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NUMERICAL ANALYSIS NEAR SINGULARITIES IN RBF NETWORKS

algorithm. The training is computationally expensive and often presents vanishing gra-
dient problems (Bengio et al., 1994). Till Hinton et al. (2006) proposed deep belief net-
works to overcome the difficulties by constructing multilayer restricted Boltzmann machines
and training them layer-by-layer in a greedy fashion, many types of deep neural networks,
including deep Boltzmann machine, deep convolutional neural networks, deep recurrent
neural networks etc, have been applied to various fields successively, such as computer vi-
sion, pattern classification, natural language processing, nonlinear system identification,
ete (Schmidhuber, 2015; Goodfellow et al., 2016).

Due to the much larger number of hidden layers and architecture size, training deep
neural networks also faces many challenges (van Hasselt et al., 2016; Gulcehre et al., 2017).
On the other hand, the robustness of the training effect cannot be guaranteed, even with
a pre-training process (Erhan et al., 2009). Researchers are very interested in what causes
the difficulties in training the deep neural networks and various analytical tools are used
to study this problem. Goodfellow et al. (2014) provided some empirical evidence that
the learning processes did not seem to encounter significant obstacles on a straight path
from initialization to solution (obtained via gradient descent method). However, they also
puzzled why the training of large models remained slow despite the scarcity of obstacles.
Dauphin et al. (2014) came to the conclusion that the training difficulties were originated
from the proliferation of saddle points and local minima with high error are exponentially
rare in high dimensions. The saddle points caused the long plateaus in the training process.
Choromanska et al. (2015) obtained the results that the gradient descent converge to the
band of low critical points, and that all critical points found there are local minima of high
quality. Lipton (2016) thought that large flat basins in the parameter space were the barrier
to training the networks.

From the point of view of singularities in the parameter space, the above results have
a certain rationality. From the theoretical results in previous literature and simulation
results in this paper, we can find that the points in the elimination singularity are saddles,
the points in the overlap singularity are local minima (in the batch mode learning) and
the generalization error surface near the overlap singularity is very flat. It would be much
clearer if the analytical form of Fisher information matrix of such deep neural networks is
obtained.

Besides, Saxe et al. (2014) investigated the deep linear neural networks and found that
the error did not change under a scaling transformation. This would cause the training
difficulty which was called scaling symmetries in (Dauphin et al., 2014). The scaling sym-
metries are very similar to elimination singularities which will be discussed in Section 3.
These results can be applied to a more general case. For instance, deep belief nets are
based on the restricted Boltzmann machine. However, the restricted Boltzmann machine is
singular, which implies the learning dynamics of deep belief nets may be seriously affected
by the singularities. The learning processes of deep convolutional neural networks and deep
multilayer perceptrons also face this problem. The analytical results of learning dynamics
near singularities in shallow neural networks can be generalized to the deep neural networks
and improve the learning efficiency. Due to overfitting issues in deep learning and the sin-
gular structure of the learning machine, it is worthy to analyze the influence of singularities
in the deep neural networks in the future.

w
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Currently, the effects of singularities to the learning dynamics of neural networks are still
unknown and, therefore, it is important to examine the learning dynamics near singularities.
As there are only two types of singularities (i.e. overlap and elimination singularities) in the
parameter space of RBF networks and Wei and Amari (2008) has obtained the analytical
form of averaged learning equations, we choose the RBF networks as the research objective
in this paper. Based on the theoretical analysis results, we numerically analyze the learning
dynamics near singularities through a large number of simulation experiments. From the
results in (Wei and Amari, 2008; Park and Ozeki, 2009; Guo et al., 2015), it can be seen that
the learning dynamics near singularities are similar in RBF networks, multilayer perceptrons
and Gaussian mixtures. Thus, though the analysis is taken based on RBF networks in this
paper, the statistical results can also reflect other feedforward neural networks.

For typical RBF networks with &k hidden units:

k
f(x,0) = Ms&%“ Ji), (1)

where © € R" denotes the input vector, J; € R" is the center vector for neuron ¢, and w; is
the weight of neuron ¢ in the linear output neuron. ¢(-) denotes the Gaussian function and

2

o(x, J;) = mxwﬁli
of the model.

Next we introduce two types of singularities. If two hidden units ¢ and j overlap, i.e.
J; = Jj, then wip(x, J;) + wid(x, J;) = (w; + w;)p(x, J;) remains the same value when
w; +w; takes a fixed value, regardless of particular values of w; and w;. Therefore, we can
identify their sum w = w; + wj, nevertheless, each of w; and w; remains unidentifiable.
When one output weight w; = 0, w;¢(zx, J;) = 0, whatever value J; takes. These are the
only two types of singularities existed in the parameter space of RBF networks (Fukumizu,
1996; Wei and Amari, 2008):
(1) Overlap singularity:

), 0 = {J1, -+ ,Jg, w1, ,wy} represents all the parameters

Ry ={0|J; = J;},

(2) Elimination singularity:
QNM = AQ_ES = OHT

In this paper, we first derive the explicit expression of the Fisher information matrix for
RBF networks. Secondly, we use the average learning equations (ALEs) to investigate the
batch mode learning dynamics of RBF networks. A large number of numerical simulations
are conducted. By judging whether the Fisher information matrix degenerates and tracing
important variables of numerical simulations, we evaluate the learning processes which are
seriously affected by the two types of singularities. We also examine the effects of the
existence of singularities to RBF networks.

The rest of the paper is organized as follows. Section 2 shows the analytical expression
of Fisher information matrix of RBF networks. Section 3 contains the numerical analysis
near singularities for various specific cases. Finally, Section 4 presents our conclusions.
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NUMERICAL ANALYSIS NEAR SINGULARITIES IN RBF NETWORKS

3. Numerical Analysis near Singularities

After having obtained the analytical form of Fisher information matrix in Theorem 1, we
numerically analyzed the learning dynamics of RBF networks by taking four experiments
in this section, where the specific learning dynamics influenced by different types of sin-
gularities are shown and the experiment results are statistically analyzed. In Section 3.1
and Section 3.2, we conduct artificial experiments for low and medium dimensional cases,
where the input distribution is known. For these cases, the Fisher information matrix can
be obtained by using Theorem 1, and the relation between the stage where the singular
learning dynamics occur and the stage where the Fisher information matrix degenerates
can be clearly observed. In Section 3.3, the experiment for high dimensional case is carried
out by a real data set to investigate the effects of the singularities.

3.1 Two-hidden-unit RBF Networks

The results obtained in (Wei and Amari, 2008) indicate that the batch mode learning dy-
namics are very similar to the averaged learning dynamics and we can use the averaged
learning equations (ALEs) to investigate the dynamics in batch mode learning. Moreover,
the ALEs do not depend on any specific sample data set which can overcome the disturbance
caused by randomness of the model noise. Besides, as the ALEs are ordinary differential
equations (ODEs), and for the given teacher parameters and initial values of student param-
eters, the learning processes of the student parameters can be obtained by solving ODEs.
Thus, in this section, we use the ALEs to perform the experiments, where the analytical
form of ALEs in RBF networks has been obtained in (Wei and Amari, 2008).

The student RBF network is defined in Eq.(1). We also assume that the teacher function
is described by a RBF network with s hidden units:

fol@) = f(@,00) += = vio(a, t) + <, (15)
i=1

i=

where € denotes zero mean Gaussian additive noise that is uncorrelated with training input
. When the true teacher function fo(x) cannot be represented by a RBF network, f(x,0)
is assumed to be its best approximation by the RBF network.

The analytical form of ALEs is as follows (Wei and Amari, 2008):

s k
Ji=nw; [ Y 00, J)B(ty, Ji) = Y w;C(J;, Ji)B(J;, Ji) | (16)
j=1 j=1
s k
\Ss. =n M@.N.QQ“T.N&V\MﬁQQTN.T.NN‘V 5 AH‘NV
j=1 j=1

where ¢ =1,2,--- ,k. C(t,J) and B(t, J) have the same meanings with Eq.(7) and Eq.(8),
respectively.
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The generalization error is:

£0) = (5 (f(2.60) - 1@.0))

1 1
M MU@Z&.QQT ﬁm.v - MS‘EAQA?; .va + M M SN.SQ.QA.N? .va AHmv
] i, i,J

Results in (Wei and Amari, 2008) indicate that investigating the model with two hidden
units is enough to capture the essence of the learning dynamics near singularities. Therefore,
we first perform the numerical analysis of the RBF networks with two hidden units, and
we then analyze the RBF networks in a more general case in the following sections. The
learning dynamics of RBF networks are all obtained by solving ALEs for the given teacher
parameters and initial student parameters.

In this subsection we analyze the case where the teacher and student models both have
two hidden units.

The student model has the following form:

.\.A.\Nf Qv = SHA\VAquNanTetm%A@J,NwV. Auwv
The teacher model is also described by a RBF network with two hidden units:
f(x,00) = vig(m, t1) + v2g(, t2) + & (20)

We choose the spread constant o = 0.5.

In order to investigate the influence of the singularities in the learning process of RBF
networks more accurately, we mainly focus on input & with dimension 1. For this type of
RBF networks, the global minimum is the point where the generalization error is 0, which
makes easier to analyze the simulation results.

3.1.1 Toy MoDEL OF RBF NETWORKS

In order to visually represent the learning trajectories of parameters in the loss error surface
and given that a 3D figure can only show three parameters, we initially focus on a special
case of RBF networks, where part of the student parameters will remain invariable in the
training process.

In the case of overlap singularity, we choose the teacher model parameters v; and v
to be the initial state of w; and wsy, and only J; and Jo will be modified in the learning
process. In all the other cases, the weights Jo and wq are fixed to be the same as the
teacher parameters to and v, and therefore, only J; and w; will be modified in the learning
process. Thus, for all cases, there are only two variable parameters: Ji-Jo or Ji-w;. When
the learning process has been completed, we can plot the learning trajectories of parameters
through the generalization error surface in a 3D figure. Although the student model is a
toy model, the simulation results can show the influence of singularities during the learning
process in a direct and visual manner.

In what follows, the teacher model is chosen as: t; = —1.95, to = —0.90, v; = 1.35,
ve = 1.72, the width spread ¢ = 0.5. The main reason behind only choosing one teacher
function is to illustrate that the learning process of a RBF network can be affected by all

8 JMLR 19(1):1-39, 2018
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NUMERICAL ANALYSIS NEAR SINGULARITIES IN RBF NETWORKS
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When the learning process arrives at the elimination singularity, e.g. w; = 0, the term
wi¢(z, J1) vanishes. Hence J; does not affect the behavior of f(z, ) and is not identifiable
on the subspace w; = 0. An example is shown in Figure 3, where the learning process
arrived at the elimination singularity and finally reached the global optimum after crossing
it. Figure 3 shows the trajectories of the inverse of the condition number, generalization
error, weight w; and learning trajectory in the generalization error surface, respectively.
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(b) Time evolution of generalization error

Generalization Error

[ Error Surface

Final state

(a) Trajectory of inverse of condition value

t

Generaliazation Error

(d) Learning trajectory in generalization error surface

Figure 2: Case 2 (Overlap singularity) in toy model of RBF networks

The initial student parameters are ,JS = 1.60, F@S =0.95, SMS =1, Wy = va.

(0)
Figure 3:

In the training process w; and wy remain invariable. The final student parameters

are Ji = 4.7504 and Jo = 4.7504.
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(¢) Time evolution of w;
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Case 3 (Cross elimination singularity) in toy model of RBF networks

O = —0.85, 3 = ta, wl”) = vy.
In the training process J2 and wy remain invariable. The final student parameters
are J; = —1.95 and w; = 1.35.

The initial student parameters are .bﬁe =0.18, w

From the trajectory of the inverse of the condition value of Fisher information matrix
in Figure 3(a), the Fisher information became nearly singular at the early stage of training
and remain so for some time. w; nearly equaled 0 at this stage (Figure 3(c)) which means
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NUMERICAL ANALYSIS NEAR SINGULARITIES IN RBF NETWORKS
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Figure 5: Case 5 (Output weight 0) in toy model of RBF networks
The initial student parameters are ﬁov = 0.95, S%S = 1.55, @8 = to, S%V = vg.
In the training process Jy and wy remain invariable. The final student parameters
are J; = 1.6192 and w; = 0.
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the radial basis function has little effect on a region that far from the center. When the
centers of the teacher and the student are very far from each other, the student cannot
exactly approximate the teacher and the output weight w; will become zero in order to
avoid a bigger error. In this example, the initial student center J; is far away from the
teacher center 1, and w; is close to 0 after training. In this case, the student model is
trapped in local optimum after the training process.

Hitherto, four cases of interesting learning processes in RBF networks have been visually
introduced. In addition to the overlap singularity case, the other cases are actually one-
hidden-unit RBF network to approximate one-hidden-unit RBF network. Even under only
one hidden unit situation, the learning dynamics of RBF networks are still seriously affected
by singularities.

In summary, 1) in the overlap singularity case, as the generalization error surface is very
flat around the overlap singularity, the parameters cannot escape from it once they have
been affected by overlap singularity. 2) For the elimination singularity case, it can be seen
that the points in the elimination singularity are saddles, where part of the region is in a local
minimum direction and another part of the region is in a local maximum direction. When
the learning process arrives near the elimination singularity by local minimum direction,
the parameters walk randomly on the singularity till they arrive at the local maximum
direction, then the parameters converge to the global minimum. During the random walk
stage, a plateau phenomenon can be obviously observed. If the parameters can not walk
to the local maximum direction (mainly because the student center is far from the teacher
center), the output weight finally nearly equals 0.

In the following subsection, we investigate the case of two-hidden-unit RBF networks
approximated by normal two-hidden-unit RBF networks.

3.1.2 RBF NETWORKS WITH TwoO HIDDEN UNITS

In this subsection, we consider three cases of v1 and va: (1) v1 and v are both positive; (2)
vy and vg are both negative; and (3) vy and vy have opposite sign, respectively. For each
case of v1 and vg, we consider three cases of w; and wa: (1) w; and wq are both positive;
(2) wy and wq are both negative and (3) w; and we have opposite sign. Therefore, there
are 9 cases of the teacher parameters.

The procedure followed for the numerical analysis is given as:
Step 1: The teacher parameters are generated uniformly in the interval [—2, 2]. There are
9 cases. For each case, we generate 500 groups of teacher parameters.
Step 2: After each group of teacher parameters is generated, 20 groups of initial student
parameters are generated uniformly in the interval [—2, 2].
Step 3: For each group of teacher parameters and initial student parameters, we use the
ALEs to accomplish the learning process. Some important variables, such as the general-
ization error, or the student parameters J; and w;, are traced and recorded.
Step 4: For each learning process, as the student parameters have been traced, the Fisher
information matrix can be obtained. Then we record the inverse of the condition number
of the Fisher information matrix.
Step 5: After the inverse of the condition value of the Fisher information value is recorded,
a primary screening can be taken to judge whether the inverse of the condition number of

16 JMLR 19(1):1-39, 2018
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Inverse of Condition Value
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Figure 6: Case 1 (Fast convergence) in RBF networks of general case
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Case 2 (Overlap singularity): The learning process is affected by overlap singularity.

In this case, the learning processes are trapped in overlap singularities after training.
An example belonging to this case is shown in Figure 7.

By analyzing the simulation results, it can be seen that, apart from the case where two
student hidden units overlapped exactly after training, the phenomenon that two hidden
units did not exactly overlap sometimes occurs. For the multidimensional parameters, we
adopt the variable h(i, j) = w:ﬁ —J;|1? to indicate the distance between J; and J;. When
J; and J; nearly overlap, h(i,j) nearly equals 0. Figure 7 shows the trajectories of the
inverse of the condition number, generalization error, h(4,8), weights w;, respectively.

From Figure 7(a), the inverse of the condition value reduced to nearly 0 at the early stage
of training process which implies that the Fisher information matrix nearly degenerated,
and therefore this state remains till the end. Meanwhile, h(4,8) (shown in Figure 7(c))
dropped to a very small value which implied J4 and Jg nearly overlapped, and the learning
process is trapped in overlap singularities. From the final state of J, it can be seen that
J4 and Jg are close to each other, but do not exactly overlap. However, the gradient of
the generalization error L(@) respect to the final student parameters is nearly 0, which is
too small to influence the learning process, and the student parameters will remain almost
unchanged even though the learning process lasts longer. This is mainly because the error
surface of RBF networks in a general case near overlap singularities is very flat. When the
learning process arrives at the neighborhood of overlap singularities, although the student
units have not overlapped completely, the student units will slightly change as the result of
the relatively unchanged error in the remaining stage. The trajectories in Figure 7(a) and
Figure 7(b) are similar to the corresponding trajectories in Figure 2(a) and Figure 2(b),
respectively.

Case 3 (Elimination singularity): The learning process is affected by the elimination
singularity and a plateau phenomenon can be observed.

In this case, the learning process is significantly affected by the elimination singularity.
This case is similar to cases 3 or 4 in Section 3.1.2. A plateau phenomenon can be observed
during the learning process. We give an example of this case in Figure 8, which shows the
trajectories of the inverse of the condition number, generalization error, and weights w;.

As shown in Figure 8(a), the Fisher information matrix became nearly singular at an
early stage of the learning process, and then became regular again. From the trajectories
in Figure 8(b), it can be observed that ws (the wider line) skipped 0 when the Fisher
information matrix became singular and then regular. This means that the learning process
was affected by the elimination singularity. A plateau phenomenon can be observed in the
trajectory of the generalization error as shown in Figure 8(b).

Case 4 (Output weight 0): After training, one of output weights w; becomes nearly
equal to 0.

This case is similar to case 5 in Section 3.1.2. When the initial student center is too far
from the center of the teacher model, the output weight w; of the student model usually
becomes nearly 0 after the training process. An example is shown in Figure 9.

Figure 9 shows the trajectories of the inverse of the condition number, generalization
error, and weights w;, respectively. From Figure 9(c), ws (the wider line) has become nearly
0 after training.
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Figure 9: Case 4 (Output weight 0) in RBF networks of general case
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Case 5 (Overlap and elimination singularity): The learning process is affected by
not only the overlap singularity but also the elimination singularity.

Different from the case of RBF with two hidden units, we find that sometimes the learn-
ing process in a more general case is simultaneously affected by the elimination singularity
and the overlap singularities. We give an example of this case in Figure 10, which shows the
trajectories of log scale of the inverse of the condition number, generalization error, h(1,9),
and weights w;, respectively.

From Figure 10(a), the Fisher information matrix became singular at the early stage of
the learning process, and as a result the learning process arrived in singularities. As shown
in Figure 10(b), a plateau phenomenon can be obviously observed. From Figure 10(d), it
can be seen that ws (the wider line) crossed 0 when the plateau phenomenon occurred,
namely the learning process crossed the elimination singularity. From Figure 10(c), h(1,9)
became very small along the training process. After training, J; = [2.4494, — 2.1973]7
and Jg = [2.4020, — w.w:&ﬂ\. i.e. J1 and Jg nearly equaled to each other, so the learning
process was trapped in an overlap singularity.

Case 6 (Elimination singularity and output weight 0): The learning process is
affected by elimination singularity and one of the output weights w; becomes nearly 0
after the learning process.

In addition to the case above, we also find a case where the learning dynamics are affected
by the elimination singularities during the learning process, one of the weights w; becomes
nearly 0 after training and the student parameters are trapped in an local minimum. We
give an example that belongs to this case in Figure 11.

Figure 11 shows the trajectories of the inverse of the condition number, generalization
error, and weights w;, respectively. From Figure 11(b) and Figure 11(c), at the stage where
ws crossed 0, a plateau phenomenon occurred and the learning process was affected by the
elimination singularity. After training, ws = —0.0004, which is nearly equal to 0.

In comparison with the analysis results in Section 3.1.2, the RBF networks in a more
general case have similar singular behaviors as those in RBF networks with two hidden
units. The statistical results are summarized in Table 2.

Number of total experiments 1000

Number of case 1 (Fast convergence) 675

Number of case 2 (Overlap singularity) 109

Number of case 3 (Elimination singularity) 56

Number of case 4 (Output weight 0) 123

Number of case 5 (Overlap and elimination singularity) 16
Number of case 6 (Elimination singularity and output weight 0) | 21

Table 2: Statistical results of RBF networks in a general case

From the results shown in Table 2, 67.5 percent of experiments did not get affected by
the singularities and the learning dynamics converged to the global minimum fast. On the
other hand, 20.2 percent of the learning processes are affected by the singularities. This
ratio is close to the one for RBF networks with two hidden units, which implies that the
existence of singularities indeed significantly affects the learning process of RBF networks.
12.3 percent of the experiments belong to case 4, which implies that the case should attract
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NUMERICAL ANALYSIS NEAR SINGULARITIES IN RBF NETWORKS

more attention. In case 5 and case 6, plateau phenomenons can be obviously observed where
the learning dynamics are affected by the elimination singularities.

3.3 Extended Complex Scene Saliency Data set (ECSSD)

In the above experiments, we use artificial examples. We now perform an experiment by
using a factual data set. Salient object detection plays a key role in many image analysis
tasks that identifies important locations and structure in the visual field (Borji and Itti,
2013; Zhang et al., 2017). In recent years researchers utilize deep learning to improve the
performance of saliency detection (Zhao et al., 2015b; Lee et al., 2016). As a benchmark data
set in saliency detection community, extended complex scene saliency data set (ECSSD) has
been widely used since its release in 2013 (Yan et al., 2013). In this experiment, we use the
method proposed in (Zhang et al., 2014) to extract the features of the images in ECSSD
data set as the input of the RBF networks. We get three conspicuity maps in both the
rarity and the distinctiveness factors, and one conspicuity map in central bias factor. Thus
the number of the nodes in the input layer is 7. The output of the training samples is '1’
or '0’, where 1’ represents this part of the image is salient and ’0’ represents this part of
the image is not salient.

As the distribution of input data is unknown in this experiment, we cannot obtain the
analytical form of both ALEs of the training process and the Fisher information matrix.
Thus we use batch mode learning to accomplish the experiment. By using a trial-and-error
method, we choose the number of hidden unit in the student model to be £ = 90 and the
spread constant ¢ = 0.5, such that the student RBF network for the input « is given by:

90

Fla,0) = wig(x, Jy). (23)

i=1

‘We use 200 samples to train the RBF network. For the learning rate n = 0.002 , the
model is trained by the gradient algorithm for 15000 times and the sum squared training

1 200 90
error B = b S (yi — > wijg(wi, J;))? is used to replace the generalization error. Then we
i=1 j=1

clone it 200 times. Each clone is trained with different random initial weights. The initial
student parameters J, Mov Mov

By analyzing the simulation results, the different types of learning processes are listed
as follows. In the following figures, 'o’ and ’Xx’ represent the initial state and final state,
respectively.

Case 1 (Fast convergence): The learning process is not affected by singularities.

We give an example of this case in Figure 12, which shows the trajectories of the training
error and part of output weights w. From Figure 12(a), we can see that the training error
comes down to a small number after the training starts and remains small till the learning
stops. We do not observe that the singularities have affected the training process.

Case 2 (Overlap singularity): The learning process is affected by overlap singularity.

We give an example of this case in Figure 13, which shows the trajectories of the training
error and h(18,90). From Figure 13(b), the Euclid distance between J1g and Jgy became
nearly 0, which means Jig and Jgo nearly overlapped after learning.

and w, ~ are uniformly generated in the interval [—2, 2].
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Figure 12: Case 1 (Fast convergence) in approximating ECSSD data set
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Figure 13: Case 2 (Overlap singularity) in approximating ECSSD data set
The initial state is:
,va =[-0.4159, —1.0079, — 0.3436, 0.1162, 0.6212, 0.3521, 0.9892]7,
h%v = [-0.1619, 0.0519, 0.1225, 0.6200, — 0.8639, — 0.0874, 0.8953]7.
The final state is:
J1g = [-0.2480, 0.0515, — 0.1948, 0.2474, 0.0130, 0.0531, 1.2120]7,
Jgo = [-0.2353, 0.0871, — 0.1995, 0.2585, — 0.0267, 0.0538, 1.1964]T.
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NUMERICAL ANALYSIS NEAR SINGULARITIES IN RBF NETWORKS

From the learning trajectories of the parameters in the generalization error surface, it
can be clearly seen that the learning dynamics of RBF networks are affected by the singular-
ities. Through a large number of numerical simulation experiments for RBF networks with
two hidden units, we have identified 4 cases presenting strange learning behaviors. Nearly
7.5 percent and 12.5 percent of our experiments have shown significant effects of the over-
lap singularities and the elimination singularities, respectively. The points in the overlap
singularity are local minima and the points in the elimination singularity are saddle points.
The elimination singularities have a more significant impact to the learning processes than
the overlap singularities. Our experimental results have also indicated that the plateau
phenomena are mainly caused by the elimination singularities. Moreover, about 12 percent
of our experiments have shown that one of the output weights of RBF networks could be
close to zero after training and the student parameters are trapped into local minimum.

Through numerical simulation experiments for large scale RBF networks using a practice
data set, we have found that the results are some different. Nearly all singular cases belong
to the elimination singularity case and the overlap singularity case rarely occurred. This
means that the large scale networks are more likely affected by the saddle points. The cases
that converge to a local minimum with high error rarely appeared and the networks mainly
converge to the global minimum or local minimum with good performance. The results
are in accordance with the previous findings in large scale neural networks (Dauphin et al.,
2014; Saxe et al., 2014; Choromanska et al., 2015).

In summary, we conclude that:

1) Overlap singularities lead to genuine local minima and elimination singularities lead
to saddle points. The plateau phenomena are mainly caused by the elimination singularities.

2) The elimination singularities have a more significant impact to the learning processes
than the overlap singularities. The overlap singularities mainly influence the learning dy-
namics of neural networks with low dimension. The large scale networks predominantly
suffer from elimination singularities (saddle point case) and local minima with high error
have rare influence.

Future research should pay more attention to the elimination singularities, and special
treatments should be designed both for the traditional feedforward neural networks and
deep neural networks to deal with the existence of singularities.
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Appendix A. Proof of Theorem 1

k
By substituting f(z,0) = Y w;¢(x, J;) into Eq.(4), we have

i=1

F(0) = (Fij) (2k) x (20)
From Eq.(5), we have:
y = folx) =&~ N(0,09),

then

[ (OO gy L[ P
Thus,
o agotw ) = (Vi) " [ [ et ggste e (~5a'a)

H @\.iazm
x Janon @% AI 202 v &ER

= A,\mv - Hooo o(x, J;)p(x, J j) exp A\W&%Sv dz

2

From results in Eq.(B.6)(Wei and Amari, 2008), we have:
(@@, J)p(x, ;) = C(Ji, ;).

Then we calculate A&AH, .ﬁ.v%v and A%Ev

aJT
@? .s%v = o (60 T)0(a. T3)) = C(Ti, T B T)).
(. J) 09w T)\ _ 0 [osw )
v B L )
— i (Lo + (Jj = (0* + )T )BT (3. ))) .

From Eq.(A-1) and Egs.(A-5)-(A-7), we can obtain the results in Theorem 1.

Appendix B. Teacher and Student Parameters of RBF Networks of
General Case

Case 1 (Fast convergence):
The teacher parameters are:

‘o 24872 —1.8617 —3.8418 3.2283 —3.4445 24688 —1.7230 —3.8000
" |-0.8149 3.4688  1.3114 3.8362 —1.5388 —2.2370 —3.9184 0.1137

(A-4)

(A-5)

(A-7)

2.5460 3.6434
0.6776 0.0255] "’
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v = [—1.5554, —0.9298, —0.2798, 2.5378, 3.0691, 3.3465, —0.7750, —1.5487, 3.6799, —3.2292].

The initial student parameters are:

JO) —

2.4527  3.3154  0.3844 —2.5047 2.8795  3.2582 —2.7824 1.0668 1.1586 —3.0520
—2.2713 —0.8962 —3.8169 1.9851 —3.4619 —1.8005 3.6875 0.7938 —1.7594 —2.5302]’
w® = [0.7493, 1.1685, —0.2370, —3.8941, 3.3049, —2.4357, 0.7329, —0.5840, 1.2373, 0.8759].
The final student parameters are:
J =

2.4494  3.5238 —0.9825 —3.1353 3.5427  4.7567 —2.8540 1.8474 2.4020 —3.2640
—2.1973 —1.9146 —2.8404 3.1545 —3.4283 —1.8511 3.5258 0.9770 —2.2118 —2.9316]’
w = [1.5556, 1.7289, 4.0780, —3.5320, 3.1846, —2.1169, 0.8460, —1.6949, 1.6490, 0.5044].
Case 6 (Elimination singularity and output weight 0):
The teacher parameters are:
‘= —1.0613 —3.8576 3.4049 0.5341 —2.6745 —2.2680 3.4429 —2.8965 —3.3202 —0.4482
T |—1.5431  3.7297 3.7183 —2.7340 —3.0857 2.1992 1.9510 —1.8745 0.8943  3.8086 |’
v = [—3.2804, 3.1900, 2.8246, —0.3471, 3.8166, —1.0072, —2.4852, 3.4311, 3.9074, 3.0455].
The initial student parameters are:
JO) —

1.8378 —2.5054 0.2820 —2.4732 0.2117 —1.6407 —3.1161 1.1045 1.9858 —2.9216
0.7437 2.2043 —2.1807 2.6032 1.0711 2.6934 —0.3361 3.6327 1.7780 —3.6724|’
w® = [2.2498, —3.4754, 1.2272, —1.1583, 0.6268, —0.7964, 0.9334, 1.1823, —3.4548, 2.2123].
The final student parameters are:
J=

2.8022 —3.7679 —1.0605 —2.4646 0.2115 —2.1265 —3.2653 —0.3505 2.9145 —2.8238
1.6773 3.3496 —1.5449 2.4451 1.1839 2.0453  0.8777  3.5703 1.7208 —1.9812|’

w = [2.2651, —3.1769, —3.2902, —0.7017, —0.0004, —0.4704, 3.3391, 1.4123, —3.2949, 3.5688].
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TWO-STAGE PENALIZED LEAST SQUARES

(2SLS) method which can produce consistent estimates of the parameters when the system
is identifiable. The 2SLS estimator was originally proposed by Theil (1953a,b, 1961) and,
independently, Basmann (1957), and can be restated as the instrumental variables estimator
(Reierspl, 1941, 1945).

As in a typical genetical genomics experiment, we are interested in constructing a large
system with the number of endogenous variables p possibly larger than the sample size n.
Such a high-dimensional and small sample size data set makes it infeasible to directly apply
the 2SLS method. Indeed, p > n may result in perfect fits of reduced-form equations at the
first stage, which implies that we regress against the observed values of endogenous variables
at the second stage and therefore obtain ordinary least squares estimates of the parameters.
It is well known that such ordinary least squares estimates are inconsistent. Furthermore,
constructing a large system demands, at the second stage, selecting regulatory endogenous
variables among massive candidates, i.e., variable selection in fitting high-dimensional linear
models.

