
,

b
a
se

d
o
n

ge
n
er

al
iz

ed
B

el
lm

an
eq

u
at

io
n
s.

O
u
r

sc
h
em

e
is

to
se

t
λ

ac
co

rd
in

g
to

th
e

el
ig

ib
il
it

y
tr

a
ce

it
er

at
es

ca
lc

u
la

te
d

in
T

D
,

th
er

eb
y

ea
si

ly
k
ee

p
in

g
th

o
se

tr
ac

es
in

a
d
es

ir
ed

b
o
u
n
d
ed

ra
n
g
e.

C
om

p
ar

ed
w

it
h

th
e

sc
h
em

es
u
se

d
in

th
e

p
re

v
io

u
s

w
or

k
ju

st
m

en
ti

on
ed

,
th

is
is

a
d
ir

ec
t

w
ay

to
b

ou
n
d

th
e

tr
ac

es
in

T
D

,
an

d
it

is
al

so
m

or
e

fl
ex

ib
le

an
d

al
lo

w
s

m
u
ch

la
rg

er
λ

va
lu

es
fo

r
off

-p
ol

ic
y

le
ar

n
in

g.

R
eg

ar
d
in

g
ge

n
er

al
iz

ed
B

el
lm

an
eq

u
at

io
n
s,

in
ou

r
co

n
te

x
t,

th
ey

w
il
l
co

rr
es

p
o
n
d

to
a

fa
m

-
il
y

of
d
y
n
am

ic
p
ro

gr
am

m
in

g
eq

u
at

io
n
s

fo
r

th
e

p
ol

ic
y

to
b

e
ev

al
u
at

ed
.

T
h
es

e
eq

u
a
ti

o
n
s

a
ll

h
av

e
th

e
tr

u
e

va
lu

e
fu

n
ct

io
n

as
th

ei
r

u
n
iq

u
e

so
lu

ti
on

,
an

d
th

ei
r

as
so

ci
at

ed
o
p

er
a
to

rs
h
av

e
co

n
tr

ac
ti

on
p
ro

p
er

ti
es

,
li
ke

th
e

st
an

d
ar

d
B

el
lm

an
op

er
at

or
.

W
e

w
il
l

re
fe

r
to

th
e

a
ss

o
ci

a
te

d
op

er
at

or
s

as
ge

n
er

al
iz

ed
B

el
lm

an
op

er
at

or
s

or
B

el
lm

an
op

er
at

or
s

fo
r

sh
or

t.
S
o
m

e
a
u
th

or
s

h
av

e
co

n
si

d
er

ed
,

at
le

as
t

co
n
ce

p
tu

al
ly

,
th

e
u
se

of
an

ev
en

b
ro

a
d
er

cl
a
ss

of
eq

u
a
ti

o
n
s

fo
r

p
ol

ic
y

ev
al

u
at

io
n
.

F
or

ex
am

p
le

,
U

en
o

et
al

.
(2

01
1)

h
av

e
co

n
si

d
er

ed
tr

ea
ti

n
g

th
e

p
o
li
cy

ev
al

u
at

io
n

p
ro

b
le

m
as

a
p
ar

am
et

er
es

ti
m

at
io

n
p
ro

b
le

m
in

th
e

st
at

is
ti

ca
l

fr
am

ew
o
rk

o
f

es
ti

-
m

at
in

g
eq

u
at

io
n
s,

an
d

in
th

ei
r

fr
am

ew
or

k
,

an
y

eq
u
at

io
n

th
at

h
as

th
e

tr
u
e

va
lu

e
fu

n
ct

io
n

a
s

th
e

u
n
iq

u
e

so
lu

ti
on

ca
n

b
e

u
se

d
to

es
ti

m
at

e
th

e
va

lu
e

fu
n
ct

io
n
.

T
h
e

fa
m

il
y

o
f

g
en

er
a
li
ze

d
B

el
lm

an
eq

u
at

io
n
s

w
e

co
n
si

d
er

h
as

a
m

or
e

sp
ec

ifi
c

st
ru

ct
u
re

.
T

h
ey

ge
n
er

a
li
ze

m
u
lt

is
te

p
B

el
lm

an
eq

u
at

io
n
s,

an
d

th
ey

ar
e

as
so

ci
at

ed
w

it
h

ra
n
d
om

iz
ed

st
op

p
in

g
ti

m
es

a
n
d

a
ri

se
fr

o
m

th
e

st
ro

n
g

M
ar

ko
v

p
ro

p
er

ty
(s

ee
S
ec

ti
on

3.
1

fo
r

d
et

ai
ls

).

G
en

er
al

iz
ed

B
el

lm
an

eq
u
at

io
n
s

a
n
d

op
er

at
or

s
a
re

p
ow

er
fu

l
to

ol
s.

In
cl

a
ss

ic
M

D
P

th
e-

or
y

th
ey

h
av

e
b

ee
n

u
se

d
in

so
m

e
in

tr
ic

at
e

op
ti

m
al

it
y

an
al

y
se

s
(e

.g
.,

S
ch

äl
a
n
d

S
u
d
d
er

th
,

19
87

).
T

h
ei

r
co

m
p
u
ta

ti
on

al
u
se

,
h
ow

ev
er

,
se

em
s

to
em

er
ge

p
ri

m
ar

il
y

in
th

e
fi
el

d
o
f
re

in
fo

rc
e-

m
en

t
le

ar
n
in

g.
T

h
ro

u
gh

th
e
λ

-p
ar

am
et

er
s

an
d

el
ig

ib
il
it

y
tr

ac
es

,
T

D
le

ar
n
in

g
is

n
a
tu

ra
ll
y

co
n
n
ec

te
d

w
it

h
,

n
ot

a
si

n
gl

e
B

el
lm

an
op

er
at

or
,

b
u
t

a
fa

m
il
y

of
B

el
lm

an
op

er
a
to

rs
,

w
it

h
d
if

-
fe

re
n
t

ch
oi

ce
s

of
λ

or
d
iff

er
en

t
ru

le
s

of
ca

lc
u
la

ti
n
g

th
e

el
ig

ib
il
it

y
tr

ac
e

it
er

at
es

co
rr

es
p

o
n
d
in

g
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G
e
n
e
r
a
l
iz
e
d

B
e
l
l
m
a
n
E
q
u
a
t
io
n
s
a
n
d

T
D

L
e
a
r
n
in
g

to
d
iff

eren
t

B
ellm

an
op

erators.
E

arly
eff

o
rts

th
at

u
se

th
is

asp
ect

to
b
road

en
th

e
scop

e
of

T
D

a
lg

o
rith

m
s

an
d

to
an

aly
ze

su
ch

algorith
m

s
in

clu
d
e

S
u
tton

’s
w

ork
(1995)

on
learn

in
g

at
m

u
ltip

le
tim

escales
an

d
T

sitsik
lis’

w
o
rk

on
gen

eralized
T

D
algorith

m
s

in
th

e
tab

u
lar

case
(see

th
e

b
o
o
k

b
y

B
ertsekas

an
d

T
sitsik

lis,
1996,

C
h
ap

.
5.3).

In
th

e
con

tex
t

of
off

-p
olicy

lea
rn

in
g
,

th
ere

are
m

ore
recen

t
ap

p
roach

es
th

at
try

to
u
tilize

th
is

con
n
ectio

n
of

T
D

w
ith

g
en

era
lized

B
ellm

an
op

erators
to

m
ake

T
D

learn
in

g
m

ore
effi

cien
t

(P
recu

p
et

a
l.,

20
00;

Y
u

a
n
d

B
ertseka

s,
2012;

M
u
n
os

et
al.,

2016;
M

ah
m

o
o
d

et
al.,

201
7).

T
h
is

is
also

ou
r

aim
,

in
p
ro

p
o
sin

g
th

e
n
ew

sch
em

e
of

settin
g

th
e
λ

-p
aram

eters.

O
u
r

a
n
a
ly

ses
of

th
e

n
ew

T
D

learn
in

g
sch

em
e

w
ill

fo
cu

s
on

its
th

eoretical
sid

e.
U

sin
g

M
a
rkov

ch
a
in

th
eory,

w
e

p
rove

th
e

ergo
d
icity

of
th

e
join

t
state

an
d

tra
ce

p
ro

cess
u
n
d
er

n
o
n
restrictive

con
d
ition

s
(see

T
h
eorem

2.1),
an

d
w

e
sh

ow
th

at
asso

ciated
w

ith
ou

r
sch

em
e

is
a

g
en

era
lized

B
ellm

an
eq

u
ation

(for
th

e
p

olicy
to

b
e

evalu
a
ted

)
th

at
d
ep

en
d
s

on
b

oth
th

e
evo

lu
tio

n
o
f
λ

an
d

th
e

u
n
iq

u
e

in
varian

t
p
rob

ab
ility

m
easu

re
of

th
e

state-trace
p
ro

cess
(see

T
h
eo

rem
3
.2

an
d

C
orollary

3.1).
T

h
ese

resu
lts

n
ot

on
ly

lead
im

m
ed

iately
to

a
ch

a
rac-

teriza
tion

o
f

th
e

con
vergen

ce
b

eh
av

ior
of

least-sq
u
ares

b
ased

im
p
lem

en
tation

o
f

ou
r

sch
em

e
(see

C
o
ro

lla
ry

2.1
an

d
R

em
ark

3.2),
b
u
t

also
p
rep

are
th

e
grou

n
d

for
fu

rth
er

an
aly

sis
of

g
ra

d
ien

t-b
ased

im
p
lem

en
tation

s.
(T

h
e

latter
an

aly
sis

h
a
s

b
een

carried
ou

t
recen

tly
b
y

Y
u

(2
0
1
7
);

see
R

em
ark

3.3.)

In
ad

d
itio

n
to

th
e

th
eoretical

stu
d
y,

w
e

also
p
resen

t
th

e
resu

lts
from

a
p
relim

in
ary

n
u
m

erica
l

stu
d
y

th
at

com
p
ares

several
w

ay
s

of
settin

g
λ

for
th

e
least-sq

u
ares

b
a
sed

off
-

p
o
licy

a
lg

o
rith

m
.

T
h
e

resu
lts

d
em

on
strate

th
e

ad
va

n
tages

of
th

e
p
rop

osed
n
ew

sch
em

e
w

ith
its

g
rea

ter
fl
ex

ib
ility.

W
e

rem
a
rk

th
at

alth
ou

gh
w

e
sh

all
fo

cu
s

ex
clu

sively
on

p
olicy

evalu
ation

in
th

is
p
ap

er,
a
p
p
rox

im
a
te

p
o
licy

evalu
ation

m
eth

o
d
s

are
h
igh

ly
p

ertin
en

t
to

fi
n
d
in

g
n
ear-op

tim
al

p
olicies

in
M

D
P

s.
T

h
ey

can
b

e
ap

p
lied

in
ap

p
rox

im
ate

p
olicy

iteration
,
in

p
olicy

-grad
ien

t
algorith

m
s

fo
r

g
ra

d
ien

t
estim

ation
or

in
d
irect

p
olicy

search
(see

e.g.,
K

o
n
d
a,

2002;
M

an
n
or

et
al.,

2003).
In

a
d
d
itio

n
to

solv
in

g
M

D
P

s,
th

ey
can

also
b

e
u
sed

in
artifi

cial
in

telligen
ce

an
d

rob
otics

a
p
p
lica

tio
n
s

a
s

a
m

ean
s

to
gen

erate
ex

p
erien

ce-b
ased

w
orld

m
o
d
els

(see
e.g.,

S
u
tton

,
2
009).

It
is,

h
ow

ever,
b

ey
on

d
th

e
scop

e
of

th
is

p
ap

er
to

d
iscu

ss
th

ese
ap

p
lication

s
of

ou
r

resu
lts.

T
h
e

rest
o
f

th
e

p
ap

er
is

organ
ized

as
follow

s.
In

S
ection

2,
after

a
b
rief

b
ack

grou
n
d

in
-

tro
d
u
ctio

n
,
w

e
p
resen

t
ou

r
sch

em
e

of
T

D
learn

in
g

w
ith

b
ou

n
d
ed

tra
ces,

an
d

w
e

estab
lish

th
e

erg
o
d
icity

o
f

th
e

join
t

state-trace
p
ro

cess.
In

S
ection

3,
w

e
fi
rst

d
iscu

ss
gen

eralized
B

ellm
an

o
p

era
to

rs
a
sso

ciated
w

ith
ran

d
om

ized
stop

p
in

g
tim

es,
an

d
w

e
th

en
d
erive

th
e

gen
eralized

B
ellm

a
n

eq
u
a
tion

asso
ciated

w
ith

ou
r

sch
em

e.
In

S
ection

4,
w

e
p
resen

t
th

e
ex

p
erim

en
tal

resu
lts

o
n

th
e

least-sq
u
ares

b
ased

im
p
lem

en
ta

tion
of

ou
r

sch
em

e.
A

p
p

en
d
ices

A
-B

in
clu

d
e

a
p
ro

o
f

fo
r

g
en

eralized
B

ellm
an

op
erators

an
d

m
aterials

ab
ou

t
ap

p
rox

im
ation

p
rop

erties
of

T
D

so
lu

tio
n
s

th
at

are
to

o
lon

g
to

in
clu

d
e

in
th

e
m

ain
tex

t.

2
.

O
ff

-P
o
licy

T
D

L
e
a
rn

in
g

w
ith

B
o
u
n
d
e
d

T
ra

ce
s

W
e

d
escrib

e
th

e
off

-p
olicy

p
olicy

evalu
ation

p
rob

lem
an

d
th

e
algorith

m
ic

form
o
f

T
D

learn
-

in
g

in
S
ectio

n
2.1.

W
e

th
en

p
resen

t
ou

r
sch

em
e

of
h
istory

-d
ep

en
d
en

t
λ

in
S
ection

2.2,
an

d
a
n
a
ly

ze
th

e
p
rop

erties
of

th
e

resu
ltin

g
eligib

ility
trace

iterates
an

d
th

e
con

v
ergen

ce
of

th
e

co
rresp

o
n
d
in

g
least-sq

u
ares

b
ased

algorith
m

in
S
ection

2.3.
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Y
u
,
M
a
h
m
o
o
d
,
a
n
d

S
u
t
t
o
n

2
.1

P
re

lim
in

a
rie

s

T
h
e

off
-p

olicy
learn

in
g

p
rob

lem
w

e
con

sid
er

in
th

is
p
ap

er
con

cern
s

tw
o

M
arkov

ch
ain

s
o
n

a
fi
n
ite

state
sp

ace
S

=
{
1,...,N

}
.

T
h
e

fi
rst

ch
ain

h
as

tran
sition

m
atrix

P
,

an
d

th
e

secon
d

P
o.

W
h
atever

p
h
y
sical

m
ech

an
ism

s
th

at
in

d
u
ce

th
e

tw
o

ch
ain

s
sh

all
b

e
d
en

oted
b
y
π

an
d
π
o,

an
d

referred
to

as
th

e
target

p
olicy

an
d

b
eh

av
ior

p
olicy,

resp
ectively.

T
h
e

secon
d

M
ark

ov
ch

ain
w

e
can

ob
serv

e;
h
ow

ev
er,

it
is

th
e

sy
stem

p
erform

an
ce

of
th

e
fi
rst

M
arkov

ch
ain

th
at

w
e

w
an

t
to

evalu
ate.

S
p

ecifi
cally,

w
e

con
sid

er
a

on
e-stage

rew
ard

fu
n
ction

r
π

:S
→
<

an
d

an
asso

ciated
d
iscou

n
ted

total
rew

ard
criterion

w
ith

sta
te-d

ep
en

d
en

t
d
iscou

n
t

factors
γ

(s)∈
[0,1],s∈

S
.

L
et

Γ
d
en

ote
th

e
N
×
N

d
iagon

al
m

atrix
w

ith
d
iagon

al
en

tries
γ

(s).
W

e
assu

m
e

th
at
P

an
d

P
o

satisfy
th

e
follow

in
g

con
d
ition

s:

C
o
n

d
itio

n
2
.1

(C
o
n

d
itio

n
s

o
n

th
e

ta
rg

e
t

a
n

d
b

e
h

a
v
io

r
p

o
lic

ie
s)

(i)
P

is
su

ch
th

a
t

th
e

in
verse

(I−
P

Γ
) −

1
exists,

a
n

d

(ii)
P
o

is
su

ch
th

a
t

fo
r

a
ll
s,s ′∈

S
,
P
oss ′

=
0
⇒
P
ss ′

=
0,

a
n

d
m

o
reo

ver,
P
o

is
irred

u
cible.

T
h
e

p
erform

an
ce

of
π

is
d
efi

n
ed

as
th

e
ex

p
ected

d
iscou

n
ted

total
rew

ard
s

for
each

in
itial

state
s∈
S

:

v
π
(s)

:=
E
πs

[r
π
(S

0 )
+
∑
∞t=

1
γ

(S
1 )
γ

(S
2 )···

γ
(S
t )·r

π
(S
t )],

(2.1)

w
h
ere

th
e

n
otation

E
πs

m
ean

s
th

at
th

e
ex

p
ectation

is
taken

w
ith

resp
ect

to
(w

.r.t.)
th

e
M

arkov
ch

ain
{
S
t }

startin
g

from
S

0
=
s

a
n
d

in
d
u
ced

b
y
π

(i.e.,
w

ith
tran

sition
m

atrix
P

).
T

h
e

fu
n
ction

v
π

is
w

ell-d
efi

n
ed

u
n
d
er

C
on

d
ition

2.1(i).
It

is
called

th
e

va
lu

e
fu

n
ctio

n
of
π

,
an

d
b
y

stan
d
ard

M
D

P
th

eory
(see

e.g.,
P

u
term

an
,

1994),
w

e
can

w
rite

it
in

m
atrix

/vector
n
otation

as
v
π

=
r
π

+
P

Γ
v
π
,

i.e.,
v
π

=
(I−

P
Γ

) −
1r
π
.

T
h
e

fi
rst

eq
u
atio

n
ab

ove
is

k
n
ow

n
as

th
e

B
ellm

a
n

eq
u
ation

(or
d
y
n
am

ic
p
rogram

m
in

g
eq

u
ation

)
for

a
station

ary
p

olicy
(cf.

F
o
otn

ote
2).

W
e

com
p
u
te

an
ap

p
rox

im
ation

of
v
π

of
th

e
form

v
(s)

=
φ

(s) >
θ,
s
∈
S

,
w

h
ere

θ
∈
<
n

is
a

p
aram

eter
vector

an
d
φ

(s)
is

an
n

-d
im

en
sion

al
featu

re
rep

resen
tation

for
each

state
s

(h
ere

φ
(s),θ

are
colu

m
n

vectors
an

d
th

e
sy

m
b

ol
>

stan
d
s

for
tran

sp
ose).

D
ata

availab
le

for
th

is
com

p
u
tation

are:

(i)
a

realization
of

th
e

M
arkov

ch
ain
{
S
t }

w
ith

tran
sition

m
atrix

P
o

gen
erated

b
y
π
o,

an
d

(ii)
rew

ard
s
R
t

=
r(S

t ,S
t+

1 )
asso

ciated
w

ith
state

tran
sition

s,
w

h
ere

th
e

fu
n
ctio

n
r

relates
to
r
π
(s)

as
r
π
(s)

=
E
πs
[r(s,S

1 )]
for

all
s∈
S

. 1

T
o

fi
n
d

a
su

itab
le

p
aram

eter
θ

for
th

e
ap

p
rox

im
ation

φ
(s) >

θ,
w

e
u
se

th
e

off
-p

olicy
T

D
learn

in
g

sch
em

e.
D

efi
n
e
ρ
(s,s ′)

=
P
ss ′/P

oss ′
(th

e
im

p
ortan

ce
sam

p
lin

g
ratio), 2

an
d

w
rite

ρ
t

=
ρ
(S
t ,S

t+
1 ),

γ
t

=
γ

(S
t ).

1
.

O
n

e
ca

n
a
d

d
to
R
t

a
zero

-m
ea

n
fi

n
ite-va

ria
n

ce
n

o
ise

term
.

T
h

is
m

a
k
es

little
d

iff
eren

ce
to

o
u

r
a
n

a
ly

ses,
so

w
e

h
av

e
left

it
o
u

t
fo

r
n

o
ta

tio
n

a
l

sim
p

licity.
2
.

O
u

r
p

ro
b

lem
fo

rm
u
la

tio
n

en
ta

ils
b

o
th

va
lu

e
fu

n
ctio

n
a
n

d
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te-a
ctio

n
va

lu
e

fu
n

ctio
n

estim
a
tio

n
fo

r
a

sta
tio

n
a
ry

p
o
licy

in
th

e
sta

n
d

a
rd

M
D

P
co

n
tex

t.
In

th
ese

a
p

p
lica

tio
n

s,
it

is
th

e
sta

te-a
ctio

n
sp

a
ce

o
f

th
e

M
D

P
th

a
t

co
rresp

o
n

d
s

to
th

e
sta

te
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a
ce
S

h
ere.

In
p

a
rticu

la
r,

fo
r

va
lu

e
fu

n
ctio

n
estim

a
tio

n
,
S
t

h
ere
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l
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e
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∈
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∈
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e
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)
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p
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at
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e
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io
n
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S
→
<

ar
e

ca
lc

u
la

te
d
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rd
in

g
to

e t
=
λ
t
γ
t
ρ
t−

1
e t
−

1
+
φ

(S
t)
,

(2
.2

)

δ t
(v

)
=
ρ
t

( R
t
+
γ
t+

1
v
(S
t+

1
)
−
v
(S
t)
) .

(2
.3

)
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er

e
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t
∈
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t
≥

1,
ar
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im

p
or
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n
t

p
ar
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et

er
s
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e
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h
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b
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p
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at
e
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fu
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s.

O
n
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ch
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ri
th

m
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L
S
T

D
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oy
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,
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99
;

Y
u
,

20
12
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w

h
ic

h
ob

ta
in

s
θ t

b
y

so
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in
g

th
e

li
n
ea

r
eq

u
at

io
n

fo
r
θ
∈
<n

,

1 t

∑
t−

1
k
=

0
e k
δ k

(v
)

=
0,

v
=

Φ
θ

(2
.4

)

(i
f

it
ad

m
it

s
a

so
lu

ti
on

),
w

h
er

e
Φ

is
a

m
at

ri
x

w
it

h
ro

w
ve

ct
or

s
φ

(s
)>
,s
∈
S.

L
S
T

D
u
p

d
at
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e
eq

u
at

io
n

(2
.4

)
it
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iv
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y
b
y
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or

at
in

g
on

e
b
y

on
e

th
e

ob
se

rv
at

io
n

of
(S
t,
S
t+

1
,R

t)
at

ea
ch

st
at

e
tr

an
si

ti
on

.
W

e
w

il
l

d
is

cu
ss

p
ri

m
ar

il
y

th
is

al
go

ri
th

m
in

th
e

p
ap

er
,

as
it

s
b

eh
av

io
r

ca
n

b
e

ch
ar

ac
te

ri
ze

d
d
ir

ec
tl

y
u
si

n
g

ou
r

su
b
se

q
u
en

t
a
n
al

y
se

s
of

th
e

jo
in

t
st

at
e-

tr
ac

e
p
ro

ce
ss

.
A

s
m

en
ti

on
ed

ea
rl

ie
r,

ou
r

an
al

y
se

s
w

il
l

al
so

p
ro

v
id

e
b
as

es
fo

r
an

al
y
zi

n
g

ot
h
er

gr
ad

ie
n
t-

b
as

ed
T

D
al

go
ri

th
m

s
(e

.g
.,

S
u
tt

on
et

al
.,

20
08

,
20

09
;

M
ae

i,
20

11
;

M
ah

ad
ev

an
et

al
.,

20
14

)
b
y

u
si

n
g

st
o
ch

as
ti

c
ap

p
ro

x
im

at
io

n
th

eo
ry

(K
u
sh

n
er

an
d

Y
in

,
20

03
;

B
or

ka
r,

20
08

;
K

ar
m

ak
ar

an
d

B
h
at

n
ag

ar
,

20
18

).
B

ec
au

se
of

th
e

co
m

p
le

x
it

y
of

th
is

su
b

je
ct

,
h
ow

ev
er

,
w

e
w

il
l

n
ot

d
el

ve
in

to
it

in
th

e
p
re

se
n
t

p
ap

er
,

an
d

w
e

re
fe

r
th

e
re

ad
er

to
th

e
re

ce
n
t

w
or

k
(Y

u
,

20
17

)
fo

r
d
et

ai
ls

.

2
.2

O
u

r
S

ch
e
m

e
o
f

H
is

to
ry

-d
e
p

e
n

d
e
n
t
λ

W
e

n
ow

co
m

e
to

th
e

ch
oi

ce
s

of
λ
t

in
th

e
tr

ac
e

it
er

at
es

(2
.2

).
F

or
T

D
w

it
h

fu
n
ct

io
n

ap
p
ro

x
i-

m
at

io
n
,

on
e

of
te

n
le

ts
λ
t

b
e

a
co

n
st

an
t

o
r

a
fu

n
ct

io
n

of
S
t

(S
u
tt

on
,

19
88

;
T

si
ts

ik
li
s

an
d

V
an

R
oy

,
19

97
;

S
u
tt

on
an

d
B

ar
to

,
19

98
).

If
n
ei

th
er

th
e

b
eh

av
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r
p

ol
ic

y
n
or

th
e
λ
t’

s
ar

e
fu
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h
er

co
n
st

ra
in

ed
,
{e
t}

ca
n

h
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e
u
n
b
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n
d
ed
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an
ce

s
an

d
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u
n
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n
d
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an
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n
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u
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l
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tu
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n
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ee

e.
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,
Y

u
,

20
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,
S
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1)

,
an

d
th

is
m

ak
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off
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ol
ic

y
T

D
le

ar
n
in

g
ch

al
le

n
g-

in
g.

3
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w
e

le
t

th
e

b
eh
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io

r
p
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y
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b
e
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e
en
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th

e
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p
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at
P
o
≈
P

,
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n
b

e
re

d
u
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d
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b
u
t
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n
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a
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a
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,
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r
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e
ap

p
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ca

b
il
it

y
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off
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y
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n
in

g
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b
e
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y
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.
W

it
h
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t
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ri

ct
in

g
th

e
b

eh
av

io
r

p
ol

ic
y,
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m

en
ti

on
ed

ea
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ie
r,

th
e
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o

re
ce

n
t

p
ap

er
s

(M
u
n
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et
al

.,
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16
;

M
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m
o
o
d

et
al

.,
20

17
),
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w

el
l
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th

e
cl

os
el

y
re
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te

d
ea

rl
y

w
or

k
b
y
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rr

es
p

o
n

d
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th

e
p
a
ir

o
f

p
re

v
io

u
s

a
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n

a
n

d
cu

rr
en

t
st

a
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in
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e
M

D
P

,
w

h
er
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s
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r

st
a
te
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a
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e
fu

n
ct

io
n

es
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m
a
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o
n

,
S
t

h
er

e
co

rr
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p
o
n

d
s

to
th

e
cu

rr
en

t
st

a
te

-a
ct

io
n

p
a
ir

in
th

e
M

D
P

.
T

h
e

ra
ti

o
ρ
(s
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′ )

=
P
s
s
′ /
P
o s
s
′

th
en
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m

es
o
u

t
a
s

th
e

ra
ti

o
o
f

a
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n

p
ro

b
a
b

il
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ie
s

u
n

d
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a
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d
π
o
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th
e

sa
m

e
a
s

w
h

a
t

a
p

p
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in

m
o
st

o
f

th
e

o
ff

-p
o
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cy
le

a
rn

in
g

li
te

ra
tu

re
.

F
o
r

th
e

d
et

a
il

s
o
f

th
es

e
co

rr
es

p
o
n

d
en

ce
s,

se
e

(Y
u

,
2
0
1
2
,

E
x
a
m

p
le

s
2
.1

,
2
.2

).
T

h
e

th
ir

d
a
p

p
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ca
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o
n

is
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a
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m
u
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o
n
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n
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x
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w
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e
P
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p

o
n

d
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a
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m

u
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d
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a
n

d
b

o
th
P
o
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a
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k
n
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n
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a
t

th
e

ra
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o
ρ
(s
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′ )
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a
il

a
b

le
.

S
u

ch
si

m
u

la
ti

o
n

s
a
re

u
se

fu
l,
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r

ex
a
m

p
le

,
in

st
u

d
y
in

g
sy

st
em

p
er

fo
rm

a
n

ce
u

n
d

er
p

er
tu
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a
ti

o
n

s,
a
n

d
in
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ee

d
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g
u

p
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e
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m
p

u
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o
n

w
h

en
a
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n
g
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e
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p

a
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o
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a
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ra
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u
n

d
er
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d
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.

H
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ev
er

,
a
sy

m
p
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c
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n
v
er

g
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ca

n
st

il
l

b
e

en
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,
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1
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,

2
0
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,
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0
1
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),
th
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a
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b
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p
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p
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b
y

th
is

p
ri

or
w

or
k
,

ou
r

p
ro

p
os

al
is

to
se

t
λ
t

ac
co

rd
in

g
to
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p
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ra
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ra
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ex
am

p
le

,
if

w
e

u
se
λ
t

to
sc

a
le

th
e

ve
ct

or
γ
tρ
t−

1
e t
−

1
to

b
e

w
it

h
in

a
b
al

l
w

it
h

so
m

e
gi

ve
n

ra
d
iu

s,
th

en
w

e
ke

ep
e t

a
lw

ay
s

b
ou

n
d
ed

.
In

th
e

re
st

of
th

is
p
ap

er
,

w
e

sh
al

l
fo

cu
s

on
an

al
y
zi

n
g

th
e

it
er

at
io

n
(2

.2
)

w
it

h
a

p
a
rt

ic
u
la

r
ch

oi
ce

of
λ
t

of
th

e
k
in

d
ju

st
m

en
ti

on
ed

.
W

e
w

an
t

to
b

e
m

or
e

ge
n
er

al
th

an
th

e
p
re

ce
d
in

g
si

m
p
le

ex
am

p
le

.
H

ow
ev

er
,

si
n
ce

th
e

d
ep

en
d
en

ce
on

th
e

tr
ac

e
e t
−

1
w

ou
ld

m
ak

e
λ
t

d
ep

en
d
en

t
on

th
e

en
ti

re
p
as

t
h
is

to
ry

(S
0
,.
..
,S

t−
1
),

w
e

al
so

w
an

t
to

re
ta

in
ce

rt
ai

n
M

ar
k
ov

ia
n

p
ro

p
er

ti
es

th
at

ar
e

ve
ry

u
se

fu
l

fo
r

co
n
ve

rg
en

ce
an

a
ly

si
s.

T
h
is

le
ad

s
u
s

to
co

n
si

d
er
λ
t

be
in

g
a

ce
rt

a
in

fu
n

ct
io

n
o
f

th
e

p
re

vi
o
u

s
tr

a
ce

a
n

d
pa

st
st

a
te

s.
M

or
e

sp
ec

ifi
ca

ll
y,

w
e

w
il
l

le
t
λ
t

b
e

a
fu

n
ct

io
n

of
th

e
p
re

v
io

u
s

tr
ac

e
e t
−

1
an

d
a

ce
rt

ai
n

m
em

or
y

st
at

e
th

at
is

a
su

m
m

ar
y

o
f

th
e

st
a
te

s
ob

se
rv

ed
so

fa
r.

T
h
e

fo
rm

u
la

ti
on

is
as

fo
ll
ow

s.

2
.2
.1

F
o
r
m
u
l
a
t
io
n
a
n
d

E
x
a
m
p
l
e
s

W
e

d
en

ot
e

th
e

m
em

or
y

st
at

e
at

ti
m

e
t

b
y
y t

.
F

or
si

m
p
li
ci

ty
,

w
e

as
su

m
e

th
a
t
y t

ca
n

o
n
ly

ta
ke

va
lu

es
fr

om
a

fi
n
it

e
se

t
M

,
an

d
it

s
ev

ol
u
ti

on
is

M
ar

ko
v
ia

n
:
y t

=
g
(y
t−

1
,S

t)
fo

r
so

m
e

gi
ve

n
fu

n
ct

io
n
g
.

T
h
e

jo
in

t
p
ro

ce
ss
{(
S
t,
y t

)}
is

th
en

a
si

m
p
le

fi
n
it

e-
st

at
e

M
a
rk

ov
ch

a
in

.
E

ac
h
y t

is
a

fu
n
ct

io
n

of
th

e
h
is

to
ry

(S
0
,.
..
,S

t)
an

d
y 0

.
W

e
fu

rt
h
er

re
q
u
ir

e,
b

es
id

es
th

e
ir

re
d
u
ci

b
il
it

y
of
{S

t}
(c

f.
C

on
d
it

io
n

2
.1

(i
i)

),
th

a
t

C
o
n

d
it

io
n

2
.2

(E
v
o
lu

ti
o
n

o
f

m
e
m

o
ry

st
a
te

s)
U

n
d
er

th
e

be
h
a
vi

o
r

po
li

cy
π
o
,

th
e

M
a
rk

o
v

ch
a
in
{(
S
t,
y t

)}
o
n
S
×
M

h
a
s

a
si

n
gl

e
re

cu
rr

en
t

cl
a
ss

.

T
h
is

re
cu

rr
en

ce
co

n
d
it

io
n

is
n
on

re
st

ri
ct

iv
e:

If
th

e
M

ar
ko

v
ch

ai
n

h
as

m
u
lt

ip
le

re
cu

rr
en

t
cl

as
se

s,
ea

ch
re

cu
rr

en
t

cl
as

s
ca

n
b

e
tr

ea
te

d
se

p
ar

at
el

y
b
y

u
si

n
g

th
e

sa
m

e
a
rg

u
m

en
ts

w
e

p
re

se
n
t

in
th

is
p
ap

er
.

H
ow

ev
er

,
w

e
re

m
ar

k
th

at
th

e
fi
n
it

en
es

s
as

su
m

p
ti

o
n

o
n
M

is
a

si
m

p
li
fi
ca

ti
on

.
W

e
ch

o
os

e
to

w
or

k
w

it
h

fi
n
it

e
M

m
ai

n
ly

fo
r

th
e

re
as

on
th

at
w

it
h

th
e

tr
a
ce

s
ly

in
g

in
a

co
n
ti

n
u
ou

s
sp

ac
e,

to
st

u
d
y

th
e

jo
in

t
st

at
e

an
d

tr
ac

e
p
ro

ce
ss

,
w

e
n
ee

d
to

re
so

rt
to

p
ro

p
er

ti
es

of
M

ar
ko

v
ch

ai
n
s

on
in

fi
n
it

e
sp

ac
es

.
W

it
h

an
in

fi
n
it

e
M

,
w

e
w

o
u
ld

n
ee

d
to

in
tr

o
d
u
ce

m
or

e
te

ch
n
ic

al
co

n
d
it

io
n
s

th
at

ar
e

n
ot

es
se

n
ti

al
to

ou
r

an
al

y
si

s
an

d
ca

n
o
b
sc

u
re

ou
r

m
ai

n
ar

gu
m

en
ts

.
W

e
th

u
s

le
t
y t

an
d
λ
t

ev
ol

ve
as

y t
=
g
(y
t−

1
,S

t)
,

λ
t

=
λ

(y
t,
e t
−

1
)

(2
.5

)

w
h
er

e
λ

:
M
×
<n
→

[0
,1

].
W

e
re

q
u
ir

e
th

e
fu

n
ct

io
n
λ

to
sa

ti
sf

y
tw

o
co

n
d
it

io
n
s.

C
o
n

d
it

io
n

2
.3

(C
o
n

d
it

io
n

s
fo

r
λ

(·)
)

F
o
r

so
m

e
n

o
rm
‖·
‖

o
n
<n

,
th

e
fo

ll
o
w

in
g

h
o
ld

fo
r

ea
ch

m
em

o
ry

st
a
te
y
∈
M

:

(i
)

F
o
r

a
n

y
e,
e′
∈
<n

,
‖λ

(y
,e

)
e
−
λ

(y
,e
′ )
e′
‖
≤
‖e
−
e′
‖.

(i
i)

F
o
r

so
m

e
co

n
st

a
n

t
C
y
,
‖γ

(s
′ )
ρ
(s
,s
′ )
·λ

(y
,e

)
e‖
≤
C
y

fo
r

a
ll
e
∈
<n

a
n

d
a
ll

po
ss

ib
le

st
a
te

tr
a
n

si
ti

o
n

s
(s
,s
′ )

th
a
t

ca
n

le
a
d

to
th

e
m

em
o
ry

st
a
te
y

.
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G
e
n
e
r
a
l
iz
e
d

B
e
l
l
m
a
n
E
q
u
a
t
io
n
s
a
n
d

T
D

L
e
a
r
n
in
g

In
th

e
a
b

ove,
th

e
secon

d
con

d
ition

is
to

restrict{
e
t }

in
a

d
esired

ran
ge

(a
s

it
m

akes‖
e
t ‖
≤

m
a
x
y∈M

C
y

+
m

ax
s∈S ‖φ

(s)‖).
T

h
e

fi
rst

co
n
d
ition

is
ab

ou
t

th
e

con
tin

u
ity

of
th

e
fu

n
ction

λ
(y
,e)

e
in

th
e

trace
variab

le
e

for
each

m
em

ory
state

y
,

an
d

it
p
lay

s
a

key
role

in
th

e
su

b
seq

u
en

t
a
n
aly

sis,
w

h
ere

w
e

w
ill

u
se

th
is

con
d
ition

to
en

su
re

th
a
t

th
e

traces
e
t

an
d

th
e

sta
tes

(S
t ,y

t )
join

tly
form

a
M

arkov
ch

ain
w

ith
ap

p
ea

lin
g

p
rop

erties.
W

e
sh

all
d
efer

a
fu

rth
er

d
iscu

ssion
on

th
e

tech
n
ical

ro
les

of
th

ese
con

d
ition

s
to

th
e

en
d

of
S
ection

2.3
(cf.

R
em

a
rk

2
.2

).
L

et
u
s

g
ive

a
few

sim
p
le

ex
am

p
les

of
ch

o
osin

g
λ

th
at

satisfy
C

on
d
ition

2.3.
W

e
w

ill
later

u
se

th
ese

ex
am

p
les

in
ou

r
ex

p
erim

en
ta

l
stu

d
y

(S
ection

4).

E
x
a
m

p
le

2
.1

W
e

con
sid

er
again

th
e

sim
p
le

scalin
g

ex
am

p
le

m
en

tion
ed

earlier
an

d
d
escrib

e
it

u
sin

g
th

e
term

in
ologies

ju
st

in
tro

d
u
ced

.
In

th
is

ex
am

p
le,

w
e

let
y
t

=
(S
t−

1 ,S
t ).

F
or

each
y

=
(s,s ′),

w
e

d
efi

n
e

th
e

fu
n
ction

λ
(y
,·)

so
th

at
w

h
en

m
u
ltip

lied
w

ith
λ

(y
,e),

th
e

vector
γ

(s ′)ρ
(s,s ′)

e
is

scaled
d
ow

n
w

h
en

ev
er

its
len

gth
ex

ceed
s

a
given

th
resh

old
C
ss ′:

λ (y
,e )

=

{
1

if
γ

(s ′)ρ
(s,s ′)‖e‖

2 ≤
C
ss ′;

C
s
s ′

γ
(s ′)ρ

(s,s ′)‖
e‖

2
oth

erw
ise.

(2.6)

C
o
n
d
itio

n
2
.3

(i)
is

satisfi
ed

b
ecau

se
for

y
=

(s,s ′)
w

ith
γ

(s ′)ρ
(s,s ′)

=
0,
λ (y

,e )e
=
e,

w
h
erea

s
fo

r
y

=
(s,s ′)

w
ith

γ
(s ′)ρ

(s,s ′)
6=

0,
λ (y

,e )e
is

sim
p
ly

th
e

E
u
clid

ean
p
ro

jection
o
f
e

o
n
to

th
e

b
all

(cen
tered

at
th

e
origin

)
w

ith
rad

iu
s
C
ss ′/

(γ
(s ′)ρ

(s,s ′))
an

d
is

th
erefore

L
ip

sch
itz

co
n
tin

u
ou

s
in
e

w
ith

m
o
d
u
lu

s
1

w
.r.t.‖·‖

2 .
C

orresp
on

d
in

g
to

(2.6),
th

e
u
p

d
ate

ru
le

(2
.2

)
o
f
e
t

b
ecom

es

e
t

=

{
γ
t ρ
t−

1
e
t−

1
+
φ

(S
t )

if
γ
t ρ
t−

1 ‖e
t−

1 ‖
2 ≤

C
S
t−

1
S
t ;

C
S
t−

1
S
t ·

e
t−

1

‖
e
t−

1 ‖
2

+
φ

(S
t )

oth
erw

ise.
(2.7)

N
o
te

th
a
t

th
is

sch
em

e
of

settin
g
λ

en
cou

rages
th

e
u
se

of
large

λ
t :
λ
t

=
1

w
ill

b
e

ch
osen

w
h
en

ever
p

o
ssib

le.
A

variation
of

th
e

sch
em

e
is

to
m

u
ltip

ly
th

e
righ

t-h
an

d
sid

e
(r.h

.s.)
o
f

(2
.6

)
b
y

a
n
o
th

er
factor

β
ss ′∈

[0,1],
so

th
at

λ
t

can
b

e
at

m
ost

β
S
t−

1
S
t .

In
p
articu

lar,
o
n
e

su
ch

va
ria

tion
is

to
sim

p
ly

m
u
ltip

ly
th

e
r.h

.s.
of

(2.6)
b
y

a
con

stan
t
β
∈

(0,1
)

so
th

at
λ
t ≤

β
<

1
fo

r
all

t.

E
x
a
m

p
le

2
.2

T
h
e

R
etrace

algorith
m

(M
u
n
os

et
al.,

2016)
m

o
d
ifi

es
th

e
trace

u
p

d
ates

in
o
ff

-p
o
licy

T
D

learn
in

g
b
y

tru
n
catin

g
th

e
im

p
ortan

ce
sam

p
lin

g
ratios

b
y

1
.

In
p
articu

la
r,

for
th

e
o
ff

-p
o
licy

T
D

(λ
)

algorith
m

w
ith

a
con

stan
t
λ

=
β
∈

(0,1],
R

etrace
m

o
d
ifi

es
th

e
trace

u
p

d
a
tes

to
b

e
e
t

=
β
γ
t ·m

in{
1,ρ

t−
1 }·

e
t−

1
+
φ

(S
t ).

(2.8)

A
s

p
o
in

ted
o
u
t

b
y

M
ah

m
o
o
d

et
al.

(2017),
to

retain
th

e
origin

al
in

terp
retation

o
f
λ

as
a

b
o
o
tstra

p
p
in

g
p
aram

eter
in

T
D

learn
in

g,
w

e
can

rew
rite

th
e

ab
ove

u
p

d
ate

ru
le

of
R

etrace
eq

u
iva

len
tly

a
s

e
t

=
λ
t γ
t ρ
t−

1
e
t−

1
+
φ

(S
t )

for
λ
t

=
β
·

m
in{

1
,ρ
t−

1 }
ρ
t−

1
(w

ith
0
/
0

=
0).

(2.9)

E
a
ch

λ
t

h
ere

is
a

fu
n
ction

of
(S
t−

1 ,S
t )

on
ly

an
d

d
o
es

n
ot

d
ep

en
d

on
e
t−

1 ,
so

th
is

ch
oice

o
f
λ

-p
a
ra

m
eters

au
tom

atically
satisfi

es
C

on
d
ition

2.3(i)
w

ith
th

e
m

em
ory

states
b

ein
g
y
t

=

7
JM

L
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Y
u
,
M
a
h
m
o
o
d
,
a
n
d

S
u
t
t
o
n

(S
t−

1 ,S
t ).

W
h
en

th
e

d
iscou

n
t

factors
γ

(s)
are

all
strictly

less
th

an
1,‖

e
t ‖

for
a
ll
t

are
b

ou
n
d
ed

b
y

a
d
eterm

in
istic

con
stan

t
th

at
d
ep

en
d
s

on
th

e
in

itial
e

0 .
T

h
en

for
each

in
itial

e
0 ,

R
etrace’s

ch
oice

of
λ

coin
cid

es
w

ith
a

ch
oice

in
ou

r
fram

ew
ork

,
sin

ce
th

e
C

-p
aram

eters
in

C
on

d
ition

2.3(ii)
can

b
e

m
ad

e
vacu

ou
sly

large
so

th
at

th
e

con
d
ition

is
satisfi

ed
b
y

all
th

e
traces

e
t

th
at

cou
ld

b
e

en
cou

n
tered

b
y

R
etrace.

T
h
u
s

in
th

is
case

ou
r

fram
ew

ork
for

ch
o
osin

g
λ

eff
ectively

en
com

p
asses

th
e

p
articu

lar
ch

o
ice

u
sed

b
y

R
etrace.

O
n
e

can
m

ake
variation

s
on

R
etrace’s

trace
u
p

d
ate

ru
le.

F
or

ex
am

p
le,

in
stead

o
f

tru
n
-

catin
g

each
im

p
ortan

ce
sam

p
lin

g
ratio

ρ
(s,s ′)

b
y

1,
on

e
can

tru
n
ca

te
it

b
y

a
con

stan
t

K
ss ′≥

1,
an

d
th

en
u
se

a
scalin

g
sch

em
e

sim
ilar

to
E

x
am

p
le

2.1
to

b
ou

n
d

th
e

traces.
T

h
e

sim
p
lest

su
ch

variation
is

to
ch

o
ose

tw
o

m
em

ory
-in

d
ep

en
d
en

t
p

ositiv
e

con
stan

ts
K

an
d
C

,
an

d
rep

lace
th

e
d
efi

n
ition

of
λ
t

in
(2.9)

b
y

th
e

follow
in

g:
w

ith
λ̃
t

=
m

in{
K
,ρ
t−

1 }
ρ
t−

1
(w

h
ere

w
e

treat
0
/0

=
0),

λ
t

=

{
β
λ̃
t

if
λ̃
t γ
t ρ
t−

1 ‖
e
t−

1 ‖
2 ≤

C
;

β
λ̃
t ·

C
λ̃
t γ
t
ρ
t−

1 ‖
e
t−

1 ‖
2

oth
erw

ise.
(2.10)

C
orresp

on
d
in

gly,
in

stead
of

(2.8),
th

e
u
p

d
ate

ru
le

of
e
t

b
ecom

es

e
t

=

{
β
γ
t ·

m
in{K

,ρ
t−

1 }·
e
t−

1
+
φ

(S
t )

if
γ
t ·

m
in{K

,ρ
t−

1 }·‖
e
t−

1 ‖
2 ≤

C
;

β
C
·

e
t−

1

‖
e
t−

1 ‖
2

+
φ

(S
t )

oth
erw

ise.
(2.11)

T
h
ese

variation
s

of
R

etrace
are

sim
ilar

to
E

x
am
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w
el

l.
L

et
u
s

st
ar

t
w

it
h

tw
o

b
as

ic
p
ro

p
er

ti
es

of
{(
S
t,
y t
,e
t)
}t

h
at

fo
ll
ow

d
ir

ec
tl

y
fr

o
m

o
u
r

ch
o
ic

e
of

th
e
λ

fu
n
ct

io
n
:

(i
)

B
y

C
on

d
it

io
n

2.
3(

i)
,

fo
r

ea
ch

y
,
λ

(y
,e

)e
is

a
co

n
ti

n
u
ou

s
fu

n
ct

io
n

of
e,

a
n
d

th
u
s
e t

d
ep

en
d
s

co
n
ti

n
u
ou

sl
y

on
e t
−

1
.

T
h
is

,
to

ge
th

er
w

it
h

th
e

fi
n
it

en
es

s
of
S
×
M

,
en

su
re

s
th

at
{(
S
t,
y t
,e
t)
}

is
a

w
ea

k
F

el
le

r
M

ar
ko

v
ch

a
in

.5

(i
i)

T
h
en

,
b
y

a
p
ro

p
er

ty
of

w
ea

k
F

el
le

r
M

a
rk

ov
ch

ai
n
s

(M
ey

n
an

d
T

w
ee

d
ie

,
2
0
0
9
,

T
h
e-

or
em

12
.1

.2
(i

i)
),

th
e

b
ou

n
d
ed

n
es

s
of
{e
t}

en
su

re
d

b
y

C
on

d
it

io
n

2.
3(

ii
)

im
p
li
es

th
at

{(
S
t,
y t
,e
t)
}

h
as

at
le

as
t

on
e

in
va

ri
an

t
p
ro

b
ab

il
it

y
m

ea
su

re
.

T
h
e

th
ir

d
p
ro

p
er

ty
,

gi
ve

n
in

th
e

le
m

m
a

b
el

ow
,

co
n
ce

rn
s

th
e

b
eh

av
io

r
of
{e
t}

fo
r

d
iff

er
en

t
in

it
ia

l
e 0

.
It

is
an

im
p

or
ta

n
t

im
p
li
ca

ti
on

of
C

on
d
it

io
n

2.
3(

i)
;

ac
tu

al
ly

,
it

is
o
u
r

p
u
rp

o
se

o
f

in
tr

o
d
u
ci

n
g

th
e

co
n
d
it

io
n

2.
3(

i)
in

th
e

fi
rs

t
p
la

ce
.

In
th

e
le

m
m

a,
a
.s
.
→

st
an

d
s

fo
r

“
co

n
v
er

g
es

al
m

os
t

su
re

ly
to

.”

L
e
m

m
a

2
.1

L
et
{e
t}

a
n

d
{ê
t}

be
ge

n
er

a
te

d
by

th
e

it
er

a
ti

o
n

(2
.2

)
a
n

d
(2

.5
),

u
si

n
g

th
e

sa
m

e
tr

a
je

ct
o
ry

o
f

st
a
te

s
{S

t}
a
n

d
in

it
ia

l
y 0

,
bu

t
w

it
h

d
iff

er
en

t
in

it
ia

l
e 0

a
n

d
ê 0

,
re

sp
ec

ti
ve

ly
.

T
h
en

u
n

d
er

C
o
n

d
it

io
n

s
2
.1

(i
)

a
n

d
2
.3

(i
),
e t
−
ê t

a
.s
.
→

0
.

P
ro

o
f

T
h
e

p
ro

of
is

si
m

il
ar

to
th

at
of

(Y
u
,
20

12
,

L
em

m
a

3.
2)

.
L

et
∆
t

=
‖e
t
−
ê t
‖,

a
n
d

le
t
F t

d
en

ot
e

th
e
σ

-a
lg

eb
ra

ge
n
er

at
ed

b
y
S
k
,k
≤
t.

N
ot

e
th

at
u
n
d
er

ou
r

as
su

m
p
ti

on
,
in

th
e

g
en

er
a
-

ti
on

of
th

e
tw

o
tr

ac
e

se
q
u
en

ce
s
{e
t}

an
d
{ê
t}

,
th

e
st

at
es
{S

t}
an

d
th

e
m

em
o
ry

st
a
te

s
{y
t}

a
re

th
e

sa
m

e,
b
u
t

th
e
λ

-p
ar

am
et

er
s

ar
e

d
iff

er
en

t.
L

et
u
s

d
en

ot
e

th
em

b
y
{λ

t}
an

d
{λ̂

t}
fo

r
th

e
tw

o
tr

ac
e

se
q
u
en

ce
s,

re
sp

ec
ti

v
el

y.
T

h
en

b
y

(2
.2

),
e t
−
ê t

=
γ
t
ρ
t−

1
(λ
te
t−

1
−
λ̂
tê
t−

1
),

a
n
d

b
y

C
on

d
it

io
n

2.
3(

i)
,
‖λ

te
t−

1
−
λ̂
tê
t−

1
‖
≤
‖e
t−

1
−
ê t
−

1
‖.

H
en

ce
‖e
t
−
ê t
‖
≤
γ
t
ρ
t−

1
‖e
t−

1
−
ê t
−

1
‖,

so
E
[ ∆

t∣ ∣ F
t−

1

]
≤

E
[ γ
t
ρ
t−

1

∣ ∣ F
t−

1

] ·
∆
t−

1
≤

∆
t−

1
.

T
h
is

sh
ow

s
{(

∆
t,
F t

)}
is

a
n
o
n
n
eg

a
ti

ve
su

p
er

m
ar

ti
n
ga

le
.

B
y

th
e

su
p

er
m

ar
ti

n
ga

le
co

n
ve

rg
en

ce
th

eo
re

m
(D

u
d
le

y
,

2
0
0
2
,

T
h
eo

re
m

10
.5

.7
an

d
L

em
m

a
4.

3.
3)

,
{∆

t}
co

n
ve

rg
es

a.
s.

to
a

n
on

n
eg

at
iv

e
ra

n
d
o
m

va
ri

a
b
le

∆
∞

w
it

h
E

[∆
∞

]
≤

li
m

in
f t
→
∞

E
[∆

t]
.

F
ro

m
th

e
in

eq
u
al

it
y
‖e
t
−
ê t
‖
≤
γ
t
ρ
t−

1
‖e
t−

1
−
ê t
−

1
‖

fo
r

a
ll
t,

w
e

h
av

e
∆
t
≤

∆
0
·∏

t k
=

1
γ
k
ρ
k
−

1
,

fr
om

w
h
ic

h
a

d
ir

ec
t

ca
lc

u
la

ti
on

sh
ow

s
E
[ ∆

t]
≤

∆
0
·1
>

(P
Γ

)t
1

5
.

T
h

is
m

ea
n

s
th

a
t

fo
r

a
n
y

b
o
u

n
d

ed
co

n
ti

n
u

o
u

s
fu

n
ct

io
n
f

o
n
S
×
M
×
<n

(e
n

d
ow

ed
w

it
h

th
e

u
su

a
l

to
p

o
lo

g
y
),

w
it

h
X
t

=
(S
t
,y
t
,e
t
),

E
[ f

(X
1
)
|X

0
=
x
]

is
a

co
n
ti

n
u

o
u

s
fu

n
ct

io
n

o
f
x

(M
ey

n
a
n

d
T

w
ee

d
ie

,
2
0
0
9
,

P
ro

p
.

6
.1

.1
).
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G
e
n
e
r
a
l
iz
e
d

B
e
l
l
m
a
n
E
q
u
a
t
io
n
s
a
n
d

T
D

L
e
a
r
n
in
g

w
h
ere

1
d
en

o
tes

th
e
n

-d
im

en
sion

al
vector

of
all

1’s.
A

s
t→
∞

,
(P

Γ
)
t

co
n
verges

to
th

e
zero

m
a
trix

u
n
d
er

C
on

d
ition

2.1(i).
T

h
erefore,

lim
in

f
t→
∞

E
[∆

t ]
=

0
an

d
con

seq
u
en

tly,
w

e
m

u
st

h
ave

∆
∞

=
0

a
.s.,

i.e.,
∆
t
a
.s.
→

0.

W
e

u
se

L
em

m
a

2.1
an

d
ergo

d
icity

p
rop

erties
of

w
eak

F
eller

M
ark

ov
ch

a
in

s
(M

ey
n
,
1989)

to
p
rove

th
e

ergo
d
icity

th
eorem

b
elow

.
A

d
irect

ap
p
lication

to
L

S
T

D
w

ill
b

e
d
iscu

ssed
im

m
ed

ia
tely

a
fter

th
e

th
eorem

,
b

efore
w

e
give

its
p
ro

of.
T

o
sta

te
th

e
resu

lt,
w

e
n
eed

som
e

term
in

ology
an

d
n
ota

tion
.

F
or{

(S
t ,y

t ,e
t )}

sta
rtin

g
fro

m
th

e
in

itia
l

con
d
ition

x
=

(s,y
,e),

w
e

w
rite

P
x

for
its

p
rob

ab
ility

d
istrib

u
tion

,
an

d
w

e
w

rite
“
P
x -a.s.”

for
“alm

ost
su

rely
w

ith
resp

ect
to

P
x .”

T
h
e

occu
pa

tio
n

p
ro

ba
bility

m
ea

su
res

a
re

d
en

o
ted

b
y
{µ

x
,t }

,
an

d
th

ey
are

ran
d
om

p
rob

ab
ility

m
easu

res
on
S
×
M
×
<
n

given
b
y

µ
x
,t (D

)
:=

1t ∑
t−

1
k
=

0
1 ((S

k ,y
k ,e

k )∈
D
)

∀
B

orel
sets

D
⊂
S
×
M
×
<
n
,

w
h
ere

1
(·)

is
th

e
in

d
icator

fu
n
ction

.
W

e
are

in
terested

in
th

e
asy

m
p
to

tic
con

vergen
ce

of
th

ese
o
ccu

p
a
tio

n
p
rob

ab
ility

m
easu

res
in

th
e

sen
se

of
w

ea
k

co
n

vergen
ce

:
for

p
rob

ab
ility

m
ea

su
res{µ

t }
an

d
µ

on
a

m
etric

sp
ace,{

µ
t }

con
verges

w
eak

ly
to
µ

if ∫
f
d
µ
t →

∫
f
d
µ

as
t→
∞

,
for

every
b

ou
n
d
ed

con
tin

u
ou

s
fu

n
ction

f
.

W
e

sh
a
ll

a
lso

con
sid

er
th

e
M

arkov
ch

ain
{
(S
t ,S

t+
1 ,y

t ,e
t )}

,
w

h
ose

o
ccu

p
ation

p
rob

ab
ility

m
ea

su
res

are
d
efi

n
ed

lik
ew

ise.
T

h
is

M
arkov

ch
ain

is
essen

tially
th

e
sam

e
as
{
(S
t ,y

t ,e
t )}

,
b
u
t

it
is

m
o
re

con
ven

ien
t

for
ap

p
ly

in
g

ou
r

ergo
d
icity

resu
lt

to
T

D
algorith

m
s

b
ecau

se
th

e
tem

p
o
ra

l-d
iff

eren
ce

term
δ
t (v

)
in

volv
es

(S
t ,S

t+
1 ,e

t ).
R

egard
in

g
in

va
rian

t
p
rob

ab
ility

m
easu

res
o
f

th
e

tw
o

M
arkov

ch
ain

s,
ob

v
iou

sly,
if
ζ

is
an

in
varian

t
p
rob

ab
ility

m
easu

re
of

{
(S
t ,y

t ,e
t )},

th
en

an
in

variab
le

p
rob

ab
ility

m
easu

re
of{(S

t ,S
t+

1 ,y
t ,e

t )}
is

th
e

p
rob

ab
ility

m
ea

su
re
ζ

1
co

m
p

osed
from

th
e

m
argin

al
ζ

an
d

th
e

con
d
ition

al
d
istrib

u
tion

of
S

1
given

(S
0 ,y

0 ,e
0 )

sp
ecifi

ed
b
y
P
o;

i.e.,

ζ
1 (D

)
=
∫
∑

s ′∈S
P
oss ′ 1 ((s,s ′,y

,e)∈
D
)
ζ (d

(s,y
,e) )

∀
B

orel
sets

D
⊂
S

2×
M
×
<
n
.

(2.13)
(In

th
e

a
b

ov
e,

w
e

u
sed

th
e

n
otation

∫
f

(x
)
ζ
(d
x

)
to

w
rite

th
e

in
tegral

o
f
f

w
.r.t.

ζ
,

an
d

th
e

n
o
ta

tio
n
ζ (d

(s,y
,e) )

is
th

e
sam

e
as
ζ
(d
x

)
w

ith
x

=
(s,y

,e).)

T
h

e
o
re

m
2
.1

L
et

C
o
n

d
itio

n
s

2
.1

-2
.3

h
o
ld

.
T

h
en
{
(S
t ,y

t ,e
t )}

is
a

w
ea

k
F

eller
M

a
rko

v
ch

a
in

a
n

d
h
a
s

a
u

n
iqu

e
in

va
ria

n
t

p
ro

ba
bility

m
ea

su
re
ζ

.
F

o
r

ea
ch

in
itia

l
co

n
d
itio

n
x

:=
(s,y

,e)
o
f

(S
0 ,y

0 ,e
0 ),

th
e

occu
pa

tio
n

p
ro

ba
bility

m
ea

su
res{µ

x
,t }

co
n

verge
w

ea
kly

to
ζ

,
P
x -

a
.s.L

ikew
ise,

th
e

sa
m

e
h
o
ld

s
fo

r{
(S
t ,S

t+
1 ,y

t ,e
t )}

,
w

h
o
se

u
n

iqu
e

in
va

ria
n

t
p
ro

ba
bility

m
ea

-
su

re
is

a
s

given
in

(2
.1

3
).

If
th

e
in

itial
d
istrib

u
tion

of
(S

0 ,y
0 ,e

0 )
is
ζ
,

th
e

state-trace
p
ro

cess{
(S
t ,y

t ,e
t )}

is
sta-

tio
n
ary.

L
et

E
ζ

d
en

ote
ex

p
ectation

w
.r.t.

th
is

sta
tion

ary
p
ro

cess.
W

e
n
ow

state
a

corollary
of

th
e

a
b

ove
th

eorem
for

L
S
T

D
,

b
efore

w
e

p
rove

th
e

th
eorem

.
C

o
n
sid

er
th

e
seq

u
en

ce
of

eq
u
ation

s
in
v
,

1t ∑
t−

1
k
=

0
e
k
δ
k (v

)
=

0,
ap

p
eared

in
(2.4)

for
L

S
T

D
.

F
ro

m
th

e
d
efi

n
ition

(2.3)
of
δ
t (v

),

δ
t (v

)
=
ρ
t (R

t
+
γ
t+

1 v
(S
t+

1 )−
v
(S
t ) ),
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Y
u
,
M
a
h
m
o
o
d
,
a
n
d

S
u
t
t
o
n

w
e

see
th

at
for

fi
x
ed

v
,

every
e
k
δ
k (v

)
can

b
e

ex
p
ressed

as
f

(S
k ,S

k
+

1 ,e
k )

for
a

con
tin

u
-

ou
s

fu
n
ction

f
.

S
in

ce
th

e
traces

an
d

h
en

ce
th

e
en

tire
p
ro

cess
lie

in
a

b
ou

n
d
ed

set
u
n
-

d
er

C
on

d
ition

2.3(ii),
th

e
w

eak
con

vergen
ce

of
th

e
o
ccu

p
ation

p
rob

ab
ilities

m
easu

res
of

{
(S
t ,S

t+
1 ,y

t ,e
t )}

sh
ow

n
b
y

T
h
eorem

2.1
im

p
lies

th
at

th
is

seq
u
en

ce
of

eq
u
ation

s
h
as

an
asy

m
p
totic

lim
it

th
at

can
b

e
ex

p
ressed

in
term

s
of

th
e

station
ary

state-trace
p
ro

cess
as

follow
s.

C
o
ro

lla
ry

2
.1

L
et

C
o
n

d
itio

n
s

2
.1

-2
.3

h
o
ld

.
T

h
en

fo
r

ea
ch

in
itia

l
co

n
d
itio

n
o
f

(S
0 ,y

0 ,e
0 ),

a
lm

o
st

su
rely,

th
e

sequ
en

ce
o
f

lin
ea

r
equ

a
tio

n
s

in
v

,
1t ∑

t−
1

k
=

0
e
k
δ
k (v

)
=

0,
ten

d
s

a
sym

p
-

to
tica

lly
to

E
ζ [e

0
δ

0 (v
)]

=
0

(a
lso

a
lin

ea
r

equ
a
tio

n
in

v
),

in
th

e
sen

se
th

a
t

th
e

ra
n

d
o
m

coeffi
cien

ts
in

th
e

fo
rm

er
equ

a
tio

n
s

co
n

verge
to

th
e

co
rrespo

n
d
in

g
coeffi

cien
ts

in
th

e
la

tter
equ

a
tio

n
a
s
t→
∞

.

In
th

e
rest

of
th

is
section

w
e

p
rove

T
h
eorem

2.1.
B

road
ly

sp
eak

in
g,

th
e

lin
e

of
argu

m
en

t
is

as
follow

s:
W

e
fi
rst

p
rov

e
th

e
w

eak
con

vergen
ce

of
o
ccu

p
ation

p
rob

ab
ility

m
easu

res
to

th
e

sam
e

in
varian

t
p
rob

ab
ility

m
easu

re,
for

each
in

itia
l

con
d
ition

.
T

h
is

w
ill

in
tu

rn
im

p
ly

th
e

u
n
iq

u
en

ess
of

th
e

in
varian

t
p
rob

ab
ility

m
easu

re.

A
fter

th
e

p
ro

of
w

e
w

ill
fi
rst

com
m

en
t

in
R

em
ark

2.1
on

th
e

d
iff

eren
ces

b
etw

een
ou

r
p
ro

of
an

d
th

at
of

a
sim

ilar
resu

lt
in

th
e

p
rev

iou
s

w
ork

(Y
u
,

2012).
W

e
w

ill
th

en
com

m
en

t
in

R
em

ark
2.2

ab
ou

t
th

e
tech

n
ical

roles
of

C
on

d
ition

2.3
(w

h
ich

con
cern

s
th

e
ch

oice
of

th
e

fu
n
ction

λ
(·))

an
d

w
h
eth

er
som

e
p
art

of
th

at
con

d
ition

can
b

e
relax

ed
.

P
ro

o
f

o
f

T
h

e
o
re

m
2
.1

A
s

w
e

d
iscu

ssed
b

efore
L

em
m

a
2.1,

u
n
d
er

C
on

d
itio

n
s

2.3,
{
(S
t ,y

t ,e
t )}

is
w

eak
F

eller
an

d
h
as

at
least

on
e

in
varian

t
p
rob

ab
ility

m
easu

re
ζ
.

T
h
en

,
b
y

(M
ey

n
,

1989,
P

rop
.

4.1),
th

ere
ex

ists
a

set
D
⊂
S
×
M
×
<
n

w
ith

ζ
-m

easu
re

1
su

ch
th

at
for

each
in

itial
con

d
ition

x
=

(s,y
,e)∈

D
,

th
e

o
ccu

p
ation

p
rob

ab
ility

m
easu

res{
µ
x
,t }

con
verge

w
eak

ly,
P
x -a.s.,

to
an

in
varian

t
p
rob

a
b
ility

m
easu

re
µ
x

th
at

d
ep

en
d
s

on
ly

on
th

e
in

itial
con

d
ition

x
.

T
o

p
rove

th
e

th
eorem

u
sin

g
th

is
resu

lt,
w

e
n
eed

to
sh

ow
th

at
(i)

all
th

ese{
µ
x |

x
∈
D
}

are
th

e
sam

e
in

varian
t

p
rob

ab
ility

m
easu

re,
an

d
(ii)

for
all

x
6∈
D

,{
µ
x
,t }

h
as

th
e

sam
e

w
eak

con
vergen

ce
p
rop

erty.

T
o

th
is

en
d
,

w
e

fi
rst

con
sid

er
an

arb
itrary

p
air

(s,y
s )

in
th

e
recu

rren
t

class
of{

(S
t ,y

t )}
(cf.

C
on

d
ition

2.2).
L

et
u
s

sh
ow

th
at

for
all

in
itial

con
d
ition

s
x
∈
{(s,y

s ,e)
|
e
∈
<
n}

,
{
µ
x
,t }

con
verges

w
eak

ly
to

th
e

sam
e

in
varia

n
t

p
rob

ab
ility

m
easu

re,
alm

ost
su

rely.

S
in

ce
th

e
fi
n
ite-state

M
arkov

ch
ain
{
(S
t ,y

t )}
h
as

a
sin

gle
recu

rren
t

class
(C

on
d
ition

2.2)
an

d
its

evolu
tion

is
n
ot

aff
ected

b
y
{
e
t }

,
th

e
m

argin
al

o
f
ζ

on
S
×
M

coin
cid

es
w

ith
th

e
u
n
iq

u
e

in
varian

t
p
rob

ab
ility

d
istrib

u
tion

of{
(S
t ,y

t )}
.

S
o

th
e

fact
th

at
ζ
(D

)
=

1
an

d
(s,y

s )
is

a
recu

rren
t

state
of{(S

t ,y
t )}

im
p
lies

th
at

th
ere

ex
ists

som
e
ê

w
ith

(s,y
s ,ê)

∈
D

.
F

or
th

e
in

itial
con

d
ition

x̂
=

(s,y
s ,ê),

b
y

th
e

resu
lt

of
(M

ey
n
,

1989)
m

en
tion

ed
earlier,{

µ
x̂
,t }

con
verges

w
eak

ly
to
µ
x̂ ,

alm
ost

su
rely.

N
ow

con
sid

er
x

=
(s,y

s ,e)
for

a
n

arb
itrary

e
∈
<
n
.

G
en

era
te

iterates
{ê
t }

an
d
{
e
t }

accord
in

g
to

(2.2),
u
sin

g
th

e
sam

e
tra

jectory
{
(S
t ,y

t )}
w

ith
(S

0 ,y
0 )

=
(s,y

s ),
b
u
t

w
ith

ê
0

=
ê

an
d
e

0
=
e.

B
y

L
em

m
a

2.1,
ê
t −

e
t
a
.s.
→

0.
T

h
erefore,

ex
cep

t
on

a
n
u
ll

set
of

sam
p
le
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G
e
n
e
r
a
l
iz
e
d

B
e
l
l
m
a
n
E
q
u
a
t
io
n
s
a
n
d

T
D

L
e
a
r
n
in
g

p
at

h
s,

it
h
ol

d
s

fo
r

al
l

b
ou

n
d
ed

L
ip

sc
h
it

z
co

n
ti

n
u
ou

s
fu

n
ct

io
n
s
f

on
S
×
M
×
<n

th
a
t6

∣ ∣∫
f
d
µ
x̂
,t
−
∫
f
d
µ
x
,t

∣ ∣ =
∣ ∣ ∣1 t

∑
t−

1
k
=

0
f

(S
k
,y
k
,ê
k
)
−

1 t

∑
t−

1
k
=

0
f

(S
k
,y
k
,e
k
)∣ ∣ ∣→

0
.

(2
.1

4)

B
y

th
e

a.
s.

w
ea

k
co

n
ve

rg
en

ce
of
µ
x̂
,t

to
µ
x̂

p
ro

ve
d

ea
rl

ie
r,

ex
ce

p
t

on
a

n
u
ll

se
t,
∫
f
d
µ
x̂
,t
→

∫
f
d
µ
x̂

fo
r

al
l

su
ch

fu
n
ct

io
n
s
f

.
C

om
b
in

in
g

th
is

w
it

h
(2

.1
4)

y
ie

ld
s

th
at

al
m

os
t

su
re

ly
,

∫
f
d
µ
x
,t
→
∫
f
d
µ
x̂

fo
r

al
l

su
ch

f
.

B
y

(D
u
d
le

y
,

20
02

,
T

h
eo

re
m

11
.3

.3
),

th
is

im
p
li
es

th
at

al
m

os
t

su
re

ly
,
µ
x
,t
→
µ
x̂

w
ea

k
ly

.
T

h
u
s

w
e

h
av

e
p
ro

ve
d

th
at

fo
r

al
l
in

it
ia

l
co

n
d
it

io
n
s
x

=
(s
,y
s
,e

),
e
∈
<n

,
{µ

x
,t
}c

o
n
ve

rg
es

w
ea

k
ly

,
al

m
os

t
su

re
ly

,
to

th
e

sa
m

e
in

va
ri

an
t

p
ro

b
ab

il
it

y
m

ea
su

re
µ
x̂
.

D
en

o
te
µ

=
µ
x̂
.

L
et

u
s

n
ow

sh
ow

th
at

fo
r

an
y

in
it

ia
l

co
n
d
it

io
n
x

,
{µ

x
,t
}

al
so

co
n
ve

rg
es

to
µ

,
P
x
-a

.s
.

C
on

si
d
er
{(
S
t,
y t
,e
t)
}

w
it

h
an

ar
b
it

ra
ry

in
it

ia
l

co
n
d
it

io
n
x̄

=
(s̄
,ȳ
,ē

).
L

et
τ

=
m

in
{t
|

(S
t,
y t

)
=

(s
,y
s
)}

(t
h
e

p
ai

r
(s
,y
s
)

is
as

in
th

e
p
ro

of
ab

ov
e)

.
N

ot
e

th
at
τ
<
∞

a.
s.

,
b

ec
a
u
se

(s
,y
s
)

is
a

re
cu

rr
en

t
st

at
e

of
{(
S
t,
y t

)}
.

D
efi

n
e

(S̃
k
,ỹ
k
)

=
(S
τ
+
k
,y
τ
+
k
),
ẽ k

=
e τ

+
k

fo
r
k
≥

0.
B

y
th

e
st

ro
n
g

M
ar

k
ov

p
ro

p
er

ty
(s

ee
e.

g.
N

u
m

m
el

in
,

1
98

4,
T

h
eo

re
m

3.
3)

,
{(
S̃
k
,ỹ
k
)}
k
≥

0

h
as

th
e

sa
m

e
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
as

th
e

M
ar

ko
v

ch
ai

n
{(
S
t,
y t

)}
th

at
st

a
rt

s
fr

om
(S

0
,y

0
)

=
(s
,y
s
).

T
h
er

ef
or

e,
b
y

th
e

p
re

ce
d
in

g
p
ro

of
,

P
x̄
-a

lm
os

t
su

re
ly

,
fo

r
al

l
b

ou
n
d
ed

co
n
ti

n
u
ou

s
fu

n
ct

io
n
s
f

on
S
×
M
×
<n

,

li
m

m
→
∞

1 m

∑
m
−

1
k
=

0
f

(S̃
k
,ỹ
k
,ẽ
k
)

=
∫
f
d
µ
.

(2
.1

5)

D
en

ot
e
a
∧
b

=
m

in
{a
,b
}.

U
si

n
g

(2
.1

5)
an

d
th

e
fa

ct
τ
<
∞

a.
s.

,
w

e
h
av

e
th

at
P
x̄
-a

lm
os

t
su

re
ly

, li
m

t→
∞

1 t

∑
t−

1
k
=

0
f

(S
k
,y
k
,e
k
)

=
li
m

t→
∞

( 1 t

∑
t∧

(τ
−

1
)

k
=

0
f

(S
k
,y
k
,e
k
)

+
1 t

∑
t−

1
k
=
τ
f

(S
k
,y
k
,e
k
))

=
li
m

t→
∞

1 t

∑
t−
τ
−

1
k
=

0
f

(S
τ
+
k
,y
τ
+
k
,e
τ
+
k
)

=
li
m

m
→
∞

1 m

∑
m
−

1
k
=

0
f

(S̃
k
,ỹ
k
,ẽ
k
)

=
∫
f
d
µ
.

T
h
is

p
ro

v
es

th
at
{µ

x
,t
}

co
n
ve

rg
es

w
ea

k
ly

to
µ

al
m

o
st

su
re

ly
,

fo
r

ea
ch

in
it

ia
l

co
n
d
it

io
n
x

.
It

n
ow

fo
ll
ow

s
th

at
µ

m
u
st

b
e

th
e

u
n
iq

u
e

in
va

ri
an

t
p
ro

b
ab

il
it

y
m

ea
su

re
of
{(
S
t,
y t
,e
t)
}.

T
o

se
e

th
is

,
su

p
p

os
e
ζ

is
an

ot
h
er

in
va

ri
an

t
p
ro

b
ab

il
it

y
m

ea
su

re
.

F
o
r

an
y

b
ou

n
d
ed

co
n
ti

n
u
ou

s
fu

n
ct

io
n
f

,
b
y

st
at

io
n
ar

it
y,

E
ζ
[1 t

∑
t−

1
k
=

0
f

(S
k
,y
k
,e
k
)]

=
∫
f
d
ζ

fo
r

al
l
t
≥

1.
O

n
th

e
ot

h
er

h
an

d
,

th
e

p
re

ce
d
in

g
p
ro

of
h
as

es
ta

b
li
sh

ed
th

at
fo

r
al

l
in

it
ia

l
co

n
d
it

io
n
s
x

,

1 t

∑
t−

1
k
=

0
f

(S
k
,y
k
,e
k
)

=
∫
f
d
µ
x
,t
→
∫
f
d
µ
,

P
x
-a

.s
.,

w
h
ic

h
im

p
li
es

th
at

if
ζ

is
th

e
in

it
ia

l
d
is

tr
ib

u
ti

on
of

(S
0
,y

0
,e

0
),

th
en

1 t

∑
t−

1
k
=

0
f

(S
k
,y
k
,e
k
)
→

∫
f
d
µ

,
P
ζ
-a

.s
.

W
e

th
u
s

h
av

e

∫
f
d
ζ

=
E
ζ

[ 1 t

∑
t−

1
k
=

0
f

(S
k
,y
k
,e
k
)] =

li
m

t→
∞

E
ζ

[ 1 t

∑
t−

1
k
=

0
f

(S
k
,y
k
,e
k
)]

=
E
ζ

[
li
m

t→
∞

1 t

∑
t−

1
k
=

0
f

(S
k
,y
k
,e
k
)] =

∫
f
d
µ
,

6
.

H
er

e
w

e
a
re

u
si

n
g

th
e

sa
m

e
(S
k
,y
k
),
k
≤
t

in
th

e
o
cc

u
p

a
ti

o
n

p
ro

b
a
b

il
it

y
m

ea
su

re
s
µ
x̂
,t

a
n

d
µ
x
,t

.
T

h
is

is
va

li
d

b
ec

a
u

se
th

e
e t

’s
d

o
n
o
t

a
ff

ec
t

th
e

ev
o
lu

ti
o
n

o
f
{(
S
t
,y
t
)}

a
n

d
a
re

fu
n

ct
io

n
s

o
f

th
es

e
st

a
te

s
a
n

d
th

e
g
iv

en
in

it
ia

l
e 0

.
If

w
e

ca
ll

th
e
µ
x
,t

h
er

e
µ̃
x
,t

in
st

ea
d

a
n

d
d

efi
n

e
µ
x
,t

u
si

n
g

a
n

o
th

er
in

d
ep

en
d

en
t

co
p
y

o
f

{(
S
t
,y
t
)}

,
th

en
si

n
ce

th
e

tw
o

se
q
u

en
ce

s
o
f

o
cc

u
p

a
ti

o
n

p
ro

b
a
b

il
it

y
m

ea
su

re
s

w
il

l
h

av
e

th
e

sa
m

e
p

ro
b

a
b

il
it

y
d

is
tr

ib
u

ti
o
n

,
{µ

x
,t
}

w
il

l
h

av
e

th
e

sa
m

e
w

ea
k

co
n
v
er

g
en

ce
p

ro
p

er
ty

a
s
{µ̃

x
,t
}.
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01

8

Y
u
,
M
a
h
m
o
o
d
,
a
n
d

S
u
t
t
o
n

w
h
er

e
th

e
th

ir
d

eq
u
al

it
y

fo
ll
ow

s
fr

om
th

e
b

ou
n
d
ed

co
n
ve

rg
en

ce
th

eo
re

m
.

T
h
is

sh
ow

s
∫
f
d
ζ

=
∫
f
d
µ

fo
r

al
l

b
ou

n
d
ed

co
n
ti

n
u
ou

s
fu

n
ct

io
n
s
f

,
an

d
h
en

ce
ζ

=
µ

b
y

(D
u
d
le

y
,

20
02

,
P

ro
p
.

11
.3

.2
),

p
ro

v
in

g
th

e
u
n
iq

u
en

es
s

of
th

e
in

va
ri

an
t

p
ro

b
ab

il
it

y
m

ea
su

re
.

T
h
e

co
n
cl

u
si

on
s

fo
r

th
e

M
ar

ko
v

ch
ai

n
{(
S
t,
S
t+

1
,y
t,
e t

)}
fo

ll
ow

fr
om

th
e

sa
m

e
a
rg

u
m

en
ts

gi
ve

n
ab

ov
e,

if
w

e
re

p
la

ce
S
t

w
it

h
(S
t,
S
t+

1
)

an
d

re
p
la

ce
th

e
se

t
S

w
it

h
th

e
se

t
o
f

p
o
ss

ib
le

st
at

e
tr

an
si

ti
on

s.
(W

e
co

u
ld

h
av

e
p
ro

ve
d

th
e

as
se

rt
io

n
s

fo
r
{(
S
t,
S
t+

1
,y
t,
e t

)}
fi
rs

t
a
n
d

th
en

d
ed

u
ce

d
as

th
ei

r
im

p
li
ca

ti
on

s
th

e
as

se
rt

io
n
s

fo
r
{(
S
t,
y t
,e
t)
}.

W
e

tr
ea

te
d

th
e

la
tt

er
fi
rs

t,
a
s

it
m

ak
es

th
e

n
ot

a
ti

on
in

th
e

p
ro

of
si

m
p
le

r.
)

R
e
m

a
rk

2
.1

(A
b

o
u

t
th

e
p

ro
o
f)

T
h
eo

re
m

2.
1

is
si

m
il
ar

to
(Y

u
,

20
12

,
T

h
eo

re
m

3
.2

)
fo

r
off

-p
ol

ic
y

L
S
T

D
w

it
h

co
n
st

an
t
λ

(t
h
e

an
al

y
si

s
gi

ve
n

in
(Y

u
,

2
01

2)
al

so
ap

p
li
es

to
st

a
te

-
d
ep

en
d
en

t
λ

).
S
om

e
of

th
e

te
ch

n
iq

u
es

u
se

d
to

p
ro

ve
th

e
tw

o
th

eo
re

m
s

ar
e

a
ls

o
si

m
il
a
r.

T
h
e

m
ai

n
d
iff

er
en

ce
to

(Y
u
,

20
12

)
is

th
at

in
th

e
p
ro

of
h
er

e
w

e
u
se

d
an

ar
g
u
m

en
t

b
a
se

d
on

th
e

st
ro

n
g

M
ar

ko
v

p
ro

p
er

ty
to

ex
te

n
d

th
e

w
ea

k
co

n
ve

rg
en

ce
p
ro

p
er

ty
o
f
{µ

x
,t
}

fo
r

a
su

b
se

t
of

in
it

ia
l

co
n
d
it

io
n
s
x
∈
{(
s,
y s
,e

)
|e
∈
<n
}

to
al

l
in

it
ia

l
co

n
d
it

io
n
s,

w
h
er

ea
s

in
(Y

u
,

20
12

)
th

is
st

ep
w

as
p
ro

ve
d

u
si

n
g

a
re

su
lt

o
n

th
e

co
n
ve

rg
en
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p
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d
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p
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n
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b
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b
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p
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p
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e
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e
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b
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a
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p
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fi
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u
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iq
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en
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in
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p
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il
it

y
m

ea
su

re
,

th
en

,
si

n
ce
{(
S
t,
y t
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e
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b
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n
d
ed

se
t,

th
e

w
ea

k
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n
ve

rg
en

ce
of

o
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u
p
at

io
n

p
ro

b
ab

il
it

y
m

ea
su

re
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w
il
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.
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ow
ev

er
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b
ec

au
se

th
e

ev
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u
ti
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o
f

th
e
λ
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s
d
e-

p
en

d
s

on
b

ot
h

st
at

es
an

d
tr

ac
es

,
it

d
o
es

n
ot

se
em

ea
sy

to
u
s

to
p
ro

ve
d
ir

ec
tl

y
th

e
u
n
iq

u
en

es
s

p
ar

t
fi
rs
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R
e
m

a
rk
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(A
b

o
u

t
th

e
c
o
n

d
it

io
n

s
o
n

th
e

fu
n

c
ti

o
n
λ

(·)
)

O
u
r

p
ro

of
o
f

T
h
eo

re
m

2
.1

re
li
ed

on
L

em
m

a
2.

1
an

d
th

e
tw

o
p
ro

p
er

ti
es

d
is

cu
ss

ed
p
re

ce
d
in

g
th

at
le

m
m

a
,

n
a
m

el
y,

th
a
t

{(
S
t,
y t
,e
t)
}

is
a

w
ea

k
F

el
le

r
M

ar
ko

v
ch

ai
n

an
d

h
a
s

at
le

as
t

on
e

in
va

ri
an

t
p
ro

b
a
b
il
it

y
m

ea
-

su
re

.
A

s
lo

n
g

as
th

es
e

h
ol

d
w

h
en

w
e

w
ea

k
en

or
ch

an
ge

th
e

co
n
d
it

io
n
s

on
th

e
fu

n
ct

io
n
λ

(·)
,

th
e

p
ro

of
an

d
th

e
co

n
cl

u
si

on
s

of
th

e
th

eo
re

m
w

il
l

re
m

ai
n

ap
p
li
ca

b
le
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W
e

in
tr

o
d
u
ce
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C

on
d
it

io
n
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to
b

ou
n
d

th
e

tr
ac
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r
al

go
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th
m
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co

n
ce

rn
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o
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th
e
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it
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e
p
ro
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d
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p
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n
b

e
re

m
ov

ed
fr

om
th

e
co

n
d
it
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re
m
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h
e

re
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on
is

th
at

w
e

u
se

d
th

is
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n
d
it

io
n

b
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e
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a
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1
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q
u
ic

k
ly

in
fe

r
th

at
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S
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,e
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h
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at
le
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t

on
e
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a
n
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a
b
il
it
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b
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il
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d
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d
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d
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b
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it
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ra
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.
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d
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n
d
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n
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m

b
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of
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y
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h
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ra
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r
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l
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e
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e
l
l
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n
E
q
u
a
t
io
n
s
a
n
d

T
D

L
e
a
r
n
in
g

F
eller

M
a
rkov

ch
ain

.
T

o
b

e
m

ore
gen

eral,
in

stead
of

lettin
g

th
e

ev
olu

tion
s

of
th

e
traces

a
n
d

m
em

o
ry

states
b

e
govern

ed
b
y

th
e

fu
n
ction

s
λ

an
d
g
,

on
e

m
ay
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sid

er
lettin

g
th

em
b

e
g
ov

ern
ed

b
y

sto
ch

astic
kern

els.
T

h
en

b
y

p
lacin

g
a

su
itab

le
con

tin
u
ity

con
d
ition

on
th

e
sto

ch
a
stic

kern
el
λ

,
on

e
can

en
su

re
th

at
th

e
state-trace

p
ro

cess
h
as

th
e

d
esired

w
eak

F
eller

M
a
rkov

p
rop

erty.

T
h
e

seco
n
d

con
d
ition

p
acked

in
to

C
on

d
ition

2.3(i)
is

th
at

for
each

y
,
λ

(y
,e)e

is
a

L
ip

s-
ch

itz
co

n
tin

u
ou

s
fu

n
ction

of
e

w
ith

m
o
d
u
lu

s
1.

T
h
is

con
d
ition

is
som

ew
h
at

restrictive,
an

d
o
n
e

m
ay

co
n
sid

er
in

stead
allow

in
g

th
e

fu
n
ction

to
h
ave

L
ip

sch
itz

m
o
d
u
lu

s
greater

th
an

1.
H

ow
ever,

ad
d
ition

al
con

d
ition

s
are

th
en

n
eed

ed
to

en
su

re
th

at
L

em
m

a
2.1

h
old

s.
(If

th
is

lem
m

a
d
o
es

n
o
t

h
old

,
th

en
th

e
state-trace

p
ro

cess
m

ay
n
ot

b
e

ergo
d
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an
d

on
e

w
ill

n
eed

a
d
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eren
t

a
p
p
roa

ch
th

an
th

e
on

e
w

e
to

ok
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ch
aracterize

th
e

sam
p
le

p
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p
rop

erties
of

th
e

sta
te-tra

ce
p
ro

cess.)

F
ro

m
a
n

a
lgorith

m
ic

p
ersp

ective,
if

it
is

d
esirab

le
to

ch
o
ose

even
larg

er
λ
t ’s

or
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h
ave

g
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ter
fl
ex

ib
ility

in
ch

o
osin

g
th

ese
λ

-p
aram

eters,
som

e
of

th
e

gen
eralizatio

n
s

ju
st

m
en

tio
n
ed
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n

b
e

con
sid

ered
.

F
or

ex
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p
le,
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on

d
ition

2.3(ii)
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b
e
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an
d

sto
ch
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els
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n
b

e
in

tro
d
u
ced

to
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of
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e
n
e
ra
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e
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E
q
u
a
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In
th
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n
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w
e

con
tin

u
e

th
e

an
aly

sis
sta

rted
in

S
ectio

n
2.3.

R
ecall

th
at

C
orollary

2
.1

esta
b
lish

ed
th

a
t

th
e

asy
m

p
totic

lim
it

of
th

e
lin

ear
eq

u
ation

s
(2.4)

for
L

S
T

D
is

th
e

lin
ear

eq
u
a
tio

n
(in

v
):

E
ζ [e

0
δ

0 (v
)]

=
0
.

O
u
r

g
o
a
l
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is
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u
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a
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B
ellm

an
eq

u
ation
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th

e
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p
o
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π
.

T
h
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ill

th
en
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u
s

to
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terp
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tio

n
s

of
(2.4)
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p
u
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b
y

L
S
T

D
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so
lu
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s

o
f

a
p
p
rox

im
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version
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eralized
B

ellm
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eq
u
ation

.

T
o

th
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en
d
,

w
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w
ill

fi
rst
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a

gen
eral

d
escrip

tion
of

ran
d
om

ized
sto

p
p
in

g
tim

es
an

d
a
sso

cia
ted

B
ellm

an
op

erators
(S

ection
3.1).

W
e

w
ill

th
en

u
se

th
ese

n
otion

s
to

d
erive

th
e

p
a
rticu

la
r

B
ellm

an
op

erators
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on
d

to
ou

r
ch

o
ices

of
th

e
λ

-p
aram

eters
an

d
a
p
p

ear
in

th
e

lin
ear

eq
u
ation

s
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L
S
T

D
(S

ection
3.2).

W
e

w
ill

also
d
iscu

ss
a

com
p

osite
sch

em
e

of
ch

o
o
sin

g
th

e
λ

-p
aram

eters
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a
d
irect

ap
p
lication

an
d

ex
ten

sion
of

o
u
r
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lts.

T
o

sim
p
lify

n
otation

in
su

b
seq

u
en

t
d
erivatio

n
s,

w
e

sh
all

u
se

th
e

follow
in

g
sh

orth
an

d
n
o
ta

tio
n
:

F
or
k
≤
m

,
d
en

ote
S
mk

=
(S
k ,S

k
+

1 ,...S
m

),

ρ
mk

=
∏
mi=
k
ρ
i ,

λ
mk

=
∏
mi=
k
λ
i ,

γ
mk

=
∏
mi=
k
γ
i .

(3.1)

A
lso

,
w

e
sh

all
treat

ρ
mk

=
λ
mk

=
γ
mk

=
1

if
k
>
m

.
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.1

R
a
n

d
o
m

iz
e
d

S
to

p
p

in
g

T
im

e
s

a
n

d
A

sso
c
ia

te
d

B
e
llm

a
n

O
p

e
ra

to
rs

C
o
n
sid

er
th

e
M

ark
ov

ch
ain
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S
t }

in
d
u
ced

b
y

th
e

target
p

olicy
π

.
L

et
C

on
d
ition

2
.1(i)

h
old

.
R

eca
ll

th
a
t

fo
r

th
e

valu
e

fu
n
ction

v
π
,

w
e

h
ave

th
a
t

for
each

sta
te
s∈
S

,

v
π
(s)

=
E
πs [∑

∞t=
0
γ
t1
r
π
(S
t ) ]

(b
y

d
efi

n
ition

)
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Y
u
,
M
a
h
m
o
o
d
,
a
n
d

S
u
t
t
o
n

an
d

v
π
(s)

=
r
π
(s)

+
E
πs
[γ

1 v
π
(S

1 )].

T
h
e

secon
d

eq
u
ation

is
th

e
stan

d
ard

on
e-step

B
ellm

an
eq

u
ation

.

T
o

w
rite

gen
eralized

B
ellm

an
eq

u
ation

s
for

π
,

w
e

sh
all

m
ake

u
se

of
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n
d
o
m

ized
sto

p
p
in

g
tim

es
for{S

t }
,
a

n
otion

th
at

gen
eralizes

n
atu

rally
stop

p
in

g
tim

es
for{S

t }
in

th
at

w
h
eth

er
to

stop
at

tim
e
t

d
ep

en
d
s

n
ot

on
ly

on
th

e
p
ast

states
S
t0

b
u
t

a
lso

on
certain

ran
d
om

ou
tcom

es.
A

sim
p
le

ex
am

p
le

is
to

toss
a

coin
at

each
tim

e
a
n
d

stop
as

so
on

as
th

e
coin

lan
d
s

on
h
ead

s,
regard

less
of

th
e

h
istory

S
t0 .

(T
h
e

corresp
on

d
in

g
B

ellm
an

eq
u
ation

is
th

e
on

e
asso

ciated
w

ith
T

D
(λ

)
for

a
con

stan
t
λ

;
cf.

E
x
am

p
le

3.1.)
O

f
in

terest
h
ere

is
th

e
gen

eral
case

w
h
ere

th
e

stop
p
in

g
d
ecision

d
o
es

d
ep

en
d

on
th

e
en

tire
h
istory.

T
o

d
efi

n
e

a
ran

d
om

ized
stop

p
in

g
tim

e
form

ally,
fi
rst,

th
e

p
rob

ab
ility

sp
ace

of{
S
t }

is
en

larged
to

take
in

to
accou

n
t

w
h
atever

ran
d
om

ization
sch

em
e

th
at

is
u
sed

to
m

ake
th

e
stop

p
in

g
d
ecision

.
(T

h
e

en
largem

en
t

w
ill

b
e

p
rob

lem
-d

ep
en

d
en

t,
as

th
e

n
ex

t
su

b
section

w
ill

d
em

on
strate.)

T
h
en

,
on

th
e

en
larged

sp
ace,

a
ran

d
om

ized
stop

p
in

g
tim

e
τ

for{
S
t }

is
a

stop
p
in

g
tim

e
7

relative
to

som
e

in
creasin

g
seq

u
en

ce
of
σ

-algeb
rasF

0 ⊂
F

1 ⊂
···,

w
h
ere

th
e

seq
u
en

ce
{F

t }
is

su
ch

th
at

(i)
for

all
t≥

0,F
t ⊃

σ
(S

t0 )
(th

e
σ

-algeb
ra

gen
erated

b
y
S
t0 ),

an
d

(ii)
relative

to
{F

t },{S
t }

rem
ain

s
to

b
e

a
M

arkov
ch

ain
w

ith
tran

sition
p
rob

ab
ility

P
,

i.e.,
for

all
s∈
S

,
P

rob
(S
t+

1
=
s|F

t )
=
P
S
t s .

S
ee

(N
u
m

m
elin

,
1984,

C
h
ap

.
3.3);

in
p
articu

lar,
see

P
rop

.
3.6

in
p
.

3
1-32

th
erein

for
several

eq
u
ivalen

t
d
efi

n
ition

s
of

ran
d
om

ized
stop

p
in

g
tim

es.

N
ote

th
at

ifF
t

=
σ

(S
t0 )

for
all

t,
th

en
th

e
h
istory

of
states

S
t0

fu
lly

d
eterm

in
es

w
h
eth

er
τ
≤
t

an
d
τ

red
u
ces

to
a

stop
p
in

g
tim

e
for

th
e

M
arkov

ch
ain
{S

t }
.

T
h
e

p
rop

erties
(i)-(ii)

in
th

e
ab

ove
d
efi

n
ition

en
cap

su
late

ou
r

earlier
in

tu
itive

d
iscu

ssion
ab

ou
t

m
ak

in
g

stop
p
in

g
d
ecision

s,
n
am

ely,
stop

p
in

g
d
ecision

s
are

m
ad

e
b
ased

on
th

e
h
istory

S
t0

an
d

ad
d
ition

al
ran

d
om

ou
tcom

es
th

at
d
o
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p
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h
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p
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b
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∞
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b
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p
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b
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d
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ab
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m
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d
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d
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n
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p
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ab
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ab
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p
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con
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p
in

g
tim

e
for
{
S
t }

,
th

e
stron

g
M

arkov
p
rop

erty
(N

u
m

m
elin

,
1984,

T
h
eorem

3.3)
allow

s
u
s
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p
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=
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l
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p
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∑
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∞
}.

8
W

e
ca

n
al

so
w

ri
te

th
e

B
el

lm
an

eq
u
at

io
n

(3
.2

)
in

te
rm

s
of
{S
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b
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=
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d
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ra
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∈
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b
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e

ot
h
er

.
F

or
ex

am
p
le

,
th

e
fi
rs

t
ex

p
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d
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p
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b
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p
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ar

am
et

er
s.
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.
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b
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d
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p
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∈
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=
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=
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∞
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b
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∞ k=

1
γ
k

=
0

a
.s

.,
u

n
d

er
C

o
n

d
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d
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p
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d
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⊃
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∞
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p
ro

of
am

ou
n
ts

to
sh

ow
in

g
th

a
t

if
a

st
a
te

p
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p
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h
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d
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p
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p
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d
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d
o
m

iz
ed

st
op

p
in

g
ti

m
e
τ

fo
r
{S

t}
:

•
L

et
y t
,λ

t,
e t
,t
≥

1,
ev

ol
ve

ac
co

rd
in

g
to

(2
.5

)
an

d
(2

.2
):

y t
=
g
(y
t−

1
,S

t)
,

λ
t

=
λ

(y
t,
e t
−

1
),

e t
=
λ
t
γ
t
ρ
t−

1
e t
−

1
+
φ

(S
t)
,

t
≥

1
.

•
L

et
th

e
in

it
ia

l
(S

0
,y

0
,e

0
)

b
e

d
is

tr
ib

u
te

d
ac

co
rd

in
g

to
ζ
,

th
e

u
n
iq

u
e

in
va

ri
a
n
t

p
ro

b
-

ab
il
it

y
m

ea
su

re
in

T
h
eo

re
m

2.
1

fo
r

th
e

st
at

e-
tr

ac
e

p
ro

ce
ss

in
d
u
ce

d
b
y

th
e

b
eh

av
io

r
p

ol
ic

y.

•
A

t
ti

m
e
t
≥

1,
w

e
st

op
th

e
sy

st
em

w
it

h
p
ro

b
ab

il
it

y
1
−
λ
t

if
it

h
a
s

n
o
t

ye
t

b
ee

n
st

op
p

ed
.

L
et
τ

b
e

th
e

ti
m

e
w

h
en

th
e

sy
st

em
st

op
s

(τ
=
∞

if
th

e
sy

st
em

n
ev

er
st

o
p
s)

.

T
o

m
ak

e
th

e
d
ep

en
d
en

ce
on

th
e

in
it

ia
l
d
is

tr
ib

u
ti

on
ζ

ex
p
li
ci

t,
w

e
w

ri
te

P
π ζ

fo
r

th
e

p
ro

b
a
b
il
it

y
m

ea
su

re
of

th
is

p
ro

ce
ss

.
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G
e
n
e
r
a
l
iz
e
d

B
e
l
l
m
a
n
E
q
u
a
t
io
n
s
a
n
d

T
D

L
e
a
r
n
in
g

N
o
te

th
a
t

b
y

d
efi

n
ition

λ
t

a
n

d
λ
t1

=
∏
tk
=

1
λ
k

a
re

fu
n

ctio
n

s
o
f

th
e

in
itia

l
(y

0 ,e
0 )

a
n

d
sta

tes
S
t0 .

F
ro

m
h
ow

th
e

ran
d
om

tim
e
τ

is
d
efi

n
ed

,
w

e
h
av

e
for

all
t≥

1
,

P
πζ
(τ
>
t|
S
t0 ,y

0 ,e
0 )

=
λ
t1

=
:
h

+t
(y

0 ,e
0 ,S

t0 ),
(3.5)

P
πζ
(τ

=
t|
S
t0 ,y

0 ,e
0 )

=
λ
t−

1
1

(1−
λ
t )

=
:
h
t (y

0 ,e
0 ,S

t0 ),
(3.6)

a
n
d

h
en

ce

q
+t

(S
t0 )

:=
P
πζ
(τ
>
t|
S
t0 )

=

∫
h

+t
(y
,e,S

t0 )
ζ (d

(y
,e)|

S
0 ),

(3.7)

q
t (S

t0 )
:=

P
πζ
(τ

=
t|
S
t0 )

=

∫
h
t (y
,e,S

t0 )
ζ (d

(y
,e)|

S
0 ),

(3.8)

w
h
ere

ζ
(d

(y
,e)|

s)
is

th
e

con
d
ition

al
d
istrib

u
tion

of
(y

0 ,e
0 )

given
S

0
=
s,

w
.r.t.

th
e

in
itial

d
istrib

u
tio

n
ζ
.

A
s

b
efore,

w
e

can
w

rite
th

e
gen

eralized
B

ellm
an

op
era

tor
T

asso
ciated

w
ith

τ
in

several
eq

u
ivalen

t
form

s.
L

et
E
πζ

d
en

o
te

ex
p

ectation
u
n
d
er

P
πζ
.

S
im

ila
rly

to
th

e
d
eriva

tio
n

o
f

(3
.3),

w
e

can
rew

rite
(3.2)

in
th

is
case

b
y

tak
in

g
ex

p
ectation

over
τ

con
d
ition

ed
o
n

(S
t0 ,y

0 ,e
0 )

to
d
erive

th
at

for
all

v
:S
→
<
,s∈

S
,

(T
v
)(s)

=
E
πζ [∑

∞t=
0
λ
t1 γ
t1
r
π
(S
t )

+
∑
∞t=

1
λ
t−

1
1

(1−
λ
t )γ

t1
v
(S
t )|

S
0

=
s ].

(3.9)

O
r

ex
p
ress

T
in

th
e

form
of

(3.3)
b
y

fu
rth

er
in

tegratin
g

over
(y

0 ,e
0 )

an
d

u
sin

g
(3.7)-(3.8):

(T
v
)(s)

=
E
πζ [∑

∞t=
0 (
q

+t
(S

t0 )·γ
t1
r
π
(S
t )

+
q
t (S

t0 )·γ
t1
v
(S
t ) )∣∣S

0
=
s ],

(3.10)

fo
r

a
ll
v

:S
→
<
,s∈

S
,

w
h
ere

in
th

e
case

t
=

0,
q

+0
(S

0 )
=

1
an

d
q

0 (S
0 )

=
0

sin
ce
τ
>

0
b
y

co
n
stru

ctio
n
.

It
w

ill
b

e
u
sefu

l
later

to
ex

p
ress

T
V
−
V

in
term

s
of

tem
p

oral
d
iff

eren
ces.

F
rom

(3
.9),

b
y

w
ritin

g
λ
t−

1
1

(1−
λ
t )γ

t1
v
(S
t )

=
λ
t−

1
1

γ
t1
v
(S
t )−

λ
t1 γ
t1
v
(S
t )

an
d

rearran
g
in

g
term

s,
w

e
h
ave

fo
r

a
ll
v

:S
→
<
,s∈

S
,

(T
v
)(s)−

v
(s)

=
E
πζ [∑

∞t=
0
λ
t1 γ
t1
r
π
(S
t )

+
∑
∞t=

0
λ
t1 γ
t+

1
1

v
(S
t+

1 )−
∑
∞t=

0
λ
t1 γ
t1
v
(S
t )|

S
0

=
s ]

=
E
πζ [∑

∞t=
0
λ
t1 γ
t1 · (

r
π
(S
t )

+
γ
t+

1
v
(S
t+

1 )−
v
(S
t ) )∣∣

S
0

=
s ].

(3.11)

In
a

sim
ila

r
w

ay,
from

(3.10),
w

e
can

w
rite

9

(T
v
)(s)−

v
(s)

=
E
πζ [∑

∞t=
0
q

+t
(S

t0 )·γ
t1 · (

r
π
(S
t )

+
γ
t+

1
v
(S
t+

1 )−
v
(S
t ) )∣∣S

0
=
s ].

R
e
m

a
rk

3
.1

C
om

p
arin

g
th

e
tw

o
ex

p
ressio

n
s

(3.9)
an

d
(3.10)

of
T

,
w

e
rem

ark
th

at
th

e
ex

p
ressio

n
(3

.9
)

refl
ects

th
e

role
of

th
e
λ
t ’s

in
d
eterm

in
in

g
th

e
stop

p
in

g
tim

e,
w

h
ereas

th
e

ex
p
ressio

n
(3

.1
0
),

w
h
ich

h
as

elim
in

ated
th

e
au

x
iliary

va
riab

les
y
t

an
d
e
t ,

sh
ow

s
m

o
re

clearly
th

e
d
ep

en
d
en

ce
of

th
e

stop
p
in

g
tim

e
on

th
e

en
tire

h
istory

S
t0 .

It
can

also
b

e
seen

,
from

th
e

9
.

S
in

ce
τ

is
a

ra
n

d
o
m

ized
sto

p
p

in
g

tim
e

fo
r

th
e

M
a
rk

ov
ch

a
in
{
S
t }

,
w

e
h

av
e
P
πζ
(τ
>
t|
S
t+

1
0

)
=

P
πζ
(τ
>

t|
S
t0 ),

so
P
πζ
(τ
>
t|

S
t0 )−

P
πζ
(τ

=
t

+
1
|
S
t+

1
0

)
=

P
πζ
(τ
>
t

+
1
|
S
t+

1
0

),
i.e.,

q
+t

(S
t0 )−

q
t+

1 (S
t+

1
0

)
=

q
+t+

1 (S
t+

1
0

).
T

h
u

s
w

e
ca

n
w

rite
th

e
term

q
t (S

t0 )
in

(3
.1

0
)

fo
r
t
≥

1
a
s
q
+t−

1 (S
t−

1
0

)−
q
+t

(S
t0 ),

a
n

d
th

e
ex

p
ressio

n
fo

r
(T
v−

v
)(s)

th
en

fo
llow

s
b
y

rea
rra

n
g
in

g
term

s.
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Y
u
,
M
a
h
m
o
o
d
,
a
n
d

S
u
t
t
o
n

in
itial

d
istrib

u
tion

ζ
,

th
e

d
ep

en
d
en

ce
of
λ
t

on
th

e
traces

an
d

th
e

d
ep

en
d
en

ce
of

th
e

traces
on

th
e

fu
n
ction

ρ
(·)

(w
h
ich

d
escrib

es
im

p
o
rtan

ce
sam

p
lin

g
ratios),

th
a
t

b
oth

th
e

b
eh

av
ior

p
olicy

an
d

th
e

ch
oice

of
th

e
featu

re
rep

resen
tation

assert
a

sign
ifi

can
t

role
in

d
eterm

in
in

g
th

e
B

ellm
an

op
erator

T
for

th
e

target
p

olicy.
T

h
is

is
in

con
trast

w
ith

off
-p

olicy
T

D
learn

in
g

th
at

u
ses

a
con

stan
t
λ

,
w

h
ere

th
e

b
eh

av
ior

p
olicy

an
d

th
e

ap
p
rox

im
ation

su
b
sp

ace
aff

ect
on

ly
h
ow

on
e

ap
p
rox

im
ates

th
e

B
ellm

an
eq

u
ation

u
n
d
erly

in
g

T
D

,
n
ot

th
e

B
ellm

an
eq

u
ation

itself,
w

h
ich

is
solely

d
eterm

in
ed

b
y
λ

(cf.
E

x
am

p
le

3.1).
F

u
rth

erm
ore,

n
ote

th
at

as
th

e
in

varian
t

d
istrib

u
tion

of
th

e
state-trace

p
ro

cess,
ζ

is
asso

ciated
w

ith
th

e
d
y
n
am

ic
b

eh
av

ior
of

th
e

states
a
n

d
tra

ces
u
n
d
er

th
e

b
eh

av
ior

p
olicy.

G
en

erally,
th

ere
is

n
o

ex
p
licit

ex
p
ression

of
ζ

in
term

s
of
P
o

an
d

th
e

p
aram

eters
in

th
e

λ
fu

n
ction

.
A

s
a

resu
lt,

in
gen

eral
w

e
can

n
ot

ex
p
ress

th
e

op
erator

T
in

term
s

of
th

ese
p
aram

eters
in

th
e

learn
in

g
sch

em
e.

T
h
is

is
d
iff

eren
t

from
th

e
case

of
T

D
(λ

)
w

h
ere

λ
is

a
fu

n
ction

of
th

e
p
resen

t
state

on
ly.

W
e

n
ow

p
ro

ceed
to

sh
ow

h
ow

th
e

B
ellm

an
eq

u
ation

v
=
T
v

given
ab

ov
e

relates
to

th
e

off
-p

olicy
T

D
learn

in
g

sch
em

e
in

S
ection

2.2.
S
o
m

e
n
otation

is
n
eed

ed
.

D
en

ote
b
y
ζS

th
e

in
varian

t
p
rob

ab
ility

m
easu

re
of

th
e

M
arkov

ch
ain
{S

t }
in

d
u

ced
by

th
e

beh
a
vio

r
po

licy
;

n
ote

th
at

it
coin

cid
es

w
ith

th
e

m
argin

al
of
ζ

on
S

.
F

or
tw

o
fu

n
ction

s
v

1 ,v
2

on
S

,
w

e
w

rite
v

1
⊥
ζS

v
2

if ∑
s∈S

ζS
(s)

v
1 (s)

v
2 (s)

=
0.

IfL
is

a
lin

ear
su

b
sp

ace
of

fu
n
ctio

n
s

o
n
S

an
d

v
⊥
ζS

v ′
for

all
v ′∈

L
,

w
e

w
rite

v
⊥
ζS
L

.
R

ecall
th

at
φ

is
a

fu
n
ction

th
at

m
ap

s
each

state
s

to
an

n
-d

im
en

sion
al

featu
re

v
ector.

D
en

ote
b
y
L
φ

th
e

su
b
sp

ace
sp

an
n
ed

b
y

th
e
n

com
p

on
en

t
fu

n
ction

s
of
φ

,
w

h
ich

is
th

e
sp

ace
of

ap
p
rox

im
ate

valu
e

fu
n
ction

s
for

o
u
r

T
D

learn
in

g
sch

em
e.

R
ecall

also
th

at
E
ζ

d
en

otes
ex

p
ectation

w
.r.t.

th
e

sta
tio

n
a
ry

state-trace
p
ro

cess{
(S
t ,y

t ,e
t )}

u
n
d
er

th
e

b
eh

av
ior

p
olicy

(cf.
T

h
eorem

2.1).

T
h

e
o
re

m
3
.2

L
et

C
o
n

d
itio

n
s

2
.1

-2
.3

h
o
ld

.
T

h
en

a
s

a
lin

ea
r

equ
a
tio

n
in
v

,
E
ζ [e

0
δ

0 (v
) ]

=
0

is
equ

iva
len

tly
T
v−

v
⊥
ζS
L
φ
,

w
h
ere

T
is

th
e

gen
era

lized
B

ellm
a
n

o
pera

to
r

fo
r
π

given
in

(3
.9

)
o
r

(3
.1

0
).

R
e
m

a
rk

3
.2

(O
n

L
S

T
D

)
N

ote
th

at

T
v−

v
⊥
ζS
L
φ
,

v
∈
L
φ

is
a

p
ro

jected
v
ersion

of
th

e
gen

eralized
B

ellm
an

eq
u
a
tion

T
v−

v
=

0
(p

ro
jectin

g
th

e
left-

h
an

d
sid

e
on

to
th

e
ap

p
rox

im
ation

su
b
sp

ace
L
φ

w
.r.t.

th
e
ζS

-w
eigh

ted
E

u
clid

ea
n

n
o
rm

).
T

h
eorem

3.2
an

d
C

orollary
2.1

togeth
er

sh
ow

th
at

th
is

is
w

h
at

L
S
T

D
solves

in
th

e
lim

it.
N

ote
also

th
at

alth
ou

gh
th

e
gen

era
lized

B
ellm

an
op

erator
T

is
a

con
traction

(T
h
eo-

rem
3.1),

th
e

com
p

osition
of

p
ro

jection
w

ith
T

is
in

gen
eral

n
ot

a
con

traction
(cf.

E
x
-

am
p
le

B
.1

in
A

p
p

en
d
ix

B
).

T
h
u
s

w
e

can
n
ot

u
se

con
traction

-b
ased

argu
m

en
ts

to
an

aly
ze

ap
p
rox

im
ation

p
rop

erties.
F

or
th

at
p
u
rp

ose,
w

e
u
se

th
e

ob
liq

u
e

p
ro

jection
v
iew

p
oin

t
of

S
ch

errer
(2010).

S
p

ecifi
cally,

if
th

e
p
reced

in
g

p
ro

jected
B

ellm
an

eq
u
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ad
m

its
a

u
n
iq

u
e

solu
tion
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,

th
en

v̄
can

b
e

v
iew

ed
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an
ob

liq
u
e

p
ro

jection
of
v
π

(S
ch

errer,
2
010)

an
d

th
e

ap
p
rox

im
ation

error
v̄−

v
π

can
b

e
ch

aracterized
as

in
(Y

u
an

d
B

ertsekas,
2010

)
b
y

u
sin

g
th

e
ob

liq
u
e

p
ro

jection
v
iew

p
oin

t.
T

h
e

d
etails

of
th
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are

giv
en
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A

p
p

en
d
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B
.

R
e
m

a
rk

3
.3

(O
n

g
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d
ie

n
t-b

a
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d
T

D
)

W
h
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T
h
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3.2
is
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th

e
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S
T

D
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rith
m

,
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h
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s
p
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e
grou

n
d
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a
n
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g

g
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m
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d
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).
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th
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p
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b
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h
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at
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ab

il
it

y
is

d
efi

n
ed

b
y

th
e

b
e-

h
av

io
r

p
ol

ic
y
π
o

to
ge

th
er

w
it

h
th

e
u
p

d
at

e
ru

le
s

(2
.2

)
an

d
(2

.5
)

fo
r
e t

,
y t

a
n
d
λ
t,

a
n
d

th
e

m
ar

gi
n
al

d
is

tr
ib

u
ti

on
of

ea
ch

(S
t,
y t
,e
t)

is
ζ
.

W
e

k
ee

p
u
si

n
g

th
e

n
ot

at
io

n
P
ζ

a
n
d

E
ζ

fo
r

th
is

d
ou

b
le

-e
n
d
ed

st
at

io
n
ar

y
M

ar
k
ov

ch
ai

n
.

22
JM

L
R

 1
9(

48
):

1-
49

, 2
01

8



G
e
n
e
r
a
l
iz
e
d

B
e
l
l
m
a
n
E
q
u
a
t
io
n
s
a
n
d

T
D

L
e
a
r
n
in
g

R
eca

ll
th

e
sh

orth
an

d
n
otation

(3.1)
in

tro
d
u
ced

at
th

e
b

egin
n
in

g
of

S
ection

3:
F

or
k
≤
m

,
ρ
mk

=
∏
mi=
k
ρ
i ,
λ
mk

=
∏
mi=
k
λ
i ,
γ
mk

=
∏
mi=
k
γ
i ,

an
d

in
ad

d
ition

,
λ

01
=
γ

01
=
ρ −

1
0

=
1

b
y

co
n
ven

tio
n
.

L
e
m

m
a

3
.1

P
ζ -a

lm
o
st

su
rely, ∑

∞t=
1
λ

01−
t γ

01−
t ρ −

1
−
t φ

(S
−
t )

is
w

ell-d
efi

n
ed

a
n

d
fi

n
ite,

a
n

d

e
0

=
φ

(S
0 )

+
∑
∞t=

1
λ

01−
t γ

01−
t ρ −

1
−
t
φ

(S
−
t ).

(3.15)

P
ro

o
f

F
irst,

w
e

sh
ow

E
ζ [∑

∞t=
1
γ

01−
t ρ −

1
−
t ]
<
∞

.
In

d
eed

,

E
ζ [∑

∞t=
1
γ

01−
t ρ −

1
−
t ]

=
∑
∞t=

1
E
ζ [γ

01−
t ρ −

1
−
t ]

=
∑
∞t=

1
ζ >S

(P
Γ

)
t1
<
∞
,

w
h
ere

th
e

fi
rst

eq
u
ality

follow
s

from
th

e
m

on
oton

e
con

vergen
ce

th
eorem

,
th

e
secon

d
eq

u
ality

fro
m

C
o
n
d
ition

2.1(ii)
an

d
a

d
irect

calcu
lation

,
a
n
d

th
e

last
in

eq
u
ality

follow
s

fro
m

C
o
n
d
i-

tio
n

2
.1

(i)
(sin

ce
(I−

P
Γ

) −
1

=
∑
∞t=

0 (P
Γ

)
t).

T
h
is

im
p
lies ∑

∞t=
1
γ

01−
t ρ −

1
−
t
<
∞

,
P
ζ -a.s.,

so
γ

01−
t ρ −

1
−
t →

0
a
s
t→
∞

,
P
ζ -a.s.

S
in

ce
λ

01−
t ≤

1
for

all
t,

it
also

im
p
lies

th
a
t

E
ζ [∑

∞t=
1
λ

01−
t γ

01−
t ρ −

1
−
t ‖φ

(S
−
t )‖ ]≤

m
ax

s∈S ‖φ
(s)‖·E

ζ [∑
∞t=

1
γ

01−
t ρ −

1
−
t ]
<
∞
.

(3.16)

It
th

en
fo

llow
s

from
a

th
eorem

on
in

tegratio
n

(R
u
d
in

,
1966,

T
h
eorem

1
.38,

p
.

28-29)
th

at
P
ζ -a

lm
o
st

su
rely,

th
e

in
fi
n
ite

series ∑
∞t=

1
λ

01−
t γ

01−
t ρ −

1
−
t φ

(S
−
t )

con
verges

to
a

fi
n
ite

lim
it.

W
e

n
ow

p
rove

th
e

ex
p
ression

fo
r
e

0 .
B

y
u
n
fold

in
g

th
e

iteration
(2.2

)
for

e
t

b
ack

w
ard

s
in

tim
e,

w
e

h
av

e
for

all
m
≥

1,

e
0

=
φ

(S
0 )

+
∑

m
−

1
t=

1
λ

01−
t γ

01−
t ρ −

1
−
t
φ

(S
−
t )

+
λ

01−
m
γ

01−
m
ρ −

1
−
m
e−

m
.

(3.17)

L
et
m
→
∞

in
th

e
r.h

.s.
of

(3.17).
F

or
th

e
last

term
,

th
e

trace
e−

m
lies

in
a

b
ou

n
d
ed

set
b
y

C
o
n
d
itio

n
2.3(ii),

λ
01−
m
≤

1,
an

d
as

w
e

ju
st

sh
ow

ed
,
γ

01−
m
ρ −

1
−
m
→

0,
P
ζ -a.s.

S
o

th
e

last
term

co
n
verg

es
to

zero
P
ζ -a.s.

A
lso

as
w

e
ju

st
sh

ow
ed

,
th

e
secon

d
term

con
verges

P
ζ -alm

ost
su

rely
to
∑
∞t=

1
λ

01−
t γ

01−
t ρ −

1
−
t φ

(S
−
t ).

T
h
e

ex
p
ression

(3.15)
for

e
0

th
en

follow
s.

P
ro

o
f

o
f

T
h

e
o
re

m
3
.2

T
reatin

g
λ

01
=
γ

01
=
ρ −

1
0

=
1,

w
e

w
rite

th
e

ex
p
ression

of
e

0
given

in
L

em
m

a
3
.1

a
s
e

0
=
∑
∞t=

0
λ

01−
t γ

01−
t ρ −

1
−
t
φ

(S
−
t ),

P
ζ -a

.s.
W

e
u
se

th
is

ex
p
ression

to
calcu

late
fi
rst

E
ζ [e

0 ·
ρ

0 f
(S

10 ) ]
for

an
arb

itrary
fu

n
ction

f
on
S
×
S

.
(N

ote
th

at
f

is
b

ou
n
d
ed

an
d

m
ea

su
ra

b
le,

sin
ce
S

is
fi
n
ite.)

W
e

h
ave

E
ζ [e

0 ·ρ
0 f

(S
10 ) ]

=
∑
∞t=

0
E
ζ [λ

01−
t γ

01−
t ρ −

1
−
t
φ

(S
−
t )·

ρ
0 f

(S
10 ) ]

=
∑
∞t=

0
E
ζ [λ

t1 γ
t1 ρ
t−

1
0

φ
(S

0 )·
ρ
t f

(S
t+

1
t

) ]

=
∑
∞t=

0
E
ζ [φ

(S
0 )·E

ζ [λ
t1 γ
t1 ρ
t0
f

(S
t+

1
t

)|
S

0 ,y
0 ,e

0 ] ]
(3.18)

w
h
ere

w
e

u
sed

th
e

station
arity

of
th

e
d
ou

b
le-en

d
ed

state-trace
p
ro

cess
to

d
erive

th
e

secon
d

eq
u
ality,

a
n
d

w
e

ch
an

ged
th

e
ord

er
of

ex
p

ectation
an

d
su

m
m

ation
in

th
e

fi
rst

eq
u
ality.

T
h
is

ch
a
n
ge

is
ju

stifi
ed

b
y

th
e

d
om

in
ated

con
vergen

ce
th

eorem
(cf.

(3.16)),
an

d
so

are
sim

ilar
in

terch
a
n
g
es

o
f

ex
p

ectation
an

d
su

m
m

ation
th

at
w

ill
ap

p
ear

in
th

e
rest

o
f

th
is

p
ro

of.
T

o
p
ro

ceed
w

ith
th

e
calcu

lation
,

w
e

relate
th

e
ex

p
ectation

s
in

th
e

su
m

m
ation

in
(3.18)

to
ex

p
ectatio

n
s

w
.r.t.

th
e

p
ro

cess
w

ith
p
rob

ab
ility

m
easu

re
P
πζ

in
tro

d
u
ced

in
S
ection

3.2
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Y
u
,
M
a
h
m
o
o
d
,
a
n
d

S
u
t
t
o
n

(w
h
ich

w
e

recall
is

in
d
u
ced

b
y

th
e

target
p

olicy
π

an
d

in
volves

th
e

ran
d
om

ized
stop

p
in

g
tim

e
τ
).

L
et

Ẽ
πζ

d
en

ote
ex

p
ectation

w
.r.t.

th
e

m
argin

al
of

P
πζ

on
th

e
sp

ace
o
f{

(S
t ,y

t ,e
t )}

t≥
0 .

F
rom

th
e

ch
an

ge
of

m
easu

re
p

erform
ed

th
rou

gh
ρ
t0 ,

w
e

h
ave

E
ζ [λ

t1 γ
t1 ρ
t0
f

(S
t+

1
t

)|
S

0 ,y
0 ,e

0 ]
=

Ẽ
πζ [λ

t1 γ
t1
f

(S
t+

1
t

)|
S

0 ,y
0 ,e

0 ]
,

t≥
0.

(3.19)

C
om

b
in

in
g

th
is

w
ith

(3.18)
an

d
u
sin

g
th

e
fact

th
at
ζ

is
th

e
m

argin
al

d
istrib

u
tion

of
(S

0 ,y
0 ,e

0 )
in

b
oth

p
ro

cesses,
w

e
ob

tain

E
ζ [e

0 ·
ρ

0 f
(S

10 ) ]
=
∑
∞t=

0
Ẽ
πζ [φ

(S
0 )·Ẽ

πζ [λ
t1 γ
t1
f

(S
t+

1
t

)|
S

0 ,y
0 ,e

0 ] ]

=
Ẽ
πζ [φ

(S
0 )· ∑

∞t=
0

Ẽ
πζ [λ

t1 γ
t1
f

(S
t+

1
t

)|
S

0 ] ].
(3.20)

W
e

n
ow

u
se

(3.20)
to

calcu
late

E
ζ [e

0
δ

0 (v
) ]

for
a

given
fu

n
ction

v
.

R
ecall

from
(2.3)

th
at

δ
0 (v

)
=
ρ

0 · (r(S
10 )

+
γ

1 v
(S

1 )−
v
(S

0 ) ),
so

w
e

let
f

(S
t+

1
t

)
=
r(S

t+
1

t
)

+
γ
t+

1 v
(S
t+

1 )−
v
(S
t )

in
(3.20).

S
in

ce
E
πζ
[r(S

t+
1

t
)|
S
t0 ]

=
r
π
(S
t ),

w
e

h
ave

∑
∞t=

0
Ẽ
πζ [λ

t1 γ
t1
f

(S
t+

1
t

)|
S

0 ]
=
∑
∞t=

0
Ẽ
πζ [λ

t1 γ
t1 (
r
π
(S
t )

+
γ
t+

1 v
(S
t+

1 )−
v
(S
t ) ) ∣∣∣ S

0 ]

=
(T
v−

v
)(S

0 ),

w
h
ere

th
e

last
eq

u
ality

follow
s

from
th

e
ex

p
ression

(3.11)
for

T
V
−
V

.
T

h
erefore,

b
y

(3.20),

E
ζ [e

0
δ

0 (v
) ]

=
∑

s∈S
ζS

(s)
φ

(s)·(T
v−

v
)(s),

(3
.21)

an
d

th
is

sh
ow

s
th

at
E
ζ [e

0
δ

0 (v
) ]

=
0

is
eq

u
ivalen

t
to
T
v−

v
⊥
ζS
L
φ
.

W
e

n
ow

p
rove

C
orollary

3.1.

P
ro

o
f

o
f

C
o
ro

lla
ry

3
.1

W
e

ap
p
ly

T
h
eorem

3.2
to

each
state-trace

p
ro

cess {(S
t ,y

(i)
t
,e

(i)
t

)}

for
i

=
1,2,...,m

.
S
p

ecifi
cally,

b
y

(3.21)
an

d
th

e
d
efi

n
ition

(3.1
2)

o
f
e

(i)
t

,

E
ζ
(i) [e

(i)
0
δ

0 (v
) ]

=
∑

s∈S
ζS

(s)·
φ

(s)1
(s∈

S
i )· (T

(i)v−
v )(s).

H
en

ce

∑
mi=

1
E
ζ
(i) [e

(i)
0
δ

0 (v
) ]

=
∑

s∈S
ζS

(s)
φ

(s)· [∑
mi=

1
1
(s∈

S
i )· (T

(i)v−
v )(s) ]

=
∑

s∈S
ζS

(s)
φ

(s)·(T
v−

v
)(s),

w
h
ere

th
e

last
eq

u
ality

follow
s

from
th

e
d
efi

n
ition

(3.13)
of

th
e

op
erator

T
.

T
h
is

sh
ow

s
th

at

th
e

lin
ear

eq
u
ation

in
v
, ∑

mi=
1

E
ζ
(i) [e

(i)
0
δ

0 (v
) ]

=
0,

is
eq

u
ivalen

tly
T
v−

v
⊥
ζS
L
φ
.

W
e

n
ow

p
rove

th
at
T

h
as
v
π

as
its

u
n
iq

u
e

fi
x
ed

p
oin

t
an

d
is

a
con

tractio
n

w
ith

resp
ect

to
a

w
eigh

ted
su

p
-n

orm
—

in
oth

er
w

ord
s,

T
h
eorem

3.1
ap

p
lies

to
T

.
F

or
th

is,
it

su
ffi

ces
to

sh
ow

th
at
T

satisfi
es

th
e

con
d
ition

s
of

T
h
eorem

3.1
,

n
am

ely,
T

is
a

gen
eralized

B
ellm

an
op

erator
asso

ciated
w

ith
a

ran
d
om

ized
stop

p
in

g
tim

e
τ

th
at

satisfi
es

P
π
(τ
≥

1
|
S

0
=

s)
>

0
for

all
states

s
∈
S

.
W

e
can

d
efi

n
e

su
ch

a
ran

d
om

tim
e
τ

from
th

e
ra

n
d
om

ized
stop

p
in

g
tim

es
τ

(i)
asso

ciated
w

ith
th

e
B

ellm
an

op
erators

T
(i).

In
p
articu

lar,
b
y

en
largin

g

2
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G
e
n
e
r
a
l
iz
e
d

B
e
l
l
m
a
n
E
q
u
a
t
io
n
s
a
n
d

T
D

L
e
a
r
n
in
g

th
e

p
ro

b
ab

il
it

y
sp

ac
e

if
n
ec

es
sa

ry
,

w
e

ca
n

re
ga

rd
τ

(i
) ,
i

=
1
,2
,.
..
,m

,
as

b
ei

n
g

d
efi

n
ed

on
th

e
sa

m
e

p
ro

b
ab

il
it

y
sp

ac
e.

1
0

W
e

th
en

le
t
τ

=
τ

(i
)

if
S

0
∈
S i

.
W

it
h

th
is

d
efi

n
it

io
n
,

w
e

h
av

e
P
π
(τ
≥

1
|S

0
=
s)
>

0
fo

r
al

l
st

at
es
s
∈
S

(s
in

ce
τ

(i
)
≥

1
a
.s

.
fo

r
a
ll
i)

.
F

or
ea

ch
se

t
S i

,
b
y

(3
.2

),
th

e
co

m
p

on
en

t
m

ap
p
in

gs
of

th
e

ge
n
er

al
iz

ed
B

el
lm

an
op

er
at

or
T
τ

as
so

ci
at

ed
w

it
h

τ
ar

e
gi

v
en

b
y

(T
τ
v
)(
s)

=
E
π s

[ R
τ

+
γ
τ 1
v
(S
τ
)]

=
E
π s

[ R
τ
(i
)

+
γ
τ
(i
)

1
v
(S
τ
(i
)
)]

=
(T

(i
) v

)(
s)
,

s
∈
S i
.

S
o
T
τ

=
T

b
y

th
e

d
efi

n
it

io
n

(3
.1

3)
of
T

;
i.
e.

,
T

is
th

e
B

el
lm

an
op

er
at

or
as

so
ci

at
ed

w
it

h
th

e
ra

n
d
om

iz
ed

st
op

p
in

g
ti

m
e
τ
.

4
.

N
u
m

e
ri

ca
l

S
tu

d
y

In
th

is
se

ct
io

n
,

w
e

fi
rs

t
u
se

a
to

y
p
ro

b
le

m
to

il
lu

st
ra

te
th

e
b

eh
av

io
r

of
tr

a
ce

s
ca

lc
u
la

te
d

b
y

off
-p

ol
ic

y
L

S
T

D
(λ

)
fo

r
co

n
st

an
t
λ

an
d

fo
r
λ

th
at

ev
ol

ve
s

ac
co

rd
in

g
to

a
si

m
p
le

sp
ec

ia
l

ca
se

of
ou

r
p
ro

p
os

ed
sc

h
em

e
d
es

cr
ib

ed
in

E
x
a
m

p
le

2.
1.

W
e

th
en

co
m

p
ar

e
th

e
b

eh
av

io
r

of
L

S
T

D
fo

r
va

ri
ou

s
ch

oi
ce

s
of
λ

,
on

th
e

to
y

p
ro

b
le

m
an

d
on

th
e

M
ou

n
ta

in
C

ar
p
ro

b
le

m
.

4
.1

B
e
h

a
v
io

r
o
f

T
ra

c
e
s

T
h
e

to
y

p
ro

b
le

m
w

e
u
se

in
th

is
st

u
d
y

h
as

21
st

at
es

,
ar

ra
n
ge

d
as

sh
ow

n
in

F
ig

u
re

1
(l

ef
t)

.
O

n
e

st
at

e
is

lo
ca

te
d

at
th

e
ce

n
tr

e,
an

d
th

e
re

st
of

th
e

st
at

es
sp

li
t

ev
en

ly
in

to
fo

u
r

gr
ou

p
s,

in
d
ic

at
ed

b
y

th
e

fo
u
r

lo
op

s
in

th
e

fi
gu

re
.

T
h
e

to
p

o
lo

gy
of

th
e

tr
an

si
ti

on
gr

ap
h

is
th

e
sa

m
e

fo
r

th
e

ta
rg

et
an

d
b

eh
av

io
r

p
ol

ic
ie

s.
W

e
h
av

e
d
ra

w
n

th
e

tr
an

si
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b
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p
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p
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.
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th
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b
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∆
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b
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m
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b
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p
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p
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∀
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∀
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p
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+
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=
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+
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=

1,
···

(A
.4)

(recall
th

at
if
τ
k

+
1
>
τ
k
+

1 ,
γ
τ
k
+
1

τ
k
+

1
=

1
b
y

d
efi

n
ition

).
C

on
sid

er
fi
rst

a
sim

p
ler

case
of

th
e

ran
d
om

ized
stop

p
in

g
tim

e
τ

th
at

d
efi

n
es
T

:
fo

r
an

y
in

itial
state

S
0 ,
τ
≥

1
a.s.

T
h
en

,
{
τ
k }

is
strictly

in
creasin

g,
an

d
b
y

m
u
ltip

ly
in

g
th

e
variab

les
in

(A
.4)

togeth
er,

w
e

h
ave

γ
∞1

=
1

a.s.
F

or
th

e
gen

eral
case

of
τ

assu
m

ed
in

th
e

th
eorem

,
τ

=
0

is
p

ossib
le,

b
u
t

P
π
(τ
≥

1
|
S

0
=
s)
>

0
for

all
states

s
∈
S

.
T

h
is

m
ean

s
th

at
th

e
even

t
of
τ
k

b
ein

g
th

e
sam

e
for

all
k

greater
th

an
som

e
(ran

d
om

)
k̄

h
as

p
rob

ab
ility

zero.
S
o
{
τ
k }

m
u
st

con
verge

to
+
∞

alm
ost

su
rely,

an
d

w
e

again
ob

tain
,

b
y

m
u
ltip

ly
in

g
th

e
variab

les
in

(A
.4)

to
geth

er,
th

at
γ
∞1

=
1

a.s.
T

h
is

con
trad

icts
th

e
fact

p
roved

earlier,
n
am

ely,
th

at
for

an
y

in
itial

state
S

0 ,
γ
∞1

=
0

a.s.
S
o

th
e

assu
m

p
tion

of
a

recu
rren

t
classS̃

⊂
S

for
P̃
e

m
u
st

b
e

false.
T

h
is

p
roves

T
h
eorem

3.1.

A
p
p

e
n
d
ix

B
.

O
b
liq

u
e

P
ro

je
ctio

n
V

ie
w

p
o
in

t
a
n
d

E
rro

r
B

o
u
n
d

fo
r

T
D

In
th

is
ap

p
en

d
ix

w
e

fi
rst

ex
p
lain

S
ch

errer’s
in

terp
retation

of
T

D
solu

tion
s

as
ob

liq
u
e

p
ro

jec-
tion

s
(S

ch
errer,

2010),
an

d
w

e
th

en
g
ive

ap
p
rox

im
atio

n
error

b
ou

n
d
s

for
T

D
sim

ilar
to

th
ose

4
0

JM
L

R
 19(48):1-49, 2018



G
e
n
e
r
a
l
iz
e
d

B
e
l
l
m
a
n
E
q
u
a
t
io
n
s
a
n
d

T
D

L
e
a
r
n
in
g

gi
ve

n
b
y

Y
u

an
d

B
er

ts
ek

as
(2

01
0)

,
w

h
ic

h
d
o

n
ot

re
ly

on
co

n
tr

ac
ti

on
p
ro

p
er

ti
es

.
W

e
w

il
l

ex
p
la

in
th

es
e

p
ro

p
er

ti
es

of
T

D
in

th
e

co
n
te

x
t

of
ge

n
er

al
iz

ed
B

el
lm

an
op

er
at

or
s

d
is

cu
ss

ed
in

th
is

p
ap

er
.

A
lt

h
ou

gh
th

is
w

as
n
ot

th
e

fr
am

ew
or

k
u
se

d
in

(S
ch

er
re

r,
20

1
0;

Y
u

an
d

B
er

ts
ek

a
s,

20
10

)
an

d
ou

r
se

tu
p

h
er

e
is

m
or

e
ge

n
er

al
th

an
th

e
on

e
d
is

cu
ss

ed
in

th
os

e
p
re

v
io

u
s

p
ap

er
s,

th
e

ar
gu

m
en

ts
an

d
re

as
on

in
g

ar
e

es
se

n
ti

al
ly

th
e

sa
m

e.

B
.1

S
o
lu

ti
o
n

s
o
f

T
D

a
s

O
b

li
q
u
e

P
ro

je
c
ti

o
n

s
o
f

th
e

V
a
lu

e
F
u

n
c
ti

o
n

L
et

u
s

st
ar

t
w

it
h

th
e

p
ro

je
ct

ed
B

el
lm

a
n

eq
u
at

io
n

as
so

ci
at

ed
w

it
h

T
D

/L
S
T

D
th

at
w

e
n
ot

ed
in

R
em

ar
k

3.
2:

T
v
−
v
⊥
ζ S
L φ
,

v
∈
L φ
,

w
h
er

e
T

is
a

ge
n
er

al
iz

ed
B

el
lm

an
op

er
at

or
w

it
h
v π

as
it

s
u
n
iq

u
e

fi
x
ed

p
oi

n
t,

an
d
L φ

is
th

e
ap

p
ro

x
im

at
io

n
su

b
sp

ac
e.

W
e

ca
n

w
ri

te
th

is
eq

u
at

io
n

eq
u
iv

al
en

tl
y

as

v
=

Π
ζ S
T
v
,

(B
.1

)

w
h
er

e
Π
ζ S

d
en

ot
es

th
e

p
ro

je
ct

io
n

on
to

th
e

ap
p
ro

x
im

at
io

n
su

b
sp

ac
e
L φ

w
it

h
re

sp
ec

t
to

th
e

ζ S
-w

ei
gh

te
d

E
u
cl

id
ea

n
n
or

m
.

In
th

e
su

b
se

q
u
en

t
d
er

iv
at

io
n
s,

w
e

w
il
l

n
ot

u
se

th
e

fa
ct

th
at

ζ S
is

th
e

in
va

ri
an

t
p
ro

b
ab

il
it

y
m

ea
su

re
in

d
u
ce

d
b
y

th
e

b
eh

av
io

r
p

ol
ic

y
on
S,

so
th

e
an

a
ly

se
s

w
e

gi
ve

in
th

is
ap

p
en

d
ix

ap
p
ly

to
an

y
w

ei
gh

te
d

E
u
cl

id
ea

n
n
or

m
‖·
‖ ζ
S
.

S
ch

er
re

r
(2

01
0)

fi
rs

t
re

al
iz

ed
th

at
th

e
so

lu
ti

on
of

th
e

p
ro

je
ct

ed
B

el
lm

a
n

eq
u
at

io
n

(B
.1

)
ca

n
b

e
v
ie

w
ed

as
an

o
bl

iq
u

e
p
ro

je
ct

io
n

o
f

th
e

va
lu

e
fu

n
ct

io
n
v π

on
th

e
ap

p
ro

x
im

at
io

n
su

b
-

sp
ac

e
L φ

.
T

h
is

v
ie

w
p

oi
n
t

p
ro

v
id

es
an

in
tu

it
iv

e
ge

om
et

ri
c

in
te

rp
re

ta
ti

on
o
f

th
e

T
D

so
lu

ti
on

an
d

ex
p
la

in
s

co
n
ce

p
tu

al
ly

th
e

so
u
rc

e
of

it
s

ap
p
ro

x
im

at
io

n
b
ia

s.
A

n
al

y
ti

ca
ll
y,

th
is

v
ie

w
al

so
gi

ve
s

ti
gh

t
b

ou
n
d
s

on
th

e
ap

p
ro

x
im

a
ti

on
b
ia

s,
as

w
e

w
il
l

el
ab

or
at

e
la

te
r

in
S
ec

ti
on

B
.2

.

A
n

ob
li
q
u
e

p
ro

je
ct

io
n

is
d
efi

n
ed

b
y

tw
o

n
on

or
th

og
on

al
su

b
sp

ac
es

of
eq

u
al

d
im

en
si

o
n
s:

it
is

th
e

p
ro

je
ct

io
n

on
to

th
e

fi
rs

t
su

b
sp

ac
e

or
th

og
on

al
ly

to
th

e
se

co
n
d

(S
aa

d
,

20
03

),
as

il
lu

st
ra

te
d

in
F

ig
u
re

16
.

M
or

e
p
re

ci
se

ly
,

fo
r

an
y

tw
o
n

-d
im

en
si

on
al

su
b
sp

ac
es
L 1
,L

2
of
<N

su
ch

th
at

n
o

ve
ct

or
in
L 2

is
or

th
og

on
al

to
L 1

,
th

er
e

is
an

as
so

ci
at

ed
o
bl

iq
u

e
p
ro

je
ct

io
n

o
pe

ra
to

r
Π
L 1
L 2

:
<N
→
L 1

d
efi

n
ed

b
y

Π
L 1
L 2
x
∈
L 1
,

x
−

Π
L 1
L 2
x
⊥
L 2
,

∀x
∈
<N

.
(B

.2
)

If
th

e
tw

o
su

b
sp

ac
es

ar
e

th
e

sa
m

e:
L 1

=
L 2

or
if
x

li
es

in
L 1

,
th

en
th

e
ob

li
q
u
e

p
ro

je
ct

io
n

Π
L 1
L 2
x

is
th

e
sa

m
e

as
Π
L 1
x

,
th

e
or

th
og

on
al

p
ro

je
ct

io
n

of
x

on
to
L 1

.
In

ge
n
er

al
th

is
n
ee

d
n
ot

b
e

th
e

ca
se

an
d

Π
L 1
L 2
x
6=

Π
L 1
x

ty
p
ic

al
ly

(c
f.

F
ig

u
re

16
).

A
m

at
ri

x
re

p
re

se
n
ta

ti
on

of
th

e
p
ro

je
ct

io
n

op
er

at
or

Π
L 1
L 2

is
gi

v
en

b
y

Π
L 1
L 2

=
Φ

1

( Φ
> 2

Φ
1

) −
1
Φ
> 2
,

(B
.3

)

w
h
er

e
Φ

1
an

d
Φ

2
ar

e
N
×
n

m
at

ri
ce

s
w

h
os

e
co

lu
m

n
s

fo
rm

a
b
as

is
of
L 1

an
d
L 2

,
re

sp
ec

ti
ve

ly
(s

ee
S
aa

d
20

03
,

C
h
ap

.
1.

12
).

F
or

co
m

p
ar

is
on

,
a

m
at

ri
x

re
p
re

se
n
ta

ti
on

o
f

th
e

or
th

og
o
n
al

p
ro

je
ct

io
n

op
er

at
or

Π
L 1

is
Π
L 1

=
Φ

1

( Φ
> 1

Φ
1

) −
1
Φ
> 1

.
(B

el
ow

w
e

w
il
l

u
se

th
e

sa
m

e
n
ot

at
io

n
fo

r
a

p
ro

je
ct

io
n

op
er

at
or

an
d

it
s

m
at

ri
x

re
p
re

se
n
ta

ti
on

s.
)

B
ac

k
to

th
e

p
ro

je
ct

ed
B

el
lm

an
eq

u
at

io
n

(B
.1

),
le

t
u
s

as
su

m
e

it
h
as

a
u
n
iq

u
e

so
lu

ti
on

v T
D

an
d

ex
p
re

ss
v T

D
in

te
rm

s
of
v π

.
W

e
h
av

e
v T

D
=

Π
ζ S
T
v T

D
.

B
y

T
h
eo

re
m

3.
1,
v π

is
th

e

41
JM

L
R

 1
9(

48
):

1-
49

, 2
01

8

Y
u
,
M
a
h
m
o
o
d
,
a
n
d

S
u
t
t
o
n

F
ig

u
re

16
:

O
b
li
q
u
e

p
ro

je
ct

io
n

of
x

on
to

th
e

su
b
sp

ac
e
L 1

o
rt

h
o
go

n
al

ly
to

th
e

su
b
sp

a
ce
L 2

.

u
n
iq

u
e

so
lu

ti
on

of
v

=
T
v
.

R
ec

al
l

th
at

th
e

ge
n
er

al
iz

ed
B

el
lm

an
op

er
at

or
T

is
a
ffi

n
e

a
n
d

ca
n

b
e

ex
p
re

ss
ed

as
T
v

=
r̃ π

+
P̃
π
v

fo
r

so
m

e
ve

ct
o
r
r̃ π

an
d

su
b
st

o
ch

a
st

ic
m

at
ri

x
P̃
π
.

It
fo

ll
ow

s
th

at
r̃ π

=
(I
−
P̃
π
)
v π

an
d ( I
−

Π
ζ S
P̃
π

) v
T
D

=
Π
ζ S
r̃ π

=
Π
ζ S

( I
−
P̃
π

) v
π
.

(B
.4

)

L
et

th
e

co
lu

m
n
s

of
Φ

fo
rm

a
b
as

is
of

th
e

ap
p
ro

x
im

at
io

n
su

b
sp

ac
e
L φ

,
an

d
le

t
D

b
e

th
e

d
ia

go
n
al

m
at

ri
x

w
it

h
ζ S

as
it

s
d
ia

go
n
al

el
em

en
ts

.
T

h
en

a
m

at
ri

x
re

p
re

se
n
ta

ti
o
n

o
f

th
e

p
ro

je
ct

io
n

op
er

at
or

Π
ζ S

is
Π
ζ S

=
Φ
( Φ
>
D

Φ
) −

1
Φ
>
D
.

U
si

n
g

th
is

re
p
re

se
n
ta

ti
o
n

o
f

Π
ζ S

a
n
d

th
e

fa
ct
v T

D
∈
L φ

,
w

e
ob

ta
in

fr
om

(B
.4

)
an

ex
p
re

ss
io

n
of
v T

D
in

te
rm

s
of
v π

:

v T
D

=
Φ
( Φ
>
D

(I
−
P̃
π
)

Φ
) −

1
Φ
>
D

(I
−
P̃
π
)
v π
.

(B
.5

)

(H
er

e
th

e
in

v
er

ti
b
il
it

y
of

th
e

m
at

ri
x

Φ
>
D

(I
−
P̃
π
)Φ

is
eq

u
iv

al
en

t
to

ou
r

as
su

m
p
ti

o
n

th
a
t

v T
D

is
th

e
u
n
iq

u
e

so
lu

ti
on

of
(B

.1
).

)

L
et

u
s

co
m

p
ar

e
th

e
ex

p
re

ss
io

n
(B

.5
)

w
it

h
(B

.3
).

W
e

se
e

th
at

if
th

e
ge

om
et

ry
o
n
<N

is
d
et

er
m

in
ed

b
y

th
e

u
su

al
E

u
cl

id
ea

n
n
or

m
‖·
‖ 2

,
th

en
v T

D
is

an
ob

li
q
u
e

p
ro

je
ct

io
n

o
f
v π

fo
r

th
e

tw
o

su
b
sp

ac
es
L 1

=
L φ

an
d
L 2

=
co

lu
m

n
-s

p
ac

e(
(I
−
P̃
π
)>
D

Φ
) .

A
lt

er
n
at

iv
el

y,
co

n
si

d
er

th
e

ca
se

w
h
er

e
th

e
ge

om
et

ry
on
<N

is
d
et

er
m

in
ed

b
y

so
m

e
w

ei
gh

te
d

E
u
cl

id
ea

n
n
or

m
‖·
‖ ξ

w
it

h
w

ei
gh

ts
ξ

(f
or

ex
am

p
le

,
ξ

=
ζ S

,
w

h
ic

h
is

o
n
e

o
f

th
e

ca
se

s
of

in
te

re
st

in
off

-p
ol

ic
y

le
ar

n
in

g)
.

In
th

is
ca

se
w

e
ca

n
fi
rs

t
sc

al
e

ea
ch

co
o
rd

in
a
te

b
y

th
e

sq
u
ar

e
ro

ot
√
ξ(
s)

of
it

s
w

ei
gh

t
to

re
d
u
ce

th
e

ca
se

to
th

at
of

th
e

n
or

m
‖·
‖ 2

.
S
p

ec
ifi

ca
ll
y,

le
t
⊥
ξ

d
en

ot
e

or
th

og
on

al
it

y
w

it
h

re
sp

ec
t

to
‖·
‖ ξ

,
an

d
le

t
Ξ

d
en

ot
e

th
e

d
ia

go
n
a
l

m
a
tr

ix
th

a
t

h
as
ξ

as
it

s
d
ia

go
n
al

el
em

en
ts

.
F

or
th

e
li
n
ea

r
m

ap
p
in

g
h

:
v
7→

Ξ
1
/
2
v
,

w
e

h
av

e

‖v
‖ ξ

=
‖h

(v
)‖

2
,

an
d

v 1
⊥
ξ
v 2

⇔
h

(v
1
)
⊥
h

(v
2
).

(B
.6

)

T
h
e

se
co

n
d

re
la

ti
on

m
ea

n
s

th
at
v̄

is
an

ob
li
q
u
e

p
ro

je
ct

io
n

of
v

fo
r

tw
o

su
b
sp

a
ce

s
L 1
,L

2
w

it
h

re
sp

ec
t

to
‖·
‖ ξ

(i
.e

.,
v̄
∈
L 1

an
d
v
−
v̄
⊥
ξ
L 2

),
if

an
d

on
ly

if
h

(v̄
)

is
an

o
b
li
q
u
e

p
ro

je
ct

io
n

of
h

(v
)

fo
r

th
e

tw
o

su
b
sp

ac
es
h

(L
1
),
h

(L
2
)

w
it

h
re

sp
ec

t
to
‖·
‖ 2

:

h
(v̄

)
∈
h

(L
1
),

h
(v

)
−
h

(v̄
)
⊥
h

(L
2
).

42
JM

L
R

 1
9(

48
):

1-
49

, 2
01

8



G
e
n
e
r
a
l
iz
e
d

B
e
l
l
m
a
n
E
q
u
a
t
io
n
s
a
n
d

T
D

L
e
a
r
n
in
g

W
ith

th
ese

facts
in

m
in

d
,

w
e

rew
rite

(B
.5)

eq
u
ivalen

tly
as

follow
s:

Ξ
1
/
2v

T
D

=
Ξ

1
/
2Φ
· (Φ

>
D

(I−
P̃
π
)

Ξ
−

1Ξ
1
/
2·Ξ

1
/
2Φ )−

1·
Φ
>
D

(I−
P̃
π
)

Ξ
−

1Ξ
1
/
2·Ξ

1
/
2v
π

=⇒
h

(v
T
D
)

=
h

(Φ
)·(h

(Φ
2 ) >
·
h

(Φ
) )−

1h
(Φ

2 ) >
·h

(v
π
),

(B
.7)

w
h
ere

Φ
2

=
Ξ
−

1(I−
P̃
π
) >
D

Φ
(B

.8)

a
n
d
h

a
p
p
lied

to
a

m
atrix

d
en

otes
th

e
resu

lt
of

ap
p
ly

in
g
h

to
each

colu
m

n
of

th
at

m
atrix

.
C

o
m

p
a
rin

g
(B

.7)
w

ith
(B

.3),
w

e
see

th
at

h
(v

T
D
)

is
an

ob
liq

u
e

p
ro

jection
of
h

(v
π
)

w
ith

resp
ect

to
‖·‖

2
for

th
e

tw
o

su
b
sp

aces
h

(L
1 ),

h
(L

2 ),
w

h
ere

L
1

=
L
φ

=
colu

m
n
-sp

ace(Φ
),

L
2

=
colu

m
n
-sp

ace(Φ
2 ).

(B
.9)

S
o

b
a
sed

o
n

th
e

d
iscu

ssion
earlier,

w
ith

resp
ect

to
th

e
w

eigh
ted

E
u
clid

ea
n

n
o
rm
‖·‖

ξ
on

<
N

,
v
T
D

is
a
n

o
b
liq

u
e

p
ro

jection
of
v
π

for
th

e
tw

o
su

b
sp

acesL
1 ,L

2 .
N

o
te

th
a
t

b
y

(B
.8),

th
e

secon
d

su
b
sp

aceL
2

d
efi

n
in

g
th

e
ab

ove
ob

liq
u
e

p
ro

jection
is

th
e

im
a
g
e

o
f

th
e

a
p
p
rox

im
ation

su
b
sp

ace
L
φ

u
n
d
er

th
e

lin
ear

tran
sform

atio
n

Ξ
−

1(I−
P̃
π
) >D

.
T

h
u
s
L

2
d
epen

d
s

o
n

th
e

d
yn

a
m

ics
in

d
u

ced
by

th
e

ta
rget

po
licy

a
s

w
ell

a
s

th
e

gen
era

lized
B

ellm
a
n

o
pera

to
r
T

th
a
t

w
e

ch
oo

se.
R

elatin
g

th
e

ob
liq

u
e

p
ro

jection
in

terp
retation

of
v
T
D

to
F

ig
u
re

1
6
,

w
e

can
see

w
h
ere

th
e

ap
p
rox

im
ation

b
ias

of
T

D
,
v
T
D −

Π
ξ v
π
,

com
es

from
.

B
.2

A
p

p
ro

x
im

a
tio

n
E

rro
r

B
o
u

n
d

W
e

n
ow

co
n
sid

er
th

e
ap

p
rox

im
ation

error
of
v
T
D

an
d

u
se

th
e

ob
liq

u
e

p
ro

jection
v
iew

p
oin

t
to

d
erive

a
sh

a
rp

b
ou

n
d

on
th

e
ap

p
rox

im
ation

b
ias

v
T
D
−

Π
ξ v
π
.

B
efore

p
ro

ceed
in

g,
h
ow

ever,
let

u
s

fi
rst

rem
in

d
th

e
read

er
th

at
u
n
less

th
e

n
orm

‖
·‖

ζS
for

th
e

p
ro

jection
op

erator
Π
ζS

is
p
u
rp

osefu
lly

ch
osen

,
th

e
com

p
osition

of
Π
ζS

w
ith

a
gen

eralized
B

ellm
an

op
erator

T
is

u
su

a
lly

n
o
t

a
con

traction
,

an
d

th
u
s

error
b

ou
n
d
s

for
p
ro

jected
gen

eralized
B

ellm
an

eq
u
a
tio

n
s

u
su

a
lly

can
n
ot

b
e

ob
tain

ed
w

ith
con

traction
-b

a
sed

argu
m

en
ts.

T
h
is

is
th

e
ca

se
even

for
o
n
-p

o
licy

learn
in

g,
as

th
e

fo
llow

in
g

ex
am

p
le

sh
ow

s.

E
x
a
m

p
le

B
.1

(N
o
n

-c
o
n
tra

c
tiv

e
Π
ζS
T

)
If

th
e

target
p

olicy
π

in
d
u
ces

an
irred

u
cib

le
M

a
rkov

ch
ain

w
ith

in
varian

t
p
rob

ab
ility

m
easu

re
ζS

,
an

d
if
T

is
th

e
B

ellm
an

op
erator

fo
r

T
D

(λ
)

w
ith

a
con

stan
t
λ

,
th

en
,

as
T

sitsik
lis

an
d

V
an

R
oy

(1997)
sh

ow
ed

,
Π
ζS
T

is
a

co
n
tra

ctio
n

o
p

erator
w

.r.t.
th

e
w

eigh
ted

E
u
clid

ean
n
orm

‖·‖
ζS

.
C

on
seq

u
en

tly,
th

e
m

atrix
Φ
>
D

(P̃
π −

I
)

Φ
asso

ciated
w

ith
th

e
T

D
(λ

)
algorith

m
is

n
egative

d
efi

n
ite

(T
sitsik

lis
an

d
V

an
R

oy
,

1
9
9
7
).

T
h
e

d
erivation

of
th

e
con

traction
p
rop

erty
of

Π
ζS
T

in
th

is
case

relies
critically

o
n

th
e

in
eq

u
a
lity

ζ >S
P̃
π
<
ζ >S

.
T

h
is

in
eq

u
ality

gen
erally

d
o
es

n
ot

h
old

for
th

e
su

b
sto

ch
a
stic

m
a
trix

P̃
π

in
th

e
gen

eralized
B

ellm
an

op
erator

T
,

w
h
en

λ
is

n
ot

con
sta

n
t.

S
o,

for
n
on

-
co

n
sta

n
t
λ

,
w

e
can

n
o

lon
ger

ex
p

ect
Π
ζS
T

to
b

e
a

con
traction

or
th

e
m

a
trix

Φ
>
D

(P̃
π −

I
)

Φ
to

b
e

n
eg

a
tiv

e
d
efi

n
ite.

A
s

a
n

ex
am

p
le,

con
sid

er
a

sim
p
le

tw
o-sta

te
p
rob

lem
in

w
h
ich

th
e

sy
stem

u
n
d
er

th
e

ta
rg

et
p

o
licy

π
m

oves
from

on
e

state
to

an
oth

er
in

a
cy

cle.
L

et
π
o

=
π

,
let

th
e

d
iscou

n
t

fa
cto

r
γ

b
e

a
con

stan
t,

an
d

let
λ

b
e

a
fu

n
ction

of
states

w
ith

λ
(1)

=
0,
λ

(2)
=

1.
T

h
en

ζ >S
=

(0.5
,0
.5

)
an

d
P̃
π

=

(
γ

2
0

γ
0 )

.
F

or
γ

n
ear

1,
e.g.,

γ
=

0.95,
an

d
for

Φ
as

given
b

elow
,
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Y
u
,
M
a
h
m
o
o
d
,
a
n
d

S
u
t
t
o
n

w
e

can
calcu

late
th

e
ζS

-w
eigh

ted
n
orm

of
Π
ζS
P̃
π

an
d

th
e

m
atrix

asso
ciated

w
ith

T
D

(λ
):

Φ
=

(
3

1
1

1 )
,

∥∥
Π
ζS
P̃
π ∥∥

ζS
=
∥∥
P̃
π ∥∥

ζS
≈

1.31
>

1,

Φ
>
D

(P̃
π −

I
)

Φ
=

(
0.4862

−
0
.1

713
0.7787

−
0
.0

738 )
.

T
h
e

latter
m

atrix
is

n
ot

n
egative

d
efi

n
ite;

in
fact,

its
eigen

valu
es

h
av

e
p

ositive
real

p
arts,

so
it

is
n
ot

even
a

H
u
rw

itz
m

atrix
(T

D
(λ

)
can

d
iv

erge
in

th
is

case).
In

th
e

ab
ove,

w
e

h
av

e
Π
ζS
P̃
π

=
P̃
π
,

an
d

w
h
ile

Π
ζS
P̃
π

is
n
ot

a
co

n
traction

w
.r.t.‖

·‖
ζS

,
it

is
still

a
con

traction
w

.r.t.
som

e
m

atrix
n
orm

.
If

w
e

n
ow

let
Φ

=
(3,1) >

in
stead

,
th

en
th

e
sp

ectral
rad

iu
s

of
th

e
m

atrix
Π
ζS
P̃
π

com
es

ou
t

as
σ

(Π
ζS
P̃
π
)≈

1
.10

>
1,

so
Π
ζS
P̃
π

(an
d

h
en

ce
Π
ζS
T

)
can

n
ot

b
e

a
con

traction
w

.r.t.
an

y
m

atrix
n
orm

.

W
e

n
ow

p
ro

ceed
to

b
ou

n
d

th
e

b
ias

term
v
T
D
−

Π
ξ v
π

relative
to
‖
v
π
−

Π
ξ v
π ‖

ξ ,
th

e
d
istan

ce
b

etw
een

v
π

an
d

th
e

ap
p
rox

im
ation

su
b
sp

ace
m

easu
red

w
ith

resp
ect

to
‖·‖

ξ .
It

is
m

ore
tran

sp
aren

t
to

d
erive

th
e

b
ou

n
d

for
th

e
case

of
a

gen
eral

ob
liq

u
e

p
ro

jection
op

erator
Π
L
1 L

2
w

ith
resp

ect
to

th
e

u
su

al
E

u
clid

ean
n
orm
‖·‖

2 ,
so

let
u
s

d
o

th
at

fi
rst

a
n
d

th
en

u
se

th
e

lin
ear

tran
sform

ation
h

(·)
to

tran
sla

te
th

e
resu

lt
to

T
D

,
as

w
e

d
id

earlier
in

th
e

p
reced

in
g

su
b
section

.
W

e
b

ou
n
d

th
e

b
ias‖Π

L
1 L

2 x
−

Π
L
1 x‖

2
relative

to
‖
x
−

Π
L
1 x‖

2 ,
b
y

calcu
latin

g

κ
:=

su
p

x∈<
N

‖
Π
L
1 L

2 x
−

Π
L
1 x‖

2

‖x
−

Π
L
1 x‖

2
=

su
p

x∈<
N

‖
Π
L
1 L

2 (x
−

Π
L
1 x

)‖
2

‖
x
−

Π
L
1 x‖

2
(B

.10)

(w
h
ere

w
e

treat
0/

0
=

0).
T

h
is

con
stan

t
κ

d
ep

en
d
s

on
th

e
tw

o
su

b
sp

aces
L

1 ,L
2 ,

an
d

refl
ects

th
e

“an
gle”

b
etw

een
th

em
.

It
h
as

several
eq

u
ivalen

t
ex

p
ression

s,
e.g.,

κ
=

su
p

x⊥
L
1
,‖
x‖

2
=

1 ‖
Π
L
1 L

2 x‖
2

=
‖Π
L
1 L

2 (I−
Π
L
1 )‖

2 ,
(B

.11)

or
w

ith
σ

(F
)

d
en

otin
g

th
e

sp
ectral

ra
d
iu

s
of

a
sq

u
are

m
atrix

F
,

κ
=

√
σ (

Π
L
1 L

2 (I−
Π
L
1 )·

(I−
Π
L
1 ) >

Π
>L
1 L

2 )
=
√
σ (Π

L
1 L

2 Π
L
2 L

1 −
Π
L
1 ).

(B
.12)

(A
fter

th
e

d
efi

n
ition

of
κ

,
each

ex
p
ression

of
κ

in
(B

.10)-(B
.12)

follow
s

from
th

e
p
reced

-
in

g
on

e;
in

p
articu

lar,
for

th
e

last
ex

p
ression

in
(B

.12),
w

e
u
sed

th
e

fact
th

at
Π
>L
1

=

Π
L
1 ,Π

>L
1 L

2
=

Π
L
2 L

1 ,
an

d
Π
L
1 Π
L
2 L

1
=

Π
L
1 .)

W
e

can
ex

p
ress

κ
in

term
s

of
th

e
sp

ectral
rad

iu
s

of
an

n×
n

m
atrix

,
sim

ilarly
to

w
h
at

w
as

d
on

e
in

(Y
u

an
d

B
ertsekas,

2010).
In

p
articu

lar,
w

e
tak

e
th

e
last

ex
p
ression

of
κ

in
(B

.12)
an

d
rew

rite
th

e
sy

m
m

etric
m

atrix
in

th
at

ex
p
ression

u
sin

g
th

e
m

atrix
rep

resen
tation

s
of

th
e

p
ro

jection
op

erators
as

follow
s:

Π
L
1 L

2 Π
L
2 L

1 −
Π
L
1

=
Φ

1 (Φ
>2

Φ
1 ) −

1Φ
>2
·
Φ

2 (Φ
>1

Φ
2 ) −

1Φ
>1
−

Φ
1 (Φ
>1

Φ
1 ) −

1Φ
>1
.

B
y

a
resu

lt
in

m
atrix

th
eory

(H
orn

an
d

J
oh

n
son

,
1985,

T
h
eorem

1.3.20),
for

an
y
N
×
n

m
atrix

F
1

an
d
n
×
N

m
atrix

F
2 ,
σ

(F
1 F

2 )
=
σ

(F
2 F

1 ).
A

p
p
ly

in
g

th
is

resu
lt

to
th

e
p
reced

in
g
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G
e
n
e
r
a
l
iz
e
d

B
e
l
l
m
a
n
E
q
u
a
t
io
n
s
a
n
d

T
D

L
e
a
r
n
in
g

ex
p
re

ss
io

n
w

it
h
F

1
=

Φ
1
,

w
e

h
av

e
th

at
σ
( Π
L 1
L 2

Π
L 2
L 1
−

Π
L 1
) is

eq
u
al

to
th

e
sp

ec
tr

a
l

ra
d
iu

s
of

th
e

m
at

ri
x

(Φ
> 2

Φ
1
)−

1
(Φ
> 2

Φ
2
)(

Φ
> 1

Φ
2
)−

1
(Φ
> 1

Φ
1
)
−
I
.

C
om

b
in

g
th

is
w

it
h

(B
.1

2)
,

w
e

ob
ta

in
th

at

κ
2

=
σ

(F
)
−

1
,

w
h
er

e
F

=
(Φ
> 2

Φ
1
)−

1
(Φ
> 2

Φ
2
)(

Φ
> 1

Φ
2
)−

1
(Φ
> 1

Φ
1
).

(B
.1

3)

T
h
u
s,

fo
r

th
e

ab
ov

e
κ

,
th

e
b

ou
n
d

b
el

ow
h
ol

d
s

fo
r

al
l
x
∈
<N

an
d

w
it

h
eq

u
al

it
y

at
ta

in
ed

at
so

m
e
x

:

‖Π
L 1
L 2
x
−

Π
L 1
x
‖ 2
≤
κ
‖x
−

Π
L 1
x
‖ 2
.

(B
.1

4)

W
e

n
ow

tr
an

sl
at

e
th

e
re

su
lt

(B
.1

3)
-(

B
.1

4)
to

ou
r

T
D

co
n
te

x
t.

W
e

w
a
n
t

to
b

ou
n
d

th
e

re
la

ti
ve

b
ia

s
∥ ∥ v

T
D
−

Π
ξ
v π
∥ ∥ ξ
/
∥ ∥ v

π
−

Π
ξ
v π
∥ ∥ ξ

.
A

s
d
is

cu
ss

ed
ea

rl
ie

r
in

S
ec

ti
on

B
.1

,
w

e
ca

n

re
p
la

ce
‖·
‖ ξ

w
it

h
‖·
‖ 2

b
y

u
si

n
g

th
e

li
n
ea

r
tr

an
sf

or
m

at
io

n
h

(·)
to

sc
al

e
th

e
co

or
d
in

a
te

s.
In

p
ar

ti
cu

la
r,

b
y

th
e

tw
o

re
la

ti
on

s
gi

ve
n

in
(B

.6
),

∥ ∥ v
T
D
−

Π
ξ
v π
∥ ∥ ξ

∥ ∥ v
π
−

Π
ξ
v π
∥ ∥ ξ

=

∥ ∥ h
(v

T
D
)
−

Π
h

(v
π
)∥ ∥

2
∥ ∥ h

(v
π
)
−

Π
h

(v
π
)∥ ∥

2

,
(B

.1
5)

w
h
er

e
Π

on
th

e
r.

h
.s

.
st

an
d
s

fo
r

th
e

or
th

og
on

a
l

p
ro

je
ct

io
n

o
n
to
h

(L
φ
)

w
it

h
re

sp
ec

t
to
‖·
‖ 2

.
A

s
sh

ow
n

b
y

(B
.7

),
h

(v
T
D
)

is
an

ob
li
q
u
e

p
ro

je
ct

io
n

of
h

(v
π
)

fo
r

th
e

tw
o

su
b
sp

ac
es
h

(L
φ
)

an
d
h

(L
2
),

w
h
er

e
L 2

is
gi

ve
n

b
y

(B
.8

)-
(B

.9
).

A
cc

or
d
in

g
to

(B
.1

3)
,

th
e

co
n
st

an
t
κ

fo
r

th
is

ob
li
q
u
e

p
ro

je
ct

io
n

is
√
σ

(F
)
−

1
w

h
er

e,
if

w
e

ta
ke

Φ
1

=
Φ

an
d

Φ
2

as
d
efi

n
ed

b
y

(B
.8

),
F

is
n
ow

gi
ve

n
b
y

th
e

ex
p
re

ss
io

n
in

(B
.1

3)
w

it
h
h

(Φ
1
),
h

(Φ
2
)

in
p
la

ce
of

Φ
1
,Φ

2
,

re
sp

ec
ti

ve
ly

.
T

h
u
s,

b
y

(B
.1

4)
an

d
(B

.1
5)

w
e

ob
ta

in
th

at

∥ ∥ v
T
D
−

Π
ξ
v π
∥ ∥ ξ
≤
κ
∥ ∥ v

π
−

Π
ξ
v π
∥ ∥ ξ

fo
r
κ

=
√
σ

(F
)
−

1,
(B

.1
6)

w
h
er

e
F

is
an
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m
pa

re
d
to

N
IP

S
20

15
(S
ec
ti
on

3.
7)
;
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A
n
a
ly

sis
o
f

N
IP

S
2016

P
eer

-r
ev

iew
P
ro

cess

(viii)
a
significant

fraction
of

scores
provided

by
the

review
ers

are
tied,and

ordinalrankings
can

am
eliorate

this
issue

(Section
3.8);

(ix)
there

are
som

e
inconsistencies

in
the

review
s
and

these
can

be
identified

in
an

autom
ated

m
anner

using
ordinalrankings

(Section
3.9).

W
e
describe

the
review

procedure
follow

ed
at

N
IP

S
2016

in
Section

2.
W
e
present

an
elaborate

description
of

the
analysis

and
the

results
in

Section
3.

A
longside

each
analysis,

w
e
present

a
set

of
key

observations,
action

item
s
for

future
conferences,

and
som

e
open

problem
s
that

arise
out

ofthe
analysis.

W
e
conclude

the
paper

w
ith

a
discussion

in
Section

4.

2.
R

eview
p
roced

u
re

In
this

section,w
e
present

an
overview

of
the

design
of

the
review

process
at

N
IP

S
2016.

2.1
S
electin

g
area

ch
airs

an
d
review

ers

A
rea

C
h
airs

(A
C
s)

are
the

backbone
of

the
N
IP

S
review

ing
process.

T
heir

role
is

sim
ilar

to
that

of
an

associate
editor

for
a
journal.

E
ach

A
C

typically
handles

20-30
subm

issions,
so

w
ith

an
estim

ated
num

ber
of

subm
issions

betw
een

2000
and

3000,w
e
needed

to
recruit

about
100

area
chairs.

A
s
it
is

im
possible

to
intim

ately
know

allthe
diverse

research
areas

covered
by

N
IP

S,w
e
cam

e
up

w
ith

the
follow

ing
procedure.

W
e
asked

the
N
IP

S
B
oard

and
all

the
A
C
s
of

N
IP

S
from

the
past

tw
o
years

to
nom

inate
potential

A
C
s
for

this
year.

In
this

m
anner,w

e
covered

the
entire

variety
ofN

IP
S
topics

and
obtained

qualified
suggestions.

W
e
obtained

around
350

suggestions.
W
e
asked

the
N
IP

S
B
oard

to
go

through
the

list
of

suggested
A
C
s
and

vote
in

favor
ofsuggested

A
C
s.

W
e
also

accounted
for

the
distribution

of
subject

areas
of

subm
itted

papers
of

the
previous

year’s
N
IP

S
conference.

C
om

bining
all

these
inputs,w

e
com

piled
a
finallist

ofA
C
s:

by
the

end
ofJanuary

w
e
had

recruited
exactly

100
A
C
s.

In
a
subsequent

step,w
e
form

ed
“buddy

pairs”
am

ong
the

A
C
s.

B
ased

on
the

A
C
s

preferences,each
A
C

got
assigned

a
buddy

A
C
.W

e
revisit

the
role

of
buddy

pairs
in

m
ore

detaillater.
T
he

process
of

recru
itin

g
review

ers
is

tim
e
consum

ing,
it

essentially
w
ent

on
from

January
untilthe

subm
ission

deadline
at

end
ofM

ay.
A

significant
departure

from
the

review
processes

ofN
IP

S
from

earlier
years,this

tim
e
w
e
had

tw
o
kinds

ofreview
ers,“invited

senior
review

ers”
(P

ool1)
and

“volunteer
review

ers”
(P

ool2):

•
P
ool

1,
invited

sen
ior

review
ers:

W
e
asked

allA
C
s
to

suggest
at

least
30

review
ers

w
ho

have
com

pleted
their

P
hD

s
(how

ever,this
requirem

ent
w
as

not
strictly

observed
by

allA
C
s).

W
e
then

also
asked

allconfirm
ed

review
ers

to
“clone

them
selves”

by
inviting

at
least

one
researcher

w
ith

a
sim

ilar
research

background
and

w
ith

at
least

as
good

a
qualification

as
them

selves.

•
P
ool2,

volu
nteer

au
th
or-review

ers:
T
he

rapid
grow

th
in

the
num

ber
ofsubm

issions
at

N
IP

S
poses

the
form

idable
challenge

of
accordingly

scaling
the

num
ber

of
review

ers.
A
n
obvious

m
eans

to
achieve

this
objective

is
to

ask
authors

to
becom

e
review

ers
as

w
ell.

T
his

idea
has

been
used

in
the

past,for
exam

ple,to
evaluate

N
SF

grant
proposals

(M
ervis,

2014)
or

to
allocate

telescope
tim

e
(M

errifield
and

Saari,
2009).

In
order

to

3
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S
h
a
h
,
T
a
bibia

n
,
M

u
a
n
d
et,

G
u
y
o
n
,
vo

n
L
u
x
bu

rg

im
plem

ent
this

idea,w
ithout

constraining
unw

illing
authors,w

e
requested

authors
to

volunteer
during

the
subm

ission
process

by
nam

ing
at

least
one

author
per

paper
as

volunteer
review

ers.

T
he

area
chairs

w
ere

aw
are

of
the

respective
pools

to
w
hich

each
of

their
review

ers
belonged.

T
he

num
ber

of
review

ers
that

w
e
eventually

ended
up

w
ith

w
riting

review
s
are

as
follow

s:N
u
m
b
er

of
review

ers

Senior
researchers

/
faculty

Junior
researchers

/
postdocs

P
hD

students
N
ot

Specified
T
otal

P
ool1:

Invited
1236

566
255

7
2064

P
ool2:

V
olunteer

143
206

827
2

1178

T
he

totalnum
ber

of
review

s
in

each
category

are
as

follow
s:

N
u
m
b
er

of
review

s

Senior
researchers

/
faculty

Junior
researchers

/
postdocs

P
hD

students
N
ot

Specified
T
otal

P
ool1:

Invited
5759

2559
888

38
9244

P
ool2:

V
olunteer

576
795

3050
9

4430

2.2
A
ssign

m
ent

of
p
ap

ers
to

review
ers

an
d
area

ch
airs

T
he

assignm
ent

of
papers

to
area

chairs
w
as

m
ade

in
the

follow
ing

m
anner.

P
rior

to
the

review
process,the

A
C
s
and

review
ers

w
ere

allow
ed

to
see

the
list

of
subm

itted
papers

and
“bid”

w
hether

they
w
ere

interested
or

disinterested
in

handling/review
ing

any
paper.

For
any

paper,an
A
C
/review

er
could

either
indicate

“N
ot

W
illing”

or
“In-a-pinch”

–
w
hich

w
e

count
as

negative
bids,or

indicate
“W

illing”
or

“E
ager”

–
w
hich

w
e
count

as
positive

bids,or
choose

to
not

bid
for

that
paper.

T
he

T
oronto

paper
m
atching

system
or

T
P
M
S
w
as

then
em

ployed
to

com
pute

an
affi

nity
score

for
every

A
C

(and
review

er)
w
ith

every
subm

itted
paper

based
on

the
content

of
the

paper
and

the
academ

ic
profile

of
the

A
C

or
review

er.
In

addition,every
A
C
/review

er
as

w
ellas

the
subm

itter
of

every
paper

w
as

asked
to

select
a

set
ofm

ost
relevant

subject
areas,and

these
subject

areas
w
ere

also
em

ployed
to

com
pute

a
sim

ilarity
betw

een
every

A
C
/review

er
and

every
paper.

B
ased

on
the

sim
ilarity

scores
and

bids,
an

overall
sim

ilarity
score

is
com

puted
for

every
{paper,A

C
}
and

every
{paper,review

er}
pair:

score
=

2
b(s

affi
nity

+
s
sub

ject )/2,w
here

s
affi

nity ∈
[0,1]is

the
affi

nity
score

obtained
from

T
P
M
S,
s
sub

ject ∈
[0,1]is

the
score

obtained
by

com
paring

the
subject

areas
of

the
paper

and
the

subject
areas

selected
by

the
A
C

or
review

er,and
b∈

[−
1,1]is

the
bidding

score
provided

by
the

A
C

or
review

er.
B
ased

on
these

overallsim
ilarity

scores,a
prelim

inary
paper

assignm
ent

to
A
C
s
w
as

then
produced

in
an

autom
ated

m
anner

using
the

T
P
M
S
assignm

ent
algorithm

(C
harlin

and
Zem

el,2013).
T
he

A
C
s
w
ere

given
a
provision

to
decline

handling
certain

papers
for

various
reasons

such
as

conflicts
of

interest.
T
hese

papers
w
ere

re-assigned
m
anually

by
the

program
chairs.

T
he

A
C

ofeach
paper

w
as

responsible
to

first
assign

one
senior,highly

qualified
review

er
m
anually.

Tw
o
m
ore

invited
review

ers
from

pool1
and

three
volunteer

review
ers

from
pool2

w
ere

then
assigned

autom
atically

to
each

paper
using

the
sam

e
procedure

as
described

above.
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A
n
a
ly

si
s

o
f

N
IP

S
20

16
P
ee

r
-r

ev
ie

w
P
ro

ce
ss

T
he

A
C
s
w
er
e
as
ke
d
to

ve
ri
fy

w
he
th
er

ea
ch

of
th
ei
r
as
si
gn

ed
pa

pe
rs

ha
d
at

le
as
t
3
hi
gh

ly
co
m
pe

te
nt

re
vi
ew

er
s;

th
e
A
C
s
co
ul
d
m
an

ua
lly

ch
an

ge
re
vi
ew

er
as
si
gn

m
en
ts

to
en

su
re

th
at

th
is

is
th
e
ca
se
.
D
ur
in
g
th
e
de
ci
si
on

pr
oc
es
s,

ad
di
ti
on

al
em

er
ge
nc
y
re
vi
ew

er
s
w
er
e
in
vi
te
d
to

pr
ov
id
e
co
m
pl
em

en
ta
ry

re
vi
ew

s
if
so
m
e
of

th
e
re
vi
ew

er
s
ha

d
no

t
tu
rn
ed

in
th
ei
r
re
vi
ew

s
or

if
no

co
ns
en

su
s
w
as

re
ac
he

d
am

on
g
th
e
se
le
ct
ed

re
vi
ew

er
s.

2.
3
R
ev
ie
w

cr
it
er
ia

an
d
sc
or
es

W
e
co
m
pl
et
el
y
ch
an

ge
d
th
e
sc
or
in
g
m
et
ho

d
th
is

ye
ar
.

In
pr
ev
io
us

ye
ar
s,

N
IP

S
pa

pe
rs

w
er
e
ra
te
d

us
in
g
a
si
ng

le
sc
or
e
be

tw
ee
n

1
an

d
10
.

A
si
ng

le
sc
or
e
al
on

e
di
d

no
t
al
lo
w

re
vi
ew

er
s
to

gi
ve

a
di
ffe

re
nt
ia
te
d
qu

an
ti
ta
ti
ve

ap
pr
ec
ia
ti
on

on
va
ri
ou

s
as
pe

ct
s
of

pa
pe

r
qu

al
ity

.
Fu

rt
he
rm

or
e,

th
e
ro
le

of
th
e
A
C
s
w
as

im
pl
ic
it
ly

to
co
m
bi
ne

th
e
de
ci
si
on

s
of

th
e
re
vi
ew

er
s
(l
at
e

in
te
gr
at
io
n)

ra
th
er

th
an

co
m
bi
ni
ng

th
e
re
vi
ew

s
to

m
ak
e
th
e
fin

al
de

ci
si
on

(e
ar
ly

in
te
gr
at
io
n)
.

In
tr
od

uc
in
g
m
ul
ti
pl
e
sc
or
es

al
lo
w
ed

us
to

be
tt
er

se
pa

ra
te

th
e
ro
le
s:

th
e
re
vi
ew

er
s
w
er
e
in

ch
ar
ge

of
ev
al
ua

ti
ng

th
e
pa

pe
rs
;t

he
A
C
s
w
er
e
in

ch
ar
ge

of
m
ak

in
g
de
ci
si
on

s
ba

se
d
on

al
lt

he
ev
al
ua

ti
on

s.
Fu

rt
he

rm
or
e
th
e
m
ul
ti
pl
e
sp
ec
ia
liz

ed
sc
or
es

al
lo
w
ed

th
e
A
C
s
to

gu
id
e
re
vi
ew

er
s

to
fo
cu
s
di
sc
us
si
on

s
on

“f
ac
ts
”
ra
th
er

th
an

“o
pi
ni
on

”
in

th
e
di
sc
us
si
on

ph
as
e.

W
e
as
ke
d

re
vi
ew

er
s
to

pr
ov
id
e
a
se
pa

ra
te

sc
or
e
fo
r
ea
ch

of
th
e
fo
llo

w
in
g
fo
ur

cr
it
er
ia
:

•
T
ec
hn

ic
al

qu
al
it
y,

•
N
ov
el
ty
/o

ri
gi
na

lit
y,

•
P
ot
en
ti
al

im
pa

ct
or

us
ef
ul
ne

ss
,

•
C
la
ri
ty

an
d
pr
es
en
ta
ti
on

.
T
he

sc
or
es

w
er
e
on

a
sc
al
e
of

1
to

5,
w
it
h
th
e
fo
llo

w
in
g
ru
br
ic

pr
ov
id
ed

to
th
e
re
vi
ew

er
s:

5
=

A
w
ar
d
le
ve
l(

1/
10

00
su
bm

is
si
on

s)
,

4
=

O
ra
ll
ev
el

(t
op

3%
su
bm

is
si
on

s)
,

3
=

P
os
te
r
le
ve
l(

to
p
30

%
su
bm

is
si
on

s)
,

2
=

Su
b-
st
an

da
rd

fo
r
N
IP

S,

1
=

Lo
w

or
ve
ry

lo
w
.

T
he

sc
or
in
g
gu

id
el
in
es

al
so

re
fle

ct
th
e
hi
er
ar
ch
y
of

th
e
pa

pe
rs
:
th
e
co
nf
er
en

ce
se
le
ct
s
th
e
to
p

fe
w

pa
pe

rs
fo
r
aw

ar
ds
,
th
e
ne
xt

be
st

ac
ce
pt
ed

pa
pe

rs
ar
e
pr
es
en
te
d
as

or
al

pr
es
en
ta
ti
on

s,
an

d
th
e
re
m
ai
ni
ng

ac
ce
pt
ed

pa
pe

rs
ar
e
pr
es
en
te
d
as

po
st
er
s
at

th
e
co
nf
er
en

ce
.
T
he

sc
or
es

pr
ov

id
ed

by
re
vi
ew

er
s
ha

d
to

be
co
m
pl
em

en
te
d
by

ju
st
ifi
ca
ti
on

s
in

de
si
gn

at
ed

te
xt

bo
xe
s.

W
e
al
so

as
ke
d
th
e
re
vi
ew

er
s
to

fla
g
“fa

ta
lfl

aw
s”

in
th
e
pa

pe
rs

th
ey

re
vi
ew

ed
.
Fo

r
ea
ch

pa
pe

r,
w
e
al
so

as
ke
d
th
e
re
vi
ew

er
s
to

de
cl
ar
e
th
ei
r
ov
er
al
l“
le
ve
lo

f
co
nfi

de
nc

e”
:

3
=

E
xp

er
t
(r
ea
d
th
e
pa

pe
r
in

de
ta
il,

kn
ow

th
e
ar
ea
,q

ui
te

ce
rt
ai
n
of

op
in
io
n)
,

2
=

C
on

fid
en
t
(r
ea
d
it

al
l,
un

de
rs
to
od

it
al
lr
ea
so
na

bl
y
w
el
l)
,

1
=

Le
ss

co
nfi

de
nt

(m
ig
ht

no
t
ha

ve
un

de
rs
to
od

si
gn

ifi
ca
nt

pa
rt
s)
.

2.
4
D
is
cu

ss
io
n
s
an

d
re
b
u
tt
al
s

O
nc
e
m
os
t
re
vi
ew

s
w
er
e
in
,a

ut
ho

rs
ha

d
th
e
op

po
rt
un

it
y
to

lo
ok

at
th
e
re
vi
ew

s
an

d
w
ri
te

a
re
bu

tt
al
.
O
ne

se
ct
io
n
of

th
e
re
bu

tt
al

w
as

re
ve
al
ed

to
al
lt
he

re
vi
ew

er
s
of

th
e
pa

pe
r,
an

d
a

se
co
nd

se
ct
io
n
w
as

pr
iv
at
e
an

d
vi
si
bl
e
on

ly
to

th
e
A
C
s.

So
m
e
re
vi
ew

s
w
er
e
st
ill

m
is
si
ng

at
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8

S
h
a
h
,
T
a
bi

bi
a
n
,
M

u
a
n
d
et

,
G

u
y
o
n
,
vo

n
L
u
x
bu

rg

th
is
po

in
t,
bu

t
it
w
ou

ld
no

t
ha

ve
he
lp
ed

to
de
la
y
th
e
re
bu

tt
al

de
ad

lin
e
as

th
e
m
is
si
ng

re
vi
ew

s
tr
ic
kl
ed

in
on

ly
sl
ow

ly
.
Su

bs
eq
ue

nt
ly
,A

C
s
an

d
re
vi
ew

er
s
en

ga
ge
d
in

di
sc
us
si
on

s
ab

ou
t
th
e

pr
os

an
d
co
ns

of
th
e
su
bm

it
te
d
pa

pe
rs
.
T
o
su
pp

or
t
th
e
A
C
s,

w
e
se
nt

in
di
vi
du

al
re
po

rt
s
to

al
la

re
a
ch
ai
rs

to
fla

g
pa

pe
rs

w
ho

se
re
vi
ew

s
w
er
e
of

to
o
lo
w

co
nfi

de
nc

e,
to
o
hi
gh

va
ri
an

ce
or

w
he

re
re
vi
ew

s
w
er
e
st
ill

m
is
si
ng

.
In

m
an

y
ca
se
s,

ar
ea

ch
ai
rs

re
cr
ui
te
d
ad

di
ti
on

al
em

er
ge
nc

y
re
vi
ew

er
s
to

in
cr
ea
se

th
e
ov
er
al
lq

ua
lit
y
of

th
e
de
ci
si
on

s.

2.
5
D
ec
is
io
n
p
ro
ce
d
u
re

T
he

de
ci
si
on

pr
oc
ed
ur
e
in
vo

lv
ed

m
ak

in
g
an

ac
ce
pt
an

ce
or

re
je
ct
io
n
de

ci
si
on

fo
r
ea
ch

pa
pe

r,
an

d
fu
rt
he

rm
or
e,

to
se
le
ct

a
su
bs
et

of
(t
he

be
st
)
ac
ce
pt
ed

pa
pe

rs
fo
r
or
al

pr
es
en
ta
ti
on

.
W
e
in
tr
od

uc
ed

a
de
ce
nt
ra
liz

ed
de
ci
si
on

pr
oc
es
s
ba

se
d
on

pa
ir
s
of

A
C
s
(“
bu

dd
y
pa

ir
s”
).

E
ac
h
A
C

go
t
as
si
gn

ed
on

e
bu

dd
y
A
C
.E

ac
h
pa

ir
of

bu
dd

y
A
C
s
w
as

re
sp
on

si
bl
e
fo
r
al
lp

ap
er
s

in
th
ei
r
jo
in
t
ba

g
an

d
m
ad

e
th
e
ac
ce
pt
/r
ej
ec
t
de
ci
si
on

s
jo
in
tl
y,

fo
llo

w
in
g
gu

id
el
in
es

gi
ve
n

by
th
e
pr
og
ra
m

ch
ai
rs
.
D
iffi

cu
lt

ca
se
s
w
er
e
ta
ke
n
to

th
e
pr
og
ra
m

ch
ai
rs
,
w
hi
ch

in
cl
ud

ed
ca
se
s
in
vo
lv
in
g
co
nfl

ic
ts

of
in
te
re
st

an
d
pl
ag

ia
ri
sm

.
In

or
de

r
to

ha
rm

on
iz
e
de

ci
si
on

s
ac
ro
ss

bu
dd

y
pa

ir
s,
al
la

re
a
ch
ai
rs

ha
d
ac
ce
ss

to
va
ri
ou

s
st
at
is
ti
cs

an
d
hi
st
og
ra
m
s
ov
er

th
e
se
t
of

th
ei
r
pa

pe
rs

an
d
th
e
se
t
of

al
ls

ub
m
it
te
d
pa

pe
rs
.
To

de
ci
de

w
hi
ch

ac
ce
pt
ed

pa
pe

r
w
ou

ld
ge
t

an
or
al

pr
es
en
ta
ti
on

,e
ac
h
bu

dd
y
pa

ir
w
as

as
ke
d
to

ch
am

pi
on

on
e
or

tw
o
pa

pe
rs

fr
om

th
ei
r

jo
in
t
ba

g
as

a
ca
nd

id
at
e
fo
r
an

or
al

pr
es
en
ta
ti
on

.
T
he

fin
al

se
le
ct
io
n
w
as

th
en

m
ad

e
by

th
e

pr
og
ra
m

ch
ai
rs
,w

it
h
th
e
go
al
s
of

ex
hi
bi
ti
ng

th
e
di
ve
rs
it
y
of

N
IP

S
pa

pe
rs

an
d
ex
po

si
ng

th
e

co
m
m
un

ity
w
it
h
no

ve
la

nd
th
ou

gh
t-
pr
ov
ok

in
g
id
ea
s.

In
th
e
en

d,
56

8
pa

pe
rs

go
t
ac
ce
pt
ed

to
th
e
co
nf
er
en

ce
,a

nd
45

of
th
es
e
pa

pe
rs

w
er
e
se
le
ct
ed

fo
r
or
al

pr
es
en
ta
ti
on

s.
L
ik
e
pr
ev
io
us

ye
ar
s,

w
e
ad

op
te
d
a
“d
ou

bl
e
bl
in
d”

re
vi
ew

po
lic

y.
T
ha

t
is
,t

he
au

th
or
(s
)

of
ea
ch

pa
pe

r
di
d
no

t
ge
t
to

kn
ow

th
e
id
en
ti
ty

of
th
e
re
vi
ew

er
s
an

d
vi
ce

ve
rs
a
th
ro
ug

ho
ut

th
e
re
vi
ew

pr
oc
es
s.

A
C
s
go
t
to

kn
ow

th
e
id
en
ti
ty

of
th
e
re
vi
ew

er
s
an

d
th
e
au

th
or
(s
)
fo
r

th
e
pa

pe
rs

un
de
r
th
ei
r
re
sp
on

si
bi
lit
y.

D
ur
in
g
th
e
di
sc
us
si
on

ph
as
e,

re
vi
ew

er
s
w
ho

re
vi
ew

ed
th
e
sa
m
e
pa

pe
rs

go
t
to

kn
ow

ea
ch

ot
he

r’
s
id
en
ti
ty
.
La

st
ly
,P

C
s
an

d
pr
og

ra
m

m
an

ag
er
s
ha

d
ac
ce
ss

to
al
li
nf
or
m
at
io
n
ab

ou
t
th
e
su
bm

is
si
on

s,
th
e
A
C
s,

th
e
re
vi
ew

er
s,

an
d
th
e
au

th
or
s.

2.
6
E
xp

er
im

en
ta
l
or
d
in
al

re
vi
ew

s

In
th
e
m
ai
n
N
IP

S
20

16
re
vi
ew

pr
oc
es
s,

w
e
el
ic
it
ed

on
ly

ca
rd
in
al

sc
or
es

fr
om

th
e
re
vi
ew

er
s

–
on

e
sc
or
e
in

1
to

5
fo
r
ea
ch

of
fo
ur

cr
it
er
ia
.
Su

bs
eq
ue
nt

to
th
e
re
vi
ew

pr
oc
es
s,

w
e
th
en

re
qu

es
te
d
ea
ch

re
vi
ew

er
to

al
so

pr
ov

id
e
a
to
ta
l
ra
nk

in
g
of

th
e
pa

pe
rs

th
at

th
ey

re
vi
ew

ed
.

W
e
re
ce
iv
ed

ra
nk

in
gs

fr
om

a
to
ta
l
of

21
89

re
vi
ew

er
s.

N
ot
e
th
at

th
e
co
lle

ct
io
n
of

or
di
na

l
da

ta
w
as

pe
rf
or
m
ed

su
bs
eq
ue
nt

to
th
e
no

rm
al

re
vi
ew

su
bm

is
si
on

bu
t
be

fo
re

re
le
as
e
of

th
e

fin
al

de
ci
si
on

s.
T
he

or
di
na

l
da

ta
w
as

no
t
us
ed

as
a
pa

rt
of

th
e
de
ci
si
on

pr
oc
ed
ur
e
in

th
e

co
nf
er
en

ce
.

3.
D

et
ai

le
d

an
al

ys
is

In
th
is

se
ct
io
n,

w
e
pr
es
en
t
de
ta
ils

of
ou

r
an

al
ys
es

of
th
e
re
vi
ew

da
ta

an
d
th
e
as
so
ci
at
ed

re
su
lt
s.

E
ac
h
su
bs
ec
ti
on

co
nt
ai
ns

on
e
an

al
ys
is
an

d
co
nc
lu
de
s
w
it
h
a
su
m
m
ar
y
th
at

hi
gh

lig
ht
s

th
e
ke
y
ob

se
rv
at
io
ns
,c

on
cr
et
e
ac
ti
on

it
em

s
fo
r
fu
tu
re

co
nf
er
en

ce
s,

an
d
op

en
pr
ob

le
m
s
th
at

ar
is
e
fr
om

th
e
an

al
ys
is
.
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A
n
a
ly

sis
o
f

N
IP

S
2016

P
eer

-r
ev

iew
P
ro

cess

T
he

results
are

com
puted

for
a
snapshot

of
review

s
at

the
end

of
the

review
process

w
hen

the
acceptance

decisions
w
ere

m
ade.

T
his

choice
does

not
affect

our
results

since
there

w
as

very
little

change
in

the
scores

provided
by

review
ers

across
different

tim
e
instants.

A
ll

t-tests
conducted

correspond
to

tw
o-sam

ple
t-tests

w
ith

unequalvariances.
A
llm

entions
of

p-values
correspond

to
tw

o-sided
tailprobabilities.

A
llm

entions
of

statisticalsignificance
correspond

to
a
p-value

threshold
of

0.01
(w

e
also

provide
the

exact
p-values

alongside).
M
ultiple

testing
is

accounted
for

using
the

B
onferronicorrection.

T
he

effect
sizes

refer
to

C
ohen’s

d.
W

herever
applicable,

the
error

bars
in

the
figures

represent
95%

confidence
intervals.

W
herever

applicable,w
e
also

perform
our

analyses
on

a
subset

of
the

subm
itted

papers
w
hich

w
e
term

as
the

top
2k

papers.
T
he

top
2k

papers
com

prise
all

of
the

568
accepted

papers,
and

an
equal

num
ber

(568)
of

the
rejected

papers.
T
he

568
rejected

papers
are

chosen
as

those
w
ith

the
m
axim

um
m
ean

score
(w

here
the

m
ean

for
any

paper
is
taken

across
allreview

ers
and

allreview
ers).

3.1
R
eview

er
an

d
A
C

b
id
s

A
large

num
ber

of
conferences

in
com

puter
science

ask
area

chairs
and/or

review
ers

to
bid

w
hich

papers
they

w
ould

like
or

not
like

to
review

,in
order

to
obtain

a
better

understanding
ofthe

expertise
and

the
preferences

ofreview
ers.

Such
an

im
proved

understanding
is
desirable

as
it

leads
to

a
m
ore

inform
ed

assignm
ent

of
review

ers
to

papers,
thereby

im
proving

the
overallquality

of
the

review
process.

F
igure

1
depicts

the
distribution

of
num

ber
of

bids
on

papers
subm

itted
by

area
chairs

and
review

ers
in

N
IP

S
2016.

P
anels

(a)
and

(b)
of

the
figure

depict
the

distribution
of

counts
per

paper
for

review
ers

and
area

chairs
respectively;

panels
(c)

and
(d)

depict
the

distribution
per

area
chairs

and
review

ers.
T
he

“not
w
illing”

and
“in-a-pinch”

bids
w
ere

considered
negative

bids,w
hereas

“w
illing”

and
“eager”

bids
w
ere

considered
positive

bids.
From

the
data,w

e
observe

that
there

are
very

few
positive

bids,but
a
considerably

higher
num

ber
of

negative
bids.

T
he

distribution
of

num
ber

of
bids

by
review

ers
is

skew
ed

by
few

review
ers

w
ho

bid
(positive

and
negative)

on
too

m
any

papers:
27%

of
review

ers
m
ake

90%
of

all
bids,

and
50%

of
review

ers
m
ake

90%
of

allpositive
bids.

M
oreover,there

are
148

review
ers

w
ith

no
(positive

or
negative)

bids
and

1201
review

ers
w
ith

at
m
ost

2
positive

bids.
In

com
parison,

N
IP

S
2016

assigned
at

least
3
papers

to
m
ost

review
ers

(and
m
any

other
conferences

also
do

likew
ise).

W
e
thus

observe
that

a
large

num
ber

ofreview
ers

do
not

even
provide

positive
bids

am
ounting

to
the

num
ber

ofpapers
they

w
ould

review
.
A
s
a
consequence

ofthe
low

num
ber

ofbids
by

review
ers,w

e
are

left
w
ith

278
papers

w
ith

at
m
ost

2
positive

bids
and

816
papers

w
ith

at
m
ost

5
positive

bids.
In

contrast,N
IP

S
2016

assigned
6
review

ers
to

m
ost

papers.
T
here

is
thus

a
significant

fraction
of

papers
w
ith

few
er

positive
bids

than
the

num
ber

of
requisite

review
ers.

F
inally

there
are

1090
papers

w
ith

no
positive

bids
by

any
A
C
.
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S
h
a
h
,
T
a
bibia

n
,
M

u
a
n
d
et,

G
u
y
o
n
,
vo

n
L
u
x
bu

rg

0
3

15
63

255
1023

# reviewer-bids
0

500

1000

1500

# papers

Negative
Positive

0
3

15
63

255
1023

# AC-bids
0

500

1000

# papers

Negative
Positive

(a)
totalnum

ber
of

bids
by

review
ers

per
paper

(b)
totalnum

ber
of

bids
by

A
C
s
per

paper

0
3

15
63

255
1023

# paper-bids
0

250
500
750

# reviewers

Negative
Positive

0
3

15
63

255
1023

# paper-bids
0 25 50 75

# ACs

Negative
Positive

(c)
num

ber
of

bids
per

review
er

(d)
num

ber
of

bids
per

A
C

F
igure

1:
H
istogram

of
num

ber
of

positive
and

negative
bids

(x-axis;
on

a
logarithm

ic
scale)

per
entity

(counts
on

y-axis)
for

various
entities.

T
he

first
colum

n
in

each
histogram

represents
num

ber
of

entities
w
ith

0
bids.

For
exam

ple,the
first

colum
n
of

panel(c)
depicts

that
756

review
ers

m
ade

zero
positive

bids
and

425
review

ers
m
ade

zero
negative

bids.

S
u
m
m
ary

1:
R
eview

er
an

d
A
C

b
id
s

K
ey

ob
servation

s:

•
T
here

are
very

few
positive

bids
by

review
ers,w

ith
278

papers
receiving

at
m
ost

2
positive

bids
and

816
papers

receiving
at

m
ost

5
positive

bids.

•
From

the
review

ers’side,the
bids

are
highly

skew
ed:

50%
ofreview

ers
m
ake

90%
of

allpositive
bids,148

review
ers

m
ake

no
(positive

or
negative)

bids,and
1201

review
ers

m
ake

at
m
ost

2
positive

bids.

•
T
here

are
1090

papers
w
ith

no
positive

bids
by

any
A
C
.

A
ction

item
s:

•
W

hen
a
review

er
or

A
C

logs
into

the
system

,show
unbid

papers
on

top.

•
Inform

review
ers

ofthe
procedure

em
ployed

to
use

their
bids

for
assigning

papers.
M
ake

review
ers

aw
are

of
the

benefits
of

bidding,such
as

receiving
m
ore

relevant
papers

to
read

and
serving

the
com

m
unity

by
im

proving
the

review
process.

O
p
en

p
rob

lem
s:

•
H
ow

to
incentivize

m
ore

(positive)
bids

so
that

the
organizers

understand
prefer-

ences
better

for
accurate

review
er

assignm
ent?

•
D
esign

a
principled

m
eans

of
com

bining
bids,

paper
content-review

er
profile

sim
ilarity,and

subject
sim

ilarity.
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A
n
a
ly

si
s

o
f

N
IP

S
20

16
P
ee

r
-r

ev
ie

w
P
ro

ce
ss

2
3

4
5

6
7

8
9

0

50
0

10
00

15
00

1
2

3
4

5
6

7
8

9
0

25
0

50
0

75
0

10
00

(a
)
nu

m
be

r
of

re
vi
ew

er
s
pe

r
pa

pe
r

(b
)
nu

m
be

r
of

pa
pe

rs
pe

r
re
vi
ew

er

F
ig
ur
e
2:

H
is
to
gr
am

of
nu

m
be

r
of

re
vi
ew

s.

3.
2
R
ev
ie
w
er

as
si
gn

m
en
t

F
ig
ur
e
2
de
pi
ct
s
th
e
hi
st
og
ra
m
s
of

th
e
nu

m
be

r
of

re
vi
ew

er
s
as
si
gn

ed
pe

r
pa

pe
r,

an
d
th
e

nu
m
be

r
of

pa
pe

rs
ha

nd
le
d
by

ea
ch

re
vi
ew

er
.

In
or
de
r
to

en
su
re

th
at

th
e
in
fo
rm

at
io
n
ab

ou
t
ea
ch

pa
pe

r
“s
pr
ea
ds
”
ac
ro
ss

th
e
en
ti
re

sy
st
em

,
it

is
im

po
rt
an

t
th
at

th
er
e
is

no
se
t
of

re
vi
ew

er
s
or

pa
pe

rs
th
at

ha
s
on

ly
a
sm

al
l

ov
er
la
p
w
it
h
th
e
re
m
ai
ni
ng

re
vi
ew

er
s
an

d
pa

pe
rs

(O
lfa

ti
-S
ab

er
et

al
.,
20
07
;
Sh

ah
et

al
.,

20
16
a)
.
To

an
al
yz
e
w
he
th
er

th
is
w
as

th
e
ca
se
,w

e
co
ns
id
er
ed

tw
o
gr
ap

hs
.
W
e
bu

ilt
a
re
vi
ew

er
gr
ap

h
th
at

ha
s
re
vi
ew

er
s
as

ve
rt
ic
es
,a

nd
an

ed
ge

be
tw

ee
n
an

y
tw

o
re
vi
ew

er
s
if
th
er
e
ex
is
ts

at
le
as
t
on

e
pa

pe
r
th
at

ha
s
be

en
re
vi
ew

ed
by

bo
th

of
th
em

.
A
na

lo
go
us
ly

w
e
bu

ilt
a
pa
pe
r

gr
ap

h,
w
he
re

ve
rt
ic
es

re
pr
es
en
t
pa

pe
rs
,a

nd
w
e
co
nn

ec
t
tw

o
pa

pe
rs

by
an

ed
ge

if
th
er
e
ex
is
ts

a
re
vi
ew

er
w
ho

ha
s
re
vi
ew

ed
bo

th
pa

pe
rs
.
N
ot
e
th
at

th
e
gr
ap

h
st
ru
ct
ur
e
is

in
pa

rt
di
ct
at
ed

by
a
co
ns
tr
ai
nt

on
th
e
m
ax

im
um

nu
m
be

r
of

pa
pe

rs
pe

r
re
vi
ew

er
as

w
el
la

s
th
e
sp
ec
ifi
ed

nu
m
be

r
of

re
vi
ew

er
s
pe

r
pa

pe
r.

O
ur

ob
je
ct
iv
e
is

to
ex
am

in
e
th
e
st
ru
ct
ur
e
of

th
e
gr
ap

hs
an

d
de
te
rm

in
e
if
th
er
e
w
er
e
an

y
se
pa

ra
te
d
co
m
m
un

it
ie
s
of

no
de

s.
In

or
de

r
to

do
so
,w

e
em

pl
oy

a
m
et
ho

d
ba

se
d
on

sp
ec
tr
al

cl
us
te
ri
ng

.
Fo

rm
al
ly
,
de
no

te
an

y
gr
ap

h
as
G

=
(V
,E

)
w
he
re
V

is
se
t
of

no
de
s,

an
d
E

is
th
e
se
t
of

(u
nd

ir
ec
te
d)

ed
ge
s
be

tw
ee
n
no

de
s,

an
d
le
t
|V
|d

en
ot
e
th
e
nu

m
be

r
of

no
de
s
in

th
e

gr
ap

h.
W
e
ca
n
de

no
te

gr
ap

h
co
nn

ec
ti
vi
ty

by
it
s
as
so
ci
at
ed

ad
ja
ce
nc

y
m
at
ri
x
A

w
hi
ch

is
a

(|V
|×
|V
|)
m
at
ri
x;

w
e
ha

ve
A
ij

=
1
if
th
er
e
is
an

ed
ge

be
tw

ee
n
no

de
s
i
an

d
j
an

d
A
ij

=
0

ot
he
rw

is
e.

W
it
h
th
is

no
ta
ti
on

,a
qu

an
ti
ty

kn
ow

n
as

th
e
“c
on

du
ct
an

ce
”

Φ
of

an
y
se
t
of

no
de
s

0.
0
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0

fra
ct
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0

fra
ct

io
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of
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ew

er
s i

n 
clu

st
er

0.
00
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00

conductance
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15

(a
)
pa

pe
r
gr
ap

h
(b
)
re
vi
ew

er
gr
ap

h

F
ig
ur
e
3:

C
on

du
ct
an

ce
va
lu
e
as

fu
nc

ti
on

of
va
ry
in
g
cl
us
te
r
si
ze
.
T
he

x-
ax

es
in

th
es
e
pl
ot
s

re
pr
es
en
t
th
e
no

rm
al
iz
ed

cl
us
te
r
si
ze
k
/|
V
|.
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S
h
a
h
,
T
a
bi

bi
a
n
,
M

u
a
n
d
et

,
G

u
y
o
n
,
vo

n
L
u
x
bu

rg

R
ev
ie
w
er
s

P
ap

er
s

N
IP

S
20
15

N
IP

S
20

16
N
IP

S
20

15
N
IP

S
20
16

F
ig
ur
e
4:

G
ra
ph

s
de

pi
ct
in
g
co
nn

ec
ti
vi
ty

of
re
vi
ew

er
s
an

d
th
at

of
pa

pe
rs

fo
r
N
IP

S
20

15
an

d
N
IP

S
20

16
.
T
he

no
de

s
in

bl
ac
k
(d
ar
k)

sh
ow

se
t
of

no
de

s
id
en
ti
fie

d
by

th
e
lo
ca
lm

in
im

a
in

th
e
co
nd

uc
ta
nc
e
pl
ot
s
(F

ig
ur
e
3)

fo
r
N
IP

S
20
15
,a

nd
th
e
re
m
ai
ni
ng

no
de
s
ar
e
pl
ot
te
d
in

bl
ue

(l
ig
ht
).

RL
al

go
rit

hm
s

ro
bo

tic
s

de
ep

le
ar

ni
ng

ba
nd

it
al

go
rit

hm
s

th
eo

re
tic

al
ne

ur
os

cie
nc

e
co

nt
ro

l
th

eo
ry

ot
he

r

su
bj

ec
t a

re
a

01020304050 count F
ig
ur
e
5:

H
is
to
gr
am

of
su
bj
ec
t
ar
ea
s
in

th
e
id
en
ti
fie

d
cl
us
te
r
(f
ro
m

F
ig
ur
e
4)

of
re
vi
ew

er
s
in

N
IP

S
20
15

w
hi
ch

is
no

t
w
el
lc

on
ne

ct
ed

w
it
h
th
e
se
t
of

re
m
ai
ni
ng

re
vi
ew

er
s.

S
⊂
V

is
th
en

de
fin

ed
as
:

Φ
(S

)
=

∑
i∈
S
,j
6∈S
A
ij

m
ax
{|
S
|,|
V
\S
|}
,

w
he

re
V
\S

is
th
e
co
m
pl
em

en
t
of

se
t
S
.
A

lo
w
er

va
lu
e
of

th
e
co
nd

uc
ta
nc
e
in
di
ca
te
s
th
at

th
e

no
de
s
in

th
e
cu
t
ar
e
le
ss

co
nn

ec
te
d
to

th
e
re
m
ai
ni
ng

gr
ap

h.
N
ex
t,

w
it
h
a
m
in
or

ab
us
e
of

no
ta
ti
on

,t
he

co
nd

uc
ta
nc

e
of

a
gr
ap

h
as

fu
nc
ti
on

of
cl
us
te
r
si
ze
s
is

de
fin

ed
as
:

Φ
(k

)
=

m
in

S
∈V
,|S
|=
k

Φ
(S

),

fo
r
ev
er
y
k
∈
{1
,.
..
,|V
|−

1
}.

T
he

pl
ot

of
k
ve
rs
us

Φ
(k

)
is

ca
lle

d
a
N
et
w
or
k
C
om

m
un

it
y

P
ro
fil
e
or

N
C
P

pl
ot

(L
es
ko
ve
c
et

al
.,
20
08
).

T
he

N
C
P

pl
ot

m
ea
su
re
s
th
e
qu

al
ity

of
th
e
le
as
t

co
nn

ec
te
d
co
m
m
un

ity
(l
ow

es
t
co
nd

uc
ta
nc
e)

in
a
la
rg
e
ne
tw

or
k,

as
a
fu
nc
ti
on

of
th
e
si
ze

of
th
e

co
m
m
un

it
y.

A
lt
ho

ug
h
co
m
pu

ti
ng

th
e
fu
nc
ti
on

Φ
(k

)
ex
ac
tl
y
m
ay

be
co
m
pu

ta
ti
on

al
ly

ha
rd
,

an
ap

pr
ox

im
at
e
va
lu
e
ca
n
be

co
m
pu

te
d
us
in
g
a
si
m
pl
e
“s
ec
on

d
le
ft

ei
ge
nv

ec
to
r”

pr
oc
ed

ur
e

(S
ec
ti
on

2.
3
of

B
en
so
n
et

al
.,
20
15
).

A
w
el
lc

on
ne
ct
ed

gr
ap

h
w
ou

ld
ha

ve
a
sm

oo
th

pl
ot

of
Φ

(k
)
w
it
h
a
m
in
im

a
at

ar
ou

nd
k

=
|V
|/

2.
F
ig
ur
e
3
sh
ow

s
th
e
N
C
P

pl
ot

fo
r
an

in
cr
ea
si
ng

nu
m
be

r
of

pa
pe

rs
(r
es
pe

ct
iv
el
y
re
vi
ew

er
s)

in
th
e
pa

pe
r
gr
ap

h
(r
es
pe

ct
iv
el
y
re
vi
ew

er
gr
ap

h)
.
Fo

r
re
fe
re
nc
e
w
e
al
so

pl
ot

th
e
sa
m
e
cu
rv
e
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A
n
a
ly

sis
o
f

N
IP

S
2016

P
eer

-r
ev

iew
P
ro

cess

for
graphs

associated
w
ith

N
IP

S
2015

conference.
B
oth

plots
for

N
IP

S
2015

have
local

m
inim

a
at

around
k

=
0
.9

6|V
|,indicating

that
there

is
a
densely

connected
com

m
unity

of
review

ers
and

papers
that

are
not

w
ell

connected
w
ith

the
rest

of
the

graph.
In

contrast,
the

plot
associated

w
ith

N
IP

S
2016

decreases
sm

oothly
and

reaches
its

global
m
inim

um
w
hen

halfofthe
nodes

are
in

one
cluster

and
the

other
halfin

another
cluster,indicating

an
absence

of
such

a
fragm

entation.
In

F
igure

4,w
e
plot

the
graph

ofreview
ers

and
papers

using
the

algorithm
ofFruchterm

an
and

R
eingold

(1991).
In

these
figures

w
e
identify

the
set

ofnodes
that

are
identified

using
the

aforem
entioned

N
C
P

m
ethod;these

nodes
are

colored
black

(dark)
in

the
figure

in
contrast

to
the

blue
(light)

color
of

the
rem

aining
nodes.

W
e
can

see
from

the
F
igure

4
that

these
nodes

are
on

the
periphery

of
the

netw
ork

w
ith

low
er

connectivity
com

pared
to

the
rest

of
the

graph.
W
e
further

exam
ine

the
cluster

of
review

ers
in

N
IP

S
2015

w
hich

is
not

w
ellconnected

w
ith

the
rest.

In
F
igure

5,
w
e
plot

the
decom

position
of

this
set

in
term

s
of

the
prim

ary
subject

areas
indicated

by
the

review
ers.

O
ur

analysis
reveals

that
a
bulk

of
this

cluster
com

prises
a
single

subject
area—

reinforcem
ent

learning.
C
onversely,50

out
of

78
review

ers
w
ho

identified
their

prim
ary

subject
area

as
reinforcem

ent
learning

lie
in

this
cluster.

A
llin

all,graph
connectivity

issues
of

this
form

can
lead

to
increased

noise
or

bias
in

the
overall

decisions.
O
ur

m
ain

m
essage

for
future

conferences
is

to
em

ploy
such

m
ethods

of
graph

analysis
in

order
to

catch
issues

of
this

form
at

a
global

level
(not

just
localto

individual
A
C
s)

before
the

review
s
are

assigned.

S
u
m
m
ary

2:
R
eview

er
assign

m
ent

K
ey

ob
servation

s:

•
A

cluster
of

papers
and

review
ers

prim
arily

in
the

reinforcem
ent

learning
area

are
not

w
ellconnected

to
the

rem
aining

papers
and

review
ers

in
the

N
IP

S
2015

review
er

assignm
ents.

W
e
did

not
find

any
such

separated
cluster

in
N
IP

S
2016.

A
ction

item
s:

•
U
se

graph-theoretic
techniques

to
check

global
structure

of
graph

for
review

er
assignm

ent.

O
p
en

p
rob

lem
s:

•
D
esign

principled
graph-theoretic

techniques,tailored
specifically

to
the

nuances
of

peer-review
graphs,to

verify
soundness

of
review

er
assignm

ents.

3.3
R
eview

-score
d
istrib

u
tion

an
d
m
ism

atch
es

in
calib

ration

R
ecall

from
Section

2.3
that

in
the

review
process,

for
each

criterion,
the

review
ers

w
ere

asked
to

provide
a
score

on
a
scale

of1
to

5.
Specifically,they

w
ere

asked
to

provide
a
score

of
5
for

subm
issions

they
considered

as
being

in
the

top
0
.1

%
,a

score
of

4
for

subm
issions

that
they

deem
ed

to
be

in
the

top
3%

,and
a
score

of3
for

subm
issions

they
deem

ed
to

be
in

the
top

30%
.
In

this
section,w

e
com

pare
the

actualem
piricaldistribution

ofreview
er

scores
w
ith

the
distribution

prescribed
in

the
guidelines

to
review

ers.
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S
h
a
h
,
T
a
bibia

n
,
M

u
a
n
d
et,

G
u
y
o
n
,
vo

n
L
u
x
bu

rg

1.0
1.5

2.0
2.5

3.0
3.5

4.0
4.5

5.0
m

ean score
0.0

0.5

1.0

1.5

reject
accept as poster

accept as oral

1.0
1.5

2.0
2.5

3.0
3.5

4.0
4.5

5.0
m

ean score
0.0

0.5

1.0

1.5

reject
accept as poster

accept as oral

(a)
clarity

(b)
im

pact

1.0
1.5

2.0
2.5

3.0
3.5

4.0
4.5

5.0
m

ean score
0.0

0.5

1.0

1.5

reject
accept as poster

accept as oral

1.0
1.5

2.0
2.5

3.0
3.5

4.0
4.5

5.0
m

ean score
0.0

0.5

1.0

1.5

reject
accept as poster

accept as oral

(c)
novelty

(d)
quality

F
igure

6:
D
istribution

ofthe
m
ean

value
(across

review
ers)

ofthe
score

per
paper

for
different

criteria,separated
according

to
the

finaldecisions.

W
e
begin

by
com

puting
the

distribution
ofthe

m
ean

value
(across

review
ers)

ofthe
score

per
paper

for
different

criteria,
separated

according
to

the
final

decisions.
W
e
plot

these
distributions

in
F
igure

6
for

each
of

the
four

criteria
of

clarity,im
pact,novelty,and

quality
separately.

A
t
first

glance,these
histogram

s
and

num
bers

look
quite

reasonable.
H
ow

ever,w
hat

w
as

surprising
to

us
w
as

the
percentage

ofpapers
that

received
any

particular
score

–
see

Table
1.

E
ven

though
the

review
ers

w
ere

asked
to

give
a
paper

a
score

of
3
(poster

level)
or

higher
only

ifthey
think

the
paper

lies
in

the
top

30%
ofallpapers,nearly

60%
ofthe

scores
w
ere

3
or

higher.
Sim

ilar
effects

occurred
for

scores
4
and

5.
O
ne

possible
explanation

for
this

phenom
enon

is
that

there
w
ere

a
large

num
ber

of
high-quality

subm
issions

to
N
IP

S
2016.

Such
an

im
provem

ent
in

quality
has

obvious
upsides

1
(low

or
very

low
)

2
(sub-standard)

3
(poster

level:
top

30%
)

4
(orallevel:
top

3%
)

5
(aw

ard
level:

top
0
.1%

)
Im

pact
6.6

%
36.4

%
45.9

%
10.7

%
0.4

%
Q
uality

6.7
%

38.3
%

45.0
%

9.6
%

0.4
%

N
ovelty

6.4
%

35.0
%

48.4
%

9.8
%

0.4
%

C
larity

7.1
%

28.1
%

48.9
%

14.7
%

1.2
%

T
able

1:
D
istribution

of
the

review
s
according

to
the

provided
scores

for
each

of
the

four
criteria.

T
he

colum
n
headings

indicate
the

guidelines
that

w
ere

provided
to

the
review

ers.
O
bserve

that
the

percentage
of

review
s
providing

scores
of

3,
4
or

5
is

considerably
higher

than
the

requested
values.
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A
n
a
ly

si
s

o
f

N
IP

S
20

16
P
ee

r
-r

ev
ie

w
P
ro

ce
ss

su
ch

as
up

lif
ti
ng

th
e
ov
er
al
le

xp
er
ie
nc
e
of

th
e
co
nf
er
en
ce
.
T
he

do
w
ns
id
e
is

th
at

th
e
bu

rd
en

on
se
le
ct
in
g
th
e
ac
ce
pt
ed

pa
pe

rs
am

on
g
al
lt
ho

se
go

od
su
bm

is
si
on

s
is

w
it
h
th
e
ar
ea

ch
ai
rs
,

w
ho

no
w

st
ill

ha
d
to

re
du

ce
th
e

60
%

go
od

pa
pe

rs
to

23
%

ac
ce
pt
ed

pa
pe

rs
.
A

se
co
nd

po
ss
ib
le

ex
pl
an

at
io
n
is

th
at

th
e
re
vi
ew

er
s
w
er
e
no

t
ca
lib

ra
te
d
th
at

w
el
l
w
it
h
re
sp
ec
t
to

th
e
pa

pe
r

qu
al
ity

.
A

th
ir
d
po

ss
ib
le

ex
pl
an

at
io
n
is

th
at

th
e
el
ic
it
at
io
n
w
as

in
te
rm

s
of

a
sc
or
e
in

th
e
se
t

{1
,2
,3
,4
,5
}
w
hi
ch

re
pr
es
en
ts

a
lin

ea
r
sc
al
e
w
it
h
eq
ua

ls
pa

ci
ng

,w
he
re
as

th
e
te
xt

in
st
ru
ct
io
ns

ex
pe

ct
ed

re
vi
ew

er
s
to

ra
te

on
a
no

n-
lin

ea
r
sc
al
e.

T
hi
s
m
is
m
at
ch

co
ul
d
be

a
so
ur
ce

of
bi
as

in
th
e
el
ic
it
ed

ra
ti
ng

s.
U
si
ng

a
lin

ea
r
ra
ti
ng

sc
al
e
w
he
n
th
e
ac
tu
al

el
ic
it
at
io
n
is

no
n-
lin

ea
r
is

a
co
m
m
on

pr
ac
ti
ce

in
m
an

y
co
nf
er
en

ce
s,

an
d
it

w
ill

be
us
ef
ul

to
pe

rf
or
m

a
si
m
ila

r
an

al
ys
is

on
th
e
da

ta
fr
om

th
es
e
co
nf
er
en

ce
s.

In
ei
th
er

ca
se
,w

e
un

de
rs
ta
nd

th
at

th
is

ob
vi
ou

sl
y
le
d
to

th
e

fr
us
tr
at
io
n
of

m
an

y
au

th
or
s,

w
ho

se
pa

pe
rs

re
ce
iv
ed

go
od

sc
or
es

bu
t
w
er
e
re
je
ct
ed

.
In

ad
di
ti
on

to
sc
or
es

fo
r
th
e
fo
ur

cr
it
er
ia
,t
he

re
vi
ew

er
co
ul
d
al
so

in
di
ca
te

w
he
th
er

th
e

pa
pe

r
ha

d
a
“f
at
al

fla
w
”.

W
e
ob

se
rv
e
th
at

3
2
%

of
al
l
pa

pe
rs

w
er
e
fla

gg
ed

to
ha

ve
a
“f
at
al

fla
w
”
by

at
le
as
t
on

e
re
vi
ew

er
.

S
u
m
m
ar
y
3:

R
ev
ie
w
-s
co
re

d
is
tr
ib
u
ti
on

an
d
m
is
m
at
ch
es

in
ca
li
b
ra
ti
on

K
ey

ob
se
rv
at
io
n
s:

•
T
he

fr
ac
ti
on

of
re
vi
ew

s
w
it
h
hi
gh

ra
ti
ng

s
is

si
gn

ifi
ca
nt
ly

hi
gh

er
th
an

w
ha

t
w
as

as
ke
d
fr
om

th
e
re
vi
ew

er
s.

Fo
r
in
st
an

ce
,n

ea
rl
y

60
%

of
sc
or
es

ar
e
3
or

hi
gh

er
ev
en

th
ou

gh
re
vi
ew

er
s
w
er
e
as
ke
d
of

sc
or
es

of
3
or

hi
gh

er
on

ly
w
he

n
th
ey

th
ou

gh
t
th
e

pa
pe

r
w
as

in
th
e
to
p

30
%

of
su
bm

is
si
on

s.

A
ct
io
n
it
em

s:

•
If
el
ic
it
in
g
ra
ti
ng

s,
do

no
t
us
e
nu

m
be

re
d
sc
al
es

(t
ha

t
is
,d

o
no

t
us
e
“1
”,
“2
”,
..
.)
.

A
lt
er
na

ti
ve
ly
,o

ne
m
ay

em
pl
oy

ot
he

r
m
ea
ns

of
el
ic
it
at
io
n
su
ch

as
ra
nk

in
gs
.

•
W

he
n
m
ak

in
g
re
vi
ew

s
vi
si
bl
e
to

au
th
or
s,

sh
ow

th
e
pe

rc
en
ti
le

w
it
h
re
sp
ec
t
to

th
e

da
ta

in
st
ea
d
of

ab
so
lu
te

sc
or
es
,e

.g
.,
pr
ov
id
e
fe
ed
ba

ck
of

th
e
fo
rm

“y
ou

r
pa

pe
r
is

in
th
e
to
p
40

%
of

al
ls

ub
m
it
te
d
pa

pe
rs

in
te
rm

s
of

no
ve
lt
y.
..”

•
In
cl
ud

e
an

ex
pe

rt
in

el
ic
it
at
io
n,

su
rv
ey

m
et
ho

do
lo
gy

or
us
er

in
te
rf
ac
e
de
si
gn

to
he

lp
to

de
si
gn

w
ha

t
an

d
ho

w
to

as
k
(O

’H
ag

an
et

al
.,
20

06
).

O
p
en

p
ro
b
le
m
s:

•
Si
nc
e
ea
ch

re
vi
ew

er
re
vi
ew

s
on

ly
a
sm

al
ls

ub
se
t
of

th
e
su
bm

it
te
d
pa

pe
rs
,h

ow
to

ca
lib

ra
te

th
e
re
vi
ew

s?

•
W

ha
t
is

th
e
be

st
in
te
rf
ac
e
fo
r
el
ic
it
in
g
re
vi
ew

er
re
sp
on

se
s?

•
W

ha
t
is

th
e
be

st
w
ay

to
pr
es
en
t
th
e
re
vi
ew

re
su
lt
s
to

au
th
or
s
in

or
de

r
to

pr
ov
id
e

m
os
t
us
ef
ul

fe
ed

ba
ck

an
d
m
in
im

iz
in
g
di
st
re
ss
?

3.
4
D
iff
er
en
t
ty
p
es

of
re
vi
ew

er
s

In
th
is
se
ct
io
n,

w
e
co
m
pa

re
th
e
re
vi
ew

s
pr
ov
id
ed

by
th
e
vo
lu
nt
ee
r
(p
oo

l2
)
re
vi
ew

er
s
to

th
os
e

pr
ov

id
ed

by
th
e
in
vi
te
d
(p
oo

l
1)

re
vi
ew

er
s.

T
he

in
cl
us
io
n
of

vo
lu
nt
ee
r
re
vi
ew

er
s
ha

s
tw

o
im

po
rt
an

t
be

ne
fit
s:

(a
)
It

in
cr
ea
se
s
th
e
tr
an

sp
ar
en
cy

of
th
e
re
vi
ew

pr
oc
es
s.

(b
)
V
ol
un

te
er
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S
h
a
h
,
T
a
bi

bi
a
n
,
M

u
a
n
d
et

,
G

u
y
o
n
,
vo

n
L
u
x
bu

rg

re
vi
ew

er
s
m
ay

be
ne
w

to
da

y
bu

t
in

2
ye
ar
s
do

w
n
th
e
lin

e
th
ey

w
ill

ga
in

ex
pe

ri
en
ce

an
d

be
co
m
e
us
ef
ul

to
ac
co
m
m
od

at
e
th
e
m
as
si
ve

gr
ow

th
of

th
e
co
nf
er
en
ce
.
G
iv
en

th
es
e
be

ne
fit
s

of
in
cl
ud

in
g
vo

lu
nt
ee
r
re
vi
ew

er
s,

th
is

an
al
ys
is

lo
ok

s
fo
r
an

y
sy
st
em

at
ic

di
ffe

re
nc
es

be
tw

ee
n

th
e
re
vi
ew

sc
or
es

pr
ov
id
ed

by
th
e
tw

o
po

ol
s
of

re
vi
ew

er
s.

M
ea
n
sc
or
es
.

Ju
ni
or

re
vi
ew

er
s
ar
e
of
te
n
pe

rc
ei
ve
d
to

be
m
or
e
cr
it
ic
al

th
an

se
ni
or

re
vi
ew

er
s
(T

om
iy
am

a,
20

07
;T

oo
r,
20

09
).

A
s
T
om

iy
am

a
(2
00

7)
no

te
s,
“Y

ou
su
bm

it
yo
ur

m
an

us
cr
ip
t
an

d
th
en

ju
st

pr
ay

it
do
es
n’
t
ge
t
se
nt

to
a
ju
ni
or

fa
cu
lty

m
em

be
r
–
yo
un

g
fa
cu
lty

ar
e
m
er
ci
le
ss
!”

In
th
is

se
ct
io
n,

w
e
ex
am

in
e
th
is

hy
po

th
es
is

in
th
e
N
IP

S
20
16

re
vi
ew

s.
In

F
ig
ur
e
7,

w
e
pl
ot

th
e

m
ea
n
sc
or
e
pr
ov

id
ed

by
ea
ch

gr
ou

p
of

re
vi
ew

er
s
fo
r
ea
ch

in
di
vi
du

al
cr
it
er
io
n.

W
e
ap

pl
y
a

t-
te
st

on
ob

se
rv
ed

sc
or
es

an
d
co
m
pu

te
th
e
eff

ec
t
si
ze

to
ex
am

in
e
if
th
er
e
is

a
st
at
is
ti
ca
lly

si
gn

ifi
ca
nt

di
ffe

re
nc

e
in

th
e
un

de
rl
yi
ng

m
ea
ns

of
th
e
sc
or
es

pr
ov
id
ed

by
di
ffe

re
nt

ca
te
go

ri
es

of
re
vi
ew

er
s.

Fo
r
P
oo

l
1
vs

P
oo

l
2,

th
is

an
al
ys
is

sh
ow

s
on

ly
cl
ar
it
y
to

ha
ve

a
st
at
is
ti
ca
lly

si
gn

ifi
ca
nt

di
ffe

re
nc
e
be

tw
ee
n
th
e
tw

o
po

ol
s
af
te
r
ac
co
un

ti
ng

fo
r
m
ul
ti
pl
e
te
st
in
g.

Sp
ec
ifi
ca
lly
,

th
e
p-
va
lu
es

(b
ef
or
e
ac
co
un

ti
ng

fo
r
m
ul
ti
pl
e
te
st
in
g)

an
d
eff

ec
t
si
ze
s
fo
r
th
e
fo
ur

cr
it
er
ia

ar
e:

no
ve
lt
y
p=

0
.2

1
4
3
,d

=
0
.0

2
6
4
,q

ua
lit
y
p=

0
.0

0
6
1
,d

=
0
.0

5
8
1
,i
m
pa

ct
p=

0
.0

9
6
1
,d

=
0
.0

3
5
3
,

an
d
cl
ar
ity

p=
1.

91
×

10
−

0
4
,d

=
0.

07
88

.
Sa

m
pl
e
si
ze
s
fo
r
P
oo

l1
an

d
P
oo

l2
re
vi
ew

s
ar
e

92
44

an
d

44
30

re
sp
ec
ti
ve
ly
.

A
si
m
ila

r
an

al
ys
is

be
tw

ee
n
se
ni
or

re
se
ar
ch
er
s
(e
.g
.,

fa
cu
lt
y)
,
ju
ni
or

re
se
ar
ch
er
s
(e
.g
.,

po
st
do

cs
),

an
d
P
hD

st
ud

en
ts

re
ve
al
s
no

si
gn

ifi
ca
nt

di
ffe

re
nc
e
be

tw
ee
n
th
es
e
ca
te
go
ri
es
.
T
he

re
m
ai
nd

er
of

th
is

pa
ra
gr
ap

h
de
ta
ils

th
e
p-
va
lu
es

an
d
eff

ec
t
si
ze
s.

T
he

p-
va
lu
es

(b
ef
or
e

ac
co
un

ti
ng

fo
r
m
ul
ti
pl
e
te
st
in
g)

an
d
eff

ec
t
si
ze
s
fo
r
se
ni
or

re
se
ar
ch
er

vs
.
ju
ni
or

re
se
ar
ch
er
s
fo
r

th
e
fo
ur

cr
it
er
ia

ar
e:

qu
al
ity

p=
0.

00
71

,d
=
−

0.
06

62
,n

ov
el
ty

p=
0.

00
37

,d
=
−

0.
07

04
,i
m
pa

ct
p=

0.
01

99
,d

=
−

0.
05

69
,a

nd
cl
ar
ity

p=
0.

30
64

,d
=
−

0.
02

53
;f
or

ju
ni
or

re
se
ar
ch
er

vs
.
st
ud

en
ts
:

qu
al
it
y
p=

0
.4

6
6
2
,d

=
0
.0

1
6
4
,n

ov
el
ty

p=
0
.8

2
4
7
,d

=
0
.0

0
4
9
,i
m
pa

ct
p=

0
.8

7
3
3
,d
=
−

0
.0

0
3
6
,

an
d
cl
ar
it
y
p=

0
.3

5
2
9
,
d=

0
.0

2
0
9
;
fo
r
se
ni
or

re
se
ar
ch
er

vs
.

st
ud

en
ts
:
qu

al
it
y
p=

0
.0

4
4
0
,

d=
−

0
.0

4
5
4
,
no

ve
lt
y
p=

0
.0

4
9
9
,
d=
−

0
.0

6
2
9
,
im

pa
ct

p=
0
.0

0
7
6
,
d=
−

0
.0

6
0
1
an

d
cl
ar
it
y

p=
0
.9

9
6
8
,d

=
0
.0

0
0
0
9
.
T
he

sa
m
pl
e
si
ze
s
fo
r
se
ni
or
,j
un

io
r
an

d
st
ud

en
t
re
vi
ew

s
ar
e:

6
3
3
5
,

3
9
3
8
,
an

d
3
3
5
4
re
sp
ec
ti
ve
ly
.
T
hi
s
an

al
ys
is

ex
cl
ud

es
4
7
re
vi
ew

s
by

re
vi
ew

er
s
w
ho

di
d
no

t
id
en
ti
fy

th
em

se
lv
es

as
an

y
of

th
e
ab

ov
e
ca
te
go

ri
es
.

S
el
f-
re
p
or
te
d
co
n
fi
d
en

ce
.
W
e
ne
xt

st
ud

y
th
e
di
ffe

re
nc
e
in

th
e
se
lf-
re
po

rt
ed

co
nfi

de
nc
e

am
on

g
di
ffe

re
nt

gr
ou

ps
of

re
vi
ew

er
s.

T
he

m
ea
n
va
lu
e
of

re
po

rt
ed

co
nfi

de
nc
e
is

pl
ot
te
d
in

qu
al

ity
no

ve
lty

im
pa

ct
cla

rit
y

1.
0

1.
5

2.
0

2.
5

3.
0

mean score

po
ol

 1
po

ol
 2

(a
)
in
vi
te
d
an

d
vo

lu
nt
ee
r
re
vi
ew

er
s

qu
al

ity
no

ve
lty

im
pa

ct
cla

rit
y

1.
0

1.
5

2.
0

2.
5

3.
0

Mean Score

se
ni

or
ju

ni
or

st
ud

en
t

(b
)
se
ni
or
,j
un

io
r,

an
d
st
ud

en
t
re
vi
ew

er
s

F
ig
ur
e
7:

M
ea
n
of

sc
or
es

pr
ov
id
ed

fo
r
di
ffe

re
nt

cr
it
er
ia

gr
ou

pe
d
by

di
ffe

re
nt

re
vi
ew

er
ty
pe

s.
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A
n
a
ly

sis
o
f

N
IP

S
2016

P
eer

-r
ev

iew
P
ro

cess

F
igure

8.
In

this
case,

w
e
see

a
statistically

significant
correlation

betw
een

seniority
and

self-reported
confidence.

Follow
ing

are
p-values

(before
accounting

for
m
ultiple

testing)
and

corresponding
effect

sizes:
senior

vs.
junior

researcher:
p=

4.1683×
10 −

1
1,d=

0.1604,senior
researcher

vs.
P
hD

student:
p=

3
.3

0
8×

1
0 −

5
7,

d=
0
.3

5
7
7
and

junior
researcher

vs.
P
hD

student:
p=

8
.0

7
4×

1
0 −

1
5,d=

0
.1

7
5
8.

W
e
observe

a
sim

ilar
difference

in
confidence

score
and

effect
size

betw
een

pool1
and

pool2
review

ers:
p=

3
.96

79×
10 −

4
4,d=

0.2943.
C
on

sisten
cy.

W
e
now

study
the

consistency
w
ithin

review
ers

of
pool

1
(invited),

and
w
ithin

review
ers

of
pool

2
(volunteer).

T
he

consistency
captures

the
am

ount
of

variance
or

disagreem
ents

in
the

review
s
provided

by
that

pool.
A
s
noted

by
R
agone

et
al.(2013),

“the
disagreem

ent
am

ong
review

ers
is

a
usefulm

etric
to

check
and

m
onitor

during
the

review
process.

H
aving

a
high

disagreem
ent

m
eans,

in
som

e
w
ay,

that
the

judgm
ent

of
the

involved
peers

is
not

suffi
cient

to
state

the
value

of
the

contribution
itself.

T
his

m
etric

can
be

useful
to

im
prove

the
quality

of
the

review
process...”

C
oncretely,consider

any
pair

of
review

ers
w
ithin

a
given

pool,any
pair

of
papers

that
is

review
ed

by
both

the
review

ers,and
any

criterion.
W
e
say

that
this

pair
of

review
ers

agrees
on

this
pair

of
papers

(for
this

criterion)
if
both

review
ers

rate
the

sam
e
paper

higher
than

the
other;w

e
say

that
this

pair
disagrees

if
the

paper
rated

higher
by

one
review

er
is

rated
low

er
by

the
other.

T
ies

are
discarded.

W
e
count

the
totalnum

ber
of

such
agreem

ents
and

disagreem
ents

w
ithin

each
of

the
tw

o
pools.

F
igure

9
plots

the
fraction

ofdisagreem
ents

w
ithin

each
ofthe

tw
o
pools

for
the

cardinal
scores.

A
t
this

aggregate
level,w

e
do

not
see

enough
difference

to
conclusively

rate
any

one
pool’s

intra-poolagreem
ent

above
the

other
(note

that
the

sam
ple

size
for

pool2
is

sm
all,as

listed
below

).
Specifically,

for
the

P
earson’s

chi-squared
test

and
effect

sizes
of

pool
1
vs.

pool2,the
results

for
the

four
criteria

(before
accounting

for
m
ultiple

testing)
are:

novelty

pool 1
pool 2

1.0

1.5

2.0

mean
confidence

(a)
invited

and
volunteer

review
ers

senior
juniorstudent

1.0

1.5

2.0

mean
 confidence

(b)
senior,junior,and

student
review

ers

F
igure

8:
Self-reported

confidence
grouped

by
different

review
er

types.

overall
pool 1

pool 2
0.0
0.1
0.2
0.3
0.4
0.5

fraction of
disagreements

(a)
novelty

overall
pool 1

pool 2
0.0
0.1
0.2
0.3
0.4
0.5

(b)
quality

overall
pool 1

pool 2
0.0
0.1
0.2
0.3
0.4
0.5

(c)
im

pact

overall
pool 1

pool 2
0.0
0.1
0.2
0.3
0.4
0.5

(d)
clarity

F
igure

9:
P
roportions

of
inter-review

er
disagreem

ents
on

each
criterion.
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S
h
a
h
,
T
a
bibia

n
,
M

u
a
n
d
et,

G
u
y
o
n
,
vo

n
L
u
x
bu

rg

p=
0
.9

2
6
9
d=

-0.0426,
quality

p=
0
.8

6
4
8,

d=
0.0039,

im
pact

p=
0
.7

2
9
6,

d=
-0.0936,

and
clarity

p=
0.8029,d=

-0.0709.
T
he

totalsam
ple

sizes
for

the
three

categories
of

overall,pool
1
and

pool2
respectively

across
the

four
criteria

are:
novelty

554,282
and

49;quality
523,

285
and

41;im
pact

513,276
and

37;and
clarity

572,286
and

42.
Section

3.8
presents

sim
ilar

consistency
results

for
the

tw
o
pools

in
the

ordinalrankings.
(W

e
also

attem
pted

to
run

this
analysis

restricted
to

the
top

2k
papers,

but
this

restriction
results

in
a
very

low
sam

ple
com

plexity
and

hence
underpow

ered
tests.)

P
articip

ation
in

d
iscu

ssion
s.

O
ne

fact
that

caught
our

attention
w
as

the
am

ount
of

participation
in

the
discussion

by
the

different
review

er
groups:

senior
review

ers
take

m
uch

m
ore

active
roles

in
the

discussions
than

junior
researchers.

P
lease

see
Section

3.5.1
for

details,w
here

w
e
provide

a
m
ore

detailed
study

of
the

discussion
phase.

S
u
m
m
ary

4:
D
iff
erent

typ
es

of
review

ers

K
ey

ob
servation

s:

•
W
e
find

no
evidence

of
a
critical

bias
of

junior
review

ers
(except

for
a
sm

all
difference

in
the

“clarity”
criterion).

•
Self-reported

confidence
correlates

w
ith

seniority.

•
V
olunteer

review
ers

yield
benefits

of
scalability

and
transparency,

w
ith

no
ob-

servable
biases

and
a
sim

ilar
inter-review

er
agreem

ent
as

the
invited

pool.
T
hese

review
ers

can
soon

be
an

asset
in

dealing
w
ith

the
rapid

grow
th

of
conferences

such
as

N
IP

S.

A
ction

item
s:

•
C
ontinue

to
include

volunteer
review

ers
w
ith

an
appropriate

m
oderation

of
their

review
s.

O
p
en

p
rob

lem
s:

•
H
ow

do
w
e
m
ake

m
ost

effective
use

of
volunteer

review
ers

in
a
m
anner

that
authors

can
trust,

w
hich

reduces
random

ness
in

the
peer-review

process,
and

trains
junior

review
ers

effectively?

3.5
R
eb

u
ttals

an
d
d
iscu

ssion
s

T
his

section
is
devoted

to
the

analysis
ofthe

rebuttalstage
and

the
participation

ofreview
ers

in
discussions.

W
e
begin

w
ith

som
e
sum

m
ary

statistics.
T
he

authors
of2188

papers
subm

itted
a
rebuttal.

T
here

w
ere

a
totalof

12154
review

s
that

cam
e
in

before
the

rebuttals
started,

and
w
ith

som
e
m
ore

review
s
received

after
the

rebuttalround,the
totalnum

ber
of{review

er,
paper}

pairs
eventually

ended
up

being
13674.

O
ut

ofthe
12154

review
s
that

w
ere

subm
itted

before
the

rebuttals,the
scores

of
only

1193
changed

subsequently.
T
hese

changed
review

scores
w
ere

distributed
am

ong
886

papers.
T
here

w
ere

842
papers

for
w
hich

no
review

er
participated

in
the

discussions,339
papers

for
w
hich

exactly
one

review
er

participated,and
436,376,218,135

and
49

papers
for

w
hich

2,
3,

4,
5
and

6
review

ers
participated

respectively.
T
here

w
ere

a
totalof

5255
discussion

posts,and
4180

of
the

13674
{review

er,paper}
pairs

participated
in

the
discussions.
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A
n
a
ly

si
s

o
f

N
IP

S
20

16
P
ee

r
-r

ev
ie

w
P
ro

ce
ss

3.
5.

1
W

h
o

pa
rt

ic
ip

at
es

in
d
is

c
u
ss

io
n
s?

W
e
co
m
pa

re
th
e
am

ou
nt

of
pa

rt
ic
ip
at
io
n
of

va
ri
ou

s
gr
ou

ps
of

re
vi
ew

er
s
in

th
e
di
sc
us
si
on

ph
as
e
of

th
e
re
vi
ew

pr
oc
es
s.

P
oo

l
1
(i
nv

it
ed

)
ve
rs
u
s
p
oo

l
2
(v
ol
u
nt
ee
r)

re
vi
ew

er
s.

W
e
co
m
pa

re
th
e
pa

rt
ic
ip
at
io
n

of
th
e
re
vi
ew

er
s
in

tw
o
po

ol
s
in

th
e
di
sc
us
si
on

s
as

fo
llo

w
s,
an

d
pl
ot

th
e
re
su
lt
s
in

F
ig
ur
e
10
(a
).

In
or
de
r
to

se
t
a
ba

se
lin

e,
w
e
fir
st

co
m
pu

te
th
e
to
ta
l
nu

m
be

r
of

{p
oo

l
1
re
vi
ew

er
,
pa

pe
r}

pa
ir
s
an

d
th
e
to
ta
ln

um
be

r
of

{p
oo

l2
re
vi
ew

er
,p

ap
er
}
pa

ir
s
–
th
es
e
co
un

ts
ar
e
co
m
pu

te
d

ir
re
sp
ec
ti
ve

of
w
he
th
er

th
e
re
vi
ew

er
pa

rt
ic
ip
at
ed

in
th
e
di
sc
us
si
on

s
or

no
t.

W
e
pl
ot

th
e

pr
op

or
ti
on

s
of

th
es
e
co
un

ts
as

th
e
“c
ou

nt
”
ba

r
in

th
e
fig

ur
e.

N
ex
t
w
e
co
m
pu

te
th
e
to
ta
l

nu
m
be

r
of

po
st
s
m
ad

e
by

po
ol

1
re
vi
ew

er
s
an

d
th
at

m
ad

e
by

po
ol

2
re
vi
ew

er
s
–
th
e
re
su
lt
in
g

pr
op

or
ti
on

s
ar
e
pl
ot
te
d
as

th
e
“p
os
ts
”
ba

r
in

th
e
fig

ur
e.

F
in
al
ly
,w

e
co
m
pu

te
th
e
nu

m
be

r
of

{p
oo

l1
re
vi
ew

er
,p

ap
er
}
pa

ir
s
in

w
hi
ch

th
at

re
vi
ew

er
pu

t
at

le
as
t
on

e
po

st
in

th
e
di
sc
us
si
on

fo
r
th
at

pa
pe

r,
an

d
th
e
nu

m
be

r
of

{p
oo

l
2
re
vi
ew

er
,
pa

pe
r}

pa
ir
s
in

w
hi
ch

th
at

re
vi
ew

er
pu

t
at

le
as
t
on

e
po

st
in

th
e
di
sc
us
si
on

fo
r
th
at

pa
pe

r.
W
e
pl
ot

th
e
tw

o
pr
op

or
ti
on

s
in

th
e

“p
ap

er
s”

ba
r.

T
he

to
ta
ls

am
pl
e
si
ze
s
fo
r
th
e
ca
te
go
ri
es

of
co
un

ts
,p

os
ts

an
d
pa

pe
rs

ar
e
13
67
4,

52
55

an
d
41

80
re
sp
ec
ti
ve
ly
.

W
e
te
st
ed

w
he

th
er

th
e
m
ea
n
nu

m
be

r
of

po
st
s
pe

r
{r
ev
ie
w
er
,p

ap
er
}
pa

ir
is

id
en
ti
ca
lf
or

th
e
tw

o
po

ol
s
of

re
vi
ew

er
s.

Fo
r
th
e
nu

ll
hy

po
th
es
is

th
at

th
e
m
ea
ns

ar
e
id
en
ti
ca
lf
or

th
e
tw

o
po

ol
s
of

re
vi
ew

er
s,
th
e
t-
te
st

yi
el
de
d
p
=

1.
36
×

10
−

4
.
W
e
al
so

co
nd

uc
te
d
th
is
an

al
ys
is
fo
r
th
e

re
st
ri
ct
io
n
of

pa
pe

rs
to

th
e
to
p
2k

,a
nd

fo
r
th
is

su
bs
et
,t

he
t-
te
st

yi
el
de
d
p
=

9
.4

5
8
×

1
0
−

4
.

W
e
se
e
a
st
at
is
ti
ca
lly

si
gn

ifi
ca
nt
ly

hi
gh

er
pa

rt
ic
ip
at
io
n
by

th
e
po

ol
1
re
vi
ew

er
s
as

co
m
pa

re
d

to
th
e
po

ol
2
re
vi
ew

er
s
in

th
e
di
sc
us
si
on

s.
H
ow

ev
er
,t
he

ab
so
lu
te

am
ou

nt
of

pa
rt
ic
ip
at
io
n

by
ei
th
er

gr
ou

p
is
m
od

er
at
e
at

be
st
,a

nd
th
e
eff

ec
t
si
ze
s
ar
e
sm

al
lw

it
h
d=

0.
07

04
an

d
d=

0.
08

94
fo
r
an

al
ys
is

of
al
lp

ap
er
s
an

d
to
p
2k

pa
pe

rs
re
sp
ec
ti
ve
ly
.

S
tu
d
en
t
ve
rs
u
s
n
on

-s
tu
d
en
t
re
vi
ew

er
s.

W
e
ca
lc
ul
at
ed

th
e
ab

ov
e
th
re
e
se
ts

of
qu

an
ti
ti
es

fo
r
st
ud

en
t
an

d
no

n-
st
ud

en
t
re
vi
ew

er
s.

F
ig
ur
e
10
(b
)
de
pi
ct
s
th
e
re
su
lt
s.

W
e
te
st
ed

w
he
th
er

th
e
m
ea
n
nu

m
be

r
of

po
st
s
pe

r
{r
ev
ie
w
er
,p

ap
er
}
pa

ir
fo
r
th
e
st
ud

en
t
re
vi
ew

er
s
is

id
en
ti
ca
lt
o

th
e
no

n-
st
ud

en
t
re
vi
ew

er
s.

Fo
r
th
e
nu

ll
hy

po
th
es
is

th
at

th
e
m
ea
ns

ar
e
id
en
ti
ca
l,
th
e
t-
te
st

yi
el
de
d
p
=

3
.0

1
6
×

1
0
−

4
.
W

he
n
re
st
ri
ct
ed

to
th
e
to
p
2k

pa
pe

rs
,
th
e
t-
te
st

yi
el
de
d
p
=

8
.9

3
2
×

1
0
−

4
.
W
e
se
e
a
st
at
is
ti
ca
lly

si
gn

ifi
ca
nt
ly

hi
gh

er
pa

rt
ic
ip
at
io
n
by

th
e
no

n-
st
ud

en
t

re
vi
ew

er
s
as

co
m
pa

re
d
to

th
e
st
ud

en
t
re
vi
ew

er
s
in

th
e
di
sc
us
si
on

s.
H
ow

ev
er
,t
he

to
ta
la

m
ou

nt

pa
pe

rs
po

st
s

co
un

t
0.

00
0.

25
0.

50
0.

75
1.

00
po

ol
 1

po
ol

 2

(a
)
in
vi
te
d
an

d
vo

lu
nt
ee
r
re
vi
ew

er
s

pa
pe

rs
po

st
s

co
un

t
0.

00
0.

25
0.

50
0.

75
1.

00
no

n-
st

ud
en

t
st

ud
en

t

(b
)
st
ud

en
t
an

d
no

n-
st
ud

en
t
re
vi
ew

er
s

F
ig
ur
e
10
:
P
ro
po

rt
io
ns

of
co
nt
ri
bu

ti
on

s
fr
om

di
ffe

re
nt

ty
pe

s
of

re
vi
ew

er
s
in

di
sc
us
si
on

s
(“
po

st
s”

an
d
“p
ap

er
s”
)
an

d
th
e
to
ta
ln

um
be

r
of

su
ch

re
vi
ew

er
s
(“
co
un

t”
).
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S
h
a
h
,
T
a
bi

bi
a
n
,
M

u
a
n
d
et

,
G

u
y
o
n
,
vo

n
L
u
x
bu

rg

qu
al

ity
cla

rit
y

no
ve

lty
im

pa
ct

fa
ta

l f
la

ws
co

nf
id

en
ce

0.
0

0.
1

mean absolute
change in score

re
je

ct
ac

ce
pt

 a
s p

os
te

r
ac

ce
pt

 a
s o

ra
l

F
ig
ur
e
11
:
M
ea
n
ab

so
lu
te

va
lu
e
of

th
e
ch
an

ge
in

th
e
sc
or
es

fr
om

be
fo
re

th
e
re
bu

tt
al

ro
un

d
to

th
e
en

d
of

th
e
di
sc
us
si
on

ph
as
e.

of
pa

rt
ic
ip
at
io
n
by

ei
th
er

gr
ou

p
is
no

t
to
o
la
rg
e,

an
d
th
e
eff

ec
t
si
ze
s
ar
e
sm

al
lw

it
h
d=

0.
06
95

an
d
d=

0.
09

29
re
sp
ec
ti
ve
ly
.

3.
5.

2
H

o
w

d
o

d
is

c
u
ss

io
n
s

c
h
a
n
g
e

t
h
e

sc
o
r
es

?

A
to
ta
lo

f1
19
3
ou

to
f1

21
54

re
vi
ew

st
ha

tw
er
e
su
bm

it
te
d
be

fo
re

re
bu

tt
al
sc

ha
ng

ed
su
bs
eq
ue
nt
ly
.

T
he
se

ch
an

ge
d
re
vi
ew

s
w
er
e
di
st
ri
bu

te
d
am

on
g
88
6
pa

pe
rs
.
A
s
a
re
su
lt
,t
he

am
ou

nt
of

ch
an

ge
in

re
vi
ew

sc
or
es

is
qu

it
e
sm

al
l.

F
ig
ur
e
11

de
pi
ct
s
th
e
sc
or
e
ch
an

ge
–
in

ab
so
lu
te

va
lu
e
–

av
er
ag

ed
ac
ro
ss

al
lr

ev
ie
w
er
s
an

d
al
lp

ap
er
s.

W
hi
le

th
e
al
lo
w
ed

ra
ng

e
of

th
e
sc
or
es

is
1
to

5,
th
e
ch
an

ge
in

m
ea
n
sc
or
e
is

le
ss

th
an

0.
1.

Fr
om

th
e
po

in
t
of

vi
ew

of
re
vi
ew

er
s,
w
e
se
e
a
si
gn

ifi
ca
nt

co
rr
el
at
io
n
be

tw
ee
n
pa

rt
ic
ip
at
io
n

in
th
e
di
sc
us
si
on

s
an

d
th
e
fin

al
de
ci
si
on

s.
Sp

ec
ifi
ca
lly
,f
or

ea
ch

pa
pe

r
w
e
co
m
pu

te
d
th
e
m
ea
n

of
th
e
sc
or
es

gi
ve
n
by

al
lr

ev
ie
w
er
s
w
ho

pa
rt
ic
ip
at
ed

in
th
e
di
sc
us
si
on

s
an

d
th
e
m
ea
n
of

th
e

sc
or
es

gi
ve
n
by

al
lr
ev
ie
w
er
s
w
ho

di
d
no

t
pa

rt
ic
ip
at
e
(w

he
n
th
er
e
w
as

at
le
as
t
on

e
re
vi
ew

er
of

ea
ch

ty
pe

).
W
e
di
sc
ar
de
d
th
is

pa
pe

r
if
bo

th
ty
pe

s
of

re
vi
ew

er
s
pr
ov
id
ed

an
id
en
ti
ca
lm

ea
n

sc
or
e.

If
th
e
pa

rt
ic
ip
at
in
g
re
vi
ew

er
s
ga
ve

a
hi
gh

er
m
ea
n
sc
or
e
th
an

th
e
no

n-
pa

rt
ic
ip
at
in
g

re
vi
ew

er
s
an

d
if
th
e
pa

pe
r
w
as

ac
ce
pt
ed

,w
e
co
un

te
d
it

as
an

ag
re
em

en
t
of

th
e
fin

al
de

ci
si
on

w
it
h
th
e
pa

rt
ic
ip
at
in
g
re
vi
ew

er
s.

If
th
e
pa

rt
ic
ip
at
in
g
re
vi
ew

er
s
ga
ve

a
lo
w
er

m
ea
n
sc
or
e
th
an

th
e
no

n-
pa

rt
ic
ip
at
in
g
re
vi
ew

er
s
an

d
if
th
e
pa

pe
r
w
as

no
t
ac
ce
pt
ed
,t
he
n
al
so

w
e
co
un

t
it
as

an
ag
re
em

en
t
of

th
e
fin

al
de
ci
si
on

w
it
h
th
e
pa

rt
ic
ip
at
in
g
re
vi
ew

er
s.

O
th
er
w
is
e,

w
e
co
un

te
d
th
e

pa
pe

r
as

ha
vi
ng

a
di
sa
gr
ee
m
en
t
be

tw
ee
n
th
e
fin

al
de

ci
si
on

s
an

d
th
e
pa

rt
ic
ip
at
in
g
re
vi
ew

er
s.

Fr
om

th
e
da

ta
,
w
e
ob

se
rv
e
a
st
at
is
ti
ca
lly

si
gn

ifi
ca
nt

ag
re
em

en
t
of

th
e
fin

al
de
ci
si
on

s
an

d
th
e
pa

rt
ic
ip
at
in
g
re
vi
ew

er
s
w
it
h
p
=

1
.6
×

1
0
−

6
w
it
h
d=

0.
13
.
W
e
co
nt
in
ue

to
ob

se
rv
e

a
st
at
is
ti
ca
lly

si
gn

ifi
ca
nt

co
rr
el
at
io
n
w
he
n
th
is

an
al
ys
is

is
pe

rf
or
m
ed

re
st
ri
ct
ed

to
po

ol
1

re
vi
ew

er
s
(p

=
7.

7
×

10
−

4
)
or

to
po

ol
2
re
vi
ew

er
s
(p

=
1.

3
×

10
−

4
)
al
on

e.
O
fc

ou
rs
e,

w
e
ca
nn

ot
te
ll
th
e
ca
us
al
ity

fr
om

th
is

co
rr
el
at
io
n,

as
to

w
he

th
er

th
e
di
sc
us
si
on

s
ac
tu
al
ly

in
flu

en
ce
d
th
e

de
ci
si
on

s
or

no
t.

A
ll
in

al
l,
w
e
ob

se
rv
e
th
at

on
ly

a
sm

al
lf
ra
ct
io
n
of

th
e
re
vi
ew

s
ch
an

ge
sc
or
es

fo
llo

w
in
g
th
e

re
bu

tt
al
s.

M
or
eo
ve
r
th
e
m
ag

ni
tu
de

of
th
is

ch
an

ge
in

sc
or
es

is
ve
ry

sm
al
l.
T
hi
s
ob

se
rv
at
io
n

su
gg
es
ts

th
at

th
is

re
bu

tt
al

pr
oc
es
s
m
ay

no
t
be

ve
ry

us
ef
ul
.
T
ha

t
sa
id
,
th
er
e
ar
e
va
ri
ou

s
qu

al
it
at
iv
e
as
pe

ct
s
th
at

ar
e
no

t
ac
co
m
m
od

at
ed

in
th
is

qu
an

ti
ta
ti
ve

ag
gr
eg
at
e
st
at
is
ti
c.

F
ir
st
,

it
m
ay

be
po

ss
ib
le

th
at

m
or
e
re
vi
ew

s
ch
an

ge
d
w
it
h
re
sp
ec
t
to

th
e
te
xt

co
m
m
en
ts

bu
t
th
e

re
vi
ew

er
s
ju
st

di
d
no

t
bo

th
er

to
ch
an

ge
th
e
sc
or
es

–
w
e
ar
e
un

ab
le

to
ch
ec
k
th
is
pr
op

er
ty

si
nc
e

th
er
e
is
no

sn
ap

sh
ot

of
th
e
te
xt

co
m
m
en
ts

be
fo
re

th
e
re
bu

tt
al
.
Se
co
nd

,t
he
re

ar
e
a
re
as
on

ab
le

nu
m
be

r
of

di
sc
us
si
on

po
st
s,

ho
w
ev
er
,
w
e
do

no
t
kn

ow
w
ha

t
fr
ac
ti
on

of
th
es
e
po

st
s
w
he
re

re
vi
ew

er
s
sh
ift
ed

fr
om

th
ei
r
ea
rl
ie
r
op

in
io
n.

T
hi
rd
,t
he

fin
al

de
ci
si
on

s
ar
e
co
rr
el
at
ed

po
si
ti
ve
ly
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A
n
a
ly

sis
o
f

N
IP

S
2016

P
eer

-r
ev

iew
P
ro

cess

w
ith

the
review

ers
w
ho

participated
in

discussions.
T
aking

these
factors

into
account,w

e
think

that
the

present
rebuttal

system
should

be
put

under
the

m
icroscope

regarding
its

value
for

the
tim

e
and

effort
of

such
a
large

num
ber

of
people.

It
m
ay

also
be

w
orth

trying
alternative

system
s
of

recourse
for

authors,such
as

a
form

alappeals
process,that

help
to

put
m
ore

focus
on

the
actualborderline

cases.

S
u
m
m
ary

5:
R
eb

u
ttals

an
d
d
iscu

ssion
s

K
ey

ob
servation

s:

•
T
here

is
little

change
in

scores
post-rebuttaland

a
m
oderate

am
ount

ofdiscussion.

•
Invited

and
non-student

review
ers

participate
m
arginally

m
ore

in
the

discussions.

•
F
inal

decisions
correlated

w
ith

scores
given

by
review

ers
w
ho

participated
in

discussions,even
w
hen

stratified
by

individualpools.

A
ction

item
s:

•
Force

every
review

er
to

change
or

confirm
their

scores
after

the
end

of
the

discussion
session.

O
p
en

p
rob

lem
s:

•
H
ow

to
incentivize

review
er

participation
in

rebuttals/discussions?

•
H
ow

to
de-bias

review
ers

from
their

initialopinion?

•
C
om

pare
the

am
ount

ofdiscussion
and

changes
in

scores
w
ith

that
in

open
review

processes
(particularly

w
hen

open
review

s
are

used
for

conferences
of

this
scale).

•
C
om

pare
the

effi
ciency

of
the

rebuttalprocess
w
ith

a
post-decision

appealproce-
dure

to
catch

only
cases

that
deserve

discussion
(i.e.,possible

m
istakes).

3.6
D
istrib

u
tion

across
su
b
ject

areas

F
igure

12
plots

scatter
plot

of
the

num
ber

of
subm

itted
papers

and
the

num
ber

of
accepted

papers
per

(prim
ary)

subject
area.

O
fcourse

the
proportions

are
not

identical,but
the

plots
do

not
show

any
system

atic
bias

either
tow

ards
or

against
any

particular
areas.

A
chi-square

test
ofhom

ogeneity
ofthe

tw
o
distributions

failed
to

detect
any

significant
difference

betw
een

the
tw

o
distributions:

p=
0
.6029,

χ
2(d

of
=

62,#
sa
m
p
les

=
2425)

=
57
.51.

S
u
m
m
ary

6:
D
istrib

u
tion

across
su
b
ject

areas

K
ey

ob
servation

s:

•
N
o
observable

bias
across

subject
areas

in
term

s
of

finalacceptances.

A
ction

item
s:

•
Testforsystem

atic
biasesfor/againstany

subjectarea
before

announcing
decisions.

O
p
en

p
rob

lem
s:

•
H
ow

to
assim

ilate
different,subjective

opinions
of

review
ers

across
subject

areas.
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S
h
a
h
,
T
a
bibia

n
,
M

u
a
n
d
et,

G
u
y
o
n
,
vo

n
L
u
x
bu

rg

2
2

2
3

2
4

2
5

2
6

2
7

2
8

2
9

subm
itted papers

2
0

2
1

2
2

2
3

2
4

2
5

2
6

accepted papers

59

61, 57 & 58, 43 & 45

60, 55, 49, 41, 39, 28

56, 50 & 52 & 54,
 44 & 46, 40, 35, 27, 20, 17

51 & 53, 47, 42,
 38, 37, 32, 30, 29

48, 24, 22 & 23, 18
36, 31 & 33, 25 26

34, 16
19, 11, 8 21

15, 14 9
12 & 13, 10, 7

5
6, 2 4 3 1

rate of acceptance: 0.237

F
igure

12:
N
um

ber
ofaccepted

vs
subm

itted
papers

per
(prim

ary)
subject

area.
T
he

indices
of

the
subject

areas
are

provided
on

the
right

of
the

corresponding
points

and
their

nam
es

are
provided

in
A
ppendix

A
.For

subject
areas

w
ith

sam
e
num

ber
of

accepted
papers,the

labels
associated

w
ith

each
subject

area
are

listed
(from

left
to

right)
in

ascending
order

of
num

ber
of

subm
itted

papers;
if
the

num
ber

of
subm

itted
papers

is
also

identical
then

the
indices

are
grouped

w
ith

an
“&

”
sign.

B
oth

axes
are

on
a
logarithm

ic
scale.

T
he

plot
excludes

subject
area

62
since

it
had

no
accepted

papers.

3.7
Q
u
antifyin

g
th
e
ran

d
om

n
ess

Q
uantifying

the
extent

to
w
hich

the
outcom

e
of

a
peer-review

process
is

different
from

a
random

selection
of

papers
is

one
of

the
m
ost

pressing
questions

for
the

scientific
com

m
u-

nity
(Som

erville,2016).
In

this
section,w

e
conduct

tw
o
analyses

to
quantify

the
random

ness
in

the
review

scores
in

N
IP

S
2016.
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S
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.
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m
id
dl
e
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od
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ou
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iz
ed
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it
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ss
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st
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at
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e
re
vi
ew
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on

s
of

th
e
pa

pe
rs

th
at
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th
e

m
id
dl
e.

In
th
is

se
ct
io
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w
e
de

sc
ri
be

su
ch

an
in
ve
st
ig
at
io
n
us
in
g
th
e
N
IP

S
20

16
da
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.

T
he

m
es
sy

m
id
dl
e
m
od

el
as
su
m
es

ra
nd

om
ju
dg

m
en
ts

fo
r
th
e
m
id
dl
e
pa

pe
rs
.
If

th
e
m
es
sy

m
id
dl
e
m
od

el
w
er
e
co
rr
ec
t
th
en

fo
r
an

y
pa

ir
of

pa
pe

rs
in

th
e
m
id
dl
e,

an
d
an

y
pa

ir
of

co
m
m
on

re
vi
ew

er
s,

th
e
pr
ob

ab
ili
ty

of
an

ag
re
em

en
t
on

th
e
re
la
ti
ve

ra
nk

in
g
of

th
e
tw

o
pa

pe
rs

m
us
t
be

id
en
ti
ca
lt

o
th
e
pr
ob

ab
ili
ty

of
di
sa
gr
ee
m
en
t.

W
it
h
th
is

m
od

el
in

m
in
d,

w
e
re
st
ri
ct

at
te
nt
io
n

to
th
e
pa

pe
rs

in
th
e
m
id
dl
e,

an
d
th
en

m
ea
su
re

ho
w

fa
r
th
e
ag
re
em

en
ts

of
th
e
re
vi
ew

er
s
ar
e

fr
om

eq
ui
pr
ob

ab
le

ag
re
em

en
ts

an
d
di
sa
gr
ee
m
en
ts
.
A
n
an

al
ys
is

of
th
is

qu
an

ti
ty

fo
r
va
ri
ou

s
no

ti
on

s
of

th
e
“m

id
dl
e”

pa
pe

rs
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el
ds

in
si
gh

t
in
to

th
e
m
es
si
ne

ss
in

th
e
re
vi
ew

s
fo
r
pa

pe
rs

in
th
e
m
id
dl
e.

P
ro
ce
d
u
re
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W
e
no

w
de
sc
ri
be

th
e
pr
oc
ed
ur
e
em

pl
oy
ed

fo
r
th
e
an

al
ys
is
.
H
er
e
w
e
le
t
n

de
no

te
th
e
to
ta
ln

um
be

r
of

pa
pe

rs
su
bm

it
te
d
to

th
e
co
nf
er
en

ce
an

d
β
de

no
te

th
e
fr
ac
ti
on

of
pa

pe
rs

ac
ce
pt
ed
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th
e
co
nf
er
en
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(w
e
ha

ve
n

=
2
4
2
5
an

d
β

=
0
.2

3
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N
IP

S
20
16
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T
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pr
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e
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o
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ra
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s:
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th
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in
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re
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ot
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∈
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∈
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=
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to
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b
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pa
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.
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−
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−
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re
vi
ew

er
s
an

d
an

y
pa

ir
of

pa
pe

rs
in
M

th
at

is
re
vi
ew

ed
by

bo
th

th
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n
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ra
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d
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e
ot
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r
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ew
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.
T
ie
s
ar
e
di
sc
ar
de
d.

W
e
co
un

t
th
e

to
ta
ln

um
be

r
of

su
ch

ag
re
em

en
ts

(d
en
ot
ed

as
n
ag

re
e[
t,
b]
)
an

d
di
sa
gr
ee
m
en
ts

(d
en
ot
ed

as
n
di
sa
gr
ee

[t
,b

])
w
it
hi
n
ea
ch

of
th
e
tw

o
po

ol
s.

3.
F
in
d
th
e
la
rg
es
t
va
lu
e
of

(1
−
t−
b)

su
ch

th
at

w
e
ha

ve
(n

ag
re
e[
t,
b]

+
n
di
sa
gr
ee

[t
,b
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≥
µ
an

d
n
ag

re
e[
t,
b]

n
ag

re
e[
t,
b]

+
n
di
sa
gr
ee

[t
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]
<
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5
+
α
.
T
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s
la
rg
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t
va
lu
e
of

(1
−
t−
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de
fin
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th
e
si
ze

of
th
e

m
es
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m
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dl
e.
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ra
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F
ig
ur
e
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A
m
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ra
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th
e
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L
et
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d
a
m
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en
t
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re
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is
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e
ac
ce
pt
an

ce
th
re
sh
ol
d.
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w
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m
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A
n
a
ly

sis
o
f

N
IP

S
2016

P
eer

-r
ev

iew
P
ro

cess

n
agree [t,b]

n
agree [t,b]+

n
disagree [t,b]

and
(n

agree [t,b]
+
n
disagree [t,b])

for
the

N
IP

S
2016

data
for

all
values

of
(t,b)

in
A
ppendix

B
.

It
is

im
portant

to
note

that
this

post
hoc

analysis
is

not
strictly

com
parable

to
the

N
IP

S
2014

controlled
experim

ent
because

w
e
do

not
have

access
to

a
true

ranking
or

a
counterfactual.

T
hat

said,since
such

an
analysis

can
easily

be
perform

ed
post

hoc
using

the
data

from
review

s
and

does
not

require
any

specialarrangem
ent

in
the

review
process,

it
w
ould

be
usefulto

see
how

these
results

com
pare

to
the

data
from

other
conferences.

3.7.2
A

bo
o
t
st

r
a
pped

a
n
a
ly

sis

In
this

section,
w
e
conduct

an
analysis

to
m
easure

the
random

ness
in

the
review

s
in

the
N
IP

S
2016

data
com

pared
to

that
ofrandom

selection.
In

our
analysis,w

e
first

conduct
1000

iterations
of

the
follow

ing
procedure.

For
each

paper,w
e
consider

the
set

of
review

ers
w
ho

review
ed

this
paper.

W
e
then

choose
the

sam
e
num

ber
of

review
ers

uniform
ly

at
random

w
ith

replacem
ent

from
the

set
oforiginalreview

ers
for

this
paper.

W
e
then

take
the

m
ean

of
the

scores
across

allcriteria
and

across
allthe

sam
pled

review
ers

for
that

paper.
N
ext

w
e

rank
order

allpapers
in

term
s
of

these
m
ean

scores
and

choose
the

top
23.7%

of
the

papers
as

“accepted”
in

this
iteration

and
the

others
as

rejected.

O
ur

analysis
focuses

on
the

variance
of

the
acceptance

decisions
for

each
paper.

A
t
the

end
ofalliterations,for

each
paper,w

e
com

pute
the

fraction
ofiterations

in
w
hich

the
paper

w
as

accepted.
L
etting

β
i ∈

[0
,1

]
denote

this
fraction

for
any

paper
i,
the

variance
in

the
acceptance

decisions
for

this
paper

equals
β
i (1−

β
i ).

W
e
plot

a
histogram

of
the

com
puted

variances
(for

every
paper)

in
F
igure

13b.
For

com
parison,note

that
in

an
idealw

orld,the
variance

of
the

decisions
for

each
paper

w
ould

be
zero.

O
bserve

that
a
large

fraction
of

rejected
papers

as
w
ellas

a
large

fraction
of

papers
that

w
ere

accepted
as

oralpresentations
have

a
near-zero

variance.
O
n
the

other
hand,

a
notable

fraction
of

papers
accepted

as
posters

as
w
ellas

those
rejected

have
a
variance

close
to

its
largest

possible
value

of
14 .

W
e
conclude

w
ith

a
clarifying

com
m
ent.

In
the

N
IP

S
2016

data,
the

m
essy

m
iddle

analysis
outputs

the
top

30%
ofthe

papers
as

m
ost

noisy,w
hile

the
bootstrap

analysis
show

s
a
very

low
variance

on
the

top
(oral)

papers.
T
his

m
ay

appear
as

a
contradiction,

but
it

is
not.

N
otice

that
the

m
essy

m
iddle

analysis
prim

arily
focuses

on
the

review
ers’opinions

on
the

pairw
ise-relative

values
of

review
s.

O
n
the

other
hand,

the
bootstrapped

analysis
focuses

on
values

of
review

s
in

relation
to

all
other

papers.
T
hus

w
e
have

that
there

is
a

significant
am

ount
of

disagreem
ent

at
the

top
regarding

w
hich

paper
is

better
w
ithin

the
top

set
ofpapers,but

a
significant

agreem
ent

that
m
ost

ofthese
papers

are
good

enough
for

acceptance
in

an
absolute

sense.
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,
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rg

S
u
m
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ary

7:
Q
u
antifyin

g
th
e
ran

d
om

n
ess

K
ey

ob
servation

s:

•
A

notable
subset

ofpapers
incurs

“m
essy

m
iddle”

random
ness.

T
he

m
essy

m
iddle

region
is

sm
aller

in
N
IP

S
2016

as
com

pared
to

N
IP

S
2015.

•
A

bootstrapped
analysis

show
s
a
significant

variance
in

review
er

scores
for

a
notable

fraction
ofpapers

that
are

accepted
as

posters.
A

large
fraction

ofpapers
accepted

for
oralpresentations

or
rejected

have
near-zero

variance.

A
ction

item
s:

•
M
easure

and
com

pare
post

hoc
goodness

(using
the

analyses
in

this
paper

or
through

other
m
ethods)

of
various

review
processes

in
order

to
choose

a
good

review
process

in
a
data-dependent

m
anner.

O
p
en

p
rob

lem
s:

•
P
rincipled

design
of

statistical
tests

for
post

hoc
com

parison
of

goodness
of

different
review

processes.

3.8
O
rd
in
al

d
ata

collection

T
he

data
collected

from
the

review
ers

in
the

N
IP

S
2016

review
process

com
prises

cardinal
ratings

(in
addition

to
the

free-form
text-based

review
s)

w
here

review
ers

score
each

paper
on

four
criteria

on
a
scale

of
1
to

5.
A

second
form

of
data

collection
that

is
popular

in
m
any

applications,although
not

as
m
uch

in
conference

review
s,is

ordinalor
com

parative
ranked

data.
T
he

ordinaldata
collection

procedure
that

w
e
consider

asks
each

review
er

to
provide

a
totalordering

of
allpapers

that
the

review
er

review
ed.

T
here

are
various

tradeoffs
betw

een
collecting

cardinalratings
and

ordinalrankings.
In

the
context

of
paper

review
s,

cardinal
ratings

m
ake

review
ers

read
each

individual
paper

m
ore

carefully
(and

not
m
ake

snap
judgm

ents),and
can

elicit
m
ore

than
a
just

one
bit

of
inform

ation.
O
n
the

other
hand,ordinalrankings

allow
for

nuanced
com

parative
feedback,

help
avoid

ties,and
are

free
of

various
biases

and
calibration

issues
that

otherw
ise

arise
in

cardinal
scores

(H
arzing

et
al.,

2009;
K
rosnick

and
A
lw
in,

1988;
R
ussell

and
G
ray,

1994;
R
ankin

and
G
rube,1980;C

am
bre

et
al.,2018).

W
e
refer

the
reader

to
the

papers
by

B
arnett

(2003);Stew
art

et
al.(2005);Shah

et
al.(2016a,b);H

eckelet
al.(2016)

and
references

therein
for

m
ore

details
on

ordinaldata
collection

and
processing.

In
the

present
paper,w

e
present

three
sets

of
analyses

w
ith

the
ordinalrankings

collected
from

review
ers.

3.8.1
T

ie
br

ea
k
s

A
n
ordinalranking

ofthe
papers

provided
by

a
review

er
ensures

that
there

are
no

ties
in

the
review

er’s
evaluations.

O
n
the

other
hand,asking

cardinalscores
can

result
in

scores
that

are
tied,thereby

preventing
an

opportunity
for

the
A
C

to
discern

a
difference

betw
een

the
tw

o
papers

from
the

provided
scores.

In
order

to
evaluate

the
prevalence

of
ties

under
cardinal

scores,
w
e
perform

ed
the

follow
ing

com
putation.

For
every

{paper,
paper,

reviewer}
triplet

such
that

the
review

er
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0.
2

0.
3

0.
4

0.
5

fraction of disagreement
(a
)

qu
al

ity
no

ve
lty

im
pa

ct
cla

rit
y

m
ea

n
m

ed
ia

n

(b
)

ov
er

al
lp

oo
l 1

po
ol

 2

(c
)

F
ig
ur
e
15

:
Fr
ac
ti
on

of
di
sa
gr
ee
m
en
ts

(a
)
w
it
hi
n
or
di
na

lr
an

ki
ng

s
be

tw
ee
n
di
ffe

re
nt

pa
ir
s
of

re
vi
ew

er
ty
pe

s;
(b
)
be

tw
ee
n
or
di
na

lr
an

ki
ng

s
an

d
ca
rd
in
al

ra
ti
ng

s
(“
m
ea
n”

an
d
“m

ed
ia
n”

re
fe
r

to
th
e
m
ea
n
an

d
m
ed
ia
n
of

th
e
ca
rd
in
al

sc
or
es

fo
r
th
e
fo
ur

cr
it
er
ia
);

an
d
(c
)
be

tw
ee
n
or
di
na

l
ra
nk

in
gs

an
d
fin

al
ac
ce
pt
an

ce
de

ci
si
on

s.
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A
n
a
ly

sis
o
f

N
IP

S
2016

P
eer

-r
ev

iew
P
ro

cess

S
u
m
m
ary

8:
O
rd
in
al

d
ata

collection

K
ey

ob
servation

s:

•
O
rdinalrankings

are
a
viable

option
for

collecting
review

er
opinions.

•
T
here

are
a
large

num
ber

ofties
in

ratings
provided

by
review

ers:
there

are
m
ore

than
30%

ties
in

each
criterion

and
even

greater
fraction

of
ties

in
the

top
2k

papers.

•
O
rdinalrankings

can
be

used
to

check
inconsistencies

in
the

review
s.

A
ction

item
s:

•
U
se

a
hybrid

collection
m
ethod

w
hich

elicits
and

com
bines

cardinalratings
and

ordinalrankings
in

a
clever

m
anner

to
availbenefits

of
both

these
types

of
data.

O
p
en

p
rob

lem
s:

•
P
erform

controlled
experim

ents
in

order
to

quantify
the

benefits
and

possible
problem

s
w
ith

ordinalrankings.

•
D
esign

algorithm
s
to

effi
ciently

com
bine

cardinalratings
for

criteria
and

ordinal
overallrankings

to
provide

usefulguidelines
to

area
chairs

for
their

decisions.

3.9
C
h
eckin

g
in
con

sisten
cies

In
this

section,w
e
propose

an
autom

ated
technique

to
help

reduce
som

e
hum

an
errors

and
inconsistencies

in
the

review
process.

In
particular,

w
e
propose

to
autom

atically
check

for
inconsistencies

in
the

review
ratings

provided
by

the
review

ers.
O
n
finding

any
such

inconsistency,
w
e
propose

to
then

have
the

area
chairs

either
m
anually

investigate
this

inconsistency
or

to
m
anually

or
autom

atically
contact

the
review

er
requesting

an
explanation.

In
w
hat

follow
s,w

e
propose

tw
o
notions

ofinconsistencies
in

regards
to

the
N
IP

S
2016

review
process

and
quantify

their
presence

in
the

N
IP

S
2016

review
data.

A
n
om

alies
in

criteria
ratin

gs.
W
e
investigate

w
hether

any
review

er
indicated

that
paper

“A
”
is

strictly
better

than
paper

“B
”
in

allfour
criteria,but

rank
paper

“A
”
low

er
than

paper
“B

”
in

the
ordinalranking.

W
e
find

that
there

are
55

such
pairs

of
review

s
provided

by
44

distinct
review

ers.
If
w
e
restrict

attention
to

the
top

2k
papers,w

e
find

that
that

there
are

10
such

pairs
of

review
s
provided

by
10

distinct
review

ers. 1

A
n
om

alies
in

fatal
fl
aw

s.
W
e
now

investigate
ifthere

are
cases

w
hen

a
review

er
indicated

a
fatalflaw

in
a
paper,but

that
review

er
ranked

it
above

another
paper

that
did

not
have

a
fatalflaw

according
to

the
review

er.
W
e
found

349
such

cases
across

176
such

review
ers.

T
he

proportion
ofsuch

cases
is
sim

ilar
am

ong
volunteer

and
invited

review
ers.

A
m
ong

the
top

2k
papers,there

are
55

such
pairs

across
33

review
ers.

O
ne

m
ay

think
that

the
num

ber
of

such
cases

is
large

because
ordinalsurvey

w
as

done
after

the
review

process,so
people

m
ay

not
have

rem
em

bered
the

papers
w
ellor

m
ay

not
have

done
a
thorough

job
as

they
knew

it
w
ould

not
count

tow
ards

the
review

s.
H
ow

ever,

1.
N
ote

that
the

totalnum
ber

of
pairs

of
papers

reduces
m
ore

than
4-fold

w
hen

m
oving

from
the

set
of

all
papers

to
the

top
2k

set.
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S
h
a
h
,
T
a
bibia

n
,
M

u
a
n
d
et,

G
u
y
o
n
,
vo

n
L
u
x
bu

rg

the
ordinaldata

actually
is

quite
consistent

w
ith

the
cardinaldata

(Section
3.8.2).

H
ence

w
e

do
not

think
such

a
large

discrepancy
w
ith

fatalflaw
s
can

be
explained

solely
due

to
such

a
delay-related

noise.
Tw

o
possible

explanations
for

such
anom

alies
are

as
follow

s.
E
ither

the
review

er
m
ay

not
have

done
an

adequate
job

ofthe
review

,or
the

set
ofprovided

criteria
are

grossly
inadequate

to
express

review
ers’opinions.

In
either

case,
w
e
suggest

autom
atically

checking
for

such
inconsistencies

(irrespective
of

w
hether

ordinalor
cardinalfinalratings

are
used)

during
the

review
process,and

contacting
the

respective
review

ers
to

understand
their

reasoning. 2
W
e

hope
that

such
a
checkpoint

w
ill

be
useful

in
im

proving
the

overall
quality

of
the

review
process.

S
u
m
m
ary

9:
C
h
eckin

g
in
con

sisten
cies

K
ey

ob
servation

s:

•
55

cases
(across

44
review

ers)
of

a
review

er
rating

a
paper

higher
than

another
for

allcriteria
but

inverting
the

relative
ranking

of
the

tw
o
papers

in
the

overall
ordering.

•
349

cases
w
here

a
review

er
indicated

a
fatalflaw

in
a
paper

but
ranked

it
higher

than
another

paper
w
ithout

any
indicated

fatalflaw
.

A
ction

item
s:

•
C
heck

for
inconsistencies

in
the

review
s
and

contact
respective

review
ers.

O
p
en

p
rob

lem
s:

•
W

hat
other

inconsistencies
can

be
checked

in
an

autom
ated

m
anner?

4.
D

iscu
ssion

an
d

con
clu

sion
s

N
IP

S
has

historically
been

the
terrain

ofm
uch

experim
entation

to
im

prove
the

review
process

and
this

paper
is
our

contribution
to

advance
the

state
ofthe

art
in

review
process

design.
It

is
an

on-going
debate

to
w
hich

extent
the

decision
process

should
be

autom
ated

and
w
hat

m
eans

could
be

used
to

autom
ate

it.
W
e
provide

som
e
elem

ents
to

fuelthis
discussion.

In
this

paper,w
e
reported

a
post

hoc
analysis

ofthe
N
IP

S
2016

review
process.

O
ur

analysis
yielded

usefulinsights
into

the
peer-review

process,suggested
action

item
s
for

future
conferences,

and
resulted

in
severalopen

problem
s
tow

ards
im

proving
the

academ
ic

peer-review
process,

as
enum

erated
throughout

this
paper.

O
ur

tools
include

severalm
eans

of
detecting

potentialartifacts
or

biases,and
statistical

tests
to

validate
hypotheses

m
ade:

C
om

paring
the

distribution
oftopics

in
subm

itted
papers

and
accepted

papers;
creating

a
graph

of
proxim

ity
of

review
ers

(according
to

com
m
only

review
ed

papers)and
papers(according

to
com

m
on

review
ers)to

detectpotentialdisconnected
com

m
unities;

test
to

com
pare

tw
o
pools

of
review

ers;
quantifying

the
noise

in
the

review
scores.

W
e
also

observed
that

the
histogram

ofscores
obtained

included
a
significantly

larger

2.
T
his

analysis
w
as

perform
ed

after
com

pletion
of

the
review

process,
and

hence
review

ers
w
ere

not
contacted

for
these

inconsistencies.
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T
hi
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ob
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rv
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su
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es
ts

a
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ca
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si
gn

of
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ed
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ck
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ed

to
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Se
le
ct
io
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bi
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es

th
at

ar
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e
w
he

n
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cr
ui
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ng
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vi
ew

er
s
an

d
A
C
s
in

a
re
vi
ew

pr
oc
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s
of

th
is

sc
al
e
ar
e
di
ffi
cu
lt
to

de
al

w
it
h.

So
m
e
de
si
gn

s
in

th
e
se
le
ct
io
n
of

re
vi
ew

er
s
le
nd

th
em

se
lv
es

m
or
e
to

bi
as

th
an

ot
he

rs
.
In

N
IP

S2
01

6,
w
e
m
ad

e
so
m
e
de

si
gn

ch
oi
ce
s
of

th
e
re
vi
ew

pr
oc
es
s

w
it
h
th
e
in
te
nt
io
n
of

re
du

ci
ng

th
es
e
bi
as
es
.

Fo
r
in
st
an

ce
,
th
e
re
cr
ui
tm

en
t
of

vo
lu
nt
ee
r

au
th
or
-r
ev
ie
w
er
s
he
lp
ed

in
cr
ea
se

th
e
di
ve
rs
it
y
of

th
e
re
vi
ew

er
po

ol
.
T
he
y
w
er
e
le
ss

pr
on

e
to

se
le
ct
io
n
bi
as

co
m
pa

re
d
to

se
le
ct
in
g
re
vi
ew

er
s
by

in
vi
ta
ti
on

on
ly
,p

ri
m
ar
ily

ba
se
d
on

A
C

re
co
m
m
en
da

ti
on

s.
W

it
h
re
sp
ec
t
to

re
du

ci
ng

bi
as

ac
ro
ss

A
C

de
ci
si
on

s,
w
e
in
tr
od

uc
ed

th
e

“A
C

bu
dd

y
sy
st
em

”
in

w
hi
ch

pa
ir
s
of

A
C
s
ha

d
to

m
ak
e
de
ci
si
on

s
jo
in
tl
y
ab

ou
t
al
l
th
ei
r

pa
pe

rs
.
T
hi
s
m
et
ho

d
sc
al
es

w
el
lw

it
h
th
e
in
cr
ea
se

in
nu

m
be

r
of

pa
pe

rs
,b

ut
is

su
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op

ti
m
al

to
ca
lib

ra
te

w
el
ld
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is
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fo
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di
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nt

de
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un
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is
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a
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be
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n
se
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ra
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r
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lA

C
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do
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in
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ed
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of
th
e
co
nf
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en
ce
,a

re
al
so

no
t
pe

rf
ec
t
be

ca
us
e
de
ci
si
on

s
ar
e
so
m
et
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es
do

m
in
at
ed

by
se
lf-
co
nfi

de
nt

an
d/
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op

in
io
na

te
d
A
C
s.

A
lt
ho

ug
h
th
e
ev
id
en
ce

w
e
ga
th
er
ed

fr
om

ou
r
an

al
ys
es

di
d
no

t
re
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al

an
y
“o
bv

io
us
”
bi
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,i
t
do

es
no

t
m
ea
n
th
at

th
er
e

is
no

ne
.
W
e
ho

pe
th
at

so
m
e
de

si
gn

s
of

ou
r
re
vi
ew

pr
oc
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s
w
ill

sh
ed

so
m
e
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s
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w
ay

s
of

im
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m
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e
or
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fo
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A
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th
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re
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ew

pr
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s
w
it
h

th
e
ra
pi
d
gr
ow

th
of

th
e
co
nf
er
en

ce
.
To

th
is

en
d,

w
e
in
tr
od

uc
ed

th
e
id
ea

of
in
vi
ti
ng

vo
lu
nt
ee
r

au
th
or

re
vi
ew

er
s.

T
ra
in
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g
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or
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vi
ew
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a
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re
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at
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at
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at
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in

th
e

w
ei

gh
ts

le
ad

s
to

a
sh

a
rp

tr
an

si
ti

o
n

to
u
n
d
er

fi
tt

in
g

(b
lu

e)
p
re

d
ic

te
d

b
y

th
e

th
eo

ry
(d

as
h
ed

li
n
e)

.
T

o
ov

er
fi
t,

th
e

n
et

w
o
rk

n
ee

d
s

to
m

em
o
ri

ze
th

e
d
at

as
et

,
a
n
d

th
e

in
fo

rm
a
ti

o
n

n
ee

d
ed

g
ro

w
s

li
n
ea

rl
y.

(R
ig

h
t)

F
or

re
al

la
b

el
s,

th
e

in
fo

rm
a
ti

on
su

ffi
ci

en
t

to
fi
t

th
e

d
a
ta

w
it

h
ou

t
ov

er
fi
tt

in
g

sa
tu

ra
te

s
to

a
va

lu
e

th
at

d
ep

en
d
s

on
th

e
d
a
ta

se
t,

b
u
t

so
m

ew
h
at

in
d
ep

en
d
en

t
of

th
e

n
u
m

b
er

of
sa

m
p
le

s.
T

es
t

ac
cu

ra
cy

sh
ow

s
a

u
n
if

or
m

b
lu

e
p
lo

t
fo

r
ra

n
d
o
m

la
b

el
s,

w
h
il
e

fo
r

re
a
l

la
b

el
s

it
in

cr
ea

se
s

w
it

h
th

e
n
u
m

b
er

of
tr

ai
n
in

g
sa

m
p
le

s,
an

d
is

h
ig

h
er

n
ea

r
th

e
cr

it
ic

a
l

re
gu

la
ri

ze
r

va
lu

e
β

=
1
.

R
ep

re
se

n
ta

ti
on

le
ar

n
in

g,
on

th
e

ot
h
er

h
an

d
,

fo
cu

se
s

on
th

e
p
ro

p
er

ti
es

of
th

e
re

p
re

se
n
ta

-
ti

on
le

ar
n
ed

b
y

th
e

la
ye

rs
of

th
e

n
et

w
or

k
(t

h
e

a
ct

iv
a
ti

o
n

s)
w

h
il
e

re
m

ai
n
in

g
la

rg
el

y
a
g
n
o
st

ic
to

th
e

p
ar

ti
cu

la
r

op
ti

m
iz

at
io

n
p
ro

ce
ss

u
se

d
.

In
fa

ct
,

th
e

eff
ec

ti
ve

n
es

s
of

d
ee

p
le

a
rn

in
g

is
of

te
n

as
cr

ib
ed

to
th

e
ab

il
it

y
of

d
ee

p
n
et

w
or

k
s

to
le

ar
n

re
p
re

se
n
ta

ti
on

s
th

at
a
re

in
se

n
si

ti
ve

(i
n
va

ri
an

t)
to

n
u
is

an
ce

s
su

ch
as

tr
an

sl
at

io
n
s,

ro
ta

ti
on

s,
o
cc

lu
si

on
s,

an
d

al
so

“
d
is

en
ta

n
g
le

d
,”

th
at

is
,

se
p
ar

at
in

g
fa

ct
or

s
in

th
e

h
ig

h
-d

im
en

si
on

al
sp

ac
e

of
d
at

a
(B

en
gi

o,
2
0
0
9
).

C
a
re

fu
l

en
gi

n
ee

ri
n
g

of
th

e
ar

ch
it

ec
tu

re
p
la

y
s

an
im

p
or

ta
n
t

ro
le

in
ac

h
ie

v
in

g
in

se
n
si

ti
v
it

y
to

si
m

-
p
le

ge
om

et
ri

c
n
u
is

an
ce

tr
an

sf
or

m
at

io
n
s,

li
ke

tr
an

sl
at

io
n
s

an
d

sm
al

l
d
ef

or
m

at
io

n
s;

h
ow

ev
er

,
m

or
e

co
m

p
le

x
an

d
d
at

as
et

-s
p

ec
ifi

c
n
u
is

an
ce

s
st

il
l

n
ee

d
to

b
e

le
ar

n
ed

.
T

h
is

p
o
se

s
a

ri
d
d
le

:
If

n
ei

th
er

th
e

a
rc

h
it

ec
tu

re
n

o
r

th
e

lo
ss

fu
n

ct
io

n
ex

p
li

ci
tl

y
en

fo
rc

e
in

va
ri

a
n

ce
a
n

d
d
is

en
-

ta
n

gl
in

g,
h

o
w

ca
n

th
es

e
p
ro

pe
rt

ie
s

em
er

ge
co

n
si

st
en

tl
y

in
d
ee

p
n

et
w

o
rk

s
tr

a
in

ed
by

si
m

p
le

ge
n

er
ic

o
p
ti

m
iz

a
ti

o
n

?

In
th

is
w

or
k
,

w
e

ad
d
re

ss
th

es
e

q
u
es

ti
on

s
b
y

es
ta

b
li
sh

in
g

in
fo

rm
at

io
n

th
eo

re
ti

c
co

n
n
ec

-
ti

on
s

b
et

w
ee

n
th

es
e

co
n
ce

p
ts

.
In

p
ar

ti
cu

la
r,

w
e

sh
ow

th
at

:
(a

)
a

su
ffi

ci
en

t
re

p
re

se
n
ta

ti
o
n

of
th

e
d
at

a
is

in
va

ri
an

t
if

an
d

on
ly

if
it

is
m

in
im

al
,

i.
e.

,
it

co
n
ta

in
s

th
e

sm
al

le
st

a
m

o
u
n
t

of
in

fo
rm

at
io

n
,

al
th

ou
gh

m
ay

n
ot

h
av

e
sm

al
l

d
im

en
si

on
;

(b
)

th
e

in
fo

rm
at

io
n

in
th

e
re

p
re

se
n
-

ta
ti

on
,

al
on

g
w

it
h

it
s

to
ta

l
co

rr
el

at
io

n
(a

m
ea

su
re

of
d
is

en
ta

n
gl

em
en

t)
ar

e
ti

g
h
tl

y
b

o
u
n
d
ed

b
y

th
e

in
fo

rm
at

io
n

th
at

th
e

w
ei

gh
ts

co
n
ta

in
ab

ou
t

th
e

d
at

as
et

;
(c

)
th

e
in

fo
rm

a
ti

o
n

in
th

e
w

ei
gh

ts
,

w
h
ic

h
is

re
la

te
d

to
ov

er
fi
tt

in
g

(H
in

to
n

an
d

V
an

C
am

p
,

19
93

),
fl
at

m
in

im
a

(H
o
ch

re
-

it
er

an
d

S
ch

m
id

h
u
b

er
,

19
97

),
an

d
a

P
A

C
-B

ay
es

u
p
p

er
-b

ou
n
d

o
n

th
e

te
st

er
ro

r
(S

ec
ti

o
n

6
),

2
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L
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):
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01

8



E
m
e
r
g
e
n
c
e
o
f
In

v
a
r
ia
n
c
e
a
n
d

D
ise

n
t
a
n
g
l
e
m
e
n
t

ca
n

b
e

co
n
tro

lled
b
y

im
p
licit

or
ex

p
licit

regu
larization

.
M

oreover,
w

e
sh

ow
th

at
ad

d
in

g
n
oise

d
u
rin

g
th

e
tra

in
in

g
is

a
sim

p
le

an
d

n
atu

ral
w

ay
of

b
iasin

g
th

e
n
etw

ork
tow

ard
s

in
varian

t
rep

resen
ta

tio
n
s.

F
in

a
lly,

w
e

p
erform

several
ex

p
erim

en
ts

w
ith

realistic
arch

itectu
res

an
d

d
atasets

to
valid

a
te

th
e

assu
m

p
tion

s
u
n
d
erly

in
g

ou
r

claim
s.

In
p
articu

lar,
w

e
sh

ow
th

at
u
sin

g
th

e
in

fo
rm

a
tio

n
in

th
e

w
eigh

ts
to

m
easu

re
th

e
com

p
lex

ity
of

a
d
eep

n
eu

ral
n
etw

ork
(D

N
N

),
ra

th
er

th
an

th
e

n
u
m

b
er

of
its

p
aram

eters,
lead

s
to

a
sh

arp
an

d
th

eoretically
p
red

icted
tra

n
sitio

n
b

etw
een

ov
erfi

ttin
g

an
d

u
n
d
erfi

ttin
g

regim
es

for
ran

d
om

lab
els,

sh
ed

d
in

g
ligh

t
on

th
e

q
u
estio

n
s

o
f

Z
h
an

g
et

al.
(2017).

1
.1

R
e
la

te
d

w
o
rk

T
h
e

In
fo

rm
a
tio

n
B

ottlen
eck

(IB
)

w
as

in
tro

d
u
ced

b
y

T
ish

b
y

et
al.

(1999)
a
s

a
gen

eralization
o
f

m
in

im
a
l

su
ffi

cien
t

statistics
th

at
allow

s
trad

in
g

o
ff

fi
d
elity

(su
ffi

cien
cy

)
an

d
com

p
lex

ity
o
f

a
rep

resen
ta

tion
.

In
p
articu

lar,
th

e
IB

L
agran

gian
red

u
ces

fi
n
d
in

g
a

m
in

im
al

su
ffi

cien
t

rep
resen

ta
tio

n
to

a
variation

al
op

tim
ization

p
rob

lem
.

L
ater,

T
ish

b
y

an
d

Z
aslav

sk
y

(2015)
a
n
d

S
h
w

a
rtz-Z

iv
an

d
T

ish
b
y

(2017)
ad

vo
cated

u
sin

g
th

e
IB

b
etw

een
th

e
test

d
ata

an
d

th
e

a
ctiva

tion
s

o
f

a
d
eep

n
eu

ral
n
etw

ork
,
to

stu
d
y

th
e

su
ffi

cien
cy

a
n
d

m
in

im
ality

of
th

e
resu

ltin
g

rep
resen

ta
tio

n
.

In
p
arallel

d
ev

elop
m

en
ts,

th
e

IB
L

agran
gian

w
as

u
sed

as
a

regu
larized

lo
ss

fu
n
ctio

n
fo

r
learn

in
g

rep
resen

tation
,

lead
in

g
to

n
ew

in
form

ation
th

eo
retic

reg
u
larizers

(A
ch

ille
a
n
d

S
o
atto,

2018;
A

lem
i

et
al.,

2017a;
A

lem
i

et
al.,

2
017b

).

In
th

is
p
a
p

er,
w

e
in

tro
d
u
ce

an
IB

L
agran

gian
b

etw
een

th
e

w
eigh

ts
of

a
n
etw

ork
an

d
th

e
tra

in
in

g
d
a
ta

,
a
s

op
p

osed
to

th
e

trad
ition

al
on

e
b

etw
een

th
e

activation
s

an
d

th
e

test
d
atu

m
.

W
e

sh
ow

th
a
t

th
e

form
er

can
b

e
seen

b
oth

as
a

gen
eralization

of
V

ariatio
n
al

In
feren

ce,
related

to
H

in
to

n
an

d
V

an
C

am
p

(1993),
an

d
as

a
sp

ecial
case

of
th

e
m

ore
gen

eral
P

A
C

-B
ayes

fra
m

ew
o
rk

(M
cA

llester,
2013),

th
at

can
b

e
u
sed

to
com

p
u
te

h
igh

-p
rob

ab
ility

u
p
p

er-b
ou

n
d
s

o
n

th
e

test
erro

r
of

th
e

n
etw

ork
.

O
n
e

of
ou

r
m

ain
con

trib
u
tion

s
is

th
en

to
sh

ow
th

at,
d
u
e

to
a

p
articu

la
r

d
u
a
lity

in
d
u
ced

b
y

th
e

arch
itectu

re
of

d
eep

n
etw

ork
s,

m
in

im
ality

of
th

e
w

eigh
ts

(a
fu

n
ctio

n
o
f

th
e

train
in

g
d
ataset)

an
d

of
th

e
learn

ed
rep

resen
tation

(a
fu

n
ction

of
th

e
test

in
p
u
t)

a
re

co
n
n
ected

:
in

p
articu

lar
w

e
sh

ow
th

at
n
etw

o
rk

s
regu

la
rized

eith
er

ex
p
licitly,

or
im

p
licitly

b
y

S
G

D
,

are
b
iased

tow
ard

learn
in

g
in

varian
t

an
d

d
isen

tan
g
led

rep
resen

tation
s.

T
h
e

th
eo

ry
w

e
d
evelop

cou
ld

b
e

u
sed

to
ex

p
lain

th
e

p
h
en

o
m

en
a

d
escrib

ed
in

sm
all-scale

ex
p

erim
en

ts
in

S
h
w

artz-Z
iv

an
d

T
ish

b
y

(2017),
w

h
ereb

y
th

e
in

itial
fast

con
vergen

ce
o
f

S
G

D
is

rela
ted

to
su

ffi
cien

cy
of

th
e

rep
resen

tatio
n
,

w
h
ile

th
e

later
asy

m
p
totic

p
h
ase

is
related

to
co

m
p
ressio

n
of

th
e

activation
s:

W
h
ile

S
G

D
is

seem
in

gly
agn

ostic
to

th
e

p
rop

erty
of

th
e

lea
rn

ed
rep

resen
tation

,
w

e
sh

ow
th

at
it

d
o
es

m
in

im
ize

th
e

in
fo

rm
atio

n
in

th
e

w
eigh

ts,
from

w
h
ich

th
e

co
m

p
ression

of
th

e
activation

s
follow

s
a
s

a
corollary

of
ou

r
b

ou
n
d
s.

P
ractical

im
p
lem

en
ta

tio
n

of
th

is
th

eory
on

real
large

scale
p
rob

lem
s

is
m

ad
e

p
ossib

le
b
y

ad
van

ces
in

S
to

ch
astic

G
ra

d
ien

t
V

ariation
al

B
ayes

(K
in

gm
a

an
d

W
ellin

g,
2014;

K
in

gm
a

et
al.,

2015).

R
ep

resen
ta

tion
s

learn
ed

b
y

d
eep

n
etw

ork
s

are
ob

served
to

b
e

in
sen

sitive
to

com
p
lex

n
u
isa

n
ce

tra
n
sform

ation
s

of
th

e
d
ata.

T
o

a
certa

in
ex

ten
t,

th
is

can
b

e
a
ttrib

u
ted

to
th

e
a
rch

itectu
re.

F
or

in
stan

ce,
th

e
u
se

of
con

volu
tio

n
al

layers
an

d
m

ax
-p

o
olin

g
can

b
e

sh
ow

n
to

y
ield

in
sen

sitiv
ity

to
lo

cal
grou

p
tran

sform
ation

s
(B

ru
n
a

an
d

M
allat,

2011;
A

n
selm

i
et

a
l.,

2
0
1
6
;

S
o
atto

an
d

C
h
iu

so,
2016).

B
u
t

for
m

ore
com

p
lex

,
d
ataset-sp

ecifi
c,

an
d

in
p
a
rticu

la
r

n
o
n
-lo

cal,
n
on

-grou
p

tran
sform

ation
s,

su
ch

in
sen

sitiv
ity

m
u
st

b
e

acq
u
ired

as

3
JM

L
R

 19(50):1-34, 2018

A
c
h
il
l
e
a
n
d

S
o
a
t
t
o

p
art

of
th

e
learn

in
g

p
ro

cess,
rath

er
th

an
b

ein
g

co
d
ed

in
th

e
arch

itectu
re.

W
e

sh
ow

th
at

a
su

ffi
cien

t
rep

resen
tation

is
m

ax
im

ally
in

sen
sitive

to
n
u
isan

ces
if

an
d

on
ly

if
it

is
m

in
im

al,
allow

in
g

u
s

to
p
rove

th
at

a
regu

larized
n
etw

ork
is

n
atu

rally
b
iased

tow
ard

learn
in

g
in

varian
t

rep
resen

tation
s

of
th

e
d
ata.

E
ff

orts
to

d
evelop

a
th

eoretical
fram

ew
ork

for
rep

resen
tation

learn
in

g
in

clu
d
e

T
ish

b
y

an
d

Z
aslav

sk
y

(2015)
an

d
S
h
w

artz-Z
iv

an
d

T
ish

b
y

(2017),
w

h
o

con
sid

er
rep

resen
ta

tion
s

as
sto

ch
astic

fu
n
ction

s
th

at
ap

p
rox

im
ate

m
in

im
al

su
ffi

cien
t

statistics,
d
iff

eren
t

from
B

ru
n
a

an
d

M
allat

(2011)
w

h
o

con
stru

ct
rep

resen
tatio

n
s

as
(d

eterm
in

istic)
op

erators
th

a
t

are
in

vertib
le

in
th

e
lim

it,
w

h
ile

ex
h
ib

itin
g

red
u
ced

sen
sitiv

ity
(“stab

ility
”)

to
sm

all
p

ertu
rb

ation
s

of
th

e
d
ata.

S
om

e
of

th
e

d
eterm

in
istic

con
stru

ctio
n
s

are
b
ased

o
n

th
e

assu
m

p
tion

th
at

th
e

u
n
-

d
erly

in
g

d
ata

is
sp

atially
station

ary,
an

d
th

erefore
w

ork
b

est
on

tex
tu

res
an

d
oth

er
v
isu

al
d
ata

th
at

are
n
ot

su
b

ject
to

o
cclu

sion
s

an
d

scalin
g

n
u
isan

ces.
A

n
selm

i
et

al.
(2016)

d
ev

elop
a

th
eory

of
in

varia
n
ce

to
lo

cally
com

p
act

grou
p
s,

an
d

aim
to

con
stru

ct
m

ax
im

al
(“d

istin
c-

tive”)
in

varian
ts,

like
S
u
n
d
aram

o
orth

i
et

al.
(2009)

th
at,

h
ow

ever,
assu

m
e

n
u
isan

ces
to

b
e

in
fi
n
ite-d

im
en

sion
al

grou
p
s

(G
ren

an
d
er,

19
93).

T
h
ese

eff
orts

a
re

lim
ited

b
y

th
e

assu
m

p
-

tion
th

at
n
u
isan

ces
h
ave

a
grou

p
stru

ctu
re.

S
u
ch

assu
m

p
tion

s
w

ere
relax

ed
b
y

S
oatto

an
d

C
h
iu

so
(2016)

w
h
o

ad
vo

cate
seek

in
g

for
su

ffi
cien

t
in

varian
ts,

rath
er

th
an

m
a
xim

a
l
on

es.
W

e
fu

rth
er

ad
van

ce
th

is
ap

p
roach

,
b
u
t

u
n
like

p
rior

w
ork

on
su

ffi
cien

t
d
im

en
sion

a
lity

red
u
ction

,
w

e
d
o

n
ot

seek
to

m
in

im
ize

th
e

d
im

en
sion

of
th

e
rep

resen
tation

,
b
u
t

rath
er

its
in

form
ation

con
ten

t,
as

p
rescrib

ed
b
y

ou
r

th
eory.

R
ecen

t
ad

va
n
ces

in
D

eep
L

earn
in

g
p
rov

id
e

u
s

w
ith

com
p
u
tation

ally
v
iab

le
m

eth
o
d
s

to
train

h
igh

-d
im

en
sion

al
m

o
d
els

an
d

p
red

ict
an

d
q
u
an

tify
ob

served
p
h
en

om
en

a
su

ch
as

con
vergen

ce
to

fl
at

m
in

im
a

an
d

tran
sition

s
from

overfi
ttin

g
to

u
n
d
erfi

ttin
g

ran
d
om

lab
els,

th
u
s

b
rin

gin
g

th
e

th
eory

to
fru

ition
.

O
th

er
th

eoretical
ef-

forts
fo

cu
s

on
com

p
lex

ity
con

sid
eration

s,
an

d
ex

p
lain

th
e

su
ccess

of
d
eep

n
etw

ork
s

b
y

w
ay

s
of

statistical
or

com
p
u
tation

al
effi

cien
cy

(L
ee

et
al.,

2017;
B

en
gio,

2009;
L

eC
u
n
,

2012).
“D

isen
tan

glem
en

t”
is

an
often

-cited
p
rop

erty
of

d
eep

n
etw

ork
s

(B
en

gio,
2009),

b
u
t

seld
om

form
alized

an
d

stu
d
ied

an
aly

tically,
alth

ou
gh

V
er

S
teeg

an
d

G
alstyan

(2015)
h
as

su
ggested

stu
d
y
in

g
it

u
sin

g
th

e
T

otal
C

orrelation
of

th
e

rep
resen

tatio
n
,

also
k
n
ow

n
as

m
u
lti-variate

m
u
tu

al
in

form
ation

,
w

h
ich

w
e

also
u
se.

W
e

con
n
ect

in
varian

ce
p
rop

erties
of

th
e

rep
resen

tation
to

th
e

geom
etry

of
th

e
op

tim
iza-

tion
resid

u
al,

an
d

to
th

e
p
h
en

om
en

on
of

fl
a
t

m
in

im
a

(D
in

h
et

al.,
2017).

F
ollow

in
g

(M
cA

llester,
2013),

w
e

h
ave

also
ex

p
lored

relation
s

b
etw

een
ou

r
th

eory
an

d
th

e
P

A
C

-B
ayes

fram
ew

ork
(D

ziu
gaite

an
d

R
oy

,
2017).

A
s

w
e

sh
ow

,
ou

r
th

eory
can

also
b

e
d
erived

in
th

e
P

A
C

-B
ay

es
fram

ew
ork

,
w

ith
ou

t
resortin

g
to

in
form

ation
q
u
an

tities
an

d
th

e
In

form
ation

B
ottlen

eck
,

th
u
s

p
rov

id
in

g
b

oth
an

in
d
ep

en
d
en

t
an

d
altern

ative
d
erivation

,
an

d
a

th
eoretically

rigorou
s

w
ay

to
u
p
p

er-b
ou

n
d

th
e

o
p
tim

al
loss

fu
n
ction

.
T

h
e

u
se

of
P

A
C

-
B

ayes
th

eory
to

stu
d
y

th
e

gen
eralization

p
rop

erties
of

d
eep

n
etw

ork
s

h
as

b
een

ch
am

p
ion

ed
b
y

D
ziu

gaite
an

d
R

oy
(2017),

w
h
o

p
oin

t
ou

t
th

at
m

in
im

a
th

at
are

fl
at

in
th

e
sen

se
of

h
av

in
g

a
large

volu
m

e,
tow

ard
w

h
ich

sto
ch

astic
grad

ien
t

d
escen

t
algorith

m
s

are
im

p
licitly

or
ex

p
licitly

b
iased

(C
h
au

d
h
ari

an
d

S
oatto,

2018
),

n
atu

rally
relates

to
th

e
P

A
C

-B
ayes

loss
for

th
e

ch
oice

of
a

n
orm

al
p
rior

an
d

p
osterior

on
th

e
w

eig
h
ts.

T
h
is

h
as

b
een

leveraged
b
y

D
ziu

gaite
an

d
R

oy
(2017)

to
com

p
u
te

n
on

-vacu
ou

s
P

A
C

-B
ayes

error
b

ou
n
d
s,

even
for

d
eep

n
etw

ork
s.
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E
m
e
r
g
e
n
c
e
o
f
In

v
a
r
ia
n
c
e
a
n
d

D
is
e
n
t
a
n
g
l
e
m
e
n
t

2
.
P
re
li
m
in
a
ri
e
s

A
tr

ai
n
in

g
se

t
D

=
{x
,y
},

w
h
er

e
x

=
{ x

(i
)}
N i=

1
an

d
y

=
{ y

(i
)}
N i=

1
),

is
a

co
ll
ec

ti
on

of

N
ra

n
d
om

ly
sa

m
p
le

d
d
at

a
p

oi
n
ts
x

(i
)

i
an

d
th

ei
r

as
so

ci
at

ed
(u

su
al

ly
d
is

cr
et

e)
la

b
el

s.
T

h
e

sa
m

p
le

s
ar

e
as

su
m

ed
to

co
m

e
fr

om
a
n

u
n
k
n
ow

n
,

p
os

si
b
ly

co
m

p
le

x
,

d
is

tr
ib

u
ti

on
p
θ
(x
,y

),
p
ar

am
et

ri
ze

d
b
y

a
p
ar

am
et

er
θ.

F
ol

lo
w

in
g

a
B

ay
es

ia
n

ap
p
ro

ac
h
,

w
e

al
so

co
n
si

d
er
θ

to
b

e
a

ra
n
d
om

va
ri

ab
le

,
sa

m
p
le

d
fr

om
so

m
e

u
n
k
n
ow

n
p
ri

or
d
is

tr
ib

u
ti

on
p
(θ

),
b
u
t

th
is

re
q
u
ir

em
en

t
is

n
ot

n
ec

es
sa

ry
(s

ee
S
ec

ti
on

6)
.

A
te

st
d
at

u
m
x

is
al

so
a

ra
n
d
om

va
ri

a
b
le

.
G

iv
en

a
te

st
sa

m
p
le

,
ou

r
go

al
is

to
in

fe
r

th
e

ra
n
d
om

va
ri

ab
le
y
,

w
h
ic

h
is

th
er

ef
or

e
re

fe
rr

ed
to

as
ou

r
ta

sk
.

W
e

w
il
l

m
ak

e
fr

eq
u
en

t
u
se

of
th

e
fo

ll
ow

in
g

st
an

d
ar

d
in

fo
rm

at
io

n
th

eo
re

ti
c

q
u
an

ti
ti

es
(C

ov
er

an
d

T
h
om

as
,

20
12

):
S
h
an

n
on

en
tr

o
p
y
H

(x
)

=
E p

[−
lo

g
p
(x

)]
,

co
n
d
it

io
n
al

en
tr

op
y

H
(x
|y

)
:=

E ȳ
[H

(x
|y

=
ȳ
)]

=
H

(x
,y

)
−
H

(y
),

(c
on

d
it

io
n
al

)
m

u
tu

al
in

fo
rm

at
io

n
I
(x

;y
|z

)
=

H
(x
|z

)
−
H

(x
|y
,z

),
K

u
ll
b
ac

h
-L

ei
b
le

r
(K

L
)

d
iv

er
ge

n
ce
K
L

(p
(x

)||
q(
x

))
=

E p
[l
o
g
p
/q

],
cr

os
s-

en
tr

op
y
H
p
,q

(x
)

=
E p

[−
lo

g
q(
x

)]
,

an
d

to
ta

l
co

rr
el

at
io

n
T
C

(z
),

w
h
ic

h
is

a
ls

o
k
n
ow

n
as

m
u
lt

i-
va

ri
at

e
m

u
tu

al
in

fo
rm

at
io

n
an

d
d
efi

n
ed

as

T
C

(z
)

=
K

L
(
p
(z

)
‖
∏
i
p
(z
i)

),

w
h
er

e
p
(z
i)

ar
e

th
e

m
ar

gi
n
al

d
is

tr
ib

u
ti

on
s

of
th

e
co

m
p

on
en

ts
of
z
.

R
ec

al
l

th
a
t

th
e

K
L

d
iv

er
ge

n
ce

b
et

w
ee

n
tw

o
d
is

tr
ib

u
ti

on
s

is
al

w
ay

s
n
on

-n
eg

at
iv

e
an

d
ze

ro
if

an
d

on
ly

if
th

ey
ar

e
eq

u
al

.
In

p
ar

ti
cu

la
r

T
C

(z
)

is
ze

ro
if

an
d

on
ly

if
th

e
co

m
p

on
en

ts
o
f
z

ar
e

in
d
ep

en
d
en

t,
in

w
h
ic

h
ca

se
w

e
sa

y
th

at
z

is
d
is

en
ta

n
gl

ed
.

W
e

of
te

n
u
se

of
th

e
fo

ll
ow

in
g

id
en

ti
ty

:

I
(z

;x
)

=
E x
∼
p
(x

)
K

L
(
p
(z
|x

)
‖p

(z
)

).

W
e

sa
y

th
at
x
,z
,y

fo
rm

a
M

ar
ko

v
ch

ai
n
,

in
d
ic

at
ed

w
it

h
x
→

z
→

y
,

if
p
(y
|x
,z

)
=
p
(y
|z

).
T

h
e

D
at

a
P

ro
ce

ss
in

g
In

eq
u
al

it
y

(D
P

I)
fo

r
a

M
ar

ko
v

ch
ai

n
x
→

z
→

y
en

su
re

s
th

at
I
(x

;z
)
≥
I
(x

;y
):

If
z

is
a

(d
et

er
m

in
is

ti
c

or
st

o
ch

as
ti

c)
fu

n
ct

io
n

of
x

,
it

ca
n
n
ot

co
n
ta

in
m

or
e

in
fo

rm
at

io
n

ab
ou

t
y

th
an

x
it

se
lf

(w
e

ca
n
n
ot

cr
ea

te
n
ew

in
fo

rm
at

io
n

b
y

si
m

p
ly

ap
-

p
ly

in
g

a
fu

n
ct

io
n

to
th

e
d
at

a
w

e
al

re
ad

y
h
av

e)
.

2
.1

G
e
n

e
ra

l
d

e
fi

n
it

io
n

s
a
n

d
th

e
In

fo
rm

a
ti

o
n

B
o
tt

le
n

e
ck

L
a
g
ra

n
g
ia

n

W
e

sa
y

th
at
z

is
a

re
p
re

se
n

ta
ti

o
n

of
x

if
z

is
a

st
o
ch

as
ti

c
fu

n
ct

io
n

o
f
x

,
or

eq
u
iv

al
en

tl
y

if
th

e
d
is

tr
ib

u
ti

on
of
z

is
fu

ll
y

d
es

cr
ib

ed
b
y

th
e

co
n
d
it

io
n
al
p
(z
|x

).
In

p
ar

ti
cu

la
r

w
e

h
av

e
th

e
M

ar
ko

v
ch

ai
n
y
→
x
→
z
.

W
e

sa
y

th
at

a
re

p
re

se
n
ta

ti
on

z
of
x

is
su

ffi
c
ie

n
t

fo
r
y

if
y

|=x
|z

,
or

eq
u
iv

al
en

tl
y

if
I
(z

;y
)

=
I
(x

;y
);

it
is

m
in

im
a
l

w
h
en

I
(x

;z
)

is
sm

al
le

st
am

on
g

su
ffi

ci
en

t
re

p
re

se
n
ta

ti
on

s.
T

o
st

u
d
y

th
e

tr
ad

e-
off

b
et

w
ee

n
su

ffi
ci

en
cy

an
d

m
in

im
al

it
y,

T
is

h
b
y

et
al

.
(1

99
9)

in
tr

o
d
u
ce

s
th

e
In

fo
rm

at
io

n
B

ot
tl

en
ec

k
L

ag
ra

n
gi

an

L(
p
(z
|x

))
=
H

(y
|z

)
+
β
I
(z

;x
),

(1
)

w
h
er

e
β

tr
ad

es
off

su
ffi

ci
en

cy
(fi

rs
t

te
rm

)
an

d
m

in
im

al
it

y
(s

ec
on

d
te

rm
);

in
th

e
li
m

it
β
→

0,
th

e
IB

L
ag

ra
n
gi

an
is

m
in

im
iz

ed
w

h
en

z
is

m
in

im
al

a
n
d

su
ffi

ci
en

t.
It

d
o
es

n
o
t

im
p

os
e

an
y

re
st

ri
ct

io
n

on
d
is

en
ta

n
gl

em
en

t
n
or

in
va

ri
an

ce
,

w
h
ic

h
w

e
in

tr
o
d
u
ce

n
ex

t.
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8

A
c
h
il
l
e
a
n
d

S
o
a
t
t
o

2
.2

N
u

is
a
n

c
e
s

fo
r

a
ta

sk

A
n
u

is
a
n

c
e

is
an

y
ra

n
d
om

va
ri

ab
le

th
at

aff
ec

ts
th

e
ob

se
rv

ed
d
at

a
x

,
b
u
t

is
n
o
t

in
fo

rm
a
ti

ve
to

th
e

ta
sk

w
e

ar
e

tr
y
in

g
to

so
lv

e.
M

or
e

fo
rm

al
ly

,
a

ra
n
d
om

va
ri

ab
le
n

is
a

n
u
is

a
n
ce

fo
r

th
e

ta
sk
y

if
y

|=n
,

or
eq

u
iv

al
en

tl
y
I
(y

;n
)

=
0.

S
im

il
ar

ly
,

w
e

sa
y

th
at

th
e

re
p
re

se
n
ta

ti
o
n
z

is
in

v
a
ri

a
n
t

to
th

e
n
u
is

an
ce
n

if
z

|=n
,

or
I
(z

;n
)

=
0.

W
h
en

z
is

n
ot

st
ri

ct
ly

in
va

ri
a
n
t

b
u
t

it
m

in
im

iz
es
I
(z

;n
)

am
on

g
al

l
su

ffi
ci

en
t

re
p
re

se
n
ta

ti
on

s,
w

e
sa

y
th

at
th

e
re

p
re

se
n
ta

ti
o
n
z

is
m

a
x
im

a
ll
y

in
se

n
si

ti
v
e

to
n

.
O

n
e

ty
p
ic

al
ex

am
p
le

of
n
u
is

an
ce

is
a

gr
ou

p
G

,
su

ch
as

tr
an

sl
at

io
n

o
r

ro
ta

ti
o
n
,

a
ct

in
g

on
th

e
d
at

a.
In

th
is

ca
se

,
a

d
et

er
m

in
is

ti
c

re
p
re

se
n
ta

ti
on

f
is

in
va

ri
an

t
to

th
e

n
u
is

a
n
ce

s
if

an
d

on
ly

if
fo

r
al

l
g
∈
G

w
e

h
av

e
f

(g
·x

)
=
f

(x
).

O
u
r

d
efi

n
it

io
n

h
ow

ev
er

is
m

o
re

g
en

er
a
l

in
th

at
it

is
n
ot

re
st

ri
ct

ed
to

d
et

er
m

in
is

ti
c

fu
n
ct

io
n
s,

n
or

to
gr

ou
p

n
u
is

an
ce

s.
A

n
im

p
o
rt

a
n
t

co
n
se

q
u
en

ce
of

th
is

ge
n
er

al
it

y
is

th
at

th
e

ob
se

rv
ed

d
at

a
x

ca
n

al
w

ay
s

b
e

w
ri

tt
en

a
s

a
d
et

er
m

in
is

ti
c

fu
n
ct

io
n

of
th

e
ta

sk
y

an
d

of
al

l
n
u
is

an
ce

s
n

aff
ec

ti
n
g

th
e

d
at

a
,

a
s

ex
p
la

in
ed

b
y

th
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
.

P
ro

p
o
si

ti
o
n

2
.1

(T
a
sk

-n
u

is
a
n

c
e

d
e
c
o
m

p
o
si

ti
o
n

,
A

p
p

e
n

d
ix

C
.1

)
G

iv
en

a
jo

in
t

d
is

-
tr

ib
u

ti
o
n
p
(x
,y

),
w

h
er

e
y

is
a

d
is

cr
et

e
ra

n
d
o
m

va
ri

a
bl

e,
w

e
ca

n
a
lw

a
ys

fi
n

d
a

ra
n

d
o
m

va
ri

a
bl

e
n

in
d
ep

en
d
en

t
o
f
y

su
ch

th
a
t
x

=
f

(y
,n

),
fo

r
so

m
e

d
et

er
m

in
is

ti
c

fu
n

ct
io

n
f

.

3
.
P
ro

p
e
rt
ie
s
o
f
o
p
ti
m
a
l
re
p
re
se
n
ta
ti
o
n
s

T
o

si
m

p
li
fy

th
e

in
fe

re
n
ce

p
ro

ce
ss

,
in

st
ea

d
of

w
or

k
in

g
d
ir

ec
tl

y
w

it
h

th
e

ob
se

rv
ed

h
ig

h
d
i-

m
en

si
on

al
d
at

a
x

,
w

e
w

an
t

to
u
se

a
re

p
re

se
n
ta

ti
on

z
th

at
ca

p
tu

re
s

an
d

ex
p

o
se

s
o
n
ly

th
e

in
fo

rm
at

io
n

re
le

va
n
t

fo
r

th
e

ta
sk
y
.

Id
ea

ll
y,

su
ch

a
re

p
re

se
n
ta

ti
on

sh
ou

ld
b

e
(a

)
su

ffi
c
ie

n
t

fo
r

th
e

ta
sk

y
,

i.
e.

I
(y

;z
)

=
I
(y

;x
),

so
th

at
in

fo
rm

at
io

n
ab

ou
t
y

is
n
ot

lo
st

;
a
m

o
n
g

al
l

su
ffi

ci
en

t
re

p
re

se
n
ta

ti
on

s,
it

sh
ou

ld
b

e
(b

)
m

in
im

a
l,

i.
e.

I
(z

;x
)

is
m

in
im

iz
ed

,
so

th
a
t

it
re

ta
in

s
as

li
tt

le
ab

ou
t
x

as
p

os
si

b
le

,
si

m
p
li
fy

in
g

th
e

ro
le

of
th

e
cl

as
si

fi
er

;
fi
n
a
ll
y,

it
sh

o
u
ld

b
e

(c
)

in
v
a
ri

a
n
t

to
th

e
eff

ec
t

of
n
u
is

an
ce

s
I
(z

;n
)

=
0,

so
th

at
th

e
fi
n
al

cl
a
ss

ifi
er

w
il
l

n
o
t

ov
er

fi
t

to
sp

u
ri

ou
s

co
rr

el
at

io
n
s

p
re

se
n
t

in
th

e
tr

ai
n
in

g
d
at

as
et

b
et

w
ee

n
n
u
is

a
n
ce

s
n

a
n
d

la
-

b
el

s
y
.

S
u
ch

a
re

p
re

se
n
ta

ti
on

,
if

it
ex

is
ts

,
w

ou
ld

n
ot

b
e

u
n
iq

u
e,

si
n
ce

an
y

b
ij

ec
ti

ve
m

a
p
p
in

g
p
re

se
rv

es
al

l
th

es
e

p
ro

p
er

ti
es

.
W

e
ca

n
u
se

th
is

to
ou

r
ad

va
n
ta

ge
an

d
fu

rt
h
er

a
im

to
m

a
k
e

th
e

re
p
re

se
n
ta

ti
on

(d
)

m
ax

im
al

ly
d

is
e
n
ta

n
g
le

d
,

i.
e.

,
ch

o
os

e
th

e
on

e(
s)

fo
r

w
h
ic

h
T

C
(z

)
is

m
in

im
al

.
T

h
is

si
m

p
li
fi
es

th
e

cl
as

si
fi
er

ru
le

,
si

n
ce

n
o

in
fo

rm
at

io
n

w
il
l

b
e

p
re

se
n
t

in
th

e
h
ig

h
er

-o
rd

er
co

rr
el

at
io

n
s

b
et

w
ee

n
th

e
co

m
p

on
en

ts
of
z
.

In
fe

rr
in

g
a

re
p
re

se
n
ta

ti
on

th
at

sa
ti

sfi
es

al
l
th

es
e

p
ro

p
er

ti
es

m
ay

se
em

d
au

n
ti

n
g
.

H
ow

ev
er

,
in

th
is

se
ct

io
n

w
e

sh
ow

th
at

w
e

on
ly

n
ee

d
to

en
fo

rc
e

(a
)

su
ffi

ci
en

cy
an

d
(b

)
m

in
im

a
li
ty

,
fr

o
m

w
h
ic

h
in

va
ri

an
ce

an
d

d
is

en
ta

n
gl

em
en

t
fo

ll
ow

n
at

u
ra

ll
y

th
a
n
k
s

to
th

e
st

ac
k
in

g
o
f

n
o
is

y
la

ye
rs

of
co

m
p
u
ta

ti
on

in
d
ee

p
n
et

w
or

k
s.

W
e

w
il
l

th
en

sh
ow

th
a
t

su
ffi

ci
en

cy
an

d
m

in
im

a
li
ty

o
f

th
e

le
ar

n
ed

re
p
re

se
n
ta

ti
on

ca
n

al
so

b
e

p
ro

m
ot

ed
ea

si
ly

th
ro

u
gh

im
p
li
ci

t
or

ex
p
li
ci

t
re

g
u
la

ri
za

ti
o
n

d
u
ri

n
g

th
e

tr
ai

n
in

g
p
ro

ce
ss

.

P
ro

p
o
si

ti
o
n

3
.1

(I
n
v
a
ri

a
n

c
e

a
n

d
m

in
im

a
li
ty

,
A

p
p

e
n

d
ix

C
.2

)
L

et
n

be
a

n
u

is
a
n

ce
fo

r
th

e
ta

sk
y

a
n

d
le

t
z

be
a

su
ffi

ci
en

t
re

p
re

se
n

ta
ti

o
n

o
f

th
e

in
p
u

t
x

.
S

u
p
po

se
th

a
t
z

d
ep

en
d
s

o
n

n
o
n

ly
th

ro
u

gh
x

(
i.
e.

,
n
→
x
→
z
).

T
h
en

,

I
(z

;n
)
≤
I
(z

;x
)
−
I
(x

;y
).
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E
m
e
r
g
e
n
c
e
o
f
In

v
a
r
ia
n
c
e
a
n
d

D
ise

n
t
a
n
g
l
e
m
e
n
t

M
o
reo

ver,
th

ere
is

a
n

u
isa

n
ce
n

su
ch

th
a
t

equ
a
lity

h
o
ld

s
u

p
to

a
(gen

era
lly

sm
a
ll)

resid
u

a
l
ε

I
(z

;n
)

=
I
(z

;x
)−

I
(x

;y
)−

ε,

w
h
ere

ε
:=

I
(z

;y|n
)−

I
(x

;y
).

In
pa

rticu
la

r
0
≤
ε
≤
H

(y|x
),

a
n

d
ε

=
0

w
h
en

ever
y

is
a

d
eterm

in
istic

fu
n

ctio
n

o
f
x

.
U

n
d
er

th
ese

co
n

d
itio

n
s,

a
su

ffi
cien

t
sta

tistic
z

is
in

va
ria

n
t

(m
a
xim

a
lly

in
sen

sitive)
to

n
u

isa
n

ces
if

a
n

d
o
n

ly
if

it
is

m
in

im
a
l.

R
e
m

a
rk

3
.2

S
in

ce
ε≤

H
(y|x

),
an

d
u
su

ally
H

(y|x
)

=
0

or
at

least
H

(y|x
)�

I
(x

;z
),

w
e

ca
n

g
en

erally
ig

n
ore

th
e

ex
tra

term
.

A
n

im
p

o
rta

n
t

con
seq

u
en

ce
of

th
is

p
rop

osition
is

th
at

w
e

can
con

stru
ct

in
varian

ts
b
y

sim
p
ly

red
u
cin

g
th

e
am

ou
n
t

of
in

form
ation

z
con

tain
s

ab
ou

t
x

,
w

h
ile

retain
in

g
th

e
m

in
im

u
m

a
m

o
u
n
t
I
(z

;x
)

th
at

w
e

n
eed

for
th

e
task

y
.

T
h
is

p
rov

id
es

th
e

n
etw

ork
a

w
ay

to
au

tom
atically

lea
rn

in
va

ria
n
ce

to
com

p
lex

n
u
isan

ces,
w

h
ich

is
com

p
lem

en
tary

to
th

e
in

varian
ce

im
p

osed
b
y

th
e

a
rch

itectu
re.

S
p

ecifi
cally,

on
e

w
ay

of
en

forcin
g

m
in

im
ality

ex
p
licitly,

an
d

h
en

ce
in

va
ria

n
ce,

is
th

rou
gh

th
e

IB
L

agran
gian

.

C
o
ro

lla
ry

3
.3

(In
v
a
ria

n
ts

fro
m

th
e

In
fo

rm
a
tio

n
B

o
ttle

n
e
ck

)
M

in
im

izin
g

th
e

IB
L

a
-

gra
n

gia
n

L
(p

(z|x
))

=
H

(y|z
)

+
β
I
(z

;x
),

in
th

e
lim

it
β
→

0,
yield

s
a

su
ffi

cien
t

in
va

ria
n

t
rep

resen
ta

tio
n
z

o
f

th
e

test
d
a
tu

m
x

fo
r

th
e

ta
sk
y

.

R
em

a
rka

b
ly,

th
e

IB
L

agran
gian

can
b

e
seen

as
th

e
stan

d
ard

cross-en
trop

y
loss,

p
lu

s
a

reg-
u
la

rizer
I
(z

;x
)

th
at

p
rom

otes
in

varia
n
ce.

T
h
is

fact,
w

ith
ou

t
p
ro

of,
is

im
p
licitly

u
sed

in
A

ch
ille

a
n
d

S
oa

tto
(2018),

w
h
o

also
p
rov

id
e

an
effi

cien
t

algorith
m

to
p

erfo
rm

th
e

op
tim

iza-
tio

n
.

A
lem

i
et

al.
(2017a)

also
p
rop

ose
a

related
algorith

m
an

d
em

p
irically

sh
ow

im
p
roved

resista
n
ce

to
a
d
versarial

n
u
isan

ces.
In

ad
d
ition

to
m

o
d
ify

in
g

th
e

co
st

fu
n
ction

,
in

varian
ce

ca
n

a
lso

b
e

fostered
b
y

ch
oice

of
arch

itectu
re:

C
o
ro

lla
ry

3
.4

(B
o
ttle

n
e
ck

s
p

ro
m

o
te

in
v
a
ria

n
c
e
)

S
u

p
po

se
w

e
h
a
ve

th
e

M
a
rko

v
ch

a
in

o
f

la
yers

x
→
z

1 →
z

2 ,

a
n

d
su

p
po

se
th

a
t

th
ere

is
a

co
m

m
u

n
ica

tio
n

o
r

co
m

p
u

ta
tio

n
bo

ttlen
eck

betw
een

z
1

a
n

d
z

2

su
ch

th
a
t
I
(z

1 ;z
2 )
<
I
(z

1 ;x
).

T
h
en

,
if
z

2
is

still
su

ffi
cien

t,
it

is
m

o
re

in
va

ria
n

t
to

n
u

isa
n

ces
th

a
n
z

1 .
M

o
re

p
recisely,

fo
r

a
ll

n
u

isa
n

ces
n

w
e

h
a
ve
I
(z

2 ;n
)≤

I
(z

1 ;z
2 )−

I
(x

;y
).

S
u
ch

a
b

o
ttlen

eck
can

h
ap

p
en

for
ex

am
p
le

b
ecau

se
d
im

(z
2 )
<

d
im

(z
1 ),

e.g.,
after

a
p

o
olin

g
layer,

o
r

b
eca

u
se

th
e

ch
an

n
el

b
etw

een
z

1
a
n
d
z

2
is

n
oisy,

e.g.,
b

ecau
se

of
d
rop

ou
t.

P
ro

p
o
sitio

n
3
.5

(S
ta

ck
in

g
in

c
re

a
se

s
in

v
a
ria

n
c
e
)

A
ssu

m
e

th
a

t
w

e
h
a
ve

th
e

M
a
rko

v
ch

a
in

o
f

la
yers

x
→
z

1 →
z

2 →
...→

z
L
,

a
n

d
th

a
t

th
e

la
st

la
yer

z
L

is
su

ffi
cien

t
o
f
x

fo
r
y

.
T

h
en

z
L

is
m

o
re

in
sen

sitive
to

n
u

isa
n

ces
th

a
n

a
ll

th
e

p
reced

in
g

la
yers.
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A
c
h
il
l
e
a
n
d

S
o
a
t
t
o

N
otice,

h
ow

ever,
th

at
th

e
ab

ove
co

rollary
d
o
es

n
ot

sim
p
ly

im
p
ly

th
at

th
e

m
ore

layers
th

e
m

errier,
as

it
assu

m
es

th
at

on
e

h
as

su
ccessfu

lly
train

ed
th

e
n
etw

ork
(z
L

is
su

ffi
cien

t),
w

h
ich

b
ecom

es
in

creasin
gly

d
iffi

cu
lt

as
th

e
size

grow
s.

A
lso

n
ote

th
at

in
som

e
a
rch

itectu
res,

su
ch

as
R

esN
ets

(H
e

et
al.,

2016),
th

e
layers

d
o

n
ot

n
ecessarily

form
a

M
arkov

ch
ain

b
ecau

se
of

sk
ip

con
n
ection

s;
h
ow

ever,
th

eir
“b

lo
ck

s”
still

d
o.

P
ro

p
o
sitio

n
3
.6

(A
c
tio

n
a
b

le
In

fo
rm

a
tio

n
)

W
h
en

z
=
f

(x
)

is
a

d
eterm

in
istic

in
va

ri-
a
n

t,
if

it
m

in
im

izes
th

e
IB

L
a
gra

n
gia

n
it

a
lso

m
a
xim

izes
A

ctio
n

a
ble

In
fo

rm
a
tio

n
(S

oa
tto

,
2
0
1
3
),

w
h
ich

isH
(x

)
:=

H
(f

(x
)).

A
lth

ou
gh

S
oatto

(2013)
ad

d
ressed

m
ax

im
al

in
varian

ts,
w

e
on

ly
con

sid
er

su
ffi

cien
t

in
varian

ts,
as

ad
v
o
cated

b
y

(S
oatto

an
d

C
h
iu

so,
2016).

In
fo

rm
a
tio

n
in

th
e

w
e
ig

h
ts

T
h
u
s

far
w

e
h
ave

d
iscu

ssed
p
rop

erties
of

rep
resen

tation
s

in
gen

erality,
rega

rd
less

of
h
ow

th
ey

are
im

p
lem

en
ted

or
learn

ed
.

G
iven

a
sou

rce
of

d
ata

(for
ex

am
p
le

ran
d
om

ly
gen

erated
,

or
from

a
fi
x
ed

d
ataset),

an
d

given
a

(sto
ch

astic)
train

in
g

a
lgorith

m
,
th

e
ou

tp
u
t

w
eigh

t
w

of
th

e
train

in
g

p
ro

cess
can

b
e

th
ou

gh
t

as
a

ran
d
om

variab
le

(th
at

d
ep

en
d
s

on
th

e
sto

ch
asticity

of
th

e
in

itialization
,

train
in

g
step

s
an

d
of

th
e

d
ata).

W
e

can
th

erefore
talk

ab
ou

t
th

e
in

form
ation

th
at

th
e

w
eigh

ts
con

tain
a
b

ou
t

th
e

d
ataset

D
an

d
th

e
train

in
g

p
ro

ced
u
re,

w
h
ich

w
e

d
en

ote
b
y
I
(w

;D
).

T
w

o
ex

trem
e

cases
con

sist
of

th
e

triv
ial

settin
gs

w
h
ere

w
e

u
se

th
e

w
eigh

ts
to

m
em

orize
th

e
d
ataset

(th
e

m
ost

ex
trem

e
form

of
overfi

ttin
g),

or
w

h
ere

th
e

w
eigh

ts
are

con
stan

t,
or

p
u
re

n
oise

(sam
p
led

from
a

p
ro

cess
th

at
is

in
d
ep

en
d
en

t
of

th
e

d
ata).

In
b

etw
een

,
th

e
am

ou
n
t

of
in

form
ation

th
e

w
eigh

ts
con

tain
ab

ou
t

th
e

train
in

g
tu

rn
s

ou
t

to
b

e
a
n

im
p

ortan
t

q
u
an

tity
b

oth
in

train
in

g
d
eep

n
etw

ork
s,

as
w

ell
as

in
estab

lish
in

g
p
rop

erties
of

th
e

resu
ltin

g
rep

resen
tation

,
as

w
e

d
iscu

ss
in

th
e

n
ex

t
section

.
N

ote
th

at
in

gen
eral

w
e

d
o

n
ot

n
eed

to
com

p
u
te

an
d

op
tim

ize
th

e
q
u
an

tity
of

in
form

ation
in

th
e

w
eigh

ts.
In

stead
,

w
e

sh
ow

th
at

w
e

can
co

n
tro

l
it,

for
in

stan
ce

b
y

in
jectin

g
n
oise

in
th

e
w

eigh
ts,

d
raw

n
from

a
ch

osen
d
istrib

u
tion

,
in

an
am

ou
n
t

th
at

can
b

e
m

o
d
u
lated

b
etw

een
zero

(th
u
s

in
th

eory
allow

in
g

fu
ll

in
form

ation
ab

ou
t

th
e

train
in

g
set

to
b

e
sto

red
in

th
e

w
eigh

ts)
to

an
am

ou
n
t

large
en

ou
gh

th
at

n
o

in
form

ation
is

left.
W

e
w

ill
leverage

th
is

p
rop

erty
in

th
e

n
ex

t
section

s
to

p
erform

regu
lariza

tion
.

4
.
L
e
a
rn

in
g
m
in
im

a
l
w
e
ig
h
ts

In
th

is
section

,
w

e
let

p
θ (x

,y
)

b
e

an
(u

n
k
n
ow

n
)

d
istrib

u
tion

from
w

h
ich

w
e

ran
d
om

ly
sam

p
le

a
d
atasetD

.
T

h
e

p
aram

eter
θ

of
th

e
d
istrib

u
tion

is
also

assu
m

ed
to

b
e

a
ran

d
om

variab
le

w
ith

an
(u

n
k
n
ow

n
)

p
rior

d
istrib

u
tion

p
(θ).

F
or

ex
am

p
le
p
θ

can
b

e
a

fairly
g
en

eral
gen

erative
m

o
d
el

for
n
atu

ral
im

ages,
an

d
θ

can
b

e
th

e
p
aram

eters
of

th
e

m
o
d
el

th
at

g
en

erated
ou

r
d
ataset.

W
e

th
en

con
sid

er
a

d
eep

n
eu

ral
n
etw

ork
th

at
im

p
lem

en
ts

a
m

ap
x
7→

f
w

(x
)

:=
q(·|x

,w
)

from
an

in
p
u
t
x

to
a

class
d
istrib

u
tion

q(y|x
,w

). 1
In

fu
ll

gen
erality,

an
d

follow
in

g
a

B
ayesian

ap
p
roach

,
w

e
let

th
e

w
eigh

ts
w

of
th

e
n
etw

ork
b

e
sam

p
led

from
a

p
aram

etrized

1
.

W
e

u
se
p

to
d

en
o
te

th
e

rea
l

(a
n

d
u

n
k
n

ow
n

)
d

a
ta

d
istrib

u
tio

n
,

w
h

ile
q

d
en

o
tes

a
p

p
rox

im
a
te

d
istrib

u
tio

n
s

th
a
t

a
re

o
p

tim
ized

d
u
rin

g
tra

in
in

g
.
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E
m
e
r
g
e
n
c
e
o
f
In

v
a
r
ia
n
c
e
a
n
d

D
is
e
n
t
a
n
g
l
e
m
e
n
t

d
is

tr
ib

u
ti

on
q(
w
|D

),
w

h
os

e
p
ar

am
et

er
s

ar
e

op
ti

m
iz

ed
d
u
ri

n
g

tr
ai

n
in

g.
2

T
h
e

n
et

w
or

k
is

th
en

tr
ai

n
ed

in
or

d
er

to
m

in
im

iz
e

th
e

ex
p

ec
te

d
cr

os
s-

en
tr

op
y

lo
ss

3

H
p
,q

(y
|x
,w

)
=

E D
=

(x
,y

)E
w
∼
q
(w
|D

)

N ∑ i=
1

−
lo

g
q(
y

(i
) |x

(i
) ,
w

),

in
or

d
er

fo
r
q(
y
|x
,w

)
to

ap
p
ro

x
im

at
e
p
θ
(y
|x

).

O
n
e

of
th

e
m

ai
n

p
ro

b
le

m
s

in
op

ti
m

iz
in

g
a

D
N

N
is

th
at

th
e

cr
os

s-
en

tr
op

y
lo

ss
in

n
o
to

-
ri

ou
sl

y
p
ro

n
e

to
ov

er
fi
tt

in
g.

In
fa

ct
,

on
e

ca
n

ea
si

ly
m

in
im

iz
e

it
ev

en
fo

r
co

m
p
le

te
ly

ra
n
-

d
om

la
b

el
s

(s
ee

Z
h
an

g
et

al
.

(2
01

7)
,

an
d

F
ig

u
re

1)
.

T
h
e

fa
ct

th
at

,
so

m
eh

ow
,

su
ch

h
ig

h
ly

ov
er

-p
ar

am
et

ri
ze

d
fu

n
ct

io
n
s

m
an

ag
e

to
ge

n
er

al
iz

e
w

h
en

tr
ai

n
ed

on
re

al
la

b
el

s
h
as

p
u
zz

le
d

th
eo

re
ti

ci
an

s
an

d
p
ro

m
p
te

d
so

m
e

to
w

on
d
er

w
h
et

h
er

th
is

m
ay

b
e

in
co

n
si

st
en

t
w

it
h

th
e

in
tu

-
it

iv
e

in
te

rp
re

ta
ti

on
of

th
e

b
ia

s-
va

ri
an

ce
tr

ad
e-

off
th

eo
re

m
,

w
h
er

eb
y

u
n
re

g
u
la

ri
ze

d
co

m
p
le

x
m

o
d
el

s
sh

ou
ld

ov
er

fi
t

w
il
d
ly

.
H

ow
ev

er
,

as
w

e
sh

ow
n
ex

t,
th

er
e

is
n
o

in
co

n
si

st
en

cy
if

on
e

m
ea

su
re

s
co

m
p
le

x
it

y
b
y

th
e

in
fo

rm
at

io
n

co
n
te

n
t,

an
d

n
ot

th
e

d
im

en
si

on
al

it
y,

o
f

th
e

w
ei

gh
ts

.

T
o

ga
in

so
m

e
in

si
gh

ts
ab

ou
t

th
e

p
os

si
b
le

ca
u
se

s
of

ov
er

-fi
tt

in
g,

w
e

ca
n

u
se

th
e

fo
ll
ow

in
g

d
ec

om
p

os
it

io
n

of
th

e
cr

os
s-

en
tr

op
y

lo
ss

(w
e

re
fe

r
to

A
p
p

en
d
ix

C
fo

r
th

e
p
ro

of
an

d
th

e
p
re

ci
se

d
efi

n
it

io
n

of
ea

ch
te

rm
):

H
p
,q

(y
|x
,w

)
=

H
(y
|x
,θ

)
︸

︷︷
︸

in
tr

in
si

c
er

ro
r

+
I
(θ

;y
|x
,w

)
︸

︷︷
︸

su
ffi

ci
en

cy

+
E x

,w
K

L
(
p
(y
|x
,w

)
‖q

(y
|x
,w

)
)

︸
︷︷

︸
effi

ci
en

cy

−
I
(y

;w
|x
,θ

)
︸

︷︷
︸

o
v
er

fi
tt

in
g

. (2
)

T
h
e

fi
rs

t
te

rm
of

th
e

ri
gh

t-
h
an

d
si

d
e

of
(8

)
re

la
te

s
to

th
e

in
tr

in
si

c
er

ro
r

th
at

w
e

w
ou

ld
co

m
m

it
in

p
re

d
ic

ti
n
g

th
e

la
b

el
s

ev
en

if
w

e
k
n
ew

th
e

u
n
d
er

ly
in

g
d
at

a
d
is

tr
ib

u
ti

on
p
θ
;

th
e

se
co

n
d

te
rm

m
ea

su
re

s
h
ow

m
u
ch

in
fo

rm
at

io
n

th
at

th
e

d
at

as
et

h
as

ab
ou

t
th

e
p
a
ra

m
et

er
θ

is
ca

p
tu

re
d

b
y

th
e

w
ei

gh
ts

,
th

e
th

ir
d

te
rm

re
la

te
s

to
th

e
effi

ci
en

cy
of

th
e

m
o
d
el

an
d

th
e

cl
as

s
of

fu
n
ct

io
n
s
f w

w
it

h
re

sp
ec

t
to

w
h
ic

h
th

e
lo

ss
is

op
ti

m
iz

ed
.

T
h
e

la
st

,
an

d
on

ly
n
eg

a
ti

ve
,

te
rm

re
la

te
s

to
h
ow

m
u
ch

in
fo

rm
at

io
n

a
b

ou
t

th
e

la
b

el
s,

b
u
t

u
n
in

fo
rm

at
iv

e
of

th
e

u
n
d
er

ly
in

g
d
at

a
d
is

tr
ib

u
ti

on
,

is
m

em
or

iz
ed

in
th

e
w

ei
gh

ts
.

U
n
fo

rt
u
n
at

el
y,

w
it

h
ou

t
im

p
li
ci

t
or

ex
p
li
ci

t
re

gu
la

ri
za

ti
on

,
th

e
n
et

w
or

k
ca

n
m

in
im

iz
e

th
e

cr
os

s-
en

tr
op

y
lo

ss
(L

H
S
),

b
y

ju
st

m
ax

im
iz

in
g

th
e

la
st

te
rm

of
eq

.
(8

),
i.

e.
,

b
y

m
em

or
iz

in
g

th
e

d
at

as
et

,
w

h
ic

h
y
ie

ld
s

p
o
or

ge
n
er

al
iz

at
io

n
.

T
o

p
re

ve
n
t

th
e

n
et

w
or

k
fr

om
d
oi

n
g

th
is

,
w

e
ca

n
n
eu

tr
al

iz
e

th
e

eff
ec

t
of

th
e

n
eg

at
iv

e
te

rm
b
y

ad
d
in

g
it

b
ac

k
to

th
e

lo
ss

fu
n
ct

io
n
,

le
ad

in
g

to
a

re
gu

la
ri

ze
d

lo
ss
L

=
H
p
,q

(y
|x
,w

)
+

I
(y

;w
|x
,θ

).
H

ow
ev

er
,

co
m

p
u
ti

n
g,

or
ev

en
ap

p
ro

x
im

at
in

g,
th

e
va

lu
e

of
I
(y
,w
|x
,θ

)
is

at
le

as
t

as
d
iffi

cu
lt

as
fi
tt

in
g

th
e

m
o
d
el

it
se

lf
.

W
e

ca
n
,

h
ow

ev
er

,
ad

d
an

u
p
p

er
b

ou
n
d

to
I
(y

;w
|x
,θ

)
to

ob
ta

in
th

e
d
es

ir
ed

re
su

lt
.

In
p
ar

ti
cu

la
r,

w
e

ex
p
lo

re
tw

o
al

te
rn

at
e

p
at

h
s

th
at

le
ad

to
eq

u
iv

al
en

t
co

n
cl

u
si

o
n
s

u
n
d
er

d
iff

er
en

t
p
re

m
is

es
an

d
as

su
m

p
ti

on
s:

In
on

e
ca

se
,
w

e
u
se

a
P

A
C

-B
ay

es
u
p
p

er
-b

ou
n
d
,
w

h
ic

h
is

K
L

(
q(
w
|D

)
‖p

(w
)

)
w

h
er

e
p
(w

)
is

an
ar

b
it

ra
ry

p
ri

or
.

In
th

e
ot

h
er

,
w

e
u
se

th
e

IB
L

ag
ra

n
gi

an

2
.

N
o
te

th
a
t,

w
h

il
e

th
e

tw
o

a
re

so
m

ew
h

a
t

re
la

te
d

,
h

er
e

b
y
q(
w
|D

)
w

e
d

en
o
te

th
e

o
u
tp

u
t

d
is

tr
ib

u
ti

o
n

o
f

th
e

w
ei

g
h
ts

a
ft

er
tr

a
in

in
g

w
it

h
o
u

r
ch

o
ic

e
a
lg

o
ri

th
m

o
n

th
e

d
a
ta

se
t
D

,
a
n
d

n
o
t

th
e

B
ay

es
ia

n
p

o
st

er
io

r
o
f

th
e

w
ei

g
h
ts

g
iv

en
th

e
d

a
ta

se
t,

w
h

ic
h

w
o
u

ld
b

e
d

en
o
te

d
p
(w
|D

).
W

h
en

q(
w
|D

)
is

a
D

ir
a
c

d
el

ta
a
t

a
p

o
in

t,
w

e
re

co
v
er

th
e

st
a
n

d
a
rd

lo
ss

fu
n

ct
io

n
fo

r
a

M
A

P
es

ti
m

a
te

o
f

th
e

w
ei

g
h
ts

.
3
.

N
o
te

th
a
t

fo
r

g
en

er
a
li

ty
h

er
e

w
e

tr
ea

t
th

e
d

a
ta

se
t
D

a
s

a
ra

n
d

o
m

va
ri

a
b

le
.

In
p
ra

ct
ic

e,
w

h
en

a
si

n
g
le

d
a
ta

se
t

is
g
iv

en
,

th
e

ex
p

ec
ta

ti
o
n

w
.r

.t
.

th
e

d
a
ta

se
t

ca
n

b
e

ig
n

o
re

d
.
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8

A
c
h
il
l
e
a
n
d

S
o
a
t
t
o

an
d

u
p
p

er
-b

ou
n
d

it
w

it
h

th
e

in
fo

rm
at

io
n

in
th

e
w

ei
gh

ts
I
(w

;D
).

W
e

d
is

cu
ss

th
is

la
tt

er
ap

p
ro

ac
h

n
ow

,
an

d
lo

ok
at

th
e

P
A

C
-B

ay
es

ap
p
ro

ac
h

in
S
ec

ti
on

6.

N
ot

ic
e

th
at

to
su

cc
es

sf
u
ll
y

le
ar

n
th

e
d
is

tr
ib

u
ti

on
p
θ
,

w
e

on
ly

n
ee

d
to

m
em

o
ri

ze
in
w

th
e

in
fo

rm
at

io
n

ab
ou

t
th

e
la

te
n
t

p
ar

am
et

er
s
θ,

th
at

is
w

e
n
ee

d
I
(D

;w
)

=
I
(D

;θ
)
≤
H

(θ
),

w
h
ic

h
is

b
ou

n
d
ed

ab
ov

e
b
y

a
co

n
st

an
t.

O
n

th
e

ot
h
er

h
an

d
,
to

ov
er

fi
t,

th
e

te
rm

I
(y

;w
|x
,θ

)
≤

I
(D

;w
|θ

)
n
ee

d
s

to
gr

ow
li
n
ea

rl
y

w
it

h
th

e
n
u
m

b
er

of
tr

ai
n
in

g
sa

m
p
le

s
N

.
W

e
ca

n
ex

p
lo

it
th

is
fa

ct
to

p
re

ve
n
t

ov
er

fi
tt

in
g

b
y

ad
d
in

g
a

L
ag

ra
n
ge

m
u
lt

ip
li
er
β

to
m

ak
e

th
e

a
m

o
u
n
t

o
f

in
fo

rm
at

io
n

a
co

n
st

an
t

w
it

h
re

sp
ec

t
to
N

,
le

ad
in

g
to

th
e

re
gu

la
ri

ze
d

lo
ss

fu
n
ct

io
n

L(
q(
w
|D

))
=
H
p
,q

(y
|x
,w

)
+
β
I
(w

;D
),

(3
)

w
h
ic

h
,

re
m

ar
ka

b
ly

,
h
as

th
e

sa
m

e
ge

n
er

al
fo

rm
of

an
IB

L
ag

ra
n
gi

an
,

an
d

in
p
a
rt

ic
u
la

r
is

si
m

il
ar

to
(1

),
b
u
t

n
ow

in
te

rp
re

te
d

a
s

a
fu

n
ct

io
n

of
th

e
w

ei
gh

ts
w

ra
th

er
th

an
th

e
a
ct

iv
a
ti

o
n
s

z
.

T
h
is

u
se

of
th

e
IB

L
ag

ra
n
gi

an
is

,
to

th
e

b
es

t
of

ou
r

k
n
ow

le
d
ge

,
n
ov

el
,

as
th

e
ro

le
o
f

th
e

In
fo

rm
at

io
n

B
ot

tl
en

ec
k

h
as

th
u
s

fa
r

b
ee

n
co

n
fi
n
ed

to
ch

ar
ac

te
ri

zi
n
g

th
e

a
ct

iv
a
ti

o
n
s

o
f

th
e

n
et

w
or

k
,

an
d

n
ot

as
a

le
ar

n
in

g
cr

it
er

io
n
.

E
q
u
at

io
n

(3
)

ca
n

b
e

se
en

as
a

ge
n
er

a
li
za

ti
o
n

o
f

ot
h
er

su
gg

es
ti

on
s

in
th

e
li
te

ra
tu

re
:

IB
L

a
g
ra

n
g
ia

n
,

V
a
ri

a
ti

o
n

a
l

L
e
a
rn

in
g

a
n

d
D

ro
p

o
u

t.
M

in
im

iz
in

g
th

e
in

fo
rm

a
ti

o
n

st
or

ed
at

th
e

w
ei

gh
ts
I
(w

;D
)

w
as

p
ro

p
os

ed
as

fa
r

b
ac

k
as

H
in

to
n

an
d

V
an

C
a
m

p
(1

9
9
3
)

a
s

a
w

ay
of

si
m

p
li
fy

in
g

n
eu

ra
l
n
et

w
or

k
s,

b
u
t

n
o

effi
ci

en
t

al
go

ri
th

m
to

p
er

fo
rm

th
e

o
p
ti

m
iz

a
ti

o
n

w
as

k
n
ow

n
at

th
e

ti
m

e.
F

or
th

e
p
ar

ti
cu

la
r

ch
oi

ce
β

=
1,

th
e

IB
L

ag
ra

n
gi

an
re

d
u
ce

s
to

th
e

va
ri

at
io

n
al

lo
w

er
-b

ou
n
d

(V
L

B
O

)
of

th
e

m
ar

gi
n
al

lo
g-

li
k
el

ih
o
o
d
p
(y
|x

).
T

h
er

ef
o
re

,
m

in
im

iz
-

in
g

eq
.

(3
)

ca
n

al
so

b
e

se
en

as
a

ge
n
er

al
iz

a
ti

on
of

va
ri

at
io

n
al

le
a
rn

in
g.

A
p
ar

ti
cu

la
r

ca
se

o
f

th
is

w
as

st
u
d
ie

d
b
y

K
in

gm
a

et
al

.
(2

01
5)

,
w

h
o

fi
rs

t
sh

ow
ed

th
at

a
ge

n
er

al
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at
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b
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p
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w
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p
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b
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h
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p
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p
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b
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at
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p
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p
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b
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p
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p
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p
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n
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p
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E D
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l

to
o

co
m

p
li
ca

te
d
,

si
n
ce

it
re

q
u
ir

es
u
s

to
k
n
ow

th
e

m
ar

gi
n
al
q(
w

)
ov

er
al

l
p

os
si

b
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p
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E D
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E D
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c
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c
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d
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p
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w
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i.e.,

a
d
istrib

u
tion

w
ith

in
d
ep

en
d
en

t
com

p
on

en
ts,

in
ord

er
to

m
ake

th
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b
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p
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∏
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b
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m
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d
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b
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u
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b
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p
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b
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Ĩ
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∏
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p
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con
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p
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ŵ
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etriza
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w
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+
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p
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p
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p
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p
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p
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w
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p
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w
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p
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p
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p
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p
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d
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b
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e

am
ou

n
t

of
in

form
ation

can
b

e
con

trolled
b
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ex
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b
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con
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w
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th
e

po
sterio

r
w|D

=
ε�

ŵ
cen

tered
a
t
ŵ

th
a
t

o
p
tim

izes
th

e
IB

L
a
gra

n
gia

n
,

w
e

h
a
ve

I
(w

;D
)≤

Ĩ
(w

;D
)≤

12
K

[log‖ŵ‖
22

+
log‖H

‖∗ −
K

log
(K

2β
/2)]

w
h
ere

K
=

d
im

(w
)

a
n

d
‖·‖∗

d
en

o
tes

th
e

n
u

clea
r

n
o
rm

.
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E
m
e
r
g
e
n
c
e
o
f
In

v
a
r
ia
n
c
e
a
n
d

D
is
e
n
t
a
n
g
l
e
m
e
n
t

N
ot

ic
e

th
at

a
co

n
ve

rs
e

in
eq

u
al

it
y,

th
at

is
,

lo
w

in
fo

rm
at

io
n

im
p
li
es

fl
at

n
es

s,
n
ee

d
s

n
ot

h
ol

d
,

so
th

er
e

is
n
o

co
n
tr

ad
ic

ti
on

w
it

h
th

e
re

su
lt

s
of

D
in

h
et

al
.

(2
01

7)
.

A
ls

o
n
o
te

th
at

fo
r

Ĩ
(w

;D
)

to
b

e
in

va
ri

an
t

to
re

p
ar

am
et

ri
za

ti
on

on
e

h
as

to
co

n
si

d
er

th
e

co
n
st

an
t
C

,
w

h
ic

h
w

e
h
av

e
ig

n
or

ed
(R

em
ar

k
4.

2)
.

T
h
e

co
n
n
ec

ti
on

b
et

w
ee

n
fl
at

n
es

s
an

d
ov

er
fi
tt

in
g

h
as

al
so

b
ee

n
st

u
d
ie

d
b
y

N
ey

sh
ab

u
r

et
al

.
(2

01
7)

,
in

cl
u
d
in

g
th

e
eff

ec
t

of
th

e
n
u
m

b
er

of
p
ar

am
et

er
s

in
th

e
m

o
d
el

.

In
th

e
n
ex

t
se

ct
io

n
,
w

e
p
ro

ve
on

e
of

ou
r

m
ai

n
re

su
lt

s,
th

at
n
et

w
or

k
s

w
it

h
lo

w
in

fo
rm

at
io

n
in

th
e

w
ei

gh
ts

re
al

iz
e

in
va

ri
an

t
an

d
d
is

en
ta

n
gl

ed
re

p
re

se
n
ta

ti
on

s.
T

h
er

ef
or

e,
in

va
ri

an
ce

an
d

d
is

en
ta

n
gl

em
en

t
em

er
ge

n
at

u
ra

ll
y

w
h
en

tr
ai

n
in

g
a

n
et

w
or

k
w

it
h

im
p
li
ci

t
(S

G
D

)
or

ex
p
li
ci

t
(I

B
L

ag
ra

n
gi

an
)

re
gu

la
ri

za
ti

on
,

an
d

ar
e

re
la

te
d

to
fl
at

m
in

im
a.

5
.
D
u
a
li
ty

o
f
th

e
B
o
tt
le
n
e
ck

T
h
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
gi

ve
s

th
e

fu
n
d
am

en
ta

l
li
n
k

in
ou

r
m

o
d
el

b
et

w
ee

n
in

fo
rm

at
io

n
in

th
e

w
ei

gh
ts

,
an

d
h
en

ce
fl
at

n
es

s
of

th
e

lo
ca

l
m

in
im

a,
m

in
im

al
it

y
of

th
e

re
p
re

se
n
ta

ti
on

,
an

d
d
is

en
ta

n
gl

em
en

t.

P
ro

p
o
si

ti
o
n

5
.1

(A
p

p
e
n

d
ix

C
.6

)
L

et
z

=
W
x

,
a
n

d
a
ss

u
m

e
a
s

be
fo

re
W

=
ε
�
Ŵ

,
w

it
h
ε i
,j
∼

lo
g
N

(−
α
i/

2
,α

i)
.

F
u

rt
h
er

a
ss

u
m

e
th

a
t

th
e

m
a
rg

in
a
ls

o
f
p
(z

)
a
n

d
p
(z
|x

)
a
re

bo
th

a
p
p
ro

xi
m

a
te

ly
G

a
u

ss
ia

n
(w

h
ic

h
is

re
a
so

n
a
bl

e
fo

r
la

rg
e

d
im

(x
)

by
th

e
C

en
tr

a
l

L
im

it
T

h
eo

re
m

).
T

h
en

,

I
(z

;x
)

+
T

C
(z

)
=
−

1 2

d
im

(z
)

∑ i=
1

E x
lo

g
α̃
iŴ

2 i
·x

2

Ŵ
i
·C

ov
(x

)Ŵ
i
+
α̃
iŴ

2 i
·E

(x
2
),

(6
)

w
h
er

e
W
i

d
en

o
te

s
th

e
i-

th
ro

w
o
f

th
e

m
a
tr

ix
W

,
a
n

d
α̃
i

is
th

e
n

o
is

e
va

ri
a
n

ce
α̃
i

=
ex

p
(α

i)
−

1
.

In
pa

rt
ic

u
la

r,
I
(z

;x
)
+

T
C

(z
)

is
a

m
o
n

o
to

n
e

d
ec

re
a
si

n
g

fu
n

ct
io

n
o
f

th
e

w
ei

gh
t

va
ri

a
n

ce
s
α
i.

T
h
e

ab
ov

e
id

en
ti

ty
is

d
iffi

cu
lt

to
ap

p
ly

in
p
ra

ct
ic

e,
b
u
t

w
it

h
so

m
e

a
d
d
it

io
n
a
l
h
y
p

ot
h
es

es
,

w
e

ca
n

d
er

iv
e

a
cl

ea
n
er

u
n
if

or
m

ti
gh

t
b

ou
n
d

on
I
(z

;x
)

+
T

C
(z

).

P
ro

p
o
si

ti
o
n

5
.2

(U
n

if
o
rm

b
o
u

n
d

fo
r

o
n

e
la

y
e
r,

A
p

p
e
n

d
ix

C
.7

)
L

et
z

=
W
x

,
w

h
er

e
W

=
ε�

Ŵ
,

w
h
er

e
ε i
,j
∼

lo
g
N

(−
α
/2
,α

);
a
ss

u
m

e
th

a
t

th
e

co
m

po
n

en
ts

o
f
x

a
re

u
n

co
rr

el
a
te

d
,

a
n

d
th

a
t

th
ei

r
ku

rt
o
si

s
is

u
n

if
o
rm

ly
bo

u
n

d
ed

.5
T

h
en

,
th

er
e

is
a

st
ri

ct
ly

in
cr

ea
si

n
g

fu
n

ct
io

n
g
(α

)
s.

t.
w

e
h
a
ve

th
e

u
n

if
o
rm

bo
u

n
d

g
(α

)
≤
I
(x

;z
)

+
T
C

(z
)

d
im

(z
)

≤
g
(α

)
+
c,

w
h
er

e
c

=
O

(1
/

d
im

(x
))
≤

1,
g
(α

)
=
−

lo
g

(1
−
e−

α
)/

2
a
n

d
α

is
re

la
te

d
to

Ĩ
(w

;D
)

by
α

=
ex

p
{−
I
(W

;D
)/

d
im

(W
)}

.
In

pa
rt

ic
u

la
r,
I
(x

;z
)+

T
C

(z
)

is
ti

gh
tl

y
bo

u
n

d
ed

by
Ĩ
(W

;D
)

a
n

d
in

cr
ea

se
s

st
ri

ct
ly

w
it

h
it

.

5
.

T
h

is
is

a
te

ch
n

ic
a
l

h
y
p

o
th

es
is

,
a
lw

ay
s

sa
ti

sfi
ed

if
th

e
co

m
p

o
n

en
ts
x
i

a
re

II
D

,
(s

u
b

-)
G

a
u

ss
ia

n
,

o
r

w
it

h
u

n
if

o
rm

ly
b

o
u

n
d

ed
su

p
p

o
rt

.

13
JM

L
R

 1
9(

50
):

1-
34

, 2
01

8

A
c
h
il
l
e
a
n
d

S
o
a
t
t
o

T
h
e

ab
ov

e
th

eo
re

m
s

te
ll
s

u
s

th
at

w
h
en

ev
er

w
e

d
ec

re
a
se

th
e

in
fo

rm
at

io
n

in
th

e
w

ei
g
h
ts

,
ei

th
er

b
y

ex
p
li
ci

t
re

gu
la

ri
za

ti
on

,
or

b
y

im
p
li
ci

t
re

gu
la

ri
za

ti
o
n

(e
.g

.,
u
si

n
g

S
G

D
),

w
e

a
u
to

-
m

at
ic

al
ly

im
p
ro

v
e

th
e

m
in

im
al

it
y,

an
d

h
en

ce
,

b
y

P
ro

p
os

it
io

n
3.

1,
th

e
in

va
ri

a
n
ce

,
a
n
d

th
e

d
is

en
ta

n
gl

em
en

t
of

th
e

le
ar

n
er

re
p
re

se
n
ta

ti
on

.
In

p
ar

ti
cu

la
r,

w
e

ob
ta

in
as

a
co

ro
ll
a
ry

th
at

S
G

D
is

b
ia

se
d

to
w

ar
d

le
ar

n
in

g
in

va
ri

an
t

an
d

d
is

en
ta

n
gl

ed
re

p
re

se
n
ta

ti
on

s
of

th
e

d
a
ta

.
U

si
n
g

th
e

M
ar

ko
v

p
ro

p
er

ty
of

th
e

la
ye

rs
,

w
e

ca
n

ea
si

ly
ex

te
n
d

th
is

b
ou

n
d

to
m

u
lt

ip
le

la
y
er

s:

C
o
ro

ll
a
ry

5
.3

(M
u

lt
i-

la
y
e
r

c
a
se

,
A

p
p

e
n

d
ix

C
.8

)
L

et
W

k
fo

r
k

=
1,
..
.,
L

be
w

ei
gh

t
m

a
tr

ic
es

,
w

it
h
W

k
=
εk
�
Ŵ

k
a
n

d
εk i
,j

=
lo

g
N

(−
α
k
/2
,α

k
),

a
n

d
le

t
z i

+
1

=
φ

(W
k
z k

),
w

h
er

e
z 0

=
x

a
n

d
φ

is
a
n

y
n

o
n

li
n

ea
ri

ty
.

T
h
en

,

I
(z
L

;x
)
≤

m
in

k
<
L

{ d
im

(z
k
)[
g
(α

k
)

+
1
]}

w
h
er

e
α
k

=
ex

p
{ −

I
(W

k
;D

)/
d
im

(W
k
)}

.

R
e
m

a
rk

5
.4

(T
ig

h
tn

e
ss

)
W

h
il
e

th
e

b
ou

n
d

in
P

ro
p

os
it

io
n

5.
2

is
ti

gh
t,

th
e

b
o
u
n
d

in
th

e
m

u
lt

il
ay

er
ca

se
n
ee

d
s

n
ot

b
e.

T
h
is

is
to

b
e

ex
p

ec
te

d
:

R
ed

u
ci

n
g

th
e

in
fo

rm
a
ti

o
n

in
th

e
w

ei
gh

ts
cr

ea
te

s
a

b
ot

tl
en

ec
k
,

b
u
t

w
e

d
o

n
ot

k
n
ow

h
ow

m
u
ch

in
fo

rm
at

io
n

a
b

o
u
t
x

w
il
l

ac
tu

al
ly

go
th

ro
u
gh

th
is

b
ot

tl
en

ec
k
.

O
ft

en
,

th
e

fi
n
al

la
ye

rs
w

il
l

le
t

m
os

t
of

th
e

in
fo

rm
a
ti

o
n

th
ro

u
gh

,
w

h
il
e

in
it

ia
l

la
ye

rs
w

il
l

d
ro

p
th

e
m

os
t.

R
e
m

a
rk

5
.5

(T
ra

in
in

g
-t

e
st

tr
a
n

sf
e
r)

W
e

n
ot

e
th

at
w

e
d
id

n
ot

m
ak

e
a
n
y

(e
x
p
li
ci

t)
as

su
m

p
ti

on
ab

ou
t

th
e

te
st

se
t

h
av

in
g

th
e

sa
m

e
d
is

tr
ib

u
ti

on
of

th
e

tr
ai

n
in

g
se

t.
In

st
ea

d
,

w
e

m
ak

e
th

e
le

ss
re

st
ri

ct
iv

e
as

su
m

p
ti

on
of

su
ffi

ci
en

cy
:

If
th

e
te

st
d
is

tr
ib

u
ti

on
is

en
ti

re
ly

d
iff

er
en

t
fr

om
th

e
tr

ai
n
in

g
on

e
–

on
e

m
ay

n
ot

b
e

ab
le

to
a
ch

ie
ve

su
ffi

ci
en

cy
.

T
h
is

p
ro

m
p
ts

in
te

re
st

in
g

q
u
es

ti
on

s
ab

ou
t

m
ea

su
ri

n
g

th
e

d
is

ta
n
ce

b
et

w
ee

n
ta

sk
s

(a
s

op
p

os
ed

to
ju

st
d
is

ta
n
ce

b
et

w
ee

n
d
is

tr
ib

u
ti

on
s)

,
w

h
ic

h
w

il
l

b
e

st
u
d
ie

d
in

fu
tu

re
w

or
k
.

6
.
C
o
n
n
e
ct
io
n
w
it
h
P
A
C
-B

a
y
e
s
b
o
u
n
d
s

In
th

is
se

ct
io

n
w

e
sh

ow
th

at
u
si

n
g

a
P

A
C

-B
ay

es
b

ou
n
d
,

w
e

ar
ri

ve
at

th
e

sa
m

e
re

g
u
la

ri
ze

d
lo

ss
fu

n
ct

io
n

eq
.

(5
)

w
e

ob
ta

in
ed

u
si

n
g

th
e

In
fo

rm
a
ti

on
B

ot
tl

en
ec

k
,

w
it

h
ou

t
th

e
n
ee

d
o
f

a
n
y

ap
p
ro

x
im

at
io

n
.

B
y

T
h
eo

re
m

2
of

M
cA

ll
es

te
r

(2
01

3)
,

w
e

h
av

e
th

at
fo

r
an

y
fi
x
ed

λ
>

1
/2

,
p
ri

or
p
(w

),
an

d
an

y
w

ei
gh

t
d
is

tr
ib

u
ti

on
q(
w
|D

),
th

e
te

st
er

ro
r
L

te
st

(q
(w
|D

))
th

a
t

th
e

n
et

w
o
rk

co
m

m
it

s
u
si

n
g

th
e

w
ei

gh
t

d
is

tr
ib

u
ti

on
q(
w
|D

)
is

u
p
p

er
-b

ou
n
d
ed

in
ex

p
ec

ta
ti

o
n

b
y

E D
[L

te
st

(q
(w
|D

))
]
≤

1

N
(1
−

1 2
λ

)( H
p
,q

(y
|x
,w

)
+
λ
L

m
a
x
E D

[K
L

(
q(
w
|D

)
‖p

(w
)

)]
) ,

(7
)

w
h
er

e
L
m
a
x

is
th

e
m

ax
im

u
m

p
er

-s
am

p
le

lo
ss

fu
n
ct

io
n
,

w
h
ic

h
fo

r
a

cl
as

si
fi
ca

ti
o
n

p
ro

b
le

m
w

e
ca

n
as

su
m

e
to

b
e

u
p
p

er
-b

ou
n
d
ed

,
fo

r
ex

am
p
le

b
y

cl
ip

p
in

g
th

e
cr

os
s-

en
tr

op
y

lo
ss

a
t

ch
a
n
ce

le
ve

l.
N

ot
ic

e
th

at
ri

gh
t

h
an

d
si

d
e

co
in

ci
d
es

,
m

o
d
u
lo

a
m

u
lt

ip
li
ca

ti
ve

co
n
st

an
t,

w
it

h
eq

.
(4

)
th

at
w

e
d
er

iv
ed

as
an

ap
p
ro

x
im

at
io

n
of

th
e

IB
L

ag
ra

n
gi

an
fo

r
th

e
w

ei
gh

ts
(e

q
.

(3
))

.
N

ow
,

re
ca

ll
th

at
si

n
ce

w
e

h
av

e

E D
[K

L
(
q(
w
|D

)
‖q

(w
)

)]
=

E D
[K

L
(
q(
w
|D

)
‖p

(w
)

)]
−

K
L

(
q(
w

)
‖p

(w
)

)

≤
E D

[K
L

(
q(
w
|D

)
‖p

(w
)

)]
,
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E
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r
g
e
n
c
e
o
f
In

v
a
r
ia
n
c
e
a
n
d

D
ise

n
t
a
n
g
l
e
m
e
n
t

th
e

sh
a
rp

est
P

A
C

-B
ayes

u
p
p

er-b
ou

n
d

to
th

e
test

error
is

ob
tain

ed
w

h
en

p
(w

)
=
q(w

),
in

w
h
ich

ca
se

eq
.

(7)
red

u
ces

(m
o
d
u
lo

a
m

u
ltip

licative
con

stan
t)

to
th

e
IB

L
agran

gia
n

of
th

e
w

eig
h
ts.

T
h
a
t

is,
th

e
IB

L
agran

gian
for

th
e

w
eigh

ts
ca

n
b

e
con

sid
ered
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a

sp
ecial
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of

P
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ra
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.
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p
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b
e

a
n

im
p
ro

p
er

log-u
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b
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d
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d
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p
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on
:

A
d
ee

p
le

ar
n
in

g
ap

p
ro

ac
h
.

In
P

ro
ce

ed
in

gs
o
f

th
e

IE
E

E
In

te
rn

a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

C
o
m

p
u

te
r

V
is

io
n

,
p
ag

es
36

76
–3

68
4,

20
15

.

C
h
iy

u
an

Z
h
an

g,
S
am

y
B

en
gi

o,
M

or
it

z
H

ar
d
t,

B
en

ja
m

in
R

ec
h
t,

an
d

O
ri

ol
V

in
ya

ls
.

U
n
d
er

-
st

an
d
in

g
d
ee

p
le

ar
n
in

g
re

q
u
ir

es
re

th
in

k
in

g
ge

n
er

al
iz

a
ti

on
.

In
P

ro
ce

ed
in

gs
o
f

th
e

In
te

rn
a
-

ti
o
n

a
l

C
o
n

fe
re

n
ce

o
n

L
ea

rn
in

g
R

ep
re

se
n

ta
ti

o
n

s
(I

C
L

R
),

20
17

.
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E
m
e
r
g
e
n
c
e
o
f
In

v
a
r
ia
n
c
e
a
n
d

D
ise

n
t
a
n
g
l
e
m
e
n
t

A
p
p
e
n
d
ix

A
.
D
e
ta
ils

o
f
th

e
e
x
p
e
rim

e
n
ts

A
.1

R
a
n

d
o
m

la
b

e
ls

W
e

u
se

a
sim

ilar
ex

p
erim

en
tal

setu
p

as
Z

h
an

g
et

al.
(20

17).
In

p
articu

lar,
w

e
train

a
sm

a
ll

v
ersio

n
o
f

A
lex

N
et

on
a

28×
2
8

cen
tral

crop
of

C
IF

A
R

-10
w

ith
co

m
p
letely

ran
d
om

la
b

els.
T

h
e

d
a
taset

is
n
orm

alized
u
sin

g
th

e
glob

al
ch

an
n
el-w

ise
m

ean
a
n
d

varian
ce,

b
u
t

n
o

a
d
d
ition

al
d
a
ta

au
gm

en
tation

is
p

erform
ed

.
T

h
e

ex
act

stru
ctu

re
of

th
e

n
etw

ork
is

in
T

ab
le

1.
A

s
co

m
m

on
in

p
ractice

w
e

u
se

b
atch

n
orm

alization
b

efore
all

th
e

R
eL

U
n
on

lin
earities,

ex
cep

t
fo

r
th

e
fi
rst

layer.
O

p
tim

ization
of

th
e

IB
L

agran
gian

loss
fu

n
ction

is
p

erform
ed

sim
ilarly

to
K

in
g
m

a
et

al.
(2015)

an
d

M
olch

an
ov

et
al.

(2017).
W

e
fou

n
d

th
at

con
strain

in
g

th
e

va
ria

n
ce
α
i

o
f

th
e

w
eigh

ts
to

b
e

th
e

sam
e

for
all

w
eigh

ts
in

th
e

sam
e

fi
lter

h
elp

s
sta

b
ilizin

g
th

e
tra

in
in

g
p
ro

cess.
W

e
train

w
ith

learn
in

g
rates

η
∈
{
0.02,0

.005}
an

d
select

th
e

b
est

p
erfo

rm
in

g
n
etw

ork
of

th
e

tw
o.

G
en

era
lly,

w
e

fou
n
d

th
at

a
h
igh

er
learn

in
g

rate
is

n
eed

ed
to

overfi
t

w
h
en

th
e

n
u
m

b
er

of
train

in
g

sam
p
les

N
is

sm
all,

w
h
ile

a
low

er
learn

in
g

rate
is

n
eed

ed
fo

r
la

rg
er
N

.
W

e
train

w
ith

S
G

D
w

ith
m

om
en

tu
m

0
.9

for
360

ep
o
ch

s
red

u
cin

g
th

e
learn

in
g

ra
te

b
y

a
fa

cto
r

of
10

ev
ery

140
ep

o
ch

s.
W

e
u
se

a
large

b
a
tch

-size
of

500
to

m
in

im
ize

th
e

n
o
ise

com
in

g
from

S
G

D
.

N
o

w
eigh

t
d
ecay

or
oth

er
regu

larization
m

eth
o
d
s

are
u
sed

.

T
h
e

fi
n
a
l

p
lot

is
ob

tain
ed

b
y

trian
gu

latin
g

th
e

con
vex

en
velop

e
of

th
e

d
ata

p
oin

ts,
an

d
b
y

in
terp

ola
tin

g
th

eir
valu

e
on

th
e

resu
ltin

g
sim

p
lex

es.
O

u
tsid

e
o
f

th
e

con
vex

en
velop

e
(w

h
ere

th
e

a
ccu

racy
is

m
ostly

con
stan

t),
th

e
valu

e
w

as
ob

tain
ed

b
y

in
p
ain

tin
g.

T
o

m
ea

su
re

th
e

in
form

ation
con

ten
t

of
th

e
w

eigh
ts

as
th

e
p

ercen
tage

of
corru

p
ted

lab
els

va
ries,

w
e

fi
x
β

=
0
.1,

N
=

30000
an

d
η

=
0
.005

an
d

train
th

e
n
etw

ork
on

d
iff

eren
t

co
rru

p
tio

n
levels

w
ith

th
e

sam
e

settin
gs

a
s

b
efore.

T
o

test
th

e
p
h
ase

tran
sition

on
m

u
ltip

le
arch

itectu
res,

w
e

tra
in

th
e

S
m

all
A

lex
N

et,
th

e
A

llC
N

N
n
etw

o
rk

an
d

a
R

esN
et

(see
T

ab
le

1).
F

or
all

arch
itectu

res,
w

e
train

w
ith

N
=

10000
ra

n
d
o
m

la
b

els,
η

=
0.05

an
d

d
iff

eren
t

valu
es

of
β

log
-u

n
ifo

rm
ly

sp
aced

in
[10 −

2,10
2].

A
.2

B
ia

s-v
a
ria

n
c
e

tra
d

e
-o

ff

F
o
r

th
is

ex
p

erim
en

t
w

e
train

th
e

A
llC

N
N

arch
itectu

re
(T

ab
le

1)
on

th
e

C
IF

A
R

-10
d
ataset

w
ith

Z
C

A
w

h
iten

in
g

K
rizh

ev
sk

y
an

d
H

in
ton

(2009)
an

d
w

ith
ou

t
an

y
ad

d
ition

al
d
ata

au
g-

m
en

ta
tio

n
.

F
irst,

w
e

train
a

stan
d
ard

n
etw

ork
an

d
ch

an
ge

th
e

n
u
m

b
er

of
fi
lters

(w
e

m
u
l-

tip
ly

in
g

th
e

n
u
m

b
er

of
fi
lters

of
all

layers
b
y

th
e

sa
m

e
con

stan
t)

an
d

train
w

ith
η

=
0
.05,

b
a
tch

size
12

8
,

w
eigh

t
d
ecay

0.001.
T

h
en

,
w

e
u
se

th
e

stan
d
ard

n
u
m

b
er

of
layers

an
d

train
in

stea
d

w
ith

th
e

IB
L

loss
fu

n
ction

w
ith

d
iff

eren
t

valu
es

of
β

.

A
.3

N
u

isa
n

c
e

in
v
a
ria

n
c
e

T
h
e

clu
ttered

M
N

IS
T

d
ataset

is
gen

erated
b
y

ad
d
in

g
ten

4×
4

sq
u
ares

u
n
iform

ly
at

ran
d
om

o
n

th
e

d
ig

its
o
f

th
e

M
N

IS
T

d
ataset

(L
eC

u
n

et
al.,

1998).
F

or
each

level
o
f
β

,
w

e
train

th
e

cla
ssifi

er
in

T
a
b
le

1
on

th
is

d
ataset.

T
h
e

w
eigh

ts
of

all
lay

ers,
ex

clu
d
in

g
th

e
fi
rst

an
d

last
o
n
e,

a
re

th
rea

ted
as

a
ran

d
om

variab
le

w
ith

m
u
ltip

licative
G

au
ssian

n
oise

(A
p
p

en
d
ix

B
)

a
n
d

o
p
tim

ized
u
sin

g
th

e
lo

cal
rep

aram
eterization

trick
of

K
in

gm
a

et
al.

(2015).
W

e
u
se

th
e

la
st

co
n
vo

lu
tio

n
al

layer
b

efore
classifi

cation
as

rep
resen

tation
z
.

T
h
e

d
iscrim

in
ator

n
etw

ork
u
sed

to
estim

ate
th

e
log-likelih

o
o
d

ratio
is

con
stru

cted
as

fol-
low

s:
th

e
in

p
u
ts

are
th

e
n
u
isan

ce
p
attern

n
,
w

h
ich

is
a

28×
28×

1
im

age
con

tain
in

g
10

ran
d
om
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A
c
h
il
l
e
a
n
d

S
o
a
t
t
o

In
p
u
t

32x
32

con
v

6
4

R
eL

U
M

ax
P

o
ol

2
x
2

con
v

64
+

B
N

R
eL

U
M

ax
P

o
ol

2
x
2

F
C

3136x
38

4
+

B
N

R
eL

U
F

C
384x

192
+

B
N

R
eL

U
F

C
192

x
1
0

softm
a
x

In
p
u
t

28
x
28

con
v

9
6

+
B

N
+

R
eL

U
con

v
9
6

+
B

N
+

R
eL

U
co

n
v

192
s2

+
B

N
+

R
eL

U
co

n
v

19
2

+
B

N
+

R
eL

U
co

n
v

19
2

+
B

N
+

R
eL

U
co

n
v

192
s2

+
B

N
+

R
eL

U
co

n
v

19
2

+
B

N
+

R
eL

U
co

n
v

19
2

+
B

N
+

R
eL

U
co

n
v

1
x
1
x
10

A
vera

ge
p

o
olin

g
7x

7
so

ftm
a
x

In
p
u
t

28x
2
8

con
v

64
b
lo

ck
64

s1
b
lo

ck
128

s2
b
lo

ck
256

s3
b
lo

ck
512

s3
A

verage
p

o
olin

g
4
x
4

lin
ear

10
softm

ax

T
ab

le
1:

(L
e
ft)

T
h
e

S
m

all
A

lex
N

et
m

o
d
el

u
sed

in
th

e
ran

d
om

lab
el

ex
p

erim
en

t,
ad

ap
ted

from
Z

h
an

g
et

al.
(2017).

A
ll

con
volu

tion
s

h
ave

a
5×

5
kern

el.
T

h
e

u
se

of
b
atch

n
o
rm

aliza-
tion

m
akes

th
e

train
in

g
p
ro

ced
u
re

m
ore

stab
le,

b
u
t

d
id

n
ot

sign
ifi

can
tly

ch
an

ge
th

e
resu

lts
of

th
e

ex
p

erim
en

ts.
(C

e
n
te

r)
A

ll
C

on
vo

lu
tion

al
N

etw
ork

(S
p
rin

gen
b

erg
et

al.,
2014)

u
sed

as
a

classifi
er

in
th

e
ex

p
erim

en
ts.

A
ll

con
v
olu

tion
s

b
u
t

th
e

last
o
n
e

u
se

a
3×

3
kern

el,
“s2”

d
en

otes
a

con
volu

tion
w

ith
strid

e
2.

T
h
e

fi
n
al

rep
resen

tation
w

e
u
se

are
th

e
activation

s
of

th
e

last
“con

v
192”

layer.
(R

ig
h
t)

T
h
e

R
esN

et
arch

itectu
re

(H
e

et
al.,

2016)
on

w
h
ich

w
e

test
th

e
p
h
ase

tran
sition

.
E

ach
b
lo

ck
w

ith
f

fi
lters

an
d

strid
e
s

is
stru

ctu
red

as
follow

s:
B
N

-
>

R
e
L
U

-
>

c
o
n
v

f
s
t
r
i
d
e

s
-
>

B
N

-
>

R
e
L
U

-
>

c
o
n
v

f
w

ith
a

sk
ip

con
n
ection

b
e-

tw
een

fi
rst

R
eL

U
an

d
th

e
ou

tp
u
t.

o
cclu

d
in

g
sq

u
ares,

an
d

th
e

7×
7×

192
rep

resen
tation

z
ob

tain
ed

from
th

e
classifi

er.
F

irst
w

e
p
rep

ro
cess

n
u
sin

g
th

e
follow

in
g

n
etw

ork
:
c
o
n
v

4
8
→

c
o
n
v

4
8
→

c
o
n
v

9
6

s
2
→

c
o
n
v

9
6
→

c
o
n
v

9
6
→

c
o
n
v

9
6

s
2
,

w
h
ere

each
co

n
v

b
lo

ck
is

a
3×

3
con

v
olu

tion
follow

ed
b
y

b
atch

n
orm

alization
an

d
R

eL
U

.
T

h
en

,
w

e
con

caten
ate

th
e

7×
7×

96
resu

lt
w

ith
z

alon
g

th
e

featu
re

m
ap

s,
an

d
th

e
fi
n
al

d
iscrim

in
ator

ou
tp

u
t

is
ob

tain
ed

b
y

ap
p
ly

in
g

th
e

follow
in

g
n
et-

w
ork

:
c
o
n
v

1
9
2
→

c
o
n
v

1
9
2
→

c
o
n
v

1×
1×

1
9
2
→

c
o
n
v

1×
1×

1
→

A
v
g
P
o
o
l
i
n
g

7×
7

→
s
i
g
m
o
i
d
.

A
.4

V
isu

a
liz

in
g

th
e

re
p

re
se

n
ta

tio
n

E
ven

w
h
en

w
e

can
n
ot

gen
erate

d
ata

aff
ected

b
y

n
u
isan

ces
like

in
th

e
p
rev

iou
s

section
,

w
e

can
still

v
isu

alize
th

e
in

form
ation

con
ten

t
of
z

to
learn

w
h
at

n
u
isan

ces
are

d
iscard

ed
in

th
e

rep
resen

tation
.

T
o

th
is

en
d
,

given
a

rep
resen

tation
z
,

w
e

w
an

t
to

learn
to

sa
m

p
le

from
a

d
istrib

u
tion

q(x̂|z
)

of
im

ages
th

at
are

m
ax

im
ally

likely
to

h
ave

z
as

th
eir

rep
resen

tation
.

F
orm

ally,
th

is
m

ean
s

th
at

w
e

w
an

t
a

d
istrib

u
tion

q(x̂|z
)

th
at

m
ax

im
izes

th
e

am
ortized

m
ax

im
u
m

a
p

osteriori
estim

ate
of
z
:

E
z E

x̂∼
q
(x̂|z

) [log
p
(x̂|z

)]
=
E
z E

x̂∼
q
(x̂|z

) [log
p
(z|x̂

)]
︸

︷︷
︸

R
eco

n
stru

ctio
n

erro
r

+
E
x̂∼

q
(x̂

) [log
p
(x̂

)]
︸

︷︷
︸

D
ista

n
ce

fro
m

p
rio

r

+
C
.
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E
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e
r
g
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e
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f
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v
a
r
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n
c
e
a
n
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D
is
e
n
t
a
n
g
l
e
m
e
n
t

F
ig

u
re

5:
F

or
d
iff

er
en

t
va

lu
es

of
β

,
w

e
sh

ow
th

e
im

ag
e
x̂

re
co

n
st

ru
ct

ed
fr

om
a

re
p
re

se
n
ta

ti
on

z
∼

p
(z
|x

)
of

th
e

or
ig

in
al

im
ag

e
x

in
th

e
fi
rs

t
co

lu
m

n
.

F
or

sm
al

l
β

,
z

co
n
ta

in
s

m
or

e
in

fo
rm

at
io

n
re

ga
rd

in
g
x

,
th

u
s

th
e

re
co

n
st

ru
ct

ed
im

ag
e
x̂

is
cl

os
e

to
x

,
b
ac

k
gr

ou
n
d

in
cl

u
d
ed

.
In

cr
ea

si
n
g
β

d
ec

re
as

es
th

e
in

fo
rm

at
io

n
in

th
e

w
ei

gh
s,

th
u
s

th
e

re
p
re

se
n
ta

ti
on

z
b

ec
om

es
m

or
e

in
va

ri
an

t
to

n
u
is

an
ce

s:
R

ec
on

st
ru

ct
ed

im
ag

e
m

at
ch

es
im

p
or

ta
n
t

d
et

a
il
s

in
x

th
at

ar
e

p
re

se
rv

ed
in
z

(i
.e

.,
h
ai

r
co

lo
r,

se
x
,

ex
p
re

ss
io

n
),

b
u
t

b
ac

k
gr

ou
n
d
,

h
ai

r
st

y
le

,
an

d
ot

h
er

n
u
is

an
ce

s
ar

e
ge

n
er

at
ed

an
ew

.

U
n
fo

rt
u
n
at

el
y,

th
e

te
rm

p
(x̂

)
in

th
e

ex
p
re

ss
io

n
is

d
iffi

cu
lt

to
es

ti
m

at
e.

H
ow

ev
er

,
S
øn

d
er

b
y

et
al

.
(2

01
7)

n
ot

ic
e

th
at

th
e

m
o
d
ifi

ed
ga

in
fu

n
ct

io
n

E z
E x̂
∼
q
(x̂
|z

)[
lo

g
p
(x̂
|z

)]
+
H

(p
(x̂

))
=

E z
E x̂
∼
q
(x̂
|z

)[
lo

g
p
(z
|x̂

)]
−

K
L

(
q(
x̂

)
‖p

(x̂
)

)
+
C
,

d
iff

er
s

fr
om

th
e

am
or

ti
ze

s
M

A
P

on
ly

b
y

a
te

rm
H

(p
(x̂

))
,

w
h
ic

h
h
as

th
e

p
os

it
iv

e
eff

ec
t

of
im

p
ro

v
in

g
th

e
ex

p
lo

ra
ti

on
of

th
e

re
co

n
st

ru
ct

io
n
,

an
d

co
n
ta

in
s

th
e

te
rm

K
L

(
q(
x̂

)
‖p

(x̂
)

),
w

h
ic

h
ca

n
b

e
es

ti
m

at
ed

ea
si

ly
u
si

n
g

th
e

d
is

cr
im

in
at

or
n
et

w
or

k
of

a
G

A
N

S
øn

d
er

b
y

et
al

.
(2

01
7)

.
T

o
m

ax
im

iz
e

th
is

ga
in

,
w

e
ca

n
si

m
p
ly

tr
ai

n
a

G
A

N
w

it
h

an
ad

d
it

io
n
al

re
co

n
st

ru
ct

io
n

lo
ss
−

lo
g
p
(z
|x̂

).
T

o
te

st
th

is
al

go
ri

th
m

,
w

e
tr

ai
n

a
re

p
re

se
n
ta

ti
on

z
to

cl
as

si
fy

th
e

40
b
in

ar
y

at
tr

ib
u
te

s
in

th
e

C
el

eb
A

fa
ce

d
at

as
et

(Y
an

g
et

al
.,

20
15

),
an

d
th

en
u
se

th
e

ab
ov

e
lo

ss
fu

n
ct

io
n

to
tr

ai
n

a
G

A
N

n
et

w
or

k
to

re
co

n
st

ru
ct

an
in

p
u
t

im
ag

e
x̂

fr
om

th
e

re
p
re

se
n
ta

ti
on

z
.

T
h
e

re
su

lt
s

in
F

ig
u
re

5
sh

ow
th

at
,

as
ex

p
ec

te
d
,

in
cr

ea
si

n
g

th
e

va
lu

e
of
β

,
an

d
th

er
ef

or
e

re
d
u
ci

n
g
I
(w

;D
),

ge
n
er

at
es

sa
m

p
le

s
th

at
h
av

e
in

cr
ea

si
n
gl

y
m

or
e

ra
n
d
om

b
ac

k
gr

ou
n
d
s

an
d

h
ai

r
st

y
le

(n
u
i-

sa
n
ce

s)
,

w
h
il
e

re
ta

in
in

g
fa

ci
al

fe
at

u
re

s.
In

ot
h
er

w
or

d
s,

th
e

re
p
re

se
n
ta

ti
on

z
is

in
cr

ea
si

n
gl

y
in

se
n
si

ti
ve

to
n
u
is

an
ce

s
aff

ec
ti

n
g

th
e

d
at

a,
w

h
il
e

in
fo

rm
at

io
n

p
er

ta
in

in
g

th
e

ta
sk

is
re

ta
in

ed
in

th
e

re
co

n
st

ru
ct

io
n
x̂

.
M

or
e

p
re

ci
se

ly
,

w
e

fi
rs

t
tr

ai
n

a
cl

as
si

fi
er

on
th

e
im

ag
es

fr
om

th
e

C
el

eb
A

d
at

as
et

s
re

si
ze

d
to

32
×

32
,

w
h
er

e
th

e
ta

sk
is

to
re

co
ve

r
th

e
40

b
in

ar
y

at
tr

ib
u
te

s
as

so
ci

at
ed

to
ea

ch
im

ag
e.

T
h
e

cl
as

si
fi
er

n
et

w
or

k
is

th
e

sa
m

e
as

th
e

on
e

in
T

ab
le

1
w

it
h

th
e

fo
ll
ow

in
g

m
o
d
ifi

ca
ti

on
s:

w
e

u
se

E
x
p

on
en

ti
al

L
in

ea
r

U
n
it

s
(C

le
ve

rt
et

al
.,

20
15

)
fo

r
th

e
ac

ti
va

ti
o
n
s,

in
st

ea
d

of
R

eL
U

,
si

n
ce

in
ve

rt
ib

le
ac

ti
va

ti
on

s
ge

n
er

al
ly

p
er

fo
rm

b
et

te
r

w
h
en

tr
a
in

in
g

a
G

A
N

,
an

d
w

e
d
iv

id
e

b
y

tw
o

th
e

n
u
m

b
er

of
ou

tp
u
t

fi
lt

er
s

in
al

l
la

ye
rs

to
re

d
u
ce

th
e

tr
ai

n
in

g
ti

m
e.

A
si

gm
oi

d
n
on

li
n
ea

ri
ty

is
ap

p
li
ed

to
th

e
fi
n
al

40
-w

ay
ou

tp
u
t

of
th

e
n
et

w
or

k
.

T
o

ge
n
er

at
e

th
e

im
ag

e
x̂

gi
ve

n
th

e
8×

8×
96

re
p
re

se
n
ta

ti
on

z
co

m
p
u
te

d
b
y

th
e

cl
as

-
si

fi
er

,
w

e
u
se

a
si

m
il
ar

st
ru

ct
u
re

to
D

C
G

A
N

(R
a
d
fo

rd
et

al
.,

20
16

),
n
am

el
y
z
→

c
o
n
v

2
5
6
→

C
o
n
v
T

2
5
6
s
2
→

C
o
n
v
T

1
2
8
s
2
→

c
o
n
v

3
→

t
a
n
h
,

w
h
er

e
C
o
n
v
T

2
5
6
s
2

d
en

ot
es

a
tr

an
sp

os
e

co
n
v
ol

u
ti

on
w

it
h

25
6

fe
at

u
re

m
ap

s
an

d
st

ri
d
e

2.
A

ll
co

n
vo

lu
ti

on
s

h
av

e
a

b
at

ch
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A
c
h
il
l
e
a
n
d

S
o
a
t
t
o

n
or

m
al

iz
at

io
n

la
ye

r
b

ef
or

e
th

e
ac

ti
va

ti
on

s.
F

in
al

ly
,

th
e

d
is

cr
im

in
at

or
n
et

w
or

k
is

g
iv

en
b
y
x̂

→
c
o
n
v

6
4
s
2
→

c
o
n
v

1
2
8
s
2
→

C
o
n
v
T

2
5
6
s
2
→

c
o
n
v

1
→

s
i
g
m
o
i
d
.

H
er

e,
a
ll

co
n
-

vo
lu

ti
on

s
u
se

b
at

ch
n
or

m
al

iz
at

io
n

fo
ll
ow

ed
b
y

L
ea

ck
y

R
eL

U
ac

ti
va

ti
on

s.

In
th

is
ex

p
er

im
en

t,
w

e
u
se

G
au

ss
ia

n
m

u
lt

ip
li
ca

ti
v
e

n
oi

se
w

h
ic

h
is

sl
ig

h
tl

y
m

o
re

st
a
b
le

d
u
ri

n
g

tr
ai

n
in

g
(A

p
p

en
d
ix

B
).

T
o

st
ab

il
iz

e
th

e
tr

a
in

in
g

of
th

e
G

A
N

,
w

e
fo

u
n
d

u
se

fu
l

to
(1

)
sc

al
e

d
ow

n
th

e
“r

ec
on

st
ru

ct
io

n
er

ro
r”

te
rm

in
th

e
lo

ss
fu

n
ct

io
n

an
d

(2
)

sl
ow

ly
in

cr
ea

se
th

e
w

ei
gh

t
of

th
e

re
co

n
st

ru
ct

io
n

er
ro

r
u
p

to
th

e
d
es

ir
ed

va
lu

e
d
u
ri

n
g

tr
ai

n
in

g.

A
p
p
e
n
d
ix

B
.
G
a
u
ss
ia
n
m
u
lt
ip
li
ca

ti
v
e
n
o
is
e

In
d
ev

el
op

in
g

th
e

th
eo

ry
,

w
e

ch
os

e
to

u
se

lo
g-

n
or

m
al

m
u
lt

ip
li
ca

ti
ve

n
oi

se
fo

r
th

e
w

ei
g
h
ts

:
T

h
e

m
ai

n
b

en
efi

t
is

th
at

w
it

h
th

is
ch

oi
ce

th
e

in
fo

rm
at

io
n

in
th

e
w

ei
gh

ts
I
(w

;D
)

ca
n

b
e

ex
p
re

ss
ed

in
cl

os
ed

fo
rm

,
u
p

to
an

ar
b
it

ra
ry

co
n
st

an
t
C

w
h
ic

h
d
o
es

n
ot

m
at

te
r

d
u
ri

n
g

th
e

op
ti

m
iz

at
io

n
p
ro

ce
ss

(b
u
t

se
e

al
so

N
ek

ly
u
d
ov

et
al

.
(2

01
7)

fo
r

a
p
ri

n
ci

p
le

d
ap

p
ro

a
ch

to
th

is
p
ro

b
le

m
th

at
u
se

s
a

p
ro

p
er

lo
g-

u
n
if

or
m

p
ri

or
).

A
n
ot

h
er

p
os

si
b
il
it

y,
su

gg
es

te
d

b
y

K
in

g
m

a
et

al
.

(2
01

5)
is

to
u
se

G
au

ss
ia

n
m

u
lt

ip
li
ca

ti
ve

n
oi

se
w

it
h

m
ea

n
1.

U
n
fo

rt
u
n
a
te

ly
,

th
er

e
is

n
o

an
al

y
ti

ca
l

ex
p
re

ss
io

n
fo

r
I
(w

;D
)

w
h
en

u
si

n
g

G
au

ss
ia

n
n
oi

se
,

b
u
t
I
(w

;D
)

ca
n

st
il
l

b
e

ap
p
ro

x
im

at
ed

n
u
m

er
ic

al
ly

w
it

h
h
ig

h
p
re

ci
si

o
n

(M
ol

ch
an

ov
et

al
.,

20
17

),
an

d
it

m
a
ke

s
th

e
tr

ai
n
in

g
p
ro

ce
ss

sl
ig

h
tl

y
m

or
e

st
ab

le
.

T
h
e

th
eo

ry
h
ol

d
s

w
it

h
m

in
im

al
ch

an
g
es

a
ls

o
in

th
is

ca
se

,
an

d
w

e
u
se

th
is

ch
oi

ce
in

so
m

e
ex

p
er

im
en

ts
.

A
p
p
e
n
d
ix

C
.
P
ro

o
fs

o
f
th

e
o
re
m
s

L
e
m

m
a

C
.1

(T
a
sk

-n
u

is
a
n

c
e

d
e
c
o
m

p
o
si

ti
o
n

)
G

iv
en

a
jo

in
t

d
is

tr
ib

u
ti

o
n
p
(x
,y

),
w

h
er

e
y

a
d
is

cr
et

e
ra

n
d
o
m

va
ri

a
bl

e,
w

e
ca

n
a
lw

a
ys

fi
n

d
a

ra
n

d
o
m

va
ri

a
bl

e
n

in
d
ep

en
d
en

t
o
f
y

su
ch

th
a
t
x

=
f

(y
,n

),
fo

r
so

m
e

d
et

er
m

in
is

ti
c

fu
n

ct
io

n
f

.

P
ro

o
f

F
ix
n
∼

U
n
if

or
m

(0
,1

)
to

b
e

th
e

u
n
if

or
m

d
is

tr
ib

u
ti

o
n

on
[0
,1

].
W

e
cl

a
im

th
a
t,

fo
r

a
fi
x
ed

va
lu

e
of
y
,

th
er

e
is

a
fu

n
ct

io
n

Φ
y
(n

)
su

ch
th

at
x
|y

=
Φ
y
∗(
n

),
w

h
er

e
(·)
∗

d
en

o
te

s
th

e
p
u
sh

-f
or

w
ar

d
m

ap
of

m
ea

su
re

s.
G

iv
en

th
e

cl
ai

m
,

le
t

Φ
(y
,n

)
=

(y
,Φ

y
(n

))
.

S
in

ce
y

is
a

d
is

cr
et

e
ra

n
d
om

va
ri

ab
le

,
Φ

(y
,n

)
is

ea
si

ly
se

en
to

b
e

a
m

ea
su

ra
b
le

fu
n
ct

io
n

a
n
d

b
y

co
n
-

st
ru

ct
io

n
(x
,y

)
∼

Φ
∗(
y
,n

).
T

o
se

e
th

e
cl

ai
m

,
n
o
ti

ce
th

at
,

si
n
ce

th
er

e
ex

is
ts

a
m

ea
su

ra
b
le

is
om

or
p
h
is

m
b

et
w

ee
n
R
n

an
d
R

(T
h
eo

re
m

3.
1
.1

of
B

er
b

er
ia

n
(1

9
88

))
,

w
e

ca
n

a
ss

u
m

e
w

it
h
-

ou
t

lo
ss

of
ge

n
er

al
it

y
th

at
x
∈
R

.
In

th
is

ca
se

,
b
y

d
efi

n
it

io
n
,

w
e

ca
n

ta
ke

Φ
y
(n

)
=
F
−

1
y

(n
)

w
h
er

e
F
y
(t

)
=

P[
x
<
t
|y

]
is

th
e

cu
m

u
la

ti
ve

d
is

tr
ib

u
ti

on
fu

n
ct

io
n

of
p
(x
|y

).

P
ro

p
o
si

ti
o
n

C
.2

(I
n
v
a
ri

a
n

c
e

a
n

d
m

in
im

a
li
ty

)
L

et
n

be
a

n
u

is
a
n

ce
fo

r
th

e
ta

sk
y

a
n

d
le

t
z

be
a

su
ffi

ci
en

t
re

p
re

se
n

ta
ti

o
n

o
f

th
e

in
p
u

t
x

.
S

u
p
po

se
th

a
t
z

d
ep

en
d
s

o
n
n

o
n

ly
th

ro
u

gh
x

(
i.
e.

,
n
→
x
→
z
).

T
h
en

,

I
(z

;n
)
≤
I
(z

;x
)
−
I
(x

;y
).

M
o
re

o
ve

r,
th

er
e

ex
is

ts
a

n
u

is
a
n

ce
n

su
ch

th
a
t

eq
u

a
li

ty
h
o
ld

s
u

p
to

a
(g

en
er

a
ll

y
sm

a
ll

)
re

si
d
u

a
l

ε

I
(z

;n
)

=
I
(z

;x
)
−
I
(x

;y
)
−
ε,
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E
m
e
r
g
e
n
c
e
o
f
In

v
a
r
ia
n
c
e
a
n
d

D
ise

n
t
a
n
g
l
e
m
e
n
t

w
h
ere

ε
:=

I
(z

;y|n
)−

I
(x

;y
).

In
pa

rticu
la

r
0
≤
ε
≤
H

(y|x
),

a
n

d
ε

=
0

w
h
en

ever
y

is
a

d
eterm

in
istic

fu
n

ctio
n

o
f
x

.
U

n
d
er

th
ese

co
n

d
itio

n
s,

a
su

ffi
cien

t
sta

tistic
z

is
in

va
ria

n
t

(m
a
xim

a
lly

in
sen

sitive)
to

n
u

isa
n

ces
if

a
n

d
o
n

ly
if

it
is

m
in

im
a
l.

P
ro

o
f

B
y

h
y
p

oth
esis,

w
e

h
av

e
th

e
M

arkov
ch

ain
(y
,n

)
→

x
→

z
;

th
erefore,

b
y

th
e

D
P

I,
w

e
h
ave

I
(z

;y
,n

)≤
I
(z

;x
).

T
h
e

fi
rst

term
can

b
e

rew
ritten

u
sin

g
th

e
ch

ain
ru

le
as

I
(z

;y
,n

)
=
I
(z

;n
)

+
I
(z

;y|n
),

giv
in

g
u
s

I
(z

;n
)≤

I
(z

;x
)−

I
(z

;y|n
).

N
ow

,
sin

ce
y

a
n
d
n

are
in

d
ep

en
d
en

t,
I
(z

;y|n
)≥

I
(z

;y
).

In
fact,

I
(z

;y|n
)

=
H

(y|n
)−

H
(y|z

,n
)

=
H

(y
)−

H
(y|z

,n
)

≥
H

(y
)−

H
(y|z

)
=
I
(y

;z
).

S
u
b
stitu

tin
g

in
th

e
in

eq
u
ality

ab
ove,

an
d

u
sin

g
th

e
fact

th
at
z

is
su

ffi
cien

t,
w

e
fi
n
ally

ob
tain

I
(z

;n
)≤

I
(z

;x
)−

I
(z

;y
)

=
I
(z

;x
)−

I
(x

;y
).

M
o
reover,

let
n

b
e

as
in

L
em

m
a

2.1.
T

h
en

,
sin

ce
x

is
a

d
eterm

in
istic

fu
n
ction

of
y

an
d
n

,
w

e
h
ave

I
(z

;x
)

=
I
(z

;n
,y

)
=
I
(z

;n
)

+
I
(z

;y|n
),

a
n
d

th
erefo

re
I
(z

;n
)

=
I
(z

;x
)−

I
(z

;y|n
)

=
I
(z

;x
)−

I
(x

;y
)−

ε.

w
ith

ε
d
efi

n
ed

a
s

ab
ov

e.
U

sin
g

th
e

su
ffi

cien
cy

of
z
,

th
e

p
rev

iou
s

in
eq

u
ality

for
I
(z

;y|n
),

th
e

D
P

I,
w

e
g
et

th
e

ch
ain

of
in

eq
u
alities

ε
=
I
(z

;y|n
)−

I
(x

;z
)≤

I
(x

;y|n
)−

I
(x

;y
)

≤
H

(y|n
)−

H
(y|n

,z
)−

H
(y

)
+
H

(y|x
)

≤
H

(y
)−

H
(y|n

,z
)−

H
(y

)
+
H

(y|x
)

=
H

(y|x
)−

H
(y|n

,z
)

≤
H

(y|x
)

fro
m

w
h
ich

w
e

ob
tain

th
e

d
esired

b
ou

n
d
s

for
ε.

W
h
ile

th
e

p
ro

of
of

th
e

follow
in

g
th

eorem
is

q
u
ite

sim
p
le,

som
e

clarifi
cation

s
on

th
e

n
o
ta

tio
n

a
re

in
ord

er:
W

e
assu

m
e,

follow
in

g
a

B
ayesian

p
ersp

ective,
th

at
th

e
d
ata

is
g
en

era
ted

b
y

som
e

gen
erative

m
o
d
el
p
(x
,y|θ),

w
h
ere

th
e

p
aram

eters
θ

of
th

e
m

o
d
el

are
sa

m
p
led

fro
m

som
e

(u
n
k
n
ow

n
)

p
rior

p
(θ).

G
iven

th
e

p
aram

eters
θ,

th
e

train
in

g
d
ataset

D
=

(x
,y

)∼
p
(x
,y|θ)

is
com

p
osed

of
i.i.d

.
sam

p
les

from
th

e
u
n
k
n
ow

n
d
istrib

u
tion

p
(x
,y|θ).

T
h
e

o
u
tp

u
t

o
f

th
e

train
in

g
algorith

m
on

th
e

d
atasetD

is
a

(gen
erally

sim
p
le,

e.g.,
n
orm

al
or

lo
g
-n

o
rm

a
l)

d
istrib

u
tion

q(w|x
,y

)
over

th
e

w
eigh

ts.
P

u
ttin

g
every

th
in

g
to

geth
er,

w
e

h
ave

a
w

ell-d
efi

n
ed

join
t

d
istrib

u
tion

p
(x
,y
,θ,w

)
=
p
(θ)p

(x
,y|θ)q(w|x

,y
).
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A
c
h
il
l
e
a
n
d

S
o
a
t
t
o

G
iven

th
e

w
eig

h
ts
w

,
th

e
n
etw

ork
th

en
d
efi

n
es

an
in

feren
ce

d
istrib

u
tion

q(y|x
,w

),
w

h
ich

w
e

k
n
ow

an
d

can
com

p
u
te

ex
p
licitly.

A
n
oth

er
d
istrib

u
tion

,
w

h
ich

in
stead

w
e

d
o

n
ot

k
n
ow

,
is
p
(y|x

,w
),

w
h
ich

is
ob

tain
ed

from
p
(x
,y
,θ,w

)
an

d
ex

p
ress

th
e

op
tim

al
in

feren
ce

w
e

cou
ld

p
erform

on
th

e
lab

els
y

u
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g
th

e
in

form
ation

con
tain

ed
in

th
e

w
eigh

ts.
In

a
w

ell
train

ed
n
etw

ork
,

w
e

w
an

t
th

e
d
istrib

u
tion

ap
p
rox

im
ated

b
y

th
e

n
etw

ork
to

m
atch

th
e

op
tim

al
d
istrib

u
tion

q(y|x
,w

)
=
p
(y|x

,w
).

F
in

ally,
recall

th
at

th
e

con
d
ition

al
en

trop
y

is
d
efi

n
ed

as

H
p (y|z

)
:=

E
y
,z∼

p
(y
,z

) [−
log

p
(y|z

)],

w
h
ere

z
can

b
e

on
e

ran
d
om

variab
le

or
a

tu
p
le

of
ra

n
d
om

varia
b
les.

W
h
en

n
ot

sp
ecifi

ed
,

it
is

assu
m

ed
th

at
th

e
cross-en

trop
y

is
com

p
u
ted

w
ith

resp
ect

to
u
n
k
n
ow

n
u
n
d
erly

in
g

d
ata

d
istrib

u
tion

p
(x
,y
,w
,θ).

S
im

ilarly,
th

e
con

d
ition

al
cross-en

trop
y

is
d
efi

n
ed

as

H
p
,q (y|z

)
:=

E
y
,z∼

p
(y
,z

) [−
log

q(y|z
)]

=
E
y
,z∼

p
(y
,z

) [−
log

p
(y|z

)]+
E
y
,z∼

p
(y
,z

) [log
p
(y|z

)

q(y|z
)
]

=
H
p (y|z

)
+

E
z∼
p
(z

) K
L

(
p
(y|z

)‖
q(y|z

)
).

P
ro

p
o
sitio

n
C

.3
(In

fo
rm

a
tio

n
D

e
c
o
m

p
o
sitio

n
)

L
et
D

=
(x
,y

)
d
en

o
te

th
e

tra
in

in
g

d
a
ta

set,
th

en
fo

r
a
n

y
tra

in
in

g
p
roced

u
re,

w
e

h
a
ve

H
p
,q (y|x

,w
)

=
H

(y|x
,θ)+

I
(θ;y|x

,w
)+

E
x
,w

K
L

(
p
(y|x

,w
)‖
q(y|x

,w
)

)−
I
(y

;w|x
,θ).

(8)

P
ro

o
f

R
ecall

th
at

cross-en
trop

y
can

b
e

w
ritten

as

H
p
,q (y|x

,w
)

=
H
p (y|x

,w
)

+
E
x
,w

K
L

(
p
(y|x

,w
)‖
q(y|x

,w
)

),

so
w

e
on

ly
h
av

e
to

p
rov

e
th

at

H
p (y|x

,w
)

=
H
p (y|x

,θ)
+
I
(y

;θ|x
,w

)−
I
(y

;w|x
,θ),

w
h
ich

is
easily

d
on

e
u
sin

g
th

e
follow

in
g

id
en

tities:

I
(y

;θ|x
,w

)
=
H
p (θ,y|w

)−
H
p (y|θ,x

,w
),

I
(y

;w|x
,θ)

=
H
p (y|x

,θ)−
H
p (y|x

,θ,w
).

P
ro

p
o
sitio

n
C

.4
(In

fo
rm

a
tio

n
in

th
e

w
e
ig

h
ts)

U
n

d
er

th
e

p
revio

u
s

m
od

elin
g

a
ssu

m
p
-

tio
n

s,
th

e
u

p
per-bo

u
n

d
to

th
e

in
fo

rm
a
tio

n
th

a
t

th
e

w
eigh

ts
co

n
ta

in
a
bo

u
t

th
e

d
a
ta

set
is

I
(w

;D
)≤

Ĩ
(w

;D
)

=
−

12

d
im

(w
)

∑i=
1

log
α
i
+
C
,

w
h
ere

th
e

co
n

sta
n

t
C

is
a
rbitra

ry
d
u

e
to

th
e

im
p
ro

per
p
rio

r.
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)
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Ĩ
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)
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(
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)
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w
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p
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(
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)
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=

K
L
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N
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if
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L
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n
if

or
m
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)
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of
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e
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an
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b
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co
n
st

an
t.

P
ro

p
o
si
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o
n

C
.5

(F
la

t
m

in
im

a
h

a
v
e

lo
w

in
fo

rm
a
ti

o
n

)
L

et
ŵ

be
a

lo
ca

l
m

in
im

u
m

o
f

th
e

cr
o
ss

-e
n

tr
o
p
y

lo
ss
H
p
,q

(y
|x
,w

),
a
n

d
le

t
H

be
th

e
H

es
si

a
n

a
t

th
a
t

po
in

t.
T

h
en

,
fo

r
th

e
o
p
ti

m
a
l

ch
o
ic

e
o
f

th
e

po
st

er
io

r
w
|D

=
ε
�
ŵ

ce
n

te
re

d
a
t
ŵ

th
a
t

o
p
ti

m
iz

es
th

e
IB

L
a
gr

a
n

gi
a
n

,
w

e
h
a
ve

I
(w

;D
)
≤
Ĩ
(w

;D
)
≤

1 2
K

[l
og
‖w
‖2 2

+
lo

g
‖H
‖ ∗
−
K

lo
g
(K

2
β
/2

)]

w
h
er

e
K

=
d
im

(w
)

a
n

d
‖·
‖ ∗

d
en

o
te

s
th

e
n

u
cl

ea
r

n
o
rm

.

P
ro

o
f

F
ir

st
,

w
e

sw
it

ch
to

a
lo

ga
ri

th
m

ic
p
ar

am
et

ri
za

ti
o
n

of
th

e
w

ei
gh

ts
,

a
n
d

le
t
h

:=
lo

g
|w
|

(w
e

ca
n

ig
n
or

e
th

e
si

gn
of

th
e

w
ei

gh
ts

si
n
ce

it
is

lo
ca

ll
y

co
n
st

an
t)

.
In

th
is

p
ar

am
et

ri
za

ti
on

,
w

e
ca

n
ap

p
ro

x
im

at
e

th
e

IB
L

ag
ra

n
gi

an
to

se
co

n
d

or
d
er

as

L
=
E h
∼
p
(h
|D

)[
H

0
+

[(
h
−
h

0
)
�
w

]T
H

[(
h
−
h

0
)
�
w

]
−
β 2

∑ i

lo
g
α
i

w
h
er

e
H

0
=
H

(y
|x
,ŵ

).
N

ow
,

n
ot

ic
e

th
at

si
n
ce
q(
w
|D

)
is

a
lo

g-
n
or

m
al

d
is

tr
ib

u
ti

on
,

w
e

h
av

e
q(
h
|D

)
∼
N

(h
0
,α

).
6

T
h
er

ef
or

e,
ca

n
co

m
p
u
te

th
e

ex
p

ec
ta

ti
on

ex
ac

tl
y

as

L
=
H

0
+

d
im

(w
)

∑ i=
1

α
iw

2 i
H
ii
−
β 2

∑ i

lo
g
α
i.

O
p
ti

m
iz

in
g

w
.r

.t
.
α
i

w
e

ge
t

α
i

=
β

2w
2 i
H
ii
,

6
.

N
o
te

th
a
t

fo
r

si
m

p
li

ci
ty

w
e

h
av

e
ig

n
o
re

d
th

e
o
ff

se
t
α
/
2

in
th

e
m

ea
n

o
f

th
e

lo
g
-n

o
rm

a
l

d
is

tr
ib

u
ti

o
n

.
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w
e

h
av

e Ĩ
(w
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)

=
−

1 2

∑ i

lo
g
α
i

=
1 2

∑ i

lo
g
(w

2 i
)

+
lo

g
(H

ii
)
−

lo
g
(β
/2

).

F
in

al
ly

,
b
y

J
en

se
n
’s

in
eq

u
al

it
y,

w
e

h
av

e

Ĩ
(w

;D
)
≤

1 2
K

[l
og

(∑

i

w
2 i
)

+
lo

g
(∑

i

H
ii

)
−

lo
g
(K

2
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=
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K
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og
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lo
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(‖
H
‖ ∗
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−

lo
g
(K

2
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w

e
w

an
te
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.

P
ro

p
o
si

ti
o
n

C
.6

L
et
z

=
W
x

,
a
n

d
a
ss

u
m

e
a
s

be
fo

re
W

=
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Ŵ
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w

it
h
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lo
g
N
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α
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2
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F
u

rt
h
er
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ss

u
m

e
th
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t

th
e

m
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o
f
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a
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d
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p
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h
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e
fo

r
la

rg
e
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th

e
C

en
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a
l

L
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it
T

h
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m

).
T

h
en
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I
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;x
)

+
T

C
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d
im
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E x
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g
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iŴ
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Ŵ
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iŴ
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e
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te
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e
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o
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a
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−
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.
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+
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n

o
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n
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o
f
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w
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gh
t
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F
ir

st
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d
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th
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ca
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ro
w

ve
ct

or
.
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at
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ŵ
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ŵ
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ŵ
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ŵ
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ŵ
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iŵ
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iŵ
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ŵ
·C

ov
(x

)ŵ
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w
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b
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=
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=
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(ŵ
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ŵ
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Ŵ
,

w
h
ere

ε
i,j ∼

lo
gN

(−
α
/2,α

);
a
ssu

m
e

th
a
t

th
e

co
m

po
n

en
ts

o
f
x

a
re

u
n

co
rrela

ted
,

a
n

d
th

a
t

th
eir

ku
rto

sis
is

u
n

ifo
rm

ly
bo

u
n

d
ed

.
T

h
en

,
th

ere
is

a
strictly

in
crea

sin
g

fu
n

ctio
n
g
(α

)
s.t.

w
e

h
a
ve

th
e

u
n

ifo
rm

bo
u

n
d

g
(α

)≤
I
(x

;z
)

+
T
C

(z
)

d
im

(z
)

≤
g
(α

)
+
c,

w
h
ere

c
=
O

(1/
d
im

(x
))
≤

1,
g
(α

)
=

log
(1−

e −
α
)/

2
a
n

d
α

is
rela

ted
to
I
(w

;D
)

by
α

=
ex

p{−
I
(W

;D
)/

d
im

(W
)}

.
In

pa
rticu

la
r,
I
(x

;z
)
+
T
C

(z
)

is
tigh

tly
bo

u
n

d
ed

by
I
(W

;D
)

a
n

d
in

crea
ses

strictly
w

ith
it.

P
ro

o
f

T
o

sim
p
lify

th
e

n
otation

w
e

d
o

th
e

case
d
im
z

=
1,

th
e

g
en

eral
case

b
ein

g
id

en
tical.

L
et
w

:=
W

b
e

th
e

on
ly

row
of
W

.
F

irst
n
otice

th
at,

sin
ce
x

is
u
n
correlated

,
w

e
h
av

e

ŵ
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ŵ

2i ŵ
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n

ro
bu

st
ne

ss
lit

er
-

at
ur

e
re

-c
as

ts
de

riv
at

iv
es

w
ith

re
sp

ec
t

to
hy

pe
rp

ar
am

et
er

s
as

po
st

er
io

r
co

va
ri

an
ce

s
th

at
ca

n
be

ca
lc

ul
at

ed
w

ith
M

C
M

C
.I

n
or

de
r

to
pr

ov
id

e
co

va
ri

an
ce

es
tim

at
es

fo
r

M
FV

B
,w

e
tu

rn
th

is
id

ea
on

its
he

ad
an

d
us

e
th

e
se

ns
iti

vi
ty

of
M

FV
B

po
st

er
io

re
xp

ec
ta

tio
ns

to
es

tim
at

e
th

ei
rc

ov
ar

ia
nc

es
.T

he
se

se
ns

iti
vi

ty
-b

as
ed

co
va

ri
an

ce
es

tim
at

es
ar

e
re

fe
rr

ed
to

as
“l

in
ea

rr
es

po
ns

e”
es

tim
at

es
in

th
e

st
at

is
tic

al
m

ec
ha

ni
cs

lit
er

at
ur

e
(O

pp
er

an
d

Sa
ad

,
20

01
),

so
w

e
re

fe
r

to
th

em
he

re
as

lin
ea

r
re

sp
on

se
va

ri
at

io
na

lB
ay

es
(L

RV
B

)
co

va
ri

an
ce

s.
A

dd
iti

on
al

ly
,w

e
de

riv
e

st
ra

ig
ht

fo
rw

ar
d

M
FV

B
ve

rs
io

ns
of

hy
pe

rp
ar

am
et

er
se

ns
iti

vi
ty

m
ea

su
re

s
fr

om
th

e
B

ay
es

ia
n

ro
bu

st
ne

ss
lit

er
at

ur
e.

U
nd

er
th

e
as

su
m

pt
io

n
th

at
th

e
po

st
er

io
rm

ea
ns

of
in

te
re

st
ar

e
w

el
l-

es
tim

at
ed

by
M

FV
B

fo
ra

ll
th

e
pe

rt
ur

ba
tio

ns
of

in
te

re
st

,w
e

es
ta

bl
is

h
th

at
L

RV
B

pr
ov

id
es

a
go

od
es

tim
at

e
of

lo
ca

ls
en

si
tiv

iti
es

.I
n

ou
re

xp
er

-
im

en
ts

,w
e

co
m

pa
re

L
RV

B
es

tim
at

es
to

M
C

M
C

,M
FV

B
,a

nd
L

ap
la

ce
po

st
er

io
ra

pp
ro

xi
m

at
io

ns
.W

e
fin

d
th

at
th

e
L

RV
B

co
va

ri
an

ce
s,

un
lik

e
th

e
M

FV
B

an
d

L
ap

la
ce

ap
pr

ox
im

at
io

ns
,m

at
ch

th
e

M
C

M
C

ap
pr

ox
im

at
io

ns
cl

os
el

y
w

hi
le

st
ill

be
in

g
co

m
pu

te
d

ov
er

an
or

de
ro

fm
ag

ni
tu

de
m

or
e

qu
ic

kl
y

th
an

M
C

M
C

.
In

Se
ct

io
n

2
w

e
fir

st
di

sc
us

s
th

e
ge

ne
ra

lr
el

at
io

ns
hi

p
be

tw
ee

n
B

ay
es

ia
n

se
ns

iti
vi

ty
an

d
po

st
er

io
r

co
va

ri
-

an
ce

an
d

th
en

de
fin

e
lo

ca
l

ro
bu

st
ne

ss
an

d
se

ns
iti

vi
ty

.
N

ex
t,

in
Se

ct
io

n
3,

w
e

in
tr

od
uc

e
V

B
an

d
de

riv
e

th
e

lin
ea

r
sy

st
em

fo
r

th
e

M
FV

B
lo

ca
ls

en
si

tiv
ity

es
tim

at
es

.
In

Se
ct

io
n

4,
w

e
sh

ow
ho

w
to

us
e

th
e

M
FV

B
lo

ca
l

se
ns

iti
vi

ty
re

su
lts

to
es

tim
at

e
co

va
ri

an
ce

s
an

d
ca

lc
ul

at
e

ca
no

ni
ca

lB
ay

es
ia

n
hy

pe
rp

ar
am

et
er

se
ns

iti
vi

ty
m

ea
-

su
re

s.
Fi

na
lly

,i
n

Se
ct

io
n

5,
w

e
de

m
on

st
ra

te
th

e
sp

ee
d

an
d

ef
fe

ct
iv

en
es

so
fo

ur
m

et
ho

ds
w

ith
si

m
pl

e
si

m
ul

at
ed

da
ta

,a
n

ap
pl

ic
at

io
n

of
au

to
m

at
ic

di
ff

er
en

tia
tio

n
va

ri
at

io
na

li
nf

er
en

ce
(A

D
V

I)
,a

nd
a

la
rg

e-
sc

al
e

in
du

st
ry

da
ta

se
t.

2.
B

ay
es

ia
n

C
ov

ar
ia

nc
es

an
d

Se
ns

iti
vi

ty
2.

1
L

oc
al

Se
ns

iti
vi

ty
an

d
R

ob
us

tn
es

s

D
en

ot
e

an
un

kn
ow

n
m

od
el

pa
ra

m
et

er
by

th
e

ve
ct

or
θ
∈
R
K

,a
ss

um
e

a
do

m
in

at
in

g
m

ea
su

re
fo

rθ
on

R
K

gi
ve

n
by
λ

,a
nd

de
no

te
ob

se
rv

ed
da

ta
by
x

.S
up

po
se

th
at

w
e

ha
ve

a
ve

ct
or

-v
al

ue
d

hy
pe

rp
ar

am
et

er
α
∈
A
⊆

R
D

th
at

pa
ra

m
et

er
iz

es
so

m
e

as
pe

ct
s

of
ou

r
m

od
el

.
Fo

r
ex

am
pl

e,
α

m
ig

ht
re

pr
es

en
tp

ri
or

pa
ra

m
et

er
s,

in
w

hi
ch

ca
se

w
e

w
ou

ld
w

ri
te

th
e

pr
io

rd
en

si
ty

w
ith

re
sp

ec
tt

o
λ

as
p

(θ
|α

),
or

it
m

ig
ht

pa
ra

m
et

er
iz

e
a

cl
as

s
of

lik
el

ih
oo

ds
,

in
w

hi
ch

ca
se

w
e

co
ul

d
w

ri
te

th
e

lik
el

ih
oo

d
as
p

(x
|θ
,α

).
W

ith
ou

tl
os

s
of

ge
ne

ra
lit

y,
w

e
w

ill
in

cl
ud

e
α

in
th

e
de

fin
iti

on
of

bo
th

th
e

pr
io

ra
nd

lik
el

ih
oo

d.
Fo

rt
he

m
om

en
t,

le
tp
α

(θ
)

de
no

te
th

e
po

st
er

io
rd

en
si

ty
of
θ

gi
ve

n
x

an
d
α

,a
s

gi
ve

n
by

B
ay

es
’

T
he

or
em

(t
hi

s
de

fin
iti

on
of
p
α

(θ
)

w
ill

be
a

sp
ec

ia
l

ca
se

of
th

e
m

or
e

ge
ne

ra
l

D
efi

ni
tio

n
2

be
lo

w
):

p
α

(θ
)

:=
p

(θ
|x
,α

)
=

p
(x
|θ
,α

)
p

(θ
|α

)
∫
p

(x
|θ′
,α

)
p

(θ
′ |α

)
λ

(d
θ′

)
=
p

(x
|θ
,α

)
p

(θ
|α

)

p
(x
|α

)
.

W
e

w
ill

as
su

m
e

th
at

w
e

ar
e

in
te

re
st

ed
in

a
po

st
er

io
r

ex
pe

ct
at

io
n

of
so

m
e

fu
nc

tio
n
g

(θ
)

(e
.g

.,
a

pa
ra

m
et

er
m

ea
n,

a
po

st
er

io
r

pr
ed

ic
tiv

e
va

lu
e,

or
sq

ua
re

d
lo

ss
):

E p
α

[g
(θ

)]
.

In
th

e
cu

rr
en

t
w

or
k,

w
e

w
ill

qu
an

tif
y

th
e

un
ce

rt
ai

nt
y

of
g

(θ
)

by
th

e
po

st
er

io
r

va
ri

an
ce

,V
ar
p
α

(g
(θ

))
.

O
th

er
m

ea
su

re
s

of
ce

nt
ra

lt
en

de
nc

y
(e

.g
.,

po
st

er
io

r
m

ed
ia

ns
)

or
un

ce
rt

ai
nt

y
(e

.g
.,

po
st

er
io

r
qu

an
til

es
)

m
ay

al
so

be
go

od
ch

oi
ce

s
bu

t
ar

e
be

yo
nd

th
e

sc
op

e
of

th
e

cu
rr

en
tw

or
k.
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C
O

V
A

R
IA

N
C

E
S,R

O
B

U
S

T
N

E
S

S,
A

N
D

V
A

R
IA

T
IO

N
A

L
B

A
Y

E
S

N
ote

the
dependence

of
E
p
α

[g
(θ)]

on
both

the
likelihood

and
prior,

and
hence

on
α

,
through

B
ayes’

T
heorem

.T
he

choice
ofa

priorand
choice

ofa
likelihood

are
m

ade
by

the
m

odelerand
are

alm
ostinvariably

a
sim

plified
representation

of
the

real
w

orld.
T

he
choices

are
therefore

to
som

e
extent

subjective,
and

so
one

hopes
thatthe

salientaspects
ofthe

posteriorw
ould

notvary
underreasonable

variation
in

eitherchoice.
C

onsider
the

prior,for
exam

ple.
T

he
process

of
prior

elicitation
m

ay
be

prohibitively
tim

e-consum
ing;tw

o
practitioners

m
ay

have
irreconcilable

subjective
prior

beliefs,
or

the
m

odel
m

ay
be

so
com

plex
and

high-
dim

ensionalthathum
ans

cannotreasonably
express

their
prior

beliefs
as

form
aldistributions.

A
llof

these
circum

stances
m

ightgive
rise

to
a

range
of

reasonable
prior

choices.
A

posterior
quantity

is
“robust”

to
the

priorto
the

extentthatitdoes
notchange

m
uch

w
hen

calculated
underthese

differentpriorchoices.
Q

uantifying
the

sensitivity
of

the
posterior

to
variation

in
the

likelihood
and

prior
is

one
of

the
central

concerns
of

the
field

of
robustB

ayes
(B

erger
etal.,2000).

(W
e

w
illnotdiscuss

the
other

centralconcern,
w

hich
is

the
selection

of
priors

and
likelihoods

thatlead
to

robustestim
ators.)

Suppose
thatw

e
have

deter-
m

ined
thatthe

hyperparam
eter

α
belongs

to
som

e
open

setA
,perhaps

after
expertprior

elicitation.
Ideally,

w
e

w
ould

calculate
the

extrem
a

ofE
p
α

[g
(θ)]

as
α

ranges
over

all
ofA

.
T

hese
extrem

a
are

a
m

easure
of

globalrobustness,and
theircalculation

is
intractable

ordifficultexceptin
specialcases

(M
oreno,2000;H

u-
ber,2011,C

hapter
15).

A
m

ore
practicalalternative

is
to

exam
ine

how
m

uch
E
p
α

[g
(θ)]changes

locally
in

response
to

sm
allperturbations

in
the

value
of
α

near
som

e
tentative

guess,
α
0
∈
A

.
To

this
end

w
e

define
the

localsensitivity
at
α
0

(G
ustafson,2000).

D
efinition

1
The

localsensitivity
ofE

p
α

[g
(θ)]to

hyperparam
eter

α
at
α
0

is
given

by

S
α

0
:=

dE
p
α

[g
(θ)]

d
α

∣∣∣∣α
0

.
(1)

S
α

0 ,the
localsensitivity,can

be
considered

a
m

easure
oflocalrobustness

(G
ustafson,2000).T

hroughoutthe
paper

w
e

w
illdistinguish

betw
een

sensitivity,w
hich

com
prises

objectively
defined

quantities
such

as
S
α

0 ,
and

robustness,w
hich

w
e

treatas
a

m
ore

subjective
conceptthatm

ay
be

inform
ed

by
the

sensitivity
as

w
ell

as
other

considerations.
For

exam
ple,even

if
one

know
s

S
α

0
precisely,how

m
uch

posterior
change

is
too

m
uch

change
and

how
m

uch
priorvariation

is
reasonable

rem
ain

decisions
to

be
m

ade
by

the
m

odeler.Fora
m

ore
in-depth

discussion
ofhow

w
e

use
the

term
s

sensitivity
and

robustness,see
A

ppendix
C

.
T

he
quantity

S
α

0
can

be
interpreted

as
m

easuring
sensitivity

to
hyperparam

eters
w

ithin
a

sm
allregion

near
α

=
α
0

w
here

the
posteriordependence

on
α

is
approxim

ately
linear.T

hen
localsensitivity

provides
an

approxim
ation

to
globalsensitivity

in
the

sense
that,to

firstorder,

E
p
α

[g
(θ)]≈

E
p
α
0

[g
(θ)]+

S
ᵀα

0
(α
−
α
0 )
.

G
enerally,the

dependence
ofE

p
α

[g
(θ)]on

α
is

notgiven
in

any
closed

form
thatis

easy
to

differentiate.
H

ow
ever,as

w
e

w
illnow

see,the
derivative

S
α

0
is

equal,under
m

ild
regularity

conditions,to
a

particular
posteriorcovariance

thatcan
easily

be
estim

ated
w

ith
M

C
M

C
draw

s.

2.2
C

ovariancesand
Sensitivity

W
e

w
illfirststate

a
generalresultrelating

sensitivity
and

covariance
and

then
apply

itto
ourspecific

cases
of

interestas
they

arise
throughoutthe

paper,beginning
w

ith
the

calculation
of

S
α

0
from

Section
2.1.C

onsider
a

generalbase
density

p
0

(θ)
defined

relative
to
λ

and
define

ρ
(θ,α

)
to

be
a
λ-m

easurable
log

perturbation
function

thatdepends
on
α
∈
A
⊆

R
D

.W
e

w
illrequire

the
follow

ing
m

ild
technicalassum

ption:

A
ssum

ption
1

For
all

α
∈
A

,
ρ

(θ,α
)

is
continuously

differentiable
w

ith
respectto

α
,and,for

a
given

λ-
m

easurable
g

(θ)
there

exist
λ-integrable

functions
f
0

(θ)
and

f
1

(θ)
such

that|p
0

(θ)
ex

p
(ρ

(θ,α
))
g

(θ)|
<

f
0

(θ)
and|p

0
(θ)

ex
p

(ρ
(θ,α

))|
<
f
1

(θ).

U
nder

A
ssum

ption
1

w
e

can
norm

alize
the

log-perturbed
quantity

p
0

(θ)
ex

p
(ρ

(θ,α
))

to
geta

density
in
θ

w
ith

respectto
λ.
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G
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R
D

A
N

O
,B

R
O

D
E

R
IC

K
,

A
N

D
JO

R
D

A
N

D
efinition

2
D

enote
by
p
α

(θ)
the

norm
alized

posterior
given

α
:

p
α

(θ)
:=

p
0

(θ)
ex

p
(ρ

(θ,α
))

∫
p
0

(θ ′)
ex

p
(ρ

(θ ′,α
))
λ

(d
θ ′)
.

(2)

For
exam

ple,
p
α

(θ)
defined

in
Section

2.1
is

equivalent
to

taking
p
0

(θ)
=

p
(θ|x

,α
0 )

and
ρ

(θ,α
)

=
log

p
(x|θ,α

)
+

log
p

(θ|α
)−

lo
g
p

(x|θ,α
0 )−

lo
g
p

(θ|α
0 ).

Fora
λ-m

easurable
function

g
(θ),considerdifferentiating

the
expectation

E
p
α

[g
(θ)]w

ith
respectto

α
:

dE
p
α

[g
(θ)]

d
α
ᵀ

:=
dd
α

∫
p
α

(θ)
g

(θ)
λ

(d
θ)
.

(3)

W
hen

evaluated
atsom

e
α
0
∈
A

,this
derivative

m
easures

the
localsensitivity

ofE
p
α

[g
(θ)]to

the
index

α
at
α
0 .

D
efineA

0
⊆
A

to
be

an
open

ballcontaining
α
0 .

U
nder

A
ssum

ption
1

w
e

assum
e

w
ithoutloss

of
generality

that
ρ

(θ,α
0 )≡

0
so

that
p
0

(θ)
=
p
α

0
(θ);if

ρ
(θ,α

0 )
is

non-zero,w
e

can
sim

ply
incorporate

it
into

the
definition

of
p
0

(θ).T
hen,underA

ssum
ption

1,the
derivative

in
E

q.(3)is
equivalentto

a
particular

posteriorcovariance.

T
heorem

1
U

nder
A

ssum
ption

1
,

dE
p
α

[g
(θ)]

d
α
ᵀ

∣∣∣∣α
0

=
C

ov
p
0 (

g
(θ)

,
∂
ρ

(θ,α
)

∂
α

∣∣∣∣α
0 )

.
(4)

T
heorem

1
is

a
straightforw

ard
consequence

ofthe
L

ebesgue
dom

inated
convergence

theorem
;see

A
ppendix

A
fora

detailed
proof.V

ersionsofT
heorem

1
have

appeared
m

any
tim

esbefore;e.g.,D
iaconisand

Freedm
an

(1986);B
asu

etal.(1996);G
ustafson

(1996b);Pérez
etal.(2006)

have
contributed

variants
of

this
resultto

the
robustness

literature.
B

y
using

M
C

M
C

draw
s

from
p
0 (θ)

to
calculate

the
covariance

on
the

right-hand
side

of
E

q.(4),
one

can
form

an
estim

ate
of
dE

p
α

[g
(θ)]/d

α
ᵀ

at
α

=
α
0 .

O
ne

m
ightalso

approach
the

problem
of

calculating
dE

p
α

[g
(θ)]/d

α
ᵀ

using
im

portance
sam

pling
as

follow
s

(O
w

en,
2013,

C
hapter

9).
First,

an
im

portance
sam

pling
estim

ate
of

the
dependence

ofE
p
α

[g
(θ)]on

α
can

be
constructed

w
ith

w
eights

thatdepend
on
α

.
T

hen,differentiating
the

w
eights

w
ith

respectto
α

provides
a

sam
ple-based

estim
ate

of
dE

p
α

[g
(θ)]/

d
α
ᵀ.

W
e

show
in

A
ppendix

B
thatthis

im
portance

sam
pling

approach
is

equivalentto
using

M
C

M
C

sam
ples

to
estim

ate
the

covariance
in

T
heorem

1.
A

n
im

m
ediate

corollary
ofT

heorem
1

allow
s

us
to

calculate
S
α

0
as

a
covariance.

C
orollary

1
Suppose

thatA
ssum

ption
1

holds
for

som
e
α
0 ∈
A

,som
e
g

(θ),and
for

ρ
(θ,α

)
=

lo
g
p

(x|θ,α
)

+
log

p
(θ|α

)−
log

p
(x|θ,α

0 )−
lo

g
p

(θ|α
0 )
.

Then
Theorem

1
im

plies
that

S
α

0
=

C
ov
p
0 (

g
(θ)

,
∂
ρ

(θ,α
)

∂
α

∣∣∣∣α
0 )

.
(5)

C
orollary

1
can

be
found

in
B

asu
et

al.(1996),in
w

hich
a

version
of

C
orollary

1
is

stated
in

the
proof

of
their

T
heorem

1,as
w

ellas
in

Pérez
etal.(2006)

and
E

fron
(2015).

N
ote

thatthe
definition

of
ρ

(θ,α
)

does
not

contain
any

norm
alizing

constants
and

so
can

typically
be

easily
calculated.