In the setting of selecting instrumental variables (IVs) among a large number of candi-
dates, L regularized least squares estimators have been recently proposed to replace the
ordinary least squares estimator at the first stage of 2SLS (Belloni et al., 2012; Lin et al.,
2015; Zhu, 2015). Belloni et al. (2012) applied lasso-based methods to select IVs and ob-
tain consistent estimations at the first stage when the first stage is approximately sparse.
For sparse instrumental variables models, Zhu (2015) proposed to replace with lasso-based
methods at both stages of 2SLS and Lin et al. (2015) considered the representative L;
regularization methods and a class of concave regularization methods for both stages. All
of these methods assume that each endogenous variable is only associated to a relatively
small set of exogenous variables, i.e., each row of 7 in (3) only has a small set of nonzero
components.

Here we consider to construct a general system of structural equations, which allows
us to model nonrecursive or even cyclic relationships between endogenous variables. With
the instrumental variables view of the two-stage approach, we observed that successful
identification and consistent estimation of model parameters rely on consistent estimation
of a set of conditional expectations which are optimal instruments. Therefore, establishing
the system (1) in a high-dimensional setting is contingent on obtaining consistent estimation
of these conditional expectations at the first stage, and effectively selecting and estimating
of regulatory effects out of a large number of candidates at the second stage. Accordingly,
we propose a two-stage penalized least squares (2SPLS) method to fit regularized linear
models at each stage, with Lo regularized linear models at the first stage and L; regularized
linear models at the second stage.

The proposed method addresses three challenging issues in constructing a large system
of structural equations, i.e., memory capacity, computational time, and statistical power.
First, the limited information models are considered to develop the algorithm. In this way,
we avoid working with full information models which may consist of many subnetworks and
involve a massive number of endogenous variables. Second, allowing us to fit one linear
model for each endogenous variable at each stage makes the algorithm computationally
fast. It also makes it feasible to parallelize the large number of model fittings at each stage.
Finally, the oracle properties of the resultant estimates show that the proposed method
can achieve optimal power in identifying and estimating regulatory effects. Furthermore,
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the efficient computation makes it feasible to use the bootstrap method to evaluate the
significance of regulatory effects.

The rest of this paper is organized as follows. First, we state an identifiable model in
Section 2. Section 3 revisits the instrumental variables view on the classical 2SLS method,
which motivates our development of the 2SPLS method in Section 4. We show in Section 5
the theoretical properties of the estimates from 2SPLS, with the proof included in the
Appendix. Simulation studies are carried out in Section 6 to evaluate the performance
of 2SPLS. An application to a real data set to infer a yeast gene regulatory network is
presented in Section 7. We conclude this paper with a discussion in Section 8.

2. The Identifiable Model

We follow the practice of constructing system (1) in analyzing genetical genomics data
(Logsdon and Mezey, 2010; Cai et al., 2013), and assume that each endogenous variable is
affected by a unique set of exogenous variables, that is, the structural equation in (2) has
known zero elements of v,.. Explicitly, we use Sy, to denote the set of row indices of known
nonzero elements in ;. Then we have known sets Si, k = 1,2, -+, p, which dissect the set
{1,2,---,q}. We explicitly state this assumption in the below.

Assumption A. Sy # 0 for k=1,--- ,p, but S; NS, =0 as long as j # k.

The above assumption satisfies the rank condition (Schmidt, 1976), which is a sufficient
condition for model identification. Since each 1, has a set of known zero components, from
this point forward we ignore them and rewrite the structural equation in the model (2) as,

Y=Y v, + X5, Vs, + €k, €~ N(O, oi1,), (4)
where X, refers to X including only columns indicated by Sk, and g, refers to
including only elements indicated by S.

3. The Instrumental Variables View of the Two-Stage Least Squares
Method

Because Y_j, and € are correlated, fitting merely the model (4) results in biased estimates
of v, and 1, . However, the following two sets of variables are independent,
ﬁ Z = E[Y ;|X] = X7y,
ep = €p + & Vi
Consequently, consistent estimates of v, and g, can be obtained by applying least squares
method to the following model,

Y =Z_yv;, + Xs, Vs, + €k (5)

Observing Y_j, instead of Z_j, = E[Y_j|X] naturally leads to application of the instru-
mental variables method (Reierspl, 1941, 1945), that is, replacing Z_j = Xm_j with its

estimate Z_j, = X#@_y, in fitting the linear model (5). When a \/n-consistent least squares
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TWO-STAGE PENALIZED LEAST SQUARES

ridge estimates Z_j obtained from the first stage, we start with the theoretical properties
of N\ k-

As mentioned previously, each 7; in (6) is obtained by GCV. Interestingly, as stated by
Golub et al. (1979), such a 7; is closely related to the one minimizing

T(r) = (Z; - P-Y,;)(Z; - P;Y)).
We have the following result similar to Theorem 2 of Golub et al. (1979).

Theorem 5.1 Suppose that all components of m; are i.i.d. with mean zero and variance
2
o, then

argmin B [E[G;(7)|m;]] = argmin E [E[T;(7)|m]] = of /o7,

where o.m. is the variance component of §; in model (2).
7

This theorem implies that the GCV estimate NQ. =P, Y; is approximately the optimal
estimate of the conditional expectation Z;; furthermore, as the optimal tuning parame-
ter approximates a constant determined by the variance components ratio, we make the
following assumption on 7;.

Assumption C. 7;/y/n — 0asn — oo, for j =1,--- ,p.
We then have the following properties on 7.

Theorem 5.2 Fork=1,...,p, let M = ﬁM?OIO.&OWM&O&L#\» where each Cgs, s,
is a submatriz of C identified with row indices in S, and column indices in S, (the dot implies
all rows or columns). Then, under Assumptions A, B, and C,

a. 3\~Nwwmwwww —p My, as n — oo;
b. S\H\mﬁ<w — N\wavﬂmwN\» —d ZAOQQ.MV\-&“ as n — 00.

Since n~ 127, HyZ_; — M, Theorem 5.2.a states that Z7, H,Z_j, is a good approxi-
mation to NM».H.;NL? On the other hand, Hy (Y — NLGSL is the error term in regressing
H,; Y, against H.;N\? and Theorem 5.2.b implies that n= (Y} — N\wﬁavﬂmwwww —q 0.
Thus NL@ results in regression errors with good properties, i.e., the error effects on the
2SPLS estimators will vanish when the sample size gets sufficiently large.

In summary, the above theorem indicates that Z_ , behaves the same way as Z_j, asymp-
totically, which makes it reasonable to replace Z_j with NLA at the second stage. Denote
the j-th elements of v, and 4, as y; and 4y, respectively. Then, the properties of NLA
in Theorem 5.2, together with the oracle properties of the adaptive lasso, will lead to the
following oracle properties of our proposed estimates.

Theorem 5.3 (Oracle Properties) Let Ay, = {j : vy # 0,j # k} and Ap=1{j: ki # 0,7 # k}.

Further index both rows and columns of My, with 1,--- k —1,k4+1,--- ,p, and let My, 4,
be the submatriz of My, identified with both row and column indices in Ag. Suppose that
Ae/v/n— 0 and A\en0=D/2 s o0, Then, under Assumptions A, B, and C, the estimates
from the proposed 2SPLS method satisfy the following properties,

7 JMLR 19(2):1-34, 2018
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a. Consistency in variable selection: limy, oo P(Ay = Ag) = 1;
. . 4 —1
b. Asymptotic normality: \/n(Yy a, — Yr,a,) —a N (0, sz?\;vv as n — oo.

It is worth mentioning that Theorem 5.2 plays an essential role in establishing the oracle
properties of 2SPLS. In fact, as long as the properties in Theorem 5.2 hold true for the first-
stage estimates of Z_j, the oracle properties can be expected from the adaptive lasso (Zou,
2006) at the second stage. On the other hand, we can also generalize the second-stage
regularization to a wide class of regularization methods (Fan and Li, 2001; Huang et al.,
2011; Zhang, 2010), the theoretical properties, of which, can still be inherited due to the
results in Theorem 5.2.

5.2 The Number of Endogenous Variables is Divergent

In this section, we investigate the theoretical properties of 2SPLS with a divergent p. That

is, per Assumption A, both p and ¢ may grow with sample size n at the the same order. The

theoretical properties will be described by a prespecified sequence f, = o(n) but f, — oo.
We first update Assumptions B and C for the divergent p and q.

Assumption B’. Both p and ¢ grow at the same order of o(n), ie., p < ¢ = o(n).
Furthermore, the singular values of I — I' are positively bounded from below, and
there exist positive constants ¢; and ¢y such that, for any vector ¢ with [|§]l, = 1,
g >n 12 IX4]ly > co.

1>

Assumption C'. 1, 2 72 ||74]13 /n = o(n).

We have the following properties on the ridge regression estimator of 7 from the first
stage.

Theorem 5.4 Under Assumptions A, B, and C', for each ridge regression estimator 7y,
there exist constants C1 and Cy such that, with probability at least 1 — e~ fr

\Q& _Tn:a - ﬂk:w < QH ?v:w VgV .\,ﬁv \vf.
(b) n | X(7p = )13 < Co(rax Vv fa) /.

Denote Tmax = maxXi<g<pTnk- Then the system-wise losses in both ||7r) — ﬁi_w and
n~1||X (%% — 74)||2 have upper bounds in the same order as (fmax V ¢V fn)/n, with proba-
bility at least 1 — e~(n—1e(®) With p = o(n), we henceforth select f,, to dominate log(p),
ie. fn —log(p) — oo, to guarantee the well-controlled losses over the whole system.

Denote Ay, = {j:v; #0,j #k}. Indexing all rows and columns with only j =
1,---,k—1,k+1,--- ,p, we define the restricted eigenvalue for a (p — 1) x (p — 1) matrix
M as

. -1/2 -1
6, (M) = min {02 [My a3+ gl < 31l } -
We further define || - ||oo and || - [|—oo to be the maximum and minimum absolute values of
the components of a vector, respectively. For a matrix, |||« is defined to be the maximum

absolute row sum of the matrix.
We further make the following assumption on the tuning parameter \; of the adaptive
lasso at the second stage.

8 JMLR 19(2):1-34, 2018
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TWO-STAGE PENALIZED LEAST SQUARES

a. Power of Sparse Networks b. FDR of Sparse Networks
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Figure 1: Performance of 2SPLS, AL, SML, and 2SAL when identifying regulatory effects
in acyclic networks with one EE or three EEs.

the first stage seems work well when each endogenous variable is associated to a small set
of exogenous variables in (3), but may compromise the identification of regulatory effects
at the second stage when the number of exogenous variables associated to an endogenous
variable increases.

Both 2SPLS and 2SAL are two-stage methods developed based on the limited-information
model (2), instead of the full-information model used by SML, leading to fast computation
and potential implementation of parallel computing. To demonstrate the computational
advantage of 2SPLS and 2SAL, we recorded the computing time of all algorithms when
inferring the same networks from small data sets (n = 100). Each algorithm analyzed the
same data set using only one CPU in a server with Quad-Core AMD Opteron™ Processor
8380. Reported in Table 1 are the running times of all four algorithms for inferring different
networks. AL is the fastest although it performs with the least power. The running time of
2SPLS usually doubles or triples that of AL, but the computation time of 2SAL generally
triples that of 2SPLS because 2SAL employed K-fold cross-validation to choose the tuning
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Figure 2: Performance of 2SPLS, AL, SML, and 2SAL when identifying regulatory effects
in cyclic networks with one EE or three EEs.

parameter at the first stage. SML is the slowest algorithm which generally takes more than
40 times longer than 2SPLS to infer different networks. In particular, SML is almost 200
times slower than 2SPLS when inferring acyclic sparse networks.

Acyclic Cyclic
Sparse Dense Sparse Dense
1 EE 3 EEs 1 EE 3 EEs 1 EE 3 EEs 1 EE 3 EEs
2SPLS 1303 1332 1127 1112 1297 1337 1125 1165
AL 405 652 404 637 443 659 430 781
SML 258875 195739 58509 43118 49393 58716 67949 68081
2SAL 3239 4726 3398 5357 3135 4681 3686 5651

Table 1: The running time (in seconds) of inferring networks from a data set with n = 100.
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TWO-STAGE PENALIZED LEAST SQUARES
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Figure 4: Three gene regulatory subnetworks in yeast (the dotted, dashed, and solid arrows
implied that the corresponding regulations were constructed respectively from
over 80%, 90%, and 95% of the bootstrap data sets).

Figure 5: The yeast gene regulatory subnetworks constructed in each of 10,000 bootstrap
data sets (with arrow- and bar-headed lines implying up and down regulations,
respectively).
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8. Discussion

In a classical setting with small numbers of endogenous/exogenous variables, constructing a
system of structural equations has been well studied since Haavelmo (1943, 1944). Anderson
and Rubin (1949) first proposed to estimate the parameters of a single structural equation
with the limited information maximum likelihood estimator. Later, Theil (1953a,b, 1961)
and Basmann (1957) independently developed the 2SLS estimator, which is the simplest
and most common estimation method for fitting a system of structural equations. However,
genetical genomics experiments usually collect data in which both the number of endogenous
variables and the number of exogenous variables can be very large, invalidating the clas-
sical methods for building gene regulatory networks. It is noteworthy that, although each
structural equation modeling gene regulation has few exogenous variables, the genome-wide
gene regulatory network consists of a large number of structural equations and therefore
has a large number of exogenous variables.

The instrumental variables view of 2SLS sheds light on the consistency of 2SLS estima-
tors which is guaranteed by good estimation of the conditional expectations of endogenous
variables given exogenous variables. For large systems, we proposed to estimate these con-
ditional expectations via ridge regression coupled with GCV so as to address possible over-
fitting issues brought by a large number of exogenous variables. We obtained approximately
optimal estimation of these conditional expectations at the first stage. At the second stage,
we could adopt results from high-dimensional variable selection, e.g., Fan and Li (2001),
Zou (2006), Zhang (2010), and Huang et al. (2011), to consistently identify and further
estimate the regulatory effects of the endogenous variables. As a high-dimensional exten-
sion of the classical 2SLS method, the 2SPLS method is also computationally fast and easy
to implement. As shown in constructing a genome-wide gene regulatory network of yeast,
the high computational efficiency of 2SPLS allows us to employ the bootstrap method to
calculate the p-values of the regulatory effects.

Our simulation studies show a seemingly counterintuitive result that our moment-based
method 2SPLS provides higher power than the likelihood-based method SML, because the
maximum likelihood method is usually the most efficient method, and dominates moment
methods. However, as evidenced in Bollen (1996) and Kennedy (1985) (p.134), 2SLS can
perform better than the maximum likelihood method in small samples. Furthermore, SML
is not a pure likelihood method but rather a penalized likelihood method, and 2SPLS is not
a pure moment method but rather a penalized moment method. Therefore, the theoretical
advantage of likelihood methods over moment methods may not carry over to comparing
penalized likelihood methods versus penalized moment methods. In fact, SML uses an L
penalty to penalize nonzero regulatory effects, but 2SPLS employs an L2 penalty on the
regression coefficients of the reduced models at the first stage and an L; penalty on the
regulatory effects at the second stage. We conjecture that the different choice of penalty
terms may also distinguish the two different methods as shown in the advantage of the
elastic net (Zou and Hastie, 2005) over lasso (Tibshirani, 1996).

Although applicable to diverse fields, our development of 2SPLS is motivated by con-
structing gene regulatory networks using genetical genomics data. The algorithm is applica-
ble to any population-based studies with either experimental crosses or natural populations.
Assumption A means that each gene under investigation has at least one unique polymor-

16 JMLR 19(2):1-34, 2018



8T0Z ‘ve-T:(2)6T WAL 81

0% T3, X (I + X X)XTH P, - u = 1"3"d"H o,/
Je} Urejqo pue wo10oyy s Aysing Ajdde weo om ‘g - N&MwT: QouIg

(0™ 505°0 — )10 0)N P XTH P4/

QAR OM
(XTH X301 U 0N ~ XTH 127 /-
pue (Q1) Jo asneoog
(e1) (INo ‘0N P TTuX*dTH (3, u

onet] om ‘(TT) Surmor[oq

(Xt X0 WO)N ~ XA TH Py U
1) 90110 DA\
(e1) (NG OIN P AT H Py v
©9'1 ‘uornqLIysIp parmbol o) 03 soypreordde Aresrjojduidse uLe)
18I oY} pue ‘010z 0} soyproidde W) puodds oY) ey} 9A0Id [[Im om ‘SUIMO[[O] o) U]
RAH A - D g v T A H P =
VAL : IR G B VR D Nl O} My
g (RTZ — TR gyt
oaRT om YRy = (LY~ X — ¥ X ) ooulg ‘q
AL de &\N&E«MNW
sy, 0 “— N«Mw_\: 1e1[} SMO[[0] A[1001Ip 019z 0} Jurypreordde SuLId) 9317} 18YJO OY T,
(11) AN = 4w (9D Sy — D)1 Tn
X X (T + X X)X H X (1 + X X)X X e, u =
uxtdHA XY
‘)Insa1 SUIMO[[0] 91} 0) Ped] AJISed () PUR JNSAI DAOR BT,
O0n) 0 0" — 0« X{"x, (SX$X) "X — 1} )X, u = X'H,X, U
gy serdut 7 <= X ;XU 98I
*SULI9) INOJ 2A0(R T[] JO Yoea Jo A11edord osrjojdurdse o) IopIsuod [[Im oA\
A3, v+ T A X et
Xt 3 v+ e X YA X e =
(T3 +tex)*dH A (T3 TeX)u = iRz, v

T xtd = &\N Wy, L =% =" .. =% = 11 ownsse om ‘A}[RIOUS JO SSO[ JNOYIIA\

DNVHYZ ANV ‘ONVHZ ‘NHAY ‘NAH)D)

8102 ‘7e-T:(2)6T 1AL LT

(6) D I+ X XU

¢4 Surajoaur £yrodoad orjoydurhse Surmoroy oy
1o0y® jou seop [ yoes 10§ LL jo ootop Juateyp oYy ‘d S S T Aue 10§ ( + uN /L eourg e

7'G WI0dY T, Jo Jooid :y xipuaddy

"AYISIDATU() ANPIN J JO I9JUI)) 9OUSIDG [€I1F0[0U() AT} J® 199(01d Surresurdusy arey) I9omue)) o1}

pue ‘T€8TTIZVOE0Y HIN ‘GF6¥F80-SII Prese YAHYVD ASN £q pojtoddns Ljperyred st yiom
ST, "spueuIuod [nyd[aT] 17} I0J SIOMITADI SNOWATOWR INOJ PUR I0IIPA TOTIOR AT} JURT) A\

SJUAUIZPI[MOUNDY

93RS PU0I9s A ' §109J0 A101R[NSAI JO UOIIROYIJUSPI 9} osturoIdod Aeur age)s §sIy
oY) J' Se[qrRLIRA SUID0[0S ‘T T,{H)o-SUrl) JO IoquuNu 93Ie] A[OAIR[OI B SARY SOUIS OUIOS USTM
‘gor] U -o8r)s 9SIY YY) e 0sse] aaljdepe oY) I9A0 UOISSI3a1 9FpLI Suisn Jjo Ajuioradns o)
PoYRIISUOWDD SOIPNYS UOTIR[NWIS N0 ‘TySg YIM §TJSe Sutredwiod £ (g66] ‘wewpary]
pue yuel) syiomjau £107e[N3al aueg FUIIONIISUO0D 10] §TJSG JO 93RIS JSIY B1[) 1 UOISSeIFal
98pur jo asn oty ofoqatid T H9-surI) Jo IoqUUNU dSIR] ® JO $100F0 YoM AY) ‘(g) Ul uoIy
-enbe uLI0J-peonpal Surpuodseliod ay) Jo SISeq 9} UO J[(RLIRA SNOUSOPUS [ore Fuljorpald
jo Aoemooe o) UO JUASUIIUOD ST WISAS A SuronIsuod oAy “(g) ur uoryenbo wLIO}
-paonpal Yora 0} [,HL-SURI) JO IDQUINU d8IR] ® 9ONPUI ARW UOIIR[NSDI 9USS 9PIM-0WOUSS
Burepow suoryenbs [BINJONIIS JO WLISAS ® ‘puey] 18I0 oY) u() (L00g 1P 12 UoXIg ‘€00%
“I 92 1peTdg) TIHP-S URY) AJIJUepl 0} JMOYJIP 810U ale T He-suel) pue TI,He-SD Jo
9SO} UeY) Ioyeom oIe rTI,(H)9-SUrI} JO S)00[o Jel[) s0100ds JUOIOPIP Ul PadUapIAd ST 9]
*SIOUI0 A( POIRINSOT 018 SOUSS 9SOU) MOY S [[oM SB Souo3
JO jsqns © FUOUIR UOIIR[NFAI SAIJORISIUL 81} 9)R31)SeAUl 0} §TJSE Ajdde wed om ‘9I10J2I101 T,
'suorpenbs [RIMNIONIYS IOYI0 AURW FULIOUST ‘WSISAS S[OYM JY} 9pIsul suoljenbs [eInjonis jo
19SqIS ® JONIISTOD 0} SMO[[R §TJSE ‘PeeIsu] “(F00g v 12 2Iuang ®[ 9P ‘800g ‘P 12 0I2N)
UOI10RINUL AT0JR[NFOL 9S[R] 01 PRS[ ARUI S9UAS JO 19SNS © OPISINO SAUSS I9Y)0 WOIJ S100J0
A1090TN301 97} FULIOUSI 9SNLIV( ‘SWIISASNS POIIOUUOOUN JO POsOduIod ST Wd)SAS SurAropun
QYY) IoYIPYM UO JUSSUIIUO0D ST AF9JRI)S dAIIRUID)E oY) Jo uolpesrdde ‘erourieylmng -ejep
SOIWOUOS [BI1JOUDS WOIJ SHIOMIOU AIOIR[NFOL 9USS SWOUSSF-I[OYM SB [ONS ‘SYIOMIOU 93Ie]
1ONLIISUOD 0) PUSIUT SIDT] OM ‘TIDYSAS 93T © SUIPONIISTOD URT) JSNGOI SIOUL PUR I9ISed YONUI
ST S[I0M)DU [[RUIS ' SUIONIISU0D SIYM *(800C IV 22 039N ‘8007 ‘v 12 uayy) sydeis oty ur
$98pa 1]} JuALIO A[[RD0] UAY) Pue (F0(g ‘P 42 9puang ©[ op ‘g00g ‘Aordiys 1003 ‘7v 10 soyadg)
9511y stpdelsd pajoaIrpun PIIng 0} ST WISAS S[0TM T[} JONIISUO0D 0} A39)RI)S OATIRILIOIR Uy
‘PO PadNPALI d1[) WOTJ WVISAS 03I ® 1940091 0} ‘D[qIssodur jou
JU ‘Suruo[reyd SI 91 ‘sso[aI[1ouON () [PPOUT Paonpal aT[) Ul UOoIpenba ULI0J-Paonpal 1oes Ul
paAfoAul T IHo-suel) pur I, H-SH 10q AJ1juept A[erjussse spoyjowt Sutddewr 1,¢)o [RIIS
-se[0 ‘suorjenbo [RINJONIIS JO WAISAS ® [IIM PO[OPOUL SI JIOMIOU AI0IR[NSOT OUST ) UOYA\
'SoUd8 SUOWR SUOIPORISIUL A(| Pasned APYI[ oIe SUOIIR[NSDI JO2IIPUL 181} dSNRIS( UOTYR[NGoT
98 Jo Jurpue)jsiopun o o} Aoy o) POy (seued 1981e) IDT[) JO SUOIFDI oY) SPISINO TIH°
“o11) TLYO-sweIL, “(L00g) WX Pue eI pue ‘(L00g) 1P #2 PUOIPD (900g) 10 12 MSIOmpUaY]
30 ‘sporyewr urddeur 7 1,50 @ISO YIIM Pa1IaJep 8¢ Ued YoIym ‘T 1,H9-S10 s1 oy wstyd

SAYVADS ISVAT AAZITYNAJ HDVLG-0MT,



TWO-STAGE PENALIZED LEAST SQUARES

Pooling the above result and (13) leads to the asymptotic distribution in (12).
To prove that the second term asymptotically approaches to zero, we further partition
it as follows,

n 2 (1 - P)Y 1} THLP Y
= 072407, XTA - POHP, X7+~ 2] e (1 - POHP, X7y,
+n7 V24T w7 XT (1 - POHLP £y +n 24 e (1- P)HP.£_,.
It suffices to prove each of these four parts asymptotically approaches to zero.
First, notice that
XT(1-P,) = 7(XTX +71)7'1XT7,

we have

n V24T xT, XT(1 - P)HLP, X7 _y,
= 027l (XTX + D) I XTH X (XX +71) ' X X, — 0, (14)

which follows (10) and that 7/y/n — 0 as n — co.
Because Cs,eC1C,s, = Cs,s,, we have

(C—Cus, OWMV%»OM»LO\_ (C —Cus, OWM%»O%»L =C- O-%»OWM,MX Csye
which implies that

n~V2XTPTHI (1-P,)T(1 - P,)H,P,X
= o XTP,H,P,X - 2n ' XTP, H,P,H,P, X + n 'X"P,H,P2H,P,.X — 0.

Since Var(€_,7;,) is proportional to an identity matrix, the above result leads to that
Var A:\H\m\xmmwwﬁ — HVLE\@HVN‘:.LAV — 0,
which implies that
n~124Tel (1— P,)HyP, X7 —, 0. (15)
Similarly, we can prove that, for each §;,
Var Azly\m);ﬂﬁ.wwunﬂﬁ - H.me_.uamb — 0,
which implies that
n V24T XT(1 - P, HP£_), =, 0. (16)
Note that
n 2y TET (TP HLP. £y, = ?L\fmmwﬂﬁ - FE%& {(XTX +7D)7'XTe_, )}
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Since
n ' XTH(I-P,)(I-P,)H;X — 0,
we have
Var A:L\mqmmﬁ.ﬁ - FE%& 0.
Therefore,

n~V2Tel (1- P)HX —, 0,

which, together with (X7X +7I)7!XT¢_, —, 0, leads to that

n P LEl (T - POHRPE ) =, 0. (17)

Pooling (14), (15), (16) and (17), we have proved that n~ /247 {(I-P,)Y_x }TH; P, Y _; —,

0, which concludes the proof.

Appendix B: Proof of Theorem 5.3

Let 4, (1) = [H Y5~ HRZo oy + 0/ V)34 Mo P+ a/v/m. Lt jo = arg ming, v, (1),
then 4 = v+ f1/v/7 or 1 = v/n(3y — yx). Note that (1) — 1,(0) = Vi (), where

V() = p'(n'ZLHZ ) — 207 P (Y — Zogeyy,) THLZ
+n 2wl V(v + 0Pl = )

Denote the j-th elements of wy and p as wy; and pj, respectively.

If yg; # 0, then wyy —p ||~ and a(lg + p5/v/nl = [ksl) —p pysign(ng). By
Slutsky’s theorem, we have (Ai/v/n)wiivn(|ve + 1/vnl — [wil) —p 0. If 4 = 0,
then v/n(|vk; + /vl = lgl) = |l and (Ak/v/m)wr; = (\e/v/m)n®2(|v/nAk;|) =, where
V/nAj = Op(1). Thus,

—1/2 0, if [[peagll2 =0;

—1/2 T 1/2
n Wi, XN +n i
kW (I 00, otherwise.

= d = {
Hence, following Theorem 5.2 and Slutsky’s theorem, we see that V,,(p) —4 V() for every
n, where
Vi) = W M, b, = 205 Wiy, i [lpacll2 = 0;
00, otherwise.
V,.(p) is convex, and the unique minimizer of V(p) is AZNV?Q\?L? 0)”. Following the
epi-convergence results of Geyer (1994) and Fu and Knight (2000), we have

. -1
Ky, —d H/\.—\ﬁ\;.g?.hx»
Bag =4 0.

Since Wy, 4, ~ N(O, QWHSF A4,), we indeed have proved the asymptotic normality.

Now we show the consistency in variable selection. Vj € Ay, the asymptotic normality
indicates that 4x; —, Vkj, thus P(j € \:L — 1. Then it suffices to show that Vj ¢ Ay,
P(j € A) — 0.

20 JMLR 19(2):1-34, 2018



8T0Z ‘ve-T:(2)6T WAL 44

wrh mrh vrﬁ
(TY ITERTY Fermgn Y
3V, XUV I3+ v X X e+ X X, = (e — )X ||

aaeT om ‘(8T) 01 Terrmuig (q)
uf(4f AD AT S Y| —

fup_9 — T 9se[ Je Ayrqeqord i ‘yet) gons T que)suod
aA1ysod & 1SIX0 oI0T) 1Ry} apnPuod oM ‘(Tg) pue ‘(0g) ‘(61) Ul spunoq oyl SuIe[0)

(12) (/"o + (u/pY Mo + (u/h)o = L
e/ up—o — T 3se9[ ye Ly1[qeqord yym ‘yery
urejqo om FAE\AmmOT.. uf) :&«LT: 013/ (g 801 + %) k__&vt:\: a\b\/v xewr = 7 Sunjer]

(=00 = @/ (;xx) "0 = “| v ]|
(12 4 =
ﬁ\NU ﬂw = Am\AwﬁCervbm\?Nf+DVD&O~VQQ@E =
b
(v Jy iy Jy)even = (Jy iy Ty ity )ooen = 1| dy iy ||
4 4 om)
(u/blo)p = st N = (,_(°r2 + n)n)oecrnylo =

A
‘nlo -

(- ("1t + X ;X)X  X)ooenlo = (Ty iy )ooenlo = [Gr]y

oAR oM
OXd-(re+n) dX = X+ XXX = vty
20uIg
“ULIOU SNTuqoL] oy st 4 ||-|| pue urtou 1oyeredo oty st ©||z|| /&) || %WHW = %||.|| eroym

:&vz:\: 2. N__&v\ﬁx:
7 o

ww - s dxe — 1< (14 (817 > §I)d

‘0 < 7 yue)SUOD SWOS 10] ‘areT] 0 (€107
‘UTUAYSION pue uosPply) Ajrenbaut JySLIA| -UOSURE O} OYOAUL Ued oM ‘& ULID) oY) 10,

(02) (u/fAaN) o = 2L

¢/ up—2 — T 3500 ¥e A3mpiqeqord Yy ‘oavy oa ‘(g Sof + )y Ty prilog \/ =} Surpgery

=2
AQF + ?@v b b

(u/ YlTe) )0 = ﬁ%‘ﬁc " =tag, (Cruetn)ng (Cra+n) divi =iy lty i
b

“yety 910N

DNVHYZ ANV ‘ONVHZ ‘NHAY ‘NAH)D)

8T0¢ 'vE-T:(2)6T ¥ TAC 1
(v Jy 1ies) /-t A — 12 (15 ar)d
aaey am ‘Ayfiqeqord [re) ueissner) [eIISSR[D 9y} Ag
Ty Jy ey = (@r)rea o= [arla

R} OARY OM ‘Cf ULIOY Y[} 04
C|a|| = ©f|te| qym Trg = e Jo yuewee UI-1 o) ST 1D SIS M

. )
(61) ‘(w/T)0 = (u/ Y1z )0 = ﬁ N =dug, (rr+n),dlvl=1g

‘QI0JOIAY T, “? [[® 10 U X *n yeyy sorjduur
PIgm ‘ul > (X X)) pae ul < (X X)Wy eary om ¢ g uondumssy SuImOf[o]
do-("re+n) d = (e +X,X)

‘9I0JoI0Y ], !N S)ULWIS[d [RUOSRID
QATIEGOU-UOU (1M XLIYeW [eUOFeIp ® ST () XIIJeUl pue XIjeuwr Lrejrun e st g aoym ‘dnN ;d
= X ;X uonisoduwodsp a1} oARY Ued oM X JO UOIISOAUIONdp onfea IRMSUIS oY) RIA

€L &L ﬂm
— }
(81) A3y 134931 §1N+: = Tjtu — Ty

ey am wo L, *;_ ("1 + X, X)X = 1y pue _(°r% + X X)L~ = 1 eroym
I3ty =13, (T 4 X X0 + e (T X X)) = e — Ty
1o} 930N
30X (Prie + X X) + e X X (T + X X) = 1K X - (T + X X) =

‘UOTIN[OS ULIOJ PASO[ SUIMO[[O] oY) dARY oM ‘UOISSaI30T 9SPLI ) woi] (&)

a>y>1
0/ %0 S Ao aney om (T —1)? = 3 vey Sunjoy (o) o = xewdy

pue ‘(13)1eA = Nh ajouep E:ﬁsm 0 que)suod e Aq Mo[eq wog papunoq Apanisod ore

J — I Xujew Jo sonfea Ie[nguls oy} jey) owmsse 03 g uondumssy Mmoo Aparoodser

‘JAI XLIJRUT JO SoneAliafle WINWIXeW pue wnwrumr o) (JA) Py pue (JA)“Hy ajoua(

$°¢ w109y J, JO jJoouad :D xipuaddy

‘TO1)I9[9S d[RLILA UT
£ouo)s1suod oYy poroid oary) oM waY], () + (Fmiy = (Hhi-7 — CC,QAMNVR S (s 0d
‘S, UOMNLIISIP [RULIOU ® smo[[o] ATeonordudse u/N/ AJ;«QTN — X))y MN ‘AreULION
onoydwidse oy pue g'¢ wLIOd], Sumorog uf/(hiTg — GC«EMN + (T — jup
x (u/1"gHH [Z) = WM (W1g — TR)TH ;7 seomtm ‘00 fe M/ Fioy ey ojoN ey
= Q@TN — VCCVNEMN Y1) MOWY oM ‘SUOIYIPUOD AY[euIion 33 o) £q ‘¥~ S £ udypy

SAYVADS ISVAT AAZITYNAJ HDVLG-0MT,



TWO-STAGE PENALIZED LEAST SQUARES

For the term Ty, we have

Ty =7} wwda + 7.0 T U(U 4 1 0,)

= O(7} .
Mi; (2 Iel3 /m) = O(rui)

For the term T3, by the classical Gaussian tail inequality, we have

P(Ts <t) >1—exp Alww\ﬁw/\mlﬂmv; ,

(22)

where
Var(Ts) = 463 T XTX AT 4, XTX
= g%swwwa +7.0) T U(U + 1. 1) " PU(U + 7 L,) YU(U + 70,)~

uda? .
= §dw R = O ||kl /n).

ﬁsx_vjﬂ

Taking ¢t = w<@2u..mX\: +1og2), we can obtain that, with probability at least 1 —e~/n /2,

m.w = ©A<ﬁ:».\.:v. Awwv

For the term T§, by the Hanson-Wright inequality, we have, for some constant t3 > 0,
t t
oh [ AXTXAT | o7 (|4 XTX ALY,

P(Ts <E(Tg) +t) > 1—exp] —tomin

Similar to managing the term T3 in (a), we have

E[Ts] = Gitrace(AsXTX ALY = s2trace(U(U + 7.1) U U + 7I,)™Y)

q 2
= mm W 0(52q),
(u; + 71,)2

=1

| AXTXAL|[7 = :@nmﬁkxax\_fwxex%v = trace(X X AL A, XX AL Ay)

= trace(U(U + 74,1,) " "U(U + 7.1,) ' U(U + 7 I,) "' U(U + 7, 1,) 7Y
a 4

- MU (u; +.§v =0l

i=1

[|ARXTX AL, = [[X(XTX + 7lg) "' XTX(XTX 4 L)~ X7 |

O(Amax (XXTXXT) /n?) = O(1).

op

Letting ¢ = max A/\ __}aum%uﬁhﬂ:w fn +1log2)/ts, 57, v_x;umﬂuwmﬂ: (fn +log wv\wqu

op
we have that, with probability at least 1 — e~fn/2,

Ts = O(q) + O(Vaq fn) + O(fn)- (24)

Collecting the bounds in (22), (23), and (24), we conclude that there exists a positive
constant Cy such that, with probability at least 1 — e/,

7| X (7 — w3 < Calrar V q V fa)/n.

23 JMLR 19(2):1-34, 2018

CHEN, REN, ZHANG, AND ZHANG

Appendix D: Proof of Theorem 5.5
Let

gn = Qw Aﬁsmx \Y q \ .\.ﬁv \3 + MQHQN :ﬁ.:_ Q,wa 4 q v \ﬁv \3

We will first prove some lemmas, and then proceed to prove Theorem 5.5.

Lemma 1 Suppose that there exists a positive constant ¢o such that ¢, (HpXmw_y) > ¢o
for all k. If

(rmac V aV fa) /n+ci |l < /e 1]} + 63/ (64C0|Ax)) (25)
then, with probability at least 1 — e~ (n=108P) e have o, (Hp X7 1) > ¢o/2.
Proof Note that the inequality (25) implies that g, < g M_\vm: Then, for any index ¢ and j,
we first investigate the bound of
(H X7;) T (H, X 7r;) — (H X)) T (Hp Xrj)
= A.WN — ﬂ&vﬂxﬂmwuﬂﬁwm — ﬂ.u.v -+ Tw: — ﬂ&vﬂuﬂﬂmwxﬂ.m -+ Auﬂﬂ-svﬂmwxﬁwu — ﬂ.u.v .

T T3 Ty

Note that Apaqe(Hg) = 1. By Theorem 5.4, we have, with probability at least 1 — e In,
IT7| < [[HpX (70 — 705)[ly > [HeX (7 — )l

X it (26)
< Amaz (Hi) X [ X (705 = )|y ¥ X (7 = 75)|ly < Co (Tmax V @V fn) -
Following that || X7;l|, < c1v/n||7;ll,, we have,
|Ts| < Xl x [[HeX (s — i) [ly < eov/nlmjlly < [ X (7 — i)l (27)
MQHQM :q_.__H 3ﬁﬁ:_mx<Q<.\.:v.
Similarly, we have,
ITo| < exv/m[[milly X (705 = 7)ll, < c1Callmlly v/ (Tmax V @ V f).- (28)

Putting together the bounds in (26), (27), and (28), we have, with probability at least
1—e
|(HpX#,)" (HyX 7)) — (H X)) (HyX))| < ngn. (29)

By definition, for any set Aj and any /3, we have
1817 < ([1Bacl, + 1841)% < BVIARI 1Bailly + v/IAK 184, 112)* = 16| A |B4,1l5 -
We then have, with probability at least 1 — pe=/»,

167 (X )T (XA _g,) — (H X _p,) T (X)) 8]/ (n (|84, ]13)
<1817 184,13 :wwx:mwxivﬁm%mﬁv — (HXm;) " (HpX7;)| /n

< 16]Ak| % ga < 16]Ax| x 65/ (64| Ax]) = #5/4,
which implies that ¢, (HpX#_;) > ¢o/2. |
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Similarly, when ¢y > 12,/C3/ log p,

Wi Tus|| o < 207 el 177l :aw_ﬁwo:wikwmwﬁﬂ — ;)]

IN

2072 el [T :ez_uwoawx [Hp X (7j — 7))l

IN

2072 el [l :si_uwoswx [X(7j =)l

{/(6n)} x ﬁHw#wHiQw\wom@W < Ao/ (6n).

Putting together all the above results, we have, for some constant C5 > 0,

IN

wﬁrsqﬁvévv >1-— mIQu::.Iom@EQV _ mlx:+_om§u.

Concurring with the random vector Jy, we have the following inequality based on the
optimality of 4,

:E\DQ - HyZA,

r + 20w [yl < :ENDQ - Z@N\S»:w + 20 |V (31)
With H, Y, = H, Y _;7;. + Hyier, we also have
L2
:H.;JQ - m».NLASa:w

A 2
- :mQLﬂ; + Hyep — ENL%;:m

~ ~ 2
[Her |3 — 26 Hu(Z iy, = Yovi) + :E»NL%:. - m\a%liwzm

= [ Hgerl — 2T U2~ Y i) + B2 i)
- Yo+ 2 - Yo B2 G . @)
:H.;JQ - mwwlzﬁzw
= :mzﬁﬁs + Hyep — ENLQ:M
= |[Hyexl3 + :miNLﬂ - %LAY;.:M —2ei H(Z . — Y 1) (33)

Combining the equations (31), (32), and (33), we obtain that

1 5 2 2 -1 T2
n :mwN\iSA - SL:w + 207 Akwy [

T
_ 2,.T 15T - N
< 2wl vl + AMNLAE»Q —2n "2 Hy(Zy - <LL§V (Y& —x)
= 207" Ml vl + TE e — 1)
which concludes the proof. |
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By the basic inequality we just proved above and condition on the event Ji(Ax), we
have that

HZ (G — ||| < 207 el bl — 20 Ml 13l + IE (B — 1)
n kLY — Yk - n kYL Yk n k9K Yk kY — Yk

IN

20 A, [T = 207 M@l [ | — 207 N e [ ag |

HTL e Bag) + T4, (ear — 4,

IN

207 Newia, Ay — o] = 207 N e [k g |

+:Lv:ﬂ€w,>m kg |+ 0 Mg, k4, — Veoa]

IN

307 M [k, — Yool — ﬁL\{EMaﬁg&i

< 307 Mellwr. g lloo 18,4, — Yeoaelly = 07" Nellwn g | —oo || 5.5 o
which implies that
Nl oo [t |, < 30 Mellona e I, = ol - (34)
Note that :E?‘»L_oo:EFLN:HWo <1, we have that
:@iﬁ ~ kA |
< Bllwk,aglloollon,ag 1 =5 1k,a, — T4, lly < 3 19k.4x = oaill; - (35)

On the other hand, following Lemma 1, we have, with Cy = 6t),

. 2
0BG = ) < 30 el oo/ TR e = ol

< 30 el oo V/IART ¢ 207205 [ B2k G = i)
< 36020y 2 lwk.a, 3 AR R

— — 2 2 -
= Ciog lwnll =2 lwr.a % Il ITIT Akl (rmax V g V o) logp/n.

Employing the inequality (34), along with :EF\;_TL_Eka:HWo <1, we have

150 = lly < (Bl oo ag I 7% + 1) 15, = oty

< (3lorallollonag 5 + 1) VAT 1o, = otz

< (Ol ool agll =5 +2) /T4 x 02 [ 20— ) | 05
2 _

< 801 oo el 1T 65 ol =5

x_\{_/\?smx VqV fa)logp/n.

Since we condition on event Ji(Ax), the above prediction and estimation bounds hold with
probability at least 1 — e~Cshntlog(4p) _ g=fn+log(p),
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APPROXIMATE SUBMODULARITY AND ITS APPLICATIONS

covariances of the previous formulation are then exactly the inner products of the dictionary
vectors.!

This problem is NP-hard (Natarajan, 1995), so no polynomial-time algorithms are
known to solve it optimally for all inputs. Two approaches are frequently used for ap-
proximating such problems: greedy algorithms (Miller, 2002; Tropp, 2004; Gilbert et al.,
2003; Zhang, 2008) and convex relaxation schemes (Tibshirani, 1996; Candeés et al., 2005;
Tropp, 2006; Donoho, 2005). For our formulation, a disadvantage of convex relaxation tech-
niques is that they do not provide explicit control over the target sparsity level k of the
solution; additional effort is needed to tune the regularization parameter.

Greedy algorithms are widely used in practice for subset selection problems; for example,
they are implemented in all commercial statistics packages. They iteratively add or remove
variables based on simple measures of fit with Z. Two of the most well-known and widely
used greedy algorithms are the subject of our analysis: Forward Regression (Miller, 2002)
and Orthogonal Matching Pursuit (Tropp, 2004). (These algorithms are defined formally
in Section 3).

Our main result is that using the approximate submodularity framework, approximation
guarantees much stronger than all previously known bounds can be obtained quite imme-
diately. Specifically, we show that the relevant submodularity ratio for the R? objective is
lower-bounded by the smallest (2k)-sparse eigenvalue Amin(C, 2k) of the covariance matrix
C of the observation variables. Combined with our general bounds for approximately sub-
modular functions, this immediately implies a (1 — olyina.wsv-mwwwoﬁgmios guarantee
for Forward Regression. For Orthogonal Matching Pursuit, a similar analysis leads to a
somewhat weaker guarantee of essentially (1 — m|\/a:.a_m$mv. In a precise sense, our analy-
sis thus shows that the less singular C' (or its small principal submatrices) are, the “closer
to” submodular the R? objective. Previously, Das and Kempe (2008) had shown that R? is
truly submodular when there are no “conditional suppressor” variables; however, the latter
is a much stronger condition.

Most previous results for greedy subset selection algorithms (e.g., (Gilbert et al., 2003;
Tropp, 2004; Das and Kempe, 2008)) had been based on coherence of the input data, i.e.,
the maximum correlation p between any pair of variables. Small coherence is an extremely
strong condition, and the bounds usually break down when the coherence is w(1/k). On the
other hand, most bounds for greedy and convex relaxation algorithms for sparse recovery
are based on a weaker sparse-eigenvalue or Restricted Isometry Property (RIP) condition
(Zhang, 2009, 2008; Lozano et al., 2009; Zhou, 2009; Candeés et al., 2005). However, these
results apply to a different objective: minimizing the difference between the actual and
estimated coefficients of a sparse vector. Simply extending these results to the subset
selection problem adds a dependence on the largest k-sparse eigenvalue and only leads to
weak additive bounds.

Dictionary Selection. As a second illustration of the approximate submodularity frame-
work, we obtain much tighter theoretical performance guarantees for greedy algorithms for
dictionary selection (Krause and Cevher, 2010). In the Dictionary Selection problem, we are
given s target vectors, and a candidate set V' of feature vectors. The goal is to select a set

1. For this reason, the dimension m of the feature vectors only affects the problem indirectly, via the
accuracy of the estimated covariance matrix.

3 JMLR 19(3):1-34, 2018
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D C V of at most d feature vectors, which will serve as a dictionary in the following sense.
For each of the target vectors, the best k < d vectors from D will be selected and used to
achieve a good R? fit; the goal is to maximize the average R? fit for all of these vectors. (A
formal definition is given in Section 4.) The problem of finding a dictionary of basis func-
tions for sparse representation of signals has several applications in machine learning and
signal processing. Krause and Cevher (2010) showed that greedy algorithms for dictionary
selection can perform well in many instances, and proved additive approximation bounds
for two specific algorithms, SDSya and SDSopmp (defined in Section 4). Our approximate
submodularity framework directly yields stronger multiplicative approximation guarantees.

Our theoretical analysis is complemented by experiments comparing the performance of
the greedy algorithms and a baseline convex-relaxation algorithm for subset selection on
two real-world data sets and a synthetic data set. We also evaluate the submodularity ratio
of these data sets and compare it with other spectral parameters: while the input covariance
matrices are close to singular, the submodularity ratio actually turns out to be significantly
larger.

While the submodularity ratio is always lower-bounded by the smallest (sparse) eigen-
value, our experiments reveal that this lower bound can be loose. This happens when there
are small (sparse) eigenvalues, but the predictor variable is not badly aligned with their
eigenspace. Hence, computing the submodularity ratio explicitly (although it appears com-
putationally intensive to do so) can lead to stronger post hoc approximation guarantees. In
this context, we also discuss ways in which a more careful analysis of the greedy algorithms
allows significantly stronger post hoc approximation guarantees.

Our main contributions can be summarized as follows:

1. We introduce (in Section 2) the notion of the submodularity ratio as a predictor of the
performance of greedy algorithms. We show that a submodularity ratio of v leads to
a (1 —e~7)-approximation guarantee for the greedy algorithm for maximum coverage.
For the minimum cover probem, we show essentially a _om: approximation guarantee
for the greedy algorithm.

2. Using the approximate submodularity framework, in Section 3, we obtain the strongest
known theoretical performance guarantees for greedy algorithms for subset selection.
In particular, we show that the Forward Regression and OMP algorithms are within
al—e 7 factor and 1 — e~ (vAmin) factor of the optimal solution, respectively (where
the v and X terms are appropriate submodularity and sparse-eigenvalue parameters).

3. Again using the approximate submodularity framework, in Section 4, we obtain the
strongest known theoretical guarantees for algorithms for dictionary selection, im-
proving on the results of Krause and Cevher (2010). In particular, we show that the
SDSwa algorithm is within a factor (1 — Wv of optimal.

Amax

4. We evaluate our theoretical bounds for subset selection by running greedy and L1-
relaxation algorithms on real-world and synthetic data, and show how the various
submodular and spectral parameters correlate with the performance of the algorithms
in practice.
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APPROXIMATE SUBMODULARITY AND ITS APPLICATIONS

ensemble of anytime predictors that automatically trade computation time with predictive
accuracy. Using the submodularity ratio, the authors provide an approximation guarantee
for the performance of their ensemble algorithm. Kusner et al. (2014) analyzed greedy
methods for training a tree of classifiers for feature-cost sensitive learning, and show that
the objective function for obtaining a cost-sensitive tree of classifiers is approximately sub-
modular. Qian et al. (2015) proposed a Pareto optimization approach for subset selection in
sparse regression and analyzed the performance of their algorithm using the submodularity
ratio.

Most directly following up on our initial work is a recent result of Elenberg et al. (2018)
that extends our analysis of greedy algorithms for subset selection from the linear regression
setting to arbitrary Generalized Linear Models. The main result is a lower bound on any
function’s submodularity ratio in terms of its restricted strong convexity and smoothness
parameters, which can then be used to obtain approximation guarantees for greedy feature
selection algorithms.

2. Approximate Submodularity

We begin by defining our notion of approximate submodularity, and explaining its rela-
tionship with the traditional notion of submodularity. Then, we show that approximation
results for greedy algorithms degrade gracefully as the function becomes less and less sub-
modular.

2.1 Submodularity Ratio

We introduce the notion of submodularity ratio for a general set function, which captures
“how close” to submodular the function is. Let X be a universe of elements, and Let
f:2%¥ = R* be a non-negative set function.

Definition 1 (Monotonicity, Submodularity) 1. f s monotone iff f(S) < f(T)
whenever S CT.

2. f is submodular iff f(SU{z}) — f(S) > f(TU{z}) — f(T) whenever S C T.

Our definition of the submodularity ratio smoothly interpolates between functions that
are submodular and those that are far from so.

Definition 2 (Submodularity Ratio) The submodularity ratio of a monotone function
[ with respect to a set U and a parameter k > 1 is

_ min Y wes f[(LU{a}) - f(L) (1)
" LCU,S:|S|<k,SNL=0 f(LusS)—f(L)

yuk(f)

where we define 0/0 := 1. Thus, the submodularity ratio captures how much more f can
increase by adding any subset S of size k to L, compared to the combined benefits of adding
its individual elements to L. That Definition 2 generalizes submodularity is captured by
the following proposition.

Proposition 3 f is submodular if and only if yur > 1 for all U and k.

7 JMLR 19(3):1-34, 2018
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Proof. First, assume that vy > 1 for all U and k. By choosing k =2 and S = {z,y} in
Equation (1), we obtain that f(LU{z})+ f(LU{y}) > f(LU{z,y})+ f(L), or, rearranged,
f(LU{z}) — f(L) > f(LU{z,y}) — f(LU{y}). Now, when we have two sets S and
T =SU{r1,za,...,21}, define S; := SU{x1,...,z;} for 0 < i < k. Setting L = S; now
gives us that f(S;U{x}) — f(Si) > f(Six1U{z}) — f(Si+1). Induction on i now completes
the proof.

Conversely, assume that f is submodular. In Equation (1), let S = {z1,..., 2} and S; =
{@1,...,a;}, and write a telescoping series f(LUS) — f(L) = S} F(LUSi1) — F(LUS;).
By submodularity of f, we can bound

FLUSi) = f(LUS;) = f(ILUS;U{min}) — fF(LUS) < fF(LU{mis}) — f(L),
which gives us a lower bound of 1 on the ratio. ]

Remark 4 The submodularity ratio is defined as a minimum over exponentially many val-
ues, and in general, it is NP-hard to compute exactly (more recently, Bai and Bilmes (2018)
showed that it cannot be computed in polynomial time in the value oracle model). This is
a property it shares with the well-known Restricted Isometry Property (RIP) (Candés and
Tao, 2005): computing the RIP of a matriz is essentially equivalent to computing the ex-
pansion of a graph, yet the guarantees for sparse approximation algorithms are frequently
expressed in terms of the RIP.

Whether one can efficiently approzimate the submodularity ratio to within non-trivial
factors is an interesting open question. Approximating it would allow one to at least derive
post hoc approximation guarantees, i.e., to give the user guarantees on the approrimation
quality for the specific instance that was solved. In the appendiz, we discuss some (fairly
strong) assumptions under which one can derive non-trivial lower bounds on the submodu-
larity ratio.

Typically, rather than computing the submodularity ratio on a given instance, one would
use problem-specific insights to derive a priori lower bounds on the submodularity ratio in
terms of quantities that are easier to compute exactly or approximately. For example, in
the primary application studied here (linear regression), the submodularity ratio is lower-
bounded by the (easy to compute) smallest eigenvalue of the covariance matriz, and more
tightly bounded by the (not so easy to compute) smallest 2k-sparse eigenvalue of the covari-
ance matriz. Recently, Elenberg et al. (2018) showed how to derive similar lower bounds
for a more general class of linear objective functions. We anticipate that similar types of
bounds can be obtained for other classes of objectives.

2.2 The Greedy Algorithm for Maximum Coverage

Probably the most widely used fact about (monotone) submodular functions is that a simple
greedy algorithm approximately optimizes the function subject to a cardinality constraint.?
This is a celebrated result by Nemhauser et al. (1978). Specifically, Nemhauser et al. (1978)
analyzed the following algorithm.

Let SNG be the final set Sy returned by the algorithm. The following theorem of
Nembhauser et al. (1978) is widely used in the Machine Learning and related communities:

2. Many other algorithmic optimization problems are easier for submodular function. Some of them are
discussed in Section 6.

8 JMLR 19(3):1-34, 2018
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APPROXIMATE SUBMODULARITY AND ITS APPLICATIONS

2.3 The Greedy Algorithm for Minimum Submodular Cover

The “complementary” problem to submodular function maximization is minimum submod-
ular cover, where the goal is to find a smallest set S with f(S) > C, a given target value.
The name derives from one of the most common instance of submodular functions: coverage
functions.® Here, the elements x correspond to sets, and the function value f is the size of
the union of the selected sets. In the Maximum Coverage Problem, the goal is to maximize
the size of the union by selecting k sets, and in the Minimum Set Cover Problem, the goal
is to cover all elements selecting as few sets as possible.

For both problems, the greedy algorithm (Algorithm 1) provides essentially best possible
guarantees. The only difference is the termination condition: for maximum coverage, the
algorithm is terminated when k sets are selected, while for minimum cover, the algorithm
is terminated when all elements (or a given number) have been covered. For the Minimum
Set Cover Problem, the greedy algorithm achieves a Inn approximation, which is best
possible unless P = NP. For more general monotone submodular functions, the results are
somewhat less clean to express, but are summarized by the following theorem of Wolsey
(1982).

Theorem 8 (Theorem 1 of Wolsey (1982)) Let f be nonnegative, monotone and sub-
modular, and let n = |X|. For any given C, let k*(C') be the size of the smallest set S CV
such that f(S) > C. Let k be the size of the set SNC selected by Algorithm 1 when run until
1(5) > C. Then,

C

E<[1l+]log ‘QI\?@M@L

K (C),

where m%\m is the set selected by Algorithm 1 after k — 1 iterations.
If f is integer valued, then

k< (1+1og(9)) - k™,

where § = maxgzex f(x) is the mazimum value of the set function obtained by a single
element.

We show that Theorem 8, too, extends gracefully to approximately submodular functions

f.

Theorem 9 Let f be a nonnegative and monotone function, and let n = |X|. For any
given C, let k*(C) be the size of the smallest set S CV such that f(S) > C. Let k be the
size of the set SNC selected by Algorithm 1 when run until f(S) > C. Then,

1 C

E<1+ — -log
Ygna e () (f) C — f(SP4)

K0,

where m%\m is the set selected by Algorithm 1 after k — 1 iterations.

3. A characterization of coverage functions in terms of functional properties akin to submodularity is given
by Salek et al. (2010).

11 JMLR 19(3):1-34, 2018
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Proof. We use the same notation as in the proof of Theorem 6. For notational conve-
nience, write k* = k*(C). Let k be the number of iterations taken by Algorithm 1, so that
F(SNG) > C and f(SYS) < C. Thus f(SNC) = 35, A(j).

Let S* be a smallest set (i.e., |S*| = k*) with f(S*) > C. Substituting t = k£ — 1 into
Equation (2) and solving for k, we obtain that

1 c

E<1+ -log
C - f(S79)

k,
T agne ()

as claimed. | ]

As with Wolsey’s result for submodular functions, the bounds can be improved when f
is integer-valued.

Theorem 10 Assume that f is integer-valued, in addition to all conditions (and notation)
of Theorem 9. Let § = maxgzey f(x) is the mazimum value of the set function obtained by
any single element. Then, the number k of elements selected by Algorithm 1 satisfies

1
k<l+ ————-log(C) -k*(C),
=i Yswe gy (f) o8(C) - ¥(C)
E<|1+ ! HOWA b v -k (C).
- ysne gy (f) Yo, (f)

Proof. The first result follow directly from Theorem 9, because C — f A%Wmv > 1 for
integer-valued functions.

For the second result, substitute ¢t = %*S -log A\ A%Jv into Inequality (2) to obtain
SNG ox
SSH

TSNG jox

C—fSNS) <C e L <k

Because f is a monotone and integer-valued, \Tw‘@zov - 2&4\@ > 1 for all remaining
iterations ¢, and it takes at most k* additional iterations to reach a value of C. Hence,

1 ! f
. _ L C/k* L k* . K
k<t+k AH+§Z§;S log(C/k vv "= AH+§§%S o Aé_ﬁgvv :

The inequality C/k* < 0/~p - (f) is directly from Definition 2. [ |

The same techniques can be used to obtain the following bicriteria approximation guar-
antee below. The bicriteria guarantees are similar in spirit to, for instance, (Krause and
Golovin, 2014, Theorem 1.5). We believe that similar results for submodular functions are
folklore among researchers, though we are unaware of a reference stating precisely the form
we give here.

Theorem 11 For any € € (0,1), if Algorithm 1 is run until f(SNC) > (1 —€) - C, the size

of the set SNC that is returned is at most % _omﬁv -k*(O).
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APPROXIMATE SUBMODULARITY AND ITS APPLICATIONS

Proof. Since C, is obtained by normalizing the variables such that they have unit variance,

we get C, = DTCD, where D is a diagonal matrix with diagonal entries d; = /\%
mws

Since both C, and C' are positive semidefinite, we can perform Cholesky factorization
to get lower-triangular matrices A, and A such that C = AAT and C, = A,A}. Hence
A,=DTA.

Let omin(A) and omin(A,) denote the smallest singular values of A and A,, respectively.
Also, let v be the singular vector corresponding to owin(A4,). Then,

1Av]l2 = D~ Apvll2 < D72l Apvllz = omin(A) D7 2 < owmin(Ap),

where the last inequality follows since
1
| D7, = max o = max Var[X;] < 1.
i i
Hence, by the Courant-Fischer theorem, omin(A) < omin(4,), and consequently, Amin(C) <
\/BMEAQEV. -

Lemma 15 Let Ayin(C) be the smallest eigenvalue of the covariance matriz C' of n random
variables X1, Xa, ..., Xpn, and Amin(C’) be the smallest eigenvalue of the (n—1) x (n—1) co-

variance matriz C' corresponding to the n—1 random variables Res(X1, Xy), . .., Res(Xpn—1, Xn).

Then \/:::AQV m v::m:AQ\v.

Proof. Let ); and X, denote the eigenvalues of C' and C’, respectively. Also, let ¢ j denote
the entries of C’. Using the definition of the residual, we get that

& = Cov[Res(X;, X,), Res(Xj, X)) = i) — —nn

Cnyn

2
Oﬁ:

nmg, = Var[Res(X;, X,))] = ¢y —

Cnn

. 1 .
UOWSHSW D= . THB» C2my - - - QOS\H,‘L._. . —mfﬁn C2my - e - QOS\HBT we can write Q:tiﬁ\: =

Cnyn

C'+ D. To prove \; < |, let € = [e],...,e],_]T be the eigenvector of C’ corresponding to

: . -1
the eigenvalue \;, and consider the vector e = [e], €, ... e, 1, ——— 3" elc; ,]T. Then,

Cn,n

C-e=[}], where

1 n—1
/ /
y=—"7" ﬁ.@..:??z C2, .;n:\f;_q + Q::.LTC -€
Cnmn < ‘
=1
1 n—1
/ / ! /
=——> eicinlcin,Coms - Cno1p)+ D€ +C" €
Cnmn <
i=1
—C'.e
— 1! 1 1! — i / / / ! H
Thus, C - e = [N}, Ne, ..., Nel,_1,0]T = Nel, e, ... el,_;,0]T < Xle|l2, which by
Rayleigh-Ritz bounds implies that A < A]. ]

Using the above two lemmas, we now prove Lemma 13.

15 JMLR 19(3):1-34, 2018
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Proof of Lemma 13. Since

_Uh T L I:uh T I\—1
(bg)"(Cg)~ by mexx (Cy)~'x = Amax((CH)Y) =
(bL)TbL x xTx L

we can use Definition 2 to obtain that

> min Amin (C5).
ik = (LCU,5:|S|<k,5NL=0) min (C5)

Z@nﬁémw&%m y:.EAQ%v égrv,:,:;@hcmysm:_mﬂm@mﬁmmm@@:omionmOwhmEE.@mE
and 15. Let L = {X,..., X;}; for each i, define L; = {X1,..., X;}, and let C®) be the
covariance matrix of the random variables {Res(X,L\ L;) | X € S U L;}, and Q\m: the
covariance matrix after normalizing all its variables to unit variance. Then, Lemma 14
implies that for each 4, yEEAQQJ < »,EEAQ%VY and Lemma 15 shows that yEEAQ\QJ <
»,SEAQQLJ for each ¢ > 0. Combining these inequalities inductively for all i, we obtain
that

v::m:AQ,%V = V,HEEAQ\WOJ N vf:_m:AQASV = v::m:ﬁQhCr@v N v::m:ﬁQq 75 U %_v

Finally, since |S| < k and L C U, we obtain vy > Amin(C, k + |U]). [ |

3.2 Forward Regression

We now use our approximate submodularity framework along with the result of Lemma 13
to achieve theoretical performance bounds for Forward Regression and Orthogonal Matching
Pursuit, which are widely used in practice. We also analyze the Oblivious algorithm, one
of the simplest greedy algorithms for subset selection. Throughout the remainder of this
section, we use OPT = maxg.|g— mwum to denote the optimum R? value achievable by any
set of size k.