G
iven

N
s

M
C

M
C

draw
s

{θ
n }
N
s

n
=
1

from
a

chain
thatw

e
assum

e
to

have
reached

equilibrium
atthe

stationary
distribution

p
0

(θ),one
can

calculate
an

estim
ate

of
S
α

0
using

the
sam

ple
covariance

version
ofE

q.(4):

Ŝ
α

0
:=

1N
s

N
s

∑n
=
1

g
(θ
n
)
∂
ρ

(θ
n
,α

)

∂
α

∣∣∣∣α
0 −

(
1N
s

N
s

∑n
=
1

g
(θ
n
) )
(

1N
s

N
s

∑n
=
1

∂
ρ

(θ
n
,α

)

∂
α

∣∣∣∣α
0 )

(6)

for
θ
n
∼
p
0

(θ)
,

w
here

n
=

1,...,N
s .
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C
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R
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S
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S
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N
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V
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R
IA

T
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N
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L
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A
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E
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3.
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n
C

ov
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es
an

d
Se

ns
iti

vi
ty

3.
1

Va
ri

at
io

na
lB

ay
es

W
e

br
ie

fly
re

vi
ew

va
ri

at
io

na
l

B
ay

es
an

d
st

at
e

ou
r

ke
y

as
su

m
pt

io
ns

ab
ou

t
its

ac
cu

ra
cy

.
W

e
w

is
h

to
fin

d
an

ap
pr

ox
im

at
e

di
st

ri
bu

tio
n,

in
so

m
e

cl
as

s
Q

of
tr

ac
ta

bl
e

di
st

ri
bu

tio
ns

,s
el

ec
te

d
to

m
in

im
iz

e
th

e
K

ul
lb

ac
k-

L
ei

bl
er

di
ve

rg
en

ce
(K

L
di

ve
rg

en
ce

)b
et

w
ee

n
q
∈
Q

an
d

th
e

ex
ac

tl
og

-p
er

tu
rb

ed
po

st
er

io
rp
α

.W
e

as
su

m
e

th
at

di
st

ri
bu

tio
ns

in
Q

ar
e

pa
ra

m
et

er
iz

ed
by

a
fin

ite
-d

im
en

si
on

al
pa

ra
m

et
er
η

in
so

m
e

fe
as

ib
le

se
tΩ

η
⊆

R
K
η
.

D
efi

ni
tio

n
3

Th
e

ap
pr

ox
im

at
in

g
va

ri
at

io
na

lf
am

ily
is

gi
ve

n
by

Q
:=

{q
:
q

=
q

(θ
;η

)
fo

r
η
∈

Ω
η
}.

(7
)

G
iv

en
Q

,
w

e
de

fin
e

th
e

op
tim

al
q
∈
Q

,
w

hi
ch

w
e

ca
ll
q α

(θ
),

as
th

e
di

st
ri

bu
tio

n
th

at
m

in
im

iz
es

th
e

K
L

di
ve

rg
en

ce
K
L

(q
(θ

;η
)
||p

α
(θ

))
fr

om
p
α

(θ
).

W
e

de
no

te
th

e
co

rr
es

po
nd

in
g

op
tim

al
va

ri
at

io
na

lp
ar

am
et

er
s

as
η
∗ .

D
efi

ni
tio

n
4

Th
e

va
ri

at
io

na
la

pp
ro

xi
m

at
io

n
q α

(θ
)

to
p
α

(θ
)

is
de

fin
ed

by

q α
(θ

)
:=

q
(θ

;η
∗ )

:=
ar

gm
in
q
∈Q
{K

L
(q

(θ
;η

)
||p

α
(θ

))
},

(8
)

w
he

re

K
L

(q
(θ

;η
)
||p

α
(θ

))
=

E q
(θ

;η
)
[l
o
g
q

(θ
;η

)
−

lo
g
p
α

(θ
)]
.

In
th

e
K

L
di

ve
rg

en
ce

,t
he

(g
en

er
al

ly
in

tr
ac

ta
bl

e)
no

rm
al

iz
in

g
co

ns
ta

nt
fo

r
p
α

(θ
)

do
es

no
td

ep
en

d
on

q
(θ

)
an

d
so

ca
n

be
ne

gl
ec

te
d

w
he

n
op

tim
iz

in
g.

In
or

de
r

fo
r

th
e

K
L

di
ve

rg
en

ce
to

be
w

el
l

de
fin

ed
,

w
e

as
su

m
e

th
at

bo
th
p
0

(θ
)

an
d
q

(θ
)

ar
e

gi
ve

n
w

ith
re

sp
ec

tt
o

th
e

sa
m

e
ba

se
m

ea
su

re
,λ

,a
nd

th
at

th
e

su
pp

or
to

fq
(θ

)
is

co
nt

ai
ne

d
in

th
e

su
pp

or
to

fp
α

(θ
).

W
e

w
ill

re
qu

ir
e

so
m

e
ad

di
tio

na
lm

ild
re

gu
la

ri
ty

co
nd

iti
on

s
in

Se
ct

io
n

3.
2

be
lo

w
.

A
co

m
m

on
ch

oi
ce

fo
rt

he
ap

pr
ox

im
at

in
g

fa
m

ily
Q

in
E

q.
(7

)i
s

th
e

“m
ea

n
fie

ld
fa

m
ily

”
(W

ai
nw

ri
gh

ta
nd

Jo
rd

an
,2

00
8;

B
le

ie
ta

l.,
20

16
),

Q
m
f

:=

{
q

(θ
)

:
q

(θ
)

=
∏ k

q
(θ
k
;η
k
)}

,
(9

)

w
he

re
k

in
de

xe
s

a
pa

rt
iti

on
of

th
e

fu
ll

ve
ct

or
θ

an
d

of
th

e
pa

ra
m

et
er

ve
ct

or
η

.
T

ha
ti

s,
Q
m
f

ap
pr

ox
im

at
es

th
e

po
st

er
io

r
p
α

(θ
)

as
a

di
st

ri
bu

tio
n

th
at

fa
ct

or
iz

es
ac

ro
ss

su
b-

co
m

po
ne

nt
s

of
θ.

T
hi

s
ap

pr
ox

im
at

io
n

is
co

m
m

on
ly

re
fe

rr
ed

to
as

“M
FV

B
,”

fo
r

“m
ea

n
fie

ld
va

ri
at

io
na

lB
ay

es
.”

N
ot

e
th

at
,i

n
ge

ne
ra

l,
ea

ch
fu

nc
tio

n
q

(θ
k
;η
k
)

in
th

e
pr

od
uc

t
is

di
ff

er
en

t.
Fo

r
no

ta
tio

na
l

co
nv

en
ie

nc
e

w
e

w
ri

te
q

(θ
k
;η
k
)

in
st

ea
d

of
q k

(θ
k
;η
k
)

w
he

n
th

e
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m

en
ts

m
ak

e
it
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ea

r
w

hi
ch

fu
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tio
n

w
e

ar
e
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fe

rr
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g
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uc

h
as

th
e

sa
m

e
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m
bo
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is
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o
m
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y
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er
en
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ro
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lit
y

di
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ri
bu

tio
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w
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al
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de

xi
ng

.
O

ne
m

ay
ad

di
tio

na
lly

as
su

m
e

th
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th
e

co
m

po
ne

nt
s
q

(θ
k
;η
k
)

ar
e
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a
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en
ie

nt
ex

po
ne
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l
fa

m
ily

.
A

lth
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e
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m

pt
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n
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n
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ra
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m
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r
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w
e

w
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re
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o
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th
e

fa
ct

or
iz

at
io

n
an

d
th

e
ex

po
ne

nt
ia

lf
am

ily
as

su
m

pt
io

n
as

M
FV

B
.

In
an

M
FV

B
ap

pr
ox

im
at

io
n,

Ω
η

co
ul

d
be

a
st

ac
ke

d
ve

ct
or

of
th

e
na

tu
ra

lp
ar

am
et

er
s

of
th

e
ex

po
ne

nt
ia

l
fa

m
ili

es
,

or
th

e
m

om
en

t
pa

ra
m

et
er

iz
at

io
n,

or
pe

rh
ap

s
a

tr
an

sf
or

m
at

io
n

of
th

es
e

pa
ra

m
et

er
s

in
to

an
un

co
n-

st
ra

in
ed

sp
ac

e
(e

.g
.,

th
e

en
tr

ie
s

of
th

e
lo

g-
C

ho
le

sk
y

de
co

m
po

si
tio

n
of

a
po

si
tiv

e
de

fin
ite

in
fo

rm
at

io
n

m
at

ri
x)

.
Fo

r
m

or
e

co
nc

re
te

ex
am

pl
es

,
se

e
Se

ct
io

n
5.

A
lth

ou
gh

al
l

of
ou

r
ex

pe
ri

m
en

ts
an

d
m

uc
h

of
ou

r
m

ot
iv

at
in

g
in

tu
iti

on
w

ill
us

e
M

FV
B

,o
ur

re
su

lts
ex

te
nd

to
ot

he
rc

ho
ic

es
of
Q

th
at

sa
tis

fy
th

e
ne

ce
ss

ar
y

as
su

m
pt

io
ns

.
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9(

51
):

1-
49

, 2
01

8

G
IO

R
D

A
N

O
,B

R
O

D
E

R
IC

K
,A

N
D

JO
R

D
A

N

3.
2

Va
ri

at
io

na
lB

ay
es

se
ns

iti
vi

ty

Ju
st

as
M

C
M

C
ap

pr
ox

im
at

io
ns

le
nd

th
em

se
lv

es
to

m
om

en
tc

al
cu

la
tio

ns
,t

he
va

ri
at

io
na

lf
or

m
of

V
B

ap
pr

ox
i-

m
at

io
ns

le
nd

s
its

el
ft

o
se

ns
iti

vi
ty

ca
lc

ul
at

io
ns

.I
n

th
is

se
ct

io
n

w
e

de
riv

e
th

e
se

ns
iti

vi
ty

of
V

B
po

st
er

io
rm

ea
ns

to
ge

ne
ri

c
pe

rt
ur

ba
tio

ns
—

a
V

B
an

al
og

ue
of

T
he

or
em

1.
In

Se
ct

io
n

4
w

e
w

ill
ch

oo
se

pa
rt

ic
ul

ar
pe

rt
ur

ba
tio

ns
to

ca
lc

ul
at

e
V

B
pr

io
rs

en
si

tiv
ity

an
d,

th
ro

ug
h

T
he

or
em

1,
po

st
er

io
rc

ov
ar

ia
nc

es
.

In
D

efi
ni

tio
n

4,
th

e
va

ri
at

io
na

la
pp

ro
xi

m
at

io
n

is
a

fu
nc

tio
n

of
α

th
ro

ug
h

th
e

op
tim

al
pa

ra
m

et
er

s
η
∗

(α
),

i.e
.,
q α

(θ
)

=
q

(θ
,η
∗

(α
))

.
In

tu
rn

,
th

e
po

st
er

io
r

ex
pe

ct
at

io
n
E q

α
[g

(θ
)]

is
al

so
a

fu
nc

tio
n

of
α

,
an

d
its

de
riv

at
iv

e
at
α
0
—

th
e

lo
ca

l
se

ns
iti

vi
ty

of
th

e
va

ri
at

io
na

l
ap

pr
ox

im
at

io
n

to
α

—
ha

s
a

cl
os

ed
fo

rm
un

de
r

th
e

fo
llo

w
in

g
m

ild
te

ch
ni

ca
lc

on
di

tio
ns

.A
s

w
ith

p
0
,d

efi
ne
q 0

:=
q α

0
,a

nd
de

fin
e
η
∗ 0

:=
η
∗

(α
0
).

A
ll

th
e

fo
llo

w
in

g
as

su
m

pt
io

ns
ar

e
in

te
nd

ed
to

ho
ld

fo
ra

gi
ve

n
p
α

(θ
),

ap
pr

ox
im

at
in

g
cl

as
sQ

,λ
-m

ea
su

ra
bl

e
fu

nc
tio

n
g

(θ
),

an
d

to
ho

ld
fo

ra
ll
α
∈
A

0
an

d
al

lη
in

an
op

en
ne

ig
hb

or
ho

od
of
η
∗ 0.

A
ss

um
pt

io
n

2
Th

e
K

L
di

ve
rg

en
ce

at
K
L

(q
(θ

;η
)
||p

0
(θ

))
an

d
ex

pe
ct

ed
lo

g
pe

rt
ur

ba
tio

n
E q

(θ
;η
)
[ρ

(θ
,α

)]
ar

e
tw

ic
e

co
nt

in
uo

us
ly

di
ffe

re
nt

ia
bl

e
in
η

an
d
α

.

A
ss

um
pt

io
n

3
Th

er
e

ex
is

ts
a

st
ri

ct
lo

ca
l

m
in

im
um

,
η
∗

(α
),

of
K
L

(q
(θ

;η
)
||p

α
(θ

))
in

E
q.

(8
)

su
ch

th
at

η
∗

(α
)

is
in

te
ri

or
to

Ω
η
.

A
ss

um
pt

io
n

4
Th

e
ex

pe
ct

at
io

n
E q

(θ
;η
)
[g

(θ
)]

is
a

co
nt

in
uo

us
ly

di
ffe

re
nt

ia
bl

e
fu

nc
tio

n
of
η

.

W
e

de
fin

e
th

e
fo

llo
w

in
g

qu
an

tit
ie

s
fo

rn
ot

at
io

na
lc

on
ve

ni
en

ce
.

D
efi

ni
tio

n
5

D
efi

ne
th

e
fo

llo
w

in
g

de
ri

va
tiv

es
of

va
ri

at
io

na
le

xp
ec

ta
tio

ns
ev

al
ua

te
d

at
th

e
op

tim
al

pa
ra

m
e-

te
rs

:
H
η
η

:=
∂
2
K
L
(q

(θ
;η
)|
|p

0
(θ

))
∂
η
∂
η
ᵀ

∣ ∣ ∣ η=
η
∗ 0

f α
η

:=
∂
2
E q

(
θ
;η

)
[ρ
(θ
,α

)]

∂
α
∂
η
ᵀ

∣ ∣ ∣ η=
η
∗ 0
,α

=
α

0

g
η

:=
∂
E q

(
θ
;η

)
[g
(θ

)]

∂
η
ᵀ

∣ ∣ ∣ η=
η
∗ 0
.

Si
nc

e
g

(θ
),
α

,a
nd
η

ar
e

al
lv

ec
to

rs
,t

he
qu

an
tit

ie
s

H
η
η
,f
α
η
,a

nd
g
η

ar
e

m
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ri
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W

e
ar

e
no

w
re
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to
st

at
e
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V

B
an
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og

ue
of

T
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1.

T
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or
em

2
C

on
si

de
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va
ri

at
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na
la

pp
ro

xi
m

at
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n
q α

(θ
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to
p
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(θ
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gi

ve
n
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efi
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n

4
an

d
a
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e

fu
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n
g
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Th
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,u
nd

er
A
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um

pt
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4
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e
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fin
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s
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ve
n
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efi
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α
[g

(θ
)]

d
α
ᵀ

∣ ∣ ∣ ∣ α
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at
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fo
rm

al
ly

si
m

ila
rt

o
fr

eq
ue

nt
is

ts
en

si
tiv

ity
es

tim
at

es
.F

or
ex

am
pl

e,
th

e
pi

on
ee

ri
ng

pa
pe

ro
fC

oo
k

(1
98

6)
co

nt
ai

ns
a

fo
rm

ul
a

fo
ra

ss
es

si
ng

th
e

cu
rv

at
ur

e
of

a
m

ar
gi

na
ll

ik
el

ih
oo

d
su

rf
ac

e
(C

oo
k,

19
86

,E
qu

at
io

n
15

)t
ha

t,
lik

e
ou

rT
he

or
em

2,
re

pr
es

en
ts

th
e

se
ns

iti
vi

ty
as

a
lin

ea
rs

ys
te

m
in

vo
lv

in
g

th
e

H
es

si
an

of
an

ob
je

ct
iv

e
fu

nc
tio

n
at

its
op

tim
um

.T
he

ge
om

et
ri

c
in

te
rp

re
ta

tio
n

of
lo

ca
lr

ob
us

tn
es

s
su

gg
es

te
d

by
C

oo
k

(1
98

6)
ha

s
be

en
ex

te
nd

ed
to

B
ay

es
ia

n
se

tti
ng

s
(s

ee
,

fo
r

ex
am

pl
e,

Z
hu

et
al

.
(2

00
7,

20
11

))
.

In
ad

di
tio

n
to

ge
ne

ra
lit

y,
on

e
at

tr
ac

tiv
e

as
pe

ct
of

th
ei

r
ge

om
et

ri
c

ap
pr

oa
ch

is
its

in
va

ri
an

ce
to

pa
ra

m
et

er
iz

at
io

n.
In

ve
st

ig
at

in
g

ge
om

et
ri

c
in

te
rp

re
ta

tio
ns

of
th

e
pr

es
en

tw
or

k
m

ay
be

an
in

te
re

st
in

g
av

en
ue

fo
rf

ut
ur

e
re

se
ar

ch
.

3.
3

A
pp

ro
xi

m
at

in
g

w
ith

Va
ri

at
io

na
lB

ay
es

R
ec

al
lt

ha
tw

e
ar

e
ul

tim
at

el
y

in
te

re
st

ed
in

E p
α

[g
(θ

)]
.

V
ar

ia
tio

na
la

pp
ro

xi
m

at
io

ns
an

d
th

ei
r

se
ns

iti
vi

ty
m

ea
-

su
re

s
w

ill
be

us
ef

ul
to

th
e

ex
te

nt
th

at
bo

th
th

e
va

ri
at

io
na

lm
ea

ns
an

d
se

ns
iti

vi
tie

s
ar

e
cl

os
e

to
th

e
ex

ac
tm

ea
ns

an
d

se
ns

iti
vi

tie
s.

W
e

fo
rm

al
iz

e
th

es
e

de
si

de
ra

ta
as

fo
llo

w
s.
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C
O

V
A

R
IA

N
C

E
S,R

O
B

U
S

T
N

E
S

S,
A

N
D

V
A

R
IA

T
IO

N
A

L
B

A
Y

E
S

C
ondition

1
U

nder
A

ssum
ptions

1–4
and

the
quantities

defined
therein,w

e
additionally

have,for
all
α
∈
A

,

E
q
α

[g
(θ)]≈

E
p
α

[g
(θ)]

and
(11)

dE
q
α

[g
(θ)]

d
α
ᵀ

∣∣∣∣α
0 ≈

dE
p
α

[g
(θ)]

d
α
ᵀ

∣∣∣∣α
0

(12)

W
e

w
ill

not
attem

pt
to

be
precise

about
w

hat
w

e
m

ean
by

the
“approxim

ately
equal”

sign,
since

w
e

are
notaw

are
of

any
practicaltools

for
evaluating

quantitatively
w

hether
C

ondition
1

holds
other

than
running

both
V

B
and

M
C

M
C

(or
som

e
other

slow
butaccurate

posterior
approxim

ation)
and

com
paring

the
results.

H
ow

ever,V
B

has
been

usefulin
practice

to
the

extentthatC
ondition

1
holds

true
foratleastsom

e
param

eters
of

interest.
W

e
provide

som
e

intuition
for

w
hen

C
ondition

1
m

ight
hold

in
Section

5.1,
and

w
ill

evaluate
C

ondition
1

in
each

of
our

experim
ents

below
by

com
paring

the
V

B
and

M
C

M
C

posterior
approxim

ate
m

eans
and

sensitivities.
Since

C
ondition

1
holds

only
for

a
particular

choice
of
g

(θ),itis
w

eaker
than

the
assum

ption
that

q
α

is
close

to
p
α

in
K

L
divergence,or

even
that

all
the

posterior
m

eans
are

accurately
estim

ated.
For

exam
ple,

as
discussed

in
A

ppendix
B

of
G

iordano
etal.(2015)

and
in

Section
10.1.2

of
B

ishop
(2006),a

m
ean-field

approxim
ation

to
a

m
ultivariate

norm
alposteriorproducesinaccurate

covariancesand
m

ay
have

an
arbitrarily

bad
K

L
divergence

from
p
α ,

but
C

ondition
1

holds
exactly

for
the

location
param

eters.
W

e
discuss

the
m

ultivariate
norm

alexam
ple

furtherin
Section

4.1
and

Section
5.1

below
.

4.C
alculation

and
U

sesofSensitivity
In

this
section,w

e
discuss

tw
o

applications
of

T
heorem

1
and

T
heorem

2:
calculating

im
proved

covariance
estim

ates
and

prior
sensitivity

m
easures

for
M

FV
B

.T
hroughout

this
section,

w
e

w
ill

assum
e

that
w

e
can

apply
T

heorem
1

and
T

heorem
2

unless
stated

otherw
ise.

4.1
C

ovariancesfor
VariationalB

ayes

C
onsider

the
m

ean
field

approxim
ating

fam
ily,Q

m
f ,from

Section
3.1

and
a

fixed
exactposterior

p
0

(θ).
It

is
w

ell
know

n
that

the
resulting

m
arginal

variances
also

tend
to

be
under-estim

ated
even

w
hen

param
eters

m
eans

are
w

ell-estim
ated

(see,e.g.,(M
acK

ay,2003;W
ang

and
Titterington,2004;Turnerand

Sahani,2011;
B

ishop,2006,C
hapter10)).E

ven
m

ore
obviously,any

q∈
Q
m
f

yields
zero

as
its

estim
ate

ofthe
covariance

betw
een

sub-com
ponents

of
θ

that
are

in
different

factors
of

the
m

ean
field

approxim
ating

fam
ily.

It
is

therefore
unreasonable

to
expect

that
C

ov
q
0

(g
(θ))

≈
C

ov
p
0

(g
(θ)).

H
ow

ever,
if

C
ondition

1
holds,

w
e

m
ay

expectthe
sensitivity

of
M

FV
B

m
eans

to
certain

perturbations
to

be
accurate

by
C

ondition
1,and,by

T
heorem

1,w
e

expectthe
corresponding

covariances
to

be
accurately

estim
ated

by
the

M
FV

B
sensitivity.In

particular,by
taking

ρ
(θ,α

)
=
α
ᵀ
g

(θ)
and

α
0

=
0,w

e
have

by
C

ondition
1

that

dE
q
α

[g
(θ)]

d
α
ᵀ

∣∣∣∣α
=
0 ≈

dE
p
α

[g
(θ)]

d
α
ᵀ

∣∣∣∣α
=
0

=
C

ov
p
0

(g
(θ))

.
(13)

W
e

can
consequently

use
T

heorem
2

to
provide

an
estim

ate
of

C
ov
p
0

(g
(θ))thatm

ay
be

superiorto
C

ov
q
0

(g
(θ)).

W
ith

this
m

otivation
in

m
ind,w

e
m

ake
the

follow
ing

definition.

D
efinition

6
The

linear
response

variationalB
ayes

(LRV
B

)approxim
ation,C

ov
L
R

q
0

(g
(θ)),is

given
by

C
ov
L
R

q
0

(g
(θ))

:=
g
η H
−
1

η
η
g
ᵀη
.

(14)

C
orollary

2
For

a
given

p
0

(θ),classQ
,and

function
g

(θ),w
hen

A
ssum

ptions
1–4

and
C

ondition
1

hold
for

ρ
(θ,α

)
=
α
ᵀ
g

(θ)
and

α
0

=
0,then

C
ov
L
R

q
0

(g
(θ))≈

C
ov
p
0

(g
(θ))

.
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G
IO

R
D

A
N

O
,B

R
O

D
E

R
IC

K
,

A
N

D
JO

R
D

A
N

T
he

strictoptim
ality

of
η ∗0

in
A

ssum
ption

3
guarantees

that
H
η
η

w
illbe

positive
definite

and
sym

m
etric,and,

as
desired,the

covariance
estim

ate
C

ov
L
R

q
0

(g
(θ))

w
illbe

positive
sem

idefinite
and

sym
m

etric.Since
the

op-
tim

alvalue
ofevery

com
ponentofE

q
α

[g
(θ)]m

ay
be

affected
by

the
log

perturbation
α
ᵀ
g

(θ),C
ov
L
R

q
0

(g
(θ))

can
estim

ate
non-zero

covariances
betw

een
elem

ents
of
g

(θ)
even

w
hen

they
have

been
partitioned

into
sep-

arate
factors

ofthe
m

ean
field

approxim
ation.

N
ote

that
C

ov
L
R

q
0

(g
(θ))

and
C

ov
q
0

(g
(θ))

differ
only

w
hen

there
are

atleastsom
e

m
om

ents
of
p
0

that
q
0

fails
to

accurately
estim

ate.In
particular,if

q
α

provided
a

good
approxim

ation
to
p
α

forboth
the

firstand
second

m
om

ents
of
g

(θ),then
w

e
w

ould
have

C
ov
L
R

q
0

(g
(θ))≈

C
ov
q
0

(g
(θ))

since,for
q
0

and
p
0 ,

E
q
0

[g
(θ)]≈

E
p
0

[g
(θ)]

and
E
q
0

[g
(θ)

g
(θ) ᵀ

]≈
E
p
0

[g
(θ)

g
(θ) ᵀ

]⇒
C

ov
q
0

(g
(θ))≈

C
ov
p
0

(g
(θ))

,

and,for
q
α

and
p
α ,

E
q
α

[g
(θ)]≈

E
p
α

[g
(θ)]⇒

C
ov
L
R

q
0

(g
(θ))≈

C
ov
p
0

(g
(θ))

.

Putting
these

tw
o

approxim
ate

equalities
together,

w
e

see
that,

w
hen

the
first

and
second

m
om

ents
of
q
α

approxim
ately

m
atch

those
of
p
α ,

C
ov
q
0

(g
(θ))≈

C
ov
L
R

q
0

(g
(θ))

.

H
ow

ever,in
general,

C
ov
L
R

q
0

(g
(θ))6=

C
ov
q
0

(g
(θ)).In

this
sense,any

discrepancy
betw

een
C

ov
L
R

q
0

(g
(θ))

and
C

ov
q
0

(g
(θ))

indicates
an

inadequacy
of

the
variationalapproxim

ation
for

atleastthe
second

m
om

ents
of
g

(θ).
L

etusconsidera
sim

ple
concrete

illustrative
exam

ple
w

hich
w

illdem
onstrate

both
how

C
ov
q
0

(g
(θ))can

be
a

poor
approxim

ation
to

C
ov
p
0

(g
(θ))

and
how

C
ov
L
R

q
0

(g
(θ))

can
im

prove
the

approxim
ation

for
som

e
m

om
ents

butnotothers.Suppose
thatthe

exactposterioris
a

bivariate
norm

al,

p
0

(θ)
=
N

(θ|µ
,Σ

)
,

(15)

w
here

θ
=

(θ
1 ,θ

2 ) ᵀ,
µ

=
(µ

1 ,µ
2 ) ᵀ,

Σ
is

invertible,and
Λ

:=
Σ
−
1.

O
ne

m
ay

think
of
µ

and
Σ

as
know

n
functions

of
x

via
B

ayes’theorem
,forexam

ple,as
given

by
a

norm
al-norm

alconjugate
m

odel.Suppose
w

e
use

the
M

FV
B

approxim
ating

fam
ilyQ
m
f

=
{q

(θ)
:
q

(θ)
=
q

(θ
1 )
q

(θ
2 )}

.

O
ne

can
show

(see
A

ppendix
E

)thatthe
optim

alM
FV

B
approxim

ation
to
p
α

in
the

fam
ilyQ

m
f

is
given

by

q
0

(θ
1 )

=
N
(θ

1 |µ
1 ,Λ

−
1

1
1 )

q
0

(θ
2 )

=
N
(θ

2 |µ
2 ,Λ

−
1

2
2 )
.

N
ote

thatthe
posteriorm

ean
of
θ
1

is
exactly

estim
ated

by
the

M
FV

B
procedure:

E
q
0

[θ
1 ]

=
µ
1

=
E
p
0

[θ
1 ].

H
ow

ever,
if

Σ
1
2
6=

0,
then

Λ
−
1

1
1
<

Σ
1
1 ,

and
the

variance
of
θ
1

is
underestim

ated.
It

follow
s

that
the

expectation
of
θ
21

is
notcorrectly

estim
ated

by
the

M
FV

B
procedure:

E
q
α [θ

21 ]
=
µ
21

+
Λ
−
1

1
1
<
µ
21

+
Σ

1
1

=
E
p
α [θ

21 ]
.
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E
S

A
n

an
al

og
ou

s
st
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em

en
th

ol
ds

fo
r
θ 2

.
O

f
co

ur
se

,t
he

co
va

ri
an

ce
is

al
so

m
is

-e
st

im
at

ed
if

Σ
1
2
6=

0
si

nc
e,

by
co

ns
tr

uc
tio

n
of

th
e

M
FV

B
ap

pr
ox

im
at

io
n,

C
ov
q
0

(θ
1
,θ

2
)

=
0
6=

Σ
1
2

=
C

ov
p
0

(θ
1
,θ

2
)
.

N
ow

le
tu

s
ta

ke
th

e
lo

g
pe

rt
ur

ba
tio

n
ρ

(θ
,α

)
=
θ 1
α
1

+
θ 2
α
2
.F

or
al

lα
in

a
ne

ig
hb

or
ho

od
of

ze
ro

,t
he

lo
g-

pe
rt

ur
be

d
po

st
er

io
rg

iv
en

by
E

q.
(2

)r
em

ai
ns

m
ul

tiv
ar

ia
te

no
rm

al
,s

o
it

re
m

ai
ns

th
e

ca
se

th
at

,a
s

a
fu

nc
tio

n
of

α
,E

q
α

[θ
1
]

=
E p

α
[θ

1
]

an
d
E q

α
[θ

2
]

=
E p

α
[θ

2
].

A
ga

in
,s

ee
A

pp
en

di
x

E
fo

r
a

de
ta

ile
d

pr
oo

f.
C

on
se

qu
en

tly
,

C
on

di
tio

n
1

ho
ld

s
w

ith
eq

ua
lit

y
(n

ot
ap

pr
ox

im
at

e
eq

ua
lit

y)
w

he
n
g

(θ
)

=
θ.

H
ow

ev
er

,
si

nc
e

th
e

se
co

nd
m

om
en

ts
ar

e
no

ta
cc

ur
at

e
(i

rr
es

pe
ct

iv
e

of
α

),
C

on
di

tio
n

1
do

es
no

th
ol

d
ex

ac
tly

w
he

n
g

(θ
)

=
( θ

2 1
,θ

2 2

) ᵀ
,n

or
w

he
n
g

(θ
)

=
θ 1
θ 2

.(
C

on
di

tio
n

1
m

ay
st

ill
ho

ld
ap

pr
ox

im
at

el
y

fo
rs

ec
on

d
m

om
en

ts
w

he
n

Σ
1
2

is
sm

al
l.)

T
he

fa
ct

th
at

C
on

di
tio

n
1

ho
ld

s
w

ith
eq

ua
lit

y
fo

rg
(θ

)
=
θ

al
lo

w
s

us
to

us
e

T
he

or
em

1
an

d
T

he
or

em
2

to
ca

lc
ul

at
e

C
ov
L
R

q
0

(g
(θ

))
=

C
ov
p
0

(g
(θ

))
,e

ve
n

th
ou

gh
E p

0
[θ

1
θ 2

]
an

d
E p

0

[(
θ2 1
,θ

2 2

) ᵀ
] ar

e
m

is
-e

st
im

at
ed

.
In

fa
ct

,
w

he
n

C
on

di
tio

n
1

ho
ld

s
w

ith
eq

ua
lit

y
fo

r
so

m
e
θ i

,
th

en
th

e
es

tim
at

ed
co

va
ri

an
ce

in
E

q.
(1

4)
fo

r
al

l
te

rm
s

in
vo

lv
in

g
θ i

w
ill

be
ex

ac
t

as
w

el
l.

C
on

di
tio

n
1

ho
ld

s
w

ith
eq

ua
lit

y
fo

r
th

e
m

ea
ns

of
θ i

in
th

e
bi

va
ri

at
e

no
rm

al
m

od
el

ab
ov

e,
an

d
in

fa
ct

ho
ld

s
fo

r
th

e
ge

ne
ra

l
m

ul
tiv

ar
ia

te
no

rm
al

ca
se

,a
s

de
sc

ri
be

d
in

A
pp

en
di

x
E

.B
el

ow
,

in
Se

ct
io

n
5,

in
ad

di
tio

n
to

ro
bu

st
ne

ss
m

ea
su

re
s,

w
e

w
ill

al
so

re
po

rt
th

e
ac

cu
ra

cy
of

E
q.

(1
4)

fo
r

es
tim

at
in

g
po

st
er

io
r

co
va

ri
an

ce
s.

W
e

fin
d

th
at

,f
or

m
os

tp
ar

am
et

er
s

of
in

te
re

st
,p

ar
tic

ul
ar

ly
lo

ca
tio

n
pa

ra
m

et
er

s,
C

ov
L
R

q
0

(g
(θ

))
pr

ov
id

es
a

go
od

ap
pr

ox
im

at
io

n
to

C
ov
p
0

(g
(θ

))
.

4.
2

L
in

ea
r

R
es

po
ns

e
C

ov
ar

ia
nc

es
in

Pr
ev

io
us

L
ite

ra
tu

re

T
he

ap
pl

ic
at

io
n

of
se

ns
iti

vi
ty

m
ea

su
re

st
o

V
B

pr
ob

le
m
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os
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ho
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se
m

et
ho

ds
or

ig
in

at
ed

in
th

e
st

at
is

tic
al

ph
ys

ic
s

lit
er

at
ur

e
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an
ak

a,
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00
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O
pp

er
an

d
Sa

ad
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00
1)

an
d

ha
ve

be
en

ap
pl

ie
d

to
va

ri
ou

s
st

at
is

tic
al

an
d

m
ac

hi
ne

le
ar

ni
ng

pr
ob

le
m

s
(K

ap
pe

n
an

d
R

od
ri

gu
ez

,1
99

8;
Ta

na
ka

,1
99

8;
W

el
lin

g
an

d
Te

h,
20

04
;O

pp
er

an
d

W
in

th
er

,
20

04
).

T
he

cu
rr

en
tp

ap
er

,w
hi

ch
bu

ild
s

on
th

is
lin

e
of

w
or

k
an

d
on

ou
r

ea
rl

ie
r

w
or

k
(G

io
rd

an
o

et
al

.,
20

15
),

re
pr

es
en

ts
a

si
m

pl
ifi

ca
tio

n
an

d
ge

ne
ra

liz
at

io
n

of
cl

as
si

ca
ll

in
ea

rr
es

po
ns

e
m

et
ho

ds
an

d
se

rv
es

to
el

uc
id

at
e

th
e

re
la

tio
ns

hi
p

be
tw

ee
n

th
es

e
m

et
ho

ds
an

d
th

e
lo

ca
lr

ob
us

tn
es

s
lit

er
at

ur
e.

In
pa

rt
ic

ul
ar

,w
hi

le
G

io
rd

an
o

et
al

.
(2

01
5)

fo
cu

se
d

on
m

om
en

t-
pa

ra
m

et
er

iz
ed

ex
po

ne
nt

ia
l

fa
m

ili
es

,
w

e
de

riv
e

lin
ea

r-
re

sp
on

se
co

va
ri

an
ce

s
fo

r
ge

ne
ri

c
va

ri
at

io
na

la
pp

ro
xi

m
at

io
ns

an
d

co
nn

ec
tt

he
lin

ea
r-

re
sp

on
se

m
et

ho
do

lo
gy

to
th

e
B

ay
es

ia
n

ro
bu

st
ne

ss
lit

er
at

ur
e.

A
ve

ry
re

as
on

ab
le

ap
pr

oa
ch

to
ad

dr
es

s
th

e
in

ad
eq

ua
cy

of
M

FV
B

co
va

ri
an

ce
s

is
si

m
pl

y
to

in
cr

ea
se

th
e

ex
pr

es
si

ve
ne

ss
of

th
e

m
od

el
cl

as
s
Q

—
al

th
ou

gh
,a

s
no

te
d

by
Tu

rn
er

an
d

Sa
ha

ni
(2

01
1)

,i
nc

re
as

ed
ex

pr
es

si
ve

-
ne

ss
do

es
no

tn
ec

es
sa

ri
ly

le
ad

to
be

tte
r

po
st

er
io

r
m

om
en

te
st

im
at

es
.

T
hi

s
ap

pr
oa

ch
is

ta
ke

n
by

m
uc

h
of

th
e

re
ce

nt
V

B
lit

er
at

ur
e

(e
.g

.,
Tr

an
et

al
.,

20
15

a,
b;

R
an

ga
na

th
et

al
.,

20
16

;R
ez

en
de

an
d

M
oh

am
ed

,2
01

5;
L

iu
an

d
W

an
g,

20
16

).
T

ho
ug

h
th

is
re

se
ar

ch
di

re
ct

io
n

re
m

ai
ns

liv
el

y
an

d
pr

om
is

in
g,

th
e

us
e

of
a

m
or

e
co

m
pl

ex
cl

as
s

Q
so

m
et

im
es

sa
cr

ifi
ce

s
th

e
sp

ee
d

an
d

si
m

pl
ic

ity
th

at
m

ad
e

V
B

at
tr

ac
tiv

e
in

th
e

fir
st

pl
ac

e,
an

d
of

te
n

w
ith

ou
t

th
e

re
la

tiv
el

y
w

el
l-

un
de

rs
to

od
co

nv
er

ge
nc

e
gu

ar
an

te
es

of
M

C
M

C
.W

e
al

so
st

re
ss

th
at

th
e

cu
rr

en
tw

or
k

is
no

t
ne

ce
ss

ar
ily

at
od

ds
w

ith
th

e
ap

pr
oa

ch
of

in
cr

ea
si

ng
ex

pr
es

si
ve

ne
ss

.
Se

ns
iti

vi
ty

m
et

ho
ds

ca
n

be
a

su
pp

le
-

m
en

tt
o

an
y

V
B

ap
pr

ox
im

at
io

n
fo

rw
hi

ch
ou

re
st

im
at

or
s,

w
hi

ch
re

qu
ir

e
so

lv
in

g
a

lin
ea

rs
ys

te
m

in
vo

lv
in

g
th

e
H

es
si

an
of

th
e

K
L

di
ve

rg
en

ce
,a

re
tr

ac
ta

bl
e.

4.
3

T
he

L
ap

la
ce

A
pp

ro
xi

m
at

io
n

an
d

L
in

ea
r

R
es

po
ns

e
C

ov
ar

ia
nc

es

In
th

is
se

ct
io

n,
w

e
br

ie
fly

co
m

pa
re

lin
ea

rr
es

po
ns

e
co

va
ri

an
ce

s
to

th
e

L
ap

la
ce

ap
pr

ox
im

at
io

n
(G

el
m

an
et

al
.,

20
14

,C
ha

pt
er

13
).

T
he

L
ap

la
ce

ap
pr

ox
im

at
io

n
to
p
0

(θ
)

is
fo

rm
ed

by
fir

st
fin

di
ng

th
e

“m
ax

im
um

a
po

st
er

i-
or

i”
(M

A
P)

es
tim

at
e,

θ̂ L
a
p

:=
ar

g
m

ax
θ

p
0

(θ
)
,

(1
6)
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G
IO

R
D

A
N

O
,B

R
O

D
E

R
IC

K
,A

N
D

JO
R

D
A

N

an
d

th
en

fo
rm

in
g

th
e

m
ul

tiv
ar

ia
te

no
rm

al
po

st
er

io
ra

pp
ro

xi
m

at
io

n

H
L
a
p

:=
−
∂
2
p
0

(θ
)

∂
θ∂
θᵀ

∣ ∣ ∣ ∣ θ̂ L
a
p

(1
7)

C
ov
L
a
p

q
L
a
p

(θ
)

:=
H
−
1

L
a
p

q L
a
p

(θ
)

:=
N
( θ|θ̂

L
a
p
,C

ov
L
a
p

q
L
a
p

(θ
)) .

(1
8)

Si
nc

e
bo

th
L

RV
B

an
d

th
e

L
ap

la
ce

ap
pr

ox
im

at
io

n
re

qu
ir

e
th

e
so

lu
tio

n
of

an
op

tim
iz

at
io

n
pr

ob
le

m
(E

q.
(8

)a
nd

E
q.

(1
6)

re
sp

ec
tiv

el
y)

an
d

th
e

es
tim

at
io

n
of

co
va

ri
an

ce
s

vi
a

an
in

ve
rs

e
H

es
si

an
of

th
e

op
tim

iz
at

io
n

ob
je

ct
iv

e
(E

q.
(1

4)
an

d
E

q.
(1

7)
re

sp
ec

tiv
el

y)
,i

tw
ill

be
in

st
ru

ct
iv

e
to

co
m

pa
re

th
e

tw
o

ap
pr

oa
ch

es
.

Fo
llo

w
in

g
N

ea
l

an
d

H
in

to
n

(1
99

8)
,

w
e

ca
n,

in
fa

ct
,

vi
ew

th
e

M
A

P
es

tim
at

or
as

a
sp

ec
ia

l
va

ri
at

io
na

l
ap

pr
ox

im
at

io
n,

w
he

re
w

e
de

fin
e

Q
L
a
p

:=
{ q

(θ
;θ

0
)

:

∫
q

(θ
;θ

0
)

lo
g
p
0

(θ
)
λ

(d
θ)

=
lo

g
p
0

(θ
0
)

an
d

∫
q

(θ
;θ

0
)

lo
g
q

(θ
;θ

0
)
λ

(d
θ)

=
C
on
st
a
n
t}
,

w
he

re
th

e
C
on
st
a
n
t

te
rm

is
co

ns
ta

nt
in
θ 0

.T
ha

ti
s,
Q
L
a
p

co
ns

is
ts

of
“p

oi
nt

m
as

se
s”

at
θ 0

w
ith

co
ns

ta
nt

en
-

tr
op

y.
G

en
er

al
ly

su
ch

po
in

tm
as

se
s

m
ay

no
tb

e
de

fin
ed

as
de

ns
iti

es
w

ith
re

sp
ec

tt
o
λ

,a
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th
e
K
L

di
ve

rg
en

ce
in

E
q.

(8
)m

ay
no

tb
e

fo
rm

al
ly

de
fin

ed
fo

rq
∈
Q
L
a
p
.H

ow
ev

er
,i

fQ
L
a
p

ca
n

be
ap

pr
ox

im
at

ed
ar

bi
tr

ar
ily

w
el

l
by

w
el
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de

fin
ed

de
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(e
.g
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no

rm
al

di
st

ri
bu

tio
ns

w
ith

va
ri

an
ce

fix
ed

at
an

ar
bi

tr
ar

ily
sm

al
ln

um
be
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he
n

w
e

ca
n

us
e
Q
L
a
p
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a

he
ur

is
tic

to
ol

fo
ru

nd
er

st
an

di
ng

th
e

M
A

P
es

tim
at

or
.

Si
nc

e
Q
L
a
p

co
nt

ai
ns

on
ly

po
in

tm
as

se
s,

th
e

co
va

ri
an

ce
of

th
e

va
ri

at
io

na
la

pp
ro

xi
m

at
io

n
is

th
e

ze
ro

m
a-

tr
ix

:
C

ov
q
L
a
p

(θ
)

=
0

.
T

hu
s,

as
w

he
n

on
e

us
es

th
e

m
ea

n
fie

ld
as

su
m

pt
io

n,
C

ov
q
L
a
p

(θ
)

un
de

re
st

im
at

es
th

e
m

ar
gi

na
lv

ar
ia

nc
es

an
d

m
ag

ni
tu

de
s

of
th

e
co

va
ri

an
ce

s
of

C
ov
p
0

(θ
).

O
fc

ou
rs

e,
th

e
st

an
da

rd
L

ap
la

ce
ap

pr
ox

-
im

at
io

n
us

es
C

ov
L
a
p

q
L
a
p

(θ
),

no
tC

ov
q
L
a
p

(θ
),

to
ap

pr
ox

im
at

e
C

ov
p
0

(θ
).

In
fa

ct
,C

ov
L
a
p

q
L
a
p

(θ
)

is
eq

ui
va

le
nt

to
a

lin
ea

rr
es

po
ns

e
co

va
ri

an
ce

m
at

ri
x

ca
lc

ul
at

ed
fo

rt
he

ap
pr

ox
im

at
in

g
fa

m
ily
Q
L
a
p
:

K
L

(q
(θ

;θ
0
)
||p

0
(θ

))
=
−

lo
g
p
0

(θ
0
)
−
C
on
st
a
n
t
⇒

θ̂ L
a
p

=
a
rg

m
ax

θ
p
0

(θ
)

=
ar

gm
in

θ
0

K
L

(q
(θ

;θ
0
)
||p

0
(θ

))
=
θ∗ 0

H
L
a
p

=
−
∂
2
p
0

(θ
)

∂
θ∂
θᵀ

∣ ∣ ∣ ∣ θ̂ L
a
p

=
−
∂
2
K
L

(q
(θ

;θ
0
)
||p

0
(θ

))

∂
θ 0
∂
θᵀ 0

∣ ∣ ∣ ∣ θ∗ 0
=

H
η
η
.

So
θ̂ L
a
p

=
θ∗ 0

,H
L
a
p

=
H
η
η
,a

nd
C

ov
L
a
p

q
L
a
p

(θ
)

=
C

ov
L
R

q
0

(θ
)

fo
rt

he
ap

pr
ox

im
at

in
g

fa
m

ily
Q
L
a
p
.

Fr
om

th
is

pe
rs

pe
ct

iv
e,

th
e
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cu

ra
cy

of
th

e
L

ap
la
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ap

pr
ox

im
at

io
n
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pe

nd
sp

re
ci

se
ly

on
th

e
ex

te
nt

to
w

hi
ch

C
on

di
tio

n
1

ho
ld

s
fo

r
th

e
fa

m
ily

of
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in
tm

as
se

s
Q
L
a
p
.

Ty
pi

ca
lly

,V
B

ap
pr

ox
im

at
io
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e
a
Q

th
at

is
m

or
e

ex
pr
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si

ve
th

an
Q
L
a
p
,

an
d

w
e

m
ig

ht
ex

pe
ct

C
on

di
tio

n
1

to
be

m
or

e
lik

el
y

to
ap

pl
y

fo
r

a
m

or
e

ex
pr

es
si

ve
fa

m
ily

.
It

fo
llo

w
s

th
at

w
e

m
ig

ht
ex

pe
ct

th
e

L
RV

B
co

va
ri

an
ce

es
tim

at
e

C
ov
L
R

q
0

fo
r

ge
ne

ra
l
Q

to
be

m
or

e
ac

cu
ra

te
th

an
th

e
L

ap
la

ce
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va
ri

an
ce

ap
pr

ox
im

at
io

n
C

ov
L
a
p

q
L
a
p
.

W
e

de
m

on
st

ra
te

th
e

va
lid

ity
of

th
is

in
tu

iti
on

in
th

e
ex

pe
ri

m
en

ts
of

Se
ct

io
n

5.

4.
4

L
oc

al
Pr

io
r

Se
ns

iti
vi

ty
fo

r
M

FV
B

W
e

no
w

tu
rn

to
es

tim
at

in
g

pr
io

rs
en

si
tiv

iti
es

fo
rM

FV
B

es
tim

at
es

—
th

e
va

ri
at

io
na

la
na

lo
gu

es
of

S
α

0
in

D
efi

-
ni

tio
n

1.
Fi

rs
t,

w
e

de
fin

e
th

e
va

ri
at

io
na

ll
oc

al
se

ns
iti

vi
ty

.

D
efi

ni
tio

n
7

Th
e

lo
ca

ls
en

si
tiv

ity
of

E q
α

[g
(θ

)]
to

pr
io

r
pa

ra
m

et
er
α

at
α
0

is
gi

ve
n

by

S
q α

0
:=

d
E q

α
[g

(θ
)]

d
α

∣ ∣ ∣ ∣ α
0

.
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C
orollary

3
Suppose

thatA
ssum

ptions
1–4

and
C

ondition
1

hold
for

som
e
α
0 ∈
A

and
for

ρ
(θ,α

)
=

lo
g
p

(x|θ,α
)

+
log

p
(θ|α

)−
log

p
(x|θ,α

0 )−
lo

g
p

(θ|α
)
.

Then
S
qα

0 ≈
S
α

0 .

C
orollary

3
states

that,as
w

ith
the

covariance
approxim

ations
in

Section
4.1,S

qα
0

is
a

usefulapproxim
ation

to
S
α

0
to

the
extentthatC

ondition
1

holds—
thatis,to

the
extentthatthe

M
FV

B
m

eansare
good

approxim
ations

to
the

exactm
eans

forthe
priorperturbations

α
∈
A

0 .
U

nder
the

ρ
(θ,α

)
given

in
C

orollary
3,T

heorem
2

gives
the

follow
ing

form
ula

for
the

variationallocal
sensitivity:

S
qα

0
=

g
η H
−
1

η
η

∂

∂
η ᵀ E

q
(θ

;η
) [

∂
ρ

(θ,α
)

∂
α

∣∣∣∣α
0 ] ∣∣∣∣∣η

∗0

.
(19)

W
e

now
use

E
q.(19)

to
reproduce

M
FV

B
versions

of
som

e
standard

robustness
m

easures
found

in
the

existing
literature.

A
sim

ple
case

is
w

hen
the

prior
p

(θ|α
)

is
believed

to
be

in
a

given
param

etric
fam

ily,
and

w
e

are
sim

ply
interested

in
the

effectof
varying

the
param

etric
fam

ily’s
param

eters
(B

asu
etal.,1996;

G
iordano

etal.,2016).Forillustration,w
e

firstconsidera
sim

ple
exam

ple
w

here
p

(θ|α
)

is
in

the
exponential

fam
ily,w

ith
naturalsufficientstatistic

θ
and

log
norm

alizer
A

(α
),and

w
e

take
g

(θ)
=
θ.In

this
case,

lo
g
p

(θ|α
)

=
α
ᵀ
θ−

A
(α

)

f
α
η

=
∂

∂
η ᵀ E

q
(θ

;η
) [

∂∂
α

(α
ᵀ
θ−

A
(α

)) ∣∣∣∣α
0 ] ∣∣∣∣∣η

∗0

=

(
∂

∂
η ᵀ E

q
(θ

;η
)
[θ]−

∂

∂
η ᵀ
∂
A

(α
)

∂
α

∣∣∣∣α
0 )
∣∣∣∣∣η
∗0

=
∂

∂
η ᵀ E

q
(θ

;η
)
[θ] ∣∣∣∣η

∗0
=

g
η .

N
ote

thatw
hen

f
α
η

=
g
η ,E

q.(19)is
equivalentto

E
q.(14).So

w
e

see
that

S
qα

0
=

C
ov
L
R

q
0

(θ)
.

In
this

case,the
sensitivity

is
sim

ply
the

linear
response

covariance
estim

ate
of

the
covariance,

C
ov
L
R

q
0

(θ).
B

y
the

sam
e

reasoning,the
exactposteriorsensitivity

is
given

by

S
α

0
=

C
ov
p
0

(θ)
.

T
hus,S

qα
0 ≈

S
α

0
to

the
extentthat

C
ov
L
R

q
0

(θ)≈
C

ov
p
0

(θ),w
hich

again
holds

to
the

extentthatC
ondition

1
holds.N

ote
thatifw

e
had

used
a

m
ean

field
assum

ption
and

had
tried

to
use

the
direct,uncorrected

response
covariance

C
ov
q
0

(θ)
to

try
to

evaluate
S
qα

0 ,
w

e
w

ould
have

erroneously
concluded

that
the

prior
on

one
com

ponent,θ
k
1 ,w

ould
notaffectthe

posteriorm
ean

ofsom
e

othercom
ponent,θ

k
2 ,for

k
2 6=

k
1 .

Som
etim

es
itis

easy
to

evaluate
the

derivative
ofthe

log
prioreven

w
hen

itis
noteasy

to
norm

alize
it.A

s
an

exam
ple,w

e
w

illshow
how

to
calculate

the
localsensitivity

to
the

concentration
param

eterofan
L

K
Jprior

(L
ew

andow
skietal.,2009)underan

inverse
W

ishartvariationalapproxim
ation.T

he
L

K
J

prioris
defined

as
follow

s.
L

et
Σ

(as
partof

θ)
be

an
unknow

n
K
×
K

covariance
m

atrix.
D

efine
the

K
×
K

scale
m

atrix
M

such
that

M
ij

=

{
√

Σ
ij

if
i

=
j

0
otherw

ise.

11
JM

L
R

 19(51):1-49, 2018

G
IO

R
D

A
N

O
,B

R
O

D
E

R
IC

K
,

A
N

D
JO

R
D

A
N

U
sing

M
,define

the
correlation

m
atrix

R
asR

=
M
−
1Σ

M
−
1.

T
he

L
K

J
prioron

the
covariance

m
atrix

R
w

ith
concentration

param
eter

α
>

0
is

given
by:

p
L
K
J

(R
|α

)∝
|R
| α−

1
.

T
he

Stan
m

anualrecom
m

ends
the

use
of
p
L
K
J ,togetherw

ith
an

independentprioron
the

diagonalentries
of

the
scaling

m
atrix

M
,for

the
prior

on
a

covariance
m

atrix
thatappears

in
a

hierarchicalm
odel(Stan

Team
,

2015,C
hapter9.13).

Suppose
thatw

e
have

chosen
the

variationalapproxim
ation

q
(Σ

)
:=

InverseW
ishart(Σ

|Ψ
,ν

)
,

w
here

Ψ
is

a
positive

definite
scale

m
atrix

and
ν

is
the

num
ber

of
degrees

of
freedom

.
In

this
case,

the
variational

param
eters

are
η

=
(Ψ
,ν

).
W

e
w

rite
η

w
ith

the
understanding

that
w

e
have

stacked
only

the
upper-diagonalelem

ents
of

Ψ
since

Ψ
is

constrained
to

be
sym

m
etric

and
η ∗

m
ustbe

interior.
A

s
w

e
show

in
A

ppendix
G

,

E
q

[log
p
L
K
J

(R
|α

)]
=

(α
−

1) (
log|Ψ

|−
ψ
K

(
ν2 )
−

K
∑k
=
1

log (
12
Ψ
k
k )

+
K
ψ

(
ν
−
K

+
1

2

) )
+
C
on
sta

n
t,

w
here

C
on
sta

n
t

contains
term

s
thatdo

notdepend
on
α

,and
w

here
ψ
K

denotes
the

m
ultivariate

digam
m

a
function.C

onsequently,w
e

can
evaluate

f
α
η

=
∂

∂
η ᵀ E

q
(θ

;η
) [

∂∂
α

log
p

(Σ
|α

) ] ∣∣∣∣η
=
η
∗0
,α

=
α

0

=
∂

∂
η ᵀ

(
lo

g|Ψ
|−

ψ
K

(
n2 )
−

K
∑k
=
1

lo
g (

12
Ψ
k
k )

+
K
ψ

(
n
−
K

+
1

2

) )
∣∣∣∣∣η
∗0

.
(20)

T
his

derivative
has

a
closed

form
,but

the
bookkeeping

required
to

represent
an

unconstrained
param

eteri-
zation

of
the

m
atrix

Ψ
w

ithin
η

w
ould

be
tedious.

In
practice,w

e
evaluate

term
s

like
f
α
η

using
autom

atic
differentiation

tools
(B

aydin
etal.,2018).

Finally,
in

cases
w

here
w

e
cannot

evaluate
E
q
(θ

;η
)
[log

p
(θ|α

)]
in

closed
form

as
a

function
of
η,

w
e

can
use

num
ericaltechniques

as
described

in
Section

4.5.
W

e
thus

view
S
qα

0
as

the
exactsensitivity

to
an

approxim
ate

K
L

divergence.

4.5
PracticalC

onsiderationsw
hen

C
om

puting
the

Sensitivity
ofVariationalA

pproxim
ations

W
e

briefly
discuss

practical
issues

in
the

com
putation

of
E

q.(10),
w

hich
requires

calculating
the

product
g
η H
−
1

η
η

(or,equivalently,
H
−
1

η
η
g
ᵀη

since
H
η
η

is
sym

m
etric).

C
alculating

H
η
η

and
solving

this
linear

system
can

be
the

m
ostcom

putationally
intensive

partofcom
puting

E
q.(10).

W
e

firstnote
thatitcan

be
difficult

and
tim

e
consum

ing
in

practice
to

m
anually

derive
and

im
plem

ent
second-order

derivatives.
E

ven
a

sm
all

program
m

ing
error

can
lead

to
large

errors
in

T
heorem

2.
To

en-
sure

accuracy
and

save
analysttim

e,w
e

evaluated
allthe

requisite
derivatives

using
the

Python
a
u
t
o
g
r
a
d

autom
atic

differentiation
library

(M
aclaurin

etal.,2015)
and

the
Stan

m
ath

autom
atic

differentiation
library

(C
arpenteretal.,2015).
N

ote
thatthe

dim
ension

of
H
η
η

is
as

large
as

thatof
η,the

param
eters

thatspecify
the

variationaldistribu-
tion

q
(θ;η

).M
any

applicationsofM
FV

B
em

ploy
m

any
latentvariables,the

num
berofw

hich
m

ay
even

scale
w

ith
the

am
ountofdata—

including
severalofthe

cases
thatw

e
exam

ine
in

Section
5.H

ow
ever,these

appli-
cations

typically
have

specialstructure
thatrender

H
η
η

sparse,allow
ing

the
practitionerto

calculate
g
η H
−
1

η
η
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w
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ra
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.
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w

e
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th

e
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fin
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on
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(K
z

=
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,t
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n
p
α
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)
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a

m
ul

tiv
ar

ia
te

no
rm

al
di

st
ri

bu
tio

n
fo

r
al
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nd
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e
L

ap
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ce
ap

pr
ox
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n
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a
p
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o
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d
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at
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]
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=
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ra
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pr
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at
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n
ge

ne
ra
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w
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ra
m

et
er

s
co

m
po

si
ng
θ

,a
nd

w
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e
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w
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p
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S

T
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E
S

S,
A

N
D

V
A

R
IA

T
IO

N
A

L
B

A
Y

E
S

Figure
1:A

univariate
skew

ed
distribution.V

erticallines
show

the
location

ofthe
m

eans.

M
etric

E
xact

L
RV

B
M

FV
B

L
aplace

m
ean

1.253
1.345

0.111
var

2.872
3.245

2.599
0.849

Figure
2:E

ffectoftilting
on

a
univariate

skew
distribution.

the
variationalapproxim

ation,the
L

aplace
approxim

ation,and
the

exact
p
0

(θ)
allcoincide

in
theirestim

ates
ofE

[θ],and
by,C

orollary
2,

Σ
=

C
ov
p
0

(θ)
=

C
ov
L
R

q
0

(θ)
=

C
ov
L
a
p

q
L
a
p

(θ).
O

f
course,if

Σ
is

notdiagonal,
C

ov
q
0

(θ)6=
Σ

because
of

the
m

ean
field

assum
ption.

Since
this

argum
entholds

for
the

w
hole

vector
θ,it

holds
a

fortioriforourquantity
ofinterest,the

firstcom
ponent

g
(θ)

=
θ
1 .

In
otherw

ords,the
L

aplace
approxim

ation
w

illdifferonly
from

the
L

RV
B

approxim
ation

w
hen

p
0

(θ)
is

notm
ultivariate

norm
al,a

situation
thatw

e
w

illnow
bring

aboutby
adding

new
com

ponents
to

the
m

ixture;
i.e.,by

increasing
K
z .

5.1.2
A

U
N

IV
A

R
IA

T
E

S
K

E
W

E
D

D
IS

T
R

IB
U

T
IO

N

If
w

e
add

a
second

com
ponent

(K
z

=
2),

then
w

e
can

m
ake

p
0

(θ)
skew

ed,
as

show
n

(w
ith

the
approx-

im
ations)

in
Fig.1.

In
this

case,
w

e
expectE

q
α

[θ
1 ]

to
be

m
ore

accurate
than

the
L

aplace
approxim

ation
E
q
L
a
p

[θ
1 ]becauseQ

m
f

is
m

ore
expressive

than
Q
L
a
p .

T
his

intuition
is

born
outin

the
leftpanelof

Fig.1.
Since

θ̂
L
a
p

uses
only

inform
ation

atthe
m

ode,itfails
to

take
into

accountthe
m

ass
to

the
rightofthe

m
ode,

and
the

L
aplace

approxim
ation’s

m
ean

is
too

far
to

the
left.

T
he

M
FV

B
approxim

ation,in
contrast,is

quite
accurate

forthe
posteriorm

ean
of
θ
1 ,even

though
itgets

the
overallshape

ofthe
distribution

w
rong.

T
his

exam
ple

also
show

s
w

hy,
in

general,
one

cannot
naively

form
a

“L
aplace

approxim
ation”

to
the

posterior
centered

at
the

variational
m

ean
rather

than
at

the
M

A
P.A

s
show

n
in

the
left

panel
of

Fig.1,in
this

case
the

posteriordistribution
is

actually
convex

atthe
M

FV
B

m
ean.C

onsequently,a
naive

second-order
approxim

ation
to

the
log

posteriorcentered
atthe

M
FV

B
m

ean
w

ould
im

ply
a

negative
variance.
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G
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R
D

A
N

O
,B

R
O

D
E

R
IC

K
,

A
N

D
JO

R
D

A
N

Figure
3:A

univariate
over-dispersed

distribution.V
erticallines

show
the

location
ofthe

m
eans.

T
he

perturbation
ρ

(θ,α
)

=
α
θ
1

is
som

etim
es

also
described

as
a

“tilting,”
and

the
rightpanelof

Fig.1
show

s
the

effectoftilting
on

this
posteriorapproxim

ation.Tilting
increases

skew
,butthe

M
FV

B
approxim

a-
tion

rem
ains

accurate,as
show

n
in

Fig.2.Since
localsensitivity

ofthe
expectation

of
θ
1

to
α

is
the

variance
of
θ
1

(see
E

q.(13)),w
e

have
in

Fig.2
that:

•
T

he
slope

ofthe
exactdistribution’s

line
is

C
ov
p
0

(θ
1 );

•
T

he
slope

ofthe
M

FV
B

line
is

the
L

RV
B

variance
C

ov
L
R

q
0

(θ
1 );and

•
T

he
slope

ofthe
L

aplace
line

is
C

ov
L
a
p

q
L
a
p (θ

1 ).

Since
the

M
FV

B
and

exactlines
nearly

coincide,w
e

expectthe
L

RV
B

variance
estim

ate
to

be
quite

accurate
forthis

exam
ple.Sim

ilarly,since
the

slope
ofthe

L
aplace

approxim
ation

line
is

low
er,w

e
expectthe

L
aplace

variance
to

underestim
ate

the
exactvariance.T

his
outcom

e,w
hich

can
be

seen
visually

in
the

left-hand
panel

ofFig.2,is
show

n
quantitatively

in
the

corresponding
table

in
the

right-hand
panel.T

he
colum

ns
ofthe

table
contain

inform
ation

for
the

exactdistribution
and

the
three

approxim
ations.

T
he

firstrow
,labeled

“m
ean,”

show
s
E

[θ
1 ]and

the
second

row
,labeled

“var,”
show

s
C

ov
(θ

1 ).
(T

he
“L

RV
B

”
entry

for
the

m
ean

is
blank

because
L

RV
B

differs
from

M
FV

B
only

in
covariance

estim
ates.)

W
e

conclude
that,in

this
case,C

ondition
1

holds
forQ

m
f

butnotforQ
L
a
p .

5.1.3
A

U
N

IV
A

R
IA

T
E

O
V

E
R-D

IS
P

E
R

S
E

D
D

IS
T

R
IB

U
T

IO
N

H
aving

seen
how

M
FV

B
can

outperform
the

L
aplace

approxim
ation

for
a

univariate
skew

ed
distribution,

w
e

now
apply

that
intuition

to
see

w
hy

the
linear

response
covariance

can
be

superior
to

the
L

aplace
ap-

proxim
ation

covariance
forover-dispersed

butsym
m

etric
distributions.Such

a
sym

m
etric

butover-dispersed
distribution,form

ed
w

ith
K
z

=
3

com
ponents,is

show
n

in
Fig.3

togetherw
ith

its
approxim

ations.B
y

sym
-

m
etry,both

the
M

FV
B

and
L

aplace
m

eans
are

exactly
correct(up

to
M

onte
C

arlo
error),as

can
be

seen
in

the
leftpanelofFig.3.
H

ow
ever,

the
right

panel
of

Fig.3
show

s
that

sym
m

etry
is

not
m

aintained
as

the
distribution

is
tilted.

For
α
>

0,the
distribution

becom
es

skew
ed

to
the

right.
T

hus,by
the

intuition
from

the
previous

section,
w

e
expect

the
M

FV
B

m
ean

to
be

m
ore

accurate
as

the
distribution

is
tilted

and
α

increases
from

zero.
In

particular,w
e

expectthatthe
L

aplace
approxim

ation’s
m

ean
w

illnotshiftenough
as
α

varies,i.e.,thatthe
L

aplace
approxim

ation
variance

w
illbe

underestim
ated.Fig.4

show
s

thatthis
is

indeed
the

case.T
he

slopes
in

the
leftpanelonce

again
correspond

to
the

estim
ated

variances
show

n
in

the
table,and,as

expected
the

L
RV

B
variance

estim
ate

is
superiorto

the
L

aplace
approxim

ation
variance.
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=
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er

en
t

fr
om

th
e

ex
ac

t
p
0

(θ
)

w
as

th
e

no
rm

al
as

su
m

pt
io

n
in
Q
m
f

.
In

de
ed

,t
he

ta
bl

es
in

Fi
g.

2
an

d
Fi

g.
4

sh
ow

th
at

th
e

M
FV

B
va

ri
an

ce
es

tim
at

e
is

al
so

re
as

on
ab

ly
cl

os
e

to
th

e
ex

ac
tv

ar
ia

nc
e.

In
or

de
rt

o
de

m
on

st
ra

te
w

hy
th

e
L

RV
B

va
ri

an
ce

ca
n

be
be

tte
rt

ha
n

bo
th

th
e

L
ap

la
ce

ap
pr

ox
im

at
io

n
an

d
th

e
M

FV
B

ap
pr

ox
im

at
io

n,
w

e
tu

rn
to

a
bi

va
ri

at
e,

co
rr

el
at

ed
,

ov
er

-d
is

pe
rs

ed
p
0

(θ
).

Fo
r

th
is

w
e

us
e
K
z

=
3

co
rr

el
at

ed
no

rm
al

di
st

ri
bu

tio
ns

,s
ho

w
n

in
th

e
le

ft
pa

ne
l

of
Fi

g.
5.

T
he

ri
gh

tp
an

el
of

Fi
g.

5
sh

ow
s

th
e

m
ar

gi
na

ld
is

tr
ib

ut
io

n
of
θ 1

,i
n

w
hi

ch
th

e
ov

er
-d

is
pe

rs
io

n
ca

n
be

se
en

cl
ea

rl
y.

A
s

Fi
g.

5
sh

ow
s,

un
lik

e
in

th
e

pr
ev

io
us

tw
o

ex
am

pl
es

,
th

e
m

ea
n

fie
ld

ap
pr

ox
im

at
io

n
ca

us
es

q 0
(θ

)
to

dr
am

at
ic

al
ly

un
de

re
st

im
at

e
th

e
m

ar
gi

na
lv

ar
ia

nc
e

of
θ 1

.
C

on
se

qu
en

tly
,t

he
M

FV
B

m
ea

ns
w

ill
al

so
be

un
de

r-
re

sp
on

si
ve

to
th

e
sk

ew
in

tr
od

uc
ed

by
til

tin
g

w
ith
α

.T
ho

ug
h

th
e

L
ap

la
ce

ap
pr

ox
im

at
io

n
ha

s
a

la
rg

er
m

ar
gi

na
l

va
ri

an
ce

,
it

re
m

ai
ns

un
ab

le
to

ta
ke

sk
ew

ne
ss

in
to

ac
co

un
t.

C
on

se
qu

en
tly

,
as

se
en

in
Fi

g.
6,

th
e

L
RV

B
va

ri
an

ce
,

w
hi

le
no

t
ex

ac
tly

eq
ua

l
to

th
e

co
rr

ec
t

va
ri

an
ce

,
is

st
ill

an
im

pr
ov

em
en

t
ov

er
th

e
L

ap
la

ce
co

va
ri

an
ce

,a
nd

a
m

ar
ke

d
im

pr
ov

em
en

to
n

th
e

ba
dl

y
un

de
r-

es
tim

at
ed

M
FV

B
va

ri
an

ce
.
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G
IO

R
D

A
N

O
,B

R
O

D
E

R
IC

K
,A

N
D

JO
R

D
A

N

M
et

ri
c

E
xa

ct
L

RV
B

M
FV

B
L

ap
la

ce
m

ea
n

0.
00

5
-0

.0
02

-0
.0

00
va

r
1.

63
5

0.
97

6
0.

24
1

0.
68

4

Fi
gu

re
6:

E
ff

ec
to

ft
ilt

in
g

on
a

bi
va

ri
at

e
ov

er
-d

is
pe

rs
ed

di
st

ri
bu

tio
n.

O
ne

m
ig

ht
sa

y,
in

th
is

ca
se

,t
ha

tC
on

di
tio

n
1

do
es

no
th

ol
d

fo
r

ei
th

er
Q
m
f

or
Q
L
a
p
,o

r,
if

it
do

es
,i

ti
s

w
ith

a
lib

er
al

in
te

rp
re

ta
tio

n
of

th
e

“a
pp

ro
xi

m
at

el
y

eq
ua

ls
”

si
gn

.H
ow

ev
er

,t
he

ex
pr

es
si

ve
ne

ss
of
Q
m
f

al
lo

w
s

L
RV

B
to

im
pr

ov
e

on
th

e
L

ap
la

ce
ap

pr
ox

im
at

io
n,

an
d

th
e

lin
ea

rr
es

po
ns

e
al

lo
w

s
it

to
im

pr
ov

e
ov

er
th

e
M

FV
B

ap
pr

ox
im

at
io

n,
an

d
so

L
RV

B
gi

ve
s

th
e

be
st

of
bo

th
w

or
ld

s.
T

hi
nk

in
g

ab
ou

t
pr

ob
le

m
s

in
te

rm
s

of
th

es
e

th
re

e
si

m
pl

e
m

od
el

s
ca

n
pr

ov
id

e
in

tu
iti

on
ab

ou
t

w
he

n
an

d
w

he
th

er
C

on
di

tio
n

1
m

ig
ht

be
ex

pe
ct

ed
to

ho
ld

in
a

se
ns

e
th

at
is

pr
ac

tic
al

ly
us

ef
ul

.

5.
2

A
ut

om
at

ic
D

iff
er

en
tia

tio
n

Va
ri

at
io

na
lI

nf
er

en
ce

(A
D

V
I)

In
th

is
se

ct
io

n
w

e
ap

pl
y

ou
r

m
et

ho
ds

to
au

to
m

at
ic

di
ff

er
en

tia
tio

n
va

ri
at

io
na

li
nf

er
en

ce
(A

D
V

I)
(K

uc
uk

el
bi

r
et

al
.,

20
17

).
A

D
V

Ii
s

a
“b

la
ck

-b
ox

”
va

ri
at

io
na

la
pp

ro
xi

m
at

io
n

an
d

op
tim

iz
at

io
n

pr
oc

ed
ur

e
th

at
re

qu
ir

es
on

ly
th

at
th

e
us

er
pr

ov
id

e
th

e
lo

g
po

st
er

io
r,

lo
g
p
0

(θ
),

up
to

a
co

ns
ta

nt
th

at
do

es
no

td
ep

en
d

on
θ.

To
ac

hi
ev

e
th

is
ge

ne
ra

lit
y,

A
D

V
Ie

m
pl

oy
s:

•
A

fa
ct

or
iz

in
g

no
rm

al
va

ri
at

io
na

la
pp

ro
xi

m
at

io
n,

2

•
A

n
un

co
ns

tr
ai

ni
ng

pa
ra

m
et

er
iz

at
io

n,

•
T

he
“r

e-
pa

ra
m

et
er

iz
at

io
n

tr
ic

k,
”

an
d

•
St

oc
ha

st
ic

gr
ad

ie
nt

de
sc

en
t.

A
D

V
Iu

se
s

a
fa

m
ily

em
pl

oy
in

g
th

e
fa

ct
or

iz
in

g
no

rm
al

ap
pr

ox
im

at
io

n

Q
a
d

:=

{
q

(θ
)

:
q

(θ
)

=

K ∏ k
=
1

N
(θ
k
|µ
k
,e

x
p

(2
ζ k

))

}
.

T
ha

ti
s,
Q
a
d

is
a

fu
lly

fa
ct

or
iz

in
g

no
rm

al
fa

m
ily

w
ith

m
ea

ns
µ
k

an
d

lo
g

st
an

da
rd

de
vi

at
io

ns
ζ k

.B
ec

au
se

w
e

ar
e

in
cl

ud
in

g
ex

po
ne

nt
ia

lf
am

ily
as

su
m

pt
io

ns
in

th
e

de
fin

iti
on

of
M

FV
B

(a
s

de
sc

ri
be

d
in

Se
ct

io
n

3.
1)

,Q
a
d

is
an

in
st

an
ce

of
a

m
ea

n-
fie

ld
fa

m
ily
Q
m
f

.I
n

th
e

no
ta

tio
n

of
E

q.
(7

),

η
=

(µ
1
,.
..
,µ
K
,ζ

1
,.
..
,ζ
K

)ᵀ
,

(2
2)

2.
K

uc
uk

el
bi

r
et

al
.(

20
17

)
de

sc
ri

be
a

no
n-

fa
ct

or
iz

in
g

ve
rs

io
n

of
A

D
V

I,
w

hi
ch

is
ca

lle
d

“f
ul

lr
an

k”
A

D
V

I
in

St
an

.
T

he
fa

ct
or

iz
in

g
ve

rs
io

n
th

at
w

e
de

sc
ri

be
he

re
is

ca
lle

d
“m

ea
nfi

el
d”

A
D

V
Ii

n
St

an
.O

n
th

e
ex

am
pl

es
w

e
de

sc
ri

be
,i

n
th

e
cu

rr
en

tS
ta

n
im

pl
em

en
ta

tio
n,

w
e

fo
un

d
th

at
fu

llr
an

k
A

D
V

Ip
ro

vi
de

d
m

uc
h

w
or

se
ap

pr
ox

im
at

io
ns

to
th

e
M

C
M

C
po

st
er

io
rm

ea
ns

th
an

th
e

m
ea

nfi
el

d
ve

rs
io

n,
an

d
so

w
e

do
no

tc
on

si
de

ri
tf

ur
th

er
.
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C
O

V
A

R
IA

N
C

E
S,R

O
B

U
S

T
N

E
S

S,
A

N
D

V
A

R
IA

T
IO

N
A

L
B

A
Y

E
S

Ω
η

=
R

2
K

,
λ

is
the

L
ebesgue

m
easure,and

the
objective

function
E

q.(8)is

K
L

(q
(θ;η

)||p
0

(θ))
=
−
∫
N

(θ
k |µ

k ,ex
p

(2ζ
k ))

log
p
0

(θ)
λ

(d
θ)−

K
∑k
=
1

ζ
k ,

w
here

w
e

have
used

the
form

ofthe
univariate

norm
alentropy

up
to

a
constant.

T
he

unconstraining
param

eterization
is

required
because

the
use

of
a

norm
alvariationalapproxim

ation
dictates

thatthe
base

m
easure

on
the

param
eters

θ
∈
R
K

be
supported

on
allofR

K
.A

lthough
m

any
param

-
eters

of
interest,such

as
covariance

m
atrices,are

not
supported

on
R
K

,there
typically

exist
differentiable

m
aps

from
an

unconstrained
param

eterization
supported

on
R
K

to
the

param
eterofinterest.Softw

are
pack-

ages
such

as
Stan

autom
atically

provide
such

transform
s

fora
broad

setofparam
etertypes.

In
ournotation,

w
e

w
illtake

these
constraining

m
aps

to
be

the
function

ofinterest,g
(θ),and

take
θ

to
be

unconstrained.N
ote

that,under
this

convention,the
prior

p
(θ|α

)
m

ustbe
a

density
in

the
unconstrained

space.
In

practice
(e.g.,

in
the

Stan
softw

are
package),one

usually
specifies

the
prior

density
in

the
constrained

space
and

converts
itto

a
density

p
(θ|α

)
in

the
unconstrained

space
using

the
determ

inantof
the

Jacobian
of

the
constraining

transform
g

(·).
T

he
re-param

eterization
trick

allow
s

easy
approxim

ation
of

derivatives
of

the
(generally

intractable)
ob-

jective
K
L

(q
(θ;η

)||p
0

(θ)).B
y

defining
z
k

using
the

change
ofvariable

z
k

:=
(θ
k −

µ
k )/

ex
p

(ζ
k )
,

(23)

K
L

(q
(θ;η

)||p
0

(θ))
can

be
re-w

ritten
as

an
expectation

w
ith

respectto
a

standard
norm

aldistribution.
W

e
w

rite
θ

=
ex

p
(ζ

)◦
z

+
µ

by
using

the
com

ponent-w
ise

H
adam

ard
product◦.T

hen

K
L

(q
(θ;η

)||p
0

(θ))
=
−
E
z

[lo
g
p
0

(ex
p

(ζ
)◦

z
+
µ

)]−
K
∑k
=
1

ζ
k

+
C
on
sta

n
t.

T
he

expectation
is

stilltypically
intractable,butitcan

be
approxim

ated
using

M
onte

C
arlo

and
draw

s
from

a
K

-dim
ensionalstandard

norm
aldistribution.

For
a

fixed
num

ber
M

of
draw

s
z
1 ,...,z

M
from

a
standard

K
-dim

ensionalnorm
al,w

e
can

define
the

approxim
ate

K
L

divergence

K̂
L

(η
)

:=
−

1M

M∑m
=
1

lo
g
p
0

(ex
p

(ζ
)◦

z
m

+
µ

)−
K
∑k
=
1

ζ
k

+
C
on
sta

n
t.

(24)

Forany
fixed

M
,

E
[
∂∂
η
K̂
L

(η
) ]

=
∂∂
η
K
L

(q
(θ;η

)||p
0

(θ))
,

so
gradients

of
K̂
L

(η
)

are
unbiased

for
gradients

of
the

exactK
L

divergence.
Furtherm

ore,for
fixed

draw
s

z
1 ,...,z

M
,
K̂
L

(η
)

can
be

easily
differentiated

(using,again,the
re-param

eterization
trick).

Standard
A

D
V

I
uses

this
factto

optim
ize

K
L

(q
(θ;η

)||p
0

(θ))
using

the
unbiased

gradientdraw
s
∂∂η
K̂
L

(η
)

and
a

stochastic
gradient

optim
ization

m
ethod,

w
here

the
stochasticity

com
es

from
draw

s
of

the
standard

norm
al

random
variable

z.N
ote

thatstochastic
gradientm

ethods
typically

use
a

new
draw

of
z

atevery
gradientstep.

5.2.1
L

IN
E

A
R

R
E

S
P

O
N

S
E

F
O

R
A

D
V

I
(L

R
-A

D
V

I)

Since
A

D
V

I
uses

a
factorizing

norm
al

approxim
ation,

the
intuition

from
Section

5.1
m

ay
be

expected
to

apply.
In

particular,
w

e
m

ight
expect

that
the

A
D

V
I

m
eans

µ̂
m

ight
be

a
good

approxim
ation

to
E
p
0

[θ],

that
the

A
D

V
I

variances
ex

p (
2ζ̂ )

w
ould

be
under-estim

ates
of

the
posterior

variance
C

ov
p
0

(θ),
so

that

using
C

ov
L
R

q
0

(θ)
could

im
prove

the
approxim

ations
to

the
posteriorvariance.W

e
referto

L
RV

B
covariances

calculated
using

an
A

D
V

Iapproxim
ation

as
L

R
-A

D
V

I.
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G
IO

R
D

A
N

O
,B

R
O

D
E

R
IC

K
,

A
N

D
JO

R
D

A
N

To
apply

linear
response

to
an

A
D

V
I

approxim
ation,w

e
need

to
be

able
to

approxim
ate

the
H

essian
of

K
L

(q
(θ;η

)||p
0

(θ))
and

to
be

assured
thatw

e
have

found
an

optim
al
η ∗0 .B

ut,by
using

a
stochastic

gradient
m

ethod,A
D

V
Iavoids

everactually
calculating

the
expectation

in
K
L

(q
(θ;η

)||p
0

(θ)).Furtherm
ore

even
if

a
stochastic

gradientm
ethod

finds
an

pointthatis
close

to
the

optim
alvalue

of
K
L

(q
(θ;η

)||p
0

(θ))
itm

ay
notbe

close
to

an
optim

um
of
K̂
L

(η
)

for
a

particular
finite

M
.

Indeed,w
e

found
that,even

for
very

large
M

,the
optim

um
found

by
A

D
V

I’s
stochastic

gradientm
ethod

is
typically

notclose
enough

to
an

optim
um

of
the

approxim
ate

K̂
L

(η
)

for
sensitivity

calculations
to

be
useful.

Sensitivity
calculations

are
based

on
differentiating

the
fixed

pointequation
given

by
the

gradientbeing
zero

(see
the

proof
in

A
ppendix

D
),and

do
notapply

atpoints
forw

hich
the

gradientis
notzero

eitherin
theory

norin
practice.

C
onsequently,in

orderto
calculate

the
localsensitivity,w

e
sim

ply
eschew

the
stochastic

gradientm
ethod

and
directly

optim
ize

K̂
L

(η
)

fora
particularchoice

of
M

.
(W

e
w

illdiscuss
shortly

how
to

choose
M

.)
W

e
can

then
use

K̂
L

(η
)

in
E

q.(10)ratherthan
the

exactK
L

divergence.D
irectly

optim
izing

K̂
L

(η
)

both
frees

us
to

use
second-order

optim
ization

m
ethods,w

hich
w

e
found

to
converge

m
ore

quickly
to

a
high-quality

optim
um

than
first-order

m
ethods,and

guarantees
thatw

e
are

evaluating
the

H
essian

H
η
η

atan
optim

um
of

the
objective

function
used

to
calculate

E
q.(10).

A
s
M

approachesinfinity,w
e

expectthe
optim

um
of
K̂
L

(η
)to

approach
the

optim
um

of
K
L

(q
(θ;η

)||p
0

(θ))
by

the
standard

frequentisttheory
of

estim
ating

equations
(K

eener,2010,C
hapter

9).
In

practice
w

e
m

ust
fix

a
particular

finite
M

,
w

ith
larger

M
providing

better
approxim

ations
of

the
true

K
L

divergence
but

at
increased

com
putationalcost.W

e
can

inform
this

tradeoffbetw
een

accuracy
and

com
putation

by
considering

the
frequentistvariability

of
η ∗0

w
hen

random
ly

sam
pling

M
draw

s
ofthe

random
variable

z
used

to
approx-

im
ate

the
intractable

integralin
K̂
L

(η
).

D
enoting

this
frequentistvariability

by
C

ov
z

(η ∗0 ),standard
results

(K
eener,2010,C

hapter9)give
that

C
ov
z

(η ∗0 )≈
H
−
1

η
η

C
ov
z (

∂∂
η
K̂
L

(η
) ∣∣∣∣η
∗0 )

H
−
1

η
η
.

(25)

A
sufficiently

large
M

w
illbe

one
forw

hich
C

ov
z

(η ∗0 )isadequately
sm

all.O
ne

notion
of“adequately

sm
all”

m
ightbe

thatthe
A

D
V

Im
eans

found
w

ith
K̂
L

(η
)

are
w
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estim
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=
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]

∂
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c
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m
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the
conjugate

gradientN
ew

ton’s
trustregion

m
ethod

(t
r
u
s
t
-
n
c
g

of
s
c
i
p
y
.
o
p
t
i
m
i
z
e),butthe

optim
ization

procedure
stillaccounted

foran
appreciable

proportion
ofthe

tim
e

needed
forL

R
-A

D
V

I.

5.3
C

riteo
D

ataset

W
e

now
apply

ourm
ethods

to
a

real-w
orld

data
setusing

a
logistic

regression
w

ith
random

effects,w
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is
an

exam
ple
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generalized

linearm
ixed

m
odel(G

L
M

M
)(A

grestiand
K

ateri,2011,C
hapter13).T

his
data

and
m

odelhave
severaladvantages

as
an

illustration
ofourm

ethods:the
data
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large,the

m
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a
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ber

of
im

precisely-estim
ated

latentvariables
(the

unknow
n

random
effects),the

m
odelexhibits

the
sparsity

of
H
η
η

thatis
typicalin

m
any

M
FV

B
applications,and

the
results

exhibitthe
sam

e
shortcom

ings
of

the
L

aplace
approxim

ation
seen

above.
For

this
m

odel,w
e

w
illevaluate

both
posterior

covariances
and

priorsensitivities.

5.3.1
D

A
TA

A
N

D
M

O
D

E
L

W
e

investigated
a

custom
subsam

ple
of

the
2014

C
riteo

L
abs

conversion
logs

data
set(C

riteo
L

abs,2014),
w
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contains

an
obfuscated
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ple

of
advertising

data
collected

by
C

riteo
over

a
period

of
tw

o
m

onths.
E

ach
row

of
the

data
setcorresponds

to
a

single
user

click
on

an
online

advertisem
ent.

For
each

click,the
data

set
records

a
binary

outcom
e

variable
representing

w
hether

or
not

the
user

subsequently
“converted”

(i.e.,
perform

ed
a

desired
task,

such
as

purchasing
a

product
or

signing
up

for
a

m
ailing

list).
E

ach
row

contains
tw

o
tim

estam
ps

(w
hich

w
e

ignore),eightnum
erical

covariates,and
nine

factor-valued
covariates.

O
f

the
eightnum

ericalcovariates,three
contain

30%
or

m
ore

m
issing

data,so
w

e
discarded

them
.

W
e

then
applied

a
per-covariate

norm
alizing

transform
to

the
distinctvalues

of
those

rem
aining.

A
m

ong
the

factor-
valued

covariates,w
e

retained
only

the
one

w
ith

the
largestnum

berofunique
values

and
discarded

the
others.
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e
H

es
-

si
an

te
rm

H
η
η

in
T

he
or

em
2

is
ex

tr
em

el
y

sp
ar

se
.

In
th

e
no

ta
tio

n
of

Se
ct

io
n

4.
5,

ta
ke
θ g
lo
b

=
(β

ᵀ ,
µ
,τ

)ᵀ
,

ta
ke
θ l
o
c
,t

=
u
t
,a

nd
st

ac
k

th
e

va
ri

at
io

na
lp

ar
am

et
er

s
as
η

=
( η

ᵀ g
lo
b
,η
lo
c
,1
,.
..
,η
lo
c
,T

) ᵀ
.

T
he

cr
os

s
te

rm
s

in
H
η
η

be
tw

ee
n

th
e

lo
ca

lv
ar

ia
bl

es
va

ni
sh

:

∂
2
K
L

(q
(θ

;η
)
||p

α
(θ

))

∂
η l
o
c
,t

1
∂
η l
o
c
,t

2

=
0

fo
ra

ll
t 1
6=
t 2
.

E
qu

iv
al

en
tly

,n
ot

e
th

at
th

e
fu

ll
lik

el
ih

oo
d

in
A

pp
en

di
x

H
,E

q.
(3

1)
,h

as
no

cr
os

s
te

rm
s

be
tw

ee
n
u
t 1

an
d
u
t 2

fo
rt

1
6=
t 2

.A
s

th
e

di
m

en
si

on
T

of
th

e
da

ta
gr

ow
s,

so
do

es
th

e
le

ng
th

of
η

.H
ow

ev
er

,t
he

di
m

en
si

on
of
η g
lo
b

re
m

ai
ns

co
ns

ta
nt

,a
nd

H
η
η

re
m

ai
ns

ea
sy

to
in

ve
rt

.W
e

sh
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ex
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pl

e
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th
e

sp
ar

si
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tte

rn
of

th
e

fir
st

fe
w
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w

s
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d
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lu
m
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H
η
η

in
Fi
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.
Ta

ki
ng
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va

nt
ag

e
of

th
is

sp
ar

si
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pa
tte

rn
,w

e
us

ed
a
u
t
o
g
r
a
d
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ca

lc
ul
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e

th
e

H
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e
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L
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c
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Figure
12:

Sparsity
pattern

of
top-left

sub-m
atrix

of
H
η
η

for
the

logit
G

L
M

M
m

odel.
T

he
axis

num
bers

representindices
w

ithin
η,and

black
indicates

non-zero
entries

of
H
η
η .

package.
E

ven
so,calculating

the
entire

sparse
H

essian
took

3
23

seconds,and
solving

the
system

H
−
1

η
η
g
ᵀη

using
s
c
i
p
y
.
s
p
a
r
s
e
.
l
i
n
a
l
g
.
s
p
s
o
l
v
e

took
an

additional
17

3
seconds.

T
hese

results
show

thatthe
evaluation

and
inversion

of
H
η
η

w
asseveraltim

esm
ore

costly
than

optim
izing

the
variationalobjective

itself.
(O

fcourse,the
w

hole
procedure

rem
ains

m
uch

fasterthan
running

M
C

M
C

w
ith

Stan.)
W

e
note,how

ever,thatinstead
of

the
directapproach

to
calculating

H
−
1

η
η
g
ᵀη

one
can

use
the

conjugate
gradientalgorithm

of
s
p
.
s
p
a
r
s
e
.
l
i
n
a
l
g
.
c
g

(W
rightand

N
ocedal,1999,C

hapter
5)

together
w

ith
the

fastH
essian-vector

products
of
a
u
t
o
g
r
a
d

to
query

one
colum

n
ata

tim
e

of
H
−
1

η
η
g
ᵀη .

O
n

a
typicalcolum

n
of

H
−
1

η
η
g
ᵀη

in
ourexperim

ent,calculating
the

conjugate
gradienttook

only
9.4

seconds
(corresponding

to
8
1

H
essian-vector

products
in

the
conjugate

gradient
algorithm

).
T

hus,
for

exam
ple,

one
could

calculate
the

colum
ns

of
H
−
1

η
η
g
ᵀη

corresponding
to

the
expectations

of
the

global
variables

β
in

only
9.4
×
K
x

=
46
.9

seconds,
w

hich
is

m
uch

less
tim

e
than

it
w

ould
take

to
com

pute
the

entire
H
−
1

η
η
g
ᵀη

for
both

β
and

every
random

effectin
u.

Forthe
L

aplace
approxim

ation,w
e

calculated
the

M
A

P
estim

atorand
H
L
a
p

using
Python

code
sim

ilarto
thatused

for
the

M
FV

B
estim

ates.
W

e
observe

thatthe
M

FV
B

approxim
ation

to
posterior

m
eans

w
ould

be
expected

to
im

prove
on

the
M

A
P

estim
ator

only
in

cases
w

hen
there

is
both

substantialuncertainty
in

som
e

param
eters

and
w

hen
this

uncertainty,through
nonlinear

dependence
betw

een
param

eters,affects
the

values
ofposteriorm

eans.T
hese

circum
stances

obtain
in

the
logistic

G
L

M
M

m
odelw

ith
sparse

per-advertiserdata
since

the
random

effects
u
t w

illbe
quite

uncertain
and

the
otherposteriorm

eans
depend

on
them

through
the

nonlinearlogistic
function.

5.3.3
P

O
S

T
E

R
IO

R
A

P
P

R
O

X
IM

A
T

IO
N

R
E

S
U

LT
S

In
this

section,
w

e
assess

the
accuracy

of
the

M
FV

B
,

L
aplace,

and
L

RV
B

m
ethods

as
approxim

ations
to

E
p
0

[g
(θ)]

and
C

ov
p
0

(g
(θ)).

W
e

take
the

M
C

M
C

estim
ates

as
ground

truth.
A

lthough,
as

discussed
in

Section
5.3,

w
e

are
principally

interested
in

the
param

eters
g

(θ)
=

(β
ᵀ
,u

1 ,...,u
T

) ᵀ,
w

e
w

ill
report

the
results

for
allparam

eters
for

com
pleteness.

For
readability,the

tables
and

graphs
show

results
for

a
random

selection
ofthe

com
ponents

ofthe
random

effects
u.

5.3.4
P

O
S

T
E

R
IO

R
M

E
A

N
S

W
e

begin
by

com
paring

the
posterior

m
eans

in
Table

2,
Fig.

13,
and

Fig.
14.

W
e

first
note

that,
despite

the
long

running
tim

e
for

M
C

M
C

,the
β
1

and
µ

param
eters

did
not

m
ix

w
ell

in
the

M
C

M
C

sam
ple,

as
is

reflected
in

the
M

C
M

C
standard

error
and

effective
num

ber
of

draw
s

colum
ns

of
Table

2.
T

he
x
it

data
corresponding

to
β
1

contained
few

erdistinctvalues
than

the
othercolum

ns
of
x,w

hich
perhaps

led
to

som
e

co-linearity
betw

een
β
1

and
µ

in
the

posterior.T
his

co-linearity
could

have
caused

both
poorM

C
M

C
m

ixing
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G
IO

R
D

A
N

O
,B

R
O

D
E

R
IC

K
,

A
N

D
JO

R
D

A
N

Param
eter

M
C

M
C

M
FV

B
M

A
P

M
C

M
C

std.err.
E

ff.#
ofM

C
M

C
draw

s
β
1

1.454
1.447

1.899
0.02067

33
β
2

0.031
0.033

0.198
0.00025

5000
β
3

0.110
0.110

0.103
0.00028

5000
β
4

-0.172
-0.173

-0.173
0.00016

5000
β
5

0.273
0.273

0.280
0.00042

5000
µ

2.041
2.041

3.701
0.04208

28
τ

0.892
0.823

827.724
0.00051

1232
u
1
4
3
1

1.752
1.757

3.700
0.00937

5000
u
4
1
5
0

1.217
1.240

3.699
0.01022

5000
u
4
5
7
5

2.427
2.413

3.702
0.00936

5000
u
4
6
8
5

3.650
3.633

3.706
0.00862

5000

Table
2:R

esults
forthe

estim
ation

ofthe
posteriorm

eans

Figure
13:C

om
parison

ofM
C

M
C

and
M

FV
B

m
eans

and,perhaps,excessive
m

easured
prior

sensitivity,as
discussed

below
in

Section
5.3.6.

A
lthough

w
e

w
ill

reportthe
results

forboth
β
1

and
µ

w
ithoutfurthercom

m
ent,the

readershould
bearin

m
ind

thatthe
M

C
M

C
“ground

truth”
forthese

tw
o

param
eters

is
som

ew
hatsuspect.

T
he

results
in

Table
2

and
Fig.13

show
thatM

FV
B

does
an

excellentjob
ofapproxim

ating
the

posterior
m

eans
in

this
particular

case,even
for

the
random

effects
u

and
the

related
param

eters
µ

and
τ.

In
contrast,

the
M

A
P

estim
ator

does
reasonably

w
ell

only
for

certain
com

ponents
of
β

and
does

extrem
ely

poorly
for

the
random

effects
param

eters.
A

s
can

be
seen

in
Fig.14,the

M
A

P
estim

ate
dram

atically
overestim

ates
the

inform
ation

τ
ofthe

random
effectdistribution

(thatis,itunderestim
ates

the
variance).A

s
a

consequence,it
estim

atesallthe
random

effectsto
have

essentially
the

sam
e

value,leading
to

m
is-estim

ation
ofsom

e
location

param
eters,including

both
µ

and
som

e
com

ponents
of
β

.
Since

the
M

A
P

estim
ator

perform
ed

so
poorly

at
estim

ating
the

random
effectm

eans,w
e

w
illnotconsideritany

further.

5.3.5
P

O
S

T
E

R
IO

R
C

O
V

A
R

IA
N

C
E

S

W
e

now
assess

the
accuracy

of
our

estim
ates

of
C

ov
p
0

(g
(θ)).

T
he

results
for

the
m

arginalstandard
devia-

tions
are

show
n

in
Table

3
and

Fig.15.
W

e
refer

to
the

standard
deviations

of
C

ov
q
0

(g
(θ))

as
the

“uncor-
rected

M
FV

B
”

estim
ate,and

of
C

ov
L
R

q
0

(g
(θ))

as
the

“L
RV

B
”

estim
ate.

T
he

uncorrected
M

FV
B

variance
estim

ates
of
β

are
particularly

inaccurate,butthe
L

RV
B

variances
m

atch
the

exactposteriorclosely.
In

Fig.16,w
e

com
pare

the
off-diagonalelem

ents
of

C
ov
L
R

q
0

(g
(θ))

and
C

ov
p
0

(g
(θ)).T

hese
covariances

are
zero,by

definition,in
the

uncorrected
M

FV
B

estim
ates

C
ov
q
0

(g
(θ)).T

he
leftpanelofFig.16

show
s

the
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Ŝ
α

0
≈

S
q α

0
.

29
JM

L
R

 1
9(

51
):

1-
49

, 2
01

8

G
IO

R
D

A
N

O
,B

R
O

D
E

R
IC

K
,A

N
D

JO
R

D
A

N

Fi
gu

re
15

:C
om

pa
ri

so
n

of
M

C
M

C
,M

FV
B

,a
nd

L
RV

B
st

an
da

rd
de

vi
at

io
ns

Fi
gu

re
16

:C
om

pa
ri

so
n

of
M

C
M

C
an

d
L

RV
B

of
f-

di
ag

on
al

co
va

ri
an

ce
s

Ta
bl

e
4

sh
ow

s
th

e
de

ta
ile

d
M

FV
B

no
rm

al
iz

ed
se

ns
iti

vi
ty

re
su

lts
.

E
ac

h
en

tr
y

is
th

e
se

ns
iti

vi
ty

of
th

e
M

FV
B

m
ea

n
of

th
e

ro
w

’s
pa

ra
m

et
er

to
th

e
co

lu
m

n’
s

pr
io

r
pa

ra
m

et
er

.
O

ne
ca

n
se

e
th

at
se

ve
ra

lp
ar

am
et

er
s

ar
e

qu
ite

se
ns

iti
ve

to
th

e
in

fo
rm

at
io

n
pa

ra
m

et
er

pr
io

r
τ µ
.

In
pa

rt
ic

ul
ar

,E
p
α

[µ
]

an
d
E p

α
[β

1
]

ar
e

ex
pe

ct
ed

to
ch

an
ge

ap
pr

ox
im

at
el

y
−

0
.3

9
an

d
−

0
.3

5
st

an
da

rd
de

vi
at

io
ns

,r
es

pe
ct

iv
el

y,
fo

r
ev

er
y

un
it

ch
an

ge
in
τ µ

.
T

hi
s

si
ze

of
ch

an
ge

co
ul

d
be

pr
ac

tic
al

ly
si

gn
ifi

ca
nt

(a
ss

um
in

g
th

at
su

ch
a

ch
an

ge
in
τ µ

is
su

bj
ec

tiv
el

y
pl

au
si

bl
e)

.
To

in
ve

st
ig

at
e

th
is

se
ns

iti
vi

ty
fu

rt
he

r,
w

e
re

-fi
tt

he
M

FV
B

m
od

el
at

a
ra

ng
e

of
va

lu
es

of
th

e
pr

io
r

pa
ra

m
et

er
τ µ

,a
ss

es
si

ng
th

e
ac

cu
ra

cy
of

th
e

lin
ea

r
ap

pr
ox

im
at

io
n

to
th

e
se

ns
iti

vi
ty

.
T

he
re

su
lts

ar
e

sh
ow

n
in

Fi
g.

18
.

E
ve

n
fo

rv
er

y
la

rg
e

ch
an

ge
s

in
τ µ

—
re

su
lti

ng
in

ch
an

ge
s

to
E p

α
[µ

]
an

d
E p

α
[β

1
]

fa
ri

n
ex

ce
ss

of
tw

o
st

an
da

rd
de

vi
at

io
ns

—
th

e
lin

ea
r

ap
pr

ox
im

at
io

n
ho

ld
s

up
re

as
on

ab
ly

w
el

l.
Fi

g.
18

al
so

sh
ow

s
a

(r
an

do
m

ly
se

le
ct

ed
)

ra
nd

om
ef

fe
ct

to
be

qu
ite

se
ns

iti
ve

,
th

ou
gh

no
t

to
a

pr
ac

tic
al

ly
im

po
rt

an
t

de
gr

ee
re

la
tiv

e
to

its
po

st
er

io
r

st
an

da
rd

de
vi

at
io

n.
T

he
in

se
ns

iti
vi

ty
of

E p
α

[β
2
]

is
al

so
co

nfi
rm

ed
.

O
f

co
ur

se
,

th
e

ac
cu

ra
cy

of
th

e
lin

ea
r

ap
pr

ox
im

at
io

n
ca

nn
ot

be
gu

ar
an

te
ed

to
ho

ld
as

w
el

li
n

ge
ne

ra
la

s
it

do
es

in
th

is
pa

rt
ic

ul
ar

ca
se

,a
nd

th
e

qu
ic

k

30
JM

L
R

 1
9(

51
):

1-
49

, 2
01

8



C
O

V
A

R
IA

N
C

E
S,R

O
B

U
S

T
N

E
S

S,
A

N
D

V
A

R
IA

T
IO

N
A

L
B

A
Y

E
S

β
0

τ
β

γ
β

µ
0

τ
µ

α
τ

β
τ

µ
0.0094

-0.1333
-0.0510

0.0019
-0.3920

0.0058
-0.0048

τ
0.0009

-0.0086
-0.0142

0.0003
-0.0575

0.0398
-0.0328

β
1

0.0089
-0.1464

-0.0095
0.0017

-0.3503
0.0022

-0.0018
β
2

0.0012
-0.0143

-0.0113
0.0003

-0.0516
0.0062

-0.0051
β
3

-0.0035
0.0627

-0.0081
-0.0006

0.1218
-0.0003

0.0002
β
4

0.0018
-0.0037

-0.0540
0.0004

-0.0835
0.0002

-0.0002
β
5

0.0002
0.0308

-0.0695
0.0002

-0.0383
0.0011

-0.0009
u
1
4
3
1

0.0028
-0.0397

-0.0159
0.0006

-0.1169
0.0018

-0.0015
u
4
1
5
0

0.0026
-0.0368

-0.0146
0.0005

-0.1083
0.0022

-0.0018
u
4
5
7
5

0.0028
-0.0406

-0.0138
0.0006

-0.1153
0.0011

-0.0009
u
4
6
8
5

0.0028
-0.0409

-0.0142
0.0006

-0.1163
0.0003

-0.0002

Table
4:M

FV
B

norm
alized

priorsensitivity
results

Figure
17:C

om
parison

ofM
C

M
C

and
M

FV
B

norm
alized

param
etric

sensitivity
results
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linearity
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rem
ains
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future
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e
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M
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B
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orders
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.
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it
ha

s
a

pa
rt

ic
ul

ar
va

lu
e.

To
de

te
rm

in
e

w
he

th
er

ou
rm

od
el

is
ro

bu
st

,w
e

m
us

ta
dd

iti
on

al
ly

de
ci

de

1.
H

ow
la

rg
e

of
a

ch
an

ge
in

th
e

pr
io

r,
||α
−
α
0
||,

is
pl

au
si

bl
e,

an
d

2.
H

ow
la

rg
e

of
a

ch
an

ge
in

E p
α

[g
(θ

)]
is

im
po

rt
an

t.

T
he

se
t

of
pl

au
si

bl
e

pr
io

r
va

lu
es

ne
ce

ss
ar

ily
re

m
ai

ns
a

su
bj

ec
tiv

e
de

ci
si

on
.4

W
he

th
er

or
no

t
a

pa
rt

ic
ul

ar
ch

an
ge

in
E p

α
[g

(θ
)]

is
im

po
rt

an
t

de
pe

nd
s

on
th

e
ul

tim
at

e
us

e
of

th
e

po
st

er
io

r
m

ea
n.

Fo
r

ex
am

pl
e,

th
e

po
st

er
io

r
st

an
da

rd
de

vi
at

io
n

ca
n

be
a

gu
id

e:
if

th
e

pr
io

r
se

ns
iti

vi
ty

is
sw

am
pe

d
by

th
e

po
st

er
io

r
un

ce
rt

ai
nt

y
th

en
it

ca
n

be
ne

gl
ec

te
d

w
he

n
re

po
rt

in
g

ou
r

su
bj

ec
tiv

e
un

ce
rt

ai
nt

y
ab

ou
t
g

(θ
),

an
d

th
e

m
od

el
is

ro
bu

st
.

Si
m

ila
rl

y,
ev

en
if

th
e

pr
io

r
se

ns
iti

vi
ty

is
m

uc
h

la
rg

er
th

an
th

e
po

st
er

io
r

st
an

da
rd

de
vi

at
io

n
bu

ts
m

al
le

no
ug

h
th

at
it

w
ou

ld
no

ta
ff

ec
ta

ny
ac

tio
na

bl
e

de
ci

si
on

m
ad

e
on

th
e

ba
si

s
of

th
e

va
lu

e
of

E p
α

[g
(θ

)]
,t

he
n

th
e

m
od

el
is

ro
bu

st
.

In
te

rm
ed

ia
te

va
lu

es
re

m
ai

n
a

m
at

te
r

of
ju

dg
m

en
t.

A
n

ill
us

tr
at

io
n

of
th

e
re

la
tio

ns
hi

p
be

tw
ee

n
se

ns
iti

vi
ty

an
d

ro
bu

st
ne

ss
is

sh
ow

n
in

Fi
g.

19
.

Fi
na

lly
,w

e
no

te
th

at
if
A

is
sm

al
le

no
ug

h
th

at
E p

α
[g

(θ
)]

is
ro

ug
hl

y
lin

ea
ri

n
α

fo
rα
∈
A

,t
he

n
ca

lc
ul

at
in

g
E

q.
(1

)
fo

r
al

lα
∈
A

an
d

fin
di

ng
th

e
w

or
st

ca
se

ca
n

be
th

ou
gh

to
f

as
a

fir
st

-o
rd

er
ap

pr
ox

im
at

io
n

to
a

gl
ob

al
ro

bu
st

ne
ss

es
tim

at
e.

D
ep

en
di

ng
on

th
e

pr
ob

le
m

at
ha

nd
,t

hi
sl

in
ea

ri
ty

as
su

m
pt

io
n

m
ay

no
tb

e
pl

au
si

bl
e

ex
ce

pt

4.
T

hi
s

de
ci

si
on

ca
n

be
ca

st
in

a
fo

rm
al

de
ci

si
on

th
eo

re
tic

fr
am

ew
or

k
ba

se
d

on
a

pa
rt

ia
l

or
de

ri
ng

of
su

bj
ec

tiv
e

be
lie

fs
(I

ns
ua

an
d

C
ri

ad
o,

20
00

).
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Figure
19:T

he
relationship

betw
een

robustness
and

sensitivity

for
very

sm
allA

.
T

his
w

eakness
is

inherent
to

the
local

robustness
approach.

N
evertheless,

even
w

hen
the

perturbations
are

valid
only

for
a

sm
allA

,these
easily-calculable

m
easures

m
ay

still
provide

valuable
intuition

aboutthe
potentialm

odes
offailure

fora
m

odel.
If
g

(θ)
is

a
scalar,itis

naturalto
attem

ptto
sum

m
arize

the
high-dim

ensionalvector
S
α

0
in

a
single

easily
reported

num
bersuch

as

S
s
u
p

α
0

:=
su

p
α
:‖
α−

α
0 ‖≤

1 ∣∣S
ᵀα

0
(α
−
α
0 ) ∣∣.

For
exam

ple,the
calculation

of
S
s
u
p

α
0

is
the

principalam
bition

of
B

asu
etal.(1996).

T
he

use
of

such
sum

-
m

aries
is

also
particularly

com
m

on
in

w
ork

that
considers

function-valued
perturbations

(e.g.,
G

ustafson,
1996b;

R
oos

et
al.,2015).

(Function-valued
perturbations

can
be

connected
to

the
finite-dim

ensional
per-

turbations
of

the
presentw

ork
through

the
notion

of
the

G
ateaux

derivative
(H

uber,2011,C
hapter

2.5),the
elaboration

ofw
hich

w
e

leave
to

future
w

ork.)
A

lthough
the

sum
m

ary
S
s
u
p

α
0

has
obvious

m
erits,in

the
present

w
ork

w
e

em
phasize

the
calculation

only
of

S
α

0
in

the
belief

thatits
interpretation

is
likely

to
vary

from
ap-

plication
to

application
and

require
som

e
critical

thought
and

subjective
judgm

ent.
For

exam
ple,

the
unit

ball‖α
−
α
0 ‖
≤

1
(as

in
B

asu
etal.(1996))

m
ay

notm
ake

sense
as

a
subjective

description
of

the
range

of
plausible

variability
of
p

(θ|α
).C

onsider,e.g.:w
hy

should
the

off-diagonalterm
ofa

W
ishartpriorplausibly

vary
as

w
idely

as
the

m
ean

ofsom
e

otherparam
eter,w

hen
the

tw
o

m
ightnoteven

have
the

sam
e

units?
T

his
problem

is
easily

rem
edied

by
choosing

an
appropriate

scaling
ofthe

param
eters

and
thereby

m
aking

the
unit

ballan
appropriate

range
for

the
problem

athand,butthe
rightscaling

w
illvary

from
problem

to
problem

and
necessarily

be
a

som
ew

hat
subjective

choice,
so

w
e

refrain
from

taking
a

stand
on

this
decision.

A
s

another
exam

ple,the
w

orst-case
function-valued

perturbations
of

G
ustafson

(1996a,b)
require

a
choice

of
a

m
etric

ballin
function

space
w

hose
m

eaning
m

ay
notbe

intuitively
obvious,m

ay
provide

w
orst-case

pertur-
bations

thatdepend
on

the
data

to
a

subjectively
im

plausible
degree,and

m
ay

exhibitinteresting
butperhaps

counter-intuitive
asym

ptotic
behavior

for
different

norm
s

and
perturbation

dim
ensions.

C
onsequently,

w
e

do
not

attem
pt

to
prescribe

a
particular

one-size-fits-all
sum

m
ary

m
easure.

T
he

local
sensitivity

S
α

0
is

a
w

ell-defined
m

athem
aticalquantity.Its

relationship
to

robustness
m

ustrem
ain

a
m

atterofjudgm
ent.

A
ppendix

D
.ProofofT

heorem
2

In
this

section
w

e
prove

T
heorem

2.
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K
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A
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D
JO

R
D

A
N

Proof
Fornotationalconvenience,w

e
w

illdefine

K
L

(η
,α

)
:=

K
L

(q
(θ;η

)||p
α

(θ))
.

B
y

A
ssum

ption
3,
η ∗

(α
)

is
both

optim
aland

interior
for

all
α
∈
A

0 ,and
by

A
ssum

ption
2,
K
L

(η
,α

)
is

continuously
differentiable

in
η.

T
herefore,the

first-order
conditions

of
the

optim
ization

problem
in

E
q.(8)

give:

∂
K
L

(η
,α

)

∂
η

∣∣∣∣η
=
η
∗
(α

)

=
0

forall
α
∈
A

0 .
(26)

∂
2
K
L
(η
,α

)
∂
η
∂
η ᵀ

∣∣∣α
0

is
positive

definite
by

the
strictoptim

ality
of
η ∗

in
A

ssum
ption

3,and
∂
2
K
L
(η
,α

)
∂
η
∂
α

ᵀ
is

continuous

by
A

ssum
ption

2.
Itfollow

s
that

η ∗
(α

)
is

a
continuously

differentiable
function

of
α

by
application

of
the

im
plicitfunction

theorem
to

the
first-ordercondition

in
E

q.(26)(Flem
ing,1965,C

hapter4.6).So
w

e
can

use
the

chain
rule

to
take

the
totalderivative

ofE
q.(26)w

ith
respectto

α
.

dd
α

(
∂
K
L

(η
,α

)

∂
η

∣∣∣∣η
=
η
∗
(α

) )
=

0
forall

α
∈
A

0 ⇒

∂
2K

L
(η
,α

)

∂
η
∂
η ᵀ

∣∣∣∣η
=
η
∗
(α

)

d
η ∗

(α
)

d
α
ᵀ

+
∂
2K

L
(η
,α

)

∂
η
∂
α
ᵀ

∣∣∣∣η
=
η
∗
(α

)

=
0

forall
α
∈
A

0 .

T
he

strictoptim
ality

of
K
L

(η
,α

)
at
η ∗

(α
)

in
A

ssum
ption

3
requires

that
∂
2
K
L
(η
,t)

∂
η
∂
η
T

∣∣∣η
=
η
∗
(α

)
be

invertible.

So
w

e
can

evaluate
at
α

=
α
0

and
solve

to
find

that

d
η ∗

(α
)

d
α
ᵀ

∣∣∣∣α
0

=
−
(
∂
2K

L
(η
,α

)

∂
η
∂
η ᵀ

)
−
1
∂
2K

L
(η
,α

)

∂
η
∂
α
ᵀ

∣∣∣∣∣η
=
η
∗0
,α

=
α

0

.

E
q
α

[g
(θ)]

is
a

continuously
differentiable

function
of
η ∗

(α
)

by
A

ssum
ption

4.
So

by
the

chain
rule

and
A

ssum
ption

2,w
e

have
that

dE
q
(θ

;η
)
[g

(θ)]

d
α
ᵀ

∣∣∣∣α
0

=
∂E

q
(θ

;η
)
[g

(θ)]

∂
η

d
η ∗

(α
)

d
α
ᵀ

∣∣∣∣η
=
η
∗0
,α

=
α

0

.

Finally,w
e

observe
thatK

L
(η
,α

)
=

E
q
(θ

;η
)
[lo

g
q

(θ;η
)−

log
p

(θ)−
ρ

(θ,α
)]+

C
on
sta

n
t⇒

∂
2K

L
(η
,α

)

∂
η
∂
α
ᵀ

∣∣∣∣η
=
η
∗0
,α

=
α

0

=
−
∂
2E

q
(θ

;η
)
[ρ

(θ,α
)]

∂
η
∂
α
ᵀ

∣∣∣∣η
=
η
∗0
,α

=
α

0

.

H
ere,the

term
C
on
sta

n
t

contains
quantities

thatdo
notdepend

on
η.Plugging

in
gives

the
desired

result.

A
ppendix

E
.E

xactnessofM
ultivariate

N
orm

alPosterior
M

eans
In

this
section,w

e
show

thatthe
M

FV
B

estim
ate

ofthe
posteriorm

eans
ofa

m
ultivariate

norm
alw

ith
know

n
covariance

is
exactand

that,as
an

im
m

ediate
consequence,the

linearresponse
covariance

recovers
the

exact
posteriorcovariance,i.e.,C

ov
L
R

q
0

(θ)
=

C
ov
p
0

(θ).
Suppose

w
e

are
using

M
FV

B
to

approxim
ate

a
non-degenerate

m
ultivariate

norm
alposterior,i.e.,

p
0

(θ)
=
N

(θ;µ
,Σ

)
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E
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fo
rf

ul
l-

ra
nk

Σ
.T

hi
sp

os
te

ri
or

ar
is

es
,f

or
in

st
an

ce
,g

iv
en

a
m

ul
tiv

ar
ia

te
no

rm
al

lik
el

ih
oo

d
p

(x
|µ

)
=
∏
n
=
1
:N
N

(x
n
|θ
,Σ

x
)

w
ith

kn
ow

n
co

va
ri

an
ce

Σ
x

an
d

a
co

nj
ug

at
e

m
ul

tiv
ar

ia
te

no
rm

al
pr

io
r

on
th

e
un

kn
ow

n
m

ea
n

pa
ra

m
et

er
θ
∈

R
K

.
A

dd
iti

on
al

ly
,e

ve
n

w
he

n
th

e
lik

el
ih

oo
d

is
no

n-
no

rm
al

or
th

e
pr

io
r

is
no

tc
on

ju
ga

te
,t

he
po

st
er

io
r

m
ay

be
cl

os
el

y
ap

pr
ox

im
at

ed
by

a
m

ul
tiv

ar
ia

te
no

rm
al

di
st

ri
bu

tio
n

w
he

n
a

B
ay

es
ia

n
ce

nt
ra

l
lim

it
th

eo
re

m
ca

n
be

ap
pl

ie
d

(L
e

C
am

an
d

Y
an

g,
20

12
,C

ha
pt

er
8)

.
W

e
w

ill
co

ns
id

er
an

M
FV

B
ap

pr
ox

im
at

io
n

to
p
0

(θ
).

Sp
ec

ifi
ca

lly
,l

et
th

e
el

em
en

ts
of

th
e

ve
ct

or
θ

be
gi

ve
n

by
sc

al
ar

s
θ k

fo
rk

=
1,
..
.,
K

,a
nd

ta
ke

th
e

M
FV

B
no

rm
al

ap
pr

ox
im

at
io

n
w

ith
m

ea
ns
m
k

an
d

va
ri

an
ce

s
v k

:

Q
=

{
q

(θ
)

:
q

(θ
)

=
K ∏ k
=
1

N
(θ
k
;m

k
,v
k
)}

.

In
th

e
no

ta
tio

n
of

E
q.

(9
),

w
e

ha
ve
η k

=
(m

k
,v
k
)ᵀ

w
ith

Ω
η

=
{η

:
v k
>

0
,∀
k

=
1,
..
.,
K
}.

T
he

op
tim

al
va

ri
at

io
na

lp
ar

am
et

er
s

ar
e

gi
ve

n
by
η
∗ k

=
(m
∗ k,
v
∗ k)

ᵀ
.

L
em

m
a

1
Le

tp
0

(θ
)

=
N

(θ
;µ
,Σ

)
fo

r
fu

ll-
ra

nk
Σ

an
d

le
tQ

=
{ q

(θ
)

:
q

(θ
)

=
∏
K k
=
1
N

(θ
k
;m

k
,v
k
)}

be

th
e

m
ea

n
fie

ld
ap

pr
ox

im
at

in
g

fa
m

ily
.T

he
n

th
er

e
ex

is
ts

an
η
∗

=
(m
∗ ,
v
∗ )

th
at

so
lv

es

η
∗

=
ar

g
m

in
η
:q
(θ

;η
)∈
Q
K
L

(q
(θ

;η
)
||p

α
(θ

))

w
ith

m
∗

=
µ

.

Pr
oo

f
L

et
di

ag
(v

)
de

no
te

th
e
K
×
K

m
at

ri
x

w
ith

th
e

ve
ct

or
v

on
th

e
di

ag
on

al
an

d
ze

ro
el

se
w

he
re

.
U

si
ng

th
e

fa
ct

th
at

th
e

en
tr

op
y

of
a

un
iv

ar
ia

te
no

rm
al

di
st

ri
bu

tio
n

w
ith

va
ri

an
ce
v

is
1 2

lo
g
v

pl
us

a
co

ns
ta

nt
,

th
e

va
ri

at
io

na
lo

bj
ec

tiv
e

in
E

q.
(8

)i
s

gi
ve

n
by

K
L

(q
(θ

;η
)
||p

α
(θ

))
=

E q
(θ

;η
)

[ 1 2
(θ
−
µ

)ᵀ
Σ
−
1

(θ
−
µ

)] −
1 2

∑ k

lo
g
v k

+
C
on
st
a
n
t

=
1 2

tr
ac

e
( Σ
−
1
E q

(θ
;η
)
[θ
θᵀ

])
−
µ
ᵀ Σ
−
1
E q

(θ
;η
)
[θ

]−
1 2

∑ k

lo
g
v k

+
C
on
st
a
n
t

=
1 2

tr
ac

e
( Σ
−
1

(m
m

ᵀ
+

di
ag

(v
))
) −

µ
ᵀ Σ
−
1
m
−

1 2

∑ k

lo
g
v k

+
C
on
st
a
n
t

=
1 2

tr
ac

e
( Σ
−
1
di

ag
(v

))
+

1 2
m

ᵀ Σ
−
1
m
−
µ
ᵀ Σ
−
1
m
−

1 2

∑ k

lo
g
v k

+
C
on
st
a
n
t. (2
7)

T
he

fir
st

-o
rd

er
co

nd
iti

on
fo

rt
he

op
tim

al
m
∗

is
th

en

∂
K
L

(q
(θ

;η
)
||p

0
(θ

))

∂
m

∣ ∣ ∣ ∣ m
=
m
∗
,v
=
v
∗

=
0
⇒

Σ
−
1
m
∗
−

Σ
−
1
µ

=
0
⇒

m
∗

=
µ
.

T
he

op
tim

al
va

ri
an

ce
s

fo
llo

w
si

m
ila

rl
y:

∂
K
L

(q
(θ

;η
)
||p

0
(θ

))

∂
v k

∣ ∣ ∣ ∣ m
=
m
∗
,v
=
v
∗

=
0
⇒

1 2

( Σ
−
1
) k
k
−

1 2

1 v
∗ k

=
0
⇒

v
∗ k

=
1
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b
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(
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i
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142
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ppendix
G

.L
K

J
Priorsfor

C
ovariance

M
atricesin

M
ean

Field
Variational

Inference
In

this
section

w
e

briefly
derive

closed-form
expressions

for
using

an
L

K
J

prior
w

ith
a

W
ishartvariational

approxim
ation.

Proposition
3

Let
Σ

be
a
K
×
K

positive
definite

covariance
m

atrix.D
efine

the
K
×
K

m
atrix

M
such

that

M
ij

=

{
√

Σ
ij

if
i

=
j

0
otherw

ise.

D
efine

the
correlation

m
atrix

R
as

R
=

M
−
1Σ

M
−
1.

D
efine

the
LK

J
prior

on
R

w
ith

concentration
param

eter
ξ

(Lew
andow

skietal.,2009):

p
L
K
J

(R
|ξ)∝

|R
| ξ−

1
.

Let
q (Σ
|V
−
1,ν )

be
an

inverse
W

ishartdistribution
w

ith
m

atrix
param

eter
V
−
1

and
ν

degrees
offreedom

.
Then

E
q

[log|R
|]

=
lo

g ∣∣V
−
1 ∣∣−

ψ
K

(
ν2 )
−

K
∑k
=
1

lo
g ((V

−
1 )
k
k )

+
K
ψ

(
ν
−
K

+
1

2

)
+
C
on
sta

n
t

E
q

[log
p
L
K
J

(R
|ξ)]

=
(ξ−

1
)E

q
[log|R

|]+
C
on
sta

n
t,

w
here

C
on
sta

n
t

does
notdepend

on
V

or
ν.H

ere,ψ
K

is
the

m
ultivariate

digam
m

a
function.

Proof
Firstnote

that

lo
g|Σ
|
=

2
lo

g|M
|+

lo
g|R
|

=
2

K
∑k
=
1

lo
g √

Σ
k
k

+
log|R

|

=
K
∑k
=
1

log
Σ
k
k

+
lo

g|R
|⇒

lo
g|R
|
=

lo
g|Σ
|−

K
∑k
=
1

log
Σ
k
k .

(28)

B
y

E
q.B

.81
in

(B
ishop,2006),a

property
ofthe

inverse
W

ishartdistribution
is

the
follow

ing
relation.

E
q

[log|Σ
|]

=
lo

g ∣∣V
−
1 ∣∣−

ψ
K

(
ν2 )
−
K

lo
g

2,
(29)
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=
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p
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+
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p
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−
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+

−
1 2

( tr
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=
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it
or

y
(L

ic
h
m

an
,

20
13

).
T

h
e

a
cc

u
ra

cy
an

d
th

e
co

m
p
u
ta

ti
o
n
a
l

ti
m

e
of

ou
r

ap
p
ro

x
im

at
e

fo
rm

u
la

ar
e

re
p

or
te

d
in

co
m

p
ar

is
on

w
it

h
th

e
li
te

ra
l

C
V

.
T

h
e

li
m

it
a
ti

o
n

o
f

a
si

m
p
li
fi
ed

ve
rs

io
n

of
th

e
ap

p
ro

x
im

at
io

n
is

al
so

ex
am

in
ed

.
T

h
e

la
st

se
ct

io
n

is
d
ev

o
te

d
to

th
e

co
n
cl

u
si

on
.
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A
c
c
e
l
e
r
a
t
in
g

C
V

in
M
u
lt

in
o
m
ia
l
L
o
g
ist

ic
R
e
g
r
e
ssio

n

2
.
F
o
rm

u
la
tio

n

In
th

e
m

a
x
im

u
m

likelih
o
o
d

estim
ation

fram
ew

ork
,

it
is

n
a
tu

ra
l

to
em

p
loy

a
p
red

ictive
lik

eli-
h
o
o
d

a
s

a
criterion

for
m

o
d
el

selection
(B

jorn
stad

,
1990;

A
n
d
o

an
d

T
say

,
2
010).

W
e

req
u
ire

a
g
o
o
d

estim
ator

of
th

e
p
red

ictive
lik

elih
o
o
d
,

an
d

th
e

C
V

p
rov

id
es

a
sim

p
le

realization
of

it.
P

a
rticu

la
rly

in
th

is
p
ap

er,
w

e
con

sid
er

an
estim

ator
b
ased

on
th

e
leav

e-on
e-ou

t
(L

O
O

)
C

V
.

T
h
e

L
O

O
solu

tion
is

d
escrib

ed
b
y

{
ŵ
\
µ
a

(λ
)}
a

=
arg

m
in

{
w
a }
a

{H
\
µ ({

w
a }
La
=

1 ∣∣∣ D
M
,λ )}

,
(6)

H
\
µ ({

w
a }
La
=

1 ∣∣∣ D
M
,λ )
≡
H
({
w
a }
La
=

1 ∣∣∣ D
M
,λ )
−
q
µ ({

w
a }
La
=

1 )
.

(7)

D
en

o
tin

g
th

e
overlap

of
x
µ

w
ith

th
e

L
O

O
solu

tion
as
û
\
µ
µ
a

=
x
>µ
ŵ
\
µ
a

,
a
s

w
ell

a
s

th
at

w
ith

th
e

fu
ll

so
lu

tio
n
û
µ
a

=
x
>µ
ŵ
a ,

w
e

can
d
efi

n
e

th
e

L
O

O
estim

ator
(L

O
O

E
)

o
f

th
e

p
red

ictiv
e

n
eg

a
tive

lo
g
-likelih

o
o
d

as:

ε
L

O
O

(λ
)

=
1M

M∑µ
=

1

q
µ ({

ŵ
\
µ
a

}
La
=

1 )
=
−

1M

M∑µ
=

1

ln
φ (

y
µ ∣∣∣ {û

\
µ
µ
a }
La
=

1 )
.

(8)

In
th

e
fo

llow
in

g,
th

e
p
red

ictiv
e

n
egative

log-likelih
o
o
d

is
sim

p
ly

called
p
red

iction
error.

T
h
e

m
in

im
u
m

o
f

th
e

L
O

O
E

d
eterm

in
es

th
e

op
tim

al
valu

e
of
λ

th
ou

gh
its

evalu
ation

req
u
ires

u
s

to
so

lv
e

eq
.

(6
)
M

tim
es,

w
h
ich

is
com

p
u
tatio

n
ally

d
em

an
d
in

g.

2
.0
.1
.
N
o
t
a
t
io
n
s

H
ere,

w
e

fi
x

th
e

n
otation

s
for

a
b

etter
fl
ow

of
th

e
d
erivatio

n
sh

ow
n

b
elow

.
B

y
su

m
m

arizin
g

th
e

cla
ss

in
d
ex

,
w

e
in

tro
d
u
ce

a
vector

n
otation

of
th

e
overlap

as
u
µ

=
(u
µ
a )
a ∈

R
L

an
d

an
ex

ten
d
ed

v
ecto

r
rep

resen
tation

of
th

e
w

eigh
t

vectors
{w

a }
a

as
W

=
(w

a )
a
∈

R
L
N

.
T

h
e

m
th

co
m

p
o
n
en

t
of
W

can
th

u
s

b
e

d
ecom

p
osed

in
to

tw
o

p
arts

as
m

=
(m

c ,m
f )

w
h
ere

m
c ∈
{1,···

,L}
d
en

otes
th

e
class

in
d
ex

an
d
m
f
∈
{1
,···

,N
}

rep
resen

ts
th

e
com

p
on

en
t

in
d
ex

o
f

th
e

fea
tu

re
vector.

N
am

ely
w

e
w

rite
W
m

=
w
m
c m

f .
C

orresp
on

d
in

gly,
w

e
lev

erage

a
m

a
trix

X
µ
∈
R
L×

L
N

to
d
efi

n
e

a
rep

etition
rep

resen
tation

of
th

e
fea

tu
re

vector
x
µ
:

E
ach

co
m

p
o
n
en

t
is

d
efi

n
ed

as:

X
µam
≡
δ
a
m
c x
µ
m
f .

(9)

T
h
is

y
ield

s
sim

p
le

an
d

con
v
en

ien
t

relation
s:

u
µ

=
X
µ
W
,
X
µ

=

(
∂
u
µ

∂
W

)
>
.

(10)

F
u
rth

er,
th

e
cla

ss-a
p
rob

ab
ility

of
µ

th
d
a
ta

at
th

e
fu

ll
solu

tion
Ŵ

=
(ŵ

a )
a

is
d
en

oted
b
y
:

p
a|µ

=
φ

(a|{û
µ
b }
b )

=
e
û
µ
a

∑
Lb=

1
e
û
µ
b

(11)
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O
b
u
c
h
i
a
n
d

K
a
b
a
sh

im
a

T
h
ese

n
otation

s
ex

p
ress

th
e

grad
ien

t
a
n
d

th
e

H
essian

of
q
µ

at
th

e
fu

ll
solu

tion
as:

∇
q
µ
(Ŵ

)≡
∂
q
µ

∂
W

∣∣∣∣W
=
Ŵ

=
∂
u
µ

∂
W

∂

∂
u
µ

q
µ ∣∣∣∣u

µ
=
û
µ

=
(X

µ
) >
b
µ
,

(12)

∂
2q
µ
(Ŵ

)≡
∂

2q
µ

∂
W
∂
W
′ ∣∣∣∣W

=
W
′=
Ŵ

=
∂
u
µ

∂
W

(
∂

2q
µ

∂
u
µ
∂
u
′µ ∣∣∣∣u

µ
=
u
′µ

=
û
µ )
(
∂
u
′µ

∂
W
′ )
>

=
(X

µ
) >
F
µ
X
µ
,

(13)

w
h
ere

b
µ
≡

(p
1|µ −

δ
1
y
µ
,p

2|µ −
δ

2
y
µ
,···

,p
L|µ −

δ
L
y
µ
) >
,

(14)

F
µa
b ≡

δ
a
b p
a|µ −

p
a|µ
p
b|µ
.

(15)

In
ad

d
ition

,
w

e
d
en

ote
th

e
cost

fu
n
ction

H
essian

s
at

th
e

resp
ective

solu
tion

s
as:

G
≡
∂

2H
(Ŵ

)
=
∑

µ

(
∂

2q
µ
(Ŵ

) )
,

(16)

G
\
µ
≡
∂

2H
\
µ
(Ŵ

\
µ
)

=
∑ν
(6=
µ

) (
∂

2q
ν (Ŵ

\
µ
) )
.

(17)

F
in

ally,
w

e
in

tro
d
u
ce

th
e

sy
m

b
ol
A

(W
)≡
{
m
|W

m
6=

0}
rep

resen
tin

g
th

e
in

d
ex

set
of

th
e

active
com

p
on

en
ts

of
W

an
d
Â
≡
A

(Ŵ
).

G
iven

Ŵ
,

w
e

d
en

ote
th

e
activ

e
com

p
on

en
ts

of
a

vector
Y
∈
R
L
N

b
y

th
e

su
b
scrip

t
as
Y
Â

.
A

sim
ilar

n
otation

is
u
sed

for
an

y
m

atrix
an

d
th

e
sy

m
b

ol∗
is

assu
m

ed
to

rep
resen

t
all

of
th

e
com

p
on

en
ts

in
th

e
corresp

on
d
in

g
d
im

en
sion

.

2
.1

.
A

p
p

ro
x
im

a
te

fo
rm

u
la

F
or

a
sim

p
le

d
erivation

,
it

is
im

p
ortan

t
to

co
n
sid

er
th

at
th

e
w

-d
ep

en
d
en

ce
of
φ

ap
p

ears
on

ly
in

th
e

overlap
u

=
x
>
w

.
H

en
ce,

it
is

su
ffi

cien
t

to
p
rov

id
e

th
e

relation
b

etw
een

û
µ
a

an
d
û
\
µ
µ
a

in
ord

er
to

d
erive

th
e

ap
p
rox

im
a
te

form
u
la.

A
cru

cial
assu

m
p
tion

to
d
eriv

e
th

e
form

u
la

is
th

a
t

th
e

active
set

is
“com

m
on

”
b

etw
een

th
e

fu
ll

an
d

L
O

O
solu

tion
s,
Ŵ

=
(ŵ

a )
a

an
d
Ŵ
\
µ

=
(ŵ
\
µ
a

)
a ;

n
am

ely
Â

=
Â
\
µ
≡
A

(Ŵ
\
µ
).

A
lth

ou
gh

th
is

assu
m

p
tion

is
literally

n
ot

tru
e,

w
e

n
u
m

erically
con

fi
rm

ed
th

at
th

is
ap

p
rox

i-
m

ately
h
old

s.
In

oth
er

w
ord

s,
th

e
ch

an
ge

of
th

e
a
ctive

set
is

sm
all

en
ou

gh
com

p
a
red

to
th

e
size

of
th

e
active

set
itself

w
h
en

con
sid

erin
g

th
e

L
O

O
o
p

eration
w

h
en

N
an

d
M

are
large.

M
oreover,

in
a

rela
ted

p
rob

lem
of

an
`
1 -regu

larized
lin

ea
r

regression
,
th

e
so-called

L
A

S
S
O

,
it

h
as

b
een

sh
ow

n
th

at
th

e
con

trib
u
tion

of
th

e
activ

e
set

ch
an

ge
van

ish
es

in
a

lim
it
N
,M
→
∞

keep
in

g
α

=
M
/N

=
O

(1)
(O

b
u
ch

i
an

d
K

ab
ash

im
a
,

2016).
It

is
ex

p
ected

th
at

th
e

sam
e

h
old

s
in

th
e

p
resen

t
p
rob

lem
.

H
en

ce,
w

e
ad

op
t

th
is

assu
m

p
tion

in
th

e
follow

in
g

d
efi

n
ition

.
N

ote
th

at
th

is
id

ea
of

th
e

active
set

con
stan

tn
ess

can
b

e
fou

n
d

in
p
reced

in
g

a
n
aly

ses
of

su
p
p

ort
vector

m
ach

in
e

(O
p
p

er
an

d
W

in
th

er,
2000

b
;

V
ap

n
ik

an
d

C
h
ap

elle,
2000).

O
n
ce

th
e

active
set

Â
is

assu
m

ed
to

b
e

k
n
ow

n
an

d
u
n
ch

an
ged

b
y

th
e

L
O

O
op

eration
,

it
is

easy
to

d
eterm

in
e

th
e

activ
e

com
p

on
en

ts
of

th
e

fu
ll

an
d

L
O

O
solu

tion
s
Ŵ

an
d
Ŵ
\
µ
.
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A
c
c
e
l
e
r
a
t
in
g

C
V

in
M
u
lt

in
o
m
ia
l
L
o
g
is
t
ic

R
e
g
r
e
ss
io
n

T
h
e

va
n
is

h
in

g
co

n
d
it

io
n

of
th

e
gr

ad
ie

n
t

of
th

e
co

st
fu

n
ct

io
n

is
th

e
d
et

er
m

in
in

g
eq

u
at

io
n
:

(∇
H

) Â
=

0
⇒
Ŵ

Â
,

(1
8)

( ∇
H
\µ
) Â

=
(∇
H

) Â
−

(∇
q µ

) Â
=

0
⇒
Ŵ
\µ Â
.

(1
9)

T
h
e

d
iff

er
en

ce
b

et
w

ee
n

th
e

gr
ad

ie
n
ts

is
on

ly
∇
q µ

,
an

d
h
en

ce
th

e
d
iff

er
en

ce
b

et
w

ee
n
Ŵ

an
d

Ŵ
\µ

is
ex

p
ec

te
d

to
b

e
sm

al
l.

D
en

ot
in

g
th

e
d
iff

er
en

ce
as
d
µ

=
Ŵ
−
Ŵ
\µ

an
d

ex
p
an

d
in

g
eq

.
(1

9)
w

it
h

re
sp

ec
t

to
d
µ

u
p

to
th

e
fi
rs

t
or

d
er

,
w

e
ob

ta
in

an
eq

u
at

io
n

d
et

er
m

in
in

g
d
µ
:

d
µ Â

=
−
( G
\µ Â
Â

) −
1
( ∇

q µ
(Ŵ

)) Â
.

(2
0)

In
se

rt
in

g
th

is
an

d
eq

.
(1

2)
in

to
th

e
d
efi

n
it

io
n
d
µ

=
Ŵ
−
Ŵ
\µ

an
d

m
u
lt

ip
ly

in
g
X
µ

fr
om

le
ft

,
w

e
ob

ta
in

:

û
\µ µ
≈
û
µ

+
C
\µ µ
b
µ
,

(2
1)

C
\µ µ
≡
X
µ ∗Â

( G
\µ Â
Â

) −
1
( X

µ ∗Â

) >
.

(2
2)

T
h
is

eq
u
at

io
n

im
p
li
es

th
at

th
e

m
at

ri
x

in
ve

rs
io

n
op

er
at

io
n

is
n
ec

es
sa

ry
fo

r
ea

ch
µ

,
w

h
ic

h
st

il
l

re
q
u
ir

es
a

si
gn

ifi
ca

n
t

co
m

p
u
ta

ti
on

a
l

co
st

.
T

o
av

o
id

th
is

,
w

e
em

p
lo

y
an

ap
p
ro

x
im

at
io

n
an

d
th

e
W

o
o
d
b
u
ry

m
at

ri
x

in
ve

rs
io

n
fo

rm
u
la

in
co

n
ju

n
ct

io
n

w
it

h
eq

s.
(1

3
,1

6,
17

).
T

h
e

re
su

lt
is

:
( G
\µ
) −

1
≡
( ∂

2
H
\µ

(Ŵ
\µ

)) −
1
≈
( ∂

2
H
\µ

(Ŵ
)) −

1
=
( G
−

(X
µ
)>
F
µ
X
µ
) −

1

=
G
−

1
−
G
−

1
(X

µ
)>
( −

F
µ

+
X
µ
G
−

1
(X

µ
)>
) −

1
X
µ
G
−

1
.

(2
3)

In
se

rt
in

g
th

is
in

to
eq

.
(2

1)
an

d
si

m
p
li
fy

in
g

se
ve

ra
l

fa
ct

or
s,

w
e

ob
ta

in
:

û
\µ µ
≈
û
µ

+
C
µ

(I
L
−
F
µ
C
µ
)−

1
b
µ
,

(2
4)

w
h
er

e

C
µ

=
X
µ ∗Â
( G

Â
Â

) −
1
( X

µ ∗Â

) >
.

(2
5)

N
ow

,
al

l
of

th
e

va
ri

ab
le

s
on

th
e

ri
gh

th
an

d
si

d
e

of
eq

.
(2

4)
ca

n
b

e
co

m
p
u
te

d
fr

om
th

e
fu

ll
so

lu
ti

on
Ŵ

on
ly

,
w

h
ic

h
en

ab
le

s
u
s

to
es

ti
m

at
e

th
e

L
O

O
E

b
y

le
ve

ra
g
in

g
a

on
e-

ti
m

e
op

ti
m

iz
at

io
n

u
si

n
g

al
l

of
th

e
d
at

a
D
M

,
w

h
il
e

av
oi

d
in

g
re

p
ea

te
d

op
ti

m
iz

at
io

n
s.

W
e

sh
ou

ld
m

en
ti

on
th

e
co

m
p
u
ta

ti
on

al
co

st
o
f

th
is

ap
p
ro

x
im

at
io

n
:

it
is

m
a
in

ly
sc

al
ed

as
O

(M
L

2
|Â
|+

M
L
|Â
|2

+
|Â
|3 )

.
T

h
e

fi
rs

t
tw

o
te

rm
s

co
m

e
fr

om
th

e
co

n
st

ru
ct

io
n

of
G
Â
Â

an
d
C
µ
,

an
d

th
e

la
st

on
e

is
d
er

iv
ed

fr
om

th
e

in
ve

rs
e

of
G

.
If
|Â
|i

s
p
ro

p
or

ti
on

al
to

th
e

fe
at

u
re

d
im

en
si

on
al

it
y
N

,
th

is
co

m
p
u
ta

ti
on

al
co

st
is

of
th

e
th

ir
d

or
d
er

w
it

h
re

sp
ec

t
to

th
e

sy
st

em
d
im

en
si

on
al

it
y
N

an
d
M

.
T

h
is

is
ad

m
it

te
d
ly

n
ot

ch
ea

p
an

d
th

e
co

m
p
u
ta

ti
on

al
co

st
fo

r
th

e
k
-f

ol
d

li
te

ra
l

C
V

w
it

h
a

m
o
d
er

at
e

va
lu

e
of
k

b
ec

om
es

sm
al

le
r

th
an

th
at

fo
r

ou
r

ap
p
ro

x
im

at
io

n
in

a
la

rg
e

d
im

en
si

on
al

it
y

li
m

it
.

W
e,

h
ow

ev
er

,
st

re
ss

th
at

th
er

e
ac

tu
al

ly
ex

is
ts

a
w

id
e

ra
n
ge

of
N

an
d
M

va
lu

es
in

w
h
ic

h
ou

r
ap

p
ro

x
im

at
io

n
ou

tp
er

fo
rm

s
th

e
li
te

ra
l
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O
b
u
c
h
i
a
n
d

K
a
b
a
sh

im
a

C
V

in
te

rm
s

of
th

e
co

m
p
u
ta

ti
on

al
ti

m
e,

as
la

te
r

d
em

on
st

ra
te

d
in

se
c.

3.
M

o
re

ov
er

,
fo

r
tr

ea
ti

n
g

m
u
ch

la
rg

er
sy

st
em

s,
w

e
in

v
en

t
a

fu
rt

h
er

si
m

p
li
fi
ed

ap
p
ro

x
im

at
io

n
b
a
se

d
o
n

th
e

ab
ov

e
ap

p
ro

x
im

at
e

fo
rm

u
la

.
T

h
e

co
m

p
u
ta

ti
on

al
co

st
of

th
is

si
m

p
li
fi
ed

ve
rs

io
n

is
sc

a
le

d
o
n
ly

li
n
ea

rl
y

w
it

h
re

sp
ec

t
to

th
e

sy
st

em
p
ar

am
et

er
s
N

an
d
M

.
It

s
d
er

iv
at

io
n

is
in

se
c.

2
.2

a
n
d

th
e

p
re

ci
si

on
co

m
p
ar

is
on

to
th

e
or

ig
in

a
l

ap
p
ro

x
im

at
io

n
is

in
se

c.
3.

A
n
ot

h
er

se
n
si

ti
ve

is
su

e
is

p
re

se
n
t

in
co

m
p
u
ti

n
g
( G

Â
Â

) −
1
.

O
cc

as
io

n
al

ly
th

e
co

st
fu

n
ct

io
n

H
es

si
an

G
h
as

ze
ro

ei
ge

n
va

lu
es

an
d

is
n
ot

in
v
er

ti
b
le

.
W

e
h
an

d
le

th
is

p
ro

b
le

m
in

th
e

n
ex

t
su

b
se

ct
io

n
.

2
.1
.1
.
H
a
n
d
l
in
g

z
e
r
o

m
o
d
e
s

In
th

e
M

L
R

,
th

er
e

is
an

in
tr

in
si

c
sy

m
m

et
ry

su
ch

th
at

th
e

m
o
d
el

is
in

va
ri

a
n
t

u
n
d
er

th
e

ad
d
it

io
n

of
an

y
co

n
st

an
t

v
ec

to
r

to
th

e
w

ei
gh

t
v
ec

to
rs

of
a
ll

cl
as

se
s:

w
a
→
w
a

+
v

(∀
a
).

(2
6
)

In
th

is
se

n
se

,
th

e
w

ei
gh

t
ve

ct
or

s
d
efi

n
in

g
th

e
sa

m
e

m
o
d
el

ar
e

“d
eg

en
er

at
ed

”
a
n
d

o
u
r

M
L

R
is

si
n
gu

la
r.

F
or

fi
n
it

e
λ

,
th

is
is

n
ot

h
ar

m
fu

l
b

ec
au

se
th

e
re

gu
la

ri
za

ti
on

te
rm

re
so

lv
es

th
is

si
n
gu

la
ri

ty
an

d
se

le
ct

s
an

op
ti

m
al

on
e
{ŵ

a
} a

w
it

h
th

e
sm

al
le

st
va

lu
e

of
||w

a
|| 1

a
m

o
n
g

th
e

d
eg

en
er

at
ed

ve
ct

or
s.

H
ow

ev
er

,
th

is
d
o
es

n
ot

m
ea

n
th

at
th

e
as

so
ci

at
ed

H
es

si
a
n

is
n
o
n
-

si
n
gu

la
r.

T
h
e

re
g
u
la

ri
za

ti
on

te
rm

d
o
es

n
ot

p
ro

v
id

e
an

y
d
ir

ec
t

co
n
tr

ib
u
ti

on
to

th
e

H
es

si
an

an
d

as
a

re
su

lt
,
th

e
H

es
si

an
te

n
d
s

to
h
av

e
so

m
e

ze
ro

m
o
d
es

.
T

h
is

p
re

ve
n
ts

ta
k
in

g
th

e
in

v
er

se
H

es
si

an
G
−

1
in

eq
.

(2
5)

.
H

ow
ca

n
w

e
ov

er
co

m
e

th
is

?

O
n
e

p
os

si
b
il
it

y
is

to
fi
x

th
e

w
ei

gh
ts

of
on

e
ce

rt
ai

n
cl

as
s

at
co

n
st

an
t

va
lu

es
w

h
en

so
lv

in
g

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
(4

).
T

h
is

is
te

rm
ed

“g
au

ge
fi
x
in

g”
in

p
h
y
si

cs
,

an
d

o
n
e

co
n
v
en

ie
n
t

ga
u
ge

in
th

e
p
re

se
n
t

p
ro

b
le

m
w

il
l

b
e

th
e

ze
ro

ga
u
ge

in
w

h
ic

h
th

e
w

ei
gh

ts
in

a
ch

o
se

n
cl

as
s

ar
e

fi
x
ed

at
ze

ro
s.

T
h
is

is
ac

tu
al

ly
fo

u
n
d

in
so

m
e

ea
rl

ie
r

im
p
le

m
en

ta
ti

on
s

(K
ri

sh
n
a
p
u
ra

m
et

al
.,

20
05

;
S
ch

m
id

t,
20

10
)

an
d

is
p
re

fe
ra

b
le

fo
r

ou
r

a
p
p
ro

x
im

at
e

fo
rm

u
la

b
ec

a
u
se

it
re

-
m

ov
es

th
e

h
ar

m
fu

l
ze

ro
m

o
d
es

of
th

e
H

es
si

an
fr

om
th

e
b

eg
in

n
in

g.
H

ow
ev

er
,

so
m

e
o
th

er
im

p
le

m
en

ta
ti

on
s

w
h
ic

h
ar

e
cu

rr
en

tl
y

w
el

l
ac

ce
p
te

d
d
o

n
ot

em
p
lo

y
su

ch
ga

u
g
e

fi
x
in

g
(F

ri
ed

-
m

an
et

al
.,

20
10

),
an

d
m

or
eo

v
er

ev
en

w
it

h
g
au

ge
fi
x
in

g
ve

ry
sm

al
l

ei
ge

n
va

lu
es

so
m

et
im

es
ac

ci
d
en

ta
ll
y

em
er

ge
in

th
e

H
es

si
an

.
H

en
ce

,
fo

r
u
se

r
co

n
ve

n
ie

n
ce

,
w

e
re

q
u
ir

e
a
n
o
th

er
w

ay
o
f

av
oi

d
in

g
th

is
p
ro

b
le

m
.

A
n
ot

h
er

p
os

si
b
il
it

y
is

to
re

m
ov

e
th

e
ze

ro
m

o
d
es

b
y

h
an

d
.

B
y

co
n
st

ru
ct

io
n
,

th
e

ze
ro

m
o
d
es

ar
e

as
so

ci
at

ed
to

th
e

m
o
d
el

in
va

ri
an

ce
.

T
h
is

im
p
li
es

th
at

th
os

e
ze

ro
m

o
d
es

a
re

ir
re

l-
ev

an
t

an
d

m
ay

b
e

re
m

ov
ed

.
In

fa
ct

,
w

e
ar

e
on

ly
in

te
re

st
ed

in
th

e
p

er
tu

rb
at

io
n
s

w
h
ic

h
tr

u
ly

ch
an

ge
th

e
m

o
d
el

,
an

d
th

e
m

o
d
es

w
h
ic

h
m

ai
n
ta

in
th

e
m

o
d
el

u
n
ch

an
ge

d
ar

e
u
n
n
ec

es
sa

ry
.

A
cc

or
d
in

g
to

th
is

co
n
si

d
er

at
io

n
,

w
e

re
p
la

ce
G
−

1
in

eq
.

(2
5)

w
it

h
th

e
ze

ro
-m

o
d
e-

re
m

ov
ed

in
-

ve
rs

e
H

es
si

an
G
−

1
.

T
h
e

co
m

p
u
ta

ti
on

of
G
−

1
is

st
ra

ig
h
tf

or
w

ar
d
:

w
e

p
er

fo
rm

th
e

ei
g
en

va
lu

e

d
ec

om
p

os
it

io
n

of
G
Â
Â

an
d

ob
ta

in
th

e
ei

ge
n
va

lu
es
{d

i}
|Â
|

i=
1

an
d

ei
ge

n
ve

ct
or

s
{v

i}
|Â
|

i=
1
,

w
h
ic

h
al

lo
w

s
u
s

to
re

p
re

se
n
t

G
Â
Â

=
∑ i

d
iv
iv
> i

=
∑ i∈
S
+

d
iv
iv
> i
,

(2
7
)
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A
c
c
e
l
e
r
a
t
in
g

C
V

in
M
u
lt

in
o
m
ia
l
L
o
g
ist

ic
R
e
g
r
e
ssio

n

w
h
ere

S
+

d
en

o
tes

th
e

in
d
ex

set
of

th
e

m
o
d
es

w
ith

fi
n
ite

eigen
valu

es.
T

h
en

,
G
−

1
is

d
efi

n
ed

a
s:

G
−

1

Â
Â
≡
∑i∈
S
+

d −
1

i
v
i v
>i
.

(28)

F
in

a
lly,

w
e

rep
lace

G
−

1
b
y
G
−

1
in

eq
.

(25),
an

d
ob

ta
in

:

C
µ

=
X
µ∗Â
G
−

1

Â
Â

(
X
µ∗Â )
>
.

(29)

B
y

u
sin

g
th

is
in

stead
of

eq
.

(25),
th

e
p
rob

lem
cau

sed
b
y

th
e

zero
m

o
d
es

can
b

e
avoid

ed
.

2
.1
.2
.
E
x
t
e
n
sio

n
t
o

t
h
e
m
ix
e
d

r
e
g
u
l
a
r
iz
a
t
io
n
c
a
se

L
et

u
s

b
riefl

y
state

h
ow

w
e

can
gen

eralize
th

e
p
resen

t
resu

lt
to

th
e

case
o
f

th
e

m
ix

ed
reg

u
la

riza
tio

n
s

of
th

e
`
1 -

an
d
`
2 -term

s
(elastic

n
et,

Z
ou

an
d

H
astie,

2005).
T

h
e

p
rob

lem
to

b
e

so
lved

ca
n

b
e

d
efi

n
ed

as
follow

s:

{ŵ
a (λ

1 ,λ
2 )}

a
=

arg
m

in
{
w
a }
a


M∑µ
=

1

q
µ ({w

a }
La
=

1 )
+
λ

1

L
∑a

=
1 ||w

a ||1
+
λ

22

L
∑a

=
1 ||w

a || 22 
.(30)

w
h
ere
||·||2

d
en

otes
th

e
`
2

n
orm

.
F

ollow
in

g
th

e
d
erivation

in
sec.

2.1,
w

e
realize

th
at

th
e

d
eriva

tio
n

is
essen

tially
th

e
sam

e,
an

d
th

e
d
iff

eren
ce

on
ly

ap
p

ears
in

th
e

cost
fu

n
ction

H
essia

n
:

G
m

x
d

=
∑

µ

(
∂

2q
µ
(Ŵ

) )
+
λ

2 I
N
L
,

(31)

w
h
ere

I
K

is
th

e
id

en
tity

m
atrix

of
size

K
.

A
s

a
resu

lt,
w

e
can

com
p
u
te

th
e

L
O

O
solu

tion
b
y

levera
g
in

g
th

e
sam

e
eq

u
ation

as
eq

.
(24)

b
y

rep
lacin

g
th

e
d
efi

n
ition

of
C
µ
,

eq
.

(25),
w

ith
:

C
µ

=
X
µ∗Â
((G

m
x
d )
Â
Â )−

1 (
X
µ∗Â )
>
.

(32)

T
h
a
n
k
s

to
th

e
`
2

term
,

th
e

zero
m

o
d
e

rem
oval

is
n
ot

n
eed

ed
sin

ce
th

e
eigen

valu
es

are
lifted

u
p

b
y
λ

2 .

2
.1
.3
.
B
in
o
m
ia
l
c
a
se

T
h
e

b
in

om
ial

case
L

=
2

is
p
articu

larly
in

terestin
g

in
several

ap
p
lication

s
a
n
d

th
u
s

w
e

w
rite

d
ow

n
th

e
sp

ecifi
c

form
u
la

for
th

is
case.

In
th

e
b
in

o
m

ial
case,

it
is

fairly
com

m
on

to
ex

p
ress

th
e

class
y

as
a

b
in

ary
y

=
0,1

an
d

to
u
se

th
e

fo
llow

in
g

logit
fu

n
ction

:

φ
lo

g
it (y

µ |u
µ
)

=
δ
y
µ

1
+
δ
y
µ

0 e −
u
µ

1
+
e −

u
µ

,
(33)

w
h
ere

u
µ

=
x
>µ
w
.

(34)
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O
b
u
c
h
i
a
n
d

K
a
b
a
sh

im
a

If
w

e
id

en
tify

y
=

0
in

th
is

case
as
y

=
1

in
th

e
tw

o-cla
ss

M
L

R
case,

th
is

is
n
oth

in
g

b
u
t

th
e

tw
o-class

M
L

R
w

ith
a

zero
gau

ge
w

1
=

0
.

H
en

ce,
th

ere
is

n
o

h
a
rm

fu
l

zero
m

o
d
e

in
th

e
H

essian
an

d
w

e
can

straigh
tforw

ard
ly

ap
p
ly

ou
r

ap
p
rox

im
ate

form
u
la.

T
h
e

ex
p
licit

form
in

th
is

case
is:

û
\
µ
µ
≈
û
µ

+
c
µ

1−
∂
2
q
µ

∂
u
2µ
c
µ

∂
q
µ

∂
u
µ

,
(35)

w
h
ere

q
µ

=
−

ln
φ

lo
g
it (y

µ |u
µ
)

an
d

∂
q
µ

∂
u
µ

=
δ
y
µ

0 −
e −

u
µ

1
+
e −

u
µ
,

(36)

∂
2q
µ

∂
u

2µ

=
e −

u
µ

(1
+
e −

u
µ
)
2
,

(37)

G
Â
Â

=
M∑µ
=

1

∂
2q
µ

∂
u

2µ

(
x
µ
x
>µ )

Â
Â
,

(38)

c
µ

=
(
x
>µ )

Â

(G
Â
Â )−

1
(x

µ
)
Â
,

(39)

an
d
Â

=
{
i|ŵ

i 6=
0}

is
th

e
active

set
of

th
e

fu
ll

solu
tio

n
,

as
b

efo
re.

N
ote

th
at

th
is

ap
p
rox

im
ation

can
b

e
easily

gen
eralized

to
arb

itrary
d
iff

eren
tiab

le
ou

tp
u
t

fu
n
ction

s
b
y

rep
lacin

g
th

e
logit

fu
n
ction

φ
lo

g
it .

R
ead

ers
are

th
u
s

en
cou

raged
to

im
p
lem

en
t

ap
p
rox

im
ate

C
V

s
in

a
variety

of
d
iff

eren
t

p
rob

lem
s.

2
.2

.
F
u

rth
e
r

sim
p

lifi
e
d

a
p

p
ro

x
im

a
tio

n

A
s

m
en

tion
ed

ab
ove,

th
e

com
p
u
tation

al
cost

of
ou

r
ap

p
rox

im
a
tion

is
O

(M
L

2|Â|+
M
L|Â| 2+

|Â| 3)
an

d
sh

ou
ld

b
e

red
u
ced

for
treatin

g
larger

sy
stem

s.
F

or
th

is,
w

e
d
erive

a
fu

rth
er

sim
p
lifi

ed
ap

p
rox

im
ation

b
ased

on
th

e
in

ven
ted

ap
p
rox

im
ate

form
u
la

ab
ov

e.
W

e
call

th
is

a
self-averagin

g
(S

A
)

ap
p
rox

im
ation

accord
in

g
to

p
h
y
sics

term
in

o
log

y.

T
h
e

b
asic

id
ea

for
sim

p
lify

in
g

ou
r

ap
p
rox

im
ate

form
u
la

is
to

assu
m

e
th

at
correlation

s
b

etw
een

W
m

an
d
W
n

are
su

ffi
cien

tly
w

eak
.

T
h
e

m
ean

in
g

of
“correla

tion
”

is
n
ot

ev
id

en
t

h
ere,

b
u
t

as
seen

in
sec.

A
th

e
H

essian
G

can
b

e
con

n
ected

to
a

(rescaled
)

covarian
ce
χ

b
etw

een
W
m

an
d
W
n

in
a

statistical
m

ech
an

ical
form

u
lation

in
tro

d
u
cin

g
a

p
rob

a
b
ility

d
istrib

u
tion

of
W

.
O

u
r

w
eak

correlation
assu

m
p
tion

req
u
ires

th
at

th
e

co
rrelation

b
etw

een
d
iff

eren
t

featu
re

com
p

on
en

ts
is

n
egligib

ly
sm

all;
χ
m
n
(≡

(1/β
)cov

(W
m
,W

n
))

=
χ

(m
f
,m

c ),(n
f
,n
c )

=
δ
m
f
n
f (χ

m
f )
m
c n
c ,

w
h
ere

m
c ,n

c (=
1
,···

,L
)

a
re

th
e

class
in

d
ices

an
d
m
f ,n

f (=
1
,···

,N
)

are
th

e
featu

re
com

p
on

en
t

in
d
ices

d
efi

n
ed

th
u
s

far,
an

d
β

is
th

e
rescalin

g
factor.

In
th

is
w

ay,
th

e
H

essian
is

assu
m

ed
to

b
e

ex
p
ressed

in
a

rath
er

restricted
form

:

(
G
\
µ )
−

1

m
n
≈
{
(χ

m
f )
m
c n
c
δ
m
f
n
f ,

(m
,n
∈
Â
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Ŵ
3
:

C
om

p
u
te
{û
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Â
|

.
O

(M
L
|Â
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Â

=
( G

Â
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Â
i Â
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d
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e
th

at
th

is
is

d
iff

er
en

t
fr

om
th

e
n
ot

at
io

n
u
se

d
in

th
e

m
ai

n
b

o
d
y

of
th

is
p
ap

er
,
w
a

=
(w

a
i)
i

in
w

h
ic

h
th

e
fe

at
u
re

co
m

p
on

en
ts

ar
e

su
m

m
ar

iz
ed

.
B

y
re

ga
rd

in
g
w
i

as
a

si
n
gl

e
va

ri
ab

le
n
o
d
e,

th
e

B
P

d
ec

om
p

os
es

eq
.

(5
1)

in
to

tw
o

ty
p

es
of

m
es

sa
ge

s
as

fo
ll
ow

s: M̃
µ
→
i(
w
i)

=

∫
∏ j(
6=
i)

d
w
j
φ
β
(u

µ
)
∏ j(
6=
i)

M
j→

µ
(w

j
),

(5
2)

M
i→

µ
(w

i)
=
e−

β
( λ

1
||w

i
|| 1

+
λ
2 2
||w

i
||2 2

)
∏

ν
(6=
µ

)

M̃
ν
→
i(
w
i)
,

(5
3)

w
h
er

e
u
µ

=
(u
µ
a
) a

.
A

cr
u
ci

al
ob

se
rv

at
io

n
to

as
se

ss
eq

s.
(5

2,
53

)
is

th
at

th
e

ar
gu

m
en

t
of

th
e

p
ot

en
ti

al
fu

n
ct

io
n
φ

(u
µ
)

h
as

a
su

m
of

an
ex

te
n
si

ve
n
u
m

b
er

of
ra

n
d
om

va
ri

ab
le

s;
th

e
ce

n
tr

al
li
m

it
th

eo
re

m
th

u
s

ju
st

ifi
es

tr
ea

ti
n
g

it
as

a
G

au
ss

ia
n

va
ri

ab
le

w
it

h
th

e
ap

p
ro

p
ri

at
e

m
ea

n
an

d
va

ri
an

ce
.

H
en

ce
,

ac
co

rd
in

g
to

eq
.

(5
2)

w
h
er

e
w
i

is
sp

ec
ia

l,
w

e
ca

n
d
iv

id
e

th
e

ex
te

n
si

ve
su

m
as

fo
ll
ow

s:

u
µ
a

=
∑ j

x
µ
j
w
a
j

=
x
µ
iw

a
i
+
∑ j(
6=
i)

x
µ
j
w
a
j
≈
x
µ
iw

a
i
+
∑ j(
6=
i)

x
µ
j
〈w

a
j
〉\
µ

+
t a
,

(5
4)
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O
b
u
c
h
i
a
n
d

K
a
b
a
sh

im
a

w
h
er

e
th

e
se

co
n
d

te
rm

on
th

e
ri

gh
t-

h
an

d
si

d
e

re
p
re

se
n
ts

th
e

m
ea

n
of
∑

j(
6=
i)
x
µ
j
w
a
j
,

th
e

sy
m

b
ol
〈·〉
\µ

d
en

ot
es

th
e

av
er

ag
e

ov
er

th
e

B
ol

tz
m

an
n

d
is

tr
ib

u
ti

on
w

it
h
ou

t
th

e
µ

th
p

o
te

n
ti

al
fu

n
ct

io
n
,

an
d
tµ

=
(t
µ a
) a

d
en

ot
es

th
e

ze
ro

-m
ea

n
G

au
ss

ia
n

va
ri

ab
le

s
w

h
os

e
co

va
ri

a
n
ce

is

se
t

to
b

e
th

at
of
( ∑

j(
6=
i)
x
µ
j
w
a
j

) a
.

T
h
is

ex
p
re

ss
io

n
al

lo
w

s
u
s

to
re

p
la

ce
th

e
in

te
g
ra

ti
o
n

∫
∏
j(
6=
i)
d
w
j

b
y

th
at

ov
er
tµ

in
eq

.
(5

2
).

T
h
is

si
gn

ifi
ca

n
tl

y
si

m
p
li
fi
es

th
e

co
m

p
u
ta

ti
o
n

a
n
d

y
ie

ld
s:

M̃
µ
→
i(
w
i)
≈
∫
d
t
eβ
( −

1 2
t>

(C
\µ µ

)−
1
t−
q µ

(w
i
,t

))
≡
∫
d
t
eβ
f
µ

(w
i
,t

)
(5

5
)

w
h
er

e
q µ

(w
i,
t)

is
th

e
n
eg

at
iv

e
lo

g-
li
ke

li
h
o
o
d

w
h
os

e
ar

gu
m

en
t
u
µ
a

is
ap

p
ro

x
im

a
te

d
b
y

eq
.

(5
4)

an
d
C
\µ µ

is
th

e
re

sc
al

ed
co

va
ri

an
ce

of
∑

j(
6=
i)
x
µ
j
w
a
j

d
efi

n
ed

as

χ
\µ (a
i)

(b
j)
≡
β
( 〈
w
a
iw

bj
〉\
µ
−
〈w

a
i〉\

µ
〈w

bj
〉\
µ
) ,

( C
\µ µ
) a
b
≡
∑ i,
j

x
µ
ix
µ
j
χ
\µ (a
i)

(b
j)
.

(5
6
)

In
th

e
se

co
n
d

eq
u
at

io
n

w
e

ad
d
ed

th
e

co
n
tr

ib
u
ti

on
fr

om
i

fo
r

si
m

p
li
ci

ty
.

It
d
o
es

n
o
t

a
ff

ec
t

th
e

fo
ll
ow

in
g

re
su

lt
b

ec
au

se
th

e
it

h
te

rm
co

n
tr

ib
u
ti

on
is

sm
al

l
en

ou
gh

.
L

et
u
s

fo
cu

s
o
n

th
e

li
m

it
β
→
∞

.
T

h
is

li
m

it
al

lo
w

s
u
s

to
u
se

th
e

sa
d
d
le

-p
o
in

t
m

et
h
o
d
,

or
L

ap
la

ce
’s

m
et

h
o
d
,

w
it

h
re

sp
ec

t
to
tµ

.
T

h
e

as
so

ci
at

ed
sa

d
d
le

-p
oi

n
t

eq
u
at

io
n

is
:

t̂µ
=
−
C
\µ µ
b
µ
(w

i,
t̂µ

),
(5

7
)

w
h
er

e
b
µ
(w

i,
t̂µ

)
is

th
e

gr
ad

ie
n
t

of
q µ

d
efi

n
ed

at
eq

.
(1

4)
b
u
t

th
e

ar
gu

m
en

t
u
µ
a

is
a
p
p
ro

x
-

im
at

ed
b
y

eq
.

(5
4)

.
N

ow
,

le
t

u
s

ex
p
an

d
th

e
ex

p
on

en
t
f
µ
(w

i,
t)

in
eq

.
(5

5)
w

it
h

re
sp

ec
t

to
th

e
d
y
n
am

ic
al

va
ri

ab
le

s
w
i

u
p

to
th

e
se

co
n
d

o
rd

er
.

P
u
tt

in
g
z a

=
∑

i
x
µ
iw

a
i,

w
e

ca
n

d
efi

n
e

th
e

d
er

iv
at

iv
es

as
:

∂
t̂µ

∂
z a

=
−

(I
L

+
C
\µ µ
F
µ
)−

1
C
\µ µ
F
µ ∗a
,

(5
8
)

∂
f
µ
(w

i,
t̂µ

)

∂
z a

=
−
bµ a

(w
i,
t̂µ

),
(5

9
)

∂
2
f
µ
(w

i,
t̂µ

)

∂
z a
∂
z b

=
−
F
µ a
b
−
(
∂
t̂µ

∂
z a

) >
F
µ ∗b

=
−
( (

I L
+
F
µ
C
\µ µ
) −

1
F
µ

) a
b

.
(6

0
)

H
en

ce
,

M̃
µ
→
i(
w
i)
∝
eβ
( (h

µ i
)>
w
i
−

1 2
w
> i

Γ
µ i
w
i

)
(6

1
)

w
h
er

e

h
µ i

=
−
x
µ
ib
µ
,

Γ
µ i

=
x

2 µ
i(
I L

+
F
µ
C
\µ µ

)−
1
F
µ
.

(6
2
)

N
ot

e
th

at
th

is
se

co
n
d

or
d
er

ex
p
an

si
on

is
ju

st
ifi

ed
in

th
e

li
m

it
β
→
∞

.
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A
c
c
e
l
e
r
a
t
in
g

C
V

in
M
u
lt

in
o
m
ia
l
L
o
g
ist

ic
R
e
g
r
e
ssio

n

C
o
llectin

g
a
ll

th
e

m
essages

ex
cep

t
for

µ
,
w

e
can

con
stru

ct
th

e
L

O
O

m
argin

al
d
istrib

u
tion

o
f
w
i

a
s:

P
\
µ
(w

i )∝
e −

β (
λ
1 ||w

i ||1
+
λ
22
||w

i || 22 )
∏ν
(6=
µ

) M̃
ν→

i (w
i )

∝
e
β(

( ∑
ν
(6=
µ
)
h
µi

) >
w
i −

12
w
>i

(
λ
2
I
L

+
∑
ν
(6=
µ
)

Γ
µi )
w
i −
λ
1 ||w

i ||1 ).
(63)

N
ow

,
w

e
ca

n
close

th
e

eq
u
ation

for
th

e
resca

led
varian

ce
(
χ
\
µ
i

)
a
b ≡

χ
\
µ

(a
i),(bi) ,

b
ecau

se
w

e

ca
n

co
m

p
u
te

th
e

varian
ce

of
w
i

from
eq

.
(63).

B
y

con
sid

erin
g

th
e

scalin
g,

w
e

can
recogn

ize
th

a
t

th
e

va
ria

n
ces

van
ish

in
th

e
sp

eed
of
O

(β
−

2)
if

on
e

of
th

e
tw

o
com

p
on

en
ts

or
b

oth
are

in
a
ctive.

T
h
e

a
ctiv

e-active
com

p
on

en
ts

o
f

th
e

varian
ce

are
scaled

b
y
O

(β
−

1)
an

d
rem

ain
in

th
e

resca
led

va
rian

ce.
F

o
cu

sin
g

on
th

e
lim

it
β
→
∞

,
w

e
th

u
s

ob
tain

:

(
χ
\
µ
i

)
Â
i Â
i

=


λ

2 I|Â
i | +


∑ν
(6=
µ

) Γ
νi 

Â
i Â
i 
−

1≈
(
λ

2 I|Â
i | +

(
∑

ν

Γ
νi )

Â
i Â
i )
−

1

.
(64)

A
t

th
e

la
st

step
,

th
e
µ

th
term

is
ad

d
ed

sin
ce

its
con

trib
u
tion

is
ex

p
ected

to
b

e
sm

a
ll

en
ou

gh
in

th
e

su
m

m
a
tion

.
T

h
is

m
an

ifests
th

at
th

e
µ

-d
ep

en
d
en

ce
of
χ
\
µ

can
b

e
n
eglected

an
d

w
e

rew
rite

it
a
s
χ
\
µ

=
χ

h
ereafter.

B
y

con
sid

erin
g

th
e

m
ean

in
g

of
th

e
H

essia
n
,

it
is

easy
to

u
n
d
ersta

n
d

th
a
t
G
\
µ

is
id

en
tifi

ed
w

ith
(
λ

2 I
L

+
∑

ν
(6=
µ

)
Γ
νi )

.
T

h
is

y
ield

s
eq

.
(40).

B
y

a
ssu

m
in

g
th

e
van

ish
in

g
correlation

b
etw

een
w
i

an
d
w
j

for
i6=

j,
w

e
ca

n
w

rite

χ
(a
i)(bj) ≈

δ
ij {

(χ
i )
a
b

(a
,b∈

Â
i )

0
(oth

erw
ise)

.
(65)

T
h
ese

lea
d
s

to
:

(
C
\
µ
µ

)
a
b

=
∑

ij

x
µ
i x
µ
j χ
\
µ

(a
i)(bj) ≈

∑

i

x
2µ
i (χ

i )
a
b ≈

σ
2x ∑

i

(χ
i )
a
b ≡

(C
S

A
)
a
b

(66)

T
h
e
µ

-d
ep

en
d
en

ce
th

rou
gh

x
2µ
i

is
n
eglected

a
t

th
e

last
step

,
b

ecau
se

th
e

su
m
∑

i
w

ou
ld

m
ask

su
ch

a
w

ea
k
µ

-d
ep

en
d
en

ce
as

lon
g

as
stron

g
h
eterogen

eity
in
{x

µ
i }
µ

is
ab

sen
t.

S
im

ilarly,
w

e
m

ay
w

rite
th

e
su

m
in

sid
e

th
e

p
aren

th
eses

of
th

e
righ

th
an

d
sid

e
o
f

eq
.

(64)
as:

∑

ν

Γ
νi ≈

σ
2x ∑

ν

(I
L

+
F
νC

S
A

) −
1F

ν.
(67)

In
sertin

g
eq

s.
(65-67)

in
to

eq
.

(64),
w

e
ob

tain
eq

.
(41).

C
a
refu

l
rea

d
ers

m
ay

b
e

con
cern

ed
ab

ou
t

th
e

n
eglected

µ
-d

ep
en

d
en

ce
of
χ
\
µ
,

as
w

ell
as

th
a
t

o
f
G
\
µ
.

If
th

is
can

b
e

n
eglected

,
m

ay
w

e
rep

lace
G
\
µ

w
ith

G
from

th
e

b
egin

n
in

g
at

eq
.

(2
1
)?

T
h
e

an
sw

er
is

of
cou

rse
n
o
.

T
h
e

reason
is

th
at

th
e

d
iff

eren
ce

b
etw

een
G
\
µ

an
d
G

is
n
o
t

n
eglig

ib
le

if
th

ey
are

“p
ro

jected
”

on
to
X
µ

as
in

eq
.

(21).
If

th
ey

are
p
ro

jected
on

to
o
th

er
d
irectio

n
s

p
erp

en
d
icu

lar
to
X
µ
,

th
e

d
iff

eren
ce

is
actu

ally
tin

y
an

d
can

b
e

n
eglected

,

b
u
t

fo
r

co
m

p
u
tin

g
th

e
factor

C
\
µ
µ

w
e

n
eed

to
tak

e
in

to
accou

n
t

th
is

d
iff

eren
ce

ap
p
rop

riately.
T

h
is

resu
lts

in
th

e
ad

d
ition

al
factor

(I−
F
µ
C
µ
) −

1
in

eq
.

(24).
In

th
e

S
A

ap
p
rox

im
ation

,
th

e

27
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L
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O
b
u
c
h
i
a
n
d

K
a
b
a
sh

im
a

factor
C

is
com

p
u
ted

b
ased

on
n
eglectin

g
th

e
d
iff

eren
ce

b
etw

een
G

an
d
G
\
µ
.

A
s

a
resu

lt

w
e

can
n
ot

d
iscrim

in
ate

th
e

tw
o

factors
C
µ

an
d
C
\
µ
µ

.
T

h
is

con
sid

eration
im

p
lies

th
at

ou
r

S
A

estim
ation

of
C

,
C

S
A

,
sh

ou
ld

b
e

ap
p
lied

to
C
\
µ
µ

in
eq

.
(21)

an
d

sh
ou

ld
N

O
T

b
e

ap
p
lied

to
C
µ

in
eq

.
(24),

b
ecau

se
th

e
latter

form
u
la

form
ally

takes
in

to
accou

n
t

th
e

d
iff

eren
ce

in
ad

van
ce.

R
e
fe
re
n
ce

s

T
om

oh
iro

A
n
d
o

a
n
d

R
u
ey

T
say.

P
red

ictiv
e

lik
elih

o
o
d

for
b
ayesian

m
o
d
el

selection
an

d
averagin

g.
In

tern
a
tio

n
a
l

J
o
u

rn
a
l

o
f

F
o
reca

stin
g,

26(4):744–763,
2010.

J
ean

B
arb

ier,
N

icolas
M

acris,
M

oh
am

ad
D

ia,
an

d
F

loren
t

K
rzakala.

M
u
tu

al
in

form
ation

an
d

op
tim

ality
of

ap
p
rox

im
ate

m
essage-p

assin
g

in
ran

d
om

lin
ear

estim
ation

.
a
rX

iv
p
rep

rin
t

a
rX

iv:1
7
0
1
.0

5
8
2
3
,

2017.

M
oh

sen
B

ayati
an

d
A

n
d
rea

M
on

tan
ari.

T
h
e

d
y
n
am

ics
of

m
essage

p
assin

g
on

d
en

se
grap

h
s,

w
ith

ap
p
lication

s
to

com
p
ressed

sen
sin

g.
IE

E
E

T
ra

n
sa

ctio
n

s
o
n

In
fo

rm
a
tio

n
T

h
eo

ry,
57

(2):764–785,
2011.

J
an

F
B

jorn
stad

.
P

red
ictive

likelih
o
o
d
:

a
rev

iew
.

S
ta

tistica
l

S
cien

ce,
p
ages

242–254,
19

90.

B
u
rak

Ç
ak

m
ak

an
d

M
an

fred
O

p
p

er.
E

x
p

ectation
p
rop

agation
for

ap
p
rox

im
ate

in
feren

ce:
F

ree
p
rob

ab
ility

fram
ew

ork
.

C
o
R

R
,

ab
s/1801.0

5411,
2018.

U
R

L
h
t
t
p
:
/
/
a
r
x
i
v
.
o
r
g
/

a
b
s
/
1
8
0
1
.
0
5
4
1
1
.

D
av

id
L

D
on

oh
o,

A
rian

M
alek

i,
an

d
A

n
d
rea

M
on

tan
a
ri.

M
essage-p

assin
g

algorith
m

s
for

com
p
ressed

sen
sin

g.
P

roceed
in

gs
o
f

th
e

N
a
tio

n
a
l

A
ca

d
em

y
o
f

S
cien

ces,
106(45

):18914
–

18919,
2009.

J
erom

e
F

ried
m

an
,

T
revor

H
astie,

an
d

R
ob

T
ib

sh
iran

i.
R

egu
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d
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p
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a
g
en

t
is

to
m

ax
im

ize
th

e
cu

m
u
lative

rew
ard

trou
gh

tim
e,

or
eq

u
ivalen

tly
to

m
in

im
ize

th
e

cu
m

u
la

tiv
e

regret
R
T

at
step

T
d
efi

n
ed

as:

R
T

=
m

ax
i∈{

1
,2
,...,K

}

T
∑t=

1

r
i,t −

T
∑t=

1

r
it ,t

(1)

w
h
ere

it
sta

n
d
s

for
th

e
action

selected
at

step
t

a
n
d
r
i,t

th
e

rew
ard

ob
tain

ed
b
y

p
lay

in
g

th
e

a
ctio

n
i

a
t

step
t.

T
h
is

rep
resen

ts
th

e
am

o
u
n
t

of
rew

ard
s

th
at

h
as

b
een

lost
b
y

selectin
g

it
a
t

each
step

t,
com

p
ared

to
w

h
at

cou
ld

b
e

ob
tain

ed
b
y

p
lay

in
g

th
e

op
tim

al
arm

from
th

e
b

eg
in

n
in

g
to

th
e

en
d

of
th

e
p
ro

cess.
N

ote
th

at,
at

each
step

t,
on

ly
th

e
rew

a
rd

for
th

e
ch

o
sen

a
ctio

n
r
it ,t

is
ob

serv
ed

in
p
ra

ctice,
oth

er
on

es
rem

ain
u
n
k
n
ow

n
.

In
th

e
so

-ca
lled

sto
ch

astic
case,

on
e

assu
m

e
th

at
rew

ard
s

of
an

arm
i

are
id

en
tically

a
n
d

in
d
ep

en
d
en

tly
sam

p
led

from
a

d
istrib

u
tion

w
ith

m
ean

ν
i .

T
h
erefore,

on
e

u
su

ally
rath

er
co

n
sid

er
th

e
p
seu

d
o-regret

of
a

p
olicy,

w
h
ich

in
tro

d
u
ces

ex
p

ectation
s

of
regret

in
th

e
p
rev

iou
s

d
efi

n
itio

n
:

R̂
T

=
T
ν
i ∗−

T
∑t=

1

ν
it

(2)

w
h
ere

i ?
sta

n
d
s

as
th

e
arm

w
ith

th
e

b
est

rew
ard

ex
p

ectation
.

O
n
e

o
f

th
e

sim
p
lest

an
d

m
ost

straigh
tforw

ard
algorith

m
s

to
d
eal

w
ith

th
e

sto
ch

astic
b
a
n
d
it

p
ro

b
lem

is
th

e
w

ell-k
n
ow

n
ε-g

reed
y

algorith
m

(A
u
er

et
al.,

2002).
T

h
is

a
lgorith

m
selects

th
e

a
rm

w
ith

th
e

b
est

rew
ard

m
ean

em
p
irical

estim
ation

w
ith

p
rob

ab
ility

1−
ε

an
d

u
n
iform

ly
selects

an
arm

am
on

g
th

e
w

h
ole

set
regard

less
th

eir
cu

rren
t

estim
ation

s
w

ith
p
ro

b
a
b
ility

ε.
T

h
is

gu
aran

tees
to

regu
larly

recon
sid

er
estim

ation
s

of
all

arm
s

an
d

th
erefore

p
reven

ts
fro

m
g
ettin

g
stu

ck
on

su
b
-op

tim
a
l

arm
s.

H
ow

ever,
th

e
rew

ard
loss

resu
ltin

g
from

th
ese

b
lin

d
selection

s
p
reven

ts
from

en
su

rin
g

a
su

b
-lin

ea
r

u
p
p

er
b

ou
n
d

o
f

th
e

p
seu

d
o-regret,

u
n
less

settin
g

a
n

ap
p
rop

riate
d
ecay

on
ε.

B
u
t

th
is

req
u
ires

to
k
n
ow

a
low

er
b

ou
n
d

on
th

e
d
iff

eren
ce

of
rew

ard
ex

p
ectation

s
b

etw
een

th
e

b
est

an
d

th
e

seco
n
d

b
est

action
(A

u
er

et
al.,

2
0
0
2
).

U
p
p

er
C

o
n
fi
d
en

ce
B

ou
n
d

algorith
m

s
(U

C
B

)
is

an
oth

er
fam

ily
of

b
an

d
it

ap
p
roach

es
w

h
ich

d
efi

n
e

co
n
fi
d
en

t
in

tervals
for

th
e

rew
ard

ex
p

ectation
s

of
each

a
rm

.
B

ased
on

som
e

con
-

cen
tra

tio
n

in
eq

u
alities

(H
o
eff

d
in

g,
B

ern
stein

,
etc.),

th
ey

p
ro

p
ose

op
tim

istic
p

olicies
w

h
ich

3
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L
a
m
p
r
ie
r
,
G
isse

l
b
r
e
c
h
t
a
n
d

G
a
l
l
in
a
r
i

con
sid

er
p

ossib
le

d
ev

iation
s

of
th

e
estim

ated
m

ean
of

each
arm

.
B

y
u
sin

g
u
p
p

er
b

ou
n
d
s

of
con

fi
d
en

ce
in

tervals
as

selection
scores,

th
ey

en
su

re
a

cleaver
b
alan

ce
b

etw
een

ex
p
loitation

an
d

ex
p
loration

.
M

an
y

ex
ten

sion
s

of
th

e
fam

ou
s
U
C
B

algorith
m

p
rop

osed
in

(A
u
er

et
al.,

2002)
are

k
n
ow

n
to

gu
aran

tee
a

su
b
-lin

ear
b

ou
n
d

of
th

e
p
seu

d
o-regret

(see
U
C
B
V

in
(A

u
d
ib

ert
et

al.,
2009),

M
O
S
S

in
(A

u
d
ib

ert
an

d
B

u
b

eck
,

2009)
o
r
K
L
-
U
C
B

in
(G

ariv
ier,

2011)).
A

t
last,

T
h
om

p
son

sam
p
lin

g
algorith

m
s,

origin
ally

p
rop

osed
in

(T
h
o
m

p
son

,
1933),

d
e-

velop
a

B
ayesian

ap
p
roach

to
d
eal

w
ith

u
n
certain

ty.
B

y
sam

p
lin

g
from

p
osterior

d
istrib

u
-

tion
s

for
th

e
rew

ard
p
aram

eters,
th

eir
ex

p
loration

/ex
p
loitation

m
ech

an
ism

is
also

p
roved

to
en

su
re

a
su

b
-lin

ear
regret

(see
(K

au
fm

an
n

et
al.,

2012b
)

an
d

(A
graw

al
an

d
G

oyal,
2012)).

T
h
e

con
tex

tu
al

b
an

d
it

settin
g

is
an

in
sta

n
ce

of
th

e
b
an

d
it

p
rob

lem
w

h
ere

con
tex

t
vectors

are
ob

served
b

efore
each

d
ecision

step
.

T
y
p
ically,

con
tex

tu
al

b
an

d
its

assu
m

e
a

lin
ear

relation
b

etw
een

con
tex

t
featu

res
an

d
rew

ard
ex

p
ectation

s.
F

orm
ally,

if
w

e
ob

serve
a

con
tex

t
vector

x
i,t ∈

R
d

for
each

action
i∈
K

at
each

tim
e-step

t,
w

e
con

sid
er

th
e

follow
in

g
assu

m
p
tion

:

∃
β
∈
R
d

su
ch

th
at
r
i,t

=
x
>i,t β

+
η
i,t

(3)

w
h
ere

β
is

a
m

ap
p
in

g
p
aram

eter
b

etw
een

con
tex

ts
an

d
rew

ard
s,
η
i,t

is
a

zero-m
ean

con
d
i-

tion
ally

R
su

b
-G

au
ssian

ran
d
om

n
oise,

w
ith

con
stan

t
R
>

0
i.e:∀

λ
∈
R

:E
[e
λ
η
i,t|H

t−
1 ]≤

e
λ
2
R

2
/
2,

w
ith
H
t−

1
=
{(is ,x

is
,s ,r

is
,s )}

s=
1
..t−

1 .
In

th
is

con
tex

t,
giv

en
a

setK
of
K

action
s,

an
y

con
tex

tu
al

b
an

d
it

algorith
m

p
ro

ceed
s

at
each

step
t∈
{1
,2
,3
,...,T}

as
follow

s:

1.
O

b
servation

of
th

e
con

tex
t

vecto
r
x
i,t ∈

R
d

for
each

i∈
{1,...,K

}
;

2.
A

ccord
in

g
to

th
e

cu
rren

t
estim

ate
o
f
β

,
selection

of
an

action
it

an
d

recep
tion

of
th

e
asso

ciated
rew

ard
r
it ,t ;

3.
Im

p
rovem

en
t

of
th

e
selection

p
olicy

b
y

con
sid

erin
g

th
e

n
ew

in
p
u
t

(it ,x
it ,t ,r

it ,t )
for

th
e

estim
ation

of
β

.

V
ariou

s
con

tex
tu

al
algorith

m
s

h
ave

b
een

p
rop

osed
in

th
e

literatu
re.

T
h
e

fi
rst

con
tex

tu
al

b
an

d
it

algorith
m

w
as

in
tro

d
u
ced

in
(A

u
er,

200
3).

M
o
re

recen
tly

th
e

w
ell-k

n
ow

n
L
i
n
U
C
B

algorith
m

h
as

b
een

p
rop

osed
for

a
task

of
p

erson
alized

recom
m

en
d
ation

in
(L

i
et

al.,
2010)

an
d

an
aly

zed
in

(C
h
u

et
al.,

2011).
B

oth
of

th
ese

algorith
m

s
are

U
C

B
-like

p
olicies,

ea
ch

of
th

em
selectin

g
th

e
action

w
h
ose

u
p
p

er
b

ou
n
d

of
its

rew
ard

con
fi
d
en

ce
b

o
u
n
d

is
th

e
h
igh

est.
M

an
y

oth
er

U
C

B
ap

p
roach

es
h
ave

b
een

d
evelop

ed
sin

ce
th

en
.

In
p
articu

lar,
algorith

m
s

su
ch

as
O
F
U
L

or
C
o
n
f
i
d
e
n
c
e
B
a
l
l

p
rop

osed
in

(A
b
b
a
si-Y

ad
ko

ri
et

al.,
2011)

an
d

(D
an

i
et

al.,
2008)

h
ave

th
e

ad
van

tage
to

en
joy

a
tigh

ter
regret

u
p
p

er
b

ou
n
d

(see
also

(K
au

fm
an

n
et

al.,
2012a)

an
d

(R
u
sm

ev
ich

ien
ton

g
an

d
T

sitsik
lis,

2010)).
A

s
in

th
e

sto
ch

a
stic

b
an

d
it

settin
g,

T
h
om

p
son

sam
p
lin

g
algorith

m
s

h
ave

also
b

een
d
esign

ed
for

th
e

co
n
tex

tu
al

case,
w

h
ich

also
p
rov

ed
to

b
e

p
ow

erfu
l,

fi
rst

em
p
irically

in
(C

h
ap

elle
an

d
L

i,
2011)

an
d

th
en

th
eoretically

in
(A

graw
al

an
d

G
oyal,

2013)
an

d
(M

ay
et

al.,
2012).

In
th

is
p
ap

er,
w

e
con

sid
er

a
varian

t
of

th
e

con
tex

tu
al

b
an

d
it

p
rob

lem
w

h
ere

con
tex

ts
of

action
s

are
con

stan
t,

w
h
ich

w
e

call
action

p
rofi

les
in

th
e

follow
in

g.
H

en
ce,

in
ou

r
settin

g
w

e
assu

m
e

th
at

each
action

i∈
K

is
asso

ciated
w

ith
a

p
rofi

le
vector

µ
i ∈

R
d.

T
h
e

lin
ear

assu
m

p
tion

of
eq

u
ation

3
b

ecom
es:

∃
β
∈
R
d
su
ch

th
a
t
r
i,t

=
µ
>i
β

+
η
i,t

(4)
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P
r
o
f
il
e
-B

a
se

d
B
a
n
d
it

w
it
h
U
n
k
n
o
w
n
P
r
o
f
il
e
s

T
h
u
s,

in
th

is
se

tt
in

g
co

n
te

x
ts

ca
n
n
ot

b
e

u
se

d
to

an
ti

ci
p
at

e
so

m
e

va
ri

at
io

n
s

in
th

e
re

w
ar

d
s

ex
p

ec
ta

ti
on

s
as

it
is

tr
ad

it
io

n
al

ly
th

e
ca

se
in

th
e

li
te

ra
tu

re
ab

ou
t

co
n
te

x
tu

al
b
an

d
it

,
b
u
t

th
ey

ca
n

b
e

le
ve

ra
ge

d
to

im
p
ro

ve
th

e
ex

p
lo

ra
ti

on
p
ro

ce
ss

,
th

e
u
se

of
a

sh
ar

ed
m

ap
p
in

g
p
ar

am
et

er
β

al
lo

w
in

g
on

e
to

d
efi

n
e

ar
ea

s
of

in
te

re
st

in
th

e
re

p
re

se
n
ta

ti
on

sp
a
ce

of
th

e
ac

ti
on

s.
T

o
il
lu

st
ra

te
th

is
,

th
e

fi
gu

re
1

re
p
re

se
n
ts

th
e

se
le

ct
io

n
sc

or
es

of
a

co
n
te

x
tu

al
al

go
ri

th
m

(s
u
ch

as
O

F
U

L
th

at
w

e
re

ly
on

in
th

e
fo

ll
ow

in
g)

at
a

gi
v
en

st
ep

fo
r

a
si

m
p
le

ca
se

w
h
er

e
K

=
4

an
d

d
=

2.
In

th
is

fi
gu

re
,

gr
ee

n
ar

ea
s

co
rr

es
p

on
d

to
h
ig

h
sc

or
es

,
w

h
er

ea
s

re
d

on
es

co
rr

es
p

on
d

to
lo

w
sc

or
es

ar
ea

s.
C

ol
or

va
ri

at
io

n
s

re
n
d
er

th
e

la
te

n
t

st
ru

ct
u
re

in
fe

rr
ed

b
y

th
e

m
o
d
el

.
In

th
is

se
tt

in
g,

th
e

al
go

ri
th

m
w

ou
ld

se
le

ct
th

e
ac

ti
on

1,
si

n
ce

it
s

p
ro

fi
le

is
lo

ca
te

d
in

th
e

m
os

t
p
ro

m
is

in
g

ar
ea

of
th

e
sp

ac
e.

O
n

th
e

ot
h
er

h
a
n
d
,

th
e

ac
ti

on
3

is
lo

ca
te

d
in

an
ar

ea
th

at
is

gr
ea

tl
y

le
ss

p
ro

m
is

in
g.

T
h
e

fa
ct

of
u
si

n
g

a
co

m
m

on
m

ap
p
in

g
p
ar

am
et

er
β

al
lo

w
s

on
e

to
p

er
fo

rm
a

m
u
tu

al
le

ar
n
in

g,
w

h
er

e
ob

se
rv

at
io

n
s

on
so

m
e

ac
ti

on
s

in
fo

rm
on

th
e

u
se

fu
ln

es
s

of
si

m
il
ar

on
es

.
T

h
is

al
lo

w
s

on
e

to
im

p
ro

ve
th

e
ex

p
lo

ra
ti

on
p
ro

ce
ss

b
y

fo
cu

si
n
g

m
or

e
q
u
ic

k
ly

on
th

e
u
se

fu
l

ar
ea

s:
Im

ag
in

e
th

at
a

gr
ea

t
n
u
m

b
er

of
ac

ti
on

s
ar

e
lo

ca
te

d
in

th
e

re
d

ar
ea

of
th

e
fi
gu

re
.

In
th

at
ca

se
,

a
cl

as
si

ca
l

b
an

d
it

al
go

ri
th

m
su

ch
as

U
C

B
w

o
u
ld

n
ee

d
to

co
n
si

d
er

ea
ch

of
th

es
e

ac
ti

on
s

se
ve

ra
l

ti
m

es
to

re
ve

al
th

ei
r

lo
w

re
w

ar
d

ex
p

ec
ta

ti
on

.
O

n
th

e
ot

h
er

h
an

d
,

a
co

n
te

x
tu

al
b
an

d
it

al
go

ri
th

m
su

ch
as

O
F

U
L

is
ab

le
to

av
oi

d
th

es
e

ac
ti

on
s

re
al

ly
m

or
e

q
u
ic

k
ly

b
ec

au
se

of
th

e
p
ro

x
im

it
y

w
it

h
ot

h
er

b
ad

ac
ti

on
s.

++
+

-­‐-­‐
-­‐

𝜇 " 𝜇 #

𝜇 $

𝜇 %

F
ig

u
re

1:
Il

lu
st

ra
ti

on
of

O
F
U
L

sc
or

es
fo

r
a

p
ro

fi
le

s
re

p
re

se
n
ta

ti
on

sp
ac

e.

T
h
is

st
ru

ct
u
re

d
b
an

d
it

se
tt

in
g

h
as

al
re

ad
y

b
ee

n
in

ve
st

ig
at

ed
in

(F
il
ip

p
i

et
al

.,
20

10
).

T
h
is

w
or

k
sh

ow
ed

th
at

gr
ea

t
im

p
ro

ve
m

en
ts

co
u
ld

in
d
ee

d
b

e
ob

ta
in

ed
b
y

ex
p
lo

it
in

g
th

e
st

ru
ct

u
re

of
ac

ti
on

s,
si

n
ce

ob
se

rv
at

io
n
s

on
so

m
e

ac
ti

on
s

in
fo

rm
on

th
e

u
se

fu
ln

es
s

of
si

m
il
ar

on
es

.
T

h
is

co
m

es
d
ow

n
to

a
cl

as
si

ca
l

st
o
ch

a
st

ic
b
an

d
it

w
h
er

e
th

e
p
se

u
d
o-

re
gr

et
ca

n
b

e
d
efi

n
ed

as
fo

ll
ow

s:

R̂
T

=

> ∑ t=
1

µ
> i?
β
−
µ
> i t
β

(5
)
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L
a
m
p
r
ie
r
,
G
is
se

l
b
r
e
c
h
t
a
n
d

G
a
l
l
in
a
r
i

w
h
er

e
µ
i
∈
R
d

st
an

d
s

fo
r

th
e

p
ro

fi
le

of
th

e
ac

ti
on

i
∈
K

an
d
µ
i?

=
ar

g
m

ax
µ
i
,i

=
1
..
K
µ
> i
β

co
rr

es
p

o
n
d
s

to
th

e
p
ro

fi
le

of
th

e
op

ti
m

al
ac

ti
on

i?
.

T
h
is

is
th

e
se

tt
in

g
w

h
ic

h
is

st
u
d
ie

d
in

th
is

p
ap

er
.

H
ow

ev
er

,
in

ou
r

ca
se

th
e

p
ro

fi
le

ve
ct

or
s

ar
e

u
n

k
n

o
w

n
to

th
e

ag
en

t
b

ef
or

eh
an

d
,

th
ey

h
av

e
to

b
e

d
is

co
ve

re
d

it
er

at
iv

el
y

d
u
ri

n
g

th
e

p
ro

ce
ss

.
O

u
r

p
ro

b
le

m
d
iff

er
s

fr
om

ex
is

ti
n
g

in
st

an
ce

s
b
y

th
e

fo
ll
ow

in
g

tw
o

m
a
in

a
sp

ec
ts

:

1.
A

ct
io

n
p
ro

fi
le

s
ar

e
n
ot

d
ir

ec
tl

y
av

ai
la

b
le

,
on

e
on

ly
ge

t
sa

m
p
le

s
ce

n
te

re
d

o
n

th
em

d
u
ri

n
g

th
e

p
ro

ce
ss

;

2.
A

t
ea

ch
st

ep
,

on
e

on
ly

ge
t

sa
m

p
le

s
fo

r
a

su
b
se

t
of

a
ct

io
n
s.

In
th

e
fo

ll
ow

in
g,

w
e

d
er

iv
e

an
U

C
B

-b
as

ed
p

ol
ic

y
fo

r
th

is
n
ew

se
tt

in
g.

3
.

P
ro

fi
le

-B
a
se

d
B

a
n
d
it

w
it

h
U

n
k
n
o
w

n
P

ro
fi
le

s

In
th

is
se

ct
io

n
,

w
e

ex
p
lo

re
ou

r
n
ew

se
tt

in
g

in
w

h
ic

h
th

e
se

t
of

p
ro

fi
le

s
{µ

1
,.
.,
µ
K
}

is
n
o
t

d
ir

ec
tl

y
ob

se
rv

ed
.

In
st

ea
d
,

at
ea

ch
it

er
at

io
n
t,

th
e

ag
en

t
is

gi
ve

n
a

su
b
se

t
o
f

a
ct

io
n
s
O
t

su
ch

th
at

fo
r

ev
er

y
i
∈
O
t,

a
sa

m
p
le
x
i,
t

of
a

ra
n
d
om

va
ri

ab
le

ce
n
te

re
d

on
µ
i

is
re

ve
a
le

d
.

B
y

as
su

m
in

g
th

e
sa

m
e

li
n
ea

r
h
y
p

ot
h
es

is
as

d
es

cr
ib

ed
in

th
e

p
re

v
io

u
s

se
ct

io
n

(f
o
rm

u
la

4
),

th
e

re
la

ti
on

of
re

w
ar

d
s

w
it

h
p
ro

fi
le

s
ca

n
b

e
re

-w
ri

tt
en

as
fo

ll
ow

s
fo

r
an

y
ti

m
e
t,

in
o
rd

er
to

in
tr

o
d
u
ce

p
ro

fi
le

sa
m

p
le

s:

∀s
≤
t

:
r i
,s

=
µ
> i
β

+
η i
,s

=
x̂
> i,t
β

+
(µ
i
−
x̂
i,
t)
>
β

+
η i
,s

=
x̂
> i,t
β

+
ε> i
,t
β

+
η i
,s

(6
)

w
h
er

e
ε i
,t

=
µ
i
−
x̂
i,
t,
x̂
i,
t

=
1 n
i,
t

∑
s∈
T
o
b
s

i,
t

x
i,
s
,

w
it

h
T
o
bs

i,
t

=
{s
≤
t,
i
∈
O
s
}

an
d
n
i,
t

=
|T
o
bs

i,
t
|.

In

w
or

d
s,
n
i,
t

co
rr

es
p

on
d
s

to
th

e
n
u
m

b
er

of
ti

m
es

a
sa

m
p
le

h
as

b
ee

n
ob

ta
in

ed
fo

r
th

e
a
ct

io
n
i

u
n
ti

l
st

ep
t

an
d
x̂
i,
t

co
rr

es
p

on
d
s

to
th

e
em

p
ir

ic
al

m
ea

n
of

ob
se

rv
ed

sa
m

p
le

s
fo

r
i

a
t

ti
m

e
t.

ε i
,t

co
rr

es
p

on
d
s

to
th

e
d
ev

ia
ti

on
of

th
e

es
ti

m
a
to

r
x̂
i,
t

fr
om

th
e

tr
u
e

p
ro

fi
le
µ
i.

C
om

p
ar

ed
to

tr
ad

it
io

n
al

co
n
te

x
tu

al
b
an

d
it

s,
th

e
u
n
ce

rt
ai

n
ty

is
d
ou

b
le

:
a
s

cl
a
ss

ic
a
ll
y

it
ar

is
es

fr
om

th
e
β

p
ar

am
et

er
es

ti
m

at
or

,
b
u
t

al
so

fr
om

th
e

p
ro

fi
le

es
ti

m
at

or
s,

si
n
ce

th
e

a
lg

o-
ri

th
m

m
u
st

b
ot

h
es

ti
m

at
e
β

an
d

th
e

p
ro

fi
le

ve
ct

or
s
{µ

1
,.
.,
µ
K
}f

ro
m

ob
se

rv
at

io
n
s.

F
ig

u
re

21

il
lu

st
ra

te
s

th
is

n
ew

se
tt

in
g.

C
on

tr
ar

y
to

fi
gu

re
1

w
h
er

e
p
ro

fi
le

s
ar

e
k
n
ow

n
,

h
er

e
w

e
o
n
ly

ge
t

co
n
fi
d
en

ce
ar

ea
s

fo
r

th
em

,
re

p
re

se
n
te

d
b
y

ci
rc

le
s

ce
n
te

re
d

on
th

ei
r

co
rr

es
p

on
d
in

g
em

p
ir

ic
a
l

m
ea

n
(r

ep
re

se
n
te

d
b
y

a
b
lu

e
cr

os
s)

.
F

ro
m

th
e

la
w

of
la

rg
e

n
u
m

b
er

s,
th

e
m

or
e

o
b
se

rv
a
ti

o
n
s

fo
r

a
gi

ve
n

ac
ti

on
w

e
ge

t,
th

e
lo

w
er

th
e

d
ev

ia
ti

o
n

b
et

w
ee

n
it

s
tr

u
e

p
ro

fi
le

an
d

it
s

em
p
ir

ic
a
l

es
ti

m
at

or
is

.
T

h
er

ef
or

e,
th

e
m

or
e

k
n
ow

le
d
g
e

w
e

ge
t

ab
ou

t
a

gi
v
en

ac
ti

on
,

th
e

sm
a
ll
er

it
s

co
n
fi
d
en

ce
ci

rc
le

is
.

T
h
e

b
es

t
ac

ti
on

is
st

il
l

th
e

ac
ti

on
1,

w
h
os

e
tr

u
e

p
ro

fi
le

(r
ep

re
se

n
te

d
b
y

a
b
la

ck
cr

os
s)

is
in

th
e

gr
ee

n
es

t
ar

ea
.

H
ow

ev
er

,
th

is
in

fo
rm

at
io

n
is

u
n
k
n
ow

n
fr

o
m

th
e

a
g
en

t.
A

n
ai

v
e

so
lu

ti
on

w
ou

ld
b

e
to

d
ir

ec
tl

y
u
se

th
e

em
p
ir

ic
a
l

m
ea

n
fo

r
ea

ch
ac

ti
o
n

in
o
rd

er
to

d
et

er
m

in
e

th
e

se
le

ct
io

n
sc

or
es

.
F

ro
m

th
e

fi
gu

re
,

th
is

w
ou

ld
le

ad
to

se
le

ct
th

e
su

b
-o

p
ti

m
a
l

1
.

N
o
te

th
a
t

th
is

is
o
n

ly
a
n

il
lu

st
ra

ti
o
n

o
f

th
e

g
en

er
a
l

p
ri

n
ci

p
le

,
in

p
ra

ct
ic

e
th

e
su

rf
a
ce

o
f

se
le

ct
io

n
sc

o
re

s
sh

o
u

ld
a
ls

o
d

iff
er

fr
o
m

fi
g
u

re
1
,

si
n

ce
β

is
es

ti
m

a
te

d
fr

o
m

b
ia

se
d

in
p

u
ts

.
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P
r
o
f
il
e
-B

a
se

d
B
a
n
d
it

w
it
h
U
n
k
n
o
w
n
P
r
o
f
il
e
s

a
ctio

n
2
,

w
h
o
se

em
p
irical

m
ean

is
lo

cated
in

a
green

er
area

th
an

th
e

on
e

of
oth

er
action

s.
W

e
p
ro

p
o
se

to
in

clu
d
e

th
e

ad
d
ition

al
u
n
certain

ty
in

th
e

selection
scores

b
y

u
sin

g
th

e
b

est
lo

ca
tio

n
in

sid
e

th
e

con
fi
d
en

ce
ellip

soid
it

is
p

ossib
le

to
reach

for
each

action
.

T
h
is

allow
s

o
n
e

to
d
efi

n
e

a
n

op
tim

istic
p

olicy
w

h
ich

w
ou

ld
select

th
e

op
tim

al
action

1
in

th
e

ex
a
m

p
le

fi
g
u
re,

w
h
ose

con
fi
d
en

ce
area

con
tain

s
th

e
m

ost
p
rom

isin
g

p
rofi

les
(i.e.,

in
clu

d
es

th
e

m
ost

g
reen

lo
ca

tio
n
s

in
th

e
fi
gu

re).

+++

-­‐-­‐-­‐

𝜇
"

𝜇
#

𝜇
$

𝜇
%

𝑥'#,)

𝑥'",)

𝑥'$,)

𝑥'%,)

F
ig

u
re

2
:

Illu
stration

of
th

e
ad

d
ition

al
u
n
certain

ty
arisin

g
from

p
rofi

le
estim

ators.

In
th

e
fo

llow
in

g
w

e
p
rop

ose
to

d
efi

n
e

an
a
lgorith

m
fi
tted

for
th

is
settin

g.
A

fter
d
eriv

in
g

th
e

a
lg

o
rith

m
in

a
gen

eric
con

tex
t

of
sam

p
les

d
elivery,

w
e

con
sid

er
th

ree
d
iff

eren
t

cases:

•
C

a
se

1
:

E
v
ery

action
d
eliv

ers
a

p
rofi

le
sam

p
le

at
each

step
t

(i.e.,∀
t,O

t
=
{
1,...,K

});
•

C
a
se

2
:

E
ach

action
i

ow
n
s

a
p
rob

a
b
ility

p
i

of
sam

p
le

d
elivery

:
at

each
step

t,
an

a
ctio

n
is

in
clu

d
ed

in
O
t

w
ith

p
rob

ab
ility

p
i ;

•
C

a
se

3
:

A
t

each
step

t,
on

ly
th

e
action

selected
at

th
e

p
rev

iou
s

step
d
eliv

ers
a

sam
p
le

(i.e.,∀
t,O

t
=
it−

1 ).

T
h
e

fi
rst

ca
se

corresp
on

d
s

to
th

e
sim

p
lest

case,
w

h
ere
O
t

is
con

stan
t

over
tim

e.
T

h
e

seco
n
d

ca
se

in
clu

d
es

an
ad

d
ition

al
d
iffi

cu
lty

sin
ce

b
efore

an
y

step
,

every
a
ction

h
as

n
ot

b
een

o
b
served

th
e

sa
m

e
n
u
m

b
er

of
tim

es,
w

h
ich

lead
s

to
d
iff

eren
t

levels
of

u
n
certain

ty.
T

h
e

last
ca

se,
p
ro

b
a
b
ly

th
e

m
ost

in
terestin

g
on

e
for

real-w
orld

ap
p
lication

s,
is

th
e

m
ost

d
iffi

cu
lt

sin
ce

d
ecisio

n
s

at
ea

ch
step

n
ot

on
ly

aff
ect

k
n
ow

led
ge

ab
ou

t
rew

ard
d
istrib

u
tion

s
b
u
t

also
p
rofi

le
estim

a
tio

n
s.

F
or

th
at

case,
it

ap
p

ears
m

an
d
atory

to
take

th
e

u
n
certain

ty
ab

ou
t

p
rofi

les
in

to
a
cco

u
n
t

in
th

e
selection

p
olicy

to
gu

aran
tee

th
e

p
ro

cess
to

con
verge

tow
ard

s
op

tim
al

a
ctio

n
s.

A
fter

d
eriv

in
g

con
fi
d
en

ce
in

tervals
for

th
is

n
ew

b
an

d
it

in
stan

ce,
th

is
section

d
escrib

es
th

e
p
ro

p
o
sed

a
lgorith

m
an

d
an

aly
zes

its
regret

for
th

e
th

ree
settin

gs
listed

a
b

ov
e.

T
h
en

,
w

e
co

n
sid

er
th

e
case

w
h
ere

m
u
ltip

le
actio

n
s

can
b

e
p

erform
ed

at
each

step
.
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L
a
m
p
r
ie
r
,
G
isse

l
b
r
e
c
h
t
a
n
d

G
a
l
l
in
a
r
i

3
.1

.
C

o
n

fi
d

e
n

c
e

In
te

rv
a
ls

In
th

e
follow

in
g,

w
e

d
eriv

e
a

series
of

p
rop

osition
s

w
h
ich

w
ill

allow
u
s

to
d
efi

n
e

a
selection

p
olicy

for
ou

r
settin

g
of

p
rofi

le-b
ased

b
an

d
it

w
ith

u
n
k
n
ow

n
p
rofi

les.
F

irst,
it

is
n
eed

ed
to

d
efi

n
e

an
estim

ator
for

th
e

m
ap

p
in

g
p
aram

eter
β

,
an

d
th

e
asso

ciated
con

fi
d
en

ce
ellip

soid
.

F
or

th
at

p
u
rp

ose,
w

e
rely

on
resu

lts
from

th
e

th
eory

of
th

e
self-n

orm
alized

p
ro

cess
(d

e
la

P
eñ

a
et

al.,
2009).

T
h
e

n
ex

t
step

is
to

d
efi

n
e

a
w

ay
to

m
ix

it
w

ith
th

e
u
n
certa

in
ty

on
p
rofi

les
to

d
efi

n
e

an
op

tim
istic

p
olicy.

P
ro

p
o
sitio

n
1

L
et

u
s

co
n

sid
er

th
a
t

fo
r

a
n

y
a
ctio

n
i,

a
ll

p
ro

fi
le

sa
m

p
les

x
i,t ∈

R
d

a
re

iid
fro

m
a

d
istribu

tio
n

w
ith

m
ea

n
µ
i ∈

R
d.

L
et

u
s

a
lso

a
ssu

m
e

th
a
t

th
ere

exists
a

rea
l

n
u

m
ber

L
>

0
su

ch
th

a
t||x

i,t ||≤
L

a
n

d
a

rea
l

n
u

m
ber

S
>

0
su

ch
th

a
t||β||≤

S
.

T
h
en

,
fo

r
a
n

y
i∈
K

a
n

d
a
n

y
step

s
≤
t,

th
e

ra
n

d
o
m

va
ria

ble
η
i,t,s

=
ε >i,t β

+
η
i,s

is
co

n
d
itio

n
a
lly

su
b-G

a
u

ssia
n

w
ith

co
n

sta
n

t
R
i,t

=

√
R

2
+
L

2S
2

n
i,t

.

P
ro

o
f

A
vailab

le
in

ap
p

en
d
ix

A
.1.

In
th

is
p
rop

osition
,
R

is
th

e
con

stan
t

of
th

e
su

b
-G

au
ssian

ran
d
om

n
oise

of
th

e
rew

ard
s

(η
s

from
eq

u
ation

6)
an

d
th

e
n
otation

||x||
stan

d
s

as
th

e
n
orm

o
f

a
vector

x
(i.e.,||x||

=
√
x
T
x

).
S
in

ce
th

e
n
oise

η
i,t,s

is
su

b
-G

au
ssian

,
it

w
ill

b
e

p
ossib

le
to

ap
p
ly

th
e

th
eory

of
self-n

orm
alized

p
ro

cess
for

d
efi

n
in

g
a

con
fi
d
en

ce
ellip

soid
for

β
.

A
t

step
t,

w
e

can
u
se

th
e

follow
in

g
set

of
ob

servation
s

to
fi
n
d

an
estim

ator
for

β
:

{(x̂
is
,t ,r

is
,s )}

s=
1
..t−

1
(i.e.,

at
an

y
d
ecision

step
t,

th
e

rew
ard

r
is
,s

ob
served

at
an

y
p
rev

iou
s

step
s
<
t

is
asso

ciated
w

ith
th

e
p
rofi

le
of

th
e

selected
action

at
step

s,
estim

ated
k
n
ow

in
g

sam
p
les

ob
served

from
step

1
to

step
t).

T
h
e

follow
in

g
n
ota

tion
s

are
u
sed

in
th

e
rem

ain
in

g
of

th
e

p
ap

er:

•
η
′t−

1
=

(η
is
,s

+
ε >is

,t β
) >s=

1
..t−

1
th

e
v
ector

of
n
oises

of
size

t−
1
.

•
X
t−

1
=

(x̂
>is
,t )
s=

1
..t−

1
th

e
(t−

1)×
d

m
atrix

con
tain

in
g

th
e

em
p
irical

m
ean

s
of

th
e

selected
action

s,
w

h
ere

th
e
s-th

row
corresp

on
d
s

to
th

e
estim

ator
at

step
t

of
th

e
action

selected
at

step
s.

•
Y
t−

1
=

(r
is
,s ) >s=

1
..t−

1
th

e
rew

ard
s

vector
of

size
t−

1.

•
A
t−

1
=
d
ia
g
(1/R

is
,t )
s=

1
..t−

1
th

e
d
iagon

a
l

(t−
1)×

(t−
1)

m
atrix

,
w

h
ere

th
e
s-th

d
iagon

al
elem

en
t

eq
u
als

1/R
is
,t .

N
ote

th
at,

for
a

sp
ecifi

c
action

,
th

e
valu

e
of

its
cor-

resp
on

d
in

g
co

effi
cien

t
in

creases
w

ith
th

e
n
u
m

b
er

of
ob

served
sam

p
les

for
th

is
action

.

W
ith

th
ese

n
otation

s,
th

e
lin

ear
ap

p
lication

from
p
rofi

les
to

rew
ard

s
can

b
e

w
ritten

as:

Y
t−

1
=
X
t−

1 β
+
η
′t−

1
(7)

P
ro

p
o
sitio

n
2

W
e

n
o
te
β̂
t−

1
th

e
lea

st
squ

a
re

estim
a
to

r
o
f

th
e

pa
ra

m
eter

β
a
t

step
t,

a
c-

co
rd

in
g

to
th

e
fo

llo
w

in
g
l 2-regu

la
rized

regressio
n

p
ro

blem
,

w
h
ere

ea
ch

elem
en

t
is

w
eigh

ted
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P
r
o
f
il
e
-B

a
se

d
B
a
n
d
it

w
it
h
U
n
k
n
o
w
n
P
r
o
f
il
e
s

by
th

e
co

rr
es

po
n

d
in

g
co

effi
ci

en
t

1
/R

i s
,t

:

β̂
t−

1
=

ar
g

m
in β

t−
1

∑ s=
1

1

R
i s
,t

(β
>
x̂
i s
,t
−
r i
s
,s

)2
+
λ
||β
||2

(8
)

w
h
er

e
λ
>

0
is

th
e
l2

-r
eg

u
la

ri
za

ti
o
n

co
n

st
a
n

t.

W
e

h
a
ve

:

β̂
t−

1
=

(X
> t−

1
A
t−

1
X
t−

1
+
λ
I
)−

1
X
> t−

1
A
t−

1
Y
t−

1
(9

)

P
ro

o
f

L
et

u
s

re
w

ri
te

th
e

m
in

im
iz

at
io

n
p
ro

b
le

m
su

ch
as

:
β̂
t−

1
=

ar
g

m
in

β
L

w
it

h
L

=
(Y
t−

1
−
X
t−

1
β

)>
A
t−

1
(Y
t−

1
−
X
t−

1
β

)
+
λ
β
>
β

.

T
h
e

gr
ad

ie
n
t

is
gi

ve
n

b
y
:

∇
β
L

=
−

2
X
> t−

1
A
t−

1
(Y
t−

1
−
X
t−

1
β

)
+

2λ
β

=
2(
X
> t−

1
A
t−

1
X
t−

1
+
λ
I
)β
−

2X
> t−

1
A
t−

1
Y
t−

1

B
y

ca
n
ce

li
n
g

th
is

gr
ad

ie
n
t,

w
e

ge
t

th
e

an
n
ou

n
ce

d
re

su
lt

.

T
h
is

es
ti

m
at

or
of
β

u
se

s
em

p
ir

ic
al

m
ea

n
s

of
ob

se
rv

ed
sa

m
p
le

s
as

in
p
u
ts

.
W

ei
g
h
ti

n
g

ea
ch

el
em

en
t

ac
co

rd
in

g
to

th
e

co
rr

es
p

on
d
in

g
va

lu
e
R
i s
,t

al
lo

w
s

on
e

to
co

n
si

d
er

th
e

u
n
ce

rt
a
in

ty
as

so
ci

at
ed

w
it

h
th

is
ap

p
ro

x
im

at
io

n
.

It
re

n
d
er

s
th

e
co

n
fi
d
en

ce
w

e
h
av

e
in

th
e

w
ei

gh
te

d
in

p
u
t.

N
ot

e
th

at
th

is
co

effi
ci

en
t

te
n
d
s

to
w

ar
d
s

a
co

n
st

an
t

w
h
en

th
e

n
u
m

b
er

of
o
b
se

rv
ed

sa
m

p
le

s
in

cr
ea

se
s

fo
r

th
e

co
rr

es
p

on
d
in

g
ac

ti
on

.
It

al
lo

w
s

on
e,

ac
co

rd
in

g
to

th
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
,

to
d
efi

n
e

a
co

n
fi
d
en

ce
el

li
p
so

id
fo

r
th

e
es

ti
m

at
or

of
β

.

P
ro

p
o
si

ti
o
n

3
L

et
u

s
d
efi

n
e
V
t−

1
=
λ
I

+
X
> t−

1
A
t−

1
X
t−

1
=
λ
I

+
t−

1
∑ s=

1

x̂
i s
,t
x̂
> i s
,t

R
i s
,t

.
W

it
h

th
e

sa
m

e
a
ss

u
m

p
ti

o
n

s
a
s

in
p
ro

po
si

ti
o
n

1
,

fo
r

a
n

y
0
<
δ
<

1
,

w
it

h
a

p
ro

ba
bi

li
ty

a
t

le
a
st

eq
u

a
l

to
1
−
δ,

th
e

es
ti

m
a
to

r
β̂
t−

1
ve

ri
fi

es
fo

r
a
ll
t
≥

0:

||β̂
t−

1
−
β
|| V

t−
1
≤

√ √ √ √
2

lo
g

(
d
et

(V
t−

1
)1
/
2
d
et

(λ
I
)−

1
/
2

δ

)
+
√
λ
S

=
α
t−

1
(1

0)

w
h
er

e
||x
|| V

=
√
x
>
V
x

is
th

e
V

-n
o
rm

o
f

th
e

ve
ct

o
r
x

.

P
ro

o
f

A
va

il
ab

le
in

ap
p

en
d
ix

A
.2

.

T
h
is

b
ou

n
d

is
ve

ry
si

m
il
ar

to
th

e
on

e
d
efi

n
ed

in
th

e
O
F
U
L

al
go

ri
th

m
(A

b
b
as

i-
Y

ad
k
or

i
et

al
.,

20
11

)
to

b
u
il
d

it
s

co
n
fi
d
en

ce
el

li
p
so

id
.

H
ow

ev
er

,
a

n
ot

ab
le

d
iff

er
en

ce
li
es

in
th

e
d
efi

n
it

io
n

of
th

e
m

at
ri

x
V
t,

in
w

h
ic

h
w

ei
gh

ts
in
A
t

ar
e

ap
p
li
ed

to
co

p
e

w
it

h
co

n
fi
d
en

ce
d
iff

er
en

ce
s

b
et

w
ee

n
p
ro

fi
le

es
ti

m
at

or
s.

W
it

h
ou

t
th

is
w

ei
gh

ti
n
g,

n
o

co
n
fi
d
en

ce
el

li
p
so

id
co

u
ld

b
e

fo
u
n
d

fo
r
β

si
n
ce

n
o

co
m

m
on

b
ou

n
d

co
u
ld

b
e

d
efi

n
ed

fo
r

th
e

va
ri

ou
s

n
o
is

es
η
′ s

(s
ee

th
e

p
ro

of
of

p
ro

p
os

it
io

n
3

in
ap

p
en

d
ix

).
T

h
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
ca

n
ea

si
ly

b
e

d
ed

u
ce

d
fr

o
m

th
e

p
re

v
io

u
s

on
e

to
b

ou
n
d

th
e

ex
p

ec
ta

ti
on

of
re

w
ar

d
w

it
h

k
n
ow

n
p
ro

fi
le

s.
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8

L
a
m
p
r
ie
r
,
G
is
se

l
b
r
e
c
h
t
a
n
d

G
a
l
l
in
a
r
i

P
ro

p
o
si

ti
o
n

4
F

o
r

ev
er

y
i
∈
K

,
w

it
h

p
ro

ba
bi

li
ty

gr
ea

te
r

th
a
n

1
−
δ,

w
e

h
a
ve

fo
r

a
ll
t
≥

0
:

β
>
µ
i
≤
β̂
> t−

1
µ
i
+
α
t−

1
||µ

i||
V
−
1

t−
1

(1
1
)

P
ro

o
f

A
va

il
ab

le
in

ap
p

en
d
ix

A
.3

T
h
is

u
p
p

er
-b

ou
n
d

fo
r

th
e

ex
p

ec
te

d
re

w
ar

d
co

n
ta

in
s

tw
o

d
is

ti
n
ct

te
rm

s:
w

h
il
e

th
e

fo
rm

er
co

rr
es

p
on

d
s

to
a

cl
as

si
ca

l
ex

p
lo

it
at

io
n

te
rm

w
h
ic

h
es

ti
m

at
es

th
e

ex
p

ec
te

d
re

w
a
rd

w
it

h
th

e
cu

rr
en

t
p
ar

am
et

er
s,

th
e

la
tt

er
co

rr
es

p
on

d
s

to
an

ex
p
lo

ra
ti

on
te

rm
si

n
ce

it
ta

ke
s

in
to

a
cc

o
u
n
t

th
e

u
n
ce

rt
ai

n
ty

on
th

e
re

w
ar

d
p
ar

am
et

er
.

If
p
ro

fi
le

s
w

er
e

k
n
ow

n
,

th
is

co
u
ld

d
ir

ec
tl

y
b

e
u
se

d
as

a
se

le
ct

io
n

sc
or

e
fo

r
an

U
C

B
-l

ik
e

p
ol

ic
y.

H
ow

ev
er

,
in

ou
r

se
tt

in
g,

p
ro

fi
le

s
a
re

u
n
k
n
ow

n
.

W
e

h
av

e
to

co
n
si

d
er

co
n
fi
d
en

ce
el

li
p
so

id
s

fo
r

th
e

p
ro

fi
le

s
of

ac
ti

on
s

to
o.

T
h
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
d
efi

n
es

co
n
fi
d
en

ce
b

ou
n
d
s

fo
r

th
e

p
ro

fi
le

es
ti

m
at

or
s.

P
ro

p
o
si

ti
o
n

5
F

o
r

ev
er

y
i
∈
K

a
n

d
a
n

y
t
>

0,
w

it
h

p
ro

ba
bi

li
ty

gr
ea

te
r

th
a
n

1
−
δ/
t2

,
w

e
h
a
ve

:

||x̂
i,
t
−
µ
i||
≤

m
in

(L

√
2
d

n
i,
t

lo
g

(
2
d
t2 δ

) ,2
L

)
=
ρ
i,
t,
δ

(1
2
)

P
ro

o
f

T
h
is

in
eq

u
al

it
y

co
m

es
fr

om
th

e
ap

p
li
ca

ti
on

of
th

e
H

o
eff

d
in

g’
s

in
eq

u
a
li
ty

to
ea

ch
d
im

en
si

on
se

p
ar

at
el

y.
T

h
e

m
in

op
er

at
or

co
m

es
fr

om
th

e
b
as

e
h
y
p

ot
h
es

is
||x

i,
t||
≤
L

,
w

h
ic

h
ca

n
b

e
m

or
e

re
st

ri
ct

iv
e

th
an

th
e

H
o
eff

d
in

g
as

su
m

p
ti

on
.

T
h
e

p
ro

of
is

av
ai

la
b
le

in
a
p
p

en
d
ix

A
.4

. C
on

tr
ar

y
to

th
e

b
ou

n
d

of
th

e
d
ev

ia
ti

on
of

th
e

m
ap

p
in

g
p
ar

am
et

er
β

w
h
ic

h
h
o
ld

s
si

-
m

u
lt

an
eo

u
sl

y
fo

r
al

l
st

ep
s

of
th

e
p
ro

ce
ss

,
th

e
on

e
fo

r
th

e
p
ro

fi
le

es
ti

m
at

or
s

is
o
n
ly

va
li
d

fo
r

ea
ch

st
ep

se
p
ar

at
el

y.
T

o
ob

ta
in

a
b

ou
n
d

h
ol

d
in

g
fo

r
ev

er
y

st
ep

si
m

u
lt

a
n
eo

u
sl

y,
w

h
ic

h
is

im
p

or
ta

n
t

fo
r

th
e

re
gr

et
an

al
y
si

s
(s

ee
se

ct
io

n
3.

3)
,

w
e

u
se

th
e

u
n
if

or
m

b
o
u
n
d

p
ri

n
ci

p
le

.
F

or
a

gi
ve

n
ac

ti
on

i,
w

e
h
av

e:
P(
∀t
,||
x̂
i,
t
−
µ
i||
≤
ρ
i,
t,
δ
)

=
1
−

P(
∃t
,||
x̂
i,
t
−
µ
i||
≥
ρ
i,
t,
δ
)
≥

1
−
∑ t

P(
||x̂

i,
t
−
µ
i||
≥
ρ
i,
t,
δ
)
≥

1
−
∑ t
δ/
t2

.
T

h
is

ju
st

ifi
es

th
e

in
tr

o
d
u
ct

io
n

o
f

th
e
t2

te
rm

in
th

e
b

ou
n
d
,

w
h
ic

h
al

lo
w

s
on

e
to

d
efi

n
e

a
u
n
if

or
m

p
ro

b
a
b
il
it

y
ov

er
al

l
st

ep
s

si
n
ce

w
e

h
av

e

th
er

eb
y
:
P(
∀t
,||
x̂
i,
t
−
µ
i||
≤
ρ
i,
t,
δ
)
≥

1
−
δ
−
∞ ∑ t=

2
δ/
t2

=
1
−
δ
−
δ(
π

2
/6
−

1)
≥

1
−

2
δ.

N
ow

th
at

w
e

h
av

e
d
efi

n
ed

p
ro

b
ab

il
is

ti
c

d
ev

ia
ti

on
b

ou
n
d
s

fo
r

th
e

d
iff

er
en

t
es

ti
m

a
to

rs
,

w
e

ca
n

u
se

th
em

co
n
jo

in
tl

y
to

d
efi

n
e

th
e

co
n
fi
d
en

ce
in

te
rv

al
of

th
e

re
w

a
rd

ex
p

ec
ta

ti
o
n

fo
r

th
e

se
tt

in
g

of
u
n
k
n
ow

n
p
ro

fi
le

s,
an

d
th

u
s

to
u
p
p

er
b

ou
n
d

th
e

ex
p

ec
te

d
re

w
ar

d
fo

r
ea

ch
a
ct

io
n

i. P
ro

p
o
si

ti
o
n

6
F

o
r

ev
er

y
i
∈
K

a
n

d
a
n

y
t
>

0
,

w
it

h
p
ro

ba
bi

li
ty

gr
ea

te
r

th
a
n

1
−
δ/
t2
−
δ,

w
e

h
a
ve

:

β
>
µ
i
≤
β̂
> t−

1
(x̂
i,
t
+
ε i
,t
)

+
α
t−

1
||x̂

i,
t
+
ε̃ i
,t
|| V
−
1

t−
1

(1
3
)

w
it

h
:

ε i
,t

=
ρ
i,
t,
δ
β̂
t−

1

||β̂
t−

1
||

ε̃ i
,t

=
ρ
i,
t,
δ
x̂
i,
t

√
λ
||x̂

i,
t||
V
−
1

t−
1
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P
r
o
f
il
e
-B

a
se

d
B
a
n
d
it

w
it
h
U
n
k
n
o
w
n
P
r
o
f
il
e
s

P
ro

o
f

T
h
e

p
ro

of
is

availab
le

in
ap

p
en

d
ix

A
.5.

C
o
m

p
a
red

to
th

e
b

ou
n
d

giv
en

in
p
rop

osition
4,

w
e

fi
n
d

th
e

sam
e

tw
o

term
s

of
ex

p
loita-

tio
n

a
n
d

ex
p
lo

ration
.

H
ow

ever
in

th
is

case,
p
rofi

le
vectors

th
at

are
u
n
k
n
ow

n
are

rep
la

ced
b
y

th
e

estim
a
tor

p
lu

s
an

ad
d
ition

al
term

:
ε
i,t

in
th

e
form

er
p
art

an
d
ε̃
i,t

in
th

e
latter

o
n
e.

T
h
ese

term
s

a
im

at
cop

in
g

w
ith

p
rofi

le
u
n
certain

ty,
con

sid
erin

g
con

fi
d
en

ce
ellip

soid
s

for
th

ese
p
ro

fi
les

a
s

d
efi

n
ed

in
p
rop

osition
5.
ε
i,t

is
collin

ear
w

ith
β̂
t−

1 .
It

is
u
sed

to
tran

slate
th

e
estim

a
to

r
x̂
i,t

so
th

at
β
>
µ
i

is
u
p
p

er-b
ou

n
d
ed

.
ε̃
i,t

is
collin

ear
w

ith
x̂
i,t .

It
is

u
sed

to
tra

n
slate

th
e

estim
ator

x̂
i,t

so
th

at
th

e
V
−

1
t−

1 -n
orm

||µ
i ||V

−
1

t−
1

is
u
p
p

er-b
ou

n
d
ed

.
T

h
is

b
ou

n
d

en
a
b
les

u
s

to
d
erive

an
op

tim
istic

p
olicy

in
th

e
n
ex

t
section

.

3
.2

.
S

a
m

p
L

in
U

C
B

In
th

is
sectio

n
,
w

e
d
etail

ou
r

p
olicy

for
th

e
settin

g
of

u
n
k
n
ow

n
p
rofi

les,
called

S
a
m

p
L

in
U

C
B

,
w

h
ich

is
d
irectly

d
erived

from
th

e
b

ou
n
d

p
rop

osed
in

p
rop

osition
6.

Its
p
ro

cess
is

d
eta

iled
in

a
lg

o
rith

m
1
.

In
w

ord
s,

it
p
ro

ceed
s

as
follow

s:

1
.

In
itializa

tion
of

th
e

sh
ared

variab
les

V
an

d
b

u
sed

to
estim

ate
th

e
m

ap
p
in

g
p
aram

eter
β

in
lin

es
1

an
d

2.
T

h
e
d
×
d

m
atrix

V
is

in
itialized

w
ith

an
id

en
tity

m
atrix

tim
es

th
e

reg
u
la

rization
p
aram

eter
λ

(th
e

greater
λ

is,
th

e
m

ore
th

e
p
aram

eter
β

w
ill

b
e

co
n
stra

in
ed

to
h
ave

com
p

on
en

ts
close

to
zero).

T
h
e

vector
b

is
in

itialized
as

a
n
u
ll

vecto
r

of
size

d
.

2
.

In
itia

liza
tion

of
th

e
in

d
iv

id
u
al

variab
les

n
i ,
x̂
i ,
R
i ,
N
i

an
d
S
i

for
every

action
in
K

(lin
es

3
to

6).
T

h
e

tw
o

latter
are

ad
d
ition

al
scalar

varia
b
les

w
h
ich

en
ab

le
effi

cien
t

u
p

d
a
tes

for
th

e
sh

ared
variab

les
after

con
tex

t
ob

servatio
n
s.
N
i

cou
n
ts

th
e

n
u
m

b
er

of
tim

es
a
n

action
h
as

b
een

selected
from

th
e

b
egin

n
in

g,
S
i

su
m

s
th

e
rew

ard
s

collected
b
y

selectin
g
i

from
th

e
b

egin
n
in

g.

3
.

A
t

ea
ch

iteration
t,

for
each

action
i∈
O
t ,

ob
servation

of
th

e
sam

p
le
x
i,t

(lin
e

11)
a
n
d

u
p

d
a
te

of
in

d
iv

id
u
al

variab
les

n
i ,
x̂
i

a
n
d
R
i

for
action

i
(lin

e
12)

an
d

sh
ared

p
a
ra

m
eters

V
an

d
b

accord
in

g
to

th
ese

n
ew

in
d
iv

id
u
al

valu
es

for
i

(lin
e

10
an

d
13).

S
in

ce
sh

a
red

p
aram

eters
are

sim
p
le

su
m

s
of

elem
en

ts,
th

ey
can

b
e

sim
p
ly

u
p

d
ated

b
y

fi
rst

rem
ov

in
g

old
valu

es
(lin

e
10)

an
d

th
en

ad
d
in

g
th

e
n
ew

on
es

w
h
en

u
p

d
ated

(lin
e

1
3
).

T
h
is

is
effi

cien
tly

d
on

e
w

ith
ou

t
req

u
irin

g
an

im
p

ortan
t

m
em

o
ry

load
th

an
k
s

to
sca

la
r

va
riab

les
N
i

an
d
S
i .

4
.

C
o
m

p
u
ta

tion
of

th
e

selection
score

s
i,t

(lin
e

21
)

for
each

actio
n
i

a
cco

rd
in

g
to

eq
u
ation

1
4

d
eta

iled
b

elow
,

an
d

selection
of

th
e

action
asso

ciated
w

ith
th

e
h
igh

est
selection

sco
re

(lin
e

23)
(ex

cep
t

in
th

e
early

stages≤
K

w
h
ere

all
action

s
are

selected
in

tu
rn

to
in

itia
lize

th
eir

cou
n
ts

in
lin

e
16).

5
.

C
o
llectio

n
of

th
e

asso
ciated

rew
ard

(lin
e

25)
an

d
u
p

d
ate

o
f

variab
les

N
i ,
S
i ,
V

an
d
b

a
cco

rd
in

g
to

th
is

n
ew

ou
tcom

e
(lin

es
26

to
2
8).
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L
a
m
p
r
ie
r
,
G
isse

l
b
r
e
c
h
t
a
n
d

G
a
l
l
in
a
r
i

A
lg

o
rith

m
1

:
S
a
m
p
L
i
n
U
C
B

V
=
λ
I
d×
d

(Id
en

tity
m

atrix
of

size
d
);

1

b
=

0
d

(N
u
ll

vector
of

size
d
);

2

fo
r
i∈
K

d
o

3

N
i

=
0;
S
i

=
0;

4

n
i

=
0;
x̂
i

=
0
d ;
R
i

=
+
∞

;
5

e
n

d
6

fo
r
t

=
1..T

d
o

7

R
ecep

tion
ofO

t ;
8

fo
r
i∈
O
t

d
o

9

V
=
V
−
N
i x̂
i x̂
>i

R
i

;
b

=
b−

S
i
x̂
i

R
i ;

1
0

O
b
servation

of
x
i,t ;

1
1

n
i

=
n
i
+

1;
x̂
i

=
(n
i −

1)x̂
i
+
x
i,t

n
i

;
R
i

=

√
R

2
+
L

2S
2

n
i

;
1
2

V
=
V

+
N
i x̂
i x̂
>i

R
i

;
b

=
b

+
S
i
x̂
i

R
i ;

1
3

e
n

d
1
4

if
t≤

K
th

e
n

1
5

S
election

of
it

=
t;

1
6

e
n

d
1
7

e
lse

1
8

β̂
=
V
−

1b;
1
9

fo
r
i∈
K

d
o

2
0

C
om

p
u
tation

of
s
i,t

accord
in

g
to

form
u
la

14
;

2
1

e
n

d
2
2

S
election

of
it

=
arg

m
ax

i∈K
s
i,t

;
2
3

e
n

d
2
4

R
ecep

tion
of
r
it ,t ;

2
5

N
it

=
N
it

+
1;

2
6

S
it

=
S
it

+
r
it ,t ;

2
7

V
=
V

+
x̂
it x̂
>it

R
it

;
b

=
b

+
r
it ,t

x̂
it

R
it ;

2
8

e
n

d
2
9

T
h
e

selection
score

s
i,t

u
sed

in
ou

r
p

o
licy

for
each

action
i

at
an

y
step

t
is

d
irectly

d
erived

from
p
rop

osition
6:

s
i,t

=
(x̂
i,t

+
ε
i,t ) >

β̂
t−

1
+
α
t−

1 ||x̂
i,t

+
ε̃
i,t ||V

−
1

t−
1

(14)

F
or

cases
2

an
d

3
of

th
e

p
rofi

le
d
elivery

m
ech

an
ism

(see
at

th
e

b
egin

n
in

g
of

th
e

section
),

th
ere

are
action

s
i

w
ith

n
i,t

=
0

in
th

e
early

step
s

of
th

e
p
ro

cess.
N

o
sam

p
le

h
as

ever
b

een
ob

served
for

th
ese

action
s,

w
h
ich

is
p
rob

lem
atic

for
th

e
com

p
u
tatio

n
of
ρ
i,t,δ ,

an
d

th
erefore

1
2
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P
r
o
f
il
e
-B

a
se

d
B
a
n
d
it

w
it
h
U
n
k
n
o
w
n
P
r
o
f
il
e
s

th
e

co
m

p
u
ta

ti
on

of
ε i
,t

an
d
ε̃ i
,t
.

F
or

th
e

ca
se

2,
w

h
er

e
w

e
ar

e
n
ot

ac
ti

ve
on

th
e

p
ro

ce
ss

fo
r

ob
se

rv
in

g
co

n
te

x
ts

,
th

is
ca

n
b

e
so

lv
ed

b
y

si
m

p
ly

ig
n
or

in
g

ac
ti

on
s

u
n
ti

l
at

le
as

t
on

e
sa

m
p
le

of
p
ro

fi
le

h
as

b
ee

n
ob

se
rv

ed
fo

r
th

em
.

F
or

th
e

ca
se

3
h
ow

ev
er

,
sa

m
p
le

s
ar

e
on

ly
ob

ta
in

ed
b
y

se
le

ct
io

n
.

T
h
u
s,

w
e

n
ee

d
to

fo
rc

e
th

e
ob

se
rv

at
io

n
of

a
sa

m
p
le

fo
r

ev
er

y
ac

ti
on

in
th

e
fi
rs

t
st

ep
s.

In
th

at
w

ay
,

fo
r

ac
ti

on
s

w
it

h
n
i,
t

=
0

at
an

y
st

ep
t,

w
e

ar
b
it

ra
ri

ly
se

t
s i
,t

=
+
∞

in
or

d
er

to
m

ak
e

th
e

p
ol

ic
y

fa
v
or

ac
ti

on
s

w
it

h
ou

t
an

y
k
n
ow

le
d
ge

to
in

it
ia

li
ze

th
e

p
ro

ce
ss

.
T

h
u
s,

in
th

at
ca

se
,

al
go

ri
th

m
1

se
le

ct
s

th
e
K

ac
ti

on
s

in
tu

rn
in

th
e
K

fi
rs

t
st

ep
s

of
th

e
p
ro

ce
ss

.
T

h
e

se
le

ct
io

n
sc

or
e

d
efi

n
ed

in
fo

rm
u
la

14
co

rr
es

p
on

d
s

to
th

e
u
p
p

er
-b

ou
n
d

of
th

e
ex

p
ec

te
d

re
w

ar
d

fo
r

ea
ch

ac
ti

on
,

as
it

is
d
on

e
in

al
l

U
C

B
-b

as
ed

p
ol

ic
ie

s.
In

tu
it

iv
el

y,
it

le
ad

s
th

e
al

go
ri

th
m

to
se

le
ct

ac
ti

on
s

w
h
os

e
p
ro

fi
le

es
ti

m
at

or
is

ei
th

er
in

an
ar

ea
w

it
h

h
ig

h
p

ot
en

ti
a
l,

or
is

su
ffi

ci
en

tl
y

u
n
ce

rt
ai

n
to

co
n
si

d
er

st
il
l

li
k
el

y
th

at
th

e
ac

ti
on

ca
n

b
e

p
ot

en
ti

al
ly

u
se

fu
l.

T
h
e

go
al

is
to

q
u
ic

k
ly

ru
le

ou
t

b
ad

ac
ti

o
n
s,

w
h
os

e
co

n
fi
d
en

ce
el

li
p
so

id
d
o
es

n
ot

in
cl

u
d
e

an
y

p
ot

en
ti

al
ly

u
se

fu
l

lo
ca

ti
on

s
w

.r
.t

.
th

e
cu

rr
en

t
es

ti
m

at
io

n
of
β

.
T

o
b

et
te

r
an

al
y
ze

th
e

al
go

ri
th

m
,

w
e

p
ro

p
os

e
b

el
ow

a
n
ew

fo
rm

u
la

ti
on

of
th

e
se

le
ct

io
n

sc
or

e.

P
ro

p
o
si

ti
o
n

7
T

h
e

sc
o
re
s i
,t

fr
o
m

eq
u

a
ti

o
n

1
4

ca
n

be
re

-w
ri

tt
en

in
th

e
fo

ll
o
w

in
g

w
a
y:

s i
,t

=
x̂
> i,t
β̂
t−

1
+
α
t−

1
||x̂

i,
t||
V
−
1

t−
1

+
ρ
i,
t,
δ

( |
|β̂
t−

1
||

+
α
t−

1
√
λ

)
(1

5)

P
ro

o
f s i
,t

=
(x̂
i,
t
+
ε i
,t
)>
β̂
t−

1
+
α
t−

1
||x̂

i,
t
+
ε̃ i
,t
|| V
−
1

t−
1

=
x̂
> i,t
β̂
t−

1
+
ρ
i,
t,
δ
β̂
> t−

1

||β̂
t−

1
||
β̂
t−

1
+
α
t−

1
||x̂

i,
t
+

ρ
i,
t,
δ
x̂
i,
t

√
λ
||x̂

i,
t||
V
−
1

t−
1

|| V
−
1

t−
1

=
x̂
> i,t
β̂
t−

1
+
ρ
i,
t,
δ
||β̂

t−
1
||

+
α
t−

1

 
1

+
ρ
i,
t,
δ

√
λ
||x̂

i,
t||
V
−
1

t−
1

 
||x̂

i,
t||
V
−
1

t−
1

=
x̂
> i,t
β̂
t−

1
+
α
t−

1
||x̂

i,
t||
V
−
1

t−
1

+
ρ
i,
t,
δ

( |
|β̂
t−

1
||

+
α
t−

1
√
λ

)

T
h
is

n
ew

fo
rm

u
la

ti
on

of
th

e
se

le
ct

io
n

sc
or

e
al

lo
w

s
on

e
to

ta
ke

a
d
iff

er
en

t
lo

ok
at

th
e

al
go

ri
th

m
b

eh
av

io
r.

T
h
e

fi
rs

t
p
ar

t
of

th
e

sc
or

e
x̂
> i,t
β̂
t−

1
+
α
t−

1
||x̂

i,
t||
V
−
1

t−
1

is
si

m
il
ar

to
a

sc
or

e
th

at
w

ou
ld

u
se

th
e

cl
as

si
ca

l
O
F
U
L

al
go

ri
th

m
(a

lt
h
ou

gh
w

it
h

a
d
iff

er
en

t
co

n
st

ru
ct

io
n

of
V
t)

,
w

it
h

an
ex

p
lo

it
at

io
n

te
rm

an
d

a
cl

as
si

ca
l

ex
p
lo

ra
ti

on
te

rm
co

n
si

d
er

in
g

th
e

u
n
ce

rt
ai

n
ty

on
th

e
es

ti
m

at
or

of
β

.
B

u
t

it
ex

h
ib

it
s

a
n

ad
d
it

io
n
al

p
ar

t
ρ
i,
t,
δ

( |
|β̂
t−

1
||

+
α
t−

1
√
λ

)
w

h
ic

h
is

d
ir

ec
tl

y
p
ro

p
or

ti
on

al
to

th
e

co
effi

ci
en

t
ρ
i,
t,
δ

an
d

th
u
s

en
ab

le
s

so
m

e
ex

p
lo

ra
ti

on
w

.r
.t

.
th

e
u
n
ce

rt
ai

n
ty

of
th

e
p
ro

fi
le

es
ti

m
at

or
s.

T
h
is

h
ig

h
li
gh

ts
th

e
p
re

m
iu

m
gr

an
te

d
to

le
ss

ob
se

rv
ed

ac
ti

on
s.

N
ot

e
th

at
fo

r
th

e
ca

se
1,

th
is

ad
d
it

io
n
al

p
ar

t
is

th
e

sa
m

e
fo

r
ev

er
y

ac
ti

on
.

It
th

er
ef

or
e

co
u
ld

b
e

re
m

ov
ed

fr
om

th
e

sc
or

e
si

n
ce

it
d
o
es

n
ot

p
er

m
it

to
d
is

cr
im

in
at

e
so

m
e

ac
ti

on
w

.r
.t

an
y

ot
h
er

on
e.

H
ow

ev
er

,
th

is
n
ew

ex
p
lo

ra
ti

on
te

rm
is

p
ar

ti
cu

la
rl

y
u
se

fu
l

fo
r

th
e
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L
a
m
p
r
ie
r
,
G
is
se

l
b
r
e
c
h
t
a
n
d

G
a
l
l
in
a
r
i

ca
se

3,
w

h
er

e
ob

se
rv

at
io

n
s

of
sa

m
p
le

s
ar

e
d
ir

ec
tl

y
co

n
n
ec

te
d

to
th

e
se

le
ct

io
n

p
o
li
cy

,
si

n
ce

it
p
re

ve
n
ts

fr
om

m
ov

in
g

as
id

e
so

m
e

op
ti

m
al

ac
ti

on
s

th
at

h
av

e
u
n
lu

ck
il
y

p
ro

v
id

ed
o
n
ly

n
o
t

p
ro

m
is

in
g

sa
m

p
le

s
in

th
e

ea
rl

y
st

ep
s.

T
o

d
em

on
st

ra
te

th
at

co
n
si

d
er

in
g

u
n
ce

rt
ai

n
ty

on
p
ro

fi
le

s
is

cr
u
ci

al
in

th
a
t

ca
se

,
le

t
u
s

co
n
si

d
er

a
sc

en
ar

io
w

h
er

e
th

e
op

ti
m

al
ac

ti
on

i?
ge

ts
a

n
u
ll

ve
ct

or
as

th
e

fi
rs

t
p
ro

fi
le

sa
m

p
le

.
T

h
en

,
in

a
se

tt
in

g
w

h
er

e
al

l
p
ro

fi
le

sa
m

p
le

s
ar

e
in

[0
,L

]d
an

d
al

l
re

w
ar

d
s

ar
e

in
[0
,+
∞

],
it

su
ffi

ce
s

th
at

a
su

b
-o

p
ti

m
al

ac
ti

on
i

ge
ts

a
n
on

-n
u
ll

ve
ct

or
as

th
e

fi
rs

t
p
ro

fi
le

sa
m

p
le

a
n
d
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e
to
d

=
5

d
im

en
si

on
s.

T
h
en

,
w

e

sa
m

p
le

d
a

m
ap

p
in

g
ve

ct
or
β

ra
n
d
om

ly
in
[ −
S
/
√
d
..
S
/√

d
] d

,
in

or
d
er

to
fu

lfi
ll

th
e
||β
||
≤

S
=

1
co

n
d
it

io
n
.

F
or

ea
ch

ar
m

i,
w

e
th

en
sa

m
p
le

d
a

ra
n
d
om

ve
ct

or
µ
i

u
n
if

or
m

ly
in

[ −
L
/√

d
..
L
/√

d
] d

w
it

h
L

=
1.

F
in

al
ly

,
fo

r
ea

ch
it

er
at

io
n
t
∈
{1
,.
..
,T
},

w
e

p
ro

ce
ed

ed
as

fo
ll
ow

s
to

ge
n
er

at
e

si
m

u
la

te
d

d
at

a:

1.
F

or
ea

ch
ac

ti
on

i
∈
{1
,.
..
,K
},

w
e

sa
m

p
le

d
a

ve
ct

or
x
i,
t

fr
om

th
e

m
u
lt

iv
ar

ia
te

G
au

ss
ia

n
N

(µ
i,
σ

2
I
).

N
ot

e
th

at
,

in
or

d
er

to
as

se
ss

th
e

in
fl
u
en

ce
of

p
ro

fi
le

sa
m

p
le

s
va

ri
at

io
n
s

on
th

e
p

er
fo

rm
an

ce
s

of
S
a
m
p
L
i
n
U
C
B
,

w
e

te
st

ed
d
iff

er
en

t
va

lu
es

fo
r
σ
∈
{0
.5
,1
.0
,2
.0
}.

M
or

eo
ve

r,
in

or
d
er

to
gu

ar
an

te
e

th
at
||x

i,
t||
≤
L

=
1,

w
h
il
e

st
il
l

ge
tt

in
g

sa
m

p
le

d
ce

n
te

re
d

on
µ
i,

th
e

G
au

ss
ia

n
is

tr
u
n
ca

te
d

sy
m

m
et

ri
ca

ll
y

ar
ou

n
d
µ
i.

T
h
is

is
il
lu

st
ra

te
d

b
y

fi
gu

re
3

fo
r
d

=
1,

w
h
er

e
h
at

ch
ed

ar
ea

s
co

rr
es

p
on

d
to

ex
cl

u
d
ed

va
lu

es
.

O
n

th
e

le
ft

is
gi

v
en

th
e

ca
se

w
it

h
µ
i
>

0
an

d
on

th
e

ri
gh

t
th

e
ca

se
w

it
h
µ
i
<

0
;

2.
F

or
ea

ch
ac

ti
on

i
∈
{1
,.
..
,K
},

w
e

sa
m

p
le

d
a

re
w

ar
d
r i
,t

fr
om

a
G

a
u
ss

ia
n

w
it

h
m

ea
n

µ
> i
β

an
d

va
ri

an
ce
R

2
=

1;

0
𝜇

𝐿
-­‐𝐿

2
𝜇	
  
-­‐𝐿

(a
)

C
a
se
µ
>

0

0
𝜇

𝐿
-­‐𝐿

2
𝜇
+
𝐿

(b
)

C
a
se
µ
<

0

F
ig

u
re

3:
P

ro
fi
le

S
am

p
le

s
G

en
er

at
io

n
P

ro
ce

ss
:

T
ru

n
ca

te
d

G
au

ss
ia

n
s

T
o

em
h
as

iz
e

th
e

n
ee

d
of

ex
p
lo

ra
ti

on
on

p
ro

fi
le

s,
n
ot

e
th

at
w

e
se

t
to

n
u
ll

ve
ct

or
s

th
e

p
ro

fi
le

sa
m

p
le

s
of

th
e

10
0

fi
rs

t
st

ep
s

of
ea

ch
d
at

as
et

.
10

0
d
at

as
et

s
h
av

e
b

ee
n

ge
n
er

at
ed

in
su

ch
a

w
ay

.
T

h
e

re
su

lt
s

gi
ve

n
b

el
ow

co
rr

es
p

on
d

to
av

er
ag

es
on

th
es

e
ar

ti
fi
ci

al
d
at

as
et

s.
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L
a
m
p
r
ie
r
,
G
is
se

l
b
r
e
c
h
t
a
n
d

G
a
l
l
in
a
r
i

E
x
p

e
ri

m
e
n
te

d
P

o
li
c
ie

s:
W

e
p
ro

p
os

e
to

co
m

p
ar

e
S
a
m
p
L
i
n
U
C
B

to
th

e
fo

ll
ow

in
g

b
a
n
d
it

p
ol

ic
ie

s:

•
U
C
B
:

th
e

w
el

l-
k
n
ow

n
U
C
B

ap
p
ro

ac
h

(A
u
er

et
al

.,
20

02
),

w
h
ic

h
se

le
ct

s
at

ea
ch

st
ep

th
e

ac
ti

on
w

it
h

th
e

b
es

t
u
p
p

er
-c

on
fi
d
en

ce
b

ou
n
d
,
es

ti
m

a
te

d
w

.r
.t

.
p
as

t
re

w
a
rd

s
o
f

a
ct

io
n
s,

w
it

h
ou

t
an

y
as

su
m

p
ti

on
ab

ou
t

so
m

e
la

te
n
t

st
ru

ct
u
re

of
th

e
ac

ti
on

s;

•
U
C
B
V
:

th
e
U
C
B
V

al
go

ri
th

m
(A

u
d
ib

er
t

et
al

.,
20

0
9)

is
an

ex
te

n
si

on
of

U
C
B
,

w
h
er

e
th

e
va

ri
an

ce
of

re
w

ar
d
s

fo
r

ea
ch

ac
ti

on
is

in
cl

u
d
ed

in
th

e
se

le
ct

io
n

sc
or

es
to

le
a
d

th
e

p
o
li
cy

to
gr

ou
n
d

th
ei

r
es

ti
m

at
io

n
s

in
an

h
ig

h
er

n
u
m

b
er

of
ob

se
rv

at
io

n
s

fo
r

n
o
is

ie
r

a
ct

io
n
s.

•
U
C
B
−
δ:

th
e
U
C
B
−
δ

al
go

ri
th

m
(A

b
b
as

i-
Y

ad
ko

ri
et

al
.,

20
11

)
is

a
va

ri
an

t
o
f
U
C
B

w
h
er

e
op

ti
m

is
m

is
en

su
re

d
v
ia

a
co

n
ce

n
tr

at
io

n
in

eq
u
al

it
y

b
as

ed
on

au
to

-n
or

m
a
li
se

d
p
ro

ce
ss

(d
e

la
P

eñ
a

et
al

.,
20

09
),

w
it

h
a

co
n
fi
d
en

ce
le

ve
l

of
1
−
δ.

In
ou

r
ex

p
er

im
en

ts
,

w
e

se
t

δ
=

0.
05

;

•
T
h
o
m
p
s
o
n
:

th
e
T
h
o
m
p
s
o
n

S
a
m
p
l
i
n
g

al
go

ri
th

m
(T

h
om

p
so

n
,

19
33

)
in

tr
o
d
u
ce

s
ra

n
d
o
m

-
n
es

s
in

th
e

ex
p
lo

ra
ti

on
p
ro

ce
ss

b
y

sa
m

p
li
n
g

re
w

ar
d

ex
p

ec
ta

ti
on

s
fr

om
th

ei
r

p
o
st

er
io

r
at

ea
ch

ti
m

e-
st

ep
,

fo
ll
ow

in
g

a
G

au
ss

ia
n

as
su

m
p
ti

on
of

th
e

re
w

ar
d
s;

•
M
O
S
S
:

a
va

ri
an

t
of

U
C
B
,

w
h
ic

h
u
su

al
ly

ob
ta

in
s

b
et

te
r

re
su

lt
s

th
an

th
e

cl
a
ss

ic
a
l
U
C
B

b
u
t

re
q
u
ir

es
th

e
k
n
ow

le
d
ge

ab
ou

t
th

e
h
or

iz
on

T
(A

u
d
ib

er
t

an
d

B
u
b

ec
k
,

20
0
9
);

N
on

e
of

th
es

e
ap

p
ro

ac
h
es

u
se

an
y

si
d
e

in
fo

rm
at

io
n
.

T
h
er

ef
or

e,
th

e
on

ly
n
o
is

e
th

ey
h
av

e
to

d
ea

l
w

it
h

co
m

es
fr

om
th

e
va

ri
an

ce
R

2
o
f

th
e

G
au

ss
ia

n
d
is

tr
ib

u
ti

on
s

of
re

w
a
rd

s.
F

or
S
a
m
p
L
i
n
U
C
B

an
ad

d
it

io
n
al

d
iffi

cu
lt

y
co

m
es

fr
om

th
e

va
ri

at
io

n
s

of
th

e
ob

se
rv

ed
sa

m
p
le

s
of

p
ro

fi
le

s.
T

h
e

p
oi

n
t

is
th

er
ef

or
e

to
k
n
ow

w
h
et

h
er

th
es

e
sa

m
p
le

s
ca

n
b

e
le

v
er

a
g
ed

to
ex

h
ib

it
so

m
e

st
ru

ct
u
re

of
th

e
ac

ti
on

s,
th

at
ca

n
b

en
efi

t
to

st
at

io
n
ar

y
b
an

d
it

ta
sk

s,
d
es

p
it

e
su

ch
va

ri
at

io
n
s.

A
d
d
it

io
n
al

y,
th

e
fo

ll
ow

in
g

tw
o

co
n
te

x
tu

al
b
as

el
in

es
ar

e
co

n
si

d
er

ed
in

o
u
r

ex
p

er
im

en
ts

to
an

al
y
ze

th
e

p
er

fo
rm

an
ce

s
of

ou
r

ap
p
ro

ac
h
:

•
L
i
n
U
C
B
:

th
e

ve
ry

fa
m

ou
s

co
n
te

x
tu

al
ap

p
ro

ac
h

th
at

as
su

m
es

a
li
n
ea

r
m

a
p
p
in

g
b

et
w

ee
n

ob
se

rv
ed

co
n
te

x
ts

an
d

re
w

ar
d
s

(L
i

et
al

.,
20

10
).

In
ou

r
ca

se
,

ob
se

rv
ed

p
ro

fi
le

sa
m

p
le

s
co

rr
es

p
on

d
to

th
e

co
n
te

x
ts

th
at

L
i
n
U
C
B

ta
ke

s
in

to
ac

co
u
n
t

in
it

s
se

le
ct

io
n

p
o
li
cy

.
W

e
co

n
si

d
er

th
is

b
as

el
in

e
in

th
e

in
te

re
st

in
g

se
tt

in
g

w
h
er

e
co

n
te

x
ts

ar
e

on
ly

d
el

iv
er

ed
fo

r
th

e
se

le
ct

ed
ar

m
s

(c
as

e
3

d
es

cr
ib

ed
ab

ov
e)

.
In

th
is

se
tt

in
g,

n
o
n

se
le

ct
ed

a
rm

s
d
el

iv
er

n
u
ll

co
n
te

x
t

ve
ct

or
s

fo
r

th
e

n
ex

t
st

ep
;

•
M
e
a
n
L
i
n
U
C
B
:

th
is

b
as

el
in

e
co

rr
es

p
on

d
s

to
ou

r
ap

p
ro

ac
h

b
u
t

w
it

h
ou

t
th

e
ex

p
lo

ra
ti

o
n

te
rm

w
.r

.t
.

th
e

p
ro

fi
le

s.
E

m
p
ir

ic
al

m
ea

n
s

ar
e

co
n
si

d
er

ed
as

tr
u
e

p
ro

fi
le

s
a
t

ea
ch

st
ep

of
th

e
p
ro

ce
ss

(t
h
is

co
m

es
d
ow

n
to

se
t
ρ
i,
t,
δ

to
0

fo
r

ev
er

y
ar

m
an

d
ev

er
y

st
ep

).
A

s
d
is

cu
ss

ed
ab

ov
e

(s
ee

th
e

la
st

p
ar

ag
ra

p
h

of
se

ct
io

n
3.

2)
,

su
ch

a
b
a
se

li
n
e

ca
n
n
o
t

gu
ar

an
te

e
a

su
b
-l

in
ea

r
re

gr
et

si
n
ce

it
ca

n
in

fi
n
it

el
y

st
ay

st
u
ck

on
su

b
-o

p
ti

m
a
l

a
rm

s,
b
u
t

an
em

p
ir

ic
al

ev
al

u
at

io
n

of
it

s
p

er
fo

rm
an

ce
s

is
u
se

fu
l

to
u
n
d
er

st
an

d
th

e
b

en
efi

ts
o
f

th
e

p
ro

p
os

ed
ap

p
ro

ac
h
.

T
o

an
al

y
ze

th
e

p
er

fo
rm

an
ce

s
of

S
a
m
p
L
i
n
U
C
B
,

w
e

im
p
le

m
en

t
th

e
th

re
e

sc
en

a
ri

o
s

st
u
d
ie

d
in

p
re

v
io

u
s

se
ct

io
n
s.

In
th

e
fo

ll
ow

in
g,

ou
r

ap
p
ro

ac
h

is
d
en

ot
ed

S
a
m
p
L
i
n
U
C
B
p
=
<
p
>
,

w
h
er

e
p
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P
r
o
f
il
e
-B

a
se

d
B
a
n
d
it

w
it
h
U
n
k
n
o
w
n
P
r
o
f
il
e
s

co
rresp

o
n
d
s

to
th

e
p
rob

ab
ility

for
an

y
action

to
get

a
sam

p
le

of
its

p
rofi

le
at

every
iteration

.
D

iff
eren

t
va

lu
es

for
p

are
con

sid
ered

:
p
∈
{0
,0
.005

,0
.01,1}

.
N

ote
th

a
t
p

=
1

corresp
on

d
s

to
th

e
ca

se
1
,

w
h
ile

p
=

0
refers

to
th

e
case

3.
In

th
is

latter
in

stan
ce,

as
con

sid
ered

in
th

e
p
rev

io
u
s

sectio
n
s,

th
e

sam
p
les

d
elivery

p
ro

cess
is

rep
laced

b
y

th
e

ab
ility

to
ob

serve
sam

p
les

fo
r

th
e

selected
action

s
at

each
iteration

.
N

ote
also

th
at,

for
clarity

an
d

a
n
aly

sis
p
u
rp

oses,
in

in
sta

n
ces

w
ith

p
>

0
w

e
d
o

n
ot

ob
serve

sam
p
les

for
th

e
selected

action
s

(w
h
ich

ex
actly

fo
llow

s
th

e
ca

ses
stu

d
ied

in
th

e
p
rev

iou
s

section
)
3.

In
every

in
stan

ce,
w

e
set

δ
=

0
.05

for
th

ese
ex

p
erim

en
ts.

A
lso,

to
avoid

a
to

o
large

ex
p
loration

on
p
ro

fi
les

in
th

e
early

step
s,

w
e

m
u
ltip

lied
each

ρ
i,t,δ

b
y

a
0.01

co
effi

cien
t,

w
h
ich

still
gu

aran
tees

a
su

b
-lin

ea
r

regret
in

th
e

lim
it.

4
.1
.2
.
R
e
su

lt
s

F
ig

u
res

4
(a),

4
(b

)
an

d
4(c)

rep
ort

th
e

evolu
tion

of
th

e
cu

m
u
lative

p
seu

d
o
-regret

th
rou

gh
tim

e
fo

r
th

e
tested

p
olicies,

for
σ

valu
es

(varian
ce

of
p
rofi

le
sam

p
les)

resp
ectively

set
to

σ
=

2.0
,
σ

=
1.0

an
d
σ

=
0.5.

N
ote

th
at

th
e

cu
rves

of
U
C
B
,
U
C
B
-
δ,
U
C
B
V
,
T
h
o
m
p
s
o
n

an
d
M
O
S
S

a
re

id
en

tical
in

every
p
lot

sin
ce

th
eir

p
erform

an
ces

d
o

n
ot

d
ep

en
d

on
th

e
p
rofi

le
sam

p
les.

W
e

fi
rst

n
o
tice

from
th

ese
p
lots

th
at

U
C
B
-
δ

an
d
U
C
B
V

d
o

n
ot

p
rov

id
e

go
o
d

resu
lts

on
th

ese
d
ata.

It
a
p
p

ea
rs

th
a
t

th
ese

tw
o

p
olicies

over-ex
p
lore

d
u
rin

g
th

e
w

h
ole

b
an

d
it

p
ro

cess.
T
h
o
m
p
s
o
n

a
n
d
M
O
S
S

o
b
tain

b
etter

resu
lts

in
average,

b
u
t

still
far

from
th

e
b

est
con

tex
tu

a
l

ap
p
roach

S
a
m
p
L
i
n
U
C
B
p
=

1 .
T

h
is

con
fi
rm

s
th

at
u
sin

g
p
rofi

les
of

arm
s

can
b

e
grea

tly
ad

van
tegeou

s
w

h
en

th
ere

ex
ist

a
lin

ear
correlation

b
etw

een
th

ese
p
rofi

les
an

d
th

e
asso

cia
ted

rew
ard

s.
In

th
is

settin
g

(w
h
ich

corresp
on

d
s

to
th

e
case

1
stu

d
ied

ab
ove),

th
e

p
rofi

les
are

d
iscov

ered
step

b
y

step
,

b
u
t

sin
ce

w
e

get
a

sam
p
le

for
every

arm
at

each
iteration

,
th

e
estim

ators
q
u
ick

ly
co

n
verg

e
tow

ard
s

th
e

tru
e

p
rofi

les.
T

h
is

ex
p
lain

s
th

e
very

go
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en
om

en
a
vi
a
th
e
hi
er
ar
ch
ic
al

ca
sc
ad

in
g

of
G
au

ss
ia
ns
.
E
ar
ly

w
or
k
of

th
is

ty
pe

in
cl
ud

es
th
e
P
hD

th
es
is

of
P
ac
io
re
k
(2
00
3)

(s
ee

al
so

P
ac
io
re
k
an

d
Sc
he

rv
is
h,

20
04

)
in

w
hi
ch

th
e
ai
m

is
to

re
pr
od

uc
e
sp
at
ia
lly

no
n-
st
at
io
na

ry
ph

en
om

en
a,

an
d
th
is
is
ac
hi
ev
ed

by
m
ea
ns

of
a
G
au

ss
ia
n
pr
oc
es
s
w
ho

se
co
va
ri
an

ce
fu
nc

ti
on

it
se
lf
de

pe
nd

s
on

an
ot
he

r
G
au

ss
ia
n
pr
oc
es
s.

T
hi
s
id
ea

w
as

re
ce
nt
ly

re
-v
is
it
ed

by
R
oi
ni
ne

n
et

al
.
(2
01

6)
,
us
in
g
th
e
pr
ec
is
io
n
op

er
at
or

vi
ew

po
in
t,

ra
th
er

th
an

co
va
ri
an

ce
fu
nc
ti
on

,
an

d
bu

ild
in
g
on

th
e
ex
pl
ic
it

lin
k
be

tw
ee
n
G
au

ss
ia
n
pr
oc
es
se
s
an

d
st
oc
ha

st
ic

pa
rt
ia
l
di
ffe

re
nt
ia
l

eq
ua

ti
on

s
(S
P
D
E
s)

(L
in
dg

re
n
et

al
.,
20

11
).

A
di
ffe

re
nt

ap
pr
oa

ch
w
as

ad
op

te
d
by

D
am

ia
no

u
an

d
La

w
re
nc

e
(2
01

3)
w
he

re
a
G
au

ss
ia
n
pr
oc
es
s
w
as

di
re
ct
ly

co
m
po

se
d
w
it
h
an

ot
he

r
G
au

s-
si
an

pr
oc
es
s;

fu
rt
he
rm

or
e
th
e
id
ea

w
as

im
pl
em

en
te
d
re
cu

rs
iv
el
y,

le
ad

in
g
to

w
ha

t
is

re
fe
rr
ed

to
as

de
ep

G
au

ss
ia
n
pr
oc
es
se
s
(D

G
P
).

T
he

se
in
ge
ni
ou

s
co
ns
tr
uc

ti
on

s
op

en
up

ne
w

po
ss
i-

bi
lit
ie
s
fo
r
pr
ob

le
m
s
in

no
n-
pa

ra
m
et
ri
c
in
fe
re
nc

e
an

d
m
ac
hi
ne

le
ar
ni
ng

an
d
th
e
pu

rp
os
e
of

th
is

pa
pe

r
is

to
es
ta
bl
is
h,

an
d
ut
ili
ze
,
a
co
m
m
on

fr
am

ew
or
k
fo
r
th
ei
r
st
ud

y.
R
el
ev
an

t
to

ou
r
an

al
ys
is

is
th
e
ea
rl
y
w
or
k
of

D
ia
co
ni
s
an

d
Fr
ee
dm

an
(1
99

9)
w
hi
ch

st
ud

ie
d
it
er
at
io
ns

of
ra
nd

om
Li
ps
ch
it
z
fu
nc

ti
on

s
an

d
th
e
co
nd

it
io
ns

re
qu

ir
ed

fo
r
th
ei
r
co
nv

er
ge
nc
e.

1.
2

O
u
r

C
on

tr
ib

u
ti

on

In
th
e
pa

pe
r
w
e
m
ak
e
th
re
e
m
ai
n
co
nt
ri
bu

ti
on

s:

•
W
e
de

m
on

st
ra
te

a
un

ify
in
g
pe

rs
pe

ct
iv
e
on

th
e
hi
er
ar
ch
ic
al

G
au

ss
ia
n

pr
oc
es
se
s
de

-
sc
ri
be

d
in

th
e
pr
ev
io
us

su
bs
ec
ti
on

,l
ea
di
ng

to
a
w
id
e
cl
as
s
of

de
ep

G
au

ss
ia
n
pr
oc
es
se
s,

w
it
h
a
co
m
m
on

fr
am

ew
or
k
w
it
hi
n
w
hi
ch

ne
w

de
ep

G
au

ss
ia
n
pr
oc
es
se
s
ca
n
be

co
n-

st
ru
ct
ed

.

•
B
y
ex
pl
oi
ti
ng

th
e
fa
ct

th
at

th
is

co
m
m
on

fr
am

ew
or
k
ha

s
a
M
ar
ko
vi
an

st
ru
ct
ur
e,

w
e

in
te
rp
re
t
th
e
de

pt
h
of

th
e
pr
oc
es
s
in

te
rm

s
of

th
e
er
go

di
ci
ty

or
no

n-
er
go

di
ci
ty

of
th
is

pr
oc
es
s;
in

si
m
pl
e
te
rm

s
er
go

di
c
co
ns
tr
uc

ti
on

s
ha

ve
eff

ec
ti
ve

de
pt
h
gi
ve
n
by

th
e
m
ix
in
g

ti
m
e.
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H
o
w

D
eep

A
r
e

D
eep

G
au

ssia
n

P
ro

cesses?

•
W
e
dem

onstrate
how

these
processes

m
ay

be
used

for
inference;in

particular
w
e
show

how
a
M
etropolis-w

ithin-G
ibbs

construction
across

the
levels

of
the

hierarchy
can

be
used

to
derive

sam
pling

tools
w
hich

are
robust

to
the

level
of

resolution
used

to
represent

the
functions

on
a
com

puter.

W
e
also

describe
num

erical
experim

ents
w
hich

illustrate
the

theory,
and

w
hich

dem
on-

strate
som

e
ofthe

lim
itations

ofthe
fram

ew
ork

in
the

inference
context,suggesting

the
need

for
further

algorithm
ic

innovation
and

theoretical
understanding.

W
e
now

sum
m
arize

the
results

and
contributions

by
direct

reference
to

the
m
ain

theorem
s
in

the
paper.

•
T
heorem

4
show

s
that

a
com

position-based
deep

G
aussian

process
w
ill,

w
ith

suffi
-

ciently
m
any

layers,produce
sam

ples
that

are
approxim

ately
constant.

T
his

pathology
can

be
avoided

by,for
exam

ple,increasing
the

w
idth

ofeach
hidden

layer,or
allow

ing
each

layer
to

depend
on

the
input

layer.

•
T
heorem

8
show

s
the

ergodicity
of

a
class

of
discretized

deep
G
aussian

processes,
constructed

using
non-stationary

covariance
functions.

A
s
a
consequence,there

is
little

benefitin
adding

additionallayersaftera
certain

point.
T
hisobservation

elucidatesthe
m
echanism

underlying
the

choices
ofD

G
P
s
w
ith

a
sm

allnum
ber

oflayers
for

inference
in

num
erous

papers
(for

exam
ple

C
utajar

et
al.,2017;Salim

beniand
D
eisenroth,2017;

D
aiet

al.,2015).

•
T
heorem

14
establishes

a
sim

ilar
result

as
T
heorem

8
on

function
space,for

a
different

classofdeep
G
aussian

processesconstructed
using

non-stationary
covariance

operators.

•
T
heorem

16
establishes

the
asym

ptotic
properties

of
a
deep

G
aussian

process
form

ed
by

iterated
convolution

offairly
generalclasses

ofG
aussian

random
fields.

Specifically
it

is
show

n
that

such
processes

w
ill

either
converge

w
eakly

to
zero

or
diverge

as
the

num
ber

oflayers
is
increased,and

so
they

w
illprovide

little
flexibility

for
inference

in
practice.

1.3
O

verview

T
he

general
fram

ew
ork

in
w
hich

w
e
place

the
existing

literature,
and

w
hich

w
e
em

ploy
to

analyze
deep

G
aussian

processes,and
to

construct
algorithm

s
for

related
inference

tasks,is
as

follow
s.

W
e
consider

sequences
of

functions{
u
n }

w
hich

are
conditionally

G
aussian:

u
n

+
1 |u

n
∼
N
(m

(u
n
),C

(u
n
) );

(C
ovO

p)

here
m

(u
n
)
denotes

the
m
ean

function
and

C
(u
n
)
the

covariance
operator.

W
e
w
ill

also
som

etim
es

w
ork

w
ith

the
covariance

function
representation,in

w
hich

case
w
e
w
illw

rite

u
n

+
1 |u

n
∼

G
P (m

(x
;u

n
),c(x

,x
′;u

n
) ).

(G
P
)

N
ote

that
the

covariance
function

is
the

kernelofthe
covariance

operator
w
hen

the
latter

is
represented

as
an

integraloperator
over

the
approxim

ate
dom

ain
D
⊆

R
d:

(C
(u
n
)φ )(x

)
=

∫
c(x

,x
′;u

n
)φ

(x
′)d
x
′.

3
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D
u
n
lo

p,
G

iro
la

m
i,

S
tu

a
rt

a
n
d

T
eck

en
tru

p

In
m
ost

of
the

paper
w
e
consider

the
centred

case
w
here

m
≡

0,
although

the
flexibility

of
allow

ing
for

non-zero
m
ean

w
ill

be
im

portant
in

som
e
applications,

as
discussed

in
the

conclusions.
W

hen
the

m
ean

is
zero,the

iterations
(C

ovO
p)

and
(G

P
)
can

be
w
ritten

in
the

form

u
n

+
1

=
L

(u
n
)ξ
n

+
1 ,

(ZeroM
ean)

w
here

{
ξ
n }

form
an

i.i.d.
G
aussian

sequence
and,

for
each

u,
L

(u
)
is

a
linear

operator.
For

exam
ple

if
the

ξ
n
are

w
hite

then
the

covariance
operator

is
C

(u
)

=
L

(u
)L

(u
) >

w
ith

>
denoting

the
adjoint

operation
and

L
(u

)
is

a
C
holesky

factor
of
C

(u
).

T
he

form
ulation

(ZeroM
ean)

is
usefulin

m
uch

ofour
analysis.

For
the

purpose
ofthis

paper,w
e
w
illrefer

to
any

sequence
of

functions
constructed

as
in

(ZeroM
ean)

as
a
deep

G
aussian

process.
In

section
2
w
e
discuss

the
hierarchical

G
aussian

constructions
referenced

above,
and

place
them

in
the

setting
ofequations

(C
ovO

p),(G
P
)
and

(ZeroM
ean).

Section
3
studies

the
ergodicity

of
the

resulting
deep

G
aussian

processes,
using

the
M
arkov

chain
w
hich

defines
them

.
In

section
4
w
e
provide

supporting
num

erical
experim

ents;
w
e
give

illustrations
of

draw
s
from

deep
G
aussian

process
priors,

and
w
e
discuss

inference.
In

the
context

of
inference

w
e
describe

a
m
ethodology

forM
C
M
C
,using

deep
G
aussian

priors,w
hich

isdefined
in

the
function

space
lim

it
and

is
hence

independent
of

the
level

of
resolution

used
to

represent
the

functions
u
n
;
num

erical
illustrations

are
given.

W
e
conclude

in
section

5
in

w
hich

w
e
describe

generalizations
of

the
settings

considered
in

this
paper,

and
highlight

future
directions.

1.4
N

otation

T
he

structure
of

the
deep

G
aussian

processes
above

m
eans

that
they

can
be

interpreted
as

M
arkov

chains
on

a
H
ilbert

space
H

of
functions.

LetB
(H

)
denote

the
B
orel

σ-algebra
on

H
.
W
e
denote

by
P

:H
×
B

(H
)→

R
the

one-step
transition

probability
distribution,

P
(u
,A

)
=

P
(u
n
∈
A
|u

n−
1

=
u

),
(1)

and
denote

by
P
n

:H
×
B

(H
)→

R
the

n-step
transition

probability
distribution,

P
n
(u
,A

)
=

P
(u
n
∈
A
|u

0
=
u

).
(2)

T
hus,for

exam
ple,in

the
case

of
the

covariance
operator

construction
(C

ovO
p)

w
e
have

P
(u
,·)

=
N
(0,C

(u
) ),

w
hen

the
m
ean

is
zero.

T
his

M
arkovian

structure
w
illbe

exploited
w
hen

show
ing

ergodicity,
or

lack
of

ergodicity,of
the

chains.

2.
Fou

r
C

on
stru

ction
s

T
his

section
provides

exam
ples

offour
constructions

ofdeep
G
aussian

processes,allofw
hich

fallinto
our

generalfram
ew

ork.
T
he

reader
w
illreadily

design
others.
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H
o
w

D
ee

p
A

r
e

D
ee

p
G

au
ss

ia
n

P
ro

ce
ss

es
?

2.
1

C
om

p
os

it
io

n

Le
t
D
⊆

R
d
,
D
′
⊆

R
l ,
u
n

:
D
→

R
m

an
d
F

:
R
m
→

D
′ .

If
{ξ
n
}
is

a
co
lle

ct
io
n
of

i.i
.d
.

ce
nt
re
d
G
au

ss
ia
n
pr
oc
es
se
s
ta
ki
ng

va
lu
es

in
th
e
sp
ac
e
of

co
nt
in
uo

us
fu
nc

ti
on

s
C

(D
′ ;
R
m

)
th
en

w
e
de

fin
e
th
e
M
ar
ko
v
ch
ai
n u
n

+
1
(x

)
=
ξ n

+
1

( F
( u

n
(x

))
) .

(3
)

T
he

ca
se
m

=
l,
F

=
id

an
d
D

=
D
′

=
R
m

w
as

in
tr
od

uc
ed

by
D
am

ia
no

u
an

d
La

w
re
nc

e
(2
01

3)
an

d
th
e
ge
ne

ra
liz

at
io
n
he

re
is
in
sp
ir
ed

by
th
e
fo
rm

ul
at
io
n
of

D
uv

en
au

d
et

al
.(
20

14
).

T
he

ca
se

w
he

re
tw

o
la
ye
rs

ar
e
em

pl
oy
ed

co
ul
d
be

in
te
rp
re
te
d
as

a
fo
rm

of
w
ar
pe

d
G
au

ss
ia
n

pr
oc
es
s:

a
ge
ne

ra
liz

at
io
n
of

G
au

ss
ia
n
pr
oc
es
se
s
th
at

ha
ve

be
en

us
ed

su
cc
es
sf
ul
ly

in
a
nu

m
be

r
of

in
fe
re
nc

e
pr
ob

le
m
s
(S
ne

ls
on

et
al
.,
20

04
;S

ch
m
id
t
an

d
O
’H

ag
an

,2
00

3)
.

W
e
no

te
th
at

th
e
m
ap

pi
ng

ξ
7→

ξ
◦
F
◦
u

is
lin

ea
r,

an
d
w
e
m
ay

th
us

de
fin

e
L

(u
)
by

L
(u

)ξ
=
ξ
◦
F
◦
u
;
he

nc
e
th
e
M
ar
ko
v
ch
ai
n
m
ay

be
w
ri
tt
en

in
th
e
fo
rm

(Z
er
oM

ea
n)
.

If
ξ 1
∼
N

(0
,Σ

)
th
en

th
e
M
ar
ko
v
ch
ai
n
ha

s
th
e
fo
rm

(C
ov

O
p)
,
w
it
h
m
ea
n
ze
ro

an
d
C

(u
)

=
L

(u
)Σ
L

(u
)∗

;
if
ξ 1
∼

G
P
( 0,

k
(z
,z
′ )
)
th
en

th
e
M
ar
ko
v
ch
ai
n
ha

s
th
e
fo
rm

(G
P
)
w
it
h
m
ea
n

ze
ro

an
d
c(
x
,x
′ ;
u

)
=
k
( F
( u

(x
))
,F
( u

(x
′ )
))
.

2.
2

C
ov

ar
ia

n
ce

Fu
n
ct

io
n

P
ac
io
re
k
(2
00

3)
gi
ve
s
a
ge
ne

ra
ls
tr
at
eg
y
to

co
ns
tr
uc
t
an

is
ot
ro
pi
c
ve
rs
io
ns

of
is
ot
ro
pi
c
co
va
ri
-

an
ce

fu
nc

ti
on

s.
Le

t
Σ

:
R
d
→

R
d
×
d
be

su
ch

th
at

Σ
(z

)
is

sy
m
m
et
ri
c
po

si
ti
ve

de
fin

it
e
fo
r
al
l

z
∈
R
d
,a

nd
de

fin
e
th
e
qu

ad
ra
ti
c
fo
rm

Q
(x
,x
′ )

=
(x
−
x
′ )
T

(
Σ

(x
)

+
Σ

(x
′ )

2

) −
1

(x
−
x
′ )
,

x
,x
′ ∈

R
d
.

If
th
e
is
ot
ro
pi
c
co
rr
el
at
io
n
fu
nc

ti
on

ρ
S

(·)
is

po
si
ti
ve

de
fin

it
e
on

R
d
,
fo
r
al
l
d
∈
N
,
th
en

th
e

fu
nc

ti
on

c(
x
,x
′ )

=
σ

2
2

d 2
d
et

(Σ
(x

))
1 4

d
et

(Σ
(x
′ )

)1 4

d
et

(Σ
(x

)
+

Σ
(x
′ )

)1 2

ρ
S

(√
Q

(x
,x
′ )

)

is
po

si
ti
ve

de
fin

it
e
on

R
d
×

R
d
an

d
m
ay

th
us

be
us
ed

as
a
co
va
ri
an

ce
fu
nc

ti
on

.
W
e
m
ak
e

th
es
e
st
at
em

en
ts

pr
ec
is
e
be

lo
w
.
If

w
e
ch
oo

se
Σ

to
de

pe
nd

on
u
n
th
en

th
is

m
ay

be
us
ed

as
th
e
ba

si
s
of

a
de

ep
G
au

ss
ia
n
pr
oc
es
s.

T
o
be

co
nc

re
te

w
e
ch
oo

se

Σ
(x

)
=
F
( u

(x
))
I d

w
he

re
F

:
R
→

R
≥

0
fo
r
u

:
D
⊆

R
d
→

R
.
W
e
th
en

w
ri
te
c(
x
,x
′ ;
u

).
N
ow

le
t
u
n

:
D
→

R
an

d
co
ns
id
er

th
e
M
ar
ko
v
ch
ai
n
(G

P
)
in

th
e
m
ea
n
ze
ro

ca
se
.

P
ac
io
re
k
(2
00

3)
co
ns
id
er
ed

th
is

it
er
at
io
n
ov
er

on
e-
st
ep

w
it
h
u

0
∼

G
P

(0
,σ

2
ρ
S

(‖
x
−
x
′ ‖)

)
an

d
u

1
w
as

sh
ow

n
to

ex
hi
bi
t

in
te
re
st
in
g
no

n-
st
at
io
na

ry
eff

ec
ts
.
H
er
e
w
e
ge
ne

ra
liz

e
an

d
co
ns
id
er

th
e
de

ep
pr
oc
es
s
th
at

re
su
lt
s
fr
om

th
is

co
ns
tr
uc

ti
on

fo
r
ar
bi
tr
ar
y
n
∈
N
.
B
y
co
ns
id
er
in
g
th
e
co
va
ri
an

ce
op

er
at
or

( C
(u

)ϕ
) (x

)
=

∫ R
d

c(
x
,x
′ ;
u

)ϕ
(x
′ )

d
x
′
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D
u
n
lo

p,
G

ir
o
la

m
i,

S
tu

a
rt

a
n
d

T
ec

k
en

tr
u
p

w
e
m
ay

w
ri
te

th
e
it
er
at
io
n
in

th
e
fo
rm

(C
ov
O
p)
.
T
he

fo
rm

(Z
er
oM

ea
n)

fo
llo

w
s
w
it
h
L

(u
)

=

C
(u

)1 2
an

d
ξ n

+
1
be

in
g
w
hi
te

no
is
e.

V
ar
io
us

ge
ne

ra
liz
at
io
ns

of
th
is
co
ns
tr
uc

ti
on

ar
e
po

ss
ib
le
,f
or

ex
am

pl
e
al
lo
w
in
g
th
e
po

in
t-

w
is
e
va
ri
an

ce
of

th
e
pr
oc
es
s
σ

2
to

be
sp
at
ia
lly

va
ry
in
g
(H

ei
no

ne
n
et

al
.,
20

16
)
an

d
to

de
pe

nd
on

u
n
(x

).
T
he

se
m
ay

be
us
ef
ul

in
ap

pl
ic
at
io
ns
,
bu

t
w
e
co
nfi

ne
ou

r
an

al
ys
is

to
th
e
si
m
pl
er

se
tt
in
g
fo
r
ex
po

si
to
ry

pu
rp
os
es
;h

ow
ev
er

in
R
em

ar
k
12

w
e
di
sc
us
s
th
is

ge
ne

ra
liz

at
io
n.

In
or
de

r
to

m
ak

e
th
e
st
at
em

en
ts

m
ad

e
ab

ov
e
pr
ec
is
e,

le
t
ρ

S
:

[0
,∞

)
→

R
be

a
st
at
io
na

ry
co
va
ri
an

ce
ke
rn
el
,
w
he

re
th
e
co
va
ri
an

ce
be

tw
ee
n

lo
ca
ti
on

s
x

an
d
y
de

pe
nd

s
on

ly
on

th
e

E
uc

lid
ea
n
di
st
an

ce
‖x
−
y
‖ 2
.
W
e
m
ak
e
th
e
fo
llo

w
in
g
as
su
m
pt
io
n
on

ρ
S
.

A
ss

u
m

p
ti

on
s

1
(i
)
T
he

co
va
ri
an

ce
ke
rn
el
ρ

S
(‖
x
−
y
‖ 2

)
is

po
si
ti
ve

de
fin

it
e1

on
R
d
×
R
d
:

fo
r
an

y
N
∈
N
,
b
∈
R
N
\{

0
}
an

d
pa
ir
w
is
e
di
st
in
ct
{x

i}
N i=

1
⊆

R
d
,
w
e
ha
ve

N ∑ i=
1

N ∑ j=
1

b i
b j
ρ

S

( ‖
x
i
−
x
j
‖ 2
) >

0
.

(i
i)
ρ

S
is

no
rm

al
iz
ed

to
be

a
co
rr
el
at
io
n
ke
rn
el
,
i.e

.
ρ

S
(0

)
=

1.

U
si
ng

(W
en

dl
an

d,
20

04
,T

he
or
em

6.
11

),
su
ffi
ci
en
t
co
nd

it
io
ns

fo
r
ρ

S
to

fu
lfi
ll
A
ss
um

pt
io
ns

1(
i)
ar
e
th
at
ρ

S
,a

s
a
fu
nc

ti
on

of
x
−
y
,i
s
co
nt
in
uo

us
,b

ou
nd

ed
an

d
in
L

1
(R

d
),
w
it
h
a
Fo

ur
ie
r

tr
an

sf
or
m

th
at

is
no

n-
ne

ga
ti
ve

an
d
no

n-
va
ni
sh
in
g.

T
he

se
su
ffi
ci
en
t
co
nd

it
io
ns

ar
e
sa
ti
sfi
ed

,
fo
r
ex
am

pl
e,

fo
r
th
e
fa
m
ily

of
M
at
èr
n
co
va
ri
an

ce
fu
nc

ti
on

s
an

d
th
e
G
au

ss
ia
n
co
va
ri
an

ce
.
T
o

sa
ti
sf
y
A
ss
um

pt
io
ns

1(
ii)
,a

ny
po

si
ti
ve

de
fin

it
e
ke
rn
el
ρ̃

S
ca
n
si
m
pl
y
be

re
sc
al
ed

by
ρ̃

S
(0

).
W
e
no

w
ha

ve
th
e
fo
llo

w
in
g
pr
op

os
it
io
n,

a
sl
ig
ht
ly

w
ea
ke
r
ve
rs
io
n

of
w
hi
ch

is
pr
ov
ed

by
P
ac
io
re
k
(2
00

3)
,
w
he

re
it

is
sh
ow

n
th
at
ρ
(·,
·)

is
po

si
ti
ve

se
m
i-d

efi
ni
te

if
ρ

S
is

po
si
ti
ve

se
m
i-d

efi
ni
te
.
O
ur

pr
oo

f,
w
hi
ch

is
in

th
e
A
pp

en
di
x,

fo
llo

w
s
cl
os
el
y
th
at

of
(P

ac
io
re
k,

20
03

,
T
he

or
em

1)
,
bu

t
sh
ar
pe

ns
th
e
re
su
lt

us
in
g
a
ch
ar
ac
te
ri
za
ti
on

of
po

si
ti
ve

de
fin

it
e
ke
rn
el
s

pr
ov
ed

in
(W

en
dl
an

d,
20

04
,T

he
or
em

7.
14

).

P
ro

p
os

it
io

n
1

Le
t
A
ss
um

pt
io
ns

1
ho
ld
.

Su
pp
os
e

Σ
:
R
d
→

R
d
×
d
is

su
ch

th
at

Σ
(z

)
is

sy
m
m
et
ri
c
po
si
ti
ve

de
fin

it
e
fo
r
al
lz
∈
R
d
,
an

d
de
fin

e
th
e
qu
ad
ra
ti
c
fo
rm

Q
(x
,x
′ )

=
(x
−
x
′ )
T

(
Σ

(x
)

+
Σ

(x
′ )

2

) −
1

(x
−
x
′ )
,

x
,x
′ ∈

R
d
.

T
he
n
th
e
fu
nc
ti
on

ρ
(·,
·),

de
fin

ed
by

ρ
(x
,x
′ )

=
2

d 2
|Σ

(x
)|

1 4
|Σ

(x
′ )
|1 4

|Σ
(x

)
+

Σ
(x
′ )
|1 2

ρ
S

( √
Q

(x
,x
′ )
) ,

is
po
si
ti
ve

de
fin

it
e
on

R
d
×
R
d
,
fo
r
an

y
d
∈
N
,
an

d
is

a
no

n-
st
at
io
na

ry
co
rr
el
at
io
n
fu
nc
ti
on

.

1.
If

th
e
do

ub
le

su
m

in
th
is

de
fin

it
io
n
is

on
ly

no
n-
ne

ga
ti
ve
,
w
e
sa
y
th
at

th
e
ke
rn
el
ρ
S

is
po

si
ti
ve

se
m
i-

de
fin

it
e.

W
e
ar
e
th
us

ad
op

ti
ng

th
e
te
rm

in
ol
og
y
us
ed

by
W
en

dl
an

d
(2
00
4)
,
w
he

re
th
e
ke
rn
el
ρ
S
is

ca
lle

d
po

si
ti
ve

de
fin

it
e
if
th
e
do

ub
le

su
m

in
A
ss
um

pt
io
ns

1(
i)

is
po

si
ti
ve
,
an

d
po

si
ti
ve

se
m
i-d

efi
ni
te

if
th
e
su
m

is
no

n-
ne

ga
ti
ve
.
Fo

r
hi
st
or
ic
al

re
as
on

s,
th
er
e
is
an

al
te
rn
at
iv
e
te
rm

in
ol
og
y,

us
ed

by
fo
r
ex
am

pl
e
P
ac
io
re
k

(2
00
3)
,w

he
re

ou
r
no

ti
on

of
po

si
ti
ve

de
fin

it
e
is

re
fe
rr
ed

to
as

st
ri
ct
ly

po
si
ti
ve

de
fin

it
e,

an
d
ou

r
no

ti
on

of
po

si
ti
ve

se
m
i-d

efi
ni
te

is
re
fe
rr
ed

to
as

po
si
ti
ve

de
fin

it
e.
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H
o
w

D
eep

A
r
e

D
eep

G
au

ssia
n

P
ro

cesses?

N
on-stationary

covariance
functions

c(x
,y

),for
w
hich

c(x
,x

)6=
1,can

be
obtained

from
the

non-stationary
correlation

function
ρ
(x
,y

)
through

m
ultiplication

by
a
standard

devi-
ation

function
σ

:
R
d
→

R
,
in

w
hich

case
w
e
have

c(x
,y

)
=
σ

(x
)σ

(y
)ρ

(x
,y

).
Since

the
product

of
tw

o
positive

definite
kernels

is
also

positive
definite

by
(W

endland,2004,T
heo-

rem
6.2),

the
kernel

c(x
,y

)
can

be
ensured

to
be

positive
definite

by
a
proper

choice
of
σ.

W
e
discuss

generalizations
such

as
this

in
the

conclusions
section

5.
W
e
are

interested
in

studying
the

behaviour
of

G
aussian

processes
w
ith

non-stationary
correlation

functions
ρ
(x
,y

)
ofthe

form
derived

in
P
roposition

1,in
the

particularcase
w
here

the
m
atrices

Σ
(z

)
are

derived
from

another
G
aussian

process.
Specifically,w

e
consider

the
follow

ing
hierarchy

ofconditionally
G
aussian

processeson
a
bounded

dom
ain

D
⊆

R
d
defined

as
follow

s:

u
0 ∼

G
P

(0,ρ
S (·)),

(4a)
u
n

+
1 |u

n
∼

G
P

(0,ρ
(·,·;u

n
)),

for
n
∈
N
.

(4b)

H
ere,

ρ
(·,·;u

n
)
denotes

a
non-stationary

correlation
function

constructed
from

ρ
S (·)

as
in

P
roposition

1,
w
ith

the
m
ap

Σ
defined

through
u
n .

T
ypical

choices
for

Σ
are

Σ
(z

)
=

(u
n
(z

))
2

Id
and

Σ
(z

)
=

ex
p
(u
n
(z

))
Id .

C
hoices

such
as

the
firstofthese

lead
to

the
possibility

of
positive

sem
i-definite

Σ
and,in

the
w
orst

case,
Σ
≡

0
.If

Σ
≡

0
the

resulting
correlation

function
is

given
by

ρ
S (0)

=
1,

and
ρ

S (r)
=

0
for

any
r
>

0
.

T
his

does
not

correspond
to

any
(function

valued)
G
aussian

process
on

R
d
(K

allianpur,
2013):

heuristically
the

resulting
process

w
ould

be
a
w
hite

noise
process,but

norm
alized

to
zero.

H
ow

ever,it
is
possible

to
sam

ple
from

any
set

offinite
dim

ensionaldistributions
w
hen

Σ
≡

0:
the

correlation
m
atrix

is
then

the
identity.

T
o
allow

for
the

possibility
of
F

(·)
taking

the
value

zero,w
e
therefore

only
study

the
finite

dim
ensionalprocess

defined
as

follow
s:

u
0 ∼

N
(0,R

S ),
(5a)

u
n

+
1 |

u
n
∼
N

(0,R
(u

n
)),

for
n
∈
N
.

(5b)

T
he

vector
u
n
has

entries
(u

n
)
i

=
u
n
(x
i ).

H
ere,

R
S
is

the
covariance

m
atrix

w
ith

entries
(R

S )
ij

=
ρ

S (‖
x
i −

x
j ‖

2 ),
and

R
(u

n
)
is

the
covariance

m
atrix

w
ith

entries
(R

(u
n
))
ij

=
ρ
(x
i ,x

j ;u
n
).

T
he

set{
x
j }

com
prises

a
finite

set
of

points
in

R
d.

W
e
m
ay

now
generalize

P
roposition

1
to

allow
for

Σ
becom

ing
zero.

In
order

to
do

this
w
e
m
ake

the
follow

ing
assum

ptions:

A
ssu

m
p
tion

s
2

(i)
W
e
have

Σ
(z

)
=
G

(z
)Id ,

for
som

e
non-negative,

bounded
function

G
:R
→

R
≥

0 .

(ii)
T
he

correlation
function

ρ
S
is

continuous,
w
ith

lim
r→
∞
ρ

S (r)
=

0.

W
e
then

have
the

follow
ing

result
on

the
positive-definiteness

of
ρ
(·,·),

P
rop

osition
2

LetA
ssum

ptions
1
and

2
hold.

T
hen

the
kernel

ρ
(·,·)

defined
in

P
roposition

1
is

positive
definite

on
R
d×

R
d.
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D
u
n
lo

p,
G

iro
la

m
i,

S
tu

a
rt

a
n
d

T
eck

en
tru

p

R
em

ark
3

T
his

proposition
applies

to
the

process
(5)

w
ith

Σ
(z

)
=
F
(u

n
(z

) )Id
and

F
:

R
→

R
≥

0
locally

bounded,by
taking

G
=
F
◦
u
n ,proving

that
ρ
(·,·;u

n
)
is

positive
definite

on
D
×
D

for
allbounded

functions
u
n
on

D
.
H
ere

w
e
generalize

the
notion

of
positive-definite

in
the

obvious
w
ay

to
apply

on
D
⊆

R
d
rather

than
on

the
w
hole

ofR
d.

2.3
C

ovarian
ce

O
p
erator

H
ere

w
e
dem

onstrate
how

precision
(inverse

covariance)
operators

m
ay

be
used

to
m
ake

deep
G
aussian

processes.
B
ecause

precision
operators

encode
conditionalindependence

and
sparsity

this
can

be
a
very

attractive
basis

for
fast

com
putations

(Lindgren
et

al.,
2011).

O
ur

approach
is
inspired

by
the

hierarchicalG
aussian

process
introduced

by
R
oininen

et
al.

(2016),
w
here

one-step
of

the
M
arkov

chain
w
hich

w
e
introduce

here
w
as

considered.
Let

D
⊆

R
d,
u
n

:
D
→

R
and

X
:=

C
(D

;R
).

A
ssum

e
that

F
:
R
→

R
≥

0
is

a
bounded

function.
Let

C
−
be

a
covariance

operator
associated

to
a
G
aussian

process
taking

values
in

X
and

let
P

be
the

associated
precision

operator.
D
efine

the
m
ultiplication

operator
Γ

(u
)

by
(Γ

(u
)v )(x

)
=
F
(u

(x
) )v

(x
)
and

the
covariance

operator
C

(u
)
by

C
(u

) −
1

=
P

+
Γ

(u
)

and
consider

the
M
arkov

chain
(C

ovO
p)

w
ith

m
ean

zero;
this

defines
our

deep
G
aussian

process.
W
e
note

that
form

ulation
(G

P
)
can

be
obtained

by
observing

that
the

covariance
function

c(u
)

:=
c(x

,x
′;u

)
is
the

G
reen’s

function
associated

w
ith

the
precision

operator
for

C
(u

):
C

(u
) −

1c(·,x
′;u

)
=
δ
x
′(·)

w
here

δ
x
′
is

a
D
irac

delta
function

centred
at

point
x
′.

C
om

putationally
w
e
w
ill

typically
choose

P
to

be
a
differential

operator,
noting

that
then

fast
m
ethods

m
ay

be
em

ployed
to

sam
ple

the
G
aussian

process
u
n

+
1 |u

n
by

m
eans

of
SP

D
E
s
(Lindgren

et
al.,

2011;
D
ashti

and
Stuart,2017).

If
P

is
chosen

as
a
differentialoperator,then

the
order

of
this

operator
w
ill

be
related

to
the

order
of

regularity
of

sam
ples,

and
F

w
ill

be
related

to
the

length
scale

ofthe
sam

ples.
T
hese

relations
are

m
ade

explicit
in

the
case

ofcertain
W

hittle-M
atérn

distributions
w
hen

F
is

constant
(Lindgren

et
al.,

2011);
som

e
boundary

effects
m
ay

be
present

w
hen

D
6=

R
d,

though
m
ethodology

is
available

to
am

eliorate
these

(D
aon

and
Stadler,

2018).
A
s
in

the
previous

subsection,
the

form
(ZeroM

ean)
follow

s
w
ith

L
(u

)
=

C
(u

)
12
and

ξ
n

+
1
being

w
hite

noise.
G
eneralizations

of
the

construction
in

this
subsection

are
possible,

and
w
e
highlight

these
in

subsection
5;how

ever
for

expository
purposes

w
e
confine

our
analysis

to
the

setting
described

in
this

subsection.
For

theoretical
investigation

of
the

equivalence,
as

m
easures,

of
G
aussians

defined
by

addition
of

an
operator

to
a
given

precision
operator

(see
P
inski

et
al.,2015).

2.4
C

onvolu
tion

W
e
consider

the
case

(ZeroM
ean)

w
here

L
(u

)ξ
:=

u
∗
ξ
is

a
convolution.

T
o
be

concrete
w
e

let
D

=
[0,1] d

and
construct

a
sequence

of
functions

u
n

:
D
→

R
(or

u
n

:
D
→

C
)
defined

via
the

iteration

u
n

+
1 (x

)
=

(u
n ∗

ξ
n

+
1 )(x

)
:=

∫

[0
,1

] d
u
n
(x
−
y
)ξ
n

+
1 (y

)
d
y
,
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H
o
w

D
ee

p
A

r
e

D
ee

p
G

au
ss

ia
n

P
ro

ce
ss

es
?

w
he

re
{ξ
n
}
ar
e
a
se
qu

en
ce

of
i.i
.d
.
ce
nt
re
d
re
al
-v
al
ue

d
G
au

ss
ia
n
ra
nd

om
fu
nc

ti
on

s
on

D
.

H
er
e
w
e
im

pl
ic
it
ly

w
or
k
w
it
h
pe

ri
od

ic
ex
te
ns
io
n
of
u
n
fr
om

D
to

th
e
w
ho

le
of

R
d
in

or
de
r

to
de

fin
e
th
e
co
nv

ol
ut
io
n.

3.
T

h
e

R
ol

e
of

E
rg

od
ic

it
y

T
he

pu
rp
os
e
of

th
is

se
ct
io
n
is

to
de

m
on

st
ra
te

th
at

th
e
it
er
at
io
n
(Z

er
oM

ea
n)

is
,
in

m
an

y
si
tu
at
io
ns
,
er
go

di
c.

T
hi
s
ha

s
th
e
pr
ac
ti
ca
l
im

pl
ic
at
io
n
th
at

th
e
eff

ec
ti
ve

de
pt
h
of

th
e
de

ep
G
au

ss
ia
n
pr
oc
es
s
is

lim
it
ed

by
th
e
m
ix
in
g
ti
m
e
of

th
e
M
ar
ko
v
ch
ai
n.

In
so
m
e
ca
se
s
th
e

er
go

di
c
be

ha
vi
ou

r
m
ay

be
tr
iv
ia
l
(c
on

ve
rg
en

ce
to

a
co
ns
ta
nt
).

Fu
rt
he

rm
or
e,

ev
en

if
th
e

ch
ai
n
is

no
t
er
go

di
c,

th
e
la
rg
e
it
er
at
io
n
nu

m
be

r
dy

na
m
ic
s
m
ay

bl
ow

-u
p,

pr
oh

ib
it
in
g
us
e
of

th
e
it
er
at
io
n
at

si
gn

ifi
ca
nt

de
pt
h.

T
he

ta
ke

ho
m
e
m
es
sa
ge

is
th
at

in
m
an

y
ca
se
s
th
e
eff

ec
ti
ve

de
pt
h
is
no

t
th
at

gr
ea
t.

G
re
at

ca
re

w
ill

be
ne

ed
ed

to
de

si
gn

de
ep

G
au

ss
ia
n
pr
oc
es
se
s
w
ho

se
de

pt
h,

an
d
he

nc
e
ap

pr
ox
im

at
io
n
po

w
er
,
is

su
bs
ta
nt
ia
l.

T
hi
s
is
su
e
w
as

fir
st

id
en
ti
fie

d
by

D
uv

en
au

d
et

al
.
(2
01

4)
,
an

d
w
e
he

re
pr
ov
id
e
a
m
or
e
ge
ne

ra
l
an

al
ys
is

of
th
e
ph

en
om

en
on

w
it
hi
n
th
e
br
oa

d
fr
am

ew
or
k
w
e
ha

ve
in
tr
od

uc
ed

fo
r
de

ep
G
au

ss
ia
n
pr
oc
es
se
s.

3.
1

C
om

p
os

it
io

n

W
e
fir
st

co
ns
id
er

th
e
ca
se

w
he
re

th
e
it
er
at
io
n
is

de
fin

ed
by

(3
),

w
hi
ch

in
cl
ud

es
ex
am

pl
es

co
ns
id
er
ed

by
D
am

ia
no

u
an

d
La

w
re
nc
e
(2
01

3)
;
D
uv

en
au

d
et

al
.
(2
01

4)
.
D
uv

en
au

d
et

al
.

(2
01

4)
ob

se
rv
ed

th
at

af
te
r
a
nu

m
be

r
of

it
er
at
io
ns
,
sa
m
pl
e
pa

th
s
ar
e
ap

pr
ox
im

at
el
y
pi
ec
e-

w
is
e
co
ns
ta
nt
.
W
e
in
ve
st
ig
at
e
th
is

eff
ec
t
in

th
e
co
nt
ex
t
of

er
go

di
ci
ty
.
W
e
fir
st

m
ak
e
tw

o
ob

se
rv
at
io
ns
:

(i
)
if
u

0
is

pi
ec
ew

is
e
co
ns
ta
nt
,t
he

n
u
n
is

pi
ec
ew

is
e
co
ns
ta
nt

fo
r
al
ln
∈
N
;

(i
i)

if
u

0
ha

s
di
sc
on

ti
nu

it
y
se
t
Z

0
,a

nd
Z
n
de

no
te
s
th
e
di
sc
on

ti
nu

it
y
se
t
of

th
e
n
th

it
er
at
e,

th
en

Z
n

+
1
⊆

Z
n
fo
r
al
ln
∈
N
.

D
ue

to
po

in
t
(i
i)
ab

ov
e,

if
th
e
se
qu

en
ce
{u

n
}
is
to

be
er
go

di
c,

th
en

ne
ce
ss
ar
ily

it
m
us
t
be

th
e

ca
se

th
at

Z
n
→

∅
,o

r
el
se

th
e
pr
oc
es
s
w
ill

ha
ve

re
ta
in
ed

kn
ow

le
dg

e
of

th
e
in
it
ia
lc

on
di
ti
on

.
In

pa
rt
ic
ul
ar
,
if
th
e
in
it
ia
l
co
nd

it
io
n
is

pi
ec
ew

is
e
co
ns
ta
nt
,
th
en

er
go

di
ci
ty

w
ou

ld
fo
rc
e
th
e

lim
it
to

be
co
ns
ta
nt

in
sp
ac
e.

In
w
ha

t
fo
llo

w
s
w
e
as
su
m
e
th
at

th
e
it
er
at
io
n
is

gi
ve
n
by

u
n

+
1
(x

)
=
ξ n

+
1

( u
n
(x

))
,

ξj n
+

1
∼

G
P
( 0,

h
(‖
x
−
x
′ ‖ 2

))
i.i
.d
.

w
he

re
h
is
a
st
at
io
na

ry
co
va
ri
an

ce
fu
nc

ti
on

.
W
e
th
er
ef
or
e
m
ak
e
th
e
ch
oi
ce
m

=
l
an

d
F

=
id

in
(3
)
so

th
at

w
e
ar
e
in

th
e
sa
m
e
se
tu
p
as

D
am

ia
no

u
an

d
La

w
re
nc

e
(2
01

3)
;D

uv
en

au
d
et

al
.

(2
01

4)
;
th
e
in
cl
us
io
n

of
m
or
e
ge
ne

ra
l
m
ap

s
F

is
di
sc
us
se
d

in
R
em

ar
k

5.
T
he

n
fo
r
an

y
x
,x
′ ∈

R
w
e
ha

ve
(
u
j n

+
1
(x

)

u
j n

+
1
(x
′ )

)
∣ ∣ ∣ ∣u
n
∼
N

(
( 0 0

)
,(

h
(0

)
h
( ‖
u
n
(x

)
−
u
n
(x
′ )
‖ 2
)

h
( ‖
u
n
(x

)
−
u
n
(x
′ )
‖ 2
)

h
(0

)

)
) .

A
co
m
m
on

ch
oi
ce

of
co
va
ri
an

ce
fu
nc

ti
on

is
th
e
sq
ua

re
d
ex
po

ne
nt
ia
lk

er
ne

l:

h
(z

)
=
σ

2
e−

z
2
/
2
w

2
(6
)
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D
u
n
lo

p,
G

ir
o
la

m
i,

S
tu

a
rt

a
n
d

T
ec

k
en

tr
u
p

w
he

re
σ

2
,w

2
>

0
ar
e
sc
al
ar

pa
ra
m
et
er
s.

In
D
uv

en
au

d
et

al
.
(2
01

4)
,
in

th
e
ca
se
m

=
d

=
1
,
th
e
ch
oi
ce

σ
2
/w

2
=
π
/2

is
m
ad

e
ab

ov
e
to

en
su
re

th
at

th
e
ex
pe

ct
ed

m
ag

ni
tu
de

of
th
e

de
ri
va
ti
ve

re
m
ai
ns

co
ns
ta
nt

th
ro
ug

h
it
er
at
io
ns
.

W
e
sh
ow

in
th
e
ne

xt
pr
op

os
it
io
n
th
at

if
σ

2
,w

2
ar
e
ch
os
en

su
ch

th
at
σ

2
<
w

2
/m

,t
he

n
th
e
lim

it
in
g
pr
oc
es
s
is

tr
iv
ia
li
n
a
se
ns
e
to

be
m
ad

e
pr
ec
is
e.

T
h
eo

re
m

4
A
ss
um

e
th
at
h

(·)
is

gi
ve
n
by

th
e
sq
ua

re
d
ex
po
ne
nt
ia
lk

er
ne
l(
6)

an
d
th
at
u

0
is

bo
un

de
d
on

bo
un

de
d
se
ts

al
m
os
t-
su
re
ly
.
T
he
n
if
σ

2
<
w

2
/m

,

P(
‖u

n
(x

)
−
u
n
(x
′ )
‖ 2
→

0
fo
r
al
lx
,x
′ ∈

D
) =

1

w
he
re

P
de
no

te
s
th
e
la
w
of

th
e
pr
oc
es
s
{u

n
}
ov
er

th
e
pr
ob
ab
ili
ty

sp
ac
e

Ω
.

P
ro

of
Si
nc

e
1
−
e−

x
≤
x
fo
r
x
≥

0
it

fo
llo

w
s
th
at
,f
or

al
lz
∈
R
,

2h
(0

)
−

2
h

(z
)
≤
σ

2

w
2
z

2
,

w
it
h
eq
ua

lit
y
w
he

n
z

=
0.

T
he

n
w
e
ha

ve

E(
‖u

n
(x

)
−
u
n
(x
′ )
‖2 2

∣ ∣ u
n
−

1

) =
m ∑ j=

1

E(
|u
j n
(x

)
−
u
j n
(x
′ )
|2∣ ∣
u
n
−

1

)

=
m ∑ j=

1

( 2
h

(0
)
−

2h
( ‖
u
n
−

1
(x

)
−
u
n
−

1
(x
′ )
‖ 2
))

≤
m
σ

2

w
2
‖u

n
−

1
(x

)
−
u
n
−

1
(x
′ )
‖2 2

an
d
so

us
in
g
in
du

ct
io
n
an

d
th
e
to
w
er

pr
op

er
ty

of
co
nd

it
io
na

le
xp

ec
ta
ti
on

s,

E‖
u
n
(x

)
−
u
n
(x
′ )
‖2 2
≤
(
m
σ

2

w
2

) E‖
u
n
−

1
(x

)
−
u
n
−

1
(x
′ )
‖2 2

≤
(
m
σ

2

w
2

) n
E‖
u

0
(x

)
−
u

0
(x
′ )
‖2 2

≤
(
m
σ

2

w
2

) n
κ

(x
,x
′ )

fo
r
so
m
e
co
ns
ta
nt
κ

(x
,x
′ )
.
B
y
th
e
M
ar
ko
v
in
eq
ua

lit
y,

w
e
se
e
th
at

fo
r
an

y
ε
>

0,

P(
‖u

n
(x

)
−
u
n
(x
′ )
‖ 2
≥
ε)
≤

1 ε2

(
m
σ

2

w
2

) n
κ

(x
,x
′ )
,

(7
)

an
d
so
,s

in
ce
σ

2
<
w

2
/m

,a
pp

ly
in
g
th
e
fir
st

B
or
el
-C

an
te
lli

le
m
m
a
w
e
de

du
ce

th
at

P

(
∞ ⋂ n
=

1

∞ ⋃ m
=
n

{‖
u
m

(x
)
−
u
m

(x
′ )
‖ 2
≥
ε}
)

=
0.
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H
o
w

D
eep

A
r
e

D
eep

G
au

ssia
n

P
ro

cesses?

W
e
therefore

have
that

P
(‖
u
n
(x

)−
u
n
(x
′)‖

2 →
0)

=
P

(
∞⋂k
=

1

∞⋃n
=

1

∞⋂m
=
n {‖u

m
(x

)−
u
m

(x
′)‖

2
<

1
/
k} )

=
1−

P

(
∞⋃k
=

1 (
∞⋂n
=

1

∞⋃m
=
n {‖u

m
(x

)−
u
m

(x
′)‖

2 ≥
1/k} ) )

≥
1−

∞∑k
=

1 P

(
∞⋂n
=

1

∞⋃m
=
n {‖u

m
(x

)−
u
m

(x
′)‖

2 ≥
1
/k} )

=
1.

H
ence

given
any

x
,x
′∈

D
,w

e
can

find
Ω

(x
,x
′)⊆

Ω
w
ith

P
(Ω

(x
,x
′))

=
1
such

that
for

any
ω
∈

Ω
(x
,x
′),‖

u
n
(x

;ω
)−

u
n
(x
′;ω

)‖
2 →

0.
Let{q

j }
be

a
countable

dense
subset

of
D
,and

define
Ω
∗

=
⋂i,j∈

N
Ω

(q
i ,q

j )
,

noting
thatP

(Ω
∗ )

=
1.

T
hen

for
any

ω
∈

Ω
∗
and

any
x
,x
′∈
{q
j },‖

u
n
(x

;ω
)−

u
n
(x
′;ω

)‖
2 →

0.
Since

sam
ple

paths
are

alm
ost-surely

continuous,
the

above
can

be
extended

to
all

x
,x
′∈

D
,so

that

P (‖
u
n
(x

)−
u
n
(x
′)‖

2 →
0
for

all
x
,x
′∈

D
)

=
1.

R
em

ark
5

1.
If

a
m
ore

general
transform

ation
m
ap

F
:
R
m
→

D
′
is

included,
then

the
above

result
still

holds
provided

w
e
take

σ
2
<
w

2/
(‖
F
′‖∞

m
).

T
he

convergence
to

a
constant

hence
occurs

w
hen

the
length

scale
w

is
large

or
‖F
′‖∞

is
sm

all
(so

each
G
aussian

random
field

doesn’t
change

too
rapidly

across
the

dom
ain),

or
w
hen

the
am

plitude
σ
is

sm
all(so

inputs
are

not
w
arped

too
far).

2.
T
he

condition
of

the
above

theorem
is

less
likely

to
be

satisfied
as

the
w
idth

m
of

each
layer

is
increased,

and
so

this
triviality

pathology
is

unlikely
to

arise
for

large
m
;
this

m
ay

be
observed

in
practice

num
erically.

3.
Follow

ing
N
eal(1995);D

uvenaud
et

al.(2014),recent
w
orks

(such
as

D
aiet

al.,2015;
C
utajar

et
al.,

2017)
connect

all
layers

to
the

input
layer

in
order

to
avoid

certain
pathologies.

T
he

M
arkovian

structure
of

the
process

is
m
aintained

in
this

case:
w
ith

the
above

notation,
the

process
is

then
defined

by

u
n

+
1 (x

)
=
ξ
n

+
1 (u

n
(x

),x
),

ξ
jn
+

1 ∼
G

P (0
,h

(‖
x
−
x
′‖

2 ) )
i.i.d

,

w
here

now
ξ
n

:R
m
×

R
d→

R
m
.
D
efining

β
=
m
σ

2/w
2
<

1,
if
σ
≥

1
w
e
m
ay

use
the

sam
e
argum

ent
as

the
proof

above
to

deduce
that

E (‖
u
n
(x

)−
u
n
(x
′)‖

22 ∣∣u
n−

1 )≤
β‖
u
n−

1 (x
)−

u
n−

1 (x
′)‖

22
+
β‖
x
−
x
′‖

22 ,
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D
u
n
lo

p,
G

iro
la

m
i,

S
tu

a
rt

a
n
d

T
eck

en
tru

p

w
hich

leads
to

E‖u
n
(x

)−
u
n
(x
′)‖

22 ≤
β
nE‖

u
0 (x

)−
u

0 (x
′)‖

22
+
β

(
1−

β
n

1−
β

)
‖x
−
x
′‖

22 .

T
he

right
hand

side
does

not
vanish

as
n
→
∞
,
and

so
w
e
can

no
longer

use
the

first
B
orel-C

antellilem
m
a
to

reach
the

sam
e
conclusion

as
the

case
w
here

the
layers

are
not

connected
to

the
input

layer.
T
his

could
provide

som
e
intuition

as
to

w
hy

including
the

connection
of

each
layer

to
the

input
layer

provides
greater

stability
than

not
doing

so.

3.2
C

ovarian
ce

Fu
n
ction

In
order

to
study

ergodicity
of

the
deep

G
aussian

process
defined

through
covariance

func-
tions,

w
e
w
ill

restrict
attention

in
the

rem
ainder

of
this

subsection
to

hierarchies
of

finite-
dim

ensionalm
ultivariate

G
aussian

random
variables

as
in

(5).
N
ote

that
although

w
e
have

here
defined

u
0 ∼

N
(0,R

S ),follow
ing

e.g.
P
aciorek

(2003),the
ergodicity

ofthe
deep

G
aus-

sian
process

w
ill

be
proved

for
fixed

u
0
∈

R
N

(cf.
T
heorem

8).
T
he

follow
ing

result
is

im
m
ediate

from
P
roposition

2.

C
orollary

6
Let

A
ssum

ptions
1
and

2
hold.

T
hen

the
covariance

m
atrix

R
(u

n
)
is

positive
definite

for
all

u
n
∈
C
,
for

any
com

pact
subset

of
C
⊆

R
N
.

N
ote

that,because
w
e
have

chosen
to

w
ork

w
ith

a
correlation

kernel,w
e
have

T
r (R

(u
n
) )

=
N
.

(8)

W
e
w
illuse

this
fact

explicitly
in

the
ergodicity

proof;how
ever

it
m
ay

be
relaxed

as
discussed

in
the

R
em

ark
12

below
.

W
e
view

the
sequence

of
random

variables{
u
n } ∞n

=
0
as

a
M
arkov

chain,
w
ith

u
0
∈

R
N

given,
and

w
e
w
ant

to
show

the
existence

of
a
stationary

distribution.
R
ecall

the
one-step

transition
kernel

P
of

the
M
arkov

chain
given

by
(1),

and
its

n−
fold

com
position

given
by

(2).
In

order
to

prove
ergodicity

of
the

M
arkov

chain
w
e
w
illfollow

the
proof

technique
of

M
attingly

et
al.

(2002);
M
eyn

and
T
w
eedie

(2012),
w
hich

establishes
geom

etric
ergodicity

w
ith

the
follow

ing
proposition.

P
rop

osition
7

Suppose
the

M
arkov

chain
{
u
n } ∞n

=
0
satisfies,

for
som

e
com

pact
set

C
∈

B
(R

N
),

the
follow

ing:

(i)
For

som
e
y ∗∈

int(C
)
and

for
any

δ
>

0,
w
e
have

P
(u
,B

δ (y ∗))
>

0
for

all
u
∈
C
.

(ii)
T
he

transition
kernel

P
(u
,·)

possesses
a
density

p
(u
,y

)
in
C
,
precisely

P
(u
,A

)
=

∫

A
p
(u
,y

)
d
y
,

for
all

u
∈
C
,
A
∈
B

(R
N

)∩
B

(C
),

and
p
(u
,y

)
is

jointly
continuous

on
C
×
C
.
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H
o
w

D
ee

p
A

r
e

D
ee

p
G

au
ss

ia
n

P
ro

ce
ss

es
?

(i
ii)

T
he
re

is
a
fu
nc
ti
on

V
:
R
N
→

[1
,∞

),
w
it
h

li
m
u
→
∞
V

(u
)

=
∞
,
an

d
re
al

nu
m
be
rs

α
∈

(0
,1

)
an

d
β
∈

[0
,∞

)
su
ch

th
at

E(
V

(u
n

+
1
)
|u

n
)
≤
α
V

(u
n
)

+
β
.

If
w
e
ca
n
ch
oo
se

th
e
co
m
pa
ct

se
t
C

su
ch

th
at

C
=

{ u
:
V

(u
)
≤

2
β

γ
−
α

}
,

fo
r
so
m
e
γ
∈

(√
α
,1

),
th
en

th
er
e
ex
is
ts

a
un

iq
ue

in
va
ri
an

t
m
ea
su
re
π
.
Fu

rt
he
rm

or
e,

th
er
e

is
r(
γ

)
∈

(0
,1

)
an

d
κ

(γ
)
∈

(0
,∞

)
su
ch

th
at

fo
r
al
l

u
0
∈

R
N

an
d
al
l
m
ea
su
ra
bl
e
g
w
it
h

|g
(u

)|
≤
V

(u
)
fo
r
al
lu
∈
R
N
,
w
e
ha
ve

|E
P
n

(u
0
,·)

(g
)
−
π

(g
)|
≤
κ
rn
V

(u
0
).

W
e
m
ay

ve
ri
fy

th
e
as
su
m
pt
io
ns

of
P
ro
po

si
ti
on

7
le
ad

in
g
to

th
e
fo
llo

w
in
g
th
eo
re
m

co
n-

ce
rn
in
g
th
e
er
go

di
ci
ty

of
de

ep
G
au

ss
ia
n
pr
oc
es
se
s
de

fin
ed

vi
a
th
e
co
va
ri
an

ce
fu
nc
ti
on

:

T
h
eo

re
m

8
Su

pp
os
e
A
ss
um

pt
io
ns

1
an

d
2
ho
ld
.
T
he
n
th
e
M
ar
ko
v
ch
ai
n
{u

n
}∞ n

=
0
sa
ti
sfi
es

th
e
as
su
m
pt
io
ns

of
P
ro
po
si
ti
on

7.
A
s
a
co
ns
eq
ue
nc
e,

th
er
e
ex
is
ts
ε
∈

(0
,1

)
su
ch

th
at

fo
r
an

y
u

0
∈
R
N
,
th
er
e
is

a
K

(u
0
)
>

0
w
it
h

‖P
n
(u

0
,·)
−
π
‖ T

V
≤
K

(1
−
ε)
n

fo
r
al
ln
∈
N
,

an
d
so

th
e
ch
ai
n
is

er
go
di
c.

T
he

pr
oo

f
re
st
s
on

th
e
fo
llo

w
in
g
th
re
e
le
m
m
as
,
an

d
is

gi
ve
n
af
te
r
st
at
in
g
an

d
pr
ov

in
g

th
em

.
T
he

fir
st

le
m
m
a
sh
ow

s
th
at
,
on

av
er
ag

e,
th
e
no

rm
of

st
at
es

of
th
e
ch
ai
n
re
m
ai
ns

co
ns
ta
nt

as
th
e
le
ng

th
of

th
e
ch
ai
n
is

in
cr
ea
se
d.

T
he

se
co
nd

sh
ow

s
th
at
,g

iv
en

an
y
cu

rr
en
t

st
at
e
in

R
N

an
d
an

y
ba

ll
ar
ou

nd
th
e
or
ig
in

in
R
N
,
th
er
e
is

a
po

si
ti
ve

pr
ob

ab
ili
ty

th
at

th
e

ne
xt

st
at
e
w
ill

be
lo
ng

to
th
at

ba
ll.

T
he

th
ir
d
le
m
m
a
sh
ow

s
th
at

th
e
pr
ob

ab
ili
ty

th
at

th
e

M
ar
ko
v
ch
ai
n
m
ov
es

to
a
se
t
m
ay

be
fo
un

d
vi
a
in
te
gr
at
io
n
of

a
co
nt
in
uo

us
fu
nc

ti
on

ov
er

th
at

se
t.

L
em

m
a

9
(B

ou
nd

ed
ne

ss
)
Su

pp
os
e
A
ss
um

pt
io
ns

1
an

d
2
ho
ld
.
Fo

r
al
ln
∈
N
,
w
e
ha
ve

E(
‖u

n
+

1
‖2 2
|u

n

) =
N
.

P
ro

of
Le

t
n
≥

0.
Si
nc

e
th
e
ra
nd

om
va
ri
ab

le
u
n

+
1
|u
n
ha

s
ze
ro

m
ea
n,

th
e
lin

ea
ri
ty

of
ex
pe

ct
at
io
n
im

pl
ie
s
(u
si
ng

(8
))

th
at

E
( ‖

u
n

+
1
‖2 2
|u

n

) =
E(

N ∑ j=
1

(u
n

+
1
)2 j

∣ ∣ ∣ ∣u
n

)
=

T
r(

R
(u

n
))

=
N
,

fo
r
al
ln
∈
N
.
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a
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T
ec

k
en

tr
u
p

L
em

m
a

10
(P

os
it
iv
e
pr
ob

ab
ili
ty

of
a
ba

ll
ar
ou

nd
ze
ro
)
Su

pp
os
e
A
ss
um

pt
io
ns

1
an

d
2
ho
ld
.

Fo
r
al
lu
∈
R
N

an
d
δ
>

0
,
w
e
ha
ve

P
( u
,B

δ
(0

))
>

0
.

P
ro

of
W
e
ha

ve
th
e
eq
ua

lit
y

u
n

+
1
|(u

n
=
u

)
=
√

R
(u

)ξ
n

+
1
in

di
st
ri
bu

ti
on

,
w
he

re
√

R
(u

)
de

no
te
s
th
e
C
ho

le
sk
y
fa
ct
or

of
th
e
co
rr
el
at
io
n
m
at
ri
x

R
(u

)
an

d
ξ n

+
1
∼

N
(0
,I
N

).
T
he

n

P
( u
,B

δ
(0

))
=

P(
‖u

n
‖ 2
≤
δ
|u

n
−

1
=
u
)

=
P(
∥ ∥√

R
(u

)ξ
n

+
1

∥ ∥ 2
≤
δ)

≥
P(
∥ ∥√

R
(u

)∥ ∥
2

∥ ∥ ξ
n

+
1

∥ ∥ 2
≤
δ)

=
P(
∥ ∥ ξ
n

+
1

∥ ∥ 2
≤
δ∥ ∥
√

R
(u

)∥ ∥
−

1

2

) .

T
o
sh
ow

th
at

th
e
la
tt
er

pr
ob

ab
ili
ty

is
po

si
ti
ve
,
w
e
ne

ed
to

sh
ow

th
at

δ∥ ∥
√

R
(u

)∥ ∥
−

1

2
>

0.
Si
nc

e
δ
>

0
is

fix
ed

,
w
e
on

ly
ne

ed
to

sh
ow
∥ ∥√

R
(u

)∥ ∥
2
<
∞

.
Si
nc

e
∥ ∥√

R
(u

)∥ ∥
2 2

=
ρ
(R

(u
))
,

th
e
sp
ec
tr
al

ra
di
us

of
R

(u
),

w
e
ha

ve
∥ ∥√

R
(u

)∥ ∥
2 2

=
ρ
(R

(u
))
≤

T
r(

R
(u

))
=
N
.

T
he

cl
ai
m

th
en

fo
llo

w
s.

L
em

m
a

11
(T

ra
ns
it
io
n
pr
ob

ab
ili
ty

ha
s
a
de

ns
it
y)

Su
pp
os
e
A
ss
um

pt
io
ns

1
an

d
2
ho
ld
.
T
he
n

th
e
tr
an

si
ti
on

pr
ob
ab
ili
ty

P
( u
,·)

ha
s
a
jo
in
tly

co
nt
in
uo

us
de
ns
it
y
p
(u
,y

)
fo
r
al
l
u
∈
C
,
fo
r

an
y
co
m
pa
ct

se
t
C
⊆

R
N
.

P
ro

of
W
e
ha

ve
u
n

+
1
|(u

n
=
u

)
∼
N

(0
,R

(u
))
,
an

d
th
e
ex
is
te
nc
e
of

a
jo
in
tl
y
co
nt
in
uo

us
de

ns
it
y
of

th
e
tr
an

si
ti
on

pr
ob

ab
ili
ty

in
C

fo
llo

w
s
if

R
(u

)
is

po
si
ti
ve

de
fin

it
e
fo
r
al
l
u
∈
C
.

T
he

cl
ai
m

th
en

fo
llo

w
s
by

P
ro
po

si
ti
on

2.

W
e
m
ay

no
w
us
e
th
e
th
re
e
pr
ec
ed

in
g
le
m
m
as

to
pr
ov
e
th
e
m
ai
n
er
go

di
c
th
eo
re
m

fo
r
de

ep
G
au

ss
ia
n
pr
oc
es
se
s
de

fin
ed

th
ro
ug

h
th
e
co
va
ri
an

ce
fu
nc

ti
on

.
P

ro
of

of
T

h
eo

re
m

8
Le

m
m
a
10

sh
ow

st
ha

ta
ss
um

pt
io
n
(i
)i
ss

at
is
fie

d,
fo
ra

ny
C

co
nt
ai
ni
ng

y
∗

=
0
,
an

d
Le

m
m
a
11

sh
ow

s
th
at

as
su
m
pt
io
n
(i
i)

is
sa
ti
sfi
ed

,
fo
r
an

y
co
m
pa

ct
se
t
C
.
It

fo
llo

w
s
fr
om

Le
m
m
a
9
th
at

as
su
m
pt
io
n
(i
ii)

is
sa
ti
sfi
ed

,w
it
h
V

(u
)

=
‖u
‖2 2

+
1,

an
y
α
∈

(0
,1

)
an

d
β

=
N

+
1
.
N
ow

ch
oo

se
α

=
1/

4
an

d
γ

=
3/

4
∈

(√
α
,1

),
so

th
at

th
e
se
t

C
=

{ u
:
V

(u
)
≤

2β

γ
−
α

}
=
{ u

:
‖u
‖2 2
≤

4
N

+
4
}

is
co
m
pa

ct
.

T
he

n
th
er
e
is

a
un

iq
ue

in
va
ri
an

t
m
ea
su
re
π
,
an

d
th
er
e
is
r(
γ

)
∈

(0
,1

)
an

d
κ

(γ
)
∈

(0
,∞

)
su
ch

th
at

fo
r

u
0
∈

R
N

an
d

al
l
m
ea
su
ra
bl
e
g
w
it
h
|g

(u
)|
≤
V

(u
)
fo
r
al
l

u
∈
R
N
,w

e
ha

ve

|E
P
n

(u
0
,·)

(g
)
−
π

(g
)|
≤
κ
rn
V

(u
0
).

(9
)
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H
o
w

D
eep

A
r
e

D
eep

G
au

ssia
n

P
ro

cesses?

Since
V

(u
)
≥

1
for

all
u
∈

R
N
,
the

above
holds

in
particular

for
all

m
easurable

g
w
ith

‖
g‖∞

≤
1.

T
aking

the
suprem

um
over

all
such

g
in

(9)
yields

the
given

total
variation

bound,w
ith

K
=
κ
V

(u
0 )

and
ε

=
1−

r.

R
em

ark
12

(C
ovariance

vs
correlation

kernels)
In

this
subsection

w
e
have

restricted
our

attention
to

correlation
kernels

ρ
S (‖x

i −
x
j ‖

2 )
and

ρ
(x
i ,x

j ;u
n
),

rather
than

m
ore

general
covariance

kernels

c
S (‖x

i −
x
j ‖

2 )
=
σ

2S ρ
S (‖

x
i −

x
j ‖

2 ),

c(x
i ,x

j ;u
n
)

=
σ

(x
i ;u

n
)σ

(x
j ;u

n
)ρ

(x
i ,x

j ;u
n
),

for
stationary

and
non-stationary

m
arginal

standard
deviation

functions
σ

S
∈

(0,∞
)
and

σ
:R

d→
(0,∞

)
respectively.

T
his

restriction
is

solely
for

ease
of

presentation;
the

analysis
presented

readily
extends

to
c(x

i ,x
j ;u

n
),

under
suitable

assum
ptions

on
σ.

In
particular

the
analysis

m
ay

be
adapted

to
the

case
of

general
covariance

kernels
c

S (‖x
i −

x
j ‖

2 )
and

c(x
i ,x

j ;u
n
)
under

the
assum

ption
that

there
exist

positive
constants

σ
−
,σ

+
such

that
σ
−
≤

σ
(z

)≤
σ

+
,
for

all
z
∈
R
d.

W
hen

general
covariances

are
used

then
it
is

possible
to

ensure
that

every
m
ultivariate

G
aussian

random
variable

in
the

hierarchy
is

of
the

sam
e
am

plitude
by

scaling
the

corresponding
covariance

m
atrix

C
(u

n
)
to

have
constant

trace
N

at
each

iteration
n;

the
average

variance
over

allpoints{x
i }
Ni=

1
is

then
1
for

every
n.

3.3
C

ovarian
ce

O
p
erator

W
e
consider

the
class

ofcovariance
operators

introduced
in

section
2.3

and
show

that,under
precise

assum
ptions

detailed
below

,
the

iteration
(ZeroM

ean)
produces

an
ergodic

M
arkov

chain.
U
nlike

the
previous

subsection,
w
here

w
e
w
orked

on
R
N
,
here

w
e
w
ill

w
ork

on
the

separable
H
ilbert

space
H

=
L

2(D
;R

).
T
o
begin

w
ith,

define
the

precision
operators

(densely
defined

on
H
:H

airer
et

al.,2005;P
inskiet

al.,2015),

C
−

1
−

=
P
,

C
−

1
+

=
P

+
F

+
I
,

C
(u

) −
1

=
P

+
Γ

(u
),

u
∈
H
,

and
the

probability
m
easures

µ
−

=
N

(0,C
−

),

µ
+

=
N

(0,C
+

),

µ
(·;u

)
=
N

(0,C
(u

)),
u
∈
H
.

T
hroughout

the
rest

of
this

section
w
e
m
ake

the
follow

ing
assum

ptions
on

C
−
and

F
:

A
ssu

m
p
tion

s
3

1.
T
he

operator
C
−

:H
→
H

is
sym

m
etric

and
positive,

and
its

eigen-
values{

λ
2j }

have
algebraic

decay
λ

2j �
j −

r
for

som
e
r
>

1.

2.
T
he

function
F

:H
→

R
is

continuous,
and

there
exists

F
+
≥

0
such

that
0
≤
F

(u
)≤

F
+
for

all
u
∈
H
.
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1.
T
he

assum
ption

on
algebraic

decay
ofthe

eigenvalues
can

be
relaxed

to
the

operator
C
−
being

trace-class
on
H
;how

ever
the

argum
ents

thatfollow
are

cleaner
w
hen

w
e
assum

e
this

explicit
decay

w
hich,

of
course,

im
plies

the
trace

condition.
N
ote

also
that,

under
the

stated
assum

ption
on

algebraic
decay,

G
aussian

m
easures

on
L

2(D
;R

)
w
illbe

supported
on

X
=
C

(D
;R

)
under

m
ild

conditions
on

the
eigenfunctions

of
C
−

(D
ashti

and
Stuart,

2017)
so

that
F
(u

(x
) )

w
illbe

defined
for

all
x
∈
D

rather
than

x
a.e.

in
D
.
T
hen

Γ
(u

)v
m
akes

sense
pointw

ise
w
hen

v
∈
X
.

2.
T
he

assum
ed

form
of

the
precision

operator
together

w
ith

A
ssum

ptions
3
m
ean

that
the

resulting
fam

ily
of

m
easures{µ

(·;u
)}
u∈H

w
illbe

m
utually

equivalent.
T
his

allow
s

for
the

total
variation

m
etric

betw
een

m
easures

to
be

used,
and

a
concise

proof
of

ergodicity
to

be
obtained.

If
the

m
easures

w
ere

singular,
a
different

m
etric

such
as

the
W
asserstein

m
etric

w
ould

be
required

to
quantify

the
convergence.

W
e
now

prove
the

follow
ing

ergodic
theorem

for
the

deep
G
aussian

processes
constructed

through
covariance

operators.

T
h
eorem

14
Let

A
ssum

ptions
3
hold,

and
let

the
M
arkov

chain
{
u
n }

be
given

by
(Ze-

roM
ean)

w
ith

L
(u

)
=
C

(u
)
12
as

defined
above.

T
hen

there
exists

a
unique

invariant
distri-

bution
π,

and
there

exists
ε
>

0
such

that
for

any
u

0 ∈
H
,

‖P
n
(u

0 ,·)−
π‖

T
V
≤

(1−
ε)
n

for
all

n
∈
N
.

In
particular,

the
chain

is
ergodic.

T
he

follow
ing

lem
m
a
w
illbe

used
to

show
a
m
inorization

condition,as
w
ellas

establish
further

notation,
key

to
the

proof
of

T
heorem

14
w
hich

follow
s
it.

It
essentially

show
s
a

stronger
form

of
equivalence

of
the

fam
ily

of
m
easures{µ

(·,u
)}
u∈H

.

L
em

m
a

15
Let

A
ssum

ptions
3
hold.

T
hen

there
exists

ε
>

0
such

that
for

any
u
,v
∈
H
,

d
µ

(·;u
)

d
µ

+
(v

)≥
ε.

P
roof

T
he

assum
ptions

on
F

m
ean

that
the

m
easures

µ
(·;u

),
µ
−

and
µ

+
are

m
utually

absolutely
continuous,w

ith

d
µ

(·;u
)

d
µ
−

(v
)

=
1

Z
(u

)
ex

p (
−

12 〈v
,F

(u
)v 〉 )

,

Z
(u

)
=

E
µ
− [

ex
p (
−

12 〈v
,F

(u
)v 〉 )]

;

d
µ

+

d
µ
−

(v
)

=
1Z
+

ex
p (
−

12 〈v
,F

+
v 〉 )

,

Z
+

=
E
µ
− [

ex
p (
−

12 〈v
,F

+
v 〉 )]

.
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H
o
w

D
ee

p
A

r
e

D
ee

p
G

au
ss

ia
n

P
ro

ce
ss

es
?

O
bs
er
ve

th
at

w
e
m
ay

bo
un

d
Z

(u
)
≤

1
un

ifo
rm

ly
in
u
∈
H

si
nc

e
F
≥

0.
A
dd

it
io
na

lly
,
w
e

ha
ve

th
at

Z
+
≥

Eµ
−

[ ex
p

(
−

1 2

〈 v
,F

+
v
〉)
1
‖v
‖2
≤

1

]
≥

ex
p

(
−

1 2
F

+

) µ
−
( ‖
v
‖2
≤

1
) =

:
ε
>

0.

N
ot
e
th
at
ε
is
po

si
ti
ve

si
nc

e
H

is
se
pa

ra
bl
e,

an
d
th
us

al
lb

al
ls
ha

ve
po

si
ti
ve

m
ea
su
re

(H
ai
re
r,

20
09

).
It

fo
llo

w
s
th
at

d
µ

(·
;u

)

d
µ

+
(v

)
=

d
µ

(·
;u

)

d
µ
−

(v
)
×
(

d
µ

+

d
µ
−

(v
)) −

1

=
1

Z
(u

)
ex

p

(
−

1 2

〈 v
,F

(u
)v
〉)
×
Z

+
ex

p

(
1 2

〈 v
,F

+
v
〉)

≥
ε

ex
p

(
1 2

〈 v
,(
F

+
−
F

(u
))
v
〉)

≥
ε

si
nc

e
F

+
bo

un
ds
F

ab
ov
e
un

ifo
rm

ly
.

P
ro

of
of

T
h
eo

re
m

14
W
e
fir
st

es
ta
bl
is
h
ex
is
te
nc

e
of

at
le
as
t
on

e
in
va
ri
an

t
di
st
ri
bu

ti
on

by
sh
ow

in
g
th
at

ch
ai
n
{u

n
}
is

(s
tr
on

g)
Fe

lle
r,

an
d
th
at

fo
r
ea
ch

u
0
∈
H

th
e
fa
m
ily
{P

n
(u

0
,·)
}

of
tr
an

si
ti
on

ke
rn
el
s
is

ti
gh

t.
T
o
se
e
th
e
fo
rm

er
,l
et
f

:
H
→

R
be

an
y
bo

un
de
d
m
ea
su
ra
bl
e

fu
nc

ti
on

.
W
e
ha

ve
th
at
,f
or

an
y
v
∈
H
,

(P
f

)(
u

)
:=

∫ H
f

(v
)P

(u
,d
v
)

=

∫ H
f

(v
)

1

Z
(u

)
ex

p

(
−

1 2
〈v
,F

(u
)v
〉)
µ
−

(d
v
).

Si
nc

e
F

(u
)
≤
F

+
it

fo
llo

w
s
th
at
Z

(u
)
is

bo
un

de
d
be

lo
w

by
a
po

si
ti
ve

co
ns
ta
nt
,
un

ifo
rm

ly
w
it
h
re
sp
ec
t
to

u
.

A
dd

it
io
na

lly
F

is
co
nt
in
uo

us
an

d
no

n-
ne

ga
ti
ve
,
an

d
so

th
e
in
te
gr
an

d
is

bo
un

de
d
an

d
co
nt
in
uo

us
w
it
h
re
sp
ec
t
to
u
.
H
en
ce

gi
ve
n
an

y
se
qu

en
ce
u

(k
)
→

u
in
H
,

w
e
m
ay

ap
pl
y
th
e
do

m
in
at
ed

co
nv

er
ge
nc

e
th
eo
re
m

to
se
e
th
at

(P
f

)(
u

(k
) )
→

(P
f

)(
u

).
T
he

fu
nc

ti
on

P
f
is

th
er
ef
or
e
co
nt
in
uo

us
,a

nd
so

th
e
ch
ai
n
{u

n
}
is

st
ro
ng

Fe
lle

r.
W
e
no

w
sh
ow

ti
gh

tn
es
s.

T
he

as
su
m
pt
io
ns

on
th
e
op

er
at
or

C
−

:
H
→
H

im
pl
y
th
at

it
is

tr
ac
e-
cl
as
s,

an
d
so

in
pa

rt
ic
ul
ar

co
m
pa

ct
.

It
is

al
so

po
si
ti
ve

an
d
sy
m
m
et
ri
c,

an
d
so

by
th
e
sp
ec
tr
al

th
eo
re
m
,
ad

m
it
s
a
co
m
pl
et
e
or
th
on

or
m
al

sy
st
em

of
ei
ge
nv

ec
to
rs
{ϕ

j
}
w
it
h

co
rr
es
po

nd
in
g
po

si
ti
ve

ei
ge
nv
al
ue

s
{λ

2 j
}
su
ch

th
at
λ

2 j
→

0
.
G
iv
en
s
>

0,
de

fin
e
th
e
su
bs
pa

ce
H
s
⊂
H

by

H
s

=

{ v
∈
H
∣ ∣ ∣ ∣‖
v
‖2 H

s
:=

∞ ∑ j=
1

j2
s
|〈ϕ

j
,v
〉|2

<
∞
} .

It
is

st
an

da
rd

to
sh
ow

th
at
H
s
is

co
m
pa

ct
ly

em
be

dd
ed

in
H

fo
r
an

y
s
>

0
(s
ee

fo
r
ex
am

pl
e

R
ob

in
so
n,

20
01

,
A
pp

en
di
x
A
.2
).

B
y
th
e
K
ar
hu

ne
n-
Lo

év
e
th
eo
re
m
,
an

y
v
∼
µ
−

m
ay

be
re
pr
es
en
te
d
as

v
=
∞ ∑ j=

1

λ
j
ξ j
ϕ
j
,

ξ j
∼
N

(0
,1

)
i.i
.d
.
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D
u
n
lo

p,
G

ir
o
la

m
i,

S
tu

a
rt

a
n
d

T
ec

k
en

tr
u
p

H
en

ce
,b

y
th
e
or
th
on

or
m
al
it
y
of

th
e
{ϕ

j
}a

nd
th
e
as
su
m
ed

de
ca
y
of

th
e
ei
ge
nv
al
ue

s,
w
e
ha

ve
th
at

Eµ
−
( ‖
v
‖2 H

s

) =
∞ ∑ j=

1

j2
s
λ

2 j
�
∞ ∑ j=

1

j2
s−
r

an
d
so

Eµ
−
( ‖
v
‖2 H

s

) <
∞

if
an

d
on

ly
if

s
<
r 2
−

1 2
.

Si
nc

e
r
>

1
by

as
su
m
pt
io
n,

w
e
ca
n
al
w
ay
s
ch
oo

se
s
>

0
su
ch

th
at

th
is

ho
ld
s;

fix
su
ch

an
s

in
w
ha

t
fo
llo

w
s.

O
bs
er
ve

th
at
,f
or

an
y
n
∈
N
,

E(
‖u

n
‖2 H

s
)

=
E(

E(
‖u

n
‖2 H

s

∣ ∣ u
n
−

1

))

=
E(

Eµ
(·

;u
n
−
1
)(
‖v
‖2 H

s

))

=
E(
∫ H
‖v
‖2 H

s

1

Z
(u
n
−

1
)

ex
p

(
−

1 2

〈 v
,F

(u
n
−

1
)v
〉)

µ
−

(d
v
))

≤
1 Z
+
Eµ
−
( ‖
v
‖2 H

s

)

=
:
M

<
∞
.

W
e
ha

ve
bo

un
de

d
Z

(u
n
−

1
)
≥
Z

+
us
in
g
th
at

F
(u
n
−

1
)
≤
F

+
.

A
pp

ly
in
g
th
e
C
he

by
ch
ev

in
eq
ua

lit
y,

w
e
ha

ve
fo
r
ea
ch
n
∈
N

an
d
R
>

0

P(
‖u

n
‖ H

s
>
R
) ≤

E(
‖u

n
‖2 H

s

)

R
2

≤
M R

2
,

an
d
so

gi
ve
n
an

y
κ
>

0,

P( ‖
u
n
‖ H

s
≤
√
M κ

)
≥

1
−
κ
.

T
hi
s
ca
n
be

re
w
ri
tt
en

as
P
n
(u

0
,K

κ
)
≥

1
−
κ

w
he

re
K
κ

=
{ u
∈
H
|‖
u
‖ H

s
≤
√
M
/κ
}
is

co
m
pa

ct
in
H
,
si
nc

e
H
s
is

co
m
pa

ct
ly

em
be

dd
ed

in
H
;t
hi
s
sh
ow

s
ti
gh

tn
es
s
of

th
e
se
qu

en
ce

of
pr
ob

ab
ili
ty

m
ea
su
re
s
P
n
(u

0
,·)

.
Si
nc

e
ti
gh

tn
es
s

im
pl
ie
s
bo

un
de

dn
es
s
in

pr
ob

ab
ili
ty

on
av
er
ag

e,
an

ap
pl
ic
at
io
n
of

(M
ey
n
an

d
T
w
ee
di
e,

20
12

,
T
he

or
em

12
.0
.1
)
gi
ve
s
ex
is
te
nc

e
of

an
in
va
ri
an

t
di
st
ri
bu

ti
on

.
Le

m
m
a
15

sh
ow

s
th
at
{u

n
}
sa
ti
sfi
es

a
gl
ob

al
m
in
or
iz
at
io
n

co
nd

it
io
n

fo
r
th
e
on

e-
st
ep

tr
an

si
ti
on

pr
ob

ab
ili
ti
es
:
fo
r
an

y
u

0
∈
H

an
d
an

y
m
ea
su
ra
bl
e
A
⊆
H
,

P
( u

0
,A
) =

Eµ
(·

;u
0
)(
1
A

(v
))

=
Eµ

+

(
d
µ

(·
;u

0
)

d
µ

+
(v

)1
A

(v
))
≥
εµ

+
(A

).

C
om

bi
ne

d
w
it
h
th
e
ex
is
te
nc

e
of

an
in
va
ri
an

t
di
st
ri
bu

ti
on

ab
ov
e,

a
sh
or
t
co
up

lin
g
ar
gu

m
en
t

(M
ey
n
an

d
T
w
ee
di
e,

20
12

,T
he

or
em

16
.2
.4
)
gi
ve
s
th
e
re
su
lt
w
it
h
th
e
sa
m
e
ε
as

ab
ov
e.
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H
o
w

D
eep

A
r
e

D
eep

G
au

ssia
n

P
ro

cesses?

3.4
C

onvolu
tion

T
he

convolution
iteration

has
the

advantage
that,through

use
ofFourier

series
and

the
law

of
large

num
bers,its

long
tim

e
behaviour

can
be

com
pletely

characterized
analytically.

W
e

consider
the

convolution
as

a
random

m
ap

on
H

=
L

2(D
;C

),
D

=
(0
,1)

d.
T
he

iteration
is

given
by

u
n

+
1 (x

)
=

(u
n ∗

ξ
n

+
1 )(x

)
:=

∫

D
u
n
(x
−
y
)ξ
n

+
1 (y

)
d
y
,

ξ
n

+
1 ∼

N
(0,C

)
i.i.d.

(10)

w
here

w
e
im

plicitly
w
ork

w
ith

periodic
extensions

to
define

the
convolution.

W
e
assum

e
that

C
is

a
negative

fractional
pow

er
of

a
differential

operator
so

that
it

diagonalizes
in

Fourier
space;such

a
form

of
covariance

operator
is

com
m
on

in
applications,as

it
includes,

for
exam

ple,
W

hittle-M
atérn

distributions
(Lindgren

et
al.,

2011).
For

exam
ple,

w
e
m
ay

take
C

=
(I−

4
) −
α
,

D
(−
4

)
=
H

2p
er ([0,1] d)⊂

H
,

in
w
hich

case
the

sam
ples

ξ
n

+
1 ∼

N
(0,C

)
w
ill(alm

ost
surely)

possess
s
fractionalSobolev

and
H
ölder

derivatives
for

any
s
<
α
−
d
/2

(see
D
ashtiand

Stuart,2017,for
details).

W
e
choose

the
orthonorm

alFourier
basis

ϕ
k (x

)
=
e

2
π
ik·x,

k
∈
Z
d,

w
hich

are
the

eigenvectors
of
C
;w

e
denote

the
corresponding

eigenvalues{
λ

2k }.
G
iven

u
∈
H

and
k
∈
Z
d,define

the
Fourier

coeffi
cient

û
(k

)∈
C

by

û
(k

)
:=
〈ϕ

k ,u〉
L
2

=

∫

D
ϕ
k (x

)u
(x

)
d
x
.

T
hen

it
can

be
readily

checked
that

for
any

u
,v
∈
H

and
k
∈
Z
d,

(̂u
∗
v
)(k

)
=
û

(k
)v̂

(k
).

(11)

W
e
use

this
property

to
establish

the
follow

ing
theorem

.

T
h
eorem

16
Let

C
:H
→
H

be
a
negative

fractionalpow
er

of
a
differentialoperator

such
that

C
is

positive,
sym

m
etric

and
trace-class,

w
ith

eigenvectors{ψ
k }

and
eigenvalues{

λ
2k }.

D
efine

the
M
arkov

chain
{
u
n }

by
(10).

T
hen

for
any

u
0 ∈
H
,

lim
n→
∞
|û
n
(k

)| 2
=

{
0

|λ
k | 2

<
2e
γ

∞
|λ
k | 2

>
2e
γ

alm
ost

surely

w
here

γ
≈

0
.5

77
is

the
E
uler-M

ascheroni
constant.

In
particular,

if|λ
k | 2

<
2
e
γ
for

all
k
∈

Z
d,

then
every

Fourier
coeffi

cient
of
u
n
tends

to
zero

alm
ost

surely
and

hence
u
n
⇀

0
in
H

alm
ost

surely.

P
roof

F
irst

observe
that

by
the

K
arhunen-Loéve

theorem
,w

e
m
ay

express
ξ
n

+
1 ∼

N
(0,C

)
as

ξ
n

+
1

=
∑k∈

Z
d

λ
k η
n
,k ϕ

k ,
η
n
,k ∼

N
(0,1)

i.i.d.
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D
u
n
lo

p,
G

iro
la

m
i,

S
tu

a
rt

a
n
d

T
eck

en
tru

p

and
so,since{ϕ

k }
is

orthonorm
al,

ξ̂
n

+
1 (k

)
=
λ
k η
n
,k .

T
hen

by
the

property
(11),w

e
see

that
for

each
k
∈
Z
d
and

n
∈
N
,

û
n

+
1 (k

)
=
û
n
(k

)ξ̂
n

+
1 (k

)
=
û
n
(k

)λ
k η
n
,k

(12)

w
here

the
second

equality
is

in
distribution.

T
he

problem
has

now
been

reduced
to

an
independent

fam
ily

of
scalar

problem
s.

W
e
can

w
rite

û
n
(k

)
explicitly

as

û
n
(k

)
=
û

0 (k
)
n
∏j=

1

λ
k η
j,k .

(13)

N
ow

observe
that

|û
n
(k

)| 2
=
|û

0 (k
)| 2

n
∏j=

1 |λ
k | 2|η

j,k | 2

=
|û

0 (k
)| 2

ex
p 

n
·

1n

n
∑j=

1

log (|λ
k | 2|η

j,k | 2 ) 

=
|û

0 (k
)| 2

ex
p 

n
· 

1n

n
∑j=

1

log|η
j,k | 2

+
log|λ

k | 2 

.

(14)

B
y
the

strong
law

oflarge
num

bers,the
scaled

sum
inside

the
exponentialconverges

alm
ost

surely
to

E
(log|η

1
,k | 2).

T
his

can
be

calculated
as

E
(log|η

1
,k | 2)

=
−
γ
−

log
2.

If
the

bracketed
term

inside
the

exponential
in

(14)
is

eventually
negative

alm
ost

surely,
then

the
lim

it
of|u

n
(k

)| 2
w
illbe

zero
alm

ost
surely.

T
his

is
guaranteed

w
hen
−
γ
−

log
2

+
log|λ

k | 2
<

0,i.e.|λ
k | 2

<
2
e
γ.

Sim
ilarly

w
e
get

divergence
ifthe

bracketed
term

is
eventually

positive,w
hich

happens
w
hen
|λ
k | 2

>
2
e
γ.

R
em

ark
17

It
is

interesting
to

note
that

w
e
m
ay

take
expectations

in
(12)

to
establish

that

E|û
n
(k

)| 2
=
|û

0 (k
)| 2|λ

k | 2
n

and
so

lim
n→
∞
E|û

n
(k

)| 2
=

{
0

|λ
k | 2

<
1

∞
|λ
k | 2

>
1
.

In
particular,

if|λ
k | 2∈

(1,2
e
γ),

then
|û
n
(k

)| 2
converges

to
zero

alm
ost

surely,
but

diverges
in

m
ean

square.
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H
o
w

D
ee

p
A

r
e

D
ee

p
G

au
ss

ia
n

P
ro

ce
ss

es
?

V
ia

a
sl
ig
ht

m
od

ifi
ca
ti
on

of
th
e
ab

ov
e
pr
oo

ft
o
ac
co
un

t
fo
r
di
ffe

re
nt

bo
un

da
ry

co
nd

it
io
ns
,

w
e
ha

ve
th
e
fo
llo

w
in
g
re
su
lt
.

C
or

ol
la

ry
18

Le
t
D

=
(0
,1

)
an

d
le
t
{u

n
}
be

de
fin

ed
by

th
e
it
er
at
io
n
(1
0)
,
w
he
re

ea
ch
ξ n

+
1

is
a
B
ro
w
ni
an

br
id
ge
.
T
he
n
u
n
⇀

0
al
m
os
t
su
re
ly
.

P
ro

of
T
he

B
ro
w
ni
an

br
id
ge

on
[0
,1

]
ha

s
co
va
ri
an

ce
op

er
at
or

(−
4

)−
1
,w

he
re

D
(−
4

)
=
{u
∈
H

2 p
er

([
0,

1]
)
|u

(0
)

=
u

(1
)

=
0}
.

T
he

re
su
lt

of
T
he

or
em

16
ca
nn

ot
be

ap
pl
ie
d
di
re
ct
ly
,s

in
ce

th
e
ba

si
s
fu
nc

ti
on

s
{ϕ

k
}
do

no
t

sa
ti
sf
y
th
e
bo

un
da

ry
co
nd

it
io
ns
.
T
he

ei
ge
nf
un

ct
io
ns

w
it
h
th
e
co
rr
ec
t
bo

un
da

ry
co
nd

it
io
ns

ar
e
gi
ve
n
by

ψ
j
(x

)
=
√

2
si

n
(j
π
x

)
=

1 √
2
i( ϕ

j
(x

)
−
ϕ
−
j
(x

))
,

j
≥

1

w
it
h
co
rr
es
po

nd
in
g
ei
ge
nv
al
ue

s
α

2 j
=

(π
2
j2

)−
1
.
A

B
ro
w
ni
an

br
id
ge

ξ n
+

1
∼
N

(0
,(
−
4

)−
1
)

ca
n
th
en

be
ex
pr
es
se
d
as

ξ n
+

1
=
∞ ∑ j=

1

α
j
ζ n
,j
ψ
j
,

ζ n
,j
∼
N

(0
,1

)
i.i
.d
.

by
th
e
K
ar
hu

ne
n-
Lo

év
e
th
eo
re
m
.
W
e
ca
lc
ul
at
e

û
n

+
1
(k

)
=
û
n
(k

)ξ̂
n
(k

)

=
û
n
(k

)
∞ ∑ j=

1

α
j
ζ n
,j
〈ϕ

k
,ψ

j
〉

=
û
n
(k

)
∞ ∑ j=

1

α
j
ζ n
,j

1 √
2
i( 〈
ϕ
k
,ϕ

j
〉−
〈ϕ

k
,ϕ
−
j
〉)

=
û
n
(k

)sg
n
(k

)α
|k
|

√
2i

ζ n
,|k
|

=
û
n
(k

)λ
k
η n
,k
,

η n
,k
∼
N

(0
,1

).

W
e
ca
n
no

w
pr
oc
ee
d
as

in
T
he

or
em

16
to

de
du

ce
th
at
|u
n
(k

)|2
→

0
w
he

ne
ve
r
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e
te
ns
or

pr
od

uc
t
of

th
e
on

e-
di
m
en

si
on

al
po

in
ts
x

1 i
=

i−
1

1
5
0
,

fo
r
i

=
1,
..
.,

15
1
,a

nd
th
e
sa
m
e
eff

ec
ts

ar
e
ob

se
rv
ed

.
F
ig
ur
e
5
sh
ow

s
th
e
tr
ac
e
of

th
e
no

rm
of

a
D
G
P
{u

n
}w

it
h
d

=
1,

al
on

g
w
it
h
th
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ra
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e
ge
ne

ra
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at
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at
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e
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h
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-b
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D
eep
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P
ro

cesses?

u0u1u2u3u4u5u6

Sam
ple

1
Sam

ple
2

Sam
ple

3
Sam

ple
4

F
igure

4:
Four

independent
realizations

ofthe
first

seven
layers

ofa
deep

G
aussian

process,
in

tw
o
spatial

dim
ensions,

using
the

covariance
operator

construction
described

in
subsection

4.2.
E
ach

colum
n
corresponds

to
an

independent
chain,

and
layers

u
0 ,u

1 ,...,u
6
are

show
n
from

top-to-bottom
.
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F
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5:
T
he

trace
of

the
norm

of
u
n
versus

n
for

a
1000

layer
D
G
P
{
u
n }

as
in

F
igure

3.
T
he

thick
black

curve
show

s
the

running
m
ean

of
the

norm
s.

classicalm
achine

learning;
this

broad
perspective

on
the

potentialfor
the

m
ethodology

af-
fects

the
choice

ofalgorithm
s
that

w
e
study

as
w
e
do

not
exploit

any
ofthe

specialstructures
that

arise
in

regression
and

classification.
T
he

deep
G
aussian

processes
discussed

in
the

previous
sections

w
ere

introduced
w
ith

the
idea

of
providing

flexible
prior

distributions
for

inference,
for

exam
ple

in
inverse

problem
s.

T
he

structure
of

such
problem

s
is

as
follow

s.
W
e
have

data
y
∈
R
J
arising

via
the

m
odel

y
=
G

(u
)

+
η

(16)

w
here

η
is

a
realization

of
som

e
additive

noise,
and
G

:
X
→

R
J
is

a
(typically

non-linear)
forw

ard
m
ap.

T
he

m
ap
G
m
ay

involve,for
exam

ple,solution
ofa

partialdifferentialequation
w
hich

takes
function

u
as

input,
or

point
evaluations

of
a
function

u,
regression.

In
this

paper
w
e
w
illfix

X
=
H
N
,w

riting
u

=
(u

0 ,...,u
N
−

1 )∈
X
;our

prior
beliefs

on
u
w
illthen

be
characterized

by
the

first
N

states
ofa

M
arkov

chain
ofa

form
considered

in
the

previous
sections.

N
ote

that
the

m
ap
G
could

incorporate
a
projection

m
ap

ifthe
dependence

is
only

upon
a
single

state
u
N
−

1 ;indeed
this

is
the

canonicalexam
ple—

the
variables

(u
0 ,...,u

N
−

2 )
are

view
ed

as
hyperparam

eters
in

a
prior

on
the

param
eter

u
N
−

1 .

4.2.1
A

lg
o
r
it

h
m

s

W
e
now

turn
to

the
design

ofalgorithm
s
for

the
B
ayesian

inference
problem

s
ofsam

pling
u|y

.
A
s
already

m
entioned

above,w
e
are

typically
only

interested
in

sam
pling

the
deepest

layer
u
N
−

1 |y.
H
ow

ever,due
to

the
hierarchicaldefinition

of
u
N
−

1
given

allthe
com

ponents
of
u,

our
algorithm

s
w
ork

w
ith

the
fullset

of
layers

u.
Since

the
com

ponents
of
u
are

functions,
and

hence
infinite

dim
ensionalobjects

in
general,a

guiding
principle

is
to

design
algorithm

s
w
hich

are
w
ell-defined

on
function

space,
an

approach
to

M
C
M
C

inference
review

ed
by

C
otter

et
al.(2013);the

value
of

this
approach

is
that

it
leads

to
algorithm

s
w
hose

m
ixing

tim
e
is

not
dependent

on
the

num
ber

of
m
esh

points
used

to
represent

the
function

to
be

inferred.
For

sim
plicity

ofexposition
w
e
assum

e
that

the
observationalnoise

η
is
distributed
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(û
n
−

1
))
.
T
he

se
de

ns
it
ie
s
w
ill

de
ca
y
to

ze
ro

as
th
e
di
m
en

-
si
on

K
is

in
cr
ea
se
d,

an
d
th
ei
r
ra
ti
o
w
ill

on
ly

be
w
el
l-d

efi
ne

d
in

th
e
lim

it
if

th
e
m
ea
su
re
s

ar
e
eq
ui
va
le
nt
;
co
ns
eq
ue

nt
ly
,
th
e
M
ar
ko
v
ch
ai
n

w
ill

m
ix

ve
ry

po
or
ly
.

W
or
ki
ng

w
it
h

th
e

29
JM

L
R

 1
9(

54
):

1-
46

, 2
01

8

D
u
n
lo

p,
G

ir
o
la

m
i,

S
tu

a
rt

a
n
d

T
ec

k
en

tr
u
p

A
lg

or
it

h
m

1
N
on

-C
en
tr
ed

A
lg
or
it
hm

1.
F
ix
β

0
,.
..
,β
N
−

1
∈

(0
,1

]
an

d
de

fin
e
B

=
d
ia

g
(β
j
).

C
ho

os
e
in
it
ia
ls

ta
te
ξ(

0
)
∈
X
,a

nd
se
t
u

(0
)

=
T

(ξ
(0

) )
∈
X
.
Se

t
k

=
0.

2.
P
ro
po

se
ξ̂(
k
)

=
(I
−
B

2
)1 2
ξ(
k
)

+
B
ζ

(k
)

j
,

ζ
(k

)
∼
N

(0
,I

).

3.
Se

t
ξ(
k
+

1
)

=
ξ̂(
k
)
w
it
h
pr
ob

ab
ili
ty

α
k

=
m

in
{ 1
,e

x
p
( Φ
( T

(ξ
(k

) );
y
) −

Φ
( T

(ξ̂
(k

) );
y
))
}

;

ot
he

rw
is
e
se
t
ξ(
k
+

1
)

=
ξ(
k
) .

4.
Se

t
k
7→
k

+
1
an

d
go

to
1.

no
n-
ce
nt
re
d
co
or
di
na

te
s
ξ,

th
e
pr
io
r
do

es
no

t
ap

pe
ar

in
th
e
ac
ce
pt
an

ce
pr
ob

ab
ili
ty

an
d
so

th
is

is
su
e
is

ci
rc
um

ve
nt
ed

.
A
no

th
er

ad
va
nt
ag

e
of

us
in
g
th
e
no

n-
ce
nt
re
d
co
or
di
na

te
s
is

th
at

th
er
e
is

no
ne

ed
to

ca
lc
ul
at
e
th
e
(d
iv
er
ge
nt
)
lo
g
de

te
rm

in
an

ts
w
hi
ch

ap
pe

ar
in

th
e
ce
nt
re
d

ac
ce
pt
an

ce
pr
ob

ab
ili
ty
,
av
oi
di
ng

po
te
nt
ia
l
nu

m
er
ic
al

is
su
es
.
T
he

se
is
su
es

ar
e
di
sc
us
se
d
in

gr
ea
te
r
de

pt
h
an

d
ge
ne

ra
lit
y
by

C
he

n
et

al
.
(2
01

8)
.
Fo

r
th
e
re
as
on

s
se
t-
ou

t
in

th
at

pa
pe

r,
in
cl
ud

in
g
th
os
e
ab

ov
e,

w
e
ha

ve
us
ed

on
ly

th
e
no

n-
ce
nt
re
d
al
go

ri
th
m

in
w
ha

t
fo
llo

w
s.

W
he

n
th
e
fo
rw

ar
d
m
od

el
G(
u

)
=
A
u
is

lin
ea
r,

th
e
no

n-
ce
nt
re
d
al
go

ri
th
m

ca
n
be

co
m
bi
ne

d
w
it
h

st
an

da
rd

G
au

ss
ia
n
pr
oc
es
s
re
gr
es
si
on

te
ch
ni
qu

es
vi
a
th
e
id
en
ti
ty

P(
d
u
N
|y

)
=

∫ X
P(

d
u
N
|u
N
−

1
,y

)P
(d
u
N
−

1
|y

).

T
he

di
st
ri
bu

ti
on

P(
d
u
N
|u
N
−

1
,y

)
=
N

(m
y
(u
N
−

1
),
C
y
(u
N
−

1
))

is
G
au

ss
ia
n,

w
he

re
ex
pr
es
si
on

s
fo
r
m
y
,C

y
ar
e
kn

ow
n,

an
d
so

di
re
ct

sa
m
pl
in
g
m
et
ho

ds
ar
e
av
ai
la
bl
e.

O
n
th
e
ot
he
r
ha

nd
,

w
e
ha

ve
th
at

P(
y
|u
N
−

1
)

=
N

(0
,A
C

(u
N
−

1
)A
∗

+
Γ

),
an

d
so

w
e
m
ay

us
e
th
e
no

n-
ce
nt
re
d

al
go

ri
th
m

to
ro
bu

st
ly

sa
m
pl
e
th
e
m
ea
su
re

P(
d
u
N
−

1
|y

)
=

ex
p
(−

Ψ
(u
N
−

1
;y

))
P(

d
u
N
−

1
),

Ψ
(u
N
−

1
;y

)
=

1 2
‖y
‖2 A

C
(u

N
−
1
)A
∗ +

Γ
+

1 2
lo

g
d
et

(A
C

(u
N
−

1
)A
∗

+
Γ

),

af
te
r
re
pa

ra
m
et
ri
zi
ng

in
te
rm

s
of
ξ.

T
hi
s
ap

pr
oa

ch
ca
n
be

vi
ab

le
ev
en

w
he

n
th
e
da

ta
is

pa
rt
ic
ul
ar
ly

in
fo
rm

at
iv
e
so

th
at

Φ
is
ve
ry

si
ng

ul
ar
—
th
is
si
ng

ul
ar
it
y
do

es
no

t
in

ge
ne

ra
lp

as
s

to
Ψ
.
It

is
th
is

ap
pr
oa

ch
th
at

w
e
us
e
fo
r
th
e
si
m
ul
at
io
ns

in
th
e
fo
llo

w
in
g
su
bs
ec
ti
on

s.
A
n

al
te
rn
at
iv
e
ap

pr
oa

ch
no

t
ba

se
d
on

M
C
M
C
w
ou

ld
be

to
us
e
th
e
no

n-
ce
nt
re
d
pa

ra
m
et
er
iz
at
io
n

of
th
e
E
ns
em

bl
e
K
al
m
an

F
ilt
er

(C
ha

da
et

al
.,
20

18
)
w
hi
ch

w
e
ha

ve
su
cc
es
sf
ul
ly

im
pl
em

en
te
d

in
th
e
co
nt
ex
t
of

th
e
de

ep
G
au

ss
ia
n
pr
oc
es
se
s
of

th
is
pa

pe
r,
bu

t
do

no
t
sh
ow

he
re

fo
r
re
as
on

s
of

br
ev
it
y.

4.
3

A
p
p
li
ca

ti
on

to
R

eg
re

ss
io

n

W
e
co
ns
id
er

th
e
ap

pl
ic
at
io
n
of

th
e
no

n-
ce
nt
er
ed

al
go

ri
th
m

de
sc
ri
be

d
ab

ov
e
to

si
m
pl
e
re
gr
es
-

si
on

pr
ob

le
m
s
in

on
e
an

d
tw

o
sp
at
ia
ld

im
en
si
on

s.
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H
o
w

D
eep

A
r
e

D
eep

G
au

ssia
n

P
ro

cesses?

4.3.1
O

n
e-D

im
en

sio
n
a
l

S
im

u
lat

io
n
s

W
e
consider

first
the

case
D

=
(0,1),w

here
the

forw
ard

m
ap

is
given

by
a
num

ber
ofpoint

evaluations:
G
j (u

)
=
u

(x
j )

for
som

e
sequence

{
x
j }
Jj=

1
⊆
D
.
W
e
com

pare
the

quality
of

reconstruction
versus

both
the

num
ber

ofpoint
evaluations

and
the

num
ber

oflevels
in

the
deep

G
aussian

prior.
W
e
use

the
sam

e
param

eters
for

the
fam

ily
ofcovariance

operators
as

in
subsection

4.2.
T
he

base
layer

u
0
is

taken
to

be
G
aussian

w
ith

covariance
of

the
form

(15),w
ith

Γ
(u

)≡
20

2.
T
he

true
unknow

n
field

u
†
is

given
by

the
indicator

function
u
†

=
1

(0
.3
,0
.7

) ,
show

n
in

F
igure

6.
It

is
generated

on
a
m
esh

of
400

points,
and

three
data

sets
are

created
w
herein

it
is

observed
on

uniform
grids

of
J

=
25,

50
and

100
points,and

corrupted
by

w
hite

noise
w
ith

standard
deviation

γ
=

0
.02.

Sam
pling

is
perform

ed
on

a
m
esh

of
200

points
to

avoid
an

inverse
crim

e
(K

aipio
and

Som
ersalo,

2006).
10

6
sam

ples
are

generated
per

chain,
w
ith

the
first

2×
1
0

5
discarded

as
burn-in

w
hen

calculating
m
eans.

T
he

jum
p
param

eters
β
j
are

adaptively
tuned

to
keep

acceptance
rates

close
to

30%
.

In
these

experim
ents

the
deepest

field
is

labelled
as
u
N
,
rather

than
as
u
N
−

1
as

in
the

statem
ent

of
the

algorithm
;
this

is
purely

for
notational

convenience,
of

course.
In

F
igure

7
the

m
eans

of
the

deepest
field

u
N

and
of

the
length-scales

associated
w
ith

each
hidden

layer
are

show
n,that

is,approxim
ations

to
E (u

N )
and

E (F
(u
j )

12 )
for

each
j

=
0,...,N

−
1.

W
e
see

that,
in

all
cases,

the
reconstructions

of
u
†
are

visually
sim

ilar
w
hen

tw
o
or

m
ore

layers
are

used,
and

sim
ilar

length-scale
fields

E (F
(u
N
−

1 )
12 )

are
obtained

in
these

cases.
T
he

sharpness
of

these
length-scale

fields
is

related
to

the
am

ount
of

data.
A
dditionally,

w
hen

N
=

4
and

J
=

100
the

location
of

the
discontinuities

is
visible

in
the

estim
ate

for
E (F

(u
N
−

2 )
12 ),

suggesting
the

higher
quality

data
can

influence
the

process
m
ore

deeply.
W

hen
J

=
5
0
or
J

=
25,

this
layer

does
not

appear
to

be
significantly

inform
ed.

W
hen

a
single

layer
prior

is
used,

the
reconstruction

fails
to

accurately
capture

the
discontinuities.

F
igure

7
also

show
s
bands

of
quantiles

of
the

values
u

(x
)
under

the
posterior,

illustrating
their

distribution;
in

particular
the

lack
of

sym
m
etry

and
disagreem

ent
of

the
m
eans

and
m
edians

show
that

the
posterior

is
clearly

non-G
aussian.

U
ncertainty

increases
both

as
the

num
ber

of
observations

J
and

the
layer

n
in

the
chain

is
increased.

N
ote

in
particular

the
over-confidence

ofthe
shallow

G
aussian

process
posterior:

the
truth

is
not

contained
w
ithin

9
5
%

credible
intervals

in
allcases.

In
T
able

1
w
e
show

the
L

1-errors
betw

een
the

true
field

and
the

posterior
m
eans

aris-
ing

from
the

different
setups.

T
he

errors
decrease

as
the

num
ber

of
observation

points
is

increased,
as

w
ould

be
expected.

A
dditionally,

w
hen

J
=

10
0
and

J
=

50,
the

accuracy
of

the
reconstruction

increases
w
ith

the
num

ber
oflayers,though

the
m
ost

significant
increase

occurs
w
hen

increasing
from

1
to

2
layers.

W
hen

J
=

25,the
error

increases
beyond

2
layers,

suggesting
that

som
e
balance

is
required

betw
een

the
quality

ofthe
data

and
the

flexibility
of

the
prior.

In
F
igure

8
w
e
replace

the
uniform

ly
spaced

observations
w
ith

10
6
random

ly
placed

observations,
to

illustrate
the

effect
of

very
high

quality
data.

W
ith

3
or

4
layers,

m
ore

anisotropic
behavior

is
observed

in
the

length-scale
field.

A
dditionally,

the
layer

u
N
−

2
is

m
uch

m
ore

strongly
inform

ed
than

the
cases

w
ith

few
er

observations,though
the

layer
u
N
−

3

in
the

case
N

=
4
doesnotappearto

be
inform

ed
atall,indicating

a
lim

itation
on

how
deeply

the
process

can
be

influenced
by

data.
T
he

corresponding
errors

are
show

n
in

T
able

1—
as
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D
u
n
lo

p,
G

iro
la

m
i,

S
tu

a
rt

a
n
d

T
eck

en
tru

p

0
0

.1
0

.2
0

.3
0

.4
0

.5
0

.6
0

.7
0

.8
0

.9
1

-0
.5 0

0
.5 1

1
.5

F
igure

6:
T
he

true
field

used
to

generate
the

data
for

the
one-dim

ensionalinverse
problem

.

J
1
layer

2
layers

3
layers

4
layers

100
0.0485

0.0200
0.0198

0.0196

50
0.0568

0.0339
0.0339

0.0337

25
0.0746

0.0658
0.0667

0.0670

10
6

0.0131
0.000145

0.000133
0.000133

T
able

1:
T
he
L

1-errors‖
u
†−

E
(u
N

)‖
L
1
betw

een
the

true
field

and
sam

ple
m
eans

for
the

one-
dim

ensionalsim
ulations

show
n
in

F
igure

7,for
different

num
bers

of
data

points
J

and
layers

N
.
A
lso

show
n
are

the
corresponding

errors
for

the
sim

ulations
show

n
in

F
igure

8

.

in
the

cases
N

=
50
,100,m

ore
layers

increases
the

accuracy
of

the
m
ean,w

ith
dim

inishing
returns

for
each

additionallayer.
N
ote

that
higher

accuracy
could

be
attained

in
the

single
layer

case
by

adjusting
the

constant
length-scale

param
eter.

F
inally,in

F
igure

9,w
e
consider

the
sam

e
experim

ent
as

in
F
igure

7,except
observations

are
lim

ited
to

the
subset

(0,0.5)
of

the
dom

ain.
U
ncertainty

is
naturally

higher
in

the
unobserved

portion
of

the
dom

ain.
U
ncertainty

also
increases

in
the

observed
layer

u
N

as
N

is
increased;

this
could

suggest
that

deep
G
aussian

processes
m
ay

provide
better

generalization
to

unseen
data

than
shallow

G
aussian

processes—
note

that
the

truth
has

m
uch

higher
probability

under
the

posterior
w
ith

4
layers

versus
just

1.

4.3.2
T

w
o
-D

im
en

sio
n
a
l

S
im

u
lat

io
n
s

W
e
now

consider
the

case
D

=
(0,1)

2,
again

w
here

the
forw

ard
m
ap

is
given

by
a
num

ber
ofpoint

evaluations.
W
e
fix

the
num

ber
ofpoint

observations
J

=
2

1
0,on

a
2

5×
2

5
uniform

grid.
W
e
again

com
pare

quality
of

reconstruction
versus

the
num

ber
of

point
evaluations

and
the

num
ber

of
levels

in
the

deep
G
aussian

prior,
and

use
the

sam
e
param

eters
for

the
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H
o
w

D
ee

p
A

r
e

D
ee

p
G

au
ss

ia
n

P
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ce
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?

F
ig
ur
e
7:

E
st
im

at
es

of
po

st
er
io
r
m
ea
ns

(s
ol
id

cu
rv
es
)
an

d
5
−

95
%

qu
an

ti
le
s
(s
ha

de
d
re
gi
on

s)
ar
is
in
g
fr
om

on
e-
di
m
en

si
on

al
in
ve
rs
e
pr
ob

le
m
.
N
um

be
r
of

da
ta

po
in
ts

ta
ke
n
ar
e

J
=

10
0
(t
op

bl
oc
k)
,
J

=
50

(m
id
dl
e
bl
oc
k)
,
J

=
25

(b
ot
to
m

bl
oc
k)
.

Fr
om

le
ft
-t
o
ri
gh

t,
re
su
lt
s
fo
r
u
N
,
F

(u
N
−

1
)1 2
,
F

(u
N
−

2
)1 2
,
F

(u
N
−

3
)1 2

ar
e
sh
ow

n.
Fr
om

to
p-
to
-b
ot
to
m

w
it
hi
n
ea
ch

bl
oc
k,
N

=
4,

3
,2
,1
.
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D
u
n
lo

p,
G

ir
o
la

m
i,

S
tu

a
rt

a
n
d

T
ec

k
en

tr
u
p

F
ig
ur
e
8:

E
st
im

at
es

of
po

st
er
io
r
m
ea
ns

(s
ol
id

cu
rv
es
)
an

d
5
−

95
%

qu
an

ti
le
s
(s
ha

de
d
re
gi
on

s)
ar
is
in
g
fr
om

on
e-
di
m
en

si
on

al
in
ve
rs
e
pr
ob

le
m
,
w
it
h
J

=
10

6
da

ta
po

in
ts
.
Fr
om

le
ft
-t
o
ri
gh

t,
re
su
lt
s
fo
r
u
N
,
F

(u
N
−

1
)1 2
,
F

(u
N
−

2
)1 2
,
F

(u
N
−

3
)1 2

ar
e
sh
ow

n.
Fr
om

to
p-
to
-b
ot
to
m
,N

=
4,

3
,2
,1
.

fa
m
ily

of
co
va
ri
an

ce
op

er
at
or
s
as

in
su
bs
ec
ti
on

4.
2.

T
he

ba
se

la
ye
r
u

0
is
ta
ke
n
to

be
G
au

ss
ia
n

w
it
h
co
va
ri
an

ce
of

th
e
fo
rm

(1
5)
,w

it
h

Γ
(u

)
≡

20
2
.

T
he

tr
ue

un
kn

ow
n
fie

ld
u
†
is

co
ns
tr
uc

te
d
as

a
lin

ea
r
co
m
bi
na

ti
on

of
tr
un

ca
te
d
tr
ig
on

o-
m
et
ri
c
fu
nc

ti
on

s
w
it
h
di
ffe

re
nt

le
ng

th
-s
ca
le
s,
an

d
sh
ow

n
in

F
ig
ur
e
10

al
on

g
w
it
h
it
s
co
nt
ou

rs
.

It
is

gi
ve
n
by

u
† (
x
,y

)
=

co
s(

2π
x

)
co

s(
2π
y
)

+
si

n
(4
π
x

)
si

n
(4
π
y
)1

(1
/
4
,3
/
4
)2

(x
,y

)

+
si

n
(8
π
x

)
si

n
(8
π
y
)1

(1
/
2
,3
/
4
)2

(x
,y

)

+
si

n
(1

6
π
x

)
si

n
(1

6π
y
)1

(1
/
4
,1
/
2
)2

(x
,y

).

It
is
ge
ne

ra
te
d
on

a
un

ifo
rm

sq
ua

re
m
es
h
of

2
1
4
po

in
ts
,a

nd
tw

o
da

ta
se
ts

ar
e
cr
ea
te
d
w
he

re
in

it
is

ob
se
rv
ed

on
un

ifo
rm

sq
ua

re
gr
id

of
J

=
2

1
0
,2

8
po

in
ts
,
an

d
co
rr
up

te
d
by

w
hi
te

no
is
e

w
it
h
st
an

da
rd

de
vi
at
io
n
γ

=
0.

02
.
Sa

m
pl
in
g
is

pe
rf
or
m
ed

on
a
m
es
h
of

2
1
2
po

in
ts

to
ag

ai
n

av
oi
d

an
in
ve
rs
e
cr
im

e.
4
×

10
5
sa
m
pl
es

ar
e
ge
ne

ra
te
d

pe
r
ch
ai
n,

w
it
h

th
e
fir
st

2
×

1
05

di
sc
ar
de

d
as

bu
rn
-in

w
he

n
ca
lc
ul
at
in
g
m
ea
ns
.
A
ga

in
th
e
ju
m
p
pa

ra
m
et
er
s
β
j
ar
e
ad

ap
ti
ve
ly

tu
ne

d
to

ke
ep

ac
ce
pt
an

ce
ra
te
s
cl
os
e
to

30
%
.

In
F
ig
ur
e
11

,a
na

lo
go
us
ly

to
F
ig
ur
e
7,

th
e
m
ea
ns

of
u
N
an

d
of

th
e
le
ng

th
-s
ca
le
s
as
so
ci
at
ed

w
it
h

ea
ch

la
ye
r
ar
e
sh
ow

n,
fo
r
N

=
1
,2
,3
.

W
he

n
J

=
2

1
0
,
re
co
ns
tr
uc

ti
on

s
ar
e
si
m
ila

r,
th
ou

gh
qu

al
it
y
is
ge
ne

ra
lly

pr
op

or
ti
on

al
to

th
e
nu

m
be

r
of

la
ye
rs
.
In

pa
rt
ic
ul
ar

th
e,

eff
ec
t
of

to
o
sh
or
t
a
le
ng

th
-s
ca
le

is
ev
id
en
t
in

th
e
ca
se
N

=
1
,i
n
th
e
re
gi
on

s
w
he
re

th
e
le
ng

th
-s
ca
le

sh
ou

ld
be

la
rg
er
,a

nd
co
nv

er
se
ly

th
e
eff

ec
t
of

to
o
lo
ng

a
le
ng

th
-s
ca
le

is
ev
id
en
t
in

th
e
ca
se
s

N
=

1,
2
in

th
e
re
gi
on

w
he

re
th
e
le
ng

th
-s
ca
le

sh
ou

ld
be

th
e
sh
or
te
st
.
In

th
e
ca
se
s
N

=
2,

3,
th
e
le
ng

th
-s
ca
le

fie
ld
s
E(
F

(u
N
−

1
)1 2

)
ar
e
si
m
ila

r,
th
ou

gh
in

th
e
ca
se
N

=
3
m
or
e
ac
cu

ra
te
ly

ca
pt
ur
es

th
e
tr
ue

le
ng

th
-s
ca
le
s.

W
he

n
J

=
28

th
e
re
co
ns
tr
uc

ti
on

s
ar
e
ag
ai
n
si
m
ila

r,
th
ou

gh
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F
igure

9:
E
stim

ates
ofposterior

m
eans

(solid
curves)

and
5−

95%
quantiles

(shaded
regions)

arising
from

one-dim
ensional

inverse
problem

.
N
um

ber
of

data
points

taken
are

J
=

100
(top

block),
J

=
25

(bottom
block).

From
left-to

right,
results

for
u
N
,

F
(u
N
−

1 )
12,
F

(u
N
−

2 )
12,
F

(u
N
−

3 )
12
are

show
n.

From
top-to-bottom

w
ithin

each
block,

N
=

4,3,2,1.
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D
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p
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.5

0
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.4

0
.6

0
.8

1

0
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0.6

0.8
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0.1

0.2

0.3
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0.5

0.6

0.7

0.8

0.9 1

F
igure

10:
T
he

true
field

used
to

generate
the

data
for

the
tw

o-dim
ensionalinverse

problem
.

J
1
layer

2
layers

3
layers

2
1
0

0.0856
0.0813

0.0681

2
8

0.1310
0.1260

0.1279

T
able

2:
T
he
L

2-errors‖
u
†−

E
(u
N

)‖
L
2
betw

een
the

true
field

and
sam

ple
m
eans

for
the

tw
o-

dim
ensional

sim
ulations

show
n
in

F
igure

11,
for

different
num

bers
of

data
points

J
and

layers
N
.

there
is

now
less

accuracy
in

the
shapes

of
the

contours.
In

particular,
the

effect
of

too
short

a
length-scale

is
especially

evident
in

the
case

N
=

1.
T
he

values
ofthe

reconstructed
fields

in
the

area
of

shortest
length-scale

are
inaccurate

in
all

cases—
the

positions
of

the
observation

points
m
eant

that
the

actualvalues
ofthe

peaks
w
ere

not
reflected

in
the

data.
T
he

fields
E (F

(u
N
−

1 )
12 )

have
sim

ilar
structure

to
the

case
J

=
2

1
0,though

less
accurately

represent
the

true
length

scales.
T
he

L
2-errors

betw
een

the
m
eans

and
the

truth
are

show
n

in
T
able

2

5.
C

on
clu

sion
s,

D
iscu

ssion
,
an

d
A

ction
ab

le
A

d
vice

In
this

section
w
e
provide

an
overview

of
the

advantages
and

disadvantages
of

each
of

the
four

different
D
G
P
constructions

considered
in

the
paper,and

sum
m
arize

actionable
advice

that
can

be
taken

from
the

theoreticaland
num

ericalresults
that

have
been

presented.
W
e

then
outline

a
num

ber
of

directions
that

w
ould

be
interesting

for
future

study.
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F
ig
ur
e
11

:
E
st
im

at
es

of
po

st
er
io
r
m
ea
ns

ar
is
in
g

fr
om

tw
o-
di
m
en

si
on

al
in
ve
rs
e
pr
ob

le
m
.

(T
op

bl
oc
k)

J
=

2
1
0
,
(B

ot
to
m

bl
oc
k)

J
=

2
8
.

Fr
om

le
ft
-t
o

ri
gh

t,
E(
u
N

) ,
E(
F

(u
N
−

1
)1 2

) ,
E(
F

(u
N
−

2
)1 2

) .
Fr
om

to
p-
to
-b
ot
to
m

w
it
hi
n

ea
ch

bl
oc
k,

N
=

3
,2
,1
.
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D
u
n
lo

p,
G

ir
o
la

m
i,

S
tu

a
rt

a
n
d

T
ec

k
en

tr
u
p

5.
1

C
om

p
ar

is
on

of
D

ee
p

G
P

C
on

st
ru

ct
io

n
s

W
e
ha

ve
co
ns
id
er
ed

fo
ur

di
ffe

re
nt

co
ns
tr
uc

ti
on

s
of

de
ep

G
P
s
an

d
w
e
no

w
di
sc
us
s
th
ei
r
re
la
-

ti
ve

m
er
it
s.

W
e
al
so

co
ns
id
er

th
e
co
nt
ex
t
of

va
ri
at
io
na

li
nf
er
en

ce
w
hi
ch

is
po

pu
la
r
in

m
ac
hi
ne

le
ar
ni
ng

pr
im

ar
ily

be
ca
us
e
of

it
s
tr
ac
ta
bi
lit
y.

W
e
em

ph
as
iz
e
ho

w
ev
er

th
at

it
fo
rm

s
an

un
co
n-

tr
ol
le
d
ap

pr
ox
im

at
io
n
of

th
e
tr
ue

po
st
er
io
r
di
st
ri
bu

ti
on

an
d
m
ay

fa
il
to

ad
eq
ua

te
ly

re
pr
es
en
t

th
e
po

st
er
io
r
di
st
ri
bu

ti
on

,a
nd

un
ce
rt
ai
nt
y
in

pa
rt
ic
ul
ar
.

T
he

co
m

p
os

it
io

n
co
ns
tr
uc

ti
on

is
th
e
cl
as
si
ca
l
co
ns
tr
uc
ti
on

in
tr
od

uc
ed

by
D
am

ia
no

u
an

d
La

w
re
nc

e
(2
01

3)
,
bu

ild
in
g
a
hi
er
ar
ch
y
of

la
ye
rs

us
in
g
a
st
at
io
na

ry
co
va
ri
an

ce
fu
nc

ti
on

an
d
co
m
po

si
ti
on

.
It

ha
s
re
ce
iv
ed

th
e
m
os
t
st
ud

y,
an

d
m
et
ho

ds
fo
r
va
ri
at
io
na

li
nf
er
en
ce

ha
ve

al
re
ad

y
be

en
es
ta
bl
is
he

d.
It

ha
s
th
e
ad

va
nt
ag

e
of

sc
al
in
g
w
el
lw

it
h
re
sp
ec
t
to

da
ta

di
m
en

si
on

d
,h

ow
ev
er

ac
cu

ra
te

sa
m
pl
in
g
m
et
ho

ds
su
ch

as
M
C
M
C

ar
e
in
tr
ac
ta
bl
e
fo
r
la
rg
e
nu

m
be

rs
of

da
ta

po
in
ts
,
du

e
to

th
e
re
qu

ir
em

en
t
to

co
ns
tr
uc

t
an

d
fa
ct
or

de
ns
e
co
va
ri
an

ce
m
at
ri
ce
s
at

ev
er
y
st
ep

.
T
he

co
va

ri
an

ce
fu

n
ct

io
n

co
ns
tr
uc

ti
on

bu
ild

s
th
e
hi
er
ar
ch
y
us
in
g
a
st
at
io
na

ry
co
va
ri
-

an
ce

fu
nc

ti
on

,
an

d
it
er
at
iv
el
y
m
od

ify
in
g
it
s
as
so
ci
at
ed

le
ng

th
sc
al
e.

It
ha

s
th
e
ad

va
nt
ag

e
th
at

ea
ch

la
ye
r
ca
n
be

re
ad

ily
in
te
rp
re
te
d
as

th
e
an

is
ot
ro
pi
c
le
ng

th
-s
ca
le
fie

ld
of

th
e
fo
llo

w
in
g

la
ye
r.

It
s
sc
al
in
g
pr
op

er
ti
es

ar
e
si
m
ila

r
to

th
os
e
of

th
e
co
m
po

si
ti
on

co
ns
tr
uc
ti
on

,
ho

w
ev
er

va
ri
at
io
na

li
nf
er
en

ce
m
et
ho

ds
fo
r
th
is

co
ns
tr
uc

ti
on

ha
ve

no
t
ye
t
be

en
st
ud

ie
d.

T
he

co
va

ri
an

ce
op

er
at

or
co
ns
tr
uc

ti
on

bu
ild

s
th
e
hi
er
ar
ch
y
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g
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SP
D
E
re
pr
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en
ta
-
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of
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at
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na
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M
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n
fie
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d
ag
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y
m
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r
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w
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m
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r
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e.

A
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at
e
sa
m
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vi
a
M
C
M
C

m
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ho
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ac
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bl
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w
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h

th
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uc

ti
on

,
du

e
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e
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w

co
st

of
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an
d

st
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g
th
e
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ve
rs
e
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va
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an

ce
(p
re
ci
si
on

)
m
at
ri
x.

In
fe
re
nc

e
w
he

n
d
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la
rg
e
ap

pe
ar
s
to

be
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tr
ac
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bl
e
at

pr
es
en
t,

du
e
to

th
e
re
qu

ir
em
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t
of

de
ns
e
m
es
he

s
fo
r
P
D
E

so
lv
er
s.

F
in
al
ly
,
th
e

co
nv
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u
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e
hi
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nv
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of

G
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ss
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nd

om
fie

ld
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It
ha
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ad

va
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ag

e
of

be
in
g
am

en
ab

le
to

an
al
ys
is
,
ho

w
ev
er

th
e

re
su
lt
s
of

th
is
an

al
ys
is
in
di
ca
te

th
at

it
w
ou

ld
lik

el
y
be

a
po

or
co
ns
tr
uc

ti
on

to
us
e
fo
r
in
fe
re
nc

e
du

e
to

tr
iv
ia
lb

eh
av
io
ur

fo
r
la
rg
e
de
pt
h.

T
o
su
m
m
ar
iz
e
th
e
nu

m
er
ic
al

re
su
lt
s
on

ill
us
tr
at
iv
e
re
gr
es
si
on

pr
ob

le
m
s
fr
om

th
e
pr
ev
io
us

se
ct
io
n,

if
th
e
da

ta
is

hi
gh

qu
al
it
y,

a
sm

al
l
nu

m
be

r
of

la
ye
rs

in
th
e
D
G
P

w
ill

be
su
ffi
ci
en
t

as
th
e
pr
ob

le
m

be
co
m
es

cl
os
er

to
in
te
rp
ol
at
io
n.

C
on

ve
rs
el
y,

if
th
e
da

ta
is

lo
w

qu
al
it
y
th
e

lik
el
ih
oo

d
is
no

t
st
ro
ng

en
ou

gh
to

in
fo
rm

de
ep

er
la
ye
rs

in
th
e
D
G
P,

an
d
so

a
sm

al
ln

um
be

r
of

la
ye
rs

is
ag

ai
n
su
ffi
ci
en
t.

A
s
a
co
ns
eq
ue

nc
e,

w
he

n
th
e
da

ta
lie

s
be

tw
ee
n
th
es
e
tw

o
ca
se
s,
an

d
th
e
tr
ut
h
ha

s
su
ffi
ci
en
tl
y
ri
ch

st
ru
ct
ur
e,

th
e
us
e
of

de
ep

er
pr
oc
es
se
s
m
ay

be
ad

va
nt
ag

eo
us
,

bu
t
ca
re

is
re
qu

ir
ed

to
lim

it
th
e
nu

m
be

r
of

la
ye
rs

em
pl
oy
ed
.

5.
2

S
u
m

m
ar

y
an

d
Fu

tu
re

W
or

k

T
he

re
ar
e
a
nu

m
be

r
of

in
te
re
st
in
g
w
ay
s
in

w
hi
ch

th
is

w
or
k
m
ay

be
ge
ne

ra
liz

ed
.

W
it
hi
n

th
e
co
nt
ex
t
of

co
va
ri
an

ce
op

er
at
or
s
it
is
of

in
te
re
st

to
co
ns
tr
uc
t
co
va
ri
an

ce
s
C

(u
)
w
hi
ch

ar
e

de
fin

ed
as
L
−
α
w
it
h
L

be
in
g
th
e
di
ve
rg
en

ce
fo
rm

el
lip

ti
c
op

er
at
or

L
u

=
−
∇
·(
F

(u
)∇
u
) .
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Such
a
construction

allow
s
for

the
conditional

distributions
of

the
layers

to
be

view
ed

as
stationary

on
deform

ed
spaces

(Lindgren
et

al.,2011,§3.4),or
to

incorporate
anisotropy

in
specific

directions
(R

oininen
et

al.,
2014,

§3.1).
Sim

ilar
notions

of
anisotropy

in
different

directions
can

be
incorporated

into
the

covariance
function

form
ulation

by
choosing

the
length

scale
Σ

(z
)
different

to
a
m
ultiple

of
the

identity
m
atrix.

A
dditionally,

w
e
could

consider
a
non-zero

m
ean

in
the

iteration
(G

P
),

as
considered

by
D
uvenaud

et
al.

(2014);
Salim

beniand
D
eisenroth

(2017),allow
ing

for
forcing

ofthe
system

.
For

exam
ple,w

ith
the

choice
m

(u
n
)

=
u
n
and

a
rescaling

of
the

covariance,w
e
obtain

the
R
esN

et-type
iteration

u
n

+
1

=
u
n

+
√
4
tL

(u
n
)ξ
n

+
1 .

T
his

m
ay

be
view

ed
as

a
discretization

ofthe
continuous-tim

e
stochastic

differentialequation

d
u

=
L

(u
)L

(u
) >

d
W
,

analogously
to

w
hat

has
been

considered
for

neuralnetw
orks

(H
aber

and
R
uthotto,2017).

Study
ofthese

system
s
could

be
insightful,for

exam
ple

deriving
conditions

to
ensure

a
lack

of
ergodicity

and
hence

arbitrary
depth.

A
s
before>

denotes
the

adjoint
operation.

A
nd

finally
it

is
possible

to
consider

processes
outside

the
four

categories
considered

here;
for

exam
ple

the
one-step

transition
from

u
n
to
u
n

+
1
m
ight

be
defined

via
stochastic

integration
against

i.i.d.
B
row

nian
m
otions.

W
e
have

show
n
how

a
num

ber
ofideas

in
the

literature
m
ay

be
recursed

to
produce

deep
G
aussian

processes,different
from

those
introduced

by
D
am

ianou
and

Law
rence

(2013).
W
e

have
studied

the
effective

depth
ofthese

processes,either
through

dem
onstrating

ergodicity,
or

through
show

ing
convergence

to
a
trivialsolution

(such
as

0
or∞

).
T
ogether

these
results

dem
onstrate

that,
as

also
show

n
by

D
uvenaud

et
al.

(2014)
for

the
original

construction
of

deep
G
aussian

processes,
care

is
needed

in
order

to
design

processes
w
ith

significant
depth.

N
onetheless,

even
a
few

layers
can

be
useful

for
inference

purposes,
and

w
e
have

dem
onstrated

this
also.

It
is
an

interesting
question

to
ask

precisely
how

the
approxim

ation
pow

er
and

effective
depth

are
affected

by
the

num
ber

of
layers

of
the

process,
both

in
the

non-ergodic
case,and

in
the

ergodic
case

before
stationarity

has
been

reached.
W
e
also

em
phasize

that
the

analysis
in

the
paper

is
based

solely
on

the
deep

G
aussian

process
u
n ,

and
not

the
conditioned

process
u
n |y

in
the

inference
problem

w
ith

observed
data

y.
T
he

ergodicity
properties

of
u
n
do

not
directly

carry
over

to
u
n |y.

A
s
w
e
have

seen
in

the
num

erical
experim

ents,
the

num
ber

of
layers

required
in

the
inference

problem
in

practice
depends

on
the

inform
ation

content
in

the
observed

data
y,and

the
analysis

in
this

paper
does

not
fully

answ
er

the
question

as
to

how
m
any.

T
he

results
in

this
paper

do
show

,
how

ever,
that

in
the

case
of

ergodic
constructions,

the
expressive

pow
er

of
the

prior
distribution

in
the

inference
problem

does
not

increase
past

a
certain

num
ber

oflayers.
T
his

provides
som

e
justification

for
using

only
a
m
oderate

num
ber

of
layers

in
a
deep

G
aussian

process
prior

in
inference

problem
s.

T
here

are
interesting

approxim
ation

theory
questions

around
deep

processes,
such

as
those

identified
in

the
contextofneuralnetw

orksby
P
inkus(1999).

T
here

are
also

interesting
questions

around
the

use
of

these
deep

processes
for

inversion;
in

particular
it

seem
s
hard

to
get

significant
value

from
using

depth
of

m
ore

than
tw

o
or

three
layers

for
noisy

inverse
problem

s.
O
n

the
algorithm

ic
side

the
issue

of
effi

ciently
sam

pling
these

deep
processes
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D
u
n
lo

p,
G

iro
la

m
i,

S
tu

a
rt

a
n
d

T
eck

en
tru

p

(even
over

only
tw

o
layers),

w
hen

conditioned
on

possibly
nonlinear

observations
rem

ains
open.

W
e
have

used
non-centred

param
eterizations

because
these

m
ay

be
sam

pled
using

function-space
M
C
M
C

(C
otter

et
al.,

2013;
C
hen

et
al.,

2018);
but

centred
m
ethods,

or
m
ixtures,m

ay
be

desirable
for

som
e
applications.
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A
.

P
roofs

for
S
ection

2

P
roof

of
P

rop
osition

1
T
he

stationary
kernel

ρ
S
is

positive
definite

by
A
ssum

ption
1,

and
so

by
(W

endland,2004,T
heorem

7.14),w
e
have

ρ
S (r)

=

∫
∞0

ex
p
(−
r

2t)
d
ν

(t)
for

all
r∈

[0,∞
),

for
a
finite,non-negative

B
orelm

easure
ν
on

[0,∞
)
that

is
not

concentrated
at

0
(i.e.

it
is

not
a
m
ultiple

of
the

D
irac

m
easure

centred
at

0).
For

any
x
∈

R
d
and

t∈
[0,∞

),
let

us
now

define
the

m
atrix

Σ̃
t (x

)
:=

(4
t) −

1Σ
(x

)
and

the
functions

K
x
,t (z

)
=

1

(2π
)
d
/
2|Σ̃

t (x
)| 1

/
2

ex
p (
−

12
(x
−
z
)
T

Σ̃
t (x

) −
1(x
−
z
) )
.

H
ere
|·|

denotes
determ

inant
and

so
the

preceding
is

sim
ply

an
expression

for
a
norm

al
density

w
ith

m
ean

x
and

covariance
m
atrix

Σ̃
t (x

)
w
hen

t
>

0;
at
t

=
0,

w
e
sim

ply
have

K
x
,t (z

)
=

0,for
all

x
,z
∈
R
d.

T
hen

ρ
(x
,x
′)
is

given
by

2
d2|Σ

(x
)|

14|Σ
(x
′)|

14

|Σ
(x

)
+

Σ
(x
′)|

12

ρ
S (√

Q
(x
,x
′) )

=
2

d2|Σ
(x

)|
14|Σ

(x
′)|

14

|Σ
(x

)
+

Σ
(x
′)|

12

∫
∞0

ex
p (−

tQ
(x
,x
′) )

d
ν

(t)

=
2

d2|Σ
(x

)|
14|Σ

(x
′)|

14

|Σ
(x

)
+

Σ
(x
′)|

12

∫
∞0

ex
p (
−
t(x
−
x
′)
T

(
Σ

(x
)

+
Σ

(x
′)

2

)
−

1

(x
−
x
′) )

d
ν

(t)

=
2

d2 ∫
∞0

|Σ̃
t (x

)|
14|Σ̃

t (x
′)|

14

|Σ̃
t (x

)
+

Σ̃
t (x
′)|

12

ex
p (
−

12
(x
−
x
′)
T
(

Σ̃
t (x

)
+

Σ̃
t (x
′) )
−

1
(x
−
x
′) )

d
ν

(t)

=
(2π

)
d22

d2 ∫
∞0
|Σ̃
t (x

)|
14|Σ̃

t (x
′)|

14 ∫

R
d

K
x
,t (z

)K
x
′,t (z

)
d
z

d
ν

(t),

w
here

in
the

last
step,w

e
have

used
the

fact
that

the
convolution

∫R
d
K
x
,t (z

)K
x
′,t (z

)
d
z
can

be
calculated

explicitly
using

properties
of

norm
al

random
variables.

M
ore

precisely,
w
e
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H
o
w

D
ee

p
A

r
e

D
ee

p
G

au
ss

ia
n

P
ro

ce
ss

es
?

ha
ve

∫ R
d

K
x
,t
(z

)K
x
′ ,
t(
z
)

d
z

=

∫ R
d

p
X

(z
−
x

)p
X
′ (
z
)

d
z

=

∫ R
d

p
X
,X
′ (
z
−
x
,z

)
d
z
,

w
he

re
p
X

is
th
e
de

ns
it
y
of
X
∼
N

(0
,Σ̃

t(
x

))
,p

X
′
is
th
e
de

ns
it
y
of
X
′ ∼

N
(x
′ ,

Σ̃
t(
x
′ )

)
an

d
X

an
d
X
′
ar
e
in
de

pe
nd

en
t.

T
he

ch
an

ge
of

va
ri
ab

le
fr
om

X
,X
′
to
W
,X
′ ,
w
he

re
W

=
X
′ −

X
,

ha
s
Ja

co
bi
an

1,
an

d
so

∫ R
d

p
X
,X
′ (
z
−
x
,z

)
d
z

=

∫ R
d

p
W
,X
′ (
z
−

(z
−
x

),
z
)

d
z

=

∫ R
d

p
W
,X
′ (
x
,z

)
d
z

=
p
W

(x
).

Si
nc

e
W

=
X
′ −

X
∼
N

(x
′ ,

Σ̃
t(
x

)
+

Σ̃
t(
x
′ )

),
w
e
he

nc
e
ha

ve
∫ R

d

K
x
,t
(z

)K
x
′ ,
t(
z
)

d
z

=
1

(2
π

)d 2
|Σ̃
t(
x

)
+

Σ̃
t(
x
′ )
|1 2

ex
p

(
−

1 2
(x
−
x
′ )
T
( Σ̃

t(
x

)
+

Σ̃
t(
x
′ )
) −

1
(x
−
x
′ )
) ,

as
re
qu

ir
ed

.
N
ow

,f
or

an
y
b
∈
R
N

an
d
pa

ir
w
is
e
di
st
in
ct
{x

i}
N i=

1
,w

e
th
en

ha
ve

N ∑ i=
1

N ∑ j=
1

b i
b j
ρ
(x
i,
x
j
)

=
(2
π

)d 2
2

d 2

N ∑ i=
1

N ∑ j=
1

b i
b j

∫
∞

0

∫ R
d

|Σ̃
t(
x
i)
|1 4
K
x
i
,t
(z

)|Σ̃
t(
x
j
)|

1 4
K
x
j
,t
(z

)
d
z

d
ν

(t
)

=
(2
π

)d 2
2

d 2

∫
∞

0

∫ R
d

(
N ∑ i=

1

b i
|Σ̃
t(
x
i)
|1 4
K
x
i
,t
(z

))
2

d
z

d
ν

(t
)

≥
0
,

si
nc

e
th
e
B
or
el
m
ea
su
re
ν
is
fin

it
e
an

d
no

n-
ne

ga
ti
ve
.
It

re
m
ai
ns

to
sh
ow

th
at

st
ri
ct

in
eq
ua

lit
y

al
so

ho
ld
s.

F
ir
st
ly
,
w
e
no

te
th
at
|Σ̃

0
(x
i)
|1 4
K
x
i
,0

(z
)

=
0
,
fo
r
al
l
x
i,
z
∈

R
d
,
w
hi
ch

m
ea
ns

th
at

th
e

in
te
gr
an

d
w
it
h
re
sp
ec
t
to

t
is

id
en
ti
ca
lly

eq
ua

l
to

ze
ro

at
t

=
0.

Se
co
nd

ly
,
w
e
no

te
th
at

th
e
po

in
ts
{x

i}
N i=

1
ar
e
pa

ir
w
is
e
di
st
in
ct

an
d
th
e
fu
nc

ti
on

s
{|

Σ̃
t(
x
i)
|1 4
K
x
i
,t
(·)
}N i=

1
ar
e
he

nc
e

lin
ea
rl
y
in
de

pe
nd

en
t
fo
r
an

y
t
∈

(0
,∞

).
It

is
th
us

im
po

ss
ib
le

to
m
ak
e
th
e
in
te
gr
an

d
w
it
h

re
sp
ec
t
to
z
id
en
ti
ca
lly

eq
ua

lt
o

0
fo
r
a.
e.
z
∈
R
d
.
A
s
a
co
ns
eq
ue
nc

e
th
e
in
te
gr
an

d
w
it
h
re
-

sp
ec
t
to
t
is
po

si
ti
ve

fo
r
al
lt
∈

(0
,∞

).
Si
nc
e
w
e
kn

ow
th
at

th
e
m
ea
su
re
ν
is
no

t
co
nc

en
tr
at
ed

at
0
th
is

co
m
pl
et
es

th
e
pr
oo

f
th
at
ρ
is

po
si
ti
ve

de
fin

it
e
on

R
d
×

R
d
,f
or

an
y
d
∈
N
.

F
in
al
ly
,w

e
no

te
th
at

th
e
ke
rn
el
ρ
is
cl
ea
rl
y
no

n-
st
at
io
na

ry
,a

nd
is
a
co
rr
el
at
io
n
fu
nc

ti
on

si
nc

e
ρ
(x
,x

)
=

1,
fo
r
an

y
x
∈
R
d
.

P
ro

of
of

P
ro

p
os

it
io

n
2

W
e
no

te
th
at

th
e
de

fin
it
io
n
of

po
si
ti
ve

de
fin

it
e
in

A
ss
um

pt
io
ns

1(
i)
re
fe
rs

on
ly

to
be

ha
vi
ou

r
of

th
e
ke
rn
el

on
a
fin

it
e
se
t
of

pa
ir
w
is
e
di
st
in
ct

po
in
ts
{x

i}
N i=

1
.

B
y
A
ss
um

pt
io
n
2(
i)
,t
he

fu
nc

ti
on

G
is
no

n-
ne

ga
ti
ve

an
d
bo

un
de

d.
If
G

(z
)
>

0
fo
r
al
lz
∈
R
d
,
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D
u
n
lo

p,
G

ir
o
la

m
i,

S
tu

a
rt

a
n
d

T
ec

k
en

tr
u
p

th
en

th
e
m
at
ri
x

Σ
(z

)
is

po
si
ti
ve

de
fin

it
e
fo
r
al
l
z
∈

R
d
,
an

d
th
e
fa
ct

th
at
ρ
(·,
·)

is
po

si
ti
ve

de
fin

it
e
fo
llo

w
s
di
re
ct
ly

fr
om

P
ro
po

si
ti
on

1.
It

re
m
ai
ns

to
in
ve
st
ig
at
e
th
e
ca
se

w
he
re
G

(z
)

=
0
fo
r
so
m
e
z
∈

R
d
.

W
e
w
ill

pr
ov
e

th
at
ρ
(·,
·)
is
po

si
ti
ve

de
fin

it
e
by

sh
ow

in
g
th
at

th
e
co
rr
el
at
io
n
m
at
ri
x

R
,w

it
h
en
tr
ie
s

R
ij

=
ρ
(x
i,
x
j
),
is
po

si
ti
ve

de
fin

it
e
fo
r
an

y
pa

ir
w
is
e
di
sj
oi
nt

po
in
ts
{x

i}
N i=

1
.
W

it
ho

ut
lo
ss

of
ge
ne
r-

al
it
y,

w
e
w
ill

st
ud

y
th
e
ca
se
G

(x
1
)

=
0
;t
he

pr
oo

fe
as
ily

ad
ap

ts
to

th
e
ca
se

w
he

re
G

(x
i)

=
0
,

fo
r
i
6=

1
.
T
o
de

fin
e
ρ
(x

1
,x

j
)
in

th
is

ca
se
,w

e
st
ar
t
by

as
su
m
in
g
G

(x
1
)
>

0
,G

(x
j
)
>

0
,a

nd
th
en

ta
ke

lim
it
s.

W
it
h

Σ
(z

)
=
G

(z
)I
d
,w

e
ha

ve

Q
(x

1
,x

j
)

=
(x

1
−
x
j
)T
(

Σ
(x

1
)

+
Σ

(x
j
)

2

) −
1

(x
1
−
x
j
)

=
2‖
x

1
−
x
j
‖2 2

( G
(x

1
)

+
G

(x
j
)) −

1
,

w
he

re
‖·
‖ 2

is
th
e
E
uc

lid
ea
n
no

rm
,a

nd

2
d 2

d
et

(Σ
(x

1
))

1 4
d
et

(Σ
(x
j
))

1 4

d
et

(Σ
(x

1
)

+
Σ

(x
j
))

1 2

=

(
4
G

(x
1
)G

(x
j
)

( G
(x

1
)

+
G

((
x
j
))

2

)
d 4

.

W
e
no

w
st
ud

y
se
pa

ra
te
ly

th
re
e
ca
se
s:

i)
x
j

=
x

1
:
w
e
ha

ve

li
m

G
(x

1
)→

0

(
4G

(x
1
)G

(x
1
)

( G
(x

1
)

+
G

(x
1
))

2

)
d 4

=
li
m

G
(x

1
)→

0
1

=
1,

(1
8)

an
d
so

us
in
g
th
e
al
ge
br
a
of

lim
it
s,
th
e
co
nt
in
ui
ty

of
ρ

S
,(
18
)a

nd
th
e
fa
ct

th
at
ρ

S
(0

)
=

1
,

w
e
ha

ve
li
m

G
(x

1
)→

0
ρ
(x

1
,x

1
)

=
li
m

G
(x

1
)→

0
ρ

S

( √
Q

(x
1
,x

1
))

=
ρ

S
(0

)
=

1.

ii)
x
j
6=
x

1
an

d
G

(x
j
)
>

0:
w
e
ha

ve

li
m

G
(x

1
)→

0
Q

(x
1
,x

j
)

=
2
‖x

1
−
x
j
‖2 2

( G
(x
j
))
) −

1
,

an
d

li
m

G
(x

1
)→

0

(
4G

(x
1
)G

(x
j
)

( G
(x

1
)

+
G

(x
j
))

2

)
d 4

=
0.

(1
9)

T
hu

s,
us
in
g
th
e
co
nt
in
ui
ty

of
ρ

S
,t
og

et
he

r
w
it
h
(1
9)

an
d
th
e
al
ge
br
a
of

lim
it
s,
w
e
ha

ve

li
m

G
(x

1
)→

0
ρ
(x

1
,x

j
)

=
0
.
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H
o
w

D
eep

A
r
e

D
eep

G
au

ssia
n

P
ro

cesses?

iii)
x
j 6=

x
1 ,G

(x
j )

=
0:

w
e
obtain

lim
G

(x
1
),G

(x
j )→

0
Q

(x
1 ,x

j )
=
∞
,

w
hich

by
A
ssum

ptions
2(ii)

im
plies

that

lim
G

(x
1
),G

(x
j )→

0
ρ

S ( √
Q

(x
1 ,x

j ) )
=

0.

Since
(a

+
b)

2≥
4
a
b
for

any
positive

num
bers

a
and

b,w
e
have

0
≤
(

4G
(x

1 )G
(x
j )

(G
(x

1 )
+
G

((x
j ) )

2 )
d4

≤
1,

for
any

G
(x

1 )
>

0
,G

(x
j )
>

0,and
hence

lim
G

(x
1
),G

(x
j )→

0
ρ
(x

1 ,x
j )

=
0.

H
ence,w

hen
G

(x
i )
>

0,for
i

=
2,...,N

,w
e
have

lim
G

(x
1
)→

0
R

=
R
∗,w

here
the

m
atrix

R
∗
has

the
first

row
and

colum
n
equal

to
the

first
basis

vector
e

1
=

(1
,0
,0
,...,0)∈

R
N
,

and
the

rem
aining

subm
atrix

R
∗N
−

1 ∈
R
N
−

1×
N
−

1
w
ith

entries
ρ
(x
i ,x

j ),for
i,j

=
2
,...,N

.
T
he

m
atrix

R
∗N
−

1
is
positive

definite
by

P
roposition

1,from
w
hich

w
e
can

conclude
that

R
∗

is
positive

definite
also.

A
sim

ilar
argum

ent
holds

w
hen

G
(x
i )

=
0
for

one
or

m
ore

indices
i∈
{2
,...,N

}.
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m
otivate

th
e

startin
g

p
o
in

t
fo

r
th

e
n
ew

ran
d
om

w
alk

s.
In

S
ection

3,
w

e
in

tro
d
u
ce

th
e

n
ew

ra
n
d
om

w
alk

s
an

d
sta

te
b

o
u
n
d
s

o
n

th
eir

rates
of

con
v
ergen

ce
a
n
d

p
rov

id
e

a
sketch

of
th

e
p
ro

of
in

S
ection

3.5.
W

e
d
iscu

ss
th

e
com

p
u
tation

al
com

p
lex

ity
of

th
e

d
iff

eren
t

ra
n
d
om

w
alk

s
an

d
d
em

on
strate

th
e

co
n
tra

st
b

etw
een

th
e

ran
d
om

w
alk

s
for

sev
eral

illu
strative

ex
am

p
les

in
S
ection

4.
W

e
p
resen

t
th

e
p
ro

of
of

th
e

m
ix

in
g

tim
e

for
th

e
V

aid
ya

w
alk

in
S
ection

5
an

d
d
efer

th
e

an
aly

sis
o
f

th
e

J
o
h
n

w
a
lk

to
th

e
ap

p
en

d
ix

.
W

e
con

clu
d
e

w
ith

p
ossib

le
ex

ten
sion

s
of

ou
r

w
ork

in
S
ectio

n
6
.

N
o
ta

tio
n

:
F

o
r

tw
o

seq
u
en

ces
a
δ

an
d
b
δ

in
d
ex

ed
b
y
δ∈

I
⊆

R
,

w
e

say
th

at
a
δ

=
O

(b
δ )

if
th

ere
ex

ists
a

u
n
iversal

con
stan

t
C
>

0
su

ch
th

at
a
δ ≤

C
b
δ

for
all

δ∈
I
.

F
or

a
setK

⊂
R
d,

th
e

sets
in

t
(K

)
an

d
K
c

d
en

ote
th

e
in

terior
an

d
com

p
lem

en
t

ofK
resp

ectively.
W

e
d
en

ote
th

e
b

o
u
n
d
a
ry

o
f

th
e

setK
b
y
∂K

.
T

h
e

E
u
clid

ean
n
orm

of
a

vector
x
∈
R
d

is
d
en

oted
b
y
‖
x‖

2 .
F

o
r

a
n
y

sq
u
a
re

m
atrix

M
,

w
e

u
se

d
et(M

)
an

d
trace(M

)
to

d
en

ote
th

e
d
eterm

in
an

t
an

d
th

e
tra

ce
o
f

th
e

m
a
trix

M
resp

ectively.
F

or
tw

o
d
istrib

u
tion

sP
1

an
d
P

2
d
efi

n
ed

on
th

e
sam

e
p
ro

b
ab

ility
sp

a
ce

(X
,B

(X
)),

th
eir

total-variation
(T

V
)

d
istan

ce
is

d
en

oted
b
y
‖P

1 −
P

2 ‖
T
V

a
n
d

is
d
efi

n
ed

a
s

follow
s

‖P
1 −
P

2 ‖
T
V

=
su

p
A
∈B

(X
) |P

1 (A
)−
P

2 (A
)|.

F
u
rth

erm
o
re

ifP
1

is
ab

solu
tely

con
tin

u
ou

s
w

ith
resp

ect
to
P

2 ,
th

en
th

e
K

u
llb

ack
L

eib
ler

d
iverg

en
ce

fro
m
P

2
to
P

1
is

d
efi

n
ed

as

K
L

(P
1 ‖P

2 )
=

∫X
log (

dP
1

dP
2 )

dP
1 .

2
.

B
a
ck

g
ro

u
n
d

a
n
d

p
ro

b
le

m
se

t-u
p

In
th

is
section

,
w

e
d
escrib

e
gen

eral
M

C
M

C
algorith

m
s

a
n
d

rev
iew

th
e

rates
of

co
n
vergen

ce
o
f

ex
istin

g
ra

n
d
om

w
alk

s
on

con
v
ex

sets.
A

fter
in

tro
d
u
cin

g
sev

era
l

ran
d
o
m

w
alk

s
stu

d
ied

in
p
a
st

w
o
rk

,
w

e
in

tro
d
u
ce

th
e

V
aid

ya
an

d
J
oh

n
w

alk
s

stu
d
ied

in
th

is
p
ap

er.
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C
h
e
n
,
D
w
iv
e
d
i,
W
a
in
w
r
ig
h
t
a
n
d

Y
u

2
.1

M
a
rk

o
v

ch
a
in

s
a
n

d
m

ix
in

g

S
u
p
p

ose
th

at
w

e
are

in
terested

in
d
raw

in
g

sam
p
les

from
a

ta
rget

d
istribu

tio
n
π
∗

su
p
p

orted
on

a
su

b
setX

ofR
d.

A
b
road

class
of

m
eth

o
d
s

are
b
ased

on
fi
rst

con
stru

ctin
g

a
d
iscrete-

tim
e

M
arkov

ch
ain

th
at

is
irred

u
cib

le
an

d
ap

erio
d
ic,

an
d

w
h
ose

station
ary

d
istrib

u
tion

is
eq

u
al

to
π
∗,

an
d

th
en

sim
u
latin

g
th

is
M

arkov
ch

ain
for

a
certain

n
u
m

b
er

of
step

s
k
.

A
s

w
e

d
escrib

e
b

elow
,

th
e

n
u
m

b
er

of
step

s
k

to
b

e
taken

is
d
eterm

in
ed

b
y

a
m

ix
in

g
tim

e
an

aly
sis.

In
th

is
p
ap

er,
w

e
con

sid
er

th
e

class
of

M
arkov

ch
ain

s
th

at
are

of
th

e
M

etro
po

lis-H
a
stin

gs
type

(M
etrop

olis
et

al.,
1953;

H
astin

g
s,

1970);
see

th
e

b
o
ok

s
b
y

R
ob

ert
(2004)

an
d

B
ro

ok
s

et
al.

(2011),
as

w
ell

as
referen

ces
th

erein
,

for
fu

rth
er

b
ack

grou
n
d
.

A
n
y

su
ch

ch
ain

is
sp

ecifi
ed

b
y

an
in

itial
d
en

sity
π

0
over

th
e

setX
,

an
d

a
p
ro

po
sa

l
fu

n
ctio

n
p

:X
×
X
∈
R

+
,

w
h
ere

p
(x
,·)

is
a

d
en

sity
fu

n
ction

for
each

x
∈
X

.
A

t
each

tim
e,

given
a

cu
rren

t
state

x
∈
X

of
th

e
ch

ain
,

th
e

algorith
m

fi
rst

p
rop

oses
a

n
ew

vector
z
∈
X

b
y

sam
p
lin

g
from

th
e

p
rop

osal
d
en

sity
p
(x
,·).

It
th

en
accep

ts
z
∈
X

as
th

e
n
ew

state
of

th
e

M
arkov

ch
ain

w
ith

p
rob

ab
ility

α
(x
,z

)
:=

m
in {

1,
π
∗(z

)p
(z
,x

)

π
∗(x

)p
(x
,z

) }
.

(1)

O
th

erw
ise,

w
ith

p
rob

ab
ility

eq
u
al

to
1−

α
(x
,z

),
th

e
ch

ain
stay

s
at
x

.
T

h
u
s,

th
e

overall
tran

sition
kern

el
p

for
th

e
M

arkov
ch

ain
is

d
efi

n
ed

b
y

th
e

fu
n
ction

q(x
,z

)
:=

p
(x
,z

)α
(x
,z

)
for

z
6=
x

,

an
d

a
p
rob

ab
ility

m
ass

at
x

w
ith

w
eigh

t
1
−
∫X

q(x
,z

)d
z
.

It
sh

ou
ld

b
e

n
oted

th
at

th
e

p
u
rp

ose
of

th
e

M
etrop

olis-H
astin

gs
correction

(1)
is

th
at

en
su

re
th

at
th

e
ta

rget
d
istrib

u
tion

π
∗

satisfi
es

th
e

d
eta

iled
ba

la
n

ced
co

n
d
itio

n
,

m
ean

in
g

th
at

q(y
,x

)π
∗(x

)
=
q(x

,y
)π
∗(y

)
for

all
x
,y
∈
X

.
(2)

It
is

straigh
tforw

ard
to

verify
th

at
th

e
d
etailed

b
a
lan

ce
con

d
ition

(2)
im

p
lies

th
at

th
e

target
d
en

sity
π
∗

is
station

ary
for

th
e

M
arkov

ch
ain

.
T

h
rou

gh
ou

t
th

is
p
ap

er,
w

e
an

aly
ze

th
e

la
zy

versio
n

of
th

e
M

arkov
ch

ain
,

d
efi

n
ed

as
follow

s:
w

h
en

at
state

x
w

ith
p
rob

ab
ility

1
/2

th
e

w
alk

stay
s

at
x

an
d

w
ith

p
rob

ab
ility

1
/2

it
m

akes
a

tra
n
sitio

n
as

p
er

th
e

origin
al

ran
d
om

w
alk

.
G

iven
th

at
th

e
M

arkov
ch

ain
s

d
iscu

ssed
in

th
is

p
a
p

er
are

also
irred

u
cib

le,
th

e
lazin

ess
en

su
res

u
n
iq

u
en

ess
of

th
e

station
ary

d
istrib

u
tio

n
.

O
verall,

th
is

set-u
p

d
efi

n
es

an
op

era
tor
T
p

on
th

e
sp

ace
of

p
rob

ab
ility

d
istrib

u
tion

s:
given

an
in

itial
d
istrib

u
tion

µ
0

w
ith

su
p
p
(µ

0 )⊆
su

p
p
(π
∗),

it
gen

era
tes

a
n
ew

d
istrib

u
tion

T
p (µ

0 ),
corresp

on
d
in

g
to

th
e

d
istrib

u
tion

of
th

e
ch

a
in

at
th

e
n
ex

t
step

.
M

oreover,
for

an
y

p
ositive

in
teger

k
=

1
,2
,...,

th
e

d
istrib

u
tion

µ
k

of
th

e
ch

ain
at

tim
e
k

is
given

b
y
T
kp (µ

0 ),

w
h
ere
T
kp

d
en

otes
th

e
com

p
osition

ofT
p

w
ith

itself
k

tim
es.

F
u
rth

erm
ore,

th
e

tran
sition

d
istrib

u
tion

at
an

y
state

x
is

giv
en

b
y
T
p (δ

x )
w

h
ere

δ
x

d
en

otes
th

e
d
irac-d

elta
d
istrib

u
tion

w
ith

u
n
it

m
ass

at
x

.

G
iven

ou
r

assu
m

p
tion

s
an

d
set-u

p
,

w
e

are
gu

aran
teed

th
at

lim
k→
∞
T
kp (µ

0 )
=
π
∗—

th
at

is,
if

w
e

w
ere

to
ru

n
th

e
ch

ain
for

an
in

fi
n
ite

n
u
m

b
er

of
step

s,
th

en
w

e
w

ou
ld

d
raw

a
sam

p
le

from
th

e
target

d
istrib

u
tion

π
∗.

In
p
ractice,

h
ow

ever,
an

y
algorith

m
w

ill
b

e
ru

n
on

ly
for

a
fi
n
ite

n
u
m

b
er

of
step

s,
w

h
ich

su
ffi

ces
to

en
su

re
on

ly
th

at
th

e
d
istrib

u
tion

fro
m

w
h
ich

th
e

4

JM
L

R
 19(55):1-86, 2018



F
a
st

M
C
M
C

S
a
m
p
l
in
g

A
l
g
o
r
it
h
m
s
o
n
P
o
ly

t
o
p
e
s

sa
m

p
le

h
as

b
ee

n
d
ra

w
n

is
“c

lo
se

”
to

th
e

ta
rg

et
π
∗ .

In
or

d
er

to
q
u
an

ti
fy

th
e

cl
os

en
es

s,
fo

r
a

gi
ve

n
to

le
ra

n
ce

p
ar

am
et

er
δ
∈

(0
,1

),
w

e
d
efi

n
e

th
e
δ-

m
ix

in
g

ti
m

e
as

k
m

ix
(δ

;µ
0
)

:=
m

in
{ k
|‖
T
k p
(µ

0
)
−
π
∗ ‖

T
V
≤
δ}
,

(3
)

co
rr

es
p

on
d
in

g
to

th
e

fi
rs

t
ti

m
e

th
at

th
e

ch
ai

n
’s

d
is

tr
ib

u
ti

on
is

w
it

h
in
δ

in
T

V
n
or

m
of

th
e

ta
rg

et
d
is

tr
ib

u
ti

on
,

gi
v
en

th
at

it
st

ar
ts

w
it

h
d
is

tr
ib

u
ti

on
µ

0
.

In
th

e
an

al
y
si

s
of

M
ar

ko
v

ch
ai

n
s,

it
is

co
n
ve

n
ie

n
t

to
h
av

e
a

ro
u
gh

m
ea

su
re

of
th

e
d
is

ta
n
ce

b
et

w
ee

n
th

e
in

it
ia

l
d
is

tr
ib

u
ti

on
µ

0
an

d
th

e
st

at
io

n
ar

y
d
is

tr
ib

u
ti

on
.

W
ar

m
n
es

s
is

on
e

su
ch

m
ea

su
re

:
F

or
a

fi
n
it

e
sc

al
ar
M

,
th

e
in

it
ia

l
d
is

tr
ib

u
ti

on
µ

0
is

sa
id

to
b

e
M

-w
a
rm

w
it

h
re

sp
ec

t
to

th
e

st
at

io
n
ar

y
d
is

tr
ib

u
ti

on
π
∗

if

su
p
S

(
µ

0
(S

)

π
∗ (
S

))
≤
M
,

(W
ar

m
-S

ta
rt

)

w
h
er

e
th

e
su

p
re

m
u
m

is
ta

k
en

ov
er

al
l

m
ea

su
ra

b
le

se
ts
S

.
A

n
u
m

b
er

of
m

ix
in

g
ti

m
e

gu
ar

-
an

te
es

fr
om

p
as

t
w

or
k

(L
ov

ás
z,

19
99

;
V

em
p
al

a,
20

05
)

ar
e

st
at

ed
in

te
rm

s
of

th
is

n
ot

io
n

of
M

-w
ar

m
n
es

s,
an

d
ou

r
re

su
lt

s
m

ak
e

u
se

of
it

as
w

el
l.

In
p
a
rt

ic
u
la

r,
w

e
p
ro

v
id

e
b

ou
n
d
s

on
th

e
q
u
an

ti
ty

su
p

µ
0
∈P

M
(π
∗ )
k

m
ix

(δ
;µ

0
),

w
h
er

e
P M

(π
∗ )

d
en

ot
es

th
e

se
t

of
al

l
d
is

tr
ib

u
ti

on
s

th
at

ar
e

M
-w

ar
m

w
it

h
re

sp
ec

t
to
π
∗ .

N
at

u
ra

ll
y,

as
th

e
va

lu
e

of
M

d
ec

re
as

es
,

th
e

ta
sk

of
ge

n
er

at
in

g
sa

m
p
le

s
fr

om
th

e
ta

rg
et

d
is

tr
ib

u
ti

o
n

ge
ts

ea
si

er
.

H
ow

ev
er

,
ac

ce
ss

to
a

w
a
rm

-s
ta

rt
m

ay
n
ot

b
e

fe
as

ib
le

fo
r

m
an

y
ap

p
li
ca

ti
on

s
an

d
th

u
s

d
er

iv
in

g
b

ou
n
d
s

on
m

ix
in

g
ti

m
e

of
th

e
M

ar
ko

v
ch

ai
n

fr
om

a
n
on

w
ar

m
-s

ta
rt

is
al

so
d
es

ir
ab

le
.

C
on

se
q
u
en

tl
y,

w
e

p
ro

v
id

e
m

o
d
ifi

ca
ti

on
s

of
ou

r
ra

n
d
om

w
al

k
s

w
h
ic

h
m

ix
in

p
ol

y
n
om

ia
l

ti
m

e
ev

en
fr

om
d
et

er
m

in
is

ti
c

st
ar

ti
n
g

p
o
in

ts
.

2
.2

S
a
m

p
li
n

g
fr

o
m

p
o
ly

to
p

e
s

In
th

is
p
ap

er
,

w
e

co
n
si

d
er

th
e

p
ro

b
le

m
of

d
ra

w
in

g
a

sa
m

p
le

u
n
if

or
m

ly
fr

om
a

p
ol

y
to

p
e.

G
iv

en
a

fu
ll
-r

an
k

m
at

ri
x
A
∈
R
n
×
d

w
it

h
n
≥
d
,

w
e

co
n
si

d
er

a
p

ol
y
to

p
e
K

in
R
d

of
th

e
fo

rm

K
:=
{ x
∈
R
d
|A

x
≤
b}
,

(4
)

w
h
er

e
b
∈

R
n

is
a

fi
x
ed

ve
ct

or
.

S
in

ce
th

e
u
n
if

or
m

d
is

tr
ib

u
ti

on
on

th
e

p
ol

y
to

p
e
K

is
th

e
p
ri

m
ar

y
ta

rg
et

d
is

tr
ib

u
ti

on
co

n
si

d
er

ed
in

th
e

p
ap

er
,

in
th

e
se

q
u
el

w
e

u
se
π
∗

ex
cl

u
si

ve
ly

to
d
en

ot
e

th
e

u
n
if

or
m

d
is

tr
ib

u
ti

on
on

th
e

p
ol

y
to

p
e
K

.
T

h
er

e
ar

e
va

ri
ou

s
al

go
ri

th
m

s
to

sa
m

p
le

a
ve

ct
or

fr
om

th
e

u
n
if

or
m

d
is

tr
ib

u
ti

on
ov

er
K

,
in

cl
u
d
in

g
th

e
b
al

l
w

al
k

(L
ov

ás
z

an
d

S
im

on
ov

it
s,

19
90

)
an

d
h
it

-a
n
d
-r

u
n

al
go

ri
th

m
s

(L
ov

ás
z,

19
99

).
T

o
b

e
cl

ea
r,

th
es

e
tw

o
al

go
ri

th
m

s
ap

p
ly

to
th

e
m

or
e

ge
n
er

al
p
ro

b
le

m
of

sa
m

p
li
n
g

fr
om

a
co

n
ve

x
se

t;
T

ab
le

1
sh

ow
s

th
ei

r
co

m
p
le

x
it

y,
w

h
en

ap
p
li
ed

to
th

e
p

ol
y
to

p
e
K

,
re

la
ti

ve
to

th
e

V
ai

d
ya

w
al

k
an

al
y
ze

d
in

th
is

p
ap

er
.

M
os

t
cl

os
el

y
re

la
te

d
to

ou
r

p
ap

er
is

th
e

D
ik

in
w

al
k

p
ro

p
os

ed
b
y

K
an

n
an

an
d

N
ar

ay
an

an
(2

01
2)

,
an

d
a

m
or

e
ge

n
er

al
ra

n
d
om

w
al

k
on

a
R

ie
m

an
n
ia

n
m

an
if

ol
d

st
u
d
ie

d
b
y

N
ar

ay
an

an
(2

01
6)

.
B

ot
h

of
th

es
e

ra
n
d
om

w
a
lk

s,
as

w
it

h
th

e
V

ai
d
y
a

an
d

J
o
h
n

w
a
lk

s,
ca

n
b

e
v
ie

w
ed

as
ra

n
d
om

iz
ed

ve
rs

io
n
s

of
th

e
in

te
ri

or
p

oi
n
t

m
et

h
o
d
s

u
se

d
to

so
lv

e
li
n
ea

r
p
ro

gr
am

s,
an

d
m

or
e

ge
n
er

al
ly

,
co

n
ve

x
p
ro

gr
am

s
eq

u
ip

p
ed

w
it

h
su

it
ab

le
b
ar

ri
er

fu
n
ct

io
n
s.

In
or

d
er

to
m

ot
iv

at
e

th
e

fo
rm

of
th

e
V

ai
d
ya

an
d

J
oh

n
w

al
k
s

p
ro

p
os

ed
in

th
is

p
ap

er
,

w
e

b
eg

in
b
y

d
is

cu
ss

in
g

th
e

b
al

l
w

al
k

an
d

th
en

th
e

D
ik

in
w

al
k
.

F
or

th
e

sa
ke

of
co

m
p
le

te
n
es

s,
w

e
en

d
th

e
se

ct
io

n
w

it
h

a
b
ri

ef
d
es

cr
ip

ti
on

an
ot

h
er

p
o
p
u
la

r
sa

m
p
li
n
g

al
g
or

it
h
m

H
it

-a
n
d
-r

u
n
.
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C
h
e
n
,
D
w
iv
e
d
i,
W
a
in
w
r
ig
h
t
a
n
d

Y
u

B
a
ll

w
a
lk

:
T

h
e

b
al

l
w

al
k

of
L

ov
ás

z
an

d
S
im

on
ov

it
s

(1
99

0)
is

si
m

p
le

to
d
es

cr
ib

e:
w

h
en

at
a

p
oi

n
t
x
∈
K

,
it

d
ra

w
s

a
n
ew

p
oi

n
t
u

fr
om

a
E

u
cl

id
ea

n
b
al

l
of

ra
d
iu

s
r
>

0
ce

n
te

re
d

a
t
x

.
H

er
e

th
e

ra
d
iu

s
r

is
a

st
ep

si
ze

p
ar

am
et

er
in

th
e

al
go

ri
th

m
.

If
th

e
p
ro

p
os

ed
p

o
in

t
u

b
el

o
n
g
s

to
th

e
p

ol
y
to

p
e
K

,
th

en
th

e
w

al
k

m
ov

es
to
u

;
ot

h
er

w
is

e,
th

e
w

al
k

st
ay

s
at
x

.
O

n
th

e
o
n
e

h
an

d
,

u
n
li
ke

th
e

w
al

k
s

an
al

y
ze

d
in

th
is

p
ap

er
,

th
e

b
al

l
w

al
k

ap
p
li
es

to
an

y
co

n
ve

x
se

t,
b
u
t

on
th

e
ot

h
er

,
it

s
m

ix
in

g
ti

m
e

d
ep

en
d
s

on
th

e
co

n
d
it

io
n

n
u
m

b
er
γ
K

of
th

e
se

t
K

,
g
iv

en
b
y

γ
K

=
in

f
R

in
,R

o
u
t
>

0

{ R
o
u

t

R
in

|
B(
x
,R

in
)
⊆
K
⊆

B(
y
,R

o
u

t)
fo

r
so

m
e
x
,y
∈
K
} .

(5
)

M
ix

in
g

ti
m

e
of

th
e

b
al

l
w

al
k

h
as

b
ee

n
im

p
ro

ve
d

gr
ea

tl
y

si
n
ce

it
w

as
in

tr
o
d
u
ce

d
(K

a
n
n
a
n

et
al

.,
19

97
,

20
06

;
L

ee
an

d
V

em
p
al

a,
20

18
b
).

N
on

et
h
el

es
s,

as
sh

ow
n

in
T

ab
le

1
,

th
e

m
ix

in
g

ti
m

e
of

th
e

b
al

l
w

al
k

ge
ts

sl
ow

er
w

h
en

th
e

co
n
d
it

io
n

of
th

e
se

t
is

la
rg

e;
fo

r
in

st
a
n
ce

,
it

sc
a
le

s1

as
d

6
fo

r
a

se
t

w
it

h
co

n
d
it

io
n

n
u
m

b
er
γ
K

=
d

2
.

O
n
e

ap
p
ro

ac
h

to
ta

ck
le

b
a
d

co
n
d
it

io
n
in

g
is

to
u
se

ro
u
n
d
in

g
as

a
p
re

-p
ro

ce
ss

in
g

st
ep

,
w

h
er

e
th

e
se

t
is

ro
u
n
d
ed

to
b
ri

n
g

it
in

a
n
ea

r-
is

ot
ro

p
ic

p
os

it
io

n
,

i.
e.

,
re

d
u
ce

th
e

co
n
d
it

io
n
γ
K

to
n
ea

r-
co

n
st

an
t

b
ef

or
e

sa
m

p
li
n
g

fr
o
m

it
.

N
on

et
h
el

es
s,

th
es

e
al

go
ri

th
m

s
ar

e
th

em
se

lv
es

b
as

ed
on

se
ve

ra
l
ro

u
n
d
s

of
sa

m
p
li
n
g

a
lg

o
ri

th
m

s
an

d
th

e
cu

rr
en

t
b

es
t

al
go

ri
th

m
b
y

L
ov

á
sz

an
d

V
em

p
al

a
(2

00
6b

)
p
u
ts

a
co

n
v
ex

b
o
d
y

in
to

ap
p
ro

x
im

at
el

y
is

ot
ro

p
ic

p
os

it
io

n
,

i.
e.

,
O
∗ (
√
d
)

ro
u
n
d
in

g
w

it
h

a
ru

n
n
in

g
ti

m
e

o
f
O
∗ (
d

4
)

w
h
er

e
w

e
h
av

e
om

it
te

d
th

e
d
ep

en
d
en

ce
on

lo
g-

fa
ct

or
s.

If
on

e
h
as

m
or

e
in

fo
rm

a
ti

o
n

a
b

o
u
t

th
e

st
ru

ct
u
re

of
th

e
co

n
ve

x
se

t
(a

n
d

n
ot

ju
st

or
a
cl

e
ac

ce
ss

as
re

q
u
ir

ed
b
y

th
e

b
a
ll

w
a
lk

),
o
n
e

ca
n

p
ot

en
ti

al
ly

ex
p
lo

it
it

to
d
es

ig
n

fa
st

sa
m

p
li
n
g

al
go

ri
th

m
s

w
h
ic

h
ar

e
u
n
a
ff

ec
te

d
b
y

th
e

co
n
d
it

io
n
in

g
of

th
e

se
t

th
er

eb
y

re
d
u
ci

n
g

th
e

n
ee

d
of

th
e

(e
x
p

en
si

ve
)

p
re

-p
ro

ce
ss

in
g

st
ep

.
O

n
e

su
ch

al
go

ri
th

m
is

th
e

D
ik

in
w

al
k

fo
r

p
ol

y
to

p
es

w
h
ic

h
w

e
d
es

cr
ib

e
n
ex

t.

D
ik

in
w

a
lk

:
T

h
e

D
ik

in
w

al
k

(K
an

n
an

an
d

N
ar

ay
an

an
,

20
12

)
is

si
m

il
ar

in
sp

ir
it

to
th

e
b
al

l
w

al
k
,

ex
ce

p
t

th
at

it
p
ro

p
os

es
a

p
oi

n
t

d
ra

w
n

u
n
if

or
m

ly
fr

om
a

st
a
te

-d
ep

en
d
en

t
el

li
p
so

id
k
n
ow

n
as

th
e

D
ik

in
el

li
p
so

id
(D

ik
in

,
19

67
;

N
es

te
ro

v
an

d
N

em
ir

ov
sk

ii
,

19
9
4)

.
It

th
en

a
p
p
li
es

an
ac

ce
p
t-

re
je

ct
st

ep
to

ad
ju

st
fo

r
th

e
d
iff

er
en

ce
in

th
e

vo
lu

m
es

of
th

es
e

el
li
p
so

id
s

a
t

d
iff

er
en

t
st

at
es

.
T

h
e

st
at

e-
d
ep

en
d
en

t
ch

oi
ce

of
th

e
el

li
p
so

id
al

lo
w

s
th

e
D

ik
in

w
al

k
to

a
d
a
p
t

to
th

e
b

ou
n
d
ar

y
st

ru
ct

u
re

.
A

ke
y

p
ro

p
er

ty
of

th
e

D
ik

in
el

li
p
so

id
of

u
n
it

ra
d
iu

s—
in

co
n
tr

a
st

to
th

e
E

u
cl

id
ea

n
b
al

l
th

at
u
n
d
er

li
es

th
e

b
al

l
w

al
k
—

is
th

at
it

is
al

w
ay

s
co

n
ta

in
ed

w
it

h
in
K

,
a
s

is
k
n
ow

n
fr

om
cl

as
si

c
re

su
lt

s
on

in
te

ri
or

p
oi

n
t

m
et

h
o
d
s

(N
es

te
ro

v
an

d
N

em
ir

ov
sk

ii
,

1
9
9
4)

.
F

u
rt

h
er

m
or

e,
th

e
D

ik
in

w
al

k
is

affi
n
e

in
va

ri
an

t,
m

ea
n
in

g
th

at
it

s
b

eh
av

io
r

d
o
es

n
o
t

ch
a
n
g
e

u
n
d
er

li
n
ea

r
tr

an
sf

or
m

at
io

n
s

of
th

e
p
ro

b
le

m
.