We begin with an analysis of Forward Regression, which is the standard algorithm used

by many researchers in medical, social, and economic domains.%

Algorithm 2 The Forward Regression (also called Forward Selection) algorithm.
1: Initialize Sy = 0.
2: for each iteration i+ 1=1,2,... do
3:  Let X,y be a variable maximizing ww.mscﬁxstf and set Siy1 = S; U{X+1}.
4: Output Sk.

Notice that Forward Regression is exactly the special case of the general Nemhauser
Greedy Algorithm (Algorithm 1) applied to the R? objective.
Our main result is the following theorem.

6. There is some inconsistency in the literature about naming of greedy algorithms. Forward Regression
is sometimes also referred to as Orthogonal Matching Pursuit (OMP). We choose the nomenclature
consistent with Miller (2002) and Tropp (2004).

16 JMLR 19(3):1-34, 2018
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APPROXIMATE SUBMODULARITY AND ITS APPLICATIONS

Algorithm 3 The Orthogonal Matching Pursuit algorithm.
1: Initialize Sp = 0.
2: for each iterationi+1=1,2,... do
3:  Let X;41 be a variable maximizing |[Cov[Res(Z, S;), X;+1]|, and set Si+1 = S;U{X;41}-
4: Output Sg.

3.3 Orthogonal Matching Pursuit

The second greedy algorithm we analyze is Orthogonal Matching Pursuit (OMP), frequently
used in signal processing domains.

By applying similar techniques as in the previous section, we can also obtain approxi-
mation bounds for OMP. We start by proving the following lemma that lower-bounds the
variance of the residual of a variable.

Lemma 19 Let A be the (n + 1) x (n + 1) covariance matriz of the normalized variables
Z,X1,Xa,...,Xn. Then Var[Res(Z,{X1,..., Xn})] = Amin(4).

1 b7
b C
obtained by removing the i row and j™ column of A, and similarly for C. Recalling that
the (i,7) entry of C~1 is %» and developing the determinant of A by the first
row and column, we can write

Proof. The matrix A is of the form A = A v . We use A[i, j] to denote the matrix

n+1
det(A) =Y "(=1)"ay ; det(A[L, 5])

=1

= det(C) + M@T%s det(A[L, 5 + 1))
j=1

= det(C) + MT::: MT:Es det(C/i, j])
j=1 i=1

=det(C) = Y > (=1)"bib; det(Ci, 5])

j=11i=1
= det(C)(1 — bTC™'b).

Therefore, using that Var[Z] = 1,

_ det(A
Var[Res(Z, {X1,...,X,})] = Var[Z] —bTC~'b = ﬂMQW
Because det(A) = [T/ M and det(C) = [T, A, and M <A <M <Af <. <A,
by the eigenvalue interlacing theorem, we get that MMMM%W > A, proving the lemma. ]

The above lemma, along with an analysis similar to the proof of Theorem 16, can be
used to prove the following approximation bounds for OMP:

19 JMLR 19(3):1-34, 2018
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Theorem 20 The set SOMP selected by orthogonal matching pursuit has the following ap-
prozimation guarantees:

mwwN gomp > (1- m\Smoiw}.y:_muAQ_ww:v . OPT

(1 — e~ (@207 OpT

A%

v

(1 — e Pmin(GR)?y ®2WV<?=:_AQ»J . OPT.

Proof. We begin by proving the first inequality. Using notation similar to that in the
proof of Theorem 16, we let S} be the optimum set of £ variables, mN.OZHu the set of variables
chosen by OMP in the first 7 iterations, and S; = S} \ m«OZv. For each X; € S, let ;X.g\. =
Res(X;, SOMP) be the residual of X conditioned on S°MP, and write S} = {X; 1 X; € S}

Consider some iteration ¢ + 1 of OMP. We will show that at least one of the X/ is a
mco&n@b&&ﬁmmzﬁwwmﬁmamiob.hmﬁNEmiBmNm mw,kmq w.m;xm mwmguxﬁnﬁm&v mmew. w%

Lemma 19,
<@Hﬁxﬁ N v,:::AQm:.QCﬁ,vav N v::w:AQq va

The OMP algorithm chooses a variable X, to add which maximizes |Cov[Res(Z, S&), X))
Thus, X, maximizes

Cov[Res(Z, S&), Xm)? = Cov]Z, Res(Xm, S5))? = R2

ZRes(Xom,5i,) * Var[Res(Xom, 56)]-

In particular, this implies
Var[X]
Var[Res(Xpm, S5)]

. v:::_ AQ“ whv
Var([Res(X, S5))

M m
mN‘.meAXS:MNA 2 mrix.M

> mngXM > mmNgXM . v,:i:AQa MN&

because Var[Res(Xom, S5)] < 1. As in the proof of Theorem 6, mmmv x; 2 52,% . mmm, s17 50

R > g2, mn(@20)v50mp,,
ZRes(Xm,S5) = 7VZ,5] 3

Amin (C,2k y i s .
of Theorem 6, we get that A(i + 1) > % ~(OPT - 37%_; A(j)). An inductive
proof now shows that

. With the same definition of A(%) as in the proof

k
: ~Ain(C.2K)Yg0rp
Rys, = Mub@ > (1-e ¢ :mozﬁ.é.mw*mﬂ.
iz

The proofs of the other two inequalities follow the same pattern as the proof for Forward
Regression. | ]
3.4 Oblivious Algorithm

As a baseline, we also consider a greedy algorithm which completely ignores C' and simply
selects the k variables individually most correlated with Z.
Lemma 17 immediately implies a simple bound for the oblivious algorithm:
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APPROXIMATE SUBMODULARITY AND ITS APPLICATIONS

Algorithm 6 The SDSoyp algorithm for dictionary selection.

1: Initialize Dy = 0.

2: for each iterationi+1=1,2,... do

3 Let X;y1 be a variable maximizing 37, mmmfmozlbscﬁki;&,5 where
Somp(D, Z, k) denotes the set selected by Orthogonal Matching Pursuit for
predicting Z using k variables from D.

4: Set QIL =S5;U ALXMLLHT

5: Output Dy.

Theorem 23.

F(D) = ma R
A v N.Muwmmbu_w_uw Z;,S»

F(D)=)" max f(Z;,5),

£ scpsi=k

S
F(D)=Y" mMmozlb,mﬁs.
j=1

We first prove the following lemma about approximating the function (D) by F(D):

Lemma 24 For any set D, we have that

e

(1 — e~ Pmn(C20)%) . (D)
—— " F(D)<F(D) < .
v::mxAQ, \Av A v A v 0,k
Proof. Using Theorem 20 and Lemma 17 and summing up over all the Z; terms, we
obtain that

F(D)
Amax(C k)’

F(D) > (1 — e mn@20%) . p(D) > (1 — e (G207

. . 2 2
Similarly, using Lemma 17 and the fact that maxgcp|s—¢ mmfm > NNTMQEZUNESJ we

have

F(D) 2y, F(D) = wy-F(D). &
Using the above lemma, we now prove the following bound for SDSopp:

Theorem 25 Let DOMP be the dictionary selected by the SDSoymp algorithm, and D* the
optimum dictionary of size |D| < d, with respect to the objective F(D) from Definition 22.
Then,

Y0,k AH - ®\§.>§%Vv > NUAU*V 3 v:i:AQq \Av . AH - m\@és}vv

F OMPy - *Y .
AU V\WAUV vfamxﬁqq\av &|&.E.J\®%+H - v:dmxAQih\.v &|A.%.J\S,N+Hu

_ B 2
where p = % (1 — e Mmin(G20)%),
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Proof. Let D be the dictionary of size d that maximizes F' (D). We first prove that
F(DOMP) is a good approximation to F(D).

Let @zo be the variables chosen by SDSoump after ¢ iterations. Define S; = D \ mszo.
By monotonicity of F', we have that F'(S; U SNGy > E(D).

Let X € S; be the variable maximizing F(SNG U {X}), and similarly X € S; be the
variable maximizing F(SN¢ U {X}).

Since F' is a submodular function, it is easy to show (using an argument similar to the
proof of Theorem 16) that F(SNC U {X}) — F(SNG) > LRI=FST)

Now, using Lemma 24 above, and the optimality of X for %A@ZO U tNCQ we obtain
that
%.@@znctmz > F(SYCU{X)) > F(SFCU{X}) > p- F(ST9U{X)).

Thus, F(SNSU{X}) > p-vpy - F(SNC U{X}), or

F(SNCU{X}) = F(ST9) 2 p- o (F(SYCU{XD) = F(ST9) = (1= p-y0) F(STO).

Define A(i) = F(SNG) — F(SNS) to be the gain, with respect to F', obtained from
the variable chosen by SDSoyp in iteration 4. Then F(DOMP) = MUwHH A(7). From the
preceding paragraphs, we obtain

. P Yok a7 d d .
A(i+1) > —— - (F(D)— (1+ —— —d A(7))-
(i+1) 7 D)= ( T VWWCV
Since the above inequality holds for each iteration ¢ = 1,2,...,d, a simple inductive
proof shows that
P d P PYo.k d
F(D) =A@ < F(D)- (1= =25)" + (d = dpyo ) - D A(0).
i=1 i=1
Rearranging the terms and simplifying, we get that
d
R .. 1— QAEE,J . (1 — e Pw))
FIDOMP) =S a0y > D) B2 S b N S
(D) = 3" A() > F(D) > F(DY) g

et d—dpyy+1
where the last inequality is due to the optimality of D for F. A

Now, using Lemma 17 for each Z; term, it can be easily seen that F'(D*) > vy ;.- F(D*).
Similarly, using Lemma 3.3 on the set DOMF | we have F(DOMP) > E(DOMPy,

1
) Amax (Crk)
Using the above inequalities, we therefore get the desired bound

Yok (1 — e~ P0k))
Amax(C k) d—d-p-ypp+1

WAUO?QJ > ﬁﬁb*v .
The second inequality of the Theorem now follows directly from Lemma 13. ]
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Figure 3: World Bank R? Figure 4: World Bank parameters

monotonically decreasing in k — this is due to the dependency of ygrr j, on the set SFR
which is different for every k.

The discrepancy between the small values of the eigenvalues and the good performance
of all algorithms shows that bounds based solely on eigenvalues can sometimes be loose.
Significantly better bounds are obtained from the submodularity ratio ygrr j, , which takes
on values above 0.2, and significantly larger in many cases. While not osiao_% sufficient
to explain the performance of the greedy algorithms, it shows that the near-singularities
of C' do not align unfavorably with b, and thus do not provide an opportunity for strong
supermodular behavior that adversely affects greedy algorithms.

The synthetic data set we generated is somewhat further from singular, with Apin(C) =
0.11. However, the same patterns persist: the simple eigenvalue based bounds, while some-
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what larger for small k, still do not fully predict the performance of greedy algorithms,
whereas the submodularity ratio here is close to 1 for all values of k. This shows that the
near-singularities do not at all provide the possibility of strongly supermodular benefits of
sets of variables. Indeed, the plot of R? values on the synthetic data is concave, an indicator
of submodular behavior of the function.

The above observations suggest that bounds based on the submodularity ratio are better
predictors of the performance of greedy algorithms, followed by bounds based on the sparse
eigenvalues, and finally those based on the condition number or RIP property.

5.3 Narrowing the gap between theory and practice

Our theoretical bounds, though much stronger than previous results, still do not fully predict
the observed near-optimal performance of Forward Regression and OMP on the real-world
datasets. In particular, for Forward Regression, even though the submodularity ratio is less
than 0.4 for most cases, implying a theoretical guarantee of roughly 1 — e~%4 ~ 33%, the
algorithm still achieves near-optimal performance. While gaps between worst-case bounds
and practical performance are commonplace in algorithmic analysis, they also suggest that
there is scope for further improving the analysis, by looking at more fine-grained parameters.

Indeed, a slightly more careful analysis of the proof of Theorem 16 and our definition of
the submodularity ratio reveals that we do not really need to calculate the submodularity
ratio over all sets S of size k while analyzing the greedy steps of Forward Regression. We
can ignore sets S whose submodularity ratio is low, but whose marginal contribution to the
current R? is only a small fraction (say, at most €). This is because the proof of Theorem
16 shows that for each iteration i + 1, we only need to consider the submodularity ratio
for the set S; = Sj \ mszou where rﬁzo is the set selected by the greedy algorithm after 4
iterations, and S} is the optimal k-subset. Thus, if R? <(1+4¢)-R2 then the

Z,8;uSNG = 7,886

currently selected set must already be within a factor H‘JH{ of optimal.
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AN HASMM MODEL FOR INFORMATIVELY CENSORED TEMPORAL DATA

post-operative patients under immunosuppressive drugs (Cholette et al. (2012)), etc), or
vital signs (e.g. blood pressure and O; saturation (Yoon et al. (2016))). The time span
of these episodes may be as short as few days in short-term hospitalization episodes (e.g.
patients with solid tumors, hematological malignancies or neutropenia who are hospitalized
in regular wards before or after a surgery (Kause et al. (2004); Hogan et al. (2012); Kirkland
et al. (2013))), or as long as few years in longitudinal episodes (e.g. chronic obstructive pul-
monary disease may evolve from a mild Stage I to a very severe Stage IV over a time span
of 10 years (Pedersen et al. (2011); Wang et al. (2014))). In this paper, we develop a
versatile time-series model that provides means for accurate real-time risk prog-
nostication of adverse clinical outcomes. Other applications of the model include but
are not limited to modeling default data in quantitative finance (Giampieri et al. (2005)),
and fault detection in general dynamic systems (Smyth (1994)). In the next Subsection, we
expose our modeling rationale and challenges posed by the structure of modern EHR data.
We conclude this Section by summarizing our contributions in Subsection 1.2.

1.1 Modeling Rationale and Challenges
1.1.1 RATIONALE

Previous physiological models have branched into two different modeling paths with respect
to the way a patient’s clinical states are defined. Onme strand of literature adopts fully
observable models; these models assume that clinical states are quantifiable via observable
clinical markers or disease severity measures (e.g. PFVC in Scleroderma (Schulam and
Saria (2015)), GFR in kidney disease (Eddy and Neilson (2006)), etc). Another strand
of literature adopts latent variable models, which assume that clinical states are latent
and manifest only through proximal, noisy physiological measurements. Table 1 lists some
notable previous works that fall under each modeling category?.

Table 1: Modeling methodologies in previous works.

Methodology 7 7 Previous Works

Fully observable models e HIV (Dessie (2014); Foucher et al. (2005)) e Chronic
kidney diseases (Eddy and Neilson (2006)) e Scleroderma

(Schulam and Saria (2015)) e ICU (Ghassemi et al. (2015)).

Latent variable models o Alzheimer (Chen and Zhou (2011)) e HIV

(2015)) e Comorbidities (Wang et al. (2014)).

(Guihenneuc-Jouyaux et al. (2000)) e Glaucoma (Liu et al.

2. While the models in (Schulam and Saria (2015)) and (Ghassemi et al. (2015)) involve latent variables that
designate patient subtypes, the clinical states in both works are considered to be captured via observable
bio-markers (PFVC in the former and the Cerebrovascular Autoregulation index in the latter).
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Our modeling choice is to go with a latent variable model for the following reasons:

e In a wide range of problems, a concrete clinical marker that can be directly used as a
surrogate for the patient’s true clinical condition is not available. This is especially
true in critical care settings where no solid definition or measure of a “clinical state”
exists (Li-wei et al. (2013)). Previous works that adopted a clinical risk score as a sur-
rogate for the clinical state in critical care settings have found that other physiological
features, when augmented with the clinical risk score, still hold a significant predic-
tive power with respect to end-point clinical outcomes (Ghassemi et al. (2015)). This
implies that a clinical risk score or a severity of illness measure (such as APACHE
II, SAPS and SOFA (Knaus et al. (1991); Subbe et al. (2001))) is not a sufficient
measure of a patient’s true clinical condition, and hence cannot be reliably modeled
as an observable clinical state.

e The same line of argument extends to disease progression models: (Jackson et al.
(2003)) has shown that significant modeling gain can be attained by treating clinical
markers and diagnostic assessments as noisy manifest variables for the patient’s true
clinical state rather than defining a clinical state in terms of those markers.

e For various chronic disease, such as HIV, Scleroderma, and kidney disease, progres-
sion stages are well defined in terms of observable clinical markers (CD4 cell count,
PFVC and GFR). However, a latent variable model can help validate and assess the
current domain knowledge-based clinical practice guidelines by learning alternative,
data-driven guidelines. Other diseases, such as COPD, have their progression stages
manifesting only through symptoms (e.g. chronic bronchitis, emphysema and chronic
airway obstruction (Wang et al. (2014))), which may or may not accurately reflect
the disease’s true state, and hence a latent variable model is necessary.

e Conclusive clinical markers that reveal a patient’s true state may be available only oc-
casionally in a patient’s longitudinal episode. For instance, in a breast cancer progres-
sion setting, most of the data points associated with a patient’s longitudinal episode
would be imaging test results (e.g. BI-RADS scores of a mammogram or an MRI
(Gail and Mai (2010); Taghipour et al. (2013))), which are noisy markers for the ex-
istence of a tumor, whereas a conclusive biopsy result that truly reveals whether the
patient is in a preclinical or clinical breast cancer state may not be available because
the patient did not undergo a biopsy test.

e A fully observable model does not provide diagnostic utility since it assumes that an
already observable clinical marker provides an immediate, domain-knowledge-based
diagnosis for the patient. Contrarily, a latent variable model leaves room for diagnoses
to be learned from evidential data by learning the association between physiological
evidence and clinical states, which may help inform and improve clinical practice.

1.1.2 CHALLENGES

Hidden Markov Models (HMMs) and their variants have been widely deployed as temporal
latent variable models for dynamical systems (Smyth (1994); Zhang et al. (2001); Giampieri
et al. (2005); Genon-Catalot et al. (2000); Ghahramani and Jordan (1997)). Such models
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AN HASMM MODEL FOR INFORMATIVELY CENSORED TEMPORAL DATA

etc); entering an absorbing state of an HASMM stimulates censoring events (e.g. clinical
deterioration leads to an ICU admission which terminates the physiological observations
for a monitored patient in a ward, etc). Observable variables are modeled via a multi-task
Gaussian process (Bonilla et al. (2007)), for which the observation times (i.e. follow up
visits, vital sign gathering, lab tests, etc) are modeled as a point process. Using multi-task
Gaussian process with state-dependent hyper-parameters, an HASMM accounts for both
correlations among different physiological variables, in addition to the temporal correlations
among the observation variables that are generated by the same hidden state during its so-
journ period. In that sense, an HASMM is a segment model (Ostendorf et al. (1996)) and
also a state-switching model (Fox et al. (2011a))).

To allow for real-time inference of a patient’s state, we develop a forward-filtering
HASMM inference algorithm that can estimate a patient’s latent state using her history
of irregularly sampled physiological measurements. The inference algorithm operates by
constructing a virtual, discrete-time embedded Markov chain that fully describes the pa-
tient’s state transitions at observation times. The embedded Markov chain is constructed
in an offline stage by solving a system of Volterra integral equations of the second kind using
the successive approzimation method; the solution to this system of equations, which paral-
lels the Chapman-Kolmogorov equations in ordinary Markov chains, describe the HASMM'’s
semi-Markovian state transitions as observed at arbitrarily selected discrete timestamps.

Offline learning of the HASMM model parameters from patients’ episodes in an EHR is
a daunting task. Since the HASMM is a continuous-time model, we cannot directly use the
classical Baum-Welch EM algorithms for learning its parameters (Rabiner (1989)). More-
over, the semi-Markovianity of an HASMM yields an intractable integral in the E-step of
the Expectation-Maximization (EM) formulation. Since the HASMM’s state transitions are
not captured by the conventional continuous-time Markov chain transition rate matrices,
we cannot make use of the Ezpm and Unif methods that were used in (Hobolth and Jensen
(2011)), and more recently in (Liu et al. (2015)) for evaluating the integrals involved in
the E-step of learning continuous-time HMMs. To address this challenge, we develop a
novel forward-filtering backward-sampling Monte Carlo EM (FFBS-MCEM) algorithm that
approximates the integral involved in the E-step by efficiently sampling the latent clinical
trajectories conditioned on observations in the EHR by exploiting the informative censoring
of the patients’ episodes. The FFBS-MCEM algorithm samples the latent clinical states
of every (offline) patient episode in the EHR as follows: it starts from the known clinical
endpoints, and sequentially samples the patient’s states by traversing in the reverse-time di-
rection while conditioning on the future states, and then uses the sampled state trajectories
to evaluate a Monte Carlo approximation for the E-step.

2. The Hidden Absorbing Semi-Markov Model (HASMM)
2.1 Abstract Model

We start by describing the HASMM’s hidden state evolution process, and then we describe
the structure of its observable variables.

7 JMLR 19(4):1-62, 2018

ALAA AND VAN DER SCHAAR

2.1.1 HIDDEN STATES

We consider a filtered probability space (2, F, {Fi}ier,,P), over which a continuous-time
stochastic process X (¢) is defined on ¢ € Ry. The process X (t) corresponds to a temporal
trajectory of the patient’s hidden clinical states, which take on values from a finite state-
space X = {1,2,...,N}. Because the process X (t) takes on only finitely many values, it
can be decomposed in the form®

;X‘Qv = Mkﬁ : H_.Tsm“Ajer; AC

where (X(t))er,
terval accommodating the n'* hidden state. Every path (X(t)) ter,. on the stochastic ba-
sis (Q, F,{Fi}ier,.P) is a semi-Markov path (Janssen and De Dominicis (1984); Durrett
(2010)), where the sojourn time of state n, which we denote as S, = 7,41 — 7y, is drawn from
a state-specific distribution v;(S, = s|\;) = dP(S, = s|X, =j), with \; being a state-
specific duration parameter associated with state 7 € X'. Unlike ordinary time-homogeneous
semi-Markov transitions, in which the transition probabilities among states are assumed to
be constant conditioned on there being a transition from the current state (Gillaizeau et al.
(2015); Murphy (2002); Johnson and Willsky (2013); Yu (2010); Dewar et al. (2012); Guédon
(2007)), our model accounts for duration-dependent semi-Markov transitions, i.e. we have
that

is a cadlag path, X, € X, and the interval [7,,7h+1) is the time in-

%Avmzt = .ium =1i,5, = v = Q&Aqu va

where g;; : Ry — [0,1], Vi,j € X is a transition function for which % is well defined,
and MUM,\HH gij(s) = 1,Vs e Ry,i € X.

Now consider the bi-variate (renewal) process (Xp,Sy)nen,, which comprises the se-
quence of states and sojourn times. Semi-Markovianity of X (t) implies that (X, Sp)nen,
satisfies the following condition on its transition probabilities

P(Xnt1 =4, Sn < 5[ Fr,) = P(Xn41 =, Sn < 5] Xn = 1)

HH@Avmst Hwix:ﬂ&a,wsmrmv.%ﬁ.mf Mmf&s”&

= Es, [9:j(9n) | Sn < s - Vi(s | Xi) = Gij () - Vi(s [ Ai), - (3)
where {X,, =i} € F,, Vi(.) is the cumulative distribution function of state i’s sojourn time,
and g;;(s) is the probability mass function that reflects the probability that a patient’s next
state being j given that she was at state i and her sojourn time in i is less than (or equal to)
s. Based on (3), we define the semi-Markov transition kernel as a matrix-valued function
Q : Ry — [0, 1]V that describes the dynamics of X (¢) in continuous time, with entries
Q(s) = (Qij(s))ijex that are given by

Qij(s) = Gij(s) - Vi(s | Ni). 4)

The initial state X7 is random?, and the initial state distribution is given by p° = (09, 0% _ﬁ
where p? = P(X(0) = j), and MM,\HH Py =

6. By convention, we set 7, = 0.
7. We do not consider left-censored observations in this model.
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AN HASMM MODEL FOR INFORMATIVELY CENSORED TEMPORAL DATA

Recall the illustration in Figure 2).

The paths {Y;,(t)}/< | are assumed to be conditionally independent given the hidden
sequence of states {X, WHT and hence we have that

*M\A?:vrﬁ:mﬁ. A ,C\@q:vw?:mﬁll _N«:JN:JL ,Vn € .HH, 2,..,K— Hw.

The observed samples generated under every state X, and sampled at the times in 7,
are drawn from Y according to a distribution P({Y (t,m) }t,.e7, | Xn = J,©;), where ©; is an
emission parameter that controls the distributional properties of the observations generated
under state j.

The number of observation samples is finite: the observed sequence is censored at some
point of time, which we call the censoring time T, after which no more observation samples
are available. Censoring reflects an external intervention/event that terminated the observa-
tion sequence, i.e. death, intensive care unit (ICU) admission, etc. Censoring is informative
(Scharfstein and Robins (2002);Huang and Wolfe (2002);Link (1989)), because the censor-
ing time is correlated with the absorption time Ty, and T} strictly precedes T, (in an almost
sure sense). That is, T, is an F-stopping time that is given by T, = Ty 4+ Sk, i.e. once the
patient enters state 1 or state N, the observations stop after the patient’s sojourn time in
that state (i.e. observations stop after a time Sy from the entrance in the absorbing state).
Therefore, the duration distributions v1(s|A1) and vy (s|An) of states 1 and N are used to
determine the censoring times conditioned on the chain {X,,}/; being absorbed at time 7.

Every sample from the HASMM is an episode comprising a random-length sequence of
hidden states { X, }/;, and a random-length sequence of observations {Y (t,,)}*_, together
with the associated observation times. We only observe {Y (¢,,) wwni the path of latent
states X (¢), the number of realized states K, the association between observations and states
(i.e. the sets T,) are all unobserved, which makes the inference problem very challenging,
but captures the realistic EHR data format and the associated inferential hurdles. In the
next subsection, we specify the model’s generative process and present an algorithm to
generate episodic samples from an HASMM.

2.2 Model Specification and Generative Process

As have been discussed in Subsection 2.1, the hidden and observables variables of an
HASMM can be listed as follows:

e Hidden variables: The hidden states sequence {X,}/ and the states’ sojourn

n=

times {S,}/; (or equivalently, the transition times {7,}X_,).

e Observable variables: The observed episode ﬁ\ﬁsvwwwud and the associated sam-
pling times 7 = {t,, } M

m=1"
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matrix entries

a0 1000 1200 1400
Time ¢

7 Iidden states sequence

_.5_ 0 _ o _ i _x,,._ X _

Figure 5: Depiction for the correlation structure
of the observable variables for an underlying state

Figure 4: Exemplary transition func-
tions (ga;)j—; for a 4-state HASMM. sequence {X,,}5_,.

The HASMM model parameters that generate both the hidden and observable variables are
encompassed in the parameter set I'; i.e.

N o N N
r= NA=Nhen L ,Q={Qi;(s)};=1,0 ={0;};,

State cardinalit;
Y State duration I

tes

Transitions Emission

The total number of parameters in an HASMM is N2 + 3N(F + 1).

2.2.1 DISTRIBUTIONAL SPECIFICATIONS FOR THE HIDDEN VARIABLES

We model the state sojourn time of each state i € X' via a Gamma distribution. The se-
lection of a Gamma distribution ensures that the generative process encompasses ordinary
continuous-time Markov models for the path (X(t))icr, , since the exponential distribu-
tion!? is a special case of the Gamma distribution (Durrett (2010)). Thus, if the underlying
physiology of the patient is naturally characterized by memoryless state transitions, this
will be automatically learned from the data via the parameters of the Gamma distribution.
The sojourn time distribution for state i is given by

1

s Ais—1 —5Nir >
—_— -5 e 52> 0
H,A\/N.,mv e

C&.Am;& = Av:?f v:ywz =

where A\; ¢ > 0 and A; > 0 are the shape and rate parameters of the Gamma distribution
respectively.

Now we specify the structure of the transition kernel Q(s) = (Qij(s))ij,%,7 € X. Re-
call from (4) that the each element in the transition kernel matrix can be written as
Es [9i(S)]S < s]- Vi(s|Ai). Having specified the distribution v;(s|A;) as a Gamma distribu-
tion, it remains to specify the function g;;(s) in order to construct the elements of Q(s).

13. Note that a semi-Markov chain reduces to a Markov chain if the sojourn times are exponentially dis-
tributed.
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AN HASMM MODEL FOR INFORMATIVELY CENSORED TEMPORAL DATA
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Figure 7: An episode generated by GenerateHASMM(I') with N = 5. The realized hidden state
sequence (upper) is {2,3,5}, and is absorbed in state 5. The physiological stream (Y!(t),Y?2(t)) is
2-dimensional and stream Y2(t) is sampled more intensely than Y!(¢).

3. Inference in Hidden Absorbing Semi-Markov Models

In this Section, we develop an online algorithm that carries out diagnostic and prognostic
inferences for a monitored patient’s episode in real-time. Given an ongoing realization of an
episode {y(t1),y(t2), ..., y(tm)} at time ¢,, (before the censoring time T¢), and the HASMM
model parameter I' that has generated this realization, we aim at carrying out the following
inference tasks:

e Diagnosis: Infer the patient’s current clinical state, i.e. compute

P(X(tm) = 31Y (t1) = y(t),

=y(tm),I'), Vj e X.

e Prognostic Risk Scoring: Compute the patient’s risk of absorption in the catas-
trophic state, i.e.

PAN Y (01) = y(t1), - Y (tm) = y(tm), ).

In the rest of this Section, we drop the conditioning on I' for notational brevity. The first
inference task corresponds to disease severity estimation for patients with chronic disease,
or clinical acuity assessment for critical care patients. The second task corresponds to risk
scoring for future adverse events for patients who have been monitored for some period of
time, i.e. the risk of developing a future preclinical or clinical breast cancer state (Gail and
Mai (2010)), the risk of clinical deterioration for post-operative patients in wards (Rothman
et al. (2013)), the risk of mortality for ICU patients (Knaus et al. (1985)), etc.

3.1 Challenges facing the HASMM Inference Tasks

The inference tasks discussed in the previous Subsection are confronted with 3 main chal-
lenges —listed hereunder— that hinder the direct deployment of classical forward-backward
message-passing routines.
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Figure 8: An exemplary HASMM episode with 6 hidden state realizations and 9 observed samples.

1. In addition to the clinical states {X,}/; being unobserved, the transition times
among the states, {7, }/_,, are also unobserved (i.e. we do not know the time at which
the patient’s state changed). Thus, unlike the discrete-time models in (Murphy (2002);
Johnson and Willsky (2013); Yu (2010); Dewar et al. (2012); Guédon (2007)), in
which we know that the underlying states switch sequentially in a (known) one-to-one
correspondence with the observations, in an HASMM the association between states
and observations is unknown. Figure 8 depicts an exemplary HASMM episode with 6
realized states and 9 observations samples; in this realization, the association between
the observations {Y(¢1),Y (t2), Y (¢t3)} and state X; is hidden. The importance of
reasoning about the hidden transition times is magnified by the duration-dependence
of the transition probabilities that govern the sequence { X, }X

n=1"

2. Since observations are made at random and arbitrary time instances, some transitions
may not be associated with any evidential data. That is, as it is the case for state X3 in
Figure 8, there is no guarantee that for every state X,,, an observation is drawn during
its occupancy, i.e. [Ty, Tn+1). In a practical setting, the inference algorithm should
be able to reason about the state trajectories even in silence periods that come with
no observations (recall the example in Figure 2 where observations of a critical care
patient’s systolic blood pressure stop for an entire day). Hence, one cannot directly
discretize the time variable and use the discrete-time HMM inference algorithms (e.g.
the algorithms in (Rabiner (1989))) since in that case we would exhibit time steps
that come with no associated observations, and with potential state transitions.