A
s

a
co

n
se

q
u
en

ce
,

th
e

D
ik

in
m

ix
in

g
ti

m
e

d
o
es

n
ot

d
ep

en
d

on
th

e
co

n
d
it

io
n

n
u
m

b
er
γ
K

.
In

a
va

ri
an

t
of

th
is

ra
n
d
om

w
al

k
(N

a
ra

y
a
n
a
n
,

20
16

),
u
n
if

or
m

p
ro

p
os

al
s

in
th

e
el

li
p
so

id
ar

e
re

p
la

ce
d

b
y

G
au

ss
ia

n
p
ro

p
os

al
s

w
it

h
co

va
ri

a
n
ce

sp
ec

ifi
ed

b
y

th
e

el
li
p
so

id
,
an

d
it

is
sh

ow
n

th
at

w
it

h
h
ig

h
p
ro

b
ab

il
it

y,
th

e
p
ro

p
o
sa

l
fa

ll
s

w
it

h
in

th
e

p
ol

y
to

p
e.

T
h
e

D
ik

in
w

al
k

is
cl

os
el

y
re

la
te

d
to

th
e

in
te

ri
o
r

p
oi

n
t

m
et

h
o
d
s

fo
r

so
lv

in
g

li
n
ea

r
p
ro

-
gr

am
s.

In
or

d
er

to
u
n
d
er

st
an

d
th

e
V

ai
d
ya

an
d

J
oh

n
w

al
k
s,

it
is

u
se

fu
l

to
u
n
d
er

st
a
n
d

th
is

co
n
n
ec

ti
on

in
m

or
e

d
et

ai
l.

S
u
p
p

os
e

th
at

ou
r

go
al

is
to

op
ti

m
iz

e
a

co
n
ve

x
fu

n
ct

io
n

ov
er

th
e

p
ol

y
to

p
e
K

.
A

b
ar

ri
er

m
et

h
o
d

is
b
as

ed
on

co
n
v
er

ti
n
g

th
is

co
n
st

ra
in

ed
op

ti
m

iz
a
ti

o
n

p
ro

b
le

m
to

a
se

q
u
en

ce
of

u
n
co

n
st

ra
in

ed
on

es
,

in
p
ar

ti
cu

la
r

b
y

u
si

n
g

a
b
a
rr

ie
r

to
en

fo
rc

e
th

e
li
n
ea

r

1
.

A
lt

h
o
u

g
h

,
v
er

y
re

ce
n
tl

y
L

ee
a
n

d
V

em
p

a
la

(2
0
1
8
b

)
im

p
ro

v
ed

th
e

m
ix

in
g

ti
m

e
o
f

th
e

b
a
ll

w
a
lk

fo
r

is
o
tr

o
p

ic
se

ts
w

h
ic

h
h
av

e
γ
K

=
O

(√
d
)

im
p

ro
v
ed

fr
o
m

O
( d

3
)

to
O

( d
2
.5
) .
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F
a
st

M
C
M
C

S
a
m
p
l
in
g

A
l
g
o
r
it
h
m
s
o
n
P
o
ly

t
o
p
e
s

co
n
stra

in
ts

d
efi

n
in

g
th

e
p

oly
top

e.
L

ettin
g
a >i

d
en

o
te

th
e
i-th

row
vector

of
m

atrix
A

,
th

e
loga

rith
m

ic-ba
rrier

for
th

e
p

oly
top

e
K

given
b
y

th
e

fu
n
ction

F
(x

)
:=
−

n
∑i=

1

log
(b
i −

a
Ti
x

).
(6)

F
o
r

ea
ch

i
∈

[n
],

w
e

d
efi

n
e

th
e

scalar
s
x
,i

:=
(b
i −

a
Ti
x

),
an

d
w

e
refer

to
th

e
v
ector

s
x

:=
(s
x
,1 ,...,s

x
,n

) >
as

th
e

sla
ckn

ess
a
t
x

.

E
a
ch

step
o
f

an
in

terior
p

oin
t

algorith
m

(B
oy

d
an

d
V

an
d
en

b
ergh

e,
2004)

in
vo

lv
es

(ap
-

p
rox

im
a
tely

)
so

lv
in

g
a

lin
ear

sy
stem

in
volv

in
g

th
e

H
essian

of
th

e
b
arrier

fu
n
ction

,
w

h
ich

is
g
iven

b
y

∇
2F

(x
)

:=
n
∑i=

1

a
i a >i
s

2x
,i

.
(7)

In
th

e
D

ik
in

w
a
lk

(K
an

n
an

an
d

N
arayan

an
,

2012),
giv

en
a

cu
rren

t
iterate

x
,

th
e

alg
orith

m
ch

o
o
ses

a
p

o
in

t
u
n
iform

ly
at

ran
d
om

from
th

e
ellip

soid

{
u
∈
R
d
|

(u
−
x

) >
D
x (u
−
x

)≤
R},

(8)

w
h
ere

D
x

:=
∇

2F
(x

)
is

th
e

H
essian

of
th

e
log

b
arrier

fu
n
ction

,
an

d
R
>

0
is

a
u
ser-d

efi
n
ed

ra
d
iu

s.
In

a
n

a
ltern

ative
form

of
th

e
D

ik
in

w
alk

(N
arayan

an
,

2016;
S
ach

d
eva

an
d

V
ish

n
oi,

2
0
1
6
),

th
e

p
ro

p
osal

vector
u
∈
R
d

is
d
raw

n
ran

d
om

ly
from

a
G

au
ssian

cen
tered

at
x

,
an

d
w

ith
cova

ria
n
ce

eq
u
al

to
a

scaled
cop

y
of

(D
x ) −

1.
N

ote
th

at
in

con
trast

to
th

e
b
all

w
alk

,
th

e
p
ro

p
o
sa

l
d
istrib

u
tion

n
ow

d
ep

en
d
s

on
th

e
cu

rren
t

state.

V
a
id

y
a

w
a
lk

:
F

or
th

e
V

a
id

ya
w

a
lk

an
aly

zed
in

th
is

p
ap

er,
w

e
in

stead
gen

erate
p
rop

osals
fro

m
th

e
ellip

soid
s

d
efi

n
ed

,
for

each
x
∈

in
t

(K
),

b
y

th
e

p
ositive

d
efi

n
ite

m
a
trix

V
x

:=
n
∑i=

1

(σ
x
,i

+
β

V
)
a
i a >i
s

2x
,i

,
w

h
ere

(9a)

β
V

:=
d
/n

an
d

σ
x

:=

(
a >1

(∇
2F

x ) −
1a

1

s
2x
,1

,...,
a >n

(∇
2F

x ) −
1a
n

s
2x
,n

)
>

.
(9b

)

T
h
e

en
tries

of
th

e
th

e
vector

σ
x

are
k
n
ow

n
as

th
e

leverage
scores

assciated
w

ith
th

e
m

atrix
∇

2F
x

fro
m

eq
u
ation

(7),
an

d
are

com
m

on
ly

u
sed

to
m

easu
re

th
e

im
p

ortan
ce

of
row

s
in

a
lin

ea
r

sy
stem

(M
ah

on
ey

,
2011).

T
h
e

m
atrix

V
x

is
related

to
th

e
H

essia
n

o
f

th
e

fu
n
ction

x
7→
V
x

given
b
y

V
x

:=
log

d
et∇

2F
x

+
β

V F
x .

(10)

T
h
is

p
a
rticu

la
r

com
b
in

ation
of

th
e

vo
lu

m
etric

ba
rrier

an
d

th
e

loga
rith

m
ic

ba
rrier

w
as

in
-

tro
d
u
ced

b
y

V
a
id

ya
(1989)

an
d

V
aid

ya
an

d
A

tk
in

son
(1993

)
in

th
e

con
tex

t
o
f

in
terior

p
oin

t
m

eth
o
d
s,

h
en

ce
ou

r
n
am

e
for

th
e

resu
ltin

g
ran

d
om

w
alk

.
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C
h
e
n
,
D
w
iv
e
d
i,
W
a
in
w
r
ig
h
t
a
n
d

Y
u

J
o
h

n
w

a
lk

:
W

e
n
ow

d
escrib

e
th

e
J
oh

n
w

alk
.

F
or

an
y

vector
w
∈
R
n
,

let
W

:=
d
iag

(w
)

d
en

ote
th

e
d
iagon

al
m

atrix
w

ith
W
ii

=
w
i

for
each

i
∈

[n
].

L
et
S
x

=
d
iag

(s
x )

d
en

ote
th

e
slack

n
ess

m
atrix

at
x

.
It

is
easy

to
see

th
at
S
x

is
p

ositiv
e

sem
id

efi
n
ite

for
all

x
∈
K

,
an

d
strictly

p
ositive

d
efi

n
ite

for
all

x
∈

in
t

(K
).

T
h
e

(scaled
)

in
verse

covarian
ce

m
atrix

u
n
d
erly

in
g

th
e

J
oh

n
w

alk
is

given
b
yJ
x

:=
n
∑i=

1

ζ
x
,i a

i a >i
s

2x
,i

,
(11)

w
h
ere

for
each

x
∈

in
t

(K
),

th
e

w
eigh

t
vector

ζ
x
∈

R
n

is
ob

tain
ed

b
y

solv
in

g
th

e
con

vex
p
rogram

ζ
x

:=
arg

m
in

w
∈
R
n {

n
∑i=

1

w
i −

1α
J

log
d
et(A

>
S
−

1
x
W

α
JS
−

1
x
A

)−
β

J

n
∑i=

1

log
w
i }
,

(12)

w
ith

β
J

:=
d
/2
n

a
n
d
α

J
:=

1−
1/

log
2 (1/β

J ).
L

ee
an

d
S
id

fo
rd

(2014)
p
rop

osed
th

e
con

vex
p
rogram

(12)
asso

ciated
w

ith
th

e
a
p
p
ro

xim
a
te

J
o
h
n

w
eigh

ts
ζ
x ,

w
ith

th
e

aim
of

search
in

g
for

th
e

b
est

m
em

b
er

of
a

fam
ily

of
volu

m
etric

b
arrier

fu
n
ction

s.
T

h
ey

an
aly

zed
th

e
u
se

of
th

e
J
oh

n
w

eigh
ts

in
th

e
con

tex
t

of
sp

eed
in

g
u
p

in
terior

p
oin

t
m

eth
o
d
s

for
solv

in
g

lin
ear

p
rogram

s;
h
ere

w
e

con
sid

er
th

em
for

im
p
rov

in
g

th
e

m
ix

in
g

tim
e

o
f

a
sam

p
lin

g
algorith

m
.

T
h
e

con
vex

p
rogram

(12)
is

closely
related

to
th

e
p
rob

lem
of

fi
n
d
in

g
th

e
largest

ellip
soid

at
an

y
in

terior
p

oin
t

of
th

e
p

oly
top

e,
su

ch
th

at
th

e
ellip

soid
is

con
tain

ed
w

ith
in

th
e

p
oly

top
e.

T
h
is

p
rob

lem
of

fi
n
d
in

g
th

e
largest

ellip
soid

w
as

fi
rst

stu
d
ied

b
y

J
oh

n
(1948)

w
h
o

sh
ow

ed
th

at
each

con
v
ex

b
o
d
y

in
R
d

con
tain

s
a

u
n
iq

u
e

ellip
soid

of
m

ax
im

al
volu

m
e.

T
h
e

con
vex

p
rogram

(12)
w

as
u
sed

b
y

L
ee

an
d

S
id

ford
(2014)

to
com

p
u
te

ap
p
rox

im
ate

J
oh

n
E

llip
soid

s
for

solv
in

g
lin

ear
p
rogram

s.
In

a
recen

t
w

ork
,

G
u
sta

fson
an

d
N

arayan
an

(2018)
m

ake
u
se

of
th

e
ex

act
J
oh

n
ellip

soid
s

an
d

d
esign

a
p

oly
n
om

ial
tim

e
sam

p
lin

g
algorith

m
for

p
oly

top
es.

S
ee

T
ab

le
1

for
th

e
asso

ciated
gu

aran
tees.

H
it-a

n
d

-ru
n

:
W

e
con

clu
d
e

w
ith

a
b
rief

d
iscu

ssio
n

w
ith

an
oth

er
p

op
u
la

r
sam

p
lin

g
algo-

rith
m

:
H

it-an
d
-ru

n
.

It
w

as
in

tro
d
u
ced

b
y

S
m

ith
(1984)

as
a

sam
p
lin

g
algorith

m
for

gen
eral

d
istrib

u
tion

s
an

d
it

w
as

later
sh

ow
n

to
h
av

e
p

oly
n
om

ial
m

ix
in

g
tim

e
for

sam
p
lin

g
from

con
vex

sets
(L

ov
ász,

1999;
L

ov
ász

an
d

V
em

p
ala,

2003,
2006a).

T
h
e

algorith
m

p
ro

ceed
s

as
follow

s:
w

h
en

at
p

oin
t
x

,
it

fi
rsts

d
raw

s
a

ran
d
om

lin
e

th
rou

gh
x

an
d

th
en

sam
p
les

from
th

e
on

e-d
im

en
sion

al
m

argin
al

of
th

e
target

d
istrib

u
tion

restricted
to

th
is

lin
e.

F
or

u
n
iform

sam
p
lin

g
from

con
vex

sets,
th

e
secon

d
step

sim
p
lifi

es
to

d
raw

in
g

a
u
n
iform

p
oin

t
from

th
e

lin
e

restricted
to

th
e

con
vex

set.
M

ix
in

g
tim

e
b

ou
n
d
s

for
th

is
ran

d
om

w
alk

a
re

su
m

m
arized

in
T

ab
le

1.

2
.3

M
ix

in
g

tim
e

c
o
m

p
a
riso

n
s

o
f

w
a
lk

s

T
ab

le
1

p
rov

id
es

a
su

m
m

ary
of

th
e

m
ix

in
g

tim
e

b
ou

n
d
s

an
d

p
er

step
com

p
lex

ity
an

d
th

e
eff

ective
p

er
sam

p
le

com
p
lex

ity
for

variou
s

ran
d
om

w
a
lk

s,
in

clu
d
in

g
th

e
V

aid
ya

a
n
d

J
oh

n
w

alk
s

an
aly

zed
in

th
is

p
ap

er.
In

ad
d
ition

to
th

e
B

all
W

alk
,

H
it-an

d
-R

u
n
,

D
ik

in
,

V
aid

y
a

an
d

J
oh

n
w

alk
s,

w
e

also
sh

ow
scalin

gs
for

th
e

recen
tly

in
tro

d
u
ced

R
iem

an
n
ian

H
am

ilton
ian

M
on

te
C

arlo
(R

H
M

C
)

on
p

oly
top

es
b
y

L
ee

an
d

V
em

p
ala

(2016)
an

d
th

e
J
oh

n
’s

w
alk

b
ased

on
ex

act
J
oh

n
ellip

soid
s

stu
d
ied

b
y

G
u
stafson

an
d

N
a
rayan

an
(2018

).
T

h
e

d
etails

of
p

er
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F
a
st

M
C
M
C

S
a
m
p
l
in
g

A
l
g
o
r
it
h
m
s
o
n
P
o
ly

t
o
p
e
s

it
er

at
io

n
co

st
fo

r
th

e
n
ew

ra
n
d
om

w
al

k
s

is
d
is

cu
ss

ed
in

S
ec

ti
on

4.
1.

W
e

n
ow

co
m

p
ar

e
an

d
co

n
tr

as
t

th
e

co
m

p
le

x
it

ie
s

of
th

es
e

ra
n
d
om

w
al

k
s.

U
n
li
ke

th
e

B
al

l
W

al
k

or
h
it

-a
n
d
-r

u
n

w
h
ic

h
ar

e
u
se

fu
l

fo
r

ge
n
er

al
co

n
ve

x
se

ts
,

th
e

D
ik

in
,

V
ai

d
ya

,
J
oh

n
an

d
R

H
M

C
w

al
k
s

ar
e

sp
ec

ia
li
ze

d
fo

r
p

ol
y
to

p
es

.
T

h
es

e
la

tt
er

ra
n
d
om

w
a
lk

s
ex

p
lo

it
th

e
d
efi

n
it

io
n

of
th

e
p

ol
y
to

p
e

in
a

p
ar

ti
cu

la
r

w
ay

so
th

at
th

e
tr

an
si

ti
on

p
ro

b
ab

il
it

y
fr

om
a

p
oi

n
t
x

to
y

d
o
es

n
ot

ch
an

ge
u
n
d
er

an
affi

n
e

tr
an

sf
or

m
at

io
n
,
i.
e.

,
T(
x
,y

)
=

T(
A
x
,A
y
)

w
h
er

e
T

d
en

ot
es

th
e

tr
an

si
ti

on
ke

rn
el

fo
r

th
e

ra
n
d
om

w
al

k
.

C
on

se
q
u
en

tl
y,

th
e

m
ix

in
g

ti
m

e
b

ou
n
d
s

fo
r

th
es

e
ra

n
d
om

w
al

k
s

h
av

e
n
o

d
ep

en
d
en

ce
on

th
e

co
n
d
it

io
n

n
u
m

b
er

of
th

e
se

t
γ
K

(5
).

W
e

ca
n

se
e

fr
om

T
ab

le
1,

th
at

co
m

p
ar

ed
to

th
e

B
al

l
w

al
k

an
d

h
it

-a
n
d
-r

u
n
,

V
ai

d
ya

w
al

k
m

ix
es

si
gn

ifi
ca

n
tl

y
fa

st
er

if
n
�

d
γ

2 K
.

T
h
e

co
n
d
it

io
n

n
u
m

b
er
γ
K

of
p

ol
y
to

p
es

w
it

h

p
ol

y
n
om

ia
ll
y

m
an

y
fa

ce
s

ca
n

n
ot

b
e
O

(d
1 2
−
ε )

fo
r

an
y
ε
>

0
b
u
t

ca
n

b
e

a
rb

it
ra

ri
ly

la
rg

er
,

ev
en

ex
p

on
en

ti
al

in
d
im

en
si

on
d

(K
an

n
an

an
d

N
ar

ay
an

an
,

20
12

).
F

or
su

ch
p

ol
y
to

p
es

,
V

ai
d
ya

w
al

k
m

ix
es

fa
st

er
as

lo
n
g

a
s
n
�

d
3

(a
n
d

ev
en

fo
r

la
rg

er
n

w
h
en

γ
K

is
la

rg
e)

.
It

ta
ke

s
O

(√
n
/d

)
fe

w
er

st
ep

s
co

m
p
ar

ed
to

D
ik

in
w

al
k

an
d

th
u
s

p
ro

v
id

es
a

p
ra

ct
ic

al
sp

ee
d

u
p

ov
er

al
l

ra
n
ge

of
d
.

F
ro

m
a

w
ar

m
st

ar
t,

th
e

R
ie

m
an

n
ia

n
H

am
il
to

n
ia

n
M

on
te

C
ar

lo
on

p
ol

y
to

p
es

in
tr

o
d
u
ce

d
b
y

L
ee

an
d

V
em

p
al

a
(2

01
6)

h
as
O
( n
d

2
/
3
)

m
ix

in
g

ti
m

e,
an

d
th

u
s

m
ix

es
fa

st
er

(u
p

to
co

n
-

st
an

ts
)

co
m

p
ar

ed
th

an
th

e
V

ai
d
ya

w
al

k
(r

es
p

ec
ti

v
el

y
th

e
J
oh

n
w

al
k
)

w
h
en

th
e

n
u
m

b
er

of
co

n
st

ra
in

ts
n

is
is

b
ou

n
d
ed

as
n
�

d
5
/
3

(r
es

p
ec

ti
ve

ly
n
�

d
1
1
/
6
).

F
or

la
rg

er
n
u
m

b
er

s
of

co
n
st

ra
in

ts
,

th
e

V
ai

d
ya

an
d

J
oh

n
w

al
k
s

ex
h
ib

it
fa

st
er

m
ix

in
g.

M
or

e
ge

n
er

al
ly

,
it

is
cl

ea
r

th
at

th
e

ra
te

of
J
oh

n
w

al
k

h
as

a
lm

o
st

th
e

b
es

t
or

d
er

ac
ro

ss
al

l
th

e
w

al
k
s

fo
r

re
as

on
ab

ly
la

rg
e

va
lu

es
of
n
�
d

2
.

F
in

al
ly

,
le

t
u
s

co
m

p
ar

e
th

e
(e

x
ac

t)
J
oh

n
w

al
k

d
u
e

to
G

u
st

af
so

n
an

d
N

ar
ay

an
an

(2
01

8)
w

it
h

th
e

(a
p
p
ro

x
im

at
e)

J
oh

n
w

al
k

st
u
d
ie

d
in

ou
r

p
ap

er
.

A
n
ot

ab
le

fe
at

u
re

of
th

ei
r

ra
n
d
om

w
al

k
is

th
at

it
s

m
ix

in
g

ti
m

e
is

in
d
ep

en
d
en

t
o
f
th

e
n
u
m

b
er

of
co

n
st

ra
in

ts
an

d
th

e
p

er
it

er
at

io
n

co
st

al
so

d
ep

en
d
s

li
n
ea

rl
y

on
th

e
n
u
m

b
er

of
co

n
st

ra
in

ts
.

N
on

et
h
el

es
s,

th
e

d
ep

en
d
en

ce
on

d
,

fo
r

b
ot

h
th

e
m

ix
in

g
ti

m
e

(d
7
)

an
d

th
e

p
er

it
er

at
io

n
co

st
(n
d

4
+
d

8
)

is
q
u
it

e
p

o
or

.
In

co
n
tr

as
t,

th
e

p
er

it
er

at
io

n
co

st
fo

r
ou

r
J
o
h
n

w
al

k
is
n
d

2
an

d
th

e
m

ix
in

g
ti

m
e

h
as

o
n
ly

a
p

ol
y
-l

og
ar

it
h
m

ic
d
ep

en
d
en

ce
on

n
.

2
.4

V
is

u
a
li
z
a
ti

o
n

o
f

th
re

e
w

a
lk

s’
p

ro
p

o
sa

l
d

is
tr

ib
u

ti
o
n

s

In
or

d
er

to
ga

in
in

tu
it

io
n

ab
ou

t
th

e
th

re
e

in
te

ri
or

p
oi

n
t

b
as

ed
m

et
h
o
d
s—

n
am

el
y,

th
e

D
ik

in
,

V
ai

d
ya

an
d

J
oh

n
w

al
k
s—

it
is

h
el

p
fu

l
to

d
is

cu
ss

h
ow

th
ei

r
u
n
d
er

ly
in

g
p
ro

p
os

al
d
is

tr
ib

u
ti

on
s

ch
an

ge
as

a
fu

n
ct

io
n

of
th

e
cu

rr
en

t
p

oi
n
t
x

.
A

ll
th

re
e

w
al

k
s

ar
e

b
as

ed
on

G
au

ss
ia

n
p
ro

p
os

al
d
is

tr
ib

u
ti

on
s

w
it

h
in

ve
rs

e
co

va
ri

an
ce

m
at

ri
ce

s
of

th
e

ge
n
er

al
fo

rm

n ∑ i=
1

w
x
,i
a
ia
> i

s2 x
,i

,

w
h
er

e
w
x
,i
>

0
co

rr
es

p
on

d
s

to
a

st
at

e-
d
ep

en
d
en

t
w

ei
gh

t
as

so
ci

at
ed

w
it

h
th

e
i-

th
co

n
st

ra
in

t.
T

h
e

D
ik

in
w

al
k

u
se

s
th

e
w

ei
gh

ts
w
x
,i

=
1;

th
e

V
ai

d
ya

w
al

k
u
se

s
th

e
w

ei
gh

ts
w
x
,i

=
σ
x
,i

+
β

V
;

an
d

th
e

J
oh

n
w

al
k

u
se

s
th

e
w

ei
gh

ts
w
x
,i

=
ζ x
,i
.

F
or

si
m

p
li
ci

ty
,

w
e

re
fe

r
to

th
es

e
w

ei
gh

ts
as

th
e

D
ik

in
,

V
ai

d
ya

an
d

J
oh

n
w

ei
gh
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c
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√
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c
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b
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at
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b
er

of
con

strain
ts
n

scales
ex

p
on

en
tially

in
√
d
.

F
u
rth

er,
w

e
sh

ow
in

S
ection

4.1
th

at
th

e
cost

to
ex

ecu
te

on
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p
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b
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d
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g

tim
e

b
o
u

n
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b
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b
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b
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algorith

m
(see

B
oy

d
a
n
d

V
an

d
en

b
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n
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(( √

n
s)
d )-w

a
rm

w
ith

resp
ect

to
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b
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itial
p

oin
t.

W
e

call
su

ch
a

w
alk

as
s-cen

tra
l

D
ikin

-sta
rt-V
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e
tran
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p
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h
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e
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n
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=
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n
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p
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b
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b
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b
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u
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v
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is

p
ossib

le
to

im
p
rove

th
e

m
ix

in
g

tim
e

b
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con
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con
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b
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/
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tran
sition

op
erator

b
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con
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∈
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r
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c
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√
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con
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p

erform
an

ce
th

an
th

e
D

ik
in

,
V

aid
ya

an
d

J
o
h
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p
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e

ratio
n
/d

.
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b
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e

co
n
d
u
ct

an
ce

an
d

m
ix

in
g

ti
m

e
fo

r
M

ar
ko

v
ch

ai
n
s.
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p
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n
ee

d
ed

in
or

d
er

to
h
an

d
le

th
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d
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p
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e

V
ai

d
ya

an
d

J
oh

n
w

al
k
s.
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p
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b
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p
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p
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e
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p
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p
re

se
n
t

th
e

p
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b
o
u
n
d

fo
r

th
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p
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d
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p
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p
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d
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p
ro

v
id

e
th

e
p
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p
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p
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ra
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b
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ra
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ra
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d
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ra
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b
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d
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ra
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p
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at
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h
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p
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at
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io
n

(S
V

D
).

T
h
e

ac
ce

p
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p
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b
es

id
es

a
fe

w
m

at
ri

x
in

ve
rs

es
an

d
m

at
ri

x
-v

ec
to

r
p
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h
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p
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at
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p
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b
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b
u

t
su

ch
a
lg

o
ri

th
m

s
a
re

n
o
t

n
u

m
er

ic
a
ll

y
st

a
b
le

en
o
u

g
h

fo
r

p
ra
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p
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p
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d
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p
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h
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p
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p
ro

g
ra

m
(1

2
)

fo
r

ob
ta

in
in

g
J
oh

n
w

al
k
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w
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p
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p
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p
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n
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p
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b
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b
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p
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at
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p
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p
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h
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p
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ra
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I d
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p
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b
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b
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ra
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∈
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3
}

co
n
st

ra
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p
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ra
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h
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r
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b
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p
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b
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p
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p
y
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d
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b
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p
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u
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/
r
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a
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.
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p
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D
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n
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V
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w
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p
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a
p
p
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x
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e
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p
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b
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o
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y
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p
e—

sm
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e
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h

a
fa
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m
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m

p
a
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n
g
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e

p
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t
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e
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p
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d
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tr
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u
ti
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m

p
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s
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u
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n
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v
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a
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a
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p
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m

o
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u
n
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o
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r
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al

le
r
k
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e
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n
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d
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m
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b

e
fa

st
er

;
a
n
d

(3
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n
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ti

n
g

th
e
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q
u
en
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p
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e

d
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en
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on
al

p
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n
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m
p
le

s
fo

r
a

si
n
g
le

lo
n
g

ru
n

of
th

e
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n
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th
p
lo

t
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at

ed
w

it
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p
lo

ra
ti

o
n

le
a
d
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y
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n
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.
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b
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p
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b
y

ex
a
ct

ly
4

li
n
ea

r
co

n
st

ra
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F
a
st

M
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S
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m
p
l
in
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A
l
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o
r
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n
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o
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o
p
e
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n
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e

D
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b
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p
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b
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..
.

(1
9b

)
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C
h
e
n
,
D
w
iv
e
d
i,
W
a
in
w
r
ig
h
t
a
n
d

Y
u

k=
0

k=
10

k=
10

0
k=

50
0

k=
10

00

(a
)
n

=
6
4

k=
0

k=
10

k=
10

0
k=

50
0

k=
10

00

(b
)
n

=
20

4
8

k=
0

k=
10

k=
10

0
k=

50
0

k=
10

00

(c
)
n

=
64

k=
0

k=
10

k=
10

0
k=

50
0

k=
10

00

(d
)
n

=
20

4
8

F
ig

u
re

4
.

E
m

p
ir

ic
al

d
is

tr
ib

u
ti

o
n

o
f

th
e

sa
m

p
le

s
fr

om
20

0
ru

n
s

fo
r

th
e

D
ik

in
w

a
lk

(b
lu

e/
to

p
ro

w
s)

an
d

th
e

V
a
id

y
a

w
al

k
(r

ed
/b

o
tt

om
ro

w
s)

a
t

d
iff

er
en

t
it

er
at

io
n
s
k
.

T
h
e

2-
d
im

en
si

on
al

p
ol

y
to

p
es

co
n
si

d
er

ed
ar

e:
(a

,
b

)
ra

n
d
om

p
ol

y
to

p
es

w
it

h
n

-c
o
n
st

ra
in

ts
,

a
n
d

(c
,

d
)

re
g
u
la

r
n

-p
o
ly

go
n
s

in
sc

ri
b

ed
in

th
e

u
n
it

ci
rc

le
.

F
o
r

b
ot

h
se

ts
o
f

ca
se

s,
w

e
ob

se
rv

e
th

at
h
ig

h
er
n

sl
ow

s
d
ow

n
th

e
w

al
k
s,

w
it

h
v
is

ib
ly

m
or

e
eff

ec
t

o
n

th
e

D
ik

in
w

al
k

co
m

p
ar

ed
to

th
e

V
ai

d
ya

w
a
lk

.

0
20

00
40

00
60

00
80

00
10

00
0

k
→

−
6

−
3036

V
ai

d
ya

D
ik

in

0
20

00
40

00
60

00
80

00
10

00
0

k
→

−
4.

00

−
2.

25

−
0.

50

1.
25

3.
00

V
ai

d
ya

D
ik

in

0
20

00
40

00
60

00
80

00
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00
0

k
→

−
3.

00

−
1.

25

0.
50

2.
25

4.
00

V
ai

d
ya

D
ik

in

(a
)
d

=
1
0

0
20

00
40

00
60

00
80

00
10

00
0

k
→

−
8.

0

−
3.

5

1.
0

5.
5

10
.0

V
ai

d
ya

D
ik

in

0
20

00
40

00
60

00
80

00
10

00
0

k
→

−
6

−
3036

V
ai

d
ya

D
ik

in

0
20

00
40

00
60

00
80

00
10

00
0

k
→

−
8.

0

−
4.

5

−
1.

0

2.
5

6.
0

V
ai

d
ya

D
ik

in

(b
)
d

=
50

F
ig

u
re

5
.

S
eq

u
en

ti
a
l

p
lo

ts
of

a
o
n
e-

d
im

en
si

o
n
al

ra
n
d
o
m

p
ro

je
ct

io
n

of
th

e
sa

m
p
le

s
on

th
e

h
y
p

er
b

ox
K

=
[−

1,
1]

d
,

d
efi

n
ed

b
y
n

co
n
st

ra
in

ts
.

E
ac

h
p
lo

t
co

rr
es

p
on

d
s

to
on

e
lo

n
g

ru
n

of
th

e
D

ik
in

an
d

V
ai

d
y
a

w
a
lk

s,
a
n
d

th
e

p
ro

je
ct

io
n

is
ta

ke
n

in
a

d
ir

ec
ti

o
n

ch
o
se

n
ra

n
d
o
m

ly
fr

om
th

e
sp

h
er

e.
(a

)
P

lo
ts

fo
r
d

=
10

an
d
n
∈
{2

0
,6

40
,5

12
0}

.
(b

)
P

lo
ts

fo
r
d

=
5
0

a
n
d

n
∈
{1

00
,4

00
,1

60
0}

.
R

el
a
ti

ve
to

th
e

D
ik

in
w

a
lk

,
th

e
V

ai
d
ya

w
al

k
h
a
s

a
m

or
e

ja
gg

ed
p
lo

t
fo

r
p
ai

rs
(n
,d

)
in

w
h
ic

h
th

e
ra

ti
o
n
/
d

is
re

la
ti

ve
ly

la
rg

e:
fo

r
in

st
an

ce
,

se
e

th
e

p
lo

ts
co

rr
es

p
on

d
in

g
to

(n
,d

)
=

(6
40
,1

0)
an

d
(5

1
20
,1

0
).

T
h
e

sa
m

e
cl

a
im

ca
n
n
o
t

b
e

m
ad

e
fo

r
p
ai

rs
(n
,d

)
fo

r
w

h
ic

h
th

e
ra

ti
o
n
/d

is
re

la
ti

v
el

y
sm

al
l;

e.
g
.,

th
e

p
lo

t
w

it
h

(n
,d

)
=

(2
0,

10
).

T
h
es

e
o
b
se

rv
at

io
n
s

ar
e

co
n
si

st
en

t
w

it
h

ou
r

re
su

lt
s

th
at

th
e

V
a
id

ya
w

al
k

m
ix

es
m

or
e

q
u
ic

k
ly

b
y

a
fa

ct
or

o
f

or
d
er

O
(√

n
/d

)
ov

er
th

e
D

ik
in

w
al

k
.
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F
a
st

M
C
M
C

S
a
m
p
l
in
g

A
l
g
o
r
it
h
m
s
o
n
P
o
ly

t
o
p
e
s

x

y

e(x
)

e(y
)

(a
)

x

y

e(x
)

e(y
)

){
b
i �

a >i
y

b
i �

a >i
x

u

v

(b
)

F
ig

u
re

6
.

P
oly

top
e
K

=
{x
∈

R
d|A

x
≤
b}.

(a
)

T
h
e

p
oin

ts
e(x

)
a
n
d
e(y

)
d
en

ote
th

e
in

tersectio
n

p
oin

ts
of

th
e

ch
ord

join
in

g
x

an
d
y

w
ith
K

su
ch

th
a
t
e(x

),x
,y
,e(y

)
are

in
ord

er.
(b

)
A

geom
etric

illu
stration

o
f

th
e

a
rg

u
m

en
t

(2
3).

It
is

straigh
tforw

a
rd

to
ob

serve
th

at
‖x
−
y‖

2 /‖
e(x

)−
x‖

2
=
‖u
−
y‖

2 /‖u
−
v‖

2
=
∣∣a >i

(y−
x

) ∣∣/ (b
i −

a >i
x ).

T
h
is

resu
lt

is
im

p
licit

in
th

e
p
ap

er
b
y

L
ov

ász
(1999),

th
ou

g
h

n
ot

ex
p
licitly

stated
.

In
ord

er
to

k
eep

th
e

p
a
p

er
self-con

tain
ed

,
w

e
p
rov

id
e

a
p
ro

of
of

th
is

resu
lt

in
A

p
p

en
d
ix

J
.

O
u
r

p
ro

o
f

o
f

T
h
eorem

1
is

b
ased

on
ap

p
ly

in
g

L
ov

ász’s
L

em
m

a;
th

e
m

ain
ch

allen
ge

in
o
u
r

w
o
rk

is
to

esta
b
lish

th
at

ou
r

ran
d
om

w
alk

s
satisfy

th
e

con
d
ition

(1
9a)

w
ith

su
itab

le
ch

oices
o
f

∆
a
n
d
ρ
.

In
o
rd

er
to

p
ro

ceed
w

ith
th

e
p
ro

of,
w

e
req

u
ire

a
few

ad
d
ition

al
n
otatio

n
s.

R
ecall

th
a
t

th
e

sla
ck

n
ess

at
x

w
as

d
efi

n
ed

as
s
x

:=
(b

1 −
a >1
x
,...,b

n −
a >n
x

) >
.

F
or

all
x
∈

in
t

(K
),

d
efi

n
e

th
e

V
a
id

ya
loca

l
n

o
rm

o
f
v

a
t
x

as

‖v‖
V
x

:=
∥∥∥
V

1
/
2

x
v ∥∥∥

2
=

√√√√
n
∑i=

1 (σ
x
,i

+
β

V
) (a >i

v
)
2

s
2x
,i

,
(20a)

a
n
d

th
e

V
a
id

ya
sla

ck
sen

sitivity
a
t
x

as

θ
V
x

:=

(
∥∥∥∥
a

1

s
x
,1 ∥∥∥∥

2V
x

,..., ∥∥∥∥
a
n

s
x
,n ∥∥∥∥

2V
x )
>

=

(
a >1
V
−

1
x
a

1

s
2x
,1

,...,
a >n
V
−

1
x
a
n

s
2x
,n

)
>

.
(20b

)

S
im

ila
rly,

w
e

d
efi

n
e

th
e

J
o
h
n

loca
l

n
o
rm

o
f
v

a
t
x

an
d

th
e

J
o
h
n

sla
ck

sen
sitivity

a
t
x

as

‖
v‖

J
x

:=
∥∥∥
J

1
/
2

x
v ∥∥∥

2
an

d
θ
J
x

:=

(
∥∥∥∥
a

1

s
x
,1 ∥∥∥∥

2J
x

,..., ∥∥∥∥
a
n

s
x
,n ∥∥∥∥

2J
x )
>

.
(20c)

T
h
e

fo
llow

in
g

lem
m

a
p
rov

id
es

u
sefu

l
p
rop

erties
of

th
e

levera
ge

sco
res

σ
x

fro
m

eq
u
ation

(9
b
),

th
e

w
eig

h
ts
ζ
x

ob
tain

ed
from

solv
in

g
th

e
p
rogram

(12),
an

d
th

e
slack

sen
sitiv

ities
θ
V
x

an
d

θ
J
x .

L
e
m

m
a

7
F

o
r

a
n

y
x
∈

in
t

(K
),

th
e

fo
llo

w
in

g
p
ro

perties
h
o
ld

:

(a
)
σ
x
,i ∈

[0,1]
fo

r
a
ll
i∈

[n
],

(b)
∑

ni=
1
σ
x
,i

=
d

,
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C
h
e
n
,
D
w
iv
e
d
i,
W
a
in
w
r
ig
h
t
a
n
d

Y
u

(c)
θ
V
x
,i ∈

[0, √
n
/d ]

fo
r

a
ll
i∈

[n
],

(d
)
ζ
x
,i ∈

[β
J ,1

+
β

J ]
fo

r
a
ll
i∈

[n
],

(e)
∑

ni=
1
ζ
x
,i

=
3d
/
2,

a
n

d

(f)
θ
J
x
,i ∈

[0,4]
fo

r
a
ll
i∈

[n
].

W
e

p
rove

th
is

lem
m

a
in

S
ection

5.3.

L
etP

Vx
to

d
en

ote
th

e
p
rop

osal
d
istrib

u
tion

of
th

e
ran

d
om

w
alk

V
W

(r)
at

state
x

.
N

ex
t,

w
e

state
a

lem
m

a
th

at
sh

ow
s

th
at

if
tw

o
p

oin
ts
x
,y
∈

in
t

(K
)

are
close

in
V

aid
ya

lo
cal

n
orm

at
x

,
th

en
for

a
su

itab
le

ch
oice

of
th

e
p
aram

eter
r,

th
e

p
rop

osal
d
istrib

u
tion

sP
Vx

an
d
P

Vy

are
close.

In
ad

d
ition

,
w

e
sh

ow
th

at
th

e
p
rop

osals
are

accep
ted

w
ith

h
igh

p
rob

ab
ility

at
an

y
p

oin
t
x
∈

in
t

(K
).

T
o

estab
lish

th
e

latter
resu

lt,
w

e
n
ow

d
efi

n
e

th
e

n
on

-lazy
tran

sition
op

erator
of

th
e

V
aid

y
a

w
alk

.
S
in

ce
th

e
V

aid
ya

w
alk

is
lazy

w
ith

p
rob

ab
ility

1
/
2,

th
ere

ex
ists

a
valid

(n
on

-lazy
)

tran
sition

op
eratorT̃

V
a
id

y
a(r

)
su

ch
th

a
t

for
an

y
d
istrib

u
tion

µ
0 ,

w
e

h
ave

T
V
a
id

y
a(r

) (µ
0 )

=
µ

0 /2
+
T̃
V
a
id

y
a(r

) (µ
0 )/

2.

W
e

callT̃
V
a
id

y
a

th
e

n
on

-lazy
tran

sition
op

era
to

r
for

th
e

V
aid

ya
w

alk
.

N
ote

th
at

th
e

on
e-step

n
on

-lazy
tran

sition
d
istrib

u
tion

T̃
V
a
id

y
a(r

) (δ
x )

d
en

otes
th

e
d
istrib

u
tion

of
p
rop

osals
a
fter

th
e

accep
t-reject

step
if

th
e

ch
ain

w
as

n
ot

lazy.
T

h
u
s

to
estab

lish
th

at
p
rop

osals
are

accep
ted

w
ith

h
igh

p
rob

ab
ility,

it
su

ffi
ces

to
estab

lish
th

at
th

e
tran

sition
d
istrib

u
tion

T̃
V
a
id

y
a(r

) (δ
x )

at
an

y
p

oin
t
x
∈
K

is
close

to
th

e
p
rop

osal
d
istrib

u
tion

P
Vx
.

W
e

n
ow

state
th

ese
tw

o
resu

lts
form

ally
:

L
e
m

m
a

8
T

h
ere

exists
a

co
n

tin
u

o
u

s
n

o
n

-d
ecrea

sin
g

fu
n

ctio
n
f

:
[0,1

/4]
→

R
+

w
ith

f
(1/

15)≥
10 −

4
su

ch
th

a
t

fo
r

a
n

y
ε∈

(0,1/
15

],
th

e
ra

n
d
o
m

w
a
lk

V
W

(r)
w

ith
r
∈

[0,f
(ε)]

sa
tisfi

es

‖P
Vx −
P

Vy ‖
T
V
≤
ε
∀
x
,y
∈

in
t

(K
)

s.t.‖
x
−
y‖

V
x ≤

εr

2(n
d
)
1
/
4
,

a
n

d
(21a)

‖T̃
V
a
id
y
a(r

) (δ
x )−

P
Vx ‖

T
V
≤

5
ε
∀
x
∈

in
t

(K
).

(21b
)

S
ee

S
ection

5.4
for

th
e

p
ro

of
of

th
is

lem
m

a.

W
ith

th
ese

lem
m

as
in

h
an

d
,
w

e
are

n
ow

eq
u
ip

p
ed

to
p
rove

T
h
eorem

1
.

T
o

sim
p
lify

n
ota

tion
,

for
th

e
rest

of
th

is
section

,
w

e
ad

op
t

th
e

sh
orth

an
d
s
T
x

=
T̃
V
a
id

y
a(r

) (δ
x ),P

x
=
P

Vx
an

d
‖·‖

V
x

=
‖·‖

x .

5
.2

P
ro

o
f

o
f

T
h

e
o
re

m
1

In
ord

er
to

in
voke

L
ov

ász’s
L

em
m

a
for

th
e

ran
d
om

w
alk

V
W

(10 −
4),

w
e

n
eed

to
verify

th
e

con
d
ition

(19a)
fo

r
su

itab
le

ch
oices

of
ρ

an
d

∆
.

D
oin

g
so

in
volves

tw
o

m
ain

step
s:

(A
):

F
irst,

w
e

relate
th

e
cross-ratio

dK
(x
,y

)
to

th
e

lo
cal

n
orm

(20a)
at
x

.

(B
):

S
econ

d
,

w
e

u
se

L
em

m
a

8
to

sh
ow

th
at

if
x
,y
∈

in
t

(K
)

are
close

in
lo

cal-n
orm

,
th

en
th

e
tran

sition
d
istrib

u
tion

s
T
x

an
d
T
y

a
re

close
in

T
V

-d
istan

ce.
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F
a
st

M
C
M
C

S
a
m
p
l
in
g

A
l
g
o
r
it
h
m
s
o
n
P
o
ly

t
o
p
e
s

S
te

p
(A

):
W

e
cl

ai
m

th
at

fo
r

al
l
x
,y
∈

in
t

(K
),

th
e

cr
os

s-
ra

ti
o

ca
n

b
e

lo
w

er
b

ou
n
d
ed

a
s

d
K

(x
,y

)
≥

1 √
2
d
‖x
−
y
‖ x
.

(2
2)

N
ot

e
th

at
w

e
h
av

e

d
K

(x
,y

)
=
‖e

(x
)
−
e(
y
)‖

2
‖x
−
y
‖ 2

‖e
(x

)
−
x
‖ 2
‖e

(y
)
−
y
‖ 2

(i
) ≥

m
ax

{
‖x
−
y
‖ 2

‖e
(x

)
−
x
‖ 2
,
‖x
−
y
‖ 2

‖e
(y

)
−
y
‖ 2

}

(i
i) ≥

m
ax

{
‖x
−
y
‖ 2

‖e
(x

)
−
x
‖ 2
,
‖x
−
y
‖ 2

‖e
(y

)
−
x
‖ 2

}
,

w
h
er

e
st

ep
(i

)
fo

ll
ow

s
fr

om
th

e
in

eq
u
al

it
y
‖e

(x
)
−
e(
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m
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m
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‖ 2
,
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b
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.

N
ot

e
th

at
m

ax
im

u
m

of
a

se
t

of
n
on

-n
eg

at
iv

e
n
u
m

b
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b
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p
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d
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√ √ √ √
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√
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x
−

T y
‖ T

V
≤
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∈
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≤
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∆
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−
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≥
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−
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∆
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√
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p
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∈

in
t

(K
),

th
e

H
es

si
an
∇
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p
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∇
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∇
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∇
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∇
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p
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=

tr
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b
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p
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≥
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w
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e
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an
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S
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=
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w
e
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≥
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ra
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to
se

e
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β

V
∇

2
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h
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w

e
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V
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≤
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/
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b
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p
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b
y

L
ee

a
n
d

S
id

fo
rd

(2
01

4)
an

d
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e

p
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e
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n
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  
1
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( 1

+
√

2
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g
1 2

( 4 ε

))
,

ε
√
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g
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/ε

),

√
ε
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√

3χ
2

,
ε
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√

5
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3
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ε

5
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√

1
0
5χ
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)
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e
χ
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k
·l
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/ε
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k
/
2
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r
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=
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3
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d
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≥
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−
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P
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p
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P
in
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w

h
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es
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u
p
p
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n
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e
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V
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e
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L
d
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−
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√
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L
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F
or
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n
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tr
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e

K
L

d
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er
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.
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p
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r
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m
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b
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S
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p
l
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p
e
s

d
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en
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b
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e
tw

o
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b
y

K
L

(G
1 ‖G

2 )
=

12 (
trace(Σ

−
1
/
2

1
Σ

2 Σ
−

1
/
2

1
)−
d−

log
d
et(Σ

−
1
/
2

1
Σ

2 Σ
−

1
/
2

1
)+

(µ
1 −

µ
2 ) >

Σ
−

1
1

(µ
1 −

µ
2 ) )

.

R
eca

ll
fro

m
eq

u
ation

(15)
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at
th

e
p
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d
istrib

u
tion

for
V

aid
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w
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G

a
u
ssian
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P
x

=
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x
,

r
√
n
d
V
−

1
x
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.

S
u
b
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g
G

1
=
P
x
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d
G
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=
P
y
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e
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e
ex

p
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d

a
p
p
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g

P
in

sker’s
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eq
u
ality,

w
e

fi
n
d
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‖P
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y ‖
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V
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L
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y ‖P
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=
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−
1
/
2

x
V
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−

1
/
2

x
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1
/
2
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V
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−

1
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2

x
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+

√
n
d
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=
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d
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λ
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1
+

log
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√
n
d

r
2
‖x
−
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λ
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d
>

0
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en

ote
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e
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e
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/
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−
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x
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e

h
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V
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x
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∏
di=

1
λ
i
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1
/
2

x
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∑
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λ
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b
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∈
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√
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d �
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√
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∈
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∈
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b
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√
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√
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d
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eq
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a
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−
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+

√
n
d

r
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‖
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y‖
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.
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g
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a
ssu

m
p
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y‖
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e
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es{
λ
i ,i∈

[d
]}
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w

e
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n
d
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d
∑i=

1 (
λ
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+
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i )

+

√
n
d

r
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‖
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y‖
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=
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2
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√
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p
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e
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x ‖

T
V

=
12

(
T
x ({

x})
+

∫

R
d

p
x (z

)d
z−
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2 ∫
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︷︷
︸
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︸
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b
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.
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√
n
d
V
−

1
x

,
w

e
can

w
rite

z
d=
x

+
r

(n
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−
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p

e
n
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ix

A
.

A
u
x
ilia

ry
re

su
lts
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r

th
e

V
a
id

y
a

w
a
lk

In
th

is
ap

p
en

d
ix

,
w

e
fi
rst

su
m

m
arize

a
few

n
otation

s
u
sed

in
th

e
p
ro

ofs
related

to
T

h
eorem

1,
an

d
collect

th
e

au
x
iliary

resu
lts

for
th

e
later

p
ro

o
fs.

A
.1

N
o
ta

tio
n

W
e

b
egin

w
ith

in
tro

d
u
cin

g
th

e
n
otatio

n
.

R
ecall

A
∈

R
n×

d
is

a
m

atrix
w

ith
a >i

as
its

i-th
row

.
F

or
an

y
p

ositive
in

teger
p

an
d

an
y

vector
v

=
(v

1 ,...,v
p ) >

,
d
iag

(v
)

=
d
iag

(v
1 ,...,v

p )
d
en

otes
a
p×

p
d
iagon

al
m

atrix
w

ith
th

e
i-th

d
iago

n
al

en
try

eq
u
al

to
v
i .

R
ecall

th
e

d
efi

n
ition

of
S
x :

S
x

=
d
iag

(s
x
,1 ,...,s

x
,n

)
w

h
ere

s
x
,i

=
b
i −

a >i
x

fo
r

ea
ch

i∈
[n

].
(33)

F
u
rth

erm
ore,

d
efi

n
e
A
x

=
S
−

1
x
A

for
all

x
∈

in
t

(K
),

an
d

let
Υ
x

d
en

ote
th

e
p
ro

jection
m

atrix
for

th
e

colu
m

n
sp

ace
of
A
x ,

i.e.,

Υ
x

:=
A
x (A

>x
A
x ) −

1A
>x

=
A
x ∇

2F
−

1
x
A
>x
.

(34)

N
ote

th
at

for
th

e
scores

σ
x

(9b
),

w
e

h
ave

σ
x
,i

=
(Υ

x )
ii

for
each

i∈
[n

].
L

et
Σ
x

b
e

an
n
×
n

d
iagon

al
m

atrix
d
efi

n
ed

as

Σ
x

=
d
iag

(σ
x
,1 ,...,σ

x
,n

)
.

(35)

L
et
σ
x
,i,j

:=
(Υ

x )
ij ,

an
d

let
Υ

(2
)

x
d
en

ote
th

e
H

ad
am

ard
p
ro

d
u
ct

of
Υ
x

w
ith

itself,
i.e.,

(Υ
(2

)
x

)
ij

=
σ

2x
,i,j

=

(a >i ∇
2F
−

1
x
a
j )

2

s
2x
,i s

2x
,j

for
all

i,j∈
[n

].
(36)

U
sin

g
th

e
sh

orth
an

d
θ
x

:=
θ
V
x ,

w
e

d
efi

n
e

Θ
x

:=
d
iag

(θ
x
,1 ,...,θ

x
,m

)
w

h
ere

θ
x
,i

=
a >i
V
−

1
x
a
i

s
2x
,i

for
i∈

[n
],

an
d

Ξ
x

:=
(θ

2x
,i,j )

w
h
ere

θ
2x
,i,j

=

(a >i
V
−

1
x
a
j )

2

s
2x
,i s

2x
,j

for
i,j∈

[n
].

In
ou

r
n
ew

n
otation

,
w

e
can

re-w
rite

th
e

V
aid

y
a

m
atrix

V
x

d
efi

n
ed

in
eq

u
ation

(9a)
as

V
x

=
A
>x

(Σ
x

+
β

V I)
A
x ,

w
h
ere

β
V

=
d
/n

.

A
.2

B
a
sic

P
ro

p
e
rtie

s

W
e

b
egin

b
y

su
m

m
arizin

g
som

e
k
ey

p
rop

erties
of

variou
s

term
s

in
volved

in
ou

r
an

aly
sis.

L
e
m

m
a

1
1

F
o
r

a
n

y
vecto

r
x
∈

in
t

(K
),

th
e

fo
llo

w
in

g
p
ro

perties
h
o
ld

:

(a
)
σ
x
,i

=
∑

nj=
1
σ

2x
,i,j

=
∑

nj,k
=

1
σ
x
,i,j σ

x
,j,k σ

x
,k
,i

fo
r

ea
ch

i∈
[n

],

(b)
Σ
x �

Υ
(2

)
x

,
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p
l
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ly
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e
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(c
)
∑

n i=
1
θ x
,i

(σ
x
,i

+
β

V
)

=
d

,

(d
)
∀i
∈

[n
],
θ x
,i

=
∑

n j=
1

(σ
x
,j

+
β

V
)
θ2 x
,i
,j

,
fo

r
ea

ch
i
∈

[n
],

(e
)
θ> x

(Σ
x

+
β

V
I)
θ x

=
∑

n i=
1
θ2 x
,i

(σ
x
,i

+
β

V
)
≤
√
n
d

,
a
n

d

(f
)
β

V
∇

2
F x
�
V
x
�

(1
+
β

V
)
∇

2
F x

.

w
h
er

e
β

V
=
d
/n

w
a
s

d
efi

n
ed

in
eq

u
a
ti

o
n

(9
b
).

P
ro

o
f

W
e

p
ro

ve
ea

ch
p
ro

p
er

ty
se

p
ar

at
el

y.

P
a
rt

(a
):

U
si

n
g
I d

=
∇

2
F x
( ∇

2
F x
) −

1
,

w
e

fi
n
d

th
at

σ
x
,i

=
a
> i
( ∇

2
F x
) −

1
∇

2
F x
( ∇

2
F x
) −

1
a
i

s2 x
,i

=
a
> i
( ∇

2
F x
) −

1
∇

2
∑

n j=
1

a
> j
a
j

s2 x
,j

( ∇
2
F x
) −

1
a
i

s2 x
,i

=
n ∑ i,
j=

1

σ
2 x
,i
,j
.

A
p
p
ly

in
g

a
si

m
il
ar

tr
ic

k
tw

ic
e

an
d

p
er

fo
rm

in
g

so
m

e
al

ge
b
ra

,
w

e
ob

ta
in

σ
x
,i

=
a
> i
( ∇

2
F x
) −

1
∇

2
F x
( ∇

2
F x
) −

1
∇

2
F x
( ∇

2
F x
) −

1
a
i

s2 x
,i

=
n ∑
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=

1

σ
x
,i
,j
σ
x
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,k
σ
x
,k
,i
.

P
a
rt
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ro
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p
ar

t
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e
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av

e
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Σ
x
−

Υ
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)
x

is
a

sy
m

m
et

ri
c

an
d

d
ia

go
n
al

ly
d
o
m

in
an

t
m

at
ri

x
w

it
h

n
on

-n
eg

at
iv

e
en

tr
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p
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n
,
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12
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w

e
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n
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u
d
e

th
at

it
is

P
S
D

.

P
a
rt

(c
):

S
in

ce
tr

ac
e(
A
B

)
=

tr
ac

e(
B
A

),
w

e
h
av

e

n ∑ i=
1

θ x
,i

(σ
x
,i

+
β

V
)

=
tr

ac
e

(
V
−

1
x

n ∑ i=
1

(σ
x
,i

+
β

V
)
a
ia
> i

s2 x
,i

)
=

tr
ac

e
(I
d
)

=
d
.

P
a
rt

(d
):

A
n

ar
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m
en

t
si

m
il
ar

to
p
ar

t
(a

)
im

p
li
es

th
at

θ x
,i

=
a
> i
V
−

1
x
V
x
V
−

1
x
a
i

s2 x
,i

=
a
> i
V
−

1
x

∑
n j=

1
(σ
x
,i

+
β

V
)
a
> j
a
j

s2 x
,j
V
−

1
x
a
i

s2 x
,i

=
n ∑ i,
j=

1

(σ
x
,i

+
β

V
)
θ2 x
,i
,j
.

P
a
rt

(e
):

U
si

n
g

p
ar

t
(c

)
an

d
L

em
m

a
7(

c)
y
ie

ld
s

th
e

cl
ai

m
.

P
a
rt

(f
):

T
h
e

le
ft

in
eq

u
al

it
y

is
b
y

th
e

d
efi

n
it

io
n

of
V
x
.

T
h
e
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gh

t
in

eq
u
a
li
ty

u
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s
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e
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ct
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at
Σ
x
�

I d
.

W
e
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e

an
im

p
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e
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s x
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s y
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t
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in
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,

in
te

rm
s
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−
y
‖ x

.

L
e
m

m
a

1
2

F
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r

a
ll
x
,y
∈

in
t

(K
),

w
e

h
a
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∣ ∣ ∣ ∣1
−
s y
,i

s x
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∣ ∣ ∣ ∣≤
( n d

)1 4
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−
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‖ x

fo
r
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ch

i
∈

[n
].

3
3

JM
L

R
 1

9(
55

):
1-

86
, 2

01
8

C
h
e
n
,
D
w
iv
e
d
i,
W
a
in
w
r
ig
h
t
a
n
d

Y
u

P
ro

o
f

F
or

an
y

p
ai

r
x
,y
∈

in
t

(K
)
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d

in
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ex

i
∈
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w
e
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=
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−

1 2
x

a
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2 2
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2 2
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T i
V
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1
x
a
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‖2 x

=
θ x
,i
s2 x
,i
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−
y
‖2 x

(i
i) ≤
√
n d
s2 x
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‖x
−
y
‖2 x
,

w
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er

e
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ep
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)
fo
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ow

s
fr

om
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e
C
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ch

y
-S

ch
w

ar
z

in
eq

u
al

it
y,

an
d

st
ep

(i
i)

u
se

s
th

e
b

o
u
n
d
θ x
,i

fr
om

L
em

m
a

7(
c)

.
N

ot
in

g
th

e
fa

ct
th

at
a
> i

(x
−
y
)

=
s y
,i
−
s x
,i
,

th
e

cl
ai

m
fo

ll
ow

s
a
ft

er
si

m
p
le

al
ge

b
ra

.

A
p
p

e
n
d
ix

B
.

P
ro

o
f

o
f

L
e
m

m
a

9

In
th

is
ap

p
en

d
ix

se
ct

io
n
,

w
e

p
ro

ve
L

em
m

a
9

u
si

n
g

re
su
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s

fr
om

th
e

p
re

v
io

u
s

a
p
p

en
d
ix

.
A

s
a

d
ir

ec
t

co
n
se

q
u
en

ce
of

L
em

m
a

12
,

w
e

fi
n
d

th
at

∣ ∣ ∣ ∣1
−
s y
,i

s x
,i

∣ ∣ ∣ ∣≤
t √
d
,

fo
r

an
y
x
,y
∈

in
t

(K
)

su
ch

th
at
‖x
−
y
‖ x
≤

t

(n
d
)1
/
4
.

T
h
e

H
es

si
an
∇

2
F y
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th

u
s

sa
n
d
w
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h
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in
te

rm
s

of
th

e
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si
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∇

2
F x
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( 1
−

t √
d

) 2
∇

2
F x
�
∇

2
F y
�
( 1

+
t √
d

) 2
∇

2
F x
.

B
y

th
e

d
efi

n
it

io
n

of
σ
x
,i

an
d
σ
y
,i
,

w
e

h
av

e

( 1
−

t √
d

) 2

( 1
+

t √
d

) 2
σ
x
,i
≤
σ
y
,i
≤

( 1
+

t √
d

) 2

( 1
−

t √
d

) 2
σ
x
,i

fo
r

al
l
i
∈

[n
].
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7
)

C
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se
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u
en

tl
y,

w
e

fi
n
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th
at

( 1
−

t √
d

) 2

( 1
+

t √
d

) 4
V
x
�
V
y
�

( 1
+

t √
d

) 2

( 1
−

t √
d

) 4
V
x
.
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ot

e
th
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−
ω

)2
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ω
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−
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d
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ω
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−
ω
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≤
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+

8
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fo
r
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∈
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] .
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p
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A
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e
n
d
ix
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.

P
ro

o
f

o
f

L
e
m

m
a

1
0

W
e

b
egin

b
y

d
efi

n
in

g

ϕ
x
,i

:=
σ
x
,i

+
β

V

s
2x
,i

for
i∈

[n
],

an
d

Ψ
x

:=
12

log
d
et
V
x ,

fo
r

all
x
∈

in
t

(K
)
.

(38)

F
u
rth

er,
for

a
n
y

tw
o

p
oin

ts
x

an
d
z
,
let

x
z

d
en

ote
th

e
set

of
p

oin
ts

on
th

e
lin

e
segm

en
t

jo
in

in
g

x
a
n
d
z
.

T
h
e

p
ro

of
of

L
em

m
a

10
is

b
ased

on
a

T
ay

lor
series

ex
p
an

sion
,

an
d

so
req

u
ires

ca
refu

l
h
a
n
d
lin

g
of
σ
,ϕ
,Ψ

an
d

th
eir

d
erivatives.

A
t

a
h
igh

level,
th

e
p
ro

of
in

volves
th

e
fo

llow
in

g
step

s:
(1)

p
erform

a
T

ay
lor
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> x,
iâ
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â
x
,i
â
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â
> x,
i)

2
 
.

W
e

ca
n

si
m

il
ar

ly
ob

ta
in

th
e

se
co

n
d

or
d
er

ex
p
an

si
on

of
th

e
te

rm
tr

ac
e

lo
g

( ∑
n i=

1
(σ
x
−
δ
h
,i

+
β
V
)

(1
+
δ
a
> i
h
/
s x
,i
)2
â
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1

(σ
i
+
β

V
)
θ i
η

2 i
+

17
n ∑ i,
j=

1

σ
2 i,
j
θ i
η

2 j
.

D
iv

id
in

g
b

ot
h

si
d
es

b
y

tw
o

co
m

p
le

te
s

th
e

p
ro

of
.

P
ro

o
f

o
f

c
la

im
(6

8)
:

In
or

d
er

to
co

m
p
u
te

th
e

d
ir

ec
ti

on
al

H
es

si
an

of
x
7→

σ
x
,i
,

w
e

n
ee

d
to

tr
ac

k
th

e
se

co
n
d

or
d
er

te
rm

s
in

eq
u
at

io
n
s

(6
2a

)-
(6

2c
).

C
ol

le
ct

in
g

th
e

se
co

n
d

o
rd

er
te

rm
s

(d
en

ot
ed

b
y
σ

(2
)

h
)

in
th

e
ex

p
an

si
on

of
σ
x

+
h
,i
−
σ
x
,i
,

w
e

ob
ta

in

σ
(2

)
h

=
3
a
> i
H
−

1
x
a
i

s2 x
,i

(a
> i
h

)2

s2 x
,i

−
4

a
> i
H
−

1
x

( ∑
n j=

1

a
j
a
> j

s2 x
,j

a
> j
h

s x
,j

)
H
−

1
x
a
i

s2 x
,i

a
> i
h

s x
,i

−
3

a
> i
H
−

1
x

( ∑
n j=

1

a
j
a
> j

s2 x
,j

(a
> j
h

)2

s2 x
,j

)
H
−

1
x
a
i

s2 x
,i

+
4

a
> i
H
−

1
x

( ∑
n j=

1

a
j
a
> j

s2 x
,j

a
> j
h

s x
,j

)
H
−

1
x

( ∑
n l=

1
a
la
> l

s2 x
,l

a
> l
h

s x
,l

)
a
i

s2 x
,i

.

W
e

si
m

p
ly

ea
ch

te
rm

on
th

e
R

H
S

on
e

b
y

on
e.

S
im

p
li
fy

in
g

th
e

fi
rs

t
te

rm
,

w
e

o
b
ta

in

3
a
> i
H
−

1
x
a
i

s2 x
,i

(a
> i
h

)2

s2 x
,i

=
3
σ
x
,i
η

2 x
,i

=
h
>

3
A
> x
E
ii

Σ
x
E
ii
A
x
h
.
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F
a
st

M
C
M
C

S
a
m
p
l
in
g

A
l
g
o
r
it
h
m
s
o
n
P
o
ly

t
o
p
e
s

F
o
r

th
e

seco
n
d

term
,

w
e

h
ave

4

a >i
H
−

1
x

(∑
nj=

1

a
j a >j
s
2x
,j

a >j
h

s
x
,j )

H
−

1
x
a
i

s
2x
,i

a >i
h

s
x
,i

=
4
η
x
,i

n
∑j=

1

σ
2x
,i,j
η
x
,j

=
4
h
>
A
>x
E
ii d

iag (
Υ

(2
)

x
e
i )
E
ii A

x h
.

T
h
e

th
ird

term
can

b
e

sim
p
lifi

ed
as

follow
s:

3

a >i
H
−

1
x

(∑
nj=

1

a
j a >j
s
2x
,j

(a >j
h

)
2

s
2x
,j

)
H
−

1
x
a
i

s
2x
,i

=
3

n
∑j=

1

σ
2x
,i,j η

2x
,j

=
3
h
>
A
>x

d
iag

(Υ
x e
i )

d
iag

(Υ
x e
i )
A
x h

F
o
r

th
e

last
term

,
w

e
fi
n
d

th
at

4

a >i
H
−

1
x

(∑
nj=

1

a
j a >j
s
2x
,j

a >j
h

s
x
,j )

H
−

1
x

(∑
nl=

1
a
l a >l
s
2x
,l

a >l
h

s
x
,l )

a
i

s
2x
,i

=
4

n
∑j,l=

1

σ
x
,i,j
σ
x
,j,l σ

x
,l,i η

x
,j
η
x
,l

=
4
h
>
A
>x

d
iag

(Υ
x e
i )

Υ
x

d
iag

(Υ
x e
i )
A
x h
.

P
u
ttin

g
to

g
eth

er
th

e
p
ieces

y
ield

s
th

e
ex

p
ression

(6
8).

A
p
p

e
n
d
ix

D
.

A
n
a
ly

sis
o
f

th
e

J
o
h
n

w
a
lk

W
e

reca
p

th
e

key
id

eas
of

th
e

J
oh

n
w

alk
for

con
ven

ien
ce.

W
e

h
ave

d
esign

ed
a

n
ew

p
rop

osal
d
istrib

u
tio

n
b
y

m
ak

in
g

u
se

of
an

o
p
tim

a
l

set
o
f

w
eigh

ts
to

d
efi

n
e

th
e

n
ew

covarian
ce

stru
ctu

re
fo

r
th

e
G

a
u
ssia

n
p
rop

osals,
w

h
ere

op
tim

ality
is

d
efi

n
ed

w
ith

resp
ect

to
th

e
con

vex
p
rogram

d
efi

n
ed

b
elow

(69).
T

h
e

op
tim

ality
con

d
ition

is
closely

related
to

th
e

p
rob

lem
of

fi
n
d
in

g
th

e
la

rg
est

ellip
soid

at
an

y
in

terior
p

oin
t

of
th

e
p

oly
to

p
e,

su
ch

th
at

th
e

ellip
soid

is
co

n
tain

ed
w

ith
in

th
e

p
o
ly

top
e.

T
h
is

p
rob

lem
of

fi
n
d
in

g
th

e
largest

ellip
soid

w
as

fi
rst

stu
d
ied

b
y

J
oh

n
(1

94
8
)

w
h
o

sh
ow

ed
th

at
each

con
vex

b
o
d
y

in
R
d

con
tain

s
a

u
n
iq

u
e

ellip
so

id
of

m
ax

im
al

vo
lu

m
e.

M
ore

recen
tly,

L
ee

an
d

S
id

ford
(2014)

m
ak

e
u
se

of
ap

p
rox

im
ate

J
oh

n
E

llip
so

id
s

to
im

p
rove

th
e

con
vergen

ce
rate

of
in

terior
p

oin
t

m
eth

o
d
s

for
lin

ear
p
rogra

m
m

in
g.

W
e

refer
th

e
rea

d
ers

to
th

eir
p
ap

er
for

m
ore

d
iscu

ssion
a
b

ou
t

th
e

u
se

of
J
oh

n
E

llip
soid

s
for

o
p
tim

iza
tio

n
p
rob

lem
s.

In
th

is
w

ork
,

w
e

m
ake

u
se

of
th

ese
ellip

soid
s

for
d
esign

in
g

sam
p
lin

g
a
lg

o
rith

m
s

w
ith

b
etter

th
eoretical

b
ou

n
d
s

on
th

e
m

ix
in

g
tim

es.
T

h
e

vector
ζ
x

=
(ζ
x
,1 ,...,ζ

x
,n

) >
d
efi

n
ed

in
th

e
J
oh

n
w

alk
’s

in
verse

cova
rian

ce
m

a-
trix

(1
1
)

is
co

m
p
u
ted

b
y

solv
in

g
th

e
fo

llow
in

g
op

tim
ization

p
rob

lem
:

ζ
x

=
a
rg

m
in

w
∈
R
n
c
x

(w
)

:=
n
∑i=

1

w
i −

1α
J

log
d
et (

A
>
S
−

1
x
W

α
JS
−

1
x
A )
−
β

J

n
∑i=

1

log
w
i ,

(69)

w
h
ere

th
e

p
a
ra

m
eters

α
J ,β

J
are

giv
en

b
y

α
J

=
1−

1

log
2

(2n
/d

)
an

d
β

J
=

d2
n
,
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C
h
e
n
,
D
w
iv
e
d
i,
W
a
in
w
r
ig
h
t
a
n
d

Y
u

an
d
W

d
en

otes
an

n
×
n

d
iagon

al
m

atrix
w

ith
W
ii

=
w
i

for
each

i∈
[n

].
In

p
articu

lar,
for

ou
r

p
rop

osal
th

e
in

verse
covarian

ce
m

atrix
is

p
rop

ortion
al

to
J
x ,

w
h
ere

J
x

=
n
∑i=

1

ζ
x
,i

a
i a >i

(b
i −

a >i
x

)
2
.

(70)

w
h
ere

κ
:=

κ
n
,d

=
log

2 (2n
/d

)
=

(1−
α

J ) −
1.

R
ecall

th
at

for
J
oh

n
w

alk
w

ith
p
aram

eter
r

d
3
/
4
κ
2 ,

th
e

p
rop

osals
at

state
x

are
d
raw

n

from
th

e
m

u
ltivariate

G
au

ssian
d
istrib

u
tion

given
b
y
N
(
x
,

r
2

d
3
/
2
κ
4 J
−

1
x

)
,

w
h
ich

w
e

d
en

ote

b
y
P

Jx .
In

p
articu

lar,
th

e
p
rop

osal
d
en

sity
at

p
oin

t
x
∈

in
t

(K
)

is
given

b
y

p
x (z

)
:=

p
(x
,z

)
=
√

d
et
J
x (

κ
4d

3
/
2

2
π
r

2

)
d
/
2

ex
p (
−
κ

4d
3
/
2

2
r

2
(z−

x
) >
J
x (z−

x
) )

.
(71)

H
ere

w
e

restate
ou

r
resu

lt
for

th
e

m
ix

in
g

tim
e

of
th

e
J
oh

n
w

alk
.

T
h

e
o
re

m
2

L
et
µ

0
be

a
n

y
d
istribu

tio
n

th
a
t

is
M

-w
a
rm

w
ith

respect
to
π
∗

a
n

d
let

n
<

ex
p
( √
d
).

T
h
en

fo
r

a
n

y
δ∈

(0,1],
th

e
J

o
h
n

w
a
lk

w
ith

pa
ra

m
eter

r
J
o
h
n

=
10 −

5
sa

tisfi
es

‖T
kJ
o
h
n(r

) (µ
0 )−

π
∗‖

T
V
≤
δ

fo
r

a
ll
k
≥
C
d

2
.5

log
42 (

2nd

)
log (

√
Mδ

)
.

D
.1

A
u

x
ilia

ry
re

su
lts

W
e

b
egin

b
y

p
rov

in
g

b
asic

p
rop

erties
of

th
e

w
eigh

ts
ζ
x

w
h
ich

are
u
sed

th
rou

gh
ou

t
th

e
p
ap

er.
F

or
x
∈

in
t

(K
)
,w
∈
R
n+

+
,

d
efi

n
e

th
e

p
ro

jection
m

atrix
Υ
x
,w

as
follow

s

Υ
x
,w

=
W

α
/
2A

x (A
>x
W

α
A
x ) −

1A
>x
W

α
/
2,

(72)

w
h
ere

A
x

=
S
−

1
x
A

an
d
W

is
th

e
n
×
n

d
iagon

al
m

atrix
w

ith
i-th

d
iagon

al
en

try
given

b
y

w
i .

A
lso,

let

σ
x
,i

:=
(Υ

x
,ζ
x )
ii

for
x
∈

in
t

(K
)

an
d
i∈

[n
].

(73)

D
efi

n
e

th
e

J
o
h
n

sla
ck

sen
sitivity

θ
Jx

as

θ
x

:=
θ
Jx

:=

(
a >1
J
−

1
x
a

1

s
2x
,1

,...,
a >n
J
−

1
x
a
n

s
2x
,n

)
>

for
all

x
∈

in
t

(K
)
.

(74)

F
u
rth

er,
for

an
y
x
∈

in
t

(K
),

d
efi

n
e

th
e

J
o
h
n

loca
l

n
o
rm

a
t
x

as

‖·‖
J
x

:
v
7→
∥∥∥
J

1
/
2

x
v ∥∥∥

2
=

√√√√
n
∑i=

1

ζ
x
,i (a >i

v
)
2

s
2x
,i

.
(75)

W
e

n
ow

collect
som

e
b
asic

p
rop

erties
of

th
e

w
eigh

ts
ζ
x

an
d

th
e

lo
cal

sen
sitiv

ity
θ
x

an
d

restate
p
arts

of
L

em
m

a
7

for
clarity

h
ere.
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F
a
st

M
C
M
C

S
a
m
p
l
in
g

A
l
g
o
r
it
h
m
s
o
n
P
o
ly

t
o
p
e
s

L
e
m

m
a

3
F

o
r

a
n

y
x
∈

in
t

(K
),

th
e

fo
ll

o
w

in
g

p
ro

pe
rt

ie
s

a
re

tr
u

e:

(a
)

(I
m

p
li

ci
t

w
ei

gh
t

fo
rm

u
la

)
ζ x
,i

=
σ
x
,i

+
β

J
fo

r
a
ll
i
∈

[n
],

(b
)

(U
n

if
o
rm

it
y)
ζ x
,i
∈

[β
J
,1

+
β

J
]

fo
r

a
ll
i
∈

[n
],

(c
)

(T
o
ta

l
si

ze
)
∑

n i=
1
ζ x
,i

=
3d
/
2,

a
n

d

(d
)

(S
la

ck
se

n
si

ti
vi

ty
)
θ x
,i
∈

[0
,4

]
fo

r
a
ll
i
∈

[n
].

L
em

m
a

3
fo

ll
ow

s
fr

om
L

em
m

as
14

an
d

15
b
y

L
ee

an
d

S
id

fo
rd

(2
01

4)
an

d
th

er
eb

y
w

e
om

it
it

s
p
ro

of
.

N
ex

t,
w

e
st

at
e

a
ke

y
le

m
m

a
th

at
is

cr
u
ci

al
fo

r
p
ro

v
in

g
th

e
co

n
ve

rg
en

ce
ra

te
of

J
oh

n
w

al
k
.

In
th

is
le

m
m

a,
w

e
p
ro

v
id

e
b

ou
n
d
s

on
d
iff

er
en

ce
in

to
ta

l
va

ri
at

io
n

n
or

m
b

et
w

ee
n

th
e

p
ro

p
os

al
d
is

tr
ib

u
ti

on
s

of
tw

o
n
ea

rb
y

p
oi

n
ts

.

L
e
m

m
a

4
T

h
er

e
ex

is
ts

a
co

n
ti

n
u

o
u

s
n

o
n

-d
ec

re
a
si

n
g

fu
n

ct
io

n
h

:
[0
,1
/3

0]
→

R
+

w
it

h
h

(1
/
30

)
≥

10
−

5
,

su
ch

th
a
t

fo
r

a
n

y
ε
∈

(0
,1
/
30

],
th

e
J

o
h
n

w
a
lk

w
it

h
r
∈

[0
,h

(ε
)]

sa
ti

s-
fi

es

‖P
J x
−
P

J y
‖ T

V
≤
ε,

fo
r

a
ll
x
,y
∈

in
t

(K
)

su
ch

th
a
t
‖x
−
y
‖ J

x
≤

εr

2κ
2
d

3
/
4
,

a
n

d

(7
6a

)

‖T
J
o
h
n
(r

)(
δ x

)
−
P

J x
‖ T

V
≤

5
ε,

fo
r

a
ll
x
∈

in
t

(K
).

(7
6b

)

S
ee

S
ec

ti
on

D
.3

fo
r

it
s

p
ro

of
.

W
it

h
th

es
e

le
m

m
as

in
h
an

d
,

w
e

ar
e

n
ow

re
ad

y
to

p
ro

ve
T

h
eo

re
m

2.

D
.2

P
ro

o
f

o
f

T
h

e
o
re

m
2

T
h
e

p
ro

of
is

si
m

il
ar

to
th

e
p
ro

of
of

T
h
eo

re
m

1,
an

d
re

li
es

on
th

e
L

ov
ás

z’
s

L
em

m
a.

H
er

e
on

w
ar

d
s,

w
e

u
se

th
e

fo
ll
ow

in
g

si
m

p
li
fi
ed

n
ot

at
io

n

T x
=
T J

o
h
n
(r

)(
δ x

),
P x

=
P

J x
an

d
‖·
‖ x

=
‖·
‖ J

x
.

In
or

d
er

to
in

vo
ke

L
ov

ás
z’

s
L

em
m

a,
w

e
n
ee

d
to

sh
ow

th
at

fo
r

an
y

tw
o

p
oi

n
ts
x
,y
∈

in
t

(K
)

w
it

h
sm

al
l

cr
os

s-
ra

ti
o
d
K

(x
,y

),
th

e
T

V
-d

is
ta

n
ce
‖T

x
−

T y
‖ T

V
is

al
so

sm
al

l.
W

e
p
ro

ce
ed

w
it

h
th

e
p
ro

of
in

tw
o

st
ep

s:
(A

)
fi
rs

t,
w

e
re

la
te

th
e

cr
os

s-
ra

ti
o
d
K

(x
,y

)
to

th
e

J
oh

n
lo

ca
l

n
or

m
of
x
−
y

at
x

,
an

d
(B

)
w

e
th

en
u
se

L
em

m
a

4
to

sh
ow

th
at

if
x
,y
∈

in
t

(K
)

ar
e

cl
os

e
in

th
e

J
oh

n
lo

ca
l-

n
or

m
,

th
en

th
e

tr
an

si
ti

on
ke

rn
el

s
T x

an
d
T y

ar
e

cl
os

e
in

T
V

-d
is

ta
n
ce

.

S
te

p
(A

):
W

e
cl

ai
m

th
at

fo
r

al
l
x
,y
∈

in
t

(K
),

th
e

cr
os

s-
ra

ti
o

ca
n

b
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√
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‖ x
.

(7
7)

F
ro

m
th

e
ar

gu
m

en
ts

in
th

e
p
ro

of
of

T
h
eo

re
m

1
(p
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(7

8)

5
3

JM
L

R
 1

9(
55

):
1-

86
, 2

01
8

C
h
e
n
,
D
w
iv
e
d
i,
W
a
in
w
r
ig
h
t
a
n
d

Y
u

U
si

n
g

th
e

fa
ct

th
at

m
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b
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b
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√ √ √ √
1

∑
n i=

1
ζ x
,i

n ∑ i=
1

ζ x
,i

(a
> i

(x
−
y
))

2

s2 x
,i

=
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√
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≤
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∆
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−
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−

5
,
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e
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p

er
b

ou
n
d

of
O
( κ

4
d

5
/
2
)

o
n

th
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ra
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p
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a
fo

r
th
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√

2
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√
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√
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√
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√
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√
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√
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k
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≥
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−
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p
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p
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P
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p
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b
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−
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‖2 x
,

(7
9
)

w
h
er

e
λ

1
,.
..
,λ

d
>
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e

ei
ge

n
va

lu
es

of
th

e
m

at
ri

x
J
−
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−
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w
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∈
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e
h
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=
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/
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w
h
en

ce
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e
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n

b
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/
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ε
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1
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d
3
/
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+
ε
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d
3
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e
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re

n
ow

read
y

to
b

ou
n
d

th
e

T
V

d
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b

etw
een
P
x

an
d
P
y .

U
sin

g
th

e
b

ou
n
d

(79)
a
n
d

th
e

in
eq

u
a
lity

log
ω
≤
ω
−

1,
valid

for
ω
>

0,
w

e
ob

tain

‖P
x −
P
y ‖

2T
V
≤

d
∑i=

1 (
λ
i −

2
+

1λ
i )

+
κ

4d
3
/
2

r
2
‖x
−
y‖

2x
.

U
sin

g
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e
a
ssu

m
p
tion
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−
y‖

x
≤
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2d
3
/
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an
d

p
lu

ggin
g

in
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e
b

ou
n
d
s

(80
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for
th

e
eig

en
va

lu
es{

λ
i ,i∈

[d
]}

,
w

e
fi
n
d

th
a
t

d
∑i=

1 (
λ
i −

2
+

1λ
i )

+
κ

4d
3
/
2

r
2
‖
x
−
y‖

2x ≤
2
000ε

2r
2

√
d

+
ε
24
.

In
a
ssertin

g
th

is
in

eq
u
ality,

w
e

h
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u
sed

th
e

fa
cts

th
at

1

1−
2
4ω

+
ω

2
≤

1
+

24
ω

+
1000

ω
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an
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1

1
+
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∈
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2/ √
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p
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s‖P
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y ‖
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V
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P
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)

W
e

h
ave

‖P
x −

T
x ‖

T
V
≤

32 P
x (K
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︷︷

︸
=

:
S
1

+
1−

E
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P
x [

m
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p
z (x

)

p
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︸
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S
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ereK
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−
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−
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(0,I
d )

an
d

d=
d
en

otes
eq

u
ality

in
d
istrib

u
tion

.
U

sin
g

eq
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w
e
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b
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2

s
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κ
2d

3
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J
−
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2

x
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s
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κ
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d
‖
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(83)

w
h
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(i)
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C
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ch

y
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ch
w

arz
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eq
u
ality,

an
d

step
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em
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a
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D
efi

n
e
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‖
ξ‖
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E
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∈
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.
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eq
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(83)
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p
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E
⊆
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+ √
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T

h
u
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w
e

h
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P
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2
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u

n
d
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e
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M
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’s
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w
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E
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P
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1
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p
z (x
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p
x (z
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z (x
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p
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∈
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B
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d
efi
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ition
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p
x ,

w
e
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p
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p
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)
=
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/
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4

2r
2

(‖
z−

x‖
2z −
‖
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∈
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‖
z−

x‖
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≥
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ε.

(85b
)

W
e

p
rov

id
e

th
e

of
th
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w
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w
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at
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−
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a
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=
d
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h
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∈
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p
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d
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−
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.
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p
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n
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u
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∈
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p
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at
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Υ
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,
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Σ
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Λ
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=
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=
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c
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∈
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∑
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∑
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∈
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∑
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∑
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∈
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∑
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∇
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∇
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=
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∈

in
t

(K
),

w
e

h
a
ve

m
ax

i∈
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‖J
−

1 2
x
a
i‖

2 2
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d
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∈
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d
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p
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∈
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re
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=
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Λ
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Λ
y
A
y
h

;

(b
)

H
es

si
a
n

o
f
ζ

:

‖ρ
y
‖ 1
≤

56
κ

2
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∇
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∇
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∈
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∑
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∥∥∥
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3 √
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b
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∈
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√
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co
n
ti

n
u
it

y
of

th
e

fu
n
ct

io
n
x
7→

lo
g
ζ x

.
(S

u
ch

an
ar

gu
m

en
t

ap
p

ea
re

d
in

a
si

m
il
ar

sc
en

ar
io

in
L

ee
an

d
S
id

fo
rd

(2
01

4)
.)

F
or
λ
∈

[0
,1

],
d
efi

n
e
u
λ

=
λ
y

+
(1
−
λ

)
x

.
L

et

λ
m

a
x

:=
su

p

{ λ
∈

[0
,1

]∣ ∣ ∣ ∣‖
lo

g
ζ u
λ
−

lo
g
ζ x
‖ ∞
≤

16
t}
.

(9
9)

It
su

ffi
ce

s
to

es
ta

b
li
sh

th
at
λ

m
a
x

=
1.

N
ot

e
th

at
λ

=
0

is
fe

as
ib

le
on

th
e

R
H

S
of

eq
u
at

io
n

(9
9)

an
d

h
en

ce
λ

m
a
x

ex
is

ts
.

N
ow

fo
r

an
y
λ
∈

[0
,λ

m
a
x
]

an
d
i
∈
{1
,.
..
,n
},

th
er

e
ex

is
ts
v

on
th

e
se

gm
en

t
u
λ
x

su
ch

th
at

|lo
g
ζ u
λ
,i
−

lo
g
ζ x
,i
|=

∣ ∣ ∣ ∣ ∣(
∇
ζ v
,i

ζ v
,i

) >
(u
λ
−
x

)∣ ∣ ∣ ∣ ∣(i
) ≤
∥ ∥ G
−

1
v
G
′ v

(y
−
x

)∥ ∥
∞

=
2
∥ ∥ ∥(
G
v
−
α

Λ
v
)−

1
Λ
v
A
v

(y
−
x

)∥ ∥ ∥ ∞
.

w
h
er

e
in

st
ep

(i
)

w
e

h
av

e
u
se

d
th

e
fa

ct
th

at
u
λ
−
x

=
λ

(y
−
x

)
an

d
λ
∈

[0
,1

].
W

e
cl

ai
m

th
at

∥ ∥ ∥(
G
v
−
α

Λ
v
)−

1
Λ
v
v 1

∥ ∥ ∥ ∞
≤
κ
‖v

1
‖ ∞

+
2
κ

2
∥ ∥ ∥G

1
/
2

v
v 1

∥ ∥ ∥ 2
fo

r
an

y
v 1
∈
R
n
.

(1
00

)

W
e

p
ro

ve
th

e
cl

ai
m

at
th

e
en

d
of

th
is

se
ct

io
n
.

W
e

n
ow

d
er

iv
e

b
ou

n
d
s

fo
r

th
e

tw
o

te
rm

s
on

th
e

R
H

S
of

th
e

eq
u
at

io
n

(1
00

)
fo

r
v 1

=
A
v
(y
−
x

).
N

ot
e

th
at

‖A
v

(y
−
x

)‖
∞

=
m

ax i

∣ ∣ ∣ ∣s y
,i
−
s x
,i

s v
,i

∣ ∣ ∣ ∣=
m

ax i

∣ ∣ ∣ ∣s y
,i
−
s x
,i

s x
,i

∣ ∣ ∣ ∣∣ ∣ ∣ ∣s x
,i

s v
,i

∣ ∣ ∣ ∣(i
) ≤

2t

κ
2

(1
−

2
t/
κ

2
)

(i
i) ≤

3
t

κ
2
.

In
eq

u
al

it
y

(i
)

u
se

s
b

ou
n
d

(9
6)

an
d

in
eq

u
al

it
y

(i
i)

fo
ll
ow

s
b
y

p
lu

gg
in

g
in
t
≤

1/
64

.
N

ex
t,

w
e

h
av

e

∥ ∥ ∥G
1
/
2

v
A
v

(y
−
x

)∥ ∥ ∥2 2
=

n ∑ i=
1

ζ x
,i

( a
> i

(y
−
x

))
2

s2 x
,i

ζ v
,i

ζ x
,i

s2 v
,i

s2 x
,i

(i
) ≤
‖x
−
y
‖2 x

m
ax

i∈
[n

]

ζ v
,i

ζ x
,i

s2 v
,i

s2 x
,i

(i
i) ≤
t2 κ

4

( 1
+

(1
6
t)

+
(1

6
t)

2
)(

1
+

2t κ
2

) 2

(i
ii

)

≤
1
.5
t

κ
4
,
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C
h
e
n
,
D
w
iv
e
d
i,
W
a
in
w
r
ig
h
t
a
n
d

Y
u

w
h
er

e
st

ep
(i

)
fo

ll
ow

s
fr

om
th

e
d
efi

n
it

io
n

of
th

e
lo

ca
l
n
or

m
;
st

ep
(i
i)

fo
ll
ow

s
fr

o
m

b
o
u
n
d
s

(9
6
)

an
d

(9
9)

an
d

th
e

fa
ct

th
at
ex
≤

1
+
x

+
x

2
fo

r
al

l
x
∈

[0
,1
/4

];
an

d
in

eq
u
al

it
y

(i
ii

)
fo

ll
ow

s
b
y

p
lu

gg
in

g
in
t
≤

1
/6

4.
P

u
tt

in
g

th
e

p
ie

ce
s

to
ge

th
er

,
w

e
ob

ta
in

‖l
og
ζ u
λ
−

lo
g
ζ x
‖ ∞
≤

2(
κ
·3
t/
κ

2
+

2
κ

2
·1
.5
t/
κ

4
)
≤

12
t
<

16
t.

T
h
e

st
ri

ct
in

eq
u
al

it
y

is
va

li
d

fo
r
λ

=
λ

m
a
x
.

C
on

se
q
u
en

tl
y,

u
si

n
g

th
e

co
n
ti

n
u
it

y
o
f
x
7→

lo
g
ζ x

,
w

e
co

n
cl

u
d
e

th
at
λ

m
a
x

=
1.

It
is

le
ft

to
p
ro

ve
cl

ai
m

(1
00

).
L

et
w

:=
(G

v
−
α

Λ
v
)−

1
Λ
v
v 1

.
w

h
ic

h
im

p
li
es

(G
v
−
α

Λ
v
)
w

=
Λ
v
v 1

.
P

lu
gg

in
g

th
e

ex
p
re

ss
io

n
of
G
v

an
d

Λ
v
,

w
e

h
av

e
( (1
−
α

)Σ
v

+
β

J
I n

+
α

Υ
(2

)
v

) w
=
( Σ

v
−

Υ
(2

)
v

) v 1
.

W
ri

ti
n
g

co
m

p
on

en
t

w
is

e,
w

e
fi
n
d

th
at

fo
r

an
y
i
∈

[n
],

w
e

h
av

e

|((
1
−
α

)σ
v
,i

+
β

J
)
w
i|
≤
α
∣ ∣ ∣e
> i

Υ
(2

)
v
w
∣ ∣ ∣+

σ
v
,i
|v 1

,i
|+
∣ ∣ ∣e
> i

Υ
(2

)
v
v 1

∣ ∣ ∣
(i

) ≤
α
σ
v
,i

∥ ∥ ∥Σ
1
/
2

v
w
∥ ∥ ∥ 2

+
σ
v
,i
‖v

1
‖ ∞

+
σ
v
,i

∥ ∥ ∥Σ
1
/
2

v
v 1

∥ ∥ ∥ 2

(i
i) ≤
α
σ
v
,i

∥ ∥ ∥G
1
/
2

v
w
∥ ∥ ∥ 2

+
σ
v
,i
‖v

1
‖ ∞

+
σ
v
,i

∥ ∥ ∥G
1
/
2

v
v 1

∥ ∥ ∥ 2

(i
ii

)

≤
α
σ
v
,i
κ
∥ ∥ ∥G

1
/
2

v
v 1

∥ ∥ ∥ 2
+
σ
v
,i
‖v

1
‖ ∞

+
σ
v
,i

∥ ∥ ∥G
1
/
2

v
v 1

∥ ∥ ∥ 2
,

(1
0
1
)

w
h
er

e
in

eq
u
al

it
y

(i
i)

fr
om

th
e

fa
ct

th
at

Σ
y
�
G
y

an
d

in
eq

u
al

it
y

(i
ii

)
fr

om
L

em
m

a
1
0

w
it

h
c 1

=
0,
c 2

=
1.

T
o

as
se

rt
in

eq
u
al

it
y

(i
),

ob
se

rv
e

th
e

fo
ll
ow

in
g

∣ ∣ ∣ ∣ ∣ ∣

n ∑ j=
1

σ
2 y
,i
,j
w
j

∣ ∣ ∣ ∣ ∣ ∣≤
n ∑ j=

1

σ
2 y
,i
,j
|w
j
|(a

) ≤
σ
y
,i

n ∑ j=
1

σ
y
,j
|w
j
|(b

) ≤
σ
y
,i

n ∑ j=
1

√
σ
y
,j
|w
j
|=

σ
y
,i

∥ ∥ ∥Σ
1
/
2

v
w
∥ ∥ ∥ 2
,

w
h
er

e
st

ep
(a

)
fo

ll
ow

s
fr

om
th

e
fa

ct
th

at
σ

2 y
,i
,j
≤
σ
y
,i
σ
y
,j

,
an

d
st

ep
(b

)
fr

om
th

e
fa

c
th

a
t

σ
y
,i
∈

[0
,1

].
D

iv
id

in
g

b
ot

h
si

d
es

of
in

eq
u
al

it
y

(1
01

)
b
y

((
1
−
α

)σ
v
,i

+
β

J
)

an
d

o
b
se

rv
in

g
th

a
t

σ
v
,i
/

((
1
−
α

)σ
v
,i

+
β

J
)
≤
κ

,
an

d
α
∈

[0
,1

],
y
ie

ld
s

th
e

cl
a
im

.

A
p
p

e
n
d
ix

G
.

P
ro

o
f

o
f

L
e
m

m
a

6

W
e

p
ro

v
e

L
em

m
a

6
in

tw
o

p
ar

ts
:

cl
ai

m
(8

5a
)

in
S
ec

ti
on

G
.1

an
d

cl
ai

m
(8

5b
)

in
S
ec

ti
o
n

G
.2

.

G
.1

P
ro

o
f

o
f

c
la

im
(8

5a
)

U
si

n
g

th
e

se
co

n
d

or
d
er

T
ay

lo
r

ex
p
an

si
on

,
w

e
h
av

e

Ψ
z
−

Ψ
x

=
(z
−
x

)>
∇

Ψ
x

+
1 2

(z
−
x

)>
∇

2
Ψ
y

(z
−
x

)
,

fo
r

so
m

e
y
∈
x
z
.

W
e

cl
ai

m
th

at
fo

r
r
≤
h

(ε
),

w
e

h
av

e

P
[ (z
−
x

)>
∇

Ψ
x
≥
−
ε/

2] ≥
1
−
ε/

2,
an

d
(1

0
2
a)

P
[ 1 2

(z
−
x

)
∇

2
Ψ
y

(z
−
x

)
≥
−
ε/

2]
≥

1
−
ε/

2.
(1

0
2
b
)

N
ot

e
th

at
th

e
cl

ai
m

(8
5a

)
fo

ll
ow

s
fr

om
th

e
ab

ov
e

tw
o

cl
ai

m
s.
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F
a
st

M
C
M
C

S
a
m
p
l
in
g

A
l
g
o
r
it
h
m
s
o
n
P
o
ly

t
o
p
e
s

G
.1
.1

P
r
o
o
f
o
f
b
o
u
n
d

(1
0
2
a
)

W
e

o
b
serve

th
at

(z−
x

) >
∇

Ψ
x ∼
N
(

0
,
r

2

κ
2n ∇

Ψ
>x
J
−

1
x
∇

Ψ
x )

.

L
et
E
x

=
I
n

+
(G

x −
α

Λ
x ) −

1
Λ
x .

S
u
b
stitu

tin
g

th
e

ex
p
ression

of∇
Ψ
x

from
L

em
m

a
9

(c)
a
n
d

a
p
p
ly

in
g

C
au

ch
y
-S

ch
w

arz
in

eq
u
ality,

w
e

h
ave

th
at

for
an

y
vector

v
∈
R
d

v >∇
Ψ
x ∇

Ψ
>x
v

=
(θ >x

G
x E

x A
x v

)
2≤

(
v >
A
>x
G
x A

x v )
· (
θ >x
G
x E

x G
−

1
x
E
x G

x θ
x )
.

(103)

O
b
serve

th
a
t

G
1
/
2

x
E
x G
−

1
/
2

x
=

I
n

+
(I
n −

α
G
−

1
/
2

x
Λ
x G
−

1
/
2

x
) −

1(G
−

1
/
2

x
Λ
x G
−

1
/
2

x
).

N
ow

,
u
sin

g
th

e
in

term
ed

iate
b

ou
n
d

(126)
from

th
e

p
ro

of
of

L
em

m
a

1
0,

w
e

ob
tain

th
at

I
n
�
G

1
/
2

x
E
x G
−

1
/
2

x
�

2κI
n
,

a
n
d

h
en

ce
G
x �

G
x E

x G
−

1
x
E
x G

x �
4
κ

2G
x .

C
on

seq
u
en

tly,
w

e
h
av

e

θ >x
G
x E

x G
−

1
x
E
x G

x θ
x ≤

4κ
2θ >x

G
x θ
x

=
4κ

2
n
∑i=

1

ζ
x
,i θ

2x
,i ≤

16κ
2d
,

w
h
ere

th
e

last
step

follow
s

from
L

em
m

a
7.

P
u
ttin

g
th

e
p
ieces

togeth
er

in
to

eq
u
atio

n
(10

3),

w
e

o
b
ta

in
∇

Ψ
x ∇

Ψ
>x
�

16κ
2d
J
x

w
h
en

ce
J
−

1
/
2

x
∇

Ψ
x ∇

Ψ
>x
J
−

1
/
2

x
�

16κ
2dI

d .
N

otin
g

th
at

th
e

m
a
trix

J
−

1
/
2

x
∇

Ψ
x ∇

Ψ
>x
J
−

1
/
2

x
h
as

ran
k

on
e,

w
e

h
ave

∇
Ψ
>x
J
−

1
x
∇

Ψ
x

=
tra

ce (
J
−

1
/
2

x
∇

Ψ
x ∇

Ψ
>x
J
−

1
/
2

x

)
≤

16
κ

2d
.

U
sin

g
stan

d
ard

G
au

ssian
tailb

ou
n
d
,
w

e
h
av

eP
(

(z−
x

) >
∇

Ψ
x ≥
−
√

32χ
1 r )
≥

1−
ex

p (−
χ

21 )
.

C
h
o
o
sin

g
χ

1
=

log
(2/ε),

an
d

ob
serv

in
g

th
at

r≤
ε

(2 √
32χ

1 )
,

(104)

y
ield

s
th

e
cla

im
.

G
.1
.2

P
r
o
o
f
o
f
b
o
u
n
d

(1
0
2
b
)

In
th

e
fo

llow
in

g
p
ro

of,
w

e
u
se
h

=
z−
x

for
d
efi

n
ition

s
(88a)-(88d

).
A

ccord
in

g
to

L
em

m
a

9(e),
w

e
h
ave∣∣∣∣ 12

(z−
x

) >
∇

2Ψ
y

(z−
x

) ∣∣∣∣ ≤
n
∑i=

1

ζ
y
,i θ

y
,i [

92
d

2y
,i

+
2
f

2y,i ]
+

12

∣∣∣∣∣
n
∑i=

1

ζ
y
,i θ

y
,i `
y
,i ∣∣∣∣∣
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C
h
e
n
,
D
w
iv
e
d
i,
W
a
in
w
r
ig
h
t
a
n
d

Y
u

W
e

claim
th

at

n
∑i=

1

ζ
y
,i θ

y
,i [

92
d

2y
,i

+
2
f

2y,i ]
+

12

∣∣∣∣∣
n
∑i=

1

ζ
y
,i θ

y
,i `
y
,i ∣∣∣∣∣ ≤

386 √
d
κ

4
n
∑i=

1

ζ
y
,i d

2y
,i .

(105)

A
ssu

m
in

g
th

e
claim

as
giv

en
at

th
e

m
om

en
t,

w
e

n
ow

com
p
lete

th
e

p
ro

of.
N

ote
th

at
y

is
som

e
p
articu

lar
p

oin
t

on
x
z

an
d

its
d
ep

en
d
en

ce
on

z
is

h
ard

to
ch

aracterize.
C

on
seq

u
en

tly,
w

e
tran

sfer
all

th
e

term
s

w
ith

d
ep

en
d
en

ce
on

y
,

to
term

s
w

ith
d
ep

en
d
en

ce
on

x
on

ly.
W

e
h
ave

n
∑i=

1

ζ
y
,i d

2y
,i

=
n
∑i=

1

ζ
x
,i d

2x
,i

ζ
y
,i

ζ
x
,i

s
2x
,i

s
2y
,i

︸
︷︷

︸
τ
y
,i

.

W
e

n
ow

in
v
oke

th
e

follow
in

g
h
igh

p
rob

ab
ility

b
ou

n
d
s

im
p
lied

b
y

L
em

m
a

13
an

d
L

em
m

a
14

(95a)
resp

ectively

P

[
su

p
y∈
x
z
,i∈

[n
] τ
y
,i ≤

1.1 ]
≥

1−
ε/

4,
an

d
,

P

[
n
∑i=

1

ζ
x
,i (
â >x
,i ξ )

2≤
χ

2 √
24d ]

≥
1−

ε/
16.

(106)

S
in

ce
h

=
z−

x
,

w
e

h
ave

th
at
d

2x
,i

=
r
2

κ
2
d
3
/
2 (
â >x
,i ξ )

2.
C

o
n
seq

u
en

tly,
for

r≤
√

ε

386 √
24χ

2

,
(107)

w
ith

p
rob
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ility

at
least

1−
ε/2,

w
e

h
ave

∣∣∣∣ 12
(z−

x
) >
∇

2Ψ
y

(z−
x

) ∣∣∣∣
eq

n
.

(1
0
5
)

≤
386 √

d
κ

4
n
∑i=

1

ζ
y
,i d

2y
,i

h
p

b
(1

0
6
)

≤
ε,

w
h
ich

com
p
letes

th
e

p
ro

of.
W

e
n
ow

tu
rn

to
th

e
p
ro

of
of

claim
(10

5).
F

irst
w

e
ob

serve
th

e
follow

in
g

relation
sh

ip
b

etw
een

th
e

term
s
d
y
,i

an
d
f
y
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Λ
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Λ
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n
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=
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=
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p
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∣∣∣∣∣
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∥∥∥∥∥∥∥
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∈
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‖ ∞
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b
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‖v

1
‖ ∞
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b
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√
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d
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e
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T
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e
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ai
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n
ow

fo
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ow

s.

G
.2

P
ro

o
f
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f

c
la
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5
b

)
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ti
n
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z
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w

h
er

e
t

is
a

sc
al

ar
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d
u
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it
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,
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e
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=
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> i
u
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w
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∑
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u
) 2
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z
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−
ϕ
x
,i
)
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u
n
d

th
e
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o
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x

,
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th
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e
u
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h
er

e
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a
p
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∈
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> i
u
) 2
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,i
−
ϕ
x
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)
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1
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u
) 2
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1 2
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x
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∇
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y
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u
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p
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S
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G
.1

.
M

u
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ip
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g
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ot
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si
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b
y
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d
u
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n
g

th
e

sh
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th
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d

d
x
,i

=
a
> i
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−
x

)
s x
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w

e
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‖z
−
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−
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d
2 x
,i
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,i

(z
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∇
ϕ
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d
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∇
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W
e

cl
ai
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r
r
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w
e
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P z
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TJ x
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∇
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κ
4
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]
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P z
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∈x
z

(
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d
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∇
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p
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at
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P
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−
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∇
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d
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d
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p
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p
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p
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P
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=
d
y
,i
s y
,i

fo
r

an
y
h

.
U

si
n
g

th
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∇
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∇
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∣ ∣ ∣ ∣ ∣
(i

) ≤
3
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︸
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 
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 
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p
le

te
th

e
p
ro

of
.

U
si

n
g

L
em

m
a

13
,

w
e

h
av

e

P

[ ζ y
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≥
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+
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(â
> x,
iξ

)6

) 1
/
2

+
10

0
·
n ∑ i=

1

ζ x
,i

( â
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· √

log
(32/ε) ]

≥
1−

ε/16
.

C
o
m

b
in

in
g

th
is

b
ou

n
d

w
ith

th
e

tail
b

ou
n
d
s

for
variou

s
G

au
ssian

p
oly

n
om

ia
ls

(95a),
(95d

),
(9

5
e)

fro
m

L
em

m
a

14,
an

d
su

b
stitu

tin
g

in
in

eq
u
ality

(116
),

w
e

ob
tain

th
at

∣∣∣∣∣
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2 √

24d·χ
6 √
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2 √
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log
(16/ε))

i/
2

for
i∈
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4 √
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8 √
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r
2

κ
4d

3
/
2 [

ε2
+
ε4

+
ε8

(
log

n
√
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6
7

JM
L

R
 19(55):1-86, 2018

C
h
e
n
,
D
w
iv
e
d
i,
W
a
in
w
r
ig
h
t
a
n
d

Y
u

S
u
b
stitu

tin
g
h

=
z−
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,i (â >x

,i ξ)
2
ζ
y
,i

ζ
x
,i

d
2y
,i

d
2x
,i .

D
oin

g
sim

ilar
algeb

ra,
w

e
ob

tain
∑
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p
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â
y
,i â >y
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y
,i â >y
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,i â >y

,i )
+

trace
log (

n
∑i=

1

ζ
y−
δ
h

(1
+
δa >i

h
/
s
y
,i ) â
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‖â

j
‖2 2

+
2
( â
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â
j ‖

22
â
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â
i ‖

22 ‖
â
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â >i
b̂
i )(
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â >i
ξ )

8 )
12 (

E
(
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ló
s

S
im

on
ov

it
s.

T
h
e

m
ix

in
g

ra
te

of
M

ar
ko

v
ch

ai
n
s,

an
is

op
er

im
et

ri
c

in
eq

u
al

it
y,

an
d

co
m

p
u
ti

n
g

th
e

vo
lu

m
e.

In
P

ro
ce

ed
in

gs
o
f

3
1
st

A
n

n
u

a
l

S
ym

po
si

u
m

o
n

F
o
u

n
d
a
ti

o
n

s
o
f

C
o
m

p
u

te
r

S
ci

en
ce

,
1
9
9
0
,

p
ag

es
34

6–
35

4.
IE

E
E

,
19

90
.

L
ás

zl
ó
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b
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b
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h
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p
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B
a
r
b
e
r
o

a
n
d

S
r
a

si
m

il
ar

to
T

V
,

fo
r

in
st

an
ce
` 1

-t
re

n
d

fi
lt

er
in

g
(K

im
et

a
l.
,

20
09

;
T

ib
sh

ir
an

i,
2
0
1
4
).

In
d
ee

d
,

th
e

P
N

ap
p
ro

ac
h

p
ro

v
es

to
b

e
fo

u
n
d
at

io
n
al

fo
r

th
e

fa
st

“g
ro

u
p

fu
se

d
-l

as
so

”
a
lg

o
ri

th
m

s
of

(W
y
to

ck
et

al
.,

20
14

).

2
.1

.
T

h
e

T
a
u

t-
S

tr
in

g
M

e
th

o
d

fo
r

T
v
1
D

1

W
h
il
e

ta
u
t-

st
ri

n
g

m
et

h
o
d
s

se
em

to
b

e
la

rg
el

y
u
n
k
n
ow

n
in

m
ac

h
in

e
le

ar
n
in

g,
th

ey
h
av

e
b

ee
n

w
id

el
y

ap
p
li
ed

in
st

at
is

ti
cs

—
se

e
e.

g.
,

(G
ra

sm
ai

r,
20

07
;

D
av

ie
s

a
n
d

K
ov

ac
,

2
0
0
1
;

B
a
rl

ow
,

19
72

). W
e

st
ar

t
b
y

tr
a
n
sf

or
m

in
g

th
e

p
ro

b
le

m
as

fo
ll
ow

s.
F

or
T

V
-L

1,
el

em
en

ta
ry

m
a
n
ip

u
la

ti
o
n
s,

e.
g.

,
u
si

n
g

P
ro

p
os

it
io

n
A

.4
,

y
ie

ld
th

e
d
u
al

(r
e-

w
ri

tt
en

as
a

m
in

im
iz

at
io

n
p
ro

b
le

m
)

m
in u

1 2
‖D

T
u
‖2 2
−
u
T
D
y
,

s.
t.
‖u
‖ ∞
≤
λ
.

(2
.2

)

W
it

h
ou

t
ch

an
gi

n
g

th
e

m
in

im
iz

er
,
th

e
ob

je
ct

iv
e

(2
.2

)
ca

n
b

e
re

p
la

ce
d

b
y
‖D

T
u
−
y
‖2 2

,
w

h
ic

h
th

en
u
n
fo

ld
s

in
to

(u
1
−
y 1

)2
+
∑

n
−

1

i=
2

(−
u
i−

1
+
u
i
−
y i

)2
+

(−
u
n
−

1
−
y n

)2
.

In
tr

o
d
u
ci

n
g

th
e

fi
x
ed

ex
tr

em
e

p
oi

n
ts
u

0
=
u
n

=
0,

w
e

ca
n

re
p
la

ce
th

e
p
ro

b
le

m
(2

.2
)

b
y

m
in u

∑
n i=

1
(−
u
i−

1
+
u
i
−
y i

)2
,

s.
t.
‖u
‖ ∞
≤
λ
,

u
0

=
u
n

=
0.

(2
.3

)

N
ow

w
e

p
er

fo
rm

a
ch

an
ge

of
va

ri
ab

le
s

b
y

d
efi

n
in

g
th

e
n
ew

se
t

of
va

ri
ab

le
s
s

=
r
−
u

,
w

h
er

e
r i

:=
∑

i k
=

1
y k

is
th

e
cu

m
u
la

ti
ve

su
m

of
in

p
u
t

si
gn

al
va

lu
es

.
T

h
u
s,

(2
.3

)
b

ec
o
m

es

m
in s

∑
n i=

1
(−
r i
−

1
+
s i
−

1
+
r i
−
s i
−
y i

)2
,

s.
t.
‖s
−
r
‖ ∞
≤
λ
,

r 0
−
s 0

=
r n
−
s n

=
0,

w
h
ic

h
u
p

on
si

m
p
li
fi
ca

ti
on

b
ec

om
es

m
in s

∑
n i=

1
(s
i−

1
−
s i

)2
,

s.
t.
‖s
−
r
‖ ∞
≤
λ
,s

0
=

0,
s n

=
r n
.

(2
.4

)

N
ow

th
e

ke
y

tr
ic

k
:

p
ro

b
le

m
(2

.4
)

ca
n

b
e

sh
ow

n
to

sh
ar

e
th

e
sa

m
e

op
ti

m
u
m

a
s

m
in s

n ∑ i=
1

√
1

+
(s
i−

1
−
s i

)2
,

s.
t.
‖s
−
r
‖ ∞
≤
λ
,

s 0
=

0,
s n

=
r n
.

(2
.5

)

A
p
ro

of
of

th
is

re
la

ti
on

sh
ip

m
ay

b
e

fo
u
n
d

in
(S

te
id

l
et

a
l.
,

20
05

);
fo

r
co

m
p
le

te
n
es

s,
a
n
d

a
ls

o
b

ec
au

se
it

w
il
l

h
el

p
u
s

ge
n
er

al
iz

e
to

th
e

w
ei

gh
te

d
T

v
1
D

1
va

ri
a
n
t,

w
e

in
cl

u
d
e

a
n

a
lt

er
n
a
ti

v
e

p
ro

of
in

A
p
p

en
d
ix

C
.

T
h
e

n
am

e
“t

au
t-

st
ri

n
g”

is
ex

p
la

in
ed

as
fo

ll
ow

s.
T

h
e

ob
je

ct
iv

e
in

(2
.5

)
ca

n
b

e
in

te
rp

re
te

d
as

th
e

E
u
cl

id
ea

n
le

n
gt

h
of

a
p

ol
y
li
n
e

th
ro

u
gh

th
e

p
oi

n
ts

(i
,s
i)

.
T

h
u
s,

(2
.5

)
se

ek
s

th
e

m
in

im
u
m

le
n
gt

h
p

ol
y
li
n
e

(t
h
e

ta
u

t-
st

ri
n

g
)

cr
os

si
n
g

a
tu

b
e

of
h
ei

gh
t
λ

w
it

h
ce

n
te

r
th

e
cu

m
u
la

ti
ve

su
m
r

an
d

h
av

in
g

th
e

fi
x
ed

en
d
p

oi
n
ts

(s
0
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n
).

A
n

ex
am

p
le

il
lu

st
ra

ti
n
g
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d
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ip

ti
on
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sh

ow
n
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F

ig
u
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M
o
d
u
l
a
r
p
r
o
x
im

a
l
o
p
t
im

iz
a
t
io
n
f
o
r
m
u
lt

id
im

e
n
sio

n
a
l
T
V

r
e
g
u
l
a
r
iz
a
t
io
n

0
1

2
3

4
5

6
7

8
9

1
0

−
6

−
4

−
2 0

i

s
T

a
u

t−
s
trin

g
 s

o
lu

tio
n

F
ig

u
re

1
:

E
x
a
m

p
le

o
f

th
e

ta
u
t

strin
g

m
eth

o
d
.

T
h
e

cu
m

u
lative

su
m
r

of
th

e
in

p
u
t

sign
al

valu
es
y

is
sh

ow
n

a
s

th
e

d
ash

ed
lin

e;
th

e
b
la

ck
d
ots

m
ark

th
e

p
o
in

ts
(i,r

i ).
T

h
e

b
ottom

an
d

top
o
f

th
e
λ

-w
id

th
tu

b
e

a
re

sh
ow

n
in

red
.

T
h
e

ta
u
t

strin
g

so
lu

tio
n
s

is
sh

ow
n

as
a

b
lu

e
lin

e.

O
n
ce

th
e

ta
u
t

strin
g

is
fou

n
d
,

th
e

solu
tion

for
th

e
orig

in
al

T
V

p
rob

lem
(2

.1)
can

b
e

recovered
b
y

o
b
serv

in
g

th
at

s
i −

s
i−

1
=

r
i −

u
i −

(r
i−

1 −
u
i−

1 )
=

y
i −

u
i
+
u
i−

1
=

x
i ,

w
h
ere

w
e

u
sed

th
e

p
rim

al-d
u
al

relation
x

=
y−
D
T
u

.
In

tu
itiv

ely,
th

e
ab

ov
e

argu
m

en
t

sh
ow

s
th

a
t

th
e

so
lu

tio
n

to
th

e
T

V
-L

1
p
rox

im
ity

p
rob

lem
is

ob
tain

ed
as

th
e

d
iscrete

grad
ien

t
of

th
e

ta
u
t

strin
g
,

or
as

th
e

slop
e

of
its

segm
en

ts.
It

rem
ain

s
to

d
escrib

e
h
ow

to
fi
n
d

th
e

tau
t

strin
g.

T
h
e

m
ost

w
id

ely
u
sed

a
p
p
roach

seem
s

to
b

e
th

e
o
n
e

d
u
e

to
D

av
ies

an
d

K
ovac

(2001).
T

h
is

ap
p
roach

starts
from

th
e

fi
x
ed

p
oin

t
s

0
=

0
,

a
n
d

in
crem

en
tally

com
p
u
tes

th
e

grea
test

co
n

vex
m

in
o
ra

n
t

of
th

e
u
p
p

er
b

ou
n
d
s

on
th

e
λ

tu
b

e,
a
s

w
ell

as
th

e
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a
llest
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n

ca
ve

m
a
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ra
n

t
of

th
e

low
er

b
ou

n
d
s

on
th

e
λ

tu
b

e.
W

h
en

b
oth
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rves

in
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th
e

left-m
o
st

p
oin

t
w

h
ere

eith
er

th
e

m
a

joran
t

o
r

th
e

m
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oran
t

to
u
ch

ed
th

e
tu

b
e
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u
sed

to
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x

a
fi
rst

segm
en

t
of

th
e

tau
t

strin
g.

T
h
e

p
ro

ced
u
re

is
th

en
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m
ed

a
t

th
e

en
d

of
th

e
id

en
tifi

ed
segm

en
t,

an
d

iterated
u
n
til

all
tau

t
strin

g
segm

en
ts

h
ave

b
een

o
b
ta

in
ed

.
P

seu
d
o
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d
e

of
th

is
m

eth
o
d

is
p
resen

ted
as

A
lgo

rith
m

1,
w

h
ile

an
ex
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p
le

o
f

th
is

p
ro

ced
u
re

is
sh

ow
n

in
F
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re
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It

is
im

p
o
rtan

t
to

n
ote

th
at

sin
ce

w
e

h
ave

a
d
iscrete

n
u
m

b
er

of
p

oin
ts

in
th

e
tu

b
e,

th
e

g
rea

test
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vex
m

in
oran

t
can

b
e

ex
p
ressed
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a

p
iecew

ise
lin

ear
fu

n
ction

w
ith

segm
en

ts
of

m
o
n
o
ton

ica
lly

in
creasin

g
slop

e,
w

h
ile

th
e

sm
allest

con
cave

m
a

joran
t

is
an

o
th

er
p
iecew

ise
lin

ea
r

fu
n
ction

w
ith

segm
en

ts
of

m
on

oton
ically

d
ecreasin

g
slop

e.
A

n
oth

er
relevan

t
fact

is
th

a
t

ea
ch

seg
m

en
t

in
th

e
tu

b
e

u
p
p

er/low
er

b
ou

n
d

en
ters

th
e

m
in

oran
t/

m
a
joran

t
ex

actly
o
n
ce

in
th

e
a
lg

o
rith

m
,

an
d

is
also

rem
oved

ex
actly

on
ce.

T
h
is

lim
its

th
e

ex
ten

t
of

th
e

in
n
er

lo
o
p
s

in
th

e
a
lgorith

m
,

an
d

in
fact

an
an

aly
sis

of
th

e
com

p
u
tation

al
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m
p
lex

ity
of

th
is

b
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av
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r
lea

d
s

to
an
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erall

O
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)
p
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ce
(D

av
ies

a
n
d

K
ovac,

2001).
In
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of
th

is,
C

on
d
at

(2012)
n
otes

th
at

m
ain

tain
in

g
th

e
m

in
oran

t
an

d
m

a
joran

t
fu

n
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tio
n
s

in
m

em
o
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is
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v
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s
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B
a
r
b
e
r
o

a
n
d

S
r
a

A
lg

o
rith

m
1

T
au

t
strin

g
a
lg

orith
m

fo
r

T
V

-L
1-p

rox
im

ity

1
:

In
p

u
ts:

in
p
u
t

sign
a
l
y

o
f

len
g
th
n

,
regu

la
rizer

λ
.

2
:

In
itia

liz
e
i

=
0,
con

cm
a
jora

n
t

=
∅

,
con

v
m
in
ora

n
t

=
∅

,
r
i

=
∑
ik
=

1
y
k .

3
:

w
h

ile
i
<
n

d
o

4
:

A
d
d

n
ew

seg
m

en
t:
con

cm
a
jora

n
t

=
con

cm
a
jora

n
t∪

((i−
1,r

i−
1 −

λ
)→

(i,r
i −

λ
)).

5
:

w
h

ile
con

cm
a
jora

n
t

is
n
o
t

con
cave

d
o

6
:

M
erge

th
e

last
tw

o
segm

en
ts

of
con

cm
a
jora

n
t

7
:

e
n

d
w

h
ile

8
:

A
d
d

n
ew

segm
en

t:
con

v
m
in
ora

n
t

=
con

v
m
in
ora

n
t∪

((i−
1
,r
i−

1
+
λ

)→
(i,r

i
+
λ

)).
9
:

w
h

ile
con

v
m
in
ora

n
t

is
n
ot

con
vex

d
o

1
0
:

M
erge

th
e

last
tw

o
seg

m
en

ts
of
con

v
m
in
ora

n
t

1
1
:

e
n

d
w

h
ile

1
2
:

if
slop

e(left-m
ost

seg
m

en
t

in
con

cm
a
jora

n
t)
>

slop
e(lest-m

ost
seg

m
en

t
in
con

v
m
in
ora

n
t)

th
e
n

1
3
:

brea
k

=
left-m

o
st

p
oin

t
w

h
ere

eith
er

th
e

m
a

joran
t

or
th

e
m

in
o
ra

n
t

tou
ch

ed
th

e
tu

b
e

1
4
:

if
brea

k
∈
con

v
m
in
ora

n
t

th
e
n

1
5
:

R
em

ov
e

left-m
ost

seg
m

en
t

o
f

th
e

m
in

ora
n
t,

ad
d

it
to

th
e

tau
t-strin

g
so

lu
tion

x
.

1
6
:

M
a

jora
n
t

is
recalcu

lated
as

a
stra

ig
h
t

lin
e

from
brea

k
to

its
la

st
p

oin
t.

1
7
:

e
n

d
if

1
8
:

if
brea

k
∈
con

cm
a
jora

n
t

th
e
n

1
9
:

R
em

ov
e

left-m
ost

segm
en

t
of

th
e

m
a
jora

n
t,

a
d
d

it
to

th
e

tau
t-strin

g
so

lu
tion

x
.

2
0
:

M
in

ora
n
t

is
recalcu

lated
as

a
straigh

t
lin

e
from

brea
k

to
its

last
p

o
in

t.
2
1
:

e
n

d
if

2
2
:

e
n

d
if

2
3
:

i
+

+
2
4
:

e
n

d
w

h
ile

2
5
:

A
d
d

last
segm

en
t

from
eith

er
th

e
m

a
joran

t
or

m
in

oran
t

to
th

e
solu

tio
n
x

.

h
is

p
rop

osed
m

eth
o
d
.

T
o

th
is

ob
servation

w
e

m
ake

tw
o

claim
s:

C
on

d
at’s

m
eth

o
d

can
b

e
in

terp
reted

as
a

lin
earized

version
of

th
e

tau
t-strin

g
m

eth
o
d

(see
S
ection

2.2);
an

d
th

at
a

carefu
l

im
p
lem

en
tation

of
th

e
tau

t-strin
g

m
eth

o
d

can
b

e
h
igh

ly
com

p
etitive

in
p
ractice.

2
.1
.1
.
E
f
f
ic
ie
n
t
Im

p
l
e
m
e
n
t
a
t
io
n
o
f
T
a
u
t
-S
t
r
in
g
s

W
e

p
rop

ose
n
ow

an
effi

cien
t

im
p
lem

en
tation

of
th

e
tau

t-strin
g

m
eth

o
d
.

T
h
e

m
ain

id
ea

is
to

carefu
lly

u
se

d
ou

b
le-en

d
ed

q
u
eu

es
(K

n
u
th

,
1997)

to
store

th
e

m
a
joran

t
an

d
m

in
oran

t
in

form
ation

.
T
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op
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b
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b
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b
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b
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m
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b
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b
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b
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b
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p
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b
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h
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p
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b
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b
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b
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b
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b
ra
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b
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b
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.g

.,
to

p
re

-
se

rv
e

co
n
v
ex

it
y
/c

on
ca

v
it

y
)

it
p
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p
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h
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b

e
re

v
ie

w
ed

in
th

e
co

d
e

it
se

lf
at

h
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p
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ra
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b
u
t

si
gn

ifi
ca

n
tl

y
re

d
u
ci

n
g

th
e

b
o
ok

ke
ep

in
g

of
th

e
m

et
h
o
d
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p
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p
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b
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n
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b
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p
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le
1:

C
om

p
ar

is
on

of
th

e
m

ai
n

fe
at

u
re

s
of

re
v
ie

w
ed

ta
u
t-

st
ri

n
g

al
go

ri
th

m
s.

re
q
u
ir

ed
b

ey
on

d
th

e
co

n
st

an
t

n
u
m

b
er

of
b

o
ok

ke
ep

in
g

va
ri

ab
le

s,
an

d
in

-p
la

ce
u
p

d
a
te

s
a
re

al
so

p
os

si
b
le

b
ec

au
se
y i

va
lu

es
fo

r
al

re
ad

y
fi
x
ed

se
ct

io
n
s

of
th

e
ta

u
t-

st
ri

n
g

ar
e

n
o
t

re
q
u
ir

ed
ag

ai
n
,

so
th

e
ou

tp
u
t
x

an
d

th
e

in
p
u
t
y

ca
n

b
ot

h
re

fe
r

to
th

e
sa

m
e

m
em

or
y

lo
ca

ti
o
n
s.

T
h
e

re
su

lt
in

g
al

go
ri

th
m

tu
rn

s
ou

t
to

b
e

eq
u
iv

al
en

t,
al

m
os

t
li
n
e

b
y

li
n
e,

to
th

e
m

et
h
o
d

of
C

on
d
at

(2
01

2)
,

ev
en

th
ou

gh
it

s
th

eo
re

ti
ca

l
gr

ou
n
d
s

ar
e

ra
d
ic

al
ly

d
iff

er
en

t:
w

h
il
e

th
e

ap
p
ro

ac
h

p
re

se
n
te

d
h
er

e
h
as

a
st

ro
n
g

ge
om

et
ri

c
b
as

is
d
u
e

to
it

s
ta

u
t-

st
ri

n
g

re
la

ti
o
n
sh

ip
,

(C
on

d
at

,
20

12
)

is
b
as

ed
so

le
ly

on
an

al
y
si

s
of

K
K

T
co

n
d
it

io
n
s.

T
h
er

ef
or

e,
w

e
h
av

e
sh

ow
n

th
at

C
on

d
at

’s
fa

st
T

V
m

et
h
o
d

is
,

in
fa

ct
,

a
li
n
ea

ri
ze

d
ta

u
t-

st
ri

n
g

al
go

ri
th

m
.

2
.3

.
C

o
m

p
a
ri

so
n

o
f

T
a
u

t-
S

tr
in

g
M

e
th

o
d

s
a
n

d
a

H
y
b

ri
d

S
tr

a
te

g
y

T
ab

le
1

su
m

m
ar

iz
es

th
e

m
ai

n
fe

at
u
re

s
of

th
e

cl
as

si
c

an
d

li
n
ea

ri
ze

d
ta

u
t-

st
ri

n
g

m
et

h
o
d
s

re
v
ie

w
ed

so
fa

r.
A

lt
h
ou

gh
th

e
cl

as
si

c
ta

u
t-

st
ri

n
g

m
et

h
o
d

h
as

b
ee

n
la

rg
el

y
n
eg

le
ct

ed
in

th
e

m
ac

h
in

e
le

ar
n
in

g
li
te

ra
tu

re
,

it
s

gu
ar

an
te

e
in

li
n
ea

r
p

er
fo

rm
an

ce
m

ak
es

it
a
n

a
tt

ra
ct

iv
e

ch
oi

ce
.

F
u
rt

h
er

m
or

e,
al

th
ou

gh
w

e
co

u
ld

n
o
t

fi
n
d

an
y

re
fe

re
n
ce

s
on

im
p
le

m
en

ta
ti

o
n

d
et

a
il
s

of
th

is
m

et
h
o
d
,

w
e

h
av

e
em

p
ir

ic
al

ly
se

en
th

at
a

ve
ry

effi
ci

en
t

so
lv

er
ca

n
b

e
p
ro

d
u
ce

d
b
y

m
ak

in
g

u
se

of
a

d
ou

b
le

-e
n
d
ed

q
u
eu

e
to

b
o
ok

ke
ep

th
e

m
a
jo

ra
n
t/

m
in

or
a
n
t

in
fo

rm
a
ti

o
n
.

In
co

n
tr

as
t

to
th

is
,

th
e

li
n
ea

ri
ze

d
ta

u
t-

st
ri

n
g

m
et

h
o
d

(e
q
u
iv

al
en

t
to

C
o
n
d
a
t

(2
0
1
2)

)
fe

at
u
re

s
a

m
u
ch

b
et

te
r

p
er

fo
rm

an
ce

p
er

st
ep

in
th

e
tu

b
e

tr
av

er
sa

l,
m

ai
n
ly

d
u
e

to
n
ot

re
q
u
ir

in
g

ad
d
it

io
n
al

m
em

or
y

an
d

m
ak

in
g

u
se

of
on

ly
a

sm
al

l
co

n
st

an
t

n
u
m

b
er

o
f

va
ri

a
b
le

s,
m

ak
in

g
th

e
m

et
h
o
d

fr
ie

n
d
ly

fo
r

C
P

U
ca

ch
e

o
r

re
gi

st
er

s
ca

lc
u
la

ti
on

.
A

s
a

tr
ad

eo
ff

o
f

k
ee

p
in

g
su

ch
sc

ar
ce

in
fo

rm
at

io
n

in
m

em
or

y,
th

e
m

et
h
o
d

d
o
es

n
ot

gu
ar

an
te

e
li
n
ea

r
p

er
fo

rm
a
n
ce

,
fa

ll
in

g
to

a
q
u
ad

ra
ti

c
th

eo
re

ti
ca

l
ru

n
ti

m
e

in
th

e
w

or
st

ca
se

.
T

h
is

fa
ct

w
as

al
re

a
d
y

o
b
se

rv
ed

in
(C

on
d
at

,
20

12
),

th
ou

gh
su

ch
w

or
st

ca
se

w
as

d
ee

m
ed

as
p
at

h
ol

og
ic

al
,

cl
a
im

in
g

a
O

(n
)

p
er

fo
rm

an
ce

in
al

l
p
ra

ct
ic

al
si

tu
at

io
n
s.

W
e

sh
al

l
re

v
ie

w
th

es
e

cl
ai

m
s

in
th

e
ex

p
er

im
en

ta
l

se
ct

io
n
s

in
th

is
m

an
u
sc

ri
p
t.

T
h
e

k
ey

p
oi

n
ts

of
T

ab
le

1
sh

ow
th

at
n
o

ta
u
t-

st
ri

n
g

va
ri

an
t

is
cl

ea
rl

y
su

p
er

io
r.

W
h
il
e

th
e

cl
as

si
c

m
et

h
o
d

p
ro

v
id

es
a

sa
fe

li
n
ea

r
ti

m
e

so
lu

ti
on

to
th

e
p
ro

b
le

m
,

th
e

li
n
ea

ri
ze

d
m

et
h
o
d

is
p

ot
en

ti
al

ly
fa

st
er

b
u
t

ri
sk

ie
r

in
te

rm
s

of
w

or
st

ca
se

p
er

fo
rm

an
ce

.
F

o
ll
ow

in
g

th
es

e
o
b
-

se
rv

at
io

n
s

w
e

p
ro

p
os

e
h
er

e
a

si
m

p
le

h
y
b
ri

d
m

et
h
o
d

co
m

b
in

in
g

b
ot

h
ap

p
ro

a
ch

es
:

ru
n

th
e

li
n
ea

ri
ze

d
al

go
ri

th
m

u
p

to
a

p
re

fi
x
ed

n
u
m

b
er

of
st

ep
s
n
S

,
S
∈

(1
,2

),
an

d
if

th
e

so
lu

ti
o
n

h
as

n
ot

y
et

b
ee

n
fo

u
n
d
,

w
e

sw
it

ch
to

th
e

cl
as

si
c

m
et

h
o
d
.

W
e

th
er

ef
or

e
li
m

it
th

e
w

o
rs

t-
ca

se
sc

en
ar

io
to
O

(n
S

)
+
O

(n
)
'
O

(n
S

),
b

ec
au

se
on

ce
th

e
cl

as
si

c
m

et
h
o
d

k
ic

k
s,

it
w

il
l

en
su

re
a
n

O
(n

)
p

er
fo

rm
an

ce
gu

ar
an

te
e.

Im
p
le

m
en

ta
ti

on
of

th
is

h
y
b
ri

d
m

et
h
o
d

is
ea

sy
u
p

on
re

al
iz

in
g

th
e

si
m

il
a
ri

ti
es

b
et

w
ee

n
al

go
ri

th
m

s:
a

sw
it

ch
–c

h
ec

k
is

ad
d
ed

to
th

e
li
n
ea

ri
ze

d
m

et
h
o
d

ev
er

y
ti

m
e

a
se

g
m

en
t

o
f

th
e

ta
u
t-

st
ri

n
g

h
as

b
ee

n
id

en
ti

fi
ed

(A
lg

or
it

h
m

2,
li
n
es

7,
14

).
If

it
is

co
n
fi
rm

ed
th

a
t

th
e

m
et

h
o
d
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M
o
d
u
l
a
r
p
r
o
x
im

a
l
o
p
t
im

iz
a
t
io
n
f
o
r
m
u
lt

id
im

e
n
sio

n
a
l
T
V

r
e
g
u
l
a
r
iz
a
t
io
n

h
a
s

a
lrea

d
y

ru
n

for
n
S

step
s

w
ith

ou
t

reach
in

g
th

e
solu

tion
,

th
e

rem
a
in

in
g

p
art

of
th

e
sign

al
fo

r
w

h
ich

th
e

tau
t-strin

g
h
as

n
ot

yet
b

een
fou

n
d

is
p
assed

on
to

th
e

classic
m

eth
o
d
,

w
h
ose

so
lu

tio
n

is
co

n
caten

ated
to

th
e

p
art

th
e

lin
earized

m
eth

o
d

m
an

aged
to

fi
n
d

so
far.

W
e

also
rep

o
rt

th
e

em
p
irical

p
erform

an
ce

of
th

is
m

eth
o
d

in
th

e
ex

p
erim

en
tal

section
.

2
.4

.
T

a
u

t-strin
g

M
e
th

o
d

s
fo

r
W

e
ig

h
te

d
T

v
1
D

1

S
evera

l
a
p
p
lica

tion
s

T
V

req
u
ire

p
en

alizin
g

th
e

d
iscrete

grad
ien

ts
in

d
iv

id
u
ally,

w
h
ich

can
b

e
d
o
n
e

b
y

so
lv

in
g

th
e

w
eigh

ted
T

V
-L

1
p
rob

lem

m
in
x

12 ‖x
−
y‖

22
+
∑

n−
1

i=
1
w
i |x

i+
1 −

x
i |,

(2.6)

w
h
ere

th
e

w
eig

h
ts{

w
i }
n−

1
i=

1
are

all
p

ositive.
T

o
solve

(2.6)
u
sin

g
a

tau
t-strin

g
ap

p
ro

ach
,

w
e

a
ga

in
b

eg
in

w
ith

its
d
u
al

(w
ritten

as
a

m
in

im
ization

p
rob

lem
)

m
in
u

12 ‖
D
T
u‖

22 −
u
T
D
y

s.t.
|u
i |≤

w
i ,

1
≤
i
<
n
.

(2.7)

T
h
en

,
w

e
rep

ea
t

th
e

d
erivation

of
th

e
u
n
w

eigh
ted

ta
u
t-strin

g
m

eth
o
d

b
u
t

w
ith

a
few

key
m

o
d
ifi

ca
tio

n
s.

M
ore

p
recisely,

w
e

tran
sform

(2.7)
b
y

in
tro

d
u
cin

g
u

0
=
u
n

=
0

to
o
b
tain

m
in
u

∑
ni=

1
(y
i −

u
i
+
u
i−

1 )
2

s.t.
|u
i |≤

w
i ,

1
≤
i
<
n
.

T
h
en

,
w

e
p

erfo
rm

th
e

ch
an

ge
of

variab
les
s

=
r
−
u

,
w

h
ere

r
i

:=
∑

ik
=

1
y
k ,

an
d

con
sid

er

m
ins ∑

ni=
1

(s
i −

s
i−

1 )
2

s.t.|s
i −

r
i |≤

w
i ,

1
≤
i
<
n
s

0
=

0,
s
n

=
r
n
.

F
in

a
lly,

a
p
p
ly

in
g

T
h
eorem

C
.1

w
e

ob
tain

th
e

eq
u
ivalen

t
w

eigh
ted

ta
u

t-strin
g

p
rob

lem

m
ins ∑

ni=
1 √

1
+

(s
i −

s
i−

1 )
2

s.t.|s
i −

r
i |≤

w
i ,

1
≤
i
<
n
,
s

0
=

0,
s
n

=
r
n
.

(2.8)

P
rob

lem
(2

.8)
d
iff

ers
from

its
u
n
w

eigh
ted

cou
n
terp

art
(2.5)

in
th

e
con

strain
ts|s

i −
r
i |≤

w
i

(1
≤
i
<
n

),
w

h
ich

allow
d
iff

eren
t

w
eigh

ts
for

each
com

p
on

en
t

in
stead

of
u
sin

g
th

e
sam

e
va

lu
e
λ

.
O

u
r

g
eom

etric
in

tu
ition

also
carries

over
to

th
e

w
eigh

ted
p
rob

lem
,

alb
eit

w
ith

a
slig

h
t

m
o
d
ifi

cation
:

th
e

tu
b

e
w

e
are

try
in

g
to

trav
erse

n
ow

h
as

vary
in

g
w

id
th

s
at

each
step

in
stea

d
o
f

th
e

p
rev

iou
s

fi
x
ed

λ
w

id
th

—
F

igu
re

5
illu

strates
th

is
id

ea.
A

s
a

co
n
seq

u
en

ce
of

th
e

ab
ove

d
erivation

a
n
d

in
tu

itio
n
,

ta
u
t-strin

g
m

eth
o
d
s

can
b

e
p
ro

d
u
ced

to
so

lve
th

e
w

eigh
ted

T
v

1
D

1
p
rob

lem
.

T
h
e

o
rigin

al
form

u
lation

of
th

e
classic

tau
t-

strin
g

m
eth

o
d

in
(D

av
ies

an
d

K
ovac,

2001)
d
efi

n
es

th
e

lim
its

of
th

e
tu

b
e

th
ro

u
gh

p
ossib

ly
va

ry
in

g
b

o
tto

m
an

d
ceilin

g
valu

es
(li ,u

i )
∀
i,

an
d

so
th

is
m

eth
o
d

easily
ex

ten
d
s

to
solve

th
e

w
eig

h
ted

T
V

p
rob

lem
b
y

assign
in

g
li

=
r
i −

w
i ,
u
i

=
r
i

+
w
i .

In
ou

r
p
seu

d
o
co

d
e

in
A

lg
o
rith

m
1

w
e

ju
st

n
eed

to
rep

lace
λ

b
y

th
e

ap
p
rop

riate
w
i

valu
es.

S
im

ila
r

co
n
sid

eration
s

ap
p
ly

for
th

e
lin

ea
rized

version
(A

lgorith
m

2),
in

p
articu

lar,
w

h
en

ch
eck

in
g

ceilin
g
/fl

o
or

v
iolation

s
as

w
ell

as
w

h
en

ch
eck

in
g

slop
e

recom
p
u
tation

s
an

d
restarts,

w
e

m
u
st

a
cco

u
n
t

for
vary

in
g

tu
b

e
h
eigh

ts.
A

lgorith
m

3
p
resen

ts
th

e
p
recise

m
o
d
ifi

cation
s

th
a
t

w
e

m
u
st

m
ake

to
A

lgorith
m

2
to

h
an

d
le

w
eigh

ts.
R

egard
in

g
th

e
con

vergen
ce

of
th

is
m

eth
o
d
,

th
e

p
ro

of
of

eq
u
ivalen

ce
w

ith
th

e
classic

tau
t-strin

g
m

eth
o
d

still
h
old

s
in

th
e

w
eig

h
ted

ca
se

(see
A

p
p

en
d
ix

D
).

T
h
e

v
ery

sa
m

e
an

aly
sis

as
p

ortrayed
in

T
ab

le
1

ap
p
lies

h
ere:

b
oth

th
e

b
en

efi
ts

an
d

p
ro

b
lem

s
o
f

th
e

tw
o

tau
t-strin

g
solvers

carry
on

to
th

e
w

eigh
ted

varian
t

of
th

e
p
rob

lem
.
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B
a
r
b
e
r
o

a
n
d

S
r
a

0
1

2
3

4
5

6
7

8
9

1
0

0 2 4 6

i

s

T
a
u
t−

s
trin

g
 s

o
lu

tio
n

F
igu

re
5:

E
x
am

p
le

o
f

th
e

w
eig

h
ted

tau
t

strin
g

m
eth

o
d

w
ith

w
=

(1.3
5
,

3
.0

3,
0
.73,

0
.06

,
0
.7

1,
0
.2

0,
0.12,

1
.49,

1
.41).

T
h
e

cu
m

u
lative

su
m
r

of
th

e
in

p
u
t

sig
n
al

valu
es
y

is
sh

ow
n

as
th

e
d
ash

ed
lin

e,
w

ith
th

e
b
la

ck
d
ots

m
a
rk

in
g

th
e

p
oin

ts
(i,r

i ).
T

h
e

b
otto

m
a
n
d

ceilin
g

o
f

th
e

tu
b

e
a
re

sh
ow

n
in

red
,

w
h
ich

vary
in

w
id

th
at

each
step

follow
in

g
th

e
w

eigh
ts
w
i .

T
h
e

w
eigh

ted
tau

t
strin

g
solu

tion
s

is
sh

ow
n

as
a

b
lu

e
lin

e.

A
lg

o
rith

m
3

M
o
d
ifi

ed
lin

es
for

w
eig

h
ted

v
ersio

n
o
f

A
lgorith

m
2

3
:

F
in

d
tu

b
e

h
eigh

t:
λ̃

=
w
i+

1
if
i
<
n
−

1,
else

λ̃
=

0
8
:

S
tart

n
ew

segm
en

t
after

b
reak

:
(i0 ,¯ i)

=
ī,

¯ δ
=
y
i

+
w
i−

1
+
w
i ,
δ̄

=
y
i

+
w
i−

1 −
w
i ,

¯ h
=
w
i ,

h̄
=
−
w
i ,
i

=
ī

+
1

1
5
:

S
tart

n
ew

segm
en

t
after

b
rea

k
:

(i0 ,ī)
=

¯ i,
¯ δ

=
y
i

+
w
i−

1 −
w
i ,
δ̄

=
y
i

+
w
i−

1
+
w
i ,

¯ h
=
w
i ,

h̄
=
−
w
i ,
i

=
¯ i

+
1

3
.
O
th

e
r
O
n
e
-D

im
e
n
sio

n
a
l
T
V

V
a
ria

n
ts

W
h
ile

m
ore

in
freq

u
en

t,
rep

lacin
g

th
e
`
1

n
orm

of
th

e
stan

d
ard

T
V

regu
larizer

b
y

an
`
p -n

orm
version

can
also

b
e

u
sefu

l.
In

th
is

section
w

e
fo

cu
s

fi
rst

on
a

sp
ecialized

solver
for

p
=

2,
b

efore
d
iscu

ssin
g

a
less

effi
cien

t
b
u
t

m
o
re

gen
eral

solv
er

for
an

y
`
p

w
ith

p
≥

1.
W

e
also

b
riefl

y
cov

er
th

e
p

=
∞

case.

3
.1

.
T

V
-L

2
:

P
ro

x
im

ity
fo

r
T

v
1
D

2

F
or

T
V

-L
2

p
rox

im
ity

(p
=

2)
th

e
d
u
al

to
th

e
p
rox

-op
erator

for
(1.2)

red
u
ces

to

m
in
u
φ

(u
)

:=
12 ‖D

T
u‖

22 −
u
T
D
y
,

s.t.‖
u‖

2 ≤
λ
.

(3.1)

P
rob

lem
(3.1)

is
n
oth

in
g

b
u
t

a
version

of
th

e
w

ell-k
n
ow

n
tru

st-region
su

b
p
rob

lem
(T

R
S
),

for
w

h
ich

a
variety

of
n
u
m

erical
ap

p
roach

es
are

k
n
ow

n
(C

on
n

et
al.,

2000).
W

e
d
erive

a
sp

ecialized
algorith

m
b
ased

on
th

e
classic

M
oré-S

oren
sen

N
ew

ton
(M

S
N

)
m

eth
o
d

of
(M

oré
an

d
S
oren

sen
,

1983).
T

h
is

m
eth

o
d

in
gen

eral
can

b
e

q
u
ite

ex
p

en
sive,

b
u
t

for
(3.1)

th
e

H
essian

is
trid

iagon
al

w
h
ich

can
b

e
w

ell-ex
p
loited

(see
A

p
p

en
d
ix

E
).

C
u
riou

sly,
ex

p
erim

en
ts

sh
ow

th
at

for
a

lim
ited

ran
ge

of
λ

valu
es,

even
ord

in
ary

grad
ien

t-p
ro

jection
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M
o
d
u
l
a
r
p
r
o
x
im

a
l
o
p
t
im

iz
a
t
io
n
f
o
r
m
u
lt

id
im

e
n
si
o
n
a
l
T
V

r
e
g
u
l
a
r
iz
a
t
io
n

(G
P

)
ca

n
b

e
co

m
p

et
it

iv
e.

B
u
t

fo
r

ov
er

al
l

b
es

t
p

er
fo

rm
an

ce
,

a
h
y
b
ri

d
M

S
N

-G
P

ap
p
ro

ac
h

is
p
re

fe
ra

b
le

.
T

ow
ar

d
s

so
lv

in
g

(3
.1

),
co

n
si

d
er

it
s

K
K

T
co

n
d
it

io
n
s:

(D
D
T

+
α
I

)u
=
D
y
,

α
(‖
u
‖ 2
−
λ

)
=

0,
α
≥

0
,

(3
.2

)

w
h
er

e
α

is
a

L
ag

ra
n
ge

m
u
lt

ip
li
er

.
T

h
er

e
ar

e
tw

o
p

o
ss

ib
le

ca
se

s:
ei

th
er
‖u
‖ 2
<
λ

or
‖u
‖ 2

=
λ

.
If
‖u
‖ 2
<
λ

,
th

en
th

e
K

K
T

co
n
d
it

io
n
α

(‖
u
‖ 2
−
λ

)
=

0,
im

p
li
es

th
at
α

=
0

m
u
st

h
ol

d
an

d
u

ca
n

b
e

ob
ta

in
ed

im
m

ed
ia

te
ly

b
y

so
lv

in
g

th
e

li
n
ea

r
sy

st
em

D
D
T
u

=
D
y

.
T

h
is

ca
n

b
e

d
on

e
in
O

(n
)

ti
m

e
ow

in
g

to
th

e
b
id

ia
go

n
al

st
ru

ct
u
re

of
D

.
C

on
ve

rs
el

y,
if

th
e

so
lu

ti
on

to
D
D
T
u

=
D
y

li
es

in
th

e
in

te
ri

or
of

th
e

b
al

l
‖u
‖ 2
≤
λ

,
th

en
it

so
lv

es
(3

.2
).

T
h
er

ef
or

e,
th

is
ca

se
is

tr
iv

ia
l,

an
d

w
e

n
ee

d
to

co
n
si

d
er

on
ly

th
e

h
ar

d
er

ca
se
‖u
‖ 2

=
λ

.
F

or
an

y
gi

ve
n
α

on
e

ca
n

ob
ta

in
th

e
co

rr
es

p
on

d
in

g
v
ec

to
r
u

as
u
α

=
(D
D
T

+
α
I

)−
1
D
y

.
T

h
er

ef
or

e,
op

ti
m

iz
in

g
fo

r
u

re
d
u
ce

s
to

th
e

p
ro

b
le

m
of

fi
n
d
in

g
th

e
“t

ru
e”

va
lu

e
of
α

.
A

n
ob

v
io

u
s

ap
p
ro

ac
h

is
to

so
lv

e
‖u

α
‖2 2

=
λ

2
.

L
es

s
ob

v
io

u
s

is
th

e
M

S
N

eq
u

a
ti

o
n

h
α

:=
λ
−

1
−
‖u

α
‖−

1
2

=
0,

(3
.3

)

w
h
ic

h
h
as

th
e

b
en

efi
t

of
b

ei
n
g

al
m

os
t

li
n
ea

r
in

th
e

se
ar

ch
in

te
rv

al
,

w
h
ic

h
re

su
lt

s
in

fa
st

co
n
ve

rg
en

ce
(M

or
é

an
d

S
or

en
se

n
,

19
83

).
T

h
u
s,

th
e

ta
sk

is
to

fi
n
d

th
e

ro
ot

of
th

e
fu

n
ct

io
n

h
α
,

fo
r

w
h
ic

h
w

e
u
se

N
ew

to
n
’s

m
et

h
o
d
,

w
h
ic

h
in

th
is

ca
se

le
ad

s
to

th
e

it
er

at
io

n

α
←
α
−
h
α
/h
′ α.

(3
.4

)

S
om

e
ca

lc
u
la

ti
on

sh
ow

s
th

at
th

e
d
er

iv
at

iv
e
h
′

ca
n

b
e

co
m

p
u
te

d
as

1 h
′ α

=
‖u

α
‖3 2

u
T α

(D
D
T

+
α
I

)−
1
u
α
.

(3
.5

)

T
h
e

ke
y

id
ea

in
M

S
N

is
to

el
im

in
at

e
th

e
m

at
ri

x
in

ve
rs

e
in

(3
.5

)
b
y

u
si

n
g

th
e

C
h
ol

es
k
y

d
ec

om
p

os
it

io
n
D
D
T

+
α
I

=
R
T α
R
α

an
d

d
efi

n
in

g
a

ve
ct

or
q
α

=
(R

T α
)−

1
u

,
so

th
at
‖q

α
‖2 2

=
u
T α

(D
D
T

+
α
I

)−
1
u
α
.

A
s

a
re

su
lt

,
th

e
N

ew
to

n
it

er
at

io
n

(3
.4

)
b

ec
om

es

α
−
h
α

h
′ α

=
α
−

(‖
u
α
‖−

1
2
−
λ
−

1
)
·

‖u
α
‖3 2

u
T α

(D
D
T

+
α
I

)−
1
u
α
,

=
α
−
‖u

α
‖2 2
−
λ
−

1
‖u

α
‖3 2

‖q
α
‖2 2

,

=
α
−
‖u

α
‖2 2

‖q
α
‖2 2

( 1
−
‖u

α
‖ 2

λ

)
,

an
d

th
er

ef
or

e

α
←

α
−
‖u

α
‖2 2

‖q
α
‖2 2

( 1
−
‖u

α
‖ 2

λ

)
.

(3
.6

)

A
s

sh
ow

n
fo

r
T

V
-L

1
(A

p
p

en
d
ix

E
),

th
e

tr
id

ia
go

n
al

st
ru

ct
u
re

of
(D
D
T

+
α
I

)
al

lo
w

s
on

e
to

co
m

p
u
te

b
ot

h
R
α

an
d
q
α

in
li
n
ea

r
ti

m
e,

so
th

e
ov

er
al

l
it

er
at

io
n

ru
n
s

in
O

(n
)

ti
m

e.

17
JM

L
R

 1
9(

56
):

1-
82

, 2
01

8

B
a
r
b
e
r
o

a
n
d

S
r
a

A
lg

o
ri

th
m

4
M

S
N

b
as

ed
T

V
-L

2
p
ro

x
im

it
y

In
it

ia
li

ze
:
α

=
0,
u
α

=
0.

w
h

il
e
∣ ∣ ‖
u
α
‖2 2
−
λ
∣ ∣ >

ε λ
o
r

ga
p
(u

α
)
>
ε g

a
p

d
o

C
om

p
u
te

C
h
ol

es
k
y

d
ec

om
p
.
D
D
T

+
α
I

=
R
T α
R
α
.

O
b
ta

in
u
α

b
y

so
lv

in
g
R
T α
R
α
u
α

=
D
y

.
O

b
ta

in
q
α

b
y

so
lv

in
g
R
T α
q
α

=
u
α
.

α
=
α
−
‖u

α
‖2 2

‖q
α
‖2 2

( 1
−
‖u

α
‖ 2

λ

) .

e
n

d
w

h
il
e

re
tu

rn
u
α

A
lg

o
ri

th
m

5
G

P
al

go
ri

th
m

fo
r

T
V

-L
2

p
ro

x
im

it
y

In
it

ia
li

ze
u

0
∈
R
N

,
t

=
0.

w
h

il
e

(¬
co

n
ve

rg
ed

)
d

o
G

ra
d
ie

n
t

u
p

d
at

e:
v
t

=
u
t
−

1 4
∇
f

(u
t )

.
P

ro
je

ct
io

n
:
u
t+

1
=

m
ax

(1
−
λ
/
‖v

t ‖
2
,0

)
·v

t .
t
←
t

+
1.

e
n

d
w

h
il
e

re
tu

rn
u
t .

T
h
e

ab
ov

e
id

ea
s

ar
e

p
re

se
n
te

d
as

p
se

u
d
o
co

d
e

in
A

lg
o
ri

th
m

4.
A

s
a

st
o
p
p
in

g
cr

it
er

io
n

tw
o

co
n
d
it

io
n
s

ar
e

ch
ec

ke
d
:

w
h
et

h
er

th
e

d
u
al

it
y

ga
p

is
sm

al
l
en

ou
gh

,
an

d
w

h
et

h
er
u

is
cl

o
se

en
ou

gh
to

th
e

b
ou

n
d
ar

y.
T

h
is

la
tt

er
ch

ec
k

is
u
se

fu
l

b
ec

a
u
se

in
te

rm
ed

ia
te

so
lu

ti
o
n
s

co
u
ld

b
e

d
u
al

-i
n
fe

as
ib

le
,

th
u
s

m
ak

in
g

th
e

d
u
al

it
y

ga
p

an
in

ad
eq

u
at

e
op

ti
m

al
it

y
m

ea
su

re
o
n

it
s

ow
n
.

In
p
ra

ct
ic

e
w

e
u
se

to
le

ra
n
ce

va
lu

es
ε λ

=
10
−

6
an

d
ε g

a
p

=
10
−

5
.

E
ve

n
th

ou
gh

A
lg

or
it

h
m

4
re

q
u
ir

es
on

ly
li
n
ea

r
ti

m
e

p
er

it
er

at
io

n
,
it

is
fa

ir
ly

so
p
h
is

ti
ca

te
d
,

an
d

in
fa

ct
a

m
u
ch

si
m

p
le

r
m

et
h
o
d

ca
n

b
e

d
ev

is
ed

.
T

h
is

is
il
lu

st
ra

te
d

h
er

e
b
y

a
g
ra

d
ie

n
t-

p
ro

je
ct

io
n

m
et

h
o
d

w
it

h
a

fi
xe

d
st

ep
si

ze
α

0
,

w
h
os

e
it

er
at

io
n

is

u
t+

1
=
P
‖·
‖ 2
≤
λ
(u

t
−
α

0
∇
φ

(u
t )

).
(3

.7
)

T
h
e

th
eo

re
ti

ca
ll
y

id
ea

l
ch

oi
ce

fo
r

th
e

st
ep

si
ze
α

0
is

gi
v
en

b
y

th
e

in
v
er

se
o
f

th
e

L
ip

sc
h
it

z
co

n
st

an
t
L

of
th

e
gr

ad
ie

n
t
∇
φ

(u
)

(N
es

te
ro

v
,

20
07

;
B

ec
k

a
n
d

T
eb

ou
ll
e,

20
0
9
).

S
in

ce
φ

(u
)

is
a

co
n
ve

x
q
u
ad

ra
ti

c,
L

is
si

m
p
ly

th
e

la
rg

es
t

ei
ge

n
va

lu
e

of
th

e
H

es
si

an
D
D
T

.
O

w
in

g
to

it
s

sp
ec

ia
l

st
ru

ct
u
re

,
th

e
ei

ge
n
va

lu
es

of
th

e
H

es
si

an
h
av

e
cl

os
ed

-f
or

m
ex

p
re

ss
io

n
s,

n
a
m

el
y

λ
i

=
2
−

2
co

s
(

iπ n
+

1

)
(f

or
1
≤
i
≤
n

).
T

h
e

la
rg

es
t

on
e

is
λ
n

=
2
−

2
co

s
( (n
−

1
)π

n

) ,
w

h
ic

h
te

n
d
s

to
4

as
n
→
∞

;
th

u
s

th
e

ch
oi

ce
α

0
=

1/
4

is
a

go
o
d

an
d

ch
ea

p
ap

p
ro

x
im

at
io

n
.

P
se

u
d
o
co

d
e

sh
ow

in
g

th
e

w
h
ol

e
p
ro

ce
d
u
re

is
p
re

se
n
te

d
in

A
lg

or
it

h
m

5.
C

om
b
in

in
g

th
is

w
it

h
th

e
fa

ct
th

at
th

e
p
ro

je
ct

io
n
P
‖·
‖ 2
≤
λ

is
al

so
tr

iv
ia

l
to

co
m

p
u
te

,
th

e
G

P
it

er
at

io
n

(3
.7

)
tu

rn
s

o
u
t

to
b

e
v
er

y
at

tr
ac

ti
ve

.
In

d
ee

d
,

so
m

et
im

es
it

ca
n

ev
en

ou
tp

er
fo

rm
th

e
m

or
e

so
p
h
is

ti
ca

te
d

M
S
N

m
et

h
o
d
,

th
ou

gh
on

ly
fo

r
a

ve
ry

li
m

it
ed

ra
n
ge

of
λ

va
lu

es
.

T
h
er

ef
or

e,
in

p
ra

ct
ic

e
w

e
re

co
m

m
en

d
a

h
y
b
ri

d
of

G
P

an
d

M
S
N

,
as

su
gg

es
te

d
b
y

ou
r

ex
p

er
im

en
ts

(s
ee
§5

.2
.1

).
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M
o
d
u
l
a
r
p
r
o
x
im

a
l
o
p
t
im

iz
a
t
io
n
f
o
r
m
u
lt

id
im

e
n
sio

n
a
l
T
V

r
e
g
u
l
a
r
iz
a
t
io
n

3
.2

.
T

V
-L

p
:

P
ro

x
im

ity
fo

r
T

v
1
D
p

F
o
r

T
V

-L
p

p
rox

im
ity

(for
1
<
p
<
∞

)
th

e
d
u
al

p
rob

lem
b

ecom
es

m
in
u

φ
(u

)
:=

12 ‖
D
T
u‖

22 −
u
T
D
y
,

s.t.‖u‖
q ≤

λ
,

(3.8)

w
h
ere

q
=

1
/(1
−

1/p
).

P
rob

lem
(3.8)

is
n
ot

p
articu

larly
am

en
ab

le
to

N
ew

ton
-ty

p
e

ap
-

p
ro

a
ch

es,
a
s

n
eith

er
P

N
(A

p
p

en
d
ix

E
),

n
or

M
S
N

-ty
p

e
m

eth
o
d
s

(§3.1)
can

b
e

ap
p
lied

easily.
It

is
p
a
rtia

lly
a
m

en
ab

le
to

grad
ien

t-p
ro

jection
(G

P
),

for
w

h
ich

th
e

sam
e

u
p

d
ate

ru
le

as
in

(3
.7)

a
p
p
lies,

b
u
t

u
n
like

th
e
q

=
2

case,
th

e
p
ro

jectio
n

step
h
ere

is
m

u
ch

m
ore

in
volved

.
T

h
u
s,

to
co

m
p
lem

en
t

G
P

,
w

e
m

ay
favor

th
e

p
ro

jection
-free

F
ran

k
-W

olfe
(F

W
)

m
eth

o
d
.

A
s

ex
p

ected
,

th
e

ov
erall

b
est

p
erform

in
g

ap
p
roach

is
actu

ally
a

h
y
b
rid

of
G

P
an

d
F

W
.

W
e

su
m

m
a
rize

b
oth

ch
oices

b
elow

.

3
.2
.1
.
E
f
f
ic
ie
n
t
P
r
o
je
c
t
io
n
o
n
t
o

t
h
e
`
q -b

a
l
l

T
h
e

p
ro

b
lem

o
f

p
ro

jectin
g

on
to

th
e
`
q -n

orm
b
all

is

m
in
w

d
(w

)
:=

12 ‖w
−
u‖

22 ,
s.t.

‖w
‖
q ≤

λ
.

(3.9)

F
o
r

th
is

p
ro

b
lem

,
it

tu
rn

s
ou

t
to

b
e

m
ore

con
v
en

ien
t

to
ad

d
ress

its
F

en
ch

el
d
u
al

m
in
w

d ∗(w
)

:=
12 ‖
w
−
u‖

22
+
λ‖w
‖
p ,

(3.10)

w
h
ich

is
a
ctu

a
lly

n
oth

in
g

b
u
t

p
rox

λ‖·‖
p (u

).
T

h
e

o
p
tim

al
solu

tion
,

say
w
∗,

to
(3.9)

can
b

e
o
b
ta

in
ed

b
y

solv
in

g
(3.10),

b
y

u
sin

g
th

e
M

oreau
-d

ecom
p

ositio
n

(A
.6)

w
h
ich

y
ield

s

w
∗

=
u
−

p
rox

λ‖·‖
p (u

).

P
ro

jectio
n

(3
.9

)
is

com
p
u
ted

m
an

y
tim

es
w

ith
in

G
P

,
so

it
is

cru
cial

to
solve

it
rap

id
ly

an
d

a
ccu

ra
tely.

T
o

th
is

en
d
,

w
e

fi
rst

tu
rn

(3.10)
in

to
a

d
iff

eren
tiab

le
p
rob

lem
an

d
th

en
d
erive

a
p
ro

jected
-N

ew
ton

m
eth

o
d

follow
in

g
o
u
r

ap
p
roach

p
resen

ted
in

A
p
p

en
d
ix

E
.

A
ssu

m
e

th
erefore,

w
ith

ou
t

loss
of

gen
erality

th
at
u
≥

0
,

so
th

at
w
≥

0
a
lso

h
old

s
(th

e
sig

n
s

ca
n

b
e

restored
after

solv
in

g
th

is
p
rob

lem
).

T
h
u
s,

in
stead

of
(3.10),

w
e

solve

m
in
w

d ∗(w
)

:=
12 ‖w

−
u‖

22
+
λ ( ∑

i w
pi )

1
/
p

s.t.
w
≥

0.
(3.11)

T
h
e

g
ra

d
ien

t
o
f
d ∗

m
ay

b
e

com
p
actly

w
ritten

as

∇
d ∗(w

)
=
w
−
u

+
λ‖
w
‖

1−
p

p
w
p−

1,
(3.12)

w
h
ere

w
p−

1
d
en

otes
elem

en
tw

ise
ex

p
on

en
tiation

of
w

.
E

lem
en

tary
calcu

lation
y
ield

s

∂
2

∂
w
i ∂
w
j d ∗(w

)
=
δ
ij (1

+
λ

(p−
1) (

w
i

‖
w
‖
p )
p−

2‖
w
‖ −

1
p

)
+
λ

(1−
p
) (

w
i

‖
w
‖
p )
p−

1 (
w
j

‖
w
‖
p )
p−

1‖
w
‖ −

1
p

=
δ
ij (1−

cŵ
p−

2
i

)
+
cw̄

i w̄
j ,

w
h
ere

c
:=

λ
(1−

p
)‖
w
‖ −

1
p

,
ŵ

:=
w
/‖
w
‖
p ,
w̄

:=
(w
/‖
w
‖
p )
p−

1,
an

d
δ
ij

is
th

e
D

irac
d
elta.

In
m

a
trix

n
o
ta

tion
,

th
is

H
essian

’s
d
ia

gon
al

p
lu

s
ran

k
-1

stru
ctu

re
b

ecom
es

ap
p
aren

t

H
(w

)
=

D
iag (1−

cŵ
p−

2 )
+
cw̄
·w̄

T
(3.13)
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B
a
r
b
e
r
o

a
n
d

S
r
a

T
o

d
evelop

an
effi

cien
t

N
ew

ton
m

eth
o
d

it
is

im
p

era
tive

to
ex

p
loit

th
is

stru
ctu

re.
It

is
n
ot

h
ard

to
see

th
at

for
a

set
of

n
on

-active
variab

les
Ī

th
e

red
u
ced

H
essian

tak
es

th
e

form

H
Ī (w

)
=

D
iag (1

−
cŵ

p−
2

Ī

)
+
cw̄

Ī w̄
TĪ
.

(3.14)

W
ith

th
e

sh
orth

an
d

∆
=

D
iag (1

−
cŵ

p−
2

Ī

),
th

e
m

atrix
-in

version
lem

m
a

y
ield

s

H
−

1
Ī

(w
)

=
(∆

+
cw̄

Ī w̄
TĪ )−

1
=

∆
−

1−
∆
−

1cw̄
Ī w̄

TĪ
∆
−

1

1
+
cw̄

TĪ
∆
−

1w̄
Ī

.
(3.15)

F
u
rth

erm
ore,

sin
ce

in
P

N
th

e
in

verse
of

th
e

red
u
ced

H
essian

alw
ay

s
op

erates
on

th
e

red
u
ced

grad
ien

t,
w

e
can

rearran
ge

th
e

term
s

in
th

is
op

eration
fo

r
fu

rth
er

effi
cien

cy
;

th
at

is,

H
Ī (w

) −
1∇

Ī f
(w

)
=
v
�
∇
Ī f

(w
)−

(v
�
w̄
Ī )(v

�
w̄
Ī )
T∇

Ī f
(w

)

1
/
c

+
w̄
Ī (v
�
w̄
Ī )

,
(3.16)

w
h
ere

v
:=
(1
−
cŵ

p−
2

Ī

)−
1,

an
d
�

d
en

otes
com

p
on

en
tw

ise
p
ro

d
u
ct.

T
h
e

relevan
t

p
oin

t
of

th
e

ab
ove

d
erivation

s
is

th
at

th
e

N
ew

ton
d
irection

,
an

d
th

u
s

th
e

overall
P

N
iteration

can
b

e
com

p
u
ted

in
O

(n
)

tim
e,

w
h
ich

resu
lts

in
a

h
igh

ly
eff

ective
solver.

3
.2
.2
.
F
r
a
n
k
-W

o
l
f
e
A
l
g
o
r
it
h
m

f
o
r
T
V
-L

p
P
r
o
x
im

it
y

T
h
e

F
ran

k
-W

olfe
(F

W
)

algorith
m

(see
e.g.,

J
aggi

(2
013)

for
a

recen
t

overv
iew

),
also

k
n
ow

n
as

th
e

con
d
ition

al
grad

ien
t

m
eth

o
d

(B
ertsekas,

1999)
solves

d
iff

eren
tiab

le
op

tim
ization

p
rob

-
lem

s
over

com
p
act

con
vex

sets,
an

d
can

b
e

q
u
ite

eff
ective

if
w

e
h
av

e
access

to
a

su
b
rou

tin
e

to
solv

e
lin

ear
p
rob

lem
s

over
th

e
con

strain
t

set.
T

h
e

gen
eric

F
W

iteration
is

illu
strated

in
A

lgorith
m

6.
F

W
off

ers
an

attractiv
e

strategy
for

T
V

-L
p

b
ecau

se
b

oth
th

e
d
escen

t-d
irection

as
w

ell
as

step
sizes

can
b

e
com

p
u
ted

easily.
S
p

ecifi
cally,

to
fi
n
d

th
e

d
escen

t
d
irection

w
e

n
eed

to
solve

m
in
s

s
T
(D
D
T
u
−
D
y )
,

s.t.
‖s‖

q ≤
λ
.

(3.17)

T
h
is

p
rob

lem
can

b
e

solved
b
y

ob
serv

in
g

th
at

m
ax‖

s‖
q ≤

1
s
T
z

is
attain

ed
b
y

som
e

vector
s

p
rop

ortion
al

to
z

,
of

th
e

form
|s ∗|∝

|z| p−
1.

T
h
erefore,

s ∗
in

(3.17)
is

fou
n
d

b
y

tak
in

g
z

=
D
D
T
u
−
D
y

,
com

p
u
tin

g
s

=
−

sgn
(z

)�
|z| p−

1
an

d
th

en
resca

lin
g
s

to
m

eet‖
s‖

q
=
λ

.

A
lg

o
rith

m
6

F
ran

k
-W

olfe
(F

W
)

In
p

u
ts:

f
,

com
p
act

con
vex

setD
.

In
itialize

x
0 ∈
D

,
t

=
0.

w
h

ile
stop

p
in

g
criteria

n
ot

m
et

d
o

F
in

d
d
escen

t
d
irection

:
m

in
s
s·∇

f
(x

t )
s.t.

s
∈
D

.
D

eterm
in

e
step

size:
m

in
γ
f

(x
t
+
γ

(s−
x
t ))

s.t.
γ
∈

[0,1].
U

p
d
ate:

x
t+

1
=
x
t
+
γ

(s−
x
t )

t←
t

+
1.

e
n

d
w

h
ile

re
tu

rn
x
t .
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M
o
d
u
l
a
r
p
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o
x
im

a
l
o
p
t
im

iz
a
t
io
n
f
o
r
m
u
lt

id
im

e
n
si
o
n
a
l
T
V

r
e
g
u
l
a
r
iz
a
t
io
n

T
h
e

st
ep

si
ze

ca
n

al
so

b
e

co
m

p
u
te

d
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cl
os
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ow

in
g

to
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

b
ei

n
g

q
u
ad

ra
ti

c.
N

ot
e

th
e

u
p

d
at

e
in

F
W

ta
ke

s
th

e
fo

rm
u

+
γ

(s
−
u

),
w

h
ic

h
ca

n
b

e
re

w
ri

tt
en

as
u

+
γ
d

w
it

h
d

=
s
−
u

.
U

si
n
g

th
is

n
ot

at
io

n
th

e
op

ti
m

al
st

ep
si

ze
is

ob
ta

in
ed

b
y

so
lv

in
g

m
in
γ
∈[

0
,1

]
1 2
‖D

T
(u

+
γ
d

)‖
2 2
−

(u
+
γ
d

)T
D
y
.

A
b
ri

ef
ca

lc
u
la

ti
on

on
th

e
ab

ov
e

p
ro

b
le

m
y
ie

ld
s

γ
∗

=
m

in
{m

ax
{γ̂
,1
},

0
},

w
h
er

e
γ̂

=
−

(d
T
D
D
T
u

+
d
T
D
y

)/
(d
T
D
D
T
d

)
is

th
e

u
n
co

n
st

ra
in

ed
op

ti
m

al
st

ep
si

ze
.

W
e

n
ot

e
th

at
fo

ll
ow

in
g

(J
ag

gi
,

20
13

)
w

e
al

so
ch

ec
k

a
“s

u
rr

og
at

e
d
u
al

it
y
-g

ap
”

g
(x

)
=
x
T
∇
f

(x
)
−

m
in

s
∈D
s
T
∇
f

(x
)

=
(x
−
s
∗ )
T
∇
f

(x
),

at
th

e
en

d
of

ea
ch

it
er

at
io

n
.

If
th

is
ga

p
is

sm
al

le
r

th
an

th
e

d
es

ir
ed

to
le

ra
n
ce

,
th

e
re

al
d
u
al

it
y

ga
p

is
co

m
p
u
te

d
an

d
ch

ec
ke

d
;

if
it

al
so

m
ee

ts
th

e
to

le
ra

n
ce

,
th

e
al

go
ri

th
m

st
op

s.

3
.3

.
P

ro
x

O
p

e
ra

to
r

fo
r

T
V

-L
∞

T
h
e

fi
n
al

ca
se

is
T

v
1
D ∞

p
ro

x
im

it
y.

W
e

m
en

ti
on

th
is

ca
se

on
ly

fo
r

co
m

p
le

te
n
es

s.
T

h
e

d
u
al

to
th

e
p
ro

x
-o

p
er

at
or

h
er

e
is m

in
u

1 2
‖D

T
u
‖2 2
−
u
T
D
y
,

s.
t.
‖u
‖ 1
≤
λ
.

(3
.1

8)

T
h
is

p
ro

b
le

m
ca

n
b

e
ag

ai
n

ea
si

ly
so

lv
ed

b
y

in
vo

k
in

g
G

P
,

w
h
er

e
th

e
on

ly
n
on

-t
ri

v
ia

l
st

ep
is

p
ro

je
ct

io
n

on
to

th
e
` 1

-b
al

l.
B

u
t

th
e

la
tt

er
is

an
ex

tr
em

el
y

w
el

l-
st

u
d
ie

d
op

er
at

io
n

(s
ee

e.
g.

,
C

on
d
at

(2
01

6)
;

L
iu

an
d

Y
e

(2
00

9
);

K
iw

ie
l

(2
00

8)
),

an
d

so
O

(n
)

ti
m

e
ro

u
ti

n
es

fo
r

th
is

p
u
rp

os
e

ar
e

re
ad

il
y

av
ai

la
b
le

.
B

y
in

te
gr

at
in

g
th

em
in

ou
r

G
P

fr
am

ew
or

k
an

effi
ci

en
t

p
ro

x
so

lv
er

is
ob

ta
in

ed
.

4
.
P
ro
x
O
p
e
ra

to
rs

fo
r
M

u
lt
id
im

e
n
si
o
n
a
l
T
V

W
e

n
ow

m
ov

e
on

to
d
is

cu
ss

in
g

h
ow

to
u
se

th
e

effi
ci

en
t

1D
-T

V
p
ro

x
op

er
at

or
s

d
er

iv
ed

ab
ov

e
w

it
h
in

a
p
ro

x
-s

p
li
tt

in
g

fr
am

ew
or

k
to

h
an

d
le

m
u
lt

id
im

en
si

on
al

T
V

(1
.3

)
p
ro

x
im

it
y.

4
.1

.
P

ro
x
im

it
y

S
ta

ck
in

g

T
h
e

b
as

ic
co

m
p

os
it

e
ob

je
ct

iv
e

(1
.1

)
is

a
sp

ec
ia

l
ca

se
of

th
e

m
or

e
ge

n
er

al
cl

as
s

of
m

o
d
el

s
w

h
er

e
on

e
m

ay
h
av

e
se

ve
ra

l
re

gu
la

ri
ze

rs
,

so
th

at
w

e
n
ow

so
lv

e

m
in
x

f
(x

)
+
∑

m i=
1
r i

(x
),

(4
.1

)

w
h
er

e
ea

ch
r i

(f
or

1
≤
i
≤
m

)
is

ls
c

an
d

co
n
ve

x
.

J
u
st

li
ke

th
e

b
as

ic
p
ro

b
le

m
(1

.1
),

th
e

m
or

e
co

m
p
le

x
p
ro

b
le

m
(4

.1
)

ca
n

al
so

b
e

ta
ck

le
d

v
ia

p
ro

x
im

al
m

et
h
o
d
s.

T
h
e

ke
y

to
d
oi

n
g

so
is

to
u
se

in
ex

a
ct

p
ro

xi
m

a
l

m
et

h
od

s
al

on
g

w
it

h
a

te
ch

n
iq

u
e

w
e

sh
ou

ld
ca

ll
p

ro
x
im

it
y
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a
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in
g

.
In

ex
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t
p
ro

x
im
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m

et
h
o
d
s
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lo

w
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e
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u
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p
ro

x
im
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el
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d
p
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x
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er
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or
s
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t
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p
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g

ov
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n
ve
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,

w
h
il
e
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 c
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p
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p
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p
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p
e
ra

to
r

F
ig

u
re

6:
D
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n
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h
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a
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p
ro

x
im

al
op
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at
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n
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r

m
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e
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n
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n
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+
∑
m i=

1
r i
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).

P
ro

x
im

al
st
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ck
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g

m
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s
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e
su

m
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p
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si
n
g
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e
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th

e
p
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im

a
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m
et
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o
d
,

w
h
il
e

re
ta

in
in

g
m

o
d
u
la

ri
ty

in
th

e
d
es

ig
n

o
f

ea
ch

p
ro

x
im

it
y

st
ep

th
ro

u
gh

th
e

u
se

of
a

co
m

b
in

er
m

et
h
o
d
.

F
or

n
o
n
-s

m
o
ot

h
f

th
e

sa
m

e
sc

h
em

a
a
p
p
li
es

b
y

ju
st

re
p
la

ci
n
g

th
e

f
gr

ad
ie

n
t

o
p

er
a
to

r
b
y

it
s

co
rr

es
p

o
n
d
in

g
p
ro

x
im

it
y

o
p

er
a
to

r.

p
ro

x
im

it
y

st
ac

k
in

g
al

lo
w

s
on

e
to

co
m

p
u
te

th
e

p
ro

x
op

er
at

or
fo

r
th

e
en

ti
re

su
m
r(
x

)
=

∑
m i=

1
r i

(x
)

b
y

“s
ta

ck
in

g”
th

e
in

d
iv

id
u
al
r i

p
ro

x
op

er
at

or
s.

T
h
is

st
ac

k
in

g
le

a
d
s

to
a

h
ig

h
ly

m
o
d
u
la

r
d
es

ig
n
;

se
e

F
ig

u
re

6
fo

r
a

v
is

u
al

iz
at

io
n
.

In
ot

h
er

w
or

d
s,

p
ro

x
im

it
y

st
a
ck

in
g

in
vo

lv
es

co
m

p
u
ti

n
g

th
e

p
ro

x
op

er
at

or

p
ro

x
r
(y

)
:=

ar
gm

in
x

1 2
‖x
−
y
‖2 2

+
∑

m i=
1
r i

(x
),

(4
.2

)

b
y

it
er

at
iv

el
y

in
v
ok

in
g

th
e

in
d
iv

id
u
al

p
ro

x
op

er
a
to

rs
p
ro

x
r i

an
d

th
en

co
m

b
in

in
g

th
ei

r
o
u
t-

p
u
ts

.
T

h
is

m
ix

in
g

is
d
on

e
b
y

m
ea

n
s

of
a

co
m

b
in

er
m

et
h
o
d
,

w
h
ic

h
gu

ar
an

te
es

co
n
ve

rg
en

ce
to

th
e

so
lu

ti
on

of
th

e
ov

er
al

l
p
ro

x
r
(y

).

D
iff

er
en

t
p
ro

x
im

al
co

m
b
in

er
s

ca
n

u
se

d
fo

r
co

m
p
u
ti

n
g

p
ro

x
r

(4
.2

).
In

w
h
a
t

fo
ll
ow

s
w

e
b
ri

efl
y

d
es

cr
ib

e
so

m
e

of
th

e
p

os
si

b
il
it

ie
s.

T
h
e

cr
u
x

of
al

l
of

th
em

is
th

at
th

ei
r

ke
y

st
ep

s
w

il
l

b
e

p
ro

x
im

it
y

st
ep

s
ov

er
th

e
in

d
iv

id
u
al
r i

te
rm

s.
T

h
u
s,

u
si

n
g

p
ro

x
im

a
l

st
a
ck

in
g

a
n
d

co
m

b
in

at
io

n
,

an
y

co
n
ve

x
m

ac
h
in

e
le

ar
n
in

g
p
ro

b
le

m
w

it
h

m
u
lt

ip
le

re
gu

la
ri

ze
rs

ca
n

b
e

so
lv

ed
in

a
h
ig

h
ly

m
o
d
u
la

r
p
ro

x
im

al
fr

am
ew

o
rk

.
A

ft
er

th
is

se
ct

io
n

w
e

ex
em

p
li
fy

th
es

e
id

ea
s

b
y

ap
p
ly

in
g

th
em

to
tw

o-
an

d
h
ig

h
er

-d
im

en
si

on
al

T
V

p
ro

x
im

it
y,

w
h
ic

h
w

e
th

en
u
se

w
it

h
in

p
ro

x
im

al
so

lv
er

s
fo

r
ad

d
re

ss
in

g
a

w
id

e
ar

ra
y

of
ap

p
li
ca

ti
on

s.

4
.1
.1
.
P
r
o
x
im

a
l
D
y
k
st

r
a
(P

D
)

T
h
e

P
ro

x
im

al
D

y
k
st

ra
m

et
h
o
d

(C
om

b
et

te
s

an
d

P
es

q
u
et

,
20

09
)

so
lv

es
p
ro

b
le

m
s

o
f

th
e

fo
rm

m
in x

1 2
‖x
−
y
‖2 2

+
r 1

(x
)

+
r 2

(x
),

w
h
ic

h
is

a
p
ar

ti
cu

la
r

ca
se

of
(4

.2
)

fo
r
m

=
2.

T
h
e

m
et

h
o
d

fo
ll
ow

s
th

e
p
ro

ce
d
u
re

d
et

a
il
ed

in
A

lg
or

it
h
m

7,
w

h
ic

h
is

gu
ar

an
te

ed
to

co
n
ve

rg
e

to
th

e
d
es

ir
ed

so
lu

ti
on

.
U

si
n
g

P
D

fo
r

p
ro

x
im

al
st

ac
k
in

g
fo

r
2D

T
ot

al
-V

ar
ia

ti
on

w
as

p
re

v
io

u
sl

y
p
ro

p
os

ed
in

(B
ar

b
er

o
an

d
S
ra

,
2
0
1
1
).

It
h
as

al
so

b
ee

n
sh

ow
n

th
at

th
e

ap
p
li
ca

ti
on

of
th

is
m

et
h
o
d

is
eq

u
iv

al
en

t
to

p
er

fo
rm

in
g

al
te

rn
at

in
g

p
ro

je
ct

io
n
s

on
to

ce
rt

ai
n

d
u
al

p
ol

y
to

p
es

(J
eg

el
ka

et
al

.,
20

13
),

a
p
ro

ce
d
u
re

w
h
o
se
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M
o
d
u
l
a
r
p
r
o
x
im

a
l
o
p
t
im

iz
a
t
io
n
f
o
r
m
u
lt

id
im

e
n
sio

n
a
l
T
V

r
e
g
u
l
a
r
iz
a
t
io
n

A
lg

o
rith

m
7

P
rox

im
al

D
y
k
stra

In
p

u
ts:

r
1 ,r

2 ,
in

p
u
t

sign
al
y
∈
R
n
.

In
itia

lize
x

0
=
y

,
p

0
=
q

0
=

0,
t

=
0.

w
h

ile
sto

p
p
in

g
criteria

n
ot

m
et

d
o

r
2

p
rox

im
ity

op
erator:

z
t

=
p
rox

r
2 (x

t
+
p
t ).

r
2

step
:
p
t+

1
=
x
t
+
p
t −

z
t .

r
1

p
rox

im
ity

op
erator:

x
t+

1
=

p
rox

r
1 (z

t
+
q
t ).

r
1

step
:
q
t+

1
=
z
t
+
q
t −

x
t+

1 .
t←

t
+

1
.

e
n

d
w

h
ile

R
e
tu

rn
x
t .

A
lg

o
rith

m
8

P
arallel-P

rox
im

al
D

y
k
stra

In
p

u
ts:

r
1 ,...,r

m
,

in
p
u
t

sign
al
y
∈
R
n
.

In
itia

lize
x

0
=
y

,
z
i0

=
0,

for
i

=
1,...,m

;
t

=
0

w
h

ile
sto

p
p
in

g
criterion

n
ot

m
et

d
o

fo
r
i

=
1

to
m

in
pa

ra
llel

d
o

p
it

=
p
rox

r
i (z

it )
e
n

d
fo

r
x
t+

1
=

1m

∑
i p

it

fo
r
i

=
1

to
m

in
pa

ra
llel

d
o

z
it+

1
=
x
t+

1
+
z
it −

p
it

e
n

d
fo

r
t←

t
+

1
e
n

d
w

h
ile

R
e
tu

rn
x
t

eff
ectiven

ess
va

ries
d
ep

en
d
in

g
on

th
e

relative
orien

tation
of

su
ch

p
oly

top
es.

A
m

ore
effi

cien
t

m
eth

o
d

b
ased

o
n

refl
ection

s
in

stead
of

p
ro

jection
s

is
p

ossib
le,

a
s

w
e

w
ill

see
b

elow
.

M
o
re

g
en

erally,
if

m
ore

th
an

tw
o

regu
larizers

are
p
resen

t
(i.e.,

m
>

2),
th

en
it

is
m

ore
fi
ttin

g
to

u
se

P
a
ra

llel-P
ro

xim
a
l

D
ykstra

(P
P

D
)

(C
om

b
ettes,

2009)
(see

A
lg.

8),
a

gen
er-

a
liza

tio
n

o
b
ta

in
ed

v
ia

th
e

“p
ro

d
u
ct-sp

ace
trick

”
of

P
ierra

(1984).
T

h
is

p
a
rallel

p
rox

im
al

m
eth

o
d

is
a
ttra

ctive
b

ecau
se

it
n
ot

on
ly

com
b
in

es
an

arb
itrary

n
u
m

b
er

of
regu

larizers,
b
u
t

a
lso

a
llow

s
p
a
ra

llelizin
g

th
e

calls
to

th
e

in
d
iv

id
u
al

p
rox

op
erators.

T
h
is

featu
re

allow
s

u
s

to
d
evelo

p
a

h
ig

h
ly

p
arallel

im
p
lem

en
tation

for
m

u
ltid

im
en

sion
al

T
V

p
rox

im
ity

(§4.3
).

4
.1
.2
.
A
lt

e
r
n
a
t
in
g

R
e
f
l
e
c
t
io
n
s
–
D
o
u
g
l
a
s-R

a
c
h
f
o
r
d

(D
R
)

T
h
e

D
o
u
g
las-R

ach
ford

(D
R

)
m

eth
o
d

w
as

origin
ally

d
ev

ised
for

m
in

im
izin

g
th

e
su

m
of

tw
o

(n
o
n
sm

o
o
th

)
co

n
vex

fu
n
ction

s
(C

om
b

ettes
an

d
P

esq
u
et,

2009),
in

th
e

form
:

m
in
x

f
1 (x

)
+
f

2 (x
),

(4.3)
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B
a
r
b
e
r
o

a
n
d

S
r
a

su
ch

th
at

(ri
d
om

f
1 )∩

(ri
d
om

f
2 )
6=
∅.

T
h
e

m
eth

o
d

op
erates

b
y

iteratin
g

a
series

of
refl

ection
s,

an
d

in
its

sim
p
lest

form
can

b
e

w
ritten

as

z
k
+

1
=

12
[R

f
1 R

f
2

+
I
]z
k ,

(4
.4)

w
h
ere

th
e

refl
ectio

n
o
pera

to
r
R
φ

:=
2

p
rox

φ −
I
.

T
h
is

m
eth

o
d

is
n
ot

clean
ly

ap
p
licab

le
to

p
rob

lem
(4.2)

b
ecau

se
of

th
e

sq
u
ared

n
orm

term
.

N
ev

erth
eless

in
(J

egelka
et

al.,
2013)

a
su

itab
le

tran
sform

ation
w

as
p
rop

osed
b
y

m
ak

in
g

u
se

of
argu

m
en

ts
from

su
b
m

o
d
u
lar

op
ti-

m
ization

;
a

m
in

im
al

b
ack

grou
n
d

on
th

is
top

ic
is

giv
en

in
A

p
p

en
d
ix

A
.

W
e

su
m

m
arize

th
e

key
id

eas
from

(J
egelka

et
al.,

2013)
b

elow
.

A
ssu

m
e
m

=
2

an
d
r

1 ,r
2

b
ein

g
L

ov
ász

ex
ten

sion
s

to
som

e
su

b
m

o
d
u
lar

fu
n
ction

s
(T

otal-
V

ariation
is

th
e

L
ov

ász
ex

ten
sion

of
a

su
b
m

o
d
u
lar

grap
h
-cu

t
p
rob

lem
,

see
B

ach
(201

3)).
D

efi
n
in

g
r̂

1 (x
)

=
r

1 (x
)−

x
T
y

,
r̂

1
is

also
a

L
ov

ász
ex

ten
sion

of
som

e
su

b
m

o
d
u
lar

fu
n
ction

(see
A

p
p

en
d
ix

A
).

T
h
erefore,

w
e

m
ay

con
sid

er
th

e
p
rob

lem

p
rox

r (y
)

:=
argm

in
x

12 ‖x‖
22

+
r̂

1 (x
)

+
r

2 (x
),

w
h
ich

can
b

e
rew

ritten
(u

sin
g

P
rop

o
sition

A
.11)

as

m
in
a
,b
‖a−

b‖
2 ,

s.t.
a
∈
−
B
r̂
1 ,
b∈

B
r
2 ,

(4
.5)

w
h
ere

B
r

d
en

otes
th

e
b
ase

p
oly

top
e

of
su

b
m

o
d
u
lar

fu
n
ction

co
rresp

on
d
in

g
to
r

(see
A

p
-

p
en

d
ix

A
).

T
h
e

origin
al

solu
tion

can
b

e
recovered

th
rou

gh
x

=
a
−
b
.

P
rob

lem
(4.5)

is
still

n
ot

in
a

form
am

en
ab

le
to

D
R

(4.3)—
n
everth

eless,
if

w
e

ap
p
ly

D
R

to
th

e
in

d
icator

fu
n
ction

s
of

th
e

sets−
B
r̂
1 ,B

r
2 ,

th
at

is,
to

th
e

p
rob

lem

m
in
x

δ−
B
r̂
1 (x

)
+
δ
B
r
2 (x

),

it
can

b
e

sh
ow

n
(B

au
sch

ke,
2004)

th
at

th
e

seq
u
en

ce
(4.4)

gen
erated

b
y

D
R

is
d
ivergen

t,
b
u
t

th
at

after
a

correction
th

rou
gh

p
ro

jection
con

verges
to

th
e

d
esired

solu
tion

of
(4.5).

S
u
ch

solu
tion

is
given

b
y

th
e

p
air

b
=

Π
B
r
2 (z

k ),
a

=
Π
−
B
r̂
1 (b

).
(4.6)

A
lth

ou
gh

in
th

is
d
erivation

m
an

y
con

cep
ts

h
ave

b
een

in
tro

d
u
ced

,
su

p
risin

g
ly

all
th

e
op

er-
ation

s
in

th
e

algorith
m

can
b

e
red

u
ced

to
p

erfo
rm

in
g

p
rox

im
ity

step
s.

N
ote

fi
rst

th
at

th
e

p
ro

jection
s

on
to

a
b
ase

p
oly

top
e

req
u
ired

to
get

a
solu

tion
(4.6)

can
b

e
w

ritten
in

term
s

of
p
rox

im
ity

op
erators

(P
rop

osition
A

.12),
w

h
ich

in
th

is
case

im
p
lies

Π
B
r
2 (z

)
=
z
−

p
rox

r
2 (z

),

Π
−
B
r̂
1 (z

)
=
z

+
p
rox

r̂
2 (−

z
)

=
z

+
p
rox

r
2 (−

z
+
y

),

w
h
ere

w
e

u
se

th
e

fact
th

at
for

f
(x

)
=
φ

(x
)
+
u
T
x

,
p
rox

f (x
)

=
p
rox

φ
(x
−
u

).
T

h
e

refl
ection

op
eration

s
in

w
h
ich

th
e

D
R

iteration
is

b
ased

(4.4)
can

a
lso

b
e

w
ritten

in
term

s
of

p
rox

im
ity

step
s,

as
w

e
are

ap
p
ly

in
g

D
R

to
th

e
in

d
icator

fu
n
ction

s
δ−

B
r̂
1 ,δ

B
r
2 ,

an
d

p
rox

im
ity

for
an

in
d
icator

fu
n
ction

eq
u
als

p
ro

jection
.

T
h
is

altern
atin

g
refl

ection
s

varian
t

of
D

R
is

p
resen

ted
in

A
lgorith

m
9.

N
ote

th
at

in
con

trast
w

ith
th

e
origin

al
D

R
m

eth
o
d
,

th
is

varian
t

d
o
es

n
ot

req
u
ire

tu
n
in

g
an

y
h
y
p

erp
a-

ram
eters,

th
u
s

en
h
an

cin
g

its
p
racticality.
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A
lg

o
ri

th
m

9
A

lt
er

n
at

in
g

re
fl
ec

ti
on

s
–

D
ou

gl
as

R
ac

h
fo

rd
(D

R
)

In
p

u
ts

:
r 1
,r

2
L

ov
ás

z
ex

te
n
si

on
s

o
f

so
m

e
su

b
m

o
d
u
la

r
fu

n
ct

io
n
,

in
p
u
t

si
gn

al
y
∈
R
n
.

In
it

ia
li
ze
z

0
∈
R
n
,
t

=
0.

D
efi

n
e

th
e

fo
ll
ow

in
g

op
er

at
io

n
s:

Π
−
B
r̂
1
(z

)
d

ef =
z

+
p
ro

x
r 1

(−
z

+
y

).

Π
B
r
2
(z

)
d

ef =
z
−

p
ro

x
r 2

(z
).

R
−
B
r̂
1
(z

)
d

ef =
2Π
−
B
r̂
1
(z

)
−
z

.

R
B
r
2
(z

)
d

ef =
2Π

B
r
2
(z

)
−
z

.
w

h
il
e

st
op

p
in

g
cr

it
er

ia
n
ot

m
et

d
o

z
t+

1
=

1 2

[ R
−
B
r̂
1
R
B
r
2

+
I
] z

k

t
←
t

+
1.

e
n

d
w

h
il
e

b
=

Π
B
r
2
(z
t)
,
a

=
Π
−
B
r̂
1
(b

).
R

e
tu

rn
x
∗

=
a
−
b
.

4
.1
.3
.
A
lt

e
r
n
a
t
in
g
-D

ir
e
c
t
io
n
M
e
t
h
o
d

o
f
M
u
lt

ip
l
ie
r
s
(A

D
M
M
)

A
lt

h
ou

gh
m

an
y

ti
m

es
p
re

se
n
te

d
as

a
p
ar

ti
cu

la
r

al
go

ri
th

m
fo

r
so

lv
in

g
p
ro

b
le

m
s

in
vo

lv
in

g
th

e
m

in
im

iz
at

io
n

of
a

ce
rt

ai
n

ob
je

ti
ve

f
(x

)
+
g
(L
x

)
w

it
h
L

a
li
n
ea

r
op

er
at

or
(C

o
m

b
et

te
s

an
d

P
es

q
u
et

,
20

09
),

th
e

A
lt

er
n
at

in
g-

D
ir

ec
ti

on
M

et
h
o
d

of
M

u
lt

ip
li
er

s
ca

n
b

e
th

ou
gh

t
as

a
ge

n
er

al
sp

li
tt

in
g

st
ra

te
gy

fo
r

so
lv

in
g

th
e

u
n
co

n
st

ra
in

ed
m

in
im

iz
at

io
n

of
a

su
m

of
fu

n
ct

io
n
s.

T
h
is

st
ra

te
gy

b
oi

ls
d
ow

n
to

tr
an

sf
o
rm

in
g

a
p
ro

b
le

m
in

th
e

fo
rm

m
in
x
∑

m i=
1
f i

(x
)

in
to

a
sa

d
d
le

-p
oi

n
t

p
ro

b
le

m
b
y

in
tr

o
d
u
ci

n
g

co
n
se

n
su

s
co

n
st

ra
in

ts
an

d
in

co
rp

or
at

in
g

th
em

in
to

th
e

ob
je

ct
iv

e
th

ro
u
gh

au
gm

en
te

d
L

ag
ra

n
ge

m
u
lt

ip
li
er

s,

m
in x

m ∑ i=
1

f i
(x

)
=

m
in

x
,z

1
,.
..
,z
m

m ∑ i=
1

f i
(z
i)

s.
t.
z

1
=
x
,.
..
,z
m

=
x
,

≡
m

in
x
,z

1
,.
..
,z
m

m
ax

u
1
,.
..
,u
m

m ∑ i=
1

( f i
(z
i)

+
u
T i

(z
i
−
x

)
+
ρ 2
‖z

i
−
x
‖ 2
) .

T
h
e

m
et

h
o
d

th
en

p
ro

ce
ed

s
to

so
lv

e
th

is
p
ro

b
le

m
b
y

al
te

rn
at

in
g

st
ep

s
of

m
in

im
iz

at
io

n
o
n
x

,
m

in
im

iz
at

io
n

on
ev

er
y
z
i,

an
d

a
gr

ad
ie

n
t

st
ep

on
ev

er
y
u
i.

In
(Y

an
g

et
al

.,
20

13
)

a
p
ro

p
os

al
u
si

n
g

th
is

m
et

h
o
d

w
as

p
re

se
n
te

d
to

so
lv

e
m

–d
im

en
si

on
al

an
is

ot
ro

p
ic

T
V

(1
.3

).
T

h
is

ap
p
ro

ac
h

ap
p
li
es

eq
u
al

ly
to

th
e

m
or

e
ge

n
er

al
p
ro

x
im

al
st

ac
k
in

g
fr

am
ew

or
k

u
n
d
er

d
is

cu
ss

io
n

h
er

e
(4

.2
),

b
y

th
e

tr
an

sf
or

m
at

io
n

p
ro

x
r
(y

)
:=

ar
gm

in
x

1 2
‖x
−
y
‖2 2

+
∑

m i=
1
r i

(x
),

≡
m

in
x
,z

1
,.
..
,z
m

m
ax

u
1
,.
..
,u
m

1 2
‖x
−
y
‖2 2

+
m ∑ i=

1

( f i
(z
i)

+
u
T i

(z
i
−
x

)
+
ρ 2
‖z

i
−
x
‖ 2
) .

T
h
e

st
ep

s
fo

r
ob

ta
in

in
g

a
so

lu
ti

on
th

en
fo

ll
ow

as
A

lg
or

it
h
m

10
.

S
im

il
ar

to
P

ar
al

le
l
P

ro
x
im

al
D

y
k
st

ra
,

th
is

ap
p
ro

ac
h

al
lo

w
s

co
m

p
u
ti

n
g

th
e

p
ro

x
-o

p
er

at
or

of
ea

ch
fu

n
ct

io
n
r i

in
p
ar

al
le

l.
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B
a
r
b
e
r
o

a
n
d

S
r
a

A
lg

o
ri

th
m

1
0

A
lt

er
n
at

in
g

D
ir

ec
ti

on
M

et
h
o
d

of
M

u
lt

ip
li
er

s
(A

D
M

M
)

In
p

u
ts

:
r 1
,.
..
,r
m

,
in

p
u
t

si
gn

al
y
∈
R
n
.

In
it

ia
li
ze
x

0
=
z
i 0

=
y

fo
r
i

=
1,
..
.,
m

;
t

=
0

w
h

il
e

st
op

p
in

g
cr

it
er

io
n

n
ot

m
et

d
o

x
t+

1
=
y

+
∑
m i=

1
(u
i t
+
ρ
z
i t
)

1
+
m
ρ

.
fo

r
i

=
1

to
m

in
pa

ra
ll

el
d

o
z
i t

=
p
ro

x
λ ρ
r i

(−
1 ρ
u
i t
+
x
t+

1
)

u
i t+

1
=
u
t+

1
+
ρ
(z
i t+

1
−
x
t+

1
)

e
n

d
fo

r
t
←
t

+
1

e
n

d
w

h
il
e

R
e
tu

rn
x
t

4
.1
.4
.
D
u
a
l
P
r
o
x
im

it
y
M
e
t
h
o
d
s

A
n
ot

h
er

fa
m

il
y

of
ap

p
ro

ac
h
es

to
so

lv
e

(4
.2

)
is

to
co

m
p
u
te

th
e

gl
ob

al
p
ro

x
im

it
y

o
p

er
a
to

r
u
si

n
g

th
e

F
en

ch
el

d
u
al

s
p
ro

x
r
∗ i
.

T
h
is

ca
n

b
e

ad
va

n
ta

ge
ou

s
in

se
tt

in
gs

w
h
er

e
th

e
d
u
a
l

p
ro

x
-

op
er

at
or

is
ea

si
er

to
co

m
p
u
te

th
an

th
e

p
ri

m
al

op
er

at
or

;
is

ot
ro

p
ic

T
ot

al
-V

ar
ia

ti
o
n

p
ro

b
le

m
s

ar
e

an
in

st
an

ce
of

su
ch

a
se

tt
in

g,
an

d
th

u
s

in
ve

st
ig

at
in

g
th

is
ap

p
ro

ac
h

fo
r

th
ei

r
a
n
is

o
tr

o
p
ic

va
ri

an
ts

is
w

or
th

w
h
il
e.

In
d
ee

d
,
in

th
e

co
n
te

x
t

of
im

ag
e

p
ro

ce
ss

in
g

a
p

op
u
la

r
sp

li
tt

in
g

ap
p
ro

ac
h

is
g
iv

en
b
y

C
h
a
m

-
b

ol
le

an
d

P
o
ck

(2
01

1)
,

w
h
ic

h
co

n
si

d
er

a
p
ro

b
le

m
in

th
e

fo
rm

m
in x

F
(K
x

)
+
G

(x
),

fo
r
K

so
m

e
li
n
ea

r
op

er
at

or
,
F
,G

co
n
ve

x
lo

w
er

-s
em

ic
on

ti
n
u
ou

s
fu

n
ct

io
n
s.

T
h
ro

u
g
h

a
st

ra
t-

eg
y

si
m

il
ar

to
A

D
M

M
an

eq
u
iv

al
en

t
sa

d
d
le

p
oi

n
t

p
ro

b
le

m
ca

n
b

e
ob

ta
in

ed
,

m
in x

m
ax y

(K
x

)T
y

+
G

(x
)
−
F
∗ (
y

),

w
it

h
F
∗

co
n
ve

x
co

n
ju

ga
te

of
F

.
T

h
is

p
ro

b
le

m
is

th
en

so
lv

ed
b
y

al
te

rn
at

in
g

m
a
x
im

iz
a
ti

o
n

on
y

an
d

m
in

im
iz

at
io

n
on
x

th
ro

u
gh

p
ro

x
im

it
y

st
ep

s,
as

y
t+

1
=

p
ro

x
σ
F
∗
(y
t
+
σ
K
x̄
t)

x
t+

1
=

p
ro

x
τ
G

(x
t
−
τ
K
∗ y

t+
1
)

x̄
t+

1
=
x
t+

1
+
θ(
x
t+

1
−
x
t)
,

w
h
er

e
K
∗

is
th

e
co

n
ju

ga
te

tr
an

sp
os

e
of
K

.
σ

,
τ

an
d
θ

ar
e

al
go

ri
th

m
p
a
ra

m
et

er
s

th
a
t

sh
ou

ld
b

e
ei

th
er

se
le

ct
ed

u
n
d
er

so
m

e
b

o
u
n
d
s

(C
h
am

b
ol

le
an

d
P

o
ck

,
20

11
,

A
lg

o
ri

th
m

1
)

or
re

ad
ju

st
ed

ev
er

y
it

er
at

io
n

m
ak

in
g

u
se

of
L

ip
sc

h
it

z
co

n
ve

x
it

y
of
G

(C
h
am

b
o
ll
e

a
n
d

P
o
ck

,
20

11
,

A
lg

or
it

h
m

2)
,

re
su

lt
in

g
in

an
ac

ce
le

ra
ti

n
g

sc
h
em

e
m

u
ch

in
th

e
st

y
le

o
f

F
IS

T
A

(B
ec

k
an

d
T

eb
ou

ll
e,

20
09

).
T

h
e

ov
er

al
l

p
ro

ce
d
u
re

ca
n

al
so

b
e

sh
ow

n
to

b
e

an
in

st
a
n
ce

o
f

p
re

-
co

n
d
it

io
n
ed

A
D

M
M

,
w

h
er

e
th

e
p
re

co
n
d
it

io
n
in

g
is

gi
ve

n
b
y

th
e

ap
p
li
ca

ti
on

o
f

a
p
ro

x
im

it
y

st
ep

fo
r

th
e

m
ax

im
iz

at
io

n
of
y

(i
n
st

ea
d

of
th

e
u
sa

l
d
u
al

gr
ad

ie
n
t

st
ep

o
f

A
D

M
M

)
a
n
d

th
e

au
x
il
ia

ry
p

oi
n
t
x̄

.
N

ot
e

al
so

h
ow

p
ro

x
im

it
y

is
co

m
p
u
te

d
ov

er
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e
d
u
a
l
F
∗

in
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f

th
e

p
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m
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p
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x
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M
o
d
u
l
a
r
p
r
o
x
im

a
l
o
p
t
im

iz
a
t
io
n
f
o
r
m
u
lt

id
im

e
n
sio

n
a
l
T
V

r
e
g
u
l
a
r
iz
a
t
io
n

N
ow

,
th

is
d
ecom

p
osition

strategy
ca

n
b

e
ap

p
lied

for
som

e
in

stan
ces

o
f

p
rox

im
al

stack
-

in
g

(4
.2

)
w

h
en

th
e
r
i

term
s

allow
th

e
p
articu

lar
com

p
osition

m
∑i=

1

r
i (x

)
=
F




K

1
...
K
m


x 

=
F

(K
x

),

w
h
ich

d
o
es

n
o
t

h
old

in
gen

eral
b
u
t

h
old

s
for

2D
T

V
(1.4)

w
h
en

tak
in

g
th

e
id

en
tities

F
(x

)
=
‖
x‖

1 ,G
(x

)
=

12 ‖x
−
y‖

22 ,

K
=

[
I
⊗
D

D
⊗
I

]
,

w
ith

D
th

e
d
iff

eren
cin

g
m

atrix
as

b
efo

re,⊗
d
en

otes
K

ron
ecker

p
ro

d
u
ct,

an
d
x

a
vectoriza-

tio
n

o
f

th
e

2
D

in
p
u
t.

T
h
e

iterates
ab

ove
can

th
en

b
e

ap
p
lied

easily
:

p
rox

im
ity

over
G

is
triv

-
ia

l
a
n
d

p
rox

im
ity

over
F
∗

is
also

easy
u
p

on
realizin

g
th

at
p
rox‖·‖ ∗1

=
p
rox

δ‖·‖∞
≤
1

=
Π
‖·‖∞

≤
1 ,

w
h
ich

is
so

lved
th

rou
gh

th
resh

old
in

g.
A

g
en

era
liza

tion
of

th
is

ap
p
roach

is
p
resen

ted
b
y

C
on

d
at

(2014),
w

h
o

con
sid

ers

m
in
x

f
(x

)
+
g
(x

)
+

m
∑i=

1

r
i (L

i x
),

a
p
ro

b
lem

th
a
t

clean
ly

fi
ts

in
to

(4.2)
w

ith
f

(x
)

=
12 ‖x
−
y‖

22 ,
g
(x

)
=

0
,
L

=
I

.
T

h
e

p
ro

ced
u
re

to
fi
n
d

a
solu

tion
is

p
rop

osed
as

x̄
t+

1
=

p
rox

τ
g ∗ (

x
t−

τ∇
f

(x
t)−

τ
m
∑i=

1

L
∗i u

ti )

x
n

+
1

=
ρ
x̄
t+

1
+

(1−
ρ
)x

t

ū
t+

1
i

=
p
rox

σ
h
∗i (u

ti
+
σ
L
i (2x̄

t+
1 −

x
t ))

∀
i

=
1,...,m

,

u
t+

1
i

=
ρ
ū
t+

1
i

+
(1−

ρ
)u

ti
∀
i

=
1,...,m

,

fo
r
τ,ρ

p
a
ra

m
eters

of
th

e
algorith

m
.

W
h
en

ap
p
ly

in
g

th
is

p
ro

ced
u
re

to
2D

T
V

(m
=

2
,
r

1 (x
)

=
p
rox

im
ity

over
row

s,
r

2 (x
)

=
p
rox

im
ity

over
colu

m
n
s)

an
algorith

m
alm

ost
eq

u
iva

len
t

to
C

h
am

b
olle

an
d

P
o
ck

(2011)
is

ob
tain

ed
,

th
e

on
ly

d
iff

eren
ce

b
ein

g
th

at
h
ere

th
e

g
ra

d
ien

t
o
f
f

is
u
sed

,
in

stead
of

th
e

p
rox

G
op

eration
.

Y
et

a
n
o
th

er
related

m
eth

o
d

is
th

e
sp

littin
g

ap
p
roach

of
K

olm
ogorov

et
al

(2015
),

w
h
ich

fo
r
m

=
2

p
erfo

rm
s

th
e

follow
in

g
sp

littin
g:

m
in
x

12 ‖
x
−
y‖

22
+
r

1 (x
)

+
r

2 (x
),

≡
m

in
x
,x
′
‖
x
−
y‖

22
+
r

1 (x
)

+
r

2 (x
′)

s.t.
x

=
x
′,

≡
m

in
x
,x
′
m

ax
z

‖
x
−
y‖

22
+
r

1 (x
)

+
r

2 (x
′)

+
z
T

(x
−
x
′),

≡
m

in
x

m
ax
z

‖
x
−
y‖

22
+
r

1 (x
)−

r ∗2 (z
)

+
x
T
z
.
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B
a
r
b
e
r
o

a
n
d

S
r
a

w
h
ere

w
e

h
ave

m
ad

e
u
se

of
th

e
F

en
ch

el
d
u
al
r ∗2 (z

)
=

m
ax
x
′z

T
x
′−

r
2 (x
′).

T
h
is

p
rob

lem
can

b
e

solv
ed

th
rou

gh
a

p
rim

al-d
u
al

m
in

im
iza

tion
:

z
t+

1
=

p
rox

σ
tr ∗2 (z

t
+
σ
t(x

t
+
θ
t(x

t−
x
t−

1)) )
,

x
t+

1
=

p
rox

τ
t(‖·−

y‖
22
+
r
1
) (x

t−
τ
tz
t+

1 )
.

T
h
e

p
rim

al
p
rox

im
ity

op
erator

over
th

e
sq

u
ared

n
o
rm

term
p
lu

s
r

1
can

b
e

rew
ritten

in
term

s
of

p
rox

r
1

as

p
rox

τ
(r

1
+

12 ‖·−
y‖

22
) (w

)
=

argm
in

x
r

1 (x
)

+
1

+
τ −

1

2
‖x
−

(1
+
τ −

1) −
1(y

+
τ −

1w
)‖

22 ,

=
p
rox

(1
+
τ −

1
) −

1
r
1 ((1

+
τ −

1) −
1(y

+
τ −

1w
) )
.

R
egard

in
g

th
e

d
u
al

step
,

in
th

e
p
rev

iou
sly

p
resen

ted
m

eth
o
d
s

th
e

d
ecom

p
osition

s
a
llow

ed
to

d
isen

tan
gle

th
e

eff
ect

of
a
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g
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p
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b
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.
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con
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u
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d
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b
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d
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b
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b
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d
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b
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b
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d
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larizer

reveals
th

at
it

follow
s

th
e

sp
irit

of
th

e
rev

iew
ed

2D
-

T
V

reg
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b
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b
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(5.3)

B
u
t

(5.3)
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b
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b
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b
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b
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resu
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rep
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b
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p
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√
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=
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1

(s
i
−
s
i−

1
)2
,

s.
t.
|s
i
−
r
i|
≤
w
i
∀i

=
1,
..
.,
n
−

1
,s

0
=

0,
s
n

=
r
n
,

(C
.1

)

a
n

d m
in ŝ

n ∑ i=
1

√
1

+
(ŝ
i
−
ŝ
i−

1
)2
,

s.
t.
|ŝ
i
−
r
i|
≤
w
i
∀i

=
1,
..
.,
n
−

1
,ŝ

0
=

0,
ŝ
n

=
r
n
,

(C
.2

)

fo
r

a
n

o
n

-z
er

o
ve

ct
o
r
w

,
bo

th
p
ro

bl
em

s
sh

a
re

th
e

sa
m

e
m

in
im

u
m
s
∗

=
ŝ
∗ .

P
ro

o
f

T
h
e

L
ag

ra
n
gi

an
of

p
ro

b
le

m
C

.1
ta

k
es

th
e

fo
rm

L
(s
,α
,β

)
=

n ∑ i=
1

(s
i
−
s
i−

1
)2

+
n
−

1
∑ i=

1

α
i(
s
i
−
r
i
−
w
i)

+
n
−

1
∑ i=

1

β
i(
−
w
i
−
s
i
+
r
i)
,
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B
a
r
b
e
r
o

a
n
d

S
r
a

an
d

it
s

K
ar

u
sh

-K
u
h
n
-T

u
ck

er
op

ti
m

al
it

y
co

n
d
it

io
n
s

ar
e

gi
ve

n
b
y

(s
i+

1
−
s
i)
−

(s
i
−
s
i−

1
)

=
α
i
−
β
i,

(C
.3

)

|s
i
−
r
i|
≤
w
i,

(C
.4

)

α
i,
β
i
≥

0
,

(C
.5

)

α
i(
s
i
−
r
i
−
w
i)

=
0,

(C
.6

)

β
i(
−
w
i
−
s
i
+
r
i)

=
0,

(C
.7

)

∀i
=

1
,.
..
,n
−

1,
an

d
w

h
er

e
th

e
fi
rs

t
eq

u
at

io
n

co
m

es
fr

om
th

e
fa

ct
th

at
∂
L

(s
,α
,β

)
∂
s

=
0

at
th

e
m

in
im

u
m

.
A

s
th

e
on

ly
d
iff

er
en

ce
b

et
w

ee
n

p
ro

b
le

m
s

C
.1

an
d

C
.2

is
in

th
e

fo
rm

of
th

e
o
b

je
ct

iv
e,

th
e

K
K

T
co

n
d
it

io
n
s

fo
r

p
ro

b
le

m
C

.2
ta

k
e

th
e

sa
m

e
fo

rm
,

b
u
t

fo
r

th
e

fi
rs

t
on

e,

( ŝ
i+

1
−
ŝ
i)

√
1

+
(ŝ
i+

1
−
ŝ
i)

2
−

(ŝ
i
−
ŝ
i−

1
)

√
1

+
(ŝ
i
−
ŝ
i−

1
)2

=
α̂
i
−
β̂
i,

(C
.8

)

|ŝ
i
−
r
i|
≤
w
i,

(C
.9

)

α̂
i,
β̂
i
≥

0
,

(C
.1

0
)

α̂
i(
ŝ
i
−
r
i
−
w
i)

=
0,

(C
.1

1
)

β̂
i(
−
w
i
−
ŝ
i
+
r
i)

=
0,

(C
.1

2
)

∀i
=

1,
..
.,
n
−

1,
an

d
w

h
er

e
w

e
u
se

h
at

n
ot

at
io

n
fo

r
th

e
d
u
al

co
effi

ci
en

ts
to

te
ll

th
em

a
p
a
rt

fr
om

th
os

e
of

p
ro

b
le

m
C

.1
.

S
u
p
p

os
e
s
∗

m
in

im
iz

er
to

p
ro

b
le

m
C

.1
,

h
en

ce
fu

lfi
ll
in

g
th

e
co

n
d
it

io
n
s

C
.3

-C
.7

.
In

p
a
r-

ti
cu

la
r

th
is

m
ea

n
s

th
at

it
is

fe
as

ib
le

to
as

si
gn

va
lu

es
to

th
e

d
u
al

co
effi

ci
en

ts
α
,β

in
su

ch
a

w
ay

th
at

th
e

co
n
d
it

io
n
s

ab
ov

e
ar

e
m

et
.

If
w

e
se

t
ŝ

=
s
∗

in
th

e
co

n
d
it

io
n
s

C
.8

-C
.1

2
th

e
fo

ll
ow

in
g

ob
se

rv
at

io
n
s

ar
e

of
re

le
va

n
ce

•
C

on
d
it

io
n

C
.9

b
ec

om
es

th
e

sa
m

e
as

co
n
d
it

io
n

C
.4

,
an

d
so

it
is

im
m

ed
ia

te
ly

m
et

.

•
T

h
e

op
er

at
or
f

(x
)

=
x

√
1
+
x
2

is
co

n
tr

ac
ti

ve
an

d
m

on
ot

on
ou

s.

•
T

h
e

co
u
p
le

(α
i,
β
i)

ca
n
n
ot

b
e

b
ot

h
n
on

–z
er

o
at

th
e

sa
m

e
ti

m
e,

si
n
ce
α
i
>

0
en

fo
rc

es
s
i

=
r
i
+
w
i

an
d
β
i
>

0
en

fo
rc

es
s
i

=
r
i
−
w
i,

a
n
d
w
i

is
n
on

–z
er

o.

•
H

en
ce

an
d

b
ec

au
se
α
i,
β
i
≥

0
an

d
co

n
d
it

io
n

C
.3

h
ol

d
s,

w
h
en

(s
i+

1
−
s
i)
−

(s
i−
s
i−

1
)
>

0
th

en
α
i
>

0,
β
i

=
0,

an
d

w
h
en

(s
i+

1
−
s
i)
−

(s
i
−
s
i−

1
)
<

0
th

en
α
i

=
0
,
β
i
>

0
.

•
f

(s
i+

1
−
s
i)
−
f

(s
i
−
s
i−

1
)

h
as

th
e

sa
m

e
si

gn
as

(s
i+

1
−
s
i)
−

(s
i
−
s
i−

1
),

si
n
ce
f

is
m

on
ot

on
ou

s
an

d
as

su
ch

p
re

se
rv

es
or

d
er

in
g.

•
S
in

ce
f

is
co

n
tr

ac
ti

ve
,

co
n
d
it

io
n

C
.8

ca
n

b
e

m
et

b
y

se
tt

in
g

(α̂
i,
β̂
i)

=
(k
α
i,
k
β
i)

fo
r

so
m

e
0
≤
k
<

1.
N

ot
e

th
at

th
is

w
or

k
s

b
ec

au
se

(α
i,
β
i)

ca
n
n
ot

b
e

b
o
th

ze
ro

a
t

th
e

sa
m

e
ti

m
e.

•
C

on
d
it

io
n

C
.1

0
is

m
et

fo
r

th
os

e
ch

o
ic

es
of
α̂
i,
β̂
i,

as
C

.5
w

as
m

et
fo

r
α
i,
β
i

a
n
d

0
≤
k
<

1.
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M
o
d
u
l
a
r
p
r
o
x
im

a
l
o
p
t
im

iz
a
t
io
n
f
o
r
m
u
lt

id
im

e
n
sio

n
a
l
T
V

r
e
g
u
l
a
r
iz
a
t
io
n

•
C

o
n
d
itio

n
s

C
.11

an
d

C
.12

are
also

m
et

for
th

ose
ch

oices
of
α̂
i ,β̂

i ,
as
α̂
i (s

i −
r
i −
w
i )

=
k
α
i (s

i −
r
i −

w
i )

=
0

an
d
β̂
i (−
w
i −

s
i
+
r
i )

=
k
β
i (−
w
i −

s
i
+
r
i )

=
0.

T
h
erefo

re,
a
ll

o
f

th
e

op
tim

ality
con

d
ition

s
C

.8-C
.12

for
p
rob

lem
C

.2
are

m
et

for
s ∗

solu
tio

n
o
f

p
ro

b
lem

C
.1

,
an

d
so

a
m

in
im

u
m

of
p
rob

lem
C

.1
is

also
a

m
in

im
u
m

for
p
rob

lem
C

.2.

T
h
e

p
ro

of
can

b
e

rep
eated

th
e

oth
er

w
ay

rou
n
d

b
y

settin
g
s

=
ŝ ∗

op
tim

al
for

p
rob

lem
C

.2
,

d
efi

n
in

g
th

e
op

erator
f
−

1(x
)

=
x

√
1−
x
2 ,

an
d

ob
serv

in
g

th
at

th
is

op
erator

is
m

on
oton

ou
s

a
n
d

ex
p
a
n
sive,

so
w

e
can

estab
lish

(α
i ,β

i )
=

(k
α̂
i ,k
β̂
i )

for
som

e
k
≥

1
an

d
th

e
op

tim
ality

co
n
d
itio

n
s

C
.3

-C
.7

for
p
rob

lem
C

.1
are

m
et

follow
in

g
a

sim
ilar

reason
in

g
to

th
e

on
e

p
resen

ted
a
b

ove.
T

h
u
s,

a
m

in
im

u
m

for
p
rob

lem
C

.2
is

also
a

m
in

im
u
m

for
p
rob

lem
C

.1,
w

h
ich

join
ed

w
ith

th
e

p
rev

io
u
s

resu
lt

com
p
letes

th
e

p
ro

of.

A
p
p
e
n
d
ix

D
.
P
ro

o
f
o
n
th

e
E
q
u
iv
a
le
n
ce

o
f
L
in
e
a
rize

d
T
a
u
t-S

trin
g
M

e
th

o
d

P
ro

p
o
sitio

n
D

.1
U

sin
g

a
ffi

n
e

a
p
p
ro

xim
a
tio

n
s

to
th

e
grea

test
co

n
vex

m
in

o
ra

n
t

a
n

d
th

e
sm

a
llest

co
n

ca
ve

m
a
jo

ra
n

t
d
oes

n
o
t

ch
a
n

ge
th

e
so

lu
tio

n
o
f

th
e

ta
u

t-strin
g

m
eth

od
.

P
ro

o
f

L
et

u
s

n
ote∩

(f
)

as
th

e
sm

allest
con

cave
m

a
joran

t
of

som
e

fu
n
ction

f
tak

in
g

in
teger

valu
es,∪

(f
)

a
s

th
e

greatest
con

cav
e

m
in

oran
t,
ā
(f

)
as

th
e

sm
allest

affi
n
e

m
a

jora
n
t

an
d

¯ a
(f

)
a
s

th
e

g
rea

test
affi

n
e

m
in

oran
t.

B
y

d
efi

n
ition

w
e

h
av

e

¯ a
(f

(i))≤
∪

(f
(i))≤

f
(i)≤

∩
(f

(i))≤
ā
(f

(i))
∀
i∈

Z

C
o
n
sid

er
n
ow

th
e

n
atu

re
of

th
e

ta
u
t-strin

g
p
rob

lem
,

w
h
ere

a
v
ertically

sy
m

m
etric

tu
b

e
o
f

ra
d
iu

s
λ
i

a
t

each
section

is
m

o
d
elled

b
y

follow
in

g
th

e
m

a
joran

t
o
f

th
e

tu
b

e
b

ottom
(f−

λ
)

a
n
d

th
e

m
in

o
ra

n
t

of
th

e
tu

b
e

ceilin
g

(f
+
λ

).
W

e
w

ork
th

e
in

eq
u
alities

ab
ov

e
as:

f
(i)−

λ
i ≤
∩

(f
(i)−

λ
i )≤

ā
(f

(i)−
λ
i )

¯ a
(f

(i)
+
λ
i )≤

∪
(f

(i)
+
λ
i )≤

f
(i)

+
λ
i

W
e

w
ill

sh
ow

th
at

an
overlap

of
sm

allest
con

cave
m

a
joran

t
/

greatest
con

v
ex

m
in

o
ran

t
takes

p
la

ce
iff

th
e

sam
e

overlap
h
ap

p
en

s
w

h
en

u
sin

g
th

e
affi

n
e

ap
p
rox

im
ation

s.
W

e
form

ally
d
efi

n
e

overla
p

a
s

th
e

settin
g

w
h
ere

for
a

p
oin

t
i

w
e

h
ave
∪

(f
i
+
λ
i )≤

∩
(f
i −

λ
i ).

O
n
e

sid
e

o
f

th
e

im
p
lication

is
easy

:
if∪

(f
(i)

+
λ
i )≤

∩
(f

(i)−
λ

)
for

som
e
i,

th
en

u
sin

g
th

e
rela

tion
s

a
b

ov
e

w
e

h
ave

¯ a
(f

(i)
+
λ
i )
≤
∪

(f
(i)

+
λ
i )
≤
∩

(f
(i)−

λ
i )
≤
ā
(f

(i)−
λ
i ),

a
n
d

so
th

e
a
ffi

n
e

ap
p
rox

im
ation

d
etects

an
y

overlap
tak

in
g

p
lace

in
th

e
con

cav
e/con

vex
co

u
n
terp

a
rt.

T
h
e

o
p
p

o
site

req
u
ires

th
e

key
ob

servation
th

at
in

th
e

tau
t-strin

g
m

eth
o
d

b
oth

m
a

joran
t

a
n
d

m
in

o
ra

n
t

fu
n
ction

s
are

clam
p

ed
to

th
e

sam
e

p
oin

t
of

origin
:
f

(0)
=

0
at

th
e

start
of

th
e

m
eth

o
d
,

o
r

th
e

p
oin

t
w

h
ere

th
e

last
segm

en
t

w
as

fi
x
ed

after
each

restart.
L

et
u
s

assu
m

e
f

(0
)

=
0

w
ith

o
u
t

loss
of

gen
erality.

S
u
p
p

ose
n
ow

th
at

an
overla

p
is

d
etected

b
y

th
e

affi
n
e

a
p
p
rox

im
a
tio

n
.

B
ecau

se
of

th
is

affi
n
e

n
atu

re
th

e
m

a
joran

t/m
in

oran
t

slo
p

es
are

con
stan

t,

6
3

JM
L

R
 19(56):1-82, 2018

B
a
r
b
e
r
o

a
n
d

S
r
a

i.e.

δ̄
1

=
δ̄

2
=
...

=
δ̄
n

=
δ̄,

¯ δ
1

=
¯ δ

2
=
...

=
¯ δ
n

=
¯ δ.

H
ow

ever,
if

w
e

con
sid

er
th

e
con

vex
/con

cave
ap

p
rox

im
ation

s
th

ese
slop

es
can

in
crease/d

e-
crease

as
th

e
segm

en
t

p
rogresses,

th
at

is:

δ ∪1
≤
δ ∪2
≤
...≤

δ ∪n
,

δ ∩1
≥
δ ∩2
≥
...≥

δ ∩n
.

C
on

sid
er

n
ow

th
e

m
a

joran
t/m

in
oran

t
valu

es,
ex

p
ressed

th
rou

gh
th

e
slop

es
an

d
tak

in
g

in
to

accou
n
t

th
e

ob
servation

ab
ove

ab
ou

t
th

e
startin

g
p

oin
t.

∩
(f

(i)−
λ
i )

=
i
∑j=

1

δ ∩j
,
∪

(f
(i)

+
λ
i )

=
i
∑j=

1

δ ∪j
,

ā
(f

(i)−
λ
i )

=
iδ̄,

¯ a
(f

(i)
+
λ
i )

=
i¯ δ.

S
in

ce
an

ov
erlap

h
as

b
een

d
etected

in
th

e
affi

n
e

ap
p
rox

im
ation

,
w

e
h
ave

th
at

for
so

m
e

p
oin

t
i

i¯ δ
=

¯ a
(f

(i)
+
λ
i )≤

ā
(f

(i)−
λ
i )

=
iδ̄,

so
¯ δ≤

δ̄.
C

on
sid

er
n
ow

th
e

valu
es

of
th

e
affi

n
e

m
in

oran
t/m

a
joran

t
at

th
e

p
oin

t
im

m
ed

iately
after

th
e

origin
,

¯ a
(f

1 −
λ

1 )
=

¯ δ,
ā
(f

1
+
λ

1 )
=
δ̄.

W
e

w
ill

sh
ow

n
ow

th
at

th
e

con
vex

/co
n
vex

cou
n
terp

art
m

u
st

take
ex

actly
th

e
sam

e
valu

es
at

th
ese

p
oin

ts.
T

o
d
o

so
w

e
take

in
to

accou
n
t

th
e

follow
in

g
fact:

th
ere

m
u
st

ex
ist

p
oin

ts
x

an
d
y
,
x
,y
≤
i,

w
h
ere

¯ a
(f
x

+
λ
x )

=
f
x

+
λ
x

=
∪

(f
x

+
λ
x ),

ā
(f
y −

λ
y )

=
f
y −

λ
y

=
∩

(f
y −

λ
y ),

th
at

is
to

say,
th

e
affi

n
e

m
in

oran
t/m

a
joran

t
m

u
st

tou
ch

th
e

tu
b

e
ceilin

g/b
ottom

at
som

e
p

oin
t,

oth
erw

ise
w

e
cou

ld
ob

tain
a

greater
m

in
oran

t
/

sm
aller

m
a
joran

t
b
y

red
u
cin

g
th

is
d
istan

ce.
T

h
e

eq
u
alities

to
th

e
con

vex
m

in
oran

t
/

con
cave

m
a
joran

t
are

th
en

ob
tain

ed
b
y

ex
p
loitin

g
th

e
in

eq
u
alities

at
th

e
b

egin
n
in

g
o
f

th
e

p
ro

of.
B

y
th

e
alread

y
p
resen

ted
in
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é,

1
99

9)
,

L
-B

F
G

S
-B

(B
y
rd

et
al

.,
19

94
),

or
p
ro

je
ct

ed
-N

ew
to

n
(P

N
)

(B
er

ts
ek

as
,

19
82

).
O

b
v
io

u
sl

y,
th

es
e

m
et

h
o
d
s

w
il
l

b
e

in
effi

ci
en

t
if

in
vo

k
ed

off
-t

h
e-

sh
el

f;
ex

p
lo

it
at

io
n

of
p
ro

b
le

m
st

ru
ct

u
re

is
a

m
u
st

fo
r

so
lv

in
g

(2
.7

)
effi

ci
en

tl
y.

P
N

le
n
d
s

it
se

lf
w

el
l

to
su

ch
st

ru
ct

u
re

ex
p
lo

it
at

io
n
;

w
e

d
es

cr
ib

e
th

e
d
et

ai
ls

b
el

ow
.

P
N

ru
n
s

it
er

at
iv

el
y

in
th

re
e

ke
y

st
ep

s:
fi
rs

t
it

id
en

ti
fi
es

a
sp

ec
ia

l
su

b
se

t
o
f

a
ct

iv
e

va
ri

a
bl

es
an

d
u
se

s
th

es
e

to
co

m
p
u
te

a
re

d
u

ce
d

H
es

si
an

.
T

h
en

,
it

u
se

s
th

is
H

es
si

an
to

sc
al

e
th

e
g
ra

d
ie

n
t

an
d

m
ov

e
in

th
e

d
ir

ec
ti

on
op

p
os

it
e

to
it

,
d
am

p
in

g
w

it
h

a
st

ep
si

ze
,

if
n
ee

d
ed

.
F

in
al

ly
,

th
e

n
ex

t
it

er
at

e
is

ob
ta

in
ed

b
y

p
ro

je
ct

in
g

on
to

th
e

co
n
st

ra
in

ts
,
an

d
th

e
cy

cl
e

re
p

ea
ts

.
P

N
ca

n
b

e
re

ga
rd

ed
as

an
ex

te
n
si

on
of

th
e

gr
ad

ie
n
t-

p
ro

je
ct

io
n

m
et

h
o
d

(G
P

,
B

er
ts

ek
as

(1
99

9)
),

w
h
er

e
th

e
co

m
p

on
en

ts
of

th
e

gr
ad

ie
n
t

th
at

m
ak

e
th

e
u
p

d
at

in
g

d
ir

ec
ti

on
in

fe
as

ib
le

ar
e

re
m

ov
ed

;
in

P
N

b
ot

h
th

e
gr

ad
ie

n
t

an
d

th
e

H
es

si
an

ar
e

re
d
u

ce
d

to
gu

ar
an

te
e

th
is

fe
as

ib
il
it

y.

A
t

ea
ch

it
er

at
io

n
P

N
se

le
ct

s
th

e
ac

ti
ve

va
ri

ab
le

s

I
:=
{i
|(
u
i

=
−
w
i

an
d

[∇
φ

(u
)]
i
>
ε)

or
(u
i

=
w
i

an
d

[∇
φ

(u
)]
i
<
−
ε)
},

(E
.1

)

w
h
er

e
ε
≥

0
is

sm
al

l
sc

al
ar

.
T

h
is

co
rr

es
p

on
d
s

to
th

e
se

t
of

va
ri

ab
le

s
at

a
b

ou
n
d
,

an
d

fo
r

w
h
ic

h
th

e
gr

ad
ie

n
t

p
oi

n
ts

in
si

d
e

th
e

fe
as

ib
le

re
gi

on
;

th
at

is
,

fo
r

th
es

e
va

ri
a
b
le

s
to

fu
rt

h
er

im
p
ro

ve
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

w
e

w
ou

ld
h
av

e
to

st
ep

ou
t

of
b

ou
n
d
s.

It
is

th
u
s

cl
ea

r
th

at
th

es
e

va
ri

ab
le

s
ar

e
of

n
o

u
se

fo
r

th
is

it
er

at
io

n
,

so
w

e
d
efi

n
e

th
e

co
m

p
le

m
en

ta
ry

se
t

Ī
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u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
9
/
1
5
-
4
9
3
.
h
t
m
l
.

JM
L

R
 1

9(
57

):
1-

59
, 2

01
8

Y
a
n
g
,
N
in
g
,
a
n
d

L
iu

w
h
er

e
x
\j

=
(x

1
,.
..
,x

j−
1
,x

j+
1
,.
..
,x

d
),
η j

(x
\j

)
=
α
j
+
∑

k
6=
j
β
jk
x
k

is
th

e
ca

n
o
n
ic

a
l
p
a
ra

m
-

et
er

,
f j

(·)
is

an
u
n
k
n
ow

n
b
as

e
m

ea
su

re
fu

n
ct

io
n
,

an
d
b j

(·,
·)

is
th

e
lo

g-
p
ar

ti
ti

o
n

fu
n
ct

io
n
.

B
es

id
es

,
w

e
as

su
m

e
β
jk

=
β
k
j

fo
r

al
l
j
6=
k
.

B
y

d
efi

n
it

io
n
,

th
e

u
n
k
n
ow

n
p
a
ra

m
et

er
co

n
-

ta
in

s
{(
α
j
,β
jk
,f
j
):

1
≤
j
<
k
≤
d
}.

T
o

m
ak

e
th

e
m

o
d
el

id
en

ti
fi
ab

le
,

w
e

se
t
α
j

=
0

a
n
d

ab
so

rb
th

e
te

rm
α
j
x
j

in
to
f j

(x
j
).

B
y

th
e

H
am

m
er

sl
ey

-C
li
ff

or
d

th
eo

re
m

(B
es

a
g
,

1
9
7
4
),

w
e

h
av

e
β
jk
6=

0
if

an
d

on
ly

if
X
j

an
d
X
k

ar
e

co
n
d
it

io
n
al

ly
in

d
ep

en
d
en

t
gi

ve
n
{X

`
:
`
6=
j,
k
}.

T
h
er

ef
or

e,
w

e
se

t
(j
,k

)
∈
E

if
an

d
on

ly
if
β
jk
6=

0.
T

h
e

gr
ap

h
G

th
u
s

ch
a
ra

ct
er

iz
es

th
e

co
n
d
it

io
n
al

in
d
ep

en
d
en

ce
re

la
ti

on
sh

ip
a
m

on
g

th
e

h
ig

h
d
im

en
si

on
al

d
is

tr
ib

u
ti

o
n

o
f
X

.
T

h
e

ke
y

fe
at

u
re

of
th

e
p
ro

p
os

ed
m

o
d
el

is
th

at
(1

)
it

is
a

ge
n
er

al
se

m
ip

ar
am

et
ri

c
m

o
d
el

a
n
d

(2
)

it
ca

n
b

e
u
se

d
to

h
an

d
le

m
ix

ed
d
at

a
,

w
h
ic

h
m

ea
n
s

th
at
X

m
ay

co
n
ta

in
b

o
th

co
n
ti

n
u
o
u
s

an
d

d
is

cr
et

e
ra

n
d
om

va
ri

ab
le

s.
U

n
li
k
e

th
e

ex
is

ti
n
g

m
ix

ed
gr

ap
h
ic

al
m

o
d
el

s,
w

e
a
ll
ow

th
e

n
o
d
ew

is
e

co
n
d
it

io
n
al

d
is

tr
ib

u
ti

on
s

to
b

e
se

m
ip

ar
am

et
ri

c
ge

n
er

al
iz

ed
li
n
ea

r
m

o
d
el

s
w

it
h

u
n
-

sp
ec

ifi
ed

b
as

e
m

ea
su

re
fu

n
ct

io
n
s.

T
h
u
s,

o
u
r

m
et

h
o
d

d
o
es

n
ot

n
ee

d
to

sp
ec

if
y

th
e

ty
p

e
o
f

ea
ch

n
o
d
e

an
d

is
m

or
e

co
n
ve

n
ie

n
t

to
ap

p
ly

in
p
ra

ct
ic

e.
In

a
d
d
it

io
n

to
th

e
p
ro

p
o
se

d
n
ew

m
o
d
el

,
ou

r
p
ap

er
h
as

th
e

fo
ll
ow

in
g

tw
o

n
ov

el
co

n
tr

ib
u
ti

on
s.

F
ir

st
,

fo
r

th
e

p
u
rp

os
e

of
es

ti
m

at
in

g
β
jk

,
w

e
ex

te
n
d

th
e

m
u
lt

is
ta

ge
re

la
x
a
ti

o
n

a
lg

o
ri

th
m

(Z
h
an

g,
20

10
)

an
d

co
n
d
u
ct

a
lo

ca
li
ze

d
an

al
y
si

s
fo

r
a

m
or

e
so

p
h
is

ti
ca

te
d

lo
ss

fu
n
ct

io
n

ob
-

ta
in

ed
b
y

a
st

at
is

ti
ca

l
ch

ro
m

at
og

ra
p
h
y

m
et

h
o
d

(L
ia

n
g

an
d

Q
in

,
20

00
;

D
ia

o
et

a
l.
,

2
0
12

;
C

h
an

,
20

12
;

N
in

g
et

al
.,

20
17

b
).

T
h
e

gr
ad

ie
n
t

an
d

H
es

si
a
n

m
at

ri
x

of
th

e
lo

ss
fu

n
ct

io
n

a
re

n
on

li
n
ea

r
U

-s
ta

ti
st

ic
s

w
it

h
u
n
b

ou
n
d
ed

ke
rn

el
fu

n
ct

io
n
s.

T
h
is

m
ak

es
ou

r
te

ch
n
ic

a
l

a
n
a
ly

-
si

s
m

or
e

ch
al

le
n
gi

n
g

th
an

th
at

in
Z

h
an

g
(2

01
0)

.
U

n
d
er

th
e

as
su

m
p
ti

on
th

a
t

th
e

sp
a
rs

e
ei

ge
n
va

lu
e

co
n
d
it

io
n

h
ol

d
s

lo
ca

ll
y,

w
e

p
ro

v
e

th
e

sa
m

e
op

ti
m

al
st

at
is

ti
ca

l
ra

te
s

fo
r

p
a
ra

m
et

er
es

ti
m

at
io

n
as

in
h
ig

h
d
im

en
si

on
al

li
n
ea

r
m

o
d
el

s.

S
ec

on
d
,

w
e

p
ro

p
os

e
a

sy
m

m
et

ri
c

p
ai

rw
is

e
sc

or
e

te
st

fo
r

th
e

n
u
ll

h
y
p

ot
h
es

is
H

0
:
β
jk

=
0.

T
h
is

is
eq

u
iv

al
en

t
to

te
st

in
g

w
h
et

h
er
X
j

an
d
X
k

ar
e

co
n
d
it

io
n
al

ly
in

d
ep

en
d
en

t
g
iv

en
{X

`
:
`
6=
j,
k
}.

C
om

p
ar

ed
w

it
h

N
in

g
et

al
.

(2
01

7b
),

th
e

n
ov

el
ty

of
ou

r
m

et
h
o
d

is
th

a
t

w
e

co
n
si

d
er

a
m

or
e

so
p
h
is

ti
ca

te
d

cr
os

s
ty

p
e

in
fe

re
n
ce

w
h
ic

h
in

co
rp

or
at

es
th

e
sy

m
m

et
ry

of
th

e
p
ar

am
et

er
,

i.
e.

,
β
jk

=
β
k
j
.

B
y

co
n
si

d
er

in
g

th
is

u
n
iq

u
e

st
ru

ct
u
re

of
th

e
g
ra

p
h
ic

a
l

m
o
d
el

,
ou

r
p
ro

p
os

ed
m

et
h
o
d

ac
h
ie

v
es

th
e

in
va

ri
an

ce
p
ro

p
er

ty
of

th
e

in
fe

re
n
ti

a
l

re
su

lt
s.

T
h
at

m
ea

n
s

th
e

sa
m

e
p
-v

al
u
es

ar
e

ob
ta

in
ed

fo
r

te
st

in
g
β
jk

=
0

an
d
β
k
j

=
0
.

In
co

n
tr

a
st

,
th

e
as

y
m

m
et

ri
c

m
et

h
o
d

in
N

in
g

et
al

.
(2

01
7b

)
m

ay
le

ad
to

d
iff

er
en

t
co

n
cl

u
si

o
n
s

fo
r

te
st

in
g

th
es

e
tw

o
eq

u
iv

al
en

t
n
u
ll

h
y
p

ot
h
es

es
.

1
.1

.
R

e
la

te
d

W
o
rk

s

T
h
er

e
is

a
h
u
ge

li
te

ra
tu

re
on

es
ti

m
at

in
g

u
n
d
ir

ec
te

d
gr

ap
h
ic

al
m

o
d
el

s
(L

a
u
ri

tz
en

,
1
9
9
6
;

E
d
w

ar
d
s,

20
00

;
W

h
it

ta
ke

r,
20

09
).

F
or

m
o
d
el

in
g

co
n
ti

n
u
ou

s
d
at

a,
th

e
m

os
t

co
m

m
o
n
ly

u
se

d
m

et
h
o
d
s

ar
e

G
au

ss
ia

n
gr

ap
h
ic

al
m

o
d
el

s
(Y

u
an

an
d

L
in

,
20

07
;
B

an
er

je
e

et
al

.,
2
0
0
8
;
F

ri
ed

m
a
n

et
al

.,
20

08
;

R
av

ik
u
m

ar
et

al
.,

20
11

;
R

ot
h
m

an
et

al
.,

20
08

;
L

am
an

d
F

an
,

20
0
9
;

S
h
en

et
a
l.
,

20
12

;
Y

u
an

,
20

10
;

C
ai

et
al

.,
20

11
;

S
u
n

an
d

Z
h
an

g,
20

13
;

G
u
o

et
al

.,
20

11
;

D
a
n
a
h
er

et
a
l.
,

20
14

;
M

oh
an

et
al

.,
20

14
;

M
ei

n
sh

au
se

n
an

d
B

ü
h
lm

an
n
,

20
06

;
P

en
g

et
al

.,
2
0
0
9
;

F
ri

ed
m

a
n

et
al

.,
20

10
).

T
o

re
la

x
th

e
G

au
ss

ia
n

as
su

m
p
ti

on
,

L
iu

et
al

.
(2

00
9)

;
X

u
e

et
a
l.

(2
0
1
2
b
);

L
iu

et
al

.
(2

01
2)

;
N

in
g

an
d

L
iu

(2
01

3)
p
ro

p
os

e
th

e
G

au
ss

ia
n

co
p
u
la

m
o
d
el

an
d

V
o
o
rm

a
n

et
a
l.

(2
01

4)
st

u
d
y

th
e

jo
in

t
ad

d
it

iv
e

m
o
d
el

s
fo

r
gr

ap
h

es
ti

m
at

io
n
.

F
or

m
o
d
el

in
g

b
in

a
ry

d
a
ta

,
th

e
Is

in
g

gr
ap

h
ic

a
l

m
o
d
el

is
co

n
si

d
er

ed
b
y

L
ee

et
al

.
(2

00
6)

;
H

öfl
in

g
an

d
T

ib
sh

ir
a
n
i

(2
0
0
9
);

2
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L
R

 1
9(

57
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1-
59
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O
n
S
e
m
ipa

r
a
m
e
t
r
ic

E
x
p
o
n
e
n
t
ia
l
F
a
m
ily

G
r
a
p
h
ic
a
l
M
o
d
e
l
s

R
av

ik
u
m

ar
et

al.
(2010);

X
u
e

et
al.

(2012a
);

C
h
en

g
et

al.
(2014).

In
ad

d
ition

to
b
in

ary
d
a
ta

,
A

llen
a
n
d

L
iu

(2012)
an

d
Y

an
g

et
al.

(20
13b

)
con

sid
er

th
e

P
oisson

d
a
ta

an
d

G
u
o

et
a
l.

(20
1
5
)

co
n
sid

er
th

e
ord

in
al

d
ata.

M
oreov

er,
Y

an
g

et
al.

(2013a)
p
rop

ose
ex

p
on

en
tial

fa
m

ily
g
ra

p
h
ica

l
m

o
d
els,

an
d

T
an

et
al.

(2014)
p
rop

ose
a

gen
eral

fram
ew

o
rk

for
gra

p
h
ical

m
o
d
els

w
ith

h
u
b
s.

R
ecen

tly,
m

o
d
elin

g
th

e
m

ix
ed

d
a
ta

attracts
in

creasin
g

in
terests

(L
ee

an
d

H
a
stie,

2015;
F

ellin
g
h
a
u
er

et
al.,

2013;
C

h
en

g
et

al.,
2017;

C
h
en

et
al.,

2015;
F

an
et

a
l.,

2
017;

Y
an

g
et

al.,
2
0
1
4
).

C
o
m

p
a
red

w
ith

L
ee

an
d

H
astie

(2015);
C

h
en

g
et

al.
(201

7);
C

h
en

et
al.

(2015);
Y

an
g

et
a
l.

(2
0
1
4
),

ou
r

m
o
d
el

h
as

th
e

follow
in

g
tw

o
m

ain
ad

van
tages.

F
irst,

it
is

a
sem

ip
aram

etric
m

o
d
el,

w
h
ich

d
o
es

n
ot

n
eed

to
sp

ecify
th

e
p
aram

etric
con

d
ition

al
d
istrib

u
tion

fo
r

each
n
o
d
e.

T
h
erefo

re,
it

p
rov

id
es

a
m

ore
fl
ex

ib
le

m
o
d
elin

g
fram

ew
ork

th
an

th
e

ex
istin

g
on

es.
S
econ

d
,

u
n
d
er

o
u
r

p
ro

p
osed

m
o
d
el,

th
e

estim
ation

an
d

in
feren

ce
m

eth
o
d
s

are
easier

to
im

p
lem

en
t.

U
n
like

th
ese

ex
istin

g
m

eth
o
d
s,

w
e

p
rop

ose
a

u
n
ifi

ed
estim

ation
an

d
in

feren
ce

p
ro

ced
u
re,

w
h
ich

d
o
es

n
o
t

n
eed

to
d
istin

gu
ish

w
h
eth

er
th

e
n
o
d
e

satisfi
es

th
e

G
au

ssian
d
istrib

u
tion

o
r

th
e

B
ern

ou
lli

d
istrib

u
tion

.
In

ad
d
ition

,
ou

r
estim

ation
an

d
in

feren
ce

m
eth

o
d
s

a
re

m
ore

effi
cien

t
th

a
n

th
e

n
on

p
aram

etric
ap

p
roach

in
F

ellin
gh

au
er

et
al.

(2013).
F

in
ally,

o
u
r

m
eth

o
d

is
m

o
re

co
n
ven

ien
t

for
m

o
d
elin

g
th

e
cou

n
t

d
ata

th
an

th
e

la
ten

t
G

au
ssian

cop
u
la

ap
p
roach

in
F

a
n

et
a
l.

(2
017).

T
h
o
u
gh

sig
n
ifi

can
t

p
rogress

h
as

b
een

m
ad

e
tow

ard
s

d
ev

elop
in

g
n
ew

gra
p
h

estim
ation

p
ro

ced
u
res,

th
e

research
on

u
n
certain

ty
assessm

en
t

of
th

e
estim

ated
gra

p
h

lags
b

eh
in

d
.

In
low

d
im

en
sion

s,
D

rton
et

al.
(2007);

D
rton

an
d

P
erlm

an
(2008)

estab
lish

con
fi
d
en

ce
su

b
g
ra

p
h

o
f

G
a
u
ssian

grap
h
ical

m
o
d
els.

In
h
igh

d
im

en
sion

s,
R

en
et

al.
(2

015);
J
an

kov
á

a
n
d

va
n

d
e

G
eer

(2015);
G

u
et

al.
(2015)

stu
d
y

th
e

con
fi
d
en

ce
in

terval
for

a
sin

gle
ed

g
e

u
n
d
er

G
a
u
ssia

n
(cop

u
la)

grap
h
ical

m
o
d
els

an
d

L
iu

et
al.

(2013)
stu

d
y

th
e

false
d
iscovery

ra
te

co
n
tro

l.
H

ow
ev

er,
all

th
ese

m
eth

o
d
s

rely
on

th
e

G
au

ssian
or

su
b
-G

au
ssian

a
ssu

m
p
tion

a
n
d

ca
n
n
o
t

b
e

easily
ap

p
lied

to
th

e
d
iscrete

d
ata

an
d

m
ore

gen
erally

th
e

m
ix

ed
d
ata

in
h
igh

d
im

en
sio

n
s.

1
.2

.
N

o
ta

tio
n

W
e

a
d
o
p
t

th
e

follow
in

g
n
otation

th
rou

g
h
ou

t
th

is
p
ap

er.
F

or
an

y
vector

v
=

(v
1 ,...,v

d )
T
∈

R
d,

w
e

d
efi

n
e

its
su

p
p

ort
as

su
p
p
(v

)
=
{t:

v
t 6=

0}.
W

e
d
efi

n
e

its
`
0 -n

orm
,
`
p -n

orm
,

an
d
`∞

-
n
o
rm

a
s‖

v‖
0

=
|su

p
p
(v

)|,‖
v‖

p
=

( ∑
j∈

[d
] |v

j | p)
1
/
p

an
d
‖v‖∞

=
m

a
x
j∈

[d
] |v

j |,
resp

ectively,

w
h
ere

p
>

1.
L

et
v
⊗

2
=

v
v
T

b
e

th
e

K
ron

ecker
p
ro

d
u
ct

of
a

vector
v

an
d

itself.
W

e
w

rite
v
◦

u
=

(v
1 u

1 ,...,v
d u

d )
T

as
th

e
H

ad
am

ard
p
ro

d
u
ct

of
tw

o
vectors

u
,v
∈
R
d.

In
a
d
d
ition

,
w

e
u
se|v|

=
(|v

1 |,...,|v
d |)

T
to

d
en

ote
th

e
elem

en
tw

ise
ab

solu
te

valu
e

of
vector

v
an

d
d
efi

n
e

‖
v‖

m
in

=
m

in
j∈

[d
] |v

j |.
F

or
an

y
m

atrix
A

=
[a
jk ]∈

R
d
1 ×
d
2,

let
A
S
1
S
2
=

[a
jk ]j∈

S
1
,k∈

S
2

b
e

th
e

su
b
m

atrix
of

A
w

ith
in

d
ices

in
S

1 ×
S

2 ;
let

A
j\
j

=
[a
jk ]k6=

j .
B

esid
es,

let‖A
‖

2 ,‖
A
‖

1 ,‖
A
‖∞

,
‖
A
‖
`
p

b
e

th
e

sp
ectral

n
orm

,
elem

en
tw

ise
`
1 -n

orm
,

elem
en

tw
ise

`∞
-n

orm
,

a
n
d

op
erator

`
p -

n
o
rm

o
f

A
,

resp
ectively.

F
u
rth

erm
o
re,

for
tw

o
m

atrices
A

1
an

d
A

2 ,
w

e
w

rite
A

1 �
A

2
if

A
2 −

A
1

is
p

o
sitiv

e
sem

id
efi

n
ite

an
d

w
rite

A
1 ≤

A
2

if
every

en
try

of
A

2 −
A

1
is

n
on

n
eg

ativ
e.

F
o
r

a
fu

n
ctio

n
f

(x
):R

d→
R
,

w
e

w
rite∇

f
(x

),∇
S
f

(x
),∇

2f
(x

)
an

d
∂
f

(x
)

as
th

e
grad

ien
t

o
f
f

(x
),

th
e

g
ra

d
ien

t
of
f

(x
)

w
ith

resp
ect

to
x
S

,
th

e
H

essian
of
f

(x
),

an
d

th
e

su
b
grad

ien
t

of
f

(x
),

resp
ectively.

M
oreover,

w
e

w
rite{

1,2,...,d}
as

[d
].

F
or

a
seq

u
en

ce
o
f

ra
n
d
om

vectors
{
Y
i }
i≥

1
a
n
d

a
ran

d
om

vector
Y

,
w

e
w

rite
Y
i  

Y
if{
Y
i }
i≥

1
con

verges
to
Y

in
d
istrib

u
tion

.
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Y
a
n
g
,
N
in
g
,
a
n
d

L
iu

F
in

ally,
for

fu
n
ction

s
f

(n
)

an
d
g
(n

),
w

e
w

rite
f

(n
).

g
(n

)
to

d
en

ote
th

at
f

(n
)≤

cg
(n

)
for

a
u
n
iversal

con
stan

t
c∈

(0,+∞
)

an
d

w
e

w
rite

f
(n

)�
g
(n

)
w

h
en

f
(n

).
g
(n

)
an

d
g
(n

).
f

(n
)

h
old

sim
u
ltan

eou
sly.

1
.3

.
P

a
p

e
r

O
rg

a
n

iz
a
tio

n

T
h
e

rest
of

th
is

p
ap

er
is

organ
ized

as
follow

s.
In
§2

w
e

in
tro

d
u
ce

th
e

sem
ip

aram
etric

ex
p

on
en

tial
fam

ily
grap

h
ical

m
o
d
els.

In
§3

w
e

p
resen

t
ou

r
m

eth
o
d
s

for
grap

h
estim

ation
an

d
u
n
certain

ty
assessm

en
t.

In
§4

w
e

lay
ou

t
th

e
assu

m
p
tion

s
an

d
m

ain
th

eoretical
resu

lts.
W

e
stu

d
y

th
e

fi
n
ite-sam

p
le

p
erform

an
ce

of
ou

r
m

eth
o
d

on
b

oth
sim

u
lated

an
d

real-w
orld

d
atasets

in
§5

an
d

con
clu

d
e

th
e

p
ap

er
in
§6

w
ith

som
e

d
iscu

ssion
.

2
.
S
e
m
ip
a
ra

m
e
tric

E
x
p
o
n
e
n
tia

l
F
a
m
ily

G
ra

p
h
ica

l
M

o
d
e
ls

T
h
e

sem
ip

aram
etric

ex
p

on
en

tial
fam

ily
grap

h
ical

m
o
d
els

are
d
efi

n
ed

b
y

sp
ecify

in
g

th
e

con
-

d
ition

al
d
istrib

u
tion

of
each

variab
le
X
j

given
th

e
rest

of
th

e
variab

les{
X
k

:
k
6=
j}.

D
e
fi

n
itio

n
1

(S
e
m

ip
a
ra

m
e
tric

e
x
p

o
n

e
n
tia

l
fa

m
ily

g
ra

p
h

ic
a
l

m
o
d

e
l)

A
d

-d
im

en
sio

n
a
l

ra
n

d
o
m

vecto
r
X

=
(X

1 ,...,X
d )
T
∈

R
d

fo
llo

w
s

a
sem

ipa
ra

m
etric

expo
n

en
tia

l
gra

p
h
ica

l
m

od
el

w
ith

gra
p
h
G

=
(V
,E

)
if

fo
r

a
n

y
n

od
e
j∈

V
,

th
e

co
n

d
itio

n
a
l

d
en

sity
o
f
X
j

given
X
\
j

sa
tisfi

es

p
(x
j |x

\
j )

=
ex

p [x
j (β

Tj
x
\
j )

+
f
j (x

j )−
b
j (β

j ,f
j ) ],

(2)

w
h
ere

f
j (·)

is
a
n

u
n

kn
o
w

n
ba

se
m

ea
su

re
fu

n
ctio

n
a
n

d
b
j (·,·)

is
a

kn
o
w

n
log-pa

rtitio
n

fu
n

c-
tio

n
.

In
pa

rticu
la

r,
(j,k

)∈
E

if
a
n

d
o
n

ly
if
β
jk 6=

0.

T
h
is

m
o
d
elis

sem
ip

aram
etric

sin
ce

w
e

treat
b

oth
β
j

=
(β
j1 ,...,β

jj−
1 ,β

jj+
1 ,...,β

jd )
T
∈

R
d−

1
an

d
th

e
u
n
ivariate

fu
n
ction

f
j (·)

as
p
aram

eters,
w

h
ere

β
j

an
d
f
j (·)

are
th

e
p
aram

etric
an

d
n
on

p
aram

etric
com

p
on

en
ts,

resp
ectively.

B
ecau

se
th

e
m

o
d
el

in
D

efi
n
ition

1
is

on
ly

sp
ecifi

ed
b
y

th
e

con
d
ition

al
d
istrib

u
tion

s
of

each
variab

le,
it

is
im

p
ortan

t
to

u
n
d
erstan

d
th

e
con

d
ition

s
u
n
d
er

w
h
ich

a
valid

join
t

d
istrib

u
tion

of
X

ex
ists.

T
h
is

p
rob

lem
h
as

b
een

ad
d
ressed

b
y

C
h
en

et
al.

(2015).
A

s
sh

ow
n

in
th

eir
P

rop
osition

1,
on

e
su

ffi
cien

t
con

d
ition

for
th

e
ex

isten
ce

of
join

t
d
istrib

u
tion

of
X

is
th

at,
(i)

β
jk

=
β
k
j

for
1
≤
j,k
≤
d

an
d

(ii)

g
(x

)
:=

ex
p [∑

j<
k
β
jk x

j x
k

+
∑

dj=
1
f
j (x

j ) ]
is

in
tegrab

le.
H

ereafter,
w

e
assu

m
e

th
at

th
e

ab
ove

tw
o

con
d
ition

s
h
o
ld

.
T

h
u
s,

th
ere

ex
ists

a
join

t
p
rob

ab
ility

d
istrib

u
tion

for
th

e
m

o
d
el

d
efi

n
ed

in
(2),

w
h
ose

d
en

sity
h
as

th
e

form
of

p
(x

)
=

ex
p [∑k

<
`

β
k
` x
k x

`
+

d
∑j=

1

f
j (x

j )−
A ({

β
i ,f

i }
i∈

[d
] ) ]
,

(3)

w
h
ere

β
k
` 6=

0
if

an
d

on
ly

if
(k
,`)∈

E
.

H
ere

A
(·)

is
th

e
log-p

artition
fu

n
ction

giv
en

b
y

A ({
β
i ,f

i }
i∈

[d
] )

:=
log {∫

R
d

ex
p [∑k

<
`

β
k
` x
k x

`
+

d
∑j=

1

f
j (x

j ) ]
ν

(d
x

) }
,

(4)

w
h
ere

ν
(·)

is
a

p
ro

d
u
ct

m
easu

re
satisfy

in
g
ν

(d
x

)
=
∏
j∈

[d
] ν
j (d

x
j ),

an
d

each
ν
j

is
eith

er
a

L
eb

esgu
e

or
a

cou
n
tin

g
m

easu
re

on
th

e
d
om

ain
of
X
j ,

d
ep

en
d
in

g
w

h
eth

er
X
j

is
d
iscrete

or
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O
n
S
e
m
ip
a
r
a
m
e
t
r
ic

E
x
p
o
n
e
n
t
ia
l
F
a
m
il
y
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

co
n
ti

n
u
ou

s.
S
in

ce
β
k
`

=
β
`k

fo
r

al
l

p
ai

rs
of

n
o
d
es

(k
,`

),
in

th
e

se
q
u
el

,
w

e
w

il
l

u
se
β
k
`

an
d

β
`k

in
te

rc
h
an

ge
ab

ly
fo

r
n
ot

at
io

n
al

si
m

p
li
ci

ty
.

F
u
rt

h
er

m
or

e,
w

e
re

m
ar

k
th

at
,
w

it
h
ou

t
th

e
k
n
ow

le
d
ge

of
{f
j
} j
∈[
d
],

es
ti

m
at

in
g

p
ar

am
et

er
s

{β
j
} j
∈[
d
]

is
in

su
ffi

ci
en

t
to

le
ar

n
th

e
d
is

tr
ib

u
ti

on
of
X

.
In

th
is

p
ap

er
,

w
e

fo
cu

s
on

th
e

st
at

is
ti

ca
l
in

fe
re

n
ce

of
th

e
u
n
d
er

ly
in

g
co

n
d
it

io
n
al

in
d
ep

en
d
en

ce
gr

ap
h

sp
ec

ifi
ed

b
y
{β

j
} j
∈[
d
].

In
th

e
n
ex

t
se

ct
io

n
,
b
y

ad
op

ti
n
g

a
lo

ss
fu

n
ct

io
n

fo
r
{β

j
} j
∈[
d
]
th

at
is

fr
ee

of
th

e
b
as

e
m

ea
su

re
s,

w
e

ob
ta

in
es

ti
m

at
or

s
of

th
es

e
p
ar

am
et

er
s,

w
h
ic

h
ar

e
u
se

d
to

co
n
st

ru
ct

an
es

ti
m

at
or

of
th

e
u
n
d
er

ly
in

g
gr

ap
h
.

M
or

eo
ve

r,
b
y

fu
rt

h
er

co
n
si

d
er

in
g

th
e

h
y
p

o
th

es
is

te
st

in
g

p
ro

b
le

m
fo

r
ea

ch
β
jk

,
w

e
ar

e
ab

le
to

as
se

ss
th

e
u
n
ce

rt
ai

n
ty

of
th

e
es

ti
m

at
ed

gr
ap

h
.

2
.1

.
E

x
a
m

p
le

s

W
e

p
ro

v
id

e
so

m
e

w
id

el
y

u
se

d
p
ar

am
et

ri
c

ex
am

p
le

s
in

th
e

cl
as

s
of

se
m

ip
a
ra

m
et

ri
c

ex
p

on
en

-
ti

al
fa

m
il
y

gr
ap

h
ic

al
m

o
d
el

s.

G
a
u

ss
ia

n
G

ra
p

h
ic

a
l

M
o
d

e
ls

:
T

h
e

G
au

ss
ia

n
gr

ap
h
ic

al
m

o
d
el

s
a
ss

u
m

e
th

at
X
∈

R
d

fo
ll
ow

s
a

m
u
lt

iv
ar

ia
te

G
au

ss
ia

n
d
is

tr
ib

u
ti

on
N

(0
,Θ
−

1
),

w
h
er

e
Θ
∈

R
d
×
d

is
th

e
p
re

ci
si

on
m

at
ri

x
sa

ti
sf

y
in

g
Θ
jj

=
1

fo
r
j
∈

[d
].

T
h
e

co
n
d
it

io
n
al

d
is

tr
ib

u
ti

on
of
X
j

gi
ve

n
X
\j

sa
ti

sfi
es

X
j
|X
\j

=
α
T j
X
\j

+
ε j

w
it

h
ε j
∼
N

(0
,1

),

w
h
er

e
α
j

=
Θ
\j
,j

.
T

h
e

co
n
d
it

io
n
al

d
en

si
ty

is
gi

ve
n

b
y

p
(x
j
|x
\j

)
=
√

1/
(2
π

)
ex

p
[ −
x
j
(Θ

T \j
,j
x
\j

)
−

1
/2
·x

2 j
−

1/
2
·(

Θ
T \j
,j
x
\j

)2
] .

C
om

p
ar

ed
w

it
h

(2
),

w
e

ob
ta

in
β
j

=
−

Θ
\j
,j
,
f j

(x
)

=
−
x

2
/
2

an
d
b j

(β
j
,f
j
)

=
(β

T j
x
\j

)2
/
2

+
lo

g
(2
π

)/
2.

Is
in

g
M

o
d

e
ls

:
In

an
Is

in
g

m
o
d
el

w
it

h
n
o

ex
te

rn
al

fi
el

d
,
X

ta
ke

s
va

lu
e

in
{0
,1
}d

an
d

th
e

jo
in

t
p
ro

b
ab

il
it

y
m

as
s

fu
n
ct

io
n
p
(x

)
∝

ex
p
(∑

j<
k
θ j
k
x
j
x
k
).

L
et
θ
j

=
(θ
j1
,.
..
,θ
j,
j−

1
,θ
j,
j+

1
,.
..
,θ
jd

)T
.

T
h
e

co
n
d
it

io
n
al

d
is

tr
ib

u
ti

on
of
X
j

gi
ve

n
X
\j

is
of

th
e

fo
rm

p
(x
j
|x
\j

)
=

ex
p
( ∑

k
<
`
θ k
`x
k
x
`)

∑
x
j
∈{

0
,1
}

ex
p
( ∑

k
<
`
θ k
`x
k
x
`)

=
ex

p
{ x

j

( θ
T j
x
\j
) −

lo
g
[ 1

+
ex

p
(θ
T j
x
\j

)]
} .

T
h
er

ef
or

e,
in

th
is

ca
se

w
e

h
av

e
β
j

=
θ
j
,
f j

(x
)

=
0

an
d
b j

(β
j
,f
j
)

=
lo

g
[1

+
ex

p
(β

T j
x
\j

)]
.

E
x
p

o
n

e
n
ti

a
l

G
ra

p
h

ic
a
l

M
o
d

e
ls

:
F

or
ex

p
on

en
ti

al
gr

ap
h
ic

al
m

o
d
el

s,
X

ta
ke

s
va

lu
es

in
[0
,+
∞

)d
an

d
th

e
jo

in
t

p
ro

b
ab

il
it

y
d
en

si
ty

sa
ti

sfi
es
p
(x

)
∝

ex
p
(−
∑

d j=
1
φ
j
x
j
−
∑

k
<
`
θ k
`x
k
x
`)
.

In
or

d
er

to
en

su
re

th
at

th
is

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
is

n
or

m
al

iz
ab

le
,

w
e

re
q
u
ir

e
th

at
φ
j
>

0,
θ j
k
≥

0
fo

r
al

l
j,
k
∈

[d
].

T
h
en

w
e

ob
ta

in
th

e
fo

ll
ow

in
g

co
n
d
it

io
n
al

p
ro

b
ab

il
it

y
d
en

si
ty

of
X
j

gi
ve

n
X
\j

:

p
(x
j
|x
\j

)
=

ex
p

( −
d ∑ k
=

1

φ
k
x
k
−
∑ k
<
`

θ k
`x
k
x
`)/

∫ x
j
≥

0
ex

p

(
−

d ∑ k
=

1

φ
k
x
k
−
∑ k
<
`

θ k
`x
k
x
`) d

x
j

=
ex

p
[ −
x
j

( φ
j

+
θ
T j
x
\j
) −

lo
g
( φ

j
+
θ
T j
x
\j
)]
.

T
h
u
s,

w
e

h
av

e
β
j

=
−
θ
j
,
f j

(x
)

=
−
φ
j
x

an
d
b j

(β
j
,f
j
)

=
lo

g
(β

T j
x
\j

+
φ
j
).
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Y
a
n
g
,
N
in
g
,
a
n
d

L
iu

P
o
is

so
n

G
ra

p
h

ic
a
l

M
o
d

e
ls

:
In

a
P

oi
ss

on
gr

ap
h
ic

al
m

o
d
el

,
ev

er
y

n
o
d
e
X
j

is
a

d
is

cr
et

e
ra

n
d
om

va
ri

ab
le

ta
k
in

g
va

lu
es

in
N

=
{0
,1
,2
,.
..
}.

T
h
e

jo
in

t
p
ro

b
ab

il
it

y
m

a
ss

fu
n
ct

io
n

is
gi

ve
n

b
y

p
(x

)
∝

ex
p

[
d ∑ j=

1

φ
j
x
j
−

d ∑ j=
1

lo
g
(x
j
!)

+
∑ k
<
`

θ k
`x
k
x
`] .

S
im

il
ar

to
th

e
ex

p
on

en
ti

al
gr

ap
h
ic

al
m

o
d
el

s,
w

e
al

so
n
ee

d
to

im
p

os
e

so
m

e
re

st
ri

ct
io

n
s

o
n

th
e

p
ar

am
et

er
s

so
th

at
th

e
p
ro

b
ab

il
it

y
m

as
s

fu
n
ct

io
n

is
n
or

m
al

iz
ab

le
.

H
er

e
w

e
re

q
u
ir

e
th

at
θ j
k
≤

0
fo

r
al

l
j,
k
∈

[d
].

B
y

d
ir

ec
t

co
m

p
u
ta

ti
on

,
th

e
co

n
d
it

io
n
al

p
ro

b
ab

il
it

y
m

a
ss

fu
n
ct

io
n

of
X
j

gi
ve

n
X
\j

is
gi

ve
n

b
y

p
(x
j
|x
\j

)
=

ex
p
[ x
j

( θ
T j
x
\j
) +

φ
j
x
j
−

lo
g
(x
j
!)
−
b j

(θ
j
,f
j
)]
,

w
h
er

e
w

e
h
av

e
β
j

=
θ
j
,
f j

(x
)

=
φ
j
x
−

lo
g
(x

!)
an

d
b j

(β
j
,f
j
)

=
lo

g
{ ∑

∞ y=
0

ex
p
[ y

(β
T j
x
\j

)
+

f j
(y

)]
} .

3
.
G
ra

p
h
E
st
im

a
ti
o
n
a
n
d
U
n
ce

rt
a
in
ty

A
ss
e
ss
m
e
n
t

In
th

is
se

ct
io

n
,

w
e

la
y

ou
t

th
e

p
ro

ce
d
u
re

s
fo

r
gr

ap
h

es
ti

m
at

io
n

an
d

u
n
ce

rt
ai

n
ty

a
ss

es
sm

en
t.

T
h
ro

u
gh

ou
t

ou
r

an
al

y
si

s,
w

e
u
se
{β
∗ i,
f
∗ i}
i∈

[d
]

to
d
en

ot
e

th
e

tr
u
e

p
ar

am
et

er
s,

a
n
d
E(
·)

to
d
en

ot
e

th
e

ex
p

ec
ta

ti
on

w
it

h
re

sp
ec

t
to

th
e

jo
in

t
d
en

si
ty

in
(3

)
w

it
h

th
e

tr
u
e

p
a
ra

m
et

er
s.

W
e

fi
rs

t
in

tr
o
d
u
ce

a
p
se

u
d
o-

li
ke

li
h
o
o
d

lo
ss

fu
n
ct

io
n

fo
r

th
e

p
ar

am
et

ri
c

co
m

p
on

en
ts
{β

j
}d j

=
1

th
a
t

is
in

va
ri

an
t

to
th

e
n
u
is

an
ce

p
ar

am
et

er
s
{f
j
} j
∈[
d
].

B
as

ed
on

su
ch

a
lo

ss
fu

n
ct

io
n
,

w
e

p
re

se
n
t

an
A

d
ap

ti
v
e

M
u
lt

i-
st

ag
e

C
on

ve
x

R
el

ax
at

io
n

al
go

ri
th

m
to

es
ti

m
at

e
ea

ch
β
∗ j

b
y

m
in

im
iz

in
g

th
e

lo
ss

fu
n
ct

io
n

re
gu

la
ri

ze
d

b
y

a
n
on

co
n
v
ex

p
en

al
ty

fu
n
ct

io
n
.

W
e

th
en

p
ro

ce
ed

to
in

tr
o
d
u
ce

th
e

in
fe

re
n
ti

al
p
ro

ce
d
u
re

fo
r

ac
ce

ss
in

g
th

e
u
n
ce

rt
ai

n
ty

of
a

gi
ve

n
ed

ge
in

th
e

g
ra

p
h
.

3
.1

.
A

N
u

is
a
n

c
e
-F

re
e

L
o
ss

F
u

n
c
ti

o
n

F
or

gr
ap

h
es

ti
m

at
io

n
,

w
e

tr
ea

t
β
j

as
th

e
p
ar

am
et

er
of

in
te

re
st

an
d

th
e

b
as

e
m

ea
su

re
s
f j

(·)
as

n
u
is

an
ce

p
ar

am
et

er
.

L
et
X

1
,.
..
,X

n
b

e
n

i.
i.
d
.

co
p
ie

s
o
f
X

.
D

u
e

to
th

e
p
re

se
n
ce

o
f

f j
(·)

,
fi
n
d
in

g
th

e
co

n
d
it

io
n
al

m
ax

im
u
m

li
ke

li
h
o
o
d

es
ti

m
at

or
of
β
j

is
in

tr
ac

ta
b
le

.
T

o
so

lv
e

th
is

p
ro

b
le

m
,

w
e

ex
p
lo

it
a

p
se

u
d
o-

li
ke

li
h
o
o
d

lo
ss

fu
n
ct

io
n

p
ro

p
os

ed
in

N
in

g
et

a
l.

(2
0
1
7
b
)

th
at

is
in

va
ri

an
t

to
th

e
n
u
is

an
ce

p
ar

am
et

er
s
{f
j
} j
∈[
d
].

T
h
is

p
se

u
d
o-

li
ke

li
h
o
o
d

lo
ss

is
b
a
se

d
on

p
ai

rw
is

e
lo

ca
l

or
d
er

st
at

is
ti

cs
,

w
h
ic

h
h
av

e
b

ee
n

p
re

v
io

u
sl

y
st

u
d
ie

d
in

L
ia

n
g

a
n
d

Q
in

(2
00

0)
;

D
ia

o
et

al
.

(2
01

2)
;

C
h
an

(2
01

2)
fo

r
se

m
ip

ar
am

et
ri

c
re

gr
es

si
on

m
o
d
el

s.
M

o
re

d
et

a
il
s

ar
e

p
re

se
n
te

d
as

fo
ll
ow

s.

L
et
x

1
,x

2
,.
..
,x

n
b

e
n

d
at

a
p

oi
n
ts

th
a
t

ar
e

re
al

iz
at

io
n
s

of
X

1
,X

2
,.
..
,X

n
.

F
o
r

a
n
y

1
≤
i
<
i′
≤
n

,
le

t A
j ii
′

: =
{ (X

ij
,X

i′
j
)

=
(x
ij
,x

i′
j
),
X
i\
j

=
x
i\
j
,X

i′
\j

=
x
i′
\j
}

b
e

th
e

ev
en

t
th

at
w

e
ob

se
rv

e
X
i\
j

=
x
i\
j

an
d
X
i′
\j

=
x
i′
\j

an
d

th
e

or
d
er

st
at

is
ti

cs
o
f
X
ij

a
n
d

X
i′
j

(b
u
t

n
ot

th
e

re
la

ti
ve

ra
n
k
s

of
X
ij

an
d
X
i′
j
).

M
or

e
sp

ec
ifi

ca
ll
y,

w
e

d
en

ot
e

m
a
x
{X

ij
,X

i′
j
}

an
d

m
in
{X

ij
,X

i′
j
}

b
y
O

1
an

d
O

2
,

an
d

le
t
o 1

an
d
o 2

b
e

th
e

ob
se

rv
ed

va
lu

es
o
f
O

1
a
n
d
O

2
.

T
h
en
A
j ii
′

ca
n

b
e

eq
u
iv

al
en

tl
y

w
ri

tt
en

as
{O

1
=
o 1
,O

2
=
o 2
,X

i\
j

=
x
i\
j
,X

i′
\j

=
x
i′
\j
}.
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O
n
S
e
m
ipa

r
a
m
e
t
r
ic

E
x
p
o
n
e
n
t
ia
l
F
a
m
ily

G
r
a
p
h
ic
a
l
M
o
d
e
l
s

L
et
R
∈
{
(1,2

),(2,1)}
b

e
th

e
relative

ran
k

of
X
ij

an
d
X
i ′j ,

an
d
r

b
e

th
e

ob
served

valu
e.

T
h
en

,
b
y

d
efi

n
ition

,
w

e
h
ave

P (X
ij

=
x
ij ,X

i ′j
=
x
i ′j ∣∣

X
i\
j

=
x
i\
j ,X

i ′\
j

=
x
i ′\
j )

=
P (O

1
=
o

1 ,O
2

=
o

2 ∣∣
X
i\
j

=
x
i\
j ,X

i ′\
j

=
x
i ′\
j )·P (R

=
r ∣∣A

jii ′ ).

F
u
rth

erm
o
re,

w
e

h
ave

P (R
=
r ∣∣A

jii ′ )
=

[
1

+
P

(X
ij

=
x
i ′j ,X

i ′j
=
x
ij ∣∣A

jii ′ )

P
(X

ij
=
x
ij ,X

i ′j
=
x
i ′j ∣∣A

jii ′ ) ]
−

1

=

[
1

+
P

(X
ij

=
x
i ′j ,X

i ′j
=
x
ij ∣∣X

i\
j

=
x
i\
j ,X

i ′\
j

=
x
i ′\
j )

P
(X

ij
=
x
ij ,X

i ′j
=
x
i ′j ∣∣X

i\
j

=
x
i\
j ,X

i ′\
j

=
x
i ′\
j ) ]
−

1

=
[1

+
R
jii ′ (β

j ) ]−
1,(5)

w
h
ere

R
jii ′ (β

j )
:=

ex
p
[−

(x
ij −

x
i ′j )β

j
T

(x
i\
j −

x
i ′\
j )].

B
ased

on
th

e
con

d
ition

al
likelih

o
o
d

in
(5),

w
e

con
stru

ct
th

e
follow

in
g

p
seu

d
o-likelih

o
o
d

loss
fu

n
ction

for
β
j :

L
j (β

j )
:=

2

n
(n
−

1)

∑

1≤
i<
i ′≤

n

log [1
+
R
jii ′ (β

j ) ].
(6)

O
b
v
iou

sly,
L
j (·)

on
ly

in
v
olves

β
j .

S
in

ce
its

form
resem

b
les

th
e

logistic
loss,

to
fi
n
d

a
m

in
im

izer
o
f

th
is

loss
fu

n
ction

,
w

e
cou

ld
read

ily
ap

p
ly

an
y

logistic
regression

solver.

3
.2

.
A

d
a
p

tiv
e

M
u

lti-sta
g
e

C
o
n
v
e
x

R
e
la

x
a
tio

n
A

lg
o
rith

m

N
ow

w
e

a
re

rea
d
y

to
p
resen

t
th

e
algorith

m
for

p
aram

eter
estim

ation
.

F
or

h
igh

d
im

en
sion

al
sp

a
rse

estim
a
tio

n
,
to

p
rom

ote
sp

arsity,
w

e
m

in
im

ize
th

e
su

m
of

th
e

loss
fu

n
ction

s
L
j (β

j )
an

d
so

m
e

p
en

alty
fu

n
ction

.
T

w
o

of
th

e
m

ost
p
revalen

t
m

eth
o
d
s

are
th

e
L

A
S
S
O

(`
1 -p

en
a
lization

)
(T

ib
sh

ira
n
i,

1
9
96)

an
d

th
e

fold
ed

con
cav

e
p

en
alization

(F
an

et
al.,

2014).
A

lth
ou

gh
th

e
`
1 -

p
en

a
lizatio

n
en

joy
s

go
o
d

com
p
u
tation

a
l

p
rop

erties
as

a
con

vex
op

tim
ization

p
rob

lem
,

it
is

k
n
ow

n
to

in
cu

r
sign

ifi
can

t
estim

ation
b
ias

for
p
aram

eters
w

ith
large

ab
solu

te
valu

es
(Z

h
a
n
g

a
n
d

H
u
a
n
g,

2
0
08).

In
con

trast,
n
on

con
v
ex

p
en

alties
su

ch
as

sm
o
oth

ly
clip

p
ed

ab
solu

te
d
ev

ia
tio

n
(S

C
A

D
)

p
en

alty,
m

in
im

ax
con

cave
p

en
alty

(M
C

P
)

a
n
d

cap
p

ed
-`

1
p

en
alty

can
elim

in
a
te

su
ch

b
ias

an
d

attain
im

p
roved

rates
of

con
v
ergen

ce.
T

h
erefore,

w
e

con
sid

er
th

e
n
o
n
co

n
vex

o
p
tim

ization
p
rob

lem

β̂
j

=
argm

in
R
d−

1

{
L
j (β

j )
+
∑k6=

j

p
λ (|β

jk |) }
,

(7)

w
h
ere

λ
>

0
is

a
regu

larization
p
a
ram

eter
an

d
p
λ (·)

:
[0,+
∞

)
→

[0,+
∞

)
is

a
p

en
a
lty

fu
n
ctio

n
sa

tisfy
in

g
th

e
follow

in
g

th
ree

con
d
ition

s:

(C
.1

)
T

h
e

p
en

a
lty

fu
n
ction

p
λ (u

)
is

con
tin

u
ou

sly
n
on

d
ecreasin

g
an

d
con

cav
e

w
ith

p
λ (0)

=
0.

(C
.2

)
T

h
e

rig
h
t-h

an
d

d
erivative

at
u

=
0

satisfi
es
p ′λ (0)

=
p ′λ (0+

)
=
λ
.
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Y
a
n
g
,
N
in
g
,
a
n
d

L
iu

(C
.3)

T
h
ere

ex
ist

con
stan

ts
c

1
∈

[0,1]
an

d
c

2
∈

(0,+
∞

)
su

ch
th

at
p ′λ (u

+
)
≥
c

1 λ
for

u
∈

[0,c
2 λ

].

N
ote

th
at

w
e

on
ly

req
u
ire

th
e

p
en

alty
fu

n
ction

to
b

e
righ

t-d
iff

eren
tiab

le.
In

w
h
at

follow
s,

w
e

d
en

ote
b
y
p ′λ (u

)
th

e
righ

t-h
an

d
d
erivative.

B
y

(C
.1),

p ′λ (u
)

is
n
on

in
creasin

g
an

d
n
on

n
egativ

e
in

[0
,∞

).
It

is
easy

to
verify

th
at

S
C

A
D

,
M

C
P

an
d

cap
p

ed
-`

1
p

en
alty

all
satisfy

(C
.1)–(C

.3).

D
u
e

to
th

e
p

en
alty

term
,

th
e

op
tim

ization
p
rob

lem
in

(7)
is

n
on

con
vex

an
d

m
ay

h
ave

m
u
ltip

le
lo

cal
solu

tion
s.

T
o

overcom
e

su
ch

d
iffi

cu
lty,

w
e

ex
p
loit

th
e

lo
cal

lin
ear

ap
p
rox

im
a-

tion
algorith

m
(Z

ou
an

d
L

i,
2008;

F
an

et
al.,

2014)
or

eq
u
ivalen

tly,
th

e
m

u
lti-stage

con
vex

relax
ation

(Z
h
an

g,
2010;

Z
h
an

g
et

al.,
2013;

F
an

et
al.,

2018)
to

attain
an

estim
ator

of
β
∗j .

C
om

p
ared

w
ith

p
rev

iou
s

w
ork

s
th

at
m

ain
ly

fo
cu

s
on

sp
arse

lin
ear

regression
,

o
u
r

loss
fu

n
ction

L
j (β

j )
is

a
U

-statistics
b
ased

logistic
loss,

w
h
ich

req
u
ires

n
on

triv
ial

ex
ten

sion
s

of
th

e
ex

istin
g

th
eoretical

an
aly

sis.

W
e

p
resen

t
th

e
p
rop

osed
ad

ap
tive

m
u
lti-stage

con
vex

relax
atio

n
m

eth
o
d

in
A

lgorith
m

1.
O

u
r

algorith
m

solves
a

seq
u
en

ce
of

con
vex

o
p
tim

ization
p
ro

b
lem

s
corresp

on
d
in

g
to

fi
n
er

an
d

fi
n
er

con
vex

relax
ation

s
of

th
e

origin
al

n
on

con
vex

op
tim

ization
p
rob

lem
.

M
ore

sp
ecifi

cally,
for

each
j

=
1,...,d

,
in

th
e

fi
rst

iteration
,

step
4

o
f

A
lgo

rith
m

1
is

eq
u
ivalen

t
to

a
`
1 -

regu
larized

op
tim

ization
p
rob

lem
an

d
w

e
ob

tain
th

e
fi
rst-step

solu
tion

β̂
(1

)
j
.

T
h
en

,
in

each
su

b
seq

u
en

t
iteration

,
w

e
solve

an
ad

ap
tiv

e
`
1 -regu

larized
o
p
tim

ization
p
rob

lem
w

h
ere

th
e

w
eigh

ts
of

th
e

p
en

alty
d
ep

en
d

on
th

e
solu

tion
of

th
e

p
rev

iou
s

step
.

F
or

ex
am

p
le,

in
th

e

`-th
iteration

,
th

e
regu

larization
p
aram

eter
λ

(`−
1
)

jk
in

(8)
is

u
p

d
ated

u
sin

g
th

e
(`−

1)-th

step
estim

ator
β̂

(`−
1
)

j
.

N
ote

th
at
p ′λ (|β

(`)
jk | )

is
th

e
righ

t-h
an

d
d
erivative

of
p
λ (u

)
evalu

ated

at
u

=
|β

(`)
jk |.

S
in

ce
th

e
op

tim
ization

p
rob

lem
in

step
4

is
con

vex
,

ou
r

m
eth

o
d

is
com

p
u
tation

ally
effi

cien
t.

B
esid

es,
n
ote

th
at

(8)
w

ith
`

=
1

corresp
on

d
s

to
th

e
`
1 -regu

larized
p
rob

lem
.

H
en

ce,
ou

r
ap

p
roach

can
b

e
v
iew

ed
as

a
refi

n
em

en
t

of
L

A
S
S
O

.
A

s
w

e
w

ill
sh

ow
in
§4.1,

th
e

estim
ator

β̂
j

of
β
∗j

con
stru

cted
b
y

A
lgorith

m
1

attain
s

th
e

op
tim

al
statistical

rates
of

con
vergen

ce
for

p
aram

eter
estim

ation
.

A
lg

o
rith

m
1

A
d
ap

tive
M

u
lti-stage

C
on

v
ex

R
elax

ation
algorith

m
fo

r
p
aram

eter
estim

ation

1
:

In
itialize

λ
(0

)
jk

=
λ

for
1
≤
j,k
≤
d
.

2
:

fo
r

j=
1,2,...,d

d
o

3
:

fo
r
`

=
1,2

,...,u
n
til

con
vergen

ce
d

o
4
:

S
olve

th
e

con
vex

op
tim

izatio
n

p
rob

lem

β̂
(`)
j

=
argm

in
R
d−

1

{
L
j (β

j )
+
∑k6=

j

λ
(`−

1
)

jk
|β
jk | }

.
(8)

5
:

U
p

d
ate

λ
(`)
jk

b
y
λ

(`)
jk

=
p ′λ (|β̂

(`)
jk |)

for
1
≤
k
≤
d
,k
6=
j.

6
:

e
n

d
fo

r
7
:

O
u

tp
u

t
β̂
j
=
β̂

(`)
j

,
w

h
ere

`
is

th
e

n
u
m

b
er

of
iteration

s
u
n
til

con
vergen

ce
is

attain
ed

.
8
:

e
n

d
fo

r
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O
n
S
e
m
ip
a
r
a
m
e
t
r
ic

E
x
p
o
n
e
n
t
ia
l
F
a
m
il
y
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

3
.3

.
G

ra
p

h
In

fe
re

n
c
e
:

C
o
m

p
o
si

te
P

a
ir

w
is

e
S

c
o
re

T
e
st

F
or

an
y

gi
ve

n
1
≤
j
<
k
≤
d
,

w
e

ar
e

in
te

re
st

ed
in

te
st

in
g

if
(j
,k

)
∈
E

,
i.
e.

,
w

e
co

n
si

d
er

th
e

h
y
p

ot
h
es

is
te

st
in

g
p
ro

b
le

m
H

0
:
β
∗ jk

=
0

ve
rs

u
s
H

1
:
β
∗ jk
6=

0.
T

o
si

m
p
li
fy

th
e

n
ot

a
ti

on
,

w
e

w
ri

te
β
j\
k

=
(β
j1
,.
..
,β
jj
−

1
,β
jj

+
1
,.
..
,β
jk
−

1
,β
jk

+
1
,.
..
,β
jd

)T
∈

R
d
−

2
an

d
d
en

ot
e

th
e

p
ar

am
et

er
s

as
so

ci
at

ed
w

it
h

n
o
d
e
j

an
d

n
o
d
e
k

b
y
β
j∨
k

: =
( β

jk
;β

T j\
k
,β

T k
\j
) T
∈

R
2
d
−

3
.

In

ad
d
it

io
n
,

le
t

H
j

: =
E[
∇

2
L
j
(β
∗ j)
]

b
e

th
e

ex
p

ec
te

d
H

es
si

an
of
L
j
(β

j
)

ev
al

u
at

ed
at
β
∗ j.

W
e

d
efi

n
e

tw
o

su
b
m

at
ri

ce
s

H
j jk
,j
\k

an
d

H
j j\
k
,j
\k

of
H
j

as

H
j jk
,j
\k

: =

[ E
∂

2
L
j
(β
∗ j)

∂
β
jk
∂
β
jv

] v
6=
k

∈
R
d
−

2
an

d
H
j j\
k
,j
\k

: =

[ E
∂

2
L
j
(β
∗ j)

∂
β
ju
∂
β
jv

] u
6=
k
,v
6=
k

∈
R

(d
−

2
)×

(d
−

2
) ,

an
d

w
e

d
efi

n
e

H
k jk
,k
\j

an
d

H
k k
\j
,k
\j

si
m

il
ar

ly
.

F
u
rt

h
er

m
or

e,
w

e
d
efi

n
e

w
∗ j,k

=
H
j jk
,j
\k
[ H

j j\
k
,j
\k
] −

1
an

d
w
∗ k,
j

=
H
k jk
,k
\j
[ H

k k
\j
,k
\j
] −

1
.

(9
)

F
ol

lo
w

in
g

th
e

ge
n
er

al
ap

p
ro

ac
h

in
N

in
g

et
al

.
(2

01
7a

);
N

ey
ko

v
et

al
.

(2
01

8)
,

th
e

co
m

p
os

it
e

p
ai

rw
is

e
sc

or
e

fu
n
ct

io
n

fo
r

p
ar

am
et

er
β
jk

is
d
efi

n
ed

as

S
jk

(β
j∨
k
)

=
∇
jk
L
j
(β

j
)

+
∇
jk
L
k
(β

k
)
−

w
∗ j,k
T
∇
j\
k
L
j
(β

j
)
−

w
∗ k,
j
T
∇
k
\j
L
k
(β

k
).

(1
0)

w
h
er

e
w

e
w

ri
te
∇
jk
L
j
(β

j
)

=
∂
L
j
(β

j
)/
∂
β
jk

an
d
∇
j\
k
L
j
(β

j
)

=
∂
L
j
(β

j
)/
∂
β
j\
k
.

H
er

e,
th

e
la

st
tw

o
te

rm
s

in
(1

0)
ar

e
co

n
st

ru
ct

ed
to

re
d
u
ce

th
e

eff
ec

t
of

n
u
is

an
ce

p
ar

am
et

er
s
β
j\
k

an
d

β
k
\j

on
as

se
ss

in
g

th
e

u
n
ce

rt
ai

n
ty

of
β
∗ jk

,
w

h
ic

h
is

th
e

p
ar

am
et

er
of

in
te

re
st

.
A

ke
y

fe
at

u
re

of
S
jk

(β
j∨
k
)

is
th

at
th

e
sy

m
m

et
ry

of
β
jk

an
d
β
k
j

(i
.e

.,
β
jk

=
β
k
j
)

is
ta

k
en

in
to

ac
co

u
n
t,

w
h
ic

h
is

d
is

ti
n
ct

fr
om

th
e

ex
is

ti
n
g

w
or

k
s

su
ch

as
R

en
et

al
.

(2
0
15

);
J
an

ko
v
á

an
d

va
n

d
e

G
ee

r
(2

01
5)

;
L

iu
et

al
.

(2
01

3)
fo

r
G

au
ss

ia
n

gr
ap

h
ic

al
m

o
d
el

s
an

d
N

in
g

et
al

.
(2

01
7b

)
in

th
e

re
gr

es
si

on
se

tu
p
.

N
ot

e
th

at
b

ot
h

w
∗ j,k

an
d

w
∗ k,
j

ar
e

co
m

p
u
te

d
fr

om
H

,
w

h
ic

h
is

u
n
k
n
ow

n
.

W
e

es
ti

m
at

e
th

em
u
si

n
g

th
e

D
an

tz
ig

-t
y
p

e
es

ti
m

at
or

s
(C

an
d
és

et
al

.,
20

0
7)

.
S
p

ec
ifi

ca
ll
y,

w
e

d
efi

n
e

th
e

em
p
ir

ic
al

v
er

si
on

s
of

H
j jk
,j
\k

an
d

H
j j\
k
,j
\k

as

∇
2 jk
,j
\k
L
j
(β

j
)

=

[ ∂
2
L
j
(β

j
)

∂
β
jk
∂
β
jv

] v
6=
k

an
d
∇

2 j\
k
,j
\k
L
j
(β

j
)

=

[ ∂
2
L
j
(β

j
)

∂
β
ju
∂
β
jv

] u
6=
k
,v
6=
k

.

W
e

al
so

d
efi

n
e
∇

2 jk
,k
\j
L
k
(β

k
)

an
d
∇

2 k
\j
,k
\j
L
k
(β

k
)

si
m

il
ar

ly
.

T
h
en

w
e

es
ti

m
at

e
w
∗ j,k

b
y

so
lv

in
g

ŵ
j,
k

=
ar

gm
in
‖w
‖ 1

su
ch

th
at

∥ ∥ ∇
2 jk
,j
\k
L
j
(0
,β̂

j\
k
)
−

w
T
∇

2 j\
k
,j
\k
L
j
(0
,β̂

j\
k
)∥ ∥
∞
≤
λ
D
,

(1
1)

w
h
er

e
β̂
j

is
th

e
es

ti
m

at
or

of
β
∗ j

ob
ta

in
ed

fr
om

A
lg

or
it

h
m

1
an

d
λ
D

is
a

re
gu

la
ri

za
ti

on
p
ar

am
et

er
.

A
n

es
ti

m
at

or
ŵ
k
,j

of
w
∗ k,
j

ca
n

b
e

si
m

il
ar

ly
ob

ta
in

ed
.

B
as

ed
o
n

ŵ
j,
k

an
d

ŵ
k
,j
,

w
e

co
n
st

ru
ct

th
e

co
m

p
os

it
e

p
ai

rw
is

e
sc

or
e

st
at

is
ti

c
fo

r
β
∗ jk

b
y

Ŝ
jk

=
∇
jk
L
j
(0
,β̂

j\
k
)

+
∇
jk
L
k

( 0
,β̂

k
\j
) −

ŵ
T j,
k
∇
j\
k
L
j

( 0
,β̂

j\
k

) −
ŵ
T k
,j
∇
k
\j
L
k

( 0,
β̂
k
\j
) . (1

2)
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Y
a
n
g
,
N
in
g
,
a
n
d

L
iu

C
om

p
ar

in
g

(1
0)

an
d

(1
2)

,
w

e
se

e
th

at
Ŝ
jk

is
ob

ta
in

ed
b
y

re
p
la

ci
n
g
β
j

an
d
β
k

in
(1

0
)

b
y

(0
,β̂

j\
k
)

an
d

(0
,β̂

k
\j

)
re

sp
ec

ti
ve

ly
an

d
re

p
la

ci
n
g

w
∗ j,k

an
d

w
∗ k,
j

in
(1

0)
b
y

ŵ
j,
k

a
n
d

ŵ
k
,j
.

T
o

ob
ta

in
a

va
li
d

h
y
p

ot
h
es

is
te

st
,

w
e

n
ee

d
to

es
ta

b
li
sh

th
e

li
m

it
in

g
d
is

tr
ib

u
ti

o
n

o
f
Ŝ
jk

u
n
d
er

th
e

n
u
ll

h
y
p

ot
h
es

is
.

N
ot

e
th

at
Ŝ
jk

is
a

li
n
ea

r
co

m
b
in

at
io

n
of

en
tr

ie
s

o
f
∇
L
j
(β

j
)

a
n
d

∇
L
k
(β

k
),

b
ot

h
of

w
h
ic

h
ar

e
U

-s
ta

ti
st

ic
s.

In
th

e
n
ex

t
se

ct
io

n
,

w
e

p
ro

ve
th

e
a
sy

m
p
to

ti
c

n
o
r-

m
al

it
y

of
Ŝ
jk

.
M

or
e

sp
ec

ifi
ca

ll
y,

u
n
d
er

th
e

n
u
ll

h
y
p

ot
h
es

is
,

w
e

h
av

e
√
n
Ŝ
jk
/
2
 
N

(0
,σ

2 jk
),

w
h
er

e
th

e
li
m

it
in

g
va

ri
an

ce
ca

n
b

e
es

ti
m

at
ed

co
n
si

st
en

tl
y

b
y
σ̂

2 jk
(M

or
e

d
et

a
il
s

w
il
l

b
e

ex
-

p
la

in
ed

in
th

e
fo

ll
ow

in
g

se
ct

io
n
).

W
it

h
a

si
gn

ifi
ca

n
ce

le
ve

l
α
∈

(0
,1

),
th

e
te

st
fu

n
ct

io
n

ψ
jk

(α
)

is
d
efi

n
ed

as

ψ
jk

(α
)

=

{
1

if
∣ ∣√
n
Ŝ
jk

/ (2
σ̂
jk

)∣ ∣
>

Φ
−

1
(1
−
α
/2

)

0
if
∣ ∣√
n
Ŝ
jk

/ (2
σ̂
jk

)∣ ∣
≤

Φ
−

1
(1
−
α
/2

)
,

(1
3
)

w
h
er

e
Φ

(t
)

is
th

e
cu

m
u
la

ti
ve

d
is

tr
ib

u
ti

on
fu

n
ct

io
n

of
a

st
an

d
ar

d
n
or

m
al

ra
n
d
o
m

va
ri

a
b
le

.

In
su

m
,

th
e

co
m

p
os

it
e

p
ai

rw
is

e
sc

or
e

te
st

fo
r

th
e

n
u
ll

h
y
p

ot
h
es

is
H

0
:
β
∗ jk

=
0

co
n
si

st
s

of
th

e
fo

ll
ow

in
g

fo
u
r

st
ep

s:
(i

)
C

al
cu

la
te
β̂
j

an
d
β̂
k

fr
om

A
lg

or
it

h
m

1;
(i

i)
O

b
ta

in
ŵ
j,
k

an
d

ŵ
k
,j

b
y

so
lv

in
g

tw
o

D
an

tz
ig

-t
y
p

e
p
ro

b
le

m
s

d
efi

n
ed

in
(1

1)
;

(i
ii
)

C
om

p
u
te

th
e

li
m

it
in

g
va

ri
an

ce
σ̂

2 jk
;

(i
v
)

E
va

lu
at

e
th

e
te

st
fu

n
ct

io
n

(1
3)

.

4
.
T
h
e
o
re
ti
ca

l
P
ro

p
e
rt
ie
s

In
th

is
se

ct
io

n
,
w

e
p
re

se
n
t

ou
r

th
eo

re
ti

ca
l
re

su
lt

s.
W

e
fi
rs

t
p
ro

ve
th

at
th

e
p
ro

p
o
se

d
p
ro

ce
d
u
re

at
ta

in
s

th
e

op
ti

m
al

ra
te

of
co

n
ve

rg
en

ce
fo

r
p
ar

am
et

er
es

ti
m

at
io

n
.

T
h
en

,
w

e
p
ro

v
id

e
th

eo
ry

fo
r

th
e

co
m

p
os

it
e

p
ai

rw
is

e
sc

or
e

te
st

.

4
.1

.
T

h
e
o
re

ti
c
a
l

R
e
su

lt
s

fo
r

P
a
ra

m
e
te

r
E

st
im

a
ti

o
n

W
e

fi
rs

t
es

ta
b
li
sh

th
e

ra
te

s
of

co
n
ve

rg
en

ce
of

th
e

ad
ap

ti
ve

m
u
lt

i-
st

ag
e

co
n
ve

x
re

la
x
a
ti

on
es

ti
m

at
or

.
W

e
b

eg
in

b
y

li
st

in
g

se
ve

ra
l

re
q
u
ir

ed
as

su
m

p
ti

on
s.

T
h
e

fi
rs

t
is

a
b

o
u
t

m
o
m

en
t

co
n
d
it

io
n
s

of
{X

j
}

an
d

th
e

lo
ca

l
sm

o
ot

h
n
es

s
of

th
e

lo
g-

p
ar

ti
ti

on
fu

n
ct

io
n
A

(·)
d
efi

n
ed

in
(4

).
T

h
is

as
su

m
p
ti

on
al

so
ap

p
ea

rs
in

Y
an

g
et

al
.

(2
01

3a
)

an
d

C
h
en

et
al

.
(2

01
5
)

a
s

a
p
iv

o
ta

l
te

ch
n
ic

al
co

n
d
it

io
n

fo
r

th
eo

re
ti

ca
l

an
al

y
si

s.

A
ss

u
m

p
ti

o
n

2
F

o
r

a
ll
j
∈

[d
],

w
e

a
ss

u
m

e
th

a
t

th
e

fi
rs

t
tw

o
m

o
m

en
ts

o
f
X
j

a
re

bo
u

n
d
ed

.
T

h
a
t

is
,

th
er

e
ex

is
t

tw
o

co
n

st
a
n

ts
κ
m

a
n

d
κ
v

su
ch

th
a
t
|E

(X
j
)|
≤
κ
m

a
n

d
E(
X

2 j
)
≤
κ
v
.

D
en

o
te

th
e

tr
u

e
pa

ra
m

et
er

s
by
{β
∗ j,
f
∗ j}
j∈

[d
]

a
n

d
d
efi

n
e
d

u
n

iv
a
ri

a
te

fu
n

ct
io

n
s
Ā
j
(·)

:
R
→

R
a
s

Ā
j
(u

)
: =

lo
g

{ ∫

R
d

ex
p

[ u
x
j

+
∑ k
<
`

β
∗ k`
x
k
x
`

+
d ∑ i=

1

f
∗ i(
x
i)

] d
ν

(x
)} ,

j
∈

[d
].

W
e

a
ss

u
m

e
th

a
t

th
er

e
ex

is
ts

a
co

n
st

a
n

t
κ
h

su
ch

th
a
t

m
ax

u
:
|u
|≤

1
Ā
′′ j(
u

)
≤
κ
h

fo
r

a
ll
j
∈

[d
].

U
n
li
ke

th
e

Is
in

g
gr

ap
h
ic

al
m

o
d
el

s,
{X

j
} j
∈[
d
]

ar
e

n
ot

b
ou

n
d
ed

in
ge

n
er

a
l

fo
r

se
m

ip
a
ra

-
m

et
ri

c
ex

p
on

en
ti

al
fa

m
il
y

gr
ap

h
ic

al
m

o
d
el

s.
In

st
ea

d
,

w
e

im
p

os
e

m
il
d

co
n
d
it

io
n
s

a
s

in
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O
n
S
e
m
ipa

r
a
m
e
t
r
ic

E
x
p
o
n
e
n
t
ia
l
F
a
m
ily

G
r
a
p
h
ic
a
l
M
o
d
e
l
s

A
ssu

m
p
tio

n
2

to
ob

tain
a

lo
ose

con
tro

l
of

th
e

tail
b

eh
av

iors
of

th
e

d
istrib

u
tion

o
f
X

.
A

s
sh

ow
n

in
Y

a
n
g

et
al.

(2013a),
A

ssu
m

p
tion

2
im

p
lies

th
a
t

for
all

j∈
[d

],

m
ax {

log
E

[ex
p
(X

j )],log
E

[ex
p
(−
X
j )] }
≤
κ
m

+
κ
h /

2.

M
a
rkov

in
eq

u
a
lity

im
p
lies

for
an

y
x
>

0,

P (|X
j |≥

x )≤
2

ex
p
(κ
m

+
κ
h /2)·

ex
p
(−
x

).
(14)

T
h
u
s,

b
y

settin
g
x

=
C

log
d

in
(14)

w
ith

con
stan

t
C

su
ffi

cien
tly

large,
w

e
h
ave
‖
X
‖∞
≤

C
lo

g
d

w
ith

h
igh

p
rob

ab
ility.

In
ad

d
ition

to
A

ssu
m

p
tion

2,
w

e
also

im
p

ose
con

d
ition

s
to

co
n
tro

l
th

e
cu

rvatu
re

of
fu

n
ction

L
j (·).

D
e
fi

n
itio

n
3

(S
p

a
rse

e
ig

e
n
v
a
lu

e
c
o
n

d
itio

n
)

F
o
r

a
n

y
j,s
∈

[d
],

w
e

d
efi

n
e

th
e
s-spa

rse
eigen

va
lu

es
o
fE

[∇
2L

j (β
∗j )]

a
s

ρ ∗j+
(s)

:=
su

p
v∈

R
d−

1 {
v
TE [∇

2L
j (β
∗j ) ]v

:‖
v‖

0 ≤
s,‖v‖

2
=

1 }
;

ρ ∗j−
(s)

:=
in

f
v∈

R
d−

1 {
v
TE [∇

2L
j (β
∗j ) ]v

:‖
v‖

0 ≤
s,‖v‖

2
=

1 }
.

A
ssu

m
p

tio
n

4
L

et
s ∗

=
m

ax
j∈

[d
] ‖
β
∗j ‖

0 .
W

e
a
ssu

m
e

th
a
t

fo
r

a
n

y
j∈

[d
],

th
ere

exist
a
n

in
teger

k ∗≥
2s ∗

sa
tisfyin

g
lim
n→
∞
k ∗(log

9
d
/n

)
1
/
2

=
0

a
n

d
a

po
sitive

n
u

m
ber

ρ∗
su

ch
th

a
t

th
e

spa
rse

eigen
va

lu
es

o
fE

[∇
2L

j (β
∗j )]

sa
tisfy

0
<
ρ∗ ≤

ρ ∗j−
(2s ∗+

2
k ∗)

<
ρ ∗j+

(k ∗)
<

+
∞

a
n

d

ρ ∗j+
(k ∗) /

ρ ∗j−
(2s ∗+

2
k ∗)≤

1
+

0
.2
k ∗/s ∗

fo
r

a
n

y
j∈

[d
].

T
h
e

co
n
d
itio

n
ρ ∗j+

(k ∗) /
ρ ∗j−

(2s ∗+
2
k ∗)≤

1+
0.2
k ∗/s ∗

req
u
ires

th
e

eigen
valu

e
ra

tio
ρ ∗j+

(k
)/ρ ∗j−

(2k
+

2
s ∗)

to
grow

su
b
-lin

early
in
k
.

A
ssu

m
p
tion

4
is

com
m

on
ly

referred
to

as
sp

arse
eigen

valu
e

co
n
d
itio

n
,

w
h
ich

is
stan

d
ard

for
sp

arse
estim

ation
p
rob

lem
s

an
d

h
as

b
een

stu
d
ied

b
y

B
ickel

et
a
l.

(2
0
0
9
);

R
ask

u
tti

et
al.

(2010);
Z

h
an

g
(2010);

N
egah

b
an

et
al.

(2012);
X

iao
an

d
Z

h
an

g
(2

0
1
3
);

L
oh

an
d

W
ain

w
righ

t
(2015)

an
d

W
an

g
et

al.
(2014).

O
u
r

assu
m

p
tio

n
is

sim
ilar

to
th

a
t

in
Z

h
an

g
(2010)

an
d

is
w

eaker
th

an
th

e
restricted

isom
etry

p
rop

erty
(R

IP
)

p
rop

osed
in

C
a
n
d
és

a
n
d

T
ao

(2005).
W

e
claim

th
a
t

th
is

assu
m

p
tion

is
tru

e
in

gen
eral

an
d

w
ill

b
e

verifi
ed

fo
r

G
a
u
ssian

grap
h
ical

m
o
d
els

in
th

e
ap

p
en

d
ix

.
N

ow
w

e
a
re

read
y

to
p
resen

t
th

e
m

ain
th

eorem
of

th
is

section
.

R
ecall

th
at

th
e

p
en

alty
fu

n
ctio

n
p
λ (u

)
satisfi

es
con

d
ition

s
(C

.1)–(C
.3)

in
§3.2.

W
e

u
se
p ′λ (u

)
to

d
en

o
te

its
righ

t-h
an

d
d
eriva

tiv
e.

F
o
r

con
ven

ien
ce,

w
e

w
ill

set
p ′λ (u

)
=

1
w

h
en

u
<

0
.

T
h

e
o
re

m
5

(`
2 -

a
n

d
`
1 -ra

te
s

o
f

c
o
n
v
e
rg

e
n

c
e
)

F
o
r

a
ll
j∈

[d
],

w
e

d
efi

n
e

th
e

su
p
po

rt
o
f

β
∗j

a
s
S
j

:=
{

(j,k
):
β
∗jk 6=

0
,k∈

[d
] }

a
n

d
let

s ∗
=

m
ax

j∈
[d

] ‖
β
∗j ‖

0 .
L

et
ρ∗

>
0

be
d
efi

n
ed

in
A

ssu
m

p
tio

n
4
.

U
n

d
er

A
ssu

m
p
tio

n
s

2
a
n

d
4
,

th
ere

exists
a
n

a
bso

lu
te

co
n

sta
n

t
K
>

0
su

ch
th

a
t‖∇

L
j (β
∗j )‖∞

≤
K
√

log
d
/n
,∀
j
∈

[d
]

w
ith

p
ro

ba
bility

a
t

lea
st

1
−

(2d
) −

1.
M

o
reo

ver,
th

e
pen

a
lty

fu
n

ctio
n
p
λ (·)

in
(7)

sa
tisfi

es
(C

.1
)–

(C
.3

)
listed

in
§3

.2
w

ith
c

1
=

0.91
a
n

d
c

2 ≥
24/

ρ∗
fo

r
co

n
d
itio

n
(C

.3
).

W
e

set
th

e
regu

liza
tio

n
pa

ra
m

eter
λ

=
C
√

log
d
/n

w
ith

C
≥

2
5K

.
W

e
d
en

o
te

co
n

sta
n

ts
%

=
c

2 (c
2 ρ∗ −

11) −
1,
A

1
=

22
%

,
A

2
=

2
.2
c

2 ,
B

1
=

32
%

,

1
1
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Y
a
n
g
,
N
in
g
,
a
n
d

L
iu

B
2

=
3
.2
c

2 ,
γ

=
11
c −

1
2
ρ −

1
∗

<
1,

a
n

d
d
efi

n
e

Υ
j
:=

[ ∑
(j,k

)∈
S
j
p ′λ (|β

∗jk |−
c

2 λ
)
2] 1

/
2.

T
h
en

,
w

ith

p
ro

ba
bility

a
t

lea
st

1−
d −

1,
w

e
h
a
ve

th
e

fo
llo

w
in

g
sta

tistica
l

ra
tes

o
f

co
n

vergen
ce:

∥∥
β̂

(`)
j
−
β
∗j ∥∥

2 ≤
A

1 [ ∥∥∇
S
j L

j (β
∗j ) ∥∥

2
+

Υ
j ]

+
A

2 √
s ∗λ

γ
`

a
n

d
(15)

∥∥
β̂

(`)
j
−
β
∗j ∥∥

1 ≤
B

1 √
s ∗ [ ∥∥∇

S
j L

j (β
∗j ) ∥∥

2
+

Υ
j ]

+
B

2 s ∗λ
γ
`,∀

j∈
[d

].
(16)

B
y

T
h
eorem

5
,

th
e

statistical
rates

are
d
om

in
ated

b
y

th
e

secon
d

term
if
p ′λ (|β

∗jk |−
c

2 λ
)

is
n
ot

n
egligib

le.
If

th
e

sign
al

stren
gth

is
large

en
ou

gh
su

ch
th

at
p ′λ (β−

c
2 λ

)
=

0
w

h
ere

β
=

m
in

(j,k
)∈
S
j |β
∗jk |,

after
su

ffi
cien

t
n
u
m

b
er

of
iteration

s,
th

e
statistical

rates
w

ill
b

e
of

th
e

ord
er∥∥
β̂

(`)
j
−
β
∗j ∥∥

2
=
O

P ( ∥∥∇
S
j L

j (β
∗j ) ∥∥

2 )
an

d
∥∥
β̂

(`)
j
−
β
∗j ∥∥

1
=
O

P ( √
s ∗ ∥∥∇

S
j L

j (β
∗j ) ∥∥

2 ).

H
ow

ever,
if

th
e

sign
als

are
u
n
iform

ly
sm

all
su

ch
th

at
p ′λ (|β

∗jk |−
c

2 λ )
>

0
for

all
(j,k

)∈
S
j ,

th
e

rates
of

con
vergen

ce
w

ill
b

e
of

th
e

ord
er

∥∥
β̂

(`)
j
−
β
∗j ∥∥

2
=
O

P ( √
s ∗λ )

an
d
∥∥
β̂

(`)
j
−
β
∗j ∥∥

1
=
O

P (s ∗λ ),

w
h
ich

are
id

en
tical

to
th

e
`
2 -

an
d
`
1 -rates

of
th

e
L

A
S
S
O

estim
ato

r,
resp

ectiv
ely

(N
in

g
et

al.,
2017b

).
T

h
u
s
c

2 λ
can

b
e

v
iew

ed
as

th
e

th
resh

old
of

sign
al

stren
gth

.
T

h
erefore,

after
su

ffi
cien

t
n
u
m

b
ers

of
iteration

s,
th

e
fi
n
al

estim
ato

r
β̂
j

ob
tain

ed
b
y

A
lgorith

m
1

attain
s

th
e

follow
in

g
m

ore
refi

n
ed

rates
of

con
vergen

ce:

∥∥
β̂
j −
β
∗j ∥∥

2
=
O

P (∥∥∇
S
j L

j (β
∗j ) ∥∥

2
+

Υ
j )

an
d
∥∥
β̂
j −
β
∗j ∥∥

1
=
O

P (√
s ∗ [ ∥∥∇

S
j L

j (β
∗j ) ∥∥

2
+

Υ
j ] )

.

T
h
ese

statistical
rates

of
con

vergen
ce

are
op

tim
al

in
th

e
sen

se
th

a
t

th
ey

can
n
ot

b
e

im
p
roved

in
term

s
of

th
e

ord
er.

F
in

ally,
w

e
com

m
en

t
th

at
th

e
sp

arsity
level

s ∗
in

(15)
an

d
(16)

can
b

e
rep

laced
b
y

th
e

sp
arsity

level
of

each
β
∗j .

L
et
s ∗j

=
‖β
∗j ‖

0
b

e
th

e
sp

arsity
lev

el
of
β
∗j

a
n
d
λ
j

b
e

th
e

regu
larization

p
aram

eter
for

op
tim

ization
p
rob

lem
(7)

su
ch

th
at
λ
j
�
‖∇

L
j (β
∗j )‖∞

.
T

h
e

statistical
rates

of
con

vergen
ce

for
each

β̂
(`)
j

ca
n

b
e

im
p
roved

to

∥∥
β̂

(`)
j
−
β
∗j ∥∥

2
=
O

P ( √
s ∗j λ

j )
an

d
∥∥
β̂

(`)
j
−
β
∗j ∥∥

1
=
O

P (s ∗j λ
j ).

W
e

u
se

th
e

u
n
iform

sp
arsity

level
s ∗

=
m

ax
j∈

[d
] s ∗j

an
d

th
e

sam
e

reg
u
larization

p
aram

eter
λ

for
sim

p
licity,

b
u
t

th
e

p
ro

of
can

b
e

easily
ad

ap
ted

to
in

d
iv

id
u
al
s ∗j

an
d
λ
j

for
each

j∈
[d

].

4
.2

.
T

h
e
o
re

tic
a
l

R
e
su

lts
fo

r
C

o
m

p
o
site

P
a
irw

ise
S

c
o
re

T
e
st

In
th

e
com

p
osite

p
airw

ise
score

test
for

th
e

n
u
ll

h
y
p

oth
esis

H
0

:
β
∗jk

=
0,

w
e

con
stru

ct
th

e
test

statistic
b
y

com
b
in

in
g

th
e

loss
fu

n
ction

s
L
j (·)

an
d
L
k (·)

togeth
er

b
ecau

se
β
jk

ap
p

ears
in

b
oth

L
j (β

j )
an

d
L
k (β

k )
(recall

th
at

w
e

u
se
β
jk

an
d
β
k
j

in
terch

an
geab

ly
).

In
th

e
seq

u
el,

w
e

p
resen

t
th

e
th

eoretical
resu

lts
th

at
gu

aran
tee

th
e

valid
ity

of
th

e
p
rop

osed
in

feren
tial

m
eth

o
d
.

R
ecall

th
at

w
e

d
efi

n
e

th
e

p
airw

ise
score

fu
n
ction

S
jk (β

j∨
k )

an
d

th
e

p
airw

ise
sco

re
sta

tis-

tic
Ŝ
jk

in
(10)

an
d

(12)
resp

ectively.
A

ccord
in

g
to

a
fi
x
ed

p
air

of
n
o
d
es

(j,k
),

en
tries

in
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O
n
S
e
m
ip
a
r
a
m
e
t
r
ic

E
x
p
o
n
e
n
t
ia
l
F
a
m
il
y
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

β
j

an
d
β
k

ca
n

b
e

ca
te

go
ri

ze
d

in
to

th
re

e
ty

p
es

:
(i

)
β
jk
,

(i
i)
β
j\
k

=
(β
j`

;`
6=
k
)T

,
an

d
(i

ii
)

β
k
\j

=
(β
k
`;
`
6=
j)
T
.
R

ec
al

l
th

at
w

e
w

ri
te
β
j∨
k

=
(β
jk
,β

T j\
k
,β

T k
\j

)T
fo

r
n
ot

at
io

n
al

si
m

p
li
ci

ty
.

M
or

eo
ve

r,
le

tt
in

g
L
jk

( β
j∨
k

) : =
L
j
(β

j
)

+
L
k
(β

j
),

th
e

en
tr

ie
s

of
∇
L
jk

( β
j∨
k

)
ar

e
gi

v
en

b
y

∇
jk
L
jk

(β
j∨
k
)

=
∇
jk
L
j
(β

j
)

+
∇
k
j
L
k
(β

k
);
∇
j\
k
L
jk

(β
j∨
k
)

=
∇
j\
k
L
j
(β

j
),

an
d

∇
k
\j
L
jk

(β
j∨
k
)

=
∇
k
\j
L
k
(β

k
).

L
et
β̂
j

an
d
β̂
k

b
e

th
e

es
ti

m
at

or
s

of
β
∗ j

an
d
β
∗ k

ob
ta

in
ed

fr
o
m

A
lg

or
it

h
m

1.
N

ot
e

th
at

w
e

ca
n

w
ri

te
th

e
p
ai

rw
is

e
sc

or
e

fu
n
ct

io
n
S
jk

(·)
an

d
th

e
te

st
st

at
is

ti
c
Ŝ
jk

as

S
jk

(β
j∨
k
)

=
∇
jk
L
jk

( β
j∨
k

) −
w
∗ j,kT
∇
j\
k
L
jk

( β
j∨
k

) −
w
∗ k,
j
T
∇
k
\j
L
jk

( β
j∨
k

)
an

d
(1

7)

Ŝ
jk

=
∇
jk
L
jk

( β̂
′ j∨
k

) −
ŵ
T j,
k
∇
j\
k
L
jk

( β̂
′ j∨
k

) −
ŵ
T k
,j
∇
k
\j
L
jk

( β̂
′ j∨
k

) ,
(1

8)

w
h
er

e
w

e
w

ri
te
β̂
′ j∨
k

: =
( 0
,β̂

T j\
k
,β̂

T k
\j

)T
,

w
∗ j,k

an
d

w
∗ k,
j

ar
e

d
efi

n
ed

in
(9

),
ŵ
j,
k

is
ob

ta
in

ed

fr
om

th
e

D
an

tz
ig

-t
y
p

e
p
ro

b
le

m
in

(1
1)

,
an

d
ŵ
k
,j

ca
n

b
e

ob
ta

in
ed

si
m

il
ar

ly
.

T
o

d
er

iv
e

th
e

as
y
m

p
to

ti
c

d
is

tr
ib

u
ti

on
of
Ŝ
jk

u
n
d
er

th
e

n
u
ll

h
y
p

ot
h
es

is
,

w
e

fi
rs

t
sh

ow
th

at
√
n
[ Ŝ

jk
−

S
jk

(β
∗ j∨
k
)]

=
o P

(1
).

T
h
en

th
e

p
ro

b
le

m
is

re
d
u
ce

d
to

fi
n
d
in

g
th

e
li
m

it
in

g
d
is

tr
ib

u
ti

on
of

S
jk

(β
∗ j∨
k
)

u
n
d
er
H

0
.

T
h
an

k
s

to
it

s
st

ru
ct

u
re

of
b

ei
n
g

a
U

-s
ta

ti
st

ic
s,

w
e

ca
n

ch
ar

ac
te

ri
ze

th
e

li
m

it
in

g
d
is

tr
ib

u
ti

on
of
S
jk

(β
∗ j∨
k
)

u
si

n
g

th
e

m
et

h
o
d

of
H

áj
ek

p
ro

je
ct

io
n

(V
a
n

d
er

V
aa

rt
,

20
00

),
w

h
ic

h
ap

p
ro

x
im

at
es

a
U

-s
ta

ti
st

ic
w

it
h

a
su

m
of

in
d
ep

en
d
en

t
ra

n
d
o
m

va
ri

ab
le

s.

T
o

b
eg

in
w

it
h
,

w
e

d
en

ot
e

th
e

ke
rn

el
fu

n
ct

io
n
s

o
f
∇
L
j
(β

j
),
∇
L
k
(β

k
)

an
d
∇
L
jk

(β
j∨
k
)

as

h
j ii
′(
β
j
),

h
k ii
′(
β
k
)

an
d

h
jk ii
′(
β
j∨
k
)

re
sp

ec
ti

ve
ly

.
It

ca
n

b
e

sh
ow

n
th

at
E[

h
j ii
′(
β
∗ j)

]
=

E[
h
k ii
′(
β
∗ k)

]
=

0;
h
en

ce
h
jk ii
′(
β
∗ j∨
k
)

is
al

so
ce

n
te

re
d
.

W
e

d
efi

n
e

g
jk

(X
i)

: =
n
/2
·E
[ ∇
L
jk

( β
∗ j∨
k

)∣ ∣
X
i]

=
E[

h
jk ii
′( β
∗ j∨
k

)∣ ∣
X
i]

an
d

(1
9)

U
jk

: =
2 n

n ∑ i=
1

g
jk

(X
i)

=
n ∑ i=

1

E[
∇
L
jk

( β
∗ j∨
k

)∣ ∣
X
i] .

(2
0)

T
h
u
s

2
/n
·g

jk

( X
i)

is
th

e
p
ro

je
ct

io
n

of
∇
L
jk

( β
∗ j∨
k

)
on

to
th

e
σ

-fi
le

d
ge

n
er

at
ed

b
y
X
i

an
d

U
jk

is
th

e
H

áj
ek

p
ro

je
ct

io
n

of
∇
L
jk

( β
∗ j∨
k

) .
U

n
d
er

m
il
d

co
n
d
it

io
n
s,

U
jk

in
(2

0)
is

a
go

o
d

ap
p
ro

x
im

at
io

n
of
∇
L
jk

( β
∗ j∨
k

) ,
w

h
ic

h
en

ab
le

s
u
s

to
ch

ar
ac

te
ri

ze
th

e
li
m

it
in

g
d
is

tr
ib

u
ti

on
of
S
jk

(β
∗ j∨
k
).

W
e

p
re

se
n
t

th
e

fo
ll
ow

in
g

as
su

m
p
ti

on
th

at
gu

ar
an

te
es

th
e

n
on

-d
eg

en
er

ac
y

of

g
jk

( X
i) .

A
ss

u
m

p
ti

o
n

6
U

n
d
er

A
ss

u
m

p
ti

o
n

2
,

fo
r

g
jk

(X
i)

d
efi

n
ed

in
(1

9)
,

w
e

d
en

o
te

th
e

co
va

ri
a
n

ce
m

a
tr

ix
o
f

g
jk

(X
i)

a
s

Σ
jk

: =
E[

g
jk

(X
i)

g
jk

(X
i)
T

].
W

e
a
ss

u
m

e
th

a
t

th
er

e
ex

is
ts

a
co

n
st

a
n

t
c Σ

>
0

su
ch

th
a
t
λ

m
in

(Σ
jk

)
≥
c Σ

fo
r

a
ll

1
≤
j
<
k
≤
d
.

A
ss

u
m

p
ti

on
6

re
q
u
ir

es
th

e
m

in
im

u
m

ei
ge

n
va

lu
e

of
Σ
jk

to
b

e
b

ou
n
d
ed

aw
ay

fr
om

0,
w

h
ic

h
im

p
li
es

V
ar

(v
T
U
jk

)
≥

4
c Σ

fo
r

al
l
v
∈
R

2
d−

3
w

it
h
‖v
‖ 2

=
1.

T
h
u
s,

th
is

as
su

m
p
ti

on
gu

ar
an

-
te

es
th

e
as

y
m

p
to

ti
c

va
ri

an
ce

of
√
n
S
jk

(β
∗ j∨
k
)

is
b

o
u
n
d
ed

aw
ay

fr
om

0.
W

e
al

so
p
re

se
n
t

th
e

fo
ll
ow

in
g

as
su

m
p
ti

on
th

at
sp

ec
ifi

es
th

e
sc

al
in

g
of

th
e

D
an

tz
ig

se
le

ct
or

p
ro

b
le

m
in

(1
1)

.
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Y
a
n
g
,
N
in
g
,
a
n
d

L
iu

A
ss

u
m

p
ti

o
n

7
W

e
a
ss

u
m

e
th

a
t
H
j

is
in

ve
rt

ib
le

fo
r

a
ll
j
∈

[d
].

In
a
d
d
it

io
n

,
w

e
a
ss

u
m

e
th

a
t

th
er

e
ex

is
t

a
n

in
te

ge
r
s? 0

a
n

d
a

po
si

ti
ve

n
u

m
be

r
w

0
su

ch
th

a
t
‖w
∗ j,k
‖ 0
≤
s? 0
−

1
a
n

d
‖w
∗ j,k
‖ 1
≤

w
0
.

B
es

id
es

,
th

e
re

gu
la

ri
za

ti
o
n

pa
ra

m
et

er
λ
D

in
(1

1)
sa

ti
sfi

es
λ
D
�

m
ax
{1
,w

0
}s
∗ λ

lo
g

2
d
.

M
o
re

o
ve

r,
w

e
a
ss

u
m

e
th

a
t

li
m

n
→
∞

(1
+
w

0
+
w

2 0
)s
∗ λ

lo
g

2
d

=
0,

li
m

n
→
∞

(1
+
w

0
)s
? 0
λ
D

=
0,

a
n

d
li
m

n
→
∞
√
n

(s
∗ +
s? 0

)λ
λ
D

=
0. (2

1
)

In
a
d
d
it

io
n

,
re

ca
ll

th
a
t

w
e

d
en

o
te

th
e
s-

sp
a
rs

e
ei

ge
n

va
lu

es
o
f
E[
∇

2
L
j
(β
∗ j)

]
by

ρ
∗ j−

(s
)

a
n

d
ρ
∗ j+

(s
).

W
e

fu
rt

h
er

a
ss

u
m

e
th

a
t

th
er

e
ex

is
t

a
n

in
te

ge
r
k
? 0
≥
s? 0

a
n

d
a

po
si

ti
ve

n
u

m
be

r
ν ∗

su
ch

th
a
t

li
m

n
→
∞
k
? 0

( lo
g

9
d
/n
) 1
/
2

=
0,

0
<
ν ∗
≤
ρ
∗ j−

(s
? 0

+
k
? 0
)
<
ρ
∗ j+

(k
? 0
)
≤
( 1

+
0
.5
k
? 0
/s
? 0

) ν
∗,

1
≤
j
≤
d
.

If
w

e
ca

n
tr

ea
t
w

0
as

a
co

n
st

an
t,

an
d
k
∗

an
d
k
? 0

is
of

th
e

sa
m

e
or

d
er

o
f
s∗

a
n
d
s? 0

,
re

sp
ec

ti
ve

ly
,

A
ss

u
m

p
ti

on
7

is
re

d
u
ce

d
to
λ
D
�
s∗
λ

lo
g

2
d
,
s? 0
λ
D

=
o(

1)
,
s∗
λ

lo
g

2
d

=
o(

1
),

an
d

(s
∗ +
s?

)λ
λ
D

=
o(
n

1
/
2
).

S
in

ce
λ
�
√

lo
g
d
/n
,

w
e

ca
n

ch
o
os

e
λ
D

=
C
s∗

(l
og

5
d
/
n

)1
/
2

w
it

h
a

su
ffi

ci
en

tl
y

la
rg

e
C

,
p
ro

v
id

ed
(s
∗

+
s? 0

)(
lo

g
9
d
/n

)1
/
2

=
o(

1)
,
s? 0
s∗

(l
og

5
d
/n

)1
/
2

=
o(

1
),

a
n
d

(s
∗

+
s? 0

)s
∗

lo
g

3
d
/n

=
o(
n
−

1
/
2
).

H
en

ce
th

is
co

n
d
it

io
n

is
fu

lfi
ll
ed

if

lo
g
d

=
o(

m
in
{ (√

n
/s
∗)

2
/
9
,(
√
n
/s
? 0
)2
/
9
,(
√
n
/s
∗2

)1
/
3
,(
√
n
/s
∗ s
?
)1
/
3
})
.

N
ow

w
e

ar
e

re
ad

y
to

p
re

se
n
t

th
e

m
ai

n
th

eo
re

m
of

co
m

p
os

it
e

p
ai

rw
is

e
sc

o
re

te
st

.

T
h

e
o
re

m
8

U
n

d
er

th
e

A
ss

u
m

p
ti

o
n

s
2
,

4
,

6
a
n

d
7
,

it
h
o
ld

s
u

n
if

o
rm

ly
fo

r
a
ll
j
6=
k

a
n

d
j,
k
∈

[d
]

th
a
t
√
n
Ŝ
jk

=
√
n
S
jk

( β
∗ j∨
k

) +
o P

(1
).

F
u

rt
h
er

m
o
re

,
w

e
le

t
β̂
′ j∨
k

=
(0
,β̂

T j\
k
,β̂

T k
\j

)T

a
n

d
d
efi

n
e

Σ̂
jk

: =
n
−

1
∑

n i=
1

{ (n
−

1)
−

1
∑

i′
6=
i
h
jk ii
′(
β̂
′ j∨
k
)}
⊗

2
,

w
h
er

e
h
jk ii
′( β

j∨
k

)
is

th
e

ke
rn

el
fu

n
ct

io
n

o
f

th
e

se
co

n
d
-o

rd
er
U

-s
ta

ti
st

ic
∇
L
jk

(β
j∨
k
).

In
a
d
d
it

io
n

,
w

e
d
efi

n
e
σ̂
jk

by

σ̂
2 jk

: =
Σ̂
jk jk
,j
k
−

2Σ̂
jk jk
,j
\k

ŵ
j,
k
−

2
Σ̂
jk jk
,k
\j

ŵ
k
,j

+
ŵ
T j,
k
Σ̂
jk j\
k
,j
\k

ŵ
j,
k

+
ŵ
T k
,j
Σ̂
jk k
\j
,k
\j

ŵ
k
,j
.

T
h
en

,
u

n
d
er

th
e

n
u

ll
h
yp

o
th

es
is
H

0
:
β
∗ jk

=
0,

w
e

h
a
ve
√
n
Ŝ
jk

/ (2
σ̂
jk

)
 
N

(0
,1

).

B
y

T
h
eo

re
m

8,
to

te
st

th
e

n
u
ll

h
y
p

o
th

es
is
H

0
:
β
∗ jk

=
0

ag
ai

n
st

th
e

a
lt

er
n
a
ti

ve
h
y
-

p
ot

h
es

is
H

1
:β
∗ jk
6=

0
,

w
e

re
je

ct
H

0
if

th
e

st
u
d
en

ti
ze

d
te

st
st

at
is

ti
c
√
n
Ŝ
jk

/ (2
σ̂
jk

)
is

to
o

ex
tr

em
e.

R
ec

al
l

th
at

th
e

te
st

fu
n
ct

io
n

of
th

e
co

m
p

os
it

e
p
ai

rw
is

e
sc

or
e

te
st

w
it

h
si

g
n
ifi

-
ca

n
ce

le
ve

l
α

is
d
eb

ot
ed

b
y
ψ
jk

(α
)

in
(1

3)
.

T
h
e

as
so

ci
a
te

d
p
-v

al
u
e

is
d
efi

n
ed

a
s
p
jk ψ

: =

2
[ 1
−

Φ
(∣ ∣
√
n
Ŝ
jk

/ (2
σ̂
jk

)∣ ∣)
] .

B
y

T
h
eo

re
m

8
,

u
n
d
er
H

0
,

w
e

h
av

e

li
m

n
→
∞
P(
ψ
jk

(α
)

=
1
|H

0

) =
α

an
d

p
jk ψ
 

U
n
if

[0
,1

]
u
n
d
er
H

0
,

w
h
er

e
U

n
if

[0
,1

]
is

th
e

u
n
if

or
m

d
is

tr
ib

u
ti

on
ov

er
[0
,1

].
W

e
n
ot

e
th

at
ou

r
in

fe
re

n
ti

al
ap

p
ro

ac
h

is
st

il
l

va
li
d

if
w

e
re

p
la

ce
β̂
′ j∨
k

in
(1

8
)

b
y

o
th

er
es

ti
m

at
or

s
of
β
∗ j∨
k
,

p
ro

v
id

ed
su

ch
an

es
ti

m
at

o
r

co
n
ve

rg
es

to
β
∗ j∨
k

at
a
n

ap
p
ro

p
ri

a
te

st
a
ti

s-
ti

ca
l

ra
te

.
O

u
r

th
eo

ry
st

il
l

h
ol

d
s

af
te

r
si

m
p
le

m
o
d
ifi

ca
ti

on
on

th
e

p
ro

of
w

h
en

co
n
tr

o
ll
in

g
th

e
or

d
er

of
th

e
re

m
ai

n
d
er

te
rm

s.
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O
n
S
e
m
ipa

r
a
m
e
t
r
ic

E
x
p
o
n
e
n
t
ia
l
F
a
m
ily

G
r
a
p
h
ic
a
l
M
o
d
e
l
s

R
e
m

a
rk

9
T

h
ere

a
re

a
n

u
m

ber
o
f

recen
t

w
o
rks

o
n

th
e

u
n

certa
in

ty
a
ssessm

en
t

fo
r

h
igh

d
i-

m
en

sio
n

a
l

lin
ea

r
m

od
els

o
r

gen
era

lized
lin

ea
r

m
od

els
w

ith
`
1 -pen

a
lty;

see
L

ee
et

a
l.

(2
0
1
6
);

L
ockh

a
rt

et
a
l.

(2
0
1
4
);

B
ello

n
i

et
a
l.

(2
0
1
2
,

2
0
1
3
);

Z
h
a
n

g
a
n

d
Z

h
a
n

g
(2

0
1
4
);

J
a
va

n
m

a
rd

a
n

d
M

o
n

ta
n

a
ri

(2
0
1
4
);

va
n

d
e

G
eer

et
a
l.

(2
0
1
4
).

T
h
ese

w
o
rks

u
tilize

th
e

co
n

vexity
a
n

d
th

e
K

a
ru

sh
-K

u
h
n

-T
u

ker
co

n
d
itio

n
s

o
f

th
e

L
A

S
S

O
p
ro

blem
.

C
o
m

pa
red

w
ith

th
ese

w
o
rks,

o
u

r
pa

irw
ise

sco
re

test
is

co
n

stru
cted

u
sin

g
a

n
o
n

co
n

vex
pen

a
lty

fu
n

ctio
n

a
n

d
is

a
p
p
lica

ble
to

a
la

rger
m

od
el

cla
ss.

N
in

g
et

a
l.

(2
0
1
7
b)

co
n

sid
er

th
e

sco
re

test
fo

r
`
1 -pen

a
lized

sem
i-

pa
ra

m
etric

gen
era

lized
lin

ea
r

m
od

els
in

th
e

regressio
n

settin
g.

C
o
m

pa
red

w
ith

th
is

w
o
rk,

w
e

a
d
o
p
t

a
co

m
po

site
sco

re
test

w
ith

a
n

o
n

co
n

vex
pen

a
lty

a
n

d
rela

x
m

a
n

y
tech

n
ica

l
a
ssu

m
p
-

tio
n

s
in

clu
d
in

g
th

e
bo

u
n

d
ed

co
va

ria
te

a
ssu

m
p
tio

n
.

F
o
r

n
o
n

co
n

vex
pen

a
liza

tio
n

s,
F

a
n

a
n

d
L

v
(2

0
1
1
);

B
ra

d
ic

et
a
l.

(2
0
1
1
)

esta
blish

th
e

a
sym

p
to

tic
n

o
rm

a
lity

fo
r

th
e

lo
w

d
im

en
sio

n
a
l

a
n

d
n

o
n

zero
pa

ra
m

eters
in

h
igh

d
im

en
sio

n
a
l

m
od

els
ba

sed
o
n

th
e

o
ra

cle
p
ro

perties.
H

o
w

ever,
th

eir
a
p
p
roa

ch
d
epen

d
s

o
n

th
e

m
in

im
a
l

sign
a
l

stren
gth

a
ssu

m
p
tio

n
,

w
h
ich

is
n

o
t

n
eed

ed
in

o
u

r
a
p
p
roa

ch
.

5
.
N
u
m
e
rica

l
R
e
su

lts

In
th

is
sectio

n
w

e
stu

d
y

th
e

fi
n
ite-sam

p
le

p
erform

an
ce

of
th

e
p
rop

osed
gra

p
h

in
feren

ce
m

eth
o
d
s

o
n

b
oth

sim
u
lated

an
d

real-w
orld

d
atasets.

5
.1

.
S

im
u

la
tio

n
S

tu
d

ie
s

W
e

fi
rst

ex
a
m

in
e

th
e

n
u
m

erical
p

erform
an

ce
of

th
e

p
rop

osed
p
airw

ise
score

tests
for

th
e

n
u
ll

h
y
p

o
th

esis
H

0
:
β
∗jk

=
0.

W
e

sim
u
late

d
ata

from
th

e
follow

in
g

th
ree

settin
gs:

(i)
G

a
u
ssia

n
grap

h
ical

m
o
d
el.

W
e

set
n

=
100

an
d
d

=
200

.
T

h
e

gra
p
h

stru
ctu

re
is

a
4
-n

ea
rest-n

eigh
b

or
grap

h
,

th
at

is,
for

j,k
∈

[d
],
j6=

k
,

n
o
d
e
j

is
con

n
ected

w
ith

n
o
d
e
k

if|j−
k|

=
1,2,d−

2,d−
1.

M
ore

sp
ecifi

cally,
w

e
sam

p
le
X

1 ,...,X
n

from
a

G
a
u
ssia

n
d
istrib

u
tion

N
d (0

,Σ
).

F
or

th
e

p
recision

m
atrix

Θ
=

Σ
−

1,
w

e
set

Θ
jj

=
1
,

∣∣Θ
jk ∣∣
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≤
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d
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re
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=
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p
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∈
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d
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re
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b
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∈

[0,1]
if

th
ere

ex
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d
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d
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Θ
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ex
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w
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b
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d
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b
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.
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b
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ra
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d
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b
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s
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s
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l
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at
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d
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b
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-
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p
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d
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b
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b
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n
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d
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d
.

W
e

th
en

ap
p
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b
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(2
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p
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th
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∥ ∥ ∇
G̃

`
L
j
(β
∗ j)
∥ ∥ 2
≤
∥ ∥ ∇

S
L
j
(β
∗ j)
∥ ∥ 2

+
∥ ∥ δ
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−

1
)

A

∥ ∥ 2

/ (2
5
c 2
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7
)

w
h
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e
A

: =
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` )
c
−
S
⊂
I
` .

T
h
u
s
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7)
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n

b
e

w
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en

a
s

∥ ∥ ∇
G̃

`
L
j
(β
∗ j)
∥ ∥ 2
≤
∥ ∥ ∇

S
L
j
(β
∗ j)
∥ ∥ 2

+
∥ ∥ δ
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−

1
)

I
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∥ ∥ 2

/ (2
5
c 2

).
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8
)
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,
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λ
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∗jk |−
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p ′λ (|β
∗jk |−

c
2 λ )
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(29)
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p
p
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g
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9
)

to
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(`−
1
)

j
w

e
h
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∥∥
λ

(`−
1
)

S

∥∥
2 ≤

[
∑(j,k

)∈
S

p ′λ (|β
∗jk |−

c
2 λ )

2 ]
1
/
2

+

[
∑(j,k

)∈
S |β̂

(`−
1
)
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−
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1
/
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c

2 ,

w
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d
s
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∥∥
λ

(`−
1
)

S

∥∥
2 ≤

[
∑(j,k

)∈
S

p ′λ (|β
∗jk |−

c
2 λ )

2 ]
1
/
2

+
∥∥
δ

(`−
1
)

I
`−

1

∥∥
2 /
c

2 .
(30)

B
y

(2
4
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)

a
n
d

(30)
w

e
ob
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∥∥
δ

(`)

I
` ∥∥

2 ≤
10ρ −

1
∗
[ ∥∥∇

S
L
j (β
∗j ) ∥∥

2
+

Υ
j ]

+
γ ∥∥
δ

(`−
1
)

I
`−

1
‖

2 ,
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γ
:=

1
1
(c

2 ρ∗ ) −
1
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d

w
e

d
efi

n
e

Υ
j
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(j,k
)∈
S
p ′λ (|β

∗jk |−
c

2 λ )
2 ]

1
/
2

for
n
otation
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24ρ −

1
∗
,

w
e
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γ
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1
.
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y
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w
e
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∥∥
δ

(`)

I
` ∥∥

2 ≤
10% [ ∥∥∇

S
L
j (β
∗j ) ∥∥

2
+

Υ
j ]

+
γ
`−

1 ∥∥
δ

(1
)

I
1 ∥∥

2 ,
(31)

w
h
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%
:=

ρ −
1
∗
·
(1−

γ
) −

1
=
c

2 (c
2 ρ∗ −

11) −
1.

U
sin

g
∥∥
β̂

(`)
j
−
β
∗j ∥∥

2
≤

2
.2 ∥∥
β̂

(`)

I
`j

−
β
∗I
`j ∥∥

2 ,
w

e

ca
n

b
o
u
n
d
∥∥
β̂

(`)
j
−
β
∗j ∥∥

2
b
y

∥∥
β̂

(`)
j
−
β
∗j ∥∥

2 ≤
22% [ ∥∥∇

S
j L

j (β
∗j ) ∥∥

2
+

Υ
j ]

+
2
.2γ

`−
1 ∥∥
δ

(1
)

I
1j ∥∥

2 .

N
o
te

th
a
t

for
`

=
1,

b
y

(24)
w

e
h
ave

∥∥
δ

(1
)

I
1j ∥∥

2 ≤
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ρ −

1
∗
√
s ∗ [λ

+
√

2 ∥∥∇
L
j (β
∗j ) ∥∥∞

]≤
1
1ρ −

1
∗
√
s ∗λ

=
c

2 γ √
s ∗λ

.
(32)

th
en

w
e
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b
lish

th
e
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in

g
b

ou
n
d

for ∥∥
β̂

(`)
j
−
β
∗j ∥∥

2
:

∥∥
β̂

(`)
j
−
β
∗j ∥∥

2 ≤
22% [ ∥∥∇

S
j L

j (β
∗j ) ∥∥

2
+

Υ
j ]

+
2
.2
c

2 √
s ∗λ

γ
`.

(33)

S
im

ila
rly,

b
y
∥∥
β̂

(`)
j
−
β
∗j ∥∥

1 ≤
2
.2 √

2s ∗ ∥∥
β̂

(`)

I
`j

−
β
∗I
`j ∥∥

2 ,
w

e
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a

b
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n
d
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∥∥
β̂

(`)
j
−
β
∗j ∥∥

1
:

∥∥
β̂

(`)
j
−
β
∗j ∥∥

1 ≤
32 √

s ∗% [ ∥∥∇
S
j L

j (β
∗j ) ∥∥

2
+

Υ
j ]

+
2
.2γ

`−
1 √

2
s ∗ ∥∥
δ

(1
)

I
1j ∥∥

2 .
(34)
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,
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L
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B
y

(32)
w
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2
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2
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δ
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I
1j ∥∥

2
≤

3.2
c
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,
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h
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ca
n

b
e
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b
y

∥∥
β̂

(`)
j
−
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∗j ∥∥
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32 √

s ∗% [ ∥∥∇
S
j L

j (β
∗j ) ∥∥

2
+

Υ
j ]

+
3
.2
c

2 s ∗λ
γ
`.

(35)

T
h
erefore

(15)
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d
(16)
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b

e
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p
lied

b
y

(33)
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d
(35)
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oreover,
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L
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a
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w

e
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d
e
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at
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e
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(3
3)
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d

(35)
h
o
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j∈
[d

]
w
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p
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a
b
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at
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1−
d −

1.

A
.2

.
P

ro
o
f

o
f

T
h

e
o
re

m
8

P
ro

o
f

W
e

fi
rst

rem
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d
th

e
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er
th

a
t,
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1
≤
j6=

k
≤
d
,

w
e

d
en
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β
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k

=
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j1 ,...,β
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1 ,β
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1 ,...,β

jk−
1 ,β
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+
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T
∈
R
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β
j∨
k

=
(β
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T
∈
R

2
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3
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d
β̂
′j∨
k

=
(0
,β̂
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k ,β̂
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T

.
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ad
d
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,
w

e
d
efi

n
e
σ

2jk
=

Σ
jkjk
,jk −

2Σ
jkjk
,j\
k w
∗j,k −

2
Σ
jkjk
,k\

j w
∗k
,j

+
w
∗j,k TΣ

jkj\
k
,j\
k w
∗j,k

+
w
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,j TΣ
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j,k\
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,j .

T
o

p
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e

th
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r
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e
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g
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o
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m
en
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n→
∞

m
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k

√
n ∣∣Ŝ

jk −
S
jk (β

∗j∨
k ) ∣∣

=
0
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d
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n→
∞

m
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j<
k
|σ̂
jk −

σ
jk |

=
0.

(36)

N
ote

th
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b
y

L
em

m
a

14,
σ

2jk
is
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e
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m

p
totic
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of √
n
/
2·S
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∗j∨
k ).

T
h
u
s
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g
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an

d
S
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y
’s
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y
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s
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.

B
y

th
e

th
e

ex
p
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S
jk (β

∗j∨
k )
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d

Ŝ
jk
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(17)
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d
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u
n
d
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n
u
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h
y
p

oth
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for
a
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x
ed

p
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n
o
d
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j

an
d
k
,

w
e

h
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Ŝ
jk −

S
jk (β

∗j∨
k )=

I
1
j +
I

2
j +
I

1
k
+
I

2
k

w
h
ere

I
1
j

an
d
I

2
j

are
d
efi

n
ed
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I
1
j

:=
[∇

jk L
j (β̂
′j )−
∇
jk L

j (β
∗j ) ]−

ŵ
Tj,k [∇

j\
k L

j (β̂
′j )−
∇
j\
k L

j (β
∗j ) ]

an
d

I
2
j

:=
(w
∗j,k −

ŵ
j,k )

T∇
j\
k L

j (β
∗j );

w
h
ereas

I
1
k

an
d
I

2
k

are
d
efi

n
ed

b
y

in
terch

an
gin

g
j

an
d
k

in
I

1
j

an
d
I

2
j
:

I
1
k

:=
[∇

k
j L

k (β̂
′k )−

∇
jk L

k (β
∗k ) ]−

ŵ
Tk
,j [∇

k\
j L

k (β̂
′k )−

∇
k\
j L

k (β
∗k ) ]

an
d

I
2
k

:=
(w
∗k
,j −

ŵ
k
,j )
T∇

k\
j L

j (β
∗k ).

W
e

fi
rst

b
ou

n
d
I

1
j .

R
ecall

th
at
β̂
′j

=
(0,β̂

j\
k )
T
.
N

ote
th

at
u
n
d
er

th
e

n
u
ll

h
y
p

oth
esis,

β
∗jk

=
0,

b
y

th
e

M
ean

-V
alu

e
T

h
eorem

,
th

ere
ex

ists
a
β̃
j\
k
∈
R
d−

2
in

th
e

lin
e

segm
en

t
b

etw
een

β̂
j\
k

an
d
β
∗j\
k

su
ch

th
at

I
1
j

=
[Λ̃

jk
,j\
k −

ŵ
Tj,k Λ̃

j\
k
,j\
k ](β̂

j\
k −

β
∗j\
k ),

w
h
ere

Λ̃
:=
∇

2L
j (0,β̃

j\
k ).

W
e

let
δ

:=
β̂
′j −
β
∗j

an
d

d
en

ote∇
2L

j (β̂
′j )

an
d
∇

2(β
∗j )

as
Λ

an
d

Λ
∗

resp
ectively.

F
rom

th
e

d
efi

n
ition

of
D

an
tzig

selector
w

e
ob
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|I
1
j |≤

‖Λ
jk
,j\
k −

ŵ
T
Λ
j\
k
,j\
k ‖∞
‖δ

j\
k ‖

1
︸

︷︷
︸

I
1
1

+
‖
Λ
jk
,j\
k −

Λ̃
jk
,j\
k ‖∞
‖δ

j\
k ‖

1
︸

︷︷
︸

I
1
2

+
‖ŵ

T
(Λ

j\
k
,j\
k −

Λ̃
j\
k
,j\
k )δ

j\
k ‖∞

︸
︷︷

︸
I
1
3

.
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1
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>
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se

le
ct

or
,
I 1
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C
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λ
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h
h
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h
p
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b
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il
it
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M
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eo

ve
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e
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an
t
C
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B
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m

p
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1
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−
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w
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h
p
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b
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g
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F
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H
öl

d
er

’s
in
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u
al

it
y

im
p
li
es

th
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2
≤
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,j
\k
−
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,j
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‖ ∞
‖δ
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k
‖ 1
.
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B
y

L
em

m
a
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w

e
ob

ta
in

‖Λ
−

Λ̃
‖ ∞
≤
‖Λ
−

Λ
∗ ‖
∞

+
‖Λ
∗
−
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‖ ∞
≤

2C
s∗
λ

lo
g

2
d
.

(3
8)

T
h
er

ef
or

e
co

m
b
in

in
g

(3
7)

an
d

(3
8)

w
e

h
av

e

I 1
2
≤

2
C
s∗

2
λ

2
lo

g
2
d
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s∗
λ
λ
D

u
n
if
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m
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r
1
≤
j
<
k
≤
d
.

S
im

il
ar

ly
b
y

H
öl

d
er

’s
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eq
u
al
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w
e
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e
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‖ŵ
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‖ ∞
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9)

N
ot
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e

th
at

b
y

th
e

op
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m
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it
y
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ŵ
j,
k
,
‖ŵ

j,
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‖ 1
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‖ 1
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w

0
.

C
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b
in

in
g
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an
d
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8)

w
e
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av

e
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3
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C
w

0
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2
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2
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2
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λ
λ
D
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≤
d
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w
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er

e
w

e
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se

th
e

fa
ct
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λ
D
&

m
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g

2
d
.

T
h
er

ef
or

e
w

e
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n
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u
d
e

th
at
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r

al
l
j
∈
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],
|I 1
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λ
λ
D
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−

1
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2
).

F
or

I 2
j
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H
öl

d
er

’s
in
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u
al

it
y

im
p
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|I 2
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ŵ
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L
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∥ ∥ ∞
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ŵ
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g
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m
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a
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in
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e
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io
n
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ro

r
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e
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an
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ig

se
le
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ŵ
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L
e
m

m
a
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o
r
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≤
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ŵ
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k
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e
so

lu
ti

o
n

o
f
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o
p
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p
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p
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‖ŵ
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≤
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.
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p
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√
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−
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+
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−
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+
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−
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b
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∈
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≤
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.
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s

th
e

li
m

it
in

g
d
is

tr
ib

u
ti

on
of
∇
L
jk

( β
∗ j∨
k

)
an

d
is

p
iv

ot
al

fo
r

es
ta

b
li
sh

in
g

th
e

va
li
d
it

y
of

th
e

co
m

p
os

it
e

p
ai

rw
is

e
sc

or
e

te
st

.
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Y
a
n
g
,
N
in
g
,
a
n
d

L
iu

L
e
m

m
a

1
4

F
o
r

a
n

y
b
∈
R

2
d
−

3
w

it
h
‖b
‖ 2

=
1

a
n

d
|b
‖ 0
≤
s̃,

if
li
m

n
→
∞
s̃/
n

=
0
,

w
e

h
a
ve

√
n
/2
·b

T
∇
L
jk

( β
∗ j∨
k
)
 
N
( 0,

b
T
Σ
jk

b
) .

(4
0
)

B
y

L
em

m
a

14
w

e
ob

ta
in

√
n
/
2
·S
( β
∗ j∨
k

) =
∇
jk
L
jk

( β
∗ j∨
k

) −
w
∗ j,kT
∇
j\
k
L
jk

( β
∗ j∨
k

) −
w
∗ k,
jT
∇
j\
k
L
jk

( β
∗ j∨
k

)  
N

(0
,σ

2 jk
),

w
h
er

e
th

e
as

y
m

p
to

ti
c

va
ri

an
ce
σ

2 jk
is

gi
v
en

b
y

σ
2 jk

=
Σ
jk jk
,j
k
−

2
Σ
jk jk
,j
\k

w
∗ j,k
−

2
Σ
jk
,k
\j

w
∗ k,
j

+
w
∗ j,kT

Σ
jk j\
k
,j
\k

w
∗ j,k

+
w
∗ k,
jT
Σ
jk k
\j
,k
\j

w
∗ k,
j
.

F
or

a
m

or
e

ac
cu

ra
te

es
ti

m
at

io
n

of
Ŝ
jk
−
S
jk

( β
∗ j∨
k

) ,
w

e
h
av

e

√
n
∣ ∣ Ŝ
jk
−
S
jk

( β
∗ j∨
k

)∣ ∣
≤
√
n
( |I

1
|+
|I 2
|)
.
√
n

(s
∗ +

s? 0
)λ
λ
D
.

(4
1
)

F
in

al
ly

,
th

e
fo

ll
ow

in
g

le
m

m
a,

w
h
os

e
p
ro

of
is

d
ef

er
re

d
to

th
e

su
p
p
le

m
en

ta
ry

m
a
te

ri
a
l,

sh
ow

s
th

at
σ̂
jk

is
a

co
n
si

st
en

t
es

ti
m

at
or

of
σ
jk

.

L
e
m

m
a

1
5

F
o
r

1
≤
j
6=
k
≤
d

,
w

e
d
en

o
te

th
e

a
sy

m
p
to

ti
c

va
ri

a
n

ce
o
f
√
n
/2
·S

jk
(β
∗ j∨
k
)

a
s

σ
2 jk

.
U

n
d
er

A
ss

u
m

p
ti

o
n

s
2
,

4
,

6
a
n

d
7
,

th
e

es
ti

m
a
to

r
σ̂
jk

sa
ti

sfi
es

li
m

n
→
∞

m
ax

j<
k
|σ̂
jk
−
σ
jk
|=

0.

P
ro

o
f

S
ee
§D

.3
fo

r
a

p
ro

of
.

S
in

ce
σ̂
jk

is
co

n
si

st
en

t
fo

r
σ
jk

b
y

L
em

m
a

15
an

d
σ
jk

is
b

ou
n
d
ed

aw
ay

fr
om

ze
ro

b
y

A
ss

u
m

p
-

ti
on

6,
S
lu

ts
k
y
’s

th
eo

re
m

im
p
li
es

th
at
√
n
Ŝ
jk
/(

2σ̂
jk

)
 
N

(0
,1

).

A
p
p
e
n
d
ix

B
.
A
d
d
it
io
n
a
l
E
st
im

a
ti
o
n
R
e
su

lt
s

W
e

p
re

se
n
t

th
e

ad
d
it

io
n
al

re
su

lt
s

of
p
ar

am
et

er
es

ti
m

at
io

n
.

In
§B

.1
w

e
ve

ri
fy

th
e

sp
a
rs

e
ei

ge
n
va

lu
e

co
n
d
it

io
n

fo
r

G
au

ss
ia

n
gr

ap
h
ic

al
m

o
d
el

s,
w

h
ic

h
ju

st
ifi

es
A

ss
u
m

p
ti

o
n

4
in

o
u
r

p
ap

er
.

In
§B

.2
w

e
d
er

iv
e

a
m

or
e

re
fi
n
ed

st
at

is
ti

ca
l

ra
te

s
of

co
n
v
er

ge
n
ce

fo
r

th
e

it
er

a
te

s
o
f

A
lg

or
it

h
m

1.

B
.1

.
V

e
ri

fy
th

e
S

p
a
rs

e
E

ig
e
n
v
a
lu

e
C

o
n

d
it

io
n

fo
r

G
a
u

ss
ia

n
G

ra
p

h
ic

a
l

M
o
d

e
ls

In
th

is
su

b
se

ct
io

n
,

w
e

v
er

if
y

th
e

sp
ar

se
ei

ge
n
va

lu
e

co
n
d
it

io
n

fo
r

G
au

ss
ia

n
gr

a
p
h
ic

a
l

m
o
d
el

s.
M

or
eo

ve
r,

w
e

sh
ow

th
at

su
ch

co
n
d
it

io
n

h
ol

d
s

u
n
if

or
m

ly
ov

er
a
` 1

-b
al

l
ce

n
te

re
d

a
t

th
e

tr
u
e

p
ar

am
et

er
β
∗ j.

P
ro

p
o
si

ti
o
n

1
6

S
u

p
po

se
X
∼
N

(0
,Σ

)
is

a
G

a
u

ss
ia

n
gr

a
p
h
ic

a
l

m
od

el
a
n

d
le

t
Θ

=
Σ
−

1

be
th

e
p
re

ci
si

o
n

m
a
tr

ix
.

F
o
r

a
ll
j
∈

[d
],

th
e

co
n

d
it

io
n

a
l

d
is

tr
ib

u
ti

o
n

o
f
X
j

gi
ve

n
X
\j

is
a

n
o
rm

a
l

d
is

tr
ib

u
ti

o
n

w
it

h
m

ea
n
β
∗ jT
X
\j

a
n

d
va

ri
a
n

ce
Θ
−

1
jj
,

w
h
er

e
β
∗ j

=
Θ
j\
j
.

L
et
L
j
(·)

be
th

e
lo

ss
fu

n
ct

io
n

d
efi

n
ed

in
(6

).
W

e
a
ss

u
m

e
th

a
t

th
er

e
ex

is
t

po
si

ti
ve

co
n

st
a
n

ts
D
,
c λ

a
n

d
C
λ

su
ch

th
a
t
‖Σ
‖ ∞
≤
D

a
n

d
c λ
≤
λ

m
in

(Σ
)
≤
λ

m
a
x
(Σ

)
≤
C
λ
.

W
e

le
t
s∗

=
m

a
x
j∈

[d
]
‖β
∗ j‖

0

a
n

d
a
ls

o
a
ss

u
m

e
th

a
t

th
er

e
ex

is
ts

a
co

n
st

a
n

t
C
β
>

0
su

ch
th

a
t
‖β
∗ j‖

2
≤
C
β

fo
r

a
ll
j
∈

[d
].
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O
n
S
e
m
ipa

r
a
m
e
t
r
ic

E
x
p
o
n
e
n
t
ia
l
F
a
m
ily

G
r
a
p
h
ic
a
l
M
o
d
e
l
s

S
u

p
po

se
r
>

0
is

a
rea

l
n

u
m

ber
su

ch
th

a
t
r

=
O

(1/ √
s ∗).

T
h
en

,
th

ere
exist

ρ∗ ,ρ ∗
>

0
su

ch
th

a
t

fo
r

a
ll
j∈

[d
],

a
n

d
s

=
1,...,d−

1,

ρ∗ ≤
ρ− (E [∇

2L
j ],β

∗j ;s,r )≤
ρ

+ (E [∇
2L

j ],β
∗j ;s,r )≤

ρ ∗.

P
ro

o
f

W
e

p
rove

th
is

lem
m

a
in

tw
o

step
s.

F
or

an
y
β
j ∈

R
d−

1
su

ch
th

at‖
β
j −

β
∗j ‖

1
≤
r

a
n
d

a
n
y

v
∈
R
d−

1
su

ch
th

at‖
v‖

2
=

1,
w

e
fi
rst

give
a

low
er

b
ou

n
d

for
v
TE [∇

2L
j (β

j ) ]v
b
y

tru
n
ca

tio
n
.

T
h
en

w
e

give
an

u
p
p

er
b

ou
n
d

in
th

e
secon

d
step

.

S
te

p
(i):

L
o
w

e
r

B
o
u

n
d

o
f

v
TE [∇

2L
j (β

j ) ]v
.

W
e

d
en

ote
B
j (r)

:=
{
β
∈

R
d−

1
:‖
β
−

β
∗j ‖

1
≤
r }

.
F

o
r

tw
o

tru
n
cation

levels
τ
>

0
an

d
R
>

0,
w

e
d
en

ote
A
ii ′

:=
{|X

ij |≤
τ }
∩

{|X
i ′j |≤

τ }
,B

i
:=
{ ∣∣X

Ti\
j β

j ∣∣≤
R
,∀
β
j ∈

B
j (r) }

an
d
B
i ′

:=
{ ∣∣X

Ti ′\
j β
∗j ∣∣≤

R
,∀
β
j ∈

B
j (r) }

.

T
h
e

va
lu

es
o
f
R

an
d
τ

w
ill

b
e

d
eterm

in
ed

la
ter.

B
y

th
e

d
efi

n
ition

of
L
j (·),

for
an

y
β
j ∈

B
j (r)

a
n
d

a
n
y

v
∈
R
d−

1
w

ith
‖v‖

2
=

1,
w

e
h
ave

v
T∇

2L
j (β

j )v
≥

2C
1 (R

,τ
)

n
(n
−

1)

∑i<
i ′ (X

ij −
X
i ′j )

2 [(X
i\
j −

X
i ′\
j )
T
v ]

2I
(B

i )T
(B

i ′)I
(A

ii ′),
(42)

w
h
ere

C
1 (R

,τ
)

:=
ex

p
(−

4
R
τ
) [1

+
ex

p
(−

4R
τ
) ]−

2.
F

or
n
otation

al
sim

p
licity,

w
e

d
en

ote
th

e
rig

h
t-h

a
n
d

sid
e

of
(42)

as
C

1 (R
,τ

)v
T
∆

v
.

B
y

th
e

p
rop

erties
of

G
au

ssian
grap

h
ical

m
o
d
els,

th
e

co
n
d
itio

n
a
l

d
en

sity
of
X
ij

given
I
i

:=
{
X
i\
j

=
x
i\
j }
∩
B
i

is

p (x
ij |I

i )
=
p
(x

i |B
i ) /

∫

R
p
(x

i |B
i )d
x
ij

=
p
(x
ij |x

i\
j ),

w
h
ere

w
e

u
se

th
e

fact
th

at
p
(x

i |B
i )

=
p
(x

i )/P
(B

i )
an

d
th

at
P

(B
i )

is
a

con
stan

t.
R

ecall
th

at

p
(x
ij |X

i\
j )

=
√

Θ
jj /

(2π
)

ex
p [−

Θ
jj /2(x

ij −
X

Ti\
j β
∗j )

2 ]
w

h
ere

β
∗j

=
Θ
j\
j .

T
h
u
s

th
e

con
d
ition

al
ex

p
ectation

of
(X

ij −
X
i ′j )

2I
(A

ij )
giv

en
I
i

an
d
I
i ′

is

E [(X
ij −

X
i ′j )

2I
(A

ii ′) ∣∣∣ I
i ∩
I
i ′ ]

=
Θ
jj /

(2π
) ∫

τ

−
τ ∫

τ

−
τ (x

ij −
x
ij )

2
ex

p {−
Θ
jj /

2 [(x
ij −

β
Tj
x
i\
j )

2
+

(x
i ′j −

β
Tj
x
i ′\
j )

2 ] }
d
x
ij d
x
i ′j .

N
o
te

th
a
t

o
n

even
tI

i ,|β
Tj
X
i\
j |≤

R
,

h
en

ce
th

e
ex

p
ression

ab
ove

can
b

e
low

er-b
ou

n
d
ed

b
y

E [(X
ij −

X
i ′j )

2I
(A

ii ′) ∣∣∣ I
i ∩
I
i ′ ]

≥
Θ
jj /

(2π
) ∫

τ

−
τ ∫

τ

−
τ (x

ij −
x
i ′j )

2
ex

p {−
Θ
jj /2 [x

2ij
+
x

2i ′j
+

2
R

2
+

2
R

(|x
ij |+

|x
i ′j |) ] }

d
x
ij d
x
i ′j .

T
h
e

la
st

ex
p
ression

is
p

ositive
an

d
w

e
d
en

ote
it

as
C

2 (R
,τ

)
for

sim
p
licity.

T
h
u
s

b
y

th
e

law
o
f

to
ta

l
ex

p
ectation

w
e

ob
tain

v
TE

(∆
)v

=
v
TE [E

(∆
∣∣∩

ni=
1 I

i ) ]v
≥
C

2 (R
,τ

)E {[(X
i\
j −

X
i ′\
j )
T
v ]

2I
(B

i )I
(B

j ) }
.
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Y
a
n
g
,
N
in
g
,
a
n
d

L
iu

B
y

C
au

ch
y
-S

ch
w

arz
in

eq
u
ality

w
e

h
ave

E {[(X
i\
j −

X
i ′\
j )
T
v ]

2 [1−
I
(B

i )I
(B

i ′) ] }
≤
√

E
[(X

i\
j −

X
i ′\
j )
T
v ]

4 √
P (B

ci ∪
B
ci ′ ).

(43)

N
ote

th
at

for
G

au
ssian

grap
h
ical

m
o
d
el,

th
e

m
argin

al
d
istrib

u
tion

of
X
\
j

is
N

(0
,Σ
\
j\
j ).

If
w

e
d
en

ote
Σ
\
j\
j

as
Σ

1 ,
w

e
h
ave

(X
i\
j −
X
i ′\
j )
T
v
∼
N

(0
,σ

2v ),
X

Ti\
j β
∗j
∼
N

(0
,σ

21 )
an

d

X
Ti\
j β
∼
N

(0
,σ

22 )
w

h
ere

σ
2v

=
2
v
T
Σ

1 v
,
σ

21
=
β
∗j
T
Σ

1 β
∗j

an
d
σ

22
=
β
Tj
Σ

1 β
j .

H
en

ce
w

e
h
ave

E [(X
i\
j −

X
i ′\
j )
T
v ]

4
=

3σ
4v .

B
ecau

se
th

e
m

ax
im

u
m

eigen
valu

e
of

Σ
1

is
u
p
p

er
b

ou
n
d
ed

b
y

C
λ ,

w
e

h
ave

σ
21 ≤

C
λ C

2β
an

d
σ

2v ≤
2C

λ .
N

o
te

th
at
σ

22 −
σ

21
=
β
Tj
Σ

1 β
j −
β
∗j
T
Σ

1 β
∗j ,

th
e

follow
in

g
lem

m
a

in
lin

ear
a
lgeb

ra
b

ou
n
d
s

th
is

ty
p

e
of

error.

L
e
m

m
a

1
7

L
et

M
∈
R
d×
d

be
a

sym
m

etric
m

a
trix

a
n

d
vecto

rs
v

1
a
n

d
v

2 ∈
R
d,

th
en

∣∣v
T1
M

v
1 −

v
T2
M

v
2 ∣∣≤

‖M
‖∞
‖v

1 −
v

2 ‖
21

+
2‖

M
v

2 ‖∞
‖
v

1 −
v

2 ‖
1 .

P
ro

o
f

N
ote

th
at

v
T1
M

v
1 −

v
T2
M

v
2

=
(v

1 −
v

2 )
T
M

(v
1 −

v
2 )

+
2
v
T2
M

(v
1 −

v
2 ),

H
öld

er’s
in

eq
u
ality

im
p
lies

∣∣v
T1
M

v
1 −

v
T2
M

v
2 ∣∣≤

∣∣(v
1 −

v
2 )
T
M

(v
1 −

v
2 ) ∣∣

+
2 ∣∣v

T2
M

(v
1 −

v
2 ) ∣∣

≤
‖M
‖∞
‖v

1 −
v

2 ‖
21

+
2‖

M
v

2 ‖∞
‖
v

1 −
v

2 ‖
1 .

H
en

ce,
w

e
con

clu
d
e

th
e

p
ro

of
of

L
em

m
a

17.

B
y

L
em

m
a

17,
w

e
h
ave

σ
22 −

σ
21 ≤
‖Σ

1 ‖∞
‖
β
j −

β
∗j ∥∥

21
+

2‖
Σ

1 β
∗j ‖∞
‖
β
j −

β
∗j ‖

1 .
(44)

B
y

H
öld

er’s
in

eq
u
ality

an
d

th
e

relation
b

etw
een

`
1 -n

orm
an

d
`
2 -n

orm
of

a
vector,

w
e

h
ave

‖
Σ

1 β
∗j ‖∞

≤
‖Σ

1 ‖∞
‖β
∗j ‖

1 ≤
√
s ∗C

β
D
.
T

h
erefore

th
e

righ
t-h

an
d

sid
e

o
f

(44)
can

b
e

b
ou

n
d
ed

b
y

σ
22 −

σ
21 ≤

r
2D

+
2 √

s ∗rC
β
D
,

w
h
ich

sh
ow

s
th

at
σ

22
is

also
b

ou
n
d
ed

b
ecau

se
r

=
O

(1 / √
s ∗).

In
ad

d
ition

,
b
y

th
e

b
ou

n
d

1−
Φ

(x
)≤

ex
p
(−
x

2/
2)/

(x √
2π

)
for

th
e

stan
d
ard

n
orm

al
d
istrib

u
tion

fu
n
ction

,
w

e
ob

tain
th

at

P (B
ci )≤

P (X
Ti\
j β
∗j
>
R )

+
P (X

Ti\
j β

j
>
R )

≤
cσ

1
ex

p [−
R

2/(2σ
21 ) ]/R

+
cσ

2
ex

p [−
R

2/(2σ
22 ) ]/R

,

w
h
ere

th
e

con
stan

t
c

=
1/ √

2
π
.

W
e

d
en

ote
th

e
last

ex
p
ression

as
C

3 (R
),

th
en

th
e

righ
t-

h
an

d
sid

e
of

(43)
can

b
e

u
p
p

er-b
ou

n
d
ed

b
y
√

3
σ

4v √
2
C

3 (R
)
≤

2 √
6
C

3 (R
)C

λ .
H

en
ce

w
e

can
ch

o
ose

a
su

ffi
cien

tly
large

R
su

ch
th

at
2 √

6C
3 (R

)C
λ

=
λ

m
in (Σ

)
an

d
w

e
d
en

ote
th

is
p
articu

lar
ch

oice
of
R

as
R

0 .
N

ow
w

e
h
av

e

E {[(X
i\
j −

X
i ′\
j )
T
v ]

2 [1−
I
(B

i )I
(B

i ′) ] }
≤
λ

m
in (Σ

)

2
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n
S
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m
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a
r
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E
x
p
o
n
e
n
t
ia
l
F
a
m
il
y
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

N
ot

e
th

at
E{

[(
X
i\
j
−
X
i′
\j

)T
v

]2
}

=
σ

2 v
≥

2
λ

m
in

(Σ
),

w
e

ob
ta

in
th

at

v
T
E[
∇

2
L
j
(β

j
)]

v
≥
C

1
(R

0
,τ

)C
2
(R

0
,τ

)λ
m

in
(Σ

)
fo

r
al

l
τ
∈
R
.

T
h
er

ef
or

e
w

e
co

n
cl

u
d
e

th
at

fo
r

al
l
β
j
∈
R
d
−

1
su

ch
th

at
‖β

j
−
β
∗ j‖

1
≤
r,

v
T
E[
∇

2
L
j
(β

j
)]

v
≥

m
ax

τ
∈R

{ C
1
(R

0
,τ

)C
2
(R

0
,τ

)}
λ

m
in

(Σ
).

(4
5)

S
te

p
(i

i)
:

U
p

p
e
r

B
o
u

n
d

o
f

v
T
E[
∇

2
L
j
(β

j
)]

v
.

F
or

an
y
β
j
∈
R
d
−

1
su

ch
th

at
‖β

j
−
β
∗ j‖

1
≤

r
an

d
fo

r
an

y
v
∈
R
d
−

1
w

it
h
‖v
‖ 2

=
1,

b
y

th
e

d
efi

n
it

io
n

of
∇

2
L
j
(β

j
)

w
e

h
av

e

v
T
∇

2
L
j
(β

j
)v
≤

(X
ij
−
X
i′
j
)2
[ (X

i\
j
−
X
i′
\j

)T
v
] 2
.

(4
6)

N
ot

ic
e

th
at

co
n
d
it

io
n
in

g
on
X
i\
j
,
X
ij
∼
N
( X

T i\
j
β
∗ j,

Θ
−

1
jj

) ,
h
en

ce

E[
(X

ij
−
X
i′
j
)2
∣ ∣ X

i\
j
,X

i′
\j
] =

[ (X
i\
j
−
X
i′
\j

)T
β
∗ j]

2
+

2
Θ
−

1
jj
.

(4
7)

C
om

b
in

in
g

(4
6)

an
d

(4
7)

w
e

ob
ta

in

E[
v
T
∇

2
L
j
(β

j
)v
] ≤

E{
E[

(X
ij
−
X
i′
j
)2
∣ ∣ X

i\
j
,X

i′
\j
] ·
[ (X

i\
j
−
X
i′
\j

)T
v
] 2
}

≤
2Θ
−

1
jj

E(
(X

i\
j
−
X
i′
\j

)T
v
) 2

+
E{
[ (X

i\
j
−
X
i′
\j

)T
β
∗ j]

2
[ (X

i\
j
−
X
i′
\j

)T
v
] 2
} .

(4
8)

B
ec

au
se
X
i\
j
∼
N

(0
,Σ

1
)

w
h
er

e
Σ

1
: =

Σ
\j
,\
j
,

an
d

al
so

n
ot

e
th

at
th

e
m

ax
im

u
m

ei
ge

n
va

lu
e

of
Σ

1
is

u
p
p

er
b

ou
n
d
ed

b
y
C
λ
,

w
e

h
av

e

E[
(X

i\
j
−
X
i′
\j

)T
v
] 2

=
2v

T
Σ

1
v
≤

2C
λ
.

M
or

eo
ve

r,
b
y

in
eq

u
al

it
y

2a
b
≤
a

2
+
b2

w
e

o
b
ta

in

2
E{
[ (X

i\
j
−
X
i′
\j

)T
β
∗ j]

2
[ (X

i\
j
−
X
i′
\j

)T
v
] 2
}
≤

E[
(X

i\
j
−
X
i′
\j

)T
β
∗ j]

4
+

E[
(X

i\
j
−
X
i′
\j

)T
v
] 4
.

S
in

ce
(X

i\
j
−
X
i′
\j

)T
v
∼
N

(0
,σ

2 v
)

an
d

(X
i\
j
−
X
i′
\j

)T
β
∗ j
∼
N

(0
,2
σ

2 1
)

w
h
er

e
σ

2 v
an

d
σ

2 1
ar

e

d
efi

n
ed

as
2v

T
Σ

1
v

an
d
β
∗ jT

Σ
1
β
∗ j

re
sp

ec
ti

ve
ly

,
w

e
ob

ta
in

E[
(X

i\
j
−
X
i′
\j

)T
β
∗ j]

4
=

3σ
4 v
≤

12
C

2 λ
an

d
E[

(X
i\
j
−
X
i′
\j

)T
v
] 4

=
12
σ

4 1
≤

12
C
λ
C

2 β
.

T
h
er

ef
or

e
w

e
ca

n
b

ou
n
d

th
e

ri
gh

t-
h
an

d
si

d
e

of
(4

8)
b
y

E[
v
T
∇

2
L
j
(β

j
)v
] ≤

4Θ
−

1
jj
C
λ

+
6
C

2 λ
+

6
C
λ
C

2 β
.

(4
9)

C
om

b
in

in
g

(4
5)

an
d

(4
9)

w
e

co
n
cl

u
d
e

th
at

P
ro

p
os

it
io

n
16

h
ol

d
s

w
it

h

ρ
∗

=
m

ax
τ
∈R

{ C
1
(R

0
,τ

)C
2
(R

0
,τ

)}
λ

m
in

(Σ
)

an
d
ρ
∗

=
4Θ
−

1
jj
C
λ

+
6
C

2 λ
+

6
C
λ
C

2 β
.

T
h
er

ef
or

e,
w

e
co

n
cl

u
d
e

th
e

p
ro

of
of

P
ro

p
os

it
io

n
16

.
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Y
a
n
g
,
N
in
g
,
a
n
d

L
iu

B
.2

.
R

e
fi

n
e
d

S
ta

ti
st

ic
a
l

R
a
te

s
o
f

P
a
ra

m
e
te

r
E

st
im

a
ti

o
n

In
th

is
su

b
se

ct
io

n
w

e
sh

ow
m

or
e

re
fi
n
ed

st
at

is
ti

ca
l

ra
te

s
of

co
n
ve

rg
en

ce
fo

r
th

e
p
ro

p
o
se

d
es

ti
m

at
or

s.
In

sp
ec

ifi
c,

w
e

co
n
si

d
er

th
e

ca
se

w
h
er

e
β
∗ j

co
n
ta

in
s

n
on

ze
ro

el
em

en
ts

w
it

h
b

o
th

st
ro

n
g

an
d

w
ee

k
m

ag
n
it

u
d
es

.

T
h

e
o
re

m
1
8

(R
e
fi

n
e
d

st
a
ti

st
ic

a
l

ra
te

s
o
f

c
o
n
v
e
rg

e
n

c
e
)

U
n

d
er

A
ss

u
m

p
ti

o
n

s
2

a
n

d
4
,

w
e

le
t
K

1
a
n

d
K

2
be

th
e

co
n

st
a
n

ts
d
efi

n
ed

in
T

h
eo

re
m

1
0

a
n

d
a
ls

o
le

t
ρ
∗
>

0
a
n

d
r
>

0
be

d
efi

n
ed

in
A

ss
u

m
p
ti

o
n

4
.

F
o
r

a
ll
j
∈

[d
],

w
e

d
efi

n
e

th
e

su
p
po

rt
o
f
β
∗ j

a
s
S
j
: =
{(
j,
k
):
β
∗ jk
6=

0
,k
∈

[d
]}

a
n

d
le

t
s∗

=
m

ax
j∈

[d
]
‖β
∗ j‖

0
.

T
h
e

pe
n

a
lt

y
fu

n
ct

io
n
p
λ
(u

)
:
[0
,+
∞

)
→

[0
,+
∞

)
in

(7
)

sa
ti

sfi
es

re
gu

la
ri

ty
co

n
d
it

io
n

s
(C

.1
),

(C
.2

)
a
n

d
(C

.3
)

li
st

ed
in
§3

.2
w

it
h
c 1

=
0.

9
1

a
n

d
c 2
≥

24
/ρ
∗

fo
r

co
n

d
it

io
n

(C
.3

).
W

e
se

t
th

e
re

gu
la

ri
ty

pa
ra

m
et

er
λ

=
C
√

lo
g
d
/
n

su
ch

th
a
t

C
≥

25
K

1
.

M
o
re

o
ve

r,
w

e
a
ss

u
m

e
th

a
t

th
e

pe
n

a
lt

y
fu

n
ct

io
n
p
λ
(u

)
sa

ti
sfi

es
a
n

ex
tr

a
co

n
d
it

io
n

(C
.4

):
th

er
e

ex
is

ts
a

co
n

st
a
n

t
c 3
>

0
su

ch
th

a
t
p
′ λ(
u

)=
0

fo
r
u
∈
[ c

3
λ
,+
∞
) .

S
u

p
po

se
th

a
t

th
e

su
p
po

rt
o
f
β
∗ j

ca
n

be
pa

rt
it

io
n

ed
in

to
S
j

=
S

1
j
∪
S

2
j

w
h
er

e
S

1
j

=
{ (j

,k
):
|β
∗ jk
|≥

(c
2
+
c 3

)λ
}

a
n

d
S

2
j

=
S
j
−
S

1
j
.

W
e

d
en

o
te

co
n

st
a
n

ts
A

1
=

22
%

,
A

2
=

2.
2c

2
,
B

1
=

32
%

,
B

2
=

3.
2c

2
,

%
=
c 2

(c
2
ρ
∗−

11
)−

1 ,
γ

=
11
c−

1
2
ρ
−

1
∗
<

1
a
n

d
a

=
1.

04
;

w
e

le
t
s∗ 1
j

=
|S

1
j
|a

n
d
s∗ 2
j

=
|S

2
j
|.

W
it

h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
d
−

1
,

w
e

h
a
ve

th
e

fo
ll

o
w

in
g

m
o
re

re
fi

n
ed

ra
te

s
o
f

co
n

ve
rg

en
ce

:

∥ ∥ β̂
(`

)
j
−
β
∗ j∥ ∥

2
≤
A

1

{ ∥ ∥
∇
S
1
j
L
j
(β
∗ j)
∥ ∥ 2

+
a
√
s∗ 2
j
λ
}

+
A

2

√
s∗
λ
γ
`

a
n

d
(5

0
)

∥ ∥ β̂
(`

)
j
−
β
∗ j∥ ∥

1
≤
B

1

{ ∥ ∥
∇
S
1
j
L
j
(β
∗ j)
∥ ∥ 2

+
a
√
s∗ 2
j
λ
}

+
B

2
s∗
λ
γ
` ,
∀j
∈

[d
].

(5
1
)

P
ro

o
f

L
et
S
j

=
{(
j,
k
):
β
∗ jk
6=

0,
k
∈

[d
]}

b
e

th
e

su
p
p

or
t

of
β
∗ j

an
d

le
t

in
d
ex

se
t
G
` j
,
J
` j

a
n
d

I
` j

b
e

th
e

sa
m

e
as

d
efi

n
ed

in
th

e
p
ro

of
of

T
h
eo

re
m

5.
F

o
r

n
ot

at
io

n
al

si
m

p
li
ci

ty
,

w
e

o
m

it
th

e
su

b
sc

ri
p
t
j

in
th

es
e

in
d
ex

se
ts

w
h
ic

h
st

an
d
s

fo
r

th
e
j-

th
n
o
d
e

of
th

e
gr

ap
h
;

w
e

si
m

p
ly

w
ri

te

th
em

as
G
` ,
J
`

an
d
I
` .

M
or

eo
ve

r,
w

e
le

t
δ

(`
)

=
β̂

(`
)

j
−
β
∗ j,

it
is

sh
ow

n
in

L
em

m
a

1
2

th
a
t

∥ ∥ δ
(`

)

I
`

∥ ∥ 2
≤

10
ρ
−

1
∗
( ∥ ∥
∇
G̃

`
L
j
(β
∗ j)
∥ ∥ 2

+
∥ ∥ λ

(`
−

1
)

S
j

∥ ∥ 2

) ;
G̃
`

=
(G

` )
c
.

(5
2
)

In
th

e
p
ro

of
o
f

T
h
eo

re
m

5,
w

e
sh

ow
th

at
|G̃

` |
≤

2
s∗

fo
r

al
l
j
∈

[d
]

an
d
`
≥

1
.

B
ec

a
u
se

S
j

=
S

1
j
∪
S

2
j

w
h
er

e
S

1
j

=
{ (j

,k
):
|β
∗ jk
|≥

(c
2

+
c 3

)λ
}

an
d
S

2
j

=
S
j
−
S

1
j
,

th
en

b
y

tr
ia

n
g
le

in
eq

u
al

it
y

w
e

h
av

e ∥ ∥ ∇
S
j
L
j
(β
∗ j)
∥ ∥ 2
≤
∥ ∥ ∇

S
1
j
L
j
(β
∗ j)
∥ ∥ 2

+
√
s∗ 2
j

∥ ∥ ∇
S
2
j
L
j
(β
∗ j)
∥ ∥ ∞

.

S
in

ce
λ
≥

25
∥ ∥ ∇

L
j
(β
∗ j)
∥ ∥ ∞

w
it

h
h
ig

h
p
ro

b
ab

il
it

y,
b
y

(2
8
),

w
e

fu
rt

h
er

h
av

e

∥ ∥ ∇
G̃

`
L
j
(β
∗ j)
∥ ∥ 2
≤
∥ ∥ ∇

S
1
j
L
j
(β
∗ j)
∥ ∥ 2

+
√
s∗ 2
j
λ
/ 25

+
∥ ∥ δ

(`
−

1
)

I
`
−
1

∥ ∥ 2

/
(2

5
c 2

).
(5

3
)

N
ot

e
th

at
b
y

th
e

d
efi

n
it

io
n

of
S

1
j
,

fo
r

an
y

(j
,k

)
∈
S

1
j
,
p
′ λ(
|β
jk
|−
c 2
λ
)
≤
p
′ λ(
c 3
λ

)
=

0
,

th
en

w
e

h
av

e Υ
j

: =
λ
[
∑

(j
,k

)∈
S
j

p
′ λ(
|β
∗ jk
|−

c 2
λ
) 2
] 1
/
2

=
λ
[
∑

(j
,k

)∈
S
2
j

p
′ λ(
|β
∗ jk
|−

c 2
λ

)2
] 1
/
2
≤
√
s∗ 2
j
λ
.
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O
n
S
e
m
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r
a
m
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t
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ic

E
x
p
o
n
e
n
t
ia
l
F
a
m
ily

G
r
a
p
h
ic
a
l
M
o
d
e
l
s

T
h
erefo

re
(3

0
)

is
red

u
ced

to

∥∥
λ

(`−
1
)

S
j

∥∥
2 ≤

Υ
j

+
∥∥
δ

(`−
1
)

I
`−

1

∥∥
2 /
c

2 ≤
√
s ∗2
j λ

+
∥∥
δ

(`−
1
)

I
`−

1

∥∥
2 /
c

2 .
(54)

C
o
m

b
in

in
g

(5
2
),

(53)
an

d
(54)

w
e

ob
ta

in

∥∥
δ

(`)

I
` ∥∥

2 ≤
10
ρ −

1
∗
{∥∥∇

S
1
j L

j (β
∗j ) ∥∥

2
+

1
.04 √

s ∗2
j λ

+
1
.04 ∥∥

δ
(`−

1
)

I
`−

1

∥∥
2 /
c

2 }
.

T
h
en

b
y

recu
rsion

,
w

e
ob

tain
th

e
follow

in
g

estim
ation

error:

∥∥
δ

(`)

I
` ∥∥

2 ≤
10% {∥∥∇

S
1
j L

j (β
∗j ) ∥∥

2
+

1
.04 √

s ∗2
j λ }

+
γ
`−

1 ∥∥
δ

(1
)

I
1 ∥∥

2 ,

w
h
ere

γ
:=

1
1c −

1
2
ρ −

1
∗

an
d
%

:=
c

2 (c
2 ρ∗ −

11) −
1.

N
ote

th
at

w
e

assu
m

e
c

2 ≥
24ρ −

1
∗

,
for

k
=

1
b
y

(3
2
)

w
e

h
av

e2.2 ∥∥
δ

(1
)

I
1 ∥∥

2 ≤
2.2c

2 γ √
s ∗λ

an
d

2.2 √
2s ∗ ∥∥

δ
(1

)
I
1 ∥∥

2 ≤
3
.2
c

2 γ
s ∗λ

.

T
h
erefo

re,
u
sin

g
th

e
origin

al
n
otation

,
w

e
ob

tain
th

e
refi

n
ed

rates
of

con
vergen

ce
b
y

(23):

∥∥
β̂

(`)
j
−
β
∗j ∥∥

2 ≤
22% {∥∥∇

S
1
j L

j (β
∗j ) ∥∥

2
+

1
.04 √

s ∗2
j λ }

+
2
.2c

2 γ
` √
s ∗λ

an
d

∥∥
β̂

(`)
j
−
β
∗j ∥∥

1 ≤
32% √

s ∗ {∥∥∇
S
1
j L

j (β
∗j ) ∥∥

2
+

1
.04 √

s ∗2
j λ }

+
3
.2c

2 γ
`s ∗λ
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√
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k ∗,k ∗)k ∗ −
1‖
δ̃
G ‖

1 /‖δ̃
I ‖

2 ≥
1−

1
.2 √

0.54
:=

κ
1 ,

(73)

w
h
ere

w
e

d
en

ote
κ

1
:=

1−
1
.2 √

0.54
≥

0.11.
N

ow
w

e
u
se

th
e

secon
d

lem
m

a
to

get
an

low
er

b
ou

n
d

of
δ̃
T∇

2L
j (β

1 )δ̃
,

w
h
ich

im
p
lies

an
u
p
p

er
b

ou
n
d

for‖δ̃
I ‖

2 .

L
e
m

m
a

2
2

L
et

M
:R

m
→

S
m

be
a

m
a
p
p
in

g
fro

m
R
m

to
th

e
spa

ce
o
f
m
×
m

-sym
m

etric
m

a
trices.

S
u

p
po

se
th

a
t

th
e

spa
rse

eigen
va

lu
e
ρ− (M

,u
0 ;s

+
k
,r )

>
0
,

let
th

e
restricted

co
rrela

tio
n

coeffi
cien

ts
o
f
M

(·)
be

d
efi

n
ed

in
L

em
m

a
2
0
.

W
e

d
en

o
te

th
e

restricted
co

rrela
tio

n
coeffi

cien
ts
π (M

,u
0 ;s,k

,r )
a
n

d
s-spa

rse
eigen

va
lu

e
ρ− (M

,u
0 ;s,r )

a
s
π

(s,k
)

a
n

d
ρ−
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j
(β
∗ j)
∥ ∥ 2
‖δ

G
c
‖ 2

+
t∥ ∥
∇
G
L
j
(β
∗ j)
∥ ∥ ∞
‖δ

G
‖ 1

≤
∥ ∥ ∇

G
c
L
j
(β
∗ j)
∥ ∥ 2
‖δ̃

I
‖ 2

+
∥ ∥ ∇

G
L
j
(β
∗ j)
∥ ∥ ∞
‖δ̃

G
‖ 1
,

(7
7)

w
h
er

e
th

e
in

eq
u
al

it
y

fo
ll
ow

s
fr

om
G
c
⊂
I
.

F
or

te
rm

(i
i)

in
(7

6)
,

b
y

(6
2)

an
d

H
öl

d
er

’s
in

eq
u
al

it
y

w
e

h
av

e

−
t〈
δ
,λ

j
◦ξ

j

〉 ≤
−
〈 δ
S
,(
λ
j
◦ξ

j
) S
〉 −

〈 |δ̃
G
|,λ

G

〉 ≤
‖λ

S
‖ 2
‖δ̃

I
‖ 2
−
p
′ λ(
c 2
λ

)‖
δ̃
G
‖ 1
,

(7
8)

w
h
er

e
w

e
u
se

th
e

H
öl

d
er

’s
in

eq
u
al

it
y

an
d

th
e

d
efi

n
it

io
n

of
G
.

C
om

b
in

in
g

(7
5
),

(7
7)

an
d

(7
8)

w
e

ob
ta

in
th

at

κ
2
ρ
∗∥ ∥
δ̃
I

∥ ∥2 2
≤
(∥ ∥
∇
G

c
L
j
(β
∗ j)
∥ ∥ 2

+
‖λ

S
‖ 2
) ‖
δ̃
I
‖ 2

+
[∥ ∥
∇
L
j
(β
∗ j)
∥ ∥ ∞
−
p
′ λ(
c 2
λ

)]
‖δ̃

G
‖ 1

≤
(∥ ∥
∇
G

c
L
j
(β
∗ j)
∥ ∥ 2

+
‖λ

S
‖ 2
)∥ ∥
δ̃
I

∥ ∥ 2
,

w
h
er

e
th

e
se

co
n
d

in
eq

u
al

it
y

fo
ll
ow

s
fr

om
p
′ λ(
c 2
λ

)
>
∥ ∥ ∇

L
j
(β
∗ j)
∥ ∥ ∞

.
F

ro
m

th
e

in
eq

u
a
li
ty

ab
ov

e
an

d
th

e
in

d
u
ct

io
n

as
su

m
p
ti

on
|G

c
|≤

2
s∗

w
e

ob
ta

in
th

at

∥ ∥ δ̃
I

∥ ∥ 2
≤

10
ρ
−

1
∗
(∥ ∥
∇
G

c
L
j
(β
∗ j)
∥ ∥ 2

+
‖λ

S
‖ 2
) ≤

10
ρ
−

1
∗
√
s∗
(√

2
∥ ∥ ∇

L
j
(β
∗ j)
∥ ∥ ∞

+
λ
) .

(7
9)
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Y
a
n
g
,
N
in
g
,
a
n
d

L
iu

T
h
u
s

(7
0)

,
(7

9)
an

d
th

e
th

e
fa

ct
th

at
25
∥ ∥ ∇

L
j
(β
∗ j)
∥ ∥ ∞
≤
λ

im
p
ly

th
at

‖δ̃
‖ 1
≤

22
√

2
ρ
−

1
∗

(1
+
√

2/
2
5)
s∗
λ
<

33
ρ
−

1
∗
s∗
λ
≤
r,

(8
0
)

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

fo
ll
ow

s
fr

om
th

e
d
efi

n
it

io
n

o
f
λ
.

N
ot

ic
e

th
at

(8
0)

co
n
tr

a
d
ic

ts
o
u
r

as
su

m
p
ti

on
th

at
‖δ̃
‖ 1

=
r,

th
e

re
as

on
fo

r
th

is
co

n
tr

ad
ic

ti
on

is
b

ec
au

se
w

e
a
ss

u
m

e
th

a
t

∥ ∥ β̂
(`

)
j
−
β
∗ j∥ ∥ 1

>
r,

h
en

ce
∥ ∥ β̂

(`
)

j
−
β
∗ j∥ ∥ 1
≤
r

an
d
β̃
j

=
β̂

(`
)

j
.

T
h
is

m
ea

n
s

th
at
β̂

(`
)

j
st

ay
s

in
th

e
` 1

-b
al

l
ce

n
te

re
d

at
β
∗ j

w
it

h
ra

d
iu

s
r

in
ea

ch
it

er
at

io
n
.

M
or

eo
ve

r,
b
y

(6
8)

an
d

(7
9)

,
w

e
ob

ta
in

th
e

fo
ll
ow

in
g

u
p
p

er
b

ou
n
d

fo
r
‖δ

I
‖ 2

:

‖δ
‖ 2
≤

22
ρ
−

1
∗
(∥ ∥
∇
G

c
L
j
(β
∗ j)
∥ ∥ 2

+
‖λ

S
‖ 2
) ≤

24
ρ
−

1
∗
√
s∗
λ
,

w
h
er

e
w

e
u
se

th
e

co
n
d
it

io
n

th
at
λ
≥

25
∥ ∥ ∇

L
j
(β
∗ j)
∥ ∥ ∞

.
In

ad
d
it

io
n
,
b
y
(6

5)
an

d
(7

9
)

w
e

o
b
ta

in
th

e
fo

ll
ow

in
g

b
ou

n
d

on
‖δ
‖ 1

‖δ
‖ 1
≤

2
.2
‖δ

G
c
‖ 1
≤

22
√

2s
∗ ρ
−

1
∗
( ∥ ∥
∇
G

c
L
j
(β
∗ j)
∥ ∥ 2

+
‖λ

S
‖ 2
)
≤

33
ρ
−

1
∗
s∗
λ
,

(8
1
)

T
h
er

ef
or

e
go

in
g

b
ac

k
to

th
e

or
ig

in
al

n
ot

at
io

n
s,

n
ot

e
th

at
κ

2
≥

0
.1
,
w

e
es

ta
b
li
sh

th
e

fo
ll
ow

in
g

cr
u
d
e

ra
te

s
of

co
n
ve

rg
en

ce
fo

r
`
≥

1
:

∥ ∥ β̂
(`

)
j
−
β
∗ j∥ ∥

2
≤

24
ρ
−

1
∗
√
s∗
λ

an
d
∥ ∥ β̂

(`
)

j
−
β
∗ j∥ ∥

1
≤

33
ρ
−

1
∗
s∗
λ
.

(8
2
)

A
n
d

(7
9)

is
eq

u
iv

al
en

t
to

∥ ∥ β̂
(`

)

I
` j

−
β
∗ I` j

∥ ∥ 2
≤

10
ρ
−

1
∗
( ∥ ∥
∇
G̃

` j
L
j
(β
∗ j)
∥ ∥ 2

+
∥ ∥ λ

(`
−

1
)

S
j

∥ ∥ 2

) ,
G̃
` j

: =
(G

` j
)c
.

(8
3
)

N
ot

e
th

at
w

e
u
se

L
em

m
as

10
an

d
21

,
h
en

ce
(8

3)
an

d
(8

3)
h
ol

d
w

it
h

p
ro

b
a
b
il
it

y
a
t

le
as

t
1
−
d
−

1
fo

r
al

l
j
∈

[d
].

A
p
p
e
n
d
ix

D
.
P
ro

o
f
o
f
A
u
x
il
ia
ry

R
e
su

lt
s
fo
r
A
sy

m
p
to
ti
c
In

fe
re
n
ce

W
e

p
ro

ve
th

e
au

x
il
ia

ry
re

su
lt

s
fo

r
a
sy

m
p
to

ti
c

in
fe

re
n
ce

.
M

or
e

sp
ec

ifi
ca

ll
y,

w
e

fi
rs

t
p
ro

ve
L

em
m

a
14

,
w

h
ic

h
is

p
iv

ot
al

fo
r

d
er

iv
in

g
th

e
li
m

it
in

g
d
is

tr
ib

u
ti

on
of

th
e

p
a
ir

w
is

e
sc

o
re

st
at

is
ti

c.
T

h
en

w
e

p
ro

ve
th

e
le

m
m

as
p
re

se
n
te

d
in

th
e

p
ro

of
of

T
h
eo

re
m

8.

D
.1

.
P

ro
o
f

o
f

L
e
m

m
a

1
4

P
ro

o
f

B
ef

or
e

p
ro

v
in

g
th

is
le

m
m

a,
w

e
fi
rs

t
le

t
∇

2
L
jk

( β
j∨
k

)
b

e
th

e
H

es
si

an
o
f
L
jk

( β
j∨
k

)

an
d

d
efi

n
e

H
jk

: =
E[
∇

2
L
jk

( β
∗ j∨
k

)]
.

W
e

al
so

d
efi

n
e

Σ
jk

: =
E[

g
jk

(X
i)

g
jk

(X
i)
T
]

an
d

Θ
jk

: =
E[

h
jk ii
′(
β
∗ )

h
jk ii
′(
β
∗ )
T
] .

U
n
d
er

A
ss

u
m

p
ti

on
2,

w
e

fi
rs

t
sh

ow
th

at
th

er
e

ex
is

ts
a

p
os

it
iv

e
co

n
st

an
t
D

su
ch

th
a
t

fo
r

an
y
j,
k
∈
d
,
j
6=
k
,

m
ax
{∥ ∥

Σ
jk
∥ ∥ ∞

,∥ ∥
H
jk
∥ ∥ ∞

,∥ ∥
Θ
jk
∥ ∥ ∞
}
≤
D
.

T
h
e

re
as

on
is

as
fo

ll
ow

s.
N

ot
e

th
at

H
öl

d
er

’s
in

eq
u
al

it
y

im
p
ly

∥ ∥ H
jk
∥ ∥ ∞
.

m
ax

j∈
[d

]
E|
X
ij
−
X
i′
j
|4
.

m
ax

j∈
[d

]
E|
X
j
|4

fo
r

an
y
j,
k
∈

[d
],
j
6=
k
.

38
JM

L
R

 1
9(

57
):

1-
59

, 2
01

8



O
n
S
e
m
ipa

r
a
m
e
t
r
ic

E
x
p
o
n
e
n
t
ia
l
F
a
m
ily

G
r
a
p
h
ic
a
l
M
o
d
e
l
s

S
im

ila
rly,

fo
r

Θ
jk,

w
e

also
h
ave

∥∥
Θ
jk ∥∥∞

.
m

ax
j∈

[d
] E|X

j | 4.
B

y
(14)

w
e

h
av

e

E|X
j | 4

=

∫
∞0
P

(|X
4 | 4

>
t)d
t≤

∫
∞0
c

ex
p
(−
t 1
/
4)d

t
=

24c,
c

=
2

ex
p
(κ
m

+
κ
h /2).

M
o
reover,

n
o
te

th
at

b
y

th
e

law
of

total
varia

n
ce,

th
e

d
iagon

al
elem

en
ts

of
Σ
jk

are
n
o

la
rg

er
th

a
n

th
e

corresp
on

d
in

g
d
iagon

al
elem

en
ts

of
Θ
jk;

th
en

b
y

C
au

ch
y
-S

ch
w

arz
in

eq
u
ality,

‖Σ
jk‖∞

≤
‖Θ

jk‖∞
.

T
h
erefore

th
ere

ex
ists

a
con

stan
t
D

th
at

d
o
es

n
ot

d
ep

en
d

on
(s ∗,n

,d
)

su
ch

th
a
t

m
ax {‖

H
jk‖∞

,‖
Σ
jk‖∞

,‖Θ
jk‖∞

}
≤
D
,

1≤
j
<
k≤

d
.

(84)

N
ow

w
e

are
read

y
to

p
rove

th
e

lem
m

a.
R

ecall
th

at∇
L
jk (β

j∨
k )

is
a
U

-statistic
w

ith
ker-

n
el

fu
n
ctio

n
h
jkii ′ (β

j∨
k ).

B
ecau

se
h
jkii ′ (β

∗j∨
k )

is
cen

tered
,

th
e

law
of

to
tal

ex
p

ectation
im

p
lies

th
at

E [g
jk (X

i ) ]
=

0
.

N
ote

th
at

th
e

left-h
an

d
sid

e
of

(40
)

can
b

e
w

ritten
as

√
n2

b
T∇

L
jk (β

∗j∨
k )

=

√
n2

b
T
U
jk

+

√
n2

b
T [∇

L
jk (β

∗j∨
k )−

U
jk ]

=
1√n

n
∑i=

1

b
T
g
jk (X

i )

︸
︷︷

︸
I
1

+

√
n2

b
T [∇

L
jk (β

∗j∨
k )−

U
jk ]

︸
︷︷

︸
I
2

.

N
o
tice

th
a
t
I

1
is

a
w

eigh
ted

su
m

of
i.i.d

.
ran

d
om

variab
les

w
ith

th
e

m
ean

an
d

varia
n
ce

g
iven

b
y

E [b
T
g
jk (X

i ) ]
=

0
an

d
V

ar [b
T
g
jk (X

i ) ]
=

b
T
Σ
jkb

.

C
en

tra
l

lim
it

th
eorem

im
p
lies

th
at

I
1
 

N
(0,b

T
Σ
jkb

).
In

w
h
at

follow
s

w
e

u
se

h
ii ′

an
d

h
ii ′|i

to
d
en

o
te

h
jkii ′ (β

∗j∨
k )

an
d
E [h

jkii ′ (β
∗j∨
k ) ∣∣X

i ]
=

g
jk (X

i ).
T

h
u
s

w
e

can
w

rite
I

2
as

I
2

=
1

√
n

(n
−

1) ∑i<
i ′ b

T
χ
ii ′,

w
h
ere

χ
ii ′

=
(h

ii ′−
h
ii ′|i −

h
ii ′|i ′).

T
h
en

E
(I

22
)

ca
n

b
e

ex
p
an

d
ed

as

E
(I

22
)

=
1

n
(n
−

1)
2

∑

i<
i ′,s<

s ′ b
TE

(χ
ii ′χ

Tss ′ )b
.

(85)

B
y

th
e

d
efi

n
itio

n
of
χ
ii ′,

w
e

h
ave

E
(χ

ii ′χ
Tss ′ )

=
E

(h
ii ′h

Tss ′ )−
E

(h
ii ′h

Tss ′|s )−
E

(h
ii ′h

Tss ′|s ′ )−
E

(h
ii ′|i h

Tss ′ )

+
E

(h
ii ′|i h

Tss ′|s )
+

E
(h

ii ′|i h
Tss ′|s ′ )−

E
(h

ii ′|i ′h
Tss ′ )

+
E

(h
ii ′|i ′h

Tss ′|s )
+

E
(h

ii ′|i ′h
Tss ′|s ′ ).

(86)

T
h
erefo

re,
fo

r
i6=

s,s ′
an

d
i ′6=

s,s ′,
law

of
total

ex
p

ectatio
n

im
p
lies

th
at

E
(χ

ii ′χ
Tss ′ )

=
0

.
S
im

ila
rly,

if
ex

actly
on

e
of
i,i ′

is
id

en
tical

to
on

e
of
s,s ′,

say
i

=
s,

th
en

(86)
b

ecom
es

E
(χ

ii ′χ
Tii ′′ )

=
E

(h
ii ′h

Tii ′′ )−
E

(h
ii ′h

Tii ′′|i )−
E

(h
ii ′|i h

Tii ′′ )
+

E
(h

ii ′|i h
Tii ′′|i ),

i6=
i ′6=

i ′′.
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Y
a
n
g
,
N
in
g
,
a
n
d

L
iu

N
ote

th
at

b
y

th
e

law
of

total
ex

p
ectation

,
for

each
term

in
(86)

w
e

h
ave

E
(h

ii ′h
Tii ′′ )

=
E

(h
ii ′h

Tii ′′|i )
=

E
(h

ii ′|i h
Tii ′′ )

=
E

(h
ii ′|i h

Tii ′′|i ).

T
h
erefore,

E
(χ

ii ′χ
Tii ′′ )

=
0

.
F

in
ally,

if
i

=
s

an
d
i ′

=
s ′,

b
y

th
e

law
of

total
ex

p
ectation

,
(86)

can
b

e
fu

rth
er

red
u
ced

to
E

(χ
ii ′χ

Tii ′ )
=

E
(h

ii ′h
Tii ′ )−

E
(h

ii ′|i h
Tii ′|i )−

E
(h

ii ′|i ′h
Tii ′|i ′ )

=

Θ
jk−

2Σ
jk.

T
h
u
s

b
y

trian
gle

in
eq

u
a
lity

w
e

h
av

e

∥∥E
(χ

ii ′χ
Tii ′ ) ∥∥∞

≤
∥∥E

(h
ii ′h

Tii ′ ) ∥∥∞
+
∥∥E

(h
ii ′|i h

Tii ′|i ) ∥∥∞
+
∥∥E

(h
ii ′|j h

Tii ′|j ) ∥∥∞
≤

3D
,

w
h
ere

th
e

last
in

eq
u
ality

follow
s

from
A

ssu
m

p
tion

6.
T

h
en

eq
u
ation

(85)
can

b
e

red
u
ced

to

E
(I

22
)

=
1

n
(n
−

1)
2

∑

i<
i ′,s<

s ′ b
TE

(χ
ii ′χ

Tss )b
=

1

n
(n
−

1)
2 ∑i<

i ′ b
TE (χ

ii ′χ
Tii ′ )b

.

B
y

H
öld

er’s
in

eq
u
ality

w
e

ob
tain

E
(I

22
)≤

1

2(n
−

1) ‖b‖
1 ∥∥E

(χ
ii ′χ

Tii ′ )b ∥∥∞

≤
1

2(n
−

1) ‖b‖
21 ∥∥E

(χ
ii ′χ

Tii ′ ) ∥∥∞
≤

3
D

2
(n
−

1) ‖
b‖

21 .
(87)

S
in

ce
‖
b‖

0
≤
s̃,

b
y

th
e

relation
sh

ip
b

etw
een

`
1 -n

orm
an

d
`
2 -n

orm
,

w
e

can
fu

rth
er

b
o
u
n
d

th
e

righ
t-h

an
d

sid
e

of
(87)

b
y
E

(I
22
)≤

1
.5
s̃D

/(n
−

1)→
0,

w
h
ere

w
e

u
se

th
e

con
d
ition

th
at

lim
n→
∞
s̃/n

=
0.

T
h
erefore,

w
e

con
clu

d
e

th
e

p
ro

of
of

L
em

m
a

14.

D
.2

.
P

ro
o
f

o
f

L
e
m

m
a

1
3

P
ro

o
f

B
y

th
e

d
efi

n
ition

of
w
∗j,k

w
e

h
ave

H
jjk
,j\
k

=
w
∗j,k TH

jj\
k
,j\
k .

W
e

let
β̂
′j

=
(0,β̂

j\
k )

an
d

d
en

ote
∇

2L
j (β̂
′j )

an
d
∇

2L
j (β
∗j )

as
Λ

an
d

Λ
∗

resp
ectively.

In
ad

d
ition

,
w

e
w

rite
H
j,w

∗j,k
an

d
ŵ
j,k

as
H
,w
∗

an
d

ŵ
resp

ectively
for

n
otation

al
sim

p
licity.

T
rian

gle
in

eq
u
ality

im
p
lies

th
at

‖
Λ
jk
,j\
k −

w
∗
T
Λ
j\
k
,j\
k ‖∞

≤
‖H

jk
,j\
k −

Λ
jk
,j\
k ‖∞

+
‖w
∗
T

(H
j\
k
,j\
k −

Λ
j\
k
,j\
k )‖∞

.

H
öld

er’s
in

eq
u
ality

im
p
lies

th
at

‖
Λ
jk
,j\
k −

w
∗
T
Λ
j\
k
,j\
k ‖∞

≤
‖Λ
−

H
‖∞

(1
+
‖
w
∗‖

1 ).
(88)

U
n
d
er

n
u
ll

h
y
p

oth
esis,

β
∗jk

=
0.

B
y

L
em

m
a

26,
w

e
h
ave
‖Λ
−

H
‖∞
.
s ∗λ

log
2
d
.

T
h
en

th
e

righ
t-h

an
d

sid
e

of
(88)

is
b

ou
n
d
ed

b
y

‖
Λ
jk
,j\
k −

w
∗
T
Λ
j\
k
,j\
k ‖∞

.
(w

0
+

1)s ∗λ
log

2
d
.

T
h
erefore,

b
y

th
e

assu
m

p
tion

th
at
λ
D
&

m
ax{

1,w
0 }
s ∗λ

log
2
d

w
e

can
en

su
re

th
at

w
∗

is
in

th
e

feasib
le

region
of

th
e

D
an

tzig
selector

p
rob

lem
(1

1),
h
en

ce
w

e
h
ave‖

ŵ
‖

1 ≤
‖w
∗‖

1 ≤
w

0
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O
n
S
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ip
a
r
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t
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E
x
p
o
n
e
n
t
ia
l
F
a
m
il
y
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

b
y

th
e

op
ti

m
al

it
y

of
ŵ

.
L

et
J

b
e

th
e

su
p
p

or
t

se
t

of
w
∗ ,

th
at

is
,
J

: =
{(
j,
`)

:
[w
∗ j,k

] j
`
6=

0
,`
∈

[d
],
`
6=
j}

;
th

e
op

ti
m

al
it

y
of

w
∗

is
eq

u
iv

a
le

n
t

to
‖ŵ

J
c
‖ 1

+
‖ŵ

J
‖ 1
≤
‖w
∗ J‖

1
.

B
y

tr
ia

n
gl

e
in

eq
u
al

it
y,

w
e

h
av

e ‖ŵ
J
c
−w
∗ Jc
‖ 1

=
‖ŵ

J
c
‖ 1
≤
‖w
∗ J‖

1−
‖ŵ

J
‖ 1
≤
‖ŵ

J
−

w
∗ J‖

1
,

(8
9)

w
h
er

e
J
c

: =
{(
j,
`)

:
(j
,`

)
/∈
J
,j

fi
x
ed
}.

L
et

ti
n
g
ω̂

=
ŵ
−

w
∗ ,

in
eq

u
al

it
y

(8
9)

is
eq

u
iv

al
en

t
to
‖ω̂

J
c
‖ 1
≤
‖ω̂

J
‖ 1
.

M
or

eo
ve

r,
tr

ia
n
g
le

in
eq

u
al

it
y

y
ie

ld
s

th
at

‖Λ
j\
k
,j
\k
ω̂
‖ ∞
≤
‖Λ

jk
,j
\k
−

Λ
j\
k
,j
\k

ŵ
‖ ∞

+
‖Λ

jk
,j
\k
−

Λ
j\
k
,j
\k

w
∗ ‖
∞
≤

2
λ
D
,

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

fo
ll
ow

s
fr

om
th

at
b

ot
h

w
∗

an
d

ŵ
ar

e
fe

as
ib

le
fo

r
th

e
D

an
tz

ig
se

le
ct

or
p
ro

b
le

m
(1

1)
.

T
h
en

tr
ia

n
gl

e
in

eq
u
al

it
y

im
p
li
es

th
at

|ω̂
T
Λ
j\
k
,j
\k
ω̂
|≤
|ω̂

T J
Λ
J
,j
\k
ω̂
|

︸
︷︷

︸
A

1

+
|ω

T J
c
Λ
J
c
,j
\k
ω̂
|

︸
︷︷

︸
A

2

.

B
y

H
öl

d
er

’s
in

eq
u
al

it
y

an
d

in
eq

u
al

it
y

b
et

w
ee

n
` 1

-n
or

m
an

d
` 2

-n
or

m
s,

w
e

ob
ta

in
th

a
t

A
1
≤

2
λ
D
‖ω̂

J
‖ 1
≤

2√
s? 0
λ
D
‖ω̂

J
‖ 2

an
d
A

2
≤

2
λ
D
‖ω̂

J
c
‖ 1
≤

2λ
D
‖ω̂

J
‖ 1
≤

2√
s? 0
λ
D
‖ω̂

J
‖ 2
.

H
en

ce
w

e
co

n
cl

u
d
e

th
at
|ω̂

T
Λ
j\
k
,j
\k
ω̂
|≤

4√
s? 0
λ
D
‖ω̂

J
‖ 2
.

W
e

le
t
J

1
b

e
th

e
se

t
of

in
d
ic

es
of

th
e

la
rg

es
t
k
? 0

co
m

p
on

en
t

of
ω̂
J
c

in
ab

so
lu

te
va

lu
e

an
d

le
t
I

=
J

1
∪
J

,
th

en
|I
|≤

s? 0
+
k
? 0
.

U
n
d
er

th
e

n
u
ll

h
y
p

ot
h
es

is
,
‖β̂
′ j
−
β
∗ j‖

1
=
‖β̂

j\
k
−

β
∗ j\
k
‖ 1
≤

33
ρ
−

1
∗
s∗
λ
.

W
e

d
en

ot
e

th
e
s-

sp
ar

se
ei

ge
n
va

lu
e

of
∇

2 j\
k
,j
\k
L
j
(β

j
)

ov
er

th
e
` 1

-b
al

l

ce
n
te

re
d

at
β
∗ j

w
it

h
ra

d
iu

s
r

as
ρ
′ j+

(s
)

an
d
ρ
′ j−

(s
)

re
sp

ec
ti

ve
ly

an
d

d
en

ot
e

th
e

co
rr

es
p

on
d
in

g

re
st

ri
ct

ed
co

rr
el

at
io

n
co

effi
ci

en
ts

as
π
′ j(
s 1
,s

2
).

A
n
d

w
e

d
en

ot
e

th
es

e
q
u
an

ti
ti

es
o
f
∇

2
L
j
(β
∗ j)

as
ρ
j−

(s
),
ρ
j+

(s
)

an
d
π
j
(s

1
,s

2
).

B
y

d
efi

n
it

io
n
,

w
e

im
m

ed
ia

te
ly

h
av

e
ρ
j−

(s
)
≤
ρ
′ j−

(s
)
≤

ρ
′ j+

(s
)
≤
ρ
j+

(s
).

B
y

L
em

m
a

22
w

e
h
av

e

|ω̂
T
Λ
j\
k
,j
\k
ω̂
|≥

ρ
′ j−
( k
? +
s?
)[
‖ω̂

I
‖ 2
−

2π
′ j(
s?

+
k
? 0
,s
? 0
)‖
ω̂
J
c
‖ 1
/ k

?
] ‖
ω̂
I
‖ 2
.

(9
0)

T
h
e

fo
ll
ow

in
g

le
m

m
a

re
la

te
s

th
e

sp
ar

se
ei

ge
n
va

lu
es

of
∇

2
L
j
(β

j
)

to
th

os
e

of
E∇

2
L
j
(β
∗ j)

.

L
e
m

m
a

2
4

U
n

d
er

A
ss

u
m

p
ti

o
n

s
2
,

4
a
n

d
7
,

if
n

is
su

ffi
ci

en
tl

y
la

rg
e

su
ch

th
a
t
ρ
∗
&

s∗
λ

lo
g

2
d
,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1−
(2
d
)−

1 ,
fo

r
a

ll
j
∈

[d
],

th
er

e
ex

is
ts

a
co

n
st

a
n

t
C
ρ
≥

33
ρ
−

1
∗

su
ch

th
a
t ρ
∗ j−

(2
s? 0+

2k
? 0
)
−

0
.0

5ν
∗
≤
ρ
j−

(2
s? 0+

2
k
? 0
)
<
ρ
j+

(k
? 0
)
≤
ρ
∗ j+

(k
? 0
)

+
0
.0

5ν
∗,

a
n

d

ρ
j+

(k
? 0
)/
ρ
j−

(2
s? 0+

2
k
? 0
)
≤

1
+

0
.5

8k
? 0
/s
? 0
,

w
h
er

e
w

e
d
en

o
te

th
e

lo
ca

l
sp

a
rs

e
ei

ge
n

va
lu

es
ρ
−
( ∇

2
L
j
,β
∗ j;
s,
r)

a
n

d
ρ

+

( ∇
2
L
j
,β
∗ j;
s,
r)

w
it

h

r
=
C
ρ

√
lo

g
d
/n

a
s
ρ
j−

(s
)

a
n

d
ρ
j+

(s
),

re
sp

ec
ti

ve
ly

.

P
ro

o
f

T
h
e

p
ro

of
is

si
m

il
ar

to
th

at
of

L
em

m
a

3,
h
en

ce
is

om
it

te
d

h
er

e.
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01
8

Y
a
n
g
,
N
in
g
,
a
n
d

L
iu

B
y
‖ω̂

J
c
‖ 1
≤
‖ω̂

J
‖ 1
≤
√
s? 0
‖ω̂

J
‖ 2

an
d

L
em

m
a

24
,

th
e

ri
gh

t-
h
an

d
si

d
e

o
f

(9
0
)

ca
n

b
e

re
d
u
ce

d
to

|ω̂
T
Λ
j\
k
,j
\k
ω̂
|≥

0.
95
ν ∗
( ‖
ω̂
I
‖ 2
−

2
π
′ j(
s? 0+

k
? 0
,s
?
)‖
ω̂
J
‖ 2
√
s? 0
/k

? 0
)‖
ω̂
I
‖ 2
.

(9
1
)

U
si

n
g

L
em

m
a

20
w

e
ob

ta
in

2
π
′ j(
s? 0+

k
? 0
,k
? 0
)√

s? 0
/k

? 0
≤
√
s? 0
/k

? 0

√
ρ
′ j+

(k
? 0
)/
ρ
′ j−

(s
? 0+

2k
? 0
)
−

1

≤
√
s? 0
/k

? 0

√
ρ
j+

(k
? 0
)/
ρ
j−

(s
? 0+

2k
? 0
)
−

1
≤
√
s? 0
/k

? 0

√
0.

58
k
? 0
/s
? 0
≤

0.
7
6
.

T
h
u
s

th
e

ri
gh

t-
h
an

d
si

d
e

of
(9

1)
ca

n
b

e
re

d
u
ce

d
to

|ω̂
T
Λ
j\
k
,j
\k
ω̂
|≥

0
.9

5ν
∗(

1
−

0.
76
‖ω̂

J
‖ 2
/ ‖
ω̂
I
‖ 2

)‖
ω̂
I
‖2 2
≥
ν ∗
κ
‖ω̂

I
‖2 2
,

(9
2)

w
h
er

e
κ

=
0.

22
.

T
h
is

in
eq

u
al

it
y

h
ol

d
s

b
ec

au
se
J
⊂
I
.

B
y

(9
2)

w
e

h
av

e

ν ∗
κ
‖ω̂

I
‖2 2
≤

4
√
s? 0
λ
d
‖ω̂

J
‖ 2
≤

4
√
s? 0
λ
d
‖ω̂

I
‖ 2
,

w
h
ic

h
im

p
li
es
‖ω̂

I
‖ 2
≤

4ν
−

1
∗
κ
−

1
√
s? 0
λ
D
.

T
h
er

ef
or

e
th

e
es

ti
m

at
io

n
er

ro
r

of
ŵ
j,
k

ca
n

b
e

b
ou

n
d
ed

b
y

‖ω̂
‖ 1
≤

2‖
ω̂
J
‖ 1
≤

2
√
s?
‖ω̂

J
‖ 2
≤

8ν
−

1
∗
κ
−

1
s? 0
λ
D
≤

37
ν
−

1
∗
s? 0
λ
D
.

R
et

u
rn

in
g

to
th

e
or

ig
in

al
n
ot

at
io

n
s,

w
e

co
n
cl

u
d
e

th
at
‖ŵ

j,
k
−

w
∗ j,k
‖ 1
≤

37
ν
−

1
∗
s? 0
λ
D

fo
r

a
ll

(j
,k

)
su

ch
th

at
j,
k
∈

[d
],
j
6=
k
.

D
.3

.
P

ro
o
f

o
f

L
e
m

m
a

1
5

P
ro

o
f

W
e

on
ly

n
ee

d
to

sh
ow

th
at
σ̂

2 jk
is

a
co

n
si

st
en

t
es

ti
m

at
o
r

of
σ

2 jk
,

w
h
ic

h
is

eq
u
iv

a
le

n
t

to
sh

ow
in

g
th

at
li
m

n
→
∞
|σ̂

2 jk
−
σ

2 jk
|=

0.
T

o
b

eg
in

w
it

h
,

tr
ia

n
gl

e
in

eq
u
al

it
y

im
p
li
es

th
a
t

|σ̂
2 jk
−
σ

2 jk
|≤

∣ ∣ Σ̂
jk jk
,j
k
−

Σ
jk jk
,j
k

∣ ∣
︸

︷︷
︸

I 1

+
2
∣ ∣ ŵ

T j,
k
Σ̂
jk j\
k
,j
k
−

w
∗ j,kT

Σ
jk j\
k
,j
k

∣ ∣
︸

︷︷
︸

I 2
j

+
∣ ∣ ŵ

T j,
k
Σ̂
jk j\
k
,j
\k

ŵ
j,
k
−

w
∗ j,kT

Σ
jk j\
k
,j
\k

w
∗ j,k
∣ ∣

︸
︷︷

︸
I 3

j

+
2
∣ ∣ ŵ

T k
,j
Σ̂
jk k
\j
,j
k
−

w
∗ k,
jT
Σ
jk k
\j
,j
k

∣ ∣
︸

︷︷
︸

I 2
k

+
∣ ∣ ŵ

k
,jT
Σ̂
jk k
\j
,k
\j

ŵ
k
,j
−

w
∗ k,
jT
Σ
jk k
\j
,k
\j

w
∗ k,
j

∣ ∣
︸

︷︷
︸

I 3
k

,

w
h
er

e
Σ̂
jk

=
Σ̂
jk
( β̂
′ j∨
k

)
an

d
Σ̂
jk
( β

j∨
k

)
is

d
efi

n
ed

as

Σ̂
jk

(β
j∨
k
)

=
1 n

n ∑ i=
1

{
1

n
−

1

∑ i′
6=
i

h
jk ii
′(
β
j∨
k
)} ⊗

2
.

(9
3
)

T
o

p
ro

ve
th

e
co

n
si

st
en

cy
of
σ̂

2 jk
,

w
e

n
ee

d
th

e
fo

ll
ow

in
g

th
eo

re
m

to
sh

ow
th

a
t

Σ̂
jk

is
a

co
n
si

st
en

t
es

ti
m

at
or

of
Σ
jk

in
th

e
se

n
se

th
at
∥ ∥ Σ̂

jk
−

Σ
jk
∥ ∥ ∞

is
n
eg

li
gi

b
le

.
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O
n
S
e
m
ipa

r
a
m
e
t
r
ic

E
x
p
o
n
e
n
t
ia
l
F
a
m
ily

G
r
a
p
h
ic
a
l
M
o
d
e
l
s

L
e
m

m
a

2
5

F
o
r

1≤
j
<
k≤

d
,

let
Σ̂
jk (β

j∨
k )

be
d
efi

n
ed

a
s

(93).
S

u
p
po

se
β̂
j

a
n

d
β̂
k

a
re

th
e

estim
a
to

rs
o
f
β
∗j

a
n

d
β
∗k

o
bta

in
ed

fro
m

A
lgo

rith
m

1
a
n

d
w

e
d
en

o
te
β̂
j∨
k

=
(β̂
jk ,β̂

Tj\
k ,β̂

Tk\
j )
T
.

T
h
en

Σ̂
jk(β̂

j∨
k )

is
a

co
n

sisten
t

estim
a
to

r
o
f

Σ
jk.

T
h
ere

exists
a

co
n

sta
n

t
C

Σ
th

a
t

d
oes

n
o
t

d
epen

d
o
n

(j,k
)

su
ch

th
a
t,

w
ith

p
ro

ba
bility

ten
d
in

g
to

o
n

e,

∥∥
Σ̂
jk(β̂

j∨
k )−

Σ
jk ∥∥∞

≤
C

Σ
s ∗λ

log
2
d

fo
r

1≤
j
<
k≤

d
.

P
ro

o
f

S
ee
§E

.2.1
for

a
d
etailed

p
ro

of.

In
th

e
rest

o
f

th
e

p
ro

of,
w

e
w

ill
om

it
th

e
su

p
erscrip

ts
in

b
oth

Σ̂
jk

an
d

Σ
jk

for
n
otation

al
sim

p
licity.

B
y

L
em

m
a

25,

I
1 ≤
‖Σ̂
−

Σ
‖∞
≤
O

P (s ∗λ
log

2
d ).

(94)

B
y

tria
n
g
le

in
eq

u
ality,

w
e

h
av

e
th

e
fo

llow
in

g
in

eq
u
ality

for
I

2
:

I
2
j ≤

∣∣(ŵ
j,k −

w
∗j,k )

T (Σ̂
j\
k
,jk −

Σ
j\
k
,jk ) ∣∣

︸
︷︷

︸
I
2
1

+
∣∣(ŵ

j,k −
w
∗j,k )

T
Σ
j\
k
,jk ∣∣

︸
︷︷

︸
I
2
2

+
∣∣w
∗j,k T (Σ̂

j\
k
,jk −

Σ
j\
k
,jk ) ∣∣

︸
︷︷

︸
I
2
3

.

B
y

H
ö
ld

er’s
in

eq
u
ality,

L
em

m
a

25
an

d
th

e
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j,k −
w
∗j,k TΣ

j\
k
,j\
k w
∗j,k ∣∣

︸
︷︷

︸
I
3
2

.

F
o
r

term
I

3
1 ,

H
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n

of
J
i,

w
e

h
av

e
∑

i≥
2
‖v

J
i
‖ ∞
≤
‖v

F
‖ 1
/ k
.

N
ot

e
th

at
b
y

th
e

d
efi

n
it

io
n

of
in

d
ex

se
ts
I

an
d
J
i,
|J
i|
≤
k

an
d
|I
|=

k
+
s 1
≤
k

+
s.

W
e

d
en

ot
e

th
e

re
st

ri
ct

ed
co

rr
el

a
ti

o
n

co
effi

ci
en

ts
π

(M
,u

0
;s
,k
,r

)
as
π

(s
,k

),
th

en
b
y

th
e

d
efi

n
it

io
n

of
π

(s
+
k
,k

)
w

e
h
av

e
∣ ∣ v
T I
M

(u
)v
J
i

∣ ∣ ≤
π

(s
+
k
,k

)[
v
T I
M

(u
)v
I

] ‖
v
J
i
‖ ∞
/ ‖

v
I
‖ 2
.

T
h
u
s

w
e

h
av

e
th

e
fo

ll
ow

in
g

u
p
p

er
b

ou
n
d

fo
r
∣ ∣ v
T I
M

(u
)v
I
c

∣ ∣ :
∣ ∣ v
T I
M

(u
)v
I
c

∣ ∣ ≤
∑ i≥

2

∣ ∣ v
T I
M

(u
)v
J
i

∣ ∣ ≤
π

(s
+
k
,k

)‖
v
I
‖−

1
2

[ v
T I
M

(u
)v
I

]∑ i≥
2

‖v
J
i
‖ ∞

≤
π

(s
+
k
,k

)‖
v
I
‖−

1
2

[ v
T I
M

(u
)v
I

] ‖
v
F
‖ 1
/ k
.

(1
0
9
)

B
ec

au
se

v
T
M

(u
)v
≥

v
T I
M

(u
)v
I

+
2
v
T I
M

(u
)v
I
c
,

b
y

(1
09

)
w

e
h
av

e

v
T
M

(u
)v
≥

v
T I
M

(u
)v
I
−

2
π

(s
+
k
,k

)‖
v
I
‖−

1
2

[ v
T I
M

(u
)v
I

] ‖
v
F
‖ 1
/ k

=
[ v

T I
M

(u
)v
I

][
1
−

2
π

(s
+
k
,k

)‖
v
I
‖−

1
2
‖v

F
‖ 1
/ k
] .

T
h
u
s

w
e

ca
n

b
ou

n
d

th
e

ri
gh

t-
h
an

d
si

d
e

of
th

e
la

st
fo

rm
u
la

u
si

n
g

th
e

sp
a
rs

e
ei

g
en

va
lu

e
co

n
d
it

io
n

v
T
M

(u
)v
≥
ρ
−

(s
+
k
)[

1
−

2
π

(s
+
k
,k

)k
−

1
‖v

I
‖−

1
2
‖v

F
‖ 1
] ‖

v
I
‖2 2
,

(1
1
0
)

w
h
er

e
w

e
d
en

ot
e
s-

sp
ar

se
ei

ge
n
va

lu
e
ρ
−

(M
,u

0
;s
,r

)
as
ρ
−

(s
+
k
)

fo
r

th
e

si
m

p
li
ci

ty
o
f

n
o
ta

-
ti

on
s.

In
eq

u
al

it
y

(1
10

)
co

n
cl

u
d
es

th
e

p
ro

of
of

L
em

m
a

22
.

E
.1
.4
.
P
r
o
o
f
o
f
L
e
m
m
a
2
3

P
ro

o
f

L
et
F

(t
)

=
L
j

( β
(t

))
−
L
j
(β

1
)
−
〈 ∇

L
j
(β

1
),
β

(t
)
−
β

1

〉 .
S
in

ce
th

e
d
er

iv
a
ti

v
e

of
L
j

( β
(t

))
w

it
h

re
sp

ec
t

to
t

is
〈 ∇

L
j

( β
(t

))
,β

2
−
β

1

〉 ,
th

e
d
er

iv
at

iv
e

of
F

is
gi

v
en

b
y

F
′ (
t)

=
〈 ∇

L
j

( β
(t

))
−
∇
L
j
(β

1
),
β

2
−
β

1

〉 .

46
JM

L
R

 1
9(

57
):

1-
59

, 2
01

8



O
n
S
e
m
ipa

r
a
m
e
t
r
ic

E
x
p
o
n
e
n
t
ia
l
F
a
m
ily

G
r
a
p
h
ic
a
l
M
o
d
e
l
s

T
h
erefo

re
th

e
B

regm
an

d
ivergen

ce
D
j (β

(t),β
1 )

can
b

e
w

ritten
as

D
j (β

(t),β
1 )

=
〈∇

L
j [β

(t)]−
∇
L
j (β

1 ),t(β
2 −

β
1 ) 〉

=
tF
′(t).

B
y

d
efi

n
itio

n
,

it
is

easy
to

see
th

at
F
′(1)

=
D
j (β

2 ,β
1 ).

T
o

d
eriv

e
L

em
m

a
23

,
it

su
ffi

ces
to

sh
ow

th
a
t
F

(t)
is

con
vex

,
w

h
ich

im
p
lies

th
at
F
′(t)

is
n
on

-d
ecreasin

g
a
n
d
D
j (β

(t),β
1 )

=
tF
′(t)≤

tF
′(1

)
=
tD

j (β
2 ,β

1 ).
F

o
r
∀
t1 ,t2

∈
R

+
,t1

+
t2

=
1
,x
,y
∈

(0,1),
b
y

th
e

lin
earity

of
β

(t),
β

(t1 x
+
t2 y

)
=

t1 β
(x

)
+
t2 β

(y
).

T
h
en

w
e

h
ave

〈∇
L
j (β

1 ),β
(t1 x

+
t2 y

)−
β

1 〉
=
t1 〈∇

L
j (β

1 ),β
(x

)−
β

1 〉
+
t2 〈∇

L
j (β

1 ),β
(y

)−
β

1 〉.
(111)

In
a
d
d
itio

n
,

b
y

con
vex

ity
of

fu
n
ction

L
j (·),

w
e

ob
tain

L
j (β

(t1 x
+
t2 y

) )≤
t1 L

j (β
(x

) )
+
t2 L

j (β
(y

) ).
(112)

A
d
d
in

g
(1

1
1
)

a
n
d

(112)
w

e
ob

tain

F
(t1 x

+
t2 y )≤

t1 F
(x

)
+
t2 F

(y
).

T
h
erefo

re
F

(t)
is

con
vex

,
th

u
s

w
e

h
ave

D
j (β

(t),β
1 )≤

tD
j (β

2 ,β
1 ).

E
.2

.
P

ro
o
f

o
f

T
e
ch

n
ic

a
l

L
e
m

m
a
s

in
§
D

N
ow

w
e

p
rove

th
e

lem
m

as
th

at
su

p
p

orts
th

e
au

x
iliary

in
feren

tial
resu

lts.
W

e
fi
rst

p
rove

L
em

m
a

25
,

w
h
ich

im
p
lies

th
at

th
e
σ̂

2jk
is

a
con

sisten
t

estim
ator

of
th

e
asy

m
p
totic

varian
ce

o
f
σ
jk .

E
.2
.1
.
P
r
o
o
f
o
f
l
e
m
m
a
2
5

P
ro

o
f

R
eca

ll
th

at
w

e
d
en

ote
β
j∨
k

=
(β
jk ,β

j\
k ,β

k\
j )

an
d
L
jk (β

j∨
k )

=
L
j (β

j )+
L
k (β

k ).
W

e

d
en

o
te

th
e

kern
el

fu
n
ction

of
th

e
secon

d
-ord

er
U

-statistic
∇
L
jk (β

j∨
k )

as
h
jkii ′ (β

j∨
k )

w
h
ere

th
e

su
b
scrip

ts
i,i ′

in
d
icate

th
at

h
jkii ′ (·)

d
ep

en
d
s

on
X
i

an
d
X
i ′.

W
e

d
efi

n
e

V
jk
ii ′i ′′ (β

j∨
k )

:=

h
jkii ′ (β

j∨
k )h

jkii ′ (β
j∨
k )
T
.

T
h
en

b
y

d
efi

n
ition

,
Σ̂
jk (β

j\
k )can

b
e

w
ritten

as

Σ̂
jk (β

j∨
k )

=
1

n
(n
−

1)
2

n
∑i=

1

∑

i ′6=
i,i ′′6=

i V
jk
ii ′i ′′ (β

j∨
k ).

N
o
te

th
a
t

Σ̂
jk (β

j∨
k )−

Σ
jk

=
Σ̂
jk (β

j∨
k )−

Σ̂
jk (β

∗j∨
k )

︸
︷︷

︸
I
1

+
Σ̂
jk (β

∗j∨
k )−

Σ
jk

︸
︷︷

︸
I
2

.

W
e

fi
rst

co
n
sid

er
I

2 .
F

or
n
otation

al
sim

p
licity,

w
e

u
se

h
ii ′

an
d

h
ii ′|i

to
d
en

ote
h
jkij (β

∗j∨
k )

a
n
d

h
jkii ′|i (β

∗j∨
k )

:=
E [h

jkij (β
∗j∨
k ) ∣∣X

i ]
resp

ectively.
A

s
sh

ow
n

in
§D

.1,
for

i6=
i ′6=

i ′′,

E (h
ii ′h

Tii ′′ )
=

E (h
ii ′h

Tii ′′ ∣∣X
i )

=
E (h

ii ′|i h
Tii ′′|i )

=
Σ
jk

an
d

E (h
ij h

Tij )
=

Θ
jk,

w
e

ca
n

w
rite

I
2

as
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Y
a
n
g
,
N
in
g
,
a
n
d

L
iu

I
2

=
n
−

2

n
−

1

{(
n3 )
−

1∑

i<
i ′<

i ′′ [V
ii ′i ′′−

E
(V

ii ′i ′′) ] }

︸
︷︷

︸
I
2
1

+
1

n
−

1

{(
n2 )
−

1
∑i<
i ′ [V

ii ′i ′−
E

(V
ii ′i ′) ] }

︸
︷︷

︸
I
2
2

+
1

n
−

1 (Θ
jk−

Σ
jk ),

w
h
ere

w
e

u
se

V
ii ′i ′′

to
d
en

ote
V
jk
ii ′i ′′ (β

∗j∨
k ).

O
b
serv

in
g

th
at
I

2
1

is
a

cen
tered

th
ird

ord
er

U
-statistic,

for
x

large
en

ou
gh

su
ch

th
at
x

4≥
∥∥E [V

ijk (β
∗j∨
k ) ] ∥∥∞

an
d

for
an

y
(a
,b),(c,d

)∈
{

(p
,q):

p
,q∈

{j,k} }
w

e
h
ave

P ([V
jk
ii ′i ′′ (β

j∨
k ) ]

a
b,cd

>
2x

4 )≤
P [(X

ia −
X
i ′a )(X

ib −
X
i ′b )(X

ic −
X
i ′′c )(X

id −
X
i ′′d )

>
x

4 ]

≤
8

ex
p
(2κ

m
+
κ
h )

ex
p
(−
x

).

T
h
u
s

th
ere

ex
ist

con
stan

ts
c

1
an

d
C

1
th

at
d
o
es

n
ot

d
ep

en
d

on
n

or
d

or
(j,k

)
su

ch
th

at
for

an
y
x
∈
R

,
an

y
i,i ′,i ′′∈

[n
]

an
d

an
y
j,k
∈

[d
],

P ([V
jk
ii ′i ′′ (β

∗j∨
k )]a

b,cd
>
x )≤

C
1

ex
p
(c

1 x
1
/
4).

(113)

T
h
is

im
p
lies

th
at

th
ere

ex
ists

som
e

gen
eric

con
stan

t
C

su
ch

th
at‖V

jk
ii ′i ′′ (β

∗j∨
k )‖∞

≤
C

lo
g

4
d

for
all

j,k
∈

[d
]

an
d
i,i ′∈

[n
]

w
ith

p
rob

ab
ility

ten
d
in

g
to

on
e.

S
im

ilar
to

th
e

m
eth

o
d

w
e

u
se

in
§E

.3,
w

e
d
efi

n
e
E

:=
{‖V

jk
ii ′i ′′ (β

∗j∨
k )‖∞

≤
C

log
4
d
,∀
i,i ′,i ′′∈

[n
],j,k

∈
[d

] }
.

B
y

B
ern

stein
’s

in
eq

u
ality

for
U

-statistics
(L

em
m

a
19)

w
ith

b
=

C
log

4
d

in
(56),

for
som

e
gen

eric
con

stan
ts
C

,
it

h
old

s
w

ith
h
igh

p
rob

ab
ility

th
at

(
n2 )
−

1∑i<
i ′ [V

ii ′i ′−
E

(V
ii ′i ′|E

) ]≤
C
√

log
d
/n
,
∀
j,k
∈

[d
],i,i ′,i ′′∈

[n
].

(114)

M
oreover,

b
y

(113),
w

e
h
ave

E {
[V

ii ′i ′(β
∗j∨
k )]a

b,cd |E }
−

E {
[V
ii ′i ′′(β

∗j∨
k )]a

b,cd }

≤
∫
∞C
lo

g
4
d P { ∣∣[V

jk
ii ′i ′′ (β

∗j∨
k )]a

b,cd ∣∣
>
x }
≤
c

1
log

3
d·

ex
p
(−
c

2
log

d
)

(115)

for
som

e
ab

solu
te

con
stan

t
c

1
an

d
c

2 .
S
in

ce
(115)

h
old

s
u
n
iform

ly,
w

e
h
ave

(
n2 )
−

1∑i<
i ′ [E

(V
ii ′i ′|E

)−
E

(V
ii ′i ′′) ]≤

log
3
d·

ex
p
(−
c

2
log

d
).

√
log

d
/n
.

(116)

C
om

b
in

in
g

(114)
an

d
(116)

w
e

ob
tain

th
at

‖
I

2
1 ‖∞

=
O

P ( √
log

d
/n )

u
n
iform

ly
for

1
≤
j
<
k
≤
n
.

(117)

F
or

th
e

secon
d

p
art

I
2
2 ,

n
otin

g
th

at
it

is
a
U

-statistic
of

ord
er

2,
b

ecau
se

(113)
also

h
old

s
for

V
ii ′i ′′(β

∗j∨
k ),

a
p
p
ly

in
g

th
e

sam
e

tech
n
iq

u
e,

w
e

h
ave
‖
I

2
1 ‖∞

=
O

P ( √
log

d
/n )

u
n
iform

ly
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O
n
S
e
m
ip
a
r
a
m
e
t
r
ic

E
x
p
o
n
e
n
t
ia
l
F
a
m
il
y
G
r
a
p
h
ic
a
l
M
o
d
e
l
s

fo
r

1
≤
j
<
k
≤
n

.
C

om
b
in

in
g

w
it

h
(1

17
),

w
e

co
n
cl

u
d
e

th
at

,
fo

r
so

m
e

ab
so

lu
te

co
n
st

an
t
C

,
w

e
h
av

e

∥ ∥ Σ̂
jk
( β
∗ j∨
k

) −
Σ
jk
∥ ∥ ∞
≤
C
√

lo
g
d
/n
,
∀1
≤
j
<
k
≤
n
.

(1
18

)

N
ow

w
e

tu
rn

to
I 1

.
F

or
an

y
β
j
,β

k
∈

R
d
−

1
su

ch
th

at
‖β

j
−
β
∗ j‖

1
≤
r(
s∗
,n
,d

)
an

d

‖β
k
−
β
∗ k‖

1
≤
r(
s∗
,n
,d

),
w

e
d
en

ot
e
ω
j ii
′

: =
ex

p
[ −

(X
ij
−
X
i′
j
)(
β
j
−
β
∗ j)
T

(X
i\
j
−
X
i′
\j

)]
an

d

d
en

ot
e
ω
k ii
′

si
m

il
ar

ly
.

R
ec

al
l

th
at

w
e

d
en

o
te
R
j ii
′(
β
j
)

=
ex

p
[ −

(x
ij
−
x
i′
j
)β

j
T

(x
i\
j
−
x
i′
\j

)]
.

H
en

ce
b
y

d
efi

n
it

io
n

w
e

h
av

e
R
j ii
′(
β
j
)

=
ω
j ii
′R

j ii
′(
β
∗ j)
.

A
s

sh
ow

n
in
§E

.3
,

w
e

h
av

e

m
in
{1
,ω

j ii
′,
ω
k ii
′}

h
jk ii
′(
β
∗ j∨
k
)
≤

h
jk ii
′(
β
j∨
k
)
≤

m
ax
{1
,ω

j ii
′,
ω
k ii
′}

h
jk ii
′(
β
∗ j∨
k
),

(1
19

)

w
h
er

e
th

e
in

eq
u
al

it
y

is
ta

ke
n

el
em

en
tw

is
el

y.
W

e
d
en

ot
e
b

: =
m

ax
i,
i′
∈[
n

];
j∈

[d
]
r(
s∗
,n
,d

)∥ ∥
(X

ij
−

X
i′
j
)(
X
i\
j
−
X
i′
\j

)∥ ∥
∞

.
N

ot
e

th
at

w
h
en
‖β

j
−
β
∗ j‖

1
≤
r(
s∗
,n
,d

)
an

d
‖β

k
−
β
∗ k‖

1
≤
r(
s∗
,n
,d

),

w
e

h
av

e
ω
j ii
′,
ω
k ii
′
∈

[e
x
p
(−
b)
,e

x
p
(b

)]
.

T
h
er

ef
or

e
b
y

(1
19

)
an

d
th

e
d
efi

n
it

io
n

of
V
jk ii
′ i
′′
( β

j\
k

) ,
w

e
ob

ta
in

th
e

fo
ll
ow

in
g

el
em

en
tw

is
e

in
eq

u
a
li
ty

ex
p
(−

2b
)V

jk ii
′ i
′′
( β
∗ j\
k

) ≤
V
jk ii
′ i
′′
( β

j\
k

) ≤
ex

p
(2
b)

V
jk ii
′ i
′′
( β
∗ j\
k

) ,

w
h
ic

h
im

p
li
es

th
at

∥ ∥ Σ̂
jk
( β

j∨
k

) −
Σ̂
jk
( β
∗ j∨
k

)∥ ∥
∞
≤

m
ax
{ 1
−

ex
p
(−

2
b)
,e

x
p
(2
b)
−

1}
∥ ∥ Σ̂

jk
( β
∗ j∨
k

)∥ ∥
∞
.

(1
20

)

A
s

w
e

sh
ow

in
§E

.3
,
b
≤
C
r(
s∗
,n
,d

)
lo

g
2
d

w
it

h
h
ig

h
p
ro

b
ab

il
it

y
fo

r
so

m
e

ab
so

lu
te

co
n
st

a
n
t

C
>

0.
S
in

ce
li
m

n
→
∞
r(
s∗
,n
,d

)
lo

g
2
d

=
0,

b
y

(1
20

)
w

e
h
av

e

∥ ∥ Σ̂
jk
( β

j∨
k

) −
Σ̂
jk
( β
∗ j∨
k

)∥ ∥
∞
.
b∥ ∥

Σ̂
jk
( β
∗ j∨
k

)∥ ∥
∞
∥ ∥ ∞
≤
b∥ ∥

Σ̂
jk
( β
∗ j∨
k

) −
Σ
jk
∥ ∥ ∞

+
b‖

Σ
jk
‖ ∞

.