3. The HASMM model assumes that observations that belong to the same state are
correlated (e.g. in Figure 8, each of the subset of observations {Y (¢1),Y (¢2),Y (¢3)},
{Y(t4),Y (t5)} and {Y (¢7),Y (ts)} are not drawn independently conditioned on the la-
tent state since they are sampled from a GP), thus we cannot use the variable-duration
and explicit-duration HSMM inference algorithms in (Murphy (2002); Johnson and
Willsky (2013); Yu (2010); Guédon (2007)), as those assume that all observations are
conditionally independent given the latent states. Our model is closer to a segment-
HSMM model (Yu (2010); Guédon (2007)), but with irregularly spaced observations
and an underlying duration-dependent state evolution process, which requires a dif-
ferent construction of the forward messages.
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AN HASMM MODEL FOR INFORMATIVELY CENSORED TEMPORAL DATA

Wooy: from Subsection 2.1.1 that the semi-Markov kernel of the hidden state sequence
ﬁm; _ is defined as Qij(7) = P(Xpq1 = 4,8, < 7|X,, = i), i.e. the probability that
the sequence transits from state i to state j given that the sojourn time in 7 is less than
or equal to 7. Theorem 1 establishes the Emgomoyom% for computing the interval tran-
sition probabilities pi;(tm — tm—w, P(m — w,w 5 using the parameters of an HASMM.
In Theorem 1, we define P(7,s,5) as a matrix-valued function P : & — [0,1]V*N & =
{(1,8,8): TeR;,5€ R4, s < mw the entries of which are given by

p11(7,8,5) | par(7,8,8) |-+ | Dni(7,8,5)
- P12(7, 5, 5) %wi 7,8,5) | -+ | Dna2(7,8,5)
P(7,s,8) =
Pin(T, 8, 5) Ei ,8,8) | -+ | DNN(T,8,5)
Size N x N matrix

In addition, we define a truncated semi-Markov kernel as

- \ H (g7 + ) — Gig(s)) - LA — VilslA)

1— Vi(slh)

- dVi(sih),

a scalar-valued function Q;(7,s,3) = Muu.mk/g Qij(7, 5,5), and a matrix-valued function

0 Q2 (7,8,5) | -+ | Qni(r,8,5)
@E?ﬁvfwv 0 QEMAﬁM»wv

@t,%..ﬁfwv QNiWPWV o

Size N x N matrix

Theorem 1 (Interval transition probabilities) Let P(r,s,5) be the solution to the fol-
lowing integral equation

_.wﬁﬁwfwv = Iyxn —diag AQZﬁM\,wY..JQZAﬁmuwvv +\.a|o % X HwAﬂ\Fo“ov du,
o (1)

for the three independent variables (7,s,5) € S. Then, the interval transition probability

§. is given by pij(tm — tm—w, (m — w,w")) = pij(7,5,5),Vi,j € X, ab T =ty — tmu,
=tm — tm—w+1, and 5 = tm — ~«3~IE+S .
m;.oom. See Appendiz B. |

Theorem 1 follows from a first-step analysis that is akin to the derivation of the conventional
Chapman-Kolmogorov equations in ordinary Markov chains (Kulkarni (1996)). The integral
equation in (11) is a (matrix-valued) non-homogeneous Volterra integral equation of the
second kind (Polyanin and Manzhirov (2008)). It can be easily demonstrated that a closed-
form solution that hinges on conventional kernel methods cannot be obtained. Hence, we
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resort to a numerical method in order to solve (11) for P(r,s,5), V(7,s,5) € S. Before
presenting the numerical method, we reformulate (11) as follows

H:Aﬁmqu HuZxZI%mm AQZﬁP wvf. J&ZC.F&.WC + A% * @A;oqovv Aﬂvuﬁwv

where * is an element-wise convolution operator. (12) follows from (11) by the fact that
the integral in (11) is a convolution integral; (12) can be expressed as follows

H.Aﬁvﬁ wv HNWAOTJMQ wvwﬁﬂwﬁﬁm»wvvq va
where the (functional) operator B{Q}(P) is given by

B{Q(r,5,5)}(P(r,s.5)) =

Ty — diag (Q1(r,5,5),. .., Qu(7,5,5)) + F~ ﬁ ﬁm@wm J -7 {B(r,0 8&
(14)

where # is the Fourier transform operator, and the transforms in (14) are all taken with
respect to 7.

The solution to (13) can be obtained via the successive approzimation method (Opial
(1967)) as follows. We initialize the function P(7,s,5) with the truncated semi-Markov
kernel' Q(, s, 5), and then iteratively apply the operator B(.) to obtain a new value for
Wﬁﬁ s, §) until convergence. That is, the successive approximation procedure goes as follows

P°(r,5,5) = Q(7,5,5)

While : P (r,s,5) — P° (1,8,5) : > €
o0
P*(r,5,5) = B{Q(r,5,5)}(P™ ' (7,5,9)).
(15)
The following Theorem establishes the validity of the procedure in (15) as a solver for (13).
Before presenting the statement of Theorem 2, we define the function space P as follows

P = P(r,5,35): pi(r,s,5) €[0,1], MUFN 5,8) = 1,pi5(0,5,5) = 055, (7,8,5) €S ¢,

where 6;; is the Kronecker delta function.

Theorem 2 AOosﬁwwmmcno of successive approximations) The functional m,"@“,ﬁ»v
has a unique fized-point P in P, i& the m:mmmmrﬁem approzimation procedure in (15) always
converges to the fized point, i.e. P~ (1,8,5) = P (7,8,8), starting from any initial value
WeAﬁmq 5)eP.

Proof See Appendiz C. |

16. This is a reasonable initialization since the entries of the semi-Markov kernel correspond to interval
transition probabilities conditioned on there being no intermediate transitions on the way from state
to state j.
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AN HASMM MODEL FOR INFORMATIVELY CENSORED TEMPORAL DATA

(Gail and Mai (2010)), acute care interventions (Knaus et al. (1985)) and surgical decisions
(Foucher et al. (2007)). A risk score is a measure for the patient’s risk of encountering an
adverse event (abstracted as state N in our model) at any future time step starting from
time t¢,,,. That is, the patient’s risk score at time ¢,, can be formulated as

R(tm) = P(An [{y(tu) }uzr, T)
=1-P(X(c0) = N [{y(tu) }it1, 1), (17

which can be computed using the outputs of TransitionLookUp and ForwardFilter as
follows

2
z MUQN\HQSA? v
=3 5in(4,0,0) - . Hm

2PN 0.0) e ) 18

Therefore, the procedures TransitionLookUp and ForwardFilter suffice for executing both
the diagnostic and prognostic inference tasks.

4. Learning Hidden Absorbing Semi-Markov Models

In Section 3.1, we developed an inference algorithm that can handle diagnostic and prog-
nostic tasks for patients in real-time assuming that the true HASMM parameter set I' is
known. In practice, the parameter set I'" is not known, and has to be learned from an
offline EHR dataset D that comprises D episodes for previously hospitalized or monitored

patients, i.e.
n>L
2t

’
d=1

M4
ﬁﬁ@dﬁwﬂ: m=1>

where Qmﬁ td 1 are the observable variables and sampling times for the d" episode, Ha
is the episode’s censoring time, and 14 € {1, N} is a label for the realized absorbing state.

ﬁ:g

We note that unlike the conventional HMM learning setting (Rabiner (1989); Zhang et al.
(2001); Nodelman et al. (2012)), the episodes are not of equal-length as the observations
for every episode stop at a random, but informative, censoring time. Thus, the @mimzﬁm
state trajectory does not manifest only in the observable time series, i.e. @u:w& W.E 1, but
also in the episode’s censoring variables AHW Nj,. In this Section, we develop an efficient
algorithm, which we call the forward-filtering backward-sampling Monte Carlo EM (FFBS-
MCEM) algorithm, that computes the Maximum Likelihood (ML) estimate of " given an
informatively censored dataset D, i.e. I'* = arg maxp A(D|T"), where A(D|T') = dP(D|T)
is the likelihood of the dataset D given the parameter set I'. We start by presenting the
learning setup in Section 4.1, and then we present the FFBS-MCEM algorithm Section 4.3.

4.1 The Learning Setup

We focus on the challenging scenario when no domain knowledge or diagnostic assessments
for the patients’ latent states are provided in the dataset !” D (with the exception of

17. For some settings, such as chronic kidney disease progression estimation (Eddy and Neilson (2006)), the
EHR records may include some anchors or assessments to the latent states over time. A simpler version

23 JMLR 19(4):1-62, 2018
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the absorbing state which is declared by the variable I?), i.e. the learning setup is an
unsupervised one. For such a scenario, the main challenge in constructing the ML estimator
I resides in the hiddenness of the patients’ state trajectories in the training dataset D; the
dataset D contains only the sequence of observable variables, their respective observation
times, the episode’s censoring time and the state in which the trajectory was absorbed. If the
patients’ latent state trajectories (X (t))icr, were observed in D, the ML estimation problem
I'* = argmaxyr P(D|I') would have been straightforward; the hiddenness of (X(t))ier,
entails the need for marginalizing over the space of all possible latent trajectories conditioned
on the observed variables, which is a hard task even for conventional CT-HMM models (Liu
et al. (2015); Nodelman et al. (2012); Leiva-Murillo et al. (2011); Metzner et al. (2007)).

We start by writing the complete likelihood, i.e. the likelihood oﬁ. an HASMM with a
parameter set I' to generate both the hidden states trajectory {22, s w _, and the observable
variables {y2,, wm:wwﬁu for the d** episode in the dataset D as follows

d
A%A?.& w: L {yd td aMe ; ﬂv =PdD) - dP(s8|24,T) - &E?miumawﬁ"mﬂ; z¢,T) x

z %AH‘W&_&&\TM‘N\TH,V . &%Am&i&&qﬂv : &H@Aﬁ@wiwm:rm:mﬁm _&&JH,Y Ava

where k? is the number of states that realized in episode d from t = 0 until absorp-
tion. The factorization in (19) follows from the conditional independence properties of
the HASMM variables (see Figure 6). Since we cannot observe the latent states trajec-
tory {z?,s w: 1, the ML estimator deals with the expected likelihood A(D|T), which is
evaluated by marginalizing the complete likelihood over the latent states trajectories, i.e.

D
d
AD|T) = Eyyp,r | [T dPUal, sty {yms th iy 1)

D

[T Ecoimr [ dP(at styile, {ume th )220 D) |
d=1

- E \&@ T S w:\f ATQW:J WS\H _H,v &@Aﬁ&.: u:w:\p 7@, H,vq AMOV

where the expectation is taken with respect to the latent trajectory conditioned on the
observed dataset D, which contains the information on every episode’s censoring
time 7¢ and terminating state (. The integral in (20) can be further decomposed as
follows

v : &@Aﬁ%wtn w;\ _6« H,v

™m

Giﬁ H—H\ A.ww_ﬁf v : &%AAKNS*N«WNR mq\;

X Eiam?ﬂ\rmm\ri - dP(sy | @, T) - dP({ym, b bag e | 25, T)- (21)

of the learning algorithm proposed in this Section can be used to deal with such datasets. In critical care
settings, it is more common that the EHR records are not labeled with any clinical state assessments
over time (Yoon et al. (2016)).

24 JMLR 19(4):1-62, 2018
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AN HASMM MODEL FOR INFORMATIVELY CENSORED TEMPORAL DATA

d, and use those trajectories to construct a Monte Carlo approximation QQAH,M I #=1) for the
proximal log-likelihood function U (T WNLV. Sample trajectories are drawn from the poste-
rior density of the latent states’ trajectory conditional on the the observable variables (in-
cluding the censoring information). That is to say, the gt* 9 ghoyke

is drawn as follows

sample trajectory T:

{9, SEOUE ~ dP({, saYy [yt g, 2 (T8) = 19,0571, (22)
for g € {1,...,G}. Hence, the proximal log-likelihood U(T; WN\J can be approximated via
a Monte Carlo estimate Ug(I';T%71) as follows

D

~ A d,g d

Uami ) £3 = ME%QSEﬁ%ﬁQFiy (23)
d=1

It follows from the Glivenko-Cantelli Theorem (Durrett (2010)) that

U@ 057 = U (D157 [|oo = sup U127 = Ug(T; 157 [ 5 0 as,
T

and hence the Monte Carlo implementation of the E-step becomes more accurate as the
sample size G increases. Sampling trajectories from the posterior distribution specified in
(22) in order to obtain a Monte Carlo estimate for U(I'; *~1) is not a straight forward task;
the sampler needs to jointly sample the states and their sojourn times taking into account
the duration-dependent transitions among states, and that the number of variables sampled
(number of states) k%9 in each trajectory is itself random.

Since there is no wimwmrﬁmﬁéwa method that can generate samples for the random
state trajectory {z¢ s S, wi 1 from the joint posterior density in (22), the normative solu-
tion for such a vHoZmE is to resort to a Markov Chain Monte Carlo (MCMC) method
such as Metropolis-Hastings or Gibbs sampling (Carter and Kohn (1994)). Since the num-
ber of state and sojourn time variables, k%, is itself random, one can even resort to a
reversible &5% MCMC method (Green and Hastie (2009)) in order to generate the samples
for {z2,s TT At this point of our analysis, we invoke the classical aphorism with which
we titled this Subsection: “The Only Good Monte Carlo is a Dead Monte Carlo” (Trotter
and Tukey (1956)). By this quote, Trotter meant to advocate the view that sophisticated
Monte Carlo methods should be avoided whenever possible; whenever an integral is an-
alytically tractable, or whenever some analytic insights can be exploited to built simpler
samplers, doing so should be preferred to an expensive Monte Carlo method. MCMCs are
indeed expensive: they mix very slowly and they generate correlated samples. Adopting
an MCMC to generate random state trajectories in every iteration of the EM algorithm
and for every episode in D is beyond affordable. Fortunately, in the rest of this mmnﬁo: we
show that an efficient sampler that generates independent samples of {z¢, s¢ W:L and for
which the run-time is geometrically distributed can be constructed by capitalizing on the
censoring information and utilizing some insights from the literature on sequential Monte
Carlo smoothing (Godsill et al. (2004)).
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4.3.3 THE FORWARD-FILTERING BACKWARD-SAMPLING RECIPE

The availability of the censoring information for every episode d in D, together with the
inherent non-linearity of the semi-Markovian transition dynamics encourage the develop-
ment of a forward-filtering backward-sampling (FFBS) Monte Carlo algorithm?® that goes
in the reverse-time direction of every episode by starting from the censoring instance,
and sequentially sampling the latent states conditioned on the (sampled) future trajec-
tory (Godsill et al. (2004)). That is, unlike the generative process (described by the routine
GenerateHASMM(I")) which uses the knowledge of I' to generate sample trajectories by draw-
ing an initial state and then sequentially going forward in time and sampling future states
until absorption, the inferential process naturally goes the other way around: it exploits in-
formative censoring by starting from the (known) final absorbing state (and censoring time),
and sequentially samples a trajectory by traversing backwards in time and conditioning on
the future.

We start constructing our forward-filter backward-sampler by first formulating the pos-
terior %Eﬁ@ of the latent trajectory {zn,s,}5_; (from which we sample the G trajectories
in the z** iteration of the FFBS-MCEM &moﬁi:: as shown in (22)) as follows

dP({zn, m:meH _ AN\SLS&:\NHT HG@ =1 HﬁulJ =

&@Amw_ﬁ\zrwi 3 15 &GJ H—I_”&%AHQ 3_ A.NS NS ] —nt1’ T&:,?: § 15 MJV A v

———
Future trajectory

where the conditioning on the (z — 1) guess of the parameter set, I*~! and the episode
index d are suppressed for notational convenience. The formulation in (24) decomposes the
posterior density of the latent trajectory {z,,s,}*_; into factors in which the likelihood of
every state n is conditioned on the future trajectory starting from n (i.e. the states zp41
up to the absorbing states, together with their corresponding sojourn times). The posterior
density in (24) can be further decomposed as follows

AP({&n, s Yoy [ {ym, b ¥V, 2(T0) = 1) = dP(sy, | 2, = 1, s < To) %
k—1
: &Hﬁ .&.aI Sn 7 m&ﬁ »Sn/ n' =n+1’ Sp < H“ - A.w:‘z + ...+ wwv ) f\iﬁ ?:WM,:\NHC“ Ammv

Elapsed time in the episode

which, using the conditional independence properties of the HASMM (see Figure 6), can be
simplified as follows

&1?.&5 m:WMHH _ T\‘S\. m ww 15 NAMJL = D =
dP(sg |z, =1, s, < Tp) - P(z1 |22, s1 =Te — (s2+ -« + Sk), {(Um,tm) : tm € T1}) X
k—1

11 dP@n, sl 2nias 5o < To=(snr+ oo+ 55) o {Wmotm) tm € T/ U
n=2

T })-

Elapsed time in the episode QOpservable variables up to state n

(26)

=n+1

20. The methods used in this Section are also known in the literature as sequential Monte Carlo or particle
filtering methods (Godsill et al. (2004)).
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AN HASMM MODEL FOR INFORMATIVELY CENSORED TEMPORAL DATA

Algorithm 3 Truncated Rejection Sampler

1: procedure TRSAMPLER(T, u, 5)
2 Input: A parameter set I', a state u and a truncation threshold s
3 Output: A random variable s
4: k+0

5: while £ =0 do
6

7

8

s~ vyu(s|Ay)
Accept s and set k <+ 1 if s < 5. Reject s otherwise.
end while
9: return s
10: end procedure

Algorithm 4 Bivariate Adaptive Rejection Sampler

procedure BARSAMPLER({«(j) %HT I, o, o)

N
=1
Output: A bivariate conditional random variable (u,w)|u’
k<« 0

1:

2 parameter set ', and a state o
3

4:

5: while £ =0 do

6

7

8

9

Input: A set of N forward messages {«(j)}

u ~ Multinomial(a(1),

L a(N))
w = TRSampler (T, u, @)
@ ~ Multinomial(gy1 (w), . . ., gun (w))
: Accept (u,w) and set k < 1 if & = u’. Reject (u, w) otherwise.
10: end while
11: return (u,w)
12: end procedure

state has actually materialized, i.e. the absorbing state. Since we do not know the number
of states in the state trajectory, we initialize a placeholder index k# = 1 as an index for the
absorbing state, and increment it whenever a new state is sampled. We start the sampling
procedure as follows. Given the the censoring variables and the observable time series, we
sample the sojourn time of the last state (the absorbing state): this is sampled from a
truncated sojourn time distribution, with a truncation threshold at 7., and a point mass at
T. with an assigned measure that is equal to the posterior probability of the absorbing state
being the initial state as depicted in Figure 10. This is implemented by first sampling a
Bernoulli random variable By with a success probability equal to the posterior probability
of the absorbing state being the initial state, and then sampling the truncated sojourn time
if By# = 0 using the simple rejection sample executed by the routine TRSampler which
is provided in Algorithm 3. Having sampled the last state’s sojourn time, we sample the
penultimate state and its sojourn time jointly using the routine BARSampler (Algorithm 4)
as depicted in Figure 11. The routine BARSampler uses a sampling algorithm, that we call
the bi-variate adaptive rejection sampler, which jointly samples the current state and its
sojourn time given the next state as follows. First, a state is sampled from a Multinomial
distribution with probability masses equal to the forward messages. Next, given the sam-
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Algorithm 5 A sampler for latent state trajectories

1: procedure BackwaRDSAMPLING(T', {{aS, () }m.j }s (Y tm } 1, 2(T.) = 1)

2: Input: Parameter I', forward messages, observables, and censoring information
3: Output: A sampled latent state trajectory {z,, s,}*_;

4 k* 1, s < 1, Bys ~ Bernoulli(P(k = k% |{ym, tm }M_1, 2(T.) = 1))

5: if By# =0 then

6: wy# = TRSampler (T, uy4, Tt)

7 E* — k#* 41

8: else

9: wis =Te, k=1, {x1, 51} {ups, wpx}

10: Terminate BackwardSampling.

11: end if

12 while k# >0 do

13: By ~ Bernoulli(P(k = k# [ {ug, wi }¥7 71 {yms tm}21))
14: 5=T.— menu_ Wy

15: if By # =0 then

16: (up#, we# ) < BARSampler({ad, (1)}, T, upe _1,5)
17: E# — k#* 4+ 1

18: else

19: Sample the initial state uyx, set wps < §

20: {Tn, 0} = {Uptt —ppp1s Wit —pia ), ¥ € {1, K#}
21: E# — —1

22: end if

23: end while

24: return {z,,s,}F_;

25: end procedure

pled state, we sample a sojourn time from the truncated sojourn time distribution. Finally,
given the sampled state and the sampled sojourn time, we sample a dummy state from a
Multinomial whose masses are equal to the transition functions, and we accept the sample
only if the sampled dummy state is equal to the next state. It can be easily proven that
BARSampler generates samples that are equal in distribution to the true state trajectory.

The backward-sampling procedure operates sequentially by invoking the BARSampler
to generate new state and sojourn times samples conditional on the previously sampled
(future) states. The process terminates whenever Byx = 1, i.e. a state is sampled as
an “initial state”. The routine BackwardSampling (Algorithm 5) implements the overall
backward-sampling procedure for every episode in D. The computational complexity
of the BackwardSampling routine is dominated by the computation of the GP
likelihood (Step 4 in the sampling procedure described above), which is cubic in
the number of observations (O(1W?)). The computations in the BackwardSampling
procedure scales only linearly with the number of states N.

Note that, unlike the slowly mixing MCMC methods, the backward-sampling algorithm
can generate the latent state trajectory in an efficient manner, i.e. the run-time of the
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AN HASMM MODEL FOR INFORMATIVELY CENSORED TEMPORAL DATA

5.1 Evidence of the Clinical Utility of Early ICU Admission

Throughout this Section, we will evaluate the clinical utility of our model by investigating
both the accuracy and timeliness of the real-time risk scores that the model computes. This
approach has been the standard approach for evaluating the clinical utility of risk scores
in retrospective clinical cohort studies that deal with critical care data (Pirracchio et al.
(2015); Rothman et al. (2013). More accuracy and timeliness translates to a necessarily
improved clinical outcomes; this fact has been confirmed by a large number of medical
studies (Cardoso et al. (2011); Johnson et al. (2013); Hershey and Fisher (1982)). For
instance, in (Cardoso et al. (2011)), it was shown that each hour of waiting in the ward was
independently associated with a 1.5% increased risk of mortality in the ICU.

We stress that knowing the exact magnitude of the improvement in clinical utility (in
terms of the reduction in the incidence rates of adverse outcomes) upon using our model is
not possible since all available datasets are observational in nature. That is, it is impossible
to answer the question of “what would have happened to the patient in the ICU had she
been admitted earlier?”. Estimation of such counterfactual outcomes is also not viable
due to the highly imbalanced nature of the data and the wide variety of possible adverse
outcomes in the ICU, some of which are not available in our dataset. Evaluating the clinical
utility in terms of the reduction in the incidence rates of adverse outcomes is only possible
through an actual clinical trial. Hence, after consulting with our medical collaborators
and following the clinical literature on observational studies, we rely on the accuracy and
timeliness metrics as proxies for the clinical utility.

5.2 Data
5.2.1 THE PATIENTS’ COHORT

Experiments were conducted on a heterogeneous cohort of 6,094 episodes for patients who
were hospitalized in Ronald Reagan UCLA medical center during the period between March
3742013 to March 29*", 2016. The patients’ population is heterogeneous: we considered
admissions to all the floors and units in the medical center, those include the acute care
pediatrics unit, cardiac observation unit, cardiothoracic unit, hematology and stem cell
transplant unit and the liver transplant service. Patients admitted to those floors (or wards)
are post-operative or pre-operative critically ill patients who are vulnerable to adverse
clinical outcomes that may require an impending ICU transfer. The cohort comprised
patients with a wide variety of ICD-9 codes and medical conditions, including leukemia,
hypertension, septicemia, sepsis, abdomen and pelvis, pneumonia, and renal failure. Table
2 shows the distribution of the most common ICD-9 codes in the patient cohort together with
the corresponding medical conditions . The notable heterogeneity of the cohort suggests
that the results presented in this Section are generalizable to different cohorts extracted from
different hospitals. Every patient in the cohort is associated with a set of 21 (temporal)

physiological streams comprising a set of vital signs and lab tests that are listed in Table
2. The physiological measurements are gathered over time during the patient’s stay in the
ward, and they manifest -in a subtle fashion- the patient’s clinical state. The physiological
measurements are collected over irregularly spaced time intervals (usually ranging from 1
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AN HASMM MODEL FOR INFORMATIVELY CENSORED TEMPORAL DATA

(ii) Sequential Organ Failure Assessment (SOFA): a risk score (ranging from 1
to 4) that is used to determine the extent of a hospitalized patient’s respiratory,
cardiovascular, hepatic, coagulation, renal and neurological organ function in the ICU
(Vincent et al. (1996)).

(iii) Acute Physiology and Chronic Health Evaluation (APACHE II): a risk scor-
ing system (an integer score from 0 to 71) for predicting mortality of patients in the
ICU (Knaus et al. (1991)). The score is based on 12 physiological measurements,
including creatinine, white blood cell count, and glasgow coma scale.

(iv) Rothman Index: a regression-based data-driven risk score that utilizes physiological
data to predict mortality, 30-days readmission, and ICU admissions for patients in
regular wards (Rothman et al. (2013)). The Rothman index is the state-of-the-art
risk score for regular ward patients and is currently used in more than 70 hospitals in
the US, including the Houston Methodist hospital in Texas and the Yale-New Haven
hospital in Connecticut (Landro (2015)). At the time of conducting these experiments,
the Rothman index was also deployed in the Ronald Reagan UCLA medical center.

We implemented the MEWS, SOFA, APACHE II and Rothman scores according to the
specifications in (Vincent et al. (1996); Knaus et al. (1991); Rothman et al. (2013)). Note
that while the SOFA and APACHE II scores are usually deployed for patients in the ICU,
both scores have been recently shown to provide a prognostic utility for predicting clinical
deterioration for patients in regular wards (Yu et al. (2014)), and hence we consider both
scores in our comparisons. All the features used by these scores were also fed to the machine
learning baselines.

5.3.2 MACHINE LEARNING ALGORITHMS

In order to demonstrate the modeling gain of HASMMs, we make comparisons with 12
competing machine learning algorithms. We list all the baseline models hereunder.

e Random forest.

e Logistic regression.

o XGBoost.

o AdaBoost.

e Bagging.

e Least absolute shrinkage and selection operator (LASSO).
e Deep Neural Networks (DNN) trained with BFGS.

e DNN trained with ADAM.

e Recurrent Neural Networks (RNN) trained with BFGS.

e RNN trained with ADAM.
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e Hidden Markov Models (HMM) with Gaussian emissions.
e Multi-task Gaussian process (MTGP).

Recently, notable works have built on ideas from deep learning and deep hierarchical
models to construct survival predictors that learn from time-to-event data: examples of
such models are those in (Katzman et al. (2016)) and (Ranganath et al. (2016)). Unfortu-
nately, these models do not apply directly to our setting for two reasons. First, the models
therein are not well-suited for handling irregularly sampled follow-ups and computing sur-
vival curves in a dynamic fashion. Second, and more importantly, our main focus is to
predict whether or not a patient will exhibit clinical deterioration in the future, and not
estimating survival curves with respect to a single endpoint event. Hence, our problem
is technically equivalent to survival analysis with two “competing risks” (Prentice et al.
(1978)), with the competing risks being ICU admission and hospital discharge, and thus
the problem cannot be directly cast to the standard survival analysis setting tackled in
(Katzman et al. (2016)) and (Ranganath et al. (2016)).

In order to ensure that the censoring information is properly utilized by all the discrimina-
tive predictors (Random forest, Logistic regression, XGBoost, AdaBoost, Bagging, LASSO,
MTGP, and DNN), we train every predictor by constructing a training dataset that com-
prises the physiological data gathered within a temporal window before the censoring event
(ICU admission or patient discharge), and using the censoring information (i.e. the variable
1) as the labels. The size of this window is a hyper-parameter that is tuned separately for
every predictor. For the testing data, the predictors are applied sequentially to a sliding
window of every patient’s episode, and the predictor’s output is considered as the patient’s
real-time risk score. We used Python’s Sklearn library (Pedregosa et al. (2011)) for training
the Random forest, Logistic regression, XGBoost, AdaBoost, Bagging, LASSO and DNN
predictors, and the GPy library (group (2012)) for training the MTGP predictor. The
RNN models were implemented in TensorFlow (Abadi et al. (2016)).

Although RNNs are not clinically interpretable, they have been frequently applied to the
problem of clinical time series prediction, and the recent work in (Che et al. (2016)) have
considered RNNs to predict mortality in the ICU using the MIMIC dataset (Saeed et al.
(2002)). We have trained an RNN with 5 hidden layers, and 10 neurons with each layer,
using both the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm?!| where gradients are
computed using the Backpropagation Through Time algorithm (Werbos (1990)). We have
also trained an RNN model using the ADAM optimizer (Kingma and Ba (2014)). All the
training time series were temporally aligned via the endpoint censoring information, and
training was accomplished via 1000 iterations of the gradient descent algorithm. A top layer
with a squashing sigmoid function was used to map the RNN hidden states to a risk score
between 0 and 1 at each point in time. The DNNs are implemented as multi-layer percep-
trons, the hyper-parameters of which (number of layers and hidden units) are optimized
using grid search.

21. We have also tried the Levenberg-Marquardt algorithm, but the network learned by BFGS offered a
significantly better performance.
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AN HASMM MODEL FOR INFORMATIVELY CENSORED TEMPORAL DATA

estimate for I'. The parameter set I' was initialized randomly using uniform distributions
that cover each parameter’s admissible bounds.

We discretized the time domain into steps of 1 hour while computing the elements of the
look-up table holding the values of the tensor P. With a granular 1-hour discretization
of the time horizon, the Gaussian covariance matrix was found to be ill-conditioned for
many patient episodes. To ensure the numerical stability of the computations involving the
Gaussian process likelihood functions, we used the Moore-Penrose pseudo-inverse for the
covariance matrix instead of direct matrix inversion. The function TransitionLookUp was
invoked once before running the MCEM iterations, and its run time was 2 minutes and 15
seconds on a dual-core 3 GHz machine. The function ForwardFilter was invoked 150,852
times (all data points in all patients’ episodes in both the training and testing sets), and its
overall run time was 3 hours and 50 minutes (on a dual-core 3 GHz machine). The run time
for every risk score update for a single patient is less than 1 second, which implies that the
algorithm can efficiently prompt quick risk assessments if implemented on a machine with
a reasonable computational power.

From the learned HASMM, we were able to extract the following “medical concept” out of
the training data. The patients’ clinical state space X = {1,2,3,4} comprises the following
4 states:

e State 1: clinical stability.

e State 2: type-1 critical state.
e State 3: type-2 critical state.
e State 4: clinical deterioration.