N
ot

e
th

at
w

e
sh

ow
‖I

2
‖ ∞

=
∥ ∥ Σ̂

jk
( β
∗ j∨
k

) −
Σ
jk
∥ ∥ ∞

=
O

P
(√

lo
g
d
/n
) ,

w
h
ic

h
co

n
ve

rg
es

to
ze

ro
as

y
m

p
to

ti
ca

ll
y.

T
h
u
s

w
e

co
n
cl

u
d
e

th
at

∥ ∥ Σ̂
jk
( β

j∨
k

) −
Σ̂
jk
( β
∗ j∨
k

)∥ ∥
∞

=
O

P
( r

(s
∗ ,
n
,d

)
lo

g
2
d
) .

(1
2
1)

C
om

b
in

in
g

(1
18

)
an

d
(1

21
),

w
e

h
av

e
th

e
fo

ll
ow

in
g

er
ro

r
b

ou
n
d

fo
r

Σ̂
jk
( β

j∨
k

) :

∥ ∥ Σ̂
jk
( β

j∨
k

) −
Σ
jk
∥ ∥ ∞

=
O

P

( r(
s∗
,n
,d

)
lo

g
2
d

+
√

lo
g
d
/n
)

fo
r

al
l

(j
,k

).
(1

22
)

F
in

al
ly

,
b
y

th
e

fa
ct

th
at

m
ax

j∈
[d

]
‖β̂

j
−
β
∗ j‖

1
.
s∗
λ

,
w

e
co

n
cl

u
d
e

th
e

p
ro

of
o
f

L
em

m
a

25
b
y

se
tt

in
g
r

=
C
s∗
λ

.

E
.3

.
P

ro
o
f

o
f

L
e
m

m
a

2
6

N
ow

w
e

tu
rn

to
th

e
la

st
u
n
p
ro

ve
n

re
su

lt
,

n
am

el
y

L
em

m
a

26
,

w
h
ic

h
ch

ar
ac

te
ri

ze
s

th
e

p
er

-
tu

rb
at

io
n

of
∇

2
L
j
(β

j
).
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Y
a
n
g
,
N
in
g
,
a
n
d

L
iu

P
ro

o
f

N
ot

e
th

at
∇

2
L
j
(β

j
)

is
a

se
co

n
d
-o

rd
er
U

-s
ta

ti
st

ic
.

H
en

ce
∇

2
L
j
(β

j
)
−
E[
∇

2
L
j
(β

j
)]

is
a

ce
n
te

re
d
U

-s
ta

ti
st

ic
.

W
e

d
en

ot
e

it
s

ke
rn

el
as

T
ii
′ (
β
j
),

th
en

∇
2
L
j
(β

j
)
−

E[
∇

2
L
j
(β

j
)]

=
2

n
(n
−

1)

∑ i<
i′

T
ii
′ (
β
j
).

N
ot

e
th

at
∥ ∥ E

[T
ii
′ (
β
j
)]
∥ ∥ ∞

is
b

ou
n
d
ed

fo
r

al
l
β
j
∈
R
d
−

1
b

ec
au

se

m
ax

u
∈R

d
−
1

∥ ∥ E
[T
ii
′ (
β
j
)]
∥ ∥ ∞
.

m
ax

j∈
[d

]
E|
X
ij
−
X
i′
j
|4
.

m
ax

j∈
[d

],
i∈

[n
]
E|
X
ij
|4
≤
∫
∞

0
c

ex
p
(−
t1
/
4
)d
t

=
2
4c
,

w
h
er

e
c

=
2

ex
p
(κ
m

+
κ
h
/
2)
.

H
er

e
th

e
la

st
in

eq
u
al

it
y

fo
ll
ow

s
fr

om
(1

4)
.

L
et
∇

2 jk
,j
`L

j
(β

j
)

=

∂
2
L
j
(β

j
)/
( ∂
β
jk
∂
β
j`

)
an

d
le

t
[ T

ii
′ (
β
j
)]
k
`

b
e

th
e

co
rr

es
p

on
d
in

g
ke

rn
el

fu
n
ct

io
n
.

T
h
a
t

is
,

∇
2 jk
,j
`L

j
(β

j
)

=
( n 2

) −
1
∑

i<
i′
[ T

ii
′ (
β
j
)]
k
`.

F
or
x
>

0
su

ch
th

a
t
x

4
>

2
4c

an
d
k
,`
6=
j,

w
e

h
av

e

P{
∣ ∣ [T

ii
′ (
β
∗ j)

] k
`∣ ∣
>

2x
4
}
≤

P[
(X

ij
−
X
i′
j
)2

(X
ik
−
X
i′
k
)(
X
i`
−
X
i′
`)
>
x

4
]

≤
P(
|X

ij
−
X
i′
j
|>

x
) +

P(
|X

ik
−
X
i′
k
|>

x
) +

P(
|X

i`
−
X
i′
`|
>
x
) .

(1
2
3
)

A
s

a
d
ir

ec
t

im
p
li
ca

ti
on

of
A

ss
u
m

p
ti

o
n

2,
w

e
h
av

e
P(
|X

ij
−
X
ij
|
>

x
)
≤

2
ex

p
(2
κ
m

+
κ
k
)

ex
p
(−
x

)
fo

r
al

l
j
∈

[d
].

T
h
en

w
e

ca
n

b
ou

n
d

th
e

ri
gh

t-
h
an

d
si

d
e

of
(1

23
)

b
y

P{
∣ ∣ [T

ii
′ (
β
∗ j)

] k
`∣ ∣
>

2
x

4
}
≤

6
ex

p
(2
κ
m

+
κ
h
)

ex
p
(−
x

)
w

h
en

x
4
>

48
ex

p
(κ
m

+
κ
h
/
2
).

L
et

ti
n
g
C
T

=
m

ax
{ 6

ex
p
(2
κ
m

+
κ
h
),

ex
p
{ [4

8
ex

p
(κ
m

+
κ
h
/2

)]
1
/
4
}}
,

it
h
ol

d
s

th
a
t

P{
∣ ∣ [T

ii
′ (
β
∗ j)

] k
`∣ ∣
>
x
}
≤
C
T

ex
p
(−

2
−

1
/
4
x

1
/
4
)

fo
r

al
l
x
>

0.
(1

2
4)

T
h
u
s

b
y

a
u
n
io

n
b

ou
n
d
,

w
e

co
n
cl

u
d
e

th
at

th
er

e
ex

is
ts

so
m

e
ge

n
er

ic
co

n
st

an
t
C

su
ch

th
a
t

‖T
ii
′ (
β
∗ j)
‖ ∞
≤
C

lo
g

4
d

fo
r

al
l
j
∈

[d
]

an
d
i,
i′
∈

[n
]

w
it

h
p
ro

b
ab

il
it

y
at

le
a
st

1
−

(8
d
)−

1
.

W
e

d
efi

n
e

an
ev

en
t
E

: =
{ ‖

T
ii
′ (
β
∗ j)
‖ ∞
≤
C

lo
g

4
d
,∀
i,
i′
∈

[n
],
j
∈

[d
]}

.
B

y
(1

2
4
),

it
is

ea
sy

to
se

e
th

at
T
ii
′ (
β
∗ j)

is
` 2

-i
n
te

gr
ab

le
.

B
y

B
er

n
st

ei
n
’s

in
eq

u
al

it
y

fo
r
U

-s
ta

ti
st

ic
s

(L
em

m
a

1
9
)

w
it

h
b

=
C

lo
g

4
d

in
(5

6)
,

fo
r

so
m

e
ge

n
er

ic
co

n
st

an
ts
C

1
an

d
C

2
,

w
e

ob
ta

in
th

a
t

P(
∇

2
L
j
(β

j
)
−

E 1
[ ∇

2
L
j
(β

j
)]
>
t∣ ∣ E
)
≤

4
ex

p
[ −
n
t2
/ (C

1
+
C

2
lo

g
4
·t)
] ,
∀j
∈

[d
].

(1
2
5
)

H
er

e
w

e
u
se

E 1
[ ∇

2
L
j
(β

j
)]

to
d
en

ot
e
E[
∇

2
L
j
(β

j
)∣ ∣ E
] .

T
h
u
s

u
n
d
er

A
ss

u
m

p
ti

o
n

4
w

e
o
b
ta

in
th

at
,

co
n
d
it

io
n
in

g
on

ev
en

t
E,

∥ ∥ ∇
2
L
j
(β

j
)
−

E 1
[ ∇

2
L
j
(β

j
)]
∥ ∥ ∞
≤
C
√

lo
g
d
/n
,
∀j
∈

[d
]

(1
2
6
)

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−

(8
d
)−

1
.

M
or

eo
ve

r,
b
y

(1
24

)
w

e
ob

ta
in

th
at

E{
[T

ii
′ (
β
∗ j)

] k
`∣ ∣ E
} −

E{
[T

ii
′ (
β
∗ j)

] k
`}
≤
∫
∞

C
lo

g
4
d
P{
∣ ∣ [T

ii
′ (
β
∗ j)

] k
`∣ ∣
>
x
}
≤
c 1

lo
g

3
d
·ex

p
(−
c 2

lo
g
d
)

fo
r

so
m

e
ab

so
lu

te
co

n
st

an
t
c 1

an
d
c 2

.
T

h
er

ef
or

e
w

e
h
av

e
∥ ∥ E

1

[ ∇
2
L
j
(β

j
)]
−

E[
∇

2
L
j
(β

j
)]
∥ ∥ ∞
.

lo
g

3
d
·e

x
p
(−
c 2

lo
g
d
)
.
√

lo
g
d
/
n
.

(1
2
7)
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O
n
S
e
m
ipa

r
a
m
e
t
r
ic

E
x
p
o
n
e
n
t
ia
l
F
a
m
ily

G
r
a
p
h
ic
a
l
M
o
d
e
l
s

C
o
m

b
in

in
g

(1
2
6
)

an
d

(127)
w

e
sh

ow
th

at,
w

ith
p
rob

ab
ility

at
least

1−
(4d

) −
1, ∥∥∇

2L
j (β
∗j )−

E
[∇

2L
j (β
∗j )] ∥∥∞

≤
C
h √

log
d
/n

for
all

j∈
[d

].

F
o
r

th
e

secon
d

argu
m

en
t

(107),
let

∆
=
β
j −

β
∗j

w
h
ere

β
j
∈

R
d−

1
lies

in
th

e
`
1 -b

all

cen
tered

a
t
β
∗j

w
ith

rad
iu

s
r

1 (s ∗,n
,d

),
th

at
is, ∥∥

β
j −
β
∗j ∥∥

1 ≤
r

1 (s ∗,n
,d

).
B

y
th

e
in

d
ep

en
d
en

ce
b

etw
een

X
i

a
n
d
X
i ′,

A
ssu

m
p
tion

2
im

p
lies

th
at

m
a
x {

log
E [ex

p
(X

ij −
X
i ′j ) ],log

E [ex
p
(X

i ′j −
X
ij ) ] }

≤
2κ

m
+
κ
h ,

w
h
ich

fu
rth

er
im

p
lies

th
at

for
an

y
x
>

0

P (∣∣(X
ij −

X
i ′j ) ∣∣

>
x )
≤

2
ex

p
(2κ

m
+
κ
h )

ex
p
(−
x

),
∀
j∈

[d
].

H
en

ce
fo

r
an

y
x
>

0
an

d
j,k
∈

[d
],

a
u
n
ion

b
o
u
n
d

im
p
lies

th
at

P [ ∣∣(X
ij −

X
i ′j )(X

ik −
X
i ′k ) ∣∣

>
x

2 ]≤
P [ ∣∣(X

ij −
X
i ′j ) ∣∣

>
x ]

+
P [ ∣∣(X

ik −
X
i ′k ) ∣∣

>
x ]

≤
4

ex
p
(2κ

m
+
κ
h )

ex
p
(−
x

).
(128)

T
a
k
in

g
a

u
n
ion

b
ou

n
d

over
1≤

j
<
k≤

d
an

d
1
≤
i
<
i ′≤

n
w

e
ob

tain
th

at

P [
m

ax
i,i ′∈

[n
];j∈

[d
] ∥∥

(X
ij −

X
i ′j )(X

i\
j −

X
i ′\
j ) ∥∥∞

>
x

2 ]
.
n

2d
2

ex
p
(−
x

).

If
w

e
d
en

o
te
b

:=
m

ax
i,i ′∈

[n
];j∈

[d
] r

1 (s ∗,n
,d

) ∥∥
(X

ij −
X
i ′j )(X

i\
j −

X
i ′\
j ) ∥∥∞

,
th

en
w

e
ob

tain

th
a
t
b≤

C
r

1 (s ∗,n
,d

)
log

2
d

w
ith

p
rob

ab
ility

at
least

1−
(4d

) −
1

for
som

e
co

n
stan

t
C
>

0
.

D
en

o
tin

g
ω
ii ′

:=
ex

p {−
(X

ij −
X
i ′j )∆

T
(X

i\
j −

X
i ′\
j ) }

,
b
y

d
efi

n
ition

,

R
jii ′ (β

j )
=

ex
p {−

(X
ij −

X
i ′j )(∆

+
β
∗j )
T

(X
i\
j −

X
i ′\
j ) }

=
ω
ii ′R

jii ′ (β
∗j ).

T
h
u
s

w
e

ca
n

w
rite
∇

2L
j (β

j )
as:

∇
2L

j (β
j )

=
2

n
(n
−

1) ∑i<
i ′

R
jii ′ (β

∗)(X
ij −

X
i ′j )

2(X
i\
j −

X
i ′\
j ) ⊗

2

(1
+
R
jii ′ (β

∗) )
2

ω
ii ′ (1

+
R
jii ′ (β

∗) )
2

(1
+
ω
ii ′R

jii ′ (β
∗) )

2
.(129)

If
ω
ii ′
≥

1
,

th
en

(ω
ii ′) −

2
≤
(1

+
R
jii ′ (β

∗) )
2 /(1

+
ω
ii ′R

jii ′ (β
∗) )

2
≤

1;
oth

erw
ise

w
e

h
ave

1
≤
(1

+
R
jii ′ (β

) )
2/ (1

+
ω
ii ′R

jii ′ (β
∗) )

2≤
(ω
ii ′) −

2.
T

h
is

ob
servation

im
p
lies

m
in {

ω
ii ′,1

/ω
ii ′ }
≤

ω
ii ′ (1

+
R
jii ′ (β

) )
2

(1
+
ω
ii ′R

jii ′ (β
∗) )

2
≤

m
ax {

ω
ii ′,1/ω

ii ′ }
.

(130)

B
y

th
e

d
efi

n
itio

n
of
ω
ii ′,

H
öld

er’s
in

eq
u
ality

im
p
lies

th
at ∣∣(X

ij −
X
i ′j )∆

T
(X

i\
j −
X
i ′\
j ) ∣∣≤

b,
th

u
s

w
e

h
ave

ex
p
(−
b)≤

m
in {

ω
ii ′1/ω

ii ′ }
≤

m
ax {

ω
ii ′,1

/
ω
ii ′ }
≤

ex
p
(b).

(131)

51
JM

L
R

 19(57):1-59, 2018

Y
a
n
g
,
N
in
g
,
a
n
d

L
iu

C
om

b
in

in
g

(129),(130)
an

d
(131)

w
e

ob
tain

ex
p
(−
b)∇

2L
j (β
∗j )≤

∇
2L

j (β
j )≤

ex
p
(b)∇

2L
j (β
∗j ).

(132)

T
h
en

b
y

(132),
sin

ce
lim
n→
∞
r

1 (s ∗,n
,d

)
log

2
d

=
0,

w
e

h
ave

∥∥∇
2L

j (β
j )−

∇
2L

j (β
∗j ) ∥∥∞

≤
m

ax {
1−

ex
p
(−
b),ex

p
(b)−

1 } ∥∥∇
2L

j (β
∗j ) ∥∥∞

.
b ∥∥∇

2L
j (β
∗j ) ∥∥∞

.

N
otice

th
at

u
n
d
er

A
ssu

m
p
tion

2,
as

sh
ow

n
in
§D

.1,
w

e
can

a
ssu

m
e

th
at ∥∥E [∇

2L
j (β
∗j ) ] ∥∥∞

≤
D

w
h
ere

D
ap

p
ears

in
(84).

B
y

trian
gle

in
eq

u
ality,

∥∥∇
2L

j (β
∗j ) ∥∥∞

≤
∥∥∇

2L
j (β
∗j )−

E [∇
2L

j (β
∗j ) ] ∥∥∞

+
∥∥E [∇

2L
j (β
∗j ) ] ∥∥∞

≤
D

+
C
h √

log
d
/n
≤

2D

w
ith

p
rob

ab
ility

at
least

1
−

(4d
) −

1,
w

h
ere

th
e

last
in

eq
u
ality

follow
s

from
th

e
fact

th
at

(log
9
d
/n )

1
/
2

ten
d
s

to
zero

as
n

go
es

to
in

fi
n
ity.

T
h
en

w
e

o
b
tain

th
at

∥∥∇
2L

j (β
j )−

∇
2L

j (β
∗j ) ∥∥∞

≤
C
r r

1 (s ∗,n
,d

)
log

2
d

h
old

s
for

som
e

ab
solu

te
con

stan
t
C
r
>

0
an

d
u
n
iform

ly
for

all
j∈

[d
]

an
d
β
j ∈

B
j (r

1 )
w

ith
p
rob

ab
ility

at
least

1−
(2d

) −
1.

F
in

ally,
for

th
e

last
argu

m
en

t
(108),

for
an

y
v
∈
R
d−

1,
b
y

(132
)

w
e

h
ave

ex
p
(−
b)v
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ö
fl
in

g
an

d
R

ob
ert

T
ib

sh
iran

i.
E

stim
ation

of
sp

arse
b
in

ary
p
airw

ise
m

arkov
n
et-

w
o
rk

s
u
sin

g
p
seu

d
o-likelih

o
o
d
s.

T
h
e

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
10

:883–906,
2
0
0
9
.

J
a
n
a

J
a
n
kov

á
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e)
.

H
er

e
P e

m
ea

n
s

th
at

th
e

in
te

gr
at

io
n

is
m

ad
e

w
it

h
re

sp
ec

t
to

th
e

ra
n
d
o
m

va
ri

ab
le
e
∈

E n
−
p
,
w

h
ic

h
fo

ll
ow

s
th

e
u
n
if

or
m

d
is

tr
ib

u
ti

on
ov

er
th

e
( n p

) p
os

si
b
le

su
b
se

ts
in
E n
−
p

w
it

h
ca

rd
in

al
it

y
n
−
p
.

F
or

in
st

an
ce

P e
(i
/∈
e)

=
p
/n

si
n
ce

it
is

th
e

p
ro

p
or

ti
on

of
su

b
sa

m
p
le

s
w

it
h

ca
rd

in
al

it
y
n
−
p

w
h
ic

h
d
o

n
ot

co
n
ta

in
a

g
iv

en
p
re

sc
ri

b
ed

in
d
ex

i,
w

h
ic

h
eq

u
al

s
( n
−

1
n
−
p

) /
( n p

) .
(S

ee
al

so
L

em
m

a
D

.4
fo

r
fu

rt
h
er

ex
am

p
le

s
of

su
ch

ca
lc

u
la

ti
o
n
s.

)

2.
F

or
an

y
X
i,

le
t
X

(1
),
..
.,
X

(k
+
p
−

1
),
X

(k
+
p
),
..
.,
X

(n
−

1
)

b
e

th
e

or
d
er

ed
se

q
u
en

ce
of

n
ei

gh
-

b
or

s
of
X
i.

T
h
is

li
st

d
ep

en
d
s

on
X
i,

th
a
t

is
X

(1
)

sh
ou

ld
b

e
n
ot

ed
X

(i
,1

).
B

u
t

th
is

d
ep

en
d
en

cy
is

sk
ip

p
ed

h
er

e
fo

r
th

e
sa

k
e

of
re

ad
ab

il
it

y.

T
h
e

k
ey

in
th

e
d
er

iv
at

io
n

is
to

co
n
d
it

io
n

w
it

h
re

sp
ec

t
to

th
e

ra
n
d
om

va
ri

ab
le
R
i k

w
h
ic

h
d
en

ot
es

th
e

ra
n
k

(i
n

th
e

w
h
ol

e
sa

m
p
le
D n

)
of

th
e
k
-t

h
n
ei

gh
b

or
o
f
X
i

in
th

e
D
e
.

F
or

in
st

an
ce
R
i k

=
j

m
ea

n
s

th
at
X

(j
)

is
th

e
k
-t

h
n
ei

gh
b

or
of
X
i

in
D
e
.

T
h
en

P e
(A
D
e

(X
i)
6=
Y
i|i

/∈
e)

=

k
+
p
−

1
∑ j=
k

P e
(A
D
e

(X
i)
6=
Y
i
|R

i k
=
j,
i
/∈
e)
P e

(R
i k

=
j
|i
/∈
e)
,

w
h
er

e
th

e
su

m
in

vo
lv

es
p

te
rm

s
si

n
ce

on
ly
X

(k
),
..
.,
X

(k
+
p
−

1
)

ar
e

ca
n
d
id

at
es

fo
r

b
ei

n
g

th
e
k
-t

h
n
ei

gh
b

or
of
X
i

in
at

le
as

t
on

e
tr

ai
n
in

g
su

b
se

t
e.

3.
O

b
se

rv
e

th
at

th
e

re
su

lt
in

g
p
ro

b
ab

il
it

ie
s

ca
n

b
e

ea
si

ly
co

m
p
u
te

d
(s

ee
L

em
m

a
D

.4
):

?
P e

(i
/∈
e)

=
p n

?
P e

(R
i k

=
j|i

/∈
e)

=
k j
P

(U
=
j
−
k
)

?
P e

(A
D
e

(X
i)
6=
Y
i|V

i k
=
j,
i
/∈
e)

=
(1
−
Y
j
)
[ 1
−
F
H

( k
+

1
2

)]
+
Y
j

[ 1
−
F
H
′
( k
−

1
2

)]
,
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C
e
l
is
se

a
n
d

M
a
r
y
-H

u
a
r
d

w
it

h
U
∼
H

(j
,n
−
j
−

1,
p
−

1)
,
H
∼
H

(N
j i
,j
−
N
j i
−

1
,k
−

1)
,

an
d
H
′
∼
H

(N
j i
−

1,
j
−
N
j i
,k
−

1)
,

w
h
er

e
F
H

an
d
F
H
′

re
sp

ec
ti

ve
ly

d
en

ot
e

th
e

cu
m

u
la

ti
ve

d
is

tr
ib

u
ti

o
n

fu
n
ct

io
n
s

of
H

an
d
H
′ ,
H

d
en

ot
es

th
e

h
y
p

er
ge

om
et

ri
c

d
is

tr
ib

u
ti

on
,

a
n
d
N
j i

is
th

e
n
u
m

b
er

of
1’

s
am

on
g

th
e
j

n
ea

re
st

n
ei

gh
b

or
s

of
X
i

in
D n

.

T
h
e

co
m

p
u
ta

ti
on

a
l

co
st

of
L
p
O

fo
r

th
e
k
N

N
cl

as
si

fi
er

is
th

e
sa

m
e

as
th

at
o
f

L
1
O

fo
r

th
e

(k
+
p
−

1)
N

N
cl

as
si

fi
er

w
h
at

ev
er

p
,

th
at

is
O

(p
n

).
T

h
is

co
n
tr

as
ts

w
it

h
th

e
u
su

a
l
( n p

)

p
ro

h
ib

it
iv

e
co

m
p
u
ta

ti
on

al
co

m
p
le

x
it

y
se

em
in

gl
y

su
ff

er
ed

b
y

L
p
O

.

2
.2

.
U

-s
ta

ti
st

ic
s:

G
e
n

e
ra

l
b

o
u

n
d

s
o
n

L
p
O

m
o
m

e
n
ts

T
h
e

p
u
rp

os
e

of
th

e
p
re

se
n
t

se
ct

io
n

is
to

d
es

cr
ib

e
a

ge
n
er

al
st

ra
te

gy
al

lo
w

in
g

to
d
er

iv
e

n
ew

u
p
p

er
b

ou
n
d
s

on
th

e
p

ol
y
n
om

ia
l

m
om

en
ts

of
th

e
L
p
O

es
ti

m
at

or
.

A
s

a
fi
rs

t
st

ep
o
f

th
is

st
ra

te
gy

,
w

e
es

ta
b
li
sh

th
e

co
n
n
ec

ti
on

b
et

w
ee

n
th

e
L
p
O

ri
sk

es
ti

m
at

or
an

d
U

-s
ta

ti
st

ic
s.

S
ec

on
d
,

w
e

ex
p
lo

it
th

is
co

n
n
ec

ti
on

to
d
er

iv
e

n
ew

u
p
p

er
b

ou
n
d
s

on
th

e
or

d
er

-q
m

o
m

en
ts

of
th

e
L
p
O

es
ti

m
at

or
fo

r
q
≥

2.
N

ot
e

th
at

th
es

e
u
p
p

er
b

ou
n
d
s,

w
h
ic

h
re

la
te

m
o
m

en
ts

o
f

th
e

L
p
O

es
ti

m
at

or
to

th
os

e
of

th
e

L
1O

es
ti

m
at

or
,

h
ol

d
tr

u
e

w
it

h
an

y
cl

as
si

fi
er

.

L
et

u
s

st
ar

t
b
y

in
tr

o
d
u
ci

n
g
U

-s
ta

ti
st

ic
s

an
d

re
ca

ll
in

g
so

m
e

of
th

ei
r

b
as

ic
p
ro

p
er

ti
es

th
a
t

w
il
l

se
rv

e
ou

r
p
u
rp

os
es

.
F

or
a

th
or

ou
gh

p
re

se
n
ta

ti
on

,
w

e
re

fe
r

to
th

e
b

o
o
k
s

b
y

S
er

fl
in

g
(1

98
0)

;
K

or
ol

ju
k

a
n
d

B
or

ov
sk

ic
h

(1
99

4
).

T
h
e

fi
rs

t
st

ep
is

th
e

d
efi

n
it

io
n

of
a
U

-s
ta

ti
st

ic
o
f

or
d
er
m
∈
N
∗

as
an

av
er

ag
e

ov
er

al
l
m

-t
u
p
le

s
of

d
is

ti
n
ct

in
d
ic

es
in
{1
,.
..
,n
}.

D
e
fi

n
it

io
n

2
.1

(K
or

ol
ju

k
an

d
B

or
ov

sk
ic

h
(1

99
4)

).
L

et
h

:
X
m
−→

R
d
en

o
te

a
n

y
m

ea
su

r-
a
bl

e
fu

n
ct

io
n

w
h
er

e
m
≥

1
is

a
n

in
te

ge
r.

L
et

u
s

fu
rt

h
er

a
ss

u
m

e
h

is
a

sy
m

m
et

ri
c

fu
n

ct
io

n
o
f

it
s

a
rg

u
m

en
ts

.
T

h
en

a
n

y
fu

n
ct

io
n
U
n

:
X
n
−→

R
su

ch
th

a
t

U
n
(x

1
,.
..
,x

n
)

=
U
n
(h

)(
x

1
,.
..
,x

n
)

=

(
n m

) −
1

∑

1
≤
i 1
<
..
.<
i m
≤
n

h
(x
i 1
,.
..
,x

i m
)

w
h
er

e
m
≤
n

,
is

a
U

-s
ta

ti
st

ic
o
f

o
rd

er
m

a
n

d
ke

rn
el
h

.

B
ef

or
e

cl
ar

if
y
in

g
th

e
co

n
n
ec

ti
on

b
et

w
ee

n
L
p
O

an
d
U

-s
ta

ti
st

ic
s,

le
t

u
s

in
tr

o
d
u
ce

th
e

m
a
in

p
ro

p
er

ty
of
U

-s
ta

ti
st

ic
s

ou
r

st
ra

te
gy

re
li
es

on
.

It
co

n
si

st
s

in
re

p
re

se
n
ti

n
g

an
y

U
-s

ta
ti

st
ic

as
an

av
er

ag
e,

ov
er

al
l

p
er

m
u
ta

ti
on

s,
of

su
m

s
of

in
d
ep

en
d
en

t
va

ri
ab

le
s.

P
ro

p
o
si

ti
o
n

2
.1

(E
q
.

(5
.5

)
in

H
o
eff

d
in

g
(1

96
3)

).
W

it
h

th
e

n
o
ta

ti
o
n

o
f

D
efi

n
it

io
n

2
.1

,
le

t
u

s
d
efi

n
e
W

:
X
n
−→

R
by

W
(x

1
,.
..
,x

n
)

=
1 r

r ∑ j=
1

h
( x

(j
−

1
)m

+
1
,.
..
,x

jm

) ,
(2

.3
)

w
h
er

e
r

=
bn
/m
c

d
en

o
te

s
th

e
in

te
ge

r
pa

rt
o
f
n
/m

.
T

h
en

U
n
(x

1
,.
..
,x

n
)

=
1 n
!

∑ σ

W
( x

σ
(1

),
..
.,
x
σ

(n
))
,

w
h
er

e
∑

σ
d
en

o
te

s
th

e
su

m
m

a
ti

o
n

o
ve

r
a
ll

pe
rm

u
ta

ti
o
n

s
σ

o
f
{1
,.
..
,n
}.

6
JM

L
R

 1
9(

58
):

1-
54

, 2
01

8



P
e
r
f
o
r
m
a
n
c
e
o
f
C
V

t
o

E
st

im
a
t
e
t
h
e
R
isk

o
f

k
N
N

W
e

a
re

n
ow

in
p

osition
to

state
th

e
key

rem
ark

of
th

e
p
ap

er.
A

ll
th

e
d
evelop

m
en

ts
fu

rth
er

ex
p

o
sed

in
th

e
follow

in
g

resu
lt

from
th

is
con

n
ection

b
etw

een
th

e
L
p
O

estim
ator

d
efi

n
ed

b
y

E
q
.

(2.2)
an

d
U

-statistics.

T
h

e
o
re

m
2
.1

.
F

o
r

a
n

y
cla

ssifi
ca

tio
n

a
lgo

rith
m
A

a
n

d
a
n

y
1
≤
p
≤
n
−

1
su

ch
th

a
t

a
cla

ssifi
er

ca
n

be
co

m
p
u

ted
fro

m
A

o
n
n
−
p

tra
in

in
g

po
in

ts,
th

e
L
p
O

estim
a
to

r
R̂
p
,n

is
a

U
-sta

tistic
o
f

o
rd

er
m

=
n
−
p

+
1

w
ith

kern
el
h
m

:
X
m
−→

R
d
efi

n
ed

by

h
m

(Z
1 ,...,Z

m
)

=
1m

m
∑i=

1

1
{
A
D
(i)
m

(X
i )6=

Y
i }
,

w
h
ere
D

(i)
m

d
en

o
tes

th
e

sa
m

p
le
D
m

=
(Z

1 ,...,Z
m

)
w

ith
Z
i

w
ith

d
ra

w
n

.

N
o
te

fo
r

in
stan

ce
th

at
w

h
en
A

=
A
k

d
en

otes
th

e
k
N

N
algorith

m
,

th
e

card
in

a
lity

ofD
(i)
m

h
a
s

to
sa

tisfy
n
−
p
≥
k
,

w
h
ich

im
p
lies

th
at

1
≤
p
≤
n
−
k
≤
n
−

1.

P
roo

f
o
f

T
h
eo

rem
2
.1

.

F
ro

m
E

q
.

(2
.2),

th
e

L
p
O

estim
ator

of
th

e
p

erform
an

ce
of

an
y

classifi
cation

algorith
m
A

co
m

p
u
ted

fro
m
D
n

satisfi
es

R̂
p (A

,D
n
)

=
R̂
p
,n

=
1(np )

∑e∈E
n−

p

1p

∑i∈
ē

1{ A
D
e
(X

i )6=
Y
i }

=
1(np )

∑e∈E
n−

p

1p

∑i∈
ē 

∑

v∈E
n−

p
+
1

1
{
v
=
e∪{

i}} 
1{ A

D
e
(X

i )6=
Y
i }
,

sin
ce

th
ere

is
a

u
n
iq

u
e

set
of

in
d
ices

v
w

ith
card

in
ality

n−
p

+
1

su
ch

th
a
t
v

=
e∪
{i}

.
T

h
en

R̂
p
,n

=
1(np )

∑

v∈E
n−

p
+
1

1p

n
∑i=

1 
∑e∈E
n−

p

1
{
v
=
e∪{

i}} 1
{
i∈
ē} 

1
{A
D
v\{

i}
(X

i )6=
Y
i }
.

F
u
rth

erm
o
re

fo
r
v

an
d
i

fi
x
ed

, ∑
e∈E

n−
p
1
{
v
=
e∪{

i}} 1
{
i∈
ē}

=
1
{
i∈
v}

sin
ce

th
ere

is
a

u
n
iq

u
e

set

o
f

in
d
ices

e
su

ch
th

at
e

=
v\

i.
O

n
e

gets

R̂
p
,n

=
1p

1(np )
∑

v∈E
n−

p
+
1

n
∑i=

1

1
{
i∈
v} 1

{A
D
v\{

i}
(X

i )6=
Y
i }

=
1

(
n

n−
p
+

1 )
∑

v∈E
n−

p
+
1

1

n
−
p

+
1

∑i∈
v

1
{A
D
v\{

i}
(X

i )6=
Y
i }
,

b
y

n
oticin

g
p (
np )

=
p
n

!
p
!n−

p
!

=
n

!
p−

1
!n−

p
!

=
(n
−
p

+
1) (

n
n−

p
+

1 ).

7
JM

L
R

 19(58):1-54, 2018

C
e
l
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a
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M
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y
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u
a
r
d

T
h
e
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el
h
m

is
a

d
eterm

in
istic

an
d

sy
m

m
etric

fu
n
ction

of
its

argu
m

en
ts

th
at

d
o
es

on
ly

d
ep

en
d

on
m

.
L

et
u
s

also
n
otice

th
at
h
m

(Z
1 ,...,Z

m
)

red
u
ces

to
th

e
L

1O
estim

ator
of

th
e

risk
of

th
e

classifi
erA

com
p
u
ted

from
Z

1 ,...,Z
m

,
th

at
is

h
m

(Z
1 ,...,Z

m
)

=
R̂

1
(A
,D

m
)

=
R̂

1
,n−

p
+

1 .
(2.4)

In
th

e
con

tex
t

of
testin

g
w

h
eth

er
tw

o
b
in

ary
classifi

ers
h
ave

d
iff

eren
t

error
rates,

th
is

fact
h
as

alread
y

b
een

p
oin

ted
ou

t
b
y

F
u
ch

s
et

al.
(2013).

W
e

n
ow

d
erive

a
gen

eral
u
p
p

er
b

ou
n
d

on
th

e
q-th

m
om

en
t

(q≥
1)

of
th

e
L
p
O

estim
ator

th
at

h
old

s
tru

e
fo

r
an

y
classifi

er
(as

lon
g

as
th

e
follow

in
g

ex
p

ectation
s

are
w

ell
d
efi

n
ed

).

T
h

e
o
re

m
2
.2

.
F

o
r

a
n

y
cla

ssifi
erA

,
letA

D
n
(·)

a
n

d
A
D
m

(·)
be

th
e

co
rrespo

n
d
in

g
cla

ssifi
ers

bu
ilt

fro
m

respectively
D
n
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⌊
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⌋
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√
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N
N

T
h
e

stra
ig

h
tforw

ard
p
ro

of
is

d
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in
S
ection

A
.3.

L
et

u
s

start
b
y

n
oticin

g
th

at
b

oth
u
p
p

er
b

o
u
n
d
s

in
E

q
.

(3.3)
an

d
(3.4)

d
eteriorate

as
p

grow
s.

T
h
is

is
n
o

lon
g
er

th
e

ca
se

for
E

q
.

(3
.5

)
an

d
(3.6),

w
h
ich

are
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ecifi
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d
esign

ed
to

cover
th

e
setu

p
w

h
ere

p
>
n
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+
1,

th
a
t

is
w

h
ere
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n
o

lon
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eq
u
al

to
1.

T
h
erefore

u
n
like

E
q
.

(3.3)
a
n
d

(3.4),
th

ese
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o
in

eq
u
a
lities
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p
articu
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t
in

th
e

setu
p

w
h
ere

p
/n
→

1,
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n
→

+
∞

,
w

h
ich

h
a
s

b
een
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b
y

S
h
ao

(1993);
Y

an
g

(2006,
2007);

C
elisse

(2014).
E

q
.

(3.5)
a
n
d

(3
.6

)
lea

d
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resp
ective

con
vergen

ce
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at
w

orse
k

3
/
2/n

(for
q

=
2)

an
d
k
q/
n
q−

1
(for

q
>

2
).

In
p
a
rticu

lar
th

is
last

rate
b

ecom
es

ap
p
rox

im
a
tely

eq
u
al

to
(k
/n

)
q

as
q

gets
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O
n
e

ca
n

a
lso

em
p
h
asize

th
at,

as
a

U
-statistic

of
fi
x
ed

ord
er
m

=
n
−
p

+
1,

th
e

L
p
O

estim
a
tor

h
a
s

a
k
n
ow

n
G

au
ssian

lim
itin

g
d
istrib

u
tion

,
th

at
is

(see
T

h
eorem

A
,

S
ection

5.5.1
S
erfl

in
g
,

19
8
0
)

√
n

m

(
R̂
p
,n −

E
[
R̂
p
,n ])

L
−−−−−→
n→

+
∞
N
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w
h
ere

σ
21

=
V

a
r
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(Z

1 )
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g
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)
=
E
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m
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,Z
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m
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h
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th
e

u
p
p

er
b
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n
d
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b
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E
q
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p
rovab
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b
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n
d
p
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e

recov
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th
e

righ
t

m
agn

itu
d
e
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e
varian
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lon

g
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m

=
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p
+

1
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a
ssu

m
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to
b

e
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stan
t.

F
in

a
lly

E
q
.

(3.6)
h
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b
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d
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u
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g
a

sp
ecifi

c
version

of
th

e
R

osen
th

al
in

eq
u
ality

(Ib
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g
im

ov
a
n
d

S
h
arak

h
m

etov
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w
ith

th
e

op
tim

al
con

stan
t

a
n
d

in
volv

in
g

a
“
b
a
la

n
cin

g
fa

ctor”.
In

p
articu

lar
th
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b
alan

cin
g

factor
h
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u
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to
op
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th
e
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w

eig
h
t

o
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th
e
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b
etw

een
b
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E

q
.
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T

h
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lead
s

u
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to
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th
at

th
e

d
ep

en
d
en
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o
f
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e

u
p
p

er
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n
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w
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resp
ect
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q
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n
n
o
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b
e
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p
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w
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is
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p
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o
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ow

ever
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con
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d
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q

3
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n
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b
e
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p
roved

u
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g
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n
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l
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u
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4
.

E
x
p
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n
e
n
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l
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n
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n
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e
q
u
a
litie
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T
h
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p
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ex
p

on
en
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cen
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in
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u
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for
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e
L
p
O

estim
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p
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to
th

e
k
N

N
classifi

er.
O

u
r

m
ain

resu
lts

h
eav
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rely

on
th

e
m

om
en

t
in

eq
u
alities

p
rev

iou
sly

d
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in
S
ection

3,
n
am

ely
T

h
eorem

3.2.
In

ord
er

to
em

p
h
asize

th
e

gain
allow

ed
b
y

th
is

stra
teg

y
o
f

p
ro

o
f,

w
e

start
th

is
section

b
y

su
ccessively

p
rov

in
g
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o

ex
p

on
en

tial
in

eq
u
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o
b
ta

in
ed

w
ith

less
sop

h
isticated

to
ols.

W
e

th
en

d
iscu

ss
th

e
stren

gth
an

d
w

ea
k
n
ess

of
each

o
f

th
em

to
ju

stify
th

e
ad

d
ition

al
refi

n
em

en
ts

w
e

in
tro

d
u
ce

step
b
y

step
alon

g
th

e
section

.
A

fi
rst

ex
p

o
n
en

tial
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cen
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in
eq

u
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R̂
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n
)

=
R̂
p
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b

e
d
erived

b
y

u
se

o
f

th
e

b
o
u
n
d
ed

d
iff

eren
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in
eq

u
ality
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g
th

e
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e
of

p
ro
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D
ev

roye
et

al.
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T
h
eo

rem
2
4
.4

)
origin

ally
d
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ed
for

th
e

L
1O

estim
ator.

P
ro

p
o
sitio

n
4
.1

.
F

o
r

a
n

y
in

tegers
p
,k
≥

1
su

ch
th

a
t
p

+
k
≤
n

,
let

R̂
p
,n

d
en

o
te

th
e

L
p
O

estim
a
to

r
(2

.2
)

o
f

th
e

cla
ssifi

ca
tio

n
erro

r
o
f

th
e
k

N
N

cla
ssifi

er
A
D
n

k
(·)

d
efi

n
ed

by
(2

.1).
T

h
en

fo
r

every
t
>

0
,

P
( ∣∣∣ R̂

p
,n −

E
(
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p
,n ) ∣∣∣

>
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≤

2
e −

n
t 2

8
(k

+
p−

1
) 2
γ
2d
.

(4.1)

w
h
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γ
d

d
en

o
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e
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n
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n

t
in
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u
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S
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n
e’s
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a
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a
D
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p
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in
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p

en
d
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B
.1.

T
h
e

u
p
p

er
b

ou
n
d

of
E

q
.

(4.1)
stron

gly
ex

p
loits

th
e

facts
th
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(i)

for
X
j

to
b

e
on

e
of

th
e
k

n
earest

n
eig

h
b

ors
of
X
i

in
at

least
on

e
su

b
sam

p
le
X
e,

it
req

u
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X
j

to
b

e
on

e
of

th
e

k
+
p−

1
n
earest

n
eigh

b
ors
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X
i

in
th

e
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p
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sam
p
le,

an
d
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th

e
n
u
m

b
er

of
p

oin
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for
w

h
ich

X
j

m
ay

b
e
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e

of
th

e
k

+
p−

1
n
earest

n
eigh

b
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can
n
ot

b
e

larger
th

an
(k

+
p−

1)γ
d

b
y

S
ton

e’s
L

em
m

a
(see

L
em

m
a

D
.5).

T
h
is

reason
in

g
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lts
in

a
rou

gh
u
p
p

er
b

ou
n
d

sin
ce

th
e

d
en

om
in
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in

th
e

ex
p

on
en

t
ex

h
ib

its
a

(k
+
p−

1)
2

factor
w

h
ere

k
an

d
p

p
lay

th
e

sam
e

role.
T

h
e

reason
is

th
at

w
e

d
o

n
ot

d
istin

gu
ish

b
etw

een
p

oin
ts

for
w

h
ich

X
j
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g
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e
k

n
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n
eigh

b
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X
i
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e
w

h
ole
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p
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gh
th
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o
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p
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lead
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h
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d
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eren
t

p
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ilities

of
b

ein
g
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on

g
th

e
k

n
earest

n
eigh

b
ors

in
th

e
train

in
g
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p
le).

C
on

seq
u
en

tly
th

e
d
ep

en
d
en

ce
of

th
e

con
vergen

ce
rate

on
k

an
d
p

in
P

rop
osition

4.1
can

b
e

im
p
rov

ed
,

as
con

fi
rm

ed
b
y

forth
com

in
g

T
h
eorem

s
4.1

an
d

4.2.

B
ased

on
th

e
p
rev

iou
s

com
m

en
ts,

a
sh

arp
er

q
u
an

tifi
cation

of
th

e
in

fl
u
en

ce
of

each
n
eig

h
-

b
or

am
on

g
th

e
k

+
p−

1
on

es
lead

s
to

th
e

n
ex

t
resu

lt.

T
h

e
o
re

m
4
.1

.
F

o
r

every
p
,k
≥

1
su

ch
th

a
t
p

+
k
≤
n

,
let

R̂
p
,n

d
en

o
te

th
e

L
p
O

estim
a
to

r

(2.2)
o
f

th
e

cla
ssifi

ca
tio

n
erro

r
o
f

th
e
k

N
N

cla
ssifi

er
A
D
n

k
(·)

d
efi

n
ed
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(2.1).

T
h
en

th
ere

exists
a

n
u

m
eric

co
n

sta
n

t�
>

0
su

ch
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a
t

fo
r
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t
>

0
,

m
ax (P

(
R̂

p
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E
(
R̂

p
,n )

>
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,P
(E
(
R̂

p
,n )
−
R̂

p
,n
>
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≤
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p 
−
n

t
2

�
k
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1
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+
p
)
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w
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�
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+
γ
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w
h
ere

γ
d

is
in

trod
u

ced
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L
em

m
a

D
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a
n

d
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≤

1
.271

is
a

u
n

iversa
l

co
n

sta
n

t.

T
h
e

p
ro
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given
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S
ection

B
.2.

U
n
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P
rop

osition
4.1,

tak
in

g
in

to
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n
t

th
e

ran
k

of
each

n
eigh

b
or

in
th

e
w

h
ole

sam
p
le

en
ab

les
u
s

to
con

sid
erab

ly
red

u
ce

th
e

w
eigh

t
of
p

(com
p
ared

to
th

at
of
k
)

in
th

e
d
en

om
in

ator
of

th
e

ex
p

on
en

t.
In

p
articu

lar,
lettin

g
p
/n
→

0
as
n
→

+
∞

(w
ith

k
assu

m
ed

to
b

e
fi
x
ed

for
in

stan
ce)

m
akes

th
e

in
fl
u
en

ce
of

th
e
k

+
p

factor
asy

m
p
totically

n
egligib

le.
T

h
is

w
ou

ld
allow

for
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g
(u

p
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n
u
m

eric
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stan
ts)

a
sim

ilar
u
p
p

er
b

ou
n
d

to
th

at
of

D
ev

roye
et

al.
(19

96,
T

h
eorem

24.4),
ach

ieved
w

ith
p

=
1.

H
ow

ev
er

th
e

u
p
p

er
b

ou
n
d

of
T

h
eorem

4.1
d
o
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n
ot
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th
e

righ
t

d
ep

en
d
en

cies
w

ith
resp

ect
to
k

an
d
p

com
p
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w
ith

w
h
at

h
as

b
een

p
roved

for
p

oly
n
om

ial
m

om
en

ts
in

T
h
e-

orem
3.2.

In
p
articu

lar
it

d
eteriorates

as
p

in
creases

u
n
like

th
e

u
p
p

er
b

ou
n
d
s

d
erived

for
p
>
n
/2

+
1

in
T

h
eorem

3.2.
T

h
is

d
raw

b
ack

is
overcom

e
b
y

th
e

follow
in

g
resu

lt,
w

h
ich

is
ou

r
m

ain
con

trib
u
tion

in
th

e
p
resen

t
section

.

T
h

e
o
re

m
4
.2

.
F

o
r

every
p
,k
≥

1
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ch
th

a
t
p

+
k
≤
n

,
let

R̂
p
,n

d
en

o
te

th
e

L
p
O

estim
a
to

r
o
f

th
e

cla
ssifi

ca
tio

n
erro

r
o
f

th
e
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N
N

cla
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D
n

k
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d
efi
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(2.1).

T
h
en

fo
r

every
t
>

0,

m
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(
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∆
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∆
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>
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efi
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3
.1
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F
u
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h
er
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o
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e
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u
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g
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h
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e
p
>
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it
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m
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m
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⌊
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  
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⌊
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⌋
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2
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n

d
γ
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d
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s
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e
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n
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a
n
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in
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u
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d
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m
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h
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b
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B
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d
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en
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o
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an
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ra
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F
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/
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+
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p
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en
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p
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er
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)
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n
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en

t
in
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al
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s
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T
h
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2
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zi

n
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b
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b
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r
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p
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es
ti
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s
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ev
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m
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en
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L
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D
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S
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d
ly

fo
r
p
>
n
/
2

+
1,

w
e

ra
th

er
ex

p
lo

it
:

(i
)

th
e

ap
p
ro

p
ri

at
e

u
p
p

er
b

ou
n
d
s

on
th

e
m

om
en

ts
of

th
e

L
p
O

es
ti

m
at

or
gi

ve
n

b
y

T
h
eo

re
m

3.
2,

co
m

b
in

ed
w

it
h

(i
i)

P
ro

p
os

it
io

n
D

.1
w

h
ic

h
es

ta
b
li
sh

es
ex

p
on

en
ti

al
co

n
ce

n
tr

at
io

n
in

eq
u
al

it
ie

s
fr

om
ge

n
er

al
m

om
en

t
u
p
p

er
b

ou
n
d
s.

In
ac

co
rd

an
ce

w
it

h
th

e
co

n
cl

u
si

on
s

d
ra

w
n

ab
ou

t
T

h
eo

re
m

3.
2,

th
e

u
p
p

er
b

ou
n
d

of
E

q
.

(4
.2

)
in

cr
ea

se
s

as
p

gr
ow

s
u
n
li
k
e

th
at

of
E

q
.

(4
.3

).
T

h
e

b
es

t
co

n
ce

n
tr

at
io

n
ra

te
in

E
q
.

(4
.3

)
is

ac
h
ie

ve
d

as
p
/n
→

1,
w

h
er

ea
s

E
q
.

(4
.2

)
tu

rn
s

ou
t

to
b

e
u
se

le
ss

in
th

at
se

tt
in

g.
H

ow
ev

er
E

q
.

(4
.2

)
re

m
ai

n
s

st
ri

ct
ly

b
et

te
r

th
an

T
h
eo

re
m

4.
1

as
lo

n
g

as
p
/n
→

δ
∈

[0
,1

[
as

n
→

+
∞

.
N

ot
e

al
so

th
at

th
e

co
n
st

an
ts

Γ
an

d
γ
d

ar
e

th
e

sa
m

e
as

in
T

h
eo

re
m

3.
1.

T
h
er

ef
o
re

th
e

sa
m

e
co

m
m

en
ts

re
ga

rd
in

g
th

ei
r

d
ep

en
d
en

ce
w

it
h

re
sp

ec
t

to
th

e
d
im

en
si

on
d

ap
p
ly

h
er

e.

In
or

d
er

to
fa

ci
li
ta

te
th

e
in

te
rp

re
ta

ti
on

of
th

e
la

st
In

eq
.
(4

.3
),

w
e

al
so

d
er

iv
e

th
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
(p

ro
ve

d
in

A
p
p

en
d
ix

B
.3

)
w

h
ic

h
fo

cu
se

s
on

th
e

d
es

cr
ip

ti
on

o
f

ea
ch

d
ev

ia
ti

on
te

rm
in

th
e

p
ar

ti
cu

la
r

ca
se

w
h
er

e
p
>
n
/2

+
1.

P
ro

p
o
si

ti
o
n

4
.2

.
W

it
h

th
e

sa
m

e
n

o
ta

ti
o
n

a
s

T
h
eo

re
m

4
.2

,
fo

r
a
n

y
p
,k
≥

1
su

ch
th

a
t

p
+
k
≤
n

,
p
>
n
/2

+
1
,

a
n

d
fo

r
ev

er
y
t
>

0

P

  
∣ ∣ ∣R̂

p
,n
−

E
[ R̂

p
,n

]∣ ∣ ∣
>

√
2e

Γ
√
n
−
p

+
1

  
√ √ √ √

k
3
/
2

⌊
n

n
−
p
+

1

⌋ t
+

2
e

k
⌊

n
n
−
p
+

1

⌋ t
3
/
2

  

  
≤
⌊

n

n
−
p

+
1

⌋ e
·e
−
t ,

w
h
er

e
Γ
>

0
is

th
e

co
n

st
a
n

t
a
ri

si
n

g
fr

o
m

(3
.6

).

T
h
e

p
re

se
n
t

in
eq

u
al

it
y

is
v
er

y
si

m
il
ar

to
th

e
w

el
l-

k
n
ow

n
B

er
n
st

ei
n

in
eq

u
a
li
ty

(B
ou

ch
er

on
et

al
.,

20
13

,
T

h
eo

re
m

2.
10

)
ex

ce
p
t

th
e

se
co

n
d

d
ev

ia
ti

on
te

rm
of

or
d
er
t3
/
2

in
st

ea
d

of
t

(f
or

th
e

B
er

n
st

ei
n

in
eq

u
al

it
y
).

W
it

h
re

sp
ec

t
to
n

,
th

e
fi
rs

t
d
ev

ia
ti

on
te

rm
is

of
o
rd

er
≈
k

3
/
2
/√

n
,

w
h
ic

h
is

th
e

sa
m

e
as

w
it

h
th

e
B

er
n
st

ei
n

in
eq

u
al

it
y.

T
h
e

se
co

n
d

d
ev

ia
ti

on
te

rm
is

of
a

so
m

ew
h
at

d
iff

er
en

t
o
rd

er
,

th
at

is
≈
k
√
n
−
p

+
1
/n

,
as

co
m

p
ar

ed
w

it
h

th
e

u
su

al
1/
n

in
th

e
B

er
n
st

ei
n

in
eq

u
al

it
y.
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C
e
l
is
se

a
n
d

M
a
r
y
-H

u
a
r
d

N
ev

er
th

el
es

s
w

e
al

m
os

t
re

co
ve

r
th

e
k
/n

ra
te

b
y

ch
o
os

in
g

fo
r

in
st

an
ce
p
≈
n

(1
−

lo
g
n
/
n

),
w

h
ic

h
le

ad
s

to
k
√

lo
g
n
/n

.
T

h
er

ef
or

e
va

ry
in

g
p

al
lo

w
s

to
in

te
rp

ol
at

e
b

et
w

ee
n

th
e
k
/√

n
a
n
d

th
e
k
/n

ra
te

s.

N
ot

e
al

so
th

at
th

e
d
ep

en
d
en

ce
of

th
e

fi
rs

t
(s

u
b
-G

au
ss

ia
n
)

d
ev

ia
ti

on
te

rm
w

it
h

re
sp

ec
t

to
k

is
on

ly
k

3
/
2
,

w
h
ic

h
im

p
ro

ve
s

u
p

on
th

e
u
su

al
k

2
re

su
lt

in
g

fr
om

In
eq

.
(4

.2
)

in
T

h
eo

re
m

4
.2

fo
r

in
st

an
ce

.
H

ow
ev

er
th

is
k

3
/
2

re
m

ai
n
s

ce
rt

ai
n
ly

to
o

la
rg

e
fo

r
b

ei
n
g

op
ti

m
a
l

ev
en

if
th

is
q
u
es

ti
on

re
m

ai
n
s

w
id

el
y

op
en

at
th

is
st

ag
e

in
th

e
li
te

ra
tu

re
.

M
or

e
ge

n
er

al
ly

on
e

st
re

n
gt

h
of

ou
r

ap
p
ro

ac
h

is
it

s
ve

rs
at

il
it

y.
In

d
ee

d
th

e
tw

o
a
b

ov
e

d
ev

ia
ti

on
te

rm
s

d
ir

ec
tl

y
re

su
lt

fr
om

th
e

tw
o

u
p
p

er
b

ou
n
d
s

on
th

e
m

om
en

ts
o
f

th
e

L
1O

es
ta

b
li
sh

ed
in

T
h
eo

re
m

3.
1.

T
h
er

ef
or

e
an

y
im

p
ro

ve
m

en
t

of
th

e
la

tt
er

u
p
p

er
b

o
u
n
d
s

w
o
u
ld

im
m

ed
ia

te
ly

le
ad

to
en

h
an

ce
th

e
p
re

se
n
t

co
n
ce

n
tr

at
io

n
in

eq
u
al

it
y

(w
it

h
ou

t
ch

a
n
g
in

g
th

e
p
ro

of
).

5
.

A
ss

e
ss

in
g

th
e

g
a
p

b
e
tw

e
e
n

L
pO

a
n
d

cl
a
ss

ifi
ca

ti
o
n

e
rr

o
r

5
.1

.
U

p
p

e
r

b
o
u

n
d

s

F
ir

st
,

w
e

d
er

iv
e

n
ew

u
p
p

er
b

ou
n
d
s

on
d
iff

er
en

t
m

ea
su

re
s

of
th

e
d
is

cr
ep

an
cy

b
et

w
ee

n
R̂
p
,n

=

R̂
p

(A
k
,D

n
)

an
d

th
e

cl
as

si
fi
ca

ti
on

er
ro

r
L

(f̂
k
)

or
th

e
ri

sk
R

(f̂
k
)

=
E
[ L

(f̂
k
)
] .

T
h
es

e
b

o
u
n
d
s

on
th

e
L
p
O

es
ti

m
at

or
ar

e
co

m
p
le

te
ly

n
ew

fo
r
p
>

1,
so

m
e

of
th

em
b

ei
n
g

ex
te

n
si

o
n
s

o
f

fo
rm

er
on

es
sp

ec
ifi

ca
ll
y

d
er

iv
ed

fo
r

th
e

L
1O

es
ti

m
at

or
ap

p
li
ed

to
th

e
k
N

N
cl

as
si

fi
er

.

T
h

e
o
re

m
5
.1

.
F

o
r

ev
er

y
p
,k
≥

1
su

ch
th

a
t
p
≤
√
k

a
n

d
√
k

+
k
≤
n

,
le

t
R̂
p
,n

d
en

o
te

th
e

L
p
O

ri
sk

es
ti

m
a
to

r
(s

ee
(2

.2
))

o
f

th
e
k

N
N

cl
a
ss

ifi
er
f̂ k

=
A
D
n

k
(·)

d
efi

n
ed

by
(2

.1
).

T
h
en

,

∣ ∣ ∣E
[ R̂

p
,n

] −
R

(f̂
k
)∣ ∣ ∣≤

4 √
2
π

p
√
k

n
,

(5
.1

)

a
n

d

E
[ (
R̂
p
,n
−
R

(f̂
k
)) 2

]
≤

12
8
κ
γ
d

√
2π

k
3
/
2

n
−
p

+
1

+
16 2π

p
2
k

n
2
·

(5
.2

)

M
o
re

o
ve

r,

E
[ (
R̂
p
,n
−
L

(f̂
k
)) 2
]
≤

2√
2

√
π

(2
p

+
3
)√
k

n
+

1 n
·

(5
.3

)

In
co

n
tr

as
t

to
th

e
re

su
lt

s
in

th
e

p
re

v
io

u
s

se
ct

io
n
s,

a
n
ew

re
st

ri
ct

io
n

o
n
p

a
ri

se
s

in
T

h
eo

re
m

5.
1,

th
at

is
p
≤
√
k
.

T
h
is

co
m

es
fr

om
th

e
u
se

of
L

em
m

a
D

.6
(p

ro
ve

d
b
y

D
ev

ro
y
e

an
d

W
ag

n
er

(1
97

9b
))

,
w

h
ic

h
gi

ve
s

an
u
p
p

er
b

ou
n
d

on
th

e
L

1
st

ab
il
it

y
of

th
e
k
N

N
cl

a
ss

ifi
er

w
h
en

p
ob

se
rv

at
io

n
s

ar
e

re
m

ov
ed

fr
om

th
e

tr
ai

n
in

g
sa

m
p
le
D n

.
A

ct
u
a
ll
y

th
is

u
p
p

er
b

o
u
n
d

on
ly

re
m

ai
n
s

m
ea

n
in

gf
u
l

as
lo

n
g

as
1
≤
p
≤
√
k
.
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P
e
r
f
o
r
m
a
n
c
e
o
f
C
V

t
o

E
st

im
a
t
e
t
h
e
R
isk

o
f

k
N
N

P
roo

f
o
f

T
h
eo

rem
5
.1

.
P

ro
o
f

o
f

(5
.1):

W
ith

f̂
ek

=
A
D
e

k
,

L
em

m
a

D
.6

im
m

ed
iately

p
rov

id
es

∣∣∣ E
[R̂

p
,n −

L
(f̂
k ) ] ∣∣∣

=
∣∣∣ E
[L

(f̂
ek ) ]−

E
[L

(f̂
k ) ] ∣∣∣

≤
E
[ ∣∣∣ 1
{A
D
e

k
(X

)6=
Y
} −

1
{A
D
n

k
(X

)6=
Y
} ∣∣∣ ]

=
P
(A
D
e

k
(X

)6=
A
D
n

k
(X

) )
≤

4
√

2π

p √
k

n
·

P
ro

o
f

o
f

(5
.2

):
T

h
e

p
ro

of
com

b
in

es
th

e
p
rev

iou
s

u
p
p

er
b

ou
n
d

w
ith

th
e

on
e

estab
lish

ed
for

th
e

va
ria

n
ce

of
th

e
L
p
O

estim
ator,

th
at

is
E

q
.

(3.3).

E
[(
R̂
p
,n −

E
[
L

(f̂
k ) ])

2 ]
=

E
[(
R̂
p
,n −

E
[
R̂
p
,n ])

2 ]
+
(E
[
R̂
p
,n ]−

E
[
L

(f̂
k ) ])

2

≤
128κ

γ
d

√
2
π

k
3
/
2

n
−
p

+
1

+

(
4
√

2π

p √
k

n

)
2

,

w
h
ich

co
n
clu

d
es

th
e

p
ro

of.
T

h
e

p
ro

o
f

o
f

In
eq

.
(5.3)

is
m

ore
in

tricate
an

d
h
as

b
een

p
ostp

on
ed

to
A

p
p

en
d
ix

C
.1

.

K
eep

in
g

in
m

in
d

th
at

E
[
R̂
p
,n ]

=
R

(A
D
n−

p

k
),

th
e

righ
t-h

a
n
d

sid
e

of
In

eq
.

(5.1)
is

an

u
p
p

er
b

o
u
n
d

o
n

th
e

b
ias

of
th

e
L
p
O

estim
ator,

th
at

is
on

th
e

d
iff

eren
ce

b
etw

een
th

e
risk

s
o
f

th
e

cla
ssifi

ers
b
u
ilt

from
resp

ectively
n
−
p

an
d
n

p
oin

ts.
T

h
erefore,

th
e

fact
th

a
t

th
is

u
p
p

er
b

o
u
n
d

in
creases

w
ith

p
is

reliab
le

sin
ce

th
e

classifi
ers
A
D
n−

p
+
1

k
(·)

an
d
A
D
n

k
(·)

can
b

eco
m

e
m

o
re

a
n
d

m
ore

d
iff

eren
t

from
on

e
an

oth
er

as
p

in
creases.

M
ore

p
recisely,

th
e

u
p
p

er
b

o
u
n
d

in
In

eq
.

(5.1)
go

es
to

0
p
rov

id
ed

p √
k
/n

d
o
es.

W
ith

th
e

ad
d
itio

n
al

restriction
p
≤
√
k
,

th
is

red
u
ces

to
th

e
u
su

al
con

d
ition

k
/n
→

0
as

n
→

+
∞

(see
D

ev
roye

et
al.,

1
9
9
6
,

C
h
a
p
.

6
.6

for
in

stan
ce),

w
h
ich

is
u
sed

to
p
rove

th
e

u
n
iversal

con
sisten

cy
of

th
e
k
N

N
cla

ssifi
er

(S
to

n
e,

1977).
T

h
e

m
on

oton
icity

of
th

is
u
p
p

er
u
p
p

er
b

ou
n
d

w
ith

resp
ect

to
k

can
seem

so
m

ew
h
a
t

u
n
ex

p
ected

.
O

n
e

cou
ld

th
in

k
th

at
th

e
tw

o
classifi

ers
w

ou
ld

b
ecom

e
m

ore
a
n
d

m
o
re

“sim
ilar”

to
each

oth
er

as
k

in
creases

en
ou

gh
.

H
ow

ev
er

it
can

b
e

p
roved

th
at,

in
so

m
e

sen
se,

th
is

d
ep

en
d
en

ce
can

n
ot

b
e

im
p
roved

in
th

e
p
resen

t
d
istrib

u
tion

-free
fram

ew
ork

(see
P

ro
p

o
sitio

n
5.1

an
d

F
igu

re
1).

N
o
te

th
a
t

a
n

u
p
p

er
b

ou
n
d

sim
ilar

to
th

a
t

of
In

eq
.

(5
.2)

can
b

e
easily

d
erived

for
a
n
y

o
rd

er-q
m

o
m

en
t

(q
≥

2)
at

th
e

p
rice

of
in

creasin
g

th
e

con
stan

ts
b
y

u
sin

g
(a

+
b)
q
≤

2
q−

1(a
q

+
b
q),

for
every

a
,b
≥

0.
W

e
also

em
p
h
asize

th
at

In
eq

.
(5.2)

a
llow

s
u
s

to
con

-
tro

l
th

e
d
iscrep

an
cy

b
etw

een
th

e
L
p
O

estim
ator

a
n
d

th
e

risk
of

th
e
k
N

N
classifi

er,
th

at
is

th
e

ex
p

ecta
tio

n
of

its
classifi

cation
error.

Id
ea

lly
w

e
w

ou
ld

h
av

e
liked

to
rep

lace
th

e
risk

R
(f̂
k )

b
y

th
e

p
red

iction
error

L
(f̂
k ).
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er
b

o
u
n
d

o
b
ta

in
ed

in
(5

.1
).

(b
)

S
am

e
as

p
re

v
io

u
s,

ex
ce

p
t

th
at

d
at

a
w

er
e

ge
n
er

at
ed

a
cc

o
rd

in
g

to
th

e
D

S
se

tt
in

g
w

it
h

p
ar

am
et

er
s

(π
0
,η

0
,η

1
)

=
(0
.2
,0
.2
,0
.9

).
U

p
p

er
b

o
u
n
d
s

a
re

n
ot

d
is

p
la

ye
d

in
or

d
er

to
fi
t

th
e

sc
al

e
of

th
e

ab
so

lu
te

b
ia

s.
(c

)
E

vo
lu

ti
o
n

o
f

th
e

ab
so

lu
te

va
lu

e
of

th
e

b
ia

s
w

it
h

re
sp

ec
t

to
n

,
w

h
en

k
is

ch
o
se

n
su

ch
th

a
t

k
=
bC

o
ef
×
n
c(
b·c

d
en

ot
es

th
e

in
te

ge
r

p
ar

t)
.

T
h
e

d
iff

er
en

t
co

lo
rs

co
rr

es
p

o
n
d

to
d
iff

er
en

t
va

lu
es

of
C

o
ef

.
(d

)
S
am

e
as

p
re

v
io

u
s,

ex
ce

p
t

th
at
k

is
ch

o
se

n
su

ch
th

a
t

k
=
bC

o
ef
×
√
n
c.
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P
e
r
f
o
r
m
a
n
c
e
o
f
C
V

t
o

E
st

im
a
t
e
t
h
e
R
isk

o
f

k
N
N

P
ro

p
o
sitio

n
5
.2

.
L

et
u

s
a
ssu

m
e
n

is
even

,
a
n

d
th

a
t
P

(Y
=

1
|
X

)
=
P

(Y
=

1
)

=
1
/
2

is
in

d
epen

d
en

t
o
f
X

.
T

h
en

fo
r
k

=
n
−

1
(k

od
d
),

it
resu

lts

E
[(
R̂

1
,n −

L
(f̂
k ) )

2 ]
=

∫
1

0
2t·P

[ ∣∣∣ R̂
1
,n −

L
(f̂
k ) ∣∣∣

>
t ]

d
t≥

1

8 √
π
·

1√n
·

F
ro

m
th

e
u
p
p

er
b

ou
n
d

of
ord

er
√
k
/n

p
rov

id
ed

b
y

In
eq

.
(5.3)

(w
ith

p
=

1),
ch

o
osin

g
k

=
n
−

1
lea

d
s

to
th

e
sam

e
1
/ √

n
rate

as
th

at
of

P
rop

osition
5.2.

T
h
is

su
ggests

th
at,

at
lea

st
fo

r
very

large
valu

es
of
k
,

th
e √

k
/n

rate
is

of
th

e
righ

t
ord

er
an

d
can

n
ot

b
e

im
p
roved

in
th

e
d
istrib

u
tion

-free
fram

ew
ork

.

5
.3

.
M

in
im

a
x

ra
te

s

L
et

u
s

co
n
clu

d
e

th
is

section
w

ith
a

corollary,
w

h
ich

p
rov

id
es

a
fi
n
ite-sam

p
le

b
ou

n
d

on
th

e

g
a
p

b
etw

een
R̂
p
,n

an
d
R

( f̂
k )

=
E
[
L

( f̂
k ) ]

w
ith

h
igh

p
rob

ab
ility.

It
is

stated
u
n
d
er

th
e

sam
e

restrictio
n

o
n
p

as
th

e
p
rev

iou
s

T
h
eorem

5.1
it

is
b
ased

on
,

th
at

is
for

p
≤
√
k
.

C
o
ro

lla
ry

5
.1

.
W

ith
th

e
n

o
ta

tio
n

o
f

T
h
eo

rem
s

4
.2

a
n

d
5
.1

,
let

u
s

a
ssu

m
e
p
,k
≥

1
w

ith
p
≤
√
k

, √
k

+
k
≤
n

,
a
n

d
p
≤
n
/
2

+
1
.

T
h
en

fo
r

every
x
>

0
,

th
ere

exists
a

n
even

t
w

ith
p
ro

ba
bility

a
t

lea
st

1−
2e −

x
su

ch
th

a
t

∣∣∣ R
(f̂
k )−

R̂
p
,n ∣∣∣ ≤

√√√√
∆

2k
2

n (
1−

p−
1

n

)
x

+
4
√

2π

p √
k

n
,

(5.4)

w
h
ere

f̂
k

=
A
D
n

k
(·).

P
roo

f
o
f

C
o
ro

lla
ry

5
.1

.
In

eq
.

(5.4)
resu

lts
from

com
b
in

in
g

th
e

ex
p

on
en

tial
co

n
cen

tration
resu

lt
d
erived

for
R̂
p
,n

,
n
am

ely
In

eq
.

(4.2)
(from

T
h
eorem

4.2)
an

d
th

e
u
p
p

er
b

ou
n
d

on
th

e
b
ia

s,
th

a
t

is
In

eq
.

(5.1).
∣∣∣ R

(f̂
k )−

R̂
p
,n ∣∣∣ ≤

∣∣∣ R
(f̂
k )−

E
[
R̂
p
,n ] ∣∣∣

+
∣∣∣ E
[
R̂
p
,n ]−

R̂
p
,n ∣∣∣

≤
4
√

2π

p √
k

n
+

√
∆

2k
2

n
−
p

+
1
x
·

N
o
te

th
a
t

th
e

righ
t-h

an
d

sid
e

of
In

eq
.
(5.4)

cou
ld

b
e

u
sed

to
d
erive

b
ou

n
d
s

on
R

(f̂
k )

th
at

seem
sim

ila
r

to
con

fi
d
en

ce
b

ou
n
d
s.

H
ow

ever
w

e
d
o

n
ot

recom
m

en
d

d
oin

g
th

is
in

p
ractice

for
severa

l
rea

so
n
s.

O
n

th
e

on
e

h
an

d
,

In
eq

.
(5.4)

resu
lts

from
th

e
rep

eated
u
se

of
con

cen
tration

in
eq

u
a
lities

w
h
ere

n
u
m

eric
con

stan
ts

are
n
ot

op
tim

ized
at

all.
T

h
is

w
ou

ld
lead

to
req

u
ire

a
la

rg
e

sa
m

p
le

size
n

for
th

e
d
ev

iation
term

s
to

b
e

sm
all

in
p
ractice.

O
n

th
e

oth
er

h
an

d
,

ex
p
licit

n
u
m

eric
con

stan
ts

su
ch

as
∆

2
in

C
orollary

5.1
ex

h
ib

it
a

d
ep

en
d
en

ce
on

γ
d ≈

4
.8
d−

1,
w

h
ich

b
eco

m
es

ex
p

on
en

tially
large

as
d

in
creases.

P
rov

in
g

th
at

th
is

d
ep

en
d
en

ce
ca

n
b

e
w

ea
ken

ed
o
r

n
o
t

rem
ain

s
a

com
p
letely

op
en

q
u
estion

at
th

is
stage.

N
everth

eless
on

e
can

h
ig

h
lig

h
t

th
at,

for
a

given
n

,
in

creasin
g
d

w
ill

q
u
ick

ly
m

ake
th

e
d
ev

iation
term

larger
th

an
1
,

w
h
erea

s
b

o
th
R

(f̂
k )

an
d
R̂
p
,n

b
elon

g
to

[0
,1].
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C
e
l
isse

a
n
d

M
a
r
y
-H

u
a
r
d

T
h
e

righ
t-m

ost
term

of
ord

er
√
k
/n

in
In

eq
.

(5.4)
resu

lts
from

th
e

b
ia

s.
T

h
is

is
a

n
ecessary

p
rice

to
p
ay

w
h
ich

can
n
ot

b
e

im
p
rov

ed
in

th
e

p
resen

t
d
istrib

u
tion

-free
fram

ew
ork

accord
in

g
to

P
rop

osition
5.1.

B
esid

es
com

b
in

in
g

th
e

restriction
p
≤
√
k

w
ith

th
e

u
su

al
con

sisten
cy

con
strain

t
k
/n

=
o(1)

lead
s

to
th

e
con

clu
sion

th
at

sm
all

valu
es

of
p

(w
.r.t.

n
)

h
ave

alm
ost

n
o

eff
ect

on
th

e
con

vergen
ce

rate
of

th
e

L
p
O

estim
ator.

W
eaken

in
g

th
e

k
ey

restriction
p
≤
√
k

w
ou

ld
b

e
n
ecessary

to
p

oten
tially

n
u
a
n
ce

th
is

con
clu

sion
.

In
ord

er
to

h
igh

ligh
t

th
e

in
terest

of
th

e
ab

ove
d
ev

iation
in

eq
u
ality,

let
u
s

d
ed

u
ce

an
op

tim
ality

resu
lt

in
term

s
of

m
in

im
ax

rate
over

H
öld

er
b
allsH

(τ,α
)

d
efi

n
ed

b
y

H
(τ,α

)
=
{
g

:
R
d7→

R
,
|g

(x
)−

g
(y

)|≤
τ‖
x
−
y‖

α }
,

w
ith

α
∈

]0,1[
an

d
τ
>

0.
In

th
e

follow
in

g
statem

en
t,

C
orollary

5.1
is

u
sed

to
p
rove

th
at,

u
n
iform

ly
w

ith
resp

ect
to
k
,

th
e

L
p
O

estim
ator

R̂
p
,n

an
d

th
e

risk
R

(f̂
k )

of
th

e
k
N

N
classifi

er
rem

ain
close

to
each

oth
er

w
ith

h
igh

p
rob

ab
ility.

P
ro

p
o
sitio

n
5
.3

.
W

ith
th

e
sa

m
e

n
o
ta

tio
n

a
s

C
o
ro

lla
ry

5
.1

,
fo

r
every

C
>

1
a
n

d
θ
>

0
,

th
ere

exists
a
n

even
t

o
f

p
ro

ba
bility

a
t

lea
st

1−
2·
n
−

(C
−

1
)

o
n

w
h
ich

,
fo

r
a
n

y
p
,k
≥

1
su

ch
th

a
t
p
≤
√
k

,
k

+
√
k
≤
n

,
a
n

d
p
≤
n
/
2

+
1
,

th
e

L
p
O

estim
a
to

r
o
f

th
e
k

N
N

cla
ssifi

er
sa

tisfi
es

(1−
θ) [

R
(f̂
k )−

L
? ]−

θ −
1∆

2C

4

k
2

log
(n

)

n (
R

(f̂
k )−

L
? )
−

4
√

2
π

p √
k

n

≤
R̂
p (A

k ,D
n
)−

L
?≤

(1
+
θ) [

R
(f̂
k )−

L
? ]

+
θ −

1∆
2C

4

k
2

log
(n

)

n (
R

(f̂
k )−

L
? )

+
4
√

2π

p √
k

n
,

(5.5)

w
h
ere

L
?

d
en

o
tes

th
e

cla
ssifi

ca
tio

n
erro

r
o
f

th
e

B
a
yes

cla
ssifi

er.
F

u
rth

erm
o
re

if
o
n

e
a
ssu

m
es

th
e

regressio
n

fu
n

ctio
n
η

belo
n

gs
to

a
H

ö
ld

er
ba

llH
(τ,α

)
fo

r

so
m

e
α
∈

]0,m
in

(d
/
4,1)[

(reca
ll

th
a
t
X
i ∈

R
d)

a
n

d
τ
>

0
,

th
en

ch
oo

sin
g
k

=
k
?

=
k

0 ·n
2
α

2
α
+
d

lea
d
s

to

R̂
p (A

k
?,D

n
)−

L
?∼

n→
+
∞
R

(f̂
k
?)−

L
?,

a
.s.

.
(5.6)

In
eq

.
(5.5)

gives
a

u
n
iform

con
trol

(over
k
)

of
th

e
gap

b
etw

een
th

e
ex

cess
risk

R
(f̂
k )−

L
?

an
d

th
e

corresp
on

d
in

g
L
p
O

estim
ator

R̂
p (f̂

k )−
L
?

w
ith

h
igh

p
rob

ab
ility.

T
h
e

d
ecreasin

g
rate

(in
n
−

(C
−

1
))

of
th

is
p
rob

ab
ility

is
d
irectly

related
to

th
e

log
(n

)
factor

in
th

e
low

er
an

d
u
p
p

er
b

ou
n
d
s.

T
h
is

d
ecreasin

g
rate

cou
ld

b
e

m
a
d
e

faster
at

th
e

p
rice

of
in

creasin
g

th
e

ex
p

on
en

t
of

th
e

log
(n

)
factor.

In
a

sim
ilar

w
ay

th
e

n
u
m

eric
con

sta
n
t
θ

h
as

n
o

p
recise

m
ean

in
g

an
d

can
b

e
ch

osen
as

close
to

0
as

w
e

w
an

t,
lead

in
g

to
in

crease
on

e
of

th
e

oth
er

d
ev

iation
term

s
b
y

a
n
u
m

eric
factor

θ −
1.

F
or

in
stan

ce
on

e
cou

ld
ch

o
ose

θ
=

1/
log

(n
),

w
h
ich

w
ou

ld
rep

lace
th

e
log

(n
)

b
y

a
(log

n
)
2.

T
h
e

eq
u
ivalen

ce
estab

lish
ed

b
y

E
q
.

(5
.6)

resu
lts

from
k
n
ow

in
g

th
at

th
is

ch
oice

k
=
k
?

m
akes

th
e
k
N

N
classifi

er
ach

ieve
th

e
m

in
im

a
x

rate
n
−

α
2
α
+
d

over
H

öld
er

b
alls

(Y
an

g,
1999).

T
h
is

h
old

s
tru

e
for

α
∈

]0,1[
as

lon
g

as
d
≥

4.
H

ow
ever

if
d
<

4
th

e
m

in
im

ax
rate

is
on

ly
ach

ieved
over

]0,d
/4[.

T
h
is

lim
itation

resu
lts

from
th

e
d
ep

en
d
en

ce
of

th
e

d
ev

iation
term

s
w

ith
resp

ect
to
k

2
in

E
q
.

(5.5),
w

h
ich

is
n
ot

op
tim

al
an

d
sh

ou
ld

b
e

fu
rth

er
im

p
roved

.
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P
e
r
f
o
r
m
a
n
c
e
o
f
C
V

t
o

E
st

im
a
t
e
t
h
e
R
is
k

o
f

k
N
N

P
ro

o
f

o
f

P
ro

po
si

ti
o
n

5
.3

.
L

et
u
s

d
efi

n
e
K
≤
n

as
th

e
m

ax
im

u
m

va
lu

e
of
k

an
d

as
su

m
e

x
k

=
C
·l

og
(n

)
(f

or
so

m
e

co
n
st

an
t
C
>

1)
fo

r
an

y
1
≤
k
≤
K

.
L

et
u
s

al
so

in
tr

o
d
u
ce

th
e

ev
en

t

Ω
n

=

{
∀1
≤
k
≤
K
,
∣ ∣ ∣R

(f̂
k
)
−
R̂
p
(A

k
,D

n
)∣ ∣ ∣≤

√
∆

2
k

2 n
x
k

+
4 √
2π

p
√
k

n

}
.

T
h
en

P
[Ω

c n
]
≤

1
n
C
−
1
→

0,
as
n
→

+
∞

,
si

n
ce

a
u
n
io

n
b

ou
n
d

le
ad

s
to

K ∑ k
=

1

e−
x
k

=
K ∑ k
=

1

e−
C
·lo

g
(n

)
=
K
·e
−
C
·lo

g
(n

)
≤
e−

(C
−

1
)·l

o
g
(n

)
=

1

n
C
−

1
·

F
u
rt

h
er

m
or

e
co

m
b
in

in
g

(f
or
a
,b
>

0)
th

e
in

eq
u
al

it
y
a
b
≤
a

2
θ2

+
b2
θ−

2
/
4

fo
r

ev
er

y
θ
>

0
w

it
h
√
a

+
b
≤
√
a

+
√
b,

it
re

su
lt

s
th

at

√
∆

2
k

2 n
x
k
≤
θ
( R

(f̂
k
)
−
L
?
)

+
θ−

1

4
∆

2
k

2

n
( R

(f̂
k
)
−
L
?
) x

k

≤
θ
( R

(f̂
k
)
−
L
?
)

+
θ−

1

4
∆

2
k

2

n
( R

(f̂
k
)
−
L
?
) C
·l

og
(n

),

h
en

ce
In

eq
.

(5
.5

).

L
et

u
s

n
ow

p
ro

ve
th

e
n
ex

t
eq

u
iv

al
en

ce
,

n
am

el
y

(5
.6

),
b
y

m
ea

n
s

of
th

e
B

or
el

-C
an

te
ll
i

le
m

m
a.

F
ir

st
Y

an
g

(1
99

9)
co

m
b
in

ed
w

it
h

T
h
eo

re
m

7
in

C
h
au

d
h
u
ri

an
d

D
as

gu
p
ta

(2
01

4)
p
ro

v
id

e
th

at
th

e
m

in
im

ax
ra

te
ov

er
th

e
H

öl
d
er

b
al

l
H

(τ
,α

)
is

ac
h
ie

v
ed

b
y

th
e
k
N

N
cl

as
si

fi
er

w
it

h
k

=
k
?
),

th
at

is

( R
(f̂
k
?
)
−
L
?
)
�
n
−

α
2
α
+
d
,

w
h
er

e
a
�
b

m
ea

n
s
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√
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d
ep

en
d
en

t
ra

n
d
o
m

va
ri

a
bl

es
ta

ki
n

g
va

lu
es

in
a

se
t
A

,
a
n

d
a
ss

u
m

e
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>
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∑
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∑
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e
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ra
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d
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ra
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d
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∨
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∈
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p
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=
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+
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−
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<
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o
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d
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p
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e
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<
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≤
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]
≤
( 2
√

2e
√
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>
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<
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≤
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√
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+
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+
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p
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=
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p
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p
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∑
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secon
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∑j=

1 P
e

[i∈
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∑j=

1 (
np )
−

1∑

e

1
i∈
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j∈
V
ek
(X

i )
=

(
np )
−

1∑

e

1
i∈
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−
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.
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.

T
h
en

fo
r

every
1
≤
p
≤
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p √
k

n
,

w
h
ere

Z
1
,i

=
(Z

1 ,...,Z
i )

fo
r

every
1
≤
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d
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tea

m
s

o
f

sig
n
ifi

can
tly

d
iff

eren
t

stren
gth

s.
O

u
r

m
ain

m
otivation

for
th

e
m

o
d
el

d
erives

from
th

e
im

p
o
rta

n
t

p
rob

lem
of

d
en

sity
estim

ation
an

d
d
istrib

u
tion

learn
in

g.

1
.1

.
D

e
n

sity
e
stim

a
tio

n
v
ia

p
a
irw

ise
c
o
m

p
a
riso

n
s

In
a

ty
p
ica

l
P

A
C

-learn
in

g
setu

p
(V

alian
t,

1984;
K

earn
s

et
al.,

1994),
w

e
are

given
sam

p
les

fro
m

a
n

u
n
k
n
ow

n
d
istrib

u
tion

p
0

in
a

k
n
ow

n
d
istrib

u
tion

class
P

an
d

w
ou

ld
like

to
fi
n
d
,

w
ith

h
ig

h
p
ro

b
ab

ility,
a

d
istrib

u
tion

p̂
∈
P

su
ch

th
at‖p̂−

p
0 ‖

1
<
δ.

O
n
e

sta
n
d
a
rd

ap
p
roach

p
ro

ceed
s

in
tw

o
step

s
(D

ev
roye

an
d

L
u
g
osi,

2001):

1
.

O
ffl

in
e,

co
n
stru

ct
a
δ-co

ver
o
fP

,
a

fi
n
ite

collection
P
δ ⊆
P

of
d
istrib

u
tion

s
su

ch
th

at
fo

r
a
n
y

d
istrib

u
tion

p
∈
P

,
th

ere
is

a
d
istrib

u
tion

q∈
P
δ

su
ch

th
at‖

p−
q‖

1
<
δ.

2
.

U
sin

g
th

e
sam

p
les

from
p

0 ,
fi
n
d

a
d
istrib

u
tion

in
P
δ

w
h
ose

`
1

d
istan

ce
to
p

0
is

close
to

th
e
`
1

d
istan

ce
of

th
e

d
istrib

u
tion

in
P
δ

th
at

is
closest

to
p

0 .

T
h
ese

tw
o

step
s

ou
tp

u
t

a
d
istrib

u
tion

w
h
ose

`
1

d
istan

ce
from

p
0

is
clo

se
to
δ.

S
u
rp

risin
g
ly,

fo
r

severa
l

co
m

m
on

d
istrib

u
tion

classes,
su

ch
as

G
au

ssian
m

ix
tu

res,
th

e
n
u
m

b
er

of
sam

p
les

req
u
ired

b
y

th
is

gen
eric

ap
p
roach

m
atch

es
th

e
in

fo
rm

ation
th

eoretically
op

tim
al

sam
p
le

co
m

p
lex

ity,
u
p

to
logarith

m
ic

factors
(D

askalak
is

an
d

K
am

ath
,

2014;
S
u
resh

et
al.,

2014;
D

ia
ko

n
iko

la
s

et
al.,

2016).

T
h
e

S
ch

eff
e

A
lgorith

m
(S

ch
eff

e,
194

7;
D

ev
roye

an
d

L
u
gosi,

2001)
is

a
p

op
u
lar

m
eth

o
d

for
im

p
lem

en
tin

g
th

e
secon

d
step

,
n
am

ely
to

fi
n
d

a
d
istrib

u
tion

in
P
δ

w
ith

a
sm

all
`
1

d
istan

ce
fro

m
p

0 .
It

ta
kes

every
p
air

of
d
istrib

u
tion

s
in
P
δ

an
d

u
ses

th
e

sam
p
les

from
p

0
to

d
ecid

e
w

h
ich

o
f

th
e

tw
o

d
istrib

u
tion

s
is

closer
to
p

0 .
It

th
en

d
eclares

th
e

d
istrib

u
tion

th
at

“w
in

s”
th

e
m

o
st

p
a
irw

ise
closen

ess
com

p
arison

s
to

b
e

th
e

n
early

-closest
to
p

0 .
A

s
sh

ow
n

in
D

ev
roye

a
n
d

L
u
g
o
si

(20
0
1),

th
e

S
ch

eff
e

algorith
m

y
ield

s,
w

ith
h
igh

p
rob

ab
ility,

a
d
istrib

u
tion

th
at

is
a
t

m
o
st

n
in

e
tim

es
fu

rth
er

from
p

0
th

an
th

e
d
istrib

u
tion

in
P
δ

w
ith

th
e

low
est

`
1

d
istan

ce
fro

m
p

0 ,
p
lu

s
a

d
im

in
ish

in
g

ad
d
itive

term
;

h
en

ce,
a

d
istrib

u
tion

th
at

is
rou

gh
ly

9δ
aw

ay
fro

m
p

0
is

fo
u
n
d
.

S
in

ce
th

is
algorith

m
com

p
ares

every
p
air

of
d
istrib

u
tion

s
in
P
δ ,

it
u
ses

q
u
a
d
ra

tic
in
|P
δ |

com
p
arison

s.
In

S
ection

6,
w

e
u
se

m
ax

im
u
m

-selection
resu

lts
to

d
erive

an
a
lgo

rith
m

w
ith

th
e

sam
e

ap
p
rox

im
atio

n
gu

aran
tee

b
u
t

lin
ear

in
|P
δ |

com
p
arison

s.

1
.2

.
O

rg
a
n

iz
a
tio

n

T
h
is

p
a
p

er
is

o
rgan

ized
as

follow
s:

in
S
ection

2,
w

e
d
efi

n
e

th
e

p
rob

lem
an

d
in

tro
d
u
ce

th
e

n
o
ta

tio
n
s;

in
S
ection

3,
w

e
su

m
m

arize
th

e
resu

lts;
in

S
ection

4,
w

e
d
erive

sim
p
le

b
ou

n
d
s

a
n
d

d
escrib

e
th

e
p

erform
an

ce
of

sim
p
le

alg
orith

m
s;

an
d
,

in
S
ection

5,
w

e
p
resen

t
o
u
r

m
ain

m
ax

im
u
m

-selection
algorith

m
s.

T
h
e

relation
b

etw
een

d
en

sity
estim

ation
p
rob

lem
an

d
ou

r
co

m
p
a
riso

n
m

o
d
el

is
d
iscu

ssed
in

S
ection

6,
an

d
,

in
S
ection

7,
w

e
d
iscu

ss
sortin

g
w

ith
a
d
versa

ria
l

co
m

p
arators.
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A
c
h
a
r
y
a
,
F
a
l
a
h
a
t
g
a
r
,
J
a
fa

r
p
o
u
r
,
O
r
l
it
sk

y
a
n
d

S
u
r
e
sh

2
.
N
o
ta
tio

n
s
a
n
d
p
re
lim

in
a
rie

s

P
ractical

ap
p
lication

s
call

for
sortin

g
or

selectin
g

th
e

m
ax

im
u
m

of
n
ot

ju
st

n
u
m

b
ers,

b
u
t,

rath
er,

of
item

s
w

ith
asso

ciated
valu

es—
for

ex
am

p
le,

fi
n
d
in

g
th

e
p

erso
n

w
ith

th
e

h
igh

est
salary,

th
e

p
ro

d
u
ct

w
ith

th
e

low
est

p
rice,

or
a

sp
orts

team
w

ith
th

e
m

ost
ca

pa
bility

of

w
in

n
in

g.
A

sso
ciate

w
ith

each
item

i
a

real
valu

e
x
i

an
d

let
X

d
ef

=
{
x

1 ,...,x
n }

b
e

th
e

m
u
ltiset

of
valu

es.
In

m
ax

im
u
m

selection
,

w
e

u
se

n
oisy

p
airw

ise
com

p
arison

s
to

fi
n
d

an

in
d
ex

i
su

ch
th

at
x
i

is
close

to
th

e
largest

elem
en

t
x
∗

d
ef

=
m

ax{x
1 ,...,x

n }.
F

orm
ally,

a
fau

lty
com

p
aratorC

takes
tw

o
d
istin

ct
in

d
ices

i
an

d
j

an
d
,

if|x
i −

x
j |
>

∆
,

ou
tp

u
ts

th
e

in
d
ex

asso
ciated

w
ith

th
e

h
igh

er
valu

e,
w

h
ile

if|x
i −

x
j |≤

∆
,

ou
tp

u
ts

eith
er
i

or
j,

p
ossib

ly
ad

versarially.
W

ith
ou

t
loss

of
gen

erality,
w

e
assu

m
e

th
at

∆
=

1.
T

h
en

,

C
(i,j)

=

{
arg

m
ax{x

i ,x
j }

if
|x
i −

x
j |
>

1,
i

or
j

(ad
versa

rially
)

if
|x
i −

x
j |≤

1.

It
is

easier
to

th
in

k
ju

st
of

th
e

n
u
m

b
ers,

rath
er

th
an

th
e

in
d
ices.

T
h
erefore,

in
form

ally
w

e
w

ill
sim

p
ly

v
iew

th
e

com
p
arators

as
tak

in
g

tw
o

real
in

p
u
ts
x
i

an
d
x
j ,

an
d

ou
tp

u
ttin

g

C
(x
i ,x

j )
=

{
m

ax{
x
i ,x

j }
if

|x
i −

x
j |
>

1,
x
i

or
x
j

(ad
versarially

)
if

|x
i −

x
j |≤

1.
(1)

W
e

con
sid

er
tw

o
ty

p
es

of
ad

versarial
com

p
a
rators:

n
o
n

-a
d
a
p
tive

an
d

a
d
a
p
tive.

•
A

n
o
n

-a
d
a
p
tive

a
d
versa

ria
l

co
m

pa
ra

to
r

h
as

com
p
lete

k
n
ow

led
ge

ofX
an

d
th

e
algo-

rith
m

b
u
t

m
u
st

fi
x

its
ou

tp
u
ts

for
every

p
air

of
in

p
u
ts

b
efore

th
e

a
lgorith

m
starts

•
A

n
a
d
a
p
tive

a
d
versa

ria
l

co
m

pa
ra

to
r

n
ot

on
ly

h
as

access
to

th
e

a
lgorith

m
an

d
th

e
in

p
u
ts

b
u
t

is
also

allow
ed

to
ad

ap
tively

d
ecid

e
th

e
ou

tcom
es

of
th

e
q
u
eries

tak
in

g
in

to
accou

n
t

all
th

e
p
rev

iou
s

com
p
arison

s
m

ad
e

b
y

th
e

algo
rith

m

A
n
on

-ad
ap

tive
com

p
arator

can
b

e
n
atu

rally
rep

resen
ted

b
y

a
d
irected

grap
h

w
ith

n
n
o
d
es

rep
resen

tin
g

th
e
n

in
d
ices.

T
h
ere

is
an

ed
ge

from
n
o
d
e
i

to
n
o
d
e
j

if
th

e
com

p
arator

d
eclares

x
i

to
b

e
larger

th
an

x
j ,

n
am

ely,C
(x
i ,x

j )
=
x
i .

F
igu

re
1

is
a
n

ex
am

p
le

of
su

ch
a

com
p
arator,

w
h
ere,

for
sim

p
licity,

w
e

sh
ow

on
ly

th
e

valu
es

0,
1,

1,
2,

an
d

n
ot

th
e

in
d
ices.

N
ote

th
at,

b
y

d
efi

n
ition

,C
(2,0)

=
2,

b
u
t

for
all

th
e

oth
er

p
airs,

th
e

ou
tp

u
ts

can
b

e
d
ecid

ed
b
y

th
e

com
p
arator.

In
th

is
ex

am
p
le,

th
e

com
p
arator

d
eclares

th
e

n
o
d
e

w
ith

valu
e

2
a
s

th
e

“w
in

n
er”

again
st

th
e

righ
t

n
o
d
e

w
ith

valu
e

1
b
u
t

as
th

e
“loser”

again
st

th
e

left
n
o
d
e,

also
w

ith
valu

e
1.

A
m

on
g

th
e

tw
o

n
o
d
es

w
ith

valu
e

1,
it

arb
itrarily

d
eclares

th
e

left
on

e
as

th
e

w
in

n
er.

A
n

ad
ap

tive
ad

versary
reveals

th
e

ed
ges

on
e-b

y
-on

e
as

th
e

algorith
m

p
ro

ceed
s.

W
e

refer
to

each
com

p
arison

as
a

qu
ery.

T
h
e

n
u
m

b
er

of
q
u
eries

an
algorith

m
A

m
akes

for
X

=
{
x

1 ,...,x
n }

is
its

qu
ery

co
m

p
lexity,

d
en

oted
b
y
Q
An

. 1
O

u
r

algo
rith

m
s

are
ran

d
om

ized
,

an
d
Q
An

is
a

ran
d
om

variab
le.

T
h
e

expected
qu

ery
co

m
p
lexity

ofA
for

th
e

in
p
u
tX

is

q An
d

ef
=

E
[Q
An

],

w
h
ere

th
e

ex
p

ectation
is

over
th

e
ran

d
om

n
ess

of
th

e
algorith

m
.

N
ote

th
at

th
e

ex
p

ected
q
u
ery

com
p
lex

ity
is

d
efi

n
ed

for
all

ru
n
s

of
an

algorith
m

,
an

d
it

is
in

d
ep

en
d
en

t
of

th
e

su
ccess

p
rob

ab
ility.

1
.
T
h
is

is
a
slig

h
t
a
b
u
se

o
f
n
o
ta
tio

n
su
p
p
ressin

g
X
.
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M
a
x
im

u
m

S
e
l
e
c
t
io
n
a
n
d

S
o
r
t
in
g

w
it
h
A
d
v
e
r
sa

r
ia
l
C
o
m
pa

r
a
t
o
r
s

2

1

0

1

F
ig

u
re

1:
C

om
p
ar

at
or

fo
r

fo
u
r

in
p
u
ts

w
it

h
va

lu
es
{0
,1
,1
,2
}

L
et
C n

o
n
(X

),
or

si
m

p
ly
C n

o
n
,

b
e

th
e

se
t

of
al

l
n
on

-a
d
a
p
ti

ve
ad

v
er

sa
ri

al
co

m
p
ar

at
or

s,
an

d
le

t
C a

d
p

t
b

e
th

e
se

t
of

al
l

ad
ap

ti
ve

ad
ve

rs
ar

ia
l

co
m

p
ar

at
or

s.
T

h
e

m
a
xi

m
u

m
ex

pe
ct

ed
qu

er
y

co
m

p
le

xi
ty

of
A

ag
ai

n
st

n
on

-a
d
ap

ti
ve

ad
ve

rs
ar

ia
l

co
m

p
ar

at
or

s
is

qA
,n

o
n

n
d

ef =
m

ax
C∈
C n

o
n

m
ax X
qA n
.

(2
)

S
im

il
ar

ly
,

th
e

m
ax

im
u
m

ex
p

ec
te

d
q
u
er

y
co

m
p
le

x
it

y
of
A

ag
ai

n
st

ad
ap

ti
ve

ad
ve

rs
ar

ia
l

co
m

-
p
ar

at
or

s
is

qA
,a

d
p

t
n

d
ef =

m
ax

C∈
C a

d
p
t

m
ax X
qA n
.

W
e

ev
al

u
at

e
an

al
go

ri
th

m
b
y

h
ow

cl
o
se

it
s

ou
tp

u
t

is
to
x
∗

(t
h
e

m
ax

im
u
m

of
X

).

D
e
fi

n
it

io
n

1
A

n
u

m
be

r
x

is
a
t-

ap
p
ro

x
im

at
io

n
o
f
x
∗

if
x
≥
x
∗
−
t.

T
h
e
t-

a
p
p
ro

xi
m

a
ti

o
n

er
ro

r
of

an
al

go
ri

th
m
A

ov
er
n

in
p
u
ts

is

EA n
(t

)
d

ef =
P

r
(Y
A

(X
)
<
x
∗
−
t)
,

th
e

p
ro

b
ab

il
it

y
th

at
A

’s
ou

tp
u
t
Y
A

(X
)

is
n

o
t

a
t-

ap
p
ro

x
im

at
io

n
of
x
∗ .

F
or

an
al

go
ri

th
m
A

,
th

e
m

ax
im

u
m
t-

ap
p
ro

x
im

at
io

n
er

ro
r

fo
r

th
e

w
or

st
n
on

-a
d
ap

ti
ve

a
d
ve

rs
ar

y
is

EA
,n

o
n

n
(t

)
d

ef =
m

ax
C∈
C n

o
n

m
ax X
EA n

(t
),

an
d
,

si
m

il
ar

ly
,

fo
r

th
e

ad
ap

ti
ve

ad
ve

rs
ar

y,

EA
,a

d
p

t
n

(t
)

d
ef =

m
ax

C∈
C a

d
p
t

m
ax X
EA n

(t
).

F
or

th
e

n
on

-a
d
ap

ti
ve

ad
ve

rs
ar

y,
th

e
m

in
im

u
m
t-

ap
p
ro

x
im

at
io

n
er

ro
r

of
an

y
al

g
or

it
h
m

is

En
o
n

n
(t

)
d

ef =
m

in A
EA

,n
o
n

n
(t

),

an
d
,

si
m

il
ar

ly
,

fo
r

th
e

ad
ap

ti
ve

ad
ve

rs
ar

y,

Ea
d

p
t

n
(t

)
d

ef =
m

in A
EA

,a
d

p
t

n
(t

).

S
in

ce
ad

ap
ti

ve
ad

ve
rs

ar
ia

l
co

m
p
ar

at
or

s
ar

e
st

ro
n
ge

r
th

an
n
on

-a
d
ap

ti
ve

,
fo

r
al

l
t,

Ea
d

p
t

n
(t

)
≥
En

o
n

n
(t

).

E
x
am

p
le

1
sh

ow
s

th
at
En

o
n

3
(t

)
≥

1 3
fo

r
al

l
t
<

2.
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8
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r
st

re
n
gt

h
s

an
d

w
ea

k
n
es

se
s

an
d

sh
ow

th
at

th
er

e
is

a
tr

ad
e-

off
b

et
w

ee
n

th
e

q
u
er

y
co

m
p
le

x
it

y
an

d
th

e
ap

p
ro

x
im

at
io

n
gu

ar
an

-
te

es
of

th
es

e
tw

o
al

go
ri

th
m

s.
A

n
ot

h
er

w
el

l-
k
n
ow

n
al

go
ri

th
m

fo
r

m
ax

im
u
m

se
le

ct
io

n
is

th
e

k
n
o
ck

-o
u
t

al
go

ri
th

m
,

an
d

w
e

d
is

cu
ss

a
va

ri
an

t
of

it
in

S
ec

ti
on

5.
1.

4
.2
.1
.
C
o
m
p
l
e
t
e
t
o
u
r
n
a
m
e
n
t
(r

o
u
n
d
-r
o
b
in
)

A
s

it
s

n
am

e
ev

in
ce

s,
a

co
m

p
le

te
to

u
rn

am
en

t
in

vo
lv

es
a

m
at

ch
b

et
w

ee
n

ev
er

y
p
ai

r
of

te
a
m

s.
U

si
n
g

th
is

m
et

ap
h
or

to
co

m
p

et
it

io
n
s,

w
e

co
m

p
ar

e
al

l
th

e
( n 2

)
in

p
u
t

p
ai

rs
,

an
d

th
e

in
p
u
t

w
it

h
m

ax
im

u
m

w
in

s
is

d
ec

la
re

d
as

th
e

ou
tp

u
t.

If
tw

o
or

m
or

e
in

p
u
ts

en
d

u
p

w
it

h
th

e
h
ig

h
es

t
w

in
s,

an
y

of
th

em
ca

n
b

e
d
ec

la
re

d
as

th
e

ou
tp

u
t.

T
h
is

al
go

ri
th

m
is

fo
rm

al
ly

st
at

ed
in

c
o
m
p
l
.

in
p

u
t:
X

co
m

p
ar

e
al

l
in

p
u
t

p
ai

rs
in
X

,
co

u
n
t

th
e

n
u
m

b
er

of
ti

m
es

ea
ch

in
p
u
t

w
in

s
o
u

tp
u

t:
an

in
p
u
t

w
it

h
th

e
m

ax
im

u
m

n
u
m

b
er

of
w

in
s

A
lg

o
ri

th
m

c
o
m
p
l

-
C

om
p
le

te
to

u
rn

am
en

t

L
em

m
a

4
sh

ow
s

th
at

c
o
m
p
l

gi
ve

s
a

2-
ap

p
ro

x
im

at
io

n
ag

ai
n
st

b
o
th

ad
ve

rs
ar

ie
s.

T
h
e

re
su

lt
,
al

th
ou

gh
w

ea
ke

r
th

an
th

e
d
et

er
m

in
is

ti
c

gu
ar

an
te

es
of

A
jt

ai
et

al
.
(2

01
5)

,
is

il
lu

st
ra

ti
ve

an
d

u
se

fu
l

in
th

e
al

go
ri

th
m

s
p
ro

p
os

ed
la

te
r.

L
e
m

m
a

4
qc

o
m
p
l
,a

d
p

t
n

=
( n 2

)
a
n

d
Ec

o
m
p
l
,a

d
p

t
n

(2
)

=
0.

P
ro

o
f

T
h
e

n
u
m

b
er

of
q
u
er

ie
s

is
cl

ea
rl

y
( n 2

) .
T

o
sh

ow
Ec

o
m
p
l
,a

d
p

t
n

(2
)

=
0,

n
ot

e
th

at
if

y
<
x
∗
−

2,
th

en
fo

r
al

l
z

th
at
y

w
in

s
ov

er
,
z
≤
y

+
1
<
x
∗
−

1,
an

d
th

er
ef

or
e
x
∗

a
ls

o
b

ea
ts

th
em

.
S
in

ce
x
∗

w
in

s
ov

er
y
,

it
w

in
s

ov
er

m
or

e
in

p
u
ts

th
an

y
,

an
d
y

ca
n
n
ot

b
e

th
e

ou
tp

u
t

of
th

e
al

go
ri

th
m

.
It

fo
ll
ow

s
th

at
th

e
in

p
u
t

w
it

h
m

ax
im

u
m

w
in

s
is

a
2-

ap
p
ro

x
im

a
ti

on
of
x
∗ .

c
o
m
p
l

is
d
et

er
m

in
is

ti
c,

an
d
,

af
te

r
( n 2

)
q
u
er

ie
s,

it
ou

tp
u
ts

a
2-

ap
p
ro

x
im

at
io

n
of
x
∗ .

If
th

e
co

m
p
ar

at
or

s
ar

e
n
oi

se
le

ss
,

w
e

ca
n

si
m

p
ly

co
m

p
ar

e
th

e
in

p
u
ts

se
q
u
en

ti
al

ly
,

d
is

ca
rd

in
g

th
e

lo
se

r
at

ea
ch

st
ep

,
an

d
,

th
u
s,

re
q
u
ir

in
g

on
ly
n
−

1
co

m
p
ar

is
on

s.
T

h
is

ev
ok

es
th

e
h
op

e
of

fi
n
d
in

g
a

d
et

er
m

in
is

ti
c

al
go

ri
th

m
th

at
re

q
u
ir

es
a

li
n
ea

r
n
u
m

b
er

of
co

m
p
ar

is
on

s
an

d
ou

tp
u
ts

a
2-

ap
p
ro

x
im

at
io

n
of
x
∗ .

A
s

m
en

ti
on

ed
ea

rl
ie

r,
h
ow

ev
er

,
A

jt
ai

et
al

.
(2

01
5)

sh
ow

ed
it

is
n
ot

ac
h
ie

va
b
le

,
as

th
ey

p
ro

v
ed

th
at

an
y

d
et

er
m

in
is

ti
c

2-
ap

p
ro

x
im

at
io

n
a
lg

or
it

h
m

re
q
u
ir

es
Ω

(n
4
/
3
)

q
u
er

ie
s.

T
h
ey

al
so

sh
ow

ed
a

st
ri

ct
ly

su
p

er
li
n
ea

r
lo

w
er

b
ou

n
d

o
n

an
y

d
et

er
m

in
-

is
ti

c
co

n
st

an
t-

ap
p
ro

x
im

at
io

n
al

go
ri

th
m

.
T

h
ey

d
es

ig
n
ed

a
d
et

er
m

in
is

ti
c

2-
ap

p
ro

x
im

at
io

n
al

go
ri

th
m

u
si

n
g
O

(n
3
/
2
)

q
u
er

ie
s.

4
.2
.2
.
S
e
q
u
e
n
t
ia
l
se

l
e
c
t
io
n

S
eq

u
en

ti
al

se
le

ct
io

n
fi
rs

t
co

m
p
ar

es
a

ra
n
d
om

p
ai

r
of

in
p
u
ts

an
d
,

at
ea

ch
su

cc
es

si
ve

st
ep

,
co

m
p
ar

es
th

e
w

in
n
er

of
th

e
la

st
co

m
p
ar

is
on

w
it

h
a

ra
n
d
om

ly
ch

os
en

n
ew

in
p
u
t.

It
ou

tp
u
ts

th
e

fi
n
al

re
m

ai
n
in

g
in

p
u
t.

T
h
is

al
go

ri
th

m
u
se

s
n
−

1
q
u
er

ie
s.
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A
c
h
a
r
y
a
,
F
a
l
a
h
a
t
g
a
r
,
J
a
fa

r
p
o
u
r
,
O
r
l
it
sk

y
a
n
d

S
u
r
e
sh

in
p

u
t:
X

ch
o
os

e
a

ra
n
d
om

y
∈
X

an
d

re
m

ov
e

it
fr

om
X

w
h

il
e
X

is
n
ot

em
p
ty

ch
o
os

e
a

ra
n
d
om

x
∈
X

an
d

re
m

ov
e

it
fr

o
m
X

y
←
C(
x
,y

)
e
n

d
w

h
il
e

o
u

tp
u

t:
y

A
lg

o
ri

th
m

se
q

-
S
eq

u
en

ti
al

se
le

ct
io

n

L
em

m
a

5
sh

ow
s

th
at

ev
en

ag
ai

n
st

th
e

n
on

-a
d
ap

ti
ve

ad
ve

rs
a
ry

,
th

e
al

g
o
ri

th
m

ca
n
n
ot

ou
tp

u
t

a
co

n
st

an
t-

ap
p
ro

x
im

at
io

n
of
x
∗ .

L
e
m

m
a

5
L

et
s

=
lo

g
n

lo
g

lo
g
n

.
F

o
r

a
ll
t
<
s,

Es
e
q
,n

o
n

n
(t

)
≥

1
−

1

lo
g

lo
g
n
.

P
ro

o
f

A
ss

u
m

e
th

at
s,

lo
g
n

,
an

d
lo

g
lo

g
n

ar
e

in
te

ge
rs

an
d

x
i

=

                      

s
fo

r
i

=
1,

s
−

1
fo

r
i

=
2,
..
.,
r,

s
−

2
fo

r
i

=
r

+
1
,.
..
,r

2
,

. . . m
fo

r
i

=
rs
−
m
−

1
+

1
,.
..
,r
s−
m
,

. . . 0
fo

r
i

=
rs
−

1
+

1
,.
..
,r
s
,

w
h
er

e
r

=
lo

g
n

.
C

on
si

d
er

th
e

fo
ll
ow

in
g

n
on

-a
d
ap

ti
ve

ad
ve

rs
ar

ia
l

co
m

p
ar

at
o
r:

C(
x
i,
x
j
)

=

{
m

ax
{x

i,
x
j
}

if
|x
i
−
x
j
|>

1
,

m
in
{x

i,
x
j
}

if
|x
i
−
x
j
|≤

1
.

(3
)

T
h
e

se
q
u
en

ti
a
l

al
go

ri
th

m
ta

ke
s

a
ra

n
d
om

p
er

m
u
ta

ti
on

of
th

e
in

p
u
ts

.
It

th
en

st
a
rt

s
b
y

co
m

p
ar

in
g

th
e

fi
rs

t
tw

o
el

em
en

ts
an

d
th

en
se

q
u
en

ti
al

ly
co

m
p
ar

es
th

e
w

in
n
er

w
it

h
th

e
n
ex

t
el

em
en

t,
an

d
so

on
.

L
et
L
j

b
e

th
e

lo
ca

ti
on

in
th

e
p

er
m

u
ta

ti
on

w
h
er

e
in

p
u
t
j

a
p
p

ea
rs

fo
r

th
e

la
st

ti
m

e.
T

h
e

n
ex

t
tw

o
ob

se
rv

at
io

n
s

fo
ll
ow

fr
om

th
e

co
n
st

ru
ct

io
n

o
f

in
p
u
ts

a
n
d

co
m

p
ar

at
or

s
re

sp
ec

ti
ve

ly
.

O
b

se
rv

a
ti

o
n

1
In

p
u

t
j

a
p
pe

a
rs

a
t

le
a
st

(l
og
n
−

1)
ti

m
es

th
a
t

o
f

in
p
u

t
j

+
1
.

O
b

se
rv

a
ti

o
n

2
F

o
r

th
e

a
d
ve

rs
a
ri

a
l

co
m

pa
ra

to
r

d
efi

n
ed

in
(3

),
if
L

0
>
L

1
>
..
.
>
L
s
,

th
en

n
o

in
p
u

t
j

ca
n

su
rv

iv
e

be
yo

n
d

lo
ca

ti
o
n
L
j−

1
,

a
n

d
,

th
er

ef
o
re

,
se

q
o
u

tp
u

ts
0.
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M
a
x
im

u
m

S
e
l
e
c
t
io
n
a
n
d

S
o
r
t
in
g

w
it
h
A
d
v
e
r
sa

r
ia
l
C
o
m
pa

r
a
t
o
r
s

A
s

a
co

n
seq

u
en

ce
of

O
b
servation

1,
in

th
e

ran
d
om

p
erm

u
tation

of
in

p
u
ts,

L
j
>
L
j+

1

w
ith

p
ro

b
a
b
ility

at
least

1−
1

lo
g
n

.
B

y
th

e
u
n
ion

b
ou

n
d
,
L

0
>
L

1
>
...

>
L
s

w
ith

p
rob

ab
ility

a
t

lea
st,

1−
s

log
n

=
1−

1

log
log

n
.

B
y

a
p
p
ly

in
g

O
b
servation

2,
se

q
ou

tp
u
ts

0
w

ith
p
rob

ab
ility

at
least

1−
1

lo
g

lo
g
n

.

5
.
A
lg
o
rith

m
s

In
th

e
p
rev

io
u
s

section
,

w
e

saw
th

a
t

th
e

com
p
lete

tou
rn

am
en

t,
c
o
m
p
l
,

alw
ay

s
ou

tp
u
ts

a
2
-ap

p
rox

im
atio

n
b
u
t

h
as

q
u
ad

ratic
q
u
ery

com
p
lex

ity,
w

h
ile

th
e

seq
u
en

tial
selection

,
se

q
,

h
a
s

lin
ea

r
q
u
ery

com
p
lex

ity
b
u
t

a
p

o
or

ap
p
rox

im
ation

g
u
aran

tee.
A

n
atu

ral
q
u
estion

to
ask

is
w

h
eth

er
th

ere
ex

ist
algorith

m
s

w
ith

b
ou

n
d
ed

error
an

d
lin

ear
q
u
ery

com
p
lex

ity.
In

th
is

sectio
n
,

w
e

p
ro

p
ose

algorith
m

s
w

ith
lin

ear
q
u
ery

com
p
lex

ity
an

d
ap

p
rox

im
ation

gu
aran

tees
th

a
t

co
m

p
ete

w
ith

th
e

b
est

p
ossib

le,
n
am

ely,
2-ap

p
rox

im
ation

of
x
∗.

W
e

p
ro

p
ose

th
ree

algorith
m

s
w

ith
d
iff

eren
t

p
erform

a
n
ce

gu
aran

tees:

•
M

o
d

ifi
e
d

k
n

o
ck

-o
u

t,
d
escrib

ed
in

S
ection

5
.1,

h
as

lin
ear

q
u
ery

com
p
lex

ity,
an

d
,

w
ith

h
ig

h
p
rob

ab
ility,

ou
tp

u
ts

a
3-ap

p
rox

im
ation

of
x
∗

again
st

b
o
th

ad
ap

tive
an

d
n
o
n
-a

d
a
p
tive

ad
v
ersaries

•
Q

u
ick

-se
le

c
t,

d
escrib

ed
in

S
ection

5.2,
ou

tp
u
ts

a
2-ap

p
rox

im
ation

to
x
∗

(again
st

b
o
th

ad
versaries).

It
also

h
as

a
lin

ear
ex

p
ected

q
u
ery

com
p
lex

ity
again

st
n
on

-a
d
ap

tiv
e

a
d
versa

rial
com

p
arators

•
K

n
o
ck

-o
u

t
a
n

d
q
u

ick
-se

le
c
t

c
o
m

b
in

a
tio

n
,

d
escrib

ed
in

S
ectio

n
5.3,

h
as

lin
ear

q
u
ery

com
p
lex

ity,
an

d
,

w
ith

h
igh

p
rob

ab
ility,

ou
tp

u
ts

a
2-ap

p
rox

im
ation

of
x
∗

even
a
g
a
in

st
a
d
ap

tive
ad

versarial
com

p
a
rators

W
e

n
ow

g
o

over
th

ese
algorith

m
s

in
d
etail.

5
.1

.
M

o
d

ifi
e
d

k
n

o
ck

-o
u

t

F
o
r

sim
p
lifi

ca
tion

,
in

th
is

section
,

w
e

assu
m

e
th

at
log

n
is

an
in

teger.
T

h
e

k
n
o
ck

-ou
t

algo-
rith

m
d
erives

its
n
am

e
from

k
n
o
ck

-ou
t

com
p

etition
s

w
h
ere

th
e

to
u
rn

am
en

t
is

d
iv

id
ed

in
to

lo
g
n

su
ccessive

rou
n
d
s.

In
each

rou
n
d
,

th
e

in
p
u
ts

are
p
aired

at
ran

d
o
m

,
an

d
th

e
w

in
n
ers

a
d
va

n
ce

to
th

e
n
ex

t
rou

n
d
.

T
h
erefore,

in
rou

n
d
i,

th
ere

a
re

n
2
i−

1
in

p
u
ts.

T
h
e

w
in

n
er

a
t

th
e

en
d

o
f

lo
g
n

ro
u
n
d
s

is
d
eclared

as
th

e
m

a
x
im

u
m

.
U

n
d
er

ou
r

ad
versarial

m
o
d
el,

at
each

rou
n
d

of
th

e
k
n
o
ck

-ou
t

algorith
m

,
th

e
largest

rem
a
in

in
g

in
p
u
t

d
ecreases

b
y

at
m

ost
on

e.
T

h
erefore,

th
e

k
n
o
ck

-ou
t

alg
orith

m
fi
n
d
s

at
lea

st
lo

g
n

-a
p
p
rox

im
ation

of
x
∗.

A
n
aly

zin
g

th
e

p
recise

ap
p
rox

im
ation

error
of

k
n
o
ck

-ou
t

a
lg

o
rith

m
a
p
p

ears
to

b
e

d
iffi

cu
lt.

H
ow

ev
er,

sim
u
lation

s
su

ggest
th

at
for

an
y

large
n

,
for
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b
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b
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p
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∈
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∈
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p
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+
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p
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p
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|
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−
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d
α
i

d
ef =
|X
∗ i
|

|X
i
|.

W
e

co
n
si

d
er

th
e

fo
ll
ow

in
g

tw
o

ca
se

s
se

p
a
ra

te
ly

.

•
C

a
se

1
T

h
er

e
ex

is
ts

an
i

su
ch

th
at
|X
i|
>

2 3
n
i

an
d
α
i
>

1 8
.

•
C

a
se

2
F

or
al

l
i,

ei
th

er
|X
i|
≤

2 3
n
i

or
α
i
≤

1 8
.

F
ir

st
,

w
e

co
n
si

d
er

C
as

e
1.

W
e

sh
ow

th
at

in
th

is
ca

se
a

p
iv

ot
fr

om
X
∗

is
ch

o
se

n
w

it
h

p
ro

b
ab

il
it

y
>

1
−
ε.

O
b
se

rv
e

th
at

at
ro

u
n
d
i,
|X
|s

ta
rt

s
at

n
i
<

3 2
|X
i|

a
n
d

g
ra

d
u
a
ll
y

d
ec

re
as

es
.

O
n

th
e

ot
h
er

h
an

d
,

in
al

l
th

e
⌊ β

1
lo

g
1 ε

⌋
ca

ll
s

to
q
s-
su

b
,
|X
∩
X
∗ |

is
a
t

le
as

t
|X
∗ i
|=

α
i|X

i|.
T

h
er

ef
or

e,
in

al
l

th
e

ca
ll
s

to
q
s-
su

b
at

ro
u
n
d
i,

|X
∩
X
∗ |

|X
|
≥
α
i|X

i|
3 2
|X
i|

=
2 3
α
i.
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M
a
x
im

u
m

S
e
l
e
c
t
io
n
a
n
d

S
o
r
t
in
g

w
it
h
A
d
v
e
r
sa

r
ia
l
C
o
m
pa

r
a
t
o
r
s

L
et
E

b
e

th
e

ev
en

t
of

n
ot

ch
o
osin

g
a

p
iv

ot
from

X
∗

at
rou

n
d
i.

A
s

a
resu

lt,

P
r(E

)≤
(1−

23 α
i ) ⌊

β
1

lo
g

1ε ⌋

≤
(

1
1

1
2 )

8
lo

g
1ε

<
ε.

T
h
erefo

re,
in

C
ase

1,
w

ith
p
rob

ab
ility

at
least

1−
ε,

a
p
ivot

from
X
∗

is
ch

osen
.

W
e

n
ow

co
n
sid

er
C

ase
2.

B
y

L
em

m
a

11,
d
u
rin

g
th

e
calls

to
q
s-su

b
,

eith
er
x
∗

su
rv

ives
o
r

a
n

in
p
u
t

fro
m
X
∗

is
ch

osen
as

a
p
ivot.

T
h
erefore,

w
e

m
ay

on
ly

lose
x
∗

w
ith

ou
t

ch
o
osin

g
a

p
ivo

t
fro

m
X
∗,

if
at

som
e

rou
n
d
i,|X

i |
>

23 n
i

an
d
x
∗

w
in

s
less

th
an

th
ree-fou

rth
of

its
q
u
eries

d
u
rin

g
th

e
calls

to
k
o
-su

b
.

R
eca

ll
th

a
t

in
C

ase
2,

if|X
i |
>

23 n
i

th
en
α
i ≤

18 .
O

b
serve

th
at
x
∗

w
in

s
again

st
a

ra
n
d
om

in
p
u
t

in
X
i

w
ith

p
rob

ab
ility

greater
th

an
>

1
−
α
i ,

w
h
ich

is
at

least
seven

-eigh
th

s.
L

et
E
′i

b
e

th
e

even
t

th
at
x
∗

w
in

s
few

er
th

a
n

th
ree-q

u
arters

of
its

q
u
eries

at
rou

n
d
i.

B
y

th
e

C
h
ern

o
ff

b
o
u
n
d
,

P
r(E

′i )≤
ex

p (−
⌊
β

2 (
43 )
ilog

1ε ⌋·
D
(

34 ||
78 ) )

≤
ε
2 (

43 )
i,

w
h
ere

D
(p||q)

d
ef

=
p

ln
pq

+
(1−

p
)

ln
1−
p

1−
q

is
th

e
K

u
llb

ack
-L

eib
ler

d
istan

ce
b

etw
een

B
ern

ou
lli

d
istrib

u
ted

ra
n
d
om

variab
les

w
ith

p
aram

eters
p

an
d
q,

resp
ectively.

A
ssu

m
in

g
ε
<

12 ,
th

e
to

ta
l

p
ro

b
a
b
ility

of
m

issin
g
x
∗

w
ith

ou
t

ch
o
osin

g
a

p
ivot

form
X
∗

is
at

m
ost

∞∑i=
1

P
r(E

′i )≤
∞∑i=

1

ε
2 (

43 )
i

<
ε.

T
h
is

sh
ow

s
th

at
w

ith
p
rob

ab
ility

>
1−

ε,
eith

er
x
∗

su
rv

ives
or

an
in

p
u
t

in
sid

e
X
∗

is
ch

o
sen

a
s

a
p
ivot.

T
h
e

th
eorem

follow
s

from
L

em
m

a
11.

6
.
A
p
p
lica

tio
n
to

d
e
n
sity

e
stim

a
tio

n

O
u
r

stu
d
y

o
f

m
ax

im
u
m

selection
w

ith
ad

versarial
com

p
arators

w
as

m
otivated

b
y

th
e

fol-
low

in
g

d
en

sity
estim

ation
p
rob

lem
:

G
iven

a
kn

o
w

n
setP

δ
=
{
p

1 ,...,p
n }

of
n

d
istrib

u
tion

s
an

d
k

sam
p
les

from
a
n

u
n

kn
o
w

n
d
istrib

u
tion

p
0 ,

ou
tp

u
t

a
d
istrib

u
tion

p̂
∈
P
δ

su
ch

th
at

for
a

sm
all

con
stan

t
C
>

1
an

d
w

ith
h
ig

h
p
ro

b
a
b
ility,

‖p̂−
p

0 ‖
1 ≤

C
·

m
in

p∈P
δ ‖
p−

p
0 ‖

1
+
o
k (1).

T
h
is

p
ro

b
lem

w
as

stu
d
ied

in
D

ev
roye

an
d

L
u
gosi

(2001)
w

h
o

sh
ow

ed
th

at
for

n
=

2,
th

e
sc

h
e
f
f
e
-t
e
st

,
d
escrib

ed
b

elow
in

p
seu

d
o
co

d
e,

tak
es
k

sam
p
les

an
d
,

w
ith

p
rob

ab
ility

1−
ε,
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A
c
h
a
r
y
a
,
F
a
l
a
h
a
t
g
a
r
,
J
a
fa

r
p
o
u
r
,
O
r
l
it
sk

y
a
n
d

S
u
r
e
sh

ou
tp

u
ts

a
d
istrib

u
tion

p̂
∈
P
δ

su
ch

th
at

||p̂−
p

0 ||1 ≤
3·

m
in

p∈P
δ ||p−

p
0 ||1

+

√
1
0

log
1ε

k
.

(5)

in
p

u
t:

d
istrib

u
tion

s
p

1
an

d
p

2 ,
k

i.i.d
.

sam
p
les

of
u
n
k
n
ow

n
d
istrib

u
tion

p
0

letS
=
{x

:
p

1 (x
)
>
p

2 (x
)}

let
p

1 (S
)

an
d
p

2 (S
)

b
e

th
e

p
rob

ab
ility

m
ass

th
at
p

1
an

d
p

2
a
ssign

to
S

let
µ
S

b
e

th
e

freq
u
en

cy
of

sam
p
les

in
S

o
u

tp
u

t:
if|p

1 (S
)−

µ
S |≤

|p
2 (S

)−
µ
S |

ou
tp

u
t
p

1 ,
oth

erw
ise

ou
tp

u
t
p

2

A
lg

o
rith

m
sc

h
e
f
f
e
-t
e
st

-
S
ch

eff
e

test
for

tw
o

d
istrib

u
tion

s

sc
h
e
f
f
e
-t
e
st

p
rov

id
es

a
factor-3

ap
p
rox

im
ation

w
ith

h
igh

p
rob

ab
ility.

T
h
e

algorith
m

,
as

stated
in

its
p
seu

d
o
co

d
e,

req
u
ires

com
p
u
tin

g
p
i (S

)
w

h
ich

can
b

e
h
ard

sin
ce

th
e

d
istri-

b
u
tion

s
are

n
ot

restricted
.

H
ow

ever,
as

n
oted

in
S
u
resh

et
al.

(2014),
th

e
algorith

m
can

b
e

m
ad

e
to

ru
n

in
tim

e
lin

ear
in
k
.

D
ev

roy
e

an
d

L
u
gosi

(2001)
also

ex
ten

d
ed

sc
h
e
f
f
e
-t
e
st

for
n
>

2.
T

h
eir

p
rop

osed
algorith

m
for

n
>

2
ru

n
s
sc

h
e
f
f
e
-t
e
st

for
each

p
air

of
d
istri-

b
u
tion

s
in
P
δ

an
d

ou
tp

u
ts

th
e

d
istrib

u
tion

w
ith

th
e

m
ax

im
u
m

w
in

s,
w

h
ere

a
d
istrib

u
tion

is
a

w
in

n
er

if
it

is
th

e
ou

tp
u
t

of
sc

h
e
f
f
e
-t
e
st

.
T

h
is

algorith
m

is
referred

to
as

th
e

S
ch

eff
e

tou
rn

am
en

t.
T

h
ey

sh
ow

ed
th

at
th

is
algorith

m
fi
n
d
s

a
d
istrib

u
tion

p̂
∈
P
δ

su
ch

th
at

||p̂−
p

0 ||1 ≤
9

m
in

p∈P
δ ||p−

p
0 ||1

+
o
k (1),

an
d

th
e

ru
n
n
in

g
tim

e
is

clearly
Θ

(n
2k

)—
q
u
ad

ratic
in

th
e

n
u
m

b
er

of
d
istrib

u
tion

s.
M

ah
alan

ab
is

a
n
d

S
tefan

kov
ic

(2008)
sh

ow
ed

th
at

th
e

op
tim

al
co

effi
cien

ts
for

th
e

S
ch

eff
e

algorith
m

s
are

in
d
eed

3
an

d
9

for
n

=
2

an
d
n
>

2,
resp

ectively.
T

h
ey

p
rop

osed
an

algorith
m

w
ith

an
im

p
roved

factor-3
ap

p
rox

im
ation

fo
r
n
>

2—
still

ru
n
n
in

g
in

tim
e

Θ
(n

2),
h
ow

ever.
T

h
ey

also
p
rop

osed
a

lin
ear-tim

e
a
lgorith

m
,

b
u
t

it
req

u
ires

a
p
rep

ro
cessin

g
step

th
at

ru
n
s

in
tim

e
ex

p
on

en
tial

in
n

.
S
ch

eff
e’s

m
eth

o
d

h
as

b
een

u
sed

recen
tly

to
ob

tain
n
ea

rly
sam

p
le

op
tim

al
alg

orith
m

s
for

learn
in

g
P

oisson
B

in
om

ial
d
istrib

u
tion

s
(D

askalak
is

et
al.,

2
012),

an
d

G
au

ssian
m

ix
-

tu
res

(D
askalak

is
an

d
K

am
ath

,
2014;

S
u
resh

et
al.,

201
4).

W
e

n
ow

d
escrib

e
h
ow

ou
r

n
oisy

com
p
arison

m
o
d
el

can
b

e
ap

p
lied

to
th

is
p
rob

lem
to

y
ield

a
lin

ear-tim
e

algorith
m

w
ith

th
e

sam
e

estim
ation

gu
aran

tee
as

th
e

S
ch

eff
e

tou
rn

am
en

t.
O

u
r

algorith
m

u
ses

th
e

S
ch

eff
e

test
as

a
su

b
rou

tin
e.

G
iven

a
su

ffi
cien

t
n
u
m

b
er

of
sam

p
les,

k
=

Θ
(log

n
),

th
e

sm
all

term
in

th
e

R
H

S
of

(5)
van

ish
es,

an
d
sc

h
e
f
f
e
-t
e
st

ou
tp

u
ts


p
i

if
||p

i −
p

0 ||1
<

13 ||p
j −

p
0 ||1

,
p
j

if
||p

j −
p

0 ||1
<

13 ||p
i −

p
0 ||1

,
u
n
k
n
ow

n
oth

erw
ise.

L
et
x
i

=
−

log
3 ||p

i −
p

0 ||1 ,
th

en
an

alogou
sly

to
th

e
m

ax
im

u
m

selection
w

ith
ad

versarial
n
oise

in
(1),

sc
h
e
f
f
e
-t
e
st

ou
tp

u
ts

{
m

ax{
x
i ,x

j }
if|x

i −
x
j |
>

1,
u
n
k
n
ow

n
oth

erw
ise.
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M
a
x
im

u
m

S
e
l
e
c
t
io
n
a
n
d

S
o
r
t
in
g

w
it
h
A
d
v
e
r
sa

r
ia
l
C
o
m
pa

r
a
t
o
r
s

G
iv

en
a

fi
x
ed

m
u
lt

is
et

of
sa

m
p
le

s
th

e
to

u
rn

am
en

t
re

su
lt

s
ar

e
fi
x
ed

;
h
en

ce
,

th
is

se
tu

p
is

id
en

ti
ca

l
to

th
e

n
on

-a
d
ap

ti
ve

ad
ve

rs
ar

ia
l

co
m

p
ar

a
to

rs
.

In
p
ar

ti
cu

la
r,

w
it

h
p
ro

b
ab

il
it

y
1
−
ε,

ou
r

q
u
ic

k
-s

el
ec

t
al

go
ri

th
m

ca
n

fi
n
d
p̂
∈
P δ

su
ch

th
at

||p̂
−
p

0
|| 1
≤

9
·m

in
p
∈P

δ

||p
−
p

0
|| 1
,

w
it

h
ru

n
n
in

g
ti

m
e

Θ
(n
k
).

N
ex

t,
w

e
co

n
si

d
er

th
e

co
m

b
in

at
io

n
of

sc
h
e
f
f
e
-t
e
st

an
d
q
-s
e
l
e
c
t

in
gr

ea
te

r
d
et

ai
l.

T
h

e
o
re

m
1
3

C
o
m

bi
n

a
ti

o
n

o
f
sc

h
e
f
f
e
-t
e
st

a
n

d
q
-s
e
l
e
c
t

a
lg

o
ri

th
m

s,
w

it
h

p
ro

ba
bi

li
ty

1
−
ε,

re
su

lt
s

in
p̂

su
ch

th
a
t

||p̂
−
p

0
|| 1
≤

9
·m

in
p
∈P

δ

||p
−
p

0
|| 1

+
4

√
10

lo
g

(n 2
)
ε

k
.

P
ro

o
f

L
et

p
∗

d
ef =

ar
gm

in
p
∈P

δ

||p
−
p

0
|| 1
.

U
si

n
g

(5
),

fo
r

ea
ch

p
i

an
d
p
j

in
P δ

,
w

it
h

p
ro

b
ab

il
it

y
1
−
ε/
( n 2

) ,
sc

h
e
f
f
e
-t
e
st

ou
tp

u
ts
p̂

su
ch

th
at

||p̂
−
p

0
|| 1
≤

3
·

m
in

p
∈{
p
i
,p
j
}|
|p
−
p

0
|| 1

+

√
10

lo
g

(n 2
)
ε

k
.

(6
)

B
y

th
e

u
n
io

n
b

ou
n
d

(6
)

h
ol

d
s

fo
r

al
l
p
i

a
n
d
p
j

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
ε.

S
im

il
ar

to
L

em
m

a
7,

if
p
∗

is
el

im
in

at
ed

,
th

en
at

so
m

e
ro

u
n
d
,
q
-s
e
l
e
c
t

h
as

ch
os

en
p
′

a
s

a
p
iv

ot
su

ch
th

at

∣ ∣∣ ∣ p
′ −

p
0

∣ ∣∣ ∣ 1
≤

3
·|
|p
∗
−
p

0
|| 1

+

√
10

lo
g

(n 2
)
ε

k
.

N
ow

af
te

r
ch

o
os

in
g
p
′

as
a

p
iv

ot
,

fo
r

an
y

d
is

tr
ib

u
ti

on
p
′′

th
at

su
rv

iv
es

,

∣ ∣∣ ∣ p
′′
−
p

0

∣ ∣∣ ∣ 1
≤

3
·∣ ∣
∣ ∣ p
′ −

p
0

∣ ∣∣ ∣ 1
+

√
10

lo
g

(n 2
)
ε

k

≤
9
·|
|p
∗
−
p

0
|| 1

+
4

√
10

lo
g

(n 2
)
ε

k
.

7
.
N
o
is
y
so

rt
in
g

7
.1

.
P

ro
b

le
m

st
a
te

m
e
n
t

In
th

is
se

ct
io

n
,

w
e

co
n
si

d
er

so
rt

in
g

w
it

h
n
oi

sy
co

m
p
ar

at
or

s.
T

h
e

co
m

p
ar

at
o
r

m
o
d
el

is
th

e
sa

m
e

as
b

ef
or

e,
an

d
th

e
go

al
is

to
ap

p
ro

x
im

at
el

y
so

rt
th

e
in

p
u
ts

in
d
ec

re
as

in
g

or
d
er

.
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A
c
h
a
r
y
a
,
F
a
l
a
h
a
t
g
a
r
,
J
a
fa

r
p
o
u
r
,
O
r
l
it
sk

y
a
n
d

S
u
r
e
sh

C
on

si
d
er

an
A

lg
or

it
h
m
A

fo
r

so
rt

in
g

th
e

in
p
u
ts

.
T

h
e

ou
tp

u
t

of
A

is
d
en

o
te

d
b
y

Y
A

(X
)

d
ef =

(Y
1
,Y

2
,.
..
,Y

n
),

a
p
ar

ti
cu

la
r

o
rd

er
in

g
of

th
e

in
p
u
ts

.
S
im

il
ar

to
th

e
m

a
x
im

u
m

-
se

le
ct

io
n

p
ro

b
le

m
,

a
t-

ap
p
ro

x
im

at
io

n
er

ro
r

is

EA n
(t

)
d

ef =
P

r

(
m

ax
i,
j:
i>
j(Y

i
−
Y
j
)
>
t)
,

n
am

el
y,

th
e

p
ro

b
ab

il
it

y
of
Y
i

ap
p

ea
ri

n
g

af
te

r
Y
j

in
Y
A

w
h
il
e
Y
i
−
Y
j
>
t.

N
o
te

th
a
t

o
u
r

d
efi

n
it

io
n
s

fo
r
EA

,n
o
n

n
(t

),
EA

,a
d

p
t

n
(t

),
qA

,a
d

p
t

n
,

an
d
qA

,n
o
n

n
h
o
ld

th
e

sa
m

e
a
s

b
ef

o
re

.

In
th

e
fo

ll
ow

in
g,

w
e

fi
rs

t
re

v
is

it
th

e
co

m
p
le

te
to

u
rn

am
en

t
w

it
h

a
sm

al
l

m
o
d
ifi

ca
ti

o
n

fo
r

th
e

sa
ke

of
th

e
so

rt
in

g
p
ro

b
le

m
,

an
d

w
e

sh
ow

th
at

,
u
n
d
er

th
e

ad
ap

ti
ve
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ve

rs
a
ri

a
l

m
o
d
el

,
it

h
as

ze
ro

2-
ap

p
ro

x
im

at
io

n
er

ro
r

an
d

q
u
er

y
co

m
p
le

x
it

y
of
( n 2

) .
W

e
th

en
d
is

cu
ss

th
e

q
u
ic

k
-s

o
rt

al
go

ri
th

m
q
-s
o
r
t

an
d

sh
ow

th
at

it
h
as

ze
ro

2-
ap

p
ro

x
im

at
io

n
er

ro
r

b
u
t

w
it

h
im

p
ro

ve
d

q
u
er

y
co

m
p
le

x
it

y
fo

r
th

e
n
on

-a
d
ap

ti
ve

ad
ve

rs
ar

y.
W

e
ap

p
ly

th
e

k
n
ow

n
b

ou
n
d
s

fo
r

th
e

ru
n
n
in

g
ti

m
e

of
th

e
ge

n
er

al
q
u
ic

k
-s

or
t

al
go

ri
th

m
w

it
h
n

d
is

ti
n
ct

in
p
u
ts

to
fi
n
d

th
e

q
u
er

y
co

m
p
le

x
it

y
of

q
-s
o
r
t
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.
C

o
m

p
le

te
to

u
rn

a
m

e
n
t

T
h
e

al
go

ri
th

m
is

si
m

il
ar

to
c
o
m
p
l

in
S
ec

ti
on

4.
2.

1,
an

d
w

e
re

fe
r

to
it
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c
o
m
p
l
-s
o
r
t

.
T

h
e

on
ly

d
iff

er
en

ce
is

in
th

e
ou

tp
u
t

of
th

e
al

go
ri

th
m

.

in
p

u
t:
X

co
m

p
ar

e
al

l
in

p
u
t

p
ai

rs
in
X

,
co

u
n
t

th
e

n
u
m

b
er

of
ti

m
es

ea
ch

in
p
u
t

w
in

s
o
u

tp
u

t:
ou

tp
u
t

th
e

in
p
u
ts

in
th

e
or

d
er

of
th

ei
r

n
u
m

b
er

of
w

in
s,

b
re

ak
in

g
th

e
ti

es
ra

n
d
om

ly

A
lg

o
ri

th
m

c
o
m
p
l
-s
o
r
t

-
C

om
p
le

te
to

u
rn

am
en

t

T
h
e

fo
ll
ow

in
g

le
m

m
a—

an
d

it
s

p
ro

of
—

is
si

m
il
ar

to
L

em
m

a
4,

an
d
,

th
er

ef
o
re

,
w

e
sk

ip
th

e
p
ro

of
.

L
e
m

m
a

1
4
qc

o
m
p
l
-s
o
r
t
,a

d
p

t
n

=
( n 2

)
a
n

d
Ec

o
m
p
l
-s
o
r
t
,a

d
p

t
n

(2
)

=
0
.

N
ex

t,
w

e
d
is

cu
ss

a
n

al
go

ri
th

m
w

it
h

im
p
ro

v
ed

q
u
er

y
co

m
p
le

x
it

y.
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Q

u
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k
-s

o
rt

Q
u
ic

k
-s

or
t

is
a

w
el

l-
k
n
ow

n
al

go
ri

th
m

an
d
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h
er

e,
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d
en

ot
ed

b
y
q
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o
r
t
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T

h
e

ex
p
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d
q
u
er

y
co

m
p
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x
it

y
of

q
u
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k
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or
t

w
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h
n
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m
p
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s
an

d
d
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n
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in
p
u
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f
(n

)
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2
n
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n
−
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−

2
γ
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+

2
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n

+
O

(1
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)

w
h
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e
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E

u
le
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s
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n
st

an
t

(M
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id
an

d
H

ay
w

ar
d
,
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N

ot
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th
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n

of
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.

In
th

e
re

st
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th
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se
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w
e

st
u
d
y

th
e

er
ro

r
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ar
an

te
e

of
q
u
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k
-s

or
t

a
n
d

it
s

q
u
er

y
co

m
p
le

x
it

y
in

th
e
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re

se
n
ce
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n
oi

se
.
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em
m

a
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,
w

e
sh

ow
th
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e
er

ro
r

g
u
a
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n
te

e
o
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u
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k
-s

or
t
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r
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r

n
oi
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o
d
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th
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sa

m
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p
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n
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M
a
x
im

u
m

S
e
l
e
c
t
io
n
a
n
d

S
o
r
t
in
g

w
it
h
A
d
v
e
r
sa

r
ia
l
C
o
m
pa

r
a
t
o
r
s

th
e

in
p
u
ts

w
ith

zero
2-ap

p
rox

im
ation

error.
N

ex
t,

in
L

em
m

a
16,

w
e

sh
ow

th
at

th
e

ex
p

ected
q
u
ery

com
p
lex

ity
of

q
u
ick

-sort
w

ith
n
on

-ad
ap

tive
ad

v
ersarial

n
o
ise

is
at

m
ost

its
ex

p
ected

q
u
ery

com
p
lex

ity
in

th
e

n
oiseless

m
o
d
el.

L
e
m

m
a

1
5
E
q
-so

r
t
,a

d
p

t
n

(2)
=

0
.

P
ro

o
f

T
h
e

p
ro

of
is

b
y

con
trad

iction
.

S
u
p
p

o
se
x
i
>
x
j

+
2,

b
u
t
x
j

ap
p

ears
b

efore
x
i

in
th

e
o
u
tp

u
t

o
f

q
u
ick

-sort
algorith

m
.

T
h
en

th
ere

m
u
st

h
ave

b
een

a
p
ivot

x
p

su
ch

th
at

C
(x
i ,x

p )
=
x
p

w
h
ile
C

(x
j ,x

p )
=
x
j .

S
in

ce
x
i
>
x
j

+
2

n
o

su
ch

a
p
ivot

ex
ists.

T
h
e

q
u
ick

-sort
algorith

m
ch

o
oses

a
p
ivot

ran
d
om

ly
to

d
iv

id
e

th
e

set
of

in
p
u
ts

in
to

sm
a
ller-size

sets.
T

h
e

op
tim

al
p
iv

ot
for

n
oiseless

q
u
ick

-so
rt

is
k
n
ow

n
to

b
e

th
e

m
ed

ian
of

th
e

in
p
u
ts

to
b
alan

ce
th

e
size

of
th

e
rem

ain
ed

sets.
In

fact,
it

is
easy

to
sh

ow
th

at
if

w
e

ch
o
o
se

th
e

m
ed

ian
of

th
e

in
p
u
ts

as
th

e
p
ivot,

th
e

q
u
ery

com
p
lex

ity
of

q
u
ick

-so
rt

red
u
ces

to
less

th
a
n
n

log
n

.
O

b
serve

th
at

in
a

n
on

-ad
ap

tiv
e

ad
versarial

m
o
d
el,

th
e

p
rob

ab
ility

of
h
av

in
g

b
a
la

n
ced

sets
after

ch
o
osin

g
p
ivot

in
creases.

A
s

a
resu

lt,
in

L
em

m
a

16,
w

e
sh

ow
th

a
t

th
e

ex
p

ected
q
u
ery

com
p
lex

ity
of

q
u
ick

-sort
in

th
e

p
resen

ce
of

n
o
ise

is
u
p
p

er
b

ou
n
d
ed

b
y
f

(n
).

L
e
m

m
a

1
6
q
q
-so

r
t
,n

o
n

n
=
f

(n
)

a
n

d
is

a
ch

ieved
w

h
en

th
e

qu
eries

a
re

n
o
iseless

a
n

d
th

e
in

p
u

ts
a
re

d
istin

ct.

P
ro

o
f

L
et

in
(x

)
an

d
ou

t(x
)

b
e

th
e

in
-d

egree
an

d
ou

t-d
egree

of
n
o
d
e
x

in
th

e
co

m
p
lete

to
u
rn

a
m

en
t

resp
ectively.

F
or

th
e

n
oiseless

com
p
arator

w
ith

d
istin

ct
in

p
u
ts,

th
e

in
-d

egrees
a
n
d

o
u
t-d

eg
rees

of
in

p
u
ts

are
p

erm
u
tatio

n
of

(0,1,...,n
−

1).
W

e
sh

ow
th

at

argm
ax

C∈C
n
o
n

m
ax
X

q
q
-so

r
t

n
,

is
a

co
m

p
a
rato

r
w

h
ose

com
p
lete

tou
rn

am
en

t
in

-d
egrees

an
d

o
u
t-d

egrees
are

p
erm

u
tation

s
o
f

(0
,1
,...,n

−
1).

F
or

n
otation

al
sim

p
licity

let
q
n

=
q
q
-so

r
t
,n

o
n

n
.

W
e

h
av

e
th

e
follow

in
g

recu
rsio

n
fo

r
q
u
ick

-sort
sim

ilar
to

(4):

q
n
≤
n
−

1
+

1n

n
∑i=

1

q
o
u

t(x
i )

+
q

in
(x
i ) .

(8)

B
y

in
d
u
ctio

n
,

w
e

sh
ow

th
at

th
e

solu
tion

to
(8)

is
b

ou
n
d
ed

ab
ove

b
y
f

(n
),

a
con

vex
fu

n
ction

o
f
n

.
T

h
e

in
d
u
ction

h
old

s
for

n
=

0,1
,

an
d

2.
N

ow
su

p
p

ose
th

e
in

d
u
ction

h
old

s
for

all
i
<
n

.
S
in

ce
f

(n
)

is
a

con
vex

fu
n
ction

of
n

an
d
∑

i in
(x
i )

=
∑

i ou
t(x

i )
=

n
(n−

1
)

2
,

th
e

righ
t

h
a
n
d

sid
e

of
(8)

is
m

ax
im

ized
w

h
en

th
e

in
-d

egrees
an

d
ou

t-d
egrees

take
th

eir
ex

trem
e

valu
es,

n
a
m

ely,
w

h
en

th
ey

are
p

erm
u
tation

of
(0
,1
,...,n−

1).
P

lu
ggin

g
in

th
ese

valu
es,

(8)
is

eq
u
iva

len
t

to
,

q
n
≤
n
−

1
+

1n

n
∑i=

1

f
(in

(x
i ))

+
f

(ou
t(x

i ))

≤
n
−

1
+

1n

n
∑i=

1

f
(i−

1)
+
f

(n
−
i),
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A
c
h
a
r
y
a
,
F
a
l
a
h
a
t
g
a
r
,
J
a
fa

r
p
o
u
r
,
O
r
l
it
sk

y
a
n
d

S
u
r
e
sh

w
h
ere

th
e

solu
tion

to
th

is
recu

rsion
is
f

(n
),

giv
en

in
(7).

H
en

ce
q
n

is
b

ou
n
d
ed

ab
ove

b
y

f
(n

),
an

d
th

e
eq

u
ality

h
ap

p
en

s
w

h
en

th
e

in
-d

eg
rees

an
d

ou
t-d

egrees
are

p
erm

u
tation

s
of

(0,1
,...,n

−
1).

K
n
u
th

(1998);
H

en
n
eq

u
in

(1989);
M

cD
iarm

id
an

d
H

ay
w

ard
(1992)

sh
ow

d
iff

eren
t

con
-

cen
tration

b
ou

n
d
s

for
q
u
ick

-sort.
In

p
articu

lar,
M

cD
iarm

id
an

d
H

ay
w

ard
(1992)

sh
ow

th
at

th
e

p
rob

ab
ility

of
th

e
q
u
ick

-sort
algorith

m
req

u
irin

g
m

ore
com

p
arison

s
th

an
(1

+
ε)

tim
es

its
ex

p
ected

q
u
ery

com
p
lex

ity
is
n
−

2
ε

ln
ln
n

+
O

(ln
ln

ln
n

).
O

b
serve

th
at

for
th

e
n
on

-ad
ap

tive
ad

versarial
m

o
d
el,

th
e

ch
an

ce
of

a
ran

d
om

p
iv

ot
cu

ttin
g

th
e

set
of

in
p
u
ts

in
to

b
alan

ced
sets

in
creases.

A
s

a
resu

lt,
on

e
can

sh
ow

th
at

th
e

an
aly

sis
in

M
cD

iarm
id

an
d

H
ay

w
ard

(1992)
follow

s
au

tom
atically.

In
p
articu

lar,
L

em
m

as
2.1

an
d

2.2
in

M
cD

iarm
id

an
d

H
ay

-
w

ard
(1992),

w
h
ich

are
th

e
b
asis

of
th

eir
an

aly
sis,

are
valid

for
ou

r
n
on

-ad
ap

tive
ad

versarial
m

o
d
el.

T
h
erefore,

th
eir

tigh
t

con
cen

tration
b

ou
n
d

for
q
u
ick

-sort
algorith

m
can

b
e

ap
p
lied

to
ou

r
n
on

-ad
ap

tiv
e

ad
versarial

m
o
d
el.

A
ck

n
o
w
le
d
g
m
e
n
ts

T
h
e

au
th

ors
w

ou
ld

like
to

th
an

k
th

e
ed

itor
an

d
an

on
y
m

ou
s

rev
iew
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for

th
eir

con
stru

ctive
com

m
en

ts,
an

d
J
elan

i
N

elson
for

in
tro

d
u
cin

g
th

e
au

th
ors

to
th

e
ad

ap
tive

ad
versarial

m
o
d
el.

T
h
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w
ork

w
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p
p

orted
in

p
art

b
y
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S
F
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ts
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IF
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n
d
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w
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b
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p
p
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n
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o
r
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3,
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o
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o
d
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n
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o
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o
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p
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p
le
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ow
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at
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o
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p
le

3
S

u
p
po

se
n
−
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m
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︸
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︸
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0 ∗
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d
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0s.
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et
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e

a
d
versa

ria
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d
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d
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a
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s.
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o
in
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u
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o
f
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m

e
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e
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o
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o
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em

w
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s
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n
d
o
m
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(excep

t
in
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e

ca
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o
f

0 ∗).
B

y
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e
p
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o
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ra

to
r,
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o
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u
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ll
is

on
an

d
C

h
ri

st
a
k
is

,
1
9
9
4
).

M
o
d
el

(1
)

im
p
li
es

th
at
p
ij

+
p
ji

=
1

an
d

im
p

os
es

a
fo

rm
of

st
o
ch

as
ti

c
tr

an
si

ti
v
it

y
(M

o
rr

i-
so

n
,

19
63

;
R

eg
en

w
et

te
r

et
al

.,
20

11
)

w
h
ic

h
is

k
n
ow

n
as

li
n
ea

r
st

o
ch

as
ti

c
tr

an
si

ti
v
it

y
(L

S
T

).
M

o
d
el

s
sa

ti
sf

y
in

g
(1

)
w

il
l

b
e

re
fe

rr
ed

to
as

L
S
T

m
o
d
el

s.
V

ar
io

u
s

L
S
T

m
o
d
el

s
h
av

e
b

ee
n

p
ro

p
os

ed
,

th
es

e
d
iff

er
in

th
e

ch
oi

ce
of

th
e

co
m

p
a
ri

so
n

fu
n
ct

io
n
F

.
In

p
ar

ti
cu

la
r,

tw
o

ca
n
o
n
-

ic
al

L
S
T

m
o
d
el

s
h
av

e
b

ee
n

w
id

el
y

st
u
d
ie

d
;

th
e

T
h
u
rs

to
n
ia

n
m

o
d
el

(T
h
u
rs

to
n
e,

1
9
2
7
)

a
n
d

th
e

(Z
ar

m
el

o)
B

ra
d
le

y
-T

er
ry

-L
u
ce

m
o
d
el

(Z
er

m
el

o,
19

28
;

B
ra

d
le

y
an

d
T

er
ry

,
1
9
5
2
).

T
h
e

B
ra

d
le

y
-T

er
ry

-L
u
ce

m
o
d
el

(B
T

L
,

h
en

ce
fo

rt
h
)

as
su

m
es

th
at
F

is
a

st
an

d
ar

d
lo

g
is

ti
c

d
is

tr
i-

b
u
ti

on
w

h
er

ea
s

T
h
u
rs

to
n
e’

s
m

o
d
el

as
su

m
es
F

is
a

st
an

d
ar

d
n
or

m
al

d
is

tr
ib

u
ti

o
n
.

T
h
er

e
a
re

li
te

ra
ll
y

th
ou

sa
n
d
s

of
st

u
d
ie

s
w

h
ic

h
em

p
lo

y
th

es
e

m
o
d
el

s
an

d
th

ei
r

va
ri

an
ts

.
O

th
er

,
a
lb

ei
t

le
ss

p
op

u
la

r,
L

S
T

m
o
d
el

s
ar

e
al

so
st

u
d
ie

d
in

li
te

ra
tu

re
,

e.
g
.,

th
e

T
h
re

sh
ol

d
m

o
d
el

w
h
ic

h
em

p
lo

y
s

th
e

L
ap

la
ce

d
is

tr
ib

u
ti

on
an

d
is

u
se

d
fo

r
m

o
d
el

li
n
g

an
im

al
b

eh
av

io
r

(Y
el

lo
tt

,
1
9
7
0
),

an
d

th
e

lo
ca

ll
y

li
n
ea

r
m

o
d
el

(B
at

ch
el

d
er

et
al

.,
19

92
)

w
h
ic

h
em

p
lo

y
s

a
u
n
if

o
rm

o
n

[−
1
,1

]
d
is

tr
ib

u
ti

on
.

T
h
e

as
su

m
p
ti

on
th

at
F

is
k
n
ow

n
h
as

b
ee

n
re

co
gn

iz
ed

as
ra

th
er

u
n
re

al
is

ti
c

(M
o
rr

is
o
n
,

19
63

;
D

av
id

,
19

88
;

R
eg

en
w

et
te

r
an

d
D

av
is

-S
to

b
er

,
20

08
;

H
w

an
g,

20
09

;
S
h
ah

et
a
l.
,

2
0
1
5
b
;

H
ec

k
el

et
al

.,
20

16
).

T
h
is

h
as

m
ot

iv
at

ed
se

v
er

al
au

th
o
rs

to
re

so
rt

to
th

e
u
se

of
le

ss
re

st
ri

ct
iv

e
tr

an
si

ti
v
it

y
re

la
ti

on
s.

A
va

ri
et

y
of

st
o
ch

as
ti

c
tr

an
si

ti
v
it

y
re

la
ti

on
s

h
av

e
b

ee
n

ex
p
lo

re
d

in
th

e
li
te

ra
tu

re
(M

or
ri

so
n
,

19
63

;
R

eg
en

w
et

te
r

et
al

.,
20

11
;

O
li
ve

ir
a

et
al

.,
20

18
),

th
e

w
ea

ke
st

of
w

h
ic

h
is

k
n
ow

n
as

w
ea

k
st

o
ch

as
ti

c
tr

an
si

ti
v
it

y.
U

n
d
er

w
ea

k
st

o
ch

as
ti

c
tr

a
n
si

ti
v
it

y
if

p
ij
≥

1
/2

an
d
p
jk
≥

1/
2

th
en

p
ik
≥

1
/2

.
A

st
ro

n
ge

r
fo

rm
of

st
o
ch

as
ti

c
tr

an
si

ti
v
it

y,
re

fe
rr

ed
to

as
st

ro
n
g

st
o
ch

as
ti

c
tr

an
si

ti
v
it

y
(S

S
T

),
p

os
tu

la
te

s
th

at
if
p
ij
≥

1
/2

an
d
p
jk
≥

1
/
2

th
en

p
ik
≥

m
ax
{p
ij
,p
jk
}.

O
f

co
u
rs

e
m

o
d
el

(1
)

sa
ti

sfi
es

b
ot

h
of

th
e

re
la

ti
on

s.
V

a
ri

o
u
s

a
u
th

o
rs

h
av

e
d
ev

el
op

ed
m

et
h
o
d
s

fo
r

an
al

y
zi

n
g

d
at

a
u
n
d
er

th
es

e
le

ss
re

st
ri

ct
iv

e
as

su
m

p
ti

o
n
s

(d
eC

a
n
i,

19
69

;
R

eg
en

w
et

te
r

an
d

D
av

is
-S

to
b

er
,

20
08

;
C

h
at

te
rj

ee
an

d
M

u
k
h
er

je
e,

2
01

6
;

S
h
a
h

et
a
l.
,

20
15

b
).

It
tu

rn
s

ou
t

th
at

th
e

es
ti

m
at

io
n

p
ro

ce
d
u
re

s
as

so
ci

at
ed

w
it

h
th

es
e

le
ss

re
st

ri
ct

iv
e
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A
N
e
w

a
n
d

F
l
e
x
ib
l
e
A
p
p
r
o
a
c
h
t
o

t
h
e
A
n
a
ly

sis
o
f
P
a
ir
e
d

C
o
m
pa

r
iso

n
D
a
t
a

tra
n
sitiv

ity
rela

tion
s

are
in

gen
eral,

N
P

-h
ard

.
S
in

ce
th

ese
m

o
d
els

p
rov

id
e

less
stru

ctu
re,

th
ey

m
ay

n
o
t

b
e

ad
eq

u
ate

w
h
en

th
e

com
p
arison

grap
h

is
sp

arse
an

d
m

ost
im

p
o
rta

n
tly

m
ay

p
rov

id
e

less
p
red

ictive
p

ow
er.

T
h
e

S
S
T

m
o
d
el,

for
ex

am
p
le,

ca
n
n
ot

gu
aran

tee
th

at
stron

ger
p
layers

h
ave

h
igh

er
ch

an
ces

th
an

w
ea

ker
p
layers

in
k
n
o
ckou

t
tou

rn
am

en
ts,

w
h
ereas

B
T

L
ca

n
(C

h
u
n
g

a
n
d

H
w

an
g,

1978;
Israel,

1981;
A

d
ler

et
al.,

2017;
B

aek
et

al.,
2013).

T
h
u
s

w
e

p
ro

p
o
se

a
d
iff

eren
t,

p
oten

tially
m

ore
p

ow
erfu

l
ap

p
roach

,
w

ith
in

th
e

L
S
T

fram
ew

ork
,

in
w

h
ich

th
e

a
ssu

m
p
tion

th
at

th
e

com
p
arison

fu
n
ction

F
is

k
n
ow

n
is

relax
ed

.
T

h
e

p
rop

osed
m

eth
o
d
o
lo

g
y

is
fl
ex

ib
le,

tractab
le

an
d

retain
s

th
e

d
esirab

le
com

p
u
tation

al
an

d
statistical

ch
a
ra

cteristics
of

L
S
T

m
o
d
els.

A
n
a
tu

ra
l

a
n
d

w
id

ely
u
sed

ap
p
roach

for
estim

atin
g

th
e

m
o
d
el

p
aram

eters
in

(1)
is

b
y

lea
st

sq
u
a
res

(L
S
).

L
S

is
often

th
e

m
eth

o
d

of
ch

oice
d
u
e

to
its

(relative)
com

p
u
tation

al
sim

p
licity.

T
h
u
s

if
(1)

h
old

s
th

en
th

e
L

S
estim

ators
solve

th
e

follow
in

g
op

tim
ization

p
rob

lem
:

µ̂
∈

argm
in ∑i6=

j

w
ij (∆̂

ij −
(µ
i −

µ
j ))

2,
(2)

w
h
ere,

ty
p
ica

lly,
∆̂
ij ≡

F
−

1(p̂
ij )

an
d
p̂
ij

is
an

estim
ator

of
th

e
p
rob

ab
ility

p
ij .

F
or

n
ow

w
e

a
ssu

m
e

th
at
p̂
ij

is
b

ou
n
d
ed

aw
ay

from
0

an
d

1
an

d
p̂
ij

+
p̂
ji

=
1

so
∆̂
ij

is
w

ell
d
efi

n
ed

.
T

h
e

w
eig

h
ts
w
ij

a
re

given
an

d
are

eith
er

p
rop

ortion
al

to
th

e
varian

ce
of

th
e

estim
ated

∆̂
ij ,

or
th

e
n
u
m

b
er

o
f

co
m

p
arison

s
b

etw
een

item
s
i

an
d
j.

N
otice

th
at

(2)
ad

m
its

m
u
ltip

le
solu

tion
s,

for
if
µ
∗

is
a

so
lu

tion
to

p
rob

lem
(2)

th
en

so
is
µ
∗

+
v
1

for
an

y
v
∈
R

.
A

u
n
iq

u
e

solu
tion

ex
ists

if
th

e
co

m
p
a
rison

grap
h

is
con

n
ected

an
d

an
ad

d
ition

al
lin

ear
con

strain
t

su
ch

as ∑
i µ

i
=

0
is

en
fo

rced
(T

su
k
id

a
an

d
G

u
p
ta,

2011).
W

h
en

a
ll
w
ij

in
(2)

are
eq

u
al,

th
en

th
e

solu
tion

is
of

th
e

form
µ
∗i

=
κ ∑

j
∆̂
ij

for
som

e
κ
>

0
.

F
or

th
is

reason
th

e
L

S
m

eth
o
d

is
som

etim
es

referred
to

as
th

e
row

—
su

m
p
ro

ce-
d
u
re

(H
u
b

er,
1
963).

T
h
ere

are
oth

er
w

ell
k
n
ow

n
ran

k
in

g
m

eth
o
d
s

w
h
ich

can
b

e
v
iew

ed
as

row
—

su
m

p
ro

ced
u
res

w
ith

vary
in

g
d
efi

n
ition

s
of

∆̂
ij .

F
or

ex
am

p
le,

th
e

C
op

la
n
d

M
eth

o
d
,

p
o
p
u
la

r
w

ith
in

th
e

votin
g

literatu
re

(L
ev

in
an

d
N

aleb
u
ff

,
1995;

F
avard

in
et

al.,
2002),

is
a

row
su

m
p
ro

ced
u
re

in
w

h
ich

p̂
ij

is
d
efi

n
ed

as
p̂
ij
≡

( ∑
k
Y
ijk )/I

an
d
F

(x
)

=
1/

2
+
x

for
x
∈

[−
1
/2
,1
/2

]
w

h
ere

Y
ijk

eq
u
als

on
e

if
th

e
k
th

voter
p
refers

can
d
id

ate
i

ab
ove

can
d
id

ate
j

an
d

zero
o
th

erw
ise.

T
h
e

B
ord

a
C

ou
n
t

can
b

e
also

sh
ow

n
to

b
e

a
row

—
su

m
m

eth
o
d
.

A
n
o
th

er
L

S
va

rian
t,

k
n
ow

n
as

M
assey

R
atin

gs,
is

w
id

ely
u
sed

in
th

e
ratin

g
of

sp
ort

team
s

in
co

lleg
e

fo
o
tb

all,
b
ask

etb
all,

h
o
ckey,

an
d

b
aseb

all,
see

C
h
ap

ter
4

of
M

assey
(2017).

F
or

m
o
re

o
n

th
e

L
S

literatu
re,

refer
to

H
o
d
ge

ran
k

in
J
ian

g
et

al.
(2010).

O
u

r
C

o
n

tribu
tio

n
.

W
e

w
ill

w
eak

en
th

e
assu

m
p
tion

th
at

th
e

co
m

p
arison

fu
n
ction

F
is

k
n
ow

n
a
n
d

a
ssu

m
e

o
n
ly

th
at

it
b

elon
gs

to,
a

n
ew

,
large

fam
ily

of
p
a
ram

etric
fu

n
ction

s.
O

u
r

p
ara-

m
etric

set,
ca

n
b

e
u
n
d
ersto

o
d

as
an

in
terior

ap
p
rox

im
ation

,
w

ith
arb

itrary
p
recision

,
to

th
e

fu
ll

set
o
f

co
m

p
arison

fu
n
ction

s.
W

e
th

en
sim

u
ltan

eou
sly

estim
ate

th
e

m
erits

as
w

ell
as

th
e

co
m

p
a
riso

n
fu

n
ction

F
b
y

gen
eralizin

g
th

e
L

S
ap

p
roach

.
E

stim
atin

g
th

e
p
rob

ab
ilities

p
ij

is
n
ow

a
n

ea
sy

co
n
seq

u
en

ce.
W

e
sh

ow
th

at
th

is
can

b
e

d
on

e
effi

cien
tly

b
oth

com
p
u
tation

ally
a
n
d

sta
tistica

lly.
In

p
articu

lar,
w

e
d
evelop

a
p
ro

ced
u
re

th
at

takes
as

in
p
u
t

a
n

estim
ate

of
th

e
p
ro

b
ab

ility
m

atrix
an

d
retu

rn
s

an
estim

ate
of

th
e

com
p
arison

fu
n
ction

F
,

th
e

m
erit

vecto
r
µ

a
n
d

a
refi

n
em

en
t

of
th

e
origin

al
estim

ate
of

th
e

p
rob

ab
ility

m
atrix

.
E

stim
ation

red
u
ces

to
a

sem
i-d

efi
n
ite

p
rogram

m
in

g
p
rob

lem
w

ith
a

tractab
le

solu
tio

n
.

W
e

p
rov

id
e

a
th

o
ro

u
g
h

sen
sitiv

ity
an

aly
sis

an
d

d
erive

statistical
p
rop

erties
su

ch
as

con
vergen

ce
an

d
con

-

3
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O
l
iv
e
ir
a
,
A
il
o
n
a
n
d

D
a
v
id
o
v

cen
tration

b
ou

n
d
s

on
th

e
refi

n
ed

estim
ator

an
d

th
e

estim
ated

fu
n
ction

.
B

y
ap

p
ly

in
g

ou
r

m
eth

o
d
ology

to
a

large
d
ata-set

of
com

p
u
ter

ch
ess

m
atch

es,
w

e
verify

th
at

th
e

u
b
iq

u
itou

s
(Z

arm
elo)

B
rad

ley
-T

erry
-L

u
ce

m
o
d
el

m
ay

b
e

in
ap

p
rop

riate
for

com
p
u
ter

ch
ess.

2
.
F
o
rm

u
la
tio

n
a
n
d
E
stim

a
tio

n

F
o
rm

u
la

tio
n

:
L

ea
st

S
qu

a
res

E
stim

a
tio

n
O

ver
P

o
lyn

o
m

ia
l

F
a
m

ilies.
F

irst,
w

e
m

ay
gen

eralize
p
rob

lem
(2)

b
y

rew
ritin

g
it

in
m

atrix
n
o
tation

in
th

e
follow

in
g

w
ay

µ̂
∈

arg
m

in
µ ||F

−
1(P̂

)−
∆
µ||W

.
(3)

H
ere

∆
µ

is
an

I×
I

m
atrix

w
h
ose

ij
th

elem
en

t
is
µ
i −
µ
j

an
d
F
−

1(P̂
)

is
a

m
atrix

w
ith

th
e

sam
e

d
im

en
sion

s
w

h
ose

ij
th

elem
en

t
is
F
−

1(p̂
ij ),

if
w
ij
>

0
an

d
0

oth
erw

ise.
U

n
less

sp
ecifi

ed
oth

erw
ise,

in
th

is
p
ap

er
th

e
n
orm

||·||W
w

ill
b

e
th

e
w

eigh
ted

F
rob

en
iu

s
(sem

i-)n
orm

,
w

ith
p
re-sp

ecifi
ed

w
eigh

ts
an

d
||·||

w
ill

b
e

its
u
n
w

eigh
ted

cou
n
terp

art.
W

ith
a

sligh
t

ab
u
se

of
n
otation

w
e

w
ill

refer
to

th
e

frob
en

iu
s

n
orm

as
th

e
L

2
n
orm

.
T

h
e

m
in

im
iza

tion
in

(3)
can

also
b

e
form

u
lated

w
ith

resp
ect

to
th

e
su

m
of

th
e

ab
solu

te
valu

es
of

th
e

elem
en

ts,
w

h
ich

w
e

refer
to

as
th

e
L

1
n
orm

,
or

m
ax

im
u
m

valu
e

o
f

th
e

elem
en

ts
of

a
m

atrix
,

w
h
ich

w
e

refer
to

as
th

e
L
∞

n
orm

.
T

h
e

m
ech

an
ics

in
volved

in
solv

in
g

(3)
are

n
orm

d
ep

en
d
en

t.
If

on
e

v
iew

s
∆

as
an

op
erator

from
R
I→

R
I×
I

th
en

∆
µ̂

is
th

e
p
ro

jection
of
F
−

1(P̂
)

on
th

e
im

age
set

of
th

e
op

erator
∆

.
F

in
ally

n
ote

th
at

th
e

lea
st

sq
u
ares

p
ro

ced
u
re

takes
an

estim
ator

P̂
an

d
p
ro

d
u
ces

a
refi

n
ed

estim
ator

d
en

oted
b
y
P
∗

=
F

(∆
µ̂

).

T
h
e

assu
m

p
tion

th
at

th
e

com
p
ariso

n
fu

n
ction

F
is

k
n
ow

n
is

rela
x
ed

an
d

in
stead

it
is

assu
m

ed
th

at
F
∈
F

w
h
ere
F

,
w

h
ere:

A
1

(P
a
ra

m
etric

A
ssu

m
p
tio

n
):

T
h
e

fa
m

ily
F

in
d
exed

by
β
∈
R
D

+
1

co
n

sists
o
f

a
ll

d
istribu

-
tio

n
fu

n
ctio

n
s

w
h
o
se

in
verse,

i.e.,
its

qu
a
n

tile
fu

n
ctio

n
,

m
a
y

be
w

ritten
a
s

a
po

lyn
o
m

ia
l,

o
f

th
e

fo
rm

F
−

1
β

(p
)

=
β

0
+
β

1 p
+
...+

β
D
p
D

w
h
ere

p
∈

[0,1/
2].

(4)

E
q
u
ation

(4)
d
efi

n
es

a
q
u
an

tile
regression

m
o
d
el

(T
akeu

ch
i

et
al.,

2006;
S
u
,

2015).
B

y
th

e
L

S
T

con
d
ition

F
β

is
sy

m
m

etric,
i.e.,

F
β

(x
)

+
F
β

(−
x

)
=

1
so
F
−

1
β

(p
)

+
F
−

1
β

(1−
p
)

=
0.

It
im

m
ed

iately
follow

s
th

at
F
−

1
β

(p
)

is
also

a
p

oly
n
om

ial
w

h
en

p
∈

[1/2
,1].

A
lso,

(4)
im

p
lies

th
at

th
e

su
p
p

ort
of
F
β

is
th

e
fi
n
ite

in
terval

[β
0 ,−

β
0 ],

w
h
ere

β
0
<

0.
It

is
fu

rth
er

assu
m

ed
th

at:

A
2

(L
ip

sch
itz

A
ssu

m
p
tio

n
):

F
o
r

a
ll
F
β
∈
F
,F
β

is
L

-L
ip

sch
itz

a
n

d
||β||∞

≤
U

for
som

e
con

stan
ts
L

an
d
U

.

W
e

n
ote

th
at

each
fi
x
ed

valu
e

of
(D
,U
,L

)
gen

erates
a

p
aram

etric
fam

ily
of

d
istrib

u
tion

s
F

(D
,U
,L

);
w

h
ich

w
e

d
en

ote
for

con
v
en

ien
ce

b
y
F

.
T

h
is

is
a

n
ew

,
n
on

-stan
d
ard

,
rich

fam
ily

of
d
istrib

u
tion

s,
in

w
h
ich

th
e

q
u
an

tile
fu

n
ction

,
n
ot

th
e

d
en

sity,
is

p
aram

etrized
.

F
igu

re
1

sh
ow

s
th

at
th

e
B

rad
ley

-T
erry

-L
u
ce

m
o
d
el

can
b

e
can

b
e

ap
p
rox

im
ated

b
y

a
low

d
egree

p
oly

n
om

ial
over

th
e

in
terval

p
∈

[0.01,0
.99].

F
u
rth

ern
ote,

th
at

b
y

in
creasin

g
D
,U

an
d
L

w
e

can
ap

p
rox

im
ate

an
y

q
u
an

tile
fu

n
ction

w
ith

arb
itrary

p
recision

.

4
JM

L
R

 19(60):1-29, 2018



A
N
e
w

a
n
d

F
l
e
x
ib
l
e
A
p
p
r
o
a
c
h
t
o

t
h
e
A
n
a
ly

si
s
o
f
P
a
ir
e
d

C
o
m
pa

r
is
o
n
D
a
t
a

P
ro

b
a
b
ili

ty
: 
p

0
0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9

1

Merit Difference: x = F
-1

(p)

-1
.5-1

-0
.50

0
.51

1
.5

B
T

L

7
th

 D
e

g
re

e
 P

o
ly

n
o

m
ia

l

F
ig

u
re

1:
A

n
ap

p
ro

x
im

at
io

n
of

th
e

B
ra

d
le

y
-T

er
ry

-L
u
ce

q
u
an

ti
le

fu
n
ct

io
n

ov
er

th
e

in
te

rv
al

p
∈

[0
.0

1,
0
.9

9]
b
y

a
fu

n
ct

io
n
F
∈
F

fo
r
D

=
7.

It
is

k
n
ow

n
th

at
F

an
d
G

ar
e

eq
u
iv

al
en

t
co

m
p
ar

is
on

fu
n
ct

io
n
s

iff
F

(x
)

=
G

(κ
x

)
fo

r
so

m
e

p
os

it
iv

e
κ

,
se

e
Y

el
lo

tt
(1

97
7)

,
an

d
th

er
ef

or
e
F
−

1
is

eq
u
iv

al
en

t
to
G
−

1
iff
κ
F
−

1
(p

)
=
G
−

1
(p

).
A

va
li
d

li
n
ea

r
co

n
st

ra
in

t
on

th
e

co
effi

ci
en

t
ve

ct
or
β

is
th

u
s

im
p

os
ed

to
en

su
re

id
en

ti
fi
a
b
il
it

y.
F

or
ex

am
p
le

,
fi
x
in

g
th

e
su

p
p

or
t

of
F

,
w

h
ic

h
am

ou
n
ts

to
fi
x
in

g
β

0
<

0,
is

su
ffi

ci
en

t.
A

n
o
th

er
n
at

u
ra

l
ch

oi
ce

is
to

fi
x

th
e

d
er

iv
at

iv
e

of
F

at
0,

w
h
ic

h
am

ou
n
ts

to
fi
x
in

g
β

1
>

0.
A

re
sc

al
in

g
ar

gu
m

en
t

sh
ow

s
th

at
th

e
re

su
lt

in
g

in
fe

re
n
ce

s
d
o

n
ot

d
ep

en
d

on
th

e
ch

os
en

co
n
st

ra
in

t.
A

s
n
ot

ed
ea

rl
ie

r,
id

en
ti

fi
ab

li
ty

re
q
u
ir

es
th

at
th

e
m

er
it

s
sa

ti
sf

y
a

co
n
st

ra
in

t.
H

en
ce

fo
rt

h
it

w
il
l

b
e

as
su

m
ed

th
at

:

A
3

(S
ca

li
n

g
A

ss
u

m
p
ti

o
n

):
T

h
e

m
er

it
s

a
n

d
th

e
co

m
pa

ri
so

n
fu

n
ct

io
n

a
re

sc
a
le

d
to

sa
ti

sf
y

∑ i

µ
i

=
0

a
n

d
β

0
=
−

1
.

(5
)

T
h
u
s,

if
F

b
el

on
gs

to
F

w
e

m
ay

es
ti

m
at

e
(µ
,β

)
b
y

so
lv

in
g

th
e

fo
ll
ow

in
g

o
p
ti

m
iz

at
io

n
p
ro

b
le

m
:

(µ̂
,β̂

)
∈

ar
gm

in
µ
∈R

,F
β
∈F
||F
−

1
β

(P̂
)
−

∆
µ
|| W

.
(6

)

A
lt

h
ou

gh
(6

)
is

a
le

as
t

sq
u
ar

es
p
ro

b
le

m
it

is
n
on

-s
ta

n
d
ar

d
as

“b
ot

h
si

d
es

”,
i.
e.

,
th

e
“p

re
d
ic

-
to

r”
an

d
th

e
“r

es
p

on
se

”
in

th
e

re
gr

es
si

on
eq

u
at

io
n
,
ar

e
as

so
ci

at
ed

w
it

h
u
n
k
n
ow

n
p
ar

am
et

er
s

w
h
ic

h
ar

e
es

ti
m

at
ed

si
m

u
lt

an
eo

u
sl

y.
In

th
e

fo
ll
ow

in
g

su
b
se

ct
io

n
w

e
w

il
l

st
u
d
y

p
ro

b
le

m
(6

)
u
n
d
er

as
su

m
p
ti

on
s

A
1

to
A

3
.

S
o
lu

ti
o
n

vi
a

S
em

id
efi

n
it

e
P

ro
gr

a
m

m
in

g.
O

u
r

fi
rs

t
co

n
ce

rn
is

to
ch

ar
ac

te
ri

ze
th

e
se

t
of

fe
as

ib
le

so
lu

ti
on

s
fo

r
(µ
,β

).
A

s
n
ot

ed
ea

rl
ie

r
th

e
q
u
an

ti
le

fu
n
ct

io
n

(4
)

sa
ti

sfi
es
F
−

1
(p

)
=

−
F
−

1
(1
−
p
)

so
w

e
n
ee

d
on

ly
co

n
si

d
er

co
n
st

ra
in

ts
ge

n
er

at
ed

b
y

va
lu

es
p
∈

[0
,1
/
2]

.
In

th
is

in
te

rv
al
F
−

1
β

(p
)

is
in

cr
ea

si
n
g

h
en

ce
it

s
d
er

iv
at

iv
e,

w
h
ic

h
is

a
p

ol
y
n
om

ia
l

of
d
eg

re
e
D
−

1,

is
n
on

-n
eg

at
iv

e.
F

u
rt

h
er

m
or

e,
th

e
L

ip
sc

h
it

z
co

n
ti

n
u
it

y
co

n
st

ra
in

t
o
n
F

im
p
li
es

th
at
F
−

1
is

st
ri

ct
ly

m
on

ot
on

e
w

it
h

d
er

iv
at

iv
e

gr
ea

te
r

or
eq

u
al

to
1
/L

.
T

h
u
s,

β
1

+
..
.+

D
β
D
p

(D
−

1
)
−

1 L
≥

0
fo

r
al

l
p
∈

[0
,1
/
2]

(7
)
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1-
29

, 2
01

8

O
l
iv
e
ir
a
,
A
il
o
n
a
n
d

D
a
v
id
o
v

In
ad

d
it

io
n
F

(0
)

=
1/

2,
so
F
−

1
β

(1
/
2)

=
0

an
d
||β
|| ∞
≤
U

th
er

ef
or

e

D ∑ i=
0

(
1 2

) i
β
i

=
0

an
d
−
U
≤
β
i
≤
U

fo
r

al
l
i.

(8
)

M
in

im
iz

in
g
||F
−

1
(P̂

)
−

∆
µ
|| W

su
b

je
ct

to
(7

)
an

d
(8

)
y
ie

ld
s

a
se

m
i-

in
fi
n
it

e
p
ro

g
ra

m
m

in
g

p
ro

b
le

m
(S

IP
)

(M
u
ta

p
ci

c
an

d
B

oy
d
,

20
09

;
S
te

in
,

20
12

),
i.
e.

,
an

op
ti

m
iz

at
io

n
p
ro

b
le

m
w

it
h

an
in

fi
n
it

e
n
u
m

b
er

of
,

in
th

is
ca

se
li
n
ea

r,
co

n
st

ra
in

ts
.

T
h
er

e
ar

e
a

n
u
m

b
er

of
m

et
h
o
d
s

fo
r

so
lv

in
g

S
IP

s.
O

n
e

n
at

u
ra

l
ap

p
ro

ac
h

is
d
is

cr
et

iz
a
ti

o
n
,

w
h
ic

h
in

ou
r

ca
se

m
ea

n
s

re
p
la

ci
n
g

(7
)

b
y
N

co
n
st

ra
in

ts
of

th
e

fo
rm

β
1
+
β

2
p
j
..
.+
D
β
D
p

(D
−

1
)

j
−

1
/L
≥

0
w

h
er

e
0
<
p

1
<
p

2
<
..
.
<
p
N
<

1
/2

fo
r

so
m

e
fi
n
it

e
N

.
T

h
is

y
ie

ld
s

a
si

m
p
le

q
u
ad

ra
ti

c
p
ro

gr
am

m
in

g
p
ro

b
le

m
.

F
ro

m
a

p
ra

ct
it

io
n
er

’s
p

oi
n
t

of
v
ie

w
,

d
is

cr
et

iz
a
ti

o
n

m
ay

b
e

a
m

et
h
o
d

of
ch

oi
ce

d
u
e

to
it

s
si

m
p
li
ci

ty
.

T
h
is

is
sp

ec
ifi

ca
ll
y

tr
u
e

w
h
en
||
·|
| W

is
ei

th
er

th
e

w
ei

gh
te

d
or

u
n
w

ei
gh

te
d
L 1

or
L ∞

n
or

m
s,

si
n
ce

in
th

es
e

ca
se

s
d
is

cr
et

iz
a
ti

o
n

re
su

lt
s

in
a

si
m

p
le

li
n
ea

r
p
ro

gr
am

.
H

ow
ev

er
,

th
e

re
su

lt
in

g
es

ti
m

at
e

of
F

is
n
ot

g
u
a
ra

n
te

ed
to

b
e

st
ri

ct
ly

m
on

ot
on

e
(a

lt
h
ou

gh
th

is
ca

n
b

e
ov

er
co

m
e,

se
e

se
ct

io
n

3.
2

o
f

M
u
ta

p
ci

c
a
n
d

B
oy

d
20

09
)

an
d

m
or

e
im

p
or

ta
n
tl

y
in

th
e

w
or

st
ca

se
th

e
so

lu
ti

on
m

ay
n
o
t

b
e

p
o
ly

n
o
m

ia
ll
y

co
m

p
u
ta

b
le

.
T

h
es

e
is

su
es

m
ay

b
e

ov
er

co
m

e
b
y

n
ot

in
g

th
at

th
e

co
n
st

ra
in

ts
in

(7
)-

(8
)

a
re

eq
u
iv

al
en

t
to

a
co

m
b
in

at
io

n
of

li
n
ea

r
co

n
st

ra
in

ts
an

d
p

os
it

iv
e

se
m

i-
d
efi

n
it

e
co

n
e

co
n
st

ra
in

ts
,

se
e

P
ar

ri
lo

(2
01

6)
fo

r
fu

rt
h
er

d
et

ai
ls

.
T

h
u
s

ou
r

op
ti

m
iz

at
io

n
p
ro

b
le

m
is

(a
ls

o)
a

se
m

i-
d
efi

n
it

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
(S

D
P

).
T

h
er

e
is

a
la

rg
e

li
te

ra
tu

re
on

S
D

P
s

(N
em

ir
ov

sk
i

a
n
d

T
o
d
d
,

20
09

)
an

d
in

p
ar

ti
cu

la
r

it
is

k
n
ow

n
th

at
S
D

P
s

ca
n

b
e

so
lv

ed
b
y

in
te

ri
or

p
o
in

t
m

et
h
o
d
s

(V
an

d
en

b
er

gh
e

an
d

B
oy

d
,

19
96

)
in

p
ol

y
n
om

ia
l

ti
m

e.
T

h
er

ef
or

e
w

e
m

ay
fo

rm
a
ll
y

re
w

ri
te

(6
)

as
:

T
h

e
o
re

m
1

G
iv

en
U
,L
≥

0
,
D

=
2d

+
1

w
it

h
d
∈
N

,
a

sy
m

m
et

ri
c

w
ei

gh
t

m
a
tr

ix
W

a
n

d
a
n

es
ti

m
a
to

r
P̂

,
th

en
p
ro

bl
em

(6
)

is
eq

u
iv

a
le

n
t

to
:

m
in

im
iz

e
∑

(i
,j

)∈
S
w
ij

(β
0

+
..
.+

β
D
p̂
D ij

+
µ
j
−
µ
i)

2

su
bj

ec
t

to
β
i

=
1 i
(1 2
t i
−

2
−
t i
−

3
+
s i
−

1
)

fo
r
i

=
2,
..
.,
D
,

β
1

=
s 0

+
1 L
,

∑
D k
=

0

( 1 2

) k
β
k

=
0,

||β
|| ∞
≤
U
,

s i
=
∑

j+
k
=
i
Q

0 jk
fo

r
i

=
0,
..
.,
D
−

1,
Q

0
∈
Sd

+
1

+
,

t i
=
∑

j+
k
=
i
Q

1 jk
fo

r
i

=
0,
..
.,
D
−

3
,

Q
1
∈
Sd +
.

(9
)

w
h
er

e
S

=
{(
i,
j)
|p

ij
≤
.5

o
r
p
ij

=
.5

a
n

d
i
<
j}

,
a
n

d
t D
−

1
=
t D
−

2
=
t −

1
=
t −

2
=

0,
Sk +

is
th

e
se

t
o
f
k
×
k

sy
m

m
et

ri
c

po
si

ti
ve

se
m

i-
d
efi

n
it

e
m

a
tr

ic
es

,
a
n

d
th

e
ro

w
s

a
n

d
co

lu
m

n
s

o
f

Q
0

a
n

d
Q

1
a
re

in
d
ex

ed
by

0
to
d

a
n

d
0

to
d
−

1
re

sp
ec

ti
ve

ly
.

F
or

b
re

v
it

y
w

e
p
re

se
n
t

h
er

e
on

ly
th

e
ca

se
w

h
en

D
is

o
d
d
,

a
si

m
il
ar

ch
a
ra

ct
er

iz
a
ti

o
n

h
ol

d
s

fo
r
D

ev
en

.
W

e
n
ot

e
th

at
an

al
og

u
es

of
T

h
eo

re
m

1
co

u
ld

al
so

b
e

fo
rm

u
la

te
d

fo
r

th
e

L 1
an

d
L ∞

n
or

m
s

an
d

th
ei

r
w

ei
gh

te
d

ve
rs

io
n
s

in
w

h
ic

h
ca

se
th

e
co

n
st

ra
in

ts
in

(9
)

w
o
u
ld

re
m

ai
n

u
n
al

te
re

d
w

h
er

ea
s

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

w
ou

ld
b

e
as

d
efi

n
ed

b
y

th
e

co
rr

es
p

o
n
d
in

g
n
or

m
.
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A
N
e
w

a
n
d

F
l
e
x
ib
l
e
A
p
p
r
o
a
c
h
t
o

t
h
e
A
n
a
ly

sis
o
f
P
a
ir
e
d

C
o
m
pa

r
iso

n
D
a
t
a

N
o
te

th
a
t

(9)
ad

m
its

a
u
n
iq

u
e

solu
tion

w
h
en

th
e

ob
jective

fu
n
ction

is
p

ositive
d
efi

n
ite.

L
em

m
a

2
b

elow
p
rov

id
es

an
ex

am
p
le

in
a

sim
p
le

b
u
t

im
p

ortan
t

case.
In

large
sam

p
les

th
e

so
lu

tio
n

to
(9)

is
u
n
iq

u
ely

d
eterm

in
ed

w
h
en

th
e

sy
stem

of
eq

u
ation

s
β

1 p
ij

+
...

+
β
D
p
Dij −

(µ
i −

µ
j )

=
−
β

0
for

(i,j)∈
S

is
of

fu
ll

ran
k
.

T
h
is

con
d
ition

is
m

et
w

h
en

(i)
th

ere
are

at
lea

st
I

+
D
−

1
con

n
ected

p
airs

(i,j)∈
S

;
w

h
ich

(ii)
th

e
co

effi
cien

ts
ap

p
ea

rin
g

in
th

e
lin

ear
eq

u
a
tio

n
s,

w
h
ich

are
d
eriv

ed
from

th
e

com
p
arison

p
rob

ab
ilities

p
ij ,

are
su

ffi
cien

tly
d
iv

erse,
o
th

erw
ise

th
e

resu
ltin

g
eq

u
ation

s
w

ou
ld

n
ot

b
e

lin
ea

rly
in

d
ep

en
d
en

t.
T

h
u
s

w
e

assu
m

e
th

at:

A
4

(C
o
n

n
ectivity

&
D

iversity
A

ssu
m

p
tio

n
):

T
h
e

co
m

pa
riso

n
gra

p
h

h
a
s

a
t

lea
st
I

+
D
−

1
ed

ges.
T

h
ese

ed
ges

co
rrespo

n
d

to
a

set
o
f

lin
ea

rly
in

d
epen

d
en

t
equ

a
tio

n
s

o
f

th
e

fo
rm

β
1 p
ij

+
...+

β
D
p
Dij −

(µ
i −

µ
j )

=
−
β

0 .

If
w

e
la

b
el

th
ese

eq
u
ation

s
(ij)

1 ,...,(ij)
D

+
I−

1
th

en
togeth

er
w

ith
th

e
con

strain
t ∑

µ
i

=
0

w
e

m
ay

w
rite

th
e

resu
ltin

g
sy

stem
of

eq
u
ation

s
(w

ith
a

sligh
t

ab
u
se

of
n
otatio

n
)

as:

A

(
βµ

)
=

(
−
β
0

0

)
(10)

w
h
ere

th
e
k
’th

row
of
A

is
A
k

=
(p

(ij)
k

...
p
D(ij)

k
−
e

(ij)
k )

for
k

=
1,...,

I
+
D
−

1
an

d

A
I
+
D

=
(0
T

...
1
T

)
w

h
ere

e
ij ∈

R
I

is
d
efi

n
ed

b
y
e
ij ≡

e
i −

e
j ,

w
h
ere

e
i

is
th

e
stan

d
ard

b
a
sis.

T
h
e

co
n
d
ition

n
u
m

b
er

of
A

p
lay

s
a

role
in

th
e

q
u
ality

of
o
u
r

estim
ators.

D
efi

n
e
p

=
(1,

p
,
...
,
p
D

)
T

an
d

n
ote

th
at

if
all

th
e

w
eigh

ts
are

eq
u
al

th
en

µ
i

=
1I

∑

k

F
−

1
β

(p
ik )

=
1I

∑(i,k
)∈S

F
−

1
β

(p
ik )−

1I

∑(i,k
)
/∈S
F
−

1
β

(p
k
i )

(11)

a
n
d

th
u
s

w
e

m
ay

elim
in

ate
µ

from
(9)

b
y

m
ean

s
of

eq
u
ation

(11).
T

h
is

con
sid

era
b
ly

red
u
ces

th
e

size
o
f

th
e

S
D

P
at

h
an

d
w

h
en

th
e

n
u
m

b
er

of
item

s
I

is
la

rger
th

an
D

.
A

lgorith
m

P
o
ly

R
a
n
k

(d
isp

layed
b

elow
)

takes
ad

van
tage

of
th

is.
F

u
rth

erm
ore:

L
e
m

m
a

2
W

h
en

a
ll

w
eigh

ts
w
ij

a
re

equ
a
l,

th
en

,
th

e
o
bjective

fu
n

ctio
n

o
f

p
ro

blem
(9

)
is

equ
iva

len
t

to
m

in
im

izin
g
β
T
M
β

,
w

h
ere

M
≡
∑(ij)∈S

v
(ij) v

T(ij)
(12)

a
n

d
v

(ij) ≡
−
I
p̂
ij

+
∑

(ik
)∈S

p̂
ik −

∑
(ik

)
/∈S
p̂
k
i −
∑

(jk
)∈S

p̂
jk

+
∑

(jk
)
/∈S
p̂
k
j .

H
en

ce
th

e
estim

ators
can

b
e

effi
cien

tly
calcu

lated
in

th
ree

step
s:
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O
l
iv
e
ir
a
,
A
il
o
n
a
n
d

D
a
v
id
o
v

A
lg
o
rith

m
:

P
o
ly

R
a
n

k

In
p
u

t:
P̂
∈

[0,1] I×
I
D
∈
N

a
n

od
d

n
u

m
ber

a
n

d
U
,L
≥

0.

1
.

P
rep

rocessin
g:

C
a
lcu

la
te
M

a
s

in
equ

a
tio

n
(1

2
);

2
.

F
u

n
ctio

n
a
l

E
stim

a
tio

n
:
β̂
≡

a
rgm

in
{β

T
M
β

su
bject

to
(9)

a
n

d
(5)}

;

3
.

M
erit

E
stim

a
tio

n
:
µ̂
i

=
1I ∑

(i,k
)∈S

F
−

1

β̂
(p̂
ik )−

1I ∑
(i,k

)
/∈S
F
−

1

β̂
(p̂
k
i );

O
u

tp
u

t:
β̂
∈
R
D

+
1,
µ̂
∈
R
n

a
n

d
P
∗≡

F
β̂

(∆
µ̂

)

S
tep

1
m

ay
b

e
p

erform
ed

w
ith

n
o

m
ore

th
an

O
(I

3D
+
I

2D
2)

op
eration

s,
S
tep

2
w

ith
n
o

m
ore

th
an

O
(D

2 √
D

)
op

eration
s

an
d

S
tep

3
w

ith
n
o

m
ore

th
an

O
(I

2D
)

op
eration

s.
T

h
u
s,

th
e

overall
com

p
u
tation

al
com

p
lex

ity
of

solv
in

g
p
rob

lem
(6)

is
n
o

m
ore

th
an
O

(I
3D

+
I

2D
2+

D
2 √
D

).
N

otice
also

th
at

S
tep

s
1

an
d

3
can

b
e

d
on

e
in

a
d
istrib

u
ted

fash
ion

.
W

h
en

th
e

w
eigh

ts
are

n
ot

all
eq

u
al

th
e

m
erits

can
n
ot

b
e

w
ritten

a
s

in
(11)

an
d

th
erefore

A
lgorith

m
P
o
ly

R
a
n
k

as
stated

ab
ove

can
n
ot

b
e

u
sed

,
in

th
at

ca
se

w
e

solve
(9)

d
irectly.

N
everth

eless
w

e
w

ill
refer

to
all

version
s

of
ou

r
estim

ation
p
ro

ced
u
re

as
P
o
ly

R
a
n
k

.
In

ou
r

ex
p

erien
ce,

p
rob

lem
(6)

w
ith

an
y

n
orm

(w
eigh

ted
or

u
n
w

eigh
ted

)
can

b
e

tack
led

su
ccessfu

lly
w

ith
a

gen
eric

con
vex

op
tim

ization
solver

on
a

d
esk

top
com

p
u
ter

fo
r

p
rob

lem
s

of
m

o
d
erate

size
(e.g.

w
ith

D
≤

10
an

d
I
≤

120)
in

at
m

ost
2

or
3

secon
d
s.

U
sin

g
th

e
th

ree
step

p
ro

ced
u
re

(w
ith

th
e

sam
e

gen
eric

solver)
allow

s
easy

scalin
g

u
p

to
p
rob

lem
s

w
h
ere

D
≤

20
an

d
I
≤

10000.
If

(6)
is

treated
as

a
S
IP

an
d

solved
v
ia

d
iscretization

,
th

en
sign

ifi
can

t
red

u
ction

in
com

p
u
tation

tim
e

is
ob

served
at

th
e

cost
of

lo
osen

in
g

th
e

gu
aran

tee
of

op
tim

ality.

R
e
m

a
rk

1
N

otice
th

at
if

th
e

m
ach

in
e

p
recision

is
ε

an
d

if
D

is
su

ch
th

at
ε
>

(1/2)
D

th
en

th
e

last
term

s
of

th
e

p
oly

n
om

ial
F
−

1
are

rou
n
d
ed

to
zero.

T
h
erefore

for
stan

d
ard

32
b
it

fl
oatin

g
p

oin
t

arith
m

etic
on

e
sh

ou
ld

ch
o
ose

D
at

m
ost

22,
sim

ilarly
for

a
64

b
it

arith
m

etic
D

sh
ou

ld
n
ot

su
rp

ass
44.

O
(V

2 √
V

)

R
e
m

a
rk

2
In

th
eory

F
can

b
e

recovered
from

F
−

1
ex

aclty
v
ia

L
agran

ge
In

version
T

h
e-

orem
.

N
u
m

erically
th

ou
gh

,
calcu

latin
g
F
β

(µ
i −

µ
j )

red
u
ces

to
a

p
oly

n
om

ial
ro

ot-fi
n
d
in

g
p
rob

lem
.

A
lth

ou
gh

ro
ot-fi

n
d
in

g
is

an
ill-con

d
ition

ed
p
rob

lem
for

gen
eral

p
oly

n
om

ials
(T

re-
feth

en
2011),

it
m

ay
b

e
solved

v
ia

b
in

ary
search

(w
ith

lin
ear

con
vergen

ce
in

th
e

w
orst

case)
or

v
ia

N
ew

ton
step

s
(w

ith
p

ossib
le

q
u
ad

ratic
co

n
vergen

ce).

R
e
m

a
rk

3
W

h
en

th
e

w
eigh

ts
w
ij

are
n
ot

all
eq

u
al,

or
||·||W

rep
resen

ts
th

e
L

1
or
L
∞

n
orm

s,
th

en
a

fu
ll

S
D

P
w

ith
V

=
I

+
D

variab
les

m
u
st

b
e

solved
.

In
th

ese
cases

th
e

sim
p
lify

in
g

row
-su

m
stru

ctu
re

is
ab

sen
t

an
d

th
e

w
orst

case
b

ou
n
d
s

are
w

ell
k
n
ow

n
,

an
d

of
th

e
ord

er
O

(V
2 √
V

),
see

th
e

gen
eral

S
D

P
literatu

re
(V

an
d
en

b
ergh

e
a
n
d

B
oy

d
,

1
996).
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A
N
e
w

a
n
d

F
l
e
x
ib
l
e
A
p
p
r
o
a
c
h
t
o

t
h
e
A
n
a
ly

si
s
o
f
P
a
ir
e
d

C
o
m
pa

r
is
o
n
D
a
t
a

3
.
S
e
n
si
ti
v
it
y
A
n
a
ly
si
s

T
h
e

go
al

of
th

is
se

ct
io

n
is

to
in

ve
st

ig
at

e
th

e
se

n
si

ti
v
it

y
of

P
o
ly

R
a
n
k

w
it

h
re

sp
ec

t
to

th
e

in
p
u
t

m
at

ri
x
P̂

.
T

h
er

e
ar

e
se

ve
ra

l
re

as
on

s
fo

r
d
ev

el
op

in
g

th
or

ou
gh

,
n
on

-s
to

ch
as

ti
c,

se
n
si

ti
v
it

y
b

ou
n
d
s.

F
ir

st
ly

,
th

e
an

al
y
si

s
se

rv
es

to
cl

ar
if

y
th

e
m

ec
h
an

ic
s

of
P
o
ly

R
a
n
k

p
ro

v
id

in
g

b
ou

n
d
s

th
at

ap
p
ly

to
an

y
ch

oi
ce

of
P̂

.
S
ec

on
d
ly

,
u
si

n
g

th
e

se
n
si

ti
v
it

y
b

ou
n
d
s

st
at

is
ti

ca
l

p
ro

p
er

ti
es

su
ch

as
co

n
si

st
en

cy
of

th
e

re
fi
n
ed

es
ti

m
at

or
ar

e
ea

si
ly

d
er

iv
ed

.
A

th
ir

d
m

ot
iv

at
io

n
is

th
at

d
iff

er
en

t
es

ti
m

a
to

rs
P̂

h
av

e
b

ee
n

in
ve

st
ig

at
ed

in
th

e
li
te

ra
tu

re
,

e.
g.

,
R

a
jk

u
m

ar
an

d
A

ga
rw

al
(2

01
4)

;
C

h
at

te
rj

ee
an

d
M

u
k
h
er

je
e

(2
01

6)
;

S
h
ah

et
al

.
(2

01
5b

),
an

d
si

n
ce

P
o
ly

R
a
n
k

m
ay

b
e

ap
p
li
ed

to
an

y
of

th
em

,
th

e
re

sp
ec

ti
ve

b
ou

n
d
s

on
th

e
re

fi
n
ed

es
ti

m
at

or
ar

e
u
n
iv

er
sa

l
an

d
ap

p
ly

to
an

y
P̂

.
S
en

si
ti

v
it

y
an

al
y
si

s
is

ca
rr

ie
d

ou
t

u
n
d
er

th
re

e
in

cr
ea

si
n
gl

y
ge

n
er

al
se

tt
in

gs
.

F
ir

st
,

w
e

p
ro

v
id

e
a

b
en

ch
m

ar
k

b
y

st
u
d
y
in

g
th

e
L

S
m

et
h
o
d

w
it

h
k
n
ow

n
F

.
T

h
en

,
w

e
co

n
si

d
er

P
o
ly

R
a
n
k

in
th

e
ca

se
w

h
er

e
th

e
m

o
d
el

is
co

rr
ec

tl
y

sp
ec

ifi
ed

,
i.
e.

,
F
∈
F

.
T

h
is

is
al

so
ca

ll
ed

th
e

re
al

iz
ab

le
ca

se
.

F
in

al
ly

,
w

e
co

n
si

d
er

ag
n
os

ti
c

ca
se

s,
th

at
is

,
si

tu
at

io
n
s

w
h
er

e
th

e
m

o
d
el

m
ay

b
e

m
is

sp
ec

ifi
ed

in
so

m
e

w
ay

.
T

h
re

e
ex

am
p
le

s
of

m
is

sp
ec

ifi
ca

ti
on

s
ar

e
an

al
y
ze

d
.

F
or

si
m

p
li
ci

ty
w

e
fi
rs

t
fo

cu
s

on
th

e
u
n
w

ei
gh

te
d
L 2

n
or

m
,

ex
te

n
si

o
n
s

to
th

e
re

sp
ec

ti
ve

w
ei

gh
te

d
ve

rs
io

n
s

ar
e

si
m

il
ar

ly
ob

ta
in

ed
.

3
.1

.
K

n
o
w

n
C

o
m

p
a
ri

so
n

F
u

n
c
ti

o
n

H
er

e
th

e
fu

n
ct

io
n
F

is
as

su
m

ed
to

b
e

a
k
n
ow

n
L

-L
ip

sc
h
it

z
co

n
ti

n
u
ou

s
fu

n
ct

io
n

w
it

h
a
U

-
L

ip
sc

h
it

z
in

v
er

se
,
i.
e.

,
it

is
b
il
ip

sc
h
it

z.
A

co
m

m
on

as
su

m
p
ti

on
in

th
e

li
te

ra
tu

re
,
cf

.
S
h
ah

et
al

.
(2

01
5a

,b
),

is
th

at
th

e
p
ro

b
ab

il
it

ie
s

in
(1

)
ar

e
b

ou
n
d
ed

aw
ay

fr
om

0
an

d
1,

i.
e.

,
p
ij
∈

[ε
,1
−
ε]

,
fo

r
so

m
e
ε
>

0.
O

ve
r

th
is

d
om

ai
n

th
e

B
ra

d
le

y
-T

er
ry

-L
u
ce

,
T

h
u
rs

to
n
e,

T
h
re

sh
o
ld

an
d

L
o
ca

ll
y

L
in

ea
r

m
o
d
el

s
ar

e
al

l
b
il
ip

sc
h
it

z.

T
h

e
o
re

m
3

L
et
F

be
a

kn
o
w

n
L

-L
ip

sc
h
it

z
co

n
ti

n
u

o
u

s
fu

n
ct

io
n

w
it

h
a

4
U

-L
ip

sc
h
it

z
co

n
ti

n
-

u
o
u

s
in

ve
rs

e
(o

ve
r

th
ei

r
re

sp
ec

ti
ve

d
o
m

a
in

s)
.

L
et
µ̂

be
a
s

in
(2

)
a
n

d
P
∗

=
F

(∆
µ̂

).
T

h
en

,

||P
∗
−
P
||
≤

4
L
U
||P̂
−
P
||,

(1
3)

a
n

d

||µ̂
−
µ
||
≤

4U √
2
I
||P̂
−
P
||.

(1
4)

If
,

a
d
d
it

io
n

a
ll

y,
it

is
a
ss

u
m

ed
th

a
t
P̂

o
be

ys
st

ro
n

g
st

oc
h
a
st

ic
tr

a
n

si
ti

vi
ty

,
th

en
th

e
es

ti
m

a
to

rs
a
re

o
rd

er
p
re

se
rv

in
g,

i.
e.

,
µ̂
i
<
µ̂
j
⇐
⇒

p̂
ij
<
p̂
ji
.

(1
5)

B
y

co
n
st

ru
ct

io
n

th
e

co
n
st

an
t

4
L
U
≥

1
an

d
so

(1
3)

gu
ar

an
te

es
th

at
||P
∗
−
P
||

w
il
l

b
e

at
m

os
t

a
co

n
st

an
t

ti
m

es
||P̂
−
P
||.

A
lt

h
ou

gh
it

m
ay

b
e

p
os

si
b
le

to
im

p
ro

ve
th

e
co

n
st

an
t

in
(1

3)
,

it
s

va
lu

e
ca

n
n
ev

er
b

e
le

ss
th

an
1,

fo
r

if
n
ot

,
on

e
co

u
ld

ge
n
er

at
e

a
co

n
v
er

gi
n
g

se
q
u
en

ce
P
1
∗ ,
P
2
∗ ,
..
.
b
y

re
cu

rs
iv

el
y

ap
p
ly

in
g

th
e

L
S

re
fi
n
em

en
t

to
an

y
in

it
ia

l
(b

li
n
d
)

gu
es

s
of
P̂

.
T

h
is

ar
gu

m
en

t
h
ol

d
s

fo
r

an
y

re
fi
n
em

en
t

p
ro

ce
d
u
re

,
in

cl
u
d
in

g
P
o
ly

R
a
n
k

.
A

ls
o,

b
y

co
n
st

ru
ct

io
n

th
e

L
S

re
fi
n
em

en
t

d
efi

n
es
P
∗

=
F

(∆
µ̂

)
an

d
th

u
s

m
in
µ
||F
−

1
(P
∗ )
−

∆
µ
||

=
0

fo
r
µ

=
µ̂

an
d

so
n
o

im
p
ro

v
em

en
t

w
il
l

b
e

ob
ta

in
ed

v
ia

re
cu

rs
iv

e
L

S
ty

p
e

re
fi
n
em

en
ts

.
T

h
e

b
ou

n
d

in
(1

3)
is

a
“w

or
st

ca
se

”
b

ou
n
d

an
d

on
av

er
ag

e
w

e
of

te
n

ob
se

rv
e

th
at
||P
∗
−
P
||

is
in

d
ee

d
sm

al
le

r
th

at
||P̂
−
P
||.

F
or

ot
h
er

n
or

m
s

re
fe

r
to

th
e

ap
p

en
d
ix

.
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8

O
l
iv
e
ir
a
,
A
il
o
n
a
n
d

D
a
v
id
o
v

T
h
e

b
en

ch
m

ar
k
s

p
ro

v
id

ed
b
y

T
h
eo

re
m

3
w

il
l

b
e

u
se

d
fo

r
co

m
p
ar

is
on

w
it

h
th

e
m

o
re

ge
n
er

al
ca

se
s

ta
ck

le
d

b
y
P
o
ly

R
a
n
k

.
A

s
w

il
l

b
e

sh
ow

n
,

in
eq

u
al

it
y

(1
3)

al
so

h
o
ld

s
w

h
en

F
is

u
n
k
n
ow

n
(w

it
h

d
iff

er
en

t
co

n
st

an
t

fa
ct

o
rs

);
si

m
il
ar

ly
,

th
e

or
d
er

p
re

se
rv

at
io

n
is

m
a
in

ta
in

ed
in

al
l

th
e

se
tt

in
gs

co
n
si

d
er

ed
.

3
.2

.
R

e
a
li

z
a
b

le
C

a
se

U
n
d
er

th
e

h
y
p

ot
h
es

is
of

re
al

iz
ab

il
it

y,
i.
e.

,
w

h
en

th
e

m
o
d
el

is
co

rr
ec

tl
y

sp
ec

ifi
ed

,
w

e
h
av

e:

T
h

e
o
re

m
4

L
et
P
∗

=
F
β̂

(∆
µ̂

)
w

h
er

e
β̂

a
n

d
µ̂

a
re

es
ti

m
a
te

d
u

si
n

g
P
o
ly

R
a
n
k

.
T

h
en

,

||P
∗
−
P
||
≤

(1
+

4
L
U

)||
P̂
−
P
||,

(1
6
)

a
n

d
∣ ∣ ∣ ∣∣ ∣ ∣ ∣(

β̂
−
β

µ̂
−
µ

)∣ ∣ ∣ ∣
∣ ∣ ∣ ∣≤

K
1
||P̂
−
P
||,

(1
7
)

a
s

w
el

l
a
s,

m
ax

x
∈[
−

1
,1

]
|F
β̂

(x
)
−
F
β

(x
)|
≤
K

2
||P̂
−
P
|| ∞

,
(1

8
)

w
h
er

e
K

1
≤
U

(1
+

4
L
U

)√
D

(I
+
D

)||
A
−

1
||

a
n

d
K

2
≤

16
L
D
U

2
m

ax
i
∑

j
|A
−

1
ij
|.

If
,

a
d
d
i-

ti
o
n

a
ll

y,
it

is
a
ss

u
m

ed
th

a
t
P̂

o
be

ys
st

ro
n

g
st

oc
h
a

st
ic

tr
a
n

si
ti

vi
ty

,
th

en
th

e
es

ti
m

a
to

rs
a
re

o
rd

er
p
re

se
rv

in
g.

N
ot

ic
e

th
at

th
e

co
n
st

an
ts

in
(1

3)
an

d
(1

6)
d
ep

en
d

so
le

ly
on

th
e

p
ro

d
u
ct

o
f

th
e

L
ip

sc
h
it

z
co

n
st

an
ts

of
F

an
d
F
−

1
.

M
or

eo
ve

r
th

e
co

n
st

a
n
t

in
(1

6)
d
o
es

n
o
t

d
ep

en
d

on
D

n
o
r

o
n

th
e

co
n
d
it

io
n

n
u
m

b
er

of
A

.
In

co
n
tr

as
t,

th
e

co
n
st

an
ts

in
in

eq
u
al

it
ie

s
(1

4)
an

d
(1

7
)

d
o

d
ep

en
d

on
th

e
d
im

en
si

on
s

of
th

e
p
ro

b
le

m
.

E
q
u
at

io
n

(1
8)

gu
ar

an
te

es
th

e
co

n
ve

rg
en

ce
o
f
F
β̂

to
th

e
tr

u
e

fu
n
ct

io
n
F

w
it

h
re

sp
ec

t
to

th
e

C
h
eb

y
sh

ev
d
is

ta
n
ce

,
th

u
s,

on
e

ca
n

ev
en

tu
a
ll
y

re
co

ve
r

F
w

it
h

ar
b
it

ra
ry

p
re

ci
si

on
.

3
.3

.
A

g
n

o
st

ic
C

a
se

s

W
e

w
il
l
n
ow

in
ve

st
ig

at
e

th
e

p
ro

p
er

ti
es

of
P
o
ly

R
a
n
k

u
n
d
er

se
ve

ra
l
ty

p
es

of
m

is
sp

ec
ifi

ca
ti

o
n
.

F
ir

st
,

w
e

in
ve

st
ig

at
e

th
e

eff
ec

t
of

m
is

sp
ec

if
y
in

g
th

e
d
eg

re
e

of
th

e
p

ol
y
n
om

ia
l

(4
).

T
h
en

,
w

e
p
ro

v
id

e
re

su
lt

s
an

al
og

ou
s

to
th

os
e

p
ro

v
id

ed
b
y

T
h
eo

re
m

4
b
y

re
p
la

ci
n
g

th
e

a
ss

u
m

p
ti

o
n

th
at
F
∈
F

b
y

th
e

as
su

m
p
ti

on
th

at
th

e
tr

u
e
F

is
an

an
al

y
ti

c
fu

n
ct

io
n
.

F
in

a
ll
y,

w
e

d
ro

p
th

e
as

su
m

p
ti

on
th

at
P

sa
ti

sfi
es

th
e

L
S
T

h
y
p

o
th

es
is

al
l

to
ge

th
er

an
d

ve
ri

fy
th

a
t

w
e

ca
n

st
il
l

d
er

iv
e,

al
b

ei
t,

w
ea

k
er

se
n
si

ti
v
it

y
b

ou
n
d
s

an
d

ra
n
k

co
n
si

st
en

cy
p
ro

p
er

ti
es

if
st

ro
n
g

st
o
ch

a
st

ic
tr

an
si

ti
v
it

y
is

as
su

m
ed

.

T
h

e
o
re

m
5

A
ss

u
m

e
th

e
tr

u
e

m
od

el
sa

ti
sfi

es
(4

),
h
o
w

ev
er

th
e

fi
tt

ed
m

od
el

w
a
s

o
f

d
eg

re
e

D
′ ≤

D
−

1
.

T
h
en

fo
r

a
n

y
β
′

o
f

d
im

en
si

o
n
D
′ ≤

D
−

1
,

a
lo

w
er

bo
u

n
d

o
n

th
e

a
p
p
ro

xi
m

a
ti

o
n

er
ro

r,
in

th
e

C
h
eb

ys
h
ev

n
o
rm

,
is

:

1 2
U

|β
D
|

8
D
≤

m
ax α
|F
β
′ (
α

)
−
F
β

(α
)|

(1
9
)

1
0
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A
N
e
w

a
n
d

F
l
e
x
ib
l
e
A
p
p
r
o
a
c
h
t
o

t
h
e
A
n
a
ly

sis
o
f
P
a
ir
e
d

C
o
m
pa

r
iso

n
D
a
t
a

T
h
e

low
er

b
ou

n
d

(19)
sh

ow
s

th
at

th
e

C
h
eb

y
sh

ev
d
istan

ce
b

etw
een

th
e

tru
e

fu
n
ction

a
n
d

th
e

estim
a
ted

fu
n
ction

can
n
ot

b
e

arb
itrarily

m
in

im
ized

w
h
en

th
e

d
egree

of
th

e
fi
tted

p
o
ly

n
o
m

ia
l

is
u
n
d
er-sp

ecifi
ed

.
T

h
e

low
er-b

ou
n
d
,

th
ou

gh
,

d
ecreases

w
ith

th
e

valu
e

of
D

at
a
n

ex
p

o
n
en

tia
l

rate.

T
h

e
o
re

m
6

L
et
P
∗

=
F
β̂

(∆
µ̂

)
w

h
ere

β̂
a
n

d
µ̂

a
re

estim
a
ted

w
ith

P
o
ly

R
a
n
k

.
A

ssu
m

e
th

a
t

th
e

tru
e

p
ro

ba
bility

m
a
trix

P
=
F

(∆
µ

)
fo

r
so

m
e
µ

a
n

d
so

m
e

u
n

kn
o
w

n
L

-L
ip

sch
itz

co
n

tin
u

o
u

s
fu

n
ctio

n
F

w
ith

a
n

a
n

a
lytic

in
verse

fu
n

ctio
n
F
−

1
w

h
o
se

coeffi
cien

ts
a
re

u
p
per-

bo
u

n
d
ed

by
U

.
T

h
en

fo
r

th
e

estim
a
ted

p
ro

ba
bility

m
a
trix

w
e

h
a
ve:

||P
∗−

P
||≤

(1
+

4
L
U

)||P̂
−
P
||+

12
D
L
U
I

(20)

If
a
d
d
itio

n
a
lly

it
is

a
ssu

m
ed

th
a
t
P̂

o
beys

stro
n

g
stoch

a
stic

tra
n

sitivity,
th

en
th

e
estim

a
to

rs
a
re

o
rd

er
p
reservin

g.

E
q
u
atio

n
(2

0)
sh

ow
s

th
at

th
e

error
of
P
∗

can
b

e
con

trolled
u
n
d
er

a
b
road

class
of

a
n
a
ly

tic
fu

n
ctio

n
s.

T
h
e

fi
rst

term
is

con
trolled

b
y

in
creasin

g
th

e
p
recision

of
P̂

an
d

th
e

seco
n
d

term
is

con
trolled

b
y

ch
o
osin

g
larger

valu
es

for
D

.
In

th
e

fo
llow

in
g

T
h
eorem

w
e

w
ill

assu
m

e
n
o

p
a
rticu

lar
stru

ctu
re

on
P

,
i.e.

th
e

p
rob

a-
b
ility

m
a
trix

P
n
eed

n
ot

b
e

con
sisten

t
w

ith
an

y
sto

ch
astic

tran
sitiv

ity
m

o
d
el.

T
h

e
o
re

m
7

L
et
P
∗

=
F
β̂

(∆
µ̂

)
w

h
ere

β̂
a
n

d
µ̂

a
re

estim
a
ted

w
ith

P
o
ly

R
a
n
k

.
T

h
en

fo
r

th
e

estim
a
ted

p
ro

ba
bility

m
a
trix

w
e

h
a
ve:

||P
∗−

P
||≤
||P̂
−
P
||+

L||F
−

1

β̂
(P̂

)−
∆
µ̂||,

(21)

If
a
d
d
itio

n
a
lly

it
is

a
ssu

m
ed

th
a
t
P̂

o
beys

stro
n

g
stoch

a
stic

tra
n

sitivity,
th

en
th

e
estim

a
to

rs
a
re

o
rd

er
p
reservin

g.

A
n

im
m

ed
ia

te
con

seq
u
en

ce
of

ord
er

p
reservation

is
th

at
if
P

is
in

th
e

in
terior

of
th

e
stron

g
sto

ch
a
stic

tra
n
sitiv

ity
set

th
en

P
o
ly

R
a
n
k

is
ord

er-con
sisten

t
for

an
y

con
sisten

t
estim

ator
P̂

,
i.e.,

w
h
en
P̂
→
P

th
en

th
e

vector
µ̂

w
ill

correctly
recover

th
e

u
n
d
erly

in
g

ord
er

am
on

g
th

e
item

s.
T

h
e

error
b

ou
n
d

in
eq

u
ation

(21
),

th
ou

gh
,

can
n
ot

b
e

con
trolled

as
in

eq
u
ation

(2
0
),

th
is

is
so

b
ecau

se
th

e
secon

d
term

can
b

e
as

b
ig

as
κ
I

2
for

som
e

p
ositive

κ
even

w
h
en

P̂
sa

tisfi
es

stro
n
g

sto
ch

astic
tran

sitiv
ity

(S
h
ah

et
al.,

2015b
).

4
.
C
o
n
v
e
rg

e
n
ce

a
n
d
C
o
n
ce

n
tra

tio
n

In
th

is
su

b
section

w
e

assu
m

e
th

at
th

e
m

o
d
el

is
correctly

sp
ecifi

ed
an

d
in

v
estigate

som
e

p
ro

p
erties

of
th

e
estim

ators
ob

tain
ed

b
y
P
o
ly

R
a
n
k

.
W

e
sta

rt
w

ith
th

e
case

w
h
ere

th
e

co
m

p
a
riso

n
s

g
rap

h
is

fi
x
ed

an
d

th
e

n
u
m

b
er

of
com

p
arison

s
p

er
p
air,

i.e.,
th

e
m
ij ’s

is
allow

ed
to

in
crea

se.
S
im

ilar
con

d
ition

s
h
ave

b
een

con
sid

ered
in

literatu
re

(R
a
jk

u
m

ar
an

d
A

garw
al,

2
0
1
4
;

S
h
a
h

et
a
l.,

2015a).
It

is
w

ell
k
n
ow

n
th

at
th

e
top

ology
of

th
e

com
p
arison

grap
h

p
lay

s
an

im
p

ortan
t

role
in

th
e

q
u
a
lity

o
f

th
e

estim
ators

(S
h
ah

et
al.,

2015a;
M

assey
,

2017;
C

olley
,

2002).
In

p
articu

lar
S
h
a
h

et
a
l.

(2
0
15a)

sh
ow

th
at,

th
e

m
ean

sq
u
ared

errors
o
f

th
e

estim
ated

m
erits

fro
m

a
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O
l
iv
e
ir
a
,
A
il
o
n
a
n
d

D
a
v
id
o
v

stan
d
ard

B
rad

ley
-T

erry
-L

u
ce

m
o
d
el

are
p
rop

ortion
a
l

to
th

e
secon

d
eigen

valu
e

of
th

e
grap

h
L

ap
lacian

.
T

h
is

eigen
valu

e,
referred

to
as

th
e

algeb
raic

con
n
ectiv

ity
of

th
e

grap
h
,

m
easu

res
h
ow

“w
ell”

th
e

grap
h

is
con

n
ected

(C
h
u
n
g,

1994).
In

ou
r

con
cen

tratio
n

b
ou

n
d
s

th
e

n
u
m

b
er

of
ed

ges
in

th
e

com
p
arison

grap
h

an
d

th
e

con
d
ition

n
u
m

b
er

asso
ciated

w
ith

(10)
w

ill
p
lay

a
sim

ilar
role.

L
et
n

=
∑

i,j
m
ij

b
e

th
e

n
u
m

b
er

of
p
aired

com
p
arison

s.

T
h

e
o
re

m
8

L
et
β̂
n

a
n

d
µ̂
n

be
estim

a
ted

u
sin

g
P
o
ly

R
a
n
k

w
ith

m
ij
≡
w
ij n

.
L

et
p̂
ij

be
th

e
u

su
a
l

M
L

E
s.

T
h
en

fo
r

la
rge

en
o
u

gh
n

th
ere

a
re

co
n

sta
n

ts
K

1
a
n

d
K

2
su

ch
th

a
t,

P
(
∣∣∣∣ ∣∣∣∣ (

β̂
n −

β
µ̂
n −

µ

) ∣∣∣∣ ∣∣∣∣ ≥
ε )
≤
K

1
ex

p (−
n
K

2 ε
2 )
,

(22)

w
h
ere

K
1

a
n

d
K

2
a
re

d
iscu

ssed
bello

w
.

T
h
eorem

8
sh

ow
s

th
at

th
e

estim
ators

β̂
n

an
d
µ̂
n

con
verge

at
an

ex
p

on
en

tial
rate

an
d

are
th

erefore
stron

gly
con

sisten
t.

T
h
eorem

8
also
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p
lies

an
ex

p
on

en
tial

con
vergen

ce
of
P
∗

to
P
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w

ell
as

of
F
β̂

(x
)

to
F
β

(x
)

in
th

e
C

h
eb

y
sch

ev
d
istan

ce.
T

h
eorem

8
is

p
roved

b
y

fi
rst

estab
lish

in
g

sen
sitiv

ity
b

ou
n
d
s

for
th

e
w

eigh
ted

n
orm

.
T

h
ese

a
re

an
alogu

es
of

T
h
eorem

4
an

d
are

of
th

e
form

∣∣∣∣ ∣∣∣∣ (
β̂
−
β

µ̂
−
µ

) ∣∣∣∣ ∣∣∣∣ ≤
K
||P̂
−
P
||W

.
(23)

T
h
e

con
stan

ts
in

(22)
are

K
1

=
2|E
|

w
h
ere|E

|
is

th
e

n
u
m

b
er

of
ed

ges
in

th
e

com
p
arison

grap
h
,
an

d
K

2
=

2/(|E
|(1

+
4L
U

)
2U

2D
(I

+
D

)||A
−

1
W
|| 2),

w
h
ere

A
−

1
W

is
d
efi

n
ed

as
in

eq
u
ation

(10)
w

ith
th

e
ap

p
rop

riate
m

o
d
ifi

cation
s

for
w

eigh
ts.

C
learly,

I
+
D
−

1
≤
|E
|≤

(I
2−

I
)/2.

O
f

cou
rse,

sm
aller

valu
es

of|E
|

w
ill

p
rov

id
e

tigh
ter

b
ou

n
d
s

in
eq

u
ation

(22).
T

h
e

valu
e

of
||A
−

1
W
||

is
a

fu
n
ction

of,
am

on
g

oth
er

th
in

gs,
th

e
top

ology
of

th
e

com
p
arison

grap
h
.

U
n
fortu

n
ately,

th
e

con
d
ition

n
u
m

b
er

of
A
W

is
d
iffi

cu
lt

to
an

aly
ze

as
it

con
tain

s
a

(I
+
D
−

1)×
D

V
an

d
erm

on
d
e

su
b
m

atrix
w

h
ich

can
ran

ge
from

1
(th

e
b

est
p

ossib
le

con
d
ition

n
u
m

b
er)

to
ex

p
on

en
tial

on
th

e
d
im

en
sion

s
of

th
e

m
atrix

(P
an

,
2015).
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le
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th
u
m

b
V

an
d
erm
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d
e

m
atrices
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w
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d
ition

ed
w

h
en

th
e

p
oin

ts
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1 ,...,p

(ij)
D
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1
a
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(ap
p
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im
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C
h
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y
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ev
p

oin
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A
W
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con
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d
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(I
+
D
−

1)×
I
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b
m

atrix
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p
airin

gs
an

d
th

u
s
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e

con
jectu

re
th

at
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aller
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e

secon
d

eigen
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e
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th
e

grap
h

L
ap
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p
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e

tigh
ter
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b
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n
d
s.

4
.1

.
R

o
u

n
d

ro
b

in

W
e

n
ow
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r

atten
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rou

n
d
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in
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en

ts
(C

h
atterjee

a
n
d

M
u
k
h
erjee,
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S
h
ah

et
al.,
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;
S
im
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s

an
d

Y
ao,

199
9),

in
w

h
ich

each
p
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item

s
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com
p
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m
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es.
If

th
e

n
u
m

b
er

of
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s
I
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x
ed

an
d
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m
→
∞

th
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w
e

can
u
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th
e
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lts

d
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A

m
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in
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g
situ

ation
s
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w

h
en
m

=
1

b
u
t

th
e

n
u
m

b
er

of
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s
I
→
∞

.
A

s
p

oin
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ou
t
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settin
g

if
p̂
ij ∝

Y
ij

th
en

th
e

L
S
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µ̂
i

w
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b
e

p
rop

ortion
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to
its

C
op

elan
d

S
core

(th
e

n
u
m

b
er

of
tim

es
an

item
w

as
p
referred

).
R

ecen
t

p
ap

ers
ad

d
ressin

g
th

is
settin

g
are

b
y

C
h
atterjee

an
d

M
u
k
h
erjee

(2
016)

an
d

S
h
ah

et
al.

(2015b
).

In
p
articu

lar
th

ey
assu

m
e

stron
g

sto
ch

astic
tran

sitiv
ity

an
d

con
stru

ct
an

estim
ator

P̂
IS

O
w

h
ich

is
sh

ow
n

to
satisfy

:

su
p

1I
2 E||P̂

IS
O
−
P
|| 22 ≤

C

√
log

I

I
,

(24)
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p
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r
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e
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p
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s
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T

h
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e
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o
d
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e

u
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er
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e
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O
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p
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lo

g
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s
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15
b
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T
h
ei

r
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ti
m
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or
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u
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te
d

in
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s:

(i
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fi
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ey
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e
it
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a
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or
d
in

g
to
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ei

r
C

op
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S
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en

,
th

ey
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er
fo
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d
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en
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al
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ot
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gr

es
si
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th
e

m
at

ri
x

Y
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m
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g

th
e

or
d
er
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in
ed

in
(i

).

T
h
e

re
su

lt
in

g
es

ti
m

at
or

h
as

tw
o

d
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w
b
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k
s

w
h
en

th
e

tr
u
e

m
o
d
el

is
L

S
T

.
F

ir
st

,
th

e
es

ti
m

at
or

m
ay

b
e

in
fe

as
ib

le
,

i.
e.

,
P̂

IS
O

m
ay

n
ot

b
e

L
S
T

.
O

u
r

ex
p

er
ie

n
ce

in
d
ic

at
es

th
at

th
is

is
fr

eq
u
en
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y

th
e

ca
se

.
In

ad
d
it

io
n

th
e

re
su

lt
in

g
es

ti
m

at
or

d
o
es

n
ot

fu
ll
y

ex
p
lo

it
th

e
b

en
efi

ts
of

an
L

S
T

m
o
d
el

si
n
ce

th
e

es
ti

m
at

ed
p
ro

b
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il
it

y
m

a
tr
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n
ot

a
F

u
n
ct

io
n
al

of
a

m
er

it
ve

ct
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an
d

th
e

co
m

p
ar

is
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fu
n
ct
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n
.

T
h
es

e
d
efi

ci
en
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,
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ow

ev
er

,
ca

n
b

e
ad

d
re

ss
ed

b
y

ap
p
ly

in
g

P
o
ly

R
a
n
k
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th

ei
r

es
ti

m
at

or
.

A
tr

iv
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l
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se
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u
en

ce
of

eq
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at
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n

(1
6)

is
th
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th

e
re

fi
n
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es
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P
∗

re
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e

op
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m
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b
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d
s
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P̂
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O
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d

b
y
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n
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n
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fe
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ib

le
.

W
e

st
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e
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e
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ll
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lt
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m

p
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n
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s:

T
h

e
o
re

m
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L
et
P
∗

be
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e
re

fi
n

em
en
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o
f
P̂

IS
O

u
si

n
g
P
o
ly

R
a
n
k

,
w

h
er

e
P̂

IS
O

is
th

e
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-

m
a
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r
o
f

C
h
a
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e
a
n

d
M

u
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e
(2

0
1
6
),

th
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:

su
p

1 I
2
E|
|P
∗
−
P
||2 2
≤
K

lo
g

2
I

I
,

(2
5)

fo
r

so
m

e
co

n
st

a
n

t
K

th
a
t

d
oe

s
n

o
t

d
ep

en
d

o
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n
ei

th
er
I

n
o
r
D

(n
o
r

th
e
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n

d
it

io
n
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u
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r
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)
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th

e
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p
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u

m
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o
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r
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e
se

t
o
f
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a
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en
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w
it

h
fu

n
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∈
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.
T

h
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is
o
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m
a
l

u
p

to
lo

g
fa

ct
o
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.
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u
m
e
ri
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l
E
x
p
e
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m
e
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n
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n
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st
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ti
v
e
E
x
a
m
p
le

In
th

e
fo

ll
ow
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g

w
e
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e
fo

u
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ex
p

er
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en
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p
er
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ed
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h
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d
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ve

st
ig

at
e

P
o
ly

R
a
n
k
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E
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h
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m
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la

ti
on
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p

er
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10
00

ti
m
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an
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e
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p
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er
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ge

p
er
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u
n
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n
d
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n
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E
x
p

e
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th
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p
er
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e
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m
p
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p
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e
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a
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w
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w
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er
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m
p
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fu
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io
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p
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e
b
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p
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p
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ra
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d
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m
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p
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d
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e

L
S

m
et

h
o
d

w
it

h
th

e
co

rr
ec

t
co

m
p
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p
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h
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ra
n
ge

of
ch

oi
ce

p
ro

b
ab

il
it

ie
s

ge
n
er

at
ed

.

E
x
p
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at
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p
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b
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at
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b
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d
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at
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O
l
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e
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A
il
o
n
a
n
d

D
a
v
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o
v
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o
m

p
a
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s
o
n
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3
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3
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n
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u
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u
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p
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p
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m
at

or
(F

an
an

d
C

h
en

,
19

99
).

O
th

er
is

su
es

of
in

te
re

st
ar

e
li
m

it
th

eo
re

m
s

fo
r

th
e

ca
se

w
h
er

e
I
→
∞

an
d

w
h
en

p
ai

re
d

co
m

p
ar

is
on

s
ar

e
m

ad
e

ad
ap

ti
ve

ly
.

In
th

e
ad

ap
ti

ve
se

t
u
p

on
e

m
ay

ex
p
lo

it
th

e
fa

ct
th

at
fu

n
ct

io
n
F

ca
n

b
e

re
co

v
er

ed
u
p

to
a
rb

it
ra

ry
p
re

ci
si

on
b
y

u
si

n
g

a
sm

al
l

su
b
se

t
of

th
e

it
em

s
in

or
d
er

to
re

d
u
ce

th
e

ov
er

al
l

q
u
er

y
co

m
p
le

x
it

y
of

th
e

p
ai

re
d

co
m

p
ar

is
on

ex
p

er
im

en
t.

A
ck

n
o
w
le
d
g
m
e
n
ts

T
h
is

p
ap

er
w

as
w

ri
tt

en
w

h
en

th
e

fi
rs

t
au

th
o
r

w
as

a
gr

ad
u
at

e
st

u
d
en

t
at

th
e

Is
ra

el
In

st
it

u
te

of
T

ec
h
n
ol

og
y.

T
h
e

re
se

ar
ch

le
ad

in
g

to
th

es
e

re
su

lt
s

h
as

re
ce

iv
ed

fu
n
d
in

g
fr

om
th

e
E

u
ro

p
ea

n
R

es
ea

rc
h

C
ou

n
ci

l
u
n
d
er

E
u
ro

p
ea

n
U

n
io

n
’s

H
or

iz
on

20
20

P
ro

gr
am

,
E

R
C

G
ra

n
t

ag
re

em
en

t
n
o.

68
22

03
“S

p
ee

d
In

fT
ra

d
eo

ff
”

an
d

th
e

re
se

ar
ch

of
O

ri
D

av
id

ov
w

as
p
ar

ti
al

ly
su

p
p

or
te

d
b
y

th
e

Is
ra

el
i

S
ci

en
ce

F
ou

n
d
at

io
n

G
ra

n
ts

N
o.
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3

an
d

45
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O
l
iv
e
ir
a
,
A
il
o
n
a
n
d

D
a
v
id
o
v

A
p
p
e
n
d
ix

A
.
P
ro

o
f
o
f
T
h
e
o
re
m
s

T
h
e

fo
ll
ow

in
g

co
n
ta

in
s

th
e

p
ro

of
s

of
ou

r
m

ai
n

re
su

lt
s.

A
.1

.
P

ro
o
f

o
f

T
h

e
o
re

m
1

P
ro

o
f

T
h
e

co
n
st

ra
in

t
F

(0
)

=
1
/
2

is
eq

u
iv

al
en

t
to
F
−

1
(1
/
2)

=
∑

D i=
0
β
i
(1
/
2)
i

=
0,

w
h
ic

h
is

th
e

la
st

eq
u
al

it
y

co
n
st

ra
in

t
in

(9
).

A
ls

o,
F

is
in

cr
ea

si
n
g

iff
F
−

1
(p

)
is

in
cr

ea
si

n
g

a
n
d

fo
r

o
u
r

se
t

of
p

ol
y
n
om

ia
ls

th
is

is
eq

u
iv

al
en

t
to

(F
−

1
(p

))
′ =

β
1
+

2
·β

2
p

+
..
.+
D
·β
D
p
D
−

1
≥

0
fo

r
ev

er
y

p
∈

[0
,1
/
2]

.
In

ad
d
it

io
n
,
F

is
L

-L
ip

sc
h
it

z
co

n
ti

n
u
ou

s
an

d
so
|F
′ (
x

)|
≤
L

;
w

h
ic

h
co

m
b
in

ed
w

it
h

th
e

m
on

ot
on

ic
it

y
co

n
st

ra
in

t
is

eq
u
iv

al
en

t
to

th
e

co
n
st

ra
in

t
(F
−

1
(p

))
′ ≥

1
/
L

.
B

y
T

h
eo

-
re

m
6

of
(P

ar
ri

lo
,
20

16
)

w
e

h
av

e
th

at
(F
−

1
(p

))
′ −

1
/L

=
s(
x

)+
x

(1
/2
−
x

)t
(x

)
w

h
er

e
s(
x

)
a
n
d

t(
x

)
ar

e
su

m
of

sq
u
ar

es
p

ol
y
n
om

ia
l

fu
n
ct

io
n
s

of
d
eg

re
e

at
m

os
t

2
d

an
d

2
d
−

2
re

sp
ec

ti
ve

ly
.

N
ow

b
y

L
em

m
a

4
of

P
ar

ri
lo

(2
01

6)
th

er
e

ex
is

ts
Q

0
∈

Sd
+

1
+

an
d
Q

1
∈

Sd +
su

ch
th

a
t

th
e

co
effi

ci
en

ts
of

th
e

p
ol

y
n
om

ia
ls
s(
x

)
an

d
t(
x

)
ar

e
s i

=
∑

j+
k
=
i
Q

0 jk
an

d
t i

=
∑

j+
k
=
i
Q

1 jk
.

B
y

co
m

b
in

in
g

th
es

e
co

n
d
it

io
n
s

on
th

e
p

ol
y
n
om

ia
l
(F
−

1
(p

))
′ −

1
/L

an
d

th
e

co
n
st

ra
in

t
||β
|| ∞
≤
U

w
e

ob
ta

in
th

e
d
es

ir
ed

re
su

lt
.

A
.2

.
P

ro
o
f

o
f

T
h

e
o
re

m
3

P
ro

o
f

A
li
tt

le
al

ge
b
ra

sh
ow

th
at ||∆
µ̂
−

∆
µ
||2 2

=
2n
||µ̂
−
µ
||2 2

;
(2

9
)

th
is

is
so

b
ec

au
se

||∆
µ̂
−

∆
µ
||2 2

=
∑ ij

(µ̂
i
−
µ̂
j
−
µ
i
+
µ
j
)2

=
2n
||µ̂
−
µ
||2 2
−

2(
∑ i

µ̂
i
−
∑ i

µ
i)

2

w
h
er

e
th

e
la

st
te

rm
is

ze
ro

b
y

co
n
st

ru
ct

io
n
.

It
fo

ll
ow

s
th

at

||µ̂
−
µ
|| 2

=
1 √
2n
||∆
µ̂
−

∆
µ
|| 2
≤

1 √
2n
||F
−

1
(P̂

)
−

∆
µ
|| 2

=
1 √
2n
||F
−

1
(P̂

)
−
F
−

1
(P

)||
2
≤

4
U
√

2n
||P̂
−
P
|| 2
.

T
h
e

fi
rs

t
in

eq
u
al

it
y

is
a

co
n
sc

eq
u
en

ce
of

th
e

co
n
v
ex

p
ro

je
ct

io
n

th
eo

re
m

an
d

th
e

fi
rs

t
eq

u
a
li
ty

fo
ll
ow

s
fr

om
(2

9)
.

E
q
u
at

io
n

(1
3)

is
d
er

iv
ed

fr
om

||P
∗ −
P
||2 2

=
||F

(∆
µ̂

)−
F

(∆
µ

)||
2 2
≤
L

2
||∆
µ̂
−

∆
µ
||2 2

=
L

2
2
n
||µ̂
−
µ
||2 2
≤
L

2
(4
U

)2
||P̂
−
P
||2 2
.

W
h
er

e
th

e
la

st
eq

u
al

it
y

is
an

ap
p
li
ca

ti
on

of
eq

u
at

io
n

(2
9)

an
d

th
e

la
st

in
eq

u
a
li
ty

a
n

a
p
-

p
li
ca

ti
on

of
(1

4)
.

If
P̂

is
as

su
m

ed
to

ob
ey

st
ro

n
g

st
o
ch

as
ti

c
tr

an
si

ti
v
it

y,
th

en
p̂
ij
<

1
/2

im
p
li
es

th
at

p̂
ik
≤
p̂
jk

fo
r

al
l
k

an
d
p̂
ik
<
p̂
jk

fo
r

at
le

as
t

so
m

e
k
.

T
h
u
s,

th
e

id
en

ti
ty

µ̂
i
−
µ̂
j

=
(1
/n

)
∑

k
(F
−

1
(p̂
ik

)
−
F
−

1
(p̂
jk

))
<

0
to

ge
th

er
w

it
h

th
e

fa
ct

th
at
F
−

1
is

st
ri

ct
ly

m
on

ot
on

e
as

su
re

s
th

at
th

e
st

ro
n
g

st
o
ch

as
ti

c
tr

an
si

ti
v
it

y
o
rd

er
is

th
e

sa
m

e
a
s

th
e

o
rd

er
o
f

th
e

es
ti

m
at

ed
m

er
it
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A
N
e
w

a
n
d

F
l
e
x
ib
l
e
A
p
p
r
o
a
c
h
t
o

t
h
e
A
n
a
ly

sis
o
f
P
a
ir
e
d

C
o
m
pa

r
iso

n
D
a
t
a

R
e
m

a
rk

T
h
eorem

3,
ap

p
lies

to
oth

er
n
orm

s
w

ith
th

e
p
rop

er
m

o
d
ifi

cation
s.

A
ssu

m
e

th
at

th
e

estim
ato

r
P
∗

is
ob

tain
ed

v
ia

(3)
u
n
d
er

th
e

n
orm

or
sem

i-n
orm

||·||#
.

L
et
L

#
an

d
4U

#

b
e

th
e

L
ip

sch
itz

con
stan

ts
of
F

an
d
F
−

1
asso

ciated
w

ith
||·||#

,
th

en

||P
∗−

P
||#
≤
||P̂
−
P
∗||#

+
||P̂
−
P
||#
≤
L

# ||F
−

1(P̂
)−

∆
µ̂||#

+
||P̂
−
P
||#
≤

L
# ||F

−
1(P̂

)−
∆
µ||#

+
||P̂
−
P
||#
≤

4L
#
U

# ||P̂
−
P
||#

+
||P̂
−
P
||#

=
(1

+
4L

#
U

#
)||P̂
−
P
||#
,

a
s

in
(13

).

A
.3

.
P

ro
o
f

o
f

T
h

e
o
re

m
4

P
ro

o
f

E
q
u
a
tion

(16)
is

a
con

sceq
u
en

ce
of

||P
∗−

P
||≤
|| P̂
−
P
∗||+

|| P̂
−
P
||≤

L||F
−

1

β̂
(P̂

)−
∆
µ̂||+

||P̂
−
P
||

≤
L||F

−
1

β
(P̂

)−
∆
µ||+

||P̂
−
P
||≤

4
L
U
||P̂
−
P
||+
||P̂
−
P
||;

w
h
ere

th
e

la
st

in
eq

u
ality

stem
s

from
th

e
fact

th
at
F
−

1
β

(p
)

is
4
U

-L
ip

sch
itz

con
tin

u
o
u
s

for
ev

-
ery

F
β

(p
)∈
F

a
n
d

th
e

p
rev

iou
s

in
eq

u
ality

is
a

con
seq

u
en

ce
of

th
e

op
tim

ality
of

P
o
ly

R
a
n
k

.
In

o
rd

er
to

p
rove

(17),
con

sid
er

a
set

of
lin

ear
eq

u
a
tion

s
A
x

=
b

an
d

a
p

ertu
rb

ed
version

(A
+

∆
A

)(x
+

∆
x

)
=
b

w
h
ere

b
oth

A
an

d
A

+
∆
A

are
n
on

-sin
gu

lar
sq

u
are

m
atrices.

U
n
d
er

th
ese

co
n
d
itio

n
s

on
e

can
sh

ow
th

at
∆
x

=
A
−

1∆
A

(x
+

∆
x

);
th

u
s:

(
β̂
−
β

µ̂
−
µ

)
=
A

(P
) −

1[A
(P
∗)−

A
(P

)] (
β̂µ̂

)
.

(3
0)

N
o
tice

th
a
t
||β̂||∞

≤
U

an
d

also
||µ̂||∞

≤
U

.
T

h
e

secon
d

claim
is

tru
e

for
if
µ̂
j
≥
U

for
so

m
e
j

th
en
|µ̂
i −

µ̂
j |

=
|F
−

1

β̂
(p̂ ∗ij )|≤

|F
−

1

β̂
(0)|

=
|β

0 |≤
U

w
h
ich

th
en

im
p
lies

th
at
µ̂
i ≥

0

fo
r

every
i

a
n
d

so
∑

i µ̂
i ≥

U
>

0
w

h
ich

v
iolates

th
e

con
strain

t
∑

i µ̂
i

=
0;

th
erefore

w
e

m
u
st

h
av

e
µ̂
j
<
U

for
every

j
(th

e
an

a
logou

s
argu

m
en

t
is

valid
for

µ̂
j
>
−
U

).
U

sin
g

th
e

eq
u
iva

len
ce

b
etw

een
n
orm

s
fi
n
d
:

∣∣∣∣ ∣∣∣∣ (
β̂
−
β

µ̂
−
µ

) ∣∣∣∣ ∣∣∣∣ ≤
U
√
I

+
D
||A

(P
) −

1||||A
(P
∗)−

A
(P

)||.

N
ow

n
o
tice

th
a
t

||A
(P
∗)−

A
(P

)|| 2
=

D
+
I−

1
∑k

=
1

D
∑n

=
1 (p ∗

n
(ij)

k −
p
n(ij)

k )
2≤

D
+
I−

1
∑k

=
1

D
(p ∗(ij)

k −
p

(ij)
k )

2≤
D
||P
∗−

P
|| 2

a
n
d

th
erefo

re:∣∣∣∣ ∣∣∣∣ (
β̂
−
β

µ̂
−
µ

) ∣∣∣∣ ∣∣∣∣ ≤
U

(4L
U

+
1) √

D
(I

+
D

)||A
(P

) −
1||||P̂

−
P
||,

w
h
ich

co
m

p
letes

th
e

p
ro

of
of

(17).
N

ow
w

e
w

ill
p
rov

e
eq

u
atio

n
(18).

A
b
it

of
algeb

ra
sh

ow
s

th
a
t

for
ev

ery
F
β
∈
F

w
e

h
ave

th
at

m
ax

α∈
[0
,1

] |F
−

1
β

(α
)−

F
−

1

β̂
(α

)|≤
2||β̂
−
β||∞

;
com

b
in

in
g

2
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O
l
iv
e
ir
a
,
A
il
o
n
a
n
d

D
a
v
id
o
v

th
is

w
ith

(30),
(17)

an
d

th
e

lip
sch

itz
con

tin
u
ity

of
F
β

w
e

fi
n
d

th
e

d
esired

resu
lt.

F
in

ally,
to

p
rove

ord
er

p
reservation

,
recogn

ize
th

at
p
rob

lem
(9)

can
b

e
solved

b
y

m
in

im
izin

g
in
µ

an
d

in
β

sep
arately.

B
y

m
in

im
izin

g
on
µ

w
e

fi
n
d

th
e

sam
e

closed
form

solu
tion

as
th

e
least

sq
u
ares

refi
n
em

en
t

p
ro

ced
u
re,

n
am

ely
µ
i

=
(1
/I

) ∑
j
F
−

1
β

(p̂
ij ).

T
h
e

p
ro

of
follow

s
b
y

th
e

sam
e

argu
m

en
ts

as
in

T
h
eorem

3.

A
.4

.
P

ro
o
f

o
f

T
h

e
o
re

m
5

P
ro

o
f

W
e

w
ill

fi
rst

p
rove

th
at

m
ax

α∈
[0
,1

] |F
−

1

β̂
(α

)−
F
−

1
β

(α
)|≥

2|β
D |/8

D
.

In
th

e
fo

llow
in

g

p
ro

ofP
D
−

1
is

th
e

set
of

p
oly

n
om

ials
of

d
egree

less
th

an
or

eq
u
al

to
D
−

1.

m
ax

α∈
[0
,1

] |F
−

1

β̂
(α

)−
F
−

1
β

(α
)|

=
m

a
x

α∈
[0
,1
/
2
] |F
−

1

β̂
(α

)−
F
−

1
β

(α
)|

≥
m

in
G
∈F

D
′

m
ax

α∈
[0
,1
/
2
] |G

(α
)−

F
−

1
β

(α
)|≥

m
in

G
−
1∈P

D
−
1

m
ax

α∈
[0
,1
/
2
] |G
−

1(α
)−

F
−

1
β

(α
)|

=
m

in
F
−

1

β̃
∈
P
D
−

1

m
a
x

α∈
[0
,1
/
2
] |F
−

1

β̃
(α

)
+
β
D
α
D|

=
|β
D |

m
in

F
−

1

β̃
∈
P
D
−

1

m
ax

α∈
[0
,1
/
2
] |F
−

1

β̃
(α

)
+
α
D|

=
|β
D |

m
in

F
−

1

β̃
∈
P
D
−

1

m
ax

α∈
[−

1
,1

] |F
−

1

β̃
((α

+
1)/

4)
+

((α
+

1)/4)
D|

≥
|β
D |

4
D

m
in

F
−

1

β̃
∈
P
D
−

1

m
ax

α∈
[−

1
,1

] |F
−

1

β̃
(α

)
+
α
D|

=
|β
D |

4
D

1

2
D
−

1

T
h
e

last
eq

u
ality

is
a

d
efi

n
in

g
p
rop

erty
o
f

C
h
eb

y
sh

ev
p

oly
n
om

ials
(M

a
son

an
d

H
an

d
-

scom
b
,
2002).

N
ow

,
n
otice

th
at

th
e

4
U

-L
ip
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b

e
co

m
p
u
te

d
as

a
on

e-
ti

m
e

p
re

-p
ro

ce
ss

in
g

st
ep

.
F

or
ar

b
it

ra
ry

m
at

ri
ce

s
A

,
th

is
st

ep
of

co
u
rs

e
m

ay
in

cu
r

a
co

m
p
u
ta

ti
on

al
co

st
on

th
e

or
d
er

of
m
n
p
.

In
S
ec

ti
on

3,
w

e
al

so
in

cl
u
d
e

ex
p

er
im

en
ts

u
si

n
g

st
ru

ct
u
re

d
m

at
ri

ce
s

th
at

h
av

e
a

fa
st

m
u
lt

ip
ly

,
re

d
u
ci

n
g

th
is

co
st

to
a

lo
ga

ri
th

m
ic

d
ep

en
d
en

ce
on

th
e

d
im

en
si

on
n

.
T

h
en

,
th

e
tr

ai
n
in

g
al

go
ri

th
m

p
ro

ce
ed

s
in
L

“l
ev

el
s”

.
In

th
e
`-

th
le

v
el

,
m

in
d
ex

se
ts

Λ
`,
i
⊂

[m
],
|Λ
`,
i|

=
`,
i

=
1,
..
.,
m

,
ar

e
ra

n
d
o
m

ly
se

le
ct

ed
,

so
th

at
al

l
el

em
en

ts
of

Λ
`,
i

ar
e

u
n
iq

u
e,

an
d

Λ
`,
i
6=

Λ
`,
j

fo
r
i
6=
j.

T
h
is

is
ac

h
ie

v
ed

b
y

se
le

ct
in

g
th

e
m

u
lt

i-
se

t
of

Λ
`,
i’

s
u
n
if

or
m

ly
at

ra
n
d
om

fr
om

a
se

t
of

ca
rd

in
al

it
y
( (

m `
)

m

) .
D

u
ri

n
g

th
e
i-

th
“i

te
ra

ti
on

”
of

th
e
`-

th
le

ve
l,

th
e

ro
w

s
of
Q

in
d
ex

ed
b
y

Λ
`,
i

ar
e

u
se

d
to

fo
rm

th
e
`
×
p

su
b
m

at
ri

x
of
Q

,
th

e
co

lu
m

n
s

of
w

h
ic

h
d
efi

n
e

th
e

si
gn

p
at

te
rn

s
{±

1}
`

ob
se

rv
ed

b
y

th
e

tr
ai

n
in

g
d
at

a.
F

or
ex

am
p
le

,
at

th
e

fi
rs

t
le

ve
l

th
e

p
os

si
b
le

si
gn

p
at

te
rn

s
ar

e
1

an
d

-1
,

d
es

cr
ib

in
g

w
h
ic

h
si

d
e

of
th

e
se

le
ct

ed
h
y
p

er
p
la

n
e

th
e

tr
ai

n
in

g
d
at

a
p

oi
n
ts

li
e

on
;

at
th

e
se

co
n
d

le
ve

l
th

e
p

os
si

b
le

si
gn

p
at

te
rs

ar
e

[ 1 1] ,

[
1 −
1] ,

[ −
1 1

] ,

[ −
1
−

1

] ,
d
es

cr
ib

in
g

w
h
ic

h
si

d
e

of
th

e
tw

o
se

le
ct

ed
h
y
p

er
p
la

n
es

th
e

tr
ai

n
in

g
d
at

a
p

oi
n
ts

li
e

on
,

an
d

so
on

fo
r

th
e

su
b
se

q
u
en

t
le

ve
ls

.
A

t
ea

ch
le

ve
l,

th
er

e
ar

e
at

m
os

t
2
`

p
os

si
b
le

si
gn

p
at

te
rn

s.
L

et
t

=
t(
`)
∈
{0
,1
,2
,.
..
}

d
en

ot
e

th
e

si
gn

p
at

te
rn

in
d
ex

at
le

ve
l
`,

w
h
er

e
0
≤
t
≤

2
`
−

1.
T

h
en

,
th

e
b
in

ar
y

(i
.e

.,
b
as

e
2)

re
p
re

se
n
ta

ti
on

of
ea

ch
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N
e
e
d
e
l
l
,
S
a
a
b
a
n
d

W
o
o
l
f

t
=

(t
`
..
.t

2
t 1

) b
in

:=
∑

` k
=

1
t k

2
k
−

1
is

in
on

e-
to

-o
n
e

co
rr

es
p

on
d
en

ce
w

it
h

th
e

b
in

a
ry

si
g
n

p
at

te
rn

it
re

p
re

se
n
ts

,
u
p

to
th

e
id

en
ti

fi
ca

ti
on

of
{0
,1
}

w
it

h
th

e
im

ag
es
{−

1
,1
}

o
f

th
e

si
g
n

op
er

at
or

.
F

or
ex

am
p
le

,
at

le
ve

l
`

=
2

th
e

si
gn

p
at

te
rn

in
d
ex

t
=

2
=

(1
0)

b
in

co
rr

es
p

o
n
d
s

to
th

e
si

gn
p
at

te
rn

[
1 −
1] .

F
or

th
e
t-

th
si

gn
p
at

te
rn

an
d
g
-t

h
cl

as
s,

a
m

em
be

rs
h
ip

in
d
ex

p
ar

am
et

er
r(
`,
i,
t,
g
)

th
a
t

u
se

s
k
n
ow

le
d
ge

of
th

e
n
u
m

b
er

of
tr

ai
n
in

g
p

oi
n
ts

in
cl

as
s
g

h
av

in
g

th
e
t-

th
si

g
n

p
a
tt

er
n
,

is
ca

lc
u
la

te
d

fo
r

ev
er

y
Λ
`,
i.

L
ar

ge
r

va
lu

es
of
r(
`,
i,
t,
g
)

su
gg

es
t

th
at

th
e
t-

th
si

g
n

p
a
tt

er
n

is
m

or
e

h
ea

v
il
y

d
om

in
at

ed
b
y

cl
as

s
g
;

th
u
s,

if
a

si
gn

al
w

it
h

u
n
k
n
ow

n
la

b
el

co
rr

es
p

o
n
d
s

to
th

e
t-

th
si

gn
p
at

te
rn

,
w

e
w

il
l

b
e

m
or

e
li
ke

ly
to

cl
as

si
fy

it
in

to
th

e
g
-t

h
cl

as
s.

In
th

is
p
a
p

er
,

w
e

u
se

th
e

fo
ll
ow

in
g

ch
oi

ce
fo

r
th

e
m

em
b

er
sh

ip
in

d
ex

p
ar

am
et

er
r(
`,
i,
t,
g
),

w
h
ic

h
w

e
fo

u
n
d

to
w

or
k

w
el

l
ex

p
er

im
en

ta
ll
y.

B
el

ow
,
P
g
|t=

P
g
|t(

Λ
`,
i)

d
en

ot
es

th
e

n
u
m

b
er

of
tr

a
in

in
g

p
o
in

ts
fr

om
th

e
g
-t

h
cl

as
s

w
it

h
th

e
t-

th
si

gn
p
at

te
rn

at
th

e
i-

th
se

t
se

le
ct

io
n

in
th

e
`-

th
le

v
el

:

r(
`,
i,
t,
g
)

=
P
g
|t

∑
G j=

1
P
j|
t

∑
G j=

1
|P
g
|t
−
P
j|
t|

∑
G j=

1
P
j|
t

.
(1

)

L
et

u
s

b
ri

efl
y

ex
p
la

in
th

e
in

tu
it

io
n

fo
r

th
is

fo
rm

u
la

.
T

h
e

fi
rs

t
fr

ac
ti

on
in

(1
)

in
d
ic

a
te

s
th

e
p
ro

p
or

ti
on

of
tr

ai
n
in

g
p

oi
n
ts

in
cl

as
s
g

ou
t

of
al

l
p

oi
n
ts

w
it

h
si

gn
p
at

te
rn
t

(a
t

th
e
`-

th
le

ve
l

an
d
i-

th
it

er
at

io
n
).

T
h
e

se
co

n
d

fr
ac

ti
on

in
(1

)
is

a
b
a
la

n
ci

n
g

te
rm

th
at

gi
v
es

m
o
re

w
ei

g
h
t

to
gr

ou
p
g

w
h
en

th
at

gr
ou

p
is

m
u
ch

d
iff

er
en

t
in

si
ze

th
an

th
e

ot
h
er

s
w

it
h

th
e

sa
m

e
si

g
n

p
at

te
rn

.
If
P
j|
t

is
th

e
sa

m
e

fo
r

al
l

cl
as

se
s
j

=
1
,.
..
,G

,
th

en
r(
`,
i,
t,
g
)

=
0

fo
r

a
ll
g
,

a
n
d

th
u
s

n
o

cl
as

s
is

gi
v
en

ex
tr

a
w

ei
gh

t
fo

r
th

e
gi

ve
n

si
g
n

p
at

te
rn

,
se

t
se

le
ct

io
n
,

an
d

le
ve

l.
If
P
g
|t

is
n
on

ze
ro

an
d
P
j|
t

=
0

fo
r

al
l

ot
h
er

cl
as

se
s,

th
en

r(
`,
i,
t,
g
)

=
G
−

1
an

d
r(
`,
i,
t,
j)

=
0

fo
r

al
l
j
6=
g
,

so
th

at
cl

as
s
g

re
ce

iv
es

th
e

la
rg

es
t

w
ei

gh
t.

It
is

ce
rt

ai
n
ly

p
os

si
b
le

th
a
t

a
la

rg
e

n
u
m

b
er

of
th

e
si

gn
p
at

te
rn

in
d
ic

es
t

w
il
l

h
av

e
P
g
|t

=
0

fo
r

al
l

gr
ou

p
s

(i
.e

.,
n
o
t

a
ll

b
in

a
ry

si
gn

p
at

te
rn

s
ar

e
ob

se
rv

ed
fr

om
th

e
tr

ai
n
in

g
d
at

a)
,

in
w

h
ic

h
ca

se
r(
`,
i,
t,
g
)

=
0
.

R
e
m

a
rk

1
N

o
te

th
a
t

in
p
ra

ct
ic

e
th

e
m

em
be

rs
h
ip

in
d
ex

va
lu

e
n

ee
d

n
o
t

be
st

o
re

d
fo

r
a
ll

2
`

po
ss

ib
le

si
gn

pa
tt

er
n

in
d
ic

es
,

bu
t

ra
th

er
o
n

ly
fo

r
th

e
u

n
iq

u
e

si
gn

pa
tt

er
n

s
th

a
t

a
re

a
ct

u
a
ll

y
o
bs

er
ve

d
by

th
e

tr
a
in

in
g

d
a
ta

.
In

th
is

ca
se

,
th

e
u

n
iq

u
e

si
gn

pa
tt

er
n

s
a
t

ea
ch

le
ve

l
`

a
n

d
it

er
a
ti

o
n
i

m
u

st
be

in
p
u

t
to

th
e

cl
a
ss

ifi
ca

ti
o
n

p
h
a
se

o
f

th
e

a
lg

o
ri

th
m

(A
lg

o
ri

th
m

2
).

A
lg

o
ri

th
m

1
T

ra
in

in
g

in
p

u
t:

tr
ai

n
in

g
la

b
el

s
b,

n
u
m

b
er

of
cl

as
se

s
G

,
n
u
m

b
er

of
le

ve
ls
L

,
b
in

ar
y

tr
a
in

in
g

d
a
ta

Q
(o

r
ra

w
tr

ai
n
in

g
d
at

a
X

an
d

fi
x
ed

m
at

ri
x
A

)
if

ra
w

d
a
ta

:
C

om
p
u
te
Q

=
si

gn
(A
X

)
fo

r
`

fr
om

1
to
L

,
i

fr
om

1
to
m

d
o

se
le

c
t:

R
a
n
d
om

ly
se

le
ct

Λ
`,
i
⊂

[m
],
|Λ
`,
i|

=
`

fo
r
t

fr
om

0
to

2`
−

1,
g

fr
om

1
to
G

d
o

c
o
m

p
u

te
:

C
om

p
u
te
r(
`,
i,
t,
g
)

b
y

(1
)

e
n

d
fo

r
e
n

d
fo

r

O
n
ce

th
e

al
go

ri
th

m
h
as

b
ee

n
tr

ai
n
ed

,
w

e
ca

n
u
se

it
to

cl
as

si
fy

n
ew

si
g
n
a
ls

.
S
u
p
p

o
se

x
∈
R
n

is
a

n
ew

si
gn

al
fo

r
w

h
ic

h
th

e
cl

as
s

is
u
n
k
n
ow

n
,

an
d

w
e

h
av

e
av

ai
la

b
le

th
e

q
u
a
n
ti

ze
d
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S
im

p
l
e
C
l
a
ssif

ic
a
t
io
n
U
sin

g
B
in
a
r
y
D
a
t
a

m
ea

su
rem

en
ts
q

=
sign

(A
x

).
T

h
en

A
lgorith

m
2

is
u
sed

for
th

e
classifi

cation
of
x

in
to

o
n
e

o
f

th
e
G

classes.
N

otice
th

at
th

e
n
u
m

b
er

of
levels

L
,

th
e

learn
ed

m
em

b
ersh

ip
in

d
ex

va
lu

es
r(`,i,t,g

),
an

d
th

e
set

selection
s

Λ
`,i

at
each

iteration
of

each
level

are
all

ava
ilab

le
fro

m
A

lg
o
rith

m
1.

F
irst,

th
e

d
ecision

v
ector

r̃
is

in
itialized

to
th

e
zero

vecto
r

in
R
G

.
T

h
en

fo
r

each
level

`
an

d
set

selection
i,

th
e

sig
n

p
attern

,
a
n
d

h
en

ce
th

e
b
in

ary
b
ase

2
rep

resen
ta

tion
,

can
b

e
d
eterm

in
ed

u
sin

g
q

an
d

Λ
`,i .

T
h
u
s,

th
e

corresp
on

d
in

g
sign

p
attern

in
d
ex

t ?
=
t ?(`,i)∈

{0
,1
,2
,...}

su
ch

th
at

0
≤
t ?
≤

2
`−

1
is

id
en

tifi
ed

.
F

or
each

class
g
,

r̃(g
)

is
u
p

d
a
ted

v
ia
r̃(g

)←
r̃(g

)
+
r(`,i,t ?,g

).
F

in
ally,

after
scalin

g
r̃

w
ith

resp
ect

to
th

e
n
u
m

b
er

o
f

levels
an

d
m

easu
rem

en
ts,

th
e

largest
en

try
of
r̃

id
en

tifi
es

h
ow

th
e

estim
ated

lab
el

b̂
x

o
f
x

is
set.

T
h
is

scalin
g

of
cou

rse
d
o
es

n
ot

actu
ally

aff
ect

th
e

ou
tcom

e
of

classifi
cation

,
w

e
u
se

it
sim

p
ly

to
en

su
re

th
e

q
u
an

tity
d
o
es

n
ot

b
ecom

e
u
n
b

ou
n
d
ed

for
large

p
rob

lem
sizes.

W
e

n
o
te

h
ere

th
at

esp
ecially

for
large

m
,

th
e

b
u
lk

of
th

e
classifi

catio
n

w
ill

com
e

from
th

e
h
ig

h
er

lev
els

(in
fact

th
e

last
level)

d
u
e

to
th

e
geom

etry
of

th
e

algorith
m

.
H

ow
ever,

w
e

ch
o
o
se

to
w

rite
th

e
testin

g
p
h
ase

u
sin

g
all

levels
sin

ce
th

e
low

er
levels

are
ch

eap
to

com
p
u
te

w
ith

,
m

ay
still

con
trib

u
te

to
classifi

cation
accu

ra
cy

esp
ecially

for
sm

all
m

,
an

d
can

b
e

u
sed

n
a
tu

ra
lly

in
o
th

er
settin

gs
su

ch
as

h
ierarch

ical
classifi

cation
an

d
d
etection

(see
rem

ark
s

in
S
ectio

n
5
).

A
lg

o
rith

m
2

C
lassifi

cation

in
p

u
t:

b
in

a
ry

d
ata

q,
n
u
m

b
er

of
classes

G
,

n
u
m

b
er

of
levels

L
,

learn
ed

p
aram

eters
r(`,i,t,g

)
an

d
Λ
`,i

from
A

lgorith
m

1

in
itia

liz
e
:
r̃(g

)
=

0
for

g
=

1,...,G
.

fo
r
`

fro
m

1
to
L

,
i

from
1

to
m

d
o

id
e
n
tify

:
Id

en
tify

th
e

sign
p
attern

in
d
ex

t ?
u
sin

g
q

an
d

Λ
`,i

fo
r
g

fro
m

1
to
G

d
o

u
p

d
a
te

:
r̃(g

)
=
r̃(g

)
+
r(`,i,t ?,g

)
e
n

d
fo

r
e
n

d
fo

r
sc

a
le

:
S
et
r̃(g

)
=

r̃
(g

)
L
m

for
g

=
1,...,G

c
la

ssify
:
b̂
x

=
argm

ax
g∈{

1
,...,G

}
r̃(g

)

3
.

E
x
p

e
rim

e
n
ta

l
R

e
su

lts

In
th

is
sectio

n
,

w
e

p
rov

id
e

ex
p

erim
en

tal
resu

lts
of

A
lgo

rith
m

s
1

an
d

2
for

sy
n
th

etically
gen

-
era

ted
d
a
ta

sets,
h
an

d
w

ritten
d
igit

recogn
ition

u
sin

g
th

e
M

N
IS

T
d
ataset,

an
d

facial
recogn

i-
tio

n
u
sin

g
th

e
ex

ten
d
ed

Y
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th

er
e

ar
e

(i
nfi

ni
te

ly
)

m
an

y
tr

ai
ni

ng
ex

am
pl

es
,i

ns
te

ad
of

m
in

im
iz

in
g

th
e

av
er

ag
e

sa
m

pl
e

lo
ss

,i
ti

s
m

or
e

co
m

pu
ta

tio
na

lly
ap

pe
al

in
g

to
ap

pl
y

m
in

im
ax

se
tti

ng
(L

an
ck

ri
et

et
al

.(
20

03
);

H
on

-
or

io
an

d
Ja

ak
ko

la
(2

01
4)

),
w

hi
ch

up
pe

r
bo

un
ds

th
e

ex
pe

ct
ed

ri
sk

of
a

cl
as

si
fie

r
as

su
m

in
g

on
ly

th
e

kn
ow

le
dg

e
of

m
ea

n
an

d
co

va
ri

an
ce

of
th

e
da

ta
di

st
ri

bu
tio

n.
T

he
“m

in
im

ax
”

bo
un

d
pr

ov
id

es
an

up
-

pe
rb

ou
nd

fo
re

ve
ry

di
st

ri
bu

tio
n

w
ith

a
gi

ve
n

m
ea

n
an

d
co

va
ri

an
ce

.A
pp

ly
in

g
th

e
m

in
im

ax
le

ar
ni

ng
(L

an
ck

ri
et

et
al

.(
20

03
))

to
th

e
ne

ga
tiv

e
cl

as
s

(t
he

m
aj

or
ity

cl
as

s)
al

lo
w

s
to

av
oi

d
bo

ot
st

ra
pp

in
g

pr
o-

ce
du

re
an

d
m

ak
es

le
ar

ni
ng

m
or

e
ef

fic
ie

nt
,a

s
it

re
pl

ac
es

lo
ss

ev
al

ua
tio

n
on

al
ln

eg
at

iv
e

sa
m

pl
es

w
ith

a
si

ng
le

“m
in

im
ax

”
bo

un
d.

D
ue

to
th

e
as

su
m

pt
io

n
th

at
th

e
po

si
tiv

e
cl

as
s

is
ra

re
,

w
e

ca
nn

ot
ap

pl
y

th
e

m
in

im
ax

le
ar

ni
ng

to
th

e
po

si
tiv

e
cl

as
s,

as
it

co
m

pl
et

el
y

re
lie

s
on

th
e

m
ea

n
an

d
co

va
ri

an
ce

of
th

e
da

ta
.

E
st

im
at

in
g

th
e

co
va

ri
an

ce
m

at
ri

x
in

hi
gh

-d
im

en
si

on
al

sp
ac

e
fr

om
a

sm
al

ln
um

be
r

of
po

si
tiv

e
tr

ai
ni

ng
sa

m
pl

es
is

pr
ob

le
m

at
ic

.
A

lte
rn

at
iv

el
y,

w
e

ca
n

us
e

th
e

hi
ng

e
lo

ss
(V

ap
ni

k
(2

00
0)

;
Z

ha
ng

(2
00

2)
;

B
ar

tle
tt

an
d

M
en

de
ls

on
(2

00
3)

;B
ou

sq
ue

te
ta

l.
(2

00
4)

;K
ak

ad
e

et
al

.(
20

08
))

fo
r

th
e

po
si

tiv
e

cl
as

s
as

it
is

co
m

pu
ta

tio
na

lly
ap

pe
al

in
g

w
he

n
th

er
e

ar
e

fa
ir

ly
sm

al
ln

um
be

ro
ft

ra
in

in
g

sa
m

pl
es

.
W

e
su

gg
es

tt
o

co
m

bi
ne

th
e

hi
ng

e-
lik

e
lo

ss
fo

r
th

e
po

si
tiv

e
sa

m
pl

es
w

ith
th

e
“m

in
im

ax
”

bo
un

d
ap

pl
ie

d
to

th
e

st
at

is
tic

s
of

th
e

ne
ga

tiv
e

sa
m

pl
es

to
en

jo
y

th
e

be
st

of
bo

th
w

or
ld

s
an

d
w

e
ca

ll
th

es
e

cl
as

si
fie

rs
H

in
ge

-M
in

im
ax

cl
as

si
fie

rs
.

T
he

id
ea

of
co

m
bi

ni
ng

“m
in

im
ax

”
bo

un
d

fo
r

th
e

ne
ga

tiv
e

cl
as

s
an

d
sv

m
-l

ik
e

fo
rm

ul
at

io
n

fo
r

th
e

po
si

tiv
e

sa
m

pl
es

w
as

in
tr

od
uc

ed
in

O
sa

dc
hy

et
al

.(
20

12
,2

01
6)

fo
rc

om
pu

tin
g

lin
ea

ra
nd

ke
rn

el
cl

as
si

fie
rs

.K
er

ne
lc

la
ss

ifi
er

s
co

ul
d

be
qu

ite
sl

ow
,a

s
th

ey
re

qu
ir

e
ev

al
ua

tin
g

ke
rn

el
on

m
an

y
su

pp
or

t
ve

ct
or

s.
In

th
is

w
or

k
w

e
fo

cu
s

on
m

or
e

ef
fic

ie
nt

no
n-

lin
ea

r
cl

as
si

fie
rs

–
en

se
m

bl
es

of
hy

pe
rp

la
ne

s.
W

e
fir

st
co

ns
id

er
an

in
te

rs
ec

tio
n

of
hy

pe
rp

la
ne

s
an

d
th

en
ex

te
nd

ed
it

to
m

or
e

ge
ne

ra
le

ns
em

bl
es

of
hy

pe
rp

la
ne

s.
Pr

ev
io

us
al

go
ri

th
m

s
fo

r
in

te
rs

ec
tio

n
of

hy
pe

rp
la

ne
s

ar
e

co
m

pu
ta

tio
na

lly
co

st
ly

w
he

n
co

ns
id

er
-

in
g

la
rg

e
se

ts
of

ne
ga

tiv
e

da
ta

po
in

ts
(K

liv
an

s
an

d
Sh

er
st

ov
(2

00
9)

;D
an

ie
ly

et
al

.(
20

14
))

.
To

de
al

w
ith

th
is

co
m

pu
ta

tio
na

ld
iffi

cu
lty

w
e

us
e

th
e

m
ix

ed
ri

sk
.N

am
el

y,
w

e
ex

te
nd

th
e

“m
in

im
ax

”
bo

un
d

to
de

al
w

ith
in

te
rs

ec
tio

n
of

hy
pe

rp
la

ne
s

ov
er

(i
nfi

ni
te

ly
m

an
y)

ne
ga

tiv
e

ex
am

pl
es

.
Fo

r
th

e
po

si
tiv

e
sa

m
pl

es
,w

e
de

fin
e

a
K

-h
yp

er
pl

an
e

hi
ng

e
lo

ss
.W

e
de

riv
e

an
em

pi
ri

ca
lm

ix
ed

-r
is

k
bo

un
d,

th
at

us
es

th
e

R
ad

em
ac

he
rc

om
pl

ex
iti

es
to

bo
un

d
th

e
ri

sk
of

th
e

po
si

tiv
e

cl
as

s
an

d
ve

ct
or

B
er

ns
te

in
’s

in
eq

ua
li-

tie
s

to
bo

un
d

th
e

ri
sk

as
so

ci
at

ed
w

ith
th

e
ne

ga
tiv

e
cl

as
s.

N
ot

e
th

at
w

e
tr

ea
tt

he
po

si
tiv

e
an

d
ne

ga
tiv

e
sa

m
pl

es
di

ff
er

en
tly

be
ca

us
e

of
th

e
co

m
pu

ta
tio

na
lg

ai
n

su
ch

se
pa

ra
tio

n
pr

ov
id
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.

R
ec

en
tly

,H
on

or
io

an
d

Ja
ak

ko
la

(2
01

4)
de

riv
ed

a
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ne
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liz
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n

bo
un

d
fo

rt
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m
in
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ax
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ng
us
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g

PA
C
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n
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hi
ch

bo
un
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th

e
ex
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ct

ed
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w

ith
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tt
o

a
po

st
er
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rd

is
tr

ib
u-

tio
n

ov
er

al
lp

os
si

bl
e

cl
as

si
fie

rs
.

O
ur

w
or

k
di

ff
er

s
as

w
e

us
e

st
ro

ng
er

as
su

m
pt

io
ns

-
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at
th

e
no

rm
of

th
e

da
ta

po
in
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bo
un

de
d
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a
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ta
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,
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m
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n
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l
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y
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at
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.
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s
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a
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t.

W
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ge
ne

ra
liz

e
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e
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fo
r
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co
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si
fie

r.
W

e
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se
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e
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-h
yp

er
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an
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m
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n

fo
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w
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e
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ea
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ie

s.
W

e
pr
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e
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ri
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m
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iz
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s-
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K
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m
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at
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H
IN

G
E-M

IN
IM

A
X

L
E

A
R

N
E

R
F

O
R

T
H

E
E

N
S

E
M

B
L

E
O

F
H

Y
P

E
R

P
L

A
N

E
S

each
com

ponentfrom
the

negative
class.

T
he

learning
is

done
by

alternating
betw

een
finding

the
bestpartition

ofthe
data

into
hidden

com
ponents

and
updating

the
m

odeloverthis
partition.W

e
call

this
novelclassifier

the
LatentH

inge
M

inim
ax

(L
H

M
)

classifier,as
itdiscovers

the
latentstructure

in
the

data
and

em
ploys

the
H

inge-M
inim

ax
paradigm

.
W

e
show

that
the

L
H

M
m

odel
has

an
equivalent

N
eural

N
etw

orks
(N

N
)

architecture.
T

his
allow

s
us

1)to
use

deep
learning

features
via

transferlearning
and

2)to
extend

the
proposed

m
odel

to
the

m
ulti-class

setting.
For

the
m

ulti-class
problem

s,w
e

build
one-against-allclassifiers

for
all

classes
and

com
bine

them
in

a
single

m
odelby

m
apping

class
specific

L
H

M
m

odels
to

a
m

ulti-class
N

N
w

ith
a

m
atching

architecture.
W

e
then

use
the

cross-entropy
loss

to
adjustthe

w
eights

in
the

resulting
LH

M
-N

N
com

bination.
W

e
show

thatusing
L

H
M

-N
N

in
the

transferlearning
settings

has
significantbenefits

com
pared

to
N

N
(standard

settings),
in

both
classification

accuracy
and

training
efficiency.

T
he

im
proved

accuracy
stem

s
from

the
ability

ofL
H

M
m

odelto
learn

from
unlabeled

data.T
he

fastconvergence
of

the
L

H
M

-N
N

(justa
handfulof

epochs)
is

due
to

a
very

good
initialization

of
the

upper
layers

w
ith

class
specific

L
H

M
classifiers.N

ote
thatclass

specific
L

H
M

m
odels

can
be

trained
in

parallel.
M

oreover,adding
a

new
classto

L
H

M
-N

N
isfastand

easy:train
a

classifierforthe
new

class,m
ap

it
to

the
corresponding

L
H

M
-N

N
architecture

and
run

a
very

fastfine-tuning.Sim
ilarly

to
K

uzborskij
etal.(2013),w

hich
considered

the
transfer

learning
for

the
n

+
1

category
from

a
fully

trained
n-

category
classifier,w

e
use

only
a

handfuloftraining
sam

ples
fortuning

it.In
contrastto

K
uzborskij

etal.(2013),w
e

do
notrestrictthe

new
classifier

to
belong

to
the

span
of

the
previously

learned
n

classifiers.
T

his
allow

s
us

greater
flexibility

in
adding

a
new

,non-related
class

to
the

m
ulti-class

m
odel.

W
e

perform
ed

em
piricalevaluation

of
the

proposed
m

odels:
the

K
-hyperplane,the

L
H

M
,and

the
m

ulti-class
m

odels.
In

allcases,the
proposed

m
odels

outperform
ed

their
counterparts

in
sm

all
and

im
balanced

training
data

regim
e.

T
he

rest
of

the
paper

is
organized

as
follow

s.
Section

2
introduces

the
K

hyperplane
H

inge-
M

inim
ax

classifier(K
H

H
M

).Specifically,w
e

extend
the

“m
inim

ax”
bound

forthe
intersection

ofK
positive

half-spaces
in

Section
2.1.1.T

hen
in

Section
2.2,w

e
propose

a
noveltraining

algorithm
for

the
K

H
H

M
classifier.W

e
prove

the
uniform

generalization
bounds

forthe
K

H
H

M
m

odelin
Section

2.3.
Section

3
focuses

on
a

non-convex
generalization

of
the

K
H

H
M

m
odel–

L
H

M
classifier.

W
e

introduce
the

latentm
ixed

risk
in

Section
3.1,the

training
algorithm

in
Section

3.2,and
w

e
prove

a
uniform

generalization
bound

forthe
L

H
M

classifierw
ith

a
fixed

assignm
entofthe

positive
labeled

training
set

in
Section

3.3.
Section

4
discusses

the
m

apping
of

the
L

H
M

classifier
to

a
neural

netw
ork.

Section
5

reports
the

experim
ents

w
ith

K
H

H
M

,L
H

M
,and

L
H

M
-N

N
classifiers.

Section
6

discusses
the

efficiency
ofthe

proposed
m

odels
and

Section
7

concludes
the

paper.

2.K
-H

yperplane
H

inge-M
inim

ax
C

lassifier

In
the

follow
ing,forsim

plicity
w

e
assum

e
thatfora

linearclassifierw
hich

predicts
y

=
sig

n
(w

T
x

),
b

=
0

(orabsorbed
by
w

).

D
efinition

1
Let

w
i ,
i

=
1,..,K

denote
K

hyperplanes.
Let

W
be

a
m

atrix
w

ith
w
i

as
its

ith
colum

n.W
e

define
K

-hyperplane
classifier

f
W

(x
)

as
an

intersection
ofthese

K
half-spaces:

f
W

(x
)

=

{
1

if
W
>
x
≥
~0

−
1

otherw
ise

(1)

3
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D
O

L
E

V
R

A
V

IV,T
A

M
IR

H
A

Z
A

N
,

A
N

D
M

A
R

G
A

R
ITA

O
S

A
D

C
H

Y

w
here

~0
denotes

a
vector

ofzeros.

2.1.M
ixed

R
isk

for
K

-H
yperplane

M
odel

W
e

are
interested

in
a

classification
problem

in
w

hich
the

positive
class

corresponds
to

a
single

conceptand
the

negative
class

is
its

com
plem

entand
w

e
referto

itas
a

background.W
e

assum
e

that
the

sam
ple

ofthe
positive

class
is

relatively
sm

allw
hile

the
negative

sam
ple

is
very

large
(itcan

be
represented

by
an

unlabeled
data

as
w

ell,thus
is

easy
to

collect).D
ue

to
the

specifics
ofthe

problem
w

e
propose

a
m

ixed
risk

forthe
non-linearclassifierin

eq.1.W
e

firstdefine
its

parts
in

D
efinitions

2
and

3
and

then
define

the
m

ixed
risk

in
D

efinition
4.

D
efinition

2
Let

(x
,y

)∼
D

be
a

jointdistribution
ofsam

ples
x
∈
R
n

and
labels

y
∈
{−

1
,1}.W

e
define

the
hinge

risk
of
f
W

(x
)

as
follow

s,

L
HD

(W
)

=
E
D

[`(W
,x
,y

)
1

[y
=

1]+
0·

1
[y

=
−

1]]
(2)

w
here

`(W
,x
,y

)
=

m
ax

j∈{
1
,...,K

} {
m

ax{0
,1−

y
w
>j
x}}.

D
efinition

3
U

nder
the

assum
ptions

ofD
efinition

2,let
D
n
eg

be
a

m
arginaldistribution

ofsam
ples

from
a

ballofradius
C

over
the

negative
labels

w
ith

m
ean

µ
and

covariance
m

atrix
Σ

.Let
Ω

(µ
,Σ

)
be

a
fam

ily
of

all
distributions

w
ith

m
ean

µ
and

covariance
m

atrix
Σ

.
W

e
assum

e
that

D
n
eg
∈

Ω
(µ
,Σ

).
W

e
define

the
background

risk
2

of
f
W

(x
)

as
follow

s,

L
Bµ
,Σ

(W
)

=

[
su

p
Z
∈

Ω
(µ
,Σ

) P
r
z∼
Z

(W
>
z
≥
~0

) ]
1

[y
=
−

1]+
0·

1
[y

=
1]

(3)

W
e

derive
the

expression
forthe

background
risk

in
the

nextsection.
A

ccording
to

the
D

efinitions
2

and
3,the

hinge
risk

is
defined

over
the

sam
ples

of
the

positive
class

only
and

the
background

risk
is

defined
over

the
distribution

of
the

negative
class

only.
T

hus
w

e
can

sum
the

tw
o

to
form

the
m

ixed
risk

over
D

.

D
efinition

4
U

nder
the

assum
ptions

of
D

efinitions
2

and
3,

w
e

define
the

m
ixed

risk
for

the
K

-
hyperplane

classifier
as:

L
H
B

D
(W

)
=
L
HD

(W
)

+
L
Bµ
,Σ

(W
),

(4)

2.1.1.
T

H
E

E
X

P
E

C
T

E
D

R
IS

K
O

F
T

H
E

N
E

G
A

T
IV

E
C

L
A

S
S

T
he

extension
of

T
heorem

3.1
from

M
arshall

and
O

lkin
(1960)

to
a

nonzero
m

ean
variable

(as
show

n
in

M
arshalland

O
lkin

(1960)
E

q.
7.7–7.8)

states
thatfor

a
random

vector
x

w
ith

m
ean

M
and

covariance
Γ

,

su
p

x∼
(M

,Γ
) P

r(x
∈
S

)
=

1

1
+
d

2
,

w
ith

d
2

=
in

f
x∈
S

(x
−
M

) >
Γ
−

1(x
−
M

),w
here

S
is

a
given

convex
set.

T
he

intersection
of
K

hyperplanes
is

a
convex

set,
thus

w
e

can
bound

the
probability

of
a

negative
sam

ple
falling

into
the

intersection
of
K

hyperplanes
using

the
above

resultand
derive

the
expression

for
L
Bµ
,Σ

(W
)

as
show

n
below

in
T

heorem
1.

2.the
nam

e
“background”

is
chosen

to
em

phasize
the

factthatthe
negative

class
is

the
m

ajority
class,w

hile
the

positive
class

is
rare.
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A

X
L

E
A

R
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E
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F
O

R
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H
E

E
N

S
E

M
B

L
E

O
F

H
Y

P
E

R
P

L
A

N
E
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Fi
gu

re
1:

A
2D

ill
us

tr
at

iv
e

ex
am

pl
e

of
T

he
or

em
1.
z
∗

is
th

e
cl

os
es

tp
oi

nt
to

th
e

m
ea

n
of

th
e

ne
ga

tiv
e

di
st

ri
bu

tio
n.

T
he

or
em

1
Fo

r
an

y
fin

ite
nu

m
be

r
of

hy
pe

rp
la

ne
s
w
j
,

su
p

Z
∈Ω

(µ
,Σ

)
P
r z
∼
Z

(W
>
z
≥
~ 0

)
=

1

1
+
d

2

w
ith

d
2

=
µ
>
U

(U
>

Σ
U

)−
1
U
>
µ
,

w
he

re
U

is
a

su
bs

et
of

co
lu

m
ns

of
W

th
at

sa
tis

fy
w
>
z
∗

=
0

,
w

he
re
z
∗

=
ar

g
m

in
z
(z
−
µ

)>
Σ
−

1
(z
−
µ

).

B
ef

or
e

w
e

pr
oc

ee
d

w
ith

th
e

pr
oo

f,
le

t
us

co
ns

id
er

th
e

fo
llo

w
in

g
2D

to
y

ex
am

pl
e

to
ga

in
so

m
e

in
tu

iti
on

in
to

T
he

or
em

1
(s

ee
Fi

gu
re

2.
1.

1)
.A

ss
um

e
th

at
th

e
po

si
tiv

e
cl

as
s

lie
s

in
si

de
an

in
te

rs
ec

tio
n

of
th

re
e

hy
pe

rp
la

ne
sW

=
[w

1
,w

2
,w

3
]a

nd
th

e
ne

ga
tiv

e
cl

as
si

sd
es

cr
ib

ed
by

th
e

no
rm

al
di

st
ri

bu
tio

n
w

ith
m

ea
n
µ

an
d

co
va

ri
an

ce
Σ

.d
2

is
a

sq
ua

re
di

st
an

ce
be

tw
ee

n
th

e
m

ea
n

of
th

e
ne

ga
tiv

e
di

st
ri

bu
tio

n
an

d
th

e
po

in
to

n
th

e
bo

un
da

ry
of

th
e

po
si

tiv
e

re
gi

on
of

th
e

cl
as

si
fie

r,
w

hi
ch

is
cl

os
es

tt
o
µ

.
In

th
e

ex
am

pl
e,

de
pi

ct
ed

in
Fi

gu
re

2.
1.

1,
th

e
cl

os
es

tp
oi

nt
is

de
no

te
d

by
z
∗

an
d

it’
s

an
in

te
rs

ec
tio

n
of
w

1

an
d
w

2
,t

hu
s
U

=
[w

1
,w

2
].

Pr
oo

f
L

et
z
∼
D
n
eg
∈

Ω
(µ
,Σ

)
be

a
sa

m
pl

e
fr

om
th

e
ne

ga
tiv

e
cl

as
s.
W
>
z
≥
~ 0

de
fin

es
a

co
nv

ex
se

t,
th

us
w

e
ca

n
ap

pl
y

th
e

re
su

lt
du

e
to

M
ar

sh
al

la
nd

O
lk

in
(1

96
0)

to
ob

ta
in

:

su
p

Z
∈Ω

(µ
,Σ

)
P
r z
∼
Z

(W
>
z
≥
~ 0

)
=

1

1
+
d

2
,

w
ith

d
2

=
in

f W
>
z
≥~

0
(z
−
µ

)>
Σ
−

1
(z
−
µ

),
w

he
re

th
e

su
pr

em
um

is
ta

ke
n

ov
er

al
ld

is
tr

ib
ut

io
ns

in
Ω

(µ
,Σ

).
N

ex
t,

w
e

w
an

tt
o

de
riv

e
a

cl
os

ed
-f

or
m

ex
pr

es
si

on
fo

r
d

2
.

W
e

se
ek

th
e

so
lu

tio
n

fo
r

th
e

pr
im

al
pr

ob
le

m
m

in z
(z
−
µ

)>
Σ
−

1
(z
−
µ

)

s.
t.
w
> i
z
≥

0
fo

ri
=

1,
..
,K

.
W

e
co

ns
tr

uc
tt

he
L

ag
ra

ng
ia

n:

L
(z
,λ

i)
=

(z
−
µ

)>
Σ
−

1
(z
−
µ

)
+
∑ i

λ
iw
> i
z
,
λ
i
≥

0.

T
he

op
tim

al
ity

co
nd

iti
on

:

∂
L

∂
z

=
2Σ
−

1
z
−

2Σ
−

1
µ

+
∑ i

λ
iw

i
=

0,
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D
O

L
E

V
R

A
V

IV
,T

A
M

IR
H

A
Z

A
N

,A
N

D
M

A
R

G
A

R
IT

A
O

S
A

D
C

H
Y

gi
ve

s
us
z
∗

=
µ
−

1 2

∑
i
λ
iΣ
w
i.

T
he

L
ag

ra
ng

e
du

al
fu

nc
tio

n
is

as
fo

llo
w

s,

L
(z
∗ ,
λ

)
=

(
1 2

∑ i

λ
iΣ
w
i)
>

Σ
−

1

 
1 2

∑ j

λ
j
Σ
w
j

 
+
∑ i

λ
iw
> i

 
µ
−

1 2

∑ j

λ
j
Σ
w
j

 
(5

)

T
he

op
tim

al
ity

co
nd

iti
on

s
ar

e: ∂
L

(z
∗ ,
λ

)

∂
λ
t

=
−

1 2

∑ i

λ
iw
> t

Σ
w
i
+
w
> t
µ

=
0

fo
rt

su
ch

th
at
λ
t
>

0
.

T
he

fu
nc

tio
n

is
op

tim
iz

ed
at

λ
∗

=
2(
U

Σ
U

)−
1
U
>
µ
,

(6
)

w
he

re
U

is
fo

rm
ed

by
a

su
bs

et
of

co
lu

m
ns

of
W

fo
rw

hi
ch
λ
t
>

0,
an

d
th

us
w
> t
z
∗

=
0.

Fo
r

th
e

la
st

st
ep

w
e

su
bs

tit
ut

e
th

e
op

tim
al
λ

,g
iv

en
in

eq
.

6
in

to
th

e
du

al
fu

nc
tio

n
in

eq
.

5
an

d
af

te
rs

im
pl

e
al

ge
br

ai
c

m
an

ip
ul

at
io

ns
w

e
ge

t:

d
2

=
m

ax
λ
≥

0
(L

(z
∗ ,
λ
∗ )

)
=
µ
>
U

(U
>

Σ
U

)−
1
U
>
µ

G
iv

en
th

e
re

su
lt

of
T

he
or

em
1,

w
e

ca
n

ex
pr

es
s

th
e

ba
ck

gr
ou

nd
pa

rt
of

th
e

m
ix

ed
ri

sk
of

th
e

K
-h

yp
er

pl
an

e
cl

as
si

fie
ra

s
fo

llo
w

s,

L
B µ
,Σ

(W
)

=
su

p
Z
∈Ω

(µ
,Σ

)
P
r z
∼
Z

(W
>
z
≥
~ 0

)
=

1

1
+
µ
>
U

(U
>

Σ
U

)−
1
U
>
µ

2.
2.

K
-H

yp
er

pl
an

e
H

in
ge

-M
in

im
ax

(K
H

H
M

)T
ra

in
in

g

W
e

ai
m

to
m

in
im

iz
e

th
e

m
ix

ed
ri

sk
in

eq
.4

.T
o

th
is

en
d,

w
e

m
in

im
iz

e
th

e
em

pi
ri

ca
lr

is
k

L
H
B

S
=
L
B S

(W
)

+
L
H S

(W
)

(7
)

re
gu

la
ri

ze
d

by
th

e
su

m
of
L

2
no

rm
s

of
th

e
K

hy
pe

rp
la

ne
s:

C 2

∑
i
‖w

i‖
2

+
L
H
B

S
.

T
hi

s
em

pi
ri

ca
l

ri
sk

is
a

no
n

co
nv

ex
an

d
no

n
sm

oo
th

fu
nc

tio
n,

he
nc

e
a

gr
ad

ie
nt

ba
se

d
op

tim
iz

at
io

n
of

it
is

di
ffi

cu
lt.

H
ow

ev
er

,O
sa

dc
hy

et
al

.(
20

16
)

sh
ow

ed
an

al
go

ri
th

m
fo

r
ap

pr
ox

im
at

in
g

th
is

pr
ob

le
m

fo
r

a
si

ng
le

hy
pe

rp
la

ne
w

us
in

g
th

e
fo

llo
w

in
g

co
nv

ex
fo

rm
ul

at
io

n:

m
in

im
iz

e
w

λ
‖w
‖2

+
∑ i

m
ax
{0
,1
−

w
>
x
i}

su
bj

ec
tt

o
γ
√

w
>

Σ
w

+
w
>
µ
≤

0.

(8
)

w
he

re
γ

=
√

1
−
δ
δ

.
T

hi
s

fo
rm

ul
at

io
n

m
in

im
iz

es
th

e
re

gu
la

ri
ze

d
hi

ng
e

lo
ss

on
th

e
po

si
tiv

e
sa

m
pl

es
w

hi
le

co
ns

tr
ai

ni
ng

th
e

pr
ob

ab
ili

ty
of

“b
ac

kg
ro

un
d”

da
ta

m
is

cl
as

si
fie

d
by

th
e

cl
as

si
fie

rw
to

be
le

ss
th

an
a

sm
al

lt
hr

es
ho

ld
δ.
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H
IN

G
E-M

IN
IM

A
X

L
E

A
R

N
E

R
F

O
R

T
H

E
E

N
S

E
M

B
L

E
O

F
H

Y
P

E
R

P
L

A
N

E
S

W
e

approxim
ate

the
solution

to
the

problem
in

eq.7
by

finding
K

hyperplanes
W

,w
hich

m
ini-

m
ize

the
regularized

hinge
loss

L
HS

(W
)

on
the

positive
sam

ples
w

hile
constraining

the
probability

of
“background”

data
m

isclassified
by

the
intersection

of
these

hyperplanes
to

be
less

than
a

sm
all

threshold
ε.

W
e

propose
an

algorithm
(A

lgorithm
1)

thatcom
putes

the
hyperplane

iteratively,each
hyper-

plane
ata

tim
e

using
O

sadchy
etal.(2016).

N
ote

thatsince
the

algorithm
in

O
sadchy

etal.(2016)
constraints

the
suprem

um
overalldistributions

w
ith

given
µ

and
Σ

,itconstraints
an

upperbound
on

the
true

distribution
ofthe

negative
class.H

ow
ever,fora

G
aussian

distribution
the

bound
is

tight.
T

he
A

lgorithm
1

startsby
training

K
hyperplanesin

a
greedy

m
annerand

then
iteratively

adjusts
each

hyperplane
to

furtherreduce
the

loss.

A
lgorithm

1
K

H
H

M
Training

Input:
{x

i }
,i

=
1
,..,m

+
a

set
of

positive
exam

ples;{z
i },i

=
1
,..,m

−
a

set
of

negative
exam

ples.

Initialization:
E

stim
ate

µ
and

Σ
using{

z
i }
m
−

i
.Find

w
1

using
O

sadchy
etal.(2016)w

ith
µ
,Σ

.
for

t=2
to

k
do

E
stim

ate
µ
t and

Σ
t using{z

i |
w
>j
z
i
>

0,j
=

1,..,t−
1}

Find
w
t using

O
sadchy

etal.(2016)w
ith

µ
t and

Σ
t .

end
for

Training:
for

t=
1
,2
,3
...do

L
et
P
t be

the
probability

P
r(W

>
z
>

0)
in

iteration
t

if(P
t−

1 −
P
t
>
ε)

E
stim

ate
µ
t and

Σ
t using{

z
i |
w
>j
z
i
>

0
,j

=
1,..,K

;j6=
t}.

Find
w
t using

O
sadchy

etal.(2016)w
ith

µ
t and

Σ
t .

elseO
utput

W
(K

hyperplanes)
end

if
end

for

L
em

m
a

2
A

lgorithm
1

m
inim

izes
the

regularized
hinge

loss
L
HS

(W
)

on
the

positive
sam

ples
w

hile
keeping

P
r(W

>
z
≥
~0)≤

ε
(for

a
sm

all
ε).

Proof
L

et
Z

denote
the

distribution
of

the
negative

class
and

z
∼
Z

denote
a

sam
ple

from
this

distribution.
L

et
S
t

denote
the

part
of

negative
class

that
falls

inside
the

intersection
of
K
−

1
hyperplanes

(w
t is

notincluded):

S
t

=
{
z|w
>i
z
≥

0,∀
i∈
{1,...,K

}\{
t}}.

In
step

i,
A

lgorithm
1

finds
w
t
i

that
m

inim
izes

the
hinge

loss
(w

hich
is

alw
ays

positive)
of
w
t
i

over
positive

labels
and

constrains
P
r(w

>ti z
≥

0)|z
∈
S
t
i)
≤
δ,

w
hile

keeping
the

rest
of

the
hyperplanes

fixed.
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D
O

L
E

V
R

A
V

IV,T
A

M
IR

H
A

Z
A

N
,

A
N

D
M

A
R

G
A

R
ITA

O
S

A
D

C
H

Y

T
he

em
piricalrisk

ofthe
intersection

of
K

hyperplanesoverpositive
labelsisthe

m
axim

um
over

K
ofhinge

losses.T
hus,the

hinge
loss

of
W

is
decreased

atthe
iterations,in

w
hich

the
hyperplane

w
ith

the
m

axim
alloss

is
updated,and

itrem
ains

unchanged
otherw

ise.C
onsequently,A

lgorithm
1

m
inim

izes
the

hinge
loss

of
W

.
W

e
can

w
rite

P
r(W

>
z
≥

0)
=
P
r(w

>ti z
≥

0)|z
∈
S
t
i)P

r(z
∈
S
t
i)

+
0·P

r(z
/∈
S
t
i).

P
r(z
∈
S
t
i)

=
a

w
hich

is
constant(does

notdepend
on

w
t
i )

and
P
r(w

>ti z
≥

0)|z
∈
S
t
i)
≤
δ.

T
hus,

P
r(W

>
z
≥

0)≤
a
δ.Setting

ε
=
a
δ

concludes
the

proof.

2.3.G
eneralization

B
ound

for
K

H
H

M
M

odel

In
the

follow
ing

w
e

bound
the

m
ixed

risk
of

the
K

H
H

M
classifier

by
its

finite
sam

ple.
W

e
show

thatthe
discrepancy

betw
een

the
risk

L
H
B

D
(W

)
and

its
em

piricalestim
ation

L
H
B

S
(W

)
decays

atthe

rate
of
O

(K

√
lo

g
(1
/
δ
)

m
)

w
here

δ
is

the
confidence

over
the

sam
ples

of
the

training
data

and
m

is
the

training
data

size.
T

he
m

ain
difficulty

in
deriving

a
generalization

bound
arises

from
m

ixing
the

hinge
risk

for
the

positive
exam

ples
and

the
background

risk
for

the
negative

exam
ples.

W
e

approach
this

problem
by

deriving
the

uniform
generalization

bounds
separately

for
the

positive
and

negative
classes.

2.3.1.
U

N
IF

O
R

M
G

E
N

E
R

A
L

IZ
A

T
IO

N
B

O
U

N
D

F
O

R
T

H
E

E
M

P
IR

IC
A

L
B

A
C

K
G

R
O

U
N

D
R

IS
K

R
ecall

that
D
n
eg

is
the

distribution
of

the
negative

data
points,

and
µ

and
Σ

are
its

m
ean

and
covariance

respectively.
L

et
µ̂

and
Σ̂

be
the

m
ean

and
covariance

estim
ates

from
the

training
data

points
thatare

associated
w

ith
negative

labels.W
e

bound
the

background
risk

by
its

training
sam

ple
estim

ation.T
he

generalization
bound

is
dom

inated
by

the
discrepancy

∆
=
L
Bµ
,Σ

(w
)−

L
Bµ̂
,Σ̂

(w
)

To
provide

uniform
generalization

bound
to

the
background

risk,w
e

show
thatthe

discrepancy
∆

decreases
w

hen
the

size
of

the
training

sam
ple

increases.
T

herefore
w

e
representthe

discrepancy
w

ith‖
µ̂
−
µ‖

and‖
Σ̂
−

Σ‖
thatdecrease

as
a

function
ofthe

training
sam

ple.
L

et
U

denote
a

subset
of

colum
ns

of
W

that
satisfy

w
>
z ∗

=
0,

w
here

z ∗
=

arg
m

in
z (z
−

µ
) >

Σ
−

1(z
−
µ

).
W

e
m

ake
tw

o
additional

assum
ptions

on
U

:
First,

the
num

ber
of

hyperplanes
K
U

com
prising

U
is

sm
aller

than
the

dim
ension

of
the

features
and

second,
the

hyperplanes
in

U
are

linearly
independent.

B
oth

assum
ptions

hold
in

practice.
T

he
num

ber
of

hypeplanes
m

ust
be

sm
all

to
m

ake
the

classifier
com

putationally
efficient

and
K
U
≤
K

(w
hile

the
dim

ension
of

the
feature

space
is

usually
large).

T
he

sam
e

reason
justifies

the
independence

assum
ption,

as
linearly

dependenthyperplanes
are

redundantand
do

notcontribute
to

the
classifier,thus

should
be

rem
oved/avoided.
U

sing
the

resultofT
heorem

1,w
e

can
w

rite
the

discrepancy
∆

as
follow

s:

∆
=

1

1
+
µ
>
U

(U
>

Σ
U

) −
1U
>
µ
−

1

1
+
µ̂
>
U

(U
>

Σ̂
U

) −
1U
>
µ̂

8
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H
IN

G
E

-M
IN

IM
A

X
L

E
A

R
N

E
R

F
O

R
T

H
E

E
N

S
E

M
B

L
E

O
F

H
Y

P
E

R
P

L
A

N
E

S

B
y

no
tin

g
th

at
th

e
de

no
m

in
at

or
of

bo
th

te
rm

s
is

gr
ea

te
r

th
an

1
w

e
ca

n
up

pe
r

bo
un

d
∆

by
om

itt
in

g
th

e
de

no
m

in
at

or
.T

he
n,

∆
≤
µ̂
U

(U
>

Σ̂
U

)−
1
U
>
µ̂
−
µ
>
U

(U
>

Σ
U

)−
1
U
>
µ

N
ex

t,
w

e
de

no
te
A
,
U

(U
>

Σ
U

)−
1
U
>

an
d
Â
,
U

(U
>

Σ̂
U

)−
1
U
>

.
B

y
ad

di
ng

an
d

su
bt

ra
ct

in
g
µ
>
A
µ̂

an
d

re
ar

ra
ng

in
g

th
e

te
rm

s,
w

e
ob

ta
in

∆
≤
µ
>
A

(µ̂
−
µ

)
+
µ̂
>

(Â
−
A

)µ̂
+

(µ̂
−
µ

)>
A
µ̂
.

(9
)

D
en

ot
e

∆
1
,
µ
>
A

(µ̂
−
µ

)
+

(µ̂
−
µ

)>
A
µ̂

an
d

∆
2
,
µ̂
>

(Â
−
A

)µ̂
.

G
oi

ng
ba

ck
to

th
e

or
ig

in
al

no
ta

tio
ns

,w
e

ob
ta

in

∆
1

=
µ
>
U

(U
>

Σ
U

)−
1
U
>

(µ̂
−
µ

)
+

(µ̂
−
µ

)>
U

(U
>

Σ
U

)−
1
U
>
µ̂

(1
0)

∆
2

=
µ̂
>

(U
(U
>

Σ̂
U

)−
1
U
>
−
U

(U
>

Σ
U

)−
1
U
>

)µ̂
(1

1)

In
th

e
fo

llo
w

in
g,

le
t‖
·‖
F

de
no

te
th

e
Fr

ob
en

iu
s

no
rm

of
a

m
at

ri
x

(t
he
` 2
−

no
rm

of
m

at
ri

x
ve

ct
or

iz
ed

fo
rm

).

L
em

m
a

3
A

ss
um

e
x
∼
D
n
e
g

is
a

di
st

ri
bu

tio
n

ov
er

da
ta

po
in

ts
x

w
ith

ne
ga

tiv
e

la
be

ls
su

ch
th

at
‖x
‖
≤
C

ho
ld

s
w

ith
pr

ob
ab

ili
ty

1
.

D
en

ot
e

by
µ

its
m

ea
n

an
d

by
Σ

its
co

va
ri

an
ce

.
Le

tS
1

de
no

te
a

tr
ai

ni
ng

sa
m

pl
e

of
si

ze
m

1
an

d
le

t
µ̂

=
1
m

1

∑
x
∈S

1
x

be
its

sa
m

pl
ed

m
ea

n
an

d
Σ̂

=
1
m

1

∑
x
∈S

1
(x
−
µ̂

)(
x
−
µ̂

)>
be

its
sa

m
pl

ed
co

va
ri

an
ce

.
D

efi
ne

∆
1

as
in

eq
.

10
,w

he
re

m
at

ri
x
U

ha
s
K
U

lin
ea

rl
y

in
de

pe
nd

en
tc

ol
um

ns
(K

U
≤

n
)

.
A

ss
um

e
th

at
th

e
m

in
im

al
ei

ge
nv

al
ue

s
of

Σ
,Σ̂

ar
e

lo
w

er
bo

un
de

d
by

α
=
λ
m
in

(Σ
),
α̂

=
λ
m
in

(Σ̂
),

re
sp

ec
tiv

el
y.

Th
en

,w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−
δ

ov
er

th
e

dr
aw

s
of

th
e

tr
ai

ni
ng

se
tS

1
,t

he
fo

llo
w

in
g

ho
ld

s
un

ifo
rm

ly
fo

r
al

lW

∆
1
≤

2C α

√
32
C

4
(l

o
g
(1
/
δ)

+
1
/4

)

m
1

Pr
oo

f
Fi

rs
t,

w
e

sh
ow

th
e

up
pe

rb
ou

nd

‖U
(U
>

Σ
U

)−
1
U
>
‖
≤

1 α
(1

2)

Fo
llo

w
in

g
th

e
as

su
m

pt
io

n
th

at
th

e
co

lu
m

ns
of
U

ar
e

lin
ea

rl
y

in
de

pe
nd

en
ta

nd
th

at
th

ei
r

nu
m

be
r

is
sm

al
le

r
th

an
th

e
di

m
en

si
on

of
th

e
fe

at
ur

e
sp

ac
e,

w
e

ca
n

de
riv

e
th

at
U

=
∑
K

U

i=
1
s i
v i
t> i

,
w

he
re
v 1
,.
..
,v
K

U
ar

e
le

ft
si

ng
ul

ar
ve

ct
or

s,
t 1
,.
..
,t
K

U
ar

e
ri

gh
ts

in
gu

la
rv

ec
to

rs
,a

nd
s 1
,.
..
,s
K

U
ar

e
si

ng
ul

ar
va

lu
es

of
U

w
hi

ch
ar

e
al

l
no

n-
ze

ro
.

L
et
V

be
n
×
K
U

m
at

ri
x

of
le

ft
si

ng
ul

ar
ve

ct
or

s
v 1
,.
..
,v
K

U
,T

be
a
K
U
×
K
U

m
at

ri
x

of
ri

gh
t

si
ng

ul
ar

ve
ct

or
s
t 1
,.
..
,t
K

U
,a

nd
S

be
a
K
U
×
K
U

di
ag

on
al

m
at

ri
x

of
si

ng
ul

ar
va

lu
es
s 1
,.
..
,s
K

U
,t

he
n

U
(U
>

Σ
U

)−
1
U
>

=
V
S
T
>

(T
S
V
>

Σ
V
S
T
>

)−
1
T
S
V
>

=
V

(V
>

Σ
V

)−
1
V
>

(1
3)

‖V
(V
>

Σ
V

)−
1
V
>
‖2

=
m

a
x

‖β
‖≤

1
‖V

(V
>

Σ
V

)−
1
V
>
β
‖2

(1
4)

=
m

ax
‖β
‖≤

1
(β
>
V

(V
>

Σ
V

)−
1
V
>
V

(V
>

Σ
V

)−
1
V
>
β

)

=
m

ax
‖β
‖≤

1
((
V
>
β

)>
(V
>

Σ
V

)−
2
(V
>
β

))
≤
‖V
>

Σ
V

)−
1
‖2

Si
nc

e
V

is
a

pr
oj

ec
tio

n
op

er
at

or
,t

he
la

st
in

eq
ua

lit
y

in
E

q.
14

is
du

e
to
‖V

β
‖
≤
‖β
‖
≤

1.

‖V
>

Σ
V

)−
1
‖2

=
1

λ
m
in

(V
>

Σ
V

)2
≤

1

λ
m
in

(Σ
)2

(1
5)
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D
O

L
E

V
R

A
V

IV
,T

A
M

IR
H

A
Z

A
N

,A
N

D
M

A
R

G
A

R
IT

A
O

S
A

D
C

H
Y

T
he

la
st

in
eq

ua
lit

y
in

E
q.

15
fo

llo
w

s
fr

om
Po

in
ca

ré
Se

pa
ra

tio
n

T
he

or
em

(B
el

lm
an

(1
97

0)
).

C
om

bi
ni

ng
eq

ua
tio

ns
13

,1
4,

an
d

15
,w

e
ob

ta
in

‖U
(U
>

Σ
U

)−
1
U
‖

=
‖V

(V
>

Σ
V

)−
1
V
>
‖
≤
‖(
V
>

Σ
V

)−
1
‖
≤

1 α

T
he

n
ap

pl
yi

ng
th

e
ab

ov
e

up
pe

rb
ou

nd
an

d
th

e
C

au
ch

y-
Sc

hw
ar

z
in

eq
ua

lit
y,

w
e

ob
ta

in
:

∆
1
≤

(‖
µ̂
‖+
‖µ
‖)
‖µ̂
−
µ
‖

α
.

Si
nc

e
‖x
‖
≤
C

,t
he

n
‖µ̂
‖+
‖µ
‖
≤

2C
an

d
w

e
ge

t:

∆
1
≤

2C α
‖µ
−
µ̂
‖.

Fi
na

lly
,w

e
us

e
th

e
B

er
ns

te
in

in
eq

ua
lit

y
fo

r
ve

ct
or

s
(c

f.
C

an
de

s
an

d
Pl

an
(2

01
1)

T
he

or
em

2.
6)

w
hi

ch
st

at
es

th
at

fo
r

ve
ct

or
s
v 1
,.
..
,v
m

1
w

ith
E
v k

=
0

an
d
‖v
k
‖
≤
B

an
d
∑
k
E
‖v
k
‖2
≤
σ

2
it

ho
ld

s
th

at
fo

r
al

l
0
≤
t
≤
σ

2
/B

th
at
P

[‖
∑
k
v k
‖
≥
t]
≤

ex
p
(−

t2 8
σ
2

+
1 4
).

H
er

e
‖v
‖2

=
∑
i
v

2 i
.

To
fit

th
e

B
er

ns
te

in
in

eq
ua

lit
y

fo
r

ve
ct

or
s

to
ou

r
se

tti
ng

,
w

e
se

t
v k

=
1
m

1
(x
k
−
E
x
∼
D

n
e
g
x

)
fo

r
an

y
x
k
∈
S

1
.

To
se

e
th

at
th

e
co

nd
iti

on
s

of
C

an
de

s
an

d
Pl

an
(2

01
1)

T
he

or
em

2.
6

ho
ld

,
w

e
no

te
th

at
si

nc
e

‖x
‖
≤
C

th
en
‖v
k
‖
≤

2C
/m

1
d
e
f

=
B

an
d

th
er

ef
or

e
‖v
k
‖2
≤

4
C

2

m
2 1

an
d
∑
m

1

k
=

1
E
‖v
k
‖2
≤

4
C

2

m
1

d
e
f

=
σ

2
.

C
on

se
qu

en
tly

it
ho

ld
s

fo
r0
≤
t
≤

2C
th

at

P
[‖
µ̂
−
µ
‖
≥
t]
≤

ex
p

( −
m

1
t2

3
2
C

2
+

1 4

)
.

T
he

re
su

lt
fo

llo
w

s
w

he
n

se
tti

ng
δ

=
ex

p
(−

m
1
t2

3
2
C

2
+

1 4
),

or
eq

ui
va

le
nt

ly
t

=
√

3
2
C

2
(l

o
g
(1
/
δ
)+

1
/
4
)

m
1

.

W
e

tu
rn

to
ha

nd
le

th
e

se
co

nd
te

rm
∆

2
of

th
e

di
sc

re
pa

nc
y.

L
em

m
a

4
U

nd
er

th
e

co
nd

iti
on

s
of

Le
m

m
a

3,
de

fin
e

∆
2

as
in

eq
.

11
.

Th
en

,w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−
δ

ov
er

th
e

dr
aw

s
of

th
e

tr
ai

ni
ng

se
tS

1
,t

he
fo

llo
w

in
g

ho
ld

s
un

ifo
rm

ly
fo

r
al

lW

∆
2
≤
C

2

α
α̂

( 2C
‖µ̂
−
µ
‖+

√
32
C

4
(l

og
(1
/δ

)
+

1
/4

)

m
1

)

Pr
oo

f

∆
2

=
µ̂
>
U
( (U

>
Σ̂
U

)−
1
−

(U
>

Σ
U

)−
1
) U
>
µ̂

(1
6)

≤
∣ ∣ ∣µ̂
>
U

(U
>

Σ̂
U

)−
1
(U
>

Σ
U
−
U
>

Σ̂
U

)(
U
>

Σ
U

)−
1
U
>
µ̂
∣ ∣ ∣

=
∣ ∣ ∣µ̂
>
U

(U
>

Σ̂
U

)−
1
U
>

(Σ
−

Σ̂
)U

(U
>

Σ
U

)−
1
U
>
µ̂
∣ ∣ ∣

A
pp

ly
in

g
th

e
C

au
ch

y-
Sc

hw
ar

z
in

eq
ua

lit
y

an
d

th
e

up
pe

rb
ou

nd
in

eq
.1

2,
w

e
ob

ta
in

:

∆
2
≤
‖µ̂
‖2
‖Σ̂
−

Σ
‖

α
α̂

.

W
e

no
w

co
ns

id
er
‖Σ
−

Σ̂
‖:

Σ̂
=

1 m
1

m
1

∑ k
=

1

(x
k
−
µ̂

)(
x
k
−
µ̂

)>
=

1 m
1

m
1

∑ k
=

1

x
k
x
k
−
µ̂
µ̂
>

Σ
=

E
x
∼
D

n
e
g
(x
−
µ

)(
x
−
µ

)>
=
E
x
∼
D

n
e
g
x
x
>
−
µ
µ
>

‖Σ
−

Σ̂
‖
≤
‖Σ̂
−

Σ
‖ F

≤
‖

1 m
1

m
1

∑ k
=

1

x
k
x
> k
−
E
x
∼
D

n
e
g
x
x
>
‖ F

+
‖µ̂
µ̂
>
−
µ
µ
>
‖ F
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H
IN

G
E-M

IN
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A
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L
E

A
R

N
E

R
F

O
R

T
H

E
E

N
S

E
M

B
L

E
O

F
H

Y
P

E
R

P
L

A
N

E
S

For
the

second
com

ponentin
the

bound:
µ̂
µ̂
>
−
µ
µ
>

=
µ̂

(µ̂
−
µ

) >
+

(µ̂
−
µ

)µ
>

therefore‖µ̂
µ̂
>
−

µ
µ
>‖

F
≤
‖µ̂

(µ̂
−
µ

) >‖
F

+
‖(µ̂
−
µ

)µ
>‖

F
≤

2C
‖
µ̂
−
µ‖.

Forthe
firstcom

ponentin
the

bound,w
e

use
the

B
ernstein

inequality
forvectors(C

andesand
Plan

(2011)
T

heorem
2.6)in

the
sam

e
m

anneritis
applied

in
L

em
m

a
3.W

e
set

v
k

to
be

the
vectorization

of
1
m

1
x
k x
>k
−

E
x∼

D
n
e
g x
x
>

for
any

x
k
∈
S

1 .
To

see
thatthe

conditions
of

C
andes

and
Plan

(2011)
in

T
heorem

2.6
hold,

w
e

note
that

since
‖x‖

≤
C

then
‖
v
k ‖
≤

2
C

2

m
1

d
e
f

=
B

and
therefore

‖
v
k ‖

2
≤

4
C

4

m
21

and
∑
m

1

k
=

1
E
‖v
k ‖

2
≤

4
C

4

m
1

d
e
f

=
σ

2.C
onsequently

itholds
for

0
≤
t≤

2C
2

that

P
[ ∥∥∥

1m
1

m
1

∑k
=

1

x
k x
>k
−
E
x∼

D
n
e
g x
x
> ∥∥∥
≥
t ]≤

ex
p
(−

m
1 t

2

32C
4

+
14

)

T
he

resultfollow
s

w
hen

setting
δ

=
ex

p
(−

m
1
t
2

3
2
C

4
+

14
)

orequivalently
t

=
√

3
2
C

4
(lo

g
(1
/
δ
)+

1
/
4
)

m
1

.

T
he

upperbound
for

∆
relieson

the
low

erbound
on

the
m

inim
aleigenvalue

ofcovariance
Σ

=
E
x∼

D
n
e
g (x−

µ
)(x−

µ
) >

and
ofthe

sam
pled

covariance
Σ̂

=
1
m

1 ∑
x∈
S
1 (x−

µ̂
)(x−

µ̂
) >

.W
hile

the
m

inim
aleigenvalue

of
Σ

,say
α

=
λ
m
in

(Σ
),can

be
setto

be
aw

ay
from

zero,the
m

inim
aleigenvalue

ofthe
sam

pled
covariance

α̂
=
λ
m
in

(Σ̂
)

is
a

random
variable.W

e
show

that
α̂

is
close

to
α

w
ith

high
probability:

L
em

m
a

5
A

ssum
e

the
conditions

ofLem
m

a
3

hold.A
ssum

e
thatthe

m
inim

aleigenvalue
of
α

=
λ
m
in

(Σ
)

is
positive.

Let
α̂

=
λ
m
in

(Σ̂
)

be
the

m
inim

aleigenvalue
ofthe

random
covariance

m
atrix

Σ̂
.

Then
α̂
≥
α
/2

w
ith

probability
atleast

1−
2

ex
p
(−

m
1
α

2

3
2·3

6
C

4
+

14
)

over
the

draw
s

ofthe
training

set
S

1 .

Proof
U

sing
C

auchy-Schw
artz

inequality
w

e
obtain

‖U
>

Σ
U
‖−
‖
U
>

Σ̂
U
‖
≤
∣∣∣ ‖U

>
Σ
U
‖−
‖
U
>

Σ̂
U
‖ ∣∣∣ ≤

‖U
>

Σ
U
−
U
>

Σ̂
U
‖
≤
‖Σ
−

Σ̂‖‖
U
‖

2.

T
herefore,

‖U
>

Σ̂
U
‖
≥
‖U
>

Σ
U
‖−
‖
Σ
−

Σ̂‖‖
U
‖

2.

Follow
ing

L
em

m
a

4
w

e
note

that

‖
Σ̂
−

Σ‖
≤
‖
Σ̂
−

Σ‖
F
≤
‖

1m
1

m
1

∑k
=

1

x
k x
>k
−
E
x∼

D
n
e
g x
x
>‖

F
+
‖µ̂
µ̂
>
−
µ
µ
>‖

F

W
e

use
B

ernstein
inequality

forvectors
w

ith
t

=
α
/6

to
bound

P
[‖

1m
1

m
1

∑k
=

1

x
k x
>k
−
E
x∼

D
n
e
g x
x
>‖
≥
α
/6]≤

ex
p
(−
m

1 α
2/(36·

32)
+

1
/
4)

forany
α
/6
≤

4
m

1 .W
e

also
use

B
ernstein

inequality
forvectors

w
ith

t
=
α
/(2

C
·3)

to
bound

P
[‖µ̂
−
µ‖
≥
α
/(2

C
·3)]≤

ex
p (−

m
1 α

2

36·
3
2C

4
+

14 )
.

T
hus

w
ith

errorprobability
of

2
ex

p (−
m

1
α

2

3
6·3

2
C

4
+

14 )
there

hold‖
1
m

1 ∑
m

1

k
=

1
x
k x
>k
−
E
x∼

D
n
e
g x
x
>‖
≤
α
/6

and
2
C
‖µ̂
−
µ‖
≤
α
/3.

In
particular,the

sum
of

both
is

upper
bounded

by
α
/2,hence‖Σ̂

−
Σ‖
≤
α
/2,

resulting
in‖U

>
Σ̂
U
‖
≥

(α
−
α
/2)‖U

‖
2.T

herefore
α̂‖
U
‖

2≥
α
/2‖U

‖
2.

B
ounds

on
the

discrepancy
betw

een
the

expected
and

the
em

piricalbackground
risks

thatare
uniform

forany
U

guarantee
generalization.

T
he

above
lem

m
as

suggestthatthe
penalty

ofobserving
a

finite
sam

ple
space

decreases
as

1/m
1 .T

his
is

sum
m

arized
in

the
follow

ing
theorem

.
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D
O

L
E

V
R

A
V

IV,T
A

M
IR

H
A

Z
A

N
,

A
N

D
M

A
R

G
A

R
ITA

O
S

A
D

C
H

Y

T
heorem

6
U

nder
the

conditions
ofLem

m
a

3,for
α
≥
√

1
1
5
2
(lo

g
(2
/
δ
)+

1
/
4
)

m
1

w
ith

probability
atleast

1−
3δ

over
m

1
the

i.i.d.
sam

ples
from

D
n
e
g

the
follow

ing
holds

uniform
ly

for
all

W
w

ith
K

linearly
independent

hyperplanes:

L
Bµ
,Σ

(U
)≤

L
Bµ̂
,Σ̂

(U
)

+
(

2
C

2

α
+

6C
4

α
2

) √
3
2(log

(1/
δ)

+
1
/4)

m
1

.

Proof
Follow

ing
E

q.9,w
e

note
that

L
Bµ
,Σ

(U
)−

L
Bµ̂
,Σ̂

(U
)≤

∆
1

+
∆

2 ,for
∆

1 ,∆
2

defined
in

L
em

m
as

3,4.
T

he
proofapplies

the
bounds

on
∆

1 ,∆
2 ,w

here
each

ofthese
bounds

holds
w

ith
an

errorprobability
atm

ost
δ.

T
he

proof
is

concluded
by

bounding
α̂
≥
α
/2

w
ith

an
error

probability
atm

ost
δ.

Form
ally,w

ith
error

probability
atm

ost
3
δ:

∆
1
≤

2
C

2

α

√
3
2

log
(1/

δ)
+

1
/4

m
1

∆
2
≤

3
C

4

α
α̂

√
3
2(log

(1/δ)
+

1
/4

)

m
1

≤
6C

4

α
2

√
3
2(log

(1/
δ)

+
1
/4)

m
1

T
he

generalization
guarantees

ofthe
background

risk
penalize

a
finite

sam
ple

size
m

by √
1/m

1 .Itdecays
to

zero
w

hen
the

num
berofthe

negative
labels

in
the

training
sam

ple
tends

to
infinity.In

oursetting,w
e

assum
e

that
m
≈
m

1 ,thus
w

e
getfavorable

guarantees
w

ith
respectto

the
training

size.

2.3.2.
U

N
IF

O
R

M
G

E
N

E
R

A
L

IZ
A

T
IO

N
B

O
U

N
D

F
O

R
T

H
E

E
M

P
IR

IC
A

L
R

IS
K

O
F

T
H

E
H

IN
G

E-L
O

S
S

W
e

derive
a

uniform
generalization

bound
forthe

expected
risk

overthe
positive

exam
ples

using
R

adem
acher

com
plexity.T

he
R

adem
achercom

plexity
ofa

bounded
set

A
⊂
R
K

is

R
(A

)
=

1m
E
σ [

m
ax

a∈
A

m
∑i=

1

σ
i a
i ]
,

w
hile

σ
i ∈
{−

1
,+

1}
are

i.i.d.and
equally

probable
random

variables.
L

etF
denote

a
fam

ily
offunctions:

F
,
{(x

,y
)→

`(W
,x
,y

)
:
W

=
[w

1 ,...,w
k ],w

j ∈
R
d,∀

j}.
L

et
S

=
{
(x

1 ,y
1 ),...,(x

m
,y
m

)}
be

a
training

sam
ple.

L
etF

◦
S

be
the

set
of

all
possible

evaluations
a

function
f
∈
F

can
achieve

on
a

sam
ple

S:

F
◦
S

=
{f

(x
1 ,y

1 ),...,f
(x
m
,y
m

)}.
T

he
R

adem
achercom

plexity
ofF

w
ith

respectto
S

is
defined

as
follow

s:

R
(F
◦
S

),
1m
E
σ∼
{±

1}
m

[
su

p
f∈F

m
∑i=

1

σ
i f

(x
i ,y

i ) ]

Since
L
HD

iszero
for

y
=
−

1,w
e

consideronly
the

positive
subsetof

S
,denoted

as,S
2 ,
{(x

i ,1),...(x
m

2 ,1
)}.

T
heorem

7
3

C
onsider

a
K
−

hyperplanes
loss

function

`(W
,x
,y

)
=

m
ax

j∈{
1
,...,K

} {m
a
x{0,1−

y
w
>j
x}}

3.T
heorem

4
in

the
IC

M
L’15

version
ofthe

paperhad
a

typo.H
ere

w
e

presenta
corrected

version
ofthe

theorem
w

ith
a

detailed
proof.
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H
IN

G
E

-M
IN

IM
A

X
L

E
A

R
N

E
R

F
O

R
T

H
E

E
N

S
E

M
B

L
E

O
F

H
Y

P
E

R
P

L
A

N
E

S

fo
r

w
hi

ch
ea

ch
hy

pe
rp

la
ne

sa
tis

fie
s
‖w

j
‖
≤

1
an

d
ea

ch
da

ta
po

in
ts

at
is

fie
s
‖x
‖
≤

1
.T

he
n,

R
(F
◦S

2
)
≤

K √
m

2
,

w
he

re
m

2
is

th
e

nu
m

be
r

of
po

si
tiv

e
ex

am
pl

es
.

Pr
oo

f

m
2
R

(F
◦S

2
)

=

E σ
∼
{±

1
}m

   
m

a
x

‖w
1
‖≤

1
..
.

‖w
k
‖≤

1

m ∑ i=
1

σ
i

m
ax

j
∈{

1
,.
..
,K
}{

m
ax

(0
,1
−
w
> j
x
i)
}   
≤

E σ
∼
{±

1
}m

   
m

a
x

‖w
1
‖≤

1
..
.

‖w
k
‖≤

1

m ∑ i=
1

σ
i

K ∑ j
=

1

m
ax

(0
,1
−
w
> j
x
i)

   
≤

K ∑ j
=

1

E σ
∼
{±

1
}m

[
m ∑ i=

1

σ
i
m

ax
(0
,1
−
w
> j
x
i)

]
≤
K
√
m

2

T
he

bo
un

d
fo

llo
w

sf
ro

m
th

e
C

on
tr

ac
tio

n
L

em
m

a
(L

ed
ou

x
an

d
Ta

la
gr

an
d,

19
91

),
ap

pl
ie

d
to

m
ax

(0
,1
−
w
>
x

),
w

hi
ch

is
1-

L
ip

sc
hi

tz
fu

nc
tio

n.
H

en
ce

,R
(F
◦S

2
)
≤

K √
m

2
.

N
ex

t
w

e
pr

ov
id

e
th

e
un

if
or

m
ge

ne
ra

liz
at

io
n

bo
un

d
fo

r
th

e
em

pi
ri

ca
l

ri
sk

of
th

e
m

ax
im

um
ov

er
hi

ng
e

lo
ss

es
.

T
he

or
em

8
Le

tL
H D

(W
)

=
E D

[`
(W

,x
,y

)1
[y

=
1]

+
0
·1

[y
=
−

1]
]b

e
th

e
ex

pe
ct

ed
ri

sk
,a

nd
le

tL
H S

(W
)

=
1
m

2

∑
m i=

1
`(
W
,x
i,

1
)

be
th

e
em

pi
ri

ca
lr

is
k

ov
er

a
po

si
tiv

e
la

be
lt

ra
in

in
g

sa
m

pl
e

of
si

ze
m

2
.

Th
en

,f
or

an
y

δ
∈

(0
,1

]
w

ith
pr

ob
ab

ili
ty

at
le

as
t

1
−
δ

ov
er

th
e

i.i
.d

.
sa

m
pl

e
of

si
ze
m

2
it

ho
ld

s
si

m
ul

ta
ne

ou
sl

y
fo

r
al

l
‖w

1
‖,
..
.,
‖w

k
‖
≤

1
th

at
w

he
ne

ve
r
‖x
‖
≤

1:

L
H D

(W
)
≤
L
H S

(W
)

+
2
K
√
m

2
+

8
K

√
2

lo
g
(2
/δ

)

m
2

Pr
oo

f
B

y
no

tin
g

th
at
|`(
W
,x
,y

)|
≤

2K
an

d
th

at
a

m
ax

im
um

ov
er

po
si

tiv
e

nu
m

be
rs

is
up

pe
r

bo
un

de
d

by
th

ei
rs

um
,t

he
re

su
lt

fo
llo

w
s

im
m

ed
ia

te
ly

,f
ro

m
B

ar
tle

tt
an

d
M

en
de

ls
on

(2
00

3)
.

3.
L

at
en

tH
in

ge
-M

in
im

ax
C

la
ss

ifi
er

T
he

in
te

rs
ec

tio
n

of
K

po
si

tiv
e

ha
lf

-s
pa

ce
s

fo
rm

s
a

co
nv

ex
se

t.
Fo

r
no

n-
co

nv
ex

se
ts

,
K

H
H

M
w

ill
pr

od
uc

e
m

an
y

fa
ls

e
po

si
tiv

es
(a

s
sh

ow
in

Fi
gu

re
2

le
ft

).
To

ac
co

m
m

od
at

e
cl

as
se

s
th

at
fo

rm
no

n-
co

nv
ex

or
di

sj
oi

nt
se

ts
,

w
e

pr
op

os
e

a
no

n-
co

nv
ex

cl
as

si
fie

r,
w

hi
ch

is
an

en
se

m
bl

e
of

K
H

H
M

m
od

el
s

th
at

w
e

ca
ll

th
e

L
at

en
t

H
in

ge
-M

in
im

ax
(L

H
M

)
cl

as
si

fie
r.

Sp
ec

ifi
ca

lly
,w

e
de

fin
e

th
e

L
H

M
cl

as
si

fie
r

as
a

un
io

n
of

in
te

rs
ec

tio
ns

of
po

si
tiv

e
ha

lf
-s

pa
ce

s.
W

e
as

su
m

e
th

at
ea

ch
in

te
rs

ec
tio

n
is

co
m

po
se

d
of
K

hy
pe

rp
la

ne
s:
W

i
=

[w
i 1
,.
..
,w

i K
]

an
d

th
er

e
ar

e
C

co
m

po
ne

nt
s

in
th

e
un

io
n

(s
ee

Fi
gu

re
2

ri
gh

t)
.L

et
W

L
H

M
,

(W
1
,.
..
,W

C
)

de
no

te
th

e
L

H
M

m
od

el
.
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D
O

L
E

V
R

A
V

IV
,T

A
M

IR
H

A
Z

A
N

,A
N

D
M

A
R

G
A

R
IT

A
O

S
A

D
C

H
Y

Fi
gu

re
2:

Sc
he

m
at

ic
co

m
pa

ri
so

n
of

K
H

H
M

(l
ef

t)
an

d
L

H
M

(r
ig

ht
)c

la
ss

ifi
er

s
on

a
no

n-
co

nv
ex

po
s-

iti
ve

cl
as

s.
T

he
L

H
M

cl
as

si
fie

r
ite

ra
tiv

el
y

di
sc

ov
er

s
a

pa
rt

iti
on

of
th

e
po

si
tiv

e
se

t
in

to
co

nv
ex

co
m

po
ne

nt
s

an
d

bu
ild

s
K

H
H

M
m

od
el

fo
re

ac
h

co
nv

ex
co

m
po

ne
nt

.

3.
1.

E
xp

ec
te

d
L

at
en

tM
ix

ed
R

is
k

Si
m

ila
rl

y
to

K
-h

yp
er

pl
an

e
m

od
el

,t
he

la
te

nt
m

ix
ed

ri
sk

is
al

so
co

m
po

se
d

of
th

e
hi

ng
e

an
d

ba
ck

gr
ou

nd
pa

rt
s.

H
ow

ev
er

,
w

e
ex

te
nd

th
e

ri
sk

in
E

q.
4

to
co

nt
ai

n
m

ul
tip

le
co

m
po

ne
nt

s
Q
i
,
{x
∈
R
n
|W

iT
x
≥
~ 0
}

an
d

a
la

te
nt

va
ri

ab
le
ϕ

(x
)

=
i

(i
∈
{1
,.
..
,C
})

w
hi

ch
as

si
gn

s
ea

ch
po

si
tiv

e
sa

m
pl

e
x
∈

R
n

to
on

e
of

th
e
C

co
m

po
ne

nt
s.

L
D

(W
L

H
M

;ϕ
)

=
L
B µ
,Σ

(W
L

H
M

)
+
L
H D

(W
L

H
M

;ϕ
),

(1
7)

T
he

ba
ck

gr
ou

nd
pa

rt
of

th
e

la
te

nt
m

ix
ed

ri
sk

bo
un

ds
th

e
pr

ob
ab

ili
ty

of
th

e
ne

ga
tiv

e
cl

as
s

in
al

lc
om

po
ne

nt
s

Q
i :

L
B µ
,Σ

(W
L

H
M

)
=

C ∑ i=
1

L
B µ
,Σ

(W
i )

=

C ∑ i=
1

su
p

z
∼
Z

(µ
,Σ

)

P
r(
z
∈
Q
i )

(1
8)

T
he

hi
ng

e
pa

rt
of

th
e

la
te

nt
m

ix
ed

ri
sk

ag
gr

eg
at

es
th

e
K

-h
yp

er
pl

an
e

hi
ng

e
ri

sk
ov

er
C

co
m

po
ne

nt
s:

L
H D

(W
L

H
M

;ϕ
)

=
E (
x
,y

)∈
D

[
C ∑ i=

1

`(
W

i ;
x
,y

)1
[ϕ

(x
)

=
i]

]
(1

9)

w
he

re
`(
W

;x
,y

)
=

m
a
x

j
∈{

1
..
K
}{

m
a
x
{0
,α
−
y
w
T j
x
}}

is
th

e
m

od
ifi

ed
K

-h
yp

er
pl

an
e

hi
ng

e
lo

ss
(i

n
E

q.
2)

.
W

e
re

pl
ac

ed
1

w
ith

α
to

ac
co

m
m

od
at

e
co

m
pa

ri
so

n
be

tw
ee

n
di

ff
er

en
tn

or
m

s
of

th
e

hy
pe

rp
la

ne
s.

3.
2.

E
m

pi
ri

ca
lL

at
en

tM
ix

ed
R

is
k

R
ec

al
lt

ha
tS

is
a

tr
ai

ni
ng

sa
m

pl
e

of
si

ze
m

,w
he

re
S

2
=
{(
x
,y

)
∈
S

:
y

=
1}

,a
nd
S

1
=
{(
x
,y

)
∈
S

:
y

=
−

1}
ar

e
th

e
po

si
tiv

e
an

d
ne

ga
tiv

e
tr

ai
ni

ng
se

ts
co

rr
es

po
nd

in
gl

y,
m

2
is

th
e

si
ze

of
S

2
an

d
m

1
be

th
e

si
ze

of
S

1
.W

e
de

fin
e

th
e

em
pi

ri
ca

lr
is

k
ov

er
S

as
fo

llo
w

s:

L
H
B

S
(W

L
H

M
,ϕ

)
=
L
H S
2
(W

L
H

M
,ϕ

)
+
L
B S
1
(W

L
H

M
)

(2
0)
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H
IN

G
E-M

IN
IM

A
X

L
E

A
R

N
E

R
F

O
R

T
H

E
E

N
S

E
M

B
L

E
O

F
H

Y
P

E
R

P
L

A
N

E
S

B
oth

parts
of

the
em

pirical
latent

m
ixed

risk
are

aggregated
over

C
latent

com
ponents.

Specifically,
the

background
partofthe

risk
is

defined
as

a
sum

ofbackground
em

piricalrisks
ofthe

m
odel’s

com
ponents:

L
BS
1 (W

L
H

M
)

=
C
∑i=

1

L
Bµ̂
,Σ̂

(W
i)

(21)

w
here

L
Bµ̂
,Σ̂

(W
i)

=
su

p
Z
∈

Ω
(µ̂
,Σ̂

)
P
r
z∼
Z

(z
∈
Q
i)

and
µ̂
,Σ̂

are
the

em
piricalm

ean
and

covariance
m

atrix,
estim

ated
from

the
negative

training
sam

ple
S

1 .
L

et
X
i,
{x

:
ϕ

(x
)

=
i}

define
a

subsetof
positive

sam
ples.

T
he

hinge
partof

the
em

piricalrisk
is

defined
as

the
follow

s:

L
HS
2 (W

L
H

M
,ϕ

)
=

C
∑i=

1

L
HS
2 (W

i)
(22)

w
here

L
HS
2 (W

i)
=
∑
x∈
X

i
`(W

i,x
,1

).
U

sing
the

above
notations,w

e
can

define
a

com
ponentem

piricalrisk,as

L
H
B

(W
i)

=
L
HS
2 (W

i)
+
L
Bµ̂
,Σ̂

(W
i)

(23)

N
ext,

w
e

form
alize

the
loss

function
for

a
positive

sam
ple

w
hich

w
e

use
in

the
training

algorithm
in

Section
3.3.

E
ach

sam
ple

w
ith

positive
labelencounters

a
loss

only
in

a
single

latentcom
ponent,specified

by
its

latent
variable

ϕ
(x

).
T

he
hinge

part
of

this
loss

is
`(W

i,x
,1).

T
he

background
em

pirical
risk

of
a

com
ponentL

Mµ̂
,Σ̂

(W
i)dependson

µ̂
,Σ̂

and
W

i.
W

idependson
the

latentassignm
entofthe

positive
sam

ples.
T

hus
the

optim
alassignm

entshould
m

inim
ize

also
the

background
partof

the
risk.

W
e

im
plem

entthis
by

dividing
the

em
piricalrisk

L
Mµ̂
,Σ̂

(W
i)

equally
am

ong
the

positive
sam

ples
w

ith
ϕ

(x
)

=
i.H

ence
the

sam
ple

loss
(forpositive

sam
ples)is

defined
as

follow
s:

L
(W

ϕ
(x

);x
,1,ϕ

(x
))

=
`(W

ϕ
(x

),x
,1)

+
1

|S
i| L

Mµ̂
,Σ̂

(W
ϕ

(x
))

(24)

w
here|S

i|is
the

num
berofsam

ples
w

ith
ϕ

(x
)

=
i.

3.3.L
H

M
Training

A
lgorithm

T
he

training
aim

sto
m

inim
ize

the
em

piricalrisk
in

E
q.20

overthe
param

eters
W

L
H

M
and

the
hidden

variables
ϕ

.
W

e
propose

an
iterative

algorithm
,w

hich
reaches

fastconvergence
and

show
s

good
results

in
practice.

T
he

algorithm
iterates

betw
een

tw
o

steps:
First,given

an
assignm

entitproduces
a

m
odel

W
L

H
M

,second,it
updates

the
latentvariables

ϕ
(x

),∀
(x
,y

)∈
S

2
to

betterrepresentthe
latentstructure

ofthe
data.

T
he

first
step

updates
the

L
H

M
m

odel
W

tL
H

M
in

iteration
t

given
the

latent
variables

ϕ
from

iteration
t−

1.
N

am
ely,foreach

hidden
com

ponent
i

=
1,...,C

,w
e

find
the

hyperplanes
W

iseparating
the

training
sam

ples
in
S
ifrom

D
n
e
g

by
m

inim
izing

the
em

piricalrisk
in

E
q.23.

T
his

risk
is

m
inim

ized
by

the
training

algorithm
proposed

in
A

lgorithm
1.

T
he

second
step

updates
the

latent
variable

assignm
ent,

given
the

current
W

tL
H

M
.

For
each

positive
sam

ple,
it

finds
the

best
com

ponent
w

.r.t.
the

risk
in

E
q

20.
Specifically,

the
hinge

risk
for

x
is

sim
ply

`(W
i,x

,1
).

T
he

background
part

of
the

assignm
ent

function
for

x
/∈
Q
i

should
consider

the
probability

that
this

point
adds

w
hen

it
is

included
in

the
com

ponent
i

(as
show

n
in

Figure
3,

left).
For

x
∈
Q
i,

the
background

partshould
consider

the
am

ountof
probability

released
w

hen
the

com
ponentshrinks

as
a

result
of

change
in

the
assignm

ent
of
x

(as
show

n
in

Figure
3,

right).
T

he
optim

al
assignm

ent
should

take
both

cases
into

consideration
for

allcom
ponents.

To
define

the
assignm

entfunction
w

e
introduce

the
follow

ing
notations.

W
d
e
f

is
a

deflated
m

odelderived
from

W
iby

paralleltranslation
ofthe

hyperplane
closestto

x
such

that
w
T∗
x

+
b∗

=
0.
W

in
f

is
an

inflated
m

odelderived
from

W
i

by
paralleltranslation

of
the

hyperplanes
for
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A
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A
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A
D

C
H

Y

Figure
3:

T
he

orange
ellipses

representthe
negative

distribution
Z

(µ̂
,Σ̂

),the
red

triangles
corre-

sponds
to
Q
ix

and
the

blue
ones

to
Q
i.L

eft:
w
i1 ,w

i2
are

m
oved

to
pass

through
x,causing

the
probability

Q
ito

increase.R
ight:w

i∗
is

m
oved

to
pass

through
x,causing

the
proba-

bility
Q
ito

decrease.

w
hich

w
Tk
x

+
b
k
<

0,untilthey
intersectin

x,nam
ely,

w
Tk
x

+
b ′k

=
0.
W

ix
is

a
surrogate

m
odel,defined

as
follow

s,

W
ix ,

{
W

d
e
f

if
x
∈
Q
i

W
in
f

if
x
/∈
Q
i

and
Q
ix
,
{x

:
W

ix
T
x
≥
~0}.U

sing
the

above
notations,w

e
define

the
assignm

entfunction
as

follow
s,

ϕ
(x

)
=

argm
in

i∈{
1
..C
}
P
r
z∼
Z

(z
∈
Q
ix
)

+
λ
`(W

i;x
,1)

(25)

w
here

λ
is

a
balancing

param
eter.T

he
fulltraining

algorithm
is

sum
m

arized
in

A
lgorithm

2.

L
em

m
a

9
A

lgorithm
2

reduces
the

em
piricalrisk

L
H
B

S
(W

L
H

M
;ϕ

)
in

each
iteration.

Proof
Since

latent
m

ixed
risk

is
a

sum
of

risks
over

the
latent

com
ponents

(E
q.

20),
it

is
m

inim
ized

by
m

inim
izing

the
em

piricalrisk
ofeach

com
ponent.In

step
(5)ofthe

A
lgorithm

2,w
e

train
W

i,tm
odelforeach

latentcom
ponent

i
=

1
,...,C

using
A

lgorithm
1

(Section
2.2).Itis

easy
to

see
that

L
H
B

S
(W

i)
=
L
H
B

S
(W

)
(in

E
q.7),thus

step
(5)ofthe

A
lgorithm

2
m

inim
izes

the
com

ponent’s
risk

in
E

q.23.
Itis

now
leftto

show
thatthe

assignm
ent

ϕ
t

in
iteration

t,w
illcause

the
reduction

in
the

em
piricalrisk

in
iteration

t
+

1.Since
the

em
piricalrisk

is
aggregated

overpositive
sam

ples,itis
enough

to
prove

the
claim

fora
single

sam
ple.W

e
considertw

o
cases:

1.T
he

assignm
entofsam

ple
x

does
notchange,form

ally
ϕ
t(x

)
=
ϕ
t+

1(x
).

In
this

case
L

(W
t+

1
L

H
M

;ϕ
t+

1(x
))

w
illonly

be
affected

by
the

W
i,t+

1
training,thus

L
(W

tL
H

M
;ϕ

t(x
) )≥

L
(W

t+
1

L
H

M
;ϕ

t+
1(x

) )
(26)

2.
T

he
assignm

entof
sam

ple
x

is
changed.

Form
ally,in

iteration
t:
ϕ
t(x

)
=
i

and
in

iteration
t

+
1,exists

j6=
i,such

that
ϕ
t+

1(x
)

=
j

=
arg

m
in

k∈{
1
..C
}
L
BS
1 (W

k
,t

x

)
+
λ
L
HS
2 (W

k
,t;x ).

(27)

Since
x
∈
Q
i,reassigning

itto
a

differentcom
ponentw

illcause
the

P
r
z∼
Z

(z
∈
Q
ix
)

to
decrease

(orstay
the

sam
e),thus

L
BS
1 (W

i,t
x

)−
L
BS
2 (W

i,t)≤
0
.

(28)
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ne
ga

tiv
e

la
be

ls
an

d
th

e
po

si
tiv

e
la

be
le

d
sa

m
pl

es
ha

ve
a

fix
ed

as
si

gn
m

en
tϕ
∗ .

C
on

si
de

r
a

tr
ai

ni
ng

sa
m

pl
e
S

of
si

ze
m

,m
1

of
w

hi
ch

ha
ve

ne
ga

tiv
e

la
be

la
nd

le
t

L
B µ̂
,Σ̂

(W
L

H
M

;ϕ
∗ )

=

C ∑ i=
1

L
B µ̂
,Σ̂

(W
i )

be
th

e
em

pi
ri

ca
l

ba
ck

gr
ou

nd
ri

sk
ov

er
th

e
ne

ga
tiv

e
la

be
ls

(µ̂
,Σ̂

ar
e

th
e

em
pi

ri
ca

l
m

ea
n

an
d

co
va

ri
an

ce
es

tim
at

io
n

of
D
n
e
g
).

W
ith

pr
ob

ab
ili

ty
at

le
as

t
1
−

3δ
ov

er
m

1
th

e
i.i

.d
.

sa
m

pl
es

fr
om

D
n
e
g

th
e

fo
llo

w
in

g
ho

ld
s

un
ifo

rm
ly

fo
r

al
lW

in
cl

ud
in

g
C

co
m

po
ne

nt
s,

ea
ch

w
ith

K
in

de
pe

nd
en

th
yp

er
pl

an
es

:

L
B µ
,Σ

(W
L

H
M

;ϕ
∗ )
≤
L
B µ̂
,Σ̂

(W
L

H
M

;ϕ
∗ )

+
C
( 2
G

2

α
+

6G
4

α
2

)√
3
2
(l

o
g
(1
/δ

)
+

1
/4

)

m
1

.

T
he

pr
oo

f
is

st
ra

ig
ht

fo
rw

ar
d

as
th

e
as

si
gn

m
en

tϕ
∗

do
es

no
ta

ff
ec

tn
eg

at
iv

e
sa

m
pl

es
,a

nd
th

us
th

e
bo

un
d

is
a

si
m

pl
e

su
m

m
at

io
n

of
bo

un
ds

fo
re

ac
h

co
m

po
ne

nt
w

hi
ch

is
de

riv
ed

us
in

g
T

he
or

em
6.

4.
M

ap
pi

ng
L

H
M

C
la

ss
ifi

er
to

a
N

eu
ra

lN
et

w
or

k
D

ee
p

N
eu

ra
lN

et
w

or
ks

an
d

C
on

vo
lu

tio
na

lN
eu

ra
lN

et
w

or
ks

(C
N

N
)

in
pa

rt
ic

ul
ar

ha
ve

sh
ow

n
im

pr
es

si
ve

re
-

su
lts

in
a

va
ri

et
y

of
do

m
ai

ns
,i

nc
lu

di
ng

im
ag

es
,s

pe
ec

h,
te

xt
,e

tc
.

C
N

N
en

ab
le

s
le

ar
ni

ng
ve

ry
go

od
fe

at
ur

es
fo

rt
he

se
do

m
ai

ns
,b

ut
re

qu
ir

es
a

lo
to

fl
ab

el
ed

tr
ai

ni
ng

sa
m

pl
es

.O
ne

w
ay

to
re

du
ce

th
e

nu
m

be
ro

fe
xa

m
pl

es
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E
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E
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F
H

Y
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E
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P
L

A
N

E
S

Figure
4:

A
n

exam
ple

ofN
N

equivalentto
L

H
M

fortw
o

com
ponentsand

three
hyperplanesin

each.

needed
fortraining

ofa
specific

classification
task

is
to

pre-train
a

C
N

N
on

a
differentclassification

problem
in

a
sim

ilar
dom

ain
and

then
change

the
last

layer
of

the
C

N
N

to
fit

the
target

classification
problem

and
fine-tune

the
netw

ork
on

a
sm

aller
training

setassociated
w

ith
the

targetproblem
.

T
his

approach
is

referred
to

as
transferlearning.

W
hen

the
targetclassification

problem
is

less
sim

ilarto
thatused

to
train

C
N

N
features,the

classification
accuracy

of
the

fine-tuned
netw

ork
could

be
quite

poor.
T

his
is

because
the

high-levelrepresentation
of

the
originaland

the
targetnetw

orks
are

different.O
ne

w
ay

to
approach

this
problem

is
by

em
ploying

a
non-linear

classifier,such
as

L
H

M
classifier,on

C
N

N
features.

In
order

to
fine-tune

the
feature

layers
w

ith
the

L
H

M
classifier,w

e
need

to
com

bine
them

in
a

single
architecture.

To
this

end
w

e
propose

to
m

ap
L

H
M

C
lassifier

to
a

N
eural

N
etw

ork
and

stack
it

on
top

of
the

pre-trained
convolutional

layers.
T

his
enables

end-to-end
training

offeature
extraction

and
classifier.A

s
w

e
show

below
,m

apping
ofL

H
M

classifierto
N

N
also

allow
s

extending
itto

m
ulti-class

problem
s.

4.1.B
inary

N
N

A
union

of
the

intersections
of

positive
half

spaces
can

be
im

plem
ented

by
a

N
N

w
ith

three
hidden

layers.
T

he
firstfully

connected
hidden

layerhas
K
×
C

neuronsw
ith

a
sigm

oid
activation,w

here
K

isthe
num

berof
hyperplanesin

an
intersection

and
C

isthe
num

berofcom
ponents.T

he
second

hidden
layerhas

C
nodesw

ith
a

sigm
oid

activation,connected
only

to
the

neurons
associated

w
ith

hyperplanes
form

ing
the

corresponding
intersection.

T
he

w
eights

on
these

connections
and

the
biases

are
fixed

and
m

im
ic

A
N

D
operation,nam

ely,
allw

eights
of

this
layer

are
equalto

1/K
and

the
biases

are
equalto

−
1

+
1/(2

K
).

T
he

lasthidden
layer

has
tw

o
neurons,w

hich
are

fully
connected

to
the

previous
layer

w
ith

the
fixed

w
eights

and
biases,one

of
w

hich
m

im
icsO

R
operation,and

the
otherN

O
T

O
R

.N
am

ely,the
neuron,corresponding

to
O

R
has

w
eights

equalto
1/C

and
the

bias
of−

1/(2
C

).
T

he
neuron

corresponding
to

N
O

T
O

R
has

w
eights

equalto
−

1
/C

and
the

bias
of

1/(2
C

).T
he

netw
ork

has
tw

o
outputs,one

forthe
positive

class
(w

ith
label1)and

one
forthe

negative
class

(w
ith

label0).A
n

exam
ple

ofsuch
netw

ork
for

C
=

2
and

K
=

3
is

depicted
in

Figure
4.

4.2.M
ulti-C

lassN
N

For
a

m
ulti-class

setting,w
e

suggestto
train

L
H

M
m

odelfor
each

class
using

an
additionalunlabeled

data
for

estim
ating

the
statistics

of
the

negative
class.

W
e

then
m

ap
these

m
odels

to
a

m
ulti-class

N
N

w
ith

the
follow

ing
architecture.

T
he

first
hidden

layer
is

a
fully

connected
layer

w
ith

C
×
K

neurons
per

class,
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D
O

L
E

V
R

A
V

IV,T
A

M
IR

H
A

Z
A

N
,

A
N

D
M

A
R

G
A

R
ITA

O
S

A
D

C
H

Y

C
×
K
×
G

neuronsin
total,w

here
G

isthe
num

berofclasses.T
hese

are
equivalentto

C
×
K
×
G

hyperplanes
in

the
L

H
M

m
odel.

For
each

hidden
com

ponent,allhyperplanes
in

the
intersection

are
connected

to
their

corresponding
node

in
the

A
N

D
layer(as

detailed
in

Section
4.1).T

he
A

N
D

layercom
prises

C
×
G

neurons.
T

he
next

layer
is

a
fully

connected
layer,

com
prising

G
nodes.

T
he

w
eights

on
the

connections
to

the
C

com
ponents

ofthe
corresponding

class
are

initialized
w

ith
1’s,and

the
w

eights
on

the
rem

aining
connections

are
initialized

w
ith

very
sm

allvalues
from

a
G

aussian
distribution.T

he
netw

ork
has

G
outputs

and
is

trained
using

the
cross-entropy

loss.
To

provide
an

end-to-end
training,one

can
considerstacking

the
feature

extraction
layers

ofC
N

N
(up

to
fully

connected
layers)w

ith
one

ofthe
above

netw
orks.

5.E
xperim

ents

W
e

startby
evaluating

the
sim

ple
K

-hyperplane
m

odel(Section
5.1)

and
then

m
ove

to
a

m
ore

generalL
H

M
m

odel
(Section

5.2).
B

oth
m

odels
are

tested
on

synthetic
and

real
data.

T
hen

w
e

show
how

the
hinge-

m
inim

ax
training

can
be

com
bined

w
ith

a
C

N
N

(Section
5.3)

for
approaching

problem
s

that
require

m
ore

pow
erfulfeatures

butdo
nothave

large
enough

data
to

train
a

deep
m

odelfrom
scratch.W

e
dem

onstrate
this

forboth
binary

and
m

ulti-class
settings.

5.1.K
-H

yperplane
H

inge-M
inim

ax
C

lassifier

To
testthe

proposed
K

H
H

M
classifier,w

e
ran

experim
ents

in
three

differentscenarios:
synthetic

2D
data,

letterrecognition,and
large

scale
scene

classification.
D

uring
classification,

the
K

-hyperplane
classifier

incurs
only

K
tim

es
the

com
putational

com
plexity

of
a

linear
classifier

(just
K

inner
products),

hence
its

“natural
com

petitors”
are

linear
classifiers,

and
w

e
choose

linearSV
M

forthe
benchm

ark.W
e

have
also

com
pared

the
hinge-m

inim
ax

classifiers
to

kernelSV
M

and
ensem

ble-based
m

ethods,w
hich

incur
far

longer
running

tim
es

(this
is

especially
true

for
kernelSV

M
).

T
he

classification
rates

of
the

hinge-m
inim

ax
classifier

in
allour

experim
ents

w
ere

com
parable

to
ensem

ble
classifiers

w
hich

required
100-170

basic
classifiers

in
order

to
reach

sim
ilar

perform
ance.

In
experim

ents
w

ith
high-dim

ensionaldata,the
K

H
H

M
classifiers

preform
ed

as
w

ellas
kernelSV

M
.

T
he

SV
M

classifiers
w

ere
trained

using
C

-SV
C

in
L

IB
SV

M
4.W

e
used

the
C

V
X

optim
ization

package
5

to
find

a
single

hyperplane
in

A
lgorithm

1.T
he

ensem
ble

classifiers
w

ere
trained

using
the

M
atlab

Statistic
toolbox.

5.1.1.
S

Y
N

T
H

E
T

IC
D

A
TA

E
X

A
M

P
L

E

W
e

construct
the

K
H

H
M

classifier
for

2D
data

to
illustrate

A
lgorithm

1.
W

e
sam

ples
5000

data
points

from
tw

o
highly

overlapping
G

aussians
(see

Figure
5)

w
ith

varying
ratio

of
positive

(show
n

in
red)

and
negative

(show
n

in
blue)

exam
ples.

E
ach

class
w

as
equally

partitioned
into

training,
validation,

and
test

sets.
W

e
estim

ated
the

m
ean

and
covariance

from
the

training
data

and
tuned

the
param

eters
(C

and
γ)

and
the

bias
using

the
validation

set.
Table

1
show

s
the

A
U

C
for

the
different

ratios
of

positive
and

negative
exam

ples
using

an
intersection

of
5

hyperplanes.
T

hese
results

dem
onstrate

the
robustness

of
the

algorithm
to

im
balanced

sets.

Positive
0.01

0.1
0.2

0.3
0.4

0.5
fraction

A
U

C
94.68

94.91
95.07

94.96
94.89

95.83

Table
1:A

U
C

fordifferentsize
partitions

ofpositive
and

negative
classes

4.
h
ttp

:
/
/
w
w
w
.csie.n

tu
.ed
u
.tw

/
cjlin

/
libsv

m
/

5.
h
ttp

:
/
/
cv
x
r.com

/
cv
x
/
d
ow
n
loa

d
/
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Fi
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Il
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n
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K

H
H

M
cl
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si

fie
rc

on
st

ru
ct

io
n

on
a

to
y

ex
am

pl
e.

T
he

fir
st

5
fig

ur
es

sh
ow

th
e

gr
ee

dy
in

iti
al

st
ep

.
T

he
la

st
fig

ur
e

sh
ow

s
th

e
fin

al
cl

as
si

fie
r

af
te

r
25

ite
ra

tio
ns

.
T

he
co

n-
to

ur
lin

es
sh

ow
th

e
co

va
ri

an
ce

m
at

ri
x

of
th

e
ne

ga
tiv

e
di

st
ri

bu
tio

n
in

si
de

th
e

in
te

rs
ec

tio
n

of
hy

pe
rp

la
ne

,w
hi

ch
is

us
ed

to
fin

d
th

e
op

tim
al

hy
pe

rp
la

ne
,d

ep
ic

te
d

in
bl

ac
k.

T
he

fir
st

fiv
e

pl
ot

s
in

Fi
gu

re
5

sh
ow

th
e

re
su

lt
of

th
e

in
iti
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gr

ee
dy

st
ep

fo
r

th
e

fir
st

,s
ec

on
d,

th
ir

d,
fo

rt
h,

an
d

fif
th

hy
pe

rp
la
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s

re
sp

ec
tiv

el
y.

T
he

co
nt

ou
r

lin
es

in
Fi

gu
re

5
ill

us
tr

at
e

th
e

co
va

ri
an

ce
of

th
e

ne
ga

tiv
e

di
st

ri
bu

tio
n

in
si

de
th

e
in

te
rs

ec
tio

n,
w

hi
ch

is
us

ed
to

fin
d

th
e

op
tim

al
se

pa
ra

tio
n

hy
pe

rp
la

ne
,d

ep
ic

te
d

in
bl

ac
k.

T
he

la
st

pl
ot

in
Fi

gu
re

5
sh

ow
s

th
e

fin
al

cl
as

si
fie

r
af

te
r

25
ite

ra
tio

ns
.

It
ill

us
tr

at
es

th
at

th
e

ap
pr

ox
im

at
io

n
al

go
ri

th
m

su
cc

ee
ds

in
se

pa
ra

tin
g

th
e

po
si

tiv
e

se
t

fr
om

th
e

ba
ck

gr
ou

nd
,

an
d

th
at

th
e

re
fin

em
en

t
ite

ra
tio

ns
im

pr
ov

e
th

e
se

pa
ra

tio
n

bo
un

da
ry

.

5.
1.

2.
L

E
T

T
E

R
R

E
C

O
G

N
IT

IO
N

T
he

fo
llo

w
in

g
te

st
s

w
er

e
pe

rf
or

m
ed

on
a

da
ta

se
t

of
le

tte
rs

fr
om

th
e

U
C

I
M

ac
hi

ne
L

ea
rn

in
g

R
ep

os
ito

ry
(M

ur
ph

y
an

d
A

ha
(1

99
4)

),
w

hi
ch

in
cl

ud
es

16
-d

im
en

si
on

al
fe

at
ur

e
ve

ct
or

s
fo

r
th

e
26

le
tte

rs
in

th
e

E
ng

lis
h

al
ph

ab
et

.
T

he
le

tte
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im
ag

es
w
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e

ba
se

d
on

20
di
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s
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d
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w
ith

in
th
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e

20
fo

nt
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w
as

ra
nd

om
ly

di
st

or
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d
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pr
od
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e

20
,0

00
sa

m
pl

es
.

Fo
r

ea
ch

le
tte

r,
w

e
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ed
10

0
sa

m
pl

es
fo

r
tr

ai
ni

ng
,2

50
fo

r
va

lid
at

io
n,

an
d

th
e

re
st

fo
r

te
st

(a
bo

ut
40

0
sa

m
pl

es
pe

r
le

tte
r)

.
T

he
pa

ra
m

et
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s
of
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l

m
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va
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at
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n
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E
R
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m
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2
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e
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at
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n
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te
at

E
E

R
,a

ve
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ge
d

ov
er

26
le
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th
e
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er
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at
io

n
tim
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th
e

te
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ed
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as
si

fie
rs

.

T
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K
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H
M
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e
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Figure
6:

R
O

C
s

of
the

firstthree
categories

of
the

SU
N

data
set,represented

by
a

spatialpyram
id

of
B

O
W

s,obtained
from

dense
H

O
G

.T
he

solid
lines

correspond
to

the
hinge-m

inim
ax

classifier,dotted
lines

correspond
to

the
histogram

intersection
kernelSV

M
.

Figure
7:

A
qualitative

com
parison

of
the

latenthinge
m

inim
ax

classifier
(on

the
left)

to
the

union
ofL

D
A

classifiers
(on

the
right).

5.2.L
atentH

inge
M

inim
ax

C
lassifier

W
e

first
show

a
2D

toy
exam

ple
(Section

5.2.1)
to

illustrate
the

ability
of

the
L

H
M

classifier
to

discover
the

hidden
com

ponents
in

the
positive

class
and

to
separate

each
of

them
from

the
negative

class
using

a
K

-hyperplane
m

odel.
T

hen,w
e

com
pare

L
H

M
m

odelto
alternative

ensem
bles

ofhyperplanes
(in

shallow
architectures)on

the
PA

SC
A

L
-V

O
C

2007
dataset(E

veringham
etal.(2010))

(Section
5.2.2),and

show
its

advantage
over

those
m

ethods
and

its
robustness

to
the

choice
ofthe

num
beroflatentcom

ponents.

5.2.1.
S

Y
N

T
H

E
T

IC
D

A
TA

A
sim

pler
alternative

to
the

L
H

M
m

odelis
a

tw
o-step

algorithm
w

hich
firstfinds

the
structure

of
the

target
class

by
applying

som
e

kind
of

unsupervised
learning

(e.g,
k-m

eans
clustering)

and
then

builds
a

m
odel
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Figure
8:

Firstfouriterations
ofthe

L
H

M
training

on
toy

exam
ple

and
the

corresponding
loss

con-
vergence.

Figure
9:

C
om

parison
of

the
L

H
M

classifier
to

the
equivalentN

N
for

a
varying

num
ber

of
hidden

com
ponents

(from
2

to
5)

on
PA

SC
A

L
V

O
C

2007.
T

he
points

above
the

diagonalline
show

the
advantage

ofL
H

M
classifier.

for
each

com
ponent.

Such
a

sim
ple

approach
w

as
em

ployed
in

H
ariharan

etal.(2012)
w

ith
L

D
A

classifier
(H

astie
etal.(2001))trained

percluster.U
nless

the
clusters

are
very

sm
all 7,itrelies

heavily
on

the
results

of
the

clustering.Ifan
initialclustering

is
incorrect(as

in
Figure

7,right),L
D

A
(orany

otherconvex
classifier)

cannotseparate
the

resulting
com

ponents
from

the
background

w
ithoutincluding

m
any

false
positives.

T
he

L
H

M
training

finds
the

underlying
structure

ofthe
data

and
the

m
odeliteratively,im

proving
both

(Figure
7,

left).
Furtherm

ore,L
H

M
is

quite
robustto

the
initialassignm

ent.
Figure

8
show

s
a

few
iterations

and
the

corresponding
loss

convergence
w

hen
the

initialassignm
entofthe

positive
sam

ples
to

com
ponents

is
chosen

atrandom
.N

ote
the

L
H

M
training

discovers
the

underlying
structure

in
a

3-4
iterations.

7.as
in

tim
e

consum
ing

exem
plar-based

approach(M
alisiew

icz
etal.(2011))
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Ta
bl

e
4

su
m

m
ar

iz
es

th
e

ac
cu

ra
cy

at
th

e
E

E
R

po
in

ts
of

al
l

en
se

m
bl

es
av

er
ag

ed
ov

er
cl

as
se

s
an

d
di

ff
er

en
tp

ar
am

et
er

s.
It

sh
ow

s
th

at
L

H
M

m
od

el
ou

tp
er

fo
rm

s
al

lo
th

er
cl

as
si

fie
rs

.F
ig

ur
e

9
co

m
pa

re
s

L
H

M
to

N
N

on
20

ca
te

go
ri

es
(a

s
on

e-
ag

ai
ns

t-
al

lb
in

ar
y

cl
as

si
fie

rs
)f

or
va

ry
in

g
nu

m
be

r
of

hi
dd

en
co

m
po

ne
nt

s.
T

he
pl

ot
sh

ow
s

th
at

L
H

M
ou

tp
er

fo
rm

s
N

N
in

de
pe

nd
en

tly
of

th
e

nu
m

be
r

of
co

m
po

ne
nt

s.

5.
3.

H
in

ge
-M

in
im

ax
Tr

ai
ni

ng
in

D
ee

p
A

rc
hi

te
ct

ur
e

In
th

e
fo

llo
w

in
g

ex
pe

ri
m

en
ts

,w
e

sh
ow

th
at

L
H

M
cl

as
si

fie
rc

an
be

co
m

bi
ne

d
w

ith
C

N
N

vi
a

tr
an

sf
er

le
ar

ni
ng

.
Sp

ec
ifi

ca
lly

,w
e

te
st

th
e

L
H

M
cl

as
si

fie
ro

n
to

p
of

th
e

pr
e-

tr
ai

ne
d

C
N

N
fe

at
ur

e
ex

tr
ac

tio
n

in
im

ba
la

nc
ed

bi
na

ry
pr

ob
le

m
s

an
d

in
m

ul
ti-

cl
as

s
ta

sk
s

w
ith

a
sm

al
ln

um
be

ro
fl

ab
el

ed
ex

am
pl

es
.

W
e

ex
pl

or
e

th
e

fo
llo

w
in

g
tr

an
sf

er
le

ar
ni

ng
se

tti
ng

s.
T

he
fir

st
se

tti
ng

re
fe

rs
to

th
e

be
st

ca
se

sc
en

ar
io

in
w

hi
ch

th
e

so
ur

ce
an

d
th

e
ta

rg
et

cl
as

si
fic

at
io

n
ta

sk
s

op
er

at
e

on
th

e
sa

m
e

se
t

of
fe

at
ur

es
bu

t
di

ff
er

in
th

e
cl

as
si

fic
at

io
n

pr
ob

le
m

.
T

he
se

co
nd

se
tti

ng
re

fe
rs

to
th

e
w

or
st

ca
se

sc
en

ar
io

fo
r

th
e

tr
an

sf
er

le
ar

ni
ng

w
he

re
th

e
so

ur
ce

an
d

th
e

ta
rg

et
cl

as
si

fic
at

io
n

pr
ob

le
m

s
sh

ar
e

ve
ry

lit
tle

si
m

ila
ri

ty
.

T
he

“w
or

st
ca

se
”

sc
en

ar
io

is
ve

ry
co

m
m

on
in

pr
ac

tic
e,

as
m

an
y

cl
as

si
fic

at
io

n
ta

sk
s

do
no

th
av

e
a

la
rg

e,
co

m
pr

eh
en

si
ve

tr
ai

ni
ng

se
t(

su
ch

as
Im

ag
eN

et
(D

en
g

et
al

.(
20

09
))

in
ob

je
ct

re
co

gn
iti

on
)

to
be

us
ed

in
tr

an
sf

er
le

ar
ni

ng
.

N
o

go
od

so
lu

tio
n

cu
rr

en
tly

ex
is

ts
fo

rs
uc

h
pr

ob
le

m
s.
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D
O
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E
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R

A
V
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,T

A
M

IR
H

A
Z

A
N

,A
N

D
M

A
R

G
A

R
IT

A
O

S
A

D
C

H
Y

Fi
gu

re
10

:
B

in
ar

y
im

ba
la

nc
ed

cl
as

si
fic

at
io

n:
le

ft
–

th
e

“b
es

t-
ca

se
”

tr
an

sf
er

le
ar

ni
ng

se
tti

ng
,r

ig
ht

–
th

e
“w

or
st

-c
as

e”
tr

an
sf

er
le

ar
ni

ng
se

tti
ng

.

W
e

us
ed

th
e

C
IF

A
R

-1
0,

co
m

po
se

d
of

10
ca

te
go

ri
es

(a
ir

pl
an

e,
au

to
m

ob
ile

,
bi

rd
,

ca
t,

de
er

,
do

g,
fr

og
,

ho
rs

e,
sh

ip
,

an
d

tr
uc

k)
as

th
e

so
ur

ce
pr

ob
le

m
.

Sp
ec

ifi
ca

lly
,

w
e

tr
ai

ne
d

th
e

L
eN

et
m

od
el

im
pl

em
en

te
d

in
M

at
C

on
vN

et
V

ed
al

di
an

d
L

en
c

(2
01

5)
on

C
IF

A
R

-1
0.

T
he

n
w

e
re

m
ov

ed
th

e
la

st
fu

lly
-c

on
ne

ct
ed

la
ye

r
an

d
th

e
so

ft
-m

ax
an

d
us

ed
th

is
tr

im
m

ed
ne

tw
or

k
as

a
fe

at
ur

e
ex

tr
ac

to
rw

hi
ch

co
nv

er
ts

im
ag

es
to

a
64

-d
im

en
si

on
al

fe
at

ur
e

ve
ct

or
s.

Fo
r

th
e

be
st

ca
se

tr
an

sf
er

le
ar

ni
ng

,w
e

de
fin

ed
a

ne
w

se
to

f
cl

as
se

s
by

co
up

lin
g
i

an
d
i

+
5

in
de

xe
s

of
C

IF
A

R
-1

0
cl

as
se

s.
C

N
N

tr
ai

ne
d

on
C

IF
A

R
-1

0
m

ap
s

in
di

vi
du

al
cl

as
se

s
to

lin
ea

rl
y

se
pa

ra
bl

e
su

b-
sp

ac
es

,t
hu

s
us

in
g

pa
ir

s
of

cl
as

se
s

as
a

ta
rg

et
cl

as
si

fic
at

io
n

pr
ob

le
m

m
ak

es
it

no
n-

lin
ea

r.
C

on
se

qu
en

tly
,

w
e

ge
t

a
ne

w
cl

as
si

fic
at

io
n

pr
ob

le
m

ov
er

th
e

sa
m

e
sp

ac
e

of
fe

at
ur

es
.

Fo
r

th
e

w
or

st
ca

se
tr

an
sf

er
le

ar
ni

ng
,

w
e

pi
ck

ed
a

su
bs

et
of

5
cl

as
se

s
(t

ra
in

,
bo

ttl
e,

ca
ttl

e,
fo

re
st

,
an

d
sw

ee
tp

ep
pe

rs
)

fr
om

th
e

C
IF

A
R

-1
00

,w
hi

ch
do

no
to

ve
rl

ap
(i

n
th

ei
r

vi
su

al
ap

pe
ar

an
ce

)
w

ith
th

e
C

IF
A

R
-1

0
ca

te
go

ri
es

,t
o

be
th

e
ta

rg
et

cl
as

si
fic

at
io

n
ta

sk
.

C
IF

A
R

-1
0

da
ta

se
t

is
no

t
ri

ch
en

ou
gh

to
en

ab
le

le
ar

ni
ng

of
fe

at
ur

es
th

at
ca

n
be

us
ed

fo
ra

n
ar

bi
tr

ar
y

ca
te

go
ry

,t
hu

s
w

e
be

lie
ve

th
at

su
ch

se
tti

ng
is

es
pe

ci
al

ly
di

ffi
cu

lt.
W

e
te

st
ed

th
e

L
H

M
bi

na
ry

an
d

m
ul

ti-
cl

as
s

cl
as

si
fie

rs
in

th
e

be
st

an
d

th
e

w
or

st
ca

se
tr

an
sf

er
le

ar
ni

ng
sc

en
ar

io
s

an
d

co
m

pa
re

d
th

ei
rp

er
fo

rm
an

ce
to

tw
o

ba
se

lin
es

.O
ne

is
an

N
N

w
ith

a
si

ng
le

fu
lly

co
nn

ec
te

d
la

ye
r

an
d

th
e

cr
os

s-
en

tr
op

y
lo

ss
(N

N
lin

ea
r)

an
d

th
e

ot
he

ri
s

th
e

N
N

w
ith

th
e

ar
ch

ite
ct

ur
e

m
at

ch
in

g
th

e
L

H
M

m
od

el
(N

N
m

at
ch

in
g)

.W
e

re
pe

at
ed

ea
ch

ex
pe

ri
m

en
t5

0
tim

es
ov

er
di

ff
er

en
tr

an
do

m
su

bs
et

s
of

tr
ai

ni
ng

sa
m

pl
es

an
d

ra
nd

om
in

iti
al

iz
at

io
n

of
N

N
an

d
av

er
ag

ed
th

e
re

su
lts

.

5.
3.

1.
B

IN
A

R
Y

IM
B

A
L

A
N

C
E

D
S

E
T

T
IN

G

T
he

“B
es

t
C

as
e”

Tr
an

sf
er

L
ea

rn
in

g:
W

e
tr

ai
ne

d
bi

na
ry

cl
as

si
fie

rs
fo

r
pa

ir
s

of
cl

as
se

s
fr

om
C

IF
A

R
-1

0
us

in
g

im
ba

la
nc

ed
tr

ai
ni

ng
se

ts
,i

n
w

hi
ch

th
e

ne
ga

tiv
e

cl
as

s
in

cl
ud

ed
al

ls
am

pl
es

fr
om

al
lo

th
er

cl
as

se
s

(4
0,

00
0

ex
am

pl
es

)a
nd

th
e

po
si

tiv
e

cl
as

s
in

cl
ud

ed
a

va
ry

in
g

nu
m

be
ro

fs
am

pl
es

(1
40

,3
00

,6
00

,1
40

0,
20

00
,5

00
0-

al
l)

.
T

hi
s

re
su

lte
d

in
im

ba
la

nc
e

ra
tio

s
fr

om
1:

25
6

to
1:

4.
L

H
M

m
od

el
w

as
tr

ai
ne

d
w

ith
2

hi
dd

en
co

m
po

ne
nt

s
an

d
3

hy
pe

rp
la

ne
s

pe
rc

om
po

ne
nt

.T
he

m
at

ch
in

g
N

N
m

im
ic

ke
d

th
e

co
nfi

gu
ra

tio
n

of
L

H
M

m
od

el
,b

ut
th

e
w

ei
gh

ts
w

er
e

al
lo

w
ed

to
ch

an
ge

in
tr

ai
ni

ng
.F

ig
ur

e
10

-l
ef

t
sh

ow
s

th
e

1-
E

E
R

(a
ve

ra
ge

d
ov

er
5

cl
as

si
fic

at
io

n
pr

ob
le

m
s)

of
th

e
L

H
M

cl
as

si
fie

r
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d
th

e
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o
N

N
ba

se
lin

es
as

a
fu

nc
tio

n
of

th
e

po
si

tiv
e

tr
ai

ni
ng

sa
m

pl
e

si
ze

.
T

he
“W

or
st

C
as

e”
Tr

an
sf

er
L

ea
rn

in
g

fo
rB

in
ar

y
Im

ba
la

nc
ed

Pr
ob

le
m

s:
Si

nc
e

th
e

nu
m

be
ro

fs
am

pl
es

pe
r

cl
as

s
in

C
IF

A
R

-1
00
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si

gn
ifi
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nt

ly
sm

al
le

r,
th

is
ex

pe
ri

m
en

tt
es

ts
th

e
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bu
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ne
ss

to
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ba
la

nc
ed

tr
ai

ni
ng

da
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P
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E
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Figure
11:

M
ulti-class

classification:left–
the

“best-case”
transferlearning

setting,right–
“w

orst-
case”

transferlearning
setting.

and
to

a
sm

allnum
berofexam

ples.W
e

varied
the

size
ofthe

positive
training

setbetw
een

20,50,100,250,
500(all)sam

ples
and

w
e

used
all2,000

sam
ples

ofotherclasses
as

the
negative

training
set.W

e
com

pared
the

L
H

M
m

odeltrained
w

ith
2

hidden
com

ponentsand
2

hyperplanespercom
ponentto

N
N

baselines.Figure
10-

rightshow
s

the
1-E

E
R

ofthe
classifiers

averaged
over5

classification
problem

s
as

a
function

ofthe
positive

training
setsize.

5.3.2.
M

U
LT

I-C
L

A
S

S
S

E
T

T
IN

G

T
he“B

estC
ase”

TransferL
earning:

W
e

m
apped

the
L

H
M

binary
classifierstrained

for5
pairsofcategories

to
a

m
ulti-class

N
N

as
described

in
Section

4.2.
W

e
fine-tuned

the
w

eights
w

ith
a

very
fasttraining

(justa
handful

of
epochs,

w
hile

training
from

scratch
requires

tw
o

orders
of

m
agnitude

m
ore

training
epochs).

Figure
11-leftshow

s
the

accuracy
ofthe

L
H

M
m

odels
m

apped
to

a
m

ulti-class
N

N
(L

H
M

-N
N

)w
ith

the
tw

o
baseline

N
N

s
as

a
function

ofthe
size

ofthe
training

set.

T
he

“W
orstC

ase”
Transfer

L
earning

for
M

ulti-C
lassProblem

s:
W

e
m

apped
the

L
H

M
binary

classifiers
trained

for
the

5
categories

from
C

IFA
R

-100
(using

C
IFA

R
-10

features)
to

a
m

ulti-class
N

N
and

fine-tuned
the

w
eights

w
ith

a
sm

allnum
berofepochs.

To
testthe

com
plexity

ofthe
transferlearning

problem
w

e
also

trained
a

C
N

N
(L

eN
etm

odelim
plem

ented
in

M
atC

onvN
et(V

edaldiand
L

enc
(2015)))on

the
targetproblem

.W
e

hoped
thatdue

to
the

sm
allsize

ofthe
targetclassification

problem
,500

training
exam

plesperclassw
ould

yield
relatively

good
accuracy.Figure

11-
rightcom

pares
the

accuracy
ofL

H
M

-N
N

,tw
o

baseline
N

N
s,and

C
N

N
(trained

from
scratch)as

a
function

of
the

training
sam

ple
size.Itshow

s
thatC

N
N

trained
on

the
targetproblem

is
indeed

the
bestas

itsucceeds
to

learn
features

specific
forthe

task,butits
accuracy

drops
very

abruptly
w

hen
the

num
beroftraining

sam
ples

becom
es

sm
aller.

T
his

suggests
thatw

hen
the

num
ber

of
training

exam
ples

is
sm

all,using
transfer

learning
even

in
a

such
difficultsetting

is
a

bettersolution
than

training
a

C
N

N
from

scratch.

T
he

results
in

Figures
10

and
11

show
that

the
N

N
m

odels
either

heavily
overfit

w
hen

the
num

ber
of

training
sam

ples
is

sm
all

(N
N

m
atching)

or
they

are
not

expressive
enough

w
hen

the
num

ber
of

training
sam

ples
increases

(N
N

linear).
L

H
M

classifiers
are

expressive
enough

to
learn

from
a

large
setof

exam
ples

and
are

m
ore

robustto
overfitting

w
hen

the
num

berofexam
ples

is
sm

all.
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A
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6.Training
E

fficiency
A

nother
advantage

of
L

H
M

-N
N

is
its

training
efficiency.

A
class-specific

L
H

M
m

odel
converges

in
5-10

iterations.
Its

training
tim

e
prim

arily
depends

on
the

num
ber

of
positive

sam
ples

and
the

dim
ension.

T
he

negative
sam

ples
are

used
to

estim
ate

the
m

ean
and

covariance
of

the
background.

T
he

initial
estim

ation
(w

hich
involves

a
large

num
berofsam

ples)is
done

only
once

and
used

forallclasses.Since
the

probability
of

the
negative

class
is

evaluated
inside

the
positive

region
using

false
positives,the

num
ber

of
w

hich
drops

very
fast,

the
estim

ation
tim

e
of

the
m

ean
and

covariance
during

the
training

is
negligible.

Training
of

a
binary

classifierperclass
is

independentofotherclasses,thus
theirtraining

can
be

done
in

parallel.
Finally,

the
fine-tuning

of
the

m
ulti-class

netw
ork

after
m

apping
is

very
fast,

due
to

the
initialization

of
all

layers
(using

supervized
learning):feature

extraction
layers

w
ith

pre-trained
C

N
N

and
classifier’s

layers
w

ith
L

H
M

m
odels.

T
he

L
H

M
-N

N
is

also
beneficial

for
the

problem
s

in
w

hich
classes

are
dynam

ically
added

or
rem

oved
from

the
classification

task.
A

dding
a

class
requires

training
a

single
binary

classifier
and

fastfine-tuning;
rem

oving
a

class
requires

only
fine-tuning.

7.C
onclusionsand

Future
W

ork
W

e
proposed

an
efficientm

ethod
forlearning

an
intersection

offinite
num

berofhyperplanes
w

hich
com

bines
the

hinge-risk
(forthe

sm
allnum

berofpositive
data)w

ith
the

background
risk,based

on
the

“m
inim

ax
bound”

(fora
large

num
berofnegative

data
points)and

derived
a

generalization
bound

forthe
m

ixed
risk.W

e
show

ed
thatthe

proposed
classifieryields

results
com

parable
to

the
popularnon-linearclassifiers,butatm

uch
low

er
(orderofm

agnitude)com
putationalcostofclassification.

W
e

generalized
this

m
odelto

a
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p
rob

lem
is

d
iffi

cu
lt

an
d

tu
rn

to
a

co
m

m
ercia

l
softw

are
for

solu
tion

.
H

o
et

al.
(2015)

in
clu

d
e

th
e
`
1-regu

larization
term

b
u
t

ex
clu

d
e

th
e

self-fi
n
an

cin
g

con
strain

t.
A

lth
ou

gh
D

as
et

al.
(2

013)
su

ccessfu
lly

set
u
p

an
A

D
M

M
a
lg

o
rith

m
,

th
ey

d
o

n
ot

p
rov

e
th

at
its

au
gm

en
ted

L
ag

ran
gian

h
as

a
sad

d
le

p
oin

t,
w

h
ich

is
th

e
fo

u
n
d
ation

of
th

e
iterative

form
u
lae

of
A

D
M

M
.
In

fact,
th

e
sad

d
le

p
oin

t
p
ro

of
is

a
lso

a
b
sen

t
in

oth
er

ap
p
lication

s
(M

oh
sin

et
al.,

2015;
Z

h
an

et
al.,

2016)
th

an
P

O
.

B
esid

es,
n
o
t

a
ll

d
esign

s
of

A
D

M
M

h
ave

sad
d
le

p
oin

ts.

T
o

a
d
d
ress

th
e

ab
ove-m

en
tion

ed
p
rob

lem
s,

w
e

p
rop

ose
a

n
ovel

S
h
ort-term

S
p
arse

P
O

(S
S
P

O
)

sy
stem

b
ased

on
A

D
M

M
.

It
w

ell
fi
ts

th
e

m
ach

in
e

learn
in

g
fram

ew
ork

for
th

e
sh

ort-
term

P
O

a
n
d

is
free

of
th

e
strict

assu
m

p
tion

s
of

th
e

sto
ch

astic
p

ortfolio
th

eory.
Its

n
ovelty

fa
lls

in
to

severa
l

asp
ects.

•
M

o
st

sta
te-of-th

e-art
sh

ort-term
P

O
sy

stem
s

fo
cu

s
on

ly
on

ad
op

tin
g

em
p
irica

l
fi
n
an

-
cia

l
p
rin

cip
les

(lik
e

th
e

m
ean

rev
ersion

)
(L

i
et

al.,
2012,

2013,
2015;

H
u
a
n
g

et
al.,

2
0
16

),
b
u
t

S
S
P

O
also

ex
p
loits

th
e

in
trin

sic
sp

arse
stru

ctu
re

of
p

ortfolio
b
y

u
sin

g
a
n
`
1-regu

larization
term

an
d

a
self-fi

n
an

cin
g

con
strain

t
sim

u
ltan

eou
sly,

w
h
ich

la
ck

s
p
u
b
lic

so
lv

in
g

sch
em

es.

•
M

o
st

p
rev

iou
s

sp
arsity

m
o
d
els

m
in

im
ize

th
e

sq
u
are

error
(B

ro
d
ie

et
al.,

2009;
S
till

a
n
d

K
o
n
d
or,

2010;
L

ai
et

al.,
2015;

Z
h
an

et
al.,

2016)
or

th
e

q
u
ad

ratic
risk

(B
ro

d
ie

et
a
l.,

2
0
09;

H
o

et
al.,

2015),
b
u
t

S
S
P

O
m

ax
im

izes
an

in
crea

sin
g

factor,
w

h
ich

is
q
u
ite

d
iff

eren
t

from
th

e
form

er
in

form
u
lation

.

•
P

rev
io

u
s

sp
arsity

m
o
d
els

for
sh

o
rt-term

P
O

con
strain

th
e

q
u
an

tity
of

th
e

p
ortfolio

ch
a
n
g
e

to
form

“lazy
u
p

d
ates”

(D
as

et
al.,

2013;
S
h
en

et
al.,

2014),
w

h
ich

are
d
efen

sive
stra

teg
ies

an
d

n
ot

really
sp

arse
P

O
sy

stem
s.

B
u
t

S
S
P

O
actively

u
p

d
ates

th
e

sp
arse

p
o
rtfo

lio
accord

in
g

to
th

e
ch

an
gin

g
in

creasin
g

p
oten

tial
of

d
iff

eren
t

assets
as

tim
e

p
asses,

w
h
ich

is
an

aggressive
strategy.

•
W

e
p
rove

th
at

th
e

au
gm

en
ted

L
agran

gian
of

S
S
P

O
h
as

a
sad

d
le

p
oin

t,
w

h
ich

is
th

e
fo

u
n
d
a
tio

n
of

th
e

iterative
fo

rm
u
la

e
of

A
D

M
M

b
u
t

is
seld

o
m

ad
d
ressed

b
y

oth
er

sp
a
rsity

m
o
d
els.

T
h
e

rest
of

th
e

p
ap

er
is

organ
ized

as
fo

llow
s.

S
ection

2
p
resen

ts
so

m
e

p
relim

in
aries

a
n
d

rela
ted

w
o
rk

s.
S
ection

3
illu

strates
th

e
w

h
ole

S
S
P

O
sy

stem
an

d
its

solv
in

g
algorith

m
.

S
ectio

n
4

p
resen

ts
ex

ten
siv

e
ex

p
erim

en
tal

resu
lts

to
evalu

ate
S
S
P

O
.
F

in
ally,

S
ection

5
d
raw

s
co

n
clu

sio
n
s.

2
.
P
re
lim

in
a
rie

s
a
n
d
R
e
la
te
d
W

o
rk

s

2
.1

.
P

ro
b

le
m

S
e
ttin

g
o
f

S
h

o
rt-te

rm
P

o
rtfo

lio
O

p
tim

iz
a
tio

n

W
e

p
resen

t
th

e
fram

ew
ork

of
sh

ort-term
P

O
v
ia

m
ach

in
e

learn
in

g
,

w
h
ich

is
taken

as
b
a
selin

e
b
y

m
a
n
y

p
rev

iou
s

research
es

(C
ov

er,
19

91;
A

garw
al

et
al.,

2006;
L

i
et

al.,
2015;

H
u
a
n
g

et
a
l.,

2016;
L

i
et

al.,
2016).

S
u
p
p

ose
th

ere
are

d
assets

in
a

fi
n
an

cial
m

arket,
th

eir
p
rices

are
collected

as
a

vector
p
t ∈

R
d+
,t

=
0
,1
,2
,···,

w
h
ere

R
d+

rep
resen

ts
th

e
d
-

d
im

en
sio

n
a
l

n
o
n
n
egative

real
sp

ace.
N

ote
th

at
p
t

m
ay

ch
an

ge
as

tim
e
t

go
es,

form
in

g
a

3
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L
a
i,
Y
a
n
g
,
F
a
n
g

a
n
d

W
u

seq
u
en

ce.
W

e
can

evalu
ate

th
e

p
erfo

rm
an

ce
of

assets
b
y

th
e

p
rice

relative
x
t ,

p
t

p
t−

1 ,
w

h
ere

th
e

d
iv

ision
is

p
erform

ed
elem

en
t-w

ise.
A

p
ortfolio

is
a

v
ector

ly
in

g
on

th
e
d
-d

im
en

sion
al

sim
p
lex

b
t
∈

∆
d

:=
{b
∈

R
d+

:
∑

di=
1
b

(i)
=

1}
w

ith
assu

m
p
tion

s
of

n
on

-sh
ort-sellin

g
an

d
self-fi

n
a
n
cin

g
(w

ith
o
u
t

b
orrow

in
g

m
on

ey
an

d
fu

ll
re-in

vestm
en

t).
It

rep
resen

ts
th

e
p
rop

ortion
of

th
e

total
w

ealth
in

v
ested

in
d
iff

eren
t

assets
at

th
e

b
egin

n
in

g
of

th
e
t-th

p
erio

d
.

A
t

th
e

en
d

of
th

e
t-th

p
erio

d
,

th
e

cu
m

u
lativ

e
w

ealth
S
t

evolves
b
y

an
in

creasin
g

factor
of

b
>t

x
t :
S
t

=
S
t−

1 ·
(b
>t

x
t ).

S
u
p
p

ose
th

e
w

h
ole

in
vestm

en
t

la
sts

n
p

erio
d
s

an
d

th
e

in
itial

w
ealth

is
S

0
=

1,
th

en
th

e
fi
n
al

cu
m

u
lative

w
ealth

is
S
n

=
∏
nt=

1 (b
>t

x
t ).

T
h
e

ob
jective

of
sh

ort-term
P

O
is

to
m

ax
im

ize
S
n

b
y

m
ax

im
izin

g
b
>t

x
t

on
each

p
erio

d
(C

over,
19

91;
A

garw
al

et
al.,

2006;
L

i
et

al.,
2011;

D
as

et
al.,

2013
;

L
i

et
al.,

2015
;

H
u
an

g
et

al.,
2016;

L
i

et
al.,

2016):

Ŝ
n

=
m

ax
{
b
t ∈

∆
d }

nt=
1

n
∏t=

1 (b
>t

x
t ).

(1)

N
ote

th
at

n
o

statistical
assu

m
p
tion

s
regard

in
g

th
e

m
ovem

en
t

of
asset

p
rices

are
req

u
ired

in
th

e
fram

ew
ork

.

2
.2

.
R

e
la

te
d

W
o
rk

s
o
n

S
h

o
rt-te

rm
P

o
rtfo

lio
O

p
tim

iz
a
tio

n

D
iff

eren
t

sy
stem

s
or

strategies
su

ggest
d
iff

eren
t

p
rin

cip
les

of
op

tim
izin

g
b
t
as

tim
e

p
asses.

In
gen

eral,
sh

ort-term
P

O
sy

stem
s

n
eed

to
fl
ex

ib
ly

react
to

th
e

rap
id

ch
an

ge
of

fi
n
an

cial
en

v
iron

m
en

ts,
th

u
s

th
ey

h
ave

to
ex

p
loit

som
e

p
rin

cip
les

of
em

p
irical

fi
n
an

cial
stu

d
ies

(J
e-

gad
eesh

,
1990,

1991;
L

i
an

d
H

oi,
2014;

L
i

et
al.,

2016)
an

d
in

vestin
g

b
eh

av
iors

(K
ah

n
em

an
an

d
T

versk
y
,

1979
;

B
on

d
t

an
d

T
h
aler,

1985;
J
ega

d
eesh

an
d

T
itm

an
,

1993)
to

m
a
ke

fu
tu

re
p
rice

p
red

iction
s,

rath
er

th
an

follow
strict

statistical
assu

m
p
tion

s
th

at
m

ay
on

ly
take

eff
ect

in
th

e
lon

g
ru

n
(D

as
et

al.,
2013).

F
or

ex
am

p
le,

som
e

state-of-th
e-art

sh
ort-term

P
O

sy
s-

tem
s

ad
op

t
th

e
m

ean
reversion

p
rin

cip
le

in
fi
n
an

ce
(J

eg
ad

eesh
,

1990,
1991;

L
i

et
al.,

2012,
2013,

2015;
H

u
an

g
et

al.,
2016),

w
h
ich

in
d
icates

th
at

th
e

fu
tu

re
p
rice

of
an

asset
w

ill
reverse

to
som

e
k
in

d
of

its
h
istorical

m
ean

.

2
.2
.1
.
T
w
o

T
r
iv
ia
l
S
y
st

e
m
s

A
sim

p
le

b
u
t

w
id

ely
u
sed

sy
stem

is
th

e
U

n
iform

ly
B

u
y
-A

n
d
-H

old
(U

B
A

H
)

strategy
(L

i
an

d
H

oi,
2014),

w
h
ich

d
isp

erses
th

e
w

ealth
eq

u
ally

in
all

th
e

assets
at

th
e

very
b

egin
n
in

g

an
d

rem
ain

s
u
n
ch

an
ged

:
Ŝ
U
B
A
H

n
=

1d ∑
di=

1 ∏
nt=

1
x

(i)
t

.
It

is
taken

b
y

m
ost

fi
n
an

cial
m

arkets
as

th
eir

m
arket

strategies.
O

n
th

e
con

trary,
th

e
B

eststo
ck

(B
S
)

strategy
(L

i
an

d
H

oi,
2014)

allo
cates

all
th

e
w

ealth
to

th
e

b
est

p
erform

in
g

asset
in

th
e

w
h
ole

in
vestm

en
t:
Ŝ
B
S

n
=

m
ax

b∈
∆

d

b
>

( ⊗
nt=

1
x
t ),

w
h
ere

⊗

is
th

e
elem

en
t-w

ise
p
ro

d
u
ct

op
erator.

It
is

a
h
in

d
sigh

t
strategy

th
at

can
n
ot

b
e

im
p
lem

en
ted

in
reality.

2
.2
.2
.
S
y
st

e
m
s
B
a
se

d
o
n
C
o
r
r
e
l
a
t
io
n

A
n
ticor

(B
oro

d
in

et
al.,

2004)
is

a
m

ean
-reversion

sy
stem

,
sellin

g
p
rev

iou
s

go
o
d

p
erform

-
in

g
assets

an
d

b
u
y
in

g
th

e
an

ti-correlated
b
a
d

p
erform

in
g

on
es.

It
m

easu
res

th
e

sim
ilarity
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S
h
o
r
t
-t
e
r
m

S
pa

r
se

P
o
r
t
f
o
l
io

O
p
t
im

iz
a
t
io
n
B
a
se

d
o
n
A
D
M
M

of
d
iff

er
en

t
as

se
ts

b
y

th
e

cr
os

s-
w

in
d
ow

co
rr

el
at

io
n
co
r i
,j

=
(l
x
(i
)
−
l̄x

(i
)
)>

(l
y
(j

)
−
l̄y

(j
)
)

‖l
x
(i
)
−
l̄x

(i
)
‖‖

ly
(j

)
−
l̄y

(j
)
‖

an
d

a
n

an
ti

-c
or

re
la

ti
on

A
i

=
|co
r i
,i
|i

f
co
r i
,i
<

0;
el

se
A
i

=
0,

w
h
er

e
‖·
‖

is
th

e
E

u
cl

id
ea

n
n
or

m
,
lx

an
d

ly
ar

e
lo

ga
ri

th
m

ic
re

tu
rn

s
in

tw
o

su
cc

es
si

ve
w

in
d
ow

s.

C
O

R
N

(L
i

et
al

.,
20

11
)

fu
rt

h
er

co
m

b
in

es
co

rr
el

at
io

n
w

it
h

p
at

te
rn

-m
at

ch
in

g
(G

y
ör

fi
et

al
.,

20
06

)
an

d
se

ar
ch

es
fo

r
h
is

to
ri

ca
l

co
rr

el
at

io
n
-s

im
il
ar

p
at

te
rn

s

C t
+

1
(w
,ρ

)
=

{
w
<
k
<
t

:
co
v
(X

k
−

1
k
−
w
,X

t t−
w

+
1
)

st
d
(X

k
−

1
k
−
w

)s
td

(X
t t−
w

+
1
)
>
ρ

}
,

w
h
er

e
X
k
−

1
k
−
w

d
en

ot
es

th
e

p
ri

ce
re

la
ti

ve
ve

ct
or

s
in

th
e

ti
m

e
w

in
d
ow

[k
−
w
,k
−

1]
.

M
ah

d
av

i-
D

am
gh

an
i

et
al

.
(2

01
7)

co
n
si

d
er

P
O

in
th

e
co

n
te

x
t

of
co

in
te

la
te

d
p
ai

rs
,

a
ty

p
ic

al
m

o
d
el

fo
r

p
ai

rs
tr

ad
in

g.
It

is
d
es

ig
n
ed

to
si

gn
if

y
a

h
y
b
ri

d
m

et
h
o
d

b
et

w
ee

n
th

e
co

in
te

gr
at

io
n

an
d

th
e

co
rr

el
at

io
n

m
o
d
el

s.
T

h
er

e
ar

e
tw

o
ap

p
ro

ac
h
es

to
a
d
d
re

ss
ed

th
is

p
ro

b
le

m
:

S
to

ch
as

ti
c

D
iff

er
en

ti
al

E
q
u
at

io
n

an
d

B
an

d
-w

is
e

G
au

ss
ia

n
M

ix
tu

re
,

w
h
ic

h
gi

ve
si

m
il
ar

re
su

lt
s

b
u
t

th
e

la
tt

er
k
ee

p
s

th
e

m
et

h
o
d
ol

o
gy

si
m

p
le

r
a
n
d

m
or

e
ad

ap
ta

b
le

to
th

e
re

gi
m

e
ch

an
ge

.

2
.2
.3
.
S
y
st

e
m
s
B
a
se

d
o
n
A
v
e
r
a
g
e
In

d
ic
e
s

O
L

M
A

R
(L

i
et

al
.,

20
15

)
ex

p
lo

it
s

th
e

p
op

u
la

r
fi
n
an

ci
al

to
ol

of
m

ov
in

g
av

er
ag

e
(M

A
)

to
p
re

d
ic

t
fu

tu
re

as
se

t
p
ri

ce
s.

It
is

a
d
ef

en
si

ve
an

d
m

o
d
er

at
e

st
ra

te
gy

w
it

h
a

n
eu

tr
al

ri
sk

ap
p

et
it

e,
so

as
to

av
oi

d
ov

er
-e

st
im

a
ti

n
g

o
r

u
n
d
er

-e
st

im
at

in
g:

x̂
t+

1
(w

)
=
M
A
t(
w

)

p
t

=

∑
w
−

1
k
=

0
p
t−
k

w
p
t

=
1 w

(
1

+
1 x
t

+
··
·+

1
⊗

w
−

2
k
=

0
x
t−
k

)
,

(2
)

w
h
er

e
1

is
a

ve
ct

or
w

it
h

el
em

en
ts

of
1,

w
h
os

e
d
im

en
si

on
ca

n
b

e
in

fe
rr

ed
fr

om
th

e
co

n
te

x
t,

an
d
w

is
th

e
w

in
d
ow

si
ze

.
It

s
p

or
tf

ol
io

u
p

d
at

e
sc

h
em

e
is

th
e

sa
m

e
as

th
e

b
el

ow
-m

en
ti

on
ed

R
M

R
st

ra
te

gy
(H

u
an

g
et

al
.,

20
16

).

R
M

R
al

so
m

ak
es

m
o
d
er

at
e

p
ri

ce
p
re

d
ic

ti
on

s,
b
u
t

su
b
st

it
u
te

s
`1

-m
ed

ia
n

(V
ar

d
i

an
d

Z
h
an

g,
20

00
)

fo
r

M
A

,
si

n
ce
`1

-m
ed

ia
n

is
m

or
e

ro
b
u
st

to
n
oi

se
an

d
ou

tl
ie

rs
:

p̂
t+

1
=

ar
gm

in
p
∈R

d +

w
−

1
∑ k

=
0

‖p
t−
k
−

p
‖,

x̂
t+

1
=

p̂
t+

1

p
t
.

(3
)

B
ot

h
R

M
R

an
d

O
L

M
A

R
u
se

th
e

fo
ll
ow

in
g

op
ti

m
iz

at
io

n
m

o
d
el

to
u
p

d
at

e
p

or
tf

ol
io

:

b
t+

1
=

ar
gm

in
b

1 2
‖b
−

b̂
t‖

2
s.

t.
b
>

x̂
t+

1
>
ε
>

0
,

(4
)

b̂
t+

1
=

ar
gm

in
b
∈∆

d

‖b
−

b
t+

1
‖2
.

(5
)

(5
)

is
a

n
or

m
al

iz
at

io
n

to
th

e
si

m
p
le

x
(D

u
ch

i
et

al
.,

20
0
8)

.
T

h
is

op
ti

m
iz

at
io

n
m

o
d
el

d
o
es

n
ot

im
p

os
e

sp
ar

si
ty

co
n
st

ra
in

ts
on

th
e

p
or

tf
ol

io
,

an
d

it
tr

ie
s

to
ap

p
ro

ac
h

th
e

cu
rr

en
t

p
or

tf
ol

io
b̂
t

w
it

h
a

p
ro

sp
ec

ti
v
e

gr
ow

th
b
>

x̂
t+

1
>
ε.
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L
a
i,
Y
a
n
g
,
F
a
n
g

a
n
d

W
u

2
.3

.
R

e
la

te
d

W
o
rk

s
o
n

S
p

a
rs

it
y

C
o
n

st
ra

in
ts

A
lt

h
ou

gh
sp

ar
si

ty
m

o
d
el

s
h
av

e
b

ee
n

p
ro

p
o
se

d
fo

r
P

O
,

th
ey

ei
th

er
ai

m
at

th
e

lo
n
g
-t

er
m

P
O

or
co

n
st

ra
in

th
e

q
u
an

ti
ty

of
th

e
p

or
tf

ol
io

ch
an

ge
.

V
er

y
fe

w
of

th
em

ai
m

to
co

n
st

ru
ct

sp
ar

se
p

or
tf

ol
io

s
fo

r
th

e
sh

or
t-

te
rm

P
O

.

2
.3
.1
.
S
y
st

e
m
s
f
o
r
L
o
n
g
-t
e
r
m

P
o
r
t
f
o
l
io

O
p
t
im

iz
a
t
io
n

S
p
ar

se
an

d
S
ta

b
le

M
ar

ko
w

it
z

P
or

tf
ol

io
(S

S
M

P
)

(B
ro

d
ie

et
al

.,
20

09
)

u
se

s
th

e
fo

ll
ow

in
g

re
gu

la
ri

za
ti

on
m

o
d
el

b
S
S
M
P

=
ar

gm
in

b
‖ε

1
(n

)
−
R

b
‖2

+
τ
‖b
‖ 1

s.
t.

b
>
µ

=
ε,

b
>

1
=

1,
(6

)

w
h
er

e
ε

is
a

p
re

d
efi

n
ed

p
ro

sp
ec

ti
v
e

gr
ow

th
ra

te
,

1
(n

)
is

an
n

-d
im

en
si

on
al

ve
ct

o
r

o
f

1
,
R

is
an

n
×
d
-d

im
en

si
on

al
as

se
t

re
tu

rn
m

a
tr

ix
,
µ

is
th

e
ex

p
ec

ta
ti

on
of

as
se

t
re

tu
rn

s,
‖
·‖

1

d
en

ot
es

th
e
`1

-N
or

m
,

an
d
τ

is
th

e
re

gu
la

ri
za

ti
on

st
re

n
gt

h
.
R

b
co

n
ta

in
s

th
e

a
ct

u
a
l

p
o
rt

fo
li
o

re
tu

rn
s

of
n

sa
m

p
le

s,
w

h
il
e

b
>
µ

is
th

e
ex

p
ec

ta
ti

on
of

th
e

p
or

tf
ol

io
re

tu
rn

.
(6

)
co

n
st

ra
in

s
b
>
µ

to
a

p
re

d
efi

n
ed

le
ve

l
ε,

an
d

tr
ie

s
to

m
in

im
iz

e
th

e
sq

u
ar

e
er

ro
r

(i
.e

.,
th

e
q
u
a
d
ra

ti
c

ri
sk

in
th

e
co

n
te

x
t

of
q
u
an

ti
ta

ti
v
e

fi
n
an

ce
)

of
th

e
ac

tu
al

p
or

tf
ol

io
re

tu
rn

s
to

th
ei

r
ex

p
ec

ta
ti

o
n
.

B
es

id
es

,
it

re
la

x
es

th
e

n
on

n
eg

at
iv

it
y

co
n
st

ra
in

t
of

b
an

d
re

ta
in

s
th

e
se

lf
-fi

n
an

ci
n
g

co
n
st

ra
in

t
b
>

1
=

1.
W

it
h
`1

-r
eg

u
la

ri
za

ti
on

,
b

is
fo

rc
ed

to
b

e
sp

ar
se

an
d

th
e

sh
or

t
p

o
si

ti
o
n

is
li
m

it
ed

(B
ro

d
ie

et
al

.,
20

09
).

W
ei

gh
te

d
E

la
st

ic
N

et
P

en
al

iz
ed

P
or

tf
ol

io
(W

E
N

P
P

)
(H

o
et

al
.,

20
15

)
a
d
d
s

a
n

el
a
st

ic
n
et

p
en

al
iz

at
io

n
(Z

ou
an

d
H

as
ti

e,
20

05
)

b
u
t

re
m

ov
es

th
e

se
lf

-fi
n
an

ci
n
g

co
n
st

ra
in

t
b
>

1
=

1:

b
W
E
N
P
P

=
ar

gm
in

b
b
>

Σ̂
b
−

b
>
µ̂

+
d ∑ i=

1

τ i
|b

(i
) |

+
d ∑ i=

1

ι i
|b

(i
) |2
,

(7
)

w
h
er

e
Σ̂

an
d
µ̂

ar
e

th
e

es
ti

m
at

ed
co

va
ri

an
ce

an
d

ex
p

ec
ta

ti
on

of
as

se
t

re
tu

rn
s,

re
sp

ec
ti

ve
ly

.
S
S
M

P
an

d
W

E
N

P
P

re
fl
ec

t
th

at
th

e
ob

je
ct

iv
e

of
lo

n
g-

te
rm

P
O

is
to

m
in

im
iz

e
th

e
q
u
ad

ra
ti

c
ri

sk
‖ε

1
(n

)
−
R

b
‖2

or
b
>

Σ̂
b

,
w

h
ic

h
is

q
u
it

e
d
iff

er
en

t
fr

om
th

e
p
ro

b
le

m
se

tt
in

g
(1

)

of
sh

or
t-

te
rm

P
O

.
B

es
id

es
,
Σ̂

an
d
µ̂

h
av

e
to

b
e

es
ti

m
at

ed
in

a
si

n
gl

e
st

at
ic

p
er

io
d
,

w
h
ic

h
is

n
ot

ad
ap

ti
ve

to
th

e
ra

p
id

ch
an

gi
n
g

fi
n
an

ci
al

en
v
ir

on
m

en
ts

in
th

e
sh

or
t-

te
rm

P
O

(D
a
s

et
al

.,
20

13
).

2
.3
.2
.
S
y
st

e
m
s
f
o
r
L
a
z
y
U
p
d
a
t
e
s

O
n
li
n
e

L
az

y
U

p
d
at

e
(O

L
U

)
(D

as
et

al
.,

20
13

)
is

a
sp

a
rs

it
y

m
o
d
el

fo
r

th
e

sh
o
rt

-t
er

m
P

O
.

H
ow

ev
er

,
th

e
sp

ar
si

ty
is

on
th

e
ch

an
ge

of
p

or
tf

ol
io

,
n
ot

on
th

e
p

or
tf

ol
io

it
se

lf
:

b̂
t+

1
=

ar
gm

in
b
∈∆

d

−
η

lo
g
(b
>

x
t)

+
τ
‖b
−

b̂
t‖

1
+

1 2
‖b
−

b̂
t‖

2
.

(8
)

H
en

ce
it

is
n
ot

re
al

ly
a

sp
ar

se
P

O
.

B
es

id
es

,
it

as
su

m
es

th
at

th
e

cu
rr

en
t

p
ri

ce
re

la
ti

v
e

x
t

w
il
l

b
e

re
p
li
ca

te
d

in
th

e
n
ex

t
d
ay

,
w

h
ic

h
m

ay
la

ck
su

p
p

or
ts

fr
om

em
p
ir

ic
al

fi
n
a
n
ci

a
l

st
u
d
ie

s.
M

or
eo

ve
r,

al
th

ou
gh

it
h
as

es
ta

b
li
sh

ed
an

A
D

M
M

so
lv

er
,

it
h
as

n
ot

gi
v
en

a
sa

d
d
le

p
o
in

t
p
ro

of
fo

r
it

s
au

gm
en

te
d

L
ag

ra
n
gi

an
,

w
h
ic

h
is

th
e

fo
u
n
d
at

io
n

of
th

e
it

er
at

iv
e

fo
rm

u
la

e
o
f

A
D

M
M

.
N

ot
e

th
at

n
ot

al
l

A
D

M
M

d
es

ig
n
s

h
av

e
sa

d
d
le

p
oi

n
ts

.
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S
h
o
r
t
-t
e
r
m

S
pa

r
se

P
o
r
t
f
o
l
io

O
p
t
im

iz
a
t
io
n
B
a
se

d
o
n
A
D
M
M

D
o
u
b
ly

R
eg

u
larized

P
ortfolio

(D
R

P
)

(S
h
en

et
a
l.,

20
14)

also
em

p
loy

s
th

e
lazy

u
p

d
ate

stra
teg

y
in

its
m

o
d
el:

b̂
t

=
argm

in
b

b
>

Σ̂
t b

+
τ

1 ‖
b‖

1
+
τ

2 ‖b
−

b̂
t− ‖

2
s.t.

b
>

1
=

1,
(9)

w
h
ere

b̂
t−

d
en

otes
th

e
re-n

orm
alized

p
ortfolio

b
efore

th
e

reb
ala

n
cin

g
at

tim
e
t,

a
n
d

Σ̂
t

d
en

o
tes

th
e

estim
ated

covarian
ce

at
tim

e
t.

D
R

P
is

also
for

th
e

lon
g-term

P
O

in
b

oth
m

o
d
el

settin
g

(m
in

im
izin

g
th

e
q
u
ad

ratic
risk

)
an

d
its

ex
p

erim
en

tal
evalu

ation
(w

eek
ly

or
m

o
n
th

ly
d
a
ta

).
It

u
p

d
ates

th
e

covarian
ce

Σ̂
t

b
a
sed

on
th

e
n
ew

est
p
rice

in
form

ation
,

in
stead

o
f

u
sin

g
a

sin
g
le

static
Σ̂

as
in

(7).
T

h
e

regu
larization

term
τ

2 ‖
b
−

b̂
t− ‖

2
is

in
tro

d
u
ced

to
co

n
tro

l
th

e
ch

an
ge

of
p

ortfolio.
D

R
P

d
o
es

n
ot

p
rop

ose
a

solver
for

its
m

o
d
el,

b
u
t

tu
rn

s
to

a
co

m
m

ercia
l

softw
are

to
olb

ox
(S

h
en

et
al.,

2014).

3
.
S
h
o
rt-te

rm
S
p
a
rse

P
o
rtfo

lio
O
p
tim

iza
tio

n

T
o

m
a
ke

a
su

m
m

ary
of

S
ection

2
,

th
ere

are
few

sp
arse

p
ortfolio

m
eth

o
d
s

for
th

e
sh

o
rt-term

P
O

th
at

h
ave

reliab
le

p
u
b
lic

solv
in

g
sch

em
es,

esp
ecially

w
h
en

b
oth

th
e
`
1-

reg
u
la

riza
tio

n
term

an
d

th
e

self-fi
n
an

cin
g

con
strain

t
are

p
resen

t.
B

esid
es,

m
ost

state-of-
th

e-a
rt

sh
o
rt-term

P
O

sy
stem

s
fo

cu
s

on
ly

on
ex

p
loitin

g
em

p
irical

fi
n
an

cial
p
rin

cip
les

an
d

p
ay

little
a
tten

tion
to

con
stru

ctin
g

sp
arse,

co
n
cen

trated
an

d
eff

ective
p

ortfolios.

T
o

fi
ll

th
is

gap
,

w
e

p
rop

ose
a

n
ovel

S
h
ort-term

S
p
arse

P
O

(S
S
P

O
)

sy
stem

b
ased

on
A

D
M

M
.

W
e

a
lso

p
rove

th
at

its
au

gm
en

ted
L

agran
gian

h
as

a
sad

d
le

p
o
in

t,
w

h
ich

is
th

e
fo

u
n
d
a
tio

n
o
f

th
e

iterative
form

u
lae

of
A

D
M

M
b
u
t

is
seld

om
ad

d
ressed

b
y

oth
er

sp
arsity

m
o
d
els.

S
S
P

O
actively

reb
alan

ces
th

e
sp

arse
p

ortfolio
accord

in
g

to
som

e
em

p
irical

fi
n
an

cial
p
rin

cip
les

in
o
rd

er
to

m
ax

im
ize

th
e

cu
m

u
lative

w
ealth

.
T

o
estab

lish
S
S
P

O
,

w
e

follow
th

e
3

co
n
ven

tio
n
a
l

step
s

of
sh

ort-term
P

O
sy

stem
d
esign

(B
oro

d
in

et
al.,

2004;
L

i
et

al.,
2011;

L
i

a
n
d

H
o
i,

2
0
1
4;

L
i

et
al.,

2015;
H

u
an

g
et

al.,
2016):

p
rice

in
form

ation
p
ro

cessin
g,

sp
arse

p
o
rtfo

lio
m

o
d
el

setu
p
,

an
d

solv
in

g
algorith

m
d
esign

.

3
.1

.
P

ric
e

In
fo

rm
a
tio

n

A
sp

a
rse

p
ortfolio

sh
ou

ld
con

cen
trate

on
on

ly
a

few
assets

th
at

h
ave

go
o
d

in
creasin

g
p

o-
ten

tia
l,

w
h
ich

is
m

ore
ad

ap
tive

to
an

aggressive
strategy

th
an

a
d
efen

sive
on

e.
H

en
ce

S
S
P

O
ex

p
lo

its
th

e
irration

al
in

vestin
g

b
eh

av
iors

in
d
icated

b
y

som
e

em
p
irical

fi
n
an

cial
stu

d
ies

on
sto

ck
p
rice

overreaction
s

(B
on

d
t

an
d

T
h
aler,

1985;
K

ah
n
em

an
an

d
T

v
ersk

y
,

1979;
S
h
iller,

2
0
0
3
),

in
stea

d
of

th
e

m
ean

reversion
p
rin

cip
le

(J
egad

eesh
,

19
91).

F
or

ex
am

p
le,

in
v
estors

a
re

u
su

a
lly

irra
tion

al
to

k
eep

on
b
u
y
in

g
th

e
assets

risin
g

in
valu

e,
w

h
ich

fu
rth

er
p
u
sh

es
u
p

th
e

a
sset

p
rices

an
d

p
ostp

on
es

th
e

reversion
(J

egad
eesh

an
d

T
itm

an
,

1993;
S
h
iller,

20
00).

T
o

evalu
a
te

th
e

in
creasin

g
p

oten
tial

of
an

asset,
th

e
h
igh

est
p
rice

in
a

recen
t

tim
e

w
in

d
ow

w
ith

size
w

is
o
b
serv

ed
:p

(i)
M
A
X

=
m

ax
06
k6
w
−

1
p

(i)
t−
k ,

i
=

1,2
,···

,d
.

(10)

p
(i)
M
A
X

p
lay

s
a
n

im
p

ortan
t

role
in

real-w
orld

in
vestm

en
t

an
d

p
ortfolio

m
a
n
agem

en
t,

an
d

it
is

a
n

in
d
isp

en
sab

le
in

d
icator

in
n
early

every
sto

ck
an

aly
sis

softw
are.

S
in

ce
m

ost
in

vestors
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L
a
i,
Y
a
n
g
,
F
a
n
g

a
n
d

W
u

gain
p
rofi

ts
b
y

th
e

grow
th

of
asset

p
rice,

th
ey

con
sid

er
p

(i)
M
A
X

as
a

p
oten

tial
lev

el
th

at
th

e
fu

tu
re

p
rice

can
p
rob

ab
ly

reach
.

N
ex

t,
th

e
relativ

e
d
istan

ce
from

th
e

cu
rren

t
p
rice

vector
p
t

to
p
M
A
X

im
p
lies

th
e

in
-

creasin
g

p
oten

tial
of

th
e

assets.
T

h
u
s

w
e

d
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p
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p
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p
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p
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a
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con
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d
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p
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=
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d
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=
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g‖
1

+
η2

(1
>

b
−

1)
2

+
ρ
(1
>

b
−

1),
(13)

w
h
ere

γ
>

0
con

trols
th
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→
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g‖
2

forces
g
→

b
.

F
u
rth

er
an

aly
sis

o
f
γ

w
ill

b
e

giv
en

later
in

th
e

op
tim

ization
step

s.
N

ot
all

form
u
lation

s
of

A
D

M
M

h
ave

sad
d
le

p
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∀
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re
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e

fo
ll
ow

in
g

eq
u
at

io
n

h
ol

d
s:

m
in

b
,g
L

(b
,g
,ρ

)
=
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m
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re
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=
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=

m
in g
L

(b
,g
,ρ

)
=
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−
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−
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(i
) )

=
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−
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=
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−
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>
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w
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b
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=
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p
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.
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>
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er

at
io

n
in

cr
ea

si
n
g

an
d

it
b

ec
om

in
g

n
ec

es
sa

ry
to

co
ll
ec

t
m

or
e

it
er

at
io

n
s

as
sa

m
p
le

si
ze

in
cr

ea
se

s.

T
h
is

d
ou

b
le

b
u
rd

en
h
as

le
d

m
an

y
m

em
b

er
s

of
th

e
m

ac
h
in

e
le

ar
n
in

g
co

m
m

u
n
it

y
to

a
b
a
n
-

d
on

M
C

M
C

in
fa

vo
r

of
m

or
e

ea
si

ly
sc

al
ab

le
al

te
rn

at
iv

es
,
su

ch
as

va
ri

at
io

n
al

ap
p
ro

x
im

a
ti

o
n
s.

U
n
fo

rt
u
n
at

el
y,

th
es

e
ap

p
ro

ac
h
es

ty
p
ic

al
ly

la
ck

th
eo

re
ti

ca
l
gu

ar
a
n
te

es
an

d
of

te
n

b
a
d
ly

u
n
d
er

-
es

ti
m

at
e

p
os

te
ri

or
u
n
ce

rt
ai

n
ty

.
H

en
ce

,
th

er
e

h
as

b
ee

n
su

b
st

an
ti

al
in

te
re

st
in

re
ce

n
t

y
ea

rs
in

d
es

ig
n
in

g
sc

al
ab

le
M

C
M

C
al

go
ri

th
m

s.
T

h
e

fo
cu

s
of

th
is

p
ap

er
is

a
p

op
u
la

r
a
n
d

b
ro

a
d

cl
a
ss

of
D

at
a

A
u
gm

en
ta

ti
on

(D
A

)-
M

C
M

C
al

go
ri

th
m

s.
D

A
-M

C
M

C
al

go
ri

th
m

s
a
re

u
se

d
ro

u
ti

n
el

y
in

m
an

y
cl

as
se

s
of

m
o
d
el

s,
w

it
h

th
e

al
go

ri
th

m
s

of
A

lb
er

t
an

d
C

h
ib

(1
99

3)
fo

r
p
ro

b
it

m
o
d
el

s
an

d
P

ol
so

n
et

al
.

(2
01

3)
fo

r
lo

gi
st

ic
m

o
d
el

s
b

ei
n
g

p
ar

ti
cu

la
rl

y
p

op
u
la

r.
O

u
r

fo
cu

s
is

o
n

im
p
ro

v
in

g
th

e
p

er
fo

rm
an

ce
of

su
ch

al
go

ri
th

m
s

in
b
ig

d
at

a
se

tt
in

gs
in

w
h
ic

h
p

o
o
r

sc
a
la

b
il
it

y
o
cc

u
rs

b
ot

h
b

ec
au

se
of

h
ig

h
co

st
p

er
it

er
at

io
n

an
d

d
et

er
io

ra
ti

on
of

m
ix

in
g

a
s

sa
m

p
le

si
ze

in
cr

ea
se

s.
W

e
fo

cu
s

h
er

e
on

th
e

sl
ow

m
ix

in
g

p
ro

b
le

m
.
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C
a
l
ib
r
a
t
e
d

D
a
t
a
A
u
g
m
e
n
t
a
t
io
n

J
o
h
n
d
row

et
al.

(2018)
d
em

on
strate

th
at

p
op

u
lar

D
A

-M
C

M
C

algorith
m

s
h
ave

sm
all

ef-
fective

sa
m

p
le

sizes
in

large
d
ata

settin
gs

in
v
olv

in
g

im
b
alan

ced
d
ata.

F
or

ex
am

p
le,

d
ata

m
ay

b
e

b
in

a
ry

w
ith

a
h
igh

p
rop

ortion
of

zeros.
A

key
in

sigh
t

is
th

at
th

is
p
rob

lem
resu

lts
from

a
d
iscrep

a
n
cy

in
th

e
rates

at
w

h
ich

G
ib

b
s

step
sizes

an
d

th
e

w
id

th
of

th
e

h
igh

-p
rob

ab
ility

reg
io

n
o
f

th
e

p
osterior

con
v
erge

to
zero

as
n

in
creases.

In
p
a
rticu

lar,
th

e
con

d
ition

al
p

os-
terio

r
g
iven

th
e

au
gm

en
ted

d
ata

m
ay

sim
p
ly

b
e

to
o

con
cen

trated
relative

to
th

e
m

argin
al

p
o
sterio

r,
w

ith
th

is
p
rob

lem
am

p
lifi

ed
as

th
e

d
ata

sam
p
le

size
in

creases.
T

h
ere

is
a

rich
litera

tu
re

o
n

m
eth

o
d
s

for
acceleratin

g
m

ix
in

g
in

D
A

-M
C

M
C

algorith
m

s
u
sin

g
trick

s
ran

gin
g

fro
m

rep
a
ra

m
eterization

to
p
aram

eter-ex
p
an

sion
(L

iu
an

d
W

u
,

1999;
M

en
g

an
d

V
an

D
y
k
,

1
99

9
;

P
a
p
asp

iliop
ou

los
et

al.,
2007).

H
ow

ever,
w

e
fi
n
d

th
at

su
ch

ap
p
roach

es
fail

to
ad

-
d
ress

th
e

m
iscalib

ration
p
rob

lem
an

d
h
av

e
n
o

im
p
a
ct

o
n

th
e

w
orsen

in
g

m
ix

in
g

ra
te

w
ith

in
crea

sin
g

d
a
ta

sam
p
le

size
n

.
T

h
is

a
rticle

p
rop

oses
a

gen
eral

n
ew

class
of

algorith
m

s
th

at
ad

d
resses

th
e

m
isca

lib
ra-

tio
n

o
f

step
sizes

in
D

A
.

T
h
e

id
ea

u
n
d
erly

in
g

th
ese

ca
libra

ted
D

A
(C

D
A

)
algorith

m
s

is
to

in
tro

d
u
ce

a
u
x
iliary

p
aram

eters
th

at
ch

an
ge

th
e

varian
ce

of
fu

ll
con

d
ition

a
l

d
istrib

u
tion

s
for

o
n
e

o
r

m
o
re

p
a
ram

eters.
T

h
ese

au
x
iliary

p
aram

eters
can

ad
ap

t
w

ith
th

e
d
ata

sam
p
le

size
n

to
co

rrect
th

e
ty

p
ical

step
sizes

of
th

e
C

D
A

a
lgorith

m
to

m
atch

th
e

rate
at

w
h
ich

th
e

h
ig

h
p
ro

b
a
b
ility

region
of

th
e

p
osterior

con
tracts

as
n

in
creases.

In
gen

eral,
th

e
in

vari-
a
n
t

m
ea

su
re

o
f

C
D

A
-M

C
M

C
–

w
h
ich

ty
p
ically

d
o
es

ex
ist

a
n
d

is
u
n
iq

u
e

–
d
iff

ers
from

th
e

p
o
sterio

r
o
f

in
terest.

T
h
u
s,

C
D

A
-M

C
M

C
is

a
com

p
u
tation

ally
m

ore
effi

cien
t

p
ertu

rb
ation

o
f

th
e

o
rig

in
a
l

M
arkov

ch
ain

,
an

d
th

e
b
ias

can
b

e
elim

in
ated

u
sin

g
M

etrop
olis-H

astin
gs.

C
o
m

p
a
red

to
o
th

er
ad

ap
tive

M
etrop

olis-H
astin

gs
algorith

m
s,

w
h
ich

often
req

u
ire

carefu
lly

ch
o
sen

m
u
ltiva

riate
p
rop

osals
an

d
com

p
licated

ad
ap

tation
w

ith
m

u
ltip

le
ch

ain
s

(T
ran

et
al.,

2
0
1
6
),

C
D

A
-M

C
M

C
on

ly
req

u
ires

a
sim

p
le

m
o
d
ifi

cation
to

G
ib

b
s

sa
m

p
lin

g
step

s
to

gen
er-

a
te

p
ro

p
o
sa

ls.
W

e
sh

ow
th

e
au

x
iliary

p
aram

eters
can

b
e

effi
cien

tly
ad

ap
ted

for
each

ty
p

e
of

d
a
ta

a
u
g
m

en
tation

v
ia

m
in

im
izin

g
th

e
d
iff

eren
ce

b
etw

een
F

ish
er

in
form

ation
of

con
d
ition

al
a
n
d

m
a
rg

in
a
l

d
istrib

u
tion

s.

2
.

C
a
lib

ra
te

d
D

a
ta

A
u
g
m

e
n
ta

tio
n

D
a
ta

a
u
g
m

en
ta

tion
G

ib
b
s

sam
p
lers

altern
ate

b
etw

een
sa

m
p
lin

g
laten

t
d
ata

z
fro

m
th

eir
co

n
d
itio

n
a
l

p
o
sterior

d
istrib

u
tion

given
m

o
d
el

p
aram

eters
θ

a
n
d

ob
served

d
a
ta
y
,

an
d

sam
-

p
lin

g
p
a
ra

m
eters

θ
given

z
an

d
y
;

eith
er

of
th

ese
step

s
can

b
e

fu
rth

er
b
roken

d
ow

n
in

to
a

series
o
f

fu
ll

con
d
ition

al
sam

p
lin

g
step

s
b
u
t

w
e

fo
cu

s
for

sim
p
licity

o
n

algorith
m

s
of

th
e

fo
rm

:

z
|
θ,y
∼
π

(z
;θ,y

)
(1)

θ|
z
,y
∼
f

(θ;z
,y

),

w
h
ere

f
b

elo
n
g
s

to
a

lo
cation

-scale
fam

ily,
su

ch
as

th
e

G
au

ssian
.

P
op

u
lar

d
ata

au
gm

en
-

ta
tio

n
alg

o
rith

m
s

are
d
esign

ed
so

th
at

b
oth

of
th

ese
sam

p
lin

g
step

s
ca

n
b

e
con

d
u
cted

ea
sily

a
n
d

effi
cien

tly
;

e.g.,
sam

p
lin

g
th

e
laten

t
d
ata

for
each

su
b

ject
in

d
ep

en
d
en

tly
an

d
th

en
d
raw

in
g
θ

sim
u
ltan

eou
sly

(or
at

least
in

b
lo

ck
s)

from
a

m
u
ltivariate

G
au

ssian
or

oth
er

sta
n
d
a
rd

d
istrib

u
tion

.
T

h
is

eff
ectiv

ely
avoid

s
th

e
n
eed

for
tu

n
in

g,
w

h
ich

is
a

m
a
jor

issu
e

fo
r

M
etro

p
o
lis-H

astin
gs

algorith
m

s,
p
articu

larly
w

h
en

θ
is

h
igh

-d
im

en
sion

a
l.

D
ata

au
g-

m
en

ta
tio

n
a
lg

o
rith

m
s

are
p
articu

larly
co

m
m

on
for

gen
eralized

lin
ear

m
o
d
els

(G
L

M
s),

w
ith

3
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D
u
a
n
,
J
o
h
n
d
r
o
w

a
n
d

D
u
n
so

n

E
(y
i |
x
i ,θ)

=
g −

1(x
i θ)

an
d

a
con

d
ition

ally
G

au
ssian

p
rior

d
istrib

u
tion

ch
osen

for
θ.

W
e

fo-
cu

s
in

p
articu

lar
on

P
oisson

log-lin
ear,

b
in

om
ial

logistic,
an

d
b
in

om
ial

p
rob

it
as

m
otivatin

g
ex

am
p
les.

C
on

sid
er

a
M

arkov
kern

el
K

((θ,z
);·)

w
ith

in
varian

t
m

easu
re

Π
an

d
u
p

d
ate

ru
le

of
th

e
form

(1),
an

d
a

M
arkov

ch
ain

(θ
t ,z

t )
on

a
state

sp
ace

Θ
×
Z

evolv
in

g
accord

in
g

to
K

.
W

e
w

ill
ab

u
se

n
o
tation

in
w

ritin
g

Π
(d
θ)

=
∫
z∈Z

Π
(d
θ,d

z
).

T
h
e

lag-1
au

to
correlation

for
a

fu
n
ction

h
:

Θ
→

R
at

station
arity

can
b

e
ex

p
ressed

as
th

e
B

ayesian
fraction

of
m

issin
g

in
form

ation
(P

ap
asp

iliop
ou

los
et

al.
(2007),

R
u
b
in

(2004),
L

iu
(1994b

))

γ
g

=
1−

E
[var(h

(θ)|
z
)]

var(h
(θ))

,
(2)

w
h
ere

th
e

in
tegrals

in
th

e
n
u
m

erator
are

w
ith

resp
ect

to
Π

(d
θ,d

z
)

an
d

in
th

e
d
en

om
in

ator
w

ith
resp

ect
to

Π
(d
θ).

L
et

L
2 (Π

)
=

{
h

:
Θ
→

R
, ∫

θ∈
Θ {h

(θ)}
2Π

(d
θ)
<
∞
}

b
e

th
e

set
of

real-valu
ed

,
Π

sq
u
are-in

tegrab
le

fu
n
ction

s.
T

h
e

m
a
xim

a
l

a
u

toco
rrela

tio
n

γ
=

su
p

h∈
L
2
(Π

) γ
h

=
1−

in
f

h∈
L
2
(Π

) E
[var(h

(θ)|
z
)]

var(h
(θ))

is
eq

u
al

to
th

e
geom

etric
con

vergen
ce

rate
of

th
e

d
ata

au
gm

en
tation

G
ib

b
s

sam
p
ler

(L
iu

(1994b
)).

F
or

h
(θ)

=
θ
j

a
co

ord
in

ate
p
ro

jection
,

th
e

n
u
m

erator
of

th
e

last
term

of
(2)

is,
in

form
ally,

th
e

average
sq

u
ared

step
size

for
th

e
au

gm
en

tation
algorith

m
at

station
arity

in
d
irection

j,
w

h
ile

th
e

d
en

om
in

ator
is

th
e

sq
u
ared

w
id

th
of

th
e

b
u
lk

of
th

e
p

osterior
in

d
irection

j.
C

on
seq

u
en

tly,
γ

w
ill

b
e

clo
se

to
1

w
h
en

ever
th

e
average

step
size

at
station

arity
is

sm
all

relative
to

th
e

w
id

th
of

th
e

b
u
lk

of
th

e
p

osterior.
T

h
e

p
u
rp

ose
of

C
D

A
is

to
in

tro
d
u
ce

ad
d
ition

al
p
aram

eters
th

at
allow

u
s

to
con

trol
th

e
step

size
relative

to
th

e
p

osterior
w

id
th

–
rou

gh
ly

sp
eak

in
g,

th
e

ratio
in

(2)
–

w
ith

greater
fl
ex

ib
ility

th
an

rep
aram

etrization
or

p
aram

eter
ex

p
an

sion
.

T
h
e

fl
ex

ib
ility

gain
s

are
ach

ieved
b
y

allow
in

g
th

e
in

varian
t

m
easu

re
to

ch
an

ge
as

a
resu

lt
of

th
e

in
tro

d
u
ced

p
aram

eters.
T

h
e

ad
d
ition

al
p
aram

eters,
w

h
ich

w
e

d
en

ote
(r,b),

corresp
on

d
to

a
collection

of
rep

aram
etrization

s,
each

of
w

h
ich

d
efi

n
es

a
p
rop

er
(b

u
t

d
istin

ct)
likelih

o
o
d
L
r,b (θ;y

),
an

d
for

w
h
ich

th
ere

ex
ists

a
G

ib
b
s

u
p

d
ate

ru
le

of
th

e
form

(1).
In

gen
eral,

r
is

a
vector

of
scale

p
aram

eters
th

at
are

tu
n
ed

to
in

crease
E

[var(h
(θ)|

z
)]{

va
r(h

(θ))} −
1

–
u
su

ally
for

co
ord

in
ate

p
ro

jection
s
h

(θ)
=
θ
j

–
alth

ou
gh

th
e

ex
act

w
ay

in
w

h
ich

th
ey

en
ter

th
e

likelih
o
o
d

an
d

corresp
on

d
in

g
G

ib
b
s

u
p

d
ate

d
ep

en
d

on
th

e
ap

p
lication

;
b

are
lo

cation
p
aram

eters
th

at
sh

ift
th

e
h
igh

p
osterior

region
of
L
r,b (θ;y

)
to

b
etter

ap
p
rox

im
ate

L
(θ;y

).
T

h
e

rep
aram

etrization
also

h
as

th
e

p
rop

erty
th

at
L

1
,0 (θ;y

)
=
L

(θ;y
),

th
e

origin
al

likelih
o
o
d
.

T
h
e

resu
ltin

g
G

ib
b
s

sam
p
ler,

w
h
ich

w
e

refer
to

as
C

D
A

G
ib

b
s,

h
as
θ-m

argin
al

in
varian

t
m

easu
re

Π
r,b (θ;y

)
∝

L
r,b (θ;y

)Π
0(θ),

w
h
ere

Π
0(θ)

is
th

e
p
rior.

U
ltim

ately,
w

e
a
re

in
terested

in
Π

1
,0 (θ;y

),
so

w
e

u
se

C
D

A
G

ib
b
s

as
an

effi
cien

t
p
ro

p
osal

for
M

etrop
olis-H

astin
gs.

T
h
at

is,
w

e
p
rop

ose
θ ∗

from
q(θ ∗;θ)

w
ith

q(θ ∗;θ)
=

∫

z∈Z
π
r,b (z

;θ,y
)f
r,b (θ ∗;z

,y
)d
z
,

(3)
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C
a
l
ib
r
a
t
e
d

D
a
t
a
A
u
g
m
e
n
t
a
t
io
n

w
h
er

e
π
r,
b

an
d
f r
,b

d
en

ot
e

th
e

co
n
d
it

io
n
al

d
en

si
ti

es
of
z

an
d
θ

in
th

e
G

ib
b
s

sa
m

p
le

r
w

it
h

in
va

ri
an

t
m

ea
su

re
Π
r,
b
.

B
y

tu
n
in

g
(r
,b

)
d
u
ri

n
g

an
ad

ap
ta

ti
on

p
h
a
se

to
re

d
u
ce

th
e

au
to

co
r-

re
la

ti
on

s
an

d
in

cr
ea

se
th

e
M

et
ro

p
ol

is
-H

as
ti

n
gs

ac
ce

p
ta

n
ce

ra
te

,
w

e
ca

n
ob

ta
in

a
co

m
p
u
ta

-
ti

on
al

ly
effi

ci
en

t
al

go
ri

th
m

.
T

u
n
in

g
is

fa
ci

li
ta

te
d

b
y

th
e

fa
ct

th
a
t

th
e

M
H

ac
ce

p
ta

n
ce

ra
ti

os
u
si

n
g

th
is

p
ro

p
os

al
ke

rn
el

h
av

e
a

co
n
ve

n
ie

n
t

fo
rm

,
w

h
ic

h
is

a
n
ic

e
fe

at
u
re

o
f

u
si

n
g

G
ib

b
s

to
ge

n
er

at
e

M
H

p
ro

p
os

al
s.

R
e
m

a
rk

1
T

h
e

C
D

A
M

H
a
cc

ep
ta

n
ce

ra
ti

o
is

gi
ve

n
by

α
(θ
,θ
∗ )

=
m

in

{ 1,
L

(θ
∗ ;
y
)Π

0
(θ
∗ )
q(
θ;
θ∗

)

L
(θ

;y
)Π

0
(θ

)q
(θ
∗ ;
θ)

}

=
m

in

{ 1,
L

(θ
∗ ;
y
)L

r,
b
(θ

;y
)

L
(θ

;y
)L

r,
b
(θ
∗ ;
y
)} .

(4
)

A
ge

n
er

al
st

ra
te

gy
fo

r
tu

n
in

g
is

gi
ve

n
in

S
ec

ti
on

4.
W

e
gi

ve
a

b
as

ic
co

n
ve

rg
en

ce
gu

ar
an

te
e

th
at

h
ol

d
s

fo
r

C
D

A
M

H
u
n
d
er

w
ea

k
as

su
m

p
ti

on
s

on
L
r,
b
,

w
h
ic

h
is

b
as

ed
on

R
ob

er
ts

an
d

S
m

it
h

(1
99

4)
.

B
as

ic
al

ly
,

o
n
e

n
ee

d
s

Π
(·)
�

Π
r,
b
(·)

fo
r

al
l
r,
b,

w
h
er

e
fo

r
tw

o
p
ro

b
ab

il
it

y
m

ea
su

re
s
µ
,ν

,
µ

(·)
�

ν
(·)

m
ea

n
s
µ

is
ab

so
lu

te
ly

co
n
ti

n
u
ou

s
w

it
h

re
sp

ec
t

to
ν

.

R
e
m

a
rk

2
(E

rg
o
d

ic
it

y
)

A
ss

u
m

e
th

a
t

Π
(d
θ)

a
n

d
Π
r,
b
(d
θ)

h
a
ve

d
en

si
ti

es
w

it
h

re
sp

ec
t

to
L

eb
es

gu
e

m
ea

su
re

o
n
R
p
,

a
n

d
th

a
t
K
r,
b
((
θ,
z
);

(θ
′ ,
z
′ )

)
>

0
∀(

(θ
,z

),
(θ
′ ,
z
′ )

)
∈

(Θ
×
Z

)
×

(Θ
×

Z
).

T
h
en

,

•
F

o
r

fi
xe

d
r,
b,

C
D

A
G

ib
bs

is
er

go
d
ic

w
it

h
in

va
ri

a
n

t
m

ea
su

re
Π
r,
b
(d
θ,
d
z
).

•
A

M
et

ro
po

li
s-

H
a
st

in
gs

a
lg

o
ri

th
m

w
it

h
p
ro

po
sa

l
ke

rn
el
q r
,b

(θ
′ ;
θ)

a
s

d
efi

n
ed

in
(3

)
w

it
h

fi
xe

d
r,
b

is
er

go
d
ic

w
it

h
in

va
ri

a
n

t
m

ea
su

re
Π

(d
θ)

.

P
ro

of
s

ar
e

lo
ca

te
d

in
th

e
A

p
p

en
d
ix

.

2
.1

.
In

it
ia

l
E

x
a
m

p
le

:
P

ro
b

it
w

it
h

In
te

rc
e
p

t
O

n
ly

T
o

il
lu

st
ra

te
th

e
C

D
A

al
go

ri
th

m
,

w
e

fi
rs

t
p
re

se
n
t

a
to

y
ex

am
p
le

of
th

e
p
ro

b
it

re
gr

es
si

on
w

it
h

in
te

rc
ep

t
on

ly
.

y i
∼

B
er

n
ou

ll
i(
p
i)
,

p
i

=
Φ

(θ
)

i
=

1,
..
.,
n

an
d

im
p
ro

p
er

p
ri

or
Π

0
(θ

)
∝

1.
T

h
e

d
at

a
au

gm
en

ta
ti

on
al

go
ri

th
m

(T
an

n
er

an
d

W
on

g,
19

87
;

A
lb

er
t

an
d

C
h
ib

,
19

93
)

is
b
as

ed
on

th
e

fo
ll
ow

in
g

in
te

gr
al

L
(y
i;
θ)

=

{
∫ ∞ 0

f
(z
i;
θ,

1)
d
z i

if
y i

=
1

∫ 0 −
∞
f

(z
i;
θ,

1)
d
z i

if
y i

=
0

i
=

1,
..
.,
n

w
h
er

e
f

(z
;µ
,σ

2
)

is
th

e
d
en

si
ty

fo
r

n
or

m
al

d
is

tr
ib

u
ti

on
N

o(
µ
,σ

2
).

T
h
is

le
ad

s
to

th
e

u
p

d
at

e
ru

le

z i
|θ
,y
i
∼
{

N
o [

0
,∞

)(
θ,

1)
if
y i

=
1

N
o (
−
∞
,0

](
θ,

1)
if
y i

=
0

i
=

1,
..
.,
n
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D
u
a
n
,
J
o
h
n
d
r
o
w

a
n
d

D
u
n
so

n

θ
|z
,y
∼

N
o

(
n
−

1
∑ i

z i
,n
−

1

)
,

w
h
er

e
th

e
su

b
sc

ri
p
t

in
N

o
[a
,b

](
µ
,σ

2
)

d
en

ot
es

th
e

tr
u
n
ca

ti
on

to
th

e
in

te
rv

al
[a
,b

].
J
o
h
n
d
ro

w
et

al
.

(2
01

8)
sh

ow
th

at
w

h
en
∑

i
y i

=
1,

va
r(
θ t
|θ

t−
1
)

is
ap

p
ro

x
im

at
el

y
n
−

1
lo

g
n

,
w

h
il
e

th
e

w
id

th
of

th
e

h
ig

h
p
ro

b
ab

il
it

y
re

gi
on

of
th

e
p

os
te

ri
or

is
or

d
er

(l
og
n

)−
1
,

le
a
d
in

g
to

sl
ow

m
ix

in
g.

W
e

in
tr

o
d
u
ce

a
sc

al
e

p
ar

am
et

er
r i

in
th

e
u
p

d
at

e
fo

r
z i

,
an

d
a
d
ju

st
th

e
co

n
d
it

io
n
a
l

m
ea

n
b
y

a
lo

ca
ti

on
p
ar

am
et

er
b i

.
T

h
is

is
eq

u
iv

al
en

t
to

ch
an

gi
n
g

th
e

sc
al

e
of
z i
|θ
,y
i

fr
o
m

1
to
r i

an
d

th
e

m
ea

n
fr

om
θ

to
θ

+
b i

.
T

h
es

e
ad

ju
st

m
en

ts
y
ie

ld

P
r(
y i

=
1|
θ,
r i
,b
i)

=

∫
∞

0

1
√

2
π
r i

ex
p

( −
(z
i
−
θ
−
b i

)2

2r
2 i

)
d
z i

=
Φ

(
θ

+
b i

√
r i

) .
(5

)

In
th

is
si

m
p
le

ex
am

p
le

,
w

e
se

t
th

e
tu

n
in

g
p
ar

am
et

er
s

to
b

e
al

l
th

e
sa

m
e:
r i

=
r 0

a
n
d
b i

=
b 0

ov
er
i

=
1,
..
.,
n

,
w

it
h
r 0

an
d
b 0

tw
o

sc
al

ar
s.

T
h
is

le
ad

s
to

th
e

m
o
d
ifi

ed
d
at

a
a
u
g
m

en
ta

ti
on

al
go

ri
th

m

z i
|θ
,y
i
∼
{

N
o [

0
,∞

)(
θ

+
b 0
,r

0
)

if
y i

=
1

N
o

(−
∞
,0

](
θ

+
b 0
,r

0
)

if
y i

=
0

i
=

1,
..
.,
n

(6
)

θ
|z
,y
∼

N
o

(
n
−

1
∑ i

(z
i
−
b 0

),
n
−

1
r 0

)
.

T
o

ac
h
ie

ve
st

ep
si

ze
s

co
n
si

st
en

t
w

it
h

th
e

w
id

th
of

th
e

h
ig

h
p

os
te

ri
or

p
ro

b
a
b
il
it

y
re

g
io

n
,

w
e

n
ee

d
n
−

1
r 0
≈

(l
og
n

)−
1
,

so
r 0
≈
n
/

lo
g
n

.
T

o
p
re

se
rv

e
th

e
o
ri

gi
n
al

ta
rg

et
,

w
e

u
se

(6
)

to
ge

n
er

at
e

an
M

H
p
ro

p
os

al
θ∗

.
B

y
R

em
ar

k
1,

th
e

M
H

ac
ce

p
ta

n
ce

p
ro

b
ab

il
it

y
is

g
iv

en
b
y

(4
)

w
it

h
L
r,
b
(θ

;y
i)

=
Φ
( (θ

+
b 0

)r
0
−

1
/
2
) y
i
Φ
( −

(θ
+
b 0

)r
0
−

1
/
2
) (1
−
y
i
)

an
d
L

(θ
;y
i)

=
L

1
,0

(θ
;y
i)

.
S
et

ti
n
g
r 0

=
1

an
d
b 0

=
0

le
ad

s
to

ac
ce

p
ta

n
ce

ra
te

of
1,

w
h
ic

h
co

rr
es

p
on

d
s

to
th

e
o
ri

g
in

a
l

G
ib

b
s

sa
m

p
le

r.
T

o
il
lu

st
ra

te
,

w
e

co
n
si

d
er
∑

i
y i

=
1

an
d
n

=
10

4
.

L
et

ti
n
g
r 0

=
n
/

lo
g
n

,
w

e
th

en
ch

o
o
se

b 0
to

in
cr

ea
se

th
e

ac
ce

p
ta

n
ce

ra
te

in
th

e
M

H
st

ep
.

In
th

is
si

m
p
le

ex
a
m

p
le

,
it

is
ea

sy
to

co
m

p
u
te

a
“g

o
o
d
”

va
lu

e
of
b 0

,
si

n
ce
b 0

=
−

3.
7(
√
r
−

1)
re

su
lt

s
in

P
r(
y i

=
1
)

=
Φ

(−
3.

7
)

=
n
−

1
∑

i
y i
≈

10
−

4
in

th
e

p
ro

p
os

al
d
is

tr
ib

u
ti

on
,

ce
n
te

ri
n
g

th
e

p
ro

p
os

al
s

n
ea

r
th

e
M

L
E

fo
r
p
i.

W
e

p
er

fo
rm

co
m

p
u
ta

ti
on

fo
r

th
es

e
d
at

a
w

it
h

d
iff

er
en

t
va

lu
es

of
r 0

ra
n
gi

n
g

fr
o
m
r 0

=
1

to
r 0

=
5,

00
0,

w
it

h
r 0

=
1,

00
0
≈
n
/

lo
g
n

co
rr

es
p

on
d
in

g
to

th
e

th
eo

re
ti

ca
ll
y

o
p
ti

m
a
l

va
lu

e.
F

ig
u
re

1(
a)

p
lo

ts
au

to
co

rr
el

at
io

n
fu

n
ct

io
n
s

(A
C

F
s)

fo
r

th
es

e
d
iff

er
en

t
sa

m
p
le

rs
w

it
h
o
u
t

M
H

ad
ju

st
m

en
t.

A
u
to

co
rr

el
at

io
n

is
v
er

y
h
ig

h
ev

en
at

la
g

40
fo

r
r 0

=
1,

w
h
il
e

in
cr

ea
si

n
g
r 0

le
a
d
s

to
d
ra

m
at

ic
im

p
ro

ve
m

en
ts

in
m

ix
in

g.
T

h
er

e
ar

e
n
o

fu
rt

h
er

ga
in

s
in

in
cr

ea
si

n
g
r 0

fr
o
m

th
e

th
eo

re
ti

ca
ll
y

op
ti

m
al

va
lu

e
of
r 0

=
1,

00
0

to
r 0

=
5,

00
0.

F
ig

u
re

1(
b
)

sh
ow

s
ke

rn
el

-s
m

o
o
th

ed
d
en

si
ty

es
ti

m
at

es
of

th
e

p
os

te
ri

or
of
θ

w
it

h
ou

t
M

H
ad

ju
st

m
en

t
fo

r
d
iff

er
en

t
va

lu
es

o
f
r 0

an
d

b
as

ed
on

lo
n
g

ch
ai

n
s

to
m

in
im

iz
e

th
e

im
p
ac

t
of

M
on

te
C

ar
lo

er
ro

r;
th

e
p

o
st

er
io

rs
ar

e
al

l
ce

n
te

re
d

on
th

e
sa

m
e

va
lu

es
b
u
t

w
it

h
va

ri
an

ce
in

cr
ea

si
n
g

so
m

ew
h
at

w
it

h
r 0

.
W

it
h

M
H

ad
ju

st
m

en
t

su
ch

d
iff

er
en

ce
s

ar
e

re
m

ov
ed

;
th

e
M

H
st

ep
h
as

ac
ce

p
ta

n
ce

p
ro

b
a
b
il
it

y
cl

o
se

to
on

e
fo

r
r 0

=
10

an
d
r 0

=
10

0,
ab

ou
t

0.
6

fo
r
r 0

=
1,

00
0,

an
d

0.
2

fo
r
r 0

=
5,

0
0
0
.
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C
a
l
ib
r
a
t
e
d

D
a
t
a
A
u
g
m
e
n
t
a
t
io
n

0.00

0.25

0.50

0.75

1.00

0
10

20
30

40

r
110100
1000
5000

-0.25

Lag

ACF

(a
)
A
C
F

fo
r
C
D
A

w
ith

o
u
t
M
H

a
d
ju
stm

en
t.

0.0

0.5

1.0

1.5

−
8 

−
6 

−
4 

−
2 

0
theta

density

r
110
100
1000
5000

(b
)
P
o
sterio

r
d
en

sity
estim

a
tes

w
ith

o
u
t
M
H

a
d
ju
stm

en
t.

−
0.25 

0.00

0.25

0.50

0.75

1.00

0
10

20
30

40
Lag

ACF

r
110100
1000
5000

(c)
A
C
F

fo
r
C
D
A

w
ith

M
H

a
d
-

ju
stm

en
t

F
ig

u
re

1:
A

u
to

correlation
fu

n
ction

s
(A

C
F

s)
an

d
kern

el-sm
o
oth

ed
d
en

sity
estim

ates
for

d
if-

feren
t

C
D

A
sam

p
lers

in
in

tercep
t-on

ly
p
rob

it
m

o
d
el.

W
e

a
lso

stu
d
y

a
com

m
on

h
ierarch

ical
G

a
u
ssian

ex
am

p
le

in
ap

p
en

d
ix

C
.

3
.

S
p

e
cifi

c
A

lg
o
rith

m
s

In
th

is
sectio

n
,

w
e

d
escrib

e
C

D
A

algorith
m

s
for

gen
eral

p
rob

it
a
n
d

logistic
regression

.

3
.1

.
P

ro
b

it
R

e
g
re

ssio
n

C
o
n
sid

er
th

e
p
rob

it
regression

:

y
i ∼

B
ern

ou
lli(p

i ),
p
i

=
Φ

(x
i θ)

i
=

1,...,n

w
ith

im
p
ro

p
er

p
rior

Π
0(θ)∝

1.
T

h
e

d
ata

au
gm

en
tation

sam
p
ler

(T
an

n
er

an
d

W
on

g,
1987;

A
lb

ert
a
n
d

C
h
ib

,
1993)

h
as

th
e

u
p

d
ate

ru
le

z
i |
θ,x

i ,y
i ∼

{
N

o
[0
,∞

) (x
i θ,1)

if
y
i

=
1

N
o

(−
∞
,0

] (x
i θ,1)

if
y
i

=
0

i
=

1,...,n

θ|
z
,x
,y
∼

N
o((X

′X
) −

1X
′z
,(X

′X
) −

1).

L
iu

a
n
d

W
u

(1
999)

an
d

M
en

g
an

d
V

an
D

y
k

(1999),
am

on
g

oth
ers,

p
rev

iou
sly

stu
d
ied

th
is

alg
o
rith

m
an

d
p
rop

osed
to

rescale
θ

th
ro

u
gh

p
aram

eter
ex

p
an

sion
.

H
ow

ever,
th

is
m

o
d
ifi

-
ca

tio
n

d
o
es

n
o
t

im
p
act

th
e

con
d
ition

a
l

varian
ce

o
f
θ

an
d

th
u
s

d
o
es

n
ot

d
irectly

in
crease

ty
p
ica

l
step

sizes.
O

u
r

a
p
p
roa

ch
is

fu
n
d
am

en
tally

d
iff

eren
t,

sin
ce

w
e

d
irectly

ad
ju

st
th

e
con

d
ition

al
vari-

an
ce.

S
im

ila
r

to
th

e
in

tercep
t

on
ly

m
o
d
el,

w
e

m
o
d
ify

var(θ|z
)

b
y

ch
an

gin
g

th
e

scale
of

each
z
i .

T
h
is

y
ield

s
th

e
u
p

d
ate

ru
le

z
i |
θ,x

i ,y
i ∼

{
N

o
[0
,∞

) (x
i θ

+
b
i ,r

i )
if
y
i

=
1

N
o

(−
∞
,0

] (x
i θ

+
b
i ,r

i )
if
y
i

=
0

i
=

1,...,n
(7)

θ|
z
,X
∼

N
o((X

′R
−

1X
) −

1X
′R
−

1(z−
b),(X

′R
−

1X
) −

1),

w
h
ere

R
=

d
ia

g
(r

1 ,...,r
n
),
b

=
(b

1 ,...,b
n
) ′.

U
n
d
er

th
e

B
ern

ou
lli

likelih
o
o
d
,

w
e

h
ave

P
r(y

i
=

1|θ,x
i ,r

i ,b
i )

=

∫
∞0

1
√

2
π
r
i

ex
p (−

(z
i −

x
i θ−

b
i )

2

2r
i

)
d
z
i
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D
u
a
n
,
J
o
h
n
d
r
o
w

a
n
d

D
u
n
so

n

=
Φ (

x
i θ

+
b
i

√
r
i

)
.

(8)

F
or

fi
x
ed

r
=

(r
1 ,...,r

n
)

an
d
b

=
(b

1 ,...,b
n
),

(8)
d
efi

n
es

a
p
rop

er
B

ern
ou

lli
lik

elih
o
o
d

for
y
i

con
d
ition

al
on

p
aram

eters,
an

d
th

erefore
th

e
tran

sition
k
ern

el
Q
r,b ((θ,z

);·)
d
efi

n
ed

b
y

th
e

G
ib

b
s

u
p

d
ate

ru
le

in
(7)

w
ou

ld
h
ave

a
u
n
iq

u
e

in
varian

t
m

easu
re

for
fi
x
ed

r,b,
w

h
ich

w
e

d
en

ote
Π
r,b (θ,z

|
y
).

F
or

in
sigh

t
in

to
th

e
relation

sh
ip

b
etw

een
r

an
d

step
size,

co
n
sid

er
th

e
θ-m

argin
al

au
to-

covarian
ce

in
a

G
ib

b
s

sam
p
ler

ev
olv

in
g

accord
in

g
to
K
r,b

cov
r,b (θ

t |
θ
t−

1 ,X
,z
,y

)

=
(X
′R
−

1X
) −

1
+

(X
′R
−

1X
) −

1X
′R
−

1cov
(z−

b|R
)R
−

1X
(X
′R
−

1X
) −

1

≥
(X
′R
−

1X
) −

1.

In
th

e
sp

ecial
case

w
h
ere

r
i

=
r

0
for

all
i,

w
e

h
ave

cov
r,b (θ

t |
θ
t−

1 ,X
,z
,y

)≥
r

0 (X
′X

) −
1,

so
th

at
all

of
th

e
con

d
ition

al
varian

ces
are

in
creased

b
y

at
least

a
factor

of
r

0 .
T

h
is

h
old

s
u
n
iform

ly
ov

er
th

e
en

tire
state

sp
ace,

so
it

follow
s

th
at

E
Π
r
,b [var(θ

j |
z
)]≥

r
0 E

Π
[var(θ

j |
z
)].

T
h
e

key
to

C
D

A
is

to
ch

o
ose

r,b
to

m
ake

E
Π
r
,b [var(θ

j
|
z
)]

close
to

var
Π
r
,b (θ

j
|
z
),

w
h
ile

ad
d
ition

ally
m

ax
im

izin
g

th
e

M
H

accep
tan

ce
p
rob

ab
ility.

W
e

d
efer

th
e

d
etails

of
tu

n
in

g
algorith

m
for

r,b
to

th
e

n
ex

t
section

.

F
or

illu
stration

,
w

e
con

sid
er

a
sim

u
lation

stu
d
y

for
p
rob

it
regression

w
ith

an
in

tercep
t

an
d

tw
o

p
red

ictors
x
i,1 ,x

i,2 ∼
N

o(1
,1),

w
ith

θ
=

(−
5
,1
,−

1) ′,
gen

eratin
g
∑

i y
i ≈

20
am

on
g

n
=

10
,000.

T
h
e

A
lb

ert
an

d
C

h
ib

(199
3)

D
A

algorith
m

m
ix

es
slow

ly
(F

igu
re

2(a)
an

d
2(b

)).
W

e
also

sh
ow

th
e

resu
lts

of
th

e
p
aram

eter
ex

p
an

sion
algorith

m
(P

X
-D

A
)

p
rop

osed
b
y

L
iu

an
d

W
u

(1999).
P

X
-D

A
on

ly
m

ild
ly

red
u
ces

th
e

correlation
,

as
it

d
o
es

n
ot

solve
th

e
sm

all
step

size
p
rob

lem
.

A
fter

tu
n
in

g,
C

D
A

reach
es

a
satisfactory

accep
tan

ce
ra

te
of

0.6
an

d
lead

s
to

d
ram

atically
b

etter
m

ix
in

g.
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F
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P
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(a
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d
em
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st

ra
te

s
in

tr
ac

ep
lo

t
an

d
p
a
n
el

(b
)

in
au

to
co

rr
el

at
io

n
th

e
su

b
-

st
an

ti
al

im
p
ro

ve
m

en
t

in
C

D
A

b
y

co
rr

ec
ti

n
g

th
e

va
ri

an
ce

m
is

-m
at

ch
in

p
ro

b
it

re
gr

es
si

on
w

it
h

ra
re

ev
en

t
d
at

a,
co

m
p
ar

ed
w

it
h

th
e

or
ig

in
al

(A
lb

er
t

an
d

C
h
ib

,
19

93
)

an
d

p
ar

am
et

er
-e

x
p
an

d
ed

m
et

h
o
d
s

(L
iu

an
d

W
u
,

19
99

).

3
.2

.
L

o
g
is

ti
c

R
e
g
re

ss
io

n

In
th

e
se

co
n
d

ex
am

p
le

,
w

e
fo

cu
s

on
th

e
lo

gi
st

ic
re

gr
es

si
on

m
o
d
el

w
it

h

y i
∼

B
er

n
ou

ll
i(
p
i)
,

p
i

=
ex

p
(x
iθ

)

1
+

ex
p
(x
iθ

)
i

=
1,
..
.,
n

(9
)

an
d

im
p
ro

p
er

p
ri

or
Π

0
(θ

)
∝

1.
F

or
th

is
m

o
d
el

,
P

ol
so

n
et

al
.

(2
01

3)
p
ro

p
os

ed
P

ol
ya

-G
am

m
a

d
at

a
au

gm
en

ta
ti

on
:

z i
∼

P
G

(1
,|x

iθ
|)

i
=

1,
..
.,
n
,

θ
∼

N
o
( (X

′ Z
X

)−
1
X
′ (
y
−

0
.5

),
(X
′ Z
X

)−
1
) ,

w
h
er

e
Z

=
d
ia

g(
z 1
,.
..
,z
n
).

T
h
is

al
go

ri
th

m
re

li
es

on
ex

p
re

ss
in

g
th

e
lo

gi
st

ic
re

gr
es

si
on

li
ke

li
h
o
o
d

as L
(x
iθ

;y
i)

=

∫
∞

0
ex

p
{x

iθ
(y
i
−

1
/2

)}
ex

p

{
−
z i

(x
iθ

)2

2

} P
G

(z
i
|1
,0

)d
z i
,

w
h
er

e
P

G
(a

1
,a

2
)

d
en

ot
es

th
e

d
en

si
ty

of
th

e
P

ol
ya

-G
am

m
a

d
is

tr
ib

u
ti

on
w

it
h

p
ar

am
et

er
s

a
1
,a

2
,

w
it

h
Ez

i
=
a

1
/(

2a
2
)

ta
n
h
(a

2
/2

).
S
in

ce
ou

r
go

al
is

to
in

cr
ea

se
th

e
co

n
d
it

io
n
al

va
ri

an
ce

(X
′ Z
X

)−
1
,

w
e

ca
n

ac
h
ie

ve
th

is
st

o
ch

as
ti

ca
ll
y

b
y

re
d
u
ci

n
g

th
e

m
ea

n
Ez

i.
W

e
re

p
la

ce
P

G
(z
i
|1
,0

)
w

it
h

P
G

(z
i
|r

i,
0)

in
th

e
st

ep
fo

r
u
p

d
at

in
g

th
e

la
te

n
t

d
at

a.
A

d
d
in

g
th

e
lo

ca
ti

o
n

te
rm

b i
to

th
e

li
n
ea

r
p
re

d
ic

to
r

η i
=
x
iθ

le
ad

s
to

L
r,
b
(x
iθ

;y
i)

=

∫
∞

0
ex

p
{(
x
iθ

+
b i

)(
y i
−
r i
/
2)
}e

x
p

{
−
z i

(x
iθ

+
b i

)2

2

} P
G

(z
i
|r
i,

0)
d
z i

=
ex

p
{(
x
iθ

+
b i

)y
i}

{1
+

ex
p
(x
iθ

+
b i

)}
r i
,

(1
0)
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D
u
a
n
,
J
o
h
n
d
r
o
w

a
n
d

D
u
n
so

n

an
d

th
e

u
p

d
at

e
ru

le
fo

r
th

e
C

D
A

G
ib

b
s

sa
m

p
le

r
is

th
en

z i
∼

P
G

(r
i,
|x
iθ

+
b i
|)

i
=

1,
..
.,
n
,

θ′
∼

N
o
( (X

′ Z
X

)−
1
X
′ (
y
−
r/

2
−
Z
b)
,(
X
′ Z
X

)−
1
) ,

w
h
er

e
r

=
(r

1
,.
..
,r
n
)′

an
d
b

=
(b

1
,.
..
,b
n
)′

.
W

e
ag

ai
n

d
ef

er
th

e
tu

n
in

g
d
et

a
il
s

fo
r
r

a
n
d
b

to
th

e
n
ex

t
se

ct
io

n
.

F
or

il
lu

st
ra

ti
on

,
w

e
u
se

a
tw

o-
p
ar

am
et

er
in

te
rc

ep
t-

sl
op

e
m

o
d
el

w
it

h
x
i1
ii
d ∼

N
o
(0
,1

)
a
n
d

θ
=

(−
8
,1

)′
.

W
it

h
n

=
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5
,

w
e
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re
ou
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om

e
d
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a
w

it
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∑
y i
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a
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er
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n
in
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h
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p
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0
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n
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F
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u
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D

A
m
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es

sl
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it
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g
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d
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u
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c
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o
f

C
a
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b
ra
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n

P
a
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m
e
te

rs

A
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te
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in
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e
p
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v
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u
s
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b
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n
,
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D
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o
n
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o
d
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o
ic

es
of

th
e
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li
b
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ti
on

p
ar

am
et

er
s
r

an
d
b.

W
e

p
ro

p
os

e
a

si
m

p
le

an
d

effi
ci

en
t

a
lg

o
ri

th
m

fo
r

ca
lc

u
la

ti
n
g

“g
o
o
d
”

va
lu

es
of

th
es

e
p
ar

am
et

er
s

u
ti

li
zi

n
g

th
e

F
is

h
er

in
fo

rm
at

io
n

a
n
d
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p
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ic
a
l

M
H

ac
ce

p
ta

n
ce

ra
te

.
A

lt
h
ou

gh
ou

r
ch

oi
ce

of
ca

li
b
ra

ti
on

p
ar

am
et

er
s

re
li
es

o
n
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e
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m
p
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p
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x
im

at
io

n
s,

w
e

fi
n
d

th
at

th
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ca
li
b
ra

ti
on

ap
p
ro

ac
h

al
so

w
o
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s
w

el
l
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r

m
o
d
es

t
sa

m
p
le
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ze

. O
u
r
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ju
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e
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n
d
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n
a
l
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u
n
d
er
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b
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o
f
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e
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d
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C
a
l
ib
r
a
t
e
d

D
a
t
a
A
u
g
m
e
n
t
a
t
io
n

T
o

a
p
p
rox

im
ate

th
e

m
argin

al
varian

ce,
w

e
u
se

th
e

in
verse

of
th

e
o
b
serv

ed
F

ish
er

in
for-

m
a
tio

n
(E

fro
n

an
d

H
in

k
ley

,
1978):

var(θ|
y
)≈
I
−

1(θ̂)
(I

(θ̂) )

i,j

=

(
∂∂
θ
i

log
L

(θ;y
) )
(
∂∂
θ
j

log
L

(θ;y
) )
∣∣∣∣θ

=
θ̂

fo
r
i

=
1,...,p

,
j

=
1,...,p

,
w

h
ere

θ̂
is

th
e

M
ax

im
u
m

a
P

osteriori
(M

A
P

)
estim

ate
of
θ.

R
ecall

th
a
t

th
e

C
D

A
p
rop

osal
h
as

d
en

sity

q(θ ∗;θ)
=

∫
f
r,b (θ ∗;z

,y
)π
r,b (z

;θ,y
)d
z
,

a
n
d

th
e

co
n
d
ition

al
varian

ce
h
as

low
er

b
ou

n
d

var(θ ∗
|
θ)
≥

E
z|θ var(θ ∗

|
z
).

W
e

u
se

th
e

in
verse

o
f

th
e

o
b
serv

ed
F

ish
er

in
form

ation
to

ap
p
rox

im
ate

var(θ ∗|
z
)

v
ia

E
z|θ var(θ ∗|

z
)≈

E
z|θ I

−
1(θ̂;r,b,z

)≈
I
−

1(θ̂;r,b,z̃
(θ̂))

(I
(θ̂;r,b,z

) )

i,j

=

(
∂∂
θ ∗i

log
f
r,b (θ ∗;y

,z
) )
(

∂∂
θ ∗j

log
f
r,b (θ ∗;y

,z
) )
∣∣∣∣θ ∗

=
θ̂ .

S
in

ce
E
z|θ I

−
1(θ̂;r,b,z

)
is

often
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tractab
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m
b
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e
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p
u
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w
e
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n
d

a
p
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,
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e
F
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er
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ated
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e

con
d
ition
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m
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o
d
e
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f
π
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).
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m
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d
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w
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h
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ex

p
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O
n
e
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n

n
ow
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r,b
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u
ce
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e

d
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ce

d
1 (r,b)

=
D
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−

1(θ̂),I
−

1(θ̂;r,b,z̃
(θ̂)) ]

,
(11)

w
h
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D
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a

d
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b

etw
een
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o

m
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M
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F
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r‖M
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1
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M
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1
2
‖
F

,
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e
F
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en

iu
s
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th

e
d
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ce.
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e
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lon
g
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ab
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p
ler,

w
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ab
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π
(θ|

y
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E
θ|y E

θ ∗|θ [−
log

α
(θ,θ ∗) ]
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E
θ|y E

θ ∗|z E
z|θ

m
ax [−

log
L

(θ ∗;y
)

L
r,b (θ ∗;y

)
+

log
L

(θ;y
)

L
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con
d
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h
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s
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2 (r,b)
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m
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L
r,b (θ̃ ∗(z̃
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)

+
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L
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)

L
r,b (θ̂;y

) ,0 ]
,

(1
2)
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w
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n
d
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u
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θ̂
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M
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1 (r,b)
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d
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d
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p
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d
ition

al
estim

ators
z̃
(θ)

an
d
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W
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e
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n
in

g
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d
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T
h
e

lik
elih

o
o
d

an
d

u
p

d
ate

d
en

sities
L
r,b (θ;y

),
f
r,b (θ ∗;z
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π
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e
p
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t
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d
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F
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rob
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regression

,
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e
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o
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d
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i θ
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i θ
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b
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0
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for
i
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b).

F
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th
e

con
d
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ex
p
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b
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r
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2|x
i θ
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+
b
i |

tan
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( |x

i θ
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+
b
i |

2
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i
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1,...,n
,

θ̃ ∗(z
)

=
(X
′Z
X

) −
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Z
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∞
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b
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≤
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p
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b
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T
h
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A
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d
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an
log

n
.

W
h
ile

th
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e
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u
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gen
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h
e

d
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in
te

rc
ep

t-
on

ly
lo

gi
st

ic
re

gr
es

si
on

fr
om
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w
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p
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=
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=
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+
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∑
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w
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h
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d
ic

2
.

C
D

A
-M

H
is

u
n

if
o
rm

ly
er

go
d
ic

3
.

If
∑
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−
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g
2

σ
2

).

T
h
u
s,

fo
r
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+

4
lo
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h
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p
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=
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A
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H
is

in
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∞
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b
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g
lo

ga
ri

th
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w
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∑
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p
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p
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p
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ra
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at
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p
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p
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d
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+
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d
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=
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−
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−
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−
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−
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−
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=
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−
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=
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p
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p
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2
:

fo
r

ex
am

p
le

,
S k

1
m

ay
b

e
in

d
ep

en
d
en

t
of
S k

2
,

or
al

te
rn

at
iv

el
y
S k

1
m

ay
b

e
a

su
b
sa

m
p
le

of
S k

2
(t

h
e

la
tt

er
ca

se
is

u
se

d
in

ou
r

ex
p

er
im

en
ts

in
S
ec

ti
o
n

5)
.

T
h
e

sa
m

p
li
n
g

a
ss

u
m

p
ti

o
n

is
an

ap
p
ro

x
im

at
e

ch
ar

ac
te

ri
za

ti
on

of
th

e
la

b
el

se
le

ct
io

n
p
ro

ce
ss

,
w

h
ic

h
is

o
ft

en
a
t

le
as

t
p
ar

ti
al

ly
m

an
u
al

.
N

ev
er

th
el

es
s,

it
p
ro

v
id

es
th

e
ex

ac
t

p
ro

p
er

ti
es

w
e

n
ee

d
w

it
h
o
u
t

h
av

in
g
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E
x
t
r
a
p
o
l
a
t
in
g

E
x
p
e
c
t
e
d

A
c
c
u
r
a
c
ie
s

to
d
erive

sp
ecia

lized
m

etrics
of

h
ow

sim
ilar
S
k
2

is
to
S
k
1 .

T
h
is

sim
p
lifi

es
th

e
th

eory,
an

d
d
em

o
n
stra

tes
th

at
in

a
very

gen
eral

settin
g,

ex
trap

olation
is

p
ossib

le.
W

e
also

m
ak

e
th

e
a
ssu

m
p
tion

th
a
t

th
e

classifi
ers

train
a

m
o
d
el

in
d
ep

en
d
en

tly
for

each
class.

T
h
is

con
ven

ien
t

p
ro

p
erty

a
llow

s
u
s

to
ch

aracterize
th

e
accu

racy
of

th
e

classifi
er

b
y

selectively
con

d
itio

n
in

g
o
n

o
n
e

cla
ss

at
a

tim
e.

S
in

ce
w

e
a
ssu

m
e

th
e

lab
el

set
is

ran
d
om

,
th

e
gen

eralization
accu

racy
of

a
giv

en
clas-

sifi
er

b
eco

m
es

a
ran

d
om

variab
le.

P
erform

an
ce

ex
trap

olation
th

en
b

ecom
es

th
e

p
rob

lem
o
f

estim
atin

g
th

e
av

erage
gen

eralization
accu

racy
A

G
A
k

of
an

i.i.d
.

lab
el

setS
k

of
size

k
.

R
o
u
g
h
ly

sp
ea

k
in

g,
th

e
ach

ievab
le

accu
racy

of
a

classifi
catio

n
p
rob

lem
d
ep

en
d
s

on
h
ow

w
ell

th
e

la
b

els
ca

n
b

e
‘sep

arated
’
b
ased

on
th

e
train

in
g

d
ata–

th
at

is,
h
ow

d
iff

eren
t

th
e

em
p
irical

d
istrib

u
tio

n
s

o
f

th
e

train
in

g
d
ata

lo
ok

a
t

th
e

p
oin

ts
w

h
ere

n
ew

test
in

stan
ces

a
re

d
raw

n
.

T
h
e

co
n
d
itio

n
o
f

i.i.d
.

sam
p
lin

g
of

lab
els

en
su

res
th

at
th

e
sep

aration
of

lab
els

in
a

ran
d
om

set
S
k
2

ca
n

b
e

in
ferred

b
y

lo
ok

in
g

at
th

e
em

p
irical

sep
aration

in
S
k
1 ,

an
d

th
erefore

th
at

so
m

e
estim

a
te

of
th

e
average

accu
racy

on
S
k
2

can
b

e
o
b
tain

ed
.

O
u
r

p
ap

er
p
resen

ts
several

m
ain

con
trib

u
tion

s
related

to
ex

trap
olation

w
ith

in
th

is
fram

e-
w

o
rk

.
F

irst,
w

e
p
resen

t
a

th
eoretical

form
u
la

d
escrib

in
g

h
ow

average
accu

racy
for

sm
aller

k
is

lin
k
ed

to
av

erage
accu

racy
for

lab
el

set
of

size
K

>
k
.

W
e

sh
ow

th
at

accu
racy

at
a
n
y

size
d
ep

en
d
s

on
a

d
iscrim

in
ab

ility
fu

n
ction

D
,

w
h
ich

is
d
eterm

in
ed

b
y

p
rop

erties
of

th
e

d
a
ta

d
istrib

u
tion

an
d

th
e

classifi
er

b
u
t

d
o
es

n
ot

d
ep

en
d

on
k
.

S
econ

d
,

w
e

p
rop

o
se

an
estim

a
tion

p
ro

ced
u
re

th
at

allow
s

ex
trap

olation
of

th
e

ob
served

average
accu

racy
cu

rv
e

from
k

1 -cla
ss

d
a
ta

to
a

larger
n
u
m

b
er

of
classes,

b
ased

on
th

e
th

eoretical
form

u
la.

U
n
d
er

certain
co

n
d
itio

n
s,

th
e

estim
ation

m
eth

o
d

h
as

th
e

p
rop

erty
of

b
ein

g
an

u
n
b
iased

estim
ator

o
f

th
e

avera
g
e

a
ccu

ra
cy.

T
h
ird

,
w

e
form

a
lize

an
altern

ative
ap

p
roach

(p
rop

osed
b
y

K
ay

et
al.

(2
0
0
8
))

th
a
t

ex
trap

olates
accu

racy
sep

arately
for

each
class,

an
d

d
iscu

ss
trad

eoff
s

b
etw

een
th

e
tw

o
m

eth
o
d
s.

T
h
e

p
a
p

er
is

organ
ized

as
follow

s.
In

th
e

rest
of

th
is

section
,

w
e

d
iscu

ss
related

w
ork

.
T

h
e

fra
m

ew
ork

of
ran

d
om

ized
classifi

cation
is

in
tro

d
u
ced

in
S
ection

2,
an

d
th

ere
w

e
also

in
tro

d
u
ce

a
toy

ex
am

p
le

w
h
ich

is
rev

isited
th

rou
gh

ou
t

th
e

p
ap

er.
S
ection

3
d
evelop

s
ou

r
th

eo
ry

o
f

ex
tra

p
olation

,
an

d
in

S
ection

3.3
w

e
su

ggest
an

estim
ation

m
eth

o
d
.

W
e

evalu
ate

o
u
r

m
eth

o
d

u
sin

g
sim

u
lation

s
in

S
ectio

n
4.

In
S
ection

5
,

w
e

d
em

on
strate

ou
r

m
eth

o
d

on
a

fa
cia

l
reco

gn
itio

n
p
rob

lem
,

as
w

ell
as

an
op

tica
l

ch
aracter

recogn
ition

p
rob

lem
.

In
S
ection

6
w

e
d
iscu

ss
m

o
d
elin

g
ch

oices
an

d
lim

itation
s

of
ou

r
th

eory,
as

w
ell

as
p

oten
tia

l
ex

ten
sion

s.

1
.1

.
R

e
la

te
d

W
o
rk

L
in

k
in

g
p

erform
an

ce
b

etw
een

tw
o

d
iff

eren
t

b
u
t

related
classifi

cation
task

s
can

b
e

con
sid

ered
a
n

in
sta

n
ce

o
f

tran
sfer

learn
in

g
(P

an
an

d
Y

an
g,

2010).
U

n
d
er

P
an

an
d

Y
an

g’s
term

in
ology,

o
u
r

setu
p

is
a
n

ex
am

p
le

of
m

u
lti-task

learn
in

g,
b

ecau
se

th
e

sou
rce

task
h
as

lab
eled

d
ata,

w
h
ich

is
u
sed

to
p
red

ict
p

erform
an

ce
on

a
target

task
th

at
also

h
as

lab
eled

d
ata

.
A

p
p
lied

ex
a
m

p
les

o
f

tra
n
sfer

learn
in

g
from

on
e

lab
el

set
to

an
oth

er
in

clu
d
e

O
q
u
ab

et
al.

(2014),
D

o
n
a
h
u
e

et
al.

(2014),
S
h
arif

R
azav

ian
et

al.
(2014).

H
ow

ev
er,

th
ere

is
little

th
eory

for
p
red

ictin
g

th
e

b
eh

av
ior

of
th

e
learn

ed
classifi

er
o
n

a
n
ew

lab
el

set.
In

stea
d
,

m
ost

research
o
f

cla
ssifi

ca
tion

for
large

lab
el

sets
d
eal

w
ith

th
e

com
p
u
tation

al
ch

allen
g
es

of
join

tly
op

ti-
m

izin
g

th
e

m
a
n
y

p
aram

eters
req

u
ired

fo
r

th
ese

m
o
d
els

for
sp

ecifi
c

classifi
cation

algorith
m

s
(C

ram
m

er
a
n
d

S
in

ger,
2001;

L
ee

et
al.,

2004;
W

eston
an

d
W

atk
in

s,
1999).

G
u
p
ta

et
al.
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Z
h
e
n
g
,
A
c
h
a
n
t
a
a
n
d

B
e
n
ja

m
in
i

(2014)
p
resen

ts
a

m
eth

o
d

for
estim

atin
g

th
e

accu
racy

of
a

classifi
er

w
h
ich

can
b

e
u
sed

to
im

p
rove

p
erform

an
ce

for
gen

eral
classifi

ers,
b
u
t

d
o
esn

’t
ap

p
ly

for
d
iff

eren
t

set
sizes.

T
h
e

th
eoretical

fram
ew

ork
w

e
ad

op
t

is
on

e
w

h
ere

th
ere

ex
ists

a
fam

ily
of

classifi
cation

p
rob

lem
s

w
ith

in
creasin

g
n
u
m

b
er

of
classes.

T
h
is

fram
ew

ork
can

b
e

traced
b
ack

to
S
h
an

n
on

(1948),
w

h
o

con
sid

ered
th

e
error

rate
of

a
ran

d
om

co
d
eb

o
ok

,
w

h
ich

is
a

sp
ecial

case
of

ran
d
om

ized
classifi

cation
.

M
ore

recen
tly,

a
n
u
m

b
er

of
au

th
ors

h
ave

con
sid

ered
th

e
p
rob

lem
of

h
igh

-d
im

en
sion

al
featu

re
selection

for
m

u
lti-class

classifi
cation

w
ith

a
large

n
u
m

b
er

of
classes

(P
an

et
al.,

2016;
A

b
ram

ov
ich

an
d

P
en

sk
y
,

2015;
D

av
is

et
al.,

2011).
A

ll
of

th
ese

w
ork

s
assu

m
e

sp
ecifi

c
d
istrib

u
tion

al
m

o
d
els

for
classifi

catio
n

com
p
ared

to
ou

r
m

ore
gen

eral
setu

p
.

H
ow

ever,
w

e
d
o

n
ot

d
eal

w
ith

th
e

p
rob

lem
of

featu
re

selection
.

P
erh

ap
s

th
e

m
ost

sim
ilar

m
eth

o
d

th
at

d
eals

w
ith

ex
trap

olation
of

classifi
cation

error
to

a
larger

n
u
m

b
er

of
classes

can
b

e
fou

n
d

in
K

ay
et

al.
(2008).

T
h
ey

train
ed

a
classifi

er
for

id
en

tify
in

g
th

e
ob

served
stim

u
lu

s
from

a
fu

n
ction

al
M

R
I

scan
of

b
rain

activ
ity,

an
d

w
ere

in
terested

in
its

p
erform

an
ce

on
larger

stim
u
li

sets.
T

h
ey

p
ro

p
osed

an
ex

trap
olation

algorith
m

,
b
ased

o
n

p
er-class

kern
el

d
en

sity
estim

ation
,

as
a

h
eu

ristic
w

ith
little

th
eoretical

d
iscu

ssion
.

In
S
ection

3.5,
w

e
form

alize
th

eir
m

eth
o
d

w
ith

in
ou

r
fram

ew
ork

,
an

d
im

p
lem

en
t

tw
o

variation
s

of
th

eir
algorith

m
.

W
e

p
resen

t
sim

u
lation

resu
lts

an
d

th
eoretical

argu
m

en
ts

to
com

p
are

th
e

algorith
m

to
th

e
regression

ap
p
roach

w
e

p
rop

ose.

2
.

R
a
n
d
o
m

ize
d

C
la

ssifi
ca

tio
n

T
h
e

ran
d
om

ized
classifi

cation
m

o
d
el

w
e

stu
d
y

h
as

th
e

follow
in

g
featu

res.
W

e
assu

m
e

th
at

th
ere

ex
ists

an
in

fi
n
ite,

p
erh

ap
s

con
tin

u
ou

s,
la

b
el

sp
aceY

an
d

an
ex

am
p
le

sp
aceX

⊆
R
p.

In
th

e
su

b
seq

u
en

t
th

eory
w

e
assu

m
e

th
atY

is
con

tin
u
ou

s
solely

for
th

e
sak

e
of

m
ath

em
atical

con
ven

ien
ce,

so
th

at
w

e
can

d
iscu

ss
p
ro

b
ab

ility
in

tegrals
on

th
e

sp
ace

w
ith

ou
t

th
e

u
se

of
m

easu
re-th

eoretic
n
otation

.
H

ow
ever,

th
e

th
eory

w
ou

ld
also

ap
p
rox

im
ately

d
escrib

e
th

e
case

ofY
is

a
su

ffi
cien

tly
large

d
iscrete

sp
ace,

as
lon

g
as

th
e

p
rob

ab
ility

m
ass

of
th

e
largest

atom
is

su
itab

ly
sm

all.

W
e

assu
m

e
th

ere
ex

ists
a

p
rior

d
istrib

u
tion

π
on

th
e

lab
el

sp
ace
Y

,
an

d
th

at
for

each
lab

el
y
∈
Y

,
th

ere
ex

ists
a

d
istrib

u
tion

of
ex

am
p
les

F
y .

In
oth

er
w

ord
s,

for
an

ex
am

p
le-lab

el
p
air

(X
,Y

),
th

e
con

d
ition

al
d
istrib

u
tio

n
of
X

given
Y

=
y

is
giv

en
b
y
F
y .

A
ran

d
om

classifi
cation

task
can

b
e

gen
erated

as
follow

s.
T

h
e

lab
elsetS

=
{
Y

(1
),...,Y

(k
)}

is
gen

erated
b
y

d
raw

in
g

lab
els

Y
(1

),...,Y
(k

)
i.i.d

.
from

π
.

H
ere

w
e

assu
m

e
th

e
n
u
m

b
er

of
lab

els
k

to
b

e
d
eterm

in
istic.

F
or

each
lab

el,
w

e
sam

p
le

a
train

in
g

set
an

d
a

test
set.

T
h
e

test
set

is
ob

tain
ed

b
y

sam
p
lin

g
r

ob
servation

s
X

(i)
`

i.i.d
.

from
F
Y

(i)
for

`
=

1
,...,r.

F
or

n
ow

,
w

e
can

also
assu

m
e

th
at

th
e

train
in

g
set

is
ob

tain
ed

b
y

sam
p
lin

g
r
tr
a
in

ob
servation

s

X
(i)
`,tr

a
in

i.i.d
.

from
F
Y

(i)
for

`
=

1
,...,r

tr
a
in

an
d
i

=
1
,...,k

.
H

ow
ev

er,
later

w
e

w
ill

relax
th

ese
assu

m
p
tion

s
on

th
e

sam
p
lin

g
of

th
e

train
in

g
sets,

so
th

at
w

e
can

accom
m

o
d
ate

classes
h
ave

d
iff

erin
g

or
sto

ch
astically

d
eterm

in
ed

n
u
m

b
er

of
in

stan
ces,

as
lo

n
g

as
th

e
n
u
m

b
er

of
train

in
g

in
stan

ces
for

d
iff

eren
t

lab
els

are
con

d
ition

ally
in

d
ep

en
d
en

t.

R
ecallin

g
th

e
face

recogn
ition

ex
am

p
le,Y

is
th

e
sp

ace
of

all
p

eop
le,

π
is

som
e

d
istrib

u
-

tion
for

sam
p
lin

g
over

p
eop

le,
X

is
a

p
h
oto

of
a

p
erson

’s
face,

an
d
F
Y

is
th

e
con

d
itio

n
al

d
istrib

u
tion

of
p
h
otos

for
p

erson
Y

.
T

h
e

goal
of

classifi
cation

is
to

lab
el

th
e

p
h
oto

X
w

ith
th

e
correct

p
erson

Y
.
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E
x
t
r
a
p
o
l
a
t
in
g

E
x
p
e
c
t
e
d

A
c
c
u
r
a
c
ie
s

W
e

as
su

m
e

th
at

th
e

cl
as

si
fi
er
h

(x
)

w
or

k
s

b
y

as
si

gn
in

g
a

sc
or

e
to

ea
ch

la
b

el
y

(i
)
∈
S,

th
en

ch
o
os

in
g

th
e

la
b

el
w

it
h

th
e

h
ig

h
es

t
sc

or
e.

T
h
at

is
,

th
er

e
ex

is
t

re
al

-v
al

u
ed

sc
o
re

fu
n

ct
io

n
s

m
y
(i
)
(x

)
fo

r
ea

ch
la

b
el
y

(i
)
∈
S.

H
er

e
w

e
u
se

d
th

e
lo

w
er

-c
as

e
n
ot

at
io

n
y

(i
)

fo
r

th
e

la
b

el
s,

tr
ea

ti
n
g

th
em

as
fi
x
ed

fo
r

n
ow

.
S
in

ce
th

e
cl

as
si

fi
er

is
al

lo
w

ed
to

d
ep

en
d

on
th

e
tr

a
in

in
g

d
at

a,
it

is
co

n
ve

n
ie

n
t

to
v
ie

w
it

(a
n
d

it
s

a
ss

o
ci

at
ed

sc
or

e
fu

n
ct

io
n
s)

as
ra

n
d
om

.
W

e
w

ri
te

H
(x

)
w

h
en

w
e

w
is

h
to

w
or

k
w

it
h

th
e

cl
as

si
fi
er

as
a

ra
n
d
om

fu
n
ct

io
n
,

an
d

li
ke

w
is

e
M
y
(x

)
to

d
en

ot
e

th
e

sc
or

e
fu

n
ct

io
n
s

w
h
en

ev
er

th
ey

a
re

co
n
si

d
er

ed
as

ra
n
d
om

.
S
in

ce
th

e
cl

as
si

fi
er

w
or

k
s

b
y

ch
o
os

in
g

th
e

la
b

el
w

it
h

th
e

h
ig

h
es

t
sc

or
e,

th
e

cl
as

si
fi
er

is
co

rr
ec

t
fo

r
a

gi
ve

n
te

st
in

st
an

ce
x
∗

w
it

h
tr

u
e

la
b

el
y
∗

w
h
en

ev
er
m
y
∗
(x
∗ )

=
m

ax
j
m
y
(j

)
(x
∗ )

,
as

su
m

in
g

th
a
t

th
er

e
ar

e
n
o

ti
es

.
F

or
a

fi
x
ed

in
st

an
ce

of
th

e
cl

as
si

fi
ca

ti
on

ta
sk

w
it

h
la

b
el

s
S

=
{y

(i
) }
k i=

1
a
n
d

a
ss

o
ci

-
at

ed
sc

or
e

fu
n
ct

io
n
s
{m

y
(i
)
}k i=

1
,

re
ca

ll
th

e
d
efi

n
it

io
n

of
th

e
k
-c

la
ss

ge
n
er

a
li
za

ti
on

er
ro

r
(1

).

W
e

w
il
l

u
se

th
e

as
su

m
p
ti

on
th

at
th

e
te

st
la

b
el

s
ar

e
u
n
if

or
m

ly
d
is

tr
ib

u
te

d
1

ov
er
S,

w
h
ic

h
m

ak
es

G
A
k
(h
,S

)
a

ba
la

n
ce

d
a
cc

u
ra

cy
,
w

h
ic

h
eq

u
al

ly
w

ei
gh

ts
th

e
ac

cu
ra

ci
es

of
th

e
in

d
iv

id
u
al

cl
as

se
s.

A
ss

u
m

in
g

th
at

th
er

e
ar

e
n
o

ti
es

,
it

ca
n

b
e

w
ri

tt
en

in
te

rm
s

of
sc

or
e

fu
n
ct

io
n
s

as

G
A
k
(h
,S

)
=

1 k

k ∑ i=
1

P
r[
m
y
(i
)
(X

(i
) )

=
m

ax j
m
y
(j

)
(X

(i
) )]
,

w
h
er

e
X

(i
)
∼
F
y
(i
)

fo
r
i

=
1,
..
.,
k
.

H
ow

ev
er

,
it

is
of

te
n

ap
p
ro

p
ri

at
e

to
m

o
d
el

th
e

la
b

el
s
{Y

(i
) }
k i=

1
as

a
ra

n
d
om

sa
m

p
le

fr
om

a
d
is

tr
ib

u
ti

on
.

E
x
am

p
le

s
fo

r
su

ch
ra

n
d
o
m

iz
ed

cl
a
ss

ifi
ca

ti
o
n

p
ro

b
le

m
s

in
cl

u
d
e

fa
ce

re
co

gn
it

io
n
,

w
h
er

e
fa

ce
s

ar
e

d
ra

w
n

fr
om

a
la

rg
er

p
op

u
la

ti
on

,
an

d
la

rg
e

m
u
lt

i-
cl

as
s

p
ro

b
le

m
s

w
h
er

e
on

ly
an

ar
b
it

ra
ry

su
b
se

t
of

la
b

el
s

h
av

e
b

ee
n

co
ll
ec

te
d
.

G
iv

en
ou

r
as

su
m

p
ti

on
th

at
k

is
fi
x
ed

,
a

n
at

u
ra

l
ta

rg
et

fo
r

p
re

d
ic

ti
on

ex
tr

ap
ol

at
io

n
is

th
e

ex
p

ec
te

d
va

lu
e

of
th

e
ge

n
er

al
iz

at
io

n
ac

cu
ra

cy
G

A
k
(h
,S

)
ov

er
th

e
d
is

tr
ib

u
ti

on
of

la
b

el
se

ts
.

W
e

ca
ll

th
is

th
e
k
-c

la
ss

a
ve

ra
ge

ge
n

er
a
li

za
ti

o
n

a
cc

u
ra

cy
of

th
e

cl
as

si
fi
er

,
d
en

ot
ed

A
G

A
k
,

an
d

fo
rm

al
ly

d
efi

n
ed

as A
G

A
k

=
E

[G
A
k
(H
,S

k
)]

=
1 k

k ∑ i=
1

P
r[
M
Y

(i
)
(X

(i
) )

=
m

ax j
M
Y

(j
)
(X

(i
) )]

=
P

r[
M
Y

(X
)
>

k
−

1
m

ax
j=

1
M
Y

(j
)
(X

)]

w
h
er

e
Y

(1
) ,
..
.,
Y

(k
)

ii
d
∼
π

,
an

d
w

h
er

e
(X
,Y

)
is

an
in

d
ep

en
d
en

t
d
ra

w
w

it
h

th
e

sa
m

e
jo

in
t

d
is

tr
ib

u
ti

on
as

it
s

su
p

er
sc

ri
p
te

d
co

u
n
te

rp
ar

ts
(X

(i
) ,
Y

(i
) )

.
T

h
e

la
st

li
n
e

fo
ll
ow

s
fr

om
n
ot

in
g

th
at

al
l
k

su
m

m
an

d
s

in
th

e
p
re

v
io

u
s

li
n
e

a
re

id
en

ti
ca

l,
as

ea
ch
Y

(i
)

is
d
ra

w
n

fr
om

th
e

sa
m

e
d
is

tr
ib

u
ti

on
π

.
T

h
e

d
efi

n
it

io
n

of
av

er
ag

e
ge

n
er

al
iz

at
io

n
ac

cu
ra

cy
is

il
lu

st
ra

te
d

in
F

ig
u
re

1.
N

ot
e

th
at

in
th

is
fr

am
ew

or
k
,

th
e

ro
le

of
th

e
tr

ai
n
in

g
an

d
te

st
se

ts
is

d
iff

er
en

t
th

an
h
ow

th
ey

ar
e

u
su

al
ly

u
se

d
m

ac
h
in

e
le

ar
n
in

g.
O

u
r

go
al

is
to

p
re

d
ic

t
th

e
a
cc

u
ra

cy
ac

h
ie

ve
d

on
an

ot
h
er

(r
an

d
om

)
la

b
el

se
t.

T
h
er

ef
or

e,
b

ot
h

th
e

tr
ai

n
in

g
an

d
te

st
d
at

a
m

ay
b

e
u
se

d

1
.

In
S

ec
ti

o
n

6
,

w
e

d
is

cu
ss

ex
te

n
si

o
n

s
o
f

o
u

r
fr

a
m

ew
o
rk

th
a
t

ca
n

a
cc

o
m

m
o
d

a
te

th
e

ca
se

th
a
t

th
e

te
st

la
b

el
s

a
re

n
o
t

u
n

if
o
rm

ly
d

ra
w

n
fr

o
m
S,

i.
e.

th
a
t

o
n

e
h

a
s

a
n

o
n

-u
n

if
o
rm

p
ri

o
r

d
is

tr
ib

u
ti

o
n

ov
er

te
st

la
b

el
s.
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Z
h
e
n
g
,
A
c
h
a
n
t
a
a
n
d

B
e
n
ja

m
in
i

F
ig

u
re

1:
A

v
e
ra

g
e

g
e
n

e
ra

li
z
a
ti

o
n

a
c
c
u

ra
c
y
:

A
d
ia

gr
am

of
th

e
ra

n
d
om

q
u
a
n
ti

ti
es

u
n
-

d
er

ly
in

g
th

e
av

er
ag

e
ge

n
er

al
iz

at
io

n
ac

cu
ra

cy
fo

r
k

la
b

el
s

(A
G

A
k
).

A
t

th
e

tr
a
in

in
g

st
ag

e
(l

ef
t)

,
a

se
t

of
k

la
b

el
s
S

is
sa

m
p
le

d
fr

om
th

e
p
ri

or
π

,
an

d
sc

or
e

fu
n
ct

io
n
s

ar
e

tr
ai

n
ed

fr
om

ex
am

p
le

s
fo

r
th

es
e

cl
as

se
s.

A
t

th
e

te
st

st
ag

e
(r

ig
h
t)

,
o
n
e

tr
u
e

cl
a
ss

Y
∗

is
sa

m
p
le

d
u
n
if

or
m

ly
fr

om
S,

as
w

el
l

as
a

te
st

ex
am

p
le
X
∗ .

A
G

A
k

m
ea

su
re

s
th

e
ex

p
ec

te
d

ac
cu

ra
cy

ov
er

th
es

e
ra

n
d
om

va
ri

ab
le

s.

in
th

is
es

ti
m

at
io

n
.

O
u
r

ap
p
ro

ac
h
,

to
b

e
d
es

cr
ib

ed
in

S
ec

ti
on

2.
3,

u
se

s
th

e
tr

a
in

in
g

d
a
ta

ex
cl

u
si

ve
ly

to
co

n
st

ru
ct

cl
as

si
fi
er

s
on

la
b

el
su

b
se

ts
,

an
d

te
st

d
at

a
ex

cl
u
si

ve
ly

to
es

ti
m

a
te

th
e

d
is

tr
ib

u
ti

on
of

fa
vo

ra
b
il
it

y
ov

er
te

st
ex

am
p
le

s.

2
.1

.
M

a
rg

in
a
l

C
la

ss
ifi

e
r

T
h
e

th
eo

re
ti

ca
l

an
al

y
si

s
of

th
e

av
er

ag
e

ge
n
er

al
iz

at
io

n
ac

cu
ra

cy
is

m
a
d
e

m
u
ch

si
m

p
le

r
if

w
e

ca
n

as
su

m
e

th
at

th
e

le
ar

n
in

g
of

th
e

sc
or

in
g

fu
n
ct

io
n
s
M
Y

(i
)

o
cc

u
rs

in
d
ep

en
d
en

tl
y

fo
r

ea
ch

la
b

el
s–

th
at

is
,

th
er

e
is

n
o

in
fo

rm
at

io
n

sh
ar

ed
b

et
w

ee
n

cl
as

se
s.

F
or

ex
am

p
le

,
if

th
er

e
ex

is
ts

so
m

e
fu

n
ct

io
n
g

su
ch

th
at

M
y
(i
)
(x

)
=
g
(x

;y
(i

) ,
(X

(i
)

1
,t
r
a
in
,.
..
,X

(i
)

r t
r
a
in
,t
r
a
in

))
,

th
e
H

is
a

m
ar

gi
n
al

cl
as

si
fi
er

si
n
ce
M
y
(i
)
(x

)
on

ly
d
ep

en
d
s

on
th

e
la

b
el
y

(i
)

a
n
d

th
e

cl
a
ss

tr
ai

n
in

g
se

t
X

(i
)

j,
tr
a
in

.
In

ou
r

an
al

y
si

s
h
ow

ev
er

,
w

e
sh

al
l

re
la

x
th

e
as

su
m

p
ti

on
th

at
th

e
cl

as
si

fi
er
H

(x
)

is
b
a
se

d
on

a
tr

ai
n
in

g
se

t2
.

In
st

ea
d
,

it
is

su
ffi

ci
en

t
th

at
th

e
sc

or
e

fu
n
ct

io
n
s
{M

Y
(i
)
}k i=

1
a
ss

o
ci

a
te

d

2
.

D
u

e
to

th
is

a
b

st
ra

ct
io

n
,

o
u

r
fr

a
m

ew
o
rk

ca
n

a
cc

o
m

m
o
d

a
te

sc
en

a
ri

o
s

w
h

er
e

th
e

cl
a
ss

es
h

av
e

d
iff

er
in

g
o
r

st
o
ch

a
st

ic
a
ll

y
d

et
er

m
in

ed
n
u

m
b

er
o
f

in
st

a
n

ce
s,

a
s

lo
n

g
a
s

th
e

n
u

m
b

er
o
f

tr
a
in

in
g

in
st

a
n

ce
s

fo
r

d
iff

er
en

t
la

b
el

s
a
re

co
n

d
it

io
n

a
ll

y
in

d
ep

en
d

en
t.
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E
x
t
r
a
p
o
l
a
t
in
g

E
x
p
e
c
t
e
d

A
c
c
u
r
a
c
ie
s

F
ig

u
re

2
:

C
la

ssifi
c
a
tio

n
ru

le
:

T
op

:
S
core

fu
n
ction

s
for

th
ree

classes
in

a
on

e-d
im

en
sion

al
ex

a
m

p
le

sp
ace.

B
ottom

:
T

h
e

classifi
cation

ru
le

ch
o
oses

b
etw

een
y

(1
),y

(2
)

or
y

(3
)

b
y

ch
o
osin

g
th

e
m

ax
im

al
score

fu
n
ction

.

w
ith

th
e

ra
n
d
o
m

lab
el

set
{
Y

(i)}
ki=

1
are

in
d
ep

en
d
en

t
of

th
e

test
in

stan
ces.

U
n
d
er

th
is

fo
rm

a
lism

,
w

e
d
efi

n
e

a
m

argin
al

classifi
er

as
follow

s.

D
e
fi

n
itio

n
1

T
h
e

cla
ssifi

er
H

(x
)

is
ca

lled
a

m
argin

al
classifi

er
if

a
n

d
o
n

ly
if
M
Y

(i)
a
re

in
d
epen

d
en

t
o
f

bo
th
Y

(j)
a
n

d
M
Y

(j
)

fo
r
j6=

i.

In
m

argin
a
l

classifi
ers,

classes
“com

p
ete”

on
ly

th
rou

g
h

selectin
g

th
e

h
igh

est
score,

b
u
t

n
o
t

in
co

n
stru

ctin
g

th
e

score
fu

n
ction

s.
T

h
erefore,

each
M
y

ca
n

b
e

con
sid

ered
to

h
ave

b
een

in
d
ep

en
d
en

tly
d
raw

n
from

a
d
istrib

u
tion

ν
y .

T
h
e

op
eration

of
a

m
argin

al
classifi

er
is

illu
stra

ted
in

F
igu

re
2.

F
o
r

m
a
rg

in
al

classifi
ers,

w
e

can
p
rove

esp
ecially

stron
g

resu
lts

ab
ou

t
th

e
accu

racy
of

th
e

cla
ssifi

er
u
n
d
er

i.i.d
.

sam
p
lin

g
assu

m
p
tion

s.
A

n
d

as
w

e
w

ill
see

in
th

e
follow

in
g

section
,

m
a
n
y

w
ell-k

n
ow

n
ty

p
es

of
classifi

ers
satisfy

th
e

m
argin

al
p
rop

erty.

2
.2

.
E

x
a
m

p
le

s
o
f

M
a
rg

in
a
l

C
la

ssifi
e
rs

E
stim

a
ted

B
ayes

classifi
ers

are
p
rim

ary
ex

am
p
les

of
m

a
rgin

al
classifi

ers.
B

y
th

is,
w

e
m

ean
cla

ssifi
ers

w
h
ich

ou
tp

u
t

th
e

class
th

at
m

ax
im

izes
th

e
p

osterior
p
rob

ab
ility

for
a

class
lab

el
a
cco

rd
in

g
to

B
ayes’

ru
le,

b
u
t

su
b
stitu

tin
g

in
estim

ated
d
istrib

u
tion

s
for

th
e

u
n
k
n
ow

n
tru

e
d
istrib

u
tio

n
s.

L
et
f̂
y

b
e

a
d
en

sity
estim

ate
of

th
e

ex
am

p
le

d
istrib

u
tion

u
n
d
er

lab
ely

ob
tain

ed
fro

m
th

e
em

p
irical

d
istrib

u
tion

F̂
y ,

an
d

let
π

(y
)

b
e

th
e

p
rior

d
istrib

u
tion

over
la

b
els.

T
h
en

,
w

e
ca

n
u
se

th
e

estim
ated

d
en

sity
to

p
ro

d
u
ce

th
e

score
fu

n
ction

s:

M
E
B

y
(x

)
=

log
(f̂
y (x

))
+

log
(π

(y
)).

T
h
e

resu
ltin

g
em

p
irical

ap
p
rox

im
ation

for
th

e
B

ayes
classifi

er
w

ou
ld

b
e

H
E
B

(x
)

=
argm

ax
Y
∈S

(M
E
B

Y
(x

)).

B
o
th

Q
u
a
d
ratic

D
iscrim

in
an

t
A

n
aly

sis
(Q

D
A

)
an

d
n
äıve

B
ayes

classifi
ers

can
b

e
seen

a
s

sp
ecifi

c
in

sta
n
ces

of
an

estim
ated

B
ayes

classifi
er.

F
or

Q
D

A
,

th
e

score
fu

n
ction

is
given

b
y

m
Q
D
A

y
(x

)
=
−

(x
−
µ

(F̂
y ))

T
Σ

(F̂
y ) −

1(x
−
µ

(F̂
y ))−

log
d
et(Σ

(F̂
y )),
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Z
h
e
n
g
,
A
c
h
a
n
t
a
a
n
d

B
e
n
ja

m
in
i

w
h
ere

µ
(F

)
=
∫
y
d
F
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n
u
m

erica
lly

co
m

p
u
ted

G
A
k (h

,{
Y

(1
),...,Y

(k
)}

)
for

ran
d
om

ly
d
raw

n
lab

els
Y

(1
),...,Y

(k
)
iid
∼

N
(0,1

),
a
n
d

th
e

d
istrib

u
tion

s
of

G
A
k

fo
r
k

=
2,...,10

are
illu

strated
in

F
ig

u
re

4.
T

h
e

m
ean

o
f

th
e

d
istrib

u
tion

of
G

A
k

is
th

e
k
-class

av
era

ge
accu

racy,
A

G
A
k .

T
h
e

th
eory

p
resen

ted
in

th
e

n
ex

t
sectio

n
d
eals

w
ith

h
ow

to
an

aly
ze

th
e

av
erage

accu
racy

A
G

A
k

a
s

a
fu

n
ction

of
k
.

3
.

E
x
tra

p
o
la

tio
n

T
h
e

sectio
n

is
organ

ized
as

follow
s.

W
e

b
eg

in
b
y

in
tro

d
u
cin

g
an

ex
p
licit

form
u
la

for
th

e
avera

g
e

a
ccu

ra
cy

A
G

A
k .

T
h
e

form
u
la

rev
eals

th
at

A
G

A
k

is
d
eterm

in
ed

b
y

m
o
m

en
ts

of
a

o
n
e-d

im
en

sio
n
al

fu
n
ction

D
(u

).
U

sin
g

th
is

form
u
la,

w
e

can
estim

ate
D

(u
)

u
sin

g
su

b
sam

p
led

a
ccu

racies.
T

h
ese

estim
ates

allow
u
s

to
ex

trap
olate

th
e

average
gen

eraliza
tion

accu
racy

to
a
n

a
rb

itra
ry

n
u
m

b
er

of
lab

els.

T
h
e

resu
lt

of
ou

r
an

aly
sis

is
to

ex
p

ose
th

e
average

accu
racy

A
G

A
k

as
th

e
w

eigh
ted

avera
g
e

o
f

a
fu

n
ction

D
(u

),
w

h
ere

D
(u

)
is

in
d
ep

en
d
en

t
of
k
,

an
d

w
h
ere

k
on

ly
ch

an
ges

th
e

w
eig

h
tin

g
.

O
n
e

o
f

th
e

assu
m

p
tion

s
w

e
rely

on
is

th
e

tie-brea
kin

g
co

n
d
itio

n
,

w
h
ich

allow
s

u
s

to
n
eg

lect
sp

ecify
in

g
th

e
case

w
h
en

m
argin

s
are

tied
.

D
e
fi

n
itio

n
2

T
ie-b

reak
in

g
con

d
ition

:
fo

r
a
ll
x
∈
X

,
M
Y

(x
)6=

M
Y
′(x

)
w

ith
p
ro

ba
bility

o
n

e
fo

r
Y
,Y
′

in
d
epen

d
en

tly
d
ra

w
n

fro
m
π

.

In
p
ra

ctice,
o
n
e

can
sim

p
ly

b
reak

ties
ran

d
om

ly,
w

h
ich

is
m

a
th

em
atica

lly
eq

u
ivalen

t
to

a
d
d
in

g
a

sm
all

am
ou

n
t

of
ran

d
om

n
oise

ε
to

th
e

fu
n
ction

M
.

T
h
e

resu
lt

is
stated

as
follow

s.

T
h

e
o
re

m
3

S
u

p
po

se
π

,{
F
y }
y∈Y

,
a
n

d
sco

re
fu

n
ctio

n
s
M
y

sa
tisfy

th
e

tie-brea
kin

g
co

n
d
itio

n
.

T
h
en

,
th

ere
exists

a
cu

m
u

la
tive

d
istribu

tio
n

fu
n

ctio
n
D

(u
)

d
efi

n
ed

o
n

th
e

in
terva

l
[0,1]

su
ch

th
a
t

A
G

A
k

=
1−

(k−
1) ∫

1

0
D

(u
)u
k−

2d
u
.

(5)

3
.1

.
A

n
a
ly

sis
o
f

A
v
e
ra

g
e

A
c
c
u

ra
c
y

R
eca

ll
th

a
t

fo
r

m
argin

al
classifi

ers,
th

e
m

o
d
el
M
Y

sh
ou

ld
b

e
in

d
ep

en
d
en

t
of

th
e

oth
er

la
b

els
a
n
d

in
d
ep

en
d
en

t
of

th
e

test
in

stan
ces.

W
e

often
con

sid
er

a
ran

d
om

lab
el

(Y
)

w
ith

its
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Z
h
e
n
g
,
A
c
h
a
n
t
a
a
n
d

B
e
n
ja

m
in
i

asso
ciated

score
fu

n
ction

(M
Y

)
an

d
an

ex
am

p
le

vector
(X

)
d
raw

n
from

lab
el
Y

.
E

x
p
licitly,

th
is

sam
p
lin

g
can

b
e

w
ritten

:

Y
∼
π
,

M
Y |Y

∼
ν
Y
,

X
|Y
∼
F
Y
.

S
im

ilarly
w

e
u
se

(Y
′,M

Y
′,X

′)
an

d
(Y
∗,M

Y
∗,X

∗)
for

tw
o

m
ore

trip
lets

w
ith

in
d
ep

en
d
en

t
an

d
id

en
tical

d
istrib

u
tion

s.
S
p

ecifi
cally,

X
∗

w
ill

ty
p
ically

n
ote

th
e

test
ex

am
p
le,

an
d

th
ere-

fore
Y
∗

th
e

tru
e

lab
el

an
d
M
Y
∗

its
score

fu
n
ction

.
T

h
e

fu
n
ction

D
is

related
to

a
favorab

ility
fu

n
ction

.
F

avorab
ility

m
easu

res
th

e
p
rob

ab
il-

ity
th

at
th

e
score

for
th

e
ex

am
p
le
x

is
goin

g
to

b
e

m
ax

im
ized

b
y

a
p
articu

lar
score

fu
n
ction

m
y ,

com
p
ared

to
a

ran
d
om

com
p

etitor
M
Y
′.

F
orm

ally,
w

e
w

rite

U
x (m

y )
=

P
r[m

y (x
)
>
M
Y
′(x

)].
(6)

N
ote

th
at

for
fi
x
ed

ex
am

p
le
x

,
favorab

ility
is

m
on

oton
ically

in
creasin

g
in
m
y (x

).
If

m
y (x

)
>
m
y † (x

),
th

en
U
x (y

)
>
U
x (y †),

b
ecau

se
th

e
even

t{
m
y (x

)
>
M
Y
′(x

)}
con

tain
s

th
e

even
t{m

y † (x
)
>
M
Y
′(x

)}.
T

h
erefore,

giv
en

lab
els

y
(1

),...,y
(k

)
a
n
d

test
in

stan
ce
x

,
w

e
can

th
in

k
o
f

th
e

classifi
er

as
ch

o
osin

g
th

e
lab

el
w

ith
th

e
greatest

favorab
ility

:

ŷ
=

argm
ax

y
(i)∈S

m
y
(i) (x

)
=

argm
ax

y
(i)∈S

U
x (m

y
(i) ).

F
u
rth

erm
ore,

v
ia

a
con

d
ition

in
g

argu
m

en
t,

w
e

see
th

at
th

is
is

still
th

e
case

even
w

h
en

th
e

test
in

stan
ce

an
d

lab
els

are
ran

d
om

,
as

lon
g

as
th

e
ran

d
om

ex
am

p
le
X
∗

is
in

d
ep

en
d
en

t
of

Y
.

(R
ecall

th
at

in
ou

r
n
otation

,
X

an
d
Y

are
d
ep

en
d
en

t,
b
u
t
X
∗⊥

Y
.)

Ŷ
=

argm
ax

Y
(i)∈S

M
Y

(i) (X
∗)

=
argm

ax
Y

(i)∈S
U
X
∗(M

Y
(i) ).

T
h
e

favorab
ility

tak
es

valu
es

b
etw

een
0

an
d

1,
an

d
w

h
en

an
y

of
its

arg
u
m

en
ts

are
ran

d
om

,
it

b
ecom

es
a

ran
d
om

variab
le

w
ith

a
d
istrib

u
tion

su
p
p

orted
on

[0
,1].

In
p
a
rticu

lar,
w

e
con

sid
er

th
e

follow
in

g
tw

o
ran

d
om

varia
b
les:

a.
th

e
in

co
rrect-la

bel
favorab

ility
U
x
∗(M

Y
)

b
etw

een
a

given
fi
x
ed

test
in

stan
ce
x
∗,

an
d

th
e

score
fu

n
ction

of
a

ran
d
om

in
correct

lab
el
M
Y

,
an

d

b
.

th
e

co
rrect-la

bel
favorab

ility
U
X
∗(M

Y
∗)

b
etw

een
a

ran
d
om

test
in

stan
ce
X
∗,

an
d

th
e

score
fu

n
ction

of
th

e
correct

lab
el,

M
Y
∗.

3
.1
.1
.
In

c
o
r
r
e
c
t
-L

a
b
e
l
F
a
v
o
r
a
b
il
it
y

T
h
e

in
correct-lab

el
favorab

ility
can

b
e

w
ritten

ex
p
licitly

as

U
x
∗(M

Y
)

=
P

r[M
Y

(x
∗)
>
M
Y
′(x
∗)|M

Y
(x
∗)].

(7)

N
ote

th
at
M
Y

an
d
M
Y
′

are
id

en
tically

d
istrib

u
ted

,
an

d
b

oth
are

u
n
related

to
x
∗

th
at

is
fi
x
ed

.
T

h
is

lead
s

to
th

e
follow

in
g

resu
lt:

L
e
m

m
a

4
U

n
d
er

th
e

tie-brea
kin

g
co

n
d
itio

n
,

th
e

in
co

rrect-la
bel

fa
vo

ra
bility

U
x
∗(M

Y
)

is
u

n
i-

fo
rm

ly
d
istribu

ted
fo

r
a
n

y
x
∗∈
X

,
m

ea
n

in
g

P
r[U

x
∗(M

Y
)≤

u
]

=
u

(8)

fo
r

a
ll
u
∈

[0,1].
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E
x
t
r
a
p
o
l
a
t
in
g

E
x
p
e
c
t
e
d

A
c
c
u
r
a
c
ie
s

P
ro

o
f

W
ri

te
U
x
∗
(M

Y
)

=
P

r[
Z

>
Z
′ |Z

],
w

h
er

e
Z

=
M
Y

(x
)

an
d
Z
′

=
M
Y
′ (
x

)
fo

r

Y
,Y
′
i.
i.
d
.
∼

π
.

T
h
e

ti
e-

b
re

ak
in

g
co

n
d
it

io
n

im
p
li
es

th
at

P
r[
Z

=
Z
′ ]

=
0.

N
ow

ob
se

rv
e

th
at

fo
r

in
d
ep

en
d
en

t
ra

n
d
om

va
ri

ab
le

s
Z
,Z
′

w
it

h
Z

D =
Z
′

an
d

P
r[
Z

=
Z
′ ]

=
0,

th
e

co
n
d
it

io
n
al

p
ro

b
ab

il
it

y
P

r[
Z
>
Z
′ |Z

]
is

u
n
if

or
m

ly
d
is

tr
ib

u
te

d
.

3
.1
.2
.
C
o
r
r
e
c
t
-L

a
b
e
l
F
a
v
o
r
a
b
il
it
y

T
h
e

co
rr

ec
t-

la
b

el
fa

vo
ra

b
il
it

y
is

U
∗

=
U
X
∗
(M

Y
∗
)

=
P

r[
M
Y
∗
(X
∗ )
>
M
Y
′ (
X
∗ )
|Y
∗ ,
M
Y
∗
(X
∗ )
,X
∗ ]
.

(9
)

T
h
e

d
is

tr
ib

u
ti

on
of
U
∗

w
il
l

d
ep

en
d

on
π

,
{F

y
} y
∈S

an
d
{ν
y
} y
∈S

,
an

d
ge

n
er

al
ly

ca
n
n
ot

b
e

w
ri

tt
en

in
a

cl
os

ed
fo

rm
.

H
ow

ev
er

,
th

is
d
is

tr
ib

u
ti

on
is

ce
n
tr

al
to

ou
r

an
a
ly

si
s–

in
d
ee

d
,

w
e

w
il
l
se

e
th

at
th

e
fu

n
ct

io
n
D

ap
p

ea
ri

n
g

in
th

eo
re

m
3

is
d
efi

n
ed

as
th

e
cu

m
u
la

ti
ve

d
is

tr
ib

u
ti

on
fu

n
ct

io
n

of
U
∗ .

T
h
e

sp
ec

ia
l

ca
se

of
k

=
2

sh
ow

s
th

e
re

la
ti

on
b

et
w

ee
n

th
e

d
is

tr
ib

u
ti

on
o
f
U
∗

an
d

th
e

av
er

ag
e

ge
n
er

al
iz

at
io

n
ac

cu
ra

cy
,

A
G

A
2
.

In
th

e
tw

o-
cl

as
s

ca
se

,
th

e
av

er
ag

e
ge

n
er

a
li
za

ti
on

ac
cu

ra
cy

is
th

e
p
ro

b
ab

il
it

y
th

at
a

ra
n
d
om

co
rr

ec
t

la
b

el
sc

or
e

fu
n
ct

io
n

gi
ve

s
a

la
rg

er
va

lu
e

th
an

a
ra

n
d
om

d
is

tr
ac

to
r:

A
G

A
2

=
P

r[
M
Y
∗
(X
∗ )
>
M
Y
′ (
X
∗ )

].

w
h
er

e
Y
∗

is
th

e
co

rr
ec

t
la

b
el

,
an

d
Y
′

is
a

ra
n
d
om

in
co

rr
ec

t
la

b
el

.
If

w
e

co
n
d
it

io
n

on
Y
∗ ,

M
Y
∗

an
d
X
∗ ,

w
e

ge
t A

G
A

2
=

E
[P

r[
M
Y
∗
(X
∗ )
>
M
Y
′ (
X
∗ )
|Y
∗ ,
M
Y
∗
,X
∗ ]

].

H
er

e,
th

e
co

n
d
it

io
n
al

p
ro

b
ab

il
it

y
in

si
d
e

th
e

ex
p

ec
ta

ti
on

is
th

e
co

rr
ec

t-
la

b
el

fa
v
or

ab
il
it

y.
T

h
er

ef
or

e,

A
G

A
2

=
E

[U
∗ ]

=

∫
D

(u
)d
u
,

w
h
er

e
D

(u
)

is
th

e
cu

m
u
la

ti
v
e

d
is

tr
ib

u
ti

on
fu

n
ct

io
n

of
U
∗ ,
D

(u
)

=
P

r[
U
∗
≤
u

].
T

h
eo

re
m

3
ex

te
n
d
s

th
is

to
ge

n
er

al
k
;

w
e

n
ow

gi
v
e

th
e

p
ro

of
.

P
ro

o
f

W
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y,
su

p
p

os
e

th
at

th
e

tr
u
e

la
b

el
is
Y
∗

an
d

th
e

in
co

rr
ec

t
la

b
el

s
ar

e
Y

(1
) ,
..
.,
Y

(k
−

1
) .

W
e

h
av

e

A
G

A
k

=
P

r[
M
Y
∗
(X
∗ )
>

k
−

1
m

ax
i=

1
M
Y

(i
)
(X
∗ )

]
=

P
r[
U
∗
>

k
−

1
m

ax
i=

1
U
X
∗
(M

Y
(i
)
)]
,

re
ca

ll
in

g
th

at
U
∗

=
U
X
∗
(M

Y
∗
).

N
ow

,
if

w
e

co
n
d
it

io
n

on
X
∗

=
x
∗ ,
Y
∗

=
y
∗

an
d
M
Y
∗

=
m
y
∗
,

th
en

th
e

ra
n
d
om

va
ri

ab
le
U
∗

b
ec

om
es

fi
x
ed

,
w

it
h

va
lu

e

u
∗

=
U
x
∗
(m

y
∗
).
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8

Z
h
e
n
g
,
A
c
h
a
n
t
a
a
n
d

B
e
n
ja

m
in
i

T
h
er

ef
or

e,

A
G

A
k

=
E

[P
r[
U
∗
>

k
−

1
m

ax
i=

1
U
X
∗
(M

Y
(i
)
)|X

∗
=
x
∗ ,
Y
∗

=
y
∗ ,
M
Y
∗

=
m
y
∗
]]

=
E

[P
r[
U
∗
>

k
−

1
m

ax
i=

1
U
X
∗
(M

Y
(i
)
)|X

∗
=
x
∗ ,
U
∗

=
u
∗ ]

].

N
ow

d
efi

n
e
U
m
a
x
,k
−

1
=

m
ax

k
−

1
i=

1
U
X
∗
(M

Y
(i
)
).

S
in

ce
b
y

L
em

m
a

4,
U
X
∗
(M

Y
(i
)
)

a
re

i.
i.
d
.

u
n
if

or
m

co
n
d
it

io
n
al

on
X
∗

=
x
∗ ,

w
e

k
n
ow

th
at

U
m
a
x
,k
−

1
|X
∗

=
x
∗
∼

B
et

a(
k
−

1
,1

).
(1

0
)

F
u
rt

h
er

m
or

e,
U
m
a
x
,k
−

1
is

in
d
ep

en
d
en

t
of
U
∗

co
n
d
it

io
n
al

on
X
∗ .

T
h
er

ef
or

e,
th

e
co

n
d
it

io
n
al

p
ro

b
ab

il
it

y
ca

n
b

e
co

m
p
u
te

d
as

P
r[
U
∗
>
U
m
a
x
,k
−

1
|X
∗

=
x
∗ ,
U
∗

=
u
∗ ]

=

∫
u
∗

0
(k
−

1)
u
k
−

2
d
u
.

C
on

se
q
u
en

tl
y,

A
G

A
k

=
E

[P
r[
U
∗
>

k
−

1
m

ax
i=

1
U
X
∗
(M

Y
(i
)
)|X

∗
=
x
∗ ,
U
∗

=
u
∗ ]

]
(1

1
)

=
E

[∫
U
∗

0
(k
−

1)
u
k
−

2
d
u
|U
∗

=
u
∗ ]

(1
2
)

=
E

[∫
1

0
I
{u
≤
U
∗ }

(k
−

1)
u
k
−

2
d
u

]
(1

3
)

=
(k
−

1)

∫
1

0
P

r[
u
≤
U
∗ ]
u
k
−

2
d
u

(1
4
)

=
1
−

(k
−

1)

∫
1

0
P

r[
u
≥
U
∗ ]
u
k
−

2
d
u
.

(1
5
)

B
y

d
efi

n
in

g
D

(u
)

as
th

e
cu

m
u
la

ti
ve

d
is

tr
ib

u
ti

on
fu

n
ct

io
n

of
U
∗

o
n

[0
,1

],

D
(u

)
=

P
r[
U
X
∗
(M

Y
∗
)
≤
u

],
(1

6
)

an
d

su
b
st

it
u
ti

n
g

th
is

d
efi

n
it

io
n

in
to

(1
5)

,
w

e
ob

ta
in

th
e

id
en

ti
ty

(5
).

T
h
eo

re
m

3
ex

p
re

ss
es

th
e

av
er

ag
e

ac
cu

ra
cy

as
a

w
ei

gh
te

d
in

te
gr

al
of

th
e

fu
n
ct

io
n
D

(u
).

E
ss

en
ti

al
ly

,
th

is
th

eo
re

ti
ca

l
re

su
lt

al
lo

w
s

u
s

to
re

d
u
ce

th
e

p
ro

b
le

m
of

es
ti

m
a
ti

n
g

A
G

A
k

to
on

e
of

es
ti

m
at

in
g
D

(u
).

B
u
t

h
ow

sh
al

l
w

e
es

ti
m

at
e
D

(u
)

fr
om

d
a
ta

?
W

e
p
ro

p
o
se

u
si

n
g

n
on

-p
ar

am
et

ri
c

re
gr

es
si

on
fo

r
th

is
p
u
rp

os
e

in
S
ec

ti
on

3.
3.

3
.2

.
F
a
v
o
ra

b
il
it

y
a
n

d
A

v
e
ra

g
e

A
c
c
u

ra
c
y

fo
r

th
e

T
o
y

E
x
a
m

p
le

R
ec

al
l

th
at

fo
r

th
e

to
y

ex
am

p
le

fr
om

S
ec

ti
on

2.
4,

th
e

sc
or

e
fu

n
ct

io
n
M
y

w
as

a
n
o
n
-r

a
n
d
o
m

fu
n
ct

io
n

of
y

th
at

m
ea

su
re

s
th

e
d
is

ta
n
ce

b
et

w
ee

n
x

an
d
ρ
y

M
y
(x
∗ )

=
lo

g
(p

(x
∗ |y

))
=
−

(x
∗
−
ρ
y
)2

2(
1
−
ρ

2
)
.
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E
x
t
r
a
p
o
l
a
t
in
g

E
x
p
e
c
t
e
d

A
c
c
u
r
a
c
ie
s

F
o
r

th
is

m
o
d
el,

th
e

fav
orab

ility
fu

n
ction

U
x
∗(m

y )
com

p
ares

th
e

d
istan

ce
b

etw
een

x
∗

an
d

ρ
y

to
th

e
d
ista

n
ce

b
etw

een
x
∗

an
d
ρ
Y
′

for
a

ran
d
om

ly
ch

osen
d
istra

ctor
Y
′∼

N
(0,1):

U
x
∗(m

y )
=

P
r[|ρ

y−
x
∗|
<
|ρ
Y
′−

x
∗|]

=
Φ

(
x
∗

+
|ρ
y−

x
∗|

ρ

)
−

Φ

(
x
∗−
|ρ
y−

x
∗|

ρ

)
,

w
h
ere

Φ
is

th
e

stan
d
ard

n
orm

al
cu

m
u
lative

d
istrib

u
tion

fu
n
ction

.
F

igu
re

5(a)
illu

strates
th

e
level

sets
o
f

th
e

fu
n
ction

U
x
∗(m

y ).
T

h
e

h
igh

est
valu

es
of
U
x
∗(m

y )
are

n
ear

th
e

lin
e
x
∗

=
ρ
y

co
rresp

o
n
d
in

g
to

th
e

con
d
ition

al
m

ean
of
X
|Y

,
an

d
as

on
e

m
oves

farth
er

fro
m

th
e

lin
e,

U
x
∗(m

y )
d
ecay

s.
N

ote,
h
ow

ever,
th

a
t

large
valu

es
of
x
∗

an
d
y

(w
ith

th
e

sam
e

sign
)

resu
lt

in
la

rg
er

va
lu

es
of
U
x
∗(m

y )
sin

ce
it

b
ecom

es
u
n
likely

for
Y
′∼

N
(0,1)

to
ex

ceed
Y

=
y
.

U
sin

g
th

e
fo

rm
u
la

ab
ove,

w
e

can
calcu

late
th

e
correct-lab

el
fav

orab
ility

U
∗

=
U
X
∗(M

Y
∗)

a
n
d

its
cu

m
u
lative

d
istrib

u
tion

fu
n
ction

D
(u

).
T

h
e

fu
n
ction

D
is

illu
strated

in
F

igu
re

5(b
)

fo
r

th
e

cu
rren

t
ex

am
p
le

w
ith

ρ
=

0.7.
T

h
e

red
cu

rve
in

F
igu

re
4

w
as

com
p
u
ted

u
sin

g
th

e
fo

rm
u
la

A
G

A
k

=
1−

(k−
1) ∫

D
(u

)u
k−

2d
u
.

It
is

illu
m

in
atin

g
to

con
sid

er
h
ow

th
e

av
erage

accu
racy

cu
rves

an
d

th
e
D

(u
)

fu
n
ction

s
vary

a
s

w
e

ch
a
n
ge

th
e

p
aram

eter
ρ
.

H
igh

er
correlation

s
ρ

lead
to

h
igh

er
accu

racy,
as

seen
in

F
ig

u
re

6(a
),

w
h
ere

th
e

accu
racy

cu
rves

are
sh

ifted
u
p
w

ard
as
ρ

in
creases

from
0.3

to
0.9.

T
h
e

favo
ra

b
ility

U
x
∗(m

y )
ten

d
s

to
b

e
h
igh

er
on

averag
e

as
w

ell,
w

h
ich

lead
s

to
low

er
valu

es
of

th
e

cu
m

u
la

tive
d
istrib

u
tion

fu
n
ction

–as
w

e
see

in
F

igu
re

6(b
),

w
h
ere

th
e

fu
n
ction

D
(u

)
d
ecreases

a
s
ρ

in
creases,

an
d

th
erefore

accu
racy

in
creases.

3
.3

.
E

stim
a
tio

n

N
ex

t,
w

e
d
iscu

ss
h
ow

to
u
se

d
ata

from
sm

aller
cla

ssifi
cation

task
s

to
ex

trap
olate

average
a
ccu

ra
cy.

W
e

a
re

seek
in

g
an

u
n
b
iased

estim
ator

Â
G

A
k

su
ch

th
at

E
[Â

G
A
k ]

=
A

G
A
k .

A
ssu

m
e

th
a
t

w
e

h
ave

d
ata

from
a
k

1 -class
ran

d
om

classifi
cation

task
,

an
d

w
ou

ld
like

to
estim

a
te

th
e

average
accu

racy
A

G
A
k
2

for
k

2
>
k

1
classes.

O
u
r

estim
ation

m
eth

o
d

w
ill

u
se

th
e
k
-cla

ss
average

test
accu

racies,
A

T
A

2 ,...,A
T

A
k
1

(see
E

q
4),

for
its

in
p
u
ts.

T
h
e

key
to

u
n
d
erstan

d
in

g
th

e
b

eh
av

ior
of

th
e

average
accu

racy
A

G
A
k

is
th

e
fu

n
ction

D
.

W
e

a
d
o
p
t

a
lin

ear
m

o
d
el

D
(u

)
=

m
∑`=

1

β
` h
` (u

),
(17)

w
h
ere

h
` (u

)
a
re

k
n
ow

n
b
asis

fu
n
ction

s,
an

d
β
`

are
th

e
lin

ear
co

effi
cien

ts
to

b
e

estim
ated

.
T

h
e

lin
ea

rity
a
ssu

m
p
tion

(17)
m

ean
s

th
at

lin
ear

regression
can

b
e

u
sed

to
estim

ate
th

e
average

a
ccu

ra
cy

cu
rve.

T
h
is

th
e

th
e

id
ea

b
eh

in
d

ou
r

p
ro

p
osed

m
eth

o
d

C
lassE

x
R

eg,
m

ean
in

g
C

la
ssifi

ca
tio

n
E

xtra
po

la
tio

n
u

sin
g

R
egressio

n
.15
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Z
h
e
n
g
,
A
c
h
a
n
t
a
a
n
d

B
e
n
ja

m
in
i

U
∗x (M

y )
for

ρ
=

0.7
D

(u
)

for
ρ

=
0.7

−
2

−
1

0
1

2

−3 −2 −1 0 1 2 3

rho = 0.7

x*

y

U
 >

  0.1

U
 >

  0.1

U
 >

  0.2

U
 >

  0.2

U
 >

  0.3

U
 >

  0.3

U
 >

  0.4
U

 >
  0.4

U
 >

  0.5
U

 >
  0.5

U
 >

  0.6

U
 >

  0.6

U
 >

  0.7

U
 >

  0.7

U
 >

  0.8

U
 >

  0.8

U
 >

  0.9

U
 >

  0.9

0.0
0.2

0.4
0.6

0.8
1.0

0.0 0.2 0.4 0.6 0.8 1.0

rho = 0.7

u

K(u)

F
igu

re
5:

F
a
v
o
ra

b
ility

fo
r

to
y

e
x
a
m

p
le

:
L

eft:
T

h
e

lev
el

cu
rves

of
th

e
fu

n
ction

U
x
∗(M

y )
in

th
e

b
ivariate

n
orm

al
m

o
d
el

w
ith

ρ
=

0
.7.

R
igh

t:
T

h
e

fu
n
ction

D
(u

)
gives

th
e

cu
m

u
lative

d
istrib

u
tion

fu
n
ction

of
th

e
ran

d
om

variab
le
U
X
∗(M

Y
).

D
(u

)
A

verage
A

ccuracy

0.0
0.2

0.4
0.6

0.8
1.0

0.0 0.2 0.4 0.6 0.8 1.0

u

K(u)

rho =
  0.3   

rho =
  0.5   

rho =
  0.7   

rho =
  0.9   

2
4

6
8

10

0.0 0.2 0.4 0.6 0.8 1.0

k

AGAk

oooo

rho  =
  0.3  

rho  =
  0.5  

rho  =
  0.7  

rho  =
  0.9  

F
igu

re
6:

A
v
e
ra

g
e

a
c
c
u

ra
c
y

w
ith

d
iff

e
re

n
t
ρ
’s:

L
eft:

T
h
e

average
accu

ra
cy

A
G

A
k .

R
igh

t:
D

(u
)

fu
n
ction

for
th

e
b
ivariate

n
orm

al
m

o
d
el

w
ith

ρ
∈
{0.3,0.5

,0
.7
,0
.9}.
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E
x
t
r
a
p
o
l
a
t
in
g

E
x
p
e
c
t
e
d

A
c
c
u
r
a
c
ie
s

C
on

ve
n
ie

n
tl

y,
A

G
A
k

ca
n

al
so

b
e

ex
p
re

ss
ed

in
te

rm
s

of
th

e
β
`

co
effi

ci
en

ts
.

If
w

e
p
lu

g
in

th
e

as
su

m
ed

li
n
ea

r
m

o
d
el

(1
7)

in
to

th
e

id
en

ti
ty

(5
),

th
en

w
e

ge
t

1
−

A
G

A
k

=
(k
−

1)

∫
D

(u
)u
k
−

2
d
u

(1
8)

=
(k
−

1)

∫
1

0

m ∑ `=
1

β
`h
`(
u

)u
k
−

2
d
u

(1
9)

=
m ∑ `=

1

β
`H

`,
k
,

(2
0)

w
h
er

e

H
`,
k

=
(k
−

1)

∫
1

0
h
`(
u

)u
k
−

2
d
u
.

(2
1)

T
h
e

co
n
st

an
ts
H
`,
k

ar
e

m
om

en
ts

of
th

e
b
as

is
fu

n
ct

io
n
h
`.

N
ot

e
th

at
H
`,
k

ca
n

b
e

p
re

co
m

p
u
te

d
n
u
m

er
ic

al
ly

fo
r

an
y
k
≥

2.
N

ow
,

si
n
ce

th
e

te
st

ac
cu

ra
ci

es
A

T
A
k

ar
e

u
n
b
ia

se
d

es
ti

m
at

es
of

A
G

A
k
,

th
is

im
p
li
es

th
at

th
e

re
gr

es
si

on
es

ti
m

at
e β̂

=
ar

gm
in
β

k
1 ∑ k

=
2

(
(1
−

A
T

A
k
)
−

m ∑ `=
1

β
`H

`,
k

)
2

,

is
u
n
b
ia

se
d

fo
r
β

.
T

h
e

es
ti

m
at

e
of

A
G

A
k
2

is
si

m
il
ar

ly
ob

ta
in

ed
fr

om
(2

0)
,

v
ia

Â
G

A
k
2

=
1
−

m ∑ `=
1

β̂
`H

`,
k
2
.

(2
2)

3
.4

.
M

o
d

e
l

S
e
le

c
ti

o
n

A
cc

u
ra

te
ex

tr
ap

ol
at

io
n

u
si

n
g

C
la

ss
E

x
R

eg
d
ep

en
d
s

on
a

go
o
d

fi
t

b
et

w
ee

n
th

e
li
n
ea

r
m

o
d
el

(1
7)

an
d

th
e

tr
u
e

d
is

cr
im

in
ab

il
it

y
fu

n
ct

io
n
D

(u
).

H
ow

ev
er

,
si

n
ce

th
e

fu
n
ct

io
n
D

(u
)

d
ep

en
d
s

on
th

e
u
n
k
n
ow

n
jo

in
t

d
is

tr
ib

u
ti

on
of

th
e

d
at

a,
it

m
ak

es
se

n
se

to
le

t
th

e
d
at

a
h
el

p
u
s

ch
o
os

e
a

go
o
d

b
as

is
{h

u
}

fr
om

a
se

t
of

ca
n
d
id

at
e

b
as

es
.

L
et
B

1
,.
..
,B

s
b

e
a

se
t

of
ca

n
d
id

at
e

b
as

es
,

w
it

h
B
i

=
{h

(i
)

u
}m

i
u

=
1
.

Id
ea

ll
y,

w
e

w
ou

ld
li
ke

ou
r

m
o
d
el

se
le

ct
io

n
p
ro

ce
d
u
re

to
ch

o
os

e
th

e
B
i

th
at

ob
ta

in
s

th
e

b
es

t
ro

ot
-m

ea
n
-s

q
u
ar

ed
er

ro
r

(R
M

S
E

)
on

th
e

ex
tr

ap
ol

at
io

n
fr

om
k

1
to
k

2
cl

as
se

s.
A

s
an

ap
p
ro

x
im

a
ti

on
,

w
e

es
ti

m
at

e
th

e
R

M
S
E

of
ex

tr
ap

ol
at

io
n

fr
om

k
1 2

so
u
rc

e
cl

as
se

s
to

k
1

ta
rg

et
cl

as
se

s,
b
y

m
ea

n
s

of
th

e
“b

o
ot

st
ra

p
p
ri

n
ci

p
le

.”
T

h
is

am
ou

n
ts

to
a

re
sa

m
p
li
n
g-

b
as

ed
m

o
d
el

se
le

ct
io

n
ap

p
ro

ac
h
,
w

h
er

e
w

e
p

er
fo

rm
ex

tr
ap

ol
at

io
n
s

fr
om

k
0

=
bk

1 2
cc

la
ss

es
to
k

1
cl

as
se

s,
an

d
ev

al
u
a
te

m
et

h
o
d
s

b
as

ed

on
h
ow

cl
os

el
y

th
e

p
re

d
ic

te
d

Â
G

A
k
1

m
at

ch
es

th
e

te
st

ac
cu

ra
cy

A
T

A
k
1
.

T
o

el
ab

or
a
te

,
ou

r
m

o
d
el

se
le

ct
io

n
p
ro

ce
d
u
re

is
as

fo
ll
ow

s.

1.
F

or
`

=
1,
..
.,
L

re
sa

m
p
li
n
g

st
ep

s:

(a
)

S
u
b
sa

m
p
le
S(`

)
k
0

fr
om
S k

1
u
n
if

or
m

ly
w

it
h

re
p
la

ce
m

en
t.

(b
)

C
om

p
u
te

av
er

ag
e

te
st

ac
cu

ra
ci

es
A

T
A

(`
)

2
,.
..
,A

T
A

(`
)

k
0

fr
om

th
e

su
b
sa

m
p
le
S(`

)
k
0

.
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Z
h
e
n
g
,
A
c
h
a
n
t
a
a
n
d

B
e
n
ja

m
in
i

(c
)

F
or

ea
ch

ca
n
d
id

at
e

b
as

is
B
i,

w
it

h
i

=
1,
..
.,
s:

i.
C

om
p
u
te
β̂

(i
,`

)
b
y

so
lv

in
g

th
e

le
as

t-
sq

u
a
re

s
p
ro

b
le

m

β̂
(i
,`

)
=

ar
gm

in
β

k
0 ∑ k

=
2

 
(1
−

A
T

A
(`

)
k

)
−

m
i

∑ j=
1

β
j
H

(i
)

j,
k

 
2

.

ii
.

E
st

im
at

e
Â

G
A

(i
,`

)

k
1

b
y

Â
G

A
(i
,`

)

k
1

=

m
i

∑ `=
1

β̂
(i
,`

)
j

H
(i

)
j,
k
1
.

2.
S
el

ec
t

th
e

b
as

is
B
i∗

b
y i∗

=
ar

gm
in
s i=

1

L ∑ `=
1

(Â
G

A
(i
,`

)

k
1
−

A
T

A
k
1
)2
.

3.
U

se
th

e
b
as

is
B
i∗

to
ex

tr
ap

ol
at

e
fr

om
k

1
cl

as
se

s
(t

h
e

fu
ll

d
at

a)
to
k

2
cl

a
ss

es
.

3
.5

.
T

h
e

K
a
y

K
D

E
-b

a
se

d
e
st

im
a
to

r

In
th

ei
r

p
ap

er
,3

K
ay

et
al

.
(2

00
8)

p
ro

p
os

ed
a

m
et

h
o
d

fo
r

ex
tr

ap
ol

at
in

g
cl

a
ss

ifi
ca

ti
o
n

a
c-

cu
ra

cy
to

a
la

rg
er

n
u
m

b
er

of
cl

as
se

s.
T

h
e

m
et

h
o
d

d
ep

en
d
s

on
re

p
ea

te
d

ke
rn

el
-d

en
si

ty
es

ti
m

at
io

n
(K

D
E

)
st

ep
s.

B
ec

au
se

th
e

m
et

h
o
d

is
on

ly
b
ri

efl
y

m
ot

iv
at

ed
in

th
e

o
ri

g
in

a
l

te
x
t,

w
e

p
re

se
n
t

it
in

ou
r

n
ot

at
io

n
.

T
h
e

id
ea

of
th

e
m

et
h
o
d

is
to

es
ti

m
at

e
se

p
ar

at
el

y
fo

r
ea

ch
ex

am
p
le
x

(i
)

`
a
ss

o
ci

a
te

d
w

it
h

cl
as

s
y

(i
)

th
e

p
ro

b
ab

il
it

y
of

ou
ts

co
ri

n
g

a
ra

n
d
om

co
m

p
et

it
or

:

A
cc

2
(x

(i
)

`
;m

)
:=

P
r[
m

(i
,i

)
`

>
m
Y

(x
(i

)
`

)]
,

re
ca

ll
in

g
th

at
w

e
d
efi

n
ed

m
(i
,j

)
`

=
m
y
(j

)
(x

(i
)

`
).

F
or

a
gi

ve
n

ex
am

p
le

,
ac

cu
ra

te
cl

a
ss

ifi
ca

ti
o
n

ag
ai

n
st
k
−

1
in

d
ep

en
d
en

t
(r

an
d
om

)
d
is

tr
ac

to
r

cl
as

se
s

is
eq

u
iv

al
en

t
to
k
−

1
in

d
ep

en
d
en

t
ac

cu
ra

te
cl

as
si

fi
ca

ti
on

s
of

a
si

n
gl

e
ra

n
d
o
m

co
m

p
et

it
or

.
T

h
er

ef
or

e,

A
cc
k
(x

(i
)

`
;m

y
(i
)
)

:=
P

r[
m

(i
,i

)
`

>
m

ax
j6=
i
m

(i
,j

)
`

]
=

A
cc

2
(x

(i
)

`
;m

y
(i
)
)k
−

1
.

G
iv

en
es

ti
m

at
ed

ac
cu

ra
cy

va
lu

es
a

(i
)

`
=

Â
cc

2
(x

(i
)

`
),
`

=
1,
..
.,
r,
i

=
1,
..
.,
k

1
,

w
e

ca
n

av
er

a
g
e

th
e
k
−

1
p

ow
er

s:

Â
G

A
k

=
1 rk

1

k
1 ∑ i=
1

r ∑ `=
1

(1
−

(1
−
a

(i
)

`
)k
−

1
)

N
ot

e
th

at
if

w
e

h
av

e
n
oi

sy
b
u
t

u
n
b
ia

se
d

es
ti

m
at

es
of

A
cc

2
(x

(i
)

`
;m

y
(i
)
),

th
en

th
e

es
ti

m
a
te

s

fo
r

A
cc
k
(x

(i
)

`
;m

y
(i
)
)

an
d

Â
G

A
K

w
il
l

b
e

u
p
w

ar
d

b
ia

se
d

b
ec

a
u
se

E
[X

K
]
≥

E
[X

]K
.

A
cc

u
ra

cy
fo

r
ea

ch
ex

am
p
le

A
cc

2
(x

(i
)

`
)

is
es

ti
m

at
ed

in
tw

o
st

ep
s:

3
.

T
h

e
K

D
E

ex
tr

a
p

o
la

ti
o
n

m
et

h
o
d

is
d

es
cr

ib
ed

in
p

a
g
e

2
9

o
f

su
p

p
le

m
en

t
to

K
ay

et
a
l.

(2
0
0
8
).

W
h

il
e

th
e

m
et

h
o
d

is
o
n

ly
d

es
cr

ib
ed

fo
r

a
o
n

e-
n

ea
re

st
n

ei
g
h
b

o
r

cl
a
ss

ifi
er

a
n

d
fo

r
th

e
se

tt
in

g
w

h
er

e
th

er
e

is
a
t

m
o
st

o
n

e
te

st
o
b

se
rv

a
ti

o
n

p
er

cl
a
ss

,
w

e
h

av
e

ta
k
en

th
e

li
b

er
ty

o
f

ex
te

n
d

in
g

it
to

a
g
en

er
ic

m
u

lt
i-

cl
a
ss

cl
a
ss

ifi
ca

ti
o
n

p
ro

b
le

m
.
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E
x
t
r
a
p
o
l
a
t
in
g

E
x
p
e
c
t
e
d

A
c
c
u
r
a
c
ie
s

1
.

T
h
e

d
en

sity
of

th
e

w
ron

g-class
sco

res
is

estim
ated

b
y

sm
o
oth

in
g

th
e

ob
served

scores
w

ith
a

kern
el

fu
n
ction

K
(·,·)

an
d

b
an

d
w

id
th
h

f̂
(i)
`

(m
)

=
1

k
1 −

1

∑j6=
i

K
h (m

(i,j)
`

,m
).

2
.

T
h
e

d
en

sity
f̂

(i)
`

(m
)

is
in

tegrated
b

elow
th

e
ob

served
tru

e
valu

e
m

(i,i)
`

:

a
(i)
`

=
Â

cc
2 (x

(i)
`

)
=

∫
m

(i,i)
`

−
∞

f̂
(i)
`

(m
)d
m
.

T
h
e

sm
o
o
th

ed
d
en

sity
u
su

ally
over-estim

ates
th

e
size

o
f

th
e

righ
t-tail

of
w

ron
g

class
d
istri-

b
u
tio

n
co

m
p
a
red

to
th

e
ob

served
p
rop

ortion
of

errors,
b
iasin

g
d
ow

n
w

ard
th

e
accu

ra
cy

of
ea

ch
in

d
iv

id
u
a
l

ex
am

p
le.

B
riefl

y,
let

u
s

p
oin

t
ou

t
several

k
ey

d
iff

eren
ces

b
etw

een
ou

r
regression

m
eth

o
d

an
d

K
ay

’s
K

D
E

m
eth

o
d
:

i.
T

h
e

K
D

E
m

eth
o
d

b
alan

ces
tw

o
b
iases:

an
u
p
w

ard
b
ias

in
ex

p
on

en
tiatin

g
th

e
estim

a
ted

a
ccu

ra
cy,

an
d

a
d
ow

n
w

ard
b
ias

in
sm

o
o
th

in
g

th
e

w
ron

g-class
d
en

sities.
T

h
e

u
p
w

ard

b
ias

o
ccu

rs
b

ecau
se

even
if

Â
cc

2 (x
(i)
`

)
is

u
n
b
iased

,
Â

cc
2 (x

(i)
`

)
k

w
ill

n
o
t

b
e

u
n
b
iased

fo
r

A
cc

2 (x
(i)
`

)
k,

an
d

w
ill

ty
p
ically

b
e

larger.
T

h
e

b
ias

b
ecom

es
m

o
re

p
rom

in
en

t
for

la
rg

er
k
,

b
u
t

d
ecreases

as
th

e
tru

e
accu

racy
ap

p
roach

es
1.

T
h
e

resu
lt

of
th

e
K

D
E

m
eth

o
d

th
erefore

d
ep

en
d
s

n
on

-triv
ially

on
th

e
ch

oice
of

sm
o
oth

in
g

b
an

d
w

id
th

u
sed

in
th

e
d
en

sity
estim

ation
step

.
(W

ith
ou

t
sm

o
oth

in
g,

h
ow

ever,
an

y
ex

am
p
le

th
at

w
as

co
rrectly

estim
ated

in
th

e
sm

aller
set

w
ou

ld
h
ave

Â
cc
K

=
1).

T
h
e

m
eth

o
d

relies
on

sm
o
oth

in
g

of
each

class
to

gen
era

te
th

e
tail

d
en

sity
th

at
ex

ceed
s
m

(i,i)
`

,
an

d
th

erefore
it

is
h
ig

h
ly

d
ep

en
d
en

t
on

th
e

ch
o
ice

of
kern

el
b
an

d
w

id
th

.

ii.
T

h
e

K
D

E
m

eth
o
d

estim
ates

th
e

accu
racy

sep
arately

for
ev

ery
class.

W
h
en

th
e

sou
rce-

set
size

k
is

sm
all,

th
is

m
igh

t
lead

to
less

stab
le

estim
ation

for
each

class
an

d
th

erefore
a

la
rg

er
b
ia

s
after

ex
trap

olatin
g.

T
h
e

regression
estim

ator,
on

th
e

o
th

er
h
an

d
,
estim

ates
th

e
avera

ge
accu

racy
p

o
olin

g
togeth

er
in

form
ation

across
classes.

T
h
is

m
ig

h
t

lead
to

h
ig

h
er

va
rian

ce.

iii.
T

h
e

reg
ression

m
eth

o
d

d
o
es

n
ot

lo
ok

at
th

e
scores

d
irectly,

on
ly

at
th

e
ran

k
in

gs.
It

is
th

erefo
re

b
lin

d
to

m
on

oton
e

tran
sform

ation
s

on
th

e
score

fu
n
ction

s.
T

h
e

K
D

E
m

eth
o
d
,

o
n

th
e

oth
er

h
an

d
,

is
sen

sitive
to

th
e

d
istrib

u
tion

of
ob

served
scores.

4
.

S
im

u
la

tio
n

S
tu

d
y

W
e

ra
n

sim
u
la

tion
s

to
ch

eck
h
ow

th
e

p
rop

osed
ex

trap
olation

m
eth

o
d
,
C

lassE
x
R

eg,
p

erform
s

in
d
iff

eren
t

settin
gs.

T
h
e

resu
lts

are
d
isp

lay
ed

in
F

igu
re

7.
W

e
varied

th
e

n
u
m

b
er

of
cla

sses
k

1
in

th
e

sou
rce

d
ata

set,
th

e
d
iffi

cu
lty

of
classifi

catio
n
,

an
d

th
e

b
asis

fu
n
ctio

n
s.

W
e

gen
erated

d
ata

accord
in

g
to

a
m

ix
tu

re
of

isotrop
ic

m
u
ltivariate

G
au

ssian
d
istrib

u
tion

s:
la

b
els

Y
w

ere
sam

p
led

from
Y
∼
N

(0,I
1
0 ),

an
d

th
e

ex
am

p
les

for
each

la
b

el
sam

p
led

from
X
|Y
∼
N

(Y
,σ

2I
1
0 ).

T
h
e

n
oise-level

p
aram

eter
σ

d
eterm

in
es

th
e

d
iffi

cu
lty

of
classifi

cation
.

1
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Z
h
e
n
g
,
A
c
h
a
n
t
a
a
n
d

B
e
n
ja

m
in
i

S
im

ilarly
to

th
e

real-d
ata

ex
am

p
le,

w
e

con
sid

er
a

1-n
earest

n
eigh

b
or

classifi
er,

w
h
ich

is
given

a
sin

gle
train

in
g

in
stan

ce
p

er
class.

F
or

th
e

estim
ation

,
w

e
u
se

th
e

m
o
d
el

selection
p
ro

ced
u
re

d
escrib

ed
in

S
ection

3.4
to

select
th

e
p
aram

eter
h

of
th

e
“rad

ial
b
asis”

h
` (u

)
=

Φ

(
Φ
−

1(u
)−

t`
h

)
.

w
h
ere

t`
are

a
set

of
regu

larly
sp

aced
k
n
ots

w
h
ich

are
d
eterm

in
ed

b
y
h

an
d

th
e

p
rob

lem
p
aram

eters.
A

d
d
ition

ally,
w

e
ad

d
a

con
stan

t
elem

en
t

to
th

e
b
asis,

eq
u
ivalen

t
to

ad
d
in

g
an

in
tercep

t
to

th
e

lin
ear

m
o
d
el

(17).

T
h
e

ration
ale

b
eh

in
d

th
e

rad
ial

b
asis

is
to

m
o
d
el

th
e

d
en

sity
of

Φ
−

1(U
∗)

as
a

m
ix

tu
re

of
G

au
ssian

kern
els

w
ith

varian
ce
h

2.
T

o
con

trol
overfi

ttin
g,

th
e

k
n
ots

are
sep

arated
b
y

at
least

a
d
istan

ce
of
h
/2,

an
d

th
e

largest
k
n
ots

h
ave

ab
solu

te
valu

e
Φ
−

1(1−
1
r
k
21
).

T
h
e

size

of
th

e
m

ax
im

u
m

k
n
ot

is
set

th
is

w
ay

sin
ce
rk

21
is

th
e

n
u
m

b
er

of
ran

k
s

th
at

are
calcu

lated
an

d
u
sed

b
y

ou
r

m
eth

o
d
.

T
h
erefore,

w
e

d
o

n
ot

ex
p

ect
th

e
train

in
g

d
ata

to
con

tain
en

ou
gh

in
form

ation
to

allow
ou

r
m

eth
o
d

to
d
istin

gu
ish

b
etw

een
m

ore
th

a
n
rk

21
p

ossib
le

accu
racies,

an
d

h
en

ce
w

e
set

th
e

m
ax

im
u
m

k
n
ot

to
p
reven

t
th

e
in

clu
sion

of
a

b
asis

elem
en

t
th

at
h
as

on
average

a
h
igh

er
m

ean
valu

e
th

an
u

=
1−

1
r
k
21
.

H
ow

ever,
in

sim
u
lation

s
w

e
fi
n
d

th
at

th
e

p
erform

an
ce

of
th

e
b
asis

d
ep

en
d
s

on
ly

w
eak

ly
on

th
e

ex
act

p
osition

in
g

an
d

m
ax

im
u
m

size
of

th
e

k
n
ots,

as
lon

g
as

su
ffi

cien
tly

large
k
n
ots

are
in

clu
d
ed

.
A

s
is

th
e

case
th

rou
gh

o
u
t

n
on

-p
aram

etric
statistics,

th
e

b
an

d
w

id
th
h

is
th

e
m

ost
cru

cial
p
aram

eter.
In

th
e

sim
u
la

tion
,

w
e

u
se

a
grid

h
=
{
0.1,0.2,...,1}

for
b
an

d
w

id
th

selection
.

M
ean

w
h
ile,

for
th

e
K

D
E

m
eth

o
d
,
w

e
u
sed

a
G

au
ssia

n
kern

el,
w

ith
th

e
b
an

d
w

id
th

ch
osen

v
ia

p
seu

d
olikelih

o
o
d

cross-valid
ation

(C
ao

et
al.,

1994),
as

recom
m

en
d
ed

b
y

K
ay

et
al.

(2008).
S
p

ecifi
cally,

w
e

u
sed

th
e

tw
o

m
eth

o
d
s

for
cross-valid

ated
K

D
E

estim
ation

p
rov

id
ed

in
th

e
s
t
a
t
s

p
ackage

in
th

e
R

statistical
co

m
p
u
tin

g
en

v
iron

m
en

t:
b
iased

cross-valid
ation

an
d

u
n
b
iased

cross-valid
ation

(S
cott,

1992).

4
.1

.
S

im
u

la
tio

n
R

e
su

lts

W
e

see
in

F
igu

re
7

th
at

C
lassE

x
R

eg
an

d
th

e
K

D
E

m
eth

o
d
s

w
ith

u
n
b
iased

an
d

b
iased

cross-valid
ation

(K
D

E
-U

C
V

,
K

D
E

-B
C

V
)

p
erform

com
p
ara

b
ly

in
th

e
G

au
ssian

sim
u
lation

s.
W

e
stu

d
ied

h
ow

th
e

d
iffi

cu
lty

of
ex

trap
olation

relates
to

b
oth

th
e

a
b
solu

te
size

of
th

e
n
u
m

b
er

of
classes

an
d

th
e

ex
trap

olation
factor

k
2
k
1 .

O
u
r

sim
u
lation

h
as

tw
o

settin
gs

for
k

1
=
{500

,5000},
an

d
w

ith
in

each
settin

g
w

e
h
ave

ex
trap

olation
s

to
2

tim
es,

4
tim

es,
10

tim
es,

an
d

20
tim

es
th

e
n
u
m

b
er

of
classes.

W
ith

in
each

p
rob

lem
settin

g
d
efi

n
ed

b
y

th
e

n
u
m

b
er

of
so

u
rce

an
d

target
classes

(k
1 ,k

2 ),
w

e
u
se

th
e

m
ax

im
u
m

R
M

S
E

across
all

sign
al-to-n

oise
settin

gs
to

q
u
a
n
tify

th
e

overa
ll

p
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óp

ez
-

L
óp
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ch

d
ep

en
d

on
ly

on
a

fe
w

in
p
u
t

va
ri

a
b
le

s,
w

h
er

ea
s

a
d
ec

om
p

os
ab

le
m

ap
fa

ct
or

iz
es

as
th

e
ex

a
ct

co
m

p
os

it
io

n
of

fi
n
it

el
y

m
an

y
fu

n
ct

io
n
s

o
f

lo
w

eff
ec

ti
ve

d
im

en
si

on
(i

.e
.,
T

=
T

1
◦·
··
◦T

`,
w

h
er

e
ea

ch
T
i

d
iff

er
s

fr
om

th
e

id
en

ti
ty

m
a
p

o
n
ly

al
on

g
a

su
b
se

t
of

it
s

co
m

p
on

en
ts

).
T

h
es

e
p
ro

p
er

ti
es

,
an

d
th

ei
r

co
m

b
in

at
io

n
s,

d
ra

m
a
ti

ca
ll
y

re
d
u
ce

th
e

co
m

p
le

x
it

y
of

re
p
re

se
n
ti

n
g

a
tr

an
sp

or
t

m
ap

an
d

ca
n

b
e

d
ed

u
ce

d
be

fo
re

th
e

m
a
p

is
ex

p
li
ci

tl
y

co
m

p
u
te

d
.

T
h
e

u
ti

li
ty

of
th

es
e

re
su

lt
s

is
tw

of
ol

d
.

F
ir

st
,

th
ey

m
ak

e
th

e
co

n
st

ru
ct

io
n

o
f

co
u
p
li
n
g
s—

an
d

h
en

ce
th

e
ch

ar
ac

te
ri

za
ti

on
of

co
m

p
le

x
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s—

tr
ac

ta
b
le

fo
r

a
la

rg
e

cl
as

s
of

in
fe

re
n
ce

p
ro

b
le

m
s.

In
p
ar

ti
cu

la
r,

th
es

e
re

su
lt

s
ca

n
b

e
ex

p
lo

it
ed

in
st

a
te

-o
f-

th
e-

ar
t

ap
p
ro

ac
h
es

fo
r

th
e

n
u
m

er
ic

al
co

m
p
u
ta

ti
on

of
tr

an
sp

or
t

m
ap

s,
in

cl
u
d
in

g
n
o
rm

a
li
zi

n
g

fl
ow

s
or

S
te

in
va

ri
at

io
n
al

al
go

ri
th

m
s

(R
ez

en
d
e

an
d

M
oh

a
m

ed
,

20
15

;
D

et
o
m

m
a
so

et
a
l.
,

20
18

).
S
ec

on
d
,

th
es

e
re

su
lt

s
su

gg
es

t
n
ew

al
go

ri
th

m
ic

ap
p
ro

ac
h
es

fo
r

im
p

or
ta

n
t

cl
a
ss

es
o
f

st
at

is
ti

ca
l

m
o
d
el

s.
F

or
in

st
an

ce
,

ou
r

an
al

y
si

s
of

sp
ar

se
tr

ia
n
gu

la
r

m
ap

s
p
ro

v
id

es
a

g
en

er
a
l

fr
am

ew
or

k
fo

r
d
es

cr
ib

in
g

co
n
ti

n
u
ou

s
an

d
n
o
n
-G

au
ss

ia
n

M
ar

ko
v

ra
n
d
om

fi
el

d
s,

a
n
d

fo
r

ex
-

p
lo

it
in

g
th

e
co

n
d
it

io
n
al

in
d
ep

en
d
en

ce
st

ru
ct

u
re

o
f

th
es

e
fi
el

d
s

in
co

m
p
u
ta

ti
on

.
O

u
r

a
n
a
ly

si
s

of
d
ec

om
p

os
ab

le
tr

an
sp

or
t

m
ap

s
y
ie

ld
s

n
ew

va
ri

at
io

n
al

al
go

ri
th

m
s

fo
r

se
q
u
en

ti
a
l

in
fe

re
n
ce

in
n
on

li
n
ea

r
an

d
n
on

-G
au

ss
ia

n
st

at
e

sp
ac

e
m

o
d
el

s.
T

h
es

e
a
lg

or
it

h
m

s
ch

ar
a
ct

er
iz

e
th

e
fu

ll
B

ay
es

ia
n

so
lu

ti
on

to
th

e
sm

o
ot

h
in

g
an

d
jo

in
t

st
at

e–
p
ar

am
et

er
in

fe
re

n
ce

p
ro

b
le

m
s

b
y

m
ea

n
s
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In
f
e
r
e
n
c
e
v
ia

L
o
w
-D

im
e
n
sio

n
a
l
C
o
u
p
l
in
g
s

o
f

a
d
eco

m
p

o
sa

b
le

tran
sp

ort
m

ap
,

w
h
ich

is
con

stru
cted

(recu
rsively

)
in

a
sin

gle
forw

ard
p
a
ss

u
sin

g
lo

ca
l

op
eration

s.
T

h
ese

algo
rith

m
s

can
b

e
u
n
d
ersto

o
d

as
th

e
n
atu

ral
gen

eraliza-
tio

n
,

to
th

e
n
o
n
-G

au
ssian

case,
of

th
e

sq
u
are-ro

ot
R

au
ch

-T
u
n
g-S

trieb
el

G
au

ssian
sm

o
oth

er.
M

o
reover,

th
e

resu
lts

p
resen

ted
in

th
is

p
ap

er
u
n
d
erp

in
recen

t
eff

orts
in

stru
ctu

re
learn

in
g

fo
r

n
o
n
-G

au
ssian

grap
h
ical

m
o
d
els

(M
orrison

et
al.,

2017),
an

d
n
ovel

ap
p
roach

es
to

th
e

fi
lterin

g
of

h
ig

h
-d

im
en

sion
al

sp
atiotem

p
oral

p
ro

cesses
(S

p
an

tin
i,

2017,
C

h
.

6).
O

v
erall,

w
e

p
ro

p
o
se

a
ra

n
g
e

of
tech

n
iq

u
es

to
ad

d
ress

p
rob

lem
s

of
in

feren
ce

in
con

tin
u
ou

s
n
on

-G
a
u
ssian

g
ra

p
h
ical

m
o
d
els.

T
h
e

p
a
p

er
is

organ
ized

as
follow

s.
S
ection

2
in

tro
d
u
ces

som
e

n
otation

u
sed

th
ro

u
gh

-
o
u
t

th
e

p
a
p

er.
S
ection

3
rev

iew
s

th
e

K
n
oth

e-R
osen

b
latt

rearran
gem

en
t,

a
key

cou
p
lin

g
for

o
u
r

a
n
a
ly

sis,
w

h
ile

S
ection

4
b
riefl

y
recalls

som
e

stan
d
ard

term
in

ology
for

M
arkov

ran
d
om

fi
eld

s
a
n
d

g
ra

p
h
ical

m
o
d
els.

T
h
e

m
ain

resu
lts

are
in

S
ection

s
5–7:

S
ection

5
ad

d
resses

th
e

sp
a
rsity

o
f

trian
gu

lar
tran

sp
orts,

w
h
ile

S
ection

6
in

tro
d
u
ces

an
d

d
evelop

s
th

e
co

n
cep

t
of

d
eco

m
p

o
sa

b
le

tran
sp

ort
m

ap
s

for
gen

eral
M

arkov
n
etw

ork
s.

T
h
ese

tw
o

section
s

can
b

e
read

in
d
ep

en
d
en

tly.
S
ection

7
sp

ecializes
th

e
th

eory
of

S
ection

6
to

state-sp
ace

m
o
d
els,

in
tro

d
u
c-

in
g

n
ew

va
riation

al
algorith

m
s

for
fi
lterin

g,
sm

o
o
th

in
g,

an
d

p
aram

eter
in

feren
ce.

S
ection

8
illu

stra
tes

a
sp

ects
of

th
e

th
eory

w
ith

n
u
m

erical
ex

am
p
les.

A
fi
n
al

d
iscu

ssion
is

p
resen

ted
in

S
ectio

n
9
.

A
p
p

en
d
ix

A
collects

som
e

tech
n
ical

d
etails

on
th

e
K

n
oth

e-R
osen

b
latt

rearran
ge-

m
en

t
a
n
d

its
g
en

eralization
s.

A
p
p

en
d
ix

B
con

tain
s

th
e

p
ro

ofs
o
f

th
e

m
ain

resu
lts.

A
p
p

en
d
ix

C
p
rov

id
es

p
seu

d
o
co

d
e

for
ou

r
varia

tion
al

a
lgorith

m
s

ap
p
lied

to
state-sp

ace
m

o
d
els,

an
d

a
d
d
itio

n
a
l

n
u
m

erical
ex

p
erim

en
ts

are
d
escrib

ed
in

A
p
p

en
d
ix

D
.

C
o
d
e

a
n
d

all
n
u
m

erical
ex

a
m

p
les

a
re

availab
le

on
lin

e. 1

2
.

N
o
ta

tio
n

H
ere,

w
e

co
llect

som
e

u
sefu

l
n
otation

u
sed

th
rou

gh
o
u
t

th
e

p
ap

er.
N

o
ta

tio
n

fo
r

fu
n

c
tio

n
s,

se
ts,

a
n

d
g
ra

p
h

s.
F

o
r

a
p
air

of
fu

n
ction

s
f

an
d
g
,

w
e

d
en

o
te

th
eir

co
m

p
osition

b
y
f◦

g
.

W
e

d
en

ote
b
y
∂
k f

th
e

p
artial

d
erivative

of
f

w
ith

resp
ect

to
its

k
th

in
p
u
t

variab
le.

B
y
∂
k f

=
0,

w
e

m
ean

th
at

th
e

fu
n
ction

f
d
o
es

n
ot

d
ep

en
d

on
its

k
th

in
p
u
t

variab
le.

D
ep

en
d
in

g
on

th
e

con
tex

t,
w

e
can

id
en

tify
a

m
atrix

Q
w

ith
its

co
rresp

o
n
d
in

g
lin

ear
m

ap
,

given
b
y
x
7→
Q
x

.
F

o
r

all
n
>

0,
w

e
let

N
n

=
{
1,...,n}

d
en

ote
th

e
set

of
th

e
fi
rst

n
in

tegers.
F

or
an

y
p
a
ir

o
f

sets,A
⊂
B

m
ean

s
th

atA
is

a
su

b
set

ofB
(in

clu
d
in

g
th

e
p

ossib
ility

ofA
=
B

).
W

e
d
en

o
te

b
y
|A
|

th
e

card
in

ality
ofA

.
G

iven
a

g
ra

p
h

G
=

(V
,E

)
w

ith
vertices

V
an

d
ed

ges
E

,
w

e
d
en

ote
b
y

N
b
(k
,G

)
th

e
n
eig

h
b

o
rh

o
o
d

o
f

a
n
o
d
e
k

in
G

,
w

h
ile

for
an

y
setA

⊂
V

,
w

e
d
en

ote
b
y
G
A

=
(V
′,E
′)

th
e

su
b
g
ra

p
h

g
iven

b
y
V
′
=
A

an
d
E
′
=
E
∩

(A
×
A

).
N

o
ta

tio
n

fo
r

m
e
a
su

re
s

a
n

d
d

e
n

sitie
s.

In
th

is
p
ap

er,
w

e
m

o
stly

con
sid

er
p
rob

ab
ility

m
ea

su
res

o
n
R
n

th
at

are
ab

solu
tely

con
tin

u
ou

s
w

ith
resp

ect
to

th
e

L
eb

esg
u
e

m
easu

re,
λ

,
a
n
d

th
a
t

a
re

fu
lly

su
p
p

orted
.

W
e

d
en

ote
th

e
set

of
su

ch
m

easu
res

b
y

M
+

(R
n
).

T
h
e

d
en

sity
o
f

a
m

easu
re

w
ill

alw
ay

s
b

e
in

ten
d
ed

w
ith

resp
ect

to
λ

.
F

or
a

p
air

o
f

m
easu

res
ν

1 ,ν
2 ,

ν
1 �

ν
2

m
ea

n
s

th
at
ν

1
is

ab
solu

tely
con

tin
u
ou

s
w

ith
resp

ect
to
ν

2 .
F

o
r

a
n
y

m
easu

re
ν

an
d

m
easu

rab
le

m
ap

T
,

w
e

d
en

ote
b
y
T
] ν

th
e

p
u
sh

forw
a
rd

m
easu

re
g
iven

b
y
ν
◦
T
−

1,
w

h
ere

for
an

y
set
B

,
T
−

1(B
)

is
th

e
set-valu

ed
p
reim

age
ofB

u
n
d
er
T

.

1
.
h
t
t
p
:
/
/
t
r
a
n
s
p
o
r
t
m
a
p
s
.
m
i
t
.
e
d
u

3
JM

L
R

 19(66):1-71, 2018

S
pa

n
t
in
i,
B
ig
o
n
i,
a
n
d

M
a
r
z
o
u
k

S
im

ilarly,
w

e
d
en

ote
b
y
T
]ν

th
e

p
u
llb

ack
m

easu
re

giv
en

b
y
ν
◦
T

.
G

iven
a

m
easu

re
ν

w
ith

d
en

sity
π

an
d

a
m

ap
T

,
w

e
d
en

ote
b
y
T
] π

th
e

d
en

sity
of
T
] ν

,
p
rov

id
ed

it
ex

ists
(d

ep
en

d
in

g
on

T
).

W
e

call
T
] π

th
e

p
u

sh
fo

rw
a
rd

d
en

sity
of
π

b
y
T

.
S
im

ilarly,
w

e
d
efi

n
e

th
e

p
u
llb

ack
d
en

sity
T
]π

as
th

e
d
en

sity
of
T
]ν

,
p
rov

id
ed

it
ex

ists.
W

h
eth

er
th

e
m

ap
T

p
reserves

th
e

ab
solu

te
con

tin
u
ity

of
th

e
m

easu
re

d
ep

en
d
s

on
th

e
regu

larity
of
T

.
F

or
in

stan
ce,

if
T

:R
n
→

R
n

is
a

d
iff

eom
orp

h
ism

—
i.e.,

a
d
iff

eren
tiab

le
b
ijection

w
ith

d
iff

eren
tiab

le
in

verse—
th

en
on

e
h
as:

T
] π

(x
)

=
π

(T
−

1(x
))|d

et∇
T
−

1(x
)|,

T
]π

(x
)

=
π

(T
(x

))|d
et∇

T
(x

)|,
(1)

w
h
ere
∇
T

(x
)

d
en

otes
th

e
J
acob

ian
of
T

at
x

.
T

h
e

regu
larity

assu
m

p
tion

s
on

T
can

b
e

su
b
stan

tially
w

eaken
ed

as
lon

g
as

on
e

m
o
d
ifi

es
(1)

ap
p
rop

riately
(F

rem
lin

,
2000).

W
e

w
ill

giv
e

on
e

su
ch

ex
am

p
le

sh
ortly

w
h
en

d
ealin

g
w

ith
trian

gu
lar

m
ap

s
(see

S
ection

3
or

A
p
p

en
d
ix

A
).

W
e

d
en

ote
b
y
∫
f

(x
)
ν

(d
x

)
th

e
in

tegration
of

a
m

easu
rab

le
fu

n
ction

f
:
R
n
→

R
w

ith
resp

ect
to

a
m

easu
re
ν

.
F

or
th

e
L

eb
esgu

e
m

easu
re,

w
e

sim
p
lify

ou
r

n
otation

as ∫
f

(x
)
λ

(d
x

)
=
∫
f

(x
)

d
x

.
G

iven
a

p
air

η
,π

of
p
rob

ab
ility

d
en

sities
an

d
a

m
ap

T
:R

n
→

R
n
,
w

e
say

th
at
T

p
u

sh
es

fo
rw

a
rd
η

to
π

if
an

d
on

ly
if
T

cou
p
les

th
e

corresp
on

d
in

g
p
rob

ab
ility

m
easu

res,
i.e.,

T
] ν
η

=
ν
π
,

w
ith

ν
η (B

)
=
∫B
η
(x

)
d
x

an
d
ν
π
(B

)
=
∫B
π

(x
)

d
x

for
all

m
easu

rab
le

setsB
.

(N
otice

th
at
T
] η

n
eed

n
ot

b
e

given
b
y

(1)
sin

ce
w

e
are

n
ot

sp
ecify

in
g

an
y

regu
larity

on
T

.)
W

h
en

it
is

clear
from

con
tex

t,
w

e
w

ill
freely

om
it

th
e

q
u
alifi

er
a.e.

to
in

d
icate

a
p
rop

erty
th

at
h
old

s
u
p

to
a

set
of

m
easu

re
zero.

N
o
ta

tio
n

fo
r

ra
n

d
o
m

v
a
ria

b
le

s.
W

e
u
se

b
old

face
ca

p
ital

letters,
e.g.,

X
,

to
d
en

ote
ran

d
om

variab
les

on
R
n

w
ith

n
>

1,
w

h
ile

w
e

w
rite

scalar-valu
ed

ran
d
om

variab
les

as
X

.
T

h
e

law
of

a
ran

d
om

variab
le
X

d
efi

n
ed

on
a

p
rob

ab
ility

sp
ace

(Ω
,P

)
is

given
b
y
X
] P

.
F

or
a

m
easu

re
ν

,
X
∼
ν

m
ean

s
th

at
X

h
as

law
ν

.
If
X

=
(X

1 ,...,X
p )

is
a

collection
of

ran
d
om

variab
les

an
d
A
⊂

N
p ,

th
en
X
A

=
(X

i ,i∈
A

)
d
en

otes
a

su
b

collection
of
X

.
In

th
e

sam
e

w
ay,

for
j
<
k
,
X
j:k

=
(X

j ,X
j+

1 ,...,X
k ).

If
X

=
(X

1 ,...,X
p )

h
as

join
t

d
en

sity
π

an
d

A
⊂

N
p ,

w
e

d
en

ote
b
y
π
X
A

th
e

m
argin

al
of
π

alon
g
X
A

,
i.e.,

π
X
A

(x
A

)
=
∫
π

(x
)

d
x
N
p \A

.
If
π

is
th

e
d
en

sity
of
Z

=
(X

,Y
),

w
e

d
en

ote
b
y
π
X
|Y

th
e

d
en

sity
of
X

given
Y

,
w

h
ere

π
X
|Y

(x|y
)

=

{
π
X
,Y

(x
,y

)/π
Y

(y
)

if
π
Y

(y
)6=

0

0
oth

erw
ise.

(2)

W
e

d
en

ote
in

d
ep

en
d
en

ce
of

a
p
air

of
ra

n
d
om

variab
les
X
,Y

b
y
X
⊥⊥
Y

.
In

th
e

sam
e

w
ay,

X
⊥⊥
Y
|R

m
ean

s
th

at
X

an
d
Y

are
in

d
ep

en
d
en

t
giv

en
a

th
ird

ran
d
om

variab
le
R

.

3
.

T
ria

n
g
u
la

r
T

ra
n
sp

o
rt

M
a
p
s:

a
B

u
ild

in
g

B
lo

ck

A
n

im
p

ortan
t

tran
sp

ort
for

ou
r

an
a
ly

sis
is

th
e

K
n
oth

e-R
osen

b
latt

(K
R

)
rearran

gem
en

t
on

R
n

(R
osen

b
latt,

1952).
F

or
a

p
air

of
m

easu
res

ν
η ,ν

π
∈

M
+

(R
n
),

w
ith

d
en

sities
η

an
d

π
,

resp
ectively,

th
e

K
R

rearran
gem

en
t

is
th

e
u
n
iq

u
e

m
on

oton
e

in
creasin

g
low

er
trian

gu
lar

m
easu

rab
le

m
ap

th
at

p
u
sh

es
forw

ard
ν
η

to
ν
π
,

i.e.,
T
] ν
η

=
ν
π

(C
arlier

et
al.,

2
010).

H
ere,

m
on

oton
icity

is
w

ith
resp

ect
to

th
e

lex
icograp

h
ic

ord
er

on
R
n
,

w
h
ile

u
n
iq

u
en

ess
is

u
p

to
ν
η -n

u
ll

sets.
A

low
er

trian
gu

lar
m

ap
T

:
R
n
→

R
n

is
a

m
u
ltivariate

fu
n
ction

w
h
ose

k
th

4
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L
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In
f
e
r
e
n
c
e
v
ia

L
o
w
-D

im
e
n
si
o
n
a
l
C
o
u
p
l
in
g
s

co
m

p
on

en
t

d
ep

en
d
s

on
ly

on
th

e
fi
rs

t
k

in
p
u
t

va
ri

ab
le

s,
i.
e.

,

T
(x

)
=

    

T
1
(x

1
)

T
2
(x

1
,x

2
)

. . . T
n
(x

1
,x

2
,.
..
x
n
)

    

fo
r

so
m

e
co

ll
ec

ti
on

of
fu

n
ct

io
n
s

(T
k
)

an
d

fo
r

a
ll
x

=
(x

1
,.
..
,x

n
).

T
h
e

d
is

ti
n
ct

io
n

b
et

w
ee

n
lo

w
er

,
u
p
p

er
,

or
ot

h
er

m
or

e
ge

n
er

al
fo

rm
s

of
tr

ia
n
gu

la
r

m
ap

is
a

m
at

te
r

of
co

n
v
en

ti
on

.
W

e
w

il
l

re
v
is

it
th

is
im

p
or

ta
n
t

p
oi

n
t

in
S
ec

ti
on

6.
S
ee

A
p
p

en
d
ix

A
fo

r
a

co
n
st

ru
ct

iv
e

d
efi

n
it

io
n

of
th

e
K

R
re

ar
ra

n
ge

m
en

t
b
as

ed
on

a
se

q
u
en

ce
of

on
e-

d
im

en
si

on
al

tr
an

sp
or

ts
.

In
ou

r
h
y
p

ot
h
es

is
,

th
e

K
R

re
ar

ra
n
ge

m
en

t
is

al
w

ay
s

a
b
ij

ec
ti

on
o
n
R
n
,

w
h
il
e

ea
ch

m
ap

ξ
7→
T
k
(x

1
,.
..
,x

k
−

1
,ξ

)
(3

)

is
h
om

eo
m

or
p
h
ic

(c
on

ti
n
u
ou

s
b
ij

ec
ti

on
w

it
h

co
n
ti

n
u
ou

s
in

ve
rs

e)
,

st
ri

ct
ly

in
cr

ea
si

n
g,

an
d

d
if

-
fe

re
n
ti

ab
le

a.
e.

(S
an

ta
m

b
ro

gi
o,

20
15

).
H

er
e,

m
on

ot
on

ic
it

y
w

it
h

re
sp

ec
t

to
th

e
le

x
ic

og
ra

p
h
ic

or
d
er

is
eq

u
iv

al
en

t
to

ea
ch

fu
n
ct

io
n

(3
)

b
ei

n
g

in
cr

ea
si

n
g.

T
h
e

re
su

lt
in

g
re

ar
ra

n
ge

m
en

t
T

is
fa

r
fr

om
b

ei
n
g

a
d
iff

eo
m

or
p
h
is

m
b
u
t

is
st

il
l

re
gu

la
r

en
ou

g
h

to
d
efi

n
e

a
u
se

fu
l

ch
an

ge
of

va
ri

ab
le

s,
as

th
e

fo
ll
ow

in
g

le
m

m
a

p
ro

v
en

in
B

og
ac

h
ev

et
al

.
(2

00
5)

sh
ow

s.

L
e
m

m
a

1
If
T

is
a

K
R

re
a
rr

a
n

ge
m

en
t

p
u

sh
in

g
fo

rw
a
rd
ν
η

to
ν
π

,
th

en
ν
η
-a

.e
.,

T
] π

(x
)

=
π

(T
(x

))
d
et
∇
T

(x
)

=
η
(x

),
(4

)

w
h
er

e
d
et
∇
T

: =
∏
n i=

1
∂
k
T
k

ex
is

ts
a
.e

.,
a
n

d
w

h
er

e
T
] π

is
th

e
d
en

si
ty

o
f
T
] ν
π

.

In
ge

n
er

al
,

d
et
∇
T

in
(4

)
is

n
ot

th
e

d
et

er
m

in
an

t
of

th
e

J
ac

ob
ia

n
of
T

si
n
ce

th
e

m
ap

m
ay

n
ot

b
e

d
iff

er
en

ti
ab

le
,

in
w

h
ic

h
ca

se
it

w
ou

ld
n
ot

b
e

p
os

si
b
le

to
d
efi

n
e
∇
T

in
th

e
cl

as
si

ca
l

se
n
se

;
th

is
is

w
h
y

d
et
∇
T

is
re

d
efi

n
ed

in
th

e
le

m
m

a
.

N
ev

er
th

el
es

s,
it

is
k
n
ow

n
th

at
T

in
h
er

it
s

th
e

sa
m

e
re

gu
la

ri
ty

as
η

an
d
π

,
b
u
t

n
ot

m
or

e
(S

an
ta

m
b
ro

gi
o,

20
15

).
S
ee

A
p
p

en
d
ix

A
fo

r
ad

d
it

io
n
al

re
m

ar
k
s

on
th

e
re

gu
la

ri
ty

of
th

e
m

ap
.

A
n

es
se

n
ti

al
fe

at
u
re

of
th

e
tr

ia
n
g
u
la

r
tr

an
sp

or
t

m
ap

is
it

s
a
n

is
o
tr

o
p
ic

d
ep

en
d
en

ce
on

th
e

in
p
u
t

va
ri

ab
le

s.
T

h
at

is
,

ev
en

th
ou

gh
ea

ch
co

m
p

on
en

t
of

th
e

tr
a
n
sp

or
t

m
ap

d
o
es

n
ot

d
ep

en
d

on
al

l
n

in
p
u
ts

,
th

e
m

ap
is

st
il
l

ca
p
ab

le
of

co
u
p
li
n
g

ar
b
it

ra
ry

p
ro

b
ab

il
it

y
d
is

tr
ib

u
-

ti
on

s.
In

fo
rm

al
ly

,
w

e
ca

n
th

in
k

of
th

e
K

R
re

ar
ra

n
ge

m
en

t
as

im
p

os
in

g
th

e
sp

a
rs

es
t

p
os

si
b
le

st
ru

ct
u
re

th
at

p
re

se
rv

es
ge

n
er

al
it

y
of

th
e

co
u
p
li
n
g—

in
th

at
th

e
re

ar
ra

n
ge

m
en

t
is

gu
ar

a
n
te

ed
to

ex
is

t
fo

r
an

y
ν
η
,ν

π
∈

M
+

(R
n
).

In
S
ec

ti
on

6,
w

e
w

il
l

sh
ow

th
at

th
e

an
is

o
tr

op
y

of
th

e
K

R
re

ar
ra

n
ge

m
en

t
is

cr
u
ci

al
to

p
ro

v
in

g
th

at
ce

rt
ai

n
“c

om
p
le

x
”

(a
n
d

ge
n
er

al
ly

n
on

-t
ri

an
gu

la
r)

tr
an

sp
or

ts
ca

n
b

e
fa

ct
or

iz
ed

in
to

co
m

p
os

it
io

n
s

of
a

fe
w

lo
w

er
-d

im
en

si
o
n

a
l

tr
ia

n
gu

la
r

m
ap

s.
T

h
u
s

w
e

ca
n

th
in

k
of

th
e

K
R

re
ar

ra
n
ge

m
en

t
as

th
e

fu
n
d
am

en
ta

l
b
u
il
d
in

g
b
lo

ck
of

a
m

or
e

ge
n
er

al
cl

as
s

of
n
on

-t
ri

an
gu

la
r

tr
an

sp
or

ts
.

T
h
e

K
R

re
ar

ra
n
ge

m
en

t
al

so
en

jo
y
s

m
an

y
at

tr
a
ct

iv
e

co
m

p
u
ta

ti
on

al
fe

at
u
re

s.
A

s
sh

ow
n

in
M

ar
zo

u
k

et
al

.
(2

01
6)

,
it

ca
n

b
e

ch
ar

ac
te

ri
ze

d
as

th
e

u
n
iq

u
e

m
in

im
iz

er
of

th
e

K
u
ll
b
ac

k
–

L
ei

b
le

r
(K

L
)

d
iv

er
ge

n
ce
D K

L
(
T
]ν
η
||ν

π
)

ov
er

th
e

co
n
e
T 4

of
m

on
ot

on
e

in
cr

ea
si

n
g

tr
ia

n
gu

la
r

5
JM

L
R

 1
9(

66
):

1-
71

, 2
01

8

S
pa

n
t
in
i,
B
ig
o
n
i,
a
n
d

M
a
r
z
o
u
k

m
ap

s.
F

ro
m

th
e

p
er

sp
ec

ti
ve

of
fu

n
ct

io
n

ap
p
ro

x
im

at
io

n
,

p
ar

am
et

er
iz

in
g

a
m

o
n
o
to

n
e

tr
ia

n
-

gu
la

r
m

ap
is

st
ra

ig
h
tf

or
w

ar
d
:

it
su

ffi
ce

s
to

w
ri

te
ea

ch
co

m
p

on
en

t
of

th
e

m
ap

a
s2

T
k
(x

)
=
a
k
(x

1
,.
..
,x

k
−

1
)

+

∫
x
k

0
ex

p
(b
k
(x

1
,.
..
,x

k
−

1
,t

))
d
t,

(5
)

fo
r

so
m

e
ar

b
it

ra
ry

fu
n
ct

io
n
s
a
k

:
R
k
−

1
→

R
an

d
b k

:
R
k
→

R
(R

am
sa

y
,

19
98

).
F

o
r

ex
a
m

p
le

,
on

e
co

u
ld

p
ar

am
et

er
iz

e
ea

ch
a
k
,b
k

u
si

n
g

a
li
n
ea

r
ex

p
an

si
on

a
k
(x

)
=
∑ i

a
k
,i
ψ
i(
x

),
b k

(x
)

=
∑ j

b k
,j
ψ
j
(x

)

in
te

rm
s

of
m

u
lt

iv
ar

ia
te

H
er

m
it

e
p

ol
y
n
o
m

ia
ls

(ψ
i)

an
d

u
n
k
n
ow

n
co

effi
ci

en
ts
c

=
(a
k
,i
,b
k
,j

);
al

te
rn

at
iv

el
y,

on
e

co
u
ld

u
se

a
n
eu

ra
l

n
et

w
or

k
re

p
re

se
n
ta

ti
on

of
a
k

an
d
b k

.
T

h
e

re
su

lt
in

g
tr

an
sp

or
t

m
ap

T
[c

]—
p
ar

am
et

er
iz

ed
b
y

th
e

co
effi

ci
en

ts
c
—

is
m

on
ot

on
e

an
d

in
ve

rt
ib

le
fo

r
al

l
ch

oi
ce

s
of
c
.

(I
n

co
n
tr

as
t,

p
ar

am
et

er
iz

in
g

ge
n
er

al
cl

as
se

s
of

m
on

ot
on

e
n

o
n

-t
ri

a
n

gu
la

r
m

ap
s

is
a

d
iffi

cu
lt

ta
sk

.)
T

h
e

m
in

im
iz

at
io

n
of
D K

L
(
T
]ν
η
||ν

π
)

fo
r

a
m

ap
in
T 4

a
n
d

fo
r

a
p
ai

r
of

n
on

va
n
is

h
in

g
ta

rg
et

(π
)

an
d

re
fe

re
n
ce

(η
)

d
en

si
ti

es
ca

n
b

e
re

w
ri

tt
en

a
s

m
in T
−

E

[ lo
g
π

(T
(X

))
+
∑ k

lo
g
∂
k
T
k
(X

)
−

lo
g
η
(X

)]
(6

)

s.
t.

T
∈
T 4
,

w
h
er

e
th

e
ex

p
ec

ta
ti

on
is

w
it

h
re

sp
ec

t
to

th
e

re
fe

re
n
ce

m
ea

su
re

—
w

h
ic

h
is

th
e

la
w

o
f
X

.
T

w
o

as
p

ec
ts

of
(6

)
ar

e
p
ar

ti
cu

la
rl

y
im

p
or

ta
n
t.

F
ir

st
,

fo
r

th
e

p
u
rp

os
e

o
f

o
p
ti

m
iz

a
ti

o
n
,

th
e

ta
rg

et
d
en

si
ty

ca
n

b
e

re
p
la

ce
d

w
it

h
it

s
u
n
n
o
rm

al
iz

ed
ve

rs
io

n
π̄

.
(T

h
is

re
p
la

ce
m

en
t

is
es

-
se

n
ti

al
in

B
ay

es
ia

n
in

fe
re

n
ce

,
w

h
er

e
th

e
p

os
te

ri
or

n
or

m
al

iz
in

g
co

n
st

an
t

is
u
su

a
ll
y

u
n
k
n
ow

n
.)

S
ec

on
d
,

(6
)

ca
n

b
e

tr
ea

te
d

as
a

st
o
ch

as
ti

c
p
ro

gr
am

an
d

so
lv

ed
b
y

m
ea

n
s

of
sa

m
p
le

-a
ve

ra
g
e

ap
p
ro

x
im

at
io

n
(S

A
A

)
or

st
o
ch

as
ti

c
ap

p
ro

x
im

a
ti

on
(S

h
a
p
ir

o,
20

13
;

K
u
sh

n
er

a
n
d

Y
in

,
2
0
0
3
).

R
ec

al
l

th
at

th
e

re
fe

re
n
ce

m
ea

su
re

is
a

d
eg

re
e

of
fr

ee
d
om

of
th

e
p
ro

b
le

m
an

d
is

ch
o
se

n
p
re

-
ci

se
ly

to
m

ak
e

th
e

in
te

gr
at

io
n

in
(6

)
fe

as
ib

le
u
si

n
g,

fo
r

in
st

an
ce

,
q
u
ad

ra
tu

re
,

M
o
n
te

C
a
rl

o
,

or
q
u
as

i-
M

on
te

C
ar

lo
m

et
h
o
d
s

(D
ic

k
et

al
.,

20
13

).
A

ss
u
m

in
g

so
m

e
ad

d
it

io
n
al

re
gu

la
ri

ty
fo

r
π

(e
.g

.,
at

le
as

t
d
iff

er
en

ti
ab

il
it

y
)

a
n
d

u
si

n
g

th
e

m
on

ot
on

e
p
ar

am
et

er
iz

at
io

n
of

(5
),

th
en

(6
)

b
ec

om
es

an
u
n
co

n
st

ra
in

ed
an

d
d
iff

er
en

ti
a
b
le

op
ti

m
iz

at
io

n
p
ro

b
le

m
.

In
p
ar

ti
cu

la
r,

w
e

ca
n

u
se

th
e

gr
ad

ie
n
t

o
f

lo
g
π

to
ob

ta
in

a
n

u
n
b
ia

se
d

es
ti

m
at

or
fo

r
th

e
gr

ad
ie

n
t

of
(6

)
(A

sm
u
ss

en
an

d
G

ly
n
n
,

20
07

).
A

lt
er

n
at

iv
el

y,
if
∇

lo
g
π

is
u
n
av

ai
la

b
le

,
w

e
ca

n
u
se

th
e

sc
o
re

m
et

h
od

(G
ly

n
n
,

19
90

)
to

p
ro

d
u
ce

an
es

ti
m

a
to

r
th

a
t

is
st
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re
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∂
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∈
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b
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p
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b
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b
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∂
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→

0,
even

if
th

e
n
o
rm

alizin
g

co
n
sta

n
t

o
f
π

is
u
n
k
n
ow

n
.

T
h
is

con
vergen

ce
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rath

er
u
sefu

l
for

a
n

y
variation

al
in

feren
ce

m
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.
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alizin
g

con
stan

t
β

:=
π̄
/π

as

β̂
=

ex
p
E

[
log

π̄
(T̃

(X
))

+
∑

k

log
∂
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th
is

case,
it

tu
rn

s
ou

t
th

at
th

e
in

verse
tran

sp
o
rt
S

=
T
−

1
can

b
e

ea
sily

co
m

p
u
ted

v
ia

con
vex

op
tim

ization
.

(N
otice

th
at
S

is
ju

st
an

ord
in

ary
trian

gu
lar

tra
n
sp

o
rt

m
a
p

th
at

p
u
sh

es
forw

ard
ν
π

to
ν
η .

T
h
e

“in
verse”

d
escrip

tor
w

ill
h
elp

d
istin

gu
ish

S
fro

m
th

e
m

ap
T

th
at

p
u
sh

es
forw

ard
th

e
referen

ce
to

th
e

target
d
istrib

u
tion

.
W

e
refer

to
T

a
s

th
e

d
irect

tran
sp

ort.)
W

e
can

th
en

in
vert

S
at
x
∈
R
n

to
ob

tain
th

e
evalu

ation
of

th
e

d
irect

tra
n
sp

ort
T

(x
).

In
vertin

g
a

m
on

oton
e

trian
gu

lar
fu

n
ction

is
a

com
p
u
tation

ally
triv

ial
ta

sk
sin

ce
it

req
u
ires

th
e

solu
tion

of
a

seq
u
en

ce
of

on
e-d

im
en

sion
al

ro
ot

fi
n
d
in

g
p
rob

lem
s.

In
p
ra

ctice,
o
n
e

ju
st

n
eed

s
to

in
vert

(3)
for

k
=
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.
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p
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∈
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−
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p
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h
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∂
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p
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is
a

b
a
n
an

a-sh
ap

ed
d
istrib

u
tion

in
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b
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d
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b
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ν
π

sa
ti

sfi
es

th
e

gl
ob

al
M

ar
ko

v
p
ro

p
er

ty
re

la
ti

ve
to

G
(L

au
ri

tz
en

,
1
99

6,
P

ro
p
.
3.

8)
.

T
h
e

co
n
ve

rs
e

is
tr

u
e

on
ly

u
n
d
er

ad
d
it

io
n
al

as
su

m
p
ti

on
s:

fo
r

in
st

an
ce

,
if
ν
π

ad
m

it
s

a
co

n
ti

n
-

u
ou

s
an

d
st

ri
ct

ly
p

os
it

iv
e

d
en

si
ty

(s
ee

th
e

H
am

m
er

sl
ey

-C
li
ff

or
d

th
eo

re
m

;
H

am
m

er
sl

ey
an

d
C

li
ff

or
d
,

19
71

;
L

au
ri

tz
en

,
19

96
).

A
cr

it
ic

al
q
u
es

ti
on

th
en

is
h
ow

to
ch

ar
ac

te
ri

ze
a

su
it

a
b
le

I-
m

ap
fo

r
a

g
iv

en
m

ea
su

re
.

T
h
er

e
ar

e
se

ve
ra

l
an

sw
er

s.
F

ir
st

of
al

l,
in

m
an

y
ap

p
li
ca

ti
on

s
th

at
in

vo
lv

e
p
ro

b
ab

il
is

ti
c

m
o
d
el

in
g,

th
e

ta
rg

et
d
is

tr
ib

u
ti

on
is

d
efi

n
ed

in
te

rm
s

of
it

s
p

ot
en

ti
al

s,
as

in
(1

1
),

b
ec

au
se

th
is

is
ju

st
a

m
or

e
co

n
ve

n
ie

n
t

w
ay

to
sp

ec
if

y
a

h
ig

h
-d

im
en

si
on

al
d
is

tr
ib

u
ti

on
an

d
to

p
er

fo
rm

in
fe

re
n
ce

(o
r

ge
n
er

al
p
ro

b
ab

il
is

ti
c

re
as

on
in

g)
w

it
h

it
.

F
in

d
in

g
a

gr
ap

h
fo

r
w

h
ic

h
ν
π

fa
ct

or
iz

es
is

th
en

a
tr

iv
ia

l
ta

sk
.

S
ee

F
ig

u
re

4
(l

ef
t)

fo
r

an
ex

am
p
le

.
A

p
p
li
ca

ti
o
n
s

w
h
er

e
th

is
co

m
m

on
ly

h
ol

d
s

ra
n
ge

fr
om

sp
at

ia
l

st
at

is
ti

cs
an

d
im

a
ge

an
al

y
si

s
to

sp
ee

ch
re

co
gn

it
io

n
(K

ol
le

r
an

d
F

ri
ed

m
an

,
20

09
;

R
u
e

an
d

H
el

d
,

20
05

).
In

S
ec

ti
on

7,
fo

r
ex

am
p
le

,
w

e
fo

cu
s

ex
cl

u
si

v
el

y
on

d
is

cr
et

e-
ti

m
e

M
ar

ko
v

p
ro

ce
ss

es
,

w
h
er

e
th

e
M

ar
ko

v
st

ru
ct

u
re

of
th

e
p
ro

b
le

m
is

se
lf

-e
v
id

en
t.

M
or

e
sp

ec
ifi

ca
ll
y,

S
ec

ti
on

7
ta

ck
le

s
th

e
p
ro

b
le

m
of

re
cu

rs
iv

e
sm

o
ot

h
in

g
a
n
d

st
at

ic
p
ar

am
et

er
es

ti
m

at
io

n
fo

r
a

st
at

e-
sp

ac
e

m
o
d
el

.
In

th
is

co
n
te

x
t,

th
e

ta
rg

et
m

ea
su

re
ν
π

co
u
ld

re
p
re

se
n
t

th
e

jo
in

t
d
is

tr
ib

u
ti

on
of

st
at

e
an

d
p
ar

am
et

er
s,

co
n
d
it

io
n
ed

on
al

l
th

e
av

ai
la

b
le

ob
se

rv
at

io
n
s

(s
ee

F
ig

u
re

s
4

an
d

8)
.

T
h
e

re
ad

er
m

ig
h
t

w
an

t
to

co
n
si

d
er

th
is

se
q
u
en

ti
a
l

in
fe

re
n
ce

p
ro

b
le

m

3
.
S

is
a

se
p

a
ra

to
r

se
t

fo
r
A

a
n

d
B

if
(1

)
S

is
d

is
jo

in
t

fr
o
m
A

a
n

d
B,

a
n

d
if

(2
)

ev
er

y
p

a
th

fr
o
m
α
∈
A

to
β
∈
B

in
te

rs
ec

ts
S.

If
A

a
n

d
B

a
re

d
is

co
n

n
ec

te
d

co
m

p
o
n

en
ts

o
f
G,

th
en
S

=
∅

is
a

se
p

a
ra

to
r

se
t

fo
r
A

a
n

d
B.

4
.

A
cl

iq
u

e
is

a
fu

ll
y

co
n

n
ec

te
d

su
b

se
t

o
f

th
e

v
er

ti
ce

s,
w

h
er

ea
s

a
m

a
x
im

a
l

cl
iq

u
e

is
a

cl
iq

u
e

th
a
t

is
n

o
t

a
st

ri
ct

su
b
se

t
o
f

a
n

o
th

er
cl

iq
u

e.
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S
pa

n
t
in
i,
B
ig
o
n
i,
a
n
d

M
a
r
z
o
u
k

as
a

gu
id

in
g

ap
p
li
ca

ti
on

w
h
il
e

re
ad

in
g

th
e

fo
rt

h
co

m
in

g
S
ec

ti
on

s
5

an
d

6.
W

e
em

p
h
a
si

ze
,

h
ow

ev
er

,
th

at
ou

r
th

eo
ry

is
fa

r
m

or
e

ge
n
er

al
an

d
b
y

n
o

m
ea

n
s

re
st

ri
ct

ed
to

a
n
y

sp
ec

ifi
c

M
ar

ko
v

st
ru

ct
u
re

.
In

ot
h
er

se
tt

in
gs

,
th

e
gr

ap
h

is
u
n
k
n
ow

n
an

d
m

u
st

b
e

es
ti

m
at

ed
.

W
h
en

o
n
ly

sa
m

p
le

s
fr

om
ν
π

ar
e

av
ai

la
b
le

,
th

is
is

a
q
u
es

ti
on

of
m

o
d
el

le
ar

n
in

g
(K

ol
le

r
an

d
F

ri
ed

m
a
n
,

2
0
0
9
,

P
a
rt

II
I)

—
a

p
ro

b
le

m
w

it
h

va
ri

ou
s

ap
p
li
ca

ti
on

s
(H

y
v
är

in
en

,
20

05
;

M
ei

n
sh

au
se

n
a
n
d

B
ü
h
lm

a
n
n
,

20
06

;
L

in
et

al
.,

20
15

).
In

ca
se

of
a

k
n
ow

n
an

d
sm

o
ot

h
ta

rg
et

d
en

si
ty

,
w

e
ca

n
ch

a
ra

ct
er

iz
e

p
ai

rw
is

e
co

n
d
it

io
n
al

in
d
ep

en
d
en

ce
in

te
rm

s
of

m
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ed
se

co
n
d
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er

p
ar

ti
a
l

d
er

iv
a
ti

ve
s,

a
s

sh
ow

n
b
y

th
e

fo
ll
ow

in
g

le
m

m
a.

L
e
m

m
a

2
(P

a
ir

w
is

e
c
o
n

d
it

io
n

a
l

in
d

e
p

e
n
d

e
n

c
e
)

If
Z
∼
ν
π

fo
r

a
m

ea
su

re
ν
π

w
it

h
sm

oo
th

a
n

d
st

ri
ct

ly
po

si
ti

ve
d
en

si
ty
π

,
w

e
h
a
ve

:

Z
i
⊥⊥

Z
j
|Z
V\

(i
,j

)
⇐
⇒

∂
2 i,
j

lo
g
π

=
0

o
n
R
n
.

T
h
u
s,

if
w

e
ca

n
ev

al
u
at

e
π

an
d

it
s

d
er

iv
at

iv
es

(u
p

to
a

n
or

m
al

iz
in

g
co

n
st

an
t)

,
w

e
ca

n
u
se

L
em

m
a

2
to
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se
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p
ai

rw
is

e
co

n
d
it

io
n
al

in
d
ep

en
d
en
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an

d
to

d
efi

n
e

a
m

in
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a
l

I-
m

a
p
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r

ν
π
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s:
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d
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ge

b
et

w
ee

n
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er
y

p
ai

r
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d
is
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n
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n
o
d
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u
n
le

ss
th

e
co

rr
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p
o
n
d
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g
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n
d
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ri
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le

s
ar

e
co

n
d
it

io
n
al
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in

d
ep

en
d
en

t
(K

ol
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r
an

d
F

ri
ed

m
an

,
20

0
9
,

T
h
m

.
4
.5

).
R

eg
ar

d
le

ss
of

th
e

m
an

y
w

ay
s

to
ob

ta
in

an
I-

m
ap

,
th

er
e

is
a

fu
n
d
am

en
ta

l
co

n
n
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ti
o
n

b
et

w
ee

n
M

ar
ko

v
p
ro

p
er
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es
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a

d
is

tr
ib

u
ti
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an

d
th

e
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n
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lo

w
-d
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n
a
l
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a
n
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t
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ap
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T

h
e
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th

e
p
ap
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w
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l
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e
p
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se
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th
is
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n
n
ec

ti
on

.

5
.

S
p
a
rs

it
y

o
f

T
ri

a
n
g
u
la

r
T

ra
n
sp

o
rt

M
a
p
s

W
e

b
eg

in
ou

r
in

ve
st

ig
at

io
n

of
lo

w
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si
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al
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ct
u
re

b
y
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n
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d
er
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g

th
e

n
o
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o
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o
f
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a
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e
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an
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or
t

m
ap

.
A
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ar

se
m

ap
is

a
m

u
lt

iv
ar

ia
te

fu
n
ct
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n

w
h
er
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ea
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m
p

o
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en

t
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o
t

d
ep
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d
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l
of
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s
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p
u
t
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ri

ab
le
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A

cc
or

d
in

g
to

th
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d
efi

n
it

io
n
,

a
tr

ia
n
gu

la
r
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a
n
sp

o
rt

is
al

re
ad

y
sp

ar
se

.
In

th
is

se
ct

io
n
,

h
ow

ev
er

,
w

e
sh

ow
th

at
th

e
K

R
re

ar
ra

n
ge

m
en

t
ca

n
b

e
ev

en
sp

a
rs

er
,

d
ep

en
d
in

g
on

th
e

M
ar

ko
v

st
ru

ct
u
re

of
th

e
ta

rg
et

d
is

tr
ib

u
ti

on
.

5
.1

.
S

p
a
rs

it
y

B
o
u

n
d

s

G
iv

en
a

lo
w

er
tr

ia
n
gu

la
r

fu
n
ct

io
n
T

,
w

e
d
efi

n
e

it
s

sp
ar

si
ty

p
at

te
rn

,
I
T

,
as

th
e

se
t

o
f

a
ll

in
te

ge
r

p
ai

rs
(j
,k

),
w

it
h
j
<
k
,

su
ch

th
at

th
e
k
th

co
m

p
on

en
t

o
f

th
e

m
ap

d
o
es

n
o
t

d
ep

en
d

on
th

e
jt

h
in

p
u
t

va
ri

ab
le

,
i.
e.

,
I
T

=
{(
j,
k
)

:
j
<
k
,
∂
j
T
k

=
0
}.

(W
e

d
o

n
o
t

in
cl

u
d
e

p
a
ir

s
j
>
k

in
th

e
d
efi

n
it

io
n

of
I
T

si
n
ce

,
fo

r
a

lo
w

er
tr

ia
n
gu

la
r

fu
n
ct

io
n
,
∂
j
T
k

=
0

fo
r
j
>
k

b
y

co
n
st

ru
ct

io
n
.)

K
n
ow

in
g

th
e

sp
ar

si
ty

p
at

te
rn

of
th

e
K

R
re

ar
ra

n
ge

m
en

t
be

fo
re

co
m

p
u
ti

n
g

th
e

a
ct

u
al

tr
an

sp
or

t
h
as

im
p

or
ta

n
t

co
m

p
u
ta

ti
on

al
im

p
li
ca

ti
on

s.
F

or
in

st
an

ce
,

in
th

e
va

ri
a
ti

o
n
a
l

ch
a
r-

ac
te

ri
za

ti
on

of
th

e
tr

an
sp

or
t

d
es

cr
ib

ed
in

(6
),

w
e

ca
n

re
st

ri
ct

th
e

fe
as

ib
le

d
o
m

a
in

to
th

e
se

t
of

tr
ia

n
gu

la
r

m
ap

s
w

it
h

sp
ar

si
ty

p
at

te
rn

gi
ve

n
b
y
I
T

,
an

d
st

il
l

re
co

ve
r

th
e

d
es

ir
ed

K
R

re
ar

ra
n
ge

m
en

t.
T

h
at

is
,

if
(j
,k

)
∈

I
T

,
w

e
ca

n
p
ar

am
et

er
iz

e
an

y
ca

n
d
id

at
e

tr
a
n
sp

o
rt

m
a
p

b
y

re
m

ov
in

g
th

e
d
ep

en
d
en

ce
on

th
e
jt

h
in

p
u
t

va
ri

ab
le

fr
om

th
e
k
th

co
m

p
on

en
t

o
f

th
e

m
a
p
.

T
h
u
s,

an
al

y
zi

n
g

th
e

M
ar

ko
v

st
ru

ct
u
re

of
th

e
ta

rg
et

d
is

tr
ib

u
ti

o
n

en
ab

le
s

th
e

re
p
re

se
n
ta

ti
o
n

an
d

co
m

p
u
ta

ti
on

of
m

ap
s

in
p

os
si

b
ly

h
ig

h
er

-d
im

en
si

on
al

se
tt
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In
f
e
r
e
n
c
e
v
ia

L
o
w
-D

im
e
n
sio

n
a
l
C
o
u
p
l
in
g
s

T
h
e

fo
llow

in
g

th
eorem

,
w

h
ich

is
th

e
m

ain
resu

lt
of

th
is

section
,

ch
aracterizes

bo
u

n
d
s

on
th

e
sp

a
rsity

p
a
ttern

s
of

trian
gu

lar
tran

sp
o
rt

m
ap

s
given

an
I-m

ap
for

th
e

target
m

easu
re.

In
th

e
sta

tem
en

t
o
f

th
e

th
eorem

,
w

e
d
en

ote
th

e
d
irect

tran
sp

ort
b
y
T

an
d

th
e

in
verse

tran
sp

o
rt

b
y
S

=
T
−

1
(see

S
ection

3).
T

h
e

th
eorem

su
ggests

th
at
S

an
d
T

can
h
ave

q
u
ite

d
iff

eren
t

sp
a
rsity

p
a
ttern

s. 5

T
h

e
o
re

m
3

(S
p

a
rsity

o
f

K
n

o
th

e
–
R

o
se

n
b

la
tt

re
a
rra

n
g
e
m

e
n
ts)

L
et
X
∼
ν
η ,
Z
∼

ν
π

w
ith
ν
η ,ν

π
∈

M
+

(R
n
)

a
n

d
ν
η

a
p
rod

u
ct

m
ea

su
re

o
n
×
ni=

1 R
.

M
o
reo

ver,
a
ssu

m
e

th
a
t
ν
π

is
glo

ba
lly

M
a
rko

v
w

ith
respect

to
G

,
a
n

d
d
efi

n
e,

recu
rsively,

th
e

sequ
en

ce
o
f

gra
p
h
s

(G
k)
nk
=

1

a
s:

(1
)G

n
:=

G
a
n

d
(2

)
fo

r
a
ll

1
≤
k
<
n

,G
k−

1
is

o
bta

in
ed

fro
m

G
k

by
rem

o
vin

g
n

od
e
k

a
n

d
by

tu
rn

in
g

its
n

eigh
bo

rh
ood

N
b
(k
,G

k)
in

to
a

cliqu
e.

T
h
en

th
e

fo
llo

w
in

g
h
o
ld

:

1
.

If
I
S

is
th

e
spa

rsity
pa

ttern
o
f

th
e

in
verse

tra
n

spo
rt

m
a
p
S

,
th

en

Î
S
⊂

I
S
,

(12)

w
h
ere

Î
S

is
th

e
set

o
f

in
teger

pa
irs

(j,k
)

su
ch

th
a
t
j
/∈

N
b
(k
,G

k).

2
.

If
I
T

is
th

e
spa

rsity
pa

ttern
o
f

th
e

d
irect

tra
n

spo
rt

m
a
p
T

,
th

en

Î
T
⊂

I
T
,

(13)

w
h
ere

Î
T

is
d
efi

n
ed

recu
rsively

a
s

fo
llo

w
s:

fo
r
k

=
2
,...,n

th
e

pa
ir

(j,k
)∈

Î
T

if
a
n

d
o
n

ly
if

(j,i)∈
Î
T

fo
r

a
ll
i∈

N
b
(k
,G

k).

3
.

T
h
e

p
red

icted
spa

rsity
pa

ttern
o
f
S

is
a
lw

a
ys

grea
ter

th
a
n

o
r

equ
a
l

to
th

a
t

o
f
T

,
i.e.,

Î
T
⊂

Î
S
.

(14)

S
evera

l
rem

ark
s

are
in

ord
er.

F
irst,

w
e

em
p
h
asize

th
e

fa
ct

th
at

T
h
eorem

3
ch

a
racterizes

sp
a
rsity

p
a
ttern

s
u
sin

g
o
n

ly
an

I-m
ap

for
ν
π
,

w
ith

ou
t

req
u
irin

g
an

y
actu

al
com

p
u
tation

o
f

th
e

tra
n
sp

o
rts.

O
n
e

on
ly

n
eed

s
to

p
erform

sim
p
le

g
rap

h
op

eration
s

on
G

to
b
u
ild

th
e

seq
u
en

ce
of

grap
h
s

(G
k).

S
ee

F
igu

re
2

for
an

illu
stration

o
f

th
is

p
ro

ced
u
re,

w
ith

th
e

corre-
sp

o
n
d
in

g
sp

a
rsity

p
attern

s
in

F
igu

re
3.

W
e

refer
to

(G
k)

as
th

e
m

a
rgin

a
l

grap
h
s.

In
fact,

th
e

seq
u
en

ce
(G

k)
is

p
recisely

th
e

set
of

in
term

ed
iate

gra
p
h
s

p
ro

d
u
ced

b
y

th
e

variab
le

elim
-

in
a
tio

n
a
lgo

rith
m

(K
oller

an
d

F
ried

m
an

,
2009,

C
h
.

9),
w

h
en

m
argin

alizin
g

w
ith

elim
in

ation
o
rd

erin
g

(n
,n
−

1
,...,1).

T
h
is

sh
ou

ld
n
ot

b
e

su
rp

risin
g

as
th

e
K

R
rearran

gem
en

t
is

essen
-

tia
lly

a
seq

u
en

ce
of

ord
ered

m
argin

aliza
tion

s
(V

illan
i,

2008).
T

h
e

h
y
p

oth
esis

th
at
ν
η

is
a

p
ro

d
u
ct

m
ea

su
re

is
im

p
ortan

t
for

th
e

th
eo

rem
to

h
old

.
If

w
e

p
ick

a
referen

ce
m

easu
re

w
ith

a
n

a
rb

itra
ry

M
arkov

stru
ctu

re,
th

ere
n
eed

n
ot

ex
ist

a
sp

arse
tran

sp
ort

m
ap

cou
p
lin

g
ν
η

an
d

ν
π
,

ev
en

if
ν
π

h
as

a
sp

arse
I-m

ap
.

T
h
e

role
of

a
referen

ce
m

easu
re

is
so

m
ew

h
at

p
ecu

liar
to

th
e

w
o
rld

o
f

cou
p
lin

gs
an

d
is

u
su

ally
n
ot

ad
d
ressed

in
classical

treatm
en

ts
of

gra
p
h
ical

m
o
d
els.

N
o
n
eth

eless,
th

is
assu

m
p
tion

o
n
ν
η

is
n
ot

restrictive
in

th
e

p
resen

t
fram

ew
ork

,

5
.

A
n

o
te:

a
s

w
e

a
lrea

d
y

saw
,

th
e

K
R

rea
rra

n
g
em

en
t

is
u

n
iq

u
e

u
p

to
a

set
o
f

m
ea

su
re

zero
.

T
h

eo
rem

3
ch

a
ra

cterizes
th

e
sp

a
rsity

p
a
ttern

o
f

a
p

a
rticu

la
r
versio

n
o
f

th
e

m
a
p

,
th

e
o
n

e
g
iv

en
b
y

D
efi

n
itio

n
1
4

in
A

p
p

en
d

ix
A

.
W

e
w

ill
im

p
licitly

m
a
k
e

th
is

a
ssu

m
p

tio
n

th
ro

u
g
h

o
u

t
th

e
p

a
p

er.
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S
pa

n
t
in
i,
B
ig
o
n
i,
a
n
d

M
a
r
z
o
u
k

sin
ce

th
e

referen
ce

d
istrib

u
tion

is
con

sid
ered

a
d
egree

of
freed

om
of

th
e

p
rob

lem
.

T
h
eorem

3
gives

su
ffi

cien
t

b
u
t

n
ot

n
ecessary

con
d
ition

s
on

(ν
η ,ν

π
)

for
th

e
ex

isten
ce

of
a

sp
arse

m
ap

.
A

n
d

it
cou

ld
n
ot

b
e

oth
erw

ise:
if
ν
η

=
ν
π

th
en

th
e

id
en

tity
m

ap
—

th
e

sp
arsest

p
ossib

le
m

ap
—

w
ou

ld
b

e
a

valid
cou

p
lin

g.
W

e
also

n
ote

th
at

T
h
eorem

3
d
o
es

n
ot

p
rov

id
e

th
e

ex
act

sp
arsity

p
attern

s
of

th
e

trian
-

gu
lar

tran
sp

ort
m

ap
s;

in
stead

,
(12)

an
d

(13)
p
rov

id
e

su
bsets

of
I
T

an
d
I
S

.
In

oth
er

w
o
rd

s,
th

e
actu

al
tran

sp
ort

m
ap

s
m

igh
t

b
e

sp
arser

th
an

p
red

icted
b
y

th
e

sets
Î
S

an
d
Î
T

—
b
u
t,

cru
cially,

th
ey

can
n
ot

b
e

less
sp

arse.
T

h
u
s,

w
e

can
th

in
k

of
T

h
eorem

3
as

p
rov

id
in

g
bo

u
n

d
s

on
th

e
sp

arsity
of

trian
gu

lar
tran

sp
orts.

A
n

im
p

ortan
t

fact
is

th
at,

w
ith

ou
t

ad
d
ition

al
in

-
form

ation
on
ν
π
,

th
ese

b
ou

n
d
s

are
sh

arp
.

T
h
at

is,
w

e
can

alw
ay

s
fi
n
d

a
p
air

of
m

easu
res

(ν
η ,ν

π
)

satisfy
in

g
th

e
h
y
p

oth
eses

of
T

h
eorem

3
an

d
su

ch
th

at
th

e
p
red

icted
an

d
actu

al

sp
arsity

p
attern

s
coin

cid
e,

i.e.,
Î
T

=
I
T

or
Î
S

=
I
S

.
P

art
3

of
T

h
eorem

3
sh

ow
s

th
at

th
e

p
red

icted
sp

arsity
p
attern

of
th

e
in

verse
K

R
rear-

ran
gem

en
t

is
alw

ay
s

larger
th

an
or

eq
u
al

to
th

at
of

th
e

d
irect

tra
n
sp

ort,
i.e.,

Î
T
⊂

Î
S

.
T

h
is

d
o
es

n
ot

m
ean

th
at

for
every

p
air

of
m

easu
res

(ν
η ,ν

π
),

th
e

in
verse

trian
gu

lar
tran

sp
ort

is
alw

ay
s

at
least

as
sp

arse
as

th
e

d
irect

tran
sp

ort;
in

fact,
it

is
p

ossib
le

to
p
rov

id
e

sim
p
le

cou
n
terex

am
p
les.

H
ow

ever,
th

is
resu

lt
d
o
es

im
p
ly

th
at

if
w

e
are

on
ly

given
an

I-m
ap

for
ν
π
,

th
en

p
aram

eterizin
g

can
d
id

ate
in

verse
trian

gu
lar

tran
sp

orts
allow

s
th

e
im

p
osition

of
m

ore
sp

arsity
con

strain
ts

th
an

p
aram

eterizin
g

can
d
id

ate
d
irect

tran
sp

orts.
In

gen
eral,

sp
arser

tran
sp

orts
are

easier
to

rep
resen

t.
S
ee

F
igu

re
4

(righ
t)

for
a

n
on

triv
ial

ex
am

p
le

of
sp

arsity
p
attern

s
for

a
sto

ch
astic

v
olatility

m
o
d
el.

In
d
eed

,
(14)

h
in

ts
at

a
ty

p
ical

tren
d
:

in
verse

tran
sp

ort
m

ap
s

ten
d

to
b

e
sp

arser
(in

m
an

y
p
ractical

cases,
m

u
ch

sp
arser)

th
an

th
eir

d
irect

cou
n
terp

arts.
In

tu
itively,

th
e

sp
arsity

of
a

d
irect

tran
sp

ort
is

asso
ciated

w
ith

m
argin

al
in

d
ep

en
d
en

ce
in
Z

,
w

h
ereas

th
e

in
verse

tran
sp

ort
in

h
erits

sp
arsity

from
th

e
con

d
ition

al
in

d
ep

en
d
en

ce
stru

ctu
re

of
Z

.
T

h
e

latter
is

a
w

eaker
con

d
ition

th
an

m
u
tu

al
in

d
ep

en
d
en

ce;
for

in
stan

ce,
th

e
correlation

len
gth

of
a

p
ro

cess
m

o
d
eled

b
y

a
M

ark
ov

ran
d
om

fi
eld

m
ay

b
e

m
u
ch

larger
th

an
th

e
ty

p
ical

n
eigh

b
orh

o
o
d

size
(R

u
e

an
d

H
eld

,
2005).

T
h
u
s,

given
a

sp
arse

I-m
ap

for
th

e
target

m
easu

re,
it

can
b

e
com

p
u
tation

ally
ad

van
tageou

s
to

ch
aracterize

an
in

verse
tran

sp
ort

rath
er

th
an

a
d
irect

on
e,

b
ecau

se
th

e
in

verse
tran

sp
ort

can
in

h
erit

a
larger

sp
arsity

p
attern

.
G

iven
an

in
v
erse

trian
gu

lar
tran

sp
o
rt
S

,
w

e
can

th
en

easily
evalu

ate
th

e
d
irect

tran
sp

ort
T

=
S
−

1
at

an
y

p
oin

t
x
∈

R
n

b
y

in
vertin

g
S

p
oin

tw
ise,

as
d
escrib

ed
in

S
ection

3.
T

h
ere

is
n
o

n
eed

to
h
ave

an
ex

p
licit

rep
resen

tation
of

th
e

d
irect

tran
sp

ort
as

lon
g

as
it

can
b

e
im

p
licitly

d
efi

n
ed

th
rou

gh
its

in
verse.

5
.2

.
C

o
n

n
e
c
tio

n
to

G
a
u

ssia
n

M
a
rk

o
v

R
a
n

d
o
m

F
ie

ld
s

T
h
e

read
er

fam
iliar

w
ith

G
au

ssian
M

a
rkov

ran
d
om

fi
eld

s
(G

M
R

F
s),

m
igh

t
see

lin
k
s

b
etw

een
th

e
p
reced

in
g

resu
lts

an
d

w
id

esp
read

a
p
p
roach

es
to

th
e

m
o
d
elin

g
of

G
au

ssian
fi
eld

s.
In

th
is

section
,

w
e

clarify
th

e
ex

ten
t

of
th

ese
con

n
ection

s.
M

an
y

ap
p
lication

s
(e.g.,

im
age

an
aly

sis,
sp

atial
statistics,

tim
e

series)
in

volv
e

m
o
d
elin

g
b
y

m
ean

s
of

h
igh

-d
im

en
sion

al
G

au
ssian

fi
eld

s.
D

ealin
g

w
ith

large
an

d
d
en

se
covarian

ces,
h
ow

ev
er,

is
often

im
p
ractical;

b
oth

storage
a
n
d

sam
p
lin

g
of

th
e

G
au

ssian
fi
eld

are
p
rob

lem
-

atic.
T

h
e

u
su

al
w

orkarou
n
d

is
to

rep
lace

or
ap

p
rox

im
ate

th
e

G
au

ssian
fi
eld

w
ith

a
spa

rse
G

M
R

F
—

i.e.,
a

G
au

ssian
M

arkov
n
etw

ork
th

a
t

en
forces

lo
cality

in
th

e
p
rob

ab
ilistic

in
terac-

1
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In
f
e
r
e
n
c
e
v
ia

L
o
w
-D

im
e
n
si
o
n
a
l
C
o
u
p
l
in
g
s

3 25

1
4

G5

3 25

1
4

G4

3 25

1
4

G3

5 24

1
3

G2

F
ig

u
re

2:
S
eq

u
en

ce
of

gr
ap

h
s

(G
k
)

d
es

cr
ib

ed
in

T
h
eo

re
m

3
fo

r
a

ta
rg

et
m

ea
su

re
in

M
+

(R
5
)

w
it

h
I-

m
ap

il
lu

st
ra

te
d

b
y

th
e

le
ft

m
os

t
gr

ap
h
,
G5

.
N

ot
ic

e
th

at
to

ge
n
er

at
e

th
e

gr
ap

h
G2

,
w

e
re

m
ov

e
n
o
d
e

3
fr

om
G3

an
d

tu
rn

it
s

n
ei

gh
b

or
h
o
o
d

in
to

a
cl

iq
u
e

b
y

ad
d
in

g
th

e
ed

ge
(1
,2

).

P
j
k

=
∂
j
S
k

P
j
k

=
∂
j
T
k

F
ig

u
re

3:
S
p
ar

si
ty

p
at

te
rn

s
p
re

d
ic

te
d

b
y

T
h
eo

re
m

3
fo

r
th

e
ta

rg
et

m
ea

su
re

an
al

y
ze

d
in

F
ig

u
re

2.
W

e
re

p
re

se
n
t

th
e

sp
ar

si
ty

p
a
tt

er
n
s

u
si

n
g

a
sy

m
b

ol
ic

m
at

ri
x

n
ot

at
io

n
:

th
e

(j
,k

)-
th

en
tr

y
of

th
e

m
at

ri
x

is
n

o
t

co
lo

re
d

if
th

e
k
th

co
m

p
on

en
t

of
th

e
m

ap
(S

or
T

)
d
o
es

n
ot

d
ep

en
d

on
th

e
jt

h
in

p
u
t

va
ri

ab
le

,
or

,
eq

u
iv

al
en

tl
y,

if
(j
,k

)
∈
Î
S

(r
es

p
.
Î
T

)
(1

2)
.

(S
in

ce
w

e
ar

e
co

n
si

d
er

in
g

lo
w

er
tr

ia
n
gu

la
r

tr
an

sp
or

ts
,

al
l

en
tr

ie
s

j
>
k

ar
e

u
n
co

lo
re

d
.

N
ot

e
al

so
th

a
t
S
k

an
d
T
k

ar
e

al
w

ay
s

fu
n
ct

io
n
s

of
th

ei
r
k
th

in
p
u
t

b
y

st
ri

ct
m

on
ot

on
ic

it
y

o
f

th
e

m
ap

.)
T

h
e

p
re

d
ic

te
d

sp
ar

si
ty

p
at

te
rn

fo
r

th
e

d
ir

ec
t

tr
an

sp
or

t
in

th
is

ex
am

p
le

is
Î
T

=
∅.

ti
on

s
am

on
g

th
e

u
n
d
er

ly
in

g
ra

n
d
om

va
ri

ab
le

s.
T

h
e

m
in

im
al

I-
m

ap
fo

r
th

e
G

M
R

F
is

th
u
s

sp
ar

se
,

an
d

so
is

th
e

p
re

ci
si

on
m

at
ri

x
Λ

of
th

e
fi
el

d
(R

u
e

an
d

H
el

d
,

20
05

).
T

h
e

co
va

ri
an

ce
m

at
ri

x
is

st
il
l

in
ge

n
er

al
d
en

se
,

b
u
t

d
ea

li
n
g

w
it

h
th

e
sp

ar
se

p
re

ci
si

on
m

a
tr

ix
is

m
u
ch

ea
si

er
.

If
L
L
>

is
a

(s
p
ar

se
)

C
h
ol

es
k
y

d
ec

om
p

os
it

io
n

of
Λ

,
th

en
L
>

re
p
re

se
n
ts

a
li
n
ea

r
tr

ia
n
gu

la
r

tr
an

sp
or

t
th

at
p
u
sh

es
fo

rw
ar

d
th

e
jo

in
t

d
is

tr
ib

u
ti

on
of

th
e

G
M

R
F

,
ν
π

=
N

(0
,Λ
−

1
),

to
a

st
an

d
ar

d
n
or

m
al

,
ν
η

=
N

(0
,I

).
T

h
e

ke
y

p
o
in

t
is

th
at

fo
r

m
an

y
M

ar
k
ov

st
ru

ct
u
re

s
of

in
te

r-
es

t,
th

e
C

h
ol

es
k
y

fa
ct

or
in

h
er

it
s

sp
ar

si
ty

fr
om

th
e

u
n
d
er

ly
in

g
gr

ap
h
,

so
th

at
sa

m
p
li
n
g

fr
om

ν
π

ca
n

b
e

ac
h
ie

ve
d

at
lo

w
co

st
as

fo
ll
ow

s:
if
X

is
a

sa
m

p
le

fr
om

ν
η
,

th
en

w
e

ca
n

ob
ta

in
a

sa
m

p
le
Z

fr
om

ν
π

si
m

p
ly

b
y

so
lv

in
g

th
e

sp
a
rs

e
tr

ia
n
gu

la
r

li
n
ea

r
sy

st
em

L
>
Z

=
X

.
T

h
er

e
is

n
o

n
ee

d
to

ex
p
li
ci

tl
y

re
p
re

se
n
t

or
st

or
e

th
e

d
en

se
fa

ct
or

L
−
>

,
si

n
ce

w
e

ca
n

im
p
li
ci

tl
y

re
p
re

se
n
t

it
s

ac
ti

on
b
y

in
ve

rt
in

g
a

sp
ar

se
tr

ia
n
gu

la
r

fu
n
ct

io
n
.
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S
pa

n
t
in
i,
B
ig
o
n
i,
a
n
d

M
a
r
z
o
u
k

Z
0

Z
1

Z
2

Z
3

Z
N

µ
φ

P
j
k

=
∂
j
S
k

F
ig

u
re

4:
(l

ef
t)

M
ar

ko
v

n
et

w
or

k
fo

r
a

st
o
ch

as
ti

c
v
ol

at
il
it

y
m

o
d
el

(K
im

et
a
l.
,

1
9
9
8
).

B
lu

e
n
o
d
es

re
p
re

se
n
t

th
e

d
is

cr
et

e-
ti

m
e

la
te

n
t

lo
g-

vo
la

ti
li
ty

p
ro

ce
ss

(Z
k
)N k

=
0
,

w
h
ic

h
ob

ey
s

a
si

m
p
le

au
to

re
gr

es
si

ve
m

o
d
el

w
it

h
h
y
p

er
p
ar

am
et

er
s
µ
,φ

.
T

h
e

g
ra

p
h

a
b

ov
e

is
a

m
in

im
al

I-
m

ap
fo

r
th

e
p

o
st

er
io

r
d
en

si
ty

d
es

cr
ib

ed
in

S
ec

ti
on

8,
π
µ
,φ
,Z

0
:N
|y

0
:N

,
w

h
er

e
y

0
:N

ar
e

so
m

e
(fi

x
ed

)
ob

se
rv

at
io

n
s.

(r
ig

h
t)

T
h
e

p
re

d
ic

te
d

sp
a
rs

it
y

p
a
tt

er
n

Î
S

(o
n
ly

th
e

to
p

6
×

6
b
lo

ck
is

sh
ow

n
)

fo
r

th
e

in
ve

rs
e

tr
an

sp
or

t
co

rr
es

p
o
n
d
in

g
to

th
e

m
o
d
el

on
th

e
le

ft
:

th
e

fi
rs

t
co

lu
m

n
/r

ow
of

th
e

m
at

ri
x

re
fe

r
jo

in
tl

y
to

a
ll

of
th

e
h
y
p

er
p
ar

am
et

er
s.

E
ac

h
co

m
p

on
en

t
S
k

of
th

e
in

ve
rs

e
tr

an
sp

o
rt

ca
n

d
e-

p
en

d
at

m
os

t
on

fo
u
r

in
p
u
t

va
ri

ab
le

s,
n
am

el
y
µ
,φ
,Z

k
−

1
,Z

k
,

re
g
a
rd

le
ss

o
f

th
e

ov
er

al
l

d
im

en
si

on
N

of
th

e
p
ro

b
le

m
.

In
or

d
er

to
ap

p
ly

th
e

re
su

lt
s

o
f

T
h
eo

re
m

3,
w

e
m

u
st

se
le

ct
an

or
d
er

in
g

of
th

e
in

p
u
t

va
ri

ab
le

s;
h
er

e,
w

e
u
se

d
th

e
o
rd

er
in

g
(µ
,φ
,Z

0
,.
..
,Z

N
).

O
p
ti

m
al

or
d
er

in
gs

ar
e

fu
rt

h
er

d
is

cu
ss

ed
in

S
ec

ti
o
n

5
.3

.

N
ow

th
e

co
n
n
ec

ti
on

w
it

h
S
ec

ti
on

5.
1

is
cl

ea
r:
L
>

is
an

in
ve

rs
e

tr
ia

n
gu

la
r

tr
a
n
sp

o
rt

,6

w
h
il
e
L
−
>

is
a

d
ir

ec
t

on
e.

M
or

eo
ve

r,
so

lv
in

g
a

tr
ia

n
gu

la
r

li
n
ea

r
sy

st
em

is
ju

st
a

p
ar

-
ti

cu
la

r
in

st
an

ce
of

in
v
er

ti
n
g

a
n
on

li
n
ea

r
tr

ia
n
gu

la
r

fu
n
ct

io
n

b
y

p
er

fo
rm

in
g

a
se

q
u
en

ce
o
f

on
e-

d
im

en
si

on
al

ro
ot

-fi
n
d
in

gs
.

T
h
u
s

th
e

d
ev

el
op

m
en

ts
o
f

th
e

p
re

v
io

u
s

se
ct

io
n
,

w
h
ic

h
co

n
-

si
d
er

ar
b
it

ra
ry

n
o
n

li
n

ea
r

m
ap

s,
ar

e
a

n
at

u
ra

l
ge

n
er

al
iz

at
io

n
—

to
th

e
n

o
n

-G
a
u

ss
ia

n
ca

se
—

o
f

m
o
d
el

in
g

an
d

sa
m

p
li
n
g

te
ch

n
iq

u
es

fo
r

h
ig

h
-d

im
en

si
on

al
G

M
R

F
s

(R
u
e

an
d

H
el

d
,

2
0
0
5
).

5
.3

.
O

rd
e
ri

n
g

o
f

T
ri

a
n

g
u

la
r

M
a
p

s

T
h
e

re
su

lt
s

of
T

h
eo

re
m

3
su

gg
es

t
th

at
th

e
sp

ar
si

ty
of

a
tr

ia
n
gu

la
r

tr
an

sp
or

t
m

a
p

d
ep

en
d
s

on
th

e
or

d
er

in
g

of
th

e
in

p
u
t

va
ri

ab
le

s.
S
ee

F
ig

u
re

5
fo

r
a

si
m

p
le

il
lu

st
ra

ti
o
n
.

In
d
ee

d
,

th
e

tr
ia

n
gu

la
r

tr
an

sp
or

t
it

se
lf

d
ep

en
d
s

an
is

ot
ro

p
ic

al
ly

on
th

e
in

p
u
t

va
ri

ab
le

s
a
n
d

re
q
u
ir

es
th

e
d
efi

n
it

io
n

of
a

p
ro

p
er

or
d
er

in
g.

A
n
at

u
ra

l
ap

p
ro

ac
h

is
th

en
to

se
ek

th
e

o
rd

er
in

g
th

a
t

p
ro

m
ot

es
th

e
sp

a
rs

es
t

tr
an

sp
or

t
m

ap
p

os
si

b
le

.
C

on
si

d
er

a
p
a
ir

of
m

ea
su

re
s

(ν
η
,ν

π
)

th
at

sa
ti

sfi
es

th
e

h
y
p

ot
h
es

es
of

T
h
eo

re
m

3
.

W
e

as
so

ci
at

e
an

or
d
er

in
g

of
th

e
in

p
u
t

va
ri

ab
le

s
w

it
h

a
p

er
m

u
ta

ti
on

σ
on

N
n

=
{1
,.
..
,n
},

a
n
d

d
efi

n
e

th
e

re
o
rd

er
ed

ta
rg

et
m

ea
su

re
ν
σ π

as
th

e
p
u
sh

fo
rw

ar
d

of
ν
π

b
y

th
e

m
a
tr

ix
Q
σ

th
a
t

re
p
re

se
n
ts

th
e

p
er

m
u
ta

ti
on

σ
.

In
p
a
rt

ic
u
la

r,
(Q

σ
) i
j

=
(e
σ

(i
))
j
,

w
h
er

e
e
i

is
th

e
it

h
st

a
n
d
a
rd

b
as

is
ve

ct
or

on
R
n
.

M
or

eo
ve

r,
if
G

is
an

I-
m

a
p

fo
r
ν
π
,

th
en

w
e

d
en

ot
e

an
I-

m
a
p

fo
r
ν
σ π

b
y

6
.

A
ct

u
a
ll

y,
th

is
tr

a
n

sp
o
rt

is
u

p
p

er
ra

th
er

th
a
n

lo
w

er
tr

ia
n

g
u

la
r.

T
h

is
d

is
ti

n
ct

io
n

p
la

y
s

n
o

ro
le

in
th

e
fo

ll
ow

in
g

d
is

cu
ss

io
n

,
a
n

d
th

e
fa

ct
th

a
t

a
K

R
re

a
rr

a
n

g
em

en
t

is
a

lo
w

er
tr

ia
n

g
u

la
r

fu
n

ct
io

n
is

m
er

el
y

a
m

a
tt

er
o
f

co
n
v
en

ti
o
n

.
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In
f
e
r
e
n
c
e
v
ia

L
o
w
-D

im
e
n
sio

n
a
l
C
o
u
p
l
in
g
s

G
σ
.

N
o
tice

th
a
tG

σ
can

b
e

d
erived

from
G

sim
p
ly

b
y

relab
elin

g
its

n
o
d
es

accord
in

g
to

th
e

p
erm

u
ta

tio
n
σ

.
T

h
en

w
e

can
cast

a
variation

al
p
rob

lem
for

th
e

best
ord

erin
g
σ
∗

as:

σ
∗∈

arg
m

ax
σ
|I
S |

(15)

s.t.
S
]
ν
σπ

=
ν
η

σ
∈
P

(N
n
),

w
h
ere

S
is

th
e

K
R

rearran
gem

en
t

th
at

p
u
sh

es
forw

ard
th

e
reord

ered
target

ν
σπ

to
ν
η

an
d

P
(N

n
)

is
th

e
set

of
p

erm
u
tation

s
of

N
n
.

T
h
e

goal
is

to
m

ax
im

ize
th

e
ca

rd
in

ality
of

th
e

sp
a
rsity

p
a
ttern

of
th

e
in

v
erse

m
ap

,|I
S |.

W
e

restrict
ou

r
atten

tion
to

th
e

sp
arsity

of
th

e
in

verse
tra

n
sp

o
rt,

sin
ce

w
e

k
n
ow

from
S
ection

5.1
th

at
th

e
d
irect

tran
sp

ort
ten

d
s

to
b

e
d
en

se,
ev

en
fo

r
th

e
m

ost
triv

ial
M

arkov
stru

ctu
res.

Id
ea

lly,
w

e
w

ou
ld

like
to

d
eterm

in
e

a
go

o
d

ord
erin

g
for

th
e

m
ap

befo
re

com
p
u
tin

g
th

e
a
ctu

a
l

tran
sp

ort,
an

d
to

u
se

th
e

resu
ltin

g
in

form
ation

ab
ou

t
th

e
sp

arsity
p
attern

to
sim

-
p
lify

th
e

o
p
tim

ization
p
rob

lem
for

S
.

H
ow

ever,
evalu

atin
g

th
e

ob
jective

fu
n
ction

of
(15)

req
u
ires

co
m

p
u
tin

g
a

d
iff

eren
t

in
verse

tran
sp

ort
for

each
p

erm
u
tation

σ
.

O
n
e

p
ossib

le
w

ay
to

rela
x

(1
5
)

is
to

rep
lace

I
S

w
ith

th
e

p
red

icted
sp

arsity
p
attern

Î
S

in
tro

d
u
ced

in
(12).

T
h
e

a
d
va

n
ta

g
e

o
f

th
is

ap
p
roach

is
th

at
th

e
ob

jective
fu

n
ction

of
th

e
relax

ed
p
ro

b
lem

can
n
ow

b
e

eva
lu

a
ted

in
clo

sed
form

w
ith

ou
t

com
p
u
tin

g
an

y
tran

sp
ort

m
ap

,
b
u
t

rath
er

b
y

p
erform

in
g

th
e

sim
p
le

seq
u
en

ce
of

grap
h

op
eration

s
on

G
σ

d
escrib

ed
b
y

T
h
eorem

3.
T

h
e

cavea
t

is
th

at,
in

g
en

eral,
Î
S
⊂

I
S

,
an

d
th

u
s

m
ax

im
izin

g
|Î
S |

am
o
u
n
ts

to
seek

in
g

th
e

tigh
test

low
er

b
ou

n
d

o
n

th
e

sp
a
rsity

p
attern

of
th

e
in

verse
tran

sp
o
rt.

F
rom

th
e

d
efi

n
ition

o
f
Î
S

,
it

follow
s

th
at

th
e

b
est

o
rd

erin
g
σ
∗

for
th

e
rela

xed
p
rob

lem
is

on
e

th
at

in
tro

d
u
ces

th
e

few
est

ed
ges

in
th

e
co

n
stru

ctio
n

o
f

th
e

m
argin

al
grap

h
sG

n
,...,G

1,
w

h
en

everG
n

=
G
σ
∗.

T
h
u
s,

for
a

given
I-m

a
p
G

,
w

e
d
en

ote
b
y
F

(σ
;G

)
th

e
fi

ll-in
p
ro

d
u
ced

b
y

th
e

ord
erin

g
σ

.
T

h
at

is,
F

(σ
;G

)
is

a
set

co
n
tain

in
g

all
th

e
ed

ges
in

tro
d
u
ced

in
th

e
con

stru
ction

of
th

e
m

arg
in

al
grap

h
s

(G
k)

fro
m

G
σ
.

A
co

m
p
u
tation

ally
feasib

le
rela

x
ation

of
(15

)
is

th
en

given
b
y
:

σ
∗∈

arg
m

in
σ
|F

(σ
;G

)|
(16)

s.t.
σ
∈
P

(N
n
).

(1
6
)

is
a

sta
n
d
ard

p
rob

lem
in

grap
h

th
eory

;
it

arises
in

a
variety

of
p
ractical

settin
gs,

in
clu

d
in

g
(m

ost
related

ly
)

fi
n
d
in

g
th

e
b

est
elim

in
ation

ord
erin

g
for

variab
le

elim
in

ation
in

g
ra

p
h
ical

m
o
d
els,

or
fi
n
d
in

g
th

e
p

erm
u
ta

tion
th

at
m

in
im

izes
th

e
fi
ll-in

of
th

e
C

h
olesk

y
factor

o
f

a
p

o
sitive

d
efi

n
ite

m
atrix

(G
eorge

an
d

L
iu

,
1989;

S
aad

,
2003).

F
rom

an
algorith

m
ic

p
oin

t
o
f

v
iew

,
(1

6
)

is
N

P
-com

p
lete

(Y
an

n
akak

is,
1981).

T
h
is

sh
ou

ld
n
ot

b
e

su
rp

risin
g,

as
b

est–
o
rd

erin
g

p
ro

b
lem

s
are

ty
p
ically

com
b
in

atorial
in

n
atu

re.
N

everth
eless,

given
its

w
id

esp
read

a
p
p
lica

b
ility,

a
h
ost

of
eff

ective
p

oly
n
om

ial-tim
e

h
eu

ristics
for

(16)
h
ave

b
een

d
ev

elop
ed

in
p
a
st

yea
rs

(e.g.,
m

in
-fi

ll
or

w
eigh

ted
-m

in
-fi

ll,
K

oller
an

d
F

ried
m

an
,
2
009).

M
ost

im
p

ortan
tly,

(1
6
)

ca
n

b
e

solved
w

ith
ou

t
ever

tou
ch

in
g

th
e

target
m

easu
re

(assu
m

in
g,

of
cou

rse,
th

at
an

I-m
a
p
G

fo
r
ν
π

is
k
n
ow

n
).

A
s

a
resu

lt,
th

e
cost

of
fi
n
d
in

g
a

go
o
d

ord
erin

g
is

often
n
eg

ligib
le

co
m

p
a
red

to
th

e
cost

of
ch

aracterizin
g

a
n
on

lin
ear

tran
sp

ort
m

ap
v
ia

op
tim

ization
.

6
.

D
e
co

m
p

o
sa

b
ility

o
f

T
ra

n
sp

o
rt

M
a
p
s

T
h
u
s

fa
r,

w
e

h
ave

in
vestigated

th
e

sp
arsity

of
trian

gu
lar

tran
sp

o
rt

m
ap

s
an

d
fou

n
d

th
at

in
verse

tra
n
sp

o
rts

ten
d

to
in

h
erit

sp
arsity

from
th

e
u
n
d
erly

in
g

M
arkov

stru
ctu

re
of

th
e
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S
pa

n
t
in
i,
B
ig
o
n
i,
a
n
d

M
a
r
z
o
u
k

32 5

1
4

G
P
ij

=
∂
i S
j

52 3

1
4

G
′

P
′ij

=
∂
i S
j

F
igu

re
5:

Illu
stration

of
h
ow

a
sim

p
le

re-ord
erin

g
of

th
e

in
p
u
t

varia
b
les

can
ch

an
ge

th
e

(p
red

icted
)

sp
arsity

p
attern

of
th

e
in

verse
m

ap
.

O
n

th
e

left,G
rep

resen
ts

an
I-m

ap
for

th
e

target
m

easu
re

con
sid

ered
in

F
igu

re
2,

w
ith

ord
erin

g
(Z

1 ,Z
2 ,Z

3 ,Z
4 ,Z

5 ),
togeth

er
w

ith
its

sp
arsity

p
a
ttern

Î
S

.
(S

ee
F

igu
re

3
for

d
etails

on
th

e
“m

atrix
”

rep
resen

tation
of

sp
arsity

p
attern

s.)
O

n
th

e
righ

t,G
′

is
an

I-m
ap

for
th

e
sam

e
target

m
easu

re
b
u
t

w
ith

th
e

ord
erin

g
(Z

1 ,Z
2 ,Z

5 ,Z
4 ,Z

3 ).
T

h
e

corresp
on

d
in

g
sp

arsity
p
attern

Î
S
′

is
n
ow

th
e

em
p
ty

set.

target
m

easu
re.

T
h
ou

gh
d
irect

trian
gu

lar
tran

sp
orts

also
in

h
erit

som
e

sp
arsity

accord
in

g
to

T
h
eorem

3,
th

ey
ten

d
to

b
e

m
ore

d
en

se.
T

h
is

section
sh

ow
s

th
at

d
irect

tran
sp

orts
en

joy
a

d
iff

eren
t

form
of

low
-d

im
en

sion
al

stru
ctu

re:
d
eco

m
po

sa
bility.

A
d
ecom

p
osab

le
tran

sp
ort

m
ap

is
a

fu
n
ction

th
at

can
b

e
w

ritten
as

th
e

com
p

osition
of

a
fi
n
ite

n
u
m

b
er

of
low

-d
im
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lo
w

-d
im

en
si

o
n

a
l

w
it

h
re

sp
ec

t
to
B.

(b
)
R
i

is
th

e
se

t
o
f

m
a
p
s
R
n
→

R
n

th
a
t

a
re

lo
w

-d
im

en
si

o
n

a
l

w
it

h
re

sp
ec

t
to
A

a
n

d

th
a
t

p
u

sh
fo

rw
a
rd
ν
η

to
th

e
p
u

ll
ba

ck
L
] i
ν
i
∈

M
+

(R
n
).

(c
)

If
Z
i+

1
∼
L
] i
ν
i,

th
en
Z
i+

1
A
⊥⊥
Z
i+

1
S∪
B

a
n

d
Z
i+

1
A

=
X
A

in
d
is

tr
ib

u
ti

o
n

.

(d
)
L
] i
ν
i

fa
ct

o
ri

ze
s

a
cc

o
rd

in
g

to
a

gr
a
p
h
Gi

+
1

th
a
t

ca
n

be
d
er

iv
ed

fr
o
m

Gi
a
s

fo
ll

o
w

s:

–
R

em
o
ve

a
n

y
ed

ge
fr

o
m

Gi
th

a
t

is
in

ci
d

en
t

to
a
n

y
n

od
e

in
A

.

–
F

o
r

a
n

y
m

a
xi

m
a
l

cl
iq

u
e
C
⊂
S∪
B

w
it

h
n

o
n

em
p
ty

in
te

rs
ec

ti
o
n
C∩
S,

le
t
j C

be
th

e
m

a
xi

m
u

m
in

te
ge

r
j

su
ch

th
a
t
σ

(j
)
∈
C∩
S

a
n

d
tu

rn
C∪
{σ

(1
),
..
.,
σ

(j
C)
}

in
to

a
cl

iq
u

e.

18
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L
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In
f
e
r
e
n
c
e
v
ia

L
o
w
-D

im
e
n
sio

n
a
l
C
o
u
p
l
in
g
s

W
e

fi
rst

lo
ok

at
th

e
th

eorem
for

i
=

1
an

d
let
ν

1
:=
ν
π

an
d
G

1
:=

G
,

w
h
ere

ν
π

d
en

otes
o
u
r

u
su

a
l

ta
rg

et
m

easu
re

w
ith

I-m
ap

G
an

d
w

h
ere

(A
,S
,B

)
d
en

otes
a

d
ecom

p
osition

o
fG

.
A

m
o
n
g

th
e

in
fi
n
itely

m
an

y
tran

sp
ort

m
ap

s
from

ν
η

to
ν
π
,

T
h
eorem

7
id

en
tifi

es
a

fa
m

-
ily

o
f

d
eco

m
p

o
sab

le
on

es.
T

h
e

ex
isten

ce
of

th
ese

m
ap

s
relies

ex
clu

sively
on

th
e

M
a
rkov

stru
ctu

re
o
f
ν
π
:

w
e

ju
st

req
u
ireG

to
ad

m
it

a
(p

rop
er)

d
ecom

p
osition

. 7

E
a
ch

tra
n
sp

ort
T
∈

D
1

p
u
sh

es
forw

ard
ν
η

to
ν
π

an
d

is
th

e
com

p
osition

of
tw

o
low

-
d
im

en
sio

n
a
l

m
a
p
s,

i.e.,
T

=
L

1 ◦
R

for
a

fi
x
ed

L
1

d
efi

n
ed

in
T

h
eorem

7[P
art

2a]
an

d
for

so
m

e
R
∈

R
1 .

(W
e

also
w

rite
D

1
:=

L
1 ◦

R
1 . 8)

T
h
e

stru
ctu

re
of

th
ese

low
-d

im
en

sion
al

m
ap

s
is

q
u
ite

in
terestin

g.
U

p
to

a
reord

erin
g

of
th

eir
com

p
on

en
ts,

T
h
eorem

7[P
arts

2a
an

d
2
b
]

sh
ow

th
a
t
L

1
an

d
R

h
ave

an
in

tu
itive

com
p
lem

en
tary

form
:

L
1 (x

)
=


L
A1

(x
S
,x
A

)

L
S1

(x
S

)

x
B


,

R
(x

)
=


x
A

R
S

(x
S
,x
B

)

R
B

(x
S
,x
B

)


.

(19)

(IfS
=
∅
,

o
n
e

can
ju

st
rem

ove
L
S1

an
d
R
S

fro
m

(19),
an

d
d
rop

th
e

d
ep

en
d
en

ce
of

th
e

rem
a
in

in
g

co
m

p
on

en
ts

on
x
S

.)
In

p
articu

lar,
L

1
an

d
R

h
ave

eff
ectiv

e
d
im

en
sion

s
b

ou
n
d
ed

b
y
|A
∪
S|

a
n
d
|S
∪
B|

=
|V
\A
|,

resp
ectively

(see
D

efi
n
ition

4).
E

v
en

th
ou

gh
L

1
an

d
R

are
low

-d
im

en
sio

n
a
l

m
ap

s,
th

eir
com

p
osition

is
q
u
ite

d
en

se—
in

th
e

sen
se

of
S
ection

5—
an

d
is

in
g
en

era
l

n
o
n
trian

gu
lar:

T
(x

)
=

(L
1 ◦

R
)(x

)
=


L
A1

(
R
S

(x
S
,x
B

),
x
A

)

L
S1

(
R
S

(x
S
,x
B

)
)

R
B

(x
S
,x
B

)


,

a
n
d

th
u
s

m
o
re

d
iffi

cu
lt

to
rep

resen
t

an
d

to
w

ork
w

ith
.

T
h
e

key
id

ea
of

d
ecom

p
osab

le
tra

n
sp

o
rts

is
th

at
th

ey
can

b
e

rep
resen

ted
im

p
licitly

th
rou

gh
th

e
com

p
osition

of
th

eir
low

-
d
im

en
sio

n
a
l

fa
ctors,

sim
ilar

to
th

e
w

ay
th

at
d
irect

tran
sp

orts
can

b
e

rep
resen

ted
im

p
licitly

th
ro

u
g
h

th
eir

sp
arse

in
verses

(S
ection

5).
T

h
e

sp
arsity

p
attern

s
of
L

1
an

d
R

in
(1

9)
are

n
eed

ed
for

th
e

th
eorem

to
h
old

.
In

p
a
rticu

la
r,
L

1
m

u
st

b
e

a
σ

-trian
gu

la
r

fu
n
ction

w
ith

σ
sp

ecifi
ed

b
y

(18).
N

otice
th

a
t

(18)
d
o
es

n
o
t

p
rescrib

e
a
n

ex
act

p
erm

u
tation

,
b
u
t

ju
st

a
few

con
strain

ts
on

a
feasib

le
σ

.
In

tu
itively,

th
ese

co
n
stra

in
ts

say
th

at
L

1
sh

ou
ld

b
e

a
fu

n
ction

w
h
ose

com
p

on
en

ts
w

ith
in

d
ices

in
S

d
ep

en
d

o
n
ly

o
n

th
e

variab
les

in
S

(w
h
en

everS
6=
∅),

a
n
d

w
h
ose

com
p

on
en

ts
w

ith
in

d
ices

in
A

d
ep

en
d

o
n
ly

on
th

e
variab

les
in
A
∪
S

.
T

h
u
s,

th
ere

is
u
su

ally
som

e
freed

om
in

th
e

ch
oice

o
f
σ

.
D

iff
eren

t
p

erm
u
tation

s
lead

to
d
iff

eren
t

fam
ilies

o
f

d
ecom

p
osab

le
tran

sp
orts,

an
d

can
in

d
u
ce

d
iff

eren
t

sp
arsity

p
attern

s
in

an
I-m

ap
,G

2,
for

L
]1
ν
π

(T
h
eorem

7[P
art

2d
]).

P
art

2
d

o
f

th
e

th
eorem

sh
ow

s
h
ow

to
d
erive

a
p

ossib
le

I-m
ap

G
2—

n
ot

n
ecessarily

m
in

im
a
l—

b
y

p
erform

in
g

a
seq

u
en

ce
of

grap
h

op
eration

s
on

G
.

T
h
ere

are
tw

o
step

s:
on

e
th

a
t

d
o
es

n
o
t

d
ep

en
d

on
σ

an
d

on
e

th
at

d
o
es.

L
et

u
s

fo
cu

s
fi
rst

on
th

e
form

er:
th

e
id

ea
is

to
rem

ove
fro

m
G

an
y

ed
ge

th
at

is
in

cid
en

t
to

an
y

n
o
d
e

in
A

,
eff

ectively
d
iscon

n
ectin

g
A

from
th

e
rest

o
f

th
e

g
rap

h
.

T
h
at

is,
if
Z

2∼
L
]1 ν
π
,

th
en

,
regard

less
of
σ

,
L

1
m

akes
Z

2A
m

argin
ally

7
.

T
o

o
b

ta
in

a
p

ro
p

er
d

eco
m

p
o
sitio

n
o
fG

,
o
n

e
is

free
to

a
d

d
ed

g
es

to
G

in
o
rd

er
to

tu
rn

th
e

sep
a
ra

to
r

set
S

in
to

a
cliq

u
e

(see
D

efi
n

itio
n

5
);
ν
π

still
fa

cto
rizes

a
cco

rd
in

g
to

a
n
y

less
sp

a
rse

v
ersio

n
o
fG

.
8
.

T
h

e
n

o
ta

tio
n

h
ere

is
in

tu
itiv

e:
fo

r
a

g
iv

en
g

:R
n
→

R
n

a
n

d
fo

r
a

g
iv

en
set

o
f

fu
n

ctio
n

sF
fro

m
R
n

to
R
n
,
g◦F

d
en

o
tes

th
e

set
o
f

m
a
p

s
th

a
t

ca
n

b
e

w
ritten

a
s
g◦

f
fo

r
so

m
e
f
∈
F

.

1
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S
pa

n
t
in
i,
B
ig
o
n
i,
a
n
d

M
a
r
z
o
u
k

in
d
ep

en
d
en

t
of
Z

2S∪B
b
y

actin
g

loca
lly

o
n
G

.
A

n
d

n
ot

on
ly

th
at:

L
1

also
en

su
res

th
at

th
e

m
argin

als
of
ν
η

an
d
L
]1 ν
π

agree
alon

g
A

(see
T

h
eorem

7[P
art

2c]).
T

h
u
s

w
e

sh
ou

ld
really

in
terp

ret
L

1
as

th
e

fi
rst

step
tow

ard
s

a
p
rogressive

tran
sp

ort
of
ν
η

to
ν
π
.
L

1
is

a
lo

cal
m

ap
:

it
can

d
ep

en
d

n
on

triv
ially

on
ly

u
p

on
variab

les
in
x
A
∪S

.
In

d
eed

,
in

th
e

m
ost

gen
eral

case,
|A
∪
S|

is
th

e
m

in
im

u
m

eff
ective

d
im

en
sion

of
a

low
-d

im
en

sion
al

m
ap

n
ecessary

to
d
ecou

p
le

A
from

th
e

rest
of

th
e

grap
h
.

T
h
e

m
ore

ed
ges

in
cid

en
t

to
A

,
th

e
h
igh

er-d
im

en
sion

al
a

tran
sp

ort
is

n
eed

ed
.

T
h
is

ty
p

e
of

gra
p
h

spa
rsifi

ca
tio

n
req

u
ires

a
p

ecu
liar

“b
lo

ck
trian

gu
lar”

stru
ctu

re
for

L
1

as
sh

ow
n

b
y

(19):
an

y
σ

-trian
gu

lar
fu

n
ction

w
ith

σ
given

b
y

(18)
ach

ieves
th

is
sp

ecial
stru

ctu
re.

T
h
e

secon
d

step
of

P
art

2d
sh

ow
s

th
at

ifS
6=
∅
,

th
en

it
m

igh
t

b
e

n
ecessary

to
ad

d
ed

ges
to

th
e

su
b
grap

h
G
S∪B

,
d
ep

en
d
in

g
on

σ
. 9

T
h
e

relevan
t

asp
ect

of
σ

for
th

is
d
iscu

ssion
is

th
e

d
efi

n
ition

of
th

e
p

erm
u
tation

on
to

th
e

fi
rst|S|

in
tegers.

In
gen

eral,
th

ere
are|S|!

d
iff

eren
t

p
erm

u
tation

s
th

at
cou

ld
in

d
u
ce

d
iff

eren
t

sp
arsity

p
attern

s
in

G
2.

W
e

sh
all

see
th

at
p

erm
u
tation

s
th

at
ad

d
th

e
few

est
ed

ges
p

ossib
le

are
of

p
a
rticu

lar
relevan

ce.

6
.3

.
R

e
c
u

rsiv
e

D
e
c
o
m

p
o
sitio

n
s

T
h
e

sp
arsity

ofG
2

is
im

p
ortan

t
b

ecau
se

it
aff

ects
th

e
“com

p
lex

ity
”

of
th

e
m

ap
s

in
R

1 :
each

R
∈
R

1
p
u
sh

es
forw

ard
ν
η

to
L
]1
ν
π
.

M
ore

sp
ecifi

cally,
b
y

th
e

p
rev

io
u
s

d
iscu

ssion
,

w
e

can
see

h
ow

th
e

role
of

each
R
∈

R
1

is
really

on
ly

th
at

of
m

atch
in

g
th

e
m

arg
in

als
of
ν
η

an
d

L
]1
ν
π

alon
g
V
\A

.
A

n
atu

ral
q
u
estion

th
en

is
w

h
eth

er
w

e
can

b
reak

th
is

m
atch

in
g

step
in

to
sim

p
ler

task
s,

or,
in

th
e

lan
gu

age
of

th
is

section
,

w
h
eth

er
R

1
con

tain
s

tran
sp

orts
th

at
are

fu
rth

er
d
ecom

p
osa

b
le.

In
tu

itively,
w

e
are

seek
in

g
a

fi
n
er-grain

ed
rep

resen
tation

for
som

e
of

th
e

tran
sp

orts
in

R
1 .

T
h
e

follow
in

g
lem

m
a

(for
i

=
1)

p
rov

id
es

a
p

ositive
an

sw
er

to
th

is
q
u
estion

as
lon

g
a
sV
\A

is
n
ot

fu
lly

con
n
ected

in
G

2.
F

rom
n
ow

on
,

w
e

d
en

ote
(A
,S
,B

)
b
y

(A
1 ,S

1 ,B
1 ),

sin
ce

w
e

w
ill

b
e

d
ealin

g
w

ith
a

seq
u
en

ce
of

d
iff

eren
t

grap
h

d
ecom

p
osition

s.

L
e
m

m
a

8
(R

e
c
u

rsiv
e

d
e
c
o
m

p
o
sitio

n
s)

L
et
ν
η ,ν

i ,G
i

be
d
efi

n
ed

a
s

in
th

e
a
ssu

m
p
tio

n
s

o
f

T
h
eo

rem
7

fo
r

a
p
ro

per
d
eco

m
po

sitio
n

(A
i ,S

i ,B
i )

o
fG

i,
w

h
ile

letG
i+

1
a
n

d
D
i

=
L
i ◦

R
i

be
th

e
resu

ltin
g

gra
p
h

(P
a
rt

2
d
)

a
n

d
fa

m
ily

o
f

d
eco

m
po

sa
ble

tra
n

spo
rts, 1

0
respectively.

T
h
en

th
ere

a
re

tw
o

po
ssibilities:

1
.
S
i ∪
B
i

is
n

o
t

a
cliqu

e
in

G
i+

1.
In

th
is

ca
se,

it
is

po
ssible

to
id

en
tify

a
p
ro

per
d
e-

co
m

po
sitio

n
(A

i+
1 ,S

i+
1 ,B

i+
1 )

o
fG

i+
1

fo
r

so
m

e
A
i+

1
th

a
t

is
a

strict
su

perset
o
fA

i

by
(po

ssibly)
a
d
d
in

g
ed

ges
to

G
i+

1
in

o
rd

er
to

tu
rn
S
i+

1
in

to
a

cliqu
e.

L
et

D
i+

1
=

L
i+

1 ◦
R
i+

1
be

d
efi

n
ed

a
s

in
T

h
eo

rem
7

fo
r

th
e

pa
ir

o
f

m
ea

su
res

ν
η ,ν

i+
1

:=
L
]i
ν
i

a
n

d
(A

i+
1 ,S

i+
1 ,B

i+
1 ).

T
h
en

th
e

fo
llo

w
in

g
h
o
ld

:

(a
)
R
i ⊃

D
i+

1
a
n

d
L
i ◦

R
i ⊃

L
i ◦
L
i+

1 ◦
R
i+

1 .

(b)
L
i+

1
is

lo
w

-d
im

en
sio

n
a
l

w
ith

respect
to
A
i ∪
B
i+

1
a
n

d
h
a
s

eff
ective

d
im

en
sio

n
bo

u
n

d
ed

by
|(A

i+
1 \A

i )∪
S
i+

1 |.
(c)

E
a
ch

R
∈
R
i+

1
h
a
s

eff
ective

d
im

en
sio

n
bo

u
n

d
ed

by
|V
\A

i+
1 |.

9
.

T
h

is
is

n
o
t

a
lw

ay
s

th
e

ca
se.

F
o
r

in
sta

n
ce,

ifS
is

a
su

b
set

o
f

ev
ery

m
a
x
im

a
l

cliq
u

e
o
fG

in
S
∪
B

th
a
t

h
a
s

n
o
n

em
p

ty
in

tersectio
n

w
ith
S

,
th

en
,

b
y

T
h

eo
rem

7
[P

a
rt

2
d

],
n

o
ed

g
es

n
eed

to
b

e
a
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p
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at
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h
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b
ack

w
ard

p
a
ss

w
h
ere

th
e

com
p

osition
T
k

=
T

0 ◦
···◦

T
k

is
evalu

ated
d
eterm

in
istically

to
sam

p
le

π
Z

0
:k

+
1 |y

0
:k

+
1 .

T
h
is

b
ack

w
ard

p
ass

d
o
es

n
ot

re-evalu
ate

th
e

p
oten

tials
of

th
e

state-sp
ace

m
o
d
el

(e.g
.,

tran
sition

kern
els

or
likelih

o
o
d
s)

at
earlier

tim
es,

n
or

d
o
es

it
p

erform
an

y
a
d
d
itio

n
a
l

co
m

p
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n
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p
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p
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w
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en
d
s

on
th

e
p
ar

am
et

er
iz

at
io

n
of

ea
ch

m
ap

M
i.

T
h
er

e
is

n
o

si
n
gl

e
p
ar

am
et

er
li
ke
N

to
d
es

cr
ib

e
th

e
co

m
p
le

x
it

y
of

th
e

la
tt

er
—

th
ou

gh
,
b
ro

ad
ly

,
it

sh
ou

ld
d
ep

en
d

on
th

e
n
u
m

b
er

of
d
eg

re
es

of
fr

ee
d
om

in
th

e
p
ar

am
et

er
iz

at
io

n
.

In
so

m
e

ca
se

s,
on

e
m

ig
h
t

th
in

k
of

u
si

n
g

th
e

to
ta

l
or

d
er

of
a

m
u
lt

iv
ar

ia
te

p
ol

y
n
om

ia
l

ex
p
an

si
on

of
ea

ch
co

m
p

on
en

t
of

th
e

m
ap

as
a

tu
n
in

g
p
ar

am
et

er
.

B
u
t

th
is

is
fa

r
fr

om
ge

n
er

al
or

p
ra

ct
ic

al
in

h
ig

h
d
im

en
si

on
s.

T
h
e

v
ir

tu
e

of
a

fu
n
ct

io
n
al

re
p
re

se
n
ta

ti
on

of
th

e
tr

an
sp

or
t

m
ap

is
th

e
ab

il
it

y
to

ca
re

fu
ll
y

se
le

ct
th

e
d
eg

re
es

of
fr

ee
d
om

of
th

e
p
ar

am
et

er
iz

at
io

n
.

F
or

in
st

an
ce

,
w

e
m

ig
h
t

m
o
d
el

lo
ca

l
in

te
ra

ct
io

n
s

b
et

w
ee

n
d
iff

er
en

t
gr

ou
p
s

of
in

p
u
t

va
ri

ab
le

s
u
si

n
g

d
iff

er
en

t
ap

p
ro

x
im

at
io

n
or

d
er

s
or

ev
en

d
iff

er
en

t
se

ts
of

b
as

is
fu

n
ct

io
n
s.

T
h
is

fr
ee

d
om

sh
o
u
ld

n
ot

b
e

fr
ig

h
te

n
in

g,
b
u
t

ra
th

er
em

b
ra

ce
d

as
a

ri
ch

op
p

or
tu

n
it

y
to

ex
p
lo

it
th

e
st

ru
ct

u
re

of
th

e
p
ar

ti
cu

la
r

p
ro

b
le

m
at

h
an

d
.

S
p
an

ti
n
i

(2
01

7,
C

h
.

6)
gi

ve
s

an
ex

am
p
le

of
th

is
p
ra

ct
ic

e
in

th
e

co
n
te

x
t

of
fi
lt

er
in

g
h
ig

h
-

d
im

en
si

on
al

sp
at

io
te

m
p

or
al

p
ro

ce
ss

es
w

it
h

ch
ao

ti
c

d
y
n
am

ic
s.

In
ge

n
er

al
,

ri
ch

er
p
ar

am
et

er
iz

at
io

n
s

of
th

e
m

ap
s

ar
e

m
or

e
co

st
ly

to
ch

a
ra

ct
er

iz
e

b
ec

au
se

th
ey

le
ad

to
h
ig

h
er

-d
im

en
si

on
al

op
ti

m
iz

at
io

n
p
ro

b
le

m
s

(7
).

Y
et

,
ri

ch
er

p
ar

am
et

er
iz

at
io

n
s

ca
n

y
ie

ld
ar

b
it

ra
ri

ly
ac

cu
ra

te
re

su
lt

s.
T

h
er

e
is

cl
ea

rl
y

a
tr

ad
eo

ff
b

et
w

ee
n

co
m

p
u
ta

ti
on

al
co

st
an

d
st

at
is

ti
ca

l
ac

cu
ra

cy
.

W
e

in
ve

st
ig

at
e

th
is

tr
ad

eo
ff

n
u
m

er
ic

al
ly

in
S
ec

ti
on

8,
w

h
er

e
w

e
re

p
or

t
th

e
co

st
of

co
m

p
u
ti

n
g

a
tr

an
sp

or
t

m
ap

u
n
d
er

d
iff

er
en

t
p
ar

a
m

et
er

iz
at

io
n
s

an
d

in
fe

re
n
ce

sc
en

ar
io

s.
A

n
ot

h
er

im
p

or
ta

n
t

n
ot

e:
th

e
se

qu
en

ti
a
l

ap
p
ro

x
im

at
io

n
of

th
e

in
d
iv

id
u
al

m
ap

s
(M

i)
m

ig
h
t

p
re

se
n
t

ad
d
it

io
n
al

ch
al

le
n
ge

s
d
u
e

to
th

e
ac

cu
m

u
la

ti
on

of
er

ro
r,

si
n
ce

th
e

ta
rg

et
d
en

-
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S
pa

n
t
in
i,
B
ig
o
n
i,
a
n
d

M
a
r
z
o
u
k

si
ty

fo
r

th
e
k
-t

h
m

ap
M

k
d
ep

en
d
s

on
th

e
n
u
m

er
ic

al
ap

p
ro

x
im

a
ti

on
of

th
e

p
re

v
io

u
s

m
a
p
,

M
k
−

1
.

T
h
is

is
n
ot

an
is

su
e

w
it

h
th

e
fa

ct
or

iz
at

io
n

of
T
k

p
er

se
,

b
u
t

ra
th

er
w

it
h

se
q
u
en

ti
a
ll
y

co
m

p
u
ti

n
g

ea
ch

el
em

en
t

of
th

e
fa

ct
or

iz
at

io
n
.

T
h
e

an
al

y
si

s
of

se
q
u
en

ti
al

M
on

te
C

a
rl

o
m

et
h
-

o
d
s

(e
.g

.,
C

ri
sa

n
an

d
D

ou
ce

t,
20

02
;

D
el

M
or

al
,

20
04

;
S
m

it
h

et
al

.,
20

13
)

ad
d
re

ss
es

a
si

m
il
ar

ac
cu

m
u
la

ti
on

of
er

ro
r,

b
u
t

h
as

n
ot

ye
t

b
ee

n
ex

te
n
d
ed

to
se

q
u
en

ti
al

va
ri

at
io

n
a
l

in
fe

re
n
ce

te
ch

n
iq

u
es

.
In

S
ec

ti
on

8,
w

e
em

p
ir

ic
al

ly
in

v
es

ti
ga

te
th

e
st

ab
il
it

y
of

va
ri

at
io

n
a
l

tr
a
n
sp

o
rt

m
ap

ap
p
ro

x
im

at
io

n
s

fo
r

a
p
ro

b
le

m
of

ve
ry

lo
n
g

ti
m

e
sm

o
ot

h
in

g
(s

ee
F

ig
u
re

1
7
),

sh
ow

in
g

ex
ce

ll
en

t
re

su
lt

s—
at

le
as

t
fo

r
th

e
re

co
n
st

ru
ct

io
n

of
lo

w
-o

rd
er

sm
o
ot

h
in

g
m

ar
g
in

a
ls

.
A

s
sh

ow
n

in
(9

),
th

e
co

m
p
u
ta

ti
on

of
ea

ch
M

i
is

al
so

a
ss

o
ci

at
ed

w
it

h
an

a
p
p
ro

x
im

a
ti

o
n

of
th

e
n
or

m
al

iz
in

g
co

n
st

an
t
c i

of
it

s
ow

n
ta

rg
et

d
en

si
ty

,
w

h
ic

h
th

en
le

ad
s

to
a

o
n
e-

p
a
ss

ap
p
ro

x
im

at
io

n
of

th
e

m
ar

gi
n
al

li
ke

li
h
o
o
d

u
si

n
g

(2
6)

.
O

n
e

la
st

re
m

ar
k
:

th
e

p
ro

of
of

T
h
eo

re
m

9
sh

ow
s

th
at

th
e

tr
ia

n
gu

la
r

st
ru

ct
u
re

h
y
p

o
th

es
is

fo
r

ea
ch

M
i

ca
n

b
e

re
la

x
ed

p
ro

v
id

ed
th

at
th

e
u
n
d
er

ly
in

g
d
en

si
ti

es
ar

e
re

gu
la

r
en

o
u
g
h
.

T
h
e

fo
ll
ow

in
g

co
ro

ll
ar

y
cl

ar
ifi

es
th

is
p

oi
n
t.

C
o
ro

ll
a
ry

1
0

T
h
e

re
su

lt
s

o
f

T
h
eo

re
m

9
st

il
l

h
o
ld

if
w

e
re

p
la

ce
ev

er
y

K
R

re
a
rr

a
n

ge
m

en
t

M
i

w
it

h
a

“
bl

oc
k

tr
ia

n
gu

la
r”

d
iff

eo
m

o
rp

h
is

m
o
f

th
e

fo
rm

(2
3)

th
a
t

co
u

p
le

s
th

e
sa

m
e

d
is

tr
i-

bu
ti

o
n

s,
p
ro

vi
d
ed

th
a
t

su
ch

re
gu

la
r

tr
a
n

sp
o
rt

m
a
p
s

ex
is

t.

F
il
te

ri
n
g

an
d

sm
o
ot

h
in

g
ar

e
of

co
u
rs

e
ve

ry
ri

ch
p
ro

b
le

m
s,

an
d

in
th

is
se

ct
io

n
w

e
h
av

e
b
y

n
o

m
ea

n
s

at
te

m
p
te

d
to

b
e

ex
h
au

st
iv

e.
R

at
h
er

,
ou

r
go

al
w

as
to

h
ig

h
li
gh

t
so

m
e

im
p
li
ca

ti
o
n
s

of
d
ec

om
p

os
ab

le
tr

an
sp

or
ts

on
p
ro

b
le

m
s

of
se

q
u
en

ti
al

B
ay

es
ia

n
in

fe
re

n
ce

,
in

a
g
en

er
a
l

n
o
n
-

G
au

ss
ia

n
se

tt
in

g.

7
.2

.
T

h
e

L
in

e
a
r

G
a
u

ss
ia

n
C

a
se

:
C

o
n

n
e
c
ti

o
n

w
it

h
th

e
R

T
S

S
m

o
o
th

e
r

In
th

is
se

ct
io

n
,

w
e

sp
ec

ia
li
ze

th
e

re
su

lt
s

of
T

h
eo

re
m

9
to

li
n
ea

r
G

au
ss

ia
n

st
at

e-
sp

a
ce

m
o
d
el

s,
an

d
m

ak
e

ex
p
li
ci

t
th

e
co

n
n
ec

ti
on

w
it

h
th

e
R

T
S

G
au

ss
ia

n
sm

o
ot

h
er

(R
au

ch
et

a
l.
,

1
9
6
5
).

C
on

si
d
er

a
li
n
ea

r
G

au
ss

ia
n

st
at

e-
sp

ac
e

m
o
d
el

d
efi

n
ed

b
y

Z
k
+

1
=
F
k
Z
k

+
ε
k

Y
k

=
H
k
Z
k

+
ξ
k

fo
r

al
l
k
≥

0,
w

h
er

e
ε
k
∼
N

(0
,Q

k
),
ξ
k
∼
N

(0
,R

k
),
F
k
∈

R
n
×
n
,
H
k
∈

R
d
×
n
,

a
n
d
Z

0
∼

N
(µ

0
,Γ

0
).

B
ot

h
ε
k

an
d
ξ
k

ar
e

in
d
ep

en
d
en

t
of
Z
k
,

w
h
il
e
Q
k
,R

k
,

an
d

Γ
0

a
re

sy
m

m
et

ri
c

p
os

it
iv

e
d
efi

n
it

e
m

at
ri

ce
s

fo
r

al
l
k
≥

0.
If

w
e

ch
o
os

e
an

in
d
ep

en
d
en

t
re

fe
re

n
ce

p
ro

ce
ss

(X
k
)

w
it

h
st

an
d
ar

d
n
or

m
a
l

m
a
rg

in
a
ls

,
i.
e.

,
η X

k
=
N

(0
,I

),
th

en
th

e
m

ap
s

(M
k
)

of
T

h
eo

re
m

9
ca

n
b

e
ch

os
en

to
b

e
li
n
ea

r:

M
k
(z
k
,z
k
+

1
)

=

[
A
k
B
k

0
C
k

]{
z
k

z
k
+

1

}
+

{
a
k

c
k

}
,

(2
8
)

fo
r

so
m

e
m

at
ri

ce
s
A
k
,B

k
,C

k
∈
R
n
×
n

an
d
a
k
,c
k
∈
R
n
.

(N
ot

ic
e

th
at

in
th

is
ca

se
C

o
ro

ll
a
ry

10
ap

p
li
es

an
d

th
e

m
at

ri
ce

s
A
k
,B

k
ca

n
b

e
fu

ll
an

d
n
ot

n
ec

es
sa

ri
ly

tr
ia

n
gu

la
r.

)
T

h
e

fo
ll
ow

in
g

le
m

m
a

gi
v
es

a
cl

os
ed

fo
rm

ex
p
re

ss
io

n
fo

r
th

e
m

ap
s

(M
k
)

w
it

h
k
≥

1
.

(M
0

ca
n

b
e

d
er

iv
ed

an
al

og
ou

sl
y

w
it

h
si

m
p
le

al
ge

b
ra

.)
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In
f
e
r
e
n
c
e
v
ia

L
o
w
-D

im
e
n
sio

n
a
l
C
o
u
p
l
in
g
s

L
e
m

m
a

1
1

(T
h

e
lin

e
a
r

G
a
u

ssia
n

c
a
se

)
F

o
r
k
≥

1
,

th
e

m
a
p
M

k
in

(28)
ca

n
be

d
efi

n
ed

a
s

fo
llo

w
s:

if
(c
k ,C

k )
is

th
e

o
u

tp
u

t
o
f

a
squ

a
re-roo

t
K

a
lm

a
n

fi
lter

a
t

tim
e
k

(B
ierm

a
n

,
2
0
0
6
),

i.e.,
if
c
k

a
n

d
C
k

a
re,

respectively,
th

e
m

ea
n

a
n

d
squ

a
re

roo
t

o
f

th
e

co
va

ria
n

ce
o
f

th
e

fi
lterin

g
d
istribu

tio
n
π
Z
k
+
1 |y

0
:k

+
1 ,

th
en

o
n

e
ca

n
set:

A
k

=
J
−

1
/
2

k
(29)

B
k

=
−
J
−

1
k
P
k
C
k

a
k

=
J
−

1
k
P
k

(F
k
c
k−

1 −
c
k ),

fo
r
J
k

:=
I

+
C
>k−

1
F
>k
Q
−

1
k
F
k
C
k−

1
a
n

d
P
k

=
−
C
>k−

1
F
>k
Q
−

1
k

.

T
h
e

form
u
la

s
in

L
em

m
a

11
can

b
e

in
terp

reted
as

on
e

p
ossib

le
im

p
lem

en
ta

tion
of

a
sq

u
are-

ro
o
t

R
T

S
sm

o
oth

er
for

G
au

ssian
m

o
d
els:

at
each

step
k

of
a

forw
ard

p
ass,

th
e

fi
lterin

g
estim

a
tes

(c
k ,C

k )
are

au
gm

en
ted

w
ith

a
collection

(a
k ,A

k ,B
k )

of
stored

q
u
an

tities,
w

h
ich

ca
n

th
en

b
e

reu
sed

to
sam

p
le

th
e

fu
ll

B
ayesian

solu
tion

(or
p
a
rticu

lar
sm

o
oth

in
g

m
argin

als)
w

h
en

ever
n
eed

ed
,

an
d

w
ith

ou
t

ever
tou

ch
in

g
th

e
state-sp

ace
m

o
d
el

aga
in

.
In

th
is

sen
se,

th
e

a
lg

o
rith

m
p
ro

p
osed

in
S
ection

7.1
can

b
e

u
n
d
ersto

o
d

as
th

e
n
atu

ral
gen

eralizatio
n
—

to
th

e
n
o
n
-G

a
u
ssia

n
case—

of
th

e
sq

u
are-ro

ot
R

T
S

sm
o
oth

er.

7
.3

.
S

e
q
u

e
n
tia

l
J
o
in

t
P

a
ra

m
e
te

r
a
n

d
S

ta
te

E
stim

a
tio

n

In
d
efi

n
in

g
a

state-sp
ace

m
o
d
el,

it
is

com
m

on
to

p
aram

eterize
th

e
tran

sition
d
en

sities
of

th
e

u
n
o
b
served

p
ro

cess
or

th
e

likelih
o
o
d
s

of
th

e
ob

servab
les

in
term

s
of

som
e

h
y
p

erp
aram

eters
Θ

.
T

h
e

M
a
rkov

stru
ctu

re
of

th
e

resu
ltin

g
B

ayesian
h
ierarch

ical
m

o
d
el,

con
d
ition

ed
on

th
e

d
a
ta

,
is

sh
ow

n
in

F
igu

re
8.

T
h
e

state-sp
ace

m
o
d
el

is
n
ow

fu
lly

sp
ecifi

ed
in

term
s

of
th

e
co

n
d
itio

n
al

d
en

sities
(π
Y
k |Z

k
,Θ

)
k≥

0 ,
(π
Z
k
+
1 |Z

k
,Θ

)
k≥

0 ,
π
Z

0 |Θ
,

an
d

th
e

m
arg

in
al
π

Θ
.

W
e

a
ssu

m
e

th
a
t

th
e

h
y
p

erp
aram

eters
Θ

take
valu

es
on

R
p,

an
d

th
at

th
e

follow
in

g
regu

la
rity

co
n
d
itio

n
s

h
o
ld

:
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l.

In
p
ar

ti
cu

la
r,

lo
w

d
im

en
si
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m

th
e
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ar

ko
v
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ro

p
er
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of
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u
n
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in

g
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ea
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s.
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on

go
in
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k

w
e

ar
e

ex
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ri
n
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e

n
o
ti

o
n
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an
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u
p
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:
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e

ar
e
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d
u
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d
b
y
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sp
or
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m

ap
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th
at

ar
e

lo
w
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im

en
si

o
n
a
l
u
p
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a
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ta

ti
on
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th

e
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ac
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,
m

ap
s

w
h
os

e
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ti
on
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n
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tr
iv

ia
l
on

ly
al

on
g

a
lo

w
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im
en
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o
n
a
l
su

b
-
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e.
T

h
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p

e
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ru

ct
u
re

ap
p
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q
u
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e
n
at

u
ra

ll
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ai

n
h
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h
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im
en
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o
n
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l

B
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n
in

fe
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n
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p
ro

b
le

m
s—

e.
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,
in
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e
p
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b
le

m
s

(S
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ar
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1
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an
d

sp
at

ia
l

st
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—

w
h
er

e
th

e
d
at

a
m

ay
b

e
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iv

e
on

ly
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ou
t

a
fe

w
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n
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r
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m
b
in
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n
s
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th

e
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te
n
t

p
a
ra

m
et

er
s

(S
p
an

ti
n
i

et
al
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20
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;

C
u
i

et
al

.,
20
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;

S
p
an

ti
n
i

et
al

.,
20

17
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L
ow

-r
an

k
st

ru
ct

u
re

ca
n

b
e

d
et

ec
te

d
v
ia

ce
rt

ai
n

av
er

ag
e

d
er

iv
at
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e

fu
n
ct

io
n
al

s
(S

am
ar

ov
,
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;
C

on
st

an
ti

n
e

et
a
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,
2
0
1
4
)

b
u
t

ca
n
n
ot

b
e

d
ed

u
ce

d
,

in
ge

n
er

al
,

fr
om

th
e

M
ar

ko
v

st
ru

ct
u
re

of
(ν
η
,ν

π
).

A
ck

n
o
w

le
d
g
m

e
n
ts

W
e

w
ou

ld
li
ke

to
th

an
k

R
ic

ar
d
o

B
ap

ti
st

a,
C

h
i

F
en

g,
J
er

em
y

H
en

g,
P

ie
rr

e
J
a
co

b
,

Q
ia

n
g

L
iu

,
R

eb
ec

ca
M

or
ri

so
n
,

Z
h
en

g
W

an
g,

A
la

n
W

il
ls

k
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O
li
v
ie

r
Z
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m

,
an

d
B

en
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m
in

Z
h
a
n
g

fo
r

m
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y
in

si
gh
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u
l

d
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n
s

an
d

fo
r

p
oi

n
ti

n
g

u
s

to
ke

y
re

fe
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n
ce

s
in

th
e

li
te
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tu
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.

T
h
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w
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k
w
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p
p

or
te

d
in

p
ar

t
b
y

th
e

U
S

D
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ar
tm

en
t

of
E

n
er
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,

O
ffi

ce
of

A
d
va

n
ce

d
S
ci

en
ti

fi
c

C
om

p
u
ti

n
g

(A
S
C

R
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u
n
d
er
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an

t
n
u
m

b
er

s
D

E
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C
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8
an

d
D

E
-S

C
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2
9
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A
p
p

e
n
d
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A
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G
e
n
e
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ze

d
K

n
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e
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o
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n
b
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R

e
a
rr

a
n
g
e
m

e
n
t
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th

is
se
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n
w

e
fi
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t
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v
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w
th

e
cl
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si

ca
l

n
ot

io
n
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K

R
re

ar
ra

n
ge

m
en

t
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os
en

b
la

tt
,

1
9
5
2
),

an
d

th
en

gi
v
e

a
fo

rm
al

d
efi

n
it

io
n

fo
r

a
ge

n
er

a
li

ze
d

K
R

re
ar

ra
n
ge

m
en

t,
i.
e.

,
a

tr
a
n
sp

o
rt

m
a
p

th
at
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lo

w
er

tr
ia

n
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la
r

u
p

to
a

p
er

m
u
ta

ti
on

.
A

d
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ai

m
er

:
th

es
e

tr
an
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or
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ca

n
a
ls

o
b

e
d
efi

n
ed

u
n
d
er

w
ea

ke
r

co
n
d
it
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n
s

th
an

th
os

e
co

n
si

d
er

ed
h
er
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at

th
e

ex
p

en
se

,
h
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ev
er

,
o
f
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m

e
u
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l

re
gu
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et
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In
f
e
r
e
n
c
e
v
ia

L
o
w
-D

im
e
n
sio

n
a
l
C
o
u
p
l
in
g
s

T
h
e

fo
llow

in
g

d
efi

n
ition

in
tro

d
u
ces

th
e

o
n
e-d

im
en

sion
alversion

of
th

e
K

R
-rearran

gem
en

t,
a
n
d

it
is

key
to

ex
ten

d
th

e
tran

sp
ort

to
h
igh

er
d
im

en
sion

s.

D
e
fi

n
itio

n
1
3

(In
c
re

a
sin

g
re

a
rra

n
g
e
m

e
n
t

o
n

R
)

L
et
ν
η ,ν

π
∈

M
+

(R
),

a
n

d
let

F
,G

be
th

eir
respective

cu
m

u
la

tive
d
istribu

tio
n

fu
n

ctio
n

s,
i.e.,

F
(t)

=
ν
η ((−

∞
,t))

a
n

d
G

(t)
=

ν
π
((−
∞
,t)).

T
h
en

th
e

in
crea

sin
g

rea
rra

n
gem

en
t

o
n
R

is
given

by
T

=
G
−

1◦
F

.

U
n
d
er

th
e

h
y
p

o
th

esis
of

D
efi

n
ition

13,
it

is
easy

to
see

th
at

b
o
th
F

an
d
G

are
h
om

eom
or-

p
h
ism

s,
a
n
d

th
a
t
T

is
a

strictly
in

creasin
g

m
ap

th
at

p
u
sh

es
fo

rw
ard

ν
η

to
ν
π

(S
an

tam
b
rogio,

2
01

5
).

D
e
fi

n
itio

n
1
4

(K
n

o
th

e
-R

o
se

n
b

la
tt

re
a
rra

n
g
e
m

e
n
t)

G
iven

X
∼
ν
η ,
Z
∼
ν
π

,
w

ith
ν
η ,ν

π
∈

M
+

(R
n
),

a
n

d
a

pa
ir
η
,π

o
f

strictly
po

sitive
d
en

sities
fo

r
ν
η

a
n

d
ν
π

,
respectively,

th
e

co
rrespo

n
d
in

g
K

R
rea

rra
n

gem
en

t
is

a
tria

n
gu

la
r

m
a
p
T

:R
n
→

R
n

d
efi

n
ed

,
recu

rsively,
a
s

fo
llo

w
s.

F
o
r

a
ll
x

1
:k−

1
∈

R
k−

1,
th

e
m

a
p
ξ
7→

T
k(x

1
:k−

1 ,ξ)—
th

e
restrictio

n
o
f

th
e
k

th
co

m
po

n
en

t
o
f
T

o
n

to
its

fi
rst

k−
1

in
p
u

ts—
is

d
efi

n
ed

a
s

th
e

in
crea

sin
g

rea
rra

n
gem

en
t

o
n
R

th
a
t

p
u

sh
es

fo
rw

a
rd
ξ7→

η
X
k |X

1
:k−

1 (ξ|x
1
:k−

1 )
to
ξ7→

π
Z
k |Z

1
:k−

1 (ξ|T
1(x

1 ),...,T
k−

1(x
1
:k−

1 )),
w

h
ere

η
X
k |X

1
:k−

1
a
n

d
π
Z
k |Z

1
:k−

1
a
re

co
n

d
itio

n
a
l

d
en

sities
d
efi

n
ed

a
s

in
(2).

N
o
tice

th
a
t

fo
r

an
y

m
easu

re
ν

in
M

+
(R

n
)

th
ere

alw
ay

s
ex

ists
a

strictly
p

ositive
versio

n
of

its
d
en

sity.
B

y
con

sid
erin

g
su

ch
p

ositive
d
en

sities
in

D
efi

n
ition

14,
w

e
can

d
efi

n
e

th
e

K
R

rea
rra

n
g
em

en
t

on
th

e
en

tire
R
n

(B
ogach

ev
et

al.,
2005).

In
fact,

w
e

sh
ou

ld
really

th
in

k
o
f

D
efi

n
itio

n
1
4

as
p
rov

id
in

g
a

p
ossib

le
versio

n
of

th
e

K
R

rearran
gem

en
t

(recall
th

at
th

e
in

crea
sin

g
tria

n
gu

lar
tran

sp
ort

is
u
n
iq

u
e

u
p

to
sets

of
m

easu
re

zero).
S
in

ce
in

th
is

case
ν
π

is
eq

u
iva

len
t

to
th

e
L

eb
esgu

e
m

easu
re

(ν
π
(A

)
=
∫A

π
(x

)
λ

(d
x

)
=

0
⇒
λ

(A
)

=
0

if
π
>

0
a.e.),

th
e

co
m

p
o
n
en

t
(3)

is
also

ab
solu

tely
co

n
tin

u
ou

s
o
n

all
com

p
act

in
tervals

(B
ogach

ev
et

al.,
2
0
0
5
,

L
em

m
a

2
.4).

A
s

a
resu

lt,
th

e
rearra

n
gem

en
t

can
b

e
u
sed

to
d
efi

n
e

gen
eral

ch
an

ge
o
f

va
ria

b
les

a
s

w
ell

as
p
u
llb

ack
s

an
d

p
u
sh

forw
ard

s
w

ith
resp

ect
to

arb
itrary

d
en

sities,
as

sh
ow

n
b
y

th
e

fo
llow

in
g

lem
m

a
ad

ap
ted

from
B

og
ach

ev
et

al.
(2005).

L
e
m

m
a

1
5

L
et
T

be
a
n

in
crea

sin
g

tria
n

gu
la

r
bijectio

n
o
n
R
n

su
ch

th
a
t

th
e

fu
n

ctio
n

s

ξ7→
T
k(x

1 ,...,x
k−

1 ,ξ)

a
re

a
bso

lu
tely

co
n

tin
u

o
u

s
o
n

a
ll

co
m

pa
ct

in
terva

ls
fo

r
a
.e.

(x
1 ,...,x

k−
1 )∈

R
k−

1.
T

h
en

fo
r

a
n

y
in

tegra
ble

fu
n

ctio
n
ϕ

,
it

h
o
ld

s:

∫
ϕ

(y
)

d
y

=

∫
ϕ

(T
(x

))
d
et∇

T
(x

)
d
x
,

w
h
ere

d
et∇

T
:=
∏
nk
=

1
∂
k T

k.
In

pa
rticu

la
r,

if
ν
ρ

is
a

m
ea

su
re

o
n
R
n

w
ith

d
en

sity
ρ

,
th

en
w

e
a
lso

h
a
ve
T
]ν
ρ �

λ
w

ith
d
en

sity
(a

.e.):

T
]ρ

(x
)

=
ρ
(T

(x
))

d
et∇

T
(x

).
(36)

T
h
e

lem
m

a
ca

n
also

b
e

ap
p
lied

to
th

e
in

v
erse

K
R

rearran
gem

en
t
T
−

1
to

sh
ow

th
at
T
] ν
ρ �

λ
,

w
h
ere

th
e

fo
rm

of
th

e
corresp

on
d
in

g
p
u
sh

forw
ard

d
en

sity
T
] ρ

is
given

b
y

rep
lacin

g
T

w
ith

T
−

1
in

(3
6
).

W
e

w
ill

u
se

th
ese

resu
lts

ex
ten

sively
in

th
e

p
ro

ofs
of

A
p
p

en
d
ix

B
.
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S
pa

n
t
in
i,
B
ig
o
n
i,
a
n
d

M
a
r
z
o
u
k

h
ow

ev
er,

th
at

L
em

m
a

15
d
o
es

n
ot

h
old

for
a

gen
eric

trian
gu

lar
fu

n
ctio

n
:

th
e

m
ap

m
u
st

b
e

som
ew

h
at

regu
lar,

in
th

e
sen

se
sp

ecifi
ed

b
y

th
e

lem
m

a.
B

ogach
ev

et
al.

(2005)
giv

e
a
n

in
d
ep

th
d
iscu

ssion
on

th
is

top
ic.

W
e

n
ow

give
a

con
stru

ctiv
e

d
efi

n
ition

for
a

gen
eralized

K
R

rearran
gem

en
t.

D
e
fi

n
itio

n
1
6

(G
e
n

e
ra

liz
e
d

K
n

o
th

e
-R

o
se

n
b

la
tt

re
a
rra

n
g
e
m

e
n
t)

G
iven

X
∼
ν
η ,
Z
∼

ν
π

,
w

ith
ν
η ,ν

π
∈

M
+

(R
n
),

a
pa

ir
η
,π

o
f

strictly
po

sitive
d
en

sities
fo

r
ν
η

a
n

d
ν
π

,
respec-

tively,
a
n

d
a

perm
u

ta
tio

n
σ

o
f
N
n

,
th

e
co

rrespo
n

d
in

g
σ

-gen
era

lized
K

R
rea

rra
n

gem
en

t
is

a
σ

-tria
n

gu
la

r
m

a
p

1
2
T

:R
n
→

R
n

d
efi

n
ed

a
t

a
n

y
x
∈
R
n

u
sin

g
th

e
fo

llo
w

in
g

recu
rsio

n
in
k

.
T

h
e

m
a
p
ξ
7→

T
σ

(k
)(x

σ
(1

) ,...,x
σ

(k−
1
) ,ξ)

is
d
efi

n
ed

a
s

th
e

in
crea

sin
g

rea
rra

n
gem

en
t

o
n
R

th
a
t

p
u

sh
es

fo
rw

a
rd
ξ7→

η
X
σ
(k

) |X
σ
(1

:k−
1
) (ξ|x

σ
(1

:k−
1
) )

to

ξ7→
π
Z
σ
(k

) |Z
σ
(1

:k−
1
) (ξ|T

σ
(1

)(x
σ

(1
) ),...,T

σ
(k−

1
)(x

σ
(1

:k−
1
) )),

w
h
ere

x
σ

(1
:k−

1
)

=
x
σ

(1
) ,...,x

σ
(k−

1
) .

E
x
isten

ce
of

a
gen

eralized
K

R
rearran

gem
en

t
follow

s
triv

ially
from

its
d
efi

n
ition

.
M

ore-
over,

th
e

tran
sp

ort
m

ap
satisfi

es
all

th
e

regu
larity

p
rop

erties
d
iscu

ssed
for

th
e

classic
K

R
rearran

gem
en

t,
in

clu
d
in

g
L

em
m

as
1

an
d

15.
T

h
u
s

w
e

w
ill

often
cite

th
ese

tw
o

resu
lts

w
h
en

d
ealin

g
w

ith
gen

eralized
K

R
rearran

gem
en

ts
in

ou
r

p
ro

ofs.
T

h
e

follow
in

g
lem

m
a

sh
ow

s
th

at
th

e
com

p
u
tation

of
a

gen
eralized

K
R

rearran
gem

en
t

is
also

essen
tially

n
o

d
iff

eren
t

th
an

th
e

com
p
u
tation

of
a

low
er

trian
gu

lar
tran

sp
ort

(an
d

th
u
s

all
th

e
d
iscu

ssion
of

S
ection

3
read

ily
ap

p
lies).

L
e
m

m
a

1
7

G
iven

ν
η ,ν

π
∈

M
+

(R
n
),

let
T

be
a
σ

-gen
era

lized
K

R
rea

rra
n

gem
en

t
th

a
t

p
u

sh
es

fo
rw

a
rd
ν
η

to
ν
π

fo
r

so
m

e
perm

u
ta

tio
n
σ

.
T

h
en

T
=
Q
>σ
◦
T
` ◦

Q
σ

a
.e.,

w
h
ere

Q
σ
∈
R
n×

n
is

a
m

a
trix

rep
resen

tin
g

th
e

perm
u

ta
tio

n
,

i.e.,
(Q

σ
)
ij

=
(e
σ

(i) )
j ,

a
n

d
w

h
ere

T
`

is
a

(lo
w

er
tria

n
gu

la
r)

K
R

rea
rra

n
gem

en
t

th
a
t

p
u

sh
es

fo
rw

a
rd

(Q
σ
)
] ν
η

to
(Q

σ
)
] ν
π

.

P
ro

o
f

If
T
`

p
u
sh

es
forw

ard
(Q

σ
)
] ν
η

to
(Q

σ
)
] ν
π
,

th
en
ν
η ◦

Q
>σ
◦
T
−

1
`

=
ν
π
◦
Q
>σ

,
an

d
so

T
=
Q
>σ
◦
T
` ◦

Q
σ

m
u
st

p
u
sh

forw
ard

ν
η

to
ν
π
.

M
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Î
T

fo
r

so
m

e
j
∈
A

.

P
ro

o
f

o
f

T
h

e
o
re

m
7

F
or

n
ot

at
io

n
al

co
n
ve

n
ie

n
ce

,
w

e
d
ro

p
th

e
su

b
sc

ri
p
t

an
d

su
p

er
sc

ri
p
t
i

fr
om

ν
i,
π
i,
Z
i ,

an
d
Gi

.
C

on
si

d
er

a
fa

ct
or

iz
at

io
n

of
π

o
f

th
e

fo
rm

π
(z

)
=

1 c
ψ
A
∪S

(z
A
∪S

)
ψ
S∪
B

(z
S∪
B

),
(3

7
)

w
h
er

e
ψ
A
∪S

is
st

ri
ct

ly
p

os
it

iv
e

an
d

in
te

gr
ab

le
,

w
it

h
c

=
∫
ψ
A
∪S

<
∞

.
A

fa
ct

o
ri

za
ti

o
n

li
ke

(3
7)

al
w

ay
s

ex
is

t
si

n
ce
ν

fa
ct

or
iz

es
ac

co
rd

in
g

to
G—

th
u
s
G

is
an

I-
m

a
p

fo
r
ν

—
a
n
d

si
n
ce

(A
,S
,B

)
is

a
p
ro

p
er

d
ec

om
p

os
it

io
n

of
G.

F
or

in
st

an
ce

,
on

e
ca

n
se

t
ψ
A
∪S

=
π
Z
A
∪
S
,

c
=

1,
an

d
ψ
S∪
B

=
π
Z
B
|Z
S

si
n
ce
Z
A
⊥⊥
Z
B
|Z
S

an
d

si
n
ce
π

is
a

n
on

va
n
is

h
in

g
d
en

si
ty

o
f
ν

.
H

ow
ev

er
,

th
is

is
n
ot

th
e

on
ly

p
os

si
b
il
it

y.
S
ee

S
ec

ti
on

7
fo

r
im

p
or

ta
n
t

ex
am

p
le

s
w

h
er

e
it

is
n
ot

co
n
ve

n
ie

n
t

to
as

su
m

e
th

at
ψ
A
∪S

co
rr

es
p

on
d
s

to
a

m
ar

gi
n
al

of
π

.
T

h
is

p
ro

v
es

P
a
rt

1
o
f

th
e

th
eo

re
m

.
B

y
(L

au
ri

tz
en

,
19

96
,

P
ro

p
.

3.
16

),
w

e
ca

n
re

w
ri

te
ψ
S∪
B

as
:

ψ
S∪
B

(z
S∪
B

)
=

∏

C∈
C S
∪
B

ψ
C(
z
C)

(3
8)

fo
r

so
m

e
n
on

va
n
is

h
in

g
fu

n
ct

io
n
s

(ψ
C)

,
w

h
er

e
C S
∪B

d
en

ot
es

th
e

se
t

of
m

ax
im

a
l

cl
iq

u
es

o
f

th
e

su
b
gr

ap
h
G S
∪B

.
S
in

ce
S

is
a

fu
ll
y

co
n
n
ec

te
d

se
p
a
ra

to
r

se
t

(p
os

si
b
ly

em
p
ty

)
fo

r
A

a
n
d

B,
th

e
m

ax
im

al
cl

iq
u
es

of
G S
∪B

ar
e

p
re

ci
se

ly
th

e
m

ax
im

al
cl

iq
u
es

of
G

th
at

a
re

a
su

b
se

t
of

S
∪
B.

W
e

ar
e

go
in

g
to

u
se

(3
8)

sh
or

tl
y.

D
efi

n
e
π̃

:
R
n
→

R
as

π̃
(z

)
=
ψ
A
∪S

(z
A
∪S

)
η X
B
(z
B

)/
c,

a
n
d

n
ot

ic
e

th
at

π̃
is

a
n
o
n
va

-
n
is

h
in

g
p
ro

b
ab

il
it

y
d
en

si
ty

.
D

en
ot

e
th

e
co

rr
es

p
on

d
in

g
m

ea
su

re
b
y
ν̃
∈

M
+

(R
n
).

F
o
r

a
n

ar
b
it

ra
ry

p
er

m
u
ta

ti
on

σ
of

N
n

th
at

sa
ti

sfi
es

(1
8)

,
le

t
L
i

b
e

th
e
σ

-g
en

er
a
li
ze

d
K

R
re

a
rr

a
n
g
e-

m
en

t
th

at
p
u
sh

es
fo

rw
ar

d
ν
η

to
ν̃

as
gi

ve
n

b
y

D
efi

n
it

io
n

16
in

A
p
p

en
d
ix

A
.

B
y

L
em

m
a

1
8
,

L
i

is
lo

w
-d

im
en

si
on

al
w

it
h

re
sp

ec
t

to
B

(P
ar

t
2a

of
th

e
th

eo
re

m
).

T
o

se
e

th
is

,
le

t
Z̃
∼
ν̃

,
an

d
n
ot

ic
e

th
at
Z̃
B
⊥⊥
Z̃
A
∪S

an
d
Z̃
B

=
X
B

in
d
is

tr
ib

u
ti

on
.

B
y

L
em

m
a

15
,

w
e

ca
n

w
ri

te
a
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In
f
e
r
e
n
c
e
v
ia

L
o
w
-D

im
e
n
sio

n
a
l
C
o
u
p
l
in
g
s

d
en

sity
o
f

th
e

p
u
llb

ack
m

easu
re
L
]i ν

as:

L
]i
π

=
π
◦
L
i |d

et∇
L
i |

(39)

=
(
L
]i
π̃ )

∏
C∈C

S
∪
B
ψ
C ◦

L
Ci

η
X
B

=
η
X
A
∪
S

∏

C∈C
S
∪
B

ψ
C ◦

L
Ci ,

w
h
ere

w
e

u
sed

th
e

id
en

tity
π

=
π̃
ψ
S∪B

/
η
X
B

togeth
er

w
ith

(38)
an

d
th

e
fact

th
a
t
L
ki (x

)
=

x
k

fo
r
k
∈
B

(P
art

2a),
an

d
w

h
ere,

for
an

y
C

=
{c

1 ,...,c
` }
∈

C
S∪B

w
ith

ψ
C (zC )

=
ψ
C (z

c
1 ,...,z

c
` ),

L
Ci

is
a

m
ap

R
n
→

R
`

given
b
y
x
7→

(L
c
1
i

(x
),...,L

c
`
i

(x
)).

If
Z
′∼

L
]i
ν

,
th

en
(39)

sh
ow

s
th

at
Z
′A
⊥⊥
Z
′S∪B

an
d

th
at
Z
′A

=
X
A

in
d
istrib

u
tion

(P
art

2
c

o
f

th
e

th
eorem

).
M

oreover,
from

th
e

factorization
in

(39),
w

e
can

easily
con

stru
ct

a
g
ra

p
h

fo
r

w
h
ich

L
]i
ν

factorizes:
it

su
ffi

ces
to

con
sid

er
th

e
scop

e
of

th
e

factors
(ψ
C ◦

L
Ci ),

i.e.,
th

e
in

d
ices

of
th

e
in

p
u
t

variab
les

th
at

each
ψ
C ◦

L
Ci

can
d
ep

en
d

on
.

R
ecall

th
at

for
a

σ
-tria

n
g
u
la

r
m

a
p
,

th
e
σ

(k
)th

com
p

on
en

t
can

on
ly

d
ep

en
d

o
n

th
e

variab
les

x
σ

(1
) ,...,x

σ
(k

) .
F

o
r

ea
ch
C
∈
C
S∪B

th
ere

are
tw

o
p

ossib
ilites:

E
ith

erC
∩
S

=
∅
,

in
w

h
ich

case
th

e
scop

e
of

ψ
C ◦

L
Ci

is
sim

p
ly
C

sin
ce
L
ki (x

)
=
x
k

for
k
∈
B

.
O

rC
∩
S

is
n
on

em
p
ty,

in
w

h
ich

case
let

jC
b

e
th

e
m

a
x
im

u
m

in
teger

j
su

ch
th

at
σ

(j)∈
C
∩
S

,
an

d
n
otice

th
at

th
e

scop
e

of
ψ
C ◦

L
Ci

is

sim
p
ly
C∪
{
σ

(1
),...,σ

(jC )}
.

T
h
u
s,

w
e

can
m

o
d
ifyG

to
o
b
tain

an
I-m

ap
fo

r
L
]i
ν

as
follow

s:
(1

)
R

em
ove

a
n
y

ed
ge

th
at

is
in

cid
en

t
to

an
y

n
o
d
e

in
A

b
ecau

se
of

P
art

2c.
(2)

F
or

every
m

a
x
im

a
l

cliq
u
e
C

in
G

th
at

is
a

su
b
set

ofS
∪
B

an
d

th
at

h
as

n
on

em
p
ty

in
tersection

w
ith

S
,

tu
rn
C
∪
{σ

(1),...,σ
(jC )}

in
to

a
cliq

u
e.

T
h
is

p
roves

P
art

2d
of

th
e

th
eorem

.
N

ow
let

R
i

b
e

th
e

set
of

m
ap

s
R
n
→

R
n

th
at

are
low

-d
im

en
sion

al
w

ith
resp

ect
to
A

an
d

th
a
t

p
u
sh

fo
rw

a
rd
ν
η

to
L
]i
ν

.
R
i

is
n
on

em
p
ty.

T
o

see
th

is,
let

R
b

e
th

e
σ

-gen
eralized

K
R

rea
rra

n
g
em

en
t

th
at

p
u
sh

es
forw

ard
ν
η

to
L
]i
ν

,
for

an
arb

itrary
p

erm
u
tation

σ
,

as
given

b
y

D
efi

n
itio

n
1
6

(for
th

e
p
air

of
n
on

van
ish

in
g

d
en

sities
η

an
d
L
]i π

).
B

y
P

art
2c

an
d

L
em

m
a

1
8
,
R

is
low

-d
im

en
sion

al
w

ith
resp

ect
to
A

.
T

h
u
s
R
∈
R
i

(P
art

2b
of

th
e

th
eorem

).
L

et
D
i

:=
L
i ◦

R
i

b
e

th
e

set
of

m
ap

s
th

at
can

b
e

w
ritten

as
L
i ◦
R

for
so

m
e
R
∈
R
i .

B
y

co
n
stru

ctio
n
,

ea
ch

T
∈
D
i

p
u
sh

es
forw

ard
ν
η

to
ν

(p
art

2
of

th
e

th
eorem

).

In
th

e
fo

llow
in

g
corollary

ev
ery

sy
m

b
ol

sh
ou

ld
b

e
in

terp
reted

a
s

in
T

h
eorem

7.

C
o
ro

lla
ry

1
9

G
iven

th
e

h
ypo

th
esis

o
f

T
h
eo

rem
7
,

a
ssu

m
e

th
a
t

th
ere

exists
A
⊥
⊂
A

su
ch

th
a
t
Z
iA
⊥
⊥⊥
Z
iV\A

⊥
a
n

d
Z
iA
⊥

=
X
A
⊥

in
d
istribu

tio
n

.
T

h
en

L
i

is
lo

w
-d

im
en

sio
n

a
l

w
ith

respect
to
A
⊥
∪
B

,
w

h
ile

ea
ch

T
∈
D
i

is
lo

w
-d

im
en

sio
n

a
l

w
ith

respect
to
A
⊥

.

P
ro

o
f

B
y

T
h
eorem

7[P
art

2a],
L
i

is
low

-d
im

en
sion

al
w

ith
resp

ect
to
B

,
w

h
ile

L
em

m
a

18
sh

ow
s

th
a
t
L
i

is
also

low
-d

im
en

sion
al

w
ith

resp
ect

to
A
⊥

.
M

oreover,
n
otice

th
at

ifA
⊥

is
n
on

em
p
ty,

th
en

for
all

T
=
L
i ◦
R

in
D
i ,

w
e

h
av

e
T
k(x

)
=
x
k

for
k
∈
A
⊥

sin
ce
L
ki (x

)
=
x
k

a
n
d
R
k(x

)
=
x
k

for
k
∈
A
⊥

(T
h
eorem

7[P
arts

2b
]).

A
d
d
ition

ally,
∂
j
T
k

=
0

for
j∈
A
⊥

an
d

k
∈
V
\A

⊥
.

T
o

see
th

is,
n
otice

th
at
T
k(x

)
=
L
ki (R

(x
))

an
d

th
at

th
e

fo
llow

in
g

tw
o

fa
cts

h
o
ld

:
(1

)
T

h
e

com
p

on
en

t
L
ki ,

for
k
∈
V
\A

⊥
,

d
o
es

n
ot

d
ep

en
d

on
in

p
u
t

variab
les

w
h
ose

in
d
ex

is
in
A
⊥

sin
ce
L
i

is
low

-d
im

en
sion

al
w

ith
resp

ect
to
A
⊥

;
(2)

T
h
e
`th

com
p

o
n
en

t
of

51
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S
pa

n
t
in
i,
B
ig
o
n
i,
a
n
d

M
a
r
z
o
u
k

R
w

ith
`
/∈
A
⊥

also
d
o
es

n
ot

d
ep

en
d

on
x
A
⊥

sin
ce
R

is
low

-d
im

en
sion

al
w

ith
resp

ect
to
A

(T
h
eorem

7[P
arts

2b
]).

H
en

ce,
T

m
u
st

b
e

a
low

-d
im

en
sion

al
m

ap
w

ith
resp

ect
to
A
⊥

.

P
ro

o
f

o
f

L
e
m

m
a

8
L

et
ν
η ,ν

i ,π
i ,G

i,D
i ,L

i ,R
i ,

an
d
G
i+

1
b

e
d
efi

n
ed

as
in

T
h
eorem

7
for

a
p
rop

er
d
ecom

p
o
sition

(A
i ,S

i ,B
i )

ofG
i,

a
p

erm
u
tation

σ
i

th
at

satisfi
es

(18),
an

d
for

an
y

factorization
(17)

of
π
i .

W
e

fi
rst

w
an

t
to

p
rove

th
at
S
i ∪
B
i

is
fu

lly
con

n
ected

in
G
i+

1
if

an
d

on
ly

if
th

e
d
e-

com
p

osition
(A

i+
1 ,S

i+
1 ,B

i+
1 )

of
P

art
1

d
o
es

n
ot

ex
ist.

L
et

u
s

start
w

ith
on

e
d
irection

.
A

ssu
m

e
th

at
a

d
ecom

p
osition

lik
e

th
e

on
e

in
P

art
1

d
o
es

n
ot

ex
ist,

d
esp

ite
th

e
p

ossib
ility

to
ad

d
ed

ges
to

G
i+

1
in
V
\
A
i .

W
e

w
an

t
to

sh
ow

th
at

in
th

is
ca

se
S
i ∪
B
i

m
u
st

b
e

a
cliq

u
e

in
G
i+

1.
S
in

ce
B
i

is
n
on

em
p
ty,

th
ere

are
tw

o
p

ossib
ilities:

eith
er
|S
i ∪
B
i |

=
1

or
|S
i ∪
B
i |
>

1.
If|S

i ∪
B
i |

=
1,

th
en
S
i ∪
B
i

con
sists

of
a

sin
gle

n
o
d
e

an
d

th
u
s

it
is

a
triv

ial
cliq

u
e.

If|S
i ∪
B
i |
>

1,
th

en
S
i ∪
B
i

con
tain

s
at

least
tw

o
n
o
d
es.

In
th

is
case,

let
u
s

p
ro

ceed
b
y

con
trad

iction
an

d
assu

m
e

th
at
S
i ∪
B
i

is
n
ot

fu
lly

con
n
ected

in
G
i+

1
=

(V
,E

i+
1),

i.e.,
th

ere
ex

ist
a

p
air

of
n
o
d
es
α
,β
∈
S
i ∪
B
i

su
ch

th
at

(α
,β

)
/∈
E
i+

1.
L

et
A
i+

1
=
A
i ∪
{α}

,
B
i+

1
=
{β},

an
d
S
i+

1
=

(V
\A

i+
1 )\B

i+
1 .

N
otice

th
at

(A
i+

1 ,S
i+

1 ,B
i+

1 )
form

s
a

p
artition

ofV
,

w
ith

n
on

em
p
ty
A
i+

1 ,B
i+

1
an

d
w

ith
A
i+

1
strict

su
p

erset
ofA

i .
M

oreoverS
i+

1
m

u
st

b
e

a
sep

arator
set

forA
i+

1
an

d
B
i+

1
sin

ce
(α
,β

)
/∈
E
i+

1
an

d
A
i

is
d
iscon

n
ected

from
S
i ∪
B
i

in
G
i+

1
(T

h
eorem

7[P
art

2d
]).

N
ow

th
ere

are
tw

o
cases:

IfS
i+

1
=
∅
,

th
en

(A
i+

1 ,S
i+

1 ,B
i+

1 )
is

a
d
ecom

p
osition

th
at

satisfi
es

P
art

1
of

th
e

lem
m

a
(co

n
trad

iction
).

IfS
i+

1
6=
∅
,

th
en

w
e

can
alw

ay
s

ad
d

en
ou

gh
ed

ges
to

G
i+

1
in
S
i ∪
B
i ⊃
S
i+

1
in

ord
er

to
m

ake
S
i+

1
fu

lly
con

n
ected

.
A

lso
in

th
is

case,
th

e
resu

ltin
g

d
ecom

p
osition

(A
i+

1 ,S
i+

1 ,B
i+

1 )
satisfi

es
P

art
1

of
th

e
lem

m
a

an
d

th
u
s

lead
s

to
a

con
trad

iction
.

N
ow

th
e

reverse
d
irection

.
A

ssu
m

e
th

atS
i ∪
B
i

is
a

cliq
u
e

in
G
i+

1.
If|S

i ∪
B
i |

=
1,

th
en

th
e

d
ecom

p
osition

of
P

art
1

can
n
ot

ex
ist

sin
ce

b
oth
A
i+

1 \A
i

an
d
B
i+

1
sh

ou
ld

b
e

n
on

em
p
ty.

H
en

ce,
let|S

i ∪
B
i |
>

1
an

d
p
ro

ceed
b
y

con
trad

iction
.

T
h
at

is,
let

(A
i+

1 ,S
i+

1 ,B
i+

1 )
b

e
a

p
rop

er
d
ecom

p
osition

th
at

satisfi
es

P
art

1
of

th
e

lem
m

a.
N

otice
th

at
th

is
d
ecom

p
osition

m
u
st

h
ave

b
een

ach
ieved

w
ith

ou
t

ad
d
in

g
an

y
ed

ge
toG

i+
1

in
S
i ∪
B
i

sin
ce

th
is

set
is

alrea
d
y

fu
lly

con
n
ected

.
B

y
h
y
p

oth
esis,

th
ere

m
u
st

ex
ist

α
,β

su
ch

th
at
α
∈
A
i+

1 \A
i

an
d
β
∈
B
i+

1 .
H

ow
ever,

b
oth

α
an

d
β

are
also

in
S
i ∪
B
i ,

an
d

so
th

ey
m

u
st

b
e

con
n
ected

b
y

an
ed

ge
in

G
i+

1.
H

en
ce,S

i+
1

is
n
ot

a
sep

arator
set

forA
i+

1
an

d
B
i+

1
(con

tra
d
iction

).
T

h
e

latter
resu

lt
p
rov

es
d
irectly

P
art

2
of

th
e

lem
m

a.
M

oreover,
it

sh
ow

s
th

at
ifS

i ∪
B
i

is
n
ot

a
cliq

u
e

in
G
i+

1,
th

en
th

ere
ex

ists
a

p
rop

er
d
ecom

p
osition

(A
i+

1 ,S
i+

1 ,B
i+

1 )
ofG

i+
1,

w
h
ereA

i+
1

is
a

strict
su

p
erset

ofA
i ,

ob
tain

ed
,

p
ossib

ly,
b
y

ad
d
in

g
ed

ges
toG

i+
1

in
ord

er
to

tu
rn
S
i+

1
in

to
a

cliq
u
e.

N
ote

th
at

even
if

w
e

ad
d

ed
ges

toG
i+

1,
L
]i
ν
i
still

factorizes
a
ccord

in
g

to
th

e
resu

ltin
g

grap
h
,

w
h
ich

is
th

en
an

I-m
ap

for
L
]i
ν
i .

M
oreover

w
e

can
really

on
ly

ad
d

ed
ges

in
V
\A

i
sin

ceA
i

m
u
st

b
e

a
strict

su
b
set

ofA
i+

1 ,
an

d
th

u
sA

i
rem

ain
s

d
iscon

n
ected

from
S
i ∪B

i
inG

i+
1.

L
et

D
i+

1 ,L
i+

1 ,R
i+

1
b

e
d
efi

n
ed

as
in

T
h
eorem

7
for

th
e

p
air

of
m

easu
res

ν
η ,ν

i+
1

=
L
]i
ν
i ,

th
e

d
ecom

p
osition

(A
i+

1 ,S
i+

1 ,B
i+

1 )
ofG

i+
1,

a
p

erm
u
tation

σ
i+

1
th

at

satisfi
es

(18),
an

d
for

an
y

factorization
(17)

(n
ote

th
at
L
]i
ν
i ∈

M
+

(R
n
)

b
y

T
h
eorem

7[P
art

2b
]).

F
ix
T
∈
D
i+

1 .
B

y
T

h
eorem

7[P
art

2],
T

p
u
sh

es
forw

ard
ν
η

to
ν
i+

1
=
L
]i
ν
i .

M
oreover,

if
Z
i+

1∼
L
]i
ν
i ,

th
en

b
y

T
h
eorem

7[P
art

2c]
w

e
h
ave

Z
i+

1
A
i
⊥⊥
Z
i+

1
S
i ∪B

i
an

d
Z
i+

1
A
i

=
X
A
i

in
d
istrib

u
tion

.
T

h
en

b
y

C
orollary

19
it

m
u
st

also
b

e
th

at
T

is
low

-d
im

en
sion

al
w

ith
resp

ect
to
A
i .

T
h
u
s
T
∈
R
i ,

an
d

th
is

p
roves

th
e

in
clu

sion
R
i ⊃

D
i+

1 .

52
JM

L
R

 19(66):1-71, 2018



In
f
e
r
e
n
c
e
v
ia

L
o
w
-D

im
e
n
si
o
n
a
l
C
o
u
p
l
in
g
s

N
ow

fi
x

an
y
T
∈
L
i
◦L

i+
1
◦R

i+
1

=
L
i
◦D

i+
1
.

It
m

u
st

b
e

th
at
T

=
L
i
◦g

fo
r

so
m

e
g
∈
D
i+

1
⊂

R
i,

so
th

at
T
∈
L
i
◦R

i,
w

h
ic

h
sh

ow
s

th
e

in
cl

u
si

on
L
i
◦R

i
⊃
L
i
◦L

i+
1
◦R

i+
1

(P
ar

t
1a

of
th

e
le

m
m

a)
.

B
y

C
or

ol
la

ry
19

,
w

e
h
av

e
th

at
L
i+

1
is

lo
w

-d
im

en
si

o
n
al

w
it

h
re

-
sp

ec
t

to
A
i
∪
B i

+
1
,

an
d

so
it

s
eff

ec
ti

ve
d
im

en
si

on
is

b
ou

n
d
ed

ab
ov

e
b
y
|V
\(
A
i
∪
B i

+
1
)|

=
|(A

i+
1
\
A
i)
∪
S i

+
1
|(

P
ar

t
1b

).
F

in
al

ly
,

b
y

T
h
eo

re
m

7[
P

ar
t

2b
],

ea
ch

R
∈

R
i+

1
is

lo
w

-
d
im

en
si

on
al

w
it

h
re

sp
ec

t
to
A
i+

1
,

an
d

so
it

s
eff

ec
ti

ve
d
im

en
si

on
is

b
ou

n
d
ed

b
y
|V
\A

i+
1
|

(P
ar

t
1c

).

P
ro

o
f

o
f

T
h

e
o
re

m
9

F
or

th
e

sa
ke

of
cl

ar
it

y,
w

e
d
iv

id
e

th
e

p
ro

of
in

tw
o

p
ar

ts
:

F
ir

st
,

w
e

sh
ow

th
at

th
e

m
ap

s
(M

i)
i≥

0
ar

e
w

el
l-

d
efi

n
ed

.
T

h
en

,
w

e
p
ro

ve
th

e
re

m
ai

n
in

g
cl

ai
m

s
of

th
e

th
eo

re
m

.
T

h
e

m
ap

s
(M

i)
i≥

0
ar

e
w

el
l-

d
efi

n
ed

as
lo

n
g

a
s,

fo
r

in
st

an
ce

,
w

e
sh

ow
th

at
π
i

is
a

p
ro

b
a-

b
il
it

y
d
en

si
ty

fo
r

al
l
i
≥

0,
an

d
as

lo
n
g

as
th

er
e

ex
is

t
p

er
m

u
ta

ti
on

s
(σ
i)

th
at

gu
ar

an
te

e
th

e
b
lo

ck
u
p
p

er
tr

ia
n
gu

la
r

st
ru

ct
u
re

of
(2

3)
.

A
s

fo
r

th
e

p
er

m
u
ta

ti
o
n
s,

it
su

ffi
ce

s
to

co
n
si

d
er

σ
=
σ

1
=
σ

2
=
··
·w

it
h
σ

(N
2
n
)

=
{2
n
,2
n
−

1,
..
.,

1
},

i.
e.

,
u
p
p

er
tr

ia
n
gu

la
r

m
ap

s.
(I

f
n
>

1,
th

en
th

er
e

is
so

m
e

fr
ee

d
om

in
th

e
ch

oi
ce

of
σ

.)
A

s
fo

r
th

e
ta

rg
et

s
(π
i )

,
w

e
n
ow

sh
ow

th
at

π
i

is
a

n
on

va
n
is

h
in

g
d
en

si
ty

an
d

th
at

th
e

m
ar

gi
n
al
∫
π
i (
z
i,
z
i+

1
)

d
z
i

=
π
Z
i+

1
|y

0
:i
+
1
,

fo
r

al
l

i
≥

0,
u
si

n
g

an
in

d
u
ct

io
n

ar
gu

m
en

t
ov

er
i.

F
or

th
e

b
as

e
ca

se
(i

=
0)

,
ju

st
n
ot

ic
e

th
at

c 0
=

∫
π̃

0
(z

0
,z

1
)

d
z

0
:1

=
π
Y
0
,Y

1
(y

0
,y

1
)
<
∞
,

(4
0)

so
th

at
π

0
=
π̃

0
/
c 0
>

0
is

a
va

li
d

d
en

si
ty

.
M

or
eo

ve
r,

w
e

h
av

e
th

e
d
es

ir
ed

m
ar

gi
n
al

,
i.
e.

,
∫
π

0
(z

0
,z

1
)

d
z

0
=

∫
π
Z

0
,Z

1
|Y

0
,Y

1
(z

0
,z

1
|y

0
,y

1
)

d
z

0
=
π
Z

1
|Y

0
,Y

1
(z

1
|y

0
,y

1
).

N
ow

as
su

m
e

th
at
π
i

is
a

n
on

va
n
is

h
in

g
d
en

si
ty

an
d

th
at

th
e

m
ar

gi
n
a
l
∫
π
i (
z
i,
z
i+

1
)

d
z
i

=
π
Z
i+

1
|y

0
:i
+
1

fo
r

so
m

e
i
>

0.
T

h
e

m
ap

M
i

is
th

en
w

el
l-

d
efi

n
ed

.
In

p
a
rt

ic
u
la

r,
b
y

d
efi

n
it

io
n

of
K

R
re

ar
ra

n
ge

m
en

t,
th

e
su

b
m

ap
M

1 i
p
u
sh

es
fo

rw
ar

d
η X

i+
1

to
th

e
m

ar
gi

n
al
∫
π
i (
z
i,
z
i+

1
)

d
z
i.

M
or

eo
ve

r,
b
y

L
em

m
a

15
,

w
e

h
av

e:

c i
+

1
=

∫
η X

i+
1
(z
i+

1
)
π̃
i+

1
(M

1 i
(z
i+

1
),
z
i+

2
)

d
z
i+

1
:i

+
2

(4
1)

=

∫
π
Z
i+

2
,Y
i+

2
|Y

0
:i
+
1
(z
i+

2
,y

i+
2
|y

0
:i

+
1
)

d
z
i+

2

=
π
Y
i+

2
|Y

0
:i
+
1
(y
i+

2
|y

0
:i

+
1
)
<
∞
,

w
h
er

e
w

e
u
se

d
th

e
ch

an
ge

of
va

ri
ab

le
s
x
i+

1
=

M
1 i
(z
i+

1
)

an
d

th
e

fa
ct

th
at

(M
1 i
) ]
η X

i+
1

=
π
Z
i+

1
|y

0
:i
+
1

(i
n
d
u
ct

io
n

h
y
p

ot
h
es

is
).

T
h
u
s
π
i+

1
is

a
n
on

va
n
is

h
in

g
d
en

si
ty

an
d

b
y

(4
1)

w
e

ca
n

ea
si

ly
ve

ri
fy

th
at
π
i+

1
h
as

th
e

d
es

ir
ed

m
ar

gi
n
al

,
i.
e.

,
∫
π
i+

1
(z
i+

1
,z
i+

2
)

d
z
i+

1
=
π
Z
i+

2
|y

0
:i
+
2
.

T
h
is

ar
gu

m
en

t
co

m
p
le

te
s

th
e

in
d
u
ct

io
n

st
ep

an
d

sh
ow

s
th

at
n
ot

on
ly

th
e

m
ap

s
(M

i)
i≥

0

ar
e

w
el

l-
d
efi

n
ed

—
to

ge
th

er
w

it
h

th
e

m
ap

s
(T
i)
i≥

0
in

(2
5)

—
b
u
t

al
so

th
a
t

(M
1 i
) ]
η X

i+
1

=
π
Z
i+

1
|y

0
:i
+
1

fo
r

al
l
i
≥

0
(P

ar
t

1
of

th
e

th
eo

re
m

).
N

ow
w

e
m

ov
e

to
P

ar
t

3
of

th
e

th
eo

re
m

an
d

u
se

an
ot

h
er

in
d
u
ct

io
n

ar
gu

m
en

t
ov

er
k
≥

0.
F

or
th

e
b
as

e
ca

se
(k

=
0)

,
n
ot

ic
e

th
at

T
0

=
T

0
=

M
0
,

an
d

th
at

,
b
y

d
efi

n
it

io
n
,
M

0
p
u
sh

es
fo

rw
ar

d
η X

0
,X

1
to
π

0
=
π
Z

0
,Z

1
|y

0
,y

1
.

53
JM

L
R

 1
9(

66
):

1-
71

, 2
01

8

S
pa

n
t
in
i,
B
ig
o
n
i,
a
n
d

M
a
r
z
o
u
k

A
ss

u
m

e
th

at
T
k

p
u
sh

es
fo

rw
ar

d
η X

0
:k

+
1

to
π
Z

0
:k

+
1
|y

0
:k

+
1

fo
r

so
m

e
k
>

0
(T

k
is

w
el

l-
d
efi

n
ed

fo
r

al
l
k

si
n
ce

th
e

m
ap

s
(T
i)
i≥

0
in

(2
5)

ar
e

al
so

w
el

l-
d
efi

n
ed

),
an

d
n
o
ti

ce
th

a
t

π
Z

0
:k

+
2
|y

0
:k

+
2

=
π
Z

0
:k

+
1
|y

0
:k

+
1

π
y
k
+
2
|Z
k
+
2
π
Z
k
+
2
|Z
k
+
1

π
y
k
+
2
|y

0
:k

+
1

=
π
Z

0
:k

+
1
|y

0
:k

+
1

π̃
k
+

1

c k
+

1
,

w
h
er

e
w

e
u
se

d
(4

1)
an

d
th

e
d
efi

n
it

io
n

of
th

e
co

ll
ec

ti
on

(π̃
i )

.
L

et
T
k
+

1
=
T

0
◦·
··
◦T

k
+

1
b

e
d
efi

n
ed

as
in

P
ar

t
3

of
th

e
th

eo
re

m
,

an
d

ob
se

rv
e

th
at

T
k
+

1
=
A
k
+

1
◦T

k
+

1
w

it
h

A
k
+

1
(x

0
:k

+
2
)

=

[
T
k
(x

0
:k

+
1
)

x
k
+

2

] ,
T
k
+

1
(x

0
:k

+
2
)

=

       

x
0

. . . x
k

M
0 k
+

1
(x

k
+

1
,x

k
+

2
)

M
1 k
+

1
(x

k
+

2
)

       
.

T
h
u
s

th
e

fo
ll
ow

in
g

h
ol

d
:

T
] k
+

1
π
Z

0
:k

+
2
|Y

0
:k

+
2

=
T
] k
+

1

( (
T
] k
π
Z

0
:k

+
1
|y

0
:k

+
1

)
π
k
+

1

η X
k
+
1

)

=
T
] k
+

1

( η X
0
:k
π
k
+

1
)

=
η X

0
:k
M

] k
+

1
π
k
+

1
=
η X

0
:k

+
2
,

w
h
er

e
w

e
u
se

d
th

e
fa

ct
th

at
b
y

L
em

m
a

15
(a

p
p
li
ed

it
er

at
iv

el
y
)

it
m

u
st

b
e

th
a
t

(A
k
+

1
◦

T
k
+

1
)]
ρ

=
T
] k
+

1
A
] k
+

1
ρ

fo
r

al
l

d
en

si
ti

es
ρ
.

(N
o
ti

ce
th

at
A
k
+

1
is

th
e

co
m

p
os

it
io

n
o
f

fu
n
ct

io
n
s

w
h
ic

h
ar

e
tr

iv
ia

l
em

b
ed

d
in

gs
in

to
th

e
id

en
ti

ty
m

ap
of

K
R

re
ar

ra
n
ge

m
en

ts
th

a
t

co
u
p
le

a
p
a
ir

of
m

ea
su

re
s

in
M

+
(R

n
×
R
n
),

an
d

th
u
s

ea
ch

m
ap

in
th

e
co

m
p

os
it

io
n

sa
ti

sfi
es

th
e

h
y
p

o
th

es
is

of
L

em
m

a
15

.)
In

p
ar

ti
cu

la
r,

(T
k
+

1
) ]
η X

0
:k

+
2

=
π
Z

0
:k

+
2
|y

0
:k

+
2

(P
ar

t
3

of
th

e
th

eo
re

m
).

N
ow

n
ot

ic
e

th
at

ea
ch

T
k

ca
n

al
so

b
e

w
ri

tt
en

as

T
k
(x

0
:k

+
1
)

=

[
B
k
(x

0
:k

+
1
)

M
k
(x

k
,x

k
+

1
)

]

fo
r

a
m

u
lt

iv
ar

ia
te

fu
n
ct

io
n
B
k
—

w
h
os

e
p
ar

ti
cu

la
r

fo
rm

is
n
ot

re
le

va
n
t

to
th

is
a
rg

u
m

en
t—

an
d

fo
r

a
m

ap
,
M

k
,

d
efi

n
ed

in
(2

4)
a
s

a
fu

n
ct

io
n

on
R
n
×

R
n
.

S
in

ce
(T

k
) ]
η X

0
:k

+
1

=

π
Z

0
:k

+
1
|y

0
:k

+
1
,
th

e
m

ap
M

k
m

u
st

al
so

p
u
sh

fo
rw

ar
d
η X

k
,X

k
+
1

to
th

e
la

g-
1

sm
o
o
th

in
g

m
a
rg

in
al

π
Z
k
,Z
k
+
1
|y

0
:k

+
1
.

T
h
is

p
ro

ve
s

P
ar

t
2

o
f

th
e

th
eo

re
m

.
F

or
P

ar
t

4,
ju

st
n
ot

ic
e

th
at

π
Y
0
:k

+
1
(y

0
:k

+
1
)

=
π
Y
0
,Y

1
(y

0
,y

1
)

k ∏ i=
1

π
Y
i+

1
|Y

0
:i
(y
i+

1
|y

0
:i
)

=
k ∏ i=

0

c i
,

(4
2
)

w
h
er

e
w

e
u
se

d
b

ot
h

(4
0)

an
d

(4
1)

.

P
ro

o
f

o
f

L
e
m

m
a

1
1

F
ir

st
a

re
m

ar
k

ab
ou

t
n
ot

at
io

n
:

w
e

d
en

ot
e

b
y
N

(x
;µ
,Σ

)
th

e
d
en

si
ty

(a
s

a
fu

n
ct

io
n

of
x

)
of

a
G

au
ss

ia
n

w
it

h
m

ea
n
µ

an
d

co
va

ri
an

ce
Σ

.

5
4

JM
L

R
 1

9(
66

):
1-

71
, 2

01
8



In
f
e
r
e
n
c
e
v
ia

L
o
w
-D

im
e
n
sio

n
a
l
C
o
u
p
l
in
g
s

N
ow

let
k
>

0
an

d
n
otice

th
at
π
Z
k
+
1 |Z

k (z
k
+

1 |z
k )

=
N

(z
k
+

1 ;F
k
z
k ,Q

k ),
π
Y
k
+
1 |Z

k
+
1 (y

k
+

1 |z
k
+

1 )
=

N
(y
k
+

1 ;H
k
+

1
z
k
+

1 ,R
k
+

1 )
an

d
η
X
k (z

k )
=
N

(z
k ;0,I).

B
y

d
efi

n
ition

of
th

e
target

π
k

in
T

h
eo

rem
9
,

w
e

h
ave:

π
k(z

k ,z
k
+

1 )
=
η
X
k (z

k )
π
Y
k
+
1 |Z

k
+
1 (y

k
+

1 |z
k
+

1 )
π
Z
k
+
1 |Z

k (z
k
+

1 |M
1k−

1 (z
k ))

=
N

(z
k ;0,I)N

(y
k
+

1 ;H
k
+

1
z
k
+

1 ,R
k
+

1 )

N
(z
k
+

1 ;F
k

(C
k−

1
z
k

+
c
k−

1 ),Q
k )

∝
ex

p
(−

12
z
>
J
z

+
z
>
h

),

w
h
ere

z
=

(z
k ,z

k
+

1 )∈
R

2
n
,

an
d

w
h
ere

J
∈
R

2
n×

2
n
,h
∈
R

2
n

are
d
efi

n
ed

as

J
=

[
J

1
1
J

1
2

J
>1
2
J

2
2

]
,
h

=

[
h

1

h
2

]
,

w
ith

:


J
1
1

=
I

+
C
>k−

1
F
>k
Q
−

1
k
F
k
C
k−

1

J
1
2

=
−
C
>k−

1
F
>k
Q
−

1
k

J
2
2

=
Q
−

1
k

+
H
>k+

1
R
−

1
k
+

1
H
k
+

1

h
1

=
J

1
2
F
k
c
k−

1

h
2

=
Q
−

1
k
F
k
c
k−

1
+
H
>k+

1
R
−

1
k
+

1
y
k
+

1 .

In
p
a
rticu

la
r,

w
e

can
rew

rite
π
k

in
in

fo
rm

a
tio

n
fo

rm
(K

oller
an

d
F

ried
m

an
,
2009)

as
π
k(z

)
=

N
−

1(z
;h
,J

).
M

oreover
w

e
k
n
ow

b
y

T
h
eorem

9[P
art

1
],

th
at

th
e

su
b
m

ap
M

1k (z
k
+

1 )
=

C
k
z
k
+

1
+
c
k

p
u
sh

es
forw

ard
η
X
k
+
1

to
th

e
fi
lterin

g
m

arg
in

al
π
Z
k
+
1 |y

0
:k

+
1 .

H
en

ce
(c
k ,C

k )
sh

o
u
ld

b
e,

resp
ectively,

th
e

m
ean

an
d

a
sq

u
are

ro
ot

of
th

e
covarian

ce
o
f
π
Z
k
+
1 |y

0
:k

+
1 —

th
u
s

th
e

o
u
tp

u
t

of
an

y
sq

u
are-ro

o
t

K
alm

an
fi
lter

at
tim

e
k

+
1.

N
ow

w
e

ju
st

n
eed

to
d
eterm

in
e

th
e

su
b
m

ap
M

0k (z
k ,z

k
+

1 )
=
A
k
z
k

+
B
k
z
k
+

1
+
a
k .

G
iven

th
at

M
k

is
a

b
lo

ck
u
p
p

er
tria

n
g
u
la

r
fu

n
ction

,
th

e
m

ap
z
k
7→

M
0k (z

k ,z
k
+

1 )
sh

ou
ld

p
u
sh

forw
ard

η
X
k

to
z
k
7→

π
kZ
k |Z

k
+
1 (z

k |M
1k (z

k
+

1 )).
N

otice
th

at
π
kZ
k |Z

k
+
1 (z

k |z
k
+

1 )
=
N
−

1(z
k ;h

1 −
J

1
2
z
k
+

1 ,J
1
1 )

=

N
(z
k ;J

−
1

1
1

(h
1 −

J
1
2
z
k
+

1 ),J
−

1
1
1

).
H

en
ce
π
kZ
k |Z

k
+
1 (z

k |M
1k (z

k
+

1 ))
=
N

(z
k ;J

−
1

1
1
J

1
2 (F

k
c
k−

1 −
C
k
z
k
+

1 −
c
k ),J

−
1

1
1

),
an

d
so:

M
0k (z

k ,z
k
+

1 )
=
J
−

1
1
1
J

1
2 (F

k
c
k−

1 −
C
k
z
k
+

1 −
c
k )

+
J
−

1
/
2

1
1

z
k .

S
im

p
le

alg
eb

ra
th

en
lead

s
to

(29).

P
ro

o
f

o
f

T
h

e
o
re

m
1
2

W
e

u
se

a
very

sim
ilar

argu
m

en
t

to
T

h
eorem

9.
W

e
fi
rst

sh
ow

th
at

th
e

m
a
p
s

(M
i )
i≥

0
are

w
ell-d

efi
n
ed

.
T

h
ese

m
ap

s
are

w
ell-d

efi
n
ed

as
lon

g
as,

for
in

stan
ce,

w
e

sh
ow

th
at
π
i
is

a
p
rob

ab
ility

d
en

sity
for

all
i≥

0,
an

d
as

lon
g

as
th

ere
ex

ist
p

erm
u
tation

s
(σ
i )

th
at

gu
a
ra

n
tee

th
e

gen
eralized

b
lo

ck
trian

gu
lar

stru
ctu

re
of

(31).
A

s
for

th
e

p
erm

u
tatio

n
s,

it
su

ffi
ces

to
co

n
sid

er
σ

=
σ

1
=
σ

2
=
···

w
ith

σ
(N

p
+

2
n
)

=
{
1,...,p

,p
+

2
n
,p

+
2
n−

1
,...,p

+
1}

.
A

s
fo

r
th

e
ta

rg
ets

(π
i),

w
e

n
ow

u
se

a
(com

p
lete)

in
d
u
ction

argu
m

en
t

over
i

to
sh

ow
th

at,
for

55
JM

L
R

 19(66):1-71, 2018

S
pa

n
t
in
i,
B
ig
o
n
i,
a
n
d

M
a
r
z
o
u
k

all
i≥

0,
π
i

is
a

n
on

van
ish

in
g

d
en

sity
an

d
∫
π
i(z

θ ,z
i ,z

i+
1 )

d
z
i

=
A
]i
π

Θ
,Z
i+

1 |y
0
:i+

1 (z
θ ,z

i+
1 )

for
a

m
ap

A
i

d
efi

n
ed

on
R
p×

R
n

as

A
i (x

θ ,x
i+

1 )
=

[
T

Θi−
1 (x

θ )

x
i+

1

]
,

w
ith

T
Θi−

1 (x
θ )

=
x
θ

if
i

=
0.

F
or

th
e

b
ase

case
(i

=
0),

ju
st

n
otice

th
at

c
0

=
π
Y
0
,Y

1 (y
0 ,y

1 )
<
∞

,
so

th
at
π

0
=
π̃

0/
c
0
>

0
is

a
valid

d
en

sity.
M

oreover,
w

e
h
av

e
th

e
d
esired

m
argin

al,
i.e.,

∫
π

0(z
θ ,z

0 ,z
1 )

d
z

0
=
π

Θ
,Z

1 |Y
0
,Y

1 (z
θ ,z

1 |y
0 ,y

1 )
=
A
]0
π

Θ
,Z

1 |y
0
,y

1 (z
θ ,z

1 ),

sin
ce
A

0
is

th
e

id
en

tity
m

ap
on

R
p×

R
n
.

N
ow

assu
m

e
th

at
π
j

is
a

n
on

van
ish

in
g

d
en

sity
for

all
j≤

i
(com

p
lete

in
d
u
ction

)
w

ith
i
>

0,
an

d
th

at
th

e
m

argin
al ∫

π
i(z

θ ,z
i ,z

i+
1 )

d
z
i

=

A
]i
π

Θ
,Z
i+

1 |y
0
:i+

1 (z
θ ,z

i+
1 ).

U
n
d
er

th
is

h
y
p

oth
esis,

th
e

m
ap

s
(M

j )
j≤
i

are
w

ell-d
efi

n
ed

,
an

d

so
are

A
i ,A

i+
1

sin
ce

T
Θi

=
M

Θ0
◦···◦

M
Θi

.
B

efore
ch

eck
in

g
th

e
in

tegrab
ility

of
π
i+

1,
n
otice

th
at

b
y

d
efi

n
ition

of
M

i
(a

K
R

rearran
gem

en
t),

th
e

m
ap

B
i ,

giv
en

b
y

B
i (x

θ ,x
i+

1 )
=

[
M

Θi
(x

θ )

M
1i (x

θ ,x
i+

1 )

]
,

p
u
sh

es
forw

ard
η
X

Θ
,X

i+
1

to
th

e
m

argin
al ∫

π
i(z

θ ,z
i ,z

i+
1 )

d
z
i ,

w
h
ich

eq
u
als

A
]i
π

Θ
,Z
i+

1 |y
0
:i+

1

(in
d
u
ctive

h
y
p

oth
esis),

i.e.,
(B

i )
]
η
X

Θ
,X

i+
1

=
A
]i
π

Θ
,Z
i+

1 |y
0
:i+

1 .
In

p
articu

lar,
it

m
u
st

also
b

e
th

at
(A

i ◦
B
i )
]
η
X

Θ
,X

i+
1

=
π

Θ
,Z
i+

1 |y
0
:i+

1 ,
w

h
ere

A
i ◦
B
i

corresp
on

d
s

p
recisely

to
th

e
m

ap

M̃
i

d
efi

n
ed

in
(34),

so
th

at
(M̃

i )
]
η
X

Θ
,X

i+
1

=
π

Θ
,Z
i+

1 |y
0
:i+

1 .
N

ow
w

e
can

p
rove

th
at

c
i+

1
<
∞

u
sin

g
th

e
follow

in
g

id
en

tities:

c
i+

1
=

∫
η
X

Θ
,X

i+
1 (z

θ ,z
i+

1 )
(43)

π̃
i+

1(T
Θi

(z
θ ),M

1i (z
θ ,z

i+
1 ),z

i+
2 )

d
z
θ

d
z
i+

1
:i+

2

=

∫
(M̃

i )
]
η
X

Θ
,X

i+
1 (x

θ ,x
i+

1 )
π
Z
i+

2 |Z
i+

1
,Θ

(z
i+

2 |x
i+

1 ,x
θ )

π
Y
i+

2 |Z
i+

2
,Θ

(y
i+

2 |z
i+

2 ,x
θ )

d
x
θ

d
x
i+

1
d
z
i+

2

=

∫
π

Θ
,Z
i+

1 |y
0
:i+

1 (x
θ ,x

i+
1 )

π
Z
i+

2
,Y
i+

2 |Z
i+

1
,Θ

(z
i+

2 ,y
i+

2 |x
i+

1 ,x
θ )

d
x
θ

d
x
i+

1
d
z
i+

2

=
π
Y
i+

2 |Y
0
:i+

1 (y
i+

2 |y
0
:i+

1 )
<
∞
,

w
h
ere

w
e

u
sed

th
e

ch
an

ge
of

variab
les:

[
x
θ

x
i+

1

]
=

[
T

Θi
(z
θ )

M
1i (z

θ ,z
i+

1 )

]
=

M̃
i (z

θ ,z
i+

1 ),
(44)

an
d

th
e

fact
th

at
(M̃

i )
]
η
X

Θ
,X

i+
1

=
π

Θ
,Z
i+

1 |y
0
:i+

1
(in

d
u
ction

h
y
p

oth
esis).

(T
h
e

ch
an

ge
of

variab
les

in
(44)

is
valid

for
th

e
follow

in
g

rea
son

:
th

e
m

ap
M̃

i
can

b
e

factorized
as

th
e

5
6

JM
L

R
 19(66):1-71, 2018



In
f
e
r
e
n
c
e
v
ia

L
o
w
-D

im
e
n
si
o
n
a
l
C
o
u
p
l
in
g
s

co
m

p
os

it
io

n
of
i+

1
(g

en
er

al
iz

ed
)

tr
ia

n
gu

la
r

fu
n
ct

io
n
s,

al
l

th
at

fi
t

th
e

h
y
p

o
th

es
is

of
L

em
m

a
15

,
so

th
at

(4
4)

sh
ou

ld
re

al
ly

b
e

in
te

rp
re

te
d

as
a

se
q
u
en

ce
of
i+

1
ch

an
ge

of
va

ri
ab

le
s—

ea
ch

as
so

ci
at

ed
w

it
h

on
e

m
ap

in
th

e
co

m
p

os
it

io
n

an
d

ju
st

ifi
ed

b
y

L
em

m
a

15
.)

T
h
er

ef
or

e
π
i+

1
is

a
n
on

va
n
is

h
in

g
d
en

si
ty

.
F

ol
lo

w
in

g
th

e
sa

m
e

d
er

iv
at

io
n
s

as
in

(4
3)

,
it

is
n
ot

h
ar

d
to

sh
ow

th
at
π
i+

1
h
as

al
so

th
e

d
es

ir
ed

m
ar

gi
n
al

,
i.
e.

,
∫
π
i+

1
(z
θ
,z
i+

1
,z
i+

2
)

d
z
i+

1
=
A
] i+

1
π

Θ
,Z
i+

2
|y

0
:i
+
2
(z
θ
,z
i+

2
).

T
h
is

ar
gu

m
en

t
co

m
p
le

te
s

th
e

in
d
u
ct

io
n

st
ep

an
d

sh
ow

s
th

at
n
ot

on
ly

th
e

m
ap

s
(M

i)
i≥

0

ar
e

w
el

l-
d
efi

n
ed

—
to

ge
th

er
w

it
h

th
e

m
ap

s
(T
i)
i≥

0
in

(3
5)

—
b
u
t

al
so

th
at

(M̃
1 i
) ]
η X

Θ
,X

i+
1

=
π

Θ
,Z
i+

1
|y

0
:i
+
1

fo
r

al
l
i
≥

0
(P

ar
t

1
of

th
e

th
eo

re
m

).
N

ow
w

e
p
ro

ve
P

ar
t

2
of

th
e

th
eo

re
m

u
si

n
g

an
ot

h
er

in
d
u
ct

io
n

ar
gu

m
en

t
on

k
≥

0.
F

or
th

e
b
as

e
ca

se
(k

=
0)

,
n
ot

ic
e

th
at

T
0

=
T

0
=

M
0
,

an
d

th
at

,
b
y

d
efi

n
it

io
n
,
M

0
p
u
sh

es
fo

rw
ar

d
η X

Θ
,X

0
,X

1
to
π

0
=
π

Θ
,Z

0
,Z

1
|y

0
,y

1
.

A
ss

u
m

e
th

at
T
k

p
u
sh

es
fo

rw
ar

d
η X

Θ
,X

0
:k

+
1

to
π

Θ
,Z

0
:k

+
1
|y

0
:k

+
1

fo
r

so
m

e
k
>

0
(T

k
is

w
el

l-
d
efi

n
ed

fo
r

al
l
k

si
n
ce

th
e

m
ap

s
(T
i)
i≥

0
in

(3
5)

ar
e

al
so

w
el

l-
d
efi

n
ed

),
an

d
n
ot

ic
e

th
at

π
Θ
,Z

0
:k

+
2
|y

0
:k

+
2

=
π

Θ
,Z

0
:k

+
1
|y

0
:k

+
1

π
y
k
+
2
|Z
k
+
2
,Θ
π
Z
k
+
2
|Z
k
+
1
,Θ

π
y
k
+
2
|y

0
:k

+
1

=
π

Θ
,Z

0
:k

+
1
|y

0
:k

+
1

π̃
k
+

1

c k
+

1
,

w
h
er

e
w

e
u
se

d
(4

3)
an

d
th

e
d
efi

n
it

io
n

of
th

e
co

ll
ec

ti
on

(π̃
i )

.
L

et
T
k
+

1
=
T

0
◦·
··
◦T

k
+

1
b

e
d
efi

n
ed

as
in

P
ar

t
2

of
th

e
th

eo
re

m
,

an
d

ob
se

rv
e

th
at

T
k
+

1
=
C
k
+

1
◦T

k
+

1
w

it
h

C
k
+

1
(x

θ
,x

0
:k

+
2
)

=

[
T
k
(x

θ
,x

0
:k

+
1
)

x
k
+

2

] ,
T
k
+

1
(x

θ
,x

0
:k

+
2
)

=

         

M
Θ k
+

1
(x

θ
)

x
0

. . . x
k

M
0 k
+

1
(x

θ
,x

k
+

1
,x

k
+

2
)

M
1 k
+

1
(x

θ
,x

k
+

2
)

         

.

T
h
u
s

th
e

fo
ll
ow

in
g

h
ol

d
:

T
] k
+

1
π

Θ
,Z

0
:k

+
2
|y

0
:k

+
2

=
T
] k
+

1

( (
T
] k
π

Θ
,Z

0
:k

+
1
|y

0
:k

+
1

)
π
k
+

1

η X
Θ
,X

k
+
1

)

=
T
] k
+

1

( η X
0
:k
π
k
+

1
)

=
η X

0
:k
M

] k
+

1
π
k
+

1
=
η X

Θ
,X

0
:k

+
2
,

w
h
er

e
w

e
u
se

d
th

e
fa

ct
th

at
b
y

L
em

m
a

15
(a

p
p
li
ed

it
er

at
iv

el
y
)

it
m

u
st

b
e

th
at

(C
k
+

1
◦

T
k
+

1
)]
ρ

=
T
] k
+

1
C
] k
+

1
ρ

fo
r

al
l

d
en

si
ti

es
ρ
.

(N
o
ti

ce
th

at
C
k
+

1
is

th
e

co
m

p
os

it
io

n
of

fu
n
ct

io
n
s

w
h
ic

h
ar

e
tr

iv
ia

l
em

b
ed

d
in

gs
in

to
th

e
id

en
ti

ty
m

ap
of

K
R

re
ar

ra
n
ge

m
en

ts
th

at
co

u
p
le

a
p
ai

r
of

m
ea

su
re

s
in

M
+

(R
p
×
R
n
×
R
n
),

an
d

th
u
s

ea
ch

m
ap

in
th

e
co

m
p

os
it

io
n

sa
ti

sfi
es

th
e

h
y
p

ot
h
es

is
of

L
em

m
a

15
.)

T
h
u
s

(T
k
+

1
) ]
η X

Θ
,X

0
:k

+
2

=
π

Θ
,Z

0
:k

+
2
|y

0
:k

+
2
,

an
d

th
is

co
n
cl

u
d
es

th
e

in
d
u
ct

io
n

ar
gu

m
en

t
an

d
th

e
p
ro

of
of

P
ar

t
2

o
f

th
e

th
eo

re
m

.
T

h
e

p
ro

of
of

P
ar

t
3

fo
ll
ow

s
fr

om
c 0

=
π
Y
0
,Y

1
(y

0
,y

1
),

(4
3)

,
an

d
(4

2
).

5
7

JM
L

R
 1

9(
66

):
1-

71
, 2

01
8

S
pa

n
t
in
i,
B
ig
o
n
i,
a
n
d

M
a
r
z
o
u
k

A
p
p

e
n
d
ix

C
.

A
lg

o
ri

th
m

s
fo

r
In

fe
re

n
ce

o
n

S
ta

te
-S

p
a
ce

M
o
d
e
ls

H
er

e
w

e
d
ig

es
t

th
e

sm
o
ot

h
in

g
an

d
jo

in
t

st
at

e-
p
ar

am
et

er
in

fe
re

n
ce

m
et

h
o
d
ol

o
g
ie

s
d
is

cu
ss

ed
in

S
ec

ti
on

7
in

to
a

h
an

d
fu

l
of

al
go

ri
th

m
s,

d
es

cr
ib

ed
w

it
h

p
se

u
d
o
co

d
e.

A
lg

or
it

h
m

s
1

a
n
d

2
b

el
ow

ar
e

b
u
il
d
in

g
b
lo

ck
s:

th
ey

d
es

cr
ib

e,
re

sp
ec

ti
v
el

y,
h
ow

to
ap

p
ro

x
im

at
e

a
tr

a
n
sp

o
rt

m
a
p

gi
ve

n
an

(u
n
n
or

m
al

iz
ed

)
ta

rg
et

d
en

si
ty

,
an

d
h
ow

to
p
ro

je
ct

a
gi

ve
n

tr
an

sp
or

t
m

a
p

o
n
to

a
se

t
of

m
on

ot
on

e
tr

an
sf

or
m

at
io

n
s.

A
lg

o
ri

th
m

3
sh

ow
s

h
ow

to
b
u
il
d

a
re

cu
rs

iv
e

a
p
p
ro

x
im

a
ti

o
n

of
π

Θ
,Z

0
:k

+
1
|y

0
:k

+
1
—

i.
e.

,
th

e
fu

ll
B

ay
es

ia
n

so
lu

ti
on

to
th

e
p
ro

b
le

m
of

se
q
u
en

ti
a
l

in
fe

re
n
ce

in
st

at
e-

sp
ac

e
m

o
d
el

s
w

it
h

st
at

ic
p
ar

am
et

er
s—

u
si

n
g

a
d
ec

om
p

os
ab

le
tr

an
sp

o
rt

m
a
p
.

S
ee

d
et

ai
ls

in
S
ec

ti
on

7.
3.

F
or

si
m

p
li
ci

ty
,

w
e

al
w

ay
s

u
se

a
st

an
d
ar

d
n
or

m
al

re
fe

re
n
ce

p
ro

ce
ss

η X
,

al
th

ou
gh

m
or

e
ge

n
er

al
ch

oi
ce

s
ar

e
p

os
si

b
le

.
A

lg
or

it
h
m

4
sh

ow
s

h
ow

to
sa

m
p
le

fr
o
m

th
e

re
su

lt
in

g
ap

p
ro

x
im

at
io

n
of

th
e

jo
in

t
d
is

tr
ib

u
ti

on
π

Θ
,Z

0
:k

+
1
|y

0
:k

+
1
,

w
h
er

ea
s

A
lg

o
ri

th
m

5
fo

cu
se

s
on

a
p
ar

ti
cu

la
r

“fi
lt

er
in

g”
m

ar
gi

n
al

,
i.
e.

,
π

Θ
,Z
k
+
1
|y

0
:k

+
1
.

T
h
e

p
ro

b
le

m
o
f

se
q
u
en

ti
al

in
fe

re
n
ce

on
st

at
e-

sp
ac

e
m

o
d
el

s
w

it
h
o
u

t
st

at
ic

p
ar

am
et

er
s

(s
ee

S
ec

ti
on

7.
1)

ca
n

b
e

ta
ck

le
d

v
ia

a
si

m
p
li
fi
ed

ve
rs

io
n

of
A

lg
or

it
h
m

3,
w

h
er

ei
n

th
e

fo
rm

al
d
ep

en
d
en

ce
on

Θ
is

d
ro

p
p

ed
.

T
h
e

ac
tu

al
im

p
le

m
en

ta
ti

on
of

th
es

e
al

go
ri

th
m

s
is

av
ai

la
b
le

on
li
n
e

at
h
t
t
p
:
/
/
t
r
a
n
s
p
o
r
t
m
a
p
s
.

m
i
t
.
e
d
u
.

A
lg

o
ri

th
m

1
(C

o
m

p
u

ta
ti

o
n

o
f

a
m

o
n

o
to

n
e

m
a
p

)
G

iv
en

an
u
n
n
or

m
al

iz
ed

ta
rg

et
d
en

si
ty
π̄

an
d

a
p
ar

am
et

ri
c

tr
ia

n
gu

la
r

m
on

ot
o
n
e

m
a
p
T

[c
]

o
f

th
e

fo
rm

(5
),

d
efi

n
ed

b
y

an
ar

b
it

ra
ry

se
t

of
co

effi
ci

en
ts

c
∈
R
N

,
fi
n
d

th
e

op
ti

m
a
l

co
effi

ci
en

ts
c
?

ac
co

rd
in

g
to

(7
).

1
:

p
ro

c
e
d

u
re

C
o
m
p
u
t
e
M
a
p

(π̄
,
T

[c
],
m

)

2
:

G
en

er
at

e
sa

m
p
le

s
(x

i)
m i=

1
i.

i.
d

.
∼
N

(0
,I

)
3
:

S
ol

ve
(e

.g
.,

v
ia

a
q
u
as

i-
N

ew
to

n
or

N
ew

to
n

m
et

h
o
d
),

c
?

=
ar

gm
in

c
∈R

N

−
1 m

m ∑ i=
1

(
lo

g
π̄

(T
[c

](
x
i)

)
+
∑ k

lo
g
∂
k
T

[c
]k

(x
i)

)

4
:

re
tu

rn
T

[c
?
]

5
:

e
n

d
p

ro
c
e
d

u
re

A
lg

o
ri

th
m

2
(R

e
g
re

ss
io

n
o
f

a
m

o
n

o
to

n
e

m
a
p

)
G

iv
en

a
m

ap
M

an
d

a
p
ar

am
et

ri
c

tr
ia

n
gu

la
r

m
on

ot
on

e
m

ap
T

[c
]

of
th

e
fo

rm
(5

)
,

d
efi

n
ed

b
y

an
ar

b
it

ra
ry

se
t

of
co

effi
ci

en
ts

c
∈

R
N

,
fi
n
d

th
e

co
effi

ci
en

ts
c
?

m
in

im
iz

in
g

th
e

d
is

cr
et

e
L

2
n
or

m
b

et
w

ee
n

th
e

tw
o

m
ap

s.

1
:

p
ro

c
e
d

u
re

R
e
g
r
e
ss
io
n
M
a
p

(M
,
T

[c
],
m

)

2
:

G
en

er
at

e
sa

m
p
le

s
(x

i)
m i=

1
i.

i.
d

.
∼
N

(0
,I

)
3
:

S
ol

ve

c
?

=
ar

gm
in

c
∈R

N

1 m

m ∑ i=
1

(M
(x

i)
−
T

[c
](
x
i)

)2

4
:

re
tu

rn
T

[c
?
]

5
:

e
n

d
p

ro
c
e
d

u
re

5
8

JM
L

R
 1

9(
66

):
1-

71
, 2

01
8



In
f
e
r
e
n
c
e
v
ia

L
o
w
-D

im
e
n
sio

n
a
l
C
o
u
p
l
in
g
s

A
lg

o
rith

m
3

(J
o
in

t
p

a
ra

m
e
te

r
a
n

d
sta

te
in

fe
re

n
c
e
)

G
iven

o
b
serva

tion
s

(y
i )
k
+

1
i=

0
,

con
stru

ct
a

tran
sp

ort
m

ap
ap

p
rox

im
ation

of
th

e
sm

o
oth

in
g

d
istrib

u
tion

π
Θ
,Z

0
,...,Z

k
+
1 |y

0
,...,y

k
+
1

in
term

s
of

a
list

of
m

ap
s

(M
j )
kj=

0 .

1
:

p
ro

c
e
d

u
re

A
ssim

il
a
t
e

((y
i )
k
+

1
i=

0
,
m

)
2
:

fo
r
i←

0
to
k

d
o

.
see

T
h
m

.
12

3
:

if
i

=
0

th
e
n

4
:

D
efi

n
e
T̃

Θi−
1

to
b

e
th

e
id

en
tity

m
ap

5
:

D
efi

n
e
π
i

as
in

(32)
6
:

e
lse

7
:

T̃
Θi−

1 [c
?]←

R
e
g
r
e
ssio

n
M
a
p

(
T̃

Θi−
2 ◦

M
Θi−

1 ,
T̃

Θi−
1 [c

],
m

)
8
:

D
efi

n
e
π
i

as
in

(33)
9
:

e
n

d
if

1
0
:

M
i [c

?]←
C
o
m
p
u
t
e
M
a
p

(π
i,
M

i [c
],
m

)
1
1
:

A
p
p

en
d
M

i
to

th
e

list
(M

j )
i−

1
j=

0

1
2
:

e
n

d
fo

r
1
3
:

re
tu

rn
(M

j )
kj=

0
,T̃

Θk−
1

1
4
:

e
n

d
p

ro
c
e
d

u
re

A
lg

o
rith

m
4

(S
a
m

p
le

th
e

sm
o
o
th

in
g

d
istrib

u
tio

n
)

G
en

era
te

a
sa

m
p
le

from
th

e
sm

o
oth

in
g

d
istrib

u
tion

π
Θ
,Z

0
,...,Z

k
+
1 |y

0
,...,y

k
+
1 u

sin
g

th
e

m
ap

s
co

m
p
u
ted

in
A

lgorith
m

3.

p
ro

c
e
d

u
re

S
a
m
p
l
e
S
m
o
o
t
h
in
g

(
(M

j )
kj=

0 )
G

en
erate

x
∼
N

(0,I),
w

ith
I

th
e

id
en

tity
in
d
θ

+
k·d

z
d
im

en
sion

s
fo

r
j←

k
to

0
d

o
.

see
T

h
m

.
12

P
art.

2
x
θ ←

M
Θj

(x
θ )

x
j ←

M
0j (x

θ ,x
j ,x

j+
1 )

x
j+

1 ←
M

1j (x
θ ,x

j+
1 )

e
n

d
fo

r
re

tu
rn
x

e
n

d
p

ro
c
e
d

u
re

59
JM

L
R

 19(66):1-71, 2018

S
pa

n
t
in
i,
B
ig
o
n
i,
a
n
d

M
a
r
z
o
u
k

A
lg

o
rith

m
5

(S
a
m

p
le

th
e

fi
lte

rin
g

d
istrib

u
tio

n
)

G
en

erate
a

sam
p
le

from
th

e
m

argin
al

d
istrib

u
tion

π
Θ
,Z
k
+
1 |y

0
,...,y

k
+
1

u
sin

g
th

e
m

ap
s

com
-

p
u
ted

in
A

lgorith
m

3.

p
ro

c
e
d

u
re

S
a
m
p
l
e
F
ilt

e
r
in
g

(
M

k ,
T̃

Θk−
1 )

G
en

erate
x
∼
N

(0,I),
w

ith
I

th
e

id
en

tity
in
d
θ

+
d

z
d
im

en
sion

s
D

efi
n
e

M̃
k (x

θ ,x
k
+

1 )
:=

[
T̃

Θk−
1 (M

Θk
(x

θ ))
M

1k (x
θ ,x

k
+

1 )

]

y
←

M̃
k (x

θ ,x
k
+

1 )
.

see
T

h
m

.
12

P
art.

1
re

tu
rn
y

e
n

d
p

ro
c
e
d

u
re

A
p
p

e
n
d
ix

D
.

A
d
d
itio

n
a
l

R
e
su

lts
fo

r
th

e
S
to

ch
a
stic

V
o
la

tility
M

o
d
e
l

W
e

rev
isit

th
e

n
u
m

erical
ex

am
p
le

of
S
ection

8
an

d
re-ru

n
b

oth
th

e
join

t
state/p

aram
eter

in
feren

ce
p
rob

lem
an

d
th

e
lon

g-tim
e

sm
o
oth

in
g

p
rob

lem
w

ith
lin

ea
r

rath
er

th
an

n
o
n
lin

ear
m

ap
s.

T
h
e

resu
lts

are
less

accu
rate,

b
u
t

su
b
stan

tially
faster;

see
T

ab
le

1
an

d
th

e
d
iscu

ssion
of

th
is

com
p
arison

in
S
ection

8.

0
200

400
600

800
tim

e

3 2 1 0 1

Zt|Y0 : N

F
igu

re
18:

S
am

e
as

F
igu

re
10,

b
u
t

u
sin

g
lin

ear
m

ap
s.

C
om

p
ared

to
a

h
igh

-ord
er

m
ap

,
th

ere
seem

s
to

b
e

on
ly

a
m

in
im

al
loss

of
accu

racy,
m

o
re

p
rom

in
en

t
at

earlier
tim

es.

6
0

JM
L

R
 19(66):1-71, 2018



In
f
e
r
e
n
c
e
v
ia

L
o
w
-D

im
e
n
si
o
n
a
l
C
o
u
p
l
in
g
s

0
20

0
40

0
60

0
80

0
tim

e

32101

Zt|Y0:t

F
ig

u
re

19
:

C
om

p
ar

is
on

of
th

e
{5
,9

5}
–p

er
ce

n
ti

le
s

(d
as

h
ed

li
n
es

)
an

d
th

e
m

ea
n

(s
ol

id
li
n
e)

of
th

e
n
u
m

er
ic

al
ap

p
ro

x
im

at
io

n
of

th
e

fi
lt

er
in

g
m

ar
gi

n
a
ls

u
si

n
g

li
n

ea
r

tr
an

sp
or

t
m

ap
s

(b
lu

e
li
n
es

)
w

it
h

th
os

e
of

a
“r

ef
er

en
ce

”
so

lu
ti

on
ob

ta
in

ed
v
ia

se
v
en

th
-o

rd
er

m
ap

s
(a

s
sh

ow
n

in
F

ig
u
re

11
).

T
h
e

tw
o

so
lu

ti
on

s
lo

ok
re

m
ar

ka
b
ly

si
m

il
ar

d
es

p
it

e
th

e
en

or
m

ou
s

d
iff

er
en

ce
in

co
m

p
u
ta

ti
on

al
co

st
(s

ee
T

ab
le

1)
.

tim
e

0
20

0
40

0
60

0
80

0
0.

65
0.

70
0.

75
0.

80
0.

85
0.

90
0.

95
1.

00

|Y0 : t

010203040

F
ig

u
re

20
:

S
am

e
as

F
ig

u
re

12
,
b
u
t

u
si

n
g

li
n
ea

r
m

ap
s.

H
er

e,
th

e
lo

ss
of

ac
cu

ra
cy

is
m

or
e

d
ra

-
m

at
ic

th
an

fo
r

th
e

sm
o
ot

h
in

g
d
is

tr
ib

u
ti

on
of

th
e

st
a
te

in
F

ig
u
re

18
.

E
ve

n
th

ou
gh

th
e

ap
p
ro

x
im

at
e

m
ar

gi
n
al

ca
p
tu

re
s

th
e

b
u
lk

of
th

e
tr

u
e

p
ar

am
et

er
m

ar
g
in

al
s,

fo
r

th
is

sp
ec

ifi
c

p
ro

b
le

m
of

st
at

ic
p
ar

am
et

er
in

fe
re

n
ce

,
a

li
n
ea

r
m

ap
is

la
rg

el
y

in
ad

eq
u
at

e;
h
en

ce
th

e
n
ee

d
fo

r
a

h
ig

h
er

-o
rd

er
n
on

li
n
ea

r
tr

an
sf

or
m

at
io

n
.

6
1

JM
L

R
 1

9(
66

):
1-

71
, 2

01
8

S
pa

n
t
in
i,
B
ig
o
n
i,
a
n
d

M
a
r
z
o
u
k

5
25

74
12

2
20

4
34

0
56

7
94

5
tim

e

0.
5

0.
6

0.
7

0.
8

0.
9

1.
0

F
ig

u
re

21
:

T
h
e

h
or

iz
on

ta
l

p
la

n
e

of
F

ig
u
re

20
(b

la
ck

li
n

es
)

ov
er

la
id

w
it

h
a

se
le

ct
ed

n
u
m

b
er

of
b

ox
-a

n
d
-w

h
is

k
er

p
lo

ts
as

so
ci

at
ed

w
it

h
th

e
m

ar
gi

n
al

s
of

a
“r

ef
er

en
ce

”
M

C
M

C
so

lu
ti

on
.

T
h
e

en
d
s

of
th

e
w

h
is

k
er

s
re

p
re

se
n
t

th
e
{5
,9

5}
–p

er
ce

n
ti

le
s,

w
h
il
e

th
e

gr
ee

n
d
ot

s
co

rr
es

p
on

d
to

th
e

m
ea

n
s

o
f

th
e

re
fe

re
n
ce

d
is

tr
ib

u
ti

on
.

L
in

ea
r

m
a
p
s

ar
e

in
su

ffi
ci

en
t

to
co

rr
ec

tl
y

ch
ar

ac
te

ri
ze

th
e

p
ar

a
m

et
er

m
ar

gi
n
a
ls

,
es

p
ec

ia
ll
y

th
e

tr
an

si
ti

on
at

ti
m

e
74

(c
f.

F
ig

u
re

s
12

an
d

20
)

tim
e

0
20

0
40

0
60

0
80

0

2.
0

1.
5

1.
0

0.
5

0.
0

0.
5

1.
0

1.
5

|Y0 : t
0.

0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

F
ig

u
re

22
:

S
am

e
as

F
ig

u
re

13
,

b
u
t

u
si

n
g

li
n
ea

r
m

ap
s.

O
n
ce

ag
ai

n
,

th
e

li
n
ea

r
m

a
p

p
ro

v
id

es
p
la

u
si

b
le

,
b
u
t

so
m

ew
h
at

in
ac

cu
ra

te
,

re
su

lt
s

fo
r

se
q
u
en

ti
al

p
a
ra

m
et

er
in

fe
re

n
ce

.
A

n
on

li
n
ea

r
tr

an
sf

or
m

at
io

n
is

b
et

te
r

su
it

ed
fo

r
th

is
p
ro

b
le

m
.

62
JM

L
R

 1
9(

66
):

1-
71

, 2
01

8



In
f
e
r
e
n
c
e
v
ia

L
o
w
-D

im
e
n
sio

n
a
l
C
o
u
p
l
in
g
s

5
25

74
122

204
340

567
945

tim
e

2.0

1.5

1.0

0.5

0.0

0.5

1.0

1.5

F
ig

u
re

2
3:

T
h
e

h
orizon

tal
p
lan

e
of

F
igu

re
22

(bla
ck

lin
es)

overlaid
w

ith
a

selected
n
u
m

b
er

of
b

ox
-an

d
-w

h
isk

er
p
lots

asso
ciated

w
ith

th
e

m
argin

als
of

a
“referen

ce”
M

C
M

C
so

lu
tion

.
S
ee

F
igu

re
21

cap
tion

for
m

ore
d
etails.

63
JM

L
R

 19(66):1-71, 2018

S
pa

n
t
in
i,
B
ig
o
n
i,
a
n
d

M
a
r
z
o
u
k

050010001500200025003000350040004500
time

3

2

1

0

1

Z
t |Y

0:N

4500500055006000650070007500800085009000
time

3

2

1

0

1

Z
t |Y

0:N

Figure24:SameasFigure17,butusinglinearmaps.Long-timesmoothingwithnostaticparametersvialinearmapsyields
accuratecharacterizationsofthemarginaldistributionsacrossalltimes,atafractionofthecostofahigh-order
nonlineartransformation(seeTable1).

64
JM

L
R

 19(66):1-71, 2018



In
f
e
r
e
n
c
e
v
ia

L
o
w
-D

im
e
n
si
o
n
a
l
C
o
u
p
l
in
g
s

R
e
fe

re
n
ce

s

E
.

A
n
d
er

es
an

d
M

.
C

or
am

.
A

ge
n
er

al
sp

li
n
e

re
p
re

se
n
ta

ti
on

fo
r

n
on

p
ar

a
m

et
ri

c
an

d
se

m
i-

p
ar

am
et

ri
c

d
en

si
ty

es
ti

m
at

es
u
si

n
g

d
iff

eo
m

or
p
h
is

m
s.

a
rX

iv
:1

2
0
5
.5

3
1
4
,

20
12

.

C
.

A
n
d
ri

eu
,

A
.

D
ou

ce
t,

an
d

R
.

H
ol

en
st

ei
n
.

P
ar

ti
cl

e
M

ar
ko

v
ch

ai
n

M
on

te
C

ar
lo

m
et

h
o
d
s.

J
o
u

rn
a
l

o
f

th
e

R
o
ya

l
S

ta
ti

st
ic

a
l

S
oc

ie
ty

:
S

er
ie

s
B

,
7
2(

3)
:2

69
–3

42
,

20
10

.

S
.

A
sm

u
ss

en
an

d
P

.
W

.
G

ly
n
n
.

S
to

ch
a
st

ic
si

m
u

la
ti

o
n

:
a
lg

o
ri

th
m

s
a
n

d
a
n

a
ly

si
s,

vo
lu

m
e

57
.

S
p
ri

n
ge

r
S
ci

en
ce

&
B

u
si

n
es

s
M

ed
ia

,
20

07
.

J
.

M
.

B
ar

d
sl

ey
,

A
.

S
ol

on
en

,
H

.
H

aa
ri

o,
an

d
M

.
L

ai
n
e.

R
an

d
om

iz
e-

th
en

-o
p
ti

m
iz

e:
a

m
et

h
o
d

fo
r

sa
m

p
li
n
g

fr
om

p
os

te
ri

or
d
is

tr
ib

u
ti

on
s

in
n
on

li
n
ea

r
in

v
er

se
p
ro

b
le

m
s.

S
IA

M
J

o
u

rn
a
l

o
n

S
ci

en
ti

fi
c

C
o
m

p
u

ti
n

g,
36

(4
):

A
18

95
–A

19
10

,
20

14
.

d
oi

:
10

.1
13

7/
14

09
64

02
3.

D
.

P
.

B
er

ts
ek

as
.

D
yn

a
m

ic
p
ro

gr
a
m

m
in

g
a
n

d
o
p
ti

m
a
l

co
n

tr
o
l,

v
ol

u
m

e
1.

A
th

en
a

S
ci

en
ti

fi
c

B
el

m
on

t,
M

A
,

19
95

.

G
.

J
.

B
ie

rm
an

.
F

a
ct

o
ri

za
ti

o
n

m
et

h
od

s
fo

r
d
is

cr
et

e
se

qu
en

ti
a
l

es
ti

m
a
ti

o
n

.
C

ou
ri

er
C

or
p

or
a-

ti
on

,
20

06
.

D
.

B
ig

on
i,

A
.

S
p
an

ti
n
i,

an
d

Y
.

M
ar

zo
u
k
.

O
n

th
e

co
m

p
u
ta

ti
on

of
m

on
ot

o
n
e

tr
an

sp
or

ts
.

In
p
re

pa
ra

ti
o
n

,
20

19
.

D
.

B
le

i,
A

.
K

u
cu

ke
lb

ir
,

an
d

J
.

M
cA

u
li
ff

e.
V

ar
ia

ti
on

al
in

fe
re

n
ce

:
a

re
v
ie

w
fo

r
st

at
is

ti
ci

an
s.

a
rX

iv
:1

6
0
1
.0

0
6
7
0
,

20
16

.

V
.

I.
B

og
ac

h
ev

,
A

.
V

.
K

ol
es

n
ik

ov
,

an
d

K
.

V
.

M
ed

ve
d
ev

.
T

ri
an

gu
la

r
tr

an
sf

or
m

a
ti

on
s

of
m

ea
su

re
s.

S
bo

rn
ik

:
M

a
th

em
a
ti

cs
,

19
6(

3)
:3

09
,

20
05

.

G
.

C
ar

li
er

,
A

.
G

al
ic

h
on

,
an

d
F

.
S
an

ta
m

b
ro

gi
o.

F
ro

m
K

n
ot

h
e’

s
tr

an
sp

or
t

to
B

re
n
ie

r’
s

m
ap

an
d

a
co

n
ti

n
u
at

io
n

m
et

h
o
d

fo
r

op
ti

m
al

tr
an

sp
or

t.
S

IA
M

J
o
u

rn
a
l

o
n

M
a
th

em
a
ti

ca
l

A
n

a
l-

ys
is

,
41

(6
):

25
54

–2
57

6,
20

10
.

D
.
C

h
en

g,
Y

.
C

h
en

g,
Y

.
L

iu
,
R

.
P

en
g,

an
d

S
.
T

en
g.

E
ffi

ci
en

t
sa

m
p
li
n
g

fo
r

G
au

ss
ia

n
g
ra

p
h
ic

al
m

o
d
el

s
v
ia

sp
ec

tr
al

sp
ar

si
fi
ca

ti
on

.
In

C
o
n

fe
re

n
ce

o
n

L
ea

rn
in

g
T

h
eo

ry
,

p
ag

es
36

4–
39

0,
20

15
.

N
.

C
h
op

in
,

P
.

J
ac

ob
,

an
d

O
.

P
ap

as
p
il
io

p
ou

lo
s.

S
M

C
2:

an
effi

ci
en

t
al

go
ri

th
m

fo
r

se
q
u
en

-
ti

al
an

al
y
si

s
of

st
at

e
sp

ac
e

m
o
d
el

s.
J

o
u

rn
a
l

o
f

th
e

R
o
ya

l
S

ta
ti

st
ic

a
l

S
oc

ie
ty

:
S

er
ie

s
B

(S
ta

ti
st

ic
a
l

M
et

h
od

o
lo

gy
),

75
(3

):
39

7–
42

6,
20

13
.

A
.

J
.

C
h
or

in
an

d
X

.
T

u
.

Im
p
li
ci

t
sa

m
p
li
n
g

fo
r

p
ar

ti
cl

e
fi
lt

er
s.

P
ro

ce
ed

in
gs

o
f

th
e

N
a
ti

o
n

a
l

A
ca

d
em

y
o
f

S
ci

en
ce

s,
10

6(
41

):
17

24
9–

17
25

4,
20

09
.

P
.

G
.

C
on

st
an

ti
n
e,

E
.

D
ow

,
an

d
Q

.
W

an
g.

A
ct

iv
e

su
b
sp

ac
e

m
et

h
o
d
s

in
th

eo
ry

an
d

p
ra

ct
ic

e:
A

p
p
li
ca

ti
on

s
to

k
ri

gi
n
g

su
rf

ac
es

.
S

IA
M

J
o
u

rn
a
l

o
n

S
ci

en
ti

fi
c

C
o
m

p
u

ti
n

g,
36

(4
):

A
15

00
–

A
15

24
,

20
14

.

D
.

C
ri

sa
n

an
d

A
.

D
ou

ce
t.

A
su

rv
ey

of
co

n
v
er

ge
n
ce

re
su

lt
s

on
p
ar

ti
cl

e
fi
lt

er
in

g
m

et
h
o
d
s

fo
r

p
ra

ct
it

io
n
er

s.
IE

E
E

T
ra

n
sa

ct
io

n
s

o
n

si
gn

a
l

p
ro

ce
ss

in
g,

50
(3

):
73

6–
74

6,
20

02
.

6
5

JM
L

R
 1

9(
66

):
1-

71
, 2

01
8

S
pa

n
t
in
i,
B
ig
o
n
i,
a
n
d

M
a
r
z
o
u
k

D
.

C
ri

sa
n

an
d

J
.

M
ig

u
ez

.
N

es
te

d
p
ar

ti
cl

e
fi
lt

er
s

fo
r

o
n
li
n
e

p
ar

am
et

er
es

ti
m

at
io

n
in

d
is

cr
et

e-
ti

m
e

st
at

e-
sp

ac
e

M
ar

ko
v

m
o
d
el

s.
a
rX

iv
:1

3
0
8
.1

8
8
3
,

20
13

.

K
.

C
si

ll
ér

y,
M

.
G

.
B

.
B

lu
m

,
O

.
E

.
G

ag
gi

ot
ti

,
an

d
O

.
F

ra
n
ço

is
.

A
p
p
ro

x
im

a
te

B
ay

es
ia

n
C

om
p
u
ta

ti
on

(A
B

C
)

in
p
ra

ct
ic

e.
T

re
n

d
s

in
ec

o
lo

gy
&

ev
o
lu

ti
o
n

,
25

(7
):

41
0
–
8
,

2
0
1
0
.

T
.
C

u
i,

J
.
M

ar
ti

n
,
Y

.
M

ar
zo

u
k
,
A

.
S
ol

on
en

,
a
n
d

A
.
S
p
an

ti
n
i.

L
ik

el
ih

o
o
d
-i

n
fo

rm
ed

d
im

en
si

o
n

re
d
u
ct

io
n

fo
r

n
on

li
n
ea

r
in

ve
rs

e
p
ro

b
le

m
s.

In
ve

rs
e

P
ro

bl
em

s,
30

(1
1)

:1
14

01
5
,

2
0
1
4
.

F
.

D
au

m
an

d
J
.

H
u
an

g.
P

ar
ti

cl
e

fl
ow

fo
r

n
on

li
n
ea

r
fi
lt

er
s

w
it

h
lo

g-
h
om

ot
o
p
y.

In
S

P
IE

D
ef

en
se

a
n

d
S

ec
u

ri
ty

S
ym

po
si

u
m

,
p
ag

es
69

69
18

–6
96

9
18

.
In

te
rn

at
io

n
al

S
o
ci

et
y

fo
r

O
p
ti

cs
an

d
P

h
ot

on
ic

s,
20

08
.

F
.

D
au

m
an

d
J
.

H
u
an

g.
P

ar
ti

cl
e

fl
ow

an
d

M
on

ge
-K

an
to

ro
v
ic

h
tr

a
n
sp

o
rt

.
In

In
fo

rm
a
ti

o
n

F
u

si
o
n

(F
U

S
IO

N
),

2
0
1
2

1
5
th

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

,
p
ag

es
13

5–
14

2
.

IE
E

E
,

2
0
1
2
.

P
.

D
el

M
or

al
.

F
ey

n
m

an
-K

ac
fo

rm
u
la

e.
In

F
ey

n
m

a
n

-K
a
c

F
o
rm

u
la

e:
G

en
ea

lo
gi

ca
l

a
n

d
In

te
r-

a
ct

in
g

P
a
rt

ic
le

S
ys

te
m

s
w

it
h

A
p
p
li

ca
ti

o
n

s,
p
ag

es
47

–9
3.

S
p
ri

n
ge

r,
20

04
.

P
.

D
el

M
or

al
,

A
.

J
as

ra
,

an
d

Y
.

Z
h
ou

.
B

ia
se

d
on

li
n
e

p
ar

am
et

er
in

fe
re

n
ce

fo
r

st
a
te

-s
p
a
ce

m
o
d
el

s.
M

et
h
od

o
lo

gy
a
n

d
C

o
m

p
u

ti
n

g
in

A
p
p
li

ed
P

ro
ba

bi
li

ty
,

19
(3

):
72

7–
74

9
,

2
0
1
7
.

G
.

D
et

om
m

as
o,

T
.

C
u
i,

Y
.

M
ar

zo
u
k
,

R
.

S
ch

ei
ch

l,
an

d
A

.
S
p
an

ti
n
i.

A
S
te

in
va

ri
a
-

ti
on

al
N

ew
to

n
m

et
h
o
d
.

A
d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s,
2
0
1
8.

ar
X

iv
:1

80
6.

03
08

5.

J
.

D
ic

k
,

F
.

Y
.

K
u
o,

an
d

I.
H

.
S
lo

an
.

H
ig

h
-d

im
en

si
on

al
in

te
gr

at
io

n
:

th
e

Q
u
as

i-
M

o
n
te

C
a
rl

o
w

ay
.

A
ct

a
N

u
m

er
ic

a
,

22
:1

33
–2

88
,

20
13

.

L
.

D
in

h
,

J
.

S
oh

l-
D

ic
k
st

ei
n
,

an
d

S
.

B
en

gi
o.

D
en

si
ty

es
ti

m
a
ti

on
u
si

n
g

R
ea

l
N

V
P

.
a
rX

iv
:1

6
0
5
.0

8
8
0
3
,

20
16

.

A
.

D
ou

ce
t

an
d

A
.

M
.

J
oh

an
se

n
.

A
tu

to
ri

al
o
n

p
ar

ti
cl

e
fi
lt

er
in

g
an

d
sm

o
o
th

in
g
:

F
if

te
en

ye
ar

s
la

te
r.

H
a
n

d
bo

o
k

o
f

n
o
n

li
n

ea
r

fi
lt

er
in

g,
12

(6
56

-7
04

):
3,

20
0
9.

R
.

J
.

D
ou

gl
as

.
A

p
p
li
ca

ti
on

s
of

th
e

M
o
n
ge

-A
m

p
er

e
eq

u
at

io
n

an
d

M
on

ge
tr

an
sp

o
rt

p
ro

b
le

m
to

m
et

eo
ro

lo
gy

an
d

o
ce

an
og

ra
p
h
y.

In
M

o
n

ge
A

m
p
èr
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;
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d
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p
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p
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r
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at
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p
le

x
G

a
u
ss

ia
n

p
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p
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c
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b
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p
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p
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b
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b
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b
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b
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b
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d
efi

n
in

g
th

e
p
ri

or
ov

er
in

te
n
si

ti
es

b
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b
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p
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it
h

an
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p
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en
ti

al
li
n
k

fu
n
ct

io
n
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ea

te
d

in
(H

en
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an
et

al
.,

20
15

).
H

ow
ev

er
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va
ri

at
io

n
al

G
au

ss
ia

n
in

fe
re

n
ce

fo
r

th
is

li
n
k

fu
n
ct

io
n
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th
e

d
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n
ta
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th
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th

e
p
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ri
or
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ri

an
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b
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om
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ou
p
le
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o
m

th
e
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rv
at
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n
s
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lo

y
d

et
al

.,
20

15
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1
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n
in
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ch

oi
ce
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th
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ra
ti

c
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n
k
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ct
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n
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et
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15
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h
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in
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at
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d
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h
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h
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n
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c
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b
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d
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b
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at
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d
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d
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b
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p
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b
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n
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h
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b
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p
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p
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p
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at
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at
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at
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d
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p
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p
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at
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h
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b
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b
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ra
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h
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p
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d
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c
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p
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b
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b
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b
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p
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e
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⊂
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b
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N∏n
=

1

Λ
(x

n
),

w
h
ich

is
eq

u
a
l

(u
p
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p
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b
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=
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+
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oid
fu

n
ction

an
d
λ

is
th

e
m

a
x
im

u
m

in
ten

sity
rate.

H
en

ce,
th

e
in

ten
sity

Λ
(x

)
is

p
ositiv

e
ev

ery
w

h
ere,

for
an

y
arb

itrary
fu

n
ction

g
(x

)
:X
→

R
an

d
th

e
in

feren
ce

p
rob

lem
is

to
d
eterm

in
e

th
is

fu
n
ction

.
T

h
rou

gh
ou

t
th

is
w

o
rk

w
e

a
ssu

m
e

th
at
g
(·)

w
ill

b
e

m
o
d
elled

as
a

G
P

(R
asm

u
ssen

an
d

W
illiam

s,
2006)

an
d

th
e

resu
ltin

g
p
ro

cess
is

called
sigm

o
id

a
l

G
a
u

ssia
n

C
o
x

p
rocess.

T
h
e

likelih
o
o
d

for
g

b
ecom

es

L
(D
|g
,λ

)
=

ex
p (−

∫X
λ
σ

(g
(x

))d
x )

N∏n
=

1

λ
σ

(g
n
),

(1)

w
h
ere

g
n
.=
g
(x

n
).

F
or

B
ayesian

in
feren

ce
w

e
d
efi

n
e

a
G

P
p
rior

m
easu

re
P

G
P

w
ith

zero
m

ea
n

a
n
d

cova
rian

ce
kern

el
k
(x
,x
′)

:X
×
X
→

R
+

.
λ

h
as

as
p
rior

d
en

sity
(w

ith
resp

ect
to

th
e

o
rd

in
a
ry

L
eb

esgu
e

m
easu

re)
p
(λ

)
w

h
ich

w
e

tak
e

to
b

e
a

G
am

m
a

d
en

sity
w

ith
sh

ap
e-,

a
n
d

ra
te

p
a
ra

m
eter

α
0

an
d
β

0 ,
resp

ectively.
H

en
ce,

for
th

e
p
rior

w
e

get
th

e
p
ro

d
u
ct

m
ea

su
re

d
P

p
rio

r
=
d
P

G
P
×
p
(λ

)d
λ

.
T

h
e

p
osterior

d
en

sity
p

(w
ith

resp
ect

to
th

e
p
rior

m
easu

re)
is

g
iven

b
y

p
(g
,λ|D

)
.=
d
P

p
o
sterio

r

d
P

p
rio

r
(g
,λ|D

)
=

L
(D
|g
,λ

)

E
P

p
rio

r
[L

(D
|g
,λ

)] .
(2)

T
h
e

n
o
rm

a
lisin

g
ex

p
ectation

in
th

e
d
en

om
in

ato
r

on
th

e
righ

t
h
an

d
sid

e
is

w
ith

resp
ect

to
th

e
p
ro

b
a
b
ility

m
easu

re
P

p
rio

r .
T

o
d
ea

l
w

ith
th

e
in

fi
n
ite

d
im

en
sion

ality
of

G
P

s
an

d
P

oisson
p
ro

cesses
w

e
req

u
ire

a
m

in
im

u
m

of
ex

tra
n
ota

tion
.

W
e

in
tro

d
u
ce

d
en

sities
or

R
a
d
o
n

–
N

ikod
ým

d
eriva

tives
su

ch
as

d
efi

n
ed

in
E

q
u
ation

(2)
(see

A
p
p

en
d
ix

C
or

d
e

G
.

M
atth

ew
s

et
a
l.

(2
0
1
6
))

w
ith

resp
ect

to
in

fi
n
ite

d
im

en
sion

al
m

easu
res

b
y

b
old

face
sy

m
b

ols
p

(z
).

O
n

th
e

o
th

er
h
a
n
d
,
n
on

–b
old

d
en

sities
p
(z

)
d
en

ote
d
en

sities
in

th
e

‘classical’
sen

se,
w

h
ich

m
ean

s
th

ey
a
re

w
ith

resp
ect

to
L

eb
esgu

e
m

easu
re
d
z

.

B
ayesia

n
in

feren
ce

for
th

is
m

o
d
el

is
k
n
ow

n
to

b
e

d
ou

b
ly

in
tractab

le
(M

u
rray

et
al.,

2006).
T

h
e

likelih
o
o
d

in
E

q
u
ation

(1)
con

tain
s

th
e

in
tegral

of
g

over
th

e
sp

ace
X

in
th

e
ex

p
on

en
t

a
n
d

th
e

n
o
rm

a
lisation

of
th

e
p

osterior
in

E
q
u
ation

(2)
req

u
ires

calcu
la

tin
g

ex
p

ectation
of

E
q
u
a
tio

n
(1

).
In

ad
d
ition

in
feren

ce
is

h
am

p
ered

b
y

th
e

fact,
th

at
likelih

o
o
d

(1)
d
ep

en
d
s
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D
o
n
n
e
r
a
n
d

O
p
p
e
r

n
on

–lin
early

on
g

(th
rou

gh
sigm

oid
an

d
ex

p
on

en
t

of
sigm

oid
).

In
th

e
fo

llow
in

g
w

e
tack

le
th

is
b
y

an
au

gm
en

tation
sch

em
e

for
th

e
likelih

o
o
d
,

su
ch

th
at

it
b

ecom
es

con
ju

gate
to

a
G

P
p
rior

an
d

w
e

su
b
seq

u
en

tly
can

d
erive

an
an

aly
tic

form
of

a
variation

al
p

osterior
given

o
n
e

sim
p
le

m
ean

fi
eld

assu
m

p
tion

(S
ection

3).

2
.1

.
D

a
ta

a
u

g
m

e
n
ta

tio
n

I:
L

a
te

n
t

P
o
isso

n
p

ro
c
e
ss

W
e

w
ill

b
riefl

y
in

tro
d
u
ce

a
d
ata

au
gm

en
tation

sch
em

e
b
y

a
laten

t
P

oisson
p
ro

cess
w

h
ich

form
s

th
e

b
asis

of
th

e
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p
lin

g
algorith

m
of

A
d
am

s
et

al.
(20

09).
W

e
w

ill
th

en
ex

ten
d

th
is

m
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o
d

fu
rth

er
to

an
au

gm
en

tation
b
y

a
m

a
rked

P
oisson

p
ro

cess.
W

e
fo

cu
s

on
th

e
ex

p
on

en
tial

term
in

E
q
u
ation

(1).
U

tilizin
g

th
e

w
ell

k
n
ow

n
p
rop

erty
of

th
e

sigm
oid

th
at

σ
(x

)
=

1−
σ

(−
x

)
w

e
can

w
rite

ex
p (−

∫X
λ
σ

(g
(x

))d
x )

=
ex

p (−
∫X

(1−
σ

(−
g
(x

)))
λ
d
x )

.
(3)

T
h
e

left
h
an

d
sid

e
h
as

th
e

form
of

a
ch

aracteristic
fu

n
ction

al
of

a
P

oisson
p
ro

cess.
G

en
erally,

for
a

ran
d
om

set
of

p
oin

ts
Π
Z

=
{z

m
;z

m
∈
Z
}

on
a

sp
aceZ

an
d

w
ith

a
fu

n
ction

h
(z

),
th

is
is

d
efi

n
ed

as

E
P

Λ 
∏z
m
∈

Π
Z

e
h

(z
m

) 
=

ex
p (−

∫Z

(
1−

e
h

(z
) )

Λ
(z

)d
z )

,
(4)

w
h
ere

P
Λ

is
th

e
p
rob

ab
ility

m
easu

re
of

a
P

oisson
p
ro

cess
w

ith
in

ten
sity

Λ
(z

).
E

q
u
ation

(4)
can

b
e

d
eriv

ed
b
y

C
am

p
b

ell’s
th

eorem
(see

A
p
p

en
d
ix

A
an

d
(K

in
gm

an
,

1993,
ch

ap
.

3))
an

d
id

en
tifi

es
a

P
oisson

p
ro

cess
u
n
iq

u
ely.

S
ettin

g
h

(z
)

=
ln
σ

(−
g
(z

)),
an

d
Z

=
X

,
an

d
com

b
in

in
g

E
q
u
ation

(3)
an

d
(4)

w
e

ob
tain

th
e

likelih
o
o
d

u
sed

b
y

A
d
am

s
et

al.
(2009,

E
q
.

4).
H

ow
ever,

in
th

is
w

ork
w

e
m

ak
e

u
se

of
an

oth
er

au
gm

en
tation

,
b

efore
in

v
ok

in
g

C
am

p
b

ell’s
th

eorem
.

T
h
is

w
ill

resu
lt

in
a

likelih
o
o
d

w
h
ich

is
con

ju
gate

to
th

e
m

o
d
el

p
riors

an
d

fu
rth

er
sim

p
lifi

es
in

feren
ce.

2
.2

.
D

a
ta

a
u

g
m

e
n
ta

tio
n

II:
P

ó
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a
–
G

a
m

m
a

v
a
ria

b
le

s
a
n

d
m

a
rk

e
d

P
o
isso

n
p

ro
c
e
ss

F
ollow

in
g

P
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et
al.

(2013)
w

e
rep

resen
t

th
e

in
verse

of
th

e
h
y
p

erb
olic

cosin
e

as
a

scaled
G

au
ssian

m
ix

tu
re

m
o
d
el

cosh −
b(z
/
2)

=

∫
∞0
e −

z
22
ω
p

P
G

(ω|b,0)d
ω
,

(5)

w
h
ere

p
P

G
is

a
P

ó
lya

–
G

a
m

m
a

d
en

sity
(A

p
p

en
d
ix

B
).

W
e

fu
rth

er
d
efi

n
e

th
e

tilted
P

ólya
–

G
am

m
a

d
en

sity
b
y

p
P

G
(ω|b,c)∝

e −
c
22
ω
p

P
G

(ω|b,0),
(6)

w
h
ere

b
>

0
an

d
c

are
p
aram

eters.
W

e
w

ill
n
ot

n
eed

an
ex

p
licit

form
of

th
is

d
en

sity,
sin

ce
th

e
su

b
seq

u
en

tly
d
erived

in
feren

ce
algorith

m
s

w
ill
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ly

req
u
ire

th
e

fi
rst

m
om

en
ts.

T
h
ose

can
b

e
ob

tain
ed

d
irectly

from
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e
m

om
en

t
gen

eratin
g

fu
n
ction

,
w

h
ich

can
b

e
calcu

lated
straigh

tforw
ard

ly
from

E
q
u
ation

(5)
an

d
(6)

(see
A

p
p

en
d
ix

B
).

E
q
u
ation

(5)
allow

s
u
s

to
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S
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m
o
id
a
l
G
a
u
ss
ia
n
C
o
x
P
r
o
c
e
ss

In
f
e
r
e
n
c
e

re
w

ri
te

th
e

si
gm
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d

fu
n
ct

io
n

as

σ
(z

)
=

e
z 2

2
co

sh
(z

2
)

=

∫
∞

0
ef

(ω
,z

) p
P

G
(ω
|1
,0

)d
ω
,

(7
)

w
h
er

e
w

e
d
efi

n
e

f
(ω
,z

)
. =
z 2
−
z

2 2
ω
−

ln
2.

S
et

ti
n
g
z

=
−
g
(x

)
in

E
q
u
at

io
n

(3
)

an
d

su
b
st

it
u
ti

n
g

E
q
u
at

io
n

(7
)

w
e

ge
t

ex
p

( −
∫ X

λ
(1
−
σ

(−
g
(x

))
)
d
x

)
=
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p

( −
∫ X
×
R

+
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−
ef

(ω
,−
g
(x

))
)
p

P
G

(ω
|1
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)
λ
d
ω
d
x
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.
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)

F
in

al
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,
w

e
ap

p
ly

C
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p
b

el
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s

th
eo

re
m

(E
q
u
at

io
n

(4
))

to
E

q
u
at

io
n

(8
).

T
h
e

sp
ac

e
is

a
p
ro

d
u
ct

sp
ac

e
Z

=
X̂

. =
X
×

R
+

an
d

th
e

in
te

n
si

ty
Λ

(x
,ω

)
=
λ
p

P
G

(ω
|1
,0

).
T

h
is

re
su

lt
s

in
th

e
fi
n
al

re
p
re

se
n
ta

ti
on

of
th

e
ex

p
on

en
ti

al
in

E
q
u
at

io
n
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)

ex
p

( −
∫ X̂

( 1
−
ef

(ω
,−
g
(x

))
) Λ

(x
,ω

)
d
ω
d
x

)
=

E P
Λ
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∏

(x
,ω

) m
∈Π
X̂

ef
(ω
m
,−
g
m

) 
.

In
te

re
st
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gl

y,
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e
n
ew

P
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p
ro

ce
ss

Π
X̂

w
it

h
m

ea
su

re
P

Λ
h
as

th
e

fo
rm

of
a

m
a
rk

ed
P

oi
ss
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p
ro

ce
ss

(K
in

gm
an

,
19

93
,

ch
ap

.
5)

,
w

h
er

e
th

e
la

te
n
t

P
ól

y
a-

G
am

m
a

va
ri

ab
le

s
ω
m

d
en

ot
e

th
e

‘m
ar

k
s’

b
ei

n
g

in
d
ep

en
d
en

t
ra

n
d
om

va
ri

ab
le

s
at

ea
ch

lo
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ti
on
x
m

.
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is
st

ra
ig

h
tf

or
w

ar
d

to
sa

m
p
le

su
ch

p
ro

ce
ss

es
b
y

fi
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t
sa

m
p
li
n
g

th
e

in
h
om

og
en

eo
u
s

P
oi

ss
on

p
ro

ce
ss

on
d
om

ai
n
X

(f
or

ex
am

p
le

b
y

‘t
h
in

n
in

g’
a

p
ro

ce
ss

w
it

h
co

n
st

an
t

ra
te

(L
ew

is
an

d
S
h
ed

le
r,

19
79

;
A

d
am

s
et

al
.,

20
09

))
an

d
th

en
d
ra

w
in

g
a

m
a
rk

ω
on

ea
ch

ev
en

t
in

d
ep

en
d
en

tl
y

fr
om

th
e

d
en

si
ty

p
P

G
(ω
|1
,0

).

F
in

al
ly

,
u
si

n
g

th
e

P
ól

ya
–G

am
m

a
au

gm
en

ta
ti

on
al

so
fo

r
th

e
d
is

cr
et

e
li
k
el

ih
o
o
d

fa
ct

or
s

co
rr

es
p

on
d
in

g
to

th
e

ob
se

rv
ed

ev
en

ts
in

E
q
u
at

io
n

(1
)

w
e

ob
ta

in
th

e
fo

ll
ow

in
g

jo
in

t
li
ke

li
h
o
o
d

of
th

e
m

o
d
el

L
(D
,ω

N
,Π
X̂
|g
,λ

)
. =
d
P

jo
in

t

d
P

a
u

g
(D
,ω

N
,Π
X̂
|g
,λ

)

=
∏

(x
,ω

) m
∈Π
X̂

ef
(ω
m
,−
g
m

)
N ∏ n
=

1

λ
ef

(ω
n
,g
n

) ,
(9

)

w
h
er

e
w

e
d
efi

n
e

th
e

p
ri

or
m

ea
su

re
of

au
gm

en
te

d
va

ri
ab

le
s

as
P

a
u

g
=
P

Λ
×
P
ω
N

an
d

w
h
er

e

ω
N

=
{ω

n
}N n

=
1

ar
e

th
e

P
ól

y
a–

G
am

m
a

va
ri

ab
le

s
fo

r
th

e
ob

se
rv

at
io

n
s
D

w
it

h
th

e
p
ri

or

m
ea

su
re

d
P
ω
N

=
∏
N n

=
1
p
(ω
n
|1
,0

)d
ω
n
.

T
h
is

au
gm

en
te

d
re

p
re

se
n
ta

ti
on

of
th

e
li
k
el

ih
o
o
d

co
n
ta

in
s

th
e

fu
n
ct

io
n
g
(·)

on
ly

li
n
ea

rl
y

an
d

q
u
ad

ra
ti

ca
ll
y

in
th

e
ex

p
on

en
ts
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d
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th

u
s

co
n
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ga
te

to
th

e
G

P
p
ri

or
of
g
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N

ot
e

th
at
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e
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ig

in
al
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h
o
o
d
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E

q
u
at

io
n
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)
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n

b
e

re
co

ve
re

d
b
y
E P

a
u
g
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N
,Π
X̂
|g
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)]
=
L
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p
p
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fe
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e
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u
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e
n
te
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a
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ed
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th
e
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en
ta

ti
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w
e

d
efi

n
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a
p
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te

ri
or
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en

si
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r
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t
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o
d
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h
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p
ro

d
u
ct

m
ea
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P

p
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o
r
×
P

a
u

g

p
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N
,Π
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|D
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d
P

p
o
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er
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r
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(P

p
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o
r
×
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a
u
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)(ω

N
,Π
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N
,Π
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,λ

)

L
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)
,

(1
0
)

w
h
er

e
th

e
d
en
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in

at
or

is
th

e
m
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n
al
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ke
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h
o
o
d
L

(D
)

=
E P

p
ri

o
r
×
P

a
u
g

[ L
(D
,ω

N
,Π
X̂
|g
,λ

)]
.

T
h
e

p
os

te
ri

or
d
en

si
ty

of
E

q
u
at

io
n

(1
0)

co
u
ld

b
e

sa
m

p
le

d
u
si

n
g

G
ib

b
s

sa
m

p
li
n
g

w
it

h
ex

p
li
ci

t,
tr

ac
ta

b
le

co
n
d
it

io
n
al

d
en

si
ti

es
.

S
im

il
ar

to
th

e
va

ri
at

io
n
al

ap
p
ro

x
im

at
io

n
in

th
e

n
ex

t
se

ct
io

n
,

on
e

ca
n

sh
ow

th
at

th
e

co
n
d
it

io
n
al

m
ea

su
re

of
th

e
p

oi
n
t

se
ts

Π
X̂

an
d

th
e

va
ri

a
b
le

s
ω
N

,
g
iv

en
th

e
fu

n
ct

io
n
g
(·)

an
d

m
ax

im
al

in
te

n
si

ty
λ

is
a

p
ro

d
u
ct

of
a

sp
ec

ifi
c

m
ar

k
ed

P
o
is

so
n

p
ro

ce
ss

an
d

in
d
ep

en
d
en

t
(t

il
te

d
)

P
ól

ya
–G

am
m

a
d
en

si
ti

es
.

O
n

th
e

ot
h
er

h
an

d
,

th
e

d
is

tr
ib

u
ti

o
n

ov
er

fu
n
ct

io
n
g
(·)

co
n
d
it

io
n
ed

on
Π
X̂

an
d
ω
N

is
a

G
au

ss
ia

n
p
ro

ce
ss

.
N

ot
e,

h
ow

ev
er

,
o
n
e

n
ee

d
s

to
sa

m
p
le

th
is

G
P

on
ly

at
th

e
fi
n
it

e
p

oi
n
ts
x
m

in
th

e
ra

n
d
o
m

se
t

Π
X̂

an
d

th
e

fi
x
ed

se
t
D

.

3
.1

.
V

a
ri

a
ti

o
n

a
l

m
e
a
n

–
fi

e
ld

a
p

p
ro

x
im

a
ti

o
n

F
or

va
ri

at
io

n
al

in
fe

re
n
ce

on
e

as
su

m
es

th
at

th
e

d
es

ir
ed

p
os

te
ri

or
p
ro

b
ab

il
it

y
m

ea
su

re
b

el
o
n
g
s

to
a

fa
m

il
y

of
m

ea
su

re
s

fo
r

w
h
ic

h
th

e
in

fe
re

n
ce

p
ro

b
le

m
is

tr
ac

ta
b
le

.
H

er
e

w
e

m
a
k
e

a
si

m
p
le

st
ru

ct
u
re

d
m

ea
n

fi
el

d
as

su
m

p
ti

o
n

in
or

d
er

to
fu

ll
y

u
ti

li
se

it
s

co
n
ju

g
a
te

st
ru

ct
u
re

:
W

e
ap

p
ro

x
im

at
e

th
e

p
os

te
ri

or
m

ea
su

re
b
y

P
p

o
st

er
io

r(
ω
N
,Π
X̂
,g
,λ
|D

)
≈
Q

1
(ω

N
,Π
X̂

)
×
Q

2
(g
,λ

),
(1

1)

m
ea

n
in

g
th

at
th

e
d
ep

en
d
en

ci
es

b
et

w
ee

n
th

e
P

ól
ya

–G
am

m
a

va
ri

ab
le

s
ω
N

an
d

th
e

m
a
rk

ed
P

oi
ss

on
p
ro

ce
ss

Π
X̂

on
th

e
on

e
h
an

d
,

an
d

th
e

fu
n
ct

io
n
g

an
d

th
e

m
ax

im
al

in
te

n
si

ty
λ

o
n

th
e

ot
h
er

h
an

d
,
ar

e
n
eg

le
ct

ed
.

A
s

w
e

w
il
l
se

e
in

th
e

fo
ll
ow

in
g,

th
is

si
m

p
le

m
ea

n
–fi

el
d

a
ss

u
m

p
ti

o
n

al
lo

w
s

u
s

to
d
er

iv
e

th
e

p
os

te
ri

or
ap

p
ro

x
im

at
io

n
an

al
y
ti

ca
ll
y.

T
h
e

va
ri

at
io

n
al

ap
p
ro

x
im

at
io

n
is

op
ti

m
is

ed
b
y

m
in

im
is

in
g

th
e

K
u
ll
b
ac

k
–
L

ei
b
le

r
d
iv

er
-

ge
n
ce

b
et

w
ee

n
ex

ac
t

an
d

ap
p
ro

x
im

at
ed

p
os

te
ri

or
s.

T
h
is

is
eq

u
iv

al
en

t
to

m
a
x
im

is
in

g
th

e
lo

w
er

b
ou

n
d

on
th

e
m

ar
gi

n
al

li
ke

li
h
o
o
d

of
th

e
ob

se
rv

at
io

n
s

L(
q

)
=

E Q
[ lo

g

{
L

(D
,ω

N
,Π
X̂
|g
,λ

)

q
1
(ω

N
,Π
X̂

)q
2
(g
,λ

)}]
≤

lo
g
L

(D
),

(1
2
)

w
h
er

e
Q

is
th

e
p
ro

b
ab

il
it

y
m

ea
su

re
of

th
e

va
ri

at
io

n
al

p
os

te
ri

or
in

E
q
u
at

io
n

(1
1
)

a
n
d

w
e

in
tr

o
d
u
ce

d
ap

p
ro

x
im

at
e

li
ke

li
h
o
o
d
s

q
1
(ω

N
,Π
X̂

)
. =
d
Q

1

d
P

a
u

g
(ω

N
,Π
X̂

),
q

2
(g
,λ

)
. =

d
Q

2

d
P

p
ri

o
r
(g
,λ

).

U
si

n
g

st
an

d
ar

d
ar

gu
m

en
ts

fo
r

m
ea

n
fi
el

d
va

ri
at

io
n
al

in
fe

re
n
ce

(B
is

h
op

,
2
0
0
6
,

ch
a
p
.

1
0)

an
d

E
q
u
at

io
n

(1
1)

,
on

e
ca

n
th

en
sh

ow
th

at
th

e
op

ti
m

al
fa

ct
or

s
sa

ti
sf

y

ln
q

1

( ω
N
,Π
X̂
) =

E Q
2

[ lo
g
L

(D
,ω

N
,Π
X̂
|g
,λ

)]
+

co
n
st

.
(1

3)
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S
ig
m
o
id
a
l
G
a
u
ssia

n
C
o
x
P
r
o
c
e
ss

In
f
e
r
e
n
c
e

a
n
d

ln
q

2 (g
,λ

)
=

E
Q

1 [log
L

(D
,ω

N
,Π
X̂ |g

,λ
) ]

+
con

st.
,

(14)

resp
ectively.

T
h
ese

resu
lts

lead
to

an
iterative

sch
em

e
for

op
tim

isin
g
q

1
an

d
q

2
in

ord
er

to
in

crea
se

th
e

low
er

b
ou

n
d

in
E

q
u
ation

(12)
in

every
step

.
F

rom
th

e
stru

ctu
re

of
th

e
likelih

o
o
d

o
n
e

d
erives

tw
o

fu
rth

er
factorisation

s:

q
1 (ω

N
,Π
X̂

)
=
q

1 (ω
N

)q
1 (Π

X̂
),

(15)

q
2 (g

,λ
)

=
q

2 (g
)q

2 (λ
),

(16)

w
h
ere

th
e

d
en

sities
are

d
efi

n
ed

w
ith

resp
ect

to
th

e
m

easu
res

d
P

(ω
N

),
d
P

Λ
,
d
P

G
P

,
an

d
p
(λ

)d
λ

,
resp

ectively.
T

h
e

su
b
seq

u
en

t
section

d
escrib

es
th

ese
u
p

d
ates

ex
p
licitly.

O
p

tim
a
l

P
ó
ly

a
–
G

a
m

m
a

d
e
n

sity
F

ollow
in

g
E

q
u
ation

(1
3)

an
d

(15)
w

e
ob

tain

q
1 (ω

N
)

=
N∏n
=

1

ex
p (−

c
(n

)
12
ω
n )

cosh −
1 (
c

(n
)

1
/
2 )

=
N∏n
=

1

p
P

G (
ω
n |1,c

(n
)

1

)

p
P

G
(ω
n |1
,0)

,

w
h
ere

th
e

fa
cto

rs
are

tilts
of

th
e

p
rior

P
ólya-G

am
m

a
d
en

sities
(see

E
q
u
ation

(6)
an

d
A

p
-

p
en

d
ix

B
)

w
ith

c
(n

)
1

=
√

E
Q

2
[g

2n ].
B

y
sim

p
le

d
en

sity
tran

sform
ation

w
e

ob
tain

th
e

d
en

sity
w

ith
resp

ect
to

th
e

L
eb

esgu
e

m
easu

re
as

q
1 (ω

N
)

=
q

1 (ω
N

) ∣∣∣∣ d
P
ω
N

d
ω
N

∣∣∣∣
=

N∏n
=

1

p
P

G (
ω
n |1,c

(n
)

1

)
,

(17)

b
ein

g
a

p
ro

d
u
ct

of
tilted

P
ólya–G

am
m

a
d
en

sities.

O
p

tim
a
l

P
o
isso

n
p

ro
c
e
ss

U
sin

g
E

q
u
ation

(13)
an

d
(15)

w
e

ob
tain

q
1 (Π

X̂
)

=

∏
(x
,ω

)
m
∈

Π
X̂
e E

Q
2
[f

(ω
m
,−
g
m

)]λ
1

ex
p (∫X̂

(
e E

Q
2
[f

(ω
,−
g
(x

))]−
1 )
λ

1 p
P

G
(ω|1

,0)d
x
d
ω )

,
(18)

w
ith

λ
1
.=
e E

Q
2
[lo

g
λ
∗
].

N
ote,

th
at

E
Q

2
[f

(ω
m
,−
g
m

)]
in

v
olves

th
e

ex
p

ectation
s
E
Q

2
[g
m

]
an

d
E
Q

2 [(g
m

)
2 ].

O
n
e

can
sh

ow
,

th
at

E
q
u
ation

(18)
is

again
a

m
arked

P
oisson

p
ro

cess
w

ith
in

ten
sity

Λ
1 (x

,ω
)

=
λ

1

ex
p (−

E
Q

2
[g

(x
)]

2

)

2
cosh (

c
1
(x

)
2

)
p

P
G

(ω|1
,c

1 (x
))

=
λ

1 σ
(−
c

1 (x
))

ex
p (

c
1 (x

)−
E
Q

2
[g

(x
)]

2

)
p

P
G

(ω|1,c
1 (x

))

(19)

w
h
ere

c
1 (x

)
=
√

E
Q

2
[g

(x
)
2]

(for
a

p
ro

of
see

A
p
p

en
d
ix

D
).
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D
o
n
n
e
r
a
n
d

O
p
p
e
r

O
p

tim
a
l

G
a
u

ssia
n

p
ro

c
e
ss

F
rom

E
q
u
ation

(14)
an

d
(16)

w
e

ob
tain

th
e

op
tim

al
ap

-
p
rox

im
ation

of
th

e
p

osterior
likelih

o
o
d

(n
ote

th
at

th
is

is
d
efi

n
ed

relativ
e

to
G

P
p
rior)

q
2 (g

)∝
e
U

(g
),

w
h
ere

th
e

eff
ective

log–lik
elih

o
o
d

is
given

b
y

U
(g

)
=

E
Q

1 
∑

(x
,ω

)
m
∈

Π
X̂

f
(ω
m
,−
g
m

) 
+

N
∑n

=
1 E

Q
1

[f
(ω
n
,g

(x
n
))].

T
h
e

fi
rst

ex
p

ectation
is

over
th

e
variation

a
l

P
oisson

p
ro

cess
Π
X̂

an
d

th
e

secon
d

on
e

over
th

e
P

ólya–G
am

m
a

variab
les
ω
N

.
T

h
ese

can
b

e
easily

evalu
ated

(see
A

p
p

en
d
ix

A
)

an
d

on
e

fi
n
d
s

U
(g

)
=
−

12

∫X
A

(x
)g

(x
)
2d
x

+

∫X
B

(x
)g

(x
)d
x
,

(20)

w
ith

A
(x

)
=

N
∑n

=
1 E

Q
1

[ω
n
]δ(x

−
x
n
)

+

∫
∞0
ω

Λ
1 (x

,ω
)d
ω
,

B
(x

)
=

12

N
∑n

=
1

δ(x
−
x
n
)−

12

∫
∞0

Λ
1 (x

,ω
)d
ω
,

w
h
ere

δ(·)
is

th
e

D
irac

d
elta

fu
n
ction

.
T

h
e

ex
p

ectation
s

an
d

in
tegrals

ov
er
ω

are

E
Q

1
[ω
n
]

=
1

2
c

(n
)

1

tan
h (

c
(n

)
12

)
,

∫
∞0

Λ
1 (x

,ω
)d
ω

=
λ

1 σ
(−
c

1 (x
))

ex
p (

c
1 (x

)−
E
Q

2
[g

(x
)]

2

)
.=

Λ
1 (x

),

∫
∞0
ω

Λ
1 (x

,ω
)d
ω

=
1

2
c

1 (x
)

tan
h (

c
1 (x

)

2

)
Λ

1 (x
).

T
h
e

resu
ltin

g
variation

al
d
istrib

u
tion

d
efi

n
es

a
G

au
ssian

p
ro

cess.
B

ecau
se

of
th

e
m

ean
–

fi
eld

assu
m

p
tion

th
e

in
tegrals

in
E

q
u
ation

(20)
d
o

n
ot

req
u
ire

in
tegration

over
ran

d
om

variab
les,

b
u
t

on
ly

solv
in

g
tw

o
d
eterm

in
istic

in
tegrals

over
sp

aceX
.

H
ow

ever,
th

ose
in

tegrals
d
ep

en
d

on
fu

n
ction

g
over

th
e

en
tire

sp
ace

an
d

it
is

n
ot

p
ossib

le
for

a
gen

eral
kern

el
to

com
p
u
te

th
e

m
argin

al
p

osterior
d
en

sity
at

an
in

p
u
t
x

in
closed

form
.

F
or

sp
ecifi

c
G

P
kern

el
op

erators,
w

h
ich

are
th

e
in

verses
of

d
iff

eren
tial

op
erators,

a
solu

tion
in

term
s

of
lin

ear
p
artial

d
iff

eren
tial

eq
u
ation

s
w

ou
ld

b
e

p
ossib

le.
T

h
is

cou
ld

b
e

o
f

sp
ecial

in
terest

for
on

e–d
im

en
sion

al
p
rob

lem
s

w
h
ere

M
atern

kern
els

w
ith

in
teg

er
p
aram

eters
(R

asm
u
ssen

an
d

W
illiam

s,
2006)

fu
lfi

ll
th

is
con

d
ition

.
H

ere,
th

e
p
rob

lem
b

ecom
es

eq
u
ivalen

t
to

in
feren

ce
for

a
(con

tin
u
ou

s
tim

e)
G

au
ssian

h
id

d
en

M
arkov

m
o
d
el

an
d

cou
ld

b
e

solved
b
y

p
erform

in
g

a
forw

ard
–b

ack
w

ard
algorith

m
(S

olin
,

2016).
T

h
is

w
ou

ld
red

u
ce

th
e

com
p
u
tation

s
to

th
e

solu
tion

of
ord

in
ary

d
iff

eren
tial

eq
u
ation

s.
W

e
w

ill
d
iscu

ss
d
etails

of
su

ch
an

ap
p
roach

elsew
h
ere.

T
o

d
eal

w
ith

gen
eral

k
ern

els
w

e
w

ill
resort

in
stead

to
a

th
e

w
ell

k
n
ow

n
variation

al
sp

arse
G

P
ap

p
rox

im
ation

w
ith

in
d
u
cin

g
p

oin
ts.
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e

O
p

ti
m

a
l

sp
a
rs

e
G

a
u

ss
ia

n
p

ro
c
e
ss

T
h
e

sp
a
rs

e
va

ri
at

io
n
al

G
au

ss
ia

n
ap

p
ro

x
im

at
io

n
fo

l-
lo

w
s

th
e

st
an

d
ar

d
ap

p
ro

ac
h

(C
sa

tó
an

d
O

p
p

er
,

20
02

;
C

sa
tó

,
20

02
;

T
it

si
as

,
20

09
)

an
d

it
s

ge
n
er

al
is

at
io

n
to

a
co

n
ti

n
u
u
m

li
ke

li
h
o
o
d

(B
at

z
et

al
.,

20
18

;
d
e

G
.

M
at

th
ew

s
et

a
l.
,

20
16

).
F

or
co

m
p
le

te
n
es

s,
w

e
re

p
ea

t
th

e
d
er

iv
at

io
n

h
er

e
an

d
m

or
e

d
et

ai
le

d
in

A
p
p

en
d
ix

E
.

W
e

ap
p
ro

x
im

at
e
q

2
(g

)
b
y

a
sp

ar
se

li
ke

li
h
o
o
d

G
P
q
s 2
(g

)
w

it
h

re
sp

ec
t

to
th

e
G

P
p
ri

or

d
Q
s 2

d
P

(g
)

=
q
s 2
(g
s
),

(2
1)

w
h
ic

h
d
ep

en
d
s

on
ly

on
a

fi
n
it

e
d
im

en
si

on
al

ve
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Ẑ

=
Z
×
M

,
if
m

n
∼
p
(m

n
|z
n
)

is
d
ra

w
n

in
d
ep

en
d
en

tl
y

at
ea

ch
z
n
.

T
h
e
m

n
∈
M

ar
e

th
e

so
–c

al
le

d
‘m

ar
k
s’

,
an

d
th

e
re

su
lt

in
g

P
ro

ce
ss

is
a

m
a
rk

ed
P

o
is

so
n

p
ro

ce
ss

w
it

h
in

te
n
si

ty

Λ
(z
,m

)
=

Λ
(z

)p
(m
|z

).

It
is

st
ra

ig
h
tf

or
w

ar
d

to
ex

te
n
d

C
am

p
b

el
l’
s

th
eo

re
m

an
d

to
sh

ow
th

at
th

e
ch

ar
ac

te
ri

st
ic

fu
n
ct

io
n
al

of
su

ch
a

p
ro

ce
ss

is

E P
Λ

[ eξ
H

(Π
Ẑ
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tó

.
G

au
ss

ia
n

p
ro

ce
ss

es
-i

te
ra

ti
ve

sp
ar

se
ap

p
ro

x
im

at
io

n
s.

20
02

.
U

R
L

h
t
t
p
:
/
/

p
u
b
l
i
c
a
t
i
o
n
s
.a
s
t
o
n
.a
c
.u
k
/
1
3
2
7
/
.

L
eh

el
C

sa
tó
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tó
an

d
O

p
p

er
(2

00
2
).

In
th

is
p
ap

er
,

w
e

ex
te

n
d

th
e

B
S
T

S
m

o
d
el

to
th

e
m

u
lt

iv
ar

ia
te

ta
rg

et
ti

m
e

se
ri

es
w

it
h

va
ri

ou
s

co
m

p
on

en
ts

,
an

d
la

b
el

it
th

e
M

u
lt

iv
ar

ia
te

B
ay

es
ia

n
S
tr

u
ct

u
ra

l
T

im
e

S
er

ie
s

(M
B

S
T

S
)

m
o
d
el

.
F

or
in

st
an

ce
,

th
e

M
B

S
T

S
m

o
d
el

ca
n

b
e

u
se

d
to

ex
p
li
ci

tl
y

m
o
d
el

th
e

co
rr

el
a
ti

o
n
s

b
et

w
ee

n
d
iff

er
en

t
st

o
ck

re
tu

rn
s

in
a

p
or

tf
ol

io
th

ro
u
gh

th
e

co
va

ri
an

ce
st

ru
ct

u
re

sp
ec

ifi
ed

b
y

Σ
t,

se
e

E
q
u
at

io
n

(1
).

In
th

is
m

o
d
el

,
w

e
al

lo
w

a
cy

cl
ic

al
co

m
p

on
en

t
w

it
h

a
sh

o
ck

d
a
m

p
in

g
p
ar

am
et

er
to

sp
ec

ia
ll
y

m
o
d
el

th
e

in
fl
u
en

ce
of

a
sh

o
ck

to
th

e
ti

m
e

se
ri

es
,

in
a
d
d
it

io
n

to
a

st
an

d
ar

d
lo

ca
l

li
n
ea

r
tr

en
d

co
m

p
on

en
t,

a
se

as
on

al
co

m
p

on
en

t,
a
n
d

a
re

gr
es

si
o
n

co
m

p
o
n
en

t.
O

n
e

m
ot

iv
at

io
n

fo
r

th
is

is
p
ro

v
id

ed
b
y

th
e

20
07

–2
00

8
fi
n
an

ci
al

cr
is

is
to

th
e

st
o
ck

m
a
rk

et
.

In
ex

am
p
le

s
w

it
h

si
m

u
la

te
d

d
at

a,
th

e
p
ro

p
er

ti
es

of
ou

r
m

o
d
el

su
ch

as
es

ti
m

at
io

n
a
n
d

p
re

d
ic

ti
o
n

ac
cu

ra
cy

is
in

v
es

ti
ga

te
d
.

A
s

an
il
lu

st
ra

ti
on

,
th

ro
u
gh

a
n

em
p
ir

ic
al

ca
se

st
u
d
y,

w
e

p
re

d
ic

t
th

e
m

ax
lo

g
re

tu
rn

s
ov

er
5

co
n
se

cu
ti

ve
b
u
si

n
es

s
d
ay

s
of

a
st

o
ck

p
or

tf
ol

io
w

it
h

4
st

o
ck

s:
B

a
n
k

o
f

A
m

er
ic

a
(B

O
A

),
C

ap
it

al
O

n
e

F
in

an
ci

al
C

or
p

or
at

io
n

(C
O

F
),

J
.P

.
M

or
ga

n
(J

P
M

)
a
n
d

W
el

ls
F

ar
go

(W
F

C
),

u
si

n
g

d
om

es
ti

c
G

o
og

le
tr

en
d
s

an
d

8
st

o
ck

te
ch

n
ic

al
in

d
ic

at
or

s
a
s

p
re

d
ic

to
rs

.

E
x
te

n
si

ve
an

al
y
si

s
on

b
ot

h
si

m
u
la

te
d

d
at

a
a
n
d

re
al

st
o
ck

m
ar

ke
t

d
at

a
v
er

ifi
es

th
a
t

th
e

M
B

S
T

S
m

o
d
el

gi
ve

s
m

u
ch

b
et

te
r

p
re

d
ic

ti
on

ac
cu

ra
cy

co
m

p
ar

ed
to

th
e

u
n
iv

a
ri

a
te

B
S
T

S
m

o
d
el

,
th

e
au

to
re

gr
es

si
ve

in
te

gr
at

ed
m

ov
in

g
av

er
ag

e
w

it
h

re
gr

es
si

on
(A

R
IM

A
X

)
m

o
d
el

,
a
n
d

th
e

m
u
lt

iv
ar

ia
te

A
R

IM
A

X
(M

A
R

IM
A

X
)

m
o
d
el

.
S
om

e
of

th
e

re
as

on
s

fo
r

th
is

ca
n

b
e

se
en

in
th

e
fo

ll
ow

in
g:

th
e

M
B

S
T

S
m

o
d
el

is
st

ro
n
g

in
fo

re
ca

st
in

g
si

n
ce

it
in

co
rp

or
at

es
in

fo
rm

a
ti

o
n

of
d
iff

er
en

t
co

m
p

on
en

ts
in

th
e

ta
rg

et
ti

m
e

se
ri

es
,

ra
th

er
th

an
m

er
el

y
h
is

to
ri

ca
l

va
lu

es
o
f

th
e

2
JM

L
R

 1
9(

68
):

1-
33

, 2
01

8



M
u
lt

iv
a
r
ia
t
e
B
a
y
e
sia

n
S
t
r
u
c
t
u
r
a
l
T
im

e
S
e
r
ie
s
M
o
d
e
l

sa
m

e
co

m
p

on
en

t;
th

e
B

ayesian
p
arad

igm
an

d
th

e
M

C
M

C
algorith

m
can

p
erform

variab
le

selectio
n

a
t

th
e

sam
e

tim
e

d
u
rin

g
m

o
d
el

train
in

g
an

d
th

u
s

p
reven

t
overfi

ttin
g,

even
if

som
e

sp
u
rio

u
s

p
red

ictors
are

ad
d
ed

in
to

th
e

can
d
id

ate
p

o
o
l;

th
e

M
B

S
T

S
m

o
d
el

b
en

efi
ts

from
ta

k
in

g
co

rrela
tion

s
am

on
g

m
u
ltip

le
target

tim
e

series
in

to
accou

n
t,

w
h
ich

h
elp

s
b

o
ost

th
e

fo
reca

stin
g

p
ow

er
an

d
is

a
sign

ifi
can

t
im

p
rov

em
en

t
ov

er
th

e
u
n
ivariate

B
S
T

S
m

o
d
el.

T
h
e

rest
o
f

th
e

p
ap

er
is

organ
ized

as
follow

s.
In

S
ectio

n
2,

w
e

b
u
ild

th
e

b
asic

m
o
d
el

fra
m

ew
o
rk

.
E

x
ten

sive
sim

u
lation

s
are

carried
ou

t
in

S
ection

3
to

ex
am

in
e

h
ow

th
e

m
o
d
el

p
erform

s
u
n
d
er

variou
s

con
d
ition

s.
In

S
ection

4,
an

em
p
irical

stu
d
y

on
th

e
sto

ck
p

ortfo
lio

is
d
o
n
e

to
sh

ow
h
ow

w
ell

ou
r

m
o
d
el

p
erform

s
w

ith
real-w

orld
d
ata.

S
ectio

n
5

con
clu

d
es

w
ith

so
m

e
fi
n
al

rem
ark

s.

2
.
T
h
e
M

B
S
T
S
M

o
d
e
l

In
th

is
section

,
w

e
in

tro
d
u
ce

th
e

M
B

S
T

S
m

o
d
el

in
clu

d
in

g
m

o
d
el

stru
ctu

re,
sta

te
com

p
o-

n
en

ts,
p
rio

r
elicitation

an
d

p
osterior

in
feren

ce.
T

h
en

w
e

d
escrib

e
th

e
algo

rith
m

for
train

in
g

th
e

m
o
d
el

a
n
d

p
erform

in
g

forecasts.
In

th
e

seq
u
el,

th
e

sy
m

b
ol

“
∼

”
an

d
th

e
su

p
erscrip

t
“
(i)”

w
ill

d
en

o
te

a
colu

m
n

v
ector

an
d

th
e
i-th

com
p

on
en

t
of

a
v
ector

resp
ectiv

ely,
su

ch
as

a
m
×

1
vecto

r
ỹ
t

=
[y

(1
)

t
,···

,y
(m

)
t

] T
.

2
.1

S
tru

c
tu

ra
l

T
im

e
S

e
rie

s

S
tru

ctu
ra

l
tim

e
series

m
o
d
els

b
elon

g
to

state
sp

ace
m

o
d
els

for
tim

e
series

d
ata

giv
en

b
y

th
e

fo
llow

in
g

set
o
f

eq
u
ation

s:

ỹ
t

=
Z
Tt
α
t
+
ε̃
t ,

ε̃
t ∼

N
m

(0,Σ
t ),

(1)

α
t+

1
=
T
t α
t
+
R
t η
t ,

η
t ∼

N
q (0,Q

t ),
(2)

α
0 ∼

N
d (µ

0 ,Σ
0 ).

(3)

E
q
u
a
tio

n
(1

)
is

called
th

e
ob

servation
eq

u
ation

,
as

it
lin

k
s

th
e
m
×

1
v
ector

ỹ
t

of
ob

servation
s

a
t

tim
e

t
w

ith
a
d×

1
vector

α
t

d
en

otin
g

th
e

u
n
ob

serv
ed

laten
t

states,
w

h
ere

d
is

th
e

total
n
u
m

b
er

o
f

la
ten

t
states

for
all

en
tries

in
ỹ
t .

E
q
u
ation

(2
)

is
called

th
e

tran
sition

eq
u
ation

b
eca

u
se

it
d
efi

n
es

h
ow

th
e

laten
t

states
evolv

e
over

tim
e.

T
h
e

m
o
d
el

m
atrices

Z
t ,
T
t ,

an
d

R
t

ty
p
ica

lly
co

n
tain

u
n
k
n
ow

n
p
aram

eters
an

d
k
n
ow

n
valu

es
w

h
ich

are
often

set
as

0
an

d
1
.
Z
t

is
a
d×

m
ou

tp
u
t

m
atrix

,
T
t

is
a
d×

d
tran

sition
m

atrix
,

a
n
d
R
t

is
a
d×

q
con

trol
m

a
trix

.
T

h
e
m
×

1
vector

ε̃
t

d
en

otes
ob

servation
errors

w
ith

a
m
×
m

va
rian

ce-covarian
ce

m
a
trix

Σ
t ,

a
n
d
η
t

is
a
q-d

im
en

sion
al

sy
stem

error
w

ith
a
q×

q
state

d
iff

u
sion

m
atrix

Q
t ,

w
h
ere

q
≤
d
.

N
ote

th
at

an
y

lin
ear

d
ep

en
d
en

cies
in

th
e

state
vector

can
b

e
m

oved
from

Q
t

to
R
t ,

h
en

ce
Q
t

can
b

e
set

as
a

fu
ll

ran
k

varian
ce

m
atrix

.
S
tru

ctu
ra

l
tim

e
series

m
o
d
els

con
stru

cted
in

term
s

of
com

p
on

en
ts

h
av

e
a

d
irect

in
ter-

p
reta

tio
n
.

F
o
r

ex
am

p
le,

on
e

m
ay

con
sid

er
th

e
classical

d
ecom

p
osition

in
w

h
ich

a
series

can
b

e
seen

a
s

th
e

su
m

of
tren

d
,

season
,

cy
cle

an
d

regression
com

p
on

en
ts.

In
gen

eral,
th

e
m

o
d
el

in
sta

te
sp

a
ce

form
can

b
e

w
ritten

as:

ỹ
t

=
µ̃
t
+
τ̃
t
+
ω̃
t
+
ξ̃
t
+
ε̃
t ,

ε̃
t
iid
∼

N
m

(0,Σ
ε ),

t
=

1,2
...,n

,
(4)
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Q
iu
,J
a
m
m
a
l
a
m
a
d
a
k
a
a
n
d

N
in
g

w
h
ere

ỹ
t ,
µ̃
t ,
τ̃
t ,
ω̃
t ,
ξ̃
t

an
d
ε̃
t

are
m

-d
im

en
sion

vectors,
rep

resen
tin

g
target

tim
e

series,
lin

ear
tren

d
com

p
on

en
t,

season
al

com
p

on
en

t,
cy

clical
com

p
on

en
t,

regression
com

p
on

en
t

an
d

ob
servation

error
term

s
resp

ectiv
ely.

B
ased

on
th

e
state

sp
ace

form
,
α
t

is
th

e
collection

of
th

ese
com

p
on

en
ts,

n
am

ely
α
t

=
[µ̃
Tt
,
τ̃
Tt
,
ω̃
Tt
,
ξ̃
Tt

] T
.

H
ere

Σ
ε

is
a
m
×
m

m
atrix

,
p

ositiv
e

d
efi

n
ite

an
d

is
assu

m
ed

to
b

e
con

stan
t

over
tim

e
for

sim
p
licity.

S
tru

ctu
ral

tim
e

series
m

o
d
-

els
allow

u
s

to
ex

am
in

e
th

e
tim

e
series

an
d

fl
ex

ib
ly

select
su

itab
le

com
p

on
en

ts
for

tren
d
,

season
ality,

an
d

eith
er

static
or

d
y
n
am

ic
regression

.
In

th
e

cu
rren

t
m

o
d
el,

all
sta

te
com

p
o-

n
en

ts
are

assem
b
led

in
d
ep

en
d
en

tly,
w

ith
each

com
p

on
en

t
y
ield

in
g

an
ad

d
itive

con
trib

u
tion

to
ỹ
t .

T
h
e

fl
ex

ib
ility

of
th

e
m

o
d
el

allow
s

u
s

to
in

clu
d
e

d
iff

eren
t

m
o
d
el

com
p

on
en

ts
for

each
target

series.

2
.2

C
o
m

p
o
n

e
n
ts

o
f

S
ta

te

T
h
e

fi
rst

com
p

on
en

t
is

a
lo

cal
lin

ear
tren

d
.

T
h
e

sp
ecifi

cation
of

a
tim

e
series

m
o
d
el

for
th

e
tren

d
com

p
on

en
t

varies
accord

in
g

to
th

e
featu

res
d
isp

layed
b
y

th
e

series
u
n
d
er

in
vestigation

an
d

an
y

p
rior

k
n
ow

led
ge.

T
h
e

m
ost

elem
en

tary
stru

ctu
ral

m
o
d
el

d
eals

w
ith

a
series

w
h
ose

u
n
d
erly

in
g

level
ch

an
ges

over
tim

e.
M

oreov
er,

it
also

som
etim

es
d
isp

lay
s

a
stead

y
u
p
w

ard
or

d
ow

n
w

ard
m

ovem
en

t,
su

ggestin
g

to
in

corp
orate

a
slop

e
or

a
d
rift

in
to

th
e

m
o
d
el

for
th

e
tren

d
.

T
h
e

resu
ltin

g
m

o
d
el,

a
gen

eralization
of

th
e

lo
cal

lin
ear

tren
d

m
o
d
el

w
h
ere

th
e

slop
e

ex
h
ib

its
station

arity
in

stead
of

ob
ey

in
g

a
ran

d
om

w
a
lk

,
is

ex
p
ressed

in
th

e
form

as:

µ̃
t+

1
=
µ̃
t
+
δ̃
t
+
ũ
t ,

ũ
t
iid
∼

N
m

(0,Σ
µ
),

(5)

δ̃
t+

1
=
D̃

+
ρ̃
(δ̃
t −

D̃
)

+
ṽ
t ,

ṽ
t
iid
∼

N
m

(0,Σ
δ ),

(6)

w
h
ere

δ̃
t

an
d
D̃

are
m

-d
im

en
sion

v
ectors.

δ̃
t

is
th

e
ex

p
ected

in
crease

in
µ̃
t

b
etw

een
tim

es
t

an
d
t
+

1,
so

it
can

b
e

th
ou

gh
t

as
th

e
slop

e
at

tim
e
t

an
d
D̃

is
th

e
lon

g-term
slop

e.
T

h
e

p
a-

ram
eter

ρ̃
is

a
m
×
m

d
iagon

al
m

atrix
,
w

h
ose

d
iagon

al
en

tries
0
≤
ρ
ii ≤

1
for

i
=

1,2
,···

,m
,

rep
resen

t
th

e
learn

in
g

rates
at

w
h
ich

th
e

lo
cal

tren
d

is
u
p

d
ated

for{
y

(i)
t
}
i=

1
,2
,···,m

.
T

h
u
s,

th
e

m
o
d
el

b
alan

ces
sh

ort-term
in

form
ation

w
ith

lon
g-term

in
form

ation
.

W
h
en

ρ
ii

=
1,

th
e

corresp
on

d
in

g
slop

e
b

ecom
es

a
ran

d
om

w
alk

.

T
h
e

secon
d

com
p

on
en

t
is

th
e

on
e

th
at

cap
tu

res
season

ality.
O

n
e

freq
u
en

tly
u
sed

m
o
d
el

in
th

e
tim

e
d
om

ain
is:

τ
(i)
t+

1
=
−
S
i −

2
∑k

=
0

τ
(i)
t−
k

+
w

(i)
t
,

w̃
t

=
[w

(1
)

t
,···

,w
(m

)
t

] T
iid
∼

N
m

(0,Σ
τ ),

(7)

w
h
ere

S
i

rep
resen

ts
th

e
n
u
m

b
er

of
seaso

n
s

for
y

(i)
an

d
a
m

-d
im

en
sion

v
ector

τ̃
t

d
en

otes
th

eir
join

t
con

trib
u
tion

to
th

e
ob

served
target

tim
e

series
ỹ
t .

W
h
en

w
e

ad
d

a
season

al
com

p
on

en
t,
S
i

season
al

eff
ects

are
set

in
th

e
state

sp
ace

fo
rm

for
y

(i).
H

ow
ev

er,
on

ly
on

e
season

al
eff

ect
h
as

error
term

b
ased

on
eq

u
ation

(7)
a
n
d

oth
er

eff
ects

a
re

rep
resen

ted
b
y

itself
in

a
d
eterm

in
istic

eq
u
ation

.
M

ore
sp

ecifi
ca

lly,
th

e
p
art

of
th

e
tran

sition
m

atrix
T
t

rep
resen

tin
g

th
e

season
al

eff
ects

is
an

(S
i −

1)×
(S
i −

1)
m

a
trix

w
ith
−

1
alon

g
th

e
top

row
,

1
alon

g
th

e
su

b
d
ia

gon
al

an
d

0
elsew

h
ere.

In
ad

d
itio

n
,

th
e

ex
p

ectation
of

th
e

su
m

m
ation

of
S
i

season
al

eff
ects

for
y

(i)
is

zero
w

ith
varian

ce
eq

u
al

to
th

e
i-th

d
iagon

al
elem

en
t

of
Σ
τ .
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M
u
lt

iv
a
r
ia
t
e
B
a
y
e
si
a
n
S
t
r
u
c
t
u
r
a
l
T
im

e
S
e
r
ie
s
M
o
d
e
l

F
or

ea
ch

ta
rg

et
se

ri
es
y

(i
) ,

th
e

m
o
d
el

al
lo

w
s

fo
r

va
ri

ou
s

se
as

on
al

co
m

p
on

en
ts

w
it

h
d
iff

er
-

en
t

p
er

io
d
s

as
sh

ow
n

in
eq

u
at

io
n

(7
).

F
or

in
st

an
ce

,
w

e
m

ig
h
t

in
cl

u
d
e

a
se

as
on

al
co

m
p

on
en

t
w

it
h
S
i

=
7

to
ca

p
tu

re
d
ay

-o
f-

th
e-

w
ee

k
eff

ec
t

fo
r

ta
rg

et
se

ri
es
y

(i
) ,

an
d
S
j

=
30

in
d
ic

a
ti

n
g

d
ay

-o
f-

th
e-

m
on

th
eff

ec
t

fo
r

an
ot

h
er

ta
rg

et
se

ri
es
y

(j
)

w
h
en

m
o
d
el

in
g

d
ai

ly
d
at

a.
T

h
e

co
rr

e-
sp

on
d
in

g
se

as
on

al
tr

an
si

ti
on

m
at

ri
x

in
st

at
e

sp
ac

e
se

tt
in

g
is

a
6
×

6
m

at
ri

x
an

d
a

29
×

29
m

at
ri

x
w

it
h

n
on

ze
ro

er
ro

r
va

ri
an

ce
fo

r
y

(i
)

an
d
y

(j
)

re
sp

ec
ti

ve
ly

.

T
h
e

th
ir

d
co

m
p

on
en

t
is

th
e

on
e

ac
co

u
n
ti

n
g

fo
r

cy
cl

ic
al

eff
ec

ts
in

th
e

se
ri

es
.

In
ec

o-
n
om

ic
s,

th
e

te
rm

“b
u
si

n
es

s
cy

cl
e”

b
ro

ad
ly

re
fe

rs
to

re
cu

rr
en

t,
n
ot

ex
ac

tl
y

p
er

io
d
ic

,
d
ev

ia
-

ti
on

s
ar

ou
n
d

th
e

lo
n
g-

te
rm

p
at

h
of

th
e

se
ri

es
.

A
m

o
d
el

w
it

h
a

cy
cl

ic
al

co
m

p
on

en
t

is
ca

p
ab

le
of

re
p
ro

d
u
ci

n
g

co
m

m
on

ly
ac

k
n
ow

le
d
ge

d
es

se
n
ti

al
fe

at
u
re

s,
su

ch
as

th
e

p
re

se
n
ce

of
st

ro
n
g

au
to

co
rr

el
at

io
n
,

re
cu

rr
en

ce
an

d
al

te
rn

at
io

n
o
f

p
h
as

es
,

d
am

p
en

in
g

of
fl
u
ct

u
at

io
n
s,

an
d

ze
ro

lo
n
g

ru
n

p
er

si
st

en
ce

.
A

st
o
ch

as
ti

c
tr

en
d

m
o
d
el

of
a

se
as

on
al

ly
ad

ju
st

ed
ec

on
om

ic
ti

m
e

se
-

ri
es

d
o
es

n
ot

ca
p
tu

re
th

e
sh

or
t-

te
rm

m
ov

em
en

t
of

th
e

se
ri

es
b
y

it
se

lf
.

In
cl

u
d
in

g
a

se
ri

al
ly

co
rr

el
at

ed
st

at
io

n
ar

y
co

m
p

on
en

t,
th

e
sh

or
t-

te
rm

m
ov

em
en

t
co

u
ld

b
e

ca
p
tu

re
d
,

an
d

th
is

is
th

e
m

o
d
el

in
co

rp
or

at
in

g
cy

cl
ic

al
eff

ec
t

(s
ee

H
ar

ve
y

et
al

.,
20

07
).

T
h
e

cy
cl

e
co

m
p

on
en

t
is

p
os

tu
la

te
d

as
:

ω̃
t+

1
=
%̃
ĉo

s(
λ

)ω̃
t
+
%̃
ŝi

n
(λ

)ω̃
? t

+
κ̃
t,

κ̃
t
ii
d ∼
N
m

(0
,Σ

ω
),

ω̃
? t+

1
=
−
%̃
ŝi

n
(λ

)ω̃
t
+
%̃
ĉo

s(
λ

)ω̃
? t

+
κ̃
? t
,

κ̃
? t
ii
d ∼
N
m

(0
,Σ

ω
),

(8
)

w
h
er

e
%̃
,

ŝi
n
(λ

),
ĉo

s(
λ

)
ar

e
m
×
m

d
ia

go
n
al

m
at

ri
ce

s
w

it
h

d
ia

go
n
al

en
tr

ie
s

eq
u
al

to
%
ii

(a
d
am

p
in

g
fa

ct
or

fo
r

ta
rg

et
se

ri
es
y

(i
)

su
ch

th
at

0
<
%
ii
<

1)
,

si
n
(λ
ii

)
w

h
er

e
λ
ii

=
2π
/q
i

is
th

e
fr

eq
u
en

cy
w

it
h
q i

b
ei

n
g

a
p

er
io

d
su

ch
th

at
0
<
λ
ii
<
π

,
an

d
co

s(
λ
ii

)
re

sp
ec

ti
ve

ly
.

W
h
en

λ
ii

is
0

or
π

,
th

e
m

o
d
el

d
eg

en
er

at
es

to
th

e
A

R
(1

)
p
ro

ce
ss

.
T

h
e

d
am

p
in

g
fa

ct
or

sh
ou

ld
b

e
st

ri
ct

ly
le

ss
th

an
on

e
fo

r
st

at
io

n
ar

y
p
u
rp

os
e.

W
h
en

th
e

d
am

p
in

g
fa

ct
or

is
b
ig

ge
r

th
a
n

on
e,

th
er

e
w

il
l

b
e

n
o

re
st

ri
ct

io
n

fo
r

th
e

cy
cl

ic
al

m
ov

em
en

t,
re

su
lt

in
g

in
ex

te
n
d
in

g
th

e
am

p
li
tu

d
e

of
th

e
cy

cl
e.

T
h
es

e
th

re
e

ti
m

e
se

ri
es

co
m

p
on

en
ts

ar
e

il
lu

st
ra

te
d

in
F

ig
u
re

1.
T

h
e

b
ig

d
iff

er
en

ce
b

et
w

ee
n

th
e

cy
cl

ic
al

co
m

p
on

en
t

an
d

th
e

se
as

on
al

co
m

p
on

en
t

is
th

e
d
am

p
in

g
fa

ct
o
r.

T
h
e

am
p
li
tu

d
e

of
th

e
cy

cl
ic

al
co

m
p

on
en

t
w

il
l

d
ec

ay
as

ti
m

e
go

es
b
y,

w
h
ic

h
ca

n
b

e
ap

p
li
ed

to
ta

rg
et

ti
m

e
se

ri
es

aff
ec

te
d

b
y

ex
te

rn
al

sh
o
ck

s.
H

er
e

Σ
µ
,

Σ
δ
,

Σ
τ

an
d

Σ
ω

ar
e
m
×
m

va
ri

an
ce

-
co

va
ri

an
ce

m
at

ri
ce

s
fo

r
er

ro
r

te
rm

s
of

d
iff

er
en

t
ti

m
e

se
ri

es
co

m
p

on
en

ts
,

a
n
d

fo
r

si
m

p
li
ci

ty
w

e
as

su
m

e
th

ey
ar

e
d
ia

go
n
al

.

T
h
e

fo
u
rt

h
co

m
p

on
en

t
is

th
e

re
gr

es
si

on
co

m
p

on
en

t
w

it
h

st
at

ic
co

effi
ci

en
ts

w
ri

tt
en

as
fo

ll
ow

s:

ξ(i
)

t
=
β
T i
x

(i
)

t
.

(9
)

H
er

e
ξ̃ t

=
[ξ

(1
)

t
,·
··
,ξ

(m
)

t
]T

is
th

e
co

ll
ec

ti
on

of
al

l
el

em
en

ts
in

th
e

re
gr

es
si

on
co

m
p

on
en

t.

F
or

ta
rg

et
se

ri
es
y

(i
) ,
x

(i
)

t
=

[x
(i

)
t1
,.
..
,x

(i
)

tk
i
]T

is
th

e
p

o
ol

of
al

l
av

ai
la

b
le

p
re

d
ic

to
rs

at
ti

m
e

t,
an

d
β
i

=
[β
i1
,.
..
,β
ij
,.
..
,β
ik

i
]T

re
p
re

se
n
ts

co
rr

es
p

on
d
in

g
st

at
ic

re
gr

es
si

on
co

effi
ci

en
ts

.
A

ll
p
re

d
ic

to
rs

ar
e

su
p
p

os
ed

to
b

e
co

n
te

m
p

or
an

eo
u
s

w
it

h
a

k
n
ow

n
la

g,
w

h
ic

h
ca

n
b

e
ea

si
ly

in
co

rp
or

at
ed

b
y

sh
if

ti
n
g

th
e

co
rr

es
p

on
d
in

g
p
re

d
ic

to
rs

in
ti

m
e.
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Q
iu
,J
a
m
m
a
l
a
m
a
d
a
k
a
a
n
d

N
in
g

F
ig

u
re

1:
S
im

u
la

te
d

ti
m

e
se

ri
es

co
m

p
on

en
ts

in
cl

u
d
e

ge
n
er

al
iz

ed
li
n
ea

r
tr

en
d
,

se
a
so

n
a
li
ty

an
d

cy
cl

e,
ge

n
er

at
ed

b
y

eq
u
at

io
n
s

(5
),

(6
),

(7
)

an
d

(8
)

w
it

h
ρ̃

=
[0
.6

],
D̃

=
[0

],
Σ
µ

=
[0
.5

2
],

Σ
δ

=
[0
.0

82
],
S

=
30

,
Σ
τ

=
[0
.0

12
],
λ

=
π
/1

0,
%̃

=
[0
.9

7
]

a
n
d

Σ
ω

=
[0
.0

12
],

to
sh

ow
d
iff

er
en

t
co

n
tr

ib
u
ti

on
s

in
ex

p
la

in
in

g
va

ri
a
ti

o
n
s

in
ta

rg
et

ti
m

e
se

ri
es

.

2
.3

S
p

ik
e

a
n

d
S

la
b

R
e
g
re

ss
io

n

In
fe

at
u
re

se
le

ct
io

n
,

a
h
ig

h
d
eg

re
e

of
sp

ar
si

ty
is

ex
p

ec
te

d
,

in
th

e
se

n
se

th
at

co
effi

ci
en

ts
o
f

th
e

va
st

m
a

jo
ri

ty
of

p
re

d
ic

to
rs

ar
e

ex
p

ec
te

d
to

b
e

ze
ro

.
A

n
at

u
ra

l
w

ay
to

re
p
re

se
n
t

sp
a
rs

it
y

in
th

e
B

ay
es

ia
n

p
ar

ad
ig

m
is

th
ro

u
gh

th
e

sp
ik

e
an

d
sl

ab
co

effi
ci

en
ts

.
O

n
e

ad
va

n
ta

g
e

o
f

w
o
rk

in
g

in
a

fu
ll
y

B
ay

es
ia

n
se

tt
in

g
is

th
at

w
e

d
o

n
ot

n
ee

d
to

co
m

m
it

to
a

fi
x
ed

se
t

o
f

p
re

d
ic

to
rs

.

2
.3
.1

M
a
t
r
ix

R
e
p
r
e
se

n
t
a
t
io
n

In
or

d
er

to
as

si
gn

ap
p
ro

p
ri

at
e

p
ri

or
d
is

tr
ib

u
ti

on
s

to
p
ar

am
et

er
s,

w
e

fi
rs

t
co

m
b
in

e
ỹ t
,
µ̃
t,
τ̃ t
,
ω̃
t,

ε̃ t
in

to
a
n
×
m

m
at

ri
x

as
fo

ll
ow

s:
Y

=
[ỹ

1
,.
..
,ỹ
t,
..
.,
ỹ n

]T
,
M

=
[µ̃

1
,.
..
,µ̃

t,
..
.,
µ̃
n
]T

,
T

=
[τ̃

1
,.
..
,τ̃
t,
..
.,
τ̃ n

]T
,
W

=
[ω̃

1
,.
..
,ω̃

t,
..
.,
ω̃
n
]T

an
d
E

=
[ε̃

1
,.
..
,ε̃
t,
..
.,
ε̃ n

]T
.

T
h
en

th
e

m
o
d
el

ca
n

b
e

w
ri

tt
en

in
a

lo
n
g

m
at

ri
x

fo
rm

as
fo

ll
ow

s:

Ỹ
=
M̃

+
T̃

+
W̃

+
X
β

+
Ẽ
,

(1
0
)

w
h
er

e
Ỹ

=
v
ec

(Y
),
M̃

=
v
ec

(M
),
T̃

=
v
ec

(T
),
W̃

=
v
ec

(W
),
Ẽ

=
v
ec

(E
),

a
n
d
X

,
β

a
re

w
ri

tt
en

as
:

X
=

    X
1

0
0

..
.

0
0

X
2

0
..
.

0
. . .

. . .
. . .

. .
.

. . .
0

0
0

..
.

X
m

    
,

β
=

    

β
1

β
2 . . .

β
m

    
,

(1
1
)
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M
u
lt

iv
a
r
ia
t
e
B
a
y
e
sia

n
S
t
r
u
c
t
u
r
a
l
T
im

e
S
e
r
ie
s
M
o
d
e
l

w
h
ere

X
i

b
ein

g
a
n
×
k
i

m
atrix

,
rep

resen
tin

g
all

ob
servation

s
of
k
i

can
d
id

ate
p
red

icto
rs

fo
r
y

(i),
w

h
ich

is
all

ob
servation

s
of

th
e
i-th

target
series.

T
h
e

regression
m

atrix
X

is
of

d
im

en
sio

n
(n
m
×
K

)
w

ith
K

=
∑

mi=
1
k
i .

M
oreover,

X
i

an
d
X
j

can
b

e
th

e
sam

e
o
r

o
n
ly

co
n
ta

in
a

p
o
rtion

of
com

m
on

p
red

ictors.
T

h
e

regression
co

effi
cien

ts
fo

r
y

(i)
d
en

oted
as

β
i

=
[β
i1 ,...,β

ij ,...,β
ik

i ] T
is

a
k
i -d

im
en

sion
vector.

R
eform

u
latin

g
th

e
m

o
d
el

in
th

is
w

ay
fa

cilita
tes

th
e

m
ath

em
atical

d
erivation

in
selectin

g
a

d
iff

eren
t

set
of

availa
b
le

p
red

ictors
at

ea
ch

itera
tio

n
for

y
(i).

2
.3
.2

P
r
io
r
d
ist

r
ib
u
t
io
n
a
n
d

e
l
ic
it
a
t
io
n

W
e

d
efi

n
e
γ
ij

=
1

if
β
ij
6=

0,
an

d
γ
ij

=
0

if
β
ij

=
0.

T
h
en

γ
=

[γ
1 ,...,γ

m
]

w
h
ere

γ
i

=
[γ
i1 ,...,γ

ik
i ].

D
en

ote
β
γ

as
th

e
su

b
set

of
elem

en
ts

of
β

w
h
ere

β
ij 6=

0,
an

d
let

X
γ

b
e

th
e

su
b
set

of
co

lu
m

n
s

of
X

w
h
ere

γ
ij

=
1.

T
h
e

sp
ike

p
rior

is
w

ritten
as:

γ
∼

m∏i=
1

k
i
∏j=

1

π
γ
ij

ij
(1−

π
ij )

1−
γ
ij,

i
=

1,···
,m

,
(12)

w
h
ere

π
ij

is
th

e
p
rior

in
clu

sion
p
rob

ab
ility

of
th

e
j-th

p
red

ictor
for

th
e
i-th

target
tim

e
series.

E
q
u
atio

n
(12)

is
often

fu
rth

er
sim

p
lifi

ed
b
y

settin
g

all
th

e
π
ij

for
j

=
1,2

,···
,k
i

a
s

th
e

sa
m

e
va

lu
e
π
i

for
y

(i)
if

p
rior

in
form

ation
ab

ou
t

eff
ects

of
sp

ecifi
c

p
red

ictors
on

ea
ch

ta
rget

series
are

n
ot

availab
le.

W
ith

su
ffi

cien
t

p
rior

in
form

ation
availab

le,
assign

in
g

d
iff

eren
t

su
b

jectively
d
eterm

in
ed

valu
es

to
π
ij

m
igh

t
p
rov

id
e

m
ore

rob
u
st

resu
lts

w
ith

ou
t

a
g
rea

t
a
m

o
u
n
t

o
f

com
p
u
tation

al
b
u
rd

en
.

A
n

easy
w

ay
to

elicit
π
i

is
to

ask
research

ers
for

an
“
ex

p
ected

m
o
d
el

size”,
so

th
at

if
on

e
ex

p
ects

q
i

n
on

zero
p
red

ictors
for

y
(i),

th
en

π
i

=
q
i /k

i ,
w

h
ere

k
i

is
th

e
total

n
u
m

b
er

of
can

d
id

ate
p
red

ictors
for

th
e
i-th

targ
et

series.
U

n
d
er

som
e

circu
m

sta
n
ces,

π
ij

cou
ld

b
e

set
as

0
or

1,
for

som
e

sp
ecifi

c
p
red

ictors
of
y

(i),
forcin

g
certain

va
ria

b
les

to
b

e
ex

clu
d
ed

or
in

clu
d
ed

.
T

h
e

sp
ike

p
rior

can
b

e
sp

ecifi
ed

b
y

research
ers

in
d
iff

eren
t

d
istrib

u
tion

al
form

s.
T

h
e

n
a
tu

ra
l

con
ju

gate
p
rior

for
th

e
m

u
ltivariate

m
o
d
el

w
ith

th
e

sam
e

set
of

p
red

ictors
h
a
s

th
e

co
n
ju

g
a
te

p
rior

on
β

d
ep

en
d
in

g
on

Σ
ε .

H
ow

ever,
th

e
m

u
ltivariate

ex
ten

sio
n

w
ith

d
iff

eren
t

set
o
f

p
red

ictors
in

each
eq

u
ation

w
ill

d
estroy

th
e

con
ju

gacy
(R

ossi
et

al.
(2012)).

C
o
n
ju

g
a
te

p
riors

su
ch

as
th

e
n
orm

a
l

d
istrib

u
tion

an
d

th
e

in
verse

W
ish

art
d
istrib

u
tion

can
still

b
e

u
sed

in
a

n
on

con
ju

gate
con

tex
t,

sin
ce

m
o
d
els

can
b

e
con

ju
gate

con
d
itio

n
al

on
som

e
o
th

er
p
a
ra

m
eters.

In
ord

er
to

ob
tain

th
is

con
d
itio

n
al

con
ju

gate,
w

e
stack

u
p

th
e

regression
eq

u
a
tio

n
s

in
to

on
e

sh
ow

n
in

eq
u
atio

n
(11).

A
sim

p
le

slab
p
rior

sp
ecifi

catio
n

is
to

m
ake

β
a
n
d

Σ
ε

p
rio

r
in

d
ep

en
d
en

t
(see

G
riffi

th
s,

200
3):

p
(β
,Σ

ε ,γ
)

=
p
(β|γ

)p
(Σ

ε |γ
)p

(γ
),

β|γ
∼
N
K

(b
γ ,A

−
1

γ
),

Σ
ε |γ
∼
I
W

(v
0 ,V

0 ),

(13)

w
h
ere

b
γ

is
th

e
vector

of
p
rior

m
ea

n
s

an
d
A
γ

=
κ
X
Tγ
X
γ /n

is
th

e
fu

ll-m
o
d
el

p
rior

in
-

fo
rm

a
tio

n
m

a
trix

,
w

ith
κ

th
e

n
u
m

b
er

of
ob

servation
s

w
orth

of
w

eigh
t

on
th

e
p
rior

m
ean

vecto
r
b
γ .

If
X
Tγ
X
γ

is
n
ot

p
ositive

d
efi

n
ite

d
u
e

to
p

erfect
collin

earity
am

on
g

p
red

icto
rs,

A
γ

=
κ

(ω
X
Tγ
X
γ

+
(1
−
ω

)d
ia
g
(X

Tγ
X
γ ))/n

can
b

e
u
sed

in
stead

to
gu

aran
tee

p
ro

p
riety.

G
iven

a
n
a
ly

sts’
sp

ecifi
cation

,
A
γ

can
b

e
set

in
oth

er
form

s.
H

ere,
I
W

(v
0 ,V

0 )
is

th
e

in
verse
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Q
iu
,J
a
m
m
a
l
a
m
a
d
a
k
a
a
n
d

N
in
g

W
ish

art
d
istrib

u
tion

w
ith

v
0

th
e

n
u
m

b
er

of
d
egrees

of
freed

om
an

d
V

0
a
m
×
m

scale
m

atrix
.

A
lth

ou
gh

th
ese

p
riors

are
n
ot

con
ju

gate,
th

ey
are

con
d
ition

ally
con

ju
gate.

E
q
u
ation

(13)
is

th
e

so-called
“slab

”
b

ecau
se

on
e

can
ch

o
ose

th
e

p
rior

p
a
ram

eters
to

m
ake

it
on

ly
very

w
eak

ly
in

form
ative

(close
to

fl
at),

con
d
ition

al
on

γ
.

T
h
e

vector
b
γ

en
co

d
es

ou
r

p
rior

ex
p

ectation
ab

ou
t

th
e

valu
e

of
each

elem
en

t
of
β
γ .

In
p
ractice,

on
e

u
su

ally
sets

b
=

0.
T

h
e

valu
es

of
v

0
an

d
V

0
can

b
e

set
b
y

ask
in

g
an

aly
sts

for
an

ex
p

ected
R

2
form

th
e

regression
,

an
d

a
n
u
m

b
er

of
ob

servation
s

w
orth

of
w

eigh
t
v

0 ,
w

h
ich

m
u
st

b
e

greater
th

an
th

e
d
im

en
sion

of
ỹ
t

p
lu

s
on

e.
T

h
en

V
0

=
(v

0 −
m
−

1)∗
(1
−
R

2)∗
Σ
y ,

w
h
ere

Σ
y

is
th

e
varian

ce-covarian
ce

m
atrix

for
m

u
ltip

le
target

tim
e

series
Y

.
P

rior
d
istrib

u
tion

s
of

oth
er

varian
ce-covaria
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b
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p
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∈
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p
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u
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(Ỹ
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(Ỹ
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(Ỹ
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⊗
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b
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Ỹ
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Ỹ
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d
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s
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p
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b
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Ỹ
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Ẽ

in
to

a
sy

stem
w

ith
u
n
correlated

errors,
u
sin

g
th

e
sq

u
are

ro
ot

of
th

e
varian
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⊗
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b
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Ŷ
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Ŷ
?

=
((U

−
1)
T
⊗
I
n
)Ỹ
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⊗
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⊗
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⊗
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(Ŷ
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b
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w
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b
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p
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⊗
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Ỹ
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p
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⊗
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⊗
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Σ
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?
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at
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p
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d
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∝
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p
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e
sia

n
S
t
r
u
c
t
u
r
a
l
T
im

e
S
e
r
ie
s
M
o
d
e
l

fro
m

a
M

a
rkov

ch
ain

w
ith

station
ary

d
istrib

u
tio

n
p
(ψ̃|Y

),
th

e
p

osterior
d
istrib

u
tion

o
f
ψ̃

g
iven

Y
.

A
lg

o
rith

m
1

M
B

S
T

S
M

o
d
el

T
rain

in
g

1
:

D
raw

th
e

laten
t

state
α

=
(µ̃
,δ̃,τ̃

,ω̃
)

from
given

m
o
d
el

p
a
ram

eters
an

d
Ỹ

,
n
am

ely
p
(α|Ỹ

,θ,γ
,Σ

ε ,β
),

u
sin

g
th

e
p

osterior
sim

u
latio

n
algorith

m
from

D
u
rb

in
an

d
K

o
op

m
an

(2
0
0
2
).

2
:

D
raw

tim
e

series
state

com
p

on
en

t
p
aram

eters
θ

given
α

,
n
am

ely
sim

u
latin

g
θ
∼

p
(θ|Ỹ

,α
)

b
ased

on
eq

u
ation

(30).
3
:

L
o
o
p

over
i

in
an

ran
d
om

ord
er,

d
raw

each
γ
i |γ−

i ,Ỹ
,α
,Σ

ε ,
n
am

ely
sim

u
latin

g
γ
∼

p
(γ|Ỹ

?,Σ
ε )

on
e

b
y

on
e

b
ased

on
eq

u
ation

(29),
u
sin

g
th

e
sto

ch
astic

search
va

riab
le

selectio
n

(S
S
V

S
)

algorith
m

from
G

eorge
an

d
M

cC
u
llo

ch
(1997).

4
:

D
raw

β
g
iven

Σ
ε ,
γ

,
α

an
d
Ỹ

,
n
am

ely
sim

u
latin

g
β
∼
p
(β|Σ

ε ,γ
,Ỹ

?)
b
ased

o
n

eq
u
ation

(2
2
).

5
:

D
raw

Σ
ε

g
iven

γ
,
α

,
β

an
d
Ỹ

,
n
am

ely
sim

u
latin

g
Σ
ε ∼

p
(Σ

ε |γ
,Ỹ

?,β
)

b
a
sed

on
eq

u
ation

(2
7
).

2
.4
.2

T
a
r
g
e
t
S
e
r
ie
s
F
o
r
e
c
a
st

in
g

A
s

ty
p
ica

lly
in

B
ay

esian
d
ata

an
aly

sis,
forecasts

u
sin

g
ou

r
m

o
d
el

are
b
ased

on
th

e
p

osterior
p
red

ictive
d
istrib

u
tion

.
G

iven
d
raw

s
of

m
o
d
el

p
aram

eters
an

d
laten

t
states

from
th

eir
p

o
sterio

r
d
istrib

u
tion

,
w

e
can

d
raw

sam
p
les

from
th

e
p

o
sterior

p
red

ictiv
e

d
istrib

u
tion

.
L

et
Ŷ

rep
resen

ts
th

e
set

of
valu

es
to

b
e

forecast.
T

h
e

p
osterior

p
red

ictive
d
istrib

u
tion

of
Ŷ

can
b

e
ex

p
ressed

a
s

follow
s:

p
(Ŷ
|Y

)
=

∫
p
(Ŷ
|ψ̃

)p
(ψ̃|Y

)d
ψ̃

(31)

w
h
ere

ψ̃
is

th
e

set
of

all
th

e
m

o
d
el

p
aram

eters
an

d
laten

t
states

ran
d
om

ly
d
raw

n
from

p
(ψ̃|Y

).
W

e
ca

n
d
raw

sam
p
les

of
Ŷ

from
p
(Ŷ
|ψ̃

)
b
y

sim
p
ly

iteratin
g

eq
u
ation

s
(5),

(6),
(7),

(8
)

a
n
d

(9
)

to
m

ove
forw

ard
from

in
itial

valu
es

of
states

α
w

ith
in

itial
valu

es
of

p
aram

eters
θ,
β

a
n
d

Σ
ε .

In
th

e
on

e-step
-ah

ead
forecast,

w
e

d
raw

sam
p
les

from
th

e
m

u
ltivariate

n
orm

al

d
istrib

u
tio

n
w

ith
m

ean
eq

u
al

to
µ̃
n

+
δ̃
n

+
∑

S−
2

k
=

0
τ̃
n−

k
+
%̃
ĉos(λ

)ω̃
n

+
%̃
ŝin

(λ
)ω̃

?n
+
β

(k
)x
n

+
1

a
n
d

va
ria

n
ce

eq
u
al

to
Σ
ε

+
Σ
µ

+
Σ
τ

+
Σ
ω
.

T
h
erefore,

th
e

sam
p
les

d
raw

n
in

th
is

w
ay

h
ave

th
e

sa
m

e
d
istrib

u
tion

as
th

ose
sim

u
lated

d
irectly

from
th

e
p

osterior
p
red

ictive
d
istrib

u
tion

.

N
o
te

th
at,

th
e

p
red

ictiv
e

p
rob

ab
ility

d
en

sity
is

n
ot

con
d
ition

ed
on

p
aram

eter
estim

ates,
a
n
d

in
clu

sio
n

o
r

ex
clu

sion
of

p
red

ictors
w

ith
sta

tic
regression

co
effi

cien
ts,

all
of

w
h
ich

h
ave

b
een

in
tegra

ted
ou

t.
T

h
u
s,

th
rou

gh
B

ayesian
m

o
d
el

averagin
g,

w
e

com
m

it
n
eith

er
to

an
y

p
a
rticu

la
r

set
o
f

covariates
w

h
ich

h
elp

s
avoid

arb
itrary

selection
,

n
or

to
p

oin
t

estim
a
tes

o
f

th
eir

co
effi

cien
ts

w
h
ich

p
reven

ts
overfi

ttin
g.

B
y

th
e

m
u
ltivariate

n
atu

re
in

ou
r

M
B

S
T

S
m

o
d
el,

th
e

co
rrelation

s
am

on
g

m
u
ltip

le
target

series
are

n
atu

rally
taken

in
to

accou
n
t,

w
h
en

sa
m

p
lin

g
for

p
red

iction
valu

es
of

sev
eral

target
series.

T
h
e

p
osterior

p
red

ictive
d
en

sity
in

eq
u
a
tio

n
(3

1
),

is
d
efi

n
ed

as
a

join
t

d
istrib

u
tion

over
all

p
red

icted
target

series,
ra

th
er

th
an

as
a

co
llectio

n
o
f

u
n
ivariate

d
istrib

u
tion

s,
w

h
ich

en
ab

les
u
s

to
p
rop

erly
foreca

st
m

u
ltip

le
target

series
a
s

a
w

h
o
le

in
stead

of
p
red

ictin
g

th
em

in
d
iv

id
u
ally.

T
h
is

is
cru

cial,
esp

ecially
w

h
en
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Q
iu
,J
a
m
m
a
l
a
m
a
d
a
k
a
a
n
d

N
in
g

gen
eratin

g
su

m
m

a
ry

statistics,
su

ch
as

m
ean

an
d

varian
ce-covarian

ce
from

join
t

em
p
irical

d
istrib

u
tion

of
forecast

valu
es.

3
.
A
p
p
lica

tio
n
to

S
im

u
la
te
d
D
a
ta

In
ord

er
to

in
vestigate

th
e

p
rop

erties
of

ou
r

m
o
d
el,

in
th

is
section

,
w

e
an

aly
ze

com
p
u
ter-

gen
erated

d
ata

th
rou

gh
a

series
of

in
d
ep

en
d
en

t
sim

u
lation

s.
W

e
gen

erated
m

u
ltip

le
d
ata

sets
w

ith
d
iff

eren
t

tim
e

sp
an

s,
lo

cal
tren

d
s,

n
u
m

b
er

of
reg

ressors,
d
im

en
sion

s
of

target
series

an
d

correla
tion

s
am

on
g

several
target

series
to

an
aly

ze
th

ree
asp

ects
of

gen
erated

d
ata:

accu
racy

in
p
aram

eter
estim

ation
,

ab
ility

to
select

th
e

correct
varia

b
les,

an
d

forecast
p

erform
an

ce
of

th
e

m
o
d
el.

3
.1

G
e
n

e
ra

te
d

D
a
ta

T
o

ch
eck

w
h
eth

er
th

e
estim

ation
error

a
n
d

estim
ation

sta
n
d
ard

d
ev

iation
d
ecrease

as
sam

p
le

size
in

creases,
w

e
b
u
ilt

fou
r

d
iff

eren
t

m
o
d
els

in
eq

u
ation

(32),
each

of
w

h
ich

gen
erates

tw
o

target
tim

e
series

d
ata

w
ith

d
iff

eren
t

n
u
m

b
ers

of
ob

servation
s

(50,
100,

200,
400,

800,
1600,

3200).
T

h
ese

d
ata

sets
are

sim
u
lated

u
sin

g
la

ten
t

states
an

d
a

static
regression

com
p

on
en

t
w

ith
fou

r
ex

p
lan

atory
variab

les,
on

e
of

w
h
ich

h
as

n
o

eff
ect

on
each

target
series

w
ith

zero
co

effi
cien

t.
S
p

ecifi
cally,

each
ta

rget
series

w
a
s

gen
erated

w
ith

a
d
iff

eren
t

set
of

state
com

p
on

en
ts

an
d

ex
p
lan

atory
variab

les,
w

h
ile

th
e

in
sign

ifi
can

t
variab

le
for

each
target

series
is

n
ot

th
e

sam
e.

T
h
e

laten
t

states
w

ere
gen

erated
u
sin

g
a

lo
cal

lin
ear

tren
d

com
p

on
en

t
w

ith
an

d
w

ith
ou

t
a

glob
al

slop
e,

a
season

ality
com

p
on

en
t

w
ith

p
erio

d
eq

u
al

to
fou

r,
a
n
d
/or

a
cy

clical
com

p
on

en
t

w
ith

λ
=
π
/10

for
b

oth
target

series.
A

ll
in

itial
valu

es
are

d
raw

n
from

n
orm

al
d
istrib

u
tion

w
ith

a
m

ean
of

zero.
T

h
e

d
etailed

m
o
d
el

d
escrip

tion
is

p
resen

ted
a
s

follow
s:

ỹ
t

=
α̃
t
+
B
T
x̃
t
+
ε̃
t

M
od
el

1
:
ỹ
t

=
µ̃
t
+
B
T
x̃
t
+
ε̃
t

α̃
t

=
µ̃
t

M
od
el

2
:
ỹ
t

=
µ̃
′t
+
B
T
x̃
t
+
ε̃
t

α̃
t

=
µ̃
′t

M
od
el

3
:
ỹ
t

=
µ̃
′t
+
τ̃
t
+
B
T
x̃
t
+
ε̃
t

α̃
t

=
µ̃
′t
+
τ̃
t

M
od
el

4
:
ỹ
t

=
µ̃
′t
+
τ̃
t
+
ω̃
t
+
B
T
x̃
t
+
ε̃
t

α̃
t

=
µ̃
′t
+
τ̃
t
+
ω̃
t

(32)

ε̃
t
iid
∼
N

2 (0,Σ
ε )

Σ
ε

=

[
1
.1

0
.7

0
.7

0
.9 ]

B
=

[
2

−
1
−

0
.5

0
−

1
.5

4
0

2
.5 ]

T

x̃
t

=
[x
t1 ,x

t2 ,x
t3 ,x

t4 ] T

x
t1
iid
∼
N

(5,5
2)

x
t2
iid
∼
P
ois(10)

x
t3
iid
∼
B

(1,0.5)
x
t4
iid
∼
N

(−
2,5

2)

(33)

µ̃
t+

1
=

[
µ

1
,t+

1

µ
2
,t+

1 ]
=

[
µ

1
,t

µ
2
,t ]

+

[
δ

1
,t

0

]
+

[
u

1
,t

u
2
,t ]

δ
1
,t
iid
∼
N

(δ
1
,t−

1 ,0.08
2)

[
u

1
,t

u
2
,t ]

iid
∼
N

2 (
[
00 ]
, [

0.5
2

0
0

1 ] )
(34)

1
2
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M
u
lt

iv
a
r
ia
t
e
B
a
y
e
si
a
n
S
t
r
u
c
t
u
r
a
l
T
im

e
S
e
r
ie
s
M
o
d
e
l

µ̃
′ t+

1
=

[ µ
′ 1
,t

+
1

µ
′ 2
,t

+
1

]
=

[ µ
′ 1
,t

µ
′ 2
,t

] +

[ δ
′ 1
,t

δ′ 2
,t

] +

[ u
1
,t

u
2
,t

]

[ δ
′ 1
,t

δ′ 2
,t

]
ii
d ∼
N

2

(
[ 0
.6
δ′ 1
,t
−

1
+

0
.4
∗0
.0

2

δ′ 2
,t
−

1

] ,[ 0.
08

2
0

0
0.

16
2

])
(3

5)

τ̃ t
+

1
=

[ τ
1
,t

+
1

τ 2
,t

+
1

]
=

[ −
∑

2 k
=

0
τ 1
,t
−
k

0

] +

[ w
1
,t

0

]
w

1
,t
ii
d ∼
N

(0
,0
.0

12
)

(3
6)

ω̃
t+

1
=

[ ω
1
,t

+
1

ω
2
,t

+
1

]
=

[
0

0.
5
∗c

os
(λ

2
2
)ω

2
,t

] +

[
0

0.
5
∗s

in
(λ

2
2
)ω

? 2
,t

] +

[
0
κ

2
,t

]

ω̃
? t+

1
=

[ ω
? 1
,t

+
1

ω
? 2
,t

+
1

]
=

[
0

−
0
.5
∗s

in
(λ

2
2
)ω

2
,t

] +

[
0

0
.5
∗c

o
s(
λ

2
2
)ω

? 2
,t

] +

[
0
κ
? 2
,t

]

κ
2
,t
ii
d ∼
N

(0
,0
.0

12
)

κ
? 2
,t
ii
d ∼
N

(0
,0
.0

12
).

(3
7)

T
o

ch
ec

k
th

e
m

o
d
el

p
er

fo
rm

an
ce

w
it

h
m

or
e

th
an

tw
o

se
ri

es
,

tw
o

m
o
re

d
at

a
se

ts
w

er
e

ge
n
er

at
ed

b
y

M
o
d
el

5
an

d
M

o
d
el

6
a
cc

or
d
in

g
to

eq
u
at

io
n
s

(3
8)

an
d

(3
9)

,
re

sp
ec

ti
v
el

y,
w

h
er

e
fo

r
si

m
p
li
ci

ty
w

e
co

n
si

d
er

la
te

n
t

st
at

es
on

ly
in

cl
u
d
e

a
ge

n
er

al
iz

ed
lo

ca
l

li
n
ea

r
tr

en
d

w
it

h
an

d
w

it
h
ou

t
a

gl
ob

al
sl

op
e.

T
h
e

sp
ec

ifi
c

se
tt

in
gs

ar
e

gi
ve

n
b

el
ow

:

M
od
el

5
:
ỹ t

=
µ̃
′′ t

+
B
T
x̃
t
+
ε̃ t

ε̃ t
ii
d ∼
N

3
(0
,Σ

ε)

B
=

 
2

−
1
−

0.
5

0
−

1.
5

4
0

2.
5

3
0

3.
5
−

2 T

Σ
ε

=

 1.
1

0
.7

0
.7

0
.7

0
.9

0
.7

0
.7

0
.7

1
.0

 

µ̃
′′ t+

1
=

 µ
′′ 1
,t

+
1

µ
′′ 2
,t

+
1

µ
′′ 3
,t

+
1

 
=

 µ
′′ 1
,t

µ
′′ 2
,t

µ
′′ 3
,t

 
+

 δ′
′ 1
,t

δ′
′ 2
,t

δ′
′ 3
,t

 
+

 u
1
,t

u
2
,t

u
3
,t

 

 δ′
′ 1
,t

δ′
′ 2
,t

δ′
′ 3
,t

 
ii
d ∼
N

3

(
 0
.6
δ′
′ 1
,t
−

1
+

0
.4
∗0
.0

2

δ′
′ 2
,t
−

1

0
.3
δ′
′ 3
,t
−

1
+

0
.7
∗0
.0

1 
, 0

.0
82

0
0

0
0.

16
2

0
0

0
0.

12
2

 
)

 u
1
,t

u
2
,t

u
3
,t

 
ii
d ∼
N

3

(
 0 0 0 

, 0.
5

2
0

0
0

1
0

0
0

0
.7

2

 
)
.

(3
8)
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1-
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, 2
01

8

Q
iu
,J
a
m
m
a
l
a
m
a
d
a
k
a
a
n
d

N
in
g

M
od
el

6
:
ỹ t

=
µ̃
′′′ t

+
B
T
x̃
t
+
ε̃ t

ε̃ t
ii
d ∼
N

4
(0
,Σ

ε)

B
=

   

2
−

1
−

0
.5

0
−

1
.5

4
0

2.
5

3
0

3.
5

−
2

0
1

1.
5
−

0.
5   T

Σ
ε

=

   1.
1

0
.7

0
.7

0
.7

0.
7

0
.9

0
.7

0
.7

0.
7

0
.7

1
.0

0
.7

0.
7

0
.7

0
.7

1
.2

   

µ̃
′′′ t+

1
=

   µ
′′′ 1
,t

+
1

µ
′′′ 2
,t

+
1

µ
′′′ 3
,t

+
1

µ
′′′ 4
,t

+
1

   
=

   µ
′′′ 1
,t

µ
′′′ 2
,t

µ
′′′ 3
,t

µ
′′′ 4
,t

   
+

   δ′
′′ 1
,t

δ′
′′ 2
,t

δ′
′′ 3
,t

δ′
′′ 4
,t

   
+

   u
1
,t

u
2
,t

u
3
,t

u
4
,t
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d
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−
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=
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.
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.
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u
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.
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d
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b
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b
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b
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p
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d
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c
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ra
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d
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con
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b
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p
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d
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d
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d
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d
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d
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a
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d
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d
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p
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e
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p
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u
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p
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p
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or

ex
am

p
le

,
of

a
gr

o
u
p

of
le

ad
in

g
co

m
p
an

ie
s)

is
ex

tr
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p
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p
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p
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P
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h
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h
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at
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p
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p
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h
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d
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h
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at
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ć,
E

lm
a
r

R
u

ec
k
er

t,
J
a
n

P
et

er
s,

A
b

d
el

h
a
k

M
.

Z
o
u

b
ir

a
n

d
H

ei
n

z
K

o
ep

p
l.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
9
/
1
8
-
1
1
3
.
h
t
m
l
.

JM
L

R
 1

9(
69

):
1-

45
, 2

01
8

Š
o
ši
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of
a

ta
sk

b
as

ed
on

d
em

on
st

ra
ti

on
d
at

a
—

h
ow

ev
er

,
w

it
h
o
u
t

le
a
rn

in
g

th
e

u
n
d
er

ly
in

g
su

b
go

al
re

la
ti

on
sh

ip
s

or
p
ro

v
id

in
g

a
p

o
li
cy

m
o
d
el

th
at

ca
n

g
en

er
a
li
ze

th
e

st
ra

te
gy

of
th

e
d
em

on
st

ra
to

r.
In

or
d
er

to
ad

d
re

ss
th

is
li
m

it
at

io
n
,

w
e

ge
n
er

a
li
ze

th
e

B
N

IR
L

m
o
d
el

u
si

n
g

in
si

gh
ts

fr
om

ou
r

p
re

v
io

u
s

w
or

k
s

on
n
on

p
ar

am
et

ri
c

su
b
go

al
m

o
d
el

in
g

(Š
o
ši

ć
et

al
.,

20
18

a)
an

d
p

ol
ic

y
re

co
gn

it
io

n
(Š

oš
ić

et
al

.,
20

18
b
),

b
u
il
d
in

g
a

co
m

p
a
ct

in
te

n
ti

o
n
a
l

m
o
d
el

of
th

e
ex

p
er

t’
s

b
eh

av
io

r
th

at
ex

p
li
ci

tl
y

d
es

cr
ib

es
th

e
lo

ca
l

d
ep

en
d
en

ci
es

b
et

w
ee

n
th

e
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IR
L

v
ia

N
o
n
pa

r
a
m

e
t
r
ic

S
pa

t
io

-T
e
m

p
o
r
a
l

S
u
b
g

o
a
l

M
o
d
e
l
in

g

(a)
seq

u
en

ced
ta

rget
p

osition
s

(M
ich

in
i

an
d

H
ow

,
2012

)
(b

)
cy

clic
b

eh
av

ior

F
ig

u
re

1
:

T
w

o
sim

p
le

b
eh

av
ior

ex
am

p
les

th
at

m
otivate

th
e

su
b
goal

p
rin

cip
le.