As implied by the model, states 1 and 4 are absorbing states: once the patient is believed
to be in state 1, the clinicians should release her from care, whereas exhibiting clinical state
4 should be treated with an admission to the ICU. States 2 and 3 are critical states that
require the patient to stay under vigilant care in the ward. The two states are different
ways to manifest “criticality”. We characterize the properties of the four clinical states in
the rest of this subsection.

Figures 13-16 depict the different characteristics of the four clinical states. In Figure 13, we
plot a bipartite correlation graph that shows the correlations among the relevant physiolog-
ical streams in the different clinical states. These graphs were constructed by computing
the Pearson correlation coefficient oyiyv = FMH@V using the entries of the multi-task
Gaussian process covariance matrix 3. An mammwm connected between every two features for
whom the Pearson correlation coefficient exceeds 0.1, i.e. oy1y» > 0.1. As we can see, differ-
ent physiological variables become less or more correlated in the different clinical states. For
instance, only the clinically stable patients experience significant correlations between their
urea Nitrogen and the diastolic blood pressure; the Pearson coefficient between those vari-
ables becomes insignificant in the other states. Clinicians can use this piece of information,

extracted solely from the data, to construct simple tests for clinical stability by computing
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AN HASMM MODEL FOR INFORMATIVELY CENSORED TEMPORAL DATA

computes the forward messages whenever new physiological measurements become avail-
able. Using the forward messages, the algorithm can display the maximum a posteriori
(MAP) state estimates to the clinicians over time. As we can see in Figure 17 (middle),
the patient under consideration was in clinical state 2 (type-1 critical state) at the time
of admission to the ward. After 6 hours, the patient switched to state 3 (type-2 critical
state), probably due to a clinical intervention. After around 9 hours, the patient switched
back to the type-1 critical state for a brief 2-hour period, before switching to the type-2
critical state (probably due to a second intervention). Our algorithm was able to detect
clinical deterioration (state 4) conclusively (through both the MAP state estimate and the
risk score) more than 6 hours before the clinicians actually sent the patient to the ICU. Had
the clinicians used the algorithm for monitoring that patient, they would have been able
to send the patient to the ICU 6 hours early, allowing for a potentially much more efficient
therapeutic intervention in intensive care. In Figure 17 (bottom), we plot the patient’s
physiological stream and tag the different time intervals with the corresponding clinical
state estimates. The clinicians can rely on these clinically interpretable tags to describe the
patient’s states at each point of time rather than using a high-dimensional, and potentially
inexpressive set of physiological measurements.

5.4.3 PERFORMANCE COMPARISONS

Since we focus on the AUC for the TPR vs. PPV performance, the AUC values are nom-
inally less than that for the TPR vs. FPR curves. The AUC values in the TPR vs. PPV
analyses are usually less than 0.5, whereas in the TPR vs. FPR analysis they can reach 0.8
(Rothman et al. (2013)). As mentioned earlier, random guessing yields an area under the
TPR vs. PPV curve that is as small as 0.05. Table 3 reports the AUC and timeliness (in
hours) for: © HASMM, & sequential (sliding-window) classification benchmarks, & deep
learning algorithms, % HMMs and < clinical risk scores. As we can see, all the machine
learning algorithms significantly outperform the state-of-the-art clinical risk scores (Roth-
man, MEWS, APACHE and SOFA). The reason behind the significant performance gain
of the HASMM as compared to the clinical risk scores is that it incorporates the patients’
history when updating the forward messages (as shown in Figure 17), and reasons about
the future trajectory when computing the risk score (as discussed in Section 3.3). Clinical
risk scores are instantaneous in that they map the current physiological measurements to
a risk score without considering the previously measured physiological variables, and hence
they are vulnerable to high false alarm rates (low PPV). Moreover, the clinical risk scores
do not reason about the future trajectory given the current physiological measurements,
and hence they display a sluggish risk signal that fail to quickly cope with subtle clinical
deterioration.

With the exception of MTGPs, all the competing machine learning baselines are in-
capable of handling irregularly sampled data. Hence, for the baselines, we discretized the
time domain into steps of 1 hour and interpolated the missing samples using zero-order-hold
filtering. (We have tried cubic spline interpolation as well but this yield worse accuracies
for the baselines.) The timeliness values reported in Table 3 are evaluated for the operating
point for which the TPR is 50% and the PPV is 35%; this operating point was decided by
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Table 3: Performance comparisons for various algorithms.

AUC  Timeliness (hours)

Q HASMM 0.489 8 hrs 34 mins
& Random Forest 0.362 4 hrs 21 mins
Logistic Regression 0.271 4 hrs 36 mins
XGBoost 0.374 7 hrs 6 mins
AdaBoost 0.323 6 hrs 52 mins
Bagging 0.293 6 hrs 31 mins
MTGP 0.365 6 hrs 44 mins
LASSO 0.261 5 hrs 21 mins
'Y RNN-BFGS 0.293 7 hrs 48 mins
RNN-ADAM 0.311 8 hrs 6 mins
DNN-BFGS 0.426 7 hrs 21 mins
DNN-ADAM 0.366 6 hrs 21 mins
* 1 0.321 8 hrs 39 mins
& Rothman 0.251 —
MEWS 0.180 —
SOFA 0.131
APACHE 0.143 —

our medical collaborators as an acceptable balance between predictive accuracy and alarm
fatigue. Non of the clinical risk scores were able to achieve the desired operating point at
any timeliness level.

We can see from Table 3 that HASMMs outperforms conventional HMMSs; this is a conse-
quence of incorporating temporal correlations and semi-Markovian state transitions, which
more accurately describe the patient’s physiology. This manifests in the sojourn time distri-
butions in Figure 14, which largely deviate from the exponential distribution adopted by an
HMM, and also manifests in the temporal correlation patterns in Figure 15, which largely
deviate from the Dirac-delta function and are clearly discriminative of the different states.
RNNs trained via BFGS and ADAM did not display high predictive power, probably due
to the relatively limited sample size of the patient cohort under study. DNNs operating on
a sliding window provided a competitive predictive accuracy: the most competitive was a
DNN trained with BFGS and had its hyper-parameters (number of layers and hidden units)
optimized using grid search, outperforming the different ensemble methods involved in the
comparisons (XGBoost, Random Forest, AdaBoost, and Bagging).

As expected, algorithms that involved a principled time series models provided the most
timely predictions as they not only evaluate the current measurements but also forecast the

future. Conventional HMMs, due to their memoryless nature, provided the most timely pre-

48 JMLR 19(4):1-62, 2018



8T0Z ‘29-T:(r)6T WAL 0g

'G UOT}D9G Ul suolje[nuils oY) Y3m d[oy d[qenyea sIy I0j UOOX Sunsulf ‘I[N YUBT) OS[® A\
'G UOI}D9G Ul Pasn syySisul pue punoidyoeq esrpewt ajerrdoidde o) pue ejep [esrur ot
ym st Surpraod 10§ (YD) ‘OUIIPSIN JO [00UDS USPOr) prav(] ‘OUIPIIN Jo juouryredo(y
‘QUIDIPAIN dIe)) [eIIILI) pue AIRUOW(NJ JO UOISIAL(]) NH 33098 "I YURY) O} OYI] P[NOM OA\

SUaWIPa[MOUNDY *

‘RYsAS SULI0DS YSLI puR Surulem A[Ies ue SUIONIISUOD I0] PIzZI[In uoym sisougord
9IRD TRdTIId T UTeS jueoyrusdis © opraoid SNINSVH 187} ‘I99ue)) TeIIPOIN VIO Ueseay]
Preuoy o1y 0} poyrmpe syueried I0J 19SBIRP PIIOM-TRII ® SUISTL ‘UMOT[S OART dA\ SOOUDIDJ
-UT 9WT)-TedI N0 AI1TRD A[OATIORJO TRD JRY[) WIHLIOS[R 00ULIJUT e Pado[esdp pue ‘SULIOY
oporred wo poseq SI Jel) SWIILIOS[R SUIWIRS] JNF O[IR)) 9JUOJA Jusdge ue posodoxd osfe
9A\ "SUOIJISURI] ]S [RIIUI[D AIRUOIIRIS-UOU M RJeD [RIISO[OISAYd POIOSUad A[9AT)RULIOfUT
pue ‘poje[oriod Aeroduo) ‘pordures A[renSoLIl YIIm [ROp Wed ININSVH oL SHHH Ulopow
ut ejep [ed130701sATd sjuesaIdor A[9peImode TOIYM JRD SOLIOS ST} [RITUTD I10J ‘(ININSVH)
[PPOIN AONTRIN-TIOG SUII0SAY USPPIH o) [[BD 9M TPIYM ‘[9POU o[1jesIon & Pado@Aap o\

suorsnpuoy) ‘9

"U9S0I)TU BAIN BY[) OSBAIOUI AR YR} ‘SO130IqIIUe
apisooA[Sourury pue [oundo[[y se yons ‘sSnIp jo Sulwi) pur UOIPRIISIUTWIPR ) dFeurul
0} 9T ul @ouapuadop UOIIRIND UO UOIPRULIOJUI O} OSTL Ued URIDIUI[D o) ‘¢ 9Je)s [edIUI[d Ul
US1y A[PAIjR[DI ST puR (g'H'G UOIIISANS 99S) UOIYRIOLIDIOP [RITUI[d JO 9A1IpaId st uaSorytu
AIN POO[Q JRY} [OPOUL ST} WOIJ POULIRd] SUIARH ‘¢ 9)e)S INoqe pauled] NINSVH o3 1eyl
93Pa[MOY 91} ST [9POW INO WOIJ PIORIIXD 9FPI[MOUY [RITUI[D 10J o[dUIeXd 9)9I0U0D | "91RIS
[ROTUI[D SIS oY) SULIND USAD OWIT) IOAO Jualjed UIeRIISD ® I0] SUOIULAILUI dInaderor) oY)
9[MPoYDS URIIIUID ® P[NOYS MOY JUIPR)SIOPUN I0J [RIINID OS[R ST N ‘ADRINIOR S [9POUL O}
Suraordur ye powre jsnl jou s1 edouopuedep uolyeINp o) Surppow ‘eduejsut 10 ("LI-€T
SoIn3I Ul POZLIRUWIUINS ST 9SPO[MOUY [RITUI[D SIYT) [[oM St 9FPO[MOUY [RIIUI[D PIIRIIXD
a1} 0} 9INQLIJU0D s30odse 9soY) JO [ JRY) SUTUOIIUSU [IoM ST 91 ‘AdeInode oArjorpald o)
0} 9INQLIUOd s30adse SUIEpoOUW [[@ Je(} SMOUS § O[R], O[IYM ‘OOUSH ‘JUOUIUOIIAUS OIed
reanuo (poojsiopun Afrood 1oyjer pue) xoiduwrod oy Surdeuewr 10j ooueliodurr jeaId jo
aIe siojowrered [opow oY} 3urjerdiojul Jo onfea drwd)sido oY) (SoW02INO [edtul[d Jurjorpaid
JO [e08 oAISMDX0 oY)} M podo[@Adp JoU ST [9POW INO Jey) djou 03 juejrodwr ST 9]

“ouIr} 932IDSIP Ul
91e10do JRY) S[PPOW NJNH 9AISSoI301-01Ne IO[dUIIS RIA POASIYOR (| j0UURD YOIYM ‘ejep pajd
-tes Aprendoart ut spuory [eroduoy somyded ,, JNNSVH [PPOW o) je1} 930U 0} juejiodur
ST 9] “AdeInooe Jo suLie) ul INJNSVH [T 94} 0} IOLIJUI OS[® ST ‘0duapuadap UOIJRINp SOAOTDI
OIYM ‘4 NINSVH UL, "sse00xd oje)s o) ul suorjisuery prder Sunesniu Aq suirere as[ej
9} SUIONPAI Ul 901 1Y) JO asnedaq Aqurewr ‘eouentiojod )Ny oY) Surtaorduwr Ul [ejuewt
-ILIYSUT OI8 SUOTYISURI) URTAONIRIN-TWOS *,  JNINSVH ) JO ooururiofrod oy} WO 90S Ued om
Sy "SULIR[R 9S[R] O} SoSeIdUl A[JUROYIUSIS UOIYM ‘SUOTISURI) SSO[AIOWLW SHIYXe NINH
ue seoroyMm ‘AJTURTAONIRIN-TWoSs soanjded 91 osneoaq Afurewr ‘INNH plepuels e sutiojrodino
A[yeoyrusis (198 (JNJNSVH [PPou o1 ], "samooino jurodpus 1) Surorpaid ur (Spuay [esrsof
-0184T[d *o°T) suorye[e1100 TeIodwe) Sutmides Jo sourliodwl o1y SMOYS ST, ‘DY 93 ul doIp

YVVHDS ¥dd NVA ANV VVIY

8102 ‘29-T:()6T ¥ 1AL 6%

180881q o1y pasnes (LNNSVH) [PPOW INo Wolj Suorje[arIod rerodwoe) Sutaoway] “Ajoeded
aA1ja1pard 31 03 SINALIHU0D [PPow NSV H Y3 JO 199dse A1040 f S[qR], UL 99s Ued om Sy

910 #xxx ININSVH
SH7°0 #*xININSVH

qeyo +*ININSVH
687°0 ININSVH
onv

‘syoadse Surppowt ININSVH oY) JO SIsA[eue po[[o1juod y :f o[qe],

*{ pue 7 e 107
0 03 Tenbe oq 0y ‘g siejouwrered oYy Suioy Aq [opowr SIyy JuoWO[AWI oA\ “SOYRIS [[B
10 suoryisuely juspuadepur-uorjeinp sjdope [9pou oY) JO UOISIOA STUY :y ININSVH ®

"T 03 renbo 9q 09 2 93e)s £I0Ad 10§ 5Py
Tojotrered aderys ot SumI0} Aq [PPOW ST} JuoWAIdT 9\ "S9JRIS [[® JO Sowr) wInolos
9} 10] woMNqLUSIp [eriuduodxe ue sydope [Ppowl 9} JO UOISIOA STYI :y JNINSVH ®

*dags o) PR Je SUOTSSIUID
uerssnes) juapuadopul )M [9pOUl B 0} SPUOdSaIIod [9POUl UOIYeAIdS(O SUIYNSI YT,
TILI0STe ING-SE A 913 JO SUOTIRISIT ST} [[@ UI 9}IUGUI 8¢ 0} SUOTILAIISGO I} [[® 10]

7 1jowrered ayeds-38ua] o) Sumio} Aq [opowt SIY) JuSWS[dWI 9A\ "SUOIYRAIISO B}
ur suorje[p100 erodwo) o) amjded jou SOOP [9POUW A} JO UOISIOA SIY) L JNINSVH @

:s30adse Surepour a1) Jo auo
SYDR[ UOTSIOA T[S ISYM ‘MO[d( PIISI[ ‘[OPOU INO JO SUOTSIIA JDIY) 9IBAID dM ‘PUS S} OF,
-oouretiojrod Surymsar o) Surssesse pue sjoadse Surepow renplarpul Suraoweal jo joedur
a1y SuryeSryseAur Aq [9poul INO JO SISATRUR PA[[OIP0D ® JO S}NSaT oY) 110dal am ‘f o[qe], Uf
'sures 9se7[) SUIASIDR UT [9POW J[)} JO SJUIWS[D JUSIIYIP 1} JO SUOIINLIIUOD [RNPIAIPUI BT}
MOT[S J0U SP0P T JN( ‘[PpOour INO Aq pasdIyde sured soueurIofad oY) S9IRIISUOWAP ¢ J[(R],

HONVINHOLYE J ININSVH FHL J0 SISATVNY ddTIONLNOD) F'§°G

SNNA Pue SNNY Surpnur ‘s10301paxd xoq-or[q o} JO Aue WOl poureiqo aq
jouuRd onfeA d1wIsIdo sy, *(LT 9IS 99s) sarorjod JuewpSeuew prem pue 90110e1d [eorurd
SuIpng pue Suryjes oIed [eINILID Xo[duod 91} JO SedURNU o[} SUIPURISIOPUN I0J POsn o URD
Je1[) [opow d[qejoldiojur A[[esturd ® soplaoid )1 ‘S[opPOW 9soT[) SYI[UN OS[R IN( ‘AdRINIOR JO
sue) utl sppow urjodwod oY) suttojredino [ppouwr pesodoid o) AUO 10U JRY) SSOIIS A\

“Aoeanooe Y8y
)M I07[)2307) SSOUT[AUIT} JUS[[00X0 SoPTA0Id 9O IO ‘ATITRIITO)) "PAYIIULPIUN OF [[IM OTM
sjuatjed JO I9UINU 93IR[ ® SSIW P[IOM JI( ‘SUIIRIOLISOD S® POYIJUPI o1k oym sjusrjed o)
10 SSoUT[UIT) uedap apraold wed SULIODS FSLI 10] NJNH [RUOTIUSATOD & SUISN JRI[} SURSUT
ST, "2€°0 JO DNV 100d A[PAIJR[SI ® UL SUIISSJIURI ‘}S0D SULIR[R 9S[R} 9811 ® @ SouI0d SIY T,
SOINUIMW Q°F JO UISIRW ST} ® YIIM [oPOUW INO JO SSOUI[OUI) oY) SUIPIIIXd ATIYSI[S ‘SUOIIOIP

VIV TVHOIWH ], AHHOSNH) ATIAILVINHOAN] HOd TAAON ININSVH NV



AN HASMM MODEL FOR INFORMATIVELY CENSORED TEMPORAL DATA

This research was funded by grants from the Office of Naval Research (ONR) and NSF
ECCS 1462245.

Appendix A. An Algorithm for Sampling episodes from an HASMM

Algorithm 7 Sampling episodes from an HASMM

1: procedure GENERATEHASMM(T)

2: Input: HASMM model parameters I' = (N, A\, p%, Q(s), ©, ()

3: Output: An episode ({ X} | {7 o AV () M {tn }2)

4 71 ¢ 0, k< 1, T ~ Poisson(¢) > Initializations

5: 21 ~ Multinomial(p$, p3, . . ., p%;) > Sample an initial latent state
6: s1 ~ Gamma(Ag, s, Agyr)s T2 < T1 + 81

7 Ti={eT:n<t<m}

8: while z; ¢ {1,N} do > Sample latent states until absorption
9: Tpq1 ~ Multinomial(ga,1(sk), gz.2(5k)s - - -» Ga N (k)

10: Sk+1 ~ Gamma Ays»t,T \/af:v s Tht2  Tht1 + Sk+1

11: Tie1 ={t €T : 1 <t < Thyo}

12: {W(tm)meTis ~ GP(On,,,) > Sample observations from a Gaussian Process
13: k+—k+1

14: end while

15: return ({z, }\" 1 {7 bnsr. {y(tm) imts {tm bizt)

16: end procedure

Appendix B. Proof of Theorem 1

We start by rewriting (11) as follows:

p11(7,8,8) ... Pin(7,8,3) 1—Qi(r,8,5) ... 0
pn1(7,5,5) ... Dnn(T,5,5) 0 ... 1-Qn(1,s,5)
(o Qu(u,5,5) ... Qin(u,s,5) p11(r —u,0,0) ... pin(T—u,0,0)
_— N . N X N .. N
\:Ho ou |~ oS L ~ : oL :
Qni(u,8,3) ... Qnn(u,s,3) pn1(T —u,0,0) ... pyn(T—u,0,0)
(29)
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Starting with the left hand side, we can use a first-step analysis to write every term pg;(7, s, 5)
as follows

Pij(7,5,5) = P(X(t+7) = j|IX(t) =i,5 < S(t
= 045 AH@AU‘@ < ﬁ_k«@v = s.«m < ,WQV < wVvLT
<

\4 P(X(t 4+ u) = k|X () = 4,5 < S(2)

u=0

=045 (1 = Qi(7,5,3))+

\4 Eﬁisl_x:vuimmsm@iﬁi?:vuiﬁsus%
u=0

=6; (1 —Qi(r,8,5 aw in(u, 5,5) - Pri(T —u du

oy 0-Qrs+ [ S Qulund) - pylr =00 (0

=
IN
ol

N

~

5) - P(X(t+7) = jI1X(t+u) = k) du

Vi,j € X, where S(t) is the time elapsed in state X (t), and .S; is the sojourn time of state
i. The integral equation in (30) can be written in a matrix form as in the right hand side
of (29), and hence the Theorem follows.

Appendix C. Proof of Theorem 2

Recall that the operation
P(r,5,5) = B{Q(7,5,5)}(P(7,s,5))

can be written as

B(r.5.9) = Ty - ding (Qur5.5) -, Qntros9) + (2252 4 BL0.0)) ()

Now consider n applications of the operator B(.), we have that

%OA;MQ wv @AMA;Mq wv ~ N \ﬂ \ﬂ\::\_ \ﬂ\S

— L k. ok — . < . .. o duy

A 9, * * O, *P(,0,0)) (1) <N ) A duy dus. ., du
Q|3\

=N". (31)

n!’

Thus, for every P(r,s,5) € P and every Q(,s,5) < 1, there exists n such that B*{.}(.) is

a contraction mapping. Therefore, the operation P(r, s,5) = B{Q(r, s,5)}(P(r, s,5)) has a
unique fixed point that can be reached via n € N successive approximations.

Appendix D. The M-step of the FFBS-MCEM Algorithm

The proximal likelihood function at the z!* iteration is given by

~ AL d, d
Ua(T;T7h) =) " log(dP({an?, sk} n 1 {yms tn b et 1 T)) -
d,g
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CAN WE TRUST THE BOOTSTRAP IN HIGH-DIMENSIONS?

high-dimensional assumption can work surprisingly well in very low-dimension (see John-
stone, 2001). Furthermore, in these high-dimensional settings, where much is still unknown
theoretically, the bootstrap is a natural and compelling alternative to asymptotic analysis.

Another motivation for our investigation is that of very large scale applications (Chapelle
et al., 2014; Criteo, 2017; Langford et al., 2007), where one might resort to subsampling
methods or recent variants like the bag-of-little-bootstraps (Kleiner et al., 2014) for un-
certainty assessment. Subsampling is also very commonly used in this setting for simple
computational speed-up. In such cases, even if one had started with a data set where
p < n, after subsampling one often ends up with p comparable to n on the subsamples
where bootstrap-like computations are performed. It is therefore important to know if the
bootstrap and other resampling plans perform well when p is comparable to n.

Defining success: accurate inference on ;7 The common theoretical definition of whether
the bootstrap “works” is that the bootstrap distribution of the entire bootstrap estimate
B, converges conditionally almost surely to the sampling distribution of the estimator j,
(see e.g., van der Vaart, 1998). The work of Bickel and Freedman (1983) on the residual
bootstrap for least squares regression, which we discuss in the background section 1.2, shows
that this theoretical requirement is not fulfilled even for the simple problem of least squares
regression.

In this paper, we choose to focus only on accurate inference for the projection of our
parameter on a pre-specified direction v. More specifically, we concentrate only on whether
the bootstrap gives accurate confidence intervals for /3. We think that this is the absolute
minimal requirement we can ask of a bootstrap inferential method, as well as one that is
meaningful from the standpoint of applied statistics. This is of course a much less stringent
requirement than performing well on complicated functionals of the whole parameter vector,
which is the implicit demand of standard definitions of bootstrap success. For this reason,
we focus throughout the exposition on inference for 31 (the first element of 8) as an example
of a pre-defined direction of interest (where 81 corresponds to choosing v = ey, the first
canonical basis vector).

We note that considering the asymptotic behavior of v/3 as p/n — € (0,1) implies that
v = v(p) changes with p. By “pre-defined” we will mean simply a deterministic sequence
of directions v(p). We will continue to suppress the dependence on p in writing v in what
follows for the sake of clarity.

1.1 Organization and Main Results of the Paper

In Section 2 we demonstrate that in high dimensions residual-bootstrap resampling results
in extremely poor inference on the coordinates of 8, with error rates much higher than the
reported Type I error. We show that the error in inference based on residual bootstrap
resampling is due to the fact that the distribution of the residuals e; are a poor estimate
of the distribution of ¢;; we further illustrate that common methods of standardizing the e;
do not solve the problem for general p. We propose two new dimension-adaptive methods
of residual resampling that appear promising for use in bootstrapping linear models. We
also provide some theoretical results for the behavior of this method as p/n — 1.

In Section 3 we examine pairs-bootstrap resampling and show that confidence intervals
based on bootstrapping the pairs also perform very poorly. Unlike in the residual-bootstrap
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case discussed in Section 2, the confidence intervals obtained from the pairs-bootstrap are
instead conservative to the point of being non-informative. This results in a dramatic loss of
power. We prove in the case of Ly loss, i.e., p(x) = 22, that the variance of the bootstrapped
v W* is greater than that of v’ m, leading to the overly conservative performance we see in
simulations. We demonstrate that a different resampling scheme we propose can provide
accurate confidence intervals in moderately high dimensions.

In Section 4, we discuss another resampling scheme, the jackknife. We focus on the
jackknife estimate of variance and show that it has similarly poor behavior in high dimen-
sions. In the case of Lo loss with Gaussian design matrices, we further prove that the
jackknife estimator over estimates the variance of our estimator by a factor of 1/(1 — p/n);
we also provide corrections for other losses that improve the jackknife estimate of variance
in moderately high dimensions.

We rely on simulation results to demonstrate the practical impact of the failure of the
bootstrap. The settings for our simulations and corresponding theoretical analyses are ide-
alized, without many of the common settings of heteroskedasticity, dependency, outliers and
so forth that are known to be a problem for bootstrapping. This is intentional, since even
these idealized settings are sufficient to demonstrate that the standard bootstrap methods
have poor performance. For brevity, we give only brief descriptions of the simulations in
what follows; detailed descriptions can be found in AppendixD.1.

Similarly, we focus on the basic implementations of the bootstrap for linear models.
While there are many proposed alternatives (often for specific loss functions or types of
data), the standard methods we study are most commonly used and recommended in prac-
tice. Furthermore, to our knowledge none of the alternative bootstrap methods we have
seen specifically address the underlying theoretical problems that appear in high dimensions
without making low-dimensional assumptions about either the design matrix or the sparsity
of 3, and therefore are likely to suffer from the same fate as standard methods. We note that
in truly large scale applications, sparsity assumptions are not always made by practitioners
(Chapelle et al., 2014; Langford et al., 2007; Criteo, 2017) and it is hence natural to study
the performance of estimators outside of sparse settings. We have also experimented with
more complicated ways to build confidence intervals (e.g., bias correction methods), but
have found their performance to be erratic in high-dimension and offer no improvement.

We first give some background regarding the bootstrap and estimation of linear models
in high dimensions before presenting our new results.

1.2 Background: Inference Using the Bootstrap

We consider the setting y; = 8'X; + ¢;, where E(¢;) = 0 and var (¢;) = o2. The vector 3 is
estimated as minimizing the average loss,

n
B, = argmin,egs > p(ys — X{b), 1)

i=1

where p defines the loss function for a single observation. The function p is assumed to
be convex in all the paper. Common choices are p(z) = 2, i.e., least-squares, p(z) = |z|,

which defines Ly regression, or Hubery, loss where p(z) = (22/2)15<p + (klz] — k2/2)113)5 .
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CAN WE TRUST THE BOOTSTRAP IN HIGH-DIMENSIONS?

1.4 Notations and Default Conventions

When referring to the Huber loss in a numerical context, we refer (unless otherwise noted)
to the default implementation in the rlm package in R, where the transition from quadratic
to linear behavior is at k = 1.345. We call X the design matrix and {X;}-; its rows. We
have X; € RP. 8 denotes the true regression vector, i.e., the population parameter. Ww refers
to the estimate of 3 using loss p; from this point on, however, we will often drop the p and
refer to simply 8. The i-th residual is denoted as ¢;, i.e., e; = y; — X/3. Throughout the
paper, we assume that the linear model holds, i.e., y; = X]8 + ¢; for some fixed 8 € R? and
that €;’s are i.i.d. with mean 0 and var (¢;) = 02. We call G the distribution of e. When we
need to stress the impact of the error distribution on the distribution of 3,, we will write
WnAQV or Wm?v to denote our estimate of 3 obtained assuming that ¢;’s are i.i.d. G.

We denote generically by r = lim,_,cc p/n. We restrict ourselves to € (0,1). The
standard notation ;) refers to the leave-one-out estimate of 3 where the i-th pair (y;, X;)
is excluded from the regression, and €& L g — NMWE is the i-th predicted error (based
on the leave-one-out estimate of mv We also use the notation € ;) £ Yj— u&,m@. The hat
matrix is of course H = X(X'X)71X". op denotes a “little-oh” in probability, a standard
notation (see van der Vaart, 1998). When we say that we work with a Gaussian design
with covariance ¥, we mean that X; u (0,%). Throughout the paper, the loss function
p is assumed to be convex, R —+ R*. We use the standard notation 1 = p’. We finally
assume that p is such that there is a unique solution to the robust regression problem—an
assumption that applies to all classical losses in the context of our paper.

2. Residual Bootstrap

We first focus on the method of bootstrap resampling where F is the conditional distribution
SW“ X. In this case the distribution of m* under F' is formed by independent resampling
of ¢ from an estimate G of the distribution G that generated ¢;. Then new data y! are
formed as y; = v&m;w ¢; and the model is fitted to this new data to get B*. Generally the
estimate of the error distribution, Q, is taken to be empirical distribution of the observed
residuals, so that the € are found by sampling with replacement from the e;.

Yet, even a cursory evaluation of e; in the simple case of least-squares regression (p(z) =
x?) reveals that the empirical distribution of the e; may be a poor approximation to the
error distribution of ¢;. In particular, it is well known that e; has variance equal to o2(1—h;)
where h; is the ith diagonal element of the hat matrix. This problem becomes particularly
pronounced in high dimensions. For instance, if X; 14 (0,%), hi = p/n+op(1) so that e;
has variance approximately o2(1 —p/n), i.e., generally much smaller than the true variance
of € for lim p/n > 0. This fact is also true when assuming more general distributions for the
design matrix X (see e.g.,Wachter, 1978; Haff, 1979; Silverstein, 1995; Pajor and Pastur,
2009; El Karoui and Koesters, 2011, where the main results of some of these papers require
minor adjustments to get the approximation of h; we just mentioned).

In Figure 1, we plot the error rate of 95% bootstrap confidence intervals based on resam-
pling from the residuals for different loss functions, based on a simulation when the entries
of X are iid. N(0,1) and € ~ N(0,1). Even in this idealized situation, as the ratio of
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Figure 1: Performance of 95% confidence intervals of 3; : Here we show the cover-
age error rates for 95% confidence intervals for n = 500 based on applying com-
mon resampling-based methods to simulated data: pairs bootstrap (red), residual
bootstrap (blue), and jackknife estimates of variance (yellow). These bootstrap
methods are applied with three different loss functions shown in the three plots
above: (a) Li, (b) Huber, and (¢) La. For Lo and Huber loss, we also show
the performance of methods for standardizing the residuals before bootstrapping
described in the text (blue, dashed line). If accurate, all of these methods should
have an error rate of 0.05 (shown as a horizontal black line). Error rates above
5% correspond to anti-conservative methods. Error rates below 5% correspond
to conservative methods. The error rates are based on 1,000 simulations, with
N(0,1) error, and entries of the design matrix i.i.d N(0,1); see the description in
Appendix D.1 for more details. The exact values plotted here are given in Table
A-1 in Appendix L.

p/n increases the error rate of the confidence intervals in least squares regression increases
well beyond the expected 5%: we observe error rates of 10-15% for p/n = 0.3 and approxi-
mately 20% for p/n = 0.5. We see similar error rates for other robust-regression methods,
such as Ly and Huber loss, and also for different error distributions and distributions of X
(Supplementary Figures A-1 and A-2). We explain some of the reasons for these problems
in Subsection 2.2 below.

2.1 Bootstrapping from Corrected Residuals

While resampling directly from the uncorrected residuals is widespread and often given
as a standard bootstrap procedure (e.g., Koenker, 2005; Chernick, 1999), the discrepancy
between the distribution of ¢; and e; has spurred more refined recommendations in the
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CAN WE TRUST THE BOOTSTRAP IN HIGH-DIMENSIONS?

from the residuals results in a distribution that underestimates the variance of the errors
by a factor 1 — p/n. The corresponding bootstrap confidence intervals are then naturally
too small, and hence the error rate increases far from the nominal 5% - as we observed in
Figure 1c.

More general robust regression The situation is much more complicated for general robust
regression estimators. One clear implication of Equations (3) and (4) is that simply rescaling
the residuals e; should not in general result in an estimated error distribution G that will
have similar properties to those of G. The relationship between the residuals and the errors
is very non-linear in high-dimensions. This is why in what follows we will propose to work
with leave-one-out predicted errors €;(;) instead of the residuals e;.

The classical case of p/n — 0: In this setting, ¢; — 0 and therefore Equation (3) shows
that the residuals e; are approximately equal in distribution to the predicted errors, €.
Similarly, Wn is Ly consistent when p/n — 0, so || Wn@ — Bl2 — 0 and Equation (4) gives
€i(i) ~ €. Hence, the residuals should be fairly close to the true errors in the model when
p/n is small. This dimensionality assumption is key to many theoretical analyses of robust
regression, and underlies the derivation of corrected residuals r; of McKean et al. (1993)
given in Equation (2) above for losses other than Lo.

2.3 Alternative Residual Bootstrap Procedures

We propose two methods for improving the performance of confidence intervals obtained
through the residual bootstrap. Both do so by providing alternative estimates of G from
which bootstrap errors € can be drawn. They estimate a G appropriate for the setting of
high-dimensional data by accounting for relationship of the distribution of € and é).

Method 1: Deconvolution The relationship in Equation (3) says that the distribution of
€(i) is a convolution of the correct G distribution and a normal distribution. This suggests
applying techniques for deconvolving a signal from Gaussian noise. Specifically, we propose
the following bootstrap procedure: 1) calculate the predicted errors, &;); 2) estimate the

variance of the normal (i.e., |\; mm:v —A113); 3) deconvolve in &;;) the error term ¢; from the
normal term; 4) Use the resulting estimate G to draw errors €} for residual bootstrapping.

Deconvolution problems are known to be very difficult (see Fan, 1991, Theorem 1 p.
1260, that gives 1/log(n)® rates of convergence when convolving with a Gaussian distribu-
tion). The resulting deconvolved errors are likely to be quite noisy estimates of ¢;. However,
it is possible that while individual estimates are poor, the distribution of the deconvolved
errors is estimated well-enough to form a reasonable G for the bootstrap procedure.

We used the deconvolution algorithm in the decon package in R (Wang and Wang, 2011)
to estimate the distribution of ¢;. The deconvolution algorithm requires knowledge of the
variance of the Gaussian that is convolved with the ¢;, i.e., estimation of |\i||[8,i) — Bll2
term. In what follows, we assume a Gaussian design, i.e., A\; = 1, so that we need to
estimate only the term [|3,¢) — B||3. An estimation strategy for the more general setting of
[Ail # 1 is presented in AppendixB.5. We use the fact that :Wm@ —BlI% ~ :mm — B||3 for
all ¢ and estimate :mm@ — Bll2 as var(&y;)) — 62, where var(éy;) is the empirical variance
of the é;;) and 62 is an estimate of the variance of G, which we discuss below. We note
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that the deconvolution strategy we employ makes assumptions of homoskedastic errors €;’s,
which is true in our simulations but may not be true in practice. See AppendixB for details
regarding the implementation of Method 1.

Method 2: Bootstrapping from standardized &;; A simpler alternative is bootstrapping
from the predicted error terms, €;, without deconvolution. Specifically, we propose to
bootstrap from a scaled version of é;

where %@53 is the standard estimate of the variance of €;; and 6. is an estimate of
oc. This scaling aligns the first two moments of é;;) with those of ¢;. On the face of it,
resampling from 7(;) seems problematic, since Equation (3) demonstrates that é;) does not
have the same distribution as ¢;, even if the first two moments are the same. However, as we
demonstrate in simulations, this distributional mismatch appears to have limited practical
effect on our bootstrap confidence intervals.

Estimation of Qw Both methods described above require an estimator of o that is consistent
regardless of dimension and error distribution. As we have explained earlier, for general p
we cannot rely on the observed residuals e; nor on &) for estimating o (see Equations (3)
and (4)). The exception is the standard estimate of o2 from least-squares regression, i.e.,

pla) = a2,
1
~2 2
OeLs = —p M@ €Ly

mw Lg is a consistent estimator of o2 for any error distribution G, assuming i.i.d. errors
and mild moment requirements. In implementing the two alternative residual-bootstrap
methods described above, we use & s as our estimate of o, including for bootstrapping

robust regression where p(z) # x2.

Performance in bootstrap inference In Figure 2 we show the error rate of confidence intervals
based on the two residual-bootstrap methods we proposed above. We see that both methods
control the Type I error, unlike bootstrapping directly from the residuals, and that both
methods are conservative. There is little difference between the two methods with this
sample size (n = 500), though with n = 100, we observe the deconvolution performance to
be worse in Ly (data not shown).

The deconvolution strategy, however, depends on the distribution of the design matrix,
which in these simulations we assumed was Gaussian (so we did not have to estimate \;’s).
For elliptical designs (A; # 1), the error rate of the deconvolution method described above,
with no adaptation for the design, was similar to that of uncorrected residuals in high
dimensions (i.e., > 0.25 for p/n = 0.5). Individual estimates of A; might improve the
deconvolution strategy, but this problem points to the general reliance of the deconvolution
method on precise knowledge about the design matrix. The bootstrap using standardized
predicted errors, on the other hand, had a Type I error for an elliptical design only slightly
higher than the target 0.05 (around 0.07, data not shown), suggesting that it might be less
sensitive to the properties of the design matrix.
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CAN WE TRUST THE BOOTSTRAP IN HIGH-DIMENSIONS?

finite, and deterministic scalars (¢, r,(k; G)) satisfy the following system of equations:

E AA@H;O%AQEVV\AMVV =1l-k, Amv
xﬁwoﬁ G) =E me — onﬁanmm:mv .

In this system, prox(cp) refers to Moreau’s proximal mapping of the convex function cp (see
Moreau, 1965; Hiriart-Urruty and Lemaréchal, 2001).

It is therefore not entirely trivial to characterize those distributions I' for which ﬁm (;G) =
ﬁw (%;T). In the following theorem, however, we show that as k — 1, ﬁm (k; G) converges to a
constant that depends only on 2. This implies that when x — 1, two different error distri-
butions that have the same variances will result in estimators mrm with the same variance.
Before stating our theorem formally, however, we will review the necessary assumptions for
the system of equations in (5) to hold. For a precise statement of the assumptions, see El
Karoui (2017)

Assumptions for Equation 5. The proof of (5) provided in El Karoui (2013) assumes
that the X;’s have mean 0, cov (X;) = Id,, and they satisfy sub-Gaussian concentration
assumptions (with constants dependent on n). El Karoui (2013) further assumes that the
¢; have a unimodal density, are independent from the X;;, sup; <<, €| = Op(polyLog(n)),
and that similiar bounds also hold for a few moments of ¢; ?r\m number of such moments
depends on the loss function p). Log-concave densities such as those corresponding to
double exponential or Gaussian errors used in the current paper fall within the scope of
this theorem. The reader interested in generalizations and truly heavy-tailed situation is
referred to El Karoui (2017) and references therein.

The loss function p is assumed by El Karoui (2013) (in the unpenalized case) to be
non-negative, twice differentiable, strongly convex, non-linear, taking value 0 at 0, and with
a derivative that grows at most polynomially at infinity and a second derivative that is
locally Lipschitz, with local Lipschitz constant that grow at most polynomially at infinity.
It should be noted that distributions with sufficiently many moments, the condition of
strong convexity of p can be obtained by adding d22/2 to the initial p, with § “small”,
e.g., § = 10710 and that modification will change very little or anything to the estimator.
Furthermore, the requirement of strong convexity of p, though superficially limiting, is likely
an artifact of the proof, where the main motivation was log-concave distributions with an
eye towards optimality (Bean et al., 2013). In fact, the theoretical predictions of (5) were
verified numerically in El Karoui et al. (2011) outside of the assumptions stated above,
and the predictions of Equation (5) were found to be very accurate in simulations even for
non-smoothed ¢; and Huber losses with certain error distributions.

We now state the theorem formally; see AppendixE for the proof of this statement.

Theorem 1 Suppose we are working with robust regression estimators with loss p, and
p/n — k. Suppose that \\.wéﬁ G) is characterized by the system of equations in (5). Then,

lim 1= zﬁwéﬁ G)=1,

K—1 Qm p

provided p is additionally differentiable near 0 and p'(x) ~ x near 0.
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Implications for the Bootstrap For the purposes of the residual-bootstrap, Theorem 1 im-
plies that different methods of estimating the residual distribution G will result in similar
residual-bootstrap confidence intervals as p/n — 1, if G has the same variance. This agrees
with our simulations, where both of our proposed bootstrap strategies set the variance of G
equal to mm s and both had similar performance in our simulations for large p/n. Further-
more, as we noted, for p/n closer to 1, they both had similar performance to a bootstrap
procedure that simply sets G = N(0,52, ) (Figure 2) (see also AppendixA.3 for further
discussion of residual bootstrap methods which draw from the “wrong” distribution, i.e.,
forms of wild bootstraps (Wu, 1986)).

We return specifically to the bootstrap based on 7(;), the standardized predicted errors.
Equation (3) tells us that the marginal distribution of &;(;) is a convolution of the distribution
of ¢; and a normal, with the variance of the normal governed by the term || Wn\m:m. Theorem
1 makes rigorous our previous assertion that as p/n — 1, the normal term will dominate
and the marginal distribution of &;(;) will approach normality, regardless of the distribution
of e. However, Theorem 1 also implies that as p/n — 1, inference for the coordinates of 8
will be increasingly less reliant on features of the error distribution beyond the variance,
implying that our standardized predited errors, 7;), will still result in an estimate G that
will give accurate confidence intervals. Conversely, as p/n — 0 classical theory tells us that
the inference of j relies heavily on the distribution G beyond the first two moments, but in
that case the distribution of 7(;) approaches the correct distribution as we explained earlier.
So bootstrapping from the marginal distribution of 7;(;) also makes sense when p/n is small.
__ For k between these two extremes it is difficult to theoretically predict the risk of
mnAQV when the distribution G is given by resampling from the 7;;). We turn to numerical
simulations to evaluate this risk. Specifically, for ¢; ~ G, we simulated data that is a
convolution of G and a normal with variance equal to ﬁmﬁxw G); we then scale this simulated
data to have variance 2. The scaled data are the €} and we refer to the distribution of €
as the convolution distribution, denoted Geony. Then, Geony is the asymptotic version of
the marginal distribution of the standardized predicted errors, 7;(;, used in our bootstrap
method proposed above.

In Figure 3 we plot for both Huber loss and L loss the average risk 7,(k; Geonw) (i-e.,
errors given by Geony) relative to the average risk 7,(x; G) (i.e., errors distributed according
to G), where G has a double exponential distribution. We also plot the relative average
risk 7,(k; Gnorm), Where Grorm = N(0,02). As predicted by Theorem 1, for  close to
1, 75(8; Geonv) [Tp(k; G) and 1p(k; Grorm)/7p(k; G) converge to 1. Conversely, as £ — 0,
7p(K; Grorm) /7p(k; G) diverges dramatically from 1, while 7,(; Geonv) /7,(1; G) approaches
1, as expected. For Huber, the divergence of r,(x; Geonv)/rp(r; G) from 1 is at most 8%,
but the difference is larger for L; (12%), probably due to the fact that the convolution with
a normal error has a larger effect on the risk for L;.

3. Pairs Bootstrap

As described above, estimating the distribution F from the empirical distribution of (y;, X;)
(pairs bootstrapping) is generally considered the most general and widely applicable method
of bootstrapping, allowing for the linear model to be incorrectly specified (i.e., E (y;) is not
a linear function of X;). It is also considered to be slightly more conservative compared
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CAN WE TRUST THE BOOTSTRAP IN HIGH-DIMENSIONS?

350 | 1 Normal w.
2 Ellip. Normal

50 — 2

ENN\

T T T T
0.01 0.10 0.30 0.50

% Increase in Average Cl Width

Ratio (k)

Figure 4: Comparison of width of 95% confidence intervals of 3; for L, loss:
Here we demonstrate the increase in the width of the confidence interval due to
pairs bootstrapping. Shown on the y-axis is the percent increase of the average
confidence interval width based on simulation (n = 500), as compared to the
average for the standard confidence interval based on normal theory in Lg; the
percent increase is plotted against the ratio k = p/n (x-axis). Shown are three
different choices in simulating the entries of the design matrix X: (1) X;; ~
N(0,1) (2) elliptical X;; with A; ~ N(0,1) and (3) elliptical X;; with A; ~
Exp(v/2). The methods of simulation are the same as described in Figure 1;
exact values are given in Table A-2 in AppendixI.
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We have the following result for the expected value of the bootstrap variance of any
contrast v'3% where v is deterministic, assuming independent weights with a Gaussian
design matrix X and some mild conditions on the distribution of the w’s.

Theorem 2 Let the weights (w;)!; be i.i.d. and without loss of generality that E (w;) = 1;
we suppose that the w;’s have 8§ moments and for all i, w; > n > 0. Suppose X;’s are i.i.d.
N(0,%), = is positive definite and the vector v is deterministic with ||v||2 = 1.

Suppose m is obtained by solving a least-squares problem and y; = X[B + €;, €;’s being
i.i.d. mean 0, with var (¢;) = 2.

Iflimp/n = k < 1 then the expected variance of the bootstrap estimator, asymptotically
as n — 00, is given by

E Aﬁi Ac\mvvv E A<§. Ac\mg_gfubwwupvv 9 ﬁ K 1 g ,

= - -
VIl b Iy e flk) 1—k

p

where f(k) =E A%v and c is the unique solution of E A:MEV =1-k.

We note that E Agv > Tw AH.TH&EN: ’ = (1—k)? - where the first inequality comes
from Jensen’s inequality, and therefore the expression we give for the asymptotic limit of the
expected bootstrap variance is non-negative. For a proof of this theorem and a consistent
estimator of this limit, see AppendixF.

In light of previous work on model robustness issues in high-dimensional statistics (see
e.g., (Diaconis and Freedman, 1984; Hall et al., 2005; El Karoui, 2009, 2010)), it is natural
to ask whether the central results of Theorem 2 still apply when X; is not Gaussian but
has an elliptical distribution. The formula in Theorem 2 does not apply directly to this
latter case. However, the proof given in AppendixF extends to that setting, and we refer
the interested reader to the AppendixF.1 where we give the necessary details of how to
change the formulas and proof to encompass the elliptical case (we do not provide them in
rigorous mathematical detail in this work as they are substantially more cumbersome than
those in Theorem 2 and do not give enough additional insights to justify inclusion). On the
other hand, a number of the quantities appearing in the proof of Theorem 2 will converge
to the same limit as that given in Theorem 2 when i.i.d. Gaussian predictors are replaced
by i.i.d. predictors with mean 0 and variance 1 and sufficiently many moments (an example
being bounded random variables). Thus the results we present here should be fairly robust
to changing i.i.d. normality assumptions for the entries of the design matrix X, but again
the technical work necessary for making this rigorous is beyond the scope of this paper.

Implications for Pairs Bootstrap In the standard pairs bootstrap, the weights are chosen
according to a Multinomial(n, 1/n) distribution. This violates two conditions in the previ-
ous theorem: independence of w;’s and the condition w; > 0. In AppendixF.2, we give the
technical details for how to extend the proof of Theorem 2 to multinomial weights. In what
follows, however, we use i.i.d. Poisson(1) weights, which asymptotically and marginally
correspond to the Multinomial(n, 1/n) weights, to develop intuition about the bootstrap.
In this case, we can apply the formula in Theorem 2 to explain why pairs bootstrap confi-
dence intervals perform poorly in high-dimensions, at least for least squares regression with
Gaussian design matrix.
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CAN WE TRUST THE BOOTSTRAP IN HIGH-DIMENSIONS?

1 2 3 5
« 9875 | 9688 | .9426 | .9203
Error Rate of 95% CIs | 0.051 0.06 0.061 | 0.057
Ratio of Variances 1.0119 | 1.0236 | 0.9931 | 0.9992

Table 1: Summary of weight-adjusted bootstrap simulations for Ly : Given are the
results of performing bootstrap resampling for n = 500 according to the estimate
of F given by the weights in Equation (6). “Error Rate of 95% CIs” denotes
the percent of bootstrap confidence intervals that did not contain the correct
value of the parameter 3;. “Ratio of Variances” gives the ratio of the empirical
expected bootstrap variance over our simulations divided by the theoretical value
02k/(1 — x). Results are based on 1000 simulations, with a Gaussian random
design and errors distributed as double exponential.

4. The Jackknife

In the context we are investigating, where we know that the distribution of WH is asymp-
totically normal, it is natural to ask whether we could simply use the jackknife to estimate

the variance of mﬂ. The jackknife relies on leave-one-out procedures to estimate var Amﬂv
More specifically, for a fixed vector v, the jackknife estimate of var Ae\ mv is given by:
~ n—1g

varjack (V'B) = MU?;@S - A))? (M)

n

where m = w Dy WS. The case of \H corresponds to picking v = ey, i.e., the first canonical
basis vector. The Efron-Stein inequality guarantees in general that the expectation of the
jackknife estimate of variance gives an upper-bound on the variance of the statistic under
consideration (Efron and Stein, 1981).

Given the problems we just documented with the pairs bootstrap, it is natural to ask
whether confidence intervals based on the jackknife estimate of variance perform better
than pairs bootstrap intervals in high-dimensions. The jackknife is known to have problems
(Efron, 1982 or Koenker, 2005, p.105), but the reliance of the jackknife on leave-one-out
estimates \MS might suggest it could be more robust to dimensionality issues than other
methods.

Empirical findings As in the pairs bootstrap case, simulations show that confidence intervals
based on the jackknife estimate of variance lead to extremely poor inference for f; (Figure
1) and that the jackknife dramatically overestimates the variance of 8; (Figure 6). For Lo
and Huber loss, the jackknife estimate of variance is 10-15% too large for p/n = 0.1, and for
p/n = 0.5 the jackknife estimate of variance is 2-2.5 times larger than it should be. In the
case of Lj loss, the jackknife variance is completely erratic, even in low dimensions; this is not
completely surprising given the known problems with the jackknife for the median (Koenker,
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Figure 6: Factor by which jackknife over-estimates the variance: boxplots of the
ratio of the jackknife estimate of the variance WH to the variance of WH as calculated
over 1000 simulations. Simulations were with normal design matrix X and normal
error ¢; with values of n = 500. Note that because the L; jackknife estimates
so wildly overestimate the variance, in order to put all the methods on the same
plot the boxplot of ratio is on log-scale; y-axis labels give the corresponding ratio
to which the log values correspond. For the median values of each boxplot, see
Table A-6 in AppendixI.

2005). Even for p/n = 0.01, the estimate is not unbiased for Li, with median estimates
twice as large as they should be and enormous variance in the estimates of variance. Higher
dimensions only worsen the behavior with jackknife estimates being 15 times larger than
they should.

4.1 Theoretical Results

Again, in the case of least-squares regression with a Gaussian design matrix, we can theo-
retically evaluate the behavior of the jackknife. The proof of the following theorem is given
in AppendixG (when the observations have covariance Id) and in AppendixH (to show how
to extend the results to general covariance).

Theorem 3 Let us call varjack the jackknife estimate of variance of c\m given in (7),
where v is any deterministic vector with ||v||2 = 1. Suppose the design matriz X is such

that X; B N(0,%), \M is computed using least-squares, and the errors € have a variance.
Then we have, as n,p — 0o and p/n — Kk < 1,
E (var 1
( §>Qwv . .
var Aa\mv l—r
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CAN WE TRUST THE BOOTSTRAP IN HIGH-DIMENSIONS?

However, even though this population quantity is unchanged when cov (X;) = ¥ changes,
the estimate 4 we give above depends crucially on knowing that cov (X;) = Id, and cannot
be used as-is when X # Id,,.

5. Conclusion

In this paper, we have studied various resampling plans in the high-dimensional setting
where p/n is not close to zero. One of our main findings is that the two most widely-used
and advocated bootstraps will yield either highly conservative or highly anti-conservative
confidence intervals. This is in sharp contrast to the low-dimensional setting where p is
fixed and n — oo or p/n — 0. Under various assumptions underlying our simulations, we
explained theoretically the phenomena we were observing in our numerical work.

Beside our theoretical contributions, we propose improved and dimension-adaptive boot-
strap methods for both pairs and residual bootstraps, as well as jackknife corrections, that
give confidence intervals with approximately correct coverage probability. These meth-
ods are novel dimensionality-robust resampling techniques for linear models. The resulting
modified pairs bootstrap gives a principled method for pairs bootstrapping regardless of the
value of p/n < 1, and avoids the problem of non-invertible bootstrapped design matrices
X* that commonly result from the standard pairs bootstrap. The most promising of our
proposed resampling schemes is our proposed residual bootstrapping method that resamples
from appropriately scaled predicted errors. This bootstrap routine performed well without
distribution-specific corrections that some of our other methods require. It has the greatest
potential to be a general-purpose bootstrap method for linear models in high dimensions.

This work has focused on estimation of the linear model, where there are theoretical
benchmarks. The real practical power of the bootstrap lays in giving the ability to perform
inference in complicated settings involving sophisticated statistical procedures for which
we do not even begin to have theoretical results for the behavior of our estimators. Yet
our work shows that even for the simple case of inference in the linear model and for the
simplest inferential question, the two most common and natural resampling techniques per-
form very poorly in only moderately high-dimensions. More importantly, these two equally
intuitive methods have completely divergent statistical behavior with one being extremely
conservative and the other anti-conservative. This casts serious doubts about the reliabil-
ity, interpretability and accuracy of inferential statements made through generic resampling
methods in moderate and high dimensions. This is troubling for more complicated problems
where resampling techniques are the only inference tools currently available. Our findings
also suggest that appropriate resampling methods for high-dimensional problems may not
be able to rely on generic resampling procedures but rather need to be tailored to the statis-
tical problem of interest. This raises many interesting new theoretical and methodological
questions for the future.
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CAN WE TRUST THE BOOTSTRAP IN HIGH-DIMENSIONS?

)

n x p design matrix X is full rank with probability 1. ¥ has only positive eigenvalues.) X;’s
are independent of ¢;’s.

Role of cov (X;) = X It is shown in these papers that, if \wg, 3}) is the regression vector
ooimmwcn&bm.acnrommgmiczérﬁm@&HvﬁmLﬂQm:Qoo/\ANLHMwo%&:\.

B,(B;%) = B+X72B(0;1d,) .

This follows from a simple change of variable. It also means that to understand the prop-
erties of 3,(8; %), it is enough to understand the “null case” g =0 and ¥ = Id,,.

Consequence for leave-one-out-predicted errors The result we just mentioned has an impor-
tant consequence for our leave-one-out predicted error, i.e &) = yi — X{Buy: €i)(6; %) =
€i(1)(0;Id,). In other words, we can assume without loss of generality that 8 = 0 and
Y = Id, when working with leave-one-out-predicted errors.

A non-asymptotic and exact stochastic representation in the elliptical case When X; i AiVi,
where v; ~ N'(0,X) and ); is a random variable independent of v, it is shown that

> L =~ _
Bp(B;E) £ B+ 11B,(0;1d,) [ 25
where u is uniformly distributed on the unit sphere in R? and :mngw Id,)||2 is independent
of u. ||8,(0;1dp)||2 is simply the norm of 3, when § = 0 and cov (X;) = Id,. Note that u

has the stochastic representation u £ Zy/|| Zpll2, where Z, ~ N(0,1dp).

Consequence of the previous representation for large p Since ||Z,||2 has x, distribution, it
is clear that as p — oo, if v is a deterministic vector,

VBB -B)
185(0;1dy)

where = denotes weak convergence of distributions. Hence, provided :W\Aowawv:m and
v'S7!v remain bounded, v/3,(8; X) is \/p-consistent for v'B.

/2 0,027 1),

|2

Properties of :Wnﬁow Idp)||2 It is shown, under various technical assumptions, that as p and n
tend to infinity with p/n — &, the variance of the random variable || @Aow Id,)||2 goes to zero.
Hence, for practical matters, :muﬁowﬁﬁz_m can be considered non-random. In particular,
that implies that

%@AWM% ;X) — ) is approximately Normal as p/n — & .

Of great importance is the characterization of || muﬁow Idp)||2, since it will affect the width of
confidence intervals. It can be characterized, in the case where A; = 1 (see the papers for the
case A\; # 1) in the following way: ||8,(0;1d,)||2 = r,(x). The non-random scalar r,(x) can
be characterized through a system of two non-linear equations, involving another constant,
c. The pair of positive and deterministic scalars (¢, r,(k)) satisfy: if Zc = € +7,(k)Z, where
Z ~ N(0,1) is independent of ¢, and € has the same distribution as ¢;’s:

A ”_.w Q@woxﬁmbvv\ﬁwmvv HH\..A“ va
xﬁw?v =E Qmm — @woxﬁmbvﬁmm:mv
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In this system, prox(cp) refers to Moreau’s proximal mapping of the convex function cp
- see Moreau (1965) or Hiriart-Urruty and Lemaréchal (2001). (The system is rigorously
shown in El Karoui (2013) under the assumption that the X;’s have i.i.d entries with mean
0 and variance 1, as well as a few other minor requirements; these assumptions are satisfied
when X;; have a Gaussian distribution, or are bounded, or do not have heavy tails, the
latter requiring appeal to various truncation arguments. Another proof of the validity of
this system, which first appeared in El Karoui et al. (2011), can be found in Donoho and
Montanari (2013). That proof is limited to the case of X;’s having i.i.d Gaussian entries.)
The assumptions on ¢;’s and p are relatively mild. See El Karoui (2017) for the latest,
handling the situation where ¢;’s have for instance a Cauchy distribution. We note that
some of the results in El Karoui (2013) are stated with p strongly convex (and ¢;’s having
many moments). While the proof in that paper suggests several ways of removing this
assumption, it is also possible to change p in to p+nz2/2 with i very small (e.g n = 1071%9)
to satisfy this technical assumption and change essentially nothing to the statistical problem
at hand.

Consequences for the distribution of WH or other contrasts of interest In our simulation setup,
the previous results imply that the distribution of 5 (or any other coordinates or contrasts
o' for v deterministic) is asymptotically normal. In the case where ¥ = Id,, the variance of
/\WAWH — B1) is roughly N(0, ﬁw?vv. See Bean et al. (2013) and its supplementary material
for a longer discussion and questions related to building confidence intervals.

Asymptotic normality questions and impact on confidence intervals: p/n — k € (0,1)
Because we know that, in the Gaussian design case, the coordinates of \mﬁ are asymptoti-
cally normal, the width of these intervals is completely determined by the variance of the
coordinates of m\v. ‘We explain above how these variances depend on the distribution of € and
the loss function p: basically through [|3(p;Id)|2 and hence rp(k). Therefore, as was the
case in the low-dimensional situation, the variance of the coordinates of mb can be used as a
proxy for the width of the confidence interval in the high-dimensional case where p/n — &,
0<r<l

In (Bean et al., 2013), these asymptotic normality results are used to create confidence
intervals for ©'8 in the Gaussian design case: if 2;_q/5 is the (1 — a/2)-quantile of the
Gaussian distribution a 100(1 — a)% confidence interval for v/ is

where 7 is a consistent estimator of :W\AOWEQV_F. In (Bean et al., 2013), it is said without
more precision that leave-one-techniques can be used to come up with 7; we propose in the
current paper estimates 7 based on leave-one-out predicted errors that can therefore be used
for the purpose of building those confidence intervals. (See Section 2.3 in the main paper)

Leave-one-out approximations for W It is shown in the aforementioned papers that
~ 1
B =~ By + Mm& X (es)

where ~ means that we are neglecting a quantity that is negligible for all our mathematical
and statistical purposes (see the papers for very precise bounds on the quantity we are
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CAN WE TRUST THE BOOTSTRAP IN HIGH-DIMENSIONS?

B.1 Estimating :Wm — B|| and the Variance of the Z;

Deconvolution methods that deconvolve € from the Z; require an estimate of the variance
of the Z;. Equation (3) gives the variance as \? [Boi) — B 2, and we need to estimate this
quantity from the data. We use the approximation

1853y — Bll2 =~ 11, = Blla-

See AppendixA and references therein for justification of this approximation.
Furthermore, as we note in the main text, in our implementation of this deconvolution in

simulations we assume X ~ N(0, Id,) so that A\; = 1 (see Section B.5 below for estimating

|3 for

A; in the elliptical case). This means we are estimating the variance of Z; as :m - B
all 7. We estimate this as

var(Z;) = var

where var(€(;)) is the standard estimate of variance and 42 is the estimate of variance from
the least squares fit, mm s> defined in the main text.

In the case where %QEL < &2, we do not do a deconvolution, but simply bootstrap
from the é;;). This is generally only the case when p/n is quite small.

B.2 Estimating G

We used the deconvolution algorithm in the decon package in R (Wang and Wang, 2011) to
estimate the distribution of ¢;. Deconvolution algorithms require selection of a bandwidth in
the kernels that make up the functional basis of the estimate. The appropriate bandwidth
parameter in deconvolution problems is tied intrinsically to the use of the estimate, with
optimal bandwidths depending on what functional of the distribution is wanted (e.g. the
pdf versus the cdf). Moreover, the optimal bandwidth depends on the distribution of Z;
with which the signal is being convolved. Ultimately, our procedure resamples from the
distribution G, requiring estimates of G~!(y), and the distribution of Z; is Gaussian. There
is no specific theory for the optimal bandwidth in this setting (though see the work of Hall
and Lahiri (2008) for optimal bandwidth selection for estimations of the quantiles of G
if the Z; are distributed according to a distribution whose characteristic function decays
polynomially at infinity - see Assumption (A.11) on p.2133; this is clearly violated in our
case where Z; are normally distributed.)