T
h
e

settin
g

is
b
a
sed

on
th

e
grid

w
orld

d
y
n
am

ics
d
escrib

ed
in

S
ection

5.1.
In

b
oth

cases,
a

ta
sk

d
escrip

tion
b
ased

on
a

glob
al

rew
ard

fu
n
ction

is
in

effi
cien

t
as

it
req

u
ires

m
a
n
y

state-action
-b

ased
rew

ard
s

to
ex

p
lain

th
e

ob
serv

ed
tra

jectory
stru

ctu
res.

H
ow

ev
er,

th
e

d
ata

can
b

e
d
escrib

ed
effi

cien
tly

th
rou

gh
su

b
goa

l-b
ased

en
co

d
in

gs.
B

o
th

scen
arios

are
an

aly
zed

in
d
etail

in
S
ection

5.

d
em

o
n
stra

tio
n
s

an
d

th
e

u
n
d
erly

in
g

su
b
goal

stru
ctu

re.
T

h
e

resu
lt

is
an

in
tegrated

B
ayesian

p
red

iction
fra

m
ew

ork
th

at
ex

p
loits

th
e

sp
atio-tem

p
oral

co
n
tex

t
of

th
e

d
em

on
stration

s
a
n
d

is
ca

p
ab

le
o
f

p
ro

d
u
cin

g
sm

o
oth

p
olicy

estim
ates

th
a
t

are
con

sisten
t

w
ith

th
e

ex
p

ert’s
p
lan

.
F

u
rth

erm
o
re,

cap
tu

rin
g

th
e

fu
ll

p
osterior

in
form

ation
of

th
e

d
ata

set
en

ab
les

u
s

to
a
p
p
ly

th
e

p
ro

p
o
sed

a
p
p
roach

in
an

active
learn

in
g

settin
g,

w
h
ere

th
e

d
ata

acq
u
isition

p
ro

cess
is

co
n
tro

lled
b
y

th
e

p
osterior

p
red

ictive
d
istrib

u
tion

of
ou

r
m

o
d
el.

In
o
u
r

ex
p

erim
en

tal
stu

d
y,

w
e

com
p
are

th
e

p
rop

osed
ap

p
roach

w
ith

com
m

on
b
aselin

e
m

eth
o
d
s

o
n

a
variety

of
b

en
ch

m
ark

task
s

an
d

real-w
orld

scen
arios.

T
h
e

resu
lts

reveal
th

at
o
u
r

a
p
p
ro

a
ch

p
erform

s
sign

ifi
can

tly
b

etter
th

an
th

e
origin

al
B

N
IR

L
m

o
d
el

an
d

altern
ativ

e
IR

L
so

lu
tio

n
s

o
n

all
con

sid
ered

task
s.

In
terestin

g
ly

en
ou

gh
,

ou
r

algorith
m

ou
tp

erform
s

th
e

b
a
selin

es
even

w
h
en

th
e

ex
p

ert’s
tru

e
rew

ard
stru

ctu
re

is
d
en

se
an

d
th

e
u
n
d
erly

in
g

su
b
goal

a
ssu

m
p
tio

n
is

v
iolated

.

1
.1

R
e
la

te
d

W
o
rk

T
h
e

id
ea

o
f

d
ecom

p
osin

g
com

p
lex

b
eh

av
ior

in
to

sm
aller

p
arts

h
as

b
een

aro
u
n
d

fo
r

lon
g

a
n
d

resea
rch

ers
h
ave

ap
p
roach

ed
th

e
p
rob

lem
in

m
an

y
d
iff

eren
t

w
ay

s.
W

h
ile

th
e

overall
fi
eld

of
m

eth
o
d
s

is
to

o
large

to
b

e
covered

h
ere,

m
ost

ex
istin

g
ap

p
roach

es
can

b
e

clearly
categ

orized
a
cco

rd
in

g
to

certain
criteria.

O
ften

,
tw

o
ap

p
roach

es
d
iff

er
in

th
eir

ex
act

p
ro

b
lem

form
u
-

la
tio

n
,

i.e.,
w

e
can

d
istin

gu
ish

b
etw

een
a
ctive

m
eth

o
d
s,

w
h
ere

th
e

learn
in

g
algo

rith
m

can
in

tera
ct

freely
w

ith
th

e
en

v
iron

m
en

t
(e.g.,

h
ierarch

ical
rein

forcem
en

t
learn

in
g,

B
otv

in
ick

,
2
01

2
;

A
l-E

m
ra

n
,

2015),
an

d
pa

ssive
m

eth
o
d
s,

w
h
ere

th
e

b
eh

av
ioral

m
o
d
el

is
train

ed
solely

th
ro

u
g
h

o
b
servation

(learn
in

g
from

d
em

on
stration

,
A

rgall
et

al.,
2009).

F
u
rth

erm
ore,

w
e

3
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L
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Š
o
šić

,
R

u
e
c
k
e
r
t
,

P
e
t
e
r
s,

Z
o
u
b
ir

a
n
d

K
o
e
p
p
l

can
d
iscrim

in
ate

b
etw

een
m

eth
o
d
s

th
at

b
u
ild

an
ex

p
licit

in
ten

tion
al

m
o
d
el

of
th

e
u
n
d
er-

ly
in

g
task

(IR
L

a
n
d

op
tion

-b
ased

m
o
d
els,

C
h
oi

an
d

K
im

,
2012;

S
u
tton

et
al.,

1999),
an

d
su

ch
th

at
w

ork
d
irectly

on
th

e
con

tro
l/tra

jectory
level

(sk
ill

learn
in

g,
m

ov
em

en
t

p
rim

itives,
K

on
id

aris
et

al.,
2012;

S
ch

aal
et

al.,
2005).

T
h
e

latter
d
istin

ction
is

som
etim

es
also

referred
to

as
in

ten
tio

n
a
l/

su
bin

ten
tio

n
a
l

ap
p
roach

es
(A

lb
rech

t
an

d
S
ton

e,
2
017;

P
an

ella
an

d
G

m
y
-

trasiew
icz,

2017).
In

ord
er

to
give

a
con

cise
su

m
m

ary
of

th
e

w
ork

th
a
t

is
m

ost
relevan

t
to

ou
rs,

w
e

restrict
ou

rselves
to

p
assive

ap
p
roach

es,
w

ith
a

fo
cu

s
on

in
ten

tion
al

m
eth

o
d
s,

th
e

fi
eld

of
w

h
ich

is
con

sid
erab

ly
sm

aller.
F

or
a
n

overv
iew

of
activ

e
ap

p
roach

es,
w

e
refer

to
ex

istin
g

literatu
re,

e.g.,
th

e
w

ork
b
y

D
an

iel
et

al.
(2016a).

F
irst,

th
ere

is
th

e
class

of
m

eth
o
d
s

th
at

p
u
rsu

e
a

d
eco

m
p

o
sition

of
th

e
ob

served
b

eh
av

-
ior

on
th

e
glob

al
level,

u
sin

g
tra

jectory
-b

ased
IR

L
ap

p
roach

es.
F

or
ex

am
p
le,

D
im

itrakak
is

an
d

R
oth

kop
f

(20
11)

p
rop

osed
a

h
ierarch

ical
p
rior

over
rew

ard
fu

n
ction

s
to

accou
n
t

for
th

e
fact

th
at

d
iff

eren
t

tra
jectories

in
a

d
ata

set
cou

ld
refl

ect
d
iff

eren
t

b
eh

av
ioral

in
ten

tion
s,

e.g.,
b

ecau
se

th
ey

w
ere

gen
erated

b
y

d
iff

eren
t

d
om

ain
ex

p
erts.

S
im

ilarly,
B

ab
eş-V

rom
an

et
al.

(2011)
follow

an
ex

p
ectation

-m
a
x
im

ization
-b

ased
clu

sterin
g

ap
p
roach

to
grou

p
in

d
i-

v
id

u
al

tra
jectories

accord
in

g
to

th
eir

u
n
d
erly

in
g

rew
ard

fu
n
ction

s.
C

h
oi

an
d

K
im

(2012)
gen

eralized
th

is
id

ea
b
y

p
rop

osin
g

a
n
on

p
aram

etric
B

ayesia
n

m
o
d
el

in
w

h
ich

th
e

n
u
m

b
er

of
in

ten
tion

s
is

a
p
riori

u
n
b

ou
n
d
ed

.

W
h
ile

th
e

ab
ov

e
m

eth
o
d
s

con
sid

er
th

e
ex

p
ert

d
ata

at
a

glob
al

scale,
ou

r
w

ork
is

con
-

cern
ed

w
ith

th
e

p
rob

lem
of

su
bgoa

l
m

od
elin

g,
w

h
ich

is
often

con
d
u
cted

in
th

e
form

of
op

tion
-b

ased
reason

in
g

(S
u
tton

et
al.,

1999).
F

or
in

stan
ce,

T
a
m

assia
et

al.
(2015)

p
rop

osed
a

clu
sterin

g
ap

p
roach

b
ased

on
state

d
istan

ces
to

fi
n
d

a
m

in
im

al
set

of
op

tion
s

th
at

can
ex

-
p
lain

th
e

ex
p

ert
b

eh
av

ior.
W

h
ile

th
e

m
eth

o
d

p
rov

id
es

a
sim

p
le

altern
ativ

e
to

h
an

d
craftin

g
op

tion
s,

it
d
o
es

n
ot

allow
an

y
p
rob

ab
ilistic

treatm
en

t
of

th
e

d
ata

an
d

in
vo

lv
es

m
an

y
ad

-h
o
c

d
esign

ch
oices.

G
oin

g
in

th
e

sam
e

d
irection

,
D

an
iel

et
al.

(2016a)
p
resen

ted
a

m
ore

p
rin

-
cip

led
,

p
rob

ab
ilistic

op
tion

fram
ew

ork
b
ased

on
ex

p
ectation

-m
ax

im
ization

.
N

ot
on

ly
is

th
e

fram
ew

ork
cap

ab
le

of
in

ferrin
g

su
b
-p

olicies
au

tom
atically,

it
can

b
e

also
u
sed

in
a

rein
force-

m
en

t
learn

in
g

con
tex

t
for

in
tra-op

tion
learn

in
g.

H
ow

ever,
th

e
resu

ltin
g

b
eh

av
ioral

m
o
d
el

is
b
ased

on
p

oin
t

estim
ates

of
th

e
p

olicy
p
aram

eters,
an

d
th

e
n
u
m

b
er

of
su

b
-p

olicies
n
eed

s
to

b
e

sp
ecifi

ed
m

an
u
ally.

T
h
e

latter
p
rob

lem
w

a
s

solved
b
y

K
rish

n
an

et
al.

(2016),
w

h
o

p
rop

osed
a

h
ierarch

ical
n
on

p
aram

etric
IR

L
fram

ew
ork

to
learn

a
seq

u
en

tial
rep

resen
tation

of
th

e
d
em

on
strated

task
,

b
ased

on
a

set
of

tran
sition

region
s

th
at

are
d
efi

n
ed

th
rou

gh
lo

cal
ch

an
ges

in
lin

earity
of

th
e

ob
served

b
eh

av
ior.

H
ow

ever,
in

con
trast

to
th

e
w

ork
b
y

D
an

iel
et

al.
(2016a),

in
feren

ce
is

n
ot

p
erform

ed
join

tly
b
u
t

in
severa

l
isolated

stages
w

h
ere,

again
,

each
stage

on
ly

p
rop

agates
a

p
oin

t
estim

ate
of

th
e

asso
ciated

m
o
d
el

p
aram

eters.
M

oreover,
th

e
tem

p
oral

rela
tion

sh
ip

of
th

e
d
em

on
stratio

n
d
ata,

u
sed

to
id

en
tify

th
e

lo
cal

lin
earity

ch
an

ges,
is

con
sid

ered
on

ly
in

an
ad

-h
o
c

fash
ion

w
ith

th
e

h
elp

of
a

w
in

d
ow

in
g

fu
n
ction

.

A
n
oth

er
gen

eral
class

of
m

o
d
els,

w
h
ich

ex
p
licitly

ad
d
resses

th
is

issu
e,

em
p
loy

s
a

h
id

d
en

M
arkov

m
o
d
el

(H
M

M
)

stru
ctu

re
to

estab
lish

a
tem

p
oral

relation
sh

ip
b

etw
een

th
e

d
em

on
-

stration
s.

F
or

in
stan

ce,
th

e
w

ork
p
resen

ted
b
y

N
g
u
yen

et
al.

(2015)
ca

n
b

e
regard

ed
as

a
gen

eralization
of

th
e

m
o
d
el

b
y

B
ab

eş-V
rom

a
n

et
al.

(2011),
w

h
ich

ex
ten

d
s

th
e

ex
p

ectation
-

m
ax

im
ization

fram
ew

ork
b
y

im
p

osin
g

a
M

arkov
stru

ctu
re

on
th

e
rew

ard
m

o
d
el.

S
im

ilarly,
N

iek
u
m

et
al.

(2012)
u
se

an
ex

ten
d
ed

H
M

M
to

segm
en

t
th

e
d
em

on
stration

s
in

to
vector

au
-

toregressive
m

o
d
els,

in
ord

er
to

learn
a

su
itab

le
set

of
m

ov
em

en
t

p
rim

itives.
H

ow
ever,

th
e

learn
in

g
of

th
ose

p
rim

itives
is

d
on

e
in

a
p

ost-p
ro

cessin
g

step
,

m
ean

in
g

th
at

th
e

q
u
ality

of

4
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L
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IR
L

v
ia

N
o
n
pa

r
a
m

e
t
r
ic

S
pa

t
io

-T
e
m

p
o
r
a
l

S
u
b
g

o
a
l

M
o
d
e
l
in

g

th
e

fi
n
al

re
p
re

se
n
ta

ti
on

cr
u
ci

al
ly

d
ep

en
d
s

on
th

e
su

cc
es

s
of

th
e

in
it

ia
l

se
gm

en
ta

ti
o
n

st
ag

e.
In

co
n
tr

as
t,

th
e

m
et

h
o
d

b
y

R
u
ec

k
er

t
et

al
.

(2
01

3)
au

to
m

a
ti

ca
ll
y

le
ar

n
s

th
e

p
os

it
io

n
an

d
ti

m
in

g
of

su
b
go

al
s

in
th

e
fo

rm
of

v
ia

-p
oi

n
ts

,
b
u
t

th
e

n
u
m

b
er

of
v
ia

-p
oi

n
ts

is
as

su
m

ed
to

b
e

k
n
ow

n
an

d
th

e
sy

st
em

ob
je

ct
iv

e
ge

ts
fi
n
al

ly
en

co
d
ed

in
fo

rm
of

a
g
lo

b
al

co
st

fu
n
ct

io
n
.

R
e-

ce
n
tl

y,
L

io
u
ti

k
ov

et
al

.
(2

01
7)

p
re

se
n
te

d
a

re
la

te
d

ap
p
ro

ac
h

b
as

ed
on

p
ro

b
ab

il
is

ti
c

m
ov

em
en

t
p
ri

m
it

iv
es

th
at

jo
in

tl
y

so
lv

es
th

e
se

gm
en

ta
ti

on
an

d
le

ar
n
in

g
st

ep
fo

r
an

u
n
k
n
ow

n
n
u
m

b
er

of
p
ri

m
it

iv
es

,
u
si

n
g

an
ex

p
ec

ta
ti

on
-m

ax
im

iz
at

io
n

fr
am

ew
or

k
.

Y
et

,
th

e
m

o
d
el

o
p

er
at

es
p
u
re

ly
on

th
e

tr
a
je

ct
or

y
le

ve
l
an

d
ca

n
n
ot

re
ve

al
th

e
la

te
n
t

in
te

n
ti

on
s

of
th

e
d
em

on
st

ra
to

r.
A

n
ot

h
er

va
ri

an
t

of
th

e
ap

p
ro

ac
h

b
y

N
ie

k
u
m

et
al

.
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n
et
h
el
es
s,

th
e
a
u
th
o
rs

o
f
B
N
IR

L
su
g
g
es
t
to

re
st
ri
ct

th
e
su
p
p
o
rt

o
f
th
e

d
is
tr
ib
u
ti
o
n
to

th
e
se
t
o
f
v
is
it
ed

st
a
te
s,

w
h
ic
h
in
d
ee
d
im

p
li
es

a
co
n
d
it
io
n
in
g
o
n
s.
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v
ia

N
o
n
pa

r
a
m

e
t
r
ic

S
pa

t
io

-T
e
m

p
o
r
a
l

S
u
b
g

o
a
l

M
o
d
e
l
in

g

w
h
ich

a
ssig

n
s

th
e

even
t

th
at

in
d
icator

z̃
d

p
oin

ts
to

th
e
jth

su
b
goal

th
e

p
rior

p
rob

ab
ility

p
(z̃
d

=
j|z̃\

d )∝
{
n
j

if
j∈
{1,...,K

},
α

if
j

=
K

+
1
,

w
h
ere

z̃\
d

:=
{z̃
d }\

z̃
d

is
a

sh
orth

an
d

n
otation

for
th

e
collection

of
all

in
d
icator

variab
les

ex
cep

t
z̃
d .

F
u
rth

er,
n
j

d
en

otes
th

e
n
u
m

b
er

of
assign

m
en

ts
to

th
e
jth

su
b
goa

l
in

z̃\
d ,
K

rep
resen

ts
th

e
n
u
m

b
er

of
d
istin

ct
en

tries
in

z̃\
d ,

an
d
α
∈

[0,∞
)

is
a

p
aram

eter
con

trollin
g

th
e

d
iversity

o
f

assign
m

en
ts.

H
av

in
g

ta
rgeted

a
p
articu

lar
su

b
goal

g
z̃
d

w
h
ile

b
ein

g
at

som
e

state
s
d ,

th
e

ex
p

ert
is

a
ssu

m
ed

to
ch

o
ose

th
e

n
ex

t
action

a
d

accord
in

g
to

a
softm

ax
d
ecision

ru
le,
π

:A
×
S
×
S
→

[0,1
],

w
h
ich

w
eigh

s
th

e
ex

p
ected

retu
rn

s
of

all
action

s
again

st
on

e
an

oth
er,

π
(a
d |s

d ,g
z̃
d )

:=
ex

p {
β
Q
∗(s

d ,a
d |g

z̃
d ) }

∑
a∈A

ex
p {

β
Q
∗(s

d ,a|g
z̃
d ) }

.
(2)

H
erein

,
Q
∗(s,a|g

)
d
en

otes
th

e
state-action

valu
e

(or
Q

-va
lu

e,
S
u
tton

an
d

B
arto,

1
998)

of
a
ctio

n
a

a
t

sta
te
s

u
n
d
er

an
op

tim
al

p
olicy

for
th

e
su

b
goal

rew
ard

fu
n
ction

R
g ,

Q
∗(s,a|g

)
:=

m
ax
π̄

E

[
∞∑n
=

0

γ
n
R
g (s

t=
n
) ∣∣∣

s
t=

0
=
s,a

t=
0

=
a
,π̄ ]

,
(3)

w
h
ere

th
e

ex
p

ectation
is

w
ith

resp
ect

to
th

e
sto

ch
astic

state-action
seq

u
en

ce
in

d
u
ced

b
y

th
e

fi
x
ed

p
o
licy

π̄
:S
→
A

,
w

ith
in

itial
action

a
ex

ecu
ted

at
th

e
startin

g
state

s.
T

h
e

ex
p
licit

n
o
ta

tio
n
s
t=
n

a
n
d
a
t=
n

is
u
sed

to
d
isam

b
igu

ate
th

e
tem

p
oral

in
d
ex

of
th

e
d
ecision

-m
ak

in
g

p
ro

cess
fro

m
th

e
d
em

on
stration

in
d
ex

of
th

e
state-action

p
airs{(s

d ,a
d )}.

T
h
e

so
ftm

a
x

p
olicy

π
m

o
d
els

th
e

ex
p

ert’s
(in

-)ab
ility

to
m

ax
im

ize
th

e
fu

tu
re

ex
p

ected
retu

rn
in

v
iew

of
th

e
targeted

su
b
goal,

w
h
ile

th
e

co
effi

cien
t
β
∈

[0,∞
)

is
u
sed

to
ex

p
ress

th
e

ex
p

ert’s
level

of
con

fi
d
en

ce
in

th
e

op
tim

al
action

.
C

om
b
in

ed
w

ith
th

e
su

b
go

al
p
rior

d
istrib

u
tio

n
p
g

an
d

th
e

p
artition

in
g

m
o
d
el
p
(z̃

),
w

e
ob

tain
th

e
join

t
d
istrib

u
tion

of
a
ll

d
em

o
n
stra

ted
a
ction

s
a

,
su

b
goalsG

,
an

d
su

b
goal

assign
m

en
ts

z̃
as

p
(a
,z̃
,G
|s)

=
p
(z̃

)
∞∏k
=

1

p
g (g

k |s)
D∏d
=

1

π
(a
d |s

d ,g
z̃
d ).

(4)

T
h
e

stru
ctu

re
o
f

th
is

d
istrib

u
tion

is
v
isu

alized
in

form
of

a
B

ayesian
n
etw

ork
in

F
igu

re
2a.

It
is

w
o
rth

em
p
h
asizin

g
th

at
π

—
alth

o
u
gh

referred
to

a
s

th
e

likelih
o
o
d

m
o
d
el

for
th

e
state-

a
ctio

n
pa

irs
in

th
e

origin
al

B
N

IR
L

p
ap

er
—

is
really

ju
st

a
m

o
d
el

for
th

e
action

s
co

n
d
itio

n
a
l

o
n

th
e

sta
tes.

In
con

trast
to

w
h
at

is
stated

in
th

e
origin

al
p
ap

er,
th

e
d
istrib

u
tion

in
E

q
u
a-

tio
n

(4
)

th
erefo

re
tak

es
th

e
form

of
a

co
n

d
itio

n
a
l

d
istrib

u
tion

(i.e.,
con

d
ition

a
l

on
s),

w
h
ich

d
o
es

n
o
t

p
rov

id
e

an
y

gen
erativ

e
m

o
d
el

for
th

e
state

variab
les.

P
osterio

r
in

feren
ce

in
B

N
IR

L
refers

to
th

e
(ap

p
rox

im
ate)

com
p
u
tation

of
th

e
con

d
i-

tio
n
a
l

d
istrib

u
tion

p
(z̃
,G
|D

),
w

h
ich

allow
s

to
id

en
tify

p
oten

tial
su

b
goal

lo
catio

n
s

an
d

th
e

co
rresp

o
n
d
in

g
su

b
goal

assign
m

en
ts

b
ased

on
th

e
availab

le
d
em

on
stration

d
ata.

F
or

fu
rth

er
d
eta

ils,
th

e
rea

d
er

is
referred

to
th

e
origin

al
p
ap

er
(M

ich
in

i
an

d
H

ow
,

201
2).
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Š
o
šić

,
R

u
e
c
k
e
r
t
,

P
e
t
e
r
s,

Z
o
u
b
ir

a
n
d

K
o
e
p
p
l

z̃
z̃
d

a
d

s
d

g
k

D
∞

(a)
B

N
IR

L
m

o
d
el

zz
i

s
d

a
d

g
k

D
|S|

∞

(b
)

in
term

ed
iate

m
o
d
el

c
i

z
i

s
d

a
d

g
k

D
|S|

|S|

∞

(c)
d
d
B

N
IR

L
-S

m
o
d
el

c
d

td

z
d

a
d

s
d

g
k

D
∞

D

(d
)

d
d
B

N
IR

L
-T

m
o
d
el

F
igu

re
2:

R
elation

sh
ip

s
b

etw
een

all
d
iscu

ssed
su

b
goal

m
o
d
els,

illu
strated

in
th

e
form

of
B

ayesian
n
etw

ork
s.

S
h
ad

ed
n
o
d
es

rep
resen

t
ob

serv
ed

variab
les;

d
eterm

in
istic

d
ep

en
d
en

cies
are

h
igh

ligh
ted

u
sin

g
d
ou

b
le

strok
es.

2
.2

L
im

ita
tio

n
s

o
f

B
N

IR
L

S
u
b
goal-b

ased
in

feren
ce

is
a

w
ell-m

otivated
a
p
p
roach

to
IR

L
an

d
th

e
B

N
IR

L
fram

ew
ork

h
as

sh
ow

n
p
rom

isin
g

resu
lts

in
a

variety
of

real-w
orld

scen
arios.

Y
et,

th
e

m
o
d
el

form
u
lation

b
y

M
ich

in
i

an
d

H
ow

(2012)
com

es
w

ith
a

n
u
m

b
er

of
sign

ifi
can

t
con

cep
tu

al
lim

itation
s,

w
h
ich

w
e

ex
p
lain

in
d
etail

in
th

e
follow

in
g

p
aragrap

h
s.

L
im

it
a
t
io

n
1
:

S
u
b
g

o
a
l

E
x
c
h
a
n
g

e
a
b
il

it
y

a
n
d

P
o
st

e
r
io

r
P

r
e
d
ic

t
iv

e
P

o
l
ic

y

T
h
e

cen
tral

lim
itation

of
B

N
IR

L
is

th
at

th
e

fram
ew

ork
is

restricted
to

p
u
re

su
b
goal

ex
-

traction
an

d
d
o
es

n
o
t

in
h
eren

tly
p
rov

id
e

a
reason

ab
le

m
ech

an
ism

to
gen

eralize
th

e
ex

p
ert

b
eh

av
ior

b
ased

on
th

e
in

ferred
su

b
goals.

T
h
e

reason
lies

in
th

e
p
articu

lar
d
esign

of
th

e
fram

ew
ork

,
w

h
ich

,
at

its
h
eart,

treats
th

e
su

b
goal

assig
n
m

en
ts

z̃
as

exch
a
n

gea
ble

ra
n

d
o
m

va
ria

bles
(A

ld
ou

s,
1985).

B
y

im
p
lication

,
th

e
in

d
u
ced

p
artition

in
g

m
o
d
el
p
(z̃

)
is

agn
os-

tic
ab

ou
t

th
e

covariate
in

form
ation

con
tain

ed
in

th
e

d
ata

set
an

d
th

e
resu

ltin
g

b
eh

av
ioral

m
o
d
el

is
u
n
ab

le
to

p
rop

agate
th

e
ex

p
ert

k
n
ow

led
ge

to
n
ew

situ
ation

s.

T
o

illu
strate

th
e

p
rob

lem
,

let
u
s

in
v
estigate

th
e

p
red

ictive
action

d
istrib

u
tion

th
at

arises
from

th
e

origin
al

B
N

IR
L

form
u
lation

.
F

or
sim

p
licity

an
d

w
ith

ou
t

loss
of

gen
erality,

w
e

m
ay

assu
m

e
th

at
w

e
h
ave

p
erfectly

in
ferred

all
su

b
go

als
G

an
d

corresp
on

d
in

g
su

b
goal

assign
-

m
en

ts
z̃

from
th

e
d
em

on
stration

setD
.

D
en

otin
g

b
y
a ∗∈

A
th

e
p
red

icted
action

at
som

e
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-T
e
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p
o
r
a
l

S
u
b
g

o
a
l

M
o
d
e
l
in

g

n
ew

st
at

e
s∗
∈
S,

th
e

B
N

IR
L

m
o
d
el

y
ie

ld
s

p
(a
∗
|s
∗ ,
D
,z̃
,G

)
=
∑ z̃
∗ ∈

N
p
(a
∗ ,
z̃
∗
|s
∗ ,
D
,z̃
,G

)

=
∑ z̃
∗ ∈

N
p
(a
∗
|z̃
∗ ,
s∗
,D
,z̃
,G

)p
(z̃
∗
|s
∗ ,
D
,z̃
,G

)

(?
)

=
∑ z̃
∗ ∈

N
p
(a
∗
|z̃
∗ ,
s∗
,g
z̃
∗
)p

(z̃
∗
|z̃

),
(5

)

w
h
er

e
z̃
∗
∈

N
is

th
e

la
te

n
t

su
b
go

al
in

d
ex

b
el

on
gi

n
g

to
s∗

.
N

ot
e

th
at
p
(a
∗
|z̃
∗ ,
s∗
,g
z̃
∗
)

ca
n

ei
th

er
re

p
re

se
n
t

th
e

so
ft

m
ax

d
ec

is
io

n
ru

le
π

(a
∗
|s
∗ ,
g z̃
∗
)

fr
om

E
q
u
at

io
n

(2
)

or
an

o
p
ti

m
al

(d
et

er
m

in
is

ti
c)

p
ol

ic
y

fo
r

su
b
go

al
g z̃
∗
,

d
ep

en
d
in

g
on

w
h
et

h
er

w
e

as
p
ir

e
to

d
es

cr
ib

e
th

e
n

o
is

y
ex

pe
rt

be
h
a
vi

o
r

at
s∗

or
w

an
t

to
d
et

er
m

in
e

an
o
p
ti

m
a
l

a
ct

io
n

ac
co

rd
in

g
to

th
e

in
fe

rr
ed

re
w

ar
d

m
o
d
el

.
T

h
e

la
st

eq
u
al

it
y

in
E

q
u
at

io
n

(5
),

in
d
ic

at
ed

b
y

(?
),

fo
ll
ow

s
fr

om
th

e
co

n
d
it

io
n
al

in
d
ep

en
d
en

ce
p
ro

p
er

ti
es

im
p
li
ed

b
y

E
q
u
at

io
n

(4
),

w
h
ic

h
ca

n
b

e
ea

si
ly

ve
ri

fi
ed

u
si

n
g

d
-

se
p
ar

at
io

n
(K

ol
le

r
an

d
F

ri
ed

m
an

,
20

09
)

on
th

e
gr

ap
h
ic

al
m

o
d
el

in
F

ig
u
re

2a
.

A
s

E
q
u
at

io
n

(5
)

re
v
ea

ls
,

th
e

p
re

d
ic

ti
ve

m
o
d
el

is
ch

ar
ac

te
ri

ze
d

b
y

th
e

p
os

te
ri

or
d
is

-
tr

ib
u
ti

on
p
(z̃
∗
|s
∗ ,
D
,z̃
,G

)
of

th
e

la
te

n
t

su
b
go

al
as

si
gn

m
en

t
z̃
∗

of
st

at
e
s∗

—
th

e
in

tu
it

io
n

b
ei

n
g

th
at

,
in

or
d
er

to
ge

n
er

al
iz

e
th

e
ex

p
er

t’
s

p
la

n
to

a
n
ew

si
tu

at
io

n
,

w
e

n
ee

d
to

ta
ke

in
to

ac
co

u
n
t

th
e

ga
th

er
ed

in
fo

rm
at

io
n

ab
ou

t
w

h
at

w
ou

ld
b

e
a

li
ke

ly
su

b
go

al
ta

rg
et

ed
b
y

th
e

ex
p

er
t

at
s∗

.
H

ow
ev

er
,

in
B

N
IR

L
,

th
e

d
is

tr
ib

u
ti

on
p
(z̃
∗
|s
∗ ,
D
,z̃
,G

)
is

m
o
d
el

ed
w

it
h
o
u

t
co

n
si

d
er

a
ti

o
n

o
f

th
e

qu
er

y
st

a
te
s∗

,
o
r

a
n

y
o
th

er
o
bs

er
ve

d
va

ri
a
bl

e.
B

y
co

n
d
it

io
n
al

in
d
e-

p
en

d
en

ce
(E

q
u
at

io
n

4)
,

th
e

d
is

tr
ib

u
ti

on
eff

ec
ti

v
el

y
re

d
u
ce

s
(?

)
to

th
e

C
R

P
p
ri

o
r
p
(z̃
∗
|z̃

),
w

h
ic

h
,

d
u
e

to
it

s
in

tr
in

si
c

ex
ch

an
ge

ab
il
it

y
p
ro

p
er

ty
,

on
ly

co
n
si

d
er

s
th

e
su

b
go

al
fr

eq
u
en

ci
es

of
th

e
re

ad
il
y

in
fe

rr
ed

as
si

gn
m

en
ts

z̃
.

C
le

ar
ly

,
a

su
b
go

al
as

si
gn

m
en

t
m

ec
h
an

is
m

b
as

ed
so

le
ly

on
fr

eq
u
en

cy
in

fo
rm

at
io

n
is

of
li
tt

le
u
se

w
h
en

it
co

m
es

to
p
re

d
ic

ti
n
g

th
e

ex
p

er
t

b
eh

av
io

r
as

it
w

il
l

in
ev

it
ab

ly
ig

n
or

e
th

e
st

ru
ct

u
ra

l
in

fo
rm

at
io

n
co

n
ta

in
ed

in
th

e
d
em

on
st

ra
ti

on
se

t
an

d
al

w
ay

s
re

tu
rn

th
e

sa
m

e
su

b
go

al
p
ro

b
ab

il
it

ie
s

at
al

l
q
u
er

y
st

at
es

,
re

ga
rd

le
ss

of
th

e
ag

en
t’

s
ac

tu
al

si
tu

at
io

n
.

B
y

co
n
tr

as
t,

a
re

as
on

ab
le

as
si

gn
m

en
t

m
ec

h
an

is
m

sh
ou

ld
in

h
er

en
tl

y
ta

ke
in

to
ac

co
u
n
t

th
e

co
n
te

x
t

of
th

e
ag

en
t’

s
cu

rr
en

t
st

at
e
s∗

w
h
en

d
ec

id
in

g
a
b

ou
t

th
e

n
ex

t
ac

ti
on

.
W

h
il
e

th
e

au
th

or
s

of
B

N
IR

L
d
is

cu
ss

th
e

ac
ti

on
se

le
ct

io
n

p
ro

b
le

m
in

th
ei

r
p
ap

er
an

d
p
ro

-
p

os
e

an
as

si
gn

m
en

t
st

ra
te

gy
fo

r
n
ew

st
at

es
b
as

ed
on

ac
ti

on
m

ar
gi

n
al

iz
at

io
n
,

th
ei

r
ap

p
ro

ac
h

d
o
es

n
ot

p
ro

v
id

e
a

sa
ti

sf
ac

to
ry

so
lu

ti
on

to
th

e
p
ro

b
le

m
b

ec
au

se
th

e
al

le
ge

d
co

n
d
it

io
n
in

g
on

th
e

q
u
er

y
st

at
e

(s
ee

E
q
u
at

io
n

19
in

th
e

or
ig

in
al

p
ap

er
,
M

ic
h
in

i
an

d
H

ow
,
20

12
)

h
as

n
o

eff
ec

t
on

th
e

in
vo

lv
ed

su
b
go

al
in

d
ic

at
or

va
ri

ab
le

,
as

sh
ow

n
b
y

E
q
u
at

io
n

(5
)

ab
ov

e.
T

h
e

on
ly

w
ay

to
re

m
ed

y
th

e
p
ro

b
le

m
w

it
h
ou

t
m

o
d
if

y
in

g
th

e
m

o
d
el

is
to

u
se

an
ex

te
rn

al
p

os
t-

p
ro

ce
ss

in
g

sc
h
em

e
li
ke

th
e

w
ay

p
oi

n
t

m
et

h
o
d
,

d
is

cu
ss

ed
in

th
e

n
ex

t
se

ct
io

n
.

L
im

it
a
t
io

n
2
:

S
pa

t
ia

l
a
n
d

T
e
m

p
o
r
a
l

C
o
n
t
e
x
t

T
h
e

w
ay

p
oi

n
t

m
et

h
o
d
,

d
es

cr
ib

ed
at

fu
ll

le
n
gt

h
in

a
fo

ll
ow

-u
p

p
ap

er
b
y

M
ic

h
in

i
et

al
.
(2

01
5)

,
is

a
p

os
t-

p
ro

ce
ss

in
g

ro
u
ti

n
e

to
co

n
ve

rt
th

e
su

b
go

al
s

id
en

ti
fi
ed

th
ro

u
gh

B
N

IR
L

in
to

a
va

li
d

op
ti

on
m

o
d
el

(S
u
tt

on
et

al
.,

19
99

).
T

h
e

ob
ta

in
ed

m
o
d
el

re
co

n
st

ru
ct

s
th

e
h
ig

h
-l

ev
el

p
la

n
of

th
e

d
em

on
st

ra
to

r
b
y

se
q
u
en

ci
n
g

th
e

in
fe

rr
ed

su
b
go

al
s

in
a

w
ay

th
at

co
m

p
li
es

w
it

h
th

e
sp

at
io

-t
em

p
or

al
re

la
ti

on
sh

ip
s

of
th

e
ex

p
er

t’
s

d
ec

is
io

n
s

as
ob

se
rv

ed
d
u
ri

n
g

th
e

d
em

on
st

ra
ti

on
p
h
as

e.
T

o
th

is
en

d
,

th
e

re
q
u
ir

ed
in

it
ia

ti
on

an
d

te
rm

in
at

io
n

se
ts

of
th

e
o
p
ti

on
-p

ol
ic

ie
s

ar
e

9
JM

L
R

 1
9(

69
):

1-
45

, 2
01

8

Š
o
ši

ć
,

R
u
e
c
k
e
r
t
,

P
e
t
e
r
s,

Z
o
u
b
ir

a
n
d

K
o
e
p
p
l

im
p

er
fe

ct
d
em

on
st

ra
ti

on
s

b
ag

-o
f-

w
or

d
s

cl
u
st

er
in

g
n
oi

sy
tr

a
je

ct
o
ry

la
b

el
in

g

F
ig

u
re

3:
A

d
ia

gr
am

to
il
lu

st
ra

te
th

e
im

p
li
ca

ti
on

s
of

th
e

ex
ch

an
ge

ab
il
it

y
a
ss

u
m

p
ti

o
n

in
B

N
IR

L
.

S
im

il
ar

to
a

b
ag

-o
f-

w
or

d
s

m
o
d
el

(B
le

i
et

al
.,

20
03

;
Y

an
g

et
a
l.
,

2
0
0
7
),

th
e

B
N

IR
L

p
ar

ti
ti

on
in

g
m

ec
h
an

is
m

ig
n
or

es
th

e
sp

at
io

-t
em

p
or

al
co

n
te

x
t

o
f

th
e

d
at

a,
w

h
ic

h
m

ak
es

it
d
iffi

cu
lt

to
d
is

cr
im

in
at

e
d
em

on
st

ra
ti

on
n
oi

se
fr

o
m

a
re

al
ch

an
ge

of
th

e
ag

en
t’

s
in

te
n
ti

on
s.

N
ot

e
th

at
th

e
d
ia

gr
am

il
lu

st
ra

te
s

th
e

p
a
rt

it
io

n
-

in
g

p
ro

ce
ss

in
a

si
m

p
li
fi
ed

w
ay

as
it

o
n
ly

sh
ow

s
th

e
eff

ec
t

of
th

e
p
ri

o
r
p
(z̃

)
b
u
t

n
eg

le
ct

s
th

e
im

p
ac

t
of

th
e

li
ke

li
h
o
o
d

m
o
d
el
π

.
W

h
il
e

th
e

la
tt

er
d
oe

s
in

d
ee

d
co

n
-

si
d
er

th
e

st
at

e
co

n
te

x
t

of
th

e
ac

ti
on

s,
it

ca
n
n
ot

ac
co

u
n
t

fo
r

sp
at

ia
l

o
r

te
m

p
o
ra

l
p
at

te
rn

s
in

th
e

d
at

a
as

it
p
ro

ce
ss

es
a
ll

st
at

e-
ac

ti
on

p
ai

rs
se

p
ar

at
el

y.

co
n
st

ru
ct

ed
b
y

co
n
si

d
er

in
g

th
e

st
at

e
d
is

ta
n
ce

s
to

th
e

id
en

ti
fi
ed

su
b
go

al
s

a
s

w
el

l
a
s

th
ei

r
te

m
p

or
al

or
d
er

in
g

p
re

sc
ri

b
ed

b
y

th
e

ex
p

er
t.

W
h
en

co
m

b
in

ed
w

it
h

B
N

IR
L

,
th

is
m

et
h
o
d

al
lo

w
s

to
sy

n
th

es
iz

e
a

b
eh

av
io

ra
l

m
o
d
el

th
at

m
im

ic
s

th
e

ob
se

rv
ed

ex
p

er
t

b
eh

av
io

r.
H

ow
ev

er
,

th
e

st
ra

te
gy

co
m

es
w

it
h

a
n
u
m

b
er

o
f

si
gn

ifi
ca

n
t

d
ra

w
b
ac

k
s:

(i
)

U
si

n
g

th
e

w
ay

p
oi

n
t

m
et

h
o
d
,

th
e

sp
at

io
-t

em
p

or
al

re
la

ti
on

sh
ip

s
b

et
w

ee
n

th
e

in
d
iv

id
-

u
al

d
em

on
st

ra
ti

on
s

ar
e

ex
p
lo

re
d

on
ly

in
a

p
os

t-
h
o
c

fa
sh

io
n

an
d

ar
e

la
rg

el
y

ig
n
o
re

d
d
u
ri

n
g

th
e

ac
tu

al
in

fe
re

n
ce

p
ro

ce
d
u
re

(t
h
e

st
at

e
in

fo
rm

at
io

n
en

te
rs

v
ia

th
e

li
ke

li
h
o
o
d

m
o
d
el
π

b
u
t

is
n
ot

co
n
si

d
er

ed
b
y

th
e

p
ar

ti
ti

on
in

g
m

o
d
el
p
(z̃

),
as

ex
p
la

in
ed

in
L

im
it

a-
ti

on
1)

.
T

h
is

la
ck

of
co

n
te

x
t-

aw
ar

en
es

s
m

ak
es

th
e

in
fe

re
n
ce

m
ec

h
an

is
m

ov
er

ly
p
ro

n
e

to
d
em

on
st

ra
ti

on
n
oi

se
(s

ee
F

ig
u
re

3
an

d
re

su
lt

s
in

S
ec

ti
o
n

5)
.

(i
i)

M
ea

su
ri

n
g

p
ro

x
im

it
ie

s
to

su
b
go

al
s

in
or

d
er

to
d
et

er
m

in
e

th
e

ri
gh

t
v
is

it
a
ti

o
n

o
rd

er
re

q
u
ir

es
so

m
e

fo
rm

of
d
is

ta
n
ce

m
et

ri
c

d
efi

n
ed

on
th

e
st

at
e

sp
ac

e.
If

th
e

sy
st

em
st

a
te

s
co

rr
es

p
on

d
to

p
h
y
si

ca
l
lo

ca
ti

on
s,

co
n
st

ru
ct

in
g

su
ch

a
m

et
ri

c
is

u
su

al
ly

st
ra

ig
h
tf

o
rw

a
rd

.
H

ow
ev

er
,

in
th

e
ge

n
er

al
ca

se
w

h
er

e
st

at
es

en
co

d
e

ar
b
it

ra
ry

ab
st

ra
ct

in
fo

rm
a
ti

o
n

(s
ee

ex
am

p
le

in
S
ec

ti
on

5.
2)

,
it

ca
n

b
ec

om
e

d
iffi

cu
lt

to
d
es

ig
n

th
at

m
et

ri
c

b
y

h
a
n
d
.

U
n
-

fo
rt

u
n
at

el
y,

th
e

B
N

IR
L

fr
am

ew
or

k
d
o
es

n
ot

p
ro

v
id

e
a
n
y

so
lu

ti
on

to
th

is
p
ro

b
le

m
.

(i
ii
)

T
h
e

w
ay

p
oi

n
t

m
et

h
o
d

ca
n
n
ot

b
e

ap
p
li
ed

to
m

u
lt

ip
le

u
n
al

ig
n
ed

tr
a
je

ct
o
ri

es
(e

.g
.,

o
b
-

ta
in

ed
fr

om
d
iff

er
en

t
ex

p
er

ts
)

or
in

ca
se

s
w

h
er

e
th

e
d
at

a
se

t
d
o
es

n
o
t

ca
rr

y
a
n
y

te
m

p
or

al
in

fo
rm

at
io

n
.

T
h
is

si
tu

at
io

n
o
cc

u
rs

,
fo

r
in

st
an

ce
,

w
h
en

th
e

ex
p

er
t

d
a
ta

is
p
ro

v
id

ed
as

se
p
ar

at
e

st
at

e-
ac

ti
on

p
ai

rs
w

it
h

u
n
k
n
ow

n
ti

m
es

ta
m

p
s

an
d

n
o
t

g
iv

en
in

fo
rm

of
co

h
er

en
t

tr
a

je
ct

or
ie

s
(s

ee
ag

ai
n

ex
am

p
le

in
S
ec

ti
on

5.
2)

.

1
0

JM
L

R
 1

9(
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45
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IR
L

v
ia

N
o
n
pa

r
a
m

e
t
r
ic

S
pa

t
io

-T
e
m

p
o
r
a
l

S
u
b
g

o
a
l

M
o
d
e
l
in

g

(iv
)

A
ssig

n
in

g
a

p
articu

lar
v
isitation

ord
er

to
th

e
in

ferred
su

b
goals

is
m

ean
in

gfu
l

on
ly

if
th

e
ex

p
ert

even
tu

ally
reach

es
th

ose
su

b
goals

d
u
rin

g
th

e
d
em

on
stra

tion
p
h
ase

(or
if,

a
t

lea
st,

th
e

su
b
goals

lie
“close”

to
th

e
v
isited

sta
tes

in
term

s
of

th
e

aforem
en

tion
ed

d
ista

n
ce

m
etric).

F
in

d
in

g
su

b
goals

w
ith

su
ch

p
ro

p
erties

can
b

e
gu

aran
teed

b
y

con
-

stra
in

in
g

th
e

su
p
p

ort
of

th
e

su
b
goal

p
rior

d
istrib

u
tion

p
g

to
states

th
at

are
n
ea

r
to

th
e

ex
p

ert
d
ata

(see
fo

otn
ote

on
p
age

6)
b
u
t

th
is

red
u
ces

th
e

fl
ex

ib
ility

of
th

e
m

o
d
el

a
n
d

p
o
ten

tially
d
isab

les
com

p
act

en
co

d
in

gs
of

th
e

task
(F

igu
re

4).

L
im

it
a
t
io

n
3
:

In
c
o
n
sist

e
n
c
y

u
n
d
e
r

T
im

e
-In

v
a
r
ia

n
c
e

R
ea

so
n
in

g
a
b

o
u
t

th
e

in
ten

tion
s

of
an

agen
t,

th
ere

are
tw

o
b
asic

ty
p

es
of

b
eh

av
ior

on
e

m
ay

en
co

u
n
ter:

•
eith

er
th

e
agen

t
follow

s
a

static
strategy

to
op

tim
ize

a
fi
x
ed

ob
jective

(as
assu

m
ed

in
th

e
sta

n
d
ard

M
D

P
form

alism
,

S
u
tton

an
d

B
arto,

1998),
or

•
th

e
in

ten
tion

s
of

th
e

agen
t

ch
an

ge
over

tim
e.

T
h
e

la
tter

is
clearly

th
e

m
ore

gen
eral

case
b
u
t

also
p

oses
a

m
o
re

d
iffi

cu
lt

in
feren

ce
p
rob

lem
in

th
a
t

it
req

u
ires

u
s

b
oth

,
to

id
en

tify
th

e
in

ten
tion

s
of

th
e

agen
t

an
d

to
u
n
d
erstan

d
th

eir
tem

p
o
ra

l
rela

tion
sh

ip
.

T
h
e

static
scen

ario,
in

con
trast,

im
p
lies

th
at

th
ere

ex
ists

an
op

tim
al

p
o
licy

fo
r

th
e

task
in

form
of

a
sim

p
le

state-to-actio
n

m
ap

p
in

g
π

:S
→
A

(P
u
term

an
,
1994),

w
h
ich

fro
m

th
e

very
b

egin
n
in

g
im

p
rin

ts
a

sp
ecifi

c
stru

ctu
re

on
th

e
in

feren
ce

p
ro

b
lem

.

T
h
e

B
N

IR
L

m
o
d
el

gen
erally

falls
in

to
th

e
secon

d
category

sin
ce

it
freely

allo
cates

its
su

b
g
o
a
ls

p
er

d
ecisio

n
in

sta
n

t
an

d
n
ot

p
er

state,
allow

in
g

a
fl
ex

ib
le

ch
an

ge
of

th
e

agen
t’s

o
b

jective.
Y

et,
it

is
im

p
ortan

t
to

u
n
d
erstan

d
th

at
th

e
m

o
d
el

d
o
es

n
ot

actu
ally

d
istin

gu
ish

b
etw

een
th

e
tw

o
d
escrib

ed
scen

arios.
A

s
ex

p
lain

ed
in

L
im

itation
2,

th
e

tem
p

oral
a
sp

ect
o
f

th
e

d
a
ta

is
n
ot

ex
p
licitly

m
o
d
eled

b
y

th
e

B
N

IR
L

fram
ew

ork
,

even
th

ou
gh

th
e

w
ay

p
oin

t
m

eth
o
d

su
b
seq

u
en

tly
tries

to
cap

tu
re

th
e

overall
ch

ron
ological

ord
er

of
even

ts.
A

s
a

con
se-

q
u
en

ce,
th

e
m

o
d
el

is
n
ot

tailored
to

eith
er

of
th

e
tw

o
scen

arios:
on

th
e

on
e

h
an

d
,

it
ign

ores
th

e
va

lu
a
b
le

tem
p

oral
con

tex
t

th
at

is
n
eed

ed
in

th
e

tim
e-vary

in
g

case
to

reliab
ly

d
iscrim

i-
n
a
te

d
em

o
n
stra

tion
n
oise

from
a

real
ch

an
ge

of
th

e
a
gen

t’s
in

ten
tion

.
O

n
th

e
oth

er
h
an

d
,

th
e

m
o
d
el

is
a
g
n
ostic

ab
ou

t
th

e
p
red

efi
n
ed

tim
e-in

varian
t

n
atu

re
of

th
e

op
tim

al
p

olicy
in

th
e

sta
tic

scen
ario.

T
h
is

lack
of

stru
ctu

re
n
ot

on
ly

m
akes

th
e

in
feren

ce
p
rob

lem
h
ard

er
th

an
n
ecessa

ry
in

b
oth

cases;
it

also
allow

s
th

e
m

o
d
el

to
lea

rn
in

con
sisten

t
d
ata

rep
resen

tation
s

in
th

e
sta

tic
ca

se
sin

ce
th

e
sam

e
state

can
b

e
p

oten
tially

assign
ed

to
m

ore
th

an
on

e
su

b
goal,

v
io

la
tin

g
th

e
a
b

ov
e-m

en
tion

ed
state-to-action

ru
le

(F
igu

re
5).

L
im

it
a
t
io

n
4
:

S
u
b
g

o
a
l

L
ik

e
l
ih

o
o
d

M
o
d
e
l

A
p
a
rt

fro
m

th
e

d
iscu

ssed
lim

itation
s

of
th

e
B

N
IR

L
p
artition

in
g

m
o
d
el,

it
tu

rn
s

ou
t

th
ere

a
re

tw
o

p
ro

b
lem

atic
issu

es
con

cern
in

g
th

e
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gh

it
is

som
ew

h
at

p
oin

tless
sp

eak
of

“su
b
goals”

in
th

is
con

tex
t,

th
at

term
in

a
l

state
w

ou
ld

ex
h
ib

it
a

h
igh

su
b
goal

lik
elih

o
o
d

accord
in

g
to

th
e

softm
ax

m
o
d
el

b
ecau

se
th

e
corresp

on
d
in

g
v
isitation

freq
u
en

cy
w

ou
ld

b
e

in
ev

itab
ly

large.
A

soften
ed

varian
t

of
th

is
con

d
ition

can
o
ccu

r
at

co
rn

er/b
ord

er
states

(i.e.,
states

in
w

h
ich

th
e

agen
t

ex
p

erien
ces

few
er

d
egrees

of
freed

om
an

d
w

h
ich

are
h
en

ce
m

ore
d
iffi

cu
lt

to
leave

th
an

oth
ers)

an
d

tran
sition

states
(i.e.,

states
th

a
t

m
u
st

b
e

p
assed

in
ord

er
to

get
from

certa
in

region
s

of
th

e
sp

ace
to

oth
ers),

w
h
ich

n
atu

rally
ex

h
ib

it
an

in
creased

v
isitation

freq
u
en

cy
d
u
e

to
th

e
ch

aracteristics
of

th
e

en
v
iron

m
en

t.
In

ou
r

ex
am

p
le

in
F

igu
re

6,
w

e
can

ob
serv

e
th

e
sy

m
p
tom

s
of

b
oth

d
escrib

ed
con

d
ition

s
clearly.

In
p
articu

lar,
for

an
u
p
w

ard
-d

irected
p

olicy
as

it
is

im
p
lied

b
y

th
e

sh
ow

n
d
em

on
-

stration
set,

th
e

in
d
u
ced

state
v
isitation

d
istrib

u
tion

ex
h
ib

its
in

creased
valu

es
at

ex
actly

th
e

aforem
en

tion
ed

b
ord

er
an

d
corn

er
states

(d
u
e

to
th

e
refl

ection
s

o
ccu

rrin
g

to
th

e
agen

t
w

h
en

h
ittin

g
th

e
state

sp
ace

b
ou

n
d
ary

)
as

w
ell

as
close

to
th

e
tra

jecto
ry

en
d
in

g
(cau

sed
b
y

th
e

p
rox

im
ity

con
d
ition

).

3
.1

.3
T

h
e

N
o
r
m

a
l
iz

e
d

L
ik

e
l
ih

o
o
d

M
o
d
e
l

T
o

ad
d
ress

th
ese

p
rob

lem
s,

w
e

m
o
d
ify

th
e

likelih
o
o
d

m
o
d
el

u
sin

g
a

rescalin
g

of
th

e
in

volved
Q

-valu
es.

L
et
Q
∧

(s|g
)

an
d
Q
∨

(s|g
)

d
en

ote
th

e
m

ax
im

u
m

an
d

m
in

im
u
m

Q
-valu

es
at

state
s

for
su

b
goal

g
,

i.e.,
Q
∧

(s|g
)

:=
m

ax
a∈A

Q
∗(s,a|g

)
an

d
Q
∨

(s|g
)

:=
m

in
a∈A

Q
∗(s,a|g

).
W

e
th

en
d
efi

n
e

th
e

n
orm

alized
state-action

valu
e

fu
n
ction

Q
•

:S
×
A
×
S
→

[0,1]
as

Q
•(s,a|g

)
:=

{
Q
∗
(s,a|g

)−
Q
∨

(s|g
)

Q
∧

(s|g
)−
Q
∨

(s|g
)

if
Q
∧

(s|g
)6=

Q
∨

(s|g
),

ε
oth

erw
ise,

(7)

w
h
ere

ε∈
(0,1]

is
an

arb
itrary

con
stan

t
th

at
is

can
celed

ou
t

in
E

q
u
ation

(8).
In

con
trast

to
th

e
B

ellm
an

state-action
valu

e
fu

n
ction

Q
∗,

w
h
ich

q
u
an

tifi
es

th
e

ex
p

ected
retu

rn
of

an
action

,
th

e
n
orm

alized
fu

n
ction

Q
•

assesses
th

e
retu

rn
of

th
at

action
in

relation
to

th
e

retu
rn

s
of

all
oth

er
action

s.
T

h
is

con
cep

t
is

sim
ilar

to
th

at
of

th
e

ad
va

n
ta

ge
fu

n
ction

(B
aird

,
1993)

w
ith

th
e

im
p

ortan
t

d
iff

eren
ce

th
at

th
e

valu
es

retu
rn

ed
b
y
Q
•

are
n
orm

alized
to

th
e

ran
ge

[0
,1]

an
d

th
u
s

serve
as

an
in

d
icator

for
th

e
rela

tive
q
u
ality

of
action

s.
A

ccord
in

gly,
th

e
valu

es
can

b
e

in
terp

reted
as

rela
tive

a
d
va

n
ta

ges
(i.e.,

relative
to

th
e

m
ax

im
u
m

p
ossib

le
ad

van
tage

am
on

g
all

action
s).

T
h
e

n
orm

alized
su

b
goal

likelih
o
o
d

m
o
d
el

is
th

en
con

stru
cted

an
alogou

sly
to

th
e

B
N

IR
L

likelih
o
o
d

m
o
d
el,

π
•(a

d |s
d ,g

z̃
d )∝

ex
p {

β
Q
•(s

d ,a
d |g

z̃
d ) }

.
(8)

T
h
e

key
p
rop

erty
of

th
is

m
o
d
el

is
th

at
it

is
in

varian
t

to
affi

n
e

tran
sform

ation
s

of
th

e
rew

ard
fu

n
ction

,
as

su
m

m
arized

b
y

th
e

follow
in

g
p
rop

osition
.
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IR
L

v
ia

N
o
n
pa

r
a
m

e
t
r
ic

S
pa

t
io

-T
e
m

p
o
r
a
l

S
u
b
g

o
a
l

M
o
d
e
l
in

g

β
=

0.
1

β
=

1
β

=
10

BNIRLmodel

β
=

0.
1

β
=

1
β

=
10

normalizedmodel
←

lo
w

p
ro

b
ab

il
it

y
h
ig

h
p
ro

b
ab

il
it

y
→

β
=

0.
1

β
=

0.
1

B
N

IR
L

m
o
d
el

n
or

m
al

iz
ed

m
o
d
el

F
ig

u
re

6:
C

om
p
ar

is
on

of
th

e
su

b
go

al
p

os
te

ri
or

d
is

tr
ib

u
ti

on
s

in
d
u
ce

d
b
y

th
e

or
ig

in
al

B
N

IR
L

li
ke

li
h
o
o
d

m
o
d
el

an
d

b
y

th
e

p
ro

p
os

ed
n
o
rm

al
iz

ed
m

o
d
el

,
b
as

ed
on

th
e

gr
id

w
or

ld
d
y
n
am

ic
s

d
es

cr
ib

ed
in

S
ec

ti
on

5.
1

an
d

a
u
n
if

or
m

su
b
go

al
p
ri

o
r

d
is

tr
ib

u
ti

on
p
g
.

T
h
e

ra
n
ge

of
th

e
sh

ow
n

co
lo

r
sc

h
em

e
is

to
b

e
u
n
d
er

st
o
o
d

p
er

su
b
fi
gu

re
.

B
la

ck
sq

u
ar

es
in

d
ic

at
e

w
al

l
st

at
es

.
T

h
e

B
N

IR
L

li
ke

li
h
o
o
d

m
o
d
el

y
ie

ld
s

u
n
re

as
on

a
b
ly

h
ig

h
su

b
go

al
p

os
te

ri
or

m
as

s
at

th
e

b
or

d
er

st
at

es
an

d
co

rn
er

s
of

th
e

st
a
te

sp
ac

e
(d

u
e

to
lo

ca
ll
y

in
cr

ea
se

d
st

at
e

v
is

it
at

io
n

p
ro

b
ab

il
it

ie
s

ar
is

in
g

fr
om

w
al

l
re

fl
ec

ti
on

s)
as

w
el

l
as

at
tr

a
je

ct
or

y
en

d
in

gs
(c

au
se

d
b
y

th
e

im
p
li
ci

t
p
ro

x
im

it
y

p
ro

p
er

ty
of

th
e

m
o
d
el

)
—

se
e

S
ec

ti
on

3.
1.

2
fo

r
d
et

ai
ls

.
B

ot
h

eff
ec

ts
ar

e
m

it
ig

at
ed

b
y

th
e

p
ro

p
os

ed
n
or

m
al

iz
ed

li
k
el

ih
o
o
d

m
o
d
el

,
w

h
ic

h
d
es

cr
ib

es
th

e
ac

ti
on

-s
el

ec
ti

on
p
ro

ce
ss

of
th

e
ag

en
t

u
si

n
g

re
la

ti
ve

ad
va

n
ta

ge
s

of
ac

ti
o
n
s

in
st

ea
d

of
ab

so
lu

te
re

tu
rn

s.
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9(

69
):

1-
45

, 2
01

8

Š
o
ši

ć
,

R
u
e
c
k
e
r
t
,

P
e
t
e
r
s,

Z
o
u
b
ir

a
n
d

K
o
e
p
p
l

P
ro

p
o
si

ti
o
n

1
(A

ffi
n

e
In

v
a
ri

a
n

c
e
)

C
o
n

si
d
er

a
n

M
D

P
w

it
h

re
w

a
rd

fu
n

ct
io

n
R

:
S
→

R
a
n

d
le

t
Q
∗ (
s,
a
|R

)
d
en

o
te

th
e

co
rr

es
po

n
d
in

g
o
p
ti

m
a
l

st
a
te

-a
ct

io
n

va
lu

e
fu

n
ct

io
n

.
F

o
r

th
e

co
rr

es
po

n
d
in

g
n

o
rm

a
li

ze
d

fu
n

ct
io

n
Q
•

it
h
o
ld

s
th

a
t
Q
• (
s,
a
|R

)
=
Q
• (
s,
a
|x
R

+
y
)
∀x
∈

(0
,∞

),
y
∈
R
,s
∈
S,
a
∈
A

.
H

en
ce

,
th

e
su

bg
oa

l
li

ke
li

h
oo

d
m

od
el

in
E

qu
a
ti

o
n

(8
)

is
in

va
ri

a
n

t
to

a
ffi

n
e

tr
a
n

sf
o
rm

a
ti

o
n

s
o
f
R

.

P
ro

o
f

D
u
e

to
th

e
li
n
ea

r
d
ep

en
d
en

ce
of
Q
∗

on
th

e
re

w
ar

d
fu

n
ct

io
n
R

(E
q
u
at

io
n

3
)

it
h
o
ld

s
th

at
Q
∗ (
s,
a
|x
R

+
y
)

=
x
Q
∗ (
s,
a
|R

)
+

y
1
−
γ
.

U
si

n
g

th
is

re
la

ti
o
n
sh

ip
in

E
q
u
a
ti

o
n

(7
),

it
fo

ll
ow

s
im

m
ed

ia
te

ly
th

at
Q
• (
s,
a
|R

)
=
Q
• (
s,
a
|x
R

+
y
).

U
si

n
g

th
e

p
ro

p
os

ed
li
ke

li
h
o
o
d

m
o
d
el

off
er

s
se

v
er

al
a
d
va

n
ta

ge
s.

F
ir

st
of

al
l,

it
en

a
b
le

s
a

m
or

e
ge

n
er

ic
ch

oi
ce

of
th

e
u
n
ce

rt
ai

n
ty

co
effi

ci
en

t
β

(S
ec

ti
on

3.
1.

1)
.

T
h
is

is
b

ec
a
u
se

th
e

re
tu

rn
ed

Q
• -

va
lu

es
li
e

in
th

e
fi
x
ed

ra
n
ge

[0
,1

],
w

h
er

e
0

al
w

ay
s

in
d
ic

at
es

th
e

lo
w

es
t

a
n
d

1
in

d
ic

at
es

th
e

h
ig

h
es

t
co

n
fi
d
en

ce
.

F
or

ex
am

p
le

,
se

tt
in

g
β

=
lo

g
(β
′ )

fo
r

so
m

e
β
′
∈

(0
,∞

)
al

w
ay

s
co

rr
es

p
on

d
s

to
th

e
as

su
m

p
ti

on
th

at
th

e
ex

p
er

t
ch

o
os

es
th

e
op

ti
m

al
a
ct

io
n

w
it

h
a

p
ro

b
ab

il
it

y
th

at
is
β
′ t

im
es

h
ig

h
er

th
an

th
e

p
ro

b
ab

il
it

y
of

ch
o
os

in
g

th
e

le
a
st

fa
vo

ra
b
le

a
ct

io
n
,

ir
re

sp
ec

ti
ve

of
th

e
u
n
d
er

ly
in

g
sy

st
em

m
o
d
el

.

M
or

eo
ve

r,
as

th
e

re
su

lt
s

in
F

ig
u
re

6
re

ve
al

,
th

e
in

d
u
ce

d
su

b
go

al
p

os
te

ri
o
r

d
is

tr
ib

u
ti

o
n

is
n
ot

ab
ly

cl
os

er
to

ou
r

ex
p

ec
ta

ti
on

.
T

h
e

re
a
so

n
fo

r
th

is
is

tw
of

ol
d
:

fi
rs

t,
a

li
ke

li
h
o
o
d

co
m

p
u
ta

ti
on

b
as

ed
on

re
la

ti
ve

ad
va

n
ta

ge
s

m
it

ig
at

es
th

e
in

fl
u
en

ce
of

th
e

tr
an

si
ti

o
n

d
y
n
a
m

ic
s

d
is

cu
ss

ed
in

S
ec

ti
on

3.
1.

2.
T

h
is

is
b

ec
au

se
th

e
d
es

cr
ib

ed
cu

m
u
la

ti
on

eff
ec

t
o
f

th
e

st
a
te

v
is

it
at

io
n

d
is

tr
ib

u
ti

on
ρ
π
g

(E
q
u
at

io
n

6)
is

p
re

se
n
t

in
th

e
re

tu
rn

s
of

al
l

ac
ti

o
n
s

a
n
d

is
th

u
s

re
d
u
ce

d
th

ro
u
gh

th
e

p
ro

p
os

ed
n
or

m
al

iz
at

io
n
.

F
or

in
st

an
ce

,
if

th
e

ag
en

t
in

o
u
r

g
ri

d
w

o
rl

d
fo

ll
ow

s
a

p
ol

ic
y

th
at

is
al

l
u
p
w

ar
d

d
ir

ec
te

d
(a

s
sh

ow
n

in
th

e
ex

am
p
le

),
th

e
in

d
u
ce

d
st

at
e

v
is

it
at

io
n

d
is

tr
ib

u
ti

on
ex

h
ib

it
s

in
cr

ea
se

d
va

lu
es

at
th

e
u
p
p

er
b

or
d
er

st
at

es
of

th
e

w
o
rl

d
,
ev

en
if

w
e

m
an

ip
u
la

te
d

th
e

fi
rs

t
ac

ti
on

o
f

th
e

ag
en

t
(a

s
co

n
si

d
er

ed
in

th
e

B
el

lm
a
n

Q
-f

u
n
ct

io
n
).

A
cc

or
d
in

gl
y,

th
e

or
ig

in
al

m
o
d
el

w
ou

ld
in

d
ic

at
e

an
in

cr
ea

se
d

su
b
go

al
li
ke

li
h
o
o
d

a
t

th
o
se

st
at

es
.

T
h
e

n
or

m
al

iz
ed

m
o
d
el

,
b
y

co
n
tr

as
t,

is
le

ss
aff

ec
te

d
as

it
co

n
st

ru
ct

s
th

e
li
k
el

ih
o
o
d

b
y

co
n
si

d
er

in
g

th
e

in
cr

ea
se

d
v
is

it
at

io
n

fr
eq

u
en

ci
es

re
la

ti
ve

to
ea

ch
ot

h
er

.

S
ec

on
d
,

si
n
ce

th
e

n
or

m
al

iz
at

io
n

d
im

in
is

h
es

th
e

eff
ec

t
of

th
e

d
is

co
u
n
ti

n
g
,

th
e

su
b
g
o
al

p
os

te
ri

or
d
is

tr
ib

u
ti

on
is

le
ss

co
n
ce

n
tr

at
ed

ar
ou

n
d

th
e

tr
a
je

ct
or

y
en

d
in

g
an

d
sh

ow
s

si
g
n
ifi

ca
n
t

m
as

s
al

on
g

th
e

ex
tr

ap
ol

at
ed

p
at

h
of

th
e

ag
en

t.
T

h
is

p
ro

p
er

ty
al

lo
w

s
u
s

to
id

en
ti

fy
fa

r
lo

ca
te

d
st

at
es

as
p

ot
en

ti
al

go
al

lo
ca

ti
on

s,
w

h
ic

h
ad

d
s

m
or

e
fl
ex

ib
il
it

y
to

th
e

in
fe

rr
ed

su
b
g
o
a
l

co
n
st

el
la

ti
on

(c
om

p
ar

e
F

ig
u
re

4)
.

A
s

a
n

il
lu

st
ra

ti
n
g

ex
am

p
le

,
co

n
si

d
er

th
e

sc
en

a
ri

o
sh

ow
n

in
th

e
b

ot
to

m
p
ar

t
of

F
ig

u
re

6.
W

e
ob

se
rv

e
th

at
th

e
n
or

m
al

iz
ed

m
o
d
el

as
si

gn
s

h
ig

h
p

o
st

er
io

r
m

as
s

to
al

l
st

at
es

in
th

e
ri

gh
t

th
re

e
co

rr
id

or
s

si
n
ce

an
y

su
b
go

al
lo

ca
te

d
in

th
o
se

co
rr

id
o
rs

ex
p
la

in
s

th
e

d
em

on
st

ra
ti

on
se

t
eq

u
al

ly
w

el
l.

H
er

e,
th

e
d
iff

er
en

ce
b

et
w

ee
n

th
e

tw
o

m
o
d
el

s
is

ev
en

m
or

e
p
ro

n
ou

n
ce

d
b

ec
au

se
th

e
tr

an
si

ti
on

d
y
n
am

ic
s

h
av

e
a

st
ro

n
g

im
p
ac

t
o
n

th
e

a
g
en

t
b

eh
av

io
r

d
u
e

to
th

e
ad

d
ed

w
al

l
st

at
es

.
F

or
fu

rt
h
er

d
et

ai
ls

,
w

e
re

fe
r

to
S
ec

ti
o
n

5
.1

,
w

h
er

e
w

e
p
ro

v
id

e
ad

d
it

io
n
al

in
si

gh
ts

in
to

th
e

su
b
go

al
in

fe
re

n
ce

m
ec

h
an

is
m

.

3
.2

M
o
d

e
li
n

g
T

im
e
-I

n
v
a
ri

a
n
t

In
te

n
ti

o
n

s

W
it

h
ou

r
re

d
es

ig
n
ed

li
ke

li
h
o
o
d

m
o
d
el

,
w

e
n
ow

fo
cu

s
on

th
e

p
ar

ti
ti

on
in

g
st

ru
ct

u
re

o
f

th
e

m
o
d
el

.
H

er
ei

n
,

w
e

fi
rs

t
co

n
si

d
er

th
e

ca
se

w
h
er

e
th

e
in

te
n
ti

on
s

of
th

e
ag

en
t

ar
e

co
n
st

a
n
t

w
it

h

18
JM

L
R

 1
9(

69
):

1-
45

, 2
01

8



IR
L

v
ia

N
o
n
pa

r
a
m

e
t
r
ic

S
pa

t
io

-T
e
m

p
o
r
a
l

S
u
b
g

o
a
l

M
o
d
e
l
in

g

resp
ect

to
tim

e.
A

s
ex

p
lain

ed
in

L
im

itation
3,

th
is

settin
g

is
con

sisten
t

w
ith

th
e

sta
n
d
ard

M
D

P
fo

rm
a
lism

in
th

e
sen

se
th

at
th

e
op

tim
al

p
olicy

for
th

e
con

sid
ered

task
can

b
e

d
escrib

ed
in

th
e

fo
rm

o
f

a
state-to-action

m
a
p
p
in

g.
A

s
a

fi
rst

step
,

to
accou

n
t

for
th

is
relation

,
w

e
estab

lish
a

lin
k

b
etw

een
th

e
m

o
d
el

p
ar-

titio
n
in

g
stru

ctu
re

an
d

th
e

u
n
d
erly

in
g

sy
stem

state
sp

ace
b
y

rep
lacin

g
th

e
d
em

on
stration

-

b
a
sed

in
d
ica

to
rs

z̃
=
{z̃
d
∈

N}
Dd
=

1
w

ith
a

n
ew

set
of

variab
les

z
:=
{
z
i ∈

N} |S|i=1 .
U

n
like

z̃
,

th
ese

n
ew

in
d
icators

d
o

n
ot

op
erate

d
irectly

on
th

e
d
ata

b
u
t

are
in

stead
tied

to
th

e
elem

en
ts

in
S

.
A

lth
o
u
g
h

th
ey

form
ally

rep
resen

t
a

n
ew

ty
p

e
of

va
riab

le,
w

e
can

still
im

agin
e

th
at

th
eir

d
istrib

u
tio

n
follow

s
a

C
R

P
.

T
h
is

y
ield

s
an

in
term

ed
iate

m
o
d
el

of
th

e
form

p
(a
,z
,G
|s)

=
p
(z

)

∞∏k
=

1

p
g (g

k |s)
D∏d
=

1

π
•(a

d |s
d ,g

z
s
d ),

w
h
o
se

stru
ctu

re
is

illu
strated

in
F

igu
re

2b
.

T
o

see
th

e
d
iff

eren
ce

to
E

q
u
ation

(4),
n
otice

th
e

w
ay

th
e

su
b
g
o
als

are
in

d
ex

ed
in

th
is

m
o
d
el.

T
h
e

in
term

ed
iate

m
o
d
el

m
akes

it
p

ossib
le

to
reason

ab
ou

t
th

e
p

olicy
(or,

m
ore

su
g-

g
estively,

th
e

u
n
d
erly

in
g

state-to-action
ru

le
ap

p
rox

im
ated

b
y

th
e

ex
p

ert)
at

v
isited

p
a
rts

o
f

th
e

state
sp

ace.
Y

et,
th

e
m

o
d
el

is
u
n
ab

le
to

ex
trap

olate
th

e
gath

ered
in

form
ation

to
u
n
v
isited

sta
tes,

for
th

e
reason

s
ex

p
lain

ed
in

S
ection

2.2.
T

h
is

p
rob

lem
can

b
e

solved
b
y

rep
la

cin
g

th
e

ex
ch

an
geab

le
p
rior

d
istrib

u
tion

ov
er

su
b
goal

a
ssig

n
m

en
ts

in
d
u
ced

b
y

th
e

C
R

P
w

ith
a

n
o
n
-ex

ch
an

geab
le

on
e,

in
ord

er
to

accou
n
t

ex
p
licitly

for
th

e
covariate

state
in

for-
m

a
tio

n
co

n
ta

in
ed

in
th

e
d
em

on
stra

tion
set.

B
ased

on
ou

r
in

sigh
ts

from
B

ayesian
p

olicy
reco

g
n
itio

n
(Š

o
šić

et
al.,

2018b
),

w
e

u
se

th
e

d
istan

ce-d
ep

en
d
en

t
C

h
in

ese
restau

ran
t

p
ro

cess
(d

d
C

R
P

,
B

lei
an

d
F

razier,
2011)

for
th

is
p
u
rp

ose,
w

h
ich

allow
s

a
v
ery

in
tu

itive
h
an

d
lin

g
of

th
e

sta
te

co
n
tex

t,
as

ex
p
lain

ed
b

elow
.

F
or

altern
atives,

w
e

p
oin

t
to

th
e

su
rvey

p
ap

er
b
y

F
o
ti

a
n
d

W
illiam

son
(2015).

In
co

n
tra

st
to

th
e

C
R

P
,

w
h
ich

assign
s

states
to

p
artition

s,
th

e
d
d
C

R
P

assign
s

states
to

o
th

er
sta

tes,
b
a
sed

on
th

eir
p
airw

ise
d
istan

ces.
T

h
ese

“to-state”
assign

m
en

ts
are

d
escrib

ed

b
y

a
set

of
in

d
icators

c
:=
{
c
i ∈
S} |S|i=1

w
ith

p
rior

d
istrib

u
tion

p
(c

)
=
∏
|S|
i=

1
p
(c
i ),

p
(c
i

=
j)

=

{
ν

if
i

=
j,

f
(∆

i,j )
oth

erw
ise,

(9)

fo
r
i,j∈

S
.

H
erein

,
ν
∈

[0,∞
)

is
called

th
e

self-lin
k

p
aram

eter
of

th
e

p
ro

cess,
∆
i,j

d
en

o
tes

th
e

d
ista

n
ce

from
state

i
to

state
j,

an
d
f

:
[0,∞

)
→

[0,∞
)

is
a

m
on

o
ton

e
d
ecreasin

g
sco

re
fu

n
ctio

n
.

N
ote

th
at

th
e

d
istan

ces{∆
i,j }

can
b

e
ob

tain
ed

v
ia

a
su

itab
le

m
etric

d
efi

n
ed

o
n

th
e

sta
te

sp
ace,

w
h
ich

m
ay

b
e

fu
rth

erm
ore

u
sed

for
calib

ratin
g

th
e

score
fu

n
ction

f
(see

su
b
seq

u
en

t
section

).
T

h
e

state
p
artition

in
g

stru
ctu

re
itself

is
th

en
d
eterm

in
ed

b
y

th
e

co
n
n
ected

com
p

on
en

ts
of

th
e

in
d
u
ced

d
d
C

R
P

grap
h

(F
igu

re
7).

O
u
r

join
t

d
istrib

u
tion

,
v
isu

alized
in

F
igu

re
2c,

th
u
s

read
s

as

p
(a
,c
,G
|s)

=
p
(c

)
∞∏k
=

1

p
g (g

k |s)
D∏d
=

1

π
•(a

d |s
d ,g

z
(c

)|s
d ),

(10)

w
h
ere

z
(c

)|s
d
en

otes
th

e
su

b
goal

lab
el

of
state

s
arisin

g
from

th
e

con
sid

ered
in

d
icator

set
c
.

In
o
rd

er
to

h
ig

h
ligh

t
th

e
state

d
ep

en
d
en

ce
of

th
e

u
n
d
erly

in
g

su
b
goal

m
ech

an
ism

,
w

e
refer

to
th

is
m

o
d
el

as
d
d
B

N
IR

L
-S

.
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Š
o
šić

,
R

u
e
c
k
e
r
t
,

P
e
t
e
r
s,

Z
o
u
b
ir

a
n
d

K
o
e
p
p
l

3
.2

.1
T

h
e

C
a
n
o
n
ic

a
l

S
t
a
t
e

M
e
t
r
ic

f
o
r

S
pa

t
ia

l
S
u
b
g

o
a
l

M
o
d
e
l
in

g

T
h
e

u
se

of
th

e
d
d
C

R
P

as
a

p
rior

m
o
d
el

for
th

e
state

p
artition

in
g

in
E

q
u
ation

(10)
in

ev
itab

ly
req

u
ires

som
e

n
otion

of
d
istan

ce
b

etw
een

an
y

tw
o

states
of

th
e

sy
stem

,
in

ord
er

to
com

p
u
te

th
e

in
volved

fu
n
ction

scores{
f

(∆
i,j )}.

W
h
en

n
o

su
ch

d
istan

ces
are

p
rov

id
ed

b
y

th
e

p
rob

lem
settin

g
(see

L
im

itation
2,

secon
d

p
oin

t),
a

su
itab

le
(q

u
asi-)m

etric
can

b
e

d
eriv

ed
fro

m
th

e
tran

sition
d
y
n
am

ics
of

th
e

sy
stem

,
w

h
ich

tu
rn

s
ou

t
to

b
e

th
e

can
on

ical
ch

oice
for

th
e

d
d
B

N
IR

L
-S

m
o
d
el.

C
on

sid
er

th
e

M
ark

ov
ch

ain
govern

in
g

th
e

state
p
ro

cess
{
s
t=
n } ∞n

=
1

of
an

agen
t

for
som

e
sp

ecifi
c

p
olicy

π
.

F
or

an
y

ord
ered

p
air

of
states

(i,j),
th

e
ch

ain
n
atu

rally
in

d
u
ces

a
valu

e
T
πi→

j ,
called

a
h
ittin

g
tim

e
(T

ay
lor

an
d

K
arlin

,
1984;

T
ew

ari
a
n
d

B
artlett,

2008),
w

h
ich

rep
resen

ts
th

e
ex

p
ected

n
u
m

b
er

of
step

s
req

u
ired

u
n
til

th
e

state
p
ro

cess,
in

itialized
at
i,

ev
en

tu
ally

reach
es

state
j

for
th

e
fi
rst

tim
e,

T
πi→

j
:=

E [
m

in{
n
∈
N

:
s
t=
n

=
j}|s

0
=
i,π ].

In
th

e
con

tex
t

of
ou

r
su

b
goal

p
rob

lem
,

th
e

n
atu

ral
q
u
asi-m

etric
to

m
easu

re
th

e
d
irected

d
istan

ce
b

etw
een

tw
o

states
i

an
d
j

is
th

u
s

given
b
y

th
e

tim
e

it
takes

to
reach

th
e

goal
state

j
from

th
e

startin
g

state
i

u
n
d
er

th
e

corresp
on

d
in

g
op

tim
al

su
b
goal

p
olicy

π
j (s)

=
arg

m
ax

a∈A
Q
∗(s,a|j),

i.e.,
∆
i,j

:=
T
π
j

i→
j .

F
or

d
d
B

N
IR

L
-S

(as
w

ell
as

for
th

e
w

ay
p

o
in

t
m

eth
o
d

in
B

N
IR

L
),

th
is

ch
oice

is
p
a
rticu

larly
ap

p
ea

lin
g

sin
ce

th
e

su
b
goal

p
olicies{π

j }
are

alread
y

availab
le

w
ith

in
th

e
in

feren
ce

p
ro

ced
u
re

after
th

e
state-action

valu
es

h
ave

b
een

com
-

p
u
ted

for
th

e
likelih

o
o
d

m
o
d
el

(m
ore

on
th

is
in

S
ection

4.5).
T

h
e

corresp
o
n
d
in

g
d
istan

ces
{
∆
i,j }

can
b

e
ob

tain
ed

effi
cien

tly
in

a
sin

gle
p

olicy
evalu

ation
step

sin
ce

∆
i,j

corresp
on

d
s

to
th

e
op

tim
al

(n
egative)

ex
p

ected
retu

rn
at

th
e

startin
g

state
i

for
th

e
sp

ecial
settin

g
w

h
ere

th
e

resp
ective

target
state

j
is

m
ad

e
ab

sorb
in

g
w

ith
zero

rew
ard

w
h
ile

all
oth

er
states

are
assign

ed
a

rew
ard

of−
1.

3
.2

.2
C

h
o
ic

e
o
f

t
h
e

S
c
o
r
e

F
u
n
c
t
io

n

F
rom

E
q
u
ation

(9)
it

is
ev

id
en

t
th

at
th

e
d
d
C

R
P

m
o
d
el

fav
ors

p
artition

in
g

stru
ctu

res
th

at
resu

lt
from

th
e

con
n
ection

of
n
earb

y
states.

In
th

e
con

tex
t

of
th

e
su

b
goal

p
rob

lem
,

th
is

p
rop

erty
tran

slates
to

th
e

p
rior

assu
m

p
tion

th
at,

m
ost

likely,
each

su
b
goal

is
ap

p
roach

ed
b
y

th
e

ex
p

ert
from

on
ly

on
e

sp
ecifi

c
lo

ca
lized

region
in

th
e

sy
stem

state
sp

ace.
W

h
ile

th
is

assu
m

p
tion

m
ay

b
e

reason
ab

le
for

som
e

task
s,

oth
er

task
s

req
u
ire

th
at

certain
ta

rget
states

b
e

ap
p
roach

ed
m

ore
th

an
on

e
tim

e,
from

d
iff

eren
t

region
s

in
th

e
sy

stem
state

sp
ace.

In
su

ch
cases,

it
is

b
en

efi
cial

if
th

e
m

o
d
el

can
reu

se
th

e
sam

e
su

b
goal

in
variou

s
con

tex
ts,

in
ord

er
to

ob
tain

a
m

ore
effi

cien
t

task
en

co
d
in

g
(F

igu
re

4).
F

rom
a

m
ath

em
atical

p
oin

t
of

v
iew

,
th

e
p
rereq

u
isite

for
learn

in
g

su
ch

en
co

d
in

gs
is

th
at

th
e

score
fu

n
ction

f
d
o
es

n
ot

sh
rin

k
to

zero
at

large
d
istan

ce
valu

es,
so

th
at

th
ere

rem
ain

s
a

n
on

-zero
p
rob

ab
ility

of
con

n
ectin

g
states

th
at

are
far

ap
art

from
each

oth
er.

T
h
is

can
b

e
ach

ieved
,

for
ex

am
p
le,

b
y

rep
resen

tin
g
f

as
a

con
vex

com
b
in

ation
of

a
m

on
oton

e
d
ecreasin

g
zero-ap

p
roach

in
g

fu
n
ction

f̄
:

[0,∞
)→

[0,∞
)

an
d

som
e

con
stan

t
off

set
κ
∈

(0,1],

f
(∆

)
=

(1−
κ

)f̄
(∆

)
+
κ
,

w
h
ere

f̄
is

ch
osen

,
e.g.,

as
a

rad
ial

b
asis

fu
n
ction

(Š
ošić

et
al.,

2018b
).

N
ote

th
at,

in
ord

er
to

im
p
lem

en
t

a
d
esired

d
egree

of
lo

ca
lity

in
th

e
m

o
d
el,

th
e

scale
of

th
e

d
ecay

fu
n
ction

f
(or

f̄
,

resp
ectiv

ely
)

can
b

e
fu

rth
er

calib
rated

b
ased

on
th

e
q
u
an

tiles
of

th
e

d
istrib

u
tion

of
th

e
given

d
istan

ces{∆
i,j }.
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g

3
.3

M
o
d

e
li
n

g
T

im
e
-V

a
ry

in
g

In
te

n
ti

o
n

s

F
or

th
e

ca
se

of
ch

an
gi

n
g

ex
p

er
t

in
te

n
ti

on
s,

w
e

n
ee

d
to

ke
ep

th
e

fl
ex

ib
il
it

y
of

B
N

IR
L

to
se

le
ct

a
n
ew

su
b
go

al
at

ea
ch

d
ec

is
io

n
in

st
an

t,
in

st
ea

d
of

re
st

ri
ct

in
g

ou
r

p
ol

ic
y

to
ta

rg
et

a
u
n
iq

u
e

su
b
go

al
p

er
st

at
e

(F
ig

u
re

5)
.

H
en

ce
,

w
e

re
ta

in
th

e
b
as

ic
B

N
IR

L
st

ru
ct

u
re

in
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a
te

re
p
re

se
n
-

ta
ti

on
m

ig
h
t

n
ot

fu
lfi

ll
th

e
M

ar
ko

v
re

q
u
ir

em
en

t.
O

n
e

ob
v
io

u
s

ex
p
la

n
at

io
n

w
o
u
ld

b
e

th
a
t

th
e

ac
tu

al
st

at
e

sp
ac

e
of

th
e

d
em

on
st

ra
to

r
is

n
ot

p
er

fe
ct

ly
k
n
ow

n
.

T
h
is

si
tu

at
io

n
o
cc

u
rs

,
fo

r

3
.
W

h
il
e
w
e
o
m
it

a
ri
g
o
ro
u
s
p
ro
o
f
h
er
e,

th
is

ca
n
b
e
se
en

in
tu
it
iv
el
y
b
y
n
o
ti
ci
n
g
th
a
t
a
n
y
st
a
te
-t
o
-a
ct
io
n

ru
le

th
a
t
is

o
p
ti
m
a
l
fo
r
a
g
iv
en

M
D
P

re
w
a
rd

fu
n
ct
io
n
ca
n
b
e
sy
n
th
es
iz
ed

v
ia

d
d
B
N
IR

L
-S

b
y
a
ss
u
m
in
g

a
n
in
d
iv
id
u
a
l
su
b
g
o
a
l
fo
r
ea
ch

st
a
te

in
th
e
ex
tr
em

e
ca
se
.
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ia

N
o
n
pa

r
a
m

e
t
r
ic

S
pa

t
io

-T
e
m

p
o
r
a
l

S
u
b
g

o
a
l

M
o
d
e
l
in

g

ex
a
m

p
le,

if
n
o
t

all
state

con
tex

t
availab

le
to

th
e

agen
t

is
ob

servab
le

b
y

th
e

m
o
d
eler.

A
n
oth

er
p

o
ten

tia
l
situ

a
tion

is
w

h
en

th
e

strategy
of

th
e

ag
en

t
d
ep

en
d
s

on
in

form
ation

th
at

is
in

d
ep

en
-

d
en

t
o
f

th
e

sy
stem

d
y
n
am

ics
an

d
h
en

ce
d
elib

erately
ex

clu
d
ed

from
th

e
state

variab
le

(i.e.,
p
a
ra

m
eters

th
a
t

are
u
n
aff

ected
b
y

th
e

action
s

of
th

e
agen

t,
su

ch
as

th
e

p
reselection

of
a

sp
ecifi

c
h
igh

-level
strategy

).
A

gen
eric

fram
ew

ork
for

su
ch

settin
gs

is
d
escrib

ed
b
y

D
an

iel
et

a
l.

(2
0
1
6b

),
w

h
ere

th
e

agen
t

learn
s

m
u
ltip

le
su

b
-p

olicies
th

at
are

triggered
d
ep

en
d
in

g
on

co
n
tex

t
in

fo
rm

ation
th

at
is

treated
sep

arately
from

th
e

state.

T
o

a
n

ex
tern

al
ob

server
w

h
o

is
u
n
aw

are
of

th
at

con
tex

t
in

form
atio

n
,

th
e

resu
ltin

g
p

olicy
o
f

th
e

a
g
en

t
w

ou
ld

p
oten

tially
ap

p
ear

tim
e-d

ep
en

d
en

t,
in

w
h
ich

case
th

e
on

ly
ch

an
ce

to
d
isen

ta
n
g
le

th
e

in
d
iv

id
u
al

su
b
-p

olicies
w

ou
ld

b
e

to
resort

to
a

d
y
n
am

ic
su

b
goal

en
co

d
in

g,
su

ch
a
s

p
rov

id
ed

b
y

d
d
B

N
IR

L
-T

.
H

ow
ever,

if
th

e
con

tex
t

is
k
n
ow

n
(like

th
e

tem
p

o
ral

in
for-

m
atio

n
in

S
ection

3.3
as

a
p
articu

la
r

ex
am

p
le),

b
oth

ap
p
roach

es
can

b
e

u
sed

eq
u
ivalen

tly
a
n
d

w
ill

o
n
ly

d
iff

er
in

th
e

resu
ltin

g
state

rep
resen

tation
.

M
ore

sp
ecifi

cally,
w

e
can

eith
er

fa
ll

b
a
ck

on
th

e
static

d
d
B

N
IR

L
-S

m
o
d
el

b
y

au
gm

en
tin

g
th

e
state

variab
le

w
ith

th
e

con
-

tex
t

in
fo

rm
a
tio

n
accord

in
gly,

or
w

e
can

resort
to

th
e

d
y
n
am

ic
su

b
goal

allo
cation

sch
em

e
o
f

d
d
B

N
IR

L
-T

,
u
sin

g
a

d
istan

ce
m

etric
th

at
accou

n
ts

for
th

e
con

tex
t.

C
on

versely,
w

h
en

co
n
sid

ered
in

a
p
u
rely

tim
e-in

varian
t

settin
g

(w
h
ere

th
e

con
tex

t
is

d
escrib

ed
b
y

som
e

oth
er

k
n
ow

n
q
u
a
n
tity

),
d
d
B

N
IR

L
-S

an
d

d
d
B

N
IR

L
-T

can
b

e
regard

ed
as

tw
o

sid
es

of
th

e
sam

e
co

in
,
i.e.,

b
o
th

can
b

e
u
sed

to
d
escrib

e
th

e
tim

e-in
varian

t
p

olicy
of

an
ob

served
d
em

on
strator

b
u
t

th
ey

d
iff

er
in

th
e

w
ay

th
e

sid
e

in
form

ation
is

rep
resen

ted
.

4
.
P
re
d
ictio

n
a
n
d
In

fe
re
n
ce

H
av

in
g

in
tro

d
u
ced

th
e

d
d
B

N
IR

L
fram

ew
ork

,
w

e
n
ow

ex
p
lain

h
ow

it
can

b
e

u
sed

to
g
en

eralize
a

g
iven

ex
p

ert
b

eh
av

ior.
T

o
th

is
en

d
,
w

e
fi
rst

fo
cu

s
on

th
e

task
of

action
p
red

iction
at

a
given

q
u
ery

sta
te,

a
n
d

th
en

ex
p
lain

in
a

secon
d

step
h
ow

to
ex

tract
th

e
n
ecessary

in
form

ation
from

th
e

d
em

o
n
stra

tion
d
ata.

A
lon

g
th

e
w

ay,
w

e
also

give
in

sigh
ts

in
to

th
e

im
p
licit

in
ten

tio
n
al

m
o
d
el

learn
ed

th
rou

gh
th

e
fram

ew
ork

.

N
o
te

:
In

o
rd

er
to

keep
th

e
level

of
red

u
n
d
an

cy
at

a
m

in
im

u
m

,
th

e
follow

in
g

con
sid

eration
s

a
re

b
a
sed

o
n

th
e

d
d
B

N
IR

L
-S

m
o
d
el.

T
h
e

resu
lts

for
d
d
B

N
IR

L
-T

follow
straigh

tforw
ard

ly
;

th
e

o
n
ly

ch
a
n
ge

in
th

e
eq

u
ation

s
is

th
e

w
ay

th
e

su
b
goals

are
referen

ced
.

T
o

ob
tain

th
e

co
rresp

o
n
d
in

g
ex

p
ression

s,
w

e
sim

p
ly

rep
lace

th
e

assign
m

en
t

variab
les

c
w

ith
c̃

an
d

ch
an

ge
th

e
clu

ster
d
efi

n
ition

in
E

q
u
ation

(16)
to
C
k

:=
{d
∈
{1
,...,D

}
:
z̃
(c̃

)|d
=
k}

.
A

ccord
in

gly,
a
ll

o
ccu

rren
ces

of
z
(c

)|s ∗
ch

an
ge

to
z̃
(c̃

)|d ∗,
z
(c

)|s
d

b
ecom

es
z̃
(c̃

)|d ,
an

d
s
d ∈
C
k

is
rep

laced
w

ith
d
∈
C
k .

4
.1

A
c
tio

n
P

re
d

ic
tio

n

S
im

ila
r

to
th

e
w

ork
b
y

A
b
b

eel
an

d
N

g
(2004),

w
e

con
sid

er
th

e
task

of
p
red

ictin
g

an
action

a ∗
∈
A

a
t

so
m

e
q
u
ery

state
s ∗
∈
S

th
at

is
op

tim
al

w
ith

resp
ect

to
th

e
ex

p
ert’s

u
n

kn
o
w

n
rew

a
rd

m
o
d
el.

H
ow

ever,
in

con
trast

to
m

ost
ex

istin
g

IR
L

m
eth

o
d
s,

ou
r

ap
p
roach

is
n
ot

b
a
sed

o
n

p
o
in

t
estim

ates
of

th
e

ex
p

ert’s
rew

ard
fu

n
ction

b
u
t

takes
in

to
a
ccou

n
t

th
e

en
tire

h
y
p

o
th

esis
sp

ace
of

rew
ard

m
o
d
els.

T
h
is

allow
s

u
s

to
ob

tain
th

e
fu

ll
p

osterior
p
red

ictiv
e

p
o
licy

fro
m

th
e

ex
p

ert
d
ata.

M
ath

em
atically,

th
e

task
is

form
u
lated

as
com

p
u
tin

g
th

e
p
re-

d
ictive

a
ctio

n
d
istrib

u
tion

p
(a ∗|s ∗,D

),
w

h
ich

cap
tu

res
th

e
fu

ll
in

form
ation

ab
ou

t
th

e
ex

p
ert

2
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Š
o
šić

,
R

u
e
c
k
e
r
t
,

P
e
t
e
r
s,

Z
o
u
b
ir

a
n
d

K
o
e
p
p
l

b
eh

av
ior

con
tain

ed
in

th
e

d
em

on
stration

set
D

.
W

e
start

b
y

ex
p
an

d
in

g
th

at
d
istrib

u
tion

w
ith

th
e

h
elp

of
th

e
laten

t
state

assign
m

en
ts

c
,

p
(a ∗|s ∗,D

)
=
∑c∈S
|S
| p

(a ∗|s ∗,D
,c

)p
(c|D

).

T
h
e

con
d
ition

al
d
istrib

u
tion

p
(a ∗|s ∗,D

,c
)

can
b

e
ex

p
ressed

in
term

s
of

th
e

p
osterior

d
is-

trib
u
tion

of
th

e
su

b
goal

targeted
at

th
e

q
u
ery

state
s ∗,

p
(a ∗|s ∗,D

)
=
∑c∈S
|S
| p

(c|D
) ∑i∈S

p
(a ∗|s ∗,c

,g
z
(c

)|s ∗
=
i)p

(g
z
(c

)|s ∗
=
i|D

,c
),

w
h
ere

w
e

u
sed

th
e

fact
th

at
th

e
p
red

iction
a ∗

is
con

d
ition

ally
in

d
ep

en
d
en

t
of

th
e

d
em

on
-

stration
setD

given
th

e
state

p
artition

in
g

stru
ctu

re
an

d
th

e
corresp

on
d
in

g
su

b
goal

assig
n
ed

to
s ∗

(th
at

is,
given

c
an

d
g
z
(c

)|s ∗ ).
F

rom
th

e
join

t
d
istrib

u
tion

in
E

q
u
ation

(10),
it

follow
s

th
at

p
(g
k |D

,c
)

=
1

Z
k (D

,c
) p
g (g

k |s)
∏

d
:z

(c
)|s
d

=
k π

(a
d |s

d ,g
k ),

(12)

w
h
ere

Z
k (D

,c
)

is
th

e
corresp

on
d
in

g
n
orm

alizin
g

con
stan

t,

Z
k (D

,c
)

:=
∑

i∈
su

p
p

(p
g
) p
g (g

k
=
i|s)

∏

d
:z

(c
)|s
d

=
k π

(a
d |s

d ,g
k

=
i).

(13)

U
sin

g
th

is
relation

sh
ip

,
w

e
get

p
(a ∗|s ∗,D

)
=
∑c∈S
|S
|

1

Z
k (D

,c
) p

(c|D
)
∑

i∈
su

p
p

(p
g
) p
g (g

z
(c

)|s ∗
=
i|s)

...

...
×
∏

d
:z

(c
)|s
d

=
z
(c

)|s ∗
π

(a
d |s

d ,g
z
(c

)|s ∗
=
i)p

(a ∗|s ∗,c
,g

z
(c

)|s ∗
=
i).

In
con

trast
to

th
e

su
m

m
ation

ov
er

su
b
goal

lo
cation

s
i,

w
h
ose

com
p
u
tation

al
com

p
lex

ity
is

d
eterm

in
ed

b
y

th
e

su
p
p

ort
of

th
e

su
b
goal

p
rior

d
istrib

u
tio

n
p
g

an
d

w
h
ich

grow
s

at
m

ost
lin

early
w

ith
th

e
size

ofS
,

th
e

m
argin

alization
w

ith
resp

ect
to

th
e

in
d
icator

variab
les

c
in

volv
es

th
e

su
m

m
ation

of|S| |S|
term

s
an

d
b

ecom
es

q
u
ick

ly
in

tra
ctab

le
even

for
sm

all
state

sp
aces.

T
h
erefore,

w
e

ap
p
rox

im
ate

th
is

op
era

tion
v
ia

M
on

te
C

arlo
in

tegration
,

w
h
ich

y
ield

s

p
(a ∗|s ∗,D

)≈
1N

N
∑n

=
1

∑

i∈
su

p
p

(p
g
) p
(g

z
(c {

n}
)|s ∗

=
i|D

,c {
n})p

(a ∗|s ∗,c {
n},g

z
(c {

n}
)|s ∗

=
i),

w
h
ere

c {
n}
∼
p
(c|D

).
T

h
e

fi
n
al

p
red

iction
step

can
th

en
b

e
p

erform
ed

,
for

ex
am

p
le,

v
ia

th
e

m
ax

im
u
m

a
p

osteriori
(M

A
P

)
p

olicy
estim

ate,

π̂
(s ∗)

:=
arg

m
ax

a ∗∈A
p
(a ∗|s ∗,D

).
(14)

T
h
e

in
feren

ce
task

,
h
en

ce,
red

u
ces

to
th

e
com

p
u
tation

of
th

e
p

osterior
sam

p
les
{
c {
n}}

,
w

h
ich

is
d
escrib

ed
in

th
e

n
ex

t
section

.
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e
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p
o
r
a
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S
u
b
g

o
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M
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e
l
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g

4
.2

P
a
rt

it
io

n
In

fe
re

n
c
e

B
as

ed
on

th
e

jo
in

t
m

o
d
el

in
E

q
u
at

io
n

(1
0)

,
w

e
ob

ta
in

th
e

p
os

te
ri

or
d
is

tr
ib

u
ti

on
p
(c
|D

)
in

fa
ct

or
iz

ed
fo

rm
as p

(c
|D

)
=
p
(c

)
∞ ∏ k
=

1

∑

g
k
∈s

u
p

p
(p
g
)p
g
(g
k
|s

)
D ∏ d
=

1

π
(a
d
|s
d
,g

z
(c

)| s
d
)

=
p
(c

)

|z
(c

)|
∏ k
=

1

∑

g
k
∈s

u
p

p
(p
g
)p
g
(g
k
|s

)
∏

d
:s
d
∈C

k

π
(a
d
|s
d
,g
k
),

(1
5)

w
h
er

e
C k

d
en

ot
es

th
e
k
th

st
at

e
cl

u
st

er
in

d
u
ce

d
b
y

th
e

as
si

gn
m

en
t

c
,

C k
: =
{s
∈
S

:
z
(c

)| s
=
k
},

(1
6)

an
d
|z

(c
)|

is
th

e
to

ta
l

n
u
m

b
er

of
cl

u
st

er
s

d
efi

n
ed

b
y

c
.

A
s

ex
p
la

in
ed

b
y

B
le

i
an

d
F

ra
zi

er
(2

01
1)

,
th

e
in

d
ic

at
or

sa
m

p
le

s
{c
{n
} }

ca
n

b
e

effi
ci

en
tl

y
ge

n
er

at
ed

u
si

n
g

a
fa

st
-m

ix
in

g
G

ib
b
s

ch
ai

n
.

S
ta

rt
in

g
fr

om
a

gi
ve

n
d
d
C

R
P

gr
a
p
h

d
efi

n
ed

b
y

th
e

su
b
se

t
of

in
d
ic

at
or

s
c
\i

: =
{c
j
}\
c i

,
th

e
in

se
rt

io
n

of
an

ad
d
it

io
n
al

ed
ge

c i
w

il
l

re
su

lt
in

on
e

of
th

re
e

p
os

si
b
le

ou
tc

om
es

,
as

il
lu

st
ra

te
d

in
F

ig
u
re

7:
in

th
e

ca
se

of
ad

d
in

g
a

se
lf

-l
o
op

(c
i

=
i)

,
th

e
u
n
d
er

ly
in

g
p
ar

ti
ti

on
in

g
st

ru
ct

u
re

st
ay

s
u
n
aff

ec
te

d
.

S
et

ti
n
g
c i
6=
i

ei
th

er
le

av
es

th
e

st
ru

ct
u
re

u
n
ch

an
ge

d
(i

f
th

e
ta

rg
et

st
at

e
is

al
re

ad
y

in
th

e
sa

m
e

cl
u
st

er
as

st
at

e
i)

or
cr

ea
te

s
a

n
ew

li
n
k

b
et

w
ee

n
tw

o
cl

u
st

er
s.

In
th

e
la

tt
er

ca
se

,
th

e
in

v
ol

ve
d

cl
u
st

er
s

ar
e

m
er

ge
d
,

w
h
ic

h
co

rr
es

p
on

d
s

to
a

m
er

gi
n
g

of
th

e
as

so
ci

at
ed

su
m

s
in

E
q
u
at

io
n

(1
5)

.
A

cc
or

d
in

g
to

th
es

e
th

re
e

ca
se

s,
th

e
co

n
d
it

io
n
al

d
is

tr
ib

u
ti

on
fo

r
th

e
G

ib
b
s

p
ro

ce
d
u
re

is
ob

ta
in

ed
as

p
(c
i

=
j
|c
\i
,D

)
∝

      

ν
if
i

=
j,

f
(d
i,
j
)

if
n
o

cl
u
st

er
s

ar
e

m
er

ge
d
,

f
(d
i,
j
)
L(
C z
i
∪
C z
j
)

L(
C z
i
)·L

(C
z
j
)

if
cl

u
st

er
s
C z
i

an
d
C z
j

ar
e

m
er

ge
d
.

(1
7)

H
er

ei
n
,
L(
C)

d
en

ot
es

th
e

m
ar

gi
n
al

ac
ti

on
li
k
el

ih
o
o
d

of
al

l
d
em

on
st

ra
ti

on
s

ac
cu

m
u
la

te
d

in
cl

u
st

er
C,

L(
C)

=
∑

g
∈s

u
p

p
(p
g
)p
g
(g
|s

)
∏

d
:s
d
∈C
π

(a
d
|s
d
,g

),
(1

8)

w
h
ic

h
fu

rt
h
er

re
p
re

se
n
ts

th
e

n
or

m
al

iz
in

g
co

n
st

an
t

fo
r

th
e

p
os

te
ri

or
d
is

tr
ib

u
ti

on
of

th
e

cl
u
st

er
su

b
go

al
(E

q
u
at

io
n

13
).

A
cc

or
d
in

gl
y,

th
e

fr
ac

ti
on

in
E

q
u
at

io
n

(1
7)

ca
n

b
e

in
te

rp
re

te
d

as
th

e
li
ke

li
h
o
o
d

ra
ti

o
of

th
e

p
ar

ti
ti

on
in

g
d
efi

n
ed

b
y

c
\i

an
d

th
e

m
er

ge
d

st
ru

ct
u
re

af
te

r
in

se
rt

in
g

th
e

n
ew

ed
ge
c i

.

4
.3

S
u

b
g
o
a
l

In
fe

re
n

c
e

It
is

im
p

or
ta

n
t

to
n
ot

e
th

at
th

e
in

fe
re

n
ce

m
et

h
o
d

d
es

cr
ib

ed
in

S
ec

ti
on

s
4.

1
an

d
4.

2
is

b
a
se

d
on

a
co

ll
ap

se
d

sa
m

p
li
n
g

sc
h
em

e
w

h
er

e
al

l
su

b
go

al
s

of
ou

r
m

o
d
el

ar
e

m
ar

g
in

al
iz

ed
ou

t.
In

fa
ct

,
th

e
d
d
B

N
IR

L
fr

am
ew

or
k

d
iff

er
s

fr
om

B
N

IR
L

an
d

ot
h
er

IR
L

m
et

h
o
d
s

in
th

a
t

th
e

re
w

ar
d

m
o
d
el

of
th

e
ex

p
er

t
is

n
ev

er
m

ad
e

ex
p
li
ci

t
fo

r
p
re

d
ic

ti
n
g

n
ew

ac
ti

on
s.

N
on

et
h
el

es
s,

if
d
es

ir
ed

(e
.g

.,
fo

r
th

e
p
u
rp

os
e

of
an

al
y
zi

n
g

th
e

ex
p

er
t’

s
in

te
n
ti

on
s)

,
an

es
ti

m
at

e
of

th
e

su
b
go

al
lo

ca
ti

on
s

ca
n

b
e

ob
ta

in
ed

in
a

p
os

t-
h
o
c

fa
sh

io
n

fr
om

th
e

su
b
go

al
p

os
te

ri
or

d
is

tr
ib

u
ti

on
in

E
q
u
at

io
n

(1
2)

fo
r

an
y

gi
ve

n
as

si
gn

m
en

t
c
.

E
x
am

p
le

s
ar

e
p
ro

v
id

ed
in

F
ig

u
re

8
.

25
JM

L
R

 1
9(
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8

Š
o
ši

ć
,

R
u
e
c
k
e
r
t
,

P
e
t
e
r
s,

Z
o
u
b
ir

a
n
d

K
o
e
p
p
l

(b
)

(a
)

(c
)

F
ig

u
re

7:
In

se
rt

io
n

of
an

ed
ge

(d
as

h
ed

ar
ro

w
)

to
th

e
d
d
C

R
P

gr
ap

h
.

C
ol

o
rs

in
d
ic

a
te

th
e

cl
u
st

er
m

em
b

er
sh

ip
s

of
th

e
n
o
d
es

,
w

h
ic

h
ar

e
d
efi

n
ed

im
p
li
ci

tl
y

v
ia

th
e

co
n
n
ec

te
d

co
m

p
on

en
ts

of
th

e
gr

ap
h
.

(a
)

A
d
d
in

g
a

se
lf

-l
o
op

or
(b

)
in

se
rt

in
g

an
ed

g
e

b
et

w
ee

n
tw

o
al

re
ad

y
co

n
n
ec

te
d

n
o
d
es

d
o
es

n
ot

al
te

r
th

e
cl

u
st

er
in

g
st

ru
ct

u
re

.
(c

)
A

d
d
in

g
an

ed
ge

b
et

w
ee

n
tw

o
u
n
co

n
n
ec

te
d

co
m

p
on

en
ts

m
er

ge
s

th
e

as
so

ci
a
te

d
cl

u
st

er
s.

4
.4

A
c
ti

o
n

In
fe

re
n

c
e

A
s

m
en

ti
on

ed
in

S
ec

ti
on

2.
2,

th
e

or
ig

in
al

B
N

IR
L

al
go

ri
th

m
re

q
u
ir

es
co

m
p
le

te
k
n
ow

le
d
g
e

of
th

e
ex

p
er

t’
s

ac
ti

o
n

re
co

rd
a

,
w

h
ic

h
li
m

it
s

th
e

ra
n
ge

of
p

ot
en

ti
al

ap
p
li
ca

ti
on

sc
en

a
ri

o
s.

F
or

th
is

re
as

on
,

w
e

ge
n
er

al
iz

e
ou

r
in

fe
re

n
ce

sc
h
em

e
to

th
e

ca
se

w
h
er

e
w

e
h
av

e
a
cc

es
s

to
st

a
te

in
fo

rm
at

io
n

on
ly

,
p
ro

v
id

ed
in

th
e

fo
rm

of
an

al
te

rn
at

iv
e

d
at

a
se

t
D

: =
{(
s d
,s̄
d
)}
D d
=

1
,

w
h
er

e
s̄ d

re
fe

rs
to

th
e

st
at

e
v
is

it
ed

b
y

th
e

ex
p

er
t

im
m

ed
ia

te
ly

af
te

r
s d

.
In

th
is

se
tt

in
g
,

in
fe

re
n
ce

ca
n

b
e

p
er

fo
rm

ed
b
y

ex
te

n
d
in

g
th

e
G

ib
b
s

p
ro

ce
d
u
re

w
it

h
an

ad
d
it

io
n
al

co
ll
a
p
se

d
sa

m
p
li
n
g

st
ag

e,

p
(a
d
|a
\d
,D
,c

)
∝
T

(s̄
d
|s
d
,a
d
)
∑

i∈
su

p
p

(p
g
)p
g
(g

z
(c

)| s
d

=
i)

∏

d
′ :
z
(c

)| s
d
′=

z
(c

)| s
d

π
(a
d
′
|s
d
′ ,
g z

(c
)| s
d

=
i)
,

(1
9
)

w
h
ic

h
,

fo
r

a
fi
x
ed

as
si

gn
m

en
t

c
,

re
co

ve
rs

an
es

ti
m

a
te

of
th

e
la

te
n
t

ac
ti

on
se

t
a

fr
o
m

th
e

ob
se

rv
ed

st
at

e
tr

an
si

ti
on

s.
N

ot
e

th
at

k
n
ow

le
d
ge

of
th

e
tr

an
si

ti
on

m
o
d
el
T

is
re

q
u
ir

ed
fo

r
th

is
st

ep
as

it
p
ro

v
id

es
th

e
n
ec

es
sa

ry
li
n
k

b
et

w
ee

n
th

e
ex

p
er

t’
s

ac
ti

on
s

an
d

th
e

o
b
se

rv
ed

su
cc

es
so

r
st

at
es

.
T

h
e

sa
m

e
ex

te
n
si

on
is

p
os

si
b
le

fo
r

th
e

d
d
B

N
IR

L
-T

m
o
d
el

,
p
ro

v
id

ed
th

a
t

th
e

tr
an

si
ti

on
ti

m
es

ta
m

p
s
{t
d
}

ar
e

k
n
ow

n
(S

ec
ti

on
3.

3)
.

4
.5

C
o
m

p
u

ta
ti

o
n

a
l

C
o
m

p
le

x
it

y

A
s

a
la

st
p

oi
n
t

in
th

is
se

ct
io

n
,

w
e

w
ou

ld
li
ke

to
d
is

cu
ss

th
e

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
of

ou
r

ap
p
ro

ac
h
.

F
or

th
is

p
u
rp

os
e,

h
er

e
a

q
u
ic

k
re

m
in

d
er

on
th

e
u
se

d
n
ot

at
io

n
:

w
e

w
ri

te
|S
|

an
d
|A
|f

or
th

e
ca

rd
in

al
it

ie
s

of
th

e
st

at
e

an
d

ac
ti

on
sp

ac
e,

re
sp

ec
ti

ve
ly

,
an

d
u
se

th
e

le
tt

er
D

fo
r

th
e

si
ze

of
th

e
d
em

on
st

ra
ti

on
se

t.
F

u
rt

h
er

,
w

e
w

ri
te
C k

to
re

fe
r

to
th

e
k
th

st
a
te

cl
u
st

er
(d

d
B

N
IR

L
-S

)
or

d
at

a
cl

u
st

er
(d

d
B

N
IR

L
-T

).
In

th
e

su
b
se

q
u
en

t
p
ar

a
gr

ap
h
s,

w
e

a
d
d
it

io
n
a
ll
y

u
se

th
e

n
ot

at
io

n
N
D

(C
k
)

to
ac

ce
ss

th
e

n
u
m

b
er

of
d
em

on
st

ra
ti

on
d
at

a
p

oi
n
ts

a
ss

o
ci

a
te

d
w

it
h

2
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IR
L

v
ia

N
o
n
pa

r
a
m

e
t
r
ic

S
pa

t
io

-T
e
m

p
o
r
a
l

S
u
b
g

o
a
l

M
o
d
e
l
in

g

clu
sterC

k ,
K

to
in

d
icate

th
e

n
u
m

b
er

of
clu

sters
in

th
e

cu
rren

t
iteration

,
N
g

:=
|su

p
p
(p
g )|

a
s

a
sh

o
rth

a
n
d

for
th

e
size

of
th

e
su

p
p

ort
of

th
e

su
b
goal

p
rior

d
istrib

u
tio

n
,

an
d
N
c

for
th

e
n
u
m

b
er

o
f

in
d
icator

variab
les,

i.e.,
N
c

:=
|S|

for
d
d
B

N
IR

L
-S

an
d
N
c

:=
D

for
d
d
B

N
IR

L
-T

.

In
itia

liza
tio

n
P

h
a
se:

C
om

m
on

to
all

d
iscu

ssed
m

o
d
els

(in
clu

d
in

g
B

N
IR

L
)

is
th

at
th

ey
d
ep

en
d

o
n

a
p
reced

in
g

p
lan

n
in

g
p
h
ase,

w
h
ere

w
e

com
p
u
te,

p
oten

tially
in

p
arallel,

th
e

sta
te-a

ction
va

lu
e

fu
n
ction

s
(E

q
u
ation

3)
for

all
N
g

con
sid

ered
su

b
goals,

w
h
ich

allow
s

u
s

to
co

n
stru

ct
th

e
su

b
goal

likelih
o
o
d

m
o
d
el

(E
q
u
ation

2
or

8).
T

h
e

overa
ll

com
p
u
tation

al
co

m
p
lex

ity
o
f

th
is

p
ro

ced
u
re

is
of

o
rd

er
O

(N
g C

M
D

P
(|S|,|A

|)),
w

h
ere

C
M

D
P

(x
,y

)
d
en

otes
th

e
co

m
p
lex

ity
of

th
e

u
sed

p
lan

n
in

g
rou

tin
e

to
(ap

p
rox

im
ately

)
solve

an
M

D
P

of
size

x
w

ith
a

tota
l

n
u
m

b
er

of
y

action
s.

U
sin

g
a

valu
e

iteration
algorith

m
,

for
in

stan
ce,

th
is

can
b

e
a
ch

ieved
in
O

(C
M

D
P

(|S|,|A
|))

=
O

(|S| 2|A
|)

step
s

(L
ittm

an
et

al.,
199

5).
If

w
e

assu
m

e
th

a
t

th
e

ex
p

ert
reach

es
all

su
b
goals

d
u
rin

g
th

e
d
em

on
stration

p
h
ase

(M
ich

in
i

an
d

H
ow

,
2
01

2
),

w
e

ca
n

restrict
th

e
su

p
p

ort
of

th
e

su
b
goal

p
rior

to
th

e
v
isited

sta
tes,

so
th

at
N
g

is
u
p
p

er-b
o
u
n
d
ed

b
y

m
in

(|S|,D
).

N
ote

th
at

th
ere

ex
ist

ap
p
rox

im
ation

tech
n
iq

u
es

th
at

m
ake

th
e

co
m

p
u
ta

tio
n

tractab
le

in
large/con

tin
u
ou

s
state

sp
aces

(see
d
iscu

ssion
in

S
ection

6).

B
efo

re
w

e
start

th
e

sam
p
lin

g
p
ro

ced
u
re,

w
e

com
p
u
te

all
sin

gle-clu
ster

likelih
o
o
d
s{L

(C
k )}

a
n
d

p
a
irw

ise
likelih

o
o
d
s{L

(C
k ∪
C
k ′)}

accord
in

g
to

E
q
u
ation

(18),
b
ased

on
som

e
(ran

d
om

)
in

itia
l

clu
ster

stru
ctu

re.
T

h
e

likelih
o
o
d

com
p
u
tation

for
th

e
k
th

clu
sterC

k
in

volv
es

a
p
ro

d
-

u
ct

over
N
D

(C
k )

d
ata

p
oin

ts,
w

h
ich

n
eed

s
to

b
e

calcu
lated

for
each

of
th

e
N
g

su
b
g
oals

b
efo

re
ta

k
in

g
th

eir
w

eigh
ted

average.
T

h
is

step
h
as

to
b

e
ex

ecu
ted

(p
oten

tially
in

p
arallel)

fo
r

all
clu

sters.
H

ow
ev

er,
b

ecau
se

each
d
em

on
stration

is
asso

ciated
w

ith
ex

actly
on

e
clu

ster
(eith

er
d
irectly

as
in

d
d
B

N
IR

L
-T

or
v
ia

th
e

corresp
on

d
in

g
state

variab
le

a
s

in
d
d
B

N
IR

L
-S

)
a
n
d

h
en

ce ∑
k
N
D

(C
k )

=
D

,
th

e
total

com
p
lex

ity
for

com
p
u
tin

g
all

sin
gle-clu

ster
likelih

o
o
d
s

is
o
f

o
rd

erO
(N

g D
),

irresp
ectiv

e
of

th
e

actu
al

clu
ster

stru
ctu

re.
A

sim
ilar

lin
e

of
reason

in
g

a
p
p
lies

to
th

e
com

p
u
tation

of
th

e
p
airw

ise
likelih

o
o
d
s,

y
ield

in
g

th
e

sam
e

com
p
lex

ity
ord

er.
Y

et,
fo

r
th

e
la

tter
w

e
n
eed

to
con

sid
er

all
p

ossib
le

clu
ster

com
b
in

ation
s.

A
ssu

m
in

g
an

in
itial

n
u
m

b
er

of
K

clu
sters,

th
ere

are
in

tota
l
K

(K
−

1)/2
p
airw

ise
likelih

o
o
d
s

to
b

e
com

p
u
ted

.
H

en
ce,

th
e

overall
com

p
lex

ity
of

th
e

in
itialization

p
h
ase

can
b

e
su

m
m

arized
a
sO

(N
g D
K

2).

P
a
rtitio

n
In

feren
ce:

F
or

th
e

p
artition

in
feren

ce,
th

e
b
u
lk

o
f

th
e

com
p
u
tation

lies
in

th
e

rep
ea

ted
co

n
stru

ction
of

th
e

likelih
o
o
d

term
in

E
q
u
atio

n
(17),

w
h
ich

n
eed

s
to

b
e

u
p

d
ated

w
h
en

ever
th

e
clu

ster
stru

ctu
re

ch
an

ges.
T

o
an

aly
ze

th
e

com
p
lex

ity,
w

e
con

sid
er

th
e

sam
p
lin

g
step

o
f

a
n

in
d
iv

id
u
al

assign
m

en
t

variab
le
c
i

(or
likew

ise
c̃
i ).

In
th

e
w

orst
case,

rem
ov

in
g

th
e

ed
g
e

th
a
t

b
elon

gs
to
c
i

from
th

e
d
d
C

R
P

grap
h

d
iv

id
es

th
e

asso
ciated

clu
ster

in
to

tw
o

p
arts

(F
igu

re
7
),

so
th

at
tw

o
n
ew

sin
gle-clu

ster
likelih

o
o
d
s

n
eed

to
b

e
com

p
u
ted

.
W

ith
th

e
u
p
p

er
b

o
u
n
d
D

on
th

e
n
u
m

b
er

of
d
ata

p
oin

ts
asso

ciated
w

ith
th

e
clu

ster
b

efore
th

e
d
iv

ision
,

th
is

o
p

era
tion

is
of

w
orst-case

com
p
lex

ity
O

(N
g D

)
(see

in
itialization

p
h
ase).

Irresp
ective

o
f

w
h
eth

er
a

d
iv

ision
o
ccu

rs,
w

e
th

en
n
eed

to
com

p
u
te

all
p
airw

ise
clu

ster
likelih

o
o
d
s

w
ith

th
e

(n
ew

)
clu

ster
con

n
ected

v
ia
c
i .

F
or

a
total

of
K
−

1
p

ossib
le

ch
oices,

th
is

is
d
on

e
in

O
(N

g D
K

)
o
p

eration
s

(see
in

itialization
p
h
ase).

A
fter

assign
in

g
th

e
in

d
icator,

w
e

m
ov

e
on

to
th

e
n
ex

t
va

riab
le

w
h
ere

th
e

p
ro

cess
rep

eats.
If

w
e

assu
m

e,
for

sim
p
licity,

th
at

th
e

n
u
m

-
b

er
o
f

clu
sters

stay
s

con
stan

t
d
u
rin

g
a

fu
ll

G
ib

b
s

cy
cle,

th
e

total
com

p
lex

ity
of

u
p

d
atin

g
a
ll

clu
ster

a
ssig

n
m

en
ts

is
h
en

ce
of

ord
erO

(N
g D
K
N
c ).

A
(p

essim
istic)

u
p
p

er
b

ou
n
d

for
th

e
g
en

era
l

ca
se

ca
n

b
e

ob
tain

ed
b
y

assu
m

in
g

th
at

each
d
ata

p
oin

t
d
efi

n
es

its
ow

n
clu

ster,
in
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Š
o
šić

,
R

u
e
c
k
e
r
t
,

P
e
t
e
r
s,

Z
o
u
b
ir

a
n
d

K
o
e
p
p
l

w
h
ich

case
th

e
com

p
lex

ity
in

creases
to
O

(N
g D

2N
c ).

N
ote

th
at,

in
ord

er
to

id
en

tify
th

e
n
ew

clu
ster

stru
ctu

re
after

ch
an

gin
g

an
assign

m
en

t,
w

e
ad

d
ition

ally
n
eed

to
track

th
e

con
n
ected

com
p

on
en

ts
of

th
e

u
n
d
erly

in
g

d
d
C

R
P

grap
h
.

A
s

ex
p
lain

ed
b
y

K
ap

ro
n

et
al.

(2013),
th

is
can

b
e

d
on

e
in

p
oly

logarith
m

ic
w

orst-case
tim

e.

A
ctio

n
S

a
m

p
lin

g:
In

ord
er

com
p
u
te

th
e

con
d
ition

al
p
rob

ab
ility

d
istrib

u
tion

of
a

p
articu

lar
action

a
d ,

w
e

n
eed

to
evalu

ate
a

p
ro

d
u
ct

in
volv

in
g

all
action

s
th

at
b

elon
g

to
th

e
sam

e
clu

ster
as

action
a
d

(E
q
u
ation

19).
F

irst,
w

e
can

com
p
u
te

th
e

p
ro

d
u
ct

over
all

action
s

ex
cep

t
a
d

itself,
w

h
ere

th
e

n
u
m

b
er

of
in

volved
term

s
is

again
u
p
p

er-b
ou

n
d
ed

b
y
D

.
A

p
p

en
d
in

g
th

e
term

th
at

b
elon

gs
to

a
d

for
all

p
ossib

le
a
ction

ch
o
ices

req
u
ires

a
n
oth

er
|A
|

op
eration

s.
T

h
ese

tw
o

step
s

n
eed

to
b

e
rep

eated
for

a
ll

p
ossib

le
su

b
goals,

y
ield

in
g

an
u
p
p

er
b

ou
n
d

on
th

e
com

p
lex

ity
of

ord
erO

(N
g (D

+
|A
|)).

F
or

a
fu

ll
G

ib
b
s

cy
cle,

w
h
ich

in
volves

sam
p
lin

g
all

D
action

variab
les,

th
e

overall
(w

orst-case)
com

p
lex

ity
is

h
en

ce
of

o
rd

erO
(N

g (D
+
|A
|)D

).

5
.
E
x
p
e
rim

e
n
ta
l
R
e
su

lts

In
th

is
section

,
w

e
p
resen

t
ex

p
erim

en
tal

resu
lts

for
ou

r
fram

ew
ork

.
T

h
e

evalu
ation

is
sep

a-
rated

in
to

fou
r

p
arts:

(i)
a

p
ro

of
of

con
cep

t
an

d
con

cep
tu

al
com

p
arison

to
B

N
IR

L
(S

ection
5.1),

(ii)
a

p
erform

an
ce

com
p
arison

w
ith

related
algorith

m
s

(S
ection

5
.2),

(iii)
a

real
d
ata

ex
p

erim
en

t
con

d
u
cted

on
a

K
U

K
A

rob
ot

(S
ection

5.3)
an

d
(iv

)
an

active
learn

in
g

task
(S

ection
5.4).

5
.1

P
ro

o
f

o
f

C
o
n

c
e
p

t

T
o

illu
strate

th
e

con
cep

tu
al

d
iff

eren
ces

to
B

N
IR

L
an

d
p
rov

id
e

a
d
d
ition

al
in

sigh
ts

in
to

th
e

laten
t

in
ten

tion
al

m
o
d
el

learn
ed

th
rou

gh
ou

r
fram

ew
ork

,
w

e
b

egin
w

ith
th

e
m

o
tivatin

g
d
ata

set
from

F
igu

re
1a,

w
h
ich

h
ad

b
een

origin
ally

p
resen

ted
b
y

M
ich

in
i

a
n
d

H
ow

(2012).
T

h
e

con
sid

ered
sy

stem
en

v
iron

m
en

t,
d
efi

n
ed

b
y
|S|

=
20
×

20
=

400
grid

p
osition

s,
is

again
sh

ow
n

in
th

e
top

left
corn

er
of

F
igu

re
8.

N
in

e
of

th
ose

p
ositio

n
s

corresp
on

d
to

in
accessib

le
w

all
states,

m
arked

b
y

th
e

h
orizon

tal
b
lack

b
ar.

A
t

th
e

valid
states,

th
e

ex
p

ert
can

ch
o
o
se

from
an

action
set

com
p
risin

g
a

total
of

eigh
t

action
s,

each
in

itiatin
g

a
n
oisy

state
tran

sition
tow

ard
on

e
of

th
e

(in
ter-)card

in
al

d
irection

s.
T

h
e

ob
served

state-action
p
airs

are
d
ep

icted
in

th
e

form
of

arrow
s,

w
h
ose

colors
in

d
icate

th
e

M
A

P
p
a
rtition

in
g

lea
rn

ed
th

rou
gh

B
N

IR
L

.
T

h
e

rem
ain

in
g

su
b
fi
gu

res
sh

ow
th

e
resu

lts
o
f

th
e

d
d
B

N
IR

L
fram

ew
ork

,
w

h
ich

w
ere

ob
tain

ed
from

a
p

osterior
sam

p
le

retu
rn

ed
b
y

th
e

resp
ective

algorith
m

(d
d
B

N
IR

L
-S

/T
)

at
a

low
tem

p
eratu

re
in

a
sim

u
lated

an
n
ealin

g
sch

ed
u
le

(K
irk

p
atrick

et
al.,

1
983).

C
om

p
arin

g
th

e
ob

tain
ed

resu
lts,

w
e

ob
serve

th
e

follow
in

g
m

ain
d
iff

eren
ces

to
th

e
origin

al
ap

p
roach

:

(i)
U

n
like

B
N

IR
L

,
th

e
p
rop

osed
fram

ew
ork

allow
s

to
ch

o
ose

b
etw

een
a

sp
atial

an
d

a
tem

p
oral

en
co

d
in

g
of

th
e

ob
served

task
,

p
rov

id
in

g
th

e
p

ossib
ility

to
accou

n
t

ex
p
licitly

for
th

e
ty

p
e

of
d
em

on
strated

b
eh

av
ior

(static/d
y
n
a
m

ic).
A

s
ex

p
lain

ed
in

S
ection

3.3.1,
th

e
con

tex
t-u

n
aw

are
(yet

in
p
rin

cip
le

d
y
n
am

ic)
van

illa
B

N
IR

L
in

feren
ce

sch
em

e
is

still
in

clu
d
ed

as
a

sp
ecial

case.
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IR
L

v
ia

N
o
n
pa

r
a
m

e
t
r
ic

S
pa

t
io

-T
e
m

p
o
r
a
l

S
u
b
g

o
a
l

M
o
d
e
l
in

g

su
b

g
o
a
l

p
o
st

er
io

rs

sa
m

p
le

p
a
rt

it
io

n
in

g
s

p
re

d
ic

ti
v
e

p
o
li

ci
es

d
d
B

N
IR

L
-S

B
N

IR
L

d
d
B

N
IR

L
-T

p
h

a
se

1
:

g
re

en
su

b
g
o
a
l

p
h

a
se

2
:

y
el

lo
w

su
b

g
o
a
l

p
h

a
se

3
:

re
d

su
b

g
o
a
l

sp
a
ti

a
l

p
o
li

cy
(a

ll
su

b
g
o
a
ls

co
m

b
in

ed
)

te
m

p
o
ra

l
p

o
li

cy

F
ig

u
re

8:
R

es
u
lt

s
on

th
e

B
N

IR
L

d
at

a
se

t
(M

ic
h
in

i
an

d
H

ow
,

20
12

).
T

o
p

ro
w

:
d
em

on
-

st
ra

ti
on

d
at

a
an

d
sa

m
p
le

p
ar

ti
ti

on
in

gs
ge

n
er

at
ed

b
y

th
e

d
iff

er
en

t
in

fe
re

n
ce

al
go

-
ri

th
m

s.
C

e
n
te

r
ro

w
:

su
b
go

al
p

os
te

ri
or

d
is

tr
ib

u
ti

on
s

as
so

ci
at

ed
w

it
h

th
e

p
ar

ti
-

ti
on

s
fo

u
n
d

b
y

d
d
B

N
IR

L
-S

an
d

d
d
B

N
IR

L
-T

.
F

or
a

cl
ea

re
r

ov
er

v
ie

w
,

th
e

co
rr

e-
sp

on
d
in

g
B

N
IR

L
d
is

tr
ib

u
ti

on
s

ar
e

om
it

te
d

(s
ee

F
ig

u
re

6
fo

r
a

co
m

p
ar

is
on

).
B

o
t-

to
m

ro
w

:
ti

m
e-

in
va

ri
an

t
d
d
B

N
IR

L
-S

p
ol

ic
y

m
o
d
el

sy
n
th

es
iz

ed
fr

om
al

l
th

re
e

d
e-

te
ct

ed
su

b
go

al
s

(l
ef

t)
an

d
te

m
p

or
al

p
h
as

es
id

en
ti

fi
ed

b
y

d
d
B

N
IR

L
-T

(r
ig

h
t)

.
T

h
e

b
ac

k
gr

ou
n
d

co
lo

rs
h
av

e
n
o

p
ar

ti
cu

la
r

m
ea

n
in

g
an

d
w

er
e

ad
d
ed

on
ly

to
h
ig

h
li
gh

t
th

e
st

ru
ct

u
re

s
of

th
e

p
ol

ic
ie

s.
B

ec
au

se
of

it
s

m
is

si
n
g

ge
n
er

al
iz

at
io

n
m

ec
h
an

is
m

,
B

N
IR

L
d
o
es

n
ot

it
se

lf
p
ro

v
id

e
a

re
as

on
ab

le
p
re

d
ic

ti
ve

p
ol

ic
y

m
o
d
el

(L
im

it
a
ti

on
1)

.

2
9

JM
L

R
 1

9(
69

):
1-

45
, 2

01
8

Š
o
ši

ć
,

R
u
e
c
k
e
r
t
,

P
e
t
e
r
s,

Z
o
u
b
ir

a
n
d

K
o
e
p
p
l

(i
i)

E
x
p
lo

it
in

g
th

e
sp

at
ia

l/
te

m
p

or
al

co
n
te

x
t

of
th

e
d
at

a,
th

e
d
d
B

N
IR

L
so

lu
ti

o
n

is
in

-
h
er

en
tl

y
ro

b
u
st

to
d
em

on
st

ra
ti

on
n
oi

se
,

gi
v
in

g
ri

se
to

n
ot

ab
ly

sm
o
ot

h
er

p
a
rt

it
io

n
in

g
st

ru
ct

u
re

s
(t

op
ro

w
).

T
h
is

eff
ec

t
is

p
ar

ti
cu

la
rl

y
p
ro

n
ou

n
ce

d
in

th
e

ca
se

o
f

re
a
l

d
a
ta

,
as

w
e

sh
al

l
se

e
la

te
r

in
S
ec

ti
on

5.
3.

2.

(i
ii
)

F
or

ea
ch

st
at

e
p
ar

ti
ti

on
or

tr
a
je

ct
or

y
se

gm
en

t,
w

e
ob

ta
in

an
im

p
li
ci

t
re

p
re

se
n
ta

ti
o
n

of
th

e
as

so
ci

at
ed

su
b
go

al
in

th
e

fo
rm

of
a

p
os

te
ri

or
d
is

tr
ib

u
ti

on
,

w
it

h
o
u
t

th
e

n
ee

d
o
f

as
si

gn
in

g
p

oi
n
t

es
ti

m
at

es
(c

en
te

r
ro

w
).

It
is

st
ri

k
in

g
th

at
th

e
p

os
te

ri
o
r

d
is

tr
ib

u
ti

o
n

co
rr

es
p

on
d
in

g
to

th
e

gr
ee

n
st

at
e

p
ar

ti
ti

on
h
as

a
co

m
p
ar

ab
ly

la
rg

e
sp

re
a
d

o
n

th
e

u
p
p

er
si

d
e

of
th

e
w

al
l.

T
h
is

ca
n

b
e

ex
p
la

in
ed

in
tu

it
iv

el
y

b
y

th
e

fa
ct

th
at

an
y

su
b
g
o
a
l
lo

ca
te

d
in

th
is

h
ig

h
p

os
te

ri
or

re
gi

on
co

u
ld

h
av

e
p

ot
en

ti
al

ly
ca

u
se

d
th

e
gr

ee
n

st
a
te

se
q
u
en

ce
,

w
h
ic

h
ci

rc
u
m

ve
n
ts

th
e

w
al

l
fr

om
th

e
ri

gh
t.

A
t

th
e

sa
m

e
ti

m
e,

th
e

gr
ee

n
a
re

a
o
f

h
ig

h
p

os
te

ri
or

va
lu

es
ex

h
ib

it
s

a
sh

ar
p

b
ou

n
d
ar

y
on

th
e

le
ft

si
d
e

si
n
ce

a
su

b
g
o
a
l

lo
ca

te
d

in
th

e
u
p
p

er
le

ft
re

gi
on

of
th

e
st

at
e

sp
ac

e
w

ou
ld

h
av

e
m

or
e

li
k
el

y
re

su
lt

ed
in

a
tr

a
je

ct
o
ry

ap
p
ro

ac
h
in

g
fr

om
th

e
le

ft
.

(i
v
)

In
co

n
tr

as
t

to
B

N
IR

L
,
w

h
ic

h
h
as

n
o

b
u
il
t-

in
ge

n
er

al
iz

at
io

n
m

ec
h
an

is
m

(L
im

it
a
ti

o
n

1
),

ou
r

m
et

h
o
d

re
tu

rn
s

a
p
re

d
ic

ti
ve

p
ol

ic
y

m
o
d
el

co
m

p
ri

si
n
g

th
e

fu
ll

p
os

te
ri

o
r

a
ct

io
n

in
-

fo
rm

at
io

n
at

al
l

st
at

es
.

N
ot

e
th

a
t

w
e

on
ly

sh
ow

th
e

re
su

lt
in

g
M

A
P

p
o
li
cy

es
ti

m
a
te

s
h
er

e
(b

ot
to

m
ro

w
),

co
m

p
u
te

d
ac

co
rd

in
g

to
E

q
u
at

io
n

(1
4)

.
A

d
d
it

io
n
al

re
su

lt
s

co
n
ce

rn
-

in
g

th
e

p
os

te
ri

or
u
n
ce

rt
ai

n
ty

ar
e

p
ro

v
id

ed
in

S
ec

ti
on

s
5.

3
an

d
5.

4.

T
h
e

ex
am

p
le

il
lu

st
ra

te
s

h
ow

th
e

sy
n
th

es
is

o
f
th

e
p
re

d
ic

ti
ve

p
ol

ic
y

d
iff

er
s

b
et

w
ee

n
d
d
B

N
IR

L
-S

(b
ot

to
m

le
ft

)
an

d
d
d
B

N
IR

L
-T

(b
ot

to
m

ro
w

,
ri

gh
tm

os
t

th
re

e
su

b
fi
gu

re
s)

.
W

h
il
e

d
d
B

N
IR

L
-T

u
se

s
a

se
t

of
(c

on
d
it

io
n
al

ly
)

in
d
ep

en
d
en

t
p

ol
ic

y
m

o
d
el

s
to

d
es

cr
ib

e
th

e
d
iff

er
en

t
id

en
ti

-
fi
ed

b
eh

av
io

ra
l

p
h
as

es
,

d
d
B

N
IR

L
-S

m
ap

s
th

e
en

ti
re

su
b
go

a
l

sc
h
ed

u
le

on
to

a
si

n
g
le

ti
m

e-
in

va
ri

an
t

p
ol

ic
y

re
p
re

se
n
ta

ti
on

.
L

o
ok

in
g

cl
os

er
at

th
e

le
ar

n
ed

m
o
d
el

s,
w

e
re

co
g
n
iz

e
th

a
t

th
e

d
d
B

N
IR

L
-S

so
lu

ti
on

in
fa

ct
re

al
iz

es
a

sp
at

ia
l
co

m
b
in

at
io

n
of

th
e

th
re

e
te

m
p

or
a
l
d
d
B

N
IR

L
-T

co
m

p
on

en
ts

,
w

h
er

e
ea

ch
co

m
p

on
en

t
is

ac
ti

va
te

d
in

th
e

co
rr

es
p

on
d
in

g
cl

u
st

er
re

g
io

n
o
f

th
e

st
at

e
sp

ac
e.

T
h
is

gi
ve

s
u
s

tw
o

al
te

rn
at

iv
e

in
te

rp
re

ta
ti

on
s

of
th

e
sa

m
e

b
eh

av
io

r.

5
.2

R
a
n

d
o
m

M
D

P
S

c
e
n

a
ri

o

O
u
r

n
ex

t
ex

p
er

im
en

t
is

d
es

ig
n
ed

to
p
ro

v
id

e
in

si
gh

ts
in

to
th

e
ge

n
er

al
iz

a
ti

on
a
b
il
it

ie
s

o
f

th
e

fr
am

ew
or

k
.

F
or

th
is

p
u
rp

os
e,

w
e

co
n
si

d
er

a
cl

as
s

of
ra

n
d
om

ly
g
en

er
at

ed
M

D
P

s
si

m
il
a
r

to
th

e
G

ar
n
et

p
ro

b
le

m
s

(B
h
at

n
ag

ar
et

al
.,

20
09

).
T

h
e

tr
an

si
ti

on
d
y
n
am

ic
s
{T

(·
|s
,a

)}
a
re

sa
m

p
le

d
in

d
ep

en
d
en

tl
y

fr
om

a
sy

m
m

et
ri

c
D

ir
ic

h
le

t
d
is

tr
ib

u
ti

on
w

it
h

a
co

n
ce

n
tr

at
io

n
p
a
ra

m
et

er
o
f

0
.0

1,
w

h
er

e
w

e
ch

o
os

e
|S
|=

10
0

an
d
|A
|=

10
.

F
or

ea
ch

re
p

et
it

io
n

of
th

e
ex

p
er

im
en

t,
N
R

st
at

es
ar

e
se

le
ct

ed
u
n
if

or
m

ly
at

ra
n
d
om

an
d

as
si

gn
ed

re
w

ar
d
s

th
at

ar
e,

in
tu

rn
,

sa
m

p
le

d
u
n
if

or
m

ly
fr

om
th

e
in

te
rv

al
[0
,1

].
A

ll
ot

h
er

st
at

es
co

n
ta

in
ze

ro
re

w
ar

d
.

N
ex

t,
w

e
co

m
p
u
te

an
op

ti
m

al
d
et

er
m

in
is

ti
c

M
D

P
p

ol
ic

y
π
∗

w
it

h
re

sp
ec

t
to

a
d
is

co
u
n
t

fa
ct

or
o
f
γ

=
0.

9
a
n
d

ge
n
er

at
e

a
n
u
m

b
er

of
ex

p
er

t
tr

a
je

ct
or

ie
s

of
le

n
gt

h
10

.
H

er
ei

n
,

w
e

le
t

th
e

ex
p

er
t

se
le

ct
th

e
op

ti
m

al
ac

ti
on

w
it

h
p
ro

b
ab

il
it

y
0
.9

a
n
d

a
ra

n
d
om

,
su

b
op

ti
m

al
ac

ti
on

w
it

h
p
ro

b
a
b
il
it

y
0
.1

.
T

h
e

ob
ta

in
ed

st
at

e
se

q
u
en

ce
s

ar
e

p
as

se
d

to
th

e
al

go
ri

th
m

s
an

d
w

e
co

m
p
u
te

th
e

n
o
rm

a
li
ze

d
va

lu
e

lo
ss

of
th

e
re

co
n
st

ru
ct

ed
p

ol
ic

ie
s

ac
co

rd
in

g
to

L
(π
∗ ,
π̂

)
: =
‖V
∗
−

V
π̂
‖ 2

‖V
∗ ‖

2
,

(2
0
)

30
JM

L
R

 1
9(

69
):

1-
45

, 2
01

8



IR
L

v
ia

N
o
n
pa

r
a
m

e
t
r
ic

S
pa

t
io

-T
e
m

p
o
r
a
l

S
u
b
g

o
a
l

M
o
d
e
l
in

g

1
0

0
1
0

1
1
0

2

0

0
.2

0
.4

0
.6

0
.8 1

(a)
N

R
=

1
(=̂
|S|/

100
)

1
0

0
1
0

1
1
0

2

0

0
.2

0
.4

0
.6

0
.8

(b
)
N

R
=

10
(=̂
|S|/

10)

1
0

0
1
0

1
1
0

2

0

0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

(c)
N

R
=

50
(=̂
|S|/2

)

1
0

0
1
0

1
1
0

2

0

0
.1

0
.2

0
.3

0
.4

(d
)
N

R
=

100
(=̂
|S|)

F
ig

u
re

9
:

C
o
m

p
arison

of
all

in
feren

ce
m

eth
o
d
s

in
th

e
ran

d
om

M
D

P
scen

ario
for

d
iff

eren
t

rew
a
rd

d
en

sities.
S
h
ow

n
are

th
e

em
p
irica

l
m

ea
n

valu
es

an
d

stan
d
ard

d
ev

ia
tion

s
o
f

th
e

resu
ltin

g
valu

e
losses,

ob
tain

ed
fro

m
100

M
on

te
C

arlo
ru

n
s.

T
h
e

grap
h
s

sh
ow

a
clear

d
iff

eren
ce

b
etw

een
B

N
IR

L
,

B
N

IR
L

-E
X

T
an

d
d
d
B

N
IR

L
-S

,
w

h
ich

il-
lu

stra
tes

th
e

im
p

ortan
ce

of
con

sid
erin

g
th

e
sp

atial
con

tex
t

for
su

b
goal

ex
traction

.

w
h
ere

V
∗

a
n
d

V
π̂

rep
resen

t,
resp

ectively,
th

e
vectorized

valu
e

fu
n
ction

s
of

th
e

o
p
tim

al
p

o
licy

π
∗

an
d

th
e

recon
stru

ction
π̂

.

S
in

ce
th

e
co

n
sid

ered
sy

stem
b

elon
gs

to
th

e
class

of
tim

e-in
va

rian
t

M
D

P
s,

d
d
B

N
IR

L
-S

len
d
s

itself
as

th
e

n
atu

ral
ch

oice
to

m
o
d
el

th
e

ex
p

ert
b

eh
av

ior.
A

s
b
aselin

e
m

eth
o
d
s,

w
e

a
d
o
p
t

o
u
r

su
b
in

ten
tion

al
B

ayesian
p

olicy
recogn

ition
fra

m
ew

ork
(B

P
R

,
Š
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h
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p
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h
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p
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b
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p
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šić
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šić
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ra
bl

e:
∃w
∗

su
ch

th
at
∀n

:
w
> ∗

x
n
>

0
.

A
ss

um
pt

io
n

2
`

(u
)

is
a

po
si

tiv
e,

di
ffe

re
nt

ia
bl

e,
m

on
ot

on
ic

al
ly

de
cr

ea
si

ng
to

ze
ro

1 ,(
so
∀u

:
`

(u
)
>

0
,`
′ (
u

)
<

0
,l

im
u
→
∞
`

(u
)

=
li
m
u
→
∞
`′

(u
)

=
0
),

a
β

-s
m

oo
th

fu
nc

tio
n,

i.e
.

its
de

ri
va

tiv
e

is
β

-
Li

ps
hi

tz
an

d
li
m
u
→
−
∞
`′

(u
)
6=

0.

1.
T

he
re

qu
ir

em
en

to
f

no
n-

ne
ga

tiv
ity

an
d

th
at

th
e

lo
ss

as
ym

pt
ot

es
to

ze
ro

is
pu

re
ly

fo
r

co
nv

en
ie

nc
e.

It
is

en
ou

gh
to

re
qu

ir
e

th
e

lo
ss

is
m

on
ot

on
e

de
cr

ea
si

ng
an

d
bo

un
de

d
fr

om
be

lo
w

.A
ny

su
ch

lo
ss

as
ym

pt
ot

es
to

so
m

e
co

ns
ta

nt
,a

nd
is

th
us

eq
ui

va
le

nt
to

on
e

th
at

sa
tis

fie
s

th
is

as
su

m
pt

io
n,

up
to

a
sh

if
tb

y
th

at
co

ns
ta

nt
.
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L
E

D
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A
ssum

ption
2

includes
m

any
com

m
on

loss
functions,including

the
logistic,exp-loss 2

and
probit

losses.A
ssum

ption
2

im
plies

thatL
(w

)
is

a
β
σ

2m
a
x

(X
)-sm

ooth
function,w

here
σ

m
a
x

(X
)

is
the

m
axim

alsingularvalue
ofthe

data
m

atrix
X
∈
R
d×
N

.
U

nderthese
conditions,the

infim
um

ofthe
optim

ization
problem

is
zero,butitis

notattained
atany

finite
w

.Furtherm
ore,no

finite
criticalpoint

w
exists.W

e
considerm

inim
izing

eq.1
using

G
radientD

escent(G
D

)w
ith

a
fixed

learning
rate

η,i.e.,w
ith

steps
ofthe

form
:

w
(t

+
1)

=
w

(t)−
η∇
L

(w
(t))

=
w

(t)−
η

N
∑n

=
1

` ′ (
w

(t) >
x
n )

x
n
.

(2)

W
e

do
notrequire

convexity.U
nderA

ssum
ptions

1
and

2,gradientdescentconverges
to

the
global

m
inim

um
(i.e.to

zero
loss)even

w
ithoutit:

L
em

m
a

1
Let

w
(t)

be
the

iterates
of

gradient
descent

(eq.
2)

w
ith

η
<

2β
−

1σ
−

2
m

a
x

(X
)

and
any

starting
point

w
(0).

U
nder

A
ssum

ptions
1

and
2,

w
e

have:
(1)

lim
t→
∞
L

(w
(t))

=
0,

(2)
lim

t→
∞
‖w

(t)‖
=
∞

,and
(3)∀

n
:

lim
t→
∞

w
(t) >

x
n

=
∞

.

ProofSince
the

data
is

linearly
separable,∃

w
∗

w
hich

linearly
separates

the
data,and

therefore

w
>∗ ∇
L

(w
)

=
N
∑n

=
1

` ′ (
w
>

x
n )

w
>∗

x
n
.

Forany
finite

w
,this

sum
cannotbe

equalto
zero,as

a
sum

ofnegative
term

s,since∀
n

:
w
>∗

x
n
>

0
and
∀
u

:
` ′(u

)
<

0.
T

herefore,there
are

no
finite

criticalpoints
w

,for
w

hich
∇
L

(w
)

=
0.

B
ut

gradientdescenton
a

sm
ooth

loss
w

ith
an

appropriate
stepsize

is
alw

ays
guaranteed

to
converge

to
a

criticalpoint:∇
L

(w
(t))→

0
(see,e.g.L

em
m

a
10

in
A

ppendix
A

.4,slightly
adapted

from
G

anti
(2015),Theorem

2).This
necessarily

im
plies

that‖
w

(t)‖
→
∞

w
hile∀

n
:

w
(t) >

x
n
>

0
forlarge

enough
t—

since
only

then
` ′ (

w
(t) >

x
n )
→

0.
T

herefore,L
(w

)→
0,so

G
D

converges
to

the
globalm

inim
um

.

The
m

ain
question

w
e

ask
is:can

w
e

characterize
the

direction
in

w
hich

w
(t)

diverges?
Thatis,does

the
lim

it
lim

t→
∞

w
(t)

/‖
w

(t)‖
alw

ays
exist,and

ifso,w
hatis

it?
In

orderto
analyze

this
lim

it,w
e

w
illneed

to
m

ake
a

furtherassum
ption

on
the

tailofthe
loss

function:

D
efinition

2
A

function
f

(u
)

has
a

“tight
exponential

tail”,
if

there
exist

positive
constants

c,a
,µ

+
,µ
−
,u

+
and

u
−

such
that

∀
u
>
u

+
:f

(u
)≤

c
(1

+
ex

p
(−
µ

+
u

))
e −

a
u

∀
u
>
u
−

:f
(u

)≥
c

(1−
ex

p
(−
µ
−
u

))
e −

a
u
.

A
ssum

ption
3

The
negative

loss
derivative−

` ′(u
)

has
a

tightexponentialtail(D
efinition

2).
For

exam
ple,the

exponentialloss
`

(u
)

=
e −

u
and

the
com

m
only

used
logistic

loss
`

(u
)

=
lo

g
(1

+
e −

u)
both

follow
this

assum
ption

w
ith

a
=
c

=
1.W

e
w

illassum
e
a

=
c

=
1

—
w

ithout
loss

ofgenerality,since
these

constants
can

be
alw

ays
absorbed

by
re-scaling

x
n

and
η.

W
e

are
now

ready
to

state
ourm

ain
result:

2.The
exp-loss

does
nothave

a
global

β
sm

oothness
param

eter.H
ow

ever,ifw
e

initialize
w

ith
η
<

1
/L

(w
(0
))

then
itis

straightforw
ard

to
show

the
gradientdescentiterates

m
aintain

bounded
localsm

oothness.
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T
heorem

3
For

any
datasetw

hich
is

linearly
separable

(A
ssum

ption
1),any

β
-sm

ooth
decreas-

ing
loss

function
(A

ssum
ption

2)
w

ith
an

exponential
tail

(A
ssum

ption
3),

any
stepsize

η
<

2
β
−

1σ
−

2
m

a
x

(X
)

and
any

starting
point

w
(0),

the
gradient

descent
iterates

(as
in

eq.2)
w

ill
be-

have
as:

w
(t)

=
ŵ

log
t

+
ρ

(t)
,

(3)

w
here

ŵ
is

the
L

2
m

ax
m

argin
vector

(the
solution

to
the

hard
m

argin
SV

M
):

ŵ
=

argm
in

w
∈
R
d

‖w
‖

2
s.t.

w
>

x
n
≥

1
,

(4)

and
the

residualgrow
s

atm
ostas‖ρ

(t)‖
=
O

(log
log

(t)),and
so

lim
t→
∞

w
(t)

‖
w

(t)‖
=

ŵ‖ŵ
‖
.

F
urtherm

ore,for
alm

ostalldata
sets

(allexceptm
easure

zero),the
residual

ρ
(t)

is
bounded.

ProofSketch
W

e
firstunderstand

intuitively
w

hy
an

exponentialtailofthe
loss

entailasym
ptotic

convergence
to

the
m

ax
m

argin
vector:A

ssum
e

forsim
plicity

that
`

(u
)

=
e −

u
exactly,and

exam
ine

the
asym

ptotic
regim

e
of

gradient
descent

in
w

hich
∀
n

:
w

(t) >
x
n
→
∞

,as
is

guaranteed
by

Lem
m

a
1.If

w
(t)

/‖w
(t)‖

convergesto
som

e
lim

itw
∞

,then
w

e
can

w
rite

w
(t)

=
g

(t)
w
∞

+
ρ

(t)
such

that
g

(t)
→
∞

,∀
n

:x
>n

w
∞
>

0,and
lim

t→
∞
ρ

(t)
/g

(t)
=

0.
T

he
gradient

can
then

be
w

ritten
as:

−
∇
L

(w
)

=
N
∑n

=
1

ex
p (−

w
(t) >

x
n )

x
n

=
N
∑n

=
1

ex
p (−

g
(t)

w
>∞

x
n )

ex
p (−

ρ
(t) >

x
n )

x
n
.

(5)

A
s
g
(t)→

∞
and

the
exponents

becom
e

m
ore

negative,only
those

sam
ples

w
ith

the
largest(i.e.,

leastnegative)exponents
w

illcontribute
to

the
gradient.T

hese
are

precisely
the

sam
ples

w
ith

the
sm

allestm
argin

argm
in
n
w
>∞

x
n ,aka

the
“supportvectors”.The

negative
gradient(eq.5)w

ould
then

asym
ptotically

becom
e

a
non-negative

linearcom
bination

ofsupportvectors.The
lim

it
w
∞

w
illthen

be
dom

inated
by

these
gradients,since

any
initialconditions

becom
e

negligible
as‖

w
(t)‖
→
∞

(from
L

em
m

a
1).T

herefore,w
∞

w
illalso

be
a

non-negative
linearcom

bination
ofsupportvectors,

and
so

w
illits

scaling
ŵ

=
w
∞
/ (m

in
n

w
>∞

x
n ).W

e
therefore

have:

ŵ
=

N
∑n

=
1

α
n
x
n

∀
n
(
α
n
≥

0
and

ŵ
>

x
n

=
1 )

O
R
(
α
n

=
0

and
ŵ
>

x
n
>

1 )
(6)

T
hese

are
precisely

the
K

K
T

conditions
forthe

SV
M

problem
(eq.4)and

w
e

can
conclude

that
ŵ

is
indeed

its
solution

and
w
∞

is
thus

proportionalto
it.

To
prove

T
heorem

3
rigorously,w

e
need

to
show

that
w

(t)
/‖

w
(t)‖

has
a

lim
it,that

g
(t)

=
log

(t)
and

to
bound

the
effectofvarious

residualerrors,such
as

gradients
ofnon-supportvectors

and
the

factthatthe
loss

is
only

approxim
ately

exponential.To
do

so,w
e

substitute
eq.3

into
the

gradientdescentdynam
ics

(eq.
2),w

ith
w
∞

=
ŵ

being
the

m
ax

m
argin

vector
and

g
(t)

=
log

t.
W

e
then

show
that,exceptw

hen
certain

degeneracies
occur,the

increm
entin

the
norm

of
ρ

(t)
is

bounded
by
C

1 t −
ν

forsom
e
C

1
>

0
and

ν
>

1,w
hich

is
a

converging
series.T

his
happens

because
the

increm
entin

the
m

ax
m

argin
term

,
ŵ

[log
(t

+
1)−

log
(t)]≈

ŵ
t −

1,cancels
outthe

dom
inant

t −
1

term
in

the
gradient−

∇
L

(w
(t))

(eq.5
w

ith
g

(t)
=

log
(t)

and
w
>∞

x
n

=
1).
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D
eg

en
er

at
e

an
d

N
on

-D
eg

en
er

at
e

D
at

a
Se

ts
A

n
ea

rl
ie

rc
on

fe
re

nc
e

ve
rs

io
n

of
th

is
pa

pe
r(

So
ud

ry
et

al
.,

20
18

)i
nc

lu
de

d
a

pa
rt

ia
lv

er
si

on
of

T
he

or
em

3,
w

hi
ch

on
ly

ap
pl

ie
s

to
al

m
os

ta
ll

da
ta

se
ts

,i
n

w
hi

ch
ca

se
w

e
ca

n
en

su
re

th
e

re
si

du
al
ρ
(t

)
is

bo
un

de
d.

T
hi

s
pa

rt
ia

ls
ta

te
m

en
t(

fo
ra

lm
os

ta
ll

da
ta

se
ts

)
is

re
st

at
ed

an
d

pr
ov

ed
as

T
he

or
em

9
in

A
pp

en
di

x
A

.I
ta

pp
lie

s,
e.

g.
w

ith
pr

ob
ab

ili
ty

on
e

fo
r

da
ta

sa
m

pl
ed

fr
om

an
y

ab
so

lu
te

ly
co

nt
in

uo
us

di
st

ri
bu

tio
n.

It
do

es
no

ta
pp

ly
in

“d
eg

en
er

at
e”

ca
se

s
w

he
re

so
m

e
of

th
e

su
pp

or
tv

ec
to

rs
x
n

(f
or

w
hi

ch
ŵ
>

x
n

=
1 )

ar
e

as
so

ci
at

ed
w

ith
du

al
va

ri
ab

le
s

th
at

ar
e

ze
ro

(α
n

=
0
)

in
th

e
du

al
op

tim
um

of
4.

A
s

w
e

sh
ow

in
A

pp
en

di
x

B
,t

hi
s

on
ly

ha
pp

en
s

on
m

ea
su

re
ze

ro
da

ta
se

ts
.

H
er

e,
w

e
pr

ov
e

th
e

m
or

e
ge

ne
ra

lr
es

ul
tw

hi
ch

ap
pl

ie
s

fo
r

al
ld

at
a

se
ts

,
in

cl
ud

in
g

de
ge

ne
ra

te
da

ta
se

ts
.T

o
do

so
,i

n
Th

eo
re

m
13

in
A

pp
en

di
x

C
w

e
pr

ov
id

e
a

m
or

e
co

m
pl

et
e

ch
ar

ac
te

ri
za

tio
n

of
th

e
ite

ra
te

s
w

(t
)

th
at

ex
pl

ic
itl

y
sp

ec
ifi

es
al

lu
nb

ou
nd

ed
co

m
po

ne
nt

s
ev

en
in

th
e

de
ge

ne
ra

te
ca

se
.W

e
th

en
pr

ov
e

th
e

Th
eo

re
m

by
pl

ug
gi

ng
in

th
is

m
or

e
co

m
pl

et
e

ch
ar

ac
te

riz
at

io
n

an
d

sh
ow

in
g

th
at

th
e

re
si

du
al

is
bo

un
de

d,
th

us
al

so
es

ta
bl

is
hi

ng
T

he
or

em
3.

Pa
ra

lle
lW

or
k

on
th

e
D

eg
en

er
at

e
C

as
e

Fo
llo

w
in

g
th

e
pu

bl
ic

at
io

n
of

ou
ri

ni
tia

lv
er

si
on

,a
nd

w
hi

le
pr

ep
ar

in
g

th
is

re
vi

se
d

ve
rs

io
n

fo
rp

ub
lic

at
io

n,
w

e
le

ar
ne

d
of

pa
ra

lle
lw

or
k

by
Zi

w
ei

Ji
an

d
M

at
us

Te
l-

ga
rs

ky
th

at
al

so
cl

os
es

th
is

ga
p.

Ji
an

d
Te

lg
ar

sk
y

(2
01

8)
pr

ov
id

e
an

an
al

ys
is

of
th

e
de

ge
ne

ra
te

ca
se

,e
s-

ta
bl

is
hi

ng
co

nv
er

ge
s

to
th

e
m

ax
m

ar
gi

n
pr

ed
ic

to
rb

y
sh

ow
in

g
th

at
∥ ∥ ∥

w
(t

)
‖w

(t
)‖
−

ŵ ‖ŵ
‖∥ ∥ ∥

=
O
(√

lo
g

lo
g
t

lo
g
t

) .
O

ur
an

al
ys

is
pr

ov
id

es
a

m
or

e
pr

ec
is

e
ch

ar
ac

te
riz

at
io

n
of

th
e

ite
ra

te
s,

an
d

al
so

sh
ow

s
th

e
co

nv
er

ge
nc

e
is

ac
tu

al
ly

qu
ad

ra
tic

al
ly

fa
st

er
(s

ee
Se

ct
io

n
3)

.H
ow

ev
er

,J
ia

nd
Te

lg
ar

sk
y

go
ev

en
fu

rth
er

an
d

pr
ov

id
e

a
ch

ar
ac

te
ri

za
tio

n
al

so
w

he
n

th
e

da
ta

is
no

n-
se

pa
ra

bl
e

bu
tw

(t
)

st
ill

go
es

to
in

fin
ity

.

M
or

eR
efi

ne
d

A
na

ly
si

so
ft

he
R

es
id

ua
l

In
so

m
e

no
n-

de
ge

ne
ra

te
ca

se
s,

w
e

ca
n

fu
rth

er
ch

ar
ac

te
riz

e
th

e
as

ym
pt

ot
ic

be
ha

vi
or

of
ρ

(t
).

To
do

so
,w

e
ne

ed
to

re
fe

r
to

th
e

K
K

T
co

nd
iti

on
s

(e
q.

6)
of

th
e

SV
M

pr
ob

le
m

(e
q.

4)
an

d
th

e
as

so
ci

at
ed

su
pp

or
tv

ec
to

rs
S

=
ar

gm
in
n
ŵ
>

x
n

.
W

e
th

en
ha

ve
th

e
fo

llo
w

in
g

T
he

or
em

,p
ro

ve
d

in
A

pp
en

di
x

A
:

T
he

or
em

4
U

nd
er

th
e

co
nd

iti
on

s
an

d
no

ta
tio

n
of

Th
eo

re
m

3,
fo

r
al

m
os

ta
ll

da
ta

se
ts

,i
fi

n
ad

di
tio

n
th

e
su

pp
or

tv
ec

to
rs

sp
an

th
e

da
ta

(i.
e.

ra
n
k

(X
S

)
=

ra
n
k

(X
),

w
he

re
X
S

is
a

m
at

ri
x

w
ho

se
co

lu
m

ns
ar

e
on

ly
th

os
e

da
ta

po
in

ts
x
n

s.
t.

ŵ
>

x
n

=
1)
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he

n
li
m
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∞
ρ

(t
)

=
w̃

,w
he

re
w̃

is
a

so
lu
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n

to

∀n
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S
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η

ex
p
( −
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=
α
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d
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th
e

w
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k
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R
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se
te

ta
l.
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00

4)
.T

he
y

co
ns

id
er

ed
th

e
re

gu
la

ri
za

tio
n

pa
th

w
λ

=
ar

g
m

in
L(

w
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+
λ
‖w
‖p p

fo
rs

im
ila

rl
os

s
fu

nc
tio

ns
as

w
e

do
,a

nd
sh

ow
ed

th
at

li
m
λ
→

0
w
λ
/
‖w

λ
‖ p

is
pr

op
or

tio
na

lt
o

th
e

m
ax

im
um

L
p

m
ar

gi
n

so
lu

tio
n.

T
ha

ti
s,

th
ey

sh
ow

ed
ho

w
ad

di
ng

in
fin

ite
si

m
al
L
p

(e
.g

.L
1

an
d
L

2
)r
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iz
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n
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lo
gi
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yp

e
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s
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th
e
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g
m
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e
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L

1
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hi
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gr
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sc
en
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iv
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ri

se
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th
e

m
ax
L

2
no
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pr

ed
ic

to
r.

In
Se

ct
io

n
4.

3
an

d
in

fo
llo

w
-u

p
w

or
k

(G
un
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ek

ar
et

al
.,

20
18

)
w

e
di

sc
us

s
al

so
ot

he
r

op
tim

iz
at

io
n

al
go

ri
th

m
s,

an
d

th
ei

ri
m

pl
ie

d
bi

as
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.

N
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-h
om

og
en

eo
us

lin
ea

r
pr

ed
ic

to
rs

In
th

is
pa

pe
rw

e
fo

cu
se

d
on

ho
m

og
en

eo
us

lin
ea

rp
re

di
ct

or
s

of
th

e
fo

rm
w
>

x
,s

im
ila

rl
y

to
pr

ev
io

us
w

or
ks

(e
.g

.,
R

os
se

te
ta

l.
(2

00
4)

;T
el

ga
rs

ky
(2

01
3)

).
Sp

ec
ifi

-
ca

lly
,w

e
di

d
no

th
av

e
th

e
co

m
m

on
in

te
rc

ep
tt

er
m

:w
>

x
+
b.

O
ne

m
ay

be
te

m
pt

ed
to

in
tr

od
uc

e
th

e
in

te
rc

ep
ti

n
th

e
us

ua
lw

ay
,i

.e
.,

by
ex

te
nd

in
g

al
lt

he
in

pu
tv

ec
to

rs
x
n

w
ith

an
ad

di
tio

na
l′

1
′ c

om
po

ne
nt

.
In

th
is

ex
te

nd
ed

in
pu

ts
pa

ce
,n

at
ur

al
ly

,a
ll

ou
rr

es
ul

ts
ho

ld
.T

he
re

fo
re

,w
e

co
nv

er
ge

in
di

re
ct

io
n

to
th

e
L

2
m

ax
m

ar
gi

n
so

lu
tio

n
(e

q.
4)

in
th

e
ex

te
nd

ed
sp

ac
e.

H
ow

ev
er

,i
fw

e
tr

an
sl

at
e

th
is

so
lu

tio
n

to
th

e
or

ig
in

al
x

sp
ac

e
w

e
ob

ta
in

ar
gm

in
w
∈R

d
,b
∈R
‖w
‖2

+
b2

s.
t.

w
>

x
n

+
b
≥

1
,

w
hi

ch
is

no
tt

he
L

2
m

ax
m

ar
gi

n
(S

V
M

)s
ol

ut
io

n

ar
gm

in
w
∈R

d
,b
∈R
‖w
‖2

s.
t.

w
>

x
n

+
b
≥

1,

w
he

re
w

e
do

no
th

av
e

a
b2

pe
na

lty
in

th
e

ob
je

ct
iv

e.

3.
Im

pl
ic

at
io

ns
:R

at
es

of
co

nv
er

ge
nc

e

T
he

so
lu

tio
n

in
eq

.
3

im
pl

ie
s

th
at

w
(t

)
/
‖w

(t
)‖
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nv

er
ge

s
to

th
e

no
rm

al
iz

ed
m

ax
m

ar
gi

n
ve

c-
to

r
ŵ
/
‖ŵ
‖.

M
or

eo
ve

r,
th
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co

nv
er

ge
nc

e
is

ve
ry

sl
ow

—
lo

ga
ri

th
m

ic
in

th
e

nu
m

be
r

of
ite

ra
tio

ns
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ec
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ur
re

su
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pl

y
th

e
fo

llo
w
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g

tig
ht

ra
te

s
of

co
nv

er
ge

nc
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T
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or
em

5
U

nd
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e

co
nd
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s
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d
no

ta
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n
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re
m
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r
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g
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ra
te
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‖ŵ
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g
t
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)
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is

ra
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=
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=
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G
R

A
D

IE
N

T
D

E
S

C
E

N
T

O
N

S
E

PA
R

A
B

L
E

D
A

TA

A
llthe

rates
in

the
above

T
heorem

are
a

directconsequence
ofT

heorem
3,exceptforavoiding

the
lo

g
log

t
factor

for
the

degenerate
cases

in
eq.

10
and

eq.
11

(i.e.,establishing
thatthe

rates
1/

lo
g
t

and
1/
t

alw
ays

hold)—
this

additionalim
provem

entis
a

consequence
ofthe

m
ore

com
plete

characterization
ofT

heorem
13.Fulldetails

are
provided

in
A

ppendix
D

.In
this

appendix,w
e

also
provide

a
sim

ple
construction

show
ing

allthe
rates

in
T

heorem
5

are
tight(exceptpossibly

forthe
lo

g
lo

g
t

factors).
T

he
sharp

contrastbetw
een

the
tightlogarithm

ic
and

1/t
rates

in
T

heorem
5

im
plies

thatthe
convergence

of
w

(t)
to

the
m

ax-m
argin

ŵ
can

be
logarithm

ic
in

the
loss

itself,and
w

e
m

ightneed
to

w
aituntilthe

loss
is

exponentially
sm

allin
orderto

be
close

to
the

m
ax-m

argin
solution.T

his
can

help
explain

w
hy

continuing
to

optim
ize

the
training

loss,even
afterthe

training
erroris

zero
and

the
training

loss
is

extrem
ely

sm
all,stillim

proves
generalization

perform
ance—

ourresults
suggests

that
the

m
argin

could
stillbe

im
proving

significantly
in

this
regim

e.
A

num
ericalillustration

ofthe
convergence

is
depicted

in
Figure

1.A
s

predicted
by

the
theory,

the
norm

‖w
(t)‖

grow
s

logarithm
ically

(note
the

sem
i-log

scaling),
and

w
(t)

converges
to

the
m

ax-m
argin

separator,butonly
logarithm

ically,w
hile

the
loss

itselfdecreases
very

rapidly
(note

the
log-log

scaling).
A

n
im

portantpracticalconsequence
of

our
theory,is

thatalthough
the

m
argin

of
w

(t)
keeps

im
proving,and

so
w

e
can

expectthe
population

(ortest)m
isclassification

errorof
w

(t)
to

im
prove

form
any

datasets,the
sam

e
cannotbe

said
aboutthe

expected
population

loss
(ortestloss)!

A
tthe

lim
it,the

direction
of

w
(t)

w
illconverge

tow
ard

the
m

ax
m

argin
predictor

ŵ
.A

lthough
ŵ

has
zero

training
error,itw

illnotgenerally
have

zero
m

isclassification
erroron

the
population,oron

a
testor

a
validation

set.Since
the

norm
of

w
(t)

w
illincrease,ifw

e
use

the
logistic

loss
orany

otherconvex
loss,the

loss
incurred

on
those

m
isclassified

points
w

illalso
increase.M

ore
form

ally,considerthe
logistic

loss
`(u

)
=

log
(1

+
e −

u)and
define

also
the

hinge-at-zero
loss

h
(u

)
=

m
a
x
(0
,−
u

).Since
ŵ

classifiesalltraining
pointscorrectly,w

e
have

thaton
the

training
set ∑

Nn
=

1
h

(ŵ
>

x
n
)

=
0.H

ow
ever,

on
the

population
w

e
w

ould
expectsom

e
errors

and
so

E
[h

(ŵ
>

x
)]
>

0.Since
w

(t)≈
ŵ

log
t

and
`(α

u
)→

α
h

(u
)

as
α
→
∞

,w
e

have:

E
[`(w

(t) >
x

)]≈
E

[`((log
t)ŵ

>
x

)]≈
(log

t)E
[h

(ŵ
>

x
)]

=
Ω

(log
t).

(12)

Thatis,the
population

loss
increases

logarithm
ically

w
hile

the
m

argin
and

the
population

m
isclassifi-

cation
errorim

prove.R
oughly

speaking,the
im

provem
entin

m
isclassification

does
notout-w

eight
the

increase
in

the
loss

ofthose
points

stillm
isclassified.

T
he

increase
in

the
test

loss
is

practically
im

portant
because

the
loss

on
a

validation
set

is
frequently

used
to

m
onitor

progress
and

decide
on

stopping.
Sim

ilar
to

the
population

loss,the
validation

loss
w

illincrease
logarithm

ically
w

ith
t,ifthere

is
atleastone

sam
ple

in
the

validation
set

w
hich

is
classified

incorrectly
by

the
m

ax
m

argin
vector(since

w
e

w
ould

notexpectzero
validation

error).M
ore

precisely,as
a

directconsequence
ofT

heorem
3

(as
show

n
on

A
ppendix

D
):

C
orollary

6
Let

`
be

the
logistic

loss,andV
be

an
independentvalidation

set,for
w

hich∃
x
∈
V

such
that

x
>

ŵ
<

0.Then
the

validation
loss

increases
as

L
v
a
l (w

(t))
=
∑x∈V

` (
w

(t) >
x )

=
Ω

(log
(t)).

T
his

behaviorm
ightcause

us
to

think
w

e
are

over-fitting
orotherw

ise
encourage

us
to

stop
the

optim
ization.H

ow
ever,this

increase
does

notactually
representthe

m
odelgetting

w
orse,m

erely
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Figure
1:

V
isualization

oform
ain

results
on

a
synthetic

datasetin
w

hich
the

L
2

m
ax

m
argin

vector
ŵ

is
precisely

know
n.

(A
)

T
he

dataset
(positive

and
negatives

sam
ples

(y
=
±

1)
are

respectively
denoted

by
′+
′and

′◦ ′),m
ax

m
argin

separating
hyperplane

(black
line),and

the
asym

ptotic
solution

of
G

D
(dashed

blue).
For

both
G

D
and

G
D

w
ith

m
om

entum
(G

D
M

O
),w

e
show

:(B
)T

he
norm

of
w

(t),norm
alized

so
itw

ould
equalto

1
atthe

last
iteration,to

facilitate
com

parison.A
s

expected
(eq.3),the

norm
increases

logarithm
ically;

(C
)

the
training

loss.
A

s
expected,itdecreases

as
t −

1
(eq.

11);
and

(D
&

E
)

the
angle

and
m

argin
gap

of
w

(t)
from

ŵ
(eqs.9

and
10).A

s
expected,these

are
logarithm

ically
decreasing

to
zero.Im

plem
entation

details:
T

he
datasetincludes

foursupportvectors:
x

1
=

(0
.5,1.5)

,x
2

=
(1
.5
,0
.5)

w
ith

y
1

=
y

2
=

1,and
x

3
=
−

x
1 ,

x
4

=
−

x
2

w
ith

y
3

=
y

4
=
−

1
(the

L
2

norm
alized

m
ax

m
argin

vector
is

then
ŵ

=
(1,1)

/ √
2

w
ith

m
argin

equalto √
2

),and
12

otherrandom
datapoints

(6
from

each
class),thatare

noton
the

m
argin.

W
e

used
a

learning
rate

η
=

1/σ
2m

a
x

(X
),w

here
σ

2m
a
x

(X
)

is
the

m
axim

al
singularvalue

of
X

,m
om

entum
γ

=
0.9

forG
D

M
O

,and
initialized

atthe
origin.

‖
w

(t)‖
getting

larger,
and

in
fact

the
m

odel
m

ight
be

getting
better

(increasing
the

m
argin

and
possibly

decreasing
the

errorrate).

4.E
xtensions

4.1.M
ulti-C

lassC
lassification

w
ith

C
ross-E

ntropy
L

oss

So
far,

w
e

have
discussed

the
problem

of
binary

classification,
but

in
m

any
practical

situations
w

e
have

m
ore

then
tw

o
classes.

For
m

ulti-class
problem

s,the
labels

are
the

class
indices

y
n
∈

[K
],
{
1,...,K

}
and

w
e

learn
a

predictor
w
k

for
each

class
k
∈

[K
].

A
com

m
on

loss
function

in
m

ulti-class
classification

is
the

follow
ing

cross-entropy
loss

w
ith

a
softm

ax
output,w

hich
is

a
generalization

ofthe
logistic

loss:

L
({

w
k }
k∈

[K
] )

=
−

N
∑n

=
1

log (
ex

p (w
>y
n
x
n )

∑
Kk
=

1
ex

p (w
>k

x
n ) )

(13)

W
hatdo

the
linearpredictors

w
k (t)

converge
to

ifw
e

m
inim

ize
the

cross-entropy
loss

by
gradient

descenton
the

predictors?
In

A
ppendix

E
w

e
analyze

this
problem

forseparable
data,and

show
that
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ŵ
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ŵ
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−
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`

(y
n
u
n
),

w
he

re
`

ob
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d
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w
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R
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⊗
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=

1

A
m
,n

W
m

x
n

=
δ
> l,n

W
lu
l−

1
,n

=
x̃
> l,n

w
l
.

(1
6)

10
JM

L
R

 1
9(

70
):

1-
57

, 2
01

8



G
R

A
D

IE
N

T
D

E
S

C
E

N
T

O
N

S
E

PA
R

A
B

L
E

D
A

TA

1
0

0
1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
0

0
.5 1

Normalized ||w(t)||

t

(B
)

1
0

0
1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
1
0

−
2
0

1
0

−
1
0

1
0

0

L(w(t))

t

(C
)

 

 

G
D

G
D

M
O

A
D

A
M

1
0

0
1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
0

0
.0

5

0
.1

0
.1

5

Angle gap
t

(D
)

1
0

0
1
0

1
1
0

2
1
0

3
1
0

4
1
0

5
1
0

6
0 1 2

Margin gap

t

(E
)

−
5
0

0
5
0

−
5
0 0

5
0

x
1

x
2

(A
)

Figure
3:

Sam
e

as
Fig.

1,exceptw
e

m
ultiplied

all
x

2
values

in
the

dastasetby
20,and

also
train

using
A

D
A

M
.The

finalw
eightvectorproduced

after
2·10

6
epochs

ofoptim
ization

using
A

D
A

M
(red

dashed
line)

does
notconverge

to
L

2
m

ax
m

argin
solution

(black
line),in

contrastto
G

D
(blue

dashed
line),orG

D
M

O
.

T
his

im
plies

that

L
(w

l )
=

N
∑n

=
1

`
(y
n
u
n
(w

l ))
=

N
∑n

=
1

` (
y
n
x̃
>l,n

w
l )
,

w
hich

is
the

sam
e

as
the

original
linear

problem
.

Since
the

loss
converges

to
zero,

the
dataset

{
x̃
l,n
,y
n }

Nn
=

1
m

ustbe
linearly

separable.A
pplying

T
heorem

3,and
recalling

that
u

(w
l )

=
x̃
>l

w
l

from
eq.16,w

e
prove

this
corollary.

Im
portantly,this

case
is

non-convex,unless
w

e
are

optim
izing

the
lastlayer.N

ote
w

e
assum

ed
R

eLU
functions

forsim
plicity,butthis

proofcan
be

easily
generalized

forany
otherpiecew

ise
linear

constantactivation
functions

(e.g.,leaky
R

eL
U

,m
ax-pooling).

L
astly,

in
a

follow
-up

w
ork

(G
unasekar

et
al.,

2018b),
given

a
few

additional
assum

ptions,
extended

ourresults
to

linearpredictors
w

hich
can

be
w

ritten
as

a
hom

ogeneous
polynom

ialin
the

param
eters.

T
hese

results
seem

to
indicate

that,in
m

any
cases,G

D
operating

on
exp-tailed

loss
w

ith
positively

hom
ogeneous

predictors
aim

s
to

a
specific

direction.
T

his
is

the
direction

of
the

m
ax

m
argin

predictor
m

inim
izing

the
L

2
norm

in
the

param
eter

space.
Itis

notyetclear
how

to
generally

translate
such

an
im

plicitbias
in

the
param

eterspace
to

the
im

plicitbias
in

the
predictor

space
—

exceptin
specialcases,such

as
deep

linearneuralnets,as
w

e
have

show
n

in
(G

unasekar
etal.,2018b).M

oreover,in
non-linearneuralnets,there

are
m

any
equivalentm

ax-m
argin

solutions
w

hich
m

inim
ize

the
L

2
norm

ofthe
param

eters.Therefore,itis
naturalto

expectthatG
D

w
ould

have
additionalim

plicitbiases,w
hich

selecta
specific

subsetofthese
solutions.

4.3.O
ther

optim
ization

m
ethods

In
this

paperw
e

exam
ined

the
im

plicitbias
ofgradientdescent.D

ifferentoptim
ization

algorithm
s

exhibitdifferentbiases,and
understanding

these
biasesand

how
they

differiscrucialto
understanding
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R
Y,H
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R,N

A
C

S
O

N
,G
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A
S

E
K

A
R,

A
N

D
S

R
E

B
R

O

and
constructing

learning
m

ethods
attuned

to
the

inductive
biases

w
e

expect.C
an

w
e

characterize
the

im
plicitbias

and
convergence

rate
in

otheroptim
ization

m
ethods?

In
Figure

1
w

e
see

that
adding

m
om

entum
does

not
qualitatively

affect
the

bias
induced

by
gradientdescent.In

Figure
4

in
A

ppendix
F

w
e

also
repeatthe

experim
entusing

stochastic
gradient

descent,and
observe

a
sim

ilarasym
ptotic

bias
(this

w
as

laterproved
in

N
acson

etal.(2018)).This
is

consistentw
ith

the
factthatm

om
entum

,acceleration
and

stochasticity
do

notchange
the

bias
w

hen
using

gradientdescentto
optim

ize
an

underdeterm
ined

leastsquares
problem

.Itw
ould

be
beneficial,

though,to
rigorously

understand
how

m
uch

w
e

can
generalize

ourresultto
gradientdescentvariants,

and
how

the
convergence

rates
m

ightchange
in

these
cases.

O
n

the
otherhand,as

an
exam

ple
ofhow

changing
the

optim
ization

algorithm
does

change
the

bias,consideradaptive
m

ethods,such
as

A
daG

rad
(D

uchietal.,2011)and
A

D
A

M
(K

ingm
a

and
B

a,
2015).In

Figure
3

w
e

show
the

predictors
obtained

by
A

D
A

M
and

by
gradientdescenton

a
sim

ple
data

set.
B

oth
m

ethods
converge

to
zero

training
error

solutions.
B

utalthough
gradientdescent

converges
to

the
L

2
m

ax
m

argin
predictor,as

predicted
by

ourtheory,A
D

A
M

does
not.The

im
plicit

bias
of

adaptive
m

ethods
has

in
factbeen

a
recenttopic

of
interest,w

ith
H

offer
etal.(2017)

and
W

ilson
etal.(2017)suggesting

they
lead

to
w

orse
generalization,and

W
ilson

etal.(2017)providing
exam

ples
of

the
differences

in
the

bias
for

linear
regression

problem
s

w
ith

the
squared

loss.
C

an
w

e
characterize

the
bias

ofadaptive
m

ethods
forlogistic

regression
problem

s?
C

an
w

e
characterize

the
bias

of
other

optim
ization

m
ethods,

providing
a

general
understanding

linking
optim

ization
algorithm

s
w

ith
theirbiases?

In
a

follow
-up

paper(G
unasekaretal.,2018)provided

initialansw
ers

to
these

questions.G
u-

nasekaretal.(2018)derived
a

precise
characterization

ofthe
lim

itdirection
ofsteepestdescentfor

generalnorm
s

w
hen

optim
izing

the
exp-loss,and

show
thatforadaptive

m
ethods

such
as

A
dagrad

the
lim

itdirection
can

depend
on

the
initialpointand

step
size

and
is

thus
notas

predictable
and

robustas
w

ith
non-adaptive

m
ethods.

4.4.O
ther

lossfunctions

In
this

w
ork

w
e

focused
on

loss
functions

w
ith

exponentialtailand
observed

a
very

slow
,logarithm

ic
convergence

of
the

norm
alized

w
eightvector

to
the

L
2

m
ax

m
argin

direction.
A

naturalquestion
thatfollow

s
is

how
does

this
behaviorchange

w
ith

types
ofloss

function
tails.Specifically,does

the
norm

alized
w

eightvectoralw
ays

converge
to

the
L

2
m

ax
m

argin
solution?

H
ow

is
the

convergence
rate

affected?
C

an
w

e
im

prove
the

convergence
rate

beyond
the

logarithm
ic

rate
found

in
this

w
ork?

In
a

follow
-up

w
ork

N
acson

etal.(2018)
provided

partialansw
ers

to
these

questions.
T

hey
proved

that
the

exponential
tail

has
the

optim
al

convergence
rate,for

tails
for

w
hich

` ′(u
)

is
of

the
form

ex
p
(−
u
ν)

w
ith

ν
>

0.25.
T

hey
then

conjectured,based
on

heuristic
analysis,thatthe

exponentialtailis
optim

alam
ong

allpossible
tails.Furtherm

ore,they
dem

onstrated
thatpolynom

ial
or

heavier
tails

do
notconverge

to
the

m
ax

m
argin

solution.
L

astly,for
the

exponentialloss
they

proposed
a

norm
alized

gradientschem
e

w
hich

can
significantly

im
prove

convergence
rate,achieving

O
(log

(t)/ √
t).

4.5.M
atrix

Factorization

W
ith

m
ulti-layered

neuralnetw
orks

in
m

ind,G
unasekaretal.(2017)recently

em
barked

on
a

study
ofthe

im
plicitbias

ofunder-determ
ined

m
atrix

factorization
problem

s,w
here

the
squared

loss
of

the
linear

observation
of

a
m

atrix
is

m
inim

ized
by

gradientdescenton
its

factorization.
Since

a
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A
.ProofofT

heorem
s3

and
4

for
alm

ostevery
dataset

In
the

follow
ing

sub-sections
w

e
firstprove

T
heorem

9
below

,w
hich

is
a

version
of

T
heorem

3,
specialized

foralm
ostevery

dataset.W
e

then
prove

T
heorem

4
(w

hich
is

already
stated

foralm
ost

every
dataset).

T
heorem

9
For

alm
ostevery

datasetw
hich

is
linearly

separable
(A

ssum
ption

1),any
β

-sm
ooth

decreasing
loss

function
(A

ssum
ption

2)
w

ith
an

exponential
tail

(A
ssum

ption
3),

any
stepsize

η
<

2
β
−

1σ
−

2
m

a
x

(X
)

and
any

starting
point

w
(0),the

gradientdescentiterates
(as

in
eq.2)

w
ill

behave
as:

w
(t)

=
ŵ

log
t

+
ρ

(t)
,

(17)

w
here

ŵ
is

the
L

2
m

ax
m

argin
vector

ŵ
=

argm
in

w
∈
R
d

‖
w
‖

2
s.t.∀

n
:

w
>

x
n
≥

1
,

the
residual

ρ
(t)

is
bounded,and

so

lim
t→
∞

w
(t)

‖
w

(t)‖
=

ŵ‖ŵ
‖
.

In
the

follow
ing

proofs,forany
solution

w
(t),w

e
define

r
(t)

=
w

(t)−
ŵ

log
t−

w̃
,

w
here

ŵ
and

w̃
follow

the
conditions

ofTheorem
s

3
and

4,i.e.
ŵ

is
the

L
2

is
the

m
ax

m
argin

vector
defined

above,and
w̃

is
a

vectorw
hich

satisfies
eq.7:

∀
n
∈
S

:
η

ex
p (−

x
>n

w̃
)

=
α
n
,

(18)

w
here

w
e

recallthatw
e

denoted
X
S
∈
R
d×
|S|as

the
m

atrix
w

hose
colum

ns
are

the
supportvectors,

a
subsetS

⊂
{1
,...,N

}
ofthe

colum
ns

of
X

=
[x

1 ,...,x
N

]∈
R
d×
N

.
In

L
em

m
a

12
(A

ppendix
B

)w
e

prove
thatforalm

ostevery
dataset

α
is

uniquely
defined,there

are
no

m
ore

then
d

supportvectors
and

α
n
6=

0,∀
n
∈
S

.T
herefore,eq.18

is
w

ell-defined
in

those
cases.Ifthe

supportvectors
do

notspan
the

data,then
the

solution
w̃

to
eq.18

m
ightnotbe

unique.
In

this
case,w

e
can

use
any

such
solution

in
the

proof.
W

e
furtherm

ore
denote

the
m

inim
um

m
argin

to
a

non-supportvectoras:

θ
=

m
in

n
/∈S

x
>n

ŵ
>

1
,

(19)

and
by

C
i ,ε
i ,ti

(i∈
N

)
various

positive
constants

w
hich

are
independentof

t.
L

astly,w
e

define
P

1 ∈
R
d×
d

as
the

orthogonalprojection
m

atrix
5

to
the

subspace
spanned

by
the

supportvectors
(the

colum
ns

of
X
S ),and

P̄
1

=
I−

P
1

as
the

com
plem

entary
projection

(to
the

leftnullspace
of

X
S ).

5.T
his

m
atrix

can
be

w
ritten

as
P

1
=

X
S
X

+S
,w

here
M
†

is
the

M
oore-Penrose

pseudoinverse
of

M
.
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S
O

U
D

R
Y,H

O
FF

E
R,N

A
C

S
O

N
,G

U
N

A
S

E
K

A
R,

A
N

D
S

R
E

B
R

O

A
.1.Sim

ple
proofofT

heorem
9

In
this

section
w

e
firstexam

ine
the

specialcase
that

`
(u

)
=
e −

u
and

take
the

continuous
tim

e
lim

it
ofgradientdescent:

η
→

0
,so

ẇ
(t)

=
−
∇
L

(w
(t))

.

T
he

proofin
this

case
is

rathershortand
self-contained

(i.e.,does
notrely

on
any

previous
results),

and
so

ithelps
to

clarify
the

m
ain

ideas
ofthe

general(m
ore

com
plicated)proofw

hich
w

e
w

illgive
in

the
nextsections.

R
ecallw

e
defined

r
(t)

=
w

(t)−
log

(t)
ŵ
−

w̃
.

(20)

O
ur

goalis
to

show
that‖

r
(t)‖

is
bounded,and

therefore
ρ

(t)
=

r
(t)

+
w̃

is
bounded.

E
q.

20
im

plies
that

ṙ
(t)

=
ẇ

(t)−
1t
ŵ

=
−
∇
L

(w
(t))−

1t
ŵ

(21)

and
therefore12

dd
t ‖

r
(t)‖

2
=

ṙ >
(t)

r
(t)

=
N
∑n

=
1

ex
p (−

x
>n

w
(t) )

x
>n

r
(t)−

1t
ŵ
>

r
(t)

=

[∑n∈S
ex

p (−
log

(t)
ŵ
>

x
n −

w̃
>

x
n −

x
>n

r
(t) )

x
>n

r
(t)−

1t
ŵ
>

r
(t) ]

+

 ∑n6/∈S
ex

p (−
log

(t)
ŵ
>

x
n −

w̃
>

x
n −

x
>n

r
(t) )

x
>n

r
(t) 

,
(22)

w
here

in
the

last
equality

w
e

used
eq.

20
and

decom
posed

the
sum

over
support

vectorsS
and

non-supportvectors.W
e

exam
ine

both
bracketed

term
s.R

ecallthat
ŵ
>

x
n

=
1

for
n
∈
S

,and
that

w
e

defined
(in

eq.18)
w̃

so
that ∑

n∈S
ex

p (−
w̃
>

x
n )

x
n

=
ŵ

.T
hus,the

firstbracketed
term

in
eq.

22
can

be
w

ritten
as

1t ∑n∈S
ex

p (−
w̃
>

x
n −

x
>n

r
(t) )

x
>n

r
(t)−

1t ∑n∈S
ex

p (−
w̃
>

x
n )

x
>n

r
(t)

=
1t ∑n∈S

ex
p (−

w̃
>

x
n )(

ex
p (−

x
>n

r
(t) )
−

1 )
x
>n

r
(t)≤

0
,

(23)

since∀
z
,
z

(e −
z−

1)≤
0.

Furtherm
ore,since∀

z
e −

zz
≤

1
and

θ
=

argm
in
n
/∈S

x
>n

ŵ
>

1
(eq.

19),the
second

bracketed
term

in
eq.22

can
be

upperbounded
by

∑n6/∈S
ex

p (−
log

(t)
ŵ
>

x
n −

w̃
>

x
n )

ex
p (−

x
>n

r(t) )
x
>n

r(t)≤
1t θ ∑n6/∈S

ex
p (−

w̃
>

x
n )

.
(24)

Substituting
eq.23

and
24

into
eq.22

and
integrating,w

e
obtain,that∃

C
,C
′such

that

∀
t1 ,∀

t
>
t1

:‖
r

(t)‖
2−
||r(t1 )|| 2≤

C

∫
t

t
1

d
tt θ
≤
C
′
<
∞
,
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T

hu
s,

w
e

sh
ow

ed
th

at
r(
t)

is
bo

un
de

d,
w

hi
ch

co
m

pl
et

es
th

e
pr
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ff

or
th

e
sp

ec
ia

lc
as

e.
�

A
.2

.C
om

pl
et

e
pr

oo
fo

fT
he

or
em

9

N
ex

t,
w

e
gi

ve
th

e
pr

oo
ff

or
th

e
ge

ne
ra

lc
as

e
(n

on
-i

nfi
ni

te
si

m
al

st
ep

si
ze

,a
nd

ex
po

ne
nt

ia
lly

-t
ai

le
d

fu
nc

tio
ns

).
Th

ou
gh

it
is

ba
se

d
on

a
si

m
ila

ra
na

ly
si

s
as

in
th

e
sp

ec
ia

lc
as

e
w

e
ex

am
in

ed
in

th
e

pr
ev

io
us

se
ct

io
n,

it
is

so
m

ew
ha

tm
or

e
in

vo
lv

ed
si

nc
e

w
e

ha
ve

to
bo

un
d

ad
di

tio
na

lt
er

m
s.

Fi
rs

t,
w

e
st

at
e

tw
o

au
xi

lia
ry

le
m

m
at

a,
th

at
ar

e
pr

ov
en

be
lo

w
in

ap
pe

nd
ix

se
ct

io
ns

A
.4

an
d

A
.5

:

L
em

m
a

10
Le

tL
(w

)
be

a
β

-s
m

oo
th

no
n-

ne
ga

tiv
e

ob
je

ct
iv

e.
If
η
<

2
β
−

1
,t

he
n,

fo
r

an
y

w
(0

),
w

ith
th

e
G

D
se

qu
en

ce
w

(t
+

1)
=

w
(t

)
−
η
∇
L

(w
(t

))
(2

5)

w
e

ha
ve

th
at
∑
∞ u=

0
‖∇
L

(w
(u

))
‖2
<
∞

an
d

th
er

ef
or

e
li
m
t→
∞
‖∇
L

(w
(t

))
‖2

=
0.

L
em

m
a

11
W

e
ha

ve

∃C
1
,t

1
:
∀t
>
t 1

:
(r

(t
+

1)
−

r
(t

))
>

r
(t

)
≤
C

1
t−

m
in

(θ
,1

+
1
.5
µ
+
,1

+
0
.5
µ
−

)
.

(2
6)

A
dd

iti
on

al
ly

,∀
ε 1
>

0
,∃
C

2
,t

2
,s

uc
h

th
at
∀t
>
t 2

,i
f

‖P
1
r

(t
)‖
≥
ε 1
,

(2
7)

th
en

th
e

fo
llo

w
in

g
im

pr
ov

ed
bo

un
d

ho
ld

s

(r
(t

+
1)
−

r
(t

))
>

r
(t

)
≤
−
C

2
t−

1
<

0
.

(2
8)

O
ur

go
al

is
to

sh
ow

th
at
‖r

(t
)‖

is
bo

un
de

d,
an

d
th

er
ef

or
e
ρ

(t
)

=
r

(t
)

+
w̃

is
bo

un
de

d.
To

sh
ow

th
is

,w
e

w
ill

up
pe

rb
ou

nd
th

e
fo

llo
w

in
g

eq
ua

tio
n

‖r
(t

+
1)
‖2

=
‖r

(t
+

1)
−

r
(t

)‖
2

+
2

(r
(t

+
1)
−

r
(t

))
>

r
(t

)
+
‖r

(t
)‖

2
(2

9)

Fi
rs

t,
w

e
no

te
th

at
fir

st
te

rm
in

th
is

eq
ua

tio
n

ca
n

be
up

pe
r-

bo
un

de
d

by

‖r
(t

+
1)
−

r
(t

)‖
2

(1
)

=
‖w

(t
+

1)
−

ŵ
lo

g
(t

+
1)
−

w̃
−

w
(t

)
+

ŵ
lo

g
(t

)
+

w̃
‖2

(2
)

=
‖−
η
∇
L

(w
(t

))
−

ŵ
[l
og

(t
+

1)
−

lo
g

(t
)]
‖2

=
η

2
‖∇
L

(w
(t

))
‖2

+
‖ŵ
‖2

lo
g

2
( 1

+
t−

1
) +

2
η
ŵ
>
∇
L

(w
(t

))
lo

g
( 1

+
t−

1
)

(3
) ≤
η

2
‖∇
L

(w
(t

))
‖2

+
‖ŵ
‖2
t−

2
(3

0)

w
he

re
in

(1
)

w
e

us
ed

eq
.2

0,
in

(2
)

w
e

us
ed

eq
.2

,a
nd

in
(3

)
w

e
us

ed
∀x

>
0

:
x
≥

lo
g

(1
+
x

)
>

0
,

an
d

al
so

th
at

ŵ
>
∇
L

(w
(t

))
=

N ∑ n
=

1

`′
( w

(t
)>

x
n

) ŵ
>

x
n
≤

0
,

(3
1)
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x
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1
(f
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fin
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on
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ŵ

)a
nd
`′

(u
)
≤

0
.

A
ls

o,
fr

om
L

em
m

a
10

w
e

kn
ow

th
at

‖∇
L

(w
(t

))
‖2

=
o

(1
)

an
d
∞ ∑ t=

0

‖∇
L

(w
(t

))
‖2
<
∞
.

(3
2)

Su
bs

tit
ut

in
g

eq
.3

2
in

to
eq

.3
0,

an
d

re
ca

lli
ng

th
at

a
t−
ν

po
w

er
se

ri
es

co
nv

er
ge

s
fo

ra
ny
ν
>

1
,w

e
ca

n
fin

d
C

0
su

ch
th

at

‖r
(t

+
1)
−

r
(t

)‖
2

=
o

(1
)

an
d
∞ ∑ t=

0

‖r
(t

+
1)
−

r
(t

)‖
2

=
C

0
<
∞
.

(3
3)

N
ot

e
th

at
th

is
eq

ua
tio

n
al

so
im

pl
ie

s
th

at
∀ε

0

∃t
0

:
∀t
>
t 0

:
|‖

r
(t

+
1)
‖−
‖r

(t
)‖
|<

ε 0
.

(3
4)

N
ex

t,
w

e
w

ou
ld

lik
e

to
bo

un
d

th
e

se
co

nd
te

rm
in

eq
.2

9.
Fr

om
eq

.2
6

in
L

em
m

a
11

,w
e

ca
n

fin
d

t 1
,C

1
su

ch
th

at
∀t
>
t 1

:

(r
(t

+
1)
−

r
(t

))
>

r
(t

)
≤
C

1
t−

m
in

(θ
,1

+
1
.5
µ
+
,1

+
0
.5
µ
−

)
.

(3
5)

T
hu

s,
by

co
m

bi
ni

ng
eq

s.
35

an
d

33
in

to
eq

.2
9,

w
e

fin
d

‖r
(t

)‖
2
−
‖r

(t
1
)‖

2

=
t−

1
∑ u
=
t 1

[ ‖
r

(u
+

1)
‖2
−
‖r

(u
)‖

2
]

≤
C

0
+

2
t−

1
∑ u
=
t 1

C
1
u
−

m
in

(θ
,1

+
1
.5
µ
+
,1

+
0
.5
µ
−

)

w
hi

ch
is

a
bo

un
de

d,
si

nc
e
θ
>

1
(e

q.
19

)
an

d
µ
−
,µ

+
>

0
(D

efi
ni

tio
n

2)
.

T
he

re
fo

re
,‖

r
(t

)‖
is

bo
un

de
d.
�

A
.3

.P
ro

of
of

T
he

or
em

4

A
ll

th
at

re
m

ai
ns

no
w

is
to

sh
ow

th
at
‖r

(t
)‖
→

0
if

ra
n
k

(X
S

)
=

ra
n
k

(X
),

an
d

th
at

w̃
is

un
iq

ue
gi

ve
n

w
(0

).
To

do
so

,t
hi

sp
ro

of
w

ill
co

nt
in

ue
w

he
re

th
e

pr
oo

fo
fT

he
or

em
3

st
op

pe
d,

us
in

g
no

ta
tio

ns
an

d
eq

ua
tio

ns
fr

om
th

at
pr

oo
f.

Si
nc

e
r

(t
)

ha
s

a
bo

un
de

d
no

rm
,i

ts
tw

o
or

th
og

on
al

co
m

po
ne

nt
s

r
(t

)
=

P
1
r

(t
)

+
P̄

1
r

(t
)

al
so

ha
ve

bo
un

de
d

no
rm

s
(r

ec
al

lt
ha

tP
1
,P̄

1
w

er
e

de
fin

ed
in

th
e

be
gi

nn
in

g
of

ap
pe

nd
ix

se
ct

io
n

A
).

Fr
om

eq
.2

,∇
L

(w
)

is
sp

an
ne

d
by

th
e

co
lu

m
ns

of
X

.I
fr

an
k

(X
S

)
=

ra
n
k

(X
),

th
en

it
is

al
so

sp
an

ne
d

by
th

e
co

lu
m

ns
of

X
S

,a
nd

so
P̄

1
∇
L

(w
)

=
0
.T

he
re

fo
re

,P̄
1
r

(t
)

is
no

tu
pd

at
ed

du
ri

ng
G

D
,a

nd
re

m
ai

ns
co

ns
ta

nt
.

Si
nc

e
w̃

in
eq

.
20

is
al

so
bo

un
de

d,
w

e
ca

n
ab

so
rb

th
is

co
ns

ta
nt

P̄
1
r

(t
)

in
to

w̃
w

ith
ou

ta
ff

ec
tin

g
eq

.7
(s

in
ce
∀n
∈
S

:
x
> n

P̄
1
r

(t
)

=
0)

.T
hu

s,
w

ith
ou

tl
os

s
of

ge
ne

ra
lit

y,
w

e
ca

n
as

su
m

e
th

at
r

(t
)

=
P

1
r

(t
).

W
e

de
fin

e
th

e
se

t
T

=
{t
>

m
ax

[t
2
,t

0
]

:
‖r

(t
)‖
<
ε 1
}
.
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N
T

O
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S
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A
B

L
E

D
A

TA

B
y

contradiction,w
e

assum
e

thatthe
com

plem
entary

setis
notfinite,

T̄
=
{
t
>

m
ax

[t2 ,t0 ]
:‖

r
(t)‖
≥
ε
1 }
.

A
dditionally,

the
setT

is
not

finite:
if

it
w

ere
finite,

it
w

ould
have

had
a

finite
m

axim
al

point
tm

a
x ∈
T

,and
then,com

bining
eqs.28,29,and

33,w
e

w
ould

find
that∀

t
>
tm

a
x

‖r
(t)‖

2−
‖
r

(tm
a
x )‖

2
=

t−
1

∑u
=
t
m
a
x [‖r

(u
+

1)‖
2−
‖
r

(u
)‖

2 ]≤
C

0 −
2
C

2

t−
1

∑u
=
t
m
a
x

u
−

1→
−
∞
,

w
hich

is
im

possible
since‖

r
(t)‖

2≥
0.Furtherm

ore,eq.33
im

plies
that

t
∑u

=
0 ‖r

(u
+

1)−
r

(t)‖
2

=
C

0 −
h

(t)

w
here

h
(t)

is
a

positive
m

onotone
function

decreasing
to

zero.L
et
t3 ,t

be
any

tw
o

points
such

that
t3
<
t,{

t3 ,t3
+

1
,...t}

⊂
T̄

,and
(t3 −

1)∈
T

.Forallsuch
t3

and
t,w

e
have

‖r
(t)‖

2≤
‖r

(t3 )‖
2

+
t−

1
∑u
=
t
3 [‖

r
(u

+
1)‖

2−
‖
r

(u
)‖

2 ]

=
‖r

(t3 )‖
2

+
t−

1
∑u
=
t
3 [‖

r
(u

+
1)−

r
(u

)‖
2

+
2

(r
(u

+
1)−

r
(u

)) >
r

(u
) ]

≤
‖r

(t3 )‖
2

+
h

(t3 )−
h

(t−
1)−

2
C

2

t−
1

∑u
=
t
3

u
−

1

≤
‖r

(t3 )‖
2

+
h

(t3 )
.

(36)

A
lso,

recall
that

t3
>
t0 ,

so
from

eq.
34,

w
e

have
that|‖r

(t3 )‖−
‖
r

(t3 −
1
)‖|

<
ε
0 .

Since
‖
r

(t3 −
1
)‖
<
ε
1

(from
T

definition),w
e

conclude
that‖

r
(t3 )‖

≤
ε
1

+
ε
0 .M

oreover,since T̄
is

an
infinite

set,w
e

can
choose

t3
as

large
as

w
e

w
ant.This

im
plies

that∀
ε
2
>

0
w

e
can

find
t3

such
that

ε
2
>
h

(t3 ),since
h

(t)
is

a
m

onotonically
decreasing

function.T
herefore,from

eq.36,∀
ε
1 ,ε

0 ,ε
2 ,

∃
t3 ∈

T̄
such

that
∀
t
>
t3

:‖
r

(t)‖
2≤

ε
1

+
ε
0

+
ε
2
.

T
his

im
plies

that‖r
(t)‖
→

0.
L

astly,w
e

note
thatsince

P̄
1 r

(t)
is

notupdated
during

G
D

,w
e

have
that

P̄
1

(w̃
−

w
(0))

=
0.

T
his

sets
w̃

uniquely,togetherw
ith

eq.7.�

A
.4.ProofofL

em
m

a
10

L
em

m
a

10
LetL

(w
)

be
a
β

-sm
ooth

non-negative
objective.If

η
<

2
β
−

1,then,for
any

w
(0),w

ith
the

G
D

sequence
w

(t
+

1)
=

w
(t)−

η∇
L

(w
(t))

(25)

w
e

have
that ∑

∞u
=

0 ‖∇
L

(w
(u

))‖
2
<
∞

and
therefore

lim
t→
∞
‖∇
L

(w
(t))‖

2
=

0.
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S
O

U
D

R
Y,H

O
FF

E
R,N

A
C

S
O

N
,G

U
N

A
S

E
K

A
R,

A
N

D
S

R
E

B
R

O

T
his

proofis
a

slightly
m

odified
version

ofthe
proofofT

heorem
2

in
(G

anti,2015).R
ecalla

w
ell-know

n
property

of
β

-sm
ooth

functions:
∣∣∣ f

(x
)−

f
(y

)−
∇
f

(y
) >

(x
−

y
) ∣∣∣ ≤

β2
‖x
−

y‖
2
.

(37)

From
the

β
-sm

oothness
ofL

(w
)

L
(w

(t
+

1))≤
L

(w
(t))

+
∇
L

(w
(t)) >

(w
(t

+
1)−

w
(t))

+
β2
‖w

(t
+

1)−
w

(t)‖
2

=
L

(w
(t))−

η‖∇
L

(w
(t))‖

2
+
β
η

2

2
‖∇
L

(w
(t))‖

2

=
L

(w
(t))−

η (
1−

β
η2

)
‖∇
L

(w
(t))‖

2

T
hus,w

e
have

L
(w

(t))−
L

(w
(t

+
1))

η (
1−

β
η2 )

≥
‖∇
L

(w
(t))‖

2

w
hich

im
plies

t
∑u

=
0 ‖∇
L

(w
(u

))‖
2≤

t
∑u

=
0 L

(w
(u

))−
L

(w
(u

+
1))

η (
1−

β
η2 )

=
L

(w
(0))−

L
(w

(t
+

1))

η (
1−

β
η2 )

.

The
righthand

side
isupperbounded

by
a

finite
constant,since

L
(w

(0))
<
∞

and
0
≤
L

(w
(t

+
1)).

T
his

im
plies

∞∑u
=

0 ‖∇
L

(w
(u

))‖
2
<
∞
,

and
therefore‖∇

L
(w

(t))‖
2→

0.�

A
.5.ProofofL

em
m

a
11

R
ecallthatw

e
defined

r
(t)

=
w

(t)−
ŵ

log
t−

w̃
,w

ith
ŵ

and
w̃

follow
the

conditions
of

the
T

heorem
s

3
and

4,i.e,
ŵ

is
the

L
2

m
ax

m
argin

vectorand
(eq.4),and

eq.7
holds

∀
n
∈
S

:
η

ex
p (−

x
>n

w̃
)

=
α
n
.

L
em

m
a

11
W

e
have

∃
C

1 ,t1
:∀
t
>
t1

:
(r

(t
+

1)−
r

(t)) >
r

(t)≤
C

1 t −
m

in
(θ
,1

+
1
.5
µ
+
,1

+
0
.5
µ
−

)
.

(26)

A
dditionally,∀

ε
1
>

0
,∃
C

2 ,t2 ,such
that∀

t
>
t2 ,if

‖P
1 r

(t)‖
≥
ε
1 ,

(27)

then
the

follow
ing

im
proved

bound
holds

(r
(t

+
1)−

r
(t)) >

r
(t)≤

−
C

2 t −
1
<

0
.

(28)
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Fr
om

L
em

m
a

1,
∀n

:
li
m
t→
∞

w
(t

)>
x
n

=
∞

.
In

ad
di

tio
n,

fr
om

as
su

m
pt

io
n

3
th

e
ne

ga
tiv

e
lo

ss
de

riv
at

iv
e
−
`′

(u
)

ha
s

an
ex

po
ne

nt
ia

lt
ai

le
−
u

(r
ec

al
lw

e
as

su
m

e
a

=
c

=
1

w
ith

ou
tl

os
s

of
ge

ne
ra

lit
y)

.C
om

bi
ni

ng
bo

th
fa

ct
s,

w
e

ha
ve

po
si

tiv
e

co
ns

ta
nt

s
µ
−
,µ

+
,t
−

an
d
t +

su
ch

th
at
∀n

∀t
>
t +

:
−
`′
( w

(t
)>

x
n

)
≤
( 1

+
ex

p
( −

µ
+

w
(t

)>
x
n

))
ex

p
( −

w
(t

)>
x
n

)
(3

8)

∀t
>
t −

:
−
`′
( w

(t
)>

x
n

)
≥
( 1
−

ex
p
( −

µ
−

w
(t

)>
x
n

))
ex

p
( −

w
(t

)>
x
n

)
(3

9)

N
ex

t,
w

e
ex

am
in

e
th

e
ex

pr
es

si
on

w
e

w
is

h
to

bo
un

d,
re

ca
lli

ng
th

at
r

(t
)

=
w

(t
)
−

ŵ
lo

g
t
−

w̃
:

(r
(t

+
1)
−

r
(t

))
>

r
(t

)

=
(−
η
∇
L

(w
(t

))
−

ŵ
[l
og

(t
+

1)
−

lo
g

(t
)]

)>
r

(t
)

=
−
η

N ∑ n
=

1

`′
( w

(t
)>

x
n

) x
> n

r
(t

)
−

ŵ
>

r
(t

)
lo

g
( 1

+
t−

1
)

=
ŵ
>

r
(t

)
[ t
−

1
−

lo
g
( 1

+
t−

1
)]
−
η
∑ n
/∈S
`′
( w

(t
)>

x
n

) x
> n

r
(t

)
(4

0)

−
η
∑ n
∈S

[ t−
1

ex
p
( −

w̃
>

x
n

)
+
`′
( w

(t
)>

x
n

)]
x
> n

r
(t

)

w
he

re
in

la
st

lin
e

w
e

us
ed

eq
s.

6
an

d
7

to
ob

ta
in

ŵ
=
∑ n
∈S
α
n
x
n

=
η
∑ n
∈S

ex
p
( −

w̃
>

x
n

) x
n
.

W
e

ex
am

in
e

th
e

th
re

e
te

rm
s

in
eq

.4
0.

T
he

fir
st

te
rm

ca
n

be
up

pe
rb

ou
nd

ed
by

ŵ
>

r
(t

)
[ t
−

1
−

lo
g
( 1

+
t−

1
)]

≤
m

ax
[ ŵ
>

r
(t

)
,0
] [
t−

1
−

lo
g
( 1

+
t−

1
)]

(1
) ≤
m

ax
[ ŵ
>

P
1
r

(t
)
,0
] t−

2

(2
) ≤
{
‖ŵ
‖ε

1
t−

2
,

if
‖P

1
r

(t
)‖
≤
ε 1

o
( t
−

1
)

,
if
‖P

1
r

(t
)‖
>
ε 1

(4
1)

w
he

re
in

(1
)

w
e

us
ed

th
at

P̄
1
ŵ

=
P̄

1
X
S
α

=
0

fr
om

eq
.6

,a
nd

in
(2

)
w

e
us

ed
th

at
ŵ
>

r
(t

)
=
o

(t
),

si
nc

e

ŵ
>

r
(t

)
=

ŵ
>
(

w
(0

)
−
η

t ∑ u
=

0

∇
L

(w
(u

))
−

ŵ
lo

g
(t

)
−

w̃

)

≤
ŵ
>

(w
(0

)
−

w̃
−

ŵ
lo

g
(t

))
−
η
t

m
in

0
≤
u
≤
t
ŵ
>
∇
L

(w
(u

))
=
o

(t
)

w
he

re
in

th
e

la
st

lin
e

w
e

us
ed

th
at
∇
L

(w
(t

))
=
o

(1
),

fr
om

L
em

m
a

10
.

N
ex

t,
w

e
up

pe
rb

ou
nd

th
e

se
co

nd
te

rm
in

eq
.4

0.
Fr

om
eq

.3
8
∃t
′ +

,s
uc

h
th

at
∀
>
t 0
>
t′ +

,

`′
(w

(t
)>

x
n
)
≤

2
ex

p
(−

w
(t

)>
x
n
).

(4
2)
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S
O
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R
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,H
O

FF
E

R
,N

A
C

S
O

N
,G

U
N

A
S

E
K

A
R

,A
N

D
S

R
E

B
R

O

T
he

re
fo

re
,∀
t
>
t′ +

: −
η
∑ n
/∈S
`′
( w

(t
)>

x
n

) x
> n

r
(t

)

≤
−
η

∑

n
/∈S

:x
> n
r
(t

)≥
0

`′
( w

(t
)>

x
n

) x
> n

r
(t

)

(1
) ≤
η

∑

n
/∈S

:x
> n
r
(t

)≥
0

2
ex

p
( −

w
(t

)>
x
n

) x
> n

r
(t

)

(2
) ≤
η

∑

n
/∈S

:x
> n
r
(t

)≥
0

2t
−
x
> n
ŵ

ex
p
( −

w̃
>

x
n
−

x
> n

r
(t

)) x
> n

r
(t

)

(3
) ≤
η

∑

n
/∈S

:x
> n
r
(t

)≥
0

2
t−

x
> n
ŵ

ex
p
( −

w̃
>

x
n

)

(4
) ≤
η
N

ex
p
( −

m
in n

w̃
>

x
n

) t−
θ

(4
3)

w
he

re
in

(1
)

w
e

us
ed

eq
.

42
,

in
(2

)
w

e
us

ed
w

(t
)

=
ŵ

lo
g
t

+
w̃

+
r

(t
),

in
(3

)
w

e
us

ed
x
e−

x
≤

1
an

d
x
> n

r
(t

)
≥

0
,a

nd
in

(4
)

w
e

us
ed
θ
>

1
,f

ro
m

eq
.1

9.
L

as
tly

,w
e

w
ill

bo
un

d
th

e
su

m
in

th
e

th
ir

d
te

rm
in

eq
.4

0

−
η
∑ n
∈S

[ t−
1

ex
p
( −

w̃
>

x
n

)
+
`′
( w

(t
)>

x
n

)]
x
> n

r
(t

)
.

(4
4)

W
e

ex
am

in
e

ea
ch

te
rm

n
in

th
is

su
m

,a
nd

di
vi

de
in

to
tw

o
ca

se
s,

de
pe

nd
in

g
on

th
e

si
gn

of
x
> n

r
(t

).
Fi

rs
t,

if
x
> n

r
(t

)
≥

0
,t

he
n

te
rm

n
in

eq
.4

4
ca

n
be

up
pe

rb
ou

nd
ed
∀t
>
t +

,u
si

ng
eq

.3
8,

by

η
t−

1
ex

p
( −

w̃
>

x
n

)[
( 1

+
t−
µ
+

ex
p
( −

µ
+

w̃
>

x
n

))
ex

p
( −

x
> n

r
(t

))
−

1] x
> n

r
(t

)
(4

5)

W
e

fu
rt

he
rd

iv
id

e
in

to
ca

se
s:

1.
If
∣ ∣ x
> n

r(
t)
∣ ∣ ≤

C
0
t−

0
.5
µ
+

,t
he

n
w

e
ca

n
up

pe
rb

ou
nd

eq
.4

5
w

ith

η
ex

p
( −

(1
+
µ

+
)

m
in n

w̃
>

x
n

) C
0
t−

1
−

1
.5
µ
+
.

(4
6)

2.
If
∣ ∣ x
> n

r(
t)
∣ ∣ >

C
0
t−

0
.5
µ
+

,t
he

n
w

e
ca

n
fin

d
t′
′ +
>
t′ +

to
up

pe
rb

ou
nd

eq
.4

5
∀t
>
t′
′ +
:

η
t−

1
e−

w̃
>
x
n

[(
1

+
t−
µ
+
e−

µ
+
w̃
>
x
n

) ex
p
( −
C

0
t−

0
.5
µ
+
) −

1
] x
> n

r
(t

)

(1
) ≤
η
t−

1
e−

w̃
>
x
n

[(
1

+
t−
µ
+
e−

µ
+
w̃
>
x
n

) (
1
−
C

0
t−

0
.5
µ
+

+
C

2 0
t−
µ
+
) −

1
] x
> n

r
(t

)

≤
η
t−

1
e−

w̃
>
x
n

[ (
1
−
C

0
t−

0
.5
µ
+

+
C

2 0
t−
µ
+
) e
−
µ
+

m
in n

w̃
>
x
n
t−
µ
+
−
C

0
t−

0
.5
µ
+

+
C

2 0
t−
µ
+

] x
> n

r
(t

)

(2
) ≤
0
,
∀t
>
t′
′ +

(4
7)

w
he

re
in

(1
)

w
e

us
ed

th
e

fa
ct

th
at
e−

x
≤

1
−
x

+
x

2
fo

rx
≥

0
an

d
in

(2
)

w
e

de
fin

ed
t′
′ +

so
th

at
th

e
pr

ev
io

us
ex

pr
es

si
on

is
ne

ga
tiv

e
—

si
nc

e
t−

0
.5
µ
+

de
cr

ea
se

s
sl

ow
er

th
an
t−
µ
+

.
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3.
If ∣∣x

>n
r(t) ∣∣≥

ε
2 ,then

w
e

define
t ′′′+

>
t ′′+

such
thatt ′′′+

>
ex

p (m
in
n

w̃
>

x
n )[e

0
.5
ε
2−

1 ]−
1
/
µ
+

,
and

therefore∀
t
>
t ′′′+

,w
e

have (1
+
t −
µ
+

ex
p (−

µ
+

w̃
>

x
n ))

e −
ε
2
<
e −

0
.5
ε
2

.

T
his

im
plies

that∀
t
>
t ′′′+

w
e

can
upperbound

eq.45
by

−
η

ex
p (−

m
a
x

n
w̃
>

x
n )(1−

e −
0
.5
ε
2 )
ε
2 t −

1.
(48)

Second,if
x
>n

r(t)
<

0,w
e

again
furtherdivide

into
cases:

1.
If ∣∣x

>n
r(t) ∣∣≤

C
0 t −

0
.5
µ
−

,then,since−
` ′ (

w
(t) >

x
n )

>
0,w

e
can

upperbound
term

n
in

eq.
44

w
ith

η
t −

1
ex

p (−
w̃
>

x
n ) ∣∣∣ x

>n
r

(t) ∣∣∣ ≤
η

ex
p (−

m
in
n

w̃
>

x
n )
C

0 t −
1−

0
.5
µ
−

(49)

2.
If ∣∣x

>n
r

(t) ∣∣
>
C

0 t −
0
.5
µ
−

,then,using
eq.39

w
e

upperbound
term

n
in

eq.44
w

ith

η [−
t −

1e −
w̃
>
x
n−

` ′ (
w

(t) >
x
n )]

x
>n

r
(t)

≤
η [−

t −
1e −

w̃
>
x
n

+
(

1−
ex

p (−
µ
−

w
(t) >

x
n ))

ex
p (−

w
(t) >

x
n )]

x
>n

r
(t)

=
η
t −

1e −
w̃
>
x
n [1−

ex
p (−

r
(t) >

x
n )(

1−
[t −

1e −
w̃
>
x
n

ex
p (−

r
(t) >

x
n )]

µ
− )] ∣∣∣ x

>n
r

(t) ∣∣∣
(50)

N
ext,w

e
w

illshow
that∃

t ′−
>
t−

such
thatthe

lastexpression
is

strictly
negative∀

t
>
t ′−

.

L
et
M

>
1

be
som

e
arbitrary

constant.
T

hen,since [t −
1e −

w̃
>
x
n

ex
p (−

r
(t) >

x
n )]

µ
−

=

ex
p (−

µ
−

w
(t) >

x
n )
→

0
from

L
em

m
a

1,∃
tM

>
m

ax
(t−

,M
e −

w̃
>
x
n
)

such
that∀

t
>
tM

,

if
ex

p (−
r

(t) >
x
n )
≥
M

>
1

then

ex
p (−

r
(t) >

x
n )(

1−
[t −

1e −
w̃
>
x
n

ex
p (−

r
(t) >

x
n )]

µ
− )
≥
M
′
>

1
.

(51)

Furtherm
ore,if∃

t
>
tM

such
that

ex
p (

r
(t) >

x
n )

<
M

,then

ex
p (−

r
(t) >

x
n )(

1−
[t −

1e −
w̃
>
x
n

ex
p (−

r
(t) >

x
n )]

µ
− )

>
ex

p (−
r

(t) >
x
n )(

1−
[t −

1e −
w̃
>
x
n
M
]
µ
− )

.
(52)

w
hich

is
low

erbounded
by

(1
+
C

0 t −
0
.5
µ
− ) (

1−
t −
µ
−
[e −

w̃
>
x
n
M
]
µ
− )

≥
1

+
C

0 t −
0
.5
µ
−
−
t −
µ
−
[e −

w̃
>
x
n
M
]
µ
−
−
t −

1
.5
µ
−
[e −

w̃
>
x
n
M
]
µ
−
C

0

since ∣∣x
>n

r
(t) ∣∣

>
C

0 t −
0
.5
µ
−

,
x
>n

r
(t)

<
0

and
e
x
≥

1
+
x.

In
this

case
lastline

is
strictly

largerthan
1

forsufficiently
large

t.T
herefore,afterw

e
substitute

eqs.51
and

52
into

50,w
e

find
that∃

t ′−
>
tM

>
t−

such
that∀

t
>
t ′−

,term
k

in
eq.44

is
strictly

negative

η [−
t −

1e −
w̃
>
x
k−

` ′ (
w

(t) >
x
k )]

x
>k

r
(t)

<
0

(53)
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S
O

U
D

R
Y,H

O
FF

E
R,N

A
C

S
O

N
,G

U
N

A
S

E
K

A
R,

A
N

D
S

R
E

B
R

O

3.
If ∣∣x

>k
r(t) ∣∣≥

ε
2

,w
hich

is
a

specialcase
ofthe

previous
case

( ∣∣x
>k

r
(t) ∣∣

>
C

0 t −
0
.5
µ
−

)then
∀
t
>
t ′−

,eithereq.51
or52

holds.Furtherm
ore,in

this
case,∃

t ′′−
>
t ′−

and
M
′′
>

1
such

that
∀
t
>
t ′′−

eq.52
can

be
low

erbounded
by

ex
p

(ε
2 ) (

1−
[t −

1e −
w̃
>
x
kM
]
µ
− )

>
M
′′
>

1
.

Substituting
this,together

w
ith

eq.
51,into

eq.
50,w

e
can

find
C
′0
>

0
such

w
e

can
upper

bound
term

k
in

eq.44
w

ith
−
C
′0 t −

1
,∀
t
>
t ′′−
.

(54)

To
conclude,w

e
choose

t0
=

m
ax [t ′′′+

,t ′′− ]:

1.
If‖

P
1 r

(t)‖
≥
ε
1

(as
in

E
q.27),w

e
have

that

m
ax

n∈S

∣∣∣ x
>n

r
(t) ∣∣∣ 2

(1
)

≥
1|S| ∑n∈S ∣∣∣ x

>n
P

1 r
(t) ∣∣∣ 2

=
1|S| ∥∥∥

X
>S

P
1 r

(t) ∥∥∥
2

(2
)

≥
1|S| σ

2m
in

(X
S

)
ε
21

(55)

w
here

in
(1)

w
e

used
P
>1

x
n

=
x
n
∀
n
∈
S

,in
(2)

w
e

denoted
by

σ
m

in
(X
S

),the
m

inim
al

non-zero
singular

value
of

X
S

and
used

eq.
27.

T
herefore,

for
som

e
k, ∣∣x

>k
r ∣∣
≥
ε
2
,

√
|S| −

1
σ

2m
in

(X
S

)
ε
21 .In

this
case,w

e
denote

C
′′0

as
the

m
inim

um
betw

een
C
′0

(eq.54)and
η

ex
p (−

m
ax

n
w̃
>

x
n )(1−

e −
0
.5
ε
2 )
ε
2

(eq.
48).

T
hen

w
e

find
that

eq.
44

can
be

upper
bounded

by−
C
′′0
t −

1
+
o (t −

1 ),∀
t
>
t0 ,given

eq.27.Substituting
this

result,togetherw
ith

eqs.41
and

43
into

eq.40,w
e

obtain∀
t
>
t0

(r
(t

+
1)−

r
(t)) >

r
(t)≤

−
C
′′0
t −

1
+
o (t −

1 )
.

This
im

plies
that∃

C
2
<
C
′′0

and∃
t2
>
t0

such
thateq.28

holds.This
im

plies
also

thateq.26
holds

for‖P
1 r

(t)‖
≥
ε
1 .

2.
O

therw
ise,if‖

P
1 r

(t)‖
<
ε
1 ,w

e
find

that∀
t
>
t0

,each
term

in
eq.44

can
be

upperbounded
by

either
zero

(eqs.
47

and
53),or

term
s

proportionalto
t −

1−
1
.5
µ
+

(eq.
46)

or
t −

1−
0
.5
µ
−

,
(eq.49).C

om
bining

this
togetherw

ith
eqs.41,43

into
eq.40

w
e

obtain
(forsom

e
positive

constants
C

3 ,
C

4 ,
C

5 ,and
C

6 )

(r
(t

+
1)−

r
(t)) >

r
(t)≤

C
3 t −

1−
1
.5
µ
+

+
C

4 t −
1−

0
.5
µ
−

+
C

5 t −
2

+
C

6 t −
θ
.

T
herefore,∃

t1
>
t0

and
C

1
such

thateq.26
holds.�

A
ppendix

B
.G

eneric
solutionsofthe

K
K

T
conditionsin

eq.6

L
em

m
a

12
For

alm
ostalldatasets

there
is

a
unique

α
w

hich
satisfies

the
K

K
T

conditions
(eq.6):

ŵ
=

N
∑n

=
1

α
n
x
n

∀
n
(
α
n
≥

0
and

ŵ
>

x
n

=
1 )

O
R
(
α
n

=
0

and
ŵ
>

x
n
>

1 )

F
urtherm

ore,in
this

solution
α
n
6=

0
if

ŵ
>

x
n

=
1,i.e.,

x
n

is
a

supportvector
(n
∈
S

),and
there

are
atm

ost
d

such
supportvectors.
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.
T
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re

,
si
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e
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s
m
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ie
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th
e
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m

e
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n
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m
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su
pp
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m
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X

.
G

iv
en

th
e

se
to

fs
up

po
rt

ve
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or
s,
S,

th
e

K
K

T
co

nd
iti

on
s

of
eq

.6
en

ta
il

th
at
α
n

=
0

if
n
/∈
S

an
d

1
=

X
> S

ŵ
=

X
> S

X
S
α
S
,

(5
6)

w
he

re
w

e
de

no
te

d
α
S

as
α

re
st

ri
ct

ed
to

th
e

su
pp

or
tv

ec
to

r
co

m
po

ne
nt

s.
Fo

r
al

m
os

te
ve

ry
se

tX
,

si
nc

e
d
≥
|S
|,

X
> S

X
S
∈
R
|S
|×
|S
| i

s
in

ve
rt

ib
le

.T
he

re
fo

re
,α
S

ha
s

th
e

un
iq

ue
so

lu
tio

n

( X
> S

X
S
) −

1
1

=
α
S
.

(5
7)

T
hi

s
im

pl
ie

s
th

at
∀n
∈
S,
α
n

is
eq

ua
lt

o
a

ra
tio

na
lf

un
ct

io
n

in
th

e
co

m
po

ne
nt

s
of

X
S

,i
.e

.,
α
n

=
p
n

(X
S

)
/q
n

(X
S

),
w

he
re
p
n

an
d
q n

ar
e

po
ly

no
m

ia
ls

in
th

e
co

m
po

ne
nt

s
of

X
S

.T
he

re
fo

re
,i

fα
n

=
0,

th
en
p
n

(X
S

)
=

0
,s

o
th

e
co

m
po

ne
nt

s
of

X
S

m
us

tb
e

at
a

ro
ot

of
th

e
po

ly
no

m
ia

lp
n

.T
he

ro
ot

s
of

th
e

po
ly

no
m

ia
lp

n
ha

ve
m

ea
su

re
ze

ro
,u

nl
es

s
∀X
S

:
p
n

(X
S

)
=

0.
H

ow
ev

er
,p
n

ca
nn

ot
be

id
en

tic
al

ly
eq

ua
lt

o
ze

ro
,s

in
ce

,f
or

ex
am

pl
e,

if
X
> S

=
[ I |
S|
×
|S
|,

0
|S
|×

(d
−
|S
|)]

,t
he

n
X
> S

X
S

=
I |
S|
×
|S
|,

an
d

so
in

th
is

ca
se
∀n
∈
S,
α
n

=
1
6=

0,
fr

om
eq

.5
7.

T
he

re
fo

re
,f

or
a

gi
ve

n
S,

th
e

ev
en

tt
ha

t"
eq

.
56

ha
s

a
so

lu
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n
w

ith
a

ze
ro
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m

po
ne

nt
"

ha
s

a
ze

ro
m

ea
su
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.M

or
eo

ve
r,
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e

un
io

n
of
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e
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,f
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lp
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S,
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ze
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ite
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ea
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se
ts

(th
er

e
ar

e
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fin

ite
ly

m
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y
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le
se

ts
S
⊂
{1
,.
..
,N
})
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hi

s
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pl
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s
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,f
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m
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da
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se
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X
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=
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gi
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n
S

,t
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so
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n
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.

56
is

un
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ve

n
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eq
.5

7.
�
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x
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s
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ra
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T
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bl

is
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T
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or
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o
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e
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d
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e
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ŵ
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e
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n
pr

ed
ic

to
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1
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ŵ
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m
−

1
x
n
≥

1
∀n
∈
S̄ m
−

1
.

(5
8)

In
pa

rti
cu

la
r,

ŵ
1

is
th

e
m

ax
m

ar
gi

n
pr

ed
ic

to
rf

or
th

e
or

ig
in

al
da

ta
se

t.
W

e
th

en
de

no
te
S+ m

th
e

in
di

ce
s

of
no

n-
su

pp
or

tv
ec

to
rs

fo
r5

8,
S m

th
e

in
di

ce
s

of
su

pp
or

tv
ec

to
ro

f5
8

w
ith

no
n-

ze
ro

co
ef

fic
ie

nt
s

fo
r

th
e

du
al

va
ri

ab
le

s
co

rr
es

po
nd

in
g

to
th

e
m

ar
gi

n
co

ns
tr

ai
nt

s
(f

or
so

m
e

du
al

so
lu

tio
n)

,a
nd
S̄ m

th
e

se
t

25
JM

L
R

 1
9(

70
):

1-
57

, 2
01

8

S
O

U
D

R
Y

,H
O

FF
E

R
,N

A
C

S
O

N
,G

U
N

A
S

E
K

A
R

,A
N

D
S

R
E

B
R

O

of
su

pp
or

tv
ec

to
rw

ith
ze

ro
co

ef
fic

ie
nt

s.
T

ha
ti

s:

S+ m
=
{ n
∈
S̄ m
−

1
|ŵ
> m

P̄
m
−

1
x
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>
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|ŵ
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−

1
x
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=
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=
S̄ m
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S m
=
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∈
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|∃
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∈
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ŵ
m

=
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α
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1
x
k
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>
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∀i
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α
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=
S= m
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(5
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T
he

pr
ob

le
m

at
ic

de
ge

ne
ra

te
ca

se
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no
t

co
ve

re
d

by
th

e
an
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is
of

T
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or
em

4,
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w
he

n
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e
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ec
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w

ith
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ro
co

ef
fic

ie
nt
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i.e
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w
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n
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In
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ca

se
w

e
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cu
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e
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es

e
ze

ro
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ef

fic
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nt
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pp
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ha
ti
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e
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X
S m

X
† S m

)
(6

0)

w
he

re
w

e
de

no
te

d
A
†

as
th
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P
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I d
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on
tin

ue
s

as
lo

ng
as
S̄ m
6=
∅,

de
fin

in
g

a
se

qu
en

ce
ŵ
m

of
m

ax
m

ar
gi

n
pr

ed
ic

to
rs

,f
or

sm
al

le
ra

nd
lo

w
er

di
m

en
si

on
al

da
ta

se
ts

P̄
m
−

1
X
S̄ m
−
1
.W

e
st

op
w

he
n
S̄ m

=
∅a

nd
de

no
te

th
e

st
op

pi
ng

st
ag

e
M

—
th

at
is

,M
is

th
e

m
in

im
al
m

su
ch

th
at
S̄ m

=
∅.

O
ur

ch
ar

ac
te

ri
za

tio
n

w
ill

be
in

te
rm

s
of

th
e

se
qu

en
ce

ŵ
1
,.
..
,ŵ

M
.

A
s

es
ta

bl
is

he
d

in
L

em
m

a
12

of
A

pp
en

di
x

B
,f

or
al

m
os

ta
ll

da
ta

se
ts

w
e

w
ill

no
th

av
e

su
pp

or
tv

ec
to

rs
w

ith
no

n-
ze

ro
co

ef
fic

ie
nt

s,
an

d
so

w
e

w
ill

ha
ve

M
=

1,
an

d
so

th
e

ch
ar

ac
te

ri
za

tio
n

on
ly

de
pe

nd
s

on
th

e
m

ax
m

ar
gi

n
pr

ed
ic

to
r
ŵ

1
of

th
e

or
ig

in
al

da
ta

se
t.

B
ut

,e
ve

n
fo

rt
he

m
ea

su
re

ze
ro

of
da

ta
se

ts
in

w
hi

ch
M

>
1

,w
e

pr
ov

id
e

th
e

fo
llo

w
in

g
m

or
e

co
m

pl
et

e
ch

ar
ac

te
ri

za
tio

n:

T
he

or
em

13
Fo

r
al

ld
at

as
et

s
w

hi
ch

ar
e

lin
ea

rl
y

se
pa

ra
bl

e
(A

ss
um

pt
io

n
1)

an
d

gi
ve

n
a
β

-s
m

oo
th

lo
ss

fu
nc

tio
n

(A
ss

um
pt

io
n

2)
w

ith
an

ex
po

ne
nt

ia
lt

ai
l(

A
ss

um
pt

io
n

3)
,g

ra
di

en
td

es
ce

nt
(a

s
in

eq
.2

)
w

ith
st

ep
si

ze
η
<

2
β
−

1
σ
−

2
m

a
x

(X
)

an
d

an
y

st
ar

tin
g

po
in

tw
(0

),
th

e
ite

ra
te

s
of

gr
ad

ie
nt

de
sc

en
tc

an
be

w
ri

tte
n

as
:

w
(t

)
=

M ∑ m
=

1

ŵ
m

lo
g
◦m

(t
)

+
ρ

(t
)
,

(6
1)

w
he

re
lo

g
◦m

(t
)

=

m
ti

m
es

︷
︸︸

︷
lo

g
lo

g
··
·lo

g
(t

),
ŵ
m

is
th

e
L

2
m

ax
m

ar
gi

n
ve

ct
or

de
fin

ed
in

eq
.

58
,a

nd
th

e
re

si
du

al
ρ

(t
)

is
bo

un
de

d.

C
.1

.A
ux

ili
ar

y
no

ta
tio

n

W
e

sa
y

th
at

a
fu

nc
tio

n
f

:
N
→

R
is

ab
so

lu
te

ly
su

m
m

ab
le

if
∑
∞ t=

1
|f

(t
)|
<
∞

,a
nd

th
en

w
e

de
no

te
f

(t
)
∈
L

1
.F

ur
th

er
m

or
e,

w
e

de
fin

e

r
(t

)
=

w
(t

)
−

M ∑ m
=

1

[ ŵ
m

lo
g
◦m

(t
)

+
w̃
m

+
m
−

1
∑ k

=
1

w̌
k
,m

∏
m
−

1
r
=
k

lo
g
◦r

(t
)]

w
he

re
w̃
m

an
d

w̌
k
,m

ar
e

de
fin

ed
ne

xt
,a

nd
ad

di
tio

na
lly

,w
e

de
no

te
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E
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T
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S
E

PA
R

A
B

L
E

D
A

TA

w̃
=

M∑m
=

1

w̃
m
.

W
e

define,∀
m
≥

1,w̃
m

as
the

solution
of

∀
m
≥

1
:∀
n
∈
S
m

:
η
∑n∈S

m

ex
p (
−

m
∑k

=
1

w̃
>k

x
n )

P̄
m
−

1 x
n

=
ŵ
m
,

(62)

such
that

P
m
−

1 w̃
m

=
0

an
d

P̄
m

w̃
m

=
0.

(63)

T
he

existence
and

uniqueness
ofthe

solution,w̃
m

are
proved

in
appendix

section
C

.4.
L

astly,w
e

define,∀
m
>
k
≥

1,
w̌
k
,m

as
the

solution
of

∑n∈S
m

ex
p (−

w̃
>

x
n )

P
m
−

1 x
n

=
m
−

1
∑k

=
1 
∑n∈S

k

ex
p (−

w̃
>

x
n )

x
n
x
>n 

w̌
k
,m

(64)

such
that

P
k−

1 w̌
k
,m

=
0

an
d

P̄
k w̌

k
,m

=
0
.

(65)

T
he

existence
and

uniqueness
ofthe

solution
w̌
k
,m

are
proved

in
appendix

section
C

.5.
Together,eqs.62-65

entailthe
existence

ofa
unique

decom
position,∀

m
≥

1
:

ŵ
m

=
η
∑n∈S

m

ex
p (−

w̃
>

x
n )

x
n −

η
m
−

1
∑k

=
1 
∑n∈S

k

ex
p (−

w̃
>

x
n )

x
n
x
>n 

w̌
k
,m

(66)

given
the

constraints
in

eqs.63
and

65
hold.

C
.2.ProofofT

heorem
13

In
the

follow
ing

proofs,forany
solution

w
(t),w

e
define

τ
(t)

=
M∑m
=

2

ŵ
m

log ◦
m

(t)
+

M∑m
=

1

m
−

1
∑k

=
1

w̌
k
,m

∏
m
−

1
r
=
k

log ◦
r

(t)

noting
that

‖
τ

(t
+

1)−
τ

(t)‖
≤

C
τ

t
log

(t)

and
r(t)

=
w

(t)−
ŵ

1
log

(t)−
w̃
−
τ

(t)
(67)

w
here

w̃
follow

the
conditions

ofT
heorem

13.O
urgoalis

to
show

that‖r(t)‖
is

bounded.To
show

this,w
e

w
illupperbound

the
follow

ing
equation

‖
r(t

+
1)‖

2
=
‖
r(t

+
1)−

r(t)‖
2

+
2

(r(t
+

1)−
r(t)) >

r(t)
+
‖
r(t)‖

2
(68)
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S
O

U
D

R
Y,H

O
FF

E
R,N

A
C

S
O

N
,G

U
N

A
S

E
K

A
R,

A
N

D
S

R
E

B
R

O

First,w
e

note
that∃

t0
such

that∀
t
>
t0

the
firstterm

in
this

equation
can

be
upperbounded

by

||r(t
+

1)−
r(t)|| 2

(1
)

=
||w

(t
+

1)−
ŵ

1
log

(t
+

1)−
τ

(t
+

1)−
w

(t)
+

ŵ
1

log
(t)

+
τ

(t)|| 2
(2

)
=
||−

η∇
L

(w
(t))−

ŵ
1 (log

(t
+

1)−
log

(t))−
(τ

(t
+

1)−
τ

(t))|| 2

=
η

2||∇
L

(w
(t))|| 2

+
‖
ŵ

1 ‖
2

log
2 (1

+
t −

1 )
+
‖τ

(t
+

1)−
τ

(t)‖
2

+
2
η∇

L
(w

(t)) >
(ŵ

1
log (1

+
t −

1 )
+
τ

(t
+

1)−
τ

(t) )

+
2
ŵ
>1

(τ
(t

+
1)−

τ
(t))

log (1
+
t −

1 )

(3
)

≤
η

2||∇
L

(w
(t))|| 2

+
‖
ŵ

1 ‖
2
t −

2
+
C

2τ t −
2

log −
2

(t)
+

2
C
τ ‖ŵ

1 ‖
t −

2
log −

1(t)
,∀
t
>
t0

(69)

w
here

in
(1)w

e
used

eq.67,in
(2)w

e
used

eq.2
and

in
(3)w

e
used∀

x
>

0
:
x
≥

log
(1

+
x

)
>

0,
and

also
using

` ′(w
(t) >

x
n
)
<

0
forlarge

enough
t,w

e
have

that

(ŵ
1

lo
g (1

+
t −

1 )
+
τ

(t
+

1
)−

τ
(t) )>

∇
L

(w
(t))≤

N
∑n
=
1

` ′(w
(t) >

x
n
) (

ŵ
>1

x
n

lo
g (1

+
t −

1 )−
‖x

n ‖
C
′τ

t
log

(t) )

(70)
w

hich
is

negative
forsufficiently

large
t0

(since
log (1

+
t −

1 )
decreases

as
t −

1,w
hich

is
slow

erthen
1/

(t
log

(t))),∀
n

:
ŵ
>1

x
n
≥

1
and

` ′(u
)≤

0.
A

lso,from
L

em
m

a
10

w
e

know
that:

‖∇
L

(w
(t))‖

2
=
o(1)

and
∞∑u
=

0 ‖∇
L

(w
(u

))‖
2
<
∞

(71)

Substituting
eq.71

into
eq.69,and

recalling
that

t −
ν
1

log −
ν
2

(t)
converges

forany
ν

1
>

1
and

any
ν

2 ,and
so

κ
0

(t),
||r(t

+
1)−

r(t)|| 2∈
L

1
.

(72)

A
lso,in

the
nextsubsection

w
e

w
illprove

that

L
em

m
a

14
Let

κ
1

(t)
and

κ
2

(t)
be

functions
in
L

1 ,then

(r
(t

+
1)−

r
(t)) >

r
(t)≤

κ
1

(t)‖
r

(t)‖
+
κ

2
(t)

(73)

T
hus,by

com
bining

eqs.73
and

72
into

eq.68,w
e

find

‖
r(t

+
1)‖

2≤
κ

0
(t)

+
2
κ

1
(t)‖r

(t)‖
+

2
κ

2
(t)

+
‖
r(t)‖

2

O
n

this
resultw

e
apply

the
follow

ing
lem

m
a

(w
ith

φ
(t)

=
‖
r(t)‖,

h
(t)

=
2
κ

1
(t),and

z
(t)

=
κ

0
(t)

+
2
κ

2
(t)),w

hich
w

e
prove

in
appendix

C
.6:

L
em

m
a

15
Letφ

(t)
,h

(t)
,z

(t)
be

three
functions

from
N

to
R
≥

0 ,and
C

1 ,C
2 ,C

3
be

three
positive

constants.Then,if ∑
∞t=

1
h

(t)≤
C

1
<
∞

,and

φ
2

(t
+

1)≤
z

(t)
+
h

(t)
φ

(t)
+
φ

2
(t)

(74)

w
e

have

φ
2

(t
+

1)≤
C

2
+
C

3

t
∑u

=
1

z
(u

)
(75)
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an
d

ob
ta

in
th

at

‖r
(t

+
1)
‖2
≤
C

2
+
C

3

t ∑ u
=

1

(κ
0

(u
)

+
2
κ

2
(u

))
≤
C

4
<
∞
,

si
nc

e
w

e
as

su
m

ed
th

at
∀i

=
0,

1,
2

:
κ
i
(t

)
∈
L

1
.T

hi
s

co
m

pl
et

es
ou

rp
ro

of
.�

C
.3

.P
ro

of
of

L
em

m
a

14

B
ef

or
e

w
e

pr
ov

e
L

em
m

a
14

,w
e

pr
ov

e
th

e
fo

llo
w

in
g

au
xi

la
ry

L
em

m
a:

L
em

m
a

16
C

on
si

de
r

th
e

fu
nc

tio
n
f

(t
)

=
t−
ν
1
(l

og
(t

))
−
ν
2
(l

og
lo

g
(t

))
−
ν
3
..
.(

lo
g
◦M

(t
))
−
ν
M

+
1
.

If
∃m

0
≤
M

+
1

su
ch

th
at
ν m

0
>

1
an

d
fo

r
al

lm
′ <

m
0
,ν
m
′

=
1,

th
en
f

(t
)
∈
L

1
.

Pr
oo

fT
o

pr
ov

e
L

em
m

a
16

,w
e

w
ill

sh
ow

th
at

th
e

im
pr

op
er

in
te

ge
ra

l∫
∞ t 1
f

(t
)d
t

fo
r

an
y
t 1
>

0
is

bo
un

de
d,

i.e
.,
∀t

1
>

0
,∫
∞ t 1
f

(t
)d
t
<
C

.
U

si
ng

th
e

in
te

ge
ra

lt
es

tf
or

co
nv

er
ge

nc
e

(o
r

M
ac

la
ur

in
–

C
au

ch
y

te
st

)t
hi

s
in

tu
rn

im
pl

ie
s

th
at
∀t

1
>

0,
∑
∞ t 1
f

(t
)
<
C

,a
nd

th
us
f

(t
)
∈
L

1
.

Fi
rs

t,
if
m

0
>

1,
th

en
ν 1

=
ν 2
..
.

=
ν m

0
−

1
=

1
an

d
ν m

0
=

1
+
ε

fo
rs

om
e
ε
>

0.
U

si
ng

ch
an

ge
of

va
ri

ab
le

s
y

=
lo

g
◦(
m

0
−

1
) (t

),
w

e
ha

ve

d
y

=

(
t

m
0
−

2
∏ r
=

1

lo
g
◦r

(t
))
−

1

d
t

=
t−
ν
1

m
0
−

2
∏ r
=

1

(l
og
◦r

(t
))
−
ν
r
+
1

d
t

an
d

fo
ra

ll
m
>
m

0
,( lo

g
◦(
m
−

1
) (t

)) −
ν
m

=
( lo

g
◦(
m
−
m

0
) (y

)) −
ν
m

≤
(l

o
g
(y

))
|ν
m
| .

T
hu

s,
de

no
tin

g

ν̃
=
∑

M
+

1
m

=
m

0
+

1
|ν m
|a

nd
lo

g
◦(
m

0
−

1
) (t

1
)

=
y 1

,w
e

ha
ve

∫
∞

t 1

f
(t

)d
t

=

∫
∞

y
1

y
−
ν
m

0

M
+

1
∏

m
=
m

0
+

1

( lo
g
◦m
−
m

0
(y

))
−
ν
m

d
(y

)
≤
∫
∞

y
1

(l
og

(y
))
ν̃

y
1
+
ε

d
y
.

(7
6)

Fo
r
m

0
=

1,
w

e
ha

ve
ν 1

=
1

+
ε

fo
r

so
m

e
ε
>

0
,

an
d

fo
r
m

>
1,
( lo

g
◦(
m
−

1
) (t

)) −
ν
m

≤
(l

og
(t

))
|ν
m
| .

T
hu

s,
de

no
tin

g,
ν̃

=
∑

M
+

1
m

=
2
|ν m
|,

w
e

ha
ve
∫ ∞ t 1

f
(t

)d
t
≤
∫ ∞ t 1

(l
o
g
(t

))
ν̃

t1
+
ε

d
t.

Th
us

,f
or

an
y
m

0
,w

e
on

ly
ne

ed
to

sh
ow

th
at

fo
ra

ll
t 1
>

0
,ε
>

0
an

d
ν̃
>

0,
∫ ∞ t 1

(l
o
g
(t

))
ν̃

t1
+
ε

d
t
<
∞
.

L
et

us
no

w
lo

ok
at
∫ ∞ t 1

(l
o
g
(t

))
ν̃

t1
+
ε

d
t.

us
in

g
u

=
(l

og
(t

))
ν̃

an
d

d
v

=
1

t1
+
ε
,

w
e

ha
ve

d
u

=

ν̃
t−

1
(l

og
(t

))
ν̃
−

1
an

d
v

=
−

1 εt
ε
.U

si
ng

in
te

gr
at

io
n

by
pa

rt
s,
∫
u

d
v

=
u
v
−
∫
v
d
u

,w
e

ha
ve

∫
(l

og
(t

))
ν̃

t1
+
ε

d
t

=
−

(l
og

(t
))
ν̃

εt
ε

+
ν̄ ε

∫
(l

og
(t

))
ν̃
−

1

t1
+
ε

d
t
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R
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A
C

S
O

N
,G

U
N

A
S

E
K

A
R

,A
N

D
S

R
E

B
R

O

R
ec

ur
si

ng
th

e
ab

ov
e

eq
ua

tio
n
K

tim
es

su
ch

th
at
ν̃
−
K

<
0
,

w
e

ha
ve

po
si

tiv
e

co
ns

ta
nt

s
c 0
,c

1
,.
..
c K

>
0

in
de

pe
nd

en
to

ft
,s

uc
h

th
at

∫
∞

t 1

(l
og

(t
))
ν̃

t1
+
ε

d
t

=

[ −
K
−

1
∑ k

=
0

c k
(l

og
(t

))
ν̃
−
k

εt
ε

] ∞ t=
t 1

+
c K

∫
∞

t=
t 1

(l
og

(t
))
ν̃
−
K

t1
+
ε

d
t

(1
)

=
K
−

1
∑ k

=
0

c k
(l

og
(t

1
))
ν̃
−
k

εt
ε 1

+
c K

∫
∞

t=
t 1

(l
og

(t
))
ν̃
−
K

t1
+
ε

d
t

(2
) ≤
K
−

1
∑ k

=
0

c k
(l

og
(t

1
))
ν̃
−
k

εt
ε 1

+
c K

∫
∞

t=
t 1

1

t1
+
ε

(3
)

=
K
−

1
∑ k

=
0

c k
(l

og
(t

1
))
ν̃
−
k

εt
ε 1

y
+
c K εt
ε 1

<
∞

(7
7)

w
he

re
(1

)
fo

llo
w

s
as
∑

K
−

1
k
=

0
c k

(l
o
g
(t

))
ν̃
−
k

εt
ε

t→
∞ →

0 ,
(2

)
fo

llo
w

s
as
K

is
ch

os
en

su
ch

th
at
ν̃
−
K
<

0

an
d

he
nc

e
fo

ra
ll
t
>

0,
(l

og
(t

))
ν̃
−
K
<

1
.T

hi
s

co
m

pl
et

es
th

e
pr

oo
fo

ft
he

le
m

m
a.

L
em

m
a

14
Le

tκ
1

(t
)

an
d
κ

2
(t

)
be

fu
nc

tio
ns

in
L

1
,t

he
n

(r
(t

+
1)
−

r
(t

))
>

r
(t

)
≤
κ

1
(t

)
‖r

(t
)‖

+
κ

2
(t

)
(7

3)

Pr
oo

fR
ec

al
lt

ha
tw

e
de

fin
ed

r(
t)

=
w

(t
)
−

q
(t

)
(7

8)

w
he

re

q
(t

)
=

M ∑ m
=

1

[ŵ
m

lo
g
◦m

(t
)

+
h
m

(t
)]
.

(7
9)

h
m

(t
)

=
w̃
m

+
m
−

1
∑ k

=
1

w̌
k
,m

∏
m
−

1
r
=
k

lo
g
◦r

(t
)

(8
0)

w
ith

ŵ
m

,w̃
m

an
d

w̌
k
,m

de
fin

ed
in

eq
s.

58
,6

2
an

d
64

,r
es

pe
ct

iv
el

y.
W

e
no

te
th

at

‖q
(t

+
1)
−

q
(t

)
−

q̇
(t

)‖
≤
C
q
t−

2
∈
L

1
(8

1)

w
he

re

q̇
(t

)
=

M ∑ m
=

1

ŵ
m

1

t
∏
m
−

1
r
=

1
lo

g
◦r

(t
)

+
ḣ
m

(t
)
.

(8
2)

A
dd

iti
on

al
ly

,w
e

de
fin

e
C
h
,C
′ h

so
th

at

‖h
m

(t
)‖
≤
‖w̃

m
‖+

m ∑ k
=

1

‖w̌
k
,m
‖
≤
C
h

(8
3)
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and
∥∥∥
ḣ
m

(t) ∥∥∥
≤

C
′h

t (∏
m
−

2
r
=

1
log ◦

r
(t) )(

log ◦
(m
−

1
)
(t) )

2
∈
L

1
.

(84)

W
e

w
ish

to
calculate

(r(t
+

1)−
r(t)) >

r(t)

(1
)

=
[w

(t
+

1)−
w

(t)−
[q

(t
+

1)−
q

(t)]] >
r

(t)

(2
)

=
[−
η∇
L

(w
(t))−

q̇
(t)] >

r
(t)−

[q
(t

+
1)−

q
(t)−

q̇
(t)] >

r
(t)

(85)

w
here

in
(1

)
w

e
used

eq.
78

and
in

(2)
w

e
used

the
definition

of
G

D
in

eq.
2.

W
e

can
bound

the
second

term
using

C
auchy-Shw

artz
inequality

and
eq.81:

[q
(t

+
1
)−

q
(t)−

q̇
(t)] >

r
(t)≤

‖q
(t

+
1)−

q
(t)−

q̇
(t)‖‖r

(t)‖
≤
C
q t −

2‖
r

(t)‖
.

N
ext,w

e
exam

ine
the

second
term

in
eq.85

[−
η∇
L

(w
(t))−

q̇
(t)] >

r
(t)

=

[−
η

N
∑n

=
1

` ′(w
(t) >

x
n
)
x
n −

q̇
(t) ]

>

r
(t)

(1
)

=
−

M∑m
=

1

ḣ
m

(t) >
r

(t)−
η

M∑m
=

1

∑n∈S
+m

` ′(w
(t) >

x
n
)
x
>n

r
(t)

+

[
η

M∑m
=

1

∑n∈S
m

−
` ′(w

(t) >
x
n
)
x
n −

M∑m
=

1

ŵ
m

1

t ∏
m
−

1
r
=

1
log ◦

r
(t) ]

>

r
(t)

,
(86)

w
here

in
(1)

recallfrom
eq.59

thatS
m
,S

+m
are

m
utually

exclusive
and∪

Mm
=

1 S
m
∪
S

+m
=

[N
].

N
extw

e
upperbound

the
three

term
s

in
eq.86.

To
bound

the
firstterm

in
eq.86

w
e

use
C

auchy-Shartz,and
eq.

84.

M∑m
=

1

ḣ
m

(t) >
r

(t)≤
M∑m
=

1 ∥∥∥
ḣ
m

(t) ∥∥∥ ‖r
(t)‖
≤

M
C
′h

t (∏
m
−

2
r
=

1
log ◦

r
(t) )(

log ◦
(m
−

1
)
(t) )

2 ‖
r

(t)‖

In
bounding

the
second

term
in

eq.86,note
thatfortightexponentialtailloss,since

w
(t) >

x
n
→

∞
,forlarge

enough
t0 ,w

e
have−

` ′(w
(t) >

x
n
)≤

(1
+

ex
p
(−
µ

+
w

(t) >
x
n
))

ex
p
(−

w
(t) >

x
n
)≤

2
ex

p
(−

w
(t) >

x
n
)

forall
t
>
t0 .T

he
firstterm

in
eq.86

can
be

bounded
by

the
follow

ing
setof
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S
O

U
D

R
Y,H

O
FF

E
R,N

A
C

S
O

N
,G

U
N

A
S

E
K

A
R,

A
N

D
S

R
E

B
R

O

inequalities,for
t
>
t0 ,

η
M∑m
=

1

∑n∈S
+m −

` ′(w
(t) >

x
n
)
x
>n

r
(t)≤

η
M∑m
=

1

∑

n∈S
+m

:x
>n
r
(t)≥

0 −
` ′(w

(t) >
x
n
)
x
>n

r
(t)

(1
)

≤
2η

M∑m
=

1

∑

n∈S
+m

:x
>n
r
(t)≥

0

ex
p (
−

M∑l=
1 [ŵ

>l
x
n

log ◦
l(t)

+
x
>n

h
l (t) ]−

x
>n

r
(t) )

x
>n

r
(t)

(2
)

≤
2η

M∑m
=

1

∑

n∈S
+m

:x
>n
r
(t)≥

0

ex
p (
−

M∑l=
1 [ŵ

>l
x
n

log ◦
l(t)

+
x
>n

h
l (t) ] )

(3
)

≤
2η

M∑m
=

1 ∣∣∣∣ S
+m

m
ax

n∈S
+m ∣∣∣∣

ex
p

(M
‖x

n ‖
C
h )

ex
p (
−

M∑l=
1

ŵ
>l

x
n

log ◦
l(t) )

(4
)

≤



∑
Mm

=
1

2
η| S

+m |
ex

p (
M

m
a
x
n∈
S
+m
‖
x
n ‖
C
h )

t( ∏
m
−
1

k
=
1

lo
g ◦
k
(t))(

lo
g ◦
m
−
1
(t))

θ
m
(
∏
M
−
1

k
=
m

(lo
g ◦
m

(t))
ŵ
>k

x
n )

if
M

>
1

2
η| S

+1 |
ex

p
(m

a
x
n ‖

x
n ‖
C
h

)

t
θ
1

if
M

=
1

∈
L

1 .
(87)

w
here

in
(1)

w
e

used
eqs.

78
and

79,in
(2)

w
e

used
that∀

x
:
x
e −

x
≤

1
and

x
>n

r
(t)≥

0,
(3)

w
e

used
eq.83

and
in

(4)
w

e
denoted

θ
m

=
m

in
n∈S

+m
ŵ
>m

x
n
>

1
and

the
lastline

is
integrable

based
on

L
em

m
a

16.
N

ext,w
e

bound
the

lastterm
in

eq.
86.

For
exponentialtailed

losses
(A

ssum
ption

3),since
w

(t) >
x
n
→
∞

,w
e

have
positive

constants
µ
−
,µ

+
>

0,t−
and

t+
such

that∀
n

∀
t
>
t+

:−
` ′ (

w
(t) >

x
n )
≤
(

1
+

ex
p (−

µ
+

w
(t) >

x
n ))

ex
p (−

w
(t) >

x
n )

∀
t
>
t−

:−
` ′ (

w
(t) >

x
n )
≥
(

1−
ex

p (−
µ
−

w
(t) >

x
n ))

ex
p (−

w
(t) >

x
n )

W
e

define
γ
n
(t)

asγ
n
(t)

=

{
(1

+
ex

p
(−
µ

+
w

(t) >
x
n
)

if
r

(t) >
x
n
≥

0

(1−
ex

p
(−
µ
−

w
(t) >

x
n
)

if
r

(t) >
x
n
<

0
.

(88)

T
his

im
plies

t
>

m
ax

(t+
,t−

),−
` ′(w

(t) >
x
n
)

x
>n

r
(t)≤

γ
n
(t)

ex
p (−

w
>

(t)
x
n )

x
n .
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Fr
om

th
is

re
su

lt,
w

e
ha

ve
th

e
fo

llo
w

in
g

se
to

fi
ne

qu
al

iti
es

:

η
M ∑ m
=

1

∑ n
∈S

m

−
`′

(w
(t

)>
x
n
)
x
> n

r
(t

)
≤
η

M ∑ m
=

1

∑ n
∈S

m

γ
n
(t

)
ex

p
( −

w
(t

)>
x
n

) x
> n

r
(t

)

(1
)

=
η

M ∑ m
=

1

∑ n
∈S

m

γ
n
(t

)
ex

p

(
−

M ∑ l=
1

[ ŵ
> l

x
n

lo
g
◦l

(t
)

+
x
> n

w̃
l
+

l−
1

∑ k
=

1

x
> n

w̌
k
,l

∏
l−

1
r
=
k

lo
g
◦r

(t
)]
−

x
> n

r
(t

))
x
> n

r
(t

)

(2
)

=
M ∑ m
=

1

∑ n
∈S

m

η
γ
n
(t

)
ex

p
( −

x
> n

w̃
) ex

p
( −

x
> n

r
(t

))
x
> n

r
(t

)

t
∏
m
−

1
r
=

1
lo

g
◦r

(t
)

ex
p

(
−

m ∑ k
=

1

M ∑

l=
k
+

1

x
> n

w̌
k
,l

∏
l−

1
r
=
k

lo
g
◦r

(t
))

(3
)

=
M ∑ m
=

1

∑ n
∈S

m

η
γ
n
(t

)
ex

p
( −

x
> n

w̃
) ex

p
( −

x
> n

r
(t

))
x
> n

r
(t

)

t
∏
m
−

1
r
=

1
lo

g
◦r

(t
)

ex
p

(
−

M ∑

l=
m

+
1

x
> n

w̌
m
,l

∏
l−

1
r
=
m

lo
g
◦r

(t
))

ψ
m

(t
)

≤
M ∑ m
=

1

∑ n
∈S

m

η
γ
n
(t

)
ex

p
( −

x
> n

w̃
) ex

p
( −

x
> n

r
(t

))
x
> n

r
(t

)

t
∏
m
−

1
r
=

1
lo

g
◦r

(t
)

ψ
m

(t
)

[(
1
−
M
−

1
∑ l=
m

x
> n

w̌
m
,l

+
1

∏
l r
=
m

lo
g
◦r

(t
))

+
ex

p

(
−
M
−

1
∑ l=
m

x
> n

w̌
m
,l

+
1

∏
l r
=
m

lo
g
◦r

(t
))
−
(

1
−
M
−

1
∑ l=
m

x
> n

w̌
m
,l

+
1

∏
l r
=
m

lo
g
◦r

(t
))
]

(8
9)

w
he

re
in

(1
)

w
e

us
ed

eq
s.

78
an

d
79

,a
nd

in
(2

)
w

e
us

ed
P
k
−

1
w̌
k
,m

=
0

fr
om

eq
.6

5
(s

o
x
> n

w̌
k
,l

=
0

if
m
<
k

)a
nd

in
(3

)
de

fin
ed ψ
m

(t
)

=
ex

p

(
−
m
−

1
∑ k

=
1

M ∑

l=
k
+

1

x
> n

w̌
k
,l

∏
l−

1
r
=
k

lo
g
◦r

(t
))

.
(9

0)

N
ot

e
∃t
ψ

su
ch

th
at
∀t
>
t ψ

,w
e

ca
n

bo
un

d
ψ
m

(t
)

by

ex
p

(
−
M

m
ax

n
‖x

n
‖C

h

lo
g
◦(
m
−

1
)
(t

)

)
≤
ψ
m

(t
)
≤

1
.

(9
1)

T
hu

s,
th

e
th

ir
d

te
rm

in
86

is
gi

ve
n

by

η
M ∑ m
=
1

∑

n
∈S

m

−
`′

(w
(t

)>
x
n
)
x
> n

r
(t

)
−

M ∑ m
=
1

ŵ
> m

r
(t

)

t
∏
m
−
1

r
=
1

lo
g
◦r

(t
)

(1
) ≤
M ∑ m
=
1

∑

n
∈S

m

η
γ
n
(t

)
ex

p
( −

x
> n

w̃
) ex

p
( −

x
> n

r
(t

))
x
> n

r
(t

)

t
∏
m
−
1

r
=
1

lo
g
◦r

(t
)

ψ
m

(t
)

[ ex
p

(
−
M
−
1

∑ l=
m

x
> n

w̌
m
,l
+
1

∏
l r
=
m

lo
g
◦r

(t
)

)

−
(

1
−
M
−
1

∑ l=
m

x
> n

w̌
m
,l
+
1

∏
l r
=
m

lo
g
◦r

(t
)

)
]

+

M ∑ m
=
1

[
∑

n
∈S

m

η
γ
n
(t

)
ex

p
( −

x
> n

w̃
) ex

p
( −

x
> n

r
(t

))
x
> n

r
(t

)

t
∏
m
−
1

r
=
1

lo
g
◦r

(t
)

ψ
m

(t
)

(
1
−
M
−
1

∑ l=
m

x
> n

w̌
m
,l
+
1

∏
l r
=
m

lo
g
◦r

(t
)

)

−
r(
t)
>

ŵ
m

t
∏
m
−
1

r
=
1

lo
g
◦r

(t
)

] ,
(9

2)

w
he

re
(1

)
fo

llo
w

s
fr

om
th

e
bo

un
d

in
eq

.8
9.
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W
e

ex
am

in
e

th
e

fir
st

te
rm

in
eq

.9
2

M ∑ m
=
1

∑

n
∈S

m

η
γ
n
(t

)
ex

p
( −

x
> n

w̃
) ex

p
( −

x
> n

r
(t

))
x
> n

r
(t

)

t
∏
m
−
1

r
=
1

lo
g
◦r

(t
)

ψ
m

(t
)

·[ ex
p

(
−
M
−
1

∑ l=
m

x
> n

w̌
m
,l
+
1

∏
l r
=
m

lo
g
◦r

(t
)

)
−
(

1
−
M
−
1

∑ l=
m

x
> n

w̌
m
,l
+
1

∏
l r
=
m

lo
g
◦r

(t
)

)
]

∀t
>
t 1
>
t ψ

,w
he

re
w

e
w

ill
de

te
rm

in
e
t 1

la
te

r.
W

e
ha

ve
th

e
fo

llo
w

in
g

fo
ra

ll
m
∈

[M
]

∑

n
∈S

m

η
γ
n
(t

)
ex

p
( −

x
> n

w̃
) ex

p
( −

x
> n

r
(t

))
x
> n

r
(t

)

t
∏
m
−
1

r
=
1

lo
g
◦r

(t
)

ψ
m

(t
)

·[ ex
p

(
−
M
−
1

∑ l=
m

x
> n

w̌
m
,l
+
1

∏
l r
=
m

lo
g
◦r

(t
)

)
−
(

1
−
M
−
1

∑ l=
m

x
> n

w̌
m
,l
+
1

∏
l r
=
m

lo
g
◦r

(t
)

)
]

(1
) ≤
∑

n
∈
S
m

:

x
> n

r
(
t
)
≥

0

η
γ
n
(t

)
ex

p
( −

x
> n

w̃
) ψ

m
(t

)

t
∏
m
−
1

r
=
1

lo
g
◦r

(t
)

[ ex
p

(
−
M
−
1

∑ l=
m

x
> n

w̌
m
,l
+
1

∏
l r
=
m

lo
g
◦r

(t
)

)
−
(

1
−
M
−
1

∑ l=
m

x
> n

w̌
m
,l
+
1

∏
l r
=
m

lo
g
◦r

(t
)

)
]

(2
) ≤
∑

n
∈
S
m

:

x
> n

r
(
t
)
≥

0

η
γ
n
(t

)
ex

p
( −

x
> n

w̃
) (t

)

t
∏
m
−
1

r
=
1

lo
g
◦r
ψ
m

(t
)

(
M
−
1

∑ l=
m

x
> n

w̌
m
,l
+
1

∏
l r
=
m

lo
g
◦r

(t
)

)
2

∈
L
1
,

(9
3)

w
he

re
w

e
se

tt
1
>

0
su

ch
th

at
∀t
>
t 1

th
e

te
rm

in
th

e
sq

ua
re

br
ac

ke
ti

s
po

si
tiv

e
an

d

M
−

1
∑ l=
m

x
> n

w̌
m
,l

+
1

∏
l r
=
m

lo
g
◦r

(t
)
>
−

1
,

in
(1

)
w

e
us

ed
th

at
si

nc
e
e−

x
≥

1
−
x

,a
nd

al
so

fr
om

us
in

g
e−

x
x
≤

1
an

d
in

(2
)

w
e

us
e

th
at
∀x
≥
−

1
w

e
ha

ve
th

at
e−

x
≤

1
−
x

+
x

2
an

d
ψ
m

(t
)
≤

1
fr

om
eq

.9
1.
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W
e

exam
ine

the
second

term
in

eq.92
using

the
decom

position
of

ŵ
m

from
eq.66

M∑m
=
1 [
∑n∈S

m

η
γ
n
(t)

ex
p (−

x
>n

w̃
)

ex
p (−

x
>n

r
(t) )

x
>n

r
(t)

t ∏
m
−
1

r
=
1

lo
g ◦
r

(t)
ψ
m

(t) (
1−

M
−
1

∑l=
m

x
>n

w̌
m
,l+

1
∏
lr
=
m

lo
g ◦
r

(t) )
−

x
>n

ŵ
m

t ∏
m
−
1

r
=
1

lo
g ◦
r

(t) ]

(1
)

=
M∑m
=
1

∑n∈S
m

η
ex

p (−
x
>n

w̃
)
x
>n

r
(t)

t ∏
m
−
1

r
=
1

lo
g ◦
r

(t)

(γ
n
(t)

ex
p (−

x
>n

r
(t) )

ψ
m

(t)−
1 )

−
M∑m
=
1

∑n∈S
m

η
γ
n
(t)

ex
p (−

x
>n

w̃
)

ex
p (−

x
>n

r
(t) )

x
>n

r
(t)

ψ
m

(t)

t ∏
m
−
1

r
=
1

lo
g ◦
r

(t)

M
−
1

∑l=
m

x
>n

w̌
m
,l+

1
∏
lr
=
m

lo
g ◦
r

(t)

+
M∑m
=
1

m
−
1

∑k
=
1

∑n∈S
k

η
ex

p (−
x
>n

w̃
)
x
>n

r
(t)

x
>n

w̌
k
,m

∏
m
−
1

r
=
1
t
lo

g ◦
r

(t)

(2
)

=
M∑m
=
1

∑n∈S
m

η
ex

p (−
x
>n

w̃
)
x
>n

r
(t)

t ∏
m
−
1

r
=
1

lo
g ◦
r

(t)

(γ
n
(t)

ex
p (−

x
>n

r
(t) )

ψ
m

(t)−
1 )

−
M∑m
=
1

∑n∈S
m

M
−
1

∑l=
m

η
γ
n
(t)

ex
p (−

x
>n

w̃
)

ex
p (−

x
>n

r
(t) )

x
>n

r
(t)

ψ
m

(t)x
>n

w̌
m
,l+

1

t ∏
lr
=
1

log ◦
r

(t)

+
M∑k
=
1

∑n∈S
k

M
−
1

∑m
=
k

η
ex

p (−
x
>n

w̃
)
x
>n

r
(t)

x
>n

w̌
k
,m

+
1

∏
mr
=
1
t
log ◦

r
(t)

(3
)

=
M∑m
=
1

∑n∈S
m

[
1

t ∏
m
−
1

r
=
1

log ◦
r

(t) −
M
−
1

∑k
=
m

x
>n

w̌
m
,k
+
1

t ∏
kr
=
1

lo
g ◦
r

(t) ]
η

ex
p (−

x
>n

w̃
)(γ

n
(t)ψ

m
(t)

ex
p (−

x
>n

r
(t) )−

1 )
x
>n

r
(t)

:=
M∑m
=
1

∑n∈S
m

Γ
m
,n

(t),
(94)

w
here

in
(1

)
w

e
used

eq.66,in
(2)

w
e

re-arranged
the

orderofsum
m

ation
in

the
lastterm

,and
in

(3
)

w
e

justuse
a

change
ofvariables.

N
ext,w

e
exam

ine
Γ
m
,n

(t)
for

each
m

and
n
∈
S
m

in
eq.

94.
N

ote
that,∃

t2
>
tψ

such
that

∀
t
>
t2

w
e

have
∣∣∣∣∣ M
−

1
∑k
=
m

x
>n

w̌
m
,k

+
1

t ∏
kr
=

1
log ◦

r
(t) ∣∣∣∣∣ ≤

0
.5

t ∏
m
−

1
r
=

1
log ◦

r
(t)

.

In
this

case,∀
t
>
t2

Γ
m
,n

(t)
(1

)

≤
η [

κ
(n
,t)

t ∏
m
−

1
r
=

1
log ◦

r
(t) ]

ex
p (−

x
>n

w̃
)(

γ
n
(t)ψ

m
(t)

ex
p (−

x
>n

r
(t) )
−

1 )
x
>n

r
(t)

,(95)

w
here

in
(1

)
follow

s
from

the
definition

of
t2 ,w

herein

κ
n
(t)

=

{
1
.5

if (γ
n
(t)ψ

m
(t)

ex
p (−

x
>n

r
(t) )−

1 )
x
>n

r
(t)

>
0

0
.5

if (γ
n
(t)ψ

m
(t)

ex
p (−

x
>n

r
(t) )−

1 )
x
>n

r
(t)

<
0
.

1.
First,if

x
>n

r
(t)

>
0,then

γ
n
(t)

=
(1

+
ex

p
(−
µ

+
w

(t) >
x
n
))
>

0.
W

e
furtherdivide

into
tw

o
cases.In

the
follow

ing
C

0 ,C
1

are
som

e
constants

independentof
t.
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(a)
If ∣∣x

>n
r

(t) ∣∣
>
C

0 t −
0
.5
µ
+

,then
w

e
have

the
follow

ing

γ
n
(t)ψ

m
(t)

ex
p (−

x
>n

r
(t) )

(1
)

≤
(

1
+

ex
p (
−
µ

+

M∑l=
1 [ŵ

>l
x
n

log ◦
l(t)

+
h
>l

x
n ] )

)
ex

p (−
x
>n

r
(t) )

(2
)

≤


1

+
ex

p
(µ

+
C
h ‖x

n ‖)
(
t ∏

m
−

1
r
=

1
log ◦

r
(t) )

µ
+ 

ex
p
(−
C

0 t −
0
.5
µ
+

)

(3
)

≤
(1

+
C

1 t −
µ
+ )(1−

C
0 t −

0
.5
µ
+

+
0
.5
C

20
t −
µ
+ )
,∀
t
>
t ′+

≤
1−

C
0 t −

0
.5
µ
+ (1

+
C

1 t −
µ
+ )

+
0
.5
C

20
t −
µ
+ (1

+
C

1 t −
µ
+ )

(4
)

≤
1
,∀
t
>
t ′′+
,

(96)

w
here

in
(1),w

e
use

ψ
m

(t)≤
1

from
eq.

91
and

using
eq.

78,in
(2)

w
e

used
bound

on
h
m

from
eq.

83,in
(3)

for
som

e
large

enough
t ′+

>
t+

,w
e

have
ex

p
(µ

+
C
h ‖

x
n ‖

)

( ∏
m
−
1

r
=
1

lo
g ◦
r
(t))

µ
+
≤
C

1 ,and

for
the

second
term

w
e

used
the

inequality
e −

x
≤

1−
x

+
0.5
x

2
for

x
>

0,and
(4)

holds
asym

ptotically
for

t
>
t ′′+

for
large

enough
t ′′+

>
t ′+

as
C

0 t −
0
.5
µ
+

converges
slow

er
than

0
.5C

20
t −
µ
+

to
0.

T
hus,using

eq.96
in

eq.95,∀
t
>

m
ax

(t2 ,t ′′+
),w

e
have

Γ
m
,n

(t)≤
[
η
κ

(n
,t)

ex
p (−

x
>n

w̃
)

t ∏
m
−

1
r
=

1
log ◦

r
(t)

](
γ
n
(t)ψ

m
(t)

ex
p (−

x
>n

r
(t) )
−

1 )
x
>n

r
(t)≤

0

(b)
If

0
<

x
>n

r
(t)

<
C

0 t −
0
.5
µ
+

,
then

w
e

have
the

follow
ing:

ψ
m

(t)
≤

1
from

eq.
91,

ex
p (−

x
>n

r
(t) )

≤
1

as
x
>n

r
(t)

>
0,and

since
w

(t) >
x
n
→
∞

,for
large

enough
t
>
t ′′′+

,
γ
n
(t)

=
(1

+
ex

p (−
µ

+
w

(t) >
x
n ))≤

2
T

his
gives

us, (γ
n
(t)ψ

m
(t)

ex
p (−

x
>n

r
(t) )−

1 )
x
>n

r
(t)≤

x
>n

r
(t)≤

C
0 t −

0
.5
µ
+

,and
using

this
in

eq.95,∀
t
>

m
ax

(t2 ,t ′+
)

Γ
m
,n

(t)≤
[
η
κ

(n
,t)

ex
p (−

x
>n

w̃
)

t ∏
m
−

1
r
=

1
log ◦

r
(t)

]
C

0 t −
0
.5
µ
+
∈
L

1 .

2.
Second,if

x
>n

r
(t)≤

0,then
γ
n
(t)

=
(1−

ex
p
(−
µ
−

w
(t) >

x
n
))∈

(0,1).
W

e
again

divide
into

follow
ing

specialcases.

(a)
If ∣∣x

>n
r

(t) ∣∣≤
C

0 (
log ◦

(m
−

1
)(t) )

−
0
.5
µ̃
−

,w
here

µ̃
−

=
m

in
(µ
−
,1),then

w
e

have

Γ
m
,n

(t)≤
[

1
.5
η

ex
p (−

x
>n

w̃
)

t ∏
m
−

1
r
=

1
log ◦

r
(t)

](
1−

γ
n
(t)ψ

m
(t)

ex
p (−

x
>n

r
(t) )) ∣∣∣ x

>n
r

(t) ∣∣∣

(1
)

≤
[

1
.5
η

ex
p (−

x
>n

w̃
)

t ∏
m
−

2
r
=

1
log ◦

r
(t)

]
C

0 (
log ◦

(m
−

1
)(t) )

−
1−

0
.5
µ̃
−
∈
L

1 .

w
here

in
(1)

w
e

used
that (1−

γ
n
(t)ψ

m
(t)

ex
p (−

x
>n

r
(t) ))

<
1

and
∣∣x
>n

r
(t) ∣∣≤

C
0 (

log ◦
(m
−

1
)(t) )

−
0
.5
µ̃
−

.
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(b
)

If
ψ
m

(t
)

ex
p
( −

x
> n

r
(t

))
<

1
,

th
en

,f
ro

m
eq

.9
1

−
M

m
ax

n
‖x

n
‖C

h

lo
g
◦(
m
−

1
)
(t

)
≤

lo
g
ψ
m

(t
)
<

x
> n

r
(t

)
.

(9
7)

In
th

is
ca

se
,s

in
ce
γ
n
(t

)
=

1−
ex

p
(−

w
(t

)>
x
n
)
<

1,
w

e
al

so
ha

ve
γ
n
(t

)ψ
m

(t
)

ex
p
( −

x
> n

r
(t

))
<

1
,a

nd
he

nc
e
( γ
n
(t

)ψ
m

(t
)

ex
p
( −

x
> n

r
(t

))
−

1)
x
> n

r(
t)
>

0.
T

hu
s,
∀t
>
t 2

,i
n

95
,κ

n
(t

)
=

1.
5

,a
nd

w
e

ha
ve

Γ
m
,n

(t
)
≤
[ 1
.5
η

ex
p
( −

x
> n

w̃
)

t
∏
m
−

1
r
=

1
lo

g
◦r

(t
)

] (
1
−
γ
n
(t

)ψ
m

(t
)

ex
p
( −

x
> n

r
(t

)))
∣ ∣ ∣x
> n

r
(t

)∣ ∣ ∣

(1
) ≤
[ 1
.5
η

ex
p
( −

x
> n

w̃
)

t
∏
m
−

1
r
=

1
lo

g
◦r

(t
)

]
M

m
a
x
n
‖x

n
‖C

h

lo
g
◦(
m
−

1
)
(t

)
≤

C
2

t
∏
m
−

2
r
=

1
lo

g
◦r

(t
)
( lo

g
◦(
m
−

1
)
(t

)) 2
∈
L

1
,

w
he

re
(1

)
fo

llo
w

s
fr

om
( 1
−
γ
n
(t

)ψ
m

(t
)

ex
p
( −

x
> n

r
(t

))
) <

1
an

d
th

e
bo

un
d

on
|x
> n

r(
t)
|=

−
x
> n

r(
t)

fr
om

eq
.9

7.

(c
)

If
ψ
m

(t
)

ex
p
( −

x
> n

r
(t

))
>

1
,a

nd
∣ ∣ x
> n

r
(t

)∣ ∣
>
C

0

( lo
g
◦(
m
−

1
) (t

)) −
0
.5
µ̃
−

,w
he

re
µ̃

=
m

in
(1
,µ
−

).

Si
nc

e,
x
> n

w
(t

)
→
∞

an
d
ψ
m

(t
)
→

1
fr

om
eq

.9
0,

fo
rl

ar
ge

en
ou

gh
t′ −
>
t −

,w
e

ha
ve
∀t
>
t′ −

,
ψ
m

(t
)
>

0
.5

an
d
γ
n
(t

)
=

(1
−

ex
p
(−
µ
−

x
> n

w
(t

))
)
>

0.
5.

Le
tτ

>
m

ax
(4
,t
′ −

)
be

an
ar

bi
tra

r-
ily

la
rg

e
co

ns
ta

nt
.F

or
al

lt
>
τ

,i
fe

x
p
( −

x
> n

r
(t

))
>
τ
≥

4
,t

he
n
γ
n
(t

)ψ
m

(t
)

ex
p
( −

x
> n

r
(t

))
>

0
.2

5τ
≥

1
.

O
n

th
e

ot
he

r
ha

nd
,i

f
th

er
e

ex
is

ts
t
>
τ
≥

4,
su

ch
th

at
ex

p
( −

x
> n

r
(t

))
<
τ

,t
he

n
fo

r
so

m
e

co
ns

ta
nt

s
C

1
,C

2
w

e
ha

ve
th

e
fo

llo
w

in
g

(i
)

ex
p
(−

x
> n

r
(t

))
=

ex
p
(|x
> n

r
(t

)
|)
≥
( 1

+
C

0

( lo
g
◦(
m
−

1
) (t

)) −
0
.5
µ̃
−
) ,s

in
ce
ex
>

1
+
x

fo
ra

ll
x

,

(i
i)
ψ
m

(t
)
≥

ex
p

( −
C

1

( lo
g
◦(
m
−

1
) (t

)) −
1
)
≥
( 1
−
C

1

( lo
g
◦(
m
−

1
) (t

)) −
1
)

fr
om

eq
.9

1

an
d

ag
ai

n
us

in
g
ex
>

1
+
x

fo
ra

ll
x

,
(i

ii)

γ
n
(t

)
=

(
1
−
[ ex

p
(−

h
l(
t)
>

x
n
)

ex
p
( −

x
> n

r
(t

))

t
∏
m
−

1
r
=

1
lo

g
◦r

(t
)

] µ
−
)

≥
(

1
−
[ ex

p
(−
C
h
‖x

n
‖)
τ

t
∏
m
−

1
r
=

1
lo

g
◦r

(t
)

] µ
−
)
≥
( 1
−
( C

2
lo

g
◦(
m
−

1
) (t

)) −
µ
−
)
,∀
t
>
t′
′ −

w
he

re
th

e
la

st
in

eq
ua

lit
y

fo
llo

w
s

as
fo

rl
ar

ge
en

ou
gh
t′
′ −
>
t′ −

,w
e

ha
ve

ex
p

(−
C
h
‖x
n
‖)
τ

t
∏
m
−
2

r
=
1

lo
g
◦r

(t
)
≤

C
2
.
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O
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A
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,A
N

D
S

R
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B
R

O

U
si

ng
th

e
ab

ov
e

in
eq

ua
lit

ie
s,

w
e

ha
ve

γ
n
(t

)ψ
m

(t
)

ex
p
( −

x
> n

r
(t

))

≥
( 1

+
C

0

( lo
g
◦(
m
−
1
)
(t

)) −
0
.5
µ̃
−
)
( 1
−
C

1

( lo
g
◦(
m
−
1
)
(t

)) −
1
)
( 1
−
C

2

( lo
g
◦(
m
−
1
)
(t

)) −
µ
−
)

(1
) ≥

1
+
C

0

( lo
g
◦(
m
−
1
)
(t

)) −
0
.5
µ̃
−
−
C

1

( lo
g
◦(
m
−
1
)
(t

)) −
1

−
C

2

( lo
g
◦(
m
−
1
)
(t

)) −
µ
−

−
C

0
C

2

( lo
g
◦(
m
−
1
)
(t

)) −
µ
−
0
.5
µ̃
−
−
C

0
C

1

( lo
g
◦(
m
−
1
)
(t

)) −
1
−
0
.5
µ̃
−

(2
) ≥

1,
∀t
>
t′
′′ −
,

(9
8)

w
he

re
in

(1
)

w
e

dr
op

pe
d

th
e

ot
he

rp
os

iti
ve

te
rm

s,
an

d
(2

)
fo

llo
w

s
fo

rl
ar

ge
en

ou
gh
t′
′′ −
>
t′
′ −

as

th
e
C

0
lo

g
( lo

g
◦(
m
−

1
) (t

)) −
0
.5
µ̃
−

co
nv

er
ge

s
to

0
m

or
e

sl
ow

ly
th

an
th

e
ot

he
rn

eg
at

iv
e

te
rm

s.

Fi
na

lly
,u

si
ng

eq
.9

8
in

eq
.9

5,
w

e
ha

ve
fo

ra
ll
t
>

m
ax

(t
2
,τ
,t
ψ
,t
′′′ −

)

Γ
m
,n

(t
)
≤
[ η
κ

(n
,t

)
ex

p
( −

x
> n

w̃
)

t
∏
m
−

1
r
=

1
lo

g
◦r

(t
)

] (
1
−
γ
n
(t

)ψ
m

(t
)

ex
p
( −

x
> n

r
(t

)))
∣ ∣ ∣x
> n

r
(t

)∣ ∣ ∣≤
0 (9

9)

C
ol

le
ct

in
g

al
lt

he
te

rm
s

fr
om

th
e

ab
ov

e
sp

ec
ia

lc
as

es
,a

nd
su

bs
tit

ut
in

g
ba

ck
in

to
eq

.8
5,

w
e

no
te

th
at

al
lt

er
m

s
ar

e
ei

th
er

ne
ga

tiv
e,

in
L

1
,o

ro
ft

he
fo

rm
f

(t
)
‖r

(t
)‖

,w
he

re
f

(t
)
∈
L

1
,t

hu
s

pr
ov

in
g

th
e

le
m

m
a.

C
.4

.P
ro

of
of

th
e

ex
is

te
nc

e
an

d
un

iq
ue

ne
ss

of
th

e
so

lu
tio

n
to

eq
s.

62
-6

3

W
e

w
is

h
to

pr
ov

e
th

at
∀m
≥

1
:

∑ n
∈S

m

ex
p

(
−

m ∑ k
=

1

w̃
> k

x
n

)
P̄
m
−

1
x
n

=
ŵ
m
,

(1
00

)

su
ch

th
at

P
m
−

1
w̃
m

=
0

an
d

P̄
m

w̃
m

=
0,

(1
01

)

w
e

ha
ve

a
un

iq
ue

so
lu

tio
n.

Fr
om

eq
.1

01
,w

e
ca

n
m

od
if

y
eq

.1
00

to

∑ n
∈S

m

ex
p

(
−

m ∑ k
=

1

w̃
> k

P̄
k
−

1
x
n

)
P̄
m
−

1
x
n

=
ŵ
m
,.

To
pr

ov
e

th
is

,w
ith

ou
tl

os
s

of
ge

ne
ra

lit
y,

an
d

w
ith

a
sl

ig
ht

ab
us

e
of

no
ta

tio
n,

w
e

w
ill

de
no

te
S m

as
S 1

,P̄
m
−

1
x
n

as
x
n

an
d
β
n

=
ex

p
( −
∑

m
−

1
k
=

1
w̃
> k

P̄
k
−

1
x
n

) ,s
o

w
e

ca
n

w
ri

te
th

e
ab

ov
e

eq
ua

tio
n

as

∑ n
∈S

1

x
n
β
n

ex
p
( −

x
> n

w̃
1

)
=

ŵ
1

In
th

e
fo

llo
w

in
g

L
em

m
a

17
w

e
pr

ov
e

th
is

eq
ua

tio
n
∀β
∈
R
|S

1
|

>
0

.
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L
em

m
a

17
∀
β
∈
R
|S

1 |
>

0
w

e
can

find
a

unique
w̃

such
that

∑n∈S
1

x
n
β
n

ex
p (−

x
>n

w̃
1 )

=
ŵ

1
(102)

and
for∀

z
∈
R
d

such
that

z >
X
S
1

=
0

w
e

w
ould

have
w̃
>1

z
=

0.

ProofLet
K

=
ran

k
(X
S
1 ).Letand

U
=

[u
1 ,...,u

d ]∈
R
d×
d

be
a

setoforthonorm
alvectors

(i.e.,
U

U
>

=
U
>

U
=

I)such
that

u
1

=
ŵ

1 /‖ŵ
1 ‖,and

∀
z
6=

0,∀
n
∈
S

1
:

z >
[u

1 ,...,u
K

] >
x
n
6=

0
,

(103)

w
hile

∀
i
>
K

:∀
n
∈
S

1
:

u
>i

x
n

=
0
.

(104)

In
otherw

ords,
u

1
is

in
the

direction
of

ŵ
1 ,

[u
1 ,...,u

K
]are

in
the

space
spanned

by
the

colum
ns

of
X
S
1 ,and

[u
K

+
1 ,...,u

d ]are
orthogonalto

the
colum

ns
of

X
S
1 .

W
e

define
v
n

=
U
>

x
n

and
s

=
U
>

w̃
1 .

N
ote

that∀
i
>
K

:
v
i,n

=
0∀
n
∈
S

1
from

eq.
104,

and
∀
i
>
K

:
s
i

=
0,since

for∀
z
∈
R
d

such
that

z >
X
S
1

=
0

w
e

w
ould

have
w̃
>1

z
=

0.
L

astly,
equation

102
becom

es
∑n∈S

1

x
n
β
n

ex
p 
−

K
∑j=

1

s
j v
j,n 

=
ŵ

1
.

(105)

M
ultiplying

by
U
>

from
the

left,w
e

obtain

∀
i≤

K
: ∑n∈S

1

v
i,n
β
n

ex
p 
−

K
∑j=

1

s
j v
j,n 

=
u
>i

ŵ
1
.

Since
u

1
=

ŵ
1 /‖ŵ

1 ‖,w
e

have
that

∀
i≤

K
: ∑n∈S

1

v
i,n
β
n

ex
p 
−

K
∑j=

1

s
j v
j,n 

=
‖ŵ

1 ‖
δ
i,1
.

(106)

W
e

recallthat
v

1
,n

=
ŵ
>1

x
n
/‖ŵ

1 ‖
=

1/‖ŵ
1 ‖
,∀
n
∈
S

1 .G
iven{

s
j }
Kj=

2 ,w
e

exam
ine

eq.106
for

i
=

1,

ex
p (−

s
1

‖ŵ
1 ‖ )


∑n∈S

1

β
n

ex
p 
−

K
∑j=

2

s
j v
j,n 


=
‖ŵ

1 ‖
2
.

T
his

equation
alw

ays
has

the
unique

solution

s
1

=
‖ŵ

1 ‖
log ‖ŵ

1 ‖ −
2
∑n∈S

1

β
n

ex
p 
−

K
∑j=

2

s
j v
j,n 


,

(107)

given{s
j }
Kj=

2 .N
ext,w

e
sim

ilarly
exam

ine
eq.106

for
2
≤
i≤

K
as

a
function

of
s
i

∑n∈S
1

β
n
v
i,n

ex
p 
−
s

1 /‖ŵ
1 ‖−

K
∑j=

2

s
j v
j,n 

=
0
.

(108)

39
JM

L
R

 19(70):1-57, 2018

S
O

U
D

R
Y,H

O
FF

E
R,N

A
C

S
O

N
,G

U
N

A
S

E
K

A
R,

A
N

D
S

R
E

B
R

O

m
ultiplying

by
ex

p
(s

1 /‖ŵ
1 ‖)

w
e

obtain

0
=
∑n∈S

1

β
n
v
i,n

ex
p 
−

K
∑j=

2

s
j v
j,n 

=
−
∂∂
s
i

[E
(s

2 ,...,s
K

)]
,

w
here

w
e

defined

E
(s

2 ,...,s
K

)
=
∑n∈S

1

β
n

ex
p 
−

K
∑j=

2

s
j v
j,n 

.

T
herefore,any

criticalpointof
E

(s
2 ,...,s

K
)

w
ould

be
a

solution
ofeq.108

for
2
≤
i≤

K
,and

substituting
this

solution
into

eq.
107

w
e

obtain
s

1 .
Since

β
n
>

0,
E

(s
2 ,...,s

K
)

is
a

convex
function,as

positive
linear

com
bination

of
convex

function
(exponential).

T
herefore,any

finite
criticalpointis

a
globalm

inim
um

.A
llthatrem

ains
is

to
show

thata
finite

m
inim

um
exists

and
that

itis
unique.
From

the
definition

ofS
1 ,∃
α
∈
R
|S

1 |
>

0
such

that
ŵ

1
=
∑

n∈S
1
α
n
x
n

.M
ultiplying

this
equation

by
U
>

w
e

obtain
that∃

α
∈
R
|S

1 |
>

0
such

that
2
≤
i≤

K
∑n∈S

1

v
i,n
α
n

=
0
.

(109)

T
herefore,∀

(s
2
, ...,s

K
)6=

0
w

e
have

that

∑n∈S
1 

K
∑j=

2

s
j v
j,n 

α
n

=
0
.

(110)

R
ecall,

from
eq.

103
that∀

(s
2
, ...,s

K
)
6=

0
,∃
n
∈
S

1
:
∑

Kj=
2
s
j v
j,n
6=

0,
and

that
α
n
>

0.
T

herefore,eq.
110

im
plies

that∃
n
∈
S

1
such

that ∑
Kj=

2
s
j v
j,n

>
0

and
also
∃
m
∈
S

1
such

that
∑

Kj=
2
s
j v
j,m

<
0.

T
hus,

in
any

direction
w

e
take

a
lim

it
in

w
hich

|s
i |
→
∞
∀

2
≤

i
≤

K
,

w
e

obtain
that

E
(s

2 ,...,s
K

)→
∞

,since
atleastone

exponentin
the

sum
diverge.

Since
E

(s
2 ,...,s

K
),is

a
continuous

function,itim
plies

ithas
a

finite
globalm

inim
um

.T
his

proves
the

existence
ofa

finite
solution.

To
prove

uniqueness
w

e
w

illshow
the

function
is

strictly
convex,since

the
hessian

is
(strictly)positive

definite,i.e.,thatthe
follow

ing
expression

is
strictly

positive:
K
∑i=

2

K
∑k

=
2

q
i q
k
∂∂
s
i

∂∂
s
k
E

(s
2 ,...,s

K
)
.

=
∑n∈S

1

β
n (

K
∑i=

2

q
i v
i,n )

(
K
∑k

=
2

q
k v
k
,n )

ex
p 
−

K
∑j=

2

s
j v
j,n 

=
∑n∈S

1

β
n (

K
∑i=

2

q
i v
i,n )

2

ex
p 
−

K
∑j=

2

s
j v
j,n 

.

the
lastexpression

is
indeed

strictly
positive

since∀
q
6=

0
,∃
n
∈
S

1
: ∑

Kj=
2
q
j v
j,n
6=

0,from
eq.

103.T
hus,there

exists
a

unique
solution

w̃
1 .
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C
.5

.P
ro

of
of

th
e

ex
is

te
nc

e
an

d
un

iq
ue

ne
ss

of
th

e
so

lu
tio

n
to

eq
s.

64
-6

5

L
em

m
a

18
Fo

r
∀m

>
k
≥

1
,t

he
eq

ua
tio

ns

∑ n
∈S

m

ex
p
( −

w̃
>

x
n

) P
m
−

1
x
n

=
m
−

1
∑ k

=
1

 
∑ n
∈S

k

ex
p
( −

w̃
>

x
n

) x
n
x
> n

 
w̌
k
,m

(1
11

)

un
de

r
th

e
co

ns
tr

ai
nt

s

P
k
−

1
w̌
k
,m

=
0

an
d

P̄
k
w̌
k
,m

=
0

(1
12

)

ha
ve

a
un

iq
ue

so
lu

tio
n

w̌
k
,m

.

Pr
oo

f F
or

th
is

pr
oo

fw
e

de
no

te
X
S k

as
th

e
m

at
ri

x
w

hi
ch

co
lu

m
ns

ar
e
{x

n
|n
∈
S k
},

th
e

or
th

og
on

al
pr

oj
ec

tio
n

m
at

ri
x

Q
k

=
P
k
P̄
k
−

1
w

he
re

Q
k
Q
m

=
0
∀k
6=
m

,Q
k
P̄
m

=
0
∀k

<
m

,a
nd

∀m
:

I
=

P
m

+
P̄
m

=
m ∑ k
=

1

Q
k

+
P̄
m

(1
13

)

W
e

w
ill

w
ri

te
w̌
k
,m

=
W

k
,m

u
k
,m

,w
he

re
u
k
,m
∈

R
d
k

an
d

W
k
,m
∈

R
d
×
d
k

is
a

fu
ll

ra
nk

m
at

ri
x

su
ch

th
at

Q
k
W

k
,m

=
W

k
,m

,s
o w̌
k
,m

=
Q
k
w̌
k
,m

=
Q
k
W

k
,m

u
k
,m
.

(1
14

)

an
d,

fu
rt

he
rm

or
e,

ra
n
k
[ X
> S k

Q
k
W

k
,m

] =
ra

n
k
( X
> S k

Q
k

)
=
d
k
.

(1
15

)

R
ec

al
l

th
at
∀m

:
P̄
m

P
m

=
0

an
d
∀k
≥

1,
∀n
∈
S m

P̄
m

+
k
x
n

=
0

.
T

he
re

fo
re

,
∀v
∈

R
d

,
P
k
−

1
Q
k
v

=
0

,P̄
k
Q
k
v

=
0

.T
hu

s,
w̌
k
,m

eq
.1

14
im

pl
ie

s
th

e
co

ns
tr

ai
nt

s
in

eq
.1

12
ho

ld
.

N
ex

t,
w

e
pr

ov
e

th
e

ex
is

te
nc

e
an

d
un

iq
ue

ne
ss

of
th

e
so

lu
tio

n
w̌
k
,m

fo
r

ea
ch

k
=

1,
..
.,
m

se
pa

ra
te

ly
.

W
e

m
ul

tip
ly

eq
.

11
1

fr
om

th
e

le
ft

by
th

e
id

en
tit

y
m

at
ri

x,
de

co
m

po
se

d
to

or
th

og
on

al
pr

oj
ec

tio
n

m
at

ric
es

as
in

eq
.1

13
.S

in
ce

ea
ch

m
at

rix
pr

oj
ec

ts
to

an
or

th
og

on
al

su
bs

pa
ce

,w
e

ca
n

so
lv

e
ea

ch
pr

od
uc

ts
ep

ar
at

el
y.

T
he

pr
od

uc
tw

ith
P̄
m

is
eq

ua
lt

o
ze

ro
fo

r
bo

th
si

de
s

of
th

e
eq

ua
tio

n.
T

he
pr

od
uc

tw
ith

Q
k

is
eq

ua
lt

o

∑ n
∈S

m

ex
p
( −

w̃
>

x
n

) Q
k
P
m
−

1
x
n

=

 
∑ n
∈S

k

ex
p
( −

w̃
>

x
n

) Q
k
x
n
x
> n

 
w̌
k
,m
.

Su
bs

tit
ut

in
g

eq
.1

14
,a

nd
m

ul
tip

ly
in

g
by

W
> k,
m

fr
om

th
e

ri
gh

t,
w

e
ob

ta
in

∑ n
∈S

m

ex
p
( −

w̃
>

x
n

) W
> k,
m

Q
k
P
m
−

1
x
n

=

 
∑ n
∈S

k

ex
p
( −

w̃
>

x
n

) W
> k,
m

Q
k
x
n
x
> n

Q
k
W

k
,m

 
u
k
,m
.

(1
16

)
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S
O

U
D

R
Y

,H
O

FF
E

R
,N

A
C

S
O

N
,G

U
N

A
S

E
K

A
R

,A
N

D
S

R
E

B
R

O

D
en

ot
in

g
E
k
∈
R
|S
k
|×
|S
k
| a

s
di

ag
on

al
m

at
ri

x
fo

rw
hi

ch
E
n
n
,k

=
ex

p
( −

1 2
w̃
>

x
n

) ,t
he

m
at

ri
x

in
th

e
sq

ua
re

br
ac

ke
ti

n
th

e
le

ft
ha

nd
si

de
ca

n
be

w
ri

tte
n

as

W
> k,
m

Q
k
X
S k

E
k
E
k
X
> S k

Q
k
W

k
,m
.

(1
17

)

Si
nc

e
ra

n
k
( A

A
>
) =

ra
n
k

(A
)

fo
ra

ny
m

at
ri

x
A

,t
he

ra
nk

of
th

is
m

at
ri

x
is

eq
ua

lt
o

ra
n
k

[E
X
S k

Q
k
W

k
,m

]
(1

)
=

ra
n
k

[X
S k

Q
k
W

k
,m

]
(2

)
=
d
k

w
he

re
in

(1
)

w
e

us
ed

th
at

E
k

is
di

ag
on

al
an

d
no

n-
ze

ro
,a

nd
in

(2
)

w
e

us
ed

eq
.

11
5.

T
hi

s
im

pl
ie

s
th

at
th

e
d
k
×
d
k

m
at

rix
in

eq
.1

17
is

fu
ll

ra
nk

,a
nd

so
eq

.1
16

ha
s

a
un

iq
ue

so
lu

tio
n

u
k
,m

.T
he

re
fo

re
,

th
er

e
ex

is
ts

a
un

iq
ue

so
lu

tio
n

w̌
k
,m

.

C
.6

.P
ro

of
of

L
em

m
a

15

L
em

m
a

15
Le

tφ
(t

)
,h

(t
)
,z

(t
)

be
th

re
e

fu
nc

tio
ns

fr
om

N
to
R
≥

0
,a

nd
C

1
,C

2
,C

3
be

th
re

e
po

si
tiv

e
co

ns
ta

nt
s.

Th
en

,i
f∑

∞ t=
1
h

(t
)
≤
C

1
<
∞

,a
nd

φ
2

(t
+

1)
≤
z

(t
)

+
h

(t
)
φ

(t
)

+
φ

2
(t

)
(7

4)

w
e

ha
ve

φ
2

(t
+

1)
≤
C

2
+
C

3

t ∑ u
=

1

z
(u

)
(7

5)

Pr
oo

fW
e

de
fin

e
ψ

(t
)

=
z

(t
)

+
h

(t
),

an
d

st
ar

tf
ro

m
eq

.7
4

φ
2

(t
+

1)

≤
z

(t
)

+
h

(t
)
φ

(t
)

+
φ

2
(t

)

≤
z

(t
)

+
h

(t
)

m
ax
[ 1,

φ
2

(t
)]

+
φ

2
(t

)

≤
z

(t
)

+
h

(t
)

+
h

(t
)
φ

2
(t

)
+
φ

2
(t

)

≤
ψ

(t
)

+
(1

+
h

(t
))
φ

2
(t

)

≤
ψ

(t
)

+
(1

+
h

(t
))
ψ

(t
−

1
)

+
(1

+
h

(t
))

(1
+
h

(t
−

1)
)
φ

2
(t
−

1
)

≤
ψ

(t
)

+
(1

+
h

(t
))
ψ

(t
−

1
)

+
(1

+
h

(t
))

(1
+
h

(t
−

1)
)
ψ

(t
−

2
)

+
(1

+
h

(t
))

(1
+
h

(t
−

1)
)

(1
+
h

(t
−

2)
)
φ

2
(t
−

2)
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w
e

keep
iterating

eq.74,untilw
e

obtain

≤
[
t−

1
∏m

=
1

(1
+
h

(t−
m

)) ]
φ

(t1 )
+

t−
t
1

∑k
=

0 [
k−

1
∏m

=
0

(1
+
h

(t−
m

)) ]
ψ

(t−
k
)

≤
[

ex
p (

t−
1

∑m
=

1

h
(t−

m
) )
]
φ

(t1 )
+

t−
1

∑k
=

0 [
ex

p (
k−

1
∑m

=
1

h
(t−

m
) )
]
ψ

(t−
k
)

≤
ex

p
(C

) [
φ

(1)
+

t−
1

∑k
=

0

ψ
(t−

k
) ]

≤
ex

p
(C

) [
φ

(1)
+

t
∑u

=
1

ψ
(u

) ]

≤
ex

p
(C

) [
φ

(1)
+

t
∑u

=
1

(z
(u

)
+
h

(u
)) ]

≤
ex

p
(C

) [
φ

(1)
+
C

+
t
∑u

=
1

z
(u

) ]

T
herefore,the

L
em

m
a

holds
w

ith
C

2
=

(φ
(1)

+
C

)
ex

p
(C

)
and

C
3

=
ex

p
(C

).
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R
Y,H
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FF
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R,N

A
C

S
O

N
,G

U
N

A
S

E
K

A
R,

A
N

D
S

R
E

B
R

O

A
ppendix

D
.C

alculation
ofconvergence

rates

In
this

section
w

e
calculate

the
various

rates
m

entioned
in

section
3.

D
.1.ProofofT

heorem
5

From
Theorem

s
4

and
13,w

e
can

w
rite

w
(t)

=
ŵ

log
t

+
ρ

(t),w
here

ρ
(t)

has
a

bounded
norm

for
alm

ostalldatasets,w
hile

in
zero

m
easure

case
ρ

(t)
contains

additional
O

(log
log

(t))
com

ponents
w

hich
are

orthogonalto
the

supportvectors
inS

1 ,and,asym
ptotically,have

a
positive

angle
w

ith
the

other
supportvectors.

In
this

section
w

e
firstcalculate

the
various

convergence
rates

for
the

non-degenerate
case

ofT
heorem

4,and
then

w
rite

the
correction

in
the

zero
m

easure
cases,ifthere

is
such

a
correction.

First,w
e

calculated
ofthe

norm
alized

w
eightvector(eq.8),foralm

ostevery
dataset:

w
(t)

‖
w

(t)‖

=
ρ

(t)
+

ŵ
log

t
√
ρ

(t) >
ρ

(t)
+

ŵ
>

ŵ
log

2
t

+
2
ρ

(t) >
ŵ

log
t

=
ρ

(t)
/

log
t

+
ŵ

‖ŵ
‖ √

1
+

2
ρ

(t) >
ŵ
/ (‖

ŵ
‖

2
log

t )
+
‖ρ

(t)‖
2
/ (‖ŵ

‖
2

log
2
t )

=
1

‖ŵ
‖

(
ρ

(t)
1

log
t

+
ŵ

)


1−
ρ

(t) >
ŵ

‖ŵ
‖

2
log

t
+


32

(
ρ

(t) >
ŵ

‖ŵ
‖

2

)
2−
‖ρ

(t)‖
2

2‖
ŵ
‖

2 
1

log
2
t

+
O

(
1

log
3
t ) 

(118)

=
ŵ‖ŵ
‖

+

(
ρ

(t)

‖ŵ
‖
−

ŵ

‖
ŵ
‖
ρ

(t) >
ŵ

‖
ŵ
‖

2

)
1

log
t

+
O

(
1

log
2
t )

=
ŵ‖ŵ
‖

+

(
I−

ŵ
ŵ
>

‖
ŵ
‖

2 )
ρ

(t)

‖
ŵ
‖

1

log
t

+
O

(
1

log
2
t )

,

w
here

to
obtain

eq.118
w

e
used

1
√

1
+
x

=
1−

12 x
+

34 x
2

+
O
(x

3 ),and
in

the
lastline

w
e

used
the

factthat
ρ

(t)
has

a
bounded

norm
foralm

ostevery
dataset.T

hus,in
this

case

∥∥∥∥
w

(t)

‖w
(t)‖
−

ŵ

‖
ŵ
‖ ∥∥∥∥

=
O

(
1

log
t )

.

For
the

m
easure

zero
cases,w

e
instead

have
from

eq.
61,

w
(t)

=
∑

Mm
=

1
ŵ

log ◦
m

(t)
+
ρ
(t),

w
here‖

ρ
(t)‖

is
bounded

(T
heorem

3).
L

et
ρ̃
(t)

=
∑

Mm
=

2
ŵ

log ◦
m

(t)
+
ρ
(t),such

that
w

(t)
=

ŵ
log

(t)
+
ρ̃
(t)

w
ith

ρ̃
(t)

=
O

(log
log

(t)).R
epeating

the
sam

e
calculations

as
above,w

e
have

for
the

degenerate
cases,

∥∥∥∥
w

(t)

‖
w

(t)‖
−

ŵ‖ŵ
‖ ∥∥∥∥

=
O

(
log

log
t

log
t

)
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N
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e
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e
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.1
18

to
ca
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at
e

th
e

an
gl

e
(e

q.
9)

w
(t

)>
ŵ

‖w
(t

)‖
‖ŵ
‖

=
ŵ
>

‖ŵ
‖2
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(t
)

1

lo
g
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1
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1
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)>
ŵ

‖ŵ
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 
3 4

(
2
ρ
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)>
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‖ŵ
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2

−
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(t
)‖

2

2
‖ŵ
‖2

 
1

lo
g

2
t

+
O

(
1

lo
g

3
t) 

=
1

+
2
‖ρ

(t
)‖

2

‖ŵ
‖2

 (
ρ

(t
)>

ŵ

‖ŵ
‖‖
ρ

(t
)‖

)
2

−
1 4

 
1

lo
g

2
t

+
O

(
1

lo
g

3
t)

fo
ra

lm
os

te
ve

ry
da

ta
se

t.
T

hu
s,

in
th

is
ca

se

w
(t

)>
ŵ

‖w
(t

)‖
‖ŵ
‖

=
O

(
1

lo
g

2
t)

R
ep

ea
tin

g
th

e
sa

m
e

ca
lc

ul
at

io
n

fo
rt

he
m

ea
su

re
ze

ro
ca

se
,w

e
ha

ve
in

st
ea

d

w
(t

)>
ŵ

‖w
(t

)‖
‖ŵ
‖

=
O

(
(

lo
g

lo
g
t

lo
g
t

) 2
)

N
ex

t,
w

e
ca

lc
ul

at
e

th
e

m
ar

gi
n

(e
q.

10
)

m
in n

x
> n

w
(t

)

‖w
(t

)‖
−

1 ‖ŵ
‖

=
m

in n
x
> n

[(
ρ

(t
)

‖ŵ
‖
−

ŵ ‖ŵ
‖ρ

(t
)>

ŵ

‖ŵ
‖2

)
1

lo
g
t

+
O

(
1

lo
g

2
t)]

=
1 ‖ŵ
‖

(
m

in n
x
> n
ρ

(t
)
−
ρ

(t
)>

ŵ

‖ŵ
‖2

)
1

lo
g
t

+
O

(
1

lo
g

2
t)

(1
19

)

fo
ra

lm
os

te
ve

ry
da

ta
se

t,
w

he
re

in
eq

.1
19

w
e

us
ed

eq
.1

9.
In

te
re

st
in

gl
y

th
e

m
ea

su
re

ze
ro

ca
se

ha
s

a
si

m
ila

rc
on

ve
rg

en
ce

ra
te

,s
in

ce
af

te
ra

su
ffi

ci
en

tn
um

be
ro

fi
te

ra
tio

ns
,t

he
O

(l
og

lo
g
(t

))
co

rr
ec

tio
n

is
or

th
og

on
al

to
x
k
,w

he
re
k

=
ar

gm
in
n
x
> n

w
(t

).
T

hu
s,

fo
ra

ll
da

ta
se

ts
,

m
in n

x
> n

w
(t

)
−

1 ‖ŵ
‖

=
O

(
1

lo
g
t)

(1
20

)

C
al

cu
la

tio
n

of
th

e
tr

ai
ni

ng
lo

ss
(e

q.
11

):

L
(w

(t
))
≤

N ∑ n
=

1

( 1
+

ex
p
( −

µ
+

w
(t

)>
x
n

))
ex

p
( −

w
(t

)>
x
n

)

=
N ∑ n
=

1

( 1
+

ex
p
( −

µ
+

(ρ
(t

)
+

ŵ
lo

g
t)
>

x
n

))
ex

p
( −

(ρ
(t

)
+

ŵ
lo

g
t)
>

x
n

)

=
N ∑ n
=

1

( 1
+
t−
µ
+
ŵ
>
x
n

ex
p
( −

µ
+
ρ

(t
)>

x
n

))
ex

p
( −
ρ

(t
)>

x
n

) t−
ŵ
>
x
n

=
1 t

∑ n
∈S
e−

ρ
(t

)>
x
n

+
O
( t−

m
a
x
(θ
,1

+
µ
+

))
.
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L

(w
(t

))
=
O
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1
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N
ot

e
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e
ze

ro
m

ea
su
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ca
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ha

s
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e
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m
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ha
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,
si
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e
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te

ra
su

ffi
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en
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ra
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ns

,t
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O

(l
og

lo
g
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co

rr
ec
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n

ha
s

a
no

n-
ne

ga
tiv

e
an

gl
e

w
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he
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to
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N

ex
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w
e

gi
ve
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e
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m
on

st
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e

bo
un

ds
ab

ov
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ric

t.
C
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si

de
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im

iz
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n

w
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ne
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os
s
`

(u
)

=
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u
,a
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a

si
ng
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tx
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(1
,0

).
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th
is

ca
se

ŵ
=

(1
,0

)
an

d
‖ŵ
‖

=
1

.W
e
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ke

th
e

lim
it
η
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0,
an

d
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th
e

co
nt

in
uo

us
tim

e
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rs
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n
of

G
D

:

ẇ
1

(t
)

=
ex

p
(−
w

(t
))

;
ẇ

2
(t

)
=

0
.

W
e

ca
n

an
al

yt
ic
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ly

in
te

gr
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e
th

es
e

eq
ua

tio
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ob

ta
in

w
1

(t
)

=
lo

g
(t

+
ex

p
(w

1
(0

))
)

;
w

2
(t

)
=
w
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U
si

ng
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e
w
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>
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ra
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L
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at
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L v
a
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(t
))

=
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∈V
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p
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w
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)>
x
n
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≥
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+
ex

p
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w
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)>
x
k
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=
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+
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p
( −
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(t

)
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ŵ
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g
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x
k

))

=
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g
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p
( −

(ρ
(t

)
+

ŵ
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g
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>

x
k

)(
1

+
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p
( (ρ

(t
)

+
ŵ

lo
g
t)
>

x
k
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≥
−

(ρ
(t

)
+

ŵ
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g
t)
>

x
k

+
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g
( 1

+
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p
( (ρ

(t
)

+
ŵ
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x
k
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g
tŵ
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x
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ra
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∈
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∈
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=
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a
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∈

R
K

so
th

at
(e
k
) i

=
δ k
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d

th
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∈

R
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⊗
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I d
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=
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∑
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U
sing

ournotation,this
loss

can
be

re-w
ritten

as

L
(w

)
=
−

N
∑n

=
1

log (
ex

p (w
>

A
y
n
x
n )

∑
Kk
=

1
ex

p
(w
>

A
k x

n
) )

=
N
∑n

=
1

log (
K
∑k

=
1

ex
p (

w
>

(A
k −

A
y
n
)
x
n ) )

(121)

T
herefore

∇
L

(w
)

=
N
∑n

=
1 ∑

Kk
=

1
ex

p (w
>

(A
k −

A
y
n
)
x
n )

(A
k −

A
y
n
)
x
n

∑
Kr
=

1
ex

p
(w
>

(A
r −

A
y
n
)
x
n
)

=
N
∑n

=
1

K
∑k

=
1

1
∑

Kr
=

1
ex

p
(w
>

(A
r −

A
k )

x
n
)

(A
k −

A
y
n
)
x
n
.

If,again,w
e

m
ake

the
assum

ption
thatthe

data
is

linearly
separable,i.e.,in

ournotation

A
ssum

ption
4
∃
w
∗

such
that

w
>∗

(A
k −

A
y
n
)
x
n
<

0∀
k
6=
y
n .

then
the

expressionw
>∗ ∇
L

(w
)

=
N
∑n

=
1

K
∑k

=
1

w
>∗

(A
k −

A
y
n
)
x
n

∑
Kr
=

1
ex

p
(w
>

(A
r −

A
k )

x
n
)
.

is
strictly

negative
forany

finite
w

.H
ow

ever,from
L

em
m

a
10,in

gradientdescentw
ith

an
appropri-

ately
sm

alllearning
rate,w

e
have

that∇
L

(w
(t))→

0.This
im

plies
that:‖w

(t)‖
→
∞

,and∀
k
6=

y
n
,∃
r

:
w

(t) >
(A

r −
A
k )

x
n
→
∞

,w
hich

im
plies∀

k
6=
y
n
,m

ax
k
w

(t) >
(A

k −
A
y
n
)
x
n
→

−
∞

.E
xam

ining
the

loss
(eq.121)w

e
find

thatL
(w

(t))→
0

in
this

case.T
hus,w

e
arrive

to
an

equivalentL
em

m
a

to
L

em
m

a
1,forthis

case:

L
em

m
a

19
Let

w
(t)

be
the

iterates
ofgradientdescent(eq.2)w

ith
an

appropriately
sm

alllearning
rate,for

cross-entropy
loss

operating
on

a
softm

ax
output,under

the
assum

ption
ofstrictlinear

separability
(A

ssum
ption

4),then:
(1)

lim
t→
∞
L

(w
(t))

=
0,(2)

lim
t→
∞
‖
w

(t)‖
=
∞

,and
(3)

∀
n
,k
6=
y
n

:
lim

t→
∞

w
(t) >

(A
y
n −

A
k )

x
n

=
∞

.

U
sing

L
em

m
a

10
and

L
em

m
a

19,w
e

prove
the

follow
ing

T
heorem

(equivalentto
T

heorem
3)in

the
nextsection:

T
heorem

7
For

alm
ostallm

ulticlass
datasets

(i.e.,exceptfor
a

m
easure

zero)w
hich

are
linearly

separable
(i.e.the

constraints
in

eq.15
below

are
feasible),any

starting
point

w
(0)

and
any

sm
all

enough
stepsize,the

iterates
ofgradientdescenton

13
w

illbehave
as:

w
k (t)

=
ŵ
k

log
(t)

+
ρ
k (t),

(14)

w
here

the
residual

ρ
k (t)

is
bounded

and
ŵ
k

is
the

solution
ofthe

K
-class

SV
M

:

argm
in

w
1
,...,w

k

K
∑k

=
1 ||w

k || 2
s.t.∀

n
,∀
k
6=
y
n

:
w
>y
n
x
n
≥

w
>k

x
n

+
1
.

(15)
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S
O

U
D

R
Y,H

O
FF

E
R,N

A
C

S
O

N
,G

U
N

A
S

E
K

A
R,

A
N

D
S

R
E

B
R

O

E
.1.N

otationsand
D

efinitions

To
prove

T
heorem

7
w

e
require

additionalnotation.w
e

define
x̃
n
,k
,

(A
y
n −

A
k )x

n .U
sing

this
notation,w

e
can

re-w
rite

eq.15
(K

-class
SV

M
)as

arg
m

in
w
‖
w
‖

2s.t.∀
n
,∀
k
6=
y
n

:
w
>

x̃
n
,k ≥

1
(122)

From
the

K
K

T
optim

ality
conditions,w

e
have

forsom
e
α
n
,k ≥

0,

ŵ
=

N
∑n

=
1

K
∑k

=
1

α
n
,k x̃

n
,k 1
{
n∈S

k }
(123)

In
addition,for

each
of

the
K

classes,w
e

defineS
k

=
arg

m
in
n
(ŵ

y
n
−

ŵ
k ) >

x
n

(the
k’th

class
supportvectors).
U

sing
this

definition,w
e

define
X
S
k ∈
R
d
K
×
|S
k |as

the
m

atrix
w

hich
colum

ns
are

x̃
n
,k ,∀

n
∈
S
k .

W
e

also
defineS

,
K⋃k
=

1 S
k

and
X̃
S
,

K⋃k
=

1

X
S
k .

W
e

recall
that

w
e

defined
W
∈

R
K
×
d

w
ith

w
k

being
the

k-th
row

of
W

and
w

=
vec(W

>
).

Sim
ilarly,w

e
define:

1.
Ŵ
∈
R
K
×
d

w
ith

ŵ
k

being
the

k-th
row

of
Ŵ

2.
P
∈
R
K
×
d

w
ith
ρ
k

being
the

k-th
row

of
P

3.
W̃
∈
R
K
×
d

w
ith

w̃
k

being
the

k-th
row

of
W̃

and
ŵ

=
vec(Ŵ

>
),ρ

=
vec(P

>
),w̃

=
vec(W̃

>
).

U
sing

ournotations,eq.14
can

be
re-w

ritten
as

w
=

ŵ
log

(t)
+
ρ

(t)
w

hen
ρ

(t)
is

bounded.
Forany

solution
w

(t),w
e

define

r(t)
=

w
(t)−

ŵ
log

t−
w̃
,

(124)

w
here

ŵ
is

the
concatenation

of
ŵ

1 ,...,ŵ
k

w
hich

are
the

K
-class

SV
M

solution,so

∀
k
,∀
n
∈
S
k

:
x̃
>n
,k ŵ

=
1

;
θ

=
m

ink [
m

in
n
/∈S

k

x̃
>n
,k ŵ

]
>

1
(125)

and
w̃

satisfies
the

equation:

∀
k
,∀
n
∈
S
k

:
η

ex
p
((w̃

k −
w̃
y
n
) >

x
n
)

=
α
n
,k

(126)

T
his

equation
has

a
unique

solution
foralm

ostevery
data

setaccording
to

L
em

m
a

12.
Foreach

ofthe
K

classes,w
e

define
P
k1 ∈
R
d×
d

as
the

orthogonalprojection
m

atrix
to

the
subspace

spanned
by

the
supportvectorofthe

k’th
class,and

P̄
k1

=
I−

P
k1

as
the

com
plem

entary
projection.

Finally,w
e

define
P

1 ∈
R
K
d×
K
d

and
P̄

1 ∈
R
K
d×
K
d

as
follow

s:

P
1

=
d
iag

(P
11 ,P

21 ,...,P
K1

)
,

P̄
1

=
d
iag

(P̄
11 ,P̄

21 ,...,P̄
K1

)

(P
1

+
P̄

1
=

I∈
R
K
d×
K
d)

In
the

follow
ing

section
w

e
w

illalso
use

1
{
A
} ,the

indicatorfunction,w
hich

is
1

if
A

is
satisfied

and
0

otherw
ise.
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E
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.A
ux

ili
ar

y
L

em
m

a

L
em

m
a

20
W

e
ha

ve ∃C
1
,t

1
:
∀t
>
t 1

:
(r

(t
+

1
)
−

r(
t)

)>
r(
t)
≤
C

1
t−
θ

+
C

2
t−

2
(1

27
)

A
dd

iti
on

al
ly

,∀
ε 1
>

0
,∃
C

2
,t

2
,s

uc
h

th
at
∀t
>
t 2

,s
uc

h
th

at
if

||P
1
r(
t)
||
>
ε 1

(1
28

)

th
en

w
e

ca
n

im
pr

ov
e

th
is

bo
un

d
to

(r
(t

+
1)
−

r(
t)

)>
r(
t)
≤
−
C

3
t−

1
<

0
(1

29
)

W
e

pr
ov

e
th

e
L

em
m

a
be

lo
w

,i
n

ap
pe

nd
ix

se
ct

io
n

E
.4

E
.3

.P
ro

of
of

T
he

or
em

7

O
ur

go
al

is
to

sh
ow

th
at
||r

(t
)||

is
bo

un
de

d,
an

d
th

er
ef

or
e
ρ

(t
)

=
r(
t)

+
w̃

is
bo

un
de

d.
To

sh
ow

th
is

,w
e

w
ill

up
pe

rb
ou

nd
th

e
fo

llo
w

in
g

eq
ua

tio
n

‖r
(t

+
1)
‖2

=
‖r

(t
+

1)
−

r
(t

)‖
2

+
2

(r
(t

+
1)
−

r
(t

))
>

r
(t

)
+
‖r

(t
)‖

2
(1

30
)

Fi
rs

t,
w

e
no

te
th

at
fir

st
te

rm
in

th
is

eq
ua

tio
n

ca
n

be
up

pe
r-

bo
un

de
d

by

‖r
(t

+
1)
−

r
(t

)‖
2

(1
)

=
‖w

(t
+

1)
−

ŵ
lo

g
(t

+
1)
−

w̃
−

w
(t

)
+

ŵ
lo

g
(t

)
+

w̃
‖2

(2
)

=
‖−
η
∇
L

(w
(t

))
−

ŵ
[l
og

(t
+

1)
−

lo
g

(t
)]
‖2

=
η

2
‖∇
L

(w
(t

))
‖2

+
‖ŵ
‖2

lo
g

2
( 1

+
t−

1
) +

2
η
ŵ
>
∇
L

(w
(t

))
lo

g
( 1

+
t−

1
)

(3
) ≤
η

2
‖∇
L

(w
(t

))
‖2

+
‖ŵ
‖2
t−

2
,

(1
31

)

w
he

re
in

(1
)w

e
us

ed
eq

.1
24

,i
n

(2
)w

e
us

ed
eq

2.
2,

an
d

in
(3

)w
e

us
ed
∀x

>
0

:
x
≥

lo
g
(1

+
x

)
>

0
,

an
d

al
so

th
at

ŵ
>
∇
L(

w
)

=
N ∑ n
=

1

K ∑ k
=

1

ŵ
>

(A
y
n
−

A
k
)x
n

∑
K r
=

1
ex

p
(w
>

(A
r
−

A
k
)x
n
)
<

0
(1

32
)

si
nc

e
ŵ
>

(A
r
−

A
k
)x
n

=
(ŵ

r
−

ŵ
y
n
)x
n
<

0
,∀
k
6=
y n

(w
e

re
ca

ll
th

at
ŵ
k

is
th

e
K

-c
la

ss
SV

M
so

lu
tio

n)
.

A
ls

o,
fr

om
L

em
m

a
10

w
e

kn
ow

th
at

‖∇
L

(w
(t

))
‖2

=
o

(1
)

an
d
∞ ∑ t=

0

‖∇
L

(w
(t

))
‖2
<
∞
.

(1
33

)

Su
bs

tit
ut

in
g

eq
.1

33
in

to
eq

.1
31

,a
nd

re
ca

lli
ng

th
at

a
t−
ν

po
w

er
se

ri
es

co
nv

er
ge

s
fo

ra
ny
ν
>

1,
w

e
ca

n
fin

d
C

0
su

ch
th

at

‖r
(t

+
1)
−

r
(t

)‖
2

=
o

(1
)

an
d
∞ ∑ t=

0

‖r
(t

+
1)
−

r
(t

)‖
2

=
C

0
<
∞
.

(1
34

)
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S
O
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D

R
Y

,H
O

FF
E

R
,N

A
C

S
O

N
,G

U
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A
S

E
K

A
R

,A
N

D
S

R
E

B
R

O

N
ot

e
th

at
th

is
eq

ua
tio

n
al

so
im

pl
ie

s
th

at
∀ε

0

∃t
0

:
∀t
>
t 0

:
|‖

r
(t

+
1)
‖−
‖r

(t
)‖
|<

ε 0
.

(1
35

)

N
ex

t,
w

e
w

ou
ld

lik
e

to
bo

un
d

th
e

se
co

nd
te

rm
in

eq
.1

30
.F

ro
m

eq
.1

27
in

L
em

m
a

20
,w

e
ca

n
fin

d
t 1
,C

1
su

ch
th

at
∀t
>
t 1

:

(r
(t

+
1)
−

r(
t)

)>
r(
t)
≤
C

1
t−
θ

+
C

2
t−

2
(1

36
)

T
hu

s,
by

co
m

bi
ni

ng
eq

s.
13

6
an

d
13

4
in

to
eq

.1
30

,w
e

fin
d:

||r
(t

)||
2
−
||r

(t
1
)||

2

=

t−
1

∑ u
=
t 1

[ ||
r(
u

+
1)
||2
−
||r

(u
)||

2
]

≤
C

0
+

2
t−

1
∑ u
=
t 1

[ C
1
u
−
θ

+
C

2
u
−

2
]

w
hi

ch
is

bo
un

de
d,

si
nc

e
θ
>

1
(e

q.
12

5)
.T

he
re

fo
re

,|
|r(
t)
||

is
bo

un
de

d.

E
.4

.P
ro

of
of

L
em

m
a

20

L
em

m
a

20
W

e
ha

ve ∃C
1
,t

1
:
∀t
>
t 1

:
(r

(t
+

1)
−

r(
t)

)>
r(
t)
≤
C

1
t−
θ

+
C

2
t−

2
(1

27
)

A
dd

iti
on

al
ly

,∀
ε 1
>

0
,∃
C

2
,t

2
,s

uc
h

th
at
∀t
>
t 2

,s
uc

h
th

at
if

||P
1
r(
t)
||
>
ε 1

(1
28

)

th
en

w
e

ca
n

im
pr

ov
e

th
is

bo
un

d
to

(r
(t

+
1)
−

r(
t)

)>
r(
t)
≤
−
C

3
t−

1
<

0
(1

29
)

W
e

w
is

h
to

bo
un

d
(r

(t
+

1)
−

r(
t)

)>
r(
t)

.F
ir

st
,w

e
re

ca
ll

w
e

de
fin

ed
x̃
n
,k
,

(A
y
n
−

A
k
)x
n

.

(r
(t

+
1)
−

r(
t)

)>
r(
t)

=
(−
η
∇
L(

w
(t

))
−

ŵ
[l
og

(t
+

1)
−

lo
g
(t

)]
)>

r(
t)

=

(
η

N ∑ n
=

1

∑
K k
=

1
ex

p
(−

w
(t

)>
x̃
n
,k

)x̃
n
,k

∑
K r
=

1
ex

p
(−

w
(t

)>
x̃
n
,r

)
−

ŵ
lo

g
(1

+
t−

1
))
>

r(
t)

=
ŵ
>

r(
t)

[t
−

1
−

lo
g
(1

+
t−

1
)]

(1
37

)

+
η

N ∑ n
=

1

K ∑ k
=

1

[ ex
p
( −

w
(t

)>
x̃
n
,k

) x̃
> n,
k
r(
t)

∑
K r
=

1
ex

p
(−

w
(t

)>
x̃
n
,r

)
−
t−

1
ex

p
( −

w̃
>

x̃
n
,k

) x̃
> n,
k
r(
t)

1
{n
∈S

k
}] ,

(1
38

)

w
he

re
in

th
e

la
st

lin
e

w
e

us
ed

eq
s.

12
3

an
d

12
6

to
ob

ta
in

ŵ
=
η

N ∑ n
=

1

K ∑ k
=

1

α
n
,k

x̃
n
,k

1
{n
∈S

k
}

=
η

N ∑ n
=

1

K ∑ k
=

1

ex
p
( −

w̃
>

x̃
n
,k

)) x̃
n
,k

1
{n
∈S

k
},

w
he

re
1
{A
}

is
th

e
in

di
ca

to
rf

un
ct

io
n

w
hi

ch
is

1
if
A

is
sa

tis
fie

d
an

d
0

ot
he

rw
is

e.
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T
he

firstterm
can

be
upperbounded

by

ŵ
>

r
(t) [t −

1−
log (1

+
t −

1 )]

≤
m

ax [ŵ
>

r
(t)

,0 ][t −
1−

log (1
+
t −

1 )]

(1
)

≤
m

ax [ŵ
>

P
1 r

(t)
,0 ]

t −
2

(2
)

≤
{
‖ŵ
‖ε

1 t −
2

,
if‖

P
1 r

(t)‖
≤
ε
1

o (t −
1 )

,
if‖

P
1 r

(t)‖
>
ε
1

(139)

w
here

in
(1

)
w

e
used

that
P

2 ŵ
=

0,and
in

(2)
w

e
used

that
ŵ
>

r
(t)

=
o

(t),since

ŵ
>

r
(t)

=
ŵ
>
(

w
(0)−

η

t
∑u

=
0 ∇
L

(w
(u

))−
ŵ

log
(t)−

w̃

)

≤
ŵ
>

(w
(0)−

w̃
−

ŵ
log

(t))−
η
t

m
in

0≤
u≤

t ŵ
>∇
L

(w
(u

))
=
o

(t)

w
here

in
the

lastline
w

e
used

that∇
L

(w
(t))

=
o

(1),from
L

em
m

a
10.

N
ext,w

e
w

ish
to

upperbound
the

second
term

in
eq.137:

η
N
∑n

=
1

K
∑k

=
1 [

ex
p (−

w
(t) >

x̃
n
,k )

x̃
>n
,k r(t)

∑
Kr
=

1
ex

p
(−

w
(t) >

x̃
n
,r )
−
t −

1
ex

p (−
w̃
>

x̃
n
,k )

x̃
>n
,k r(t)1

{
n∈S

k } ]
(140)
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Y,H
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FF

E
R,N

A
C

S
O

N
,G

U
N

A
S

E
K

A
R,

A
N

D
S

R
E

B
R

O

W
e

exam
ine

each
term

n
in

the
sum

:

K
∑k

=
1 [

ex
p (−

w
(t) >

x̃
n
,k )

x̃
>n
,k r(t)

∑
Kr
=

1
ex

p
(−

w
(t) >

x̃
n
,r )
−
t −

1
ex

p (−
w̃
>

x̃
n
,k )

x̃
>n
,k r(t)1

{
n∈S

k } ]

=
K
∑k

=
1 

ex
p (−

w
(t) >

x̃
n
,k )

x̃
>n
,k r(t)

1
+

K∑r
=
1

r6=
y
n

ex
p

(−
w

(t) >
x̃
n
,r ) −

t −
1

ex
p (−

w̃
>

x̃
n
,k )

x̃
>n
,k r(t)1

{
n∈S

k } 

(1
)

≤
K
∑k

=
1 (

ex
p (−

w
(t) >

x̃
n
,k )
−
t −

1
ex

p (−
w̃
>

x̃
n
,k )

1
{
n∈S

k } )
1
{
x̃
>n
,k
r
(t)≥

0} x̃
>n
,k r(t)

+
K
∑k

=
1 

ex
p (−

w
(t) >

x̃
n
,k ) 

1−
K
∑r
=
1

r6=
y
n

ex
p (−

w
(t) >

x̃
n
,r ) 

−
t −

1
ex

p (−
w̃
>

x̃
n
,k )

1
{
n∈S

k } )
1
{
x̃
>n
,k
r
(t)<

0} x̃
>n
,k r(t)

=
K
∑k

=
1 (

ex
p (−

w
(t) >

x̃
n
,k )
−
t −

1
ex

p (−
w̃
>

x̃
n
,k )

1
{
n∈S

k } )
x̃
>n
,k r(t)

−
K
∑k

=
1

K
∑r
=
1

r6=
y
n

ex
p (−

w
(t) >

(x̃
n
,k

+
x̃
n
,r ) )

x̃
>n
,k r(t)1

{
x̃
>n
,k
r
(t)<

0}

(2
)

≤
K
∑k

=
1 (

ex
p (−

w
(t) >

x̃
n
,k )
−
t −

1
ex

p (−
w̃
>

x̃
n
,k )

1
{
n∈S

k } )
x̃
>n
,k r(t)

−
K

2
ex

p (−
w

(t) >
(x̃
n
,k

1
+

x̃
n
,r

1 ) )
x̃
>n
,k

1 r(t)1
{
x̃
>n
,k

1
r
(t)<

0} ,
(141)

w
here

in
(1)w

e
used∀

x
≥

0
:

1−
x
≤

1
1
+
x
≤

1
and

in
(2)w

e
defined:

(k
1 ,r

1 )
=

argm
ax

k
,r

∣∣∣ ex
p (−

w
(t) >

(x̃
n
,k

+
x̃
n
,r ) )

x̃
>n
,k r(t)1

{
x̃
>n
,k
r
(t)<

0} ∣∣∣

52
JM

L
R

 19(70):1-57, 2018



G
R

A
D

IE
N

T
D

E
S

C
E

N
T

O
N

S
E

PA
R

A
B

L
E

D
A

TA

R
ec

al
lin

g
th

at
w

(t
)

=
ŵ

lo
g
(t

)
+

w̃
+

r(
t)

,e
q.

14
1

ca
n

be
up

pe
rb

ou
nd

ed
by

K ∑ k
=

1

t−
ŵ
>
x̃
n
,k

ex
p
( −

w̃
>

x̃
n
,k

) ex
p
( −

r(
t)
>

x̃
n
,k

) x̃
> n,
k
r(
t)

1
{x̃
> n,
k
r
(t

)≥
0
,
n
/∈S

k
}

+
K ∑ k
=

1

t−
1

ex
p
( −

w̃
>

x̃
n
,k

)[
ex

p
( −

r(
t)
>

x̃
n
,k

)
−

1
] x̃
> n,
k
r(
t)

1
{x̃
> n,
k
r
(t

)≥
0
,
n
∈S

k
}

+
K ∑ k
=

1

t−
ŵ
>
x̃
n
,k

ex
p
( −

w̃
>

x̃
n
,k

) ex
p
( −

r(
t)
>

x̃
n
,k

) x̃
> n,
k
r(
t)

1
{x̃
> n,
k
r
(t

)<
0
,
n
/∈S

k
}

+
K ∑ k
=

1

t−
1

ex
p
( −

w̃
>

x̃
n
,k

)[
ex

p
( −

r(
t)
>

x̃
n
,k

)
−

1
] x̃
> n,
k
r(
t)

1
{x̃
> n,
k
r
(t

)<
0
,
n
∈S

k
}

−
K

2
ex

p
(−

w
(t

)>
x̃
n
,r

1
)t
−
ŵ
>
x̃
n
,k

1
ex

p
( −

w̃
>

x̃
n
,k

1

) ex
p
( −

r(
t)
>

x̃
n
,k

1

) x̃
> n,
k
1
r(
t)

1
{x̃
> n,
k
1
r
(t

)<
0
}

(1
) ≤
K
t−
θ

ex
p

( −
m

in
n
,k

w̃
>

x̃
n
,k

)
+
φ

(t
),

(1
42

)

w
he

re
in

(1
)w

e
us

ed
x
e−

x
<

1,
∀x

:
(e
−
x
−

1)
x
<

0
,θ

=
m

in
k

[ m
in
n
/∈S

k
x̃
> n,
k
ŵ
] >

1
(e

q.
12

5)
an

d
de

no
te

d:

φ
(t

)
=

K ∑ k
=
1

t−
ŵ
>
x̃
n
,k

ex
p
( −

w̃
>

x̃
n
,k

) ex
p
( −

r(
t)
>

x̃
n
,k

) x̃
> n,
k
r(
t)

1
{x̃
> n
,k
r
(t
)<

0
,
n
/∈S

k
}

+

K ∑ k
=
1

t−
1

ex
p
( −

w̃
>

x̃
n
,k

)[
ex

p
( −

r(
t)
>

x̃
n
,k

) −
1]

x̃
> n,
k
r(
t)

1
{x̃
> n
,k
r
(t
)<

0
,n
∈S

k
}

−
K

2
ex

p
(−

w
(t

)>
x̃
n
,r

1
)t
−
ŵ
>
x̃
n
,k

1
ex

p
( −

w̃
>

x̃
n
,k

1

) ex
p
( −

r(
t)
>

x̃
n
,k

1

) x̃
> n,
k
1
r(
t)

1
{x̃
> n
,k

1
r
(t
)<

0
}.

W
e

us
e

th
e

fa
ct

th
at
∀x

:
(e
−
x
−

1)
x
<

0
an

d
th

er
ef

or
e
∀(
n
,k

):

t−
ŵ
>
x̃
n
,k

ex
p
( −

w̃
>

x̃
n
,k

) ex
p
( −

r(
t)
>

x̃
n
,k

) x̃
> n,
k
r(
t)

1
{x̃
> n,
k
r
(t

)<
0
}
<

0

t−
1

ex
p
( −

w̃
>

x̃
n
,k

)[
ex

p
( −

r(
t)
>

x̃
n
,k

)
−

1] x̃
> n,
k
r(
t)

1
{x̃
> n,
k
r
(t

)<
0
}
<

0,
(1

43
)

to
sh

ow
th

at
φ

(t
)

is
st

ri
ct

ly
ne

ga
tiv

e.
If

x̃
> n,
k
1
r
≥

0
th

en
fr

om
th

e
la

st
tw

o
eq

ua
tio

ns
:

φ
(t

)
=

K ∑ k
=

1

t−
ŵ
>
x̃
n
,k

ex
p
( −

w̃
>

x̃
n
,k

) ex
p
( −

r(
t)
>

x̃
n
,k

) x̃
> n,
k
r(
t)

1
{x̃
> n,
k
r
(t

)<
0
,
n
/∈S

k
}

+
K ∑ k
=

1

t−
1

ex
p
( −

w̃
>

x̃
n
,k

)[
ex

p
( −

r(
t)
>

x̃
n
,k

)
−

1
] x̃
> n,
k
r(
t)

1
{x̃
> n,
k
r
(t

)<
0
,
n
∈S

k
}
<

0
(1

44
)

If
x̃
> n,
k
1
r
<

0
th

en
w

e
no

te
th

at
−

x̃
> n,
r 1

r(
t)
≤
−

x̃
> n,
k
1
r(
t)

si
nc

e:
1.

If
x̃
> n,
r 1

r(
t)
≥

0
th

en
th

is
is

im
m

ed
ia

te
si

nc
e
−

x̃
> n,
r 1

r(
t)
≤

0
≤
−

x̃
> n,
k
1
r(
t)

.
2.

If
x̃
> n,
r 1

r(
t)
<

0
th

en
fr

om
(k

1
,r

1
)

de
fin

iti
on

:
∣ ∣ ∣e

x
p
( −

w
(t

)>
(x̃
n
,k

1
+

x̃
n
,r

1
)) x̃

> n,
r 1

r(
t)
∣ ∣ ∣≤

∣ ∣ ∣e
x
p
( −

w
(t

)>
(x̃
n
,k

1
+

x̃
n
,r

1
)) x̃

> n,
k
1
r(
t)
∣ ∣ ∣,
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N

D
S

R
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B
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O

an
d

th
er

ef
or

e

−
x̃
> n,
r 1

r(
t)

=
∣ ∣ ∣x̃
> n,
r 1

r(
t)
∣ ∣ ∣≤

∣ ∣ ∣x̃
> n,
k
1
r(
t)
∣ ∣ ∣=
−

x̃
> n,
k
1
r(
t)
.

W
e

di
vi

de
in

to
ca

se
s:

1.
If
n
/∈
S k

1
th

en
w

e
ex

am
in

e
th

e
su

m

t−
ŵ
>
x̃
n
,k

1
ex

p
( −

w̃
>

x̃
n
,k

1

) ex
p
( −

r(
t)
>

x̃
n
,k

1

) x̃
> n,
k
1
r(
t)

1
{x̃
> n,
k
1
r
(t

)<
0
}

−
K

2
ex

p
(−

w
(t

)>
x̃
n
,r

1
)t
−
ŵ
>
x̃
n
,k

1
ex

p
( −

w̃
>

x̃
n
,k

1

) ex
p
( −

r(
t)
>

x̃
n
,k

1

) x̃
> n,
k
1
r(
t)

1
{x̃
> n,
k
1
r
(t

)<
0
}

T
he

fir
st

te
rm

is
ne

ga
tiv

e
an

d
th

e
se

co
nd

is
po

si
tiv

e.
Fr

om
L

em
m

a
19

w
(t

)>
x̃
n
,r

1
→
∞

.T
he

re
fo

re
∃t

3
so

th
at
∀t
>
t 3

:
ex

p
(−

w
(t

)>
x̃
n
,r

1
)
<
K

2
an

d
th

er
ef

or
e

th
is

su
m

is
st

ri
ct

ly
ne

ga
tiv

e
si

nc
e

∣ ∣ ∣ ∣ ∣ ∣ ∣K
2

ex
p
(−

w
(t

)>
x̃
n
,r

1
)t
−
ŵ
>
x̃
n
,k

1
ex

p
( −

w̃
>

x̃
n
,k

1
))

ex
p
( −

x̃
> n,
k
1
r(
t)
) x̃
> n,
k
1
r(
t)

1
{x̃
> n,
k
1
r
(t

)<
0
}

t−
ŵ
>
x̃
n
,k

1
ex

p
(−

w̃
>

x̃
n
,k

1
)

ex
p

(−
r(
t)
>

x̃
n
,k

1
)
x̃
> n,
k
1
r(
t)

1
{x̃
> n,
k
1
r
(t

)<
0
}

∣ ∣ ∣ ∣ ∣ ∣ ∣

=
∣ ∣ ∣K

2
ex

p
(−

w
(t

)>
x̃
n
,r

1
)∣ ∣ ∣<

1,
∀t
>
t 3

2.
If
n
∈
S k

1
th

en
w

e
ex

am
in

e
th

e
su

m

t−
1

ex
p
( −

w̃
>

x̃
n
,k

1

)[
ex

p
( −

r(
t)
>

x̃
n
,k

1

) −
1
] x̃
> n,
k
1
r(
t)

1
{x̃
> n
,k

1
r
(t
)<

0
}

−
K

2
ex

p
(−

w
(t

)>
x̃
n
,r

1
)t
−
ŵ
>
x̃
n
,k

1
ex

p
( −

w̃
>

x̃
n
,k

1

) ex
p
( −

r(
t)
>

x̃
n
,k

1

) x̃
> n,
k
1
r(
t)

1
{x̃
> n
,k

1
r
(t
)<

0
}

a.
If
|x̃
> n,
k
1
r(
t)
|>

C
0

th
en
∃t

4
su

ch
th

at
∀t
>
t 4

th
is

su
m

ca
n

be
up

pe
rb

ou
nd

ed
by

ze
ro

si
nc

e
∣ ∣ ∣ ∣ ∣ ∣ ∣K

2
ex

p
(−

w
(t

)>
x̃
n
,r

1
)t
−
ŵ
>
x̃
n
,k

1
ex

p
( −

w̃
>

x̃
n
,k

1
))

ex
p
( −

x̃
> n,
k
1
r(
t)
) x̃
> n,
k
1
r(
t)

1
{x̃
> n,
k
1
r
(t

)<
0
}

t−
1

ex
p

(−
w̃
>

x̃
n
,k

1
)

[e
x
p

(−
r(
t)
>

x̃
n
,k

1
)
−

1]
x̃
> n,
k
1
r(
t)

1
{x̃
> n,
k
1
r
(t

)<
0
}

∣ ∣ ∣ ∣ ∣ ∣ ∣

=
K

2
ex

p
(−

w
(t

)>
x̃
n
,r

1
)

1
−

ex
p

(r
(t

)>
x̃
n
,k

1
)
≤
K

2
ex

p
(−

w
(t

)>
x̃
n
,r

1
)

1
−

ex
p

(−
C

0
)

<
1,
∀t
>
t 4

(1
45

)

w
he

re
in

th
e

la
st

tr
an

si
tio

n
w

e
us

ed
L

em
m

a
19

.
b.

If
|x̃
> n,
k
1
r(
t)
|≤

C
0

th
en

w
e

ca
n

fin
d

co
ns

ta
nt
C

5
so

th
at

eq
.1

45
ca

n
be

up
pe

rb
ou

nd
ed

by

K
2
t−

ŵ
>

(x̃
n
,k

1
+
x̃
n
,r
1
)
ex

p
( −

w̃
>

(x̃
n
,k

1
+

x̃
n
,r

1
)) ex

p
(2
C

0
)
C

0
≤
C

5
t−

2
,

(1
46

)

si
nc

e
−

x̃
> n,
r 1

r(
t)
≤
−

x̃
> n,
k
1
r(
t)
≤
C

0
an

d
by

de
fin

iti
on

,∀
(n
,k

)
:
ŵ
>

x̃
n
,k
≥

1.
T

he
re

fo
re

,e
q.

14
1

ca
n

be
up

pe
rb

ou
nd

ed
by

K
t−
θ

ex
p

( −
m

in
n
,k

w̃
>

x̃
n
,k

)
+
C

5
t−

2
(1

47
)

If
,i

n
ad

di
tio

n,
∃k
,n
∈
S k

:
|x̃
> n,
k
r(
t)
|>

ε 2
th

en

t−
1

ex
p
( −

w̃
>

x̃
n
,k

)[
ex

p
( −

r(
t)
>

x̃
n
,k

)
−

1] x̃
> n,
k
r(
t)

(1
48

)

≤
{
−
t−

1
ex

p
( −

m
ax

n
,k

w̃
>

x̃
n
,k

) [1
−

ex
p

(−
ε 2

)]
ε 2

,
if

r(
t)
>

x̃
n
,k
≥

0

−
t−

1
ex

p
( −

m
ax

n
,k

w̃
>

x̃
n
,k

) [e
x
p

(ε
2
)
−

1]
ε 2

,
if

r(
t)
>

x̃
n
,k
<

0
(1

49
)
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−
C
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<

0
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(150)

w
here

C
′′is

the
m

inim
um

betw
een

ex
p (−

m
ax

n
,k

w̃
>

x̃
n
,k )

[1−
ex

p
(−
ε
2 )]ε

2
and

ex
p (−

m
a
x
n
,k

w̃
>

x̃
n
,k )

[ex
p

(ε
2 )−

1]ε
2 .To

conclude:
1.If‖

P
1 r

(t)‖
≥
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c
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.
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p
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p
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p
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p
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p
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p
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b

ee
n

d
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h
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p
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t
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at
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d
el

g
iv

es
a

p
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re
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c
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b
e

(e
ffi

ci
en

tl
y
)

le
ar

n
ab

le
.

F
or

si
m

p
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p
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→
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p
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b
se

t
o
f
{0
,1
}n

,
n
am

el
y
{x

:
c(
x

)
=

1}
.

L
et

C
⊆
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b
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b
e

th
e

cl
as

s
of

fu
n
ct

io
n
s

co
m

p
u
te

d
b
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m
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.
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p
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∈
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p
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p
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d
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d
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p
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b
er

of
su

ch
ex

am
p
le

s
(h

op
ef

u
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p
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.r
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p
t
c)

if
it

s
er

ro
r

p
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P
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at
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d
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b
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p
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b
ly

ap
p
ro

x
im

at
el

y
co

rr
ec

t:

F
or

al
l

ta
rg

et
co

n
ce

p
ts
c
∈
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p
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at
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b
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n
er

th
e

fr
ee

d
om

to
ou

tp
u
t

an
h

w
h
ic

h
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p
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p
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h
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p
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p
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b
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p
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.
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h
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d
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p
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p
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p
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istrib

u
tion

D
,

corresp
on

d
s

to
a
n

(n
+

1
)-q

u
b
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p
le,

an
ex

am
p
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b
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b
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b
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b
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p
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h
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r
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∑
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u
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=
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p
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b
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b
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h
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b
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b
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h
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p
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p
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p
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h
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p
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p
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d
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p
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d
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p
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d
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p
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m

a
rk

th
a
t

th
e

d
is

tr
ib

u
ti

o
n

s
u

se
d

h
er

e
(a

n
d

la
te

r
in

th
e

a
g
n

o
st

ic
se

tt
in

g
)

fo
r

p
ro

v
in

g
lo

w
er

b
o
u

n
d
s

o
n

q
u

a
n
tu

m
sa

m
p

le
co

m
p

le
x
it

y
h

av
e

b
ee

n
u

se
d

in
th

e
li

te
ra

tu
re

b
ef

o
re

fo
r

a
n

a
ly

zi
n

g
cl

a
ss

ic
a
l

sa
m

p
le

co
m

p
le

x
it

y.

5
JM

L
R

 1
9(

71
):

1-
36

, 2
01

8

A
r
u
n
a
c
h
a
l
a
m

a
n
d

d
e
W

o
l
f

P
u
tt

in
g

th
es

e
st

ep
s

to
ge

th
er

im
p
li
es
T

=
Ω

(d
/ε

).
5

T
h
is

ar
gu

m
en

t
fo

r
th

e
P

A
C

se
tt

in
g

is
si

m
il
ar

to
an

al
go

ri
th

m
ic

-i
n
fo

rm
at

io
n

ar
gu

m
en

t
of

A
p

ol
lo

n
i

an
d

G
en

ti
le

(1
9
9
8
)

a
n
d

a
n

in
fo

rm
at

io
n
-t

h
eo

re
ti

c
ar

gu
m

en
t

fo
r

va
ri

an
ts

of
th

e
P

A
C

m
o
d
el

w
it

h
n
oi

sy
ex

a
m

p
le

s
b
y

G
en

-
ti

le
an

d
H

el
m

b
ol

d
(2

00
1)

.

A
s

fa
r

as
w

e
k
n
ow

,
th

is
ty

p
e

of
re

as
on

in
g

h
as

n
ot

ye
t

b
ee

n
ap

p
li
ed

to
th

e
sa

m
p
le

co
m

p
le

x
it

y
of

a
gn

o
st

ic
le

ar
n
in

g.
T

o
ge

t
go

o
d

lo
w

er
b

ou
n
d
s

th
er

e,
w

e
co

n
si

d
er

a
se

t
o
f

d
is

tr
ib

u
ti

on
s
D
a
,

in
d
ex

ed
b
y
d
-b

it
st

ri
n
g
a
.

T
h
es

e
d
is

tr
ib

u
ti

on
s

st
il
l

h
av

e
th

e
p
ro

p
er

ty
th

at
if

a
le

ar
n
er

ge
ts
ε-

cl
os

e
to

th
e

m
in

im
al

er
ro

r,
th

en
it

w
il
l

h
av

e
to

le
ar

n
Ω

(d
)

b
it

s
o
f

in
fo

rm
at

io
n

ab
ou

t
th

e
d
is

tr
ib

u
ti

on
(i

.e
.,

ab
ou

t
a
).

H
en

ce
th

e
fi
rs

t
st

ep
of

th
e

a
rg

u
m

en
t

re
m

ai
n
s

th
e

sa
m

e.
T

h
e

se
co

n
d

st
ep

of
ou

r
ar

gu
m

en
t

al
so

re
m

ai
n
s

th
e

sa
m

e,
a
n
d

th
e

th
ir

d
st

ep
sh

ow
s

an
u
p
p

er
b

ou
n
d

of
O

(ε
2
)

on
th

e
am

ou
n
t

of
in

fo
rm

at
io

n
th

at
th

e
le

a
rn

er
ca

n
g
et

fr
om

on
e

ex
am

p
le

.
T

h
is

th
en

im
p
li
es
T

=
Ω

(d
/ε

2
).

W
e

ca
n

al
so

re
fo

rm
u
la

te
th

is
fo

r
th

e
ca

se
w

h
er

e
w

e
w

an
t

th
e

ex
pe

ct
ed

ad
d
it

io
n
al

er
ro

r
of

th
e

h
y
p

ot
h
es

is
ov

er
th

e
b

es
t

cl
a
ss

ifi
er

in
C

to
b

e
at

m
os

t
ε,

w
h
ic

h
is

h
ow

lo
w

er
b

ou
n
d
s

a
re

of
te

n
st

a
te

d
in

le
ar

n
in

g
th

eo
ry

.
W

e
em

p
h
as

iz
e

th
at

ou
r

in
fo

rm
at

io
n
-t

h
eo

re
ti

c
p
ro

o
f

is
si

m
p
le

r
th

an
th

e
p
ro

of
s

in
A

n
th

o
n
y

a
n
d

B
ar

tl
et

t
(2

00
9)

;
A

u
d
ib

er
t

(2
00

9)
;

S
h
al

ev
-S

h
w

a
rt

z
an

d
B

en
-D

av
id

(2
01

4)
;

K
o
n
to

ro
v
ic

h
a
n
d

P
in

el
is

(2
01

6)
.

T
h
is

in
fo

rm
at

io
n
-t

h
eo

re
ti

c
ap

p
ro

ac
h

re
co

ve
rs

th
e

o
p
ti

m
al

cl
as

si
ca

l
b

ou
n
d
s

o
n

sa
m

p
le

co
m

p
le

x
it

y,
b
u
t

al
so

ge
n
er

al
iz

es
re

ad
il
y

to
th

e
q
u
an

tu
m

ca
se

w
h
er

e
th

e
le

a
rn

er
g
et

s
T

q
u
an

tu
m

ex
am

p
le

s.
T

o
ob

ta
in

lo
w

er
b

ou
n
d
s

on
q
u
an

tu
m

sa
m

p
le

co
m

p
le

x
it

y
w

e
u
se

th
e

sa
m

e
d
is

tr
ib

u
ti

on
s
D

(n
ow

co
rr

es
p

on
d
in

g
to

a
co

h
er

en
t

q
u
an

tu
m

st
at

e)
an

d
b
as

ic
a
ll
y

ju
st

n
ee

d
to

re
-a

n
al

y
ze

th
e

th
ir

d
st

ep
of

th
e

ar
gu

m
en

t.
In

th
e

P
A

C
se

tt
in

g
w

e
sh

ow
th

at
o
n
e

q
u
a
n
tu

m
ex

am
p
le

gi
v
es

at
m

os
t
O

(ε
lo

g
(d
/ε

))
b
it

s
of

in
fo

rm
a
ti

on
ab

ou
t
c,

an
d

in
th

e
a
g
n
o
st

ic
se

tt
in

g
it

gi
ve

s
O

(ε
2

lo
g
(d
/ε

))
b
it

s.
T

h
is

im
p
li
es

lo
w

er
b

ou
n
d
s

on
sa

m
p
le

co
m

p
le

x
it

y
th

a
t

a
re

o
n
ly

a
lo

ga
ri

th
m

ic
fa

ct
or

w
or

se
th

an
th

e
o
p
ti

m
al

cl
as

si
ca

l
b

ou
n
d
s

fo
r

th
e

P
A

C
se

tt
in

g
(E

q
.

(1
))

an
d

th
e

ag
n
os

ti
c

se
tt

in
g

(E
q
.

(2
))

.
T

h
is

is
n
ot

q
u
it

e
op

ti
m

al
ye

t,
b
u
t

al
re

a
d
y

b
et

te
r

th
a
n

th
e

p
re

v
io

u
s

b
es

t
k
n
ow

n
lo

w
er

b
ou

n
d

(E
q
.

(3
))

.
T

h
e

lo
ga

ri
th

m
ic

lo
ss

in
st

ep
3

is
a
ct

u
a
ll
y

in
h
er

en
t

in
th

is
in

fo
rm

at
io

n
-t

h
eo

re
ti

c
ar

gu
m

en
t:

in
so

m
e

ca
se

s
a

q
u
an

tu
m

ex
a
m

p
le

ca
n

g
iv

e
ro

u
gh

ly
ε

lo
g
d

b
it

s
of

in
fo

rm
at

io
n

ab
ou

t
c,

fo
r

ex
am

p
le

w
h
en
c

co
m

es
fr

om
th

e
co

n
ce

p
t

cl
a
ss

of
li
n
ea

r
fu

n
ct

io
n
s.

1
.2
.2
.
A

st
a
t
e
-i
d
e
n
t
if
ic
a
t
io
n
a
r
g
u
m
e
n
t

In
or

d
er

to
ge

t
ri

d
of

th
e

lo
ga

ri
th

m
ic

fa
ct

or
w

e
th

en
tr

y
an

ot
h
er

p
ro

of
ap

p
ro

a
ch

,
w

h
ic

h
v
ie

w
s

le
ar

n
in

g
fr

om
q
u
an

tu
m

ex
am

p
le

s
as

a
q
u
an

tu
m

st
at

e-
id

en
ti

fi
ca

ti
on

p
ro

b
le

m
:

w
e

a
re

gi
ve

n
T

co
p
ie

s
of

th
e

q
u
an

tu
m

ex
am

p
le

fo
r

so
m

e
co

n
ce

p
t
c

an
d

n
ee

d
to
ε-

a
p
p
ro

x
im

a
te
c

fr
om

th
is

.
In

or
d
er

to
re

n
d
er
ε-

ap
p
ro

x
im

at
io

n
of
c

eq
u
iv

al
en

t
to

ex
ac

t
id

en
ti

fi
ca

ti
o
n

o
f
c,

w
e

u
se

go
o
d

li
n
ea

r
er

ro
r-

co
rr

ec
ti

n
g

co
d
es

,
re

st
ri

ct
in

g
to

co
n
ce

p
ts

w
h
os

e
d
-b

it
la

b
el

in
g

o
f

th
e

el
em

en
ts

of
th

e
sh

at
te

re
d

se
t
s 1
,.
..
,s
d

co
rr

es
p

on
d
s

to
a

co
d
ew

or
d
.

W
e

th
en

h
av

e
2

Ω
(d

)

p
os

si
b
le

co
n
ce

p
ts

,
on

e
fo

r
ea

ch
co

d
ew

or
d
,

a
n
d

n
ee

d
to

id
en

ti
fy

th
e

ta
rg

et
co

n
ce

p
t

fr
o
m

a
q
u
an

tu
m

st
at

e
th

at
is

th
e

te
n
so

r
p
ro

d
u
ct

of
T

id
en

ti
ca

l
q
u
an

tu
m

ex
am

p
le

s.

S
ta

te
-i

d
en

ti
fi
ca

ti
on

p
ro

b
le

m
s

h
av

e
b

ee
n

w
el

l
st

u
d
ie

d
,
an

d
m

an
y

to
ol

s
a
re

av
a
il
a
b
le

fo
r

a
n
-

al
y
zi

n
g

th
em

.
In

p
ar

ti
cu

la
r,

th
e

so
-c

al
le

d
“P

re
tt

y
G

o
o
d

M
ea

su
re

m
en

t”
(P

G
M

,
a
ls

o
re

fe
rr

ed
to

as
“s

q
u
ar

e
ro

ot
m

ea
su

re
m

en
t”

b
y

E
ld

ar
an

d
F

or
n
ey

J
r

(2
00

1)
)

is
a

sp
ec

ifi
c

m
ea

su
re

m
en

t

5
.

T
h

e
o
th

er
p

a
rt

o
f

th
e

lo
w

er
b

o
u

n
d

o
f

E
q
.

(1
)

d
o
es

n
o
t

d
ep

en
d

o
n
d

a
n

d
is

fa
ir

ly
ea

sy
to

p
ro

v
e.
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O
p
t
im

a
l
Q
u
a
n
t
u
m

S
a
m
p
l
e
C
o
m
p
l
e
x
it
y
o
f
L
e
a
r
n
in
g

A
l
g
o
r
it
h
m
s

th
a
t

o
n
e

can
a
lw

ay
s

u
se

for
state

id
en

tifi
cation

,
an

d
w

h
ose

su
ccess

p
rob

ab
ility

is
n
o

m
ore

th
a
n

q
u
ad

ratically
w

orse
th

an
th

at
of

th
e

v
ery

b
est

m
easu

rem
en

t
(even

b
etter,

in
ou

r
ap

p
li-

ca
tio

n
th

e
P

G
M

is
th

e
op

tim
al

m
easu

rem
en

t).
In

S
ection

4
w

e
u
se

F
ou

rier
an

aly
sis

to
giv

e
a
n

ex
a
ct

a
n
a
ly

sis
of

th
e

average
su

ccess
p
rob

ab
ility

of
th

e
P

G
M

on
th

e
sta

te-id
en

tifi
catio

n
p
ro

b
lem

s
th

a
t

com
e

from
b

oth
th

e
P

A
C

an
d

th
e

agn
ostic

m
o
d
el.

T
h
is

an
a
ly

sis
cou

ld
b

e
u
sefu

l
in

o
th

er
settin

gs
as

w
ell.

H
ere

it
im

p
lies

th
at

th
e

n
u
m

b
er

of
q
u
an

tu
m

ex
am

p
les,

T
,

is
low

er
b

o
u
n
d
ed

b
y

E
q
.

(1)
in

th
e

P
A

C
settin

g,
an

d
b
y

E
q
.

(2)
in

th
e

ag
n
ostic

settin
g.

U
sin

g
th

e
P

retty
G

o
o
d

M
easu

rem
en

t,
w

e
are

also
ab

le
to

p
rove

low
er

b
ou

n
d
s

for
P

A
C

lea
rn

in
g

u
n
d
er

ra
n

d
o
m

cla
ssifi

ca
tio

n
n

o
ise,

w
h
ich

m
o
d
els

th
e

real-w
orld

situ
ation

th
at

th
e

lea
rn

in
g

d
a
ta

can
h
ave

som
e

errors.
C

lassica
lly

in
th

e
ran

d
om

classifi
cation

n
oise

m
o
d
el

(in
tro

d
u
ced

b
y

A
n
glu

in
an

d
L

aird
(1988

)),
in

stead
of

ob
tain

in
g

lab
eled

ex
am

p
les

(x
,c(x

))
fo

r
so

m
e

u
n
k
n
ow

n
c∈

C
,

th
e

learn
er

ob
tain

s
n

o
isy

exa
m

p
les

(x
,b
x ),

w
h
ere

b
x

=
c(x

)
w

ith
p
ro

b
a
b
ility

1−
η

an
d
b
x

=
1−

c(x
)

w
ith

p
rob

a
b
ility

η
,

for
som

e
n

o
ise

ra
te
η
∈

[0,1/
2).

S
im

ila
rly,

in
th

e
q
u
an

tu
m

learn
in

g
m

o
d
el

w
e

cou
ld

n
atu

rally
d
efi

n
e

a
n

o
isy

qu
a
n

tu
m

exa
m

p
le

a
s

a
n

(n
+

1
)-q

u
b
it

state

∑

x∈{
0
,1}

n √
(1−

η
)D

(x
)|x
,c(x

)〉
+
√
η
D

(x
)|x
,1−

c(x
)〉.

U
sin

g
th

e
P

G
M

,
w

e
are

ab
le

to
sh

ow
th

at
th

e
q
u
an

tu
m

sam
p
le

com
p
lex

ity
of

P
A

C
learn

in
g

a
co

n
cep

t
cla

ss
C

u
n
d
er

ran
d
om

classifi
cation

n
oise

is:

Ω (
d

(1−
2η

)
2ε

+
log

(1/δ)

(1−
2η

)
2ε )

.
(4)

W
e

rem
a
rk

h
ere

th
at

th
e

b
est

k
n
ow

n
classical

sam
p
le

com
p
lex

ity
low

er
b

ou
n
d

(see
S
im

on
(1

9
9
6
))

u
n
d
er

th
e

ran
d
om

classifi
cation

n
oise

is
eq

u
al

to
th

e
q
u
an

tu
m

sam
p
le

com
p
lex

ity
low

er
b

o
u
n
d

p
roven

in
E

q
.

(4).

1
.3

.
R

e
la

te
d

w
o
rk

H
ere

w
e

b
riefl

y
m

en
tion

related
w

ork
on

q
u
an

tu
m

learn
in

g,
referrin

g
to

ou
r

su
rvey

A
ru

n
ach

a-
la

m
a
n
d

d
e

W
o
lf

(2017)
for

m
ore

d
etails.

In
th

is
p
ap

er
w

e
fo

cu
s

on
sa

m
p
le

com
p
lex

ity,
w

h
ich

is
a

fu
n
d
am

en
tal

in
form

ation
-th

eoretic
q
u
an

tity.
S
am

p
le

com
p
lex

ity
con

cern
s

a
form

o
f

“
p
a
ssive”

lea
rn

in
g:

th
e

learn
er

gets
a

n
u
m

b
er

of
ex

am
p
les

at
th

e
sta

rt
of

th
e

p
ro

cess,
a
n
d

th
en

h
a
s

to
ex

tract
en

ou
gh

in
form

ation
ab

ou
t

th
e

target
con

cep
t

from
th

ese.
W

e
m

ay
a
lso

co
n
sid

er
m

ore
activ

e
learn

in
g

settin
gs,

in
p
articu

lar
on

es
w

h
ere

th
e

lea
rn

er
ca

n
m

ake
m

em
b

ersh
ip

q
u
eries

(i.e.,
learn

th
e

lab
el
c(x

)
for

an
y
x

of
h
is

ch
oice).

S
erved

io
an

d
G

ortler
(2

0
0
4
)

sh
ow

ed
th

at
in

th
is

settin
g,

classical
an

d
q
u
an

tu
m

com
p
lex

ity
are

p
oly

n
om

ially
re-

la
ted

.
T

h
ey

a
lso

ex
h
ib

it
an

ex
am

p
le

of
a

factor-n
sp

eed
-u

p
from

q
u
an

tu
m

m
em

b
ersh

ip
q
u
eries

u
sin

g
th

e
B

ern
stein

-V
aziran

i
algorith

m
.

J
a
ck

son
et

al.
(2002)

sh
ow

ed
h
ow

q
u
an

tu
m

m
em

b
ersh

ip
q
u
eries

can
im

p
rov

e
J
ack

son
(1997)’s

classical
alg

orith
m

for
learn

in
g

D
N

F
w

ith
m

em
b

ersh
ip

q
u
eries

u
n
d
er

th
e

u
n
iform

d
istrib

u
tion

.
F

o
r

qu
a
n

tu
m

exa
ct

lea
rn

in
g

(also
referred

to
as

th
e

o
ra

cle
id

en
tifi

ca
tio

n
p
rob

lem
in

th
e

q
u
a
n
tu

m
litera

tu
re),

K
oth

ari
(2014)

resolv
ed

a
con

jectu
re

of
H

u
n
ziker

et
a
l.

(2010),
th

at
sta

tes
th

a
t

fo
r

an
y

con
cep

t
class

C
,

th
e

n
u
m

b
er

of
q
u
a
n
tu

m
m

em
b

ersh
ip

q
u
eries

req
u
ired

to
ex

a
ctly

id
en

tify
a

con
cep

t
c
∈

C
is
O

(
lo

g|C
|

√
γ̂

C
),

w
h
ere

γ̂
C

is
a

com
b
in

ato
rial

p
aram

eter

7
JM

L
R

 19(71):1-36, 2018

A
r
u
n
a
c
h
a
l
a
m

a
n
d

d
e
W

o
l
f

of
th

e
con

cep
t

class
C

w
h
ich

w
e

sh
all

n
ot

d
efi

n
e

h
ere

(see
A

tıcı
an

d
S
erved

io
(2005)

for
a

p
recise

d
efi

n
ition

).
M

on
tan

aro
(201

2)
sh

ow
ed

h
ow

low
-d

egree
p

oly
n
om

ials
over

a
fi
n
ite

fi
eld

can
b

e
id

en
tifi

ed
m

ore
effi

cien
tly

u
sin

g
q
u
an

tu
m

algorith
m

s.

In
m

an
y

w
ay

s
th

e
tim

e
com

p
lex

ity
of

learn
in

g
is

at
least

as
im

p
ortan

t
as

th
e

sam
p
le

com
-

p
lex

ity.
W

e
alread

y
m

en
tion

ed
th

at
S
erved

io
an

d
G

ortler
(2004)

ex
h
ib

ited
a

con
cep

t
class

b
ased

on
factorin

g
B

lu
m

in
tegers

th
at

can
b

e
learn

ed
in

q
u
an

tu
m

p
oly

n
om

ial
tim

e
b
u
t

n
ot

in
classical

p
oly

n
om

ial
tim

e,
u
n
less

B
lu

m
in

tegers
can

b
e

factored
effi

cien
tly.

U
n
d
er

th
e

w
ea

ker
(an

d
w

id
ely

b
eliev

ed
)

assu
m

p
tion

th
at

o
n
e-w

ay
fu

n
ction

s
ex

ist,
th

ey
ex

h
ib

ited
a

co
n
cep

t
class

th
at

can
b

e
learn

ed
ex

actly
in

p
oly

n
om

ial
tim

e
u
sin

g
q
u
an

tu
m

m
em

b
ersh

ip
q
u
eries,

b
u
t

th
at

takes
su

p
erp

oly
n
om

ial
tim

e
to

learn
from

classical
m

em
b

ersh
ip

q
u
eries.

G
av

in
sk

y
(2012)

in
tro

d
u
ced

a
m

o
d
el

of
learn

in
g

called
“P

red
ictive

Q
u
an

tu
m

”
(P

Q
),

a
variation

of
q
u
an

tu
m

P
A

C
learn

in
g,

an
d

ex
h
ib

ited
a

rela
tio

n
a
l

con
cep

t
class

th
at

is
p

oly
n
om

ial-tim
e

learn
ab

le
in

P
Q

,
w

h
ile

an
y

“reason
ab

le”
classical

m
o
d
el

req
u
ires

an
ex

p
on

en
tial

n
u
m

b
er

of
classical

ex
am

p
les

to
learn

th
e

con
cep

t
class.

A
ı̈m

eu
r

et
al.

(2006,
2013)

con
sid

ered
a

n
u
m

b
er

of
q
u
an

tu
m

a
lgorith

m
s

in
learn

in
g

con
tex

ts
su

ch
as

clu
sterin

g
v
ia

m
in

im
u
m

sp
an

n
in

g
tree,

d
iv

isive
clu

sterin
g
,

an
d
k
-m

ed
ian

s,
u
sin

g
varian

ts
of

G
rover

(1996)’s
algorith

m
to

im
p
rov

e
th

e
tim

e
com

p
lex

ity
of

th
e

an
alogou

s
classical

algorith
m

s.
R

ecen
tly,

th
ere

h
av

e
b

een
som

e
q
u
an

tu
m

m
ach

in
e

learn
in

g
algorith

m
s

b
ased

on
H

arrow
et

al.
(2009)’s

algorith
m

(com
m

on
ly

referred
to

as
th

e
H

H
L

algorith
m

)
for

solv
in

g
(in

a
w

eak
sen

se)
v
ery

w
ell-b

eh
av

ed
lin

ear
sy

stem
s.

H
ow

ever,
th

ese
algorith

m
s

often
com

e
w

ith
som

e
fi
n
e

p
rin

t
th

at
lim

its
th

eir
ap

p
licab

ility,
an

d
th

eir
ad

van
ta

ge
over

classical
is

n
ot

alw
ay

s
clear.

W
e

refer
th

e
read

er
to

th
e

fi
n
e

p
rin

t
b
y

A
aron

son
(2015)

for
referen

ces
an

d
caveats.

T
h
ere

h
a
s

also
b

een
som

e
w

ork
on

q
u
an

tu
m

train
in

g
of

n
eu

ral
n
etw

ork
s

b
y

W
ieb

e
et

al.
(2016a,b

).

In
ad

d
ition

to
learn

in
g

classical
ob

jects
su

ch
as

B
o
olean

fu
n
ction

s,
on

e
m

ay
also

stu
d
y

th
e

learn
ab

ility
of

qu
a
n

tu
m

ob
jects.

In
p
articu

lar,
A

aron
son

(2007)
stu

d
ied

h
ow

w
ell
n

-q
u
b
it

q
u
an

tu
m

states
can

b
e

learn
ed

from
m

easu
rem

en
t

resu
lts.

In
gen

eral,
an

n
-q

u
b
it

state
ρ

is
sp

ecifi
ed

b
y

ex
p
(n

)
m

an
y

p
aram

eters,
an

d
ex

p
(n

)
m

easu
rem

en
t

resu
lts

on
eq

u
ally

m
an

y
cop

ies
of
ρ

are
n
eed

ed
to

learn
a

go
o
d

ap
p
rox

im
ation

of
ρ

(say,
in

trace
d
ista

n
ce).

H
ow

ever,
A

aron
son

sh
ow

ed
an

in
terestin

g
an

d
su

rp
risin

gly
effi

cien
t

P
A

C
-lik

e
resu

lt:
from

O
(n

)
m

ea-
su

rem
en

t
resu

lts,
w

ith
m

easu
rem

en
ts

ch
osen

i.i.d
.

accord
in

g
to

an
u
n
k
n
ow

n
d
istrib

u
tion

D
on

th
e

set
of

all
p

ossib
le

tw
o-ou

tcom
e

m
easu

rem
en

ts,
w

e
can

learn
an

n
-q

u
b
it

q
u
an

tu
m

state
ρ̃

th
at

h
as

rou
gh

ly
th

e
sam

e
ex

p
ectation

va
lu

e
as
ρ

for
“m

ost”
p

ossib
le

tw
o-ou

tcom
e

m
easu

rem
en

ts.
In

th
e

latter,
“m

ost”
is

again
m

ea
su

red
u
n
d
er
D

,
ju

st
like

in
th

e
u
su

al
P

A
C

learn
in

g
th

e
error

of
th

e
learn

er’s
h
y
p

oth
esis

is
evalu

ated
u
n
d
er

th
e

sam
e

d
istrib

u
tion

D
th

at
gen

erated
th

e
learn

er’s
ex

am
p
les.

A
ccord

in
gly,

O
(n

)
rath

er
th

an
ex

p
(n

)
m

easu
rem

en
t

resu
lts

su
ffi

ce
to

ap
p
rox

im
ately

learn
a
n
n

-q
u
b
it

state
for

m
ost

p
ractical

p
u
rp

oses.

T
h
e

u
se

of
F

ou
rier

an
aly

sis
in

an
aly

zin
g

th
e

su
ccess

p
rob

ab
ility

of
th

e
P

retty
G

o
o
d

M
easu

rem
en

t
in

q
u
an

tu
m

state
id

en
tifi

cation
ap

p
ears

in
a

n
u
m

b
er

of
earlier

w
ork

s.
B

y
con

sid
erin

g
th

e
d
ih

ed
ral

h
id

d
en

su
b
grou

p
p
rob

lem
(D

H
S
P

)
as

a
state-id

en
tifi

cation
p
rob

-
lem

,
B

acon
et

al.
(2006)

sh
ow

th
at

th
e

P
G

M
is

th
e

op
tim

al
m

easu
rem

en
t

for
D

H
S
P

an
d

p
rove

a
low

er
b

ou
n
d

on
th

e
sam

p
le

com
p
lex

ity
of

Ω
(log|G

|)
for

a
d
ih

ed
ral

grou
p

G
u
sin

g
F

ou
rier

an
aly

sis.
A

m
b
ain

is
an

d
M

on
tan

aro
(2014)

v
iew

th
e

“search
w

ith
w

ild
card

”
p
rob

lem
as

a
state-id

en
tifi

cation
p
rob

lem
.

U
sin

g
id

eas
sim

ilar
to

ou
rs,

th
ey

sh
ow

th
at

th
e

(x
,y

)-th
en

try
of

th
e

G
ram

m
atrix

for
th

e
en

sem
b
le

d
ep

en
d
s

on
th

e
H

am
m

in
g

d
istan

ce
b

etw
een

x
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O
p
t
im

a
l
Q
u
a
n
t
u
m

S
a
m
p
l
e
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o
m
p
l
e
x
it
y
o
f
L
e
a
r
n
in
g

A
l
g
o
r
it
h
m
s

an
d
y
,

al
lo

w
in

g
th

em
to

u
se

F
ou

ri
er

an
al

y
si

s
to

ob
ta

in
an

u
p
p

er
b

ou
n
d

on
th

e
su

cc
es

s
p
ro

b
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il
it

y
of

th
e

st
at

e-
id

en
ti

fi
ca

ti
on

p
ro

b
le

m
u
si

n
g

th
e

P
G

M
.

1
.4

.
O
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a
n
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a
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o
n
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S
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on

2
w

e
fo

rm
al

ly
d
efi

n
e

th
e

cl
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si
ca

l
an

d
q
u
an

tu
m

le
ar

n
in

g
m

o
d
el

s
an

d
in

tr
o
d
u
ce

th
e

P
re

tt
y

G
o
o
d

M
ea

su
re

m
en

t.
In

S
ec

ti
on

3
w

e
p
ro

v
e

ou
r

in
fo

rm
at

io
n
-t

h
eo

re
ti

c
lo

w
er

b
ou

n
d
s

b
ot

h
fo

r
cl
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si

ca
l

an
d

q
u
an

tu
m

le
ar

n
in

g.
In

S
ec

ti
on

4
w

e
p
ro

ve
an

op
ti

m
al

q
u
an

tu
m

lo
w

er
b

ou
n
d

fo
r

P
A

C
an

d
ag

n
os

ti
c

le
ar

n
in

g
b
y

v
ie

w
in

g
th

e
le

ar
n
in

g
p
ro

ce
ss
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a

st
at

e-
id

en
ti

fi
ca

ti
on

p
ro

b
le

m
.

W
e

co
n
cl

u
d
e

in
S
ec

ti
on

5
w

it
h

a
co

n
cl

u
si

on
of

th
e

re
su

lt
s

an
d

so
m

e
op

en
q
u
es

ti
o
n
s

fo
r

fu
rt

h
er

w
or

k
.

2
.

P
re

li
m

in
a
ri

e
s

2
.1

.
N

o
ta

ti
o
n

L
et

[n
]

=
{1
,.
..
,n
}.

F
or
x
,y
∈
{0
,1
}d

,
th

e
b
it

-w
is

e
su

m
x

+
y

is
ov

er
F 2

,
th

e
H

a
m

m
in

g
d
is

ta
n

ce
d
H

(x
,y

)
is

th
e

n
u
m

b
er

of
in

d
ic

es
on

w
h
ic

h
x

an
d
y

d
iff

er
,
|x

+
y
|i

s
th

e
H

am
m

in
g

w
ei

gh
t

of
th

e
st

ri
n
g
x

+
y

(w
h
ic

h
eq

u
al

s
d
H
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,y
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,

an
d
x
·y

=
∑

i
x
iy
i

(w
h
er

e
th

e
su

m
is

ov
er

F 2
).

F
or

a
ve

ct
or

z
∈

R
d
,

th
e

n
o
rm

o
f
z

is
d
efi

n
ed
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‖z
‖

=
(∑

i
z

2 i
)1
/
2
.

F
or

an
n

-d
im

en
si

on
al

ve
ct

or
sp

ac
e,

th
e

st
a
n
d
ar

d
b
as

is
is

d
en

ot
ed

b
y
{e
i
∈
{0
,1
}n

:
i
∈

[n
]}

,
w

h
er

e
e i

is
th

e
ve

ct
or

w
it

h
a

1
in

th
e
i-

th
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or
d
in

at
e

an
d
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s

el
se

w
h
er

e.
W

e
w

ri
te

lo
g

fo
r

lo
g
ar

it
h
m

to
b
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e
2,

an
d

ln
fo

r
b
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e
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W
e

w
il
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n
u
se

th
e

b
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b
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w
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n
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e

se
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,1
}k

an
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ro

u
gh

ou
t

th
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p
ap
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et
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d
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en
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le
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W
e

d
en

ot
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ra
n
d
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va
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s
in

b
ol
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B
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F
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B
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n
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∈
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→
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◦
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∈
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i.

A
te

ch
n
ic

al
to

ol
u
se

d
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n
el

l
(2

01
4)

fo
r

m
or

e.
D

efi
n
e

th
e

in
n
er

p
ro

d
u
ct

b
et

w
ee

n
fu

n
ct

io
n
s
f
,g

:
{0
,1
}n
→

R
as

〈f
,g
〉=

E x[f
(x

)
·g

(x
)]

w
h
er

e
th

e
ex

p
ec

ta
ti

on
is

u
n
if

or
m

ov
er
x
∈
{0
,1
}n

.
F

or
S
⊆

[n
]

(e
q
u
iv

al
en

tl
y
S
∈
{0
,1
}n

),
le

t
χ
S

(x
)

:=
(−

1)
S
·x

d
en

ot
e

th
e

p
ar

it
y

of
th

e
va

ri
ab

le
s

(o
f
x

)
in

d
ex

ed
b
y

th
e

se
t
S

.
It

is
ea

sy
to

se
e

th
at

th
e

se
t

of
fu

n
ct

io
n
s
{χ

S
} S
⊆

[n
]

fo
rm

s
an

or
th

on
or

m
al

b
a
si

s
fo

r
th

e
sp

ac
e

of
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A
r
u
n
a
c
h
a
l
a
m

a
n
d

d
e
W

o
l
f

re
al

-v
al

u
ed

fu
n
ct

io
n
s

ov
er

th
e

B
o
ol

ea
n

cu
b

e.
H

en
ce

ev
er

y
f

ca
n

b
e

d
ec

om
p

o
se

d
a
s

f
(x

)
=
∑ S
⊆

[n
]

f̂
(S

)(
−

1)
S
·x

fo
r

al
l
x
∈
{0
,1
}n
,

w
h
er

e
f̂

(S
)

=
〈f
,χ

S
〉=

E x
[f

(x
)
·χ

S
(x

)]
is

ca
ll
ed

a
F

o
u

ri
er

co
effi

ci
en

t
of
f

.

2
.2

.
L

e
a
rn

in
g

in
g
e
n

e
ra

l

In
m

ac
h
in

e
le

ar
n
in

g,
a

co
n
ce

p
t

cl
as

s
C

ov
er
{0
,1
}n

is
a

se
t

of
co

n
ce

p
ts
c

:
{0
,1
}n
→
{0
,1
}.

W
e

re
fe

r
to

a
co

n
ce

p
t

cl
as

s
C

as
b

ei
n
g

tr
iv

ia
l

if
ei

th
er

C
co

n
ta

in
s

on
ly

on
e

co
n
ce

p
t,

o
r

C
co

n
ta

in
s

tw
o

co
n
ce

p
ts
c 0
,c

1
w

it
h
c 0

(x
)

=
1
−
c 1

(x
)

fo
r

ev
er

y
x
∈
{0
,1
}n

.
F

o
r
c

:
{0
,1
}n
→

{0
,1
},

w
e

w
il
l

of
te

n
re

fe
r

to
th

e
tu

p
le

(x
,c

(x
))
∈
{0
,1
}n

+
1

as
a

la
be

le
d

ex
a
m

p
le

,
w

h
er

e
c(
x

)
is

th
e

la
be

l
of
x

.

A
ce

n
tr

al
co

m
b
in

at
or

ia
l

co
n
ce

p
t

in
le

ar
n
in

g
is

th
e

V
ap

n
ik

an
d

C
h
er

vo
n
en

k
is

(1
9
71

)
d
im

en
si

on
,

al
so

re
fe

rr
ed

to
as

th
e

V
C

d
im

en
si

o
n

.
F

ix
a

co
n
ce

p
t

cl
as

s
C

ov
er
{0
,1
}n

.
A

se
t

S
=
{s

1
,.
..
,s
t}
⊆
{0
,1
}n

is
sa

id
to

b
e

sh
a
tt

er
ed

b
y

a
co

n
ce

p
t

cl
as

s
C

if
{(
c(
s 1

),
..
.,
c(
s t

))
:

c
∈

C
}

=
{0
,1
}t

.
In

ot
h
er

w
or

d
s,

fo
r

ev
er

y
la

b
el

in
g
`
∈
{0
,1
}t

,
th

er
e

ex
is

ts
a
c
∈

C
su

ch
th

at
(c

(s
1
),
..
.,
c(
s t

))
=
`.

T
h
e

V
C

d
im

en
si

on
of

a
co

n
ce

p
t

cl
as

s
C

is
th

e
si

ze
o
f

th
e

la
rg

es
t

S
⊆
{0
,1
}n

th
at

is
sh

at
te

re
d

b
y

C
.

2
.3

.
C

la
ss

ic
a
l

le
a
rn

in
g

m
o
d

e
ls

In
th

is
p
ap

er
w

e
w

il
l

b
e

co
n
ce

rn
ed

m
ai

n
ly

w
it

h
th

e
P

A
C

(P
ro

b
ab

ly
A

p
p
ro

x
im

a
te

ly
C

o
r-

re
ct

)
m

o
d
el

of
le

ar
n
in

g
in

tr
o
d
u
ce

d
b
y

V
al

ia
n
t

(1
98

4)
,

a
n
d

th
e

ag
n
os

ti
c

m
o
d
el

o
f

le
a
rn

in
g

in
tr

o
d
u
ce

d
b
y

H
au

ss
le

r
(1

99
2)

an
d

K
ea

rn
s

et
al

.
(1

99
4
).

F
or

fu
rt

h
er

re
ad

in
g
,

se
e

st
a
n
d
a
rd

te
x
tb

o
ok

s
in

co
m

p
u
ta

ti
on

al
le

ar
n
in

g
th

eo
ry

su
ch

as
K

ea
rn

s
an

d
V

az
ir

an
i

(1
9
9
4
);

A
n
th

o
n
y

an
d

B
ar

tl
et

t
(2

00
9)

;
S
h
al

ev
-S

h
w

ar
tz

an
d

B
en

-D
av

id
(2

01
4)

.

In
th

e
cl

as
si

ca
l

P
A

C
m

o
d
el

,
a

le
ar

n
er
A

is
gi

ve
n

ac
ce

ss
to

a
ra

n
d
o
m

ex
a
m

p
le

o
ra

cl
e

P
E

X
(c
,D

)
w

h
ic

h
ge

n
er

at
es

la
b

el
ed

ex
am

p
le

s
of

th
e

fo
rm

(x
,c

(x
))

w
h
er

e
x

is
d
ra

w
n

fr
o
m

an
u
n
k
n
ow

n
d
is

tr
ib

u
ti

on
D

:
{0
,1
}n
→

[0
,1

]
an

d
c
∈

C
is

th
e

ta
rg

et
co

n
ce

p
t

th
a
t
A

is
tr

y
in

g
to

le
ar

n
.

F
or

a
co

n
ce

p
t
c
∈

C
an

d
h
y
p

ot
h
es

is
h

:
{0
,1
}n
→
{0
,1
},

w
e

d
efi

n
e

th
e

er
ro

r
o
f
h

co
m

p
ar

ed
to

th
e

ta
rg

et
co

n
ce

p
t
c,

u
n
d
er
D

,
as

er
r D

(h
,c

)
=

P
r x
∼
D

[h
(x

)
6=
c(
x

)]
.

A
le

a
rn

in
g

al
go

ri
th

m
A

is
an

(ε
,δ

)-
P

A
C

le
a
rn

er
fo

r
C

,
if

th
e

fo
ll
ow

in
g

h
ol

d
s:

F
or

ev
er

y
c
∈

C
an

d
d
is

tr
ib

u
ti

on
D

,
gi

v
en

ac
ce

ss
to

th
e

P
E

X
(c
,D

)
or

a
cl

e:
A

ou
tp

u
ts

an
h

su
ch

th
at

er
r D

(h
,c

)
≤
ε

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
δ.

T
h
e

sa
m

p
le

co
m

p
le

xi
ty

of
A

is
th

e
m

ax
im

u
m

n
u
m

b
er

of
in

vo
ca

ti
on

s
of

th
e

P
E

X
(c
,D

)
or

ac
le

w
h
ic

h
th

e
le

ar
n
er

m
ak

es
,

ov
er

al
l

co
n
ce

p
ts
c
∈

C
,

d
is

tr
ib

u
ti

on
s
D

,
an

d
th

e
in

te
rn

al
ra

n
d
om

n
es

s
of

th
e

le
ar

n
er

.
T

h
e

(ε
,δ

)-
P

A
C

sa
m

p
le

co
m

p
le

xi
ty

of
a

co
n
ce

p
t

cl
a
ss

C
is

th
e

m
in

im
u
m

sa
m

p
le

co
m

p
le

x
it

y
ov

er
al

l
(ε
,δ

)-
P

A
C

le
ar

n
er

s
fo

r
C

.

A
gn

o
st

ic
le

ar
n
in

g
is

th
e

fo
ll
ow

in
g

m
o
d
el

:
fo

r
a

d
is

tr
ib

u
ti

on
D

:
{0
,1
}n

+
1
→

[0
,1

],
a

le
ar

n
er
A

is
gi

ve
n

ac
ce

ss
to

an
A

E
X

(D
)

or
ac

le
th

at
ge

n
er

at
es

ex
am

p
le

s
of

th
e

fo
rm

(x
,b

)
d
ra

w
n

fr
om

th
e

d
is

tr
ib

u
ti

on
D

.
W

e
d
efi

n
e

th
e

er
ro

r
of
h

:
{0
,1
}n
→
{0
,1
}

u
n
d
er
D

as
er

r D
(h

)
=

P
r (
x
,b

)∼
D

[h
(x

)
6=
b]

.
W

h
en

h
is

re
st

ri
ct

ed
to

co
m

e
fr

om
a

co
n
ce

p
t

cl
a
ss

C
,

th
e

m
in

im
al

er
ro

r
ac

h
ie

va
b
le

is
op

t D
(C

)
=

m
in
c∈

C
{e

rr
D

(c
)}

.
In

ag
n
os

ti
c

le
ar

n
in

g
,

a
le

a
rn

er
A
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O
p
t
im

a
l
Q
u
a
n
t
u
m

S
a
m
p
l
e
C
o
m
p
l
e
x
it
y
o
f
L
e
a
r
n
in
g

A
l
g
o
r
it
h
m
s

n
eed

s
to

o
u
tp

u
t

a
h
y
p

oth
esis

h
w

h
ose

error
is

n
ot

m
u
ch

b
igger

th
an

op
t
D

(C
).

A
learn

in
g

a
lg

o
rith

m
A

is
an

(ε,δ)-a
gn

o
stic

lea
rn

er
for

C
if:

F
o
r

every
d
istrib

u
tion

D
on
{
0
,1}

n
+

1,
giv

en
access

to
th

e
A

E
X

(D
)

oracle:
A

o
u
tp

u
ts

an
h
∈

C
su

ch
th

at
err

D
(h

)≤
op

t
D

(C
)

+
ε

w
ith

p
ro

b
ab

ility
at

least
1−

δ.

N
o
te

th
a
t

if
th

ere
is

a
c
∈

C
w

h
ich

p
erfectly

classifi
es

every
x

w
ith

la
b

el
y

for
(x
,y

)
∈

su
p
p
(D

),
th

en
op

t
D

(C
)

=
0

an
d

w
e

are
in

th
e

settin
g

o
f

p
rop

er
P

A
C

learn
in

g.
T

h
e

sa
m

p
le

co
m

p
lexity

o
fA

is
th

e
m

ax
im

u
m

n
u
m

b
er

of
in

vo
cation

s
of

th
e

A
E

X
(c,D

)
oracle

w
h
ich

th
e

lea
rn

er
m

ak
es,

ov
er

all
d
istrib

u
tion

s
D

an
d

ov
er

th
e

learn
er’s

in
tern

al
ran

d
om

n
ess.

T
h
e

(ε,δ)-a
gn

o
stic

sa
m

p
le

co
m

p
lexity

of
a

con
cep

t
class

C
is

th
e

m
in

im
u
m

sam
p
le

com
p
lex

ity
over

a
ll

(ε,δ)-a
gn

ostic
learn

ers
for

C
.

2
.4

.
Q

u
a
n
tu

m
in

fo
rm

a
tio

n
th

e
o
ry

T
h
ro

u
g
h
ou

t
th

is
p
ap

er
w

e
w

ill
assu

m
e

th
e

read
er

is
fam

iliar
w

ith
th

e
follow

in
g

q
u
an

-
tu

m
term

in
o
lo

g
y.

A
n
n

-d
im

en
sion

al
p
u

re
sta

te
is
|ψ〉

=
∑

ni=
1
α
i |i〉,

w
h
ere
|i〉

is
th

e
n

-
d
im

en
sio

n
a
l

u
n
it

vector
th

at
h
as

a
1

on
ly

at
p

osition
i,

th
e
α
i ’s

are
com

p
lex

n
u
m

b
ers

called
th

e
a
m

p
litu

d
es,

an
d
∑

i∈
[n

] |α
i | 2

=
1.

A
n
n

-d
im

en
sion

al
m

ixed
sta

te
(or

d
en

sity
m

a
trix

)

ρ
=
∑

ni=
1
p
i |ψ

i 〉〈ψ
i |

is
a

m
ix

tu
re

of
p
u
re

states
|ψ

1 〉,...,|ψ
n 〉

p
rep

ared
w

ith
p
rob

ab
ilities

p
1 ,...,p

n
,

resp
ectively.

T
h
e

eigen
valu

es
λ

1 ,...,λ
n

of
ρ

are
n
on

-n
egative

rea
ls

an
d

satisfy
∑

i∈
[n

] λ
i

=
1
.

If
ρ

is
p
u
re

(i.e.,
ρ

=
|ψ〉〈ψ|

for
som

e
|ψ〉),

th
en

on
e

of
th

e
eigen

valu
es

is
1

a
n
d

th
e

o
th

ers
are

0.

T
o

o
b
ta

in
classical

in
form

ation
from

ρ
,

on
e

cou
ld

ap
p
ly

a
P

O
V

M
(p

ositive-op
erator-

va
lu

ed
m

ea
su

re)
to

th
e

state
ρ
.

A
n
m

-ou
tcom

e
P

O
V

M
is

sp
ecifi

ed
b
y

a
set

of
p

ositive
sem

id
efi

n
ite

m
a
trices{

M
i }
i∈

[m
]
w

ith
th

e
p
rop

erty
∑

i M
i

=
Id

.
W

h
en

th
is

P
O

V
M

is
ap

p
lied

to
th

e
m

ix
ed

state
ρ
,

th
e

p
rob

ab
ility

of
th

e
j-th

ou
tcom

e
is

given
b
y

T
r(M

j ρ
).

F
o
r

a
p
ro

b
a
b
ility

vector
(p

1 ,...,p
k )

(w
h
ere ∑

i∈
[k

] p
i

=
1),

th
e

en
trop

y
fu

n
ction

is
d
efi

n
ed

a
s
H

(p
1 ,...,p

k )
=
−
∑

i∈
[k

] p
i log

p
i .

W
h
en

k
=

2,
w

ith
p

1
=
p

an
d
p

2
=

1−
p
,

w
e

d
en

ote
th

e
b
in

a
ry

en
trop

y
fu

n
ction

as
H

(p
).

F
or

a
state

ρ
A
B

o
n

th
e

H
ilb

ert
sp

ace
H
A
⊗
H
B

,
w

e
let

ρ
A

b
e

th
e

red
u
ced

state
after

tak
in

g
th

e
p
artial

trace
over

H
B

.
T

h
e

en
trop

y
of

a
q
u
a
n
tu

m
sta

te
ρ
A

is
d
efi

n
ed

as
S

(A
)

=
−

T
r(ρ

A
log

ρ
A

).
T

h
e

m
u
tu

al
in

form
ation

is
d
efi

n
ed

a
s
I
(A

:
B

)
=

S
(A

)
+
S

(B
)−

S
(A

B
),

an
d

con
d
ition

al
en

tro
p
y

is
d
efi

n
ed

as
S

(A
|B

)
=
S

(A
B

)−
S

(B
).

C
lassical

in
form

ation
-th

eoretic
q
u
an

tities
co

rresp
o
n
d

to
th

e
sp

ecia
l

ca
se

w
h
ere

ρ
is

a
d
iagon

al
m

atrix
w

h
ose

d
iagon

al
corresp

on
d
s

to
th

e
p
rob

ab
ility

d
istrib

u
tio

n
o
f

th
e

ran
d
om

variab
le.

W
ritin

g
ρ
A

in
its

eigen
b
asis,

it
follow

s
th

at
S

(A
)

=
H

(λ
1 ,...,λ

d
im

(ρ
A

) ),
w

h
ere

λ
1 ,...,λ

d
im

(ρ
A

)
are

th
e

eigen
valu

es
of
ρ
.

If
ρ
A

is
a

p
u
re

state,
S

(A
)

=
0
.

2
.5

.
Q

u
a
n
tu

m
le

a
rn

in
g

m
o
d

e
ls

T
h
e

q
u
a
n
tu

m
P

A
C

learn
in

g
m

o
d
el

w
as

in
tro

d
u
ced

b
y

B
sh

ou
ty

an
d

J
ack

son
(199

9).
T

h
e

q
u
a
n
tu

m
P

A
C

m
o
d
el

is
a

gen
eralization

of
th

e
classical

P
A

C
m

o
d
el,

in
w

h
ich

in
stead

of
h
av

-
in

g
a
ccess

to
ra

n
d
om

ex
am

p
les

(x
,c(x

))
from

th
e

P
E

X
(c,D

)
oracle,

th
e

lea
rn

er
n
ow

h
as

ac-
cess

to
su

p
erp

osition
s

over
all

(x
,c(x

)).
F

or
an

u
n
k
n
ow

n
d
istrib

u
tion

D
:{

0,1}
n
→

[0,1]
an

d
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r
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n
a
c
h
a
l
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n
d

d
e
W

o
l
f
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cep

t
c∈

C
,

a
qu

a
n

tu
m

exa
m

p
le
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ra
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Q

P
E

X
(c,D

)
acts

on
|0
n
,0〉

a
n
d

p
ro

d
u
ces

a
qu

a
n

-
tu

m
exa

m
p
le
∑

x∈{
0
,1}

n √
D

(x
)|x
,c(x

)〉
(w

e
leave

Q
P

E
X

u
n
d
efi

n
ed

on
oth

er
b
asis

states).
A

q
u
an

tu
m

learn
er
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access
to

som
e
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th

e
state
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b
y

Q
P

E
X

(c,D
)

an
d

p
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s
a

P
O

V
M

w
h
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each
ou

tcom
e

is
asso

ciated
w

ith
a

h
y
p

oth
esis.

A
learn

in
g

algorith
m
A

is
an

(ε,δ)-P
A

C
qu

a
n

tu
m

lea
rn

er
for

C
if:

F
or

every
c∈

C
an

d
d
istrib

u
tion

D
,

giv
en

access
to

th
e

Q
P

E
X

(c,D
)

o
racle:

A
ou

tp
u
ts

an
h

su
ch

th
at

err
D

(h
,c)≤

ε,
w

ith
p
rob

ab
ility

at
least

1−
δ.

T
h
e
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m

p
le

co
m

p
lexity

ofA
is

th
e

m
ax

im
u
m

n
u
m

b
er

in
vo

cation
s

of
th

e
Q

P
E

X
(c,D
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oracle,

m
ax

im
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over
all
c∈

C
,
d
istrib

u
tion

s
D
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an

d
th

e
learn

er’s
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al

ran
d
om

n
ess.

T
h
e

(ε,δ)-
P

A
C

qu
a
n

tu
m

sa
m

p
le

co
m

p
lexity

of
a
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cep

t
cla

ss
C

is
th

e
m

in
im

u
m

sam
p
le

com
p
lex

ity
over

all
(ε,δ)-P

A
C

q
u
an

tu
m

learn
ers

for
C

.
W

e
d
efi

n
e

q
u
an

tu
m

agn
ostic

learn
in

g
n
ow

.
F

or
a

join
t

d
istrib

u
tion

D
:{0

,1}
n

+
1→

[0,1]
over

th
e

set
of

ex
am

p
les,

th
e

learn
er

h
as

access
to

an
Q

A
E

X
(D

)
oracle

w
h
ich

acts
on
|0
n
,0〉

an
d

p
ro

d
u
ces

a
q
u
an

tu
m

ex
am

p
le ∑

(x
,b)∈{

0
,1}

n
+
1 √

D
(x
,b)|x

,b〉.
A

learn
in

g
algorith

m
A

is
an

(ε,δ)-a
gn

o
stic

qu
a
n

tu
m

lea
rn

er
for

C
if:

F
or

every
d
istrib

u
tion

D
,

given
access

to
th

e
Q

A
E

X
(D

)
oracle:

A
ou

tp
u
ts

an
h
∈

C
su

ch
th

at
err

D
(h

)
≤

op
t
D

(C
)

+
ε

w
ith

p
rob

ab
ility

at
least

1−
δ.

T
h
e

sa
m

p
le

co
m

p
lexity

ofA
is

th
e

m
ax

im
u
m

n
u
m

b
er

in
vo

cation
s

of
th

e
Q

A
E

X
(D

)
oracle

over
all

d
istrib

u
tion

s
D

an
d

ov
er

th
e

learn
er’s

in
tern

al
ran

d
om

n
ess.

T
h
e

(ε,δ)-a
gn

o
stic

qu
a
n

tu
m

sa
m

p
le

co
m

p
lexity

of
a

con
cep

t
class

C
is

th
e

m
in

im
u
m

sam
p
le

com
p
lex

ity
over

all
(ε,δ)-agn

ostic
q
u
an

tu
m

learn
ers

for
C

.

2
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.
P

re
tty

G
o
o
d

M
e
a
su

re
m

e
n
t

C
on

sid
er

an
en

sem
b
le

of
d
-d

im
en

sion
a
l

states,E
=
{(p

i ,|ψ
i 〉)}

i∈
[m

] ,
w

h
ere

∑
i∈

[m
] p
i

=
1.

S
u
p
p

ose
w

e
are

given
an

u
n
k
n
ow

n
state|ψ

i 〉
sam

p
led

accord
in

g
to

th
e

p
rob

ab
ilities

an
d

w
e

are
in

terested
in

m
ax

im
izin

g
th

e
average

p
rob

ab
ility

of
su

ccess
to

id
en

tify
th

e
state

th
at

w
e

are
giv

en
.

F
or

a
P

O
V

M
sp

ecifi
ed

b
y

p
o
sitive

sem
id

efi
n
ite

m
atricesM

=
{M

i }
i∈

[m
] ,

th
e

p
rob

ab
ility

of
ob

tain
in

g
ou

tcom
e
j

eq
u
als
〈ψ

i |M
j |ψ

i 〉.
T

h
e

average
su

ccess
p
rob

ab
ility

is
d
efi

n
ed

as

P
M

(E
)

=
m
∑i=

1

p
i 〈ψ

i |M
i |ψ

i 〉.

L
et
P
o
p
t(E

)
=

m
axM

P
M

(E
)

d
en

ote
th

e
op

tim
al

av
erage

su
ccess

p
rob

ab
ility

ofE
,

w
h
ere

th
e

m
ax

im
ization

is
over

th
e

set
of

valid
m

-ou
tcom

e
P

O
V

M
s.

F
or

ev
ery

en
sem

b
leE

,
th

e
so-called

P
retty

G
ood

M
ea

su
rem

en
t

(P
G

M
)

is
a

sp
ecifi

c
P

O
V

M
(d

ep
en

d
in

g
on

th
e

en
sem

b
le
E

),
w

h
ich

w
e

sh
all

d
efi

n
e

sh
ortly,

th
at

d
o
es

rea
so

n
a
bly

w
ell

again
stE

.

T
h

e
o
re

m
1

L
et
E

=
{
(p
i ,|ψ

i 〉)}
i∈

[m
]

be
a
n

en
sem

ble
o
f
d

-d
im

en
sio

n
a
l

sta
tes.

S
u

p
po

se

P
P
G
M

(E
)

is
d
efi

n
ed

a
s

th
e

a
vera

ge
su

ccess
p
ro

ba
bility

o
f

id
en

tifyin
g

th
e

sta
tes

in
E

u
sin

g
th

e
P

G
M

,
th

en
w

e
h
a
ve

th
a
t

P
o
p
t(E

)
2≤

P
P
G
M

(E
)≤

P
o
p
t(E

).
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n
t
u
m

S
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m
p
l
e
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o
m
p
l
e
x
it
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o
f
L
e
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r
n
in
g

A
l
g
o
r
it
h
m
s

P
ro

o
f

T
h
e

se
co

n
d

in
eq

u
al

it
y

in
th

e
th

eo
re

m
fo

ll
ow

s
b

ec
au

se
P
o
p
t (
E)

is
a

m
ax

im
iz

at
io

n
ov

er
al

l
va

li
d

P
O

V
M

s
an

d
th

e
fi
rs

t
in

eq
u
al

it
y

w
as

sh
ow

n
b
y

B
ar

n
u
m

an
d

K
n
il
l

(2
00

2)
.

F
or

co
m

p
le

te
n
es

s
w

e
gi

ve
a

si
m

p
le

p
ro

of
of
P
o
p
t (
E)

2
≤
P
P
G
M

(E
)

b
el

ow
(s

im
il
ar

to
M

on
ta

n
ar

o
(2

00
7)

).
L

et
|ψ
′ i〉

=
√
p
i|ψ

i〉,
an

d
E′

=
{|
ψ
′ i〉

:
i
∈

[m
]}

b
e

th
e

se
t

of
st

at
es

in
E,

re
n
o
rm

al
iz

ed
to

re
fl
ec

t
th

ei
r

p
ro

b
ab

il
it

ie
s.

D
efi

n
e
ρ

=
∑

i∈
[m

]
|ψ
′ i〉〈
ψ
′ i|.

T
h
e

P
G

M
is

d
efi

n
ed

as
th

e
se

t
of

m
ea

su
re

m
en

t
op

er
at

or
s
{|
ν i
〉〈ν

i|}
i∈

[m
]

w
h
er

e
|ν i
〉=

ρ
−

1
/
2
|ψ
′ i〉

(t
h
e

in
ve

rs
e

sq
u
ar

e
ro

ot
of
ρ

is
ta

ke
n

ov
er

it
s

n
on

-z
er

o
ei

ge
n
va

lu
es

).
W

e
fi
rs

t
v
er

if
y

th
is

is
a

va
li
d

P
O

V
M

:

m ∑ i=
1

|ν i
〉〈ν

i|
=
ρ
−

1
/
2
(

m ∑ i=
1

|ψ
′ i〉〈
ψ
′ i|)

ρ
−

1
/
2

=
Id
.

L
et
G

b
e

th
e

G
ra

m
m

at
ri

x
fo

r
th

e
se

t
E′

,
i.
e.

,
G

(i
,j

)
=
〈ψ
′ i|ψ
′ j〉

fo
r
i,
j
∈

[m
].

It
ca

n
b

e

ve
ri

fi
ed

th
at
√
G

(i
,j

)
=
〈ψ
′ i|ρ
−

1
/
2
|ψ
′ j〉

.
H

en
ce

P
P
G
M

(E
)

=
∑ i∈

[m
]

p
i|〈
ν i
|ψ
i〉|

2
=
∑ i∈

[m
]

|〈ν
i|ψ
′ i〉|

2

=
∑ i∈

[m
]〈ψ
′ i|ρ
−

1
/
2
|ψ
′ i〉2

=
∑ i∈

[m
]

√
G

(i
,i

)2
.

W
e

n
ow

p
ro

ve
P
o
p
t (
E)

2
≤
P
P
G
M

(E
).

S
u
p
p

os
e
M

is
th

e
op

ti
m

al
m

ea
su

re
m

en
t.

S
in

ce
E

co
n
si

st
s

of
p
u
re

st
at

es
,

b
y

a
re

su
lt

of
E

ld
ar

et
al

.
(2

00
3)

,
w

e
ca

n
as

su
m

e
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y
th

at
th

e
m

ea
su

re
m

en
t

op
er

a
to

rs
in
M

ar
e

ra
n
k
-1

,
so
M
i

=
|µ
i〉〈
µ
i|

fo
r

so
m

e
|µ
i〉.

N
ot

e
th

at

1
=

T
r(
ρ
)

=
T

r(
∑ i∈

[m
]

|µ
i〉〈
µ
i|ρ

1
/
2
∑ j∈

[m
]

|µ
j
〉〈µ

j
|ρ

1
/
2
)

=
∑

i,
j∈

[m
]

|〈µ
i|ρ

1
/
2
|µ
j
〉|2
≥
∑ i∈

[m
]〈µ

i|ρ
1
/
2
|µ
i〉2
.

(5
)

T
h
en

,
u
si

n
g

th
e

C
au

ch
y
-S

ch
w

ar
z

in
eq

u
al

it
y,

w
e

h
av

e

P
o
p
t (
E)

=
∑ i∈

[m
]

|〈µ
i|ψ
′ i〉|

2
=
∑ i∈

[m
]

|〈µ
i|ρ

1
/
4
ρ
−

1
/
4
|ψ
′ i〉|

2

≤
∑ i∈

[m
]〈µ

i|ρ
1
/
2
|µ
i〉〈
ψ
′ i|ρ
−

1
/
2
|ψ
′ i〉

≤
√
∑ i∈

[m
]〈µ

i|ρ
1
/
2
|µ
i〉2
√
∑ i∈

[m
]〈ψ
′ i|ρ
−

1
/
2
|ψ
′ i〉2

E
q
.

(5
)

≤
√
∑ i∈

[m
]〈ψ
′ i|ρ
−

1
/
2
|ψ
′ i〉2

=
√
P
P
G
M

(E
).
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u
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l
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l
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r

al
l

en
se

m
b
le

s
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th
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P
G

M
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r
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en

se
m

b
le

is
n
o
t

m
u
ch

w
or

se
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an
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op

ti
m

al
m

ea
su

re
m

en
t.

In
so

m
e

ca
se

s
th

e
P

G
M

is
th

e
op

ti
m

al
m

ea
su

re
m

en
t.

In
p
ar

ti
cu

la
r,

an
en

se
m

b
le
E

is
ca

ll
ed

ge
o
m

et
ri

ca
ll

y
u

n
if

o
rm

if
E

=
{U

i|ϕ
〉

:
i
∈

[m
]}

fo
r

so
m

e
A

b
el

ia
n

gr
ou

p
of

m
at

ri
ce

s
{U

i}
i∈

[m
]
an

d
st

at
e
|ϕ
〉.

E
ld

ar
an

d
F

or
n
ey

J
r

(2
0
0
1
)

sh
ow

ed

P
o
p
t (
E)

=
P
P
G
M

(E
)

fo
r

su
ch
E.

2
.7

.
K

n
o
w

n
re

su
lt

s
a
n

d
re

q
u

ir
e
d

c
la

im
s

T
h
e

fo
ll
ow

in
g

th
eo

re
m

s
ch

ar
ac

te
ri

ze
th

e
sa

m
p
le

co
m

p
le

x
it

y
of

cl
as

si
ca

l
P

A
C

a
n
d

a
g
n
os

-
ti

c
le

ar
n
in

g.

T
h

e
o
re

m
2

(B
lu

m
e
r

e
t

a
l.

(1
9
8
9
);

H
a
n

n
e
k
e

(2
0
1
6
))

L
et

C
be

a
co

n
ce

p
t

cl
a
ss

w
it

h

V
C

-d
im

(C
)

=
d

+
1
.

In
th

e
P

A
C

m
od

el
,

Θ
( d ε

+
lo

g
(1
/
δ
)

ε

)
ex

a
m

p
le

s
a
re

n
ec

es
sa

ry
a
n

d

su
ffi

ci
en

t
fo

r
a

cl
a
ss

ic
a
l

(ε
,δ

)-
P

A
C

le
a
rn

er
fo

r
C

.

T
h

e
o
re

m
3

(V
a
p

n
ik

a
n

d
C

h
e
rv

o
n

e
n

k
is

(1
9
7
4
);

S
im

o
n

(1
9
9
6
);

T
a
la

g
ra

n
d

(1
9
9
4
))

L
et

C
be

a
co

n
ce

p
t

cl
a
ss

w
it

h
V

C
-d

im
(C

)
=
d

.
In

th
e

a
gn

o
st

ic
m

od
el

,
Θ
(
d ε2

+
lo

g
(1
/
δ
)

ε2

)
ex

-

a
m

p
le

s
a
re

n
ec

es
sa

ry
a
n

d
su

ffi
ci

en
t

fo
r

a
cl

a
ss

ic
a
l

(ε
,δ

)-
a
gn

o
st

ic
le

a
rn

er
fo

r
C

.

W
e

w
il
l

u
se

th
e

fo
ll
ow

in
g

w
el

l-
k
n
ow

n
th

eo
re

m
fr

om
th

e
th

eo
ry

of
er

ro
r-

co
rr

ec
ti

n
g

co
d
es

(w
h
ic

h
fo

ll
ow

s
im

m
ed

ia
te

ly
fr

om
th

e
G

il
b

er
t-

V
ar

sh
am

ov
b

ou
n
d
):

T
h

e
o
re

m
4

F
o
r

ev
er

y
su

ffi
ci

en
tl

y
la

rg
e

in
te

ge
r
n

,
th

er
e

ex
is

ts
a
n

in
te

ge
r
k
∈

[n
/4
,n

]
a
n

d
a

m
a
tr

ix
M
∈
Fn
×
k

2
o
f

ra
n

k
k

,
su

ch
th

a
t

th
e

a
ss

oc
ia

te
d

[n
,k
,d

] 2
li

n
ea

r
co

d
e
{M

x
:
x
∈
{0
,1
}k
}

h
a
s

m
in

im
a
l

d
is

ta
n

ce
d
≥
n
/
8.

W
e

w
il
l

n
ee

d
th

e
fo

ll
ow

in
g

cl
ai

m
s

la
te

r

C
la

im
5

L
et
f

:
{0
,1
}m
→

R
a
n

d
le

t
M
∈
Fm
×
k

2
.

T
h
en

th
e

F
o
u

ri
er

co
effi

ci
en

ts
o
f
f
◦M

a
re
f̂
◦M

(Q
)

=
∑

S
∈{

0
,1
}m

:M
t
S

=
Q
f̂

(S
)

fo
r

a
ll
Q
⊆

[k
]

(w
h
er

e
M

t
is

th
e

tr
a
n

sp
o
se

o
f

th
e

m
a
tr

ix
M

).

P
ro

o
f

W
ri

ti
n
g

o
u
t

th
e

F
ou

ri
er

co
effi

ci
en

ts
of
f
◦M

f̂
◦M

(Q
)

=
E

z
∈{

0
,1
}k

[(
f
◦M

)(
z
)(
−

1)
Q
·z

]

=
E

z
∈{

0
,1
}k

[
∑

S
∈{

0
,1
}m
f̂

(S
)(
−

1)
S
·(M

z
)+
Q
·z
]

(F
ou

ri
er

ex
p
a
n
si

o
n

o
f
f

)

=
∑

S
∈{

0
,1
}m
f̂

(S
)

E
z
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0
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}k
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−

1)
(M

t
S

+
Q

)·z
]
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n
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,M
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〉=
〈M

t S
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∑

S
:M

t
S

=
Q
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(u
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n
g
E z
∈{

0
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1)

(z
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+
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=
δ z

1
,z

2
)
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p
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p
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f
L
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n
in
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A
l
g
o
r
it
h
m
s

C
la

im
6

m
a
x{
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t)
t
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[1,c
2]}

=
e
c
2
/
(2
e).

P
ro

o
f

T
h
e

va
lu

e
of
t

at
w

h
ich

th
e

fu
n
ction

(
c/ √

t )
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is
th

e
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ed
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iff

eren
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tia
tin

g
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e
fu

n
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w
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to
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dd
t (
c/ √

t )
t

=
(c/ √

t)
t (

ln
(c/ √

t)−
1
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.

E
q
u
a
tin

g
th

e
d
erivative
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zero

w
e

ob
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th
e
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im
a

(th
e

secon
d

d
erivative

can
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e
ch

eck
ed

to
b

e
n
eg

a
tiv

e)
at
t

=
c

2/e.

F
a
c
t

7
F

o
r

a
ll
ε∈

[0,1
/
2]

w
e

h
a
ve
H

(ε)≤
O

(ε
log

(1/ε)),
a
n

d
(fro

m
th

e
T

a
ylo

r
series)

1−
H

(1/2
+
ε)≤

2
ε

2/
ln

2
+
O

(ε
4).

F
a
c
t

8
F

o
r

every
po

sitive
in

teger
n

,
w

e
h
a
ve

th
a
t
(
nk )
≤

2
n
H

(k
/
n

)
fo

r
a
ll
k
≤

n
a
n

d
∑

mi=
0 (

ni )≤
2
n
H

(m
/
n

)
fo

r
a
ll
m
≤
n
/
2.

T
h
e

fo
llow

in
g

facts
are

w
ell-k

n
ow

n
in

q
u
an

tu
m

in
form

ation
th

eory.

F
a
c
t

9
(K

a
ye

et
a
l.,

2
0
0
6
,

A
p
pen

d
ix

A
.9

)
L

et
bin

a
ry

ra
n

d
o
m

va
ria

ble
b
∈
{
0
,1}

be
u

n
ifo

rm
ly

d
istribu

ted
.

S
u

p
po

se
a
n

a
lgo

rith
m

is
given

|ψ
b 〉

(fo
r

u
n

kn
o
w

n
b)

a
n

d
is

re-
qu

ired
to

gu
ess

w
h
eth

er
b

=
0

o
r

b
=

1
.

It
w

ill
gu

ess
co

rrectly
w

ith
p
ro

ba
bility

a
t

m
o
st

12
+

12 √
1−
|〈ψ

0 |ψ
1 〉| 2.

N
o
te

th
a
t

if
w

e
can

d
istin

gu
ish
|ψ

0 〉
an

d
|ψ

1 〉
w

ith
p
rob

ab
ility

≥
1−

δ,
th

en
|〈ψ

0 |ψ
1 〉|≤

2 √
δ(1−

δ).

F
a
c
t

1
0

(S
u

ba
d
d
itivity

o
f

qu
a
n

tu
m

en
tro

p
y):

F
o
r

a
n

a
rbitra

ry
bipa

rtite
sta

te
ρ
A
B

o
n

th
e

H
ilbert

spa
ce
H
A
⊗
H
B

,
it

h
o

ld
s

th
a
t
S

(ρ
A
B

)≤
S

(ρ
A

)
+
S

(ρ
B

).

3
.

In
fo

rm
a
tio

n
-th

e
o
re

tic
lo

w
e
r

b
o
u
n
d
s

U
p
p

er
b

o
u
n
d
s

on
sam

p
le

com
p
lex

ity
carry

over
from

classical
to

q
u
an

tu
m

P
A

C
learn

in
g,

b
eca

u
se

a
q
u
a
n
tu

m
ex

am
p
le

b
ecom

es
a

classical
ex

am
p
le

if
w

e
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st
m

easu
re

it.
O

u
r

m
ain

g
o
a
l
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sh
ow

th
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th
e
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w

er
b

ou
n
d
s

a
lso

carry
over.

A
ll

ou
r

low
er

b
ou

n
d
s

w
ill

in
volve

tw
o

term
s,

o
n
e

th
at

is
in

d
ep

en
d
en

t
of

C
an

d
on

e
th

at
is

d
ep

en
d
en

t
on

th
e

V
C

d
im

en
sion

of
C

.
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S
ectio

n
3
.1

w
e

p
rove

th
e

V
C

-in
d
ep

en
d
en

t
p
art

of
th

e
low

er
b

ou
n
d
s

for
th

e
qu

a
n

tu
m

settin
g

(w
h
ich
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is

a
low

er
b

ou
n
d

for
th

e
classical

settin
g
),
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S
ection

3.2
w

e
p
resen

t
a
n

in
fo

rm
atio

n
-th

eoretic
low

er
b

ou
n
d

on
sam

p
le

com
p
lex

ity
for

P
A

C
learn

in
g

an
d

agn
ostic

lea
rn

in
g

w
h
ich

y
ield

s
op

tim
al

V
C

-d
ep

en
d
en

t
b

o
u
n
d
s

in
th

e
classical

case.
U

sin
g

sim
ilar

id
ea

s,
in

S
ectio

n
3.3

w
e

ob
tain

n
ear-op

tim
al

b
ou

n
d
s

in
th

e
q
u
an

tu
m

case.
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A
r
u
n
a
c
h
a
l
a
m

a
n
d

d
e
W

o
l
f

3
.1

.
V

C
-in

d
e
p

e
n

d
e
n
t

p
a
rt

o
f

lo
w

e
r

b
o
u

n
d

s

L
e
m

m
a

1
1

(A
tıc

ı
a
n

d
S

e
rv

e
d

io
(2

0
0
5
))

L
et

C
be

a
n

o
n

-trivia
l

co
n

cep
t

cla
ss.

F
o
r

ev-
ery

δ
∈

(0,1
/2),

ε
∈

(0,1
/4),

a
(ε,δ)-P

A
C

qu
a
n

tu
m

lea
rn

er
fo

r
C

h
a
s

sa
m

p
le

co
m

p
lexity

Ω
(

1ε
log

1δ ).

P
ro

o
f

S
in

ce
C

is
n
on

-triv
ial,

w
e

m
ay
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m

e
th

ere
are

tw
o

con
cep

ts
c

1 ,c
2
∈

C
d
efi

n
ed

on
tw

o
in

p
u
ts{

x
1 ,x

2 }
as

follow
s
c

1 (x
1 )

=
c

2 (x
1 )

=
0

an
d
c

1 (x
2 )

=
0,c

2 (x
2 )

=
1.

C
on

sid
er

th
e

d
istrib

u
tion

D
(x

1 )
=

1−
ε

an
d
D

(x
2 )

=
ε.

F
or
i∈
{1,2}

,
th

e
state

of
th

e
algorith

m
after

T
q
u
eries

to
Q

P
E

X
(c
i ,D

)
is|ψ

i 〉
=

( √
1−

ε|x
1 ,0〉

+
√
ε|x

2 ,c
i (x

2 )〉) ⊗
T

.
It

follow
s

th
at

〈ψ
1 |ψ

2 〉
=

(1−
ε)
T

.
S
in

ce
th

e
su

ccess
p
rob

ab
ility

of
an

(ε,δ)-P
A

C
q
u
an

tu
m

learn
er

is≥
1−

δ,
F

act
9

im
p
lies〈ψ

1 |ψ
2 〉≤

2 √
δ(1−

δ).
H

en
ce
T

=
Ω

(
1ε

log
1δ ).

L
e
m

m
a

1
2

L
et

C
be

a
n

o
n

-trivia
l

co
n

cep
t

cla
ss.

F
o
r

every
δ
∈

(0,1
/2),

ε
∈

(0,1/
4),

a
(ε,δ)-a

gn
o
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qu
a
n

tu
m

lea
rn

er
fo

r
C

h
a
s

sa
m

p
le

co
m

p
lexity

Ω
(

1ε
2

log
1δ ).

P
ro

o
f

S
in

ce
C

is
n
on

-triv
ial,

w
e

m
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a
ssu

m
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are
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o
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cep
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∈

C
an

d
th

ere
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ists
an
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p
u
t
x
∈
{
0,1}

n
su

ch
th

at
c

1 (x
)6=

c
2 (x
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C

on
sid

er
th

e
tw

o
d
istrib

u
tion

s
D
−

an
d
D

+
d
efi

n
ed

as
follow

s:
D
±

(x
,c

1 (x
))

=
(1
±
ε)/2

an
d
D
±

(x
,c

2 (x
))

=
(1
∓
ε)/2.

L
et|ψ

± 〉
b

e
th

e
state

after
T

q
u
eries

to
Q

A
E

X
(D
±

),
i.e.,|ψ

± 〉
=

( √
(1±

ε)/
2|x

,c
1 (x

)〉
+

√
(1∓

ε)/2|x
,c

2 (x
)〉) ⊗

T
.

It
follow

s
th

at〈ψ
+ |ψ

− 〉
=

(1−
ε

2)
T
/
2.

S
in

ce
th

e
su

ccess
p
rob

ab
il-

ity
of

an
(ε,δ)-agn

ostic
q
u
an

tu
m

learn
er

is≥
1−

δ,
F

act
9

im
p
lies〈ψ

+ |ψ
− 〉≤

2 √
δ(1−

δ).
H

en
ce
T

=
Ω

(
1ε
2

log
1δ )

3
.2

.
In

fo
rm

a
tio

n
-th

e
o
re

tic
lo

w
e
r

b
o
u

n
d

s
o
n

sa
m

p
le

c
o
m

p
le

x
ity

:
c
la

ssic
a
l

c
a
se

3
.2
.1
.
O
p
t
im

a
l
l
o
w
e
r
b
o
u
n
d

f
o
r
c
l
a
ssic

a
l
P
A
C

l
e
a
r
n
in
g

T
h

e
o
re

m
1
3

L
et

C
be

a
co

n
cep

t
cla

ss
w

ith
V

C
-d

im
(C

)
=
d

+
1.

T
h
en

fo
r

every
δ∈

(0,1/
2)

a
n

d
ε∈

(0,1/
4),

every
(ε,δ)-P

A
C

lea
rn

er
fo

r
C

h
a
s

sa
m

p
le

co
m

p
lexity

Ω (
dε

+
lo

g
(1
/
δ
)

ε

)
.

P
ro

o
f

C
on

sid
er

an
(ε,δ)-P

A
C

learn
er

for
C

th
at

u
ses

T
ex

am
p
les.

T
h
e
d
-in

d
ep

en
d
en

t
p
art

of
th

e
low

er
b

ou
n
d
,
T

=
Ω

(log
(1/δ)/ε),

even
h
old

s
for

q
u
an

tu
m

ex
am

p
les

a
n
d

w
as

p
roven

in
L

em
m

a
11.

H
en

ce
it

rem
ain

s
to

p
rov

e
T

=
Ω

(d
/ε).

It
su

ffi
ces

to
sh

ow
th

is
for

a
sp

ecifi
c

d
istrib

u
tion

D
,

d
efi

n
ed

as
follow

s.
L

et
S

=
{s

0 ,s
1 ,...,s

d }
⊆
{
0,1}

n
b

e
som

e
(d

+
1)-elem

en
t

set
sh

attered
b
y

C
.

D
efi

n
e
D

(s
0 )

=
1−

4
ε

an
d
D

(s
i )

=
4ε/d

fo
r

all
i∈

[d
].

B
ecau

se
S

is
sh

attered
b
y

C
,

for
each

strin
g
a
∈
{0
,1}

d,
th

ere
ex

ists
a

con
cep

t
c
a ∈

C
su

ch
th

at
c
a (s

0 )
=

0
an

d
c
a (s

i )
=
a
i

for
all

i
∈

[d
].

W
e

d
efi

n
e

tw
o

correlated
ran

d
om

variab
les

A
an

d
B

corresp
on

d
in

g
to

th
e

con
cep

t
an

d
to

th
e

ex
am

p
les,

resp
ectively.

L
et

A
b

e
a

ran
d
om

variab
le

th
at

is
u
n
iform

ly
d
istrib

u
ted

ov
er{

0,1}
d;

if
A

=
a
,

let
B

=
B

1
...B

T

b
e
T

i.i.d
.

ex
am

p
les

from
c
a

accord
in

g
to
D

.
W

e
give

th
e

follow
in

g
th

ree-step
an

aly
sis

of
th

ese
ran

d
om

variab
les:

1.
I
(A

:
B

)≥
(1−

δ)(1−
H

(1/
4))d−

H
(δ)

=
Ω

(d
).

P
roo

f.
L

et
ran

d
om

variab
le
h

(B
)∈
{0,1}

d
b

e
th

e
h
y
p

oth
esis

th
at

th
e

learn
er

p
ro

d
u
ces
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p
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o
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L
e
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r
n
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A
l
g
o
r
it
h
m
s

(g
iv

en
th

e
ex

am
p
le

s
in

B
)

re
st

ri
ct

ed
to

th
e

el
em

en
ts
s 1
,.
..
,s
d
.

N
ot

e
th

at
th

e
er

ro
r

of
th

e
h
y
p

ot
h
es

is
er

r D
(h

(B
),
c A

)
eq

u
al

s
d
H

(A
,h

(B
))
·4
ε/
d
,

b
ec

au
se

ea
ch
s i

w
h
er

e
A

an
d
h

(B
)

d
iff

er
co

n
tr

ib
u
te

s
D

(s
i)

=
4
ε/
d

to
th

e
er

ro
r.

L
et

Z
b

e
th

e
in

d
ic

at
or

ra
n
d
om

va
ri

ab
le

fo
r

th
e

ev
en

t
th

at
th

e
er

ro
r

is
≤
ε.

If
Z

=
1,

th
en

d
H

(A
,h

(B
))
≤
d
/4

.
S
in

ce
w

e
ar

e
an

al
y
zi

n
g

an
(ε
,δ

)-
P

A
C

le
ar

n
er

,
w

e
h
av

e
P

r[
Z

=
1]
≥

1
−
δ,

a
n
d
H

(Z
)
≤
H

(δ
).

G
iv

en
a

st
ri

n
g
h

(B
)

th
at

is
d
/
4-

cl
os

e
to

A
,

A
ra

n
ge

s
ov

er
a

se
t

of
o
n
ly
∑

d
/
4

i=
0

( d i)
≤

2H
(1
/
4
)d

p
os

si
b
le
d
-b

it
st

ri
n
gs

(u
si

n
g

F
ac

t
8)

,
h
en

ce

H
(A
|B

,Z
=

1)
≤
H

(A
|h

(B
),

Z
=

1)
≤
H

(1
/4

)d
.

W
e

n
ow

lo
w

er
b

ou
n
d
I
(A

:
B

)
as

fo
ll
ow

s:

I
(A

:
B

)
=
H

(A
)
−
H

(A
|B

)

≥
H

(A
)
−
H

(A
|B

,Z
)
−
H

(Z
)

=
H

(A
)
−

P
r[

Z
=

1]
·H

(A
|B

,Z
=

1)
−

P
r[

Z
=

0]
·H

(A
|B

,Z
=

0)
−
H

(Z
)

≥
d
−

(1
−
δ)
H

(1
/
4)
d
−
δd
−
H

(δ
)

=
(1
−
δ)

(1
−
H

(1
/
4)

)d
−
H

(δ
).

2.
I
(A

:
B

)
≤
T
·I

(A
:
B

1
).

P
ro

o
f.

T
h
is

in
eq

u
al

it
y

es
se

n
ti

al
ly

ap
p

ea
re

d
in

(J
ai

n
an

d
Z

h
an

g,
20

09
,

L
em

m
a

5)
,

w
e

in
cl

u
d
e

th
e

p
ro

of
fo

r
co

m
p
le

te
n
es

s.

I
(A

:
B

)
=
H

(B
)
−
H

(B
|A

)
=
H

(B
)
−

T ∑ i=
1

H
(B

i
|A

)

≤
T ∑ i=

1

H
(B

i)
−

T ∑ i=
1

H
(B

i
|A

)
=

T ∑ i=
1

I
(A

:
B
i)
,

w
h
er

e
th

e
se

co
n
d

eq
u
al

it
y

u
se

d
in

d
ep

en
d
en

ce
o
f

th
e

B
i’

s
co

n
d
it

io
n
ed

on
A

,
an

d
th

e
in

eq
u
al

it
y

u
se

s
F

ac
t

10
.

S
in

ce
I
(A

:
B
i)

=
I
(A

:
B

1
)

fo
r

al
l
i,

w
e

ge
t

th
e

in
eq

u
al

it
y.

3.
I
(A

:
B

1
)

=
4ε

.

P
ro

o
f.

V
ie

w
B

1
=

(I
,L

)
as

co
n
si

st
in

g
o
f
an

in
d
ex

I
∈
{0
,1
,.
..
,d
}a

n
d

a
co

rr
es

p
on

d
in

g
la

b
el

L
∈
{0
,1
}.

W
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m
eth

o
d
s,

th
at,

for
som

e
ab

solu
te

con
stan

t
c

1
>

0
,

th
ere

is
n
o

(ε,δ)-J
L

d
istrib

u
tion

for
k
≤
c

1 ε −
2

log
1δ .

H
en

ce,
th

ere
is

a
low

er
b

ou
n
d

o
f

th
e

fo
rm

k
0 ≥

c
1 ε −

2
log

1δ .
T

h
is

situ
ation

is
su

m
m

arized
in

F
igu

re
1.

T
h
e

g
o
a
l

o
f

th
e

cu
rren

t
p
ap

er
is

to
close

th
e

gap
b

etw
een

th
e

u
p
p

er
an

d
low

er
b

ou
n
d
s

in
th

e
lim

it.
In

p
a
rticu

lar,
w

e
p
rove

an
op

tim
al

low
er

b
ou

n
d

th
at

asy
m

p
totically

m
atch

es
th

e
k
n
ow

n
u
p
p

er
b

o
u
n
d

w
h
en
ε

an
d
δ

ap
p
roach

0,
see

T
h
eorem

2.
T

h
is

m
ean

s
th

at
4ε −

2
log

(1/δ)
is

a
n

a
sy

m
p
to

tic
th

resh
old

for
k

0
w

h
ere

a
p
h
a
se

ch
an

ge
p
h
en

om
en

on
o
ccu

rs.
T

h
e

m
ain

resu
lt

o
f

th
is

p
a
p

er
is

cap
tu

red
in

th
e

follow
in

g
th

eorem
:

T
h

e
o
re

m
2

F
o
r
ε

a
n

d
δ

su
ffi

cien
tly

sm
a
ll,
k

0 ≈
4ε −

2
log

(1/δ).
M

o
re

p
recisely,

lim
ε,δ→

0

k
0 (ε,δ)

4ε −
2

log
(1/δ)

=
1.
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B
u
r
r
,
G
a
o
,
a
n
d

K
n
o
l
l

T
h
e

rest
of

th
e

p
ap

er
is

organ
ized

as
follow

s:
T

o
p
rove

T
h
eorem

2,
w

e
follow

th
e

ap
p
ro

ach
of

K
an

e
et

al.
(2011).

T
o

m
ak

e
th

eir
con

stan
t
c

1
ex

p
licit,

h
ow

ever,
w

e
m

u
st

u
se

a
m

ore
carefu

l
argu

m
en

t.
In

S
ection

2,
w

e
p
rov

id
e

ex
p
licit

co
n
d
ition

s
u
n
d
er

w
h
ich

w
e

p
rove

th
e

m
ain

resu
lt,

T
h
eorem

2.
W

e
d
elay

th
e

p
ro

ofs
of

th
ese

con
d
ition

s
u
n
til

S
ection

3
in

ord
er

to
m

ake
th

e
m

ain
resu

lt
m

ore
accessib

le,
sin

ce
on

ly
th

e
statem

en
ts

of
th

ese
resu

lts
are

n
eed

ed
an

d
n
ot

th
eir

m
ore

tech
n
ical

p
ro

ofs.
In

S
ection

3,
w

e
p
rove

p
rob

ab
ilistic

b
ou

n
d
s

on
s

=
x

21
+
···+

x
2k

w
h
ere

x
=

(x
1 ,···

,x
k ,···

,x
d )

is
a

ran
d
om

variab
le

u
n
iform

ly
d
istrib

u
ted

on
S
d−

1.
T

h
ese

b
ou

n
d
s

ex
p
licitly

d
eterm

in
e

th
e

h
id

d
en

con
stan

ts
in

th
e

b
ou

n
d
s

on
P

rob
[s
<
s

0 (1−
ε)]

an
d

P
rob

[s
>
s

0 (1
+
ε)]

from
(K

an
e

et
al.,

2011,
T

h
eorem

20).
T

h
ese

b
ou

n
d
s

can
b

e
v
iew

ed
as

ex
p
licit

b
ou

n
d
s

for
con

cen
tration

th
eorem

s
for

law
s

of
larg

e
n
u
m

b
ers

from
p
rob

ab
ility

th
eory.

In
th

e
A

p
p

en
d
ix

,
w

e
p
rov

id
e

an
altern

ate
p
ro

of
of

a
resu

lt
in

K
an

e
et

al.
(2011),

sh
ow

in
g

th
at

if
d
Ω
d−

1
is

th
e

su
rface

area
for

th
e

(d−
1)-d

im
en

sion
al

sp
h
ere

S
d−

1,
th

en
for

an
y

1
≤
k
≤
d
,

d
Ω
d−

1
=

12
f

(s)d
s
d
Ω
k−

1 d
Ω
d−
k−

1 ,

w
h
ere

s∈
[0,1]

an
d
f

(s)
=
s
k−

2
2

(1−
s)

d−
k−

2
2

.

2
.
A
sy

m
p
to
tic

T
h
re
sh

o
ld

B
o
u
n
d

In
th

is
section

,
w

e
p
rove

th
e

asy
m

p
totic

th
resh

old
b

ou
n
d

for
J
L

tran
sform

ation
s.

In
p
ar-

ticu
lar,

w
e

p
rov

id
e

sp
ecifi

c
con

d
ition

s
th

at
resu

lt
in

th
e

asy
m

p
totic

th
resh

old
b

ou
n
d

of
4
ε −

2
log

(1/δ).
In

S
ection

3,
w

e
p
rove

th
at

th
ese

con
d
ition

s
h
old

,
b
u
t

th
e

d
etails

of
th

ese
p
ro

ofs
are

m
ore

tech
n
ical

an
d

are
u
n
n
ecessa

ry
to

u
n
d
erstan

d
th

e
m

ain
resu

lts
of

th
is

p
ap

er.

2
.1

.
T

h
e

U
n

ifo
rm

D
istrib

u
tio

n
o
n
S

d−
1

T
h
ere

is
a

u
n
iq

u
e

p
rob

ab
ility

d
istrib

u
tion

,
called

th
e

u
n
iform

d
istrib

u
tion

,
on

th
e

(d−
1)-

d
im

en
sion

al
sp

h
ere

S
d−

1
th

at
is

in
varian

t
u
n
d
er

th
e

orth
on

o
rm

al
grou

p
.

W
e

ex
p
ress

th
e

u
n
iform

d
istrib

u
tion

on
S
d−

1
in

term
s

of
th

e
su

rface
area

d
iff

eren
tial

form
d
Ω
d−

1 ,
w

h
ich

m
ean

s
th

at,
for

a
n
y

m
easu

rab
le

su
b
set

V
⊂
S
d−

1,
th

e
(d−

1)-d
im

en
sion

al
su

rface
area

of
V

is
eq

u
al

to
th

e
in

tegral
w

ith
resp

ect
to
d
Ω
d−

1 ,
i.e.,

V
old−

1
(V

)
=
∫
V
d
Ω
d−

1 . 1
T

h
u
s,

th
e

u
n
iform

d
istrib

u
tion

on
S
d−

1
corresp

on
d
s

to
th

e
m

easu
re
d
Ω
d−

1 /V
old−

1 (S
d−

1 ).

A
s

w
e

are
in

terested
in

red
u
cin

g
a
d
-d

im
en

sion
al

v
ector

to
a
k
-d

im
en

sion
al

v
ector

for
1
≤
k
<
d
,

w
e

d
erive

a
relation

sh
ip

b
etw

een
th

e
u
n
iform

d
istrib

u
tion

on
S
d−

1
an

d
th

e
u
n
iform

d
istrib

u
tion

s
on

S
k−

1
an

d
S
d−
k−

1.
F

ollow
in

g
th

e
ap

p
roach

of
K

an
e

et
al.

(2011),
for

1
≤
k
<
d
,

w
e

d
efi

n
e

an
in

jectiv
e

m
ap

Ψ
:
S
d−

1→
[0,1

]×
S
k−

1×
S
d−
k−

1

as
follow

s:
F

or
an

y
x

=
(x

1 ,x
2 ,...,x

d )
t∈

S
d−

1,
w

e
d
efi

n
e
s

in
Ψ

(x
)

=
(s,u

,v
)

as
s

=
x

21
+
···

+
x

2k .
In

th
e

case
w

h
ere

0
<
s
<

1,
w

e
d
efi

n
e

u
=

(x
1 ,...,x

k )
t/ √

s
an

d
v

=
(x
k
+

1 ,...,x
d )
t/ √

1−
s.

1
.

In
th

is
p

a
p

er,
w

e
su

p
p

ress
th

e
p

u
llb

a
ck

m
a
p

s
o
n

eq
u

a
lities

fo
r

d
iff

eren
tia

l
fo

rm
s

sin
ce

th
ere

is
a

u
n

iq
u

e
(a

lm
o
st)

b
ijectiv

e
m

a
p

u
n

d
er

co
n

sid
era

tio
n

in
ea

ch
ca

se.
W

e
leav

e
th

e
d

eta
ils

to
th

e
in

terested
rea

d
er.
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O
p
t
im

a
l
B
o
u
n
d
s
f
o
r
J
o
h
n
so

n
-L

in
d
e
n
st

r
a
u
ss

T
r
a
n
sf
o
r
m
a
t
io
n
s

W
h
en

s
=

0,
i.
e.

,
x

1
=
··
·=

x
k

=
0,

w
e

d
efi

n
e
u

=
(1
,0
,.
..
,0

)t
(o

r
an

y
p

oi
n
t

in
S
k
−

1
)

an
d

v
=

(x
k
+

1
,.
..
,x

d
)t

.
S
im

il
ar

ly
,

fo
r
s

=
1,

w
e

d
efi

n
e
u

=
(x

1
,.
..
,x

k
)t

an
d
v

=
(1
,0
,.
..
,0

)t

(o
r

an
y

p
oi

n
t

in
S
d
−
k
−

1
).

It
is

st
ra

ig
h
t-

fo
rw

ar
d

to
ch

ec
k

th
at

Ψ
is

in
je

ct
iv

e.
In

ad
d
it

io
n
,

th
e

co
m

p
le

m
en

t
of

th
e

im
ag

e
of

Ψ
is

a
su

b
se

t
of
{0
,1
}×

S
k
−

1
×
S
d
−
k
−

1
,

w
h
ic

h
h
as

,
in

tu
rn

,
(d
−

1)
-d

im
en

si
on

al
su

rf
ac

e
ar

ea
eq

u
al

to
0.

T
h
er

ef
or

e,
w

h
en

co
n
v
en

ie
n
t,

w
e

as
su

m
e

th
at

s
∈

(0
,1

).
F

or
s
∈

[0
,1

],
w

e
d
efi

n
e

f
(s

)
=
s
k
−
2

2
(1
−
s)

d
−
k
−
2

2
.

In
th

e
A

p
p

en
d
ix

,
w

e
p
ro

v
id

e
al

te
rn

at
iv

e
p
ro

of
to

th
e

co
m

p
u
ta

ti
on

in
K

an
e

et
al

.
(2

01
1)

w
h
ic

h
sh

ow
s

th
at

,
v
ia

th
e

m
ap

Ψ
,

d
Ω
d
−

1
=

1 2
f

(s
)d
s
d
Ω
k
−

1
d
Ω
d
−
k
−

1
.

E
q
u
iv

al
en

tl
y,

in
te

rm
of

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s,

d
Ω
d
−

1

V
ol
d
−

1
(S

d
−

1
)

=
B
f

(s
)d
s

d
Ω
k
−

1

V
ol
k
−

1
(S

k
−

1
)

d
Ω
d
−
k
−

1

V
ol
d
−
k
−

1
(S

d
−
k
−

1
),

(2
)

w
h
er

e

B
=

1 2

V
ol
k
−

1

( S
k
−

1
) V

o
l d
−
k
−

1

( S
d
−
k
−

1
)

V
ol
k
−

1
(S

k
−

1
)

=
Γ

(d
2
)

Γ
(k

2
)Γ

(d
−
k

2
).

is
an

ap
p
ro

p
ri

at
e

sc
al

in
g

co
n
st

an
t,

d
ep

en
d
in

g
on

th
e

ga
m

m
a

fu
n
ct

io
n
,

fo
r

m
or

e
d
et

ai
ls

,
se

e
th

e
A

p
p

en
d
ix

.
M

or
eo

ve
r,

in
th

is
si

tu
at

io
n
,

w
e

ob
se

rv
e

th
at

B
f

(s
)

is
a

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
on

[0
,1

].
T

h
is

im
p
li
es

th
at

th
e

u
n
if

or
m

d
is

tr
ib

u
ti

on
on

S
d
−

1
is

a
d
ir

ec
t

p
ro

d
u
ct

of
th

e
d
is

tr
ib

u
ti

on
s

on
th

e
fa

ct
or

s.
In

ot
h
er

w
or

d
s,

a
u
n
if

or
m

ly
d
is

tr
ib

u
te

d
ra

n
d
om

va
ri

ab
le

X
d
−

1
on
S
d
−

1
ca

n
b

e
d
ec

om
p

os
ed

in
to

th
re

e
ra

n
d
om

va
ri

ab
le

s
Ψ

(X
d
−

1
)

=
(S
,X

k
−

1
,X

d
−
k
−

1
)

w
it

h
th

e
fo

ll
ow

in
g

p
ro

p
er

ti
es

:

(i
)
S

is
a

ra
n
d
om

va
ri

ab
le

on
[0
,1

]
w

it
h

d
en

si
ty

fu
n
ct

io
n
B
f

(s
),

(i
i)
X
k
−

1
an

d
X
d
−
k
−

1
ar

e
u
n
if

or
m

ly
d
is

tr
ib

u
te

d
on

S
k
−

1
an

d
S
d
−
k
−

1
,

an
d

(i
ii
)

T
h
e

ra
n
d
om

va
ri

ab
le

s
S

,
X
k
−

1
,

an
d
X
d
−
k
−

1
ar

e
in

d
ep

en
d
en

t.

T
h
e

in
d
ep

en
d
en

ce
of

th
es

e
th

re
e

ra
n
d
om

va
ri

ab
le

s
is

a
ke

y
p
ro

p
er

ty
in

ou
r

p
ro

of
as

it
al

lo
w

s
u
s

to
st

u
d
y

th
e

th
re

e
sp

ac
es

se
p
ar

at
el

y.

2
.2

.
U

p
p

e
r

B
o
u

n
d

:
E

x
p

li
c
it

J
L

D
is

tr
ib

u
ti

o
n

W
e

re
ca

ll
th

at
A

ch
li
op

ta
s

(2
00

3)
p
ro

ve
d

th
at

k
0
(ε
,δ

)
≤

2
lo

g
(2
/δ

)

(
ε2 2
−
ε3 3

) −
1

=
4ε
−

2
lo

g
(1
/δ

)
[1

+
o(

1)
].

In
th

is
se

ct
io

n
,

w
e

gi
ve

an
al

te
rn

at
e

p
ro

o
f

of
th

is
re

su
lt

u
si

n
g

th
e

ap
p
ro

ac
h

an
d

b
o
u
n
d
s

fr
om

th
is

p
ap

er
.

W
e

re
ca

ll
th

e
fo

ll
ow

in
g

co
n
st

ru
ct

io
n

b
y

D
as

gu
p
ta

an
d

G
u
p
ta

(2
00

3)
:

A
d
is

tr
ib

u
ti

o
n
D

on
k
×
d

m
at

ri
ce

s
is

fo
rm

ed
b
y

p
ic

k
in

g
a
d
×
d

or
th

o
n
or

m
al

m
at

ri
x
V

=
(v

1
,.
..
,v
d
)t

u
n
if

or
m

ly
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B
u
r
r
,
G
a
o
,
a
n
d

K
n
o
l
l

at
ra

n
d
om

w
it

h
re

sp
ec

t
to

th
e

H
aa

r
m

ea
su

re
on

or
th

on
or

m
a
l

m
at

ri
ce

s
an

d
th

en
le

tt
in

g
A

=
1 √
s 0

(v
1
,.
..
,v
k
)t

,
w

h
er

e
s 0

=
k
/d

.
T

h
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
sh

ow
s

th
a
t
k

0
(ε
,δ

)
≤

4
ε−

2
lo

g
(1
/δ

)
[1

+
o(

1)
],

w
h
ic

h
,

in
tu

rn
,

im
p
li
es

th
at

th
e

li
m

it
ap

p
ea

ri
n
g

in
T

h
eo

re
m

2
(i

f
it

ex
is

ts
)

is
at

m
os

t
1:

P
ro

p
o
si

ti
o
n

3
L

et
0
<
ε,
δ
<

1 2
a
n

d
s 0

=
k
/d

.
S

u
p
po

se
th

a
t

th
er

e
is

so
m

e
co

n
st

a
n

t
C

so
th

a
t

m
ax
{P

ro
b
x
∼
S
d
−
1

[s
<
s 0

(1
−
ε)

],
P

ro
b
x
∼
S
d
−
1

[s
>
s 0

(1
+
ε)

]}
≤
C
e−

k
−
2

4
ε2

(1
−

2 3
ε )
,

w
h
er

e
s

=
x

2 1
+
··
·+
x

2 k
is

d
efi

n
ed

a
s

in
Ψ

(x
)

=
(s
,u
,v

).
T

h
en

,
th

er
e

ex
is

ts
a
n
o(

1
)

fu
n

ct
io

n
,

w
h
ic

h
a
p
p
ro

a
ch

es
ze

ro
a
s

bo
th
ε

a
n

d
δ

a
p
p
ro

a
ch

ze
ro

so
th

a
t

if
k
>

4ε
−

2
lo

g
( 1 δ

) [1
+
o(

1
)]

,
th

en
th

e
d
is

tr
ib

u
ti

o
n

o
n
k
×
d

ra
n

d
o
m

m
a
tr

ic
es

d
efi

n
ed

a
s

a
bo

ve
is

a
n

(ε
,δ

)-
J

L
d
is

tr
ib

u
ti

o
n

,
th

a
t

is
,

fo
r

a
n

y
w
∈
S
d
−

1
,

P
ro

b
A
∼
D
[∣ ∣ ‖
A
w
‖2 2
−

1
∣ ∣ <

ε]
≥

1
−
δ.

P
ro

o
f

L
et
V

b
e

th
e

ra
n
d
om

or
th

og
on

al
m

at
ri

x
as

d
efi

n
ed

ab
ov

e,
an

d
le

t
x

=
(x

1
,.
..
,x

d
)t

=

V
w

.
T

h
en

A
w

=
√
s−

1
0

(x
1
,.
..
,x

k
)t

,
an

d

||A
w
||2 2

=
1 s 0

(x
2 1

+
··
·+

x
2 k
).

S
in

ce
V

is
or

th
on

or
m

al
an

d
||w
|| 2

=
1,

w
e

h
av

e
th

at
||x
|| 2

=
1,

an
d
,

h
en

ce
,
x
∈
S
d
−

1
.

W
e

ob
se

rv
e

th
at

si
n
ce
V

is
a

ra
n
d
om

or
th

og
on

al
m

at
ri

x
,

fo
r

fi
x
ed

w
∈
S
d
−

1
,
x

=
V
w

is
a

ra
n
d
om

va
ri

ab
le

,
u
n
if

or
m

ly
d
is

tr
ib

u
te

d
on

S
d
−

1
.

H
en

ce
,

P
ro

b
A
∼
D
[∣ ∣ ‖
A
w
‖2 2
−

1
∣ ∣ >

ε]
=

P
ro

b
x
∼
S
d
−
1

[
1 s 0

k ∑ i=
1

x
2 i
−

1
>
ε] ,

w
h
er

e
x
∼
S
d
−

1
m

ea
n
s

th
at

x
is

a
ra

n
d
om

va
ri

ab
le

u
n
if

or
m

ly
d
is

tr
ib

u
te

d
o
n
S
d
−

1
.

L
et

s
=
∑
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1
x

2 i
.

T
h
en
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s
∈

[0
,1

]
an

d
th

e
p
ro

b
ab

il
it

y
ab

ov
e

b
ec

om
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P
ro

b
x
∼
S
d
−
1

[s
<
s 0

(1
−
ε)

]+
P

ro
b
x
∼
S
d
−
1
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>
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(1
+
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e−

k
−
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4
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−

2 3
ε )
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(3
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b
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su

m
p
ti
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.

W
e

ob
se

rv
e

th
at

w
h
en

k
>

4
ε−

2
lo

g

(
1 δ

)
[ 1

+
2
ε

3
−

2ε
+

lo
g
(2
C

)

lo
g
( 1 δ

)
1

1
−

2
ε/

3
+

2
ε2

4
lo

g
( 1 δ

)]
=

4ε
−

2
lo

g

(
1 δ

)
[1

+
o(

1
)]
,

(4
)

th
e

ri
gh

t-
h
an

d
-s

id
e

of
In

eq
u
al

it
y

(3
)

is
le

ss
th

a
n
δ.

In
th

is
ca

se
,

th
e
o(

1)
te

rm
n
ee

d
ed
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th

e
th

eo
re

m
st

at
em

en
t

ap
p

ea
rs
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eq
u
al

it
y
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).
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h
er

ef
or

e,
w

h
en

k
>

4
ε−

2
lo

g
( 1 δ
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+
o(

1
)]

,
th

e
d
is

tr
ib

u
ti

on
D

is
an
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)-
J
L

d
is
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ib

u
ti

on
.

W
e

ob
se

rv
e

th
at

th
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al
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ow

s
fr
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w

or
k

in
D

as
gu

p
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an
d

G
u
p
ta
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0
0
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).

In
p
ar
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cu

la
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gu
p
ta

an
d

G
u
p
ta

,
20
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,
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m
a

2.
2)

ca
n

b
e

u
se

d
to

d
er

iv
e

b
o
u
n
d
s
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m
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r
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r
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t
io
n
s
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.
L

o
w

e
r

B
o
u

n
d

fo
r

A
rb

itra
ry

D
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u
tio

n
s

In
th

is
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n
,

w
e

p
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an
op
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al

low
er
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o
u
n
d
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th

e
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it
in

T
h
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2
th

at
m
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tch

es
th

e
u
p
p

er
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u
n
d
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th
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s
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.
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h
e
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ro
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ch
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W

e
b

egin
w

ith
th

e
follow

in
g
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ey
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L
e
m

m
a

4
L

et
x

=
(x

1 ,...,x
d )
t

be
a

ra
n

d
o
m

va
ria

ble,
u

n
ifo

rm
ly

d
istribu

ted
o
n
S
d−

1,
Ψ

(x
)

=
(s,u

,v
),

a
n

d
s

0
=
k
/d

.
S

u
p
po

se
th

a
t

fo
r

a
fi

xed
ε
>

0
,

m
in{

P
rob

[s
>
s

0 (1
+
ε)],P

rob
[s
<
s

0 (1−
ε)]}
≥
L
,

w
h
ere

s
is

a
ra

n
d
o
m

va
ria

ble
w

ith
p
ro
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bility

d
istribu

tio
n
B
f

(s)
o
n

[0,1].
F

o
r

a
n

y
fu

n
ctio

n
c(u

,v
)
>

0
d
epen

d
in

g
o
n

ly
o
n
u
∈
S
k−

1
a
n

d
v
∈
S
d−
k−

1
(i.e.,

in
d
epen

d
en

t
o
f
s),

w
e

h
a
ve

P
rob

x∼
S
d−

1
[|sc−

1|
>
ε]≥

L
.

P
ro

o
f

B
y

th
e

eq
u
ality

of
d
iff

eren
tial

form
s

in
E

q
u
ation

(2),

P
ro

b
[|sc−

1|
>
ε]

=

∫|sc−
1|>

ε
B
f

(s)d
s

d
Ω
k−

1

V
olk−

1
(S

k−
1)

d
Ω
d−
k−

1

V
old−

k−
1

(S
d−
k−

1)

=

∫

S
k−

1×
S
d−
k−

1 (
∫|sc−

1|>
ε
B
f

(s)d
s )

d
Ω
k−

1

V
olk−

1
(S

k−
1)

d
Ω
d−
k−

1

V
old−

k−
1

(S
d−
k−

1) .

O
u
r

g
o
a
l
is

to
fi
n
d

a
low

er
b

ou
n
d

on
th

e
in

tegral ∫|sc−
1|>

ε
B
f

(s)d
s.

D
u
e

to
th

e
in

d
ep

en
d
en

ce

o
f
u

,
v
,

a
n
d
s,
c(u

,v
)

is
a

fi
x
ed

p
ositive

con
stan

t
w

ith
in

th
is

in
teg

ral.
W

e
ob

serve
th

at
|sc−

1|
>
ε

co
n
sists

of
tw

o
in
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s
<

(1−
ε)/c

an
d
s
>

(1
+
ε)/c,

an
d

w
e

con
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er
tw

o
ca
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d
ep

en
d
in

g
on

th
e

valu
e

of
c.

W
e

b
eg

in
b
y

recallin
g

th
at

P
ro

b
[s
>
s

0 (1
+
ε)]

=

∫

s>
s
0
(1

+
ε) B

f
(s)d

s
an

d
P

rob
[s
<
s

0 (1−
ε)]

=

∫

s<
s
0
(1−

ε) B
f

(s)d
s.

If
c≥

s
0 ,

th
en

(1
+
ε)/c≤

(1
+
ε)/s

0 ,
an

d
,

h
en

ce

∫|sc−
1|>

ε
B
f

(s)d
s≥

∫

s>
(1

+
ε)/
c
B
f

(s)d
s≥

∫

s>
(1

+
ε)/
s
0

B
f

(s)d
s≥

L
.

O
n

th
e

o
th

er
h
an

d
,

if
c
<
s

0 ,
th

en
(1−

ε)/s
0
<

(1−
ε)/c,

th
en

∫|sc−
1|>

ε
B
f

(s)d
s≥

∫

s<
(1−

ε)/
c
B
f

(s)d
s≥

∫

s<
(1−

ε)/
s
0

B
f

(s)d
s≥

L
.

T
h
erefo

re,
th

e
in

tegral ∫|sc−
1|>

ε
B
f

(s)d
s

is
b

ou
n
d
ed

from
b

elow
b
y
L

,
an

d

P
ro

b
[|sc−

1|
>
ε]≥

∫

S
k−

1×
S
d−
k−

1

L
d
Ω
k−

1

V
olk−

1
(S

k−
1)

d
Ω
d−
k−

1

V
old−

k−
1

(S
d−
k−

1)
=
L
.
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B
u
r
r
,
G
a
o
,
a
n
d

K
n
o
l
l

W
e

n
ow

sh
ow

th
at

w
h
en
k
≤
η
ε −

2
log

(1/δ)
w

ith
η
<

4,
an

d
ε

an
d
δ

are
su

ffi
cien

tly
sm

all,
th

ere
d
o
es

n
ot

ex
ist

an
(ε,δ)-J

L
d
istrib

u
tion

on
R
k×

d.
T

h
is

fact,
com

b
in

ed
w

ith
th

e
resu

lts
in

S
ection

2.2,
sh

ow
s

th
at

th
e

lim
it

ap
p

earin
g

in
T

h
eorem

2
ex

ists
an

d
eq

u
als

1.
In

ord
er

to
sh

ow
th

is,
w

e
con

sid
er

th
e

follow
in

g
related

p
rob

lem
:

B
y

d
efi

n
ition

,
for

a
p
rob

ab
ility

d
istrib

u
tion

D
on

R
k×

d
to

b
e

an
(ε,δ)-J

L
d
istrib

u
tion

,
th

e
follow

in
g

in
eq

u
ality

m
u
st

h
old

for
ev

ery
w
∈
S
d−

1:
P

rob
A
∼
D
[|‖A

w‖
22 −

1|
>
ε ]
<
δ.

H
en

ce,
P

rob
A
∼
D
,
w
∼
S
d−

1 [|‖A
w‖

22 −
1|
>
ε ]
<
δ,

(5)

w
h
ere

w
∈
S
d−

1
is

a
ran

d
om

variab
le

d
istrib

u
ted

u
n
iform

ly
on
S
d−

1.
F

ollow
in

g
th

e
ap

p
roach

of
K

an
e

et
al.

(2011),
ou

r
goal

is
to

p
rove

th
at,

for
every

A
∈
R
k×

d,

P
rob

w
∼
S
d−

1 [|‖A
w‖

22 −
1|
>
ε ]
>
δ.

(6)

W
h
en

In
eq

u
ality

(6)
h
old

s
for

all
A

,
th

en
In

eq
u
ality

(5)
can

n
ot

h
old

for
an

y
d
istrib

u
tion

D
on

R
k×

d.
T

h
erefore,

an
(ε,δ)-J

L
d
istrib

u
tion

d
o
es

n
o
t

ex
ist.

W
e

m
ake

th
is

p
recise

in
th

e
follow

in
g

th
eorem

:

T
h

e
o
re

m
5

S
u

p
po

se
th

a
t
η
<

4
a
n

d
let

k
(ε,δ)

=
⌊η
ε −

2
log (

1δ )⌋.
L

et
s

0
=

k
/
d

,
a
n

d
su

p
po

se
th

a
t,

fo
r

every
ε,
δ,

a
n

d
s

0
su

ffi
cien

tly
sm

a
ll

(to
m

a
ke
s

0
su

ffi
cien

tly
sm

a
ll,
d

m
u

st
be

su
ffi

cien
tly

la
rge),

m
in{P

rob
[s
>
s

0 (1
+
ε)],P

rob
[s
<
s

0 (1−
ε)]}
≥
C
δ
η4
γ,

w
h
ere

C
>

0
is

a
n

a
bso

lu
te

co
n

sta
n

t,
a
n

d
γ

a
p
p
roa

ch
es

1
a
s
ε,
δ,

a
n

d
s

0
a
p
p
roa

ch
0
.

T
h
en

,
by

d
ecrea

sin
g
ε,
δ,

a
n

d
s

0
a
s

n
eed

ed
,

fo
r

every
m

a
trix

A
∈
R
k
(ε,δ

)×
d,

P
rob

w
∼
S
d−

1 [ ∣∣‖
A
w‖

22 −
1 ∣∣
>
ε ]
>
δ.

P
ro

o
f

W
e

assu
m

e
th

at
A

h
as

ran
k
k

=
k
(ε,δ)

sin
ce,

if
n
ot,

w
e

m
ay

red
u
ce
k

(an
d

d
ecrease

η
corresp

on
d
in

gly
)

to
th

e
ran

k
of
A

.
L

et
A

=
U

Σ
V
t

b
e

th
e

sin
gu

lar
valu

e
d
ecom

p
osition

of
A

w
h
ere

U
is

a
k
×
k

orth
on

orm
al

m
atrix

,
V

=
(v

1 ,...,v
d )

is
a
d×

d
orth

on
orm

al
m

atrix
,

an
d

Σ
is

a
k×

d
d
iagon

al
m

atrix
w

ith
λ
i
>

0
its

en
try

at
Σ
i,i

for
1
≤
i≤

k
.

L
et

x
=

(x
1 ,...,x

d )
t

=
V
tw
.

S
in

ce
V

is
orth

on
orm

al,
w

e
h
ave

x
∈
S
d−

1.
W

e
ob

serve
th

at
sin

ce
w

is
a

u
n
iform

ly
d
is-

trib
u
ted

ran
d
om

variab
le

on
S
d−

1,
V
tw

is
also

a
u
n
ifo
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ly

d
istrib

u
ted

ran
d
om

variab
le

on
S
d−

1.
T

h
erefore,

sin
ce
U

is
orth

on
orm

al,
w

e
h
av

e

‖
A
w‖

22
=
‖
U

Σ
x‖

22
=
‖
Σ
x‖

22
=

k
∑i=

1

λ
2i x

2i .

W
e

recall
th

e
d
efi

n
ition

of
th

e
fu

n
ction

Ψ
(x

)
=

(s,u
,v

)
w

h
ere
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=
x

21
+
···+

x
2k .

M
oreov

er,
w

e
restrict

ou
r
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to
th

e
case

w
h
ere
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(0,1)

sin
ce

th
e
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p
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en
t

h
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zero
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re.

L
et

c
=
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λ
2i x
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=
‖Σ
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×
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th
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×
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p
ri
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p
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ri

x
of
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en

P
ro

b
w
∼
S
d
−
1

[∣ ∣ ‖
A
w
‖2 2
−

1∣ ∣
>
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=
P

ro
b
x
∼
S
d
−
1

[|s
c
−
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>
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.

D
u
e

to
th

e
in

d
ep

en
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en
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,
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ow
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th
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ep
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u
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h
er

ef
or
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y

L
em
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ow
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ro

b
w
∼
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1

[∣ ∣ ‖
A
w
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−

1
∣ ∣ >
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≥
C
δ
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.
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fo

ll
ow

s
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an
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en
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b
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in
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an
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su
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en
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sm
al
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it

fo
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ow

s
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om
T

h
eo
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m

5
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at
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er
e

is
n
o
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)-
J
L

d
is

tr
ib

u
ti
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h
en
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ε−
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) fo
r
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<

4.
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er

ef
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k
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≥
η
ε−
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lo

g
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su
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s
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P
ro
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it
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T
h
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re
m

5
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ll
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y
:

C
o
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6
A
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u

m
e

th
e
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o
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es

o
n

P
ro
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>
s 0
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<
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po
si

ti
o
n

3
a
n

d
T

h
eo

re
m

5
h
o
ld

.

(a
)

T
h
er

e
ex

is
ts

a
n
o(

1)
fu

n
ct

io
n

th
a
t

a
p
p
ro

a
ch

es
0

a
s
ε

a
n

d
δ

a
p
p
ro

a
ch

ze
ro

su
ch

th
a
t

if
k
>

4
ε−

2
lo

g
( 1 δ

) [1
+
o(

1)
],

th
en

th
er

e
ex

is
ts

a
J

L
d
is

tr
ib

u
ti

o
n

.

(b
)

If
k
(ε
,δ

)
=
⌊ η
ε−

2
lo

g
( 1 δ

)⌋
,

th
en

,
by

d
ec

re
a
si

n
g
ε

a
n

d
δ,

a
n

d
in

cr
ea

si
n

g
d

,
th

er
e

is
n

o
(ε
,δ

)-
J

L
d
is

tr
ib

u
ti

o
n

fo
r

a
n

y
k
′ ≤

k
(ε
,δ

).

T
h
is

p
ro

v
es

th
e

m
ai

n
re

su
lt

in
th

e
p
ap

er
.

In
th

e
fo

ll
ow

in
g

se
ct

io
n
,

w
e

p
ro

v
id

e
th

e
m

or
e

te
ch

n
ic

al
re

su
lt

s
th

at
ve

ri
fy

th
e

as
su

m
p
ti

on
s

in
P

ro
p

os
it

io
n

3
an

d
T

h
eo

re
m

5.

3
.
E
x
p
li
ci
t
C
o
n
ce

n
tr
a
ti
o
n
B
o
u
n
d
s

T
h
ro

u
gh

ou
t

th
is

se
ct

io
n
,
w

e
as

su
m

e
th

at
s

is
a

ra
n
d
om

va
ri

ab
le

w
it

h
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
B
f

(s
).

W
e

d
efi

n
e
s 0

=
k d
,

an
d

w
e

fu
rt

h
er

as
su

m
e

th
at

0
≤
ε,
δ
≤

1/
2,
k
−

4
≥
ε−

2
an

d
s 0
<

0
.4

.
W

e
d
er

iv
e

lo
w

er
an

d
u
p
p

er
b

ou
n
d
s

fo
r

th
e

fo
ll
ow

in
g

p
ro

b
ab

il
it

ie
s:

P
ro

b
[s
>
s 0

(1
+
ε)

]
an

d
P

ro
b

[s
<
s 0

(1
−
ε)

],

u
si

n
g

th
e

p
ro

b
ab

il
it

y
d
en

si
ty
B
f

(s
)

fo
r
s

an
d
f

(s
)

=
s(
k
−

2
)/

2
(1
−
s)

(d
−
k
−

2
)/

2
.

T
h
es

e
p
ro

b
-

ab
il
it

ie
s

ap
p

ea
r

in
(K

an
e

et
al

.,
20

11
,

T
h
eo

re
m

20
)

w
it

h
ou

t
th

e
ex

p
li
ci

t
co

n
st

an
ts

th
at

ar
e

d
er

iv
ed

in
th

is
p
ap

er
.

T
h
es

e
b

ou
n
d
s

ar
e

in
st

an
ce

s
of

ex
p
li
ci

t
co

n
ce

n
tr

at
io

n
th

eo
re

m
s

(o
r

ex
p
li
ci

t
la

w
s

of
la

rg
e

n
u
m

b
er

s)
fr

om
p
ro

b
ab

il
it

y
th

eo
ry

.
O

u
r

go
al

is
to

fo
rm

u
la

te
th

es
e

b
ou

n
d
s

as
p
re

ci
se

ly
as

p
os

si
b
le

so
th

at
th

e
lo

w
er

an
d

u
p
p

er
b

ou
n
d
s

ar
e

as
y
m

p
to

ti
ca

ll
y

th
e

sa
m

e
w

h
en

ε
an

d
δ

ap
p
ro

ac
h

0.

3
.1

.
B

o
u

n
d

s
fo

r
B

W
e

re
ca

ll
th

at
Γ

(1
/2

)
=
√
π

,
Γ

(1
)

=
1,

an
d

Γ
(1

+
z
)

=
z
Γ

(z
).

H
en

ce

Γ

(
d 2

)
=

(
d 2
−

1) !
if
d

is
ev

en
,

an
d

Γ

(
d 2

)
=

(
d 2
−

1)
(
d 2
−

2

)
··
·3 2

1 2

√
π

if
d

is
o
d
d
.
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B
u
r
r
,
G
a
o
,
a
n
d

K
n
o
l
l

In
th

is
se

ct
io

n
,

w
e

d
er

iv
e

lo
w

er
an

d
u
p
p

er
b

ou
n
d
s

fo
r
B

,
se

e
E

q
u
at

io
n

(3
8)

,
b
y

u
si

n
g

th
e

fo
ll
ow

in
g

fo
rm

of
S
ti

rl
in

g’
s

ap
p
ro

x
im

at
io

n
of
n

!
d
u
e

to
R

ob
b
in

s
(1

95
5)

:

√
2
π
n
n

+
1
/
2
e−

n
e

1
1
2
n
+
1
<

Γ
(n

+
1)

=
n

!
<
√

2π
n
n

+
1
/
2
e−

n
e

1
1
2
n
.

S
in

ce
w

e
ar

e
in

te
re

st
ed

in
th

e
as

y
m

p
to

ti
c

b
eh

av
io

r,
w

e
fo

cu
s

o
n

th
e

ca
se

w
h
er

e
d

is
ev

en
.

T
h
is

ch
oi

ce
d
o
es

n
ot

aff
ec

t
th

e
as

y
m

p
to

ti
c

re
su

lt
s

of
ou

r
p
ap

er
,

b
u
t

th
e

ca
lc

u
la

ti
o
n
s

a
re

m
or

e
st

ra
ig

h
t-

fo
rw

ar
d

in
th

is
ca

se
.

W
e

le
av

e
th

e
d
et

ai
ls

fo
r

th
e

ca
se

w
h
er

e
d

is
o
d
d

to
th

e
in

te
re

st
ed

re
ad

er
.

L
e
m

m
a

7
S

u
p
po

se
k

a
n

d
d

a
re

bo
th

ev
en

.
T

h
en

w
e

h
a
ve

th
e

fo
ll

o
w

in
g

in
eq

u
a
li

ty
:2

e−
2

2√
π

(d
−

2)
(d
−

1
)/

2

(k
−

2)
(k
−

1
)/

2
(d
−
k
−

2)
(d
−
k
−

1
)/

2
≤
B
≤

e−
1

2√
π

(d
−

2)
(d
−

1
)/

2

(k
−

2)
(k
−

1
)/

2
(d
−
k
−

2
)(d
−
k
−

1
)/

2
.

P
ro

o
f

U
si

n
g

th
e

b
ou

n
d

on
n

!
fr

om
R

ob
b
in

s
(1

95
5
),

w
e

ob
ta

in

C
0

(d
−

2)
(d
−

1
)/

2

(k
−

2)
(k
−

1
)/

2
(d
−
k
−

2)
(d
−
k
−

1
)/

2
≤
B
≤
C

1
(d
−

2
)(d
−

1
)/

2

(k
−

2)
(k
−

1
)/

2
(d
−
k
−

2)
(d
−
k
−

1
)/

2
,

w
h
er

e

C
0

=
1

2√
π
e−

1
e

1
6
(d
−
2
)+

1
e
−
1

6
(k
−
2
)
e

−
1

6
(d
−
k
−
2
)
≥

e−
2

2
√
π
,

an
d

C
1

=
1

2√
π
e−

1
e

1
6
(d
−
2
)
e

−
1

6
(k
−
2
)+

1
e

−
1

6
(d
−
k
−
2
)+

1
≤

e−
1

2
√
π
.

C
o
ro

ll
a
ry

8
W

it
h
s 0

=
k
/d

,
w

e
h
a
ve

e−
2

2
√
π

√
k
≤
B
s 0
f

(s
0
)
≤

9e
−

1

√
2π

√
k
.

P
ro

o
f

B
y

ev
al

u
at

in
g
f

at
s 0

an
d

re
p
la

ci
n
g
B

b
y

it
s

lo
w

er
b

ou
n
d

fo
u
n
d

in
L

em
m

a
7
,

w
e

ob
ta

in
th

e
lo

w
er

b
ou

n
d

B
s 0
f

(s
0
)
≥

e−
2

2
√
π

√
k

(
d
−

2

d
−
k

)
1 2
(
k
(d
−

2)

d
(k
−

2)

)
k
−
1

2
(

(d
−
k
)(
d
−

2)

d
(d
−
k
−

2)

)
d
−
k
−
1

2

≥
e−

2

2
√
π

√
k
.

S
im

il
ar

ly
,

b
y

u
si

n
g

th
e

u
p
p

er
b

ou
n
d

in
L

em
m

a
7,

w
e

ob
ta

in
th

e
u
p
p

er
b

ou
n
d

B
s 0
f

(s
0
)
≤

e−
1

2√
π

√
k

(
d
−

2

d

)
d
−
1

2
(

k

k
−

2

)
k
−
1

2
(

d
−
k

d
−
k
−

2

)
d
−
k
−
1

2
√
d

√
d
−
k
≤

9e
−

1

√
2
π

√
k
,

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

fo
ll
ow

s
fr

om
d

d
−
k
≤

2
si

n
ce
s 0
<

0
.4

,
an

d
(

x
x
−

2

)x
−
1

2
≤

3
fo

r
x
≥

3
.

2
.

T
h

ro
u

g
h

o
u

t
th

is
se

ct
io

n
,

it
is

p
o
ss

ib
le

to
d

er
iv

e
ti

g
h
te

r
b

o
u

n
d

s
o
n

co
n

st
a
n
ts

in
th

e
fo

ll
ow

in
g

in
eq

u
a
li

ti
es

,
b

u
t

th
e

o
n

es
a
p

p
ea

ri
n

g
h

er
e

a
re

su
ffi

ci
en

t
fo

r
o
u

r
p

ro
o
fs

.
W

e
le

av
e

th
e

d
et

a
il

s
o
f

th
e

ti
g
h
te

r
b

o
u

n
d

s
to

th
e

in
te

re
st

ed
re

a
d

er
.
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O
p
t
im

a
l
B
o
u
n
d
s
f
o
r
J
o
h
n
so

n
-L

in
d
e
n
st

r
a
u
ss

T
r
a
n
sf
o
r
m
a
t
io
n
s

3
.2

.
B

o
u

n
d

s
o
n

P
ro

b
[s
>
s
0 (1

+
ε)]

W
e

b
eg

in
b
y

m
en

tion
in

g
th

e
follow

in
g

in
eq

u
alities

w
h
ich

are
u
sed

in
ou

r
argu

m
en

ts
b

elow
:

log
(1

+
x

)≥
x
−
x

22
fo

r
0
<
x
<

1
,

(7)

log
(1−

x
)≥
−
x
−
x

2
for

0
<
x
<

0
.68,

(8)

log
(1

+
x

)≤
x

for
x
>
−

1,
an

d
(9)

log
(1

+
x

)≤
x
−
x

22
+
x

33
for

x
>
−

1.
(10)

T
h
ese

b
o
u
n
d
s

can
b

e
verifi

ed
b
y

em
p
loy

in
g

b
asic

calcu
lu

s
tech

n
iq

u
es

(e.g.,
d
eriva

tives
an

d
T

ay
lo

r
ex

p
an

sion
s)

as
w

ell
as

su
ffi

cien
tly

accu
rate

ap
p
rox

im
ation

s.
U

sin
g

th
ese

in
eq

u
alities,

w
e

d
erive

th
e

fo
llow

in
g

b
ou

n
d
s:

L
e
m

m
a

9

P
rob

[s
>
s

0 (1
+
ε)]≥

e −
2

4 √
π
e −

14
( √
k
ε+

1
)
2
1
+
s
0

1−
s
0
.

M
o
reo

ver,
w

h
en

k
<
η
ε −

2
log

1δ ,P
rob

[s
>
s

0 (1
+
ε)]≥

e −
2

4
π
δ
η4
γ
1,

w
h
ere

γ
1

=
(

1
+

(η
log

(1/δ)) −
1
/
2 )

2 (
1

+
s

0

1−
s

0 )
.

A
d
d
itio

n
a
lly,

γ
1

a
p
p
roa

ch
es

1
a
s
ε,
δ,

a
n

d
s

0
a
p
p
roa

ch
0.

P
ro

o
f

N
o
te

th
at

P
ro

b
[s
>
s

0 (1
+
ε)]

=
B

∫

s>
s
0
(1

+
ε)
f

(s)d
s

=
B
s

0 ∫
1s0 −

1

ε
f

(s
0 (1

+
x

))d
x
,

(11)

v
ia

th
e

su
b
stitu

tion
s

=
s

0 (1
+
x

).
L

et
g
(s)

=
s
k
/
2(1−

s)
(d−

k
)/

2,
th

en
f

(s
0 (1

+
x

))
can

b
e

ex
p
ressed

in
term

s
of
g
(s),

n
am

ely,

f
(s

0 (1
+
x

))
=

g
(s

0 (1
+
x

))

s
0 (1

+
x

)
(1−

s
0 (1

+
x

)) .
(12)

T
o

fi
n
d

a
low

er
b

ou
n
d

on
P

rob
[s
>
s

0 (1
+
ε)],

w
e

com
p
u
te

a
b

ou
n
d

on
g
(s

0 (1
+
x

))
from

b
elow

.
T

a
k
in

g
th

e
logarith

m
of
g
(s

0 (1
+
x

)),
w

e
fi
n
d

lo
g

(g
(s

0 (1
+
x

)))
=

log
g
(s

0 )
+
d2

(
s

0
log

(1
+
x

)
+

(1−
s

0 )
log (

1−
s

0

1−
s

0
x ))

.
(13)

R
estrictin

g
x

to
th

e
in

terval
0
≤
x
<

1,
it

th
en

follow
s

th
at

0
<

s
0

1−
s
0 x

<
0
.68

from
th

e
a
ssu

m
p
tio

n
th

at
s

0
<

0
.4.

W
e

n
ow

b
ou

n
d

th
e

secon
d

term
in

E
q
u
ation

(13)
u
sin

g
In

eq
u
a
lities

(7
)

an
d

(8),
as

follow
s:

s
0

log
(1

+
x

)+
(1−

s
0 )

log (
1−

s
0

1−
s

0
x )
≥
−
(
s

0 (1
+
s

0 )

2(1−
s

0 ) )
x

2.
(14)
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B
u
r
r
,
G
a
o
,
a
n
d

K
n
o
l
l

H
en

ce,
b
y

su
b
stitu

tin
g

In
eq

u
ality

(14)
in

to
E

q
u
ation

(13)
an

d
ex

p
on

en
tiatin

g,
w

e
ob

tain
th

e
follow

in
g

low
er

b
ou

n
d

for
g
(s

0 (1
+
x

)):

g
(s

0 (1
+
x

))≥
g
(s

0 )e −
k4
x
2
1
+
s
0

1−
s
0
.

(15)

W
e

also
ob

serve
th

at
sin

ce
s

0
<

0.4
an

d
0
≤
x
<

1,
th

e
d
en

o
m

in
ator

of
E

q
u
ation

(12)
is

b
ou

n
d
ed

from
b

elow
as

follow
s:

1

s
0 (1

+
x

)(1−
s

0 (1
+
x

))
≥

1

2
s

0 (1−
s

0 ) .
(16)

T
h
erefore,

b
y

su
b
stitu

tin
g

In
eq

u
alities

(15)
an

d
(16)

in
to

E
q
u
ation

(12)
w

h
en

0
≤
x
<

1,
w

e
h
ave

f
(s

0 (1
+
x

))≥
g
(s

0 )

2
s

0 (1−
s

0 ) e −
k4
x
2
1
+
s
0

1−
s
0

=
12
f

(s
0 )e −

k4
x
2
1
+
s
0

1−
s
0
.

(17)

S
in

ce
s

0
<

0
.4,

w
e

ob
serv

e
th

at
1s
0 −

1
=

d−
k
k

>
1
.5.

S
in

ce
w

e
assu

m
ed

th
at
ε
<

12
an

d

k
≥

4
+
ε −

2
>

4,
it

follow
s

th
at
ε

+
k −

1
/
2
<

1
an

d
so
ε

+
k −

1
/
2
<

1
<

1s
0 −

1.
T

h
erefore,

w
e

fu
rth

er
restrict

x
to

th
e

in
terval

(ε,ε
+
k −

1
/
2)

an
d

ob
serve

th
a
t

In
eq

u
ality

(17)
ap

p
lies

in
th

is
ran

ge.
T

h
erefore,

sin
ce
f

is
a

p
ositiv

e
fu

n
ction

,

B
s

0 ∫
1s0 −

1

ε
f

(s
0 (1

+
x

))d
x
≥
B
s

0 ∫
ε+
k −

1
/
2

ε
f

(s
0 (1

+
x

))d
x
≥

12
B
s

0 f
(s

0 ) ∫
ε+
k −

1
/
2

ε
e −

k4
x
2
1
+
s
0

1−
s
0
d
x
.

(18)
R

ep
lacin

g
B
s

0 f
(s

0 )
w

ith
its

low
er

b
ou

n
d

given
in

C
oro

llary
8

an
d

ob
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ŵ

1
...d

ŵ
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n
b

et
w

ee
n

n
o
d
es

in
ea

ch
it

er
at

io
n

is
u
n
av

o
id

a
b
le

a
n
d
,

it
s

co
st

ca
n

b
e

su
b
st

an
ti

al
w

h
en

w
or

k
in

g
w

it
h

B
ig

D
at

a.
T

h
er

ef
or

e,
th

e
d
ev

el
o
p
m

en
t

o
f

effi
-

ci
en

t
d
is

tr
ib

u
te

d
m

ac
h
in

e
le

ar
n
in

g
al

go
ri

th
m

s
th

at
m

in
im

iz
e

co
m

m
u
n
ic

at
io

n
b

et
w

ee
n

n
o
d
es

is
an

im
p

or
ta

n
t

p
ro

b
le

m
.

T
h
e

ke
y

is
to

co
m

e
u
p

w
it

h
al

go
ri

th
m

s
th

at
m

in
im

iz
e

th
e

n
u
m

b
er

of
it

er
at

io
n
s.

In
th

is
p
ap

er
w

e
co

n
si

d
er

th
e

d
is

tr
ib

u
te

d
b
at

ch
tr

ai
n
in

g
of

li
n
ea

r
cl

as
si

fi
er

s
in

w
h
ic

h
:

(a
)

b
ot

h
,

th
e

n
u
m

b
er

of
ex

am
p
le

s
an

d
th

e
n
u
m

b
er

of
fe

at
u
re

s
ar

e
la

rg
e;

(b
)

th
e

d
a
ta

m
a
tr

ix
is

sp
ar

se
;

(c
)

th
e

ex
am

p
le

s
ar

e
p
ar

ti
ti

on
ed

ov
er

th
e

n
o
d
es

;
(d

)
th

e
lo

ss
fu

n
ct

io
n

is
co

n
ve

x
an

d
d
iff

er
en

ti
ab

le
;

an
d
,

(e
)

th
e
L

2
re

gu
la

ri
ze

r
is

em
p
lo

y
ed

.
T

h
is

p
ro

b
le

m
in

v
o
lv

es
th

e
la

rg
e

sc
al

e
u
n
co

n
st

ra
in

ed
m

in
im

iz
at

io
n

of
a

co
n
ve

x
,

d
iff

er
en

ti
ab

le
ob

je
ct

iv
e

fu
n
ct

io
n
f

(w
)

w
h
er

e
w

is
th

e
w

ei
gh

t
ve

ct
or

.
T

h
e

m
in

im
iz

at
io

n
is

u
su

al
ly

p
er

fo
rm

ed
u
si

n
g

an
it

er
a
ti

ve
d
es

ce
n
t

m
et

h
o
d

in
w

h
ic

h
an

it
er

at
io

n
st

ar
ts

fr
om

a
p

oi
n
t
w
r
,

co
m

p
u
te

s
a

d
ir

ec
ti

on
d
r

th
a
t

sa
ti

sfi
es

su
ffi

c
ie

n
t

a
n

g
le

o
f

d
e
sc

e
n
t:
−
g
r
,d
r
≤
θ

(1
)

w
h
er

e
g
r

=
g
(w

r
),
g
(w

)
=
∇
f

(w
),

a
,b

is
th

e
an

gl
e

b
et

w
ee

n
ve

ct
or

s
a

an
d
b,

a
n
d

0
≤

θ
<
π
/2

,
an

d
th

en
p

er
fo

rm
s

a
li
n
e

se
ar

ch
al

on
g

th
e

d
ir

ec
ti

on
d
r

to
fi
n
d

th
e

n
ex

t
p

o
in

t,
w
r
+

1
=
w
r

+
td
r
.

L
et
w
?

=
ar

g
m

in
w
f

(w
).

A
ke

y
si

d
e

co
n
tr

ib
u
ti

o
n

of
th

is
p
a
p

er
is

th
e

p
ro

of
th

at
,
w

h
en
f

is
co

n
ve

x
an

d
sa

ti
sfi

es
so

m
e

ad
d
it

io
n
al

w
ea

k
as

su
m

p
ti

on
s,

th
e

m
et

h
o
d

h
as

gl
ob

al
li
n
ea

r
ra

te
of

co
n
v
er

ge
n
ce

(g
lr

c)
1

an
d

so
it

fi
n
d
s

a
p

o
in

t
w
r

sa
ti

sf
y
in

g
f

(w
r
)−
f

(w
?
)
≤
ε

in
O

(l
og

(1
/ε

))
it

er
at

io
n
s.

T
h
e

m
a
in

th
em

e
o
f

th
is

pa
pe

r
is

th
a
t

th
e

fl
ex

ib
il

it
y

o
ff

er
ed

by
th

is
m

et
h
od

w
it

h
st

ro
n

g
co

n
ve

rg
en

ce
p
ro

pe
rt

ie
s

a
ll

o
w

s
u

s
to

bu
il

d
a

cl
a
ss

o
f

u
se

fu
l

d
is

tr
ib

u
te

d
le

a
rn

in
g

m
et

h
od

s
w

it
h

go
od

co
m

p
u

ta
ti

o
n

a
n

d
co

m
m

u
n

ic
a
ti

o
n

tr
a
d
e-

o
ff

ca
pa

bi
li

ti
es

.
T

ak
e

on
e

of
th

e
m

os
t

eff
ec

ti
ve

d
is

tr
ib

u
te

d
m

et
h
o
d
s,

v
iz

.,
S
Q

M
(S

ta
ti

st
ic

a
l
Q

u
er

y
M

o
d
el

)
(C

h
u

et
al

.,
20

06
;

A
ga

rw
al

et
al

.,
20

11
),

w
h
ic

h
is

a
b
at

ch
,

gr
ad

ie
n
t-

b
a
se

d
d
es

ce
n
t

m
et

h
o
d
.

T
h
e

gr
ad

ie
n
t

is
co

m
p
u
te

d
in

a
d
is

tr
ib

u
te

d
w

ay
w

it
h

ea
ch

n
o
d
e

co
m

p
u
ti

n
g

th
e

g
ra

d
ie

n
t

1
.

W
e

sa
y

a
m

et
h

o
d

h
a
s
gl
rc

if
∃

0
<
δ
<

1
su

ch
th

a
t

(f
(w

r
+
1
)
−
f

(w
?
))
≤
δ(
f

(w
r
)
−
f

(w
?
))
∀r

.
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A
n
e
f
f
ic
ie
n
t
d
ist

r
ib
u
t
e
d

l
e
a
r
n
in
g

a
l
g
o
r
it
h
m

co
m

p
o
n
en

t
corresp

on
d
in

g
to

its
set

of
ex

am
p
les.

T
h
is

is
follow

ed
b
y

an
a
ggregation

of
th

e
co

m
p

o
n
en

ts.
W

e
are

in
terested

in
sy

stem
s

in
w

h
ich

th
e

com
m

u
n
ication

tim
e

b
etw

een
n
o
d
es

is
la

rg
e

rela
tive

to
th

e
com

p
u
tation

tim
e

in
each

n
o
d
e. 2

F
or

iterativ
e

algorith
m

s
su

ch
as

S
Q

M
,

th
e

to
ta

l
train

in
g

tim
e

is
given

b
y

T
rain

in
g

tim
e

=
(T

cm
p

+
T
co
m

)
T
iter

(2)

w
h
ere

T
cm

p
a
n
d
T
co
m

are
resp

ectiv
ely,

th
e

com
p
u
tation

tim
e

an
d

th
e

com
m

u
n
ication

tim
e

p
er

itera
tio

n
a
n
d
T
iter

is
th

e
total

n
u
m

b
er

of
iteration

s.
W

h
en

T
co
m

is
large,

it
is

n
ot

o
p
tim

a
l

to
w

o
rk

w
ith

an
algorith

m
su

ch
as

S
Q

M
th

at
h
as
T
cm

p
sm

all
an

d
d
u
e

to
w

h
ich

,
T
iter

is
la

rg
e.

In
su

ch
a

scen
ario,

it
is

u
sefu

l
to

ask
:

Q
1
.

In
ea

ch
itera

tio
n

,
ca

n
w

e
d
o

m
o
re

co
m

p
u

ta
tio

n
in

ea
ch

n
od

e
so

th
a
t

th
e

n
u

m
ber

o
f

itera
tio

n
s

a
n

d
h
en

ce
th

e
n

u
m

ber
o
f

co
m

m
u

n
ica

tio
n

pa
sses

a
re

d
ecrea

sed
,

th
u

s
red

u
cin

g
th

e
to

ta
l

co
m

p
u

tin
g

tim
e?

T
h
ere

h
av

e
b

een
som

e
eff

orts
in

th
e

literatu
re

to
red

u
ce

th
e

am
ou

n
t

of
com

m
u
n
ication

.
In

o
n
e

cla
ss

o
f

su
ch

m
eth

o
d
s,

th
e

cu
rren

t
w
r

is
fi
rst

p
assed

on
to

all
th

e
n
o
d
es.

T
h
en

,
ea

ch
n
o
d
e
p

fo
rm

s
an

ap
p
rox

im
ation

f̃
p

of
f

u
sin

g
on

ly
its

ex
am

p
les,

follow
ed

b
y

several
o
p
tim

iza
tion

iteration
s

(lo
cal

p
asses

ov
er

its
ex

am
p
les)

to
d
ecrease

f̃
p

an
d

reach
a

p
oin

t
w
p .

T
h
e
w
p ∀

p
a
re

av
eraged

to
form

th
e

n
ex

t
iterate

w
r
+

1.
O

n
e

can
stop

after
ju

st
on

e
m

a
jor

itera
tio

n
(g

o
in

g
from

r
=

0
to
r

=
1);

su
ch

a
m

eth
o
d

is
referred

to
as

pa
ra

m
eter

m
ixin

g
(P

M
)

(M
a
n
n

et
al.,

2009).
A

ltern
atively,

on
e

can
d
o

m
a
n
y

m
a
jor

itera
tion

s;
su

ch
a

m
eth

o
d

is
referred

to
a
s

itera
tive

pa
ra

m
eter

m
ixin

g
(IP

M
)

(H
all

et
a
l.,

2010).
C

o
n
vergen

ce
th

eory
fo

r
su

ch
m

eth
o
d
s

is
in

ad
eq

u
ate

(M
an

n
et

al.,
2009

;
M

cD
on

ald
et

al.,
2010),

w
h
ich

p
rom

p
ts

u
s

to
a
sk

:
Q

2
.

Is
it

po
ssible

to
d
evise

a
n

IP
M

m
eth

od
th

a
t

p
rod

u
ces{w

r}
→
w
??

In
a
n
o
th

er
class

of
m

eth
o
d
s,

th
e

d
u
al

p
rob

lem
is

solv
ed

in
a

d
istrib

u
ted

fash
ion

(P
ech

y
-

o
n
y

et
a
l.,

2
01

1
;

Y
an

g,
2013;

Y
an

g
et

al.,
201

3;
J
aggi

et
al.,

2014).
L

et
α
p

d
en

ote
th

e
d
u
al

vecto
r

a
sso

ciated
w

ith
th

e
ex

am
p
les

in
n
o
d
e
p
.

T
h
e

b
asic

id
ea

is
to

op
tim

ize{
α
p }

in
p
arallel

a
n
d

th
en

u
se

a
com

b
in

ation
of

th
e

in
d
iv

id
u
al

d
irection

s
th

u
s

gen
erated

to
tak

e
an

overall
step

.
In

p
ra

ctice
th

ese
m

eth
o
d
s

ten
d

to
h
av

e
slow

con
vergen

ce;
see

S
ectio

n
4

fo
r

d
etails.

W
e

m
a
ke

a
n
ovel

an
d

sim
p
le

u
se

of
th

e
iterative

d
escen

t
m

eth
o
d

m
en

tion
ed

a
t

th
e

b
eg

in
n
in

g
o
f

th
is

section
to

d
esign

a
d
istrib

u
ted

algorith
m

th
at

an
sw

ers
Q

1-Q
2

p
ositively.

T
h
e

m
a
in

id
ea

is
to

u
se

d
istrib

u
ted

com
p
u
tation

for
gen

eratin
g

a
go

o
d

search
d
irection

d
r

a
n
d

n
ot

ju
st

for
form

in
g

th
e

grad
ien

t
as

in
S
Q

M
.

A
t

iteration
r,

let
u
s

say
each

n
o
d
e

p
h
a
s

th
e

cu
rren

t
iterate

w
r

an
d

th
e

grad
ien

t
g
r.

T
h
is

in
form

ation
can

b
e

u
sed

to
geth

er
w

ith
th

e
ex

a
m

p
les

in
th

e
n
o
d
e

to
form

a
fu

n
ction

f̂
p (·)

th
at

ap
p
rox

im
ates

f
(·)

an
d

satisfi
es

∇
f̂
p (w

r)
=
g
r.

O
n
e

sim
p
le

an
d

eff
ectiv

e
su

ggestion
is:

f̂
p (w

)
=
f
p (w

)
+

(g
r−
∇
f
p (w

r))·
(w
−
w
r)

(3)

w
h
ere

f
p

is
th

e
p
art

of
f

th
at

d
o
es

n
ot

d
ep

en
d

on
ex

am
p
les

ou
tsid

e
n
o
d
e
p
;

th
e

secon
d

term
in

(3
)

ca
n

b
e

v
iew

ed
as

an
ap

p
rox

im
ation

of
th

e
ob

jective
fu

n
ction

p
art

asso
ciated

w
ith

d
a
ta

fro
m

th
e

oth
er

n
o
d
es.

In
S
ection

3
w

e
give

oth
er

su
ggestion

s
fo

r
form

in
g
f̂
p .

N
ow

f̂
p

ca
n

b
e

o
p
tim

ized
w

ith
in

n
o
d
e
p

u
sin

g
an

y
m

eth
o
d
M

w
h
ich

h
as

glrc,
e.g.,

T
ru

st
region

m
eth

o
d
,

L
-B

F
G

S
,

etc.
T

h
ere

is
n
o

n
eed

to
op

tim
ize

f̂
p

fu
lly.

W
e

sh
ow

(see
S
ection

3)
th

at,
in

a
co

n
sta

n
t

n
u
m

b
er

of
lo

cal
p
asses

ov
er

ex
am

p
les

in
n
o
d
e
p
,

an
a
p
p
rox

im
ate

m
in

im
izer

2
.

T
h

is
is

th
e

ca
se

w
h

en
fea

tu
re

d
im

en
sio

n
is

h
u

g
e.

M
a
n
y

a
p

p
lica

tio
n

s
g
a
in

p
erfo

rm
a
n

ce
w

h
en

th
e

fea
tu

re
sp

a
ce

is
ex

p
a
n

d
ed

,
say,

v
ia

fea
tu

re
co

m
b

in
a
tio

n
s,

ex
p

licit
ex

p
a
n

sio
n

o
f

n
o
n

lin
ea

r
k
ern

els
etc.
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M
a
h
a
ja

n
,
A
g
r
a
w
a
l
,
K
e
e
r
t
h
i,
S
e
l
l
a
m
a
n
ic
k
a
m

a
n
d

B
o
t
t
o
u

w
p

of
f̂
p

can
b

e
fou

n
d

su
ch

th
at

th
e

d
irection

d
p

=
w
p −

w
r

satisfi
es

th
e

su
ffi

cien
t

a
n
gle

of
d
escen

t
con

d
ition

,
(1).

A
con

vex
co

m
b
in

atio
n

of
th

e
set

of
d
irection

s
gen

erated
in

th
e

n
o
d
es,{

d
p }

form
s

th
e

ov
erall

d
irection

d
r

for
iteration

r.
N

ote
th

a
t
d
r

also
satisfi

es
(1).

T
h
e

resu
lt

is
an

overall
d
istrib

u
ted

m
eth

o
d

th
at

fi
n
d
s

a
p

oin
t
w

satisfy
in

g
f

(w
)−

f
(w

?)≤
ε

in
O

(log
(1/ε))

tim
e.

T
h
is

an
sw

ers
Q

2
.

T
h
e

m
eth

o
d

also
red

u
ces

th
e

n
u
m

b
er

of
com

m
u
n
ication

p
asses

over
th

e
ex

am
p
les

com
-

p
ared

w
ith

S
Q

M
,

th
u
s

also
an

sw
erin

g
Q

1
.

T
h
e

in
tu

ition
h
ere

is
th

at,
if

each
f̂
p

is
a

go
o
d

ap
p
rox

im
ation

of
f

,
th

en
d
r

w
ill

b
e

a
go

o
d

glob
al

d
irection

for
m

in
im

izin
g
f

at
w
r,

an
d

so
th

e
m

eth
o
d

w
ill

m
ove

tow
ard

s
w
?

m
u
ch

faster
th

an
S
Q

M
.

In
su

m
m

ary,
th

e
p
ap

er
m

akes
th

e
follow

in
g

con
trib

u
tion

s.
F

irst,
for

con
vex

f
w

e
estab

-
lish

glrc
for

a
gen

eral
iterative

d
escen

t
m

eth
o
d
.

S
econ

d
,

an
d

m
ore

im
p

ortan
t,

w
e

p
rop

ose
a

d
istrib

u
ted

learn
in

g
algorith

m
th

at:
(a)

con
verges

in
O

(log
(1/ε))

tim
e,

th
u
s

lead
in

g
to

an
IP

M
m

eth
o
d

w
ith

stron
g

con
vergen

ce;
(b

)
is

m
ore

effi
cien

t
th

an
S
Q

M
w

h
en

com
m

u
n
ication

costs
are

h
igh

;
an

d
(c)

fl
ex

ib
le

in
term

s
of

th
e

lo
cal

op
tim

ization
m
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∀
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p
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con
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b
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con
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.
It

can
b

e
sh

ow
n

(S
m

ola
an

d
V

ish
w

an
ath

an
,

2008)
th

at,
if
f

is
σ
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con
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p
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+
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f
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<
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w
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.
d

o
1.

E
x
it

if
g
r

=
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+
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w
r

+
td
r

sa
ti

sfi
es

th
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<
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+
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=
w
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<
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d
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d
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d
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>
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.
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=
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∃
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g
((
f
0
−
f
?
)/
ε)

lo
g
(1
/
δ
)

it
er

at
io

n
s.

A
n

u
p
p

er
b

ou
n
d

o
n
δ

is

(1
−

2
α

(1
−
β

)
σ
2

L
2

co
s2
θ)

.
A

p
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d
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b
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h
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se

ar
ch

in
vo

lv
es

d
is

tr
ib

u
te

d
co

m
p
u
ta

ti
o
n
,

b
u
t

it
is

in
ex

p
en

si
ve

;
w

e
gi

ve
d
et

ai
ls

in
S
u
b
se

ct
io

n
3.

4.

W
e

w
an

t
to

p
oi

n
t

ou
t

th
at
f̂ p

ca
n

ch
a
n
ge

w
it

h
r,

i.
e.

,
on

e
is

al
lo

w
ed

to
u
se

a
d
iff

er
en

t
f̂ p

in
ea

ch
ou

te
r

it
er

at
io

n
.

W
e

ju
st

d
on

’t
m

en
ti

on
it

as
f̂
r p

to
av

oi
d

cl
u
m

si
n
es

s
o
f

n
o
ta

ti
o
n
.

In

fa
ct

,
al

l
th

e
ch

oi
ce

s
fo

r
f̂ p

th
at

w
e

d
is

cu
ss

b
el

ow
in

S
u
b
se

ct
io

n
3.

2
ar

e
su

ch
th

a
t
f̂ p

d
ep

en
d
s

on
th

e
cu

rr
en

t
it

er
at

e,
w
r
.

3
.2

.
C

h
o
o
si

n
g
f̂ p

O
u
r

m
et

h
o
d

off
er

s
gr

ea
t

fl
ex

ib
il
it

y
in

ch
o
o
si

n
g
f̂ p

an
d

th
e

m
et

h
o
d

u
se

d
to

o
p
ti

m
iz

e
it

.
W

e

on
ly

re
q
u
ir

e
f̂ p

to
sa

ti
sf

y
th

e
fo

ll
ow

in
g.

A
3
.
f̂ p

is
σ

-s
tr

on
gl

y
co

n
ve

x
,

h
as

L
ip

sc
h
it

z
co

n
ti

n
u
ou

s
gr

ad
ie

n
t

an
d

sa
ti

sfi
es

gr
a
d
ie

n
t

co
n

-

si
st

en
cy

a
t
w
r
:
∇
f̂ p

(w
r
)

=
g
r
.

B
el

ow
w

e
gi

ve
se

ve
ra

l
w

ay
s

of
fo

rm
in

g
f̂ p

.
T

h
e
σ

-s
tr

on
gl

y
co

n
v
ex

co
n
d
it

io
n

is
ea

si
ly

ta
ke

n
ca

re
of

b
y

m
ak

in
g

su
re

th
at

th
e
L

2
re

gu
la

ri
ze

r
is

al
w

ay
s

a
p
ar

t
of
f̂ p

.
T

h
is

co
n
d
it

io
n

im
p
li
es

th
at

f̂ p
(w

p
)
≥
f̂ p

(w
r
)

+
∇
f̂ p

(w
r
)
·(
w
p
−
w
r
)

+
σ 2
‖w

p
−
w
r
‖2
.

(9
)

5
.

A
n
A
ll
R
ed
u
ce

a
rr

a
n

g
em

en
t

o
f

n
o
d

es
(A

g
a
rw

a
l

et
a
l.

,
2
0
1
1
)

m
ay

a
ls

o
b

e
u

se
d

.
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A
n
e
f
f
ic
ie
n
t
d
ist

r
ib
u
t
e
d

l
e
a
r
n
in
g

a
l
g
o
r
it
h
m

T
h
e

g
ra

d
ien

t
con

sisten
cy

con
d
ition

is
m

otivated
b
y

th
e

n
eed

to
satisfy

th
e

an
g
le

con
d
ition

(1
).

S
in

ce
w
p

is
ob

tain
ed

b
y

startin
g

from
w
r

a
n
d

op
tim

izin
g
f̂
p ,

it
is

reason
a
b
le

to
assu

m
e

th
a
t
f̂
p (w

p )
<
f̂
p (w

r).
U

sin
g

th
ese

in
(9)

gives−
g
r·d

p
>

0.
S
in

ce
d
r

is
a

con
vex

com
b
in

ation
o
f

th
e
d
p

it
fo

llow
s

th
at−

g
r·d

r
>

0.
L

ater
w

e
w

ill
form

alize
th

is
to

y
ield

(1)
p
recisely.

A
g
en

era
l

w
ay

of
ch

o
osin

g
th

e
ap

p
rox

im
atin

g
fu

n
ction

al
f̂
p

is

f̂
p (w

)
=
λ2 ‖w‖

2
+
L̃
p (w

)
+
L̂
p (w

),
(10)

w
h
ere

L̃
p

is
an

a
p
p
rox

im
ation

of
L
p

an
d
L̂
p (w

)
is

an
ap

p
rox

im
ation

of
L

(w
)−
L
p (w

)
=
∑

q6=
p

L
q (w

).
A

n
a
tu

ral
ch

oice
for

L̃
p

is
L
p

itself
sin

ce
it

u
ses

on
ly

th
e

ex
am

p
les

w
ith

in
n
o
d
e
p
;

b
u
t

th
ere

a
re

o
th

er
p

ossib
ilities

to
o.

T
o

m
ain

ta
in

com
m

u
n
icatio

n
effi

cien
cy,

w
e

w
ou

ld
like

to
d
esig

n
a
n
L̂
p

su
ch

th
at

it
d
o
es

n
o
t

ex
p
licitly

req
u
ire

an
y

ex
am

p
les

ou
tsid

e
n
o
d
e
p
.

T
o

satisfy
A

3
w

e
n
eed

L̂
p

to
h
ave

L
ip

sch
itz

con
tin

u
ou

s
grad

ien
t.

A
lso,

to
a
id

in
satisfy

in
g

g
ra

d
ien

t
co

n
sisten

cy,
ap

p
rop

riate
lin

ear
term

s
are

ad
d
ed

.
W

e
n
ow

su
ggest

fi
v
e

ch
o
ices

for
f̂
p .

L
in

e
a
r

A
p

p
ro

x
im

a
tio

n
.

S
et
L̃
p

=
L
p

an
d

ch
o
ose

L̂
p

b
ased

on
th

e
fi
rst

ord
er

T
ay

lor
series.

T
h
u
s,

L̃
p (w

)
=
L
p (w

),
L̂
p (w

)
=

(∇
L

(w
r)−

∇
L
p (w

r))·
(w
−
w
r).

(11)

(T
h
e

zero
th

o
rd

er
term

n
eed

ed
to

get
f

(w
r)

=
f̂

(w
r)

is
om

itted
every

w
h
ere

b
ecau

se
it

is
a

co
n
sta

n
t

th
a
t

p
lay

s
n
o

role
in

th
e

op
tim

iza
tion

.)
N

ote
th

at∇
L

(w
r)

=
g
r−

λ
w
r

an
d

so
it

is
lo

ca
lly

co
m

p
u
ta

b
le

in
n
o
d
e
p
;

th
is

com
m

en
t

also
h
old

s
for

th
e

m
eth

o
d
s

b
elow

.

H
y
b

rid
a
p

p
ro

x
im

a
tio

n
.

T
h
is

is
a
n

im
p
rovem

en
t

over
th

e
lin

ear
ap

p
rox

im
ation

w
h
ere

w
e

a
d
d

a
q
u
a
d
ratic

term
to
L̂
p .

S
in

ce
th

e
loss

term
in

(8)
is

total
loss

(an
d

n
ot

averaged
lo

ss),
th

is
is

d
o
n
e

b
y

u
sin

g
(P
−

1)
cop

ies
of

th
e

q
u
ad

ratic
term

of
L
p

to
ap

p
rox

im
a
te

th
e

q
u
a
d
ra

tic
term

of ∑
q6=
p
L
q .

L̃
p (w

)
=
L
p (w

),
(12)

L̂
p (w

)
=

(∇
L

(w
r)−

∇
L
p (w

r))·
(w
−
w
r)

+
P
−

1

2
(w
−
w
r)
T
H
rp (w
−
w
r),

(13)

w
h
ere

H
rp

is
th

e
H

essian
of
L
p

at
w
r.

T
h
is

corresp
on

d
s

to
u
sin

g
su

b
sam

p
lin

g
to

ap
p
rox

-
im

a
te

th
e

H
essian

of
L

(w
)−

L
p (w

)
at
w
r

u
tilizin

g
on

ly
th

e
lo

cal
ex

am
p
les.

S
u
b
sam

p
lin

g
b
a
sed

H
essian

ap
p
rox

im
ation

is
k
n
ow

n
to

b
e

very
eff

ective
in

op
tim

ization
for

m
ach

in
e

lea
rn

in
g

(B
y
rd

et
al.,

2012).

Q
u

a
d

ra
tic

a
p
p

ro
x
im

a
tio

n
.

T
h
is

is
a

p
u
re

q
u
ad

ratic
varian

t
w

h
ere

a
secon

d
ord

er
a
p
-

p
rox

im
a
tio

n
is

u
sed

for
L̃
p

to
o.

L̃
p (w

)
=
∇
L
p (w

r)·
(w
−
w
r)

+
12

(w
−
w
r)
T
H
rp (w
−
w
r),

(14)

L̂
p (w

)
=

(∇
L

(w
r)−

∇
L
p (w

r))·(w
−
w
r)

+
P
−

1

2
(w
−
w
r)
T
H
rp (w
−
w
r).

(15)

T
h
e

co
m

m
en

t
m

ad
e

earlier
on

th
e

go
o
d
n
ess

of
su

b
sam

p
lin

g
b
ased

H
essian

for
th

e
H

y
b
rid

a
p
p
rox

im
a
tio

n
ap

p
lies

h
ere

to
o.
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M
a
h
a
ja

n
,
A
g
r
a
w
a
l
,
K
e
e
r
t
h
i,
S
e
l
l
a
m
a
n
ic
k
a
m

a
n
d

B
o
t
t
o
u

N
o
n

lin
e
a
r

a
p

p
ro

x
im

a
tio

n
.

H
ere

th
e

id
ea

is
to

u
se
P
−

1
cop

ies
of
L
p

to
a
p
p
rox

im
ate

∑
q6=
p
L
q .

L̃
p (w

)
=
L
p (w

),
(16)

L̂
p (w

)
=

(∇
L

(w
r)−

P
∇
L
p (w

r))·(w
−
w
r)

+
(P
−

1)L
p (w

).
(17)

A
som

ew
h
at

sim
ilar

ap
p
rox

im
ation

is
u
sed

in
S
h
arir

et
a
l.

(2014).
B

u
t

th
e

m
ain

algorith
m

w
h
ere

it
is

u
sed

d
o
es

n
ot

h
ave

d
eterm

in
istic

m
on

oton
e

d
escen

t
like

ou
r

algorith
m

.
T

h
e

grad
ien

t
con

sisten
cy

con
d
ition

,
w

h
ich

is
essen

tial
for

estab
lish

in
g

fu
n
ction

d
escen

t,
is

n
ot

resp
ected

in
th

at
algorith

m
.

In
S
ection

4
w

e
com

p
are

ou
r

m
eth

o
d
s

again
st

th
e

m
eth

o
d

in
S
h
arir

et
al.

(2014).

B
F

G
S

a
p

p
ro

x
im

a
tio

n
.

F
or
L̃
p

w
e

can
eith

er
u
se
L
p

or
a

secon
d

ord
er

ap
p
rox

im
ation

,
like

in
th

e
ap

p
rox

im
ation

s
giv

en
ab

ove.
F

or
L̂
p

w
e

can
u
se

a
secon

d
ord

er
term

,
12 (w
−

w
r)·

H
(w
−
w
r)

w
h
ere

H
is

a
p

ositiv
e

sem
i-d

efi
n
ite

m
atrix

;
for

H
w

e
can

u
se

a
d
iag

on
al

ap
p
rox

im
ation

or
keep

a
lim

ited
h
istory

of
grad

ien
ts

an
d

form
a

B
F

G
S

ap
p
rox

im
ation

of
L
−
L
p .

R
e
m

a
rk

2
.

T
h
e

d
istrib

u
ted

m
eth

o
d

d
escrib

ed
ab

ove
is

an
in

stan
ce

of
A

lgorith
m

1
an

d
so

T
h
eorem

2
can

b
e

u
sed

.
In

T
h
eorem

2
w

e
m

en
tio

n
ed

a
con

vergen
ce

rate,
δ.

F
or

cos
θ

=
σ
/L

th
is

y
ield

s
th

e
rate

δ
=

(1−
2
α

(1−
β

)(
σL

)
4).

T
h
is

rate
is

ob
v
iou

sly
p

essim
istic

given
th

at
it

ap
p
lies

to
gen

eral
ch

oices
of
f̂
p

satisfy
in

g
m

in
im

al
assu

m
p
tio

n
s.

A
ctu

al
rates

of
con

v
ergen

ce
d
ep

en
d

a
lot

on
th

e
ch

oice
m

ad
e

for
f̂
p .

S
u
p
p

ose
w

e
ch

o
ose

f̂
p

v
ia

H
y
b
rid

,
Q

u
ad

ratic
or

N
on

lin
ear

ap
p
rox

im
ation

ch
oices

m
en

tion
ed

in
S
u
b
section

3.2
an

d
m

in
im

ize
f̂
p

ex
actly

in
th

e
in

n
er

op
tim

ization
.

T
h
ese

ap
p
rox

im
ation

s
are

in
varia

n
t

to
co

ord
in

ate
tran

sform
ation

s
su

ch
as
w
′
=
B
w

,
w

h
ere

B
is

a
p

ositive
d
efi

n
ite

m
atrix

.
N

ote
th

at
A

rm
ijo-

W
olfe

lin
e

search
con

d
ition

s
are

also
u
n
aff

ected
b
y

su
ch

tran
sfo

rm
atio

n
s.

W
h
at

th
is

m
ean

s
is

th
at,

at
each

iteration
,

w
e

can
,

w
ith

ou
t

ch
an

gin
g

th
e

algorith
m

,
ch

o
ose

for
an

aly
sis

a
co

ord
in

ate
tran

sform
ation

th
at

gives
th

e
b

est
rate.

T
h
e

L
in

ear
ap

p
rox

im
atio

n
ch

oice
for

f̂
p

d
o
es

n
ot

en
joy

th
is

p
rop

erty.
T

h
is

ex
p
lain

s
w

h
y

th
e

H
y
b
rid

,
Q

u
ad

ratic
an

d
N

on
lin

ear
ap

p
rox

im
ation

s
p

erform
so

w
ell

an
d

give
great

ra
tes

of
con

vergen
ce

in
p
ractice;

see
th

e
ex

p
erim

en
ts

in
S
ection

4.7
an

d
S
u
b
section

4.9.1.
P

rov
in

g
m

u
ch

b
etter

con
verg

en
ce

rates
for

F
A

D
L

u
sin

g
th

ese
ap

p
rox

im
ation

s
w

ou
ld

b
e

in
terestin

g
fu

tu
re

w
ork

.

In
S
ection

4
w

e
evalu

ate
som

e
of

th
ese

ap
p
rox

im
a
tion

s
in

d
etail.

3
.3

.
C

o
n
v
e
rg

e
n

c
e

th
e
o
ry

In
p
ractice,

ex
actly

m
in

im
izin

g
f̂
p

is
in

feasib
le.

F
or

co
n
vergen

ce,
it

is
n
ot

n
ecessary

for
w
p

to
b

e
th

e
m

in
im

izer
of
f̂
p ;

w
e

on
ly

n
eed

to
fi
n
d
w
p

su
ch

th
at

th
e

d
irectio

n
d
p

=
w
p −

w
r

satisfi
es

(1).
T

h
e

an
gle

θ
n
eed

s
to

b
e

ch
osen

righ
t.

L
et

u
s

d
iscu

ss
th

is
fi
rst.

L
et
ŵ
?p

b
e

th
e

m
in

im
izer

of
f̂
p .

It
can

b
e

sh
ow

n
(see

ap
p

en
d
ix

B
)

th
at

ŵ
?p −

w
r,−

g
r≤

cos −
1
σL

.
T

o
allow

for
w
p

b
ein

g
an

ap
p
rox

im
ation

of
ŵ
?p ,

w
e

ch
o
ose

θ
su

ch
th

at

π2
>
θ
>

cos −
1
σL
.

(18)

T
h
e

follow
in

g
resu

lt
sh

ow
s

th
at

if
an

op
tim

izer
w

ith
glrc

is
u
sed

to
m

in
im

ize
f̂
p ,

th
en

,
on

ly
a

con
stan

t
n
u
m

b
er

of
iteration

s
is

n
eed

ed
to

satisfy
th

e
su

ffi
cien

t
a
n
gle

of
d
escen

t
con

d
ition

.
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A
n
e
f
f
ic
ie
n
t
d
is
t
r
ib
u
t
e
d

l
e
a
r
n
in
g

a
l
g
o
r
it
h
m

L
e
m

m
a

3
.

A
ss

u
m

e
g
r
6=

0.
S
u
p
p

os
e

w
e

m
in

im
iz

e
f̂ p

u
si

n
g

an
o
p
ti

m
iz

er
M

th
at

st
ar

ts
fr

om

v
0

=
w
r

an
d

ge
n
er

at
es

a
se

q
u
en

ce
{v

k
}

h
av

in
g

gl
rc

,
i.
e.

,
f̂ p

(v
k
+

1
)
−
f̂
? p
≤
δ(
f̂ p

(v
k
)
−
f̂
? p
),

w
h
er

e
f̂
? p

=
f̂ p

(ŵ
? p
).

T
h
en

,
th

er
e

ex
is

ts
k̂

(w
h
ic

h
d
ep

en
d
s

on
ly

on
σ

an
d
L

)
su

ch
th

at

−
g
r
,v
k
−
w
r
≤
θ
∀k
≥
k̂
.

L
em

m
a

3
ca

n
b

e
co

m
b
in

ed
w

it
h

T
h
eo

re
m

2
to

y
ie

ld
th

e
fo

ll
ow

in
g

co
n
ve

rg
en

ce
th
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b
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at
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p
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b
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w
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p
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p
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b
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at
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p
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⊂
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b
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b
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p
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ra
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b
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at
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b
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p
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at
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at
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p
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b
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h
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w
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p
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b
se

ct
io
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b
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efl
y

as
it

is
ou

ts
id

e
th

e
sc

op
e

of
th

e
cu

rr
en

t
p
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.
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d
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p
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ra
ti

c
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at
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it
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w
e
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th
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n
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te

-g
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d
ie

n
t

m
et
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o
d
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ch
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u
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ra
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at
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b
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at
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d
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p
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e
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n
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at
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b
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at
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at
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.
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w
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p
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w
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=
w
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at
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+
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9.
C

om
p
u
te
{e
i

=
d
r
·x

i}
(c

o
m

:
d
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m
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b
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re
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w
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=
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p
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f
f
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n
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p
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u
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e

form

w
=
w
−
η
(∇
ψ
i (w
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∇
ψ
i (w
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+
g
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(20)

w
h
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p
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e

u
p
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S
V

R
G
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=
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m
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u
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p
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very

close
to
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e

S
V

R
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m
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d
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e

u
p

d
ate

in
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w
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p
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d
e
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aly
sis
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u
n
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d
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e
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d
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u
n
d
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w
h
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o
u
r

m
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d
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A

D
L

)
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faster
th

an
th

e
S
Q

M
m

eth
o
d

(C
h
u

et
al.,

2006;
A

garw
al

et
a
l.,

2011)
(see

S
ectio

n
1
).

T
h
is

an
aly

sis
is

on
ly

for
u
n
d
erstan

d
in

g
th

e
role

of
variou

s
p
aram

eters
an

d
n
o
t

fo
r

g
ettin

g
an

y
p
recise

com
p
arison

of
th

e
sp

eed
of

th
e

tw
o

m
eth

o
d
s.

C
o
m

p
a
red

to
th

e
S
Q

M
m

eth
o
d
,

F
A

D
L

d
o
es

a
lot

m
ore

com
p
u
tatio

n
(op

tim
ize

f̂
p )

in
ea

ch
n
o
d
e.

O
n

th
e

oth
er

h
an

d
F
A

D
L

reach
es

a
go

o
d

solu
tion

u
sin

g
a

m
u
ch

sm
a
ller

n
u
m

b
er

o
f

o
u
ter

itera
tio

n
s.

C
learly,

F
A

D
L

w
ill

b
e

attractive
for

p
rob

lem
s

w
ith

h
igh

com
m

u
n
ica

tion
co

sts,
e.g

.,
p
ro

b
lem

s
w

ith
a

large
featu

re
d
im

en
sion

.
F

or
a

giv
en

d
istrib

u
ted

com
p
u
tin

g
en

v
iro

n
m

en
t

a
n
d

sp
ecifi

c
im

p
lem

en
tation

ch
oices,

it
is

easy
to

d
o

a
rou

gh
a
n
aly

sis
to

u
n
d
er-

sta
n
d

th
e

co
n
d
ition

s
in

w
h
ich

F
A

D
L

w
ill

b
e

m
ore

effi
cien

t
th

an
S
Q

M
.
C

on
sid

er
a

d
istrib

u
ted

g
rid

of
n
o
d
es

in
an

A
llR

ed
u

ce
tree.

L
et

u
s

u
se

a
com

m
on

m
eth

o
d

su
ch

as
T

R
O

N
for

im
p
le-

m
en

tin
g

S
Q

M
a
s

w
ell

as
forM

in
F
A

D
L

.
A

ssu
m

in
g

th
at
T

o
u

ter
S

Q
M
>

3.0T
o
u
ter

F
A

D
L

(w
h
ere

T
o
u

ter
F
A

D
L

a
n
d
T
o
u
ter

S
Q

M
a
re

th
e

n
u
m

b
er

of
ou

ter
iteration

s
req

u
ired

b
y

S
Q

M
an

d
F
A

D
L

),
w

e
can

d
o

a
ro

u
g
h

a
n
aly

sis
of

th
e

costs
of

S
Q

M
an

d
F
A

D
L

(see
ap

p
en

d
ix

A
for

d
etails)

to
sh

ow
th

at
F
A

D
L

w
ill

b
e

faster
w

h
en

th
e

follow
in

g
con

d
ition

is
satisfi

ed
.

n
zm
<
γ
P2
k̂

(21)

w
h
ere:

n
z

is
th

e
n
u
m

b
er

of
n
on

zero
elem

en
ts

in
th

e
d
ata,

i.e.,
{x

i }
;
m

is
th

e
featu

re
d
im

en
sio

n
;
γ

is
th

e
relative

cost
of

com
m

u
n
ication

to
com

p
u
tation

(e.g.
100−

100
0);

P
is

th
e

n
u
m

b
er

o
f

n
o
d
es;

an
d
k̂

is
th

e
n
u
m

b
er

of
in

n
er

iteration
s

of
F
A

D
L

.
T

h
u
s,

th
e

larger
th

e
d
im

en
sio

n
(m

)
is,

an
d

th
e

h
igh

er
th

e
sp

arsity
in

th
e

d
ata

is,
F
A

D
L

w
ill

b
e

b
etter

th
an

S
Q

M
.

4
.

E
x
p

e
rim

e
n
ts

In
th

is
section

,
w

e
d
em

on
strate

th
e

eff
ectiv

en
ess

of
ou

r
m

eth
o
d

b
y

com
p
arin

g
it

again
st

severa
l

ex
istin

g
d
istrib

u
ted

train
in

g
m

eth
o
d
s

on
fi
ve

large
d
ata

sets.
W

e
fi
rst

d
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ou

r
ex

p
erim

en
ta

l
setu

p
.

W
e

th
en

b
riefl

y
list

each
m

eth
o
d

con
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an

d
th

en
d
o

ex
p

erim
en

ts
to

d
ecid

e
th

e
b

est
ov

erall
settin

g
for

each
m

eth
o
d
.

T
h
is

ap
p
lies

to
ou

r
m

eth
o
d

to
o,

for
w

h
ich

th
e

settin
g

is
m

ain
ly

d
ecid

ed
b
y

th
e

ch
oice

m
ad

e
for

th
e

fu
n
ction

ap
p
rox

im
ation

,
f̂
p ;

see
S
u
b
section

3.2
for

d
etails

of
th

ese
ch

o
ices.

F
in

ally,
w

e
com

p
are,

in
d
eta

il,
all

th
e

m
eth

o
d
s

u
n
d
er

th
eir

b
est

settin
gs.

T
h
is

stu
d
y

clearly
d
em

on
strates

scen
a
rios

u
n
d
er

w
h
ich

o
u
r

m
eth

o
d

p
erform

s
b

etter
th

an
oth

er
m

eth
o
d
s.

7
.

N
o
te

th
e

su
b

tle
p

o
in

t
th

a
t

a
p

p
ly

in
g

S
V

R
G

m
eth

o
d

o
n
f̂
p

is
d

iff
eren

t
fro

m
d

o
in

g
(2

0
),

w
h

ich
co

rresp
o
n

d
s

to
p

la
in

S
G

D
.

It
is

th
e

fo
rm

er
th

a
t

a
ssu

res
glrc

(in
ex

p
ecta

tio
n

).
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M
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n
,
A
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r
a
w
a
l
,
K
e
e
r
t
h
i,
S
e
l
l
a
m
a
n
ic
k
a
m

a
n
d

B
o
t
t
o
u

4
.1

.
E

x
p

e
rim

e
n
ta

l
S

e
tu

p

W
e

ran
all

ou
r

ex
p

erim
en

ts
on

a
H

ad
o
op

clu
ster

w
ith

379
n
o
d
es

an
d

10
G

b
it

in
tercon

n
ect

sp
eed

.
E

ach
n
o
d
e

h
as

In
tel

(R
)

X
eon

(R
)

E
5-2450L

(2
p
ro

cessors)
ru

n
n
in

g
at

1.8
G

H
z.

S
in

ce
iteration

s
in

trad
ition

al
M

a
p
R

ed
u

ce
are

slow
er

(b
ecau

se
of

job
setu

p
an

d
d
isk

a
ccess

costs),
as

in
A

garw
al

et
al.

(A
garw

al
et

al.,
2011),

w
e

b
u
ild

an
A

llR
ed

u
ce

b
in

ary
tree

b
etw

een
th

e
m

ap
p

ers
8.

T
h
e

com
m

u
n
ication

b
an

d
w

id
th

is
1

G
bp

s
(gigab

its
p

er
sec).

D
ataset

#
E

x
am

p
les

(n
)

#
F

eatu
res

(m
)

#
N

on
-zeros

(n
z
)

λ
/n

kd
d
2
0
1
0

8
.41×

10
6

20.21×
10

6
0.3

1×
10

9
1
.25×

10 −
6

u
rl

1.91×
10

6
3
.23×

10
6

0.2
2×

10
9

0
.11×

10 −
6

w
ebspa

m
0
.35×

10
6

1
6.6×

10
6

0.9
8×

10
9

1
.0×

10 −
4

m
n

ist8
m

8.1×
10

6
7
84

6
.35×

10
9

1
.0×

10 −
4

rcv
0.5×

10
6

47236
0
.50×

10
8

1
.0×

10 −
4

T
ab

le
1:

P
rop

erties
of

d
atasets.

D
a
ta

S
e
ts.

W
e
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sid

er
th

e
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in
g

p
u
b
licly

availab
le

d
atasets

h
av

in
g

a
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n
u
m

b
er
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ex

am
p
les: 9
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d
2
0
1
0
,

u
rl,

w
ebspa

m
,

m
n

ist8
m

an
d

rcv.
T
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le

1
sh
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s
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e

n
u
m

b
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ex

am
p
les,

featu
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n
on

zero
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d
ata

m
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an
d
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e
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lu

es
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larizer

λ
u
sed

.
T

h
e

regu
larizer

for
each

d
ataset

is
ch

osen
to

b
e

th
e

op
tim

al
valu

e
th

at
gives

th
e

b
est

p
erform

an
ce

on
a

sm
all

valid
ation

set.
W

e
u
se

th
ese

d
atasets

m
ain

ly
to

illu
strate

th
e

valid
ity

of
th

eory,
an

d
its

u
tility

to
d
istrib

u
ted

m
ach

in
e

learn
in

g.
In

real
scen

arios
of

B
ig

d
ata,

th
e

d
atasets

are
ty

p
ically

m
u
ch

larger.
N

ote
th

at
kd

d
2
0
1
0
,

u
rl

an
d

w
ebspa

m
are

large
d
im

en
sion

al
(m

is
large)

w
h
ile

m
n

ist8
m

an
d

rcv
are

low
/m

ed
iu

m
d
im

en
sion

al
(m

is
n
ot

h
igh

).
T

h
is

d
iv

ision
of

th
e

d
atasets

is
u
sefu

l
b

ecau
se

com
m

u
n
ication

cost
in

ex
am

p
le-p

artition
ed

d
istrib

u
ted

m
eth

o
d
s

is
m

ain
ly

d
ep

en
d
en

t
on

m
(see

A
p
p

en
d
ix

A
)

an
d

so
th

ese
d
atasets

som
ew

h
at

h
elp

to
see

th
e

eff
ect

of
com

m
u
n
ication

s
cost.

W
e

u
se

th
e

squ
a
red

-h
in

ge
lo

ss
fu

n
ction

for
all

th
e

ex
p

erim
en

ts.
U

n
less

stated
d
iff

eren
tly,

for
all

n
u
m

erical
op

tim
ization

s
w

e
u
se

th
e

T
ru

st
R

egio
n

N
ew

ton
m

eth
o
d

(T
R

O
N

)
p
rop

osed
in

L
in

et
al.

(2008).

E
v
a
lu

a
tio

n
C

rite
ria

.
W

e
u
se

th
e

relative
d
iff

eren
ce

to
th

e
op

tim
al

fu
n
ction

valu
e

an
d

th
e

A
rea

u
n
d
er

P
recision

-R
ecall

C
u
rve

(A
U

P
R

C
)

(S
on

n
en

b
u
rg

an
d

F
ran

c,
2010;

A
garw

al
et

al.,
2013)

1
0

as
th

e
evalu

ation
criteria.

T
h
e

form
er

is
calcu

lated
as

(f
−
f
∗)/f

∗
in

log
scale,

w
h
ere

f
∗

is
th

e
op

tim
al

fu
n
ction

valu
e

ob
tain

ed
b
y

ru
n
n
in

g
th

e
T

E
R

A
algorith

m
(see

b
elow

)
for

a
very

large
n
u
m

b
er

of
iteration

s.

4
.2

.
M

e
th

o
d

s
fo

r
c
o
m

p
a
riso

n

W
e

com
p
are

th
e

follow
in

g
m

eth
o
d
s.

8
.

N
o
te

th
a
t

w
e

d
o

n
o
t

u
se

th
e

p
ip

elin
ed

v
ersio

n
a
n

d
h

en
ce

w
e

in
cu

r
a
n

ex
tra

m
u

ltip
lica

tiv
e
log

P
co

st
in

co
m

m
u

n
ica

tio
n

.
9
.

T
h

ese
d

a
ta

sets
a
re

ava
ila

b
le

a
t:

h
t
t
p
:
/
/
w
w
w
.
c
s
i
e
.
n
t
u
.
e
d
u
.
t
w
/
~
c
j
l
i
n
/
l
i
b
s
v
m
t
o
o
l
s
/
d
a
t
a
s
e
t
s
/
.

F
o
r

m
n
ist8

m
w

e
so

lv
e

th
e

b
in

a
ry

p
ro

b
lem

o
f

sep
a
ra

tin
g

cla
ss

“
3
”

fro
m

o
th

ers.
1
0
.

W
e

em
p

loy
ed

A
U

P
R

C
in

stea
d

o
f

A
U

C
b

eca
u

se
it

d
iff

eren
tia

tes
m

eth
o
d

s
m

o
re

fi
n

ely.
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A
n
e
f
f
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n
t
d
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t
r
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u
t
e
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l
e
a
r
n
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a
l
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h
m

•
T

E
R

A
:
T

h
e

T
er
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ca

le
m

et
h
o
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(T
E

R
A

)
(A
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al
et

al
.,

20
1
1)
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e
b

es
t

re
p
re

se
n
ta

ti
ve

m
et

h
o
d

fr
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th
e

S
Q

M
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s

(C
h
u

et
al

.,
20

06
).

It
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n
b

e
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n
si

d
er

ed
a
s

th
e

st
at

e-
of

-
th

e-
ar

t
d
is

tr
ib

u
te

d
so

lv
er

an
d

th
er

ef
or

e
an

im
p

or
ta

n
t

b
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el
in

e.

•
A

D
M

M
:

W
e

u
se

th
e
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p
le

p
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ti
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g
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u
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o
n

of
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e
A

lt
er

n
at
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g

D
ir
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M
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h
o
d
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M

u
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D
M

M
)

(B
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d
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.,
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;
Z

h
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g
et

al
.,
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).
A

D
M

M
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a
d
u
al

m
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h
o
d

w
h
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h
is

ve
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d
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t
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r
p
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m
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m
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h
o
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h
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ev
er

,
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ou
r

m
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h
o
d
,

it
so
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p
ro

x
im
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e

p
ro

b
le

m
s

in
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e
n
o
d
es

an
d

it
er
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el
y

re
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h
es

th
e

fu
ll

b
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ch
so

lu
ti
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.

•
C

o
C

o
A

:
T

h
is

m
et

h
o
d

(J
ag
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et

al
.,

20
1
4)

re
p
re

se
n
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th
e
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s
of

d
is

tr
ib

u
te

d
d
u
al

m
et

h
o
d
s

(P
ec

h
yo

n
y

et
al

.,
20

11
;
Y

an
g,

20
13

;
Y

an
g

et
al

.,
20

13
;
J
ag

gi
et

al
.,

20
14

)
th

a
t,

in
ea

ch
ou

te
r

it
er

at
io

n
,

so
lv

e
(i

n
p
ar

al
le

l)
se

ve
ra

l
lo
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l

d
u
al

op
ti

m
iz

at
io

n
p
ro

b
le

m
s.

•
D

A
N

E
:

T
h
is

is
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e
N

ew
to

n
b
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ed
m

et
h
o
d

d
es

cr
ib

ed
in

S
h
ar
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et

al
.

(2
0
14

)
th
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u
se

s
a

fu
n
ct

io
n

ap
p
ro

x
im

at
io

n
si

m
il
ar

to
F
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D
L

.

•
D

iS
C

O
:

T
h
is

(Z
h
an

g
an

d
X
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)
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a
d
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u
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d
N

ew
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m
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h
o
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d
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n
ed

w
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h
co

m
m

u
n
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at
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n
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d
.

•
O

u
r

m
et

h
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D
L
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T

h
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r
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et
h
o
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d
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ed
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d
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S
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o
n

3
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d
m
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e
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y,
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A
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it
h
m

2.

4
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.
S

tu
d

y
o
f

T
E

R
A

A
k
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at
tr
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ti

ve
p
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p
er
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T
E

R
A
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at
th

e
n
u
m

b
er
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it
er

at
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n
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re
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m
u
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n
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w
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h
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t
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n
u
m

b
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d
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u
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d
n
o
d
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u
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d
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A
s
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m
m

en
d
ed

b
y

A
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.
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,
w

e
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n
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a
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w
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g
h
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o
d
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b
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m
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n
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(b
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s
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at

n
o
d
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u
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n
g
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o
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o
f

S
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D
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u
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ce
(e.g

.,
b
ased

o
n

A
U

P
R

C
)

is
p
lotted

as
a

fu
n
ction

of
P

,
it

u
su

ally
h
as

a
m

in
im

u
m

at
a

valu
e

P
>

1
.

G
iven

th
is,

it
is

ap
p
rop

riate
to

ch
o
ose

a
P

op
tim

ally
to

m
in

im
ize

train
in

g
tim

e.
A

la
rg

e
fra

ction
o
f

B
ig

d
ata

m
ach

in
e

learn
in

g
ap

p
lication

s
in

volv
e

p
erio

d
ica

lly
rep

eated
m

o
d
el

tra
in

in
g

in
vo

lv
in

g
n
ew

ly
ad

d
ed

d
ata.

F
or

ex
am

p
le,

in
A

d
vertisin

g,
logistic

regression
b
ased

click
p
ro

b
a
b
ility

m
o
d
els

are
retrain

ed
on

a
d
aily

b
asis

on
in

crem
en

tally
vary

in
g

d
atasets.

In
su

ch
scen

arios
it

is
w

orth
w

h
ile

to
sp

en
d

tim
e

to
tu

n
e
P

in
an

early
d
ep

loy
m

en
t

p
h
ase

to
m

in
im

ize
tim

e,
an

d
th

en
u
se

th
is

ch
oice

of
P

for
fu

tu
re

ru
n
s.

4
.9
.5
.
C
o
m
p
u
t
a
t
io
n
a
n
d

C
o
m
m
u
n
ic
a
t
io
n
C
o
st

s

T
a
b
le

2
sh

ow
s

th
e

ratio
of

com
p
u
tation

al
cost

to
com

m
u
n
ication

cost
for

th
e

th
ree

h
igh

d
im

en
sio

n
a
l

d
a
tasets

for
all

th
e

m
eth

o
d
s. 1

7
N

ote
th

at
th

e
ratio

is
sm

all
for

T
E

R
A

an
d

so
co

m
m

u
n
ica

tion
cost

d
om

in
ates

th
e

tim
e

for
it.

O
n

th
e

oth
er

h
an

d
,

b
oth

th
e

costs
are

w
ell

b
a
la

n
ced

for
F
A

D
L

.
N

ote
th

at
ratio

varies
in

th
e

ran
ge

of
0
.625−

2
.84

5.
T

h
is

clearly
sh

ow
s

th
a
t

F
A

D
L

trad
es-off

com
p
u
ta

tion
w

ith
com

m
u
n
ication

,
w

h
ile

sign
ifi

can
tly

red
u
cin

g
th

e
n
u
m

b
er

o
f

com
m

u
n
ication

p
asses

(F
igu

res
6

an
d

7)
an

d
tim

e
(F

ig
u
res

8
an

d
9).

F
A

D
L

C
oC

o
A

T
E

R
A

A
D

M
M

kd
d
2
0
1
0

1.6333
0.1416

0.1422
1.8499

u
rl

1.3650
0.1040

0.2986
3.4886

w
ebspa

m
1.2082

0.1570
0.2423

1.2543

T
a
b
le

2
:

R
a
tio

of
th

e
total

com
p
u
tation

cost
to

th
e

to
tal

com
m

u
n
ication

co
st

fo
r

variou
s

m
eth

o
d
s

w
h
ich

w
ere

term
in

ated
w

h
en

A
U

P
R

C
reach

ed
w

ith
in

0.1%
of

th
e

A
U

P
R

C
va

lu
e

for
128

n
o
d
es.

1
5
.

W
e

ch
o
o
se

F
A

D
L

a
s

a
n

ex
a
m

p
le,

b
u

t
th

e
co

m
m

en
ts

m
a
d

e
in

th
e

d
iscu

ssio
n

a
p

p
ly

to
o
th

er
m

eth
o
d

s
to

o
.

1
6
.

T
h

e
d

a
ta

sets,
kd
d
2
0
1
0
,
u
rl

a
n

d
w
ebspa

m
a
re

rea
lly

n
o
t

h
u

g
e

in
th

e
B
ig

d
a
ta

sen
se.

In
th

is
p

a
p

er
w

e
u

sed
th

em
o
n

ly
b

eca
u

se
o
f

la
ck

o
f

ava
ila

b
ility

o
f

m
u

ch
b

ig
g
er

p
u

b
lic

d
a
ta

sets.
1
7
.

F
o
r

th
e

m
ed

iu
m

/
low

d
im

en
sio

n
a
l

d
a
ta

sets
rcv

a
n

d
m
n
ist8

m
,

co
m

m
u

n
ica

tio
n

la
ten

cies,
lin

e
sea

rch
co

st
etc.

a
lso

p
lay

a
k
ey

ro
le

a
n

d
a
n

a
n

a
ly

sis
o
f

co
m

p
u

ta
tio

n
co

st
v
ersu

s
co

m
m

u
n

ica
tio

n
co

st
d

o
es

n
o
t

p
rov

id
e

a
n
y

g
rea

t
in

sig
h
t.
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M
a
h
a
ja

n
,
A
g
r
a
w
a
l
,
K
e
e
r
t
h
i,
S
e
l
l
a
m
a
n
ic
k
a
m

a
n
d

B
o
t
t
o
u

4
.1

0
.

E
x
p

e
rim

e
n
t

o
n

a
m

u
ch

la
rg

e
r

d
a
ta

se
t

T
o

verify
th

e
go

o
d
n
ess

of
F
A

D
L

,
w

e
a
lso

d
id

an
ex

p
erim

en
t

evalu
atin

g
F
A

D
L

again
st

oth
er

m
eth

o
d
s,

on
a

large
d
ataset

th
at

is
m

ore
th

an
an

ord
er

of
m

agn
itu

d
e

b
igger

th
an

th
e

largest
d
ataset

in
T

ab
le

1.
T

h
e

d
ataset

is
th

e
S
p
lice

site
recogn

ition
d
ataset

from
th

e
b
ioin

form
a
tics

d
om

ain
(S

on
n
en

b
u
rg

an
d

F
ran

c,
2010

).
In

th
is

d
ataset

each
ex

am
p
le

is
a

seq
u
en

ce;
w

e
con

sid
ered

all
p

osition
al

featu
res

u
p
to

9
gram

s.
T

h
is

led
to

a
d
ataset

of
49

m
illion

fea
tu

res
an

d
50

m
illion

ex
am

p
les.

T
h
e

size
of

th
e

d
ataset

is
larger

th
an

0.65
T

erab
y
tes.

W
e

em
p
loyed

a
clu

ster
of

100
n
o
d
es

to
solve

th
is

p
ro

b
lem

.
F

igu
re

12
com

p
ares

th
e

va
riou

s
m

eth
o
d
s

on
(a)

th
e

red
u
ction

of
th

e
ob

jective
fu

n
ction

as
a

fu
n
ction

of
com

m
u
n
ication

p
asses;

(b
)

th
e

red
u
ction

of
th

e
ob

jectiv
e

fu
n
ction

as
a

fu
n
ction

of
tim

e;
an

d
(c)

th
e

im
p
rovem

en
t

of
gen

eralization
p

erform
an

ce
(A

U
P

R
C

)
as

a
fu

n
ction

of
tim

e.
It

is
clear

th
at

F
A

D
L

m
akes

great
red

u
ction

s
over

oth
er

m
eth

o
d
s,

on
th

e
n
u
m

b
er

of
com

m
u
n
ication

p
asses.

F
A

D
L

is
also

th
e

b
est

p
erform

er
w

h
en

w
e

m
easu

re
b
y

th
e

tim
e

taken
.

O
n

clu
sters

w
ith

slow
er

com
m

u
n
ication

sp
eed

s
an

d
iteration

set-u
p

tim
es,

th
e

valu
e

of
F
A

D
L

ov
er

oth
er

m
eth

o
d
s

w
ill

b
e

even
h
igh

er.
In

terestin
gly,

C
oC

oA
com

es
ou

t
as

th
e

n
ex

t
b

est
p

erform
er.

C
oC

oA
h
as

slow
er

en
d

con
vergen

ce
th

an
F
A

D
L

,
b
u
t

it
sh

ow
s

u
p

eq
u
a
lly

w
ell

in
p
lot

(c)
on

th
e

im
p
rovem

en
t

of
g
en

eralization
p

erform
an

ce.
A

s
w

e
saw

earlier
w

ith
oth

er
d
atasets,

th
e

valu
e

of
C

oC
oA

varies
a

lot;
for

th
e

cu
rren

t
scen

ario
of

solv
in

g
th

e
sp

lice
site

recogn
ition

on
100

n
o
d
es

it
seem

s
to

b
e

w
ell-su

ited
.

F
A

D
L

,
on

th
e

oth
er

h
an

d
,

is
u
n
iform

ly
go

o
d

in
vary

in
g

scen
arios

of
sev

eral
d
atasets,

n
u
m

b
er

of
n
o
d
es

etc.

4
.1

1
.

S
u

m
m

a
ry

It
is

u
sefu

l
to

su
m

m
arize

th
e

fi
n
d
in

gs
of

th
e

em
p
irical

stu
d
y.

•
F
A

D
L

gives
a

great
red

u
ction

in
th

e
n
u
m

b
er

of
com

m
u
n
ication

p
asses,

m
ak

in
g

it
clearly

su
p

erior
to

oth
er

m
eth

o
d
s

in
com

m
u
n
ication

h
eav

y
settin

g
s.

•
In

sp
ite

of
h
igh

er
com

p
u
tation

al
costs

p
er

iteration
F
A

D
L

sh
ow

s
th

e
overall

b
est

p
er-

form
an

ce
on

th
e

total
tim

e
taken

.
T

h
is

is
tru

e
even

for
m

ed
iu

m
an

d
low

d
im

en
sion

al
d
atasets.

•
F
A

D
L

sh
ow

s
a

sp
eed

-u
p

of
1-10

over
T

E
R

A
,

th
e

actu
al

sp
eed

-u
p

d
ep

en
d
in

g
on

th
e

d
ataset

an
d

th
e

settin
g.

•
F
A

D
L

n
icely

b
alan

ces
com

p
u
tation

an
d

com
m

u
n
ication

costs.

5
.

D
iscu

ssio
n

In
th

is
section

,
w

e
d
iscu

ss
b
riefl

y,
oth

er
d
iff

eren
t

d
istrib

u
ted

settin
gs

m
a
d
e

p
ossib

le
b
y

o
u
r

algorith
m

.
T

h
e

aim
is

to
sh

ow
th

e
fl
ex

ib
ility

an
d

gen
erality

of
ou

r
ap

p
roach

w
h
ile

en
su

rin
g

glrc.S
ection

3
con

sid
ered

ex
am

p
le

p
artition

in
g

w
h
ere

ex
am

p
les

are
d
istrib

u
ted

across
th

e
n
o
d
es.

F
irst,

it
is

w
orth

m
en

tion
in

g
th

at,
d
u
e

to
th

e
grad

ien
t

con
sisten

cy
con

d
ition

,
pa

rti-
tio

n
in

g
is

n
ot

a
n
ecessary

con
strain

t;
ou

r
th

eory
allow

s
ex

am
p
les

to
b

e
resam

p
led

,
i.e.,

each
ex

am
p
le

is
allow

ed
to

b
e

a
p
art

of
an

y
n
u
m

b
er

of
n
o
d
es

arb
itrarily.

F
or

ex
a
m

p
le,

to
red

u
ce

th
e

n
u
m

b
er

of
ou

ter
iteration

s,
it

h
elp

s
to

h
ave

m
ore

ex
a
m

p
les

in
each

n
o
d
e.

2
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fe
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u
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p
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x
.

T
h
e

al
go

ri
th

m
o
n
ly

h
a
s

as
y
m

p
to

ti
c

li
n
ea

r
ra

te
of

co
n
ve

rg
en

ce
an

d
it

re
q
u
ir

es
th

e
fe

at
u
re

p
ar

ti
ti

on
s

to
b

e
d
is

jo
in

t.
In

co
n
tr

as
t,

ou
r

m
et

h
o
d

h
as

gl
rc

an
d

w
or

k
s

ev
en

if
fe

at
u
re

s
ov

er
la

p
in

p
ar

ti
ti

o
n
s.

M
o
re

ov
er

,
th

er
e

d
o
es

n
ot

ex
is

t
an

y
co

u
n
te

rp
ar

t
of

ou
r

ex
a
m

p
le

p
ar

ti
ti

on
in

g
b
as

ed
d
is

tr
ib

u
te

d
a
lg

o
ri

th
m

d
is

cu
ss

ed
in

S
ec

ti
on

3.

R
ec

en
tl

y
M

ai
ra

l
(2

01
3)

h
as

d
ev

el
op

ed
an

al
go

ri
th

m
ca

ll
ed

M
IS

O
.
T

h
e

m
ai

n
id

ea
o
f
M

IS
O

(w
h
ic

h
is

in
th

e
sp

ir
it

of
th

e
E

M
al

go
ri

th
m

)
is

to
b
u
il
d

m
a

jo
ri

za
ti

on
ap

p
ro

x
im

a
ti

o
n
s

w
it

h
go

o
d

p
ro

p
er

ti
es

so
th

at
li
n
e

se
ar

ch
ca

n
b

e
av

oi
d
ed

,
w

h
ic

h
is

in
te

re
st

in
g.

M
IS

O
is

a
se

ri
a
l

m
et

h
o
d
.

D
ev

el
op

in
g

a
d
is

tr
ib

u
te

d
ve

rs
io

n
o
f

M
IS

O
is

an
in

te
re

st
in

g
fu

tu
re

d
ir

ec
ti

o
n
;

b
u
t,

gi
ve

n
th

at
li
n
e

se
ar

ch
is

in
ex

p
en

si
ve

co
m

m
u
n
ic

at
io

n
-w

is
e,

it
is

u
n
cl

ea
r

if
su

ch
a

m
et

h
o
d

w
ou

ld
gi

v
e

gr
ea

t
b

en
efi

ts
.

O
u
r

ap
p
ro

ac
h

ca
n

b
e

ea
si

ly
ge

n
er

al
iz

ed
to

jo
in

t
ex

am
p
le

-f
ea

tu
re

p
ar

ti
ti

o
n
in

g
a
s

w
el

l
as

n
on

-c
on

ve
x

se
tt

in
gs

.1
8

T
h
e

ex
ac

t
d
et

a
il
s

of
al

l
th

e
ex

te
n
si

on
s

m
en

ti
on

ed
ab

ov
e

a
n
d

re
la

te
d

ex
p

er
im

en
ts

ar
e

le
ft

fo
r

fu
tu

re
w

or
k
.

R
ec

en
tl

y,
a

p
ow

er
fu

l
d
iv

id
e

an
d

co
n
q
u
er

ap
p
ro

a
ch

H
si

eh
et

al
.
(2

01
4)

h
as

b
ee

n
su

g
g
es

te
d

fo
r

tr
ai

n
in

g
ke

rn
el

m
et

h
o
d
s.

T
h
e

id
ea

is
to

p
ar

ti
ti

on
th

e
in

p
u
t

sp
ac

e
su

ch
th

a
t

th
e

re
st

ri
c-

ti
on

s
of

tr
ai

n
in

g
on

th
e

p
ar

ti
ti

on
ed

in
p
u
t

sp
ac

es
a
re

as
d
ec

ou
p
le

d
as

p
os

si
b
le

.
If

,
in

F
A

D
L

,
w

e
h
ad

th
e

ab
il
it

y
to

ch
o
os

e
th

e
p
ar

ts
of

d
at

a
th

at
ar

e
p
la

ce
d

in
th

e
n
o
d
es

,
th

en
w

e
w

o
u
ld

al
so

ga
in

b
y

ch
o
os

in
g

d
ec

ou
p
le

d
p
ar

ti
ti

on
s.

H
ow

ev
er

,
in

th
e

d
is

tr
ib

u
te

d
ca

se
,

th
is

re
q
u
ir

es
p
re

-p
ro

ce
ss

in
g

as
w

el
l

as
sh

u
ffl

in
g

of
d
at

a,
w

h
ic

h
ar

e
ex

p
en

si
ve

.

6
.

C
o
n
cl

u
si

o
n

T
o

co
n
cl

u
d
e,

w
e

h
av

e
p
ro

p
os

ed
F
A

D
L

,
a

n
ov

el
fu

n
ct

io
n
al

ap
p
ro

x
im

at
io

n
b
as

ed
d
is

tr
ib

u
te

d
al

go
ri

th
m

w
it

h
p
ro

va
b
le

gl
ob

al
li
n
ea

r
ra

te
of

co
n
ve

rg
en

ce
.

T
h
e

al
go

ri
th

m
is

g
en

er
a
l

a
n
d

fl
ex

ib
le

in
th

e
se

n
se

of
al

lo
w

in
g

d
iff

er
en

t
lo

ca
l

ap
p
ro

x
im

at
io

n
s

at
th

e
n
o
d
e

le
ve

l,
d
iff

er
en

t
al

go
ri

th
m

s
fo

r
op

ti
m

iz
in

g
th

e
lo

ca
l

ap
p
ro

x
im

at
io

n
,

ea
rl

y
st

op
p
in

g
a
n
d

ge
n
er

a
l

d
a
ta

u
sa

g
e

in
th

e
n
o
d
es

.
W

e
al

so
es

ta
b
li
sh

ed
th

e
su

p
er

io
r

effi
ci

en
cy

of
F
A

D
L

b
y

ev
al

u
a
ti

n
g

it
a
g
a
in

st
ke

y
ex

is
ti

n
g

d
is

tr
ib

u
te

d
m

et
h
o
d
s.

W
e

b
el

ie
v
e

th
at

F
A

D
L

h
as

gr
ea

t
p

ot
en

ti
a
l

fo
r

so
lv

in
g

m
ac

h
in

e
le

ar
n
in

g
p
ro

b
le

m
s

ar
is

in
g

in
B

ig
d
at

a.

A
p
p

e
n
d
ix

A
:

C
o
m

p
le

x
it

y
a
n
a
ly

si
s

L
et

u
s

u
se

th
e

n
o
ta

ti
on

s
of

se
ct

io
n

3
gi

ve
n

ar
ou

n
d

(2
1)

.
W

e
d
efi

n
e

th
e

ov
er

a
ll

co
st

o
f

a
n
y

d
is

tr
ib

u
te

d
al

go
ri

th
m

as

[(
c 1
n
z P

+
c 2
m

)T
in

n
er

+
c 3
γ
m

]T
o
u

te
r ,

(2
2
)

w
h
er

e
T

o
u

te
r

is
th

e
n
u
m

b
er

of
ou

te
r

it
er

at
io

n
s,
T

in
n

er
is

th
e

n
u
m

b
er

of
in

n
er

it
er

a
ti

o
n
s

a
t

ea
ch

n
o
d
e

b
ef

or
e

co
m

m
u
n
ic

at
io

n
h
ap

p
en

s
an

d
c 1

an
d
c 2

d
en

ot
e

th
e

n
u
m

b
er

o
f

p
a
ss

es
ov

er
th

e
d
at

a
an

d
m

-d
im

en
si

on
al

d
ot

p
ro

d
u
ct

s
p

er
in

n
er

it
er

at
io

n
re

sp
ec

ti
v
el

y.
F

o
r

co
m

m
u
-

n
ic

at
io

n
,

w
e

as
su

m
e

an
A

ll
R

ed
u

ce
b
in

ar
y

tr
ee

as
d
es

cr
ib

ed
in

A
ga

rw
al

et
a
l.

(2
0
1
1
)

w
it

h

1
8
.

F
o
r

n
o
n

-c
o
n
v
ex

se
tt

in
g
s
gl
rc

is
h

a
rd

to
es

ta
b

li
sh

,
b

u
t

p
ro

v
in

g
a

si
m

p
le

r
co

n
v
er

g
en

ce
th

eo
ry

is
q
u

it
e

p
o
ss

ib
le

.
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A
n
e
f
f
ic
ie
n
t
d
ist

r
ib
u
t
e
d

l
e
a
r
n
in
g

a
l
g
o
r
it
h
m

p
ip

elin
in

g.
A

s
a

resu
lt,

w
e

d
o

n
ot

h
av

e
a

m
u
ltip

licative
factor

of
log

2 P
in

ou
r

cost
1
9.

γ
is

th
e

rela
tive

com
p
u
tation

to
com

m
u
n
icatio

n
sp

eed
in

th
e

given
d
istrib

u
ted

sy
stem

;
m

ore
p
recisely,

it
is

th
e

ratio
of

th
e

tim
es

asso
ciated

w
ith

com
m

u
n
icatin

g
a

fl
oatin

g
p

o
in

t
n
u
m

b
er

a
n
d

p
erfo

rm
in

g
on

e
fl
oatin

g
p

oin
t

op
eration

;
γ

is
u
su

ally
m

u
ch

larger
th

an
1.

c
3

is
th

e
n
u
m

b
er

o
f
m

-d
im

en
sion

al
vectors

(grad
ien

ts,
H

essian
-vector

com
p
u
tation

s
etc.)

w
e

n
eed

to
co

m
m

u
n
ica

te.

M
eth

o
d

c
1

c
2

c
3

T
in

n
er

S
Q

M
2
≈

5−
10

1
1

F
A

D
L

2
≈

5−
7

2
k̂

T
ab

le
3:

V
alu

e
of

co
st

p
aram

eters

T
h
e

valu
es

of
d
iff

eren
t

p
aram

eters
for

S
Q

M
an

d
F
A

D
L

are
giv

en
in

T
ab

le
3.

T
o
u

ter
S

Q
M

is

th
e

n
u
m

b
er

o
f

overall
con

ju
gate

grad
ien

t
iteration

s
p
lu

s
grad

ien
t

com
p
u
tatio

n
s.

k̂
is

th
e

avera
g
e

n
u
m

b
er

of
con

ju
gate

grad
ien

t
iteration

s
(for

th
e

in
n
er

m
in

im
ization

of
f̂
p

u
sin

g

T
R

O
N

)
req

u
ired

p
er

ou
ter

iteration
in

F
A

D
L

.
T

y
p
ically

k̂
is

b
etw

een
5

an
d

2
0.

S
in

ce
d
en

se
d
ot

p
ro

d
u
cts

are
ex

trem
ely

fast
c

2 m
is

sm
all

com
p
ared

to
c

1 n
z
/
P

for
b

oth
th

e
a
p
p
ro

ach
es,

w
e

ign
ore

it
from

(22)
for

sim
p
licity.

N
ow

for
F
A

D
L

to
h
ave

lesser
cost

th
a
n

T
E

R
A

,
w

e
can

u
se

(22)
to

get
th

e
con

d
ition

,

2
.0(k̂

T
o
u

ter
F
A

D
L −

T
o
u

ter
S

Q
M

) n
zP
≤

(T
o
u

ter
S

Q
M
−

2
T

o
u

ter
F
A

D
L
)γ
m

(23)

L
et

u
s

ig
n
ore

T
o
u

ter
S

Q
M

on
th

e
left

sid
e

of
th

is
in

eq
u
ality

(in
favor

of
S
Q

M
)

an
d

rearran
ge

to
g
et

th
e

lo
o
ser

con
d
ition

,
n
zm
≤
γ
Pk̂

12
.0

(
T

o
u

ter
S

Q
M

T
o
u

ter
F
A

D
L

−
2)

(24)

A
ssu

m
in

g
T

o
u

ter
S

Q
M
>

3.0T
o
u

ter
F
A

D
L
,

w
e

arrive
at

th
e

fi
n
al

con
d
ition

in
(21).

A
p
p

e
n
d
ix

B
:

P
ro

o
fs

P
ro

o
fs

o
f

th
e

re
su

lts
in

se
c
tio

n
2

L
et

u
s

n
ow

co
n
sid

er
th

e
estab

lish
m

en
t

of
th

e
co

n
verg

en
ce

th
eory

given
in

section
2.

P
ro

o
f

o
f

L
e
m

m
a

1
.

L
et
ρ
(t)

=
f

(w
r

+
td
r)

an
d
γ

(t)
=
ρ
(t)−

ρ
(0)−

α
tρ ′(0).

N
ote

th
e

fo
llow

in
g

con
n
ection

s
w

ith
q
u
an

tities
in

volved
in

L
em

m
a

1
:
ρ
(t)

=
f
r
+

1,
ρ
(0)

=
f
r,

ρ ′(t)
=
g
r
+

1·d
r

an
d
γ

(t)
=
f
r
+

1−
f
r−

α
g
r·(w

r
+

1−
w
r).

(4)
corresp

on
d
s

to
th

e
con

d
ition

γ
(t)≤

0
a
n
d

(5
)

corresp
on

d
s

to
th

e
con

d
ition

ρ ′(t)≥
β
ρ ′(0).

γ
′(t)

=
ρ ′(t)−

α
ρ ′(0).

ρ ′(0)
<

0.
ρ ′

is
strictly

m
on

oton
e

in
creasin

g
b

eca
u
se,

b
y

assu
m

p
-

tio
n

A
2
,

ρ ′(t)−
ρ ′(t̃)≥

σ
(t−

t̃)‖
d
r‖

2
∀
t,t̃

(25)

T
h
is

im
p
lies

th
at
γ
′

is
also

strictly
m

on
oton

e
in

creasin
g

an
d
,

all
fou

r,
ρ
,
ρ ′,

γ
′

an
d
γ

ten
d

to
in

fi
n
ity

a
s
t

ten
d
s

to
in

fi
n
ity.

1
9
.

A
ctu

a
lly,

th
ere

is
a
n

o
th

er
co

m
m

u
n

ica
tio

n
term

,
γ
b
log

2 P
,

w
h

ere
b

is
th

e
size

o
f

fi
rst

b
lo

ck
o
f

co
m

m
u

n
i-

ca
ted

d
o
u

b
les

in
th

e
p

ip
elin

e.
H

ow
ev

er,
ty

p
ica

lly
b�

m
a
n

d
h

en
ce

w
e

ig
n

o
re

it.
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M
a
h
a
ja

n
,
A
g
r
a
w
a
l
,
K
e
e
r
t
h
i,
S
e
l
l
a
m
a
n
ic
k
a
m

a
n
d

B
o
t
t
o
u

L
et
tβ

b
e

th
e

p
oin

t
at

w
h
ich

ρ ′(t)
=
β
ρ ′(0).

S
in

ce
ρ ′(0)

<
0

an
d
ρ ′

is
strictly

m
on

oton
e

in
creasin

g,
tβ

is
u
n
iq

u
e

an
d
tβ
>

0.
T

h
is

valid
ates

th
e

d
efi

n
ition

in
(6).

M
on

o
ton

icity
of
ρ ′

im
p
lies

th
at

(5)
is

satisfi
ed

iff
t≥

tβ
.

N
ote

th
at
γ

(0)
=

0
an

d
γ
′(0)

<
0.

A
lso,

sin
ce
γ
′

is
m

on
oton

e
in

creasin
g

an
d
γ

(t)→
∞

as
t→
∞

,
th

ere
ex

ists
a

u
n
iq

u
e
tα
>

0
su

ch
th

at
γ

(tα
)

=
0,

w
h
ich

valid
ates

th
e

d
efi

n
itio

n
in

(7).
It

is
easily

ch
ecked

th
at
γ

(t)≤
0

iff
t∈

[0,tα
].

T
h
e

p
rop

erties
also

im
p
ly
γ
′(tα

)
>

0,
w

h
ich

m
ean

s
ρ ′(tα

)≥
α
ρ ′(0).

B
y

th
e

m
on

oton
icity

of
ρ ′

w
e

get
tα
>
tβ

,
p
rov

in
g

th
e

lem
m

a.

P
ro

o
f

o
f

T
h

e
o
re

m
2
.

U
sin

g
(5)

an
d

A
1,

(β
−

1)g
r·d

r≤
(g
r
+

1−
g
r)·

d
r≤

L
t‖
d
r‖

2
(26)

T
h
is

giv
es

a
low

er
b

ou
n
d

on
t:

t≥
(1−

β
)

L‖
d
r‖

2
(−
g
r·d

r)
(27)

U
sin

g
(4),

(27)
an

d
(1)

w
e

get

f
r
+

1≤
f
r

+
α
tg
r·
d
r≤

f
r−

α
(1−

β
)

L‖d
r‖

2
(−
g
r·
d
r)

2≤
f
r−

α
(1−

β
)

L
cos

2
θ‖
g
r‖

2
(28)

S
u
b
tractin

g
f
?

gives

(f
r
+

1−
f
?)≤

(f
r−

f
?)−

α
(1−

β
)

L
cos

2
θ‖g

r‖
2

(29)

A
2

togeth
er

w
ith

g
(w

?)
=

0
im

p
lies
‖
g
r‖

2
≥
σ

2‖w
r−

w
?‖

2.
A

lso
A

1
im

p
lies

f
r−

f
?
≤

L2 ‖
w
r−

w
?‖

2
S
m

ola
an

d
V

ish
w

an
ath

an
(20

08).
U

sin
g

th
ese

in
(29)

gives

(f
r
+

1−
f
?)
≤

(f
r−

f
?)−

2
α

(1−
β

)
σ

2

L
2

cos
2
θ(f

r−
f
?)

≤
(1−

2α
(1−

β
)
σ

2
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.,
20

12
)

th
at

ar
e

co
n
si

d
er

ed
in

th
is

p
a
p

er
.

T
h
er

e
ar

e
m

an
y

ap
p
ro

ac
h
es

tr
y
in

g
to

ov
er

co
m

e
th

e
se

co
n
d

ob
st

ac
le

th
at

is
th

e
in

tr
a
ct

a
b
le

n
or

m
in

g
co

n
st

an
t.

F
or

in
st

an
ce

,
in

R
av

ik
u
m

ar
et

a
l.

(2
01

0)
on

e
p
ro

p
os

es
to

p
er

fo
rm

d
re

g
u
-

la
ri

ze
d

lo
gi

st
ic

re
g
re

ss
io

n
p
ro

b
le

m
s.

T
h
is

id
ea

is
b
as

ed
on

th
e

fa
ct

th
at

th
e

n
or

m
in

g
co

n
st

an
t

re
d
u
ce

s,
if

on
e

co
n
si

d
er

s
th

e
co

n
d
it

io
n
al

d
is

tr
ib

u
ti

on
in

st
ea

d
of

th
e

jo
in

t
d
is

tr
ib

u
ti

o
n

in
th

e
Is

in
g

m
o
d
el

.
T

h
is

si
m

p
le

fa
ct

is
at

th
e

h
ea

rt
of

th
e

p
se

u
d
ol

ik
el

ih
o
o
d

ap
p
ro

a
ch

(B
es

a
g,

19
74

)
th

at
is

re
p
la

ci
n
g

th
e

li
ke

li
h
o
o
d

(t
h
at

co
n
ta

in
s

th
e

n
or

m
in

g
co

n
st

an
t)

b
y

th
e

p
ro

d
u
ct

of
co

n
d
it

io
n
al

s
(t

h
at

d
o

n
ot

co
n
ta

in
th

e
n
or

m
in

g
co

n
st

an
t)

.
T

h
is

id
ea

is
w

id
el

y
a
p
p
li
ed

in
th

e
li
te

ra
tu

re
(H

öfl
in

g
an

d
T

ib
sh

ir
an

i,
20

09
;

G
u
o

et
al

.,
2
01

0;
X

u
e

et
al

.,
20

1
2
;

J
a
la

li
et

a
l.
,

20
11

)
to

st
u
d
y

m
o
d
el

se
le

ct
io

n
p
ro

p
er

ti
es

of
h
ig

h
-d

im
en

si
o
n
al

Is
in

g
m

o
d
el

s.
H

ow
ev

er
,

th
is

ap
p
ro

ac
h

w
or

k
s

w
el

l
on

ly
if

th
e

p
se

u
d
ol

ik
el

ih
o
o
d

is
a

go
o
d

ap
p
ro

x
im

at
io

n
of

th
e

li
ke

li
h
o
o
d
.

In
ge

n
er

al
,
it

d
ep

en
d
s

on
th

e
tr

u
e

st
ru

ct
u
re

of
a

gr
ap

h
.

N
am

el
y,

if
th

is
st

ru
ct

u
re

o
f
th

e
g
ra

p
h

is
su

ffi
ci

en
tl

y
si

m
p
le

(e
x
am

p
le

s
of

d
iff

er
en

t
st

ru
ct

u
re

s
ca

n
b

e
fo

u
n
d

in
se

ct
io

n
5
.1

),
th

en
th

e
p
ro

d
u
ct

of
co

n
d
it

io
n
al

s
sh

ou
ld

b
e

cl
os

e
to

th
e

jo
in

t
d
is

tr
ib

u
ti

on
.

H
ow

ev
er

,
in

p
ra

ct
ic

e
th

is
k
n
ow

le
d
ge

is
u
n
av

ai
la

b
le

.
A

n
ot

h
er

ap
p
ro

ac
h

is
d
es

cr
ib

ed
in

B
an

er
je

e
et

al
.
(2

0
0
8
).

It
a
d
a
p
ts

th
e

m
et

h
o
d

th
at

es
ti

m
at

es
th

e
p
re

ci
si

on
m

at
ri

x
in

ga
u
ss

ia
n

g
ra

p
h
ic

al
m

o
d
el

s
to

th
e

b
in

a
ry

ca
se

.
In

th
e

cu
rr

en
t

p
ap

er
w

e
p
ro

p
os

e
th

e
ap

p
ro

ac
h

to
th

e
n
or

m
in

g
co

n
st

a
n
t

p
ro

b
le

m
th

at
re

la
te

s
to

M
ar

ko
v

ch
ai

n
M

on
te

C
ar

lo
(M

C
M

C
)

m
et

h
o
d
s.

N
am

el
y,

th
e

n
or

m
in

g
co

n
st

a
n
t

is
ap

p
ro

x
im

at
ed

u
si

n
g

th
e

im
p

or
ta

n
ce

sa
m

p
li
n
g

te
ch

n
iq

u
e.

T
h
is

m
et

h
o
d

is
in

d
ep

en
d
en

t
o
f

th
e

u
n
k
n
ow

n
co

m
p
le

x
it

y
of

th
e

es
ti

m
at

ed
gr

ap
h
.

It
is

su
ffi

ci
en

t
th

at
th

e
si

ze
of

a
sa

m
p
le

u
se

d
in

im
p

or
ta

n
ce

sa
m

p
li
n
g

is
su

ffi
ci

en
tl

y
la

rg
e

to
h
av

e
go

o
d

ap
p
ro

x
im

at
io

n
of

th
e

li
ke

li
h
o
o
d
.

T
h
e

M
C

M
C

m
et

h
o
d

is
a

w
el

l-
k
n
ow

n
ap

p
ro

ac
h

to
ov

er
co

m
e

th
e

p
ro

b
le

m
w

it
h

th
e

in
-

tr
ac

ta
b
le

n
or

m
in

g
co

n
st

an
t

in
cl

as
si

ca
l

(l
ow

-d
im

en
si

on
al

)
es

ti
m

at
io

n
of

gr
a
p
h
s.

F
o
r

in
-

st
an

ce
,

it
s

p
ro

p
er

ti
es

ar
e

in
v
es

ti
ga

te
d

in
in

fl
u
en

ti
al

p
ap

er
s

G
ey

er
an

d
T

h
o
m

p
so

n
(1

9
9
2
);

G
ey

er
(1

99
4)

.
In

th
e

h
ig

h
-d

im
en

si
on

al
Is

in
g

m
o
d
el

th
es

e
al

go
ri

th
m

s
w

er
e

al
so

st
u
d
ie

d
.
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S
pa

r
se

Isin
g

M
o
d
e
l
v
ia

P
e
n
a
l
iz
e
d

M
C

M
e
t
h
o
d
s

ex
a
m

p
le,

H
o
n
o
rio

(2012)
an

d
A

tch
ad

é
et

al.
(2017)

an
aly

zed
sto

ch
astic

version
s

of
p
rox

i-
m

a
l

g
ra

d
ien

t
a
lgorith

m
s.

B
oth

p
ap

ers
d
erive

n
on

asy
m

p
totic

b
ou

n
d
s

b
etw

een
th

e
ou

tp
u
t

of
th

e
a
lg

o
rith

m
a
n
d

th
e

tru
e

m
in

im
izer

of
th

e
cost

fu
n
ction

.
H

ow
ever,

in
th

e
cu

rren
t

p
ap

er
w

e
fo

cu
s

o
n

m
o
d
el

selection
p
rop

erties
of

M
C

M
C

m
eth

o
d
s.

W
e

in
vestigate

th
em

in
th

e
h
igh

-d
im

en
sio

n
al

scen
ario

an
d

com
p
are

to
th

e
ex

istin
g

m
eth

o
d
s

th
at

are
m

en
tion

ed
ab

ove.
M

o
d
el

selectio
n

for
u
n
d
irected

grap
h
ical

m
o
d
els

m
ean

s
fi
n
d
in

g
th

e
ex

istin
g

ed
ges

in
th

e
“
sp

a
rse”

gra
p
h

th
at

is
a

grap
h

h
av

in
g

rela
tively

few
ed

ges
(com

p
arin

g
to

th
e

total
n
u
m

b
er

o
f

p
o
ssib

le
ed

g
es

d
(d−

1
)

2
an

d
th

e
sam

p
le

size
n

).
T

h
e

p
a
p

er
is

organ
ized

as
follow

s:
in

th
e

n
ex

t
section

w
e

d
escrib

e
th

e
Isin

g
m

o
d
el

a
n
d

o
u
r

a
p
p
ro

a
ch

to
th

e
p
rob

lem
th

at
relates

to
m

in
im

ization
of

th
e

p
en

alized
M

C
M

C
a
p
p
rox

im
a
tio

n
of

th
e

likelih
o
o
d
.

T
h
e

literatu
re

con
cern

in
g

th
is

top
ic

is
also

d
iscu

ssed
.

In
sectio

n
3

w
e

sta
te

m
ain

th
eoretical

resu
lts.

D
etails

of
effi

cien
t

im
p
lem

en
tation

are
given

in
sectio

n
4
,

w
h
ile

th
e

resu
lts

of
n
u
m

erical
stu

d
ies

are
p
resen

ted
in

section
5.

T
h
e

con
clu

sion
s

ca
n

b
e

fo
u
n
d

in
section

6.
F

in
ally,

th
e

p
ro

ofs
are

p
ostp

on
ed

to
ap

p
en

d
ices

A
an

d
B

.

2
.
M

o
d
e
l
d
e
scrip

tio
n
a
n
d
re
la
te
d
w
o
rk

s

In
th

is
section

w
e

in
tro

d
u
ce

th
e

Isin
g

m
o
d
el

an
d

th
e

p
rop

osed
m

eth
o
d
.

It
also

co
n
tain

s
a

rev
iew

o
f

th
e

literatu
re

relatin
g

to
th

is
p
rob

lem
.

2
.1

.
Isin

g
M

o
d

e
l

a
n

d
u

n
d

ire
c
te

d
g
ra

p
h

s

L
et

(V
,E

)
b

e
a
n

u
n
d
irected

grap
h

th
at

con
sists

of
a

set
of

vertices
V

an
d

a
set

of
ed

g
es
E
.

T
h
e

ra
n
d
om

vector
Y

=
(Y

(1),Y
(2),...,Y

(d
)),

th
at

takes
valu

es
in
Y
,

is
asso

ciated
w

ith
th

is
g
ra

p
h
.

In
th

e
p
ap

er
w

e
con

sid
er

a
sp

ecial
case

of
th

e
Isin

g
m

o
d
el

th
at
Y

(s)∈
{−

1,1}
a
n
d

th
e

jo
in

t
d
istrib

u
tion

of
Y

is
giv

en
b
y

th
e

form
u
la

p
(y|θ

?)
=

1

C
(θ
?)

ex
p (
∑r
<
s

θ
?rs y

(r)y
(s) )

,
(1)

w
h
ere

th
e

su
m

in
(1)

is
taken

over
su

ch
p
airs

of
in

d
ices

(r,s)∈
{1
,...,d}

2
th

a
t
r
<
s.

T
h
e

vecto
r
θ
?∈

R
d
(d−

1
)/

2
is

a
tru

e
p
aram

eter
an

d
C

(θ
?)

is
a

n
orm

in
g

con
stan

t,
i.e.

C
(θ
?)

=
∑y∈Y

ex
p (
∑r
<
s

θ
?rs y

(r)y
(s) )

.

T
h
e

n
o
rm

in
g

co
n
stan

t
is

a
fi
n
ite

su
m

b
u
t

it
con

sists
of

2
d

elem
en

ts
th

at
m

akes
it

in
tra

cta
b
le

even
fo

r
a

m
o
d
erate

size
of
d
.

F
o
r

con
ven

ien
ce,

w
e

d
en

ote
J

(y
)

=
(y

(r)y
(s))

r
<
s
,

so

p
(y|θ

?)
=

1

C
(θ
?)

ex
p [(θ

?) ′J
(y

) ]
.

R
e
m

a
rk

1
T

h
e

m
od

el
(1)

is
a

sim
p
lifi

ed
versio

n
o
f

th
e

Isin
g

m
od

el,
fo

r
in

sta
n

ce
w

e
o
m

it
a
n

extern
a
l

fi
eld

in
(1).

W
e

h
a
ve

d
ecid

ed
to

restrict
to

th
e

m
od

el
co

n
ta

in
in

g
o

n
ly

pa
ra

m
eters

θ
?rs ,

beca
u

se
in

tera
ctio

n
s

betw
een

ra
n

d
o
m

va
ria

bles
is

w
h
a
t

w
e

focu
s

o
n

in
th

e
cu

rren
t

pa
per.

H
o
w

ever,
o
u

r
resu

lts
ca

n
be

rela
tively

ea
sy

exten
d
ed

.
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M
ia
so

je
d
o
w

a
n
d

R
e
jc

h
e
l

T
h
e

Isin
g

m
o
d
el

h
as

th
e

follow
in

g
p
rop

erty
:

v
ertices

r
an

d
s

are
n
ot

con
n
ected

b
y

an
ed

ge
(i.e.

θ
?rs

=
0)

m
ean

s
th

at
variab

les
Y

(r)
an

d
Y

(s)
are

con
d
ition

ally
in

d
ep

en
d
en

t
given

th
e

oth
er

vertices.
T

h
erefore,

w
e

recogn
ize

th
e

stru
ctu

re
of

th
e

grap
h

(its
ed

ges)
b
y

estim
atin

g
th

e
p
aram

eter
θ
?.

A
ssu

m
e

th
a
t
Y

1 ,...,Y
n

are
in

d
ep

en
d
en

t
ran

d
om

vectors
from

th
e

m
o
d
el

(1).
T

h
en

th
e

n
egativ

e
log-likelih

o
o
d

is

`
n
(θ)

=
−

1n

n
∑i=

1

θ ′J
(Y
i )

+
log

C
(θ)

.
(2)

T
h
e

secon
d

term
in

(2)
con

tain
s

th
e

n
orm

in
g

con
stan

t
so

w
e

can
n
ot

u
se

(2)
to

estim
ate

θ
?.

T
o

overcom
e

th
is

p
rob

lem
on

e
u
su

ally
rep

laces
th

e
n
egative

log-likelih
o
o
d

b
y

its
ap

p
rox

im
ation

an
d

estim
ates

θ
?

u
sin

g
th

e
m

in
im

izer
of

th
is

ap
p
rox

im
ation

.
In

th
e

cu
rren

t
p
ap

er
th

e
ap

p
rox

im
ation

of
(2)

is
b
ased

on
M

on
te

C
arlo

(M
C

)
m

eth
o
d
s.

S
u
p
p

ose
th

at
h

(y
)

is
an

im
p

ortan
ce

sam
p
lin

g
d
istrib

u
tion

an
d

n
ote

th
at

C
(θ)

=
∑y∈Y

ex
p [θ ′J

(y
) ]

=
∑y∈Y

ex
p

[θ ′J
(y

)]

h
(y

)
h

(y
)

=
E
Y
∼
h

ex
p

[θ ′J
(Y

)]

h
(Y

)
(3)

for
each

θ.
A

n
M

C
ap

p
rox

im
ation

of
th

e
n
orm

in
g

con
stan

t
is

1m

m
∑k

=
1

ex
p [θ ′J

(Y
k) ]

h
(Y

k)
,

(4)

w
h
ere

Y
1,...,Y

m
is

a
sam

p
le

d
raw

n
from

h
or,

w
h
ich

is
m

ore
realistic

an
d

is
con

sid
ered

in
th

e
cu

rren
t

p
ap

er,
Y

1,...,Y
m

is
a

M
a
rkov

ch
ain

w
ith

h
b

ein
g

a
d
en

sity
of

its
station

a
ry

d
istrib

u
tion

.
T

h
u
s,

th
e

M
C

M
C

ap
p
rox

im
ation

of
(2)

is

`
mn

(θ)
=
−

1n

n
∑i=

1

θ ′J
(Y
i )

+
log (

1m

m
∑k

=
1

ex
p [θ ′J

(Y
k) ]

h
(Y

k)

)
.

(5)

A
n
atu

ral
ch

oice
of

th
e

im
p

ortan
ce

sam
p
lin

g
d
istrib

u
tion

is
h

(y
)

=
p
(y|ψ

)
for

som
e

p
aram

-
eter

ψ
.

It
lead

s
to

`
mn

(θ)
=
−

1n

n
∑i=

1

θ ′J
(Y
i )

+
log (

1m

m
∑k

=
1

ex
p [(θ−

ψ
) ′J

(Y
k) ] )

+
log

(C
(ψ

))
.

(6)

T
h
e

last
term

in
(6),

th
at

con
tain

s
th

e
u
n
k
n
ow

n
con

stan
t
C

(ψ
),

d
o
es

n
ot

d
ep

en
d

on
θ,

so
it

can
b

e
ign

ored
w

h
ile

m
in

im
izin

g
(6).

O
u
r

goalis
selectin

g
th

e
tru

e
m

o
d
el(recogn

izin
g

ed
ges

of
a

g
rap

h
)

in
th

e
h
igh

-d
im

en
sion

al
settin

g.
It

m
ean

s
th

at
th

e
n
u
m

b
er

of
v
ertices

d
can

b
e

large.
In

fact,
it

can
b

e
greater

th
an

th
e

sam
p
le

size,
i.e.

d
=
d
n
�

n
.

T
o

estim
ate

th
e

vector
θ
?

w
e

u
se

p
en

alized
em

p
irical

risk
m

in
im

ization
.

T
h
e

n
atu

ral
ch

oice
of

th
e

p
en

alty
w

ou
ld

b
e

th
e
l0 -p

en
alty,

b
u
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öfl

in
g

an
d

T
ib

sh
ir

a
n
i

(2
00

9)
.

M
or

eo
ve

r,
in

th
e

sa
m

e
p
ap

er
on

e
al

so
p
ro

p
os

es
an

“e
x
ac

t”
a
lg

or
it

h
m

,
th

at
m

in
im

iz
es

th
e

n
eg

at
iv

e
lo

g-
li
ke

li
h
o
o
d

w
it

h
th

e
L

as
so

p
en

al
ty

.
H

ow
ev

er
,

th
is

p
ro

ce
d
u
re

al
so

b
as

es
on

th
e

p
se

u
d
ol

ik
el

ih
o
o
d

ap
p
ro

x
im

at
io

n
.

M
o
d
el

se
le

ct
io

n
co

n
si

st
en

cy
of

th
e

la
tt

er
al

go
ri

th
m

h
as

n
ot

b
ee

n
st

u
d
ie

d
ye

t.
T

h
e

fo
rm

er
p
ro

ce
d
u
re

h
as

th
is

p
ro

p
er

ty
,

th
at

is
sh

ow
ed

in
G

u
o

et
al

.
(2

01
0)

p
ro

v
id

ed
th

at
co

n
d
it

io
n
s

si
m

il
ar

to
R

av
ik

u
m

ar
et

al
.

(2
01

0)
ar

e
sa

ti
sfi

ed
.

In
X

u
e

et
al

.
(2

01
2)

th
e

L
as

so
p

en
al

ty
is

re
p
la

ce
d

b
y

th
e

S
C

A
D

p
en

al
ty

(F
an

an
d

L
i,

20
01

)
an

d
th

eo
re

ti
ca

l
p
ro

p
er

ti
es

of
th

is
al

go
ri

th
m

a
re

st
u
d
ie

d
.

In
J
al

al
i

et
al

.
(2

01
1)

o
n
e

re
p
la

ce
s

re
st

ri
ct

iv
e

ir
re

p
re

se
n
ta

b
le

co
n
d
it

io
n
s

b
y

w
ea

ke
r

re
st

ri
ct

ed
st

ro
n
g

co
n
ve

x
it

y
an

d
sm

o
ot

h
n
es

s
co

n
d
it

io
n
s

(N
eg

ah
b
an

et
al

.,
20

09
)

an
d

p
ro

ve
s

m
o
d
el

se
le

ct
io

n
co

n
si

st
en

cy
of

an
al

go
ri

th
m

th
at

jo
in

ts
id

ea
s

fr
om

R
av

ik
u
m

ar
et

al
.

(2
01

0)
an

d
Z

h
an

g
(2

00
9)

.
N

am
el

y,
it

p
er

fo
rm

s
d

se
p
ar

at
e

lo
gi

st
ic

re
gr

es
si

on
p
ro

b
le

m
s

w
it

h
th

e
fo

rw
ar

d
-b

ac
k
w

ar
d

gr
ee

d
y

ap
p
ro

ac
h
.

T
h
e

al
go

ri
th

m
d
es

cr
ib

ed
in

B
an

er
je

e
et

al
.

(2
00

8)
is

al
so

b
as

ed
on

th
e

li
ke

li
h
o
o
d

ap
p
ro

x
im

a
ti

on
w

it
h

th
e

L
as

so
p

en
al

ty
.

H
ow

ev
er

,
it

d
o
es

n
ot

ap
p
ly

th
e

p
se

u
d
ol

ik
el

ih
o
o
d

m
et

h
o
d
.

U
si

n
g

th
e

d
et

er
m

in
an

t
re

la
x
at

io
n

(W
ai

n
w

ri
gh

t
an

d
J
or

d
an

,
20

06
)

it
tr

ea
ts

th
e

p
ro

b
le

m
of

m
o
d
el

se
le

ct
io

n
in

d
is

cr
et

e
M

ar
ko

v
ra

n
d
om

fi
el

d
s

an
al

og
ou

sl
y

to
th

e
co

n
ti

n
u
ou

s
ca

se
.

In
th

e
cu

rr
en

t
p
ap

er
w

e
ap

p
ly

th
e

M
C

M
C

m
et

h
o
d

to
ov

er
co

m
e

th
e

in
tr

ac
ta

b
le

n
or

m
in

g
co

n
st

an
t

p
ro

b
le

m
.

O
u
r

ex
p

er
im

en
ta

l
st

u
d
y

(p
re

se
n
te

d
in

se
ct

io
n

5)
co

n
fi
rm

s
th

at
es

ti
m

a
to

rs
b
as

ed
on

th
e

M
C

M
C

ap
p
ro

x
im

at
io

n
u
su

al
ly

p
er

fo
rm

co
m

p
ar

a
b
ly

or
b

et
te

r
in

m
o
d
el

se
le

ct
io

n
th

an
th

ei
r

co
m

p
et

it
or

s
fr

om
B

an
er

je
e

et
al

.
(2

00
8)

;
H

öfl
in

g
an

d
T

ib
sh

ir
an

i
(2

00
9)

;
R

av
ik

u
-

m
ar

et
al

.
(2

01
0)

.
O

u
r

th
eo

re
ti

ca
l

re
su

lt
s

ar
e

si
m

il
ar

to
th

os
e

d
es

cr
ib

ed
in

th
e

p
re

v
io

u
s

p
ar

ag
ra

p
h
,

th
at

is
w

e
p
ro

ve
m

o
d
el

se
le

ct
io

n
co

n
si

st
en

cy
.

B
u
t,

in
ge

n
er

al
,

ou
r

as
su

m
p
ti

on
s

5
JM

L
R

 1
9(

75
):

1-
26

, 2
01

8

M
ia
so

je
d
o
w

a
n
d

R
e
jc

h
e
l

ar
e

w
ea

k
er

th
an

th
ei

r
an

al
og

s
fr

om
th

e
ab

ov
e-

m
en

ti
on

ed
p
ap

er
s.

T
h
e

d
et

ai
le

d
co

m
p
a
ri

so
n

is
gi

v
en

af
te

r
C

or
ol

la
ry

3
in

se
ct

io
n

3.
M

or
eo

ve
r,

th
e

ad
va

n
ta

ge
of

ou
r

al
go

ri
th

m
is

th
at

th
e

M
C

M
C

ap
p
ro

ac
h

a
ll
ow

s
u
s

to
ap

p
ro

x
im

at
e

th
e

n
or

m
in

g
co

n
st

an
t

w
it

h
an

ar
b
it

ra
ry

p
re

ci
si

on
.

T
h
e

ap
p
ro

x
im

a
ti

o
n

er
ro

r
of

ot
h
er

m
et

h
o
d
s

is
gi

ve
n

b
y

th
e

p
ro

b
le

m
/d

at
a.

It
d
ep

en
d
s

on
th

e
u
n
k
n
ow

n
st

ru
ct

u
re

o
f

a
gr

ap
h

an
d

a
u
se

r
ca

n
n
ot

im
p
ro

ve
it

.
In

ou
r

ap
p
ro

ac
h

a
u
se

r
ca

n
im

p
ro

ve
a
p
p
ro

x
im

a
ti

o
n

b
y

in
cr

ea
si

n
g

th
e

le
n
gt

h
of

si
m

u
la

ti
on

,
u
si

n
g

th
e

M
C

M
C

al
go

ri
th

m
ta

il
or

ed
to

th
e

p
ro

b
le

m
.

T
h
e

ob
v
io

u
s

d
ra

w
b
ac

k
of

ou
r

ap
p
ro

ac
h

is
th

e
n
ee

d
of

ad
d
it

io
n
al

si
m

u
la

ti
on

s
to

o
b
ta

in
th

e
M

C
M

C
sa

m
p
le

.
It

m
ak

es
ou

r
p
ro

ce
d
u
re

co
m

p
u
ta

ti
on

a
ll
y

m
or

e
co

m
p
le

x
,

b
u
t

a
t

th
e

sa
m

e
ti

m
e

m
or

e
ac

cu
ra

te
in

se
le

ct
in

g
th

e
tr

u
e

m
o
d
el

.

2
.3

.
N

o
ta

ti
o
n

In
fu

rt
h
er

p
ar

ts
of

th
e

p
ap

er
w

e
n
ee

d
fe

w
n
ot

at
io

n
s.

M
os

t
of

th
em

ar
e

co
ll
ec

te
d

in
th

is
su

b
se

ct
io

n
.

F
or

si
m

p
li
ci

ty
,

w
e

w
ri

te
θ̂

an
d
λ

in
st

ea
d

of
θ̂m n

an
d
λ
m n
,

re
sp

ec
ti

ve
ly

.
B

es
id

es
,

w
e

d
en

o
te

th
e

n
u
m

b
er

of
es

ti
m

at
ed

p
ar

am
et

er
s

in
th

e
m

o
d
el

b
y
d̄

=
d
(d
−

1)
/
2.

N
on

ze
ro

co
o
rd

in
a
te

s
of
θ?

ar
e

co
ll
ec

te
d

in
th

e
se

t
T

,
an

d
T
c

is
a

co
m

p
le

ti
on

of
T
.

B
es

id
es

,
d̄

0
=
|T
|d

en
o
te

s
th

e
n
u
m

b
er

of
el

em
en

ts
in

th
e

se
t
T
.

F
or

a
v
ec

to
r
a

w
e

d
en

ot
e

it
s
l ∞

-n
or

m
b
y
|a
| ∞

=
m

ax k
|a
k
|a

n
d
a
⊗

2
=
a
a
′ .

T
h
e

ve
ct

o
r
a
T

is
th

e
sa

m
e

as
th

e
v
ec

to
r
a

on
T

an
d

ze
ro

ot
h
er

w
is

e.
T

h
e
l ∞

-n
or

m
of

a
m

at
ri

x
Σ

is
d
en

o
te

d
b
y
|Σ
| ∞

=
m

ax k,
l
|Σ
k
l|.

L
et

u
s

co
n
si

d
er

a
M

ar
ko

v
ch

ai
n

on
a

sp
ac

e
S

w
it

h
a

tr
an

si
ti

on
ke

rn
el
P

(x
,·

)
a
n
d

a
st

at
io

n
ar

y
d
is

tr
ib

u
ti

on
π

.
W

e
d
efi

n
e

th
e

H
il
b

er
t

sp
ac

e
L

2
(π

)
as

a
sp

ac
e

of
fu

n
ct

io
n
s

th
a
t

π
(f

2
)
<
∞

an
d

th
e

in
n
er

p
ro

d
u
ct

is
gi

ve
n

as
〈f
,g
〉=

∫ S
f

(x
)g

(x
)π

(d
x

).
T

h
e

li
n
ea

r
o
p

er
a
to

r
P

on
L

2
(π

)
as

so
ci

at
ed

w
it

h
th

e
tr

an
si

ti
on

ke
rn

el
P

(x
,·

)
is

d
efi

n
ed

as
fo

ll
ow

s

P
f

(x
)

=

∫ S
f

(y
)P

(x
,d
y
)
.

W
e

sa
y

th
at

th
e

M
ar

ko
v

ch
ai

n
h
as

a
sp

ec
tr

al
ga

p
1
−
κ

if
an

d
on

ly
if

κ
=

su
p
{|
ρ
|:
ρ
∈
S
p
ec

(P
)
\{

1
}}
,

w
h
er

e
S
p
ec

(
·)

d
en

ot
es

th
e

sp
ec

tr
u
m

of
an

op
er

at
or

in
L

2
(π

).
F

or
re

ve
rs

ib
le

ch
a
in

s
th

e
sp

ec
tr

al
ga

p
p
ro

p
er

ty
is

eq
u
iv

al
en

t
to

ge
om

et
ri

c
er

go
d
ic

it
y

of
th

e
ch

ai
n

(K
o
n
to

y
ia

n
n
is

a
n
d

M
ey

n
,

20
12

;
R

ob
er

ts
an

d
R

os
en

th
al

,
19

97
).

In
th

e
p
ap

er
w

e
fo

cu
s

on
th

e
G

ib
b
s

sa
m

p
le

r
fo

r
th

e
Is

in
g

m
o
d
el

.
H

ow
ev

er
,

th
eo

re
ti

ca
l

re
su

lt
s

re
m

ai
n

tr
u
e

fo
r

ot
h
er

M
C

M
C

al
go

ri
th

m
s

as
lo

n
g

as
th

e
sp

ec
tr

al
g
a
p

p
ro

p
er

ty
is

sa
ti

sfi
ed

.
T

h
e

ra
n
d
om

sc
an

G
ib

b
s

sa
m

p
le

r
fo

r
th

e
Is

in
g

m
o
d
el

w
it

h
a

jo
in

t
d
is

tr
ib

u
ti

o
n

p
(y
|ψ

)
is

d
efi

n
ed

as
fo

ll
ow

s:
gi

ve
n
Y
k
−

1
,

fi
rs

t
w

e
sa

m
p
le

u
n
if

or
m

ly
in

d
ex

r
a
n
d

w
e

d
ra

w
Y
k
(r

)
fr

om
th

e
d
is

tr
ib

u
ti

on

P(
Y
k
(r

)
=

1)
=

ex
p
{ψ
′ J

(Y
+

)}
ex

p
{ψ
′ J

(Y
+

)}
+

ex
p
{ψ
′ J

(Y
−

)}
,

(8
)

w
h
er

e
Y

+
(s

)
=
Y
−

(s
)

=
Y
k
−

1
(s

)
fo

r
s
6=
r

an
d
Y

+
(r

)
=

1,
Y
−

(r
)

=
−

1.
F

o
r
s
6=
r

w
e

se
t

Y
k
(s

)
=
Y
k
−

1
(s

).
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S
pa

r
se

Isin
g

M
o
d
e
l
v
ia

P
e
n
a
l
iz
e
d

M
C

M
e
t
h
o
d
s

S
u
p
p

ose
th

at
Y

1,...,Y
m

is
a

M
arkov

ch
ain

on
Y

gen
erated

b
y

a
ran

d
om

scan
G

ib
b
s

sa
m

p
ler

d
efi

n
ed

as
ab

ove.
B

y
con

stru
ction

th
e

ch
ain

is
irred

u
cib

le,
ap

erio
d
ic

an
d
h

(y
)

=
p
(y|ψ

)
is

th
e

d
en

sity
of

its
station

ary
d
istrib

u
tion

.
T

h
erefore,

th
e

statio
n
ary

d
istrib

u
tio

n
is

d
efi

n
ed

u
n
iq

u
ely

an
d

th
e

ch
ain

is
ergo

d
ic

for
an

y
in

itial
m

easu
re
ν

w
ith

th
e

d
en

sity
q.

M
o
reover,

th
ere

ex
ists

a
sp

ectral
gap

1−
κ

,
b

ecau
se

th
e

state
sp

a
ce

is
fi
n
ite

an
d

th
e

ch
ain

is
reversib

le.
A

ctu
ally,

κ
is

th
e

secon
d

greatest
ab

solu
te

valu
e

of
eigen

valu
es

of
th

e
tran

sition
m

a
trix

.
W

e
w

ill
n
eed

th
ree

q
u
an

tities
related

to
th

is
M

arkov
ch

a
in

:

β
1

=

√√√√
∑y∈Y

q
2(y

)

h
(y

)
,

β
2

=
1−

κ

1
+
κ
,

M
=

m
ax

y∈Y
ex

p
((θ

?) ′J
(y

))

h
(y

)C
(θ
?)

.
(9)

R
o
u
g
h
ly

sp
ea

k
in

g,
th

ese
th

ree
valu

es
can

b
e

v
iew

ed
as:

β
1

–
h
ow

close
th

e
in

itial
d
en

sity
is

to
th

e
sta

tio
n
ary

on
e,
β

2
–

h
ow

fast
th

e
ch

ain
“
m

ix
es”,

M
–

h
ow

close
th

e
im

p
ortan

ce
sa

m
p
lin

g
d
en

sity
is

to
th

e
tru

e
d
en

sity
(1).

3
.
M

a
in

re
su

lts

In
th

is
sectio

n
w

e
state

key
resu

lts
o
f

th
e

p
ap

er.
In

th
e

fi
rst

on
e

(T
h
eo

rem
2)

w
e

sh
ow

th
at

th
e

estim
a
tio

n
error

of
th

e
m

in
im

izer
of

th
e

M
C

M
C

ap
p
rox

im
ation

w
ith

th
e

L
asso

p
en

alty
ca

n
b

e
co

n
tro

lled
.

In
th

e
secon

d
resu

lt
(C

orollary
3)

w
e

p
rove

m
o
d
el

selection
co

n
sisten

cy
fo

r
th

e
th

resh
o
ld

ed
L

asso
estim

ator
(Z

h
ou

,
2009).

F
irst,

w
e

in
tro

d
u
ce

th
e

con
e

in
vertib

ility
factor

th
at

p
lay

s
an

im
p

ortan
t

role
in

in
ves-

tig
a
tin

g
p
ro

p
erties

of
L

asso
estim

ators.
It

is
d
efi

n
ed

an
alogou

sly
to

Y
e

an
d

Z
h
an

g
(2010);

H
u
a
n
g

a
n
d

Z
h
a
n
g

(2012);
H

u
an

g
et

al.
(2013)

th
at

con
cern

s
lin

ear
reg

ression
,

gen
eralized

lin
ea

r
m

o
d
els

a
n
d

th
e

C
ox

m
o
d
el,

resp
ectively.

It
is

also
closely

related
to

th
e

com
p
atib

ility
co

n
d
itio

n
(van

d
e

G
eer,

2008)
or

th
e

restricted
eig

en
valu

e
con

d
ition

(B
ick

el
et

a
l.,

2009).
T

h
u
s,

fo
r
ξ
>

1
an

d
th

e
set

T
w

e
d
efi

n
e

a
con

e
as

C
(ξ,T

)
=
{θ

:|θ
T

c|1 ≤
ξ|θ

T |1 }
.

F
o
r

a
n
o
n
n
eg

ative
d
efi

n
ite

m
atrix

Σ
th

e
con

e
in

vertib
ility

factor
is

F
(ξ,T

,Σ
)

=
in

f
06=
θ∈C

(ξ
,T

)

θ ′Σ
θ

|θ
T |1 |θ|∞

.

C
o
n
e

in
vertib

ility
factors

of
H

essian
s

of
tw

o
fu

n
ction

s
are

cru
cial

in
ou

r
arg

u
m

en
tatio

n
.

T
h
e

fi
rst

fu
n
ction

is
th

e
ex

p
ectation

of
th

e
n
egative

log-lik
elih

o
o
d

(2),
i.e.

E
`
n
(θ)

=
−
θ ′E

J
(Y

)
+

log
C

(θ)
(10)

a
n
d

th
e

seco
n
d

on
e

is
th

e
M

C
M

C
ap

p
rox

im
ation

(5).
W

e
d
en

ote
th

em
as

F
(ξ,T

)
=

in
f

06=
θ∈C

(ξ
,T

)

θ ′∇
2

log
C

(θ
?)θ

|θ
T |1 |θ|∞

(11)

a
n
d

F̄
(ξ,T

)
=

in
f

06=
θ∈C

(ξ
,T

)

θ ′∇
2`
mn

(θ
?)θ

|θ
T |1 |θ|∞

,
(12)
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M
ia
so

je
d
o
w

a
n
d

R
e
jc

h
e
l

resp
ectively.

N
otice

th
at

on
ly

th
e

valu
es

of∇
2

log
C

(θ)
an

d
∇

2`
mn

(θ)
at

th
e

tru
e

p
aram

eter
θ
?

are
tak

en
in

to
con

sid
eration

in
(11)

an
d

(12).
N

ow
w

e
can

state
m

ain
resu

lts
o
f

th
e

p
ap

er.

T
h

e
o
re

m
2

L
et
ε
>

0
,ξ
>

1
a
n

d
α

(ξ)
=

2
+

e
ξ−

1
.

If

n
≥

8(1
+
ξ)

4
α

2(ξ)
d̄

20
log

(2d̄
/ε)

F
2(ξ,T

)
,

(13)

m
≥

64(1
+
ξ)

4
α

2(ξ)
d̄

20
M

2
log [2

d̄
(d̄

+
1)β

1 /ε ]

F
2(ξ,T

)β
2

,
(14)

th
en

w
ith

p
ro

ba
bility

a
t

lea
st

1−
4ε

w
e

h
a
ve

th
e

in
equ

a
lity

∣∣∣ θ̂−
θ
? ∣∣∣∞
≤

2e
ξ
α

(ξ)λ

(ξ
+

1)[α
(ξ)−

2]F
(ξ,T

)
,

(15)

w
h
ere

λ
=
ξ

+
1

ξ−
1

m
ax 

2 √
2

log
(2d̄

/ε)

n
,8
M

√
log [(2d̄

+
1
)β

1 /ε ]

m
β

2


.

(16)

C
o
ro

lla
ry

3
S

u
p
po

se
th

a
t

co
n

d
itio

n
s

(13)
a
n

d
(14)

a
re

sa
tisfi

ed
.

L
et
θ
?m
in

=
m

in
(r,s)∈

T |θ
?rs |

a
n

d
R
mn

d
en

o
te

th
e

righ
t-h

a
n

d
sid

e
o
f

th
e

in
equ

a
lity

(15
).

C
o
n

sid
er

th
e

L
a
sso

estim
a
to

r
w

ith
a

th
resh

o
ld
δ
>

0
th

a
t

is
th

e
set

o
f

n
o
n

zero
coo

rd
in

a
tes

o
f

th
e

fi
n

a
l

estim
a
to

r
is

d
efi

n
ed

a
s
T̂

=
{(r,s)

:|θ̂
r
s |
>
δ}
.

If
θ
?m
in
/2
>
δ≥

R
mn
,

th
en

P
(
T̂

=
T )
≥

1−
4
ε
.

T
h
e

m
ain

resu
lts

of
th

e
p
ap

er
d
escrib

e
p
rop

erties
o
f

estim
ators,

th
at

are
ob

tain
ed

b
y

m
in

im
ization

of
th

e
M

C
M

C
ap

p
rox

im
ation

(5)
w

ith
th

e
L

asso
p

en
alty.

T
h
eorem

2
states

th
at

th
e

estim
ation

error
of

th
e

L
asso

estim
ator

can
b

e
co

n
trolled

.
R

ou
gh

ly
sp

eak
in

g,
th

e
estim

ation
error

is
sm

all,
if

th
e

in
itial

sam
p
le

size
an

d
th

e
M

C
M

C
sam

p
le

size
a
re

large
en

ou
gh

,
th

e
m

o
d
el

is
sp

arse
an

d
th

e
co

n
e

in
vertib

ility
factor

F
(ξ,T

)
is

n
ot

to
o

close
to

zero.
T

h
e

in
fl
u
en

ce
of

th
e

m
o
d
el

p
aram

eters
(n
,d
,d̄

0 )
as

w
ell

as
M

on
te

C
arlo

p
aram

eters
(m
,β

1 ,β
2 ,M

)
on

th
e

resu
lts

are
ex

p
licitly

stated
.

It
is

w
orth

to
em

p
h
asize

th
at

ou
r

resu
lts

w
ork

in
th

e
h
igh

-d
im

en
sion

al
scen

ario,
i.e.

th
e

n
u
m

b
er

of
vertices

d
can

b
e

greater
th

an
th

e
sam

p
le

size
n

p
rov

id
ed

th
at

th
e

m
o
d
el

is
sp

arse.
In

d
eed

,
th

e
con

d
itio

n
(13

)
is

satisfi
ed

even
if
d̄
∼
O
(e
n
c
1 )
,d̄

0 ∼
O

(n
c
2)

an
d
c

1
+

2
c

2
<

1
.

T
h
e

con
d
ition

(14),
th

at
relates

to
th

e
M

C
M

C
sam

p
le

size,
is

also
reason

ab
le.

T
h
e

n
u
m

b
er
β

1
d
ep

en
d
s

on
th

e
in

itial
an

d
station

ary
d
istrib

u
tion

s.
In

gen
eral,

its
relation

to
th

e
n
u
m

b
er

of
v
ertices

is
ex

p
on

en
tial.

H
ow

ever,
in

(14)
it

ap
p

ears
w

ith
th

e
logarith

m
.

M
oreover,

β
1

is
also

red
u
ced

u
sin

g
so

called
b
u
rn

-in
tim

e,
i.e.

th
e

b
egin

n
in

g
of

th
e

M
arkov

ch
ain

tra
jecto

ry
is

d
iscard

ed
.

N
ex

t,
th

e
n
u
m

b
er

β
2

is
related

to
th

e
sp

ectral
gap

of
a

M
a
rkov

ch
ain

.
U

n
d
er

m
ild

con
d
ition

s
th

e
in

v
erse

of
β

2
d
ep

en
d
s

p
oly

n
om

ially
on

d
,

an
d

u
n
d
er

stron
g

regu
larity

co
n
d
ition

s
it

can
b

e
red

u
ced

to
O

(d
log

d
)

as
in

M
ossel

an
d

S
ly

(2013).
F

in
ally,

th
ere

is
also

th
e

n
u
m

b
er
M

in
th

e
con

d
ition

(14)
th

at
relates

to
th

e
d
istan

ce
b

etw
een

th
e

station
ary

d
istrib

u
tion

h
(·)

an
d
p
(·|θ

?).
S
tatin

g
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S
pa

r
se

Is
in
g

M
o
d
e
l
v
ia

P
e
n
a
l
iz
e
d

M
C

M
e
t
h
o
d
s

th
e

ex
p
li
ci

t
re

la
ti

on
b

et
w

ee
n
M

an
d

th
e

m
o
d
el

se
em

s
to

b
e

d
iffi

cu
lt

.
H

ow
ev

er
,
th

e
al

go
ri

th
m

,
th

at
w

e
p
ro

p
os

e
to

ca
lc

u
la

te
θ̂,

is
d
es

ig
n
ed

in
su

ch
a

w
ay

to
m

in
im

iz
e

th
e

im
p
ac

t
of
M

on
th

e
re

su
lt

s.
T

h
e

d
et

ai
le

d
im

p
le

m
en

ta
ti

on
of

th
e

al
go

ri
th

m
is

gi
ve

n
in

se
ct

io
n

4.

T
h
e

es
ti

m
at

io
n

er
ro

r
of

th
e

L
as

so
es

ti
m

at
or

in
T

h
eo

re
m

2
is

m
ea

su
re

d
in
l ∞

-n
or

m
.

S
im

il
ar

ly
to

H
u
an

g
et

al
.

(2
01

3)
,

it
ca

n
b

e
ex

te
n
d
ed

to
th

e
ge

n
er

al
l q

-n
or

m
,
q
≥

1
.

W
e

om
it

it
,

b
ec

au
se

(1
5)

is
su

ffi
ci

en
t

to
ob

ta
in

th
e

se
co

n
d

m
ai

n
re

su
lt

of
th

e
p
ap

er
(C

or
ol

la
ry

3)
.

It
st

at
es

th
at

th
e

th
re

sh
ol

d
ed

L
as

so
es

ti
m

at
or

is
m

o
d
el

se
le

ct
io

n
co

n
si

st
en

t,
if

,
ad

d
it

io
n
al

ly
to

(1
3)

an
d

(1
4)

,
th

e
n
on

ze
ro

p
ar

am
et

er
s

ar
e

n
ot

to
o

sm
al

l
an

d
th

e
th

re
sh

ol
d

is
ap

p
ro

p
ri

at
el

y
ch

os
en

.
It

is
a

co
n
se

q
u
en

ce
of

th
e

fa
ct

,
w

h
ic

h
fo

ll
ow

s
fr

om
T

h
eo

re
m

2,
th

at
th

e
L

as
so

se
p

er
at

es
si

gn
ifi

ca
n
t

p
ar

am
et

er
s

fr
om

ir
re

le
va

n
t

on
es

,
i.
e.

fo
r

ea
ch

(r
,s

)
∈
T

an
d

(r
′ ,
s′

)
/∈
T

w
e

h
av

e
|θ̂ r

s
|>
|θ̂ r
′ s
′ |

w
it

h
h
ig

h
p
ro

b
a
b
il
it

y.
H

ow
ev

er
,

C
or

ol
la

ry
3

d
o
es

n
ot

gi
ve

a
w

ay
of

ch
o
os

in
g

th
e

th
re

sh
ol

d
δ,

b
ec

au
se

b
ot

h
en

d
p

oi
n
ts

of
th

e
in

te
rv

al
[R

m n
,θ
? m
in
/
2]

ar
e

u
n
k
n
ow

n
.

It
is

n
ot

a
su

rp
ri

si
n
g

fa
ct

an
d

h
as

b
ee

n
al

re
ad

y
ob

se
rv

ed
,

fo
r

in
st

an
ce

,
in

li
n
ea

r
m

o
d
el

s
(Y

e
an

d
Z

h
an

g,
20

10
,

T
h
eo

re
m

8)
.

In
se

ct
io

n
4

w
e

p
ro

p
os

e
a

m
et

h
o
d

of
ch

o
os

in
g

a
th

re
sh

ol
d
,

th
at

re
la

te
s

to
in

fo
rm

at
io

n
cr

it
er

ia
.

W
e

h
av

e
al

re
ad

y
m

en
ti

on
ed

th
at

th
er

e
ar

e
m

an
y

ap
p
ro

a
ch

es
to

th
e

h
ig

h
-d

im
en

si
on

al
Is

in
g

m
o
d
el

.
N

ow
w

e
co

m
p
ar

e
co

n
d
it

io
n
s,

th
at

ar
e

su
ffi

ci
en

t
to
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p
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p
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b
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p
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at
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b
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d
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p
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b
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p
t
e
L
a
ss
o

w
e

u
se

tw
o

st
ag

e
p
ro

ce
d
u
re

s,
w

h
ic

h
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s
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p
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at
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d
el

In
th

e
co

m
p
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b
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ü
h
lm

an
n

an
d

S
ara

van
d
e

G
eer.

S
ta

tistics
fo

r
h
igh

-d
im

en
sio

n
a
l

d
a
ta

:
m

eth
od

s,
th

eo
ry

a
n

d
a
p
p
lica

tio
n

s.
S
p
rin

ger
S
eries

in
S
tatistics,

N
ew

Y
ork

:
S
p
rin

ger,
2011.

J
ian

q
in

g
F

an
an

d
R

u
n
ze

L
i.

V
ariab

le
selection

v
ia

n
on

con
cav

e
p

en
alized

likelih
o
o
d

an
d

its
oracle

p
rop

erties.
J

o
u

rn
a
l

o
f

th
e

A
m

erica
n

S
ta

tistica
l

A
ssocia

tio
n

,
96:1348–136

0,
2001.

C
h
arles

J
G

ey
er.

O
n

th
e

con
v
ergen

ce
of

M
on

te
C

arlo
m

ax
im

u
m

likelih
o
o
d

calcu
lation

s.
J

o
u

rn
a
l

o
f

th
e

R
o
ya

l
S

ta
tistica

l
S

ociety.
S

eries
B

(M
eth

od
o
logica

l),
56:261–274,

1994.

C
h
arles

J
G

ey
er

an
d

E
lizab

eth
A

T
h
om

p
so

n
.

C
on

strain
ed

M
on

te
C

arlo
m

ax
im

u
m

lik
elih

o
o
d

for
d
ep

en
d
en

t
d
ata.

J
o
u

rn
a
l

o
f

th
e

R
o
ya

l
S

ta
tistica

l
S

ociety.
S

eries
B

(M
eth

od
o
logica

l),
54:657–699,

199
2.

J
ian

G
u
o,

E
lizaveta

L
ev

in
a,

G
eorge

M
ich

ailid
is,

an
d

J
i

Z
h
u
.

J
oin

t
stru

ctu
re

estim
ation

for
categorical

M
ark

ov
n
etw

ork
s.

T
ech

n
ica

l
repo

rt,
201

0.

H
olger

H
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ré

go
ir

e
R

ey
,

an
d

J
o
el

C
os

te
.

E
m

p
ir

ic
al

co
m

p
ar

is
on

st
u
d
y

of
ap

p
ro

x
im

at
e

m
et

h
o
d
s

fo
r

st
ru

ct
u
re

se
le

ct
io

n
in

b
in

ar
y

gr
ap

h
ic

al
m

o
d
el

s.
B

io
m

et
ri

ca
l

J
o
u

rn
a
l,

56
:3

07
–3

31
,

20
13

.

25
JM

L
R

 1
9(

75
):

1-
26

, 2
01

8

M
ia
so

je
d
o
w

a
n
d

R
e
jc

h
e
l

M
ar

ti
n

J
.

W
ai

n
w

ri
gh

t
an

d
M

ic
h
ae

l
I.

J
or

d
an

.
L

og
-d

et
er

m
in

an
t

re
la

x
at

io
n

fo
r

a
p
p
ro

x
im

at
e

in
fe

re
n
ce

in
d
is

cr
et

e
m

ar
ko

v
ra

n
d
om

fi
el

d
s.

IE
E

E
T

ra
n

sa
ct

io
n

s
o
n

S
ig

n
a
l

P
ro

ce
ss

in
g,

5
4
:

20
99

–2
10

9,
20

06
.

L
in

gz
h
ou

X
u
e,

H
u
i

Z
ou

,
an

d
T

ia
n
x
i

C
ai

.
N

on
co

n
ca

ve
p

en
al

iz
ed

co
m

p
os

it
e

co
n
d
it

io
n
a
l

li
ke

li
h
o
o
d

es
ti

m
at

io
n

of
sp

ar
se

Is
in

g
m

o
d
el

s.
T

h
e

A
n

n
a
ls

o
f

S
ta

ti
st

ic
s,

4
0
:1

4
0
3
–
1
4
2
9,

20
12

.

F
ei

Y
e

an
d

C
u
n
-H

u
i

Z
h
an

g.
R

at
e

M
in

im
ax

it
y

of
th

e
L

as
so

an
d

D
an

tz
ig

S
el

ec
to

r
fo

r
th

e
l q

lo
ss

in
l r

B
al

ls
.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

11
:3

51
9–

35
40

,
20

1
0
.

T
on

g
Z

h
an

g.
O

n
th

e
co

n
si

st
en

cy
of

fe
at

u
re

se
le

ct
io

n
u
si

n
g

gr
ee

d
y

le
as

t
sq

u
a
re

s
re

g
re

ss
io

n
.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

1
0:

55
5–

56
8,

20
09

.

P
en

g
Z

h
ao

an
d

B
in

Y
u
.

O
n

m
o
d
el

se
le

ct
io

n
co

n
si

st
en

cy
of

L
as

so
.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

7:
25

41
–2

56
3,

20
06

.

S
h
u
h
en

g
Z

h
ou

.
T

h
re

sh
ol

d
in

g
p
ro

ce
d
u
re

s
fo

r
h
ig

h
d
im

en
si

on
al

va
ri

ab
le

se
le

ct
io

n
a
n
d

st
a
ti

st
i-

ca
l

es
ti

m
at

io
n
.

In
A

d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s,
p
a
g
es

2
3
0
4
–
2
3
1
2
,

20
09

.

26
JM

L
R

 1
9(

75
):

1-
26

, 2
01

8



 
 



J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

1
9

(2
0
1
8
)

1
-3

5
S

u
b

m
it

te
d

0
3
/
1
7
;

R
ev

is
ed

0
5
/
1
8
;

P
u

b
li

sh
ed

1
2
/
1
8

U
si

n
g

S
id

e
In

fo
rm

a
ti

o
n

to
R

e
li
a
b
ly

L
e
a
rn

L
o
w

-R
a
n
k

M
a
tr

ic
e
s

fr
o
m

M
is

si
n
g

a
n
d

C
o
rr

u
p
te

d
O

b
se

rv
a
ti

o
n
s

K
a
i-

Y
a
n

g
C

h
ia

n
g

k
y
c
h
ia
n
g
@
c
s.
u
t
e
x
a
s.
e
d
u

In
d

e
rj

it
S

.
D

h
il
lo

n
in
d
e
r
ji
t
@
c
s.
u
t
e
x
a
s.
e
d
u

D
ep

a
rt

m
en

t
o
f

C
o
m

p
u

te
r

S
ci

en
ce

U
n

iv
er

si
ty

o
f

T
ex

a
s

a
t

A
u

st
in

A
u

st
in

,
T

X
7
8
7
0
1
,

U
S

A

C
h

o
-J

u
i

H
si

e
h

c
h
o
h
si
e
h
@
u
c
d
a
v
is
.e
d
u

D
ep

a
rt

m
en

t
o
f

S
ta

ti
st

ic
s

a
n

d
C

o
m

p
u

te
r

S
ci

en
ce

U
n

iv
er

si
ty

o
f

C
a
li

fo
rn

ia
a
t

D
a
vi

s

D
a
vi

s,
C

A
9
5
6
1
6

,
U

S
A

E
d

it
o
r:

S
an

ji
v

K
u
m

ar

A
b
st

ra
ct

L
ea

rn
in

g
a

lo
w

-r
an

k
m

a
tr

ix
fr

om
m

is
si

n
g

an
d

co
rr

u
p
te

d
o
b
se

rv
at

io
n
s

is
a

fu
n
d
am

en
ta

l
p
ro

b
le

m
in

m
an

y
m

a
ch

in
e

le
ar

n
in

g
ap

p
li
ca

ti
on

s.
H

ow
ev

er
,

th
e

ro
le

of
si

d
e

in
fo

rm
a
ti

o
n

in
lo

w
-r

an
k

m
at

ri
x

le
ar

n
in

g
h
as

re
ce

iv
ed

li
tt

le
at

te
n
ti

on
,

an
d

m
o
st

cu
rr

en
t

ap
p
ro

ac
h
es

ar
e

ei
th

er
a
d
-h

o
c

or
o
n
ly

ap
p
li
ca

b
le

in
ce

rt
a
in

re
st

ri
ct

iv
e

ca
se

s.
In

th
is

p
a
p

er
,

w
e

p
ro

p
os

e
a

g
en

er
al

m
o
d
el

th
at

ex
p
lo

it
s

si
d
e

in
fo

rm
a
ti

o
n

to
b

et
te

r
le

a
rn

lo
w

-r
a
n
k

m
at

ri
ce

s
fr

om
m

is
si

n
g

a
n
d

co
rr

u
p
te

d
ob

se
rv

a
ti

o
n
s,

an
d

sh
ow

th
at

th
e

p
ro

p
o
se

d
m

o
d
el

ca
n

b
e

fu
rt

h
er

ap
p
li
ed

to
se

ve
ra

l
p

op
u
la

r
sc

en
ar

io
s

su
ch

as
m

a
tr

ix
co

m
p
le

ti
on

an
d

ro
b
u
st

P
C

A
.

F
u
rt

h
er

m
or

e,
w

e
st

u
d
y

th
e

eff
ec

t
o
f
si

d
e

in
fo

rm
a
ti

o
n

on
sa

m
p
le

co
m

p
le

x
it

y
an

d
sh

ow
th

a
t

b
y

u
si

n
g

ou
r

m
o
d
el

,
th

e
effi

ci
en

cy
fo

r
le

ar
n
in

g
ca

n
b

e
im

p
ro

ve
d

gi
v
en

su
ffi

ci
en

tl
y

in
fo

rm
at

iv
e

si
d
e

in
fo

rm
at

io
n
.

T
h
is

re
su

lt
th

u
s

p
ro

v
id

es
th

eo
re

ti
ca

l
in

si
g
h
t

in
to

th
e

u
se

fu
ln

es
s

o
f

si
d
e

in
fo

rm
a
ti

on
in

ou
r

m
o
d
el

.
F

in
al

ly
,

w
e

co
n
d
u
ct

co
m

p
re

h
en

si
ve

ex
p

er
im

en
ts

in
th

re
e

re
a
l-

w
or

ld
ap

p
li
ca

ti
on

s—
re

la
ti

on
sh

ip
p
re

d
ic

ti
on

,
se

m
i-

su
p

er
v
is

ed
cl

u
st

er
in

g
an

d
n
oi

sy
im

ag
e

cl
a
ss

ifi
ca

ti
on

,
sh

ow
in

g
th

a
t

ou
r

p
ro

p
o
se

d
m

o
d
el

is
ab

le
to

p
ro

p
er

ly
ex

p
lo

it
si

d
e

in
fo

rm
at

io
n

fo
r

m
or

e
eff

ec
ti

v
e

le
a
rn

in
g

b
o
th

in
th

eo
ry

an
d

p
ra

ct
ic

e.

K
e
y
w

o
rd

s:
S
id

e
in

fo
rm

at
io

n
,

lo
w

-r
an

k
m

at
ri

x
le

ar
n
in

g,
le

ar
n
in

g
fr

om
m

is
si

n
g

an
d

co
r-

ru
p
te

d
ob

se
rv

at
io

n
s,

m
at

ri
x

co
m

p
le

ti
on

,
ro

b
u
st

P
C

A

1
.

In
tr

o
d
u
ct

io
n

L
ea

rn
in

g
a

lo
w

-r
an

k
m

at
ri

x
fr

om
n
oi

sy
,

h
ig

h
-d

im
en

si
on

al
co

m
p
le

x
d
at

a
is

an
im

p
or

ta
n
t

re
se

ar
ch

ch
al

le
n
ge

in
m

o
d
er

n
m

ac
h
in

e
le

ar
n
in

g.
In

p
ar

ti
cu

la
r,

in
th

e
re

ce
n
t

b
ig

d
at

a
er

a,
as

su
m

in
g

th
at

th
e

ob
se

rv
at

io
n
s

co
m

e
fr

om
a

m
o
d
el

w
it

h
im

p
li
ci

t
lo

w
-r

an
k

st
ru

ct
u
re

is
on

e
of

th
e

m
os

t
p
re

va
il
in

g
ap

p
ro

ac
h
es

to
av

oi
d

th
e

cu
rs

e
of

d
im

en
si

on
al

it
y.

W
h
il
e

va
ri

ou
s

lo
w

-r
an

k
m

at
ri

x
le

ar
n
in

g
p
ro

b
le

m
s

ar
is

e
fr

om
d
iff

er
en

t
co

n
te

x
ts

an
d

d
om

ai
n
s,

th
e

p
ri

m
ar

y
ch

al
le

n
ge

is
ra

th
er

si
m

il
ar

:
n
am

el
y

to
re

li
ab

ly
le

a
rn

a
lo

w
-r

an
k

m
at

ri
x
L

0
b
as

ed
on

ly
o
n

m
is

si
n
g

an
d

co
rr

u
p
te

d
ob

se
rv

at
io

n
s

fr
om

L
0
.

T
h
is

ge
n
er

ic
fr

am
ew

or
k

in
cl

u
d
es

m
an

y
w

el
l-

k
n
ow

n
m

ac
h
in

e
le

ar
n
in

g
p
ro

b
le

m
s

su
ch

as
m

at
ri

x
co

m
p
le

ti
on

(C
an

d
ès

an
d

T
ao

,
20

09
),

ro
b
u
st

P
C

A
(W

ri
gh

t
et

al
.,

20
09

)
an

d
m

at
ri

x
se

n
si

n
g

(Z
h
on

g
et

al
.,

20
15

),
an

d
is

sh
ow

n
to

b
e

c ©
2
0
1
8

K
a
i-

Y
a
n

g
C

h
ia

n
g

a
n

d
C

h
o
-J

u
i

H
si

eh
a
n

d
In

d
er

ji
t

S
.

D
h

il
lo

n
.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
9
/
1
7
-
1
1
2
.
h
t
m
l
.

JM
L

R
 1

9(
76

):
1-

35
, 2

01
8

C
h
ia
n
g
,
H
si
e
h
a
n
d

D
h
il
l
o
n

u
se

fu
l

in
m

an
y

im
p

or
ta

n
t

re
al

-w
or

ld
ap

p
li
ca

ti
on

s
in

cl
u
d
in

g
re

co
m

m
en

d
er

sy
st

em
s

(K
o
re

n
et

al
.,

20
09

),
so

ci
al

n
et

w
or

k
an

al
y
si

s
(H

si
eh

et
al

.,
20

12
)

an
d

im
ag

e
p
ro

ce
ss

in
g

(W
ri

g
h
t

et
a
l.
,

20
09

). A
m

on
g

re
se

ar
ch

re
la

te
d

to
lo

w
-r

an
k

m
at

ri
x

le
ar

n
in

g
,

on
e

p
ro

m
is

in
g

d
ir

ec
ti

o
n

is
to

fu
r-

th
er

ex
p
lo

it
si

d
e

in
fo

rm
a
ti

o
n

,
or

fe
a
tu

re
s,

to
h
el

p
th

e
le

ar
n
in

g
p
ro

ce
ss

.
1

T
h
e

n
o
ti

o
n

o
f

si
d
e

in
fo

rm
at

io
n

ap
p

ea
rs

n
at

u
ra

ll
y

in
m

a
n
y

ap
p
li
ca

ti
on

s.
F

or
ex

am
p
le

,
in

th
e

fa
m

o
u
s

N
et

fl
ix

p
ro

b
le

m
w

h
er

e
th

e
go

al
is

m
ov

ie
re

co
m

m
en

d
at

io
n

b
as

ed
on

u
se

rs
’

ra
ti

n
gs

,
a

p
o
p
u
la

r
a
p
-

p
ro

ac
h

is
to

as
su

m
e

th
at

th
e

gi
v
en

u
se

r-
m

ov
ie

ra
ti

n
g

p
ai

rs
ar

e
sa

m
p
le

d
fr

o
m

a
lo

w
-r

a
n
k

m
at

ri
x

(K
or

en
et

al
.,

20
09

).
H

ow
ev

er
,

b
es

id
es

ra
ti

n
g

h
is

to
ry

,
p
ro

fi
le

s
of

u
se

rs
a
n
d
/
o
r

g
en

re
s

of
m

ov
ie

s
m

ay
al

so
b

e
p
ro

v
id

ed
,

an
d

on
e

ca
n

p
o
ss

ib
ly

le
ve

ra
ge

su
ch

si
d
e

in
fo

rm
a
ti

o
n

fo
r

b
et

te
r

re
co

m
m

en
d
at

io
n
.

S
in

ce
su

ch
ad

d
it

io
n
al

fe
at

u
re

s
ar

e
av

a
il
ab

le
in

m
an

y
a
p
p
li
ca

ti
o
n
s,

d
es

ig
n
in

g
a

m
o
d
el

to
b

et
te

r
in

co
rp

or
at

e
fe

at
u
re

s
in

to
lo

w
-r

an
k

m
at

ri
x

le
ar

n
in

g
p
ro

b
le

m
s

b
ec

om
es

an
im

p
or

ta
n
t

is
su

e
w

it
h

b
ot

h
th

eo
re

ti
ca

l
an

d
p
ra

ct
ic

al
in

te
re

st
s.

M
ot

iv
at

ed
b
y

th
e

ab
ov

e
re

al
iz

at
io

n
,

w
e

st
u
d
y

th
e

eff
ec

t
of

si
d
e

in
fo

rm
at

io
n

o
n

le
a
rn

in
g

lo
w

-r
an

k
m

at
ri

ce
s

fr
om

m
is

si
n
g

an
d

co
rr

u
p
te

d
ob

se
rv

at
io

n
s

in
th

is
p
a
p

er
.

O
u
r

g
en

er
a
l

p
ro

b
le

m
se

tt
in

g
ca

n
b

e
fo

rm
al

ly
d
es

cr
ib

ed
as

fo
ll
ow

s.
L

et
L

0
∈

R
n

1
×
n

2
b

e
th

e
lo

w
-r

a
n
k

m
o
d
el

in
g

m
at

ri
x
,

ye
t

d
u
e

to
va

ri
ou

s
re

as
on

s
w

e
ca

n
on

ly
ob

se
rv

e
a

m
at

ri
x
R
∈

R
n

1
×
n

2

w
h
ic

h
co

n
ta

in
s

m
is

si
n
g

an
d
/o

r
co

rr
u
p
te

d
ob

se
rv

at
io

n
s

of
L

0
.

In
ad

d
it

io
n
,

su
p
p

o
se

w
e

a
re

al
so

gi
ve

n
ad

d
it

io
n
al

fe
at

u
re

m
at

ri
ce

s
X
∈
R
n

1
×
d

1
an

d
/o

r
Y
∈
R
n

2
×
d

2
as

si
d
e

in
fo

rm
a
ti

on
,

w
h
er

e
ea

ch
ro

w
x
i
∈

R
d

1
(o

r
y
i
∈

R
d

2
)

d
en

ot
es

a
fe

at
u
re

re
p
re

se
n
ta

ti
on

o
f

th
e
i-

th
ro

w
(o

r
co

lu
m

n
)

en
ti

ty
of
X

(o
r
Y

).
T

h
en

,
in

st
ea

d
of

ju
st

u
si

n
g
R

to
re

co
v
er
L

0
,

o
u
r

h
o
p

e
is

to
le

ve
ra

ge
si

d
e

in
fo

rm
at

io
n
X

an
d
Y

to
le

ar
n
L

0
m

or
e

eff
ec

ti
ve

ly
.

B
el

ow
,

w
e

fu
rt

h
er

li
st

so
m

e
im

p
or

ta
n
t

ap
p
li
ca

ti
on

s
w

h
er

e
th

e
si

d
e

in
fo

rm
at

io
n

n
at

u
ra

ll
y

co
m

es
in

a
s

th
e

fo
rm

o
f

X
an

d
/o

r
Y

in
th

is
fr

am
ew

or
k
:

•
C

o
ll

a
bo

ra
ti

ve
fi

lt
er

in
g.

C
ol

la
b

or
at

iv
e

fi
lt

er
in

g
is

on
e

of
th

e
m

os
t

p
o
p
u
la

r
m

a
ch

in
e

le
ar

n
in

g
ap

p
li
ca

ti
on

s
in

in
d
u
st

ry
w

h
er

e
w

e
a
im

to
p
re

d
ic

t
th

e
p
re

fe
re

n
ce

s
o
f

u
se

rs
to

an
y

p
ro

d
u
ct

s
b
as

ed
on

li
m

it
ed

ra
ti

n
g

h
is

to
ry

(e
.g

.
th

e
N

et
fl
ix

p
ro

b
le

m
w

e
m

en
ti

o
n
ed

p
re

v
io

u
sl

y
).

A
tr

ad
it

io
n
al

ap
p
ro

ac
h

is
to

co
m

p
le

te
th

e
p
ar

ti
al

u
se

r-
p
ro

d
u
ct

ra
ti

n
g

m
at

ri
x
R

v
ia

m
at

ri
x

co
m

p
le

ti
on

.
H

ow
ev

er
,

on
e

co
u
ld

al
so

co
ll
ec

t
p

er
-u

se
r

fe
a
tu

re
s
x
i

an
d

p
er

-p
ro

d
u
ct

fe
at

u
re

s
y j

as
p

os
si

b
le

in
fo

rm
at

io
n

to
le

ve
ra

ge
,

an
d

th
e

a
ss

em
b
le

d
fe

at
u
re

re
p
re

se
n
ta

ti
on

fo
r

u
se

rs
an

d
p
ro

d
u
ct

s
b

ec
om

es
X

an
d
Y

in
th

is
fr

a
m

ew
o
rk

.

•
L

in
k

p
re

d
ic

ti
o
n

.
T

h
e

li
n
k

p
re

d
ic

ti
on

p
ro

b
le

m
in

on
li
n
e

so
ci

a
l

n
et

w
or

k
a
n
a
ly

si
s

is
to

p
re

d
ic

t
an

d
re

co
m

m
en

d
th

e
im

p
li
ci

t
fr

ie
n
d
sh

ip
s

of
u
se

rs
gi

ve
n

th
e

cu
rr

en
t

n
et

w
o
rk

sn
ap

sh
ot

.
O

n
e

ap
p
ro

ac
h

is
to

th
in

k
of

th
e

n
et

w
or

k
sn

ap
sh

ot
as

a
u
se

r-
to

-u
se

r
re

la
-

ti
on

sh
ip

m
at

ri
x
R

,
an

d
th

u
s

an
y

m
is

si
n
g

re
la

ti
on

sh
ip

s
in

th
e

sn
ap

sh
ot

ca
n

b
e

in
fe

rr
ed

b
y

co
n
d
u
ct

in
g

m
at

ri
x

co
m

p
le

ti
on

on
R

(L
ib

en
-N

ow
el

l
an

d
K

le
in

b
er

g,
20

0
7
).

S
im

il
a
rl

y,
if

u
se

r-
sp

ec
ifi

c
in

fo
rm

at
io

n
(l

ik
e

u
se

r
p
ro

fi
le

)
is

co
ll
ec

te
d
,

th
es

e
u
se

r
fe

a
tu

re
s

ca
n

b
e

d
ee

m
ed

as
b

ot
h
X

an
d
Y

.

•
Im

a
ge

d
en

o
is

in
g.

A
n
ot

h
er

lo
w

-r
an

k
m

at
ri

x
le

ar
n
in

g
a
p
p
li
ca

ti
on

is
im

a
g
e

d
en

o
is

in
g
.

It
is

k
n
ow

n
th

at
sa

m
e

ty
p

es
of

im
ag

es
(e

.g
.

im
ag

es
of

h
u
m

an
fa

ce
,

d
ig

it
s,

o
r

im
-

ag
es

w
it

h
sa

m
e

sc
en

e)
of

te
n

sh
ar

e
a

co
m

m
on

lo
w

-r
an

k
st

ru
ct

u
re

,
an

d
le

a
rn

in
g

th
at

lo
w

-d
im

en
si

on
al

sp
ac

e
ca

n
b

e
u
se

fu
l

fo
r

m
an

y
ap

p
li
ca

ti
on

s
su

ch
as

im
a
g
e

re
co

g
n
it

io
n

1
.

W
e

w
il

l
u

se
te

rm
s

‘s
id

e
in

fo
rm

a
ti

o
n

’
a
n

d
‘f

ea
tu

re
s’

in
te

rc
h

a
n

g
ea

b
ly

th
ro

u
g
h

o
u

t
th

e
p

a
p

er
.
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L
o
w
-R

a
n
k

M
a
t
r
ix

L
e
a
r
n
in
g

w
it
h
S
id
e
In

f
o
r
m
a
t
io
n

a
n
d

b
a
ck

g
rou

n
d

su
b
traction

.
Y

et
in

th
e

realistic
settin

g,
im

ages
m

ay
b

e
corru

p
ted

b
y

sp
a
rse

n
o
ise

su
ch

as
sh

ad
ow

in
g

or
b
righ

tn
ess

satu
ration

,
m

ak
in

g
th

e
learn

in
g

of
th

at
low

-d
im

en
sion

al
sp

ace
m

u
ch

m
ore

d
iffi

cu
lt.

A
p

op
u
lar

ap
p
roach

,
k
n
ow

n
as

rob
u
st

P
C

A
,

is
to

con
stru

ct
an

ob
served

m
atrix

R
w

h
ere

each
colu

m
n

is
a

vector
rep

resen
-

ta
tio

n
o
f

an
im

age,
an

d
fu

rth
er

learn
th

e
u
n
d
erly

in
g

low
-ran

k
su

b
sp

a
ce

b
y

sep
aratin

g
it

fro
m

th
e

sp
arse

n
oise

in
R

.
In

S
ection

4,
w

e
w

ill
sh

ow
th

at
if

featu
res

of
clean

im
-

a
g
es
X

a
n
d
/or

lab
el-relevan

t
featu

res
Y

are
also

given
,

on
e

can
learn

th
e

u
n
d
erly

in
g

low
-d

im
en

sion
al

su
b
sp

ace
m

ore
accu

rately.

O
rg

a
n

iz
a
tio

n
o
f

th
e

p
a
p

e
r.

T
o

stu
d
y

th
e

eff
ect

of
sid

e
in

form
a
tion

in
low

-ran
k

m
atrix

lea
rn

in
g

w
ith

m
issin

g
an

d
corru

p
ted

ob
servation

s,
w

e
fo

cu
s

on
an

sw
erin

g
th

e
follow

in
g

im
p

o
rta

n
t

q
u
estion

s
in

a
sy

stem
atical

m
an

n
er:

•
W

h
a
t

ty
p

e
of

sid
e

in
form

ation
can

b
en

efi
t

learn
in

g?

•
W

h
a
t

m
o
d
el

sh
ou

ld
w

e
u
se

for
in

corp
oratin

g
sid

e
in

form
ation

?

•
H

ow
ca

n
w

e
fu

rth
er

q
u
an

tify
th

e
m

erits
of

sid
e

in
form

ation
in

learn
in

g?

R
eg

a
rd

in
g

th
e

fi
rst

q
u
estion

,
in

S
ection

2,
w

e
start

w
ith

th
e

case
of

“
perfect”

sid
e

in
fo

rm
a
tio

n
(d

efi
n
ed

in
eq

u
ation

2)
as

an
id

ealized
case

w
h
ere

th
e

given
featu

res
are

fu
lly

in
form

a
tive,

a
n
d

fu
rth

er
g
en

eralize
to

th
e

case
of

n
o
isy

sid
e

in
fo

rm
a
tio

n
w

h
ere

th
e

given
featu

res
are

o
n
ly

p
a
rtia

lly
correlated

to
L

0 .
W

e
w

ill
see

th
at

w
h
ile

in
form

ation
from

p
erfect

featu
res

is
ex

trem
ely

u
sefu

l,
certain

n
oisy

featu
res

ca
n

also
b

e
q
u
ite

eff
ective

to
b

en
efi

t
learn

in
g.

T
h
e

m
o
d
el

for
in

corp
oratin

g
sid

e
in

form
ation

can
also

b
e

con
stru

cted
su

b
seq

u
en

tly
on

ce
th

e
ty

p
e

o
f

sid
e

in
form

ation
is

id
en

tifi
ed

.
P

recisely,
in

S
ectio

n
2,

w
e

arg
u
e

th
at

for
p

erfect
fea

tu
res,

o
n
e

can
d
irectly

tran
sform

th
e

low
-ran

k
m

o
d
elin

g
m

atrix
in

to
a

b
ilin

ear
fo

rm
w

ith
resp

ect
to

featu
res

X
an

d
Y

.
H

ow
ever,

th
e

valid
ity

of
su

ch
an

em
b

ed
d
in

g
b

eco
m

es
q
u
estio

n
a
b
le

if
featu

res
are

n
oisy.

T
h
erefore,

for
n
oisy

featu
res,

w
e

p
rop

o
se

to
b
reak

th
e

low
-ra

n
k

m
atrix

in
to

tw
o

p
arts—

on
e

th
at

cap
tu

res
in

form
ation

from
featu

res
an

d
on

e
th

at
ca

p
tu

res
in

fo
rm

ation
ou

tsid
e

th
e

featu
re

sp
a
ce—

resu
ltin

g
in

a
gen

eral
m

o
d
el

(p
rob

lem
4)

th
a
t

lea
rn

s
th

e
low

-ran
k

m
atrix

b
y

join
tly

b
a
lan

cin
g

in
form

ation
from

n
oisy

featu
res

an
d

o
b
serva

tio
n
s.

In
ad

d
ition

,
w

e
d
iscu

ss
th

e
con

n
ection

s
b

etw
een

ou
r

m
o
d
el

an
d

sev
eral

w
ell-

k
n
ow

n
m

o
d
els,

su
ch

as
low

-ran
k

m
atrix

com
p
letion

an
d

rob
u
st

P
C

A
.

W
e

also
sh

ow
th

at
o
u
r

p
ro

p
o
sed

m
o
d
el

can
b

e
effi

cien
tly

solv
ed

b
y

w
ell-estab

lish
ed

op
tim

ization
p
ro

ced
u
res.

F
u
rth

erm
o
re,

in
S
ection

3,
w

e
p
rov

id
e

a
th

eoretical
an

aly
sis

to
ju

stify
th

e
m

erits
of

sid
e

in
fo

rm
a
tio

n
in

th
e

p
rop

osed
m

o
d
el

(4).
T

o
start

w
ith

,
in

S
ection

3.1,
w

e
q
u
an

tify
th

e
q
u
a
lity

o
f

fea
tu

res
a
n
d

th
e

n
oise

level
of

corru
p
tion

u
sin

g
R

ad
em

ach
er

m
o
d
el

com
p
lex

ity
in

th
e

gen
-

era
liza

tio
n

a
n
a
ly

sis.
A

s
a

resu
lt,

a
tigh

ter
error

b
o
u
n
d

can
b

e
d
erived

g
iven

b
etter

q
u
ality

o
f

fea
tu

res
a
n
d
/or

low
er

n
oise

lev
el

in
ob

servation
s.

W
e

fu
rth

er
d
eriv

e
sam

p
le

com
p
lex

ity
g
u
a
ra

n
tees

fo
r

th
e

case
of

m
atrix

com
p
letion

in
S
ection

3.2
an

d
for

th
e

case
w

h
ere

ob
serva-

tio
n
s

a
re

b
oth

m
issin

g
an

d
corru

p
ted

in
S
ection

3.3.
F

or
th

e
case

of
m

atrix
co

m
p
letion

,
ou

r
sa

m
p
le

co
m

p
lex

ity
resu

lt
su

ggests
th

at
th

e
p
rop

osed
m

o
d
el

req
u
ires

asy
m

p
to

tically
few

er
o
b
serva

tio
n
s

to
recover

th
e

low
-ran

k
m

atrix
com

p
ared

to
stan

d
ard

m
a
trix

com
p
letion

,
as

lo
n
g

a
s

th
e

giv
en

featu
res

are
su

ffi
cien

tly
in

form
ative.

T
h
is

resu
lt

su
b
stan

tially
gen

eralizes
th

e
p
rev

io
u
s

stu
d
y

of
sid

e
in

form
ation

in
m

atrix
com

p
letion

in
J
ain

an
d

D
h
illo

n
(2013)

w
h
ich

o
n
ly

g
u
a
ran

tees
im

p
roved

com
p
lex

ity
given

p
erfect

featu
res.

O
n

th
e

oth
er

h
an

d
,

for

3
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C
h
ia
n
g
,
H
sie

h
a
n
d

D
h
il
l
o
n

th
e

case
w

h
ere

ob
servation

s
are

b
oth

m
issin

g
an

d
corru

p
ted

,
ou

r
resu

ltin
g

sam
p
le

com
p
lex

-
ity

gu
aran

tee
im

p
lies

th
at

b
etter

q
u
ality

of
sid

e
in

form
ation

is
u
sefu

l
for

learn
in

g
m

issin
g

en
tries

of
th

e
low

-ran
k

m
atrix

p
rov

id
ed

th
at

th
e

corru
p
tion

is
n
ot

to
o

severe.
T

h
ese

resu
lts

th
u
s

ju
stify

th
e

u
sefu

ln
ess

of
sid

e
in

form
ation

in
th

e
p
rop

osed
m

o
d
el

in
th

eory.

F
in

ally,
in

S
ection

4,
w

e
verify

th
e

eff
ectiven

ess
of

th
e

p
ro

p
osed

m
o
d
el

ex
p

erim
en

-
tally

on
variou

s
sy

n
th

etic
d
ata

sets,
an

d
ad

d
ition

a
lly

ap
p
ly

it
to

th
ree

m
ach

in
e

learn
in

g
ap

p
lication

s—
relation

sh
ip

p
red

ictio
n
,

sem
i-su

p
erv

ised
clu

sterin
g

an
d

n
oisy

im
age

classifi
-

cation
.

W
e

sh
ow

th
at

each
of

th
em

can
b

e
tack

led
b
y

learn
in

g
a

low
-ran

k
m

o
d
elin

g
m

atrix
from

m
issin

g
or

corru
p
ted

ob
servation

s
given

certain
ad

d
ition

al
featu

res,
an

d
th

erefore,
b
y

em
p
loy

in
g

ou
r

m
o
d
el

to
ex

p
loit

sid
e

in
fo

rm
atio

n
,
w

e
can

ach
ieve

b
etter

p
erform

an
ce

in
th

ese
ap

p
lication

s
com

p
ared

to
oth

er
state-of-th

e-art
m

eth
o
d
s.

T
h
ese

resu
lts

d
em

on
strate

th
at

ou
r

p
rop

osed
m

o
d
el

in
d
eed

ex
p
loits

sid
e

in
form

ation
for

variou
s

low
-ran

k
m

atrix
learn

in
g

p
rob

lem
s.

H
ere

are
th

e
key

con
trib

u
tion

s
of

th
is

p
ap

er:

•
W

e
stu

d
y

th
e

eff
ect

of
sid

e
in

form
ation

an
d

p
rov

id
e

a
gen

eral
treatm

en
t

to
in

cor-
p

orate
sid

e
in

form
ation

for
learn

in
g

low
-ran

k
m

atrices
from

m
issin

g
an

d
corru

p
ted

ob
servation

s.

•
In

p
articu

lar,
given

p
erfect

sid
e

in
form

ation
,

w
e

p
rop

ose
to

tran
sform

th
e

estim
ated

low
-ran

k
m

atrix
to

a
b
ilin

ear
form

w
ith

resp
ect

to
featu

res.
M

oreover,
given

n
oisy

sid
e

in
form

ation
,

w
e

p
rop

ose
to

fu
rth

er
b
reak

th
e

low
-ran

k
m

atrix
in

to
a

p
art

cap
tu

rin
g

featu
re

in
form

ation
p
lu

s
a

p
art

cap
tu

rin
g

in
form

a
tion

ou
tsid

e
th

e
featu

re
sp

ace,
an

d
th

erefore,
learn

in
g

can
b

e
con

d
u
cted

effi
cien

tly
b
y

b
alan

cin
g

in
form

ation
b

etw
een

featu
res

an
d

ob
servation

s.

•
W

e
th

eoretically
ju

stify
th

e
u
sefu

ln
ess

of
sid

e
in

form
ation

in
th

e
p
rop

osed
m

o
d
el

in
variou

s
scen

arios
b
y

fi
rst

q
u
an

tify
in

g
th

e
eff

ectiven
ess

of
featu

res
an

d
th

en
sh

ow
in

g
th

at
th

e
sam

p
le

com
p
lex

ity
can

b
e

asy
m

p
totically

im
p
roved

p
rov

id
ed

su
ffi

cien
tly

in
-

form
ative

featu
res.

•
W

e
p
rov

id
e

com
p
reh

en
sive

ex
p

erim
en

tal
resu

lts
to

con
fi
rm

th
at

th
e

p
rop

osed
m

o
d
el

p
rop

erly
em

b
ed

s
b

oth
p

erfect
an

d
n
oisy

sid
e

in
form

ation
for

learn
in

g
low

-ran
k

m
atri-

ces
m

ore
eff

ectively
com

p
ared

to
oth

er
state-of-th

e-art
ap

p
roach

es.

P
arts

of
th

is
p
ap

er
h
ave

p
rev

iou
sly

ap
p

eared
in

C
h
ia

n
g

et
al.

(2015)
an

d
C

h
ian

g
et

al.
(2016),

in
w

h
ich

w
e

ex
clu

sively
stu

d
ied

th
e

eff
ect

o
f

n
oisy

sid
e

in
form

ation
in

m
atrix

com
p
letion

an
d

th
e

eff
ect

of
p
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a
ls

o
b

e
em

p
ir

ic
al

ly
sh

ow
n

in
S
ec

ti
on

4
in

w
h
ic

h
w

e
ob

se
rv

e
th

at
th

e
re

co
ve

re
d

m
at

ri
x
X
M
∗ Y

T
o
f

p
ro

b
le

m
(3

)
w

il
l

d
iv

er
ge

fr
om

L
0

gi
ve

n
n
oi

sy
si

d
e

in
fo

rm
at

io
n

in
ex

p
er

im
en

ts
.

N
ev

er
th

el
es

s,
it

is
ar

gu
ab

le
th

at
ce

rt
ai

n
n
oi

sy
fe

at
u
re

s
sh

ou
ld

st
il
l
b

e
h
el

p
fu

l
fo

r
le

ar
n
in

g
L

0
.

F
o
r

ex
a
m

p
le

,
gi

ve
n

th
e

S
V

D
of
L

0
=
U

Σ
V
T

,
a

sm
al

l
p

er
tu

rb
at

io
n

of
a

si
n
gl

e
en

tr
y

of
U

(o
r
V

)
m

a
ke

s
th

e
p

er
tu

rb
ed
U

,
V

to
b

e
im

p
er

fe
ct

fe
at

u
re

s,
y
et

su
ch
U

an
d
V

sh
ou

ld
st

il
l

b
e

v
er

y
in

fo
rm

a
ti

ve
.

T
h
is

ob
se

rv
at

io
n

th
u
s

m
ot

iv
at

es
u
s

to
d
es

ig
n

a
m

or
e

ge
n
er

al
m

o
d
el

to
ex

p
lo

it
n
o
is

y
si

d
e

in
fo

rm
at

io
n
.
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L
o
w
-R

a
n
k

M
a
t
r
ix

L
e
a
r
n
in
g

w
it
h
S
id
e
In

f
o
r
m
a
t
io
n

2
.3

.
T

h
e

P
ro

p
o
se

d
M

o
d

e
l:

E
x
p

lo
itin

g
N

o
isy

S
id

e
In

fo
rm

a
tio

n

W
e

n
ow

in
tro

d
u
ce

an
im

p
roved

m
o
d
el

to
fu

rth
er

ex
p
loit

im
p

erfect,
n
oisy

sid
e

in
form

ation
.

T
h
e

key
id

ea
o
f

ou
r

m
o
d
el

is
to

b
alan

ce
b

oth
featu

re
in

form
ation

an
d

ob
servation

s
w

h
en

lea
rn

in
g

th
e

low
-ran

k
m

atrix
.

S
p

ecifi
cally,

w
e

p
rop

ose
to

learn
L

0
join

tly
in

tw
o

p
arts,

on
e

p
a
rt

ca
p
tu

res
in

form
ation

from
th

e
featu

re
sp

ace
as
X
M
Y
T

,
an

d
th

e
oth

er
p
art

N
cap

tu
res

th
e

in
fo

rm
a
tio

n
ou

tsid
e

th
e

featu
re

sp
ace.

T
h
u
s,

even
if

th
e

given
featu

res
are

n
oisy

an
d

fa
il

to
cover

th
e

fu
ll

laten
t

sp
ace

of
L

0 ,
w

e
can

still
cap

tu
re

m
issin

g
in

form
ation

u
sin

g
N

lea
rn

ed
fro

m
p
u
re

ob
servation

s.
H

ow
ever,

th
ere

is
an

id
en

tifi
ab

ility
issu

e
if

w
e

sim
p
ly

learn
L

0
w

ith
th

e
ex

p
ression

X
M
Y
T

+
N

,
sin

ce
th

ere
are

in
fi
n
itely

m
an

y
solu

tion
s

of
(M

,N
)

th
a
t

satisfy
X
M
Y
T

+
N

=
L

0 .
A

lth
o
u
g
h

in
th

eory
th

ey
all

p
erfectly

recover
th

e
u
n
d
erly

in
g

m
atrix

,
som

e
of

th
e

solu
-

tio
n
s

sh
a
ll

b
e

m
ore

p
referred

th
an

oth
ers

if
w

e
fu

rth
er

con
sid

er
th

e
effi

cien
cy

of
learn

in
g.

In
tu

itively,
sin

ce
th

e
u
n
d
erly

in
g
L

0
is

low
-ran

k
,

a
n
atu

ral
th

ou
gh

t
is

to
p
refer

b
oth

X
M
Y
T

a
n
d
N

to
b

e
low

-ran
k

so
th

at
th

e
L

0
can

b
e

recovered
w

ith
few

er
p
aram

eters.
T

h
is

p
refer-

en
ce

lead
s

u
s

to
p
u
rsu

e
a

low
-ran

k
M

as
w

ell,
w

h
ich

con
cep

tu
ally

m
ean

s
th

at
on

ly
a

sm
all

su
b
sp

a
ce

o
f
X

an
d

a
su

b
sp

ace
of
Y

are
ex

p
ected

to
b

e
eff

ective
in

join
tly

fo
rm

in
g

a
low

-
ran

k
estim

a
te
X
M
Y
T

.
P

u
rsu

in
g

low
-ran

k
solu

tio
n
s

of
M

an
d
N

en
ab

les
u
s

to
accu

rately
estim

a
te
L

0
w

ith
few

er
sam

p
les

b
ecau

se
few

er
p
aram

eters
n
eed

to
b

e
learn

ed
com

p
ared

to
o
th

er
so

lu
tion

s.
T

h
is

ad
van

tage
w

ill
b

e
form

ally
ju

stifi
ed

later
in

S
ection

3.
T

h
erefo

re,
p
u
ttin

g
th

is
all

togeth
er,

to
in

corp
orate

n
oisy

sid
e

in
form

ation
an

d
learn

th
e

low
-ra

n
k

m
atrix

L
0

from
m

issin
g

a
n
d

corru
p
ted

ob
serva

tion
s,

w
e

p
rop

ose
to

solve
th

e
fo

llow
in

g
p
ro

b
lem

:

m
in

M
,N
,S

∑

(i,j)∈
Ω
o
b
s

`((X
M
Y
T

+
N

+
S

)
ij ,R

ij )
+
λ
M
‖
M
‖∗

+
λ
N ‖N

‖∗
+
λ
S ‖S‖

1
(4)

w
ith

so
m

e
co

n
vex

su
rrogate

loss
`,

an
d

th
e

u
n
d
erly

in
g

m
atrix

L
0

can
b

e
estim

a
ted

b
y

X
M
∗Y

T
+
N
∗,

w
h
ere

(M
∗,N

∗,S
∗)

is
th

e
op

tim
al

solu
tion

of
p
rob

lem
(4).

N
ote

th
at

to
fo

rce
M

a
n
d
N

to
b

e
low

-ran
k
,
in

th
e

p
rop

osed
ob

jectiv
e

w
e

ad
d

n
u
clear

n
orm

regu
larization

o
n

bo
th

va
ria

b
les

M
an

d
N

.
It

is
k
n
ow

n
th

at
n
u
clear

n
orm

regu
larization

is
on

e
of

th
e

m
ost

p
o
p
u
la

r
h
eu

ristic
to

p
u
rsu

e
low

-ran
k

stru
ctu

re
as

it
is

th
e

tigh
test

con
vex

relax
a
tion

of
th

e
ra

n
k

fu
n
ctio

n
(F

azel
et

al.,
2001).

In
p
articu

la
r,

g
iv

en
a

low
-ran

k
m

atrix
ran

k
(R

)≤
r

an
d

m
ax

ij |R
ij |≤

C
L

,
w

e
alw

ay
s

h
ave:

‖
R‖∗ ≤

√
r‖R‖

F
≤
C
L √

rn
1 n

2 ,

a
n
d

th
u
s,

a
n
u
clear

n
orm

regu
larized

con
strain

t‖
R‖∗

≤
t

can
b

e
th

ou
gh

t
of

as
a

relax
ed

co
n
d
itio

n
o
f

ra
n
k
(R

)≤
r

an
d

m
ax

ij |R
ij |≤

t/ √
rn

1 n
2 .

T
h
e

p
ro

p
o
sed

p
rob

lem
(4)

is
also

a
gen

era
l
form

u
lation

to
b

etter
ex

p
loit

sid
e

in
form

a
tion

fo
r

lea
rn

in
g

low
-ran

k
m

atrices
from

m
issin

g
an

d
corru

p
ted

ob
servation

s.
T

h
is

fact
can

b
e

seen
b
y

co
n
sid

erin
g

th
e

follow
in

g
eq

u
ivalen

t
form

of
p
rob

lem
(4)

w
h
ich

con
verts

th
e

loss
term

to
h
a
rd

co
n
strain

ts:

m
in

M
,N
,S
α‖
M
‖∗

+
β‖N

‖∗
+
λ‖
S‖

1
s.t.

(X
M
Y
T

+
N

+
S

)
ij

=
R
ij ,∀

(i,j)∈
Ω
o
bs .

(5)

T
h
en

,
it

is
ea

sy
to

see
th

at
b
y

settin
g
α

=
∞

or
β

=
∞

,
p
rob

lem
(5)

w
ill

b
ecom

e
p
rob

lem
(1)

o
r

p
ro

b
lem

(3
),

w
h
ich

learn
s

th
e

low
-ran

k
m

atrix
from

m
issin

g
an

d
corru

p
ted

ob
servation

s
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C
h
ia
n
g
,
H
sie

h
a
n
d

D
h
il
l
o
n

eith
er

w
ith

ou
t

an
y

sid
e

in
form

ation
o
r

u
sin

g
p

erfect
sid

e
in

form
ation

,
resp

ectively.
T

h
is

su
ggests

th
at

ou
r

m
o
d
el

(4)
is

m
ore

gen
eral

as
it

can
ex

p
loit

b
o
th

p
erfect

an
d

n
oisy

sid
e

in
form

ation
in

learn
in

g.
T

h
e

p
aram

eters
λ
M

,
λ
N

an
d
λ
S

of
th

e
m

o
d
el

are
cru

cial
for

con
trollin

g
th

e
con

trib
u
tion

s
from

featu
res,

ob
servation

s
an

d
corru

p
tion

.
In

tu
itively,

λ
S

con
trols

th
e

ratio
of

corru
p
ted

ob
servation

s.
T

h
e

relative
w

eigh
t

b
etw

een
λ
M

an
d
λ
N

fu
rth

er
con

trols
th

e
con

trib
u
tion

s
from

X
M
Y
T

an
d
N

in
form

in
g

th
e

low
-ran

k
estim

ate.
T

h
erefore,

w
ith

an
ap

p
rop

riate
ratio

b
etw

een
λ
M
,λ

N
,

th
e

p
rop

osed
m

o
d
el

can
leverage

a
(in

form
ative)

p
art

of
th

e
featu

res
X
M
Y
T

,
yet

also
b

e
rob

u
st

to
featu

re
n
oise

b
y

learn
in

g
th

e
rem

ain
in

g
p
art

N
from

p
u
re

ob
servation

s.
B

elow
,

w
e

fu
rth

er
d
iscu

ss
th

e
con

n
ection

s
b

etw
een

ou
r

m
o
d
el

(4)
an

d
oth

er
w

ell-k
n
ow

n
m

o
d
els

for
solv

in
g

variou
s

low
-ran

k
m

atrix
learn

in
g

p
rob

lem
s.

2
.3
.1
.
C
o
n
n
e
c
t
io
n
s
t
o

m
o
d
e
l
s
f
o
r
m
a
t
r
ix

c
o
m
p
l
e
t
io
n

F
irst,

con
sid

er
th

e
m

atrix
com

p
letion

case
w

h
ere

th
e

p
artially

o
b
served

en
tries

are
n
ot

cor-
ru

p
ted

.
T

h
en

,
λ
S

can
b

e
set

to
∞

to
force

S
∗

=
0,

a
n
d

th
erefore,

ou
r

p
rop

osed
p
rob

lem
(4)

red
u
ces

to
th

e
follow

in
g

ob
jective:

m
in

M
,N

∑

(i,j)∈
Ω
o
b
s

`((X
M
Y
T

+
N

)
ij ,R

ij )
+
λ
M
‖
M
‖∗

+
λ
N ‖
N
‖∗ ,

(6)

w
h
ich

is
a

gen
eral

m
o
d
el

for
solv

in
g

m
atrix

com
p
letion

p
rob

lem
.

F
or

ex
am

p
le,

w
h
en

λ
M

=
∞

,
M
∗

w
ill

b
e

forced
to

0
so

featu
res

are
d
isregard

ed
,

an
d

p
rob

lem
(6)

b
ecom

es
a

stan
d
ard

m
atrix

com
p
letion

ob
jectiv

e.
O

n
th

e
oth

er
h
an

d
,

w
h
en

λ
N

=
∞

,
N
∗

w
ill

b
e

forced
to

0
an

d
p
rob

lem
(6)

b
ecom

es
th

e
IM

C
m

o
d
el

(J
ain

an
d

D
h
illon

,
2013;

X
u

et
al.,

2013)
w

h
ere

th
e

estim
ation

of
th

e
low

-ran
k

m
atrix

is
com

p
letely

from
X
M
∗Y

T
.

H
ow

ev
er,

p
rob

lem
(6)

is
m

ore
gen

eral
th

an
b

oth
p
rob

lem
s,

sin
ce

b
y

ap
p
rop

riately
settin

g
th

e
w

eigh
ts

of
λ
M

an
d

λ
N

,
it

can
b

etter
estim

ate
th

e
low

-ran
k

m
atrix

join
tly

from
(n

oisy
)

featu
res

X
M
∗Y

T
an

d
p
u
re

ob
servation

s
N
∗.

T
h
erefore,

p
rob

lem
(6)

can
b

e
th

ou
gh

t
of

as
an

im
p
roved

m
o
d
el

w
h
ich

ex
p
loits

n
oisy

sid
e

in
form

ation
in

m
atrix

com
p
letion

p
rob

lem
.

W
e

th
u
s

refer
to

p
rob

lem
(6)

as
“IM

C
w

ith
N

oisy
F

eatu
res”

(IM
C

N
F

)
an

d
w

ill
ju

stify
its

eff
ectiven

ess
for

m
atrix

com
p
letion

in
S
ection

4.

2
.3
.2
.
C
o
n
n
e
c
t
io
n
s
t
o

m
o
d
e
l
s
f
o
r
r
o
b
u
st

P
C
A

A
n
oth

er
sp

ecial
case

is
to

con
sid

er
th

e
w

ell-k
n
ow

n
“rob

u
st

P
C

A
”

settin
g,

in
w

h
ich

Ω
o
bs

is
assu

m
ed

to
b

e
th

e
set

of
all

n
1 ×

n
2

en
tries,

i.e.
ob

servation
s

a
re

fu
ll

w
ith

ou
t

an
y

m
issin

g
en

tries
b
u
t

few
of

th
em

are
corru

p
ted

.
In

th
is

scen
ario,

ou
r

p
rop

osed
p
rob

lem
(4)

can
b

e
u
sed

for
solv

in
g

rob
u
st

P
C

A
p
rob

lem
w

ith
sid

e
in

form
ation

b
y

aga
in

con
vertin

g
th

e
loss

term
to

h
ard

con
strain

ts:

m
in

M
,N
,S
α‖
M
‖∗

+
β‖N

‖∗
+
λ‖
S‖

1
s.t.

X
M
Y
T

+
N

+
S

=
R
.

(7)

P
rob

lem
(7)

can
b

e
fu

rth
er

red
u
ced

to
several

rob
u
st

P
C

A
m

o
d
els.

F
or

ex
am

p
le,

if
α

=
∞

,
p
rob

lem
(7)

w
ill

b
e

eq
u
ivalen

t
to

th
e

w
ell-k

n
ow

n
P

C
P

m
eth

o
d

(C
an

d
ès

et
al.,

2
011)

w
h
ich

solves
rob

u
st

P
C

A
p
rob

lem
p
u
rely

u
sin

g
a

stru
ctu

ral
p
rior.

O
n

th
e

oth
er

h
an

d
,

su
p
p

ose
sid

e
in

form
ation

is
p

erfect,
th

en
on

e
can

set
β

=
∞

in
(7)

to
d
erive

th
e

follow
in

g
“P

C
P
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L
o
w
-R

a
n
k

M
a
t
r
ix

L
e
a
r
n
in
g

w
it
h
S
id
e
In

f
o
r
m
a
t
io
n

M
o
d
el

C
or

re
sp

on
d
in

g
se

tt
in

g
in

ou
r

p
ro

p
os

ed
m

o
d
el

(4
)

p
ro

b
le

m
(1

)
(C

an
d
ès

et
al

.,
20

11
)

λ
M

=
∞

p
ro

b
le

m
(3

)
λ
N

=
∞

M
C

λ
S

=
∞
,λ

M
=
∞

IM
C

(J
ai

n
et

al
.,

20
13

)
λ
S

=
∞
,λ

N
=
∞

IM
C

N
F

λ
S

=
∞

L
R

R
(L

iu
et

al
.,

20
13

)
Ω
o
bs

=
al

l
en

tr
ie

s,
λ
N

=
∞

,
Y

=
I

P
C

P
(C

an
d
ès

et
al

.,
20

11
)

Ω
o
bs

=
al

l
en

tr
ie

s,
λ
M

=
∞

P
C

P
F

Ω
o
bs

=
al

l
en

tr
ie

s,
λ
N

=
∞

P
C

P
N

F
Ω
o
bs

=
al

l
en

tr
ie

s

T
ab

le
1:

S
et

ti
n
gs

of
se

v
er

al
lo

w
-r

an
k

m
at

ri
x

le
ar

n
in

g
m

o
d
el

s
in

th
e

fo
rm

of
ou

r
p
ro

p
os

ed
p
ro

b
le

m
(4

).

w
it

h
(p

er
fe

ct
)

F
ea

tu
re

s”
(P

C
P

F
)

ob
je

ct
iv

e:

m
in

M
,S

α
‖M
‖ ∗

+
λ
‖S
‖ 1

s.
t.
X
M
Y
T

+
S

=
R
,

(8
)

in
w

h
ic

h
L

0
ca

n
b

e
d
ir

ec
tl

y
es

ti
m

at
ed

b
y

th
e

b
il
in

ea
r

em
b

ed
d
in

g
X
M
∗ Y

T
as

d
is

cu
ss

ed
in

S
ec

ti
on

2.
2.

H
ow

ev
er

,
p
ro

b
le

m
(7

)
is

m
or

e
ge

n
er

al
th

an
b

ot
h

P
C

P
an

d
P

C
P

F
as

it
ca

n
ex

p
lo

it
n
oi

sy
si

d
e

in
fo

rm
at

io
n

fo
r

re
co

ve
ry

.
W

e
th

u
s

re
fe

r
to

(7
)

as
“P

C
P

w
it

h
N

oi
sy

F
ea

tu
re

s”
(P

C
P

N
F

)
an

d
w

il
l

ex
am

in
e

it
s

eff
ec

ti
ve

n
es

s
to

le
v
er

ag
e

n
oi

sy
si

d
e

in
fo

rm
at

io
n

in
ro

b
u
st

P
C

A
in

S
ec

ti
on

4.

T
ab

le
1

su
m

m
ar

iz
es

se
ve

ra
l

w
el

l-
k
n
ow

n
lo

w
-r

an
k

m
at

ri
x

le
ar

n
in

g
m

o
d
el

s
in

te
rm

s
of

th
e

p
ro

p
os

ed
m

o
d
el

(4
).

2
F

ro
m

th
e

ab
ov

e
d
is

cu
ss

io
n
,

it
sh

al
l

b
e

co
n
v
in

ci
n
g

th
at

p
ro

b
le

m
(4

)
is

a
ge

n
er

al
tr

ea
tm

en
t

fo
r

so
lv

in
g

va
ri

ou
s

m
at

ri
x

le
ar

n
in

g
p
ro

b
le

m
s

w
it

h
si

d
e

in
fo

rm
at

io
n
.

In
p
ar

ti
cu

la
r,

w
e

h
av

e
p
ro

v
id

ed
su

ffi
ci

en
t

in
tu

it
io

n
s

on
h
ow

p
ar

am
et

er
s
λ
M
,λ

N
an

d
λ
S

p
la

y
im

p
or

ta
n
t

ro
le

s
in

le
ar

n
in

g
u
n
d
er

va
ri

ou
s

ci
rc

u
m

st
an

ce
s.

In
S
ec

ti
on

3,
w

e
w

il
l

fu
rt

h
er

an
al

y
ti

ca
ll
y

sh
ow

th
at

b
y

p
ro

p
er

ly
se

tt
in

g
th

es
e

p
ar

am
et

er
s

b
a
se

d
on

th
e

q
u
al

it
y

of
fe

a
tu

re
s

an
d

n
oi

se
le

v
el

of
co

rr
u
p
ti

on
,

th
e

p
ro

p
os

ed
m

o
d
el

is
ab

le
to

ac
h
ie

ve
m

o
re

effi
ci

en
t

le
ar

n
in

g.
A

s
a

re
m

ar
k
,

in
p
ra

ct
ic

al
ap

p
li
ca

ti
on

s,
fe

a
tu

re
q
u
al

it
y

an
d

n
oi

se
le

ve
l

m
ay

n
ot

b
e

k
n
ow

n
a

p
ri

or
i.

T
h
er

ef
or

e,
in

th
is

ca
se

,
w

e
re

co
m

m
en

d
to

se
t

th
es

e
p
ar

am
et

er
s

v
ia

va
li
d
at

io
n
,

i.
e.

ch
o
os

in
g

p
ar

am
et

er
s

su
ch

th
at

th
e

le
ar

n
ed

lo
w

-r
an

k
m

o
d
el

b
es

t
es

ti
m

at
es

th
e

en
tr

ie
s

in
th

e
va

li
d
at

io
n

se
t.

2
.4

.
O

p
ti

m
iz

a
ti

o
n

W
e

p
ro

p
os

e
an

al
te

rn
at

iv
e

m
in

im
iz

at
io

n
sc

h
em

e
to

so
lv

e
th

e
p
ro

p
os

ed
p
ro

b
le

m
(4

).
T

h
e

al
go

ri
th

m
is

sh
ow

n
in

A
lg

or
it

h
m

1
in

w
h
ic

h
w

e
a
lt

er
n
at

iv
el

y
u
p

d
at

e
on

e
of

th
e

va
ri

ab
le

s
(M

,
N

or
S

)
b
y

fi
x
in

g
th

e
ot

h
er

s
in

ea
ch

it
er

at
io

n
,

3
an

d
u
p

d
at

e
of

ea
ch

va
ri

ab
le

ca
n

th
u
s

b
e

d
on

e
v
ia

so
lv

in
g

a
si

n
gl

e
va

ri
ab

le
m

in
im

iz
at

io
n

(s
u
b
)p

ro
b
le

m
.

T
h
is

al
go

ri
th

m
ca

n
b

e
v
ie

w
ed

as
ap

p
ly

in
g

a
b
lo

ck
co

or
d
in

at
e

d
es

ce
n
t

al
go

ri
th

m
on

a
co

n
v
ex

an
d

co
n
ti

n
u
ou

s
fu

n
ct

io
n
,

a
n
d

in

2
.

S
o
m

e
m

o
d

el
s

a
re

o
ri

g
in

a
ll

y
p

ro
p

o
se

d
in

h
a
rd

-c
o
n

st
ra

in
ed

fo
rm

s,
y
et

th
ei

r
eq

u
iv

a
le

n
t

fo
rm

s
in

so
ft

co
n
-

st
ra

in
ts

b
ec

o
m

e
in

st
a
n

ce
s

o
f

o
u

r
p

ro
p

o
se

d
p

ro
b

le
m

(4
).

3
.

F
o
r

si
m

p
li

ci
ty

,
w

e
ch

o
o
se
`(
t,
y
)

=
(t
−
y
)2

to
b

e
th

e
sq

u
a
re

d
lo

ss
.
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C
h
ia
n
g
,
H
si
e
h
a
n
d

D
h
il
l
o
n

A
lg

o
ri

th
m

1
:

A
lt

er
n
at

iv
e

M
in

im
iz

at
io

n
fo

r
P

ro
b
le

m
(4

)
w

it
h

S
q
u
ar

ed
L

o
ss

In
p

u
t:
R

:
ob

se
rv

ed
m

at
ri

x
,
X
,Y

:
fe

at
u
re

m
at

ri
ce

s,
t m

a
x
:

m
ax

it
er

at
io

n
O

u
tp

u
t:
L
∗ :

es
ti

m
at

ed
lo

w
-r

an
k

m
at

ri
x

M
←

0,
N
←

0
,

S
←

0
,

t
←

0
d

o
M
←

ar
g

m
in
M
∑

(i
,j

)∈
Ω
o
b
s
((
X
M
Y
T

) i
j
−

(R
−
N
−
S

) i
j
)2

+
λ
M
‖M
‖ ∗

.

N
←

ar
g

m
in
N
∑

(i
,j

)∈
Ω
o
b
s
(N

ij
−

(R
−
X
M
Y
T
−
S

) i
j
)2

+
λ
N
‖N
‖ ∗

.

S
←

ar
g

m
in
S
∑

(i
,j

)∈
Ω
o
b
s
(S
ij
−

(R
−
X
M
Y
T
−
N

) i
j
)2

+
λ
S
‖S
‖ 1

.

t
←
t

+
1.

w
h

il
e

n
o
t

co
n

ve
rg

ed
a
n

d
t
<
t m

a
x

L
∗
←
X
M
Y
T

+
N

su
ch

ca
se

th
e

cy
cl

ic
b
lo

ck
co

or
d
in

at
e

d
es

ce
n
t

al
g
or

it
h
m

is
gu

ar
an

te
ed

to
co

n
ve

rg
e

to
g
lo

b
a
l

m
in

im
u
m

s
(s

ee
T

se
n
g,

20
01

).
T

h
e

co
n
d
it

io
n

re
q
u
ir

ed
in

T
se

n
g

(2
0
01

)
is

th
a
t

th
e

le
v
el

se
t

h
as

to
b

e
co

m
p
ac

t,
w

h
ic

h
is

sa
ti

sfi
ed

w
h
en

λ
M
,λ

N
,λ

S
>

0
.

W
e

n
ow

b
ri

efl
y

d
is

cu
ss

th
e

op
ti

m
iz

at
io

n
fo

r
so

lv
in

g
th

re
e

su
b
p
ro

b
le

m
s

in
A

lg
o
ri

th
m

1.
L

et
S x

(A
)

:=
si

gn
(A

)
◦

m
ax

(|A
|−

x
,0

)
b

e
th

e
so

ft
th

re
sh

ol
d
in

g
op

er
at

or
o
n

el
em

en
ts

o
f

A
,

w
h
er

e
◦

d
en

ot
es

th
e

el
em

en
t-

w
is

e
p
ro

d
u
ct

.
S
im

il
ar

ly
,

le
t
D x

(A
)

b
e

th
e

th
re

sh
o
ld

in
g

op
er

at
or

on
si

n
gu

la
r

va
lu

es
of
A

,
i.
e.
D x

(A
)

:=
U
A
S
x
(Σ

A
)V

T A
w

h
er

e
U
A

Σ
A
V
T A

is
th

e
S
V

D
of
A

.
T

h
en

,
w

h
en

fi
x
in

g
N

an
d
S

,
th

e
m

in
im

iz
at

io
n

p
ro

b
le

m
ov

er
M

b
ec

om
es

a
st

a
n
d
a
rd

IM
C

ob
je

ct
iv

e
w

it
h

ob
se

rv
ed

m
at

ri
x

to
b

e
R
′

:=
R
−
N
−
S

.
W

e
th

en
so

lv
e

fo
r
M

u
si

n
g

ty
p
ic

al
p
ro

x
im

al
gr

ad
ie

n
t

d
es

ce
n
t

u
p

d
at

e
M
←
D λ

M
(M
−
η
X
T

(R
′ −

X
M
Y
T

)Y
),

w
h
er

e
η

is
th

e
le

ar
n
in

g
ra

te
.

N
ot

ic
e

th
at

in
ou

r
se

tt
in

g,
fe

at
u
re

d
im

en
si

on
s

(d
1
,
d

2
)

ar
e

m
u
ch

sm
a
ll
er

th
an

n
u
m

b
er

of
en

ti
ti

es
(n

1
,n

2
).

T
h
er

ef
or

e,
it

is
re

la
ti

ve
ly

in
ex

p
en

si
ve

to
co

m
p
u
te

a
fu

ll
S
V

D
fo

r
a
d

1
×
d

2
m

at
ri

x
in

ea
ch

p
ro

x
im

al
st

ep
.

O
n

th
e

ot
h
er

h
an

d
,

w
h
en

fi
x
in

g
M

an
d
S

,
th

e
su

b
p
ro

b
le

m
of

so
lv

in
g

ov
er
N

b
ec

o
m

es
st

an
d
ar

d
m

at
ri

x
co

m
p
le

ti
on

p
ro

b
le

m
w

h
er

e
th

e
ob

se
rv

ed
m

at
ri

x
is
R
−
X
M
Y
T
−
S

.
In

p
ri

n
ci

p
le

,
an

y
al

go
ri

th
m

fo
r

m
at

ri
x

co
m

p
le

ti
on

w
it

h
n
u
cl

ea
r

n
or

m
re

gu
la

ri
za

ti
o
n

ca
n

b
e

u
se

d
to

so
lv

e
th

is
su

b
p
ro

b
le

m
(e

.g
.

th
e

si
n
gu

la
r

va
lu

e
th

re
sh

ol
d
in

g
al

go
ri

th
m

(C
a
i

et
a
l.
,

20
10

)
u
si

n
g

p
ro

x
im

al
gr

ad
ie

n
t

d
es

ce
n
t)

.
In

ou
r

ex
p

er
im

en
t,

w
e

ap
p
ly

th
e

a
ct

iv
e

su
b
sp

a
ce

se
le

ct
io

n
al

go
ri

th
m

(H
si

eh
an

d
O

ls
an

,
20

14
)

to
so

lv
e

th
e

m
at

ri
x

co
m

p
le

ti
on

p
ro

b
le

m
m

o
re

effi
ci

en
tl

y.

F
in

al
ly

,
th

e
so

lu
ti

on
of

m
in

im
iz

in
g

ov
er
S

gi
ve

n
fi
x
ed

M
,N

ca
n

b
e

w
ri

tt
en

in
a

si
m

p
le

cl
os

ed
fo

rm
,
S λ

S
(P

Ω
o
b
s
(R
−
X
M
Y
T
−
N

))
.

T
h
e

re
su

lt
in

g
S
∗ ,

th
er

ef
or

e,
w

il
l

b
e

a
lw

ay
s

su
p
p

or
te

d
on

Ω
o
bs

.

3
.

T
h
e
o
re

ti
ca

l
A

n
a
ly

si
s

o
n

th
e

E
ff

e
ct

o
f

S
id

e
In

fo
rm

a
ti

o
n

In
th

is
se

ct
io

n
,

w
e

p
ro

v
id

e
a

th
eo

re
ti

ca
l

an
al

y
si

s
to

ju
st

if
y

th
e

u
se

fu
ln

es
s

of
si

d
e

in
fo

rm
a
ti

on
in

ou
r

m
o
d
el

(4
).

W
e

w
il
l

fo
cu

s
on

th
e

sa
m

p
le

co
m

p
le

xi
ty

an
al

y
si

s
of

th
e

m
o
d
el

,
in

w
h
ic

h
w

e
ai

m
to

sh
ow

th
at

b
y

ex
p
lo

it
in

g
si

d
e

in
fo

rm
a
ti

on
,

le
ar

n
in

g
ca

n
b

e
ac

co
m

p
li
sh

ed
w

it
h

fe
w

er
n
u
m

b
er

of
(p

os
si

b
ly

co
rr

u
p
te

d
)

o
b
se

rv
at

io
n
s.

T
h
e

h
ig

h
-l

ev
el

id
ea

of
th

e
a
n
a
ly

si
s

is
to

co
n
si

d
er

th
e

ge
n
er

al
iz

at
io

n
er

ro
r

of
th

e
es

ti
m

at
ed

en
tr

ie
s,

w
h
ic

h
is

as
so

ci
a
te

d
to

b
o
th
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L
o
w
-R

a
n
k

M
a
t
r
ix

L
e
a
r
n
in
g

w
it
h
S
id
e
In

f
o
r
m
a
t
io
n

n
u
m

b
er

o
f

sa
m

p
les

an
d

a
m

o
d
el

com
p
lex

ity
term

.
W

e
fu

rth
er

sh
ow

th
at

m
o
d
el

com
p
lex

ity
ca

n
b

e
rela

ted
to

th
e

q
u
ality

of
featu

res
an

d
th

e
n
oise

level
of

sp
arse

error,
an

d
as

a
resu

lt,
b

etter
fea

tu
re

q
u
ality

w
ill

lead
to

a
sm

aller
gen

eralization
error

an
d

also
a

b
etter

sam
p
le

co
m

p
lex

ity
g
u
a
ran

tee,
p
rov

id
ed

a
sm

all
en

ou
gh

n
oise

level.
T

o
con

cen
trate

on
th

e
w

h
ole

p
ictu

re
of

th
e

an
aly

sis,
w

e
leave

d
etailed

p
ro

ofs
of

th
eorem

s,
corollaries

an
d

lem
m

as
in

A
p
p

en
d
ix

A
.

3
.1

.
G

e
n

e
ra

liz
a
tio

n
B

o
u

n
d

o
f

th
e

P
ro

p
o
se

d
M

o
d

e
l

T
o

b
eg

in
w

ith
,

w
e

con
sid

er
th

e
eq

u
ivalen

t
h
ard

-con
strain

ed
form

of
p
rob

lem
(4):

m
in

M
,N
,S

∑

(i,j)∈
Ω
o
b
s

`((X
M
Y
T

+
N

+
S

)
ij ,R

ij ),
s.t.‖M

‖∗ ≤
M
,‖
N
‖∗ ≤

N
,‖S‖

1 ≤
S
.

(9)

In
th

e
a
n
a
ly

sis,
w

e
assu

m
e

th
at

each
en

try
(i,j)∈

Ω
o
bs

is
sam

p
led

i.i.d
.

from
an

u
n

kn
o
w

n
d
istrib

u
tio

n
D

w
ith

in
d
ex

set{
(iα
,j
α
)}
mα

=
1 ,

4
an

d
each

en
try

of
L

0
is

u
p
p

er
b

ou
n
d
ed

b
y

a
co

n
sta

n
t
C
L

(so
‖L

0 ‖∗
=
O

( √
n

1 n
2 )).

S
u
ch

a
circu

m
stan

ce
is

con
sisten

t
w

ith
real

scen
arios

su
ch

a
s

N
etfl

ix
p
rob

lem
w

h
ere

u
sers

can
rate

m
ov

ies
w

ith
scale

u
p

to
5.

L
et
θ

:=
(M

,N
,S

)
b

e
an

y
feasib

le
solu

tion
an

d
Θ

:=
{
(M

,N
,S

)|‖M
‖∗ ≤

M
,‖
N
‖∗ ≤

N
,‖S‖

1 ≤
S}

b
e

th
e

set
o
f

fea
sib

le
solu

tion
s.

A
lso,

let
f
θ ∈

[n
1 ]×

[n
2 ]→

R
,
f
θ (i,j)

:=
x
Ti
M

y
j
+

e
Ti
N

e
j
+

e
Ti
S

e
j

b
e

th
e

estim
a
tion

fu
n
ction

(p
aram

eterized
b
y
θ)

w
h
ere

e
t

is
th

e
u
n
it

v
ector

on
th

e
t-th

a
x
is,

a
n
d

let
F

Θ
:=
{f
θ |
θ
∈

Θ
}

b
e

th
e

set
of

feasib
le

fu
n
ction

s.
W

e
are

in
terested

in
b

oth
ex

p
ected

a
n
d

em
p
irical

“`-risk
”

q
u
an

tities,
R
` (f

)
an

d
R̂
` (f

),
d
efi

n
ed

b
y
:

R
` (f

)
:=

E
(i,j)∼

D [`(f
(i,j),e

Ti
(L

0
+
S

0 )e
j ) ],

R̂
` (f

)
:=

1m

∑

(i,j)∈
Ω
o
b
s

`(f
(i,j),R

ij ).

U
n
d
er

th
is

con
tex

t,
ou

r
m

o
d
el

(p
rob

lem
9)

is
to

solv
e

for
θ ∗

th
at

p
ara

m
eterizes

f
∗

=
a
rg

m
in
f∈
F

Θ
R̂
` (f

).
C

lassic
gen

eralization
error

b
ou

n
d
s

h
ave

sh
ow

n
th

at
th

e
ex

p
ected

risk

R
` (f

)
can

b
e

co
n
trolled

b
y
R̂
` (f

)
alon

g
w

ith
a

m
easu

rem
en

t
on

th
e

com
p
lex

ity
of

th
e

m
o
d
el.

T
h
e

fo
llow

in
g

lem
m

a
is

a
ty

p
ical

resu
lt

to
b

o
u
n
d
R
` (f

):

L
e
m

m
a

2
(B

o
u

n
d

o
n

E
x
p

e
c
te

d
`-risk

,
B

a
rtle

tt
a
n

d
M

e
n

d
e
lso

n
,

2
0
0
3
)

L
et
`

be
a

L
ip

sch
itz

lo
ss

fu
n

ctio
n

a
n

d
is

bo
u

n
d
ed

by
B

w
ith

respect
to

its
fi

rst
a
rgu

m
en

t,
a
n

d
δ

be
a

co
n

sta
n

t
w

h
ere

0
<
δ
<

1.
L

et
R

(F
Θ

)
be

th
e

R
a
d
em

a
ch

er
m

od
el

co
m

p
lexity

o
f

th
e

fu
n

ctio
n

cla
ss
F

Θ
(w

.r.t.
Ω
o
bs )

d
efi

n
ed

by:

R
(F

Θ
)

:=
E
σ [

su
p

f∈
F

Θ

1m

m
∑α

=
1

σ
α
`(f

(iα
,j
α
),R

iα
j
α
) ],

w
h
ere

ea
ch
σ
α

ta
kes

va
lu

es{±
1}

w
ith

equ
a
l

p
ro

ba
bility.

T
h
en

w
ith

p
ro

ba
bility

a
t

lea
st

1−
δ,

fo
r

a
ll
f
∈
F

Θ
w

e
h
a
ve:R

` (f
)≤

R̂
` (f

)
+

2E
Ω
o
b
s [R

(F
Θ

) ]
+
B √

log
1δ

2m
.

4
.

In
o
th

er
w

o
rd

s,
w

e
co

n
sid

er
th

e
o
b

serva
tio

n
s

to
b

e
sa

m
p

led
u

n
d

er
a

sa
m

p
lin

g
w

ith
rep

la
cem

en
t

m
o
d

el
w

h
ich

is
sim

ila
r

to
R

ech
t

(2
0
1
1
);

S
h

a
m

ir
a
n

d
S

h
a
lev

-S
h
w

a
rtz

(2
0
1
4
).

T
h

ere
a
re

a
lso

stu
d

ies
th

a
t

co
n

sid
er

o
th

er
sa

m
p

lin
g

p
ro

ced
u

res
su

ch
a
s

B
ern

o
u

lli
m

o
d

el
(C

a
n

d
ès

a
n

d
T

a
o
,

2
0
0
9
;

C
a
n

d
ès

a
n

d
R

ech
t,

2
0
1
2
).
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C
h
ia
n
g
,
H
sie

h
a
n
d

D
h
il
l
o
n

T
h
erefore,

to
gu

a
ran

tee
a

sm
all

en
ou

gh
R
` ,

n
o
t

o
n
ly
R̂
` ,

b
u
t

also
th

e
R

ad
em

ach
er

m
o
d
el

com
p
lex

ity
E

Ω
o
b
s [R

(F
Θ

) ]
h
as

to
b

e
carefu

lly
con

trolled
.

W
e

fu
rth

er
in

tro
d
u
ce

a
key

lem
m

a
to

sh
ow

th
at

th
e

m
o
d
el

com
p
lex

ity
is

related
to

b
oth

th
e

featu
re

q
u
ality

an
d

th
e

sp
arse

n
oise

lev
el,

w
h
ere

b
etter

q
u
ality

of
featu

res
an

d
low

er
n
oise

level
w

ill
lead

to
a

sm
aller

m
o
d
el

com
p
lex

ity.
T

h
e

in
tu

ition
of

th
e

go
o
d
n
ess

of
featu

re
q
u
ality

can
b

e
m

otivated
as

follow
s.

C
on

sid
er

an
y

im
p

erfect
sid

e
in

form
ation

w
h
ich

v
io

lates
(2).

O
n
e

can
im

agin
e

su
ch

a
featu

re
set

is
p

ertu
rb

ed
b
y

som
e

m
islead

in
g

n
oise

w
h
ich

is
n
ot

correlated
to

th
e

tru
e

laten
t

sp
ace.

H
ow

ever,
featu

res
sh

ou
ld

still
b

e
eff

ectiv
e

if
n
o
ise

d
o
es

n
ot

w
ea

ken
th

e
tru

e
laten

t
sp

ace
in

form
ation

to
o

m
u
ch

.
T

h
u
s,

if
a

large
p

ortion
of

tru
e

laten
t

sp
ace

lies
on

th
e

in
form

ative
p
art

of
th

e
featu

re
sp

aces
X

an
d
Y

,
th

ey
sh

ou
ld

still
b

e
som

ew
h
at

in
form

ative
an

d
h
elp

fu
l

for
recoverin

g
th

e
m

atrix
L

0 .
M

ore
form

ally,
for

F
Θ

in
p
rob

lem
(9),

its
m

o
d
el

com
p
lex

ity
E

Ω
o
b
s [R

(F
Θ

) ]
can

b
e

b
ou

n
d
ed

in
term

s
ofM

,N
an

d
S

b
y

th
e

follow
in

g
lem

m
a:

L
e
m

m
a

3
L

etX
=

m
ax

i ‖x
i ‖

2 ,Y
=

m
ax

i ‖y
i ‖

2 ,
n

=
m

ax
(n

1 ,n
2 )

a
n

d
d

=
m

ax
(d

1 ,d
2 ).

S
u

p
po

se
`

is
a

co
n

vex
su

rroga
te

lo
ss

sa
tisfyin

g
co

n
d
itio

n
s

in
L

em
m

a
2

w
ith

th
e

L
ip

sch
itz

co
n

sta
n

t
L
` .

T
h
en

fo
r
F

Θ
in

p
ro

blem
(9),

its
m

od
el

co
m

p
lexity

E
Ω
o
b
s [R

(F
Θ

) ]
is

u
p
per

bo
u

n
d
ed

by:

2
L
` M
X
Y √

log
2d

m
+

m
in {

2L
` N
√

log
2n

m
, √

9
C
L
` B
N

( √
n

1
+
√
n

2 )

m

}
+
L
` S √

2
log

(2n
1 n

2 )

m
,

w
h
ere

L
`

a
n

d
B

a
re

co
n

sta
n

ts
a
p
pea

rin
g

in
L

em
m

a
2
.

T
h
u
s,

from
L

em
m

a
2

an
d

3,
on

e
sh

ou
ld

carefu
lly

con
stru

ct
a

feasib
le

so
lu

tion
set

(b
y

settin
g

M
,N

an
d
S

)
su

ch
th

at
b

oth
R̂
` (f
∗)

an
d
E

Ω
o
b
s [R

(F
Θ

) ]
a
re

con
trolled

to
b

e
reason

ab
ly

sm
all.

W
e

n
ow

su
ggest

a
w

itn
ess

settin
g

of
(M

,N
,S

)
as

follow
s.

L
etT

µ
(·)

:R
+
→

R
+

b
e

th
e

th
resh

old
in

g
op

erator
w

h
ere
T
µ
(x

)
=
x

if
x
≥
µ

a
n
d
T
µ
(x

)
=

0
oth

erw
ise.

In
ad

d
ition

,

let
X

=
∑

d
1
i=

1
σ
i u
i v
Ti

b
e

th
e

red
u
ced

S
V

D
of
X

,
an

d
X
µ

=
∑

d
1
i=

1
σ

1 T
µ
(σ
i /σ

1 )u
i v
Ti

b
e

th
e

“
µ

-in
form

ative”
p
art

of
X

.
T

h
e
ν

-in
form

ative
p
art

of
Y

,
d
en

oted
as
Y
ν ,

can
also

b
e

d
efi

n
ed

sim
ilarly.

W
e

th
en

p
rop

ose
to

set:

M
=
‖
M̂
‖∗

N
=
‖
L

0 −
X
µ
M̂
Y
Tν ‖∗

S
=
‖S

0 ‖
1 ,

(10)

w
h
ere

M̂
:=

arg
m

in
M
‖X

µ
M
Y
Tν −

L
0 ‖

2F
=

(X
Tµ
X
µ
) †X

Tµ
L

0 Y
ν (Y

Tν
Y
ν ) †

is
th

e
op

tim
al

solu
tion

for
ap

p
rox

im
atin

g
L

0
u
n
d
er

th
e

in
form

ative
featu

re
sp

aces
X
µ

an
d
Y
ν .

T
h
e

follow
in

g
lem

m
a

fu
rth

er
sh

ow
s

th
at

th
e

trace
n
orm

o
f
M̂

w
ill

n
ot

grow
as

a
fu

n
ction

of
n

.

L
e
m

m
a

4
F

ix
µ
,ν
∈

(0,1],
a
n

d
let

γ
be

a
co

n
sta

n
t

d
efi

n
ed

by

γ
:=

m
in (

m
in
i ‖x

i ‖
X

,
m

in
i ‖y

i ‖
Y

)

w
h
ere
X
,Y

a
re

co
n

sta
n

ts
d
efi

n
ed

in
L

em
m

a
3
.

T
h
en

th
e

tra
ce

n
o
rm

o
f
M̂

is
u

p
per

bo
u

n
d
ed

by:

‖
M̂
‖∗ ≤

C
L
d

2

µ
2ν

2γ
2X
Y
,

w
h
ere

C
L
≥

m
ax

i,j |e
Ti
L

0 e
j |

is
th

e
co

n
sta

n
t

u
p
per

bo
u

n
d
in

g
th

e
en

tries
o
f
L

0 .
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L
o
w
-R

a
n
k

M
a
t
r
ix

L
e
a
r
n
in
g

w
it
h
S
id
e
In

f
o
r
m
a
t
io
n

T
h
er

ef
or

e,
b
y

co
m

b
in

in
g

L
em

m
a

2-
4,

w
e

d
er

iv
e

a
ge

n
er

al
iz

at
io

n
er

ro
r

b
o
u
n
d

on
R
`(
f
∗ )

of
p
ro

b
le

m
(9

)
as

fo
ll
ow

s.

T
h

e
o
re

m
5

S
u

p
po

se
`

is
a

co
n

ve
x

su
rr

og
a
te

lo
ss

fu
n

ct
io

n
w

it
h

L
ip

sc
h
it

z
co

n
st

a
n

t
L
`

bo
u

n
d
ed

by
B

w
it

h
re

sp
ec

t
to

it
s

fi
rs

t
a
rg

u
m

en
t

a
n

d
a
ss

u
m

e
th

a
t
`(
t,
t)

=
0
.

C
o
n

si
d
er

p
ro

bl
em

(9
)

w
h
er

e
th

e
co

n
st

ra
in

ts
(M

,N
,S

)
a
re

se
t

a
s

(1
0)

w
it

h
so

m
e

fi
xe

d
µ
,ν
∈

(0
,1

].
T

h
en

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ,

th
e

ex
pe

ct
ed

`-
ri

sk
o
f

th
e

o
p
ti

m
a
l

so
lu

ti
o
n
R
`(
f
∗ )

is
bo

u
n

d
ed

by
:

R
`(
f
∗ )
≤

m
in

{ 4L
`N
√

lo
g

2n

m
,√

36
C
L
`B
N

(√
n

1
+
√
n

2
)

m

}
+

2
L
`S
√

2
lo

g
(2
n

1
n

2
)

m

+
4L

`C
L
d

2

µ
2
ν

2
γ

2

√
lo

g
2d

m
+
B√

lo
g

1 δ

2
m

,

w
h
er

e
C

,
C
L

a
n

d
γ

a
re

co
n

st
a
n

ts
a
p
pe

a
ri

n
g

in
L

em
m

a
3

a
n

d
4
.

A
s

a
re

su
lt

,
T

h
eo

re
m

5
le

ad
s

u
s

to
d
ee

m
N

an
d
S

in
(1

0)
to

b
e

th
e

m
ea

su
re

m
en

t
of

fe
a-

tu
re

q
u
al

it
y

an
d

n
oi

se
le

ve
l

re
sp

ec
ti

ve
ly

,
w

h
er

e
fe

at
u
re

s
w

it
h

b
et

te
r

q
u
al

it
y

(o
r

ob
se

rv
at

io
n
s

w
it

h
le

ss
co

rr
u
p
ti

on
)

le
ad

to
a

sm
al

le
r
N

(o
r
S)

an
d

th
u
s

a
sm

al
le

r
ri

sk
q
u
an

ti
ty

.
N

o
te

th
at

th
e

m
ea

su
re

m
en

t
N

is
co

n
si

st
en

t
w

it
h

th
e

st
at

ed
in

tu
it

io
n

of
fe

at
u
re

q
u
a
li
ty

,
si

n
ce

gi
ve

n
a

go
o
d

fe
at

u
re

se
t

su
ch

th
at

m
os

t
tr

u
e

la
te

n
t

sp
a
ce

of
L

0
li
es

on
th

e
in

fo
rm

at
iv

e
p
ar

t
of

th
e

fe
at

u
re

sp
ac

es
,
X
µ
M̂
Y
T ν

w
il
l

ab
so

rb
m

os
t

o
f
L

0
,

re
su

lt
in

g
in

a
sm

a
ll
N

.
G

iv
en

T
h
eo

-
re

m
5,

w
e

ca
n

fu
rt

h
er

d
is

cu
ss

th
e

eff
ec

t
of

si
d
e

in
fo

rm
at

io
n

in
th

e
p
ro

p
os

ed
m

o
d
el

(9
)

on
th

e
sa

m
p
le

co
m

p
le

x
it

y
in

se
ve

ra
l

im
p

or
ta

n
t

sc
en

ar
io

s.
T

o
m

ak
e

th
e

co
m

p
a
ri

so
n

m
or

e
cl

ea
r,

w
e

fi
x
d

=
O

(1
)

so
th

e
fe

at
u
re

d
im

en
si

on
s

d
o

n
ot

gr
ow

as
a

fu
n
ct

io
n

of
n

in
th

e
fo

ll
ow

in
g

d
is

cu
ss

io
n
.

3
.2

.
S

a
m

p
le

C
o
m

p
le

x
it

y
fo

r
M

a
tr

ix
C

o
m

p
le

ti
o
n

F
ir

st
,

co
n
si

d
er

th
e

m
at

ri
x

co
m

p
le

ti
on

ca
se

w
h
er

e
th

e
ob

se
rv

at
io

n
s

ar
e

p
a
rt

ia
l

y
et

n
o
t

co
r-

ru
p
te

d
,

i.
e.

S
0

=
0.

T
h
en

,
as

m
en

ti
on

ed
,

ou
r

m
o
d
el

ca
n

b
e

fu
rt

h
er

re
d
u
ce

d
to

IM
C

N
F

(p
ro

b
le

m
(6

),
or

eq
u
iv

al
en

tl
y

p
ro

b
le

m
(9

)
w

it
h
S

=
0)

w
h
ic

h
ex

p
lo

it
s

n
oi

sy
si

d
e

in
fo

rm
at

io
n

to
so

lv
e

th
e

m
at

ri
x

co
m

p
le

ti
on

p
ro

b
le

m
.

In
a
d
d
it

io
n
,

fr
om

T
h
eo

re
m

5,
w

e
ca

n
d
er

iv
e

th
e

sa
m

p
le

co
m

p
le

x
it

y
of

IM
C

N
F

as
fo

ll
ow

s.

C
o
ro

ll
a
ry

6
S

u
p
po

se
w

e
a
im

to
(a

p
p
ro

xi
m

a
te

ly
)

re
co

ve
r
L

0
fr

o
m

pa
rt

ia
l

o
bs

er
va

ti
o
n

s
R

=
P Ω

o
b
s
(L

0
)

in
th

e
se

n
se

th
a
t
E (
i,
j)
∼
D
[ `

((
X
M
∗ Y

T
+
N
∗ )
ij
,e
T i
L

0
e
j
)]
<
ε

gi
ve

n
a
n

a
rb

it
ra

ry
ε
>

0
.

T
h
en

by
so

lv
in

g
p
ro

bl
em

(9
)

w
it

h
co

n
st

ra
in

ts
to

be
se

t
a
s

(1
0)

,
O

(m
in

(N
√
n
,N

2
lo

g
n

)/
ε2

)
sa

m
p
le

s
a
re

su
ffi

ci
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b
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e
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p
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d
ition
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com

p
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ity
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aran
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h
e
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g
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e
m

atrix
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g
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3.2,
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b
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p
ted
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e
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lem
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d
th
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m
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in
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ity.
H

ow
ever,
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p
p
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e
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p
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n
is

n
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o
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e
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m
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n
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d
e

o
f

errorS
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e
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8
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o
u
n
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u
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p
les
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g
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e

m
issin

g
en

tries
accu
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F

u
rth
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ore,

b
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q
u
a
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f

fea
tu
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b
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h
elp

fu
l
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g
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p
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en
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.
F
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p
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p
p

o
se
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ed

corru
p
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b
u
d
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u
p
p

er
b
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n
d
ed
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=
O

(1),
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en
th

e
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m
p
le
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m

p
lex

ity
w

ill
again

b
e
O

(m
in

(N
√
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)/ε

2).
A

s
d
iscu
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,
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p
lies
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e

n
u
m

b
er

o
f
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p
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b

e
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3
/
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b
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b
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b
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b
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a
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p
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p
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n
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g
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u
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lts

are
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C
h
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n
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l
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ow
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d
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p
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p
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d
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p
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average
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issin
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e
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b

e
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even
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sp
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are
w
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in
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eren
ce
L

0 .
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ow

ever,
in
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e
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m
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in
fact

p
o
ssib

le
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p
rov

id
e

a
stron

ger
argu

m
en

t
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ju
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e

u
sefu

ln
ess
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sid

e
in

form
ation

in
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e
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act
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co
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F

or
ex

am
p
le,

in
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e
rob

u
st

P
C

A
settin

g
w

h
ere

ob
servation

s
are

grossly
corru

p
ted

y
et

fu
ll,

on
e

can
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rth
er

sh
ow

th
at

b
y

ex
p
loitin

g
p

erfect
sid

e
in

form
ation

,
a
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a
m

ou
n
t

of
low

-ran
k

m
atrices

L
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w
h
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n
ot

b
e

recovered
b
y

stan
d
ard

rob
u
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P
C

A
w

ith
ou

t
fea

tu
res,

can
b

e
ex
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recov
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sin
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r
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osed
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o
d
el.

In
terested

read
ers

can
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su
lt

C
h
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g
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for
su
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lt

in
d
etail.

A
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eoretical
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m
u
ch
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e

sid
e
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form

ation
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im
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e

ex
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recovery
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aran
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gen
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k
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g
w
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ld

b
e

an
in

terestin
g
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d
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to
ex
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in
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e
fu
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4
.

E
x
p

e
rim

e
n
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lts

W
e

n
ow

p
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p
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lts

on
ex

p
loitin

g
sid

e
in

form
ation
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th

e
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o
d
el

(4)
for
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low
-ran

k
m
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g

p
rob
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s.

F
or
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n
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etic
ex

p
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e

sh
ow

th
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ou
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o
d
el

p
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s
b

etter
w

ith
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e
aid

of
sid

e
in

form
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giv
en

ob
servation
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are

eith
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m
issin
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m
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p
letion

settin
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ly

corru
p
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(i.e.
ro

b
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st

P
C

A
set-
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g)
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b
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issin
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F

or
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w
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con
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m
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g
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p
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p
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p
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g

an
d

n
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im
age
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d
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b
e

v
iew

ed
as

a
p
rob
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learn
in

g
a
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-
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m
o
d
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g
m
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from

m
issin
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p
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en
tries

w
ith

sid
e

in
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A
s
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lt,
b
y
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p
ly

in
g

ou
r

m
o
d
el,

w
e

can
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b

etter
p
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ared
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in
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lication
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x
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b
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w
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d
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d
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p
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a
t
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m
p
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e
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S
e
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t
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W
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e
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r
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d
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=
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w
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t
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m
n
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ace
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∈

R
2
0
0×
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W

e
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p
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o
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d
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p
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w
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d
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∈
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X
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d
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b
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lacin

g
ρ
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o
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P
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s

m
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h
o
d
s
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r

m
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ri
x
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m

p
le

ti
on

u
n
d
er

ce
rt

ai
n

fi
x
ed
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si
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of
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se
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at
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n
s
ρ
o
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(u
p
p

er
fi
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re
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an
d

fi
x
ed

fe
at

u
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q
u
al
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y
ρ
f
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fi
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e
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se
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e
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at
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l
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u
re

-b
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m

et
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o
d
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p
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b
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r
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d
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d
m
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x
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m
p
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o
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)
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p
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u
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H
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fe
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u
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g
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b
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u
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C
h
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n
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H
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e
h
a
n
d

D
h
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l
o
n
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X
∗

(a
n
d
Y
∗ )

w
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h
b
as

es
or
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al
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X
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n
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.
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e
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n
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d
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n
g
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n
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er
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at
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0
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n
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p
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en
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w

e
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b
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b
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p
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p
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d
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at
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p
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at
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b
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d
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p
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p
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ra
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d
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p
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p
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b
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at
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p
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p
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p
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p
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p
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b
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p
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p
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b
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∈
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b
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p
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∈
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b
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at
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e

fu
ll
y

ob
se

rv
ed

m
at

ri
x
R

=
L
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S
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d
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h
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h
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b
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p
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b
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b
le

m
7)

fo
r

in
co

rp
or

at
in

g
n
oi

sy
si

d
e

in
fo

rm
a
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p
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d
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b
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b
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.
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r
n
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=
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u
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d
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p
tion

ρ
s .

T
h
ese

resu
lts

sh
ow

th
at

P
C

P
N

F
can

m
ak

e
u
se

of
n
oisy

yet
in

fo
rm

a
tiv

e
featu

res
for

b
etter
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p
erform

an
ce

of
each

m
eth

o
d

given
d
iff

eren
t

featu
re

q
u
ality

u
n
d
er

ρ
s

=
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b
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p
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p
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b
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p
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b
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p
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p
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b
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b
servation

s
are

b
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con
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d
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b
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P
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S
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e
in

form
ation

,
w

e
con

sid
er

th
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p
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a
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d
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b
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d
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b
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b
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h
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lts

are
sh

ow
n

in
F

igu
re

3.
W

e
ob

serve
th

at
for

each
ρ
o
bs ,

th
ere

ex
ists

a
su

b
sta

n
tial

gray
region

w
h
ere

m
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b
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b
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d
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p
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p
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d
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h
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e
cl

u
st

er
in

d
ex

of
it

em
i.

W
e

th
en

ev
a
lu

a
te
π

u
si

n
g

th
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h
er

e
fe

at
u
re

s
a
re

p
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e

M
u
sh

ro
om

s
d
ata

set
w

h
ere

featu
res

are
p
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p
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n
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d
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p
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b
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d
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ai
n

ap
p
li
ca

ti
o
n
s

(M
en

o
n

an
d

E
lk

an
,

20
11

;
S
h
in

et
al

.,
20

15
)

an
d

in
th

e
co

ld
-s

ta
rt

se
tt

in
g

(N
at

ar
a
ja

n
a
n
d

D
h
il
lo

n
,

20
14

),
th

ey
m

ai
n
ly

fo
cu

s
on

th
e

n
on

-c
on

ve
x

m
at

ri
x

fa
ct

or
iz

at
io

n
fo

rm
u
la

ti
o
n

w
it

h
o
u
t

a
n
y

th
eo

re
ti

ca
l

an
al

y
si

s
on

th
e

eff
ec

t
o
f

si
d
e

in
fo

rm
at

io
n
.

M
or

e
re

ce
n
tl

y,
J
ai

n
et

a
l.

(2
0
1
3
)

st
u
d
ie

d
In

d
u
ct

iv
e

M
at

ri
x

C
om

p
le

ti
o
n

(I
M

C
)

ob
je

ct
iv

e
to

in
co

rp
or

at
e

si
d
e

in
fo

rm
a
ti

o
n
,

a
n
d

se
ve

ra
l

fo
ll
ow

-u
p

w
or

k
s

al
so

co
n
si

d
er

IM
C

w
it

h
tr

ac
e

n
or

m
re

gu
la

ri
za

ti
on

(X
u

et
a
l.
,

2
0
1
3;

Z
h
on

g
et

al
.,

20
15

).
A

ll
of

th
em

sh
ow

ed
th

at
re

co
ve

ry
ca

n
b

e
ac

h
ie

ve
d

b
y

IM
C

w
it

h
m

u
ch

lo
w

er
sa

m
p
le

co
m

p
le

x
it

y
p
ro

v
id

ed
p

er
fe

ct
fe

a
tu

re
s.

H
ow

ev
er

,
as

w
e

h
av

e
d
is

cu
ss

ed
in

th
e

p
ap

er
,

gi
ve

n
im

p
er

fe
ct

fe
at

u
re

s,
IM

C
ca

n
n
ot

re
co

ve
r

th
e

u
n
d
er

ly
in

g
m

at
ri

x
a
n
d

m
ay

ev
en

su
ff

er
fr

om
p

o
or

p
er

fo
rm

an
ce

in
p
ra

ct
ic

e.
T

h
is

ob
se

rv
at

io
n

le
ad

s
u
s

to
fu

rt
h
er

d
ev

el
o
p

a
n

im
p
ro

ve
d

m
o
d
el

w
h
ic

h
b

et
te

r
ex

p
lo

it
s

n
oi

sy
si

d
e

in
fo

rm
at

io
n

in
le

a
rn

in
g

(s
ee

S
ec

ti
o
n

2
.3

).

R
ob

u
st

P
C

A
is

an
ot

h
er

p
ro

m
in

en
t

in
st

an
ce

of
lo

w
-r

an
k

m
at

ri
x

le
ar

n
in

g
fr

o
m

im
p

er
fe

ct
ob

se
rv

at
io

n
s,

w
h
er

e
th

e
go

al
is

to
re

co
v
er

a
lo

w
-r

an
k

m
at

ri
x

fr
om

a
fu

ll
m

at
ri

x
in

w
h
ic

h
a

fe
w

of
en

tr
ie

s
ar

e
ar

b
it

ra
ri

ly
co

rr
u
p
te

d
b
y

sp
a
rs

e
n
oi

se
.

T
h
is

sp
ar

se
st

ru
ct

u
re

o
f

n
o
is

e
is

co
m

m
on

in
m

an
y

ap
p
li
ca

ti
on

s
su

ch
as

im
ag

e
p
ro

ce
ss

in
g

an
d

b
io

in
fo

rm
at

ic
s

(W
ri

g
h
t

et
a
l.
,

2
6
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L
o
w
-R

a
n
k

M
a
t
r
ix

L
e
a
r
n
in
g

w
it
h
S
id
e
In

f
o
r
m
a
t
io
n

2
0
0
9
).

R
esea

rch
ers

h
ave

also
in

vestigated
sev

eral
ap

p
roach

es
to

rob
u
st

P
C

A
w

ith
th

eo-
retica

l
g
u
a
ra

n
tees

(C
h
an

d
rasekaran

et
al.,

2011;
C

an
d
ès

et
al.,

2011).
P

erh
ap

s
th

e
m

ost
rem

arka
b
le

m
ileston

e
is

th
e

stron
g

gu
aran

tee
p
rov

id
ed

b
y

C
an

d
ès

et
al.

(2011),
in

w
h
ich

th
e

a
u
th

ors
sh

ow
ed

th
at

u
n
d
er

m
ild

con
d
ition

s,
low

-ran
k

an
d

sp
arse

stru
ctu

re
are

ex
actly

d
istin

g
u
ish

a
b
le.

S
everal

ex
ten

sion
s

of
rob

u
st

P
C

A
h
ave

also
b

een
con

sid
ered

,
su

ch
as

rob
u
st

P
C

A
w

ith
co

lu
m

n
-sp

arse
errors

(X
u

et
al.,

2010),
w

ith
m

issin
g

d
ata

(C
an

d
ès

et
al.,

2011;
C

h
en

et
a
l.,

2
0
1
3)

an
d

w
ith

com
p
ressed

d
ata

(H
a

an
d

B
arb

er,
2015).

H
ow

ever,
u
n
like

m
atrix

com
p
letion

,
th

ere
is

little
research

th
at

d
irectly

ex
p
loits

sid
e

in
-

fo
rm

a
tio

n
in

th
e

rob
u
st

P
C

A
p
rob

lem
,

leav
in

g
th

e
ad

van
tage

of
sid

e
in

form
ation

in
rob

u
st

P
C

A
u
n
ex

p
lo

red
.

T
h
ou

gh
it

m
ay

ap
p

ear
th

at
on

e
can

ex
ten

d
th

e
an

aly
sis

of
sid

e
in

form
a-

tio
n

in
m

atrix
com

p
letion

to
rob

u
st

P
C

A
as

b
oth

p
rob

lem
s

sh
are

certain
sim

ilarities,
th

e
ro

b
u
st

P
C

A
p
rob

lem
is

still
essen

tially
d
iff

eren
t—

in
fact

h
ard

er—
from

m
a
trix

com
p
letion

in
m

an
y

a
sp

ects.
In

p
articu

lar,
m

atrix
com

p
letion

h
as

b
een

m
ostly

u
sed

for
m

issin
g

va
lu

e
estim

a
tio

n
,

w
h
ere

th
e

em
p
h
asis

is
to

accu
rately

recover
th

e
m

issin
g

en
tries

giv
en

tru
stab

le,
p
a
rtia

l
o
b
serva

tion
s,

w
h
ile

rob
u
st

P
C

A
is

a
m

a
trix

sepa
ra

tio
n

p
ro

blem
w

h
ere

on
e

h
as

to
id

en
tify

th
e

co
rru

p
ted

en
tries

given
fu

ll
yet

u
n
tru

stab
le

ob
servation

s.
T

h
is

d
iff

eren
ce

n
atu

-
ra

lly
p
reclu

d
es

a
d
irect

ex
ten

sion
from

th
e

an
aly

ses
of

m
atrix

com
p
letion

to
rob

u
st

P
C

A
.

N
everth

eless,
C

h
ian

g
et

al.
(2016)

h
as

recen
tly

sh
ow

n
th

at
giv

en
p

erfect
fea

tu
res,

ex
act

recovery
of

h
ig

h
er-ran

k
m

atrices
b

ecom
es

attain
ab

le
in

th
e

rob
u
st

P
C

A
p
rob

lem
,

in
d
icatin

g
th

a
t

sid
e

in
fo

rm
ation

in
rob

u
st

P
C

A
can

b
e

ex
p
loited

.
In

th
is

p
ap

er,
w

e
ex

ten
d

C
h
ian

g
et

al.
(2

0
1
6
)

a
n
d

d
evelop

a
m

ore
gen

eral
m

o
d
el

w
h
ich

can
fu

rth
er

ex
p
loit

n
oisy

sid
e

in
form

a
tion

to
h
elp

so
lve

th
e

rob
u
st

P
C

A
p
rob

lem
.

A
n
o
th

er
m

o
d
el

th
at

sh
ares

certain
sim

ilarities
to

rob
u
st

P
C

A
w

ith
sid

e
in

form
ation

is
L

ow
-R

a
n
k

R
ep

resen
tation

(L
R

R
),

w
h
ich

em
erged

from
th

e
su

b
sp

ace
clu

sterin
g

p
rob

lem
(L

iu
et

a
l.,

2
0
1
0,

2
0
13).

G
iven

th
at

th
e

ob
serv

ed
d
ata

m
atrix

is
corru

p
ted

b
y

sp
a
rse

errors,
L

R
R

m
o
d
el

a
ssu

m
es

th
at

th
e

u
n
d
erly

in
g

low
-ran

k
m

atrix
can

b
e

rep
resen

ted
b
y

a
lin

ear
co

m
b
in

a
tio

n
o
f

a
p
rov

id
ed

d
iction

ary.
In

terestin
gly,

L
R

R
can

b
e

th
ou

gh
t

of
as

a
sp

ecial
ca

se
o
f

th
e

p
ro

p
osed

P
C

P
F

m
o
d
el

(see
S
ection

2.3)
w

h
ere

th
e

given
d
iction

ary
serves

as
th

e
row

fea
tu

res
X

.
O

u
r

p
rob

lem
settin

g
is

also
m

ore
gen

eral
th

an
L

R
R

as
w

e
con

sid
er

in
co

rp
o
ra

tin
g

b
oth

row
an

d
colu

m
n

featu
res

to
h
elp

recovery.

6
.

C
o
n
clu

sio
n
s

In
th

is
p
a
p

er,
w

e
stu

d
y

th
e

eff
ectiven

ess
of

sid
e

in
form

ation
for

low
-ran

k
m

atrix
learn

in
g

from
m

issin
g

a
n
d

corru
p
ted

ob
servation

s.
W

e
p
rop

ose
a

gen
eral

m
o
d
el

(p
rob

lem
(4))

w
h
ich

in
co

rp
o
ra

tes
b

o
th

p
erfect

an
d

n
oisy

sid
e

in
form

ation
b
y

b
alan

cin
g

in
form

ation
fro

m
featu

res
a
n
d

o
b
serva

tio
n
s

sim
u
ltan

eou
sly,

from
w

h
ich

w
e

can
d
erive

several
in

stan
ces

o
f

th
e

m
o
d
el,

in
clu

d
in

g
IM

C
N

F
an

d
P

C
P

N
F

,
th

at
b

etter
solve

m
atrix

com
p
letion

a
n
d

rob
u
st

P
C

A
b
y

levera
g
in

g
sid

e
in

form
ation

.
In

ad
d
ition

,
w

e
p
rov

id
e

a
form

a
l

an
aly

sis
to

ju
stify

th
e

eff
ec-

tiven
ess

o
f

sid
e

in
form

ation
in

th
e

p
rop

osed
m

o
d
el,

in
w

h
ich

w
e

q
u
an

tify
th

e
q
u
ality

of
fea

tu
res

an
d

sh
ow

th
at

th
e

sam
p
le

com
p
lex

ity
of

learn
in

g
can

b
e

a
sy

m
p
totically

im
p
roved

g
iven

su
ffi

cien
tly

in
form

ative
featu

res,
p
rov

id
ed

a
sm

all
en

ou
gh

n
oise

level.
T

h
is

an
aly

sis
th

erefo
re

q
u
a
n
tifi

es
th

e
m

erits
of

sid
e

in
form

ation
in

ou
r

m
o
d
el

for
low

-ran
k

m
atrix

learn
-

in
g

in
th

eo
ry.

F
in

ally,
w

e
verify

ou
r

m
o
d
el

in
sev

eral
sy

n
th

etic
ex

p
erim

en
ts

as
w

ell
as

in
rea

l-w
o
rld

m
a
ch

in
e

learn
in

g
ap

p
lication

s
in

clu
d
in

g
relation

sh
ip

p
red

iction
,

sem
i-su

p
erv

ised
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C
h
ia
n
g
,
H
sie

h
a
n
d

D
h
il
l
o
n

clu
sterin

g
an

d
n
oisy

im
age

classifi
cation

.
B

y
v
iew

in
g

each
ap

p
lication

as
a

low
-ran

k
m

atrix
learn

in
g

p
rob

lem
from

m
issin

g
or

co
rru

p
ted

ob
servation

s
given

certain
ad

d
ition

al
featu

res,
w

e
sh

ow
th

at
em

p
loy

in
g

ou
r

m
o
d
el

resu
lts

in
com

p
etitive

algorith
m

s
w

h
ose

p
erform

an
ce

is
com

p
arab

le
to

or
b

etter
th

an
oth

er
state-of-th

e-art
ap

p
roach

es.
A

ll
of

ou
r

resu
lts

con
sis-

ten
tly

d
em

on
strate

th
at

th
e

p
rop

osed
m

o
d
el

learn
s

th
e

low
-ran

k
m

atrix
from

m
issin

g
an

d
corru

p
ted

ob
servation

s
m

ore
eff

ectiv
ely

b
y

p
rop

erly
ex

p
loitin

g
sid

e
in

form
ation

.

A
ck

n
o
w

le
d
g
m

e
n
ts

W
e

w
ou

ld
like

to
ack

n
ow

led
ge

su
p
p

ort
for

th
is

research
fro

m
C

C
F

-1320746,
IIS

-1546452
an

d
C

C
F

-1564000.

A
p
p

e
n
d
ix

A
.

P
ro

o
fs

P
re

lim
in

a
ry

L
e
m

m
a
s

W
e

fi
rst

in
tro

d
u
ce

tw
o

lem
m

as
req

u
ired

in
th

e
p
ro

of
of

L
em

m
a

3.
T

h
ese

tw
o

lem
m

as
p
rov

id
e

b
ou

n
d
s

on
th

e
R

a
d
em

ach
er

com
p
lex

ity
of

th
e

fu
n
ction

class
w

ith
b

ou
n
d
ed

trace
n
orm

an
d

`1
n
orm

resp
ectively.

L
e
m

m
a

9
L

et
S
w

=
{W
∈

R
n×

n
|‖W

‖∗
≤
W
}

a
n

d
A

=
m

ax
i ‖
A
i ‖

2 ,
w

h
ere

ea
ch

A
i ∈

R
n×

n
,

th
en

:

E
σ [

su
p

W
∈
S
w

1m

m
∑i=

1

σ
i trace(W

A
i ) ]≤

2A
W
√

log
2n

m
.

P
ro

o
f

T
h
is

L
em

m
a

is
d
irectly

from
th

e
L

em
m

a
3

in
H

sieh
et

al.
(2015).

L
e
m

m
a

1
0

L
et
S
w

=
{
W
∈

R
n

1 ×
n

2
|‖W

‖
1
≤
W
}
,

a
n

d
ea

ch
E
i

is
in

th
e

fo
rm

o
f
E
i

=
e
x e
Ty

,
w

h
ere

e
x ∈

R
n

2,
e
y ∈

R
n

1
a
re

tw
o

u
n

it
vecto

rs.
T

h
en

:

E
σ [

su
p

W
∈
S
w

1m

m
∑i=

1

σ
i trace(W

E
i ) ]≤

W
√

2
log

(2
n

1 n
2 )

m
.

P
ro

o
f

T
h
is

L
em

m
a

is
a

sp
ecial

case
o
f

T
h
eorem

1
in

K
akad

e
et

al.
(2008)

w
ith

th
e

fact
th

at‖
E
i ‖∞

:=
m

ax
a
,b |(E

i )
a
b |

=
1.
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e
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S
id
e
In

f
o
r
m
a
t
io
n

P
ro

o
f

o
f

L
e
m

m
a

3

P
ro

o
f

F
ir

st
,

w
e

ca
n

u
se

a
st

an
d
ar

d
R

ad
em

ac
h
er

co
n
tr

ac
ti

on
p
ri

n
ci

p
le

(e
.g

.
L

em
m

a
5

in
M

ei
r

an
d

Z
h
an

g,
20

03
)

to
b

ou
n
d
R

(F
Θ

)
to

b
e:

R
(F

Θ
)
≤
L
`E

σ

[ su
p

θ
∈Θ

1 m

m ∑ σ
=

1

σ
α
(X
M
Y
T

+
N

+
S

) i
α
j α

]

=
L
`E

σ

[
su

p
‖M
‖ ∗
≤
M

1 m

m ∑ α
=

1

σ
α
tr

ac
e(
M

y
j α

x
T i α

)]
+
L
`E

σ

[
su

p
‖N
‖ ∗
≤
N

1 m

m ∑ α
=

1

σ
α
tr

ac
e(
N

e
j α

e
T i α

)]

+
L
`E

σ

[
su

p
‖S
‖ 1
≤
S

1 m

m ∑ α
=

1

σ
α
tr

ac
e(
S

e
j α

e
T i α

)]

≤
2
L
`M

m
ax i,j
‖y

j
x
T i
‖ 2
√

lo
g

2
d

m
+

2
L
`N
√

lo
g

2n

m
+
L
`S
√

2
lo

g
(2
n

1
n

2
)

m

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

is
d
er

iv
ed

b
y

ap
p
ly

in
g

L
em

m
a

9
an

d
L

em
m

a
10

.
M

or
eo

ve
r,

si
n
ce

m
ax

i,
j
‖y

j
x
T i
‖ 2

=
m

ax
j
‖y

j
‖ 2

m
ax

i
‖x

i‖
2
,

w
e

ca
n

th
u
s

u
p
p

er
b

ou
n
d
R

(F
Θ

)
b
y
:

R
(F

Θ
)
≤

2
L
`M
X
Y√

lo
g

2d

m
+

2
L
`N
√

lo
g

2n

m
+
L
`S
√

2
lo

g
(2
n

1
n

2
)

m
.

(1
2)

H
ow

ev
er

,
in

so
m

e
ci

rc
u
m

st
an

ce
s,

th
e

ab
ov

e
b

ou
n
d

(1
2)

is
to

o
lo

os
e

fo
r

sa
m

p
le

co
m

p
le

x
it

y
an

al
y
si

s.
T

o
d
ea

l
w

it
h

th
es

e
ca

se
s,

w
e

fo
ll
ow

S
h
am

ir
an

d
S
h
al

ev
-S

h
w

ar
tz

(2
01

4)
to

d
er

iv
e

a
ti

gh
te

r
b

ou
n
d

on
th

e
tr

ac
e

n
or

m
of

re
si

d
u
al

(i
.e

.
N

).
T

o
b

eg
in

w
it

h
,

w
e

re
w

ri
te

R
(F

Θ
)

as
:

R
(F

Θ
)

=
E σ
[

su
p

f
∈F

Θ

1 m

m ∑ α
=

1

σ
α
`(
f

(i
α
,j
α
),
R
i α
,j
α
))
] =

E σ
[

su
p

f
∈F

Θ

1 m

∑ (i
,j

)

Γ
ij
`(
f

(i
,j

),
R
ij

)]
,

w
h
er

e
Γ
∈
R
n

1
×
n

2
,

Γ
ij

=
∑

α
:i
α

=
i,
j α

=
j
σ
α
.

N
ow

,
u
si

n
g

th
e

sa
m

e
tr

ic
k

in
S
h
am

ir
an

d
S
h
al

ev
-

S
h
w

ar
tz

(2
01

4)
,

w
e

ca
n

d
iv

id
e

Γ
b
as

ed
o
n

th
e

“
h
it

-t
im

e”
of

ea
ch

(i
,j

)
∈

Ω
o
bs

,
w

it
h

so
m

e
th

re
sh

ol
d
p
>

0
w

h
os

e
va

lu
e

w
il
l

b
e

se
t

la
te

r.
F

or
m

al
ly

,
le

t
h
ij

=
|{
α

:
i α

=
i,
j α

=
j}
|,

an
d

le
t
A
,B
∈
R
n

1
×
n

2
b

e
d
efi

n
ed

b
y
:

A
ij

=

{
Γ
ij
,

if
h
ij
>
p
,

0,
ot

h
er

w
is

e.
B
ij

=

{
0
,

if
h
ij
>
p
,

Γ
ij
,

o
th

er
w

is
e.

B
y

co
n
st

ru
ct

io
n
,

Γ
=
A

+
B

.
T

h
er

ef
or

e,
w

e
ca

n
se

p
ar

at
e
R

(F
Θ

)
to

b
e:

R
(F

Θ
)

=
E σ
[

su
p

f
∈F

Θ

1 m

∑ (i
,j

)

A
ij
`(
f

(i
,j

),
R
ij

)]
+

E σ
[

su
p

f
∈F

Θ

1 m

∑ (i
,j

)

B
ij
`(
f

(i
,j

),
R
ij

)]
.

(1
3)

F
or

th
e

fi
rs

t
te

rm
in

(1
3)

,
si

n
ce
|`(
f

(i
,j

),
R
ij

)|
≤
B,

it
ca

n
b

e
u
p
p

er
b

ou
n
d
ed

b
y
:

E σ
[

su
p

f
∈F

Θ

1 m

∑ (i
,j

)

A
ij
`(
f

(i
,j

),
R
ij

)]
≤
B m
E σ
[∑ (i

,j
)

|A
ij
|]
≤
B √
p

2
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C
h
ia
n
g
,
H
si
e
h
a
n
d

D
h
il
l
o
n

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

is
d
er

iv
ed

b
y

ap
p
ly

in
g

L
em

m
a

10
in

S
h
am

ir
an

d
S
h
a
le

v
-S

h
w

a
rt

z
(2

01
4)

.
N

ow
co

n
si

d
er

th
e

se
co

n
d

te
rm

of
(1

3)
.

A
ga

in
,
b
y

R
ad

em
ac

h
er

co
n
tr

ac
ti

o
n

p
ri

n
ci

p
le

,
it

ca
n

b
e

u
p
p

er
b

ou
n
d
ed

b
y
:

L
`

m
E σ
[

su
p

f
∈F

Θ

∑ (i
,j

)

B
ij
f

(i
,j

)]

=
L
`

m
E σ
[

su
p

‖M
‖ ∗
≤
M

∑ (i
,j

)

B
ij

x
T i
M

y
j

] +
L
`

m
E σ
[

su
p

‖N
‖ ∗
≤
N

∑ (i
,j

)

B
ij
N
ij

] +
L
`

m
E σ
[

su
p

‖S
‖ 1
≤
S

∑ (i
,j

)

B
ij
S
ij

] .

(1
4
)

W
e

ca
n

ag
ai

n
u
p
p

er
b

ou
n
d

th
e

fi
rs

t
an

d
th

ir
d

te
rm

of
(1

4)
u
si

n
g

L
em

m
a

9
a
n
d

L
em

m
a

1
0
.

P
re

ci
se

ly
,

th
e

fi
rs

t
te

rm
ca

n
b

e
u
p
p

er
b

ou
n
d
ed

b
y
:

L
`

m
E σ
[

su
p

‖M
‖ ∗
≤
M

m ∑ α
=

1

σ
α
x
T i α
M

y
j α

] =
L
`E

σ

[
su

p
‖M
‖ ∗
≤
M

1 m

m ∑ α
=

1

σ
α
tr

ac
e(
M

y
j α

x
T i α

)]
≤

2
L
`M
X
Y√

lo
g

2d

m
,

an
d

th
e

th
ir

d
te

rm
of

(1
4)

is
u
p
p

er
b

ou
n
d
ed

b
y
:

L
`E

σ

[
su

p
‖S
‖ 1
≤
S

1 m

m ∑ α
=

1

σ
α
tr

ac
e(
S

e
j α

e
T i α

)]
≤
L
`S
√

2
lo

g
(2
n

1
n

2
)

m
.

In
ad

d
it

io
n
,

b
y

ap
p
ly

in
g

H
öl

d
er

’s
in

eq
u
al

it
y,

th
e

se
co

n
d

te
rm

of
(1

4)
is

u
p
p

er
b

o
u
n
d
ed

b
y
:

L
`

m
E σ
[

su
p

‖N
‖ ∗
≤
N

∑ (i
,j

)

B
ij
N
ij

] ≤
L
`

m
su

p
N

:‖
N
‖ ∗
≤
N
‖B
‖ 2
‖N
‖ ∗

=
L
`N m

E σ
[ ‖
B
‖ 2
] ≤

2
.2
C
L
`N
√
p
(√
n

1
+
√
n

2
)

m
,

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

is
d
er

iv
ed

b
y

ap
p
ly

in
g

L
em

m
a

11
in

S
h
am

ir
an

d
S
h
a
le

v
-S

h
w

a
rt

z
(2

01
4)

.
T

h
er

ef
or

e,
p
u
tt

in
g

al
l

of
th

e
ab

ov
e

u
p
p

er
b

ou
n
d
s

to
(1

3)
an

d
ch

o
o
si

n
g
p

to
b

e
m
B/

(2
.2
C
L
`N

(√
n

1
+
√
n

2
))

,
w

e
ob

ta
in

an
ot

h
er

u
p
p

er
b

ou
n
d

on
R

(F
Θ

)
as

:

R
(F

Θ
)
≤

2L
`M
X
Y√

lo
g

2d

m
+

√
9C
L
`B
N

(√
n

1
+
√
n

2
)

m
+
L
`S
√

2
lo

g
(2
n

1
n

2
)

m
.

(1
5
)

L
em

m
a

3
th

u
s

fo
ll
ow

s
b
y

co
m

b
in

in
g

(1
2)

an
d

(1
5)

.

P
ro

o
f

o
f

L
e
m

m
a

4

P
ro

o
f

T
o

b
eg

in
w

it
h
,

w
e

h
av

e:

‖X
T µ
L

0
Y
ν
‖ 2
≤
‖X

µ
‖ 2
‖L

0
‖ 2
‖Y

ν
‖ 2
≤
σ
x
σ
y
‖L

0
‖ ∗
,

w
h
er

e
σ
x

(o
r
σ
y
)

is
th

e
la

rg
es

t
si

n
gu

la
r

va
lu

e
of
X
µ

(o
r
Y
ν
).

T
h
er

ef
or

e,
b
y

th
e

d
efi

n
it

io
n

of
M̂

,
w

e
h
av

e:

‖M̂
‖ ∗
≤
d
‖M̂
‖ 2

=
d
‖(
X
T µ
X
µ
)†
X
T µ
L

0
Y
ν
(Y

T ν
Y
ν
)†
‖ 2
≤
σ
x
σ
y
d
‖L

0
‖ ∗

σ
2 x
m
σ

2 y
m

,
(1

6
)

3
0
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L
o
w
-R

a
n
k

M
a
t
r
ix

L
e
a
r
n
in
g

w
it
h
S
id
e
In

f
o
r
m
a
t
io
n

w
h
ere

σ
x
m

(o
r
σ
y
m

)
is

th
e

sm
allest

n
on

-zero
sin

gu
lar

valu
e

of
X
µ

(or
Y
ν ).

F
u
rth

erm
ore,

b
y

th
e

co
n
stru

ction
of
X
µ

an
d
Y
ν ,

w
e

h
av

e
σ
x
m
≥
µ
σ
x

an
d
σ
y
m
≥
ν
σ
y .

W
e

can
fu

rth
er

low
er

b
o
u
n
d
σ
x

(a
n
d
σ
y )

b
y
:

σ
2x

=
‖
X
µ ‖

22
=
‖
X
‖

22 ≥
‖
X
‖

2F

d
≥
n

m
in‖

x
i ‖

2

d
≥
n
γ

2X
2

d
.

T
h
erefo

re,
fro

m
(16),

w
e

can
fu

rth
er

b
ou

n
d
‖M̂
‖∗

b
y
:

‖M̂
‖∗ ≤

d‖
L

0 ‖∗
µ

2ν
2σ
x σ

y
≤

d
2‖L

0 ‖∗
µ

2ν
2γ

2X
Y √

n
1 n

2
.

T
h
e

lem
m

a
is

th
u
s

con
clu

d
ed

b
y

th
e

fact
th

at‖L
0 ‖∗ ≤

C
L √

n
1 n

2 .

P
ro

o
f

o
f

T
h

e
o
re

m
5

P
ro

o
f

T
h
e

claim
is

d
irectly

p
roved

b
y

p
lu

ggin
g

L
em

m
a

3
-

4
to

L
em

m
a

2,
in

w
h
ich

R̂
` (f
∗)

=
0

b
ecau

se
(M̂

,L
0 −

X
M̂
Y
T
,S

0 )∈
Θ

an
d

su
ch

a
n

in
sta

n
ce

m
akes

R̂
`

=
0
.

P
ro

o
f

o
f

T
h

e
o
re

m
6

P
ro

o
f

N
o
te

th
at

sin
ce
S

0
=
S
∗

=
0

in
m

atrix
com

p
letion

case,
w

e
h
ave:

R
` (f
∗)

=
E

(i,j)∼
D [`(X

M
∗Y

Tij
,e
Ti
L

0 e
j ) ].

T
h
e

cla
im

th
erefore

d
irectly

follow
s

from
T

h
eorem

5
b
y

settin
g
R
` (f
∗)
<
ε.

P
ro

o
f

o
f

T
h

e
o
re

m
7

P
ro

o
f

B
y

th
e

con
stru

ction
of
X

an
d
Y

,
w

e
can

rew
rite

th
em

as
follow

s:

X
=

t−
1

∑i=
1

u
i e
Ti

+
d
∑i=

t

ũ
i e
Ti
,

Y
=

t−
1

∑i=
1

v
i e
Ti

+
d
∑i=

t

ṽ
i e
Ti
,

(17)

w
h
ere

fo
r

ea
ch

ũ
i ,

ũ
Ti
u
j

=
0,∀

j.
T

h
erefore,

w
e

can
u
p
p

er
b

ou
n
d
N

b
y
:

‖
L

0 −
X
M̂
Y
T‖∗

=
‖
Ũ
Ũ
T
L

0
+
L

0 Ṽ
Ṽ
T
−
Ũ
Ũ
T
L

0 Ṽ
Ṽ
T‖∗

≤
2‖
Ũ
Ũ
T
U

Σ
V
T‖∗

+
‖U

Σ
V
T
Ṽ
Ṽ
T‖∗

≤
3

k
∑i=

t

σ
i ,

w
h
ere

Ũ
,
Ṽ

are
th

e
secon

d
term

of
X

an
d
Y

in
(17).

M
oreover,

w
e

h
ave

σ
i

=
o( √

n
)

for
all

i≥
t.

T
o

see
th

is,
su

p
p

ose
σ
p

=
Ω

( √
n

)
for

an
y
t≤

p
≤
k
,

th
en

:

lim
n→
∞

σ
t
√
n
≥

lim
n→
∞
σ
p
√
n
>

0
,
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C
h
ia
n
g
,
H
sie

h
a
n
d

D
h
il
l
o
n

lead
in

g
a

con
trad

iction
to

th
e

d
efi

n
ition

of
σ
t .

T
h
erefore

w
e

ca
n

con
clu

d
e:

N
=
‖
L

0 −
X
M̂
Y
T‖∗ ≤

3
k
∑i=

t

σ
i ≤

3
k×

o( √
n

)
=
o( √

n
),

an
d

th
e

T
h
eorem

is
th

u
s

p
roved

b
y

p
lu

ggin
g

th
e

ab
ov

e
b

ou
n
d

on
N

to
T

h
eorem

6.

P
ro

o
f

o
f

T
h

e
o
re

m
8

P
ro

o
f

T
h
e

sam
p
le

com
p
lex

ity
claim

d
irectly

follow
s

from
T

h
eorem

5
b
y

settin
g
R
` (f
∗)
<
ε,

an
d

th
e

claim
ofP

Ω
⊥o
b
s (S
∗)

=
0

is
d
irectly

from
th

e
con

stru
ction

of
A

lgorith
m

1
as

d
iscu

ssed
in

S
ection

2.4.

R
e
fe

re
n
ce

s

P
.

L
.

B
artlett

an
d

S
.

M
en

d
elson

.
R

ad
em

ach
er

an
d

G
au

ssian
com

p
lex

ities:
R

isk
b

ou
n
d
s

an
d

stru
ctu

ral
resu

lts.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
3:463–482,

20
03.

J
.-F

.
C

ai,
E

.
J
.

C
an

d
ès,

an
d

Z
.

S
h
en

.
A

sin
gu

lar
valu

e
th

resh
old

in
g

algorith
m

for
m

atrix
com

p
letion

.
S

ociety
fo

r
In

d
u

stria
l

a
n

d
A

p
p
lied

M
a
th

em
a
tics,

20(4
):1956

–1982,
2010.

E
.

J
.

C
an

d
ès

an
d

Y
.

P
lan

.
M

atrix
com

p
letion

w
ith

n
oise.

P
roceed

in
gs

o
f

th
e

IE
E

E
,

98(6):
925–936,

2010.

E
.

J
.

C
an

d
ès

an
d

B
.

R
ech

t.
E

x
act

m
atrix

com
p
letion

v
ia

con
v
ex

op
tim

ization
.

C
o
m

m
u

n
i-

ca
tio

n
s

o
f

th
e

A
C

M
,

55(6):111–119,
2012.

E
.
J
.
C

an
d
ès

an
d

T
.
T

ao.
T

h
e

p
ow

er
of

con
vex

relax
ation

:
N

ear-op
tim

al
m

atrix
com

p
letion

.
IE

E
E

T
ra

n
sa

ctio
n

o
f

In
fo

rm
a
tio

n
T

h
eo

ry,
56(5):2053–

2080,
2009.

E
.

J
.

C
an

d
ès,

X
.

L
i,

Y
.

M
a,

an
d

J
.

W
righ

t.
R

ob
u
st

p
rin

cip
al

com
p

on
en

t
an

a
ly

sis?
J

o
u

rn
a
l

o
f

A
C

M
,

58(3):11:1–11:37,
2011.

V
.
C

h
an

d
rasekaran

,
S
.
S
an

gh
av

i,
P

.
A

.
P

arrilo,
an

d
A

.
S
.
W

illsk
y.

R
an

k
-sp

arsity
in

co
h
eren

ce
for

m
atrix

d
ecom

p
osition

.
S

IA
M

J
o
u

rn
a
l

o
n

O
p
tim

iza
tio

n
,

21(2),
2011

.

T
.

C
h
en

,
W

.
Z

h
an

g,
Q

.
L

u
,

K
.

C
h
en

,
Z

.
Z

h
en

g,
an

d
Y

.
Y

u
.

S
V

D
F

eatu
re:

A
to

olk
it

for
featu

re-b
ased

collab
orativ

e
fi
lterin

g.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
13:3619–

3622,
2012.

Y
.

C
h
en

,
A

.
J
alali,

S
.

S
an

gh
av

i,
an

d
C

.
C

aram
an

is.
L

ow
-ran

k
m

atrix
recovery

fro
m

errors
an

d
erasu

res.
IE

E
E

T
ra

n
sa

ctio
n

o
f

In
fo

rm
a
tio

n
T

h
eo

ry,
59(7):4324–43

37,
2013.

Y
.
C

h
en

,
A

.
J
alali,

S
.
S
an

gh
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∈
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∈
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the
m

atrix
X

.
A

sstated
below

,f
a
s
t
R
G

sam
plesa

(i)directed
graph

w
ith

(ii)m
ultiple

edgesand
(iii)self-loops.
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pute
diagonalm

atrix
C

Y ∈
R

K
y ×

K
yw

ith
C

Y
=

diag(∑
i Y

i1
,
...

,∑
i Y

iK
y ).

D
efine

X̃
=

X
C
−

1
X

,S̃
=

C
X SC

Y ,and
Ỹ

=
Y

C
−

1
Y

.
Sam

ple
the

num
berofedges

m
∼

Poisson(∑
u,v S̃

uv ).
for

`
=

1
:m

do
Sam

ple
U
∈
{1
,
...,

K
x }
,V
∈
{1
,
...,

K
y }

w
ith

P
(U

=
u
,V

=
v)∝

S̃
uv .

Sam
ple

I∈
{1,

...,
n}

w
ith

P
(I

=
i)

=
X̃

iU
.

Sam
ple

J∈
{1
,
...,

d}
w

ith
P

(J
=

j)
=

Ỹ
jV .

A
dd

edge
(I,J)

to
the

graph,allow
ing

form
ultiple

edges
(I,J).

end
for

A
n

im
plem

entation
in

R
is

available
at

h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
k
a
r
l
r
o
h
e
/
f
a
s
t
R
G.

A
s

dis-
cussed

in
Section

2.4,in
orderto

m
ake

the
algorithm

m
ore

efficient,the
im

plem
entation

is
slightly

differentfrom
the

statem
entofthe

algorithm
above.

T
here

are
tw

o
m

odelclasses
thatcan

help
to

interpretthe
graphs

generated
from

f
a
s
t
R
G

and
those

m
odelclasses

are
explored

in
the

nexttw
o

subsections.T
hroughoutallofthe

discussion,the
key

factthatis
exploited

by
f
a
s
t
R
G

is
given

in
the

nextT
heorem

.

T
heorem

1
Suppose

thatX
∈
R

n×
K

x,Y
∈
R

d×
K

y
and

S∈
R

K
x ×

K
y

allcontain
non-negative

entries.
D

efine
x

i ∈
R

K
xas

the
ith

row
ofX

.D
efine

y
j ∈
R

K
yas

the
jth

row
ofY

.Let
(I,J)

be
a

single
edge

sam
pled

inside
the

for
loop

in
f
a
s
t
R
G
(X
,S
,Y

),then

P
((I,J)

=
(i,j))∝

〈x
i ,y

j 〉S .

Proof

P ((I,J)
=

(i,j) )
=

∑u,v P
((I,J)

=
(i,j)|(U

,V
)

=
(u,v))P

((U
,V

)
=

(u
,v)))

=
∑

u,v X̃
iu Ỹ

jv S̃
uv

∑
u,v S̃

u,v
=

∑
u,v X

iu Y
jv S

uv

∑
u,v S̃

u,v
=

x
Ti Sy

j

∑
a,b x

Ta Sy
b
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R
O

H
E,T

A
O

,H
A

N
,

A
N

D
B

IN
K

IE
W

IC
Z

2.1.
f
a
s
t
R
G

sam
plesfrom

xlr:a
classofedge-exchangeable

random
graphs

T
here

has
been

recentinterestin
edge

exchangeable
graph

m
odels

w
ith

blockm
odelstructure

(e.g.
C

rane
and

D
em

psey
2016;

C
ai

et
al.2016;

H
erlau

et
al.2016;

Todeschini
and

C
aron

2016).
To

characterize
a

broad
class

ofsuch
m

odels,w
e

propose
xlr.

Fornotationalsim
plicity,the

restofthe
paperw

illsuppose
thatY

=
X
∈
R

n×
K

and
f
a
s
t
R
G(X

,S)=
f
a
s
t
R
G(X

,S
,X

).

D
efinition

2
[xlr]

A
n

xlr
graph

on
n

nodes
and

K
dim

ensions
is

generated
as

follow
s,

1.
Sam

ple
(X
,S

)∈
R

n×
K×

R
K×

K
from

som
e

distribution
and

define
x

i as
the

ith
row

ofX
.

2.
Initialize

the
graph

to
be

em
pty.

3.
A

dd
independentedges

e
1 ,e

2 ,...
to

the
graph,w

here

P
(e
`

=
(i,j))

=
〈x

i ,x
j 〉S

∑
a,b 〈x

a ,x
b 〉S

.

From
T

heorem
1,
f
a
s
t
R
G

sam
ples

the
edges

in
xlr.

A
n

xlr
graph

is
both

(i)
edge-exchangeable

as
defined

by
C

rane
and

D
em

psey
(2016)

and
(ii)

conditionalon
X

and
S,its

expected
adjacency

m
atrix

is
low

rank.B
y

sam
pling

X
to

satisfy
one

set
of

restrictions
specified

in
Table

1,xlr
provides

a
w

ay
to

sam
ple

edge
exchangeable

blockm
odels.

xlr
stands

for
edge-exchangeable

and
low

rank
because

itcharacterizes
alledge-exchangeable

and
low

rank
random

graph
m

odels
on

a
finite

num
ber

of
nodes.

In
particular,

by
T

heorem
4.2

in
C

rane
and

D
em

psey
(2016)

if
a

random
undirected

graph
w

ith
an

infinite
num

ber
of

edges
is

edge
exchangeable,then

the
edges

are
draw

n
iid

from
som

e
random

ly
chosen

distribution
on

edges
f.

M
oreover,letB

be
the

adjacency
m

atrix
ofa

single
edge

draw
n

from
f.U

nderthe
assum

ption
that

E
(B|f)

is
rank

K
,there

existm
atrices

X
∈
R

n×
K

and
S∈

R
K×

K
thatare

a
function

of
f

and
give

the
eigendecom

position
E

(B|f)
=

X
SX

T.
T

his
im

plies
thatP

(e
1

=
(i,j)|f)∝

〈x
i ,x

j 〉S ,w
here

x
i is

the
ith

row
ofX

.

2.2.
f
a
s
t
R
G

sam
plesfrom

a
generalization

ofthe
R

D
PG

U
nderthe

R
D

PG
as

described
in

Y
oung

and
Scheinerm

an
(2007),the

expectation
ofthe

adjacency
m

atrix
isX

X
T

forsom
e

m
atrix

X
∈
R

n×
K.T

hisim
pliesthatthe

expected
adjacency

m
atrix

isalw
ays

non-negative
definite

(i.e.
its

eigenvalues
are

non-negative).
H

ow
ever,som

e
param

eterizations
of

the
SB

M
(and

other
blockm

odels)
lead

to
an

expected
adjacency

m
atrix

w
ith

negative
eigenvalues

(i.e.itis
notnon-negative

definite);forexam
ple,ifthe

off-diagonalelem
ents

ofS
are

largerthan
the

diagonalelem
ents,then

X
SX

T
could

have
negative

eigenvalues.
M

oreover,even
if

the
elem

ents
of

X
and

S
are

positive,as
is

the
case

forthe
low

rank
m

odels
in

Table
1

and
as

is
required

for
f
a
s
t
R
G,

itis
stillpossible

forX
SX

T
to

have
negative

eigenvalues.B
y

m
odifying

the
R

D
PG

to
incorporate

a
m

atrix
S,the

m
odelclass

below
incorporates

alltypes
ofblockm

odels.

D
efinition

3
[G

eneralized
R

andom
P

roductG
raph

(gR
P

G
)

m
odel]

For
n

nodes
in

K
dim

ensions,
the

gR
P

G
is

param
eterized

by
X
∈
R

n×
K

and
S∈

R
K×

K,w
here

each
node

iis
assigned

the
ith

row
ofX

,x
i =

(X
i1 ,
...,

X
iK

) T∈
R

K.For
i,j∈

V
,define

λ
ij =
〈x

i ,x
j 〉S

=
K∑k

K∑l
X

ik S
kl X

jl .
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Q
U

IC
K

LY
S

A
M

P
L

IN
G

A
S

PA
R

S
E

M
A

T
R

IX
W

IT
H

L
O

W
R

A
N

K
E

X
P

E
C

TA
T

IO
N

U
nd

er
th

e
gR

P
G

,t
he

ad
ja

ce
nc

y
m

at
ri

x
A
∈
R

n×
n

co
nt

ai
ns

in
de

pe
nd

en
te

le
m

en
ts

an
d

th
e

di
st

ri
bu

tio
n

of
A

ij
(i

.e
.

th
e

nu
m

be
r

of
ed

ge
fr

om
it

o
j)

is
fu

lly
pa

ra
m

et
er

iz
ed

by
f(

λ i
j)

,w
he

re
f

is
so

m
e

m
ea

n
fu

nc
tio

n.

B
el

ow
,

w
e

w
ill

us
e

th
e

fa
ct

th
at

th
e

gR
PG

on
ly

re
qu

ir
es

th
at

th
e

λ i
js

sp
ec

if
y

th
e

di
st

ri
bu

tio
n

of
A

ij
,

al
lo

w
in

g
fo

r
A

ij
to

be
no

n-
bi

na
ry

(a
s

in
m

ul
ti-

gr
ap

hs
an

d
w

ei
gh

te
d

gr
ap

hs
)

or
to

ha
ve

ed
ge

pr
ob

ab
ili

tie
s

w
hi

ch
ar

e
a

fu
nc

tio
n

of
λ i

j.

T
he

or
em

4
Fo

r
X
∈
R

n×
K

an
d

S
∈
R

K
×

K
,e

ac
h

w
ith

no
n-

ne
ga

tiv
e

el
em

en
ts

,i
fÃ

is
th

e
ad

ja
ce

nc
y

m
at

ri
x

of
a

gr
ap

h
sa

m
pl

ed
w

ith
f
a
s
t
R
G

(X
,S

),
th

en
Ã

is
a

Po
is

so
n

gR
P

G
w

ith
Ã

ij
∼

Po
is

so
n(
〈x

i,
x j
〉 S

).

T
he

pr
oo

fi
s

co
nt

ai
ne

d
in

th
e

ap
pe

nd
ix

.

R
em

ar
k

5
(S

im
ul

at
in

g
an

un
di

re
ct

ed
gr

ap
h)

A
s

de
fin

ed
,b

ot
h

th
e

gR
P

G
m

od
el

an
d
f
a
s
t
R
G

ge
n-

er
at

e
di

re
ct

ed
gr

ap
hs

.A
n

“u
nd

ir
ec

te
d

gR
P

G
”

sh
ou

ld
ad

d
a

co
ns

tr
ai

nt
to

D
efi

ni
tio

n
3

th
at

A
ij

=
A

ji

fo
r

al
l

i,
j.

To
sa

m
pl

e
su

ch
a

gr
ap

h
w

ith
f
a
s
t
R
G

,
in

pu
t

S/
2

in
st

ea
d

of
S,

th
en

af
te

r
sa

m
pl

in
g

a
di

re
ct

ed
gr

ap
h

w
ith

f
a
s
t
R
G

,s
ym

m
et

ri
ze

ea
ch

ed
ge

by
re

m
ov

in
g

its
di

re
ct

io
n

(t
hi

s
do

ub
le

s
th

e
pr

ob
-

ab
ili

ty
of

an
ed

ge
,h

en
ce

th
e

ne
ed

to
in

pu
tS
/

2)
.

Th
eo

re
m

4
ca

n
be

ea
si

ly
ex

te
nd

ed
to

sh
ow

th
is

is
an

un
di

re
ct

ed
gR

P
G

.

R
em

ar
k

6
(S

im
ul

at
in

g
a

gr
ap

h
w

ith
ou

ts
el

f-
lo

op
s)

A
sd

efi
ne

d,
bo

th
th

e
gR

P
G

m
od

el
an

d
f
a
s
t
R
G

ge
ne

ra
te

gr
ap

hs
w

ith
se

lf-
lo

op
s.

A
“g

R
P

G
w

ith
ou

ts
el

f-
lo

op
s”

sh
ou

ld
ad

d
a

co
ns

tr
ai

nt
to

D
efi

ni
tio

n
3

th
at

A
ii

=
0

fo
r

al
li

.A
gr

ap
h

fr
om

f
a
s
t
R
G

ca
n

be
co

nv
er

te
d

to
a

gR
P

G
w

ith
ou

ts
el

f-
lo

op
s

by
si

m
-

pl
y

(1
)s

am
pl

in
g

m
∼

Po
is

so
n(

∑
u,

v
S̃ u

v
−

∑
i〈x

i,
x i
〉 S

)
an

d
(2

)r
es

am
pl

in
g

an
y

ed
ge

th
at

is
a

se
lf-

lo
op

.
Th

e
pr

oo
fo

fT
he

or
em

4
ca

n
be

ex
te

nd
ed

to
sh

ow
th

at
th

is
is

eq
ui

va
le

nt
.

2.
3.

A
pp

ro
xi

m
at

e
B

er
no

ul
li-

ed
ge

s

To
cr

ea
te

a
si

m
pl

e
gr

ap
h

w
ith

f
a
s
t
R
G

(i
.e

.
no

m
ul

tip
le

ed
ge

s,
no

se
lf

-l
oo

ps
,a

nd
un

di
re

ct
ed

),
fir

st
sa

m
pl

e
a

gr
ap

h
w

ith
f
a
s
t
R
G

.T
he

n,
pe

rf
or

m
th

e
m

od
ifi

ca
tio

ns
de

sc
ri

be
d

in
R

em
ar

ks
5

an
d

6.
T

he
n,

ke
ep

an
ed

ge
be

tw
ee

n
i

an
d

j
if

th
er

e
is

at
le

as
t

on
e

ed
ge

in
th

e
m

ul
tip

le
ed

ge
gr

ap
h;

de
fin

e
th

e
th

re
sh

ol
d

fu
nc

tio
n,

t(
A

ij
)

=
1

(A
ij
>

0)
,w

he
re

t(
A

)
ap

pl
ie

s
el

em
en

t-
w

is
e.

If
Ã

is
a

Po
is

so
n

gR
PG

,
th

en
t(

Ã
)

is
a

B
er

no
ul

li
gR

PG
w

ith
m

ea
n

fu
nc

tio
n

f(
λ i

j)
=

1
−

ex
p(
−

λ i
j)

.L
et

B
be

di
st

ri
bu

te
d

as
B

er
no

ul
li

gR
PG

(X
,S

)w
ith

id
en

tit
y

m
ea

n
fu

nc
tio

n,

B
ij
∼

B
er

no
ul

li
(λ

ij
).

T
he

or
em

7
sh

ow
s

th
at

in
th

e
sp

ar
se

se
tti

ng
,t

he
re

is
a

co
up

lin
g

be
tw

ee
n

t(
Ã

)
an

d
B

su
ch

th
at

t(
Ã

)
is

ap
pr

ox
im

at
el

y
eq

ua
lt

o
B

.
T

he
th

eo
re

m
is

as
ym

pt
ot

ic
in

n;
a

su
pe

rs
cr

ip
to

f
n

is
su

pp
re

ss
ed

on
Ã
,B

an
d

λ
.

T
he

or
em

7
Le

tÃ
be

a
Po

is
so

n
gR

P
G

an
d

le
tB

be
a

B
er

no
ul

li
gR

P
G

us
in

g
th

e
sa

m
e

se
to

fλ
ij

s,
w

ith
Ã

ij
∼

Po
is

so
n(

λ i
j)

an
d

B
ij
∼

B
er

no
ul

li
(λ

ij
).

Le
tt

(·)
be

th
e

th
re

sh
ol

di
ng

fu
nc

tio
n

fo
r

Ã
.

Le
t

α n
be

a
se

qu
en

ce
.

If
λ i

j
=

O
(α

n/
n)

fo
r

al
l

i,
j

an
d

th
er

e
ex

is
ts

so
m

e
co

ns
ta

nt
c
>

0
an

d
N
>

0
su

ch
th

at
∑

ij
λ i

j
>

cα
nn

fo
r

al
ln
>

N
,t

he
n

th
er

e
ex

is
ts

a
co

up
lin

g
be

tw
ee

n
t(

Ã
)

an
d

B
su

ch
th

at
E
‖t

(Ã
)
−

B
‖2 F

E
‖B
‖2 F

=
O

(α
n/

n)
.
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R
O

H
E
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A

O
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A
N

,A
N

D
B
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Z

Fo
re

xa
m

pl
e,

in
th

e
sp

ar
se

gr
ap

h
se

tti
ng

w
he

re
λ i

j
=

O
(1
/

n)
an

d
∑

ij
λ i

j
=

O
(n

),
α n

=
1.

U
nd

er
th

is
se

tti
ng

an
d

th
e

co
up

lin
g

de
fin

ed
in

th
e

pr
oo

f,
al

lo
f

th
e

O
(n

)
ed

ge
s

in
t(

Ã
)

ar
e

co
nt

ai
ne

d
in

B
an

d
B

ha
s

an
ex

tr
a

O
(1

)
m

or
e

ed
ge

s
th

an
t(

Ã
).

T
he

co
nd

iti
on

α n
=

o(
n)

im
pl

ie
s

th
at

al
le

dg
e

pr
ob

ab
ili

tie
s

de
ca

y.
If

on
e

is
in

te
re

st
ed

in
m

od
el

s
w

he
re

so
m

e
λ i

j’s
ar

e
co

ns
ta

nt
(e

.g
.c

er
ta

in
m

od
el

sw
ith

he
av

y
ta

ile
d

de
gr

ee
di

st
ri

bu
tio

ns
),

th
en

th
er

e
ar

e
th

re
e

po
ss

ib
le

pa
th

s
fo

rw
ar

d.

1.
Se

gm
en

t
th

e
pa

ir
s

i,
j

in
to

tw
o

se
ts

(l
ar

ge
an

d
sm

al
l

λ i
j’s

)
an

d
us

e
tw

o
di

ff
er

en
t

sa
m

pl
in

g
te

ch
ni

qu
es

on
ea

ch
se

t.

2.
U

se
f
a
s
t
R
G

as
a

pr
op

os
al

di
st

ri
bu

tio
n

fo
r

re
je

ct
io

n
sa

m
pl

in
g

(i
f

fo
r

so
m

e
ε
>

0,
λ i

j
<

1
−

ε
fo

ra
ll

i,
j,

th
en

re
je

ct
io

n
sa

m
pl

in
g

w
ou

ld
st

ill
be

O
(m

)
op

er
at

io
ns
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U
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G
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ex
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at
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or
hi

gh
pr

ob
ab

ili
ty

ed
ge

s.

R
eg

ar
di

ng
th

e
th

ir
d

po
in

t,
co

ns
id

er
th

e
co

up
lin

g
in

th
e

pr
oo

f
of

T
he

or
em

7
w

ith
ou

ta
ny

co
nd

iti
on

on
λ i

j.
T

he
co

up
lin

g
en

su
re

s
th

at
ev

er
y

ed
ge

in
t(

Ã
)

is
al

so
co

nt
ai

ne
d

in
B

.C
on

ve
rs

el
y,

co
nd

iti
on

ed
on

ed
ge

i,
j

ap
pe

ar
in

g
in

B
,t

he
n

th
e

pr
ob

ab
ili

ty
th

at
th

is
ed

ge
is

in
cl

ud
ed

in
t(

Ã
)

is
a

gr
ea

te
r

th
an

1
−

ex
p(
−

λ i
j)
≥

1
−

ex
p(
−

1)
>
.6

3.

2.
4.

Im
pl

em
en

ta
tio

n
of

f
a
s
t
R
G

C
od

e
at

h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
k
a
r
l
r
o
h
e
/
f
a
s
t
R
G

gi
ve

s
an

im
pl

em
en

ta
tio

n
of

f
a
s
t
R
G

in
R

.I
t

al
so

pr
ov

id
es

w
ra

pp
er

s
th

at
si

m
ul

at
e

th
e

SB
M

,
D

eg
re

e-
C

or
re

ct
ed

SB
M

,
O

ve
rl

ap
pi

ng
SB

M
,

an
d

M
ix

ed
M

em
be

rs
hi

p
SB

M
.

T
he

co
de

fo
r

th
es

e
m

od
el

s
fir

st
ge

ne
ra

te
s

th
e

ap
pr

op
ri

at
e

X
an

d
th

en
ca

lls
f
a
s
t
R
G

.I
n

or
de

rt
o

he
lp

co
nt

ro
lt

he
ed

ge
de

ns
ity

of
th

e
gr

ap
h,
f
a
s
t
R
G

an
d

its
w

ra
pp

er
s

ca
n

be
gi

ve
n

an
ad

di
tio

na
la

rg
um

en
ta

vg
D

eg
.I

fa
vg

D
eg

is
gi

ve
n,

th
en

th
e

m
at

ri
x

S
is

sc
al

ed
so

th
at
f
a
s
t
R
G

si
m

ul
at

es
a

gr
ap

h
w

ith
ex

pe
ct

ed
av

er
ag

e
de

gr
ee

eq
ua

lt
o

av
gD

eg
.

W
ith

ou
tt

hi
s,

pa
ra

m
et

er
iz

at
io

ns
ca

n
ea

si
ly

pr
od

uc
e

ve
ry

de
ns

e
gr

ap
hs

.
To

ac
ce

le
ra

te
th

e
ru

nn
in

g
tim

e
of

f
a
s
t
R
G

,
th

e
im

pl
em

en
ta

tio
n

is
sl

ig
ht

ly
di

ff
er

en
t

th
an

th
e

st
at

em
en

to
f

th
e

al
go

ri
th

m
ab

ov
e.

T
he

di
ff

er
en

ce
ca

n
be

th
ou

gh
to

f
as

sa
m

pl
in

g
al

lo
f

th
e

(U
,V

)
pa

ir
s

be
fo

re
sa

m
pl

in
g

an
y

of
th

e
Is

or
Js

.
In

pa
rt

ic
ul

ar
,

th
e

im
pl

em
en

ta
tio

n
sa

m
pl

es
ϖ
∈

R
K
×

K

as
m

ul
tin

om
ia

l(
m
,S̃
/

∑
u,

v
S̃ u

v)
.

T
he

n,
fo

r
ea

ch
u
∈
{1
,.
..

K
},

it
sa

m
pl

es
∑

v
ϖ

u,
v-

m
an

y
Is

fr
om

th
e

di
st

ri
bu

tio
n

X̃ ·
u.

Si
m

ila
rl

y,
fo

re
ac

h
v
∈
{1
,.
..

K
},

it
sa

m
pl

es
∑

u
ϖ

u,
v-

m
an

y
Js

fr
om

th
e

di
st

ri
bu

tio
n

X̃ ·
v.

Fi
na

lly
,t

he
in

de
xe

s
ar

e
ap

pr
op

ri
at

el
y

ar
ra

ng
ed

so
th

at
th

er
e

ar
e

ϖ
u,

v-
m

an
y

ed
ge

s
(I
,J

)
w

he
re

I
∼

X ·
u

an
d

J
∼

X ·
v.

R
ec

al
lt

ha
tt

he
st

at
em

en
to

f
f
a
s
t
R
G

ab
ov

e
al

lo
w

s
fo

r
X

an
d

Y
,w

he
re

th
os

e
m

at
ri

ce
s

ca
n

ha
ve

di
ff

er
en

t
nu

m
be

rs
of

ro
w

s
an

d/
or

co
lu

m
ns

;
th

e
im

pl
em

en
ta

tio
n

al
so

al
lo

w
s

fo
r

th
is

. U
nd

er
th

e
SB

M
,

it
is

po
ss

ib
le

to
us

e
f
a
s
t
R
G

to
sa

m
pl

e
fr

om
th

e
B

er
no

ul
li

gR
PG

w
ith

th
e

id
en

tit
y

m
ea

n
fu

nc
tio

n
in

st
ea

d
of

th
e

m
ea

n
fu

nc
tio

n
1
−

ex
p(
−
〈x

i,
x j
〉 S

)
th

at
is

cr
ea

te
d

by
th

e
th

re
sh

-
ol

di
ng

fu
nc

tio
n

t
fr

om
Se

ct
io

n
2.

3.
T

he
w

ra
pp

er
fo

r
th

e
SB

M
do

es
th

is
by

fir
st

tr
an

sf
or

m
in

g
ea

ch
el

em
en

to
f

S
as
−

ln
(1
−

S i
j)

an
d

th
en

ca
lli

ng
f
a
s
t
R
G

.T
he

ot
he

rs
m

od
el

s
ar

e
no

ta
m

en
ab

le
to

th
is

tr
ic

k;
by

de
fa

ul
t,

th
ey

sa
m

pl
e

fr
om

th
e

Po
is

so
n

gR
PG

w
ith

id
en

tit
y

m
ea

n
fu

nc
tio

n.
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Q
U

IC
K

LY
S

A
M

P
L

IN
G

A
S

PA
R

S
E

M
A

T
R

IX
W

IT
H

L
O

W
R

A
N

K
E

X
P

E
C

TA
T

IO
N

3.E
xperim

ents

3.1.R
unning

tim
e

of
f
a
s
t
R
G

on
large

and
sparse

graphs

To
exam

ine
the

running
tim

e
of

f
a
s
t
R
G,w

e
sim

ulated
a

range
of

differentvalues
of

n
and

E
(m

),
w

here
E

(m
)isthe

expected
num

berofedges.In
allsim

ulationsX
=

Y
and

K
=

5.T
he

elem
entsofX

are
independentPoisson(1

)
random

variables
and

the
elem

ents
ofS

are
independentU

niform
[0
,1]

random
variables.

To
specify

E
(m

),the
param

eteravgD
eg

is
setto

E
(m

)/n.
T

he
values

of
n

range
from

10
,000

to
10,000

,000
and

the
values

ofE
(m

)
range

from
100,000

to
100,000

,000.T
he

graph
w

as
taken

to
be

directed,w
ith

self-loops
and

m
ultiple

edges.M
oreover,the

reported
tim

es
are

only
to

generate
the

edge
listofthe

random
graph;the

edge
listis

notconverted
into

a
sparse

adjacency
m

atrix,w
hich

in
som

e
experim

ents
w

ould
have

m
ore

than
doubled

the
running

tim
e.

E
ach

pair
of

n
and

E
(m

)
is

sim
ulated

one
tim

e;deviations
around

the
trend

lines
indicate

the
variability

in
run

tim
e.In

Figure
1,the

verticalaxes
presentthe

running
tim

e
in

R
on

a
R

etina
5K

iM
ac,27-inch,L

ate
2014

w
ith

3.5
G

H
z

Inteli5
and

8G
B

of
1600

M
H

z
D

D
R

3
m

em
ory.

In
the

leftpanelof
Figure

1,
each

line
corresponds

to
a

single
value

of
n

and
E

(m
)

increases
along

the
horizontalaxis.

In
the

rightpanelof
Figure

1,each
line

corresponds
to

a
single

value
of

E
(m

)
and

n
increases

along
the

horizontalaxis.
A

llaxes
are

on
the

log
10

scale.
T

he
solid

black
line

has
a

slope
of

1.
B

ecause
the

data
aligns

w
ith

this
black

line,this
suggests

that
f
a
s
t
R
G

runs
in

lineartim
e.

T
he

com
putational

bottleneck
is

sam
pling

the
Is

and
Js.

T
he

im
plem

entation
uses

W
alker’s

A
lias

M
ethod

(W
alker,

1977)
(via

s
a
m
p
l
e

in
R).

To
take

m
sam

ples
from

a
distribution

over
n

elem
ents,

W
alker’s

A
lias

M
ethod

requires
O

(m
+

ln(n
)n

)
operations

(Vose,1991).
H

ow
ever,

the
log

dependence
is

notclearly
evidentin

the
rightplotof

Figure
1;perhaps

itw
ould

be
visible

for
largervalues

ofn.

3.2.C
om

parison
to

a
previoustechnique

Previously,H
agberg

and
L

em
ons

(2015)
studied

a
fasttechnique

to
generate

sparse
random

kernel
graphs.

U
nderthe

random
kernelgraph

m
odel,nodes

iand
jconnectw

ith
probability

κ
(i/n

,j/n),
w

here
the

function
κ

is
non-negative,

bounded,
sym

m
etric,

m
easurable,

and
alm

ost
surely

con-
tinuous.

T
his

m
odelclass

includes
the

SB
M

and
the

D
egree-C

orrected
SB

M
.Itis

difficultto
see

how
a

m
ore

generallow
rank

m
odelcould

be
param

eterized
as

a
random

kernelgraph
w

ith
an

al-
m

ostsurely
continuous

κ
.

For
exam

ple,w
e

suspectthatM
ixed

M
em

bership
SB

M
s

could
notbe

param
eterized

as
such.

T
he

algorithm
proposed

in
H

agberg
and

L
em

ons
(2015)

is
fast

w
hen

it
is

fast
to

com
pute

(i)
the

integralF
(y,a

,b
)

=
∫

ba
κ

(x,y)dx
and

(ii)
its

roots,thatis
for

any
y,a,r,solve

for
F

(y,a
,b)

=
r.

T
heirsoftw

are,w
hich

w
e

w
illreferto

as
fast-κ

is
in

python
and

generates
a

N
etw

orkX
graph.

Fora
sim

ple
benchm

ark
to

com
pare

the
running

tim
es

of
f
a
s
t
R
G

and
fast-κ

,Figure
2

repeats
the

run
tim

e
experim

ent
that

w
as

perform
ed

in
H

agberg
and

L
em

ons
(2015).

T
his

sim
ulation

is
for

an
E

rdős-R
ényigraph

w
ith

expected
degree

10,for
n

ranging
betw

een
5
,000

and
5M

.
Speed

com
parisons

are
troubled

by
the

fact
that

our
code

returns
an

edge
list

in
R

and
fast-κ

returns
a

N
etw

orkX
graph

in
python.

C
onverting

from
an

edge
list

to
other

data
types

takes
longer

than
sam

pling
the

edge
list

w
ith

f
a
s
t
R
G.

For
exam

ple,
converting

the
edge

list
to

a
sparse

m
atrix

(a
type

thatis
convenientfor

spectralestim
ators)

takes
aboutas

long
as

sam
pling

the
edge

listw
ith

f
a
s
t
R
G.C

onverting
the

edge
listto

an
igraph

takes
about10x

longer
than

sam
pling

the
edge

list
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0.1

10.0

1e+
06

1e+
08

E
(m

)

time

log10(n)

76.67

6.33

65.67

5.33

54.67

4.33

4

F
ixing n, the running tim

e appears
to grow

 linearly w
ith E

(m
)

●● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●
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● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

0.1

10.0

1e+
05

1e+
07

n

time

log10(E
(m

))

87.67

7.33

76.67

6.33

65.67

5.33

5

F
ixing E

(m
), the running tim

e appears
to grow

 linearly w
ith n

Figure
1:

B
oth

plots
presentthe

sam
e

experim
entaldata.In

the
leftplot,each

line
corresponds

to
a

differentvalue
of

n
and

they
are

presented
as

a
function

of
E

(m
).

In
the

rightplot,each
line

corresponds
to

a
differentvalue

of
E

(m
)

and
they

are
presented

as
a

function
of

n.
O

n
the

rightside
ofboth

plots,the
lines

startto
align

w
ith

the
solid

black
line,suggesting

a
lineardependence

on
E

(m
)

and
n.

w
ith

f
a
s
t
R
G.T

here
are

three
lines

in
Figure

2
for

f
a
s
t
R
G,one

line
for

each
data

type
(edge

list,
sparse

adjacency
m

atrix,and
igraph).T

he
speed

com
parison

in
Figure

2
corresponds

to
the

average
running

tim
e

over
10

sim
ulations

perform
ed

on
a

2015
M

acB
ook

Pro,2.8
G

H
z

IntelC
ore

i7,w
ith

16
G

B
1600

M
H

z
D

D
R

3
running

Python
3.5.2

and
R

3.3.2.
T

he
slope

ofthe
blue

line
corresponds

to
the

running
tim

e
O

(n
log

n
).

W
hile

none
of

these
packages

have
been

optim
ized

for
speed,they

are
allsufficiently

fastfora
w

ide
range

ofpurposes.

3.3.Sim
ulating

sm
alland

dense
graphsw

ith
f
a
s
t
R
G

T
his

section
investigates

the
graph

density
atw

hich
f
a
s
t
R
G

becom
es

slow
er

than
sim

ulating
each

elem
ent

A
ij as

a
B

ernoullirandom
variable.

In
Figure

3,the
reported

tim
e

to
com

pute
this

naive
(elem

ent-w
ise)

algorithm
includes

both
(i)

the
tim

e
it

takes
to

com
pute

the
probabilities

e
A

=

X
%
*
%
B
%
*
%
t
(
X
)

and
(ii)sam

ple
the

edges
z

=
r
b
i
n
o
m
(
l
e
n
g
t
h
(
e
A
)
,

1
,

e
A
).T

he
tim

e
for

f
a
s
t
R
G

is
for

a
directed

graph,represented
as

a
sparse

m
atrix.

T
he

tim
e

to
com

pute
f
a
s
t
R
G

also
includes

the
tim

e
ittakes

to
constructX

and
B

.
Figure

3
com

pares
these

tw
o

approaches
on

a
set

of
Stochastic

B
lockm

odels
for

values
K
∈

{2,5,10},n∈
{500,1000,5000,10000},and

graph
density

ρ
=

n −
2E

(m
)

varying
betw

een
.02

and
.35.

In
all

sim
ulations,

the
S

m
atrix

is
proportional

to
IK

+
JK
∈
R

K×
K,

w
here

IK
is

the
identity

m
atrix

and
JK

is
the

m
atrix

of
ones.

T
he

scale
of

S
is

adjusted
to

ensure
the

correctdensity
ρ

.
For

each
m

odel,
both

f
a
s
t
R
G

and
the

naive
sim

ulation
are

used
to

sim
ulate

tw
o

graphs.
T

he
line

is
a

quadratic
fitw

ith
ordinary

leastsquares.
In

each
panel,the

verticalline
is

atρ
=
.25,w

hich
is

8
JM

L
R

 19(77):1-13, 2018



Q
U

IC
K

LY
S

A
M

P
L

IN
G

A
S

PA
R

S
E

M
A

T
R

IX
W

IT
H

L
O

W
R

A
N

K
E

X
P

E
C

TA
T

IO
N

R
un

ni
ng
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e

of
f
a
s
t
R
G

an
d

fa
st

-κ
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E
rd

ős
-R

én
yi

gr
ap

h
w

ith
ex

pe
ct

ed
de

gr
ee

10

●
●

●
●

●
●

●
●

●

●

0.
1

1.
0

10
.0

10
0.

0

1e
+0

4
1e

+0
5

1e
+0

6
N

um
be

r 
of

 N
od

es

Time (s)

A
lg

or
ith

m
●

fa
st

K
ap

pa

fa
st

R
G

fa
st

R
G

−A

fa
st

R
G

−I

Fi
gu

re
2:

A
s

th
e

nu
m

be
r

of
no

de
s

in
cr

ea
se

s
(h

or
iz

on
ta

la
xi

s)
,a

ll
of

th
e

ru
nn

in
g

tim
es

in
cr

ea
se

in
pa

ra
lle

lt
o

th
e

so
lid

bl
ue

lin
e

w
hi

ch
gi

ve
s
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=
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11 ,λ

12 ,
...,λ

nn ).Thatis,leta∈
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atrix
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1
Tn a1
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=
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,
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P
(A

=
a|1

Tn A
1

n
=

m
)

=
P
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11

=
a

11 ,
A

12
=

a
12 ,

...,
A
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=
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nn |1
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1
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Forcom
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classicalresultis

given
atthe

end
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paper.T
he

nextproof
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a
proofofT

heorem
4.
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=
P
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=
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decom
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=
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=
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=
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1
n

=
m

)
and

the
second

partw
illshow

thatP
(A

=
a|1

Tn A
1

n
=
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=
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−
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ultinom
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G.B

y
T

heorem
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(Ã

ij =
1|1

Tn Ã
1

n
=

1
)

=
P ((I,J)

=
(i,j) )

=
〈x

i ,x
j 〉S

∑
a,b 〈x

a ,x
b 〉S

=
λ

ij

∑
a,b λ

ab

T
his

concludes
the

proof.

Proof[ProofofT
heorem
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ij
i.i.d
∼
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niform

(0,1).D
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A
and

B
:

A
ij =

1
(U

ij >
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e −
λ
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B
ij =

1
(U

ij >
λ

ij ).
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∑
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=
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∏
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b
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−
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.
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b
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θ̂ ∗n
=

θ̂ ∗n−
1 −

γ
n
W
n ∇

`(θ̂ ∗n−
1 ;Z

n
),

(5)

θ ∗n
=

1n

n
∑i=

1
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verge
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.

T
h
ey

ar
e

tw
o

ex
am

p
le

s
of

ge
n
er

a
li
ze

d
li
n
ea

r
m

o
d
el

s,
on

e
fo

r
q
u
an

ti
ta

ti
ve

ou
tc

om
e

an
d

th
e

ot
h
er

fo
r

b
in

ar
y

ou
tc

om
e.

In
th

es
e

tw
o

ex
am

p
le

s,
b

ot
h

th
e

p
lu

g-
in

p
ro

ce
d
u
re

s
an

d
th

e
p
ro

p
os

ed
p

er
tu

rb
at

io
n

re
sa

m
p
li
n
g

p
ro

ce
d
u
re

ar
e

ro
b
u
st

to
m

o
d
el

m
is

-s
p

ec
ifi

ca
ti

on
.

E
x
a
m

p
le

1
(L

in
ea

r
re

gr
es

si
on

)
S
u
p
p

os
e

th
a
t
Z
n

=
(Y
n
,X

n
),
n

=
1,

2
,.
..

,
a
re

i.
i.
d
.
co

p
ie

s
of
Z

=
(Y
,X

),
w

h
er

e
Y

is
q
u
an

ti
ta

ti
v
e

an
d
X

is
p
-d

im
w

it
h
E‖
X
‖2
<
∞

.
L

et

θ 0
=

ar
g

m
in

θ
∈R

p
E

(Y
−
X

T
θ)

2
,

(1
6
)

w
h
er

e
`(
θ;
Z

)
=

(Y
−
X

T
θ)

2
is

tw
ic

e
d
iff

er
en

ti
ab

le
an

d
L

(θ
)

=
E

(Y
−
X

T
θ)

2
is

st
ro

n
g
ly

co
n
ve

x
.

M
ov

eo
ve

r,
∇
`(
θ;
Z

)
=
−

2(
Y
−
X

T
θ)
X

,
∇

2
`(
θ;
Z

)
=

2X
T
X

,
∇
L

(θ
)

=
2E
{X

X
T
}θ
−

2E
{X

Y
},

an
d
∇

2
L

(θ
)

=
E{
∇
l(
θ;
Z

)}
=

2E
{X

X
T
}.

L
et

ti
n
g
V

0
=

4E
{(
Y
−
X

T
θ 0

)2
X
X

T
}

an
d
S

0
=

2
E{
X
X

T
},

w
e

ca
n

ea
si

ly
ve

ri
fy

th
at

A
ss

u
m

p
ti

on
s

A
1-

A
4

h
o
ld

.
T

h
e

S
G

D
a
n
d

p
er

tu
rb

ed
S
G

D
u
p

d
at

es
fo

r
θ 0

,
as

d
efi

n
ed

in
(3

)
an

d
(5

)
re

sp
ec

ti
ve

ly
,

ar
e

θ̂ n
=

θ̂ n
−

1
+

2
γ
n
(Y
n
−
X

T n
θ̂ n
−

1
)X

n
,

(1
7
)

θ̂∗ n
=

θ̂∗ n
−

1
+

2
γ
n
W
n
(Y
n
−
X

T n
θ̂∗ n
−

1
)X

n
.

(1
8
)

E
x
a
m

p
le

2
(L

og
is

ti
c

re
gr

es
si

on
)

S
u
p
p

o
se

th
at
Z
n

=
(Y
n
,X

n
),
n

=
1,

2
,.
..

,
a
re

i.
i.
d
.c

o
p
ie

s
of
Z

=
(Y
,X

),
w

h
er

e
Y

=
±

1
an

d
X

is
p
-d

im
w

it
h
E‖
X
‖2
<
∞

.
L

et

θ 0
=

ar
g

m
in

θ
∈R

p
E
{ −

lo
g

(
1

1
+

ex
p
(−
Y
X

T
θ)

)}
,

(1
9
)

w
h
er

e
`(
θ;
Z

)
=

lo
g

(1
+

ex
p
(−
Y
X

T
θ)

)
is

tw
ic

e
d
iff

er
en

ti
ab

le
an

d
L

(θ
)

=
E{
`(
θ;
Z

)}
is

n
o
n
-

st
ro

n
gl

y
co

n
ve

x
.

M
ov

eo
ve

r,
∇
`(
θ;
Z

)
=
−

1
1
+

ex
p

(Y
X

T
θ
)
X
Y

,
∇

2
`(
θ;
Z

)
=

ex
p

(Y
X

T
θ
)

[1
+

ex
p

(Y
X

T
θ
)]
2
X
X

T
,

∇
L

(θ
)

=
E
{∇

`(
θ;
Z

)}
,
an

d
∇

2
L

(θ
)

=
E
{ ∇

2
`(
θ;
Z

)}
.

L
et

ti
n
g
V

0
=

E
{

1
[1

+
ex

p
(Y
X

T
θ
)]
2
X
X

T

}

an
d
S

0
=

E
{

ex
p

(Y
X

T
θ
)

[1
+

ex
p

(Y
X

T
θ
)]
2
X
X

T

} ,
w

e
ca

n
ea

si
ly

ve
ri

fy
th

at
A

ss
u
m

p
ti

on
s

A
1
-A

4
h
o
ld

.
T

h
e

S
G

D
an

d
p

er
tu

rb
ed

S
G

D
u
p

d
at

es
fo

r
θ 0

,
as

d
efi

n
ed

in
(3

)
an

d
(5

)
re

sp
ec

ti
ve

ly
,

a
re

θ̂ n
=

θ̂ n
−

1
+
γ
n
X
Y
/
[1

+
ex

p
(Y
X

T
θ̂ n
−

1
)]
,

(2
0
)

θ̂∗ n
=

θ̂∗ n
−

1
+
γ
n
W
n
X
Y
/[

1
+

ex
p
(Y
X

T
θ̂∗ n
−

1
)]
.

(2
1
)

W
e

co
n
cl

u
d
e

th
is

su
b
se

ct
io

n
w

it
h

so
m

e
d
is

cu
ss

io
n

o
n

th
e

st
ro

n
g

co
n
ve

x
it

y
o
f

o
b

je
ct

iv
e

fu
n
ct

io
n
L

(θ
),

w
h
ic

h
is

st
ro

n
gl

y
co

n
ve

x
in

E
x
am

p
le

1
an

d
is

n
on

-s
tr

on
gl

y
co

n
ve

x
in

E
x
a
m

p
le

2.
If
L

(θ
)

is
st

ro
n
gl

y
co

n
v
ex

,
i.
e.

th
er

e
ex

is
ts
µ
>

0
su

ch
th

at
L

(θ
1
)
≥
L

(θ
2
)
+
∇
L

(θ
2
)T

(θ
1
−

θ 2
)

+
µ
‖θ

1
−
θ 2
‖2

fo
r

an
y
θ 1

an
d
θ 2

,
M

o
u
li
n
es

an
d

B
ac

h
(2

0
11

)
d
er

iv
ed

a
n
o
n
-a

sy
m

p
to

ti
c

b
ou

n
d

fo
r

(E
‖ θ
n
−
θ 0
‖)

1
/
2
.

T
h
e

b
ou

n
d

of
(E
‖θ
n
−
θ 0
‖)

1
/
2

h
as

se
v
er

al
te

rm
s;

th
e

le
a
d
in

g
te

rm
is

of
or

d
er
O

(n
−

1
)

an
d

th
e

n
ex

t
tw

o
le

ad
in

g
te

rm
s

h
av

e
or

d
er
O

(n
α
−

2
)

a
n
d
O

(n
−

2
α
),

su
gg

es
ti

n
g

th
e

se
tt

in
g
α

=
2/

3
to

m
ak

e
th

em
eq

u
al

.
If
L

(θ
)

is
n
on

-s
tr

on
gl

y
co

n
ve

x
,
M

o
u
li
n
es

an
d

B
ac

h
(2

01
1)

d
er

iv
ed

a
n
on

-a
sy

m
p
to

ti
c

b
ou

n
d

fo
r
E[
L

(θ̂
n
)−

L
(θ

0
)]

an
d

a
n
o
n
-a

sy
m

p
to

ti
c

b
ou

n
d

fo
r
E[
L

(θ
n
)
−
L

(θ
0
)]

.
T

h
e

b
ou

n
d

of
E[
L

(θ̂
n
)
−
L

(θ
0
)]

is
O

(m
ax
{n

α
−

1
,n
−
α
/
2
})

,
a
ls

o
su

gg
es

ti
n
g

th
e

se
tt

in
g
α

=
2/

3
to

ac
h
ie

ve
op

ti
m

al
ra

te
O

(n
−

1
/
3
).

U
si

n
g

th
e

P
o
ly

a
k
-R

u
p
p

er
t

av
er

ag
in

g
h
as

al
lo

w
ed

th
e

b
ou

n
d

of
E[
L

( θ
n
)
−
L

(θ
0
)]

to
go

fr
o
m
O

(m
ax
{n

α
−

1
,n
−
α
/
2
})

to
O

(n
−
α
).

T
h
er

ef
or

e,
w

e
u
se
α

=
2/

3
in

th
e

n
u
m

er
ic

al
re

su
lt

s.
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O
n
l
in
e
B
o
o
t
st

r
a
p
f
o
r
S
G
D

3
.2
.2
.
C
a
se

s
w
h
e
r
e
`(θ;Z

)
is

n
o
t
t
w
ic
e
-d

if
f
e
r
e
n
t
ia
b
l
e

If
th

e
lo

ss
fu

n
ction

`(θ;Z
)

is
n
ot

tw
ice-d

iff
eren

tiab
le,

n
eith

er
th

e
fi
n
al-step

p
lu

g
-in

estim
ation

(1
4
)

n
o
r

th
e

recu
rsive

p
lu

g-in
estim

ation
(1

5)
is

ap
p
licab

le.
F

ortu
n
ately,

ou
r

p
rop

osal
o
f

sca
la

b
le

in
feren

ce
b
ased

on
p

ertu
rb

ation
resam

p
lin

g
is

still
ap

p
licab

le
b

ecau
se

it
on

ly
d
ep

en
d
s

o
n

th
e

fi
rst

ord
er

d
erivative

∇
`(θ;Z

).
T

o
u
n
d
erstan

d
th

is
ex

p
licitly,

con
sid

er
th

e
fo

llow
in

g
ex

a
m

p
le

of
rob

u
st

regression
v
ia
ψ

-ty
p

e
M

-estim
ator

w
h
ere

th
e

loss
fu

n
ctio

n
m

ay
b

e
n
o
t

tw
ice-d

iff
eren

tiab
le.

E
x
a
m

p
le

3
(R

ob
u
st

regression
v
ia
ψ

-ty
p

e
M

-estim
ator)

S
u
p
p

ose
th

at
Z
n

=
(Y
n
,X

n
),

n
=

1
,2
,...,

a
re

i.i.d
.

cop
ies

of
Z

=
(Y
,X

),
w

h
ere

Y
is

q
u
an

titative
a
n
d
X

is
p
-d

im
w

ith
E‖X

‖
2
<
∞

.
L

et
ρ
(·)

b
e

som
e

con
vex

fu
n
ction

w
ith

ρ
(0)

=
0

an
d

w
e

attem
p
t

to
estim

ate

θ
0

=
arg

m
in

θ∈R
p E
ρ

(Y
−
X

T
θ)
,

(22)

w
h
ere

`(θ;Z
)

=
ρ
(Y
−
X

T
θ)

an
d
L

(θ)
=

E
ρ

(Y
−
X

T
θ).

T
h
is

is
ro

b
u
st

reg
ression

v
ia
ρ
-ty

p
e

M
-estim

a
to

r.
If
ρ
(·)

is
d
iff

eren
tiab

le
w

ith
d
erivative

ρ̇
(·)

=
ψ

(·),
w

e
can

solve
it

v
ia
ψ

-ty
p

e
M

-estim
a
to

r,
so

lv
in

g
th

e
follow

in
g

eq
u
ation

,

E
{
ψ

(Y
−
X

T
θ

0 )
X
}

=
0,

(23)

w
h
ere
∇
`(θ;Z

)
=
−
ψ

(Y
−
X

T
θ)X

an
d
∇
L

(θ)
=
−
E
{
ψ

(Y
−
X

T
θ)
X
}
.

H
en

ce,
th

e
S
G

D
a
n
d

p
ertu

rb
ed

S
G

D
u
p

d
ates

for
θ

0 ,
as

d
efi

n
ed

in
(3)

an
d

(5
)

resp
ectively,

are

θ̂
n

=
θ̂
n−

1
+
γ
n
ψ

(Y
n −

X
Tn
θ̂
n−

1 )X
n
,

(24)

θ̂ ∗n
=

θ̂ ∗n−
1

+
γ
n
W
n
ψ

(Y
n −

X
Tn
θ̂ ∗n−

1 )X
n
.

(25)

If
ψ

(·)
is

n
o
t

d
iff

eren
tiab

le,
n
eith

er
th

e
fi
n
al-step

p
lu

g-in
estim

ation
(14)

n
or

th
e

recu
rsive

p
lu

g
-in

estim
a
tion

(15)
is

ap
p
licab

le.
H

ow
ever,

if
th

e
corresp

on
d
in

g
`(θ;Z

)
an

d
L

(θ)
satisfy

A
ssu

m
p
tio

n
s

A
1-A

4,
th

e
p

ertu
rb

ation
resam

p
lin

g
p
ro

ced
u
re

is
ap

p
licab

le.
N

ex
t

w
e

con
sid

er
a

sp
ecia

l
settin

g
w

h
ere

th
e

follow
in

g
A

ssu
m

p
tion

s
B

1-B
4

h
old

.

(B
1
).

A
ssu

m
e

th
at
ρ
(u

)
is

a
con

vex
fu

n
ction

on
R

w
ith

th
e

righ
t

d
erivative

b
ein

g
ψ

+
(u

)
an

d
left

d
eriva

tive
b

ein
g
ψ
−

(u
).

L
et
ψ

(u
)

b
e

a
fu

n
ction

su
ch

th
at
ψ
−

(u
)≤

ψ
(u

)≤
ψ

+
(u

).
T

h
ere

ex
ists

con
stan

t
C

1
>

0
su

ch
th

at|ψ
(u

)|≤
C

1 (1
+
|u|).

(B
2
).

L
et
ε
n

=
Y
n −

X
Tn
θ

0 .
A

ssu
m

e
th

at
(X

n
,ε
n
),n

=
1,2,...,

are
i.i.d

.
cop

ies
of

(X
,ε),

w
ith

E‖
X
‖

4
<
∞

an
d
E‖ε‖

2
<
∞

.
L

et
V

0
=

E{ψ
2(ε)X

X
T}
>

0.

(B
3).

L
et
φ

(u|X
)

=
E{
ψ

(u
+
ε)|X

}.
A

ssu
m

e
th

at
φ

(0|X
)

=
0,
u
φ

(u|X
)
>

0
fo

r
an

y
u
6=

0,
a
n
d
φ

(u|X
)

h
as

a
d
erivativ

e
at
u

=
0

w
ith

φ̇
(0|X

)≥
σ
>

0
u
n
iform

ly
over

X
.

L
et

S
0

=
E{φ̇

(0|X
)X
X

T}
>

0.

(B
4
).

A
ssu

m
e

th
at
φ̇

(u|X
)

is
u
n
iform

ly
L

ip
sch

itz
at
u

=
0.

T
h
at

is,
th

ere
ex

ist
con

stan
ts

C
2
>

0
an

d
δ
>

0
su

ch
th

at ∣∣∣ φ̇
(u|X

)−
φ̇

(0|X
) ∣∣∣ ≤

C
2 |u|

for|u|≤
δ

u
n
iform

ly
ov

er
X

.

W
e

d
erive

th
e

asy
m

p
totic

p
rop

erties
of

th
e
ψ

-ty
p

e
M

-estim
ator

as
follow

s.
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Y
ix
in

F
a
n
g
,
J
in
f
e
n
g

X
u
a
n
d

L
e
i
Y
a
n
g

L
e
m

m
a

4
If

A
ssu

m
p
tio

n
s

B
1
-B

4
a
n

d
A

5
a
re

sa
tisfi

ed
,

th
en

w
e

h
a
ve

√
n

(θ
n −

θ
0 )⇒

N
(0,S

−
1

0
V

0 S
−

1
0

)
,
in
d
istribu

tion
,
a
s
n
→
∞
.

(26)

T
h

e
o
re

m
5

If
A

ssu
m

p
tio

n
s

B
1
-B

4
a
n

d
A

5
-A

6
a
re

sa
tisfi

ed
,

th
en

w
e

h
a
ve

√
n

(θ ∗n −
θ

0 )
=

1√n
S
−

1
0

n
∑i=

1

W
i ψ

(ε
i )X

i
+
o
p (1).

(27)

F
rom

L
em

m
a

2
w

e
see

th
at

th
e

p
lu

g-in
p
ro

ced
u
res

are
n
ot

ap
p
licab

le
for

estim
atin

g
th

e
asy

m
p
totic

covarian
ce

m
atrix

,
b

ecau
se

alth
ou

gh
th

ey
are

ap
p
licab

le
for

estim
atin

g
V

0 ,
th

ey
are

n
ot

ap
p
licab

le
for

estim
atin

g
S

0 ,
w

h
ich

in
volv

es
φ̇

(0|X
).

M
oreov

er,
b
y

T
h
eorem

3,
w

e
can

sh
ow

th
at

th
e

K
olm

ogorow
-S

m
irn

ov
d
istan

ce
b

etw
een
√
n

(θ ∗n
−
θ
n
)

an
d
√
n

(θ
n
−
θ

0 )
con

verges
to

zero
in

p
rob

ab
ility,

as
stated

in
T

h
eorem

2.
T

h
is

valid
ates

ou
r

p
rop

osal
of

th
e

p
ertu

rb
ation

-b
ased

resam
p
lin

g
p
ro

ced
u
re

for
rob

u
st

regression
.

T
o

fu
rth

er
u
n
d
erstan

d
A

ssu
m

p
tion

s
B

1-B
4,

w
e

ex
am

in
e

th
e

follow
in

g
ex

am
p
le

of
q
u
an

tile
regression

,
w

h
ich

is
a

sp
ecial

case
of

th
e

ab
ove

rob
u
st

regression
.

E
x
a
m

p
le

4
(Q

u
an

tile
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p
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h
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e

au
th

ors
sh

ow
th

at
th

e
scores

in
d
eed

sh
a
re

th
e

sa
m

e
lim

it,
irresp

ectiv
e

of
th

e
class,

in
th

e
p
resen

ce
of

in
fi
n
itely

m
an

y
u
n
lab

elled
sa

m
p
les

b
u
t

fo
r
p
≥

2
fi
x
ed

.
Y

et,
d
esp

ite
th

e
scores

fl
atn

ess,
th

e
au

th
ors

ex
p

erim
en

tally
o
b
served

n
o
n
-triv

ial
classifi

cation
in

b
in

a
ry

task
s

th
an

k
s

to
th

e
sm

all
d
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b
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p
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b
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re
st

of
th

is
ge

n
er

ic
fo

rm
u
la

ti
on

is
th

at
it

co
in

ci
d
es

w
it

h
th

e
st

an
d
ar

d
L

ap
la

ci
an

-b
as

ed
ap

p
ro

ac
h

fo
r
α

=
0

an
d

w
it

h
th

e
n
or

m
al

iz
ed

L
ap

la
ci

an
-b

as
ed

ap
p
ro

ac
h

fo
r
α

=
−

1 2
,

b
ot

h
d
is

cu
ss

ed
in

S
ec

ti
on

1.
N

ot
e

im
p

or
ta

n
tl

y
th

at
E

q
u
at

io
n

(1
)

is
n
at

u
ra

ll
y

m
ot

iv
at

ed
b
y

th
e

ob
se

rv
at

io
n

th
at

la
rg

e
va

lu
es

of
W
ij

en
fo

rc
e

cl
os

e
va

lu
es

fo
r
F
ik

an
d
F
jk

w
h
il
e

sm
al

l
va

lu
es

fo
r
W
ij

al
lo

w
fo

r
m

or
e

fr
ee

d
om

in
th

e
ch

oi
ce

of
F
ik

an
d
F
jk

.
B

y
d
en

ot
in

g

F
=

[ F
[l

]

F
[u

]] ,
W

=

[ W
[l
l]

W
[l
u

]

W
[u
l]

W
[u
u

]] ,
an

d
D

=

[ D
[l

]
0

0
D

[u
]]
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M
a
i
a
n
d

C
o
u
il
l
e
t

w
it

h
F

[l
]
∈

R
n
[l
]
,
W

[l
l]
∈

R
n
[l
]×
n
[l
]
,
D

[l
]
∈

R
n
[l
]×
n
[l
]
,

on
e

ea
si

ly
fi
n
d
s

(s
in

ce
th

e
p
ro

b
le

m
is

a
co

n
ve

x
q
u
ad

ra
ti

c
op

ti
m

iz
at

io
n

w
it

h
li
n
ea

r
eq

u
al

it
y

co
n
st

ra
in

ts
)

th
e

so
lu

ti
o
n

to
(1

)
is

ex
p
li
ci

tl
y

gi
ve

n
b
y

F
[u

]
=
( I n

u
−
D
−

1
−
α

[u
]

W
[u
u

]D
α [u

]) −
1
D
−

1
−
α

[u
]

W
[u
l]
D
α [l
]F

[l
].

(2
)

O
n
ce

th
es

e
sc

or
es

ar
e

aff
ec

te
d
,

a
m

er
e

co
m

p
ar

is
on

b
et

w
ee

n
al

l
sc

or
es
F
i1
,.
..
,F

iK
fo

r
u
n
la

-
b

el
le

d
d
at

a
x
i

(i
.e

.,
fo

r
i
>
n

[l
])

is
p

er
fo

rm
ed

to
d
ec

id
e

on
it

s
cl

as
s,

i.
e.

,
th

e
a
ll
o
ca

te
d

cl
a
ss

in
d
ex
Ĉ x

i
fo

r
ve

ct
or
x
i

is
gi

v
en

b
y

Ĉ x
i

=
C k̂

fo
r
k̂

=
ar

gm
ax

1
≤
k
≤
K
F
ik
.

N
ot

e
in

p
as

si
n
g

th
at

th
e

fo
rm

u
la

ti
on

(2
)

im
p
li
es

in
p
ar

ti
cu

la
r

th
at

F
[u

]
=
D
−

1
−
α

[u
]

W
[u
u

]D
α [u

]F
[u

]
+
D
−

1
−
α

[u
]

W
[u
l]
D
α [l
]F

[l
]

(3
)

F
[l

]
=
{δ

x
i
∈C

k
} 1
≤
i≤
n
[l
]

1
≤
k
≤
K

(4
)

an
d

th
u
s

th
e

m
at

ri
x
F

is
a

st
at

io
n
ar

y
p

oi
n
t

fo
r

th
e

al
go

ri
th

m
co

n
st

it
u
te

d
o
f

th
e

u
p

d
a
ti

n
g

ru
le

s
(3

)
an

d
(4

)
(w

h
en

re
p
la

ci
n
g

th
e

eq
u
al

si
gn

s
b
y

a
ff

ec
ta

ti
on

s)
.

In
p
ar

ti
cu

la
r,

fo
r
α

=
−

1,
th

e
al

go
ri

th
m

co
rr

es
p

on
d
s

to
th

e
st

an
d
ar

d
la

b
el

p
ro

p
ag

at
io

n
m

et
h
o
d

fo
u
n
d

in
th

e
P

a
g
eR

a
n
k

al
go

ri
th

m
fo

r
se

m
i-

su
p

er
v
is

ed
le

ar
n
in

g
as

d
is

cu
ss

ed
in

A
v
ra

ch
en

ko
v

et
a
l.

(2
0
1
1
),

w
it

h
th

e
m

a
jo

r
d
iff

er
en

ce
th

at
F

[l
]

is
sy

st
em

at
ic

al
ly

re
se

t
to

it
s

k
n
ow

n
va

lu
e

w
h
il
e

in
th

e
st

u
d
y

of
A

v
ra

ch
en

ko
v

et
al

.
(2

01
1)

,
F

[l
]

is
al

lo
w

ed
to

ev
ol

v
e

(f
or

re
as

on
s

re
la

te
d

to
ro

b
u
st

n
es

s
to

p
re

-l
ab

el
in

g
er

ro
rs

).
T

h
e

te
ch

n
ic

al
ob

je
ct

iv
e

of
th

e
ar

ti
cl

e
is

to
an

al
y
ze

th
e

b
eh

av
io

r
of
F

[u
]

in
th

e
la

rg
e
n
,p

re
gi

m
e

fo
r

a
G

au
ss

ia
n

m
ix

tu
re

m
o
d
el

fo
r

th
e

d
at

a
x

1
,.
..
,x

n
.

T
o

th
is

en
d
,

w
e

sh
a
ll

fi
rs

t
n
ee

d
to

d
es

ig
n

ap
p
ro

p
ri

at
e

gr
ow

th
ra

te
co

n
d
it

io
n
s

fo
r

th
e

G
au

ss
ia

n
m

ix
tu

re
st

a
ti

st
ic

s
a
s

p
→
∞

(i
n

or
d
er

to
av

oi
d

tr
iv

ia
li
zi

n
g

th
e

cl
as

si
fi
ca

ti
on

p
ro

b
le

m
as

p
gr

ow
s

la
rg

e)
b

ef
o
re

p
ro

ce
ed

in
g

to
th

e
ev

al
u
at

io
n

of
th

e
b

eh
av

io
r

of
W

,
D

,
a
n
d

th
u
s
F

.

3
.
M

o
d
e
l
a
n
d
T
h
e
o
re
ti
ca

l
R
e
su

lt
s

3
.1

.
M

o
d

e
l

a
n

d
A

ss
u

m
p

ti
o
n

s

In
th

e
re

m
ai

n
d
er

of
th

e
ar

ti
cl

e,
w

e
sh

al
l

as
su

m
e

th
at

th
e

d
at

a
x

1
,.
..
,x

n
ar

e
ex

tr
a
ct

ed
fr

o
m

a
G

au
ss

ia
n

m
ix

tu
re

m
o
d
el

co
m

p
os

ed
of
K

cl
as

se
s.

S
p

ec
ifi

ca
ll
y,

fo
r
k
∈
{1
,.
..
,K
},

x
i
∈
C k
⇔
x
i
∼
N

(µ
k
,C

k
).

C
on

si
st

en
tl

y
w

it
h

th
e

p
re

v
io

u
s

se
ct

io
n
,

fo
r

ea
ch
k
,

th
er

e
ar

e
n
k

in
st

an
ce

s
of

v
ec

to
rs

o
f

cl
a
ss

C k
,

am
on

g
w

h
ic

h
n

[l
]k

ar
e

la
b

el
le

d
an

d
n

[u
]k

ar
e

u
n
la

b
el

le
d
.

A
s

p
oi

n
te

d
ou

t
ab

ov
e,

in
th

e
re

gi
m

e
w

h
er

e
n
,p
→
∞

,
sp

ec
ia

l
ca

re
m

u
st

b
e

ta
ke

n
to

en
su

re
th

at
th

e
cl

as
se

s
C 1
,.
..
,C
K

,
th

e
st

at
is

ti
cs

of
w

h
ic

h
ev

ol
ve

w
it

h
p
,

re
m

ai
n

at
a

“
so

m
ew

h
a
t

co
n
st

an
t”

d
is

ta
n
ce

fr
om

ea
ch

ot
h
er

.
T

h
is

is
to

en
su

re
th

at
th

e
cl

as
si

fi
ca

ti
on

p
ro

b
le

m
d
o
es

n
o
t

b
ec

om
e

as
y
m

p
to

ti
ca

ll
y

in
fe

as
ib

le
n
or

tr
iv

ia
ll
y

si
m

p
le

as
p
→
∞

.
B

as
ed

on
th

e
ea

rl
ie

r
w

o
rk

(C
ou

il
le

t
an

d
B

en
ay

ch
-G

eo
rg

es
,
20

15
)

w
h
er

e
si

m
il
a
r

co
n
si

d
er

at
io

n
s

w
er

e
m

ad
e,

th
e

b
eh

av
io

r
of

th
e

cl
as

s
m

ea
n
s,

co
va

ri
an

ce
s,

an
d

ca
rd

in
al

it
ie

s
w

il
l

fo
ll
ow

th
e

p
re

sc
ri

p
ti

on
b

el
ow

:
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A
R
a
n
d
o
m

M
a
t
r
ix

A
n
a
ly

sis
o
f
S
e
m
i-S

u
p
e
r
v
ise

d
L
e
a
r
n
in
g

A
ssu

m
p

tio
n

1
(G

ro
w

th
R

a
te

)
A

s
n
→
∞

,
pn
→

c
0
>

0
a
n

d
n
[l]

n
→

c
[l]
>

0
,
n
[u

]

n
→

c
[u

]
>

0
.

F
o
r

ea
ch

k
,
n
kn
→
c
k
>

0
,
n
[l]k

n
→
c

[l]k
>

0,
n
[u

]k

n
→
c

[u
]k
>

0
.

B
esid

es,

1
.

F
o
r
µ
◦,

∑
Kk
=

1
n
kn
µ
k

an
d
µ
◦k
,
µ
k −

µ
◦,‖

µ
◦k ‖

=
O

(1).

2
.

F
o
r
C
◦,

∑
Kk
=

1
n
kn
C
k

an
d
C
◦k ,

C
k −

C
◦,‖C

k ‖
=
O

(1
)

an
d

trC
◦k

=
O

( √
p
).

3
.

A
s
n
→
∞

,
2p
trC

◦→
τ
6=

0.

4
.

A
s
n
→
∞

,
α

=
O

(1).

It
w

ill
a
lso

b
e

con
v
en

ien
t

in
th

e
follow

in
g

to
d
efi

n
e

tk ≡
1√p

tr
C
◦k

T
k
k ′≡

1p
tr
C
k C

k ′

a
s

w
ell

a
s

th
e

lab
elled

-d
ata

cen
tered

n
otation

s

µ̃
k ≡

µ
k −

K
∑k ′=

1

n
[l]k ′

n
[l]
µ
k ′

C̃
k ≡

C
k −

K
∑k ′=

1

n
[l]k ′

n
[l]
C
k ′

t̃k ≡
1√p

tr
C̃
k

T̃
k
k ′≡

1p
tr
C̃
k C̃

k ′.

A
few

co
m

m
en

ts
on

A
ssu

m
p
tion

1
are

in
ord

er.
F

irst
n
ote

th
at,

u
n
like

in
th

e
p
rev

iou
s

w
o
rk

s
(N

a
d
ler

et
al.,

2009;
G

lob
erson

et
al.,

2017)
w

h
ere

th
e

n
u
m

b
er

of
lab

elled
d
ata

n
[l]

an
d

d
a
ta

d
im

en
sion

p
are

con
sid

ered
fi
x
ed

an
d

th
e

n
u
m

b
er

of
u
n
lab

elled
d
ata

n
[u

]
is

su
p
p

osed
to

b
e

in
fi
n
ite,

w
e

assu
m

e
a

regim
e

w
h
ere

n
[l] ,n

[u
]

an
d
p

are
sim

u
ltan

eou
sly

large.
L

ettin
g

p
la

rg
e

a
llow

s
u
s

to
in

vestigate
S
S
L

in
th

e
con

tex
t

of
larg

e
d
im

en
sion

al
d
ata.

F
u
rth

er
im

p
o
sin

g
th

a
t
n

[l] ,n
[u

]
grow

at
a

con
trolled

rate
w

ith
resp

ect
to
p

(h
ere

at
th

e
sam

e
rate)

a
llow

s
fo

r
a
n

exa
ct

ch
a
ra

cteriza
tio

n
of

th
e

lim
itin

g
S
S
L

p
erform

an
ces,

as
a

fu
n
ction

of
th

e
h
y
p

erp
a
ra

m
eters

α
,f

an
d

d
ata

statistics
µ
k ,C

k ,
in

n
on

-triv
ial

classifi
cation

scen
arios

(i.e.,
w

h
en

cla
ssifi

cation
is

n
eith

er
asy

m
p
totically

p
erfect

n
or

im
p

o
ssib

le),
in

stead
of

solely
retriev

in
g

con
sisten

cy
b

ou
n
d
s

as
a

fu
n
ction

of
grow

th
rates

in
p
,n

[l] ,n
[u

] .
T

h
is

in
tu

rn
allow

s
fo

r
p

o
ssib

le
m

ean
s

of
p
recise

p
aram

eter
settin

g
to

reach
op

tim
al

p
erform

a
n
ces

(w
h
ich

is
n
ot

p
o
ssib

le
w

ith
resu

lts
b
ased

on
b

ou
n
d
s).

W
h
ile

it
m

ay
b

e
claim

ed
th

at
S
S
L

in
p
ractice

often
h
a
n
d
les

scen
a
rios

w
h
ere

n
[u

] �
n

[l] ,
assu

m
in

g
th

at
n

[u
] ,n

[l]
a
re

of
th

e
sam

e
ord

er
b
u
t

th
at

n
[u

]
is

m
u
ltip

le
tim

es
n

[l]
actu

ally
m

ain
tain

s
th

e
valid

ity
of

ou
r

resu
lts

so
lon

g
th

at
n

[l]
is

n
o
t

to
o

sm
a
ll.

T
o

b
e

m
ore

ex
act,

ou
r

resu
lts

are
still

valid
in

th
e

lim
it

w
h
ere

c
[l] →

0,
b
u
t

th
en

b
eco

m
e

triv
ial,

as
n
u
m

erically
con

fi
rm

ed
b
y

F
igu

re
5.

T
o

con
sid

er
th

e
settin

g
w

h
ere

7
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M
a
i
a
n
d

C
o
u
il
l
e
t

n
[l]

is
fi
x
ed

w
h
ile

p
,n

[u
]

grow
large

w
ou

ld
d
em

an
d

a
ch

an
ge

in
th

e
statistical

assu
m

p
tion

s
of

th
e

in
p
u
t

d
ata

sets,
w

h
ich

go
es

b
eyon

d
th

e
scop

e
of

th
e

p
resen

t
in

vestigation
.

Item
3.

of
A

ssu
m

p
tion

1
is

m
ostly

a
tech

n
ical

con
ven

ien
ce

th
at

sh
all

sim
p
lify

ou
r

an
aly

sis,
b
u
t

ou
r

resu
lts

n
a
tu

rally
ex

ten
d

as
lon

g
as

b
oth

lim
in

f
an

d
lim

su
p

of
2p
trC

◦
are

aw
ay

from
zero

or
in

fi
n
ity.

T
h
e

n
ecessity

of
Item

1.
on

ly
ap

p
ears

th
rou

gh
a

d
etailed

an
aly

sis
of

sp
ectral

p
rop

erties
of

th
e

w
eigh

t
m

atrix
W

for
large

n
,p

,
carried

ou
t

later
in

th
e

article.
A

s
for

Item
2.,

n
ote

th
at

if
tr
C
◦k

=
O

( √
p
)

w
ere

to
b

e
relax

ed
,
it

is
ea

sily
seen

th
at

a
m

ere
(u

n
su

p
erv

ised
)

com
p
arison

of
th

e
valu

es
of‖x

i ‖
2

w
ou

ld
asy

m
p
totically

p
rov

id
e

an
alm

ost
su

rely
p

erfect
classifi

cation
.

A
s

a
b
y
-p

ro
d
u
ct

of
im

p
osin

g
th

e
grow

th
con

strain
ts

on
th

e
d
ata

to
en

su
re

n
on

-triv
ial

classifi
cation

,
A

ssu
m

p
tion

1
in

d
u
ces

th
e

follow
in

g
seem

in
gly

u
n
settlin

g
im

p
lication

,
easily

ju
stifi

ed
b
y

a
sim

p
le

con
cen

tration
of

m
easu

re
argu

m
en

t

m
ax

1≤
i,j≤

n ∣∣∣∣ 1p ‖x
i −

x
j ‖

2−
τ ∣∣∣∣

a
.s.
−→

0
(5)

as
p
→
∞

.
E

q
u
ation

(5)
is

th
e

corn
erston

e
of

ou
r

an
aly

sis
an

d
states

th
at

all
vector

p
airs

x
i ,x

j
are

essen
tially

at
th

e
sam

e
d
istan

ce
from

on
e

an
oth

er
as
p

gets
la

rge,
irrespective

o
f

th
eir

cla
sses.

T
h
is

strik
in

g
resu

lt
ev

id
en

tly
is

in
sh

arp
op

p
osition

to
th

e
very

m
otivation

for
th

e
op

tim
ization

form
u
lation

(1)
as

d
iscu

ssed
in

th
e

in
tro

d
u
ction

.
It

th
u
s

im
m

ed
iately

en
tails

th
at

th
e

solu
tion

(2)
to

(1)
is

b
ou

n
d

to
p
ro

d
u
ce

asy
m

p
totically

in
con

sisten
t

resu
lts.

W
e

sh
all

see
th

at
th

is
is

in
d
eed

th
e

case
fo

r
all

b
u
t

a
sh

ort
ran

ge
of

valu
es

of
α

.
T

h
is

b
ein

g
said

,
E

q
u
ation

(5)
h
as

an
ad

van
tageou

s
sid

e
as

it
a
llow

s
for

a
T

ay
lor

ex
p
an

sion
of
W
ij

=
f

(
1p ‖
x
i −

x
j ‖

2)
arou

n
d
f

(τ
),

p
rov

id
ed

f
is

su
ffi

cien
tly

sm
o
oth

arou
n
d
τ
,

w
h
ich

is
en

su
red

b
y

ou
r

su
b
seq

u
en

t
assu

m
p
tion

.

A
ssu

m
p

tio
n

2
(K

e
rn

e
l

fu
n

c
tio

n
)

T
h
e

fu
n

ctio
n
f

:
R

+
→

R
is

th
ree-tim

es
co

n
tin

u
o
u

sly
d
iff

eren
tia

ble
in

a
n

eigh
bo

rh
ood

o
f
τ

.

N
ote

th
at

A
ssu

m
p
tion

2
d
o
es

n
ot

con
strain

f
asid

e
from

its
lo

cal
b

eh
av

ior
arou

n
d
τ
.

In
p
articu

lar,
w

e
sh

all
n
ot

restrict
ou

rselv
es

to
m

atrices
W

arisin
g

from
n
on

n
egative

d
efi

n
ite

kern
els

as
stan

d
ard

m
ach

in
e

learn
in

g
th

eory
w

ou
ld

ad
v
ise

(S
ch

ölkop
f

an
d

S
m

ola,
2002).

T
h
e

core
tech

n
ical

p
art

of
th

e
article

n
ow

con
sists

in
ex

p
an

d
in

g
W

,
an

d
su

b
seq

u
en

tly
all

term
s

in
terven

in
g

in
(2),

in
a

T
ay

lor
ex

p
an

sion
of

su
ccessive

m
atrices

of
n

o
n

-va
n

ish
in

g
o
pera

to
r

n
o
rm

.
N

ote
in

d
eed

th
at

th
e

m
agn

itu
d
e

of
th

e
in

d
iv

id
u
al

en
tries

in
th

e
T

ay
lor

ex
p
an

sion
of
W

n
eed

s
n
ot

follow
th

e
m

agn
itu

d
e

of
th

e
o
p

erator
n
orm

of
th

e
resu

ltin
g

m
atrices; 1

rath
er,

great
care

m
u
st

b
e

taken
to

o
n
ly

retain
th

ose
m

atrices
of

n
on

-van
ish

in
g

op
erator

n
orm

.
T

h
ese

tech
n
ical

d
etails

call
for

ad
van

ced
ran

d
om

m
atrix

con
sid

eratio
n
s

an
d

are
d
iscu

ssed
in

th
e

ap
p

en
d
ix

an
d

in
C

ou
illet

an
d

B
en

ay
ch

-G
eorges

(2015).
W

e
are

n
ow

in
p

osition
to

in
tro

d
u
ce

ou
r

m
ain

tech
n
ical

resu
lts.

3
.2

.
M

a
in

T
h

e
o
re

tic
a
l

R
e
su

lts

In
th

e
cou

rse
of

th
is

section
,

w
e

p
rov

id
e

in
p
ara

llel
a

series
of

tech
n
ical

resu
lts

u
n
d
er

th
e

p
rop

osed
settin

g
(n

otab
ly

u
n
d
er

A
ssu

m
p
tion

1)
alon

g
w

ith
sim

u
lation

resu
lts

b
oth

on
a

1
.
F
o
r
in
sta

n
ce,‖

I
n ‖

=
1
w
h
ile
‖
1
n
1
Tn ‖

=
n
d
esp

ite
b
o
th

m
a
trices

h
av

in
g
en
tries

o
f
sim

ila
r
m
a
g
n
itu

d
e.
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A
R
a
n
d
o
m

M
a
t
r
ix

A
n
a
ly

si
s
o
f
S
e
m
i-
S
u
p
e
r
v
is
e
d

L
e
a
r
n
in
g

2-
cl

as
s

G
au

ss
ia

n
m

ix
tu

re
d
at

a
m

o
d
el

w
it

h
µ

1
=

[4
;0
p
−

1
],
µ

2
=

[0
;4

;0
p
−

2
],
C

1
=
I p

an
d

{C
2
} i,
j

=
.4
|i−

j|
(1

+
3 √
p
),

as
w

el
l

as
on

re
al

d
at

a
se

ts
,

h
er

e
im

ag
es

of
ei

gh
ts

an
d

n
in

es
fr

om

th
e

M
N

IS
T

d
at

ab
as

e
(L

eC
u
n

et
al

.,
19

98
),

fo
r
f

(t
)

=
ex

p
(−

1 2
t)

,
i.
e.

,
th

e
cl

as
si

ca
l

G
au

ss
ia

n
(o

r
h
ea

t)
k
er

n
el

.
F

or
re

as
on

s
th

at
sh

al
l

b
ec

o
m

e
cl

ea
r

in
th

e
fo

ll
ow

in
g

d
is

cu
ss

io
n
,

th
es

e
fi
gu

re
s

w
il
l

d
ep

ic
t

th
e

(s
iz

e
n

)
v
ec

to
rs

[ F
◦ [u

]] ·k
≡
[ F

[u
]] ·k
−

1 K

K ∑ k
′ =

1

[ F
[u

]] ·k
′

fo
r
k
∈
{1
,2
}.

O
b
v
io

u
sl

y,
th

e
d
ec

is
io

n
ru

le
on

F
◦ [u

]
is

th
e

sa
m

e
as

th
at

on
F

[u
].

O
u
r

fi
rs

t
h
in

gi
n
g

re
su

lt
co

n
ce

rn
s

th
e

b
eh

av
io

r
of

th
e

sc
or

e
m

at
ri

x
F

in
th

e
la

rg
e
n
,p

re
gi

m
e,

as
p

er
A

ss
u
m

p
ti

on
1,

an
d

re
ad

s
as

fo
ll
ow

s.

P
ro

p
o
si

ti
o
n

1
L

et
A

ss
u

m
p
ti

o
n

s
1
–
2

h
o
ld

.
T

h
en

,
fo

r
i
>
n

[l
]

(i
.e

.,
fo

r
x
i

a
n

u
n

la
be

ll
ed

ve
ct

o
r)

,

F
ik

=
n

[l
]k n

[ 1
+

(1
+
α

)f
′ (
τ
)

f
(τ

)

t k √
p

+
z i

︸
︷︷

︸
O

(n
−

1 2
)

+
O

(n
−

1
)]

(6
)

w
h
er

e
z i

=
O

(n
−

1 2
)

is
a

ra
n

d
o
m

va
ri

a
bl

e,
fu

n
ct

io
n

o
f
x
i,

bu
t

in
d
ep

en
d
en

t
o
f
k

.

T
h
e

p
ro

of
of

P
ro

p
os

it
io

n
1

is
gi

ve
n

as
an

in
te

rm
ed

ia
ry

re
su

lt
of

th
e

p
ro

of
of

T
h
eo

re
m

5
in

th
e

ap
p

en
d
ix

.

P
ro

p
os

it
io

n
1

p
ro

v
id

es
a

cl
ea

r
ov

er
v
ie

w
o
f

th
e

ou
tc

om
e

of
th

e
se

m
i-

su
p

er
v
is

ed
le

ar
n
in

g
al

go
ri

th
m

.
F

ir
st

n
ot

e
th

at
F
ik

=
c [
l]
k

+
O

(n
−

1 2
).

T
h
er

ef
or

e,
ir

re
sp

ec
ti

v
e

of
x
i,
F
ik

is
st

ro
n
g
ly

b
ia

se
d

to
w

ar
d
s
c [
l]
k
.

If
th

e
va

lu
es
n

[l
]1
,.
..
,n

[l
]k

d
iff

er
b
y
O

(n
),

th
is

in
d
u
ce

s
a

sy
st

em
at

ic
as

y
m

p
to

ti
c

al
lo

ca
ti

on
of

ev
er

y
x
i

to
th

e
cl

a
ss

h
av

in
g

la
rg

es
t
c [
l]
k

va
lu

e.
F

ig
u
re

1
il
lu

st
ra

te
s

th
is

p
h
en

om
en

on
,

ob
se

rv
ed

b
ot

h
on

sy
n
th

et
ic

an
d

re
al

d
at

a
se

ts
,

h
er

e
fo

r
n

[l
]1

=
3n

[l
]2

.

G
au

ss
ia

n
m

ix
tu

re
M

N
IS

T
(8

an
d

9)

C 1
C 2

[F
◦ [u

]
] ·
1

[F
◦ [u

]
] ·
2

[F
◦ [u

]
] ·
1

[F
◦ [u

]
] ·
2

F
ig

u
re

1:
[F
◦ [u

]]
·1

an
d

[F
◦ [u

]]
·2

fo
r

2-
cl

as
s

d
at

a,
n

=
10

24
,
p

=
78

4,
n
l/
n

=
1/

16
,
n

[u
]1

=
n

[u
]2

,
n

[l
]1

=
3n

[l
]2

,
α

=
−

1,
G

au
ss

ia
n

ke
rn

el
.

9
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L
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9(

79
):

1-
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8

M
a
i
a
n
d

C
o
u
il
l
e
t

P
u
rs

u
in

g
th

e
an

al
y
si

s
of

P
ro

p
os

it
io

n
1

b
y

n
ow

as
su

m
in

g
th

at
n

[l
]1

=
..
.

=
n

[l
]K

,
th

e

co
m

p
ar

is
on

b
et

w
ee

n
F
i1
,.
..
,F

iK
n
ex

t
re

vo
lv

es
ar

ou
n
d

th
e

te
rm

of
or

d
er
O

(n
−

1 2
).

S
in

ce
z i

on
ly

d
ep

en
d
s

on
x
i

an
d

n
ot

on
k
,

it
in

d
u
ce

s
a

co
n
st

an
t

off
se

t
to

th
e

ve
ct

or
F
i·,

th
er

eb
y

n
o
t

in
te

rv
en

in
g

in
th

e
cl

as
s

al
lo

ca
ti

on
.

O
n

th
e

op
p

os
it

e,
th

e
te

rm
t k

is
in

d
ep

en
d
en

t
o
f
x
i
b
u
t

m
ay

va
ry

w
it

h
k
,

th
er

eb
y

p
os

si
b
ly

in
te

rv
en

in
g

in
th

e
cl

as
s

al
lo

ca
ti

on
,

ag
ai

n
an

u
n
d
es

ir
ed

eff
ec

t.
F

ig
u
re

2
d
ep

ic
ts

th
e

eff
ec

t
of

va
ri

ou
s

ch
oi

ce
s

of
α

fo
r

eq
u
al

va
lu

es
of
n

[l
]k

.
T

h
is

d
el

et
er

io
u
s

ou
tc

om
e

ca
n

b
e

av
oi

d
ed

ei
th

er
b
y

le
tt

in
g
f
′ (
τ
)

=
O

(n
−

1 2
)

or
α

=
−

1
+
O

(n
−

1 2
).

B
u
t,

a
s

d
is

cu
ss

ed
in

th
e

st
u
d
y

of
C

ou
il
le

t
an

d
B

en
ay

ch
-G

eo
rg

es
(2

01
5)

an
d

la
te

r
in

th
e

a
rt

ic
le

,
th

e
ch

oi
ce

of
f

su
ch

th
at
f
′ (
τ
)
'

0,
if

so
m

et
im

es
of

in
te

re
st

,
is

ge
n
er

al
ly

in
ap

p
ro

p
ri

a
te

.

T
h
e

d
is

cu
ss

io
n

ab
ov

e
th

u
s

in
d
u
ce

s
tw

o
im

p
or

ta
n
t

co
n
se

q
u
en

ce
s

to
ad

a
p
t

th
e

se
m

i-
su

p
er

v
is

ed
le

ar
n
in

g
al

go
ri

th
m

to
la

rg
e

d
at

a.

1.
T

h
e

fi
n
al

co
m

p
ar

is
on

st
ep

m
u

st
b

e
m

ad
e

u
p

on
th

e
n
o
rm

al
iz

ed
sc

or
es

F̂
ik
≡

n

n
[l

]k
F
ik

(7
)

ra
th

er
th

an
u
p

on
th

e
sc

or
es
F
ik

d
ir

ec
tl

y.

2.
T

h
e

p
ar

am
et

er
α

m
u

st
b

e
ch

os
en

in
su

ch
a

w
ay

th
at

α
=
−

1
+
O

(n
−

1 2
).

U
n
d
er

th
es

e
tw

o
am

en
d
m

en
ts

of
th

e
al

go
ri

th
m

,
ac

co
rd

in
g

to
P

ro
p

os
it

io
n

1
,

th
e

p
er

-
fo

rm
an

ce
of

th
e

se
m

i-
su

p
er

v
is

ed
le

ar
n
in

g
al

go
ri

th
m

n
ow

re
li
es

u
p

on
te

rm
s

o
f

m
a
g
n
it

u
d
e

O
(n
−

1
),

w
h
ic

h
ar

e
so

fa
r

le
ft

u
n
d
efi

n
ed

.
A

th
or

ou
gh

an
al

y
si

s
of

th
es

e
te

rm
s

al
lo

w
s

fo
r

a
co

m
-

p
le

te
u
n
d
er

st
an

d
in

g
of

th
e

as
y
m

p
to

ti
c

b
eh

av
io

r
of

th
e

n
or

m
al

iz
ed

sc
or

es
F̂
i·

=
(F̂

i1
,.
..
,F̂

iK
),

as
p
re

se
n
te

d
in

ou
r

n
ex

t
re

su
lt

.

T
h

e
o
re

m
2

L
et

A
ss

u
m

p
ti

o
n

s
1
–
2

h
o
ld

.
F

o
r
i
>
n

[l
]

(i
.e

.,
x
i

u
n

la
be

ll
ed

)
w

it
h
x
i
∈
C b

,
le

t

F̂
ia

be
gi

ve
n

by
(7

)
w

it
h
F

d
efi

n
ed

in
(2

)
a
n

d
α

=
−

1
+

β √
p

fo
r
β

=
O

(1
).

T
h
en

,

p
F̂
i·

=
p
(1

+
z i

)1
K

+
G
i
+
o P

(1
)

(8
)

w
h
er

e
z i

=
O

(√
p
)

is
a
s

in
P

ro
po

si
ti

o
n

1
a
n

d
G
i
∼
N

(m
b
,Σ

b
),
i
>
n

[l
],

a
re

in
d
ep

en
d
en

t
w

it
h

[m
b
] a

=
−

2
f
′ (
τ
)

f
(τ

)
µ̃
T a
µ̃
b

+

(
f
′′ (
τ
)

f
(τ

)
−
f
′ (
τ
)2

f
(τ

)2

)
t̃ a
t̃ b

+
2f
′′ (
τ
)

f
(τ

)
T̃
a
b

+
β c [
l]

f
′ (
τ
)

f
(τ

)
t a

(9
)

[Σ
b
] a

1
a
2

=
2

(
f
′′ (
τ
)

f
(τ

)
−
f
′ (
τ
)2

f
(τ

)2

) 2
T
bb
t a

1
t a

2
+

4
f
′ (
τ
)2

f
(τ

)2

[ µ
◦T a 1
C
b
µ
◦ a 2

+
δ
a
1
a
2

c 0
T
b,
a
1

c [
l]
c [
l]
a
1

] .
(1

0
)

B
es

id
es

,
th

er
e

ex
is

ts
A
⊂
σ

({
{x

1
,.
..
,x

n
[l
]
},
p

=
1,

2,
..
.}

)
(t

h
e
σ

-fi
el

d
in

d
u

ce
d

by
th

e
la

be
ll

ed
va

ri
a
bl

es
)

w
it

h
P

(A
)

=
1

o
ve

r
w

h
ic

h
(8

)
a
ls

o
h
o
ld

s
co

n
d
it

io
n

a
ll

y
to
{{
x

1
,.
..
,x

n
[l
]
},
p

=
1,

2,
..
.}

.

1
0

JM
L

R
 1

9(
79

):
1-

27
, 2

01
8



A
R
a
n
d
o
m

M
a
t
r
ix

A
n
a
ly

sis
o
f
S
e
m
i-S

u
p
e
r
v
ise

d
L
e
a
r
n
in
g

Gaussian mixture
[F

◦[u
] ]·1

[F
◦[u

] ]·2

[F
◦[u

] ]·1
[F

◦[u
] ]·2

[F
◦[u

] ]·1
[F

◦[u
] ]·2

MNIST (8 and 9)

[F
◦[u

] ]·1
[F

◦[u
] ]·2

[F
◦[u

] ]·1
[F

◦[u
] ]·2

[F
◦[u

] ]·1
[F

◦[u
] ]·2

α
=
−

32
α

=
−

1
α

=
−

12

F
ig

u
re

2:
[F
◦[u

] ]·1 ,
[F
◦[u

] ]·2
for

2-class
d
ata,

n
=

1024,
p

=
784,

n
l /n

=
1/16,

n
[u

]1
=
n

[u
]2 ,

n
[l]1

=
n

[l]2 ,
G

au
ssian

kern
el.

N
o
te

th
a
t

th
e

statistics
of
G
i

are
in

d
ep

en
d
en

t
of

th
e

realization
of
x

1 ,...,x
[l]

w
h
en

α
=

−
1

+
O

(
1√p

).
T

h
is

in
fact

n
o

lon
ger

h
old

s
w

h
en

α
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tsid

e
th

is
regim

e,
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p
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t
b
y

T
h
eo

rem
5

in
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e
ap

p
en

d
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w
h
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p
rov

id
es

th
e

asy
m

p
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b
eh

av
ior

of
F̂
i·

for
all

valu
es

of
α

(a
n
d

th
u
s

g
en

eralizes
T

h
eorem

2).

S
in

ce
th

e
o
rd

erin
g

of
th

e
en

tries
of
F̂
i·

is
th

e
sam

e
as

th
at

of
F̂
i· −

(1
+
z
i ),

T
h
eorem

2
a
m

o
u
n
ts

to
say

in
g

th
at

th
e

p
rob

ab
ility

of
correctly

classify
in

g
u
n
lab

eled
v
ectors

x
i

g
en

u
in

ely
b

elo
n
g
in

g
to

classC
b

is
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m
p
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given
b
y

th
e

p
rob

ab
ility

of
[G

i ]b
b

ein
g

th
e

m
ax

im
al

elem
en

t
o
f
G
i ,

w
h
ich

,
as

m
en

tion
ed

ab
ove,

is
th

e
sam

e
w

h
eth

er
con

d
ition

ed
or

n
ot

on
x

1 ,...,x
[l]

fo
r
α

=
−

1
+
O

(
1√p

).
T

h
is

is
form

u
lated

in
th

e
follow

in
g

corollary.

C
o
ro

lla
ry

3
L

et
A

ssu
m

p
tio

n
s

1
–
2

h
o
ld

.
L

et
i
>
n

[l]
a
n

d
α

=
−

1
+

β√p
.

T
h
en

,
u

n
d
er

th
e

n
o
ta

tio
n

s
o
f

T
h
eo

rem
2
,

P
(
x
i →
C
b |x

i ∈
C
b ,x

1 ,···
,x

n
[l] )
−

P
(x
i →
C
b |x

i ∈
C
b )→

0

P
(x
i →
C
b |x

i ∈
C
b )−

P
(

[G
i ]b
>

m
ax

a6=
b {[G

i ]a }|x
i ∈
C
b )
→

0
.
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M
a
i
a
n
d

C
o
u
il
l
e
t

In
pa

rticu
la

r,
fo

r
K

=
2,

a
n

d
a
6=
b∈
{1
,2}

,

P
(

[G
i ]b
>

m
ax

a6=
b {

[G
i ]a }|x

i ∈
C
b )

=
Φ

(θ
ab ),

w
ith

θ
ab ≡

[m
b ]b −

[m
b ]a

√
[Σ
b ]bb

+
[Σ
b ]a

a −
2[Σ

b ]a
b

w
h
ere

Φ
(u

)
=

12
π ∫

u−∞
e −

t 22
d
t

is
th

e
G

a
u

ssia
n

d
istribu

tio
n

fu
n

ctio
n

.

W
ith

G
i
b

ein
g

in
d
ep

en
d
en

t,
C

orollary
3

allow
s

u
s
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p
roach

th
e

em
p
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l
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it
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tly
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y

th
e

p
rob

ab
ility

of
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th
e

corollary.
A

s
w

ith
T

h
eorem

2
w

h
ich
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b

e
ap

p
en

d
ed
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T

h
eorem

5
for

a
la

rge
set

of
valu
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α
,
C

orollary
3

is
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C
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6
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e

ap
p

en
d
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.
U

sin
g

b
oth
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re
3

d
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lay
s
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p
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etw
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sim

u
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racies
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s
p
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d
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e

M
N
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T

d
ata
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r
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lts;

to
a
p
p
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r
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lts,

a
2
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G
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ssian
m
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tu

re
m

o
d
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m
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w
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m
ean

s
an

d
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u
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to
th

e
em

p
irical

m
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s
an

d
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ces
of

th
e

in
d
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id
u
al

d
igits,

evalu
ated

from
th

e
fu

ll
60

000-im
age

M
N

IS
T

d
atab

ase.
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q
u
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terestin

g
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e
th

at,
d
esp

ite
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e
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v
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s
in
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u
acy

of
a

G
au

ssian
m
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tu

re
m

o
d
el

for
th
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im

a
ge

d
atab
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e
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p
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s
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stron
g
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en

t
w

ith
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e
p
ractical

p
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an
ces.

A
lso

su
rp

risin
g

is
th

e
stron

g
ad

eq
u
acy

of
th

e
th

eoretical
p
red

iction
of

C
orollary

3
b

eyon
d

th
e

ran
ge

of
valu

es
of
α

in
th

e
n
eigh

b
orh

o
o
d

of−
1.

4
.
C
o
n
se
q
u
e
n
ce

s

4
.1

.
S

e
m

i-S
u

p
e
rv

ise
d

L
e
a
rn

in
g

b
e
y
o
n

d
T

w
o

C
la

sse
s

A
n

im
m

ed
iate

con
seq

u
en

ce
of

C
orollary

3
is

th
at,

for
K

>
2,

th
ere

ex
ists

a
G

au
ssian

m
ix

tu
re

m
o
d
el

for
w

h
ich

th
e

sem
i-su

p
erv

ised
learn

in
g

algorith
m

s
u
n
d
er

stu
d
y

n
ecessarily

fail
to

classify
at

least
on

e
class.

T
o

see
th

is,
w

e
con

sid
er
K

=
3

an
d

let
µ

3
=

3µ
2

=
6µ

1 ,
C

1
=
C

2
=
C

3 ,
n

1
=
n

2
=
n

3 ,
n

[l]1
=
n

[l]2
=
n

[l]3 .
F

irst,
it

follow
s

from
C

orollary
3

th
at,

P
(x
i →
C

2 |x
i ∈
C

2 )≤
P

([G
i ]2
>

[G
i ]1 |x

i ∈
C

2 )
+
o(1)

=
Φ

(θ
12 )

+
o(1)

P
(x
i →
C

3 |x
i ∈
C

3 )≤
P

([G
i ]3
>

[G
i ]1 |x

i ∈
C

3 )
+
o(1)

=
Φ

(θ
13 )

+
o(1)

T
h
en

,
u
n
d
er

A
ssu

m
p
tion

s
1–2

an
d

th
e

n
otation

s
of

C
orollary

3,

θ
12

=
sgn

(f
′(τ

))
µ

21
√

(Σ
2 )

2
2

+
(Σ

2 )
1
1 −

2(Σ
2 )

1
2

θ
13

=
−

sgn
(f
′(τ

))
15µ

21
√

(Σ
3 )

3
3

+
(Σ

3 )
1
1 −

2(Σ
3 )

1
3

so
th

at
f
′(τ

)
<

0
⇒

θ
12
<

0,
f
′(τ

)
>

0
⇒

θ
13
<

0,
w

h
ile

f
′(τ

)
=

0
⇒

θ
12

=
θ

13
=

0.
A

s
su

ch
,

th
e

correct
classifi

cation
rate

of
elem

en
ts

ofC
2

an
d
C

3
can

n
ot

b
e

sim
u
ltan

eou
sly

greater
th

an
12 ,

lead
in

g
to

n
ecessarily

in
con

sisten
t

classifi
cation

s.

It
is

n
on

eth
eless

easy
to

ch
eck

th
at

th
is

k
in

d
of

in
con

sisten
cy

can
n
ot

o
ccu

r
if
µ

1 ,µ
2

an
d

µ
3

are
m

u
tu

ally
orth

ogon
al

(w
h
ich

is
often

b
ou

n
d

to
o
ccu

r
w

ith
larg

e
d
im

en
sion

al
d
ata).

In
-

d
eed

,
n
ote

th
at

all
fi
rst

th
ree

term
s

at
th

e
righ

t-h
an

d
sid

e
of

(9)
can

b
e

v
iew

ed
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p
ro

d
u
cts

of

1
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p
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0
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0
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2 √
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3
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6

0
.6

0
.81

2 √
p
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C
o
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3

C
o
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6

0
.6

0
.81

2 √
p

0
.6

0
.81

2 √
p

−
1
.4

−
1
.3

−
1
.2

−
1
.1

−
1

−
0
.9

−
0
.8

−
0
.7

−
0
.6

0
.6

0
.81

2 √
p α

−
1
.4

−
1
.3

−
1
.2

−
1
.1

−
1

−
0
.9

−
0
.8

−
0
.7

−
0
.6

0
.6

0
.81

2 √
p α

F
ig

u
re

3:
T

h
eo

re
ti

ca
l

an
d

em
p
ir

ic
al

ac
cu

ra
cy

as
a

fu
n
ct

io
n

of
α

fo
r

2-
cl

as
s

M
N

IS
T

d
at

a
(t

op
:

d
ig

it
s

(0
,1

),
m

id
d
le

:
d
ig

it
s

(1
,7

),
b

ot
to

m
:

d
ig

it
s

(8
,9

))
,
n

=
10

24
,
p

=
7
84

,
n

[l
]/
n

=
1/

16
,
n

[u
]1

=
n

[u
]2

,
G

au
ss

ia
n

ke
rn

el
.

A
ve

ra
ge

d
ov

er
50

it
er

at
io

n
s.

so
m

e
ce

n
te

re
d

ve
ct

or
s
ṽ k

=
v k
−
∑

K k
′ =

1
γ
k
′ v
k
′

w
h
er

e
∑

K k
′ =

1
γ
k
′

=
1.

2
In

co
n
si

st
en

cy
o
cc

u
rs

to
cl

as
s
k

if
th

er
e

ex
is

t
a
,b
6=
k

su
ch

th
at
ṽ
T k
ṽ b
>
ṽ
T k
ṽ k
>
ṽ
T k
ṽ a

.
T

o
b

et
te

r
u
n
d
er

st
an

d
th

e
ca

u
se

of
th

is
in

co
n
si

st
en

cy
,

le
t

u
s

co
n
si

d
er

tw
o

ex
tr

em
e

sc
en

ar
io

s:
(i

)
th

e
v k

d
iff

er
b
y

‘i
n
te

n
si

ty
’,

i.
e.

,
v k

=
r k
v

fo
r
k
∈
{1
,·
··
,K
},

or
(i

i)
th

e
v k

d
iff

er
b
y

‘d
ir

ec
ti

on
’,

i.
e,
v k

=
v

+
u
k

w
it

h
or

-
th

og
on

al
u
k
’s

.
In

sc
en

ar
io

(i
),

le
t
s m

in
=

ar
gm

in
k
∈{

1
,··
·,K
}
r k

a
n
d
s m

a
x

=
ar

gm
ax

k
∈{

1
,··
·,K
}
r k

;

th
en

,
fo

r
k
6=
{s

m
in
,s

m
a
x
},

m
in
{ṽ

T k
ṽ s

m
in
,ṽ
T k
ṽ s

m
a
x
}
<
ṽ
T k
ṽ k
<

m
ax
{ṽ

T k
ṽ s

m
in
,ṽ
T k
ṽ s

m
a
x
}

an
d

in
-

co
n
si

st
en

cy
is

th
u
s

ob
se

rv
ed

fo
r

cl
as

se
s
k
6=
{s

m
in
,s

m
a
x
}.

C
on

tr
ar

il
y,

in
sc

en
ar

io
(i

i)
,

fo
r

al
l

2
.
T
h
e
th
ir
d
te
rm

o
f
(9
)
ca
n
b
e
se
en

in
th
is
w
ay

si
n
ce

fo
r
a
n
y
tw

o
sy
m
m
et
ri
c
m
a
tr
ic
es
A

=
{a
ij
}m i
,j
=
1
a
n
d
B

=
{b
ij
}m i
,j
=
1
o
f
sa
m
e
d
im

en
si
o
n
s,

tr
A
B

=
∑
m i,
j
a
ij
b i
j
=
a
T v
b v

w
it
h
a
v
=

[a
1
1
,·
··
,a

1
m
,·
··
,a
m

1
,·
··
,a
m
m
],

b v
=

[b
1
1
,·
··
,b

1
m
,·
··
,b
m

1
,·
··
,b
m
m
].
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M
a
i
a
n
d

C
o
u
il
l
e
t

k
6=
k
′ ∈
{1
,·
··
,K
},
ṽ
T k
ṽ k
≥
ṽ
T k
ṽ k
′

si
n
ce
ṽ
T k
ṽ k
≥

0
an

d
ṽ
T k
ṽ k
′
≤

0.
A

s
su

ch
,

in
co

n
si

st
en

cy
is

le
ss

li
k
el

y
to

o
cc

u
r

if
th

e
v k

’s
h
av

e
ve

ry
d
iff

er
en

t
d
ir

ec
ti

on
s.

4
.2

.
C

h
o
ic

e
o
f
f

a
n

d
S

u
b

o
p

ti
m

a
li

ty
o
f

th
e

H
e
a
t

K
e
rn

e
l

A
s

a
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n
se

q
u
en

ce
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th
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p
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v
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u
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w
e

sh
al

l
fr

om
h
er

e
on
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ce

n
tr

at
e

o
n

th
e

se
m

i-
su

p
er

v
is

ed
cl
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si
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ti
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K

=
2
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as

se
s.

In
th

is
ca

se
,

it
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ea
si

ly
se

en
th

at
,

(K
=

2)
∀a
6=
b
∈
{1
,2
},
‖µ̃

b
‖2
≥
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T b
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a
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t̃2 b
≥
t̃ a
t̃ b
,

T̃
bb
≥
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a
b

w
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h
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u
al

it
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s
re
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ti
ve
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r
µ
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µ
b
,
t a

=
t b

,
an

d
tr
C
a
C
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=
tr
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T
h
is

re
su
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,

a
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n
g

w
it

h
C

or
ol

la
ry
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im

p
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es

th
e

n
ec

es
si
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of

th
e
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n
d
it
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n
s

f
′ (
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<
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f
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τ
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>
f
′ (
τ
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f
′′ (
τ
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>

0

to
fu

ll
y

d
is
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in
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e
G

au
ss

ia
n

m
ix

tu
re

s.
A

s
su

ch
,

fr
om

C
o
ro

ll
ar

y
3,

b
y

le
tt

in
g
α

=
−

1
,

se
m

i-
su

p
er

v
is

ed
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si

fi
ca

ti
on
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K

=
2
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se
s
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al

w
ay

s
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n
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t
u
n
d
er
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e
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n
d
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n
s.

S
in
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ly
th

e
fi
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e

d
er

iv
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of
f

ar
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e
m
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d
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ig
n

a
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ke
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el
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f
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τ
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(τ
)
−
f
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τ
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an
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f
′′ (
τ
)

w
it

h
a

se
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n
d

d
eg

re
e

p
o
ly

n
o
m

ia
l

f
(t
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=
a
x

2
+
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+
c

in
su

ch
a

w
ay

th
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a
τ

+
b

=
f
′ (
τ
),
a
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τ

2
+
bτ

+
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−
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τ

+
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2
=

f
′′ (
τ
)f

(τ
)
−
f
′ (
τ
)2
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d
a

=
f
′′ (
τ
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i.
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,

a
=
f
′′ (
τ
)

b
=
f
′ (
τ
)
−
f
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τ
)τ

c
=

(f
′′ (
τ
)f

(τ
)
−
f
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τ
)τ

2
)/
f
′′ (
τ
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S
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τ
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n

b
e
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n
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st
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y
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m
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ed
in

p
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e
b
y
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ee

th
e

d
is
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n

in
S
u
b
se
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,

so
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n
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,
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d
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A
q
u
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e
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n
g
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e
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e
n
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n
d
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n
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e
d
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o
f
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is
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a
t
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w
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u
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d
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ss

ia
n
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ke
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p
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t
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w
h
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e

fu
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g
th

e
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n
d
it
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n

f
′ (
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<

0
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d
f
′′ (
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>

0
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r
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l
t
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n
d
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u
s
f
′ (
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>
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el

s
ar

e
n
ot

in
a
p
p
ro

p
ri

a
te

to
so

lv
e

th
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b

e
p

os
it

iv
e

(t
h
er

e
|f
′ (
τ
)|
<

1)
a
s

a
n

a
cc

u
ra

cy
lo

w
er

th
an

1/
2

is
ob

ta
in

ed
fo

r
f
′′ (
τ
)f

(τ
)
−
f
′ (
τ
)2
<

0.

A
n
ot

h
er

in
te

re
st

in
g

fa
ct

li
es

in
th

e
ch

oi
ce

f
′ (
τ
)

=
0

(w
h
il
e
f
′′ (
τ
)
6=
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b
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d
b
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=
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b
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m
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∈
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∈
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=
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c
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rem
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b
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n
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ro
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p
e
n
d
ix

A
.
P
re
lim

in
a
rie

s

W
e

b
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d
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n
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e
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◦ a‖

2
+

(
f
′′ (
τ
)

f
(τ

)
−
f
′ (
τ
)2

f
(τ

)2

)
t a
t b

+
2f
′′ (
τ
)

f
(τ

)
T
a
b

(1
5)

∆
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+
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K ∑ d
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=
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]
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]
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]
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p
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p
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P
ar

ti
cu

la
rl

y
fo

r
K

=
2
,

w
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d
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∈
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d
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∈
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→

0

θa b
=
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√
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√
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p
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p
ro

o
f

of
T

h
eo

re
m

5
a
n
d

C
o
ro

ll
a
ry

6
fr

om
w

h
ic

h
th

e
re

su
lt

s
of

S
ec

ti
on

3.
2

d
ir

ec
tl

y
u
n
fo

ld
.

A
p
p
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p
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r
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p
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n
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ra
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e
a
p

p
li

ca
ti

on
s

in
m

an
y

re
a
l-

li
fe

a
p

p
li

ca
ti

o
n

s

c ©
2
0
1
8

T
en

g
Z

h
a
n

g
a
n

d
Y

i
Y

a
n

g
.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
9
/
1
7
-
4
7
3
.
h
t
m
l
.

JM
L

R
 1

9(
80

):
1-

39
, 2

01
8

Z
h
a
n
g

a
n
d

Y
a
n
g

in
cl

u
d

in
g

b
ac

k
g
ro

u
n

d
d

et
ec

ti
on

L
i

et
a
l.

(2
00

4)
,

fa
ce

re
co

gn
it

io
n

B
as

ri
an

d
J
ac

ob
s

(2
00

3)
,

ra
n

k
in

g,
an

d
co

ll
ab

or
at

iv
e

fi
lt

er
in

g
C

an
d

ès
et

al
.

(2
01

1
).

S
in

ce
th

e
se

t
of

al
l

lo
w

-r
an

k
m

at
ri

ce
s

is
n

on
co

n
v
ex

,
it

is
ge

n
er

a
ll

y
d

iffi
cu

lt
to

ob
ta

in
an

a
lg

o
ri

th
m

w
it

h
th

eo
re

ti
ca

l
gu

ar
an

te
e

si
n

ce
th

er
e

is
n

o
tr

ac
ta

b
le

op
ti

m
iz

a
ti

on
al

g
or

it
h

m
fo

r
th

e
n

on
co

n
ve

x
p

ro
b

le
m

.
H

er
e

w
e

re
v
ie

w
a

fe
w

ca
re

fu
ll

y
d

es
ig

n
ed

al
go

ri
th

m
s

su
ch

th
at

th
e

th
eo

re
ti

ca
l

gu
ar

an
te

e
o
n

th
e

re
co

ve
ry

of
u

n
d

er
ly

in
g

lo
w

-r
an

k
m

a
tr

ix
ex

is
ts

.
T

h
e

w
or

k
s

C
an

d
ès

et
al

.
(2

0
11

);
C

h
an

d
ra

se
ka

ra
n

et
a
l.

(2
0
11

)
co

n
si

d
er

th
e

co
n
v
ex

re
la

x
a
ti

on
of

th
e

or
ig

in
al

p
ro

b
le

m
in

st
ea

d
:

m
in

L
,S
‖L
‖ ∗

+
‖S
‖ 1
,

s.
t.

Y
=

L
+

S
,

(1
)

w
h

er
e
‖L
‖ ∗

re
p

re
se

n
ts

th
e

n
u

cl
ea

r
n

or
m

(i
.e

.,
S

ch
at

te
n

1-
n

or
m

)
of

L
,

d
efi

n
ed

b
y

th
e

su
m

o
f

it
s

si
n

gu
la

r
va

lu
es

an
d
‖S
‖ 1

re
p

re
se

n
ts

th
e

su
m

o
f

th
e

ab
so

lu
te

va
lu

es
of

a
ll

en
tr

ie
s

of
S

.
S

in
ce

th
is

p
ro

b
le

m
is

co
n
ve

x
,

th
e

so
lu

ti
on

to
(1

)
ca

n
b

e
so

lv
ed

in
p

o
ly

n
o
m

ia
l

ti
m

e.
In

ad
d

it
io

n
,

it
is

sh
ow

n
th

at
th

e
so

lu
ti

o
n

re
co

v
er

s
th

e
co

rr
ec

t
lo

w
-r

an
k

m
at

ri
x

w
h

en
S
∗

h
as

a
t

m
os

t
γ
∗

=
O

(1
/µ

2
r)

fr
ac

ti
on

of
co

rr
u

p
te

d
n

on
-z

er
o

en
tr

ie
s,

w
h

er
e
r

is
th

e
ra

n
k

of
L
∗

a
n

d
µ

is
th

e
in

co
h

er
en

ce
le

v
el

of
L
∗

H
su

et
al

.
(2

01
1)

.
If

th
e

sp
a
rs

it
y

of
S
∗

is
as

su
m

ed
to

b
e

ra
n

d
om

,
th

en
C

an
d

ès
et

al
.

(2
01

1)
sh

ow
s

th
at

th
e

al
go

ri
th

m
su

cc
ee

d
s

w
it

h
h

ig
h

p
ro

b
ab

il
it

y,
ev

en
w

h
en

th
e

p
er

ce
n
ta

ge
o
f

co
rr

u
p

ti
on

ca
n

b
e

in
th

e
o
rd

er
of
O

(1
)

w
h

il
e

th
e

ra
n

k
r

=
O

(m
in

(n
1
,n

2
)/
µ

lo
g

2
m

ax
(n

1
,n

2
))

,
w

h
er

e
µ

is
a

co
h

er
en

ce
p

ar
am

et
er

o
f

th
e

lo
w

-
ra

n
k

m
at

ri
x

L
∗

(t
h

is
w

or
k

d
efi

n
es
µ

sl
ig

h
tl

y
d

iff
er

en
tl

y
co

m
p

ar
ed

to
C

an
d

ès
et

al
.

(2
01

1)
an

d
(1

6
)

in
th

is
w

or
k
,

b
u

t
th

e
va

lu
e

is
co

m
p

a
ra

b
le

).

H
ow

ev
er

,
th

e
af

or
em

en
ti

on
ed

al
go

ri
th

m
s

b
as

ed
o
n

co
n
ve

x
re

la
x
at

io
n

h
av

e
a

co
m

p
u

ta
-

ti
o
n

al
co

m
p

le
x
it

y
of
O

(n
1
n

2
m

in
(n

1
,n

2
))

p
er

it
er

at
io

n
,

w
h

ic
h

co
u

ld
b

e
p

ro
h

ib
it

iv
e

w
h

en
n

1

an
d
n

2
a
re

ve
ry

la
rg

e.
A

lt
er

n
at

iv
el

y,
so

m
e

fa
st

er
al

go
ri

th
m

s
a
re

p
ro

p
os

ed
b

as
ed

on
n

on
-

co
n
ve

x
op

ti
m

iz
a
ti

on
.

In
p

ar
ti

cu
la

r,
th

e
w

o
rk

b
y

K
y
ri

ll
id

is
an

d
C

ev
h

er
(2

0
12

)
p

ro
p

os
es

a
m

et
h

o
d

b
as

ed
on

th
e

p
ro

je
ct

ed
gr

ad
ie

n
t

m
et

h
o
d

.
H

ow
ev

er
,

it
as

su
m

es
th

at
th

e
sp

ar
si

ty
p

a
tt

er
n

of
S
∗

is
ra

n
d

om
,

an
d

th
e

al
go

ri
th

m
st

il
l

h
as

th
e

sa
m

e
co

m
p

u
ta

ti
on

al
co

m
p

le
x
it

y
as

th
e

co
n
ve

x
m

et
h

o
d

s.
N

et
ra

p
al

li
et

al
.

(2
01

4)
p

ro
p

os
es

a
m

et
h

o
d

b
a
se

d
on

th
e

al
te

r-
n

a
ti

n
g

p
ro

je
ct

in
g,

w
h

ic
h

al
lo

w
s
γ
∗
≤

1
µ
2
r
,

w
it

h
a

co
m

p
u

ta
ti

on
al

co
m

p
le

x
it

y
of
O

(r
2
n

1
n

2
)

p
er

it
er

at
io

n
.

C
h

en
an

d
W

ai
n
w

ri
gh

t
(2

01
5)

a
ss

u
m

es
th

at
L
∗

is
p

os
it

iv
e

se
m

id
efi

n
it

e
an

d
ap

p
li

es
th

e
g
ra

d
ie

n
t

d
es

ce
n
t

m
et

h
o
d

on
th

e
C

h
o
le

sk
y

d
ec

om
p

os
it

io
n

fa
ct

o
r

o
f

L
∗ ,

b
u

t
th

e
p

os
it

iv
e

se
m

id
efi

n
it

e
as

su
m

p
ti

on
is

n
o
t

sa
ti

sfi
ed

in
m

a
n
y

ap
p

li
ca

ti
on

s.
G

u
et

al
.

(2
0
16

)
fa

ct
or

iz
es

L
∗

in
to

th
e

p
ro

d
u

ct
of

tw
o

m
at

ri
ce

s
an

d
p

er
fo

rm
s

al
te

rn
a
ti

n
g

m
in

im
iz

at
io

n
ov

er
b

o
th

m
a
tr

ic
es

.
It

sh
ow

s
th

at
th

e
al

go
ri

th
m

al
lo

w
s
γ
∗

=
O

(1
/µ

2
/
3
r2
/
3

m
in

(n
1
,n

2
))

an
d

h
as

th
e

co
m

p
le

x
it

y
of
O

(r
2
n

1
n

2
)

p
er

it
er

at
io

n
.

Y
i

et
al

.
(2

01
6)

a
p

p
li

es
a

si
m

il
ar

fa
ct

or
iz

at
io

n
an

d
ap

p
li

es
a
n

al
te

rn
at

in
g

gr
ad

ie
n
t

d
es

ce
n
t

al
g
or

it
h

m
w

it
h

a
co

m
p

le
x
it

y
of
O

(r
n

1
n

2
)

p
er

it
er

at
io

n
an

d
a
ll

ow
s
γ
∗

=
O

(1
/κ

2
µ
r3
/
2
),

w
h

er
e
κ

is
th

e
co

n
d

it
io

n
n
u

m
b

er
of

th
e

u
n

d
er

ly
in

g
lo

w
-r

an
k

m
at

ri
x
.

T
h

er
e

is
an

ot
h

er
li

n
e

of
w

or
k
s

th
a
t

fu
rt

h
er

re
d

u
ce

s
th

e
co

m
p

le
x
it

y
of

th
e

al
go

ri
th

m
b
y

su
b

sa
m

p
li

n
g

th
e

en
tr

ie
s

of
th

e
ob

se
rv

a
ti

o
n

m
at

ri
x

Y
,

in
cl

u
d

in
g

M
ac

k
ey

et
a
l.

(2
0
11

);
L

i
an

d
H

au
p

t
(2

01
5)

;
R

a
h

m
a
n

i
a
n

d
A

ti
a

(2
0
17

);
C

h
er

ap
an

a
m

je
ri

et
al

.
(2

01
6)

a
n

d
(Y

i
et

al
.,

20
16

,
A

lg
or

it
h

m
2)

,
w

h
ic

h
w

il
l

a
ls

o
b

e
d
is

cu
ss

ed
in

th
is

p
ap

er
as

th
e

p
ar

ti
a
ll

y
o
b

se
rv

ed
ca

se
.

T
h

e
co

m
m

on
id

ea
sh

ar
ed

b
y

G
u

et
al

.
(2

01
6
)

an
d

Y
i

et
al

.
(2

01
6)

is
as

fo
ll

ow
s.

S
in

ce
a
n
y

lo
w

-r
an

k
m

a
tr

ix
L
∈
R
n
1
×
n
2

w
it

h
ra

n
k
r

ca
n

b
e

w
ri

tt
en

as
th

e
p

ro
d

u
ct

of
tw

o
lo

w
-r

an
k

2
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R
o
b
u
st

P
C
A

b
y
M
a
n
if
o
l
d

O
p
t
im

iz
a
t
io
n

m
atrices

b
y

L
=

U
V
T

w
ith

U
∈

R
n
1 ×
r

an
d

V
∈

R
n
2 ×
r,

w
e

can
op

tim
ize

th
e

p
air

(U
,V

)
in

stead
of

L
,

a
n

d
a

sm
a
ller

co
m

p
u

tatio
n

a
l

cost
is

ex
p

ected
sin

ce
(U
,V

)
h

as
(n

1
+
n

2 )r
p

a
ram

eters,
w

h
ich

is
sm

aller
th

an
n

1 n
2 ,

th
e

n
u

m
b

er
of

p
aram

eters
in

L
.

In
fa

ct,
su

ch
a

re-p
aram

etrizatio
n

tech
n

iq
u

e
h

as
a

lo
n

g
h

istory
R

u
h

e
(197

4),
an

d
h

a
s

b
een

p
op

u
la

rized
b
y

B
u

rer
an

d
M

on
teiro

B
u

rer
an

d
M

on
teiro

(2003,
2005

)
fo

r
solv

in
g

sem
i-d

efi
n

ite
p

ro
gra

m
s

(S
D

P
s).

T
h

e
sam

e
id

ea
h

as
b

een
u

sed
in

oth
er

low
-ran

k
m

atrix
estim

atio
n

p
rob

lem
s

su
ch

as
d

iction
ary

learn
in

g
S

u
n

et
al.

(201
7),

p
h

ase
sy

n
ch

ron
iza

tio
n

B
ou

m
a
l

(2
01

6),
com

m
u

n
ity

d
etection

B
an

d
eira

et
al.

(2016),
m

atrix
com

p
letio

n
J
a
in

et
a
l.

(2
013),

recoverin
g

m
a
trix

fro
m

lin
ear

m
easu

rem
en

ts
T

u
et

al.
(201

6),
an

d
even

gen
eral

p
ro

b
lem

s
C

h
en

a
n
d

W
a
in

w
rig

h
t

(20
15);

W
an

g
et

al.
(2017);

P
ark

et
a
l.

(20
16);

W
a
n

g
et

al.
(201

7);
P

ark
et

a
l.

(20
17

).
In

ad
d

ition
,
th

e
p

rop
erty

of
asso

ciated
sto

ch
astic

g
rad

ien
t

d
escen

t
algo

rith
m

is
stu

d
ied

in
D

e
S

a
et

al.
(2015).

T
h

e
m

ain
con

trib
u

tion
of

th
is

w
o
rk

is
a

n
ovel

rob
u

st
P

C
A

alg
orith

m
b

ased
on

th
e

g
rad

i-
en

t
d

escen
t

algorith
m

on
th

e
m

an
ifold

o
f

low
-ran

k
m

atrices,
w

ith
a

th
eoretical

g
u

aran
tee

on
th

e
ex

act
recovery

of
th

e
u

n
d

erly
in

g
low

-ran
k

m
atrix

.
C

om
p

ared
w

ith
Y

i
et

a
l.

(20
16

),
th

e
p

ro
p

osed
algorith

m
u

tilizes
th

e
to

ol
o
f

m
a
n

ifold
op

tim
ization

,
w

h
ich

lead
s

to
a

sim
p

ler
a
n

d
m

ore
n

atu
ra

lly
stru

ctu
red

algorith
m

w
ith

a
stron

ger
th

eoretical
gu

ara
n
tee.

In
p

articu
lar,

w
ith

a
p

rop
er

in
itialization

,
ou

r
m

eth
o
d

ca
n

still
su

cceed
w

ith
γ
∗

=
O

(1/κ
µ
r

3
/
2),

w
h
ich

m
ean

s
th

at
it

can
tolerate

m
ore

corru
p

tion
th

a
n

Y
i

et
al.

(2
01

6)
b
y

a
factor

of
κ

.
In

ad
-

d
ition

,
th

e
th

eoretical
con

vergen
ce

ra
te

is
also

faster
th

an
Y

i
et

al.
(201

6)
b
y

a
fa

ctor
of

κ
.

S
im

u
la

tion
s

also
v
erifi

ed
th

e
ad

van
tag

e
o
f

th
e

p
ro

p
osed

algorith
m

over
Y

i
et

a
l.

(2
01

6).
W

e
rem

ark
th

at
w

h
ile

m
an

ifold
op

tim
iza

tion
h

as
b

een
ap

p
lied

to
rob

u
st

P
C

A
in

C
a
m

b
ier

a
n

d
A

b
sil

(2
016),

ou
r

w
ork

stu
d

ies
a

d
iff

eren
t

a
lgorith

m
an

d
gives

th
eoretica

l
g
u

aran
tees.

C
on

sid
erin

g
th

e
p

op
u

larity
of

th
e

m
eth

o
d

s
b

ased
on

th
e

factoriza
tio

n
of

low
-ran

k
m

a
trices,

it
is

ex
p

ected
th

at
m

an
ifold

op
tim

iza
tion

co
u

ld
b

e
ap

p
lied

to
oth

er
low

-ra
n

k
m

a
trix

esti-
m

ation
p

rob
lem

s.
In

ad
d

ition
,

w
e

im
p

lem
en

t
ou

r
m

eth
o
d

in
an

effi
cien

t
a
n

d
u

ser-frien
d

ly
R

p
ackage

m
o
r
p
c
a
,

w
h

ich
is

availab
le

at
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
e
m
e
r
y
y
i
/
m
o
r
p
c
a
.

T
h

e
p

ap
er

is
organ

ized
as

follow
s.

W
e

fi
rst

p
resen

t
th

e
algorith

m
in

S
ection

2
,

a
n

d
ex

p
lain

h
ow

th
e

p
rop

osed
a
lgorith

m
s

are
d

erived
in

S
ection

3
.

T
h

eir
th

eo
retical

p
rop

erties
are

stu
d
ied

an
d

com
p

ared
w

ith
p

rev
iou

s
alg

orith
m

s
in

S
ection

4.
In

S
ection

5
,

sim
u
latio

n
s

an
d

real
d

ata
an

aly
sis

on
th

e
S
h
o
p
p
i
n
g
m
a
l
l

d
ataset

sh
ow

th
at

th
e

p
rop

o
sed

a
lg

orith
m

s
are

com
p

etitive
in

m
an

y
scen

arios
an

d
h

ave
su

p
erior

p
erform

an
ces

to
th

e
algo

rith
m

b
ased

on
m

atrix
factorization

.
A

d
iscu

ssion
ab

ou
t

th
e

p
rop

o
sed

a
lgorith

m
s

is
th

en
p

resen
ted

in
S

ection
6,

follow
ed

b
y

th
e

p
ro

ofs
o
f

th
e

resu
lts

in
A

p
p

en
d

ix
.

2
.
A
lg
o
rith

m

In
th

is
w

ork
,
w

e
con

sid
er

th
e

rob
u

st
P

C
A

p
rob

lem
in

tw
o

settin
g
s:

fu
lly

ob
served

settin
g

an
d

p
a
rtially

ob
served

settin
g.

T
h

e
p

rob
lem

u
n

d
er

th
e

fu
lly

ob
serv

ed
settin

g
can

b
e

fo
rm

u
la

ted
as

follow
s:

giv
en

Y
=

L
∗
+

S
∗,

w
h

ere
L
∗

is
a

low
-ra

n
k

m
a
trix

an
d

S
∗

is
a

sp
a
rse

m
a
trix

,
th

en
can

w
e

recover
L
∗

from
Y

?
T

o
recover

L
∗,

w
e

solve
th

e
follow

in
g

op
tim

iza
tio

n
p
ro

b
lem

:

L̂
=

arg
m

in
ra

n
k
(L

)=
r
f

(L
),

w
h

ere
f

(L
)

=
12 ‖F

(L
−

Y
)‖

2F
,

(2)
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Z
h
a
n
g

a
n
d

Y
a
n
g

w
h

ere
F

:R
n
1 ×
n
2→

R
n
1 ×
n
2

is
a

h
a
rd

th
resh

old
in

g
p

ro
ced

u
re

d
efi

n
ed

in
(3):

F
ij (A

)
=

{
0
,

if|A
ij |
>
|A

i,· | [γ
]

a
n

d
|A

ij |
>
|A
·,j | [γ

]

A
ij ,

oth
erw

ise.
(3)

H
ere

A
i,·

rep
resen

ts
th

e
i-th

row
of

th
e

m
atrix

A
,

a
n

d
A
·,j

rep
resen

ts
th

e
j-th

colu
m

n
of

A
.

|A
i,· | [γ

]
an

d
|A
·,j | [γ

]
rep

resen
t

th
e

(1−
γ

)-th
p

ercen
tile

of
th

e
a
b

solu
te

valu
es
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th

e
en
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A
i,·

an
d

A
·,j
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γ
∈
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oth
er

w
o
rd

s,
w

h
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ed

are
th

e
en
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th
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are

sim
u
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eou
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on

g
th

e
largest

γ
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th

e
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d
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g

row
an

d
colu
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o
f
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in
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o
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e
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h

e
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γ
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b
y
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e
en
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A
i,·
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A
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e
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w
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en
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te

valu
es,
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e
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can

b
e
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ro
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d

ow
n

arb
itrarily.

T
h

e
m

otivation
is

th
at,

if
S
∗
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sp

arse
in

th
e

sen
se

th
at

th
e

p
ercen

ta
ge

of
n

on
zero

en
tries

in
each

row
an

d
each

colu
m

n
is

sm
aller

th
a
n
γ

,
th

en
F

(L
∗−

Y
)

=
F

(−
S
∗)

is
zero

b
y

d
efi

n
ition

th
u

s
f

(L
∗)

is
zero.

S
in

ce
f

is
n

on
n

egative,
L
∗

is
th

e
so

lu
tion

to
(2).

T
o

solv
e

(2),
w

e
p

rop
ose

A
lgorith

m
1

b
ased

o
n

m
an

ifo
ld

op
tim

iza
tion

,
w

ith
its

d
eriva

tio
n

d
eferred

to
S

ection
3.3.1.

A
lg

o
rith

m
1

G
rad

ien
t

d
escen

t
on

th
e

m
an

ifold
u

n
d

er
th

e
fu

lly
ob

served
settin

g.

In
p

u
t:

O
b

servation
Y
∈
R
n
1 ×
n
2;

R
an

k
r;

T
h

resh
old

in
g

va
lu

e
γ

;
S

tep
size

η
.

In
itia

liz
a
tio

n
:

S
et
k

=
0;

In
itialize

L
(0

)
u

sin
g

th
e

ran
k
-r

a
p

p
rox

im
ation

to
F

(Y
).

L
o
o
p

:
Iterate

S
tep

s
1–4

u
n
til

con
vergen

ce:
1
:

L
et

L
(k

)
=

U
(k

)Σ
(k

)V
(k

)
T

.
2
:

L
et

D
(k

)
=
F

(L
(k

)−
Y

).
3
(a

):
(O

p
tion

1)
L

et
Ω

(k
)

=
U

(k
)U

(k
)
T
D

(k
)
+

D
(k

)V
(k

)V
(k

)
T
−

U
(k

)U
(k

)
T
D

(k
)V

(k
)V

(k
)
T

,
a
n

d
let

U
(k

+
1
)∈

R
n
1 ×
r,

Σ
(k

+
1
)∈

R
r×
r,

an
d

V
(k

+
1
)∈

R
n
2 ×
r

b
e

m
a
trices

con
sist

of
th

e
top

r
left

sin
gu

lar
vectors/sin
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lar

valu
es/

righ
t

sin
g
u

la
r

vectors
of

L
(k

)−
η
Ω

(k
).

3
(b):

(O
p

tion
2)

L
et

Q
1 ,R

1
b

e
th

e
Q

R
d

ecom
p

osition
of

(L
(k

)−
η
D

(k
))
T
U

(k
)

an
d

Q
2 ,R

2

b
e

th
e

Q
R

d
ecom

p
osition

of
(L

(k
)−

η
D

(k
))V

(k
).

T
h

en
U

(k
+

1
)

=
Q

2 ,
V

(k
+

1
)

=
Q

1
an

d
Σ

(k
+

1
)

=
R

2 [U
(k

)
T

(L
(k

)−
η
D

(k
))V

(k
)] −

1R
T1

.
4
:
k

:=
k

+
1.

O
u

tp
u

t:
E

stim
ation

of
th

e
low

-ran
k

m
atrix

L
∗,

given
b
y

lim
k→
∞

L
(k

).

U
n

d
er

th
e

p
artially

ob
served

settin
g,

in
ad

d
ition

to
g
ross

corru
p

tion
S
∗,

th
e

ob
served

m
atrix

Y
h

as
a

large
n
u

m
b

er
of

m
issin

g
valu

es,
i.e.,

m
an

y
en

tries
o
f

Y
are

n
o
t

ob
served

.
W

e
d

en
o
te

th
e

set
of

all
ob

served
en

tries
b
y

Φ
=
{(i,j)|Y

ij
is

ob
serv

ed}
,

an
d

d
efi

n
e
F̃

:
R
n
1 ×
n
2→

R
n
1 ×
n
2

F̃
ij (A

)
=

{
0
,

if|A
ij |
>
|A

i,· | [γ
,Φ

]
an

d
|A

ij |
>
|A
·,j | [γ

,Φ
]

A
ij ,

o
th

erw
ise.

(4)

H
ere
|A

i,· | [γ
,Φ

]
an

d
|A
·,j | [γ

,Φ
]

rep
resen

t
th

e
(1−

γ
)-th

p
ercen

tile
of

th
e

ab
so

lu
te

valu
es

of
th

e
o
b

serv
ed

en
tries

of
A
i,·

an
d

A
·,j

of
th

e
m

atrix
A

resp
ectively.

A
s

a
gen

eralization
of

A
lgorith

m
1
,

w
e

p
rop

o
se

to
so

lve

arg
m

in
ra

n
k
(L

)=
r
f̃

(L
),

f̃
(L

)
=

12

∑(i,j)∈
Φ

F̃
ij (L
−

Y
)
2,

(5)
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b
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In
p
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t:

O
b

se
rv

at
io

n
Y
∈

R
n
1
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n
2
;

S
et

of
al

l
ob

se
rv

ed
en

tr
ie

s
b
y

Φ
;

R
an

k
r;

T
h

re
sh

o
ld

in
g

va
lu

e
γ

;
S

te
p

si
ze
η
.

In
it

ia
li

z
a
ti

o
n

:
S

et
k

=
0;

In
it
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ze
L

(0
)

u
si

n
g

th
e

ra
n

k
-r

ap
p

ro
x
im

at
io

n
to
F̃

(Y
).

L
o
o
p

:
It

er
at

e
S

te
p

s
1–

4
u

n
ti

l
co

n
ve

rg
en

ce
:

1
:

L
et

L
(k

)
b

e
a

sp
ar

se
m

at
ri

x
w

it
h

su
p

p
or

t
Φ
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w

it
h

n
on

ze
ro

en
tr

ie
s

g
iv

en
b
y

th
e

co
rr

e-
sp

on
d

in
g

en
tr

ie
s

of
U

(k
) Σ

(k
) V

(k
)
T

.
2
:

L
et

D
(k

)
=
F̃

(L
(k

)
−

Y
).

3
(a

):
(O

p
ti

on
1)

L
et

Ω
(k

)
=

U
(k

) U
(k

)
T
D

(k
)
+

D
(k

) V
(k

) V
(k

)
T
−

U
(k

) U
(k

)
T
D

(k
) V

(k
) V

(k
)
T

,
an

d
le

t
U

(k
+

1
)
∈
R
n
1
×
r
,
Σ

(k
+

1
)
∈
R
r
×
r
,

an
d

V
(k

+
1
)
∈
R
n
2
×
r

b
e

m
a
tr

ic
es

co
n

si
st

s
of

th
e

to
p

r
le

ft
si

n
gu

la
r

ve
ct

or
s/

si
n

gu
la

r
va

lu
es

/r
ig

h
t

si
n

gu
la

r
ve

ct
or

s
of

L
(k

)
−
η
Ω

(k
) .

3
(b

):
(O

p
ti

on
2)

L
et

Q
1
,R

1
b

e
th

e
Q

R
d

ec
om

p
os

it
io

n
o
f

(L
(k

)
−
η
D

(k
) )
T
U

(k
)

an
d

Q
2
,R

2

b
e

th
e

Q
R

d
ec

om
p

os
it

io
n

of
(L

(k
)
−
η
D

(k
) )

V
(k

) .
T

h
en

U
(k

+
1
)

=
Q

2
,

V
(k

+
1
)

=
Q

1
an

d
Σ

(k
+

1
)

=
R

2
[U

(k
)
T

(L
(k

)
−
η
D

(k
) )

V
(k

) ]
−

1
R
T 1

.
4
:
k

: =
k

+
1.

O
u

tp
u

t:
E

st
im

at
io

n
of

th
e

lo
w

-r
an

k
m

at
ri

x
L
∗ ,

gi
ve

n
b
y

li
m
k
→
∞

L
(k

) .

w
h

ic
h

is
si

m
il

ar
to

(2
)

b
u

t
on

ly
th

e
ob

se
rv

ed
en

tr
ie

s
a
re

co
n

si
d

er
ed

.
T

h
e

im
p

le
m

en
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ti
o
n

is
p

re
se
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te
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in

A
lg

or
it

h
m

2
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d
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s
d

er
iv

at
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n
is
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er
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to

S
ec
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n

3.
3
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.

F
or

A
lg

or
it

h
m

1,
it

s
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em
or

y
u
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ge

is
O

(n
1
n

2
)
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g
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F

o
r

A
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ir
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O
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n

d
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in

g
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)
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d
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re
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u

ir
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O
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+
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2
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A

d
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e
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F
or

b
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an
d
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2
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p
u

ta
ti

on
al

ly
in

te
n

si
ve

st
ep

an
d

as
a

re
su

lt
,

th
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p
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p
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h
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d
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p
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→
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d
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cl
id

ea
n

gr
ad

ie
n
t

to
th

e
ta

n
ge

n
t

sp
a
ce

.
T

h
e

re
d

so
li

d
li

n
e

re
p

re
se

n
ts

th
e

or
th

o-
gr

ap
h

ic
re

tr
ac

ti
on

,
w

h
il

e
th

e
re

d
d

as
h

ed
li

n
e

re
p

re
se

n
ts

th
e

p
ro

je
ct

iv
e

re
tr

ac
ti

o
n

.

S
te

p
2
.

C
al

cu
la

te
it

s
R

ie
m

an
n

ia
n

gr
a
d

ie
n
t,

w
h

ic
h

is
th

e
d

ir
ec

ti
on

o
f

st
ee

p
es

t
as

ce
n
t

o
f
f

(x
)

a
m

on
g

al
l
d

ir
ec

ti
on

s
in

th
e

ta
n

ge
n

t
sp

a
ce
T
x
M

.
T

h
is

d
ir

ec
ti

o
n

is
g
iv

en
b
y
P
T
x
M
∇
f

(x
),

w
h

er
e
P
T
x
M

is
th

e
p

ro
je

ct
io

n
op

er
at

or
to

th
e

ta
n

ge
n
t

sp
ac

e
T
x
M

.

S
te

p
3
.

D
efi

n
e

a
re

tr
a
ct

io
n
R
x

th
at

m
ap

s
th

e
ta

n
g
en

t
sp

ac
e

b
ac

k
to

th
e

m
an

if
ol

d
,

i.
e.

R
x

:
T
x
M
→
M

,
w

h
er

e
R
x

n
ee

d
s

to
sa

ti
sf

y
th

e
co

n
d

it
io

n
s

in
(V

an
d

er
ey

ck
en

,
20

13
,

D
efi

n
it

io
n

2.
2)

.
In

p
ar

ti
cu

la
r,
R
x
(0

)
=
x

,
R
x
(y

)
=
x

+
y

+
O

(‖
y
‖2

)
as
y
→

0,
a
n

d
R
x

n
ee

d
s

to
b

e
sm

o
ot

h
.

T
h

en
th

e
u

p
d

at
e

of
th

e
g
ra

d
ie

n
t

d
es

ce
n
t

al
go

ri
th

m
x

+
is

d
efi

n
ed

b
y

x
+

=
R
x
(−
η
P
T
x
M
∇
f

(x
))
,

(6
)

w
h

er
e
η

is
th

e
st

ep
si

ze
.

W
e

re
m

ar
k

th
a
t

in
d

iff
er

en
ti

al
g
eo

m
et

ry
,

th
e

st
an

d
ar

d
“
re

tr
ac

ti
on

”
is

th
e

ex
p

o
n

en
ti

a
l

m
ap

fr
o
m

th
e

ta
n

ge
n
t

sp
ac

e
to

th
e

m
an

if
ol

d
.

H
ow

ev
er

,
in

th
is

w
or

k
(a

s
w

el
l

a
s

m
a
n
y

w
o
rk

s
on

m
an

if
ol

d
op

ti
m

iz
at

io
n

)
it

is
u

se
d

to
re

p
re

se
n
t

a
ge

n
er

ic
m

ap
p

in
g

fr
om

th
e

ta
n

g
en

t
p

la
n

e
to

th
e

m
an

if
o
ld

.
A

s
a

re
su

lt
,

th
e

d
efi

n
it

io
n

o
f

re
tr

ac
ti

o
n

is
n

ot
u

n
iq

u
e

in
th

is
w

or
k
.

In
F

ig
u

re
1
,

w
e

v
is

u
a
li

ze
th

e
gr

ad
ie

n
t

d
es

ce
n
t

m
et

h
o
d

on
th

e
m

a
n

if
ol

d
M

w
it

h
tw

o
d

iff
er

en
t

k
in

d
s

of
re

tr
ac

ti
on

s
(o

rt
h

og
ra

p
h

ic
an

d
p

ro
je

ct
iv

e)
.

W
e

w
il

l
d

is
cu

ss
th

e
d

et
ai

ls
o
f

th
o
se

tw
o

re
tr

ac
ti

on
s

in
S

ec
ti

on
3.

2.
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R
o
b
u
st

P
C
A

b
y
M
a
n
if
o
l
d

O
p
t
im

iz
a
t
io
n

3
.2

.
T

h
e

g
e
o
m

e
try

o
f

th
e

m
a
n

ifo
ld

o
f

lo
w

-ra
n

k
m

a
tric

e
s

T
o

ap
p

ly
th

e
grad

ien
t

d
escen

t
a
lgo

rith
m

in
S

ection
3.1

to
th

e
m

an
ifold

o
f

th
e

low
-ran

k
m

atrices,
th

e
p

ro
jection

P
T
x M

an
d

th
e

retraction
R
x

n
eed

to
b

e
d

efi
n

ed
.

In
th

is
section

,
w

e
letM

b
e

th
e

m
an

ifold
of

allR
n
1 ×
n
2

m
a
trices

w
ith

ran
k
r

a
n

d
X
∈
M

b
e

a
m

atrix
o
f

ran
k

r
an

d
w

ill
fi

n
d

th
e

ex
p

licit
ex

p
ressio

n
s

of
P
T
x M

an
d
R
x .

T
h

e
tan

gen
t

sp
ace

T
X M

an
d

th
e

retraction
R

X
o
f

th
e

m
a
n

ifold
of

th
e

low
-ra

n
k

m
atrices

h
ave

b
een

w
ell-stu

d
ied

A
b

sil
an

d
O

seled
ets

(20
15):

A
ssu

m
e

th
at

th
e

S
V

D
d

eco
m

p
o
sition

of
X

is
X

=
U

Σ
V
T

,
th

en
th

e
tan

gen
t

sp
ace

T
X M

can
b

e
d

efi
n

ed
b
y
T

X M
=
{A

V
V
T

+
U

U
T
B

:
for

A
∈

R
n
1 ×
n
1,B

∈
R
n
2 ×
n
2}

acco
rd

in
g

to
A

b
sil

an
d

O
seled

ets
(2

01
5).