We used the bandwidth estimation procedure bw.dboot2 provided in the package decon.
Delaigle (2014) outlines problems in the estimation of bandwidth parameter in decon; specif-
ically that the implementation in decon of existing bandwidth estimation procedures does
not match their published descriptions. bw.dboot2 was not one of the bandwidth proce-
dures with these discrepancies. However, we also compared our results with a bandwidth
selected via the bandwidth selection method of Delaigle and Gijbels (2002, 2004) and used
the R code implementation provided by the authors on http://www.ms.unimelb.edu.au/
~aurored/links.html#Code. The two different choices in bandwidth, however, had little
effect on the coverage of the bootstrap confidence intervals (Supplemental Figure 8). The
results in Figure 2 in the main text make use of the bandwidth parameter of Delaigle and
Gijbels (2002, 2004).
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Figure 8: Different bandwidths for Method 1: We plotted the error rate of 95% con-
fidence intervals for the deconvolution bootstrap (Method 1) using two different
choices of bandwith: the bw.dboot2 in decon (light blue) or that of Delaigle and
Gijbels (2002, 2004) (maroon). The solid lines refer to bootstrapping by drawing

{ef}, as i.i.d draws from G; the dashed lines refer to {ef}i, drawn from re-
peated resampling of a single draw ({&}~;) from G. See section B.4 below. Note

that the y-axis for these plots is different than that shown in the main text.

For both bandwidth selections, we estimated the cdf using the function DeconCdf pro-
vided in the decon package and provided the bandwidth parameters described above. We
specified the error distribution as ‘Normal’ and set the variance of Z; as described above in
Section B.1. The number of grid points for evaluating the cdf (the ‘ngrid’ argument) was
set to be the number needed to get a space of 0.01 across the range of observed &;), with
a lower bound of 512 grid points (the default of ‘ngrid’ given by the DeconCdf function).
Other options were set to the default of DeconCdf.

B.3 Random Draws from G

The end result of the DeconCdf function was values of the G evaluated at specific grid points
. The resulting QC& was not always guaranteed to be < 1 nor monotonically decreasing;
this is likely due to the fact that use of higher-order kernels estimates (which is standard
practice in deconvolution literature) does not constrain the estimate be a proper density.
Furthermore, the tail ends of the cdf are based on little data and unlikely to be reliable,
as well as having problems either non-monotonicity or extending beyond the boundaries of
(0,1). We truncated the left tail of QG& to be within 0.001 by finding the largest such xg
such that G(x9) < 0.001 and setting G(z) = 0.001 for & < x¢; and we similarly trimmed

the right tail based on 1 — 0.001. We then calculated the differences d; = G(z;) — G(xi_1)
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CAN WE TRUST THE BOOTSTRAP IN HIGH-DIMENSIONS?

0.05 0.10 0.15 0.20 0.25

-~ =

a(k) 0.9938 0.9875 0.9812 0.9688 0.9562
K 0.30 0.35 0.40 0.45 0.50
a(k) 09426 0.9352 0.9277 0.9222 0.9203

Table 2: Values of a(k) to use to fix the variance estimation issue in high-dimensional
pairs-bootstrap

This of course suggests using (1 — p/n)v'S "1y as an estimator of v'$~'v and solves the

question we were discussing above.
However, we note that since
E Aﬂ: A‘c\\w*vv
var Ae\ Wv

does not depend on ¥ when the design is Gaussian or Elliptical, the same a should work
regardless of ¥, provided it is positive definite. In particular, an acceptable weight distri-
bution for resampling as defined above could be computed by assuming > = Id,, and would
work for any positive definite X.

Appendix D. Description of Numerics

Here we describe the implementation of various computational numerics used in the paper.

D.1 Simulation Description

In the simulations described in the paper, we explored variations in the distribution of the
design matrix X, the error distribution, the loss function, the sample size (n), and the ratio
of k = p/n, detailed below.

All results in the paper were based upon 1,000 replications of our simulation routine for
each combination of these values. Each simulation consisted of

1. Simulation of data matrix X, {¢;}?_; and construction of data y; = X'8+¢;. However,
for our simulations, 8 = 0 (without loss of generality for the results, which are shift
equivariant), so y; = €.

2. Estimate m using the corresponding loss function. For Lo this was via the 1m command
in R, for Huber via the rlm command in the MASS package with default settings
(k = 1.345) (Venables and Ripley, 2002), and for L; via an internal program making
use of MOSEK optimization package and accessed in R using the Rmosek package
(MOSEK, 2014). The internal L; program was checked to give the same results as
the rq function that is part of the R package quantreg (Koenker, 2013), but was
much faster for simulations.

3. Bootstrapping according to the relevant bootstrap procedure (using the boot package)
and estimating §* for each bootstrap sample. Each bootstrap resampling consisted of

39 JMLR 19(5):1-66, 2018
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R = 1,000 bootstrap samples, the minimum generally suggested for 95% confidence
intervals (Davison and Hinkley, 1997). For jackknife resampling and for calculating
leave-one-out prediction errors €;;), we wrote an internal function that left out each

observation in turn and recalculated m@.

4. Construction of confidence intervals for QM. For bootstrap resampling, we used the
function boot.ci in the boot package to calculate confidence intervals. We calculated
“basic”, “percentile”, “normal”, and “BCA” confidence intervals (see help of boot.ci
and Davison and Hinkley (1997) for details about each of these), but all results shown
in the manuscript rely on only the percentile method. The percentile method calcu-
lates the boundaries of the confidence intervals as the estimates of 2.5% and 97.5%
percentiles of mw (note that the estimate is not exactly the observed 2.5% and 97.5%
of mw , since there is a correction term for estimating the percentile, again see Davison
and Hinkley (1997)). For the jackknife confidence intervals, the confidence interval

calculated was a standard normal confidence interval (+1.964/var ?%Q&d

D.2 Values of Simulation Parameters

Design Matriz For the design matrix X, we considered the following designs for the distri-
bution of an element X;; of the matrix X, ensuring that the vectors X; had covariance 1d,
in all cases :

e Normal: X;; are i.i.d N(0,1)
e Double Exp: Xj;; are i.i.d. double exponential with variance 1.
e Elliptical: X;; ~ \;Z;; where the Z;; are i.i.d N(0,1) and the A; are i.i.d according to

— A ~ Exp(v2) (i.e. mean 1/v?2),s0 E (A?) =1
— A\~ N(0,1)

= X~ Unif(y/20.5,/B1.5) so that B (3?) =1

Error Distribution We used two different distributions for the i.i.d errors ¢;: N(0,1) and
standard double exponential (with variance 2).

Dimensions We simulated from n = 100, 500, and 1,000 though we showed only n = 500
in our results for simplicity. Except where noted, no significant difference in the results was
seen for varying sample size. The ratio k was simulated at 0.01,0.1,0.3,0.5.

D.3 Details of Additional Numerics

In Tables A-1 to A-5 in AppendixI we give the precise numerical results from our simulations
that are plotted in both the main text and supplementary figures.

Calculating Correction Factors for Jackknife We computed these quantities using the for-
mula we mentioned in the text and Matlab. We solve the associated regression problems
with cvx (Grant and Boyd, 2014, 2008), running Mosek (ApS, 2015) as our optimization
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CAN WE TRUST THE BOOTSTRAP IN HIGH-DIMENSIONS?

As explained in Section H, we can study without loss of generality the case where ¥ = Id,,
and # = 0. This is what we do in this proof. Further the rotational invariance arguments
we give in Section H mean that we can focus on the case v = ep,the p-th canonical basis
vector, without loss of generality.

We consider the case where X; YN (0,1d,,). This allows us to work with results in El
Karoui et al. (2011); El Karoui et al. (2013), El Karoui (2013).

Notational simplification To make the notation lighter, in what follows in this proof we use
the notation m for WE. There are no ambiguities as we are always using a weighted version
of the estimator and hence this simplification should not create any confusion.

In particular, we have, using the derivation of Equation (9) in El Karoui et al. (2013)
and noting that in the least-squares case all approximations in that paper are actually exact
equalities,

i wiXi(p)eg )
=
€[y here are the residuals based on the first p — 1 predictors, when 8 = 0. We note

\@/ﬁHm

that, under our assumptions on X,’s and w;’s, é = Ztrace (S;1) + o, (1), where S,, =
LS wX; X/ It is known from work in random matrix theory (see e.g El Karoui (2009))
that wawmom Arﬁm J is asymptotically deterministic in the situation under investigation with
our assumptions on w and X, i.e w?mom A@u& =c+or,(1), where c=E Aw:mnm A,ws\hvv.

We also recall the residuals representation from El Karoui et al. (2013), which are exact
in the case of least-squares : namely here,

~ o~ w;
B =By =—5"Xup(es)
which implies that, with S; = WM?& ﬁcv@.uﬁ;

X!IS7x;
=e; +w;—+t—r N d

n

¥(ei) -
In the case of least-squares, ¢ (z) = z, so that

o — i)
‘ 1+ w;c; ’

where

_XST'X;

= " .

These equalities also follow from simple linear algebra since we are in the least-squares
case. We note that ¢; = ¢ + op(1), where ¢ is deterministic, as explained in e.g El Karoui
(2010), El Karoui (2013). Furthermore, here the approximation holds in Ly because of our
assumptions on w’s and existence of moments for the inverse Wishart distribution - see e.g
Haff (1979). As explained in El Karoui (2013), the same is true for ¢; ) which is the same
quantity computed using the first (p — 1) coordinates of X;, vectors we denote generically
by V;. We can rewrite

Ci
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Let us call b the bagged estimate. We note that € [, is independent of w; and so is ¢; ).
We have already seen that ¢ is close to a constant, c¢. So taking expectation with respect to
the weights, we have, if w(;) denotes {wj};»i, and using independence of the weights,

by = ) [1+o0L,(1)] .

Now the last term is of course the prediction error for the bagged problem, i.e

Eu, (Cio) ) = € — Vi (@a) — )

where ;) is the bagged estimate of 4 and 4 is the regression vector obtained by regressing
y; on the first p — 1 coordinates of X;. (Recall that in these theoretical considerations we
are assuming that 8 = 0, without loss of generality.)

So we have, since we can work in the null case where v = 0 (without loss of generality),

MEA cus Yﬁs [e: — ViG] (1401, (1)) -

Hence,

B () = 23 B (12 )] (02 48 (10 800 o).

; 1+ cw;
i=1

Now, in expectation, using e.g El Karoui (2013), E (||[g»l3) (1 + o(1)) = E A:w_@v =

pE Awmv The last equality comes from the fact that all coordinates play a symmetric role

in this problem, so they are all equal in law.
Now, recall that according to e.g El Karoui et al. (2013), top-right equation on p. 14562,
or El Karoui (2010)

n

1 1 p
— —=1-= ,(1
:MHJrSE :+05Av4
i=1
since the previous expression effectively relates trace AUENA;N\DEMQ\CQV to n — p, the
rank of the corresponding “hat matrix”.

Since HMNF =1- H+Hnsi we see that
cw; P
E —— | ==+4o0(1).
i AH + SSV n )

Hence, for the bagged estimate, we have the equation

E (I513) = £ (o + E (IBI3) ) (1+ 0(1)) .

n

We conclude that
K 2

E (|[5]3) = (1+ o(1))

Note that £-0? =E A:th@:wy where the latter is the standard (i.e non-weighted) least
squares estimator.

1-k
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CAN WE TRUST THE BOOTSTRAP IN HIGH-DIMENSIONS?

In other words,

né 1+ w;ci(2)
Now,
1o w; 1o 1
- P 1—
2&3 m 14+wic(z) n &MHA 1+ SRANVV
1 1
=— 1- +n(z
n ( 14+ wici( vv n(z)

=K+ zc(z) +n(z) ,

where 7(z) is such that n(z) = op(1) and () = op(1) (1 has an explicit expression which
allows us to verify these claims). Therefore, by differentiation, and after simplifications,

) 2 y
WM T++W8L d(0) = x% —1+0p(1).

Hence,
trace AMMMV /n

trace (X' DypX)2X' Do X) = |h—>—L——
( b wX) [trace AMMHV /n)?

-1 nTONuAHv .

The fact that we can take expectations on both sides of this equation and that op(1) is
in fact or,(1) come from our assumptions about w;’s - especially the fact that they are
independent and bounded away from 0 - and properties of the inverse Wishart distribution.

Conclusion We can now conclude that a consistent estimator of the expected variance
of the bootstrap estimator is

-2
ol o [ trace (Ba) /0
p° [trace Am%v /2 -k
Using the fact that
1 _ 1 W _ + zc(z)
" — 14 wic(2) ’

we see that, since W}wmom AMNNV = c(0),
1 o ¢(0)
—trace AM mv = .
n w w S wi /(14 wic(0))?

We further note that asymptotically, when w; are i.i.d and satisfy our assumptions,
¢(0) — ¢, which solves:
1
E., ﬁ g =1—kK.

1+ wjc
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Hence, asymptotically, when w;’s are i.i.d and satisfy our assumptions, we have

trace AMva /n 1
— .
[trace AMMHV /n]? cEy, [wi/(1 + w;c)?]

Since cw; /(1 + cw?) = 1/(1 + cw;) — 1/(1 + cw;)?, we finally see that

w; 1 1
E —— | =E, —E
i Tw‘TS@.&L wi T+Q:L wi THLﬁnSLL ’
]
(1+ cw;)? ]

Hulxlmssﬁ

So asymptotically, the expected bootstrap variance is equivalent to, when |jv||2 =1,

1 1
K —

1=r-B (qiden) 17

IR

where E AIHSEV =1-k.

In particular, when w; = 1, we see, unsurprisingly, that the above quantity is 0, as it
should, given that the bootstrapped estimate does not change when resampling.

‘We finally make note of a technical point, that is addressed in papers such as El Karoui
(2010, 2013) and on which we rely here by using those papers. Essentially, theoretical

w

considerations regarding quantities such as wﬂ.mom AML,.V are easier to handle by working

rather with wﬁmno AAME + l&wv\»va for some 7 > 0. In the present context, it is easy to

show (and done in those papers) that this approximation allows us to take the limit - even
in expectation - for 7 — 0 in all the expressions we get for 7 > 0 and that that limit is

indeed E Awg&om AMM»VV Technical details rely on using the first resolvent identity (Kato,
1995), using moment properties of inverse Wishart distributions and using the fact that
w;’s are bounded below.

F.1 Extension: Elliptical Design

In this case, we have X; = X\ X;, where X; ~ N(0,1d,) and y; = € + Mﬁm We assume
Ai #0 for all i, E Aywv =1, A;’s are i.i.d and bounded away from 0.
We can go through the proof of Theorem 2 and make necessary adjustments.
Of course, we have
E c_mg - EWV = 0’E ?mg Q%E&L%E%d .
If we reformulate this expression in terms of X we get

E o_ms - m_@ = 02E (trace (X' Dy2,, X)"2X' Dy2,2 X))
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CAN WE TRUST THE BOOTSTRAP IN HIGH-DIMENSIONS?

According to the approximations in El Karoui et al. (2013), which are exact for least
squares, or classic results Weisberg (2014) we have:

~ o~ 1 S

B=Bu = SCA € .
Recall also that 5

o — S.S

v 1
1+ -X] ME
Hence, B
V(B - By = S X
(i) (4) 1+ Hum MQV
Hence,

_ 1 " ﬁ Qv;vm«m;&_m
MU (8- mSz \MW%

Note that at the denominator, we have

1 -
1+ ;XLMU =1+ —trace AMLV +op(1),

(@)
1 1

1+ T tor) =10

ni=p/n +op(1).

by appealing to standard results about concentration of high-dimensional Gaussian random
variables, and standard results in random matrix theory and classical multivariate statistics
(see Mardia et al. (1979); Haff (1979)). By the same arguments, this approximation works
not only for each ¢ but for all 1 < ¢ < n at once. The approximation is also valid in
expectation, using results concerning Wishart matrices found for instance in Mardia et al.
(1979).

For the numerator, we see that

ﬂ,ldMU HNmsAvldM: ﬁ N@R SIQVV.
Since ¢; is independent of X; and MS\, we see that
E (1?) = E () E (VS5 X)?) + B (IX/(B) - 8PS Xil?)

If o and f3 are fixed vectors, o/ X; and 'X; are Gaussian random variables with covariance
o'B, since we are working under the assumption that X; ~ N(0,1Idp). It is easy to check
that if Z; and Zy are two Gaussian random variables with covariance  and respective
variances % and o3, we have

E ((2125)%) = oio} + 272 .
We conclude that
E ((a'X:)(V'X,)%) = ||al3]blI3 + 2(a'b)* .
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We note that
S-1y 12 §-2

E (0S5 x)?) =E (vSi)

Classic Wishart computations give (Haff (1979), p.536 (iii)

a 1
-2 _
E Amsv = TH —7p OAL Id, .
Hence, in our asymptotics,

E Qe\m‘.cswv —

We also note that

(@) n ?
Hence,
E AT\M@HWS%V = o(1)in our asymptotics
Therefore,
1 p/n
E(T?) = ——|v|3e2(1 + —— 1
A Hv AHIE\ﬁvw FQ.mA +H|ﬁ\3v+oﬁv
since E (1B — BI3) = o125 +o(1).
When v = e, we therefore have
1
E (T?) = o? 1
T = o=y o)
Therefore, in that situation,
1

:MU RCIEV qug.foﬁv.

In other words,

E W?AW@ -8 | = ﬁ% + oﬁi var AWHV

= 1—p/n

G.1 Dealing with Centering

Let us call P =is", WQY We have previously studied the properties of Muwn;?xm -
m@z ) and now need to show that the same results apply to MUWHHQGRWA.V - m@:&.
To show that replacing W by WC does not affect the result, we consider the quantity

n?['(B - By))?

Since ml WE A VNR: we have
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CAN WE TRUST THE BOOTSTRAP IN HIGH-DIMENSIONS?

vary ac i (v'By(1dp30))

var (B (1,10)) for all fixed unit vectors v characterizes

Hence, characterizing

gﬁiaw?\mm@w 8))
var AQ\W\AMM Ev

for all 8 and invertible ¥. This is why our proof is focused on the null case ¥ = Id, and
B =0.
H.2 Consequences for the Pairs Bootstrap

Let us call D,, the diagonal matrix with (¢,%)-entry D(i,%) = w;. We consider only the case
where w; > 0, so we do not have to consider the case where fewer than p X;’s are assigned
positive weights - which would result in 3, being ill-defined (since infinitely many solutions
would then be feasible).

In particular, for least squares, we have in our setting

Bw = (X'DyX) ' X'DyY = B+ (X'DyX) ' X' Dye .

More generally, by a simple change of variables, since w; > 0 and span({X;}- ;) = R?,
when ¥ is invertible,

Bup(yis {XiYips6) — B= 5728, ,(e:; 52 X5 ¢) .

If b, is the corresponding bagged estimate, obtained by averaging msﬂm over w’s, we also
have
bo(yi (XY iy &) — B=S"Y2,(e5 272 X;56)

Hence, we also have
QE bﬁw\f ﬁx M_J\H m&v —b Q&f AMW T\T msv = \H\w WE,mAm& M\H\mk& ms.v - @bmmi MU\H\M;XMW ms.v
We further note that since y; = €; + X/, y; = ¢; + AMLENQMH\N\W and hence

mé,n@i Y2X;6) = 228 + me%?i S2X5 )

The previous equation clearly implies that, if v is a fixed vector and u; = £~/2y

V' (B (is {Xi¥iois B) = bp(yss {Xi}ias B))
_H M @f H\mkfmsv —b A@f \H\wk.mm&i ;
= m _HE*Am: H\mvmf € v - @tAmT \H\mxims.é
We note that if cov (X;) = X, the last line in the previous display corresponds to the
bootstrap distribution of our estimator in the null case where 5 = 0 and 3 = Id,, but v has
been replaced by u; = $ /2y, This shows that understanding the bootstrap properties of

v'(B;, = bp) in the null case cov (X;) = ¥ and 8 = 0 gives the result we seek in the general
case of ¥ # Id, and  # 0. (Here we centered our estimator around the bagged estimator,
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because it is natural when computing bootstrap variances. The arguments above show that
many other centering choices are possible, however.)

The last small issue that one needs to handle is the fact that our computations are done
for v with unit norm and u; may not have unit norm. This is easily handled by simply
scaling by the deterministic ||ui||. In particular, it is easy to see through simple scaling
arguments that

E A/&a Ae\m\wﬂmw Evv E ASWH AS\WMAE? ovvv

var Ae\mnﬁmwmvv a var Aﬂmmﬁanw ovv

where @3 = uy/||uz| has unit norm.

H.3 Rotational Invariance Arguments and Consequences

Motivated by the arguments in the previous two subsections, we now consider the null case
where 8 = 0 and cov (X;) = Id,. Note that then y; = ¢;. Also, if X is replaced by OX;,
where O is an orthogonal matrix, and § is replaced by Of. In other words,

Bolei {OXi} 1y €1) = OByless {Xi}iysei) .

Note that when the design matrix is such that OX; £ X; for all i (i.e the distribution of
X,’s is invariant by rotation),

Bolei {OX ¥ 15 6) £ Byless {Xi}irsei) -

When w; > 0 for all 7, we see that exactly the same arguments apply to W@%?i {Xi} s €)

and hence mw (&i; {Xi}11;€). In particular, for any orthogonal matrix O, since X; £ 0X;,

E (var (vBj(ei {X}piei) ) ) = E (var (vBj (e {OX} i)
=E Asz. Acdmmﬁa {Xh; svvv
This implies that for any unit vector v, we have, if e; is the first canonical basis vector,
ASA B F.”.N:@,vvv =E As: A&@?LQ @vvv

Indeed, we just need to take O to be such that O'v = e; to prove the above result.

In the case where X;’s are i.i.d N'(0,1d,), we do have X; £ 0OX;, so the arguments above
apply. Therefore, to understand E Aﬁi Ac\mwvv in this case it is sufficient to understand
E Aﬂi Aﬂ@mvv This latter case is the case tackled in the proof of Theorem 2. (These
rotational invariance arguments are closely related to those in El Karoui et al. (2013).)
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Residual Std. Pred Error Deconv
Residual Jackknife Pairs x =0.01 0.064 0.042 0.031
% =0.01 0.063 0.089 0.035 £ =0.1 0.091 0.028 0018
Kk =0.1 0.113 0.005 0.013 £ =0.3 0.135 0.026  0.022
Kk =0.3 0.137 0.000 0.003 £ =0.5 0.182 0030 0.035
k =0.5 0.210 0.000 0.000 (a) Ly loss
(2) L loss Residual  Std. Pred Error Deconv
Residual Jackknife Pairs x =0.01 0.065 0.048 0.036
1 =0.01 0.057 0.054 0.054 £ =01 0.051 0.054 0.039
K =0.1 0.068 0.037  0.041 =03 0.098 0.035  0.037
K =0.3 0.090 0.015 0.004 £ =0.5 0.174 0034  0.036
k =0.5 0.198 0.002  0.000 (b) Huber loss
(b) Huber loss Table A-3: Error rate of 95% confidence intervals using predicted errors. This
Residual Jackknife Pairs table gives the exact error rates plotted in Figure 2. See figure caption for more
% =0.01 0.040 0.061 0.040 details.
k =0.1 0.060 0.034 0.052
k =0.3 0.098 0.021 0.033
k =0.5 0.188 0.005 0.000 Residual Jackknife Pairs
(¢) Ly loss k =0.01 0.064 0.073  0.032
r =0.1 0.091 0.002 0.005
Table A-1: Error rate of 95% confidence intervals of 81 for n = 500 This table gives Kk =0.3 0.135 0.001 0.001
the exact error rates plotted in Figure 1. & = p/n indicates the ratio of p/n Kk =0.5 0.182 0.000
used in the simultation for this and future tables. See Figure 1’s caption for (a) L1 loss
more details.
Residual Jackknife Pairs
k =0.01 0.065 0.061 0.059
rk =0.1 0.051 0.042 0.027
Kk =0.3 0.098 0.009 0.009
rk =0.5 0.174 0.001  0.000
Normal Ellip. Normal Ellip. Exp (b) Huber loss
x =0.01 1.001 1.001 1.017
k =0.1 1.016 1.090 1.156 Residual Jackknife Pairs
k=03 1.153 1.502 1.655 x =0.01 0.052 0.052 0.052
k =0.5 1.737 3.123 3.635 k =0.1 0.056 0.036  0.045
k =0.3 0.114 0.018 0.022
Table A-2: Ratio of CI Width of Pairs compared to Standard. This table gives the K =0.5 0.155 0.008 0.002

ratio of the average width of the confidence intervals from pairs bootstrapping
to the average for the standard interval given by theoretical results, i.e. using
var(B) = 02(X'X)"! and creating standard confidence interval. These values
were used for Figure 4 in the text.

(c) Ly loss

Table A-4: Error rate of 95% confidence intervals of 3; for double exponential
error This table gives the exact error rates plotted in Figure A-1. See figure
caption for more details.
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RSG: BEATING SUBGRADIENT METHOD WITHOUT SMOOTHNESS AND STRONG CONVEXITY

These results, except for the first one, are derived from a generic complexity of RSG for the
problem satisfying a local error condition (15), which has a close connection to the existing
error bound conditions and growth conditions in the literature (Pang, 1997, 1987; Luo and
Tseng, 1993; Necoara et al., 2015; Bolte et al., 2006). In spite of its simplicity, the analysis of
RSG provides additional insight on improving first-order methods’ iteration complexity via
restarting. It is known that restarting can improve the theoretical complexity of (stochastic)
SG method for non-smooth problems when strongly convexity is assumed (Ghadimi and
Lan, 2013; Chen et al., 2012; Hazan and Kale, 2011) but we show that restarting can be
still helpful for SG methods under other (weaker) assumptions. We would like to remark
that the key lemma (Lemma 4) developed in this work can be leveraged to develop faster
algorithms in different contexts. For example, built on the groundwork laid in this paper,
Xu et al. (2016) have developed new smoothing algorithms to improve the convergence
of Nesterov’s smoothing algorithm (Nesterov, 2005) for non-smooth optimization with a
special structure, and Xu et al. (2017) have developed new stochastic subgradient methods
to improve the convergence of standard stochastic subgradient method.

We organize the reminder of the paper as follows. Section 2 reviews some related work.
Section 3 presents some preliminaries and notations. Section 4 presents the algorithm of
RSG and the general theory of convergence. Section 5 considers several classes of non-
smooth and non-strongly convex problems and shows the improved iteration complexities
of RSG. Section 6 presents parameter-free variants of RSG. Section 8 presents some exper-
imental results. Finally, we conclude in Section 9.

2. Related Work

Smoothness and strong convexity are two key properties of a convex optimization problem
that affect the iteration complexity of finding an e-optimal solution by first-order methods.
In general, a lower iteration complexity is expected when the problem is either smooth or
strongly convex. Recently there has emerged a surge of interest in further accelerating first-
order methods for non-strongly convex or non-smooth problems that satisfy some particular
conditions (Bach and Moulines, 2013; Wang and Lin, 2014; So and Zhou, 2017; Hou et al.,
2013; Zhou et al., 2015; Gong and Ye, 2014; Gilpin et al., 2012; Freund and Lu, 2017). The
key condition for us to develop an improved complexity is a local error bound condition (15)
which is closely related to the error bound conditions in the literature (Pang, 1987, 1997,
Luo and Tseng, 1993; Necoara et al., 2015; Bolte et al., 2006; Zhang, 2016).

Various error bound conditions have been exploited in many studies to analyze the
convergence of optimization algorithms. For example, Luo and Tseng (1992a,b, 1993) es-
tablished the asymptotic linear convergence of a class of feasible descent algorithms for
smooth optimization, including coordinate descent method and projected gradient method,
based on a local error bound condition. Their results on coordinate descent method were
further extended to a more general class of objective functions and constraints by Tseng
and Yun (2009a,b). Wang and Lin (2014) showed that a global error bound holds for a
family of non-strongly convex and smooth objective functions for which feasible descent
methods can achieve a global linear convergence rate. Recently, these error bounds have
been generalized and leveraged to show faster convergence for structured convex optimiza-
tion that consists of a smooth function and a simple non-smooth function (Hou et al., 2013;

w
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Zhou and So, 2017; Zhou et al., 2015). Recently, Necoara and Clipici (2016) considered a
generalized error bound condition, and established linear convergence of a parallel version
of a randomized (block) coordinate descent method for minimizing the sum of a partially
separable smooth convex function and a fully separable non-smooth convex function.

We would like to emphasize that the aforementioned error bounds are different from the
local error bound explored in this paper. In particular, they bound the distance of a point
to the optimal set by using the norm of the projected gradient or proximal gradient at the
point, thus requiring the (partial) smoothness of the objective function. In contrast, we
bound the distance of a point to the optimal set by its objective residual with respect to the
optimal value, covering a much broader family of functions. More recently, there have ap-
peared many studies that consider smooth optimization or composite smooth optimization
problems whose objective functions satisfy different error bound conditions, growth condi-
tions or other non-degeneracy conditions and established the linear convergence rates of sev-
eral first-order methods including proximal-gradient method, accelerated gradient method,
prox-linear method and so on (Gong and Ye, 2014; Necoara et al., 2015; Zhang and Cheng,
2015; Zhang, 2016; Karimi et al., 2016; Drusvyatskiy and Lewis, 2018; Drusvyatskiy and
Kempton, 2016; Hou et al., 2013; Zhou et al., 2015). The relative strength and relation-
ships between some of those conditions are studied by Necoara et al. (2015) and Zhang
(2016). For example, Necoara et al. (2015) showed that under the smoothness assumption
the second-order growth condition (i.e., the considered error bound condition in the present
work with § = 1/2) is equivalent to the error bound condition considered by Wang and Lin
(2014). Tt was brought to our attention that the local error bound condition in the present
paper is closely related to metric subregularity of subdifferentials (Artacho and Geoffroy,
2008; Kruger, 2015; Drusvyatskiy et al., 2014; Mordukhovich and Ouyang, 2015).

Gilpin et al. (2012) established a polyhedral error bound condition for problems whose
epigraph is polyhedral and domain is a bounded polytope. Using this polyhedral error
bound condition, they studied a two-person zero-sum game and proposed a restarted first-
order method based on Nesterov’s smoothing technique (Nesterov, 2005) that can find the
Nash equilibrium and has linear convergence rate. The differences between Gilpin et al.
(2012)’s work and this work are: (i) we study subgradient methods instead of Nesterov’s
smoothing technique, where the former have broader applicability than Nesterov’s smooth-
ing technique; (ii) our linear convergence can be derived for a slightly general problem where
the domain is allowed to be an unbounded polyhedron as long as the polyhedral error bound
condition in Lemma 8 holds, which is the case for many important applications; (iii) we
consider a general condition that subsumes the polyhedral error bound condition as a spe-
cial case and we try to solve the general problem (1) rather than the bilinear saddle-point
problem considered by Gilpin et al. (2012).

The error bound condition that allows us to derive a linear convergence of RSG is
the same to the weak sharp minimum condition, which was first coined in 1970s (Polyak,
1979). However, it was used even earlier for studying the convergence of subgradient
method (Eremin, 1965; Polyak, 1969). Later, it was studied in many subsequent works (Polyak,
1987; Burke and Ferris., 1993; Studniarski and Ward, 1999; Ferris, 1991; Burke and Deng,
2002, 2005, 2009). Finite or linear convergence of several algorithms has been established
under the weak sharp minimum condition, including gradient projection method (Polyak,
1987), the proximal point algorithm (PPA) (Ferris, 1991), and subgradient method with a
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