T
h

e
ex

p
licit

form
u

la
for

th
e

p
ro

jection
P
T
X
M

is
giv

en
in

(A
b

sil
an

d
O

seled
ets,

2
01

5,
(9

)):

P
T
X
M

(D
)

=
U

U
T
D

+
D

V
V
T
−

U
U
T
D

V
V
T
,

D
∈
R
n
1 ×
n
2.

(7)

F
or

co
m

p
leten

ess,
a

p
ro

o
f

o
f

(7)
is

p
resen

ted
in

A
p

p
en

d
ix

.
T

h
ere

are
variou

s
w

ay
s

of
d

efi
n

in
g

retraction
s

for
th

e
m

an
ifold

of
low

-ran
k

m
atrices,

an
d

w
e

refer
th

e
read

er
to

A
b
sil

an
d

O
seled

ets
(2015)

for
m

ore
d

eta
ils.

In
th

is
w

o
rk

,
w

e
co

n
sid

er
tw

o
ty

p
es

of
retraction

s.
O

n
e

is
called

th
e

p
ro

jective
retraction

S
h

a
lit

et
al.

(2
01

2);
V

an
d

erey
cken

(2013),
G

iven
an

y
δ∈

T
X M

,
th

e
retractio

n
is

d
efi

n
ed

as
th

e
n
earest

low
-ran

k
m

atrix
to

X
+
δ

in
term

s
of

F
ro

b
en

iu
s

n
o
rm

:

R
(1

)
X

(δ)
=

arg
m

in
Z∈M

‖X
+
δ−

Z‖
F
.

(8)

T
h

e
solu

tion
is

th
e

ran
k
-r

ap
p

rox
im

ation
o
f

X
+
δ

(for
an

y
m

atrix
W

,
its

ran
k
-r

ap
p

rox
i-

m
ation

is
given

b
y
∑

ri=
1
σ
i u
i v
Ti

,
w

h
ere

σ
i ,u

i ,v
i

a
re

th
e

o
rd

ered
sin

gu
lar

valu
es

a
n

d
vectors

of
W

).
In

ord
er

to
fu

rth
er

im
p

rove
com

p
u

tatio
n

effi
cien

cy,
w

e
also

con
sid

er
th

e
o
rth

ogra
p
h
ic

retraction
A

b
sil

an
d

O
seled

ets
(201

5).
D

en
oted

b
y
R

(2
)

X
(δ),

it
is

th
e

n
earest

ra
n

k
-r

m
a
trix

to
X

+
δ

th
at

th
eir

d
iff

eren
ce

is
orth

ogo
n

al
to

th
e

ta
n

gen
t

sp
a
ce
T

X M
:

R
(2

)
X

(δ)
=

arg
m

in
Z∈M

‖
X

+
δ−

Z‖
F
,

s.t.〈R
(2

)
X

(δ)−
(X

+
δ),Z〉

F
=

0
fo

r
a
ll

Z
∈
T

X M
,

(9)

an
d

its
ex

p
licit

solu
tion

of
(9)

is
given

in
(A

b
sil

a
n

d
O

seled
ets,

20
15,

S
ection

3.2),

R
(2

)
X

(δ)
=

(X
+
δ)V

[U
T

(X
+
δ)V

] −
1U

T
(X

+
δ),

(10)

an
d

a
p

ro
of

is
given

in
A

p
p

en
d

ix
.

3
.3

.
D

e
riv

a
tio

n
o
f

th
e

p
ro

p
o
se

d
a
lg

o
rith

m
s

3
.3
.1
.
D
e
r
iv
a
t
io
n
o
f
A
l
g
o
r
it
h
m

1

T
h

e
grad

ien
t

d
escen

t
algorith

m
(6)

for
so

lv
in

g
(2

)
ca

n
b

e
w

ritten
a
s

L
(k

+
1
)

=
R

L
(k

) (−
η
P
T
L
(k

) ∇
f

(L
(k

))),
(11)

w
h

ere
P
T
L
(k

)
is

d
efi

n
ed

in
(7)

an
d
R

L
(k

)
is

d
efi

n
ed

in
(8)

or
(1

0).
T

o
d

erive
th

e
ex

p
licit

algorith
m

,
it

rem
ain

s
to

fi
n

d
th

e
grad

ien
t∇

f
.7
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Z
h
a
n
g

a
n
d

Y
a
n
g

If
th

e
ab

so
lu

te
valu

es
of

all
en

tries
of

A
are

d
iff

eren
t,

th
en

w
e

h
ave

∇
f

(L
)

=
F

(L
−

Y
).

(12)

T
h

e
p

ro
of

of
(12)

is
d

eferred
to

A
p

p
en

d
ix

.
W

h
en

som
e

en
tries

of
A

a
re

eq
u

iva
len

t
an

d
th

ere
is

a
tie

in
gen

era
tin

g
F

(L
−

Y
),

th
e

o
b

jective
fu

n
ction

cou
ld

b
e

n
on

-d
iff

eren
tiab

le.
H

ow
ever,

it
can

b
e

sh
ow

n
th

at
b
y

arb
itrarily

b
rea

k
in

g
th

e
tie,

F
(L
−

Y
)

is
a

su
b

grad
ien

t
of
f

(L
).

T
h

e
corresp

on
d

in
g

grad
ien

t
d

escen
t

m
eth

o
d

(o
r

su
b

g
rad

ien
t

m
eth

o
d

w
h

en
f

is
n

ot
d

iff
eren

tiab
le)

w
ith

p
ro

jective
retra

ction
ca

n
b

e
w

ritten
as

follow
s:

L
(k

+
1
)

:=
ran

k
-r

ap
p

rox
im

atio
n

of
[L

(k
)−

η
P
T
L
(k

) F
(L

(k
)−

Y
) ]
,

(13)

w
h

ere
th

e
ra

n
k
-r

ap
p

rox
im

ation
h

a
s

b
een

d
efi

n
ed

after
(8).

T
h

is
lead

s
to

A
lgo

rith
m

1
w

ith
O

p
tion

1.
F

or
th

e
orth

ograp
h

ic
retraction

,
i.e.,

R
L
(k

)
d

efi
n

ed
accord

in
g

to
(10),

b
y

w
ritin

g
D

=
F

(L
(k

)−
Y

),
th

e
u

p
d

ate
form

u
la

(11)
can

b
e

sim
p

lifi
ed

to

L
(k

+
1
)

:=
(L

(k
)−

η
D

)V
(k

)[U
(k

)T
(L

(k
)−

η
D

)V
(k

)] −
1U

(k
)T

(L
(k

)−
η
D

),
(14)

w
h

ere
U

(k
)∈

R
n
1 ×
r

is
an

y
m

atrix
su

ch
th

at
its

colu
m

n
sp

a
ce

is
th

e
sa

m
e

as
th

e
colu

m
n

sp
ace

o
f

L
(k

);
an

d
V

(k
)∈

R
n
2 ×
r

is
a
n
y

m
a
trix

su
ch

th
at

its
colu

m
n

sp
ace

is
th

e
sam

e
as

th
e

row
sp

ace
of

L
(k

).
T

h
e

d
erivatio

n
of

(14
)

is
d

eferred
to

A
p

p
en

d
ix

,
an

d
it

can
b

e
sh

ow
n

th
a
t

th
e

im
p

lem
en

tation
of

(14)
lead

s
to

A
lg

orith
m

1
w

ith
O

p
tion

2.

3
.3
.2
.
D
e
r
iv
a
t
io
n
o
f
A
l
g
o
r
it
h
m

2

B
y

a
sim

ilar
a
rgu

m
en

t
as

in
th

e
p

rev
iou

s
section

,
w

e
can

con
clu

d
e

th
at

w
h

en
all

en
tries

of
|L
−

Y
|

are
d

iff
eren

t
from

each
oth

er,
th

en
a
p

p
ly

in
g

th
e

sam
e

p
ro

ced
u

re
o
f

d
eriv

in
g

(12),
w

e
h

ave
∇
f̃

(L
)

=
F̃

(L
−

Y
);

an
d
F̃

(L−
Y

)
is

a
su

b
g
rad

ien
t

w
h

en
f̃

(L
)

is
n

o
t

d
iff

eren
tiab

le.
B

ased
o
n

th
is

o
b

servation
,
th

e
algorith

m
u

n
d
er

th
e

p
artially

ob
serv

ed
settin

g
is

id
en

tical
to

(13)
o
r

(14),
w

ith
F

rep
laced

b
y
F̃

.
T

h
is

gives
th

e
im

p
lem

en
tation

o
f

A
lg

orith
m

2.

3
.3
.3
.
B
a
sic

c
o
n
v
e
r
g
e
n
c
e
p
r
o
p
e
r
t
ie
s
o
f
A
l
g
o
r
it
h
m
s
1
a
n
d

2

A
n

in
terestin

g
top

ic
is

th
at,

can
w

e
still

ex
p

ect
th

e
algorith

m
to

h
ave

reason
ab

le
b

asic
p

rop
-

erties,
su

ch
as

con
v
ergen

ce
to

a
critical

p
o
in

t?
U

n
fo

rtu
n

ately,
it

is
im

p
ossib

le
to

h
av

e
su

ch
a

th
eoretical

gu
ara

n
tee

if
a

fi
x
ed

step
size

η
is

ch
osen

:
in

gen
eral,

th
e

su
b

grad
ien

t
m

eth
o
d

w
ith

fi
x
ed

step
size

d
o
es

n
ot

h
ave

th
e

con
vergen

ce
gu

aran
tee

if
th

e
o
b

jective
fu

n
ction

is
n

o
n

-d
iff

eren
tiab

le.
H

ow
ever,

if
w

e
ch

o
ose

step
size

w
ith

lin
e

search
,

th
en

a
n
y

a
ccu

m
u

lation
p

oin
t

o
f
L

(k
),

L̂
,

w
ou

ld
h

ave
th

e
p

rop
erty

th
a
t

eith
er

th
e

ob
jective

fu
n

ction
is

n
ot

d
iff

eren
-

tia
b

le
a
t

L̂
,

or
it

is
a

critical
p

oin
t

in
th

e
sen

se
th

at
its

R
iem

an
n
ia

n
grad

ien
t

is
zero.

F
or

ex
a
m

p
le,

th
e

lin
e

search
strategy

for
A

lg
orith

m
1

can
b

e
d

escrib
ed

a
s

fo
llow

s:
start

th
e

step
size

η
k

w
ith

a
relatively

large
valu

e,
a
n

d
rep

eated
ly

sh
rin

k
s

it
b
y

a
facto

r
of
β
∈

(0,1)
su

ch
th

at
th

e
follow

in
g

con
d

ition
is

satisfi
ed

:
fo

r
L

(k
+

1
)

=
R

L
(k

) (−
η
k P

T
L
(k

) ∇
f

(L
(k

))),

f
(L

(k
))−

f
(L

(k
+

1
))
>
cη
k ‖
P
T
L
(k

) ∇
f

(L
(k

))‖
2,
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R
o
b
u
st

P
C
A

b
y
M
a
n
if
o
l
d

O
p
t
im

iz
a
t
io
n

w
h

er
e
c
∈

(0
,1

)
is

p
re

sp
ec

ifi
ed

.
T

h
e

ar
gu

m
en

t
fo

r
co

n
ve

rg
en

ce
fo

ll
ow

s
fr

o
m

th
e

sa
m

e
a
rg

u
m

en
t

as
th

e
p

ro
of

of
(A

b
si

l
et

al
.,

20
0
9,

T
h

eo
re

m
4.

3
.1

).

3
.4
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p
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h
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√
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p
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e
fo

ll
ow

in
g

th
eo

re
ti

ca
l

re
su

lt
s

re
ga

rd
in

g
th

e
co

n
ve

r-
ge

n
ce

ra
te

,
in

it
ia

li
za

ti
o
n

,
an

d
st

ab
il

it
y

of
A

lg
or

it
h

m
1:

T
h

e
o
re

m
1

(L
in

e
a
r

c
o
n
v
e
rg

e
n

c
e

ra
te

,
fu

ll
y

o
b

se
rv

e
d

c
a
se

)
S

u
p
po

se
th

a
t
‖L

(0
) −

L
∗ ‖
F
≤

a
σ
r
(L
∗ )

,
w

h
er

e
σ
r
(L
∗ )

is
th
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=
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>
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.
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<
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itializa
tion

is
w

ell
ch

o
sen

an
d

close
to

th
e

tru
e

L
∗,

th
en

A
lgorith

m
1

con
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=
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b
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u
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b
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p
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0.5
for

th
e

p
a
rtially

o
b

served
case,

th
e

step
size

η
=
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-ran
k

ap
p

rox
im

ation
.

F
ig

u
re

8
sh

ow
s

o
u

t
th

at
ou

r
algorith

m
s

ca
n

ob
ta

in
sm

aller
ob

jective
va

lu
es

w
ith

in
10

0
iteratio

n
s

u
n

d
er

b
oth

fu
lly

ob
served

an
d

p
a
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p
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c
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.
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b
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b
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/
t
e
n
g
z
/
.
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=
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=
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−
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=
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P
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V
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d
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=
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∈
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+
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=
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+
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=
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=
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w
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+
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+
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P
T
L
(k

) M
(D

))V
(k

)] −
1

(2
2)

U
(k

)T
(L

(k
)−

η
P
T
L
(k

) M
(D

))

23

JM
L

R
 19(80):1-39, 2018

Z
h
a
n
g

a
n
d

Y
a
n
g

O
n

th
e

oth
er

h
an

d
,

from
(7)

w
e

h
av

e
th

e
p

ro
jection

P
T
L
(k

) M
(D

)
=

U
(k

)U
(k

)T
D

+
D

V
(k

)V
(k

)T
−

U
(k

)U
(k

)T
D

V
(k

)V
(k

)T
.

A
s

a
resu

lt

P
T
L
(k

) M
(D

)V
(k

)
=

[U
(k

)U
(k

)T
D

+
D

V
(k

)V
(k

)T
−

U
(k

)U
(k

)T
D

V
(k

)V
(k

)T
]V

(k
)

=
U

(k
)U

(k
)T

D
V

(k
)

+
D

V
(k

)V
(k

)T
V

(k
)−

U
(k

)U
(k

)T
D

V
(k

)V
(k

)T
V

(k
)

=
D

V
(k

)
(23)

an
d

sim
ilarly,

U
(k

)T
P
T
L
(k

) M
(D

)
=

U
(k

)T
D
.

(24)

C
o
m

b
in

in
g

(23
),

(24)
w

ith
(22

),
th

e
u

p
d
ate

fo
rm

u
la

(14)
is

verifi
ed

.

B
.

P
ro

o
f

o
f

T
h

e
o
re

m
1

In
th

is
p

ro
of,

w
e

w
ill

in
vestigate

‖
L

+
−

L
∗‖
F

,
w

h
ere

L
+

=
R

L
(−
η
P
T
L
F

(L
−

Y
)).

It
is

su
ffi

cien
t

to
p

rove
th

at
w

h
en
‖
L
−

L
∗‖
≤
a
σ
r (L
∗)

w
ith

th
e

va
lu

e
a

sa
tisfy

in
g

th
e

con
d

ition
s

in
T

h
eorem

1,
th

en

‖
L

+
−

L
∗‖
F
≤
(

1−
1−

2
C

1

8
η )‖

L
−

L
∗‖
F
.

(25)

T
o

p
rove

(2
5),

w
e

fi
rst

in
tro

d
u

ce
th

ree
a
u
x
ilia

ry
lem

m
as.

L
e
m

m
a

1
0

(a
)

L
et

D
=

L
−

L
∗−

F
(L
−

Y
)

=
L
−

L
∗−

F
(L
−

L
∗−

S
∗),

th
en

‖
D
‖

2F
≤
C

21 ‖L
−

L
∗‖

2F
.

(26)

(b
)

F
o
r

th
e

n
o
isy

settin
g

w
h
ere

Y
=

L
∗

+
S
∗

+
N
∗,

a
n

d
D
′

=
L
−

L
∗−

N
∗−

F
(L
−

Y
),

w
e

h
a
ve

‖
D
′‖

2F
≤

2
C

21 ‖
L
−

L
∗‖

2F
+

2(γ
+

5
γ
∗)N

1 ,
(27)

w
h
ere

N
1

=
n

2 ∑
n
1
i=

1 |N
∗i,· | m

a
x

+
n

1 ∑
n
2
j=

1 |N
∗·,j | m

a
x.

L
e
m

m
a

1
1

If‖L
−

L
∗‖
F
≤
a
σ
r (L
∗)

a
n

d
a
≤

1,
th

en

‖(L
−

L
∗)−

P
T
L
(L
−

L
∗)‖

F
≤

a

2(1−
a
) ‖L
−

L
∗‖
F
,

(2
8)

‖(L
−

L
∗)−

P
T
L
∗ (L
−

L
∗)‖

F
≤
a2 ‖L

−
L
∗‖
F
.

(29)

L
e
m

m
a

1
2

F
o
r

X
∈
T

L M
,

th
en

‖
R

(i)
L

(X
)−

(L
+

X
)‖
F
≤

‖X
‖

2F

2(σ
r (L

)−
‖
X
‖
) ,

fo
r

eith
er
i

=
1

o
r

2
.
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P
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n
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o
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d

O
p
t
im

iz
a
t
io
n

T
o

p
ro

ve
(2

5)
,

fi
rs

t
w

e
n

ot
e

th
at

‖L
−

L
∗ ‖

2 F
−
‖L
−
η
P
T
L
F

(L
−

Y
)
−

L
∗ ‖

2 F

=
‖L
−

L
∗ ‖

2 F
−
‖L
−

L
∗ ‖

2 F
+

2
η
〈L
−

L
∗ ,
P
T
L
F

(L
−

Y
)〉
F
−
‖η
P
T
L
F

(L
−

Y
)‖

2 F

=
2η
〈L
−

L
∗ ,
P
T
L
F

(L
−

Y
)〉
F
−
‖η
P
T
L
F

(L
−

Y
)‖

2 F

=
2η
〈L
−

L
∗ ,
P
T
L
(L
−

L
∗ )
−
P
T
L
(L
−

L
∗
−
F

(L
−

Y
))
〉 F
−
η

2
‖P

T
L
F

(L
−

Y
)‖

2 F

=
2η
〈P

T
L
(L
−

L
∗ )
,P

T
L
(L
−

L
∗ )
−
P
T
L
D
〉 F
−
η

2
‖P

T
L
F

(L
−

Y
)‖

2 F

≥
2
η
(‖
P
T
L
(L
−

L
∗ )
‖2 F
−
‖D
‖ F
‖P

T
L
(L
−

L
∗ )
‖ F

)
−
η

2
(‖

L
−

L
∗ ‖
F

+
‖D
‖ F

)2
.

(3
0)

T
h

e
fo

u
rt

h
li

n
e

is
ob

ta
in

ed
b
y
P
T
L
(L
−

L
∗
−
F

(L
−

Y
))

=
L
−

L
∗
−
P
T
L
F

(L
−

Y
)〉
F

.
T

h
e

fi
ft

h
li
n

e
is

b
ec

au
se

L
−

L
∗

=
P
T
L
(L
−

L
∗ )

+
P
⊥ T L

(L
−

L
∗ )

.
T

h
e

la
st

li
n

e
u

se
s

C
au

ch
y
-

S
ch

w
ar

z
in

eq
u

al
it

y
〈P

T
L
(L
−

L
∗ )
,P

T
L
D
〉 F
≤
‖D
‖ F
‖P

T
L
(L
−

L
∗ )
‖ F

an
d

tr
ia

n
gu

la
r

in
eq

u
al

it
y

‖P
T
L
F

(L
−

Y
)‖
F
≤
‖L
−

L
∗ ‖
F

+
‖P

T
L
(D

)‖
F
≤
‖L
−

L
∗ ‖
F

+
‖D
‖ F

.
L

em
m

a
1
1

a
n

d
th

e

as
su

m
p

ti
on

s
‖L
−

L
∗ ‖
F
≤
a
σ
r
(L
∗ )

an
d
√

1
−

(
a

2
(1
−
a
)
)2
>

1 2
im

p
ly

‖P
T
L
(L
−

L
∗ )
‖ F
≥

1 2
‖L
−

L
∗ ‖
F
.

(3
1)

C
o
m

b
in

in
g

it
w

it
h

th
e

es
ti

m
a
ti

on
of
‖D
‖ F

in
L

em
m

a
10

,
w

e
h

av
e

‖L
−

L
∗ ‖

2 F
−
‖L
−
η
P
T
L
F

(L
−

Y
)
−

L
∗ ‖

2 F

≥
η
(1 2
−
C

1
)‖

L
−

L
∗ ‖

2 F
−
η

2
(1

+
C

1
)2
‖L
−

L
∗ ‖

2 F
.

(3
2)

W
h

en
th

s
R

H
S

of
(3

2)
is

p
os

it
iv

e
(i

.e
.,

w
h

en
(1
−

2
C

1
)
≥

2η
(1

+
C

1
)2

),
(3

2)
im

p
li

es
‖L
−

L
∗ ‖
F
>
‖L
−
η
P
T
L
F

(L
−

Y
)
−

L
∗ ‖
F

a
n

d

‖L
−

L
∗ ‖
F
−
‖L
−
η
P
T
L
F

(L
−

Y
)
−

L
∗ ‖
F

≥
η
(1 2
−
C

1
)‖

L
−

L
∗ ‖

2 F
−
η

2
(1

+
C

1
)2
‖L
−

L
∗ ‖

2 F

‖L
−

L
∗ ‖
F

+
‖L
−
η
P
T
L
F

(L
−

Y
)
−

L
∗ ‖
F

≥
1 2

( η
(1 2
−
C

1
)
−
η

2
(1

+
C

1
)2

)
‖L
−

L
∗ ‖
F
.

(3
3)

In
ad

d
it

io
n

,

‖P
T
L
F

(L
−

Y
)‖
F
≤
‖F

(L
−

Y
)‖
F

=
‖L
−

L
∗ ‖
F

+
‖D
‖ F
≤

(1
+
C

1
)‖

L
−

L
∗ ‖
F

(3
4)

an
d

L
em

m
a

12
gi

ve

‖L
+
−

L
∗ ‖
F
−
‖L
−
η
P
T
L
F

(L
−

Y
)
−

L
∗ ‖
F
≤
‖L
−
η
P
T
L
F

(L
−

Y
)
−

L
+
‖ F

≤
η

2
‖P

T
L
F

(L
−

Y
)‖

2 F

σ
r
(L
∗ )
−
η
‖P

T
L
F

(L
−

Y
)‖
F
≤

η
2
a

2
(1

+
C

1
)2

1
−
η
a
(1

+
C

1
)‖

L
−

L
∗ ‖
F
.

(3
5)

C
om

b
in

in
g

(3
3)

an
d

(3
5)

,

‖L
−

L
∗ ‖
F
−
‖L

+
−

L
∗ ‖
F

‖L
−

L
∗ ‖
F

≥
1 4
η
(1
−

2C
1
)
−
η

2
(1

+
C

1
)2

[ 1 2
+

a
2

1
−
η
(1

+
C

1
)a

] .

T
h

er
ef

or
e,

T
h

eo
re

m
1

is
p

ro
ve

d
w

h
en

C
1
<

1/
2,

a
n

d
η 0

is
ch

os
en

su
ch

th
a
t

η 0
(1

+
C

1
)2

[ 1 2
+

a
2

1
−
η 0

(1
+
C

1
)a

]
≤

1 8
(1
−

2
C

1
).
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Z
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g
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d

Y
a
n
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.

P
ro

o
f

o
f

T
h

e
o
re

m
5

T
h

e
p

ro
of

of
th
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n

oi
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ca
se
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fo
ll

ow
s

si
m

il
ar
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fr

o
m

th
e

p
ro

of
s

of
T

h
eo

re
m

1
an

d
6
.

N
ot

e
th

at
F

(L
−

Y
)

=
L
−

L
∗
−

N
∗
−

D
′ ,

an
d

d
efi

n
e

Q
=
P
T
L
(L
−

L
∗ )

,
th

en
fo

ll
ow

in
g

th
e

p
ro

of
of

T
h

eo
re

m
1

a
n

d
ap

p
ly

in
g

L
em

m
a

10
(b

),
w

e
h

av
e

‖L
−

L
∗ ‖

2 F
−
‖L
−
η
P
T
L
F

(L
−

Y
)
−

L
∗ ‖

2 F

=
2η
〈L
−

L
∗ ,
P
T
L
F

(L
−

Y
)〉
F

+
O

(η
2
)

=
2η
〈P

T
L
(L
−

L
∗ )
,P

T
L
F

(L
−

Y
)〉
F

+
O

(η
2
)

=
2η
〈P

T
L
(L
−

L
∗ )
,P

T
L
(L
−

L
∗
−

N
∗
−

D
′ )
〉 F

+
O

(η
2
)

≥
2η

( ‖
Q
‖2 F
−
〈N
∗ ,

Q
〉 F
−
‖Q
‖ F
√

2
C

2 1
‖L
−

L
∗ ‖

2 F
+

2
(γ

+
5
γ
∗ )
N

1

)
+
O

(η
2
).

In
ad

d
it

io
n

,
(3

5)
gi

ve
s

∣ ∣ ‖
L

+
−

L
‖ F
−
‖L
−
η
P
T
L
F

(L
−

Y
)
−

L
∗ ‖
F

∣ ∣ =
O

(η
2
).

C
om

b
in

in
g

it
w

it
h

th
e

es
ti

m
at

io
n

o
f
C

1
,
N

1
,

an
d
〈N
∗ ,

Q
〉 F

in
L

em
m

a
13

an
d

th
e

fa
ct

th
at

(1
−

a
2
(1
−
a
)
)‖

L
−

L
∗ ‖
F
≤
‖Q
‖ F
≤

(1
+

a
2
(1
−
a
)
)‖

L
−

L
∗ ‖
F

(w
h

ic
h

fo
ll

ow
s

fr
om

L
em

m
a

1
1)

,
th

e
T

h
eo

re
m

is
p

ro
ve

d
.

L
e
m

m
a

1
3

If
N
∗
∈
R
n
1
×
n
2

is
el

em
en

tw
is

el
y

i.
i.

d
.

sa
m

p
le

d
fr

o
m
N

(0
,σ

2
),

th
en

(a
)

w
it

h
p
ro

ba
bi

li
ty

1
−

4
n
7 1
n
7 2
,
∑

n
1
i=

1
(|N

∗ i,·
|m

a
x
)2
≤

16
σ

2
n

1
ln

(n
1
n

2
),

a
n

d
∑

n
2
j=

1
(|N

∗ ·,j
|m

a
x
)2
≤

16
σ

2
n

2
ln

(n
1
n

2
),

a
n

d
a
s

a
re

su
lt

,
N

1
≤

32
σ

2
n

1
n

2
ln

(n
1
n

2
).

(b
)

T
h
er

e
ex

is
ts
C

6
>

0
su

ch
th

a
t

a
s
n

1
+
n

2
→
∞

,
th

e
p
ro

ba
bi

li
ty

th
a
t

〈N
∗ ,
P
T
L
(L
−

L
∗ )
〉 F
≤

1 4
‖P

T
L
(L
−

L
∗ )
‖2 F

(3
6)

h
o
ld

s
fo

r
a
ll
{L

:
C

6
σ
√

(n
1

+
n

2
)r

ln
(n

1
n

2
)
≤
‖L
−

L
∗ ‖
F
≤
a
σ
r
(L
∗ )
}

co
n

ve
rg

es
to

1
.

D
.

P
ro

o
f

o
f

T
h

e
o
re

m
6

T
h

is
p

ro
of

b
or

ro
w

s
tw

o
le

m
m

as
fr

om
(Y

i
et

al
.,

20
1
6,

L
em

m
as

9
,

10
)

a
s

fo
ll

ow
s.

L
e
m

m
a

1
4

(Y
i

et
a
l.

,
2
0
1
6
,

L
em

m
a

9
)

T
h
er

e
ex

is
ts
c
>

0
su

ch
th

a
t

fo
r

a
ll

0
<
ε
<

1
,

if
p
≥
cµ
r

lo
g
(n

)/
ε2

m
in

(n
1
,n

2
),

th
en

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

2n
−

3
,

fo
r

a
ll

X
in

th
e

ta
n

ge
n

t
p
la

n
e
T

L
∗
,

i.
e.

,
a
ll

X
th

a
t

ca
n

be
w

ri
tt

en
a
s

L
∗ A

+
B

L
∗ ,

w
h
er

e
A
∈

R
n
2
×
n
2

a
n

d
B
∈
R
n
1
×
n
1
,

(1
−
ε)
‖X
‖2 F
≤

1 p
‖P

Φ
X
‖2 F
≤
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+
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‖X
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.

L
e
m

m
a

1
5

(Y
i

et
a
l.

,
2
0
1
6
,

L
em

m
a

1
0
)

If
p
≥

5
6 3

lo
g
n

γ
m
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(n

1
,n

2
)
,

th
e

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
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−

1
,

th
e

n
u

m
be

r
o
f

en
tr

ie
s

in
Φ
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r
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w
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in

th
e
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te

rv
a
l
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n

2
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p
n
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a
n

d
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e
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u
m
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o
f
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s
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Φ
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r
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m
n
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n

1
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.
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m
a

1
6

W
h
en

th
e

even
ts

in
L

em
m

a
s

1
4

a
n

d
1
5

h
o
ld

,
fo

r
D̃

=
P

Φ
[L
−

L
∗−

F̃
(L
−

Y
)]

w
e

h
a
ve

‖
D̃
‖

2F
≤
C̃

21 ‖L
−

L
∗‖

2F
,

(37)

w
ith

C̃
1

=
1

p
(1−

ε) [6
(γ

+
2
γ
∗)p

µ
r

+
4

3γ
∗

γ
−

3
γ
∗
( √

p
(1

+
ε)

+
a2

)
2

+
a

2 ].

T
h

e
p

ro
of

of
T

h
eorem

6
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p
ara

llel
to

th
e

p
ro

o
f

of
T

h
eorem

1,
w

ith
L

+
d

efi
n

ed
sligh

tly
d

iff
eren

tly
b
y

L
+

=
R

L
(−
η
P
T
L
F̃

(L
−

Y
)).

D
efi

n
in

g
P

Φ
:R

n
1 ×
n
2→

R
n
1 ×
n
2

b
y

[P
Φ

X
]ij

=

{
X
ij ,

if
(i,j)∈

Φ
,

0,
if

(i,j)
/∈

Φ
.

T
h

en
F̃

(L
−

Y
)

=
P

Φ
F̃

(L
−

Y
).

F
ollow

in
g

a
sim

ilar
an

a
ly

sis
as

(30),

‖L
−

L
∗‖

2F
−
‖
L
−
η
P
T
L
P

Φ
F̃

(L
−

Y
)−

L
∗‖

2F

=
2η〈L

−
L
∗,P

T
L
P

Φ
F̃

(L
−

Y
)〉
F
−
‖
η
P
T
L
P

Φ
F̃

(L
−

Y
)‖

2F

≥
2
η〈P

Φ
P
T
L
(L
−

L
∗),P

Φ
F̃

(L
−

Y
)〉
F
−
‖
η
P

Φ
F̃

(L
−

Y
)‖

2F

≥
2
η〈P

Φ
(L
−

L
∗)−

P
Φ
P
⊥T
L
(L
−

L
∗),P

Φ
(L
−

L
∗)−

D̃
〉
F
−
η

2(‖P
Φ

(L
−

L
∗)‖

F
+
‖
D̃
‖
F

)
2,

(38)

h
ere

P
⊥T
L

rep
resen

ts
th

e
p

ro
jector

to
th

e
su

b
sp

ace
orth

og
on

a
l

to
T

L
.

L
em

m
a

11
a
n

d
L

em
m

a
1
4

im
p

ly

‖
P

Φ
P
⊥T
L
(L
−

L
∗)‖

F

‖
P

Φ
(L
−

L
∗)‖

F
≤
‖P
⊥T
L
(L
−

L
∗)‖

F

‖P
Φ

(L
−

L
∗)‖

F
≤
a
p
(1

+
ε)

2
(1−

a
)
,

(39)

an
d

com
b

in
in

g
it

w
ith

th
e

estim
ation

of
D̃

in
L

em
m

a
16,

th
e

R
H

S
of

(38
)

is
la

rger
th

a
n

‖P
Φ

(L
−

L
∗)‖

2F

(
2
η (

1−
C̃

1 −
a
p
(1

+
ε)

2(1−
a
)

(1
+
C̃

1 ) )
−
η

2(1
+
C̃

1 )
2 )

.
(40)

In
ad

d
ition

,
L

em
m

a
14

im
p

lies

‖P
Φ
F̃

(L
−

Y
)‖
F
≤
‖P

Φ
(L
−

L
∗)‖

F
+
‖
P

Φ
D̃
‖
F

≤
(1

+
C̃

1 )‖P
Φ

(L
−

L
∗)‖

F
,

≤
(1

+
C̃

1 )p
(1

+
ε)‖

L
−

L
∗‖

an
d

com
b
in

in
g

it
w

ith
L

em
m

a
12,

‖
L

+
−

L
∗‖
F
−
‖
L
−
η
P
T
L
P

Φ
F̃

(L
−

Y
)−

L
∗‖
F
≤
η

2a
2(p

+
p
ε)

2(1
+
C̃

1 )
2

1−
η
a
(p

+
p
ε)(1

+
C̃

1 ) ‖
L
−

L
∗‖
F
.
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Z
h
a
n
g

a
n
d

Y
a
n
g

C
om

b
in

in
g

it
w

ith
(4

0)
an

d
L

em
m

a
11

,
w

e
h

ave

‖
L

+
−

L
∗‖
F

‖L
−

L
∗‖
F
≤
√

1−
p

2(1−
ε)

2 (
2
η (

1−
C̃

1 −
a
p
(1

+
ε)

2
(1−

a
)

(1
+
C̃

1 ) )
−
η

2(1
+
C̃

1 )
2 )

+
η

2a
2(p

+
p
ε)

2(1
+
C̃

1 )
2

1−
η
a
(p

+
p
ε)(1

+
C̃

1 )
,

an
d

T
h

eorem
6

is
p

rov
ed

.

E
.

P
ro

o
f

o
f

L
e
m

m
a
s

L
e
m

m
a

1
0
(a

)
P

ro
o
f

B
y

th
e

d
efi

n
ition

of
F

,
for

an
y

m
atrix

A
,

A
−
F

(A
)

is
a

sp
arse

m
atrix

,
th

erefo
re

D
=

L
−

L
∗−

S
∗−

F
(L
−

L
∗−

S
∗)

+
S
∗

is
a

sp
arse

m
atrix

.
D

en
ote

th
e

lo
cation

s
of

th
e

n
on

zero
en

tries
o
f
D

b
y
S

,
an

d
d

iv
id

e
it

in
to

tw
o

setsS
1 ∪
S

2
d

efi
n

ed
as

follow
s:

S
1

=
{(i,j)

:|[L−
L
∗−

S
∗]ij |

>
|[L−

L
∗−

S
∗]i,· | [γ

]
an

d
|[L−

L
∗−

S
∗]ij |

>
|[L−

L
∗−

S
∗]·,j | [γ

]}
,

a
n

d

S
2

=
{(i,j)

/∈
S

1
:
D
ij

=
[L
−

L
∗]ij −

F
(L
−

L
∗−

S
∗)
ij 6=

0}.

F
or

(i,j)∈
S

1 ,
[F

(L
−

L
∗−

S
∗)]ij

=
0.

A
s

a
resu

lt,
D
ij

=
[L
−

L
∗]ij .

In
ad

d
ition

,
b
y

d
efi

n
ition

o
f
F

(·),
each

row
or

colu
m

n
of

D
h

as
a
t

m
ost

γ
p

ercen
tag

e
o
f

p
o
in

ts
in
S

1 .

F
or

(i,j)∈
S

2 ,
sin

ce
[F

(L
−

L
∗−

S
∗)]ij

=
[L
−

L
∗−

S
∗]ij ,

w
e

h
ave

D
ij

=
S
∗ij 6=

0
.

B
y

A
ssu

m
p

tio
n

1,
th

erefore,
for

ea
ch

row
or

co
lu

m
n

of
D

,
at

m
o
st
γ
∗

p
ercen

tage
of

p
oin

ts
lie

in
S

2 .

C
o
m

b
in

e
th

e
resu

lts

|[L
−

L
∗−

S
∗]i,· | [γ

]≤
{|[L
−

L
∗]i,· |

+
|[S
∗]i,· |}

[γ
]≤
|[L
−

L
∗]i,· | [γ−

γ
∗
],

|[L
−

L
∗−

S
∗]j,· | [γ

]≤
{|[L
−

L
∗]j,· |

+
|[S
∗]j,· |}

[γ
]≤
|[L
−

L
∗]j,· | [γ−

γ
∗
],

w
ith

[F
(L
−

L
∗−

S
∗)]ij

=
[L
−

L
∗−

S
∗]ij ,

w
e

h
ave

for
(i,j)∈

S
2

|D
ij |

=
|[L
−

L
∗−

F
(L
−

L
∗−

S
∗)]ij |

≤
|[L
−

L
∗]ij |+

|F
(L
−

L
∗−

S
∗)]ij |

≤
|[L
−

L
∗]ij |+

m
ax

(|[L
−

L
∗−

S
∗]i,· | [γ

],|[L
−

L
∗−

S
∗]·,j | [γ

])

≤
|[L
−

L
∗]ij |+

m
ax

(|[L
−

L
∗]i,· | [γ−

γ
∗
],|[L

−
L
∗]·,j | [γ−

γ
∗
]).

A
p

p
ly

in
g

th
e

estim
a
tion

s
ab

ov
e,

an
d

rep
eated

ly
u

se
th

e
fact

th
at

(x
+
y
)
2≤

2
x

2
+

2
y

2,
w

e
h

ave

2
8
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R
o
b
u
st

P
C
A

b
y
M
a
n
if
o
l
d

O
p
t
im

iz
a
t
io
n

‖D
‖2 F

=
∑

(i
,j

)∈
S

D
2 ij

=
∑

(i
,j

)∈
S 1

D
2 ij

+
∑

(i
,j

)∈
S 2

D
2 ij
≤

∑

(i
,j

)∈
S 1

[L
−

L
∗ ]

2 ij

+
∑

(i
,j

)∈
S 2

{ |
[L
−

L
∗ ]
ij
|+

m
ax

(|[
L
−

L
∗ ]
i,
·|[γ
−
γ
∗ ]
,|[

L
−

L
∗ ]
·,j
|[γ
−
γ
∗ ]

)} 2

≤
∑

(i
,j

)∈
S 1

[L
−

L
∗ ]

2 ij
+

2
∑

(i
,j

)∈
S 2

[L
−

L
∗ ]

2 ij
+

2
∑

(i
,j

)∈
S 2

m
ax
{|

[L
−

L
∗ ]
i,
·|[γ
−
γ
∗ ]
,|[

L
−

L
∗ ]
·,j
|[γ
−
γ
∗ ]
}2

≤
∑

(i
,j

)∈
S 1

[L
−

L
∗ ]

2 ij
+

2
∑

(i
,j

)∈
S 2

[L
−

L
∗ ]

2 ij
+

2
∑

(i
,j

)∈
S 2
{|

[L
−

L
∗ ]
i,
·|[γ
−
γ
∗ ]

+
|[L
−

L
∗ ]
·,j
|[γ
−
γ
∗ ]
}2

≤
∑

(i
,j

)∈
S 1

[L
−

L
∗ ]

2 ij
+

2
∑

(i
,j

)∈
S 2

[L
−

L
∗ ]

2 ij
+

4
∑

(i
,j

)∈
S 2
{|

[L
−

L
∗ ]
i,
·|[γ
−
γ
∗ ]
}2

+
{|

[L
−

L
∗ ]
·,j
|[γ
−
γ
∗ ]
}2

≤
∑

(i
,j

)∈
S[L
−

L
∗ ]

2 ij
+

∑

(i
,j

)∈
S 2

[L
−

L
∗ ]

2 ij
+

4
γ
∗

γ
−
γ
∗‖

L
−

L
∗ ‖

2 F

≤
2
∑

(i
,j

)∈
S[P

T
L
∗
(L
−

L
∗ )

]2 ij
+

2
∑

(i
,j

)∈
S 2

[P
T
L
∗
(L
−

L
∗ )

]2 ij
+

4
γ
∗

γ
−
γ
∗‖

L
−

L
∗ ‖

2 F

+
2
∑

(i
,j

)∈
S[L
−

L
∗
−

P
T
L
∗
(L
−

L
∗ )

]2 ij
+

2
∑

(i
,j

)∈
S 2

[L
−

L
∗
−

P
T
L
∗
(L
−

L
∗ )

]2 ij

≤
2
∑

(i
,j

)∈
S[P

T
L
∗
(L
−

L
∗ )

]2 ij
+

2
∑

(i
,j

)∈
S 2

[P
T
L
∗
(L
−

L
∗ )

]2 ij
+

4
γ
∗

γ
−
γ
∗‖

L
−

L
∗ ‖

2 F

+
4
‖L
−

L
∗
−

P
T
L
∗
(L
−

L
∗ )
‖2 F
.

(4
1)

N
o
te

th
at

fr
om

li
n

e
5

to
li

n
e

6,
w

e
u

se
d

th
e

fa
ct

th
a
t

fo
r

x
∈
R
n
,

an
d
k
≤
n

k
(x

(k
))

2
≤

(x
(k

))
2

+
(x

(k
+

1
))

2
+
··
·+

(x
(n
−

1
))

+
(x

(n
))
≤

(x
(1

))
+
··
·+

(x
(n

))
=
‖x
‖2 F
,

w
h

er
e
x

(k
)

is
th

e
k
-t

h
or

d
er

st
a
ti

st
ic

s
of
x

1
,.
..
,x

n
,

i.
e.

th
e
k
-t

h
sm

a
ll

es
t

va
lu

e.
T

h
is

g
iv

es
u

s

(γ
−
γ
∗ )
n

2
|[L
−

L
∗ ]
i,
·|[γ
−
γ
∗ ]
≤
‖[

L
−

L
∗ ]
i,
·‖2 2

;
(γ
−
γ
∗ )
n

2
|[L
−

L
∗ ]
·,j
|[γ
−
γ
∗ ]
≤
‖[

L
−

L
∗ ]
·,j
‖2 2
.

T
h

er
ef

or
e

∑

(i
,j

)∈
S 2
|[L
−

L
∗ ]
i,
·|[γ
−
γ
∗ ]
≤

γ
∗ n

2

(γ
−
γ
∗ )
n

2
‖[

L
−

L
∗ ]
i,
·‖2 F

;
(4

2)

∑

(i
,j

)∈
S 2
|[L
−

L
∗ ]
·,j
|[γ
−
γ
∗ ]
≤

γ
∗ n

1

(γ
−
γ
∗ )
n

1
‖[

L
−

L
∗ ]
·,j
‖2 F
.

(4
3)

T
h

e
va

lu
es
γ
∗ n

2
an

d
γ
∗ n

1
in

th
e

n
u

m
er

at
or

o
f

th
e

ri
gh

t
h

an
d

si
d

es
in

4
2

an
d

4
3

ar
e

d
u

e
to

th
e

fa
ct

th
at

,
in

ea
ch

ro
w

or
co

lu
m

n
of

D
,

a
t

m
os

t
γ
∗

p
er

ce
n
ta

ge
of

p
oi

n
ts

li
e

in
S 2

.
O

n
th

e
ot

h
er

h
an

d
,

L
em

m
a

11
im

p
li

es

‖L
−

L
∗
−

P
T
L
∗
(L
−

L
∗ )
‖ F
≤
a 2
‖L
−

L
∗ ‖
F
.

(4
4)

2
9

JM
L

R
 1

9(
80

):
1-

39
, 2

01
8

Z
h
a
n
g

a
n
d

Y
a
n
g

In
ad

d
it

io
n

,
u

si
n

g
th

e
fa

ct
th

a
t

th
er

e
ex

is
ts

A
∈

R
n
1
×
r

an
d

B
∈

R
n
2
×
r
,

su
ch

th
at

P
T
L
∗
(L
−

L
∗ )

=
A

V
T

+
U

B
T

an
d
‖P

T
L
∗
(L
−

L
∗ )
‖2 F

=
‖A

V
T
‖2 F

+
‖U

B
T
‖2 F

,
a
n

d
th

at
fo

r
ea

ch
ro

w
or

co
lu

m
n

,
at

m
os

t
γ

+
γ
∗

p
er

ce
n
ta

ge
of

p
oi

n
ts

li
e

in
S,

w
e

h
av

e

∑

(i
,j

)∈
S[P

T
L
∗
(L
−

L
∗ )

]2 ij
≤

2
∑

(i
,j

)∈
S[‖

(A
V
T

) i
j
‖2

+
‖(

U
B
T

) i
j
‖2

]

≤
2(
γ

+
γ
∗ )
µ
r

∑

1
≤
i≤
n
1
,1
≤
j≤
n
2

[‖
(A

V
T

) i
j
‖2

+
‖(

U
B
T

) i
j
‖2

]
=

2
(γ

+
γ
∗ )
µ
r‖

P
T
L
∗
(L
−

L
∗ )
‖2 F

≤
2(
γ

+
γ
∗ )
µ
r‖

L
−

L
∗ ‖

2 F
.

(4
5)

S
im

il
ar

ly
,
‖A
‖ 2
,∞

=
m

ax
‖z
‖ 2

=
1
‖A

z
‖ ∞

∑

(i
,j

)∈
S 2

[P
T
L
∗
(L
−

L
∗ )

]2 ij
≤

2γ
∗ µ
r‖

L
−

L
∗ ‖

2 F
,

(4
6)

C
o
m

b
in

in
g

(4
1)

-(
46

),
(2

6)
is

p
ro

v
ed

.

L
e
m

m
a

1
0
(b

)
P

ro
o
f

L
et

L
′ =

L
−

N
∗ ,

th
en

ap
p

ly
in

g
th

e
fa

ct
th

at
fo

r
a
n
y

x
,y
∈
R
n
,

|[x
+

y
]|[γ

]
≤
|[x

]|[γ
]
+
|[x

]|m
a
x
,

w
h

er
e
|[x

]|m
a
x

re
p

re
se

n
ts

th
e

la
rg

es
t

va
lu

e
of
|[x

]|.
W

e
h

av
e

‖D
′ ‖2 F
≤
∑

(i
,j

)∈
S[L
′ −

L
∗ ]

2 ij
+

∑

(i
,j

)∈
S 2

[L
′ −

L
∗ ]

2 ij

+
2
∑

(i
,j

)∈
S 2
{(
|[L
′ −

L
∗ ]
i,
·|[γ
−
γ
∗ ]

)2
+

(|[
L
′ −

L
∗ ]
·,j
|[γ
−
γ
∗ ]

)2
}

≤
2

 
∑

(i
,j

)∈
S[L
−

L
∗ ]

2 ij
+
|N
∗ ij
|2

+
∑

(i
,j

)∈
S 2

[L
−

L
∗ ]

2 ij
+
|N
∗ ij
|2 

+
4
∑

(i
,j

)∈
S 2
{(
|[L
′ −

L
∗ ]
i,
·|[γ
−
γ
∗ ]

)2
+

(|N
∗ i,·
|m

a
x
)2

+
(|[

L
′ −

L
∗ ]
·,j
|[γ
−
γ
∗ ]

)2
+

(|N
∗ ·,j
|m

a
x
)2
}

≤
2C

2 1
‖L
−

L
∗ ‖

2 F
+

2(
γ

+
5
γ
∗ )
N

1
,

w
h

er
e

th
e

la
st

in
eq

u
al

it
y

fo
ll

ow
s

fr
o
m

th
e

p
ro

of
o
f

p
a
rt

(a
)

an
d

th
e

d
efi

n
it

io
n

of
N

1
.

L
e
m

m
a

1
1

P
ro

o
f

L
et

th
e

S
V

D
d

ec
om

p
os

it
io

n
of

L
∗

b
e

L
∗

=
U

Σ
V

,
U
⊥

an
d

V
⊥

b
e

o
rt

h
og

on
al

m
at

ri
ce

s
of

si
ze

s
R
n
1
×

(n
1
−
r
)

an
d
R
n
2
×

(n
2
−
r
)

su
ch

th
at

C
o
l(

U
⊥

)
⊥

C
ol

(U
)

an
d

C
ol

(V
⊥

)
⊥

C
ol

(V
)

(h
er

e
C

o
l(

U
)

re
p

re
se

n
ts

th
e

su
b

sp
ac

e
sp

a
n

n
ed

b
y

th
e

co
lu

m
n

s
of

U
).

L
et

L
∗ (1
,1

)
≡

U
T
L
∗ V

,
L
∗ (1
,2

)
≡

U
T
L
∗ V
⊥
,

L
∗ (2
,1

)
≡

U
⊥
T
L
∗ V

,
L
∗ (2
,2

)
≡

U
⊥
T
L
∗ V
⊥
.
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R
o
b
u
st

P
C
A

b
y
M
a
n
if
o
l
d

O
p
t
im

iz
a
t
io
n

S
in

ce
ran

k
(L
∗)

=
r,

w
e

h
ave

L
∗(2
,2

)
=

L
∗(2
,1

) L
∗(1
,1

) −
1L
∗(1
,2

) .

S
in

ce
all

sin
g
u

lar
valu

es
of

L
∗(1
,1

)
are

larger
th

an
(1−

a
)σ
r (L
∗),

if
th

e
sin

gu
lar

va
lu

e
d

ecom
-

p
osition

of
L
∗(1
,1

) −
1

is
giv

en
b
y

L
∗(1
,1

) −
1

=
U

0 Σ
0 V

T0
,

th
en

th
e
‖
Σ

0 ‖
≤

1/
(1−

a
)σ
r (L
∗).

A
p

p
ly

in
g

‖
A

B
‖

2F
≤
‖A
‖

2F ‖B
‖

2F

an
d

th
e

fact
th

at
for

a
sq

u
are,

d
iagon

al
m

atrix
Σ

,|[X
Σ

]ij |
=
|X

ij Σ
jj |≤

‖Σ
‖|X

ij |,
w

e
h

ave

‖
L
∗(2
,2

) ‖
F

=
‖L
∗(2
,1

) U
0 Σ

0 V
T0
L
∗(1
,2

) ‖
F

≤
‖L
∗(2
,1

) U
0 Σ

0 ‖
F ‖V

T0
L
∗(1
,2

) ‖
F

≤
1

(1−
a
)σ
r (L
∗) ‖L

∗(2
,1

) U
0 ‖
F ‖

V
T0
L
∗(1
,2

) ‖
F

≤
1

(1−
a
)σ
r (L
∗) ‖L

∗(2
,1

) ‖
F ‖

L
∗(1
,2

) ‖
F

≤
1

(1−
a
)σ
r (L
∗) (‖L

∗(2
,1

) ‖
2F

+
‖
L
∗(1
,2

) ‖
2F

2

)

≤
1

(1−
a
)σ
r (L
∗) (

a
2σ
r (L
∗)

2

2

)

≤
a

2

2
(1−

a
) σ

r (L
∗),

(47)

an
d

(2
8)

is
p

roved
.

T
h

e
p

ro
of

of
(29)

is
sim

ilar.

L
e
m

m
a

1
2

P
ro

o
f

L
et

th
e

S
V

D
d

ecom
p

o
sition

o
f

L
b

e
L

=
U

Σ
V

,
a
n

d

L
(1
,1

)
=

U
T

(X
+

L
)V
,L

(1
,2

)
=

U
T

(X
+

L
)V
⊥

=
U
T
X

V
⊥
,L

(2
,1

)
=

U
⊥
T

(X
+

L
)V

=
U
⊥
T
X

V
,

th
en

it
is

clear
th

at

R
(2

)
L

(X
)

=
L

+
X

+
U
⊥

L
(2
,1

) L
(1
,1

) −
1L

(1
,2

) V
⊥
T
,

an
d

u
sin

g
th

e
sam

e
argu

m
en

t
as

in
(47

),

‖L
(2
,1

) L
(1
,1

) −
1L

(1
,2

) ‖
F
≤

1

σ
r (L
∗(1
,1

) ) ‖
L

(1
,2

) ‖
F ‖L

(2
,1

) ‖
F

≤
1

σ
r (L

)−
‖
X
‖ (‖L

(2
,1

) ‖
2F

+
‖
L

(1
,2

) ‖
2F

2

)

≤
1

σ
r (L

)−
‖
X
‖ ‖X

‖
2F

2
.
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Z
h
a
n
g

a
n
d

Y
a
n
g

S
o

L
em

m
a

12
is

p
roved

fo
r
R

(2
)

L
(X

).

B
y

d
efi

n
ition

,
R

(1
)

L
(X

)
is

th
e

closest
m

a
trix

to
L

+
X

th
at

h
as

ra
n

k
r,

so
‖R

(1
)

L
(X

)−
(L

+
X

)‖
F
≤
R

(2
)

L
(X

)−
(L

+
X

)‖
F

a
n

d
L

em
m

a
12

is
also

p
roved

for
R

(1
)

L
(X

).

L
e
m

m
a

1
3

P
ro

o
f

W
L

O
G

,
w

e
assu

m
e
σ

=
1

an
d

th
e

gen
eric

cases
can

b
e

p
rov

ed
sim

ilarly.
(a

)
It

fo
llow

s
from

th
e

estim
ation

of
th

e
d

istrib
u

tion
o
f

th
e

m
ax

im
u

m
o
f
n

1
i.i.d

.
G

au
ssian

varia
b

les{
g
i }
n
1
i=

1 :

P
r{

m
ax

1≤
i≤
n
1 |g

i |≤
4 √

ln
(n

1 n
2 )}
≥
(

1−
2

ex
p (
−

(4 √
ln

(n
1 n

2 ))
2

2

))
n
1

≥
1−

2n
1

ex
p (
−

(4 √
ln

(n
1 n

2 ))
2

2

)
=

1−
2n
−

7
1
n
−

8
2
,

w
h

ere
th

e
fi

rst
in

eq
u

ality
ap

p
lies

th
e

estim
atio

n
of

th
e

cu
m

u
la

tiv
e

d
istrib

u
tion

fu
n

ction
of

th
e

G
au

ssian
d

istrib
u
tion

(L
ed

ou
x

a
n

d
T

alag
ran

d
,

19
91,

p
g

8).

C
o
m

b
in

in
g

th
is

estim
ation

for
each

colu
m

n
of

N
∗

an
d

ap
p

ly
in

g
th

e
u

n
ion

b
ou

n
d

,
th

e
sec-

on
d

in
eq

u
ality

in
p

art
(a)

h
old

s
w

ith
p

rob
ab

ility
1−

2
n
−

7
1
n
−

7
2

.
S

im
ilarly,

th
e

fi
rst

in
eq

u
ality

in
p

a
rt

(a)
h

old
s

w
ith

th
e

sam
e

p
ro

b
ab

ility.

(b
)

F
irst,

w
e

p
aram

eterize
L

b
y
g
(L

)
=
P

L
∗(L
−

L
∗).

T
h

en
w

e
claim

th
at,

fo
r

an
y

L
an

d
L
′

su
ch

th
at‖

L
−

L
∗‖
F
,‖L

′−
L
∗‖
F
≤
a
σ
r (L
∗),

th
ere

ex
ists

C
0

d
ep

en
d

in
g

on
a

su
ch

th
a
t

‖P
T
L
(L
−

L
∗)−

P
T
L
′ (L
′−

L
∗)‖

F
≤
C

0 ‖
g
(L

)−
g
(L
′)‖

F
.

(4
8)

T
o

p
rove

(48),
ap

p
ly

(2
9)

an
d

ob
tain

‖L
−

L
′‖
F
≤

1

1−
a2 ‖g

(L
)−

g
(L
′)‖

F
.

(4
9)

S
in

ce
P
T
L

=
U

L
U
TL

+
V

L
V
TL
−

U
L
U
TL
V

L
V
TL

,
an

d
u
sin

g
D

av
is-K

ah
an

th
eorem

D
av

is
an

d
K

a
h

an
(1970

)
an

d
th

e
assu

m
p

tion
‖L
−

L
∗‖
F
≤
a
σ
r (L
∗),

th
ere

ex
ists

c
1 ,
c

2
d

ep
en

d
in

g
o
n
a

su
ch

th
at

‖
U

L
U
TL
−

U
L
′U

TL
′ ‖
F
≤
c

1 ,
‖
V

L
V
TL
−

V
L
′V

TL
′ ‖
F
≤
c

2 ,

so
th

ere
ex

ists
C
′

d
ep

en
d

in
g

on
a

su
ch

th
a
t

‖P
T
L
(L
−

L
∗)−

P
T
L
′ (L
′−

L
∗)‖

F
(50)

=
‖[P

T
L
′ (L
−

L
∗)−

P
T
L
′ (L
′−

L
∗)]+

[P
T
L
(L
−

L
∗)−

P
T
L
′ (L
−

L
∗)]‖

F

≤
‖
L
−

L
′‖
F

+
C
′‖L
−

L
′‖
F
.

C
o
m

b
in

in
g

(49
)

an
d

(50),
(48)

is
p

roved
.

S
econ

d
,

b
ased

on
(48),

w
e

w
ill

ap
p

ly
an

ε-n
et

cov
erin

g
argu

m
en

t
to

fi
n

ish
th

e
p

ro
of

th
at

com
b

in
es

p
rob

ab
ilistic

estim
ation

for
each

L
an

d
a

u
n

ion
b

o
u
n

d
(ε-n

et
coverin

g
arg

u
m

en
t

is
a

stan
d

ard
argu

m
en

t
in

p
rob

ab
ilistic

estim
atio

n
V

ersh
y
n

in
(2012)).

U
se

th
e

estim
a
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R
o
b
u
st

P
C
A

b
y
M
a
n
if
o
l
d

O
p
t
im

iz
a
t
io
n

th
e

cu
m

u
la

ti
ve

d
is

tr
ib

u
ti

on
fu

n
ct

io
n

of
th

e
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
(L

ed
ou

x
an

d
T

al
ag

ra
n
d

,
1
99

1,
p

g
8)

,
fo

r
an

y
L
′ ,

P
r
{ 〈

N
∗ ,
P
T
L
′(

L
′ −

L
∗ )
〉 F
≥
t‖
P
T
L
′(

L
′ −

L
∗ )
‖ F
}
≤

1 2
ex

p

( −
t2 2

)
.

F
or

an
y

L
su

ch
th

at
‖g

(L
′ )
−
g
(L

)‖
F
<
ε,

ap
p

ly
in

g
(4

8)
,

P
r
{〈

N
∗ ,
P
T
L
(L
−

L
∗ )
〉 F
≥
t‖
P
T
L
(L
−

L
∗ )
‖ F

+
C

0
ε(
‖N
∗ ‖
F

+
t)
}
≤

1 2
ex

p

( −
t2 2

)
.

U
si

n
g

u
n

io
n

b
ou

n
d

,
th

er
e

is
an

ε-
n

et
of

th
e

se
t
{g

(L
)

:
‖g

(L
)‖
F

=
x
}

w
it

h
a
t

m
os

t
(C

5
x
/ε

)n
1
r
+
n
2
r
−
r
2

p
oi

n
ts

.
T

h
er

ef
or

e,
fo

r
a
ll

L
su

ch
th

at
x
−
ε
≤
‖P

T
L
(L
−

L
∗ )
‖ F
≤
x

+
ε,

P
r
{〈

N
∗ ,
P
T
L
(L
−

L
∗ )
〉 F
≥
t‖
P
T
L
(L
−

L
∗ )
‖ F

+
2
C

0
ε(
‖N
∗ ‖
F

+
t)
}

≤
1 2

ex
p

( −
t2 2

)
·(
C

5
x ε

) n
1
r
+
n
2
r
−
r
2

.
(5

1)

L
et
t

=
x
/
8

an
d
ε

=
x
/
16
C

0
‖N
∗ ‖
F

,
th

en
w

h
en
‖N
∗ ‖
F
≥

1
(w

h
ic

h
h

ol
d

s
w

it
h

h
ig

h
p

ro
b

a-
b

il
it

y
as
n

1
n

2
go

es
to

in
fi

n
it

y
),

th
en

u
si

n
g
C

0
≥

1
w

e
h

av
e
ε
≤
x
/1

6,
an

d
w

h
en

x
≥

4
,

t‖
P
T
L
(L
−

L
∗ )
‖ F

+
2
C

0
ε(
‖N
∗ ‖
F

+
t)
≤
x 8

(x
+
ε)

+
x

8
‖N
∗ ‖
F

(‖
N
∗ ‖
F

+
t)

=
x 8

(x
+
ε)

+
x 8

+
x

2

64
‖N
∗ ‖
F
≤
x

2 8

17 16
+
x 8

+
x

2

64
≤
x

2 8

17 16
+
x

2

32
+
x

2

64
≤

1 4
(x
−
ε)

2

≤
1 4
‖P

T
L
(L
−

L
∗ )
‖2 F
,

(5
2)

w
h

er
e

th
e

la
st

in
eq

u
al

it
y

ap
p

li
es

th
e

a
ss

u
m

p
ti

on
x
−
ε
≤
‖P

T
L
(L
−

L
∗ )
‖ F

.
C

om
b

in
in

g
(5

1)
an

d
(5

2)
an

d
re

ca
ll

th
a
t
t

=
x
/8

,
w

e
h

av
e

th
a
t

fo
r

al
l

L
su

ch
th

at
x
−
x
/1

6C
0
‖N
∗ ‖
F
≤

‖P
T
L
(L
−

L
∗ )
‖ F
≤
x

+
x
/1

6C
0
‖N
∗ ‖
F

,

P
r{
〈N
∗ ,
P
T
L
(L
−

L
∗ )
〉 F
≥

1 4
‖P

T
L
(L
−

L
∗ )
‖2 F
,

fo
r

al
l
L

s.
t.
∣ ∣ ∣‖
P
T
L
(L
−

L
∗ )
‖ F
−
x
∣ ∣ ∣≤

x

16
C

0
‖N
∗ ‖
F

}

≤
1 2

ex
p

( −
x

2

12
8

)
·(

16
C

5
C

0
‖N
∗ ‖
F

) n
1
r
+
n
2
r
−
r
2

.
(5

3)
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Z
h
a
n
g

a
n
d

Y
a
n
g

L
et
x
i

=
√
n

1
+
n

2
+

12
8(
n

1
r

+
n

2
r
−
r2

)
ln

(1
6C

5
C

0
‖N
∗ ‖
F

)(
1

+
1
/1

6C
0
‖N
∗ ‖
F

)i
w

it
h
i

=
1,

2,
..
.,

th
en

∞ ∑ i=
1

ex
p

( −
x

2 i

12
8

)
·(

1
6C

5
C

0
‖N
∗ ‖
F

) n
1
r
+
n
2
r
−
r
2

≤
ex

p
(−
n

1
+
n

2

12
8

)
∞ ∑ i=

1

ex
p

(−
(1

+
1
/1

6C
0
‖N
∗ ‖
F

)2
i )

≤
ex

p
(−
n

1
+
n

2

12
8

)
∞ ∑ i=

1

ex
p

(−
1
−
i/

8
C

0
‖N
∗ ‖
F

)

=
ex

p
(−
n

1
+
n

2

12
8
−

1)
ex

p
(−

1
/8
C

0
‖N
∗ ‖
F

)

1
−

ex
p

(−
1
/8
C

0
‖N
∗ ‖
F

)
≤

8
C

0
‖N
∗ ‖
F

ex
p

(−
n

1
+
n

2

12
8
−

1)
,

(5
4)

w
h

er
e

th
e

la
st

in
eq

u
al

it
y

u
se

s
ex

p
(−
c)
≤

1
−
c

w
h

en
c
≥

0.
C

le
ar

ly
,

th
e

R
H

S
go

es
to

0
as

n
1

+
n

2
→
∞

.
C

om
b

in
in

g
th

e
es

ti
m

at
io

n
(5

3)
fo

r
{x

i}
∞ i=

1
,
w

it
h

p
ro

b
ab

il
it

y
1
−

8C
0
‖N
∗ ‖
F

ex
p

(−
n
1
+
n
2

1
2
8
−

1)
,

th
e

ev
en

t
(3

6)
h

ol
d

s
fo

r
al

l
L

su
ch

th
at

‖g
(L

)‖
F
≥

m
ax

(√
n

1
+
n

2
+

12
8
(n

1
r

+
n

2
r
−
r2

)
ln

(1
6C

5
C

0
‖N
∗ ‖
F

),
4)
.

C
om

b
in

in
g

it
w

it
h

(2
9)

,
th

e
ev

en
t

(3
6)

h
ol

d
s

fo
r

al
l

fo
r

al
l
L

su
ch

th
at

a
σ
r
(L
∗ )
≥
‖L
−

L
∗ ‖
F

≥
1

1
−

a 2

m
ax

(√
n

1
+
n

2
+

12
8
(n

1
r

+
n

2
r
−
r2

)
ln

(1
6C

5
C

0
‖N
∗ ‖
F

),
4)
.

C
on

si
d

er
in

g
th

at
√
n

1
+
n

2
+

12
8(
n

1
r

+
n

2
r
−
r2

)
ln

(1
6C

5
C

0
‖N
∗ ‖
F

)
is

th
e

d
om

in
an

t
te

rm
w

h
en

n
1
,n

2
→
∞

,
L

em
m

a
13

(b
)

is
p

ro
ve

d
.

L
e
m

m
a

1
6

P
ro

o
f

F
ol

lo
w

in
g

(4
1)

an
d

th
e

p
ro

o
f
of

L
em

m
a

10
[a

],
an

d
n

ot
e

th
at

L
em

m
a

15
m

ea
n

s
th

a
t
γ
∗

an
d
γ

ar
e

re
p

la
ce

d
b
y

ar
b

it
ra

ry
n
u

m
b

er
s

in
th

e
in

te
rv

al
s

[0
.5
p
γ
∗ ,

1.
5
p
γ
∗ ]

an
d

[0
.5
p
γ
,1
.5
p
γ

],
w

e
h

av
e

‖D̃
‖2 F
≤

6(
γ

+
2
γ
∗ )
p
µ
r‖

L
−

L
∗ ‖

2 F
+

4
3
γ
∗

γ
−

3
γ
∗‖
P

Φ
(L
−

L
∗ )
‖2 F

+
a

2
‖L
−

L
∗ ‖

2 F
.

A
p

p
ly
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m
uc
h
sm

al
le
r.

W
hi
le

th
e
m
or
e
cl
as
si
ca
l
co
nd

it
io
n
nu

m
be

r
is
κ
b
:=

L
f
/µ
,
ou

r
ra
te
s

ar
e
in

te
rm

s
of

th
is

bi
gg
er

L
/µ

in
th
is

pa
pe

r.
2.

T
he

ir
co
m
pl
ex
it
y
in

te
rm

s
of

gr
ad

ie
nt

ev
al
ua

ti
on

s
to

re
ac
h
an

ac
cu
ra
cy

of
ε
is
O
((
n
+
κ
)
lo
g
(1
/ε
))
,
in

co
nt
ra
st

to
O
(n
κ
b
lo
g
(1
/ε
))

fo
r
ba

tc
h
gr
ad

ie
nt

de
sc
en
t
in

th
e
w
or
st

ca
se
.

3.
W
e
no

te
th
at

S
d
c
a
re
qu

ir
es

th
e
kn

ow
le
dg

e
of

an
ex
pl
ic
it
µ
-s
tr
on

gl
y
co
nv

ex
re
gu

la
ri
ze
r
in

(1
),
w
he

re
as

S
ag

/
S
ag

a
ar
e
ad

ap
ti
ve

to
an

y
lo
ca
l
st
ro
ng

co
nv

ex
it
y
of
f
(S
ch
m
id
t
et

al
.,
20
16
;D

ef
az
io

et
al
.,
20
14
).

T
he

va
ri
an

t
of

S
v
rg

fr
om

H
of
m
an

n
et

al
.(

20
15
)
is

al
so

ad
ap

ti
ve

(w
e
re
vi
ew

th
is

va
ri
an

t
in

Se
ct
io
n
4.
1)
.
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Im
pro

v
ed

P
a
r
a
llel

O
ptim

izatio
n

A
n
a
ly

sis
fo

r
S
to

ch
a
stic

In
cr

em
en

ta
l

M
eth

o
d
s

sam
e
tim

e,through
a
novelperspective,w

e
revisit

and
clarify

a
technicalproblem

present
in

a
large

fraction
of

the
literature

on
random

ized
asynchronous

parallelalgorithm
s
(w

ith
the

exception
of

M
ania

et
al.2017,

w
hich

also
highlights

this
issue):

nam
ely,

they
allassum

e
unbiased

gradient
estim

ates,an
assum

ption
that

is
inconsistent

w
ith

their
proof

technique
w
ithout

further
unpracticalsynchronization

assum
ptions.

In
Section

3.1,w
e
present

a
novelsparse

variant
of

S
a
g
a
that

is
m
ore

adapted
to

the
parallel

setting
than

the
original

S
a
g
a

algorithm
.
In

Section
3.2,

w
e
present

A
sa

g
a
,
a

lock-free
asynchronous

parallel
version

of
Sparse

S
a
g
a

that
does

not
require

consistent
read

or
w
rite

operations.
W
e
give

a
tailored

convergence
analysis

for
A

sa
g
a
.
O
ur

m
ain

result
states

that
A

sag
a
obtains

the
sam

e
geom

etric
convergence

rate
per

update
as

S
ag

a
w
hen

the
overlap

bound
τ
(w

hich
scales

w
ith

the
num

ber
of

cores)
satisfies

τ
≤
O

(n
)
and

τ
≤
O

(
1
√

∆
m

ax{
1
,
nκ }

),
w
here

∆
≤

1
is

a
m
easure

of
the

sparsity
of

the
problem

.
T
his

notably
im

plies
that

a
linear

speedup
is

theoretically
possible

even
w
ithout

sparsity
in

the
w
ell-conditioned

regim
e
w
here

n
�
κ.

T
his

result
is

in
contrast

to
previous

analysis
w
hich

alw
ays

required
som

e
sparsity

assum
ptions.

In
Section

4,
w
e
revisit

the
asynchronous

variant
of

S
v
rg

from
M
ania

et
al.

(2017),
K

ro
m

ag
n
o
n,w

hile
rem

oving
their

gradient
bound

assum
ption

(w
hich

w
as

inconsistent
w
ith

the
strongly

convex
setting). 4

W
e
prove

that
the

algorithm
enjoys

the
sam

e
fast

rates
of

convergence
as

S
v
rg

under
sim

ilar
conditions

as
A

sag
a
–
w
hereas

the
originalpaper

only
provided

analysis
for

slow
er

rates
(in

both
the

sequentialand
the

asynchronous
case),and

thus
less

m
eaningfulspeedup

results.
In

Section
5,in

order
to

show
that

our
im

proved
“after

read”
perturbed

iterate
fram

ew
ork

can
be

used
to

revisit
the

analysis
ofother

optim
ization

routines
w
ith

correct
proofs

that
do

not
assum

e
hom

ogeneous
com

putation,w
e
provide

the
analysis

of
the

H
o
g
w

ild
algorithm

first
introduced

in
N
iu

et
al.(2011).

O
ur

fram
ew

ork
allow

s
us

to
rem

ove
the

classic
gradient

bound
assum

ption
and

to
prove

speedups
in

m
ore

realistic
settings.

In
Section

6,w
e
provide

a
practicalim

plem
entation

of
A

sa
g
a
and

illustrate
its

perfor-
m
ance

on
a
40-core

architecture,show
ing

im
provem

ents
com

pared
to

asynchronous
variants

of
S
v
rg

and
S
g
d
.
W
e
also

present
experim

ents
on

the
overlap

bound
τ,

show
ing

that
it

encom
passes

m
uch

m
ore

com
plexity

than
suggested

in
previous

w
ork.

R
elated

W
ork.

T
he

sem
inaltextbook

of
B
ertsekas

and
Tsitsiklis

(1989)
provides

m
ost

of
the

foundationalw
ork

for
paralleland

distributed
optim

ization
algorithm

s.
A
n
asynchronous

variant
of

S
g
d
w
ith

constant
step

size
called

H
o
g
w

ild
w
as

presented
by

N
iu

et
al.(2011);

part
of

their
fram

ew
ork

of
analysis

w
as

re-used
and

inspired
m
ost

of
the

recent
literature

on
asynchronous

paralleloptim
ization

algorithm
s
w
ith

convergence
rates,including

asynchronous
variants

ofcoordinate
descent(Liu

etal.,2015),Sd
ca

(H
sieh

etal.,2015),Sg
d
fornon-convex

problem
s
(D

e
Sa

et
al.,

2015;
L
ian

et
al.,

2015),
S
g
d

for
stochastic

optim
ization

(D
uchi

et
al.,2015)

and
S
v
rg

(R
eddiet

al.,2015;Zhao
and

Li,2016).
T
hese

papers
m
ake

use
of

4.
A
lthough

the
authors

m
ention

that
this

gradient
bound

assum
ption

can
be

enforced
through

the
use

of
a

thresholding
operator,they

do
not

explain
how

to
handle

the
interplay

betw
een

this
non-linear

operator
and

the
asynchrony

of
the

algorithm
.
T
heir

theoreticalanalysis
relies

on
the

linearity
of

the
operations

(e.g.
to

derive
(M

ania
et

al.,2017,E
q.

(2.6))),and
thus

this
claim

is
not

currently
supported

by
theory

(note
that

a
strongly

convex
function

over
an

unbounded
dom

ain
alw

ays
has

unbounded
gradients).

3
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L
eblo

n
d
,
P
ed

r
eg

o
sa

a
n
d

L
aco

ste-Ju
lien

an
unbiased

gradient
assum

ption
that

is
not

consistent
w
ith

the
proof

technique,and
thus

suffers
from

technicalproblem
s 5

that
w
e
highlight

in
Section

2.2.
T
he

“perturbed
iterate”

fram
ew

ork
presented

in
M
ania

et
al.

(2017)
is

to
the

best
of

our
know

ledge
the

only
one

that
does

not
suffer

from
this

problem
,
and

our
convergence

analysis
builds

heavily
from

their
approach,w

hile
sim

plifying
it.

In
particular,the

authors
assum

ed
that

f
w
as

both
strongly

convex
and

had
a
bound

on
the

gradient,tw
o
inconsistent

assum
ptions

in
the

unconstrained
setting

that
they

analyzed.
W
e
overcom

e
these

diffi
culties

by
using

tighter
inequalities

that
rem

ove
the

requirem
ent

of
a
bound

on
the

gradient.
W
e

also
propose

a
m
ore

convenient
w
ay

to
labelthe

iterates
(see

Section
2.2).

T
he

sparse
version

of
Sag

a
that

w
e
propose

is
also

inspired
from

the
sparse

version
of

Sv
rg

proposed
by

M
ania

et
al.(2017).
R
eddi

et
al.

(2015)
presents

a
hybrid

algorithm
called

H
sa

g
that

includes
S
a
g
a
and

S
v
rg

as
specialcases.

T
heir

asynchronous
analysis

is
epoch-based

though,and
thus

does
not

handle
a
fully

asynchronous
version

of
Sag

a
as

w
e
do.

M
oreover,they

require
consistent

reads
and

do
not

propose
an

effi
cient

sparse
im

plem
entation

for
Sag

a,in
contrast

to
A

sag
a.

P
an

et
al.

(2016)
proposes

a
black

box
m
ini-batch

algorithm
to

parallelize
S
g
d
-like

m
ethods

w
hile

m
aintaining

serialequivalence
through

sm
art

update
partitioning.

W
hen

the
data

set
is

sparse
enough,they

obtain
speedups

over
“H

o
g
w

ild”
im

plem
entations

of
S
v
rg

and
S
a
g
a
. 6

H
ow

ever,these
“H

o
g
w

ild
”
im

plem
entations

appear
to

be
quite

suboptim
al,

as
they

do
not

leverage
data

set
sparsity

effi
ciently:

they
try

to
adapt

the
“lazy

updates”
trick

from
Schm

idt
et

al.(2016)
to

the
asynchronous

parallelsetting
–
w
hich

as
discussed

in
A
ppendix

E
is

extrem
ely

diffi
cult

–
and

end
up

m
aking

several
approxim

ations
w
hich

severely
penalize

the
perform

ance
of

the
algorithm

s.
In

particular,they
have

to
use

m
uch

sm
aller

step
sizes

than
in

the
sequentialversion,w

hich
m
akes

for
w
orse

results.
P
edregosa

et
al.

(2017)
extend

the
A

sa
g
a

algorithm
presented

in
Section

3.2
to

the
proxim

alsetting.

N
otation

.
W
e
denote

by
E
a
fullexpectation

w
ith

respect
to

allthe
random

ness
in

the
system

,and
by

E
the

conditional
expectation

ofa
random

i
(the

index
ofthe

factor
f
i chosen

in
S
g
d
and

other
algorithm

s),conditioned
on

allthe
past,w

here
“past”

w
illbe

clear
from

the
context.

[x
]v

represents
the

coordinate
v
ofthe

vector
x
∈
R
d.

For
sequential

algorithm
s,

x
+
is

the
updated

param
eter

vector
after

one
algorithm

iteration.

2.
R
evisitin

g
th
e
P
ertu

rb
ed

Iterate
Fram

ew
ork

for
A
syn

ch
ron

ou
s

A
n
alysis

A
s
m
ost

recent
paralleloptim

ization
contributions,w

e
use

a
sim

ilar
hardw

are
m
odelto

N
iu

et
al.(2011).

W
e
consider

m
ultiple

cores
w
hich

allhave
read

and
w
rite

access
to

a
shared

m
em

ory.
T
he

cores
update

a
central

param
eter

vector
in

an
asynchronous

and
lock-free

fashion.
U
nlike

N
iu

et
al.

(2011),
w
e
do

not
assum

e
that

the
vector

reads
are

consistent:
m
ultiple

cores
can

read
and

w
rite

different
coordinates

ofthe
shared

vector
at

the
sam

e
tim

e.
T
his

also
im

plies
that

a
fullvector

read
for

a
core

m
ight

not
correspond

to
any

consistent
state

in
the

shared
m
em

ory
at

any
specific

point
in

tim
e.

5.
E
xcept

(D
uchiet

al.,2015)
that

can
be

easily
fixed

by
increm

enting
their

globalcounter
before

sam
pling.

6.
B
y
“H

o
g
w

ild
”,
the

authors
m
ean

asynchronous
parallel

variants
w
here

cores
independently

run
the

sequentialupdate
rule.
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Im
pr

o
v
ed

P
a
r
a
ll

el
O

pt
im

iz
at

io
n

A
n
a
ly

si
s

fo
r

S
to

ch
a
st

ic
In

cr
em

en
ta

l
M

et
h
o
d
s

2.
1.

P
er
tu
rb
ed

It
er
at
e
Fr
am

ew
or
k

W
e
fir
st

re
vi
ew

th
e
“p
er
tu
rb
ed

it
er
at
e”

fr
am

ew
or
k
re
ce
nt
ly

in
tr
od

uc
ed

by
M
an

ia
et

al
.(

20
17
)

w
hi
ch

w
ill

fo
rm

th
e
ba

si
s
of

ou
r
an

al
ys
is
.
In

th
e
se
qu

en
ti
al

se
tt
in
g,

st
oc
ha

st
ic

gr
ad

ie
nt

de
sc
en
t

an
d
it
s
va
ri
an

ts
ca
n
be

ch
ar
ac
te
ri
ze
d
by

th
e
fo
llo

w
in
g
up

da
te

ru
le
:

x
t+

1
=
x
t
−
γ
g
(x
t,
i t

)
,

(2
)

w
he

re
i t

is
a
ra
nd

om
va
ri
ab

le
in
de

pe
nd

en
t
fr
om

x
t
an

d
w
e
ha

ve
th
e
un

bi
as
ed

ne
ss

co
nd

it
io
n

E
g
(x
t,
i t

)
=
f
′ (
x
t)

(r
ec
al
lt

ha
t

E
is

th
e
re
le
va
nt
-p
as
t
co
nd

it
io
na

le
xp

ec
ta
ti
on

w
it
h
re
sp
ec
t
to

i t
).
U
nf
or
tu
na

te
ly
,i
n
th
e
pa

ra
lle
ls

et
ti
ng

,w
e
m
an

ip
ul
at
e
st
al
e,

in
co
ns
is
te
nt

re
ad

s
of

sh
ar
ed

pa
ra
m
et
er
s
an

d
th
us

w
e
do

no
t
ha

ve
su
ch

a
st
ra
ig
ht
fo
rw

ar
d
re
la
ti
on

sh
ip
.
In
st
ea
d,

M
an

ia
et

al
.

(2
01
7)

pr
op

os
ed

to
di
st
in
gu

is
h
x̂
t,
th
e
ac
tu
al

va
lu
e
re
ad

by
a
co
re

to
co
m
pu

te
an

up
da

te
,

fr
om

x
t,
a
“v
ir
tu
al

it
er
at
e”

th
at

w
e
ca
n
an

al
yz
e
an

d
is
de
fin

ed
by

th
e
up

da
te

eq
ua

ti
on

:

x
t+

1
:=

x
t
−
γ
g
(x̂
t,
i t

)
.

(3
)

W
e
ca
n
th
us

in
te
rp
re
t
x̂
t
as

a
no

is
y
(p
er
tu
rb
ed

)
ve
rs
io
n
of
x
t
du

e
to

th
e
eff

ec
t
of

as
yn

ch
ro
ny
.

W
e
fo
rm

al
iz
e
th
e
pr
ec
is
e
m
ea
ni
ng

of
x
t
an

d
x̂
t
in

th
e
ne
xt

se
ct
io
n.

W
e
fir
st

no
te

th
at

al
l
re
fe
re
nc
es

m
en
ti
on

ed
in

th
e
re
la
te
d
w
or
k
se
ct
io
n
th
at

an
al
yz
ed

as
yn

ch
ro
no

us
pa

ra
lle

l
ra
nd

om
iz
ed

al
go

ri
th
m
s
as
su
m
ed

th
at

th
e
fo
llo

w
in
g
un

bi
as
ed

ne
ss

co
nd

it
io
n
ho

ld
s:

[u
nb

ia
se
dn

es
s
co
nd

it
io
n]

E
[g

(x̂
t,
i t

)|x̂
t]

=
f
′ (
x̂
t)
.

7
(4
)

T
hi
s
co
nd

it
io
n
is

at
th
e
he
ar
t
of

m
os
t
co
nv

er
ge
nc
e
pr
oo

fs
fo
r
ra
nd

om
iz
ed

op
ti
m
iz
at
io
n

m
et
ho

ds
.8

M
an

ia
et

al
.(
20

17
)
co
rr
ec
tl
y
po

in
te
d
ou

t
th
at

m
os
t
of

th
e
lit
er
at
ur
e
th
us

m
ad

e
th
e
of
te
n
im

pl
ic
it

as
su
m
pt
io
n
th
at
i t

is
in
de
pe

nd
en
t
of
x̂
t.

B
ut

as
w
e
ex
pl
ai
n
be

lo
w
,
th
is

as
su
m
pt
io
n
is
in
co
m
pa

ti
bl
e
w
it
h
a
no

n-
un

ifo
rm

as
yn

ch
ro
no

us
m
od

el
in

th
e
an

al
ys
is
ap

pr
oa
ch

us
ed

in
m
os
t
of

th
e
re
ce
nt

lit
er
at
ur
e.

2.
2.

O
n
th
e
D
iffi

cu
lt
y
of

L
ab

el
in
g
th
e
It
er
at
es

Fo
rm

al
iz
in
g
th
e
m
ea
ni
ng

of
x
t
an

d
x̂
t
hi
gh

lig
ht
s
a
su
bt
le

bu
t
im

po
rt
an

t
di
ffi
cu
lty

ar
is
in
g
w
he
n

an
al
yz
in
g
ra
nd

om
iz
ed

pa
ra
lle

la
lg
or
it
hm

s:
w
ha

t
is

th
e
m
ea
ni
ng

of
t?

T
hi
s
is

th
e
pr
ob

le
m

of
la
be
lin

g
th
e
it
er
at
es

fo
r
th
e
pu

rp
os
e
of

th
e
an

al
ys
is
,a

nd
th
is

la
be

lin
g
ca
n
ha

ve
ra
nd

om
ne
ss

it
se
lf
th
at

ne
ed
s
to

be
ta
ke
n
in

co
ns
id
er
at
io
n
w
he
n
in
te
rp
re
ti
ng

th
e
m
ea
ni
ng

of
an

ex
pr
es
si
on

lik
e
E[
x
t]
.
In

th
is

se
ct
io
n,

w
e
co
nt
ra
st

th
re
e
di
ffe

re
nt

ap
pr
oa

ch
es

in
a
un

ifi
ed

fr
am

ew
or
k.

W
e

no
ta
bl
y
cl
ar
ify

th
e
de
pe

nd
en
cy

is
su
es

th
at

th
e
la
be

lin
g
fr
om

M
an

ia
et

al
.(
20
17
)
re
so
lv
es

an
d

pr
op

os
e
a
ne

w
,s

im
pl
er

la
be

lin
g
w
hi
ch

al
lo
w
s
fo
r
m
uc
h
si
m
pl
er

pr
oo

f
te
ch
ni
qu

es
.

7.
W
e
no

te
th
at

to
be

co
m
pl
et
el
y
fo
rm

al
an

d
de

fin
e
th
is

co
nd

it
io
na

le
xp

ec
ta
ti
on

m
or
e
pr
ec
is
el
y,

on
e
w
ou

ld
ne

ed
to

de
fin

e
an

ot
he

r
ra
nd

om
ve
ct
or

th
at

de
sc
ri
be

s
th
e
en
ti
re

sy
st
em

ra
nd

om
ne

ss
,i
nc
lu
di
ng

al
lt
he

re
ad

s,
w
ri
te
s,

de
la
ys
,e

tc
.
C
on

di
ti
on

in
g
on

x̂
t
in

(4
)
is

ac
tu
al
ly

a
sh
or
th
an

d
to

in
di
ca
te

th
at

w
e
ar
e
co
nd

it
io
ni
ng

on
al
lt

he
re
le
va
nt

“p
as
t”

th
at

de
fin

es
bo

th
th
e
va
lu
e
of
x̂
t
as

w
el
la

s
th
e
fa
ct

th
at

it
w
as

th
e
tt

h
la
be

le
d

el
em

en
t.

Fo
r
cl
ar
it
y
of

ex
po

si
ti
on

,w
e
w
ill

no
t
go

in
to

th
is

le
ve
lo

f
te
ch
ni
ca
ld

et
ai
l,
bu

t
on

e
co
ul
d
de

fin
e

th
e
ap

pr
op

ri
at
e
si
gm

a
fie

ld
s
to

co
nd

it
io
n
on

in
or
de

r
to

m
ak

e
th
is

eq
ua

ti
on

fu
lly

ri
go
ro
us
.

8.
A

no
ta
bl
e
ex
ce
pt
io
n
is

S
ag

(L
e
R
ou

x
et

al
.,
20
12
)
w
hi
ch

ha
s
bi
as
ed

up
da

te
s
an

d
th
us

re
qu

ir
es

a
si
gn

ifi
ca
nt
ly

m
or
e
co
m
pl
ex

co
nv

er
ge
nc
e
pr
oo

f.
M
ak

in
g

S
a
g
un

bi
as
ed

le
ad

s
to

S
a
g
a
(D

ef
az
io

et
al
.,
20

14
),

w
it
h
a

m
uc
h
si
m
pl
er

co
nv

er
ge
nc
e
pr
oo

f.
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L
eb

lo
n
d
,
P
ed

r
eg

o
sa

a
n
d

L
ac

o
st

e-
Ju

li
en

W
e
co
ns
id
er

al
go
ri
th
m
s
th
at

ex
ec
ut
e
in

pa
ra
lle

l
th
e
fo
llo

w
in
g
fo
ur

st
ep
s,

w
he
re
t
is

a
gl
ob

al
la
be

lin
g
th
at

ne
ed
s
to

be
de
fin

ed
:9

1.
R
ea
d
th
e
in
fo
rm

at
io
n
in

sh
ar
ed

m
em

or
y
(x̂
t)
.

2.
Sa

m
pl
e
i t
.

3.
P
er
fo
rm

so
m
e
co
m
pu

ta
ti
on

s
us
in
g
(x̂
t,
i t
).

4.
W
ri
te

an
up

da
te

to
sh
ar
ed

m
em

or
y.

(5
)

T
he

“A
ft
er

W
ri
te
”
A
pp

ro
ac
h.

W
e
ca
ll
th
e
“a
ft
er

w
ri
te
”
ap

pr
oa
ch

th
e
st
an

da
rd

gl
ob

al
la
be

lin
g
sc
he
m
e
us
ed

in
N
iu

et
al
.(
20
11
)
an

d
re
-u
se
d
in

al
lt
he

la
te
r
pa

pe
rs

th
at

w
e
m
en
ti
on

ed
in

th
e
re
la
te
d
w
or
k
se
ct
io
n,

w
it
h
th
e
no

ta
bl
e
ex
ce
pt
io
ns

of
M
an

ia
et

al
.(
20
17
)
an

d
D
uc
hi

et
al
.
(2
01
5)
.

In
th
is

ap
pr
oa
ch
,
t
is

a
(v
ir
tu
al
)
gl
ob

al
co
un

te
r
re
co
rd
in
g
th
e
nu

m
be

r
of

su
cc
es
sf
ul

w
ri
te
s
to

th
e
sh
ar
ed

m
em

or
y
x
(i
nc

re
m
en
te
d
af
te
r
st
ep

4
in

5)
;x

t
th
us

re
pr
es
en
ts

th
e
(t
ru
e)

co
nt
en
t
of

th
e
sh
ar
ed

m
em

or
y
af
te
r
t
up

da
te
s.

T
he

in
te
rp
re
ta
ti
on

of
th
e
cr
uc
ia
l

eq
ua

ti
on

(3
)
th
en

m
ea
ns

th
at
x̂
t
re
pr
es
en
ts

th
e
(d
el
ay
ed
)
lo
ca
lc

op
y
va
lu
e
of

th
e
co
re

th
at

m
ad

e
th
e

(t
+

1
)th

su
cc
es
sf
ul

up
da

te
;i
t
re
pr
es
en
ts

th
e
fa
ct
or

sa
m
pl
ed

by
th
is

co
re

fo
r
th
is

up
da

te
.
N
ot
ic
e
th
at

in
th
is
fr
am

ew
or
k,

th
e
va
lu
e
of
x̂
t
an

d
i t

is
un

kn
ow

n
at

“t
im

e
t”
;w

e
ha

ve
to

w
ai
t
to

th
e
la
te
r
ti
m
e
w
he

n
th
e
ne

xt
co
re

w
ri
te
s
to

m
em

or
y
to

fin
al
ly

de
te
rm

in
e
th
at

it
s

lo
ca
lv

ar
ia
bl
es

ar
e
th
e
on

es
la
be

le
d
by

t.
W
e
th
us

se
e
th
at

he
re
x̂
t
an

d
i t

ar
e
no

t
ne

ce
ss
ar
ily

in
de
pe

nd
en
t
–
th
ey

sh
ar
e
de
pe

nd
en
ce

th
ro
ug

h
th
e
as
si
gn

m
en
t
of

th
e
t
la
be

l.
In

pa
rt
ic
ul
ar
,

if
so
m
e
va
lu
es

of
i t
yi
el
d
fa
st
er

up
da

te
s
th
an

ot
he
rs
,i
t
w
ill

in
flu

en
ce

th
e
la
be

la
ss
ig
nm

en
t

de
fin

in
g
x̂
t.

W
e
pr
ov
id
e
a
co
nc
re
te

ex
am

pl
e
of

th
is

po
ss
ib
le

de
pe

nd
en
cy

in
F
ig
ur
e
1.

T
he

on
ly

w
ay

w
e
ca
n
th
in
k
to

re
so
lv
e
th
is
is
su
e
an

d
en
su
re

un
bi
as
ed
ne
ss

is
to

as
su
m
e
th
at

th
e
co
m
pu

ta
ti
on

ti
m
e
fo
rt

he
al
go
ri
th
m

ru
nn

in
g
on

a
co
re

is
in
de
pe

nd
en
to

ft
he

sa
m
pl
e
i
ch
os
en
.

T
hi
s
as
su
m
pt
io
n
se
em

s
ov
er
ly

st
ro
ng

in
th
e
co
nt
ex
t
of

po
te
nt
ia
lly

he
te
ro
ge
ne
ou

s
fa
ct
or
s
f i
’s
,

an
d
is

th
us

a
fu
nd

am
en
ta
lfl

aw
fo
r
an

al
yz
in
g
no

n-
un

ifo
rm

as
yn

ch
ro
no

us
co
m
pu

ta
ti
on

th
at

ha
s
m
os
tl
y
be

en
ig
no

re
d
in

th
e
re
ce
nt

as
yn

ch
ro
no

us
op

ti
m
iz
at
io
n
lit
er
at
ur
e.

10

9.
O
bs
er
ve

th
at

co
nt
ra
ry

to
m
os
t
as
yn

ch
ro
no

us
al
go

ri
th
m
s,

w
e
ch
oo

se
to

re
ad

th
e
sh
ar
ed

pa
ra
m
et
er

ve
ct
or

be
fo

re
sa
m
pl
in
g
th
e
ne

xt
da

ta
po

in
t.

W
e
m
ad

e
th
is

de
si
gn

ch
oi
ce

to
em

ph
as
iz
e
th
at

in
or
de

r
fo
r
x̂
t
an

d
i t

to
be

in
de

pe
nd

en
t
–
w
hi
ch

w
ill

pr
ov
e
cr
uc
ia
lf
or

th
e
an

al
ys
is

–
th
e
re
ad

in
g
of

th
e
sh
ar
ed

pa
ra
m
et
er

ha
s

to
be

in
de

pe
nd

en
t
of

th
e
sa
m
pl
ed

da
ta

po
in
t.

A
lt
ho

ug
h
in

pr
ac
ti
ce

on
e
w
ou

ld
pr
ef
er

to
on

ly
re
ad

th
e

ne
ce
ss
ar
y
pa

ra
m
et
er
s

af
te

r
sa
m
pl
in
g
th
e
re
le
va
nt

da
ta

po
in
t,

fo
r
th
e
sa
ke

of
th
e
an

al
ys
is

w
e
ca
nn

ot
al
lo
w

th
is

so
ur
ce

of
de

pe
nd

en
ce
.
W
e
no

te
th
at

ou
r
an

al
ys
is

co
ul
d
al
so

ha
nd

le
re
ad

in
g
th
e
pa

ra
m
et
er

fir
st

an
d

th
en

sa
m
pl
in
g
as

lo
ng

as
in
de

pe
nd

en
ce

is
en

su
re
d,

bu
t
fo
r
cl
ar
it
y
of

pr
es
en
ta
ti
on

,
w
e
de

ci
de

d
to

m
ak

e
th
is

in
de

pe
nd

en
ce

ex
pl
ic
it
.

M
an

ia
et

al
.
(2
01

7)
m
ak

e
th
e
op

po
si
te

pr
es
en
ta
ti
on

ch
oi
ce
.
In

th
ei
r
m
ai
n
an

al
ys
is
,
th
ey

ex
pl
ic
it
ly

as
su
m
e
th
at

x̂
t
an

d
i t

ar
e
in
de

pe
nd

en
t,

al
th
ou

gh
th
ey

ex
pl
ai
n

th
at

it
is

no
t
th
e
ca
se

in
pr
ac
ti
ca
l

im
pl
em

en
ta
ti
on

s.
T
he

au
th
or
s
th
en

pr
op

os
e
a
sc
he

m
e
to

ha
nd

le
th
e
de

pe
nd

en
cy

di
re
ct
ly

in
th
ei
r
ap

pe
nd

ix
.

H
ow

ev
er
,t

hi
s
“fi
x”

ca
n
on

ly
be

ap
pl
ie
d
in

a
re
st
ri
ct
ed

se
tu
p:

on
ly

fo
r
th
e

H
o
g
w

il
d
al
go
ri
th
m
,w

it
h
th
e

as
su
m
pt
io
n
th
at

th
e
no

rm
of

th
e
gr
ad

ie
nt

is
un

ifo
rm

ly
bo

un
de

d.
Fu

rt
he

rm
or
e,

ev
en

in
th
is

re
st
ri
ct
ed

se
tu
p,

th
e
sc
he

m
e
le
ad

s
to

w
or
se
ne

d
th
eo
re
ti
ca
l
re
su
lt
s
(t
he

bo
un

d
on

τ
is
κ

2
w
or
se
).

A
pp

ly
in
g
it

to
a
m
or
e
co
m
pl
ex

al
go

ri
th
m

su
ch

as
K

ro
m
a
g
n
o
n
or

A
sa

g
a
w
ou

ld
m
ea
n
ov
er
co
m
in
g
se
ve
ra
l
si
gn

ifi
ca
nt

hu
rd
le
s
an

d
is

th
us

st
ill

an
op

en
pr
ob

le
m
.

In
th
e
ab

se
nc
e
of

a
be

tt
er

op
ti
on

,
w
e
ch
oo

se
to

en
fo
rc
e
th
e
in
de

pe
nd

en
ce

of
x̂
t
an

d
i t

w
it
h
ou

r
m
od

ifi
ed

st
ep

s
or
de

ri
ng

.
10
.
W
e
no

te
th
at

B
er
ts
ek
as

an
d
T
si
ts
ik
lis

(1
98
9)

br
ie
fly

di
sc
us
se
d
th
is

is
su
e
(s
ee

Se
ct
io
n
7.
8.
3)
,s

tr
es
si
ng

th
at

th
ei
r
an

al
ys
is
fo
r
SG

D
re
qu

ir
ed

th
at

th
e
sc
he

du
lin

g
of

co
m
pu

ta
ti
on

w
as

in
de

pe
nd

en
t
fr
om

th
e
ra
nd

om
ne

ss
fr
om

SG
D
,b

ut
th
ey

di
d
no

t
off

er
an

y
so
lu
ti
on

if
th
is
as
su
m
pt
io
n
w
as

no
t
sa
ti
sfi
ed

.
B
ot
h
th
e
“b
ef
or
e
re
ad

”
la
be

lin
g
fr
om

M
an

ia
et

al
.(

20
17
)
an

d
ou

r
pr
op

os
ed

“a
ft
er

re
ad

”
la
be

lin
g
re
so
lv
e
th
is

is
su
e.
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Im
pro

v
ed

P
a
r
a
llel

O
ptim

izatio
n

A
n
a
ly

sis
fo

r
S
to

ch
a
stic

In
cr

em
en

ta
l

M
eth

o
d
s

f
1

f
2

core
1

×
core

2
×

f
′i0 (x̂

0 )
f
′1 (x̂

0 )

f
1

f
2

core
1

×
core

2
×

f
′1 (x̂

0 )

f
1

f
2

core
1

×
core

2
×

f
′1 (x̂

0 )

f
1

f
2

core
1

×
core

2
×

f
′2 (x̂

0 )

F
igure

1:
Suppose

that
w
e
have

tw
o
cores

and
that

f
has

tw
o
factors:

f
1
w
hich

has
support

on
only

one
variable,and

f
2
w
hich

has
support

on
1
0

6
variables

and
thus

yields
a
gradient

step
that

is
significantly

m
ore

expensive
to

com
pute.

x
0
is

the
initial

content
of

the
m
em

ory,
and

w
e
do

not
know

yet
w
hether

x̂
0

is
the

local
copy

read
by

the
first

core
or

the
second

core,
but

w
e
are

sure
that

x̂
0
=
x

0
as

no
update

can
occur

in
shared

m
em

ory
w
ithout

increm
enting

the
counter.

T
here

are
four

possibilities
for

the
next

step
defining

x
1
depending

on
w
hich

index
i
w
as

sam
pled

on
each

core.
If

any
core

sam
ples

i
=

1,
w
e
know

that
x

1
=
x

0 −
γ
f
′1 (x

0 )
as

it
w
ill

be
the

first
(m

uch
faster

update)
to

com
plete.

T
his

happens
in

3
out

of
4
possibilities;

w
e
thus

have
that

E
x

1
=
x

0 −
γ
(

34
f
′1 (x

0 )
+

14
f
′2 (x

0 )).
W
e
see

that
this

analysis
schem

e
does

not
satisfy

the
crucial

unbiasedness
condition

(4).
T
o
understand

this
subtle

point
better,note

that
in

this
very

sim
ple

exam
ple,

i
0
and

i
1
are

not
independent.

W
e
can

show
that

P
(i

1
=

2
|
i
0
=

2
)
=

1.
T
hey

share
dependency

through
the

labeling
assignm

ent.

T
he

“B
efore

R
ead”

A
pproach.

M
ania

et
al.

(2017)
address

this
issue

by
proposing

instead
to

increm
ent

the
global

t
counter

just
before

a
new

core
starts

to
read

the
shared

m
em

ory
(before

step
1
in

5).
In

their
fram

ew
ork,

x̂
t
represents

the
(inconsistent)

read
that

w
as

m
ade

by
this

core
in

this
com

putationalblock,and
it

represents
the

chosen
sam

ple.
T
he

update
rule

(3)
represents

a
definition

of
the

m
eaning

of
x
t ,w

hich
is

now
a
“virtualiterate”

as
it

does
not

necessarily
correspond

to
the

content
of

the
shared

m
em

ory
at

any
point.

T
he

real
quantities

m
anipulated

by
the

algorithm
in

this
approach

are
the

x̂
t ’s,

w
hereas

x
t
is

used
only

for
the

analysis
–
consequently,the

criticalquantity
w
e
w
ant

to
see

vanish
is

E‖x̂
t −

x
∗‖

2.
T
he

independence
of
it

w
ith

x̂
t
can

be
sim

ply
enforced

in
this

approach
by

m
aking

sure
that

the
w
ay

the
shared

m
em

ory
x
is

read
does

not
depend

on
it
(e.g.

by
reading

allits
coordinates

in
a
fixed

order).
N
ote

that
this

im
plies

that
w
e
have

to
read

all
of
x’s

coordinates,regardless
of

the
size

of
f
it ’s

support.
T
his

is
a
m
uch

w
eaker

condition
than

the
assum

ption
that

allthe
com

putation
in

a
block

does
not

depend
on

it
as

required
by

the
“after

w
rite”

approach,and
is

thus
m
ore

reasonable.

A
N
ew

G
lobal

O
rderin

g:
the

“A
fter

R
ead”

A
pproach.

T
he

“before
read”

approach
gives

rise
to

the
follow

ing
com

plication
in

the
analysis:

x̂
t
can

depend
on

ir
for

r
>
t.

T
his

is
because

t
is

a
globaltim

e
ordering

only
on

the
assignm

ent
of

com
putation

to
a
core,not

on
w
hen

x̂
t
w
as

finished
being

read.
T
his

m
eans

that
w
e
need

to
consider

both
the

“future”
and

the
“past”

w
hen

analyzing
x
t .

T
o
sim

plify
the

analysis,w
e
thus

propose
a
third

w
ay

to
labelthe

iterates
that

w
e
call“after

read”:
x̂
t
represents

the
(t

+
1)

th
fully

com
pleted

read
(t

increm
ented

after
step

1
in

5).
A
s
in

the
“before

read”
approach,w

e
can

ensure
that

it
is

independent
of
x̂
t
by

ensuring
that

how
w
e
read

does
not

depend
on

it .
B
ut

unlike
in

the
“before

read”
approach,

t
here

now
does

represent
a
globalordering

on
the

x̂
t
iterates

–
and

thus
w
e
have

that
ir

is
independent

of
x̂
t
for

r
>
t.

A
gain

using
(3)

as
the

definition
of

the
virtualiterate

x
t
as

in
the

perturbed
iterate

fram
ew

ork,w
e
then

have
a
very

sim
ple

form
for

7
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L
eblo

n
d
,
P
ed

r
eg

o
sa

a
n
d

L
aco

ste-Ju
lien

the
value

of
x
t
and

x̂
t
(assum

ing
atom

ic
w
rites,see

P
roperty

5
below

):

x
t

=
x

0 −
γ
t−

1
∑u

=
0

g
(x̂
u ,α̂

u,iu )
;

[x̂
t ]v

=
[x

0 ]v −
γ

t−
1

∑u
=

0
u

s.t.
coordinate

v
w

as
w

ritten
for

u
before

t

[g
(x̂
u ,α̂

u,iu )]v
.

(6)

T
his

proved
crucialfor

our
A

sag
a
proofand

allow
ed

us
to

obtain
better

bounds
for

H
o
g
w

ild
and

the
K

ro
m

ag
n
o
n
algorithm

presented
in

M
ania

et
al.(2017).

T
he

m
ain

idea
of

the
perturbed

iterate
fram

ew
ork

is
to

use
this

handle
on

x̂
t −

x
t
to

analyze
the

convergence
for

x
t .

A
s
x
t
is
a
virtualquantity,M

ania
et

al.(2017)
supposed

that
there

exists
an

index
T

such
that

x
T
lives

in
shared

m
em

ory
(T

is
a
pre-set

finaliteration
num

ber
after

w
hich

all
com

putation
is

com
pleted,

w
hich

m
eans

x
T

=
x̂
T )

and
gave

their
convergence

result
for

this
x
T .

In
this

paper,
w
e
instead

state
the

convergence
results

directly
in

term
s
of
x̂
t ,

thus
avoiding

the
need

for
an

unw
ieldy

pre-set
finaliteration

counter,and
also

enabling
guarantees

during
the

entire
course

of
the

algorithm
.

R
em

ark
1

A
s
m
entioned

in
footnote

9,
M
ania

et
al.

(2017)
choose

to
sam

ple
a
data

point
first

and
only

then
read

the
shared

param
eter

vector
in

(5).
O
ne

advantage
of

this
option

is
that

it
allow

s
for

reading
only

the
relevant

dim
ensions

of
the

param
eter

vector,
although

it
m
eans

losing
the

crucialindependence
property

betw
een

x̂
t
and

it .
W
e
can

thus
consider

that
their

labeling
approach

is
“after

sam
pling”

rather
than

“before
read”

(both
are

equivalent
given

their
ordering).

If
w
e
take

this
view

,
then

by
sw

itching
the

order
of

the
sam

pling
and

the
reading

steps
in

their
setup,

the
“after

sam
pling”

approach
becom

es
equivalent

to
our

proposed
“after

read”
labeling.

H
ow

ever,
the

fram
ew

ork
in

w
hich

they
place

their
analysis

is
the

“before
read”

approach
as

described
above,

w
hich

results
in

having
to

take
into

account
troublesom

e
“future”

term
s

in
(6).

T
hese

additionalterm
s
m
ake

the
analysis

considerably
harder

and
ultim

ately
lead

to
w
orse

theoreticalresults.

3.
A
syn

ch
ron

ou
s
P
arallel

S
p
arse

S
a
g
a

W
e
start

by
presenting

Sparse
S
a
g
a,a

sparse
variant

of
the

S
a
g
a
algorithm

that
is

m
ore

adapted
to

the
asynchronous

parallelsetting.
W
e
then

introduce
A

sag
a,the

asynchronous
parallelversion

of
Sparse

S
ag

a.
F
inally,w

e
state

both
convergence

and
speedup

results
for

A
sag

a
and

give
an

outline
of

their
proofs.

3.1.
S
p
arse

S
a
g
a

B
orrow

ing
our

notation
from

H
ofm

ann
et

al.
(2015),

w
e
first

present
the

original
S
a
g
a

algorithm
and

then
describe

our
novelsparse

variant.

O
rigin

al
S
a
g
a
A
lgorithm

.
T
he

standard
Sag

a
algorithm

(D
efazio

etal.,2014)m
aintains

tw
o
m
oving

quantities
to

optim
ize

(1):
the

current
iterate

x
and

a
table

(m
em

ory)
ofhistorical
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Im
pr

o
v
ed

P
a
r
a
ll

el
O

pt
im

iz
at

io
n

A
n
a
ly

si
s

fo
r

S
to

ch
a
st

ic
In

cr
em

en
ta

l
M

et
h
o
d
s

gr
ad

ie
nt
s

(α
i)
n i=

1
.1

1
A
t
ev
er
y
it
er
at
io
n,

th
e

Sa
g
a
al
go
ri
th
m

sa
m
pl
es

un
ifo

rm
ly

at
ra
nd

om
an

in
de
x
i
∈
{1
,.
..
,n
},

an
d
th
en

ex
ec
ut
es

th
e
fo
llo

w
in
g
up

da
te

on
x
an

d
α
(f
or

th
e
un

co
ns
tr
ai
ne
d

op
ti
m
iz
at
io
n
ve
rs
io
n)
:

x
+

=
x
−
γ
( f
′ i(
x

)
−
α
i
+
ᾱ
) ;

α
+ i

=
f
′ i(
x

),
(7
)

w
he
re

γ
is

th
e
st
ep

si
ze

an
d
ᾱ

:=
1 /
n
∑

n i=
1
α
i
ca
n

be
up

da
te
d

effi
ci
en
tl
y

in
an

on
lin

e
fa
sh
io
n.

C
ru
ci
al
ly
,E

α
i

=
ᾱ
an

d
th
us

th
e
up

da
te

di
re
ct
io
n
is

un
bi
as
ed

(E
x

+
=
x
−
γ
f
′ (
x

))
.

Fu
rt
he
rm

or
e,

it
ca
n
be

pr
ov
en

(s
ee

D
ef
az
io

et
al
.,
20
14
)
th
at

un
de
r
a
re
as
on

ab
le

co
nd

it
io
n
on

γ
,t

he
up

da
te

ha
s
va
ni
sh
in
g
va
ri
an

ce
,w

hi
ch

en
ab

le
s
th
e
al
go
ri
th
m

to
co
nv

er
ge

lin
ea
rl
y
w
it
h

a
co
ns
ta
nt

st
ep

si
ze
.

M
ot
iv
at
io
n
fo
r
a
V
ar
ia
n
t.

In
it
s
cu

rr
en
t
fo
rm

,e
ve
ry

S
ag

a
up

da
te

is
de

ns
e
ev
en

if
th
e

in
di
vi
du

al
gr
ad

ie
nt
s
ar
e
sp
ar
se

du
e
to

th
e
hi
st
or
ic
al

gr
ad

ie
nt

(ᾱ
)
te
rm

.
Sc
hm

id
t
et

al
.(

20
16

)
in
tr
od

uc
ed

an
im

pl
em

en
ta
ti
on

te
ch
ni
qu

e
de
no

te
d
la
gg
ed

up
da

te
s
in

w
hi
ch

ea
ch

it
er
at
io
n
ha

s
a

co
st

pr
op

or
ti
on

al
to

th
e
si
ze

of
th
e
su
pp

or
t
of
f
′ i(
x

).
H
ow

ev
er
,t
hi
s
te
ch
ni
qu

e
in
vo
lv
es

ke
ep
in
g

tr
ac
k
of

pa
st

up
da

te
s
an

d
is

no
t
ea
si
ly

ad
ap

ta
bl
e
to

th
e
pa

ra
lle

ls
et
ti
ng

(s
ee

A
pp

en
di
x
E
).

W
e
th
er
ef
or
e
in
tr
od

uc
e
Sp

ar
se

S
a
g
a
,
a
no

ve
l
va
ri
an

t
w
hi
ch

ex
pl
ic
it
ly

ta
ke
s
sp
ar
si
ty

in
to

ac
co
un

t
an

d
is

ea
si
ly

pa
ra
lle

liz
ab

le
.

S
pa
rs
e

S
a
g
a
A
lg
or
it
hm

.
A
s
in

th
e
Sp

ar
se

S
v
rg

al
go
ri
th
m

pr
op

os
ed

in
M
an

ia
et

al
.

(2
01
7)
,w

e
ob

ta
in

Sp
ar
se

Sa
g
a
by

a
si
m
pl
e
m
od

ifi
ca
ti
on

of
th
e
pa

ra
m
et
er

up
da

te
ru
le

in
(7
)

w
he

re
ᾱ
is

re
pl
ac
ed

by
a
sp
ar
se

ve
rs
io
n
eq
ui
va
le
nt

in
ex
pe

ct
at
io
n:

x
+

=
x
−
γ

(f
′ i(
x

)
−
α
i
+
D
iᾱ

),
(8
)

w
he

re
D
i
is

a
di
ag

on
al

m
at
ri
x
th
at

m
ak

es
a
w
ei
gh

te
d
pr
oj
ec
ti
on

on
th
e
su
pp

or
t
of
f
′ i.
M
or
e

pr
ec
is
el
y,

le
t
S
i
be

th
e
su
pp

or
t
of

th
e
gr
ad

ie
nt
f
′ i
fu
nc
ti
on

(i
.e
.,
th
e
se
t
of

co
or
di
na

te
s
w
he
re

f
′ i
ca
n
be

no
nz
er
o)
.
Le

t
D

be
a
d
×
d
di
ag
on

al
re
w
ei
gh

ti
ng

m
at
ri
x,

w
it
h
co
effi

ci
en
ts

1 /
p
v
on

th
e
di
ag
on

al
,w

he
re
p
v
is

th
e
pr
ob

ab
ili
ty

th
at

di
m
en
si
on

v
be

lo
ng

s
to
S
i
w
he
n
i
is

sa
m
pl
ed

un
ifo

rm
ly

at
ra
nd

om
in
{1
,.
..
,n
}.

W
e
th
en

de
fin

e
D
i

:=
P
S
i
D
,w

he
re
P
S
i
is

th
e
pr
oj
ec
ti
on

on
to
S
i.

T
he

re
w
ei
gh

ti
ng

by
D

en
su
re
s
th
at

E
D
iᾱ

=
ᾱ
,
an

d
th
us

th
at

th
e
up

da
te

is
st
ill

un
bi
as
ed

de
sp
it
e
th
e
sp
ar
si
fy
in
g
pr
oj
ec
ti
on

.

C
on

ve
rg
en
ce

R
es
ul
t
fo
r
(S
er
ia
l)

S
pa
rs
e

S
a
g
a
.

Fo
r
cl
ar
it
y
of

ex
po

si
ti
on

,w
e
m
od

el
ou

r
co
nv

er
ge
nc
e
re
su
lt
af
te
r
th
e
si
m
pl
e
fo
rm

of
H
of
m
an

n
et

al
.(
20
15
,C

or
ol
la
ry

3)
.
N
ot
e
th
at

th
e
ra
te

w
e
ob

ta
in

fo
r
Sp

ar
se

S
a
g
a
is

th
e
sa
m
e
as

th
e
on

e
ob

ta
in
ed

in
th
e
af
or
em

en
ti
on

ed
re
fe
re
nc

e
fo
r
S
ag

a
.

T
h
eo
re
m

2
Le

t
γ

=
a 5
L

fo
r
an

y
a
≤

1
.
T
he
n

Sp
ar
se

S
a
g
a

co
nv
er
ge
s
ge
om

et
ri
ca
lly

in
ex
pe
ct
at
io
n
w
it
h
a
ra
te

fa
ct
or

of
at

le
as
t
ρ
(a

)
=

1 5
m

in
{ 1 n
,a

1 κ

} ,
i.e

.,
fo
r
x
t
ob
ta
in
ed

af
te
r
t

up
da

te
s,
w
e
ha

ve
E‖
x
t
−
x
∗ ‖

2
≤

(1
−
ρ
)t
C

0
,w

he
re
C

0
:=
‖x

0
−
x
∗ ‖

2
+

1
5
L

2

∑
n i=

1
‖α

0 i
−
f
′ i(
x
∗ )
‖2
.

11
.
Fo

r
lin

ea
r
pr
ed

ic
to
r
m
od

el
s,
th
e
m
em

or
y
α

0 i
ca
n
be

st
or
ed

as
a
sc
al
ar
.
Fo

llo
w
in
g
H
of
m
an

n
et

al
.(
20
15
),
α

0 i

ca
n
be

in
it
ia
liz
ed

to
an

y
co
nv

en
ie
nt

va
lu
e
(t
yp

ic
al
ly

0
),

un
lik

e
th
e
pr
es
cr
ib
ed

f
′ i(
x

0
)
an

al
yz
ed

in
(D

ef
az
io

et
al
.,
20
14
).
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81
):

1-
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, 2
01

8

L
eb

lo
n
d
,
P
ed

r
eg

o
sa

a
n
d

L
ac

o
st

e-
Ju

li
en

P
ro
of

ou
tl
in
e.

W
e
re
us
e
th
e
pr
oo

f
te
ch
ni
qu

e
fr
om

H
of
m
an

n
et

al
.
(2
01
5)
,
in

w
hi
ch

a
co
m
bi
na

ti
on

of
cl
as
si
ca
l
st
ro
ng

co
nv

ex
it
y
an

d
L
ip
sc
hi
tz

in
eq
ua

lit
ie
s
is

us
ed

to
de
ri
ve

th
e

in
eq
ua

lit
y
(H

of
m
an

n
et

al
.,
20

15
,L

em
m
a
1)
:

E
‖x

+
−
x
∗ ‖

2
≤

(1
−
γ
µ

)‖
x
−
x
∗ ‖

2
+

2
γ

2
E
‖α

i
−
f
′ i(
x
∗ )
‖2

+
(4
γ

2
L
−

2γ
)(
f

(x
)
−
f

(x
∗ )
) .

(9
)

T
hi
s
gi
ve
s
a
co
nt
ra
ct
io
n
te
rm

.
A

Ly
ap

un
ov

fu
nc
ti
on

is
th
en

de
fin

ed
to

co
nt
ro
lt

he
tw

o
ot
he
r

te
rm

s.
T
o
en
su
re

ou
r
va
ri
an

t
co
nv

er
ge
s
at

th
e
sa
m
e
ra
te

as
re
gu

la
r
S
a
g
a
,w

e
on

ly
ne
ed

to
pr
ov
e
th
at

th
e
ab

ov
e
in
eq
ua

lit
y
(H

of
m
an

n
et

al
.,
20
15
,L

em
m
a
1)

is
st
ill

ve
ri
fie

d.
T
o
pr
ov
e

th
is
,w

e
de
ri
ve

cl
os
e
va
ri
an

ts
of

eq
ua

ti
on

s
(6

)
an

d
(9

)
in

th
ei
r
pa

pe
r.

T
he

re
st

of
th
e
pr
oo

f
ca
n
be

re
us
ed

w
it
ho

ut
m
od

ifi
ca
ti
on

.
T
he

fu
ll
de

ta
ils

ca
n
be

fo
un

d
in

A
pp

en
di
x
A
.

C
om

pa
ri
so
n
w
it
h
L
ag
ge
d
U
pd
at
es
.

T
he

la
gg
ed

up
da

te
s
te
ch
ni
qu

e
in

Sa
g
a
is

ba
se
d
on

th
e
ob

se
rv
at
io
n
th
at

th
e
up

da
te
s
fo
r
co
m
po

ne
nt

[x
] v

ne
ed

no
t
be

ap
pl
ie
d
un

ti
lt
hi
s
co
effi

ci
en
t

ne
ed
s
to

be
ac
ce
ss
ed
,t
ha

t
is
,u

nt
il
th
e
ne
xt

it
er
at
io
n
t
su
ch

th
at
v
∈
S
i t
.
W
e
re
fe
r
th
e
re
ad

er
to

Sc
hm

id
t
et

al
.(
20

16
)
fo
r
m
or
e
de
ta
ils
.

In
te
re
st
in
gl
y,
th
e
ex
pe

ct
ed

nu
m
be

ro
fi
te
ra
ti
on

sb
et
w
ee
n
tw

o
st
ep
sw

he
re

a
gi
ve
n
di
m
en
si
on

v
is

in
th
e
su
pp

or
t
of

th
e
pa

rt
ia
lg

ra
di
en
t
is
p
−

1
v

,w
he
re
p
v
is

th
e
pr
ob

ab
ili
ty

th
at
v
is

in
th
e

su
pp

or
t
of

th
e
pa

rt
ia
lg

ra
di
en
t
at

a
gi
ve
n
st
ep
.
p
−

1
v

is
pr
ec
is
el
y
th
e
te
rm

w
hi
ch

w
e
us
e
to

m
ul
ti
pl
y
th
e
up

da
te

to
[x

] v
in

Sp
ar
se

S
a
g
a
.
T
he

re
fo
re

on
e
m
ay

se
e
th
e
up

da
te
s
in

Sp
ar
se

Sa
g
a
as

an
tic

ip
at
ed

up
da

te
s,

w
he
re
as

th
os
e
in

th
e
Sc
hm

id
t
et

al
.(

20
16
)
im

pl
em

en
ta
ti
on

ar
e

la
gg
ed
.

T
he

tw
o
al
go
ri
th
m
s
ap

pe
ar

to
be

ve
ry

cl
os
e,

ev
en

th
ou

gh
Sp

ar
se

Sa
g
a
us
es

an
ex
pe

ct
at
io
n

to
m
ul
ti
pl
y
a
gi
ve
n
up

da
te

w
he
re
as

th
e
la
zy

im
pl
em

en
ta
ti
on

us
es

a
ra
nd

om
va
ri
ab

le
(w

it
h

th
e
sa
m
e
ex
pe

ct
at
io
n)
.
Sp

ar
se

Sa
g
a
th
er
ef
or
e
us
es

a
sl
ig
ht
ly

m
or
e
ag
gr
es
si
ve

st
ra
te
gy
,w

hi
ch

m
ay

ex
pl
ai
n
th
e
re
su
lt
of

ou
r
ex
pe

ri
m
en
ts

(s
ee

Se
ct
io
n
6.
3)
:
bo

th
Sp

ar
se

S
a
g
a
an

d
S
a
g
a

w
it
h
la
gg
ed

up
da

te
s
ha

d
si
m
ila

r
co
nv

er
ge
nc
e
in

te
rm

s
of

nu
m
be

r
of

it
er
at
io
ns
,
w
it
h
th
e

Sp
ar
se

S
ag

a
sc
he

m
e
be

in
g
sl
ig
ht
ly

fa
st
er

in
te
rm

s
of

ru
nt
im

e.
A
lt
ho

ug
h
Sp

ar
se

Sa
g
a
re
qu

ir
es

th
e
co
m
pu

ta
ti
on

of
th
e
p
v
pr
ob

ab
ili
ti
es
,t
hi
s
ca
n
be

do
ne

du
ri
ng

a
fir
st

pa
ss

th
ro
ug

ho
ut

th
e
da

ta
(d
ur
in
g
w
hi
ch

co
ns
ta
nt

st
ep

si
ze

S
g
d
m
ay

be
us
ed

)
at

a
ne

gl
ig
ib
le

co
st
.

3.
2.

A
sy
n
ch
ro
n
ou

s
P
ar
al
le
l
S
p
ar
se

S
a
g
a

W
e
de

sc
ri
be

A
sa

g
a
,a

sp
ar
se

as
yn

ch
ro
no

us
pa

ra
lle

li
m
pl
em

en
ta
ti
on

of
Sp

ar
se

S
ag

a
,i
n

A
lg
or
it
hm

1
in

th
e
th
eo
re
ti
ca
l
fo
rm

th
at

w
e
an

al
yz
e,

an
d
in

A
lg
or
it
hm

2
as

it
s
pr
ac
ti
ca
l

im
pl
em

en
ta
ti
on

.
W
e
st
at
e
ou

r
co
nv

er
ge
nc
e
re
su
lt

an
d
an

al
yz
e
ou

r
al
go
ri
th
m

us
in
g
th
e

im
pr
ov
ed

pe
rt
ur
be

d
it
er
at
e
fr
am

ew
or
k.

In
th
e
sp
ec
ifi
c
ca
se

of
(S
pa

rs
e)

S
a
g
a
,
w
e
ha

ve
to

ad
d

th
e
ad

di
ti
on

al
re
ad

m
em

or
y

ar
gu

m
en
t
α̂
t
to

ou
r
pe

rt
ur
be

d
up

da
te

(3
):

x
t+

1
:=

x
t
−
γ
g
(x̂
t,
α̂
t ,
i t

);

g
(x̂
t,
α̂
t ,
i t

)
:=

f
′ i t
(x̂
t)
−
α̂
t i t

+
D
i t

( 1 /
n
∑

n i=
1
α̂
t i)
.

(1
0)

B
ef
or
e
st
at
in
g
ou

r
co
nv

er
ge
nc
e
re
su
lt
,w

e
hi
gh

lig
ht

so
m
e
pr
op

er
ti
es

of
A
lg
or
it
hm

1
an

d
m
ak
e

on
e
ce
nt
ra
la

ss
um

pt
io
n.
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Im
pro

v
ed

P
a
r
a
llel

O
ptim

izatio
n

A
n
a
ly

sis
fo

r
S
to

ch
a
stic

In
cr

em
en

ta
l

M
eth

o
d
s

A
lgorith

m
1

A
sag

a
(analyzed

algorithm
)

1:
Initialize

shared
variables

x
and

(α
i )
ni=

1

2:
keep

d
oin

g
in

p
arallel

3:
x̂

=
inconsistent

read
of
x

4:
∀
j,
α̂
j

=
inconsistent

read
of
α
j

5:
Sam

ple
i
uniform

ly
in
{1
,...,n}

6:
Let

S
i
be

f
i ’s

support
7:

[ᾱ
]S
i

=
1/
n ∑

nk
=

1 [α̂
k ]S

i

8:9:
[δx

]S
i

=
−
γ

(f
′i (x̂

)−
α̂
i
+
D
i [ᾱ

]S
i )

10:
for

v
in
S
i
d
o

11:
[x

]v ←
[x

]v
+

[δx
]v

//
atom

ic
12:

[α
i ]v ←

[f
′i (x̂

)]v
13:

//
‘←

’denotes
a
shared

m
em

ory
update.

14:
en

d
for

15:
en

d
p
arallel

loop

A
lgorith

m
2

A
sag

a
(im

plem
entation)

1:
Initialize

shared
x,

(α
i )
ni=

1
and

ᾱ
2:

keep
d
oin

g
in

p
arallel

3:
Sam

ple
i
uniform

ly
in
{1
,...,n}

4:
Let

S
i
be

f
i ’s

support
5:

[x̂
]S
i

=
inconsistent

read
of
x
on

S
i

6:
α̂
i

=
inconsistent

read
of
α
i

7:
[ᾱ

]S
i

=
inconsistent

read
of
ᾱ
on

S
i

8:
[δα

]S
i

=
f
′i ([x̂

]S
i )−

α̂
i

9:
[δx

]S
i

=
−
γ

([δα
]S
i

+
D
i [ᾱ

]S
i )

10:
for

v
in
S
i
d
o

11:
[x

]v ←
[x

]v
+

[δx
]v

//
atom

ic
12:

[α
i ]v ←

[α
i ]v

+
[δα

]v
//

atom
ic

13:
[ᾱ

]v ←
[ᾱ

]v
+

1/
n[δα

]v
//

atom
ic

14:
en

d
for

15:
en

d
p
arallel

loop

P
rop

erty
3
(in

d
ep

en
d
en

ce)
G
iven

the
“after

read”
globalordering,

ir
is

independent
of

x̂
t ∀
r≥

t.

T
he

independence
property

for
r

=
tis

assum
ed

in
m
ost

ofthe
paralleloptim

ization
literature,

even
though

it
is

not
verified

in
case

the
“after

w
rite”

labeling
is

used.
W
e
em

ulate
M
ania

et
al.(2017)

and
enforce

this
independence

in
A
lgorithm

1
by

having
the

core
read

allthe
shared

data
param

eters
and

historicalgradients
before

starting
their

iterations.
A
lthough

this
is

too
expensive

to
be

practicalif
the

data
is

sparse,this
is

required
by

the
theoretical

A
lgorithm

1
that

w
e
can

analyze.
T
he

independence
for

r
>
t
is

a
consequence

of
using

the
“after

read”
globalordering

instead
of

the
“before

read”
one.

P
rop

erty
4
(u
nb

iased
estim

ator)
T
he

update,
g
t

:=
g
(x̂
t ,α̂

t,it ),
is

an
unbiased

estim
a-

tor
of

the
true

gradient
at
x̂
t ,
i.e.

(10)
yields

(4)
in

conditionalexpectation.

T
his

property
is

crucial
for

the
analysis,

as
in

m
ost

related
literature.

It
follow

s
by

the
independence

of
it
w
ith

x̂
t
and

from
the

com
putation

of
ᾱ
on

line
7
of

A
lgorithm

1,w
hich

ensures
that

E
α̂
i

=
1
/n ∑

nk
=

1 [α̂
k ]S

i
=

[ᾱ
]S
i ,

m
aking

the
update

unbiased.
In

practice,
recom

puting
ᾱ
is

not
optim

al,but
storing

it
instead

introduces
potentialbias

issues
in

the
proof

(as
detailed

in
A
ppendix

F
.3).

P
rop

erty
5
(atom

icity)
T
he

shared
param

eter
coordinate

update
of

[x
]v

on
line

11
is

atom
ic.

Since
our

updates
are

additions,there
are

no
overw

rites,even
w
hen

severalcores
com

pete
for

the
sam

e
resources.

In
practice,this

is
enforced

by
using

com
pare-and-sw

ap
sem

antics,w
hich

are
heavily

optim
ized

at
the

processor
leveland

have
m
inim

aloverhead.
O
ur

experim
ents

w
ith

non-thread
safe

algorithm
s
(i.e.

w
here

this
property

is
not

verified,
see

F
igure

7
of

A
ppendix

F
)
show

that
com

pare-and-sw
ap

is
necessary

to
optim

ize
to

high
accuracy.
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L
eblo

n
d
,
P
ed

r
eg

o
sa

a
n
d

L
aco

ste-Ju
lien

F
inally,as

is
standard

in
the

literature,w
e
m
ake

an
assum

ption
on

the
m
axim

um
delay

that
asynchrony

can
cause

–
this

is
the

partially
asynchronous

setting
as

defined
in

B
ertsekas

and
T
sitsiklis

(1989):

A
ssu

m
p
tion

6
(b
ou

n
d
ed

overlap
s)

W
e
assum

e
thatthere

exists
a
uniform

bound,called
τ,

on
the

m
axim

um
num

ber
of

iterations
that

can
overlap

together.
W
e
say

that
iterations

r
and

t
overlap

if
at

som
e
point

they
are

processed
concurrently.

O
ne

iteration
is

being
processed

from
the

start
of

the
reading

of
the

shared
param

eters
to

the
end

of
the

w
riting

of
its

update.
T
he

bound
τ
m
eans

that
iterations

r
cannot

overlap
w
ith

iteration
t
for

r≥
t

+
τ

+
1,

and
thus

that
every

coordinate
update

from
iteration

t
is

successfully
w
ritten

to
m
em

ory
before

the
iteration

t
+
τ

+
1
starts.

O
ur

result
w
ill

give
us

conditions
on

τ
subject

to
w
hich

w
e
have

linear
speedups.

τ
is

usually
seen

as
a
proxy

for
p,the

num
ber

of
cores

(w
hich

low
erbounds

it).
H
ow

ever,though
τ
appears

to
depend

linearly
on

p,
it

actually
depends

on
several

other
factors

(notably
the

data
sparsity

distribution)
and

can
be

orders
of

m
agnitude

bigger
than

p
in

real-life
experim

ents.
W
e
can

upper
bound

τ
by

(p−
1
)R

,
w
here

R
is

the
ratio

of
the

m
axim

um
over

the
m
inim

um
iteration

tim
e
(w

hich
encom

passes
theoreticalaspects

as
w
ellas

hardw
are

overhead).
M
ore

details
can

be
found

in
Section

6.7.

E
xplicit

eff
ect

of
asyn

chron
y.

B
y
using

the
overlap

A
ssum

ption
6
in

the
expression

(6)
for

the
iterates,w

e
obtain

the
follow

ing
explicit

effect
ofasynchrony

that
is

crucially
used

in
our

proof:

x̂
t −

x
t

=
γ

t−
1

∑

u
=

(t−
τ
)
+

G
tu g

(x̂
u ,α̂

u,iu ),
(11)

w
here

G
tu
are

d×
d
diagonalm

atrices
w
ith

term
s
in
{0,+

1}.
From

our
definition

of
t
and

x
t ,

it
is

clear
that

every
update

in
x̂
t
is

already
in
x
t
–
this

is
the

0
case.

C
onversely,

som
e

updates
m
ight

be
late:

this
is

the
+

1
case.

x̂
t
m
ay

be
lacking

som
e
updates

from
the

“past"
in

som
e
sense,w

hereas
given

our
globalordering

definition,it
cannot

contain
updates

from
the

“future".

3.3.
C
onvergen

ce
an

d
S
p
eed

u
p
R
esu

lts

W
e
now

state
our

m
ain

theoretical
results.

W
e
give

a
detailed

outline
of

the
proof

in
Section

3.3.2
and

its
fulldetails

in
A
ppendix

B
.

W
e
first

define
a
notion

of
problem

sparsity,as
it
w
illappear

in
our

results.

D
efi

n
ition

7
(S
p
arsity)

A
s
in

N
iu

et
al.

(2011),
w
e
introduce

∆
r

:=
m

ax
v
=

1
..d |{i

:
v
∈

S
i }|.

∆
r
is

the
m
axim

um
right-degree

in
the

bipartite
graph

ofthe
factors

and
the

dim
ensions,

i.e.,
the

m
axim

um
num

ber
of

data
points

w
ith

a
specific

feature.
For

succinctness,
w
e
also

define
∆

:=
∆
r /n.

W
e
have

1
≤

∆
r ≤

n,
and

hence
1/n
≤

∆
≤

1.
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Im
pr

o
v
ed

P
a
r
a
ll

el
O

pt
im

iz
at

io
n

A
n
a
ly

si
s

fo
r

S
to

ch
a
st

ic
In

cr
em

en
ta

l
M

et
h
o
d
s

3.
3.

1.
C

o
n
v
er

g
en

c
e

a
n
d

S
pe

ed
u
p

S
ta

t
em

en
t
s

T
h
eo
re
m

8
(C

on
ve
rg
en

ce
gu

ar
an

te
e
an

d
ra
te

of
A

sa
g
a
)
Su

pp
os
e
τ
<

n /
1
0
.1

2
Le

t

a
∗ (
τ
)

:=
1

32
( 1

+
τ
√

∆
) ξ(

κ
,∆
,τ

)

w
he
re
ξ(
κ
,∆
,τ

)
:=

√
1

+
1 8κ

m
in
{

1 √
∆
,τ
}

(n
ot

e
th

at
ξ(
κ
,∆
,τ

)
≈

1
un

le
ss
κ
<

1 /
√

∆
(≤
√
n

))
.

(1
2)

Fo
r
an

y
st
ep

si
ze
γ

=
a L
w
ith

a
≤
a
∗ (
τ

),
th
e
in
co
ns
is
te
nt

re
ad

ite
ra
te
s
of

A
lg
or
ith

m
1
co
nv

er
ge

in
ex
pe
ct
at
io
n
at

a
ge
om

et
ri
c
ra
te

of
at

le
as
t:
ρ
(a

)
=

1 5
m

in
{ 1 n
,a

1 κ

} ,
i.e

.,
Ef

(x̂
t)
−
f

(x
∗ )
≤

(1
−
ρ
)t
C̃

0
,w

he
re
C̃

0
is

a
co
ns
ta
nt

in
de
pe
nd

en
t
of
t
(≈

n γ
C

0
w
ith

C
0
as

de
fin

ed
in

T
he
or
em

2)
.

T
hi
s
re
su
lt
is
ve
ry

cl
os
e
to

Sa
g
a
’s
or
ig
in
al

co
nv

er
ge
nc
e
th
eo
re
m
,b

ut
w
it
h
th
e
m
ax

im
um

st
ep

si
ze

di
vi
de

d
by

an
ex
tr
a

1
+
τ
√

∆
fa
ct
or
.
R
ef
er
ri
ng

to
H
of
m
an

n
et

al
.(
20
15

)
an

d
ou

r
ow

n
T
he

or
em

2,
th
e
ra
te

fa
ct
or

fo
r
S
a
g
a
is

m
in
{1
/n
,a
/κ
}
up

to
a
co
ns
ta
nt

fa
ct
or
.
C
om

pa
ri
ng

th
is

ra
te

w
it
h
T
he

or
em

8
an

d
in
fe
rr
in
g
th
e
co
nd

it
io
ns

on
th
e
m
ax

im
um

st
ep

si
ze
a
∗ (
τ
),

w
e

ge
t
th
e
fo
llo

w
in
g
co
nd

it
io
ns

on
th
e
ov
er
la
p
τ
fo
r

A
sa

g
a

to
ha

ve
th
e
sa
m
e
ra
te

as
S
a
g
a

(c
om

pa
ri
ng

up
pe

r
bo

un
ds
).

C
or
ol
la
ry

9
(S
p
ee
d
u
p
co
n
d
it
io
n
)
Su

pp
os
e
τ
≤
O

(n
)
an

d
τ
≤
O

(
1 √
∆

m
ax
{1
,
n κ
})
.
T
he
n

us
in
g
th
e
st
ep

si
ze
γ

=
a
∗ (
τ
) /
L

fr
om

(1
2)
,
A

sa
g
a
co
nv
er
ge
s
ge
om

et
ri
ca
lly

w
it
h
ra
te

fa
ct
or

Ω
(m

in
{1 n
,

1 κ
})

(s
im

ila
r
to

S
ag

a
),

an
d
is

th
us

lin
ea
rl
y
fa
st
er

th
an

it
s
se
qu
en

ti
al

co
un

te
rp
ar
t

up
to

a
co
ns
ta
nt

fa
ct
or
.
M
or
eo
ve
r,

if
τ
≤
O

(
1 √
∆

),
th
en

a
un

iv
er
sa
ls

te
p
si
ze

of
Θ

(
1 L

)
ca
n
be

us
ed

fo
r

A
sa

g
a
to

be
ad
ap
ti
ve

to
lo
ca
ls

tr
on

g
co
nv
ex
it
y
w
it
h
a
si
m
ila

r
ra
te

to
S
a
g
a
(i
.e
.,

kn
ow

le
dg
e
of
κ
is

no
t
re
qu
ir
ed
).

In
te
re
st
in
gl
y,

in
th
e
w
el
l-c

on
di
ti
on

ed
re
gi
m
e
(n
>
κ
,w

he
re

Sa
g
a
en
jo
ys

a
ra
ng

e
of

st
ep

si
ze
s

w
hi
ch

al
l
gi
ve

th
e
sa
m
e
co
nt
ra
ct
io
n
ra
ti
o)
,
A

sa
g
a
en
jo
ys

th
e
sa
m
e
ra
te

as
S
a
g
a
ev
en

in
th
e
no

n-
sp
ar
se

re
gi
m
e
(∆

=
1)

fo
r
τ
<
O

(n
/κ

).
T
hi
s
is

in
co
nt
ra
st

to
th
e
pr
ev
io
us

w
or
k
on

as
yn

ch
ro
no

us
in
cr
em

en
ta
lg

ra
di
en
t
m
et
ho

ds
w
hi
ch

re
qu

ir
ed

so
m
e
ki
nd

of
sp
ar
si
ty

to
ge
t
a

th
eo
re
ti
ca
ll
in
ea
r
sp
ee
du

p
ov
er

th
ei
r
se
qu

en
ti
al

co
un

te
rp
ar
t
(N

iu
et

al
.,
20
11
;M

an
ia

et
al
.,

20
17

).
In

th
e
ill
-c
on

di
ti
on

ed
re
gi
m
e
(κ
>
n
),

sp
ar
si
ty

is
re
qu

ir
ed

fo
r
a
lin

ea
r
sp
ee
du

p,
w
it
h
a

bo
un

d
on

τ
of
O

(√
n

)
in

th
e
be

st
-c
as
e
(t
ho

ug
h
de

ge
ne

ra
te
)
sc
en

ar
io

w
he

re
∆

=
1/
n
.

T
he

pr
oo

f
fo
r
C
or
ol
la
ry

9
ca
n
be

fo
un

d
in

A
pp

en
di
x
B
.9
.

C
om

pa
ri
so
n
to

re
la
te
d
w
or
k.

•
W
e
gi
ve

th
e
fir
st

co
nv

er
ge
nc
e
an

al
ys
is

fo
r
an

as
yn

ch
ro
no

us
pa

ra
lle

lv
er
si
on

of
S
a
g
a

(n
ot
e
th
at

R
ed
di

et
al
.(
20
15
)
on

ly
co
ve
rs

an
ep

oc
h
ba

se
d
ve
rs
io
n
of

Sa
g
a
w
it
h
ra
nd

om
st
op

pi
ng

ti
m
es
,a

fa
ir
ly

di
ffe

re
nt

al
go

ri
th
m
).

•
T
he
or
em

8
ca
n
be

di
re
ct
ly

ex
te
nd

ed
to

th
e
a
pa

ra
lle

le
xt
en
si
on

of
th
e

S
v
rg

ve
rs
io
n

fr
om

H
of
m
an

n
et

al
.(
20
15
)
w
hi
ch

is
ad

ap
ti
ve

to
th
e
lo
ca
ls
tr
on

g
co
nv

ex
ity

w
it
h
si
m
ila

r
ra
te
s
(s
ee

Se
ct
io
n
4.
2)
.

•
In

co
nt
ra
st

to
th
e
pa

ra
lle

lS
v
rg

an
al
ys
is

fr
om

R
ed

di
et

al
.(
20

15
,T

hm
.
2)
,o

ur
pr
oo

f
te
ch
ni
qu

e
ha

nd
le
s
in
co
ns
is
te
nt

re
ad

s
an

d
a
no

n-
un

ifo
rm

pr
oc
es
si
ng

sp
ee
d
ac
ro
ss
f i
’s
.

12
.
A

sa
g
a
ca
n
ac
tu
al
ly

co
nv

er
ge

fo
r
an

y
τ
,b

ut
th
e
m
ax

im
um

st
ep

si
ze

th
en

ha
s
a
te
rm

of
ex
p
(τ
/
n
)
in

th
e

de
no

m
in
at
or

w
it
h
m
uc
h
w
or
se

co
ns
ta
nt
s.

Se
e
A
pp

en
di
x
B
.7
.
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8

L
eb

lo
n
d
,
P
ed

r
eg

o
sa

a
n
d

L
ac

o
st

e-
Ju

li
en

O
ur

bo
un

ds
ar
e
si
m
ila

r
(n
ot
in
g
th
at

∆
is
eq
ui
va
le
nt

to
th
ei
rs
),
ex
ce
pt

fo
r
th
e
ad

ap
ti
vi
ty

to
lo
ca
ls

tr
on

g
co
nv

ex
it
y:

A
sa

g
a
do

es
no

t
ne

ed
to

kn
ow

κ
fo
r
op

ti
m
al

pe
rf
or
m
an

ce
,

co
nt
ra
ry

to
pa

ra
lle

lS
v
rg

(s
ee

Se
ct
io
n
4
fo
r
m
or
e
de

ta
ils
).

•
In

co
nt
ra
st

to
th
e

Sv
rg

an
al
ys
is
fr
om

M
an

ia
et

al
.(
20
17
,T

hm
.
14
),
w
e
ob

ta
in

a
be

tt
er

de
pe

nd
en
ce

on
th
e
co
nd

it
io
n
nu

m
be

r
in

ou
r
ra
te

(1
/κ

vs
.

1/
κ

2
on

th
ei
r
w
or
k)

an
d
on

th
e
sp
ar
si
ty

(t
he
y
ob

ta
in
τ
≤
O

(∆
−

1 /
3
))
,w

hi
le

w
e
fu
rt
he
rm

or
e
re
m
ov
e
th
ei
r
gr
ad

ie
nt

bo
un

d
as
su
m
pt
io
n.

W
e
al
so

gi
ve

ou
r
co
nv

er
ge
nc
e
gu

ar
an

te
e
on

x̂
t
du

ri
ng

th
e
al
go
ri
th
m
,

w
he

re
as

th
ey

on
ly

bo
un

d
th
e
er
ro
r
fo
r
th
e
“la

st
”
it
er
at
e
x
T
.

3.
3.

2.
P
ro

o
f

O
u
t
li

n
e

o
f

T
h
eo

r
em

8

W
e
gi
ve

he
re

an
ex
te
nd

ed
ou

tl
in
e
of

th
e
pr
oo

f.
W
e
de

ta
il
ke
y
le
m
m
as

in
Se

ct
io
n
3.
3.
3.

In
it
ia
l
re
cu
rs
iv
e
in
eq
ua

li
ty
.

L
et
g t

:=
g
(x̂
t,
α̂
t ,
i t

).
B
y
ex
pa

nd
in
g
th
e
up

da
te

eq
ua

-
ti
on

(1
0)

de
fin

in
g
th
e
vi
rt
ua

li
te
ra
te
x
t+

1
an

d
in
tr
od

uc
in
g
x̂
t
in

th
e
in
ne

r
pr
od

uc
t
te
rm

,w
e

ob
ta
in
:

‖x
t+

1
−
x
∗ ‖

2
=
‖x

t
−
γ
g t
−
x
∗ ‖

2

=
‖x

t
−
x
∗ ‖

2
+
γ

2
‖g
t‖

2
−

2
γ
〈x
t
−
x
∗ ,
g t
〉

=
‖x

t
−
x
∗ ‖

2
+
γ

2
‖g
t‖

2
−

2
γ
〈x̂
t
−
x
∗ ,
g t
〉+

2
γ
〈x̂
t
−
x
t,
g t
〉.

(1
3)

N
ot
e
th
at

w
e
in
tr
od

uc
e
x̂
t
in

th
e
in
ne
r
pr
od

uc
t
be

ca
us
e
g t

is
a
fu
nc
ti
on

of
x̂
t,
no

t
x
t.

In
th
e
se
qu

en
ti
al

se
tt
in
g,

w
e
re
qu

ir
e
i t
to

be
in
de
pe

nd
en
t
of
x
t
to

ob
ta
in

un
bi
as
ed
ne
ss
.

In
th
e
pe

rt
ur
be

d
it
er
at
e
fr
am

ew
or
k,

w
e
in
st
ea
d
re
qu

ir
e
th
at

i t
is

in
de
pe

nd
en
t
of
x̂
t
(s
ee

P
ro
pe

rt
y
3)
.
T
hi
s
cr
uc
ia
lp

ro
pe

rt
y
en

ab
le
s
us

to
us
e
th
e
un

bi
as
ed
ne

ss
co
nd

it
io
n
(4
)
to

w
ri
te
:

E〈
x̂
t
−
x
∗ ,
g t
〉=

E〈
x̂
t
−
x
∗ ,
f
′ (
x̂
t)
〉.

Ta
ki
ng

th
e
ex
pe

ct
at
io
n
of

(1
3)

an
d
us
in
g
th
is
un

bi
as
ed
ne
ss

co
nd

it
io
n
w
e
ob

ta
in

an
ex
pr
es
si
on

th
at

al
lo
w
s
us

to
us
e
th
e
µ
-s
tr
on

g
co
nv

ex
it
y
of
f
:1

3

〈x̂
t
−
x
∗ ,
f
′ (
x̂
t)
〉≥

f
(x̂
t)
−
f

(x
∗ )

+
µ 2
‖x̂

t
−
x
∗ ‖

2
.

(1
4)

W
it
h
fu
rt
he
r
m
an

ip
ul
at
io
ns

on
th
e
ex
pe

ct
at
io
n
of

(1
3)
,i
nc
lu
di
ng

th
e
us
e
of

th
e
st
an

da
rd

in
eq
ua

lit
y
‖a

+
b‖

2
≤

2
‖a
‖2

+
2
‖b
‖2

(s
ee

A
pp

en
di
x
B
.1
),

w
e
ob

ta
in

ou
r
ba

si
c
re
cu
rs
iv
e

co
nt
ra
ct
io
n
in
eq
ua

lit
y:

a
t+

1
≤

(1
−
γ
µ 2

)a
t
+
γ

2
E‖
g t
‖2

+
γ
µ
E‖
x̂
t
−
x
t‖

2
+

2
γ
E〈
x̂
t
−
x
t,
g t
〉

︸
︷︷

︸
ad

di
ti
on

al
as
yn

ch
ro
ny

te
rm

s

−
2
γ
e t
,

(1
5)

w
he

re
a
t

:=
E‖
x
t
−
x
∗ ‖

2
an

d
e t

:=
Ef

(x̂
t)
−
f

(x
∗ )
.

In
eq
ua

lit
y
(1
5)

is
a
m
id
w
ay

po
in
t
be

tw
ee
n
th
e
on

e
de
ri
ve
d
in

th
e
pr
oo

f
of

L
em

m
a
1

in
H
of
m
an

n
et

al
.
(2
01
5)

an
d
E
qu

at
io
n
(2
.5
)
in

M
an

ia
et

al
.
(2
01
7)
,
be

ca
us
e
w
e
us
e
th
e

ti
gh

te
r
st
ro
ng

co
nv

ex
it
y
bo

un
d
(1
4)

th
an

in
th
e
la
tt
er

(g
iv
in
g
us

th
e
im

po
rt
an

t
ex
tr
a
te
rm

−
2γ
e t
).

In
th
e
se
qu

en
ti
al

se
tt
in
g,

on
e
cr
uc
ia
lly

us
es

th
e
ne
ga
ti
ve

su
bo

pt
im

al
it
y
te
rm
−

2
γ
e t

to
ca
nc

el
th
e
va
ri
an

ce
te
rm

γ
2
E‖
g t
‖2

(t
hu

s
de

ri
vi
ng

a
co
nd

it
io
n
on

γ
).

In
ou

r
se
tt
in
g,

w
e
ne

ed

13
.
N
ot
e
th
at

he
re

is
ou

r
de

pa
rt
ur
e
po

in
t
w
it
h
M
an

ia
et

al
.(

20
17
)
w
ho

re
pl
ac
ed

th
e
f
(x̂
t
)
−
f
(x
∗ )

te
rm

w
it
h

th
e
lo
w
er

bo
un

d
µ 2
‖x̂

t
−
x
∗ ‖

2
in

th
is

re
la
ti
on

sh
ip

(s
ee

th
ei
r
E
qu

at
io
n
(2
.4
))
,
th
us

yi
el
di
ng

an
in
eq
ua

lit
y

to
o
lo
os
e
af
te
rw

ar
ds

to
ge
t
th
e
fa
st

ra
te
s
fo
r
S
v
rg

.
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Im
pro

v
ed

P
a
r
a
llel

O
ptim

izatio
n

A
n
a
ly

sis
fo

r
S
to

ch
a
stic

In
cr

em
en

ta
l

M
eth

o
d
s

to
bound

the
additionalasynchrony

term
s
using

the
sam

e
negative

suboptim
ality

in
order

to
prove

convergence
and

speedup
for

our
parallelalgorithm

–
this

w
illgive

stronger
constraints

on
the

m
axim

um
step

size.
T
he

rest
of

the
proof

then
proceeds

as
follow

s:

1.
B
y
using

the
expansion

(11)
for

x̂
t −

x
t ,w

e
can

bound
the

additionalasynchrony
term

s
in

(15)
in

term
s
of

the
past

updates
(E‖

g
u ‖

2)
u≤

t .
T
his

gives
Lem

m
a
10

below
.

2.
W
e
then

bound
the

updates
E‖g

t ‖
2
in

term
s
of

past
suboptim

alities
(e
v )
v≤
u
by

using
standard

S
a
g
a

inequalities
and

carefully
analyzing

the
update

rule
for

α
+i

(7)
in

expectation.
T
his

gives
Lem

m
a
13

below
.

3.
B
y
applying

L
em

m
a
13

to
the

result
of

L
em

m
a
10,

w
e
obtain

a
m
aster

contraction
inequality

(27)
in

term
s
of
a
t+

1 ,
a
t
and

(e
u )
u≤

t .

4.
W
e
define

a
novel

L
yapunov

function
L
t

=
∑

tu
=

0 (1
−
ρ
)
t−
ua

u
and

m
anipulate

the
m
aster

inequality
to

show
thatL

t
is

bounded
by

a
contraction,subject

to
a
m
axim

um
step

size
condition

on
γ
(given

in
Lem

m
a
14

below
).

5.
F
inally,w

e
unrollthe

Lyapunov
inequality

to
get

the
convergence

T
heorem

8.

3.3.3.
D

eta
ils

W
e
list

the
key

lem
m
as

below
w
ith

their
proof

sketch,and
pointers

to
the

relevant
parts

of
A
ppendix

B
for

detailed
proofs.

L
em

m
a
10

(In
equ

ality
in

term
s
of
g
t

:=
g
(x̂
t ,α̂

t,it ))
For

all
t≥

0:

a
t+

1 ≤
(1−

γ
µ2

)a
t
+
γ

2C
1 E‖

g
t ‖

2
+
γ

2C
2

t−
1

∑

u
=

(t−
τ
)
+

E‖g
u ‖

2−
2
γ
e
t ,

(16)

w
here

C
1

:=
1

+
√

∆
τ

and
C

2
:=
√

∆
+
γ
µ
C

1
.

14
(17)

T
o
prove

this
lem

m
a
w
e
need

to
bound

both
E‖
x̂
t −

x
∗‖

2
and

E〈x̂
t −

x
t ,g

t 〉
w
ith

respect
to

(E‖g
u ‖

2)
u≤

t .
W
e
achieve

this
by

crucially
using

E
quation

(11),together
w
ith

the
follow

ing
proposition,w

hich
w
e
derive

by
a
com

bination
ofC

auchy-Schw
artz

and
our

sparsity
definition

(see
Section

B
.2).

P
rop

osition
11

For
any

u
6=
t,

E|〈g
u ,g

t 〉|≤
√

∆2
(E‖

g
u ‖

2
+

E‖
g
t ‖

2)
.

(18)

To
derive

this
essentialinequality

for
both

the
right-hand-side

term
s
ofE

q.(18),w
e
start

by
proving

a
relevant

property
of

∆
.
W
e
reuse

the
sparsity

constant
introduced

in
R
eddiet

al.
(2015)

and
relate

it
to

the
one

w
e
have

defined
earlier,

∆
r :

14.
N
ote

that
C

2
depends

on
γ.

In
the

rest
of

the
paper,w

e
w
rite

C
2 (γ

)
instead

of
C

2
w
hen

w
e
w
ant

to
draw

attention
to

that
dependency.
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L
eblo

n
d
,
P
ed

r
eg

o
sa

a
n
d

L
aco

ste-Ju
lien

R
em

ark
12

Let
D

be
the

sm
allest

constant
such

that:

E‖
x‖

2i
=

1n

n
∑i=

1 ‖x‖
2i ≤

D
‖
x‖

2
∀
x
∈
R
d,

(19)

w
here

‖.‖
i
is

defined
to

be
the

`
2 -norm

restricted
to

the
support

S
i
of
f
i .

W
e
have:

D
=

∆
r

n
=

∆
.

(20)

P
roof

W
e
have:

E‖x‖
2i

=
1n

n
∑i=

1 ‖
x‖

2i
=

1n

n
∑i=

1 ∑v∈
S
i [x

] 2v
=

1n

d
∑v
=

1

∑i|v∈
S
i [x

] 2v
=

1n

d
∑v
=

1

δ
v [x

] 2v
,

(21)

w
here

δ
v

:=
|(i|

v
∈
S
i )|.

T
his

im
plies:

D
≥

1n

d
∑v
=

1

δ
v

[x
] 2v

‖
x‖

2
.

(22)

Since
D

is
the

m
inim

um
constant

satisfying
this

inequality,w
e
have:

D
=

m
ax

x∈
R
d

1n

d
∑v
=

1

δ
v

[x
] 2v

‖x‖
2
.

(23)

W
e
need

to
find

x
such

that
it

m
axim

izes
the

right-hand
side

term
.
N
ote

that
the

vector
([x

] 2v /‖x‖
2)
v
=

1
..d

is
in

the
unit

probability
sim

plex,w
hich

m
eans

that
an

equivalent
problem

is
the

m
axim

ization
over

allconvex
com

binations
of

(δ
v )
v
=

1
..d .

T
his

m
axim

um
is

found
by

putting
allthe

w
eight

on
the

m
axim

um
δ
v ,w

hich
is

∆
r
by

definition.
T
his

im
plies

that
∆

=
∆
r /n

is
indeed

the
sm

allest
constant

satisfying
(19).

P
roof

of
P
roposition

11
Let

u
6=
t.

W
ithout

loss
of

generality,
u
<
t. 15

T
hen:

E|〈g
u ,g

t 〉|≤
E‖
g
u ‖
it ‖g

t ‖
(Sparse

inner
product;support

of
g
t
is
S
it )

≤
√

E‖
g
u ‖

2it √
E‖g

t ‖
2

(C
auchy-Schw

arz
for

expectations)

≤
√

∆
E‖
g
u ‖

2 √
E‖
g
t ‖

2
(R

em
ark

12
and

it ⊥⊥
g
u ,∀

u
<
t)

≤
√

∆2
(E‖g

u ‖
2

+
E‖
g
t ‖

2)
.

(A
M
-G

M
inequality)

A
lltold,w

e
have:

E|〈g
u ,g

t 〉|≤
√

∆2
(E‖

g
u ‖

2
+

E‖
g
t ‖

2)
.

(24)

15.
O
ne

only
has

to
sw

itch
u
and

t
if
u
>
t.
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Im
pr

o
v
ed

P
a
r
a
ll

el
O

pt
im

iz
at

io
n

A
n
a
ly

si
s

fo
r

S
to

ch
a
st

ic
In

cr
em

en
ta

l
M

et
h
o
d
s

L
em

m
a
13

(S
u
b
op

ti
m
al
it
y
b
ou

n
d
on

E‖
g t
‖2
)
Fo

r
al
lt
≥

0,

E‖
g t
‖2
≤

4L
e t

+
4
L n

t−
1

∑ u
=

1

(1
−

1 n
)(t
−

2
τ
−
u
−

1
) +
e u

+
4
L

(1
−

1 n
)(t
−
τ
) +
ẽ 0
,

(2
5)

w
he
re
ẽ 0

:=
1 2
L
E‖
α

0 i
−
f
′ i(
x
∗ )
‖2
.1

6

Fr
om

ou
r
pr
oo

f
of

co
nv

er
ge
nc

e
fo
r
Sp

ar
se

S
ag

a
w
e
kn

ow
th
at

(s
ee

A
pp

en
di
x
A
):

E‖
g t
‖2
≤

2
E‖
f
′ i t
(x̂
t)
−
f
′ i t
(x
∗ )
‖2

+
2
E‖
α̂
t i t
−
f
′ i t
(x
∗ )
‖2
.

(2
6)

W
e
ca
n
ha

nd
le

th
e
fir
st

te
rm

by
ta
ki
ng

th
e
ex
pe

ct
at
io
n
ov
er

a
Li
ps
ch
it
z
in
eq
ua

lit
y
(H

of
m
an

n
et

al
.
(2
01
5,

E
qu

at
io
ns

7
an

d
8)
.
A
ll
th
at

re
m
ai
ns

to
pr
ov
e
th
e
le
m
m
a
is

to
ex
pr
es
s
th
e

E‖
α̂
t i t
−
f
′ i t
(x
∗ )
‖2

te
rm

in
te
rm

s
of

pa
st

su
bo

pt
im

al
it
ie
s.

W
e
no

te
th
at

it
ca
n
be

se
en

as
an

ex
pe

ct
at
io
n
of

pa
st

fir
st

te
rm

s
w
it
h
an

ad
eq
ua

te
pr
ob

ab
ili
ty

di
st
ri
bu

ti
on

w
hi
ch

w
e
de
ri
ve

an
d
bo

un
d.

Fr
om

ou
r
al
go
ri
th
m
,w

e
kn

ow
th
at

ea
ch

di
m
en
si
on

of
th
e
m
em

or
y
ve
ct
or

[α̂
i]
v
co
nt
ai
ns

a
pa

rt
ia
lg

ra
di
en
t
co
m
pu

te
d
at

so
m
e
po

in
t
in

th
e
pa

st
[f
′ i(
x̂
u
t i,
v
)]
v
17

(u
nl
es
s
u

=
0,

in
w
hi
ch

ca
se

w
e
re
pl
ac
e
th
e
pa

rt
ia
lg

ra
di
en
t
w
it
h
α

0 i
).

W
e
th
en

de
ri
ve

bo
un

ds
on

P
(u
t i,
v

=
u

)
an

d
su
m

on
al
lp

os
si
bl
e
u
.
T
og

et
he

r
w
it
h
cl
ev
er

co
nd

it
io
ni
ng

,w
e
ob

ta
in

Le
m
m
a
13

(s
ee

Se
ct
io
n
B
.3
).

M
as
te
r
in
eq
ua

li
ty
.

L
et
H
t
be

de
fin

ed
as

H
t

:=
∑

t−
1

u
=

1
(1
−

1 n
)(t
−

2
τ
−
u
−

1
) +
e u
.

T
he
n,

by
se
tt
in
g
(2
5)

in
to

Le
m
m
a
10

,w
e
ge
t
(s
ee

Se
ct
io
n
B
.5
):

a
t+

1
≤

(1
−
γ
µ 2

)a
t
−

2
γ
e t

+
4
L
γ

2
C

1

( e
t
+

(1
−

1 n
)(t
−
τ
) +
ẽ 0
) +

4
L
γ

2
C

1

n
H
t

+
4
L
γ

2
C

2

t−
1

∑

u
=

(t
−
τ
) +

(e
u

+
(1
−

1 n
)(u
−
τ
) +
ẽ 0
) +

4L
γ

2
C

2

n

t−
1

∑

u
=

(t
−
τ
) +

H
u
.

(2
7)

L
ya
pu

n
ov

fu
n
ct
io
n
an

d
as
so
ci
at
ed

re
cu
rs
iv
e
in
eq
ua

li
ty
.

W
e
no

w
ha

ve
th
e
be

gi
nn

in
g

of
a
co
nt
ra
ct
io
n
w
it
h
ad

di
ti
on

al
po

si
ti
ve

te
rm

s
w
hi
ch

al
l
co
nv

er
ge

to
0
as

w
e
ne
ar

th
e

op
ti
m
um

,a
s
w
el
la

s
ou

r
cl
as
si
ca
ln

eg
at
iv
e
su
bo

pt
im

al
it
y
te
rm

.
T
hi
s
is

no
t
un

us
ua

li
n
th
e

va
ri
an

ce
re
du

ct
io
n
lit
er
at
ur
e.

O
ne

su
cc
es
sf
ul

ap
pr
oa
ch

in
th
e
se
qu

en
ti
al

ca
se

is
th
en

to
de
fin

e
a
L
ya

pu
no

v
fu
nc
ti
on

w
hi
ch

en
co
m
pa

ss
es

al
l
te
rm

s
an

d
is

a
tr
ue

co
nt
ra
ct
io
n
(s
ee

D
ef
az
io

et
al
.,
20
14
;H

of
m
an

n
et

al
.,
20
15
).

W
e
em

ul
at
e
th
is

so
lu
ti
on

he
re
.
H
ow

ev
er
,w

hi
le

al
lt

er
m
s

in
th
e
se
qu

en
ti
al

ca
se

on
ly

de
pe

nd
on

th
e
cu
rr
en
t
it
er
at
e,
t,
in

th
e
pa

ra
lle

lc
as
e
w
e
ha

ve
te
rm

s
“fr

om
th
e
pa

st
”
in

ou
r
in
eq
ua

lit
y.

To
re
so
lv
e
th
is

is
su
e,

w
e
de
fin

e
a
m
or
e
in
vo
lv
ed

Ly
ap

un
ov

fu
nc

ti
on

w
hi
ch

al
so

en
co
m
pa

ss
es

pa
st

it
er
at
es
:

L t
=

t ∑ u
=

0

(1
−
ρ
)t
−
u
a
u
,

0
<
ρ
<

1,
(2
8)

w
he

re
ρ
is

a
ta
rg
et

co
nt
ra
ct
io
n
ra
te

th
at

w
e
de
fin

e
la
te
r.

16
.
W
e
in
tr
od

uc
e
th
is

qu
an

ti
ty

in
st
ea
d
of
e 0

so
as

to
be

ab
le

to
ha

nd
le

th
e
ar
bi
tr
ar
y
in
it
ia
liz
at
io
n
of

th
e
α

0 i
.

17
.
M
or
e
pr
ec
is
el
y:
∀t
,i
,v
∃u

t i,
v
<
t
s.
t.

[α̂
t i
] v

=
[f
′ i(
x̂
u
t i
,v
)]
v
.
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L
eb

lo
n
d
,
P
ed

r
eg

o
sa

a
n
d

L
ac

o
st

e-
Ju

li
en

U
si
ng

th
e
m
as
te
r
in
eq
ua

lit
y
(2
7)
,w

e
ge
t
(s
ee

A
pp

en
di
x
B
.6
):

L t
+

1
=

(1
−
ρ
)t

+
1
a

0
+

t ∑ u
=

0

(1
−
ρ
)t
−
u
a
u

+
1

≤
(1
−
ρ
)t

+
1
a

0
+

(1
−
γ
µ 2

)L
t
+

t ∑ u
=

1

rt u
e u

+
rt 0
ẽ 0
.

(2
9)

T
he

ai
m

is
to

pr
ov
e
th
at
L t

is
bo

un
de
d
by

a
co
nt
ra
ct
io
n.

W
e
ha

ve
tw

o
pr
om

is
in
g
te
rm

s
at

th
e
be

gi
nn

in
g
of

th
e
in
eq
ua

lit
y,

an
d
th
en

w
e
ne
ed

to
ha

nd
le

th
e
la
st

te
rm

.
B
as
ic
al
ly
,w

e
ca
n

re
ar
ra
ng

e
th
e
su
m
s
in

(2
7)

to
ex
po

se
a
si
m
pl
e
su
m

of
e u

m
ul
ti
pl
ie
d
by

fa
ct
or
s
rt u
.

U
nd

er
sp
ec
ifi
c
co
nd

it
io
ns

on
ρ
an

d
γ
,w

e
ca
n
pr
ov
e
th
at
rt u

is
ne
ga
ti
ve

fo
r
al
lu
≥

1,
w
hi
ch

co
up

le
d
w
it
h
th
e
fa
ct

th
at

ea
ch

e u
is

po
si
ti
ve

m
ea
ns

th
at

w
e
ca
n
sa
fe
ly

dr
op

th
e
su
m

te
rm

fr
om

th
e
in
eq
ua

lit
y.

T
he

rt 0
te
rm

is
a
bi
t
tr
ic
ki
er

an
d
is

ha
nd

le
d
se
pa

ra
te
ly
.

In
or
de
r
to

ob
ta
in

a
bo

un
d
on

e t
di
re
ct
ly

ra
th
er

th
an

on
E‖
x̂
t
−
x
∗ ‖

2
,w

e
th
en

in
tr
od

uc
e

an
ad

di
ti
on

al
γ
e t

te
rm

on
bo

th
si
de
s
of

(2
9)
.
T
he

bo
un

d
on

γ
un

de
r
w
hi
ch

th
e
m
od

ifi
ed

rt t
+
γ
is

ne
ga
ti
ve

is
th
en

tw
ic
e
as

sm
al
l(
w
e
co
ul
d
ha

ve
us
ed

an
y
m
ul
ti
pl
ie
r
be

tw
ee
n

0
an

d
2
γ
,b

ut
ch
os
e
γ
fo
r
si
m
pl
ic
it
y’
s
sa
ke
).

T
hi
s
co
nd

it
io
n
is

gi
ve
n
in

th
e
fo
llo

w
in
g
Le

m
m
a.

L
em

m
a
14

(S
u
ffi
ci
en
t
co
n
d
it
io
n
fo
r
co
nv

er
ge
n
ce
)
Su

pp
os
e
τ
<

n /
1
0
an

d
ρ
≤

1 /
4
n
.
If

γ
≤
γ
∗

=
1

32
L

(1
+
√

∆
τ
)√

1
+

1 8
κ

m
in

(τ
,

1 √
∆

)
(3
0)

th
en

fo
r
al
lu
≥

1,
th
e
co
effi

ci
en

ts
rt u

fr
om

(2
9)

ar
e
ne
ga
tiv

e.
Fu

rt
he
rm

or
e,

w
e
ha

ve
rt t

+
γ
≤

0
an

d
th
us
:

γ
e t

+
L t

+
1
≤

(1
−
ρ
)t

+
1
a

0
+

(1
−
γ
µ 2

)L
t
+
rt 0
ẽ 0
.

(3
1)

W
e
ob

ta
in

th
is
re
su
lt
af
te
r
ca
re
fu
lly

de
ri
vi
ng

th
e
rt u

te
rm

s.
W
e
fin

d
a
se
co
nd

-o
rd
er

po
ly
no

m
ia
l

in
eq
ua

lit
y
in
γ
,w

hi
ch

w
e
si
m
pl
ify

do
w
n
to

(3
0)

(s
ee

A
pp

en
di
x
B
.7
).

W
e
ca
n
th
en

fin
is
h
th
e
ar
gu

m
en
t
to

bo
un

d
th
e
su
bo

pt
im

al
it
y
er
ro
r
e t
.
W
e
ha

ve
:

L t
+

1
≤
γ
e t

+
L t

+
1
≤

(1
−
γ
µ 2

)L
t
+

(1
−
ρ
)t

+
1
(a

0
+
A
ẽ 0

)
.

(3
2)

W
e
ha

ve
tw

o
lin

ea
rl
y
co
nt
ra
ct
in
g
te
rm

s.
T
he

su
m

co
nt
ra
ct
s
lin

ea
rl
y
w
it
h
th
e
w
or
st

ra
te

be
tw

ee
n
th
e
tw

o
(t
he

sm
al
le
st

ge
om

et
ri
c
ra
te

fa
ct
or
).

If
w
e
de
fin

e
ρ
∗

:=
ν

m
in

(ρ
,γ
µ
/
2)
,w

it
h

0
<
ν
<

1,
18

th
en

w
e
ge
t:

γ
e t

+
L t

+
1
≤

(1
−
γ
µ 2

)t
+

1
L 0

+
(1
−
ρ
∗ )
t+

1
a

0
+
A
ẽ 0

1
−
η

(3
3)

γ
e t
≤

(1
−
ρ
∗ )
t+

1
( L

0
+

1

1
−
η

(a
0

+
A
ẽ 0

))
,

(3
4)

w
he
re

η
:=

1
−
M

1
−
ρ
∗
w
it
h
M

:=
m

ax
(ρ
,γ
µ
/
2
).

O
ur

ge
om

et
ri
c
ra
te

fa
ct
or

is
th
us

ρ
∗
(s
ee

A
pp

en
di
x
B
.8
).

18
.
ν
is

in
tr
od

uc
ed

to
ci
rc
um

ve
nt

th
e
pr
ob

le
m
at
ic

ca
se

w
he

re
ρ
an

d
γ
µ
/
2
ar
e
to
o
cl
os
e
to
ge
th
er
.
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Im
pro

v
ed

P
a
r
a
llel

O
ptim

izatio
n

A
n
a
ly

sis
fo

r
S
to

ch
a
stic

In
cr

em
en

ta
l

M
eth

o
d
s

4.
A
syn

ch
ron

ou
s
P
arallel

S
v
r
g
w
ith

th
e
“A

fter
R
ead

”
L
ab

elin
g

A
sa

g
a
vs.

asyn
chron

ous
S
v
r
g
.

T
here

are
severalscenarios

in
w
hich

A
sa

g
a
can

be
practically

advantageous
over

its
closely

related
cousin,asynchronous

S
v
rg

(note
though

that
“asynchronous”

S
v
rg

stillrequires
one

synchronization
step

per
epoch

to
com

pute
a

fullgradient).
F
irst,w

hile
S
ag

a
trades

m
em

ory
for

less
com

putation,in
the

case
of

generalized
linear

m
odels

the
m
em

ory
cost

can
be

reduced
to
O

(n
),com

pared
to
O

(d
)
for

S
v
rg

(Johnson
and

Zhang,2013).
T
his

is
of

course
also

true
for

their
asynchronous

counterparts.
Second,

as
A

sa
g
a

does
not

require
any

synchronization
steps,

it
is

better
suited

to
heterogeneous

com
puting

environm
ents

(w
here

cores
have

different
clock

speeds
or

are
shared

w
ith

other
applications).

F
inally,A

sag
a
does

not
require

know
ing

the
condition

num
ber

κ
for

optim
alconvergence

in
the

sparse
regim

e.
It

is
thus

adaptive
to

local
strong

convexity,
w
hereas

S
v
rg

is
not.

Indeed,
S
v
rg

and
its

asynchronous
variant

require
setting

an
additionalhyper-param

eter
–
the

epoch
size

m
–
w
hich

needs
to

be
at

least
Ω

(κ
)
for

convergence
but

yields
a
slow

er
effective

convergence
rate

than
A

sa
g
a
if
it
is

set
m
uch

bigger
than

κ.
S
v
rg

thus
requires

tuning
this

additionalhyper-param
eter

or
running

the
risk

of
either

slow
er

convergence
(if

the
epoch

size
chosen

is
m
uch

bigger
than

the
condition

num
ber)

or
even

not
converging

at
all(if

m
is

chosen
to

be
m
uch

sm
aller

than
κ). 19

M
otivation

for
an

alyzin
g
asyn

chron
ous

S
v
r
g
.

D
espite

the
advantages

that
w
e
have

just
listed,in

the
case

ofcom
plex

m
odels,the

storage
cost

of
Sag

a
m
ay

becom
e
too

expensive
for

practical
use.

S
v
rg

(Johnson
and

Zhang,
2013)

trades
off

m
ore

com
putation

for
less

storage
and

does
not

suffer
from

this
draw

back.
It

can
thus

be
applied

to
cases

w
here

Sag
a

cannot
(e.g.

deep
learning

m
odels,see

R
eddiet

al.,2016).
A
nother

advantage
of

K
ro

m
a
g
n
o
n
is

that
the

historical
gradient

term
f
′(x̃

)
is

fixed
during

an
epoch,w

hile
its

A
sag

a
equivalent,

ᾱ
,has

to
be

updated
at

each
iteration,either

by
recom

puting
if
from

the
α̂

–
w
hich

is
costly

–
or

by
updating

a
m
aintained

quantity
–
w
hich

is
cheaper

but
m
ay

ultim
ately

result
in

introducing
som

e
bias

in
the

update
(see

A
ppendix

F
.3

for
m
ore

details
on

this
subtle

issue).
It

is
thus

w
orthw

hile
to

carry
out

the
analysis

of
K

ro
m

ag
n
o
n
(M

ania
et

al.,2017) 20,the
asynchronous

parallelversion
of

Sv
rg

,although
it

has
to

be
noted

that
since

Sv
rg

requires
regularly

com
puting

batch
gradients,K

ro
m

ag
n
o
n
w
illpresent

regular
synchronization

steps
as

w
ellas

coordinated
com

putation
–
m
aking

it
less

attractive
for

the
asynchronous

parallel
setting.

W
e
first

extend
our

A
sa

g
a
analysis

to
analyze

the
convergence

of
a
variant

of
S
v
rg

presented
in

H
ofm

ann
et

al.(2015),obtaining
exactly

the
sam

e
bounds.

T
his

variant
im

proves
upon

the
initialalgorithm

because
it

does
not

require
tuning

the
epoch

size
hyperparam

eter
and

is
thus

adaptive
to

localstrong
convexity

(see
Section

4.1).
Furtherm

ore,it
allow

s
for

a

19.
N
ote

that
as

S
a
g
a
(and

contrary
to

the
original

S
v
rg

)
the

S
v
rg

variant
from

H
ofm

ann
et

al.
(2015)

does
not

require
know

ledge
of
κ
and

is
thus

adaptive
to

localstrong
convexity,w

hich
carries

over
to

its
asynchronous

adaptation
that

w
e
analyze

in
Section

4.2.
20.

T
he

speedup
analysis

presented
in

M
ania

et
al.

(2017)
is

not
fully

satisfactory
as

it
does

not
achieve

state-of-the-art
convergence

results
for

either
S
v
rg

or
K

ro
m
ag

n
o
n.

Furtherm
ore,w

e
are

able
to

rem
ove

their
uniform

gradient
bound

assum
ption,w

hich
is

inconsistent
w
ith

strong
convexity.
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L
eblo

n
d
,
P
ed

r
eg

o
sa

a
n
d

L
aco

ste-Ju
lien

cleaner
analysis

w
here

–
contrary

to
S
v
rg

–
w
e
do

not
have

to
replace

the
finalparam

eters
of

an
epoch

by
one

of
its

random
iterates.

T
hen,using

our
“after

read”
labeling,w

e
are

also
able

to
derive

a
convergence

and
speedup

proof
for

K
ro

m
a
g
n
o
n,w

ith
com

parable
results

to
our

A
sa

g
a
analysis.

In
particular,w

e
prove

that
as

for
A

sag
a

in
the

“w
ell-conditioned”

regim
e

K
ro

m
ag

n
o
n
can

achieve
a
linear

speedup
even

w
ithout

sparsity
assum

ptions.

4.1.
S
v
r
g
A
lgorith

m
s

W
e
start

by
describing

the
original

S
v
rg

algorithm
,
the

variant
given

in
H
ofm

ann
et

al.
(2015)

and
the

sparse
asynchronous

paralleladaptation,
K

ro
m

ag
n
o
n.

O
rigin

al
S
v
r
g
algorithm

.
T
he

standard
Sv

rg
algorithm

(Johnson
and

Zhang,2013)
is

very
sim

ilar
to

Sag
a.

T
he

m
ain

difference
is

that
instead

ofm
aintaining

a
table

ofhistorical
gradients,Sv

rg
uses

a
“reference”

batch
gradient

f
′(x̃

),updated
at

regular
intervals

(typically
every

m
iterations,w

here
m

is
a
hyper-param

eter).
Sv

rg
is

thus
an

epoch-based
algorithm

,
w
here

at
the

beginning
of

every
epoch

a
reference

iterate
x̃
is

chosen
and

its
gradient

is
com

puted.
T
hen,at

every
iteration

in
the

epoch,the
algorithm

sam
ples

uniform
ly

at
random

an
index

i∈
{1,...,n},and

then
executes

the
follow

ing
update

on
x:

x
+

=
x
−
γ (f

′i (x
)−

f
′i (x̃

)
+
f
′(x̃

) )
.

(35)

A
s
for

Sag
a
the

update
direction

is
unbiased

(E
x

+
=
x
−
γ
f
′(x

))
and

it
can

be
proven

(see
Johnson

and
Zhang,2013)

that
under

a
reasonable

condition
on

γ
and

m
(the

epoch
size),

the
update

has
vanishing

variance,w
hich

enables
the

algorithm
to

converge
linearly

w
ith

a
constant

step
size.

H
ofm

an
n’s

S
v
r
g
varian

t.
H
ofm

ann
et

al.(2015)
introduce

a
variant

w
here

the
size

of
the

epoch
is
a
random

variable.
A
t
each

iteration
t,a

first
B
ernoullirandom

variable
B
t w

ith
p

=
1/
n
is

sam
pled.

If
B
t

=
1,then

the
algorithm

updates
the

reference
iterate,

x̃
=
x
t
and

com
putes

its
fullgradient

as
its

new
“reference

gradient”.
If
B
t

=
0,the

algorithm
executes

the
norm

al
S
v
rg

inner
update.

N
ote

that
this

variant
is

adaptive
to

localstrong
convexity,

as
it

does
not

require
the

inner
loop

epoch
size

m
=

Ω
(κ

)
as

a
hyperparam

eter.
In

that
respect

it
is

closer
to

S
ag

a
than

the
original

S
v
rg

algorithm
w
hich

is
not

adaptive.

K
r
o
m

a
g
n
o
n
.

K
ro

m
ag

n
o
n,introduced

in
M
ania

et
al.(2017)

is
obtained

by
using

the
sam

e
sparse

update
technique

as
Sparse

S
ag

a,and
then

running
the

resulting
algorithm

in
parallel(see

A
lgorithm

3).

4.2.
E
xten

sion
to

th
e

S
v
r
g
V
ariant

from
H
ofm

an
n
et

al.
(2015)

W
e
introduce

A
h
sv

rg
–
a
sparse

asynchronous
parallelversion

for
the

Sv
rg

variant
from

H
of-

m
ann

et
al.(2015)

–
in

A
lgorithm

4.
E
very

core
runs

stochastic
updates

independently
as

long
as

they
are

allsam
pling

inner
updates,and

coordinate
w
henever

one
ofthem

decides
to

do
a
batch

gradient
com

putation.
T
he

one
diffi

culty
ofthis

approach
is

that
each

core
needs

to
be

able
to

com
m
unicate

to
every

other
core

that
they

should
stop

doing
inner

updates
and

start
com

puting
a
synchronized

batch
gradient

instead.
T
o
this

end,w
e
introduce

a
new

shared
variable,

s,w
hich

represents
the

“state”
of

the
com

putation.
T
his

variable
is

checked
by

each
core

c
before

each
update.

If
s

=
1,

then
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Im
pr

o
v
ed

P
a
r
a
ll

el
O

pt
im

iz
at

io
n

A
n
a
ly

si
s

fo
r

S
to

ch
a
st

ic
In

cr
em

en
ta

l
M

et
h
o
d
s

A
lg
or
it
h
m

3
K

ro
m

ag
n
o
n
(M

an
ia

et
al
.,
20

17
)

1:
In
it
ia
liz

e
sh
ar
ed

x
an

d
x

0

2:
w
h
il
e
T
ru
e
d
o

3:
C
om

pu
te

in
pa

ra
lle

lg
=
f
′ (
x

0
)
(s
yn

ch
ro
no

us
ly
)

4:
fo
r
i

=
1.
.m

d
o
in

p
ar
al
le
l
(a
sy
n
ch
ro
n
ou

sl
y)

5:
Sa

m
pl
e
i
un

ifo
rm

ly
in
{1
,.
..
,n
}

6:
Le

t
S
i
be

f i
’s

su
pp

or
t

7:
[x̂

] S
i

=
in
co
ns
is
te
nt

re
ad

of
x
on

S
i

8:
[δ
x

] S
i

=
−
γ

([
f
′ i(
x̂
t)
−
f
′ i(
x

0
)]
S
i

+
D
i[
g
] S
i
)

9:
fo
r
v
in
S
i
d
o

10
:

[x
] v

=
[x

] v
+

[δ
x

] v
//

at
om

ic
11
:

en
d
fo
r

12
:

en
d
p
ar
al
le
l
lo
op

13
:

x
0

=
x

14
:
en

d
w
h
il
e

A
lg
or
it
h
m

4
A

h
sv

rg
1:

In
it
ia
liz

e
sh
ar
ed

x
,s

an
d
x

0

2:
w
h
il
e
T
ru
e
d
o

3:
C
om

pu
te

in
pa

ra
lle

lg
=
f
′ (
x

0
)
(s
yn

ch
ro
no

us
ly
)

4:
s

=
0

5:
w
h
il
e
s

=
0
d
o
in

p
ar
al
le
l
(a
sy
n
ch
ro
n
ou

sl
y)

6:
Sa

m
pl
e
B

w
it
h
p

=
1 /
n

7:
if
B

=
1
th
en

8:
s

=
1

9:
el
se

10
:

Sa
m
pl
e
i
un

ifo
rm

ly
in
{1
,.
..
,n
}

11
:

Le
t
S
i
be

f i
’s

su
pp

or
t

12
:

[x̂
] S
i

=
in
co
ns
is
te
nt

re
ad

of
x
on

S
i

13
:

[δ
x

] S
i

=
−
γ

([
f
′ i(
x̂
t)
−
f
′ i(
x

0
)]
S
i

+
D
i[
g
] S
i
)

14
:

fo
r
v
in
S
i
d
o

15
:

[x
] v

=
[x

] v
+

[δ
x

] v
//

at
om

ic
16
:

en
d
fo
r

17
:

en
d
if

18
:

en
d
p
ar
al
le
l
lo
op

19
:

x
0

=
x

20
:
en

d
w
h
il
e

an
ot
he
r
co
re

ha
s
ca
lle

d
fo
r
a
ba

tc
h
gr
ad

ie
nt

co
m
pu

ta
ti
on

an
d
co
re
c
st
ar
ts

co
m
pu

ti
ng

it
s

al
lo
ca
te
d
pa

rt
of

th
is
co
m
pu

ta
ti
on

.
If
s

=
0,

co
re
c
pr
oc
ee
ds

to
sa
m
pl
e
a
fir
st

ra
nd

om
va
ri
ab

le
.

T
he

n
it
ei
th
er

sa
m
pl
es

an
d
pe

rf
or
m
s
an

in
ne

r
up

da
te

an
d
ke
ep

s
go
in
g,

or
it
sa
m
pl
es

a
fu
ll

gr
ad

ie
nt

co
m
pu

ta
ti
on

,
in

w
hi
ch

ca
se

it
up

da
te
s
s
to

1
an

d
st
ar
ts

co
m
pu

ti
ng

it
s
al
lo
ca
te
d
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L
eb

lo
n
d
,
P
ed

r
eg

o
sa

a
n
d

L
ac

o
st

e-
Ju

li
en

pa
rt

of
th
e
co
m
pu

ta
ti
on

.
O
nc
e
a
fu
ll
gr
ad

ie
nt

is
co
m
pu

te
d,
s
is
se
t
to

0
on

ce
ag
ai
n
an

d
ev
er
y

co
re

re
su
m
e
th
ei
r
lo
op

.
O
ur

A
sa

g
a

co
nv

er
ge
nc
e
an

d
sp
ee
du

p
pr
oo

fs
ca
n
ea
si
ly

be
ad

ap
te
d
to

ac
co
m
m
od

at
e

A
h
sv

rg
si
nc
e
it
is

cl
os
er

to
S
a
g
a
th
an

th
e
in
it
ia
lS

v
rg

al
go
ri
th
m
.
T
o
pr
ov
e
co
nv

er
ge
nc
e,

al
l
on

e
ha

s
to

do
is

to
m
od

ify
L
em

m
a
13

ve
ry

sl
ig
ht
ly

(t
he

on
ly

di
ffe

re
nc
e
is

th
at

th
e

(t
−

2τ
−
u
−

1)
+
ex
po

ne
nt

is
re
pl
ac
ed

by
(t
−
τ
−
u
−

1)
+
an

d
th
e
re
st

of
th
e
pr
oo

f
ca
n
be

us
ed

as
is
).

T
he

ju
st
ifi
ca
ti
on

fo
r
th
is

sm
al
lt
w
ea
k
is

th
at

th
e
ba

tc
h
st
ep
s
in

S
v
rg

ar
e
fu
lly

sy
nc
hr
on

iz
ed

.
M
or
e
de

ta
ils

ca
n
be

fo
un

d
in

A
pp

en
di
x
B
.4
.

4.
3.

Fa
st

C
on

ve
rg
en

ce
an

d
S
p
ee
d
u
p
R
at
es

fo
r

K
r
o
m

a
g
n
o
n

W
e
no

w
st
at
e
ou

r
m
ai
n

th
eo
re
ti
ca
l
re
su
lt
s.

W
e
gi
ve

a
de
ta
ile

d
ou

tl
in
e
of

th
e
pr
oo

f
in

Se
ct
io
n
4.
4
an

d
it
s
fu
ll
de

ta
ils

in
A
pp

en
di
x
C
.

T
h
eo
re
m

15
(C

on
ve
rg
en

ce
gu

ar
an

te
e
an

d
ra
te

of
K

r
o
m

a
g
n
o
n
)
Su

pp
os
e
th
e
st
ep

si
ze
γ
an

d
ep
oc
h
si
ze
m

ar
e
ch
os
en

su
ch

th
at

th
e
fo
llo

w
in
g
co
nd

it
io
n
ho
ld
s:

0
<
θ

:=

1
µ
γ
m

+
2
L

(1
+

2
√

∆
τ
)(
γ

+
τ
µ
γ

2
)

1
−

2
L

(1
+

2
√

∆
τ
)(
γ

+
τ
µ
γ

2
)

<
1
.

(3
6)

T
he
n
th
e
in
co
ns
is
te
nt

re
ad

it
er
at
es

of
K

ro
m

a
g
n
o
n
co
nv

er
ge

in
ex
pe
ct
at
io
n
at

a
ge
om

et
ri
c

ra
te
,
i.e

.
Ef

(x̃
k
)
−
f

(x
∗ )
≤
θt

(f
(x

0
)
−
f

(x
∗ )

)
,

(3
7)

w
he
re
x̃
k
is

th
e
in
iti
al

ite
ra
te

fo
r
ep
oc
h
k
,
w
hi
ch

is
ob
ta
in
ed

by
ch
oo
si
ng

un
ifo

rm
ly

at
ra
nd

om
am

on
g
th
e
in
co
ns
is
te
nt

re
ad

it
er
at
es

fr
om

th
e
pr
ev
io
us

ep
oc
h.

T
hi
s
re
su
lt

is
si
m
ila

r
to

th
e
th
eo
re
m

gi
ve
n
in

th
e
or
ig
in
al

S
v
rg

pa
pe

r
(J
oh

ns
on

an
d
Zh

an
g,

20
13

).
In
de

ed
,i
f
w
e
re
m
ov
e
th
e
as
yn

ch
ro
no

us
pa

rt
(i
.e
.
if
w
e
se
t
τ

=
0)
,w

e
ge
t
ex
ac
tl
y
th
e

sa
m
e
ra
te

an
d
co
nd

it
io
n.

It
al
so

ha
s
th
e
sa
m
e
fo
rm

as
th
e
on

e
gi
ve
n
in

R
ed
di

et
al
.(
20
15
),

w
hi
ch

w
as

de
ri
ve
d
fo
r
de
ns
e
as
yn

ch
ro
no

us
S
v
rg

in
th
e
ea
si
er

se
tt
in
g
of

co
ns
is
te
nt

re
ad

an
d

w
ri
te
s
(a
nd

in
th
e
fla

w
ed

“a
ft
er

w
ri
te
”
fr
am

ew
or
k)
,a

nd
gi
ve
s
es
se
nt
ia
lly

th
e
sa
m
e
co
nd

it
io
ns

on
γ
an

d
m
.

In
th
e
ca
no

ni
ca
le

xa
m
pl
e
pr
es
en
te
d
in

m
os
t
S
v
rg

pa
pe

rs
,w

it
h
κ

=
n
,m

=
O

(n
)
an

d
γ

=
1 /

1
0
L
,S

v
rg

ob
ta
in
s
a
co
nv

er
ge
nc
e
ra
te

of
0.

5.
R
ed
di

et
al
.(

20
15
)
ge
t
th
e
sa
m
e
ra
te

by
se
tt
in
g
γ

=
1 /

2
0

m
a
x
(1
,√

∆
τ
)L

an
d
m

=
O
( n

(1
+
√

∆
τ
))
.
Fo

llo
w
in
g
th
e
sa
m
e
lin

e
of

re
as
on

in
g

(s
et
ti
ng

γ
=

1 /
2
0

m
a
x
(1
,√

∆
τ
)L
,τ

=
O

(n
)
an

d
θ

=
0.

5
an

d
co
m
pu

ti
ng

th
e
re
su
lt
in
g
co
nd

it
io
n
on

m
),
th
es
e
va
lu
es

fo
r
γ
an

d
m

al
so

gi
ve

us
a
co
nv

er
ge
nc
e
ra
te

of
0
.5
.
T
he
re
fo
re
,a

s
in

R
ed
di

et
al
.(

20
15

),
w
he

n
κ

=
n
w
e
ge
t
a
lin

ea
r
sp
ee
du

p
fo
r
τ
<

1 /
√

∆
(w

hi
ch

ca
n
be

as
bi
g
as
√
n

in
th
e
de

ge
ne

ra
te

ca
se

w
he

re
no

da
ta

po
in
ts

sh
ar
e
an

y
fe
at
ur
e
w
it
h
ea
ch

ot
he

r)
.
N
ot
e
th
at

th
is

is
th
e
sa
m
e
sp
ee
du

p
co
nd

it
io
n
as

A
sa

g
a
in

th
is

re
gi
m
e.

S
v
rg

th
eo
re
m
s
ar
e
us
ua

lly
si
m
ila

r
to

T
he

or
em

15
,w

hi
ch

do
es

no
t
gi
ve

an
op

ti
m
al

st
ep

si
ze

or
ep

oc
h
si
ze
.
T
hi
s
m
ak
es

th
e
an

al
ys
is

of
a
pa

ra
lle

ls
pe

ed
up

di
ffi
cu
lt
,p

ro
m
pt
in
g
au

th
or
s

to
co
m
pa

re
ra
te
s
in

sp
ec
ifi
c
ca
se
s
w
it
h
m
os
t
pa

ra
m
et
er
s
fix

ed
,a

s
w
e
ha

ve
ju
st

do
ne
.
In

or
de
r

to
in
ve
st
ig
at
e
th
e
sp
ee
du

p
an

d
st
ep

si
ze

co
nd

it
io
ns

m
or
e
pr
ec
is
el
y
an

d
th
us

de
ri
ve

a
m
or
e

ge
ne

ra
lt
he

or
em

,w
e
no

w
gi
ve

S
v
rg

an
d

K
ro

m
ag

n
o
n
re
su
lt
s
m
od

el
ed

on
T
he

or
em

8.
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Im
pro

v
ed

P
a
r
a
llel

O
ptim

izatio
n

A
n
a
ly

sis
fo

r
S
to

ch
a
stic

In
cr

em
en

ta
l

M
eth

o
d
s

C
orollary

16
(C

onvergen
ce

gu
arantee

an
d
rate

for
serial

S
v
r
g
)
Let

γ
=

a4
L
for

any
a
≤

14
and

m
=

3
2
κ
a
.
T
hen

S
v
rg

converges
geom

etrically
in

expectation
w
ith

a
rate

factor
per

gradient
com

putation
of

at
least

ρ
(a

)
=

14
m

in {
1n
,
a

6
4
κ },

i.e.

E
f

(x̃
k )−

f
(x
∗)≤

(1−
ρ
)
k
(2
m

+
n

)
(f

(x
0 )−

f
(x
∗))

∀
k
≥

0
.

(38)

D
ue

to
S
v
rg

’s
specialstructure,w

e
cannot

w
rite

E
f

(x
t )−

f
(x
∗)≤

(1−
ρ
)
t(f

(x
0 )−

f
(x
∗))

for
all

t≥
0.

H
ow

ever,expressing
the

convergence
properties

of
this

algorithm
in

term
s
of

a
rate

factor
per

gradient
com

putation
(of

w
hich

there
are

2m
+
n
per

epoch)
m
akes

it
easier

to
com

pare
convergence

rates,either
to

sim
ilar

algorithm
s
such

as
S
a
g
a
or

to
its

parallel
variant

K
ro

m
ag

n
o
n
–
and

thus
to

study
the

speedup
obtained

by
parallelizing

S
v
rg

.
C
om

pared
to

S
ag

a,this
result

is
very

close.
T
he

m
ain

difference
is

that
the

additional
hyper-param

eter
m

has
to

be
set

and
requires

know
ledge

of
µ.

T
his

illustrates
the

fact
that

S
v
rg

is
not

adaptive
to

localstrong
convexity,w

hereas
both

S
a
g
a
and

H
ofm

ann’s
S
v
rg

are.

C
orollary

17
(S
im

p
lifi

ed
convergen

ce
gu

arantee
an

d
rate

for
K

r
o
m

a
g
n
o
n
)
Let

a ∗(τ
)

=
1

4(1
+

2 √
∆
τ
)(1

+
τ

1
6
κ

)
.

(39)

For
any

step
size

γ
=

a4
L
w
ith

a
≤
a ∗(τ

)
and

m
=

3
2
κ
a
,
K

ro
m

ag
n
o
n
converges

geom
etrically

in
expectation

w
ith

a
rate

factor
per

gradient
com

putation
of

at
least

ρ
(a

)
=

14
m

in {
1n
,
a

6
4
κ },

i.e.

E
f

(x̃
k )−

f
(x
∗)≤

(1−
ρ
)
k
(2
m

+
n

)
(f

(x
0 )−

f
(x
∗))

∀
k
≥

0
.

(40)

T
his

result
is

again
quite

close
to

C
orollary

16
derived

in
the

serialcase.
W
e
see

that
the

m
axim

um
step

size
is

divided
by

an
additional

(1
+

2τ √
∆

)
term

,w
hile

the
convergence

rate
is

the
sam

e.
C
om

paring
the

rates
and

the
m
axim

um
allow

able
step

sizes
in

both
settings

give
us

the
suffi

cient
condition

on
τ
to

get
a
linear

speedup.

C
orollary

18
(S
p
eed

u
p
con

d
ition

)
Suppose

τ
≤
O

(n
)
and

τ
≤
O

(
1
√

∆
m

ax{
1
,
nκ }

).
If

n
≥

κ,
also

suppose
τ
≤
√
n

∆
−

1/
2.

T
hen

using
the

step
size

γ
=

a ∗
(τ

)/
L

from
(39),

K
ro

m
ag

n
o
n
converges

geom
etrically

w
ith

rate
factor

Ω
(m

in{
1n
,

1κ })
(sim

ilar
to

Sv
rg

),
and

is
thus

linearly
faster

than
its

sequentialcounterpart
up

to
a
constant

factor.

T
his

result
is

alm
ost

the
sam

e
as

A
sag

a,w
ith

the
additionalcondition

that
τ
≤
O

( √
n

)
in

the
w
ell-conditioned

regim
e.

W
e
see

that
in

this
regim

e
K

ro
m

ag
n
o
n
can

also
get

the
sam

e
rate

as
S
v
rg

even
w
ithout

sparsity,w
hich

had
not

been
observed

in
previous

w
ork.

Furtherm
ore,one

has
to

note
that

τ
is
generally

sm
aller

for
K

ro
m

ag
n
o
n
than

for
A

sag
a

since
it
is
reset

to
0
at

the
beginning

of
each

new
epoch

(w
here

allcores
are

synchronized
once

m
ore).
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L
eblo

n
d
,
P
ed

r
eg

o
sa

a
n
d

L
aco

ste-Ju
lien

C
om

parison
to

related
w
ork.

•
C
orollary

16
provides

a
rate

ofconvergence
per

gradientcom
putation

for
Sv

rg
,contrary

to
m
ost

of
the

literature
on

this
algorithm

(including
the

sem
inalpaper

Johnson
and

Zhang,2013).
T
his

result
allow

s
for

easy
com

parison
w
ith

Sag
a
and

other
algorithm

s
(in

contrast,K
onečný

and
R
ichtárik

2013
is

m
ore

involved).
•

In
contrast

to
the

Sv
rg

analysis
from

R
eddiet

al.(2015,T
hm

.
2),our

prooftechnique
handles

inconsistent
reads

and
a
non-uniform

processing
speed

across
f
i ’s.

W
hile

T
heorem

15
is

sim
ilar

to
theirs,

C
orollary

16
and

17
are

m
ore

precise
results.

T
hey

enable
a
finer

analysis
ofthe

speedup
conditions

(C
orollary

18)
–
including

the
possible

speedup
w
ithout

sparsity
regim

e.
•

In
contrastto

the
K

ro
m

ag
n
o
n
analysisfrom

M
ania

etal.(2017,T
hm

.
14),T

heorem
15

gives
a
better

dependence
on

the
condition

num
ber

in
the

rate
(1/κ

vs.
1/κ

2
for

them
)

and
on

the
sparsity

(they
get

τ
≤
O

(∆
−

1/
3)),

w
hile

w
e
rem

ove
their

gradient
bound

assum
ption.

O
ur

results
are

state-of-the-art
for

S
v
rg

(contrary
to

theirs)
and

so
our

speedup
com

parison
is
m
ore

m
eaningful.

F
inally,T

heorem
15

gives
convergence

guarantees
on

x̂
t
during

the
algorithm

,w
hereas

they
only

bound
the

error
for

the
“last”

iterate
x
T .

4.4.
P
roof

of
T
h
eorem

15

W
e
now

give
a
detailed

outline
of

the
proof.

Its
fulldetails

can
be

found
in

A
ppendix

C
.

O
urprooftechnique

beginsasour
A

sag
a
analysis.

In
particular,P

roperties3,4,5
are

also
verified

for
K

ro
m

ag
n
o
n

21,and
as

in
our

A
sag

a
analysis,w

e
m
ake

A
ssum

ption
6
(bounded

overlaps).
C
onsequently,the

basic
recursive

contraction
inequality

(15)
and

Lem
m
a
10

also
hold.

H
ow

ever,w
hen

w
e
derive

the
equivalent

of
Lem

m
a
13,w

e
get

a
slightly

different
form

,
w
hich

prom
pts

a
difference

in
the

rest
of

the
proof

technique.

L
em

m
a
19

(S
u
b
op

tim
ality

b
ou

n
d
on

E‖g
t ‖

2)

E‖
g
t ‖

2≤
4
L
e
t
+

4
L
ẽ
k

∀
k
≥

0
,k
m
≤
t≤

(k
+

1)m
,

(41)

w
here

ẽ
k

:=
E
f

(x̃
k )−

f
(x
∗)

and
x̃
k
is

the
initialiterate

for
epoch

k.

W
e
give

the
proof

in
A
ppendix

C
.1.

To
derive

both
term

s,w
e
use

the
sam

e
technique

as
for

the
first

term
of

Lem
m
a
13.

A
lthough

this
is

a
m
uch

sim
pler

result
than

Lem
m
a
13

in
the

case
of

A
sa

g
a
,
tw

o
key

differences
prevent

us
from

reusing
the

sam
e
L
yapunov

function
proof

technique.
F
irst,

the
e

0
term

in
L
em

m
a
13

is
replaced

by
ẽ
k
w
hich

depends
on

the
epoch

num
ber.

Second,this
term

is
not

m
ultiplied

by
a
geom

etrically
decreasing

quantity,
w
hich

m
eans

the−
2
γ
e

0
term

is
not

suffi
cient

to
cancelout

allof
the

e
0
term

s
com

ing
from

subsequent
inequalities.

T
o
solve

this
issue,w

e
go

to
m
ore

traditional
S
v
rg

techniques.
T
he

rest
of

the
proof

is
as

follow
s:

1.
B
y
substituting

Lem
m
a
19

into
Lem

m
a
10,w

e
get

a
m
aster

contraction
inequality

(42)
in

term
s
of
a
t+

1 ,
a
t
and

e
u ,u
≤
t.

21.
N
ote

that
sim

ilarly
to

A
sag

a,
the

K
ro

m
ag

n
o
n
algorithm

w
hich

w
e
analyze

reads
the

param
eters

first
and

then
sam

ples.
T
his

is
necessary

in
order

for
P
roperty

3
to

be
verified

at
r
=
t,although

not
practical

w
hen

it
com

es
to

actualim
plem

entation.
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Im
pr

o
v
ed

P
a
r
a
ll

el
O

pt
im

iz
at

io
n

A
n
a
ly

si
s

fo
r

S
to

ch
a
st

ic
In

cr
em

en
ta

l
M

et
h
o
d
s

2.
A
s
in

Jo
hn

so
n
an

d
Zh

an
g
(2
01
3)
,w

e
su
m

th
e
m
as
te
r
co
nt
ra
ct
io
n
in
eq
ua

lit
y
ov
er

a
w
ho

le
ep

oc
h,

an
d
th
en

us
e
th
e
sa
m
e
ra
nd

om
iz
at
io
n
tr
ic
k
(4
4)

to
re
la
te

(e
t)
k
m
≤
t≤

(k
+

1
)m
−

1
to

ẽ k
.

3.
W
e
th
us

ob
ta
in

a
co
nt
ra
ct
io
n
in
eq
ua

lit
y
be

tw
ee
n
ẽ k

an
d
ẽ k
−

1
,w

hi
ch

fin
is
he
s
th
e
pr
oo

f
fo
r
T
he

or
em

15
.

4.
W
e
th
en

on
ly

ha
ve

to
de
ri
ve

th
e
co
nd

it
io
ns

on
γ
,τ

an
d
m

un
de
r
w
hi
ch

w
e
co
nt
ra
ct
io
ns

an
d
co
m
pa

re
co
nv

er
ge
nc
e
ra
te
s
to

fin
is
h
th
e
pr
oo

fs
fo
r
C
or
ol
la
ry

16
,C

or
ol
la
ry

17
an

d
C
or
ol
la
ry

18
.

W
e
lis
t
th
e
ke
y
po

in
ts

be
lo
w

w
it
h
th
ei
r
pr
oo

f
sk
et
ch
,
an

d
gi
ve

th
e
de
ta
ile

d
pr
oo

f
in

A
pp

en
di
x
C
.

M
as
te
r
in
eq
ua

li
ty
.

A
s
in

ou
r
A

sa
g
a
an

al
ys
is
,w

e
ap

pl
y
(4
1)

to
th
e
re
su
lt

of
Le

m
m
a
10
,

w
hi
ch

gi
ve
s
us

th
at

fo
r
al
lk
≥

0
,k
m
≤
t
≤

(k
+

1)
m
−

1
(s
ee

A
pp

en
di
x
C
.2
):

a
t+

1
≤

(1
−
γ
µ 2

)a
t
+

(4
L
γ

2
C

1
−

2
γ

)e
t
+

4
L
γ

2
C

2

t−
1

∑

u
=

m
a
x
(k
m
,t
−
τ
)

e u
+

(4
L
γ

2
C

1
+

4
L
γ

2
τ
C

2
)ẽ
k
.

(4
2)

C
on

tr
ac
ti
on

in
eq
ua

li
ty
.

A
s
w
e
pr
ev
io
us
ly

m
en
ti
on

ed
,
th
e
te
rm

in
ẽ k

is
no

t
m
ul
ti
pl
ie
d

by
a
ge
om

et
ri
ca
lly

de
cr
ea
si
ng

fa
ct
or
,
so

us
in
g
th
e
sa
m
e
L
ya

pu
no

v
fu
nc
ti
on

as
fo
r
A

sa
g
a

ca
nn

ot
w
or
k.

In
st
ea
d,

w
e
ap

pl
y
th
e
sa
m
e
m
et
ho

d
as

in
th
e
or
ig
in
al

S
v
rg

pa
pe

r
(J
oh

ns
on

an
d
Zh

an
g,

20
13
):

w
e
su
m

th
e
m
as
te
r
co
nt
ra
ct
io
n
in
eq
ua

lit
y
ov
er

a
w
ho

le
ep

oc
h.

T
hi
s
gi
ve
s

us
(s
ee

A
pp

en
di
x
C
.2
):

a
(k

+
1
)m
≤
a
k
m

+
(4
L
γ

2
C

1
+

4
L
γ

2
τ
C

2
−

2
γ

)

(k
+

1
)m
−

1
∑ t=
k
m

e t
+
m

(4
L
γ

2
C

1
+

4
L
γ

2
τ
C

2
)ẽ
k
.
(4
3)

To
ca
nc
el

ou
t
th
e
ẽ k

te
rm

,w
e
on

ly
ha

ve
on

e
ne
ga
ti
ve

te
rm

on
th
e
ri
gh

t-
ha

nd
si
de

of
(4
3)
:

−
2
γ
∑

(k
+

1
)m
−

1
t=
k
m

e t
.
T
hi
s
m
ea
ns

w
e
ne
ed

to
re
la
te
∑

(k
+

1
)m
−

1
t=
k
m

e t
to
ẽ k
.
W
e
ca
n
do

it
us
in
g

th
e
sa
m
e
ra
nd

om
iz
at
io
n
tr
ic
k
as

in
Jo

hn
so
n
an

d
Zh

an
g
(2
01

3)
:
in
st
ea
d
of

ch
oo

si
ng

th
e
la
st

it
er
at
e
of

th
e
k

th
ep

oc
h
as
x̃
k
,w

e
pi
ck

on
e
of

th
e
it
er
at
es

of
th
e
ep

oc
h
un

ifo
rm

ly
at

ra
nd

om
.

T
hi
s
m
ea
ns

w
e
ge
t:

ẽ k
=

Ef
(x̃
k
)
−
f

(x
∗ )

=
1 m

k
m
−

1
∑

t=
(k
−

1
)m

e t
(4
4)

W
e
no

w
ha

ve
:
∑

(k
+

1
)m
−

1
t=
k
m

e t
=
m
ẽ k

+
1
.
C
om

bi
ne
d
w
it
h
th
e
fa
ct

th
at
a
k
m
≤

2 µ
ẽ k

an
d
th
at

w
e

ca
n
re
m
ov
e
th
e
po

si
ti
ve
a

(k
+

1
)m

te
rm

fr
om

th
e
le
ft
-h
an

d-
si
de

of
(4
3)
,t

hi
s
gi
ve
s
us

ou
r
fin

al
re
cu

rs
io
n
in
eq
ua

lit
y:

( 2
γ
m
−

4
L
γ

2
C

1
m
−

4
L
γ

2
τ
C

2
m
) ẽ
k
+

1
≤
( 2 µ

+
4
L
γ

2
C

1
m

+
4
L
γ

2
τ
C

2
m
) ẽ
k

(4
5)

R
ep

la
ci
ng

C
1
an

d
C

2
by

th
ei
r
va
lu
es

(d
efi

ne
d
in

17
)
in

(4
5)

di
re
ct
ly

le
ad

s
to

T
he

or
em

15
.
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L
eb

lo
n
d
,
P
ed

r
eg

o
sa

a
n
d

L
ac

o
st

e-
Ju

li
en

A
lg
or
it
h
m

5
H

o
g
w

il
d

1:
In
it
ia
liz

e
sh
ar
ed

va
ri
ab

le
x

2:
ke
ep

d
oi
n
g
in

p
ar
al
le
l

3:
x̂

=
in
co
ns
is
te
nt

re
ad

of
x

4:
Sa

m
pl
e
i
un

ifo
rm

ly
in
{1
,.
..
,n
}

5:
Le

t
S
i
be

f i
’s

su
pp

or
t

6:
[δ
x

] S
i

:=
−
γ
f
′ i(
x̂

)
7:

fo
r
v
in
S
i
d
o

8:
[x

] v
←

[x
] v

+
[δ
x

] v
//

at
om

ic
9:

en
d
fo
r

10
:
en

d
p
ar
al
le
l
lo
op

5.
H

o
g
w

il
d
A
n
al
ys
is

In
or
de
r
to

sh
ow

th
at

ou
r
im

pr
ov
ed

“a
ft
er

re
ad

”
pe

rt
ur
be

d
it
er
at
e
fr
am

ew
or
k
ca
n
be

us
ed

to
re
vi
si
t
th
e
an

al
ys
is

of
ot
he
r
op

ti
m
iz
at
io
n
ro
ut
in
es

w
it
h
co
rr
ec
t
pr
oo

fs
th
at

do
no

t
as
su
m
e

ho
m
og
en
eo
us

co
m
pu

ta
ti
on

,
w
e
no

w
pr
ov

id
e
th
e
an

al
ys
is

of
th
e

H
o
g
w

il
d

al
go
ri
th
m

(i
.e
.

as
yn

ch
ro
no

us
pa

ra
lle

lc
on

st
an

t
st
ep

si
ze

S
g
d
)
fir
st

in
tr
od

uc
ed

in
N
iu

et
al
.(

20
11

).
W
e
st
ar
tb

y
de
sc
ri
bi
ng

H
o
g
w

il
d
in

A
lg
or
it
hm

5,
an

d
th
en

gi
ve

ou
rt

he
or
et
ic
al

co
nv

er
ge
nc
e

an
d
sp
ee
du

p
re
su
lt
s
an

d
th
ei
r
pr
oo

fs
.
N
ot
e
th
at

ou
r
fr
am

ew
or
k
al
lo
w
s
us

to
ea
si
ly

re
m
ov
e
th
e

cl
as
si
ca
lb

ou
nd

ed
gr
ad

ie
nt

as
su
m
pt
io
n,

w
hi
ch

is
us
ed

in
on

e
fo
rm

or
an

ot
he
r
in

m
os
t
of

th
e

lit
er
at
ur
e
(N

iu
et

al
.,
20
11
;D

e
Sa

et
al
.,
20
15
;M

an
ia

et
al
.,
20
17
)
–
al
th
ou

gh
it
is
in
co
ns
is
te
nt

w
it
h
st
ro
ng

co
nv

ex
ity

in
th
e
un

co
ns
tr
ai
ne

d
re
gi
m
e.

T
hi
s
al
lo
w
s
fo
r
be

tt
er

bo
un

ds
w
he

re
th
e

un
ifo

rm
bo

un
d
on
‖f
′ i(
x

)‖
2
is

re
pl
ac
ed

by
it
s
va
ri
an

ce
at

th
e
op

ti
m
um

.

5.
1.

T
h
eo
re
ti
ca
l
R
es
u
lt
s

W
e
no

w
st
at
e
th
e
th
eo
re
ti
ca
lr
es
ul
ts

of
ou

r
an

al
ys
is

of
H

o
g
w

il
d
w
it
h
in
co
ns
is
te
nt

re
ad

s
an

d
w
ri
te
s
in

th
e
“a
ft
er

re
ad

fr
am

ew
or
k”
.
W
e
gi
ve

an
ou

tl
in
e
of

th
e
pr
oo

f
in

Se
ct
io
n
5.
2
an

d
it
s

fu
ll
de

ta
ils

in
A
pp

en
di
x
D
.W

e
st
ar
t
w
it
h
a
us
ef
ul

de
fin

it
io
n.

D
efi

n
it
io
n
20

Le
tσ

2
=

E
‖f
′ i(
x
∗ )
‖2

be
th
e
va
ri
an

ce
of

th
e
gr
ad

ie
nt

es
tim

at
or

at
th
e
op

tim
um

.

Fo
r
re
fe
re
nc
e,

w
e
st
ar
t
by

gi
vi
ng

th
e
ra
te

of
co
nv

er
ge
nc
e
of

se
ri
al

S
g
d

(s
ee

e.
g.

Sc
hm

id
t,

20
14

).

T
h
eo
re
m

21
(C

on
ve
rg
en

ce
gu

ar
an

te
e
an

d
ra
te

of
S
g
d
)
Le

t
a
≤

1 2
.

T
he
n
fo
r
an

y
st
ep

si
ze
γ

=
a L
,
S
g
d
co
nv

er
ge
s
in

ex
pe
ct
at
io
n
to
b-
ac
cu
ra
cy

at
a
ge
om

et
ri
c
ra
te

of
at

le
as
t:

ρ
(a

)
=

a /
κ
,
i.e

.,
E‖
x
t
−
x
∗ ‖

2
≤

(1
−
ρ
)t
‖x

0
−
x
∗ ‖

2
+
b,

w
he
re
b

=
2
γ
σ

2

µ
.

A
s

S
g
d
on

ly
co
nv

er
ge
s
lin

ea
rl
y
up

to
a
ba

ll
ar
ou

nd
th
e
op

ti
m
um

,
to

m
ak

e
su
re

w
e
re
ac
h

ε-
ac
cu
ra
cy
,
it

is
ne
ce
ss
ar
y
th
at

2
γ
σ

2

µ
≤
ε,

i.e
.
γ
≤

εµ 2
σ

2
.

A
ll
to
ld
,
in

or
de
r
to

ge
t
lin

ea
r

co
nv

er
ge
nc

e
to
ε-
ac
cu

ra
cy
,s

er
ia
lS

g
d
re
qu

ir
es
γ
≤

m
in
{

1 2
L
,
εµ 2
σ

2

} .
T
he

pr
oo

f
ca
n
be

fo
un

d
in

A
pp

en
di
x
D
.3
.
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Im
pro

v
ed

P
a
r
a
llel

O
ptim

izatio
n

A
n
a
ly

sis
fo

r
S
to

ch
a
stic

In
cr

em
en

ta
l

M
eth

o
d
s

T
h
eorem

22
(C

onvergen
ce

gu
arantee

an
d
rate

of
H

o
g
w

ild
)
Let

a ∗(τ
)

:=
1

5 (
1

+
2
τ √

∆
)
ξ(κ

,∆
,τ

)

w
here

ξ(κ
,∆
,τ

)
:=

√
1

+
12κ

m
in{

1
√

∆
,τ}

(note
that

ξ(κ
,∆
,τ

)≈
1

unless
κ
<

1/ √
∆

(≤
√
n

)).

(46)

For
any

step
size

γ
=

aL
w
ith

a
≤

m
in {

a ∗(τ
),
κτ },the

inconsistentread
iterates

ofA
lgorithm

5
converge

in
expectation

to
b-accuracy

at
a
geom

etric
rate

of
at

least:
ρ
(a

)
=

a/
κ,

i.e.,
E‖x̂

t −
x
∗‖

2≤
(1−

ρ
)
t(2‖

x
0 −

x
∗‖

2)
+
b,

w
here

b
=

(
8
γ

(C
1
+
τ
C

2
)

µ
+

4
γ

2C
1 τ

)σ
2
and

C
1
and

C
2 (γ

)
are

defined
in

(17).

O
nce

again
this

result
is

quite
close

to
the

one
obtained

for
serialSg

d.
N
ote

that
w
e
recover

this
exact

condition
(up

to
a
sm

all
constant

factor)
if
w
e
set

τ
=

0,
i.e.

if
w
e
force

our
asynchronous

algorithm
to

be
serial.

T
he

condition
a
≤

κτ
is
equivalent

to
γ
µ
τ
≤

1
and

should
be

thought
ofas

a
condition

on
τ.

W
e
w
illsee

that
it

is
alw

ays
verified

in
the

regim
e
w
e
are

interested
in,that

is
the

linear
speed-up

regim
e
(w

here
m
ore

stringent
conditions

are
im

posed
on

τ).
W
e
now

investigate
the

conditions
under

w
hich

H
o
g
w

ild
is

linearly
faster

than
S
g
d
.

N
ote

that
to

derive
these

conditions
w
e
need

not
only

com
pare

their
respective

convergence
rates,but

also
the

size
of

the
ballaround

the
optim

um
to

w
hich

both
algorithm

s
converge.

T
hese

quantities
are

provided
in

T
heorem

s
21

and
22.

C
orollary

23
(S
p
eed

u
p
con

d
ition

)
Suppose

τ
=
O

(m
in{

1
√

∆
,κ}

).
T
hen

for
any

step
size

γ
≤

a ∗
(τ

)
L

=
O

(
1L

)
(i.e.,

any
allow

able
step

size
for

Sg
d),

H
o
g
w

ild
converges

geom
etrically

to
a
ballof

radius
r
h

=
O

(
γ
σ

2

µ
)
w
ith

rate
factor

ρ
=

γ
µ2
(sim

ilar
to

Sg
d),

and
is

thus
linearly

faster
than

its
sequentialcounterpart

up
to

a
constant

factor.
M
oreover,

a
universalstep

size
of

Θ
(

1L
)
can

be
used

for
H

o
g
w

ild
to

be
adaptive

to
local

strong
convexity

w
ith

a
sim

ilar
rate

to
S
g
d
(i.e.,

know
ledge

of
κ
is

not
required).

If
γ

=
O

(
1/
L
),

H
o
g
w

ild
obtains

the
sam

e
convergence

rate
as

S
g
d
and

converges
to

a
ball

of
equivalent

radius.
Since

the
m
axim

um
step

size
guaranteeing

linear
convergence

for
S
g
d

is
also
O

(
1/
L
),

H
o
g
w

ild
is

linearly
faster

than
Sg

d
for

any
reasonable

step
size

–
under

the
condition

that
τ

=
O

(m
in{

1
√

∆
,κ}).

W
e
also

rem
ark

that
since

γ
≤

1/
L
and

τ
≤
κ,w

e
have

γ
µ
τ
≤

1,w
hich

m
eans

the
condition

a
≤

κτ
is

superseded
by

a
≤
a ∗(τ

)
in

T
heorem

22.
W
e
note

that
the

condition
on

τ
is
m
uch

m
ore

restrictive
ifthe

condition
num

ber
is
sm

all
than

for
A

sag
a
and

K
ro

m
ag

n
o
n.

T
his

can
be

explained
by

the
fact

that
both

S
ag

a
and

S
v
rg

have
a
com

posite
rate

factor
w
hich

is
not

directly
proportionalto

the
step

size.
A
s
a

result,in
the

w
ell-conditioned

setting
these

algorithm
s
enjoy

a
range

of
step

sizes
that

all
give

the
sam

e
contraction

rate.
T
his

allow
s
their

asynchronous
variants

to
use

sm
aller

step
sizes

w
hile

m
aintaining

linear
speedups.

S
g
d
,on

the
other

hand,has
a
rate

factor
that

is
directly

proportionalto
its

step
size,hence

the
m
ore

restrictive
condition

on
τ.

F
un

ction
values

results.
O
ur

results
are

derived
directly

on
iterates,that

is,w
e
bound

the
distance

betw
een

x̂
t
and

x
∗.

W
e
can

easily
obtain

results
on

function
values

to
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L
eblo

n
d
,
P
ed

r
eg

o
sa

a
n
d

L
aco

ste-Ju
lien

bound
E
f

(x̂
t )−

f
(x
∗)

by
adapting

the
classicalsm

oothness
inequality: 22

E
f

(x
t )−

f
(x
∗)≤

L2 E‖x
t −

x
∗‖

2
to

the
asynchronous

parallelsetting.

C
on

vergen
ce

to
ε-accuracy.

A
s
noted

in
M
ania

et
al.

(2017),
for

our
algorithm

to
converge

to
ε-accuracy

for
som

e
ε
>

0,w
e
require

an
additionalbound

on
the

step
size

to
m
ake

sure
that

the
radius

of
the

ballto
w
hich

w
e
converge

is
sm

allenough.
For

S
g
d
,this

m
eans

using
a
step

size
γ

=
O

(
εµσ

2 )
(see

A
ppendix

D
.3).

W
e
can

also
prove

that
under

the
conditions

that
τ

=
O

(
1
√

∆
)
and

γ
µ
τ
≤

1,
H

o
g
w

ild
requires

the
sam

e
bound

on
the

step
size

to
converge

to
ε-accuracy

(see
A
ppendix

D
.4).

If
ε
is

sm
all

enough,
the

active
upper

bound
on

the
step

size
is
γ

=
O

(
εµσ

2 )
for

both
algorithm

s.
In

this
regim

e,
w
e
obtain

a
relaxed

condition
on

τ
for

a
linear

speedup.
T
he

condition
τ
≤
κ
w
hich

cam
e
from

com
paring

m
axim

um
allow

able
step

sizes
is

rem
oved.

Instead,w
e
enforce

γ
µ
τ
≤

1,w
hich

gives
us

the
w
eaker

condition
τ

=
O

(
σ

2

εµ
2 ).

O
ur

condition

on
the

overlap
is

then:
τ

=
O

(m
in{

1
√

∆
,
σ

2

εµ
2 }

).
W
e
see

that
this

is
sim

ilar
to

the
condition

obtained
by

M
ania

et
al.(2017,T

heorem
4)

in
their

H
o
g
w

ild
analysis,although

w
e
have

the
variance

at
the

optim
um

σ
2
instead

of
a
squared

globalbound
on

the
gradient.

C
om

parison
to

related
w
ork.

•
W
e
give

the
first

convergence
analysis

for
H

o
g
w

ild
w
ith

no
assum

ption
on

a
global

bound
on

the
gradient

(M
).

T
his

allow
s
us

to
replace

the
usualdependence

in
M

2
by

a
term

in
σ

2
w
hich

is
potentially

significantly
sm

aller.
T
his

m
eans

im
proved

upper
bounds

on
the

step
size

and
the

allow
ed

overlap.
•
W
e
obtain

the
sam

e
condition

on
the

step
size

for
linear

convergence
to
ε-accuracy

of
H

o
g
w

ild
as

previous
analysis

for
serial

S
g
d

(e.g.
N
eedell

et
al.,

2014)
–
given

τ
≤

1/
γ
µ.

•
In

contrast
to

the
H

o
g
w

ild
analysis

from
N
iu

et
al.(2011);D

e
Sa

et
al.(2015),our

proof
technique

handles
inconsistent

reads
and

a
non-uniform

processing
speed

across
f
i ’s.

Further,C
orollary

23
gives

a
better

dependence
on

the
sparsity

than
in

N
iu

et
al.

(2011),
w
here

τ
≤
O

(∆
−

1/
4),

and
does

not
require

various
bounds

on
the

gradient
assum

ptions.
•

In
contrast

to
the

H
o
g
w

ild
analysis

from
M
ania

et
al.(2017,T

hm
.
3),rem

oving
their

gradient
bound

assum
ption

enables
us

to
get

a
(potentially)

significantly
better

upper
bound

condition
on

τ
for

a
linear

speedup.
W
e
also

give
our

convergence
guarantee

on
x̂
t
during

the
algorithm

,w
hereas

they
only

bound
the

error
for

the
“last”

iterate
x
T .

5.2.
P
roof

of
T
h
eorem

22
an

d
C
orollary

23

H
ere

again,our
proof

technique
begins

as
our

A
sag

a
analysis,w

ith
P
roperties

3,4,5
also

verified
for

H
o
g
w

ild
23.

A
s
in

our
A

sag
a
analysis,w

e
m
ake

A
ssum

ption
6.

C
onsequently,

the
basic

recursive
contraction

inequality
(15)

and
Lem

m
a
10

also
hold.

A
s
for

K
ro

m
ag

n
o
n,

the
proof

diverges
w
hen

w
e
derive

the
equivalent

of
Lem

m
a
13.

22.
See

e.g.M
oulines

and
B
ach

(2011).
23.

O
nce

again,
in

our
analysis

the
H

o
g
w

ild
algorithm

s
reads

the
param

eters
before

sam
pling,

so
that

P
roperty

3
is

verified
for

r
=
t.
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Im
pr

o
v
ed

P
a
r
a
ll

el
O

pt
im

iz
at

io
n

A
n
a
ly

si
s

fo
r

S
to

ch
a
st

ic
In

cr
em

en
ta

l
M

et
h
o
d
s

L
em

m
a
24

(S
u
b
op

ti
m
al
it
y
b
ou

n
d
on

E‖
g t
‖2
)
Fo

r
al
lt
≥

0,

E‖
g t
‖2
≤

4
L
e t

+
2
σ

2
.

(4
7)

W
e
gi
ve

th
e
pr
oo

f
in

A
pp

en
di
x
D
.1
.
T
o
de
ri
ve

bo
th

te
rm

s,
w
e
us
e
th
e
sa
m
e
te
ch
ni
qu

e
as

fo
r
th
e
fir
st

te
rm

of
L
em

m
a
13
.
T
hi
s
re
su
lt

is
si
m
pl
er

th
an

bo
th

L
em

m
a
13

(f
or

A
sa

g
a
)

an
d
Le

m
m
a
19

(f
or

K
ro

m
ag

n
o
n
).

T
he

se
co
nd

te
rm

in
th
is

ca
se

do
es

no
t
ev
en

va
ni
sh

as
t

gr
ow

s.
T
hi
s
re
fle

ct
s
th
e
fa
ct

th
at

co
ns
ta
nt

st
ep

si
ze

S
g
d
do

es
no

t
co
nv

er
ge

to
th
e
op

ti
m
um

bu
t
ra
th
er

to
a
ba

ll
ar
ou

nd
it
.
H
ow

ev
er
,
th
is

si
m
pl
er

fo
rm

al
lo
w
s
us

to
si
m
pl
y
un

ro
ll
th
e

re
su
lt
in
g
m
as
te
r
in
eq
ua

lit
y
to

ge
t
ou

r
co
nv

er
ge
nc

e
re
su
lt
.

T
he

re
st

of
th
e
pr
oo

f
is

as
fo
llo

w
s:

1.
B
y
su
bs
ti
tu
ti
ng

Le
m
m
a
24

in
to

Le
m
m
a
10
,w

e
ge
t
a
m
as
te
r
co
nt
ra
ct
io
n
in
eq
ua

lit
y
(4
8)

in
te
rm

s
of
a
t+

1
,a

t,
(e
u
,u
≤
t)

an
d
σ

2
.

2.
W
e
th
en

un
ro
ll
th
is
m
as
te
r
in
eq
ua

lit
y
an

d
cl
ev
er
ly

re
gr
ou

p
te
rm

s
to

ob
ta
in

a
co
nt
ra
ct
io
n

in
eq
ua

lit
y
(4
9)

be
tw

ee
n
a
t,
a

0
an

d
σ

2
.

3.
B
y
us
in
g
th
at
‖x̂

t
−
x
∗ ‖

2
≤

2a
t
+

2‖
x̂
t
−
x
t‖

2
,w

e
ob

ta
in

a
co
nt
ra
ct
io
n
in
eq
ua

lit
y
di
re
ct
ly

on
th
e
“r
ea
l”

it
er
at
es

(a
s
op

po
se
d
to

th
e
“v
ir
tu
al
”
it
er
at
es

as
in

M
an

ia
et

al
.,
20
17
),

su
bj
ec
t
to

a
m
ax

im
um

st
ep

si
ze

co
nd

it
io
n
on

γ
.
T
hi
s
fin

is
he
s
th
e
pr
oo

ff
or

T
he
or
em

22
.

4.
F
in
al
ly
,
w
e
on

ly
ha

ve
to

de
ri
ve

th
e
co
nd

it
io
ns

on
γ
an

d
τ
un

de
r
w
hi
ch

H
o
g
w

il
d

co
nv

er
ge
s
w
it
h
a
si
m
ila

r
co
nv

er
ge
nc
e
ra
te

to
a
ba

ll
w
it
h
a
si
m
ila

r
ra
di
us

th
an

se
ri
al

S
g
d
to

fin
is
h
th
e
pr
oo

f
fo
r
C
or
ol
la
ry

23
.

W
e
lis
t
th
e
ke
y
po

in
ts

be
lo
w

w
it
h
th
ei
r
pr
oo

f
sk
et
ch
,
an

d
gi
ve

th
e
de
ta
ile

d
pr
oo

f
in

A
pp

en
di
x
D
.

M
as
te
r
in
eq
ua

li
ty
.

A
s
in

ou
r
A

sa
g
a
an

al
ys
is
,w

e
pl
ug

(4
7)

in
Le

m
m
a
10
,w

hi
ch

gi
ve
s
us

th
at

(s
ee

A
pp

en
di
x
D
.2
):

a
t+

1
≤

(1
−
γ
µ 2

)a
t
+

(4
L
γ

2
C

1
−

2γ
)e
t
+

4
L
γ

2
C

2

t−
1

∑

u
=

(t
−
τ
) +

e u
+

2
γ

2
σ

2
(C

1
+
τ
C

2
)
.

(4
8)

C
on

tr
ac
ti
on

in
eq
ua

li
ty

on
x
t.

A
s
w
e
pr
ev
io
us
ly

m
en
ti
on

ed
,
th
e
te
rm

in
σ

2
do

es
no

t
va
ni
sh

so
w
e
ca
nn

ot
us
e
ei
th
er

ou
r
A

sa
g
a
or

ou
r
K

ro
m

ag
n
o
n
pr
oo

ft
ec
hn

iq
ue
.
In
st
ea
d,

w
e

un
ro
ll
E
qu

at
io
n
(4
8)

al
lt
he

w
ay

to
t

=
0.

T
hi
s
gi
ve
s
us

(s
ee

A
pp

en
di
x
D
.2
):

a
t+

1
≤

(1
−
γ
µ 2

)t
+

1
a

0
+

(4
L
γ

2
C

1
+

8
L
γ

2
τ
C

2
−

2γ
)

t ∑ u
=

0

(1
−
γ
µ 2

)t
−
u
e u

+
4
γ
σ

2

µ
(C

1
+
τ
C

2
)
.
(4
9)
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L
eb
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d
,
P
ed

r
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o
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a
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L
ac

o
st

e-
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li
en

C
on

tr
ac
ti
on

in
eq
ua

li
ty
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x̂
t.

W
e
no

w
us
e
th
at
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∗ ‖

2
≤

2a
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+
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−
x
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2
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ge
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w
it
h
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r
pr
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d
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T
og

et
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r
w
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h
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9)
,w

e
ge
t
(s
ee

A
pp
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x
D
.2
):

E‖
x̂
t
−
x
∗ ‖

2
≤
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−
γ
µ 2

)t
+

1
2a

0
+
( 8
γ

(C
1

+
τ
C

2
)

µ
+

4
γ

2
C

1
τ
) σ
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4
L
γ

2
C

1
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16
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−
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)

t ∑ u
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0
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−
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T
o
ge
t
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r
fin
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co
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ra
ct
io
n
in
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lit
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w
e
ne
ed

to
sa
fe
ly

re
m
ov
e
al
l
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e
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te
rm
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w
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en
fo
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16
L
γ

2
C

1
+

16
L
γ

2
τ
C

2
−

4γ
≤

0.
T
hi
s
le
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s
di
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ct
ly

to
T
he

or
em

22
.

C
on

ve
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ra
te

an
d
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e
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m
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so
n
.

T
o
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e
C
or
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ry

23
,w

e
si
m
pl
y
sh
ow

th
at

un
de

r
th
e
co
nd

it
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n
τ

=
O

(m
in
{

1 √
∆
,κ
})
,t

he
bi
gg

es
t
al
lo
w
ab

le
st
ep

si
ze

fo
r
H

o
g
w

il
d

to
co
nv

er
ge
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ea
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y
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O

(1
/L

),
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is
al
so

th
e
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fo
r
S
g
d
;
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d
th
at

th
e
si
ze

of
th
e
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ll
to

w
hi
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bo
th
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go
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m
s
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is
of
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m
e
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d
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m
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e
ra
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e
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st
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ze
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W
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m
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m
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g
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o
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ex
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te
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Sa
g
a
w
it
h
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ed

up
da

te
s
an

d
to

th
e
or
ig
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Sa
g
a

al
go
ri
th
m

as
a
ba

se
lin

e.
W
e
th
en

m
ov
e
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to
ou

r
m
ai
n
re
su
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th
e
em

pi
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l
co
m
pa

ri
so
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A

sa
g
a
,K

ro
m

a
g
n
o
n
an

d
H

o
g
w

il
d
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F
in
al
ly
,w

e
pr
es
en
t
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di
ti
on

al
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su
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in
cl
ud
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co
nv

er
ge
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e
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d
sp
ee
du

p
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ur
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w
it
h
re
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ec
t
to

th
e
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m
be

r
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it
er
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.e
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he
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ee
du
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m
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τ
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.

6.
1.

E
xp

er
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l
S
et
u
p

M
od
el
s.

A
lt
ho

ug
h

A
sa

g
a
ca
n
be

ap
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e
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w
e
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re
gr
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a
m
od

el
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pr
ac
ti
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l
im

po
rt
an
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T
he

as
so
ci
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ed

ob
je
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e
fu
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ke
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fo
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w
in
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fo
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1 n

n ∑ i=
1

lo
g
( 1

+
ex
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b i
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µ 2
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∈
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∈
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at
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es
,s

ee
A
pp

en
di
x
F
.2
)

be
ca
us
e
ou

r
pr
im

ar
y
co
nc
er
n
w
as

th
at

th
e
co
de

m
ay

ea
si
ly

be
re
us
ed

an
d
ex
te
nd

ed
fo
r

re
se
ar
ch

pu
rp
os
es

(t
o
th
is

en
d,

w
e
ha

ve
m
ad

e
al
lo

ur
co
de

av
ai
la
bl
e
at

ht
tp

:/
/w

ww
.d

i.
en

s.
fr

/s
ie

rr
a/

re
se

ar
ch

/a
sa

ga
/)
.
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Im
pro

v
ed

P
a
r
a
llel

O
ptim

izatio
n

A
n
a
ly

sis
fo

r
S
to

ch
a
stic

In
cr

em
en

ta
l

M
eth

o
d
s

T
able

1:
B
asic

data
set

statistics.

n
d

density
L

R
C
V
1

697,641
47,236

0.15%
0.25

U
R
L

2,396,130
3,231,961

0.004%
128.4

C
ovtyp

e
581,012

54
100%

48428

6.2.
Im

p
lem

entation
D
etails

R
egu

larization
.
Follow

ing
Schm

idt
et

al.(2016),the
am

ount
ofregularization

used
w
as

set
to
µ

=
1/
n.

In
each

update,w
e
project

the
gradient

of
the

regularization
term

(w
e
m
ultiply

it
by

D
i
as

w
e
also

do
w
ith

the
vector

ᾱ
)
to

preserve
the

sparsity
pattern

w
hile

m
aintaining

an
unbiased

estim
ate

of
the

gradient.
For

squared
`
2 ,the

Sparse
S
ag

a
updates

becom
es:

x
+

=
x
−
γ

(f
′i (x

)−
α
i
+
D
i ᾱ

+
µ
D
i x

).
(52)

C
om

p
arison

w
ith

th
e
th
eoretical

algorith
m
.
T
he

algorithm
w
e
used

in
the

experim
ents

is
fully

detailed
in

A
lgorithm

2.
T
here

are
tw

o
differences

w
ith

A
lgorithm

1.
F
irst,in

the
im

plem
entation

w
e
choose

it
at

random
before

w
e
read

the
feature

vector
a
it .

T
his

enables
us

to
only

read
the

necessary
data

for
a
given

iteration
(i.e.

[x̂
t ]S

i ,[α̂
ti ],[ᾱ

t]S
i ).

A
lthough

this
violates

P
roperty

3,it
stillperform

s
w
ellin

practice.
Second,

w
e
m
aintain

ᾱ
t
in

m
em

ory.
T
his

saves
the

cost
of

recom
puting

it
at

every
iteration

(w
hich

w
e
can

no
longer

do
since

w
e
only

read
a
subset

data).
A
gain,in

practice
the

im
plem

ented
algorithm

enjoys
good

perform
ance.

B
ut

this
design

choice
raises

a
subtle

point:
the

update
is

not
guaranteed

to
be

unbiased
in

this
setup

(see
A
ppendix

F
.3

for
m
ore

details).

S
tep

sizes.
For

each
algorithm

,
w
e
picked

the
best

step
size

am
ong

10
equally

spaced
values

in
a
grid,

and
m
ade

sure
that

the
best

step
size

w
as

never
at

the
boundary

of
this

interval.
For

C
ovtype

and
R
C
V
1,w

e
used

the
interval

[
1

1
0
L
,

1
0L
],w

hereas
for

U
R
L
w
e
used

the
interval

[
1L
,

1
0
0
L

]
as

it
adm

itted
larger

step
sizes.

It
turns

out
that

the
best

step
size

w
as

fairly
constant

for
different

num
ber

of
cores

for
both

A
sa

g
a
and

K
ro

m
a
g
n
o
n
,
and

both
algorithm

s
had

sim
ilar

best
step

sizes
(0
.7

for
R
C
V
1,

0
.0

5
for

U
R
L
and

5×
1
0 −

5
for

C
ovtype).

6.3.
C
om

p
arison

of
S
equ

ential
A
lgorith

m
s:

S
p
arse

S
a
g
a
vs

L
agged

u
p
d
ates

W
e
com

pare
the

Sparse
S
ag

a
variant

proposed
in

Section
3.1

to
tw

o
other

approaches:
the

naive
(i.e.,dense)

update
schem

e
and

the
lagged

updates
im

plem
entation

described
in

D
efazio

et
al.(2014).

N
ote

that
w
e
use

different
datasets

from
the

parallelexperim
ents,including

a
subset

of
the

R
C
V
1
data

set
and

the
R
ealsim

data
set

(see
description

in
A
ppendix

F
.1).

F
igure

2
reveals

that
sparse

and
lagged

updates
have

a
low

er
cost

per
iteration

than
their

dense
counterpart,resulting

in
faster

convergence
for

sparse
data

sets.
Furtherm

ore,w
hile

the
tw

o
approaches

had
sim

ilar
convergence

in
term

s
of

num
ber

of
iterations,

the
Sparse

S
a
g
a
schem

e
is

slightly
faster

in
term

s
of

runtim
e
(and

as
previously

pointed
out,sparse

updates
are

better
adapted

for
the

asynchronous
setting).

For
the

dense
data

set
(C

ovtype),
the

three
approaches

exhibit
sim

ilar
perform

ance.
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L
eblo

n
d
,
P
ed

r
eg

o
sa

a
n
d

L
aco

ste-Ju
lien

F
igure

2:
L
agged

vs
S
p
arse

S
a
g
a

u
p
d
ates.

Suboptim
ality

w
ith

respect
to

tim
e
for

different
S
ag

a
update

schem
es

on
various

data
sets.

F
irst

row
:
suboptim

ality
as

a
function

of
tim

e.
Second

row
:
suboptim

ality
as

a
the

num
ber

of
passes

over
the

data
set.

For
sparse

data
sets

(R
C
V
1
and

R
eal-sim

),lagged
and

sparse
updates

have
a
low

er
cost

per
iteration

w
hich

result
in

faster
convergence.
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ch
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st

ic
In

cr
em

en
ta

l
M

et
h
o
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(a
)
Su
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im
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it
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a
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ti
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(b
)
Sp

ee
du
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a
fu
nc
ti
on
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th
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be

r
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co
re
s

F
ig
ur
e
3:

C
on

ve
rg
en

ce
an

d
sp
ee
d
u
p
fo
r
as
yn

ch
ro
n
ou

s
st
oc
h
as
ti
c
gr
ad

ie
nt

d
es
ce
nt

m
et
h
od

s.
W
e
di
sp
la
y
re
su
lt
s
fo
r
R
C
V
1
an

d
U
R
L
.
R
es
ul
ts

fo
r
C
ov

ty
pe

ca
n
be

fo
un

d
in

Se
ct
io
n
6.
6.

6.
4.

A
sa

g
a
vs
.
K

r
o
m

a
g
n
o
n
vs
.
H

o
g
w

il
d

W
e
co
m
pa

re
th
re
e
di
ffe

re
nt

as
yn

ch
ro
no

us
va
ri
an

ts
of

st
oc
ha

st
ic

gr
ad

ie
nt

m
et
ho

ds
on

th
e

af
or
em

en
ti
on

ed
da

ta
se
ts
:
A

sa
g
a
,p

re
se
nt
ed

in
th
is

w
or
k,

K
ro

m
ag

n
o
n
,t
he

as
yn

ch
ro
no

us
sp
ar
se

Sv
rg

m
et
ho

d
de
sc
ri
be

d
in

M
an

ia
et

al
.(
20
17
)
an

d
H

o
g
w

il
d
(N

iu
et

al
.,
20
11
).

E
ac
h

m
et
ho

d
ha

d
it
s
st
ep

si
ze

ch
os
en

so
as

to
gi
ve

th
e
fa
st
es
t
co
nv

er
ge
nc

e
(u
p
to

a
su
bo

pt
im

al
ity

of
1
0
−

3
in

th
e
sp
ec
ia
l
ca
se

of
H

o
g
w

il
d
).

T
he

re
su
lt
s
ca
n
be

se
en

in
F
ig
ur
e
3a
:
fo
r
ea
ch

m
et
ho

d
w
e
co
ns
id
er

it
s
as
yn

ch
ro
no

us
ve
rs
io
n
w
it
h
bo

th
on

e
(h
en
ce

se
qu

en
ti
al
)
an

d
te
n

pr
oc
es
so
rs
.
T
hi
s
fig

ur
e
re
ve
al
s
th
at

th
e
as
yn

ch
ro
no

us
ve
rs
io
n
off

er
s
a
si
gn

ifi
ca
nt

sp
ee
du

p
ov
er

it
s
se
qu

en
ti
al

co
un

te
rp
ar
t.

W
e
th
en

ex
am

in
e
th
e
sp
ee
du

p
re
la
ti
ve

to
th
e
in
cr
ea
se

in
th
e
nu

m
be

r
of

co
re
s.

T
he

sp
ee
du

p
is

m
ea
su
re
d
as

ti
m
e
to

ac
hi
ev
e
a
su
bo

pt
im

al
it
y
of

1
0
−

5
(1

0
−

3
fo
r
H

o
g
w

il
d
)
w
it
h

on
e
co
re

di
vi
de
d
by

ti
m
e
to

ac
hi
ev
e
th
e
sa
m
e
su
bo

pt
im

al
ity

w
it
h
se
ve
ra
lc

or
es
,a

ve
ra
ge
d
ov
er

3
ru
ns
.
A
ga
in
,w

e
ch
oo

se
st
ep

si
ze

le
ad

in
g
to

fa
st
es
t
co
nv

er
ge
nc
e2

4
(s
ee

A
pp

en
di
x
F
.2

fo
r

in
fo
rm

at
io
n
ab

ou
t
th
e
st
ep

si
ze
s)
.
R
es
ul
ts

ar
e
di
sp
la
ye
d
in

F
ig
ur
e
3b

.
A
s
pr
ed
ic
te
d
by

ou
r
th
eo
ry
,
w
e
ob

se
rv
e
lin

ea
r
“t
he
or
et
ic
al
”
sp
ee
du

ps
(i
.e
.
in

te
rm

s
of

nu
m
be

r
of

it
er
at
io
ns
,s

ee
Se

ct
io
n
6.
6)
.
H
ow

ev
er
,w

it
h
re
sp
ec
t
to

ru
nn

in
g
ti
m
e,

th
e
sp
ee
du

ps
se
em

to
ta
pe

r
off

af
te
r

2
0
co
re
s.

T
hi
s
ph

en
om

en
on

ca
n
be

ex
pl
ai
ne
d
by

th
e
fa
ct

th
at

ou
r

ha
rd
w
ar
e
m
od

el
is

by
ne
ce
ss
ity

a
si
m
pl
ifi
ca
ti
on

of
re
al
ity

.
A
s
no

te
d
in

D
uc
hi

et
al
.(

20
15
),

in
a
m
od

er
n
m
ac
hi
ne

th
er
e
is

no
su
ch

th
in
g
as

sh
ar
ed

m
em

or
y.

E
ac
h
co
re

ha
s
it
s
ow

n
le
ve
ls

of
ca
ch
e
(L

1,
L
2,

L
3)

in
ad

di
ti
on

to
R
A
M
.T

he
se

fa
st
er

po
ol
s
of

m
em

or
y
ar
e
fu
lly

le
ve
ra
ge
d

w
he

n
us
in
g
a
si
ng

le
co
re
.
U
nf
or
tu
na

te
ly
,a

s
so
on

as
se
ve
ra
lc

or
es

st
ar
t
w
ri
ti
ng

to
co
m
m
on

lo
ca
ti
on

s,
ca
ch
e
co
he
re
nc
y
pr
ot
oc
ol
s
ha

ve
to

be
de
pl
oy
ed

to
en
su
re

th
at

th
e
in
fo
rm

at
io
n

is
co
ns
is
te
nt

ac
ro
ss

co
re
s.

T
he
se

pr
ot
oc
ol
s
co
m
e
w
it
h
co
m
pu

ta
ti
on

al
ov
er
he
ad

s.
A
s
m
or
e

an
d
m
or
e
co
re
s
ar
e
us
ed
,t

he
sh
ar
ed

in
fo
rm

at
io
n
go

es
lo
w
er

an
d
lo
w
er

in
th
e
m
em

or
y
st
ac
k,

an
d
th
e
ov
er
he

ad
s
ge
t
m
or
e
an

d
m
or
e
co
st
ly
.
It

m
ay

be
th
e
ca
se

th
at

on
m
uc
h
bi
gg

er
da

ta
se
ts
,
w
he
re

th
e
ca
ch
e
m
em

or
y
is

un
lik

el
y
to

pr
ov

id
e
be

ne
fit
s
ev
en

fo
r
a
si
ng

le
co
re

(s
in
ce

24
.
A
lt
ho

ug
h
w
e
pe

rf
or
m
ed

gr
id

se
ar
ch

on
a
la
rg
e
in
te
rv
al
,
w
e
ob

se
rv
ed

th
at

th
e
be

st
st
ep

si
ze

w
as

fa
ir
ly

co
ns
ta
nt

fo
r
di
ffe

re
nt

nu
m
be

r
of

co
re
s,

an
d
si
m
ila

r
fo
r
A

sa
g
a
an

d
K

ro
m
ag

n
o
n
.

33
JM

L
R

 1
9(

81
):

1-
68

, 2
01

8

L
eb

lo
n
d
,
P
ed

r
eg

o
sa

a
n
d

L
ac

o
st

e-
Ju

li
en

F
ig
ur
e
4:

C
om

pa
ri
so
n
on

th
e
C
ov
ty
pe

da
ta

se
t.

Le
ft
:
su
bo

pt
im

al
it
y.

R
ig
ht
:
sp
ee
du

p.
T
he

nu
m
be

r
of

co
re
s
in

th
e
le
ge
nd

on
ly

re
fe
rs

to
th
e
le
ft

pl
ot
.

sa
m
pl
in
g
it
em

s
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pe

at
ed
ly

be
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m
es

ra
re
),
th
e
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nn
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g
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m
e
sp
ee
du

ps
ac
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im
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e.

M
or
e

ex
pe

ri
m
en
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ed

to
qu

an
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fy

th
es
e
eff

ec
ts

an
d
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te
nt
ia
lly

in
cr
ea
se

pe
rf
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m
an

ce
.

6.
5.

E
ff
ec
t
of

S
p
ar
si
ty

Sp
ar
si
ty

pl
ay

s
an

im
po

rt
an

t
ro
le

in
ou

r
th
eo
re
ti
ca
l
re
su
lt
s,

w
he
re

w
e
fin

d
th
at

w
hi
le

it
is

ne
ce
ss
ar
y
in

th
e
“il
l-c

on
di
ti
on

ed
”
re
gi
m
e
to

ge
t
lin

ea
r
sp
ee
du

ps
,
it

is
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t
in

th
e
“w

el
l-

co
nd

it
io
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d”

re
gi
m
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W
e
co
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ro
nt

th
is

to
re
al
-li
fe

ex
pe

ri
m
en
ts

by
co
m
pa

ri
ng

th
e
co
nv

er
ge
nc
e

an
d
sp
ee
du

p
pe

rf
or
m
an

ce
of

ou
r
th
re
e
as
yn

ch
ro
no

us
al
go
ri
th
m
s
on

th
e
C
ov

ty
pe

da
ta

se
t,

w
hi
ch

is
fu
lly

de
ns
e
af
te
r
st
an

da
rd
iz
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io
n.

T
he

re
su
lt
s
ap

pe
ar

in
F
ig
ur
e
4.

W
hi
le

w
e
st
ill

se
e
a
si
gn

ifi
ca
nt

im
pr
ov
em

en
t
in

sp
ee
d
w
he
n
in
cr
ea
si
ng

th
e
nu

m
be

r
of

co
re
s,

th
is

im
pr
ov
em

en
t
is

sm
al
le
r
th
an

th
e
on

e
w
e
ob

se
rv
e
fo
r
sp
ar
se
r
da

ta
se
ts
.
T
he

sp
ee
du

ps
w
e

ob
se
rv
e
ar
e
co
ns
eq
ue

nt
ly

sm
al
le
r,

an
d
ta
pe

r
off

ea
rl
ie
r
th
an

on
ou

r
ot
he

r
da

ta
se
ts
.
H
ow

ev
er
,

si
nc
e
th
e
ob

se
rv
ed

“t
he
or
et
ic
al
”
sp
ee
du

p
is

lin
ea
r
(s
ee

Se
ct
io
n
6.
6)
,
w
e
ca
n
at
tr
ib
ut
e
th
is

w
or
se

pe
rf
or
m
an

ce
to

hi
gh

er
ha

rd
w
ar
e
ov
er
he
ad

.
T
hi
s
is

ex
pe

ct
ed

be
ca
us
e
ea
ch

up
da

te
is

fu
lly

de
ns
e
an

d
th
us

th
e
sh
ar
ed

pa
ra
m
et
er
s
ar
e
m
uc
h
m
or
e
he
av
ily

co
nt
en
de
d
fo
r
th
an

in
ou

r
sp
ar
se

da
ta
se
ts
.

O
ne

th
in
g
w
e
no

ti
ce

w
he
n
co
m
pu

ti
ng

th
e

∆
co
ns
ta
nt

fo
r
ou

r
da

ta
se
ts

is
th
at

it
of
te
n

fa
ils

to
ca
pt
ur
e
th
e
fu
ll
sp
ar
si
ty

di
st
ri
bu

ti
on

,b
ei
ng

es
se
nt
ia
lly

a
m
ax

im
um

:
fo
r
al
lt
hr
ee

da
ta

se
ts
,
w
e
ob

ta
in

∆
=
O

(1
).

T
hi
s
m
ea
ns

th
at

∆
ca
n
be

qu
it
e
bi
g
ev
en

fo
r
ve
ry

sp
ar
se

da
ta

se
ts
.
D
er
iv
in
g
a
le
ss

co
ar
se

bo
un

d
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m
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an
op

en
pr
ob

le
m
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6.
6.

T
h
eo
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ti
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l
S
p
ee
d
u
p
s

In
th
e
pr
ev
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us

ex
pe

ri
m
en
ta
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w
e
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ow

n
ex
pe
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m
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pe
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s
w
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bo
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al
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w
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a
fu
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e
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m
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hi
s
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m
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th
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re
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ca
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ri
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m
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m
em

or
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A
n
a
ly

sis
fo

r
S
to

ch
a
stic

In
cr

em
en

ta
l

M
eth

o
d
s

F
igure

5:
T
h
eoretical

sp
eed

u
p
s.

Suboptim
ality

w
ith

respect
to

num
ber

of
iterations

for
A

sa
g
a
,
K

ro
m

a
g
n
o
n
and

H
o
g
w

ild
w
ith

1
and

10
cores.

C
urves

alm
ost

coincide,w
hich

m
eans

the
theoreticalspeedup

is
alm

ost
the

num
ber

of
cores

p,hence
linear.

In
order

to
isolate

these
tw

o
effects,

w
e
now

plot
our

convergence
experim

ents
w
here

suboptim
ality

is
a
function

ofthe
num

ber
ofiterations;thus,w

e
abstract

aw
ay

any
potential

hardw
are

overhead. 25
T
he

experim
entalresults

can
be

seen
in

F
igure

5.
For

all
three

algorithm
s
and

all
three

data
sets,

the
curves

for
1
and

1
0
cores

alm
ost

coincide,w
hich

m
eans

that
w
e
are

indeed
in

the
“theoreticallinear

speedup”
regim

e.
Indeed,

w
hen

w
e
plotted

the
am

ount
of

iterations
required

to
converge

to
a
given

accuracy
as

a
function

ofthe
num

ber
ofcores,w

e
obtained

straight
horizontallines

for
our

three
algorithm

s.
T
he

fact
that

the
speedups

w
e
observe

in
running

tim
e
are

less
than

linear
can

thus
be

attributed
to

various
hardw

are
overheads,

including
shared

variable
contention

–
the

com
pare-and-sw

ap
operations

are
m
ore

and
m
ore

expensive
as

the
num

ber
of

com
peting

requests
increases

–
and

cache
effects

as
m
entioned

in
Section

6.4.

6.7.
A

C
loser

L
ook

at
th
e
τ
C
on

stant

6.7.1.
T

h
eo

ry

In
the

paralleloptim
ization

literature,
τ
is

often
referred

to
as

a
proxy

for
the

num
ber

of
cores.

H
ow

ever,
intuitively

as
w
ell

as
in

practice,
it

appears
that

there
are

a
num

ber
of

other
factors

that
can

influence
this

quantity.
W
e
w
illnow

attem
pt

to
give

a
few

qualitative
argum

ents
as

to
w
hat

these
other

factors
m
ight

be
and

how
they

relate
to
τ.

N
um

ber
of

cores.
T
he

first
of

these
factors

is
indeed

the
num

ber
of

cores.
If
w
e
have

p
cores,

τ
≥
p−

1.
Indeed,

in
the

best-case
scenario

w
here

all
cores

have
exactly

the
sam

e
execution

speed
for

a
single

iteration,
τ

=
p−

1.

L
en
gth

of
an

iteration
.

T
o
get

m
ore

insight
into

w
hat

τ
really

encom
passes,let

us
now

try
to

define
the

w
orst-case

scenario
in

the
preceding

exam
ple.

C
onsider

2
cores.

In
the

w
orst

25.
T
o
do

so,w
e
im

plem
ent

a
globalcounter

w
hich

is
sparsely

updated
(every

1
0
0
iterations

for
exam

ple)
in

order
not

to
m
odify

the
asynchrony

of
the

system
.
T
his

counter
is

used
only

for
plotting

purposes
and

is
not

needed
otherw

ise.
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L
eblo

n
d
,
P
ed

r
eg

o
sa

a
n
d

L
aco

ste-Ju
lien

case,one
core

runs
w
hile

the
other

is
stuck.

T
hen

the
overlap

is
t
for

all
t
and

eventually
grow

s
to

+∞
.
Ifw

e
assum

e
that

one
core

runs
tw

ice
as

fast
as

the
other,then

τ
=

2.
Ifboth

run
at

the
sam

e
speed,

τ
=

1.
It

appears
then

that
a
relevant

quantity
is
R
,
the

ratio
betw

een
the

fastest
execution

tim
e
and

the
slow

est
execution

tim
e
for

a
single

iteration.
W
e
have

τ
≤

(p−
1)R

,w
hich

can
be

arbitrarily
bigger

than
p.

T
here

are
severalfactors

at
play

in
R

itself.
T
hese

include:

•
the

speed
of

execution
of

the
cores

them
selves

(i.e.
clock

tim
e).

•
the

data
m
atrix

itself.
D
ifferent

support
sizes

for
f
i
m
eans

different
gradient

com
puta-

tion
tim

es.
If
one

f
i
has

support
of

size
n
w
hile

allthe
others

have
support

of
size

1
for

exam
ple,

R
m
ay

eventually
becom

e
very

big.

•
the

length
ofthe

com
putation

itself.
T
he

longer
our

algorithm
runs,the

m
ore

likely
it

is
to

explore
the

potentialcorner
cases

of
the

data
m
atrix.

T
he

overlap
is

then
upper

bounded
by

the
num

ber
ofcores

m
ultiplied

by
the

ratio
ofthe

m
axim

um
iteration

tim
e
over

the
m
inim

um
iteration

tim
e
(w

hich
is
linked

to
the

sparsity
distribution

of
the

data
m
atrix).

T
his

is
an

upper
bound,w

hich
m
eans

that
in

som
e
cases

it
w
ill

not
really

be
useful.

For
exam

ple,
if
one

factor
has

support
size

1
and

all
others

have
support

size
d,the

probability
of

the
event

w
hich

corresponds
to

the
upper

bound
is

exponentially
sm

allin
d.

W
e
conjecture

that
a
m
ore

usefulindicator
could

be
ratio

of
the

m
axim

um
iteration

tim
e
over

the
expected

iteration
tim

e.
T
o
sum

up
this

prelim
inary

theoreticalexploration,the
τ
term

encom
passes

m
uch

m
ore

com
plexity

than
is

usually
im

plied
in

the
literature.

T
his

is
reflected

in
the

experim
ents

w
e

ran,w
here

the
constant

w
as

orders
of

m
agnitude

bigger
than

the
num

ber
of

cores.

6.7.2.
E
x
per

im
en

ta
l

R
esu

lt
s

In
order

to
verify

our
intuition

about
the

τ
variable,w

e
ran

severalexperim
ents

on
allthree

data
sets,w

hose
characteristics

are
rem

inded
in

T
able

2.
δ
il
is

the
support

size
of
f
i .

Table
2:

D
ensity

m
easures

including
m
inim

um
,average

and
m
axim

um
support

size
δ
il
of

the
factors.

n
d

density
m

ax
(δ
il )

m
in

(δ
il )

δ̄
l

m
ax

(δ
il )/
δ̄
l

R
C
V
1

697,641
47,236

0.15%
1,224

4
73.2

16.7
U
R
L

2,396,130
3,231,961

0.003%
414

16
115.6

3.58
C
ovtyp

e
581,012

54
100%

12
8

11.88
1.01

T
o
estim

ate
τ,w

e
com

pute
the

average
overlap

over
100

iterations,i.e.
the

difference
in

labeling
betw

een
the

end
of

the
hundredth

iteration
and

the
start

of
the

first
iteration

on,
divided

by
100.

T
his

quantity
is

a
low

er
bound

on
the

actualoverlap
(w

hich
is

a
m
axim

um
,

not
an

average).
W
e
then

take
its

m
axim

um
observed

value.
T
he

reason
w
hy

w
e
use

an
average

is
that

com
puting

the
overlap

requires
using

a
globalcounter,w

hich
w
e
do

not
w
ant
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A
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si
s

fo
r

S
to

ch
a
st

ic
In

cr
em

en
ta

l
M

et
h
o
d
s

F
ig
ur
e
6:

O
ve
rl
ap

.
O
ve
rl
ap

as
a
fu
nc
ti
on

of
th
e
nu

m
be

r
of

co
re
s
fo
r
bo

th
A

sa
g
a

an
d

H
o
g
w

il
d
on

al
lt

hr
ee

da
ta

se
ts
.

to
up

da
te

ev
er
y
it
er
at
io
n
si
nc
e
it
w
ou

ld
m
ak
e
it
a
he
av
ily

co
nt
en
ti
ou

s
qu

an
ti
ty

su
sc
ep
ti
bl
e
of

ar
ti
fic

ia
lly

ch
an

gi
ng

th
e
as
yn

ch
ro
ny

pa
tt
er
n
of

ou
r
al
go

ri
th
m
.

T
he

re
su
lt
s
w
e
ob

se
rv
e
ar
e
or
de
r
of

m
ag
ni
tu
de

bi
gg
er

th
an

p
,i
nd

ic
at
in
g
th
at
τ
ca
n
in
de
ed

no
t
be

di
sm

is
se
d
as

a
m
er
e
pr
ox

y
fo
r
th
e
nu

m
be

r
of

co
re
s,

bu
t
ha

s
to

be
m
or
e
ca
re
fu
lly

an
al
yz
ed

.
F
ir
st
,w

e
pl
ot

th
e
m
ax

im
um

ob
se
rv
ed
τ
as

a
fu
nc
ti
on

of
th
e
nu

m
be

r
of

co
re
s
(s
ee

F
ig
ur
e
6)
.

W
e
ob

se
rv
e
th
at

th
e
re
la
ti
on

sh
ip

do
es

in
de
ed

se
em

to
be

ro
ug

hl
y
lin

ea
r
w
it
h
re
sp
ec
t
to

th
e

nu
m
be

r
of

co
re
s
un

ti
l3

0
co
re
s.

A
ft
er

30
co
re
s,

w
e
ob

se
rv
e
w
ha

t
m
ay

be
a
ph

as
e
tr
an

si
ti
on

w
he

re
th
e
sl
op

e
in
cr
ea
se
s
si
gn

ifi
ca
nt
ly
.

Se
co
nd

,w
e
m
ea
su
re
d
th
e
m
ax

im
um

ob
se
rv
ed

τ
as

a
fu
nc
ti
on

of
th
e
nu

m
be

r
of

ep
oc
hs
.

W
e
om

it
th
e
fig

ur
e
si
nc
e
w
e
di
d
no

t
ob

se
rv
e
an

y
de
pe

nd
en
cy
;
th
at

is
,
τ
do

es
no

t
se
em

to
de

pe
nd

on
th
e
nu

m
be

r
of

ep
oc
hs
.
W
e
kn

ow
th
at

it
m
us
t
de

pe
nd

on
th
e
nu

m
be

r
of

it
er
at
io
ns

(s
in
ce

it
ca
nn

ot
be

bi
gg
er
,
an

d
is

an
in
cr
ea
si
ng

fu
nc
ti
on

w
it
h
re
sp
ec
t
to

th
at

nu
m
be

r
fo
r

ex
am

pl
e)
,b

ut
it
ap

pe
ar
s
th
at

a
st
ab

le
va
lu
e
is

re
ac
he
d
qu

it
e
qu

ic
kl
y
(b
ef
or
e
on

e
fu
ll
ep

oc
h
is

do
ne

). If
w
e
al
lo
w
ed

th
e
co
m
pu

ta
ti
on

s
to

ru
n
fo
re
ve
r,

w
e
w
ou

ld
ev
en
tu
al
ly

ob
se
rv
e
an

ev
en
t

su
ch

th
at
τ
w
ou

ld
re
ac
h
th
e
up

pe
r
bo

un
d
m
en
ti
on

ed
in

Se
ct
io
n
6.
7.
1,

so
it

m
ay

be
th
at
τ
is

ac
tu
al
ly

a
ve
ry

sl
ow

ly
in
cr
ea
si
ng

fu
nc

ti
on

of
th
e
nu

m
be

r
of

it
er
at
io
ns
.

7.
C
on

cl
u
si
on

s
an

d
Fu

tu
re

W
or
k

B
ui
ld
in
g
on

th
e
re
ce
nt
ly

pr
op

os
ed

“p
er
tu
rb
ed

it
er
at
e”

fr
am

ew
or
k,

w
e
ha

ve
pr
op

os
ed

a
no

ve
l

pe
rs
pe

ct
iv
e
to

cl
ar
ify

an
im

po
rt
an

t
te
ch
ni
ca
li
ss
ue

pr
es
en
t
in

a
la
rg
e
fr
ac
ti
on

of
th
e
re
ce
nt

co
nv

er
ge
nc

e
ra
te

pr
oo

fs
fo
r
as
yn

ch
ro
no

us
pa

ra
lle

lo
pt
im

iz
at
io
n
al
go

ri
th
m
s.

To
re
so
lv
e
it
,w

e
ha

ve
in
tr
od

uc
ed

a
no

ve
l“
af
te
r
re
ad

”
fr
am

ew
or
k
an

d
de
m
on

st
ra
te
d
it
s
us
ef
ul
ne
ss

by
an

al
yz
in
g

th
re
e
as
yn

ch
ro
no

us
pa

ra
lle

li
nc
re
m
en
ta
lo

pt
im

iz
at
io
n
al
go
ri
th
m
s,

in
cl
ud

in
g

A
sa

g
a
,a

no
ve
l

sp
ar
se

an
d
fu
lly

as
yn

ch
ro
no

us
va
ri
an

t
of

th
e
in
cr
em

en
ta
lg

ra
di
en
t
al
go
ri
th
m

Sa
g
a
.
O
ur

pr
oo

f
te
ch
ni
qu

e
ac
co
m
m
od

at
es

m
or
e
re
al
is
ti
c
se
tt
in
gs

th
an

is
us
ua

lly
th
e
ca
se

in
th
e
lit
er
at
ur
e
(s
uc
h

as
in
co
ns
is
te
nt

re
ad

s
an

d
w
ri
te
s
an

d
an

un
bo

un
de

d
gr
ad

ie
nt
);
w
e
ob

ta
in

ti
gh

te
r
co
nd

it
io
ns
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L
eb

lo
n
d
,
P
ed

r
eg

o
sa

a
n
d

L
ac

o
st

e-
Ju

li
en

th
an

in
pr
ev
io
us

w
or
k.

In
pa

rt
ic
ul
ar
,
w
e
sh
ow

th
at

A
sa

g
a

is
lin

ea
rl
y
fa
st
er

th
an

S
a
g
a

un
de

r
m
ild

co
nd

it
io
ns
,a

nd
th
at

sp
ar
si
ty

is
no

t
al
w
ay
s
ne

ce
ss
ar
y
to

ge
t
lin

ea
r
sp
ee
du

ps
.
O
ur

em
pi
ri
ca
lb

en
ch
m
ar
ks

co
nfi

rm
sp
ee
du

ps
up

to
10

x.
Sc
hm

id
t
et

al
.
(2
01
6)

ha
ve

sh
ow

n
th
at

S
a
g
en
jo
ys

m
uc
h
im

pr
ov
ed

pe
rf
or
m
an

ce
w
he
n

co
m
bi
ne
d
w
it
h
no

n-
un

ifo
rm

sa
m
pl
in
g
an

d
lin

e-
se
ar
ch
.
W
e
ha

ve
al
so

no
ti
ce
d
th
at

ou
r

∆
r

co
ns
ta
nt

(b
ei
ng

es
se
nt
ia
lly

a
m
ax

im
um

)
so
m
et
im

es
fa
ils

to
ac
cu
ra
te
ly

re
pr
es
en
t
th
e
fu
ll

sp
ar
si
ty

di
st
ri
bu

ti
on

of
ou

r
da

ta
se
ts
.
F
in
al
ly
,w

hi
le

ou
r
al
go
ri
th
m

ca
n
be

di
re
ct
ly

po
rt
ed

to
a
di
st
ri
bu

te
d

m
as
te
r-
w
or
ke
r
ar
ch
it
ec
tu
re
,
it
s
co
m
m
un

ic
at
io
n

pa
tt
er
n

w
ou

ld
ha

ve
to

be
op

ti
m
iz
ed

to
av
oi
d
pr
oh

ib
it
iv
e
co
st
s.

L
im

it
in
g
co
m
m
un

ic
at
io
ns

ca
n
be

in
te
rp
re
te
d
as

ar
ti
fic

ia
lly

in
cr
ea
si
ng

th
e
de
la
y,

yi
el
di
ng

an
in
te
re
st
in
g
tr
ad

e-
off

be
tw

ee
n
de
la
y
in
flu

en
ce

an
d

co
m
m
un

ic
at
io
n
co
st
s.

T
he
se

co
ns
ti
tu
te

in
te
re
st
in
g
di
re
ct
io
ns

fo
r
fu
tu
re

an
al
ys
is
,a

s
w
el
la

s
a
fu
rt
he
r
ex
pl
or
at
io
n

of
th
e
τ
te
rm

,w
hi
ch

w
e
ha

ve
sh
ow

n
en
co
m
pa

ss
es

m
or
e
co
m
pl
ex
ity

th
an

pr
ev
io
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ly

th
ou

gh
t.

A
ck
n
ow

le
d
gm

en
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W
e
w
ou

ld
lik

e
to

th
an

k
X
in
gh

ao
P
an

fo
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ha
ri
ng

w
it
h
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th
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m
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en
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m
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n
o
n
,
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w
el
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s
A
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C
hi
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pa
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r
sp
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ti
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a
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po

in
th
e
pr
oo

f.
T
hi
s
w
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k
w
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pa
rt
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lly

su
pp
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d
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a
G
oo

gl
e
R
es
ea
rc
h
A
w
ar
d
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d
th
e
M
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-I
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ia

Jo
in
t
C
en
te
r.

F
P

ac
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es
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an
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su
pp

or
t
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th
e
ch
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re

É
co
no

m
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de
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no

uv
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s
do
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w
it
h
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da
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re
se
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w
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th
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fo
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A
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A
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Im
pro

v
ed

P
a
r
a
llel

O
ptim

izatio
n

A
n
a
ly

sis
fo

r
S
to

ch
a
stic

In
cr

em
en

ta
l

M
eth

o
d
s

A
ppen

dix
O
utlin

e:

•
In

A
ppendix

A
,w

e
adapt

the
proof

from
H
ofm

ann
et

al.(2015)
to

prove
T
heorem

2,
our

convergence
result

for
serialSparse

S
ag

a.

•
In

A
ppendix

B
,w

e
give

the
com

plete
details

for
the

proof
of

convergence
for

A
sa

g
a

(T
heorem

8)
as

w
ellas

its
linear

speedup
regim

es
(C

orollary
9).

•
In

A
ppendix

C
,w

e
give

the
fulldetails

for
the

proof
of

convergence
for

K
ro

m
ag

n
o
n

(T
heorem

15)
as

w
ell

as
a
sim

pler
convergence

result
for

both
S
v
rg

(C
orollary

16)
and

K
ro

m
ag

n
o
n
(C

orollary
17)

and
finally

the
latter’s

linear
speedup

regim
es

(C
orol-

lary
18)

•
In

A
ppendix

D
,
w
e
give

the
full

details
for

the
proof

of
convergence

for
H

o
g
w

ild
(T

heorem
22)

as
w
ellas

its
linear

speedup
regim

es
(C

orollary
23).

•
In

A
ppendix

E
,w

e
explain

w
hy

adapting
the

lagged
updates

im
plem

entation
of

Sag
a

to
the

asynchronous
setting

is
diffi

cult.

•
In

A
ppendix

F
,w

e
give

additionaldetails
about

the
data

sets
and

our
im

plem
entation.

A
p
p
en

d
ix

A
.
S
p
arse

S
a
g
a
–
P
roof

of
T
h
eorem

2

P
roof

sketch
for

H
ofm

an
n
et

al.
(2015).

A
s
w
e
w
illheavily

reuse
the

prooftechnique
from

H
ofm

ann
et

al.(2015),w
e
start

by
giving

its
sketch.

F
irst,the

authors
com

bine
classicalstrong

convexity
and

Lipschitz
inequalities

to
derive

the
follow

ing
inequality

(H
ofm

ann
et

al.,2015,Lem
m
a
1):

E‖
x

+−
x
∗‖

2≤
(1−

γ
µ

)‖
x−

x
∗‖

2
+

2
γ

2E‖α
i −

f
′i (x
∗)‖

2
+

(4
γ

2L
−

2γ
) (f

(x
)−

f
(x
∗) ).

(53)

T
his

gives
a
contraction

term
,
as

w
ell

as
tw

o
additional

term
s;

2
γ

2E‖α
i −

f
′i (x
∗)‖

2
is

a
positive

variance
term

,
but

(4
γ

2L
−

2
γ

) (f
(x

)−
f

(x
∗) )

is
a
negative

suboptim
ality

term
(provided

γ
is
sm

allenough).
T
he

suboptim
ality

term
can

then
be

used
to

cancelthe
variance

one.Second,the
authors

use
a
classicalsm

oothness
upper

bound
to

controlthe
variance

term
and

relate
it

to
the

suboptim
ality.

H
ow

ever,since
the

α
i
are

partialgradients
com

puted
at

previous
tim

e
steps,the

upper
bounds

ofthe
variance

involve
suboptim

ality
at

previous
tim

e
steps,w

hich
are

not
directly

relatable
to

the
current

suboptim
ality.

T
hird,to

circum
vent

this
issue,a

Lyapunov
function

is
defined

to
encom

pass
both

current
and

past
term

s.
To

finish
the

proof,H
ofm

ann
et

al.(2015)
show

that
the

Lyapunov
function

is
a
contraction.

P
roof

outlin
e.

Fortunately,w
e
can

reuse
m
ost

of
the

proof
from

H
ofm

ann
et

al.(2015)
to

show
that

Sparse
S
a
g
a
converges

at
the

sam
e
rate

as
regular

S
a
g
a
.
In

fact,
once

w
e

establish
that

H
ofm

ann
et

al.(2015,Lem
m
a
1)

is
stillverified

w
e
are

done.
T
o
prove

this,
w
e
show

that
the

gradient
estim

ator
is

unbiased,
and

then
derive

close
variants

of
equations

(6)
and

(9)
in

their
paper,w

hich
w
e
rem

ind
the

reader
of

here:

E‖f
′i (x

)−
ᾱ
i ‖

2≤
2
E‖
f
′i (x

)−
f
′i (x
∗)‖

2+
2E‖

ᾱ
i −

f
′i (x
∗)‖

2
H
ofm

ann
et

al.(2015,E
q.

6)

E‖
ᾱ
i −

f
′i (x
∗)‖

2≤
E‖α

i −
f
′i (x
∗)‖

2
.

H
ofm

ann
et

al.(2015,E
q.

9)
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L
eblo

n
d
,
P
ed

r
eg

o
sa

a
n
d

L
aco

ste-Ju
lien

U
n
biased

gradien
t
estim

ator.
W
e
first

show
that

the
update

estim
ator

is
unbiased.

T
he

estim
ator

is
unbiased

if:

E
D
i ᾱ

=
E
α
i

=
1n

n
∑i=

1

α
i .

(54)

W
e
have:

E
D
i ᾱ

=
1n

n
∑i=

1

D
i ᾱ

=
1n

n
∑i=

1

P
S
i D
ᾱ

=
1n

n
∑i=

1 ∑v∈
S
i

[ᾱ
]v e

v

p
v

=
d
∑v
=

1 
∑i|v∈

S
i 1 

[ᾱ
]v e

v

n
p
v
,

w
here

e
v
is
the

vector
w
hose

only
nonzero

com
ponent

is
the

v
com

ponent
w
hich

is
equalto

1.
B
y
definition, ∑

i|v∈
S
i
1

=
n
p
v ,w

hich
gives

us
E
quation

(54).

D
erivin

g
H
ofm

an
n
et

al.
(2015,

E
quation

6).
W
e
define

ᾱ
i

:=
α
i −

D
i ᾱ

(contrary
to

H
ofm

ann
et

al.(2015)
w
here

the
authors

define
ᾱ
i

:=
α
i −

ᾱ
since

they
do

not
concern

them
selves

w
ith

sparsity).
U
sing

the
inequality

‖a
+
b‖

2≤
2‖
a‖

2
+

2‖
b‖

2,w
e
get:

E‖f
′i (x

)−
ᾱ
i ‖

2≤
2
E‖
f
′i (x

)−
f
′i (x
∗)‖

2
+

2
E‖
ᾱ
i −

f
′i (x
∗)‖

2,
(55)

w
hich

is
our

equivalent
to

H
ofm

ann
et

al.
(2015,

E
q.

6),
w
here

only
our

definition
of
ᾱ
i

differs.

D
erivin

g
H
ofm

an
n
et

al.
(2015,

E
quation

9).
W
e
w
antto

prove
H
ofm

ann
etal.(2015,

E
q.

9):

E‖
ᾱ
i −

f
′i (x
∗)‖

2≤
E‖α

i −
f
′i (x
∗)‖

2.
(56)

W
e
have:

E‖
ᾱ
i −

f
′i (x
∗)‖

2
=

E‖α
i −

f
′i (x
∗)‖

2−
2E〈α

i −
f
′i (x
∗),D

i ᾱ〉
+

E‖
D
i ᾱ‖

2.
(57)

Let
D
¬
i

:=
P
S
ci D

;w
e
then

have
the

orthogonaldecom
position

D
α

=
D
i α

+
D
¬
i α

w
ith

D
i α
⊥
D
¬
i α
,as

they
have

disjoint
support.

W
e
now

use
the

orthogonality
of
D
¬
i α

w
ith

any
vector

w
ith

support
in
S
i
to

sim
plify

the
expression

(57)
as

follow
s:

E〈α
i −

f
′i (x
∗),D

i ᾱ〉
=

E〈α
i −

f
′i (x
∗),D

i ᾱ
+
D
¬
i ᾱ〉

(α
i −

f
′i (x
∗)⊥

D
¬
i ᾱ

)

=
E〈α

i −
f
′i (x
∗),D

ᾱ〉
=
〈E (α

i −
f
′i (x
∗) ),D

ᾱ〉
=
〈E
α
i ,D

ᾱ〉
(f
′(x
∗)

=
0)

=
ᾱ
ᵀD

ᾱ
.

(58)

Sim
ilarly,

E‖D
i ᾱ‖

2
=

E〈D
i ᾱ
,D

i ᾱ〉
=

E〈D
i ᾱ
,D
ᾱ〉

(D
i ᾱ
⊥
D
¬
i ᾱ
)

=
〈E
D
i ᾱ
,D
ᾱ〉

=
ᾱ
ᵀD

ᾱ
.

(59)
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Im
pr

o
v
ed

P
a
r
a
ll

el
O

pt
im

iz
at

io
n

A
n
a
ly

si
s

fo
r

S
to

ch
a
st

ic
In

cr
em

en
ta

l
M

et
h
o
d
s

P
ut
ti
ng

it
al
lt
og

et
he

r,

E
‖ᾱ

i
−
f
′ i(
x
∗ )
‖2

=
E
‖α

i
−
f
′ i(
x
∗ )
‖2
−
ᾱ
ᵀ D

ᾱ
≤

E
‖α

i
−
f
′ i(
x
∗ )
‖2
.

(6
0)

T
hi
s
is

ou
r
ve
rs
io
n

of
H
of
m
an

n
et

al
.
(2
01
5,

E
qu

at
io
n

9)
,
w
hi
ch

fin
is
he
s
th
e
pr
oo

f
of

H
of
m
an

n
et

al
.(
20
15

,L
em

m
a
1)
.
T
he

re
st

of
th
e
pr
oo

f
fr
om

H
of
m
an

n
et

al
.(
20

15
)
ca
n

th
en

be
re
us
ed

w
it
ho

ut
m
od

ifi
ca
ti
on

to
ob

ta
in

T
he

or
em

2.

A
p
p
en

d
ix

B
.
A

sa
g
a
–
P
ro
of

of
T
h
eo
re
m

8
an

d
C
or
ol
la
ry

9

B
.1
.
In
it
ia
l
R
ec
u
rs
iv
e
In
eq
u
al
it
y
D
er
iv
at
io
n

W
e
st
ar
t
by

pr
ov
in
g
E
qu

at
io
n
(1
5)
.
Le

t
g t

:=
g
(x̂
t,
α̂
t ,
i t

).
Fr
om

(1
0)
,w

e
ge
t:

‖x
t+

1
−
x
∗ ‖

2
=
‖x

t
−
γ
g t
−
x
∗ ‖

2
=
‖x

t
−
x
∗ ‖

2
+
γ

2
‖g
t‖

2
−

2γ
〈x
t
−
x
∗ ,
g t
〉

=
‖x

t
−
x
∗ ‖

2
+
γ

2
‖g
t‖

2
−

2γ
〈x̂
t
−
x
∗ ,
g t
〉+

2
γ
〈x̂
t
−
x
t,
g t
〉.

In
or
de
r
to

pr
ov
e
E
qu

at
io
n
(1
5)
,w

e
ne
ed

to
bo

un
d
th
e
−

2γ
〈x̂
t
−
x
∗ ,
g t
〉t

er
m
.
T
ha

nk
s
to

P
ro
pe

rt
y
3,

w
e
ca
n
w
ri
te
:

E〈
x̂
t
−
x
∗ ,
g t
〉=

E〈
x̂
t
−
x
∗ ,

E
g t
〉=

E〈
x̂
t
−
x
∗ ,
f
′ (
x̂
t)
〉.

W
e
ca
n
no

w
us
e
a
cl
as
si
ca
ls
tr
on

g
co
nv

ex
ity

bo
un

d
as

w
el
la

s
a
sq
ua

re
d
tr
ia
ng

le
in
eq
ua

lit
y

to
ge
t: −
〈x̂
t
−
x
∗ ,
f
′ (
x̂
t)
〉≤
−
( f

(x̂
t)
−
f

(x
∗ )
) −

µ 2
‖x̂

t
−
x
∗ ‖

2
(S
tr
on

g
co
nv

ex
it
y
bo

un
d)

−
‖x̂

t
−
x
∗ ‖

2
≤
‖x̂

t
−
x
t‖

2
−

1 2
‖x

t
−
x
∗ ‖

2
(‖
a

+
b‖

2
≤

2
‖a
‖2

+
2
‖b
‖2
)

−
2γ

E〈
x̂
t
−
x
∗ ,
g t
〉≤
−
γ
µ 2
E‖
x
t
−
x
∗ ‖

2
+
γ
µ
E‖
x̂
t
−
x
t‖

2
−

2
γ
( E
f

(x̂
t)
−
f

(x
∗ )
) .

(6
1)

P
ut
ti
ng

it
al
lt

og
et
he

r,
w
e
ge
t
th
e
in
it
ia
lr

ec
ur
si
ve

in
eq
ua

lit
y
(1
5)
,r

ew
ri
tt
en

he
re

ex
pl
ic
it
ly
:

a
t+

1
≤

(1
−
γ
µ 2

)a
t
+
γ

2
E‖
g t
‖2

+
γ
µ
E‖
x̂
t
−
x
t‖

2
+

2
γ
E〈
x̂
t
−
x
t,
g t
〉−

2
γ
e t
,

(6
2)

w
he

re
a
t

:=
E‖
x
t
−
x
∗ ‖

2
an

d
e t

:=
Ef

(x̂
t)
−
f

(x
∗ )
.

B
.2
.
P
ro
of

of
L
em

m
a
10

(i
n
eq
u
al
it
y
in

te
rm

s
of
g t

:=
g
(x̂
t,
α̂
t ,
i t

))

T
o
pr
ov
e
L
em

m
a
10
,
w
e
no

w
bo

un
d
bo

th
E‖
x̂
t
−
x
t‖

2
an

d
E〈
x̂
t
−
x
t,
g t
〉
w
it
h
re
sp
ec
t
to

(E
‖g
u
‖2

) u
≤
t.
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L
eb

lo
n
d
,
P
ed

r
eg

o
sa

a
n
d

L
ac

o
st

e-
Ju

li
en

B
ou

n
di
n
g
E〈
x̂
t
−
x
t,
g t
〉
in

te
rm

s
of

g u
.

1 γ
E〈
x̂
t
−
x
t,
g t
〉=

t−
1

∑

u
=

(t
−
τ
) +

E〈
G
t u
g u
,g
t〉

(b
y
E
qu

at
io
n
(1
1)
)

≤
t−

1
∑

u
=

(t
−
τ
) +

E|
〈g
u
,g
t〉|

(G
t u
di
ag

on
al

m
at
ri
ce
s
w
it
h
te
rm

s
in
{0
,1
})

≤
t−

1
∑

u
=

(t
−
τ
) +

√
∆ 2

(E
‖g
u
‖2

+
E‖
g t
‖2

)
(b
y
P
ro
po

si
ti
on

11
)

≤
√

∆ 2

t−
1

∑

u
=

(t
−
τ
) +

E‖
g u
‖2

+

√
∆
τ

2
E‖
g t
‖2
.

(6
3)

B
ou

n
di
n
g
E‖
x̂
t
−
x
t‖

2
w
it
h
re
sp
ec
t
to

g u
T
ha

nk
s
to

th
e
ex
pa

ns
io
n
fo
r
x̂
t
−
x
t
(1
1)
,w

e
ge
t:

‖x̂
t
−
x
t‖

2
≤
γ

2
t−

1
∑

u
,v

=
(t
−
τ
) +

|〈G
t u
g u
,G

t v
g v
〉|
≤
γ

2
t−

1
∑

u
=

(t
−
τ
) +

‖g
u
‖2

+
γ

2
t−

1
∑

u
,v

=
(t
−
τ
) +

u
6=
v

|〈G
t u
g u
,G

t v
g v
〉|
.

U
si
ng

(1
8)

fr
om

P
ro
po

si
ti
on

11
,w

e
ha

ve
th
at

fo
r
u
6=
v
:

E|
〈G

t u
g u
,G

t v
g v
〉|
≤

E|
〈g
u
,g
v
〉|
≤
√

∆ 2
(E
‖g
u
‖2

+
E‖
g v
‖2

)
.

(6
4)

B
y
ta
ki
ng

th
e
ex
pe

ct
at
io
n
an

d
us
in
g
(6
4)
,w

e
ge
t:

E‖
x̂
t
−
x
t‖

2
≤
γ

2
t−

1
∑

u
=

(t
−
τ
) +

E‖
g u
‖2

+
γ

2
√

∆
(τ
−

1)
+

t−
1

∑

u
=

(t
−
τ
) +

E‖
g u
‖2

=
γ

2
( 1

+
√

∆
(τ
−

1)
+

)
t−

1
∑

u
=

(t
−
τ
) +

E‖
g u
‖2

≤
γ

2
( 1

+
√

∆
τ
)

t−
1

∑

u
=

(t
−
τ
) +

E‖
g u
‖2
.

(6
5)

W
e
ca
n
no

w
re
w
ri
te

(1
5)

in
te
rm

s
of

E‖
g t
‖2
,
w
hi
ch

fin
is
he
s
th
e
pr
oo

f
fo
r
L
em

m
a
10

(b
y

in
tr
od

uc
in
g
C

1
an

d
C

2
as

sp
ec
ifi
ed

by
17

in
Le

m
m
a
10

):

a
t+

1
≤

(1
−
γ
µ 2

)a
t
−

2
γ
e t

+
γ

2
E‖
g t
‖2

+
γ

3
µ

(1
+
√

∆
τ
)

t−
1

∑

u
=

(t
−
τ
) +

E‖
g u
‖2

+
γ

2
√

∆
t−

1
∑

u
=

(t
−
τ
) +

E‖
g u
‖2

+
γ

2
√

∆
τ
E‖
g t
‖2

≤
(1
−
γ
µ 2

)a
t
−

2
γ
e t

+
γ

2
C

1
E‖
g t
‖2

+
γ

2
C

2

t−
1

∑

u
=

(t
−
τ
) +

E‖
g u
‖2
.

(6
6)
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Im
pro

v
ed

P
a
r
a
llel

O
ptim

izatio
n

A
n
a
ly

sis
fo

r
S
to

ch
a
stic

In
cr

em
en

ta
l

M
eth

o
d
s

B
.3.

P
roof

of
L
em

m
a
13

(su
b
op

tim
ality

b
ou

n
d
on

E‖
g
t ‖

2)

W
e
now

derive
our

bound
on

g
t
w
ith

respect
to

suboptim
ality.

From
A
ppendix

A
,w

e
know

that:

E‖
g
t ‖

2≤
2E‖f

′it (x̂
t )−

f
′it (x
∗)‖

2
+

2E‖
α̂
tit −

f
′it (x
∗)‖

2
(67)

E‖f
′it (x̂

t )−
f
′it (x
∗)‖

2≤
2
L (E

f
(x̂
t )−

f
(x
∗) )

=
2L
e
t .

(68)

N
.
B
.:

In
th
e
follow

in
g,

it
is

a
ran

d
om

variab
le

p
icked

u
n
iform

ly
at

ran
d
om

in
{1
,...,n},

w
h
ereas

i
is

a
fi
xed

con
stant.

W
e
still

have
to

handle
the

E‖
α̂
tit −

f
′it (x
∗)‖

2
term

and
express

it
in

term
s
of

past
suboptim

alities.
W
e
know

from
our

definition
of
t
that

it
and

x̂
u
are

independent∀
u
<
t.

G
iven

the
“after

read”
globalordering,

E
–
the

expectation
on

it
conditioned

on
x̂
t
and

all
“past"

x̂
u
and

iu
–
is

w
elldefined,and

w
e
can

rew
rite

our
quantity

as:

E‖α̂
tit −

f
′it (x
∗)‖

2
=

E (E‖
α̂
tit −

f
′it (x
∗)‖

2 )
=

E
1n

n
∑i=

1 ‖α̂
ti −

f
′i (x
∗)‖

2

=
1n

n
∑i=

1 E‖α̂
ti −

f
′i (x
∗)‖

2.

N
ow

,w
ith

i
fixed,let

u
ti,l be

the
tim

e
of

the
iterate

last
used

to
w
rite

the
[α̂
ti ]l quantity,

i.e.
[α̂
ti ]l

=
[f
′i (x̂

u
ti,l )]l .

W
e
know

26
that

0
≤
u
ti,l ≤

t−
1.

T
o
use

this
inform

ation,
w
e
first

need
to

split
α̂
i
along

its
dim

ensions
to

handle
the

possible
inconsistencies

am
ong

them
:

E‖
α̂
ti −

f
′i (x
∗)‖

2
=

E
d
∑l=

1 ([α̂
ti ]l −

[f
′i (x
∗)]l )

2
=

d
∑l=

1 E [([α̂
ti ]l −

[f
′i (x
∗)]l )

2 ].

T
his

gives
us:

E‖α̂
ti −

f
′i (x
∗)‖

2
=

d
∑l=

1 E [(f
′i (x̂

u
ti,l )

l −
f
′i (x
∗)
l )

2 ]

=
d
∑l=

1 E [
t−

1
∑u

=
0

1
{
u
ti,l =

u} (f
′i (x̂

u )
l −

f
′i (x
∗)
l )

2 ]

=
t−

1
∑u

=
0

d
∑l=

1 E [
1
{
u
ti,l =

u} (f
′i (x̂

u )
l −

f
′i (x
∗)
l )

2 ].
(69)

W
e
w
illnow

rew
rite

the
indicator

so
as

to
obtain

independent
events

from
the

rest
ofthe

equality.
T
his

w
illenable

us
to

distribute
the

expectation.
Suppose

u
>

0
(u

=
0
is

a
special

case
w
hich

w
e
w
illhandle

afterw
ards).{

u
ti,l

=
u}

requires
tw

o
things:

26.
In

the
case

w
here

u
=

0,
one

w
ould

have
to

replace
the

partial
gradient

w
ith

α
0i .

W
e
om

it
this

special
case

here
for

clarity
of

exposition.
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L
eblo

n
d
,
P
ed

r
eg

o
sa

a
n
d

L
aco

ste-Ju
lien

1.
at

tim
e
u,
i
w
as

picked
uniform

ly
at

random
,

2.
(roughly)

i
w
as

not
picked

again
betw

een
u
and

t.

W
e
need

to
refine

both
conditions

because
w
e
have

to
account

for
possible

collisions
due

to
asynchrony.

W
e
know

from
our

definition
of
τ
that

the
t th

iteration
finishes

before
at
t+

τ
+

1,
but

it
m
ay

stillbe
unfinished

by
tim

e
t

+
τ.

T
his

m
eans

that
w
e
can

only
be

sure
that

an
update

selecting
i
at

tim
e
v
has

been
w
ritten

to
m
em

ory
at

tim
e
t
if
v
≤
t−

τ
−

1.
L
ater

updates
m
ay

not
have

been
w
ritten

yet
at

tim
e
t.

Sim
ilarly,updates

before
v

=
u

+
τ

+
1

m
ay

be
overw

ritten
by

the
u

th
update

so
w
e
cannot

infer
that

they
did

not
select

i.
From

this
discussion,w

e
conclude

that
u
ti,l

=
u
im

plies
that

iv 6=
i
for

all
v
betw

een
u

+
τ

+
1
and

t−
τ−

1,though
it
can

stillhappen
that

iv
=
i
for

v
outside

this
range.

U
sing

the
fact

that
iu

and
iv

are
independent

for
v
6=
u,w

e
can

thus
upper

bound
the

indicator
function

appearing
in

(69)
as

follow
s:

1
{
u
ti,l =

u} ≤
1
{
iu

=
i}
1
{
iv 6=

i
∀
v

s.t.
u

+
τ
+

1≤
v≤
t−
τ−

1} .
(70)

T
his

gives
us:

E [
1
{
u
ti,l =

u} (f
′i (x̂

u )
l −

f
′i (x
∗)
l )

2 ]

≤
E [
1
{
iu

=
i}
1
{
iv 6=

i
∀
v

s.t.
u

+
τ
+

1≤
v≤
t−
τ−

1} (f
′i (x̂

u )
l −

f
′i (x
∗)
l )

2 ]

≤
P
{iu

=
i}
P
{iv 6=

i∀
v
s.t.

u
+
τ

+
1
≤
v
≤
t−

τ−
1}E (f

′i (x̂
u )
l −

f
′i (x
∗)
l )

2

(iv ⊥⊥
x̂
u ,∀

v
≥
u)

≤
1n

(1−
1n

)
(t−

2
τ−

u−
1
)
+E (f

′i (x̂
u )
l −

f
′i (x
∗)
l )

2.
(71)

N
ote

that
the

third
line

used
the

crucialindependence
assum

ption
iv ⊥⊥

x̂
u ,∀

v
≥
u
arising

from
our

“A
fter

R
ead”

ordering.
Sum

m
ing

over
alldim

ensions
l,w

e
then

get:

E [
1
{
u
ti,l =

u} ‖
f
′i (x̂

u )−
f
′i (x
∗)‖

2 ]≤
1n

(1−
1n

)
(t−

2
τ−

u−
1
)
+E‖f

′i (x̂
u )−

f
′i (x
∗)‖

2.
(72)

So
now

:

E‖
α̂
tit −

f
′it (x
∗)‖

2−
λ
ẽ

0 ≤
1n

n
∑i=

1

t−
1

∑u
=

1

1n
(1−

1n
)
(t−

2
τ−

u−
1
)
+E‖f

′i (x̂
u )−

f
′i (x
∗)‖

2

=
t−

1
∑u

=
1

1n
(1−

1n
)
(t−

2
τ−

u−
1
)
+

1n

n
∑i=

1 E‖f
′i (x̂

u )−
f
′i (x
∗)‖

2

=
t−

1
∑u

=
1

1n
(1−

1n
)
(t−

2
τ−

u−
1
)
+E (

E‖
f
′iu (x̂

u )−
f
′iu (x

∗)‖
2 )

(iu ⊥⊥
x̂
u )

≤
2Ln

t−
1

∑u
=

1 (1−
1n

)
(t−

2
τ−

u−
1
)
+
e
u

(by
E
quation

68)

=
2Ln

(t−
2
τ−

1
)
+

∑u
=

1

(1−
1n

)
t−

2
τ−

u−
1e
u

+
2
Ln

t−
1

∑

u
=

m
a
x
(1
,t−

2
τ
) e
u
.

(73)
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=
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E‖
α

0 i
−
f
′ i(
x
∗ )
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x
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.
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d
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at
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P
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=
u
}(
f
′ i(
x̂
u
)
−
f
′ i(
x
∗ )
) ‖

2
≤

E[
1
{B̃

u
=

1
}1
{B

v
=

0
∀v

s.
t.
u

+
1
≤
v
≤
t−
τ
−

1
}‖
f
′ i(
x̂
u
)
−
f
′ i(
x
∗ )
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−
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.
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1

∑

u
=

(t
−
τ
) +

(e
u

+
(1
−

1 n
)(u
−
τ
) +
ẽ 0
) +

4L
γ

2
C

2

n

t−
1

∑

u
=

(t
−
τ
) +

H
u
,

(7
9)

w
hi
ch

is
th
e
m
as
te
r
in
eq
ua

lit
y
(2
7)
.
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Im
pro

v
ed

P
a
r
a
llel

O
ptim

izatio
n

A
n
a
ly

sis
fo

r
S
to

ch
a
stic

In
cr

em
en

ta
l

M
eth

o
d
s

B
.6.

L
yap

u
n
ov

Fu
n
ction

an
d
A
ssociated

R
ecu

rsive
In
equ

ality

W
e
defineL

t
:=
∑

tu
=

0 (1−
ρ
)
t−
ua

u
for

som
e
target

contraction
rate

ρ
<

1
to

be
defined

later.
W
e
have:

L
t+

1
=

(1−
ρ
)
t+

1a
0

+
t+

1
∑u

=
1 (1−

ρ
)
t+

1−
ua

u
=

(1−
ρ
)
t+

1a
0

+
t
∑u

=
0 (1−

ρ
)
t−
ua

u
+

1
.

(80)

W
e
now

use
our

new
bound

on
a
t+

1 ,(79):

L
t+

1 ≤
(1−

ρ
)
t+

1a
0

+
t
∑u

=
0 (1−

ρ
)
t−
u [(1−

γ
µ2

)a
u −

2
γ
e
u

+
4
L
γ

2C
1 (e

u
+

(1−
1n

)
(u−

τ
)
+
ẽ

0 )

+
4
L
γ

2C
1

n
H
u

+
4
L
γ

2C
2

n

u−
1

∑

v
=

(u−
τ
)
+

H
v

+
4
L
γ

2C
2

u−
1

∑

v
=

(u−
τ
)
+

(e
v

+
(1−

1n
)
(v−

τ
)
+
ẽ

0 ) ]

≤
(1−

ρ
)
t+

1a
0

+
(1−

γ
µ2

)L
t

+
t
∑u

=
0 (1−

ρ
)
t−
u [−

2γ
e
u

+
4
L
γ

2C
1 (e

u
+

(1−
1n

)
(u−

τ
)
+
ẽ

0 )

+
4L
γ

2C
1

n
H
u

+
4L
γ

2C
2

n

u−
1

∑

v
=

(u−
τ
)
+

H
v

+
4
L
γ

2C
2

u−
1

∑

v
=

(u−
τ
)
+

(e
v

+
(1−

1n
)
(v−

τ
)
+
ẽ

0 ) ].
(81)

W
e
can

now
rearrange

the
sum

s
to

expose
a
sim

ple
sum

of
e
u
m
ultiplied

by
factors

r
tu :

L
t+

1 ≤
(1−

ρ
)
t+

1a
0

+
(1−

γ
µ2

)L
t
+

t
∑u

=
1

r
tu e
u

+
r
t0 ẽ

0
.

(82)

B
.7.

P
roof

of
L
em

m
a
14

(su
ffi
cient

con
d
ition

for
convergen

ce
for

A
sa

g
a
)

W
e
w
ant

to
m
ake

explicit
w
hat

conditions
on

ρ
and

γ
are

necessary
to

ensure
that

r
tu
is

negative
for

all
u
≥

1.
Since

each
e
u
is

positive,w
e
w
illthen

be
able

to
safely

drop
the

sum
term

from
the

inequality.
T
he

r
t0
term

is
a
bit

trickier
and

is
handled

separately.
Indeed,

trying
to

enforce
that

r
t0
is

negative
results

in
a
significantly

w
orse

condition
on

γ
and

eventually
a
convergence

rate
sm

aller
by

a
factor

of
n
than

our
final

result.
Instead,

w
e

handle
this

term
directly

in
the

Lyapunov
function.

C
om

putation
of

r
tu .

Let’s
now

m
ake

the
m
ultiplying

factor
explicit.

W
e
assum

e
u
≥

1.
W
e
split

r
tu
into

five
parts

com
ing

from
(81):

•
r

1 ,the
part

com
ing

from
the−

2
γ
e
u
term

s;
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L
eblo

n
d
,
P
ed

r
eg

o
sa

a
n
d

L
aco

ste-Ju
lien

•
r

2 ,com
ing

from
4
L
γ

2C
1 e
u ;

•
r

3 ,com
ing

from
4
L
γ

2
C

1

n
H
u ;

•
r

4 ,com
ing

from
4
L
γ

2C
2 ∑

u−
1

v
=

(u−
τ
)
+
e
v ;

•
r

5 ,com
ing

from
4
L
γ

2
C

2

n

∑
u−

1
v
=

(u−
τ
)
+
H
v .

r
1
is

easy
to

derive.
E
ach

of
these

term
s
appears

only
in

one
inequality.

So
for

u
at

tim
e
t,

the
term

is:
r

1
=
−

2
γ

(1−
ρ
)
t−
u.

(83)
For

m
uch

the
sam

e
reasons,

r
2
is

also
easy

to
derive

and
is:

r
2

=
4L
γ

2C
1 (1−

ρ
)
t−
u.

(84)

r
3
is

a
bit

trickier,because
for

a
given

v
>

0
there

are
several

H
u
w
hich

contain
e
v .

T
he

key
insight

is
that

w
e
can

rew
rite

our
double

sum
in

the
follow

ing
m
anner:

t
∑u

=
0 (1−

ρ
)
t−
u
u−

1
∑v
=

1 (1−
1n

)
(u−

2
τ−

v−
1
)
+
e
v

=
t−

1
∑v
=

1

e
v

t
∑u
=
v
+

1 (1−
ρ
)
t−
u(1−

1n
)
(u−

2
τ−

v−
1
)
+

≤
t−

1
∑v
=

1

e
v [

m
in

(t,v
+

2
τ
)

∑u
=
v
+

1

(1−
ρ
)
t−
u

+
t
∑

u
=
v
+

2
τ
+

1 (1−
ρ
)
t−
u(1−

1n
)
u−

2
τ−

v−
1 ]

≤
t−

1
∑v
=

1

e
v [2τ

(1−
ρ
)
t−
v−

2
τ

+
(1−

ρ
)
t−
v−

2
τ−

1
t
∑

u
=
v
+

2
τ
+

1

q
u−

2
τ−

v−
1 ]

≤
t−

1
∑v
=

1 (1−
ρ
)
t−
ve
v (1−

ρ
) −

2
τ−

1 [2
τ

+
1

1−
q ],

(85)

w
here

w
e
have

defined:q
:=

1−
1/n

1−
ρ
,

w
ith

the
assum

ption
ρ
<

1n
.

(86)

N
ote

that
w
e
have

bounded
the

m
in

(t,v
+

2τ
)
term

by
v

+
2τ

in
the

first
sub-sum

,effectively
adding

m
ore

positive
term

s.
T
his

gives
us

that
at

tim
e
t,for

u:

r
3 ≤

4
L
γ

2C
1

n
(1−

ρ
)
t−
u(1−

ρ
) −

2
τ−

1 [2τ
+

1

1−
q ].

(87)

For
r

4
w
e
use

the
sam

e
trick:

t
∑u

=
0 (1−

ρ
)
t−
u

u−
1

∑

v
=

(u−
τ
)
+

e
v

=
t−

1
∑v
=

0

e
v

m
in

(t,v
+
τ
)

∑u
=
v
+

1

(1−
ρ
)
t−
u

≤
t−

1
∑v
=

0

e
v

v
+
τ

∑u
=
v
+

1 (1−
ρ
)
t−
u≤

t−
1

∑v
=

0

e
v τ

(1−
ρ
)
t−
v−
τ.

(88)
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Im
pr

o
v
ed

P
a
r
a
ll

el
O

pt
im

iz
at

io
n

A
n
a
ly

si
s

fo
r

S
to

ch
a
st

ic
In

cr
em

en
ta

l
M

et
h
o
d
s

T
hi
s
gi
ve
s
us

th
at

at
ti
m
e
t,
fo
r
u
:

r 4
≤

4
L
γ

2
C

2
(1
−
ρ
)t
−
u
τ
(1
−
ρ
)−
τ
.

(8
9)

F
in
al
ly

w
e
co
m
pu

te
r 5

w
hi
ch

is
th
e
m
os
t
co
m
pl
ic
at
ed

te
rm

.
In
de
ed
,t

o
fin

d
th
e
fa
ct
or

of
e w

fo
r
a
gi
ve
n
w
>

0,
on

e
ha

s
to

co
m
pu

te
a
tr
ip
le

su
m
,∑

t u
=

0
(1
−
ρ
)t
−
u
∑

u
−

1
v
=

(u
−
τ
) +
H
v
.
W
e

st
ar
t
by

co
m
pu

ti
ng

th
e
fa
ct
or

of
e w

in
th
e
in
ne

r
do

ub
le

su
m
,∑

u
−

1
v
=

(u
−
τ
) +
H
v
.

u
−

1
∑

v
=

(u
−
τ
) +

v
−

1
∑ w

=
1

(1
−

1 n
)(v
−

2
τ
−
w
−

1
) +
e w

=
u
−

2
∑ w

=
1

e w

u
−

1
∑

v
=

m
a
x
(w

+
1
,u
−
τ
)(1
−

1 n
)(v
−

2
τ
−
w
−

1
) +
.

(9
0)

N
ow

th
er
e
ar
e
at

m
os
t
τ
te
rm

s
fo
r
ea
ch
e w

.
If
w
≤
u
−

3τ
−

1,
th
en

th
e
ex
po

ne
nt

is
po

si
ti
ve

in
ev
er
y
te
rm

an
d
it
is

al
w
ay

s
bi
gg
er

th
an

u
−

3
τ
−

1
−
w
,w

hi
ch

m
ea
ns

w
e
ca
n
bo

un
d
th
e

su
m

by
τ
(1
−

1 n
)u
−

3
τ
−

1
−
w
.
O
th
er
w
is
e
w
e
ca
n
si
m
pl
y
bo

un
d
th
e
su
m

by
τ
.
W
e
ge
t:

u
−

1
∑

v
=

(u
−
τ
) +

H
v
≤

u
−

2
∑ w

=
1

[ 1
{u
−

3
τ
≤
w
≤
u
−

2
}τ

+
1
{w
≤
u
−

3
τ
−

1
}τ

(1
−

1 n
)u
−

3
τ
−

1
−
w
] e
w
.

(9
1)

T
hi
s
m
ea
ns

th
at

fo
r
w

at
ti
m
e
t:

r 5
≤

4L
γ

2
C

2

n

t ∑ u
=

0

(1
−
ρ
)t
−
u
[ 1
{u
−

3
τ
≤
w
≤
u
−

2
}τ

+
1
{w
≤
u
−

3
τ
−

1
}τ

(1
−

1 n
)u
−

3
τ
−

1
−
w
]

≤
4L
γ

2
C

2

n

[m
in

(t
,w

+
3
τ
)

∑

u
=
w

+
2

τ
(1
−
ρ
)t
−
u

+
t ∑

u
=
w

+
3
τ
+

1

τ
(1
−

1 n
)u
−

3
τ
−

1
−
w

(1
−
ρ
)t
−
u
]

≤
4L
γ

2
C

2

n
τ
[ (1
−
ρ
)t
−
w

(1
−
ρ
)−

3
τ
3τ

+
(1
−
ρ
)t
−
w

(1
−
ρ
)−

1
−

3
τ

t ∑

u
=
w

+
3
τ
+

1

(1
−

1 n
)u
−

3
τ
−

1
−
w

(1
−
ρ
)−
u

+
3
τ
+

1
+
w
]

≤
4L
γ

2
C

2

n
τ
(1
−
ρ
)t
−
w

(1
−
ρ
)−

3
τ
−

1
( 3τ

+
1

(1
−
q)

) .
(9
2)

B
y
co
m
bi
ni
ng

th
e
fiv

e
te
rm

s
to
ge
th
er

(8
3,

84
,8

7,
89

an
d
92
),
w
e
ge
t
th
at
∀u

s.
t.

1
≤
u
≤
t:

rt u
≤

(1
−
ρ
)t
−
u
[ −

2
γ

+
4
L
γ

2
C

1
+

4
L
γ

2
C

1

n
(1
−
ρ
)−

2
τ
−

1
( 2
τ

+
1

1
−
q

)

+
4
L
γ

2
C

2
τ
(1
−
ρ
)−
τ

+
4
L
γ

2
C

2

n
τ
(1
−
ρ
)−

3
τ
−

1
( 3τ

+
1

1
−
q

)]
.

(9
3)

C
om

pu
ta
ti
on

of
rt 0
.

R
ec
al
l
th
at

w
e
tr
ea
t
th
e
ẽ 0

te
rm

se
pa

ra
te
ly

in
Se
ct
io
n
B
.3
.
T
he

in
it
ia
liz

at
io
n
of

S
ag

a
cr
ea
te
s
an

in
it
ia
ls

yn
ch
ro
ni
za
ti
on

,w
hi
ch

m
ea
ns

th
at

th
e
co
nt
ri
bu

ti
on

of
ẽ 0

in
ou

r
bo

un
d
on

E‖
g t
‖2

(7
5)

is
ro
ug

hl
y
n
ti
m
es

bi
gg
er

th
an

th
e
co
nt
ri
bu

ti
on

of
an

y
e u

fo
r

1
<
u
<
t.

29
In

or
de
r
to

sa
fe
ly

ha
nd

le
th
is

te
rm

in
ou

r
Ly

ap
un

ov
in
eq
ua

lit
y,

w
e
on

ly
ne
ed

to
pr
ov
e
th
at

it
is

bo
un

de
d
by

a
re
as
on

ab
le

co
ns
ta
nt
.
H
er
e
ag
ai
n,

w
e
sp
lit
rt 0

in
fiv

e
co
nt
ri
bu

ti
on

s
co
m
in
g
fr
om

(8
1)
:

29
.
T
hi
s
is

ex
pl
ai
ne

d
in

de
ta
ils

ri
gh

t
be

fo
re

(7
4)
.
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L
eb

lo
n
d
,
P
ed

r
eg

o
sa

a
n
d

L
ac

o
st

e-
Ju

li
en

•
r 1
,t
he

pa
rt

co
m
in
g
fr
om

th
e
−

2
γ
e u

te
rm

s;

•
r 2
,c

om
in
g
fr
om

4
L
γ

2
C

1
e u
;

•
r 3
,c

om
in
g
fr
om

4
L
γ

2
C

1
(1
−

1 n
)(u
−
τ
) +
ẽ 0
;

•
r 4
,c

om
in
g
fr
om

4
L
γ

2
C

2
∑

u
−

1
v
=

(u
−
τ
) +
e v
;

•
r 5
,c

om
in
g
fr
om

4
L
γ

2
C

2
∑

u
−

1
v
=

(u
−
τ
) +

(1
−

1 n
)(v
−
τ
) +
ẽ 0
.

N
ot
e
th
at

th
er
e
is

no
ẽ 0

in
H
t,
w
hi
ch

is
w
hy

w
e
ca
n
sa
fe
ly

ig
no

re
th
es
e
te
rm

s
he

re
.

W
e
ha

ve
r 1

=
−

2γ
(1
−
ρ
)t

an
d
r 2

=
4L
γ

2
C

1
(1
−
ρ
)t
.

Le
t
us

co
m
pu

te
r 3
.

t ∑ u
=

0

(1
−
ρ
)t
−
u
(1
−

1 n
)(u
−
τ
) +

=

m
in

(t
,τ

)
∑ u

=
0

(1
−
ρ
)t
−
u

+
t ∑

u
=
τ
+

1

(1
−
ρ
)t
−
u
(1
−

1 n
)u
−
τ

≤
(τ

+
1)

(1
−
ρ
)t
−
τ

+
(1
−
ρ
)t
−
τ

t ∑

u
=
τ
+

1

(1
−
ρ
)τ
−
u
(1
−

1 n
)u
−
τ

≤
(1
−
ρ
)t

(1
−
ρ
)−
τ
( τ

+
1

+
1

1
−
q

) .
(9
4)

T
hi
s
gi
ve
s
us
:

r 3
≤

(1
−
ρ
)t

4
L
γ

2
C

1
(1
−
ρ
)−
τ
( τ

+
1

+
1

1
−
q

) .
(9
5)

W
e
ha

ve
al
re
ad

y
co
m
pu

te
d
r 4

fo
r
u
>

0
an

d
th
e
co
m
pu

ta
ti
on

is
ex
ac
tl
y
th
e
sa
m
e
fo
r

u
=

0.
r 4
≤

(1
−
ρ
)t

4
L
γ

2
C

2
τ

1
−
ρ
.

F
in
al
ly

w
e
co
m
pu

te
r 5
.

t ∑ u
=

0

(1
−
ρ
)t
−
u

u
−

1
∑

v
=

(u
−
τ
) +

(1
−

1 n
)(v
−
τ
) +

=
t−

1
∑ v
=

1

m
in

(t
,v

+
τ
)

∑

u
=
v
+

1

(1
−
ρ
)t
−
u
(1
−

1 n
)(v
−
τ
) +

≤
m

in
(t
−

1
,τ

)
∑ v
=

1

v
+
τ

∑

u
=
v
+

1

(1
−
ρ
)t
−
u

+
t−

1
∑

v
=
τ
+

1

m
in

(t
,v

+
τ
)

∑

u
=
v
+

1

(1
−
ρ
)t
−
u
(1
−

1 n
)v
−
τ

≤
τ

2
(1
−
ρ
)t
−

2
τ

+
t−

1
∑

v
=
τ
+

1

(1
−

1 n
)v
−
τ
τ
(1
−
ρ
)t
−
v
−
τ

≤
τ

2
(1
−
ρ
)t
−

2
τ

+
τ
(1
−
ρ
)t

(1
−
ρ
)−

2
τ

t−
1

∑

v
=
τ
+

1

(1
−

1 n
)v
−
τ
τ
(1
−
ρ
)−
v
+
τ

≤
(1
−
ρ
)t

(1
−
ρ
)−

2
τ
( τ

2
+
τ

1

1
−
q

) .
(9
6)
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Im
pro

v
ed

P
a
r
a
llel

O
ptim

izatio
n

A
n
a
ly

sis
fo

r
S
to

ch
a
stic

In
cr

em
en

ta
l

M
eth

o
d
s

W
hich

m
eans:

r
5 ≤

(1−
ρ
)
t4
L
γ

2C
2 (1−

ρ
) −

2
τ (τ

2
+
τ

1

1−
q ).

(97)

P
utting

it
alltogether,w

e
get

that:∀
t≥

0,

r
t0 ≤

(1−
ρ
)
t [(
−

2
γ

+
4
L
γ

2C
1

+
4
L
γ

2C
2

τ

1−
ρ )

e
0

ẽ
0

+
4
L
γ

2C
1 (1−

ρ
) −
τ (τ

+
1

+
1

1−
q )

+
4
L
γ

2C
2 τ

(1−
ρ
) −

2
τ (τ

+
1

1−
q ) ].(98)

S
uffi

cien
t
con

dition
for

con
vergen

ce.
W
e
need

all
r
tu ,u
≥

1
to

be
negative

so
w
e
can

safely
drop

them
from

(82).
N
ote

that
for

every
u,this

is
the

sam
e
condition.

W
e
w
illreduce

that
condition

to
a
second-order

polynom
ialsign

condition.
W
e
also

rem
ark

that
since

γ
≥

0,
w
e
can

upper
bound

our
term

s
in
γ
and

γ
2
in

this
upcom

ing
polynom

ial,w
hich

w
illgive

us
suffi

cient
conditions

for
convergence.

N
ow

,
recall

that
C

2 (γ
)
(as

defined
in

(17))
depends

on
γ.

W
e
thus

need
to

expand
it

once
m
ore

to
find

our
conditions.

W
e
have:

C
1

=
1

+
√

∆
τ
;

C
2

=
√

∆
+
γ
µ
C

1
.

D
ividing

the
bracket

in
(93)

by
γ
and

rearranging
as

a
second

degree
polynom

ial,w
e
get

the
condition:

4L (
C

1
+
C

1

n
(1−

ρ
) −

2
τ−

1 [2
τ

+
1

1−
q ]

+
[
√

∆
τ

(1−
ρ
)
τ

+

√
∆
τ

n
(1−

ρ
) −

3
τ−

1(3τ
+

1

1−
q

) ] )
γ

+
8
µ
C

1 L
τ [(1−

ρ
) −
τ

+
1n

(1−
ρ
) −

3
τ−

1(3τ
+

1

1−
q

) ]γ
2

+
2
≤

0
.

(99)

T
he

discrim
inant

ofthis
polynom

ialis
alw

ays
positive,so

γ
needs

to
be

betw
een

its
tw

o
roots.

T
he

sm
allest

is
negative,

so
the

condition
is

not
relevant

to
our

case
(w

here
γ
>

0).
B
y

solving
analytically

for
the

positive
root

φ,w
e
get

an
upper

bound
condition

on
γ
that

can
be

used
for

any
overlap

τ
and

guarantee
convergence.

U
nfortunately,for

large
τ,the

upper
bound

becom
es

exponentially
sm

all
because

of
the

presence
of
τ
in

the
exponent

in
(99).

M
ore

specifically,by
using

the
bound

1/
(1−

ρ
)≤

ex
p

(2ρ
) 30

and
thus

(1−
ρ
) −
τ≤

ex
p

(2τ
ρ
)

in
(99),

w
e
w
ould

obtain
factors

of
the

form
ex

p
(τ
/n

)
in

the
denom

inator
for

the
root

φ
(recallthat

ρ
<

1
/n).

O
ur

Lem
m
a
14

is
derived

instead
under

the
assum

ption
that

τ
≤
O

(n
),w

ith
the

constants
chosen

in
order

to
m
ake

the
condition

(99)
m
ore

interpretable
and

to
relate

our
convergence

result
w
ith

the
standard

SA
G
A

convergence
(see

T
heorem

2).
A
s
explained

in
Section

6.7,
the

assum
ption

that
τ
≤
O

(n
)
appears

reasonable
in

practice.
F
irst,

by
using

B
ernoulli’s

inequality,w
e
have:

(1−
ρ
)
k
τ≥

1−
k
τ
ρ

for
integers

k
τ
≥

0
.

(100)

30.
T
his

bound
can

be
derived

from
the

inequality
(1−

x
/
2
)≥

ex
p
(−
x
)
w
hich

is
valid

for
0
≤
x
≤

1
.5
9.
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L
eblo

n
d
,
P
ed

r
eg

o
sa

a
n
d

L
aco

ste-Ju
lien

To
get

m
anageable

constants,w
e
m
ake

the
follow

ing
slightly

m
ore

restrictive
assum

ptions
on

the
target

rate
ρ
31

and
overlap

τ: 32

ρ
≤

14n
(101)

τ
≤

n10
.

(102)

W
e
then

have:

1

1−
q
≤

4
n3

(103)

1

1−
ρ
≤

43
(104)

k
τ
ρ
≤

340
for

1
≤
k
≤

3
(105)

(1−
ρ
) −
k
τ≤

1

1−
k
τ
ρ
≤

4037
for

1
≤
k
≤

3
and

by
using

(100).
(106)

W
e
can

now
upper

bound
loosely

the
three

term
s
in

brackets
appearing

in
(99)

as
follow

s:

(1−
ρ
) −

2
τ−

1 [2
τ

+
1

1−
q ]≤

3
n

(107)

√
∆
τ
(1−

ρ
) −
τ

+

√
∆
τ

n
(1−

ρ
) −

3
τ−

1(3τ
+

1

1−
q

)≤
4 √

∆
τ
≤

4
C

1
(108)

(1−
ρ
) −
τ

+
1n

(1−
ρ
) −

3
τ−

1(3τ
+

1

1−
q

)≤
4
.

(109)

B
y
plugging

(107)–(109)
into

(99),w
e
get

the
sim

pler
suffi

cient
condition

on
γ:

−
1

+
16
L
C

1 γ
+

16
L
C

1 µ
τ
γ

2≤
0
.

(110)

T
he

positive
root

φ
is:φ

=
16L

C
1 ( √

1
+

µ
τ

4
L
C

1 −
1)

32L
C

1 µ
τ

=

√
1

+
µ
τ

4
L
C

1 −
1

2
µ
τ

.
(111)

W
e
sim

plify
it
further

by
using

the
inequality: 33

√
x
−

1
≥
x
−

1

2 √
x

∀
x
>

0
.

(112)

U
sing

(112)
in

(111),and
recalling

that
κ

:=
L
/µ,w

e
get:

φ
≥

1

16L
C

1 √
1

+
τ

4
κ
C

1

.
(113)

31.
N
ote

that
w
e
already

expected
ρ
<

1
/
n.

32.
T
his

bound
on

τ
is

reasonable
in

practice,see
A
ppendix

6.7.
33.

T
his

inequality
can

be
derived

by
using

the
concavity

property
f
(y
)
≤
f
(x
)
+

(y
−
x
)f
′(x

)
on

the
differentiable

concave
function

f
(x
)
=
√
x
w
ith

y
=

1.
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Im
pr

o
v
ed

P
a
r
a
ll

el
O

pt
im

iz
at

io
n

A
n
a
ly

si
s

fo
r

S
to

ch
a
st

ic
In

cr
em

en
ta

l
M

et
h
o
d
s

Si
nc

e
τ C
1

=
τ

1
+
√

∆
τ
≤

m
in

(τ
,

1 √
∆

),
w
e
ge
t
th
at

a
su
ffi
ci
en
t
co
nd

it
io
n
on

ou
r
st
ep

si
ze

is
:

γ
≤

1

16
L

(1
+
√

∆
τ
)√

1
+

1 4
κ

m
in

(τ
,

1 √
∆

)
.

(1
14

)

Su
bj
ec
t
to

ou
r
co
nd

it
io
ns

on
γ
,ρ

an
d
τ
,w

e
th
en

ha
ve

th
at
:
rt u
≤

0
fo
r
al
lu

s.
t.

1
≤
u
≤
t.

T
hi
s
m
ea
ns

w
e
ca
n
re
w
ri
te

(8
2)

as
:

L t
+

1
≤

(1
−
ρ
)t

+
1
a

0
+

(1
−
γ
µ 2

)L
t
+
rt 0
ẽ 0
.

(1
15

)

N
ow

,w
e
co
ul
d
fin

is
h
th
e
pr
oo

ff
ro
m

th
is
in
eq
ua

lit
y,
bu

t
it
w
ou

ld
on

ly
gi
ve

us
a
co
nv

er
ge
nc
e

re
su
lt

in
te
rm

s
of
a
t

=
E‖
x
t
−
x
∗ ‖

2
.
A

be
tt
er

re
su
lt

w
ou

ld
be

in
te
rm

s
of

th
e
su
bo

pt
im

al
it
y

at
x̂
t
(b
ec
au

se
x̂
t
is

a
re
al

qu
an

ti
ty

in
th
e
al
go
ri
th
m

w
he

re
as
x
t
is

vi
rt
ua

l)
.
Fo

rt
un

at
el
y,

to
ge
t
su
ch

a
re
su
lt
,w

e
ca
n
ea
si
ly

ad
ap

t
(1
15

).
W
e
m
ak
e
e t

ap
pe

ar
on

th
e
le
ft

si
de

of
(1
15

),
by

ad
di
ng

γ
to
rt t

in
(8
2)
:3

4

γ
e t

+
L t

+
1
≤

(1
−
ρ
)t

+
1
a

0
+

(1
−
γ
µ 2

)L
t
+

t−
1

∑ u
=

1

rt u
e u

+
rt 0
ẽ 0

+
(r
t t
+
γ

)e
t.

(1
16

)

W
e
no

w
re
qu

ir
e
th
e
st
ro
ng

er
pr
op

er
ty

th
at
γ

+
rt t
≤

0,
w
hi
ch

tr
an

sl
at
es

to
re
pl
ac
in
g
−

2γ
w
it
h
−
γ
in

(9
3)
:

0
≥
[ −

γ
+

4
L
γ

2
C

1
+

4L
γ

2
C

1

n
(1
−
ρ
)−

2
τ
−

1
( 2
τ

+
1

1
−
q

)

+
4
L
γ

2
C

2
τ
(1
−
ρ
)−
τ

+
4
L
γ

2
C

2

n
τ
(1
−
ρ
)−

3
τ
( 3τ

+
1

1
−
q

)]
.

(1
17

)

W
e
ca
n
ea
si
ly

de
ri
ve

a
ne
w

st
ro
ng

er
co
nd

it
io
n
on

γ
un

de
r
w
hi
ch

w
e
ca
n
dr
op

al
l
th
e

e u
,u
>

0
te
rm

s
in

(1
16

): γ
≤
γ
∗

=
1

32
L

(1
+
√

∆
τ
)√

1
+

1 8
κ

m
in

(τ
,

1 √
∆

),
(1
18

)

an
d
th
us

un
de

r
w
hi
ch

w
e
ge
t:

γ
e t

+
L t

+
1
≤

(1
−
ρ
)t

+
1
a

0
+

(1
−
γ
µ 2

)L
t
+
rt 0
ẽ 0
.

(1
19

)

T
hi
s
fin

is
he

s
th
e
pr
oo

f
of

Le
m
m
a
14

.

34
.
W
e
co
ul
d
us
e
an

y
m
ul
ti
pl
ie
r
fr
om

0
to

2
γ
,
bu

t
ch
oo

se
γ
fo
r
si
m
pl
ic
it
y.

Fo
r
th
is

re
as
on

an
d
be

ca
us
e
ou

r
an

al
ys
is

of
th
e
rt t

te
rm

w
as

lo
os
e,

w
e
co
ul
d
de

ri
ve

a
ti
gh

te
r
bo

un
d,

bu
t
it
do

es
no

t
ch
an

ge
th
e
le
ad

in
g

te
rm

s.
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L
eb

lo
n
d
,
P
ed

r
eg

o
sa

a
n
d

L
ac

o
st

e-
Ju

li
en

B
.8
.
P
ro
of

of
T
h
eo
re
m

8
(c
on

ve
rg
en

ce
gu

ar
an

te
e
an

d
ra
te

of
A

sa
g
a
)

E
n
d
of

L
ya
pu

n
ov

co
n
ve
rg
en
ce
.

W
e
co
nt
in
ue

w
it
h
th
e
as
su
m
pt
io
ns

of
Le

m
m
a
14

w
hi
ch

ga
ve

us
(1
19

).
T
ha

nk
s
to

(9
8)
,w

e
ca
n
al
so

re
w
ri
te
rt 0
≤

(1
−
ρ
)t

+
1
A

w
he
re
A

is
a
co
ns
ta
nt

w
hi
ch

de
pe

nd
s
on

n
,∆

,γ
an

d
L

bu
t
is

fin
it
e
an

d
cr
uc
ia
lly

do
es

no
t
de
pe

nd
on

t.
In

fa
ct
,

by
re
us
in
g
si
m
ila

r
ar
gu

m
en
ts

as
in

B
.7
,
w
e
ca
n
sh
ow

th
e
lo
os
e
bo

un
d
A
≤
γ
n
un

de
r
th
e

as
su
m
pt
io
ns

of
Le

m
m
a
14

(i
nc
lu
di
ng

γ
≤
γ
∗ )
.3

5
W
e
th
en

ha
ve
:

L t
+

1
≤
γ
e t

+
L t

+
1
≤

(1
−
γ
µ 2

)L
t
+

(1
−
ρ
)t

+
1
(a

0
+
A
ẽ 0

)

≤
(1
−
γ
µ 2

)t
+

1
L 0

+
(a

0
+
A
ẽ 0

)
t+

1
∑ k

=
0

(1
−
ρ
)t

+
1
−
k
(1
−
γ
µ 2

)k
.

(1
20

)

W
e
ha

ve
tw

o
lin

ea
rl
y
co
nt
ra
ct
in
g
te
rm

s.
T
he

su
m

co
nt
ra
ct
s
lin

ea
rl
y
w
it
h
th
e
m
in
im

um
ge
-

om
et
ri
c
ra
te

fa
ct
or

be
tw

ee
n
γ
µ
/2

an
d
ρ
.
If
w
e
de
fin

e
m

:=
m

in
(ρ
,γ
µ
/
2)
,M

:=
m

a
x
(ρ
,γ
µ
/
2)

an
d
ρ
∗

:=
ν
m

w
it
h

0
<
ν
<

1,
36

w
e
th
en

ge
t:

37

γ
e t
≤
γ
e t

+
L t

+
1
≤

(1
−
γ
µ 2

)t
+

1
L 0

+
(a

0
+
A
ẽ 0

)
t+

1
∑ k

=
0

(1
−
m

)t
+

1
−
k
(1
−
M

)k

≤
(1
−
γ
µ 2

)t
+

1
L 0

+
(a

0
+
A
ẽ 0

)
t+

1
∑ k

=
0

(1
−
ρ
∗ )
t+

1
−
k
(1
−
M

)k

≤
(1
−
γ
µ 2

)t
+

1
L 0

+
(a

0
+
A
ẽ 0

)(
1
−
ρ
∗ )
t+

1
t+

1
∑ k

=
0

(1
−
ρ
∗ )
−
k
(1
−
M

)k

≤
(1
−
γ
µ 2

)t
+

1
L 0

+
(1
−
ρ
∗ )
t+

1
1

1
−
η

(a
0

+
A
ẽ 0

)

≤
(1
−
ρ
∗ )
t+

1
( a

0
+

1

1
−
η

(a
0

+
A
ẽ 0

))
,

(1
21

)

w
he

re
η

:=
1
−
M

1
−
ρ
∗
.
W
e
ha

ve
1

1
−
η

=
1
−
ρ
∗

M
−
ρ
∗
.

B
y
ta
ki
ng

ν
=

4 5
an

d
se
tt
in
g
ρ

=
1 4
n
–
it
s
m
ax

im
al

va
lu
e
al
lo
w
ed

by
th
e
as
su
m
pt
io
ns

of
Le

m
m
a
14

–
w
e
ge
t
M
≥

1 4
n
an

d
ρ
∗
≤

1 5
n
,w

hi
ch

m
ea
ns

1
1
−
η
≤

20
n
.
A
ll
to
ld
,u

si
ng

A
≤
γ
n
,

w
e
ge
t:

e t
≤

(1
−
ρ
∗ )
t+

1
C̃

0
,

(1
22
)

w
he

re
:

C̃
0

:=
21
n γ

( ‖
x

0
−
x
∗ ‖

2
+
γ
n 2L

E‖
α

0 i
−
f
′ i(
x
∗ )
‖2
) .

(1
23

)

Si
nc

e
w
e
se
t
ρ

=
1 4
n
,ν

=
4 5
,w

e
ha

ve
ν
ρ

=
1 5
n
.
U
si
ng

a
st
ep

si
ze
γ

=
a L
as

in
T
he

or
em

8,
w
e
ge
t
ν
γ
µ 2

=
2
a

5
κ
.
W
e
th
us

ob
ta
in

a
ge
om

et
ri
c
ra
te

of
ρ
∗

=
m

in
{

1 5
n
,a

2 5
κ
},

w
hi
ch

w
e
si
m
pl
ifi
ed

35
.
In

pa
rt
ic
ul
ar
,n

ot
e
th
at
e 0

do
es

no
t
ap

pe
ar

in
th
e
de

fin
it
io
n
of
A

be
ca
us
e
it
tu
rn
s
ou

t
th
at

th
e
pa

re
nt
he

si
s

gr
ou

p
m
ul
ti
pl
yi
ng

e 0
in

(9
8)

is
ne

ga
ti
ve
.
In
de

ed
,i
t
co
nt
ai
ns

le
ss

po
si
ti
ve

te
rm

s
th
an

(9
3)

w
hi
ch

w
e
sh
ow

ed
to

be
ne

ga
ti
ve

un
de

r
th
e
as
su
m
pt
io
ns

fr
om

L
em

m
a
14
.

36
.
ν
is

in
tr
od

uc
ed

to
ci
rc
um

ve
nt

th
e
pr
ob

le
m
at
ic

ca
se

w
he

re
ρ
an

d
γ
µ
/
2
ar
e
to
o
cl
os
e
to
ge
th
er
,w

hi
ch

do
es

no
t
pr
ev
en
t
th
e
ge
om

et
ri
c
co
nv

er
ge
nc
e,

bu
t
m
ak
es

th
e
co
ns
ta
nt

1
1
−
η
po

te
nt
ia
lly

ve
ry

bi
g
(i
n
th
e
ca
se

bo
th

te
rm

s
ar
e
eq
ua

l,
th
e
su
m

ev
en

be
co
m
es

an
an

no
yi
ng

lin
ea
r
te
rm

in
t)
.

37
.
N
ot
e
th
at

if
m
6=
ρ
,w

e
ca
n
pe

rf
or
m

th
e
in
de

x
ch
an

ge
t
+

1
−
k
→
k
to

ge
t
th
e
su
m
.
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Im
pro

v
ed

P
a
r
a
llel

O
ptim

izatio
n

A
n
a
ly

sis
fo

r
S
to

ch
a
stic

In
cr

em
en

ta
l

M
eth

o
d
s

to
15

m
in{

1n
,a

1κ }
in

T
heorem

8,finishing
the

proof.
W
e
also

observe
that

C̃
0 ≤

6
0
n
γ
C

0 ,w
ith

C
0
defined

in
T
heorem

2.

B
.9.

P
roof

of
C
orollary

9
(sp

eed
u
p
regim

es
for

A
sa

g
a
)

R
eferring

to
H
ofm

ann
et

al.
(2015)

and
our

ow
n
T
heorem

2,
the

geom
etric

rate
factor

of
S
a
g
a
is

15
m

in{
1n
,
aκ }

for
a
step

size
of
γ

=
a5
L
.
W
e
start

by
proving

the
first

part
of

the
corollary

w
hich

considers
the

step
size

γ
=

aL
w
ith

a
=
a ∗(τ

).
W
e
distinguish

betw
een

tw
o

regim
es

to
study

the
parallelspeedup

our
algorithm

obtains
and

to
derive

a
condition

on
τ

for
w
hich

w
e
have

a
linear

speedup.

W
ell-con

dition
ed

regim
e.

In
thisregim

e,
n
>
κ
and

the
geom

etric
rate

factorofsequential
Sag

a
is

15
n .

To
get

a
linear

speedup
(up

to
a
constant

factor),w
e
need

to
enforce

ρ ∗
=

Ω
(

1n
).

W
e
recallthat

ρ ∗
=

m
in{

15
n
,a

15
κ }.

W
e
already

have
15
n

=
Ω

(
1n
).

T
his

m
eans

that
w
e
need

τ
to

verify
a ∗

(τ
)

5
κ

=
Ω

(
1n
),w

here
a ∗(τ

)
=

1
3
2(

1
+
τ √

∆
)
ξ
(κ
,∆
,τ

)
according

to
T
heorem

8.
R
ecallthat

ξ(κ
,∆
,τ

)
:=
√

1
+

18
κ

m
in{

1
√

∆
,τ}.

U
p
to

a
constant

factor,this
m
eans

w
e
can

give
the

follow
ing

suffi
cient

condition:

1

κ (
1

+
τ √

∆
)
ξ(κ

,∆
,τ

)
=

Ω (
1n )

(124)

i.e.
(

1
+
τ √

∆
)
ξ(κ

,∆
,τ

)
=
O
(
nκ )

.
(125)

W
e
now

consider
tw

o
alternatives,depending

on
w
hether

κ
is

bigger
than

1
√

∆
or

not.
If

κ
≥

1
√

∆
,then

ξ(κ
,∆
,τ

)
<

2
and

w
e
can

rew
rite

the
suffi

cient
condition

(125)
as:

τ
=
O

(1)
n

κ √
∆
.

(126)

In
the

alternative
case,

κ
≤

1
√

∆
.
Since

a ∗(τ
)
is

decreasing
in
τ,w

e
can

suppose
τ
≥

1
√

∆

w
ithout

loss
of

generality
and

thus
ξ(κ

,∆
,τ

)
=
√

1
+

1
8
κ √

∆
.

W
e
can

then
rew

rite
the

suffi
cient

condition
(125)

as:

τ √
∆

√
κ

4 √
∆

=
O

( nκ
)

;

τ
=
O

(1
)

n
√
κ

4 √
∆
.

(127)

W
e
observe

that
since

w
e
have

supposed
that

κ
≤

1
√

∆
,
w
e
have

√
κ √

∆
≤
κ √

∆
≤

1,
w
hich

m
eans

that
our

initialassum
ption

that
τ
<

n1
0
is

stronger
than

condition
(127).

W
e
can

now
com

bine
both

cases
to

get
the

follow
ing

suffi
cient

condition
for

the
geom

etric
rate

factor
of

A
sag

a
to

be
the

sam
e
order

as
sequential

S
ag

a
w
hen

n
>
κ:

τ
=
O

(1)
n

κ √
∆

;
τ

=
O

(n
)
.

(128)
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L
eblo

n
d
,
P
ed

r
eg

o
sa

a
n
d

L
aco

ste-Ju
lien

Ill-con
dition

ed
regim

e.
In

this
regim

e,
κ
>
n
and

the
geom

etric
rate

factor
ofsequential

S
a
g
a
is
a

1κ .
H
ere,

to
obtain

a
linear

speedup,
w
e
need

ρ ∗
=
O

(
1κ
).

Since
1n
>

1κ ,
all

w
e

require
is
that

a ∗
(τ

)
κ

=
Ω

(
1κ
)
w
here

a ∗(τ
)

=
1

3
2(

1
+
τ √

∆
)
ξ
(κ
,∆
,τ

) ,w
hich

reduces
to
a ∗(τ

)
=

Ω
(1).

W
e
can

give
the

follow
ing

suffi
cient

condition:

1
(

1
+
τ √

∆
)
ξ(κ

,∆
,τ

)
=

Ω
(1)

(129)

U
sing

that
1n
≤

∆
≤

1
and

that
κ
>
n,

w
e
get

that
ξ(κ

,∆
,τ

)≤
2,

w
hich

m
eans

our
suffi

cient
condition

becom
es:

τ √
∆

=
O

(1)

τ
=
O

(1)
√

∆
.

(130)

T
his

finishes
the

proof
for

the
first

part
of

C
orollary

9.

U
n
iversal

step
size.

If
τ

=
O

(
1
√

∆
),then

ξ(κ
,∆
,τ

)
=
O

(1)
and

(1
+
τ √

∆
)

=
O

(1),and
thus

a ∗(τ
)

=
Ω

(1
)
(for

any
n
and

κ).
T
his

m
eans

that
the

universalstep
size

γ
=

Θ
(1
/L

)
satisfies

γ
≤
a ∗(τ

)
for

any
κ,giving

the
sam

e
rate

factor
Ω

(m
in{

1n
,

1κ })
that

sequentialSag
a

has,com
pleting

the
proof

for
the

second
part

of
C
orollary

9.

A
p
p
en

d
ix

C
.
K

r
o
m

a
g
n
o
n
–
P
roof

of
T
h
eorem

15
an

d
C
orollary

18

C
.1.

P
roof

of
L
em

m
a
19

(su
b
op

tim
ality

b
ou

n
d
on

E‖g
t ‖

2)

M
ania

et
al.(2017,Lem

m
a
9),tells

us
that

for
serialsparse

Sv
rg

w
e
have

for
all

k
m
≤
t≤

(k
+

1)m
−

1:

E‖
g
t ‖

2≤
2E‖f

′it (x̂
t )−

f
′it (x
∗)‖

2
+

2E‖
f
′it (x̂

k )−
f
′it (x
∗)‖

2.
(131)

T
his

rem
ains

true
in

the
case

of
K

ro
m

ag
n
o
n.

W
e
can

use
H
ofm

ann
et

al.(2015,E
quations

7
and

8)
to

bound
both

term
s
in

the
follow

ing
m
anner:

E‖
g
t ‖

2≤
4
L

(E
f

(x̂
t )−

f
(x
∗))

+
4
L

(E
f

(x̃
k )−

f
(x
∗))≤

4
L
e
t
+

4
L
ẽ
k
.

(132)

C
.2.

P
roof

of
T
h
eorem

15
(convergen

ce
gu

arantee
an

d
rate

of
K

r
o
m

a
g
n
o
n
)

M
aster

in
equality

derivation
.

A
sin

our
A

sag
a
analysis,w

e
plug

Lem
m
a
19

in
Lem

m
a
10,

w
hich

gives
us

that
for

all
k
≥

0
,k
m
≤
t≤

(k
+

1)m
−

1:

a
t+

1 ≤
(1−

γ
µ2

)a
t
+
γ

2C
1 (4L

e
t
+

4
L
ẽ
k )

+
γ

2C
2

t−
1

∑

u
=

m
a
x
(k
m
,t−

τ
) (4L

e
t
+

4
L
ẽ
k )−

2
γ
e
t .

(133)
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Im
pr

o
v
ed

P
a
r
a
ll

el
O

pt
im

iz
at

io
n

A
n
a
ly

si
s

fo
r

S
to

ch
a
st

ic
In

cr
em

en
ta

l
M

et
h
o
d
s

B
y
gr
ou

pi
ng

th
e
ẽ k

an
d
th
e
e t

te
rm

s
w
e
ge
t
ou

r
m
as
te
r
in
eq
ua

lit
y
(4
2)
:

a
t+

1
≤

(1
−
γ
µ 2

)a
t
+

(4
L
γ

2
C

1
−

2
γ

)e
t
+

4
L
γ

2
C

2

t−
1

∑

u
=

m
a
x
(k
m
,t
−
τ
)

e u
+

(4
L
γ

2
C

1
+

4
L
γ

2
τ
C

2
)ẽ
k
.

C
on

tr
ac
ti
on

in
eq
ua

li
ty

de
ri
va
ti
on

.
W
e
no

w
ad

op
t
th
e
sa
m
e
m
et
ho

d
as

in
th
e
or
ig
in
al

S
v
rg

pa
pe

r
(J
oh

ns
on

an
d
Zh

an
g,

20
13
);

w
e
su
m

th
e
m
as
te
r
in
eq
ua

lit
y
ov
er

a
w
ho

le
ep

oc
h

an
d
th
en

w
e
us
e
th
e
ra
nd

om
iz
at
io
n
tr
ic
k:

ẽ k
=

Ef
(x̃
k
)
−
f

(x
∗ )

=
1 m

k
m
−

1
∑

t=
(k
−

1
)m

e t
(1
34

)

T
hi
s
gi
ve
s
us
:

(k
+

1
)m

∑

t=
k
m

+
1

a
t
≤

(1
−
γ
µ 2

)

(k
+

1
)m
−

1
∑ t=
k
m

a
t
+

(4
L
γ

2
C

1
−

2γ
)

(k
+

1
)m
−

1
∑ t=
k
m

e t

+
4
L
γ

2
C

2

(k
+

1
)m
−

1
∑ t=
k
m

t−
1

∑

u
=

m
a
x
(k
m
,t
−
τ
)

e u
+
m

(4
L
γ

2
C

1
+

4
L
γ

2
τ
C

2
)ẽ
k
.

(1
35

)

Si
nc
e

1
−

γ
µ 2
<

1
,w

e
ca
n
up

pe
r
bo

un
d
it

by
1
,a

nd
th
en

re
m
ov
e
al
lt

he
te
le
sc
op

in
g
te
rm

s
fr
om

(1
35

).
W
e
al
so

ha
ve
:

(k
+

1
)m
−

1
∑ t=
k
m

t−
1

∑

u
=

m
a
x
(k
m
,t
−
τ
)

e u
=

(k
+

1
)m
−

2
∑ u
=
k
m

m
in

((
k
+

1
)m
−

1
,u

+
τ
)

∑

t=
u

+
1

e u
≤
τ

(k
+

1
)m
−

2
∑ u
=
k
m

e u

≤
τ

(k
+

1
)m
−

1
∑ u
=
k
m

e u
.

(1
36

)

A
ll
to
ld
:

a
(k

+
1
)m
≤
a
k
m

+
(4
L
γ

2
C

1
+

4
L
γ

2
τ
C

2
−

2
γ

)

(k
+

1
)m
−

1
∑ t=
k
m

e t
+
m

(4
L
γ

2
C

1
+

4
L
γ

2
τ
C

2
)ẽ
k
.
(1
37

)

N
ow

w
e
us
e
th
e
ra
nd

om
iz
at
io
n
tr
ic
k
(1
34

):

a
(k

+
1
)m
≤
a
k
m

+
(4
L
γ

2
C

1
+

4
L
γ

2
τ
C

2
−

2
γ

)m
ẽ k

+
1

+
m

(4
L
γ

2
C

1
+

4
L
γ

2
τ
C

2
)ẽ
k
.

(1
38

)

F
in
al
ly
,i
n
or
de
r
to

ge
t
a
re
cu
rs
iv
e
in
eq
ua

lit
y
in
ẽ k
,w

e
ca
n
re
m
ov
e
th
e
po

si
ti
ve
a

(k
+

1
)m

te
rm

fr
om

th
e
le
ft
-h
an

d
si
de

of
(1
38

)
an

d
bo

un
d
th
e
a
k
m

te
rm

on
th
e
ri
gh

t-
ha

nd
si
de

by
2
e k
m
/µ

us
in
g
a
st
an

da
rd

st
ro
ng

co
nv

ex
it
y
in
eq
ua

lit
y.

W
e
ge
t
ou

r
fin

al
co
nt
ra
ct
io
n
in
eq
ua

lit
y
(4
5)
:

(2
γ
m
−

4
m
L
γ

2
C

1
−

4
m
L
γ

2
τ
C

2
)ẽ
k
+

1
≤
( 2 µ

+
4
m
L
γ

2
C

1
+

4
m
L
γ

2
τ
C

2

) ẽ
k
.
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L
eb

lo
n
d
,
P
ed

r
eg

o
sa

a
n
d

L
ac

o
st

e-
Ju

li
en

C
.3
.
P
ro
of

of
C
or
ol
la
ry

16
,
C
or
ol
la
ry

17
an

d
C
or
ol
la
ry

18
(s
p
ee
d
u
p
re
gi
m
es
)

A
si
m
pl
er

re
su
lt
fo
r

S
v
r
g
.

T
he

st
an

da
rd

co
nv

er
ge
nc
e
ra
te

fo
r
se
ri
al

Sv
rg

is
gi
ve
n
by

:

θ
:=

1
µ
γ
m

+
2
L
γ

1
−

2
L
γ

.
(1
39

)

If
w
e
de

fin
e
a
su
ch

th
at
γ

=
a /

4
L
,w

e
ob

ta
in
:

θ
=

4
κ

a
m

+
a 2

1
−

a 2

.
(1
40

)

N
ow

,s
in
ce

w
e
ne
ed
θ
≤

1,
w
e
se
e
th
at

w
e
re
qu

ir
e
a
≤

1.
T
he

op
ti
m
al

va
lu
e
of

th
e
de
no

m
in
at
or

is
th
en

1
(w

he
n
a

=
0
),

w
he
re
as

th
e
w
or
st

ca
se

va
lu
e
is

1 /
2
(a

=
1
).

W
e
ca
n
th
us

up
pe

r
bo

un
d
θ
by

re
pl
ac
in
g
th
e
de
no

m
in
at
or

w
it
h

1 /
2
,w

hi
le

sa
ti
sfi
ed

th
at

w
e
do

no
t
lo
se

m
or
e
th
an

a
fa
ct
or

of
2.

T
hi
s
gi
ve
s
us
:

θ
≤

8κ a
m

+
a
.

(1
41

)

E
nf
or
ci
ng

θ
≤

1 /
2
ca
n
be

do
ne

ea
si
ly

by
ch
oo

si
ng

a
≤

1 /
4
an

d
m

=
3
2
κ /
a
.
N
ow

,t
o
be

ab
le

to
co
m
pa

re
al
go
ri
th
m
s
ea
si
ly
,w

e
w
an

t
to

fr
am

e
ou

r
re
su
lt
in

te
rm

s
of

ra
te

fa
ct
or

pe
r
gr
ad

ie
nt

co
m
pu

ta
ti
on

ρ
,s

uc
h
th
at

(3
8)

is
ve
ri
fie

d:

Ef
(x̃
k
)
−
f

(x
∗ )
≤

(1
−
ρ
)k

(2
m

+
n

)
(E
f

(x
0
)
−
f

(x
∗ )

)
∀k
≥

0
.

W
e
de

fin
e
ρ
b

:=
1
−
θ.

W
e
w
an

t
to

es
ti
m
at
e
ρ
su
ch

th
at

(1
−
ρ
)2
m

+
n

=
1
−
ρ
b
.
W
e
ge
t
th
at

ρ
=

1
−

(1
−
ρ
b
)

1
2
m

+
n
.
U
si
ng

B
er
no

ul
li’
s
in
eq
ua

lit
y,

w
e
ge
t:

ρ
≥

ρ
b

2m
+
n
≥

1

2(
2
m

+
n

)
≥

1 4
m

in
{

1 2m
,

1 n

}
≥

1 4
m

in
{
a

64
κ
,

1 n

} .
(1
42

)

T
hi
s
fin

is
he

s
th
e
pr
oo

f
fo
r
C
or
ol
la
ry

16
.

A
si
m
pl
er

re
su
lt
fo
r

K
r
o
m

a
g
n
o
n
.

W
e
al
so

de
fin

e
a
su
ch

th
at
γ

=
a /

4
L
.
T
he

or
em

15
te
lls

us
th
at
:

θ
=

4
κ

a
m

+
a 2
C

3
(1

+
τ

1
6
κ

)

1
−

a 2
C

3
(1

+
τ

1
6
κ

)
.

(1
43

)

W
e
ca
n
on

ce
ag

ai
n
up

pe
r
bo

un
d
θ
by

re
m
ov

in
g
it
s
de

no
m
in
at
or

at
a
re
as
on

ab
le

w
or
st
-c
as
e

co
st

of
a
fa
ct
or

of
2:

θ
≤

8
κ

a
m

+
a
C

3
(1

+
τ

16
κ

)
.

(1
44

)

N
ow

,
to

en
fo
rc
e
θ
≤

1 /
2
,
w
e
ca
n
ch
oo

se
a
≤

1
4
C

3
(1

+
τ

1
6
κ

)
an

d
m

=
3
2
κ
a
.
W
e
al
so

ob
ta
in

a

ra
te

fa
ct
or

pe
r
gr
ad

ie
nt

co
m
pu

ta
ti
on

of
:
ρ
≥

1 4
m

in
{

a
6
4
κ
,

1 n
}.

T
hi
s
fin

is
he
s
th
e
pr
oo

f
of

C
or
ol
la
ry

17
.
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Im
pro

v
ed

P
a
r
a
llel

O
ptim

izatio
n

A
n
a
ly

sis
fo

r
S
to

ch
a
stic

In
cr

em
en

ta
l

M
eth

o
d
s

S
peedup

con
dition

s.
A
llw

e
have

to
do

now
is

to
com

pare
the

rate
factors

of
S
v
rg

and
K

ro
m

a
g
n
o
n

in
different

regim
es.

N
ote

that
w
hile

our
convergence

result
hold

for
any

a
≤

1/
4
S
v
rg

(or
the

slightly
m
ore

com
plex

expression
in

the
case

of
K

ro
m

a
g
n
o
n
),

the
best

step
size

(in
term

s
of

num
ber

of
gradient

com
putations)

ensuring
θ
≤

12
is

the
biggest

allow
able

one
–
thus

this
is

the
one

w
e
use

for
our

com
parison.

Suppose
w
e
are

in
the

“w
ell-conditioned”

regim
e
w
here

n
≥
κ.

T
he

rate
factor

of
Sv

rg
is

Ω
(
1/
n).

T
o
m
ake

sure
w
e
have

a
linear

speedup,w
e
need

the
rate

factor
of

K
ro

m
ag

n
o
n
to

also
be

Ω
(
1/
n),w

hich
m
eans

that:

1

256
κ
C

3
+

16
τ
C

3
=

Ω
(
1n

)
(145)

R
ecalling

that
C

3
=

1
+

2
τ √

∆
,w

e
can

rew
rite

(145)
as:

κ
=
O

(n
)

;
κ
τ √

∆
=
O

(n
)

;
τ

=
O

(n
)

;
τ

2 √
∆

=
O

(n
)
.

(146)

W
e
can

condense
these

conditions
dow

n
to:

τ
=
O

(
n

κ √
∆

)
;

τ
=
O

( √
n

∆
−

1/
2)
.

(147)

Suppose
now

w
e
are

in
the

“ill-conditioned”
regim

e,w
here

κ
≥
n.

T
he

rate
factor

of
Sv

rg
is

now
Ω

(
1/
κ).

To
m
ake

sure
w
e
have

a
linear

speedup,w
e
need

the
rate

factor
of

K
ro

m
ag

n
o
n

to
also

be
Ω

(
1/
κ),w

hich
m
eans

that:

1

256
κ
C

3
+

16
τ
C

3
=

Ω
(
1κ

)
(148)

W
e
can

derive
the

follow
ing

suffi
cient

conditions:

τ
=
O

(
1
√

∆
)

;
τ

=
O

(κ
)
.

(149)

Since
κ
≥
n,w

e
obtain

the
conditions

of
C
orollary

18
and

thus
finish

its
proof.

A
p
p
en

d
ix

D
.
H

o
g
w

ild
–
P
roof

of
T
h
eorem

22
an

d
C
orollary

23

D
.1.

P
roof

of
L
em

m
a
24

(su
b
op

tim
ality

b
ou

n
d
on

E‖
g
t ‖

2)

A
s
w
as

the
case

for
proving

Lem
m
a
13

and
Lem

m
a
19,w

e
sim

ply
introduce

f
′i (x
∗)

in
g
t
to

derive
our

bound.

E‖g
t ‖

2
=

E‖f
′i (x̂

t )‖
2

=
E‖
f
′i (x̂

t )−
f
′i (x
∗)

+
f
′i (x
∗)‖

2

≤
2E‖

f
′i (x̂

t )−
f
′i (x
∗)‖

2
+

2E‖f
′i (x
∗)‖

2
(‖a

+
b‖

2≤
2‖a‖

2
+

2‖
b‖

2)

≤
4L
e
t
+

2
σ

2
.

(H
ofm

ann
et

al.(2015),E
q
(7)

&
(8))
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L
eblo

n
d
,
P
ed

r
eg

o
sa

a
n
d

L
aco

ste-Ju
lien

D
.2.

P
roof

of
T
h
eorem

22
(convergen

ce
gu

arantee
an

d
rate

of
H

o
g
w

ild
)

M
aster

in
equality

derivation
.

O
nce

again,
w
e
plug

L
em

m
a
24

into
L
em

m
a
10

w
hich

gives
us:

a
t+

1 ≤
(1−

γ
µ2

)a
t
+
γ

2C
1 (4L

e
t
+

2
σ

2)
+
γ

2C
2

t−
1

∑

u
=

(t−
τ
)
+

(4L
e
u

+
2
σ

2)−
2
γ
e
t .

(150)

B
y
grouping

the
e
t
and

the
σ

2
term

s
w
e
get

our
m
aster

inequality
(48):

a
t+

1 ≤
(1−

γ
µ2

)a
t
+

(4
L
γ

2C
1 −

2
γ

)e
t
+

4
L
γ

2C
2

t−
1

∑

u
=

(t−
τ
)
+

e
u

+
2
γ

2σ
2(C

1
+
τ
C

2 )
.

C
on

traction
in
equality

derivation
(x

t ).
W
e
now

unroll(48)
allthe

w
ay

to
t

=
0
to

get:

a
t+

1 ≤
(1−

γ
µ2

)
t+

1a
0

+
t
∑u

=
0 (1−

γ
µ2

)
t−
u(4L

γ
2C

1 −
2
γ

)e
u

+
t
∑u

=
0 (1−

γ
µ2

)
t−
u4
L
γ

2C
2

u−
1

∑

v
=

(u−
τ
)
+

e
v

+
t
∑u

=
0 (1−

γ
µ2

)
t−
u2
γ

2σ
2(C

1
+
τ
C

2 )
.

(151)

N
ow

w
e
can

sim
plify

these
term

s
as

follow
s:

t
∑u

=
0 (1−

γ
µ2

)
t−
u

u−
1

∑

v
=

(u−
τ
)
+

e
v

=
t−

1
∑v
=

0

m
in

(t,v
+
τ
)

∑u
=
v
+

1

(1−
γ
µ2

)
t−
ue
v

=
t−

1
∑v
=

0 (1−
γ
µ2

)
t−
ve
v

m
in

(t,v
+
τ
)

∑u
=
v
+

1

(1−
γ
µ2

)
v−
u

≤
t−

1
∑v
=

0 (1−
γ
µ2

)
t−
ve
v τ

(1−
γ
µ2

) −
τ

≤
τ
(1−

γ
µ2

) −
τ

t
∑v
=

0 (1−
γ
µ2

)
t−
ve
v
.

(152)

T
his

(1−
γ
µ2

) −
τ
term

is
easily

bounded,
as

w
e
did

in
(107)

for
A

sa
g
a
.
U
sing

B
ernoulli’s

inequality
(100),w

e
get

that
if
w
e
assum

e
τ
≤

1γ
µ : 38

(1−
γ
µ2

) −
τ≤

2
.

(153)

38.
W

hile
this

assum
ption

on
τ
m
ay

appear
restrictive,

it
is
in

fact
w
eaker

than
the

condition
for

a
linear

speed-up
obtained

by
our

analysis
in

C
orollary

23.60
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P
a
r
a
ll

el
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pt
im

iz
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A
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r

S
to

ch
a
st

ic
In

cr
em

en
ta

l
M

et
h
o
d
s

W
e
no

te
th
at

th
e
la
st

te
rm

in
(1
51

)
is

a
ge
om

et
ri
c
su
m
:

t ∑ u
=

0

(1
−
γ
µ 2

)t
−
u
σ

2
=

2 γ
µ
σ

2
.

(1
54

)

W
e
pl
ug

(1
52

)–
(1
54

)
in

(1
51

)
to

ob
ta
in

(4
9)
:

a
t+

1
≤

(1
−
γ
µ 2

)t
+

1
a

0
+

(4
L
γ

2
C

1
+

8
L
γ

2
τ
C

2
−

2
γ

)
t ∑ u
=

0

(1
−
γ
µ 2

)t
−
u
e u

+
4
γ
σ

2

µ
(C

1
+
τ
C

2
)
.

C
on

tr
ac
ti
on

in
eq
ua

li
ty

de
ri
va
ti
on

(x̂
t)
.

W
e
no

w
ha

ve
an

co
nt
ra
ct
io
n
in
eq
ua

lit
y
fo
r
th
e

co
nv

er
ge
nc
e
of
x
t
to
x
∗ .

H
ow

ev
er
,
si
nc
e
th
is

qu
an

ti
ty

do
es

no
t
ex
is
t
(e
xc
ep
t
if
w
e
fix

th
e

nu
m
be

r
of

it
er
at
io
ns

pr
io
r
to

ru
nn

in
g
th
e
al
go
ri
th
m

an
d
th
en

w
ai
t
fo
r
al
li
te
ra
ti
on

s
to

be
fin

is
he
d
–
an

un
w
ie
ld
y
so
lu
ti
on

),
w
e
ra
th
er

w
an

t
to

pr
ov
e
th
at
x̂
t
co
nv

er
ge
s
to
x
∗ .

In
or
de
r

to
do

th
is
,w

e
us
e
th
e
si
m
pl
e
fo
llo

w
in
g
in
eq
ua

lit
y:

‖x̂
t
−
x
∗ ‖

2
≤

2
a
t
+

2
‖x̂

t
−
x
t‖

2
.

(1
55

)

W
e
al
re
ad

y
ha

ve
a
co
nt
ra
ct
io
n
bo

un
d
on

th
e
fir
st

te
rm

(4
9)
.

Fo
r
th
e
se
co
nd

te
rm

,
w
e

co
m
bi
ne

(6
5)

w
it
h
Le

m
m
a
24

to
ge
t:

E‖
x̂
t
−
x
t‖

2
≤

4
L
γ

2
C

1

t−
1

∑

u
=

(t
−
τ
) +

e u
+

2
γ

2
τ
σ

2
.

(1
56

)

T
o
m
ak
e
it

ea
si
er

to
co
m
bi
ne

w
it
h
(4
9)
,w

e
re
w
ri
te

(1
56

)
as
:

E‖
x̂
t
−
x
t‖

2
≤

4
L
γ

2
C

1
(1
−
γ
µ 2

)−
τ

t−
1

∑

u
=

(t
−
τ
) +

(1
−
γ
µ 2

)t
−

1
−
u
e u

+
2
γ

2
τ
σ

2

≤
8
L
γ

2
C

1

t−
1

∑

u
=

(t
−
τ
) +

(1
−
γ
µ 2

)t
−

1
−
u
e u

+
2
γ

2
τ
σ

2

≤
8
L
γ

2
C

1

t−
1

∑ u
=

0

(1
−
γ
µ 2

)t
−

1
−
u
e u

+
2
γ

2
τ
σ

2
.

(1
57

)

C
om

bi
ni
ng

(4
9)

an
d
(1
57

)
gi
ve
s
us

(5
0)
:

E‖
x̂
t
−
x
∗ ‖

2
≤

(1
−
γ
µ 2

)t
+

1
2a

0
+

(8
γ

(C
1

+
τ
C

2
)

µ
+

4
γ

2
C

1
τ
)σ

2

+
(2

4
L
γ

2
C

1
+

16
L
γ

2
τ
C

2
−

4γ
)

t ∑ u
=

0

(1
−
γ
µ 2

)t
−
u
e u
.

M
ax
im

um
st
ep

si
ze

co
n
di
ti
on

on
γ
.

T
o
pr
ov
e
T
he
or
em

22
,w

e
ne
ed

an
in
eq
ua

lit
y
of

th
e
fo
llo

w
in
g
ty
pe

:
E‖
x̂
t
−
x
t‖

2
≤

(1
−
ρ
)t
a

+
b.

To
gi
ve

th
is

fo
rm

to
E
qu

at
io
n
(5
0)
,w

e
ne
ed
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L
eb

lo
n
d
,
P
ed

r
eg

o
sa

a
n
d

L
ac

o
st

e-
Ju

li
en

to
re
m
ov
e
al
l
th
e

(e
u
,u

<
t)

te
rm

s
fr
om

it
s
ri
gh

t-
ha

nd
si
de
.
T
o
sa
fe
ly

do
so
,
w
e
ne
ed

to
en

fo
rc
e
th
at

al
lt
he

se
te
rm

s
ar
e
ne

ga
ti
ve
,h

en
ce

th
at
:

24
L
γ

2
C

1
+

16
L
γ

2
τ
C

2
−

4γ
≤

0
.

(1
58

)

P
lu
gg

in
g
th
e
va
lu
es

of
C

1
an

d
C

2
w
e
ge
t:

4
L
µ
τ
(1

+
√

∆
τ
)γ

2
+

6
L

(1
+

2
√

∆
τ
)γ
−

1
≤

0
.

(1
59
)

A
s
in

ou
r
A

sa
g
a
an

al
ys
is
,
th
is

re
du

ce
s
to

a
se
co
nd

-o
rd
er

po
ly
no

m
ia
l
si
gn

co
nd

it
io
n.

W
e

re
m
ar
k
ag
ai
n
th
at

si
nc
e
γ
≥

0,
w
e
ca
n
up

pe
r
bo

un
d
ou

r
te
rm

s
in
γ
an

d
γ

2
in

th
is
po

ly
no

m
ia
l,

w
hi
ch

w
ill

st
ill

gi
ve

us
su
ffi
ci
en
t
co
nd

it
io
ns

fo
r
co
nv

er
ge
nc
e.

T
hi
s
m
ea
ns

if
w
e
de
fin

e
C

3
:=

1
+

2
√

∆
τ
,a

su
ffi
ci
en
t
co
nd

it
io
n
is
:

4
L
µ
τ
C

3
γ

2
+

6
L
C

3
γ
−

1
≤

0
.

(1
60
)

T
he

di
sc
ri
m
in
an

t
of

th
is

po
ly
no

m
ia
l
is

al
w
ay
s
po

si
ti
ve
,
so
γ
ne
ed
s
to

be
be

tw
ee
n
it
s
tw

o
ro
ot
s.

T
he

sm
al
le
st

is
ne
ga
ti
ve
,s

o
th
e
co
nd

it
io
n
is
no

t
re
le
va
nt

to
ou

r
ca
se

(w
he
re
γ
>

0
).

B
y
so
lv
in
g
an

al
yt
ic
al
ly

fo
r
th
e
po

si
ti
ve

ro
ot
φ
,w

e
ge
t
an

up
pe

r
bo

un
d
co
nd

it
io
n
on

γ
th
at

ca
n
be

us
ed

fo
r
an

y
ov
er
la
p
τ
an

d
gu

ar
an

te
e
co
nv

er
ge
nc
e.

T
hi
s
po

si
ti
ve

ro
ot

is
:

φ
=

3 4

√
1

+
µ
τ

2
L
C

3
−

1
)

L
C

3
.

(1
61

)

W
e
si
m
pl
ify

it
fu
rt
he

r
by

us
in
g
(1
12

):

φ
≥

3

16
L
C

3

√
1

+
τ

2
κ
C

3

.
(1
62

)

T
hi
s
fin

is
he

s
th
e
pr
oo

f
fo
r
T
he

or
em

22
.

D
.3
.
P
ro
of

of
T
h
eo
re
m

21
(c
on

ve
rg
en

ce
re
su
lt

fo
r
se
ri
al

S
g
d
)

In
or
de
r
to

an
al
yz
e
C
or
ol
la
ry

23
,
w
e
ne
ed

to
de
ri
ve

th
e
m
ax

im
um

al
lo
w
ab

le
st
ep

si
ze

fo
r

se
ri
al

S
g
d
.
N
ot
e
th
at

S
g
d
ve
ri
fie

s
a
si
m
pl
er

co
nt
ra
ct
io
n
in
eq
ua

lit
y
th
an

Le
m
m
a
10
.
Fo

r
al
l

t
≥

0:
a
t+

1
≤

(1
−
γ
µ

)a
t
+
γ

2
E‖
g t
‖2
−

2
γ
e t
,

(1
63

)

H
er
e,

th
e
co
nt
ra
ct
io
n
fa
ct
or

is
(1
−
γ
µ

)
in
st
ea
d
of

(1
−

γ
µ 2

)
be

ca
us
e
x̂
t

=
x
t
so

th
er
e
is

no
ne
ed

fo
r
a
tr
ia
ng

le
in
eq
ua

lit
y
to

ge
t
ba

ck
‖x

t
−
x
∗ ‖

2
fr
om
‖x̂

t
−
x
∗ ‖

2
af
te
r
w
e
ap

pl
y
ou

r
st
ro
ng

co
nv

ex
it
y
bo

un
d
in

ou
r
in
it
ia
lr

ec
ur
si
ve

in
eq
ua

lit
y
(s
ee

Se
ct
io
n
B
.1
).

Le
m
m
a
24

al
so

ho
ld
s
fo
r
se
ri
al

S
g
d
.
B
y
pl
ug

gi
ng

it
in
to

(1
63

),
w
e
ge
t:

a
t+

1
≤

(1
−
γ
µ

)a
t
+

(4
L
γ

2
−

2
γ

)e
t
+

2
γ

2
σ

2
.

(1
64

)

W
e
th
en

un
ro
ll
(1
64

)
un

ti
lt

=
0
to

ge
t:

a
t+

1
≤

(1
−
γ
µ

)t
+

1
a

0
+

(4
L
γ

2
−

2
γ

)

t ∑ u
=

0

(1
−
γ
µ

)t
−
u
e u

+
2
γ
σ

2

µ
.

(1
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)
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Im
pro

v
ed

P
a
r
a
llel

O
ptim

izatio
n

A
n
a
ly

sis
fo

r
S
to

ch
a
stic

In
cr

em
en

ta
l

M
eth

o
d
s

T
o
get

linear
convergence

up
to

a
ballaround

the
optim

um
,w

e
need

to
rem

ove
the

(e
u ,0≤

u
≤
t)

term
s
from

the
right-hand

side
ofthe

equation.
To

safely
do

this,w
e
need

these
term

s
to

be
negative,i.e.

4L
γ

2−
2γ
≤

0.
W
e
can

then
trivially

derive
the

condition
on

γ
to

achieve
linear

convergence:
γ
≤

12
L
.

W
e
see

that
if
γ

=
a/
L
w
ith

a
≤

1/
2,

S
g
d

converges
at

a
geom

etric
rate

of
at

least:
ρ
(a

)
=

a/
κ,up

to
a
ballof

radius
2
γ
σ

2

µ
around

the
optim

um
.
N
ow

,to
m
ake

sure
w
e
reach

ε-accuracy,
w
e
need

2
γ
σ

2

µ
≤
ε,

i.e.
γ
≤

εµ
2
σ

2 .
A
ll
told,

in
order

to
get

linear
convergence

to
ε-accuracy,serial

S
g
d
requires

γ
≤

m
in {

12
L
,
εµ

2
σ

2 }.

D
.4.

P
roof

of
C
orollary

23
(sp

eed
u
p
regim

es
for

H
o
g
w

ild
)

T
he

convergence
rate

of
both

S
g
d
and

H
o
g
w

ild
is
directly

proportionalto
the

step
size.

T
hus,in

order
to

m
ake

sure
H

o
g
w

ild
is
linearly

faster
than

S
g
d
for

any
reasonable

step
size,w

e
need

to
show

that
the

m
axim

um
allow

able
step

size
ensuring

linear
convergence

for
H

o
g
w

ild
–
given

in
T
heorem

22
–
is
ofthe

sam
e
order

as
the

one
for

Sg
d,O

(
1/
L
).

R
ecalling

that
γ

=
aL ,w

e
get

the
follow

ing
suffi

cient
condition:

a ∗(τ
)

=
O

(1).
G
iven

(46),the
definition

of
a ∗(τ

),w
e
require

both:

τ √
∆

=
O

(1)
;

√
1

+
12
κ

m
in{

1
√

∆
,τ}

=
O

(1)
.

(166)

T
his

gives
us

the
finalcondition

on
τ
for

a
linear

speedup:
τ

=
O

(m
in{

1
√

∆
,κ}).

T
o
finish

the
proof

of
C
orollary

23,w
e
only

have
to

show
that

under
this

condition,the
size

of
the

ballis
of

the
sam

e
order

regardless
of

the
algorithm

used.
U
sing

γ
µ
τ
≤

1
and

τ
≤

1
√

∆
,w

e
getthat

(
8
γ

(C
1
+
τ
C

2
)

µ
+

4γ
2C

1 τ
)σ

2
=
O

(
γ
σ

2

µ
),w

hich
finishes

the
proofofC

orollary
23.

N
ote

thatthese
tw

o
conditionsare

w
eakerthan

τ
=
O

(m
in{

1
√

∆
,κ}

),
w
hich

allow
s
us

to
get

better
bounds

in
case

w
e
w
ant

to
reach

ε-accuracy
w
ith

εµσ
2 �

12
L
.

A
p
p
en

d
ix

E
.
O
n
th
e
D
iffi

cu
lty

of
P
arallel

L
agged

U
p
d
ates

In
the

im
plem

entation
presented

in
Schm

idt
et

al.(2016),the
dense

part
(ᾱ

)
of

the
updates

is
deferred.

Instead
ofw

riting
dense

updates,counters
c
d
are

kept
for

each
coordinate

ofthe
param

eter
vector

–
w
hich

represent
the

last
tim

e
these

variables
w
ere

updated
–
as

w
ellas

the
average

gradient
ᾱ
for

each
coordinate.

T
hen,w

henever
a
com

ponent
[x̂

]d
is

needed
(in

order
to

com
pute

a
new

gradient),
w
e
subtract

γ
(t−

c
d )[ᾱ

]d
from

it
and

c
d
is

set
to
t.

It
is

possible
to

do
this

w
ithout

m
odifying

the
algorithm

because
[ᾱ

]d
only

changes
w
hen

[x̂
]d

also
does.
In

the
sequentialsetting,this

results
in

the
sam

e
iterations

as
perform

ing
the

updates
in

a
dense

fashion,since
the

coordinates
are

only
stale

w
hen

they
are

not
used.

N
ote

that
at

the
end

of
an

execution
allcounters

have
to

be
subtracted

at
once

to
get

the
true

final
param

eter
vector

(and
to

bring
every

c
d
counter

to
the

final
t).

In
the

parallelsetting,severalissues
arise:

•
tw

o
cores

m
ight

be
attem

pting
to

correct
the

lag
at

the
sam

e
tim

e.
In

w
hich

case
since

updates
are

done
as

additions
and

not
replacem

ents
(w

hich
is
necessary

to
ensure
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L
eblo

n
d
,
P
ed

r
eg

o
sa

a
n
d

L
aco

ste-Ju
lien

that
there

are
no

overw
rites),

the
lag

m
ight

be
corrected

m
ultiple

tim
es,

i.e.
overly

corrected.

•
w
e
w
ould

have
to

read
and

w
rite

atom
ically

to
each

[x̂
d ],c

d ,[ᾱ
]d

triplet,w
hich

is
highly

im
practical.

•
w
e
w
ould

need
to

have
an

explicit
global

counter,
w
hich

w
e
do

not
in

A
sa

g
a
(our

globalcounter
t
being

used
solely

for
the

proof).

•
in

the
dense

setting,
updates

happen
coordinate

by
coordinate.

So
at

tim
e
t
the

num
ber

of
ᾱ
updates

a
coordinate

has
received

from
a
fixed

past
tim

e
c
d
is

a
random

variable,
w
hich

m
ay

differs
from

coordinate
to

coordinate.
W

hereas
in

the
lagged

im
plem

entation,the
m
ultiplier

is
alw

ays
(t−

c
d )

w
hich

is
a
constant

(conditionalto
c
d ),w

hich
m
eans

a
potentially

different
x̂
t .

•
the

trick
used

in
R
eddiet

al.(2015)
for

asynchronous
parallel

S
v
rg

does
not

apply
here

because
it
relies

on
the

fact
that

the
“reference”

gradient
term

in
Sv

rg
is
constant

throughout
a
w
hole

epoch,w
hich

is
not

the
case

for
S
ag

a.

A
ll
these

points
m
ean

both
that

the
im

plem
entation

of
such

a
schem

e
in

the
parallel

setting
w
ould

be
im

practical,and
that

it
w
ould

actually
yields

a
different

algorithm
than

the
dense

version,w
hich

w
ould

be
even

harder
to

analyze.
T
his

is
confirm

ed
by

P
an

et
al.(2016),

w
here

the
authors

tried
to

im
plem

ent
a
parallelversion

of
the

lagged
updates

schem
e
and

had
to

alter
the

algorithm
to

succeed,obtaining
an

algorithm
w
ith

suboptim
alperform

ance
as

a
result.

A
p
p
en

d
ix

F
.
A
d
d
ition

al
E
m
p
irical

D
etails

F
.1.

D
etailed

D
escrip

tion
of

D
ata

S
ets

W
e
run

our
experim

ents
on

four
data

sets.
In

every
case,w

e
run

logistic
regression

for
the

purpose
of

binary
classification.

R
C
V
1
(n

=
697,641,

d
=

47,236).
T
he

first
is
the

R
euters

C
orpus

V
olum

e
I
(R

C
V
1)

data
set

(L
ew

is
et

al.,2004),
an

archive
of

over
800,000

m
anually

categorized
new

sw
ire

stories
m
ade

available
by

R
euters,Ltd.

for
research

purposes.
T
he

associated
task

is
a
binary

text
categorization.

U
R
L
(n

=
2
,3

9
6
,1

3
0,
d

=
3
,2

3
1
,9

6
1).

O
ur

second
data

set
w
as

first
introduced

in
M
a

et
al.(2009).

Its
associated

task
is

a
binary

m
alicious

U
R
L
detection.

T
his

data
set

contains
m
ore

than
2
m
illion

U
R
Ls

obtained
at

random
from

Y
ahoo’s

directory
listing

(for
the

“benign”
U
R
L
s)

and
from

a
large

W
eb

m
ail

provider
(for

the
“m

alicious”
U
R
L
s).

T
he

benign
to

m
alicious

ratio
is

2.
Features

include
lexicalinform

ation
as

w
ellas

m
etadata.

T
his

data
set

w
as

obtained
from

the
libsvm

tools
project. 39

39.
http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html
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A
D

.
A

lth
ou

gh
th

ey
ar

e
lin

ea
rl

y
no

n-
se

pa
ra

bl
e,

N
O

M
A

D
co

rr
ec

tly
fin

ds
tw

o
su

bm
at

ri
ce

s,
on

e
fo

r
ea

ch
m

an
if

ol
d

(f
or

vi
su

al
cl

ar
ity

,w
e

en
ha

nc
e

th
e

co
nt

ra
st

of
Q

).

se
ar

ch
fo

r
a

cl
us

te
r

co
-a

ss
oc

ia
tio

n
m

at
ri

x
Q

,s
uc

h
th

at
(Q

) i
j

=
1

if
po

in
ts
i

an
d
j

be
lo

ng
to

th
e

sa
m

e
cl

us
te

ra
nd

(Q
) i
j

=
0

if
th

ey
do

no
t.

T
he

op
tim

um
Q
∗

ca
n

be
fo

un
d

by
so

lv
in

g
th

e
fo

llo
w

in
g

op
tim

iz
at

io
n

pr
ob

le
m

(t
he

ac
ro

ny
m

w
ill

be
ex

pl
ai

ne
d

be
lo

w
):

Q
∗

=
ar

g
m

ax
Q
∈R

n
×
n

T
r

(D
Q

)
s.

t.
Q

1
=

1
,

T
r

(Q
)

=
K
,

Q
�

0
,

Q
≥

0
.

(N
O

M
A

D
)

It
s

lin
k

w
ith

th
e

or
ig

in
al
K

-m
ea

ns
cl

us
te

ri
ng

fo
rm

ul
at

io
n

is
ex

pl
ai

ne
d

in
A

pp
en

di
x

A
.1

Fi
rs

t,
w

e
fo

cu
s

on
th

e
qu

es
tio

n:
w

ha
td

oe
s

N
O

M
A

D
co

m
pu

te
?

U
nt

il
no

w
,t

he
or

et
ic

al
ef

fo
rt

s
ha

ve
co

nc
en

tr
at

ed
on

sh
ow

in
g

th
at

N
O

M
A

D
is

a
go

od
su

rr
og

at
e

fo
rK

-m
ea

ns
.A

w
as

th
ie

ta
l.

(2
01

5)
st

ud
y

its
so

lu
tio

ns
on

da
ta

se
ts

co
ns

is
tin

g
of

lin
ea

rl
y

se
pa

ra
bl

e
cl

us
te

rs
an

d
de

m
on

st
ra

te
th

at
th

ey
re

pr
od

uc
e

ha
rd

-c
lu

st
er

in
g

as
si

gn
m

en
ts

of
K

-m
ea

ns
.

M
or

eo
ve

r,
th

e
so

lu
tio

n
to

N
O

M
A

D
ac

hi
ev

es
ha

rd
cl

us
te

ri
ng

ev
en

fo
r

so
m

e
da

ta
se

ts
on

w
hi

ch
L

lo
yd

’s
al

go
ri

th
m

(L
lo

yd
,1

98
2)

fa
ils

(i
.e

.,
Ig

uc
hi

et
al

.(
20

15
);

M
ix

on
et

al
.(

20
16

))
.R

el
at

ed
pr

ob
le

m
sh

av
e

be
en

st
ud

ie
d

by
A

m
in

ia
nd

L
ev

in
a

(2
01

4)
;

Ja
va

nm
ar

d
et

al
.(

20
15

);
Y

u
et

al
.(

20
12

).
In

th
is

w
or

k,
w

e
an

al
yz

e
N

O
M

A
D

in
a

di
ff

er
en

tr
eg

im
e

th
an

pr
ev

io
us

st
ud

ie
s.

In
st

ea
d

of
fo

-
cu

si
ng

on
ca

se
s

an
d

pa
ra

m
et

er
se

tti
ng

s
w

he
re

it
ap

pr
ox

im
at

es
th

e
or

ig
in

al
K

-m
ea

ns
fo

rm
ul

at
io

n,
w

e
co

nc
en

tr
at

e
on

al
te

rn
at

iv
e

se
tti

ng
s

an
d

di
sc

ov
er

th
at

N
O

M
A

D
is

no
tm

er
el

y
a

co
nv

ex
K

-m
ea

ns
im

ita
to

r.
N

O
M

A
D

fin
ds

th
e

m
an

if
ol

d
st

ru
ct

ur
e

in
th

e
da

ta
,e

ve
n

di
sc

ri
m

in
at

in
g

di
ff

er
en

tm
an

if
ol

ds
.

Fi
g.

1
sh

ow
s

tw
o

ex
am

pl
es

of
th

is
un

ex
pe

ct
ed

be
ha

vi
or

w
he

re
N

O
M

A
D

di
ss

ec
ts

th
e

ge
om

et
ry

of

1.
N

ot
at

io
n.

(X
) i

j
,(
X
) :
j
,(
X
) i

:
de

no
te

th
e
(i
,j
)-

th
en

tr
y

of
m

at
ri

x
X

,t
he
j-

th
co

lu
m

n
of

X
,a

nd
th

e
i-

th
ro

w
of

X
,r

es
pe

ct
iv

el
y.

Fo
r

ve
ct

or
s,

w
e

em
pl

oy
lo

w
er

ca
se

an
d

w
e

us
e

a
si

m
ila

r
no

ta
tio

n
bu

tw
ith

a
si

ng
le

in
de

x.
W

e
w

ri
te

X
≥

0
if

a
m

at
ri

x
X

is
en

tr
y-

w
is

e
no

nn
eg

at
iv

e
an

d
X

�
0

if
it

is
po

si
tiv

e
se

m
id

efi
ni

te
.
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T
E

R
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G
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S
E

M
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E
FIN

IT
E

LY
N

O
T

T
H

A
T

H
A

R
D

the
data.

B
ecause

of
this

and
of

the
centralrole

played
by

the
nonnegativity

constraintin
the

SD
P

w
e

callita
N

O
nnegative

M
A

nifold
D

isentangling
(N

O
M

A
D

).
T

he
nextquestion

is:
how

can
w

e
com

pute
these

solutions?
D

espite
the

theoreticaladvantages
of

convex
optim

ization,in
practice,the

use
of

SD
Ps

for
clustering

has
rem

ained
lim

ited.
T

his
is

m
ainly

due
to

the
lack

ofefficientalgorithm
s

to
solve

the
convex

optim
ization

problem
.W

e
address

this
issue

by
presenting

an
efficientconvex

solver
for

N
O

M
A

D
,based

on
the

conditionalgradient
m

ethod.
T

he
new

algorithm
can

handle
large

datasets,extending
the

applicability
of

N
O

M
A

D
to

m
ore

interesting
and

challenging
scenarios.

O
rganization.

W
e

first
study

the
behavior

of
N

O
M

A
D

theoretically
by

analyzing
its

solution
for

a
sim

ple
synthetic

exam
ple

of
a

regular
m

anifold
w

ith
sym

m
etry

(Sec.2).
In

this
context,w

e
dem

onstrate
how

N
O

M
A

D
departs

from
standard

K
-m

eans.
B

uilding
on

this
analysis,w

e
suggest

thatN
O

M
A

D
has

non-trivialm
anifold

learning
capabilities

(Sec.3)
and

dem
onstrate

num
erically

N
O

M
A

D
’s

good
perform

ance
in

non-trivialexam
ples,including

synthetic
and

realdatasets.
T

hen,
m

otivated
by

the
relatively

slow
perform

ance
ofstandard

SD
P

solvers,w
e

focuson
scaling

N
O

M
A

D
to

large
m

odern
datasets.In

Sec.4,w
e

study
both

theoretically
and

experim
entally

an
heuristic

non-
convex

B
urer-M

onteiro-style
algorithm

(K
ulis

etal.,2007).
Finally,w

e
presenta

new
convex

and
yetefficientalgorithm

for
N

O
M

A
D

.T
his

algorithm
allow

s
us,for

the
firsttim

e,to
study

provable
solutions

ofN
O

M
A

D
on

large
datasets.O

ursoftw
are

is
publicly

available
ath

t
t
p
s
:
/
/
g
i
t
h
u
b
.

c
o
m
/
s
i
m
o
n
s
f
o
u
n
d
a
t
i
o
n
/
s
d
p
_
k
m
e
a
n
s.

2.T
heoreticalanalysisofm

anifold
learning

capabilitiesofN
O

M
A

D

Starting
w

ith
the

appearance
of

Isom
ap

(Tenenbaum
et

al.,
2000)

and
locally-linear

em
bedding

(L
L

E
)(R

ow
eisand

Saul,2000),there
hasbeen

outstanding
progressin

the
area

ofm
anifold

learning
(e.g.,B

elkin
and

N
iyogi,2003;H

adselletal.,2006;W
einbergerand

Saul,2006;W
eiss

etal.,2008).
For

a
data

m
atrix

X
=

[x
i ] ni=

1
of

colum
n-vectors/points

x
i ∈

R
d,

the
m

ajority
of

these
m

odern
m

ethods
have

three
steps:

1.
D

eterm
ine

the
neighbors

of
each

point.
T

his
can

be
done

in
tw

o
w

ays:
(1)

keep
all

point
w

ithin
som

e
fixed

radius
ρ

or(2)com
pute

κ
nearestneighbors.

2.
C

onstructa
w

eighting
m

atrix
W

,w
here

(W
)
ij

=
0

if
points

i
and

j
are

notneighbors,and
(W

)
ij

is
inversely

proportionalto
the

distance
betw

een
points

iand
j

otherw
ise.

3.
C

om
pute

an
em

bedding
from

W
thatis

locally
isom

etric
to

X
.

For
the

third
step,m

any
differentand

pow
erfulapproaches

have
been

proposed,from
com

puting
shortest

paths
on

a
graph

(Tenenbaum
et

al.,2000),to
using

graph
spectral

m
ethods

(B
elkin

and
N

iyogi,2003),to
using

neuralnetw
orks

(H
adselletal.,2006).

H
ow

ever,the
success

of
these

techniques
depends

critically
on

the
ability

to
capture

the
data

structure
in

the
first

tw
o

steps.
C

orrectly
setting

either
ρ

or
κ

is
a

non-trivial
task

that
is

left
to

the
user

of
these

techniques.
Furtherm

ore,a
kernel(m

ostcom
m

only
an

R
B

F)
is

often
involved

in
the

second
step,adding

an
additionalparam

eter
(the

kernelw
idth/scale)

to
the

user
to

determ
ine.

E
xpectedly,the

optim
alselection

of
these

param
eters

plays
a

criticalrole
in

the
overallsuccess

of
the

m
anifold

learning
process.

N
O

M
A

D
departs

drastically
from

this
setup

as
no

kernelselection
nor

nearestneighbor
search

are
involved.

Y
et,the

solution
Q
∗

is
effectively

a
kernelw

hich
is

autom
atically

learned
from

the
data.

B
ecause

Q
∗

is
positive

sem
idefinite

itcan
be

factorized
as

Q
∗

=
Y
>

Y
,defining

a
feature

m
ap

from
X

to
Y

.
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P
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G
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P
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S
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x
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0
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2

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5
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Squared Euclidean distances to x

0

0
34

32
2

1.0

0.5

0.0

0.5

1.0

Dot products with x
0

NOM
AD kernel function

Figure
2:

C
orrespondence

betw
een

using
a

kernel/threshold
in

distance-space
and

nonnegativity
of

G
ram

ian-based
representations.In

this
toy

exam
ple,the

constraint
Q
≥

0
in

N
O

M
A

D
is

equivalent
to

setting
to

zero
distances

thatare
greater

than
√

2
(squared

distances
greater

than
2).

W
e

use
x

0

as
a

reference
butrotationalsym

m
etry

m
akes

this
argum

entvalid
forallpoints

in
the

dataset.

To
illustrate

intuitively
the

differences
and

sim
ilarities

w
ith

priorw
ork

on
m

anifold
learning

w
e

use
L

L
E

(R
ow

eis
and

Saul,2000)as
an

exam
ple.L

L
E

optim
izes

the
costfunction

Φ
(Y

)
=

T
r (

(I−
W

) >
(I−

W
) (

Y
>

Y
))

,
(1)

w
here

W
is

the
adjacency

m
atrix

of
a

w
eighted

nearest-neighbors
graph.

T
he

key
to

finding
a

m
atrix

Y
thatis

locally
isom

etric
to

X
,w

hile
unw

rapping
the

data
m

anifold,is
to

rem
ove

from
W

the
connections

betw
een

distantpoints
(X

)
:i and

(X
)
:j .

T
his

is
done

w
ith

som
e

technique
to

find
nearestneighbors.

N
O

M
A

D
also

triesto
align

the
outputG

ram
ian,Q

,to
the

inputG
ram

ian,D
,butdiscardsdistant

data
points

differently.
A

s
negative

entries
in

D
cannotbe

m
atched

because
Q

is
nonnegative,the

bestoption
w

ould
be

to
setthe

corresponding
elem

entof
Q

to
zero.

T
his

effectively
discards

pairs
of

input
data

points
w

hose
inner

product
is

negative
thus

enforcing
locality

in
the

angular
space

(C
ho

and
Saul,

2009),
see

Fig.
2.

In
fact,

this
argum

ent
can

be
taken

further
by

noting
that

the
constraint

Q
1

=
1

allow
s

us
to

replace
the

G
ram

ian
D

w
ith

the
negative

squared
distance

m
atrix,

−
12 ∑

ij

‖x
i −

x
j ‖

22
(Q

)
ij

=
−
∑

i

(D
)
ii ∑

j

(Q
)
ij

+
T

r
(D

Q
)

=
−

T
r

(D
)

+
T

r
(D

Q
)
.

(2)

Finally,the
constraint

T
r

(Q
)

=
K

allow
s

furthercontrolofthe
neighborhood

size
ofN

O
M

A
D

(m
odulating

the
actualw

idth
of

its
kernelfunction,see

Fig.2).
N

ext,w
e

develop
further

intuition
aboutthe

m
anifold-learning

capabilitiesofN
O

M
A

D
by

analyzing
theoretically

the
datasetin

Fig.2.
A

s
w

e
m

entioned
before,

the
SD

P
form

ulation
of

Peng
and

W
ei

(2007)
w

as
developed

as
a

clustering
algorithm

.
W

hether
this

m
ethod

actually
delivers

a
clustered

solution
depends

on
the

geom
etry

of
the

dataset.
W

hen
the

dataset
consists

of
w

ell-segregated
clusters,

the
resulting

Q
∗

has
block

diagonal
structure.

W
e

em
pirically

observe
that,

w
hen

the
dataset

is
sam

pled
from

a
regularm

anifold,the
solution

Q
∗

doesnotbreak
dow

n
the

datasetinto
artificialclustersand

actually
preserves

the
m

anifold
structure

(see
Sec.3).

In
a

sim
ple

exam
ple,w

here
the

m
anifold

exhibits
a

high
degree

of
sym

m
etry,

w
e

dem
onstrate

analytically
that

this
behavior

occurs.
T

he
follow

ing
sections

are
devoted

to
this

task.
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N
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T
T

H
A

T
H

A
R

D

2.
1.

A
na

ly
si

so
fN

O
M

A
D

on
a

2D
ri

ng
da

ta
se

t

W
e

an
al

yz
e

th
e

ca
se

in
w

hi
ch

th
e

in
pu

td
at

a
to

N
O

M
A

D
po

ss
es

s
ro

ta
tio

na
ls

ym
m

et
ry

,i
.e

.,
da

ta
ar

e
ar

ra
ng

ed
un

if
or

m
ly

on
a

ri
ng

,s
ee

Fi
g.

2.
In

th
is

ca
se

,w
e

ca
n

w
ri

te
th

e
SD

P
as

a
lin

ea
rp

ro
gr

am
(L

P)
in

th
e

ci
rc

ul
ar

Fo
ur

ie
rb

as
is

.T
hi

s
ne

w
re

pr
es

en
ta

tio
n

al
lo

w
s

to
vi

su
al

iz
e

th
at

N
O

M
A

D
lif

ts
th

e
da

ta
in

to
a

hi
gh

-d
im

en
si

on
al

sp
ac

e,
w

ith
K

co
nt

ro
lli

ng
its

di
m

en
si

on
al

ity
.

In
th

e
ex

am
pl

e
in

Fi
g.

2,
th

e
en

tr
ie

s
of

D
ca

n
be

de
sc

ri
be

d
by

(D
) i
j

=
x
i>

x
j

=
co

s(
α
i
−
α
j
),

w
he

re
α
i,
α
j

ar
e

th
e

an
gl

es
of

po
in

ts
x
i,

x
j
,r

es
pe

ct
iv

el
y

(F
ig

.2
).

Si
nc

e
th

e
po

in
ts

ar
e

un
if

or
m

ly
di

st
ri

bu
te

d
ov

er
th

e
ri

ng
,
D

is
a

ci
rc

ul
an

t
m

at
ri

x,
i.e

.,
co

s(
α
i
−
α
j
)

=
co

s(
α
i+
k
−
α
k
+
k
).

T
he

so
lu

tio
n

Q
∗

to
N

O
M

A
D

is
ci

rc
ul

an
tt

oo
(B

ac
ho

c
et

al
.,

20
12

).
B

ei
ng

ci
rc

ul
an

tm
at

ri
ce

s,
D

an
d

Q
∗

ar
e

di
ag

on
al

iz
ed

by
th

e
di

sc
re

te
Fo

ur
ie

rt
ra

ns
fo

rm
(D

FT
),

i.e
.,

D
=

F
d
ia

g
(d

)F
H
,

Q
∗

=
F

d
ia

g
(q

)F
H
,

(3
)

w
he

re
q
,d
≥

0
re

sp
ec

tiv
el

y
ar

e
ve

ct
or

s
co

nt
ai

ni
ng

th
e

ei
ge

nv
al

ue
s

of
D

an
d

Q
∗,

F
H

is
a

H
er

m
iti

an
co

nj
ug

at
e

of
F

,a
nd

F
∈
C
n
×
n

is
th

e
un

ita
ry

D
FT

m
at

ri
x,

w
ith

en
tr

ie
s

(p
,k

=
0,
..
.,
n
−

1
)

(F
) p
k

=
1 √
n

ex
p
( −
i2
π
p
k n

) .
(4

)

H
en

ce
,a

nd
in

ac
co

rd
w

ith
th

e
co

ns
tr

ai
nt

Q
∗1

=
1

,w
e

ha
ve

th
at

(F
) 0

:
=

1 √
n
1

an
d

(q
) 0

=
1.

2.
2.

A
lin

ea
r

pr
og

ra
m

on
th

e
da

ta
m

an
ifo

ld

W
e

ex
pr

es
s

th
e

ob
je

ct
iv

e
fu

nc
tio

n
an

d
th

e
co

ns
tr

ai
nt

s
of

N
O

M
A

D
in

te
rm

s
of

d
an

d
q

,i
.e

.,

T
r

(D
Q
∗)

=
d
>

q
,

(5
)

T
r

(Q
)

=
1
>

q
=
K
,

(6
)

(Q
) k
k
′

=
(F

) k
:
d
ia

g
(q

)(
F

H
) :
k
′

=
n
−

1
∑ p
=

0

(q
) p n

co
s
( 2
π
p
k
′ −
k

n

)
≥

0
.

(7
)

T
hi

s
re

fo
rm

ul
at

io
n

al
lo

w
s

us
to

re
w

ri
te

N
O

M
A

D
as

a
lin

ea
rp

ro
gr

am

m
ax q

d
>

q
s.

t.
(∀
τ
)
c
τ
>

q
≥

0,
1
>

q
=
K
,

q
≥

0
,

(q
) 0

=
1,

(8
)

w
he

re
(c
τ
) p

=
1 n

co
s
( 2π

p
τ n

) .
Pr

ob
le

m
(8

)
sh

ed
s

lig
ht

on
th

e
in

ne
r

w
or

ki
ng

s
of

N
O

M
A

D
.

Fi
rs

t,
th

e
co

ns
tr

ai
nt

1
>

q
=
K

en
su

re
s

th
at

q
do

es
no

tg
ro

w
to

in
fin

ity
an

d
ac

ts
as

a
bu

dg
et

co
ns

tr
ai

nt
.L

et
us

as
su

m
e

fo
ra

m
om

en
t

th
at

w
e

re
m

ov
e

th
e

co
ns

tr
ai

nt
c
τ
>

q
≥

0
(t

he
eq

ui
va

le
nt

of
Q
≥

0
).

T
he

n,
th

e
pr

og
ra

m
w

ill
tr

y
to

se
tt

o
K

th
e

en
tr

y
of

q
co

rr
es

po
nd

in
g

to
th

e
la

rg
es

te
ig

en
va

lu
e

of
d

;t
hi

s
q

w
ill

vi
ol

at
e

as
K

ge
ts

bi
gg

er
th

e
re

m
ov

ed
co

ns
tr

ai
nt

(s
in

ce
(c
τ
) p

is
a

si
nu

so
id

).
T

he
n

th
e

ef
fe

ct
of

th
is

co
ns

tr
ai

nt
is

to
sp

re
ad

th
e

al
lo

ca
te

d
bu

dg
et

am
on

g
se

ve
ra

le
ig

en
va

lu
es

(i
ns

te
ad

of
ju

st
th

e
la

rg
es

t)
.T

he
ex

pe
ri

m
en

t
in

Fi
g.

3
co

nfi
rm

s
th

is
:t

he
nu

m
be

ro
fa

ct
iv

e
ei

ge
nv

al
ue

s
of

Q
∗

gr
ow

s
w

ith
K

.W
e

ca
n

in
te

rp
re

tt
hi

s
as

in
cr

ea
si

ng
th

e
in

tr
in

si
c

di
m

en
si

on
al

ity
of

th
e

pr
ob

le
m

in
su

ch
a

w
ay

th
at

on
ly

lo
ca

li
nt

er
ac

tio
ns

ar
e

co
ns

id
er

ed
.

In
te

rp
re

ta
tio

n
of
K

.T
he

ci
rc

ul
an

tp
ro

pe
rt

y
of

Q
∗

fo
rt

he
2D

ri
ng

sh
ed

s
fu

rt
he

rl
ig

ht
on

th
e

m
ea

n-
in

g
of
K

.I
n

Fi
g.

3(
c)

,w
e

ob
se

rv
e

th
at

th
e

nu
m

be
ro

fs
ig

ni
fic

an
te

le
m

en
ts

in
ea

ch
of

Q
∗

is
dn
/K
e.
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T
E

P
P

E
R

,S
E

N
G

U
P

TA
,C

H
K

L
O

V
S

K
II

K
=

1
K

=
1
2

K
=

2
5

K
=

1
0
0

(a
)

10
20

30
40

50
60

70
80

90
10

0
K

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Eigenvalues

M
ea

n
M

ed
ia

n

(b
)

10
20

30
40

50
60

70
80

90
10

0
K

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Value along h-diagonal

h=
0

h=
1

h=
2

h=
3

h=
4

h=
5

h=
6

h=
7

h=
8

h=
9

(c
)

(d
)

Fi
gu

re
3:

E
vo

lu
tio

n
of

th
e

N
O

M
A

D
so

lu
tio

n
fo

r
th

e
2D

ri
ng

da
ta

se
t(

w
ith

10
0

po
in

ts
,s

ee
Fi

g.
2)

w
ith

in
cr

ea
si

ng
pa

ra
m

et
er
K

.
(a

)
A

s
K

in
cr

ea
se

s,
th

e
so

lu
tio

n,
Q
∗,

co
nc

en
tr

at
es

m
or

e
an

d
m

or
e

to
w

ar
ds

th
e

di
ag

on
al

.
(b

)
A

s
K

in
cr

ea
se

s,
th

e
nu

m
be

r
of

ac
tiv

e
ei

ge
nv

al
ue

s
in

th
e

so
lu

tio
n,

Q
∗,

gr
ow

s
re

su
lti

ng
in

th
e

m
or

e
un

if
or

m
di

st
ri

bu
tio

n
of

ei
ge

nv
al

ue
s

an
d

gr
ea

te
r

m
ea

n/
m

ed
ia

n
(n

ot
ic

e
th

at
th

e
m

ea
n

be
in

g
lin

ea
r

co
m

es
fr

om
th

e
tr

ac
e

co
ns

tr
ai

nt
).

(c
)

W
e

de
fin

e
th

e
h

-d
ia

go
na

l
of

Q
∗

as
th

e
en

tr
ie

s
(i
,j

)
fo

r
w

hi
ch
i
−
j

=
h

.
A

s
Q
∗

is
a

ci
rc

ul
an

t
m

at
ri

x,
ea

ch
h

-d
ia

go
na

l
co

nt
ai

ns
a

si
ng

le
re

pe
at

ed
va

lu
e.

W
e

pl
ot

th
es

e
va

lu
es

,a
ss

ig
ni

ng
a

di
ff

er
en

tc
ol

or
to

ea
ch
h

.
T

he
ef

fe
ct

of
th

e
sc

al
in

g
co

ns
tr

ai
nt

T
r

(Q
)

=
K

be
co

m
es

ev
id

en
t:

w
he

n
on

e
h

-d
ia

go
na

lb
ec

om
es

in
ac

tiv
e,

al
l

re
m

ai
ni

ng
h
′ -d

ia
go

na
ls

ne
ed

to
be

up
sc

al
ed

.
(d

)
T

he
ei

ge
nv

ec
to

rs
of

Q
∗

fo
rm

a
hi

gh
-d

im
en

si
on

al
co

ne
(c

ar
to

on
re

pr
es

en
ta

tio
n,

co
ne

ax
is

in
re

d
an

d
ei

ge
nv

ec
to

rs
in

gr
ee

n)
.

T
hu

s,
w

e
ca

n
in

te
rp

re
tK

as
a

pa
ra

m
et

er
th

at
ef

fe
ct

iv
el

y
se

ts
th

e
si

ze
of

th
e

lo
ca

ln
ei

gh
bo

rh
oo

d
on

th
e

m
an

if
ol

d.
In

st
an

da
rd

m
an

if
ol

d
le

ar
ni

ng
m

et
ho

ds
th

is
si

ze
is

se
tb

y
a

co
m

bi
na

tio
n

of
th

e
nu

m
be

r
of

ne
ar

es
t

ne
ig

hb
or

s
an

d
th

e
sh

ap
e

an
d

sc
al

e
of

th
e

ke
rn

el
fu

nc
tio

n.
In

N
O

M
A

D
,a

ll
th

es
e

va
ri

-
ab

le
s

ar
e

in
co

rp
or

at
ed

in
to

a
si

ng
le

pa
ra

m
et

er
an

d
ba

la
nc

ed
w

ith
th

e
he

lp
of

th
e

re
m

ai
ni

ng
pr

ob
le

m
co

ns
tr

ai
nt

s.
In

ge
ne

ra
l,

fo
r

no
n-

sy
m

m
et

ri
c

an
d

ir
re

gu
la

rl
y

sa
m

pl
ed

m
an

if
ol

ds
,K

is
ch

os
en

to
ca

pt
ur

e
th

e
m

an
if

ol
d

un
de

rl
yi

ng
th

e
da

ta
se

t:
th

e
ne

ig
hb

or
ho

od
si

ze
ne

ed
s

to
be

sm
al

l
en

ou
gh

to
ca

pt
ur

e
th

e
de

si
re

d
m

an
if

ol
d

fe
at

ur
es

,
bu

t
bi

g
en

ou
gh

to
av

oi
d

ca
pt

ur
in

g
un

w
an

te
d

st
ru

ct
ur

e
(e

.g
.,

no
is

e)
.

If
sa

m
pl

in
g

de
ns

ity
di

ff
er

s
in

di
ff

er
en

ta
re

as
,t

he
si

ze
w

ill
ad

ju
st

lo
ca

lly
as

ne
ed

ed
.

2.
3.

L
ift

in
g

th
e

ri
ng

to
a

hi
gh

-d
im

en
si

on
al

co
ne

H
er

e,
w

e
sh

ow
th

at
N

O
M

A
D

ef
fe

ct
iv

el
y

em
be

ds
th

e
da

ta
m

an
if

ol
d

in
to

a
sp

ac
e

w
he

re
its

st
ru

ct
ur

e,
i.e

.,
ro

ta
tio

na
ls

ym
m

et
ry

,i
s

pr
es

er
ve

d.
W

e
no

w
m

ak
e

us
e

of
th

e
ha

lf
-w

av
e

sy
m

m
et

ry
in

Q
∗,

no
tin

g
th

at
th

ey
ca

n
be

fu
lly

re
pr

es
en

te
d

w
ith

on
ly

on
e

ha
lf

of
th

e
Fo

ur
ie

rb
as

is
.W

e
ca

n
th

en
de

co
m

po
se

it
w

ith
th

e
re

al
Fo

ur
ie

rb
as

is

Q
∗

=
F̃

d
ia

g
(q̃

)F̃
>
,

(9
)

w
he

re
q̃

=
[(

q
) 0
,(

q
) 1
,(

q
) 1
,.
..
,(

q
) n
−

1
,(

q
) n
−

1
]>

an
d

F̃
∈
R
n
×
n

ha
se

nt
ri

es
(p
,k

=
0,
..
.,
n
−

1)

(F̃
) p
k

=

{
2 √
n

co
s
( 2π

p
k n

)
if
k

is
ev

en
,

2 √
n

si
n
( 2
π
p
k
−

1
n

)
if
k

is
od

d.
(1

0)
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C
L

U
S

T
E

R
IN

G
IS

S
E

M
ID

E
FIN

IT
E

LY
N

O
T

T
H

A
T

H
A

R
D

L
et

Ỹ
=

d
ia

g
(q

)
1
/
2F̃
>

.
N

otice
that〈Ỹ

:i / ∥∥∥
Ỹ

:i ∥∥∥
F
,F̃

:0 〉
=
〈F̃

:i ,F̃
:0 〉

=
4n ,

m
eaning

that
the

vectors
Ỹ

:i are
the

extrem
e

raysofa
rightcircularcone

w
ith

the
eigenvector

F̃
:0

=
2√n

[1,0,...,0] >

as
its

sym
m

etry
axis,see

Fig.3(d).
T

hus,w
e

can
interpretthe

solution
to

N
O

M
A

D
as

lifting
the

2D
ring

structure
into

a
cone.

A
s

m
entioned

before,this
cone

is
high-dim

ensional,w
ith

as
m

any
directions

as
needed

to
preserve

the
nonnegativity

of
Q

.
W

e
identify

the
rank

of
the

solution
Q

w
ith

the
num

ber
of

active
eigenvalues.

T
he

bigger
the

K
,the

higherthe
rank.T

he
constraint

Q
1

=
1

in
N

O
M

A
D

leads
to

a
fanning-outeffectin

the
data

representation.Intuitively,this
fan-outeffectis

key
to

the
disentanglem

entofdatasets
w

ith
com

plex
topologies.

Spin-m
odel-inspired

SD
Ps

forcom
m

unity
detection

(Javanm
ard

etal.,2015)achieve
a

sim
ilar

fanning-outby
dropping

the
constraint

Q
1

=
1

and
adding

the
related

term
−
γ
1
>

Q
1

to
the

objective
function.

W
ith

the
L

P
fram

ew
ork

and
the

geom
etric

picture
in

place,w
e

can
begin

to
understand

how
the

solution
evolves

as
the

param
eter

K
increases

from
1

to
n.

A
t
K

=
1,only

the
eigenvalue

(q
)
0

is
active

and
every

vector
(Ỹ

)
:i is

the
sam

e
w

ith
each

entry
equalto

1/n.
W

hen
K

slightly
above

1,
the

eigenvalue
(q

)
1

becom
es

active
(nonzero),introducing

the
firstnontrivialFourier

com
ponent.

G
eom

etrically,
the

vectors{(Ỹ
)
:i }

now
open

up
into

a
narrow

cone.
A

s
K

increases,
the

cone
w

idens
and,

at
som

e
point,

the
angle

betw
een

tw
o

of
the

vectors
reaches

π
/2

(this
activates

the
nonnegativity

constraintin
E

q.(7)).
Further

increase
of
K

necessitates
use

of
a

larger
num

ber
of

Fourier
m

odes.
Finally,at

K
=
n

allm
odes

are
active

and
allvectors{

(Ỹ
)
:i }

becom
e

orthogonal
to

each
other.Fig.3(b)depicts

the
progression

w
ith

K
ofthe

num
berofactive

m
odes.

Sum
m

ary.
Previous

studies
(K

ulis
etal.,2007;Peng

and
W

ei,2007;A
w

asthietal.,2015),focus
solely

on
cases

w
here

N
O

M
A

D
exhibits

K
-m

eans-like
solutions

(i.e.,hard-clustering).Sec.2
pro-

vides
a

characterization
ofthe

N
O

M
A

D
solutions

on
a

sim
ple

exam
ple

w
ith

a
high

degree
ofsym

-
m

etry,show
ing

thatthey
are

drastically
differentfrom

K
-m

eans.
T

hese
solutions

connectneigh-
boring

points,w
ith

the
neighborhood

size
determ

ined
by
K

.T
hese

neighborhoods
overlap,as

they
w

ould
in

soft-clustering,in
a

w
ay

thatpreserves
globalfeatures

ofthe
m

anifold,including
its

sym
-

m
etry.T

his
is

a
feature

soughtafterby
m

anifold
learning

m
ethods

and
help

place
N

O
M

A
D

am
ong

reliable
m

anifold
analysis

techniques.

3.A
nalyzing

data
m

anifoldsw
ith

N
O

M
A

D
:E

xperim
entalresults

In
the

previous
section,

w
e

show
ed

that
N

O
M

A
D

recovers
the

data
m

anifold
in

an
idealized

2D
ring

dataset.
H

ere,
w

e
extend

this
observation

num
erically

to
m

ore
com

plex
datasets

for
w

hich
analytical

form
of

the
transform

ation
that

diagonalizes
Q
∗

(nor
D

)
is

not
know

n,
see

figs.
1,

5
and

7.W
e

visualize
the

solution
Q
∗

by
em

bedding
itin

a
low

-dim
ensionalspace.W

hile
ourgoalis

notdim
ensionality

reduction,w
e

learn
the

data
m

anifold
w

ith
N

O
M

A
D

,and
use

standard
spectral

dim
ensionality

reduction
to

visualize
the

results.
R

ecovering
m

ultiple
m

anifolds.
K

-m
eans

cannoteffectively
recover

m
ultiple

distinctm
anifolds

(although
in

som
e

very
particular

cases,
w

ith
w

ell
separated

and
linearly

separable
m

anifolds,
it

m
ay

group
the

points
correctly).Interestingly,N

O
M

A
D

does
notinheritthis

lim
itation.O

fcourse,
if

w
e

setthe
N

O
M

A
D

param
eter

K
to

the
num

ber
of

m
anifolds

thatw
e

w
antto

recover,there
is

no
hope

in
the

generalcase
to

obtain
a

resultsubstantially
betterthan

the
one

obtained
w

ith
L

loyd’s
algorithm

(L
loyd,1982).H

ow
ever,setting

the
N

O
M

A
D

param
eter

K
to

be
higherthan

the
num

ber
of

m
anifolds

leads
to

a
correct

identification
and

characterization
of

their
structures.

N
ote

that
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T
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E
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E
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(a)
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Q
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=
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(d)

Figure
4:

Solution
ofN

O
M

A
D

on
the

datasetconsisting
oftw

o
2D

rings.(a)Tw
o-ring

dataset.(b)
InputG

ram
ian,

D
,and

its
tw

o
eigenvectors

(D
has

rank
2).N

ote
thatthe

eigenvectors
of

D
do

not
segregate

the
rings.(c)T

he
solution,Q

,ofN
O

M
A

D
contains

tw
o

sets
ofeigenvectors

w
ith

disjoint
support:one

setdescribing
the

points
in

each
ring

(w
e

show
alleigenvectors

and
a

detailon
the

first
3

w
ithin

each
set).

(d)
T

he
eigenvectors

of
Q

form
tw

o
orthogonalhigh-dim

ensionalcones:
one

cone
foreach

ring
(cartoon

representation,cone
axis

in
red

and
eigenvectors

in
green).N

otice
how

these
cones

becom
e

linearly-separable.

setting
a

sim
ilarly

large
K

w
ould

not
help

K
-m

eans,
as

it
is

designed
to

partition
the

data,
thus

breaking
each

m
anifold

into
severalpieces.

A
n

exam
ple

w
ith

tw
o

rings
is

presented
in

Fig.
4.

W
e

can
expect

that,
as

the
single

ring
in

Sec.2
is

described
by

Fourierm
odes,N

O
M

A
D

describes
tw

o
rings

w
ith

tw
o

sets
ofFourierm

odes
w

ith
disjointsupport;the

solution
is

now
arranged

as
tw

o
orthogonalhigh-dim

ensionalcones,see
Fig.4(d).

In
a

sense,the
m

anifold
learning

problem
is

already
solved,as

there
are

tw
o

circulant
subm

atrices,one
for

each
m

anifold,w
ith

no
interactions

betw
een

them
.

If
the

user
desires

a
hard

assignm
entofpointsto

m
anifolds,w

e
can

sim
ply

consider
Q
∗

asthe
adjacency

m
atrix

ofa
w

eighted
graph

and
com

pute
its

connected
com

ponents.

D
iscussion

ofthe
experim

entalresults.
To

dem
onstrate

the
m

anifold-learning
capabilities

ofthe
N

O
M

A
D

,w
e

presentseveralexam
ples,both

synthetic
and

real-w
orld.T

he
trefoilknotin

Fig.1(a)
is

a
1D

m
anifold

in
3D

;itis
the

sim
plestexam

ple
ofa

nontrivialknot,m
eaning

thatitis
notpossible

to
“untie”

itin
three

dim
ensions

w
ithoutcutting

it.
H

ow
ever,the

m
anifold

learning
procedure

in
Sec.3

learns
a

closed
1D

m
anifold.

W
e

also
presentexam

ples
using

real-w
orld

high-dim
ensional

datasets,recovering
in

every
case

structures
of

interest,see
Fig.6.

In
figs.6(a)

to
6(c),N

O
M

A
D

respectively
uncovers

the
cam

era
rotation,the

orientation
ofthe

lighting
source,and

specific
hand-

w
riting

features.

To
dem

onstrate
the

m
ulti-m

anifold
learning

and
m

anifold-disentangling
capabilities

of
N

O
-

M
A

D
,w

e
use

severalstandard
synthetic

datasets,see
figs.1(b),4

and
5.

In
allof

these
exam

ples,
N

O
M

A
D

is
able

to
disentangle

clusters
thatare

notlinearly
separable.

W
e

also
presentresults

for
a

real-w
orld

dataset(Fig.7)w
hich

is
sim

ilarto
the

one
in

Fig.6(a)butw
ith

tw
o

objects.N
O

M
A

D
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Figure
9:

R
esults

of
recursive

N
O

M
A

D
application

(m
ulti-layer

N
O

M
A

D
).For

each
exam

ple,w
e

show
m

atrices
Q
∗

com
puted

by
the

successive
application

of
the

algorithm
.

M
ulti-layer

N
O

M
A

D
untangles

these
linearly

non-separable
m

anifolds
and,in

the
final

layer,assigns
each

m
anifold

to
one

cluster.

In
Fig.9,w

e
presentthe

evolution
of

successive
m

atrices
Q
l .

In
allof

these
exam

ples,m
ulti-

layer
N

O
M

A
D

is
able

to
correctly

identify
clusters

that
are

not
linearly

separable,
som

ething
unattainable

w
ith

single-layer
N

O
M

A
D

or
w

ith
K

-m
eans

clustering.
Interestingly,

w
e

find
that

the
m

anifolds
are

already
segregated

afterone
application

ofN
O

M
A

D
in

the
direction

ofthe
lead-

ing
eigenvectors

of
Q

(see
Fig.

4).
T

he
rest

of
the

N
O

M
A

D
layers

little-by-little
sieve

out
the

(unw
anted)sm

allereigenvalues
in

an
unsupervised

fashion.

To
turn

this
algorithm

into
a

generaldata-analysis
tool,w

e
need

an
autom

ated
selection

of
the

values{
K
l }

w
hich

is
a

non-trivial
task

in
general.

A
dditional

results,
using

different
sequences

{
K
l },can

be
found

in
A

ppendix
C

.Furtherresearch
is

needed
to

develop
such

algorithm
and

fully
understand

m
ulti-layerN

O
M

A
D

’s
interesting

behavior.

3.2.G
eodesic-distance

preservation:N
O

M
A

D
versusexisting

m
anifold

learning
techniques

In
order

to
com

pare
differentm

ethods
for

m
anifold

discovery,w
e

need
to

agree
upon

appropriate
m

etrics,w
hich

itselfis
an

active
area

ofresearch
(e.g.,Z

hang
etal.,2012).In

particular,w
e

w
anta

m
etric

thatallow
s

faircom
parison

am
ong

outputs
ofm

ethods
w

ith
very

differentobjectives.
Since

ourm
ethod

isnotexplicitly
geared

tow
ardsdim

ension
reduction,ortow

ardsvariance
m

axim
ization,

w
e

preferm
etricsthatem

phasize
the

preservation
ofintrinsic

structure
ofthe

m
anifold.In

particular,
w

e
hope

to
preserve

the
ordering

ofintrinsic
distancesalong

the
m

anifold,som
ething

thatguarantees
thatthe

neighborhood
structure

rem
ain

sim
ilar.

C
oncretely,(1)

w
e

com
pute

N
nearest

neighbors
for

each
dataset

point
and

build
a

w
eighted

graph
w

ith
these

distances
as

edges;
(2)

w
e

use
this

graph
to

com
pute

geodesic
distances

using
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rr

ie
s

th
eo

re
tic

al
an

d
pr

ac
tic

al
di

ffi
cu

lti
es

th
at

ar
e

no
te

as
ily

ov
er

co
m

e.
In

th
is

se
ct

io
n,

w
e

pr
op

os
e

an
al

go
ri

th
m

fo
rN

O
M

A
D

th
at

is
fa

st
an

d
ye

tc
on

ve
x.

5.
1.

A
ug

m
en

te
d

L
ag

ra
ng

ia
n

fo
rm

ul
at

io
n

Fi
rs

t,
w

e
re

de
fin

e
th

e
va

ri
ab

le
s

in
N

O
M

A
D

by
se

tti
ng

P
=

Q
−

E
n

,w
he

re
E
n

=
1 n
1
1
>

.T
he

n,

m
ax P

T
r

(D
P

)
s.

t.
P

1
=

0
,

T
r

(P
)

=
K
−

1
,

P
�

0
,

P
+

E
n
≥

0
.

(1
2)

A
s

us
ua

l
in

th
e

op
tim

iz
at

io
n

lit
er

at
ur

e,
w

e
ha

nd
le

th
is

co
ns

tr
ai

nt
w

ith
an

au
gm

en
te

d
L

ag
ra

ng
ia

n
m

et
ho

d.
T

he
au

gm
en

te
d

L
ag

ra
ng

ia
n

of
Pr

ob
le

m
(1

2)
w

ith
re

sp
ec

tt
o

th
e

co
ns

tr
ai

nt
P

+
E
n
≥

0
is

g
(P
,Γ

)
=
−

T
r

(D
P

)
+

T
r

(Γ
(P

+
E
n
))

+
γ 2

∥ ∥ [
P

+
E
n
] −
∥ ∥2 F

,
(1

3)
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Figure
12:

C
om

parison
of

the
results

obtained
w

ith
a

standard
SD

P
solver

(firstcolum
n)

and
w

ith
a

low
-rank

non-convex
approach

(rem
aining

colum
ns,

r
denotes

the
rank

ofthe
obtained

solution).
(Top)

D
atasetin

Fig.4;w
e

set
K

=
8

in
allcases.(B

ottom
)

D
atasetin

Fig.6(a);w
e

set
K

=
20

in
all

cases.
In

each
case,

w
e

also
display

the
relative

error
betw

een
the

m
atrix

Y
>

Y
and

Q
∗ .

Interestingly,setting
r

=
K

produces
hard

clustering
solutions

(see
the

block
diagonalstructure

of
the

m
atrices

on
the

second
colum

n),w
hile

increasing
r

produces
“softer”

solutions.
T

his
suggests

thatthe
cp-rank

of
Q
∗

is
(m

uch)greaterthan
K

.

w
here

Γ
≥

0
is

the
associated

L
agrange

m
ultiplier,and

[·]−
=

m
in

(·,0)
is

the
projection

operator
onto

the
negative

orthant.W
e

can
then

pose
Problem

(12)as

m
in

P
m

ax
Γ≥

0
g
(P
,Γ

)
s.t.

P
1

=
0
,

T
r

(P
)

=
K
−

1
,

P
�

0
.

(14)

W
e

solve
itusing

the
m

ethod
ofm

ultipliers,i.e.,

P
t+

1
=

arg
m

in
P

g
(P
,Γ

t )
s.t.

P
1

=
0
,

T
r

(P
)

=
K
−

1
,

P
�

0
,

(15a)

Γ
t+

1
=

[Γ
t
+
τ
(P

t+
1

+
E
n
)]−

.
(15b)

5.2.A
conditionalgradientm

ethod
for

SD
Psw

ith
an

orthogonality
constraint

In
this

section,w
e

introduce
a

very
efficientalgorithm

to
solve

m
ax
Z

f
(Z

)
s.t.

Z
�

0,
T

r
(Z

)
=
s,

Z
b

=
0
.

(16)

ofw
hich

Problem
(15a)is

an
instance.

To
this

end
w

e
m

odify
an

algorithm
to

efficiently
solve

the
SD

P
(H

azan,2008)

m
ax
Z

f
(Z

)
s.t.

Z
�

0,
T

r
(Z

)
=
s,

(17)

w
here

function
f

is
differentiable

and
concave.

T
he

iterative
algorithm

consists,ateach
iteration

t
=

0
...,ofthe

follow
ing

steps:

1.
L

et
v
t be

the
largestalgebraic

eigenvectorof∇
f

(Z
t ).

2.
Z
t+

1
=

(1−
α

)Z
t
+
α
sv

t v
t >

w
ith

α
=

2/(t
+

2).
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T
E

P
P

E
R,S

E
N

G
U

P
TA

,C
H

K
L

O
V

S
K

II

A
lgorithm

1:C
onditionalgradientalgorithm

forSD
Ps

w
ith

an
orthogonality

constraint
input

:function
f

to
m

inim
ize,scale

param
eter

s.
output:solution

Z
t+

1 ∈
P
s

to
Problem

(17).
1

Initialize
Z

0
=

0;
2

for
t

=
0,...,∞

do
3

L
et

v
be

the
largestalgebraic

eigenvectorof∇
f

(Z
)

such
that

v
>

b
=

0;
4

α
←

2/(t
+

2
);

5
Z

t+
1 ←

(1−
α

)Z
t

+
α
sv

v
>

;
6

ifconverged
then

break
;

T
his

algorithm
is

an
instance

ofthe
Frank-W

olfe/conditional-gradientalgorithm
(Frank

and
W

olfe,
1956).

A
s

such
it

provides
a

solution
w

ithout
perform

ing
any

projections.
First,

Z
t+

1
is

a
non-

negative
linearcom

bination
oftw

o
positive

sem
idefinite

m
atrices,and

is
thus

positive
sem

idefinite
itself.

Second,the
iterations

m
aintain

the
invariant

T
r

(Z
t )

=
s

as
T

r
(Z

t+
1 )

=
(1−

α
)

T
r

(Z
t )

+
α
s

T
r (v

t v
t > )

=
(1−

α
)

T
r

(Z
t )

+
α
s.

W
e

now
show

how
to

extend
this

algorithm
to

handle
an

orthogonality
constraint.L

etP
s

be
the

convex
cone

of
positive

sem
idefinite

m
atrices

w
ith

trace
s

thatare
orthogonalto

a
given

vector
b

,
i.e.,

P
s

=
{
Z
�

0,
T

r
(Z

)
=
s,

Z
b

=
0}
.

(18)

N
otice

thatsetting
b

=
1

yields
the

constraints
ofProblem

(15a).W
e

seek
to

solve

m
ax
Z

f
(Z

)
s.t.

Z
∈
P
s .

(19)

Fortunately,w
e

can
push

the
constraint

Z
b

=
0

into
the

eigenvector
com

putation.
W

e
begin

by
noticing

thatthe
finalsolution

is
a

w
eighted

sum
of

the
m

atrices
v
t v
t >

.
Itthen

suffices
to

require
that,for

every
t,

v
t v
t >

b
=

0,w
hich

reduces
to

v
t >

b
=

0.
T

his
naturally

yields
a

new
iterative

m
ethod,

sum
m

arized
in

A
lg.

1.
T

his
algorithm

has
the

sam
e

perform
ance

guarantee
as

H
azan’s

(2008),given
by

the
follow

ing
proposition,w

hich
w

e
prove

in
A

ppendix
F.

Proposition
1

Let
X
,Z
∈
P
s

and
Y

=
X

+
α

(Z
−

X
)

and
α
∈
R

.The
curvature

constantof
f

is

C
f

:=
su

p
X
,Z
,α

1α
2 [f

(X
)−

f
(Y

)
+

(Y
−

X
)•∇

f
(X

)].
(20)

Let
Z
?

be
the

solution
to

P
roblem

(19).The
iterates

Z
t ofA

lg.1
satisfy

for
all

t
>

1

f
(Z

?)−
f

(Z
t )≤

8
C

f

t+
2
.

(21)

5.3.A
conditionalgradientalgorithm

for
N

O
M

A
D

A
lg.

2
sum

m
arizes

the
proposed

m
ethod

of
m

ultipliers,
see

iterations
(15a)

and
(15b),

to
solve

Problem
(12).T

he
innerproblem

(15a)is
solved

using
A

lg.1.A
few

rem
arks

are
in

order:
•

W
hen

using
the

m
ethod

of
m

ultipliers,itis
often

notnecessary
(nor

desirable)
to

solve
the

innerproblem
to

a
high

precision
(G

oldstein
and

O
sher,2009).In

ourim
plem

entation
w

e
set

N
inner

=
10.
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C
L

U
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T
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R
IN

G
IS

S
E

M
ID

E
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N
IT

E
LY

N
O

T
T

H
A

T
H

A
R

D

A
lg

or
ith

m
2:

C
on

di
tio

na
lg

ra
di

en
ta

lg
or

ith
m

fo
rN

O
M

A
D

in
pu

t
:m

at
ri

x
D

,s
ca

le
pa

ra
m

et
er
k

.
ou

tp
ut

:s
ol

ut
io

n
Q

to
N

O
M

A
D

.
1

In
iti

al
iz

e
P

0
=

0
;

Γ
←

0
;
γ

=
1;

2
fo

r
t

=
1,
..
.,
∞

do
3

fo
r
t i

nn
er

=
1,
..
.,
N

in
ne

r
do

4
L

et
∇
g
(P
,Γ

)
=
−

D
+

Γ
+
γ

[P
+

E
n
] −

;
5

L
et

A
=

(I
−

1 n
1
1
>

)∇
g
(P
,Γ

)(
I
−

1 n
1
1
>

);
6

L
et

v
be

th
e

sm
al

le
st

al
ge

br
ai

c
ei

ge
nv

ec
to

ro
fA

,s
uc

h
th

at
v
>

1
=

0;
7

H
←

(K
−

1)
v
v
>

;
8

α
←

2/
(t

+
t i

nn
er

+
2)

;
9

P
←

(1
−
α

)P
+
α

H
;

10
Γ
←

[Γ
+
τ

(P
+

E
n
)]
−

;
11

if
co

nv
er

ge
d

th
en

br
ea

k
;

12
Q
←

P
+

E
n

•
T

he
re

is
no

ne
ed

to
ne

ed
fo

r
a

hi
gh

ly
ac

cu
ra

te
ei

ge
nv

ec
to

r
co

m
pu

ta
tio

n
(H

az
an

,2
00

8)
.

W
e

us
e

th
e

L
an

cz
os

al
go

ri
th

m
an

d
se

ti
ts

ac
cu

ra
cy

to
(t

+
1)
−

1
.

•
A

lg
.1

so
lv

es
a

m
ax

im
iz

at
io

n
pr

ob
le

m
an

d
re

qu
ir

es
th

e
ei

ge
nv

ec
to

rw
ith

th
e

la
rg

es
ta

lg
eb

ra
ic

ei
ge

nv
al

ue
.

To
so

lv
e

th
e

m
in

im
iz

at
io

n
pr

ob
le

m
(1

5a
),

w
e

si
m

pl
y

co
m

pu
te

th
e

ei
ge

nv
ec

to
r

w
ith

th
e

sm
al

le
st

al
ge

br
ai

c
ei

ge
nv

al
ue

(J
ag

gi
,2

01
3)

.
•

A
sb

=
1

,w
e

ca
n

en
fo

rc
e

th
e

or
th

og
on

al
ity

co
ns

tr
ai

nt
v
t>

1
=

0
by

co
m

pu
tin

g
th

e
m

ax
im

um
ei

ge
nv

al
ue

of
A

=
(I
−

1 n
1
1
>

)∇
g
(P
,Γ

)(
I
−

1 n
1
1
>

).
T

hi
s

op
er

at
io

n
ca

n
be

ca
rr

ie
d

ou
tv

er
y

ef
fic

ie
nt

ly
.

C
om

pl
ex

ity
.

T
he

co
m

pl
ex

ity
of

A
lg

.
1

is
si

m
ila

r
to

th
at

of
H

az
an

’s
(2

00
8)

,
pl

us
an

ad
di

tio
na

l
fa

ct
or

to
co

m
pu

te
A

.
Fr

om
Pr

op
os

iti
on

1,
A

lg
.1

yi
el

ds
a

so
lu

tio
n

w
ith

ac
cu

ra
cy
ε,

i.e
.,
f

(Z
t)
≥

f
(Z

?
)
−
ε,

in
4
C

f

ε
−

1
ite

ra
tio

ns
.C

om
pu

tin
g
∇
g
(P
,Γ

),
A

,a
nd

H
t

re
qu

ir
e
n

2
op

er
at

io
ns

.L
et
T

E
IG

be
th

e
nu

m
be

r
of

ite
ra

tio
ns

of
th

e
ei

ge
ns

ol
ve

r,
ea

ch
ite

ra
tio

n
ta

ki
ng
O

(n
2
)

op
er

at
io

ns
.

A
dd

iti
on

al
op

er
at

io
ns

re
qu

ir
e
O

(n
)

tim
e.

T
he

n,
th

e
ov

er
al

lc
om

pl
ex

ity
of

A
lg

.1
is

O
( C

f ε

[ n
+
n

2
+
n

2
T

E
IG
])
.

(2
2)

Fo
rt

he
L

an
cz

os
al

go
ri

th
m

,a
nd

ou
ra

cc
ur

ac
y

se
tti

ng
of

(t
+

1)
−

1
,w

e
ha

ve
T

E
IG

=
O

((
t
+

1)
lo

g
n

).
In

th
is

ca
se

,t
he

co
m

pl
ex

ity
pe

r
ite

ra
tio

n
is
O

(n
2

lo
g
n

).
A

s
a

co
m

pa
ri

so
n,

st
an

da
rd

SD
P

so
lv

er
s

ha
ve

a
co

m
pl

ex
ity

of
O

(n
3
)

pe
r

ite
ra

tio
n.

T
he

se
so

lv
er

s
al

so
in

vo
lv

e
si

gn
ifi

ca
nt

m
em

or
y

us
ag

e,
w

hi
le

ou
ra

lg
or

ith
m

ha
s

an
op

tim
al

sp
ac

e
co

m
pl

ex
ity

of
O

(n
2
).

5.
4.

E
xp

er
im

en
ta

la
na

ly
si

s

T
hr

ou
gh

ou
tt

he
ite

ra
tio

ns
of

A
lg

.2
,P
∈
P k
−

1
,s

ee
E

q.
(1

8)
.

T
hu

s,
w

e
on

ly
ne

ed
to

ke
ep

tr
ac

k
of

th
e

co
ns

tr
ai

nt
Q

=
P

+
E
n
≥

0
an

d
of

th
e

va
lu

e
of

th
e

ob
je

ct
iv

e
T

r
(D

P
).

W
e

ill
us

tr
at

e
w

ith
tw

o
ty

pi
ca

le
xa

m
pl

es
th

e
em

pi
ri

ca
lc

on
ve

rg
en

ce
of

th
es

e
va

lu
es

in
Fi

g.
13

.
th

e
co

nv
er

ge
nc

e
th

e
ob

je
ct

iv
e

va
lu

e
is

cl
ea

rl
y

su
pe

rl
in

ea
r,

w
hi

le
w

e
ob

se
rv

e
a

lin
ea

r
co

nv
er

ge
nc

e
fo

rt
he

no
nn

eg
at

iv
ity

co
ns

tr
ai

nt
.A

cc
el

er
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in
g

th
e
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tte

rr
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e
is

an
in

te
re

st
in

g
lin

e
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tu
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.
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ie
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N
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D
so

lv
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its

ite
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tio
ns

pr
og

re
ss

.
O

n
th

e
le

ft
pl

ot
s,

w
e

sh
ow

th
e

R
M

SE
of

[Q
] −

=
[P

+
E
n
] −

,
w

ith
th

e
av

er
ag

e
co

m
pu

te
d

ov
er

its
no

n-
ze

ro
en

tr
ie

s.
A

ft
er

ab
ou

t
10

ite
ra

tio
ns

,
th

e
R

M
SE

dr
op

s
lin

ea
rl

y,
as

us
ua

lf
or

th
e

m
et

ho
d

of
m

ul
tip

lie
rs

.
O

n
th

e
ri

gh
tp

lo
ts

,w
e

di
sp

la
y

th
e

ob
je

ct
iv

e
va

lu
e

T
r

(D
P

),
w

hi
ch

us
ua
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Figure
14:

C
om

parison
of

the
standard

SD
P

solver
w

ith
the

proposed
conditionalgradientsolver

(C
G

M
)forN

O
M

A
D

on
differentdatasets.In

m
ostcases,the

resultsare
practically

indistinguishable
w

hile
being

delivered
m

uch
faster.

10
2

10
3

10
4

D
ataset size (n)

10
1

10
0

10
1

10
2

10
3

10
4

Time (s)

S
C

S
S

D
P

N
A

L+
conditional gradient solver
non-convex solver (r=

64)
non-convex solver (r=

128)

Figure
15:

R
unning

tim
e

com
parison

(sm
aller

is
better)

of
different

N
O

M
A

D
solvers

for
K

=
1
6

(SC
S

(O
’D

onoghue
et

al.,
2016b)

and
SD

PN
A

L
+

(Y
ang

et
al.,

2015)
are

w
ritten

in
a

highly
optim

ized
C

/C
++

code,
w

hile
w

e
use

our
non-optim

ized
Python

code
for

the
others).

T
he

non-
convex

solveris
m

uch
fasterthan

the
convex

ones.U
nfortunately,itm

ay
yield

differentresults,see
Fig.12,and

m
ay

notconverge
to

the
globalm

axim
um

.T
he

conditionalgradientalgorithm
proposed

in
this

paper
is

m
uch

faster
than

SC
S

and
SD

PN
A

L
+

(about
three

tim
es

faster
for

n
=

10
3)

but
guarantees

converging
to

the
globaloptim

um
.

A
dditionally,the

proposed
algorithm

handles
large

problem
s

seam
lessly:

in
ourdesktop

w
ith

128G
B

ofR
A

M
,SC

S
(running

underC
V

X
PY

)runs
out

ofm
em

ory
w

ith
instances

largerthan
n

=
1200)w

hile
SD

PN
A

L
+

tim
es

outbefore
converging

for
instances

largerthan
n

=
4000.
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Figure
16:

W
e

show
the

2D
em

bedding
of

the
digit0

in
M

N
IST,com

puted
in

the
sam

e
fashion

as
in

Fig.6.
In

this
case,w

e
use

all9603
im

ages
of

the
digitand

obtain
a

9603×
9603

m
atrix.

W
e

com
pute

the
solution

of
N

O
M

A
D

w
ith

K
=

128
using

the
proposed

conditionalgradientm
ethod

(A
lg.2).

In
contrast,

traditional
SD

P-solvers
can

only
handle

dense
m

atrices
approxim

ately
100

tim
es

sm
aller.

A
s

in
Fig.6,the

data
gets

organized
according

to
differentvisualcharacteristics

of
the

hand-w
ritten

digit(e.g.,orientation
and

elongation).

6.C
onclusions

In
this

w
ork,w

e
show

ed
thatN

O
M

A
D

can
learn

m
ultiple

low
-dim

ensionaldata
m

anifolds
in

high-
dim

ensionalspaces.
A

n
SD

P
instance,itis

convex
and

can
be

solved
in

polynom
ial-tim

e.
U

nlike
m

ost
m

anifold
learning

algorithm
s,

the
user

does
not

need
to

select/use
a

kernel
and

no
nearest-

neighbors
searches

are
involved.

W
e

also
studied

the
com

putationalperform
ance

ofN
O

M
A

D
.W

e
firstfocused

on
a

non-convex
B

urer-M
onteiro-style

algorithm
and

perform
ed

both
theoreticaland

em
piricalanalysis.Finally,w

e
presented

a
new

algorithm
for

N
O

M
A

D
based

on
the

conditionalgradientm
ethod.

T
he

proposed
algorithm

is
convex

and
yet

efficient.
T

his
algorithm

allow
s

us,
for

the
first

tim
e,

to
analyze

the
behaviorofN

O
M

A
D

on
large

datasets.

R
elated

and
future

w
ork.

It
has

not
escaped

our
attention

that
N

O
M

A
D

can
be

considered
as

an
instance

of
kernel

alignm
ent

(C
ristianini

et
al.,2002).

In
supervised

setting,kernel
alignm

ent
has

been
previously

form
ulated

as
an

SD
P

(e.g.,L
anckrietetal.,2004;C

ortes
etal.,2012).

E
ven

beyond
the

distinction
betw

een
the

supervised
and

unsupervised
scenarios,this

body
of

w
ork

dif-
fers

significantly
from

N
O

M
A

D
.Its

goal
is

to
optim

ally
com

bine
pre-com

puted
kernel

m
atrices,

w
hereas

N
O

M
A

D
learns

such
a

m
atrix

from
scratch.

N
onetheless,

w
e

find
this

connection
w

ith
kernellearning

very
prom

ising
and

plan
to

investigate
itfurtherin

the
future.
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L
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elationship
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22
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K
=
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∅

and ⋃
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A
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∑
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∈
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∈
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m
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:
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−
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=
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.
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R,S

E
N

G
U

P
TA

,C
H

K
L

O
V

S
K

II

L
etD

be
the

G
ram

ian
m

atrix,i.e.,D
=

X
>

X
.W

e
can

then
re-castK

-m
eansasthe

optim
ization

problem

m
ax

Y
∈V

k×
n

Y

T
r

(D
Q

)
s.t.

Q
1

=
1
,

T
r

(Q
)

=
K
,

Q
=
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=
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≥
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real-valued

nonnegative
program

,
directly

opti-
m

izing
over

Q
.

N
O

M
A

D
is

as
a

relaxation
ofthis

problem
,sim

ply
obtained

by
rem

oving
the

rank
constraint.

A
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≥
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solve
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T
E

P
P

E
R,S

E
N

G
U

P
TA

,C
H

K
L

O
V

S
K

II

easier
to

handle.
Ithas

also
been

extended
to

handle
non-convex

problem
s,e.g.,to

solve
several

flavors
ofN

M
F

(Févotte
and

Idier,2011;X
u

etal.,2012;Tepperand
Sapiro,2014,2016).

Problem
(SN

M
F)can

be
equivalently

re-form
ulated

as

m
in

Y
∈
R
n×

r ∥∥∥
A
−

Y
X
> ∥∥∥

2F
s.t.

Y
=

X
,

Y
≥

0
,

X
≥

0
,

(29)

and
w

e
considerits

augm
ented

L
agrangian,

L
(X
,Y

,Γ
)

=
12 ∥∥∥

A
−

Y
X
> ∥∥∥

2F
+

σ2 ‖
Y
−

X
‖

2F
−

T
r (

Γ
>

(Y
−

X
) )

(30)

w
here

Γ
is

a
L

agrange
m

ultiplier,σ
is

a
penalty

param
eter.

T
he

A
D

M
M

algorithm
w

orks
in

a
coordinate

descentfashion,successively
m

inim
izing

L
w

ith
respectto

X
,Y

,one
ata

tim
e

w
hile

fixing
the

other
atits

m
ostrecentvalue

and
then

updating
the

m
ultiplier

Γ
.Forthe

problem
athand,these

steps
are

X
(t+

1
)

=
arg

m
in

X
≥

0
L
(
X
,X

(t),Γ
(t) )

,
(31a)

Y
(t+

1
)

=
arg

m
in

Y
≥

0
L
(
X

(t+
1
),Y

,Γ
(t) )

,
(31b)

Γ
(t+

1
)

=
Γ

(t)−
η
σ
(
X

(t+
1
)−

Y
(t+

1
) )
.

(31c)

In
ourexperim

ents,w
e

fix
η

and
σ

to
1.W

e
initialize

the
algorithm

w
ith

a
random

m
atrix.

A
ppendix

E
.N

on-convex
SD

P
solver

W
e

follow
the

algorithm
proposed

in
K

ulis
etal.(2007);H

ou
etal.(2015)

to
solve

Problem
(11).

O
ur

approach
has

a
sm

all
but

fundam
ental

difference:
instead

of
setting

r
=
K

,
w

e
allow

for
r≥

K
.W

e
define

the
augm

ented
L

agrangian
ofProblem

(11)as

L
(Y
,µ
,λ

)
=
−

T
r (

D
Y
>

Y
)

+
σ2 ∥∥∥

Y
>

Y
1
−

1 ∥∥∥
22 −

µ
>

(Y
>

Y
1
−

1
)

+
ϕ2

(T
r (

Y
>

Y
)
−
K

)
2−

λ
(T

r (
Y
>

Y
)
−
K

),
(32)

w
here

µ
,λ

are
L

agrange
m

ultipliers,σ
,ϕ

are
penalty

param
eters.W

e
obtain

Y
by

running
the

steps

Y
(t+

1
)

=
arg

m
in

Y
≥

0
L
(
Y
,µ

(t),λ
(t) )

,
(33a)

µ
(t+

1
)

=
µ

(t)−
η
σ
(
Y
>

Y
1
−

1 )
,

(33b)

λ
(t+

1
)

=
λ

(t)−
η
ϕ
(

T
r (

Y
>

Y
)
−
K
)
.

(33c)

T
his

is
a

non-standard
approach

since
the

m
inim

ization
over

Y
(the

gradient
∂L
/∂

Y
is

given
in

H
ou

et
al.(2015))

is
a

non-convex
problem

.
A

lthough
there

are
no

guarantees
about

the
conver-

gence
ofthe

procedure,theoreticalassurances
forrelated

problem
s

have
been

presented
in

B
oum

al
et

al.
(2016).

To
perform

the
m

inim
ization

w
ith

respect
to

Y
,

w
e

use
the

L
-B

FG
S-B

algorithm
(B

yrd
etal.,1995)

w
ith

bound
constraints

((Y
)
ij ∈

[0,1]).
Finally,the

initialization
to

the
overall

iterative
algorithm

is
done

w
ith

sym
m

etric
nonnegative

m
atrix

factorization,
see

A
ppendix

D
.In

ourexperim
ents,w

e
fix

η,
ϕ

,and
σ

to
1

and
prenorm

alize
D

(dividing
by

its
Frobenius

norm
).
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m

ax Z
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r
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Z
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ψ
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E
q.

(3
9)

,ψ
I
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∇
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cb
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>
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ψ
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{ ∇
f

(Z
)
−
cb
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3a
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λ

m
ax

{ ∇
f

(Z
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d
b

b
>
}
∀d

>
c

(4
3b

)

≥
φ

(Z
).
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3c

)

T
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la
st

in
eq

ua
lit

y
co

m
es

fr
om

ta
ki

ng
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→

+
∞

,
th

us
sh

if
tin

g
th

e
ei
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as
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ed
w

ith
b
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ho
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er

e
be

on
e)
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ay

fr
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th
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m
ax
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W
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lo
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ge
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lit
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se
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ψ
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φ

(Z
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fin
al
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ob
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=
m
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